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Resumo

Sejam G um grupo de Lie e H um subgrupo fechado de G. Nesta dissertacao, associaremos
a0 espaco homogéneo compacto G/ H um complexo simplicial abstrato AL /- Fol provado
que a nao-contrabilidade de Ag /i implica a existéncia de uma métrica Einstein G-invariante
em G/H. Serda mostrada uma maneira de calcular uma classe de homologia reduzida nao-
nula de A% sm bara subgrupos intermedidrios H < K < G sobre algumas hipdteses, o que
implica a ndo-contrabilidade de AZ /i Esse método sera aplicado ao caso em que G ¢

simples classico e H tem posto maximal.

Palavras-Chave: Espacos homogéneos, Teoria de Lie, Geometria Riemanniana, Métricas

de Einstein



Abstract

Let G be a compact Lie group and H be closed subgroup of G. In this dissertation, we will
associate to the compact homogeneous space G/ H a abstract simplicial complex A% a1t
was proved that the non-contractility of Ag sr implies that the existence of a G-invariant
Einstein metric in G/H. It will be shown a way to compute a non-zero reduced homology
class of AL sg for intermediate subgroups H < K < G under some hypothesis, which
implies the non-contractility of A% i~ This method will be applied to case where G is

classical simple and H has maximal rank.

Keywords: Homogeneous spaces, Lie theory, Riemannian geometry, Einstein metrics
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Introduction

In the studies of Riemannian metrics, we are faced with the concept of Einstein
metrics, a type of Riemannian metrics well studied and of great importance to Geometry

and applications to Physics. Its definition is

Definition 0.0.1. [Lee19, p. 210] Given a differentiable manifold M, a Riemannian

metric g on M is said to be an FEinstein metric if there exists A € R such that
Ric(g) =A-g

where Ric(g) is the Ricci tensor of the metric g.

When the manifold is a homogeneous space of a Lie group G, i.e., a manifold
with a transitive action of G, many studies restrict themselves to (G-homogeneous Einstein

metrics, i.e., Einstein metrics preserved by the action of G.

It is well known that if H is a closed subgroup of G, then G/H, the set of left
cosets of H in GG, has a unique differentiable structure such that the natural projection is
a submersion [War83, p. 120]. If H is a isotropy group for the action at a point of M, then
M is diffeomorphic to G/H [War83, p. 123]. Since G acts in G/H, by (g1, g2H) — g19.H
for all gq, g2 € G with isotropy group equal to H at o := eH and the above diffeomorphism
between M and G/ H is equivariant between the two actions, then we can always understand

a homogeneous space as a coset space G/H for a Lie group G and a closed Lie group G/H.
We also fix g := Lie(G) and b := Lie(H).

Many studies have already been done about homogeneous Einstein metrics, but

we do not have a general result about the existence/non-existence of these type of metrics.

The beginning of the methods described in this work about existence/non-

existence of homogeneous space is this variational characterisation:

Theorem 0.0.2. [Bes87, p. 121] Let MS be the space of G-homogeneous metrics of
volume 1 in G/H. Then, M$ is a finite dimensional manifold and a metric g € M$ is
an Finstein metric if, and only if, it is a critical point of the scalar curvature functional
sc: MY =R, g sc(g).

In this work, sc always means scalar curvature and the scalar curvature
functional above is well define, since scalar curvature is preserved by isometries and
G C Isom(G/H, g) acts transitively.

Using this characterisation, in [WZ86], W. Ziller and M. Wang proved the

following theorem
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Theorem 0.0.3. [WZ86, p. 183] The scalar curvature functional sc is bounded from above
and proper if, and only if, H is a maximal connected subgroups of G, or, equivalently, b
is a mazximal subalgebra of g. In this case, sc has a global maximum, which must be a

G-invariant Einstein metric on G/H.

(Here, proper means a continuous map such its inverse images of compacts are

compacts.)

The studies of existence or non-existence of homogeneous Einstein metrics in
G/ H follows the idea of trying to find the hypothesis for the existence/non-existence in

terms of the algebraic structure of g and b, used in the theorem above.
In this dissertation, we study the following method:

In [B604], Béhm introduced for a compact homogeneous space a abstract
simplicial complex Ag /i which can be thought as polyhedron in a Euclidean space, and
proved that if AL /m 1 a not contractible topological space, then G /H admits a G-invariant

Einstein metric.

The concept of contractible space is given by

Definition 0.0.4. /[Mau96, p. 27, 30] Let X,Y be two topological spaces. Then, a con-
tinuous map f : X — Y is called a homotopy equivalence if there exist a continuous
map g - Y — X, called homotopy inverse of f, such that f o g is homotopic to Idy
and g o f is homotopic to Idx. In this case, X and Y are called homotopy equivalent. A

homeomorphism is clearly a homotopy equivalence.

A topological space X is called contractible if it is homotopic equivalent to a

point. The empty set () is non-contractible by vacuous truth.

A topological space X is contractible if, and only if, the identity Idy : X — X
is homotopic to a constant map: Let p € X, f : X — {p} and g : {p} — X be any
continuous functions, then f o g is a constant function and any constant function can be
described this way. So f is a homotopy equivalence if, and only if, the constant function

f o g is homotopic to Idx.

In this work, we write, for groups, H < G if H is a subgroup of G different of
G and, for Lie algebras, h < g if b is a Lie subalgebra of g different of g. Whenever G is a

Lie group, GGy denotes the connected component of the neutral element of G.

Now, to construct Ag/H, let H < G be compact Lie groups and g :=
Lie(G),b := Lie(H). An intermediate subalgebra hh < € < g is called an H-subalgebra if it
is Ad(H )-invariant. Let m be a complement Ad(H )-invariant to b in g and my := {X €
m | [X,h] = 0}. In [Bo04, p. 109], it was proved that mg is a compact Lie subalgebra
of g. So, let T" be a torus of the compact Lie subgroup of GG associated with my. By
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[B604, p.154], there exists only finitely many H-subalgebras £ which are minimal among
all H-subalgebras that are non-toral, i.e., for my := m N €, we have that [mg, m¢] # {0},
and ¢ is T-adapted, i.e., £ is Ad(T)-invariant.

AL /i 1s defined as the abstract simplicial complex with vertices being H-
subalgebras which are generated by minimal non-toral T-adapted H-subalgebras and the
n-simplices of AL /i are given by all chains, i.e., totally ordered sets, (¢ < ... < ¢,) with
£, a vertex of Ag/H.

For the case that mg = {0}, we have T' = {e}, the condition of T-adapted is
always satisfied and we define Z}}’}{ = A{Ge/}H In addition, if, in this case, there exists only
finitely many H-subalgebras, if we consider the simplicial complex Ag g defined the same
way as before, but with vertices being all H-subalgebras. It was proved in [B604, p. 153],
that Ag/p and A”GI}T}J are homotopy equivalent. So, Ag/py is not contractible if, and only

if, Ag‘ﬂ] is not contractible and, in this case, G/H admits a G-invariant Einstein metric.

In chapter 1, we define what are simplicial complexes and introduce the concept

of homology, a classical method to show that some simplicial complexes are not contractible.

Let g be a simple classical real Lie algebra with rank n. Up to covering G is
one of SU(n +1),50(2n),SO(2n + 1), Sp(n). Let T' < G be a fixed maximal torus of
G, we will prove that the T-subalgebras are finite for G' simple classical and if Ag/ g is

contractible or not, where H is connected of maximal rank, i.e., contains a torus of G.

In chapter 4, we prove that Ag, g is not-contractible if G'and H of maximal

rank are given by

G = SU(n), H=SWU(n) x...xU(ng))
G = S50(2n), H=U(ny) x...xU(nyg) or
H=50(2n,) x ... x SO(2ng)

G =S50(2n+1), H=50(2n;) x ... x SO(2n;) or
H=502n) % ...x SO(2n;_1) x SO(2n; + 1)

G = Sp(n) H=U(ny) x...xU(ng) or

H = Sp(ny) x ... x Sp(ng)

and Ag,p is contractible if H is of "mixed type", example G = Sp(8) and H = U(5) x Sp(3).

In chapter 5, we describe the simplicial complex Ag JH of the real flag manifold
G/H =50(4)/S(O(1) x O(1) x O(1) x O(1)). It is a space with just two points, hence

not-contractible.

The notation of this introduction will be used in the rest of this work.
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1 Simplicial Complexes and Homology

We begin with basic notions of simplicial complex and homology based on
[Arm13], [Mau96] and [Hat02].

Simplicials complexes are the main tools of this work and homology is a possible

way to discover if a simplicial complex is not contractible.

1.1 Simplicial Complexes

Definition 1.1.1. Points {vg,...,vr} C R" are said affinely independent if they span an

affine n-plane, i.e., if

k k
YAvi=0 and Y N=0 = X\=0 Vie{0,.. k}
i=0 i=0
Observe that, from definition, any {v;,,...,v;,} with {ig,...,i,} C {0,...,k}
subset of C {vy, ..., vt} C R" affinely independent is also affinely independent if and only
if its points are all different, since the sums in the definition applied to {v;,...,v;,} can

be extended to {vy, ..., vx} with 0’s in the missing constants.

Proposition 1.1.2. Let {vy, ...,vx} CR", then the following statements are equivalent:

1. {wo,...,v} is affinely independent;

2. {vy — vg, ..., v — o} is linearly independent;

k k k
3. For every {Ao, ..., N, o, -, pe} € R such that >N =Y p; =1 and > A\v; =

=0 =0 i=0

k
Zuivi, we have \g = [ig, .y Ay = [k-
i=0

k
Proof. (1) = (2): Let {\,..., A} C R be such that Y N(v; — vy) = 0. Define

i=1
k k
Ao = — Z/\i' Then Z/\Z-vi =0 and
i=1 i=0
k k k
Z)\1<Uz — Uo) =0 = Z)\ﬂ)l = )\0’00 —— Z)\’va = 0.
i=1 i=1 i=0
Since {vy, ..., vx } is affinely independent, we have A\g = ... = Ay = 0. So {v; —vg, ..., vk — Vo }

is linearly independent.
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(2) = (1): Let {Xo, ..., A} C R be such that Z/\ v; =0 and Ao+ Z)x =0.

=0 =1
So
k k k
(—ZA1> Vo ‘l‘Z)\ﬂ)l =0 = Z)\Z(’UZ — UQ) =0
i=1 = =1
Since {v; — vg, ..., v, — vg} is linearly independent, we have that \; = ... = \; = 0. And
k

— Z Ai = 0. So {wy, ..., v} is affinely independent.

k
(1) = (3): Since Z (N — pi)vi =0, > (A — ;) = 0 and {wp, ..., vi } is affinely
=0 i=0
independent, then Ay = pp, .. )\k = llg.

(3) = (1): Suppose that {vg, ..., v} is not affinely independent, so we can

suppose, without loss of generality, that there exists { A, ..., \x} C R such that Z Aiv; =0
i=0

k
and )\0 = _Z)\Z 7& 0. Then
i=1

A AL
So, 1lvg + Ovy + .. +Ovn—02;0+<)\ >vl+ —1—<)\ )vkandl—i—O—i— .+ 0 =
0 0

- -

0+ Tl +...+ Tk = 1, which contradicts the hypothesis, since 1 # 0 in R. We conclude
0 0

that {vo, ..., v} is affinely independent. O

The last proposition, in particular, says that the maximum cardinality of an

affinely independent set in R" is n + 1.

Remark 1.1.3. In this work, we use N := {0, 1,2,3,...} for the definition of the naturals
numbers. Given X C R", its convex hull will be denoted by conv(X).

Definition 1.1.4. If vy, ..., vy are affinely independent in R™, then

k k
conv(vo,...,vk):{z:)\ivi Z)\izl,OS/\igl}
i=0 =0
is said to be a geometric simplex of dimension k with vertices {vo,...,vx}. If 0 is a

geometric simplex, its dimension is denoted by dim o. A geometric simplex of dimension
k can be denoted as a k-simplex.

Given o := conv(vy, ..., v;) a geometric simplex and w € o, the real numbers
A >0,..., s >0 such that w = Z A\iv; are called the barycentric coordinates of w, which

=0
are well defined by the last proposition.
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For p <k, a k-face of the simplex conv(vy, ..., v;) is a set conv(v;,, ..., v;,) with
{i0, ...;ip} € {0,....,k} and the elements of {vi,,...,v;,} are all distinct, then affinely

independent.

Figure 1 — From left to right: a 0-simplex, a 1-simplex, a 2-simplex and a 3-simplex

Definition 1.1.5. A geometric simplicial complex K of R" is a finite set of geometric

simplices of R"™ such that:

(a) If o € K and if T is a face of o, then T € K.

(b) If o,7 € K, then o N T is either empty or a commom face of o and T.

The dimension of K is dim K := max{dim o | 0 € K} for K #0 and dim K = —1 for
K = 0. A subcomplex L of K is a subset of K which satisfies (a) and (D).

Figure 2 — A geometric simplicial complex
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The polyhedron of K is defined as

|| K|| = U o CR"

ceK
given the subspace topology of R™. If L C K is a subcomplex, then ||L|| is called a
subpolyhedron of || K||.

For m € N, the m-skeleton of K is defined as K™ := {o € K | dim 0 < m},
the subcomplex consisting of of simplices of dimension less or equal m. The 0-skeleton K°
is also called the vertex set of K. If {v} € K°, then v is called a vertex of K and we write
v € K instead of {v} € K.

Given a geometric simplicial complex K, we have the following basic results
that can be found in [Mau96]:

e If L; and L, are subcomplexes of K, then L; N Ly and L; U Ly also are.

o For any subset S C K, there is a minimal subcomplex (S) of K containing S. ()
is called the subcomplexr of K generated by S. For any o € K, the subcomplex
(o) ={r € K |0 C7Co}isalso denoted by o.

e ||K]|| is compact.
« AC||K]|| is closed in || K| if and only if AN ||o|| is closed in ||o|| for all o € K.

o If X is any topological space, then a map f : ||K|| — X is continuous if and only if

flijol = llo]] = X is continuous for every o € K.

Definition 1.1.6. Let Ky be a geometric simplicial complex of R™ and Ky be a geometric
sitmplicial complex of R™ for some ni,ny € N. For any o = conv(vy, ..., v, ) € K1 and

T = conv(wy, . ..,Wwy,) € Ky, the set
{(v0,0,0),...,(vg,,0,0),(0,wp,1),...,(0,wg,, 1)}
is an independent subset of R™*2T . So we can define the joins
o * 1 := conv((vg,0,0),...,(vk,0,0),(0,wp, 1),...,(0,wk,, 1))

o * () := conv((vg,0,0),..., (vg,0,0))
0% 7 := conv((0,wp, 1),...,(0,wg,, 1))

Then,
KixKy:={o*x7|oceK, Te Koy} U{ox0|oe K }U{lx7]|71e Ky}

is a geometric simplicial complex of R™ ™2 with dimension dim K +dim Ko+ 1, called
the join of K1 and K. Its polyhedron is

|y K| = {(tp, (L =t)g, 1) | p € [[Kill, ¢ € [[K2]], ¢ €[0,1]}
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Remark 1.1.7. Let v € R" and K a geometric simplicial complex of R", then ||v * K| is
homeomorphic to conv(v, ||K||) ={tv+ (1 —¢t)p | t € [0,1] , p € || K[|} in R".

Definition 1.1.8. Let K, L be geometric simplicial complexes and let f°: K° — L° be a
map such that whenever vy, . .., vy, are vertices of a simplex of K, then f°(vo) ..., f*(uvx)

are vertices of a simplex of L. The induced map
f:K — L; conv(vg,...,v5) — conv(fO(vg), ..., fO(vp))

is called a simplicial map. Additionally, if f°: K° — L° is a bijection whose inverse also
induces a simplicial map, then f : K — L is called a simplicial isomorphism and the

complexes K and L are called isomorphic, written as K = L.

A simplicial map f also induces a map of polyhedrons ||f|| : ||K|| — ||L]||,
which is also called a simplicial map [Munl8, p. 12], by:

AL I = LI D2 Ave = Y Aif (v)
1=0 1=0

[|f]| is well defined and continuous. Furthermore, ||f|| is a homeomorphism if and only if

f is a simplicial isomorphism [Munl18, p. 12,13].

For this work, we need a generalisation of the concept of geometric simplicial

complex that allows every type of object to be vertices of simplices.

Remark 1.1.9. In this work, # denotes the cardinality of a set.

Definition 1.1.10. An abstract simplicial complex A is a finite set of non-empty finite
sets, which are called abstract simplices, such that if c € A and ) # 7 C o, then T € A. A

subset I' C A is called a subcomplex of A if I' is an abstract simplicial complez.

If o € A and n := #o0 — 1, then o is called an n-simplex and dim o := n is
the dimension of o. The elements of o are called the vertices of o. As in the geometric
case, the dimension of A is dim A := maz{dim o | 0 € A} for A # 0 and dim A = —1
for A =10.

A simplex T C o is called a face of 0. Moreover, if o is not a face of any other

simplex, then it is called a maximal simplex or a facet.

The subcomplex A™ = {o € A | dim 0 < m}, m € N, is called the m-skeleton
of A and A is called the vertex set of A. If {v} € A°, then v is called a vertex of A and
one writes v € A instead of {v} € A.

Given an abstract simplicial complex A, we have the following basic results
that can be found in [Mau96]:

e If I'1, I’y are subcomplexes of A, then so are I't N1’y and I'y U T's.
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e As in the geometric case, for any subset S C A, there is a minimal subcomplex
(S) of A containing S. For o € A, the subcomplex (o) ={r € A |0 C 7 C o} is
denoted by o.

Definition 1.1.11. Let Ay, Ay be any two simplicial complezes. Then we can define
ArxNg:={oUT | oeAU{D}, 7€ A U{D}, oUT #0}

is an abstract simplicial complex of dimension dim Ay +dim Ay + 1, called the join of Ay
and Ns. In particular, Ax® = A =0 x A. The join A * S° is called the suspension over A,
in which S° := {—1,1}. Moreover, x is commutative and associative, i.e., Ayx Ny = Agx g
and (A1 x Ag) x Ag = Ay x (Ag x Ag).

Definition 1.1.12. Let A, T be abstracts simplicial complezes. Let °: A° — T'° be a map
such that, if {v, ..., vr} € A, then {f°(vo), ..., f°(vx)} € . The induced map

f:A =T {vg, ..oy = {f%v0), ..., fO(vr)}

is called o simplicial map. Furthermore, if f° : A® — I is a bijection whose inverse
induces a simplicial map, them f: A — T" is called a simplicial isomorphism and A and T’

are called isomorphic, written as A = T'.

The correspondence between geometric and abstract simplicial complexes is

given as follows:

Let K be a geometric simplicial complex of R" and o = conv(vy, ..., v;) € K.
Since all subsets conv(vi,, ..., v, ), O # {ig,...,ix} C {0,...,n}, are elements of K, we

can define an abstract simplex
K = {{vo, ..., vn} CR"| conv(vp,...,v,) € K}
called the abstraction of K.

Now let A be an abstract simplicial complex. A geometric simplicial complex
K(A) is called a realisation of A if its abstraction is isomorphic to A. For the existence

and uniqueness of a realisation we have the following Lemma:

Lemma 1.1.13 ([Mau96],p. 37-40). Let A be an abstract simplicial complex of dimension
m. Then, A has a realisation K(A) in R*™ ™. Furthermore, if Ki(A) in R™ and Ky (A)
in R™ are two realisations of A, then K1(A) is isomorphic to Ky(A). In particular, their
polyhedrons || K1(A)|| and ||Ks(A)|| are homeomorphic. Moreover, for abstract simplicial
complexes Ay, Ny, K(Ay) x K(Asg) is a realisation of Ay % As.

A realisation K (A) of A can be constructed as a geometric simplicial complex
with vertices in bijection with the vertices of A and vertices of a simplex in K (A) correspond

to vertices of a simplex in A.
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The above lemma guarantees that, given A an abstract simplicial complex,
we gain a topological space ||Al|| := ||K(A)|| which is unique up to homeomorphism.
This way we can assign to A topological and homotopical properties and topological and

homotopical invariants from ||A|| without ambiguity.

So, A is called connected or compact, if and only if, ||A|| is contractible or
connected or compact, respectively. Furthermore, if v € A is a vertex and k € N, we define
the k-th homotopy group of A as mp(A,v) := mi(||All,||v]])-

Definition 1.1.14. An abstract simplicial complex A is said to be contractible if ||Al| is

contractible.

One of the simple contractible simplicial complexes are the cones.

Definition 1.1.15. A geometric simplicial complex K is said to be a cone if there are a
vertex v € K° and a subsimplex K such that K = v« K . We also say that K is a cone
over v. An abstract simplicial complex A is called a cone if there is a vertex v € AY such
that, given o € A, then o U {v} € A. As before, A is also called a cone over v.

Figure 3 — A cone over v

Remark 1.1.16. An abstract simplicial complex A is a cone if and only if a realisation K (A)
is a cone by Remark 1.1.7 and the construction of a realisation of an abstract simplicial

complex.

Proposition 1.1.17. Cones are contractible.

Proof. We just need to prove for a geometric simplicial complex K that is a cone by the
remark above. Let v like in the definition 1.1.17, we define the homotopy H : || K| x [0, 1] —
|| K| given by H(p,t) :=tv+ (1 — ¢)p, which is a homotopy between the identity of || K|

and a constant map. O
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1.2 Simplicial Homology

Definition 1.2.1. Let K a non-empty geometric simplicial complex. For n € N, define
Cn(K) = F,(K)/R,(K) where F, is the free abelian group generated by all n-tuples

{(vo, ... ,vn) | conv(vy,...,v,) is n-simplex of K}
and R, (K) is the free abelian subgroup of F,(K) generated by

{0y, - - s Vo)) — sgn(p) - (vo, ..., vn) | p € Sym(n+1)}
where Sym(n + 1) is (n + 1)-th symmetric group of permutations and sgn is the sign
function of Sym(n +1).
Forn e Z, n <0, define C,(K) := {0} and let

C.(K) = @D Cu(K)

nez
The coset of (vy, ..., v,) in C,(K) is denoted by [vy, ..., vy)].

The boundary operator 0, : Cp(K) — Cn_1(K) is the group homomorphism
defined by

n

On[vo, - vn)) =D (=)' [vo, ..., Gi, ..., vp)

=0
if n > 0 and the zero map for n < 0. The boundary operator is a well-defined group
homomorphism since On([Vp(0), - - - Vpm)]) = sgn(p) - O([vo, - . ., vp]) for every p € S,,.

Lemma 1.2.2. [Hat02, p. 105] For every n € Z, we have that 0,,—1 0 0, = 0.

Proof. For n > 2, we have that

On—1(0n([vos - -, va])) = D (=1 (=1) g, + - o, Ty vy Ty ey U]+

j<i
Z(—l)i(—l)j_l[vo, e ,Q/J\Z‘, . ,lj\j, e ,Un]
j>i

for every [vg, ..., v,] € C,(K). The latter two summations cancel, since after switching 4

and j in the second sum, it becomes the negative of the first.

For n <1, 0,1 =0, so we have the wanted result. O
So, define
Zn(K) := Ker 0, the group of n-cycles of K

Bn(K) :=1Im 0,11 the group of n-boundaries of K
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The Lemma above guarantees that B, (K) C Z,(K) Vn € Z, so we can define
H,(K):=Z,(K)/B,(K) the n-th homology group of K
We observe that if dim K = n, then H,,(K) = 0 if m > n. The simplicial homology group

of K is
H.(K):= @Hn(K) (1.2.1)

neL

The zero-th group of homology Hy(K) is given by

Proposition 1.2.3. [Hat02, p. 109] Let K be a non-empty geometric simplicial complex.
Then Hyo(K) = Z @ ... ®Z, m times, such that m is the quantity of path connected
components of ||K||. So ||K|| is path connected if, and only if, Hy(K) = Z.

Remark 1.2.4. If ||K|| is not connected, then let p,q € K° in two different connected

components in ||K||, then [p — ¢ is a non-zero homology class in Hy(K).

Example 1.2.5. Let K be a a simplicial complex of dimension 2 of a full triangle, i.e.,
let a,b,c € R? affinely independent, then K := {{a}, {b}, {c}, conv(a,b), conv(b,c),
conv(a, ¢), conv(a,b, c)}. Observe that an abstraction of K is given by K := {{a}, {b}, {c},
{a,b}, {b,c}, {a,c}, {a,b,c}}.

We have that H,(K)=0if n > 2 and n < 0.

Co(K) = Za+7Zb+Zc is the free abelian group generated by a, b, ¢, the vertices
of the triangle, Cy(K) = Z|a, b] + Z[b, c] + Z|c, a] is the free abelian group generated by
[a,b], [b,c], [a,c], the sides of the triangle, and Cy(K) = Z[a, b, c] the free group generated
by [a, b, c], the triangle itself. C,,(K) =01ifn <0 or n > 2.

The boundary operators 0y : Co(K) — C1(K), 0, : C1(K) — Co(K) are the

only ones that are not the zero operator and they are given by
Osla, b, c] = [b,c] — [a, c] + [a,b] = |a,b] + [b, ] + [c, d]
Ola,bl =b—a, Oib,cJ=c—b, Oc,al=a—c
Observe that 0,(0s[a, b, c]) = 0.

We have that By(K) = Im 05 = 0 and Zy(K) = Ker 0y = 0, so the second
homology group of K is given by Hy(K) = 0.

Let z € C1(K) and p,q,r € Z such that x = p - [a,b] + q - [b,c| + r - [c,al, so
hrx=p-b—p-at+q-c—q-b+r-a—r-c=(r—p)-a+(p—q)-b+(qg—r)-c
Soix =0 <= p=q=r < z = p(lab +[bc]+ [ca]). Then

la,b] + [b, ] + [c, a] is the generator of Z1(K). As Os]a, b, ¢|] = |a,b] + [b, ¢] + [c, a], we have
that By(K) = Im 0y = Z1(K). So we conclude that H,(K) = 0.
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By the proposition 1.2.3, Hy(K) = Z, since |K]| is connected, in fact, a full

triangle in R?.

1.3 Singular homology

We defined homology groups for simplicial complexes. Now we will generalise

it for topological spaces.

Definition 1.3.1. Forn € N, let
ALy i={(to, ..., tn) ER™ | > #;, =0, t; >0Vi € {0,...,n}}

be the standard n-simplex of R™ | the convex hull of the standard basis of R"™,

Let X be a non-empty topological space. For n € N, a singular n-simplex o, in
X s a continuous map
on AL, = X

and the points in X given by {o,(e1),...,0n(ens1)} are called the vertices of o,,.

The free abelian group generated by all singular n-simplices is denoted by S, (X)
and its elements are called singular n-chains of X. Forn € Z, n < 0, we define S,(X) := 0

and

S.(X) = €D S, (X)

neZ
Observe that, for n > 0, S,(X) may not be finitely generated as the case for simplicial
homology.

For the standard n-simplex, given i € {0,...,n}, we define the i-th face map
by

n . n—1 n
5i : Astal — Astd
(Toy ooy @) = (20, oy i1, 0,24, oy )

This map can be seen as the embedding of A% in A%, as the (n — 1)-subsimplex of A",

opposing the vertex e;. Observe that if o, is a singular n-simplez, then o, 046;" is a singular

(n — 1)-simplex for every i € {1,...,n}.

The boundary operator 0, : S,(X) — S,-1(X) is the group homomorphism
defined by

On(0y) = Z(—l)i’lon 00/ € Sp_1(X)  for all singular n-simplices o,

i=1

forn >0 and the zero map for n < 0.
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As in the case in simplicial homology, for n € Z we have that d,_1 009, = 0
[Hat02, p. 108]. And, for n € Z, we define

Zn(X) = Ker 0,, the group of singular n-cycles of X,
B.(X) :=1Im 0ny1, the group of singular n-boundaries of X,

and
H,(X) :=Z,(X)/B,(X), the n-th singular homology group of X

The singular homology group of X is

H.(X) = H,(X)

neL

From now on we write 0 instead of 9, for the boundary maps for both simplicial
and singular homology. In this notation, d,_1 o 9, = 0 is written as 9> = 0 which is more

concisely.

Proposition 1.3.2. [Munl8, p. 164] Let X be a non-empty topological space. Then, Hy(X)
is free abelian. If {Cq}aca is the family of path components of X and if {pa}taecs C X is a
family of points in X such that p, € Cy for all o € A, then the homology classes of all p,
form a basis for Hy(X). In particular, X is path connected if, and only if, Hy(X) = Z.

The fundamental property of the singular homology group of X is that it is a
homotopy invariant, so it becomes a strong tool for any problem that deals with homotopy

type of topological spaces. This property is given by:

Theorem 1.3.3. [Hat02, p. 111] Let X,Y be non-empty topological spaces and let f :
X — Y be a continuous map. the group homomorphism f. : S.(X) — S.(Y) defined
filon) == f oo, for all o, € S,(X) satisfies 0o f, = f. o 0. Hence, it induces a
homomorphism

fo: Ho(X) — H,(Y)

for every n € Z. The assignment [+ f. is functorial, i.e., (go f)s = g« 0 fi and id, = id.
Moreover, if f,g : X — Y are homotopic maps, then f. = g.. In particular, if f is a

homotopy equivalence, then f, is a group isomorphism.

Example 1.3.4. [Hat02, p. 110](Homology of a point)

Let X = {p} be a unitary set with trivial topology, for every n € Z, there
is a unique o, € S,(X) the constant map o,(z) = p VYo € AL, So 9(o,)(x) =

> (=1)'0,(07(z)) =D _(—=1)" p. If nis odd, we have that d(c,,) = 0. If n is even and n # 0,

=0 i=0
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we have that d(o,,) is the unique element of S,,_1, so we have the singular homology chain

complex for n > 0:
o257 %7257 %572-%0-%0— -

with the boundary maps alternately being isomorphisms and zero maps, except at the last

Z. So, the singular homology groups are given by H,(X) =0 for n # 0 and Hy(X) = Z.

Corollary 1.3.5. Let X be a non-empty contractible topological space, its singular homology
groups are given by:
Z, n=>0

H,(X) = (1.3.1)
0, n#0

The following result shows the relation between the simplicial homology of a

simplicial complex and the singular homology of its polyhedron

Theorem 1.3.6. [Mau96, p. 117,119] Let K be a non-empty geometric simplicial complez.
Then H,(K) and H,(||K||) are isomorphic groups for all n € Z. More precisely, the ho-

momorphism « : Cy.(K) — Si(||K||) which maps the coset [vy, ..., v,] to the corresponding
simplicial map, i.e., a([vg, ..., v,]) is the singular n-simplex in ||A]| given by
affve, - on]) 1 AGe = |IK]]

()\Q, ey >\n) — Z)\zvz
i=0
s a chain homotopy equivalence. Hence, o induces group isomorphisms
ak : Hy(K) — H,(|]|K||) (1.3.2)
for each n € Z.

Corollary 1.3.7. Let K and L be geometric simplicial simplexes and let f : || K|| — ||L||

be continuous.

e f induces a group homomorphism f, : H,(K) — H,(L) for each n € Z;

e The correspondence f +— f, is functorial;

If f,9:||K|| — ||L|| are homotopic maps, then f. = g.;

o If f is a homotopy equivalence, then f, is an isomorphism.

In particular, since a simplicial isomorphism h : K — L induces a homeomor-
phism ||h]| : ||K|| — ||L||, we have that ||h||. : H,(K) — H,(L) is a isomorphism for
every n € Z. So, with this topology invariance, we can define the homology groups of

abstract simplicial complexes:
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Definition 1.3.8. If A is an abstract simplicial complex and n € Z, the n-homology group
of A is given by
H,(A) := H,(K(A)) (1.3.3)

H.(A) = H.(K(A)) (1.3.4)

for a realisation K(A) of A.

These are well-defined, since the polyhedrons of two realisations of A are

homeomorphic.

In sight of the last results and definition, we write just simplicial complex for
an abstract simplicial complex and the result is valid for a geometric simplicial complex

too.

1.3.1 Reduced homology

Definition 1.3.9. Let X be a non-empty topological space. We define 5',1(X) = 7,
S.(X) := S, (X) forn # —1 and the homomorphisms of groups d_1 =0, D, = 0, for
n ¢ {0,1} and dy : So(X) — S_1(X) = Z, given by 0(>_nio;) := > _n; for alln; € Z
and o; € So(X)

As before, we have that 8,_100, = 0. Hence, we define the n-th reduced singular

homology group of X as }
. Ker 0,
Hy(X) = Ker 0.

N Im 5n+1

The reduced singular homology group of X is defined as

H.(X) =P H,(X)

nez

From now on, we write  instead of 9, like before.

Of course, the reduced singular homology group is closely related to the singular

homology group.

Lemma 1.3.10. Given X and Y non-empty topological spaces and n € Z, we have the

following properties
1. Hy(X) 2 Hy(X)® Z;
2. Forn#0, H,(X) = ﬁn(X);

3. X is path connected if, and only if, Hy(X) = 0;
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4. Given a continuous map f : X — Y, we have the induced homomorphism f.
H,(X) = H,(Y) like 1.3.3 and the association f — f, is functorial.

5. If the map f above is a homotopy equivalence, then f, : Hy(X) — H,(Y) is an

isomorphism of groups for every n € Z.

Now, let A be a simplicial complex. We define the n-th reduced homology
group of A as
H,(A) = Ha(||A]])

and the reduced homology group as

H.(A) = H.(||A]])

which are well-defined by the Lemma above.

We define H,(0) := {0} if n # —1 and H_,(()) = Z. So, H_(A) = 0 if and
only if A # 0.

Corollary 1.3.11. Let X be a contractible topological space. Then, ﬁ]*(X) =0.

Proof. This is direct consequence of corollary 1.3.5 and parts 1 and 2 of 1.3.10 and the
definition of reduced homology of the empty space. O]

1.3.2 Homology with coefficients

This subsection is based on section 50 of [Munl8] and section 4.5 of [Mau96].
In these sections, we can found the notion of tensor products of abelian groups that will
be used in the subsection. The notion of rank of a finitely generated abelian group will

also be used and can be found in section 4 of [Munl8§].

Definition 1.3.12. Let X be a non-empty topological space. Given G abelian group, so
also a Z-module, for any n € Z, we have that 0, ® idg : Sp(X) ® G — S,-1(X)® G
and 9, @ idg : S,(X) ® G — S, 1(X) ® G satisfy (8,1 @ id,) o (0, ® idg) = 0 and
(Opoy ®idg) o (8, ®idg) = 0.

Then, we define the n-th singular homology group with coefficients in G and

reduced n-th singular homology group with coefficients in G as

_ Ker (0, ®idg)

Hn(X7 G) o Im (8n+1 & ng)
(X, G) = Ker (9, ®idg)
T Im (Opg @ dde)
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and the correspondent homology groups

H,(X,G) = P H(X,G)  H.(X,G):= P H.(X,Q)

neL neL

Let A be a simplicial complex and let G be any abelian group. Given n € Z, we
define H,(A,G), H (A, G), H.(A,G), HA,G) as above by replacing S, (X) with C,(A).
Given o € C,(A) and g € G, we will write c ® g as g - 0.

Observe that H,(A,7Z) = H,(X), H,(X,7) = H,(X) for every n € Z. Like
before, we have the correspondence H,(||A|],G) = H, (A, G), Hy(||A||, G) = H,(A, G) for
every n € Z.

Lemma 1.3.13. Given X and Y non-empty topological spaces, G abelian group andn € Z,

we have the following properties

e Hy(X,G) = Hy(X,G)® G
e Forn#0, H,(X,G) = H,(X,G);
e X is path connected if, and only if, ﬁO(X, G)=0;

e Given a continuous map f : X — Y, we hcwe the induced homomorphisms f, :
H,(X,G) = H,(X,G) and f, - Hy(X,G) — H,(X,G) like 1.3.3 and the associa-
tions f > fu, f +— f. are functorial;

e If the map f above is a homotopy equivalence, then f. and f. are isomorphism of

groups;

e H\(X,G) = (Hy(X)®G) @ Tor(H,1(X),G) and H,(X,G) = (H,(X) ® G) ®
Tor(H,_(X),G) where Tor is the Tor-functor defined in [Munl8, p. 317] and this
result can be found in [Munli8, p. 352]

If G =T is a field, then H,(A,F) and H,(A,F) also have the structure of F-
vectors spaces such that f,, f, are F-linear. From 1.3.13, we have that H,(X,Q)=H,(X)®
Q, since Q is torsion free [Hat02, p. 265]. Since Z,®Q = Q [Munl8, p. 305] for p € N\{0, 1},
if H,(X) is finitely generated, we have that the dimension of H,(X,Q) = H,(X) ® Q as
a Q-vector space is the rank of H,(X), also known as the n-th Betti number of X.

The result H,(X,Q) = H,(X)®Q implies that, if H,(X,Q) # 0, we have that
H, (X) has non-zero rank (possibly infinite), then H, (X,F) # 0 for every field F. This
fact and the non-existence of a torsion part in H, (X, Q) are the reason we use homology

over the rationals in chapter 4.
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Corollary 1.3.14. Let X be a contractible topological space and G any abelian group,
then H,(X,G) = 0.

Proof. Follows from Lemma 1.3.10 and 1.3.13. O

The corollary above is extremely important for this work, since it says that
if, for a G abelian group, a A simplicial complex and n € Z , H,(A,G) # 0, then we
have that A is not contractible, which are the hypothesis in 2.3.2 and 2.3.1 theorems, the

motivations of this work.

1.3.3 The Mayers-Vietoris sequence

In this subsection, we will present the Mayers-Vietoris sequence for reduced
simplicial homology. We just have to remember that any notion of homology have a

equivalent Mayers-Vietoris sequence, so the next result can be much more general.

Theorem 1.3.15. [Mau96, p. 128] Let A be a simplicial complex and let Ay, Ay be
subcomplexes such that Ay U Ay = A and Ay N Ay # 0. We have the inclusions

il:AlﬂAg%Al, iQIAlﬂAQ‘—)AQ, igiAl‘—)A, i4:A2‘—)A

Let R be a commutative unitary ring and n € Z Then, there exists an R-linear homomor-

phism 0O, : ﬁ[n(A, R) — ﬁn,l(Al N Ay, R) such that

> Fa( A0 Ao, R) P (A R) @ (g, R)
o — Hy(AR) - Hy (AN Ay R) — ...

s a long exact sequence. This sequence is called the Mayer-Vietoris sequence for reduced
homology of the triple (A, A1, As).

Observe that, if A; and A, are contractible, their reduced homology groups are
trivial, so the exactness of the Mayer-Vietoris sequence gives that 0, is an isomorphism

between the homology of A and the homology of A; N A,.
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2 The Simplicial Complex of a Homogeneous

Space

2.1 Order complexes

The simplicial complexes associated to a homogeneous space are order complexes.

In this section, we will introduce the concept of order complexes.

Definition 2.1.1. [Bj96, p. 1843],[BW96, p. 1312] Let P = (P, <) be a poset, i.e., a
partially ordered set. A finite totally ordered subset C':= {py < ... < pi} is called a chain
of P. The number k is called the length of C' and is denoted by [(C).

A mazimal chain is a chain C = {py < ... < px} such that there exists no

p € P\C such that C' U {p} is a chain.

For a given poset P, let 0 and 1 be two distinct elements not contained in P.
Then P := PU{0,1} becomes a poset by 0 < z < 1 for all z € P. 0 and 1 are called the
bottom element and the top element of f’, respectively. Moreover, P is called a lattice,
if for all z,y € P there exists a least upper bound (join) in P, denoted by x Vy, and a
greatest lower bound (meet) in ]5, denoted by x A y. Furthermore, for all x € P let

P, ={zeP|z<uz}
and similarly P.,, P>, and P-,.

Definition 2.1.2 ([Bj696], p.1844). Let (P, <) be a finite poset. We define the order
complex A(P, <) =: A(P) of P as the abstract simplicial complex whose k-simplices are
the chains of length k of P for k > 0. A polyhedron of A(P) will be denoted by || P|| instead
of 1A(P)].

To understand the topology of order complexes, we first need to understand

when a map between posets can induce a map in the associated order complexes.

Let P, @ be finite posets and let f : P — () be a monotonic map, i.e., f
preserves order or reverses order. Then, for any chain C of P, f(C) is a chain of Q.
Thus, it induces a simplicial map from A(P) to A(Q), which is again denoted by f. Two
monotonic maps f,g : P — @ are called homotopic, denoted by f ~ g, if the induced
maps [|f[|, lg]l : P[] = |QI] are homotopic.

Proposition 2.1.3. Let (P, <) be a finite poset and p € P, then the subset
C ={o € A(P) | min o > p} of A(P) is a cone over p. Hence, it is contractible by 1.1.17.
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Proof. C is a subcomplex of A(P): if C} € C and Cy C C, we have that min o > p for all
o € (Cy, then Cy € C.

FC={po<...<pp} €C,then CU{p} ={p<po<...<pg} € C, since
pP=p. O

2.2 The Simplicial Complexes A/, 737}{ and Ag/H

man

In this section, the simplicial complexes A/, AGYy, AL /m associated to
homogeneous spaces will be introduced. Let H < G be compact Lie groups such that G/H
is connected with finite fundamental group and G acts almost effectively, i.e., h does not
contain an ideal of g. Moreover, let @) be a fixed Ad(G)-invariant inner product on g which
exists by [BD13, p. 68]. The orthogonal complement of b in g will be denoted by m, which
is Ad(H)-invariant so it can be identified with 7,(G/H) where 0 :=eH: If X e m, h€ H
and Y € b, then

Q(AdW)X,Y) =Q(X,Ad(h"1)Y) =0

since Ad(h™")Y € h = m*? and Q is Ad(G)-invariant. So, Ad(h)X € m.
Furthermore, let
mo :={X e m | [X,p] =0}
The Lie algebra of N¢,(Hy) is ng(h) that can be described by:

Lemma 2.2.1. [BK23, p. 102] Let G/H be a compact homogeneous space. Then

ng(h) = b & my and this decomposition is QQ-orthogonal. Moreover, my is a compact subal-

gebra of g.

Definition 2.2.2. A Lie subalgebra € of g is called an H-subalgebra, if the following hold:

1. h<t<yg,

2. tis Ad(H)-invariant.

Furthermore, let mg := m N ¢, then € is called toral if [me, me] = 0, otherwise ¢ is called

non-toral.

Observe that € = h ® m; and it is a Q-orthogonal decomposition, since m; is

the @Q-orthogonal complement of b in ¢, and m, is Ad(H )-invariant.

Every intermediary Lie subalgebra b < ¢ < g is ad(h)-invariant, so, for H
connected, every intermediary Lie subalgebra is Ad(H )-invariant, thus an H-subalgebra.

Hence, in the case of H connected, H-subalgebras are in one-to-one correspondence with



Chapter 2. The Simplicial Complex of a Homogeneous Space 30

connected Lie subgroups K of G with H < K < G and we also use the term intermediary
subalgebra for an H-subalgebra.

Remark 2.2.3. In this work, if V' is a vector space over a field F and A;,..., Ay C V|,
then spang{Ai,..., Ax} means the subspace of V generated by A; U...UA,. If gis a
Lie algebra over a field F and ay,...,a; C g, then (ay,...,a;) means the Lie subalgebra
generated by a; U...Uag. Also, if h < g, ng(h) :=={X € g | [X,h] C b} is the normalizer
of b.
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Let H < G be compact Lie groups as above such that ng(h) = b. In particular,
my = {0} and every H-subalgebra is non-toral: if ¢ = h @ m, is a H-subalgebra, then
me,me] =0 = Q([h, me], me) = Q(B, [me, me]) = {0} = [hme] S HhNme = {0} =
m; C my = {0} which contradicts m; # 0.

Let Pg/p be the set of all H-subalgebras of g, which might be infinite. However,
by [B604, p. 144], there exists at most finitely many minimal, by inclusion, H-subalgebras.
Hence, let {¢,...,¥¢,} be the set of all minimal H-subalgebras and let Pé”/’}} be the set of

all H-subalgebras generated by minimal ones, i.e.
P =A{(t, ..., 8) | 1<1<n 1<iy<...<i<n}
Pg/p and Pg/}} are partially ordered by inclusion C.

Definition 2.2.4. With the notation as above, the order complex of Pg/}; is called the

simplicial complex of G/H and is denoted by Ag‘ﬂ] If Pq/p is finite, the order complex
of Pgu is called the extended simplicial complex G/H and is denoted by A )p.

The following properties of A?}}% and Ag,g are very important for this work.

1. If H is connected, then g};’}, and Ag g only depend on~the Lie algebras h and g

instead of the Lie groups H and G. In particular, if 7 : G — G is a covering map

and H = ' (H)o, it follows that A%/l = AZY (Aaym = Agya)-

2. If rank H = rank G, it folows that mg = {0}, i.e., ny(h) = h: Suppose that exists
X € mp\{0} and let t be a maximal abelian Lie subalgebra (a Cartan subalgebra) of

h. Then t & (X) is also an abelian Lie subalgebra of g, since [t, X] = 0. It follows
that rank G > rank H, which contradicts the hypothesis.

3. If ng(h) = b and h < &, then ny(€) = & Suppose that ngy(€) # €. By 2.2.1, there exists
X ¢ ¢ such that [ X, €] = 0. In particular, [ X, h] = 0 which implies X € n(h) =bh < ¢,
a contradiction with the hypothesis.
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If, in addition, H is connected and Pg,/p is finite, then Pg/k is finite and Ag/k
is well-defined for every compact Lie subgroup H < K < G. Moreover, every
K-subalgebra is also an H-subalgebra. Hence, P /i can be identified as a subposet

of Pe/r and Ag/k can be identified as a subcomplex of Ag /g
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Let H < G be compact Lie groups as above such that ng(h) # b,ie., mg # 0.
By 2.2.1, mg = n(h)/h is a compact Lie subalgebra of g. So, fix a maximal torus T" of the
compact connected Lie subgroup of G with Lie algebra my and let t := Lie(T).

Definition 2.2.5. An H-subalgebra € is called T-adapted if it is invariant under the adjoint
action of T, i.e., Ad(T)t C ¢. A non-toral T-adapted H-subalgebra is called T-minimal

non-toral if it is minimal by inclusion in the set of all non-toral T-adapted H -subalgebras.

Remark 2.2.6. Since T is connected, if t :== Lie(T"), the above condition of Ad(T')-invariance

is equivalent to ad(t)-invariance.

By [B604, p. 154] there exists at most finitely many 7-minimal non-toral H-
subalgebras. As above, let P su be the set of all non-toral T-adapted H-subalgebras which
are generated by minimal ones. Again, P} sm 1s a finite, partially ordered set by inclusion
C.

Definition 2.2.7. The order complex of the chains of Pg/H 1s called the simplicial complex
of G/H and is denoted by Ag/H.

The following properties of AL /i are of interest, see [Bo04, p. 154].

min

1. AL /i 18 a generalisation of Az, since both definitions coincide for mg = {0}
defining 7" := {e}.

2. If H is connected, then Ag /g only depends on g and h and not on the choice of T up
to iso~morphism. In particular, again, AL o= Ag I for a covering map 7 : G — G
and H := 7 *(H)j.

3. If both G and H are connected and #m(G/H,eH) < oo, then there is a bijection
between the minimal non-toral T'H-subalgebras and the 7T-minimal non-toral H-
subalgebras. Furthermore, ng(t® h) =t $ h. By [Bo04, p. 154], it follows Ag/H =

min

G/TH-"

We can always may assume the following conditions

1. G/H is connected (but G and H might be disconnected).
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2. The group action of G on G/H is almost effective, i.e., any normal subgroups of G

which is contained in H is discrete or h does not contain ideals of g,

3. m(G/H,eH) is finite.

For the first condition, if ¢ is the union of all connected components of G

which intersects H, then G is a compact subgroup of GG such that G /H is the connected

T

component of G/ H which contains 0. Moreover, Ag = Ag /i since the complex depends

only on h,g, H and T'.

For the second condition, if N IG, N < H, one may consider the homogeneous
space M := (G/N)/(H/N) = G/H. Then Ag/H =~ AT, since £ is Ad(H )-invariant if and
only if ¢/n is Ad(H/N)-invariant.

For the third condition, #7(G/H,eH) = oo implies that AZ /i 18 contractible
or Ag/H = () and G/H is a torus, see [B604, p. 155].

When dealing with product spaces Gy x Go/Hy X Ho, Agfx%z JHy % Ha is obtained

from Agll JH, and Agzz /m, i the following manner:

Lemma 2.2.8. For i € {1,2} let H; < G; be compact Lie groups as above and let T; be a

maximal torus as above. Then:

ATI XTo ~ ATI

>
G1xGa/H1xHa *A *

0
G1/Hy G2/Ha S

where * is the join defined in 1.1.11.

where ~ means homotopy equivalence. A proof is given by [B604, p. 95].

Since SY % ... % S% = S it follows
S ———

n times

Lemma 2.2.9. Fori €{0,...,n}, let H; < G; be compact Lie groups as above and T; be

a maximal torus as above. Then:

1, = T T, -2
=1 ~ 1 n n
AHLG@'/HLHﬁ ~ AG1/H1 *...*AGn/Hn xS

by induction for compact Lie groups H; < GG; and maximal tori T} as above.

Lemma 2.2.10. Let G/H be a compact homogeneous space, P a generic notation for
Poyu, Pa/a or PGT/H. Then, P = PU{g,bh} is a lattice.

Proof. b is the bottom element of P and g is the top element pf P. For £, € € P, there
exists a least upper bound (¢, €) in P and a greatest lower bound € N & in P. O
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2.3 The simplicial complex theorems for invariant Einstein metrics

In [B604], studying the problem of existence or non-existence of Einstein
invariant metrics on compact homogeneous spaces, it was proved the following theorem,

that is the central result of this work:

Theorem 2.3.1. [Bi04, p. 156] Let G/H be a compact homogeneous space. If a simplicial

complex Ag/H is not contractible, then G/H admits a G-invariant Fintein metric.

And

Theorem 2.3.2. [Bi04, p. 87 Let G/H be a compact homogeneous space, such that
n(h) = b. If the simplicial complex Ag}’}q is not contractible, then G/H admits a G-
invariant Einstein metric. And, if Aq g is well-defined, then Ag g being not contractible

also implies that G/H admits a G-invariant Finstein metric.

The second part of the corollary above comes from the fact that, if Ag g is
well-defined, then A"G%}T}J and Ag/y are homotopic equivalent, which will be proved in the
section [2.4.6].

We will give a brief outline of the mains steps for the proof of both theorems
above in this section based on [B604] and [BK23].

Let MY be the space of G-invariant, unit volume metrics on G/H. Fix Q a
Ad(G)-invariant inner product in g with volume 1 after rescaling. Let g = h @ m be the
Ad(H)-invariant decomposition of g with @Q(h, m) = 0. The set of G-invariant metric on
G/H, denoted by MY, can be identified with the set of Ad(H)-invariant inner products
on m. Furthermore, for every g € MY, there exists a, an Ad(H)-equivariant, ()-self-
adjoint and positive definite endomorphism of m. Then, we identify g with o, and Mg
will be thought as the space of Ad(H )-equivariant, Q-self-adjoint and positive definite

endomorphism of m and it is a finite dimensional manifold.

In M®, we can define L*-metric, denoted by (-, -), given by
(0, 0)a, = tr(ag pa ')

for a, € ME and ¢, € TagMG which is the space of Ad(H )-equivariant,

@-self-adjoint endomorphism of m.

Lemma 2.3.3. Let G/H be a compact homogeneous space. Then, (MC, L?) is a non-

compact symmetric space.

Corollary 2.3.4. Let G/H be a compact homogeneous space with dim MY > 2. Then, /\/llG
is the subspace of Ad(H)-equivariant, Q-self-adjoint endomorphism of m with determinant

1 and (M, L?) is a non-compact symmetric space.
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Corollary 2.3.5. Let G/H be a compact homogeneous space with dim MY > 2. Then,
for anyv € S :={v € TuM§ | ||v]| = 1}, the curve

Yo(t) = exp(t-v), t R (2.3.1)
is a unit speed geodesic in (Mlc, L?), where denotes exp the exponential of linear operators.

Proof. See [Hel78, p. 226]. O

Lemma 2.3.6. For anyv € TQMG, there exists a QQ-orthogonal decomposition m = @ézlmi

of into irreducible, Ad(H )-invariant summands m; and v; € R for i =1,--- 1, such that
V=01 Idpn, + -+ v - Idy, (2.3.2)

Any such decomposition will be called a good decomposition with respect to v.

Proof. The eigenspace of v are Ad(H )-invariant and pairwise @-orthogonal. Decomposing

an eigenspace further into Q-orthogonal Ad(H )-irreducible summands shows the claim. [

By last Lemma, for each oy € MY there exists v € S unity sphere in TQM?
and tp > 0 such that a, = 7,(t9). By above lemma,

Vo(t) = € - Idy, + ...+ €™ - Idy, (2.3.3)

for the good decomposition m = ©!_ m;.

Let v € TQMG and the good decomposition for v from above. We denote by

b< ... <y, (2.3.4)

the distinct eigenvalues of v ordered by size, 1 < [, < [. For each eigenvalue,

1 <m <1, we define the index set (which depends on our choice of good decomposition)
Io={e{l,...)l}|v,="0n} (2.3.5)

Let
Av) =10, and A(v) =1, (2.3.6)

denote the smallest and the largest eigenvalues of v, respectively.

So we have

Lemma 2.3.7. Let G/H be a compact homogeneous space. Any v € S must have at least

2 distinct eingenvalues and there exists a constant cq/g < 0 such that the following holds:

Av) <cgu and  —cgm < Av) (2.3.7)



Chapter 2. The Simplicial Complex of a Homogeneous Space 35

Let m = @._,m; be a decomposition of m into Q-orthogornal, Ad(H )-irreducible
summands, that will be called a decomposition of m, for any non-empty subset I of
{1,...,1}, we define

my = Qjermy and d[ = dim my (238)

For v € TQMlG and a good decompostion for v, the spaces m;. are the

eigenspaces of v, thus we have

Yolt) = et Idy,, + .. Tty Ldp,, (2.3.9)

Let m = @._,m; be a fixed decomposition of m, let {e;,...,e,} be a Q-
orthonormal basis of m adapted to the decomposition and I, .J, K be non-empty subsets of
{1,...,1}. We define, following [WZ86],

[IJK] = Z Q([eav 65]7 €7>2
a,Byy
where we sum over all indices «, 3,7 € {1,...,n} with e, € m;,eg € m; and
€y € Mg.
Since the adjoint maps ad(X) are Q-skew-adjoint V X € g, it follows that
[IJK] is symmetric in all three entries and is independent of the @Q-orthonormal bases

chosen for m;, m; and mg. In case, I = {i}, J = {j} and K = {k}, we write [ijk] instead
of [IJK].

We have that [ijk] > 0, with [ijk] = 0 if, and only if, Q([m;, m;], m;) = 0.

Definition 2.3.8. [Hel78, p. 131] The Ad(G)-invariant symmetric bilinear form B :
g x g— R given by B(X,Y) =tr(ad(X) o ad(Y)) for all X,Y € g is called the Cartan-
Killing form of g. Observe that this definition generalises to Lie algebras over any field.

Since both @ and the —B are Ad(G)-invariant non-negative forms on g, there
exists b; > 0 for 1 < ¢ <[ such that

B'm; = _bi : Q

o (2.3.10)

Lemma 2.3.9. Let v € TQMG and let m = @'_ m; be a good decomposition with respect
to v. Then, the scalar curvature of y,(t) is given by

1 l

t) = §Zdibi'et( v —

S [igh] - el (2.3.11)

1

»-lkM—‘

l
1,5,k=

1 & 1 &
52 (Z d; b) =0 _ i SO et (2.3.12)
i= i,9,k=1

1 \gjer?
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Definition 2.3.10. For each H-subalgebra £, the canonical direction v* € S associated to
t is defined by
vt =0t Tdy, 0 Idg (2.3.13)

where L means orthogonal complement with respect to Q, (dim my) - v} 4 (dim my) -v5 = 0,

[[vf|| = 1 and v% < 5.

With Lemma 2.3.9 we can have information on the asymptotic behaviour of

the scalar curvature functional:

Lemma 2.3.11. For any H-subalgebra €,

400 £ non-toral
lim sc(vy,(t)) = = (2.3.14)
t=too 0 ¢ toral

If in addition G/H is not a torus, then sc(v,(t)) > 0 for all t > 0.

Now, the results about the boundness of the curvature scalar curvature.

Lemma 2.3.12. If the scalar curvature functional is bounded from below along a geodesic
Yo for v € S, that is, sc(v,(t)) = C for allt > 0, then b & myv is an H-subalgebra.

Theorem 2.3.13. Let G/H be a compact homogeneous space. Then, the scalar curvature
functional sc : ME — R is bounded from above if, and only if, there exist no non-toral

H -subalgebras.

Using theorems like the above one and variational methods, if my = {0}, the
non-contrability of g;’;{ implies the existence of a Palais-Smale sequence of G-invariant
metrics of volume one with scalar curvature bounded from below by a positive constant,
see [Bo04, p. 156]. A sequence (g;) in M{ is called a Palais-Smale sequence if sc(g;) is

bounded and ||(grad sc),,|| converges to 0 in the norm induced by the L*-metric.

Using this Palais-Smale sequence and the fact that a metric in M¢ are Einstein

if, and only if, it is a critical point of sc : M$ — R [0.0.2], we obtain theorem 2.3.2.

In the case my # {0}, like before, T" is the maximal torus of the compact
Lie subgroup associated with my and we define (M$)T .= MS¢n{g e M0 | g =
(Ri).g for all t € T'} where R, is the right translation by g € G and G| is the connected

component of G.

Lemma 2.3.14. Let G/H be a compact homogeneous space. Then, (M) is a totally

geodesic subspace of (M$, L?) invariant under the Ricci flow.

As a consequences we can also apply the variational methods described above
to sc : (M%)T — R and obtain Theorem 2.3.1.
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2.4 Algebraic topology of order complexes

In order to apply the Theorem 2.3.2 and 2.3.1, several tools will be introduced
to determine whether the complex Ag, g is contractible or not. Of course, these tools will

be used in examples of chapter 4.

By [Mau96, p. 274], the polyhedron of a simplicial complex is a CW-complex(for
a definition see [Hat02, p. 6]). Thus, we can apply the theorem of Whitehead for homotopy

groups to simplicial complexes.

We use that a C'W-complex is connected if, and only if, is path connected. If
X is path connected and zy € X, then the k-homotopy group (X, xg) does not depend

on the basepoint zy up to isomorphism, so we write just 7 (X).

Theorem 2.4.1. (Theorem of Whitehead)[Hat02, p. 346] Let X, Y be non-empty connected
CW -complezes and let f : X — Y be a weak homotopy equivalence, i.e. f is continuous and
fo im0 (X) = o (Y) ds an isomorphism for alln € N. Then f is a homotopy equivalence.
If, in addition, X is a subcomplex of Y and f : X — Y is the inclusion map, then X is a

strong deformation retract of Y.

Corollary 2.4.2. Let X be a CW-complex. If X is simply connected and H,(X) = 0,

then X 1is contractible.

Proof. X is a non-empty connected CW-complex by assumption. By Theorem 2.4.1, it
is enough to prove that for any vertex xy of X the inclusion ¢ : {29} — X is a weak

homotopy equivalence, which is equivalent to prove that 7, (X) = 0 for all n > 1.

We prove this by induction. For n = 1, we have by hypothesis that m(X) = 0.
Now, suppose n > 2 and 7 (X) = 0 for all 1 <k <n — 1, which are the hypothesis to the
theorem of Hurewicz, see [Hat02, p. 369], that implies that m,(X) = H,(X) = 0. O

Now, using the corollary above and the Mayer-Vietoris, we prove that the union

of contractible complexes is contractible, if the intersection of the complexes is contractible.

Lemma 2.4.3. [Raul6, p. 16] Let Ay, Ay be contractible subcomplexes of a simplicial
complexr A such that A1 N Ay is contractible. Then Ay U Ay is also contractible.

Proof. A1 N A, is non-empty by assumption. So, let v € A; N Ay be any vertex. Since
Ay, Ay and A; N Ay are path-connected and since 71 (A1, v) = m (Ag,v) = 0, it follows
7 (A1 U Ay, v) = 0 by van Kampen’s theorem, see [Hat02, Theo. 1.20]. By Corollary
2.4 , it remains to prove that H, (A; U Ay, Z) = 0. This follows from the Mayer-Vietoris
sequence for reduced homology, see 1.3.15. More precisely, for all n € Z there is an exact

sequence:

H, (A, Z) & Hy (Mg, Z) 25 Hy (A UAy,Z) 25 Hy oy (A N A, Z)
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But H,(A,Z) ® H, (A3,Z) = 0 and H,_; (A, NAy,Z) = 0. It follows
H, (A1 UAy,Z) =0 for all n € Z and Ay U A, is contractible. O

Corollary 2.4.4. [Raul6, p. 16] Let n € N;n > 2 and let A be a simplicial complex with

subcomplezes A+, ..., A, such that

If Aj,N...NA,, is contractible for all non-empty subsets {i1,...,4} C {1,...,n},

then A 1s contractible.

Proof. If n = 2, then A1, Ay and A; N Ay are contractible by assumption. Hence, A; U Ay
is contractible by Lemma 2.4.3. Now, let n > 3 and let the claim be true for all n’ €

n—1

{2,...,n—1}. In particular, | J A, is contractible. By Lemma 2.4.3, it remains to prove
i=1

that

n—1 n—1
I':= (LJ Z&{)rﬁlkn:: LJ Z&iFWZ&n

i=1
n—1
is contractible. For i € {1,...,n—1}let I'; := A;NA,. Then I = U I'; and by
i=1
assumption I';, N...NTy, = A;, N...NA;, NA, is contractible for all non-empty subsets
{i1,...,41} €{1,...,n —1}. Hence, by the induction hypothesis, I" is contractible. This

proves the claim. O

Our first result about the homology type of simplicial complexes associated to
homogeneous spaces is that, whenever Fg,y is finite, then Agf}?{ is homotopic equivalent
to Ag/u. Moreover, Ag /g is a strong deformation retract of Ag,g. To prove this we need

the following techinical lemma:

Lemma 2.4.5. [Wal81, p. 875] Let P, Q be finite posets and let f : P — @ be a monotonic
map. Suppose that either A(f~'(Q<,) ) is a contractible subcomplex of A(P) for all ¢ € Q
or A (f’l (qu)> is a contractible subcomplex for all ¢ € Q. Then

1= 1P — 1R
is a homotopy equivalence.

Theorem 2.4.6. [Bi04, p. 153] Let G/H be a compact homogeneous space such that
n(h) = b and Pgp is finite. Then Ag“/l}{ is a strong deformation retract of Ag /.
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Proof. Let P™" := 5“/1?[ and P := Pg/g. Consider the inclusion map
Lo P ey P

v is monotonic by defintion. We have that for each € € P, the set ||¢ " (P<) || is contractible:
if [€ P™™ then [ < ¢ if and only if [ is generated by minimal H-subalgebras which are all
contained in €. Then, for any ¢ € P, define a := (l, ..., ), where [y, ..., [, are all minimal

H-subalgebras contained in £, and we have that
L_l (PSE) = Pga.

Hence, A (fl (Pge)) = A( ;“Iirﬁn(e)) is a cone over a by 2.1.3. Thus, by Lemma 2.4.5,
I|e]| - ||A237}{|| — ||Ag/u|| is a homotopy equivalence. The theorem of Whitehead 2.4.1

implies that Ag‘/r}l is a strong deformation retract of Ag /. O

Now, we need a result about a method to obtain that certain order complexes

are contractible.

Definition 2.4.7. Let P be a finite poset such that P := PU{0,1} is a lattice. For p € P,

the complement of p is defined as
clp)={zeP|lzAp=0andzVvp=1}

Theorem 2.4.8. [Bjo96, p. 1852] Let P be a finite poset such that P = PU{0,1} is a
lattice. For a fized p € P let Q := P\c(p). Then A(Q) is contractible.

When we apply this theorem to the simplicial complexes associated to a
homogeneous space, we obtain the result used in this work to prove the some simplicial

complexes are contractible.

Corollary 2.4.9. Let P be a generic notation for Pé”/i}},Pg/H or PGT/H and A for the
correspondents order complexes. Given ¥ € P, if there is no [ € P such that (¢1) =g or
tNl=h, then A is contractible.

Proof. The hypothesis is equivalent to c¢(¢) = ) for P=PU {h, g}, then apply the last

theorem. O

2.4.1 RauBe's theorem

In this subsection, we prove the main theorem used in this work to show
that some simplicial complexes associated to homogeneous spaces are non-contractible.
In the case of H < G compact connected Lie groups with ng(h) = b and Pg/py finite,
item 3 implies that for every K compact connected intermediary Lie group H < K < G
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with € := Lie(K) we have ng(£) = € and Ag/x is a subcomplex of Ag,y. In this case,
the theorem describes how a non-zero homology class [fhew | € Hum (AG JH R) \{0} can
be constructed if a non-zero homology class [0] € H,,_1 (Ag/K, R) \{0} is given, where
m € N, H < K < @G, with H maximal in K and R is a commutative unitary ring.
Since this theorem is proved using induction, we need to describe when H, (AG JH > R) is

1ON-zZero:

Lemma 2.4.10. Let H < G and R as above. Assume that there exists a mazximal H -
subalgebra €, of g such that by is mazimal in €. Then Hy (Ag/H,R> # 0 if and only if
there exists another H-subalgebra €, # €.

Proof. The conditions of h being maximal in €, and £, being maximal in g imply that & is a
maximal simplex, i.e. a facet, of Ag,f. Hence, the existence of another vertex €; is equivalent
to Ag, s being disconnected, since €& — €, is a 0-cycle with [y —&] € Ho(Agw, R)\{0}. O

The following definitions are required for the theorems of this subsection:

Definition 2.4.11. [Kah09, p. 12] Let A be a simplicial complex, R a commutative
N

unitary ring and 0 = > _r; - [v), ..., 0] € Co(A) ® R an n-chain with coefficients in R
i=1

with r; € R\{0} for 1 <1 < N. We define the support of 6 by

supp(0) := {{vé,...,v}z ,...,{vév,...,vflv}}

i.e. the set of all n-simplices whose coset is a non-zero summand of . If one of the elements

of supp() is a facet of A, then we say that 0 is supported by a facet.
The vertex set of 6, or 0-skeleton of 6,

N
vsupp(f) = U {vé, e ,vfz}

N
Il
i

1s also called the vertex support of 6.

Let P be a finite poset and A := A(P) be its order complex. A subset L C P
1s called a lower bound set of 0, if there exists an | € L such that | < v for all vertices

v € vsupp().

Theorem 2.4.12. [Raul6, p. 26] Let H < G be compact connected Lie groups such that
ng(h) = b and Pgy is finite and let R be a commutative unitary ring. Furthermore, let
m € N, & a minimal H-subalgebra with Ky as the corresponding connected Lie subgroup
of G and [0) € H,,_, (Ag/KO, R) \{0} a non-zero homology class with a representative 0
such that the following holds:
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Given a lower bound set {l,...,In} of 0 in Pg/k,, there exist H-subalgebras
£, ..., txN, not necessarily distinct, with the following properties:
£y # ¢, Vie{l,...,N}; (2.4.1)
L>¢ Vie{l,...,N}; (2.4.2)
<E1,...,EN> <y (243)

and 0 is supported by a facet of Ag/k,. Then

More precisely, there exists an m-cycle 0, With [Opew | € ﬁm(Ag/H, R)\{0},

in which Oy, is supported by a facet of Ag g and a lower bound set of 0., is given by
{to,...,tn}.

Proof. Let ,..., 8y be H-subalgebras satisfying properties 2.4.2, 2.4.3 and 2.4.4. For any
simplex 0 = (£§ < ... < €;,,) € Ag/u, we denote its minimal element by €, . := €]. For

[ €{0,...,N}, define

Omin

Omin

C) = {O’ S Ag/H | ¢ > {3[} and

N
D = U C
=1
The C}’s are contractible since they are cones over the €’s by 2.1.3.
Since (¢1,...,¢y) < g by 2.4.4, we have that (¢,,...,¢;) is an H-subalgebra
for every non-empty subset {i,...,is} C {1,..., N}. Thus,

CouN...NCi={0 € Dgy | o > (i, 1) }

is also a cone, hence contractible.

By Corollary 2.4.4, we have that D is contractible. Thus, Hy (Cy, R)®H (D, R) =
0 for all k¥ € Z. Moreover, Co N D # 0: [; > €, then [; € CoN D for all i € {1,...,N}.
Therefore, the Mayer-Vietoris sequence for reduced homology of the triple (Cy U D; Cy, D),
1.3.15, yields the following exact sequence for k € 7Z :

Oﬁﬁk(COUD,R)i)ﬁkfl(ooﬂD,R)%O

Hence, the exactness of the sequence gives that the homomorphism 0, :
H,, (CoUD,R) — H,,_,(Con D,R), whose existence is given by 1.3.15, is an isomor-
phism.

The central idea of this proof is to use the isomorphism 0, to lift the homology
class [0] using .. To do this, we first need to show that [0] € H,,_1(Co N D, R)\{0}.
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Let o € supp(f), so ¢, € vsupp(f). By 2.4.3, ¢, . > [; > ¢ for some i €
{1,..., N}, it follows o € C; C D. Furthermore, 0 € Ag/k, C Co. Thus, supp(d) € ConD
and 0 represents an element [0] € H,, 1 (Co N D, R). It remains to show that [0] # 0.

Every vertex [ € Cy N D satisfies [ > (&, &) for some i € {1,..., N}. By 2.4.2,
b A& Vie{l,...,N} sol>¥. Hence, CoNnD C Ag/k,. Now, 0 is a facet of A,y which
implies it is not a boundary of Ag, g, so it is also not a boundary of Cy N D. Therefore,
[6] € Hyoy (Con D, R)\{0}.

With this information, we can lift the homology class. Let
0] == 0,([6]) € Hx (CoU D, R)\{0}

where ¢’ is a fixed representative. By the definition of d,, see [Munl18, p. 137], §' can be

constructed the following way:

0 is a boundary of Cy and D, since H,,_1(Co, R) = 0 and H,,_,(D, R) = 0. So,
there are m-chains 7 of Cy and 7 of D, such that d(m) = 6,0(12) = —6. Then

0 =1 +m7

is an m-cycle of Cy U D such 0,([¢']) = [6].

We have that 6 is supported by a facet, so let s € supp(f) be a facet of Ag/x,,
ie. s = {Io < ... < fm_l} is a maximal chain of Kjy-subalgebras. Since € is a minimal
subalgebra over b, t:= {Eo <lh<..< im,l} is a simplex of Cj and facet of Ag/y, i.e. a
maximal chain of H-subalgebras. t is the only simplex of Cy such that s is a proper face.
Since s € supp(f) = supp(9(m1)), we have that ¢ € supp(7;). On the other hand, €, # ¢
given in 2.4.2 and the minimality of & imply €, # ¢ for i € {1,..., N}. Hence, t is not
a simplex of D, which guarantees that ¢ ¢ supp(72) and therefore, ¢t € supp(f’) since it

cannot be cancelled out by the sum ¢ := 7 + 7.

Now, the inclusion map ¢ : Cp U D — Ag/p induces a homomorphism in the
homology groups i, : ]:Im(C'O UD,R) — ﬁm(Ag/H, R) and we can define

[enew] = Z*([el])

with 6, being an m-cycle of Ag gy such that supp(fnew ) = supp(#’), so supp(Opew )

contains the facet ¢. This implies .., cannot be a boundary of Ag g, so [Onew | €

Hyp (A, R)\{0}.

Moreover, since for € € vsupp(fuew) € Co N D there exists i € {0,..., N} with
t > ¢;, we have that a lower bound set of 0, is given by {€,...,tx}. O

Last theorem 2.4.12 yields a method to be applied iteratively along maximal

chains of H-subalgebras, which is given by the next theorem.
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Theorem 2.4.13. [Raul6, p. 28] Let H < G be compact connected Lie groups such that
ng(h) = b, Po/u is finite and let (?8 > 0> E?\,) be a maximal chain of H-subalgebras for
some N € N with associated maximal chain of connected Lie subgroup (Kg > ... > Ky)
of G. Furthermore, let E?\,H := b and assume that for each m € {1,..., N + 1} there exist

K° -subalgebras €., ... €7 |, not necessarily distinct, with the following properties:

1. € # €

2. If N > 1, then for each m € {1,...,N} the K, ,-subalgebras ¥, ... e satisfy
the following properties:

BoAe Vie{l,...,m+1}

peloA£e Vie{l,...,m+1}

o (B ... ¥ < g
Then I:[N(Ag/H, R) # 0 for any commutative unitary ring R.

Proof. Property 1 implies 6y := £ — & # 0 and [f,] € _FIOAG/K?, R)\{0} as in the proof of
Lemma 2.4.10. It follows that §, is supported by the facet € of Ag, ko and {€0, €} is a

lower bound set for 6.

Now suppose that for m € {1,..., N} there exists an (m — 1)-cycle 0,,_;

of Ag/o with [0,,-1] € Hpo1(Ag/xo, R)\{0}, that 6, is supported by a facet of

0
m—17 -

Ag/ko and a lower bound set of 6,,_; is given by {£ ., & }. By assumption, the
K 41-subalgebras £l ... 8" satisfy the properties hypotheses of Theorem 2.4.12 with
respect to 6,—1. Hence, Theorem 2.4.12 yields an m-cycle 6, of Ag/go | such that 0] €
Hm(AG/K&H’ R)\{0}, 6,, is supported by a facet of Ag/ko ,, and a lower bound set of
671 is given by {€0 ..., €71} By iteration, the case m = N gives a non-trivial homology

class of Hy(Ag/m, R). O



44

3 Lie Theory

3.1 Root Systems and Subalgebras of Maximal Rank

When we have H < GG compact connected, Ag su only depends on the corre-
sponding Lie algebras by Remark 2.2.2. So, if we want to understand the contractibility or
not-contractibility of Ag /i for G real compact semisimple and H connected of maximal
rank, all possibilities of real compact semisimple Lie algebras g will be classified and we

will show how to obtain all Lie subalgebras b of maximal rank.

3.1.1 Abstract Root Systems

Definition 3.1.1. A finite subset R C V\{0} of a finite-dimensional Euclidean vector
space (V, (-,+)) is called a root system if the following conditions hold:

1. R spans V.

2. If o, B € R and s, : V — V is the orthogonal reflection at o with respect to (-, ),

then so(8) = B — 22;’2504 € R, i.e., R is invariant by the orthogonal reflections at
the roots. 7
(o, B)
3. Nag =2 € 7Z for all o, B € R.
$= 2 <2

4. For a € R, the only multiples of a in R are —a, «.

The elements of R are called roots.

Two root systems R C V and R’ C V' are called isomorphic, denoted by
R = R/, if there exists a isomorphism of vector spaces ¢ : V' — V' such that ¢(R) = R’
and Ng(a)¢(8) = Nag for all a, 8 € R.

Definition 3.1.2. Let R CV be a root system. A subset A = {ay,...,a,} C R is called

a set of simple roots, if the following two conditions hold:

1. A is a basis of V.

2. For each o € R, the unique {ky,...,k,} C R such that

n
Oé:Zk’i'Oéi
i=1

are either all non-negative integers or all non-positive integers.
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A root « is called a positive root (negative root), with respect to A, if the
coefficients in 2 satisfy k; > 0 (k; <0).

Each root system contains a set of simple roots and the simple roots determine

the root system up to isomorphism as the following lemma shows.

Lemma 3.1.3. [Hum94, p. 55] Let R C V and R' C V' be root systems with simple
roots F = {oq,...,an} and F' = {ay,... 00} If naa, = Natar, for all 1 <4, j <n, then
R=R.

We want to classify all root systems. For this purpose, let R be a root system
and A = {ai,...,a,} be a set of simple roots. Then 14,4, - Na;a; € {0,1,2,3} for all
1 <i<j<n,see [Hum94, p. 44, 45]. The Dynkin diagram of R, denoted by D(R), is the
graph with n vertices such that for ¢ # j the i-th and the j-th vertex are connected by
Neaa; * Naja; €dges, if there are more than two edges, we use an arrow that points to the
short root. We observe that D(R) is independent of the choice of A.

Two isomorphic root systems have the same Dynkin diagram. Hence, root
systems are classified by their Dynkin diagrams. By [Hel78, p. 470], the connected Dynkin
diagrams are given by four infinite series A,,(n > 1), B,(n > 2),C,(n > 3), D,(n > 4), the

classical Dynkin diagrams, and five exceptional Dynkin diagrams Fg, Er, Eg, Fy, Gs.

A,: O O e O Oo——O
1 2 n—2 n—1 n
B,: O O O O=——=0
1 2 n—2 n—1 n
C o, O O O—===—=0
i 2 n—2 n—1 n
/O
D,: © o o o b=l
1 2 n—3 n 7NO
f 2 n
Fe : O
1 3 4 5 [
o2
E;: O
i; 3 4 5 [§ 7
I 2
Eg: C 8 C 0
1 3 4 5 6 7 8
Fy:
1 2 3 4
G, O=—===0
1 2

Figure 4 — Dynkin diagrams
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3.1.2 Root Systems of Semisimple Lie Algebras

Let g be a Lie algebra over R or C with Cartan-Killing form B(X,Y) =
tr(ady oady), X,Y € g as defined in 2.3.8. g is called semisimple, if its Killing form B
is nondegenerate, that is, its ideal rad B ={X € g | B(X,Y) =0 VY € g} is equal to
zero. Moreover, g is called simple, if g is non-abelian and if it has no non-trivial ideals.
Since rad B is an ideal of g, simple Lie algebras are semisimple. A Lie group G is called

semisimple (simple), if its Lie algebra is semisimple (simple).

If g is a semisimple Lie algebra, there exists a unique decomposition g =
g1 D ... D gs where each g; is an simple ideal of g and these are the only ideals of g, see
[Hum94, p. 23].

Let g be a complex semisimple Lie algebra and let h be a Cartan subalgebra of g,
i.e. h is a maximal abelian subalgebra of g and adx : g — g is a semisimple endomorphism
for all X € h. Let a € h* and define

o :={X €g]| [hX]=a(h) X forall h€bh}

a is called a root of g with respect to b, if & # 0 and g, # {0}. The set of all roots with
respect to b is denoted by R(g, ). Since b is maximal abelian subalgebra of g, we have
h=go={X €g]| [h,X] =0Vh e b}. Furthermore, the endomorphisms ady, X € b, are
simultaneously diagonalizable, since [ady,ady] = ad;xy] = 0 for X, Y € b. Then, we have

the called decomposition of roots spaces of g

g=hbo P g (3.1.1)

a€R(g,h)

Lemma 3.1.4. [Hel78, p. 166, 170] The restriction of the Killing form to b, Byxy, is

non-degenerate. Hence, given o € h* there exists a unique h,, € b such that

B(ha,h) = a(h) for all h € b

Using this lemma, we define a non-degenerate bilinear form (-,-) on h* by

(o, B) := B(hq, hg) for all , 8 € h*

Since B is real valued and positive definite in bhr := spang{h, | @ € R(g,h)},
we have that (-,-) is real valued and positive definite in hy = spang{a | @ € R(g,h)}.

As expected, R(g,h) is a root system as defined in the last subsection:

Theorem 3.1.5. [Hum9/, p. 73] Let (-,-) be the inner product on b as above. Then,
R(g,b) is a root system of by as in Definition 3.1.1.
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Civen two Cartan subalgebras b, b of g, then R(g, ) and R(g, h) are isomorphic
[Hum94, p. 75], then we can write just R(g) for a root system of g since it is unique up to

isomorphism.

The Dynkin diagram D(g) determines g up to isomorphism:

Theorem 3.1.6. [Hum94, p. 173][Hel78, p. 490] The assignment g — D(g) yields a
one-to-one correspondence between the isomorphism classes of complex semisimple (simple)

Lie algebras and (connected) Dynkin diagrams.

3.1.3 Compact Real Forms

Let g be a real compact semisimple Lie algebra, i.e. g = Lie G for a compact
semisimple Lie group G. The complexification of g is g¢ := g ® C that becomes a complex

semisimple Lie algebra by defining a Lie bracket in the pure tensors by
[Xl X Zl,Xz X 22] = [Xl,XQ] &® 2129 for all Xl, X2 € g, 21, 22 e C

and extended by bilinearity. Observe that gc¢ is simple if and only if g is simple, since
complexification and realification take ideals to ideals. g is called a compact real form of

gc which is unique up to isomorphism, see [Hel78, p. 184].

Given t a Cartan subalgebra of g, then h := t® C is a Cartan subalgebra of g¢

and we define the root system of g with respect to t as
R(g) := R(g,t) := R(gc, b) = R(gc)

Since the root system R(gc) does not depend on the choice of the Cartan
subalgebra up to isomorphism, the root system R(g) does not depend on the choice of t

up to isomorphism. Moreover,

rank g := dimg t = dimg b

We define the Dynkin diagram of R(g) or g by D(g) := D(gc). The Dynkin
diagram D(g) defines g up to isomorphism: If g and g are compact semisimple Lie algebras
such that D(gc) = D(gc), Theorem 3.1.6 implies g¢ = ge. The uniqueness of a compact
form implies ¢ = £ Furthermore, by [Hel78, p. 81], every complex semisimple Lie algebra

has a compact real form. It follows from Theorem 3.1.6:

Theorem 3.1.7. The assignment g — D(g) yields a one-to-one correspondence between
the isomorphism classes of real compact semisimple (simple) Lie algebras and (connected)

Dynkin diagrams.



Chapter 3. Lie Theory 48

By the Theorem above, a compact real Lie algebra is said to classical if it is
associated to the classical Dynkin diagrams. The ones with rank n are su(n+1),n > 1 for
A,, s0(2n+1),n > 2 for B, sp(n),n > 3 for C, and so(2n),n > 4.

A compact real Lie algebra is said to be exceptional if it is associated to the

exceptional Dynkin diagrams. They are denoted by eg, e7, ¢s, f4, g2, see [Hel78, p. 516].

3.1.4 Subalgebras of Maximal Rank

Now, let G be any semisimple compact Lie group with real compact semisimple
Lie algebra g and let 7" be a maximal torus of G with Lie algebra t = Lie(T") that is a
Cartan subalgebra of g.

To determine the simplicial complex of G/H for all connected compact Lie
subgroups T' < H < G, first we have to determine all the possibilities of H. By [Djo81,
p. 2], every subgroup 7" < H < G is closed in G, hence a compact Lie subgroup. Thus,
there is a bijection between all connected compact Lie subgroups 7' < H < G and all Lie

subalgebras t < h < g. These Lie subalgebras are given by the following lemma.

Lemma 3.1.8. Let g and t be as above. Let a set of simple roots of R(g) be given and
R(g)" be the associated subset of positive roots. For a € R(gc) and go the associated root
space as in 3.1.1, define my := g N (ga D 9_a). Observe that m_, = m,. Then

g=t® P m, (3.1.2)
a€R(g)*

We will call 3.1.2 the decomposition of roots spaces of g.

All intermediary subalgebras t < b < g are given by

h=tePm, (3.1.3)

ael

where I C R(g)"is any non-empty subset with the following property:

a,pel,arfeRG = axfelU-—1I (3.1.4)

Proof. Let a # B € R(g)*. From [B504, p. 89], we have the brackets between the root

spaces m, and mg:

Moig®m,_p, ifa+ € R(g) and o— € R(g)

g, ] = Mot 3, ifa+p € R(g) and o — (3 ¢ R(g) (3.15)
Mo g, if o — 0 € R(g) and a+ [ ¢ R(g)
{0, if o+ ¢ R(g) and o — 3 ¢ R(g)

Since [ga, 0-o] € h =tP C, we have that [m,, m,| C t.
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A vector space b as in 3.1.3 is closed under Lie brackets, hence a Lie subalgebra
of g:if a,f € I, then a £ f € I U— I C R(g) implies myo1p € h and [m,, mg] € h by
3.1.5.

On the other hand, any subalgebra t < h < g is also an Ad(7")-module, so
h is the sum of t and root spaces m,,a € I, for some I C R(g)", see [B504, p. 89.
Now, 3.1.5 implies that I has to satisfy property 3.1.4: if o, 5 € I and a + 5 € R(g),
then my 3 = m_(aqp) C [m,, mg| C b which implies a + 5 € IU — I and equivalently to
a— [ € R(g). O

The last Lemma 3.1.8 implies that T-subalgebras of g are indexed by subsets of
R(g)™ that satisfy the condition 3.1.4. Hence, g contains only finitely many 7T-subalgebras.
Moreover, n(h) = b for every t < h < g by 2 and 3, see also [Djo81, p. 1]. Hence, Pg/y is
finite and the extended simplicial complex Ag, g is well-defined for all ' < H < G.

Our purpose is to determine the contractility or non-contractility of Ag g for G
semisimple classical and H a subgroup that has maximal rank, i.e., H contains a maximal
torus of GG. However, it is just necessary to determine it to GG simple as we will see next.
By Remark 2.2.2, we may also assume that G is simply-connected, so G = Gy X ... X Gy
with G; simply connected and simple for all 1 <1 < k. Let T; be a maximal torus of G,
for1 <¢ <k ThenT :=T; x...x T} is a maximal torus of G and T'< H < G is a
subgroup of maximal rank if and only if H = Hy X ... x Hy with T; < H; < G.

We assumed that the canonical action of G in G/H is almost effectively, which
implies H; # G; for all 1 <i < k. By 2.2.8, it follows
Ag/H = AG1/H1 OB AGk/Hk * Sk_z
Thus, Ag/p is contractible, if Ag, /g, is contractible for at least one 1 <i < k, see [B604,
p. 96].

Moreover, it was proved in [Mil56, p. 431] that H,(X xY,F) # 0, if H,(X,F) # 0
and H,(Y,F) # 0 for any spaces X,Y and any field F. In particular, F[*(Ag/H, Q) #0, if
H.(Ag,/m,, Q) #0forall 1 <i<k.

From the discussion above follows that:

Ag/r non-contractible <= Ag,/n, non-contractible for all i € {1,...,k}



0]

4 The Simplicial Complex for GG simple classic

and H connected of maximal rank

From the last chapter, we obtained that, if G is a compact semisimple Lie
group and H is a connected Lie subgroup of maximal rank, then A,y is well-defined and

to determine the contractility of Ag /g it is just necessary to to do it for G simple.

Since ng(h) = b, we are in the hypothesis of 2.4.13, which will be the main
theorem to prove that some Ag/y are non-contractible. Theorem 2.4.9 will be the main

tool to prove that some Ag/ g are contractible.
This chapter follows [Raul6].

Remark 4.0.1. Here gl(k,F) denotes the Lie algebra of k x k matrices with coefficients in
F =R, C, with Lie bracket being the canonical commutator of matrices, and GL(n,F) the

group of invertible k x k matrices with coefficients in F = R, C.

41 SU(m+1),n>1

Let G=SU(n+1)={A€ GL(n+1,C) | A7 = AT and det(A) = 1}, where

AT is conjugate transpose of A. Its Lie algebra is given by
suln+1)={Acgl(n+1,C)| A= —AT and tr(A) =0}
and its complexification is given by

suin+ 1)c ={Ae€glin+1,C) | tr(A) =0} =sl(n+1,C)
A Cartan subalgebra of su(n + 1) is given by
n+1
t:= {diag(ial,...,ianH) lap e Ry1<Ek< n—l—l,Zak = O}
k=1
and the corresponding Cartan subalgebra of su(n + 1)c = sl(n + 1,C) is
n+1
h=txC= {diag(zl,...,an) | z1 € C, 1 gkgn—l—l,sz:O}

k=1

For 1 < k < n+1 consider v € h* defined by vy, (diag (21, ..., 2n)) := 2zx. Let {Ex b 1<ki<ntt
be the canonical basis of gl(n + 1,C). If k # 1, Ey € sl(n+ 1,C) = su(n + 1)c. We have
that

[diag(z1, ..., 2n), Er] = (2 — 21) - B
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Thus, v, — v is a root for h with root space (Ejy;) and the fact su(n + 1)c =

h D @spcm@{Ekl} implies that all roots are given this way. Furthermore, for indices
k#l
i,5,k,l € {1,...,n+ 1} such that ¢ > j, k > [,{i,j} # {k,l}, by 3.1.5 the following

equivalence holds:
(vi —vj)+ (v, —y) isaroot < i=lorj=k < #{i,j}A0{k1})=2 (4.1.1)

where A denotes the symmetric difference. From 4.1.1, it follows that a set of simple roots
is given by
{Vi_yi—l—l | ]_SZSH}

with Dynkin diagram A, and a set of positive roots is given by
{yk—ul|1§k:<l§n+1}

see [Hel78, p. 462].

We described the root space decomposition for su(n + 1)c = sl(n + 1,C). Now,
we will describe the root decomposition for su(n + 1) using 3.1.8. For k < [, let

My o= My, o= Myggy =My, = (B, Bg)e Nsu(n + 1)

This subspace consists of all matrices of su(n + 1) whose entries are all zero

except the (kl)—th and the (lk)—th one, then
Z € (C}

~ 0 =z
(0
and su(n + 1) = t & P my,. It follows:
k<l
Proposition 4.1.1. [Raul6, p. 38] Let t be as in as above. Moreover, let r € {2,...,n}
and U... UL = {1,...,n+ 1} be a partition of the index set {1,...,n+ 1}. Let n; :=
|I;|,1 <i<r. Then

s(@_um),) =te P myo.o P my (4.1.2)

i,j€1,i<j 4,j€lr,i<j

is a T-subalgebra of su(n + 1). Moreover, every T-subalgebra is of this type.
Proof. For i < j,k <1,(i,7) # (k,1) it follows from 4.1.1 and 3.1.8 that

meiamy, 16750k #0,
{0} {i, 530 {k, 1} =10

[mij,mkl] = (413)
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So,if my, := @ my for1 <s <r, then [m;,my] Ctdmy, and [m;, m;,| =0 for
i€l i<j
s # s. It follows that s(®]_,u(n;),) is a T-subalgebra of su(n + 1).

Now, let £ =t @mkl be any T-subalgebra of su(n + 1). Consider a graph T'
k<l
with vertex set {1,...,n + 1} where two vertices ¢ and j are connected by an edge if and

only if m;; C & By 4.1.3, if 7 and j are connected, m;; C &, and if j and k are connected,
mj, C €, then ¢ and k are also connected, since m;, = [m;;, mj;] C €. By induction, this
implies that m;; C € for every vertices ¢ and j in the same connected component of I'.
If Ii,..., I, are the vertices sets of the connected components of I', then m;; C £ for
1< g €Iy, 1 <m <r. This implies that € is of type 4.1.2. We have that r > 2, since r = 1
implies that I" is connected, all root spaces are contained in £ and € = su(n + 1) which
contradicts £ # su(n+1). Also, r < n: if r = n+ 1, we have that the connected components

are just all the vertices, none of them are connected and ¥ = t which contradicts ¢ # t. [

Observe in the last Proposition that, given a partition with more amount of
subsets from {1,...,n+ 1}, we produce a T-subalgebra with less dimension. So, to obtain

a T-subalgebra with more dimension, we need a partition with less amount subsets.

The subalgebras from last Proposition can be understand as diagonals block
matrices. After conjugation the subalgebra ¢ = s (@Z w(ng); ) just consists of all block

matrices

Ay 0
, Aieu(n) Ztraee =0 (4.1.4)
0 A,

i—1
In fact, if ng := 0 and ¢ € S, with I, = o ({Zn] +1,. Zm}) for

sgn(o) 0

1 <4 <r, then Adp(¥) is of type 4.1.4, where P = ( 0 ;

) P, € SU(n+1) and
P, is the permutation matrix.

Using the notation t := s (@fﬂlu(l){i}), the non-contractibility of Ag/y for
G = SU(n+ 1) and H < G connected and of maximal rank is given by the following

theorem.

Theorem 4.1.2. [Raul6, p. 39] Let h = s(®;_,u(n;);,) as in Proposition 4.1.1 or as above
ifr=n-+1. Then
Hr—3(AG/H7 Q) 7é 0

Proof. If r = 2, then h = s(u(ny);, ® u(n2),) is a maximal subalgebra of su(n + 1)

by Proposition 4.1.1, since partitioning [ with in other two subsets just produce other
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subalgebras that are not contained in b and the only way to partition I with less subsets
is just I itself. Hence, Ag/y = () which implies H_, (Ag/H, Q) # 0.

So assume r > 3. To simplify notation, for s € {1,...,r} and 1 < i; <
i == »_n;,. Now, for p € {0,...,r — 3} and

j=1

o <ig <rilet I

..........

q€A{0,...,p+ 1} let

B =5 u(ng,. r—2—pﬂ"—1—p+q)11 r—2pr—1-ptq D u (nl)lz

r
""" l=r—1—p
l#r—1—p+q

It follows that (88 > > {3273) is a maximal chain of H-subalgebras. Further-
more, for ¢ # 0 it holds
0
tl # ¢, and

7> e >0 with €0 =g, 80, = b
Moreover, for all p > 1 it holds:

<k;7 DR E£+1> = 5(u(n1 ~~~~~ 7”7271777”717 ~~~~~ T)Il rT—2—p,r—DP,..., T @ u (nrflfp)f

,,,,,

Hence, Hr_g(Ag/H,Q) # 0 by Theorem 2.4.13.

Corollary 4.1.3. If H is a connected Lie subgroup of mazimal rank of SU(n + 1), then
SU(n+1)/H admits a SU(n + 1)-invariant Einstein metric.

Proof. Tt follows from 4.1.2, 2.3.2 and 1.3.14. O

Example 4.1.4. We will illustrate the subalgebras and their relations in the proof of
theorem 4.1.2 for the case g = su(5) with r =4 and I} = {1,3}, [, = {2}, I3 = {4}, I, =
{5}, then

iOél 21
iOéQ
h:t@mlgz —21 103 Z1€C,CX¢€R

iCY4

’iOé5

iOél 21 Z9 Z4
—2_1 iOfQ z3 Z5
Eg = 5(u(4)11’273 @D u(1)14) = —2,72 —53 iag Z6 Zi € C, o; € R

—2Z4 —55 _56 iCk4

iOé5
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o 2 29 24
—51 iOéQ z3 Z5
to=su@),, ul)y) = | -2 -z i 26 2z €Ca; €R
i0é4
—2,74 —275 _56 iO[5

10 2 29
—Z1 1oy 23
B =s5u@),, dul), dul)y) =S| -5 —%& i %z €C,o4 €R
10y
1005
10 21 29
1009
b =s5u@)y, du(l), dul),) =13 | -4 iy 23 ze€C,a; €R
—29 —Z3 1oy
e %
10 21 29
1009
& =s5u@B),, oul), sul)y) =13 | -4 iovs || zeCaeR
10y
—2Z9 —23 10

Then, (£ > €Y) is a maximal chain of H-subalgebras, & # £, €] # € & >
E%, E(l) > E% and, since Ei =t@d my3 D myy G myy and E% =t P my3 O mys O mgs,

<E%, E%) =t mi3 @ My G Mgy @ My D Mgy D My < 50(5)

and, for H the connected Lie subgroup of SU(5) with Lie algebra b,

Hi(Asu)/m,1) # 0

42 SO(n),n >3

Let G = SO(n) = {A € GL(n,R) | A" = AT and det A = 1}. Its Lie algebra
is given by
so(n) = {A € gl(n,R) | AT = —A}



Chapter 4. The Simplicial Complex for G simple classic and H connected of maximal rank 55

and its complexification is given by

so(n)e = {A € gl(n,C) | —AT = A}

The cases n even and n odd have to be considered separately. Moreover, for n
even one may assume n > 8, since s0(4) = so(3) @ s0(3) is not simple and s0(6) = su(4)

is covered by the the last case.

421 neven, n>8

For any z € Clet I(z) := (%, §) € s0(2)c. A Cartan subalgebra of so(2n) is
given by
ti= {dlag(1<a1)771(an)) ‘ 73 ER, 1 S kgn}

and its complexification is given by

h:=t®C={diag(I(z1),...,1(2)) | 2 €C, 1 <k <n}

By [Hel78, p. 186], the root system is given as follows: For 1 < k < n let v}, € h*
defined by vy, (diag (I (21),...,1(2,))) := i zx. Now, consider the following matrices:

1 2 1 — 1 — 1 2
M++ = . ,M__ = . ,M+_ = . ,M_+ = . (421)
1 —1 - —1 1 1 —1 1

For 1 <k <l<mnlet B € s0(2n)c be defined as the matrix with all entries
are zero except its submatrix induced by the indices 2k — 1,2k, 2]l — 1 and 2! is of type

0 M,
ML, 0
Let B, B, E;;" € s0(2n)c be defined similarly. For 2 ..., z, € C and H :=
diag (I(z1),...,1 (z,)), we have that:

[H, BT =i(z2, + 2) - B = (v +0)(EBT)
[H, Ey7] = =iz +21) - Ey = —(ve + ) (Ey )
[H, By~ =iz — 2) - By = (v —w) ()
H,Ey') = —i(zx — 21) - By" = — (v, —w)(Ey")

Hence, for 1 < k < [ < n, +y, + v, are roots and since so(2n)c = h @

P spanc{E\;", E,~, Ef By}, all roots are given this way and this is the root space
k<l
decomposition for so(2n)c. Again, for indices 4,7, k,l € {1,...,n} with i # j k # I,

{i,j} # {k,1}, the following equivalences hold:
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a:= v —v)+ (v —v) isaroot &i=lorj=k
Bi= W +v;) — (v +u) isaroot < {i,j}N{k, 1} #0
(4.2.2)
vi= (v —v;)+ (v, + 1) isaroot < je{k,l}
§:=—vj)— (v +1) isaroot <ie{kl}

which can be written as: if the left-hand side of 4.2.2 is a root, then o, 5 € {£ (v, — v,)}
and 7,0 € {£ (v, + v,)}, where p < ¢,{p, ¢} = {7, j}A{k,}. Neither (v; + v;) + (v + 1)
nor (v; + v;) = (v; + v;) is a root. It follows from [Hel78, p. 464] that a set of simple roots
is given by

{vi—vig |1 <i<n—1}U{vn1+ v}

with Dynkin diagram D,, and a set of positive roots is given by

{1 <k<l<n}

Then, for k < [, the root spaces for s0(2n) are given by

+ ot —mt ._ ++ -
My 1= My =y o= my, 4, = spanc{Ey ", B~} N so(2n)

and

my = my = my =y, = spanc{ B, BT} Nso(2n)

a f a —p3
m;, = _a_ﬂﬁ*a o, €Ry and my X _a_ﬁﬁa
-8 « B —a

and the root space decomposition of s0(2n) is given by

So

s0(2n) =to P (m,jl @ m,g)
k<l

Remark 4.2.1. The results above are also true for SO(4) and SO(6) too.

To determine the T-subalgebras of so(2n), the following lemmas are needed.

Lemma 4.2.2. [Raul6, p. 41] Let i, j, k,l € {1,...,n},i < j, k <l,(i,5) # (k,l). Then,
for any signs €, e, € {—,+}, it follows

m,,, € =ew, {4,730k 1} ={p,q¢}
mi m =S ml ey # ew, (G, 73AK 1 = {p,¢} (4.2.3)
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Proof. From 4.2.2 and 3.1.8, if {i, j}A{k,l} = 0, then [m;? mi*] = {0} and, if

1]
{1, 7}0{k, 1} = {p. ¢}, then [mf, mfj] =m . [m; my] =m, and [m myl=m;. O

Definition 4.2.3. Observing in the last Lemma that the bracket of roots spaces with the
same signal results in 0 or a root space with signal — and if the signals are different
the bracket results in 0 or a root space with signal +, we can simplify 4.2.3 defining a
multiplication on {—,+} by —o— = + o0+ = — and — o+ := + o — := +, then
({—,+},0) = Zy. Now 4.2.3 can be rewritten as

€ij ki) = m;izj%kl’ {i, 7y O{k 1} ={p,d}
{0y,  {iiyni{kiy=0
Lemma 4.2.4. [Raul6, p. 42] Let r € {2,...,n} and [ = {iy <... <4} C{l,...,n}.

For any (r — 1)-tuple (e1,...,6,_1) € {—,+} " of signs, there exist unique signs €,, €

{—, 4} for1 <p < q<r, satisfying:

(4.2.4)

1. €ppr1 =€ foralll <p<r—1.

2. The subspace

u(r)?,...,er—l — t@ @ ngq (425)
1<p<qg=sr
is a T'-subalgebra.
Proof. If r = 2, we just have one sign to define, so let €5 := €, then t ® mj};, =

u(2) ®s0(2)" ! is a subalgebra.

First, we will prove that the signs €,; Let r > 3 and let 1 < k < [ < r such that
[ > 1+ 2. Suppose that we are given signs €,, for 1 < p < ¢ < n that satisfy the conditions
1 and 2, then 4.2.4 yields

€k, k+1 €k+1 €k, k+10€k+1,1

€kl __ —
Wi = [mik,ikH’mikH,iz] = My
which implies
€kl = €kk+1 O €410 = €k O €41
[terating the result above [ — k times, we obtain
€kl — €L O ...0€_1 (426)

Hence, the sign ¢ is unique.

Now, we will prove the existence satisfying the conditions 1 and 2. For 1 < p <
g < n, define € as above, then € ;+1 = €. The only thing we still need to prove is that
)61:-~~:€r—1

u(r);
(i,7) # (k,1). By 4.2.4, it just remains to prove €;; o € = €,q, if {7, j}A{k, 1} = {p < ¢}.

is a Lie subalgebra of so(2n). For this purpose, let i, 7, k,l € I,i < j,k <,
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Since €;; 0 €4 = € 0 €5, we assume ¢ < k or ¢ = k and j < [. We have to verify in three
situations:
j=k:p=i,q=l=¢€j0€ey=1(€0...0€¢j_1)0(€0...0€61) = €.

j=lip=i,qg=k=€;0€y=1(60...06.10€0...0€j_1)0(60...0€j_1) = €y
since €, ! = ¢, for 1 < s < n, so the factors €q, - - -, €j—1 cancel out. Similarly,

i=k:p=J,q=1= €jO€1 =¢€0...0€6_1060...0€_1= €y

€1,..€r—1

since the factors €;, ..., €,_; cancel out. Hence, u(r); is a subalgebra. O]

The T-subalgebras of so(2n) are now given by the following proposition.

Proposition 4.2.5. [Raul6, p. 43] Let t as before. Moreover, let v € {1,...,n —
1}, LU...UL. = {1,...,n} be a partition of the index set {1,...,n} and n; :== |;|,1 <
i <r. Then the T-subalgebras of so(2n) are precisely given by

el 1 l l

u (nl)li"'e"l‘1 D...0u (nl)zl'"enl’l ® 50 (2n41);,  D...Dso(2n,);

Iy
el el (4 2 7)
— ij ij + - + — L.
=to Puyo.oPmio @ (mjom)o. o @ (mjom)
el ijel g€l ijel
1<j 1<J 1<J 1<J

for some given | € {0,...,r} and €},...,ex | € {—,+} for 1 < k < I. The signs
efj e {—,+},i < j,i,5 €I} are given as in 4.2.6. For ng = 1, this notation means that
u(l);, =s0(2);, = R is contained in t. Moreover, ng > 2 for at least one 1 < s <r and if

[ =0, then r > 2.

Proof. For s € {1,...,r}, let

m, = P m;” fors<landm; := P (mfj @ m;-) for s > 1

i,j€li<j i,j€l5i<j
By Lemma 4.2.4, [m;,,m; ] C t® my, for s < [. Furthermore, from 4.2.3, it follows
my,mz] € t®my, for s > [ and [my,,m;,] = 0 for s # s’. Hence, 4.2.7 defines a

T-subalgebra.

Now, let € be any T-subalgebra of s0(2n). As in the proof of Proposition 4.1.1,
let T" be a graph with vertex set {1,...,n} where ¢ and j are connected by an edge if and
only mj; Ctorm; Ct By4.23,if ¢ and j are connected and if j and £ are connected,

then so are ¢ and k. Thus, if I, ..., I, denote the connected components of I', then

E=to® é(@%‘)

s=1 ijel,
ns>2 <5

where ¢; € {m;;,m;j,m;;@mfj}. Now, fix some s € {1,...,r} such that ny > 2. If

L € {m;;, mi_j}for all © < 7,4, 5 € I, then by the uniqueness statement of Lemma 4.2.4,



Chapter 4. The Simplicial Complex for G simple classic and H connected of maximal rank 59

el ...es _ . R
te @ b, must be of type u(ny),. " If &y = mf @ my; for any i < j,4,5 € I, then
ij€ls,i<j
by =m), ®@m forall p < q,p,q € L. In fact, if i # p, then by 4.2.3,

+ - [t -
my, Om,, = [mz’j ©m,;, kg, Ct

and
- S -
m, om, =[ml &m €l Ct
and similarly m;q ®m,, C ¢ for the case j # p. This proves that € is of type 4.2.7. Moreover,
ns > 2 for at least one s, since £ # t and if [ = 0, then r > 2 since € # s0(2n). O

Using the embedding

gl(m,C) — gl(2m,R);

11 Y11 0 Tim  —Yim
Tii+tt-Y11 o Tim U Yim Y11 Tl o Yim Tim
—
Tm,1 +- Ymai - Tmm + - Ym,m Tm1i —Ym1 -+ Tmm “Ymm
Ym,1 Tm,1  Ymom Tm,m

for m € N* with zg;, yp, € R, 1 < k,I < m, u(m) can be considered as a subalgebra of

61...61 €l...€l
s0(2m). Moreover, ¢ =u(ny),, "' @...@u(n), " ®s0(2n1),  B...®s0(2n,),

is isomorphic to the subalgebra of block matrices of type

Iy

Ay 0
A, eu (TLZ) 1< l,Az € 50 (2711) ;1> l (428)

Y

0 A,

More precisely, for o € S, let P, € SO(2n) be the permutation matrix

acting on the 2 x 2-blocks in a canonical way. After conjugation with some P,, one

i—1 %
may assume [; = an+ 1,...,271]- for ng := 0,1 < ¢ < r. Moreover, if A =
=0 =0

-1 0
diag (( 01 ) s, ,IQ> € O(2n), then the automorphism Ad(A) maps meto mi,

+
and leaves myL

it follows that u (ni)€§-~-€ii_1 is Aut(SO (2n;))-conjugate to u(n;)” . Hence, € is of type

(invariant for all p > 2. Combining A with appropriate cyclic permutations,

4.2.8 up to automorphism.

With t =: @;_,50(2);; or t =: @ u(1)g;;, the contractility or not-contractility
of Ag/u for G = SO(2n) and H < G connected of maximal rank is given by the following

theorem.
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61...6,}1 -~ € eln _
Theorem 4.2.6. [Raul6, p. 44] Leth =u(ny),; "' ®...®u(n), " ®s0(2n1),, ®
...®50(2n,)1,. as in Proposition /.2.5. If ng =1 for some s € {1,...,r}, the corresponding
summand will be written as 50(2)1,, whenever there exists a summand of type s0(2ny)z,,,
for some ng > 2. Otherwise, it will be written as u(1);,. Using this notation, the following

statements hold:

1 Ifl=0, ie. b = @)_y50 (2n,), then H,_s (Ag/u, Q) # 0.
2. Ifl=r, ie. h 2@ u(n,), then H,_o(Ag/m, Q) # 0.

8. If 1 ¢ {0,r}, then Agp is contractible.

Proof. Let [ = 0. If r = 2, then b is maximal, like in the beginning of the proof of Therema
4.1.2. Hence, Ag/y = () which implies H_, (Ag/H, Q) # 0.

Let » > 3. Using the notation of the proof of Theorem 4.2.6, let

r

= S0(211, -2 pr—1—ptg)Lr,..r—2—pr—1-ptq D @ 50(2n),
l=r—1-p
l#r—1—p+q

for pe {0,...,7 =3}, € {0,...,p+ 1}. Without loss of generality, suppose that n; > 2,
SO <E8 > > Er_3> is again a maximal chain of H-subalgebras and for ¢ # 0, it holds

0
t£E,
P > 80 > 80 with €%, =g, ¢, := b and
p—1 P p+1 1 =6t o= an
1
<{’,11?, . ,{%§+ > =50 (2711,“,,T_Q_p,,n_;,,,,,_?,ﬂ)I1 77777 ., D8O (2nr—1—p)1r,1,p g

Hence, H,_5 (Ag/H,Q) # 0 by Theorem 2.4.13.

el

. el er..n’ .
Now,let I =r,ie.h=u(ny), " &...®u(n.),. " '. As mentioned above,

i1 i
we may assume [; = {Znﬁ—l, o ,an} with ng := 0 and ez- =—foralli e {1,...,7},j €
=1 =1

{1,...,n; = 1}. If r = 1, then b = u(n) ™ is maximal and H_;(A¢/u, Q) # 0. So, let
r>2 Forpe{0,...,r—2} let

'
El = u(n, 1 prd) 1 ptrpiq © EB u(ny)z, " for ¢ €{0,...,p} and
I=r—
r—pia
r—1

Eg—H = u(n17-~-7r—p—177”)]_1.,..'.._,:_—])—1,7" ¥ @ u(nl)l_lm_
l=r—p

ie. Eg“ is generated by u (ni1, ,—p-1);,",_,_, and u(n,); ", adding the root space my,.
Moreover, Eg =u(ni,. ,r—p); SO (Eg > ... > E2_2) is a maximal chain of H-subalgebras

Ii,...,r—p’

and with £, := g and €_, := b it follows for ¢ # 0 :
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8L e

q—1 q 0
S S

Moreover, for p > 1 it follows

.....

Where a hat denotes the omission of an element.
Thus, I:IT_Q(Ag/H,Q) # 0 by Theorem 2.4.13.

Now, let [ ¢ {0,7} and assume b = u(n,);, "~ @...©u(n); "~ ©s0(2n141)1,,,P
... ®50(2n,),. Consider the H-subalgebra

t:=50(2n1);, ©... ®s0(2ny), Ds0(2nip1);,,  ® ... Dso(2n,);

Iy

In fact, £ # b, since n; > 2 for at least one 7 < [. To show that Ag/y is
contractible, it suffices to show, by Theorem 2.4.9, that that there exists no H-subalgebra
[ with [N€=h and ([,€) = g. So, let [ be any H-subalgebra. Since n; > 2 for at least one
i >1,[# u(n). Hence,

/
1 1 1 1
€]...€ [N

(=u(mi);, ™' ®...0 u(mu),, " @ so (le'“)Jz @...PHso (QmT/)JT,

/+1
for some " > 2. Moreover, for all 7 € {1,...,r} there exists some j € {1,...,7'} with

I; € J;. In particular,

<E’ [> < s0 (2m1)J1 ©...Dso (er’)JT, <49

Hence, Ag/p is contractible by Theorem 2.4.9.
O

Corollary 4.2.7. If H is a connected Lie subgroup of mazimal rank of SO(n), n even,
n > 8. Then, following notation from 4.2.5,

1. If H =[] SO(2n;), then SO(n)/H admits a SO(n)-invariant Einstein metric

i=1

2. If H= [ U(n), then SO(n)/H admits a SO(n)-invariant Einstein metric.

i=1
Proof. Tt follows from 4.1.2, 2.3.2 and 1.3.14.

Observe that the case for [ ¢ {0,r} is inconclusive by 2.3.2. O
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Example 4.2.8. As in the computations of example 4.1.4, we will ilustrate some subalge-
bras used in the proof of Theorem 4.2.6 for the case n = 4, that is, we are in s0(8), with
r= 3, Il = {]., 2}, 12 = {3}, .[3 = {4} and

b = u(2)l_1 @ u(1)12 @ u(l)fzs =t® my, =

0 a1 a —-b
—a1 0 b a
—a —b 0 as
= bomeme 0 a;,a,beR
—a3 0
0 a4
—ayg O

= b oma—a 0 e a,a,...,f R

8 =uB)  eul), =temyemf,emf, =

Iis

0 a1 a —b c d

—a1 0 b a d —c

—a —b 0 as e f

_ b —a-—-a 0 f —e
= 0 as a,a,...,f ER

—asz 0
—c —d —e —f 0 oy
—d ¢ —f e —a4 0

422 nodd, n>3

First, consider s0(3). A maximal abelian subalgebra is given by

0 «
t= — aeR
0 0

Hence, s0(3) has rank 1, i.e., only one simple root, then postive root. It follows
from Lemma 3.1.8, that there exist no T-subalgebras of s0(3), since adding the one root
space generates s0(3). Follows that Agoes)r = 0, so contractible and SO(3)/H admits a
SO(3)-invariant Einstein metric by 2.3.2.

So, assume n > 5, i.e. SO(n) = SO(2m + 1) for some m > 2. Subalgebras
of s0(2m),s0(2m)c can be considered subalgebras of so(2m + 1),s0(2m + 1)c by the
canonical embedding X € so(2m) — (X ) € so(2m + 1). Let t be the Cartan subalgebra
of s0(2m) as in 4.2.6. By [Hel78, p. 187], t is also a Cartan subalgebra of so(2m + 1) and
h = t® C is a Cartan subalgebra of so(2m + 1)¢c. For 1 < k <1 < m let £ + 1 be

as before. These are roots with root space spanc{E;*}, spanc{Ey "}, spanc{E};"} and
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spanc{Ey;t} C s0(2m)c C s0(2m+1)c. Furthermore, for 1 < k < m, let E;" € so(2m+1)c
be the matrix whose entries are all zero but its submatrix induced by the indices 2k — 1, 2k

and 2m + 1 is of type

0 0 1
0 0 =«
-1 — 0

Analogously, let £, € so(2n + 1)¢ be the matrix whose entries are all zero but
its submatrix induced by the indices 2k — 1,2k and 2n + 1 is of type

0 0 1
0 0 —
-1 ¢ 0

It follows for z1,...,2, € C,H = diag (I (z1),...,1(2,),0) € b :
[H,E];] = —izk . E];
Hence, v}, and —v;, are roots with root spaces spanc{E; }, spanc{E; }, respec-
tively.

The root space decomposition is given by

so2n+1)c=b® @ spanc{E T Ey  Ef  Ey}® @ spanc{E}, E; }

1<k<I<n 1<k<n

and all roots are given by +v and +v, + 1,1 < k <l < n. In addition to 4.2.2, for indices
ik, l e {l,...,n}, k # 1, the following equivalences hold:

e:=v;+ (v, — 1) isaroot & i=1
(:=—v;+ (v —vy) isaroot &i=Fk (4.2.9)
n:=xv; F(n +v) isaroot i€ {kl}

A set of simple roots is given by
{vi—vip |1 <i<n—1}U{v,}
with Dynkin diagram B, and the corresponding set of positive roots is given by
{ve £ |1 <k<i<n}U{y|1<k<n}
see [Hel78, p. 462]. For 1 < k <l < nlet mj; = m,, ;,,,my; =m,,_,, as above and

0 0 «
my = m,, := spanc{E, E; } Nso(2n+ 1) 0 0 B |[|lasBeR
—a —f3 0
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And the root space decomposition of so(2n + 1) is given by

so2n+1)=hae P miemy)s P m

1<k<I<n 1<k<n
Thus, the T-subalgebras of so0(2n + 1) are given by the following proposition.
Proposition 4.2.9. [Raul6, p. 47] With the notation as above, all T-subalgebras € of
50(2n + 1) are precisely given by the following three cases:
1. £ =s0(2n).

2. £ <s0(2n) and € given as in 4.2.6.

l r—1

% i
€]---€

3.t =Pun), " ® P so(2n;), ®so(2n, +1), =¥ & P my, where ¥ =
i=1 =141 ! kel,
l i 62‘ T
Pu(n), " @ P so (an)lj is equal to t or a T-subalgebra of s0(2n) as in 4.2.6
i=1 =41

with 0 <[l <r <n.

Proof. Every subalgebra of so(2n) is also a subalgebra of so(2n + 1). Hence, £ like in 1

and 2 are T-subalgebras in s0(2n + 1). Now, let £ = ¢ ® @D my, as in 3 . For 4,j,k €
kel
{1,...,n},i < 7, 3.1.8 and 4.2.9 imply

m, k=3
(e, mi] =<Sm;, k=i (4.2.10)
{0}, k¢ {ij}
and furthermore,

[mi, my] = mj; & my; (4.2.11)

Let m;, be defined as in the proof of Proposition 4.2.5 for 1 < s < r. For

all k,l € I, k < [, it follows [mg, my] C my_, [mg, mg] C ¢ [my,m; ] = 0 for s < r and
[mg, my,] € € m,. Thus, 3 defines a subalgebra of so(2n + 1).
i€l

Now, let £ be any T-subalgebra of so(2n + 1). We may assume that my C ¢
for at least one k, since otherwise ¢ = s0(2n) or £ would be a T-subalgebra of so(2n)
and thus, it would be of type 4.2.6. By 4.2.10 and 4.2.11, [my,s0(2n)] = s0(2n + 1) and
[my, u(n)@ 1] =s0(2n + 1) for any 1 < k < n and €,...,6,_1 € {—,+}. Thus, for

l i Ei T
¥ :=€Nso(2n), it follows ¢ =tor ¢ = Pu(n;), " & P so (2nj)1j as in 4.2.6 for
i=1

j=l+1
some 0 <[ <r,r > 2. Now, let

I={ke{l,...,n} | my Ct}
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By 4.2.11, mj; @ m;; C ¥ for all 4,5 € 1,7 < j. Hence, if ¢ = t, then I = {k}
for some k € {1,...,n} and € = t & m,, is of type 3 . Now, assume ¢ # t. By 4.2.11, there
is an s > [ such that I C I, so assume [ C [,.. But for any i € I,j € I,,1 # j, it follows
from 4.2.10 that € D [mz, } =m;. Hence, I = I, and £ is of type 3.

]

l o r—1
Let t = Pu (ng) T i1 @ P ®so (2nj)lj
i=1 j=l+1
subalgebra of s0(2n+1). Similarly to the case g = so0(2n), after conjugation with appropriate

matrices of type P, C SO(2n) C SO(2n+1),0 € S, and diag (( ' %), Iz, ..., [, —1) €
SO(2n + 1), we may assume that € consists of all block matrices of type

(6950 (2n,),; ) < 50(2n+1) be any T-

Ay 0 Ay 0

Ar—l AT
0 B

with A; € u(n;),i <1, A; € s0(2n;),i > 1 and B € s0(2n, + 1).

The contractility or not-contractility of Ag/y for G = SO(2n+1) and H < G

connected of maximal rank is now given by the following theorem.

Theorem 4.2.10. [Raul6, p. 49] With the notation as above, let h = s0(2n) or h =
I

r—1
@u(ni g ® P so 271]) ®so(2n, +1); orbh =t Here, n, = 0,1, =) means
i= Jj=l+1
that b < s0(2n).
As above, if ng =1 for some s € {1,...,r}, the corresponding summand will be

written as s0(2);,, whenever there exists a summand of type so (2ny),  for some ny > 2
or a summand of type so (2n, + 1), with n, > 1. Otherwise, it will be written as u(1);,
Using this notation, the following statements hold:

1. If h =s0(2n), then Ag/y = 0.

2. If1 =0, then H,_4 (Ag/H, @) £ 0.

3. Ifh =t, then H,_, (AG/H,@) £ 0.

4. If L #0 and b # t, then Ag/g is contractible.
Proof. h = s0(2n) is maximal in s0(2n + 1), hence Ago@nt1)/s02n) = 0 as in the proof of

4.1.2.

Now, assume [ = 0. Under this assumption, » = 2 implies that b is of type
50 (2n1), ©s0 (2ny + 1),,. Hence, b is maximal, i.e. Ag/g = () and H_, (A(;/H, Q) # 0. So,
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assume 7 > 3. With the notation as in Theorem 4.2.5let p € {0,...,r—3},¢ € {0,...,p+1}

and

£ .= so (2n1

77777

This yields a maximal chain of H-subalgebras (£ > ... > £ . ). Furthermore,
for ¢ #0,€°, ;= g and £_, := b it follows

0
e £
I S
and for p > 1:

<E;1)7 s 7E£+1> = 50 (2”’1 ..... r—3—p,r—1—p,...,r + 1)11

So, ﬁr_g(Ag/H, Q) # 0 by Theorem 2.4.13.

r—1
Let h = t. Then b = Pso(2n;), & s0(2n, +1);, with r = n+1,I; =
j=1

{i},n; = 1for 1 <i < nand I :_@,nr = 0. As above, 4.2.12 yields H-subalgebras
t~s0(2(n—1—p)+1) Bso(2)""" and H,_, (Ag/H,Q> # 0 by Theorem 2.4.13.

Now, let { # 0. If h = u(n), then Ag/y = {s0(2n)} is just a point. So, let h €
I

r—1
u(n). After conjugation one may assume h = Pu(n;)”"~ & P so (2n;), ®s0 (2n, + 1), ,
i=1 =1

where n, = 0, I, = () is possible. Since b # t, there exists at least one ¢ < [ with n; > 2. So,

r—1
t:=Pso(2n;), ®so(2n, +1),
i=1

is an H-subalgebra. As in the proof of Theorem 4.2.5, any H-subalgebra is of type

!
. r'—
67/

4 i
(=@u(m);, ™ ® P so(2m), ®so(2my),,
=1 i=l'+1

for some 7' > 2 and for all i € {1,...,r} thereisa j € {1,...,7'} with I; C J;. Hence,

r/—1
(£, 1) < P so(2my), ®so(2my+1),, <so(2n+1)

i=1
Thus, there exits no H-subalgebra in Pg/y such together with € generate

s0(2n + 1) and Ag/p is contractible by Theorem 2.4.9.
m

Corollary 4.2.11. Following the notation from last theorem, if H is a connected Lie

subgroup of maximal rank of SO(n), n odd, n > 3. Then
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1. If H = SO(2n), then SO(n)/H admits a SO(n)-invariant Einstein metric

r—1
2. If H= [ SO(2n;) x SO(2n,+1), then SO(n)/H admits a SO(n)-invariant Einstein
i=1
metric

8. If H = [[SO(1), a mazimal torus of SO(n), then SO(n)/H admits a SO(n)-
i=1

invariant Einstein metric.

Proof. Tt follows from 4.1.2, 2.3.2 and 1.3.14.

Observe that, for the case [ # 0 and b # t, we have that 2.3.2 inconclusive. []

The examples from 4.2.8 also apply in this case.

43 Sp(n),n>1

Let G = Sp(n) = {A € GL(2n,C) | AT J,A = J, and AT = A™'} | with J, :=
( 0 ]dcn)
—Iden 0O :

Its lie algebra is given by

sp(n) = { (g _AB ) € gl(2n,C)

and its complexification is

sp(n)c = { ( ‘[i _V;;T ) € gl(2n,C)

A Cartan subalgebra of sp(n) is given by

(22

and a Cartan subalgebra of sp(n)c is given by

(14

For k € {1,...,n} and H :=diag(z1,...,2n, —21,...,—2,)) € b let v, € h* be
defined by v (H) := z;. Moreover, for 1 < k,I < n, let E}, the matrices of the canonical
basis of gl(2n,C). It follows:

A,B € gl(n,C),AT = —Aand B = BT}

U, V,W € gl(n,C), V=V"and W = WT}

A = diag (iaq, ... iay,) ,q; € R 1 gign} (4.3.1)

A—diag(zl,...,zn),zie(c,lSign}

(H, Bt + Erpgr) = (2 + 21) - Exnst + Eingr, k<1
H, Epyig + Enpig)l = — (2 +2) - Epseg + Engig, k<1
[H, Ey — En+l,n+k] = (Zk - Zz) By — En+l,n+k> k 75 .
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and

sp(n)c = b & P spanc{Eynsi + Einin} © P spanc{Epiny + Epiip}®
k<l k<l

& P spanc{Ew — Ensinen}
KAl

is the root space decomposition and the roots are given by v, + 1,1 < k <[l <n
and £2v,,1 < k < n. For indices ,j,k,l € {1,...,n},i # 5,k # [,{i,7} # {k,l}, the

equivalences in 4.2.2 hold and, in addition, we have:

e:==+((vi+v;) —21) isaroot < ke{ij}
(= (w—v;) -2y isaroot & k=1 (4.3.2)
n:

= (v—v))+2y isaroot k=

Moreover, (v; — v;) & (v; + v;) is always a root. It follows that a set of simple
roots is given by
{vi—vip |1 <i<n—-1}U{2v,}

with Dynkin diagram C),, and a set of positive roots is given by
{1 <k<i<n}U{2y|1<k<n}
see [Hel78, p. 463].

Furthermore, for k < [, the root spaces for sp(n) are given by

ot et _
Wy o= My 2= Mgy 2= Mgy, = spanc{ Exnyi + Einik, okt + Engir} N sp(n)

m];l = m;k = m{?ﬂ,l} =y = Span(C{Ekl - En+l,n+k7 Elk - En+k,n+l} ﬂﬁp(n)

my = My, = spanc{Exnik, Enirr} N sp(n)

In other words,

i)

=

And the decomposition of root space for sp(n) is

sp(n) =t® P}, ®my) & Pmy
k<l k<l
Since 4.2.2 holds for roots of sp(n), Lemma 4.2.2 and Lemma 4.2.4 also hold
for subalgebras of sp(n), i.e. u(r);" "' defined as in 4.2.5 is a T-subalgebra of sp(n). It

then follows:
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Proposition 4.3.1. [Raul6, p. 52] Let t be as in 4.53.1. Furthermore, let r € {1,...,n},
LU.. .Ul ={1,...,n} be a partition of the index set {1,...,n} andn; :=|L;|,1 <i<r.
Then the T-subalgebras of sp(n) are precisely given by

1 l l

el...en _ €. €, _
ulna), " @ @u(n), " @ sp(ng)n,, @ ... @ sp(ny)r, =
—t@@m”@ @@m”@
I I
HE S (4.3.3)

ol @ mfom)e @ m|o..o| P mieom;)oPm

i,jEIl+1 iEIl+1 i,jGL« i€ly
i<j i<j
for some given | € {0,...,r} and e/f,...,eflk_l € {—,+} for 1 < k < I. The signs
efj € {—,+}i<j,i,j € I are given as in (4.10). For s <1 and ny = 1, this notation
means that u(1);, = R is contained in t. Moreover, if | =0, then r > 2 and if | = r, then
ns > 2 for at least one s € {1,...,r}.

Proof. Fix some s € {1,...,r}. If s < [, then let m;, :== P m” , otherwise let
i,j€15,i<j
my, = @ ( T o mw) fast @mz In particular, [m; ,m; | C t®m;, for s < by Lemma
1,j€15,i<j i€l

4.2.4. Moreover, 4.3.2 and 3.1.5 imply

[m35, my] = g, ke dhi) (4.3.4)
’ {0}, k¢ {ij}
and
[m;, mf] =m; & m; (4.3.5)

Now, 4.2.3, 4.3.4, (4.3.5 and [m;, m;] = 0 for ¢ # j yield [m;,, m.] C t® my, for
s > [ and {mls,m[sJ =0 for s # s'. Thus, 4.3.3 is a T-subalgebra.

On the other hand, let £ be any T-subalgebra. As above, let {1,...,n} be the
vertex set of a graph I" where ¢ and j are connected by an edge if and only if m+ C¢e
or m;; C & Let [1,..., I, be the connected components of I and let s € {1,...,r}. If
ns = 1, I; = {i}, then £ contains either sp(1);, or u(1);, depending on whether £ contains
m; or not. So, assume n, > 2. By 4.2.4, if ¢+ and j are connected and if j and k are
connected then so are 7 and k. Thus, for all 4,5 € I;,7 < j, it is &; C € for some

ijr Mg
such that &; = m” ,

Lemma 4.2.4 implies that t & my, is of type u(ns)j‘z e - If & = mf @ myfor some

k€ {m m; m,; dm; } If for all 4,5 € I,,1 < j, there exists a unique sign ¢;; € {—,+}
then m; ¢ € for i € I; by 4.3.4 and the uniqueness statement of

i, € Iy,1 < j, then it follows as in the proof of Propositlon 4.2.5 that £,, = m_, D m, for
all p,q € I,,p < q. Moreover, by 4.3.5, m; C ¢ for all 7 € .
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Thus, t®my, is of type sp (n,); . It follows that € is of type 4.3.3. Furthermore,
if [ =0, then r > 2 since £ # sp(n) and if [ = r, then n, > 2 for at least one s, since € # t.

]

l i €i T
Again, for £ = @Pu(n;), " & € sp(n), one may assume that I; =
i=1 i=1+1

i—1 %
{Z n;+1,.. .,an} for 1 < i < r,ng := 0, after conjugation with an appropriate
j=0 §=0

P, 0
element of type 0 P ) € Sp(n) for some o € S,,. Moreover, for 1 <1 <n let

(e

P =FE, 1 —Eu+ Z By + Enyrnir € Sp(n)

k=1
k£l

Then Ad(P) (mf) = m for I € {i,j} and Ad(R) (m) = mifor L {i g}
Hence, after conjugation with appropriate elements of type P one may assume €; = — for
all 1 <1 <1,1 <75 <mn;.

Using the notation t = @;_,u(1){; again, the contractility or non-contractility
of Ag/g for G = Sp(n) and H < G connected of maximal rank is now given by the

following theorem.

l i Ei T
Theorem 4.3.2. [Raul6, p. 53] Let h = Pu (i), " & @ sp(n;), be as in Propo-
i=1 i=l+1
sition 4.3.1. Then, the following statement holds:

1. If1 =0, then H,_5 (Ag/m, Q) # 0.
2. Ifl=r, then H,_» (Ag/m, Q) # 0.

8. If 1 ¢ {0,r}, then Ag/u is contractible.

Proof. First,let [ =0,ie.2<r <nandbh= @5]3 (n:);,- Then the claim follows as in
i=1

Theorem 4.1.2. In fact, every H-subalgebra is of type [ = 69?:15]3 (m;) I hence [ is already

determined by the partition J;U...UJ, = {1,...,n}. Thus, if ' :=s (@gzlu (nl)ll)’ then

Pspimy/ir — Psvumymr = ®j—15p (m;) s (@§=1u (m;) Ij)

is an isomorphism of posets, i.e., a bijection between posets that preserves the or-
der. Therefore, Agpmy/m = Asvmy/m- By Theorem 4.1.2, it follows ﬁr_:),(Ag/H,Q) =

Hr—3(ASU(n)/H’7 Q) 7£ 0.
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Now,let [=7. Ifr =1, ie b u( ), then Ay = 0 and H_, (AG/H,Q) £ 0.
So, let r > 2 and assume h = ©;_ju(n;); . For p € {0,...,r — 2} let

T

Eg = u(nl ~~~~~ r—p—1l,r— P"Fq)I_h.:r —p—1,r—p+q @ @ TLl) 0 < 7> < D, and
l
l;érzpiq
N r—1
1 EalTITen —
E£+ =u (nl 77777 Tfpflvr)ll ,,,,, r—p—1,r @ @ u (nl>ll
l=r—p

as in the proof of Theorem 4.2.6, so Again, ({38 > 0> 8272) is a maximal chain of

H-subalgebras and with £, := g and £_, := b it follows
e+ EO
D A

for ¢ # 0 and

<E11), o ,{%§+1> = sp (2n1 — T)J  du(ny), T <9

..........

for p > 1. So, H,_, (Ag/H, Q) # 0 by Theorem 2.4.13.

!
Now, let | ¢ {0,7} and assume h = @u(n,)l @ ED sp (n;),.. The con-
i=1 i=l+1
tractibility of Ag g follows as in the proof of 4.2.6. More precisely,

= @5}3 (’I’L»Il
=1

is an H-subalgebra. Note, that, different from the case g = s0(2n), no conditions for

the mdlces n; are needed since u(1) is a proper subalgebra of sp(1). Now, if [ =
6 EJ _
EBu (m;), A EB sp mJ)J , is any H-subalgebra, then 7" > 2 and
j=U'+1

= Psp (my),, < spl0)

Hence, there exists no subalgebra in Pg/y that together wit € generates sp(n),
so Ag/p is contractible by 2.4.9. O
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Corollary 4.3.3. Following the notation from the theorem above, if H is a connected Lie

subgroup of mazimal rank of Sp(n), then

1. If H = [ Sp(ni), then Sp(n)/H admits a Sp(n)-invariant Einstein metric.
i=1

2. If H= [ U(n), then Sp(n)/H admits a Sp(n)-invariant Einstein metric.

i=1
Proof. 1t follows from 4.1.2, 2.3.2 and 1.3.14.

Observe that, for the case [ ¢ {0,7}, 2.3.2 is inconclusive.

Examples from 4.1.4 also apply in this case.
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5 An application in a real flag manifold

Consider the real flag manifold G/H := SO(4)/S(O(1) x O(1) x O(1) x O(1))
[PS15]. We have that g = so(4) and h = {0}, since S(O(1)*) is a discrete finite Lie subgroup
of SO(4). Observe that H is not connected, then there is possibility to a intermediary
subalgebra {0} < £ < g to not be a H-subalgebra.

We have that m = so(4) and mg = {X € s0(4) | [X,h] = 0} = s0(4). In
particular, we are in the case of 2.3.1, different from what we considered before in chapter

4.
So we will describe a Ag/H and a PGT/H (2.2.7) of SO(4)/S(O(1)*) where T is

a maximal torus of the Lie subgroup associated to my = s0(4).

From 2.2.6, we just need to consider t := Lie(T') that is a maximal abelian

subalgebra of my = s0(4) which is given by

t:= a,beR (5.0.1)

as in 4.2.

We need to consider non-trivial subalgebras ¢ that are Ad(H )-invariant, ad(t)-
invariant and minimal non-toral H-subalgebra. In this case, being a non-toral H-subalgebra

is equivalent to be a non-abelian non-trivial subalgebra of so(4) since h = {0}.
First, we consider the condition of ad(t)-invariance.

The subspaces of s0(4) invariants by ad(t) are its roots spaces. As we said in

4.2.1, we have the decomposition in root spaces

s0(4) = t® mf, & my, (5.0.2)
where
r Yy r Yy
—x -y
mf, = Y r,y€Ry and mp, = Y r,y €R
-z —y -y
-y -y -

with t being the trivial ad(t)-module, so every subspace of t is ad(t)-invariant,

and m},, my, irreducible modules of dimension 2:
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Ty 00
If X .= <_x_yym)EmBWithz;«éyandA:: (OOOI)Et,then
-y T —-10
y —x
[4,X] = o
r Yy

Then, [A, X] is not a real multiple of X and every not-trivial subspace of mf,
is not ad(t)-invariant. Hence, mj, is an irreducible ad(t)-module. The prove that my, is an

irreducible ad(t)-module is completely analogous.
mf, and my, are not equivalent as ad(t)-modules:

Using the notations, definitions and results from 4.2.1, we have that
miy = ((50(4)c)vitus @ (50(4)c) -1 —1) N 50(4)

and

Mz = ((50(4)c)un v, D (50(4)c) vy 40,) N 50(4)

Suppose that there exists T : m{;, — my, isomorphim ad(t)-equivariant. There
exists 0 # X € m{, N (50(4)c)y, 10, and for A € t C tc we have

A, TX] = T[A, X] = T((n + 1) (A)X) = (1 + w) (A)TX

Which implies TX € my, N (s0(4)¢)v,+1, = {0}. This contradicts 7" being an

isomorphism of vector spaces.

For the purpose of finding Lie subalgebras, we emphasise that

[t, mB] - mﬁ and [t mﬁ] C my,

If there is € € P} /> the ad(t)-invariant implies that it needs to be a sum of

m/,, my, or a subspace of t, since 5.0.2 is a isotypical decomposition, which is unique
([BD13, p. 70]).

Second, we consider the condition of Ad(H)-invariance.

Let h € H and €,...,e4 € O(1) = {—1,1} = Z, with €1€e5e3¢4 = 1 such that
h = diag(ey, €2, €3,€4). For i # j # k #1 € {1,...,4}, we have that ¢;¢; = (ere)) ™' = erey.
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0 a c d
If X := (‘fﬁ o {) € s0(4), then
—d —f b0
0 €1€90 €1€3C  €1€4d
— 0
Ad(W)X = hXh™t = hXh=| 2&se  exeaf
—€361C  —€362€ 0 €364

—eg61d  —e€460f —eqe3b 0

Define 01 := €169 = €3€4, 09 := €163 = €964, 03 := €164 = €2€3.
Suppose that X € t, then c=d =e = f =0 and Ad(h)X = §;X. Hence, every
subspace of t is Ad(H )-invariant.

Suppose that X € m{,, then a =b =0, f = —c,e = d and

520 53d
dsd  —0
Ad(h) X = TR ey,
_(526 —63(1

—(Sgd (526
Hence, mj, is Ad(H)-invariant.

Suppose that X € mj,, then a=b=0, f =c,e = —d and

520 53d
—d3d
Ad(h)X = R e
—(526 —53d

(53d _520
Hence, my, is Ad(H )-invariant.

We conclude that all possibilities of subalgebras we have considered before,

sums of mj,, my, or a subspace of t, are Ad(H )-invariant.
Now, we will describe all the subalgebras in P JH-

Since (11 + 1) + (11 — 1) = 211 and (v + 1) — (11 — 12) = 215 are not roots,
4.2.2 implies that

[m;rzv mp,] =0

For any z,y, z,w € R, we have the following Lie brackets relations:
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0 -1 0 -1
If Af, = (1 0 [1)01> and A}, = (1 o, 1), then
[mﬁ, m1+2] = spanR{AE}
and

[my,, mp,] = spang{A},}

Since {Af,, A}, } is linearly independent, (mj,, my,) = spang{ X1, X153} dmi, @
mp, = td&m, ®mp, = s0(4). With this information, a Lie subalgebra of the type we are

looking for cannot contain both m;, and mi,.

Hence, the non-abelian non-trivial ad(t)-invariant Lie subalgebras of s0(4) are

tomf, tdmy,
SPCWR{AE} S mE spanr{ Ay} © mp,

Then Pg/H = {spang{ AL} ® m,, spang{AL} ® my} and Ag/H consists of
a 0O-dimensional order complex with just two points as vertices. Hence, Ag /i 18 not-

contractible.

We conclude by 2.3.1 that

Theorem 5.0.1. The real flag manifold G/H = SO(4)/S(O(1) x O(1) x O(1) x O(1))

admits a SO(4)-invariant Einstein metric.
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