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We study in this·work the ambiguity between two definition of vacuum energy, 
namely, the energy of the Zero-Point fields and the minimum of the Effective 
Potential, first devised by E. Myers1 . We name their difference Zero-Point 
Anomaly (ZPA) and show that for a real scalar field in the geometry of Casimir 
plates the ZPA there exists but it is undetectable via Casimir forces. We point 
out possible generalizations of ZPA and physical implications. 

Some years ago Eric Myers1 published a very interesting work on a possible ambiguity 
of the definition of vacuum energy. He pointed out that we can define vacuum energy as 
dueto Zero-Point fields fluctuations and on the other hand as the minimum of the Effective 
Potential. Although both definitions coincide for Casimir Effect in electrodynamics, they 
will give different answers for interacting and/or massive fields. The difference between 
these two vacuum energies we name Zero-Point Anomaly (ZPA): 

ln this work we took seriously this ZPA and we ca.lculate it for a general real scalar 
field (including mass and self-interaction). Surprisingly we found that ZPA there exists 
(as antecipated by Myers), but it is undetectable via Casimir forces. ln other words, the 
ZPA is a constant, independent on the distance between the Casimir plates, or in more 
general terms, it is independent on the parameters of the geometry. 

We follow, for a ea.sier reading, the notation and defini tions of reference 1. 
Let </>(x) be a single real scalar field in a N-dimensional Minikowsky space-time, 

where N = m + l and m is the number of spatial dimensions. 
The Effective Potential to the first order in the loop expansion ( or equivalently in 

powers of h )2 is given by 

(1) 
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where ef, = (</,} is the classical field, S[</,] is the classical Action, ílM is the volume of the 
background space-time manifold and in the Classical Potential Vc1( <P) is included mass and 
interactions terms. Making the usual analytic continuation to the Euclidian space-time, 
the classical Action can be written as 

(2) 

From (2) we get the matrix M(x,y) of the quadra.tic variation of the action S[4>] 

(3) 

Now, M is a elliptical operator (beca.use of the Euclidean analytic continuation) and 
for these kind of operators we can define the so-called Generalized Zeta Function (M ( s). 

Let { ,\i} the eigenvalues of the operator M ( x, y ). The Generalized Zeta Function 
associated to · M is defined by 

(M(s) = ~),\it•. (4) 
i 

lt is well known the relation3 

(5) 

where µ is a unkpown para.meter (with units of a mass) which should be determined by 
suplementary renormalizations conditions. 

Now, let us consider the Casimir's device in which the field ef, sa.tisfies Dirichlet 
boundary conditions on two paralel plates placed at a distance a from each other. in this 
case, the ( Function in ( 4) is given by 

(6) 

. For co~veni~nce, we drop the constant ílM/a until the formulas (15)-(18) in which 
we mclude 1t agam. 

Using the integrc1I 

1+00 ,r'i1 r (s - !!l) (A2)f-• 
(k2 + A2t'd"' k = 2 

-oo f(s) ' (7) 
l l 

• h A2 1r n V"( ) w1t = - 2- + c1 <P , we can write (6) M a 

2 



(8) 

00 

The sum in the above expression has the form I)n2 + c2t1-1. So, we can use the 
n=l 

formula4 

and substituting these values in (9) we get 

1 71" !f r ( s - ~) - m 71" m,l r ( s - m;t ) - mp. 
2 (2,r)m f(s) rv::(<t>)] 1 -

11 + ª2(21r)m f(s) rv:;(<t>)] -• 

+ a 21r~ [V:{(~)Jmf--• ~(na[V"(4>)] 1l2)"-mp- K m (2na[V"(-:i..)]½)· (10) 
(21r)m f(s) e/ 11 -!!!.f- cl 'f' • 

Now, we proceed to calculate first Yef/(4>) by (5) and later the Zero-Point Energy 
E, using the sarne regularization method. We prefer the ( Function regularization for its 
elegance and for la.ter comparison with the Myer's results. 

We see that (M ( s) in ( 10) is a sum of three terms, say 

(11) 
Using the a.nalytical properties of modified Bessel Functions Kv(x), it is not difficult 

to show that (3 (0) = O. Then 

! (- v:{(4,))m/'l _l_ if m is even 
(M(O) = (i(O) + (2 (0) = 2 41r (~)! 

(12) - IU.i1 

( - v:l(<t>)) l 1 if m is odd 
41r (~)! 
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Frorn ( JO) we obt.ain: 
a.) for m odd 

b) for m even 

,n-1 

07r-l r (- m + 1) [V"l°'j,)]~ 
2(2rr )m 2 e/' 

2 !!l=.l 00 /( , (?na[V"(:X.)] 112 ) 
71" l F" - !!!.±..!.. "" - mt1 - e/ 'I' 

+ a (2rr)m [ ·c1(</>)] l (na[\/:í(4')]112 )!I1f-l 

- trm/2 (-l)m/2[V"(J:.)jm/'J {ln(\/"(7.))- (1 + ! , . , + _!_)}. 
2(2rr)m (~)! cl 'I' cl 'I' 2 

(13) 

(14) 

Substituting (12), (13) and (14) in (5) and a.fter suhstituting this expression in (1) 
we obtain the Effective Potential. For Casimir pla.tes at. à distance a from each ot~er, it 
is written as: 

a) for m. odd 

(15) 
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b) for m even 

The term independent on a in Eq(s) (15) and (16) corresponds to the Effective 
Potential for the unconstrained field, namely: 

a) for m odd • • 

0 - h 1rfilf1 (-l)Wfl ,, ~ -{ • (v::(i)·) .( '1 • 1 )} 
Ve11(c/>)=Vc,(c/>)+~ _2(2~)m (mf)! [V::,(c/>)] 'l. ln 21rµ2 - _1+2+···+ mj1 

· .. · • , • .• (17) 
b) for ,rri even 

. • 1 • • ' ·, 

(18) 

Now, as is well known, the ·physi~al (r~normitlized) vacuum energy is given by the 
usÚal subtracting procedure. We have 

a) for m odd .· 

(19) 

b) for m· e~en 
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On the other ha.nd, we ha.ve the familiar Zero-Point Energy 

E= '°'~Wj. • ~2 
1 . 

For the Casimir plates lhe wâ are give~ by 

where </>0 is the point of minimum for the Classical Potential V ( tp ), 

(21) 

(22) 

lf the pla.tes have a surface with a.rea. L, then (21) and (22) give for the Zero-Point 
Energy 

h oo /.+oo ( • • ,rlnl ) 1/l jm-1 p .. • 
E = -2 E L m-1 pl + -,-- + v::( 4>o) (9 )m-1 ; 

• . n=O -oo a .,7r 
(23) 

Again, we define the ( Function associated to (23) as 

(24) 

where the subscript H a.t the ( Function means that Wi are eingenva.lues o{ the H~miltonian 
operator. 

The Zero-Point Energy js, then, given by 

E= !2 lim [C11(µ)lm-t1 . • 
µ--½ . 

(25) 

Substituting (24) in (25) we find the ZPE for plates at a distancé a, 

E= 11' r -~ [V"(t/> )til li Lm-1 m/l ( ) 
2 2(21r)m 2 cl O 

!!1=l • . 

~Lm-t ,r, r(-m+l) [V"(t/>o)Jmt-i 
2 2(2,r )m 2 a cl 

!!!f1 00 K lllil(2na(V"("' ))112 ) - hLm-1 _1'_a(V"(t/> )]fflf L - cl ~o 
(21r)m cl o n;i:l (na(V:((t/>o))1/2).!!!fl-

(26) 

Again for the free field at the sarne volume íl = Lm-t a, the ZPE is given by 

(27) 
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The physical (renormalized) Zero-Point Energy density is defined by the usual sub-
traction 

R E-Eo e = . Lm-la 
(28) 

Substituting (26) and (27) in (28) we get 

(29) 

Now, we define the renbrmalized Zero-Point Anomaly AR a.s the difference between • 
the Effective Potenti41 ((19) and (20)) and the Zero-Point Energy dénsity (29) 

and we obtain 
a) ·AR -

b) AR 

t; r (- m2 ) (V:f(~)]m/l_ for m . even. 
. 2a 2 21r m .. 

(30) 

(32) 

ln (31) and (32) we have used the aproxiination ef, 'q,0. This is correct in first 
aproximation in n and therefore (31) and {32) are the ZPA with quàntum corrections in 
first order in n, as we can see from above analysis. • 

Also observe that the ZPA there exists only in even dimensions but, even in this 
case, Casimir forces ( atraction between two plates) will not able to distinguishe between 
the two definitions above, ;,that is, there will not be any detectable shift in the Casimfr 
Energy. This is because AR in (30) is proportional to a- 1 and then the shift in the Casimir 
pressure is given by .,. 

Í!lF = - :a ( aAR) = O. (33) 

The important point in this work is that ZPA is a new c~~cept about vacuum energy 
tha.t depends on the experimental apparatus, or in other words, it depends crucially (as 
the sign of Casimir Ene1:gy) on the geometry. ln this sense, it wouléi he interesting to 
search for a geometry in which the ZPA is nonvanishing. 
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