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•Viajando por caminhos que não sei onde vão 
dar" 

(Brazilian popular song) 

Fraisse's proof of cou11lahle co111pact11ess in [F}, Th. 1.5.3, ammounts to the construction 
of a sheaf of structures over lhe one point compactification w U { oo} of the discrete space 
w of natural numbers, so that the fiber in oo is generic (forcing and truth coincide). This 
giws perhaps lhe simplc:~t. non-boolean sheaves with ali their fibers being generic. 

lf T is a countable type of struclures, then the space ET of structures of type T topologized 
by the elementary classes as basic open classes is pseudometric. ln fact the following is 
a totally bounded metric generating the elementary topology. Choose first a sequence 
r 1 Ç r3 Ç ... of finite subtypes of T such that T = UnTn and define a modified rank for 
any sentence of type T by 

mr-(<p) = min{n : <p E L"-'W(Tn), n ~ qr(tp)} 

where qr is the ordinary quantifier rank. ln this context, A=: l will denote elementary 
equivalence with respect to sentences of modified rank less than n (hence, A=~ .C always 
holds). Finally define the metric by 

1 
d(A, .C) = inf {-1 : A=~ .C}. 

n+ 
lt is easy to see thal this pseudo-metric is totally bounded ( see [WI); hence, to show 
compaclness it is enough lo show that every Cauchy sequence converges. 

Fraisse's proof may be construecl as extracting first a Cauchy sequence from a.n arbitrary 
sequ<>nce (thii- may be dom• bernuse tbe pseudometric is tolally houndccJ) and then show­
ing the Cauchy sequence co11vergcl'I. He asirnmes T is fi11ite, bul with a slight modification 
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of the notion of n-partial isomorphism his construction works for countable T. 

Following Fraissé, const.ruct a subsequence {An}n togcthcr wíth finitc subsels En Ç An 
aud injective functions /,. : En - En+I such that 

i) Ín : An - An+l is an n-partial isomorphism for each n. 
ii) For l\.ny o E /\ 11 th<·r<· iR g ~ .f,. :rnrh that g is f\ (n-1 )-part.ial iRomorphism, a E dom(g), 

and 9(a) E E,1+1• 

lt ma.y be shown t.hat. if f,.,. = f1c o ... o J111 for k > 11 anel A'X> =r;m {/nk : AnlEn -+ . -
A1.:IE1c}n~k t.he11 lhe limit. rnorphisms / 11100 : An-+ Aoc, are n-partial isomorphisms for any 
n. Here, a n-partial isoniorphism f : A -+ C is defined as in [FJ, except that it will be 
l\!,Sttmed to bc isomorphism 011ly with rcspect to the rclation symbols in Tn, ln particular, 
we ha.\'e 

(1) 

for any ai, ... , a111 E E,. a11d k = n, n + 1, ... , oo. 

Let w U { oo} be the one point ( or Alexandroff) compactification of discrete w. Hence, the 
topology of w U { oo} is discrete in the open subspace w and a neighborhood basis for oo 
consists of the setR: 

[u,oo]={jEw: j~n}U{oo} 

we will write also: 

[11., oo) = {j E w : j ~ u}. 

Define a sheaf A over w U { oo} as follows: 

A(S) = niesAi if S' ç w 

A(ln, oo]) = {(111,.(a)he(n, =l Ia E E"}, n E w; 

the projections Ps-1·: A(S) -+ A(T), S 2 Tare simply the restrictions. It is readily seen 
that this is a shcaf wh~rc lhe fiber over n E w is A,1 and the fiber over oo is A 00 : 
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o i. l'\♦1 00 

The sections over [n, oo] are in one to one correspondence with the elements of En, so 
that there are finit.ely many only. If u is such a section then 

u(k) = /ni.(a), k E [n, oo) 

u(oo) = /n00 (a) = â. 

For the semantics of forcing iu sheaves we rcfer to [E]. A sheaf of structures wilt be said 
to be gene1·ic at a point x of the base space if forcing at that point coincides with classical 
truth in the fiber. More, precissely, if one has 

' {2) 

for each formula r.p(x1, ... , xn) and (partial) sections u_1, ... , <1n of A defined in x. Here, 
Âz is fiber o/ A at x. 

Clearly, Fraisse's shea.f is generic at any point n E w, because { n} is open. Less obviously, 
it is generic at oo. First we necd: 

LEMMA. Let n E w, n > mr(r.p), then the following a1-e equivalent for ã -

(0-1, ...• O'n), <T; E A([n, oo]): 
i) An-,.r.p(o-) 
ii) A; t= r.p(a(j)) for some j E [n, oo]. 

Proof. We have alrcady 11oticed that All- 11 r.p(a) iff A 11 p r.p(ü) . Now, if j E [n, oo) let 
ã = a(n), tlaen n(j) = /,.;(ã) aud by (1), A,. t= r.p(a(u)) iff A; t= r.p(a(j)), including 
j = oo. because n ~ ,i11·(r.p). D 

PROPOSITION. A is gwaic at oo. 
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Proof. \Ve show (2) by induction in formulas 

c.p atomic. Follows by definition of forcing. 

c.p = tp A O, l/• V O. Trivial in<luctive step. 

c.p = tp __. O. lf All- 00(it, -+ O)(ã) and A 00 I= iµ(ã(oo)) thcn All-00 tp(ã) by induction 

hypothesis and so All- 00 O(ã). By induction again, A"° I= O(ã(oo)) . Conversely, assume 

A.X) F ( t/J __. O)( ã( oo)) and let n E w be large enough so that n 2'.: qr ( c.p) and i:f is defined 
in [n, oo]. lf <Í> f. S Ç [11, oo] is suei, tltat All-s 1t,('ã) thcn by gcnericity in j E w and 
by induction hypothesis iu oo, we have Ai I= ,j;(ã(j )) for a11y j E S. By the Lemma, 
Aoo F t,b(ã(oo)) and so A 00 I= O(ã(oo)). By the lernma again Ai I= O(ã(o-)) for any j E S. 
By induction hypothesis, AII- 5 O(ã). This shows All- 00 ( 1/J -+ B)(ã) ). 
r.p = 31,0(Jt, x). Trivial ind11ction. 

c.p = VµO(µ, x). If A 00 II-V1tO(lt, ã) then for any r defined in oo, All-,:,oO(T, õ") and by 
induct.ion hypot.hesis A~0 I= O(r(oo), ã(oo)) . As any element of A 00 is to the forro T(oo), 
we have Aoo F V1tO(Jt, ã(oo)). 

Conversely, if A00 I= VJtO(Jl, ü), let n = nir( 0) + 1 We must show that for any T defined 
in j E [n, oo], 

All-;ll(r, if). (3) 

For j = oo this follows hy inductio11 since by hypot.hesis A"° I= O(r(oo), ã(oo)). For j E 
(u, oo), let a:= r(j) E A_;. Si11rn }j,x, is a.n n-partial isomorphism and J;,x,(ã(j)) = ã(oo), 
then there is b E A°"' sud1 that 

(A;, a, if(u)) =:-• (A00 , b, u(oo)). 

r\14 .A00 p O(b, if(oo)) by ltypothesis a11d mr(O) = u - l , then Ai f= O(a, ã(j)) and so 
A;II-O(r, ã). Wit.h this we have shown (3). D 

Alt hough Frnisst•':,; pt'rfor111s his li111il construction wilh a suhscquence of the given Cauchy 
sequcnce, it is clca.r that we 111a.y from a shcaf as abovc wilh lhe original sequence. 

ln t.his way, the Cauchy !<t>quences of E., are extendible to sheaves of slructures of type r 

o,·c.•r w U { oo} . lf we ith.-11tify a structure A with the co11st.a11t. slicaf Ã over w U { 00}, we 
have a.o embedding 

I 
ET ~ Sh.,(wU {oo}) 

where Sli ,(wU { oo}) is tlte cat egory of sheaves of struclures of type T over w U { 00 }. Now, 
Sh,(wU{ oo}) hAA the 11at,11ntl topology iuduced by i11tuitio11ist logic where the basic closed 
cla~scs a.re of t hc foma 

0., = {SES'li,(wU{oo}) : S11-cp} . 

Umier this l,opolot..r , lhe e111h~ddi11g i11 co11ti11uo11s, l,ccaui;e for the constant sheaí: 
A n-i,:, ~ A t= r.p . 
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Questions: 1) Is ShT(wU {oo}) compact? 
2) Is {SE ShT(wU {oo}) : S generic at oo} a closed cornpacl subspace of ShT? 
3) May every sheaf ovc-r w U { oo} wilh generic limit be co11strne<l as a Fraisse's limit? 
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