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Compactness of topological spaces of models 

Xo1'ier Coicedo 

Campinu, November 19H 

We diac:uaa various forms of compactnesa in model theoretical logics, their inter-relationa, and 

con.aequencea, trying to separa.te clearly purely topological fada from genuine model 

tbeoret.ical facts. We discu.sa in thia oonted resulta due to Shelah, Makowsky, and Mundici. 

Some of them are just special cases of general topological resulta, others reveal an interesting 

t.opological bchaviour of tbe spaces of st.ructures generated by a logic. ln particular, inapired 

by tbe "Abstract Compactnesa Theorem" of Makoweky and Sbelab {M-Sh}, we prove a 

characterisation in t.erma of ultr&filt.er convergence o( preaervation of (,c,~)-oompactneae by 

producle of genera.l topological spaces. Tbe Abatract Compactneae Theorem become., then a 

timple corollary from a general topological result. Redprocally, several resulta on compadneas 

abown first for logics are seeo to hold true lo all topological spaces. 

This work waa realized with the support of F APESP (Fundacao de Amparo a Pequisa do 

Eatado de Sao Paulo) while a Visitlng Professor at tbe "Univentidade Estadual de Campina.• 

the eecond aemeater of 1992. 1 rece.ived generou, logiatie aupport from the "Centro de Logica 

Epistemologia e Historia da Cieocia" and the "Instituto de Matematica, Estatiatica e Ciencia 

da Computacao• o( UNJCAMP. Special thanka are due to A.M. Sette and C. Cifuenta for 

many atimulatiog ideu and discUS1iona and their active participa.tion in tbe seminary which 

originated this not.es. 

L TOPOLOGlCAL PRELIMINARJ~, ["1.\}-COMPACTN~ 

Tbe following genera.liza~ion of the notion of compactnea of a topological ,pace wu 

considered rirst by Alruumdroff and Uryeohn [AU], a.nd ,tudied )ater by Smirnov {$}, Gaal [G) 

and Vaughan (Vl), see also Kuuen-Vaugha11 [Ku-V]. The identity between tbeae noLiona and 

t.bose inLroduced by Makowsky and Shelah [Ma-Sb} in logic: waa noticed firet by Manpila [MJ. 
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Ddini.tion 1.1. A topologia! space X is 1J&id to be [,c,..\)-compod, for w ~ À ~ ,e S Oó, it 

any covering of X by & f&mily of at rnost K open sete haa a covering aubfatnily of power lese 

tban ,\. Equivalently, any family of at moet 1t closed eub&ets of X for whicb every suhfarnily 

of power lesa thAn .\ hu non- empty intersedion (we wiU call thia the Ã-interaectio11 propert11) 

bu iteelf non-empty interaéetion. 

[oo,t.v]-compactnees l1 ordin&ry compactntelJ of topological epacee, {1o1,w]-eompactneu ia uauaJly 

called co•nta6le compGctne.s, ln ~pology, .nd [oo, w1]-compactnee, la tbe eo ~cd I,;,-Jt.lo/ 

propert,. 

The reader ahould be aware that the notation utilized for [1e,..\]-eompactneea in model theory, 

which we adopt here, reverses the more natural notation utilized in the topological literature. 

LE.MMA 1.2. X u (,c,..\]-compocl i/ and only i/ ít i, [µ,µ)-compact for an11 µ 5 " · 

~ [,c,A)-(;ompaclness implies trivially [µ,µJ~mpactness for A $ µ 5 K. Now, íf X ia not 

[1e,A}-compact, let. {C0 }a-<µ be a family of closed sete giving a counterexample of minimal 

c.a.rdinality µ to {µ,..\)-compactness. lt is in fact a counterexample to [µ,µ]-compact.nesa 

beca.UM! an intersectlon ni<6Co,. with 6 < µ is non-empty: for t, < ..\ by hypot.beaia, and for 
l 

l . ~ 6 < µ because otberwiee we would bave a counterexample to [Ãl6]-<:<>mpadness 

contt'adiding miuimali-ty of µ. O 

TberefoN!, we may reduce to th.e study of (,c,,c]-compadness. This takts a very aimple and 

uaeful form if ,e is regular cardinal. First we introduu a atronge.r notion of 1t,-Cotnpactoes11. 

DcfiniUon 1.3. A apace X ii, rc-chain compacl ií and only ir a.ny de"BCendlng chain {Cà}a<K or 
aon-empty elosed aet8 of X lia.a no1H,mpty intenection. 

LEMMA 1.3. a) /lfrclaain compactneaa impliu («,11:J-compactnu,. 

b) !/ cof(,c) ~ À and X ia (,c,Ã]-compact the-n it i, ,c-chain compacr. 

e) (Alenndroff and Urysohn [AUl) // ,e ia rtgular, then X ia {1t,A:J-compact if ané o•lr X 

i, ,c-cAain compact. 

~ a) lf {CC)}a<,c la a counterexample to [,c,,c)-compactneaa tben the Caaµty {D0 ) 0 <,. 

wbere ºº = n /J<ac{J ÍII A coun~tex.amp1e to ,c..chaln compadn~. 

b) Given a. d~ndiug chain of cloeed non-e.mpty cloeed seta {Ca-}o<x• tben the 

iatereection of lea than ~ mauy C0 'a cont.ains a Cp which is oon-~mpty by bypolhesi.B; hence, 

the hypotbeai1 of {,c)j-<:c>mpac:Lness appliee and the full lntertectlon ia non-empty. 
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e) Jtrom (a) and {b), O 

COROLLAR.Y 1.4. // X i, [cof(,c),cof(iç)J compact then it í, [11:,,cJ-compact. 

~ If X i• not. [11:1,-;]-com1>act, then lt is not ic-cha.in cornpac:t. Let. {C0 }o<11: be a 

descending chain providing a countl!texa.niple to 11:-chain compactness, then any cofmal 

descending e.ubchain of length cof(IC} provides a counterexample to cof(K)-chaio--eompactnesa, 

aod 10 to [cof(x),cofl1e)]-co111padne88 by Lemma. 1.3(c), eince co{(,cJ is regular. O 

COROLLARY 1.5. a) (Alexandroff and Ury1mhn [AU]). X i, [,ç,w]-compacl íf and onlv if ti 

i, (µ,µ]-compad for any tn/mde ,·egula,- cardinalµ $ ,e. 

b) (Vaughan (V2l). 1/ cof(,ç) ~ À, ther:i X ;, [11:,..\)-compact if and onlv if it ú [µ,Ã]­

compact for ang fo/irute regular cardinalµ$ ,e. 

fr22t. a) One direction is trivial. For the other notice that by hypothesis, X is [cof(µ),cof(µ)]­

compact and so [µ,µ] -compact by Corolla.ry 1.4, for a.ny µ 5 K.. Now apply Lemma 1.2. 

b) One direction is trivial. For the other notice that {cof(K),cof(,c))-compadness holds by 
i 

hypotheais; henee, [,c,11:}-compactneas holde by Corollary 1.4. Now, let ~ :S µ < ,e, tben 

tµ+,,\]~compadness holds by hypothesis and eo (µ,µJ-compactneas bolde, then apply Lemma 

1.2 a 

Remark. lt foUows from the above corollary, part (a), that a apace X is comP'S(:t if and only if 

lt ia (µ,µ]-compact for any regular µ 5 Weigth(X). 

Definit.ioo l.&. Given a subeet S of a topological spa.ce X, a point x € X wil be called a • 

•ceumulation point <>/ S m X if and onJy if for any open neigbborhood V of x we have IV n SI 

~ lt. 

TBEOREM 1.7. (Alexandroff and Urysohn, [AUJ). Ld ,e he a regular cardinal. A ttpace X ia 

(,c,,c]-compact if anà onlv i/ anv .;uh.Jet S Ç X of power ~ ,c hru a 1e-accumulahon point. 

~ Assume X is {tt,11:]-compact. Given Xa- E S1 Xa -:/; ,e p for o < fJ < x, let 0 0 = Cl{ x/f 

/J ~ o}; tbeu lhe C0 form a. deseending cha.in of nonempt,y cloeed seta. By Corollary 1.3(c) 

tbere ia &. point x in the intereection of tbe C0 aud ao in the &dherence of each { x fJ : P ~ a } 

Cor any a < 1C • Any neigborhood V of x conta.ins then a seqmmce {xp
0

: o<.,c} with P°' > o. 

By regulàrity of ,e aga.in the &equence {,80 : o< 1< } &.nd &O the family { ~/lo,: a < ,e} hu 
power ,e, 

Conveiaely, a88Ume that (n,1e)-co111p11dness fails, then by Corollary 1.3(c), there i, a 

de8Cmding chain of non-empty el~ed seta {C0 }cr<,c witb empt;y int.ersection. We may pid 
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Xcr E Car ali dial.inct., otherwiae Lhe tequence 'fWould be flrwly conat.ant .ud tbe ln~ 

would not be empty. Let 1t be a ~a.ccumulati011 polnt or the íamlly S = {xa}o<x. t.hen &Df 

neigbol'hood V of x intel'IICCta a &l.fbscquence of S of powe.r ,e whicb evidently muat be cofinal. 

Thud'ore, V iul.t'necta a cofioa.1 aequcuce of the C0 and 10 ali tho C0 
1
11 whlch abo"■ JC la IA 

the a.dherence of aU C0 and ao in their in~raect.ion becau.e they are cloeed. Tbia il a 

contardict.on. a 

ln -,me rape.ela [,c,.\)-compac~nea baa tbe aame good bebaviour o( íull com~. Ta. 
following ia obvious. 

LEUMA l.a. a) 1/f: X -- Y i., co"IS~110-, ••' X u [,c,AJ-eom,.n, llca f(X) u ~ ,._, .... 
b) Â cloae,I 111l•1•ce o/• {x,.\)-com1•ct •pa-cc ú (,c,.\}-comped. 

la othera, iL behavee badly. Tbichonoff'■ tbeorem faila. Product ol (,c,~}-comJNd ._.. • 

rarely (~.\)-compact. For example, a prod.uct of countably compad apac.ea ia • aec ri, 

counLably compad, neither a product oí Lindelof ■paua nedda t.o be Lindelo!. S.. V ..... 11 

[Vl} for a diaeuaioo of thia matter. 

D. OOMPACTN~ OF SPA~ OF STRUCTURm 

For the defioition oí a logic for firat ordet structutee ~ Lindatrom [LJ or Ebbinpaq. (E}. 

We will always uaume t.bftt logics are regular, thM is tbey cont.ain firat order Jogic, Lc.iwt an4 

AN cloeed at lea.,t under n~ations, finite conjunctioDS, substitutiona, and relatlvbaUou. f o, 

a logie L, the clom11ia o/ L, Dom(L), will be the clasa of vocabulari• " wben L(cr) • dea ... , 

L(o-) wiU be 6lw&y1 &88\lmed to be a eet, that ia we consider onJy ,rndl logica. 

A Jogic L ioduee. a iopology in tbe d&N Ec, of atructurca o! type "• having Cor.,._ ol opa 

clue. the L-elementuy clueee1 Cor eacb v E Dom(L). The clQled claa.et have tbe fGrna 

Mod(T) for aome tbeory T Ç L(o-). We eall E6 (L) to the comeponding large topolopcal 

apace. Thit ■pace ia a pro~r cl1U111 and tbe Mme happen1 to the open aod clOIINI cl.- o( Uae 

topology, but the bui1 i• p.a.rametriud by the aeL L(u) and eo tbe t.opology li alio 

(parametrized by) a M:Li hence we may apply the ordinary coneepta and r•ult of t.opoloey 

witbou& mi111giving,. Thi11 epe.cee are uniíorm with tbe Collowlng ~onieal uniforml&.y: 11a, 

e.eh fuúte lheory F Ç L(") a buic of the uniformity ia givea by 
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UF = { (A,B) ç;; Ec:r : A l= 4' if apd only if B I= ~. for a.ny ' E F }. 

Sõe [Cl} wb«i~ the ln\enela.tion between compactnesa and normality of spa.cet of etructuréll la 

1tudied, or [C2] where we discul38 the uniform continuity of operation• bet.ween 8pACC$ of 

aLr1,1ct'Utts, a.nd its módel theoretical meaning . 

Delini~ oo 2.1. A logic L is sa.ld to be (tt,..\]~co,mpact if tbe &pACe ET(L) is [x,>.]-oompact. for 

any r in the domain of L , ln terms of theories thia is expreaeed: L is {,e, ..\]-compact if 

whenever {T0 }o<1t is a family of theoriea such that U fJ<bT°'{J i.& satiafactible for any 6 < 11:, 

tben U a<ic T°' is saatisfa.ctible. 

or coune, alJ the resultii about eompactnesa of the previous sectiona apply to apacea of 

modela. 

Notice that. the definiLion of {11:,Ã}~compaetness does not put eardinality condition in the 

theoriea T 0 . On tbe cont.rary, the following equivalent characterizatjon makes reference to the 

car<linality of tbeories. We do not lmow if some form of it makes aense and boi& for 

topologica.l spaces in g.ene.ral. The proof of the equivalenee seem& to use es.sential model 

theoretic facts (althougb is a very simple fashion), !See [M] or [Ma] for a proof. 

LEMMA 2.2. L ia {1t, ,\].compad i/ wheruver T, T• "re lheoriea in L ,uch that jT•I = ,e •nl 

TUS i, ,,dia/adib/e for a ,ubaet S o/ 1'' o/ pQwtr le,a lhon .X, then the lheory TUT' i, 

1tdiafacti6le (moreover, we need Chi, to hold for fir,t order T ' onlr!). 

A weaker notion of compactneBS has been very mueh utilized in abstract model theory, L is 

(,c,.\)-compad if v.henever any sub1ret of lese than ,\ sentences of & aet of x sentences has a 

model then the íull sd has a. model. This ammounte to ate.te eompactneaa for families QÍ 12His. 
doeed d&slle8 only. (oo, .>.)-compactne.ss of & logic L i t1 equiva.lent. to (oo ,.>.]-c:om~tneea, 

becauae the .>.-iutereection property for a family {Fi} of closed d 8.88ea implía the )... 

intersectloo property for th,:, NJ!!OCiated fAmily of doaed babice generating the Fi. However, for 

,r. < oo, (1e,.>.)-eompactnesa does not hnp)' [11:,Ji)-compactne88, 11ínce whe.never IL(r)I > "tbeie 

may be elO&ed d8.8SC8 which are the intenJection of more t han t,; basics. ln partic.ular, wbat is 

ealled couot.able compa.çtuess in logic, thii; i& (w, w)-compa.clncss, does not conepooda to 

topological countable compactnes1t. ~•or example1 Lhe logic Lww(Q1) i• (w, c.,)-compad but 

not (w, w]-compnd. Of course, botb notioUB coincide for IL(r)I = ,e. 
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Notice a curio\.18 connedion between both notiona: L i, [ic,.X)-comp4c1 í/ anel 011li i/ .,., do,c, 

nicl4u o/ Er(L) ta (,c,~)-comp11cC with re,ptcC to the topologu anhtrittd foma ET'(L'°""). Thil 

la ju.at a n1íormulatlon o! Lemma 2.1 above. 

The following ia a very ueeful eharacterization of {ic,1e)-compactnea11 for regular Josiq, notk.l 

ftnt by VUnli.11en [V} and hnplielt ln Llndatrom [LJ for the eount.able. cue (aee Tb, 1.2.2 la 

[Ma]). 

TBEOREM 2.3. Tht following ort tquivalent for o regular log,c L ond o rtgul1r c•r'i•a/ ,e: 

iJ L i, [,c,,cJ-compocl. 

,,) An, aCructvre A, = (M, < , ... ) whtrt < a, a linear ordtr o/ M of cofiulit1 ,e, lu •• 

dementar, tzitMion A,'= (M', < ', ... ) 1uth that M i, not cofinal in {M\ < '), 

J.!m2.[. (i) => (ii). Assume L is (,c,,cJ-compa.ct. Given A, = (A,<, ... ) u in (li), let (a0 )0 < • 
be a atrícUy increuing cofinaJ sequence in (A, < ) and 

lf e it a new conatant, then each theoty T6 = TU { e> a0 1 ~ < ~}, 6 < ,e, bu a model 

(inLerprd e by a6). The family {Mod(TaHa<µ forms a. deacending cbain of cloeed c:laaeeej bJ 
regularity of ,e and Lemma J.3(c), the interaeetion of the family is non-empty. yielding a 

mocM oC TU {e> ªP 1 /J < ,e} thai ia the dei,ired extension. 

(il) => (1) if L ia not [ic,,c]-eompa.c:t, it la not chain-compaet. Let {T0 1 0t < ,e) be a Camll7 

of tbeoriea in L(-r) auch th&I. each U C) < r Ter ha.e a model A1 Cor '1 < ,e, but U cr < ,e T 0 

doe. not. Chooee an ordering < 1 oC ea.ch A1 with fir1t element a.,., and let 

A'Y 
...t. = ( u.., < " A1, < , u 1 < ic R , ... , s )(R e r) 

wbere < la the ordered union of. the < 1 and 

s = u r <" (A-y ,c A1). 

Evidently (&.y)-r<ic ie cofin&I in (M, <) . Moreover, lf lt ~ a1 theo A f{ y : S(y.x)} fr ,_ 
A

1
• witb r' > "r and 90: 

(1) 
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!or any 'I' E T
1

. Jf A' > A, A' muet 1&tlefy the8e sentences. Hence, it ca.n not conte.ln 

b 1uch t.hat b > Ly for ali ') < ,c1 because tben we would hAve by ( 1 ): 

A ' t= 'P{y I S(y,b)} 

and eo A'I {y: S(y,b)} fr would be a model ol all ip e U-y<1e Tr We conclude tbat 

(Ly)-y < ,e, and so M, is cofinal in (M
1
, < '). D 

OOROLLARY 2.4. The following are equivalen1 for a regular logic L: 

i) L i, compacf. 

íi) Anr in/rnite $fructure A = {M, < 1 ... ) where < ;., a linear order of M htU ara 

efemeratary uten.tàon .At' = (Mt, < ', ... ) auch 1hat M i, not cofinal ín {M', < ). 

COROLLARY 2.5 L Í$ [w,w) compact if and onli i/ (w, <) i• not RPC6 characterisable in L. 

fr22f. •~" obvioua. "{:::" lf L is not [w,w)-compact tben there ia A= (M, < , ... ) of cofmality 

w witb (M, < ) cofinal in ali it& L-elementary extensions. Take a strictly increasing cofüw 

tequeoce (&n)n E w of (M1 < ). The theoey: 

Tbt[(M, <, , .. , a, au)4 E A,n E J U { Vx 3y(P(y) /\ x < y) } U {.,.,3Jt (P(x) Ax< c0) } 

U { P(c0) f\-.3x (P(x) A eu< x < cn+t): o E w} 

givee a RPCc5 chara.cterization of (w, < ), eince tbe interpreta.tion of P in any moclel muat 

consiat of tbe 8n alone. O 

1t follows ftom the previous corolla.ry that the fa.ilure of [w,w}-compactness for L implies that 

(w,<) ia RPC6 characterizable in L. ln fa.ct any structure (of power below the first meaaurable 

cardinal lf there is any) is RPCç-characteriiable in L under failure of countable compacLne89t 

u we will ee next. Thia may be ehown via Thorem 2.3, proving tire~ tb.at a.ny ordinal below 

tbe Ont measura.ble ia JlPC
6

, but t.be following reformulation oí the R&bin-Keialer tbeorem 

allow• a more dir«t and eleg8.llt proof. 

J>efinitíon 2.6. A 1t.ructure A will be aaid to be L--jull (alao complete) i( any relation R s; Afl • 

the int.erpretatlon of a predicat.e in tbe vocabulary of A. 
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Glven ao full 1tructure and an extenalon A <t A•, we wlll denote by a• the canoniul 

ex.tenaion in A• or it.ny relátlon R in A (that ia, ií R. is lhe interprete.tion of PR in A, then a• 
ia the interpretation of PR in A•) . Notice that if a E A m .and R. = {x e A 0 : A I= 'P(x, a) } 

witb , e L, c.heu a• = {x E (A •)n: A"' 1= (/J(x., a) }, because the 11entence \fx.(PR(x) - ~X. 

a)) holda ln A if and onJy it bolds ln A•. Bence, any relat.ion holding lM:tween tbe R'a. 

expruaible ln L holding ln A, holde for the eorreapondlng a••• ln A•. Tbe Collowlac ÚI • 

rd'ormul$Lio11 ur tho ll.abh1-Kct11lcir theorem [ijSJ, {Ch-K}. 

LEMMA 2.7. Lei A ie a L-full ,tructure, A <twwA •, P Ç A, and b € p• - P. De/ínt Ub ia 

{S Ç P : b E s•}. 

i) U b ia a non principal ultrafilter over P. 

ii) J/ IPI < fir8( mea:surable cardinal lhen anu in/inste Q Ç A ho, Q"' - Q no emptr. 

~ i) To show that it ie an ultrafilter, utilize that tbe extension ia full and the previoua 

rema.rk.e; for example1 S, TE Uh=> b E S*, T• => b E s• nT"' = {x e A*: Ps(x) A PT<x)} = 
{xEA*: PsnT(x) }* = (SnT)*, where the laet equa.tion holde beacuee the aen~ 

Vx((Pg(x) J\ PT(x) ~ Ps nT(x) ) bolde in A aods eo in A•. Now, if t be ultrafiJlter wbere 

principal, eay Ub = ({a}) with a. E A, then we would have b €{a}"'= {a} and eo b = a E P. 

ü) It. is enough to show tha.t any countably infinite subset Q of A is extended. Suposl!le 

Q i.s noi extended. Given a countable family of elements of Uh , utilize Q as subindex aet.: 

{Sq: q E Q}. Let S = n qSq and F(q,x) be the binary relation x E Sq in A. The foUowin, 

1e11tenc.es hold trivially in A where we U.9e the names of the sets a.e predicatu: 

Vx [ Sq(x) - F(q, x)] for ea.ch q E Q; 

Vx [ Vq (Q(q) - F{q1 x)) - S(x)) 

hence, it holds for b ln • A ~ha.t: 

•sq(b) -. •F(q, b) for eacb q E Q 

Vq (•Q(q) - •F(q, b) ) ...... "S(b) 

Sltu:e *Sq(b) holds by hypothesis for q E Q• tben •F(q,b) holds in • A for aU q e Q. ,._ Q • 

Q• alao by bypotbesia then the antecedent t>f the last implieatíon bolda and eo s•(b) bolda. 

ahowing SE Ub. We condude that Ub is an w-complete ultrafilter. But it ie well known thai. 

u 1d u.rrying ao c.>-complete no principal ultre.fiJter muet have power at leut the 1lnl 

meuurable cardinal [BSJ. O 
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COROLLARY 2.8. 1/ L 11 11ot [w,w]-compoct then anr ,tructure o/ power lua thon the /ír,t 

mta.turoblt i, RPCs-characttn.aable in L. 

~ Let T(Q,R) be a theory such thuL B I= T ~ BIQBl{R} ~ (w,<), &nd fi.x a model B of 

T. Let. C be the full expa.nsion of [B, A) whete A h68 power ew~ler than the first me.uurable, 

and call P be tbe univerae of A in C. We may asume the voca.bularies of T and A are 

diajoin\. Any L-extension of C contains an L-exteneion of B which must be a model of T 

(thanb to relatlviiation11), and eo (Q8 ,<) = (w,<) can uot bc extended in C by bypothes!.. 

By tbe previous lemma P can 1,ot be extended eitber. This mee.n.e tbat any model of 

TbL((O,c)c E IOI) relativized to P ia isomorphie to A1yielding a RPC6 chare.eterízation of A 

in L. O 

The e.xpresive power of theories in a non-countably compaet logic ia therefore quite atrong. 

COROLLARY 2.9. (Makowsky and Shelah, [Me.-Sh]). 1/ iç u a regular cardinal ,maller than 

'tlie fira1 meo~urable cardiruil (or arbitrarJI i/ there are not ,uch cardinal•), then [K.IC}­

compadnea, of a logi.c implica [w,w]-compacine,a, 

fl22L 1C L ia not lw,w]-compad, " i• RPC,charaeterizable which contradicta (,c,.-.:J­

compactneil:8. □ 

Remar.k.. lf we had tbe stronger hypothesis in Corol!ary 2.8 tbat (w,<) is PC~ characterizabtet 

then any atructure (of power < first measurable) would be PC6 cbara.cterizable, by the L­

theory of ita full expaneion (since in tbe infinite case it. would conta.in a copy of a at%uclure 

capt.uring w). This is the C68e for example of Lw,JQ0 ). If (w,<) bas a cbaracterization witb 

modela of power lesa than the finA mcaaure.ble, then any struct.ure above cerlain cardinality ia 

al10 PC6. Could it happen t.h~t any theory RPC6 characterizing (w,<) in L only baa modet. 

of cardina.lity above the flrst meMurable? ln tbat ~ there would not be counterexample to 

(w,w]-compactnesa iu the form: if each flnite aubfàlnily oí theorie& has modele of powe.r laie 

than tbe fint measurable, t.hen iL hu modeJs. 
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m. COMPAC'l'N~S ANO ROBINSON'S l,EMMA 

IL l.s wcl) known tbat in lhe pre6tnce of comp!M:toesn intcrpolation implica Robinson'a lemma 

for fitat order logic, this beiug true for any logic. Mundici and M~owsky diacovc.ed 

independently the rcmarkable rr.sult thllL in any logic with ama.li dcpendence numbe:r, 

Robinaon'• theorem imµ\ie.,i compactuesa, ylelding tbe equationtt Robinson = Compactne$11 

+ l11terpul11tlo11. 

Ddinilion 3.1. A logic L !l&ti11fie11 the Robmaon proptrt11 if given any p&ir of vocabularics a.nd 

eLruduiea c,i' A1 , l = 1, 2, \\ith µ = cr1 ncr2 euch tbat A1fµ =1 L A21µ, thcre a a. a tbírd 

alrudure B aucb lhst A1 = L Blcr1 a.nd A2 = L Bju 2· 

Of eourtie, we may atrength = L to < L above. ln terma of theoriea the properLy may be 

expressed: if we bavc sati~fiablt' theories Ti Ç L(o-1), T 1, T 2 2 'l' witb T complete in 

L( r 1 n r 2) then T 1 U T 2 is satisfiable. The foUowing is an equivalent characterization of 

Robinson'• property which follows also by definition. 

LEMIIA 3.2. L aatúfiu the Robmaon p,·opert11 if and onl11 if an" poir o/ PC6 clo11u K1, K2 

o/ L hot11ng .dructuru Ai E K1 Jurh lhat A1 3 LA2 , muat have non-tmptif mteraection. 

TBEOREM 3.3 (see Mundici, [Mu]). For logic5 with finitt dtpendenct, RobinJon '• propcrt11 

impliu compactnu1, ln 9e11erol1 for ,mall logic, with dependtnct num6er ot mo,t ", 

Robinson'• propen1 ,mplie, (oo, 1.J-compactne11. 

~ Suppose L ia not [,,,µ] eompact. for aome regular µ ~ ,e and let A = (A, < ... ) a 

exp{Ulsion of a linCAJ ordl'r of cofit1allty µ, baving aJI itt elcmt'nt.ary cxte11aiona cofinal. Let. 

(a0 )0 < p be a well ordered cofinal sequence in (A, < ), iotroduce predicates P O = {x E A 

1 x ~ a0 ) aod let: 

Ai = (A, < , ... ªo• p o)á<JJ 

~ = (A U {e}, e, P 0 ) 0 <µ 

wbere e i A. L~t. -r1 = -r(.41), , 2 = r(.-4½) and .,. = -r1 n -r2 = {P 0 } 0 tbco for 6 <" 
~ µ and T 6 = { P O : o <6 } we b&ve 
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At any aentence of t dependa in le68 than K symbola, then A 1 fr s L Az tr by tho 

laomcnphiilm uiom of logks. By Roblni,on'a thcorem thcre ia 

• • - (A' < ' ' • P' ) """ - , , •• ·• e. , a o• a o < µ 

A 1 I== Vx [ ..... P 01(x) - X > a<s] , for a.11 01 < µ, 

A2 I= ..., p ai(c), 

henc;e A' J= e'> a'
0 

for ali 0r < µ, and so .Al.'fr(.AI.) givea a non cofina.l elementary 

ext.eoslon of A, a contradlcLion. O 

The finite dependence hypotheeis of the flret part of the above theorem may be weakened, 

thanka to a atrong reeult due to Shelah [M-Sh] tbat we wiU not prove. It. saye that a [w,"1J~ 

compact logic has finite dependence for each sentence (notice that this is eaay if tbe logie ia 

fully compad, buL iL is a deep theorem ií we bave only [w,w]-compaetne88). 

COROLLARY 3.4. For small logac, with dependence number ,maller 1/&an the fir•i 

mea1úrable cardmal, we- ka11e: R.obansona ', lemma ::} compactnu•. 

~- Let µ be the dependeoce number of L and let 1t be regular such that µ < ,e < first 

meuurable. By Theorem 3.3, L is [11., ,c]-compact. By Corollary 2.7 it m\l8t be [w,""l­

compact. By the tinJte dependente theorem of Shelah (Th. 2.2.l. in {Mal), L bu ti.Dite 

dependence. Bence, by Theorem 3,3 again we have full compadness. O 

For the nexl. theorem we need a topological observe.tion first. Define in a uniform space x = 1 

if (x,r) EU for &ny element. U ..,f the uniformity. 

LEMM.A 3.5 . Lel M and N ht disJoi,it compact ,rt, in a unsform ,pace m,eporabl~ by /itiâte 

1'nion.t o/ ba,ic tJpen aet, (from any given htm,), then lhe, e eri,t, x E N, y E M ,uch that x 

a Y. 

~ Let E = { (x,y) E X.XX : x E y } , theu E n NxM la the interaediou of tbe cloeed ,et, 

Cp,n = {(x,y) E NxM : p(x,y) :5 1/n } of MxN, where p runs througb tbe •Y•tem o( 

p1e11dometrics ddining ihe uniíormiiy. Now1 for eMh pesudome~rie p and oumber o E w, tbe 

covering1 {V p,l/211(x) : x EN } ábd {V p,l/:?n(y) : y e M }, must have eome x EN, y EM 

wi&h V p,l/
211

(x) n V p,l/'1.iY) non empty. Otherwise, N and M would be eepa.rable by 
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opena, which c:ould ~ ted11ct>d to finite uniona o( bMics by cornpadne88, Therefoce p(x,y) :$ 

2(1/20) = 1/n. Sinco th~ p~eudoumtrica are dlrecled by 5 (acc [ 1), thia abow11 that E n Nx.M 

haa Lhe f.t.p. By compaetneu of Lhe product topology we htm, that E ia non em:,ty. 

R.em.ark. The above lemme. holda for regular 1pacee. 

COROLLAR.Y 3.«s . 1'he folfowaug are cquivalent s/ L •• ,rnall ,and ha, dcpendence number 

leu 1hon fhe first me,uuroble cardinal: 

i) Robmson 'a property, 

ii) lrat6 (interpolation o/ dis1oint PC6 cla:11ea), 

iii) /nterpola:tccm + Compactne8t. 

~- (i) => (il, iii). Assume Robinson'• property, then we have c:ompaetnesa by Theorem 3.3. 

Let K1, K2 be disjoint PC6 da88e8 in Eµ(L) and aBSutne they are not sepa.rable by a aentence. 

Since Lhe Ki are compa.ct, the Lemma above implies the existence o( Ai E Ki \•ith A1 = LA2. 

Tbeo Robinson 'a Lemma providet a atructure in the lotersection of this two cl8.8Re8 by Lemm& 

3.1. 

(ü) ⇒ (i). Robinson'• property 1e juat a case of interpolatioo oí PC6. lf K1 are PC6 claeses 

of L aa in Lemma 3.1, i = l ,2, they must intersect, otherwise by lnt 6 tbey "ould be 

separahle by a sentence q, contradicting that A1 = L A2· 

(ili) => (ii). Trivial, because di.ejoint PC6 clasaes are reduced hy compa.ctnea t.o di.ajoint 

PC dUlle8. D 

FinaUy we relate Robinson'• property to ~haracterization of atructurea. 

LEMMA 3..7. Lei L ,at11,f, Roban,on', propenv, i/ A and B ore 1fr11cture, PCó 

chrcactenzable m L then A = LB amplie, A~ B. 

~ Auumr.: Ti Ç L(µ1) i, the theory cb&raderlzing A1, " Ç Pj• and let (Ai• Ri) be modeJ 

of Ti, i = l, 2. Aaume A1 ;:: L A2, then by lwbinson,'e property tbere ia a model (A, R1 •• 

R~/) with (A, Rt) = L (Ai, Ri); hence, A Rd A1 A, A2 . O 

lí the loglc Mtisfiea the pair pre.servatlon property, PPP (cf. [Ma]), theo the RobiDaOo'• 

property implie9 the following ltronger property (aee (021): 

Ddi.nitlo 3.8. A logie L aati1fies tbe r-dativized Rdinson property if given any pair of 

vocabulariea "i• P1 E O'I. and sLructurea A1 , i = 1, 2, witb µ = o-1 ncr2 euch tbat A11P/1Iµ 
E L A21P2 A

21µ • Lhcre ia a a Lhird aLructure B such Lbat A 1 s L Blcr 1 and A2 5 L Bjc, 2. 
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Therefore, undcr PPP, Lemmo 3.7 bolde for structure.s RPC_,charactetizablea in L. Tbero i, 

90me confuaiou in lhe lit~ra.ture on relu.tion to Robinson's property. What i.s usuA!ly ca.lled 

R.obin&0n's property in the conteJCt of ma.ny sorted logica i11 in (11.et equivalent to tbe above 

atronger property. 

COROLLARY 3.9. (compare with Mundici [Mul). If L ,ati1fit1 PPP and R.obin.,on', theorem 

hf i, nol [w,w}-compaci ,hen for atrucforea of powtr lesa than fhe firat non meuurdle 

cordinal, A = LB 1mplie1 A ~ B. 

~ If the logic is not [w,w}-comp~t, then any atructure of power lesa tban tbe firat 

measurable is RPC6 in L by Corollary 2.10. Apply the previous lemma. and obeervations. O 
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IV. {",A}-COMPAC'l'NESS ANO ULTRAFILTER OONVEltGENCE 

It ia well known full cornp&<'tne1:1s of a topological apace is equivalent to the convergence of 

auy ultraflller of subi1eta of the sµace (cf. (W)). Thifl ln turn may be exptee1Jed in terma of 

eonvergenc:.e of I-fatniliéS of elements of the space with reped to ultra.filtera over I. lt ia 

natural to aak if we bave char~teri2ations via ultrafilters of [K,~)-compa.ctness. ln eertain 

~nao t.hla is true M wo show in ~hia section. ln fo.d, we get xnoxe than we eougth: & 

characteriiation by ultrafilter convergenee of families of [11:,~)-compact spa.cea closed under 

producta, a.nd of spaces with [1t,Ã]-compact powers. 

Definition f.1. Le~ U be an ultrafilter over a set I. We will say that a family {4í : i E 1 } io a 

~pologic.al space X, U-convergu to x (or that x is an U-limit of the family)t if {i € l: ªi E V} 

e U for any open neigborhood V of x . 

Evidently, {ai : i E I } U-converges to x if and only if x is a.n a.dberence point in X of the 

ultrafil~r a(U) = { S Ç X : {i E l : ªi E S } EU } ln the ordinary sense of topology (cf. {W]). 

Therefore, X i& compact if and only if a.ny 1-family U-converges in X for any set. I a.nd 

ultraítlter U ovet 1. We show next that [,ç1..\]-compactness corresponda to U-convergency witb 

rapect to cert&in ultra.flltera. 

Definiúon '4.2. Let U be a.n ultrafilter over a aet 11 a space X will be called U-compac1 ü and 

only if if &n.)' 1-family of X U-convergee. 

The followlng a.re obvioue properties of U-conveJ"genee and U-compadne88: 

LEMMA U. 1) // f: X - Y ia continuou, and {ai: l E I} U-convtrge, u, X to a, tAen {f(ai) : 

l E J } U-con11uge.1 in Y to f(a.). 

li) { (&j,
0
)a : i E I} U-converge, ín íla- X0 fo (a0 )0 i/ and on/1 if {6j,Q : i E I} U­

eonr,erge, in Xc, to a0 , / or tach a. 

Ili) li each X0 ia U-compact, then íl O X0 *' U-compact. 

~ i) Glven a n-eigborhood V of f(a), then {i e J : f(ai) E V ) ;? {I E l : ªi E r 1(V) } EU. 

ii) One diredion follows írom (i) by cont.inuity of the projections. For the otber, use that 

eacb buie neigborhood W of (ao-)0' iit a finite intersectiou of seta ir 0 ~ 
1(V Q') with V Ct a 

neigbo.rhood or &0 in XQ'. For eaeh auch 86t {i E 1 : ªi,c.r E ,.à'·1(V 0 ) ) e U; benc:.e, {l e 1 : 

(--i,a)o E w } = {l E ( : ª1,0 E n ,...Q·
1cv c:rH = n {l e I ; ªl,0' e 'll'a-1(Vo) } e u . 

üt) lmmedlate Crorn (il). O 
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DefiniUon 4.4. An ultrafilter U over & eet I is (1e,Á)-regt.1lar if and only i( tbeie i.s à family 

{la,}o,<I\': !IUCb t.hat lo, Eu ai:1d ni<.>.la. = 0 for any farnily {or f < Á } ç" . u ia • 
l 

•nt/ort-n U !SI ~ K for &ny S € U, eee (Cb-K] or [Ma]. 

PROPOSITlON 4.5. 1{ X ia U-compact for a (tc,>.)-regular ultrafilter U, then X il (,c,>.]­

compud. 

flit2L Let {lu}o<~ be a famHy of elemente of U euch tha.t the interseetion of any >. of I~'a 

ia empty. We may MSuxne l = 10 . Given a. family {F c:rla<iç of dosed sets in X with the k­

intersection property, define l\ = n t E lo-F O for each t E l . Tbis set ia ooo-empty, becawie 

t belongs to less than ). i;ets 10 by hypothesis, a.nd by hypothe:iit, the intersectíon of less than 

,\ aet. F O la non--empty. Choose àt E F t• then J O = { t E 1 : ªt E F O } E U becauae t E la­

lmplitW &t E Ft Ç F O by construction, and eo J" 2 Ia. By hypothesie, {e.i}t E I U-converge. 

t.o some x of X, &nd given an open neigborbood V of x, then J = { t E l : ai E V } € U. 

Therefo~, ~ t ; ªl E V n P0 } = J nJ0 e U for any o, and eo this set is non-empty, showiog 

that x belongs to adberence or 8.Jl)' F à , tha.t la to any F a· O 

Ddinition 4.a. Let P(ic,,\) = p À(11:) = { s ç ~ : 1/ÇI < ,\ }. 

PROPOSITION 4.7. i) lf X ia [,c;,Á]-compac-t, then et1tr, l-familv in X, with l = P("i,\), U­

convergu /ar 8ome {,c,>.)-regular ultrafilter U otter I {whsch moy depend on -tht /t1milv). 

li) M ortuver, i/ ,e > À lhen U ma1 be choun 1r.-t.miform, and i/ ,e = Á tÂen U mcar bcs 

cAoaen cof(x)-uni/orm. 

~ Given { ªt : t E J }, let At = { as: t Ç • }. The family of closed seta {cl(At): t E l, 

ltl<w j ha.s Lhe <-' lnt.ertiection 1nteraection property, becouse 

and t = Ukóti E l if D <>. and the ti are finite, ao tbbt At ia non-empty. By {1<)]­

tompaetn68il thete 19 au elem«mt a E n t E l,ltl<w cl(At) . Henee, V() At ~ 0 for any 

neigborbood V o! a f.ll.d a.ny t E I, ltl<w, Thie impliea t.hat tbe family F = { V n Ai : V 

open, a E V, t e l, !ti <w } ha.t the {inite intersectioo prop.:rty. Theo tbe family F' = 
{•-1(WJ : W E F } ::::. { 1• E 1 : 3a E W} : W E F } ba.s Also the fioite intersection property. 

Extend }'' to AD uhrll.(ilter U ove.r I. By conatruction, given an open ncigborhood V of a, Lbeu 

{ tEl: &:.EV };2{aEI: 3»EVflA{Q}} = a·1(VnA{o}) eF'ÇU. Therefore {ai: 

, E I} U-c.onvergee lo a. Mortover, 10 = {•E I t OI e•}~ {a E l: 6a e V nA{a} }, and eo 
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10 E U. But lhe lntcracction oí .>. many oí thc:ae 10
11 11 emply beeausc no • E I may cont.ain ,\ 

many ordinàl . This ho\~ that U is (,c
1
,\) regular. 

It remain1 to how that U may be chosc.n to bc ,c-uniform (rcpcctlvely cof(,c)-uniform). Fix 

l0 E P('-',,c), For u.ch linlte t Ç ,e wlth t ~ t0 thc 1et { • ~ t. : a,, E V } = a·1(V n At) ia ln U 

and eo we may pic.k et E a· 1(V n At)i hcnee •t. 2 t. Thi& givee l\ íunctlon f: B = {t E P(w,1:): 

t ~ t0 } - 1 with the properly that for any r E 1, lí1(r)I = I{ l E B : 8t = r}I S I{ l E B: 

t ç; r }I < ,\, because lrl < ,\ a.nd ao r ha, leu than ,\ flnitc eubeet.a. Since IBI = ,e, the Dumbtr 

of non-empty distind and to d~oint r 1(r) must bt al least cof(11:) in case ,e = .\
1 

and K in 

cue ,e > >. Pic.king onc ªt írom cach non-cmpty f'1(r) ghres ,e (rcspecLiveJy coí(,c)) elementa 

of a·
1cv n At ). Thcrcforc, F' may be ext.endcd to a ,C•UDÍÍOrm (respccLivdy cof(,c)-uniíonn) o 

ul tr afi l ter. O 

COROLl,ARY 4.8. i) // X 1$ [1e,.\J-compact and ,e > ,\ then an1 P(,c,,\)-f•mil1 o/ X Au • .,_ 

1ecwmulahon pomt. 

ii) JJ X " (,c,,c]-compact then on11 P(,c1,c)-/11mi/11 o/ X Ao, • cof(,c)-acc11m•lcation point. 

Propoaition 4.7 does not gu&ranltt a converse to Propoait.ion 4.6, aince Lhi: ultralilkr dependa 

on the íamily. ln foct, a converse i impossible because U-compadness corr poods to a atrong 

íorm or {A:,..\}-compaclnCBB, as we wtll see next. 

TBIOC>REM 4.0. Tht /ollowang are equsualent J or anp e/cu T o/ topolo1acal •pacu: 

l) Anr pr·oduct o/ 1paet,., rn 'l' " [,c1,\)-compact 

li) T6ere trufe a (,c,>i)-rcgular ultra/alter U (wAich mar be tal.u over 1 = P(,c,)i)) ••cA tAat 

ali CAe •pace, 111 T ore U-compact. 

fm2t. Auume lhat any product of space ln T 11 (,c,>.]-compad and t.hcre Li no (,ç,,\)-rf'gulu 

ultrafilt.cr U ovcr 1 = P(,;,..\) such tht ali the element.s o! T are U-compACt. Let E be the 

fa.mUy of •uch ultrafiltc.ra and choose for c.ac.h UE E a J-family {au,i : i E J } in eomc 1pace 

Xu e T wbich doc. not. U-convergc. For cach i, let. v1 = (au)u e Du E l: Xu = x • . .A. thia 

•J>Mle ia (1e1A)-compect, thcn by ProposlLion 4.8, tbcre i, a.n ultrafilter W E E auch that {vi : 

1 E 1) W-convergce to 10me " - (•u)u ex•. By continuity of the W-projection, th~n { 

6wi l E 1 ) W-converg to ªW ln Xw , a contradiction. 

Coavenely, ií adi X, 11 U.c:ompad then n,x, la U-compa.rt by Lemma ◄.3, and by (11,l} 

·-- ty o( U lt íoUowa írom Propoaition ◄.e lhaL DrXr 11 [1e,~)-compaci. O 



.. 

TBEOR.EM 4.10. Tht /ollowiug are eqtií11alenC for 1rn11 topologJcal ,pace X: 

i) xP ~ [1e,,\J-compact for any ca1·dinal p. 

ii) X ia U- compact for 8ame (,c,>.)-regular ultrafilter U (whscA mag be taken 011e1' 1 = P(",,\)). 

fm2!. Take T = { X ) ln Tbeorem 1. □ 

Ddinltiou 4.11. Cal! a space X 1trongl11 [tc,À)-com1acl (ln ehort.1 .t•[n,,\]-compaci) if xP t. 

[~,~}--eompad for a.ny cardinal [J. 

21P(",.\)I 
COROLLARY 4.12. X is s-[x,,\J-compacl if and only i/ x2 i, [n,.\J-compact. 

~ ln tbe proof of {i) =? (íi) in Theorem 4.9 we utilized [tc,,\]-eompactneee of xP for p = 
-.,IP(,c,.\)I 
l 2 only. O 

OOROLLARY 4.13. lf X i, .t-(1e1>.]-compact, thtn X x Y i• [,c,,\)-compact for an11 compod 

1poce Y. 

~. A com~ct &pace i11 U-compad for any U. Apply Theorem 4.10 and Lemma ... 3. O 

Example. Under the continuum hypothe&is, plus w2 = 2""1, if x"'2 is eountably compa.ct., then 

xP x Y wiU be countably compact for any {J1 and &ny compact space Y. 

OOROLLARY 4.14. L-d te be smaUtr than the firat meaaurable cardinal (or arbitra,., if no 

nch cardinal u:iata). If X ;,. s-(,c,,c)-compacl, then X ia [w.w]-compact. 

~ Let U be Lhe ultrafilter given hy Theorem 4.10, such tbat X is u~ompad. By (1e,,ç)­

regularit.y, U ia non prindpal. If U is not (w,w)-regular, then it is w-eomplete. But it. ia wdl 

kBown that the ama.llest w-complete no principal ultrafilter is measurable (aee [BS]). O 

Notice tba\ the above faila atrongly for piai~ compaetness, X = w with the disctete topology 

ia (ic;,c} comput for any K ~ w1 a.nd bowever it itl uot (w,wJ-compac:t. 

for (,c11t]-comptidness with ,e regular, theorenis 4.9 e.nd 4.10 ta.kc a more beautiful forro. T he 

condítion on (1e,-')•regularity of the ultrwlter V may be cbanged to ,c..uniformity. We at&te 

l he case oí one t1ingle spAce. 

111EOR.EM 4.US. Let ,e bt • f'egu/or c~rdinol then X i, ,~(1e,,c}compact if •n onlv if X u U­

compfJd for aome ,-;- i,ni/om, ult,ofiltr.r U. 

~ A ,e,.uniform ultrafllter í& (ic,x)-regular. On tbe otner hand, Propo1ition 4.8 al)owa to 

choose t.be uhcafilter U being eof(11:}-unif<>rm. But. for " r~ular1 cof(,c) = K, D 
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Of coune, the ulltafiiter U may be ehosen over P ,ç(I(). Could lt be cbosen over "7 

00.R.OLLAR.Y 4.18. JJ X i. ••[1'+, ,c+}-compoct, then X i.s 1-[~,x}-compact. 

f.t22t. A ,c+-uniform ulltllfilLec ie (,c,,ç)-regular b;y resulta of Kanamori [KJ and Kunen-Pik.ry 

(K-P]. O 

COROLLARY 4.17. Let ic bt o regu/4r cardinal or oo, then X e, 1-(,c,~]-compact i/ 4nd O'AIJ 

if X i, 4-[µ1µ)- compact for on11 rtgular cardinal JJ, À 5 µ ~ ,e, 

~ Let µ, ). S µ S ,e, be singular, tben Ã S µ+ $ "· Apply then the previous corolJ&J')'. O 

The previoua resulta do not hold for pl&in {,c,~}-compactne88, X = N,.. discrete is [oo, M,.. +J.­
compact but not lNw• NwJ-compact. 

V. TBE ABSTRAC't COMPACTNESS TBEOREM R.EVISlTED 

Lei ua apply tbe results of the previoua sectión to spa.ces of st.ructuree. We et.a.rt witb tbe 

following aimple observation whiclt follows from the zero-dimensionality of spaus of 

atructur~. 

FACT ~-1. {A1 : i E 1) U-convergu 1o A* ân E"(L) i/ anti only if for any senlerice ~ E L(O') 

toe have: A* I= ti> ~ { l E P : A I= <I> } e U. 

H we uae "~" inatead oí "~", tbe laitt equivalence, thia ia just tbe definition of U­

c:onvergence express.ed ln terma o! a. basls, beeause tbo ba..ica nelgborhoode are t.he classea 

Mod(f), Tbe a.rrow becomes a. double arrow ,lince by applying 1t. t.o the neg4tfon of f and ao: 

A• 1 ~ <I> :::;, {i E P : A I= - i;} € U * { l e P : A I= ~} ~ U. 

Let. ue tecall the followiug definltlon form {Ma..-Sh}. 

Deflnllion 6.2. An ultrafilter U o\lf!r a aet J is related to ll logic L lf and only if for any 

1trudure A of type " there is an exteosion A• of the ultrapower A 1 / U aatiafyjng for any 

formula 9(x, ... ) E L(o') and runctiotui (, ... E A1i 
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Or coura , tb u)Ltafilter U rnay he choe n ovcr P "(,e). Cottld it be cboeen over ,;1 

COROU..ARY 4.16. Jf X u • (11: ¼ • ,.: t]-rompact, then X ,., ,-(,c,,c]-comp"ct . 

.f.t9S2L A ,.+. uniforrn ultraliltcr i■ (it,,c)-regular by re■ulte of Kanamori [K] aDn Kuneo•Pik..ry 

(K·P}. □ 

COROLLARY 4.17. Leé ,e be a regular cwrdinol or oo, then X i, 1-(,iç,~]-compact if aitd on/1 

iJ X u , . (p,µ)- compoct for any regular cartlmal ,,, Á :5 µ :5 ,e. 

fm2L l.et p, ~ S µ :s; ,e, be eingulru-, then ASµ+ S ,e. Apply then the previous corollàry. O 

Tbe previous resulta do not hold Cor plain (ic,.\}-compa.ctneae, X = Nw diecrete .is [oo, M"" +J... 
coropact but not lNw, Nw)•compact. 

V. TBE A..BSrRACT COMPAC'l'N.ESS TB.OOREM REVJSJTED 

Let 111 apply the resulta of tbe previol18 section to spaces of etructurC8. We slart witb tbe 

following aimple observation which follows from the zero-dimensionality of spaces of 

atrudurea. 

PA<::r 5.1. {Ai : i E I} V-converge, to A• in Ee1(L) a/ an'1 only if for any aente•ct • € L(c,) 

WC ha11e: A* I= 1 <=>' ~ i E p : A I= f } € u. 

1f we use "~" inatead of "(:}", the !aat equivalence, this i■ jusL Lhe dcfinition of U­

convergence expreased ln term• of a bt1ei1, béc.e.u~ tho bask.a udgborhood!i aro the elas.e. 

Mod(~). Tbe a.rrow becomes a double urow mnce by applying it. to Lhe negation of, aod ao: 

A• 1 '# ' => {i E P : A I= - ; } E U => { 1 E P : A 1:: IP } ~ U. 

Let ua reuU t.he following definitlon form [Ma,.Sh}. 

Dcfinlti011 6.2. An ultrafilt.er U ovei a aet. I I■ related Lo a logie L if and only lf for any 

structure A of type " Lhere is ao extensiou A• oí the ulLrapower A 1 / U aatiBf ying for any 

formula '<x, ... } E L(u) a11d function,i r, ... E Ali 
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.. 

A• I= </i(f/ u• .... ) iff { l e P e A I= t/>(f(i), .... ) } E U. (1) 

Thia defmitlon says that. A• behaves aa the ultrapower would if Loz tbeorem where true for 

L. lioweve.r, A• can not be chosen to be the u.ltrapower ítself uuleslf L = Lww- Tbe following 

Cad reduces the relatíon (1) to pure topology . 

Give11 a etructure A, of type " conelder the expande vocabulary <T A,l = a+{cr: f E A1}, 

where each cr is. a const.ant symbol, and define for each fixed j E l the following expan.sion of 

A of type <T Ai 

A•j=(A,f0), ... ) I 
fEA 

where crie in~rpreted by !O). 

LEMMA S.3. A• i, iin e;r;ten,ion of A 1 / U aafüfying ( 1) if and onlv if A• mau be upandetl 

lo an U-linut o/ { A •j : j E 1 }. 

~ (1) implies that (A•, f/u , ... ) 1 is an U limit of the family by Fad 5.1. 
fEA 

Conversely, •an U-limit (A•, a~ ... ) of this fa.m.ily will have int.erpretatiow, ~ for lhe 

const.an-ta cf, f E A1. Moreover, for a.ny formula t/>(x, ... ) of type <T: A•I" I= ip(af, ... ) ü 

and only if A. I= 4'-(cr •... ) if and only if { j e I: A .j I= ip(cr, ... ) } E u ü and only iC { i E I: 

A I= t;(f(i), ... )} EU. Applylng tbie io the a.iomlc formulae, we get an ieomorphiam ªf -

f/u betweeo the aubstructure of A•jO' induced by { 8r fe A1} and the ultrapower A1/u• Via 

tbia identification, (1) bolds. D 

PROPOSl'rtON 5.4. The folfowing arfl equivalent for anr logic L e/ou, nder 

relatitli.iatio,u, and any ultrafilter U: 

i) U i, related. to L . 

ii) The •pacu E"(L) are U-compact for any u e Dom(L). 

~- Assume U ie related to L. Given a. fa.mily {Ai: i E l} Ç Eo- code it in a aingle 
A, 

atruclure A = ( U 1Ai, U lQ 1, ••• 1 l, R) wbere Q runs through tbe vocabulary "• and R = 
U1{i}xAi '° t.hat A;= Al{x: R(i,x)). lf A1/u Ç A* wbere A• ia gíven by Def. 5.2, let 

&,(i) = i be the identity function and P*= {x E A•: A •1= R(Bo/ U• x) }. Utilning that lhe 

logic: baa ielativizat.iona and propetty (1), we obtaio for any aentence fJ E L(a): 

A•,p• I=• iff A·1=ix:R(!o/u,xH 
iff { i e 1 , A I= ;{x: R(liX)} } e u 
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iff { i E l : Al{x: R(l,x)} I= ,$ } = { i E I : A1 I= 4> } EU. 

Hence, {A1 : i E I} U-converges to A•IP"'. 

Couvereely, assume a.ny l-family U~couvergea ln the 1pe.cee of Btructurea. Oiven a Btructure A, 

theN LI a.n U~limlt (A•, ~ , ... ) of the associated family {A "'j} which will sati.sf'y (1) by 

Lemma 5.3 8howing that U is related to L. O 

Ranark. Notice that in the first part of the above proof, the ex.istence of A(µ)* satisfying (1) 

for the complete exlension A(µ) of power µ ~ III, will guarant.ee the U-convergence of aJl !­

families of structures of power at most µ, becall8e they may ali be a.ccomodated in A, via 

appropriate codings and renamings. Tberefore, the U-convergence of a single I-fanúly of 

atructures of power µ in ea.ch cardinal µ ~ III yields U-compactnes.e. 

To apply our topologicaJ resulta, we need & furtber observation on the spaces of structures. 

Given vocabuhuiea u1, i E 1, let e 1u1 be th.e diejoint union of tbe vocabularies u1+{Pi} where 

Pi ia a mona.dic symbol not in O'i. Then the cartesian product IljEa. may be identified with 
1 

the class of structures of type e 1ui of the form: 

wbere tbe univene is the disjoint unioo of the universes of the Ai, and the disjoint renaming 

of 111+{Pi} la int.erpreted by the disjolnt copy Ai o( A1 , with Pi interpreting tbe unlvene (cf. 

(Cl]). 

LEMM.A 6.4-. 1/ L ~ cloatd undtr ,tlotivi:,diona then for ani, produd ,poce lliEo-,(L) thtre 
l 

i, a uni/orml-JJ continuou onto optratio11. F: C -+ lliEcr,(L) whtrt C u o clottd ,ubcltu, o/ 
l 

E$ .q.(L). 
1 l 

fm2.t. Let C be tbe clus of models of the sentenca 

The operatlon A ..,.. AI U lplA = [AIPiA} from C to Oi Eu, ia evidently ooto. The ~ic: 

clopena of th~ product lopology in D1E<7/L) 1,re given by finit.e conjunctioua 8 = A
1 

Ir 1r 

wbere •r E L(O'i )i ht,nc~, A I= 9 # AI( U 1P1 A) I= fJ for Any A. Aa (AI U .p.A)I( U ,P
1 

A)= 
r r J J r 

AI{ U ,Pt, A)t we heve AI U 1P5A I= 6 ~ A 1=91 1howiug uniform contlnutity (c:C. [C21). O 
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COR.OLLAR.Y 6.5. 1/ L ,_. clos~d under relativizat1on.1 and [11:,.\]-compact thtn anv product 

8pace IliEcr.(L) 111 [x,.\}-compact. 
l 

~- Lemma 1.8, Sect l, and the previous Lernma. □ 

lt follows tbat A logic is [x,.\J-compac.t if and only if ali the spa.cea Eq(L) are strongly [x,.\]­

compac:t. Hence ali the result.s of Seclion 111 apply. For example Corollary 2. 7 becomes a ca.se 

of Corollary 4.14. Similarly, the iheorem of Makowsky and Shela [Ma--Sbj that [x-t-,"'+j­

copmactness of a logic impliéS (,c1,c)-compactness is a case of Corollary 4.16. Moreovoer, 

utiliaing Theorem 4.9 aud Pioposit.ion 5.4 we bave: 

TREOREM 5.6 (ABSTRACT COMPACTNESS THEOREM, [M-Sh]). L i8 [x,.\]-compact i/ 

1111d 01lly ã/ there i.t a (K,Ã)-regufor ultrafilter U related to L (which may he taJ:en over P µ(,e)). 

fm2t L i• [K,Ã]-compact if and only if the spaces IliEu.(L) are ali [ic,.\J-compad by tbe 
l 

previous Corollary. By Tbeorem 4.9., Sect. IV applied to the cla.88 T = { Eu(L) : 

tT E dom(L)} this is equivalent to tbe existence of a aingle (1e,Ã)-regular ultre.fi.lter U auch that 

ali Eq(L) ar~ U-compact, which mea.ns is U is related to L by Proposition 5.4. O 
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