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Resumo

Neste trabalho é realizado um estudo das solugoes peridédicas de equagoes diferenciais
nao-suaves através da Teoria Averaging, do grau de Brouwer e de equagoes de operadores
em espacos de Banach. Sao fornecidas condicoes suficientes que garantem a persisténcia
e também para a convergéncia de solugoes periddicas de equacgoes diferenciais tanto
continuas nao-Lipschitz como Carathéodory descontinuas dependendo de um parametro
pequeno. Apresenta-se ainda uma revisao das Teorias classicas de Melnikov e Averaging para
equacoes diferenciais peridédicas suaves, como forma de motivar e expor os desafios do estudo
realizado neste trabalho. Foram obtidos resultados consistentes com aqueles previamente
estabelecidos na literatura e que os estendem para casos antes nao contemplados, o que é

devidamente evidenciado em exemplos.

Palavras-chave: Equacoes Diferenciais Nao-Suaves. Equagoes Diferenciais Continuas
Nao-Lipschitz. Equagdes Diferenciais Descontinuas Carathéodory. Teoria Averaging. Grau

de Brouwer. Grau de Coincidéncia.



Abstract

In this work a study of periodic solutions of non-smooth differential equations is carried
out by means of the Averaging theory, the Brouwer degree and operator equations in
Banach spaces. Sufficient conditions that ensure the persistence and convergence of periodic
solutions of both non-Lipschitz continuous and Carathéodory discontinuous differential
equations depending upon a small parameter are provided. The classical Melnikov and
Averaging Theories for periodic smooth differential equations are presented as a way to
motivate and expose the challenges of the study undertaken herein. The main results
proved in this work are consistent with those already established in the literature and

extend them to cases not yet covered, as it is properly evidenced with examples.

Keywords: Non-Smooth Differential Equations. Continuous Non-Lipschitz Differential
Equations. Discontinuous Carathéodory Differential Equations. Averaging Theory. Brouwer

Degree. Coincidence Degree.
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1 Introduction

In the qualitative study of dynamical systems, some objects carry important
information about the behaviour of the phenomenon they model. One such type of object
are the invariant sets, which, as the name suggests, are sets from which you can never
get out of following the flow of the dynamical system in place. One such example in the
context of ordinary differential equations, is a singularity, which is a stationary solution.
Another example of invariant set, and the main subject of study of this work, is a periodic

trajectory, which in turn corresponds to the the image set of a periodic solution.

In this work, we study the existence of periodic solutions of differential equations
with non-smooth right-hand sides. More precisely, we intend to provide sufficient conditions
for the existence of periodic solutions of non-smooth differential equations. In spite of using
the term “non-smooth” we do not treat the prominent and interesting case of Filippov
systems. Instead, we delve into those equations whose right-hand sides lack differentiability
and even continuity. As a matter of fact, we deal at first with non-Lipschitz continuous
differential equations which poses the absence of uniqueness of solutions as the main
challenge. Later we further extend our results for systems that allow some discontinuities,

which are the Carathéodory differential equations.

1.1 Brief historic background

In order to motivate the study carried out in this work, we discuss here a
few established results that give conditions for detecting periodic solutions of differential

equations while consistently relaxing smoothness hypotheses for their right-hand sides.

Consider at first the differential equation
2’ =eF\(t,x) + °R(t, x,¢), (1.1)

where F1 : R x D > R"and R: R x D x R — R" are T—periodic in t. A classical result
for guaranteeing the existence of T'—periodic solutions of this equations for ¢ # 0 small is

the following theorem.

Theorem 1.1 ([30, Theorem 11.5]). Consider the differential equation (1.1). Define the

average

filz) == JT Fi(s, z)ds

0

and the averaged equation z' = ¢ fi(z). Assume that
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oF, 0*F 0R
e F1,R, a—l, p 21 and — are defined, continuous and bounded by a constant M (not
xr Or

depending on €) in [0,0] x D, for each 0 < & < &o;

0
If p is a critical point of the averaged equation satisfying det afl(p) # 0, then there exists
x
a T—periodic solution ¢(t,e) of equation (1.1) close to p such that lir% o(t,e) = p.
E—>

Notice that in this theorem, it is required that F' e C* and R € C'.

In [5], this theorem is generalized by first removing differentiability of £ and R
yielding the following theorem.

Theorem 1.2 ([5, Theorem 1.1]). Consider the differential equation (1.1), where F} :
Rx D —R"and R: Rx D x (—eg,g9) = R" are continuous functions, T—periodic in the
first variable and D is an open subset of R"™. Assume that Fy and R are locally Lipschitz
in the second variable and that for a € D satisfying fi(a) = 0, there exists a neighbourhood
V of a such that V. D, fi(z) # 0,V z € V\{a} and dg(f1,V,0) # 0. Then for |e| > 0
sufficiently small there exists a T—periodic solution (t,€) to (1.1) such that ¢(-,€) — a

as e — 0.

Observe that in this theorem, the authors only require F' and R to be continuous
0
and Lipschitz. Since differentiability has been dropped, the condition det afl(p) # 0 does
x
not make sense and it is replaced by dg(f1,V,0) # 0, which is the Brouwer degree of f;

with respect to V and 0 (see Section 2.4).

In [5] the authors also outline the proof of a further extension of Theorem 1.1
by removing the Lipschitz assumption on F' and R leaving just continuity. In this case,
it is important to recall that uniqueness of solution is lost and, as we shall discuss in

Section 1.2, this is an important property in classical approaches.

In [26], the author provides a first order analysis for Carathéodory differential

equations (see Section 2.3) which allow some discontinuities in the time variable.

Consider now the differential equation
' =l (tx)+ -+ FFtx) + "R, 2, ), (1.2)

where each F; : R x D - R" and R: R x D x R — R" are T'—periodic in t.

For equation (1.2), the authors in [20, Theorem A] perform a higher order
averaging analysis and give sufficient conditions for the persistence of periodic solutions

assuming F; € C** and that ¢ *F, and R are Lipschitz continuous.

In [18], the authors perform a second order (k = 2) analysis for Filippov
differential equations assuming only Lipschitz continuity of the right-hand side in each

zone. Later, in [19] this result is generalized for an arbitrary order.
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The more recent advances in this field are part of this thesis and has already

been published in [27]. In this paper, the authors consider the differential equation
¥ =¢eF(t,x,e),

where F' is T'—periodic in t and continuous. In this setting, sufficient conditions are
provided in order to guarantee the existence of T'—periodic solutions for £ # 0. From this
result, they derive a continuous higher order analysis for (1.2), which was unknown up to

that point.

In this work, we shall present and discuss in more detail the results for contin-
uous differential equations and also we propose further generalizations for Carathéodory

differential equations.

1.2 The Melnikov method

Usually, when dealing with the problem of determining the existence of periodic
solutions for ordinary differential equations, one resorts to the study of the displacement
map associated to that system (see [5, 6, 20, 29]) via expansion in Taylor series. The
displacement map measures how far a solution starting at some point is from being periodic.
The approach we will briefly describe in the sequel is called the Melnikov method. It
consists in performing the Taylor series expansion of the displacement map and then
applying the Implicit Function Theorem to guarantee the existence of a branch of zeroes

of that map.

More precisely, consider the differential equation
' =eF(t,x,¢), (t,z,e) € I x D x (—g¢p,60) € R x R" x R, (1.3)

where F' is T—periodic in ¢, for some T" > 0, at least Lipschitz continuous in x, and ¢
is a (usually small) parameter. For (ty,zg,e) € [ x D x (—¢€q,€0), let ¢ = @(t,to, zo, )
be the unique solution of equation (1.3) satisfying o(to, to, zo,€) = xo. Assume that
[to,to + T'] = I. Define the Poincaré map 7 : D x (—&g,£9) — R" by setting

W(QJ,&T) = ()O(t(] + T7 2307‘7575)'

Note that the Poincaré map already encodes the information of whether a solution is
T—periodic or not. Indeed, for each fixed ¢ € (—&g, &¢), the fixed points of the map 7 (-, ¢)
are initial conditions for T'—periodic solutions of equation (1.3), since m(z, ) = ¢ if, and
only if, p(tg+ T, ty, xo,€) = xo = p(to, to, To, €), so that ¢ can be extended to a T'—periodic

solution in R.

Now, define the function A : D x (—&g,&9) — R" by

A(z,e) = m(z,e) — . (1.4)
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For any pair (z9,¢) € D x (—&y, £¢) satisfying A(xg,e) = 0, we have ¢(tg, to, o,£) = 29 =
o(to + T, to, xg,€), which implies that ¢ can be extended to a T—periodic solution in R,
since ¢ is C' in t. Conversely, if (¢, o, zg, €) is a T—periodic solution of equation (1.3),
then A(zg,e) = 0. We have thus established that there is an equivalence between the set
of periodic solutions of equation (1.3) and the set of zeroes of the displacement function.
Equivalently, it is straightforward that zeroes of the displacement function correspond to
fixed points of the Poincaré map. Therefore, in this approach, one seeks conditions that
guarantee the existence of zeroes of functions, especially the displacement function or some
other function whose set of zeroes is contained in the set of zeroes of the displacement
function. In other words, one reduces the problem of finding T'—periodic solutions of some

differential equation to the problem of finding zeroes of functions.

This is an important change of perspective and allows one to tackle the problem
of finding periodic solutions of differential equations through the problem of finding zeroes
of functions. It should be noted that determining zeroes of non-linear functions is not
necessarily an easier problem, but allows for a whole new set of tools to be used, such as

the Implicit Function Theorem and degree theory as we shall see in this work.

For equation (1.3), we note that for ¢ = 0 all the solutions are constant. In
general, one is interested in periodic solutions branching from these constant solutions
as € ranges in some small interval around 0. Therefore, we usually look for branches of
zeroes of A of the form A(z(g),e) = 0 for € # 0 small. One way to obtain this is using the
Implicit Function Theorem. Indeed, if A(xy,0) = 0 and det(dA/de)(z,0) # 0, for some
xo € D, then the Implicit Function Theorem tells us that there exists €1 € (0,¢0) and a
function x : (—e1,e1) — D such that 2(0) = zo and A(z(g),e) = 0 for every € € (—e1,21).

Notice that for this to work, we need the solution ¢ to be differentiable in e.

The above procedure can be better elaborated. Assuming that F is C* in
(t,x,¢), then by the theorem of smooth dependence of solutions on the parameters, the
solution ¢ is also C* in e, see [1, Chapter 9]. Therefore, in this case, we can expand both

the right-hand side of equation (1.3) and the Poincaré map in powers of ¢ up to order k

obtaining
"= ¢cF(t,x,e) = eF(t,x,0) + 23iF(t 0) + -+ p Lot (t,2,0) + O(e")
' =cF(t,x,e) =cF(t, x, € 5 2e , T, € o ek 1 , T, €
and
oA g2 0?2\ ek oFA ka1

=: eMy(z) + e My(z) + - - - + "My (2) + O(e").
Thus equation (1.3) takes the form

' =l (tx) + -+ " F(t,x) + "TR(L, 2, ), (1.5)
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where
1dF
‘Fj(ta JI) = ﬁTy(t’ €, 0)7
for every j € {1,...,k}, and R are differentiable functions in (¢,z) and R is continuous in
€.

For each j € {1,..., k} the differentiable function

1A
M;(z) = ﬁg(%o)
is called the j—th order Melnikov function.

Now by the Implicit Function Theorem we determine a branch of zeroes of A.
If M; is not identically zero and zq is a zero of M for which det DM;(zq) # 0 (such a
point is called a simple zero of M) then there exists €1 € (0,£9) and a smooth function
x: (—e1,e1) = R" such that x(0) = zo and A(z(e),e) = 0, for every € € (—&1,£1). Indeed,
consider
Az, )

3

d(z,e) =

= My(z) + eMa(x) + - -+ + " My(2) + O(").

Notice that the function 0 can also be defined at € = 0 due to the fact that the rightmost
member of the above expression is well defined at € = 0. Now, note that the pair (z¢,0) is
a zero of 0. On the other hand,

22(35, ) = DMy (z) + eDMy(z) + - -- + "' DM, (z) + O(¥),
so that
1)
%(1’0,0) = DMl(JIO)

Since, by hypothesis, det DM;(xy) # 0, it follows that det(dd/dz)(xq,0) # 0. Then, the
Implicit Function Theorem implies that there exists a smooth function z : (—e1,&1) > R”
such that z(0) = x¢ and d(x(g),e) = 0. However, any zero of ¢ is also a zero of A. This
proves that for € sufficiently small there is always a point z(¢) such that the pair (z(¢),€)
is a zero of the displacement function. Taking into account the previous discussion, we have
actually shown that any simple zero of the Melnikov function M; determines a T'—periodic

solution of equation (1.3).

In case some of the Melnikov functions M; are identically zero, one can look
at the first of these functions that is not so, say M,,1 < ¢ < k, and the same argument
above works using M, instead of M, except that the function § should have its definition

changed to

d(z,e) = = My(z) + eMpr(2) + - + "My (x) + O ).
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This methodology is called the higher order Melnikov analysis, because a higher order
Melnikov function is needed. Thus, wrapping it all up, simple zeroes of the first non-
identically zero Melnikov function gives rise to T'—periodic solution of the underlying

differential equation.

Another information we can get from this procedure is about the convergence of
solutions with respect to the parameter €. From what was shown in the previous discussion,
x(e) is the initial condition of a T'—periodic solution, denoted ¢(t,ty, x(¢), ), of equation
(1.5), where ¢(t,tg, z9,0) = ¢ is a constant solution. Thus, by smoothness of x with
respect to € and the continuous dependence of ¢ with repect to the initial condition and
parameters, it follows that ¢(-, to, z(€),e) — x¢ uniformly as ¢ — 0. Looking at the phase
space of equation (1.5), this statement means that the constant solution ¢(, t, xg,0) = xo
of equation (1.5) with ¢ = 0 persists for ¢ # 0 small and it starts at x(¢), for each different

E.

Although we have changed the way we look at the problem, if we look closely,
it has not been made easier, not only because finding zeroes of functions is also a hard
problem, but mostly because to know the displacement function A or, equivalently, the
Poincaré map m, and hence the Melnikov functions M, we would have to know the solution
o(t, to, o, €) explicitly, which is just as hard a problem as the one of determining periodic
solutions directly by solving the differential equation itself. Hence, in order to enable this
approach, more work is needed, namely, to find expressions for the Melnikov function in

terms of the coefficient functions Fj.
By [20, 23], if p(t, zo, €) is the solution of equation (1.3) satisfying (0, zg, €) =

xo, then we expand ¢ in Taylor series about € = 0 obtaining

yi(t7 :L’)
7!

k
o(t,r,e) =+ Z g’ + 0",
=1

where the coefficient functions y; are given by

n(t,x) = Lt Fi(s,z)ds

t i—1 J 1]
, il
yi(t,z) = L <z!E~(s, T) + Z Z ﬁﬁx Fi_i(8,2)Bjm (Y1 - s Yjmms1)(S, :B)) ds,

j=1m=1

for i € {2,...,k}. For each p, ¢ positive integers, B, , is the Bell polynomial

! p—atl /o N\ b
By g1, .. Tpgy1) = . (J> ’
X P4 ;Sbl!bZ!"'bqurl! ﬂ Jt

where S = {b = (b1,...,bp—g+1) : b1 +2bo+---+(p—q+1)bp_gy1 = p and by+- - -+by_y11 =

¢}. In addition, 0)'F;_;(s,z) denotes the derivative with respect to x calculated at x.
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From the above development, we note that

A(z,e) = p(T,x,6) —x = ZEZM + 0",

il
i 1!

which gives us that the Melnikov functions are precisely M;(x) = y,;(T,z) for every

i€ {l,...,k}. In particular, it follows that
T
My(z) = J Fi(s,2)ds

0
T

My(x) = Q!JO (Fy(s,z) + D Fi(s,x)yi(s,z)) ds.

As ¢ ranges through {1,...,k} the expressions for M; get more and more cumbersome.

1.3 The Averaging method

Another approach to study the qualitative behaviour of dynamical systems is
the averaging method. Consider a periodic differential equation in the form of equation
(1.3). The averaging method consists of performing a change of coordinates, called a

near-identity transformation, of the form
r=Uty )=y +eu'(t,y) +2u?(t,y) + -+ " (t,y), (1.6)
with U(0,y,e) = y, that takes the original equation into

Y =cn(y) +g2y) + -+ ehgu(y) + M (t y ), (1.7)

and then provides long-time asymptotic estimates for the solutions of equation (1.5) based

on the solutions of the truncated equation

v =ceqi(y) +0y) + -+ gly), (1.8)

see [29, Lemma 2.9.1 and Theorem 2.9.2]. That is to say, if ¢(t,e) is a solution of
equation (1.5) and ¥ (t, ) is a solution of equation (1.8) such that ¢(0,e) = (0, ¢), then
lp(t,e) —(t,e)| = O(e¥) for time O(1/e), i.e., for t € [0, L/e] for some positive constant

L. The functions g; in equation (1.7) are called the averaged functions.

In particular, when k = 1, equation (1.5) writes
7' =eFi(t,r) +*R(t, x,¢), (1.9)

then applying a corresponding near-identity transformation as in equation (1.6), we obtain

the full averaged system

y/ = 5gl(y> + €2T(t, y75)7 (110)
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with

gi(r) = 1 JOT Fi(s,z)ds.

By considering the rescaling of time give by 7 = €t and truncating the resulting equation,

equation (1.10) is taken into the so called guiding system

2 = q1(2).

Now, if zy is an equilibrium of the guiding system such that Dg;(zp) is non-singular,
then there exists a smooth function € — 2. defined for small € such that p(t, z.,€) is a
T—periodic solution of equation (1.9) (see [29, Theorem 6.3.2]). This fact suggests that
there exists some relation between the averaging and the Melnikov methods. And indeed

there is.

1.4 Relating the averaging and Melnikov methods

We noting that, unlike for the Melnikov functions, in general there is no explicit
formula to obtain the functions g; in equation (1.7) in terms of the F;, even though there
exists an algorithmic process to achieve that. However, in [24] the author shows that the

following relationship between the expressions of g; and the Melnikov functions M; hold

1

gi(r) = fMl(JJ)

gz(w) = ( 2 Z jl "9 J J Bj,m(gh e 7gjm+1)(57x)d5> )

0

where g;(t, x) are polynomials in ¢ defined recursively as

G1(t,z) = tgi ()

J 'L' T
Z ﬁdmgi—j(x) fo Bim(G1, - Jjmm+1) (s, 2)ds.
m=1"

i—1
7=1

The above expressions, although cumbersome, provide a clear relationship

between the methods of Melnikov and Averaging. In particular, if for some ¢ € {2,... k}
either My =---=M, 1 =00rg; =---=gp 1 =0, then M; = Tg; for everyie {1,...,¢(}.
Equivalently, this results says that gy = --- = g,—; = 0if, and only if, M} =--- = M, ; =0

and M, = Tg,. From this relation, the conclusion drawn before about the existence of
periodic solutions being related to existence of simple zeroes of the first non-vanishing
Melnikov function can be transposed to the averaged functions, that is, simple zeroes of
the first non-vanishing averaged function, say gy, provide periodic solutions of the original

differential equation, equation (1.5), [24].
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1.5 Less regular systems

The results discussed in the previous sections work very well as long as the right-
hand side of the equation is differentiable. However, if we lower the smoothness conditions
on F' (or the functions F;) we may find it hard to apply the same rationale. Observe that in
the above discussion, in order to guarantee the existence of periodic solutions of equation
(1.3), the Lipschitz property of the right-hand side, F, is of paramount importance for the
uniqueness of solutions, making it possible to define the Poincaré map and, consequently,
the displacement function. Note that if we did not have this property, then there would
be ambiguities in the choice of the solution used to define . Moreover, the smoothness
of F plays a crucial role by guaranteeing the differentiable dependence of the solutions
with respect to the parameters and initial conditions, otherwise it would not be possible

to extend the Poincaré function about € = 0.

Thus, one can pursue this direction of finding the minimal regularity conditions
under which it is possible to provide sufficient conditions for the existence of periodic

solutions.

There has been already some interest in applying the averaging procedure to

less regular systems. In [5] the authors consider the first order averaging for equation (1.9)
v’ =eF(t,x) + *R(t, x,¢),

removing, at first, the differentiability and assuming the locally Lipschitz property in the
x variable of F; and R and later they outline the proof for the non-Lipschitz case. In both
cases, the authors use the Brouwer degree to replace the condition det D fi(zg) # 0 present

in the classical averaging approach.
In [20] the authors develop an arbitrary order Melnikov analysis of equation
(1.5)

=l (tx)+ -+ "t x) + " TR(L, 2, ),

assuming that F is C*~, 5’;_iF,~ and R are locally Lipschitz continuous in the x variable
for each i € {1,...,k}, where 0.F is the i—th derivative of F with respect to x. In this

work, the authors provide explicit expressions for the Melnikov functions.
In [18] the authors consider a second order Melnikov analysis, providing the
corresponding Melnikov functions, for the differential equation

v’ =eFy(t,x) + 2 Fy(t,x) + 2 R(t, 1, ¢),

where each F, is defined by parts in S* x D and the boundary of each part is a piecewise
smooth hypersurface. In this case, the trajectories that intersect the boundaries are given

following the Filippov’s convention.
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It is important to note that in all of the above cases, uniqueness of solutions
is guaranteed, allowing for a Taylor-like expansion of the displacement function, so that
at the core, it is used a Melnikov analysis. In turn, the Brouwer degree is the main tool
used to guarantee the continuation of zeroes of the corresponding averaged or Melnikov

function.

1.6 The purpose of this work

From what we observed in the previous section, it is interesting to study
an averaging- or Melnikov-like analysis for differential equations under low regularity
conditions. The lack of Lipschitz continuity and differentiability suggests that the approach
presented in Section 1.2 and Section 1.3 might not be directly applicable to provide

existence results for this type of differential equation.

It can be seen that there are still some cases lacking a feasible approach to
study their periodic solutions. For example, as far as we know there is no result providing

sufficient conditions for the existence of periodic solution for equation (1.5)
' =l (tx)+ -+ FF(tx) + " TR(E, 2, ),

with arbitrary k when the functions F; are continuous non-Lipschitz or Carathéodory.

We point out that in both cases the property of uniqueness of solutions is
lost, so that the aforementioned approach of studying the displacement function of these
systems is not quite feasible. Thus, in order to work around that, we formulate an operator
equation defined in some Banach space whose solutions correspond to periodic solutions of
the underlying differential equation. This approach implies the introduction of techniques

that differ very much from those described in this chapter.

Thus the purpose of this work is to study the differential equations whose
right-hand sides are not smooth. Therefore we carry out an analysis similar to the Melnikov
method aiming at detecting periodic solutions of differential equations such as equation
(1.3) and equation (1.5) where the functions on the right-hand side are not Lipschitz. We
also study the case of Carathéodory right-hand sides, which generalizes the non-Lipschitz

case and where continuity may fail too.

This work is structured as follows. In Chapter 2 we provide a few known results
that will be used in this work for the sake of completeness. In Chapter 3, we address
differential equations with continuous right-hand sides. In Chapter 4, we treat the case of
Carathéodory right-hand sides. In Chapter 5 we study the convergence of the solutions with
respect to the parameter . Finally, in Chapter 6 we apply our results to concrete examples

of differential equations demonstrating the applicability of the theorems obtained.
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2 Preliminaries

In this chapter, we present the already established results on functional anal-
ysis, measure theory, ordinary differential equations and related subjects that are used
throughout this thesis. We make clear that the extensive explanation of such topics is not
the main goal of this work, so that we do not spend too much energy proving the results

that appear in this chapter, we rather refer the reader to the suitable references.

2.1 Relevant topics on functional analysis

In the sequel we present the main facts and theorems used in this work. We
assume some basic knowledge of metric spaces and do not define all the concepts that

show up.

2.1.1 Arzelad-Ascoli Theorem

The Arzela-Ascoli Theorem is classical one when it comes to proving that
a certain subset in a metric space has compact closure or, equivalently, that a certain
sequence has a convergent subsequence. In particular, we shall use this theorem in the
context of function spaces. This type of result will play a part when we discuss compact

operators. For more details and a proof of this theorem, see [17, Chapter 8|.
We start by making some definitions. Let (X, d) be a compact metric space

and F a family of functions ¢ : X — R".

Definition 2.1. We say that F is an equicontinuous family if for each x € X,e > 0, there
exists 6 > 0, such that for every y € X, with d(x,y) < d, we have |p(x) — ¢(y)| < €, for
each p € F.

Note that in this definition, § depends only on x and e, not on the particular

element of the family F.

Definition 2.2. F is said to be a pointwise bounded family if for each x € X, there exists

a positive constant M such that |p(x)| < M, for every p € F.

In the above definition, when the constant M does not depend on x, it is usual

to call F a uniformly bounded family.

We can now state the Arzeld-Ascoli Theorem.
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Theorem 2.1 ([17, Proposigao 16]). Let (X,d) be a compact metric space. Let F be a
family of equicontinuous functions p : X — R". If F s pointwise bounded, then every

sequence {pn} of elements of F has a uniformly convergent subsequence {p,, } in X.

It is important to remark that the conclusion of the Arzeld-Ascoli Theorem is
equivalent to saying that the family F has compact closure or, in other words, is relatively
compact ([15]). We make this remark because both understandings of the Arzela-Ascoli

Theorem will be used in the text.

2.1.2 Normed spaces and operators

For this section, except otherwise mentioned, let X and Z be real normed

spaces.

Definition 2.3 ([16, Chapter 2]). The codimension of a vector subspace Y < X is defined
as Codim Y = dim X /Y.

Definition 2.4 ([12, Chapter 3|). If L: X — Z is a linear operator, the space Z/Im L is
called the cokernel of L and is denoted by Coker L.

Notice, in particular, that since the cokernel of a linear operator is given by a

quotient, then there exists a canonical projection Il : Z — Coker L given by
(z) =[z2] =2+1Im L, z€Z.

Moreover, II is continuous. For this work, this is all the understanding one should have
about quotient spaces. For the reader interested in more information on quotient spaces,

we refer the reader to [22].

Proposition 2.1 ([8, Chapter 2, Proposition 7.10]). Let X and Z be Banach spaces
and L : X — Z a continuous linear operator. Then, Im L is a closed subspace of Z if
Codim Im L < co.

Recall the definition of a bounded operator, even when this operator is not

necessarily linear.

Definition 2.5. Let Q < X be any subset of X. An operator N : Q — Z (not necessarily
linear) between Banach spaces is said to be bounded if it maps bounded sets into bounded
sets, i.e., N(A) is bounded for every A < Q bounded.

The following definition sets apart an important class of operators which play

a major role in the future developments on this thesis.
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Definition 2.6 ([8, Chapter 8]). An operator ' : Q — Z is said to be completely continuous
if it is continuous and such that for each bounded set B < (), the set F(B) is relatively

compact.

The next Theorem tells us that the composition of a completely continuous

map with a continuous one is still completely continuous.

Theorem 2.2 ([8]). Let X,Y,Z be Banach spaces, Q < X any subset of X, K:Q —>Y a
completely continuous operator and F :' Y — Z any continuous map. Then, FoK : Q) — Z

is a completely continuous.

2.1.3 Fredholm operators

In this subsection, we give a definition for Fredholm operators of index zero

and discuss some facts associated to them.

Here we introduce a key notion for our exposition.

Definition 2.7 (Fredholm Operator, [8]). Let X and Z be real Banach spaces. We say
that L : dom L ¢ X — Z is a Fredholm operator if Im L is closed subspace of Z and
dim Ker L and dim Coker L are finite.

Associated to every Fredholm operator there is the concept of index which we

define below.

Definition 2.8 (Index of a Fredholm Operator, [8]). We define the Fredholm index of L
as Ind L = dim Ker L — dim Coker L.

In this work, we are going to work only with Fredholm operators of index
zero, that is, dim Ker L = dim Coker L. It is known from linear algebra that one can
always complement a space using the quotient space, see [14]. In particular, Z = Im L &
(Z/Im L) = Im L@ Coker L. In the case of a Fredholm operator of index zero, Ker L is
isomorphic to Coker L, so that Z ~ Im L@ Ker L. Thus, there exist continuous projectors
P:X — X and Q : Z — Z such that the sequence

X LsdomL —tsz-%,7 (2.1)

is exact, which means that Im P = Ker L and Im L = Ker (). Notice that, in particular,
Ker P n Ker L = {0}, because if x € Ker P n Ker L, then since Im P = Ker L,x = Py,
for some y € X, and since P is a projector and z € Ker P, 0 = Pz = P?y = Py = x.
Furthermore, X = Ker P@Ker L and Z =Im L@ Im Q. Since Ker P n Ker L = {0}, it
follows that Liker p is invertible. Define Kp = L‘_Kler pand Kpg = Kp(Id — @). This last

operator can be thought of as a generalized inverse of L. Indeed, since L is not necessarily
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invertible, Kp is only defined on the proper subset Im L of Z, so that the points of Z
lying outside of Im L are then projected onto Im L = Ker ) through Id — Q.

We finish this section with another key definition.

Definition 2.9 (L—Compact Operator, [12]). We say that the operator N: Q — Z
is L—Compact in Q if IIN: Q — Coker L is a continuous and bounded operator and

KpoN: Q — X is completely continuous.

Assume that L is the identity map L =1d : X > X and N: Qc X - X
is L—compact. First, notice that Ker L = {0} and Coker L = X/Im L = {0}, showing
that the identity map is a Fredholm operator of index zero. In this case, the canonical
projection, II : Z — Coker L, takes every element of Z to 0, so that II = 0, the projection
P : X — X must have the image equal to the kernel of L, which yields P = 0, and
the kernel of Q) : Z — Z must equal the image of L, thus ) = 0. Hence, IIN = 0 and
Kpg = (L‘Ker P)fl (Id — @) = Id. Hence, L—compactness of N when L = Id reduces to
N being completely continuous (Definition 2.6). Therefore, the concept of L—compactness

generalizes that of complete continuity.

The pair (L, N) where L is a linear Fredholm operator of index zero and N is
L—compact is a fundamental piece in the development of the main contributions of this
work and the role they play will become clear in Section 2.5 and even clearer in Chapter 3
and Chapter 4.

2.2 Essentials of measure theory

In this section, we enlist some definitions and results that will be used in
Chapter 4 where the Carathéodory equations will be studied. The results present in this

section can be found in the classical references on measure theory, for example [2, 10, 28].

Unless otherwise mentioned, in this section (X, ) denotes a measure space

and Y a topological space.

We start by the basic concept of a measurable function.

Definition 2.10 ([28]). A function f : X — Y is said to be measurable if f~(W) is a

measurable set of X for every open set W Y.

The next proposition gives us a criterium to decide whether a given function is

measurable or not.
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Proposition 2.2 ([2, Chapter 5]). If f : X — R" is measurable, g : X — R is integrable
and | f| < |g|, then f integrable and

[ 114 < [1glae

The next theorem is the celebrated Lebesgue dominated convergence Theorem,
which roughly speaking, gives us conditions under which the integral and limits signs can

be interchanged.

Theorem 2.3 (Dominated Convergence Theorem). Let (fi,)men be a sequence of integrable
functions f,, : X — R which converges almost everywhere to a real-valued measurable
function f: X — R. If there exists an integrable function g such that | f,(z)| < |g(z)| for

almost every x € X and all m € N, then f is integrable and
ffd,u = limjfmdu.

We remark that if for each m € N, f,,, is an integrable function from the measure

space X into R", then f,, = (fm1,.-., fin), Where each f,,; : X — R is an integrable

function. Then, for each j € {1,...,n} we have a sequence ( f,,;)men of real-valued functions.
Assuming that lim f,,,; = F; almost everywhere in z € X for each j € {1,...,n} asm — .
If, in addition, for each j € {1,...,n} there exists an integrable real-valued function

gj + X — R such that |f,,;(z)| < g;(x) for almost every z € X and every m € N, then
Theorem 2.3 can be applied to each sequence (fy,j)men With g; and f = (Fy,..., Fy).

Hence the following is true:

Theorem 2.4. Let (f)men be a sequence of integrable functions f,, : X — R™ which
converges almost everywhere to a measurable function f : X — R". If there exists an
integrable function g such that | f.(x)| < |g(z)| for almost every x € X and all m € N,

then f is integrable and

f fdp = lim f Fndy.

2.3 Some results on ordinary differential equations

Besides the well-known classical definitions of ordinary differential equations
and their solutions, in this subsection we comment on an extended notion of ordinary
differential equations and their solutions as well as provide existence and uniqueness results
for these extended differential equations. We point out that this other notion of differential

equation will be important when dealing with more general equations.

First, for completeness, let us recall the usual notion of solution of an ordinary

differential equation and the classical existence and uniqueness theorem.
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Consider the differential equation
= f(t,x,e), (t,x,e) € I x D x (—gp,60) € R x R" x R. (2.2)
Then, by adjoining the initial condition
x(tg) = o for some toel and xzo€ D (2.3)

to equation (2.2), we obtain what is called an initial value problem. A solution for the
initial value problem (2.2)-(2.3) is a C* function ¢ : Iy = I — R™ defined on an interval

Iy containing ¢y such that

1. gp(to) = X,

2. (t,¢(t)) € I x D for every t € Iy; and

3. ¢'(t) = f(t,o(t),e) for every t € I,.

It follows directly from the definition above that ¢ is a solution of equation

(2.2) if, and only if, it also satisfies the integral equation
t
o(t) =z + J f(s,0(s),€))ds, for every t e I.
to

Having that, we state the celebrated Picard-Lindelo6f Theorem:

Theorem 2.5 (Picard-Lindelof Theorem, [13]). Consider the initial value problem (2.2)-
(2.3). If f is a continuous function and locally Lipschitz in the second variable, then there

exists a unique solution ¢ for (2.2)-(2.3) for each tuple (to, zo,€) € I x D x (—¢&q,&p).

In many applications, the above setting is adequate because the function f
is smooth, thus, having continuous derivatives in both ¢,z and e, so that f meets the
hypotheses of Theorem 2.5. However, there are applications where the right-hand side
of equation (2.2) is either not Lipschitz in x (as for instance in [11]) or continuous in ¢
(see [3, Theorem 5.1.1]), or neither (see [25]). When the right-hand side of the differential
equation (2.2) is continuous but lacks the Lipschitz property, we know that solutions exist,

even though it is not guaranteed that they are unique.

The case where the differential equation (2.2) is not continuous may appear in
many different fashions. In this work, we consider the case where f(t,z,¢) is continuous
in the (x,¢) variables for most of the values of ¢ and may have some discontinuities in
the variable t for fixed (z,e). We shall elaborate on this in the sequel. An interesting fact,
however, is that it is still possible to guarantee existence of solutions and even uniqueness,

in some cases.
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A central concept in this discussion is that of a Carathéodory function. These
functions play a major role in this work, since Chapter 4 is entirely devoted to the study
of the differential equations whose right-hand sides are Carathéodory functions. As we
will see, this type of function may have discontinuities, but in some sense, not too many
of them.

Definition 2.11 ([7]). Let I < R be any open interval, D < R"™ an open subset of R" and
go > 0. We say that a function f: I x D x (—eg,e9) = R" is a Carathéodory function if

the following conditions are satisfied:

C.1 (z,e) € D x (—¢ep,e0) — f(t,x,€) is continuous for almost every t € I;
C.2 tel— f(t,x,e) is measurable for every (xz,e) € D x (—eg,€0);

C.3 for each r > 0, there exists a positive integrable function g, : I — R such that for
almost every t € I,|f(t,z,e)| < g-(t) whenever |(x,e)| < r.

The following result will allow us to decide whether some functions are

Carathéodory.

Proposition 2.3. Let F': I x D x (—ep,e0) € R x R" x R - R be such that
F(t,2,¢) = pt)h(z,),

where p : I — R is a measurable function and h : D x (—&g,&9) — R is continuous. If

there exists a positive integrable function g : I — R such that

for every t € I, then, F' is a Carathéodory function.

Proof. We will check that F satisfies the conditions C.1-C.3. For each t € T fixed, F(t,-, ")
is a constant times h, thus it is continuous. So, C.1 holds. For each (z,¢) € D x (—e&q, &)
fixed, F'(-,z,¢) is a constant times p, thus it is measurable. Hence, C.2 holds. Given r > 0,

define g, : I — R by setting

gr(t) = g(t) sup{|h(z,€)| : (x,) € B(0,r) n D}.
Then, g, is a positive integrable function and
|F(t,2,€)] = [p()h(z,e)| < g: (D),

for every (z,e) € D x (—¢p,€0) such that |(z,e)| < r and every t € I. Thus, C.3 holds. It
follows that F' is a Carathéodory function. [
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Example 2.1. Consider the function F : |0,27] x (0,4+00) — R given by
F(0,r) = sinfsgn(sin 0)v/r2 — 1.

Notice that this function can be written as F(0,r) = p(0)h(r), where p(0) = sin 6 sgn(sin )
and h(r) = v/r2—1. We have that p is an integrable and bounded function and h is
continuous. Thus, taking g = |p|, by Proposition 2.3 it follows that F is a Carathéodory

function.

Example 2.2. Consider F' : [0,27] x (0, +00) — R given by

Fi0.1) - sostsin)en (7 ) mas o (- 1) (- D).

This function can also be written as F(0,r) = p(8)h(r), with p(f) = sin @ sgn(sin 0) and
1 9

h(r) = sgn (7"2 — 1) max {O, (7"2 — 4) (7"2 — 4) } . The function p is the same used in

the previous example and it is integrable and bounded. On the other hand, h can be proved

to be continuous for r > 0. Indeed, the only issue we might have is at r = 1. Notice that
h(1) =0, since sgn(0) = 0. Taking r € [3/4,5/4] < (1/2,3/2), we see that h(r) = 0, which
shows that h is continuous on [3/4,5/4] and, in particular, at r = 1. By Proposition 2.3,
it follows that F' is a Carathéodory function.

For the sake of completeness, we recall the definition of an absolutely continuous

function.

Definition 2.12 ([10, Chapter 3]). A function ¢ : I — R" is said to be an absolutely
continuous function if for every e > 0 there exists 6 > 0 such that for any finite collection

of closed disjoint intervals {[a;,b;] : a; < b;};j=1,. m contained in I,

-----

implies

A useful characterization of absolute continuity is the following theorem:

Theorem 2.6 ([10, Chapter 3]). A function ¢ : [a,b] — R" is absolutely continuous if,
and only if, for every t € [a,b]

o) = pla) + f f(s)ds

for some integrable function f :|a,b] — R".
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From the above theorem, it is straightforward that an absolutely continuous

function has derivatives for almost every point in its domain.

In the sequel, we extend our notion of solution for differential equations.

Definition 2.13 ([7, Chapter 2]). A function ¢ : Iy € I — R" is a solution of (2.2) in

the extended sense if it is an absolutely continuous function satisfying

1. (t,p(t)) € Iy x D for every t € Iy; and

2. o'(t) = f(t,(t),e) for almost every t € I,.

Note that just like before, the second condition in the above definition is

equivalent to

t
o(t) = p(to) + f f(s,0(s),e)ds, for every t e Iy.
to

Let A =[tg—7,to + 7] x B(xo,§) x [—€1, 1], where tg € Iy, 7 > 0, > 0 and
0 < &1 < g such that A < I x D x (—¢&g,e0). The following theorem assures the existence

of solutions in the extended sense (Definition 2.13) for equation (2.2) in A.

Theorem 2.7 ([7, Chapter 2|). Let f be defined in A and assume that it satisfies the
Carathéodory conditions C.1-C.3. Then there exists a solution ¢ of the initial value problem
(2.2)—(2.3) in the extended sense defined on some interval [to — 3, to + 5], with 0 < 5 < 7.

Henceforth, we drop the term “in the extended sense”, since it shall always be

clear what type of solution we will be talking about in each context.

An important fact to establish about the solutions of Carathéodory differential

equations is that they can be continued to maximal solutions in their domain of definition.

Theorem 2.8 ([9, Chapter 1]). Let V < R" be a bounded open set such that V < D and
xg € V. If f satisfies the Carathéodory condition, then any solution of initial value problem
(2.2)-(2.3) can be continued on both sides up to the boundary of V.

Although Carathéodory differential equations are a lot less regular than con-
tinuous ones, it is still possible to provide uniqueness results, so that one could try and
follow the approach of studying the Poincaré map. One way to do that is requiring some

sort of Lipschitz condition as shown in the following theorem.

Theorem 2.9 ([9, Chapter 1]). Assume that there exists an integrable functionl: 1 — R
such that for each (t,x,e) and (t,y,e) in I x D x (—¢&q,eq) the following relation holds

[f(tz,8) = f(ty,0) < LBz —yl.
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Then there exists at most one solution of the initial value problem (2.2)-(2.3) in I x D x

(—€0,€0)-

However, we are not that interested in having uniqueness of solutions, since we
are able to provide a framework where this property is no longer necessary. In Chapter 4
we shall discuss in more detail the intricacies involved in dealing with Carathéodory

differential equations.

2.4 Brouwer degree

In this section we present one of the central tools used to establish the results

in this thesis.

As previously discussed in the Introduction, the study of periodic solutions
of differential equations through zeroes of the Poincaré map works just fine when the
right-hand side, and consequently the Poincaré map, of the differential equation is smooth,
since the device used is the Implicit Function Theorem. However, if smoothness of the

Poincaré map cannot be assured, the analysis could be compromised.

This is the point where the Brouwer degree comes into play. Roughly speaking,
the Brouwer degree indicates whether there is a zero of a function in a certain domain or
not. Thus, in practice, using the Brouwer degree, one can arrive at the same conclusions

as those discussed in the Introduction without the use of the Implicit Function Theorem.

Consider the equation

f(z) =y, z€V, (2.4)

where f: V < R" — R™ is a continuous function defined on the closure of the open and

bounded subset V' of R™ and gy, € R™ is an arbitrary constant vector.

The Brouwer degree is a function, denoted dg, that assigns to every admissible
triple (f,V,yo) (Definition 2.14) an integer, dg(f,V, o), which gives information about

the existence of solutions of equation (2.4).

Definition 2.14. Consider a function f: X — Y, an open bounded subset V' of X such
that V. X, and a point yo € Y. The triple (f,V,yo) is said to be admissible if f is
continuous and yo ¢ f(OV).

The Brouwer degree is defined as the only integer-valued function satisfying

the properties in the following theorem (see [4, 8]).

Theorem 2.10 ([8, Chapter 1]). Let X = R" =Y for some positive integer n, f : V <

X — Y a continuous function on'V, where V is a bounded open subset of X and yop €Y
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such that (f,V,yo) is admissible. For each triple (f,V,yo) there corresponds an integer
dg(f,V,yo) satisfying the following conditions:

B.1 If dg(f,V,yo) # 0, then yo € f(V). Furthermore, if fo : X — Y is the identity
function of X onto Y, then for any bounded open subset V< X we have

dg(forv,Viyo) = 1.

B.2 (Additivity) If Vi, Vo < V are disjoint open subsets of V' such that yo ¢ f(V\(V1UV3)),
then
dB(f: Va yO) = dB(f\Vla Vvla yO) + dB(f|V27 ‘/27 yO)

B.3 (Invariance under Homotopy) Consider a homotopy {f; : V — Y|t € [0,1]}. Let
{ys € Y|t €10,1]} be a continuous curve in'Y such that y, ¢ f:(0V), Yt € [0,1]. Then
dp(fi,V,y) is constant in t.

Observe that B.1 is the raison d’étre of the Brouwer degree. It tells us, in
particular, that when dg(f, V,yo) # 0 there exists at least one solution of equation (2.4)
in V.

On the other hand, B.2 and B.3 are more computational properties. The former
stating that the calculation of the Brouwer degree can be broken into smaller domains,
whereas the latter says that as long as you can continuously deform one function into
another in a way that zeroes do not escape nor enter through the boundary of V' the

Brouwer degree remains constant.

Example 2.3. As an example, consider a differentiable function f : D < R" — R" defined
on the open and bounded set D. If we assume that det f'(z) # 0, for every x € f~(yo),

then the Brouwer degree for this class of functions is given by

ds(f,D,y0) = >, sgndet f'(x).
zef 1 (yo)
Note that if [ is invertible, there exists only one solution for f(x) = yo, given by
zo = f o) and dp(f, D,y) = +1, depending on whether f'(x) preserves or reverses

orientation.

Although the Brouwer degree can be calculated for any smooth function as
shown above, its usefulness comes from the fact that the function does not need to be
differentiable, only continuous. The next examples illustrate this possibility through the

use of the property of invariance under homotopies.

Before we go through the examples, we provide a technical result that will aid
us in analysing them. For real functions defined on intervals, we can explicitly calculate

the Brouwer degree according to the next lemma.
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Lemma 2.1. Let a,b be real numbers such that a < b and f : [a,b] — R be a continuous

function. If f(a)f(b) <0, then dg(f,|[a,b],0) = sgn(f(b) — f(a)).

Proof. Indeed, let g : [a,b] — R be the function whose graph is the straight line connecting
the points (a, f(a)) and (b, f(D)), i.e.,

Notice that g(a) = f(a),g(b) = f(b) and since g is a smooth function, by Example 2.3 we
get

(010, 81,0) = sn(g %) = sn (L0 =LY~ senr0) - s

where z* is the unique zero of g in the interval [a, b], which exists since f(a)f(b) < 0.
Define the homotopy H : |a,b] x [0,1] — R by setting

H(z,t) = (1—1t)f(z) + tg(x).

First of all, H is clearly a continuous function. Moreover, H(x,0) = f(x), H(x,1) = g(x) for
every x € [a,b], H(a,t) = f(a) and H(b,t) = f(b) for every t € [0, 1], so that H(x,t) # 0
for every x € d[a,b] = {a,b} and every t € [0, 1]. Hence by property B.3 of invariance
under homotopies, it follows that dg(H (-, t), [a,b],0) is constant in ¢. Thus,

dB(fv [a’ b],O) = dB(H('vo)v [a’ b],O) = dB(H('v 1)7 [a’ b],O) = dB(ga [a>b]70)
= sgn(f(b) — f(a)),

as desired. O

As an application of this lemma, we work out explicitly the Brouwer degree of

some functions.
Example 2.4. Let f :[0,2] = R be defined by

N
Observe that f is not differentiable at r* = 1, which is a zero of f, see Figure 1. Therefore,
we cannot apply the formula in Example 2.3 to calculate its Brouwer degree. On the other
hand, since f(r) >0 for 0 <r <1 and f(r) <0 forr > 1, it follows from Lemma 2.1

that for any subinterval [r1,ro] < [0,2] such that 0 <r; <1 <1y < 2,

dg(f, [r1,m2],0) = sgn(f(r2) — f(r1)) = —1.
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f(r)

0.2+
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-0.2+

ry/r? —1

Figure 1 — The graph of f(r) = 2

As we mentioned in Chapter 1, the Brouwer degree arises as a natural tool to
replace the hypothesis on the derivative of the Melnikov function which allows one to apply
the Implicit Function Theorem. The condition of some x( being a simple zero of, say, My,
that is, My(zo) = 0 and det DM,(zo) # 0 in particular guarantees that x, is an isolated
zero of M,. So, even when M, is a smooth function, the Implicit Function Theorem cannot

be directly applied if its zeroes are not isolated. The Brouwer degree also covers this case.

The next example illustrates the case where the set f~'(0) is a continuum.

Example 2.5. Consider the function f:[0,2] - R

1= Zean iy o (- ) (- 9)),

whose graph is shown in Figure 2. From Lemma 2.1 follows that for any interval |ry, 73] <
[0,2] such that 0 <7y < 1/2 and 3/2 < ry < 2,

A (f. [, 72],0) = sen(/(2) — (0) = ~1.

A handy property of the Brouwer degree is presented in the following proposition.
It tells us that the calculation of the Brouwer degree may be carried out in a smaller
domain provided there is no solution for the equation f(z) = yo outside this domain. It is
actually a direct consequence of B.2 by taking V5, = ¢J and declaring that the Brouwer

degree over the empty set is zero, which is a fairly reasonable convention.

Proposition 2.4 (Excision Property, [8, Chapter 1]). Let f : V — Y be as in the above
theorem. If Vi < V is open and yo ¢ f(V\V1), then

da(f,V.y0) = ds(fivi, Vi, v0)-



Chapter 2. Preliminaries 35

fk
0.4

0.5 1 1)

-04+

2 1
Figure 2 — The graph of f(r) = —=sgn (1 — r*) max {0, (7’2 — 4) (7’2 _ Z) } _
m

The Brouwer degree also possesses the property of being constant in a neigh-

bourhood of the function.

Proposition 2.5 (Local constancy, [8, Theorem 3.1 (d5)]). dg(g,V,v0) = ds(f,V,vo)
for every continuous function g : V. — R" such that |g — f| = sup|f(z) — g(z)| <

eV
dist (o, f(0V)).

The next proposition is another invariance result of the Brouwer degree, which
says that for a family of functions depending on a small parameter, the Brouwer degree

does not vary.

Proposition 2.6 ([6]). Let V' be an open bounded subset of R™. Consider the continuous

functions f; : V - R" i=0,1,---  k, and f,g,7:V x [0,&0] — R" given by
9(,8) = fol2) +efi(2) + -+ + e fil2) and f(2,2) = g(z,€) + M r(z, ).

Let V. ¢ V, R = max{|r(z,¢)| : (z,€) € V x [0,&0]} and assume that |g(z,€)| > R|e[F*!
for all z € V. and € € (0,e0]. Then, for each ¢ € (0,g9] we have dg (f(-,¢),V.,0) =
dB (g(a 5)7 ‘/6’ 0) .

2.5 Continuation theorem

In this section we introduce a key result. As we shall see in the next chapters,
the study of the periodic solutions of differential equations will be undertaken by means
of the analysis of associated operator equations in some suitable Banach space. Then it is

essential to build some knowledge on the theory of operator equations in Banach spaces.

Let X and Z be real Banach spaces, L be a continuous linear Fredholm operator

of index zero and N be continuous L—compact operator defined on Q x [0, 1], where € is
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an open and bounded subset of X. Then, the next theorem gives us sufficient conditions

for the existence of solutions of the operator equation
Lx = AN(z,\), z €. (2.5)

Theorem 2.11 ([12, Chapter 4]). Suppose L : dom L ¢ X — Z is a linear Fredholm
operator of index zero, and that N : Q x [0,1] € X x R — Z is L—compact on Q. If
Q : Z — Z is a continuous projector such that Im L = Ker Q,J : Im @Q — Ker L is an

isomorphism and

A.1 Lz # AN(x,\), for every x € (dom L n 0Q) x (0,1);

A.2 QN(z,0) #0, for each x € Ker L n 0f2.

Moreover, if
dp(JQN(-,0)|ker Lran; Ker L n0Q,0) # 0,
then equation (2.5) with X € [0,1)
Lr = AN(x,)), z¢€Q,
has at least one solution on €2 and
Lr = N(x,1), z¢€Q,

has at least one solution on €.

Although in this work, we shall not discuss all the intricate details of the proof
of such theorem, it is worth mentioning a few facts about it. The proof of this theorem
relies on the theory of the coincidence degree (see Theorem 2.13 below) developed by
J. Mawhin in [21] (see also [12] for a systematic development of the theory and further

properties and consequences).

2.5.1 Some comments on degree theory in infinite dimensions

In this subsection, we discuss some topics about the inner workings of Theo-
rem 2.11, although we do not prove it. It is intended for the reader to have a better grasp

of the techniques used in this work.

The coincidence degree is indeed a degree function since it satisfies properties
that are very similar to B.1-B.3 of the Brouwer degree. Its definition involves the notion
of Leray-Schauder degree, which is a generalization of the Brouwer degree for compact
perturbations of the identity defined on infinite dimensional vector spaces. Indeed, we

have the following theorem
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Theorem 2.12 ([8, Theorem 8.1]). Let X be a real Banach space and
T ={(Id— M,Q,y) : Q< X open bounded, M compact on Q and y ¢ (Id — M)(09)}.

Then there exists exactly one function dps : T — Z, the Leray-Schauder degree, satisfying

LS.1 If dps(Id — M,Q,y) # 0, then y € (Id — M)(R2). Moreover, dps(1d,Q,y) = 1 for
every y € €;

LS.2 dps(Id — M,Q,y) = dps(Id — M, Qq,y) + dps(Id — M, Qs, y), whenever Qq and
are disjoint open subsets of Q such that y ¢ (Id — M)(Q\( U Q2));

LS.3 dps(Id — H(t,-),Q,y(t)) is independent of t € [0,1] whenever H : [0,1] x Q — X is
compact on [0,1] x Q, y : [0,1] = X is continuous and y(t) ¢ (Id — H(t,-))(09) on
[0, 1].

The integer dps(Id — M, Q,y) is given by dg((Id — Mi)ja,, 1, y), where My : Q@ — X is
any compact map such that M, (ﬁ) c Xy with Xy any subspace of X such that dim X; <
0,y € Xq,sup [Myx — Mx| < dist (y,(Id — M)(02)) and Q; = Q n X.

el

Notice that the Leray-Schauder degree is obtained by approximating the original
operator M by an operator M; whose image lies in a finite dimensional subspace of X
and calculating the Brouwer degree of this approximating operator. The main property of
this degree is L.S.1, which asserts that whenever d;s(Id — M, y) # 0, there exists x € Q
such that (Id — M)z = y. Notice, in particular, that if y = 0, then dps(Id — M,Q,0) # 0
implies that x = Mz, so that x is a fixed point of M.

Now, consider the operator equation
Lx = Nz, z€(, (2.6)

where L :dom L € X — Z and N : Q € X — Z are a linear Fredholm operator of
index zero and an L—compact operator, respectively, with X a Banach space, dom L
a subspace of X and €2 an open and bounded subset of X. Using the same notation as
in Subsection 2.1.3, in [12, Chapter 3] it is shown that the set of solutions of equation
(2.6) is equal to the set of fixed points of the operator M = P + (AIl + Kpg)N, where
A : Coker L — Ker L is an isomorphism. Moreover, being L a linear Fredholm operator
of index zero, N an L—compact operator and if 0 ¢ (L — N)(0S2), then M is compact
and the coincidence degree of the pair (L, N) with respect to €2, denoted d((L, N), (), is
defined by

d((L,N),Q) = dps(1d — M,Q,0).

Thus, by using the properties of the Leray-Schauder degree we have the following theorem.
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Theorem 2.13 ([12, Chapter 3]). Let L : dom L < X — Z be a linear Fredholm operator
of index 0 and N : Q < X — Z be an L—compact operator in 2, where ) is an open and

bounded subset of X and 0 ¢ (L — N)(02). Then

CD.1 Ifd((L,N),Q) # 0, then there exists x € dom L n Q such that Lx = Nz.

CD.2 d((L,N),Q) =d((L,N),) + d((L, N), Q). whenever Q; and Qy are disjoint open
subsets of Q) such that 0 ¢ (L — N)(Q\(; U Q).

CD.3 d((L,N(-,))),Q) is independent of X\ € [0,1] whenever N : Q x [0,1] — Z is
continuous and L—compact on Q x [0,1] and 0 ¢ (L — N(-,X))(69), VX € [0,1].

The main property of this degree is CD.1 which asserts that if d((L, N),Q) # 0,

then there is at least one solution of equation (2.5) in €, as in LS.1 and B.1.

Continuation theorems like Theorem 2.11 are usually proved using an L—com-
pact homotopy H (A, z) where A € [0, 1]. Generally, for A = 0, H(0, z) is simple and one
can prove that d((L, H(0,-)),Q?) = dg(JQN(-,0)|ker Lo, Ker LN, 0) # 0, then by CD.3,
it follows that d((L, N(\,-)), ) is constant in A which in turn guarantees the existence of

solution for the desired equation.

2.5.2 The boundary condition

Our aim in this subsection is to bring some familiarity with this condition. We
shall carry out a more detailed discussion thereon in the next chapter where, in fact, we
provide an equivalent formulation for it in the particular context we are mostly interested

in. So here we make a few general comments.

We start by pointing out that the condition 0 ¢ (L — N)(09) is indispensable
in this framework. In words, it signifies that there is no solution of the operator equation
(2.5) that lies in the boundary of 2. Comparing this condition with A.1 in Theorem 2.11,
we see that it is the same condition except that in A.1, Ker L is excluded, but this is
a technical detail that should not obscure our analysis. As a matter of fact, this case is
treated in A.2. This hypothesis is very important to guarantee that the coincidence degree
d((L,N),2) exists in the first place. Accordingly, it becomes important in this work in

order to be able to apply the previous theorem.

It should be reinforced that requiring this condition in this context is just as
natural as requiring that yo ¢ f(0V) when defining the Brouwer degree, Theorem 2.10.
What we should keep in mind, however, is that in the context of infinite dimensional

function spaces, the consequences of a condition like this can sometimes be surprising.
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3 Averaging Theory for Periodic Solutions in

Continuous Differential Systems

Periodic solutions in ordinary differential equations hold a central place in
the understanding of dynamical systems, offering valuable insights into their behaviour.
The Averaging method, a well-established tool, has played a crucial role in analysing
differential equations with smooth right-hand sides. However, many real-world systems
exhibit non-Lipschitz non-linearities, challenging the conventional applicability of the

Averaging method.

Considerable progress has been achieved in extending the Averaging method
to address Lipschitz differential equations and, notably, Piecewise Lipschitz differential
equations. These developments have significantly augmented our comprehension of periodic
solutions within specific system classes and order of perturbation, such as first order
Lipschitz systems [5], arbitrary order in both Lipschitz systems [20] and piecewise Lipschitz
systems [18]. However, a critical void persists in the examination of continuous non-Lipschitz
differential perturbations of any order. The present chapter takes on the challenge of
elucidating this hitherto unexplored territory, focusing on scenarios where the right-hand
sides lack Lipschitz continuity. By applying the degree theory for operator equations on
suitable function spaces, our objective is to contribute a pivotal segment to the evolving
framework of Averaging theory, expanding its applicability across a broader range of
differential equations, thereby augmenting the analytical toolkit for comprehending the

dynamics of diverse systems.

This chapter introduces an extension of the Averaging method to address the
challenges posed by differential equations with continuous but non-Lipschitz right-hand
sides. The absence of Lipschitz continuity introduces difficulties, particularly regarding the
uniqueness of solutions, necessitating novel analytical approaches. Our primary objectives
in this chapter are to carry on an analysis for a very general setting and, as a consequence,

derive new results for detecting periodic solutions that generalize those in [5, 20].

The theorems present in this chapter are published on [27].

3.1 Setting up

The starting point of our analysis is the general differential equation in the

standard form of the averaging method. Thus, consider the following equation

¥ =eF(t,x,e), (3.1)
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where F': [ x D x [0,69] € R x R" x R — R" is a continuous function T'—periodic in the

variable ¢, with D being an open subset of R" and ¢y > 0.

Building upon the insights gained from equation (3.1), we derive profound
results that extend beyond the general formulation. A notable case arises in the specific
form

v’ =ceF(t,z,e) = el (t,x) + - + " Fy(t,2) + "' R(t, 2,¢), (3.2)

where F; : R x D > R" forie {1,...,k},and R: R x D x [0,&9] = R" are continuous

functions T'—periodic in the variable t.

This equation represents a distinctive instance, where the terms Fi,..., F}
characterize the system’s behaviour, whereas the remainder term R encapsulates higher-
order effects. Crucially, equation (3.2) emerges as a particular but highly significant case
within the broader framework of equation (3.1). Despite its specificity, equation (3.2) often
proves more amenable to analytical treatment, making it a key focal point in various

practical applications.

3.2 Formulating the associated operator equation Lx = N(z,¢)

The approach adopted to demonstrate the existence of periodic solutions in
differential equations, where the assurance of solution uniqueness is not guaranteed, involves
a strategic transformation. We convert the original equation into an operator equation
and leverage the tools of functional analysis, more specifically degree theory for operator
equations, to employ effective methods for our analysis. This methodological shift enables
a comprehensive exploration of the existence of periodic solutions, providing valuable

insights into the dynamic behaviour of the system.

As discussed in Section 2.3, given the differential equation equation (3.1), a
continuously differentiable function z : I < R — R" is a solution for that equation if, and

only if, it satisfies the integral equation

t
z(t) = x(0) + f eF(s,z(s),e)ds, Vtel. (3.3)
0

In this work we denote by C[0, T'] the set of all continuous paths x : [0, 7] — R"
endowed with the sup —norm. We point out that C'[0, T'] with this norm is a real Banach

space. Now, we define two subspaces of C[0,T] which play a fundamental role in what
follows. Thus, let X and Z be given by

X ={zeC[0,T]:2(0) =x(T)}, Z={xeC[0,T]:x(0)=0}

and note that X and Z are also real Banach spaces. These will be our ambient spaces. We

must consider now an adequate subset of X for the solutions of the new problem we are
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about to define to lie in. Hence, for some open bounded subset V < R" satisfying V < D

we consider the set

Q={re X :z(t)eV,Vte[0,T]} (3.4)
Let us now define the operators L : X — Z and N : Q x [0,59] — Z by setting

t
Lz(t) = z(t) —x(0) and N(z,e)(t) = f eF(s,x(s),e)ds, VYtel0,T]. (3.5)
0
Now taking into account equation (3.3) and equation (3.5), a function z €
C[0,T] is a T—periodic solution of equation (3.1) if, and only if, it is a solution of the

operator equation

Lz = N(z,¢), z € Q. (3.6)

3.3 Some properties of L and N

Now that we have already established the equivalence between obtaining
periodic solutions of equation (3.1) and solving an operator equation, our efforts must go
in the direction of guaranteeing the existence of solutions for the latter type of equation.
In order to do that, we must verify that L and N meet some minimal requirements. The
whole point of this change of perspective is to be able to use Theorem 2.11 as a way
to ensure the existence of solutions for equation (3.6). For this we prove some essential

properties of L and NN in the sequel.

We begin by showing that €2 defined in (3.4) is an open and bounded subset of
X.

Proposition 3.1. Q is an open and bounded subset of X.

Proof. To show that  is open, we take an element x( € €2, then zo(t) € V, Vt € [0, 7.
For each t € [0,77], let §; > 0 be such that the open ball around zy(t) of radius d; is
completely inside of V. This is possible since V' is open. In this way, we get an open
covering {B(xo(t),0;): t € [0,T]} of {xo(t): t € [0,T]}, which is a compact set and
therefore, we can extract a finite subcovering {B(zo(t;),0r): ¢ = 1,...,m}. Now take
§ < min{dy, ..., 0} such that T = U B(@o(t),d) < V. Now consider the set ¥ of
all functions z: [0,7] — R" in X such that z(t) € 7. Clearly, ¥ < Q and the open

ball around z( of radius §, B(xg,0) = {z € X: sup |z(t) — xo(t)| < &}, is contained in
te[0,T]

V. This shows that €2 is open. On the other hand, since V' is a bounded subset of R",

there exists a constant M > 0, such that V < B(0, M). Given any element of 2, say x,

we have z(t) € V, Vt € [0,T] and hence ||z|| = sup |z(t)] < M, which shows that € is
te[0,7]

bounded. O
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Let us quickly verify that L is a well defined linear operator. For any x € X
we notice that Lx is just a translation of x, so that Lx is continuous and, in addition,
Lz(0) = 2(0) — 2(0) = 0 which implies that Lz € Z. Furthermore, given z;,xs € X and
any c € R,

L(xz1 + cx)(t) = (z1 + cx2)(t) — (21 + c22)(0) = (21(t) — 21(0)) + c(z2(t) — 22(0))
= L1 (t) + cLx(t),

for every t € [0, T, showing that L(zy + cxy) = Lxy 4+ cLaxo, thus L is linear. Moreover, L
is a bounded, therefore continuous, operator, since
||Lx]| = sup |Lx(t)| = sup |z(t) —z(0)] < sup ([z(t)] + [2(0)]) < 2[|=]].
te[0,T] te[0,T] te[0,T]

It takes a little more effort to prove that N is well defined and continuous since

it is not a linear operator. So we put these facts in a proposition.

Proposition 3.2. N is a well defined continuous operator.

Proof. Note that since F' is continuous, then N(x,¢) is a continuous function of ¢ and
that N(x,€)(0) = 0, for every (z,¢) € Q x [0,&0] so that N(z,¢) € Z. Now to see that it is
continuous, fix x € X and ¢ € [0, o], and consider a sequence {(Z, €m)}men contained in

X % [0,&0] converging to (z, ). For each m € N define the function A,, : [0,7] — R" by
Ay (t) = enF(t, xm(t),em) — eF(t, x(t), ).

Observe that A,,(t) — 0 for every ¢ € [0,T]. Since F is continuous on a compact set, it is

uniformly continuous and so is A,,. Thus, in particular,

t t
lim f A (s)]ds :f lim_ A, (s)]ds = 0, (3.7)
0 0 m—0o0

m—00

for every ¢ € [0, T]. Now,

IN (@, em) = Nz, €)|| = Sup, [N (@, em) () = N(z,2)(t)]

f emF (8, Tm(8),Em)ds — J eF(s,x(s),e)ds

0 0

= sup
te[0,T]

= sup
te[0,T]

t
< sup | [enP(s,(5),20) (s, (). 2)| ds
te[0,77 Jo

L emF (S, 2m(8),em) — eF(s,2(s),e)ds

< JT 1A (s)] ds.

0

By (3.7), it follows that N(z,,em) — N(z,¢), showing that N is continuous. O
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We move on now to the more intricate properties. The definitions for each of

the properties we are about to check are all defined in Chapter 2.

We begin with the Fredholm property.

Lemma 3.1. The linear operator L : X — X defined in equation (3.5) is a Fredholm

operator of indez 0.

Proof. Indeed, we have
Ker L={zeX:Lx=0}={re X z(t)=2(0),Vte[0,T]},

that is, Ker L is the subspace of X consisting of constant paths. Hence, the map that
assigns to each z € R" the constant function z(t) = z is an isomorphism between R" and
Ker L, so that the latter is a finite dimensional subspace of X and its dimension is n.

Furthermore, the subspace Coker L = Z/ITm L is given by
Coker L ={[u] =u+1Im L:ue Z}.

Two elements [u], [v] in Coker L are equal if and only v — v € Im L, which means that

there exists x € X such that u —v = Lx. In particular, evaluating at ¢ = T, we obtain
(u—v)(T) = L(T) @ u(T) —v(T) =2(T) —x(0) =0 = u(T) =v(T).

In other words, [u] = [v] if and only if u(T") = v(T"). Conversely, if two functions u,v € Z
are such that w(7") = v(T), then L(u—v)(t) = (v —v)(t) — (v —v)(0) = (u — v)(t), hence,
u—v € Im L. Therefore, each element of Coker L is completely determined by its value at
t =T so that Coker L is isomorphic to R". Hence, by Proposition 2.1, Im L is a closed
subspace of Z. Since Ker L and Coker L are both finite dimensional and have the same

dimension the proof is concluded. O

The Fredholm property holds significant importance within our context. Its
possession of a finite-dimensional kernel becomes pivotal, as we will demonstrate later on.
This feature empowers us to extend treatments typically reserved for operators on finite-
dimensional spaces to those defined on infinite-dimensional counterparts. This extension
facilitates a more straightforward formulation of our results, streamlining the exposition

of our findings and enhancing the clarity and applicability of our theoretical framework.

As we saw in Chapter 2, since L is a linear Fredholm operator of index 0, there

exists continuous projectors P : X — X and @) : Z — Z such that the following sequence

X Pox -tz %,z (2.1)

is exact, meaning that Im P = Ker L and Im L = Ker (). For our particular operator, we
explicit the choices for P and @. Thus, let P: X — X and Q : Z — Z be given by

Px(t) = z(0), Qy(t) = =y(1), Vte0,T]. (3.8)
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We claim that these operators make (2.1) exact. That Im P = Ker L it is clear, since Ker L
consists of constant paths. On to the equality Im L = Ker @), we note that Im L = X n Z,
that is, the closed paths in R" starting and ending at the origin of the coordinate system.
On the other hand, an element y € Z is in Ker @ if, and only if, y(7') = 0. Consequently,
Im L < Ker Q). But since y € Z, it also holds that y(0) = 0. As a result, Ker Q < Im L,
therefore, Ker () = Im L, as desired. We point out that for this framework it is known
([12]) that the particular choice of P and @) does not interfere in the validity of the results,

as long as the sequence (2.1) is exact.

Given these choices, notice that Ker P = {z € X : x(0) = 0}, so that the
restriction of L to Ker P is the identity operator. Therefore, it readily follows that
Kp = Id, so that KP7Q =1Id — Q

In the sequel we prove that N is L—compact (Definition 2.9), which is where

the operators L and N connect.

Recall that we denote by II : Z — Coker L the canonical projection from Z
onto Coker L

I(z) = [2] = 2+ Im L. (3.9)

As shown above, since Coker L ~ R" and we can identify each element [y] € Coker L

with the value of its representative at ¢t = T, y(T), we can think of the projection II as
I(y) = y(T).
Next we prove L—compactness of the operator N (Definition 2.9) which is a

fundamental property for proving the a main theorems of this chapter.

Lemma 3.2. N : Q x [0,g9] — Z is an L—compact operator on §) for each ¢ € |0, gq.

Proof. For any (x,¢) € Q x [0,g0], since II is a continuous linear map, there exists a
constant C' > 0 such that

[IIN(z,¢)| < C|N(z,e)| = C sup

te[0,T]

f eF(s,z(s),e)ds

0

T
< CJ leF(s,x(s),e)|ds

0
< CTmax{|eF(t, z,¢)| : (t,2,6) € [0,T] x V x [0, 0]},

where the last inequality follows from the fact that F' is continuous in the compact set
[0, 7] x V x [0, &0]. This shows that the image of the operator IIN is a bounded set, which
implies that 1INV is a bounded operator.

Recall that Kpg = Id— Q. Since Kpg N is composition of continuous operators,
then it is also continuous. Consider the family A = KpgoN(Q2 x [0,£0]). To show that the

closure of A is compact, we use the Arzela-Ascoli Theorem, Theorem 2.1. Hence, we must
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check that A is equicontinuous and uniformly bounded. Let y € A. Hence, there exist z €
and ¢ € [0, o] such that

y(t) = (Id = Q)N(z,e)(t) = (Id — Q) (Jt 5F(s,x(s),5)ds) :

0

For t, 7 € [0,T] we have
ly(@) —y(r)| = |(Id = Q)N (z,&)(t) — (Id = Q)N (x,¢)(7)]
< [N(z,8)(t) = N(z,€)(7) — (@N (z,€)(t) — QN (z,)(7))]
J eF(s,z(s),e)ds — t;TJ eF(s,x(s),e)ds|.

T 0

<

Using the continuity of F' in [0,T] x V x [0,&¢], we conclude that M = max{|eF'(t, z, )] :
(t,z,6) € [0,T] x V x [0,&0]} < o0. Tt follows that

ly(t) —y(1)| < gF(s x(s),e)ds — TT eF(s,x(s),¢)ds

J|5st |ds+‘

f |eF(s,z(s),¢)|ds

<|t—7IM+t—71|M
< 2M|t — 7.
Notice that the constant M > 0 does not depend on either x nor €, consequently, it does
not depend on y. Thus, given & > 0, whenever |t — 7| < £/(2M), we have |y(t) —y(7)] < &.

Since y was taken arbitrarily in the family A it is then proved that A is an equicontinuous

family.

On the other hand, since F' is continuous on the compact set [0, 7] x V x [0, g¢]
it follows that

|y(t)| I( Q)N (z,e)|
Q)[[N(z,e)|

e)ds

J|5Fsa: )| ds
<TM

showing that A is uniformly bounded. Thus, by applying the Theorem of Arzela-Ascoli, The-
orem 2.1, we conclude that the family has compact closure, implying the L—compactness

of N on Q for every € € [0, &]. O
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3.4 The condition H

What we have proved so far provides the building blocks of our results. There
is, however, an important piece that is still missing, once we will use degree theory to
prove the theorems in the next section. When working with degree theory, we often come
across some type of boundary condition. This kind of condition is necessary for the theory
to work and usually does not imply a great compromise in generality. For instance, in
the case of the Brouwer degree, as we saw in Section 2.4, for the triple (f, Vo), where
f:V cR" — R™is a continuous function defined on the closure of the open and bounded
subset V of R" and yo € R™, one requires that yo ¢ f(0V).

In our case, we recall that behind the curtains, the results proved here rely
on the theory of the coincidence degree, which is another degree function specialized in
operator equations such as equation (2.5). Therefore, we present now a condition that is
precisely the boundary condition associated to the coincidence degree, although at first it

might not look like so.

Given an open and bounded subset V' of R", we say that the condition H holds
on V if

H. there exists g1 € (0,¢0] such that, for each A € (0,1) and € € (0,&;], any T-periodic

solution of the differential equation
' =e\F(t,z,e), €V, (3.10)

is entirely contained in V.

This condition looks abstract and hard to check. However, it can be verified by
a contradiction or contrapositive argument. In the sequel, we indicate how one proceeds to
verify this condition. Later on, in Chapter 6, we apply this argument to verify condition

H for a concrete example.

Proposition 3.3. If condition H does not hold on an open and bounded subset V of R",
then there exist sequences {€mtmen < (0, 0], {A\m tmen € (0,1) and {z,, }men of T—periodic

solutions of equation (3.10) with €,, — 0 and x,,, — zo € AV uniformly on [0,T] such that

T
J F(s, z0,0)ds = 0. (3.11)
0

Proof. Assume that H does not hold on the open and bounded subset V' of R". It follows
immediately that for every €, € (0, ], there exist A € (0,1),e € (0,¢;] and a T'—periodic
solution of the differential equation (3.10) with € = ¢, and A = \,,

' =ep A F(t,z,e,), eV, (3.12)
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for which there exists ¢ € [0, 7] such that z(t) € dV. Equivalently, consider any sequence
{€m}men, contained in (0, g¢] converging to 0. For every m € N, there exist A, € (0,1),¢,, €
(0,é,,] and a T—periodic solution z,, : [0,T] — R" of equation (3.12) for which there
exists t,, € |0,7T] such that x,,(t,) € dV. Notice that since &, < &,,, then necessarily
em — 0. Therefore, for each m e N

t

Tm(t) = 2, (0) + L emF (s, 2 (8), Em)ds.

By periodicity z,,,(0) = z,,(T"), consequently

JTF(s,mm(s), c)ds = 0. (3.13)

Consider the family A = {x,, : m € N}. Given t,7 € [0,T],

t

xm(0) + fo EmAmF (8, T (), € )ds

[ (t) = 2 (T)] =

2 (0) — L e A (5,2 (5), £0)dls

t
J EmAmE (8, T (8), Em)ds

T

t
< f IF (s, 2 (5), 2| ds
< |t - T|M7

where M > 0 is the maximum of (¢, z,¢) — |F(t, 2,¢)| on [0,T] x V x [0, &0], and therefore
does not depend upon =z, itself. We conclude that A is an equicontinuous family of
functions. On the other hand, since V is a bounded set, there exists » > 0 such that
V < B(0,r). Then, for each t € [0,T], |z,,(t)| < r for every m € N, which shows that A is
a uniformly bounded family. Then, by Theorem 2.1 (Arzeld-Ascoli) it follows that there
exists a uniformly convergent subsequence of {Z,,}men, say {Zk,, }men. Since &, — 0 and

F is uniformly continuous on the compact [0,7] x V x [0, ], we conclude that

t
lim0 xy,, (t) = limO (ka (0) + f emF (s, xk,, (5), gm)ds)
m—> m— O
t

= limo xk,, (0) + J lim e, F(s, xg,, (s), em)ds

0 m—0

= lim 2y, (0) = zo,

m—0

for some 25 € V. Thus, the limit of the sequence of functions z;,, is a constant function.
Moreover, we claim that since each x,, touches the boundary of V' at some time t = t,,,
then zy must lie on dV. Indeed, if it were not so, that is, if zg were an interior point of
V, then for & > 0 sufficiently small, the ball B(zy,£) < V and since zy,, — 2o, for me N
large enough we would have x,,(t) € B(2o,&), which contradicts x,,(t,,) € V. Thus, we
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must have z; € dV. In addition, from equation (3.13) the uniform continuity of F' and the

uniform convergence of x  we obtain

T T
0= lim | F(s, xp,(s),cx,)ds = J lim F(s, zx,,(s), €k, )ds
T
— L F (s, Tlim y,, (s), lim ekm) ds (3.14)

T
= J F(s,2,0)ds.
0

]

To move forward from this point it depends on the particular equation one
is dealing with. The aim of this discussion is to shed some light on the tractability of
condition H. As a way to show that this condition is not too restrictive, in the next

proposition, we prove that it is always valid for a class of differential equations.

Proposition 3.4. Assume that equation (3.1) can be written as
v’ =cel(t ) + Rt ¢), for (t,z,e) € [0,T] x D x [0, &0],

where F1 and R are continuous functions and T —periodic in t. Assume that

fi(z) = 1 JT Fi(s, z)ds

0

has an isolated zero z*. If V.= R" is any neighbourhood of z* such that V. < D and
f1(z) # 0, for every z € V\{z*}, then condition H holds on V.

Proof. Assume then that condition H does not hold on V. By the Proposition 3.3, it
follows that there exist sequences {&,,}men < (0,€1] and {z,,}men such that &, — 0 as

m — 0, &, — 2o € AV uniformly on [0, 7] and
T
f F(s,x,(8),em)ds =0,
0
for every m € N. Moreover, equation (3.14) implies

T T
0= J F(s,2,0)ds = J Fi(s, z0)ds = T f1(z0),

0 0

contradicting fi(z) # 0 for every z € V\{z*}. Thus, condition H holds on V. O

We finish this section with a last comment on how to verify that condition
H holds. Assume that the boundary of V, 0V, is a smooth manifold. Intuitively, if the
solutions of equation (3.10) all hit the boundary of V' transversally, then no T'—periodic

solution of it can touch the boundary and stay inside.
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F(t*, 2% ¢)

T, %0V

Figure 3 — Illustration of solution touching the boundary of the domain.

Proposition 3.5. Let V < R" be an open and bounded subset of R™ such that V < D.
If there exists €1 € (0,&9] such that for each (t,z,e) € [0,T] x dV x (0,e1], F(t, z,¢) is
transversal to the boundary of V, that is, F(t,z,¢) ¢ T,0V, then condition H holds on V.

Proof. Assume that condition H does not hold on V. Then, for some ¢ € (0,¢0], A € (0, 1)
there exists a T—periodic solution ¢ of equation (3.10) such that ¢(t) € V for every
t € 10, T] and for some t* € [0,7],2* = ¢(t*) € dV, see Figure 3. Since 0V is a smooth
(n—1)—manifold, there exists an open subset of R", W, such that W ndV is a parametrized
neighbourhood of dV. In addition, this neighbourhood can be taken smaller if necessary, so
that W n 0V is the inverse image of a regular value of some real function, say W n oV =
h~'(0) where h : W — R is a smooth function having 0 as a regular value. Notice that we
can write W = {z e R" : h(z) < 0} U IV U {z € R" : h(z) > 0} and we identify without
loss of generality the points where h(z) > 0 with the points in the interior of V. Now,
define g = ho ¢ : [0,T] — R. Of course, g is a smooth function. Moreover, since ¢(t) € V
for every t € [0,T], it follows that g(t) = 0 for every ¢ € [0,T]. Hence, 0 is a minimum
of g with minimizer ¢*. Since g is smooth, we conclude that ¢'(t*) = 0. On the other
hand, ¢'(t*) = (Vh(z"), F(t*,2*,¢)) = 0, showing that F(t*,z* ¢) is tangent to 0V at
(t*,2*). O

3.5 Statements and proofs of main results

Building upon the foundations established thus far, this section engages in the
precise statement and rigorous proof of the primary theorems that encapsulate the essence
of our research. The preceding exposition has set the stage for a systematic exploration

into the heart of our contributions.

The first theorem we present, Theorem A, is the most general one of this

chapter, since it deals directly with equation (3.1). The next two theorems, Theorem B
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and Theorem C, treat equation (3.2).

Before we present the first theorem, we introduce the averaged function f :

V x [0,e0] — R™ given by
1 (T
f(z,e) = J eF (s, z,e)ds.
T Jo
In words, it correspond to the average of F' over the interval [0, 7] for fixed z € V and
e € [0,&0]. The averaging method consists of extracting information about the solutions of
equation (3.1) through f. In our particular case, roughly speaking, existence of zeroes of f

determines the existence of periodic solutions of equation (3.1).

Theorem A. Consider the continuous T-periodic non-autonomous differential equation
(3.1). Assume that for a given open bounded subset V. R", with V < D, condition H
holds,

flz,e) #£0, forall ze€dV —and €€ (0,e], (3.15)

and dg(f(-,€*),V,0) # 0, for some €* € (0,e1]. Then, for each ¢ € (0,e1], there exists
a T—periodic solution ¢(t,<) of the differential equation (3.1) satisfying o(t,e) € V., for
every t € [0,T].

Proof. The theorem will follow by applying Theorem 2.11. Let N = N(x,¢). We shall use

the conclusion of this theorem for A = 1 in the operator equation

Lx = AN(z,¢), (x,\) e Qx [0,1], €€ (0,&,]. (3.16)
Recall the continuous projections P : X — X and Q) : Z — Z defined in equation (3.8)
given by
ty(T
Px(t) = 2(0) and Qy(t) = yT( ) for tef0.7].

respectively. In Subsection 2.1.3 and Lemma 3.2 we proved that L is a linear Fredholm
operator of index 0 and N is L—compact, respectively. Now, let us check the conditions of
Theorem 2.11.

Claim 3.0.1. Condition H implies that condition A.1 of Theorem 2.11 holds, for each
g€ (0,e].

To arrive at this conclusion, we must check that under H, for each € € (0, 1],
Lz # AN(x,¢), for every x € dom L ndf2 and A € (0, 1). Notice that x € 09 if, and only if,
there exists to € [0, T] such that z(ty) € dV, and that the equality Lx = AN(z, ) means
that z is a solution of equation (3.10). But since H holds, no solution of this equation can
reach the boundary of V, therefore for x € 090, Lx # AN (z,¢), which is A.1.

Now we proceed to verify A.2. Note that for x € Ker Lm0, say, z(t) = z € 0V,

¢ (T
QN (z,e)(t) = Tf eF(s,z,e)ds =tf(z,¢),

0
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which, by Equation 3.15, is not the 0 constant function in Z. Therefore, condition A.2 of
Theorem 2.11 holds, for each € € (0,&1].

Observe that Im Q = {y € Z : y(t) = tv, v € R"} is isomorphic to R" as well
as Ker L. Thus, it is straightforward to see that the linear map J : Im @) — Ker L given
by

Jy(t) = == (3.17)
is an isomorphism. If follows that for v € Ker L n Q,z(t) = 2z€e V
JON(z,e) = J (tf(z,¢)) = f(z,¢).

Thus,
dB(JQN(a €)|Ker LN, Ker L n Q> 0) = dB(f(a 5)7 V> O)

To conclude the proof, we just need to show that dg(f(-,¢),V,0) # 0 for each € € (0,].

For future reference, we make that into a claim.

Claim 3.0.2. dp(f(-,¢),V,0) # 0 for each ¢ € (0, &4].

Let &€ = {e € (0,e1] : dp(f(-,¢),V,0) # 0}. By hypothesis, there exists
e* € (0,e;] such that dg(f(-,e"),V,0) # 0, so that £ # ¢J. Recall that f is continuous on
V x (0,&1]. Given any € € &, there exists § > 0 such that [e — §,;] = (0,&1]. Now, since
V x [e — d,e1] is a compact set, f restricted to this set is uniformly continuous. From
Equation 3.15, the function (z,¢) +— |f(z,¢)| has a minimum value that is positive, say
w = min{|f(z,e)| : (z,6) € AV x [e — 0,e1]} > 0. Thus, that there exists a small open
interval Z such that f(z,¢) # 0 for all z€ 0V and ¢ € Z. Using the uniform continuity of
f, for any € € Z sufficiently close to €

[F(e) = f el = sup[f(z,¢) = f(z,€)| < p = dist (0, f(V;€)).

zeV

Therefore, by Proposition 2.5, Z can be taken smaller if necessary so that dg(f(-,¢),V,0) =
dp(f(-,€),V,0) # 0, for every € € Z. Thus, Z n (0,e,] = &, from which follows that £ is
open in (0,&1]. Analogously, Proposition 2.5 also implies that (0,e;]\é = {¢ € (0,&1] :
dp(f(-,€),V,0) =0} is open in (0, &;] and, consequently, £ is closed in (0, e1]. Hence, from

the connectedness of (0, 1], we obtain & = (0, ¢4].

Therefore, applying Theorem 2.11 for A = 1 to equation (3.16) for each ¢ €
(0,e1], we conclude that there exists a solution of equation (3.6) and, consequently, a
T—periodic solution ¢(t,¢) of equation (3.1), for each ¢ € (0, &,], such that ¢(t,e) € V for
every t € [0,T]. O

The above theorem, although of great theoretical value, is not very suitable

to work with directly. It is more common in applications to be able to at least express
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F as a polynomial in £ with coefficients F;(¢,z) continuous functions of ¢ and z, plus a
remainder term R(t,z,¢), as in equation (3.2). Since this equation is a particular instance
of equation (3.1), the framework provided by Theorem A can be used to specialize this
theorem for equation (3.2). Requiring a little more information on the structure of F, even
though it particularizes the corresponding result, allows us to provide a more practical set

of hypotheses.

Before stating and proving our second main theorem of this chapter, we recall

a few definitions for the sake of clarity. equation (3.2) is given by
' =eF(t,x,e) = eFi(t,x) + - + " Fy(t,2) + "' R(t, 2,¢),

where F; : [0,T] x D — R", for i € {1,...,k}, and R : [0,T] x D x [0,&9] — R" are

continuous functions T'—periodic in the variable ¢.

For each i € {1,...,k} we define f; : D — R" by setting

fi(z) = T JT Fi(s, z)ds.

0
Naturally, each f; is a continuous function. We also define the k—truncated averaged

function Fy : D — R"™ and the averaged remainder r : D x [0,g9] — R" by

Filz,e) = efi(z) + - + " fir(2) r(z,e) = ;J R(s, z,¢)ds.

0

Therefore, the full averaged function f can be written as

T
f(z,e) = ;J eF(s,z,e)ds = Fi(z,€) + ¥l (2, ¢).
0

Now we can proceed to the next theorem.

Theorem B. Consider the continuous T-periodic non-autonomous differential equation
(3.2). Assume that for a given open bounded subset V < R™, with V < D, hypothesis H

holds,
Fr(z,€)

lim inf k1

e—0 zedV
and dg(Fi(+,€),V,0) # 0, for e > 0 sufficiently small. Then, there exists ey € (0,e1] such
that, for each € € (0,ev], the differential equation (3.2) has a T—periodic solution (t,¢)

> max{|r(z,¢)| : (z,6) € V x [0,e1]}, (3.18)

satisfying p(t,€) € V, for every t € [0,T].

Proof. As shown above, for equation (3.2), the full averaged function is given by
f(z,€) = Fulz,e) + " r(z,¢).

The limit in equation (3.18) readily implies that there exists € € (0,&;] such that
va k(z ) 8)

ck+1

inf

inf > max{|r(w,e)| : (w,e) € V x [0,e]},
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for every ¢ € (0,&]. In particular, for every z € 0V and ¢ € (0, 2]

]:k(2,6)

e = el

This inequality implies Equation 3.15, since

[f(z,)] = |Fi(z,€) + ()]

> | Fi(z,€)| — " Hr(z,e)| > 0.

Taking V. = V in Proposition 2.6, we get that dg(f(-,¢),V,0) = dg(Fx(-,¢€),V,0), for
e € (0,2] and since, by hypothesis, dg(Fx(-, ), V,0) # 0 for ¢ > 0 sufficiently small, all the
hypotheses of Theorem A are verified and we conclude that for every € € (0, £, there exists
a T—periodic solution ¢(t,€) of equation (3.2) satisfying ¢(t,¢) € V for every ¢ € [0, T],
as desired. O]

It is worth mentioning that in the above theorem, we are able to request that
the Brouwer degree of the k—truncated averaged function be different from 0, instead of
asking the same for the full averaged function. That by itself already refines Theorem A
by presenting a more verifiable condition. Besides, F}, being polynomial in € gives us more

insight on what to expect of its behaviour.

We mention that since F(z,€) = ef1(2) +---+e" fi(2) with & small, the lowest
order terms in its expression are those that control the behaviour of F, regarding its
Brouwer degree. This will be made clearer in the next theorem. This result is a particular
case of Theorem B, when some, but not all, of the functions f; are identically zero. In this

case the hypotheses can be further simplified.

Theorem C. Consider the continuous T'-periodic non-autonomous differential equation
(3.2). Suppose that for some 0 € {1,2,... k}, fo=...= fio1 =0, fi # 0. Assume that
there exists an open and bounded set V < R"™ with V- < D and f,(z) # 0 for every z € oV
for which condition H holds and dg(fy,V,0) # 0. Then, there exists ey € (0,£1] such
that, for each € € (0,ev], the differential equation (3.2) has a T—periodic solution ¢(t,¢)
satisfying p(t,€) € V, for every t € [0,T].

Proof. Without loss of generality, we can assume that ¢ = k, because if this is not the

case, we can just consider the /—th truncated averaged function
Fi(z,e) = efi(2) + -+ e ful2) + T (fraa(2) + -+ + " (z,¢)),

where foq1(2)+ -+ (2, &) would be the remainder term. Since fo = --- = fr_; = 0,
then Fi(-,¢) = "fi(2). In addition, we have f.(z) # 0, for every z € 0V and r(z,¢)
continuous, consequently, bounded on compact sets. As a result,

" fiu(2) fi(2)

= lim inf
okl c

e—0zedV

lim inf
e—0 zedV

‘ = o0 > max{|r(z,¢)| : (z,€) € V x [0,e1]}.
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At last, for € € (0, ;] it holds
dB(fk(',é), V, 0) = dB(fg, V, 0) # 0.

Thus, all the hypotheses of Theorem B hold and it follows that there exists ey € (0, 4]
such that for every e € (0, ey/], there exists a T—periodic solution (¢, ) of equation (3.2)
satisfying ¢(t,¢) € V for every t € [0,T]. O

Now we prove that in the first order case, that is £k = 1, Theorem C follows
without the need to assume condition H. This is the first step in showing that [5, Theorem
1.2] is a corollary of the results obtained in this work. We stress that the result in [5] does
not require a hypothesis like condition H and it has also a convergence part. This part
will be treated in Chapter 5.

Theorem D. Consider the differential equation (3.2) with k = 1, that is,
o' =eF\(t,x) + °R(t, z,¢), (t,x,e) € [0,T] x D x [0, &0], (3.19)

where Fy and R are continuous functions, and T —periodic in t. Assume that there exist
z* € D and an open bounded set V. < R" satisfying V < D,z* € V, f1(z*) = 0 and
f1(2) # 0 for every z € V\{z*}. If dg(f1,V,0) # 0, then there exists ey € (0,e1] such
that, for each € € (0,ey], the differential equation (3.19) has a T—periodic solution (t, <)
satisfying p(t,€) € V, for every t € [0,T].

Proof. Since f; has an isolated zero, we get that ¢ = 1. Then, it suffices to show that
condition H holds on V, since all the other hypotheses of Theorem C match. But that was
proved in Proposition 3.4. Therefore, by Theorem C, there exists ey € (0, 1] such that for
every € € (0,ey] there exists a T'—periodic solution ¢(t,¢) of equation (3.19) satisfying
o(t,e) e V for every t € [0,T]. O

In Chapter 6 we will see Theorem C applied to a concrete example.
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4 Averaging Theory for Periodic Solutions in
Carathéodory Differential Systems

The realm of ordinary differential equations defined by Carathéodory functions
introduces a whole new layer of complexity, where the right-hand side may exhibit
discontinuities. While existing literature has provided valuable insights into the existence
and uniqueness of solutions for such equations, the permissibility of discontinuities within
Carathéodory functions presents a set of novel challenges when compared to those of the

previous chapter.

This chapter extends our exploration beyond the context of continuous functions
by considering differential equations with Carathéodory right-hand sides. As we mentioned
in Section 4.3 one may impose conditions to guarantee the uniqueness of solutions of
Carathéodory equations, but in this chapter we shall not require that. In this context, the
usual averaging o Melnikov techniques face limitations, necessitating innovative approaches

to study the dynamics of solutions.

Our primary focus lies in addressing the challenges posed by discontinuities
in Carathéodory functions. To overcome these difficulties, we leverage the powerful tools
of degree theory for operator equations. Degree theory provides a systematic framework
for analysing the solvability of equations involving non-linear operators, offering a robust

foundation for understanding the existence of solutions in less regular scenarios.

Nevertheless, we point out that, naturally, the study of Carathéodory equations
includes the continuous equations we worked with in the previous chapter. Therefore, this
chapter provides a further extension of the study undertaken in Chapter 3. And as we
shall see in the sequel, the theorems admit nearly identical statements, emphasizing a

smooth transition from the continuous to this possibly discontinuous case.

4.1 Setting up

Consider the following differential equation in the standard form of the averaging
method

¥ =eF(t,x,e), (4.1)

for (t,z,e) € [0,T] x D x [—&p, 0], where F' is a Carathéodory function. In Chapter 3 we
showed that the Lipschitz property is not necessary when it comes to detecting periodic

solutions of systems such as (4.1) for a continuous F. In particular, when F' can be written
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as a polynomial in ¢
v’ =eF(t,x,e) = el (t,x) + -+ " E(t,2) + " Fy(t, 2, €), (4.2)

for (t,z,e) € R x D X [g9, 0] the same result follows.

In this chapter, we further extend these results by relaxing the continuity
hypothesis on F. In equation (4.1) and equation (4.2) we consider F' to be a Carathéodory

function (see Definition 2.11).

The strategy to arrive at those results is the same used in Chapter 3, however,
since we are now dealing with functions that may not be continuous, some technical details
must be filled in order to advance. That said, in order to prove the main results in this
chapter, a common ground must be established and that is what will be done in the next

sections. Then, in Section 4.6 we state and prove the main results.

4.2 What can be reused from the continuous case

In Chapter 3, we showed that looking for periodic solutions of a differential
equation like equation (4.1) is equivalent to looking for solutions of an operator equation
suitably defined. This rationale will be repeated here, and since the form of the equation
itself is not changed, we use the same function spaces and operators. So we consider the

spaces
X ={zeC[0,T]:z(0) =x(T)}, Z={xeC[0,T]:x(0) =0},
with the sup —norm, the subset
Q={reX : z(t)eV,Vte|0,T]},

where V is some open and bounded subset of R" satisfying V' < D, and the operators

L:X — Zand N :Q x [0,g0] = Z given by

t
Lz(t) = z(t) —x(0) and N(z,e)(t) = j eF(s,x(s),e)ds, Ytel0,T]. (4.3)

0
Therefore, also by the integral form of solutions for Carathéodory differential
equations presented in Section 2.3, it follows that an absolutely continuous function
x: [0,T] —» R" is a solution of equation (4.1) if, and only if, it is a solution of the operator

equation

Lx = N(z,e), xefd (4.4)

Because we are reusing the definitions from Chapter 3, some facts about these

objects have already been proved therein. From Section 3.3, we know that €2 is an open and
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bounded subset of X and L is a continuous linear Fredholm operator of index zero. We can
not, however, assert directly from the proof given in Section 3.3 that N is a well defined
continuous L—compact operator, because now the right-hand side of equation (4.1) is a
Carathéodory function, whose continuity in ¢ is no longer guaranteed, thus necessitating a

more careful treatment regarding its integrability.

4.3 N is L-compact

In the next two lemmas, we show that N is L—compact. Firstly, it needs to be

shown that N is well defined and continuous.

Lemma 4.1. The operator N : Q x [0,e0] — Z defined in equation (4.3) is a well-defined

continuous operator.

Proof. Since € is bounded, there exists r > 0 such that |(z(s),e)| < r for every ¢ € [0, T]
and (x,¢) € Q x [0,&0] and, by C.3, there exists an integrable function g, : [0,T] — R"
such that |eF(t, z(t),e)| < g,(t) for almost every t € [0, T]. Hence, taking Proposition 2.2
into account, we see that the integral defining N (x,¢)(t) is well-defined for every t € [0, T].

To verify that N(z,e) € Z we must see that it is a continuous function and N (z,£)(0) = 0.
Define G, : [0,7] — R by

G = | s, (45)
and note that
|IN(x,¢)(t)] < G.(t), Vtel0,T], (4.6)

which, in particular, implies that N (z,€)(0) = 0. Furthermore, G, is a uniformly continuous
function. Given any (z,¢) € Q x [0, &]. For t,7 € [0,T]

IN(2,2)(t) — N(z, e)(r)| = J P (s, 2(s), £)ds — J cF(s, 2(s), £)ds

0
t

Z-IF(S x(

J leF(s,x(s),e)|ds

<J Lgr ds—fgr()d
< [G(t) — Gi(7)]

Therefore, by uniform continuity of G, it follows that N(x,¢) is a continuous function,
concluding the proof that N(z,¢) € Z.

We proceed now to prove that N is a continuous operator. For that matter, let

{(2m, em)}men be any sequence converging to (x,¢). For each m € N define

Ay (t) = enF(t, 2 (t), em) — eF(t, z(t), ).
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Observe that

IN(@m, em) = N(z,€)| = Sup [N (@, em)(t) = N(z,€)(t)]

f emF (8, xm(8),em)ds — J- eF(s,x(s),e)ds

0 0

= sup
te[0,T]

J emF (S, 2m(8),em) —eF (s,2(s),e)ds

= sup
te[0,T]

< swp f e F (s, 2m(5),em) — £F (5, 2(5), £)| ds

te[0,T]

= sup f |A,(s)] ds.

t€[0,7]

Moreover, A,,(t) — 0 for almost every t € [0,T] and

[An(O)] < lemF(E 2m (), em)| + [eF (L x(t), )] < 29-(1),

for almost every ¢ € [0,T]. Hence, each A,, is an integrable function and they are all

dominated by 2g,. Thus, by the Dominated Convergence Theorem, Theorem 2.3

t t
limJ Ay (s)ds = J lim A,,(s)ds = 0.
0 0

Therefore, for m € N sufficiently large, |N(xp,,en) — N(x,€)| can be made arbitrarily
small, showing the continuity of N. O

Now the next lemma shows that N is an L—compact operator on ).

Lemma 4.2. N : Q x [0,g] — Z is an L—compact operator on S for every € € [0, &o].

Proof. For any (x,g) € Q x [0,&], since II is a continuous linear map, there exists a
constant C' > 0 such that

[IIN(z,e)| < C'|N(z,e)| = C sup

te[0,T7]

f eF(s,z(s),e)ds

0

Now since x € Q,z(t) € V for every t € [0,T], where V is a bounded subset of R",
hence there exists r > 0 for which V x [0,£0] = B(0,7) < R**!. Using C.3, there exists
an integrable positive function g, : [0,7] — R such that [eF(t,z,¢)| < g.(t) for every
|(z,€)| < r. It follows that

TN (2, 2)| < cfo P (s, 2(s), &)|ds

t
< CJ gr(s)ds
0

Notice that g, depends neither on x nor on . This shows that the image of the operator

IIN is a bounded set, which implies that II/NV is a bounded operator.
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Recall that Kpg = Id —@Q. Since KpgN is composition of continuous operators,
then it is also continuous. Consider the family A = KpoN(Q x [0,£0]). To show that the
closure of A is compact, we use the Arzela-Ascoli Theorem, Theorem 2.1. Hence, we must
check that A is equicontinuous and uniformly bounded. Let y € A. Hence, there exist z € Q
and ¢ € [0, o] such that

y(t) = (Id = Q)N(z,e)(t) = (Id — Q) (Jt 5F(5,x(s),£)ds) :

0

For t,7 € [0,T] we have

ly(®) —y(n)] = |(Id = Q)N (z,&)(t) — (Id = Q)N (z,¢)(7)]
< [N(z,e)(t) = N(z,€)(7) — (QN(z,€)(t) = QN(z,€)(7))]

5F(s x(s),e)ds — t; . eF(s,x(s),¢)ds

<

J P (s, 2 |ds+‘t T JOT P (s, 2(s), £)| ds
LTQT( )ds

<L (s )ds+‘tT
GT)

<G, (1) = Golm)| + It = 71

T

Given ¢ > 0, by the uniform continuity of G,, there exists §; > 0 such that |G,(t) —
G(7)| < &/2. Hence, taking 6 = min{dy,{T/2G,(T')}, we obtain that if |t — 7| < 0, then
ly(t) — y(7)| < &. Since 0 does not depend on the particular y, it follows that A is a

equicontinuous family.

On the other hand,

ly(@)] = [(Id = Q)N(z, )]
< [(Id = Q)|IN(z, )]
JtaF e)ds
Lt |eF(s,z(s),¢e)|ds
Oth'
GT

showing that A is uniformly bounded. Thus, by applying the Theorem of Arzela-Ascoli, The-
orem 2.1, we conclude that the family has compact closure, implying the L—compactness

of N on Q for every € € [0, &]. O
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4.4 Continuity of the averaged functions

For equation (4.1), we define the full averaged function f : D x [0,&0] — R" by

f(z,e) = ;J F(s, z,¢e)ds.

0

Proposition 4.1. f is a continuous function.

Proof. Let {(2m, €m) }men be a sequence converging to (z,€) € D x [0, &¢].

T T
|f (Zm,em) — f(20,€)| = J F(s, zm,em)ds —J F(s,2,¢)ds

0 0

T
J F(s, zm,em) — F(s, z0,€)ds
0

T
:f F (s, 2y ) — F(s, 20,2)| ds.

0

By an almost identical argument as that used to prove that N is a continuous operator,

we conclude that f is continuous. O]

For the differential equation in (4.2)
v’ =eF(t,z,e) =cFi(t,x) + -+ " 1 E 1 (t,2) + " Fi(t, 2, ¢),

where each F; : [0,T] x D — R" and Fy, : [0,T] x D x [0,e9] — R" are Carathéodory
functions T'—periodic in ¢, we define for each i € {1,...,k}, f; : D — R" by setting
T

fi(z)zf Fi(s,2)ds, ie{l,....k—1},

0

T
fe(z) = ;J Fi(s,z,0)ds.

0

Proposition 4.2. For each i € {1,...,k}, f; is a continuous function.

Proof. Consider at first i € {1,...,k — 1}. Let 29 € D be an arbitrary point in D and let

{Zm}men be any sequence in D converging to zy. Define
Am(t) = E(ta Zm) - E(ta ZO)a

and notice that A,,(t) — 0 as m — oo for almost every t € [0, T]. Moreover, let r > 0 be
such that |zg| < 7. Thus there exists mg € N for which m > mq implies |z,,| < r. Thus, by
C.3 there exists a positive integrable function g, : [0,7] — R such that |F;(¢t, z)| < g.(¢)
for almost every ¢ € [0,T]. It follows that

[An(®)] = [Fi(t, 2m) = Fi(t, 20)| < 29, (1),
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for almost every t € [0, 7] and m > my. Now, we can apply the Dominated Convergence
Theorem (Theorem 2.3) to conclude that
T T
lim |A(s)|ds = f lim |A,(s)[ds = 0. (4.7)
o M

m—0a0

Now, since

by equation (4.7)

1 T
Ji )~ G0l < B 2 [ B (9)]ds o

m—co T’ 0

This shows that f;(z,,) = fi(20) as m — oo for any sequence converging to zo which was
also taken arbitrarily, so that f; is continuous in D. Notice that the exact same argument
follows for f;. O]

From the functions f; defined above, let us now define the k—truncated averaged

function Fy : D — R" and the averaged remainder r : D x [0,g9] — R" by

T
Fi(z,e)=cfi(z) + -+ €kfk(z) r(z,e) = ;J Fi(s, z,€) — Fi(s, z,0)ds.
0

Therefore, the full averaged function f can be written as

1 (7
f(z,6) = TJ eF(s,z,6)ds = Fi(z,€) +"lr(z,e).
0

From the continuity of the f;s, we conclude that Fj and r(z,¢) are continuous.

In Theorem F and Theorem G we provide conditions on the functions f; and

Fi in order to have T'—periodic solutions of equation (4.2).

4.5 The condition H in the Carathéodory case

To extend the methodology for studying periodic solutions of Carathéodory
differential equations, we use the same approach as we did in the last chapter, namely we

convert the differential equation in an operator equation and use Theorem 2.11.
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We have already discussed in Subsection 2.5.2 that a boundary condition is
needed in order to apply Theorem 2.11. The Carathéodory case is no different from the
continuous one for that matter, we also need a boundary condition. As it turns out, it
is the same condition that was used in the continuous case, however it is important to
mention that this condition is a little more strict in the Carathéodory context than it is in

the continuous one.

Given an open and bounded subset V' of R", we say that the condition H holds
on V if

H. there exists £, € (0,¢0] such that, for each A € (0,1) and € € (0,&;], any T-periodic

solution of the differential equation

¥ =eX\F(t,z,e), z€V, (4.8)
is entirely contained in V.

To verify that this condition holds on a given set, one must follow a similar

path as that described in Section 3.4, arguing by contradiction.

Notice that since V' is bounded, there exists r > 0 such that V' < B(0,r). Using
C.3, there exists a positive integrable function g, : [0, 7] — R such that |F (¢, z,¢)| < g.(t)
for almost every t € [0,T]. Let G, : [0,T] — R be given by

60 = [ as)as

0

Of course, G, is also a positive function. Moreover, (G, is a continuous function on a

compact set, thus G, is uniformly continuous.

Proposition 4.3. If condition H does not hold on an open and bounded subset V of R"™,
then there exist sequences {€m }men < (0,€0], {Amtmen € (0,1) and {zy,}men of T—periodic
solutions of equation (4.8) with €, — 0 and x,, — 2o € OV uniformly on [0, T] such that

JT F(s,2p,0)ds = 0. (4.9)
0
Proof. The proof follows the same steps as the proof of Proposition 3.3. Thus, if we assume
that H does not hold on V, then we get sequences {&,,}men < (0, 0], {\n}men € (0,1)
and {2, }men of T—periodic solutions of equation (4.8) with &,, — 0 and x,,(t,,) € dV, for
some t,, € [0,T] and every m € N. We claim that as in the continuous case, we can pick
the sequence {x,,}men so that z,,, — 2y € 0V uniformly on [0, T]. The proof is analogous
and also makes use of the Arzeld-Ascoli Theorem. In proving that A = {z,, : m € N} is

equicontinuous and uniformly bounded, we must use property C.3 and the function G, to
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conclude that for ¢,7 € [0, 7],
t
| T () — xm(T)| < €m)\mf |F (s, xm(s),em)| ds

< Jt gr(s)ds

T

< |Gr(t) - G’I‘(T)|’

from where equicontinuity of A follows from the uniform continuity of G, in [0,T]. In
addition,

t
()] < [ (0] + f e F (5, (), 2| ds < 1 + Go(T),
0

which shows that A is uniformly bounded. Moreover, since for every m € N, x,, touches
the boundary of V, x,, — zy € dV. Therefore F(t, z,,(t),em) — F(t, 20,0) as m — oo for

almost every ¢ € [0, T]. From the periodicity of each x,,, we have

LTF(mm(s), em)ds = 0.

By the Dominated Convergence Theorem (Theorem 2.3), it follows that

T T T
lim | F(s,2m(s),em)ds = f lim F(s,xm(s),em)ds = J F(s, z0,0)ds,
therefore
T
J F(s,2,0)ds = 0, (4.10)
0
completing the proof. O

Notice that the effect of negating condition H is the same, however it does not

follow as naturally here as it does in Chapter 3 due to the lack of continuity.

As in Section 3.4, we show here that condition H also holds for the first order

case.
Proposition 4.4. Assume that equation (3.1) can be written as
v’ =eF\(t, ) + ?R(t, x,¢), for (t,z,e) € [0,T] x D x [0, 0],

where F1 and R are Carathéodory functions and T—periodic in t. Define f1 : D — R" by

fi(z) = — JT Fy(s, z)ds.

0

Let V < R™ be an open and bounded subset such that V. < D and fi(z) # 0, for every
z € V. Then condition H holds on V.
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Proof. Assume then that condition H does not hold on V. By Proposition 4.3, it follows
that there exist sequences {€,,}men < (0,€1] and {z,,}men such that ,, — 0 as m —

o0, Ty, — 2o € OV uniformly on [0, 7] and
T
f F(s,zm(8),em)ds =0,
0
for every m € N. Moreover, equation (4.9) implies
T T
0= f F(87 Zo,O)dS = J F1(5720)d8 = Tfl(ZO)a
0 0

contradicting f1(z) # 0 for every z € dV. Thus, condition H holds on V. O

On the other hand, we do not have an analogue of Proposition 3.5 for the
Carathéodory case, that is, when the boundary of V, 0V, is a smooth manifold and the
the right-hand side F' is transversal to dV/ it is not true that condition H holds. We show

that via an example.
Let D = [0,27] x R x [0,&0] and define f : D — R by
1, te [0, g) U [3;,27?]
f(t,ze) = 3 : V(z,e) € R x [0, ]
—1, te| =, —
%)
and note that it is clearly a Carathéodory function.

Let V = (—1,1) « R. The solutions of ' = e\f(t,z,¢),x € V, for each
e € (0,e0] and A € (0,1) fixed have the form shown in Figure 4.

Figure 4 — Solutions of 2’ = e\ f(t, x,¢).

Notice that 0V = {—1,1} and f(¢,£1,¢) # 0 for every (¢, ¢) € [0,27] x [0, &0].
Furthermore, since the solutions of Carathéodory functions can have a few points where the
derivative may not exist, it is possible to have a 2w —periodic solution of 2’ = eAf(t, x, €)
with 2 € V such that z(t*) € oV for some t* € [0, 27] even if OV is a smooth manifold and
f(t,z,€) is transversal to oV for every t € [0,T],z € dV,e € (0, &].
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4.6 Statements and proofs of main results

Now, we can state and prove the main results of this chapter. Recall that given

equation (4.1), we define the full averaged function f: D x [0,e0] — R" as

f(z,e) = ;JT eF(s,z,¢)ds

0

and by Proposition 4.1 it is continuous.

Theorem E. Consider the non-autonomous Carathéodory T'—periodic differential equation
(4.1). Suppose that there exists an open bounded subset V. < R™ with V < D, and
1 € (0,e0] for which H holds. Assume that

f(z,e) #0, (z,6) € dV x (0,¢e1], (4.11)

and that dg(f(-,€*),V,0) # 0 for some €* € (0,e1]. Then, for each ¢ € (0,1], there exists
a T—periodic solution p(t,e) of (4.1) such that p(t,) € V, for every t € [0,T].

Proof. We will apply Theorem 2.11. We start by showing that H implies A.1. Indeed,
if A.1 does not hold, then there exists € dom L n 0Q,c € [0,&0] and A € (0, 1)
for which Lz = AN(z,¢e). This is equivalent to saying that there exists a solution of
' = XeF(t,z,¢),x € V lying in 99, meaning that z(t*) € 0V for some t* € [0,T]. Then
H does not hold. This shows the desired implication.

Now let x € Ker L n 0. Let z € R™ be such that x(t) = z. Working out

QN (z,¢) for each € [0, gq] we get
P
QN(z,¢e) = TL eF(s,x(s),e)ds = tf(z,¢).

Then, by (4.11), we conclude that the condition A.2 holds. Using Claim 3.0.2 from the
proof of Theorem A, we show that dg(f(-,¢),V,e") # 0 for some £* € (0,&;] implies that
dp(f(-,e),V,e) # 0 for every € € (0,£1]. Then, by Theorem 2.11, there exist ey € (0, 9]
and a T—periodic solution ¢ : [0,T] x (0,ey] — R™ such that ¢(t,e) € V for every
te[0,T]. O

Notice that the proof of the above theorem is a lot shorter than that of
Theorem A. This is due to the fact that many of the technical machinery has already been

developed for it and is being reused in this context.

Theorem F. Consider the non-autonomous Carathéodory T —periodic differential equation
(4.2). Suppose that there exists and open bounded subset V. < R", with V < D, and
e1 € (0,e0] for which condition H holds. Assume that

lim inf [Fk(z,2)]

e—0t 2ze0V €k

> max {|r(z,¢)|,V (z,6) € IV x [0,e1]}, (4.12)
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and that dg(Fi(-,€),V,0) # 0 for every € € (0,1]. Then, there exists 0 < ey < 1 such
that for each € € (0,ey], there exists a T—periodic solution ¢(t,e) of (4.1) such that
o(t,e) eV, for every t € [0,T].

Proof. Note that by equation (4.12) there exists €5 > 0 such that

[Fi(z )]

e Ir(z,¢)|, for (z,e)edV x(0,e].

The above inequality implies
[f(z8)| = [Filz.€) + e r(z,0)] = | Fi(z,0)| — " r(z,€)] > 0,
showing that hypothesis (4.11) of Theorem E is met. We have also that
dp(f(-,€),V,0) = dp(Fi(-,¢),V,0) # 0.

Thus, applying Theorem E the result follows. O]

Finally, we consider the case when some of the function f; are identically zero.

Theorem G. Consider the non-autonomous Carathéodory T —periodic differential equation
(4.2). Suppose that, for some L € {1,2,...k}, fo=...= fi_1 =0, fo # 0. Assume that
there exists an open bounded set V. < R"™, with V < D, for which condition H holds,
fe(2) # 0, for every z € 0V, and dg(f,,V,0) # 0. Then, there exists ey > 0 such that, for
each € € [0,ey ], the differential equation (4.1) has a T—periodic solution ¢(t,e) satisfying
o(t,e) € V, for every t € |0,T].

Proof. We have
f(z,8) = Fu(z,€) + (2, ¢),

so that

Filz, e Z, €
lim inf k(2 ) = lim inf Ju(z.)
e>0ze0V  gl+l e—0 zedV €

= +o0.
Hence, by continuity of r(z, ¢), it is clear that (4.12) holds. Since

dp(fe; V. 0) = dp(Fe(-,€),V,0) # 0,
for € > 0 sufficiently small, then Theorem F can be applied and the result follows. O

As for the continuous case, to perform a first order analysis for Carathéodory

differential equations it is not needed to assume condition H.
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Theorem 4.1. Consider the non-autonomous Carathéodory T'—periodic differential equa-

tion
v’ =ceF\(t,x) + *R(t, x,¢), (t,z,e) € [0,T] x D x [0, &0]. (4.13)

Let f1 : D — R" be given by

filz) = — JT Fy(s, z)ds.

0

Let V < R™ be an open and bounded subset such that V. < D and f1(z) # 0, for every
z € V. If dg(f1,V,0) # 0, there exists ey > 0 such that, for each ¢ € [0,ey], equation
(4.13) has a T—periodic solution p(t,€) satisfying o(t,e) € V, for every t € [0, T).

Proof. By Proposition 4.4, we have that condition H holds on V. Since by hypothesis,
f1 # 0 and dp(f1,V,0) # 0, by Theorem G the conclusions follows immediately. O
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5 Convergence of solutions

In the exploration of ordinary differential equations, unravelling the behaviour
of solutions concerning the system’s parameters stands as a cornerstone in understanding
the robustness of the underlying dynamical system. This chapter delves into the intricate
interplay between the solutions of differential equations and the parameters that govern
their evolution. The overarching theme revolves around the convergence of solutions,
shedding light on a kind of regularity exhibited by these solutions concerning changes in

the parameter space.

Our primary objective is to discern the manner in which solutions evolve with
variations in the parameters. This nuanced perspective extends beyond the mere existence
of solutions, delving into the broader question of their convergence as the parameters

undergo systematic transformations.

As we have seen in Chapter 1, in the literature, the convergence of solutions
is obtained by the Implicit Function Theorem. Indeed, we obtain a branch of zeroes,
x : (—e1,e1) — R”, of the displacement function, A(x,e) = 7(z,e) — x, by the Implicit
Function Theorem such that x(0) = zp and A(z(e),e) = 0, the function z(¢) is known to
be differentiable and, therefore, z(¢) — zo as ¢ — 0 showing that the solutions starting at

x(e) tend to the solution starting at zo as € — 0.

However in the non-smooth case, where the Implicit Function Theorem is not
available, the convergence of solutions is not as straightforward. Nonetheless, even in this

scenario, it is still possible to arrive at convergence results.

The main tool used in this work specially as a replacement to the condition
on the derivative of the averaged functions is the Brouwer degree. Besides providing a
criterium to know whether a function has a zero in some domain or not, the Brouwer
degree also has the excision property Proposition 2.4 which will be fundamental in the

next results.

5.1 Statements and proofs of main results

In this section the reader will notice that we state the results mainly driven
to the more general case of Carathéodory equations. However, it should be noted that
this case contains the non-Lipschitz one and because of that, in the next theorems we
reference inside parentheses the continuous non-Lipschitz counterpart of the underlying

Carathéodory equation.

The first result regarding convergence in the parameter is the following.
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Theorem H. In addition to the hypotheses of Theorem E (Theorem A), assume that for
each € € (0,¢e1] there exists a unique z. € V' such that f(z.,e) =0, zz. > z* €V as e — 0,
and that there exists a family {W, : p € (0, o]} of open subsets of V' containing z* such
that diamW,, — 0 as p — 0 on each of which condition H holds. Then, there exists a
T—periodic solution p(t,e) of (4.1) satisfying ¢(-,&) — z* uniformly as e — 0.

Proof. Condition (4.11) still holds if we change V' for W,,. From the convergence lir% 2. = 2"
e—

it follows that for each p € (0, o], there exists €, € (0, 1] such that for each € € (0,¢,], z: €

W,. By uniqueness of z., we conclude using the excision property of the Brouwer degree,

Proposition 2.4, that given p € (0, uo],

dB(f('7€)v WM’ 0) = dB(f('>€)a VY,O) # 0,

for every ¢ € (0,¢,]. In addition, H holds on each W, therefore, by Theorem E, for
each p € (0, po| there exists ey, € (0,&1] such that for every ¢ € (0, ey, | there exists a

T—periodic solution ¢*(t, ) of (4.1) satisfying
¢"(t,e) € W, for every t € [0,T] and € € (0, ey, ]. (5.1)

In order to construct a solution ¢(t, ) converging to z*, we consider a sequence {/im }men
whose terms lie in (0, uo] satisfying p,, — 0 as m — oo. This sequence automatically gives
us two other sequences {€,, }men and {©m, }men, With €, := g'Wm and each @, := "™ is
a T—periodic solution of equation (4.1) satisfying ¢,,(t,e) € W, for every t € [0,T],c €
(0, €,,] and m € N. Since a convergent subsequence of {¢,,}nen can be extracted so that
€m, — € €[0,e1], we assume that the sequence itself converges to ¢*. We treat the cases
e* > 0 and ¥ = 0 separately. Assume first that £* > 0. Since, €,, > 0 for every m € N,
there exists € > 0 such that [0,2] < [0, €,]. By (5.1), it follows that ¢, — z* uniformly
as m — oo. Thus, define ¢(t,¢) := 2*. We claim that ¢(¢, ) is a solution of (4.1) for every
e € ]0,2]. Indeed, in order to prove this claim, we must verify that this function satisfies

the integral equation

z(t) = x(0) + Jo eF(s,x(s),e)ds,

for every t € [0,T7]. Since p(t, ) is constant in ¢, the above equation is equivalent to

t
J SF(s, 2%, e)ds = 0, Vtel[0,T].
0

For every m € N, we have

t

om(t,e) = pm(0,€) + f eF (s, om(s,¢),e)ds.

0

Making m — oo and using that ¢,,(t,e) — 2* for every (t,¢) € [0, T] x (0,g], we get that

t
0= limj eF (s, om(s,€),e)ds.
0
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Define p,,(t,€) = eF(t, om(t,€),€), for each m € N. By C.3 and Proposition 2.2 we conclude
that each p,, is an integrable function. As it is clear, p,,(t,e) — p(t,e) := eF(t,2",¢),
which by C.2 is a measurable function for each fixed . Finally, by C.3, for » > 0 large
enough, there exists an integrable function g, satisfying |p,,(t,¢)| < g.(t), for almost every
t € [0, T] and every m € N. Hence, by the Lebesgue Dominated Convergence Theorem,
Theorem 2.3, we obtain the following

t t

limeF (s, om(s,€),e)ds = f eF (s, z* e)ds,

0

t
0= limj eF(s,pm(s,e),e)ds = f
0

0

proving the claim.

Now, if * = 0, set €pax = max{e, : m € N} and for each ¢ € (0, €], define
me = max{m € N : € < ¢,,}. Note that m. — o0 as ¢ — 0. We then put ¢(t,¢) := @,,_(t, €).
One readily sees that for each € € (0, €max], ©(t,€) € W, for every t € [0,T'], which once
diam W, — 0 as pp,. — 0 and p, — 0as e — 0 yields ¢(-,e) — 2* uniformly as
e — 0. [

Now, by specializing equation (4.1) to equation (4.2), we can provide a condition

that depends on the k—truncated averaged function instead of the full averaged.

Theorem 1. In addition to the hypotheses of Theorem F (Theorem B), assume that for
each € € (0,e1] there exists a unique z. € V' such that Fj.(z.,e) =0, z. > 2* €V as e — 0,
and that there exists a family {W, : p € (0, o]} of open subsets of V' containing z* such
that diam W, — 0 as u — 0 on each of which condition H holds. Then, there exists a
T—periodic solution p(t,e) of (4.1) satisfying ¢(-,&) — z* uniformly as e — 0.

Proof. Note that
f(z,€) = Fulz,€) + " lr(z,¢)

alongside equation (4.12) imply that Proposition 2.6 can be applied on W,,. Therefore,
by the excision property of the Brouwer degree, Proposition 2.4, and Proposition 2.6 we
obtain dg(f(-,¢€),V,0) = dp(f(-,€),W,,0) = dp(Fi(-,€), W,,0) # 0. Hence, Theorem F
can be used to conclude that for each p € (0, p10] there exists €, € (0,e;] such that for
every € € (0,¢,] there exists a T'—periodic solution ¢*(t,¢) of equation (4.2) satisfying
t(t,e) € W, for every t € [0,T]. Now the exact same argument used in the proof of

Theorem H can be applied to conclude the proof of this result. O

Moreover, when some of the averaged functions vanish, the previous theorem

can be further simplified.

Theorem J. In addition to the hypotheses of Theorem G (Theorem C), if there exists
2* € V such that f,(z*) = 0, fi(2) # 0 for every z € V\{z*}, and there exists a family
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{W, - e (0,uo]} of open subsets of V' containing z* such that diam W, — 0 as yt — 0 on
each of which H holds, then ¢(-,&) — z*, uniformly, as e — 0.

Proof. We have that Fy(z, ) = £ f,(z). Hence, by Theorem I the result follows immediately.
[

Now using Theorem J we can finish the proof of the first order case.

Corollary 5.0.1. Consider the non-autonomous T—periodic Carathéodory differential

equation
v’ = el (t,z) +*R(t, 1, ¢).

In addition to the hypotheses of Theorem D, if there exists z* € V' such that f1(z*) =
0, f1(2) # 0 for every z € V\{z*}, then ¢(-,&) — z*, uniformly, as ¢ — 0.

Proof. The results follows immediately from Theorem J with & = ¢ = 1. O

5.2 Further comments

We note that the theorems present in this section provide a correction to the
convergence part of [27, Theorem C]. Indeed, in that paper, for the convergence part of
the result, the authors only require that condition H hold on V and not on a family of
open subsets of V' containing z*. The watchful reader will notice, however, that the proof
makes a tacit use of this stronger condition where the family consists of the open balls
around z* contained in V. Moreover, the example present in that paper is still valid since

condition H is shown to hold on every subinterval (1 —«, 1 + «), for a € (0, 1).
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6 Applications

In this chapter we apply the results obtained thus far in order to show that they
really extend the range of application of the averaging theory. We stress the verification of

condition H in both the continuous and Carathéodory case.

6.1 Continuous Non-Lipschitz perturbation of a harmonic oscillator

Consider the continuous higher order non-Lipschitz perturbation of a harmonic

oscillator
i=-z+e(2a®+i%) +" Ve +a2 -1+ E(x, 1,e), (6.1)
where k is a positive integer and E is a continuous function on R®. One can readily see

that the right-hand side of this differential equation is not Lipschitz in any neighbourhood
of S' = {(z,4) e R? : 2° + #* = 1} due to the presence of the term v/22 + 2 — 1.

The goal of this section is to prove the following theorem

Theorem 6.1. For any positive integer k and |e| # 0 sufficiently small, the differential
equation (6.1) admits a periodic solution x(t; <) satisfying (x(t;€),@(t;€)) — S uniformly

as € — 0.

The first step is to put equation (6.1) in the standard form as in equation
(3.1). For that, we start by writing equation (6.1) as a first order differential equation by

introducing a new variable y

i o=y
{ y =-z+e(a®+y°) + Py a2 2 — 1+ N E (2, y, €).
Applying a polar change of variables
o(r,0) = (rcos@,rsind), r >0, 0¢el0,2n],
we obtain

7 =esind <r2 + e Ir2 — 1+ FB(rcos 6, rsin 9,5)) :

0 1+ECOSQ(T2+€I€_1\3/T2—1+8kE(TCOS(9,TSin(9,€))
. :

Observe that for e sufficiently small, 0 # 0. Therefore, we can take 6 as the new independent

variable and
, dr drdt r

=% qas " §
ersin® (r? + e 1V/r? — 1 + e"E(r cos b, rsinf, c))

—r +ecost (r2 +ek=19r2 — 1 + ek E(rcosf, rsinb, c))’
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which expresses the differential equation for r in the form
' =¢eF(0,r¢e), (6.2)

where

r3sing + ¥ rsinv/r? — 1+ efrsin0F(r cos 0,7 sin 6, €)
—r +er2cos + ek cos 03/r2 — 1 + ekt cos OFE(r cos ), rsinf, €)’

F(f,r,e) =

which is 2r—periodic in . Calculating the Taylor series expansion of order k£ — 1 of F

about € = 0, we obtain
F(Q,T, 5) = 5F1(¢9,T‘) + -+ ngk(QJ") 4 O(6k+1)

k—1
= — Z et cogt 1 fsin 6 (6.3)
i=1

—c* 1t (\3/ r2 — 1sin @ + r* cos" 9) sin + O(e"),
with
Fi(0,7) = —r" cos" ! fsin ), ief{l,....k—1},
Fi(0,7) = —r (\3/7’2 — 1sin@ + r* cos** 9) sin 6.
Notice that for € # 0, F' is not Lipschitz in any neighbourhood of » = 1, so that no known
version of the averaging methodology can be applied in this case to detect any periodic
solution around r = 1 since a first order analysis in this case is not possible and the higher

order results available require at least Lipschitz continuity of the right-hand side of the

equation.

Let V,, = (1—a,1+a) for some 0 < a < 1. The averaged functions f; : V,, —» R

are then given by

1 21 ) )
fi(r) = 7 —r 1 cos'™ 1 @ sinHdh = 0, ie{l,2,...,k—1},
T Jo
L[ 5 ry/r? —1
frlr) = Py —r (\/T2 — 1sin@ + r* cos™™* 9) sinfdf = ———
T Jo

From the above expressions it is clear that f; has a unique zero r* = 1in V. In
addition, its Brouwer degree was calculated in Example 2.4, thus dg(fx, V,,0) = —1 # 0.
Since fi; = 0, a first order analysis is not applicable, therefore, in order to apply any of the
theorems proved in Chapter 3 and Chapter 5, we have to show that condition H holds on
V. As it turns out, we are actually able to prove that H holds on V,, for every « € (0, 1).

Proposition 6.1. For any positive integer k, condition H holds on V,, for every a € (0,1).

Proof. In what follows we shall assume that € > 0. The result for ¢ < 0 can be obtained

analogously just by considering —F'(0,r,¢). As discussed in Section 3.4, the negation of
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condition H provides numerical convergent sequences (€,;)men < (0,€0] and (M) men <

(0, 1), such that €,, — 0 as m — o0, and a sequence (7,,)men of 2m-periodic solutions of

r'=epAnF(0,1,6,), TEV, (6.4)
for which there exists 6, € [0,27] such that r,,(0,,) € dV for each m € N uniformly
converging to a constant function ro € 0V = {1 + o} and, in particular,

27
J F(0,r,(0),em)d0 =0, m e N. (6.5)
0

For each i, j, m € N, define

Gid — f " i (8) cos? (6) sin(68)d6. (6.6)

0
Henceforth, despite (&,,)men being a numerical sequence, we borrow the Landau’s symbol

notation h,, = O(e?,), for some p € N, to mean that there exists a positive constant C
such that |h,,| < C|eb,|, for m sufficiently large. Thus, by Equation 6.5 and equation (6.3),
we have

0= J% F(0,r,(0),em)d0

0

— J ( — Z e~ 1rit(9) cos'™! O sin 6
i-1

0

m

— el (0) ( S/12,(0) — 1sin 6 + r* (9) cos ™ 0) sin Q) do + O(eh)

k-1 . 2m . .
=— Z S J 71 (6) cos’* O sin 0df
i=1 0

21
—ei! J "' (6) ( V/72,(0) — 1sin 0 + r* (9) cos*™! 9) sin 6d6 + O(ey,)

0

k—1
— Z 5:;1G::1’l_1 . gfn—l (
i=1

which, upon rearrangement, implies

2
J T (0)3/72,(0) — 1sin? 6d6 + anﬂ’k_l) + O(ek),

0

27 1 k ) ] ]
J T (0) /T (0)2 — 1sin® O = - Ze’nlegl’“l + O(em). (6.7)

0 mo =1
Our aim here is to provide some estimate on left-hand side of the above equality and
study its behaviour as m — co. To achieve that, we apply integration by parts on G/ for

arbitrary ¢, 7, m € N.

2m

Gh = j 7! (0) cos’ O sin 0df
0

. ) 2

ri (0) cos’1 0

Jj+1

. 2m
; i . fo T (0) cos”  Or! (6)dd

27
— - J T (0) 1t cos’ ™ Or! (0)d6,
0
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where the last equality follows from periodicity of r,,. Since r,,(f) satisfies equation (6.4),

we conclude that

g o_
Gyl =—

Sy mEe J T (0 cos?™(0) sin @ df + O(eF)

mg Gz+l]+l+0( )

]

=()

Therefore, it follows that G-+ = O(e,,). Plugging this into the above expression, we get
that G% = O(2). Applying this procedure recursively, we conclude that G% = O(eF).
Thus, from (6.7), we get that

2m
J To(0) /70 (0)2 — 1sin* 0d0 = O(g,,).

0

Since r,, — ro € {1 + a} uniformly, we compute the limit of the integral above as

2w

0= lim T (0) /7 (0)2 — 1sin? d6

m—0o0

2m
= f lim 7,,(0)%/7,,(0)2 — 1sin? 6d0
0

m—>00
2
= roA/T8 — 1sin® 6d6,
0

which is an absurd, because

2
ron/18 — 1sin® 0df = mro/r3 — 1 # 0,
for ry # 1. Thus, we obtain that condition H holds on V. O

Finally, Theorem 6.1 can be proved.

Proof of Theorem 6.1. Since f; = -+ = fr.1 = 0, fx # 0, fx(r) # 0, for r € 0V and
dg(fx, Va,0) # 0, by Theorem C, with ¢ = k, it follows that there exists ey, > 0 such that
for every € € (0, ey, | there exists a 2r—periodic solution ¢(6, €) of equation (6.1) satisfying
©(0,¢) € V, for every 0 € [0, 2n] and, since condition H holds on V, for every a € (0,1),
then H holds on every open subset of (0,2) containing r* = 1. Thus, by Theorem J, it
follows that ¢(f,e) — r* = 1 uniformly as ¢ — 0. O

In order to illustrate the existence of the periodic solution ensured by Theo-
rem 6.1 for some values of k£ and ¢, we ran some numerical simulations. Using the software
application MATHEMATICA® we show the displacement function obtained for some of

these simulations, which has its zero corresponding to a periodic solution.
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Figure 5 — Displacement function of differential equation (6.2) assuming k = 1 and £ = 0
for e = 1/20 (left) and e = 1/100 (right).
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Figure 6 — Displacement function of differential equation (6.2) assuming k =2 and £ =0
for e = 1/20 (left) and e = 1/100 (right).
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Figure 7 — Displacement function of differential equation (6.2) assuming k = 3 and £ = 0
for e = 1/20 (left) and £ = 1/100 (right).

6.2 Discontinuous perturbations of a harmonic oscillator

6.2.1 First example

Consider the following modification of equation (6.1)

i=-—z+e(2®+3%) + " sgn(@)Va?+i2 — 1+ E(x, &,¢), (6.8)
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where k > 1 is a positive integer and E is a continuous function on R?. Notice the presence

of the sign function, sgn(z), multiplying the cube root term.

In this section, we will prove the following result.

Theorem 6.2. For any positive integer k and |e| # 0 sufficiently small, the differen-
tial equation (6.8) admits a 2m—periodic solution x(t,e) satisfying (x(t,e), i (t,¢)) — S!

uniformly as € — 0.

We start by noting that the above differential equation possesses a discontinuity
introduced by the term sgn(i). Moreover, it is also important to notice, just as in the
previous section that this right-hand side is not a Lipschitz function in any neighbourhood
of the unit circle S' centred at the origin of the phase space (z, ). Therefore, none of the
Melnikov-type or Averaging-type theorems known so far could be applied to study this

system.

Observe that equation (6.8) is not in the form of equation (1.3). A procedure
similar to that employed in the previous section can be applied to transform equation
(6.8) into an equation in the standard form, such as equation (1.3). Thus after performing

the same steps as in the previous section, the above system reads

, ersin® (r? + " sgn(sin0)v/r? — 1 + e"E(r cos 0, rsinf, ¢))
r’ = :
—r +er?cosf + eF cos O sgn(sin 0)v/r? — 1 + ekl cos OE(r cos 6, rsin b, €)

We point out that since r > 0 we omitted it from the argument of the sgn function and
wrote just sgn(sin ) instead of sgn(rsin @). We shall follow with this notation henceforth.

Again, we have expressed equation (6.8) as
' =¢eF(0,r¢e), (6.9)
with F' a 2r—periodic function in 6 given by

F(0,re) =
rsin® (r? + " sgn(sin6)V/r?> — 1 + e*E(r cos 0, rsin 6, <))
—r +er2cosf + e¥ cos O sgn(sin 0)/r2 — 1 + b+ cos OF(r cos ,7sinf, e)

Now expanding F' in Taylor series up to order £ — 1 about € = 0 we get

k=1
r=— Z elritl cog? 1 fsinf — &F (rkH cos® 1 0 sin O+
=1

sin § sgn (sin §)v/r2 — 1) + 0" (6.10)

Observe that this equation is in the standard form we have been using all along

]F 0,r)+ O(e k“)

\\Mw
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where
F;(0,7) = =1’ cos’ ' sin b, for each je{l,....k—1}
and
Fi(0,7) = —rF cos"™ 9 sin @ — sin 0 sgn(sin 6)v/r2 — 1.
Notice that F; is continuous for every i € {1,...,k — 1} and F}, is a sum of a continuous

function with a Carathéodory function, as shown in Example 2.1. We can now apply
the methodology described in this work. Let V,, = (1 — a,1 + «a) for some 0 < o < 1.

Integrating each F; over [0, 27], we obtain the averaged functions f; : V,, — R for each

jefl,...;k—1}
1 (% 1 [ .
fi(r) = ZJ F;(0,r)do = P —r7 l cog? 1 fsin6dO = 0

and

1 r2T
fk(T) = — Fk(e,r)de

21 Jo
1 2T

= — —r* 1 cost =1 O sin O — sin @ sgn(sin ) V/r2 — 1d6

27 Jo
1 2T

= — sin 0 sgn(sin 8)V/r2 — 1d6

21 Jo
2v/1 — 12
- )

Notice that f, has an isolated zero at r* = 1 and that its Brouwer degree is the same as
the one calculated in Example 2.4, so dg(fi, Va,0) = —1 # 0 for every a € (0,1). Now in
order to apply Theorem G and Theorem J we only have to show that condition H holds.

Proposition 6.2. For any positive integer k, condition H holds on V,, for every a € (0,1).

Proof. The proof that condition H holds goes along the same lines as that of Proposition 6.1.
There are only a few changes that must be noted. Let a € (0,1) be fixed. By negating
item H we get numerical convergent sequences (€,,)men < (0, 0] and (A )men < (0, 1),

such that €,, — 0 as m — o, and a sequence (7,,)men of 2m-periodic solutions of
' =enAnF(0,7,6,), 1€V, (6.11)

for which there exists 6, € [0,27] such that r,,(0,,) € dV,, for each m € N uniformly

converging to a constant function ro € dV,, = {1 + a} and, in particular,

2T
f F(O,r(0),e)d0 =0,  meN. (6.12)
0
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By the exact same arguments, we conclude that

27
J sin @ sgn(cos @ + sin 0)/7,(0)? — 1d0 = O(e,). (6.13)

0

Thus, by taking the limit of the above equality as m — oo, we obtain

27
0= f sin @ sgn(cos 6 + sin #)+/r¢ — 1d6
0
=221 — 1 #0,

which is an absurd. And since o was taken arbitrarily, it follows that condition H holds

on V, for every a € (0,1). O
Now Theorem 6.2 can be proved.

Proof of Theorem 6.2. Since f1 = -+ = fro1 = 0, fi, # 0, fu(r) # 0, for r € JV and
dg(fr, Va,0) # 0, by Theorem G, with ¢ = k, it follows that there exists ey, > 0 such that
for every € € (0, ey, | there exists a 2r—periodic solution (6, €) of equation (6.8) satisfying
©(0,¢) € V,, for every 6 € [0, 2r] and, since condition H holds on V,, for every a € (0,1),
then H holds on every open subset of (0,2) containing r* = 1. Thus, by Theorem J, it
follows that ¢(0,e) — r* = 1 uniformly as ¢ — 0. O

Similar numerical simulations were run for equation (6.9) and we can observe
a curious behaviour. The reader will notice that in each figure there are two branches of
points, one that is clearly a straight line and the other consisting of a few points near the
x axis. These points near the x axis show that the displacement function reaches values
very close to zero, which indicate the presence of 2r—periodic solutions. The other branch

appears due to the lack of uniqueness of solutions.

A(ro) A(ro)

0.20 0.04

0.03
0.02
0.01

0.2 0.4 0.6 0.8 1. 1.2
-0.01
-0.05

-0.02
-0.10

-0.03

Figure 8 — Displacement function of differential equation (6.2) assuming k£ = 1 and F =0
for e = 1/20 (left) and € = 1/100 (right).
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-0.005| ~0.0002} \
-0.0003 N

Figure 9 — Displacement function of differential equation (6.2) assuming k = 2 and £ = 0
for e = 1/20 (left) and ¢ = 1/100 (right).
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Figure 10 — Displacement function of differential equation (6.2) assuming k = 3 and F = 0
for ¢ = 1/20 (left) and ¢ = 1/100 (right).

6.2.2 Second example

Let g : R? - R be given by

o=t (293 773

and consider the following differential equation
i=—x+e(@®+ %) +eg(x, i) + " E(x, 1, ¢), (6.14)
where E is a continuous function on R®. The function g(z,#) multiplying the £* term is
clearly a discontinuous one.
We will prove the following result.
Theorem 6.3. For ae (1/2,1), let A, = {(v,y) e R : 1 —a < 2* +y* < 1 +a}. For any

positive integer k and |e| # 0 sufficiently small, the differential equation (6.14) admits a
2w —periodic solution x(t,e) satisfying (x(t,e), (t,e)) € Ay for every t € [0, 27].

Applying once more the same procedure employed in the previous sections of

this chapter, namely perform a polar change to variables (r,t) and taking 6 as the new
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time variable we obtain the system

, rsinf(er? + e¥g(rcosd,rsinf) + e* 1 E(r cos 0, rsin 6, €)) (6.15)
r = :
—r +er?cosf + ¥ cosOg(rcos b, rsinf) + b+l cos OE(r cos 6, rsinb, e)’

which is a 2r—periodic differential equation. By expanding the tight-hand side of the

above equation in Taylor series up to order k about € = 0, we get
r'=cF(0,r)+ -+ €ka(9,r) + O(ekH)
k=1 _
- Z gritl cos' 1 Hsin g
=1
— gt (rk+1 cos"™ fsin 0 + sin Og(r cos §, 7 sin 0)) + O(F).

Notice that the right-hand side of this equation is a Carathéodory function, since it is a
sum of continuous functions with the term sin g(r cos @, rsin @) which is Carathéodory,
as shown in Example 2.2. Let 1/2 < a < 1 and define V, = (1 — a;, 1 + «). The averaged

functions f; : V — R are given by

1 2w ) )
filr) = o —r"cos" 10sinfdd =0, ie{l,... . k—1}
T
1 027r ) )
frlr) = Py —r"T cos"™! fsin O — g(r cos 6, r sin 0) sin OdH
T Jo
2 9 5 1 5 9
== —1 . AR
- sgn (r ) max {O, (r 4) (r 4) }
Hence, we have f; = --- = f,_1 = 0 and fi # 0 in V. In addition, the degree of f, was

calculated in Example 2.5 so that dg(fx, Va,0) = —1 # 0.

fi
0.4

0.5 1 1)

-0.4

Figure 11 — Graph of the k—th averaged function.

In order to verify condition H, we follow the same procedure employed in the

last sections.
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Proposition 6.3. For any positive integer k, and any o € (1/2,1), condition H holds on
V.

Proof. Negating condition H, we obtain numerical sequences {&,, }men, {Am }men such that

em — 0 as m — o0, and a sequence (7, )men Of 27-periodic solutions of

' =en A F (0,7, 6y), TEV,, (6.16)

for which there exists 6,, € [0,27] such that r,,(0,,) € dV,, for each m € N uniformly

converging to a constant function ro € 0V, = {1 + a} and, in particular,
21
f F(O, 7 (0),2)d0 =0,  meN. (6.17)
0
By the exact same arguments used in the previous sections, we conclude that
2
J sin @ sgn(r(r* — 1) sin ) max{0, (r* — 1/4)(r* — 9/4)}df = O(e,,). (6.18)
0
Thus, by taking the limit of the above equality as m — oo, we obtain

0= Lﬂsirﬂsgn(r(r2 — 1) sin §) max{0, (r? — 1/4)(r* — 9/4)}d6

1 9
= —4sgn (rg — 1) max {0, (r% — 4) (7‘3 — 4)} # 0,

which is an absurd. And since o was taken arbitrarily, it follows that condition H holds

on V, for every o € (0,1). O
Thus, we can prove Theorem 6.3.

Proof of Theorem 6.5. We have f; =--- = fy_; =0 and f; # 0. In addition, condition H
holds on V,, and dg(fx, Va,0) # 0 for every a € (1/2,1). Therefore, by Theorem G there
exists ey, € (0,g9] such that for every ¢ € (0,ey,) there exists a 2r—periodic solution

©(t,€) of equation (6.14) satisfying p(t,€) € V,, for every t € [0, 27]. O

This is an example where we can guarantee the existence of periodic solutions,

but not the convergence of these solutions as ¢ — 0.

Below we show some numerical simulations carried out with E(z,y,¢) = y —y°.
We note, that for most cases these simulations clearly indicate the presence of 3 periodic

solutions.
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Figure 12 — Displacement function of differential equation (6.2) assuming & = 1 and
E(z,y,e) =y —v° for ¢ = 1/20 (left) and € = 1/100 (right).
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Figure 13 — Displacement function of differential equation (6.2) assuming k& = 2 and
E(z,y,e) =y —v° for ¢ = 1/20 (left) and € = 1/100 (right).
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Figure 14 — Displacement function of differential equation (6.2) assuming & = 3 and
E(z,y,e) =y —v° for ¢ = 1/20 (left) and € = 1/100 (right).
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7 Conclusion and future works

In this work, we have studied the problem of detecting periodic solutions of
ordinary differential equations with discontinuous right-hand sides. More precisely, we
have considered differential equations whose right-hand sides are functions satisfying the

Carathéodory conditions.

The major challenge in dealing with less regular differential equations is the
lack of uniqueness of solutions. This property is very important in order to properly define
a Poincaré map and study its fixed points. Since this is not possible in the context of this

work, we had to look for a feasible approach.

The main technique used for proving existence results for non-smooth differential
equations was topological degree theory for operator equations in infinite dimensional
spaces. We have used the integral characterization of solutions of differential equations to
define operators on suitable Banach spaces and studied the resulting equivalent operator

equation. We are then able to use the average of the right-hand side as bifurcation functions.

Convergence of solutions was also studied. In this way, we see that the periodic
solutions detected for £ # 0 converge to some solution of the unperturbed differential

equation as € — 0.

The development of this work opened many possibilities for further research.

We briefly discuss some of these topics in the sequel.

7.1 Averaging for Filippov systems

Aiming at considering as much cases as possible, it is natural to also consider

the case of Filippov systems.

Consider the differential equation
¥ =¢eF(t,x,e) = €ZXD¢($)Fj(t,SC,€)7 (t,z,e) € [0,T] x D x (—eq, o),
j=1

where y 4 is the characteristic function of the subset A, that is, ya(z) = 1 if z € A and
xalx) =01if x ¢ A, and F; : [0,T] x D;j x [—eo,e0] — R" for each j € {1,...,m} is a

m

Carathéodory function T'—periodic in ¢t and D = U D;.

7j=1
It is then interesting to investigate whether it is possible to apply the methodol-
ogy used in this work to provide sufficient conditions for the existence of periodic solutions

for the Filippov system above.
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7.2 Bifurcation from a non-degenerate family of periodic solutions
In this work, the differential equation studied is reduced to ' = 0 by taking
¢ = 0. This unperturbed system has all of its solutions as constants, thus periodic.

An interesting problem is consider the differential equation
' = Fy(t,x) + eR(t, z,¢), (7.1)

where Fy : [0,7] x D — R", and R : [0,7] x D x [0,e;] — R™ are continuous function,
T—periodic in t. Let us assume that F{ is Lipschitz continuous. Consider the unperturbed

problem
2 = Fy(t, ). (7.2)

Let k < n, be a non-negative integer, V < R* an open bounded subset, 8y : V — R" % a

C" function and consider the set
Z={z2, = (a, Bp()) : e V}.
We pose the following condition

H, for each z, € Z, the solution ¢,(t) = ¢(t,z,) of (7.2) such that ¢,(0) = z, is
T—periodic.

The goal here is to provide an averaging like result using topological degree
theory to give conditions that guarantee that equation (7.1) has a T'—periodic solution for

¢ > 0 sufficiently small.

7.3 Stability of periodic solutions

When studying the bifurcation of periodic solutions, a natural question arises,

namely, whether we can get some information about the stability of these solutions.

The analysis of stability of periodic solutions of differential equations usually
employ techniques such as te study of the Poincaré map. However, as we have seen, for
equations with regularity as low as those considered in this work, we cannot properly
define a Poincaré map. Thus it remains an open problem to provide sufficient conditions
that guarantee the stability of the periodic solutions detected by the methods used in this

work.



[10]

[11]

86

Bibliography

H. Amann. Ordinary differential equations. An introduction to nonlinear analysis.
Transl. from the German by Gerhard Metzen, volume 13 of De Gruyter Stud. Math.
Berlin etc.: Walter de Gruyter, 1990. Cited on page 15.

R. G. Bartle. The elements of integration and Lebesgue measure. New York, NY:
John Wiley & Sons, 1995. Cited 2 times on pages 25 and 26.

A. Bressan and B. Piccoli. Introduction to the mathematical theory of control, volume 2
of AIMS Series on Applied Mathematics. American Institute of Mathematical Sciences
(AIMS), Springfield, MO, 2007. Cited on page 27.

F. E. Browder. Fixed point theory and nonlinear problems. Bull. Amer. Math. Soc.
(N.S.), 9(1):1-39, 1983. Cited on page 31.

A. Buica and J. Llibre. Averaging methods for finding periodic orbits via Brouwer
degree. Bulletin des Sciences Mathématiques, 128(1):7-22, 2004. Cited 5 times on
pages 13, 14, 20, 39, and 54.

M. R. Candido, J. Llibre, and D. D. Novaes. Persistence of periodic solutions for higher
order perturbed differential systems via Lyapunov-Schmidt reduction. Nonlinearity,

30(9):3560, 2017. Cited 2 times on pages 14 and 35.

E. A. Coddington and N. Levinson. Theory of ordinary differential equations. 1955.
Cited 2 times on pages 28 and 30.

K. Deimling. Nonlinear functional analysis. Springer-Verlag, Berlin, 1985. Cited 6
times on pages 23, 24, 31, 34, 35, and 37.

A. F. Filippov. Differential equations with discontinuous right-hand sides. Ed. by F.
M. Arscott. Transl. from the Russian, volume 18 of Math. Appl., Sov. Ser. Dordrecht
etc.: Kluwer Academic Publishers, 1988. Cited on page 30.

G. B. Folland. Real analysis. Modern techniques and their applications. Pure Appl.
Math., Wiley-Intersci. Ser. Texts Monogr. Tracts. New York, NY: Wiley, 2nd ed.

edition, 1999. Cited 2 times on pages 25 and 29.

M. Forti, M. Grazzini, P. Nistri, and L. Pancioni. Generalized Lyapunov approach
for convergence of neural networks with discontinuous or non-Lipschitz activations.
Phys. D, 214(1):88-99, 2006. Cited on page 27.



Bibliography 87

[12]

[13]

[14]

[15]

18]

[19]

[20]

[21]

[22]

[23]

[24]

R. Gaines and J. Mawhin. Coincidence degree and nonlinear differential equations.
Lecture Notes in Mathematics. Springer Berlin Heidelberg, 1977. Cited 6 times on
pages 23, 25, 36, 37, 38, and 44.

J. K. Hale. Ordinary differential equations. 2nd ed. 1980. Cited on page 27.

K. Hoffman and R. Kunze. Linear algebra. Second edition. Prentice-Hall, Inc.,
Englewood Cliffs, N.J., 1971. Cited on page 24.

I. Kaplansky. Set theory and metric spaces. Allyn and Bacon Series in Advanced
Mathematics. Allyn and Bacon, Inc., Boston, MA, 1972. Cited on page 23.

E. Kreyszig. Introductory functional analysis with applications. John Wiley & Sons,
New York-London-Sydney, 1978. Cited on page 23.

E. L. Lima. Espagos métricos, volume 4 of Projeto Fuclides [Fuclid Project]. Instituto
de Matematica Pura e Aplicada, Rio de Janeiro, 1977. Cited 2 times on pages 22
and 23.

J. Llibre, A. C. Mereu, and D. D. Novaes. Averaging theory for discontinuous piecewise
differential systems. Journal of Differential Equations, 258(11):4007-4032, 2015. Cited
3 times on pages 13, 20, and 39.

J. Llibre, D. D. Novaes, and C. Rodrigues. Averaging theory at any order for computing
limit cycles of discontinuous piecewise differential systems with many zones. Physica

D: Nonlinear Phenomena, 353-354:1-10, 2017. Cited on page 13.

J. Llibre, D. D. Novaes, and M. A. Teixeira. Higher order averaging theory for finding
periodic solutions via Brouwer degree. Nonlinearity, 27:563-583, 2014. Cited 5 times
on pages 13, 14, 17, 20, and 39.

J. Mawhin. Equivalence theorems for nonlinear operator equations and coincidence
degree theory for some mappings in locally convex topological vector spaces. J.
Differential Equations, 12:610-636, 1972. Cited on page 36.

J. R. Munkres. Topology. Prentice Hall, Inc., 2 edition, jan 2000. Cited on page 23.

D. D. Novaes. An equivalente formulation of the averaged functions via bell polynomi-
als. Faxtended Abstracts Spring 2016: Nonsmooth Dynamics. Trends in Mathematics,
8:141-145, 2017. Cited on page 17.

D. D. Novaes. Higher order stroboscopic averaged functions: a general relationship
with melnikov functions. FElectronic Journal of Qualitative Theory of Differential
FEquations, 2021(77):1-9, 2021. Cited on page 19.



Bibliography 88

[25]

[26]

[28]

[29]

[30]

D. D. Novaes. An averaging result for periodic solutions of Carathéodory differential
equations. Proceedings of the American Mathematical Society, 150(7):2945-2954, Aug.
2022. Cited on page 27.

D. D. Novaes. An averaging result for periodic solutions of carathéodory differential
equations. Proceedings of the American Mathematical Society, 150(7):2945-2954, 2022.
Cited on page 13.

D. D. Novaes and F. B. Silva. Higher order analysis on the existence of periodic
solutions in continuous differential equations via degree theory. SIAM J. Math. Anal.,
53(2):2476-2490, 2021. Cited 3 times on pages 14, 39, and 71.

W. Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third
edition, 1987. Cited on page 25.

J. Sanders, F. Verhulst, and J. Murdock. Averaging methods in nonlinear dynamical
systems. Applied Mathematical Sciences. Springer New York, 2007. Cited 3 times on
pages 14, 18, and 19.

F. Verhulst. Nonlinear differential equations and dynamical systems. Springer Science
& Business Media, 2006. Cited on page 12.



	First page
	Title page
	Catalographic data
	Approval
	Dedication
	Acknowledgements
	Epigraph
	Resumo
	Abstract
	Contents
	Introduction
	Brief historic background
	The Melnikov method
	The Averaging method
	Relating the averaging and Melnikov methods
	Less regular systems
	The purpose of this work

	Preliminaries
	Relevant topics on functional analysis
	Arzelá-Ascoli Theorem
	Normed spaces and operators
	Fredholm operators

	Essentials of measure theory
	Some results on ordinary differential equations
	Brouwer degree
	Continuation theorem
	Some comments on degree theory in infinite dimensions
	The boundary condition


	Averaging Theory for Periodic Solutions in Continuous Differential Systems
	Setting up
	Formulating the associated operator equation Lx = N(x,)
	Some properties of L and N
	The condition H
	Statements and proofs of main results

	Averaging Theory for Periodic Solutions in Carathéodory Differential Systems
	Setting up
	What can be reused from the continuous case
	N is L-compact
	Continuity of the averaged functions
	The condition H in the Carathéodory case
	Statements and proofs of main results

	Convergence of solutions
	Statements and proofs of main results
	Further comments

	Applications
	Continuous Non-Lipschitz perturbation of a harmonic oscillator
	Discontinuous perturbations of a harmonic oscillator
	First example
	Second example


	Conclusion and future works
	Averaging for Filippov systems
	Bifurcation from a non-degenerate family of periodic solutions
	Stability of periodic solutions

	Bibliography

