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Resumo

Problemas complexos de otimizacao de grande porte geralmente apresentam uma estru-
tura separavel por blocos que permite o uso de técnicas de decomposi¢ao. Os métodos
de decomposicao lidam adequadamente com acoplamentos nas restrigoes ou nas variaveis,
para aproveitar essas estruturas separaveis. Essa tese explora algoritmos de decomposicao
para problemas de otimizacao convexos e nao convexos que, em cada iteragao, primeiro
resolvem subproblemas descentralizados e depois coordenam a informacgao distribuida.
Nosso objetivo é duplo. Por um lado, propomos uma analise unificadora de convergéncia
de métodos de descida para otimizacao nao convexa, incluindo taxas de convergéncia sob
hipoteses fracas de regularidade. Os algoritmos de decomposigao fornecem frequentemente
descida para alguma medida de progresso ao longo das iteragoes, como a redugao de al-
guma funcao de mérito ou a distancia ao conjunto de solugoes. As abordagens incluidas
em nossa analise sao os métodos de feixe proximal e o método de Douglas-Rachford para
otimizacao fracamente convexa. Por outro lado, estendemos a andlise unificadora para
problemas de otimizagao restritos a um subespaco linear. Isso nos permite desenvolver
técnicas de decomposicao que usufruem da separabilidade por cenarios de problemas de
otimizacao estocastica multiestdgio, uma vez que as restricdes acoplantes desses proble-
mas sao representadas por um subespacgo linear relacionado a nao antecipatividade no
processo de decisoes. Para problemas convexos, propomos dois novos métodos que aproxi-
mam o método de Lagrangiano aumentado, ao induzir separabilidade no problema dual.
As restrigoes acopladoras sao modeladas com uma func¢ao linear construida usando passos
forward-backward. Esses dois métodos sao variantes do algoritmo Progressive Hedging de
Rockafellar e Wets, com a importante diferenga de serem convergentes também se o com-
primento de passo varia com as iteragoes. Os dois métodos propostos diferem na forma
como o progresso ao longo das iteragoes é avaliado. O primeiro método corresponde a
uma variante do tipo feixe proximal do algoritmo Progressive Hedging, que mede descida
suficiente da funcdo de custo. O segundo método é uma técnica de decomposicao que
emprega um teste de aceitacao de erro relativo que avalia a inviabilidade e a precisao do
modelo. Ambos os métodos geram sequéncias primais-duais que convergem a solugoes dos

problemas primal e dual, respectivamente, com taxa de convergéncia linear.

Palavras-chave: métodos de decomposicao, métodos de descida, Progressive Hedging,

métodos de feixe, convexidade fraca, error bounds, convergéncia linear.



Abstract

Complex large-scale optimization problems usually display a block-separable structure
that allows the use of decomposition techniques. Decomposition methods appropriately
handle couplings in the constraints or in the variables in order to exploit the separable
structure. This thesis explores decomposition methods for convex and nonconvex opti-
mization problems, that first solve decentralized subproblems, and then coordinate the
distributed information. Our goal is two-fold. On one hand, we propose a general unify-
ing framework for convergence analysis of descent methods in nonconvex optimization,
including rates of convergence under mild regularity assumptions. Decomposition algo-
rithms frequently provide descent for some improvement measure throughout iterations,
such as reduction of some merit function or the distance to the set of solutions. Approaches
included in this framework are proximal bundle methods, and the Douglas-Rachford split-
ting method for weakly convex optimization. On the other hand, we extend the unifying
analysis to constrained optimization problems over a linear subspace. This allows us to de-
velop decomposition techniques that capitalize on the scenario separability of multistage
stochastic optimization problems, since the linking constraints for these problems are rep-
resented by certain linear subspace, related to nonanticipativity in the decision process.
For convex problems, we propose two novel methods that replace certain Augmented La-
grangian by separable approximations inducing separability in the dual problem. The cou-
pling constraints are modeled with a linear function constructed using forward-backward
steps. These methods are variants of the Progressive Hedging algorithm by Rockafellar
and Wets, with the key difference of being convergent also with varying stepsizes along
iterations. The two proposed methods differ in the way that improvement along iterations
is evaluated. The first method corresponds to a proximal bundle-like adaptation of the
Progressive Hedging algorithm, that measures sufficient descent of the cost function. The
second one is a splitting technique that employs a relative-error acceptance test, assess-
ing infeasibility and model accuracy. Both methods are shown to generate primal-dual
sequences that convergence to solutions to the primal and dual problems, respectively,

with linear speed of convergence.

Keywords: Decomposition methods, descent methods, Progressive Hedging, bundle meth-

ods, weak convexity, error bounds, linear convergence.
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Introduction

Decomposition-coordination methods, or simply decomposition methods, are
used to solve large-scale problems that are difficult or impossible to tackle directly, with
classical techniques. Decomposition methods advantageously exploit certain type of struc-
tural features present in the problem that make it possible to solve instead a sequence of
smaller and simpler subproblems. These subproblems, solved in a decentralized distributed
manner, are subsequently coordinated in order to find a solution. Problems well-suited
for decomposition appear in multiple applications, including signal and image processing,
statistics, energy systems, machine learning, among others. See [1, 2, 3, 4] and references

therein.

Modern real-world problems usually involve numerous constraints and vari-
ables. Decomposition methods are designed to handle complicating constraints and/or
complicating variables, usually presented in a structured way. For instance, in power
systems, mathematical optimization models in generation planning include linkage con-
straints related to different technologies (hydro, wind, thermal). For stochastic formula-
tions, nonanticipativity constraints are incorporated when intermittent sources of energy

play a relevant role in the system. We refer to [5, 6, 7, 8] for more details.

Traditional decomposition approaches require mathematical formulations to
have a block-separable structure, such as Dantzig-Wolfe decomposition [9], Benders de-
composition [10], Douglas-Rachford splitting [11], and the alternating direction method
of multipliers (ADMM) [12]. Other methods, not originally designed for decomposition,
such as bundle methods [13, 14], can be employed to exploit separable structures through

duality.

Many well-known decomposition methods are based on two strategies. These
are the dual decomposition technique [15] and the proximal point algorithm [16, 17]. In
this thesis, we focus on decomposition techniques of proximal type. These methods usually
provide sequential improvement along iterations, in the form of descent of the objective
or a merit function, or reducing the distance to the solution set. The descent condition
not also serves to evaluate the progress of the method, but also helps to define optimality

certificates for the generated sequences.

The classical methods mentioned above were originally devised for linear or
convex programming. The rapid growth of challenging problems urges the development
of theory and algorithms that match modern necessities, usually involving nonconvex

problems. Similarly to the previously mentioned complicating constraints and variables,
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nonconvexity frequently appears in a structured, manageable manner. This feature allows

the extension of existing methods to new settings.

In this work, we analyze techniques to solve convex and nonconvex optimiza-
tion problems, including methods of descent and decomposition. We also design new al-
gorithms for contemporary applications, such as inexact proximal methods for multistage
stochastic optimization problems. We focus on leveraging structures to enhance the per-
formance of algorithms and finding hidden properties of classical methods to understand

them in a more abstract manner.

Our work on descent methods is primarily based on [18] for nonconvex prob-
lems, and [19] of methods of e—subgradient descent. Our first contribution is a compre-
hensive theory for descent methods for weakly convex optimization, unifying the analysis
of explicit and implicit methods, including for the first time proximal bundle methods in
a framework akin to [18]. Furthermore, under typical regularity assumptions, we prove lin-
ear rates of convergence for methods falling under our unifying approach. Similar general
frameworks for descent sequences with subsequential convergence, and global convergence
with linear rates under extra assumptions can be found in [18, 20, 21]. The associated

published article of our contribution is [22]:

Atenas, F., Sagastizabal, C., Silva, P. J., & Solodov, M. (2023). A uni-
fied analysis of descent sequences in weakly convex optimization, including
convergence rates for bundle methods. STAM Journal on Optimization, 33(1),

89-115.

We also directly extend this analysis to weakly convex optimization problems with con-

straints in a linear subspace, as shown in [23] and explained below.

Concerning decomposition methods, we work on two frontiers: first, we develop
two scenario-based decomposition methods for stochastic programming, resembling the
progressive hedging algorithm [24], but with varying stepsizes. One of the methods is mo-
tivated by proximal bundle methods, and the other by an inexact relative-error proximal
point method [25]. Both algorithms correspond to extensions of the Progressive Hedging
algorithm [24], incorporating an improvement measure that checks the quality of the ap-
proximation. The two approaches differ in the acceptance test condition: the proximal
bundle sufficient descent condition is at most as strict as the one based on [25]. For both
methods, we prove convergence to solutions in the convex case and provide sufficient con-
ditions to obtain linear convergence rates. The first approach has the following associated

publication [23]:
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Atenas, F., & Sagastizabal, C. (2023). A bundle-like progressive hedging
algorithm. Journal of Convex Analysis, special issue in honor of R. J-B Wets,
30(2) 453-479.

Similar techniques can be found in [26, 27], for an Augmented Lagrangian scenario decom-
position method using separable approximation of the Augmented Lagrangian by fixing

variables.

The second frontier involves splitting methods for nonconvex functions, along
the lines of [28], but in the weakly convex setting. We extend the previously mentioned
ideas of [22] for the Douglas-Rachford method by using a suitable merit function, and
also provide convergence guarantees to critical points and rates of convergence for weakly
convex problems. Numerical experiments suggest that in this setting, it is still possible
to convergence to global minimizers, opening the question of what are the conditions for

which the Douglas-Rachford splitting method avoids saddle points.

This thesis is organized as follows. In Chapter 1, we describe fundamental tools
of variational analysis, and propose an enlargement for the subdifferential of a weakly con-
vex function that can be employed for implementation purposes. In Chapter 2 we present
the central algorithms to solve optimization problems that act as the basis of the ones pro-
posed in this work. We proceed in Chapter 3 to introduce the unifying analysis of descent
methods for weakly convex problems of [22], and an extension for constrained optimization
problems. We continue with another extension for splitting methods in Chapter 4, in par-
ticular, the Douglas-Rachford splitting method for weakly convex optimization problems.
Regarding stochastic optimization, in Chapter 5 we propose a variation of the progressive
hedging algorithm of proximal bundle-type, by adding an extra sufficient descent test
[23]. We develop another variation of the progressive hedging algorithm in Chapter 6, by
introducing a relative-error acceptance test that measures feasibility and approximation
accuracy. We conclude with Chapter 7 with a discussion of some ongoing work and future

research directions.
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1 Variational Analysis tools

In this chapter, we introduce the essential notions of variational analysis and
optimization we use throughout this dissertation. We closely follow the notation of the
book [29].

First, in Section 1.1 we start with elementary properties of functions and op-
erators in the context of optimization. We continue in Section 1.2 stating different subdif-
ferential notions for convex and nonconvex functions, and some algebraic and topological
properties. The concept of weak convexity is examined in Section 1.3, highlighting its
importance in modern optimization. In particular, in Section 1.3.2, we introduce a new
concept of subdifferential, the approximate subdifferential for weakly convex functions,
an extension of the e—subdifferential of Convex Analysis, and we also study a variational
principle for it. Section 1.3.2 is ongoing work to be submitted. We end this chapter with
a brief survey of error bounds, the Kurdyka-t.ojasiewicz inequality and some other regu-
larity properties in the literature in Section 1.4 for convex and nonconvex optimization

problems.

1.1 Basic concepts and notation

In this work, we consider functions f : R" — R u {400}, possibly nonconvex
and nonsmooth. The domain of f is dom(f) = {z € R" : f(z) < +o0}. When dom(f) is
nonempty, f is said to be proper. The graph of f consists of all the points of the form
(x, f(x)) for x € dom(f), while the epigraph of f is the set of points (z,a) € R" x R such
that f(z) < a, and is denoted by epi(f).

The study of continuity properties of a function f classically involves the be-
havior of f on convergent (sub)sequences. For the purpose of still capturing the local
properties of a not necessarily continuous function f at a point z, we use the notion of
f—attentive convergence, as defined in [29, Chapter 8B, 8(2)]. A sequence {z*} < R"

is said to converge to Z in the f—attentive sense, denoted by z* 7 z, if 2% — z, and
f(=*) — f(@).
A lower semicontinuous (Isc) function f at a point £ € R" is characterized by

the following estimate:
f(z) < liminf f(x).

r—T
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A function f is said to be convex if for all A € [0, 1], z,y € R",
fz+ (1= Ny) < Af(x) + (1 =) f(y). (1.1)

We denote by conv(RR") the set of all proper lsc convex functions from R" to
R U {+0}. Functions in conv(RR") can be characterized via their subdifferential. For that,
we first need to introduce the notion of set-valued operator. A set-valued operator is a
mapping T, such that for each x € R", T'(z) < R™. We denote set-valued operators as
T:R" =3 R™.

For a set-valued mapping 7' : R" =3 R™, dom(T") denotes the domain of T,
and is defined by dom(7") = {x € R" : T'(z) # &J}. The graph of the operator 7" is defined
as the set gph(T") = {(z,g9) € R" x R" : g € T'(x)}. The inverse operator of T', denoted by
T, is the set-valued mapping satisfying

reT ' (y) < yeT(x).

A prime example of a maximal monotone operator is the subdifferential of a function
f e conv(R"), see (1.2).

Continuity properties of operators are common in Variational Analysis, and
they are employed in the convergence analysis of algorithms. In particular, subdifferen-
tials are prominent examples of operators that exhibit some notable continuity properties

defined in [29, Definition 5.4].

We recall two concepts of continuity of set-valued operators. A set-valued op-

erator T : R" =3 R" is

1. outer semicontinuous at a point z € R", if for some sequences {z"} < R" and

{vF} € R™, such that 2" — z and T'(z*) 3 v* — v € R™, it holds v € T(z).
2. inner semicontinuous at a point 7 € R", if for any v € T'(z), and any sequence x*

there exists a subsequence {v*} indexed by K < IN, such that T(z*) 3 v* — v.

— I,

Subdifferentials provide an alternative manner to define convex functions, as
mentioned above, through properties of tangents to the graph of f: f is convex if and only
if all tangent lines to the graph of f are lower estimates of the function. For x € R", the
slopes of the tangent in (x, f(z)) define the subdifferential Jf(x) of the convex function
f at a:

Of(x) ={veR": f(y) = f(x) + v,y — x) for all y € R"}. (1.2)

If x ¢ dom(f), df(x) is empty. For subdifferentials defined in more general settings, see
Section 1.2.
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An important example of a convex function is the indicator i of a set C' < R",
namely, the function that takes the value 0 on C' and +o0 otherwise. When C'is a nonempty
closed convex set, then ic € conv(R"). Furthermore, the subdifferential if ic at a point

x € C is the (convex) normal cone of C' at z, denoted N¢(z).

For a nonempty closed set C', we denote the associated (possibly set-valued)
projection mapping by

Fo(z) = argmin |y — x|,
yeC

while the optimal value of this problem is the distance from x to C"
dist(z,C) = ||z — p|, for any p e Po(x).

For a nonempty closed set C', Py is a nonempty-valued operator. If, in addition, C' is

convex, Po is a single-valued operator.

The Fenchel conjugate f*: R" — R u {+o} of a function f, is defined as
JH(w) = sup {Cw,x) = f(x)}. (1.3)
zeR™

We also use the biconjugate f**: R" — R u {+o} of a function f, corresponding to the

conjugate of the conjugate, namely

f7 (@) = sup {(z,w) — fH(w)}. (1.4)

weR™

When f is a proper function, both f*, f** e conv(R") (see [29, Theorem 11.1]). Further-

Kk

more, when f € conv(R"), f** = f. From the definition of the Fenchel conjugate, we

directly obtain the so-called Fenchel-Young inequality: for all z,w € R", it holds
fx)+ ff(w) = (w, x). (1.5)
The equality in (1.5) characterizes subgradients of f and f* (see [29, Proposition 11.3]):
f@) + [f(w) ={w,z) <= wedf(z) <= vedf(w), (1.6)
and
0f(z) = argmax,cgn {(x, w) — f*(w)},  0f*(w) = argmax, g {(w, ) — f(2)}.

In this way, we can think of 0f* as the inverse operator of 0f.

One particular case is of interest, since it is used in Chapter 6. The Fenchel

conjugate of the indicator i¢ of a set C takes the following form

it (w) = sup (w, x).
€T n
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In particular, for a linear subspace M, the indicators of M and its orthogonal complement
M- are closely related: i" = ipme. This is due to the fact that a point w € R" satisfies
i*(w) = 0 if and only if (w, x) = 0 for all x € R™, that is, w € M~ (see also [29, Example
11.4]).

Another example of interest is the Fenchel conjugate of a strictly convex func-
tion. We say a function f is strictly convex if inequality (1.1) holds strictly for = # y. In
this case, int(dom(f)) # &, and f* is continuously differentiable on int(dom(f)). Par-
ticularly, V f*(w) is given by the unique minimizer of f(-) — (w,-). Examples of strictly
convex functions are strongly convex functions. For a constant p > 0, we say a function
fu is p—strongly convex (cf. Definition 1.3) if f,(-) — %H - |? is convex. For this type of
functions, dom(f*) = R", and V f* is globally i—Lipschitz continuous (see [30, Chapter
X, Theorem 4.2.1]), that is, for all u,v € R",

IV () — VI*(0)] < ;u )

For elementary calculus rules involving conjugate functions, we refer to [30,
Chapter X, Proposition 1.3.1]. We summarize, without proof, some of these properties in

the next proposition, for future reference.

Proposition 1.1 (Fenchel conjugate calculus rules). Let f € conv(R"), xg, wo € R", and

a > 0. Then the following properties hold.

(i) (af)(w) = af*(w/a).
(ii) (fla)*(w) = f*(w/a).
(i) (F(- = 20))*(w) = *(w) + Cw, z0).
(i) (F() + o, H)*(w) = F*(w — wo).
(u) = 1* if and only if J() = 5] -
Regarding optimization problems, we are interested in problems of the form

min f(x). (1.7)

zeR"™

For a nonempty closed set C', we also consider constrained optimization problems with

the form

min f(x). (1.8)

zeC
Constraints can be modeled using indicator functions. More specifically, problem (1.8) is

equivalent to

min f(z) + ic(z).

zeR"™
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1.2 Subdifferential concepts

This section presents a brief review of the literature on subdifferentials for
nonconvex functions, including calculus and topological properties, as well as the relation

of subdifferential with optimization problems.

Consider a function f: R" - R u {+w}, and & € dom(f). A point v € R" is

called a

1. Fréchet/regular/basic subgradient of f at z if

lim inf L8 = @) =z —2)

e |z — |
TH#T

We denote by @f(z), the Fréchet /regular /basic subdifferential, the set that contains
all such subgradients. Equivalently, v € 0 f(z) if and only if

f(@) = f(2) + (o, z =) + oz — z[),

o(llz = z[)

where lim = 0.

Gt L]

2. limiting/general /Mordukhovich subgradient of f at  if there exist sequences {z*} <
R" and {v*} = R", such that v* € f ("), 2 ~ z, and v* — v. We denote by 0f (),
the limiting/general/ Mordukhovich subdifferential, the set that contains all such

subgradients.

3. Clarke subgradient of f at x if v can be expressed as the convex combination of
points of the form k;l—lgloo Vf(z"), where D 3 2* — z, and D is any set of Lebesgue
measure 0. The set of Clarke subgradients of f at a point z is called the Clarke
subdifferential, and denoted 0f ().

In general, 0f(z) < Of(x) for x € R". For convex functions, the Fréchet,
the limiting, and the Clarke subdifferentials coincide with the subdifferential of Convex

Analysis, that is,
Of(Z) = of(T) = 0f(Z) = {ve R f(z) = f(Z) + (v, — Z) for all z € R"}.

The subdifferential of Convex Analysis is an outer semicontinuous convex-valued mapping.

Another important example is when f is (locally) smooth, df(x) reduces to the gradient
V().
For algorithmic purposes, having a convex-valued subdifferential operator rep-

resents an advantage, since convex combinations help us aggregate information of past

iterates. In this way, the Clarke subdifferential is preferred for numerical reasons.
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Furthermore, the Clarke subdifferential is a well-defined object for a family of
functions common in optimization applications. First, recall we say a function f : R" —
R u {+0o0} is locally Lipschitz continuous around z, if there exists an open neighborhood U
of z on which f is Lipschitz continuous, that is, there exists a constant Ly > 0, such that
forallz,y e U, |f(z)—f(y)| < Ly|x—y|. In this case, we say f is Ly —Lipschitz continuous
on U. When the estimate holds globally, we simply say f is L—Lipschitz continuous. Due
to Rademacher’s theorem [29, Theorem 9.60], any locally Lipschitz function is almost
everywhere differentiable. This property guarantees the Clarke subdifferential to be well-
defined [31, Theorem 2.5.1].

For z € dom(f), the Clarke subdifferential 0f(z) of f at z is a nonempty
compact convex set [31, Proposition 2.1.2]. Moreover, df is an upper semicontinuous
mapping; see [31]. Note also that from [32, Proposition 3.1}, [32, Theorem 3.6] and Propo-
sition 1.6(iv), the limiting subdifferential f and the Clarke subdifferential 0f coincide

for weakly convex functions, the class of interest in Chapter 3.

Figure 1 shows linearizations corresponding to subgradients of different types of
functions. Figure la presents a nonconvex differentiable function, so that at any point x €
R"™ the subdifferential is the singleton V f(z), although the associated tangent linearization
may or may not intersect the graph of f in more than one point. In this particular case,
the shown affine function is not a lower linearization, because the function is not convex.
Figure 1b shows a convex function nondifferentiable at the origin, and the subgradients
are computed at this point. In this case, the subdifferential of the function at z = 0 is
non-singleton set, because the function has a kink at z = 0: 0f(z) = [—1,0]. In view of the
convexity of the function, any tangent is a lower linearization of the function that locally
approximates it. Figure lc presents a nonconvex function with (Fréchet) subgradients
computed at a point of nondifferentiability, x = 1. Once again, due to the existence
of a kink at this point, the subdifferential of the funcion at * = 1 is not a singleton:
0f(x) = [—2,2]. Note that some subgradients may define lower tangent linearizations,
and others may not. More on subdifferentials of this type of functions can be found in
Section 1.3. Finally, Figure 1d exhibits a subgradient of a convex function everywhere
differentiable. In this case, the subdifferential is a singleton at every point, the gradient
of the function at such point, and all the tangent linearizations lie below the graph of the

function.

For convex functions, it is well known that global minimizers can be character-
ized using the subdifferential. More specifically, Z is a (global) minimizer of f € conv(R")
if and only if 0 € df(Z). For nonconvex functions, this inclusion may fail to characterize
global, and even local, minimizers. Nevertheless, zeros of subdifferentials play a central

role in nonconvex optimization, since they extend the notion of optimality. For a function
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(a) Nonconvex differentiable (b) Convex nondifferentiable

(¢) Nonconvex nondifferentiable (d) Convex differentiable

Figure 1 — Subgradients of functions. The continuous red line represents the graph of the func-
tion, and the dashed blue lines are the linearizations associated with a subgradient
at a given point.

f:R" - Ru{+w}, z € R" is said to be a limiting (resp. Clarke) critical point, or simply
critical point, of f if 0 € 0f(z) (resp. 0 € 0f(z)). Denote by S := (8f)'(0) the set of all
critical points of f.

In general, 0 € 0f(%) is a necessary condition for & to be a local minimizer.

Indeed, if there exists § > 0, such that for all z € B(z,0)\{z}, f(Z) < f(x), then
f@) = f@) - 0=

|z =z -

thus 0 is a Fréchet subgradient of f at x, and thus, a limiting subgradient of f at z.

For convex functions, all critical points/local minimizers are global minimizers.
Therefore, all critical points have the same critical value, the (global) optimal value. The

following property is a local generalization of this idea for the nonconvex case. This prop-
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erty is very natural; we refer the readers to [33] for a discussion and sufficient conditions
for it to hold.

Definition 1.1 (Proper separation of isocost surfaces). A lsc function f : R" — Ru{+w0}

has properly separated isocost surfaces if there exists € > 0 such that
r,yes, f()# fly) = lz—yl=e,

where S = (0f)1(0) is the set of critical points of f.

In other words, f satisfies the proper separation of isocost surfaces property if

for sufficiently close critical points x and ¥, the corresponding critical values are the same,
namely, f(z) = f(y).

The Fréchet and the limiting subdifferentials satisfy some essential calculus

rules. These rules are useful in Section 1.3.2; and are excerpted from [29, Exercise 8.8].

Proposition 1.2 (Subdifferential calculus rules). Consider a function f : R" — R u

{+w0}, a point & € dom(f), and a function g : R" — R u {+00} smooth around . Then

of +g)(x) = of(x) + Vg(z),

and the same holds for the Fréchet subdifferential 0. In particular, 5g(32) = dg(x) =
{Vg(z)}.

Differently from Convex Analysis, the subdifferential of a nonconvex function
can present a degeneracy in the following sense: for z* ? z,and v¥ e 0 f(z*), the sequence
{v*} might be unbounded. For instance, consider the non-locally Lipschitz continuous
function f: R — R given by f(z) = 2, for a € (0,1). For x # 0, Vf(x) = az® . Given
¥ = k7! for k e N, f(2*) = k7, and thus 2" T 0. On the other hand, v* = Vf(2*) =
ak'™® — +oo (cf. Proposition 1.3 3.)

This feature makes it necessary to exclude the recession directions, that is,
those possible unbounded directions in the subdifferential. For that reason, we introduce

the horizon subdifferential.

Definition 1.2 (Horizon subdifferential). For a function f : R" — R u {+0w0}, and
z € dom(f), a point v € R" is called a horizon/singular subgradient of f at T if there
exists a sequence {z*} < R™, such that a* = z, a sequence {v*} < R", such that for
all k € IN, o € gf(xk), and a real sequence {N\*} < Ry, such that \* | 0, satisfying
No¥ — v, The set 0° f(x), called the horizon/singular subdifferential, contains all the

horizon/singular subgradients of f at .
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The following proposition summarizes some of the topological properties of
the horizon subdifferential, extracted from [29, Theorem 8.6, Theorem 8.7, Exercise 8.8,
Theorem 9.3].

Proposition 1.3 (Properties of the horizon subdifferential). Let a function f : R" —
R U {+mo}, and a point € dom(f). Then, the following hold.

1. 0* f(Z) is a closed cone in R".

2. 0° [ is an outer semicontinuous operator at T with respect to the f— attentive con-

vergence.

3. If f is locally Lipschitz around z, 0% f(z) = {0}.

Additionally, if fo is a smooth function in a neighborhood of ¥, and g : R" — R u {400}
a function that is finite at T, such that f = fo + g, then

4. 0“f(x) = d*g(x). In particular, 0* fo(z) = {0}.

The horizon subdifferential possesses a geometric interpretation in connection
with normal directions to the epigraph of the function, as proven in [29, Theorem 8.9].
First, we introduce the notion of normal cones in the nonconvex case, and their relations

with the previously defined subdifferentials.

Proposition 1.4 (Normal cones through subdifferentials). Let a function f : R" —
R U {+mo}, and a point T € dom(f). Then,

1. 0f(z) = {v € R"|(v,—1) € Z/\Zpif(f)(i',f(j:))}, where for any set C < R™, the

Fréchet /regular normal cone to C at y € C is defined as

Ne(y) = {ueR™ limsupw <0
v |y =9l
yeC\{y}

2. 0f(x) = {v e R"|(v, 1) € Nepit(y)(, f(Z))}, where for any set C < R™, the limit-

ing/general normal cone to C at y € C is defined as

Nc(g) = {u S Rm‘ iC > yk — g, ﬁc(xk) ) uk — u}

If T ¢ C, then No(Z) = No(Z) = .
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For a nonempty closed convex set C' € R", the normal cone to C at z € C of
Convex Analysis coincides with the Fréchet and limiting normal cones, namely, dic(x) =
{veR": v,z —x) <0 for all x € C}, coincides with the Fréchet and normal cones of i¢

at x.

As proven in [29, Theorem 8.9], horizon subgradients correspond to horizontal
normal vectors to the epigraph of the function. For convex functions, the horizon subdif-
ferential takes a special form [29, Proposition 8.12], due to the characterization of normal

cones of convex sets.

Proposition 1.5 (Geometry of horizon subdifferentials). Let a function f: R" — R u
{+o0}, and a point x € dom(f). Suppose f is locally lsc at x, then

aoof(j) = {U € R"\(v,()) € Nepif(f) (‘%7 f(i))}
If, in addition, f is convex, then 0 f(Z) = Naom(r) ().
Note that if z € int(dom(f)), then 0* f(z) = {0}. This result is consistent with

the fact that for such z, any function f € conv(R") is locally Lipschitz continuous around
z (cf. Proposition 1.3 3.).

One of the applications of the horizon subdifferential is it allows generalizing
constraint qualifications. It also provides suitable conditions for subdifferential calculus
rules to hold. The following result illustrates one of these applications, corresponding to
[29, Theorem 8.15].

Theorem 1.1 (Optimality conditions). For a proper lsc function f : R" — R u {+w0},
and a nonempty closed set C' < R"™, consider problem (1.8). Suppose there exists T € C

satisfying the following linear reqularity condition:
07 f(z) n —=Nc(z) = {0}.
Then, the necessary local optimality condition for T is
0e df(x) + Ne(x).
When f and C' are convex, the condition is sufficient for global optimality, without the
need for the linear reqularity condition to hold.

1.3 The class of weakly convex functions

In this section, we examine the family of weakly convex functions, and pro-

vide some examples. Then, we proceed to define a new subdifferential for weakly convex



Chapter 1. Variational Analysis tools 29

functions, the approximate subdifferential, using the convexification of a weakly convex
function. We end this section proving a variational principle for weakly convex functions,
and a continuity property of the approximate subdifferential as an application of this

principle.

1.3.1 The concept of weak convexity

Weakly convex functions appear naturally in applications. For example, in
phase retrieval problems, where the loss function can be chosen to be the £! —norm [34], or
the (*—norm [35]; and in compressive sensing problems with bilinear /biconvex objectives

[36] with a ¢! —penalty to induce sparsity. See [37] for more examples.

This subsection on weak convexity is extracted from [22], dealing with the

concept of weak convexity and some basic properties.

Definition 1.3 (Weakly convex functions). We say that f : R" — Ru {+w} is p—weakly

convex, for p >0, if f(-) + gH -|I* is a convex function.

We denote by w — conv,(R") the set of proper Isc p—weakly convex functions
from R" to R u {+00}. Figure 2 shows the graph of a function f € w — conv,(R") and
its “convexification” after adding a quadratic term. In this case, f : R* — R is given
by f(x,y) = |v* — 1] + |y* — 1|. Note that the convexification no longer presents a “hill”

around (z,y) = (0,0), because the nonconvexity was “repaired”.

(a) Graph of f. (b) Graph of () + (p/2)] - |*.

Figure 2 — Graph of the weakly convex function f(z,y) = |2#* — 1| + |y* — 1| and its
“convexification”.

The class of weakly convex functions is contained in some larger classes of
nonsmooth functions, such as the generalized differentiable functions in the sense of Norkin
[38], or the semismooth functions [39]. The following are some equivalent characterizations

of weak convexity; see [40, Theorem 2.1], [41, Theorem 3.1].

Proposition 1.6 (Alternative characterizations of weak convexity). For a proper lsc

function f:R"™ - R u {+w0} and p > 0, the following statements are equivalent:
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(i) For any z€ R", f(-) + gH - —2|? is a convex function.

(i) For any x,y € R", such that 5f(y) # &, any g(y) € 0f (y) satisfies

F) + o) =y < fa) + Slle =yl

or, equivalently,
p
lygi)(@) < flz) + EHx - yH27

where Ly 4 (-) = f(y) +{g(y),  — y) is the linearization of f at the point y.
(#ii) For all x,y € R", and A > 0,

pA(1 —))

2
e -yl

fOz+ (1= Ny) < Af(2) + (1= A)f(y) +

Note that in Proposition 1.6(i), by taking z = 0, we retrieve Definition 1.3,

which means that f is convex up to a quadratic perturbation. Proposition 1.6(i) is com-
pletely equivalent to this way of defining weakly convex functions, since it states that
f is convex up to a quadratic perturbation with a linear term. Regarding some other
notions of nonconvexity in the literature, it is important to note that for a function to be
weakly convex, Proposition 1.6(ii) must hold for all subgradients at all points. By contrast,
for prox-regular functions [29, Definition 13.27], also known as lower-C* functions, the in-
equality holds only locally for subgradients, points and functional values. As a result, weak
convexity is equivalent to the function being prox-regular everywhere, and the parameter

of prox-regularity being the same for all points, or simply uniformly prox-regular.

As already commented, the class of weakly convex functions is quite broad and
includes many settings of interest, whose nonconvexity is benign, in the parlance of [42].
One example is the class of decomposable functions in [43], that contains max-functions,
maximal eigenvalue functions, and norm-1 regularized functions; see also [44] and [45].
The following definition corresponds to the global version of a decomposable function of
[43].

Definition 1.4 (hoc¢ decomposable functions). Given a continuously differentiable map-
ping ¢ : R" — R™ such that c(x) = 0, and a finite-valued sublinear function h : R™ — R,

the real-valued function f is h o c decomposable at x € R", if for all x € R",
f(z) = f(z) + h(c(z)) .

If ¢ is a C' function with Lipschitz-continuous Jacobian, then such f is weakly

convex. To see this, apply [46, Lemma 4.2]. Since h is finite-valued and sublinear, it is
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then convex and Lipschitz-continuous (see [30, V(1.2.6)]), while ¢ is C* with Lipschitz-
continuous Jacobian from the assumptions. Therefore the composition A o ¢ and, hence,

the function f(-) = f(Z) + hoc(-), are weakly convex.

In association with other notions related to weak convexity, we further remark
that all real-valued prox-regular functions (or, in our terminology, real-valued locally
weakly convex functions) can also be locally decomposed as a sum of a convex continuous
function and a concave quadratic function (in line with Definition 1.3), and can also be
expressed as a composition of a convex continuous function with a differentiable function

with locally Lipschitz gradient, see [41, Proposition 3.5, Remark 3.6].

We next give an example of weak convexity for extended real-valued functions,
that will play a role in Section 3.4 to include the class of feasible descent methods of [33]

(for constrained optimization) into the convergence theory developed in Chapter 3.

Proposition 1.7. Let f : R" — R be a continuously differentiable, such that the gradient
V f is L— Lipschitz continuous on the nonempty closed convex set X < R". Then, f +ix

is a L—weakly convex function.

Proof. Since f has Lipschitz-continuous gradient with constant L on X, then (e.g., from
[47, Lemma A.11]), for all =,y € X it holds that

F0) + (TS W)~ )~ S~ yl? < @),

Furthermore, for x € X, and y € R" such that o(f + ix)(y) # &, that is, for y € X, and
for all w e Nx(y), we have that Vf(y) + w e d(f +ix)(y), and

(F +ix)) + V1) + w2 =) = Sl =yl < (f +ix)(a).

If x ¢ X, the above inequality holds trivially, because y needs to be an element of X to en-
sure that the subdifferential (f +ix)(y) is nonempty (see Proposition 1.6(ii)). Therefore,

f +ix is L—weakly convex. [

1.3.2 Approximate subdifferentials of weakly convex functions

This subsection introduces a novel concept, an approximate subdifferential for
weakly convex functions. First, we present the definition of the classical e—subdifferential

of Convex Analysis, the basis of our new concept.

Definition 1.5 (e—subdifferential — convex case). For f € conv(R"), a point & € dom(f),

and € = 0, a vector ve R" is called an e—subgradient of f at x if for all x € R",

flx) = f(z) + v,z —2) —e.
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The set comprising all such vectors is called the e—subdifferential of f at x, and denoted

0= ().

We introduce the novel concept of approximate subdifferencial for weakly con-
vex functions. For this purpose, for a p—weakly convex function f, denote by F' the

“convexification” of f centered at z € dom(f), namely, Fy = f(-) + gH -z

Definition 1.6 (Approximate subdifferential — weakly convex case). For a function f €
w — conv,(R"), a point © € dom(f), and ¢ = 0, the e—approzimate subdifferential of f

centered x is the multivalued operator given by

G2 1 (x) = 6.F}(2) — pla — )

0-f ()

Figure 3 — Approximate subdifferential 07 f(z) for f(z) = |#* — 1], = —1, and varying
e €[0,4].

Figure 3 illustrates the approximate subdifferential of the weakly convex func-
tion f(z) = |2* — 1|, centered at z = —1 and p = 2. Note that 0f(z) = [-2,2] (¢ = 0).
In this case,

Opef(T) = [-2 = ~/2e(p + 2),2 + \/2¢(p — 2)].

Observe that when p > 2, then é’pf% f(z) is an enlargement of the subdifferential for any
p > p.
Remark 1.1. This definition is inspired by Proposition 1.2, because OF"(x) = of(x) +
p(z — ). Additionally, taking e = 0 in Definition 1.6 yields 0 f (x) = OF; () — p(z — I).

We now drop the subindex p to denote the approximate subdifferential of a
p—weakly convex function, when there is no confusion from the context.

Note that the approximate subdifferential is just an affine translation of the

e-subdifferential in Convex Analysis. Therefore, all the topological and calculus rules
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developed for the latter in [30, Ch. XI] are available for the former. Some basic properties

are listed in the following result.

Proposition 1.8 (Properties of the approximate subdifferential). For a function f €

w — conv,(R"), a center x € dom(f), and € = 0, the following holds.

1. If z € dom(f) and e = 0, &7 f(z) is nonempty closed and conver.
2. If0<e <&, then 07 f(z) < 0% f(x).
3. If x € int(dom(f)) and ¢ = 0, 07 f(x) is bounded.

4. If 0 € 07 f(Z), then for any € > ¢, T is an &' —local minimizer of f.

Proof. Let us proof statement 4, since 1 — 3 are direct from the definition. If 0 € 07 f(Z),
then by definition, 0 € 0.F*(Z). Therefore, 7 is a global minimizer of the convex function
F*: for all z € R",

F(@) < fla) + e+ Sl — 3

In particular, for any 6 > 0 and = € B(z,J),
f@) < fla) +e+ 56,

and the result follows by taking ¢’ = ¢ + 552.
O

Variational principles seek to characterize properties of a point that can be
extended to a neighborhood. Applications of these principles ca be found in optimization,
partial differential equations, equilibrium problems, among others. For example, one of
the most acclaimed variational principles, Ekeland’s variational principle [29, Proposition
1.43], states that approximate minimizers of functions are close to minimizers of a per-
turbed problem. Along the same lines;, we find the Brgndsted-Rockafellar theorem [48],

used in [19] and Chapter 3 to study the convergence of e—subgradient descent methods.

The next result follows this idea using the concept of approximate subdif-
ferential for weakly convex functions, not only characterizing proximity of points, and

subgradients, but also of function values.

Theorem 1.2 (Variational principle). Given f € w —conv,(R"), a > 0, € = 0, consider
T € dom(f), and v € 07 f(x). Then, there exist x. € R" and v. € R™ such that

v € Of(@.) + p(vE + |z — 7)) B(0,1). (L9)
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Furthermore, there exists v € [—1,1], such that

fo. — 2l + alv, — 2] < VE
e — (1 aep| < Ve
|(ve — v,z —x)] < € (1.10)
[y ze =) < e+aTlVe
F@) ~ f@] < (14 p)e+a Ve + Lo —af?

Proof. Apply [49, Proposition 1.1] to F* € conv(R") and v € 0.F*(z), obtaining the
existence of a pair (z.,v.) such that v. € dF*(z.), for which the first four estimates in
(1.10) hold, and

|F*(z.) — F*(z)] < e + a /e (1.11)
Furthermore, from the definition F*
ve € 0f(z.) + p(z. — ), (1.12)

with
< e — 2 + [z — 2|

where we use the triangle inequality in the first line, and the first estimate of (1.10) in

|ze — 7

the second inequality. Thus, (1.9) follows.

Furthermore, from the triangle inequality, we obtain

P 2 2 P —12_ P -
|f(ze) = f(2)] = Sllze = 27 = Slle —2]" < f(fs)—f(w?+§!\xe—xl\ —5le—1|
= |F*(z.) — F*(2)]
< 5—1—04_1\/5,

where we use the definition of F'* in the second line, and (1.11) in the third line. This
yields
- P - P _
Fle) ~ F@] <&+ a7V + Lo — 217 + Lo — 27

Moreover, from the triangle inequality, we also have

— —1\ 2
lze = 21> < (Jze — 2] + |z — Z])
—1\ 2
< (We+|z—z|)
< 2+ 2|r — 7|7,

where the second inequality follows from the first estimate in (1.10). Hence,

fz) = f@)] <e+a Vet pe+ (p+ 5 o — 7

This last inequality corresponds to the fifth estimate in (1.10). ]
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The previous variational principle can be employed to prove an outer semicon-

tinuity property for the subdifferential of weakly convex functions.

Corollary 1.1. Given f € w—conv,(R"), consider x € dom(f) Then, there exist {x*}

R™ and {v*} < R™, such that v* € 0f(a*) + k;B(O 1), o rel z, and (F, ¥ — ) — 0.

Moreover, any cluster point of the sequence {v*} satisfying these properties, whenever
they exist, belongs to 0f ().

Proof. Similarly as in the proof of [49, Corollary 1.2], for each k£ € IN\{0}, apply Theo-

rem 1.2 with a =1, g, = and 7 = z, to some u* € 0 f(z), obtaining sequences {z*}

ITE
and {v*}, such that v" e al;(g;k) + %B(O, 1), and
|2 =z + [(u*, 2" = B)] < /1;
f@) — f(@)] < (1+ Mjﬂi
OF k- < gt

Taking the limit as k — +oo yields the convergence properties. Let v* be a
cluster point of {v*}. From (1.12), v* € 0F*(2"*), any x € dom(f),

F*(z) = limsup {F*(2*) + (", z —2*)}

k—40

= limsup {F*(z") + ¥, 2 — z) + (", 7 — 2F)}
k—400

> liminf {F*(2") + (%, 2 — 2)} + limsup(v”, 7 — 2¥)
k—+00 k—+00

= liminf {F7(2*) + (V*, 2 — 2)}
> Fo(x) + (0" 72— 1),

where in the second inequality we use algebra of lim inf and lim sup, the fact that (v*, z —
2*) — 0 in the second equality, and the identity F*(z) = f(z), 2" e z, and v* — v* (up
to a subsequence, if necessary), in the last line. Therefore, v* € 0F*(Z) = 0f (7). O

1.4 Error bounds and Kurdyka-tojasiewicz inequality

Error bounds are upper estimates of the distance to solutions (or critical points)
of a given optimization problem. Their role is paramount for various reasons, among which
is convergence rate analyses; see, e.g., [50, 51, 47, 52], also Proposition 2.3, and Chapters
3-6. The Kurdyka-tf.ojasiewicz inequality establishes that for a certain family of functions,
up to a reparametrization, such functions are sharp around critical points. In optimization,
the Kurdyka-t.ojasiewicz inequality plays a similar role as error bounds to shoe rates of

convergence.
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1.4.1 Subdifferential-based error bound

This subsection on error bounds is extracted from the introduction of [22].

Some of the notation is modified in order to comply with the rest of the text.

In this work, we shall mostly employ the following subdifferential-based error
bound. See, however, Definition 1.8 for the so-called natural residual error bound [51] for

constrained problems, and its relation with the subdifferential-based bound.

Definition 1.7 (Subdifferential error bound). We say the subdifferential error bound holds

for problem (1.7) where f: R™ — R U {+®} is bounded below, if for every f = iI%Rf f(z),
-~ zeR™

there exist €,{ > 0 such that whenever x € R", f(z) < f, and w € df(x) n B(0,¢€), the

following is true:

dist(z, S) < {Jjw|,

where S = (0f)1(0) is the set of critical points of f.

The error bound above is related to various other notions that appear in the
literature, such as the Kurdyka-fojasiewicz inequality [53, 54], and quadratic growth of f
around the set of its critical points [55, 56], or the set of minimizers when the function is
convex [57, 58] (see Section 1.4.3 below). These conditions assure some regularity of the
function near a critical point. Furthermore, the subdifferential error bound is related to

metric subregularity of df (see Definition 1.13).
We next turn our attention to constrained smooth optimization problems, the

framework of [33], dealt with in Section 3.4. Consider the problem

min () (1.13)

where C'is a closed convex set, and f : R"™ — R is finite-valued and smooth. An equivalent
problem is to handle constraints by adding to f the indicator function of the feasible set.
It turns out that these two equivalent formulations are in fact different when it comes to

error bounds, and some subtle issues arise.

Specifically, as is well known, criticality of a point = in the sense of
0ed(f+ic)(x)=Vf(xr)+ No(x)
is equivalent to the condition
x— Po(x —Vf(x))=0.

Hence, one can attempt to measure the distance to the set of critical points S by the vio-

lation of the projection equality above, or by the violation of the subdifferential inclusion
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above. It so happens that, at least in general, these are not the same. We next review the

relations between the corresponding error bounds.

The subdifferential error bound would just read exactly the same as in Defini-
tion 1.7, using f +ic instead of f therein (then w € V f(x)+ N¢(z)). The projection-based

error bound states the following.

Definition 1.8 (Projection error bound). We say the projection error bound holds for
problem (1.13) where f : R™ — R is differentiable and bounded below, if for every f =
inéf(x), there exist €,{ > 0 such that whenever xz € C, |v — Po(x — Vf(x))| < €, and
xTre

f(z) < f, the following is true:

dist(x, S) < /{||x — Po(z — V f(2))| .

The projection error bound is a natural way to measure violation of stationarity

in convexly-constrained problems, used in many developments; see, e.g., [33, 59, 60].

Clearly, for problem (1.13) with smooth f, Definition 1.7 and Definition 1.8
amount to the same if C'= R" (or if S is in the interior of C'). For constrained problems,
there are two cases when these error bounds are equivalent. The first one is when the
critical point is isolated, see [51, Proposition 6.2.4], [47, Proposition 1.31]. In that case,
the projection error bound means the semistability property [47, Definition 1.29]. The
second one when the two bounds are equivalent is when C' is a generalized box in R",
i.e., C is defined by bound constraints on the variables (some bounds can be infinite), see
(61, Theorem 2|. To the best of our knowledge, in other settings the relations between
the subdifferential and projection error bounds are not known. However, the following
simple argument shows that when the gradient of f is Lipschitz-continuous, the projection
residual is bounded above by a multiple of dist(z, S), always. Then, if the subdifferential
error bound holds, the right-hand side of (1.14) is of order no less than the projection
residual. Hence, in principle, the subdifferential error bound can hold when the projection
variant does not. Note that this is meant as merely a side observation, to add to the

discussion of the comparison between the two error bounds.

Lemma 1.1. Let f: R" — R be a continuously differentiable function with L— Lipschitz
continuous gradient, and C' < R"™ be a nonempty closed convex set. Therefore, for any

x € R", the following inequality holds
|x — Po(x — V f(x))]| < (24 L)dist(x, S). (1.14)

where S = (0f)*(0) is the set of critical points of f.
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Proof. Indeed, for each x let p(z) € Ps(x). Then,

|z = Po(z =V ()| = lz—Folex—Vf(z))-[p(x) - Pe(plz) = Vf(px)]l
<z =p@)| + |Po(z = VI(x)) = Pop(z) = V/(p(2)))]
< dist(z, 5) + |z = Vf(z) = [p(z) = VI (p(x))]]
< (2+ L)dist(z, 5),

where in the first equality we use the fact that p(z) = Po(p(x) — Vf(p(x))), the second
inequality follows from the nonexpansiveness of the projection operator Pg, and the last

inequality is by the Lipschitz continuity of the gradient of f. m

1.4.2 Kurdyka-tojasiewicz inequality in optimization

As mentioned in [62], tame functions, and more specifically, definable functions
provide a suitable setting on which the variational analysis theory properly works. The im-
portance of such class of functions lies in the fact that the Kurdyka-fojasiewicz inequality,

a generalized form of the Lojasiewicz inequality, is satisfied by definable functions.

The Lojasiewicz inequality was used by the author in [63] to study the conver-
gence of bounded trajectories of gradient dynamical systems to critical points of certain
type of C' functions. It was first proven valid for real-analytic functions in [64]. For an
open set U < R", a function f : U — R is called real-analytic on U if for every x € U,
there exists a neighborhood V' < U of z, such that f can be represented as a convergent

power series in V.

Proposition 1.9. Let f : U — R be a real-analytic function defined on a open domain
1
U < R". For all x € U there exists 0 € l2, 1) and a netghborhood V< U such that for
all x eV,
|f(z) — f(@)°
IV f(z)]

remains bounded.

Kurdyka introduced a generalization of the Lojasiewicz inequality in [53], cur-

rently known as the Kurdyka-Lojasiewicz inequality (KL inequality for short).

Before presenting the formal definition of the K¥. inequality, we need to in-
troduce the concept of desingularizing function (see [65]). For that, we use the following
notation: for f € R, the level set of f at level f is defined as [f < f] := {z € R" :
f(z) < f}. Additionally, for f € R, the slice of f at levels f and f is similarly defined
as [f < f<fli={reR": f< f(x) < f}. Thesets [f < f] and [f < f < f] can be

analogously defined.
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Definition 1.9. Given rg € (0,+], a function ¢ : [0,r9) — Ry is said to be a desingu-

larizing function if

e © is continuous on [0,ry), and continuously differentiable on (0,ry), and

e forallre (0,79), ¢'(r) > 0.

Moreover, for z € R"™ and a neighborhood U of z, the set

Unlf(@) < f<f@)+n]

is called a Kurdyka-t.ojasiewicz neighborhood of z.

Originally in [53], the K} inequality was formulated for differentiable functions,

and it was then extended in [54] for nonsmooth functions.

Definition 1.10 (KL inequality). A proper lsc function f: R™ — R u {+o0} with open
domain is said to satisfy the KL inequality around & € dom(0f), if there exist ro € (0, +0],
a neighborhood U of & and a desingularizing function ¢ defined on [0,1¢), such that for
alzeUn[f(z) < f<f(Z)+n]

O (f(z) — f(Z))dist(0,0f (z)) = 1.

The parlance desingularizing is related to the fact that the K¥. inequality holds
for any noncritical point [66, Remark 4(b)]. The function ¢ in the above definition is called
desingularizing because it reparametrizes the function f in such a way that around any
critical point z, d(¢o f)(Z) does not contain 0, meaning that  is an isolated critical point

surrounded by nonsingular points.

A noticeable particular case corresponds to taking the desingularizing function

to be ¢(r) = cr'™?, for some constants ¢ > 0 and 6 € [0,1) (cf. Proposition 1.9).

Definition 1.11 (/—KL inequality). A proper lsc function f : R" — R u {+w0} with
open domain is said to satisfy the Kt inequality with exponent 0, or simply the 0—K£L
inequality, around T € dom(0f), if there exist ¢,n > 0, 6 € [0,1), and a neighborhood U
of &, such that for allx e U n [f(Z) < f(x) < f(Z) + 7],

dist(0,0f (z)) = c(f(x) — f(2))".

A distinguishable class of functions that satisfy the KL inequality is the semi-

algebraic family, corresponding to those functions whose graph can be described as the
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solutions of finitely many polinomyal equations and inequalities. This result was originally
proven for a broader class of functions that generalize the semialgebraic family, the class
of functions defined in a o-mininal structure, in the differentiable case in [53], and later

extended to the nonsmooth case in [54].

1.4.3 Relationships between regularity conditions

Historically, different regularity conditions have been used to study properties
of convergent methods, see [67, 33, 19, 68, 18, 69] and references therein. The following
notion, sometimes referred to as zero-order error bound [67], measures the distance to the

set of critical points with the corresponding function values.

Definition 1.12 (Quadratic growth). A proper lsc function f: R" — R u {+o} with a
nonempty set of critical points S, is said to have quadratic growth around S, if for any

x € S, there exist a neighborhood U of x, and a constant ¢ > 0, such that for all x € U,
1
flx) = f(z) + = dist(z, S)?

Other commonly used notion of regularity involves the subgradients around
a critical point, instead of the function values. The following definition resembles the
subdifferential error bound, although it only involves close points to a given critical point

in the usual sense, and not in the f—attentive sense.

Definition 1.13 (Metric subregularity). A proper lsc function f : R" — R u {+o0} with
a nonempty set of critical points S, is said to be metrically subreqular at z € (3f)~1(0),
if there exists a neighborhood U of x and a neighborhood V' of 0, such that for all x € U
andwe df(x) NV

dist(z, S) < *||w|

In the literature, Definition 1.13 is called metric subregularity of the subdiffer-
ential at & for 0 € Jf(z). Here, by extension, we say f possesses the property, since we
are mainly interested in optimization problems. The same observation can be made for
Definition 1.14 below.

Regularity assumptions associated with the inverse of the subdifferential can
also be studied. For f € conv(R"), we know (0f)~" = 0f* (cf. (1.6)). The following notion
establishes a bound for a localization of the inverse of the subdifferential in terms of
subgradients. It is called in [70] as local upper Lipschitz property, used in [71] to deduce rate
of convergence of the proximal point algorithm, and in [19] to obtain rate of convergence

of e—subgradient methods (referred as inverse growth condition therein).
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Definition 1.14 (Calmness). For a proper lsc function f : R" — R u {+w} with
nonempty set of critical points S, we say (0f)~" is calm at O for T if there exist u > 0, a
neighborhood U of x, and a neighborhood V' of 0, such that for all w eV

(0f) Hw) nU < S+ p|w|B(0,1) (1.15)

We first study the relationship between the aformetioned concepts of regularity

in the presence of convexity.

Simplifications in the convex setting

For any function f € conv(RR"), employing neighborhoods U of a minimizer =
is equivalent to using K¥. neighborhoods of the form U n [f(z) < f < f(z) + n], for some
1 > 0. Indeed, if U is a nontrivial neighborhood of z for nonconstant f, there exists xq € U
such that f(z) < f(xo). Setting n = f(zo) — f(z) + 1, then Un [f(Z) < f < f(Z)+n]isa
nontrivial neighborhood of z. The KL slice [f(Z) < f < f(Z) + n] emerges as a necessity
for nonconvex functions, to capture the local behavior of f around x, the same reason for

which the use of the f—attentive convergence is needed.

The following result summarizes the relationships between different regularity
conditions in the convex case. Note that for convex f, the set of critical points corresponds

to the set of global minimizers.

Proposition 1.10. For any function f € conv(R") with a nonempty set of minimizers

S, the following properties are equivalent for a point x € S.

(a) [ satisfies the KL inequality with exponent 0 = 1/2 around Z.
(b) f has quadratic growth around S for .

(c) f is metrically subregular at T € S.

(d) Of* is calm at O for any xr € S.

Proof. First, if f satisfies the KL inequality with exponent # = 1/2 around Zz, the as-
sociated desingularizing function ¢(r) = cr? has the moderate behavior near the origin
property of [67, Lemma 4]. Hence, in view of [67, Theorem 5], (a) and (b) are equivalent.
As mentioned in [68] and proved in [57, Theorem 3.3], (b) and (c) are equivalent. Finally,

the equivalence between (c) and (d) follows from [72, Theorem 3.2].

]



Chapter 1. Variational Analysis tools 42

Nonconvex case

For the more general case, regularity conditions can be expressed in terms of
the following notion that extends the idea of the norm of the derivative of a differentiable
function, while in the convex case, it corresponds to the minimal subgradient norm (see

[55]).

Definition 1.15 (Slope). For a function f : R" — R u {+w} and a point = € dom(f),
the slope of f at x is defined as

1V 11(2) = lim sup X @) = /@), 0)

a7 |7 — =

For a function f € w — conv,(R"), the slope of the function at z € dom(f)

coincides with the minimal subgradient norm [65, Lemma 43], namely

IV £](z) = dist(0, Of (7). (1.16)

In view of this identity, the following relations hold for the class of weakly con-
vex functions. Some other relationships between regularity conditions that are commonly

used in the literature can be found in [73, Proposition 2| and [74].

Proposition 1.11. For any function f € w —conv,(R"), and a point z € dom(f):

1. The subdifferential error bound of Definition 1.7 is sufficient for the 1/2—K£L in-

equality to hold around x.

2. The 0— KL inequality for some 6 € (0,1) implies the following level-error bound: for
some neighborhood U of T, constants ¢ > 0 and 1/, it holds for allx € U n [f(Z) <

f<f@)+17,

dist(z, [f < f(2)]) < ¢ dist(O,é’f(:v))l%ve.
3. Additionally, if T is a local minimizer, then the subdifferential error bound of Defi-

nition 1.7 implies the quadratic growth condition of Definition 1.12.

Proof. The first relation follows from [55, Proposition 3.8]. The §—K¥. inequality is a suffi-
cient condition for the level-error bound in view of [55, Theorem 3.7]. The final statement
stems from [56, Corollary 3.2]. O

For structured optimization problems, [75, Theorem 4.1] offers a result showing
a relationship between the projection error bound and the Kt. inequality. The following

proposition is a special case for constrained optimization problems.
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Proposition 1.12. For a continuously differentiable function f : R" — R with locally
Lipschitz continuous gradient, and a nonempty closed convex set C = R", consider prob-
lem (1.13). Suppose the set of critical points S = (J[f +ic])~'(0) is nonempty, and the
projection error bound of Definition 1.8, and the proper separation of isocost surfaces prop-
erty of Definition 1.1 hold. Then, the 1/2—KZL inequality holds true around any critical

point x.

As pointed out by a referee of [22], possible extensions when using other

1
Lojasiewicz exponents different from 6 = 3 might lead to sublinear or superlinear rates
of convergence guarantees for methods complying with the descent methods described in
Chapter 3, depending on the value of 6, properties of the model function used to construct

the specific algorithm, and possibly other assumptions.

As mentioned in Section 1.4.1 and shown in Chapter 3 below, subdifferential-
based error bounds, or first-order error bounds, are utilized to analyze convergence rates
of algorithms. Zero-order error bounds, that is, error bounds based on function values,
can be used for the same purpose [67, 76]. The following concept can be regarded as a

zero-order error bound that measures the distance to a level set, as introduced in [77].

Definition 1.16 (Epi-metric subregularity). A proper lsc function f: R" — Ru {400} is
said to be epi-metrically subregular at x € dom(f), if there exist K > 0 and a neighborhood
U of x, such that for all x € U,

dist(z, [f < f(7)]) < K max(f(z) — f(x),0). (1.17)

In the following proposition, 0~ f(x) denotes the outer limiting subdifferential

at T, given by
07 f(z) = {ve R": 3z* -7 fa®) > f(z),0f (zF) 3 0% = v},
Note that 07 f(z) < df(x).
Proposition 1.13. For any f € w —conv,(R"), the conditions below are equivalent:
(a) [ is epi-metrically subregular at (Z, f(Z)) with constant K.
(b) K dist(0,0” f(z)) = 1.

(¢c) Kliminf {|Vf|(z): |z — 7| <c,f(@) < f(z) < f(z) + Ke} > 1.

Proof. The equivalence between items (b) and (c) and that item (c) implies item (a) is [78,

Theorem 6.6]. To show the converse, for contradiction purposes, suppose that for K > 0
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and all z in a neighborhood U of z, (1.17) holds, but K dist(0,0” f(Z)) < 1. Then, there
exist v € 07 f(Z) and € > 0 such that |[v| < K~' — ¢. By definition of 0~ f(z), for any
ke N, take 2, v* € R" such that v* € df(z*), 2" e z, f(z¥) > f(z), and ko > 1 so that
for all k > ko,

| < K7' —e. (1.18)
Let Z" denote the projection of z* onto the level set [f < f(Z)]. We claim z* e z. In

fact, since there exists k; > ko such that for all k > ky, 2* € U, then from (1.17) and
f(z®) > f(z), it follows for all k > ky, dist(2", [f < f(2)]) < K(f(z*)— f(Z)). As zF - z,

then ||z* — 2" = dist(2*,[f < f(z)]) — 0, and thus z* — z = (2" — 2%) + (aF — ) — 0.

Furthermore, from Proposition 1.6, for any u € ¢ f(z),
@) = f@) < (uz—2") + Lz — 2|2,
and using the Cauchy-Schwarz inequality and the fact that 7 € [f < f(Z)], it follows
f(@) = f@)] < ul|z —2°) + g\lfE — a2
Hence, 7* — 7 yields |f(z;) — f(Z)| — 0, and thus z* e T.
Moreover, by virtue of Proposition 1.6 and v* € 5f(xk) c of(a"),

@)+ Ll —al? = fa*) + (o, 3 = ") .

As &y, — x — 0, for sufficiently large & it holds that ngk — 2| < =, and thus

DO |

@) < @) = (of, 8 —ab) + et — )P
< F@) + (00 + St — o) 12 — o
< S+ (101 + 5 )1t =)

9
< J@)+ (K= e -2t

where the second inequality follows from the Cauchy-Schwarz inequality, and (1.18) yields
the fourth inequality. Hence, rearranging terms in the above estimate, for all sufficiently

large k,

dist(an [f < F@) = Jow =l > (K7 = 2) 7 (Flaw) = £G0)) = K (FGan) = f(a0))

contradicting (1.17).



45

2 Computational optimization tools

In this chapter, we review iterative methods of crucial importance for the
remainder of this work. In particular, we summarize convergence results of algorithms of

proximal type.

In practice, not only convergence guarantees of a method are of interest, but
also how fast the method converges to a solution of the problem to be solved. Of particular
interest is the linear rate of convergence, defined next. Given a sequence {z*} generated
by some algorithm, and a point z known to be the limit of {x*}, we say {2*} converges

to x

|+t — 7

@Q—linearly, or just linearly, if lim sup =qe(0,1).

k—roo 2 — 7
|z* — Z|
k

R—linearly if lim sup = C, for some ¢ € (0,1) and C' > 0. Equivalently, for

k—+0o0 q
all sufficiently large k € IN, ||z* — | < C¢F.

k+1 _ =
Superlinearly if lim sup u

—— = 0.
h—roo [2F =7

In order to establish linear rates of convergence, common assumptions in the
literature are the properties reviewed in Section 1.4. Examples of how these properties are
used can be found in this section and throughout the subsequent chapters. Usually, super-
linear convergence requires extra assumptions, related to the precision of the computation

of iterates as they approach the limit.

We begin this chapter by examining the proximal point algorithm (PPA) [17]
and some inexact variants in Section 2.1, including proximal bundle methods. The PPA
serves as the basis of a plethora of methods, including the ones in this chapter. We
proceed in Section 2.2 with the study of splitting methods for optimization. In particular,
we focus on the Douglas-Rachford splitting (DRS) method, and the Progressive Hedging

(PH) algorithm for stochastic optimization problems.

2.1 Proximal-type optimization methods

For a function f e conv(RR"), the proximal point algorithm finds solutions to
problems of the form (1.7) by iteratively solving a regularized version of the original prob-

lem. Problem (1.8) can be addressed similarly, by modeling the constraint z € C' in the
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objective function through the indicator function ic. For the iterative PPA mechanism to
be an implementable alternative to solving directly the problem, the regularized subprob-
lems should be simple. Proximal bundle methods rise as an alternative by approximating
the objective function using polyhedral models, and then solving a regularization of such

models.

2.1.1 The proximal point algorithm

The PPA works in a more general framework than optimization, for maximal
monotone operators. A set valued-mapping 7' : R” = R" is monotone if {g—¢',x—z") = 0,
for g € T(x), ¢’ € T(2"). The operator T is maximal monotone whenever its graph is
maximal for the inclusion, among the graphs of the class of monotone operators. The

problem of interest in the general setting is to find a point x € R" such that
0eT(x). (2.1)

Equivalently, the problem can be formulated using the inverse operator, namely, = €
T71(0). The PPA generates a sequence of points {x*} that converges to a zero of T', under
appropriate assumptions. When T is the subdifferential of a function f € conv(RR"), such a
limit of {x*} is a global minimizer of f. All the methods in this dissertation are developed
for the operator T = df, where f € conv(R") or f € w — conv,(R").

The cornerstone of the PPA is a property of maximal monotone operators,
proved in [79]: given a maximal monotone operator 7" and a scalar ¢ > 0, for any = € R",
there exists a unique z* € R", such that x € (I + ¢T)(x™). This defines the resolvent of

T, the map Jir = (I +tT)7!, given by % = Jir(). In other words, for any » € R", 27 is
+

x‘ —
uniquely determined by the inclusion € T(z"). Equivalently, given z € R", there

exists a unique pair (z*, g") for which ¢" € T(2"), and x = " + tg™".

For f € conv(RR"), the unique x* € R" such that z € (I + tdf)(z™) satisfies
1
0edf(a™) + 2 (2" — ).

This inclusion is the optimality condition of the optimization problem that regularizes
the original problem of minimizing f. In the optimization setting, the resolvent is usually

called the proximal point operator.

Definition 2.1 (Proximal point operator and Moreau envelope). For a proper lsc function
fiR" > Ru{+wo} andt > 0, the prozimal point operator prox,; : R" = R" is defined

as, for all x € R",

. 1
proxtf(m) = argmin? f(y) + —|y — xH2 . (2.2)
ye]R" 2t



Chapter 2. Computational optimization tools 47

The optimal value of the minimization problem in (2.2) is called the Moreau envelope of

f with stepsize t > 0, and denoted by e, f. More precisely,

yeR™

euf (o) = ing {106+ gl —ol?}

In the general case, the proximal point operator could be empty-valued and e, f(z) might
take the value —oo. If f is proper, Isc, and prox-bounded, that is, when there exists
t > 0 and x € R", such that ef(x) > —oo, then proxtf(a:) is nonempty and compact [29,
Theorem 1.25], and ey is locally Lipschitz continuous at z [29, Example 10.32]. When
f e conv(R"), prox,; is a single-valued mapping [29, Theorem 12.12, Theorem 12.17}, and
eq f is finite-valued and differentiable, in such a way that
1

V{ewr)(x) = 7 (& — prox, () (23)

In the convex case, e, f is also known as the Moreau-Yosida regularization of f. Observe

the same properties above hold for f € w —conv,(R") and 0 < tp < 1, see [80].
The proximal point operator takes a simple form when f = ic for some

nonempty closed convex set C'. In this case,

| 1
prox (o) = argmin {ic(o) + 3l — oI}
yeR™

'{1u P}
arg min < — — T
= Pc(l’),

This identity plays a crucial role in Chapter 6. Observe also in this case
1
erf(x) = 2—tdist(m,0)2,

and thus
V(dist(z, C)?) = 2(z — Po(x)).

Exact proximal point algorithm

In the context of maximal monotone operators, for a sequence {t;} < (0, +0),
and a starting point z° € R", the sequence of proximal points {*} generated by the PPA
is defined as, for all k > 0,

xk—i—l _ thT(.Tk).
In the special case of optimization, the PPA sequence obeys

2"t = prox, (a").

The convergence of the PPA has been extensively studied. The first result was provided

in [17] tailored for maximal monotone operators.
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Proposition 2.1 (Convergence of PPA). Let T : R" =3 R" be a mazimal monotone
operator, and a sequence {tx} < (0,+00) bounded away from 0, meaning there exists
tmin > 0, such that for all k € N, t, > twm. Then, any bounded sequence {:Bk} generated
by the PPA converges to a solution of problem (2.1).

Remark 2.1. Under the assumptions of the previous proposition, {xk} is bounded if and

only if the set of zeros of T' is nonempty.

Inexact proximal point algorithm: first naive approach

Inexact versions of the PPA have also been comprehensively analyzed, includ-
ing [17]. In inexact variants, the proximal point is approximately computed following
specific accuracy rules. A direct extension of the approximate criteria of [17] is examined

+00
in [71]. Givenr > 0, {t;} < (0, +0), {ex} < [0, +0) such that Z e < 400, and a starting

k=0
point 2° € R™, {z*} is generated satisfying the following approximation criteria

B+l _ proxtkf(a:k)H < g min (1, |27 = 2F)7) (2.4)

|
The following result corresponds to the convergence of the inexact PPA given
by (2.4), and it also provides a condition (cf. Definition 1.13) under which linear/super-

linear convergence is obtained.

Proposition 2.2 (Convergence of an inexact PPA). Let T : R" =3 R" be a mazximal
monotone operator, such that the set of zeros is nonempty. Moreover, take a sequence
{ti} < (0, 4+0) bounded away from 0. Then, any bounded sequence {x*} generated by the
inexact PPA of (2.4) converges to a solution of problem (2.1).

In addition, suppose there exist £,6 > 0, such that whenever x € R", w e T'(z)n
B(0,6), dist(x, T71(0)) < £|w|. Then, if {t} is a nondecreasing sequence, dist(z*, T7(0))

converges to 0 linearly. Furthermore, if t, — 40, then dist(z*, T71(0)) — 0 superlinearly.

Remark 2.2. The superlinear convergence result states that, to speed up convergence, it
is necessary to drive tj, to +00, meaning we basically require e,;(x) ~ min f, making the
penalization in the proximal point subproblems increasingly neglectable. Additionally, in
(2.4) the right-hand side must be null in the limit (the series Y ey 1is finite), therefore

forcing the inexact proximal point calculations to become asymptotically exact.

Inexact proximal point algorithm: a hybrid extragradient-proximal point version

Among the jungle of inexact variants of the PPA, the hybrid approximate

extragradient—proximal point algorithm [25] stands out by using a relative-error criteria
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to approximately compute proximal points. This inexact version of PPA employs certain
enlargement of operatorst, somewhat akin to the e—subdifferential in Convex Analysis.
Given a maximal monotone operator 7' : R" =3 R", the e—enlargement of 7', denoted T°,

is defined for x € R" as
T°(z) ={9geR"{¢ —g,2 —x) = —¢, 2’ e R", ¢ e T(2')}.

The enlargement of an operator defines a perturbation of the problem 0 € T'(x), while
staying close to it. In particular, when T' = df for f € conv(RR"), then T°(x) 2 0. f(x) for
all x € R™.

Algorithm 1 presents the hybrid approximate extragradient—proximal point
algorithm. The result that follows presents the convergence of this algorithm. This propo-
sition helps to build the basis of the convergence analysis of the method presented in
Chapter 6. Actually, the analysis in Chapter 6 can be deemed as an extension for the

optimization case of [25] with an extra projection step.

Algorithm 1 A Hybrid Approximate Extragradient—Proximal Point Algorithm

1: Inmitialization: choose t, > 0, 0¢ € [0,1), &9 = 0, and 2° € R".
2: for k=0,1,2,... do
3: Acceptance test: find a pair (y*,v*) such that v* € T° ("), and

[t 4+ o — 2| + 2tper < oily® — 2|2

Approximal step: set ¥ = ¥ — ;0" Define t;, > 0, 0341 € [0,1), and
Ek+1 = 0.

5. end for

=

Linear convergence of Algorithm 1 is obtained in [25] by assuming that 7! is
locally upper Lipschitzian at 0, a generalization of Definition 1.14 for operators [70]: there
exists some constant L > 0, and a neighborhood U of 0, such that whenever g € T'(x) " U,
|y — x*|| < L|gl||, where x* is the (unique) solution to (2.1). We refer to Chapter 3, 4, and

6 for similar applications of this type of condition.

Proposition 2.3 (Convergence of Algorithm 1, [25]). For any mazimal monotone opera-
tor T : R™ =3 R"™, suppose problem (2.1) has a nonempty set of solutions. If the sequence
of stepsizes {ty} is bounded away from 0, and the error tolerance o, = o € [0,1) is kept
fized, then the sequence {x*} generated by Algorithm 1 converges to a solution to (2.1).
Additionally, if T~ is locally upper Lipschitzian at 0, then {z*} converges linearly to the

unique solution of (2.1)

Remark 2.3. As the authors of [25] mention in a remark after the proof of Theorem

3.2 therein, by taking t to infinity and allowing oy to tend to 0, the method converges
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superlinearly. Note in passing that driving o, to 0, forces € to be asymptotically null
too, at a fast rate (the product tyey tends to 0, with ty going to +o0). A more detailed

explanation is given in Chapter 6.

2.1.2  Proximal bundle methods: an implementable form of the proximal point

algorithm

An acceptance test alternative to implement an inexact proximal step in op-
timization can be traced back to [81, 82|, see also [83]. The idea is to replace f in (2.2)
with a simpler model function using the information generated along iterations. Proximal
bundle methods construct (polyhedral) models fk, and define the next iterate to be the

proximal point of the model at the best candidate generated so far.

Proximal bundle methods correspond to a stabilization of a simpler method
called cutting-planes method. We assume there exists a black-box that, given a point
x € R", returns the value f(z) and a subgradient g(z) € df(z). In this way, given the

bundle of information
{(z", f', g") i € By},
where f' = f(2'), ¢ = g(2'), and B, = {1,...,k}, the model defined by the end of

iteration k£ — 1 and used in iteration k is
Jilw) = maxc{ f* + (g',x — 2P},
ZEBk

Due to convexity, fk is a lower estimation of f that is improved in each iteration to better
represent the graph of f, that is, fi < fes1 < f for all k € IN. The advantage of this
approach is the use of past accumulated information to construct an approximation of

the objective function, different from the memoryless gradient method.

The cutting-planes method defines the next iterate z¥** to be the minimizer
of fk(x) over some fixed compact set X sufficiently large to contain at least one solution

of the original problem. Then, the subgradient linearization of the objective function at

¥+t is attached to the model, and the procedure is repeated. Figure 4 illustrates the
5
cutting-planes model for f(x) = §x2 + 7

Although convergent [84, 30|, the cutting-planes method may present a poor
numerical performance, since minimizers of fk are difficult to control (see [30, Example
1.1.2]), yielding a non-descent optimization method, possibly unstable, unless the graph of
the objective function has a special structure [85, Chapter 9]. For example, for polyhedral
functions, the cutting-planes model coincides with the function after a finite number of

iterations, and thus the method has finite termination.
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Figure 4 — Cutting-planes model fk constructed after 3 iterations of the cutting-planes
1 5 1
method applied to f(x) = §x2+1, starting from 2° = 2 and using X = [—2,2]

as the compact set over which minimization of the models is performed.

One option to stabilize the cutting-planes method is to add a quadratic term
to the model subproblem objective function. More specifically, given ¢, > 0, instead of

minimizing fk over X, proximal bundle methods solve

g 1 k|2
min )+ —|r—2 , 2.5
i { o) + 5l - 2} (25)
where {i:k} is a sequence of centers representing candidate points of good quality. This
quality is assessed by means of a descent test: given an Armijo-like parameter m > 0 and

the current center #*, once zF*! is obtained as the solution to problem (2.5), check if

FEM) = F(@%) <m(fula®h) = f(@5)). (2.6)

1

If (2.6) holds, declare a serious step and set 2" = 2", Otherwise, declare a null step

and set 2F*! = 2,

Figure 5 shows the cutting-planes model for f(z) = ;xZ + Z constructed
following the proximal bundle idea. Observe that the cutting-planes model constructed
by the proximal bundle method represents better the function near the minimizer than the
cutting-plane model in Figure 4, due to the fact that proximal bundle methods regularize

and stabilize the iterations with a quadratic perturbation.

The sequence {2*} of centers, or serious-step iterates, is a subsequence of {z*} of those
solutions to (2.5) that provide sufficient descent for the original objective function f
compared to its value at the current center, at least a fraction of the decrease the model
predicts at the candidate point z**!. Hence, proximal bundle methods are of descent,

since {f(2")} is nonincreasing.
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Figure 5 — Cutting-planes model fk constructed after 3 iterations of the proximal bundle

0

1 5) 1
method applied to f(z) = §x2 + 7 starting from z° = 1 using m = 3 and

=L

2
Proximal bundle methods can be deemed as an approximation of the PPA.
They differ from the inexact versions of the PPA in Section 2.1.1, inasmuch an exact
proximal step is performed for an approximation of f, whereas the method of (2.4) or Al-
gorithm 1 compute a point close to the true proximal point satisfying some absolute-error
or relative-error condition. See Proposition 6.5 for a relationship between the proximal
bundle descent inequality and the relative-error condition of Algorithm 1 in optimization
mode. Another difference is, since proximal bundle methods are constructive, convergence
of the null steps is provable. In this sense, bundle methods are genuinely implementable,

while the method of (2.4) and Algorithm 1 correspond to abstract patterns.

The parlance implementable form for proximal bundle methods comes from
[83], and refers to the fact that finding the exact proximal point (2.2), and other abstract
frameworks, could be, in principle, as costly as directly solving the original problem, while

problem (2.5) is much simpler.

Proximal bundle methods enjoy an additional feature, namely, implementable
stopping tests. Simply put, whenever the aggregate subgradient and the aggregate error
are smaller than a certain tolerance, the center 2" is an e—minimizer of f. More specifically,
at iteration k, we define the aggregate gradient

g = ok,

iEBk

where of € [0, 1], satisfying Yies, @F = 1, are the simplicial multipliers associated with

the problem in (2.5). We also define the linearization error at 2, for each i € By, as

ef = f(&") = (f' = (g, 3" —a%)),
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a nonnegative quantity due to the subgradient inequality for ¢ € df(z"). In turn, we

define the aggregate error as

Using a transportation argument (see, for instance, [86, Lemma 10.8] or Proposition 3.3
below), §" € da f(2%), and thus whenever |§*|| and é* are sufficiently small, then " is
an approximate solution to min f. We also refer to the discussion pertaining (5.15) for a

similar argument.

The following result presents the convergence results of the basic proximal
bundle method. We refer the readers to [30, Chapter XV] for a detailed proof.

Proposition 2.4 (Convergence of proximal bundle methods). Let f € conv(R") and

consider problem (1.7). Suppose the set of solutions of this problem is nonempty.

(a) Suppose the sequence {&*} generated by the proximal bundle method satisfies (2.6)
infinitely many times for indices in a set K. If Y}, -t = +00, then (2%} is a mini-
mizing sequence. Additionally, if {t}rex is bounded from above, then {&*} converges

to a minimizer of problem (1.7).

(b) Suppose the sequence {#F} generated by the prozimal bundle method satisfies (2.6)
finitely many times, namely, there exists a tail of null steps: for some ke N, for all
t2

k — +CD,

k> l%, 2* does not satisfy (2.6). If {te},-p s nonincreasing and Y, _; =

then 2% is a solution to problem (1.7).

Some adjustments can be made in the proximal bundle method described
above. For instance, the bundle By, in iteration k can be taken to be a (proper) subset of
{1,...,k}, just keeping the active indices at the solution #**!, that is, those i € {1,...,k}
such that fk(x’”l) = f1 4+ {g", 2" — ). This would lead to a simpler model, and thus
simpler problems to be solved at each iteration from a computational point of view, and
still preserve convergence (a feature impossible in cutting-planes). Another typical mod-
ification is to aggregate past linearizations, that is, take convex combinations of subgra-
dients ¢’ and function values f* for i € By, in order to define the aggregate linearization
fr. Indeed, any convex model sandwiched between f;, and fk preserves the convergence

properties of Proposition 2.4.

2.2 Operator splitting methods

We saw in Section 2.1.1 that the PPA can be applied to obtain a solution of the
problem 0 € T'(z), by iteratively solving a perturbation of the problem, namely, finding
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1
a 7 € R" such that 0 € T'(z*) + ;(ﬁ — x). When T has a block-separable structure,
a further specialized method can exploit this particular features in order to simplify the

iterations.

Suppose T'= A + B, where A and B are maximal monotone operators. Com-
puting the resolvent of T' can be costly, while separately computing the resolvents J;4
and J;p can be more efficient. The Douglas-Rachford (DR) splitting method capitalizes
on this assumption, and approximates one proximal step by performing operations for

each term separately.

2.2.1 Douglas-Rachford splitting

One iteration of DR is rooted in the following expresion [87, Eq. (DR)]:
uk“ S thA(thB<[ — tkA> + tkA) (uk)

Such sequence {u"} is sometimes called shadow DR sequence, since u* = J;, 4(s*), where

{sk} conforms to
s = (thB(QthA -+ 1- thA)(sk)'

The DR method amounts to compute separate proximal steps for each term, once per
iteration, and then combine them to generate the next iterate. Algorithm 2 unravels
these operations by defining two copies of the same variable in each iteration, u* and v*,

k

and then performs a correction/coordination step using the difference v* — u® as direction

with unit stepsize.

Algorithm 2 Douglas-Rachford splitting method for monotone operators

. Initialization: choose to > 0 and s° € R™.

:for k=0,1,2,... do

A—proximal step: u* = J,_4(s").
B—proximal step: v* = J, p(2u”* — s).
Coordination step: s*"! = s* + v* — u*. Define t,,1 > 0.

end for

S Gl Wy

The convergence of Algorithm 2 in shown in [87, Theorem 3.15], and essentially corre-
sponds to proving that {s*} converges to a fixed point of the operator J;, p(2J;,4 — I) +
I—Jia.

Proposition 2.5 (Convergence of DRS). Let A, B : R" =3 R" be two mazimal monotone
operators, such that A+ B has a nonempty set of zeros. In the context of Algorithm 2, if
te = t for all k € IN, then the sequences {u*} and {v*} converge to a solution u* to the
problem 0 € (A + B)(x), while the sequence {s*} converges to a point s* = u* + tw* such
that w* € A(u*), and —w* € B(u”).
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In the context of optimization, the DR decomposition approach can be used
to solve problems of the form
min () + va(2)

reR™ (2.7)
st. Mx =z,

where ¢ € conv(R"), po € conv(R™), and M e R™*" [87]. For this formulation,
usually represents the original objective function, and ¢; is used as a regularization or

penalization function.

In order to apply Algorithm 2, we take A = d¢y and B = 6(902 o M) Using
constant t, = t: starting from s’ € R", define v’ = prox,,, (s°). Then, for every k =
0,1,2,..., define z* as step 4 of Algorithm 2

1
&= argmin { po(Mz2) + —|z — (2u* — sk)||2}
zeR™ 2t
1 1 1
= argmin{ po(M2) + —|z — uF|* + (2 — u¥, 8" — ") + —|sF — uF|?
zeR" 2t t 2t
k_ .k 1
- argmin{wg(Mz)+<S “ ,z>+z—uk|2},
zeR™ t 2t

where the second equality is obtained after expanding squares, and the third equality
k k

yields from discarding constant terms. In the last line, define w" = o then line 5
of Algorithm 2 implies
GhH1 _ gkt
Wl —
t
P R
N t
REILY S
= w"+ /

Then, we define * as step 3 of Algorithm 2 in the following iteration, that is,

A

= prox,, (s

= proxy,, (s* + 2 —u¥)

kJrl)

= proxwl(zk + twk),

where the third line follows from line 5 of Algorithm 2, and in the last equality we use

the definition of w*.

Algorithm 3 shows DRS applied to the optimization problem (2.7), and sum-
marizes the above calculations. Here, we invert the order of proximal steps in order to first
perform the minimization problem associated with the objective function ys. and then
the minimization problem corresponding to the regularization/penalization ¢;. More on

this change of the order of the proximal steps will be discussed in Section 2.2.2.
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Algorithm 3 Douglas-Rachford splitting method: optimization mode

1: Initialization: choose ¢t > 0 and 2z~ € R", w° € R™.
2: for k=0,1,2,... do

1
3: @o—proximal step: z* = argmin {@(Mz) + w2+ gHz - xk_1]2}.

zeR"™

1
4: ¢, —proximal step: 2" = arg min {(pl(x) + ZHx —(ZF + twk)HQ}.
TzeR™

k k
e ¥ —x
5: Coordination step: w*™! = w* + .

6: end for

Convergence of Algorithm 3 follows from Proposition 2.5, under mild regularity
assumptions, as shown in [87, Proposition 3.40]. More specifically, we require the following

two conditions:

1. (p1 + a0 M) = dpy + Opg o M: separability of the subdifferential of the sum of
the two involved functions is essential to guarantee that solving 0 € dp; () + (2 ©
M)(z) is equivalent to solving problem (2.7), so that the splitting is meaningful.

The subdifferential of the sum can be separated whenever, for instance,

ri(dom(¢;)) N ri(M ! (dom(yy))) # &. (2.8)

This condition holds, for example, when both ; and ¢y are polyhedral functions (cf.
[87, Proposition 3.23]). This assumption generalizes to the transversality condition
0% p1(x) N —0%(pg o M)(z) = {0} of [29, Corollary 10.9].

2. Problem (2.7) needs to have at least one solution, so that the set of zeros of d(p; +

2 © M) is nonempty.

Proposition 2.6 (Convergence of DR in optimization mode: convex case). Consider
problem (2.7) for p1 € conv(R"), o € conv(R™), such that problem (2.7) has a nonempty
set of minimizers, and condition (2.8) holds. Then, the sequences {x*} and {2} converge
to a solution x* to problem (2.7), and the sequence {w"} converges to a point w* such that
—w* € dp1(x*), and w* € (py o M)(x¥).

The DRS method can separately exploit the properties of the functions of
problem (2.7) to compute the proximal steps in Algorithm 3. In particular, for stochastic
optimization problems, the splitting amounts to decouple the problem, since the objective
function has a (further) separable structure, and the constraints couple the constraints.
The next subsection describes DRS for stochastic optimization, also known as Progressive

Hedging.
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2.2.2 Progressive Hedging for stochastic optimization

A general multistage stochastic programming problem can be written as

min F(x) 29)
st. zeN, .

where F' : R" — R U {400} is a proper lIsc function, and N is the linear subspace of
nonanticipative policies. Decisions are made throughout a time horizon divided in T stages,
such that in each stage the underlying uncertainty is partially known and progressively

revealed.

Figure 6 illustrates nonanticipativity in a scenario tree: in the beginning of
stage t = 1 (first level/row), no uncertain information is known, and after deciding the
policy associated with t = 1, part of the information is disclosed, that is, the random
variable & is realized. This means that in the beginning of the time horizon, all scenarios
look alike, since there is no information available to distinguish them. This is represented
with the horizontal dashed line in the first row of Figure 6b: all the connected nodes are
the same root node of Figure 6a. Then, in state ¢t = 2 (second level/row), it is possible
to differentiate part of the scenarios using the revealed information, and thus a decision
is made taking that into consideration. In Figure 6b we connect with a dashed line those
nodes in the second row that in Figure 6a represent just one. After deciding the policy
of stage t = 2, the random variable & is realized, and no uncertain information is left
to revealed. In the third and final stage ¢ = 3, nonanticipativity does not enforce any

constraint on the decisions variables.

The objective function has the special feature of being decomposable for dif-

ferent scenarios, namely,
5
F(J?) = Zpst(xs>a
s=1

where S is the (finite) number of possible scenarios of the underlying random variable of
S

the problem, p, > 0 is the probability of occurrence of scenario s, such that Z ps = 1,
s=1
and Fy : R"™ — R u {+o0} are proper lsc functions. The relationship between dimensions

S
isn = Z Ng.
s=1
An extended formulation would be, for instance (5.1), where the scenario-
separable constraint sets C are explicitly expressed. In this case, for each scenario s =
1,...,S5,if Cy is nonempty and closed, and f; : R"™ — R u {+00} is proper and lIsc, then

each F; = f, + ic, is proper and lsc, and thus so is F. Therefore, (2.9) is as general as
(5.1).
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(a) Scenario tree

o
(b) Nonanticipativity constraint

Figure 6 — Scenario tree for 3 stages, depicting with dashed lines the nonanticipativity
constraint of stochastic programming.

For stochastic optimization problems, R" is endowed with a weighted inner

product defined as follows:
S
(w,2)5 = ) pslTs, 20,
s=1

where z = (2,)%_,, 2z = (2,)2_,, and (-, -) denotes the usual inner product in R™ (possibly

defined in spaces of different dimension). We equip R" with the induced weighted norm
||ls = A/, s, while || - | denotes the usual Euclidean norm of R™ induced by the inner
product (-, ).

The Progressive Hedging algorithm (PHA) of Rockafellar and Wets [24] is a
scenario-based decomposition method that generates a solution to (2.9). The PHA exploits
the decomposable structure of problem (2.9), by appropriately handling the coupling
constraint # € N. In fact, the PHA executes two levels of decomposition: first, it splits
(in the sense of Section 2.2.1) the separable objective function F' and the non-separable
nonanticipativity constraint, and secondly, it further decomposes the objective function

for different scenarios.

In Section 5.2.2 below, it is explained that the PHA iteratively solves a scenario-
separable approximation of the Augmented Lagranian of problem (2.9), and then proceeds
to improve the approximation and guarantee feasibility by projecting onto N. A similar
approach is taken in [27], overcoming the nonseparability of the Augmented Lagrangian
by means of what the authors call a nonlinear Jacobi approach. More precisely, for each

scenario s in parallel, in each iteration the Augmented Lagrangian is minimized over the
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variables associated with the scenario s only, keeping the rest fixed, and then perform
a correction step to improve the approximation. Another approach, called Progressive
augmented Lagrangian method [88], uses an Augmented Lagrangian approach to solve an
inner approximation of an optimization problem with probabilistic constraints. This ap-
proximation is progressively improved throughout iterations, a principle that the method

of Chapter 5 also applies.

Originally, the PHA was shown by Rockafellar and Wets [24] to be a particular
instance of the Spingarn’s splitting method [89]. As shown in [90, Chapter 3], the PHA
is an application of Douglas-Rachford splitting of Section 2.2.1. More specifically, the
splitting occurs between the decomposable function F', and the simple indicator function

iy, in such a way that particular properties of both functions are separately exploited.
Originally, the PHA was derived in [24] by applying the proximal point algo-
rithm to certain maximal monotone operator that captures problem (2.9) in a primal-dual

fashion. The PHA can be deduced directly from Algorithm 2 (cf. [90]) or Algorithm 3, as

follows. First, we reformulate (2.9) in a ready-to-split manner:

min F(x) + iy (x).

zeR™

Then, taking po = F, 1 = iy, and M = [ in (2.7), yields Algorithm 5 below. In fact,

the ¢ —step from Algorithm 3 corresponds to a projection step:

1
2" = argmin{ iy(z) + 2—tHa: — (2" + twk)||2}

zeR"

1
argmin { — |z — (2" + twk)HQ}
zeN 2t
= Py[2" + tw"]
= PN[Zk] + tPN[wk].

If w® € N, by an induction argument, w* € N* for all k € IN. Indeed, suppose w* € N'*,
then Py[w®] = 0, and ¥ = Py[z*]. Thus 2* — 2% = Py [2*] € N*-. Therefore, w*™' =
w® + t71(2F — 2%) € M. Bearing in mind this observation, Algorithm 4 below states the
Progressive Hedging algoritlhm of [24] derived from Algorithm 3. Note that in [24] the

proximal parameter is r = n

Note that by swapping the order of the proximal steps in Algorithm 3, in
Algorithm 4 we first solve the problem associated with ¢s = F', and then we perform the

projection step, the step corresponding to ;.

As explained in [23] (see Chapter 5 below), the projection step 4 of Algorithm 4
is a simple calculation, since it corresponds to a conditional expectation taking into ac-

count the history of the random variable. Furthermore, note that step 3 of Algorithm 4 is



Chapter 2. Computational optimization tools 60

Algorithm 4 Progressive Hedging Algorithm

1: Initialization: Choose a primal-dual starting point (z°, w') e N x Nt
2: for k=1,2,... do

3: Primal subproblems: for each s = 1,...,.5, solve
1
ko_ - k Ll k12
2y = arg min {Fs(zs) +{wy, zs) + 215”28 i } : (2.10)
4: Primal projection: z* = Py[2"].
1
5: Dual update: w"™ = w* + g(zf —aMfors=1,...,5.
6: end for

step 3 of Algorithm 3 after capitalizing on the separable structure of the objective func-
tion, the weighted inner product, and the weighted norm. In principle, the S subproblems

can be solved in parallel, since they are completely decoupled from each other.

The convergence of Algorithm 4 follows from Proposition 2.6, since the usual

Euclidean norm on R" and | - || define equivalent topologies.

Proposition 2.7. Consider problem (2.9) for F e conv(R"), such that (2.9) has a
nonempty set of minimizers, and ri(dom(F)) n N # . Then, the sequences {x*} and
{z*} converge to a solution x* to problem (2.7), and the sequence {w*} converges to a
point w* € —OF (x*) n N, such that —w* is a solution to the dual problem of (2.7).

Proof. 1t only remains to prove the last statement. Since z* is a solution to (2.7), and
w* is such that w* € N+ = diy(2*), and —w* € OF (z*), then in view of [87, Proposition

3.26], strong duality holds and thus w* is a solution to the dual problem
min F*(—w) + iy (w). (2.11)
O

Remark 2.4. Alternatively, we can choose M as the matrix that takes a vector x and
returns Mx with the last-stage decision variables erased. This would lead to an analogous

convergence analysis, bearing in mind that {Mz*} and {x*} would have the same limit *,
instead of {2*} and {x*}.

An alternative approach that leads to an equivalent formulation of the PHA

is to apply the DRS method to the dual problem (2.11). In Algorithm 3, we choose

1

@y = F*(=-), and ¢ = iy.. Starting from 1° € A and ¢~! € N, this approach yields

the following problem for F™*:

. « 1 _
win {0+ R+ o=

peR™
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with unique solution p*. The problem for i L is:

min {Z'NL(Q) + 21t|q — (p* + tuk)\z} : (2.12)

qeR™

with unique solution ¢*. Finally, the coordination step corresponds to
k+1 R T
v =0t ;(p —q"). (2.13)

We now proceed to deduce the primal form of this algorithm. The optimality

condition of this problem reads
1
0 € —0F*(—p") +vF+ ;(pk —¢" ).
1 - *
— VF+ E(pk — ¢ e oF*(—p")
1
— —p* e OF <Vk + ;(pk — qk1)> ,

1
where the last line follows from (0F)~" = 0F*. Define ¥ := v* + ;(pk —¢"™1). Tt thus

holds that

_ (wf + 1@’“ _ qk_1)> e OF(:H).

— 0 € OF(Z") + ¢ +t(F —vh),

meaning that z* is the unique solution to

t
min {F(z) +{" D)+ 2z - I/k|2} .
zeR"™ 2

. . . . k k—1 k—1 k 1 k . . .
With the identifications w” «— ¢" *, 2" <« v, and T t, 2" coincides with the primal

subproblem step 3 of Algorithm 4.

In order to formalize the identifications above, we need to prove that
Vk+1 _ PN[Zk], and qk; _ qk—l + t(Zk _ l/k+1).

We proceed by induction. Suppose v* € A. From the definition of 2z, it holds v* =
1

2+ g(qk*1 — p*). Substituting this relationship in (2.13) yields Py[t*"!] = Py[2"]. In

order to prove the first claim, it only suffices v*™! € . From the assumption v* € N and

(2.13), we would only need to prove that p* — ¢" € A. Since ¢" solves (2.12), then

¢“ = Pyi[p" + 1]

p* + tF — Py[p* + th].
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Therefore,

where the last line holds in view of the assumption v* € A. In this way, p* — ¢* € N.
Therefore, (2.13) implies "™ € N, and "™ = Py[2*]. For the second claim, from the
definition of p* as the projection of p* + tv* onto Nt, and the definition of z* that is
equivalent to p* + tvF = ¢*1 + t2*, it holds that

¢" = Pyi[¢"" +t2"]

= qk_l + tPye [Zk]
= ¢ty t(zk — PN[zk])
. t(zkz B yk+1)7

(2.14)

where the second line follows from linearity of the projection operator and the fact ¢" ' e

N, the third line corresponds to the Moreau identity for the projection, and the last line

is the first proved claim.

1
Lokl — V¥ and T t, apply-

ing the DRS method to the dual problem yields the PHA. An approach working on

the dual problem, in particular, using a proximal bundle-like method to induce scenario-

Hence, using the identifications w* «— ¢*~

separability, is developed in Chapter 5, produces a bundle-like PHA.
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3 A unified analysis of descent sequences in
weakly convex optimization, including con-

vergence rates for bundle methods

This chapter is an extract of [22]:

Atenas, F., Sagastizabal, C., Silva, P. J., & Solodov, M. (2023). A uni-
fied analysis of descent sequences in weakly convex optimization, including
convergence rates for bundle methods. STAM Journal on Optimization, 33(1),
89-115.

The concepts of variational analysis of the introduction of this article were
discussed throughout Chapter 1, and Section 2 and Section 3 of said article are included
in Section 1.3 and Section 1.4, respectively. Furthermore, Section 3.5 is taken from the

appendix of [23]:

Atenas, F., & Sagastizdabal, C. (2023). A bundle-like progressive hedging
algorithm. Journal of Convex Analysis, special issue in honor of R. J-B Wets,
30(2) 453-479.

Some parts have been modified in order to follow the notation and structure

of the present work.

Abstract. We present a framework for analyzing convergence and local rates
of convergence of a class of descent algorithms, assuming the objective function is weakly
convex. The framework is general, in the sense that it combines the possibility of explicit
iterations (based on the gradient or a subgradient at the current iterate), implicit iter-
ations (using a subgradient at the next iteration, like in the proximal schemes), as well
as iterations when the associated subgradient is specially constructed and does not corre-
spond neither to the current nor the next point (this is the case of descent steps in bundle
methods). Under the subdifferential-based error bound on the distance to critical points,
linear rates of convergence are established. Our analysis applies, among other techniques,
to prox-descent for decomposable functions, the proximal-gradient method for a sum of
functions, redistributed bundle methods, and a class of algorithms that can be cast in the

feasible descent framework for constrained optimization.
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Keywords. weak convexity, descent methods, bundle methods, model-based

methods, proximal descent, proximal gradient method, error bound, linear convergence.

MSC codes. 90C30, 90C33, 90C55, 65K05.

3.1 Introduction

We consider algorithmically generated descent sequences that aim at solving
problems of the form

min f(z), ze€R", (3.1)

where

f:R" - Ru {+w} is weakly convex.

The class of weakly convex functions is fairly broad and covers many problems of interest.
It includes convex functions, differentiable functions with Lipschitzian gradient, certain
compositions of convex functions with smooth functions, among others. We refer the
readers to the discussion in [91], and Section 1.3. The case of constrained optimization
will be handled by including into the objective function the indicator function of the

feasible set.

Nonsmooth optimization problems like (3.1) arise frequently in applications
involving big data and large-scale decision making. Many popular decomposition schemes
exploit separable structures by resorting to Lagrangian or Fenchel duals. Typically, iter-
ates are defined by means of certain model functions, resulting from some simplification
of the objective function. To ensure convergence, primal and dual objects generated by
nonsmooth methods must be interwined in very special and sound manner. For this rea-
son, model functions build local approximations not only of the objective function, but
also of its subdifferential. The theory presented below establishes a short set of conditions,
on the family of model functions, on the primal and dual objects, and on problem (3.1)
itself, that provides convergence guarantees for a large family of nonsmooth optimization
methods.

More specifically, we are interested in stating conditions that ensure global
convergence and local linear convergence rates for algorithms whose sequence of iterates
{azk } involves the Clarke’s subgradient information about f, possibly collected along it-
erations. Together with the algorithmically generated sequence {z*} < R", we shall also
consider a certain theoretical sequence {zk } € R", with associated perturbation parame-
ters {ex} < [0, +0). These objects are introduced to account for the fact that, to compute
the iterate 2¥, one often minimizes a model /approximation of f. This operation yields a

subgradient of the model, which for some methods in general is not a subgradient of f it-
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self at any point in the sequence {xk} We show that model subgradients can, however, be
“transported” to a nearby point, where they are subgradients of f. For convex functions,
this is the well-known transportation formula in [30, Ch.XI, § 4.2]. For weakly convex
functions, a similar result requires a delicate construction, given in Section 3.3 below. In
particular, we think of {z*} as a (potential) perturbation, not necessarily computed by

the algorithm, of the actual sequence {z"} which is computed indeed.

Formally, we shall consider frameworks with the following relations (3.2) valid,
for a fixed along iterations k index i € {0,1}. The index i € {0, 1} is used to unify the
analysis for explicit and implicit options in (3.2). Specifically, i = 1 refers to explicit
methods (2"* = 2*7! so that ¢ € df(2*1)), while i = 0 refers to implicit methods
("7* = 2¥ so that ¢" € 0f(2*)). This feature would also be made more clear in comments
and examples that follow (3.2). Again, recall that {2"} is the generated sequence, while

{z*} is a theoretical one.

f@®) +a(|o® — 2572 + epl) < f(2F7Y), for a > 0 (3.2a)
3g" € of (2571, |lg"| < b(Hmk — 2" 4 |2F T - zk_iH), for b > 0; (3.2b)
both |z* — 2*| and {e;} tend to 0 as k — . (3.2¢)

Some remarks are in order. To start with, notice that condition (3.2a) ensures
that the sequence of functional values {f(2")} is non-increasing. By contrast, the theoret-

ical sequence {f(z*)} is not necessarily non-increasing.

To continue, consider first the simplest instance, with 2* = z* and ¢, = 0.

Then the conditions in (3.2¢) are automatic, while (3.2b) becomes
lg*[ < blla® — 271,

for some subgradient ¢* of f at either "' or z*. In the first case, it is natural to think
of the scheme as being explicit (one obvious example is the gradient descent iteration, if
f is differentiable: 2% = z¥71 —, V f(2*1), with a suitable stepsize t;, > 0). In the second
case, the scheme is in general implicit, and becomes essentially that of [18, § 2.3] if further

g" € df(2") is taken. A prototypical instance is given by the proximal point iteration:

1
2* € argmin f(z) + gﬂx — 2?2 for t), > 0, (3.3)
k

which means that ¥ = 21 — t,¢*, for some ¢* € of(2").

Next, note that in the nonsmooth case, even the convex one, an explicit scheme

with ¢* € df(z*7!) and 2"~* = 2! in (3.2b) does not guarantee the descent condition
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(3.2a). Indeed, this would be just the basic subgradient method, which is not of descent.
General-purpose algorithms for nonsmooth optimization that build descent sequences are
bundle methods [92, 30, 85]. Other nonsmooth methods can also be of descent, if they
use more specific problem structure. Some examples are the prox-descent method for
composite functions [44] and proximal-gradient methods for sums [93], considered together
with the bundle method in Section 3.3 below. It is precisely for treating those type of
methods that the theoretical iterate z* and associated perturbation &), were introduced in
our framework (3.2). Essentially, such schemes compute the proximal point of a convex
model of the function f. Thanks to our transportation formula for weakly convex functions,
this amounts to performing an explicit step, using a subgradient of f at a perturbed point,
that plays the role of z* in (3.2). This relation holds as long as the model-functions satisfy
general conditions stated in Section 3.3. Therein, the process is developed in full details for
model-based proximal methods, including serious steps of bundle algorithms for weakly

convex functions.

Our convergence analysis recovers, from a unified perspective, various (but
not necessarily all) results in sources like [33, 18, 91]. We also give new results, related
to bundle methods for weakly convex functions. As stated in the concluding section of
[94], developing a convergence theory along the lines of [18] for bundle methods based on
practical oracles was an open question. We close this gap in Section 3.3, most notably by
stating the linear convergence of descent steps of bundle methods with downshifted models
that are typical in the nonconvex setting; we refer to Section 3.3.1 for details. When the
objective in (3.1) is convex, linear rates for bundle-like methods can be traced back to [95]
and [19]; see also the efficiency estimates in [96]. The topic was revisited more recently
in [97] and [98], respectively considering strongly convex functions and multi-cut models,
and the classical proximal bundle method for convex optimization. We should make it
clear that our linear rate of convergence result for bundle methods concerns the descent
iterations only, which themselves are constructed by a subsequence of so-called null steps.
The number of null steps needed to produce descent is not part of our development. For
strongly convex functions and a fixed prox-parameter, [97] shows that the precision of the
solution at null steps is approximately inverse to the number of iterations. Taking into
account null steps in the more general setting considered in this work is a challenging

matter and should be a subject for future research.

The rest of the chapter is organized as follows. In Section 3.2 we discuss some
general global convergence and local linear rate of convergence properties of the framework
given by (3.2). In Section 3.3 these results are applied to model-based algorithms, including
prox-descent for composite functions, proximal-gradient methods for sums, Taylor-based

models, and finally the (serious steps of) bundle methods. In Section 3.4 we show how
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our analysis applies to the class of feasible descent methods for constrained optimization
considered in [33]. Finally, Section 3.5 extends the theory for constrained optimization

problems by adding a projection step, so that constraints are dealt directly.

3.2 General asymptotic relations in the algorithmic pattern

In the sequel, we shall need the following technical result.

Lemma 3.1. Let {ar} < R" and {by} < [0,+0) be two sequences such that for all k it
holds:

lag — ag—1] < arbr—y

and

b, < agby—1,
where a; > 0 and ay € (0,1).

Then, there exists a* € R™ such that, for any k, there exist r € (0,1) and ¢ > 0,
such that for all k >k,

o — a*] < cof
. aq by . % .
with ¢ = . In particular, {ay} converges to a* R-linearly.
—

Proof. First, by direct induction, for all k it holds that b, < by(az)*. By making a tele-

scopic sum, for all j > 1,

k+j O41b0 k+j Oélbo i
lans; — anl < Z lan — an—1] < Z a” < (1 - a2> as”, (3.4)
n=k+1 n=k+1
where to obtain the last inequality we use that
k+j o
Z " =y Z " 062 1 )
n=k+1 — Q2

since as € (0,1). Therefore, {ar} < R" is a Cauchy sequence, and thus {a} converges to
some a*. By taking the limit in (3.4) when j — o0, we obtain that |la; — a*| < caf, as

claimed. O

Regarding our problem of interest, if f in (3.1) is bounded below, the monoton-
ically non-increasing sequence {f(2*)} from (3.2) converges, without any further assump-
tions (to some value, not necessarily a critical one). We next show that, for weakly convex
functions satisfying the subdifferential error bound of Definition 1.7 and the isocost sur-

faces condition of Definition 1.1, the sequence of functional values of the projections of



Chapter 3. A unified analysis of descent sequences in weakly convex optimization 68

the theoretical sequence {z*} onto S stabilizes at a critical value (value of f at a critical

point).

In the statements (iv) and (v) below, the index i € {0,1} is used to unify
the analysis for explicit and implicit options in (3.2). Recall that i = 1 refers to explicit
methods (2¥7* = 2*7! so that ¢* € df(2"71)), while i = 0 refers to implicit methods
(27 = 2* so that g% € 0f(2")).

Lemma 3.2 (Convergence to critical points and technical relations). Let a function f €
w —conv,(R"), such that inf f > —co. Then for any algorithmic scheme satisfying (3.2),
the following hold:

(i) {f(z*)} monotonically converges to some value f € R.

(ii) oF — 2"t -0, 2F — 27t - 0 and ¢" — 0, as k — +o0.

Suppose, in addition, that f satisfies the proper separation of isocost surfaces condition
(Definition 1.1) and the subdifferential error bound (Definition 1.7). Then, for any bounded
sequence {x*} satisfying (3.2),

(iii) {f(2*)} converges to f*, where f* € R is a critical value (i.e., [* = f(x) for some
res).

(iv) For i€ {0,1}, defining p** € Ps(z*~"), for all k sufficiently large the distance from

2*=" t0 S can be estimated as

: , 20%? . .
EES A S T(f(ﬂf'“_l) = f@h) + 20072 — AR

(v) For the functional value errors v* := f(x*) — f*, it holds that

2
S 2

(kal . Uk) + 2£b2”$k71 o ZkfiH2 + @kfv;’
a

where

08 i= f(ah ) — f(F) + LIt = P

Proof. In view of (3.2a) and €}, > 0, {f(z")} is non-increasing. Since f is bounded below,
item (i) follows immediately. Then also f(z*™') — f(z*) — 0.

As, by (3.2a),

—_

o — 2 < S () = M) — e, (35)

it follows that ¥ — 2*~* — 0 in item (ii). Then (3.2b) and (3.2c) yield that ¢* — 0 and,

K = (F = ah) (28— M)+ (0F = 2R — 0. Ttem (i) is proven.
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For the remaining items, we apply the subdifferential error bound at the tail
of the auxiliary sequence {z*}. The starting point is (3.2b), for which we use that f is a
p—weakly convex function, considering the two possibilities i = 0 and 1 = 1 at the same

time. For the rest of the proof, we fix the index i € {0, 1}.

Since for all k > 1, g" € df(2*7"), it holds that

—i —i p —1i
FEE) (g8 2t =227 < faf) + S =2t

In view of the fact that f(z*) decreases to f, 0" >0, 2" =28 50, 25— -0, and
thus 2°7* — 2% — 0, we have that for all € > 0, and all sufficiently large k, f(2"*) < f+e
and ¢ € 0f(2**) n B(0,¢). Thus, by the error bound,

|57 = 7 = d(*, ) < flg"]. (3.6)

Since ¢g* — 0, it follows from (3.6) that z** —5** — 0, and then z* —p, — 0
as k — +oo. Combining this with the fact that z& — 2571 — 0, yields that p* — ! — 0.
Moreover, the property of separation of the isocost surfaces implies that f(p*) = f*
eventually, for a critical value f* of f. To complete the proof of item (iii), we apply weak
convexity of f for 0 € 0f(p"), obtaining that for all sufficiently large & it holds that

F* = 1) + 0,25 = < (4 + £lH = )P

Hence,
P - #
Sl = < fEN -1 (3.7)
Notice that, in addition, ¢* € 0 f(2*~*) implies that
—i i —i ki P ~k—i —i %, Pisk—i —i
R e R L B AR e INICE)
where the last equality holds for all k sufficiently large.

Next, combining (3.7) and (3.8), we obtain that
P ~ * i ~ Py~
P B < FE) - < )+ D
Then, taking the limit as k — oo yields that f(z*) — f*.

Next, weak convexity implies that for any d¥ e o f(xk_i),
F@ ) + A= ah ) < fE) 4 D ok
Also, as g~ € 0f (2"7%),

R+ (gh ah ™ = ) < @)+ Dt - A,
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Combining the two relations above, we obtain that
B I (o B (G
< <dk,$k_i o Zk_i> + guzk—i . ZL‘k_i”Q.

Taking the limit in the last relation as k& — 400, Lemma 3.2(ii) and (3.2c) imply that
f(@") — f(zF%) — 0. Since {f(2¥)} is a convergent sequence, and f(z*) — f*, the
sequences {f(z*)} and {f(2")} both have the same limit. Thus, {f(2*)} is a non-increasing

sequence converging to the critical value f*, and {v*} is a nonnegative sequence.

To show statements (iv) and (v), recall that (a + b)? < 2a® + 2b?, for all real

numbers a, b. Then from (3.2b) we obtain that
lg" I < b*(la® — 2" + 2" = 24
< QbQka _ l‘k_lHQ + 2b2H£L'k_i _ Zk—iH2 (39)

27 Pk = Faky) + 2R ah - A,

a

A

where the last inequality follows from (3.5). In this manner, since g* € of(2**), from
(3.6) and (3.9) it follows that

i gz 2007 k-1 k 212 k=i _ k—i|2
[2575 =" < ——(f(2"7) = £(2)) + 26072 — 277,
which is statement (iv).

On the other hand, from (3.8), (3.6), and the fact that for all sufficiently large
k it holds that f(p*~*) = f*, we obtain that

—i —i k=i Py ~k—i —i
FEEY = < gt =5 H+§Hpk — 2

P ~k—i —i
< gt P+ Sl =2
Therefore, combining this inequality with (3.9), yields

k—iy _ px %52 k—1y k b2 pE—t — k=12 Plsk—i  _k—i|2
FER) = £ < S () = Fat) + 202t — o Dt

Hence, as {v"} is non-increasing,

R 2007 k k—i k—i 2, k—i k—i)2 | P~k-i k—i 2
vh e A = o) o f() - FE) 4 2Rt — AR et
This concludes the proof. Il

The relations in Lemma 3.2 lead to the following result, on the convergence
speed of both the sequence of functional values and of iterates. The respective rates are

linear in the quotient (Q) and root (R) senses, as defined in Chapter 2.

Recall that the index i € {0,1} unifies the explicit and implicit options in
(3.2).
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Theorem 3.1 (Asymptotic results for weakly convex functions). Let f € w — conv,(R")
such that inf f > —oo. Suppose, in addition, that f satisfies the proper separation of isocost
surfaces condition (Definition 1.1) and the subdifferential error bound (Definition 1.7).

For any bounded sequence {x*} and {2*} satisfying (3.2), consider the sequence
of functional errors {v*}, defined in Lemma 3.2(v). If there exist C1,Cy > 0, such that,
for all sufficiently large k it holds that

F@™) = f(P) < Gt = oY) (3.10)

and
[z = 2P < Gy (0 =), (3.11)

then there exist r € (0,1) and ¢ > 0 such that

(i) For all k sufficiently large,

where r = M /(1 + M) e (0,1), and M = Cy + (b*(2 + pl)(1/a + Cy).
(ii) The sequence of functional errors {v*} monotonically converges to 0 with Q—linear
rate.

(iii) The sequence {x*} converges R—linearly to a critical point x* of f, such that f(z*) =

f*= klim f(z®). More specifically, for all sufficiently large k,
—00
o — 2% < eV,

where ¢ = ——————.
Va(l—=+/r)

Proof. First, convergence of {f(z*)} follows from Lemma 3.2(iii). The rate of convergence
of {f(x*)} is derived from the technical estimates of Lemma 3.2. Indeed, combining the
definition of ©* with Lemma 3.2(iv) and (3.10), for all sufficiently large & it holds that

; 20%p? ; ;
@k‘*l < CI(kal o Uk) + B ( (kal o ?}k> + 2£2b2“xk71 o Zk1H2)

2 a
(2h? . ;
P )(Uk—l o vk) + p£2b2ka—1 . Z]C—IHQ.

_ (01+

Therefore, from Lemma 3.2(v), it further follows that

2
v*< (Cl + 62(2 + pé)) (Uk_l — U’“) + 032 + pg)ka—i _ Zk:—iH2
a k—1 k 2 k—1 k
S (01 + 7(2+p€>)(v — o)+ (2 + p)Co(v* " — o),
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where (3.11) is used to obtain the last inequality. Hence, v* < M (v"™* —v*) | which gives
item (i) with M specified therein.

Using inductively the inequality of item (i), we conclude that there exists ¢ > 0
such that for r = M /(1 + M) and all sufficiently large k,

P < 0r*,

To see item (iii), the estimate therein follows from Lemma 3.1. More specifically,
there exists a point 2* such that {*} converges to 2* R-linearly. In particular, from (3.2c),
{zk_i} also converges to x*, for i € {0, 1}. Note that, since Jf is an upper semicontinuous
multifunction, Lemma 3.2(ii) and (3.2b) imply that df(2*™*) 3 ¢* — 0, therefore 0 €

Of (x*), that is, x* is a critical point.

Finally, 2F—p* — 0 implies that p* — z*, that is, z* and p* are sufficiently close
critical points. Therefore, in view of the proper separation of isocost surfaces property,
f(z*) = f*. Hence, the limit of {z*} is a critical point 2* € f~'(f*). O

In the final two sections, Theorem 3.1 is applied to show the linear convergence
rate of two different families of algorithms, proximal model-based ones akin to (the serious

steps of) bundle methods, and the feasible descent framework of [33].

3.3 Bundle and proximal model-based methods

In nonsmooth optimization, satisfaction of (3.2a) is not straightforward. In
addition to its role in Theorem 3.1, in this section weak convexity is an important ingredi-
ent in showing that iteratively minimizing appropriate approximating models of f indeed

generates sequences that are of descent.

Suppose, for the moment, that f is a convex nonsmooth function. In this case,
neither subgradient nor cutting-plane methods [85, Part II] fit the algorithmic pattern
(3.2), because they do not guarantee the descent condition (3.2a). By contrast, as we
shall show, serious steps within a bundle method do satisfy all the requirements. Bundle
methods provide an implementable alternative for functions whose proximal point com-
putation in (3.3) is difficult (or impossible). Before briefly reviewing the basic bundling
mechanism, we mention that even for smooth functions, computing proximal points of
some approximations of f has proven to be a useful technique to exploit decomposable
structures. This is the basis of a plethora of approaches, including ADMM, as well as the

prox-linear and prox-gradient methods considered below.

Having at hand a family of convex model functions for which computing proxi-

mal points is computationally implementable, in a bundle method [85, Part I1] a candidate
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iterate is defined as the proximal point of the model function at z*~*. If the candidate
satisfies a condition of sufficient descent for f, it is labeled a serious step z*, and (3.2a)
holds; otherwise the candidate is declared a null step. At a new iteration, the bundling
process improves the model function and/or adjusts the proximal parameter. By this to-
ken, at serious steps the approximation of the proximal point is sufficiently good to ensure

that errors incurred when replacing f by its model satisfy (3.2¢).

For a convex f, a key ingredient in the convergence analysis of bundle methods
is to relate the model subgradient associated with the prox-computation to certain e-
subgradient of f. The nonconvex setting precludes the use of approximate subdifferentials
in this part of the analysis. For this reason, different ad-hoc approaches have been proposed
in the literature. Rather than singling out some specific approach, below we develop a
general convergence theory that is applicable to weakly convex functions. The key is
to complement the algorithmic pattern of (3.2) with a suitable condition on the model
functions used to approximate the proximal point of f. Our proposal unifies the global
convergence analysis of a wide variety of methods in the literature, and also provides their

linear rate of convergence.

3.3.1 Model function assumptions

Approximating the proximal point scheme (3.3) involves defining a family of
simpler (than f) model functions whose proximal point is computed at each iteration.
Often, a trade-off must be found between simplicity (fast prox-computation) and accuracy

(increased chances of accepting the candidate as a serious step, i.e., satisfying (3.2a)).

Given x € R", consider modelling the function f — f(z) by a convex function
v, : R" — R. Note that f might be extended real-valued, while its model is finite

everywhere. The most synthetic model uses the linearization introduced in Proposition 1.6,

w;g() = gm,g(:v)() - f('r) :
Incidentally, computing the proximal point of this model amounts to one subgradient
iteration, with stepsize given by the inverse of the prox-parameter.

A cutting-plane model is richer, as it takes the maximum over several lineariza-

tions, generated with past iterates x; for ¢ € B, the bundle:

P0) = i (L) — F(@)} = max {—ei(e) + (gl — 2}
where we define e;(x) := f(x) — la, g2 (@) -

The term e;(x), called linearization error in the bundle terminology, measures the quality

of the linearization with respect to the reference point x. For convex f, the error is
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nonnegative and the cutting-plane model satisfies P < f — f(z). But for nonconvex f
this inequality cannot be ensured. To address this problem, a common approach is to
downshift negative linearization errors, making them nonnegative. This can be done in

different ways; typically, the error term
e;(x) is replaced by ef(x) := max{e;(x), ngz — x|} for ¢ > 0 sufficiently large;

see [99, 92| and, more recently, [100, 101, 102, 103]. The approach in [104, 105, 106] differs
from those works, as it handles nonconvexity using redistributed models that, in addition

to downshifting, tilt the slopes, as in Proposition 3.1 below.

In order to account for many alternative models in the literature, we shall
assume that the family of model functions satisfies the following property. In the sequel,

we shall show that it holds for many methods of interest.

Definition 3.1 (Models 1QA ). A convex proper function ¢, : R" — R is said to model

f at x with one-sided quadratical accuracy, if

Jg>0:VyeR" ¢.(y)

N

F) = F@) + Sy = . (3.12)

The property 1QA is a weakened form of the two-sided models considered in
[68] and [55]. Making the condition unilateral is crucial for including bundle methods in

the analysis (even when f is convex; see Figure 7 for an illustration).

The key role of convex 1QA models ¢, in convergence analyses is that they
allow to transport subgradients, a mechanism that is not available for the nonconvex
function f directly. Also, 1QA models are quite general, as the condition (3.12) can be
satisfied both by cutting-plane-like models, where linearizations are oblivious to possible
further information about f, and also by models that use structure. When a function has
known structure, it is appealing to make the model inherit some of this feature. We next

provide some examples.

3.3.1.1 Models defined using linearizations

For weakly convex functions, the simplest model 5 is clearly 1QA | taking g =
p, the weak convexity parameter, but as already commented, the descent condition (3.2a)
is not guaranteed for such a model, as it gives just a subgradient iteration. By contrast,
the cutting-plane model with downshifted errors satisfies (3.12), as long as the iterates
remain in a bounded set. The case of the more sophisticated model from [104, 105, 106]
is analyzed below. Note that the model associated with the following result is equivalent

to constructing a cutting-plane model for the “convexified" function f(-) + g” .
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Proposition 3.1 (Redistributed models are 1QA). Let f € w — conv,(R") and = €
R"™. Given bundle elements x;, f(x;), g(x;) € 0f(x;) for i € B, consider the downshifted

linearization errors and tilted subgradients, respectively defined by
ei (x) == f(x) = Lo, g () + gHI — il and  gf(x) := g(w:) — pla —x;).
Then the associated model @2 (-) := max {—el(z) + (gl (x), - —x)} is 1QA.

Proof. The model is convex, as the maximum of affine functions.

For any bundle element, weak convexity implies that, for all y,

@) + Sy =il > e () = F() + glws),y — 1)

Since €;(x) = f(x) — ly, g()(x), rearranging terms, we obtain that
p
F(y) = f@) = —ei(w) +{g(wi),y — x) = Sy —
Adding gHy — z|? to both sides yields

F) = @)+ Sly = of? = —ei(a) + {g(@),y— o) + £ (ly = 2 — Iy = zil?)

As

N

p
(Iy = 2l = ly = 2?) = =2 lle = @l = {pla = z2)y — ) |
it follows that

F) = f@) + Sly —af?

> (@) + Sla—ail?) + (9 = pla — ).y - o)

= —ef(x) + {gf(x),y —x) .

Since each of the terms defining the model ¢ satisfies (3.12), so does the model. [

In the redistributed proximal bundle method [105] iterates are generated with
a model ¢ whose augmentation parameter pj is updated along the process, without

#=1 5 critical, the procedure gen-

knowing p beforehand. It is shown in [104] that unless x
erates a serious step after a finite number of null iterations for weakly convex functions ( f
is uniformly prox-bounded in the language of that work). In [105] the serious step sequence
is shown to be globally convergent under the same assumptions. Thanks to the theory
developed in Section 3.3.2, based in Theorem 3.1, in addition to global convergence, we
can now prove that serious steps converge at the linear rate. To the best of our knowledge,

this is the first result on linear convergence rates for nonconvex bundle methods.
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3.3.1.2 Decomposable functions, prox-descent and composite bundle methods

Recalling Definition 1.4, for decomposable functions f = hoc the ProzDescent
iterates [44, Algorithm 1] are defined by computing the proximal point of the model that

is created by replacing the smooth mapping ¢ with its Taylor expansion:

3" (+) := hle(z) + V(@) (- — x)) = f(z).

In [55], the associated method is called proz-linear. We next show that the model p1¥ is
1QA under our assumptions (it should be noted that in [44] the outer function h can be

more general, specifically extended-valued prox-regular).

Proposition 3.2 (Models for decomposable functions are 1QA ). Let h : R™ — R be
convex, finite-valued and positively homogeneous, and let ¢ : R"™ — R™ be continuously

differentiable with its Jacobian being Lipschitz-continuous.

Then the model ¢-* is 1QA.

Proof. Under the stated assumptions, ¢L¥ is convex.

As h is convex positive homogeneous and finite, it is the support function of
a compact convex set D (that coincides with its subdifferential at 0), see [30, Chapter V]
or [29, Theorem 8.24]. That is
h(d) = Iglean<s, d).

Moreover, let L be the Lipschitz constant of the Jacobian of c. It follows that,
for all y,x € R",

ely) — e(e) ~ Vela) (y — 2)] < =y af?
Hence,
(e(r) + Ve(a) (3 — ) = hle(x) + Ve(a)'(y ~ 2) — cly) + c(y)
= max(s, e{) + V(@) (y — 2) — ely) + o)
< max(s, efy)) + miax(s, e(x) + Ve(r) (y — ) — e(y)

< max(s, e(y)) + max [s|e(z) + Ve(x) (y — =) — ()]

maxgep |s|L

< hefy)) + ey, e
After adding — f(z) on both sides, this is (3.12) with ¢ = max ||s|| L. O
se

When computing the proximal point of ©X¥ is computationally expensive, an

alternative is to employ the composite proximal bundle method of [45]. The proposal
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therein is to replace the outer function h by its cutting-plane model AP, thereby computing

the proximal point of the model

P2 () = b (c(x) + Ve(z) (- — ) = f(x) .

By convexity of h, ¢° < L. This model is also 1QA , by Proposition 3.2.

3.3.1.3 Sum of functions and prox-gradient method

Given a C*-function f; with Lipschitz-continuous gradient and a convex func-
tion fy, the proximal gradient method [93] minimizes f := fi + fo computing the proximal
point of f, at =¥ —t,V f, (xk), tr > 0. This is equivalent to computing the proximal point

of the model that makes a Taylor linearization of f; and keeps f:

PR() = file) + (Vle), - —a) + fol) = flz).

If f; is convex, then so is ¢P8. Also, the 1QA property for the model follows directly from
the Lipschitz-continuity of the gradient of f;.

3.3.1.4 Taylor-like models

The theory in [55] uses powerful tools in Variational Analysis, including Eke-
land’s variational principle, to prove convergence of a variety of algorithmic schemes. Like
in this work, the iterates are generated by computing a proximal point of some model. An
important difference, however, is [55, relation (1.4)], which requires the model to approx-
imate f not only uniformly but also bilaterally (from above and from below). Specifically,

with our notation, the theory presented in [55] requires that

/

Jg > 0: Wy e RN fly) — S(@) = Gy — 2l < ) < F) — fl@) + Sy — 2l

While this condition holds in several situations described in [55] (related to Taylor-like
models), the two-sided quadratic requirement excludes cutting-plane models from the
analysis. The reason is that, even for a convex f, linearizations in the cutting-plane
model ;P the key ingredient in a bundle algorithm, may deviate from below from f in
a non-polynomial manner. Figure 7 illustrates this phenomenon. Note that according to
(3.13b), a lower bound condition for the model actually does hold, but it is related to the
points ¥ and 2F7! only. In particular, this requirement is weaker than asking for global

quadratic accuracy from below, such as Taylor-like models.

3.3.2 Convergence theory for model-based methods

Using 1QA models ¢+ approximating f, we shall consider the following algo-

rithmic scheme, that will be shown to fit the framework of (3.2).
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Figure 7 — For the function f(z) = { o >0
three cutting-plane models are shown in dashed lines. These are all 1QA models,

because they remain under the thick curved line in the top. By contrast, bilat-

eral models with quadratic accuracy considered in [55] must lie in the shaded

region. Even for this simple convex function, none of the cutting-plane models

satisfies the two-sided condition in [55].

plotted with a continuous dark line,

Starting from some zy € R", for all £ > 1,

ot = aF Tt GF Y for G* € dpr1 ("), (3.13a)
f(®) = f(21) < mpgr—i (2), for m € (0,1). (3.13b)

In particular, the new iterate is obtained computing the proximal point of
the model, and the descent is measured using the value of the model at the new point.
This is one of the characteristics of bundle methods. Other methods can also be recast
in this manner. Below, we show that the sequences associated to the models described in
Section 3.3.1.2 and Section 3.3.1.3 are of descent, both in the original sense of (3.2) and in
the model-based sense of (3.13). Regarding the Taylor-like models in Section 3.3.1.4, the
proposal in [55] does not consider a specific type of problem to be tackled by a particular
method. So, as long as we are able to generate a descent sequence in the sense of (3.13),
the results in Proposition 3.3 below would hold, since Taylor-like models are bilateral,

while 1QA models are one-sided (in this sense, more general).

3.3.2.1 Decomposable functions and prox-descent method

Let f be a decomposable function as in Section 3.3.1.2, and consider the model

@ defined therein. Let {z"} be a prox-descent sequence as in [44, Algorithm 1].

First, (3.13a) is a direct consequence of the definition of the next iterate in [44,

Algorithm 1] with stepsize t; := 1/u. In order to see this, it suffices to recall that the step
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d := z¥ — 2" is characterized by the relations

V(T + tld =0, wvedh(c(z* ) + Ve(z"1)7a).

k—1

Setting G := Ve(z") T, it holds that
oF P =d =, G, GFT e i (2F),

which is (3.13a). As for (3.13b), it is the same as the acceptance criterion for the step
in [44, Algorithm 1] with m = o.

Note also that it is proven in [44, Theorem 5.4] that [44, Algorithm 1] gen-
erates stepsizes t, that are bounded away from zero. Thus, the algorithm satisfies the

assumptions in Proposition 3.3 below.

3.3.2.2 Sum of functions and prox-gradient method

Let f = fi+f2 be asin Section 3.3.1.3. The proximal gradient method conforms
to the algorithmic pattern of (3.2) if tyin < tx < 1/Ly,, where Ly, is the Lipschitz constant
of Vfi. Indeed, (3.2a) with e,_1 = 0 and a = Ly, /2 is a direct consequence of the decent

properties of this algorithm; see, e.g., [107, Proposition 6.3.2]. As for (3.2b), we know that

2* minimizes .
Pg(. . k12
() + gl =

Hence, there is g5 € 0fy(2") such that

0 = VA 4okt @ - et
— VA 4 g+ VAEY - VA + tlk(x'f gk,
Defining 2" := ¥, we have ¢" := V f1(2%) + g5 € 0f(2") and
] = [RE - VA -t

< (Lpy + L) [2* — 27

This is (3.2b) with b = Ly, 4+ 1/ty,. Finally, (3.2¢) holds trivially.

3.3.2.3 Convergence of sequences generated by model-based methods

To continue with our analysis, we need to exhibit the errors ¢ and the theoret-
ical sequence {z*} from (3.2) that are associated with the bundle-like scheme (3.13). We
start by transporting subgradients of convex models of nonconvex functions to the convex
function obtained from f, by weak convexity. This relation and Theorem 3.2 below yield

2* as a perturbation of the iterate 2%, as desired.
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Proposition 3.3 (Transportation of subgradients and the validity of (3.2a)). Consider
the minimization of a function f € w — conv,(R") applying the model-based prozimal
scheme in (3.13) with models p, that are 1QA with parameter ¢ < p in Definition 3.1,
and let G* € 0 (x*™) as in (3.13a). The following holds for all k.

(i) The model aggregate error at z*,
B = —ti|GM|? — (™)
satisfies ¥ > 0.

(ii) If for all x € R", F,(-) denotes the (convex) function f(-) + gH - —x|?, then a
subgradient G* in (3.13a) can be transported to be the convex E*—subgradient of
Fe at z*:

G* € Opn Fyr (2.

Suppose, in addition, that inf f > —o0, and the proximal step sizes are bounded:: ty,. =

tr = tmin > 0. Then,
(iii) both {G*} {E*} converge to 0 as k — o, and
(iv) condition (3.13b) is equivalent to (3.2a) written with a = m/tyay and e, = tp_ E*L.

Proof. Since the models are 1QA , taking » = y = 2" in (3.12) gives that ¢,«(2*) < 0. By
the convexity of the model and the iterate definition in (3.13a), it holds that

0

\%

i1 (1)
i1 (xF) + <Gk’1, " xk>
o1 (2%) + by |[GETHP = =B

WV

and E* > 0 for all k, as stated in item (i).

To show item (ii), because the model is 1QA , we have that

pui(@) < f() = f@) + Ela =2t

= Faa(r)— f(:L‘k_l) .
Combining now the model convexity with (i) yields

Fui(z) 2 f(@* ) + i (z) = f@F) + ppar (aF) + (G 2 = 2¥)
Fth) + (6

TP pr-1 (aj

= F (l‘kil
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As the last relation is (ii) written with k& replaced by k — 1, the desired result follows.

To show item (iii), note that the descent condition (3.13b), written using the

aggregate gradient and error definitions, gives
m(E* + 4 |GFYP) < f(@FTY) = f(2F). (3.14)

As {f(z")} is non-increasing and f is bounded below, this sequence is convergent. Hence,
f(@*1) — f(2*) — 0 as k — 0. Then from (3.14) and t, > tyy, > 0, it follows that
E* - 0 and G* — 0.

Finally, rewriting the descent condition (3.13b) using the aggregate gradient
and error definitions yields (iv), as

m
flah) + E(ka ="+t BN < f(@FT).

]

Proposition 1.6 shows that for weakly convex functions Clarke’s and proximal
subgradients are equivalent concepts. As noted by one reviewer, the transportation result
in item (ii) of Proposition 3.3 yields an e-proximal subdifferential for f at z, satisfying

satisfying for all y the inequality
p
fy) = f@) + gy —a) + Sly—a* —=.

To complete formulating (3.13) in the format of the algorithmic pattern in
(3.2), we show the validity of (3.2b) and (3.2c). This is achieved applying the error bound
inequality in Definition 1.7, noting that it involves the exact (Clarke) subgradients of f.
We have just shown that the transported model subgradient is an E*—subgradient of the
auxiliary convex function F,. at 2*. The connection with the original function f is done

by means of the following result, reproduced from [19, Theorem 2.

Theorem 3.2 (Brgndsted-Rockafellar’s like relation). Let F' € conv(R"). Suppose that
E >0 and that G € 0gF(x). Then, for each v > 0, there is a unique y = y(vy) such that

1
G—;yeﬁF(Hvy), ly| < VE.

By the above result, any e—subgradient of a convex function can be perturbed
to obtain an exact subgradient of the same function, at a perturbed point. Since weak
convexity gives an explicit relation between f and the convex function F,, we shall be
able to relate the respective subgradients, and apply the subdifferential error bound for

f using the perturbed points.
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Lemma 3.3 (Casting (3.13) in the format of (3.2)). Under the assumptions of Propo-
sition 3.3, suppose [ satisfies the subdifferential error bound of Definition 1.7 and the

sequence of stepsizes {t;} in (3.13a) is bounded: tyax = tg = tmin > 0. Then there exists a
theoretical sequence {z*} such that all conditions in (3.2) hold, with |2* — z*| < VIE*.

Proof. The validity of (3.2a) was already shown in Proposition 3.3(iv).

To derive the expression for z*, apply Theorem 3.2 written with G := G* €
O Fo (2F) for the convex function F := F,., E := E*, taking v := /¢ > 0, where ¢ > 0
is the constant of the subdifferential error bound in Definition 1.7. It follows that there
exists a unique y* such that

1
| < VER and Gt 0F (o 4 Vi) = of (o + Vi) + Vi,

by the definition of F,«. Therefore, letting

1+ pt
ZFU= 2P 4 V/eyF Y it holds that ¢F 7! i= G — < aalle ) y"le of(2M .
To show that condition (3.2c) holds, first notice that

2t = [y < VB

1 k—1
7717

Since E¥ — 0 by Proposition 3.3(iii), this means that P A L

""" — 0. The remaining
condition £, — 0 follows from the expression ,_; = tx_1E*' in Proposition 3.3(iv),

combined with the boundedness assumption on tj, using once more that E¥ — 0.

To show that the sequence {g" € 0f(2" ')} satisfies condition (3.2b), notice

that ) y
_ _ +p _
Gk 1 < Gk 1 + k—1
IG*| 1G5 /i ly™ |l
Loy k—1 1+ Pg) | k—1
= —|rr—x + — ||z -
P [ [ 7 \/ZII I
1 1 14
< ka . l‘k_lH + + P sz—l . xk—IH '
tmin E
Hence, (3.2b) holds with b := max{1/tuw, (1 + pf)/l} . O

Thanks to Lemma 3.3, we are now in position of applying Theorem 3.1 to show
that the general scheme based on models considered in this section converges, with a rate

that is R-linear for the iterates and )-linear for the functional values.

Theorem 3.3 (Global convergence of (3.13) and local linear rate). Let f € w—conv,(R")
such thatinf f > —oo. Suppose, in addition, that f satisfies the proper separation of isocost
surfaces (Definition 1.1) and the subdifferential error bound (Definition 1.7), and that the
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sequence of stepsizes {t;.} in (3.13a) is bounded: tpax = tp = tmin > 0. The following
holds for the model-based prozimal scheme in (3.13), as long as the models p, therein are

1QA (Definition 3.1 with parameter q < p), and the generated sequence {x*} is bounded.

(i) {f(z*)} monotonically converges to some critical value f*, such that the sequence

of functional errors {v* = f(2*) — f*} converges to 0 with Q-linear rate:
Ir e (0,1) : v* < " for all sufficiently large k.
(ii) The sequence of iterates {x*} converges to a critical point x, of f with R-linear rate:
Ir € (0,1) and ¢ > 0 : |2¥ — 2*|| < ey/q" for all sufficiently large k.

Proof. To see item (i), we apply Theorem 3.1. First, from the definition of the aggregate
error E* and (3.14), it follows that

Ek—l < i(vk—l o Uk),
m
HGk71H2 < tl( k=1 Uk)
mig—1

The first inequality combined with the definition of z* imply that
l

||$k—1 o Zk—1||2 < fEk_l < E(,Uk:—l . "Uk).

Moreover, combining the last inequalities with G*™' € 0pr—1 Fye—1 (2"71), the definition of

2% and the fact that ¢, is bounded away from 0, we obtain that

L R G B AR R i

2

pl k—1 Kk k—1 ¢ E—1 k L k
< - —_ - — - —

P (0471 =08 4+ |G (ot = o)+ — (0 = o)

L (pt ¢ k=1 _ k
< — | = 1 — )
m<2+ tmm+>(v V")

Since (3.10) and (3.11) in Theorem 3.1 hold for

1 14 12 l
Clz<p+ +1> and 02:77
m

m 2 tmin

items (i) and (ii) follow. O
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3.4 The theory applied to constrained smooth optimization

Another application of our unified analysis is the feasible descent framework
of [33] (see also [108]). Consider the constrained optimization problem (1.13), where f :
R™ — R is continuously differentiable with Lipschitz-continuous gradient on the nonempty

closed convex set C < R"™.

The work [33] considers iterative sequences {x*} satisfying

.Tk = Pc(l’kil — tk,1Vf<l’k71> + Ekil) s tkfl = tmin > 0, (315&)
|E*Y < alla® — 2™, ae(0,1). (3.15b)

This setting is quite broad. It includes, of course, the basic gradient projection method,
taking E* = 0 for all k. But, depending on the form of the mapping e that gives F¥~1 in
(3.2), it includes many other algorithms for solving problem (1.13). Some examples are
the extragradient method, the proximal point method, coordinate descent, and several

splitting techniques; see [33] and references therein.

We next show that our general analysis of (3.2) is applicable to methods given
by (3.15) as well. We consider (3.2) for the function f +ic and take, for all k > 1, ¢, =0
and z* = 2¥ (note that (3.2c) is then automatic). Under the stated assumptions, f +i¢ is
weakly convex; see Proposition 1.7. We next need to show that (3.15) implies (3.2a) and
(3.2b) for f +ic. Once this is done, we apply Theorem 3.1 for the weakly convex function

f+ic.

The proof below that the sequence {z*} from (3.15) satisfies the descent condi-
tion (3.2a) for f +ic is essentially a similar argument as in [33] for f, because by (3.15a)
it holds that 2* € C for all k (and so (f + i¢)(2*) = f(2*)). We include this part of
the proof here mostly for completeness. Note, however, that the subgradients of f and
of (f + i¢) are not the same. Also, our rate of convergence analysis is different, as our
results are based on the subdifferential error bound (Definition 1.7), while [33] uses the
projection error bound (Definition 1.8). Therefore, our results are new when the error
bounds are different (see the comments in Section 1.4.1 regarding the comparisons of the

error bounds in question).

Proposition 3.4 (The feasible descent framework (3.15) fits (3.2)). Let f : R - R
be a continuously differentiable function with L— Lipschitz continuous gradient on the
nonempty closed convexr set C < R". Then any sequence {z*} satisfying (3.15) is a se-

quence of descent for the function f +ic in the sense of (3.2). More specifically,

(i) For all k,
l—-a L

P+ (R 5 ) I -k < ),
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whenever t, < t* < 2(1 —a)/L. Le., (3.2a) holds for f +ic (recall that x* € C).

(ii) For all k, there exists u* € No(2*) such that

min

1
VH) < (T L)l
i.e., (3.2b) holds for f + ic.

Proof. From (3.15a) and the characterization of the projection operator, for all y € C' it
holds that
(P -t V() + B gk gy — 2Ry <.

Taking y = "1 in this inequality and rearranging terms, we obtain that
|5t — 2% — 4 (V (L), 2L — 2Ry < (BRL gk gy
Using the Cauchy-Schwarz inequality and (3.15b) on the right-hand side, it holds that
|5t — 2k |2 — e (Vf(@"1), 2571 — 2% < aflatt — 22

It follows that

-1
(Vb —ah) < S—[ah " — P

Since the function is differentiable with Lipschitz-continuous gradient with
constant L, by [47, Lemma A.11] we have that

Fak) = Fa) < (TR a5 = ab ) 4 Dk - P

Combining the last two inequalities above gives

Pty = f < (S g ) I -

from which item (i) follows.

We next prove item (ii), i.e., condition (3.2b) for f + ic. Again, from (3.15a)

and the characterization of the projection operator, there exists v* e NC(:L'k) such that
"t V(R + BF -k =0k
Defining u* = ¥ /t,_1 € Ne(2F), we have that
teoqub = 2F 7 — 2k 4 R V(R

and
i (V (b)) +ub) = 2" —ah + B ((Vf (") = Vf(257).
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Define 4" = V f(2*) + u* € o(f + ic)(2"). We then obtain that

_ 1 _ _ _
Ja*] < ﬁ”ﬂfk Lo+ BN 4 | V(EY) = V@)
1
< ( t+a +L> Ha:k—xk_ln,

where the triangle inequality, (3.15b), and the Lipschitz-continuity of the gradient of f

were used. The proof is complete. O]

Due to Proposition 3.4 and Proposition 1.7, we are now in position to apply our
unified analysis for weakly convex functions to obtain estimates for the rate of convergence
in (3.15).

Theorem 3.4 (Linear rate of convergence of (3.15)). Under the assumptions of Propo-
sition 3.4, if f is bounded from below, the subdifferential error bound (Definition 1.7)
and the proper separation of isocost surfaces condition (Definition 1.1) hold, then for any
bounded iterates {x*} satisfying (3.15) it holds that:

(i) There exists some critical value f* € R of f such that f(a¥) — f*. For o :=
f(z®) = f*, there exists r € (0,1) such that for all sufficiently large k,

(i) {z*} converges R-linearly to a critical point x* of f with f(z*) = f*. More specifi-
cally, there exists ¢ > 0 such that for all k sufficiently large,

2% — 2% < eyt

Proof. By Proposition 1.7, f + i¢ is a weakly convex function. By Proposition 3.4, any
sequence {z"} satisfying (3.15) conforms to (3.2) and all the conditions of Theorem 3.1,
with 2% = 2 ¢, = 0 for all k, and ¢* € O(f + i¢)(2"). Then the assertions follow from
Theorem 3.1, with

oM (msz) B NG
= ) = 1a L ; =
1+ M = — 51+ L) 1;ka—é(1—\/§)

Note that while the scheme (3.15) is explicit in our terminology, as it uses the
gradient of f at "7, it is cast in our framework (3.2) as being implicit, as the subgradient

of f +ic is taken therein at z*.
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3.5 Projective variant for constrained optimization

As mentioned in the beginning of the chapter, the following section is extracted
from [23]:

Atenas, F., & Sagastizabal, C. (2023). A bundle-like progressive hedging
algorithm. Journal of Convex Analysis, special issue in honor of R. J-B Wets,
30(2) 453-479.

Given a function h € w — conv,(R") and M a nonempty closed convex set,
onto which computing a projection is not costly, we are interested in solving the following
constrained minimization problem

{,ﬁlﬁ h(w) (3.16)

by means of a bundle-like method. For the multistage program (5.1), the constraints
are given by M = N in problem (5.7), but any easy-to-project feasible set could be

considered (for instance a nonnegative orthant, M = {w > 0}).

In the setting of problem (3.16), a family of model functions {goﬁk}, built along
iterations, is available. Denoting by i, the indicator function of the feasible set, given

wh e M,
the model is a convex function ¢*, () approximating a(-) + in(-) — h(w®).  (3.17)

If the objective function h is convex, a typical construct is to create a cutting-plane
model for the sum h + i) For nonconvex h, cutting-plane models need to be tilted
and/or downshifted to be adequate. If the parameter of weak convexity p is known, this
is an easy task. Otherwise, estimates of such parameter must be “guessed” and suitably
updated along the iterative scheme, as in the redistributed proximal bundle method from
[104, 105].

In our development, to generate iterates with a special subsequence converging
with linear rate, the following property should be satisfied by the models. Recall from
Section 3.3.1, that a family of finite-valued convex functions ¢, : R™ — R satisfying

(3.17) is one-sided with quadratic accuracy for h + i if there exists ¢ > 0 such that

Yk e M Ywe R™, ¢k, (w) < h(w) + in(w) — h(wh) + %Hw —wf2. (3.18)

It is shown in Proposition 3.1 that the redistributed approach from [104, 105],
kHZ

which defines piecewise linear models for h(w) + %Hw — w”|*, satisfies the 1QA property.
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Model functions are useful to define iterates with low computational burden.

Finding a new iterate in our proposal amounts to solving

1
min { b (0) + o — w2} 319)

a problem that is a simple quadratic program if the model is piecewise linear. The first-

order optimality condition for problem (3.19),

1
0 ks (w) + —(w — "),
k

characterizes the implicit updating rule (3.20a) given below.

Given parameters m € (0,1), n > 0, and some initial w" € M, for all k > 0,

our algorithmic scheme defines

Wt = wh — t,GF, for some G* € 0P, (w*+2) (3.20a)
WFTT = Py (wht2), (3.20b)
if h(u"™) — h(w®) < mek, (w“%), declare a serious step.  Set w**! = "
(3.20c)
and 41 = timin-
Otherwise, declare a null step. Set w1 = w”
(3.20d)

and choose t;1 .

In both cases select a new model gpfyﬂl .

In this algorithmic pattern, iterates satisfying (3.20a)-(3.20c) form the so-called
serious-step subsequence in bundle methods. As indicated by (3.20c), at serious steps the
objective functional values decrease. Iterates satisfying (3.20a) and (3.20b) but not (3.20c)

form the subsequence of null steps.

Since iterates in bundle methods can be of two types, the convergence theory
splits the asymptotic analysis into two parts, depending on whether the serious step se-
quence is finite or infinite. We state below the corresponding result for the latter. Note that
the result extends the theory of descent methods in Section 3.3, to take into consideration

the extra projective step in (3.20b).

For the next result, by construction (cf. (3.20c)), recall that the stepsizes tj

are bounded from below by t,;, > 0 whenever a serious step is performed.
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Theorem 3.5 (Global convergence and local linear rate of serious subsequence). Consider

problem (3.16) with the following assumptions:

h € w — conv,(R") (A1)
M is a nonempty closed convez set; (A2)
h is bounded below on M, that is ifr\l/lfh > —00; (A3)
h + i satisfies the property of Definition 1.1; (A4)
h + i satisfies the error bound of Definition 1.7. (Ab)

Assume that in the pattern (3.20) the functions ¥ are 1QA models having
parameter ¢ < p as in (3.12), and that the stepsizes ty, are bounded above by ty.x > 0 in
step (3.20c).

If there is an infinite subsequence of serious steps, that is {w*} satisfying
(3.20a)-(3.20¢), the following holds.

(i) The subsequence of functional values {h(w®)} monotonically converges to some criti-
cal value h* of h+iq, such that the sequence of functional errors {vF = h(w"*) —h*}
converges to 0 with Q-linear rate: there exists r € (0,1) such that for all sufficiently
large k,

A T

(ii) The subsequences of iterates {w"} and intermediate points {w’”%} converge to a
critical point w* of h + iy with R-linear rate: there exists r € (0,1), and ¢ > 0 such
that for all sufficiently large k

[ — w*| < evr,  |wktE —w*] < o2 — VW

]

Similarly to Section 3.3 the first step is to exploit the model convexity to trans-
port the model subgradient to an approximate subgradient of the “convexified” function
associated to weak convexity. Then, a Brgndsted-Rockafellar’s like relation makes the
connection with the objective function in (3.16). The corresponding results are gathered
in the following statement, listing several technical relations. None of those relations in-
volves the projection step, they can be shown following the arguments in Lemma 3.4 and

Lemma 3.3, applied to the function H = h + ixy.
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Lemma 3.4 (Transportation of subgradients, descent, theoretical sequence). Let h :
RY — R U {+x} and M satisfy (A1)—(A2). Consider solving problem (3.16) apply-
ing the model-based proximal scheme in (3.20). If the models gpka are of type 1QA with
parameter q < p, as in Definition 3.1, the following holds for all k.

(i) The aggregate error E* := —t,|G¥(? — ok (w**3) satisfies E* > 0.
(i1) G* € OprHyr(w") where Hyr(-) denotes the “convexified” function h(-) + ir(-) +
£l —al?
If (A3) holds, and the prozimal stepsizes ty, are bounded, ty € [tmin, tmax], then
(iii) the sequences of model subgradient and errors {G*} and {E*} converge to 0 as k —
0, and

(iv) condition (3.20c) is equivalent to

h(w*h) + tﬂ (Hwk+% k)2 4 tkEk) < h(w"). (3.22)
If, in addition, (A5) holds, then

(v) there exists a theoretical aumiliary sequence {z*} such that |2* — w*| < VIE* and

3g" € On(2F) and V¥ € Ny (27), ||lg" + 07| < b(||wk+% — k| + [lw* —zkH), forb>0.
(3.23)

Proof. Ttems (i)—(iv) follow directly from Proposition 3.3(i)-(iv) applied to h + ix. Item
(v) follows from Lemma 3.3 applied to h + ix. Indeed, apply [19, Theorem 2| to the
function H,. and the pair of points (G*,w") such that G* € dpr Hx (w"), it follows that
there exists d* such that |d*| < vV EF and

Po L

NG
where ¢ > 0 is the constant of condition (A5). Defining 2* := w* + V/¢d*, we have
that |25 — w*| < VIE*, and 0H,x(2") = 0(h + ipm)(2F) + pvVed". Therefore, for gk, :=
G* + (1 + pf)V/(—1d", it holds that

G d* € OH i (w* + V0d"),

ghi € O(h +in)(2F) = Oh(ZF) + Na(2").

Thus, there exists ¢" € dh(2") and v* € Ny(2") such that g%, = ¢* + v*. Moreover, from
the definition of g%,, d*, and (3.20a), we also have
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lg* + v < |G+ (1 + pO)ve-t]d*)

1 1 _
= gHwk — w2 + (1+ pl) 0| 2* — w¥|
1

[k — w3 |+ (1 + pl)e 25 — wh|

A

)
Zfrnin

then condition (3.23) holds for b := max{t_i , (1 + pf)¢~'}.

min’

O

Lemma 3.5. Let h: RY — R U {+o0} and M satisfy (A1)—(A3), and that the stepsizes

ti remain in [tmin, tmax]- Then the following holds:

(i) {h(w®)} monotonically converges to some value h € R.

(ii) W —wh -0, 2 —2F -0 and ¢" + 1 -0, as k — +oo.
Suppose, in addition, (A4) and (A5) hold. Then

(iii) {h(z")} and {h(w®)} both converge to f*, where f* € R is a critical value (i.e.,
f* = h(w) for some w e [(h +ir)] (0)).

(iv) Defining p* € Ps(2"), for all k sufficiently large, the distance from 2" to S can be

estimated as
20%p?

a(mmymw“w+%WmFt¢“W.

|=* = 5"|* <
(v) For the functional value errors v* := h(w*) — f*, it holds that

20b* . ‘
Uk-i—l < (’Uk _ vk+l) + 2€bQka—1 _ Zk—lHQ + @k,
a

where
6" := h(w®) — h(=*) + Llipt — 242,

Proof. The following proof is an adaptation of the proof of Lemma 3.2, taking into consid-
eration the extra projection step in the present setting. To see item (i), notice that, since

M is convex, then Py, is a non-expansive operator, and together with w* € M, imply
[t = ] = [ Pag(w**2) = Pag(w)] < w73 — w|
Combined with (3.22), it yields for some constant a > 0

h(w*™) + a(w™h — wb|* + ) < h(w®) (3.24)
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which, in particular, implies that the sequence of function values of {wk } is non-increasing,.
Since h is bounded below on M, monotonicity of {h(w*)} implies that h(w*) — h, for
some h € R. Note that inequality (3.24) corresponds to (3.2a) for e, = tmnEF.

For item (ii), observe that (3.24) also implies, combined with the fact that
h(wF1) = h(w*) — 0, that w**' — w* — 0. Note that w**2 — w* — 0 follows similarly

from (3.22). Together with Lemma 3.4(v), imply ¢* + v* — 0.

Item (iii) follows directly from Lemma 3.2(iii), because this original result does
not depend directly on (3.23). In particular, since g* + v* — 0 and h(z*) — f* we can

apply the error bound to obtain, for all sufficiently large k,

|2 = 5" < lg” + ). (3.25)

Regarding item (iv), from (3.23) and (3.24), there holds

1

lg" + V517 < B*(lwtE —wh] + 2t )
<
~

26wt s — w2 + 207t — A (3.26)
20° . .
< 7 ((wh) = Bt + 2Pk =
a
and the results follows from (3.25). The final item (v) is just Lemma 3.2(v). O

Finally, with the tools constructed above, we prove Theorem 3.5.

Proof. The results of global convergence and local rate of convergence are similar to

Theorem 3.3, now taking into account the projection step (3.20b).

First, let {zF} be defined as in Lemma 3.4(v), and consider the sequence of
functional errors {v*}, defined in Lemma 3.5(v). Then, there exist constants C; ,Cy > 0,

such that for all sufficiently large k, there holds
h(w®) — h(2") < O (0" — vt (3.27)
and
Jwk — 2¥| < Cy(v™ — oF ). (3.28)

Indeed, these two estimates directly follow from the proof of Theorem 3.3. Estimate (3.28)
comes from the definition of 2, and the descent condition (3.22), while estimate (3.27)
follows from the E*—subgradient inequality of H,x for G* and (3.28).

The proof of item (i) in Theorem 3.5 is exactly the same as for Theorem 3.1(i),
due to the fact that it depends on Lemma 3.5. Indeed, use (3.27), (3.28), and Lemma 3.5(iv)
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in the estimate of Lemma 3.5(v), and then rearrange terms to deduce (i) for r = M /(1 +
M) e (0,1), and M = C; + (b*(2 + pl)(1/a + Cy).

To deduce Theorem 3.5(ii), we can apply Lemma 3.1, using (3.24) (which is
exactly the same as (3.2a)) and item (i). Therefore, {w*} converges to some w* with a

R—linear rate: for all sufficiently large k,

WV
NTENG)

|wk — w*| < ev/r", where ¢ =

The fact that w* is critical can be similarly proven as in the original analysis,
using Lemma 3.4(v) and the fact that the subdifferential dh is an upper semicontinuous

multi-function.

Regarding the sequence of intermediate points, for all k,

s [ias: d

—w¥| < —wF| + |w* —w

In the right-hand side, the second term is bounded by c\/?k, therefore it only remains to
bound the first one. From (3.24) and the fact that e, v* > 0, it follows that

1 1 1
[k —wh* < = (h(w*) = h(u*H) = —(F =oM< ot
a a a
From (ii), it holds that
0
“wk+% _ wkHZ < irk
a
Therefore,
[wh s —w*| < e2— Vi,
which concludes the proof of Theorem 3.5. n

It remains to analyze the asymptotic behavior of the “tail of null steps”. To do
so, the specific definition of the model functions plays a crucial role. Since this feature is
problem dependent, we consider the particular instance of interest, that is problem (5.1)-
(5.7), and give a complete convergence analysis for the bundle PH algorithm presented in
Chapter 5.

3.6 Final remarks

In this chapter, we presented a framework that merges the analysis of explicit
and implicit methods of descent for weakly convex optimization. First, we provided con-
vergence results for a general abstract scheme as introduced in [22], and then a particular

case of model-based methods, resembling the serious steps of proximal bundle methods.
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The convergence results comprise global convergence to a critical point, and local rates
of convergence by assuming a subdifferential-based error bound. This way of reasoning
bears a resemblance with the seminal work [18] for functions satisfying the Kb inequality.
However, and differently from our case, the framework considered by the authors prevents

the inclusion of bundle-like methods.

We continued with an extension of [22] for constrained optimization problems,
where the constraints are directly treated by means of an extra projection step onto the
feasible set. This approach corresponds to the appendix of [23], and resembles the basic
idea of the splitting methods: we separately handle the objective function and the con-
straints modeled with an indicator function, since they have different structural properties.

In this case, we retrieved analogous convergence results as the original analysis.

When the projective variant of [22] is applied to the dual formulation of a
stochastic programming problem, it yields a scenario-based decomposition method, which
will be discussed in Chapter 5. Additionally, similar arguments can be carried out on
a merit function capturing the essential properties of the problem, and obtain similar
convergence results. That is the case of the Douglas-Rachford splitting method, examined
in Chapter 4.

It is important to observe that in this work, we use a notion of weak convexity
that is global. In the literature [109, 41, 110], sometimes a weaker and seemingly more
general condition is assumed, namely, that around each point z, there exists a neighbor-
hood U, and a constant p,, such that f(-) + %H - |? is convex on U. When the analysis
is restricted over a compact set C, then this weaker condition is actually equivalent to

Definition 1.3 due to compacity of C', with the same weak convexity parameter p over all

C.



95

4 Nonconvex Douglas-Rachford splitting via

descent of merit functions

Abstract. We analyze Douglas-Rachford splitting techniques applied to solv-
ing weakly convex optimization problems. Under mild regularity assumptions, and by the
token of a suitable merit function called the Douglas-Rachford envelope, we show conver-
gence to critical points and local linear rates of convergence. The resulting iterates can
be interpreted to be generated by a descent method applied to this merit function. The
Douglas-Rachford envelope plays here an analogous role as the Moreau envelope for the
proximal point algorithm. This feature allows us to extend to the nonconvex nondiffer-
entiable setting arguments employed in the analysis of the gradient descent method in

convex differentiable optimization.

4.1 Introduction and motivation

Decomposition techniques are fundamental to deal with complex systems rep-
resented by large-scale sophisticated model formulations. Decomposition can be achieved
by separating problems in simpler and smaller subproblems, depending on the involved
variables and constraints, and also on the number of possible outcomes. Separability can
also stem from structural properties, for instance, splitting smooth and nonsmooth, or
convex and nonconvex parts, in the objective function of the problem of interest. Split-
ting methods have been successfully applied in signal processing, image processing, and

machine learning, see [111, 112, 113, 12, 114] for a few illustrations of applications.

Operator splitting methods decompose complex structured problems into sim-
pler individual pieces. A solution of the original problem is obtained by iteratively solv-
ing separate subproblems for each involved function, or more generally, operator. Promi-
nent instances suitable for composite optimization are the Douglas-Rachford and the
Peaceman-Rachford (PRS) splittings, the Alternating Direction Method of Multipliers
(ADMM), the Spingarn’s partial inverse and the Forward-Backward methods; we refer
to [11, 115, 87, 12, 116] and references therein for details. When applied to optimization
problems, these methods were originally studied for linear, and more generally, convex

programming.

The cornerstone of most operator splitting methods is the proximal point al-
gorithm, introduced by [16] and thoroughly studied by [17] to find a zero of a maximal

monotone operator, see also Section 2.1.1. In the context of convex optimization, for
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©1, @2 € conv(RR™), the problem boils down to minimizing the composite function @1 + @s.
As explained in [87] and Section 2.2.1, recall one DRS iteration, given in the scheme (4.2)
below and Algorithm 2, amounts to applying the PPA with constant stepsize equal to 1,

to the auxiliary maximal monotone operator
[prox,,, o(2prox,,, —I) + (I —prox,,,)]™" — I, with ¢ >0,

where [ is the identity map, and the notation prox,, stands for the proximal point operator
of Definition 2.1. Thanks to this reformulation, DRS convergence rates can be derived from

those available for the PPA.

(Classical approaches study the sum of two functions or the sum of two mono-
tone operators, corresponding to convex functions in the optimization setting. More re-
cently, extensions to the sum of d > 2 functions/monotone operators have been proposed,
see [117, 118] for some examples. Our approach is applicable to the sum of two terms in
w — conv,(R™). Accordingly, we consider the following minimization problem (cf. (2.7))

min ¢(z) = ¢1(z) + pa(), (4.1)

zeR™
where @1, ps : R" — R U {40} are proper Isc functions, not necessarily convex.
Following [28], we examine relaxed DRS variants. Given a relaxation parameter

A > 0, a stepsize v > 0, and an initial s° € R™, define one iteration of relaxed DRS as

below:
uf = prox., (s*)

k_ ok
W32(2u —s") (4.2)
sPT = s+ AP — ).

Note that for A = 1, scheme (4.2) reduces to DRS (cf. Algorithm 2), while for A = 2 it

corresponds to PRS. As stated, one iteration amounts to performing successively proximal

v* € prox

steps, computed separately for each term in the sum, followed by a gradient step.

The iterative approach (4.2) has a long history. Lions and Mercier in [11] stud-
ied convergence properties and speed of convergence for splitting methods to find a zero of
the sum of two maximally monotone operators defined on a Hilbert space. When applied
to the optimization problem (5.1) for convex proper lower semicontinuous functions ¢
and @9, the corresponding operators are the subdifferentials of convex analysis, dy; and
dpy. Under mild regularity assumptions, the DRS sequence {s*} converges to some s*, for
o1 (87) solves (5.1), and both {u*} and {v*} converge to u* [87, Theo-
rem 3.15,Proposition 3.40]. Additionally, if ¢, is differentiable and strongly convex, with

which v* = prox

Lipschitz continuous gradient, then {s"} Q—linearly converges to s*, and {u*} Q—linearly
converges to the unique solution to (5.1). For varying stepsizes and inexact proximal eval-

uations, see [119, Theorem 7]. A similar analysis was carried out for the PRS method in
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[87, 11]. More recently, the authors in [120] studied the convergence speed of a relaxed
PRS for convex problems, under the assumption of strong convexity of one of the functions
and Lipschitz continuity of its gradient. Rates of convergence are provided, including the
standard DRS and PRS as special cases. Furthermore, the method applied to the dual
formulation yields convergence rates for a relaxed ADMM. In [121] the authors derive a
global linear rate of convergence for ADMM variants for the convex case, assuming one

of the two functions is strongly convex with Lipschitz continuous gradient.

The aforementioned works are typically based on monotonicity of the sequence
of iterate distances to the solution set. In a DRS, however, functional values are not
monotonically increasing, and for this reason [122] introduced a special merit function,
called Douglas-Rachford envelope (DRE). For convex composite problems with one convex
quadratic function, the DRE is real-valued and continuously differentiable. Furthermore,
one DRS iteration corresponds to one gradient step applied to minimizing the DRE. In
a manner similar to how the Moreau envelope sheds a light on the PPA, the DRE gives
an insight on DRS. In particular, because DRS provides (sufficient) descent for the merit
function DRE, a variable metric gradient method for the DRE yields complexity estimates
and rates of convergence for DRS iterates. A point crucial for this type of analysis is that
DRE critical points are related to minimizers of the original convex problem. For convex
composite objective functions with one L—smooth and strongly convex term, a similar
approach is adopted in [123] to analyze Forward-Backward methods by means of a suitably

defined envelope.

The literature is much more scarce for nonconvex problems, the setting con-
sidered in this work. We can mention the DR splitting proposed in [124, 125] for the
sum of a differentiable function with Lipschitz continuous gradient, and a proper lower
semicontinuous function with an easily computable proximal point. By defining a merit
function related to the DRE, global subsequential convergence to a critical point is ob-
tained, as well as eventual convergence rate under some extra assumptions, namely, that
the functions satisfy the KL inequality [53, 54], a concept related to error bounds [75,
Theorem 4.1]. These two notions are often used in the literature to establish local rates
of convergence (22, 33, 19, 21, 126, 67, 75].

Our contribution refers to deriving local convergence rates for weakly convex
Douglas-Rachford splitting mechanisms. This is achieved by combining the machinery
developed in [28] for the DRE with the unifying framework for descent methods from
Chapter 3. In some sense, we generalize the latter work, since when applying arguments
of the corresponding theory to the DRE merit function, we succeed in showing conver-
gence properties for another sequence of iterates, the DRS method applied to the original

function. Our results resemble the ones briefly referred without proof in [28, page 15] for
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semialgebraic functions.

The remainder of this chapter is organized as follows. We introduce the defi-
nition of the Douglas-Rachford envelope and some properties for convex and nonconvex
functions in Section 4.2. Next, in Section 4.3 we show the necessary components to follow
the ideas of Chapter 3 to obtain convergence and local rate of convergence of nonconvex
Douglas-Rachford. We end this chapter with some preliminary numerical experiments of

the DRS applied to a nonconvex consensus optimization problem.

4.2 Douglas-Rachford envelope

In this section, we examine the Douglas-Rachford envelope, a merit function
that plays the role of the Moreau envelope (or Moreau-Yosida regularization) in the prox-
imal point algorithm. We first discuss the properties of the Douglas-Rachford envelope in

the nonconvex case, and then review the precursor setting, the convex case.

4.2.1 Douglas-Rachford envelope for nonconvex functions
We adopt the assumptions and notation in [28].
Assumption 4.1. For problem (4.1), consider the following conditions:
e 1 :R" — R is a L—smooth function, for (known) L > 0, that is, ¢, is differentiable
and its gradient V1 is a L— Lipschitz continuous function.
e po:R" > R u{+w} is a proper lower semicontinuous function.

e the set of solutions of problem (5.1) is nonempty.

As mentioned in [28, Remark 3.1}, due to Assumption 4.1, the scheme in (4.2)

1
is well-defined for any 0 < v < T since for such choice of v, both

1 9 1
. - d . | -?
pr() + 5l IF and oo () + o] - |

are bounded from below. Furthermore, since ¢; is L—smooth, prox. . is a single-valued

71
operator [28, Proposition 2.3(i)], and from the update rule for u* in (4.2),

uf = prox,, (s*) <= 0=V (u*) +u" — s~ (4.3)

Combining this last identity with the update rule for v* in (4.2), v* corresponds to a

solution to the following problem

min {2(0) + 510 = (= 9 Vipn(u)) . (4.4)
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After expanding squares in the last expression, we end up with the original form of the

Douglas-Rachford envelope, used in the analysis of [28] to show DRS convergence results.

Definition 4.1 (Douglas-Rachford envelope). For any s € R" the DRE function go? R
R™ — R is defined as

. 1
¢PR(s) = min {a(0) + (Tr(uhv =)+ palo) + o=}, 45)
where u = prox,, (s).

Problem (4.5) can be interpreted as yielding an approximate value of proxw(u),
and thus yielding an approximation of the Moreau envelope e.,(u). Namely, in the sum

© = @1 + o, the first term is replaced by a first-order Taylor model of ¢, at u.

Thanks to the DRE, properties of the splitting (4.2) can be analyzed by resort-
ing to techniques of descent methods. To this aim, we first recall some relations between
the DRE and the scheme (4.2) stated in [28, Propositions 3.2, Theorem 3.4].

Remark 4.1. Observe that the definition of the Douglas-Rachford envelope requires, in
principle, the knowledge of the Lipschitz constant L. We refer to [28] for the analysis of
an adaptive variant of the method examined in this chapter, that is, when the constant L

18 not assumed to be known.

Proposition 4.1 (General properties of the envelope). For a function ¢ = p1 + s that
satisfies Assumption 4.1, and np?R defined in (4.5), for any 0 < v < 17 the following
holds.

(1) The DRE satisfies the relation for all s € R"

P (s) = (¢} o (Id — 4Vr) o prox.,, ) (s),

and is a real-valued and locally Lipschitz function.

(i) inf p(z)= inf go,?R(s).

zeR™ seR™

(ii) argmin ¢ = prox,,, (arg min 909 R)'

Proof. To prove item (i), in [28, Proposition 2.3] is shown that prox., is a Lipschitz

Y1
continuous operator. Additionally, ¢3 is locally Lipschitz [29, Example 10.32], and so is
Id — vV, due to Assumpption 4.1(i), and the result follows. Items (ii) and (iii) are [28,

Theorem 3.4]. O
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The Lipschitz continuity of the envelope is useful not only to be able to com-
pute subgradients (by applying the chain rule to the expression in item (i) above), but

also in the convergence analysis, since the DRE is thus a continuous function. Moreover,

items (ii) and (iii) in Proposition 4.1 explicitly relate @?R with the original objective
function ¢, through the proximal mapping of the first term ;. In particular, whenever ¢

DR
y

is bounded below, so is the envelope ¢

The next result, corresponding to [28, Proposition 3.3], relates the objec-
tive function ¢ with its regularization @?R, by using the definition of the DRE, and
L—smoothness of ;. These relations are crucial to prove convergence of function values

in Theorem 4.3. We include a proof for the sake of clarity.

Proposition 4.2 (Relations between DRS and DRE iterates). For a function ¢ = o1+ @9
that satisfies Assumption 4.1, gO?R defined in (4.5), and {(u*,v*, s*)} generated by (4.2),

1
for any 0 <y < 7 it holds

(i) oPR(s%) < p(u").

DR(Sk) _ 1 - ’YL

(i) (") < ! ot =P

Ju* —

Furthermore, any limit point (s*,u*,v*) of the sequence {(u”,v*, s")}, whenever they exist,

satisfy
* * * * 1 - ’}/L * *
(i) oM7) < plu),and (") < (s = = e
Proof. Ttem (i) directly follows from (4.5), by evaluating @?R at s = s*, and the mini-
mand at v = u”. Item (ii) follows similarly as [127, Proposition 4.3(ii)]. Indeed, since v*

minimizes the problem in (4.5) for s = s*,

1
PPR(F) = 1 (uh) + (Vir (uF), o — uF) + o) + 5“@’“ — k|2,

The right-hand side can be bounded using the descent lemma [128, Proposition A.24],

namely,
L
(1 (0%) = (") = (Vi (u?), o — uP)] < S flut = oF. (4.6)

L 1
This yields @?R(Sk) > o1 (V") — aHv"” —uF|? 4 o (vF) + 2—||vk — u"|?, giving the desired
fy

result.

Let {(s*,u" v*)}; be a subsequence such that (s u" v%) — (s*,u*, v*)

as j — +oo. Since Vi is continuous, then taking the limit in (4.3), it holds that 0 =
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YV (u*) + u* — s*, which is equivalent to u* = prox,,, (s*). Therefore, it follows from
(4.5) that

* * * * * * 1 * * *
PPR(5%) < o1(u”) + (Vop(u), u* —u™) + po(u*) + 5l —u 12 = p(u”).

DR

Furthermore, since ¢ is lower semicontinuous, and ¢

is continuous (Proposition 4.1(i)),

it follows from Proposition 4.2(ii)

p(v*) < liminfgo(vkj)

j—+0o0
1—~L
< liminf {@?R(skj) — 77”1/“3 - ka||2}
j—+0 2y
DRy L=l o
= ¢y (s7) - Jur — %,

]

4.2.2 Gradient method applied to the Douglas-Rachford envelope: convex

case

For the smooth convex case, the authors in [122] provide an alternative analysis
of the Douglas-Rachford splitting method as a variable-metric gradient method applied to
the DRE. More specifically, we momentarily assume ¢; is twice continuously differentiable
strongly convex with L—Lipschitz continuous gradient, and ¢, is convex. Under this
hypothesis,

V21 (u)]2 < L,

where V? denotes the Hessian matrix, and | - ||o is the operator norm induced by the

(?—norm in R". Furthermore, for v € (0,1/L), the Hessian of e, exists everywhere and

Vi expn)(s) = 7 (1 = (1 +9V3a(prox, () ).

In this manner, the DRE is differentiable and

VDR (s) = (I = 29V2(e,01)(5)) (V(eyp1)(5) + (e402)(s) — 29V (e501)(5))),

where, as stated in (2.3),

Vieypr)(s) =77 (s — prox,,, ().

0

Starting from s°, one iteration of DRS (4.2) for A = 1 is equivalent to one

DR

iteration of the following variable-metric gradient step on ¢.

sFHl = gk Dngp?R(sk), (4.7)
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where
1

D" = ~v(2[1 + vVp1 (prox.,, ()] = 1) .
The key observation in the current convex setting is that u* is a solution to

(4.1) if and only if u* = prox,, (s*) for some s* such that
prox.,, (2prox., (s*) — s*) — prox,,, (s*) = 0. (4.8)

When ¢, is additionally convex quadratic, then for any v € (0,1/L), @?R is
strongly convex with L—Lipschitz continuous gradient. Hence, from the classical conver-
gence results of the gradient descent method, the sequence {u*} defined by the u—step of
(4.2) with A = 1, and {s*} generated by (4.7), converges to some minimizer u* of ¢, and
{p(v™)} converges to min . The convergence properties are deduced from the following

estimate: .
DR/ _ky DR/« < 0 _ *2
PR(s5) = PR < il =1
In view of Proposition 4.2(ii)—(iii), it thus holds

1
(29\)k

p(v*) —min ¢ < [s° — 57|
Under the more general nonconvex Assumption 4.1, it is still possible to ob-
tain descent for @?R along the DRS iterations, resembling gradient descent, but in a

nondifferentiable setting.

4.3 Convergence of nonconvex Douglas-Rachford splitting

In order to obtain convergence properties of DRS using arguments for descent
methods under Assumption 4.1, we make use of the DRE. The work in [28] constructs

the tools to employ the analysis in Chapter 3.

4.3.1 Convergence analysis as a descent method for the Douglas-Rachford

envelope

For the purpose of using the properties of ¢ and ¢, of Assumption 4.1, note

that cp?R

problem (5.1) as follows

can be computed directly using the iterates of (4.2), by first reformulating

min 1(u) + @2(v) st uw—v=0.

u,veR™

The augmented Lagrangian of this reformulation is, for 5 > 0 :

Lo(u,0,9) = £1(u) + palu) + gu— )+ 5 Ju— o],
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where y € R" is a Lagrange multiplier associated with the constraint u —v = 0. Therefore,
due to (4.5), it holds

go?R(sk) = L1 (uF 0%y (Wb = $M)). (4.9)
Following Chapter 3, the first main ingredient is to prove that DRS is a descent
method for the Lagrangian evaluated at the primal-dual point
ok (ukwkﬁ—l(uk _ Sk))

The following result states that {%D R(sk )} satisfies a condition of sufficient decrease with

respect to both [[s* — s"™| and |u* — u***|? proven in [28, Theorem 4.1] for {@,]Y)R(sk)}.

Theorem 4.2 (Descent properties of DRS). Suppose that ¢ = o1 + ps satisfies Assump-
2— A
tion 4.1. For A € (0,2), and 0 < v < =—=, the iterates {(u*,v* s*)} generated by (4.2)

2L

satisfy,
1
o () = o () = emax {Wusk — 2, Juk — u} . (410)

where

2—X L

c=—————>0.
2y A

Furthermore, for o* = ( kR v~ (uh — sk)), it holds
gF = (v (" = v"),0,u* —vF) € 0L, -1 ("), (4.11)

and

lg" = AT/ 4 1s" = s (4.12)

Proof. First, the estimate (4.10) for |[s* — s"™|? corresponds to [28, (4.2)] after using the
identity (4.9), for 0,, = —L. The estimate for |u* — «"™*|? appears in the proof of [28,
Theorem 4.1].

Furthermore, the subdifferential of £,-1 at o = "

can be computed taking
partial derivatives with respect to the different components of the primal-dual vector o,

as follows:

o Since ¢ is differentiable, - (u,v,y) = Vi (u) +y+~ " (u—v). Then, evaluating

this last identity at (u,v,y) = o*, and using (4.3), it follows that

0L,

2L 0h) = V() 4 (= o)t - o)

= (b —o").
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« From the optimality condition of v* for problem (4.5),
0 € 0y (vF) + Vo  (uF) + 471 (0F — ),

it holds that

0L,

" (O’k) = 6302(1/“) — 'y_l(uk - sk) + ’y_l(vk — uk) 5 0.

oL~
« Since £,-1 only depends on y linearly, then aivl(ak) =y (b - sY).
Y

Therefore, from 0L,-1(0%) = agzb_l(ak) X ag:}_l(ak) X ag;_l(ak), identity

(4.11) follows. To prove (4.12), note that due to the update rule for {s*} in (4.2), it

follows
Ig°1* = 7% = oF? + ot —oF)?
(y72 + 1)|lu® = o)

(72 + A2 — SR

]

Our result is not a straightforward application of the general scheme in Chap-
ter 3. As made clear in the proof, in our setting, the DRE functional decrease is measured
only in terms of some components of the primal-dual term |o* — ¢*"!|%. This feature

prevents us to directly apply the unifying convergence theory of Chapter 3.

We now give an alternative proof of [28, Theorem 4.3], based on the develop-

ments in Chapter 3. The result states subsequential convergence of the iterates to critical

DR

Y (s*) to a critical value of .

points of ¢, and convergence of ¢

Theorem 4.3 (Subsequential convergence of DRS). Suppose that ¢ = p1 + @2 salisfies
9 _
Assumption 4.1. For X € (0,2), and 0 < v <

I then for any bounded sequence
{(uF, vF, s*)) generated by (4.2),

(i) The sequence {@?R(sk)} monotonically converges to a critical value ¢* of ¢, and

the sequence {@1(u") + pa(vF)} converges to the same value ©*.
(i) u* — % -0, v — Tt -0, vF =" -0, and ¥ — " -0, as k — +oo.

(iii) All cluster points of {u*} and {v*} coincide, and are also critical points of v, with

same critical value p* = ]}LI{EO ¢9R(sk) = klgrolo o1 (u™) + oo (V).
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Proof. First, Assumption 4.1(iii) implies that ¢ is bounded from below. Then, from Propo-
sition 4.1(ii), @?R is also bounded from below, and so is the sequence {@?R(sk)}. Fur-
thermore, the descent condition (4.10) implies that {@?R(sk)} is a non-increasing real
sequence. Thus, there exists ¢* € R such that ngR(sk) — *. In turn, (4.10) then yields

gl
st — ¥ 0, and ©* — uF™! — 0. These results have a couple of consequences:

e u* — " — 0, due to the update rule for {s"} in (4.2), and thus {u*} and {v*} have

the same limit points.
o From (4.12), it follows that g* — 0.

o Furthermore, vF — %" = oF — F 4 % — P 4 F T —F 1 0.

As for item (ii), let u*,v*, and s* be limit points of the sequences {u*}, {v*},

and {s*}, respectively. Note that v* = u*, because {v*} and {v*} have the same limit

k

points, and thus ¢(v*) = ¢(u*). Then, up to a subsequence, v* — v*, and following the

arguments in [28]:

N

o(v*) lirlgl}(nf o(vF) Assumption 4.1(i)-(ii)
S

N

lim sup o(v")
keK

lim sup @?R(sk) Proposition 4.2(ii)
keK
DR/ _»

ey (s)

o(u”) Proposition 4.2(iii)
p(v”)

N

Proposition 4.1(i)

N

I

Therefore, p(v*) — (v*), and L,-1(c") = @?R(sk) — @(v*) through the same subse-
quence, with p(u*) = p(v*) = w?R(s*) = *. Note that since {u* — s} is bounded, and

1
ub — % — 0 as k — 400, then (7 (u” — %), u* — %) + o |u* — v¥||* - 0, and thus
f)/

1
PAlt) + pal0h) = £,2(%) = (70 = )t = oy L = ) -
Furthermore, from the definition of the augmented Lagrangian,

* * —_ * * * * —_ * * * * 1 * *
Lo(utu,y 7w —s%)) = @i(u) +oa(u) + v Hut —s%),u —U>+g||u —u*|?
= p(u"),

that is, {£,-1(c")} (subsequentially) converges to L,-1(u*,u*,y ' (u* — s%)), as 0" —
*).

*

(u*,u*, v (u* — s*). Therefore, taking the limit in (4.11) (passing through a subsequence

if necessary) gives
0€ L 1 (u*,v*, vy (u" — %)),
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which is equivalent to the following criticality conditions
0=V (u) +77(u" = ") + 77 (u" — ")
0€ dga(v") =77 (u" — %)+ (" — o)
0=0v"—u"

Adding the first two relations, and using that v* = u*, the final result follows, as we obtain
0 € Vi (u) + dpa(u’).

Remark 4.2. Some comments about Theorem 4.3 are in order.

DR
v

monotonically to a critical value of p. By contrast, the sequence of functional val-

e By items (i) and (ii), the sequence of DRE functional values ' (s*) converges
ues @1 (u") + o (v¥) converges to the same critical value, but not necessarily in a

monotone manner.

e Boundedness of the iterates {(u”,v*, ")} generated by (4.2) is usually ensured by
assuming ¢ has bounded level sets [28, Theorem 4.3(iii)], which is equivalent to

cp,ZY)R having the same property [28, Theorem 3.4 (iii)].

4.3.2 Rate of convergence for nonconvex Douglas-Rachford splitting

The analysis of rate of convergence requires additional assumptions. This sec-

tion is an extension of [28], by applying the machinery of Chapter 3 to (4.2) through the

DR

envelope ¢

and the augmented Lagrangian £,-1.

We recall two concepts related to criticality and the study of rates of con-
vergence in the following, namely Definition 1.7 and Definition 1.1. We say a function
¢ : R" - R U {+w} satisfy a local error bound, if for any ¢ > inf ¢ > —oo, there exists
e > 0,¢ > 0, such that whenever p(v) < ¢,

dist (z, () ~(0)) < £dist(0, dp(v) N B(0,¢)). (4.13)

Furthermore, we say a function ¢ : R" — R u {400} satisfy the proper sepa-

ration of isocost surfaces property if there exists o > 0, such that if

Yu,v € (0p) 1 (0), Ju—v| <6 = p(u) = p(v). (4.14)

The next result relates the sequences generated by (4.2) with the error bound

condition (4.13), resulting in an estimate crucial to obtain a local rate of convergence.
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Proposition 4.3. Suppose that © = p1 + o satisfies Assumption 4.1, as well as a local

2
error bound (4.13). For A € (0,2), and 0 < vy < I

{(u¥, v, s")} generated by (4.2), and any €,£ > 0, there exists ¢ > 0, and a sequence {G"},
such that §* € dp(v*) N B(0,¢), p(v*) < ¢, and

, then for any bounded sequence

dist (v, () 71(0)) < £ 3"]. (4.15)

Proof. First, since {gp?R(sk)} monotonically converges to ¢*, then for any ¢ > 0, and
for any sufficiently large k, £,-1(c") = @PR(sk) < " + €. From the definition of the

augmented Lagrangian, we then have

—uF =" <t +e (4.16)

gpl(uk) + @2(Uk) + 7_1<uk — P uk - vk> + o

Furthermore, from the bounded assumption of the generated sequences, {V1(ug)} is
bounded, that is, there exists M; > 0, such that for all k, |V (u*)|| < M;. From (4.6)
and Theorem 4.3(ii), for any > 0, and for all sufficiently large k,

L
1 (%) — 1 (u)] < Min + 5772-

L
Therefore, ©(v*) < @1(uF) + @2 (v%) + Min + 5772. Combining this last inequality with
(4.16), it holds

N _ 1 L
e(V") < " + e —y Kub = sF U — 0Py — glluk —oF|? + Myn + 5772

x - L
<@t ket et = st = ot + Mg+ S

Since the generated sequences are bounded, then there exists My > 0 such that |u”—s*| <

Ms. Therefore, for all sufficiently large £,

L
e(vF) < " + e+ Moy + My + 5772 =: @.

Furthermore, from the optimality conditions of (4.4) (as shown in the proof of [28, Theo-
rem 4.3]), it follows that §* := 4~ (u* — v*) — (V1 (u¥) — Vi, (v%)) € dp(v*). Since Vi,

is L—Lipschitz continuous, then
1671 < v~ (lu® = o + yLu® = o*]) = 4711 + L) [u* — o). (4.17)

In this manner, from Theorem 4.3(ii), §* — 0. Then, for any sufficiently large k, §* €
dp(vF) n B(0,¢), and ¢(v*) < @. This allow us to apply (4.13) to obtain (4.15). O

Before giving the most important result, first we need some technical estimates

deduced from Proposition 4.3.
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Lemma 4.1. Suppose the conditions of Proposition 4.3 hold. For any pf € PT0j(ap)—1(0) (vk),
define
Pt = (s, 0y (0 — 5%)).

Then, there exists C > 0, such that for all k,

[p* — o*[2 < C(pDPE(s*) — pDR(sH+1)). (4.18)

Proof. From the definition of p* and ¢*, we have

B e e e R e e et A U

= (L+~72)|ph — u** + |k — o*|*.

Ip

From (4.15), it follows that ||p¥ — v*||> < £]§"|. As for |p* — «¥|, it holds that
Iy —a®* < (Ipf — o*| + 0" —u®|)?

2|py — o* | + 2[v* — |

< 2117 + 20* — o

= 20131 + 2025 — s

N

where for the first inequality we apply the triangle inequality, for the second inequality
we use the estimate (a + b)* < 2(a® + b%), for the third inequality |pf — o*|? < £]§"| is
used, and for the last equality we use the update rule for {s*} in (4.2). Therefore,

Ip" = o® [ < 20 + 472 ()" P + A2 )" = s* ) + 2]
Now, we bound the terms in the right-hand side of the above estimate.

o First, note that the descent condition (4.10) implies

E_ sk:-i-l”? < (1 + ’VL)Q (QODR(Sk> DR(Sk-i-l))_ (4‘19)

Is c ¥ Py

« Furthermore, (4.17) together with (4.2) and (4.19) imply

1g°* = 472 (1 + yL)?u* — o*|?
= (M)A +L)*[s* — "2

2(1 +7L)2 (gODR(Sk) DR(Sk‘+1))

< (M) (1 +1L) S — ¢

Hence, follows (4.18) for

oo (1+~L)? ((2(1 +972) + 1) (1 + L)
cA? ~?

+2(1+ 7—2)) .
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In order to relate an error bound for ¢ with the descent properties of Theo-

rem 4.2, we need the following assumption for ¢s.

Assumption 4.4. Assume that @, € w — conv,(R").

The use of weakly convex regularizers can present an advantage by reducing
the bias introduced by, for example, the /' —norm, meaning that nonzero entries of the
computed solution are not underestimated, as pointed out in [129]. On the other hand,
allowing weakly convex objective functions broadens the applicability of splitting methods

with convergence guarantees.

Under Assumption 4.4, both ¢q, ¢, € w —conv,(R") for p = L, due to Propo-
sition 1.7. Hence, ¢ is locally Lipschitz on its domain and weakly convex. Therefore, as
mentioned before, limiting (or Clarke) subgradients of ¢ can be characterized as proximal
subgradients in the whole space, and 3@ = 0p = 0p. This particular form of subgradients

allows us to take full advantage of Lemma 4.1.

Theorem 4.5 (Rate of convergence of nonconvex DRS). Suppose that ¢ = p; + @9
satisfies Assumptions 4.1 and 4.4, a local error bound (4.13), and property (4.14). Then,

for e (0,2), 0 <y <

5 and any bounded sequence {(u¥ v* s*)} generated by (4.2),

(i) The sequence {@?R(sk)} Q—linearly converges to a critical value ©* of @, and the

sequence {1 (u¥) + @a(vF)} R—linearly converges to the same value ¢*.

(ii) The sequences {u*} and {v*} R—linearly converge to a critical point u* of @, and

{s"} R—linearly converges to a point s*, such that u* = prox., (s*).

Proof. First, from Proposition 4.3, §* — 0 implies v* — p¥ — 0, which in turn implies

pF—pF*! — 0, in view of Theorem 4.3(ii). Then, applying the proper separation of isocost

surfaces property (4.14), for all sufficiently large k, ¢ (p*) = ©(pF™), and thus ¢ (pF) = ¢,
for some critical value ¢* of ¢. From Theorem 4.3(iii), up to a subsequence, v* — u*, for
a critical point u* of ¢. Therefore, p* — u* and ¢(pF) — @(u*), for the same subsequence.

Thus ¢* = @(u*).
Furthermore, from the definition of the augmented Lagrangian, £,-1(p"*) =
©(pF). Moreover, in view of (4.11)

DR (k) — DRy

o — ¢, = L,(0") =L, (p")

P
< —ghph oMy + §Hp'“ —o*|%.

In particular, for all sufficiently large k,

" P
PP () — o < lgHIp* — o*l + Slp" — o (4.20)
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Note that from (4.12) and (4.19),
lg"1 = A72(1 +772)[s* — s

< a1 44 ) LI DR gy _ DR i)

Combining the last estimate with (4.20) and (4.18), yields

PPR(s5) =t < (C+ T8 (pDR(h) — PR(s) (4:21)

for C = AI/1+~72(1 + fyL)\/(Cj. Set €' := C —|—€g, r = ¢ ~ € (0,1), and V* :=

1+C
@?R(sk) — ¢*. Note that monotonicity of {@,]Y)R(sk)} implies V¥ < V*. Thus, from

(4.21), for all sufficiently large k,
Vk—i—l < é(vk o Vk+1) — Vk-‘rl < Tvk’
from which the first part of item (i) follows.

For item (ii), suppose that above estimate holds for all k& > ky. Then,
Vk+1 < (Vkorl—ko)rk
or equivalently, for ¢ = V*or=* and all k > ko + 1
VE< gt (4.22)

From the descent condition of Equation (4.10), it follows

1 L 1
Is* — s+ < }”\/w, and o~ < VYR (4.23)
C C

Therefore, from Lemma 3.1, there exists m > 0, a € (0,1), s* € R" such that for all

sufficiently large k

k k

= ' <mat,  Jut

k

|s —u*|| < ma”.

Note that {u*} converges to the critical point u*, since {u*} and {v*} have the same

limit points. Observe that since ¢y is L—smooth, then prox is Lipschitz continuous [28,
ve1

Proposition 2.3(ii)], therefore u* = prox,, (s*) — prox,, (s*), and thus u* = prox,, (s*).

YP1

In addition, the rate of convergence of {v*} can be deduced as follows. Using
the triangle inequality, the update rule for {s*} in (4.2), and (4.23), it holds

Hvk . Uk+1” < ||Uk . ukH + Huk o uk+1H + Huk+1 . Uk+1||

_ )\—IHSk o Sk—HH + ”uk: o uk+1H + )\—lek—H . Sk+2||

1 L 1 1 L
SN EVVE L VR IV
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Since {V*} is nonincreasing, then

20711 L)+1
o — ot < (2L Y
NG

Then, from Lemma 3.1 it follows that for all sufficiently large k,

v — v*| < mak.

for some m > 0 and a € (0, 1).

Finally, to obtain the rate of convergence of {¢;(u¥) + @o(v")}, first note that

since go?R(sk“) > ¢*, then from (4.10), (4.22), and (4.2), it follows

1 L)?
Nub — R |2 = [sF — L2 < [(”)q] rk. (4.24)
&

Furthermore, in view of (4.9),

DR

. L1 1
[1(u) + pa(v*) — o' < @7 (s") — 9" + ;HU"” = sMut =¥ + ZW i

By assumption, {¢*} and {s*} are bounded sequences, therefore there exists M, > 0, such
that for all k, |u* — s¥|| < M,. Substituting this estimate, (4.22) and (4.24) in the above
inequality, yields

My(1+~L) |q k (1+~L)%q
k ky k 27 1 N o =71 k
o (08) + a0 =] < gt (FEDEL 1) et (G o

Since r € (0, 1), then r < 4/r, and thus
o1 (u) + @a(vF) — ' < K/,

where )
~ Ms(1 + vL 1+~L

Ky Mel+9D) Jo A+70)7q

YA c 2vc\?

This proves the second part of item (i).

4.4 Numerical results

The numerical experiments are performed for the phase retrieval problem de-
scribed in [37, §5.1]. The goal of the phase retrieval problem is to find a point z* that
(approximately) simultaneously solves the equations {a;, z)* = b;, fori = 1,..., N, a; € R"

and b; > 0. As an optimization problem, we seek to find a point z* that solves

1

N
1 — . 2 — .
min ; [{az, z)° — byl (4.25)
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Note that each  +— [(a;, 7)* — b;| is a weakly convex function, as the composition of the
Lipschitz continuous convex function |- | with the smooth function z + {a;, 7)* — b; with

Lipschitz continuous derivative (see [46, Lemma 4.2]).

For the numerical examples, we draw the slopes a; from a standard Gaussian
distribution in R™, for s = 1,..., N. We choose a target Z € R™, and define b; = {a;, 7)*.
Since problem (4.25) has a decomposable structure, we create N copies x; of the variable
x, and define N = {(z;)Y, : 21 = --- = xn}, corresponding to a 1—stage nonanticipative
subsapce from the perspective of a stochastic optimization problem. Therefore, problem

(4.25) can be reformulated as the following consensus optimization problem:

| N
. 2
min Ni=21|<a,»,xi> — b

st (z)N,eN.

(4.26)

Since DRS applies to problems with objective functions expressed as a sum of
two functions, we rewrite problem (4.26) accordingly. One possibility, explored in [23], is
to add the indicator function ¢ to the objective. Being non-differentiable, having a term
1 given by the indicator function escapes the framework of the present chapter. Instead,
inspired by the approach [124] for nonconvex feasibility problems, we consider the squared
distance to the feasible set as a penalty function. Namely, given a scaling/penalty factor

1> 0, we work with the following formulation

1

N
. 2 H 2
min - ; |(aj, x;)* — b;| + §dN($). (4.27)

Hence, we take
N
i
p1(z) = §d/2v(35) and @y() = Y [€as, z;)* — byl
i1
n (5.1). Since

1 X
Py[(2:)L1] = NZ%’
i=1

in view of [130, Corollary 12.30], the derivative of the penalty function can be explicitly

computed as
v (Ed) =l = Py), (4.28)
and the first two conditions in our blanket Assumption 4.1 hold, with L = pu.

The battery of randomly generated problems parses the three settings de-
scribed in [37, §5.1]:
(N, n) € {(30,10), (150, 50), (300, 100)},
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for 15 uniformly randomly generated initial points in the unit sphere. We also define 5000

as the maximum number of iterations, with a target accuracy of 107° for the objective

function value to stop iterations. We set the scaling parameter y = 5 since it provides
the best performance out of the tests we run. We use 20 equally spaced values of A between
2—A
0.05 and 1.95, and 5 equidistant values of v, from 0.01 to 0.99 (2> )
1
Furthermore, the objective function ¢, is separable, and in view of (4.4)—(4.5),
at DRS iteration k& the proximal subproblem to be solved for component ¢ = 1,..., N is
1
i N2 k. e o k2
IIZ%Rn [Kai, x:)" = bi| + (wi', i) + 27|33Z u; |, (4.29)

where w* = p(u* — Py[u*]), and

1 Y
k k k
= + P .
U <1 5 )s (1 ) [ $7]

The optimality conditions of subproblems (4.29) yield four explicit critical points for each

1=1,..., N, that are candidates to subproblem solutions, namely,
29)as]* £ 1
and

o (e [y — Gbay £ VB

i Jaal?

Note that when the dual iterate wf = 0, we retrieve the solutions obtained by

applying the stochastic proximal point method of [37, Section 5.1].

Table 1 shows the accuracy achieved for the objective function of problem
(4.27) by the DRS iterates. It is clear that all problems were solved at best with a low
accuracy of 107!, while nearly 38% of them reached the target accuracy of 107 or better.
These results include all the values of A and v we tested, that is, various possible methods
(by varying A\) and several stepsizes. Observe that despite being a weakly convex problem,
the method does approach a global minimizer. Similar behavior has been reported for a

proximal-type method in [44] for weakly convex problems.

accuracy | <107' | <107 | <107% [ <107* | <107° | <107°
% || 100 [ 99.365 | 68.254 | 62.857 | 53.016 | 37.778

Table 1 — Percentage of problems solved by DRS for different levels of accuracy, and dif-
2—A
ferent values of A € (0,2), and ~y € <0, 2>.
1

As a rule of thumb, better accuracies are obtained whenever A and + in-

crease within their bounds. For instance, Table 2 shows the results for A = 1.95 and
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2— )\
v = 0.99 (2) Observe that in this case, almost 96% of the problems attained the
i

target accuracy of 107° or beyond. Choosing the best pair of parameters (),7) could be
a problem-dependent issue, and further investigation is required.

accuracy || <107' [ <107 | <107° | <107 [ <107° | <107°
% || 100 | 100 | 100 | 100 | 100 | 95.556

Table 2 — Percentage of problems solved by the DRS method for different levels of accu-

racy, A = 1.95, and v = 0.99 (2_)\)

24

The benchmark in Figure 8 shows the performance of DRS for problem (4.26),
the Elicited Progressive Decoupling method [131, 132] for problem (4.26), and the stochas-
tic prox-linear method described in [37], applied to problem (4.25). The two latter methods
only require setting a stepsize v. For our numerical tests, we use 100 equally distributed
stepsizes in the interval (107*, 1), as in [37]. For the Elicited Progressive Decoupling, we
set the elicitation parameter e = 0, following the numerical results and suggestions of
the authors in [132], in order to accelerate convergence. The starting points, maximum

number of iterations, and target accuracy are the same as described before.

100

80

60

40

20

percentage of problems solved

10° 104 102 1@
accuracy of solution functional value

Figure 8 — Performance profile of the accuracy of the best objective function value found
along iterations, for DRS using different values of A and ~, corresponding to

Table 1, Elicited Progressive Decoupling (e-PD), and stochastic prox-linear
(SPL) method.

We observe that, on the considered battery of functions and accuracies, the

Douglas-Rachford splitting method and the Elicited Progressive Decoupling method al-
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ways outperform the prox-linear method, the one that provided the best results in [37].
This can be explained by the fact that the latter method does not inherently exploit
the structure of the problem. The nonconvex version of DRS, for different values of A,
can solve approximately 40% of the problems with an accuracy of order 107, while the
Elicited Progressive Decoupling solve around 55% of the problems with this accuracy.

Contrast these results with the best performance found for our proposal inTable 2.

For accuracy of order between 10™% and 107!, our proposed method shows a
better behavior than the Elicited Progressive Hedging. This is because the latter presents
a relatively polarized performance, since it solves approximately half of the problems with
an accuracy of 107% or better, and the other half just achieved an accuracy worse than
1072. In this sense, the nonconvex DRS method possesses a more distributed performance,

achieving different levels of accuracy.

4.5 Final remarks

In this chapter, we presented the convergence analysis of the Douglas-Rachford
splitting method in the context of optimization of weakly convex objective functions.
Originally, the authors of [28] showed subsequential convergence of the DRS method in
a nonconvex setting, where one of the functions of the sum is continuously differentiable

with Lipschitz continuous gradient, and the other just Isc.

The fundamental feature of the analysis is that one DRS iteration can be
interpreted as applying some descent method to the Douglas-Rachford envelope, which
in the smooth convex setting coincides with the gradient descent method. Two properties
conform the pillars of the analysis: a sufficient descent estimate for the Dogulas-Rachford
envelope, and an estimate of a subgradient. This configuration makes it possible to apply
the reasoning of [22], and thus we obtained global convergence of the iterates to critical
points of the original objective function. Furthermore, when the problem displays more
structure, namely, when it is weakly convex, then a subdifferential error bound allowed

us to prove local linear rates of convergence to critical points.

One of the properties of the DRE is that there is a direct relation between
global minimizers of the envelope and the original objective function, and their respective
minimal values. However, for nonconvex problems, it is most common and less restrictive
to characterize critical points as either local minimizers or saddle points. As shown in [133],
smoothness conditions of the objective function, namely, the behavior of the Hessian of
the objective function in a neighborhood of critical points, guarantee that DRS iterates
converge to local minimizers almost surely. It would be more desirable to follow the

pathway of more recent works of saddle point avoidance for simpler methods, as the
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proximal point algorithm [134] or the subgradient method [135], where it is proven that
the methods themselves naturally lead the iterates to a manifold where the objective
function behaves nicely, that is, the objective function restricted to the manifold has
fitting properties alongside the iterates that allow the avoidance of saddle points. It is
hypothesized that the DRS method enjoy analogous properties, since it is described as a

sequence of proximal steps.

Regarding the numerical experiments, the penalization term g in problem
(4.27) could be dynamically updated in order to control the weight of the penalization
throughout the iterations. However, this would update the objective function in every
iteration, a feature not supported by our analysis. Two lines of research could be explored

in this case.

The first option would be to consider the epi-smoothing approach of [136],
where a family of models approximates the objective function of our problem in the epi-
convergence sense. In particular, these models can handle variable penalization parameters
e when the objective function is smooth, and defines a sequence {gokDRE} of Douglas-
Rachford envelopes parametrized by the sequence of penalization parameters {yy}. This
approach generates a sequence that subsequentially converges to critical points. We still

need to investigate if these results can be generalized under Assumption 4.1.

Another alternative would be to use the notion of exact penalty representation
of [29, Definition 11.60]. As long as the parameter p > 0 is sufficiently large, under regu-
larity conditions akin to strong duality, solving problem (4.27) is equivalent to solving the
original problem (4.26). In this case, the DRS method generates a sequence that converges
to a global minimizer, which initially could be considered a bit restrictive. Nonetheless,
as we saw in practice with the phase retrieval problem, weak convexity is seemingly a
manageable form of nonconvexity that could allow optimization methods to obtain global

minimizers.
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5 A bundle-like progressive hedging algo-
rithm

This section corresponds to [23]:

Atenas, F., & Sagastizdbal, C. (2023). A bundle-like progressive hedging
algorithm. Journal of Conver Analysis, special issue in honor of R. J-B Wets,
30(2) 453-479.

Some parts have been modified in order to follow the notation and structure
of this thesis.

Abstract. For convex multistage programming problems, we propose a variant
for the Progressive Hedging algorithm inspired from bundle methods. Like in the original
algorithm, iterates are generated by first solving separate problems for each scenario, and
then performing a projective step to ensure non-anticipativity. An additional test checks
the quality of the approximation, splitting iterates into two subsequences, akin to the
dichotomy between bundle serious and null steps. The method is shown to converge in
both cases, and the convergence rate is linear for the serious subsequence. Our bundle-like
approach endows the Progressive Hedging algorithm with an implementable stopping test.
Moreover, it is possible to vary the augmentation parameter along iterations without im-
pairing convergence. Such enhancements with respect to the original Progressive Hedging
algorithm are obtained at the expense of the solution of additional subproblems at each

iteration, one per scenario.

5.1 Introduction and motivation

Multistage stochastic programs represent an important source of large-scale
optimization problems. This is because the number of variables and constraints needed
to formulate the problem grows with the number of scenarios. As illustrated by energy
applications in [6], decomposition methods are essential for solving effectively this type

of problems; see also [137].

A very popular approach that deals with scenario decomposition is the Pro-
gressive Hedging algorithm (PHA), introduced in [24] and later extended to handle risk
measures in [138]. The setting is such that the problem uncertainty, represented by a set

of S scenarios, reveals progressively, in T stages. For each scenario s, the decision variable
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is s € R", the convex objective function is fs : R" — R and a nonempty convex compact

feasible set Cy € R" is given. Consider the following stochastic multistage optimization

problem,
( S
mln E[f Z psfs(Ts)
X = (5.1)
st. zsely, foralls=1,...,9
reN,

\

where, in the last inclusion, the linear subspace N gathers the so-called non-anticipativity
constraints. Such constraints ensure that, at each stage t, the decision making process

depends only on information of the uncertainty that is available at time ¢.

Non-anticipativity constraints couple decisions along scenarios in a structured
manner. The PHA decouples those constraints so that, at each iteration, individual sub-
problems can be solved separately for each scenario. This makes the approach very suitable
for parallel implementations. The parallel phase of separate scenario subproblems is fol-
lowed by a synchronization step that yields a non-anticipative vector by projecting onto

the linear subspace N .

The PHA is in fact a Douglas-Rachford splitting, in a space endowed with
a weighted scalar product; see for example [139] and Section 2.2.2. Early work on split-
ting methods, dealing with the classical problem of finding a zero of a sum of maximal
monotone operators, can be traced back to [11, 87, 140]. The more recent family of pro-
jective splitting methods [141, 142, 143, 117] expanded significantly the reach of Douglas-
Rachford approaches. The projective hedging algorithm [139], in particular, can operate
in block-iterative and partially asynchronous manner. For a randomized asynchronous
variant of the PHA, we refer to [144].

Another important advance of projective splitting methods is the ability to
dynamically update certain proximal parameter involved in the calculations. Along itera-
tions, the PHA also generates a dual sequence, that lies in N+, the orthogonal complement
of the non-anticipative space. The update of the dual variable amounts to maximizing cer-
tain dual function, by applying a gradient method with fixed stepsize (related to the afore-
mentioned proximal parameter). Empirically, splitting methods are generally observed to
converge linearly, but at a rate that becomes asymptotically slow and is heavily dependent
on the parameter choice. In order to speed up the process, practitioners resort to various
heuristic techniques that can be computationally expensive and may not always prove
successful [145, 146, 147]. This difficulty is not a surprise as, for the specific PHA context,
the parameter in question must strike a good balance between optimality and feasibility.

Clearly, such a goal is not easy to attain with a value that is kept fixed along iterations.



Chapter 5. A bundle-like progressive hedging algorithm 119

Our proposal is to employ, instead, a proximal bundle method [85, Part II],
tailored to maximize the dual function over N'*. To this aim, we consider a more general
setting, the constrained minimization of weakly convex functions. For tackling such prob-
lems, assuming that projecting onto the feasible set is an easy operation, we propose to

apply a bundle algorithm of projective type.

This chapter is organized as follows. After introducing some notation and def-
initions, we recall the PHA and formulate a problem dual to (5.1). This dual problem is
a particular instance of a constrained weakly convex problem considered in Section 3.5.
Therein, the subspace N is replaced by a general constraint set M, onto which project-
ing points is assumed to be easy. The general methodology developed in Section 3.5 is
particularized to (5.1) in Section 5.2. The resulting Bundle Progressive Hedging algorithm
(BPHA) is formulated in both primal and dual forms. Convergence to solutions of (5.1)
and (5.7) is shown in Section 5.3, using the dual form. An equivalent primal formulation
is useful to compare our new approach with the original PHA. The final Section 5.4 dis-
cusses similarities and differences between the original Progressive Hedging algorithm and

our proposal.

Notation and some definitions

Our notation is standard, following mainly [29], [30] and Section 2.2.2. Given

S scenarios, for a certain scenario realization s € {1,..., S}, the probability of occurrence

is denoted by ps > 0. Without loss of generality, we can assume that the dimension of
s

the decision variable of scenario s = 1,...,S5 is ny, = n, and thus Z ns = nS. For a
s=1

vector v € R™ with components v, € R" for all s = 1,. .., S, the expected value and the

conditional expectation at stage t are respectively denoted by

s
E[v] = Zpsvs, and E_1[v],

s=1

where the uncertainty realization at stages 1,...,¢t — 1 is known.

Considering that all vectors are column vectors, the inner product employed

in the space of decision variables is

S
Yu,v e R™ : (u,v)g = 2p3<u3, Vs) .

s=1
Note that this inner product uses the (nonnegative) probability of each scenario as a
weight, a crucial feature in the analysis. Recall we denote by | - |s its corresponding
induced norm in R™, while | - | stands for the usual Euclidean norm in R"™. Throughout
the text, the symbol (-, -) refers to any either inner product (with or without weights),

and similarly for the corresponding norms, when it is clear from the context.
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On non-anticipativity.

In the stochastic setting, decisions have to be taken progressively, as uncer-
tainty is revealed: at stage t, decisions should only depend on the information that became
available in stages 1,...,t —1. Accordingly, if z; ; denotes the decision made in stage ¢ for
scenario s, the following relations, called of non-anticipativity, need to hold for all ¢ and
s:

Tts = E[tfl] [xt] .

In particular, for the first stage, this constraint states that z; ; are equal for all scenario
s. Non-anticipativity constraints define a linear subspace N of decision variables charac-
terized by conditional expected values. In a manner similar, the projection operator Py

onto N is characterized by the following simple algebraic relations:
for each stage t, Py[x]s = Ep_1j[z¢].

Being a self-adjoint operator, the following relation holds for the projection: Pyr = I —Pys.

Primal and dual formulations of the multistage program

To induce separability, the PHA relaxes the non-anticipativity constraint in
(5.1), namely
reN <= x=Py|z],

by means of the following Lagrangian:
Lz, w) = EB[f(2)] + (w, = Pyx[z])s

Because of the identity Py = I — Py, the Lagrangian multiplier w = (w,)5_; € R™ can

s=1

be assumed to satisfy
we N+t < Pylw] =0. (5.2)

Furthermore, by perpendicularity, the linear term in the relaxation can be simplified:

(w,r — Py|r])s = (w,z)s — {w, Py[z])s = (w, 7)s.

Therefore, the Lagrangian

L(z,w) = E[f(2)] + (w, z)s

is decomposable along scenarios. More specifically,

S
£($, w) = Z psﬁs(fvsa ws) s (53)
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where for each scenario s = 1,...,.5, we defined the s—Lagrangian
Ls(zs,ws) = fo(xs) + (wg, z5) . (5.4)

Throughout our development, subindices s refer to scenario components (of
functions, sets, or vectors). To ease the understanding, Table 3 below summarizes the

main elements in our notation and clarifies their dimensionality.

In Algorithm 5, with the PHA, the s-Lagrangians (5.4) are used to construct
separate subproblems in the primal space, one per scenario. Algorithm 5 is Algorithm 4

written with the notation of this chapter.

Algorithm 5 Progressive Hedging Algorithm

1: Initialization: Choose a primal-dual starting point (z°, w®) e N x A%,
2: for k=0,1,... do

3: Primal subproblems: solve for s =1,...,5,
k+s : ky L Lk k|2
xs 2 =arg min Ly(xs, wy) + —|zs — 22| (5.5)
ISECS 2
4: Primal projection: z**! = PN[:L'H%].
1
5. Dual update: w**! = w® + tk(x§+2 — 2 fors=1,...,9.
6: end for

Notice that, by (5.4) and (5.5), the dual updating rule can be interpreted as

an approximate gradient step for maximizing an augmented s-dual function.

A notable feature of the PHA is that feasibility is achieved both in the primal
and dual iterates by performing simple calculations. On the primal space, the vector
formed by collecting the subproblem solutions is projected onto A'. On the dual space,

ket F+1 which measures primal feasibility, lies in N'*. As a result,

the difference z#*2 — z
dual feasibility is guaranteed throughout the iterative process, as long as the starting
dual point belongs to A*. The Bundle Progressive Hedging algorithm proposed in this
work preserves this characteristic, introducing some modifications in the PHA scheme by
resorting to duality. More precisely, consider the convex dual function derived from the

Lagrangian, that is

s
h(w) = Zpshs(ws) , where hg(wg) = gleac)i(—ﬁs)(xs,ws) : (5.6)

With this notation, the problem dual to (5.1) has the expression
min  h(w)

w (5.7)
st. weN*t
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Since the multistage stochastic program (5.1) is convex with a linear constraint, there is
no duality gap. As a result, a convergent dual method applied to (5.7) yields solutions to
the original problem. Note that in view of weak duality and the fact that the feasible set

of the primal problem is compact and the primal objective function is continuous, then

}\rflf h > —oo.
vector in R™ scenario s subvector in R"
primal variable x Ts
dual variable w Wy
full function scenario s subfunction
primal objective f:R™ SR fs :R"—> R
Lagrangian L:R™ xR™ - R L,:R"xR" >R
dual objective h:R™ - R hs : R" > R

Table 3 — Notation and dimensionality of variables and functions.

5.2 Bundle Progressive Hedging

Our motivation to consider algorithmic schemes of the form (3.20a)-(3.20c) is
to exploit decomposable structures in the objective function in (3.16). The challenge is
to define model functions that inherit h’s structure and, at the same time, incorporate
information on the feasible set M without destroying separability. We now explain how
to build suitable model functions for (5.7) and present the bundle variant of the PHA.

5.2.1 Building separable models

As mentioned, usually bundle methods define linearizations for the sum hA+iy .,
but such model functions are not separable. To illustrate this difficulty, consider the

following simple instance of (3.16), where wy, ws € R are decision variables:

{ min hl(wl) + hg(wg)

w1, w2

s.t. w; +we =0.

The equality constraint represents (wp,w,;) € N+ for a uniformly distributed random
variable with two scenarios. A classical model for this problem takes cutting-plane ap-

proximations for each term, say ?Ls(ws) for s = 1,2, and adds the indicator function:
P (w1, w3) 1= hy (wr) + ho(ws) — by (wy) — ho(wh) + iprs (wy, ws) .

With such a model, problem (3.19), whose solution yields (3.20a), is not separable:
2

1 w w?

: k 1 A 1

o D @y (w1, w2) + T ( o, > ( o )

S
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By contrast, if a separable model function was available for the indicator function 71
evaluated at (wq,ws), the calculations required in (3.20a) could be performed separately,

by solving, for s =1, 2,

1
i { i) + ol — kP 59)

When the objective function A involves the sum of more than two terms, as in the case of
multistage programs with many scenarios, using separable models improves significantly
the computational performance (the solution to (5.8) can be computed in parallel for the

different scenarios).

Following the espirit of Table 3, and because the ability of defining separable
models depends on the constraints M under consideration, we recall in Table 4 the feasible

sets involved in the primal and dual problems.

space H nature ‘ notation
general framework of Section 3.5 - M
nonanticipative primal N
nonanticipative orthogonal dual N+

Table 4 — Spaces involved in the general framework of Section 3.5, and in the BPHA
analysis.

Regarding the PHA setting, that is when (3.16) has the format (5.6)—(5.7),
the feasible set therein is given by the non-anticipativity constraints written in dual form.

Hence, as in (5.2),

M =Nt = {w: Py[w] =0} .

This subspace has a favorable structure, in particular, the projection step (3.20b) is

straightforward:
Pylw] = w — Pylw].

Recall that, by (5.6), Z pshs(wg). Our proposal is to work with the weighted sum

of special model functions, deﬁned for each scenario and derived from (5.5).

Proposition 5.1 (Separable 1QA models). Given (z*, w") e N x N*, fors =1,...,8

consider the approximate s-Lagrangian
LF(xg,wy) = f(xs) + (wg, s — 2% = Lo(24, w4) — (wy, 2%, (5.9)
and the individual functions

<pr§ (wy) := max(—L") (s, ws) — hs(wF). (5.10)

s
zs€Cs
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The corresponding weighted sum
s
) = 3 pugky(w,) = hw) — hw*) + (w,2*)
s=1

defines a model for (h +ix.) (w) at w* that is separable, conver and of type 1QA with
q=0.

Proof. First, the model (", is separable by construction, and convex, since each goﬁ;g is

the maximum of affine functions —L,(z,, w,) — hs(w®) in w,. From (5.10) it follows that

P (Ws) < hs(ws) + (ws, 5) = hy(wy).
After multiplying by p, and adding all scenarios, this means that
k k k
P (W) < h(w) +(w, %) — h(w").

Note that since ¥ € NV, then (w, 2")g < iy1(w) for all w. Indeed, if w e N, (w, 2¥)g =
0 < 0 = iy (w). On the other hand, if w € M\{0}, (w, 2*) is a finite value, thus (w, 2*)g <
+00 = ipe(w). Therefore,

P (W) < h(w) + ipre (w) — h(w").
Hence, gofuk is a 1QA model for h + i1 at w® with ¢ = 0. n

The approximate s-Lagrangians put together build a 1QA model for h + 7,re.
In fact, as

‘C];(xsa ww) = ﬁs(x8> ws) o <£L’I;, w5>’

the term (x*, w)g corresponds to a lower linearization of the indicator function i,-.. Using

the wording from [148], the models ¢* . are of lower type; see also [149)].

5.2.2 Comparison with subproblems in the Progressive Hedging algorithm

To understand the given definition for the individual models, first recall we

are interested in dealing with separate subproblems (5.8). Plugging (5.10) therein yields

1
min {max(ﬁf)(xs, ws) — hs(wF) + —|ws — w§|2}
Ws CCSECS 2tk

1
= min {max(—ﬁs)(xs, ws) + <x§,ws> — hs(wf) + —|lws — wfz} )
zs€Cs th
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For this (convex-concave) saddle-point problem it is equivalent to solve

1
max min {(—Es)(ass, ws) + <:v’§, Wey — hs(wf) + —|ws — wf”z}
zs€Cs Ws th

1
— —hs(w ) + max {min l—fs(xs) —(wg, w5 — 3:]8“> + ?st — wf|2]} )
W k

2s€Cs

The expression between brackets is minimized at wy = wf + t(xs — x’;) Therefore,

t
(5.8) is equivalent to max { — fs(zs) — (WF + t(vs — %), 2, — 2F) + %Hxs — xleQ}

zs€Cs

t
~ —ﬁ@ﬂ—@ﬁﬂk—ﬁ>—%xfﬂﬂf+khe—ﬁQ}
xs€Cy 2

) t
= — min {fs(%) +(wh, w — k) + §kH$s - 55];‘2}

zseCl

= b,y — min £y, )+, — ok

o (5.11)
This last minimization problem is practically identical to the PHA original subproblem
(5.5). The difference is that the stepsize ¢, in this case, can be dynamically updated, as

in a bundle method.

Additionally, note that the Lagrangian £f is an approximation of the original
Lagrangian obtained when relaxing the non-anticipativity constraint. More specifically,

the Lagrangian
S
AC(.Q?, w) = Zps (fs(xs) + <ws> Ts — P./\/'[x]s>)
s=1

is approximated with

fs T +<ws,x3—xf>), ¥ e N

an

Consequently, the non-separable augmented Lagrangian subproblems

S
S mig { o) + o= Ptalo + S Pl )

are approximated (in both PHA and BPH) by the separable subproblems

S
t
: _ .k Yk _ k2
SE_lpsxsmelgS {fs(xs)+<ws,ws Tg) + 5 |lzs — 24| }

The difference is that, with our approach, the quality of this approximation is measured
by means of the serious/null step test (3.20c). Performing the descent test is not free, as
it requires an extra dual function evaluation, that is, solving another set of subproblems

in parallel. This is made clear in the descent test in Algorithm 6 given below.
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5.2.3 Statement of the algorithm in dual form

Recall that the PHA keeps separate subproblems for each scenario, performing
afterwards a coordination step, projecting the primal candidates onto the linear subspace
of non-anticipative constraints. The Bundle Progressive Hedging Algorithm 6 maintains
those features, adding a descent test to measure the quality of the model approximation.

The main steps of the algorithm are as follows.

— Iteration k starts by solving, for each scenario s = 1,...,5, a dual subproblem,

yielding dual intermediate iterates.

— Intermediate primal points are derived from the dual intermediate solutions. As
shown in Lemma 5.1(i), such primal points actually correspond to minimizing an

augmented s-Lagrangian in the primal space.

— The projection of the dual intermediate points onto the orthogonal subspace of the

non-anticipativity ensures dual feasibility.

— The projected dual iterates are evaluated, to determine if there was some decrease

in the dual function A:

— if there is sufficient descent, a serious step is made. This point then becomes

the best candidate point generated so far, or

— if there is no sufficient descent, a null step is made.

The Bundle Progressive Hedging Algorithm 6 results from applying the scheme
(3.20) with the 1QA model in Proposition 5.1, to the dual problem (5.7). Being a particular
instance of the general algorithmic pattern given in Section 3.5, convergence of the serious

dual subsequence generated by BPHA in therefore ensured by Theorem 3.5.

Table 5 compares the notation employed in Algorithms 6 and 7 to generate,

respectively, the primal and dual sequences of the bundle approach.

vector in R™ | scenario s subvector in R"
. . . 1 k+1
intermediate primal zFte Ts Z
projected primal zk xf
. . 1 k+3
intermediate dual wht2 ws Z
projected dual u® u®
dual serious step w” w"
minimizer of £,(-,u") over C, y* yh

Table 5 — Notation for primal and dual sequences generated by Algorithms 6 and 7.
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Algorithm 6 Bundle Progressive Hedging Algorithm in dual form

1: Initialization: Given a stopping tolerance TOL > 0 and parameters m € (0,1) and
tmin > 0, choose a primal-dual starting point (z°, w®) € N'x N** and an initial stepsize
to > 0.
Compute the dual value hy(w?) = —L(72, w?), by finding

7° € arg min L,(z,,w?) for s =1,...,85.
Ts€Cs
2: for k=0,1,... do
3: Dual subproblems given gpwk (ws) = macx( LX) (xg,ws) — he(wh), solve
Ts€

1

ws 2

1
T ||w5—wk||2} fors=1,...,5. (5.12)

= arg min {wﬁzg (ws) + 5~

. k+3, . .
The nominal decrease ¢, (ws 2) is available.
B

4: Primal projection: z**! = PN[kar%], where
k+i R R k
Ts zxs—l—t—(ws —w) fors=1,...,5. (5.13)
k

5: Stopping test: if —¢", (w’”%) < TOL, stop and return ($k w").
6: Dual projection: u**! = Py [wh2] = w**z — Py[w*2] .
7. Descent test: Compute the dual value h(u k“) = L (y"™ v, by finding

? S

y" e arg min Lo(wg,u™) fors=1,...,9.
Trsely

If —C(y" W) < —L(F", wh) + mels (w**2) declare a serious step:

WL — o h
Skl kel
Y =Y
L1 = Tiin
Otherwise, declare a null step: set w*™ = w*, "' = 7* and choose
tk+1 = tmin-
8: end for

Before passing to Section 5.3, with BPHA’s convergence analysis, some remarks

are in order.

— Notice that the descent test is performed with the full Lagrangian £, and not the

individual s-Lagrangians.

— In (3.20), consider h to be the dual function defined in (5.6), the linear subspace
M = N* and N = nS. First, the optimality conditions of the problem in (5.12)
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correspond to (3.20a), for
GF = —(aF — 23, (5.14)

according to (5.13). Furthermore, step 6 of Algorithm 6 is exactly (3.20c), while the
descent test in step 7 of Algorithm 6 is equivalent to (3.20¢), by using the definition
of the dual function h in (5.6), the construction of y**!, and the definition of §*.
Barring the stopping test, Algorithm 6 is a particular instance of the pattern in
(3.20).

— The stopping test of step 5 in Algorithm 7 yields indeed approximate solutions. To
see this, recall that the BPHA stops when the aggregate error and the aggregate
subgradient defined in Lemma 3.4(i) are sufficiently small. Since, see Lemma 3.4(ii),

G e 5Ekgpﬁjé€ (w¥) for E* > 0, and goﬁjk(wf) = 0, this means that for all w
h(w) — h(w®) + <w, :L‘k>s > <Gk,w — wk>s — B* | where t,|G*||% , E¥ < TOL.

In particular, for all w € N'* the linear term in the left-hand side vanishes, and w*

TOL
is an approximate minimizer of the dual problem (5.7), for n = max {TOL, } :

min

h(w) = h(w*) = nlw - w*|s - 1. (5.15)

5.2.4 Relation with Progressive Hedging and primal formulation

The BPHA in Algorithm 6 differs from the PHA in Algorithm 5 in the imple-
mentation of the descent test. Notwithstanding, both methods also share some features.
As shown in (5.11), for each scenario, the subproblem (5.12) solved by BPHA is dual to
the subproblem of the PHA in Algorithm 5. In both PHA and BPHA, primal points are
projected onto the set of non-anticipativity constraints; and the nature of the dual update

is the same, projecting onto N'* to guarantee dual feasibility.

The resemblance between the two methods becomes more apparent after formu-
lating Algorithm 6 in primal terms, exploiting in addition to (5.11), primal-dual relation
stated in Lemma 5.2.2. The primal formulation of the Bundle Progressive Hedging given in
Algorithm 7 allows a straightforward comparison with the PHA in Algorithm 5. However,

the dual form Algorithm 6 is more handy for the convergence analysis.

Lemma 5.1 (From dual to primal BPHA formulations). Consider the approzimate s-
Lagrangian L defined in (5.9), and the model ©*, of (5.10) that defines subproblems
(5.12) in Algorithm 6. The following holds.
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1
(i) For all scenario s = 1,...,S, the intermediate step zit? defined in (5.13) can be
equivalently computed as follows

1

t
o4 eargumin { 4o ut) + S — )

xs€Cy

. k+2
In particular, xs * € C.

Ry PN[wa’%] can be equivalently performed by

(ii) The dual projection rule u*™ = w
doing

1
uFt = ko tk(iUkJrZ _ $k+1)‘

(iii) The dual model %, evaluated at the dual intermediate point w2 can be written in
primal-dual terms as follows
1

Phe (k7Y = LG, wh) — L83, whe).

1
Proof. To show item (i), recall the relations (5.11). Since ws"? minimizes gplf,];; (ws) +

1 . ket i k+3 kty .o
FII?, and it also has the form ws > = w® + tx(zs > —2%), then x5 > minimizes

t t
Folws) + Wi, ms — a5y + 5’“\!&:3 — 2 * = L3(ws,wg) + 5’“\\:1:3 A

Regarding item (ii), since w**7 = w* + t,(z**2 — 2*), and w* € N'*, then

whts — PN[w’”%] = wh+ tk(x“% - xk) - PN[wk + tk(xk+% . mkﬂ

_ wk + tk(l‘k-‘r% _ J}k) _ tk<l’k+1 . Ik)

- wh4+ tk(x’”% — g,
1
where in the second equality we use zFT! = Py [l’k"'i].

1
Finally, note that (5.13) and (5.12) imply that 25" solves

k+1
max (= L) (s, ws?).

Therefore, from the definition of gpﬁ)g, it holds that

PE(WS2) = (—L5) (@82l TE) — By (wh).

S

Moreover, by construction, 7* solves magc(—ﬁs)(xs, w"), then
rs€lyg

1 1 1
Ph(wh2) = (—L8) (@2 wi T E) 4 LG wh).

Taking the expected value in this last formula gives item (iii). ]
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By Lemma 5.1, the intermediate primal point 25 2 can be computed as either
a minimizer over C of the augmented approximate s-Lagrangian

178
£ ut) + B, - 2P,

evaluated at the serious dual point w, = w”, or as a minimizer over C; of the Lagrangian

k+1
55(3757 Ws 2)7

1
evaluated at the intermediate dual point wy = wf S Together with the primal updating
rule (5.13), this means that the dual subproblems of Algorithm 6 can be written in primal
1
terms, followed by a dual updating rule for w2 deduced from (5.13). Algorithm 7, given

next, is the primal version of Algorithm 6.

Algorithm 7 Bundle Progressive Hedging Algorithm in primal form

1: Initialization: Given a stopping tolerance TOL > 0 and parameters m € (0,1) and
tmin > 0, choose a primal-dual starting point (2, w") € A” x N*. Compute

70 € arg Hliél Lo(rs,w?) fors=1,...,8.
Trse€ly
2: for k=0,1,... do
3: Primal subproblems: solve

1 t
2it? = arg min {fs(:ns) +{wk 2, + EkHa:s — x’;]2} , fors=1,...,8. (5.16)

xs€Cy

Primal projection: z**' = Py[z*"2].

Dual update: Compute w§+% = wk + tk(:z:l;% —azMfors=1,...,5.
Stopping test: if Ek(x“%,w’”%) — L(7*, w*) < TOL, stop and return (2%, w").
Dual projection: uf*! = w" + t;, (22 — 2F*1).

Descent test: Compute

y" e arg min Lo(wg,ut™) fors=1,...,9.
el

If L(7%, wh) — L uf ) < m(L(FF, w*) — L4210 2)), declare a serious

step: set wftt = of 1 gt — yF L and take tga1 = tom.

Otherwise, declare a null step: set w*™! = w*, 7F*1 = §* and choose t;11 = tmin.

9: end for

We now show that Bundle Progressive Hedging algorithm finds primal and
dual solutions, in the case of finite termination, infinite number of serious steps or when

there is a tail of null steps.
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5.3 Convergence analysis of the Bundle Progressive Hedging

The primal and dual versions of the Bundle Progressive Hedging algorithm are

equivalent because:

— Steps 3 and 4 of Algorithm 6 are equivalent to steps 3 and 4 of Algorithm 7, due to
Lemma 5.1(i).

— Step 5 of Algorithm 6, the stopping test in dual terms, is equivalent to step 5 of
Algorithm 7, due to Lemma 5.1(iii).

— Step 6 of Algorithm 6 is equivalent to step 6 of Algorithm 7, due to Lemma 5.1(ii).

— Step 7 of Algorithm 6 is equivalent to step 7 of Algorithm 7. Indeed, the descent test
is exactly the same by using Lemma 5.1(iii). As for the construction of the model,
in the dual version of the algorithm (Algorithm 6) it is explicitly done by using the
serious step w**!, while in the primal case, Algorithm 7, it is implicitly performed

by using the projection z**!

k+1

in the quadratic term of the primal subproblem, and
using w" ™" as the cost of the linear term of the objective of the subproblem.
Throughout this section, we assume the stopping tolerance is set to TOL = 0.
By the stopping test in Algorithm 6, this means that when the test is triggered, it must
hold that
0< —¢h(wh2) < TOL = 0,

by Lemma 3.4(i). With this setting, either Algorithm 6 stops after a finite number of
iterations with *, (wk+%) = 0, or the algorithm runs indefinitely. In this case, two more
options arise: either the serious subsequence is infinite (after each serious iterate, only a
finite number of null iterations occur), or a last serious iterate is generated at iteration

k-1, say W = w’%, and afterwards all iterates are declared null steps.

5.3.1 Cases of finite termination and infinite number of serious steps

We first consider the case of a finite termination. To this aim, it is useful to
characterize the subdifferential of the dual function h in terms of primal information.
Specifically, given a scenario s € {1,...,S}, each function hg(ws) defined in (5.6) is the
maximum of a family of affine functions of w;, therefore it is convex [30, Chapter I,

Proposition 2.1.2]. Furthermore, letting

Cs(ws) = {xs € Cs 1 —Ly(x5,ws) = hg(ws)},
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then according to [30, Chapter VI, Theorem 4.4.2],

oh () = ( U a(—cs><x5,ws>> .

Z:€Cs(ws)

Moreover, since Ly is differentiable with respect to ws, then 0, (—L;)(Zs, w,) = {—Zs}, for
any =, € Cy(w;), that is, any s € C that solves the problem in (5.6) for ws = ws. In
other words, Cs(ws) is exactly the set of maximizers of the problem in (5.6) for w, = ws.

Therefore,
Ohs(ws) = co{—=s : T, solves the problem in (5.6) for wy = ws} . (5.17)

Theorem 5.1 (Finite termination of BPHA). Let h : R™ — R in (5.6) be the dual
function associated with the primal problem (5.1). If Algorithm 6 stops after finitely many
iterations, then =* and "2 are equal and both are a solution of primal problem (5.1),

and w* and w**z are equal, and both are a solution of dual problem (5.7).

Proof. 1f the algorithm stops, then goﬁjk (wk+%) = 0. Thus, the aggregate error and gradient
defined in Lemma 3.4 (stated in Section 3.5) are null: E* = 0 and G* = 0. In particular,

k+1

we also have that w* = w**2 and 2* = 2**2. Then, from Lemma 3.4(ii), we have that

0 € O(h + ine)(wh), that is, w" = w2 e Nt is a dual solution.

Furthermore, since G* € oy”, (wk+%), we have that G* — 2" € O”h(w’”%). Thus

—ab e 3h(wk+%), because G* = 0. It follows from (5.17) that for all s = 1,...,S, 2% € C,

and it also solves miél L(zs, w’”%). Note that this means that z* is primal feasible. Hence,
Ts€Cs
since w**2 is a dual solution, then 2* = 2**2 is a primal solution, as stated. O

We continue with the analysis of an infinite serious subsequence, and show the
generated primal and dual points asymptotically solve the primal and dual problems (5.1)
and (5.7). Recall that the dual form of the BPHA fits the framework (3.20). In this case,
the proper separation of isocost surfaces (1.1) is trivially satisfied because the function
H := h + iyt is convex. Regarding the error bound (1.7), the condition is equivalent to
requiring that, for every v > wielrjl\;L h(w), there exists €, ¢ > 0, such that whenever w € N,
h(w) < v, and = € R™, with |z — Py[z]|s < ¢, and the s—component z, solves the
problem in (5.6), there holds that

d(w,S) < l||z|s, (5.18)
where S is the set of minimizers of the dual problem.

Theorem 5.2 (Convergence of serious steps). Let h: R™ — R in (5.6) be the dual func-
tion associated with the primal problem (5.1). Suppose, in addition, that the subdifferential
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error bound (5.18) is valid. In Algorithm 6, let
Koor := {k : W was declared a serious step}

and recall that, by construction {ty} .., is bounded below byt > 0. Assume, additionally,

that {ty} k... s bounded above by tyax > 0.
If the set Kger is infinite, the following hold.

(i) {h(w*)} k.., monotonically converges to the dual optimal value h*, such that the
sequence of functional errors {v¥ = h(w*) — h*}f... converges to 0 with Q-linear

rate: there exists r € (0,1), such that for all sufficiently large k € Kger,

oFHL <k

(i) The sequence of serious-step iterates {w"} k..., as well as the intermediate points

ser )

{wk+%}Kser, converge to a minimizer w* of the dual problem (5.7) with R-linear

rate: there exists r € (0,1), and ¢ > 0 such that for all sufficiently large k € Kger,
[k —w*|s < e/, whtE —wt|s < e(2 — V)t

(iii) The primal sequences {z*} k. and {mlﬁ_%}[(ser sub-sequentially converge to a solution
of the primal problem (5.1). The functional values {f(2*)}k,.. and {f(ar:“é)}Kser

sub-sequentially converge to the optimal value of problem (5.1).

Proof. Throughout, iterations parse k € K.,. Items (i) and (ii) follow from Theorem 3.5,
applied to the convex function h, which is 0—weakly convex, and M = N*. For item (iii),
note that from Lemma 3.4(iii), G* — 0. Therefore, the primal update in Algorithm 6 and

3 0. Since both sequences are bounded, because {m’”%} belongs

(3.20a) imply 2" — 2
to a compact set and Py is continuous, then both sequences {z*} and {ZL’]H_%} have the
same accumulation points. In particular, any accumulation point z* of these sequences

belongs to N, and for all scenario s = 1,...,5, z¥ € Cj, from Lemma 5.1(i).

Furthermore, (3.20a) implies G* — 2% e ah(wkﬁ%), where {2"} is a subse-
quence that converges to x*. Therefore, since dh is outer semicontinuous, —x* € dh(w*).

In particular,
—f(xk”%) - <wk"+%,xki+%>g = h(wk’*%) > h(w*) + <—x*,wki+% —w*)g.

Taking the limit when i — +oo, it follows that —f(z*) > h(w"), because (z*,w*) €
N x Nt Therefore, weak duality implies —f(z*) = h(w*), with #* being primal feasible.
Hence, z* is primal optimal.

Finally, sub-sequential convergence of {f(z*)} and {f (x“%)} to the optimal

primal value f(x*) follows from continuity. [
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To conclude, we show that when there are finitely many serious steps, the

generated sequences also provide solutions for problems (5.1) and (5.7).

5.3.2 Tail of null steps

It remains to analyze the case when there is a last serious step @, performed
at iteration k = k — 1. Accordingly, we let Ky := {k > k : w* was declared a null step}
denote the corresponding iteration index set. Note that for all k € Kyni, w* = @©. We
will also assume that the stepsizes eventually stabilize along the tail of null steps. The
next result shows that the last serious step is a solution of the dual problem, and that

the accumulation points of the primal sequences are solutions of the primal problem.

Theorem 5.3 (Convergence of null steps). Let b : R™ — R in (5.6) be the dual function
associated with the primal problem (5.1). Assume there is a last serious step @, followed
by a tail of nulls steps. If the corresponding stepsizes eventually stabilize (t, = t = tyin
for k € Kuaa sufficiently large), the following holds for Algorithm 6.

(i) Both {wk+%}Knm and {uF}g. ., converge to @, which is also a solution for the dual
problem (5.7). Furthermore, the sequences {h(w“é)};{mu and {h(u*)} k..., converge

to the optimal value of the dual problem (5.7).

(i) The primal sequences {x*}g. . and {:EH%}KNH subsequentially converge to a solu-

tion of the primal problem. The corresponding functional values {f(z")}k,,, and

{f(kar%)}Knm subsequentially converge to the optimal value of problem (5.1).

Proof. Throughout, consider k € K1, for which ¢, = . We claim that {xk } is the result

of applying a projected gradient method with constant stepsize 7 to the following problem

for Flo) = mip {10+ @y - s+ Ly —alP} 619

min F(x)
st. zeN

1
By convexity of f, the objective function in (5.19) is strongly convex with modulus o and

thus F has a Lipschitz continuous gradient with modulus . In particular, when z = z*,

by Lemma 5.1(i),

1 . -~ E
2F*3 = argmin {f(y) + (Y — a5 + Sy - x’“l%} :
yeX

and
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Combined with the identity VF(z*) = —w"*z from (5.13), we see that

1 1
L ?VF(xk) =" + iw]”% — "3 4 o,

Sl

Projecting over N and recalling that @ € N yields the claim, because
1 1
Py lxk - tVF(zk)] — Py[aFt2] + %PN[@D] = Py[a*t2] = 21

By compacteness of X, the sequence {z*} is bounded and the assumptions in [150, The-
orem 4.1.3], stating convergence properties of gradient projected methods, are satisfied.
Thus, 2" — 2% — 0, and all accumulation points of {*} are solutions to (5.19). Passing
to limit as k — +o0 in the identity Py[w*2] = #(z**' — 2*) ensures that Py[w*2] — 0.
In turn,

uFT Rt — Pyt [wk+%] _ okt = _PN[UJIH%] 0.

The sequence {w**2 = @ + #(z**2 — 2%)} is bounded and so is {u**'}. Being convex and

finite, h is Lipschitz continuous in any compact set that contains «*** and wk+%, therefore
Ih(uF*Y) = h(w"h2)| < LIk — whr2|g — 0, as k — +o0.

Non-satisfaction of (3.20c) amounts to h(u**!)—h(@) > m(h(wk+%)+<xk, wk+%>5—h(@)),
which is equivalent to h(u**) — h(w"*2) — mda®, wh*2) >g (m — 1)(h(wk+%) — h(w)).

On the left-hand side, the inner product satisfies the relations
(a* whT)g = (¥, Pylut* 3]s — 0, (5.20)
because PN[war%] — 0 and {2*} is bounded. Passing to the limit,
0= (m— 1)liminf {h(wk+%) - h(w)} > h(®) < liminf h(w**), (5.21)

because m € (0,1). On the other hand, by definition of w**z,

1
h(wh*3) + @ttt s + —utts —aly < h(@).

Passing once again to the limit, using (5.21) and (5.20),

1 1 1 ]_ 1
h(©) < lirnkinfh(wk*?) < lim inf {h(w’“z) AR PR ﬁuw’f*a — wug} < h(D).

Take any accumulation point w* of the bounded {w’”é} and consider a subse-

quence w**2z — w*, whenever j — +o0. Then h(w*) + ﬁHW* — @|% = h(®). Moreover,

1
from (5.21) it also holds that h(w) < h(w*), and thus h(w*)+ E”w*—@“% < h(w*), which

necessarily implies w* = w. This means that any accumulation point of {w’”%} is equal
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k+1 _ . k+1

: _ 1 _ .
to the last serious step @, and thus {w""2} converges to @, and since u w — 0,

then {u*} also converges to .

To prove that w solves the dual problem, note that from (5.14) and (5.13),

M3 @) — 0, as k — +0.

By continuity of ~ and (5.20), gpi%(w“é) — 0. Lemma 3.4(i) ensures that E* — 0 and
Lemma 3.4(ii) yields in the limit that 0 € d(h + ixr)(w), which means that @ minimizes
o4 ipre.

¥ — 0, both sequences {z*} and

As for the primal problem, since zF%2 —
{x”%} have the same accumulation points. The remaining assertions follow as in the

proof of Theorem 5.2(iii), now taking k € Kyy1.
]

5.4 Final remarks

We have introduced a new projective bundle method that, when applied to
multistage programs, exploits parallelism and generates a serious subsequence converging
with linear rate. The resulting Bundle Progressive Hedging, both in primal (Algorithm 7)
and dual (Algorithm 6) forms, preserves the main features of the Progressive Hedging
algorithm by T. Rockafellar and R. Wets, [24]. In particular, both methods solve separate
scenario subproblems per iteration. These subproblems are strongly convex, thanks to
the addition of a quadratic term related to an approximate augmented Lagrangian of the
problem. Furthermore, the PHA and its bundle BPHA variant both use projections onto

N and Nt to respectively ensure feasibility in the primal and dual spaces.

Besides these similarities, our proposal adds features typical from the bundle
methodology to measure the quality of the approximation of the augmented Lagrangian
of the full problem. By contrast, the original Progressive Hedging method uses the dual

information obtained with an approximate Lagrangian without further ado.

Thanks to the bundle techniques, it is possible to dynamically adjust the aug-
mentation parameter in the PHA without impairing its convergence. Figure 9 gives a
simple, yet illustrative, instance of a randomly generated linear problem with 50 scenar-
ios. The impact of keeping t; fixed along the iterative procedure is clear. With t; = o,
the PHA approach only reaches a good accuracy if the parameter is sufficiently large
(to = 100, named “very large t” in the figure). The Bundle Progressive Hedging method,

with its adaptive adjustment of stepsizes, seems less sensitive to the initial value of .
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Figure 9 — Accuracy in the primal solution for the PHA and the BPHA (the ordinate
reports the negative of the number of digits obtained at a given iteration).
Both methods were run for the same random instance with 50 scenarios, taking
initial proximal stepsizes to € {1, 10,100}, being small ¢, large ¢, and very large ¢,
respectively. The values of ¢, are maintained fixed to ty, with the PHA variant,
yielding good accuracy only for the largest value t; = 100. With BPHA, t,
varies according to the serious/null step rules and the performance is more
stable.

With the bundle approach, optimality primal and dual certificates are available,
based on the aggregate information constructed along iterations (the PHA, by contrast,
measures distance to the primal-dual set of minimizers). However, those enhancements
require additional evaluations of the dual functions at each iteration. This involves a new
set of computations, that can be done in parallel and are similar to the PHA subproblems,

barring the quadratic term in (5.8).

The projective bundle method in Section 3.5 is general and can be used to
extend existing approaches to the weakly convex setting. As often in bundle methods, the
crucial point is the ability to show that, when the method enters an infinite loop of null
steps, the family of model functions drives iterates to the last generated serious point.
The stumbling block lies in the suitable definition of the models, as it was done in [45] for
Taylor models in composite optimization, or in Section 5.2 for the particular dual function
(5.6).
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6 A dual-embedded forward-backward sce-
nario decomposition method for convex

stochastic programming

Abstract. We investigate convergence properties of new decomposition meth-
ods for large-scale optimization problems, combining a generalized approximate proximal
point algorithm with forward-backward steps for a dual version of the augmented La-
grangian subproblem that allows decomposition for different scenarios of the random vari-
able of a stochastic optimization problem. The resulting analysis can be compared with
convergence rate frameworks for descent methods and operator splitting from previous
chapters. In particular, we study convergence guarantees for a variant of the progressive
hedging algorithm, and also conditions to obtain linear and superlinear convergence with

varying stepsizes.

Introduction

A considerable amount of problems of interest involve the minimization of the
sum of compositions of a convex function and a linear operator, including applications in
machine learning and industrial applications of stochastic programming. The functions
utilized in such problems may not necessarily be differentiable, and the number of vari-
ables involved might be exceedingly large. A variety of methods referred to as splitting
methods have been developed to solve these problems; see [140, 11, 87, 137, 6] for some
founding contributions and examples. These methods solve a sequence of simpler sub-
problems, each one of them related to a single term from the sum comprising the original
problem formulation. An important family of such methods is made up of prozimal split-
ting methods, based on the proximal point algorithm [17], including Douglas-Rachford
splitting [140] of Section 2.2.1 and Chapter 4, and its common special case, the alternat-
ing direction method of multipliers (ADMM) [151, 152]. This family of algorithms has
spawned numerous variants that exploit specific structural attributes of different types of

problems.

However, operator splitting methods exhibit some practical limitations. Specif-
ically, it has been empirically and theoretically observed that they typically demonstrate
slow rates of linear convergence. Despite this shortcoming, these methods have gained

widespread popularity in recent decades, primarily due to the escalating demand to tackle
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large-scale problems for which low-accuracy solutions are deemed sufficient. To enhance
their performance and broaden their applicability, improving these methods’ tail conver-
gence could potentially yield significant practical advantages. The importance of better
convergence rates for such methods would be reflected by higher numerical accuracy, fewer

subproblems to solve to achieve a specified accuracy, and more potential applications.

The algorithm proposed in this chapter is strongly related to the classical
augmented Lagrangian method, but adds two new features: a relative-error criterion to
either accept or reject a candidate subproblem solution, and also a systematic way to
construct such candidate solutions using forward-backward steps, even when the original
problem would not appear amenable to forward-backward algorithms. As a by-product, we
propose a scenario-decomposition method for convex stochastic programming, resembling
the PH of Section 2.2.2, and actually corresponding variant of the bundle-like progressive
hedging algorithm of Chapter 5. We also prove that our method enjoys local linear rates
of convergence, and also superlinear rates when the stepsizes increase with no bound and
the error tolerance is driven to 0. The new method we have developed has the potential to
be applied in a more general context, namely minimizing an extended-real-valued function

constrained to a linear subspace. We first describe the method in this general setting.

6.1 Embedded forward-backward method applied to dual-type prob-

lems

We closely follow the notation of Chapter 5. In particular, for a finite-valued
function h € conv(R"™), and a linear subspace M < R", consider the following constrained
minimization problem

min  h(w)
Y (6.1)
st. we M.

We assume that problem (6.1) has a nonempty set of solutions, denoted by W*.

Note that (6.1) corresponds to the dual problem (5.7) in the stochastic opti-

mization setting. More on this observation is discussed in Section 6.2.

The idea of our method is to iteratively solve problems involving surrogate
models of h + in. The original idea can be found in Chapter 5, used to develop the
bundle-like progressive hedging algorithm. The “approximations” of h+i,, take the simple
form

h*(w) = h(w) + (2, w)s, (6.2)

where zF € M* is computed in each iteration of the algorithm. Note that h* : R — R
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shares the separability attributes of A (cf. equation (5.6)):
S
R*(w) = Zpshf(ws), where h¥(w,) = hy(ws) + (¥ w,).
s=1

Moreover, it is important to observe that the linear map w ~— (2% w), is a loose approxi-

mation of the indicator i since 2% € ML, then for any w € R",
(a*,wys = (@, Palw] + Py [w])s = (o, Page [w])s.

If we M, then (2 w)g = 0 = iy (w), but if w e M*, (&F w)g < 40 = ir(w). In this
way, roughly speaking, the close w is to M, the better w — (z* w)g approximates i,

which is the case of our interest for problem (6.1).

Using this family of models, we propose Algorithm 8, which we call the Dual
Embedded Forward-Backward (DEFB) method. Each iteration of this method solves a
proximal subproblem for the model A, and then performs a projection step, like the
Bundle Progressive Hedging method of Chapter 5 does. To assess the quality of the sub-
problem solution, a relative-error condition evaluates model accuracy and the violation of
the subspace constraint, instead of the bundle-like descent condition (3.20c¢) of the model-
based scheme of Section 3.5. At the end of each iteration, a new model is constructed

following a projected-gradient rule.

For notational simplicity and to emphasize its resemblance to bundle methods,
the algorithm is presented as having a single loop, indexed by k. However, it can also
be viewed as having two nested loops, with (6.5) being the termination condition for the
inner loop. The inner loops consist of the steps (6.3), «*™ = Py [w**'/?], and (6.4)-(6.7),

k+1

until condition (6.5) holds. At this point, the proximal center w""" is updated and an

iteration of the outer loop can be considered to occur.

The following result summarizes properties that Algorithm 8 share with Algo-

rithm 6 and Algorithm 7, and some other new features.

Proposition 6.1. The following holds for Algorithm 8.

(i) The conver model function h* defined in (6.2) is a lower estimate of h + i
(ii) The error defined in (6.4) satisfies € = 0.
(iii) There exists {x**2} such that for all k € N, —2**2 € oh(w**2), and

whtE = wh tk(mH% —zM). (6.8)

Proof. First, item (i) can be similarly proven as Proposition 5.1, since it is the same

type of model, and here we provide an alternative proof. From line 4 of Algorithm 8§,
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Algorithm 8 Dual Embedded Forward-Backward method

1: Initialization: choose w® € R", 2° € M+ and ¢ € [0,1), tmin > 0, to = tmin, and a
stopping tolerance TOL > 0.
2: for k=0,1,... do

1

3: Subproblem: for each s = 1,...,.S, compute w§ "2 as the unique solution of
min { hE(ws) + —— s — wh|? (6.3)
weeRns |20 2 1T i ’

1 k+1

and define w*"2 = (ws+2)f=1.
s 1

4. Projection: define u"™ = Py [w""2].

5: Acceptance test: Define

1
e = h(ukH) _ hk(w“%) _ ZT<wk _ wk+%7uk+1 _ wk+%>s' (6.4)
k
If .

[z — "G+ 2ther < outt — Wb, (6.5)
execute an outer step: that is, let wFt = ¢**1 and choose tey1 = tmin and
0rs1 € [0,1). Otherwise, execute an inner step: set w*™ = w* t,,, = t;, and
Ok+1 = Ok- )

6: Stopping test: if ||w" "2 — w"|s < ,TOL and &, < TOL, stop and return u***.
7: Model update: define
k+1 k 1 k+2 k+1
T =x —I—t—(w 2=y, (6.6)
k
and define the function
RFL s w s h(w) + M w)s. (6.7)

8: end for

Wt — M = P [wbt2] € MY, and since 20 € MY, then 2F € M* in view of (6.6).
Thus

ZM<lI}) + <$k, w — QD>5,
is a lower linearization of iy at any w € M, because M = N (w) = dir(w). Further-

more, due to orthogonality, z¥ € M* and w € M imply

im(w) + (a2 w —wyg = (¥ w)g,

and thus w — (z* w)g is a lower subgradient estimate of iy, at any w € M. To prove

(ii), note that the optimality condition of (6.3) reads

1 1 1
0e ohf(whz) + ﬁ(w’”§ —w"). (6.9)
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Therefore, there exists g* € 6hk(wk+%), such that 0 = t,¢" + whte — , or equivalently
Wt = wh — g, (6.10)
The subgradient inequality for ¢* evaluated at w = u*! gives
hk<uk+l) _ (hk(wk-i-%) + gk Ukt — wk+%>s) > 0.

Since u"™ € M, then h*(uF*1) = h(u*™'), and thus it follows from (6.4) and (6.10) that
¥ > 0. Finally, since ¢" € éhk(wﬂé), there exists 2572 € R™ such that —z**2 € 8h(wk+%),

and ¢* = —2**2 + 2% Thus, (6.9) implies item (iii) holds.
0

Remark 6.1. Proposition 6.1 gathers common properties of the DEFB method and the
BPHA: as mentioned in the proof, Proposition 6.1(i) is Proposition 5.1, Proposition 6.1 (i)
is analogous to Lemma 3.4 (i), and Proposition 0.1(iii) corresponds to (3.20a) and (5.14).

A key feature of Algorithm 8 is that the model update is equivalent to a
forward-backward step, similarly as in the proof of Theorem 5.3 of Section 5.3.2, since the
model is updated using the same rule of the BPHA: see (5.13) of Algorithm 6, and line
4 of Algorithm 7. More precisely, a direct application of the proximal point algorithm to

problem (6.1) amounts to solve

weR™ 2tk
. 1 k2 :
= min { (h(w) + Q—tkHw —w |S> + ZM(w)},

where the second line is obtained by regrouping terms. The Fenchel dual of the problem

min {h(w) () + ——[w — ,wk”%}

in the last line can be written as

mig { () + 51— 12) () + i)

zeR"

_ min { (h(-) + 2; . —w’f||?g) o)t w(w)} ,

zeR™

where we use the fact that i}, = i, since M is a linear subspace. Therefore, the Fenchel
dual problem is equivalent to solving
1 *
win () + 5l o) (-0
2ts

zeR"

(6.11)
st. ze Mt

The following result states that the update rule of the slopes z* in Algorithm 8
is actually a step of the forward-backward method (also known as proximal-gradient)

applied to problem (6.11).
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Proposition 6.2. The slope 2™ of Algorithm 8 defined in (6.6) is the result of applying
one step of the forward-backward method to (6.11), using t;, as stepsize and x* as starting

point.
Proof. Observe that the objective function of this problem is the convex conjugate of

h(-) |- =3,

_|_ -
2t

and thus differentiable with ¢, —Lipschitz gradient, since the argument function is strongly

convex. Starting from 2, applying the forward-backward method stepsize #; to (6.11)

yields
1 1 ¥
at = prox; , [3:’“ — (—V <h - 2—tkH : —wkH%) (—xk))]
S PN P (- PR R
tr 2t ’
where
1 ¥ 1
Vih+—] —w"|%) (—2*) = argmax, {(=2" w)s — h(w) — —|lw — w*|?
2t 2t

1
= argmin{ h(w) + (o* wHg + —
w 2ty

- {url,

1
vt = Py ka + tw’”%]

w—ka

Therefore,

k
= zF 4+ tfPML [wl‘”%]
1
— gk ﬁ(wHQ _uk+1)’
where in the second equality we inductively assume that ¥ € M*, and use the linearity of
the projection operator Py i, and in the last equality we use the Moreau identity for pro-
jections. This proves that the model update for zF*1 in Algorithm 8 is a projected-gradient
step applied to the Fenchel dual of the proximal point objective function associated with

h+ i 0

Algorithm 8 constructs in each iteration an approximate subgradient of the
function A + i, that helps to define the stopping test of the algorithm. This observation

is based in the following result.

Lemma 6.1. Consider {g*} defined in (6.10). For any k, g* = t—(w — w’”%), and
k
g~ € 0 (h +ing) (W),
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Proof. The first identity follows from (6.10). Moreover, for all w € R"

>

(h +in) (w) *(w)
hk(wkz-i-%) + <gk7w . wkz+%>
h Uk+1) i <gk’w _ uk+1> . (h(uk;+1) . hk(wk;+%) _ <gk,uk+1 o wk+%>)

(
h(uk+1) + <glc7 w— uk+1> — &,

A\

where in the first inequality we use that h* is a lower model of h + i, the second line
follows from the subgradient inequality for ¢ € Or” (w’”%), and the last line is obtained

from the definition of £, in (6.4). It follows that g* is an &, subgradient of h + i, at uf*!.

]

The precise form of problem (6.11) at iteration k+ 1 depends on the type of step
performed in the previous iteration. This divides the convergence analysis of Algorithm 8

in two cases, determined by the two types of steps:

« An inner step: the solution Wtz of subproblem (6.3) does not satisfy the relative-
error condition (6.5), which means that the point is far from being dual feasible or

that the model is not accurate enough at the projection of the calculated solution.

k

The center w” is not updated and the model of i, is improved.

« An outer step: a solution Wt of subproblem (6.3) that satisfies the relative-error

condition (6.5) is found, therefore a new center w**!

w*2 onto M. The linear model of i M is also updated.

is defined as the projection of

Note the resemblance with the serious/null steps analysis of bundle methods,

in particular, of the method in Chapter 5.

6.1.1 Convergence of the dual-embedded forward-backward method

In this section, we prove the convergence of Algorithm 8 in three different
cases. We commence by examining the finite termination case, in order to establish that
the output of the method is a solution of the problem when the tolerance is null, and that
it is an approximate solution whenever the tolerance is positive. We then continue with
the case of a tail of inner steps, where the vital idea is that we keep the parameters fixed
and thus convergence follows from the theory of forward-backward methods. We finally
proceed to investigate the convergence of the outer loop iterates by using a relative-error

approximate proximal point algorithm.
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6.1.1.1 Finite termination case

We first address the case of finite termination of Algorithm 8, that is, when at
some iteration k,

|wFt2 — w¥| < t,TOL, and &, < TOL.

This stopping test serves as an approximate optimality certificate, similarly to the case
of the bundle-like progressive hedging algorithm of Chapter 5. Using Lemma 6.1, the

stopping test is equivalent to
|g"| < TOL, &), < TOL, g* € A (h + ing) (u"*1).

If TOL = 0, then «*™ is an exact global solution to problem (6.1), because in this case
0 € d(h +in)(u"™). Otherwise, if TOL > 0, then u**! is an approximate solution to (6.1),
similarly to (5.15) for the bundle-like progressive hedging algorithm of Chapter 5. More
specifically, the inequality of the proof of Lemma 6.1 implies for all w € M

h(w) = h(u**') — TOL|w — »*™| — TOL.

6.1.1.2 Convergence: infinite loop of inner steps

In this section, we consider the case in which the outer loop is executed finitely
many times, meaning that there exists k € N such that for all k > @, the acceptance test
(6.5) is not satisfied, and the last time it is satisfied is in iteration k = k. Therefore,

the center, the stepsize, and the error tolerance are not updated: for all £ > k, one has

wh =0 =wk t, =1 := t>, and 0}, = 0 := o3 In this situation, one has for all & > k:

Hw’”% — ukHHQ + 2tey, > 2 uf Tt — @2 (6.12)
Furthermore, problem (6.11) takes the following fixed form
i (hO)+ =) (=
min )+ =||-—o —x
z 2t

st. xe Mt

(6.13)

The following result presents the convergence results of the inner loop of Al-
gorithm 8 (cf. Theorem 5.3).

Theorem 6.1. Suppose there exists a last outer step in Algorithm 8 at iteration k = k.
Then

(i) The sequence of slopes {xk}bg converges to a solution x* of problem (6.13).

(i) The sequence {wk+%}k>g is asymptotically feasible, that is, {PML[wa”%]}bE con-

verges to 0.
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! can be viewed as one forward-backward step

Proof. As shown in Proposition 6.2, z**
performed for problem (6.13). Under the assumption of a tail of inner steps of Algorithm 8,
the function for which the forward-backward step is performed does not vary throughout
iterations, and thus [93, Theorem 10.24] implies that item (i) follows. Moreover, from

(6.6), there holds

Py [wft2] = Puu[uft + 8@ — o))
= Pu[u"] + Py [2FT — 2¥]
= tPyu [z — 2F]

_ tA(xk-i-l _ :Bk),

(6.14)

where in the second line we use the linearity of the projection operator, in the third line
the fact that «*™! € M, and in the last line 2! — 2¥ € M, since 2* € M for all k and M

is a linear subspace. Thus, in view of item (i), 2" — 2% — 0, and item (ii) follows. [

When problem (6.1) corresponds to the dual of a problem, we will show in the
next section that {xk} actually converges to a solution of the primal problem. Regardless,
in the general case, {w’”%} not only is asymptotically feasible, but also converges to a
solution to (6.1). The following result closely follows Theorem 5.3 of Chapter 5, and we
give a proof for completeness. We need a mild extra assumption, and in the following

section we explain why it does not pose a restriction in the analysis.

Theorem 6.2 (Convergence to a solution — inner loop). Consider problem (6.1), such
that the conjugate h* of the objective function has compact domain. Suppose there exists
a last outer step in Algorithm 8 at iteration k = k. Then both {u"},_+ and {w“%}bg

converge to the last center w, which in turn is a solution of (6.1).

Proof. Note that when the inner loop executes indefinitely, equation (6.8) reads

whte =0 + tA(x’”% — ). (6.15)

N|=

Due to Proposition 6.1(iii), = dom(h*), and thus the assumption on h* implies
{ZL"IH_%} is bounded. Therefore, in view of (6.15) and Theorem 6.1(i), {wk+%} is also a
bounded sequence, and so is {Py [w“%]}. Since h convex and finite, then it is locally
Lipschitz continuous. Hence, h is Lipschitz continuous on a compact set that contains

w2 and Py, [w’”%]. Therefore, there exists a constant L > 0 such that

(Pp[w**3]) — h(w"* )| < L] Pag[w* 3] — w2 g,

which implies h(PM[w’”%]) _ (w]”%)

Pp[wh*2] = wh*3 — Py fwt*3],

>

— 0, by using Theorem 6.1(ii), and the identity



Chapter 6. A dual-embedded forward-backward method for convex programming 147

Furthermore, using again Theorem 6.1, M* 3 z¥ — 2* and Py [wl’“%] — 0
imply (z*, wk+%>5 = (z*, PML[ZUH%DS — 0. Therefore,

1

1 1 1 ]_ 1 1
gk _ h(PM[wk+§]> - h(wk+§) . <5L’k,wk+§>s o ?<ﬁ} o wk+§7 PM[wk+§] . wk+§>s N 07

where in the right-most inner product we use that {w’”é} is bounded. In this way, the

left-hand side of (6.12) converges to 0, thus Py [w**2] = u**! = @, and

— whts _ PM[UJ]H%] Tkt = Py [wk+%] + S @

1
Finally, by definition, w**2 minimizes h(-) + (2¥, )¢ + 2—tAH - —||%. Then, for

all w e M, since z* € M~
l _ a2 k+2 ko, k+i l k+1  ~p2
() + ol — Bl > ) + kbt 3y + bt — ol
Taking the limit as k — 400, there holds for all w € M, as h is continuous and @ € M:
. 1 _ . _
(h+ip) (W) + w — W[* = (h +im) (@),

which means that @ = proxg, +Z.M)(@). Hence, @ is a global minimizer of h + 4. ]

6.1.1.3 Convergence: infinite loop of outer steps

In this subsection, we assume the outer loop is executed an infinite number of
times, meaning that the acceptance criterion (6.5) fails to hold only a finite number of

F1 infinitely many

tries after each outer step. In other words, the algorithm sets w*™! = u
times. In this situation, {w*} is an infinite sequence, and thus we consider the infinite set

of indices

Ko = {k e N : u**! satisfies (6.5)}.
For all k € Ko, uf™ = w**,

The convergence analysis of the outer loop is an application of the inexact prox-
imal point method for finding zeros of a maximal monotone set-valued operator presented

in [25], corresponding to Algorithm 1 described in Section 2.1.1.

The following result defines the sense in which the approximate proximal steps
are performed in each iteration of the outer loop, in terms of the analysis in [25]. Loosely

speaking, the outer loops of Algorithm 8 correspond to approximately solve the inclusion

0€d(h+inm)(w)+ tlk(w —wh),

which corresponds to applying the proximal point algorithm to the maximal monotone

operator T' = d(h + ipq) with a relative-error criterion, since we seek to minimize h + i.
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Proposition 6.3. Consider u**' defined in line 4 of Algorithm 8, and ¢~ defined in
Lemma 6.1. For k € Ko, the pair (ukH, gk) s an approximate solution with error tolerance
o, of 0 € t,dh(-) + (- — w"), in the sense that for e =0,

(i) " € O (h + ipg) (u™1),

(ii) there exists ry, € R", such that tpg® + vt —w® =¥

(iii) ¥ | + e’ < aﬁHukH — wkHz.

Proof. First, item (i) corresponds to Lemma 6.1. Moreover, applying the projection oper-
ator Py to both sides of (6.10), it follows

uFt = Pylw” — tig"]
= Pulw'] = txPulg"]
= wk - tkPM [gk]
= wh— tkgk + 7"

where in the second equality we use the linearity of the projection operator, in the third
equality we use the fact w® € M, and in the last equality we use the identity ¢* =
Pu[g*] + Pui[g"], and define 7% = ¢, Py [g"].

The third of the relations follows directly from [25, Definition 2.1}, using the
relations in Table 6 and the fact that Ko gathers all the steps at which the acceptance
test (6.5) holds.

Notation in [25] | Progressive Hedging notation

yk uk+1
Uk; gk
i[fk wk

Table 6 — Relations between notations in Algorithm 1 and in Algorithm 8.

O

Remark 6.2. The analysis for Algorithm 1 in [25] is performed for a generalization
of the e—subdifferential, the e—enlargement of a maximal monotone operator. Since h €
conv(R"™) and M a linear subspace, then d(h+in) is a mazimal monotone operator. The
ex—enlargement operator of 0(h + in) at u™™ contains O (h + ing)(uFTY), although in
this case we avoid working with the enlargement of the subdifferential, since the use of the

e—subdifferential suffices for the optimization case.
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To establish convergence of the generated sequences, we prove that {wk}keKO
is Fejér monotone with respect to the set of dual solutions W*, a classic property in the

literature.

Lemma 6.2. For any w* € W*, and k € Ko, it holds
=t < =t (1 - ) — w2
Proof. First, [25, Lemma 4.1] implies for all k£ € IN,
w2 — w2 < b —w*? = (1= o) [uh " —wh|?. (6.16)

Furthermore, for k € Ko, it holds that w**! = PM[w“%], and since the projection

operator is nonexpansive and W* < M, then

* l *
[ —w| = [ Pu[w*2] = Pylw]]
1
< JuttE - w0,
Substituting this last inequality in the above estimate gives the desired result. O]

Based on Féjer monotonicity, the following proposition shows convergence prop-
erties for the candidate solutions {u*}, the centers {w"}, the aggregate subgradients {g"},

and the errors {e"}.

Proposition 6.4. Assume the outer loop of Algorithm 8 is performed infinitely many
times. The following hold.

(i) {w* ek, ds bounded.

(i) 3 (1— o)t —wb|? < +oo,
kEKO

In addition, if {0} }kex, < [0,1) stays bounded away from 1, then

(iii) {u* Y ery, and uPTt —wh — 0 as Ko 3 k — +oo.

(i) 3 8lg"P < +oo.
kEKO

(v) Z tee® < +oo.

k‘EKO

Proof. This result corresponds to [25, Corollary 4.2], using Lemma 6.2, a varying error

tolerance ¢, and the relations in Table 6. Indeed, since Lemma 6.2 implies that {|jw" —
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w*|}rex,, is a nonincreasing sequence for any w* € W*, item (i) holds. Moreover, for any
nelN

n n
D M=ot —wb P < YT |k —wt P = ot —
o e
n
_ 2 Hwk _ w*H2 _ Hwarl _ w*HZ
k=0
_ Hwo . w*||2 o ||wn+1 . w*H2

< fu® —w?,

where in the first inequality we use Lemma 6.2, in the first equality we use that
for any k ¢ Ko, w*™ = w*, and in the third line we use the telescopic sum. Therefore,

item (ii) follows by taking Ko 3 n — 0. As for item (iii), note that the assumption

implies that 1 — o} stays bounded away from 0, thus Z Ju" — w*|* < +oo. In turn,
kGKo
this implies ©*** — w* — 0 as Ko 3 k — oo, and in particular, in view of item (i),

{ukH} rek, stays bounded. Furthermore, using the triangle inequality, the definition of rk,
Proposition 6.3(iii), and the fact that o < 1, it holds that for k € Ko

telg®l < ltng® +u" =Wt + [l — w0
[+t — |
< (o + D = w)
< 2ttt — k.

Hence, Z 2] g"|? < +oo. Finally, item (v) follows similarly from Proposition 6.3(iii). [
k‘EKO

The key to prove global convergence of the iterates is noting that by taking

the limit Kp 2 k — +00 in the inclusion
g~ e Oc, (h + iM)(uk“),

implies that any accumulation point of {ukﬂ}keKo is a critical point of h + i, that
is, a solution to the convex problem (6.1). Observe that, by construction, Algorithm 8

guarantees {tx}rer, is bounded away from 0: ¢ = tu, for all k € Ko.

Theorem 6.3. Assume the outer loop of Algorithm § is performed infinitely many times,
and {op}rex, < [0,1) is bounded away from 1. Then, the sequences {wk+1}keKo and
{w“%}ke;{o converge to a minimizer of h + iy, and {h(w"™)} ek, and {h(w“%)}keKo

converge to the optimal value of this minimization problem.

Proof. Let w be any limit point of {wk+1}keKO. Such a point exists by virtue of Proposi-

kj+1

tion 6.4(i). Let {w" ™'} be a subsequence of {w" ™}k, such that w" ™ — w as j — +oo.
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Since k; € Ko, then u"*! — 1 as well. From Proposition 6.4 (iv) and (v), #4]lg*|| — 0 and
tre® — 0 as Ko 3 k — +o0. Moreover, in view of t; > tym for all k € Kp, then gk — 0

and ¥ — 0. Therefore, we have
g~ e 0x; (h + irm) (W) = 0e 0(h + i) ().

Therefore, any limit point of {w*"'}4ck,, is a solution to problem (6.1). Next, we prove
that {w*™}cx, has a unique accumulation point, following the reasoning of [17]. We
include the proof here for completeness. Indeed, let w;, and W, be two limit points of

{wk+l}keKo. Therefore, w;, Wy € W¥*, and thus Lemma 6.2 implies for all k € Ko,

Jwh*t = * < Jw* —a;?, for j = 1,2.

Hence, {||w* — ;| }ker,, for j = 1,2, is a monotone bounded sequence. Thus,
1 k — .- — .
klgpo |w® —w;] =

exists for 7 = 1,2. Fix j = 1,2, and denote by ¢ = 3 — j the other index. Then

Jw* —wy|* = |w* —w; +w; —

= |w* —w|? + 2w* —w;, w; —w,) + |[w — .

Therefore, by taking the limit, we obtain
2 2 : koo o 2
W = p; + leé[r&<w —w;, w; — ;) + ||[w; — w; .

Since w; is an accumulation point of {wk} keK,» then the limit above needs to vanish, and
thus

p; — w; = |[w; —w;|* > 0.

Switching indexes, it also holds

p; — iy = [w; —wi|* >0,
a contradiction. Hence, there exists a unique accumulation point, the limit of {w**'};. Kos
which is also a solution to problem (6.1) as proven above. Note that Proposition 6.4(ii),

k+1

since u**t = Wkt for k e Ko, implies {wk}keKO converges to w as well.

Finally, with respect to the sequence of intermediate points {wk+%}keKo, note
that (6.16) holds for w* = w. Thus, taking the limit as Ko 3 k — +00 in that estimate, and
using Proposition 6.4(ii), it follows that w**% — W as Ko 5 k — +00. The convergence

of {h(w**'} ek, and {h(wk+%)}k€Ko follows from the continuity of h. O
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Local rate of convergence: infinite loop of outer steps

In order to establish linear rates of convergence, an extra assumption is needed,
in this case, an error bound (cf. Section 1.4). Specifically, we use a generalization of the

condition in [25, Theorem 3.2]: assume that for any h > in};{ h(w), there exists some
wEe

L >0 and § > 0 such that whenever w € M, and h(w) < h,
g€ (Oh(w) + M) n B(0,6) = dist(w, W*) < L||g]. (6.17)

This estimate actually corresponds to the subdifferential-based error bound of Defini-
tion 1.7 applied to h + i, and as such, it is used to prove the speed of convergence of
the proposed method. Recall that Algorithm defines {¢j}rex, bounded away from zero by

construction.

Theorem 6.4. Assume the outer loop of Algorithm 8 is performed infinitely many times,
{ok}tker, S [0,1) is bounded away from 1, and the error bound condition (6.17) holds.
Then

1) If {ti}rek,, 1s bounded above, then {dist wk,W* kek, converges linearly to 0.
@) O

(ii) If tp, — +o0 and oy — 0 as Ko 3 k — +o0, then {dist(wk,W*)}keKO converges
superlinearly to 0, and for k € Ko,

1-— Ot
(14 Lt H)2(1 + oy,)

dist(w* T, W*)? < (1 - ) dist (w®, W*)2.

Proof. We follow the proof of [25, Theorem 3.2]. In fact, from Proposition 6.4(iii) and (iv),

we know that

tngkH — 0, and Wk — P = F T — ok S 0, as Kp 3k — +0.
Since {tx}rex, is bounded away from 0, then ¢* — 0. Denote 2% = proxtk(hHM)(wk), then

[25, Lemma 2.2] implies for k € Ko,
| — 1] < oyl — ). (6.18)

Therefore, using the triangle inequality and (6.18), it follows for k € Ko

o< = et -

|28 —wh| <
< (14 op)|uf Tt —wh.

(6.19)

From the definition of z*, it also holds z*¥ € M and

tlk@/f _ Y e dlh + i) ().
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This subgradient satisfies the following inequality, due to (6.19):
1 1+ 2
—(wh — )| < T —wb < bt — ),
tk tk; tmin
where the second inequality follows from oy, € [0, 1), and ¢, < tj. Therefore, uFtt — b >
0 as Kp 2 k — +00 implies
1
O(h + i) (2") 2 t—(wk — 2" > 0as Kopsk — +o. (6.20)
k
Additionally, from the definition of z*, it holds
tmin || 1 2 1
h(2%) + 22— (2F —wh)| < h(ZF) + 2" — w*|* < h(w"). (6.21)
2 tk th
In view of Theorem 6.3, since w**' — w* — 0 as Ko 3 k — 4o, then w* — w and

h(w®) — J?f\f/l h(w). Hence

inf h(w) < liminfh(2F)
weM keKo

to:
R TI k min
= llkrél [%(r)lf h(z") + 5

2(:rnin

< limsup h(2F) +
keKo 2
< lim h(w)
k‘EKO

= Jnf Aw),

where the first inequality follows from the fact 2* € M, the first equality follows from

(6.20), and (6.21) yields the fourth line. Moreover, (6.20) also implies

2

= lim sup h(2").
kEKO

Lo

lim sup h(z*) +
keKo 2

Then, the chain of estimates above yields

u}g{/t h(w) < hkléllggf h(z") < hgel}ilolp h(z") < u}?/{t h(w),

meaning h(z*) — inja h(w).
we

In this manner, for any h > inj\fj h(w) and 0 > 0 from (6.17), for all sufficiently
we

large k € Ko, h(z") < h, 2¥ e M, and

tlk(wk — M) e o(h + i) (%) A B(0, 5).

The error bound (6.17) gives

L
dist (2", W*) < ?||wk — 2.
k

(6.22)
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Next, we use the triangle inequality, (6.22), and (6.19) to obtain for all sufficiently large

ke KO
dist(w®, W*) < dist(zF, W*) + |w” — 2F|

L
< |14 & Jw® — 2| (6.23)
< (145 ) @ ot -t
Moreover, Lemma 6.2 implies for k € Ko
dist(w* ™ W*)? < dist(w”, W*)? — (1 — o7)|Ju*T — w*|?.
Taking squares in (6.23) and multiplying by —1, then we can bound [u*** — w*||* for all

sufficiently large k € Ko in the last inequality to obtain

1 — 2
dist(w* T, W*)? < [ 1- 7 zak dist (w®, W*)?
<1 + > (14 oy)?
tk
1—
= |1- ;Tk dist (w®, W*)2.
L
<1 + > (1+ o)
(7%

This estimate is the cornerstone of the rate of convergence of Algorithm 8. To prove (i),
since oy, € [0, 1), and ty, < tg, then

1— 1
1— Tk <1- <1

L\? L\
1+ —) (1+o0%) 2(1+
tk 2(:min

In this way, for all sufficiently large k € Ko

L 2
2 (1 N )
2(:rnin

dist(w* ™ W2 < [ 1 -

and thus
5 dist(wk L, W*)? -
im su :
keKop dist(wk,W*)2
To prove (ii), note that when t;, — +00, and o — 0, then
1 —
b L 20k — 0,
(1 + ) (1+ o)
(7%
therefore,

dist(w* ', W*)? 0

lim su
keKOp dist(wk, W*)2
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6.1.2 Comparison between the dual-embedded forward-backward and Bundle

Progressive Hedging methods

Algorithm 8 bears some resemblance to PH and the progressive-hedging-like
method proposed in Chapter 5. Algorithm 6 and DEFB present some key differences
with the classical PH, the most important one being the capacity of changing the step-
size parameter along iterations. PH keeps the stepsize fixed, making it difficult to obtain
(empirical) superlinear convergence results. The method presented in this section, by con-
trast, adjusts 2¥ using a forward-backward step, and does not alter ¢, when the surrogate
model function of h + i, appears to be too inaccurate. This difference makes it at least

theoretically possible to attain a form of superlinear convergence.

The main difference between DEFB and the algorithm proposed in Chapter 5 is
the acceptance test. After solving all the proximal subproblem, DEFB checks the accuracy
of the iterates in terms of their feasibility (how far they are from being an element of
M), and the accuracy of the model, using a relative-error criteria. Therefore, DEFB
directly addresses feasibility and the quality of the approximations. On the other hand,
the progressive-hedging-like algorithm of Chapter 5 checks descent of the iterates, that is,
it verifies sufficient objective improvement compared to the last solution candidate, with
a fixed Armijo-like parameter. The following result shows that DEFB actually provides
descent for the objective function, satisfying a sufficient descent estimate with a varying

Armijo-like parameter.

Proposition 6.5 (Sufficient descent of DEFB). The sequence {w"™} ek, generated by

Algorithm 8 satisfies the following sufficient descent estimate:

2

—1
h(wFth) — h(wh) < (Ukk) Jw T — Wk, (6.24)

Proof. By expanding squares, for all k,

1

Hwk+5 _ uk+1H2 _ ”war% _ wkHQ + Hwk _ uk+1H2 + 2<wk+% _ wk>wk o uk+1>.

In this way, the left-hand side of the acceptance test (6.5) can be written as

[whts — a2+ 2tey = b — b 4 o — a4 2wh R — b — b
+2tk€k
— Hwk+% — Wt 4wt — R 2<wk+% b et —
+2b (h(u) — hk(war%)) + 2<wk+% —wh Wkt — w’”%>
= Hwk+% _ wkH2 + Hwk . ukz+1”2 n 2<wk+% . wk,wk _ wk+%>
+2tk (h(ukH) — hk(wk"'%))

_ —leﬁ_% _ wkH2 + Hwk - uk+1H2 + 2tk(h(uk+1) . hk(wk—’_%))
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Therefore, (6.5) is equivalent to

ket = [ )+ gt - o] < (T ) k-
k k

By construction, since w**2 solves (6.3), thus

1
P (w2) 4 ot — P < R ),

2,
yielding
h(uk+1) _ hk<wk:) < (0132;: 1) Hwk _ “kHHQ-
The result follows from the fact ©**1 = w**! whenever k € Kp. O

Remark 6.3. The estimate in (6.24) holds for k ¢ Ko as well, since in this case w*™ =

w®, and thus the left-hand side vanishes.

Unlike DEFB, the method in Chapter 5 also requires bounded stepsizes ¢, (cf.
Theorem 5.2), precluding the use of standard arguments for demonstrating a superlinear
rate of convergence (cf. [17, Theorem 2]). On the other hand, DEFB allows the stepsizes to
be driven to infinity, which leads to superlinear convergence. In practice, this means that
once DEFB is close to a solution, one can increase its stepsizes to accelerate the rate at

which it gains accuracy, by paying the cost of having to solve a problem close to the original
2

one. Furthermore, (6.24) allows the term my, = to vary along iterations, while the

k
2,
classical proximal bundle acceptance test h(w**') — h(w*) < m(h*(w**') — h(w")) keeps

the parameter m € (0, 1) fixed.

6.2 Dual embedded forward-backward method for stochastic pro-

gramming

The method presented in Section 6.1 can be viewed as a splitting method to
individually exploit the properties of the objective function h of (6.1), and the feasible set
M., a linear subspace. This configuration materializes in the dual formulation of a convex

stochastic programming problem.

In the outer-loop convergence case of Algorithm 8, the iterations conform to
a form of proximal point algorithm for problem (6.1). When proximal point algorithms
are applied to dual problems, they lead to augmented Lagrangian methods, as established
in [153]. Thus, when Algorithm 8 is applied to a dual problem, it leads to a type of aug-
mented Lagrangian algorithm. We call such methods “Dual-embedded forward-backward
Augmented Lagrangian” (DEFBAL) algorithms.
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In this section, we apply the theory of Section 6.1 to obtain a method resem-
bling the progressive hedging algorithm for convex stochastic optimization problems. We
follow the notation of Section 2.2.2 and Chapter 5.

We introduce some extra notation in order to directly treating last-stage vari-
ables, as in [139]. Recall we consider S possible T-stage scenario realizations for the under-
lying stochastic process of the problem. For each scenario s = 1,...,S, let (x4, z4r) € R™
denote the scenario-s decision variable vector, including all stages, in which z, € R"
covers stages t = 1,...,T — 1, and x 7 denotes the decision variable for the last stage T
Furthermore, = (x,)5_, € R" represents the vector that gathers decision variables for
all scenarios and all stages, except the last stage t = T, while xp € R™ ™ denotes the

vector of decision variables at stage t = T" and all scenarios.
For each s = 1,...,5, let p, > 0 denote the probability of scenario s, hence
s

Zps = 1. Moreover, for each s = 1,...,5, let f, € conv(R"/S), and
s=1

S
f(xvxT) = Zp8f5($57xsT);
s=1

be the objective function to be minimized.
Consider the problem
min f(x,zr)
st. (xs,zs7)€Cs, s=1,...,85, (6.25)
reN,

where Cy < R™ is a nonempty compact convex set, and N denotes the nonanticipative
subspace. We denote C = H;g:le.

Define, for each scenario s = 1,...,S, the marginal function F, : R" —
R U {+w} as
Fy(xg) = inf { fs(xs, xs7) : (x5, 257) € Cs}. (6.26)
TsT

Additionally, define the function F': R" — R u {400} as

S
F([E) = ZpSFS(:ES)a (627)
s=1
allowing problem (6.25) to be equivalently reformulated as (cf. (2.9))

min F(z)

(6.28)
st. zeN.
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The solution of problems (6.28) and (6.25) can be easily related, as the follow-

ing simple result shows.

Proposition 6.6. Suppose x* is a solution to (6.28), and x}. satisfies
F(z*) = f(a*,2}), (2%, 2})€eC.
Then, (z*,x}) is a solution to (6.25).
Proof. For all x € N, and all zr such that (x,x7) € C, there holds
fa®,ap) = F(a*) < F(z) < f(z,27).
O

Our main goal is to take advantage of the separable structure of f. For that,

we relax the constraint x € A/, obtaining the separable Lagrangian (cf. (5.3)—(5.4))
Zps (x5, ws), where Lg(zs,ws) = Fy(xs) + (x5, ws),
with the corresponding dual function given by (cf. (5.6))
Zps ws), where hg(wg) = — i&f L(xg,ws). (6.29)

The corresponding dual problem is defined as (cf. (6.1))
min h(w)

(6.30)
st. weN*t.

Note that problem (6.30) is problem (6.1) for M = N*. This relationship goes beyond
solely the feasible sets. The following result states some basic properties that the objective

functions of the primal and dual problems satisfy.

Proposition 6.7. Consider function F' : R" — R u {+0w0} and h : R" - R u {+x0}
defined in (6.26)—(6.27) and (6.29), respectively. The following hold.

(i) F e conv(R") and is finite.
(ii) h e conv(R"™) and is finite, such that for each s =1,...,S,

min fs(xs xsT) + <Q?5 ws>
hs(w5> _ ) ms®msT ’ ’

s.t. (zg,xer) € Cy
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Proof. From (6.26), the s—dual function can be equivalently formulated as

hs(ws) = —inf (inf {Fs(xs,xs7) : (s, 257) € Cs} + (x4, ws>>
Ts TsT
= — inf {Fy(zs,zsr) + (x5, ws) : (x5, 257) € Cs} .
Ts,TsT

In this manner, h, is a convex function, since it is the negative of a function defined as
the infimum of convex functions F(xs, xsr) + (s, ws). Furthermore, since f is Isc and Cj
is compact, then from [130, Lemma 1.2], Fy is Isc as a marginal function of f,, and the
problem in (6.26) attains its minimum, which implies that F(z;) is finite for all z5. From
[130, Proposition 8.26], F} is convex because fs is convex. Finally, hy is Isc and finite from
[130, Lemma 1.2], since each Cy is compact, and Fy(xg, xsr) + {xs, ws) 1sc as a function

of (zs,zs7).

O

We now apply the theory of Section 6.1 to the convex dual function A and
M = N*, observing that problem (6.30) has the same structure of problem (6.1). In this
setting, Algorithm 8 takes the form shown in Algorithm 9, adding the extra feature of

scenario-based decomposition.

The introduction of the marginal function in (6.27) is crucial in (6.31), since in
this way the last-stage decision variables x4 are not carried to the linear term associated
with the multiplier, nor the quadratic penalization term. In practice, this means that the
vacuous nonanticipative constraint on the last state does not impact the formulation of

the problem.

The direct relationship between Algorithm 9 and Algorithm 8 is stated in the

following result.
Proposition 6.8. Consider Algorithm 8 and Algorithm 9. The following hold.
1
(i) For each s = 1,...,S, defining wh™? wia solving (6.3) is equivalent to perform
1

1 1
(6.31)—(6.32) to obtain (x§+2,xf;1), where x5 % coincides with the primal point of

Proposition 6.1(iii).
(ii) The formulas (6.4) and (6.35) are two identical ways to define the error e.
(iii) The acceptance tests (6.5) and (6.36) are equivalent.
(iv) The stopping tests (6.5) and (6.33) are equivalent.

(v) The rules (6.6) and (6.33) to update z* are equivalent.
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Algorithm 9 A progressive-hedging-like algorithm derived from DEFBAL

1: Initialization: choose z° € N/, v € N+ and ¢° € [0,1), tmin > 0, and tg = tpi. Set
TOL> 0, and gy >TOL.
2: for k=0,1,... do
k+1

. . k+i
3: Primal subproblems: for each scenario s = 1,...,5, compute (x5+2,xST ) as
the unique solution of

t
min {fs(xs,:)ss;p) + (WP, x) + 5’“”9:5 - xij} . (6.31)

(zs:xsT)ECs

4: Dual update: Define

whr = wh + tk(x§+§ —a% fors=1,...,8, (6.32)

S

and )

5: Center update: define )
2F T = Py ab2]. (6.33)

6: Stopping test: |z¥*2 — 2¥| < TOL and ¢, < TOL, stop and return (w*, z*).
7 Acceptance test: For each s =1,...,9, find

Y"1 e arg min L, (z,, uf ). (6.34)
Zs
and define
e = —[,(ykﬂ, uk+1) +£($k+%,wk+%) —<$k, wk+%>5—tk<xk—xk+%,xk—ka}S. (6.35)
If
1
|z* — 2* Y% 4 2t ey < offaFte — 2P T2, (6.36)
perform an outer step: define w**! = «**! and choose t1 = tmm and
ok+1 € [0,1). Otherwise, perform an inner step: set Wbt = w1 = tg, and
Ok+1 = Ok-
8: end for

Proof. Ttem (i) follows by using classic primal-dual arguments, as the one provided in

Section 5.2.2. Here, we give an alternative proof. First, problem (6.31) is equivalent to
. k 12 k2
11 Fy(xs) + (wg, ms) + 5”5% — |

in view of (6.26). The Fenchel dual of the problem above is

Ws

in { P2 () + (Gt + 21 —at2) ).
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Each one of the terms in the sum can be rewritten as follows:
FY(~w,) = sup {{~uf,z,) — Fy(w,)}
= —xsigrjlf {Fy(xs) + (wh, zo)} (6.37)
— haw.),

and by using the rules in Proposition 1.1:

(catoo+ 2 =) ) = (%1 =7) =ty

= - 17) (ws = wh) + (b wg — wh)
t 1
= ti =] |2 —(wy — wh) | + @k, w, — wh)
2 th
t |1 2
= 2= (w, —wh)| + (abws - wb)
2 |t
= gyl — kP Gl = wl).

In this way, after discarding constant terms, the Fenchel dual problem is equivalent to
(6.31). Relationship (6.32) is obtained via duality as well: from the optimality condition
(6.9) of problem (6.3), there exists z¥ € R"™ such that —z € 6hs(w§+§), and

(™~ ut)

0=—a*+2"+ )
178

1
Since F¥(—ws) = hg(wy), then —z% € 8h8(w ?) is equivalent to —wi? e oF, (z¥). There-

fore, the above identity implies

k+ 1
0 = —ws ? 4w+ tp(zF — )

6.38
e OF(x¥) + wf + tp(zh — a:ls“), ( )

corresponding to the optimality condition of problem (6.31). From the uniqueness of the
solution of this problem (due to strong convexity of the objective function), z¥ = a:]3€+7,

and thus (6.32) follows.
Moreover from (6.29) and (6 34), he(uf™) = E Sy kH) In view of (6.38)

and (6.32), s % minimizes Ls(-, we E) and thus hs ( ) = —Ls(,w ) Using again
(6.32), we can see that the following primal-dual relationships hold: tk(wk — 2hte) =
wh — w’”é, and ty, (2" — 281y = T — whte by applying Py on both sides. Thus, from
(6.35)
S 1 1 1
e = Zps (—Es(uf“ uf ) + L (zh w§+§) — a:?,w§+§> T $l§+§,xf — x’§+1>>

1 1 1
D Y O R B N R R )

1 k+1
k 3 k+1 k+1
7<ws — Ws y Usg — Wy > )

= 2 <hs<y§“> Bl -
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from which item (ii) follows.

Regarding the acceptance tests, multiplying (6.36) by t; yields

1
(6.36) <« |[ti(z" — "% + 2they, < opti(aTE — 2|F

<
= ub = w0 I+ 2tk < of 0t — whE|E,
and thus item (iii) follows. The same primal-dual relationship gives the validity of item
(iv).
Finally, applying Py to (6.32) and using (6.33), yields
1

1
k

~ Pyt ;(PN[w’“i] — Py[u])

1

1
= "+ t—PN[wk+§]

k
1
= xk—l—tf(wH%—PNi[wk*%])
k
k Lo k+1
= "+ — (w2 —u""),

t
where in the second line we use linearity of the projection operator, in the third line we
use the fact 2¥ € N and w* € N, in the fourth line we use the Moreau identity for the

projection, and the last line follows from the definition of «*™. This proves item (v).

]

In order to deduce convergence of Algorithm 9, we capitalize on on the theory
described in Section 6.1. As for primal iterates, we require the following standard result,

for which we provide a short proof.

Lemma 6.3. Let w* be a solution to the dual problem (6.30). Then, any z* € N is a

solution to primal problem (6.28) whenever —x* € dh(w*).

Proof. First, the Fenchel-Young inequality implies
h(w*) + h*(=z*) = —(z", w")s, (6.39)

where the right-hand side inner product is 0, since z* € N, and w* € N'*. Furthermore,
note that fue to (6.37), F*(—w) = h(w), and thus

W (=2%) = sup{w, —2%)s — h(w)}
= sup{(~w,2%)s — F*(-w)}
= sup{(w, 2%)s — F*(w)} (6.40)
e
= F(z7),
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where in the third equality we use the change of variables w «— —w, in the fourt line
we use the definition of the Fenchel conjugate, and in the last line we use the fact that
F e conv(R") (Proposition 6.7(i)). Substituting this relation in (6.39) gives, for w* e N,
¥ e N,

h(w*) + F(z*) = 0.

Hence, the result follows from strong duality.

]

Now we proceed to show the convergence properties of Algorithm 9, following
the reasoning of Section 6.1.1. We first analyze the case of finite termination, and then
two cases when the algorithm runs indefinitely: the first case corresponds to the tail of

inner steps, and the second one is when an infinite number of outer steps are performed.

Finite termination: primal-dual case

Similarly to the dual finite termination case of Section 6.1.1, when Algorithm 9
stops after finitely many iterations when TOL = 0, due to Proposition 6.8(iv), then 0 €

O(h+ins)(uFtY), 2572 = 2% and &, = 0. In particular, in view of (6.32), w**z = w* e N,
Ktz — F*+1 Therefore, (6.10) implies 0 = ¢* € oh(w") + 2*. To summarize,
k

and thus w
w” = u"™ is a dual solution, and —z* € Oh(w*) N M. In this way, Lemma 6.3 implies z

is a primal solution.

Convergence of infinite loop of inner steps: primal-dual case

In this section we adopt the assumptions and notation of Section 6.1.1.2. In
particular, let k € IN be the last iteration the acceptance test (6.5) is satisfied, and thus
for all k > k, w* = @, t, = f, ox = &, and (6.12) holds.

Remark 6.4. The dual convergence of the tail of inner steps of Theorem 6.2 requires
dom(h*) to be compact. In view of (6.40), F(—-) = h*(-), F' has compact domain if and
only if h* has compact domain. Furthermore, taking (6.26) into account, F has compact
domain whenever the sets Cs < R™, for all s =1,...,S, are compact in problem (6.25).

In particular, dom(Fy) is compact.

The following primal-dual convergence theorem is an extension of Theorem 6.2,

using the primal-dual relationships established in Proposition 6.8.

Theorem 6.5 (Primal-dual convergence — inner loop). Consider the primal problem
(6.28) with its respective dual (6.30). Moreover, consider problem (6.25) such that Cj
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is a nonempty compact convex set for each s = 1,...,S. Suppose there exists a last outer

step in Algorithm 9 at iteration k = k. Then the following hold.

(i) The primal sequences {z"},_+ and {$k+%}k>i converge to a solution of the primal
problem (6.28).

I<:+1>

(ii) All accumulation points of the sequences {(z*, x5 ian)

~ and {(z" 2 i

k>h o oare

k>k
solutions of primal problem (6.25).

(iii) Both {u and {wk“}]C ~ converge to the last center W, a solution of (6.30).

k
}k>k

Proof. Dual convergence, that is, item (iii), follows from Theorem 6.2, in view of the

equivalence between Algorithm 8 and Algorithm 9 of Proposition 6.8.

When the inner loop executes indefinitely, equation (6.32) reads
Wt = @+ (2" — 2h). (6.41)

Due to (6.41), there holds z**2 — z* — 0. In view of Theorem 6.1, z¥ — z* € A, and
thus dom(F') 3 2Ft2 o 2% and 2* e dom(F"). It remains to prove for item (i) that z* is
a primal solution. From the optimality condition (6.9), ¢* € &hk(w“%), then from (6.2),
g* — 2% € On(w**3). In view of (6.10),

therefore —z* € dh(w) for z* € N. Then, z* is a solution to the primal problem (6.28) by

applying Lemma 6.3 with z* and w* = w. This proves item (i).

Regarding item (ii), for each s = 1,...,5, let 2}, € R™~") be a point where
the minimum in (6.26) is attained for z; = x}, that is, such that Fy(z}) = fs(2}, 2%p),
and (x}, x5r) € Cs. This point exists because C; is compact. Note that (z*,z}) is thus a
solution of problem (6.25) due to Proposition 6.6. Furthermore, in view of compactness

+1 1
of C,, there exists T,r, and a subsequence {x J of {z*+'}, such that a: — Ter as

j — +oo. From the definition of (z hty Al

kj+2 . 1 . t
Fold? 5 ) @ T 1 IISE"“+§ — 2N | < folal, aip) + (@520 + *Hﬂf —ay .
Taking the limit as j — +oo, multiplying by p,, summing over s = 1,...,5, and using

(0, 2*) e Nt x N, z* — 2"%3 0 and ¥ — 2* as k — +oo, it follows that

f(x*,Tj) < f(x*7x})'

Thus, (z*,Zr) is a solution to problem (6.25), because (2}, Tsr) € Cs forall s =1,...,.5,

and x* e N.
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Convergence of loop of outer steps: primal-dual case

Recall that when the acceptance test is satisfied infinitely many times, we
define
Ko = {k e N: u*"! satisfies (6.5)},

and thus for all k € Ko, vt = w**t.

Dual convergence and dual linear rate of convergence follow from Theorem 6.3

and Theorem 6.4, respectively, in view of Proposition 6.8.

We write the error bound (6.17) in primal-dual terms: assume for any h >
in/a F*(w), there exists some L > 0 and d > 0 such that whenever w € M, and F*(w) < h,
we

there exists z € R™ such that
ye B(0,9), z+yeN, we dF(zx) = dist(w, W*) < L|y|. (6.42)

This estimate is equivalent to (6.17), because for (w,x,y) satisfying (6.42), we have = €
OF*(w) = —0h(—w), where the equality follows from (6.40), and there exists z € N such
that z = z + y, and thus y = —z + z € (Oh(—w) + N') n B(0,4). In this manner, we can
apply the change of variables w < —w to retrieve (6.17) for M = N*.

Theorem 6.6 (Primal-dual convergence — outer loop). Consider the primal problem
(6.28) with its respective dual (6.30). Moreover, consider problem (6.25) such that Ci
is a nonempty compact convex set for each s = 1,...,5. Suppose Algorithm 9 performs
infinitely many outer steps, in such a way {ox}rer, < [0,1) stays bounded away from 1.

Recall {t}rek, is bounded away from 0 by construction. Then the following hold.

(i) All accumulation points of the sequences {x*™}cr, and {x“é}kv are solutions of

the primal problem (6.28).

(ii) All accumulation points of the sequences {(z", 5™ }iere, and {(xk+%,x§+1)}k€Ko

are solutions of primal problem (6.25).
(iii) Both {w" ™} ek, and {w“%}keKo converge to a solution of the dual problem (6.30).

In addition, if (6.42) is satisfied, then the dual linear and superlinear conver-

gence rates of Theorem 6.4 hold.

Proof. Due to Proposition 6.8, Theorem 6.3 is valid: {w*™},cx, and {wk+% }rek, converge

to a solution w* of (6.30).

With respect to the primal sequences, both {#%*2}., and {2¥'} e, <

N have nonempty sets of accumulation points. Indeed, in view of Remark 6.4, since
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dom(F) =2 {ka’%}keKo is compact, then there exists M > 0, such that for all £ € Ko,

|&*+7] < M, and

la* 1 < 2ttt = g + |2t
= | Py[a"*3] = Pyla?]] + |2
S e
< [t R+ aE] + e
< M+ 2z + |2,

where in the first and fourth line we use the triangle inequality, in the second line we use
(6.33), and in the third line we use nonexpansiveness of the projection operator. Hence,

both {x’”%}ke;{o and {2""'},cx, € N are bounded sequences.

Using (6.32), since t; = tpni, and wEtE —wh - w* —w* =0 as Kopak — +oo,
then
k k+2 1 k+2 k
2" — 2"z < — w2 —w"| -0,
min

and {kar%}keKo and {xk}ke;{o have the same accumulation points. Moreover, this also
implies together with (6.8) and (6.10), ¢* — 0 for Ko 3 k — +0o0.

Let 7 € N and {z"*'}, be a subsequence of {z""};ck,, such that 2% — 7
as j — +co0. From (6.9), ¢"*' € OhF*1(w**2), then from (6.2) it holds

gt e On(whTE) 4+ Mt — 0e oh(w*) + .

Thus, the result in item (i) follows from Lemma 6.3, by taking w = w*, and z* = T.

For item (ii), first note that w**z — w*

1
tk($k+% — 2%) — 0. Since {(:B’;JrQ,a:f;l)} c (4, take any limit point (T, Tsr) € Cy of the

k+l kJ‘-i-l k:+1 —
sequence {(zs 2,2% ")} k., and a subsequence such that (x5’ >,z ) — (Ts, Tsr) as

— 0 as Kp 3 k — +o0 implies

j — +oo. Next, take the limit (up to the corresponding subsequence) in the optimality

conditions of problem (6.31)

k k+1 k
1 1 w A
0€edfs <x§+2,x§;1> + Ne, (x§+2,x§7f1> + ((;) + t ( s 0 S) ,

to obtain

0e afs<jsajsT> + NCS (T87TST) + (ISS> 3

for s = 1,...,S. Therefore, 0 € 0f (T, Tr) + Ne(Z,Tr) + N+ x {0}, and in view of [30, CH.
III, Proposition 5.3.1], 0 € 0f(Z,@r) + Nwxfopnc(T, Tr). Since f e conv(R") and C is

closed, it follows from Theorem 1.1 that (Z,Z7) is a solution of primal problem (6.25). O
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6.3 Final remarks

In this chapter, we investigated a scenario-based decomposition method for
convex multistage stochastic optimization problems. The central idea of the method is
to apply an approximate proximal point algorithm to the dual formulation of the prob-
lem, and use a relative-error criteria to determine the quality of the candidate point. As
in Chapter 5, we model the dual objective function h + 7,1 by using a linear surrogate
function for the indicator iy-.. The advantage of this simple model is it allows decom-
posing the resulting model h* for different scenario realizations, just as the Progressive
Hedging algorithm. Other common models, such as a linear-by-parts function, prevent

decomposition.

The relative-error acceptance test is verified in every iteration. When it is not
satisfied, inner iterations are performed with constant parameters in order to improve
the linear model of i51. Such step corresponds to a forward-backward step on the primal
space, applied to the Fenchel dual of the dual proximal point subproblem. The method
is shown to generate primal-dual sequences that converge to solutions to the primal and
dual problem, respectively. When the acceptance test holds infinitely many times, the

dual sequence converges with linear speed.

The relationship between DEFBAL and BPHA of Section 6.1.2 suggests that
the acceptance test of DEFBAL can be viewed as a super serious step of the BPHA. This is
confirmed by the preliminary numerical experiments (not shown in this thesis) performed
for small linear stochastic optimization problems: DEFBAL executes fewer outer steps

than BPH declares serious steps. Further tests will be performed in order to measure any
possible advantage of DEFBAL over PHA /BPHA for problems of large size.

One possible direct extension of DEFBAL and BPHA for convex multistage
stochastic optimization is to risk-averse problems. The formulations we examined were
risk-neutral, meaning the objective function is an expected cost value. For risk-averse

problems that use the conditional value-at-risk (CVaR) risk-measure,

CVaR,[X] = min {u +

ueR

E[ max (0, X — u)]} , (6.43)

—

for a random variable X and some level a € (0,1). The CVaR, of X, in simple words,
corresponds to the expectation of X over the a—tail of its distribution. For problem (5.1),

a risk-averse formulation would have the following objective function for some A € [0, 1]:
Jovs(x) = ACVaRa[f(x)] + (1 = ME[f(2)].

As explained in [138], the objective function can still be decomposed for different scenarios,

by creating S copies of the variable u in (6.43), and interpreting it as a first-stage decision
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variable, that is, attaching to the nonanticipativity space the constraints u = wu, for
s=1,...,5. Therefore,

funs () = ip A (b g max 0, £) = ) )+ (1= )|

The decomposable feature of the objective function is thus inherited to the proximal

subproblems of Algorithm 6 and Algorithm 7.
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7 Conclusion and future work

In this work, we investigated decomposition methods for stochastic optimiza-
tion problems. More specifically, for a convex multistage stochastic programming problem,
we applied an approximate proximal point algorithm to its dual formulation, by means
of modeling the nonanticipative constraints with a linear term. Using this model allows
us to decompose the problem for different scenarios in the proximal subproblems for the
model function, since the coupling constraints are dealt with a separable model. These

subproblems correspond to minimize a quadratic regularization of the dual model.

We presented two approaches developed for convex problems, which can be
deemed as variants of the Progressive Hedging algorithm. The difference between the two
is how we judge the quality of the generated iterates: in Chapter 5, we proposed a bundle-
like descent condition that measures the descent provided by the iterates when compared
to the decrease predicted by the model, while in Chapter 6 we formulated a relative-error
condition that measures dual feasibility and accuracy of the model at the current iterate.
In both cases, when the acceptance test is satisfied infinitely many times, we proved that
the iterates converge with linear rate to a solution to the problem. Otherwise, when the
acceptance test holds one last iteration, we showed that the tail of iterates converges to
a solution of the problem with linear rate as well. Furthermore, the acceptance condition
of DEFB(AL) in Chapter 6 can be interpreted as a super serious step condition for the
one of BPHA in Chapter 5, meaning that the former is at least as strict as the latter.

The BPHA approach can be extended to a more general setting, based on the
Elicited Progressive Decoupling Algorithm of [132], mentioned in Chapter 4. This method
allows giving different weights to primal and dual progress, by modifying the proximal
parameter using an elicitation parameter. Incorporating the proximal bundle descent test

would also potentially allow extending the BPHA ideas to nonconvex problems.

Regarding DEFBAL, its essential ideas can be applied to a more general setting.

For convex composite optimization problems, ongoing work shows that the DEFBAL

approach leads us to a method resembling the prominent Alternating Direction Method of

Multipliers with a condition to accept or reject candidate points. More precisely, consider
the minimization problem

win f(x) + g(Mx). (7.1)

for f € conv(R"), g € conv(R™), and a matrix M € R™*" with the corresponding Fenchel

dual problem given by
min f*(—=M 'p) + g*(p). (7.2)

peR™
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Instead of applying the proximal point algorithm to (7.2), that is, solving

min {f*(—MTm F 0t 0) + 5l —W} , (7.3)

peR™

we apply the forward-backward method to its Fenchel dual, that is, we iteratively solve

-
i (70 (= MO+ 51417 () + ). (7.4
To evaluate the quality of the solution of (7.4) we can either use an absolute-error or a
relative-error acceptance test, creating two possibilities in each iteration: an outer step is
performed, meaning that the acceptance test is satisfied, or an inner step is performed,
that is, the acceptance test is not true for the current iterate. Note that the method
described in Chapter 6 is a special case of (7.1) by taking g = i, causing the g—proximal
step to be simpler, it would merely be a projection onto A. This line of research is
currently being developed, and can be compared to [154], where extra acceptance tests

for Douglas-Rachford (and consequently, for ADMM) are examined.

The convergence analysis in the context of stochastic optimization of the seri-
ous steps of the BPHA, and the outer steps of DEFBAL, fit in a more general framework
for methods of descent, the one presented in Chapter 3. Actually, this framework works
beyond convexity: for weakly convex problems, the basic ingredients to achieve conver-
gence to critical points are: (1) a sufficient descent condition for the objective function
throughout the iterates, and (2) an estimate of a subgradient using the step size, namely,
the difference between two consecutive iterates. These two conditions are satisfied by
proximal bundle methods in weakly convex optimization, due to the fact that weak con-
vexity represent a “harmless” form of nonconvexity, still capturing a wide range of modern

applications.

In Chapter 4, we studied the Douglas-Rachford splitting method for weakly
convex optimization, obtaining global convergence to critical points, and local linear rates
of convergence under common regularity assumptions. The analysis is a byproduct of the
unifying framework of Chapter 3, where the sufficient descent condition and the subgra-
dient estimate of the previous paragraph are satisfied by a merit function that represents
the primal objective function in the dual space. Current ongoing work suggests that DRS
can be applied to weakly convex stochastic optimization problems in the primal space,
yielding a variant of the Progressive Hedging algorithm with a relaxed projection step.
This proposal consists of a quadratic penalization method for the nonanticipativity con-
straints, and thus the limit of the generated sequences are critical points of the penalized
problem. We are currently developing a convergence analysis to critical points of the orig-
inal non-penalized problem, and naturally, avoid saddle points to obtain local minimizers,

as observed in the final remarks of Chapter 4.
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The methods of e—subgradient descent for nonconvex optimization complying
with (3.13a)—(3.13b) of Section 3.3 could be considered to define a discretization of a
solution trajectory to a dynamical system in continuous time, such as in [155, 156, 157,
158] and references ibid. The direction that model-based methods Section 3.3 take, given
by (3.13a), is a subgradient of the model function at the next iterate, and thus after
transporting, it is also an e—subgradient of the convexification of the objective function
at the current iterate, as Proposition 3.3(ii) shows. This fact suggests the study of the
continuous-time version of

PRk

roo-v c _askf(ggk),
7%

namely, the dynamical system for the e—subdifferential

(1) € —0.0f (2(t)). (7.5)

A fundamental step to study continuous time systems consists on characterizing the func-
tions that strictly decrease alongside the trajectories x(t). In turn, a chain rule for the
subdifferential valid for such trajectories allows proving a sufficient descent property in
continuous time [156]. In this way, we would need a chain rule for the e—subdifferential
valid for trajectories satisfying (7.5), in order to obtain a similar descent properties for
methods of e—descent. Research in this direction would need to use the approximate sub-
differential introduced in Section 1.3.2 for the weakly convex case. In particular, we would

analyze proximal bundle methods in continuous time.
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