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Resumo

Nós descrevemos as métricas Riemannianas invariantes numa variedade bandeira real de
uma álgebra de Lie clássica que é uma forma real normal de uma álgebra de Lie simples com-
plexa. Isso nos permite classificar aquelas variedades com a propriedade de que toda geodésica
é a órbita de um subgrupo a um parâmetro. Tal variedade é chamada de g.o. Também estuda-
mos o problema de encontrar métricas de Einstein invariantes para variedades bandeira reais
cuja representação de isotropia se decompõe em dois ou três sub-representações irredutíveis.
Em contraste ao caso complexo, a representação de isotropia de uma variedade bandeira real
pode ter submódulos equivalentes, consequentemente, métricas invariantes não diagonais e uma
grande família de variedades g.o. aparecem.

Palavras-chave: Variedades bandeira, geodésicas homogêneas, métricas de Einstein, álge-
bras de Lie.



Abstract

We describe the invariant Riemannian metrics on a real flag manifold of a classical Lie algebra
which is a split real form of a complex simple Lie algebra. This allows us to classify those
manifolds with the property that every geodesic is the orbit of a one-parameter subgroup.
Such a manifold is called g.o. We also study the problem of finding Einstein invariant metrics
for real flag manifolds whose isotropy representation decomposes into two or three irreducible
sub-representations. In contrast to the complex case, the isotropy representation of a real flag
manifold may have equivalent submodules, consequently, non-diagonal invariant metrics and a
large family of g.o. manifolds appear.

Keywords: Flag manifolds, homogeneous geodesics, Einstein metrics, Lie algebras.



8

Contents

Introduction 10

1 Preliminaries: The isotropy representation of real flag manifolds 13
1.1 Flags of 𝐴𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2 Flags of 𝐵𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3 Flags of 𝐶𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.4 Flags of 𝐷𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 Invariant Riemannian metrics 23
2.1 Flags of 𝐴𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.2 Flags of 𝐵𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3 Flags of 𝐶𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.4 Flags of 𝐷𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 Geodesic orbit spaces 40
3.1 Flags of 𝐴𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 Flags of 𝐵𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.3 Flags of 𝐶𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.4 Flags of 𝐷𝑙 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Invariant Einstein metrics on real flag manifolds with two or three isotropy
summands 65
4.1 Flags with two isotropy summands . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.1.1 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(2)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.1.2 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑙 − 1) × 𝑆𝑂(𝑙)), 𝑙 ≥ 3 . . . . . . . . . . . . . . 68
4.1.3 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/𝑆𝑂(𝑙), 𝑙 ≥ 3, 𝑙 = 4 . . . . . . . . . . . . . . . . . . 68
4.1.4 𝑈(𝑙)/𝑂(𝑙), 𝑙 ≥ 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.1.5 𝑈(𝑙)/(𝑂(1) × 𝑈(𝑙 − 1)), 𝑙 ≥ 3 . . . . . . . . . . . . . . . . . . . . . . . . 70
4.1.6 (𝑆𝑂(4) × 𝑆𝑂(4))/𝑆𝑂(4) . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 Flags with three isotropy summands . . . . . . . . . . . . . . . . . . . . . . . . 72
4.2.1 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(1) ×𝑂(1)) . . . . . . . . . . . . . . . . . . . . . . . 72
4.2.2 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) ×𝑂(𝑙2) ×𝑂(𝑙3)), 𝑙 ≥ 2, 𝑙 = 3, 𝑙1 + 𝑙2 + 𝑙3 = 𝑙 + 1 . . 77
4.2.3 (𝑆𝑂(4) × 𝑆𝑂(5))/𝑆𝑂(4) . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.2.4 (𝑆𝑂(𝑙)×𝑆𝑂(𝑙+1))/(𝑆𝑂(𝑑)×𝑆𝑂(𝑙−𝑑)×𝑆𝑂(𝑙−𝑑+1)), 𝑙 ≥ 3, 2 ≤ 𝑑 ≤ 𝑙−1 86
4.2.5 𝑈(𝑙)/(𝑂(𝑑) × 𝑈(𝑙 − 𝑑)), 𝑙 ≥ 3, 2 ≤ 𝑑 ≤ 𝑙 − 1 . . . . . . . . . . . . . . . . 89
4.2.6 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙))/𝑆(𝑂(𝑙 − 1) ×𝑂(1)) . . . . . . . . . . . . . . . . . . . . 91

4.3 Equivalent metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97



5 Conclusions and future work 99

Bibliography 101



10

Introduction

In this work, we deal with Riemannian geometry of real flag manifolds. By a real flag man-
ifold we will refer the quotient space given by the split real form of a complex Lie group by
some parabolic subgroup. We are interested in the study of geodesics and Einstein Riemannian
metrics in these manifolds.

A real form g of a complex simple Lie algebra is called split if for every Cartan decomposition
g = k ⊕ s, there exists a Cartan subalgebra a contained in s. In this case, we consider the
associated set of roots Π and the corresponding root space decomposition

g = g0 ⊕
⨁︁
𝛼∈Π

g𝛼.

Fixing a set Π+ of positive roots and taking Σ its corresponding set of simple roots, we can
parametrize parabolic subalgebras pΘ ⊆ g with subsets Θ ⊂ Σ (see Chapter 1 for details).
A real flag manifold of g is the homogeneous space FΘ = 𝐺/𝑃Θ , where 𝐺 is a connected
Lie group whose Lie algebra is g and 𝑃Θ is the normalizer of pΘ in 𝐺. If 𝐾 is the connected
subgroup of 𝐺 generated by k, then 𝐾 acts transitively on FΘ with isotropy 𝐾Θ = 𝐾 ∩ 𝑃Θ,
so FΘ = 𝐾/𝐾Θ as well. For a fixed element 𝑜 ∈ FΘ, there exists a one-to-one correspondence
between 𝐾−invariant tensor fields on FΘ and tensors on 𝑇𝑜FΘ that are invariant with respect
to the isotropy representation of 𝐾Θ. Thus, the understanding of the isotropy representation
is fundamental in the study of invariant geometry of real flag manifolds. It is important to
highlight a fundamental difference between real and complex flag manifolds. Recall that a
complex flag manifold is the homogeneous space 𝐾/𝐾Θ, where 𝐾 is a compact real form of a
simple, complex Lie group 𝐺C and 𝐾Θ is the centralizer of a 1-parameter subgroup of 𝐾. In
the complex case, the isotropy representation decomposes into irreducible, pairwise inequivalent
submodules. In contrast, real flag manifolds can admit equivalent sub-representations. This
fact suggests that the invariant geometry in the real case is richer than in the complex case.
Invariant geometry of complex flag manifolds has been extensively studied (see, for instance
[1], [2], [4], [5], [6], [7], [12], [15], [16], [18], [24], [26], [27]). For real flag manifolds, topological
and geometric aspects have been considered by several authors ([8], [13], [23], [25], [31]). In
particular, the isotropy representation of real flag manifolds was recently described by Patrão
and San Martin in [22]. This description was essential to get the 𝐾−invariant Riemannian
metrics on a flag FΘ of a classical Lie algebra (see Chapter 2).

In the context of Riemannian homogeneous spaces (𝐺/𝐻, 𝑔), an interesting class of geodesics
are homogeneous geodesics. A geodesic 𝛾 is called homogeneous if it is the orbit of a 1-parameter
subgroup of 𝐺, that is,

𝛾(𝑡) = exp(𝑡𝑋) · 𝑜,
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where 𝑋 is in the Lie algebra of 𝐺 and 𝑜 is a fixed element in 𝐺/𝐻. The vector 𝑋 is called
geodesic vector. An algebraic criterion to decide when a vector 𝑋 is a geodesic vector was
proved by Kowalski and Vanhecke in [19]. The homogeneous Riemannian space (𝐺/𝐻, 𝑔) is
called a g.o. space if every geodesic is homogeneous. Examples of such spaces are naturally
reductive spaces, symmetric and weakly symmetric spaces. The first example of a g.o. space
which is not naturally reductive was given by Kaplan in [17]. In [19], Kowalski and Vanhecke
classified the g.o. spaces in low dimensions. In [14], Gordon described all g.o. spaces which
are nilmanifolds (nilpotent Lie groups provided with left-invariant Riemannian metrics). For
complex flag manifolds, the classification was given by Alekseevsky and Arvanitoyeorgos in [2].
One of our goals is to provide necessary and sufficient conditions for a real flag manifold of a
classical Lie group to be a g.o. space. This will be done using a subtle variation of the criterion
in [19] given by Souris in [28]. In particular, we obtain a large number of examples of g.o.
spaces where the metric is not normal.

Another classical problem in differential geometry is the description of Einstein metrics on
a differentiable manifold 𝑀 . A Riemannian metric 𝑔 is an Einstein metric if it satisfies

Ric = 𝑐𝑔, (0.0.1)

where 𝑐 is a real number and Ric is the Ricci tensor associated to the metric 𝑔. The equation
(0.0.1) is usually called Einstein equation and the number 𝑐 is called Einstein constant. Those
metrics are important to study several problems of Geometry and Physics (see [9]). In particu-
lar, they appear as solutions of the Einstein field equations for the interaction between gravity
and space-time in the vacuum. From a variational point of view, we can see Einstein metrics
on a differentiable manifold as critical points of the total scalar curvature functional restricted
to the set of Riemannian metrics of volume 1 (see [9], [11]).

In general, equation (0.0.1) becomes a system of partial differential equations. In the con-
text of a homogeneous space provided with an invariant metric, this equation is equivalent to a
system of algebraic equations. A complete classification of invariant Einstein metrics on homo-
geneous spaces is still an open problem. There are examples of homogeneous spaces admitting
infinitely many invariant Einstein metrics up to homotheties (see for instance [3], [29]), in this
case, the isotropy representation has equivalent irreducible submodules. In [11]; Böhm, Wang
and Ziller conjectured that for a compact homogeneous space whose isotropy representation
decomposes into parwise inequivalent irreducible summands, the number of invariant Einstein
metrics is finite. In this work, we study the Ricci equation for real flag manifolds of classical
Lie algebras whose isotropy representation splits into two or three irreducible submodules. The
complex case was studied in [5], [7] and [18].

This thesis is organized as follows: in Chapter 1, we review the results about the isotropy
representation done by Patrão and San Martin in [22]. Chapter 2 is dedicated to the description
of the invariant metrics on real flag manifolds associated to classical Lie groups. In Chapter
3, we provide a complete classification of real flag manifolds of classical type which are g.o.
spaces. In Chapter 4, we study the problem of finding invariant Einstein metrics for real flag
manifolds of classical Lie groups where the isotropy representation has two or three isotropy
summands. In this situation, we only have two cases admitting equivalent submodules. We
also treat the isometry problem between Einstein metrics (Section 4.5). In Chapter 5, we give
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the main conclusions of this thesis and discuss the important directions of future work.
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Chapter 1

Preliminaries: The isotropy
representation of real flag manifolds

Let g be a non-compact, simple real Lie algebra. We consider the case where g is a split
real form of a complex Lie algebra. A generalized flag manifold of g is the homogeneous space
FΘ = 𝐺/𝑃Θ where 𝐺 is a connected Lie group with Lie algebra g and 𝑃Θ ⊂ 𝐺 is a parabolic
subgroup. The Lie algebra pΘ of 𝑃Θ is a parabolic subalgebra, which is the direct sum of the
eigenspaces associated with the non-negative eigenvalues of ad(𝐻Θ), where 𝐻Θ ∈ g is an element
chosen in an appropriate way. If 𝐾 ⊂ 𝐺 is a maximal compact subgroup and 𝐾Θ = 𝐾∩𝑃Θ then
we have and identification FΘ = 𝐾/𝐾Θ. By compactness of 𝐾, all flag manifolds are reductive
homogeneous spaces and, therefore, we have a reductive decomposition of the Lie algebra of 𝐾
given by

k = kΘ ⊕ mΘ,

where mΘ is an Ad(𝐾Θ)−invariant complement of kΘ. We fix an Ad(𝐾)−invariant inner product
(·, ·) on k such that the reductive decomposition k = kΘ ⊕ mΘ is (·, ·)−orthogonal, since 𝐾Θ is
compact, the adjoint representation of 𝐾Θ in mΘ induces a (·, ·)−orthogonal splitting

mΘ =
𝑠⨁︁

𝑖=1
m𝑖 (1.0.1)

of mΘ into 𝐾Θ−invariant, irreducible submodules m𝑖, 𝑖 = 1, ..., 𝑠. We say that the submodules
m𝑖 and m𝑗 are equivalent if there exists an Ad(𝐾Θ)−equivariant isomorphism 𝑇 : m𝑖 −→ m𝑗,
that is, Ad(𝑘)|m𝑗

∘𝑇 = 𝑇 ∘ Ad(𝑘)|m𝑖
, for all 𝑘 ∈ 𝐾Θ. Evidently, this equivalence relation induces

a partition

{m1, ...,m𝑠} = 𝐶1 ∪ ... ∪ 𝐶𝑆 with 𝑆 ≤ 𝑠,

so, we have a new (·, ·)−orthogonal splitting

mΘ =
𝑆⨁︁

𝑖=1
𝑀𝑖 (1.0.2)

where

𝑀𝑖 =
⨁︁

m𝑗∈𝐶𝑖

m𝑗, 𝑖 = 1, ..., 𝑆.
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We call each m𝑗 an isotropy summand and each 𝑀𝑖 an isotypical summand of the decomposition
(1.0.1).

For an alternative description of the parabolic subalgebra we consider a Cartan decompo-
sition g = k ⊕ s and a maximal abelian subalgebra a ⊂ s. Denote by Π the associated set of
roots and by

g = g0 ⊕
⨁︁
𝛼∈Π

g𝛼,

the corresponding root space decomposition. Fixing a set Π+ of positive roots let Σ be the
corresponding set of simple roots. Any Θ ⊆ Σ defines a parabolic subalgebra

pΘ = g0 ⊕
⨁︁

𝛼∈Π+

g𝛼 ⊕
⨁︁

𝛼∈⟨Θ⟩−

g𝛼,

where ⟨Θ⟩− is the set of negative roots generated by Θ. We say that 𝐻Θ ∈ a is characteristic
for Θ if 𝛼(𝐻Θ) ≥ 0 for every 𝛼 ∈ Σ and Θ = {𝛼 ∈ Σ : 𝛼(𝐻Θ) = 0}. The subalgebra

n−
Θ =

⨁︁
𝛼∈Π−∖⟨Θ⟩−

g𝛼,

is identified with the tangent space of FΘ at the origin 𝑒𝑃Θ. If zΘ = 𝐶𝑒𝑛𝑡g(𝐻Θ), then the adjoint
representation of zΘ on n−

Θ is completely reducible and we can decompose

n−
Θ =

⨁︁
𝜎

𝑉 𝜎
Θ ,

into zΘ−invariant, irreducible and non-equivalent subspaces.

With this notation we have that 𝐾Θ = 𝐶𝑒𝑛𝑡𝐾(𝐻Θ) and kΘ = 𝐶𝑒𝑛𝑡k(𝐻Θ). The tangent space
at 𝑜 = 𝑒𝐾Θ ∈ FΘ is identified with mΘ and there exists a one-to-one correspondence between
𝐺−invariant tensors on FΘ and tensors on 𝑇𝑜FΘ ≈ mΘ which are invariant with respect to the
isotropy representation of 𝐾Θ. If 𝐻𝛼, 𝛼 ∈ Σ and 𝑋𝛼 ∈ g𝛼, 𝛼 ∈ Π is a Weyl basis for gC, we
identify n−

Θ with mΘ via

𝑋𝛼 ↦→ 𝑋𝛼 −𝑋−𝛼, 𝛼 ∈ Π− ∖ ⟨Θ⟩−.

The zΘ−invariant subspaces 𝑉 𝜎
Θ are 𝐾Θ−invariant but not necessarily 𝐾Θ−irreducible. In the

following sections we present the description given by Patrão and San Martin in [22] of the
𝐾Θ−invariant irreducible subspaces of each 𝑉 𝜎

Θ and their equivalences by the adjoint represen-
tation of 𝐾Θ.

1.1 Flags of 𝐴𝑙

The special linear Lie algebra 𝐴𝑙 = sl(𝑙 + 1,R) is composed by the real (𝑙 + 1) × (𝑙 + 1)
matrices with trace zero. In this case, a is the subalgebra of traceless diagonal matrices. The
roots are given by 𝛼𝑖𝑗 = 𝜆𝑖 − 𝜆𝑗, 1 ≤ 𝑖 ̸= 𝑗 ≤ 𝑙 + 1, where

𝜆𝑖 : a −→ R, 𝜆𝑖(diag(𝑎1, ..., 𝑎𝑙+1)) = 𝑎𝑖, 𝑖 = 1, ..., 𝑙 + 1.
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The simple roots are 𝛼𝑖 = 𝛼𝑖,𝑖+1, 𝑖 = 1, ..., 𝑙. The Lie algebra k is the set so(𝑙 + 1) of skew-
symmetric real matrices of order 𝑙 + 1. We fix (·, ·) = −⟨·, ·⟩, where ⟨·, ·⟩ is the Killing form of
so(𝑙+1). Let m𝑖𝑗 be the subspace spanned by 𝑤𝑖𝑗 = 𝐸𝑖𝑗 −𝐸𝑗𝑖, where 𝐸𝑖𝑗 is the real (𝑙+1)×(𝑙+1)
matrix with value equal to 1 in the (𝑖, 𝑗)−entry and zero elsewhere. The set {𝑤𝑖𝑗 : 1 ≤ 𝑗 < 𝑖 ≤
𝑙 + 1} is an (·, ·)−orthogonal basis for so(𝑙 + 1). For every Θ ⊆ Σ, there exist positive integers
𝑙1, ..., 𝑙𝑟 such that 𝑙 + 1 = 𝑙1 + ... + 𝑙𝑟, and if we set 𝑙0 = 0, 𝑙𝑖 = 𝑙̃𝑖−1 + 𝑙𝑖, 𝑖 = 1, ..., 𝑟, then Θ is
written as the union of its connected components as

Θ =
⋃︁

𝑙𝑖>1

{︁
𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1

}︁
. (1.1.1)

By writing Θ in this form, we have that 𝐾Θ = 𝑆(𝑂(𝑙1) × ...×𝑂(𝑙𝑟)).

Proposition 1.1.1. ([22]) For any flag manifold FΘ of 𝐴𝑙, 𝑙 ̸= 3, the 𝐾Θ−invariant irreducible
subspaces of mΘ are

𝑀𝑚𝑛 =
⨁︁

1≤𝑖≤𝑙𝑚
1≤𝑗≤𝑙𝑛

m𝑙̃𝑚−1+𝑖,𝑙̃𝑛−1+𝑗, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟. (1.1.2)

Two such subspaces are not equivalent.

When 𝑙 = 3, we have the following possibilities for Θ :

∙ Θ = ∅, F∅ = 𝑆𝑂(4)/𝑆(𝑂(1) ×𝑂(1) ×𝑂(1) ×𝑂(1)).

In this case, k∅ = {0} and the tangent space m∅ has a decomposition

m∅ = m21 ⊕ m43 ⊕ m31 ⊕ m42 ⊕ m32 ⊕ m41

where all the m𝑖𝑗, 1 ≤ 𝑗 < 𝑖 ≤ 4 are 𝐾∅−invariant, irreducible and

𝑀1 = m21 ⊕ m43,
𝑀2 = m31 ⊕ m42,
𝑀3 = m32 ⊕ m41

are the corresponding isotypical summands.

∙ Θ = {𝛼1}, F{𝛼1} = 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(1) ×𝑂(1)).

In this case, k{𝛼1} = m21 and

m{𝛼1} = m43 ⊕ (m31 ⊕ m32) ⊕ (m42 ⊕ m41)

where m43, m31 ⊕ m32 and m42 ⊕ m41 are 𝐾{𝛼1}−invariant, irreducible and

𝑀1 = m43,
𝑀2 = (m31 ⊕ m32) ⊕ (m42 ⊕ m41)
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are the corresponding isotypical summands.

∙ Θ = {𝛼2}, F{𝛼2} = 𝑆𝑂(4)/𝑆(𝑂(1) ×𝑂(2) ×𝑂(1)).

We have k{𝛼2} = m32 and

m{𝛼2} = m41 ⊕ (m21 ⊕ m31) ⊕ (m43 ⊕ m42)

where m21, m31 ⊕ m41 and m42 ⊕ m32 are 𝐾{𝛼2}−invariant, irreducible and

𝑀1 = m41,
𝑀2 = (m21 ⊕ m31) ⊕ (m43 ⊕ m42)

are the corresponding isotypical summands.

∙ Θ = {𝛼3}, F{𝛼3} = 𝑆𝑂(4)/𝑆(𝑂(1) ×𝑂(1) ×𝑂(2)).

In this case, k{𝛼3} = m43 and

m{𝛼3} = m21 ⊕ (m31 ⊕ m41) ⊕ (m42 ⊕ m32)

where m41, m21 ⊕ m31 and m43 ⊕ m42 are 𝐾{𝛼3}−invariant, irreducible and

𝑀1 = m41,
𝑀2 = (m21 ⊕ m31) ⊕ (m43 ⊕ m42)

are the corresponding isotypical summands.

∙ Θ = {𝛼1, 𝛼2} or {𝛼2, 𝛼3}, FΘ = 𝑆𝑂(4)/𝑆(𝑂(3)×𝑂(1)) or 𝑆𝑂(4)/𝑆(𝑂(1)×𝑂(3)), respectively.

For these sets, the adjoint representation of 𝐾Θ on mΘ is irreducible.

∙ Θ = {𝛼1, 𝛼3}, F{𝛼1,𝛼3} = 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(2)).

We have k{𝛼1,𝛼3} = m21 ⊕ m43, and m{𝛼1,𝛼3} = 𝑀1 ⊕𝑀2, where

𝑀1 =
{︃(︃

0 −𝐵
𝐵 0

)︃
: 𝐵 has the form 𝐵 =

(︃
𝑎 𝑏
𝑏 −𝑎

)︃
, 𝑎, 𝑏 ∈ R

}︃

and

𝑀2 =
{︃(︃

0 −𝐵𝑇

𝐵 0

)︃
: 𝐵 has the form 𝐵 =

(︃
𝑎 −𝑏
𝑏 𝑎

)︃
, 𝑎, 𝑏 ∈ R

}︃

are not equivalent 𝐾{𝛼1,𝛼3}−invariant, irreducible subspaces.
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1.2 Flags of 𝐵𝑙

The Lie algebra 𝐵𝑙 = so(𝑙 + 1, 𝑙) is the set

so(𝑙 + 1, 𝑙) =

⎧⎪⎨⎪⎩
⎛⎜⎝ 0 −𝑎 −𝑏
𝑏𝑇 𝐴 𝐵
𝑎𝑇 𝐶 −𝐴𝑇

⎞⎟⎠ ∈ gl(2𝑙 + 1,R) : 𝐵 +𝐵𝑇 = 𝐶 + 𝐶𝑇 = 0

⎫⎪⎬⎪⎭ .
We consider the abelian subalgebra

a =

⎧⎪⎨⎪⎩
⎛⎜⎝ 0 0 0

0 Λ 0
0 0 −Λ

⎞⎟⎠ ∈ so(𝑙 + 1, 𝑙) : Λ = diag(𝑎1, ..., 𝑎𝑙)

⎫⎪⎬⎪⎭ .
The set of roots is described as follows:

• The long ones ±(𝜆𝑖 − 𝜆𝑗), ±(𝜆𝑖 + 𝜆𝑗), 1 ≤ 𝑖 < 𝑗 ≤ 𝑙 and

• the short ones ±𝜆𝑖, 1 ≤ 𝑖 ≤ 𝑙,

where

𝜆𝑖 :

⎧⎪⎨⎪⎩𝐻 =

⎛⎜⎝ 0 0 0
0 Λ 0
0 0 −Λ

⎞⎟⎠ : Λ = diag(𝑎1, ..., 𝑎𝑙)

⎫⎪⎬⎪⎭ −→ R, 𝜆𝑖(𝐻) = 𝑎𝑖, 𝑖 = 1, ..., 𝑙.

The simple roots are 𝛼𝑖 = 𝜆𝑖 − 𝜆𝑖+1, 1 ≤ 𝑖 ≤ 𝑙 − 1 and 𝛼𝑙 = 𝜆𝑙. The subalgebra k is the set of
(2𝑙 + 1) × (2𝑙 + 1) skew-symmetric matrices⎛⎜⎝ 0 −𝑎 −𝑎

𝑎𝑇 𝐴 𝐵
𝑎𝑇 𝐵 𝐴

⎞⎟⎠, 𝐴+ 𝐴𝑇 = 𝐵 +𝐵𝑇 = 0.

It is isomorphic to so(𝑙 + 1) ⊕ so(𝑙). The isomorphism is provided by the decomposition⎛⎜⎝ 0 −𝑎 −𝑎
𝑎𝑇 𝐴 𝐵
𝑎𝑇 𝐵 𝐴

⎞⎟⎠ =

⎛⎜⎝ 0 −𝑎 −𝑎
𝑎𝑇 (𝐴+𝐵)

2
(𝐴+𝐵)

2
𝑎𝑇 (𝐴+𝐵)

2
(𝐴+𝐵)

2

⎞⎟⎠+

⎛⎜⎝ 0 0 0
0 (𝐴−𝐵)

2 − (𝐴−𝐵)
2

0 − (𝐴−𝐵)
2

(𝐴−𝐵)
2

⎞⎟⎠ .
We fix the Ad(𝐾)−invariant inner product (·, ·) on k defined by

⎛⎜⎝
⎛⎜⎝ 0 −𝑎 −𝑎
𝑎𝑇 𝐴 𝐵
𝑎𝑇 𝐵 𝐴

⎞⎟⎠ ,
⎛⎜⎝ 0 −𝑐 −𝑐
𝑐𝑇 𝐶 𝐷
𝑐𝑇 𝐷 𝐶

⎞⎟⎠
⎞⎟⎠ = 𝑎𝑐𝑇 − 1

2(Tr(𝐵𝐷) + Tr(𝐴𝐶)). (1.2.1)

The matrices

𝑣𝑘 = 𝐸1+𝑘,1 − 𝐸1,1+𝑘 + 𝐸1+𝑙+𝑘,1 − 𝐸1,1+𝑙+𝑘, 1 ≤ 𝑘 ≤ 𝑙,
𝑤𝑖𝑗 = 𝐸1+𝑖,1+𝑗 − 𝐸1+𝑗,1+𝑖 + 𝐸1+𝑙+𝑖,1+𝑙+𝑗 − 𝐸1+𝑙+𝑗,1+𝑙+𝑖,
𝑢𝑖𝑗 = 𝐸1+𝑙+𝑖,1+𝑗 − 𝐸1+𝑙+𝑗,1+𝑖 + 𝐸1+𝑖,1+𝑙+𝑗 − 𝐸1+𝑗,1+𝑙+𝑖, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙,

(1.2.2)
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where 𝐸𝑖𝑗 is the (2𝑙 + 1) × (2𝑙 + 1)-matrix with value equal to 1 in the (𝑖, 𝑗)−entry and zero
elsewhere, form a (·, ·)−orthonormal basis for k.

We take 𝑟 positive integers 𝑙1, ..., 𝑙𝑟 such that 𝑙 = 𝑙1 + ...+ 𝑙𝑟 and if 𝑙̃0 = 0, 𝑙̃𝑖 = 𝑙̃𝑖−1 + 𝑙𝑖 then

Θ =
⋃︁

𝑙𝑖>1
{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} or

⋃︁
𝑙𝑖>1

{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} ∪ {𝛼𝑙}. (1.2.3)

Proposition 1.2.1. ([22]) Let FΘ be a flag manifold of 𝐵𝑙, with 𝑙 ≥ 5. Then the following
subspaces are 𝐾Θ−invariant and irreducible:

𝑎)

𝑉𝑖 = span{𝑣𝑙̃𝑖−1+𝑠 : 1 ≤ 𝑠 ≤ 𝑙𝑖},

with 1 ≤ 𝑖 ≤ 𝑟 if 𝛼𝑙 /∈ Θ. All these subspaces are not equivalent.

𝑏)

𝑊𝑚𝑛 =
⨁︁

1≤𝑖≤𝑙𝑚
1≤𝑗≤𝑙𝑛

span{𝑤𝑙̃𝑚−1+𝑖,𝑙̃𝑛−1+𝑗} and 𝑈𝑚𝑛 =
⨁︁

1≤𝑖≤𝑙𝑚
1≤𝑗≤𝑙𝑛

span{𝑢𝑙̃𝑚−1+𝑖,𝑙̃𝑛−1+𝑗},

with 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 if 𝛼𝑙 ̸∈ Θ and 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1 if 𝛼𝑙 ∈ Θ. For each (𝑚,𝑛), 𝑊𝑚𝑛 and
𝑈𝑚𝑛 are equivalent. We denote by 𝑀𝑚𝑛 = 𝑊𝑚𝑛 ⊕ 𝑈𝑚𝑛.

𝑐)

𝑈𝑖 = span{𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖}

for 𝑖 such that 𝑙𝑖 > 1 and 1 ≤ 𝑖 ≤ 𝑟 if 𝛼𝑙 /∈ Θ and 1 ≤ 𝑖 ≤ 𝑟 − 1 if 𝛼𝑙 ∈ Θ. All these subspaces
are not equivalent.

𝑑)

(𝑉𝑖)1 = span{𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 − 𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟, 1 ≤ 𝑡 ≤ 𝑙𝑖}

(𝑉𝑖)2 = span{𝑣𝑙̃𝑖−1+𝑡, 𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 + 𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟, 1 ≤ 𝑡 ≤ 𝑙𝑖}

with 1 ≤ 𝑖 ≤ 𝑟 − 1 when 𝛼𝑙 ∈ Θ. All these subspaces are not equivalent.

For 𝐵2, 𝐵3, 𝐵4 and some subsets Θ ⊆ Σ, one can have different equivalences among the
𝐾Θ−invariant irreducible subspaces above. Even more, there are 𝐾Θ−invariant subspaces
different from those in Proposition 1.2.1.

Example 1.2.2. Consider the flag of 𝐵4 given by Θ = {𝛼1, 𝛼2, 𝛼3}. Then mΘ decomposes into
𝐾Θ−invariant, irreducible and non-equivalent subspaces as mΘ = 𝑉1 ⊕ 𝑇1 ⊕ 𝑇2, where 𝑉1 is
defined as in Proposition 1.2.1 and

𝑇1 = span{𝑢21 + 𝑢43, 𝑢31 − 𝑢42, 𝑢41 + 𝑢32}, 𝑇2 = span{𝑢21 − 𝑢43, 𝑢31 + 𝑢42, 𝑢41 − 𝑢32}.
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1.3 Flags of 𝐶𝑙
The symplectic real Lie algebra 𝐶𝑙 = sp(𝑙,R) is the set{︃(︃

𝐴 𝐵
𝐶 −𝐴𝑇

)︃
∈ gl(2𝑙,R) : 𝐵 −𝐵𝑇 = 𝐶 − 𝐶𝑇 = 0

}︃

and the subalgebra a is given by

a =
{︃(︃

Λ 0
0 −Λ

)︃
∈ sp(𝑙,R) : Λ = diag(𝑎1, ..., 𝑎𝑙)

}︃
.

The set of roots is described as follows:

• The long ones ±2𝜆𝑖, 1 ≤ 𝑖 ≤ 𝑙, and

• the short ones ±(𝜆𝑖 − 𝜆𝑗) and ±(𝜆𝑖 + 𝜆𝑗), 1 ≤ 𝑖 < 𝑗 ≤ 𝑙

where

𝜆𝑖 :
{︃
𝐻 =

(︃
Λ 0
0 −Λ

)︃
: Λ = diag(𝑎1, ..., 𝑎𝑙)

}︃
−→ R, 𝜆𝑖(𝐻) = 𝑎𝑖, 𝑖 = 1, ..., 𝑙.

The simple roots are 𝛼𝑖 = 𝜆𝑖 − 𝜆𝑖+1, 1 ≤ 𝑖 ≤ 𝑙 − 1 and 𝛼𝑙 = 2𝜆𝑙. The subalgebra k is the set of
2𝑙 × 2𝑙 matrices (︃

𝐴 −𝐵
𝐵 𝐴

)︃
, 𝐴+ 𝐴𝑇 = 𝐵 −𝐵𝑇 = 0

which is isomorphic to u(𝑙), where the isomorphism associates the above matrix to 𝐴+
√

−1𝐵.
We fix the Ad(𝐾)−invariant inner product (·, ·) on k defined by(︃(︃

𝐴 −𝐵
𝐵 𝐴

)︃
,

(︃
𝐶 −𝐷
𝐷 𝐶

)︃)︃
= 1

2(Tr(𝐵𝐷) − Tr(𝐴𝐶)). (1.3.1)

The 2𝑙 × 2𝑙 matrices

𝑢𝑘𝑘 = 𝐸𝑙+𝑘,𝑘 − 𝐸𝑘,𝑙+𝑘, 1 ≤ 𝑘 ≤ 𝑙,
𝑤𝑖𝑗 = 𝐸𝑖𝑗 − 𝐸𝑗𝑖 + 𝐸𝑙+𝑖,𝑙+𝑗 − 𝐸𝑙+𝑗,𝑙+𝑖,
𝑢𝑖𝑗 = 𝐸𝑙+𝑖,𝑗 + 𝐸𝑙+𝑗,𝑖 − 𝐸𝑖,𝑙+𝑗 − 𝐸𝑗,𝑙+𝑖, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙

(1.3.2)

form a (·, ·)−orthogonal basis for k. In what follows, we describe the 𝐾Θ−invariant, irreducible
subspaces. As in the previous section, for each Θ, take positive integers 𝑙1, ..., 𝑙𝑟 such that
𝑙 = 𝑙1 + ...+ 𝑙𝑟 and Θ is written as disjoint union of its connected components as

Θ =
⋃︁

𝑙𝑖>1
{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} or

⋃︁
𝑙𝑖>1

{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} ∪ {𝛼𝑙} (1.3.3)

where 𝑙̃0 = 0, 𝑙̃𝑖−1 + 𝑙𝑖, 𝑖 = 1, ..., 𝑟. If 𝛼𝑙 ̸∈ Θ, then 𝐾Θ
diff.≈ 𝑂(𝑙1) × ...×𝑂(𝑙𝑟), otherwise, we have

𝐾Θ
diff.≈ 𝑂(𝑙1) × ...×𝑂(𝑙𝑟−1) × 𝑈(𝑙𝑟).
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Proposition 1.3.1. ([22]) Let FΘ be a flag manifold of 𝐶𝑙, with 𝑙 ̸= 4. The following subspaces
are 𝐾Θ−invariant irreducible:

𝑎)

𝑉𝑖 = span{𝑢𝑙̃𝑖−1+1,𝑙̃𝑖−1+1 + ...+ 𝑢𝑙̃𝑖,𝑙̃𝑖
},

with 1 ≤ 𝑖 ≤ 𝑟 if 𝛼𝑙 ̸∈ Θ and 1 ≤ 𝑖 ≤ 𝑟 − 1 if 𝛼𝑙 ∈ Θ. All these subspaces are equivalent. Set
𝑀0 = 𝑉1 ⊕ ...⊕ 𝑉𝑟, where 𝑟 = 𝑟 if 𝛼𝑙 /∈ Θ and 𝑟 = 𝑟 − 1 if 𝛼𝑙 ∈ Θ.

𝑏)

𝑊𝑚𝑛 =
⨁︁

1≤𝑖≤𝑙𝑚
1≤𝑗≤𝑙𝑛

span{𝑤𝑙̃𝑚−1+𝑖,𝑙̃𝑛−1+𝑗} and 𝑈𝑚𝑛 =
⨁︁

1≤𝑖≤𝑙𝑚
1≤𝑗≤𝑙𝑛

span{𝑢𝑙̃𝑚−1+𝑖,𝑙̃𝑛−1+𝑗},

with 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 if 𝛼𝑙 ̸∈ Θ and 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1 if 𝛼𝑙 ∈ Θ. For each (𝑚,𝑛), 𝑊𝑚𝑛 and
𝑈𝑚𝑛 are equivalent. We denote 𝑀𝑚𝑛 = 𝑊𝑚𝑛 ⊕ 𝑈𝑚𝑛.

𝑐)

𝑀𝑟𝑛 =
⨁︁

1≤𝑖≤𝑙𝑟
1≤𝑗≤𝑙𝑛

span{𝑤𝑙̃𝑟−1+𝑖,𝑙̃𝑛−1+𝑗} ⊕
⨁︁

1≤𝑖≤𝑙𝑟
1≤𝑗≤𝑙𝑛

span{𝑢𝑙̃𝑟−1+𝑖,𝑙̃𝑛−1+𝑗},

with 1 ≤ 𝑛 ≤ 𝑟 − 1, if 𝛼𝑙 ∈ Θ. All these subspaces are not equivalent.

𝑑)

𝑈𝑖 = span{𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑠 − 𝑢𝑙̃𝑖−1+𝑠+1,𝑙̃𝑖−1+𝑠+1 : 1 ≤ 𝑠 ≤ 𝑙𝑖 − 1} ∪ {𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖},

for 𝑖 such that 𝑙𝑖 > 1 and 1 ≤ 𝑖 ≤ 𝑟 if 𝛼𝑙 ̸∈ Θ, 1 ≤ 𝑖 ≤ 𝑟 − 1 if 𝛼𝑙 ∈ Θ. All these subspaces are
not equivalent.

Any other pair of subspaces are not equivalent.

When 𝑙 = 4, in addition to the subspaces described in Proposition 1.3.1, we have more
equivalent subspaces for some subsets Θ. The table below shows the equivalence classes for
the flags FΘ of 𝐶4 where there exist equivalences and irreducible submodules different to those
presented in Proposition 1.3.1.

Θ Equivalence classes
∅ {𝑉1, 𝑉2, 𝑉3, 𝑉4}, {𝑊21,𝑊43, 𝑈21, 𝑈43}, {𝑊31,𝑊42, 𝑈31, 𝑈42}, {𝑊32,𝑊41, 𝑈32, 𝑈41}

{𝛼1} {𝑉1, 𝑉2, 𝑉3}, {𝑊21,𝑊31, 𝑈21, 𝑈31}, {𝑊32, 𝑈32}, {𝑈1}
{𝛼2} {𝑉1, 𝑉2, 𝑉3}, {𝑊21,𝑊32, 𝑈21, 𝑈32}, {𝑊31, 𝑈31}, {𝑈2}
{𝛼3} {𝑉1, 𝑉2, 𝑉3}, {𝑊31,𝑊32, 𝑈31, 𝑈32}, {𝑊21, 𝑈21}, {𝑈3}

Table 1.
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1.4 Flags of 𝐷𝑙

The Lie algebra 𝐷𝑙 = so(𝑙, 𝑙) is the set{︃(︃
𝐴 𝐵
𝐶 −𝐴𝑇

)︃
∈ gl(2𝑙,R) : 𝐵 +𝐵𝑇 = 𝐶 + 𝐶𝑇 = 0

}︃
.

In this case
a =

{︃(︃
Λ 0
0 −Λ

)︃
∈ so(𝑙, 𝑙) : Λ = diag(𝑎1, ..., 𝑎𝑙)

}︃
.

The roots are ±(𝜆𝑖 − 𝜆𝑗), ±(𝜆𝑖 + 𝜆𝑗), 1 ≤ 𝑖 < 𝑗 ≤ 𝑙, where

𝜆𝑖 :
{︃
𝐻 =

(︃
Λ 0
0 −Λ

)︃
: Λ = diag(𝑎1, ., .., 𝑎𝑙)

}︃
−→ R, 𝜆𝑖(𝐻) = 𝑎𝑖, 𝑖 = 1, ..., 𝑙.

The simple roots are 𝛼𝑖 = 𝜆𝑖 − 𝜆𝑖+1, 𝑖 = 1, ..., 𝑙 − 1 and 𝛼𝑙 = 𝜆𝑙−1 + 𝜆𝑙. The subalgebra k is the
set of skew-symmetric 2𝑙 × 2𝑙 matrices of the form(︃

𝐴 𝐵
𝐵 𝐴

)︃
, 𝐴+ 𝐴𝑇 = 𝐵 +𝐵𝑇 = 0

which is isomorphic to so(𝑙) ⊕ so(𝑙) via the decomposition(︃
𝐴 𝐵
𝐵 𝐴

)︃
=
(︃

𝐴+𝐵
2

𝐴+𝐵
2

𝐴+𝐵
2

𝐴+𝐵
2

)︃
+
(︃

𝐴−𝐵
2 −𝐴−𝐵

2
−𝐴−𝐵

2
𝐴−𝐵

2

)︃
.

We fix the Ad(𝐾)−invariant inner product (·, ·) on k given by(︃(︃
𝐴 𝐵
𝐵 𝐴

)︃
,

(︃
𝐶 𝐷
𝐷 𝐶

)︃)︃
= −Tr(𝐴𝐶) + Tr(𝐵𝐷)

2 . (1.4.1)

The matrices
𝑤𝑖𝑗 = 𝐸𝑖𝑗 − 𝐸𝑗𝑖 + 𝐸𝑙+𝑖,𝑙+𝑗 − 𝐸𝑙+𝑗,𝑙+𝑖,
𝑢𝑖𝑗 = 𝐸𝑙+𝑖,𝑗 − 𝐸𝑙+𝑗,𝑖 + 𝐸𝑖,𝑙+𝑗 − 𝐸𝑗,𝑙+𝑖, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙

(1.4.2)

form a (·, ·)−orthogonal basis for k. Given Θ ⊆ Σ, we take 𝑙1, ..., 𝑙𝑟 as in (1.2.3).

Proposition 1.4.1. ([22]) Let FΘ be a flag manifold of 𝐷𝑙, 𝑙 ≥ 5. Then the following subspaces
are 𝐾Θ−invariant and irreducible:

𝑎)

𝑊𝑚𝑛 = span{𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛},
𝑈𝑚𝑛 = span{𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛},

with 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 if 𝛼𝑙 /∈ Θ, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1 if 𝛼𝑙, 𝛼𝑙−1 ∈ Θ and 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 2 if
𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ. For each (𝑚,𝑛), 𝑊𝑚𝑛 is equivalent to 𝑈𝑚𝑛. We set 𝑀𝑚𝑛 = 𝑊𝑚𝑛 ⊕ 𝑈𝑚𝑛.

𝑏)

𝑈𝑖 = span{𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖},
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with 𝑙𝑖 > 1, 1 ≤ 𝑖 ≤ 𝑟 if 𝛼𝑙 /∈ Θ, 1 ≤ 𝑖 ≤ 𝑟 − 1 if 𝛼𝑙, 𝛼𝑙−1 ∈ Θ and 1 ≤ 𝑖 ≤ 𝑟 − 2 if 𝛼𝑙 ∈ Θ and
𝛼𝑙−1 /∈ Θ. All these subspaces are not equivalent.

𝑐)

𝑀𝑟𝑛 =
⨁︁

1≤𝑠≤𝑙𝑟
1≤𝑡≤𝑙𝑛

span{𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑛−1+𝑡} ⊕
⨁︁

1≤𝑠≤𝑙𝑟
1≤𝑡≤𝑙𝑛

span{𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑛−1+𝑡},

with 1 ≤ 𝑛 ≤ 𝑟 − 1 when 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 ∈ Θ. All these subspaces are not equivalent.

𝑑)

𝑀𝑛 = span{𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟−1, 1 ≤ 𝑡 ≤ 𝑙𝑛} ∪ {𝑢𝑙,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑛},
𝑁𝑛 = span{𝑢𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟−1, 1 ≤ 𝑡 ≤ 𝑙𝑛} ∪ {𝑤𝑙,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑛},

with 1 ≤ 𝑛 ≤ 𝑟 − 2 when 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ. For each 𝑛 ∈ {1, ..., 𝑟 − 2}, 𝑀𝑛 is equivalent to
𝑁𝑛. We set 𝑆𝑛 = 𝑀𝑛 ⊕𝑁𝑛.

𝑒)

𝑉𝑟−1 = span{𝑢𝑙̃𝑟−2+𝑠,𝑙̃𝑟−2+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑟−1} ∪ {𝑤𝑙,𝑙̃𝑟−2+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑟−1},

when 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ.

The case 𝑙 = 4 is different from the general case since k = so(4) ⊕ so(4) decomposes into
four copies of so(3) which yield new invariant subspaces.

Example 1.4.2. Consider the flag F{𝛼1,𝛼2,𝛼3} of 𝐷4. The isotropy representation decomposes
into two non-equivalent 𝐾{𝛼1,𝛼2,𝛼3}−invariant irreducible subspaces given by

𝑇1 = span{𝑢21 + 𝑢43, 𝑢31 − 𝑢42, 𝑢41 + 𝑢32} and 𝑆1 = span{𝑢43 − 𝑢21, 𝑢31 + 𝑢42, 𝑢41 − 𝑢32}.
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Chapter 2

Invariant Riemannian metrics

It is known that there exists a one-to-one correspondence between 𝐾−invariant metrics on
FΘ = 𝐾/𝐾Θ and Ad(𝐾Θ)−invariant inner products 𝑔 on mΘ, that is,

𝑔(Ad(𝑘)𝑋,Ad(𝑘)𝑌 ) = 𝑔(𝑋, 𝑌 ) for all 𝑘 ∈ 𝐾Θ, 𝑋, 𝑌 ∈ mΘ. (2.0.1)
For every such 𝑔, there exists a unique (·, ·)−self-adjoint, positive operator 𝐴 : mΘ −→ mΘ
commuting with Ad(𝑘) for all 𝑘 ∈ 𝐾Θ such that

𝑔(𝑋, 𝑌 ) = (𝐴𝑋, 𝑌 ) for all 𝑋, 𝑌 ∈ mΘ. (2.0.2)
Any Ad(𝐾Θ)−invariant inner product is determined by such an operator. We call 𝐴 the metric
operator corresponding to 𝑔. We will make no distinction between 𝑔 and its metric operator 𝐴.
If we consider a (·, ·)−orthogonal ordered basis ℬ = ℬ1 ∪ ...∪ ℬ𝑆 adapted to the decomposition
(1.0.2) such that for every 𝑖, all vectors in ℬ𝑖 have the same norm with respect to (·, ·). Then,
any metric operator 𝐴 can be written in the basis ℬ as a block-diagonal matrix of the form

[𝐴]ℬ =

⎛⎜⎜⎜⎜⎝
[𝐴|𝑀1 ]ℬ1 0 . . . 0

0 [𝐴|𝑀2 ]ℬ2 . . . 0
... ... . . . ...
0 0 . . . [𝐴|𝑀𝑆

]ℬ𝑆

⎞⎟⎟⎟⎟⎠ . (2.0.3)

If 𝑀𝑖 = m𝑖1 ⊕ ...⊕ m𝑖𝑛 , then [𝐴|𝑀𝑖
]ℬ𝑖

has the form

[𝐴|𝑀𝑖
]ℬ𝑖

=

⎛⎜⎜⎜⎜⎝
𝜇1Im𝑖1

𝐵𝑇
21 . . . 𝐵𝑇

𝑛1
𝐵21 𝜇2Im𝑖2

. . . 𝐵𝑇
𝑛2

... ... . . . ...
𝐵𝑛1 𝐵𝑛2 . . . 𝜇𝑛Im𝑖𝑛

⎞⎟⎟⎟⎟⎠ (2.0.4)

where 𝐵𝑇
𝑎𝑏 represents the transpose of 𝐵𝑎𝑏 and 𝜇1, ..., 𝜇𝑛 > 0. We shall use the facts above

and the results presented in Chapter 1 to obtain the invariant metrics on classical real flag
manifolds.
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2.1 Flags of 𝐴𝑙

Recall that, for flags of 𝐴𝑙, we are considering (·, ·) as the negative of the Killing form of
so(𝑙 + 1). Let Θ ⊆ Σ written as in (1.1.1), by Proposition 1.1.1, we have that

mΘ =
⨁︁

1≤𝑛<𝑚≤𝑟

𝑀𝑚𝑛, (2.1.1)

where the subspaces 𝑀𝑚𝑛 are described in (1.1.2).

Proposition 2.1.1. Let FΘ be a flag of 𝐴𝑙, 𝑙 ̸= 3. Then, every metric operator 𝐴 is determined
by 𝑟(𝑟−1)

2 positive numbers 𝜇𝑚𝑛, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 such that

𝐴|𝑀𝑚𝑛
= 𝜇𝑚𝑛I𝑀𝑚𝑛 , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟. (2.1.2)

Proof. By Proposition 1.1.1, we know that the subspaces 𝑀𝑚𝑛 are 𝐾Θ−invariant, irreducible,
(·, ·)−orthogonal and pairwise non-equivalent. Let ℬ be any (·, ·)−orthogonal basis adapted to
(2.1.1), then every isotypical summand 𝑀𝑚𝑛 is irreducible, by (2.0.4) we have that 𝐴|𝑀𝑚𝑛 is a
positive multiple of the identity map for each (𝑚,𝑛), so we have the result.

Now, consider the case when 𝑙 = 3. For each Θ ⊆ Σ, we fix an ordered (·, ·)−orthogonal
basis for mΘ:

ℬ∅ = {𝑤21, 𝑤43, 𝑤31, 𝑤42, 𝑤32, 𝑤41},
ℬ{𝛼1} = {𝑤43, 𝑤31, 𝑤32, 𝑤42, 𝑤41},
ℬ{𝛼2} = {𝑤41, 𝑤21, 𝑤31, 𝑤43, 𝑤42},
ℬ{𝛼3} = {𝑤21, 𝑤31, 𝑤41, 𝑤42, 𝑤32},
ℬ{𝛼1,𝛼2} = {𝑤41, 𝑤42, 𝑤43},
ℬ{𝛼2,𝛼3} = {𝑤21, 𝑤31, 𝑤41},
ℬ{𝛼1,𝛼3} = {𝑤31 − 𝑤42, 𝑤41 + 𝑤32, 𝑤31 + 𝑤42, 𝑤41 − 𝑤32}.

(2.1.3)

Proposition 2.1.2. Let 𝐴 be an invariant metric on a flag FΘ of 𝐴3. Then, 𝐴 is written in
the basis (2.1.3) in the following form:

[𝐴]ℬ∅ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 𝑏1 0 0 0 0
𝑏1 𝜇

(1)
2 0 0 0 0

0 0 𝜇
(2)
1 𝑏2 0 0

0 0 𝑏2 𝜇
(2)
2 0 0

0 0 0 0 𝜇
(3)
1 𝑏3

0 0 0 0 𝑏3 𝜇
(3)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, if Θ = ∅,

[𝐴]ℬΘ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 𝑏 0

0 0 𝜇
(2)
1 0 −𝑏

0 𝑏 0 𝜇
(2)
2 0

0 0 −𝑏 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , if Θ = {𝛼1}, {𝛼2} or {𝛼3},
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[𝐴]ℬΘ =

⎛⎜⎝ 𝜇 0 0
0 𝜇 0
0 0 𝜇

⎞⎟⎠ , if Θ = {𝛼1, 𝛼2} or {𝛼2, 𝛼3},

[𝐴]ℬ{𝛼1,𝛼3} =

⎛⎜⎜⎜⎝
𝜇1 0 0 0
0 𝜇1 0 0
0 0 𝜇2 0
0 0 0 𝜇2

⎞⎟⎟⎟⎠ , if Θ = {𝛼1, 𝛼3},

where the numbers 𝜇(𝑖)
𝑗 , 𝜇 and 𝜇𝑖 are positive.

Proof. For Θ = ∅, {𝛼1}, {𝛼2}, {𝛼3}, {𝛼1, 𝛼2} and {𝛼2, 𝛼3}, it is obvious from (2.0.3), (2.0.4)
and the description of the isotypical summands given in chapter 1. When Θ = {𝛼1}, we have
that 𝐴 is written with respect to ℬ{𝛼1} in the form

[𝐴]ℬ{𝛼1} =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 𝑏 𝑑

0 0 𝜇
(2)
1 𝑐 𝑒

0 𝑏 𝑐 𝜇
(2)
2 0

0 𝑑 𝑒 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ .

Given 𝑘 ∈ 𝐾{𝛼1} = 𝑆(𝑂(2) ×𝑂(1) ×𝑂(1)), we have that 𝑘 has the form

𝑘 =

⎛⎜⎜⎜⎝
𝑟 𝑠 0 0
𝑡 𝑢 0 0
0 0 𝑣 0
0 0 0 𝑧

⎞⎟⎟⎟⎠ ,
where its columns are orthonormal and det(𝑘) = 1. It is easy to verify that

[Ad(𝑘)]ℬ{𝛼1} =

⎛⎜⎜⎜⎜⎜⎜⎝
𝑣𝑧 0 0 0 0
0 𝑣𝑟 𝑣𝑠 0 0
0 𝑣𝑡 𝑣𝑢 0 0
0 0 0 𝑧𝑢 𝑧𝑡
0 0 0 𝑧𝑠 𝑧𝑟

⎞⎟⎟⎟⎟⎟⎟⎠ .

Since 𝐴 commutes with Ad(𝑘) for all 𝑘 ∈ 𝐾{𝛼1}, then for 𝑟 = 𝑡 = 𝑢 = −𝑠 = 1√
2 and 𝑣 = 𝑧 = 1

we have

[𝐴]ℬ{𝛼1} [Ad(𝑘)]ℬ{𝛼1} − [Ad(𝑘)]ℬ{𝛼1} [𝐴]ℬ{𝛼1} = 0

⇐⇒

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0
0 0 0 − 𝑐−𝑑√

2 − 𝑏+𝑒√
2

0 0 0 𝑏+𝑒√
2 − 𝑐−𝑑√

2
0 𝑐−𝑑√

2
𝑏+𝑒√

2 0 0
0 − 𝑏+𝑒√

2
𝑐−𝑑√

2 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠ = 0
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thus, 𝑏 = −𝑒 and 𝑐 = 𝑑. If 𝑟 = 𝑣 = −𝑢 = −𝑧 = 1 and 𝑡 = 𝑠 = 0, then

[𝐴]ℬ{𝛼1} [Ad(𝑘)]ℬ{𝛼1} − [Ad(𝑘)]ℬ{𝛼1} [𝐴]ℬ{𝛼1} = 0

⇐⇒

⎛⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0
0 0 0 0 −2𝑑
0 0 0 2𝑐 0
0 0 −2𝑐 0 0
0 2𝑑 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠ = 0,

hence 𝑐 = 𝑑 = 0, as we wanted to prove. Analogously for Θ = {𝛼2} and Θ = {𝛼3}.

2.2 Flags of 𝐵𝑙

In this section, we consider 𝑙 ≥ 5 and fix (·, ·) as in (1.2.1). Given Θ ⊆ Σ, we take 𝑙1, ..., 𝑙𝑟
satisfying (1.2.3).

Proposition 2.2.1. Let Θ ⊆ Σ, and 𝑙 ≥ 5.

𝑎) If 𝛼𝑙 /∈ Θ then

ℬΘ =
(︃

𝑟⋃︁
𝑖=1

ℬ0,𝑖

)︃
∪

⎛⎝ ⋃︁
1≤𝑛<𝑚≤𝑟

ℬ𝑚𝑛

⎞⎠ ∪

⎛⎝⋃︁
𝑙𝑖>1

ℬ𝑖

⎞⎠ (2.2.1)

is a (·, ·)−orthonormal basis for mΘ adapted to the subspaces of Proposition 1.2.1. Where

ℬ0,𝑖 =
{︁
𝑣𝑙̃𝑖−1+𝑠 : 1 ≤ 𝑠 ≤ 𝑙𝑖

}︁
,

ℬ𝑚𝑛 = {𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 𝑠 = 1, ..., 𝑙𝑚, 𝑡 = 1, ..., 𝑙𝑛} ∪ {𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 𝑠 = 1, ..., 𝑙𝑚, 𝑡 = 1, ..., 𝑙𝑛},

ℬ𝑖 =
{︁
𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖

}︁
.

𝑏) If 𝛼𝑙 ∈ Θ then

ℬΘ =
(︃

𝑟−1⋃︁
𝑖=1

(ℬ𝑖)1 ∪ (ℬ𝑖)2

)︃
∪

⎛⎝ ⋃︁
1≤𝑛<𝑚≤𝑟−1

ℬ𝑚𝑛

⎞⎠ ∪

⎛⎜⎜⎝ ⋃︁
1≤𝑖≤𝑟−1

𝑙𝑖>1

ℬ𝑖

⎞⎟⎟⎠ (2.2.2)

is a (·, ·)−orthogonal basis for mΘ adapted to the subspaces of Proposition 1.2.1. Here ℬ𝑚𝑛 and
ℬ𝑖 are as before and

(ℬ𝑖)1 =
{︁
𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 − 𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟, 1 ≤ 𝑡 ≤ 𝑙𝑖

}︁
,

(ℬ𝑖)2 =
{︁
𝑣𝑙̃𝑖−1+𝑡, 𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 + 𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟, 1 ≤ 𝑡 ≤ 𝑙𝑖

}︁
.
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Proposition 2.2.2. Every invariant metric 𝐴 on a flag of 𝐵𝑙, 𝑙 ≥ 5 is written in the basis of
Proposition 2.2.1 in the following form:

𝑎) If 𝛼𝑙 /∈ Θ then

𝐴|𝑉𝑖
= 𝜇(𝑖)I𝑉𝑖

, 1 ≤ 𝑖 ≤ 𝑟,

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟,

𝐴|𝑈𝑖
= 𝛾(𝑖)I𝑈𝑖

, 1 ≤ 𝑖 ≤ 𝑟 and 𝑙𝑖 > 1.

𝑏) If 𝛼𝑙 ∈ Θ then

𝐴|(𝑉𝑖)1= 𝜌(𝑖)I(𝑉𝑖)1 , 1 ≤ 𝑖 ≤ 𝑟 − 1,

𝐴|(𝑉𝑖)2= 𝜇(𝑖)I(𝑉𝑖)2 , 1 ≤ 𝑖 ≤ 𝑟 − 1,

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1,

𝐴|𝑈𝑖
= 𝛾(𝑖)I𝑈𝑖

, 1 ≤ 𝑖 ≤ 𝑟 − 1 and 𝑙𝑖 > 1.

Proof. Due to (2.0.3), (2.0.4) and Proposition 1.2.1, it is enough to prove the result for 𝐴|𝑀𝑚𝑛 .
By (2.0.4) we have

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝐵𝑇

𝐵 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ .
Let us take

𝑘 =

⎛⎜⎝ 1 0 0
0 𝑃 0
0 0 𝑃

⎞⎟⎠ ∈ 𝐾Θ

where det(𝑃 ) = 1 and 𝑃 is a block diagonal matrix

𝑃 =

⎛⎜⎜⎜⎜⎝
𝑃1 0 . . . 0
0 𝑃2 . . . 0
... ... . . . ...
0 0 . . . 𝑃𝑟

⎞⎟⎟⎟⎟⎠ , 𝑃𝑖 ∈ 𝑂(𝑙𝑖) for 𝑖 = 1, ..., 𝑟.

If 𝑃𝑖 = (𝑝𝑖
𝑠𝑡)𝑙𝑖×𝑙𝑖

, then
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Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

and

Ad(𝑘)𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 ,

Also, we have that for every (𝑠, 𝑡) there exist a set of real numbers {𝑏𝑠𝑡
𝑒𝑓 : 1 ≤ 𝑒 ≤ 𝑙𝑚, 1 ≤ 𝑓 ≤ 𝑙𝑛}

(each 𝑏𝑠𝑡
𝑒𝑓 is an entry of the matrix 𝐵) such that

𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 +

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 ,

so

Ad(𝑘) ∘ 𝐴 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

and

𝐴 ∘ Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 .

Since 𝐴 commutes with Ad(𝑘) then
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 =

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡, (2.2.3)

for 1 ≤ 𝑠, 𝑒 ≤ 𝑙𝑚, and 1 ≤ 𝑡, 𝑓 ≤ 𝑙𝑛. Fixing 𝑠, 𝑡, 𝑒, 𝑓 , we shall show that 𝑏𝑠𝑡
𝑒𝑓

= 0 if (𝑠, 𝑡) ̸= (𝑒, 𝑓).
First, we suppose 𝑟 > 2. By taking 𝑃𝑚 = diag(1, .., 1,−1, 1, ..., 1), with −1 in the (𝑒, 𝑒)−entry,
𝑃𝑖 = diag(−1, 1, ..., 1) for some 𝑖 /∈ {𝑚,𝑛} (which exists because 𝑟 > 2) and 𝑃𝑗 = I, for
𝑗 /∈ {𝑚, 𝑖} we obtain

−𝑏𝑠𝑡
𝑒𝑓

= 𝑏𝑠𝑡
𝑒𝑓
𝑝𝑚

𝑠𝑠.

Since 𝑝𝑚
𝑠𝑠 = 1 for 𝑠 ̸= 𝑒, then 𝑏𝑠𝑡

𝑒𝑓
= 0 if 𝑠 ̸= 𝑒. By taking 𝑃𝑛 = diag(1, ..., 1,−1, 1, ..., 1), with

−1 in the (𝑓, 𝑓)−entry, 𝑃𝑖 = diag(−1, 1, ..., 1) for some 𝑖 /∈ {𝑚,𝑛} and 𝑃𝑗 = I for 𝑗 /∈ {𝑛, 𝑖} we
have

−𝑏𝑠𝑡
𝑒𝑓

= 𝑏𝑠𝑡
𝑒𝑓
𝑝𝑛

𝑡𝑡.

Again, 𝑝𝑛
𝑡𝑡 = 1 for 𝑡 ̸= 𝑓 , then 𝑏𝑠𝑡

𝑒𝑓
= 0 if 𝑡 ̸= 𝑓. We conclude that 𝑏𝑠𝑡

𝑒𝑓
= 0 if (𝑠, 𝑡) ̸= (𝑒, 𝑓). If

𝑟 = 2 then 𝑚 = 2, 𝑛 = 1 and we have two possibilities:

∙ 𝑙1 > 2 : In this case, we take 𝑃2 = diag(1, ..., 1,−1, 1, ..., 1) and 𝑃1 = diag(1, ..., 1,−1, 1, ..., 1),
where 𝑃2 has −1 in the (𝑒, 𝑒)−entry and 𝑃1 has −1 in the (𝑗, 𝑗)−entry for some 𝑗 /∈ {𝑓, 𝑡} and
we obtain from (2.2.3) that
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−𝑏𝑠𝑡
𝑒𝑓

= 𝑏𝑠𝑡
𝑒𝑓
𝑝2

𝑠𝑠.

Then 𝑠 ̸= 𝑒 =⇒ 𝑏𝑠𝑡
𝑒𝑓

= 0. For 𝑠 = 𝑒, we take 𝑃2 = diag(1, ..., 1,−1, 1, ..., 1) with −1 in the
(𝑒, 𝑒)−entry, 𝑃1 = diag(1, ..., 1,−1, 1, ..., 1) with −1 in the (𝑓, 𝑓)−entry and therefore

𝑏𝑒𝑡
𝑒𝑓

= −𝑏𝑒𝑡
𝑒𝑓
𝑝1

𝑡𝑡,

so 𝑡 ̸= 𝑓 =⇒ 𝑏𝑒𝑡
𝑒𝑓

= 0.

∙ 𝑙1 ≤ 2 : Since 𝑙 ≥ 5 and 𝑙1 + 𝑙2 = 𝑙, we have that 𝑙2 > 2 and we can proceed analogously as
before.

We conclude that 𝑏𝑠𝑡
𝑒𝑓

= 0 of (𝑠, 𝑡) ̸= (𝑒, 𝑓), thus equation (2.2.3) becomes

𝑏𝑠𝑡
𝑠𝑡𝑝

𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 = 𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡. (2.2.4)

By taking 𝑃𝑚 ∈ 𝑆𝑂(𝑙𝑚) with non-zero (𝑒, 𝑠)−entry and 𝑃𝑛 ∈ 𝑆𝑂(𝑙𝑛) with non-zero (𝑓, 𝑡)−entry,
we have that 𝑏𝑠𝑡

𝑠𝑡 = 𝑏𝑒𝑓

𝑒𝑓
=: 𝑏𝑚𝑛 for all 𝑠, 𝑡, 𝑒, 𝑓 . Hence

𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 + 𝑏𝑚𝑛 𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡

and 𝐵 = 𝑏𝑚𝑛I.

2.3 Flags of 𝐶𝑙
We consider the invariant inner product (·, ·) given in (1.3.1) and 𝑙1, ..., 𝑙𝑟 as in (1.3.3).

Proposition 2.3.1. Let Θ ⊆ Σ, 𝑙 ̸= 4, 𝛼𝑙 /∈ Θ and 𝑙1, ..., 𝑙𝑟 as in (1.3.3). Then

ℬ = ℬ0 ∪

⎛⎝ ⋃︁
1≤𝑛<𝑚≤𝑟

ℬ𝑚𝑛

⎞⎠ ∪

⎛⎜⎜⎝ 𝑟⋃︁
𝑖=1
𝑙𝑖>1

ℬ𝑖

⎞⎟⎟⎠ (2.3.1)

is a (·, ·)−orthogonal basis for mΘ adapted to the subspaces of Proposition 1.3.1, where

ℬ0 =
⎧⎨⎩ 1√︁

𝑙𝑗

(︁
𝑢𝑙̃𝑗−1+1,𝑙̃𝑗−1+1 + ...+ 𝑢𝑙̃𝑗 ,𝑙̃𝑗

)︁
: 𝑗 = 1, ..., 𝑟

⎫⎬⎭ ,
ℬ𝑚𝑛 = {𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 𝑠 = 1, ..., 𝑙𝑚, 𝑡 = 1, ..., 𝑙𝑛} ∪ {𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 𝑠 = 1, ..., 𝑙𝑚, 𝑡 = 1, ..., 𝑙𝑛}

ℬ𝑖 =
{︂

1
𝑠

𝑠∑︀
𝑡=1

𝑢𝑙̃𝑖−1+𝑡,𝑙̃𝑖−1+𝑡 − 𝑢𝑙̃𝑖−1+𝑠+1,𝑙̃𝑖−1+𝑠+1 : 𝑠 = 1, ..., 𝑙𝑖 − 1
}︂

∪
{︁
𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖

}︁
.

If 𝛼𝑙 ∈ Θ, then 𝑖 extends only over {1, ..., 𝑟 − 1}.

Proposition 2.3.2. Every invariant metric 𝐴 on a flag of 𝐶𝑙, 𝑙 ̸= 4 is written in the basis
(2.3.1) in the following form:

𝑎) If 𝛼𝑙 /∈ Θ then
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[𝐴|𝑀0 ]ℬ0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(0)
1 𝑎21 𝑎31 . . . 𝑎𝑟1

𝑎21 𝜇
(0)
2 𝑎32 . . . 𝑎𝑟2

𝑎31 𝑎32 𝜇
(0)
3 . . . 𝑎𝑟3

... ... ... . . . ...
𝑎𝑟1 𝑎𝑟2 𝑎𝑟3 . . . 𝜇(0)

𝑟

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜇
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜇
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟,

[𝐴|𝑈𝑖
]ℬ𝑖

= 𝜇(𝑖)I𝑈𝑖
, 1 ≤ 𝑖 ≤ 𝑟 and 𝑙𝑖 > 1.

𝑏) If 𝛼𝑙 ∈ Θ then

[𝐴|𝑀0 ]ℬ0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(0)
1 𝑎21 𝑎31 . . . 𝑎𝑟−1,1

𝑎21 𝜇
(0)
2 𝑎32 . . . 𝑎𝑟−1,2

𝑎31 𝑎32 𝜇
(0)
3 . . . 𝑎𝑟−1,3

... ... ... . . . ...
𝑎𝑟−1,1 𝑎𝑟−1,2 𝑎𝑟−1,3 . . . 𝜇

(0)
𝑟−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜇
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜇
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1,

[𝐴|𝑀𝑟𝑛 ]ℬ𝑟𝑛 = 𝜇(𝑟𝑛)I𝑀𝑟𝑛 , 1 ≤ 𝑛 ≤ 𝑟 − 1,

[𝐴|𝑈𝑖
]ℬ𝑖

= 𝜇(𝑖)I𝑈𝑖
, 1 ≤ 𝑖 ≤ 𝑟 − 1 and 𝑙𝑖 > 1.

Proof. Case 1. 𝛼𝑙 /∈ Θ.

By (2.0.3), (2.0.4) and Proposition 1.3.1, we only have to prove the result for 𝐴|𝑀𝑚𝑛 . In fact,
we know [𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 has the form

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜇
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝐵𝑇

𝐵 𝜇
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ .
Given 𝑘 ∈ 𝐾Θ

dif.≈ 𝑂(𝑙1) × ...×𝑂(𝑙𝑟), we have that 𝑘 has the form
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𝑘 =
(︃
𝑃 0
0 𝑃

)︃
,

where 𝑃 is a block diagonal matrix

𝑃 =

⎛⎜⎜⎜⎜⎝
𝑃1 0 . . . 0
0 𝑃2 . . . 0
... ... . . . ...
0 0 . . . 𝑃𝑟

⎞⎟⎟⎟⎟⎠ , 𝑃𝑖 ∈ 𝑂(𝑙𝑖) for 𝑖 = 1, ..., 𝑟.

Writing 𝑃𝑖 = (𝑝𝑖
𝑠𝑡)𝑙𝑖×𝑙𝑖

, we can easily verify that for any pair (𝑠, 𝑡) with 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛

Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 (2.3.2)

and
Ad(𝑘)𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 . (2.3.3)

Because of the form of 𝐴|𝑀𝑚𝑛 , we also have that for every (𝑠, 𝑡) there exists a set of real numbers
{𝑏𝑠𝑡

𝑒𝑓 : 1 ≤ 𝑒 ≤ 𝑙𝑚, 1 ≤ 𝑓 ≤ 𝑙𝑛} such that

𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜇
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 +

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 . (2.3.4)

From (2.3.2), (2.3.3) and (2.3.4) we get

Ad(𝑘) ∘ 𝐴 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜇
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

and

𝐴 ∘ Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜇
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 .

Since 𝐴 ∘ Ad(𝑘) = Ad(𝑘) ∘ 𝐴, then

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 =

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡, (2.3.5)

for 1 ≤ 𝑠, 𝑒 ≤ 𝑙𝑚, and 1 ≤ 𝑡, 𝑓 ≤ 𝑙𝑛. Fixing 𝑠, 𝑡, 𝑒, 𝑓 , we shall show that 𝑏𝑠𝑡
𝑒𝑓

= 0 if (𝑠, 𝑡) ̸= (𝑒, 𝑓).
Equation (2.3.5) is true for every 𝑘 ∈ 𝐾Θ in particular, if 𝑃𝑚 = diag(1, .., 1,−1, 1, ..., 1), with
−1 in the (𝑒, 𝑒)−entry and 𝑃𝑖 = I, 𝑖 ̸= 𝑚 we have

−𝑏𝑠𝑡
𝑒𝑓

= 𝑏𝑠𝑡
𝑒𝑓
𝑝𝑚

𝑠𝑠.
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Since 𝑝𝑚
𝑠𝑠 = 1 for 𝑠 ̸= 𝑒, then 𝑏𝑠𝑡

𝑒𝑓
= 0 if 𝑠 ̸= 𝑒. By taking 𝑃𝑛 = diag(1, ..., 1,−1, 1, ..., 1), with −1

in the (𝑓, 𝑓)−entry and 𝑃𝑖 = I, 𝑖 ̸= 𝑛 we have
−𝑏𝑠𝑡

𝑒𝑓
= 𝑏𝑠𝑡

𝑒𝑓
𝑝𝑛

𝑡𝑡.

But 𝑝𝑛
𝑡𝑡 = 1 for 𝑡 ̸= 𝑓 , so 𝑏𝑠𝑡

𝑒𝑓
= 0 if 𝑡 ̸= 𝑓. We conclude that 𝑏𝑠𝑡

𝑒𝑓
= 0 of (𝑠, 𝑡) ̸= (𝑒, 𝑓), whereupon

equation (2.3.5) becomes
𝑏𝑠𝑡

𝑠𝑡𝑝
𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 = 𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡. (2.3.6)

By taking 𝑃𝑚 ∈ 𝑂(𝑙𝑚) with non-zero (𝑒, 𝑠)−entry and 𝑃𝑛 ∈ 𝑂(𝑙𝑛) with non-zero (𝑓, 𝑡)−entry,
we have 𝑏𝑠𝑡

𝑠𝑡 = 𝑏𝑒𝑓

𝑒𝑓
=: 𝑏𝑚𝑛 for all 𝑠, 𝑡, 𝑒, 𝑓 . Hence, equation (2.3.4) implies

𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜇
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 + 𝑏𝑚𝑛 𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡. (2.3.7)

as we wanted. The same argument works for the case 𝛼𝑙 ∈ Θ considering that
𝑂(𝑙1) × ...×𝑂(𝑙𝑟) ⊆ 𝑂(𝑙1) × ...×𝑂(𝑙𝑟−1) × 𝑈(𝑙𝑟) = 𝐾Θ

Consider 𝑙 = 4, Θ and its corresponding 𝐾Θ−invariant spaces in Table 1, we fix the following
orthogonal bases:

∙ ℬ∅ = ℬ0 ∪ ℬ1 ∪ ℬ2 ∪ ℬ3 where

ℬ0 = {𝑢11, 𝑢22, 𝑢33, 𝑢44},
ℬ1 = {𝑤21, 𝑤43, 𝑢21, 𝑢43},
ℬ2 = {𝑤31, 𝑤42, 𝑢31, 𝑢42},
ℬ3 = {𝑤32, 𝑤41, 𝑢32, 𝑢41},

which is adapted to the isotypical summands

𝑀0 = 𝑉1 ⊕ 𝑉2 ⊕ 𝑉3 ⊕ 𝑉4,
𝑁1 = 𝑊21 ⊕𝑊43 ⊕ 𝑈21 ⊕ 𝑈43,
𝑁2 = 𝑊31 ⊕𝑊42 ⊕ 𝑈31 ⊕ 𝑈42,
𝑁3 = 𝑊32 ⊕𝑊41 ⊕ 𝑈32 ⊕ 𝑈41.

∙ ℬ{𝛼1} = ℬ0 ∪ ℬ1 ∪ ℬ2 ∪ ℬ3 where

ℬ0 =
{︁

1√
2(𝑢11 + 𝑢22), 𝑢33, 𝑢44

}︁
,

ℬ1 = {𝑤31, 𝑤32, 𝑤41, 𝑤42, 𝑢31, 𝑢32, 𝑢41, 𝑢42},
ℬ2 = {𝑤43, 𝑢43},
ℬ3 = {𝑢21, 𝑢11 − 𝑢22},

which is adapted to the isotypical summands

𝑀0 = 𝑉1 ⊕ 𝑉2 ⊕ 𝑉3,
𝑁 = 𝑊21 ⊕𝑊31 ⊕ 𝑈21 ⊕ 𝑈31,
𝑀 = 𝑊32 ⊕ 𝑈32,
𝑈1.
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∙ ℬ{𝛼2} = ℬ0 ∪ ℬ1 ∪ ℬ2 ∪ ℬ3 where

ℬ0 =
{︁
𝑢11,

1√
2(𝑢22 + 𝑢33), 𝑢44

}︁
,

ℬ1 = {𝑤21, 𝑤31, 𝑤42, 𝑤43, 𝑢21, 𝑢31, 𝑢42, 𝑢43},
ℬ2 = {𝑤41, 𝑢41},
ℬ3 = {𝑢32, 𝑢22 − 𝑢33},

which is adapted to the isotypical summands

𝑀0 = 𝑉1 ⊕ 𝑉2 ⊕ 𝑉3,
𝑁 = 𝑊21 ⊕𝑊32 ⊕ 𝑈21 ⊕ 𝑈32,
𝑀 = 𝑊31 ⊕ 𝑈31,
𝑈2.

∙ ℬ{𝛼3} = ℬ0 ∪ ℬ1 ∪ ℬ2 ∪ ℬ3 where

ℬ0 =
{︁
𝑢11, 𝑢22,

1√
2(𝑢33 + 𝑢44)

}︁
,

ℬ1 = {𝑤31, 𝑤41, 𝑤32, 𝑤42, 𝑢31, 𝑢41, 𝑢32, 𝑢42},
ℬ2 = {𝑤21, 𝑢21},
ℬ3 = {𝑢43, 𝑢33 − 𝑢44},

which is adapted to the isotypical summands

𝑀0 = 𝑉1 ⊕ 𝑉2 ⊕ 𝑉3,
𝑁 = 𝑊31 ⊕𝑊32 ⊕ 𝑈31 ⊕ 𝑈32,
𝑀 = 𝑊21 ⊕ 𝑈21,
𝑈3.

Proposition 2.3.3. Let 𝐴 be an invariant metric on a flag FΘ of 𝐶4 where Θ is in the Table
1.

𝑎) If Θ = ∅, then 𝐴 is written in the basis ℬ∅ as

[𝐴|𝑀0 ]ℬ0 =

⎛⎜⎜⎜⎜⎜⎝
𝜇

(0)
1 𝑎21 𝑎31 𝑎41

𝑎21 𝜇
(0)
2 𝑎32 𝑎42

𝑎31 𝑎32 𝜇
(0)
3 𝑎43

𝑎41 𝑎42 𝑎43 𝜇
(0)
4

⎞⎟⎟⎟⎟⎟⎠ ,

[𝐴|𝑁𝑖
]ℬ𝑖

=

⎛⎜⎜⎜⎜⎜⎝
𝜇

(𝑖)
1 0 𝑏

(𝑖)
1 0

0 𝜇
(𝑖)
2 0 𝑏

(𝑖)
2

𝑏
(𝑖)
1 0 𝜇

(𝑖)
3 0

0 𝑏
(𝑖)
2 0 𝜇

(𝑖)
4

⎞⎟⎟⎟⎟⎟⎠ , 𝑖 = 1, 2, 3.
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𝑏) If Θ = {𝛼1}, {𝛼2}, or {𝛼3}, then 𝐴 is written in the basis ℬΘ as

[𝐴|𝑀0 ]ℬ0 =

⎛⎜⎜⎝
𝜇

(0)
1 𝑎21 𝑎31

𝑎21 𝜇
(0)
2 𝑎32

𝑎31 𝑎32 𝜇
(0)
3

⎞⎟⎟⎠ ,

[𝐴|𝑁 ]ℬ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇𝑁
1 0 0 0 𝑏𝑁

1 0 0 0
0 𝜇𝑁

1 0 0 0 𝑏𝑁
1 0 0

0 0 𝜇𝑁
2 0 0 0 𝑏𝑁

2 0
0 0 0 𝜇𝑁

2 0 0 0 𝑏𝑁
2

𝑏𝑁
1 0 0 0 𝜇𝑁

3 0 0 0
0 𝑏𝑁

1 0 0 0 𝜇𝑁
3 0 0

0 0 𝑏𝑁
2 0 0 0 𝜇𝑁

4 0
0 0 0 𝑏𝑁

2 0 0 0 𝜇𝑁
4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

[𝐴|𝑀 ]ℬ2 =
(︃
𝜇𝑀

1 𝑏𝑀

𝑏𝑀 𝜇𝑀
2

)︃
,

𝐴|𝑈𝑖
= 𝜇(𝑖)I𝑈𝑖

, 𝑖 = 1, 2, 3 (𝑖𝑓Θ = {𝛼𝑖}).

Proof. 𝑎) For each 𝑖 ∈ {1, 2, 3} we write 𝐴|𝑁𝑖
in the basis ℬ𝑖 in the form

[𝐴|𝑁𝑖
]ℬ𝑖

=

⎛⎜⎜⎜⎜⎜⎝
𝜇

(𝑖)
1 𝑏

(𝑖)
21 𝑏

(𝑖)
31 𝑏

(𝑖)
41

𝑏
(𝑖)
21 𝜇

(𝑖)
2 𝑏

(𝑖)
32 𝑏

(𝑖)
42

𝑏
(𝑖)
31 𝑏

(𝑖)
32 𝜇

(𝑖)
3 𝑏

(𝑖)
43

𝑏
(𝑖)
41 𝑏

(𝑖)
42 𝑏

(𝑖)
43 𝜇

(𝑖)
4

⎞⎟⎟⎟⎟⎟⎠ .

Given 𝑘 ∈ 𝐾∅
dif.≈ 𝑂(1) ×𝑂(1) ×𝑂(1) ×𝑂(1), we have that 𝑘 has the form

𝑘 =
(︃
𝑃 0
0 𝑃

)︃
,

where 𝑃 = diag(𝑝1, 𝑝2, 𝑝3, 𝑝4), 𝑝𝑖 = ±1, 𝑖 = 1, 2, 3, 4. It is easy to see that

[Ad(𝑘)|𝑁𝑖
]ℬ𝑖

=

⎛⎜⎜⎜⎝
𝑝𝑖1𝑝𝑖2 0 0 0

0 𝑝𝑖3𝑝𝑖4 0 0
0 0 𝑝𝑖1𝑝𝑖2 0
0 0 0 𝑝𝑖3𝑝𝑖4

⎞⎟⎟⎟⎠ ,
where {𝑖1, 𝑖2, 𝑖3, 𝑖4} = {1, 2, 3, 4}. Since 𝐴 commutes with Ad(𝑘) for all 𝑘 ∈ 𝐾∅, then

[𝐴|𝑁𝑖
]ℬ𝑖

[Ad(𝑘)|𝑁𝑖
]ℬ𝑖

− [Ad(𝑘)|𝑁𝑖
]ℬ𝑖

[𝐴|𝑁𝑖
]ℬ𝑖

= 0
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⇐⇒(𝑝𝑖3𝑝𝑖4 − 𝑝𝑖1𝑝𝑖2)

⎛⎜⎜⎜⎜⎜⎝
0 −𝑏(𝑖)

21 0 −𝑏(𝑖)
41

𝑏
(𝑖)
21 0 𝑏

(𝑖)
32 0

0 −𝑏(𝑖)
32 0 −𝑏(𝑖)

43

𝑏
(𝑖)
41 0 𝑏

(𝑖)
43 0

⎞⎟⎟⎟⎟⎟⎠ = 0.

Taking −𝑝𝑖1 = 1 = 𝑝𝑖2 = 𝑝𝑖3 = 𝑝𝑖4 , we can conclude that 𝑏(𝑖)
𝑎𝑏 = 0 if (𝑎, 𝑏) /∈ {(3, 1), (4, 2)}.

Defining 𝑏(𝑖)
1 := 𝑏

(𝑖)
31 and 𝑏

(𝑖)
2 := 𝑏

(𝑖)
42 , we have the result.

𝑏) Let us consider Θ = {𝛼1}. Again, it is enough to show the result for 𝐴|𝑁 . We know that
𝐴|𝑁 is written in the basis ℬ1 in the form

[𝐴|𝑁 ]ℬ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇𝑁
1 0 𝑏𝑁

31 𝑏𝑁
41 𝑏𝑁

51 𝑏𝑁
61 𝑏𝑁

71 𝑏𝑁
81

0 𝜇𝑁
1 𝑏𝑁

32 𝑏𝑁
42 𝑏𝑁

52 𝑏𝑁
62 𝑏𝑁

72 𝑏𝑁
82

𝑏𝑁
31 𝑏𝑁

32 𝜇𝑁
2 0 𝑏𝑁

53 𝑏𝑁
63 𝑏𝑁

73 𝑏𝑁
83

𝑏𝑁
41 𝑏𝑁

42 0 𝜇𝑁
2 𝑏𝑁

54 𝑏𝑁
64 𝑏𝑁

74 𝑏𝑁
84

𝑏𝑁
51 𝑏𝑁

52 𝑏𝑁
53 𝑏𝑁

54 𝜇𝑁
3 0 𝑏𝑁

75 𝑏𝑁
85

𝑏𝑁
61 𝑏𝑁

62 𝑏𝑁
63 𝑏𝑁

64 0 𝜇𝑁
3 𝑏𝑁

76 𝑏𝑁
86

𝑏𝑁
71 𝑏𝑁

72 𝑏𝑁
73 𝑏𝑁

74 𝑏𝑁
75 𝑏𝑁

76 𝜇𝑁
4 0

𝑏𝑁
81 𝑏𝑁

82 𝑏𝑁
83 𝑏𝑁

84 𝑏𝑁
85 𝑏𝑁

86 0 𝜇𝑁
4

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Given 𝑘 ∈ 𝐾{𝛼1}
dif.≈ 𝑂(2) ×𝑂(1) ×𝑂(1), 𝑘 has the form

𝑘 =
(︃
𝑃 0
0 𝑃

)︃
, with 𝑃 =

⎛⎜⎜⎜⎝
𝑟 𝑠 0 0
𝑡 𝑢 0 0
0 0 𝑣 0
0 0 0 𝑧

⎞⎟⎟⎟⎠ ,
where the columns of 𝑃 are orthonormal. Then

[Ad(𝑘)|𝑁 ]ℬ1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑣𝑟 𝑣𝑠 0 0 0 0 0 0
𝑣𝑡 𝑣𝑢 0 0 0 0 0 0
0 0 𝑧𝑟 𝑧𝑠 0 0 0 0
0 0 𝑧𝑡 𝑧𝑢 0 0 0 0
0 0 0 0 𝑣𝑟 𝑣𝑠 0 0
0 0 0 0 𝑣𝑡 𝑣𝑢 0 0
0 0 0 0 0 0 𝑧𝑟 𝑧𝑠
0 0 0 0 0 0 𝑧𝑡 𝑧𝑢

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

For −𝑟 = 1 = 𝑢 = 𝑣 = 𝑧 and 𝑠 = 𝑡 = 0
[𝐴|𝑁 ]ℬ1 [Ad(𝑘)|𝑁 ]ℬ1 − [Ad(𝑘)|𝑁 ]ℬ1 [𝐴|𝑁 ]ℬ1 = 0

⇐⇒

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 2𝑏𝑁
41 0 2𝑏𝑁

61 0 2𝑏𝑁
81

0 0 −2𝑏𝑁
32 0 −2𝑏𝑁

52 0 −2𝑏𝑁
72 0

0 2𝑏𝑁
32 0 0 0 2𝑏𝑁

63 0 2𝑏𝑁
83

−2𝑏𝑁
41 0 0 0 −2𝑏𝑁

54 0 −2𝑏𝑁
74 0

0 2𝑏𝑁
52 0 2𝑏𝑁

54 0 0 0 2𝑏𝑁
85

−2𝑏𝑁
61 0 −2𝑏𝑁

63 0 0 0 −2𝑏𝑁
76 0

0 2𝑏𝑁
72 0 2𝑏𝑁

74 0 2𝑏𝑁
76 0 0

−2𝑏𝑁
81 0 −2𝑏𝑁

83 0 −2𝑏𝑁
85 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 0,
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therefore 𝑏𝑁
32 = 𝑏𝑁

41 = 𝑏𝑁
52 = 𝑏𝑁

54 = 𝑏𝑁
61 = 𝑏𝑁

63 = 𝑏𝑁
72 = 𝑏𝑁

74 = 𝑏𝑁
76 = 𝑏𝑁

81 = 𝑏𝑁
83 = 𝑏𝑁

85 = 0. By taking
𝑟 = 𝑢 = 𝑧 = 1 = −𝑣 and 𝑠 = 𝑡 = 0, we have

[𝐴|𝑁 ]ℬ1 [Ad(𝑘)|𝑁 ]ℬ1 − [Ad(𝑘)|𝑁 ]ℬ1 [𝐴|𝑁 ]ℬ1 = 0

⇐⇒

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 2𝑏𝑁
31 0 0 0 2𝑏𝑁

71 0
0 0 0 2𝑏𝑁

42 0 0 0 2𝑏𝑁
82

−2𝑏𝑁
31 0 0 0 −2𝑏𝑁

53 0 0 0
0 −2𝑏𝑁

42 0 0 0 −2𝑏𝑁
64 0 0

0 0 2𝑏𝑁
53 0 0 0 2𝑏𝑁

75 0
0 0 0 2𝑏𝑁

64 0 0 0 2𝑏𝑁
86

−2𝑏𝑁
71 0 0 0 −2𝑏𝑁

75 0 0 0
0 −2𝑏𝑁

82 0 0 0 −2𝑏𝑁
86 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 0,

which implies 𝑏𝑁
31 = 𝑏𝑁

42 = 𝑏𝑁
53 = 𝑏𝑁

64 = 𝑏𝑁
71 = 𝑏𝑁

75 = 𝑏𝑁
82 = 𝑏𝑁

86 = 0. If 𝑟 = 𝑠 = 𝑡 = −𝑢 = 1√
2 and

𝑣 = 𝑧 = 1, then

[𝐴|𝑁 ]ℬ1 [Ad(𝑘)|𝑁 ]ℬ1 − [Ad(𝑘)|𝑁 ]ℬ1 [𝐴|𝑁 ]ℬ1 = 0

⇐⇒

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 𝑏𝑁
51−𝑏𝑁

62√
2 0 0

0 0 0 0 𝑏𝑁
62−𝑏𝑁

51√
2 0 0 0

0 0 0 0 0 0 0 𝑏𝑁
73−𝑏𝑁

84√
2

0 0 0 0 0 0 𝑏𝑁
84−𝑏𝑁

73√
2 0

0 𝑏𝑁
51−𝑏𝑁

62√
2 0 0 0 0 0 0

𝑏𝑁
62−𝑏𝑁

51√
2 0 0 0 0 0 0 0

0 0 0 𝑏𝑁
73−𝑏𝑁

84√
2 0 0 0 0

0 0 𝑏𝑁
84−𝑏𝑁

73√
2 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0,

thus, 𝑏𝑁
51 = 𝑏𝑁

62 =: 𝑏𝑁
1 and 𝑏𝑁

73 = 𝑏𝑁
84 =: 𝑏𝑁

2 . The cases Θ = {𝛼2} and Θ = {𝛼3} are analogous.

2.4 Flags of 𝐷𝑙

For this section we consider (·, ·) as in (1.4.1) and for each Θ ⊆ Σ, take 𝑙1, ..., 𝑙𝑟 as in (1.2.3).

Proposition 2.4.1. Let Θ ⊆ Σ and 𝑙 ≥ 5.

𝑎) If 𝛼𝑙 /∈ Θ then

ℬΘ =
⎛⎝ ⋃︁

1≤𝑛<𝑚≤𝑟

ℬ𝑚𝑛

⎞⎠ ∪

⎛⎝⋃︁
𝑙𝑖>1

ℬ𝑖

⎞⎠ (2.4.1)

is a (·, ·)−orthonormal basis for mΘ adapted to the subspaces of Proposition 1.4.1, where

ℬ𝑚𝑛 = {𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛} ∪ {𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛}

and
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ℬ𝑖 = {𝑢𝑙̃𝑖−1+𝑠,𝑙̃𝑖−1+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑖}, 1 ≤ 𝑖 ≤ 𝑟.

If we have {𝛼𝑙−1, 𝛼𝑙} ⊆ Θ instead of 𝛼𝑙 /∈ Θ then 𝑖 extends only over {1, ..., 𝑟 − 1}.

𝑏) If 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ then

ℬΘ =
⎛⎝ ⋃︁

1≤𝑛<𝑚≤𝑟−2
ℬ𝑚𝑛

⎞⎠ ∪

⎛⎜⎜⎝ ⋃︁
𝑙𝑖>1

1≤𝑖≤𝑟−2

ℬ𝑖

⎞⎟⎟⎠ ∪
(︃

𝑟−2⋃︁
𝑛=1

ℬ𝑀
𝑛 ∪ ℬ𝑁

𝑛

)︃
∪ ℬ𝑉 , (2.4.2)

is a (·, ·)−orthonormal basis for mΘ adapted to the subspaces of Proposition 1.4.1, where ℬ𝑚𝑛

and ℬ𝑖 are as before and

ℬ𝑀
𝑛 = {𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟−1, 1 ≤ 𝑡 ≤ 𝑙𝑛} ∪ {𝑢𝑙,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑛},

ℬ𝑁
𝑛 = {𝑢𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑠 ≤ 𝑙𝑟−1, 1 ≤ 𝑡 ≤ 𝑙𝑛} ∪ {𝑤𝑙,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑛},

ℬ𝑉 = {𝑢𝑙̃𝑟−2+𝑠,𝑙̃𝑟−2+𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙𝑟−1} ∪ {𝑤𝑙,𝑙̃𝑟−2+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑟−1}.

Proposition 2.4.2. Every invariant metric 𝐴 on a flag of 𝐷𝑙, 𝑙 ≥ 5 is written in the basis of
Proposition 1.4.1 in the following form:

𝑎) If 𝛼𝑙 /∈ Θ

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟,

𝐴|𝑈𝑖
= 𝛾(𝑖)I𝑈𝑖

, 1 ≤ 𝑖 ≤ 𝑟 and 𝑙𝑖 > 1.

𝑏) If {𝛼𝑙−1, 𝛼𝑙} ⊆ Θ

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1,

𝐴|𝑀𝑟𝑛= 𝜆(𝑟𝑛)I𝑀𝑟𝑛 , 1 ≤ 𝑛 ≤ 𝑟 − 1,

𝐴|𝑈𝑖
= 𝛾(𝑖)I𝑈𝑖

, 1 ≤ 𝑖 ≤ 𝑟 − 1 and 𝑙𝑖 > 1.

𝑐) If 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ

[𝐴|𝑀𝑚𝑛 ]ℬ𝑚𝑛 =

⎛⎜⎜⎝ 𝜆
(𝑚𝑛)
1 I𝑊𝑚𝑛 𝑏𝑚𝑛I

𝑏𝑚𝑛I 𝜆
(𝑚𝑛)
2 I𝑈𝑚𝑛

⎞⎟⎟⎠ , 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 2,



Chapter 2. Invariant Riemannian metrics 38

𝐴|𝑈𝑖
= 𝛾(𝑖)I𝑈𝑖

, 1 ≤ 𝑖 ≤ 𝑟 − 2 and 𝑙𝑖 > 1,

[𝐴|𝑆𝑛 ]ℬ𝑀
𝑛 ∪ℬ𝑁

𝑛
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝
𝜆

(𝑟−1,𝑛)
1 I𝑀𝑛

𝑏
(1)
𝑟−1,𝑛I 0

0 𝑏
(2)
𝑟−1,𝑛I

𝑏
(1)
𝑟−1,𝑛I 0

0 𝑏
(2)
𝑟−1,𝑛I

𝜆
(𝑟−1,𝑛)
2 I𝑁𝑛

⎞⎟⎟⎟⎟⎟⎟⎟⎠ , 1 ≤ 𝑛 ≤ 𝑟 − 2,

𝐴|𝑉𝑟−1= 𝛾(𝑟−1)I𝑉𝑟−1 .

Proof. We have the result for 𝑈𝑖, for 𝑀𝑟𝑛 when {𝛼𝑙−1, 𝛼𝑙} ⊆ Θ and for 𝑉𝑟−1 when 𝛼𝑙 ∈ Θ and
𝛼𝑙−1 /∈ Θ, because these subspaces are 𝐾Θ−invariant, irreducible and not equivalent to any
other. For 𝑀𝑚𝑛, let us take

𝑘 =

⎛⎜⎜⎝
𝑃1 · · · 0
... . . . ...
0 · · · 𝑃𝑟

⎞⎟⎟⎠ ∈ 𝐾Θ,

where 𝑃𝑖 = (𝑝𝑖
𝑠𝑡)𝑙𝑖×𝑙𝑖 ∈ 𝑂(𝑙𝑖) and det(𝑃 ) = 1, then

Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

and

Ad(𝑘)𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 =
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 .

There exist real numbers 𝜆𝑚𝑛
1 > 0 and 𝑏𝑠𝑡

𝑒𝑓 such that

𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 +

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 ,

so

Ad(𝑘) ∘ 𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

and

𝐴 ∘ Ad(𝑘)𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑚𝑛)
1

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑝𝑚
𝑒𝑠𝑝

𝑛
𝑓𝑡 𝑤𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓

+
𝑙𝑚∑︁

𝑒,𝑒=1

𝑙𝑛∑︁
𝑓,𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡 𝑢𝑙̃𝑚−1+𝑒,𝑙̃𝑛−1+𝑓 .

Since 𝐴 commutes with Ad(𝑘), we obtain
𝑙𝑚∑︁

𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑚
𝑒𝑒𝑝

𝑛
𝑓𝑓 =

𝑙𝑚∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑚

𝑒𝑠𝑝
𝑛
𝑓𝑡 for all 𝑠, 𝑡, 𝑒, 𝑓 .
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We can proceed as in the proof of Proposition 2.2.2 to show that 𝑏𝑠𝑡
𝑒𝑓

= 0 if (𝑠, 𝑡) ̸= (𝑒, 𝑓) and
that 𝑏𝑠𝑡

𝑠𝑡 = 𝑏𝑒𝑓

𝑒𝑓
=: 𝑏𝑚𝑛 for all 𝑠, 𝑡, 𝑒, 𝑓 . Now, we shall prove the result for 𝑆𝑛. When 𝛼𝑙 ∈ Θ and

𝛼𝑙−1 /∈ Θ we have that 𝑙𝑟 = 1. Also,

𝐴𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑟−1,𝑛)
1 𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 +

𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑢𝑙̃𝑟−2+𝑒,𝑙̃𝑛−1+𝑓 +

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑓 𝑤𝑙,𝑙̃𝑛−1+𝑓 ,

and

𝐴𝑢𝑙,𝑙̃𝑛−1+𝑡 = 𝜆
(𝑟−1,𝑛)
1 𝑢𝑙,𝑙̃𝑛−1+𝑡 +

𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑡
𝑒𝑓𝑢𝑙̃𝑟−2+𝑒,𝑙̃𝑛−1+𝑓 +

𝑙𝑛∑︁
𝑓=1

𝑏𝑡
𝑓𝑤𝑙,𝑙̃𝑛−1+𝑓 .

As before, since Ad(𝑘) ∘ 𝐴𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡 = 𝐴 ∘ Ad(𝑘)𝑤𝑙̃𝑟−2+𝑠,𝑙̃𝑛−1+𝑡, then

𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑠𝑡
𝑒𝑓𝑝

𝑟−1
𝑒𝑒 𝑝𝑛

𝑓𝑓 =
𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑒𝑓

𝑒𝑓
𝑝𝑟−1

𝑒𝑠 𝑝𝑛
𝑓𝑡 (2.4.3)

and
𝑙𝑛∑︁

𝑓=1
𝑏𝑠𝑡

𝑓 𝑝
𝑟
11𝑝

𝑛
𝑓𝑓 =

𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑒𝑓

𝑓
𝑝𝑟−1

𝑒𝑠 𝑝𝑛
𝑓𝑡. (2.4.4)

By the same arguments in the proof of Proposition 2.2.2, equations (2.4.3) and (2.4.4) implies
𝑏𝑠𝑡

𝑒𝑓
= 0 if (𝑠, 𝑡) ̸= (𝑒, 𝑓), 𝑏𝑠𝑡

𝑠𝑡 = 𝑏𝑒𝑓

𝑒𝑓
=: 𝑏(1)

𝑟−1,𝑛 and 𝑏𝑠𝑡
𝑓

= 0 for all 𝑠, 𝑡, 𝑒, 𝑓 . On the other hand,
Ad(𝑘) ∘ 𝐴𝑢𝑙,𝑙̃𝑛−1+𝑡 = 𝐴 ∘ Ad(𝑘)𝑢𝑙,𝑙̃𝑛−1+𝑡 implies

𝑙𝑛∑︁
𝑓=1

𝑏𝑡
𝑓𝑝

𝑛
𝑓𝑓 =

𝑙𝑛∑︁
𝑓=1

𝑏𝑓

𝑓
𝑝𝑛

𝑓𝑡 (2.4.5)

and
𝑙𝑟−1∑︁
𝑒=1

𝑙𝑛∑︁
𝑓=1

𝑏𝑡
𝑒𝑓𝑝

𝑟−1
𝑒𝑒 𝑝𝑛

𝑓𝑓 =
𝑙𝑛∑︁

𝑓=1
𝑏𝑓

𝑒𝑓
𝑝𝑟

11𝑝
𝑛
𝑓𝑡. (2.4.6)

Analogously to the proof of Proposition 2.2.2, we obtain 𝑏𝑡
𝑒𝑓

= 0, 𝑏𝑡
𝑓

= 0 if 𝑡 ̸= 𝑓 and 𝑏𝑡
𝑡 = 𝑏𝑓

𝑓
=:

𝑏
(2)
𝑟−1,𝑛 for all 𝑡, 𝑒, 𝑓 .
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Chapter 3

Geodesic orbit spaces

In this chapter, we shall find all the invariant metrics on real flag manifolds of classical type
with the property that every homogeneous geodesic is the orbit of a one-parameter subgroup.
Such manifolds are called g.o. spaces (geodesic orbit spaces). Examples of g.o. spaces are
compact Lie groups equipped with the bi-invariant metric, naturally reductive homogeneous
space, the normal metric on homogeneous spaces of compact Lie groups and so on. The
classification of complex flag manifolds which are g.o. spaces is given in [2].

Definition 3.0.1. Let 𝐺/𝐻 be a homogeneous space with a 𝐺−invariant metric 𝑔. A geodesic
𝛾 starting at 𝑒𝐻 is called homogeneous if it is the orbit of a 1−parameter subgroup of 𝐺, that
is

𝛾(𝑡) = exp(𝑡𝑋)𝐻 (3.0.1)
where 𝑋 is in the Lie algebra of 𝐺. In this case, 𝑋 is called a geodesic vector.

Definition 3.0.2. We say that a Riemannian homogeneous space (𝐺/𝐻, 𝑔) (𝑔 an invariant
metric) is a g.o. space if every geodesic starting at 𝑒𝐻 is homogeneous. In this case 𝑔 is called
a g.o. metric.

Let us consider a homogeneous compact manifold 𝐺/𝐻, (·, ·) an Ad(𝐺)−invariant inner
product in the Lie algebra g of 𝐺 and an (·, ·)−orthogonal reductive decomposition g = h⊕m.
In order to determine the real flag manifolds (FΘ, 𝑔) which are g.o. spaces, we shall use the
following propositions:

Proposition 3.0.3. ([28]) (𝐺/𝐻, 𝑔) is a g.o. space if and only if for every 𝑋 ∈ m, there exist
a vector 𝑍 = 𝑍𝑋 ∈ h such that

[𝑍 +𝑋,𝐴𝑋] = 0 (3.0.2)
where 𝐴 is the metric operator corresponding to 𝑔.

Since every invariant metric 𝐴 is a positive (·, ·)−self-adjoint operator, we have that m
admits an (·, ·)−orthogonal decomposition into eigenspaces of 𝐴. Given 𝜉 an eigenvalue of 𝐴,
denote by m𝜉 its corresponding eigenspace.

Proposition 3.0.4. ([28]) Let (𝐺/𝐻,𝐴) be a g.o. space.

𝑎) If 𝜉1, 𝜉2 are eigenvalues of 𝐴 such that there exist Ad(𝐻)−invariant, pairwise (·, ·)−ortho-
gonal subspaces m1, m2 of m with
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m𝑖 ⊆ m𝜉𝑖
, 𝑖 = 1, 2 and [m1,m2](m1⊕m2)⊥ ̸= {0},

where the orthogonal complement is taking with respect to (·, ·), then 𝜉1 = 𝜉2.

𝑏) If 𝜉1, 𝜉2, 𝜉3 are eigenvalues of 𝐴 such that there exist Ad(𝐻)−invariant, pairwise (·, ·)−or-
thogonal subspaces m1, m2 m3 of m with

m𝑖 ⊆ m𝜉𝑖
, 𝑖 = 1, 2, 3 and [m1,m2]m3 ̸= {0},

then 𝜉1 = 𝜉2 = 𝜉3.

Remark 3.0.5. Every invariant metric 𝐴 which is a scalar multiple of the identity endomor-
phism is a trivial solution for equation (3.0.2) (by taking 𝑍 = 0 for every 𝑋), such a metric is
called normal.

3.1 Flags of 𝐴𝑙

As in Section 2.1, we fix (·, ·) = −⟨·, ·⟩, where ⟨·, ·⟩ is the Killing form of so(𝑙 + 1) and the
(·, ·)−orthogonal basis {𝑤𝑖𝑗 : 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 + 1}.

Proposition 3.1.1. Let FΘ be a flag of 𝐴𝑙, with 𝑙 ̸= 3 or 𝑙 = 3 and Θ ∈ {{𝛼1, 𝛼2}, {𝛼2, 𝛼3}}.
Then, (FΘ, 𝐴) is a g.o. space if and only if 𝐴 is normal, i.e., 𝐴 = 𝜇ImΘ , 𝜇 > 0.

Proof. Let 𝐴 be a g.o. metric in a flag FΘ of 𝐴𝑙. If 𝑙 = 3 and Θ ∈ {{𝛼1, 𝛼2}, {𝛼2, 𝛼3}}, then, by
Proposition 2.1.2, 𝐴 has the form 𝐴 = 𝜇ImΘ . If 𝑙 ̸= 3, we have by Proposition 2.1.1 that 𝐴 is
determined by 𝑟(𝑟−1)

2 positive numbers 𝜇𝑚𝑛, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟, such that 𝐴|𝑀𝑛𝑚= 𝜇𝑚𝑛I𝑀𝑚𝑛 , with
𝑀𝑚𝑛 as in (1.1.2). We shall prove that 𝜇𝑚𝑚 = 𝜇𝑚′𝑛′ for all (𝑚,𝑛), (𝑚′, 𝑛′). First, we prove
𝜇𝑚𝑛 = 𝜇𝑚′𝑛 for 1 ≤ 𝑛 < 𝑚,𝑚′ ≤ 𝑟. In fact, without loss of generality, let us suppose 𝑚 < 𝑚′,
then

𝑤𝑙̃𝑚′−1+1,𝑙̃𝑚−1+1 =
[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚′−1+1,𝑙̃𝑛−1+1

]︁
∈ [𝑀𝑚𝑛,𝑀𝑚′𝑛] .

Since 𝑙̃𝑚−1 + 1 ̸= 𝑙̃𝑛−1 + 𝑡 for all 𝑡 ∈ {1, ..., 𝑙𝑛}, then

(𝑤𝑙̃𝑚′−1+1,𝑙̃𝑚−1+1, 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡) = 0, 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛

and
(𝑤𝑙̃𝑚′−1+1,𝑙̃𝑚−1+1, 𝑤𝑙̃𝑚′−1+𝑠,𝑙̃𝑛−1+𝑡) = 0, 1 ≤ 𝑠 ≤ 𝑙𝑚′ , 1 ≤ 𝑡 ≤ 𝑙𝑛,

thus, 𝑤𝑙̃𝑚′−1+1,𝑙̃𝑚−1+1 ∈ (𝑀𝑚𝑛⊕𝑀𝑚′𝑛)⊥. Evidently, 𝑀𝑚𝑛 and 𝑀𝑚′𝑛 are contained in the eigenspa-
ces of 𝐴 corresponding to the eigenvalues 𝜇𝑚𝑛 and 𝜇𝑚′𝑛 respectively and, by Proposition 1.1.1,
they are 𝐾Θ−invariant. Also 𝑀𝑚𝑛 and 𝑀𝑚′𝑛 are (·, ·)−orthogonal. By Proposition 3.0.4, we
conclude that 𝜇𝑚𝑛 = 𝜇𝑚′𝑛. Now, we will show that 𝜇𝑚𝑛 = 𝜇𝑚𝑛′ , 1 ≤ 𝑛, 𝑛′ < 𝑚 ≤ 𝑟. Let us
suppose 𝑛 < 𝑛′, then

𝑤𝑙̃𝑛′−1+1,𝑙̃𝑛−1+1 =
[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛′−1+1

]︁
∈ [𝑀𝑚𝑛,𝑀𝑚𝑛′ ] .

Since 𝑙̃𝑛−1 + 1 ̸= 𝑙̃𝑚−1 + 𝑡 for all 𝑡 ∈ {1, ..., 𝑙𝑚}, then
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(𝑤𝑙̃𝑛′−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡) = 0, 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛

and
(𝑤𝑙̃𝑛′−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛′−1+𝑡) = 0, 1 ≤ 𝑠 ≤ 𝑙𝑚, 1 ≤ 𝑡 ≤ 𝑙𝑛′ ,

thus, 𝑤𝑙̃𝑛′−1+1,𝑙̃𝑛−1+1 ∈ (𝑀𝑚𝑛 ⊕𝑀𝑚𝑛′)⊥. By Proposition 3.0.4, 𝜇𝑚𝑛 = 𝜇𝑚𝑛′ . Hence, 𝜇𝑚𝑛 = 𝜇𝑚′𝑛 =
𝜇𝑚′𝑛′ .

Proposition 3.1.2. Let FΘ be a flag of 𝐴3 with Θ /∈ {{𝛼1, 𝛼2}, {𝛼2, 𝛼3}}. Then, (FΘ, 𝐴) is a
g.o. space if and only if 𝐴 is written in the basis (2.1.3) as

[𝐴]ℬ∅ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇 𝑏 0 0 0 0
𝑏 𝜇 0 0 0 0
0 0 𝜇 −𝑏 0 0
0 0 −𝑏 𝜇 0 0
0 0 0 0 𝜇 𝑏
0 0 0 0 𝑏 𝜇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, [𝐴]ℬ{𝛼1,𝛼3} =

⎛⎜⎜⎜⎝
𝜇1 0 0 0
0 𝜇1 0 0
0 0 𝜇2 0
0 0 0 𝜇2

⎞⎟⎟⎟⎠ and

[𝐴]ℬΘ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇1 0 0 0 0
0 𝜇2 0 ±

√︁
𝜇2(𝜇2 − 𝜇1) 0

0 0 𝜇2 0 ∓
√︁
𝜇2(𝜇2 − 𝜇1)

0 ±
√︁
𝜇2(𝜇2 − 𝜇1) 0 𝜇2 0

0 0 ∓
√︁
𝜇2(𝜇2 − 𝜇1) 0 𝜇2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝜇2 ≥

𝜇1

if Θ = {𝛼1}, {𝛼2} or {𝛼3}.

Proof. Let us analyse case by case:

∙ Θ = ∅.

Since k∅ = {0}, by Proposition 3.0.3, 𝐴 is a g.o. metric if and only if [𝑋,𝐴𝑋] = 0 for
every 𝑋 ∈ m∅. We write 𝐴 as in Proposition 2.1.2. For 𝑋 = 𝑤21 + 𝑤31 + 𝑤41, we have that
𝐴𝑋 = 𝜇

(1)
1 𝑤21 + 𝑏1𝑤43 + 𝜇

(2)
1 𝑤31 + 𝑏2𝑤42 + 𝑏3𝑤32 + 𝜇

(3)
2 𝑤41 and [𝑋,𝐴𝑋] = 0 if and only if

(𝑏2 +𝑏3)𝑤21 +(𝜇(3)
2 −𝜇

(2)
1 )𝑤43 +(𝑏1 −𝑏3)𝑤31 +(𝜇(3)

2 −𝜇
(1)
1 )𝑤42 +(𝜇(2)

1 −𝜇
(1)
1 )𝑤32 −(𝑏1 +𝑏2)𝑤41 = 0,

thus, 𝜇(1)
1 = 𝜇

(2)
1 = 𝜇

(3)
2 and 𝑏1 = −𝑏2 = 𝑏3 =: 𝑏. For 𝑋 = 𝑤43 + 𝑤42 + 𝑤41, we have that

𝐴𝑋 = 𝑏1𝑤21 + 𝜇
(1)
2 𝑤43 + +𝑏2𝑤31 + 𝜇

(2)
2 𝑤42 + 𝑏3𝑤32 + 𝜇

(3)
2 𝑤41 and [𝑋,𝐴𝑋] = 0 if and only if

(𝜇(2)
2 −𝜇

(3)
2 )𝑤21 −(𝑏2 +𝑏3)𝑤43 +(𝜇(1)

2 −𝜇
(3)
2 )𝑤31 +(𝑏3 −𝑏1)𝑤42 +(𝜇(1)

2 −𝜇
(2)
2 )𝑤32 +(𝑏1 +𝑏2)𝑤41 = 0,

concluding that 𝜇(1)
1 = 𝜇

(1)
2 = 𝜇

(2)
1 = 𝜇

(2)
2 = 𝜇

(3)
1 = 𝜇

(3)
2 =: 𝜇. It is easy to verify that if

𝜇
(1)
1 = 𝜇

(1)
2 = 𝜇

(2)
1 = 𝜇

(2)
2 = 𝜇

(3)
1 = 𝜇

(3)
2 =: 𝜇 and 𝑏1 = −𝑏2 = 𝑏3 =: 𝑏, then [𝑋,𝐴𝑋] = 0 for all

𝑋 ∈ m∅.
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∙ Θ = {𝛼1, 𝛼3}

Let 𝐴 be a g.o. metric. By Proposition 2.1.2, 𝐴 has the form

[𝐴]ℬ{𝛼1,𝛼3} =

⎛⎜⎜⎜⎝
𝜇1 0 0 0
0 𝜇1 0 0
0 0 𝜇2 0
0 0 0 𝜇2

⎞⎟⎟⎟⎠ .
Given 𝑋 = 𝑥1(𝑤31 − 𝑤42) + 𝑥2(𝑤41 + 𝑤32) + 𝑥3(𝑤31 + 𝑤42) + 𝑥4(𝑤41 − 𝑤32) we have that

[𝑋,𝐴𝑋] = 𝜇1𝑥1𝑥2[𝑤31 − 𝑤42, 𝑤41 + 𝑤32] + 𝜇2𝑥1𝑥4[𝑤31 − 𝑤42, 𝑤41 − 𝑤32]

+𝜇1𝑥1𝑥2[𝑤41 + 𝑤32, 𝑤31 − 𝑤42] + 𝜇2𝑥2𝑥3[𝑤41 + 𝑤32, 𝑤31 + 𝑤42]

+𝜇1𝑥2𝑥3[𝑤31 + 𝑤42, 𝑤41 + 𝑤32] + 𝜇2𝑥3𝑥4[𝑤31 + 𝑤42, 𝑤41 − 𝑤32]

+𝜇1𝑥1𝑥4[𝑤41 − 𝑤32, 𝑤31 − 𝑤42] + 𝜇2𝑥3𝑥4[𝑤41 − 𝑤32, 𝑤31 + 𝑤42]

= 2𝜇1𝑥1𝑥2(𝑤21 + 𝑤43) − 2𝜇1𝑥1𝑥2(𝑤21 + 𝑤43)

+2𝜇2𝑥3𝑥4(𝑤43 − 𝑤21) − 2𝜇2𝑥3𝑥4(𝑤43 − 𝑤21)

= 0.

Therefore [0 +𝑋,𝐴𝑋] = 0 for all 𝑋 ∈ m{𝛼1,𝛼3} and 𝐴 is g.o.

∙ Θ = {𝛼1}.

Since k{𝛼1} = span{𝑤21}, then 𝐴 is a g.o. metric if and only if for all 𝑋 ∈ m{𝛼1}, there exists
𝜆 ∈ R such that

[𝜆𝑤21 +𝑋,𝐴𝑋] = 0.

Assume that 𝐴 is a g.o. metric, then, by Proposition 2.1.2, we have that

[𝐴]ℬ{𝛼1} =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 𝑏 0

0 0 𝜇
(2)
1 0 −𝑏

0 𝑏 0 𝜇
(2)
2 0

0 0 −𝑏 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ .

Set 𝜇1 := 𝜇
(1)
1 . For 𝑋 = 𝑤31 + 𝑤32 + 𝑤42 + 𝑤41 take 𝜆 ∈ R such that [𝜆𝑤21 +𝑋,𝐴𝑋] = 0, then

0 = [𝜆𝑤21 +𝑋,𝐴𝑋]

= 2(𝜇(2)
2 − 𝜇

(2)
1 )𝑤43 − 𝜆(𝜇(2)

1 − 𝑏)𝑤31 + 𝜆(𝜇(2)
2 − 𝑏)𝑤42 + 𝜆(𝜇(2)

1 + 𝑏)𝑤32 − 𝜆(𝜇(2)
2 + 𝑏)𝑤41,

by linear independence we have 𝜇(2)
2 − 𝜇

(2)
1 = 0, i.e., 𝜇(2)

2 = 𝜇
(2)
1 =: 𝜇2. Now, let us consider the

vector 𝑋 = 𝑤43 + 𝑤32 + 2𝑤41 and 𝜆 ∈ R such that [𝜆𝑤21 +𝑋,𝐴𝑋] = 0, then
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0 = [𝜆𝑤21 +𝑋,𝐴𝑋]

= (2(𝜇1 − 𝜇2) + 𝑏− 𝜆(𝜇2 − 2𝑏))𝑤31 + (𝜇2 − 𝜇1 − 2𝑏+ 𝜆(2𝜇2 − 𝑏))𝑤42,

by linear independence
2(𝜇1 − 𝜇2) + 𝑏− 𝜆(𝜇2 − 2𝑏) = 0 (3.1.1)

and
𝜇2 − 𝜇1 − 2𝑏+ 𝜆(2𝜇2 − 𝑏) = 0. (3.1.2)

Multiplying equation (3.1.1) by (2𝜇2−𝑏) and equation (3.1.2) by (𝜇2−2𝑏), we obtain respectively

− 4𝜇2
2 + 4𝜇1𝜇2 + 4𝑏𝜇2 − 2𝑏𝜇1 − 𝑏2 − 𝜆(2𝜇2 − 𝑏)(𝜇2 − 2𝑏) = 0 (3.1.3)

and
𝜇2

2 − 4𝑏𝜇2 − 𝜇1𝜇2 + 2𝑏𝜇1 + 4𝑏2 + 𝜆(2𝜇2 − 𝑏)(𝜇2 − 2𝑏) = 0. (3.1.4)
Adding equations (3.1.3) and (3.1.4) we have

3(𝑏2 − 𝜇2(𝜇2 − 𝜇1)) = 0, (3.1.5)

therefore 𝑏2 − 𝜇2(𝜇2 − 𝜇1) = 0, i.e., 𝑏 = ±
√︁
𝜇2(𝜇2 − 𝜇1).

Conversely, let us suppose that 𝜇2 := 𝜇
(2)
1 = 𝜇

(2)
2 , 𝜇1 := 𝜇

(1)
1 and 𝑏 =

√︁
𝜇2(𝜇2 − 𝜇1), then,

for 𝑋 = 𝑥43𝑤43 + 𝑥31𝑤31 + 𝑥42𝑤42 + 𝑥32𝑤32 + 𝑥41𝑤41 in m{𝛼1} we have

[𝑋,𝐴𝑋] = 𝑥43
√
𝜇2 − 𝜇1(𝑥32

√
𝜇2 − 𝑥41

√
𝜇2 − 𝜇1)𝑤31

− 𝑥43
√
𝜇2 − 𝜇1(𝑥41

√
𝜇2 − 𝑥32

√
𝜇2 − 𝜇1)𝑤42

− 𝑥43
√
𝜇2 − 𝜇1(𝑥31

√
𝜇2 + 𝑥42

√
𝜇2 − 𝜇1)𝑤32

+ 𝑥43
√
𝜇2 − 𝜇1(𝑥42

√
𝜇2 + 𝑥31

√
𝜇2 − 𝜇1)𝑤41

and for every 𝜆 ∈ R
[𝜆𝑤21, 𝐴𝑋] = −𝜆√

𝜇2(𝑥32
√
𝜇2 − 𝑥41

√
𝜇2 − 𝜇1)𝑤31 + 𝜆

√
𝜇2(𝑥41

√
𝜇2 − 𝑥32

√
𝜇2 − 𝜇1)𝑤42

+𝜆√
𝜇2(𝑥31

√
𝜇2 + 𝑥42

√
𝜇2 − 𝜇1)𝑤32 − 𝜆

√
𝜇2(𝑥42

√
𝜇2 + 𝑥31

√
𝜇2 − 𝜇1)𝑤41,

thus
[𝜆𝑤21 +𝑋,𝐴𝑋] = (𝑥43

√
𝜇2 − 𝜇1 − 𝜆

√
𝜇2)(𝑥32

√
𝜇2 − 𝑥41

√
𝜇2 − 𝜇1)𝑤31

−(𝑥43
√
𝜇2 − 𝜇1 − 𝜆

√
𝜇2)(𝑥41

√
𝜇2 − 𝑥32

√
𝜇2 − 𝜇1)𝑤42

−(𝑥43
√
𝜇2 − 𝜇1 − 𝜆

√
𝜇2)(𝑥31

√
𝜇2 + 𝑥42

√
𝜇2 − 𝜇1)𝑤32

+(𝑥43
√
𝜇2 − 𝜇1 − 𝜆

√
𝜇2)(𝑥42

√
𝜇2 + 𝑥31

√
𝜇2 − 𝜇1)𝑤41.
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By taking 𝜆 =
√︁

𝜇2−𝜇1
𝜇2

𝑥43, we obtain [𝜆𝑤21 +𝑋,𝐴𝑋] = 0. If 𝑏 = −
√︁
𝜇2(𝜇2 − 𝜇1), the argument

is analogous.

∙ Θ = {𝛼2} or {𝛼3}.

Let us consider the diffeomorphisms

𝜙𝑖 : F{𝛼1} −→ F{𝛼𝑖}
𝑘𝐾{𝛼1} ↦ −→ 𝑒𝑇

𝑖 𝑘𝑒𝑖𝐾{𝛼𝑖}
, 𝑖 = 2, 3

where 𝑒1 =

⎛⎜⎜⎜⎝
0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

⎞⎟⎟⎟⎠ and 𝑒2 =

⎛⎜⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎟⎠ . It is easy to verify that for every

invariant metric

[𝐴]ℬ{𝛼1} =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 𝑏 0

0 0 𝜇
(2)
1 0 −𝑏

0 𝑏 0 𝜇
(2)
2 0

0 0 −𝑏 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
we have

[𝜙*
2𝐴]ℬ{𝛼2} =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 −𝑏 0

0 0 𝜇
(2)
1 0 𝑏

0 −𝑏 0 𝜇
(2)
2 0

0 0 𝑏 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ and

[𝜙*
3𝐴]ℬ{𝛼3} =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(1)
1 0 0 0 0
0 𝜇

(2)
1 0 𝑏 0

0 0 𝜇
(2)
1 0 −𝑏

0 𝑏 0 𝜇
(2)
2 0

0 0 −𝑏 0 𝜇
(2)
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ .

By Proposition 2.1.2, every invariant metric in F{𝛼𝑖} has the form 𝜙*
𝑖𝐴. Since 𝐴 is g.o. if and

only if 𝜙*
𝑖𝐴 is g.o. then we obtain the result.

3.2 Flags of 𝐵𝑙

We consider (·, ·) as in (1.2.1) and the (·, ·)−orthonormal basis in (1.2.2).

Proposition 3.2.1. Let FΘ be a flag of 𝐵𝑙, 𝑙 ≥ 5 and 𝐴 an invariant metric as in Proposition
2.2.2.

𝑎) If 𝛼𝑙 /∈ Θ, then (FΘ, 𝐴) is a g.o. space if and only if
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜇(1) = ... = 𝜇(𝑟) =: 𝜇,

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚𝑛)
2 =: 𝜆, for all (𝑚,𝑛),

𝑏𝑚𝑛 =: 𝑏, for all (𝑚,𝑛),

𝛾(𝑖) =: 𝛾 for all 𝑖 ∈ {1, ..., 𝑟} with 𝑙𝑖 > 1,

𝜇− 𝜆 = 𝑏

𝛾 = 𝜆2−𝑏2

𝜆

(3.2.1)

𝑏) If 𝛼𝑙 ∈ Θ, then (FΘ, 𝐴) is a g.o. space if and only if⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜇(1) = ... = 𝜇(𝑟−1) =: 𝜇,

𝜌(1) = ... = 𝜌(𝑟−1) =: 𝜌

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚𝑛)
2 =: 𝜆, for all (𝑚,𝑛),

𝑏𝑚𝑛 =: 𝑏, for all (𝑚,𝑛),

𝛾(𝑖) =: 𝛾 for all 𝑖 ∈ {1, ..., 𝑟 − 1} with 𝑙𝑖 > 1,

𝜇− 𝜆 = 𝑏 = 𝜆− 𝜌

𝛾 = 2𝜇𝜌
𝜇+𝜌

= 𝜆2−𝑏2

𝜆

(3.2.2)

Proof. 𝑎) Let us suppose that (FΘ, 𝐴) is a g.o. space. We have that for 𝑖 < 𝑗, 𝑉𝑖 and 𝑉𝑗 are
(·, ·)−orthogonal, 𝐾Θ−invariant, contained in the eigenspaces corresponding to the eigenvalues
𝜇(𝑖) and 𝜇(𝑗) respectively and

𝑤𝑙̃𝑗−1+1,𝑙̃𝑖−1+1 + 𝑢𝑙̃𝑗−1+1,𝑙̃𝑖−1+1 =
[︁
𝑣𝑙𝑖−1+1, 𝑣𝑙𝑗−1+1

]︁
∈ (𝑉𝑖 ⊕ 𝑉𝑗)⊥ ∩ [𝑉𝑖, 𝑉𝑗]

then, by Proposition 3.0.4, 𝜇(𝑖) = 𝜇(𝑗) = 𝜇. For 𝑋 = 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1, there exists
a 𝑍 ∈ kΘ such that [𝑍 +𝑋,𝐴𝑋] = 0, but
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[𝑋,𝐴𝑋] =
[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1, 𝜆

(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑏𝑚𝑛𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
+
[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1, 𝜆

(𝑚,𝑛+1)
1 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1 + 𝑏𝑚,𝑛+1𝑢𝑙̃𝑚−1+1,𝑙̃𝑛+1

]︁
= 𝜆

(𝑚,𝑛+1)
1

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1

]︁
+ 𝑏𝑚,𝑛+1

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛+1

]︁
+𝜆(𝑚𝑛)

1

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
+ 𝑏𝑚𝑛

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1, 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
= (𝜆(𝑚,𝑛+1)

1 − 𝜆
(𝑚𝑛)
1 )𝑤𝑙̃𝑛+1,𝑙̃𝑛−1+1 + (𝑏𝑚,𝑛+1 − 𝑏𝑚𝑛)𝑢𝑙̃𝑛+1,𝑙̃𝑛−1+1 ∈ 𝑀𝑛+1,𝑛

and since 𝑀𝑚𝑛 ⊕ 𝑀𝑚,𝑛+1 is kΘ−invariant, then [𝑍,𝐴𝑋] ∈ 𝑀𝑚𝑛 ⊕ 𝑀𝑚,𝑛+1. By linear inde-
pendence, [𝑍 + 𝑋,𝐴𝑋] = 0 ⇒ [𝑍,𝐴𝑋] = 0 = [𝑋,𝐴𝑋], thus 𝑏𝑚,𝑛+1 = 𝑏𝑚𝑛 and 𝜆

(𝑚,𝑛+1)
1 =

𝜆
(𝑚𝑛)
1 . Taking 𝑋 = 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 +𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1 or 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 +
𝑢𝑙̃𝑚+1,𝑙̃𝑛−1+1 we obtain that

[𝑋,𝐴𝑋] = (𝜆(𝑚,𝑛+1)
2 − 𝜆

(𝑚𝑛)
2 )𝑤𝑙̃𝑛+1,𝑙̃𝑛−1+1 + (𝑏𝑚,𝑛+1 − 𝑏𝑚𝑛)𝑢𝑙̃𝑛+1,𝑙̃𝑛−1+1,

(𝜆(𝑚+1,𝑛)
1 − 𝜆

(𝑚𝑛)
1 )𝑤𝑙̃𝑚+1,𝑙̃𝑚−1+1 + (𝑏𝑚+1,𝑛 − 𝑏𝑚𝑛)𝑢𝑙̃𝑚+1,𝑙̃𝑚−1+1

𝑜𝑟 (𝜆(𝑚+1,𝑛)
2 − 𝜆

(𝑚𝑛)
2 )𝑤𝑙̃𝑚+1,𝑙̃𝑚−1+1 + (𝑏𝑚+1,𝑛 − 𝑏𝑚𝑛)𝑢𝑙̃𝑚+1,𝑙̃𝑚−1+1

respectively. As before, this implies 𝜆(𝑚,𝑛+1)
2 = 𝜆

(𝑚𝑛)
2 , 𝜆

(𝑚+1,𝑛)
1 = 𝜆

(𝑚𝑛)
1 , 𝜆

(𝑚+1,𝑛)
2 = 𝜆

(𝑚𝑛)
2 and

𝑏𝑚+1,𝑛 = 𝑏𝑚𝑛. Since this argument works for every pair (𝑚,𝑛), then

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚′𝑛′)
1 =: 𝜆1,

𝜆
(𝑚𝑛)
2 = 𝜆

(𝑚′𝑛′)
2 =: 𝜆2 and

𝑏𝑚𝑛 = 𝑏𝑚′𝑛′ =: 𝑏

for all 𝑚,𝑛,𝑚′, 𝑛′. For 𝑋 = 𝑣𝑙̃1+1 + 𝑤𝑙̃1+1,1, take 𝑍 ∈ kΘ such hat [𝑍 +𝑋,𝐴𝑋] = 0, then

[𝑋,𝐴𝑋] =
[︁
𝑣𝑙̃1+1 + 𝑤𝑙̃1+1,1, 𝜇 𝑣𝑙̃1+1 + 𝜆1𝑤𝑙̃1+1,1 + 𝑏 𝑢𝑙̃1+1,1

]︁
= 𝜆1

[︁
𝑣𝑙̃1+1, 𝑤𝑙̃1+1,1

]︁
+ 𝑏

[︁
𝑣𝑙̃1+1, 𝑢𝑙̃1+1,1

]︁
+ 𝜇

[︁
𝑤𝑙̃1+1,1, 𝑣𝑙̃1+1

]︁
= (𝜆1 + 𝑏− 𝜇)𝑣1 ∈ 𝑉1

and [𝑍,𝐴𝑋] ∈ 𝑉2 ⊕ 𝑀21. Thus, by linear independence we conclude that 𝜆1 + 𝑏 − 𝜇 = 0.
Using the same argument for 𝑋 = 𝑣𝑙̃1+1 + 𝑢𝑙̃1+1,1, we can show that 𝜆2 + 𝑏− 𝜇 = 0. Therefore,
𝜆1 = 𝜆2 =: 𝜆 and 𝑏 = 𝜇− 𝜆.

Next, we will prove that 𝛾(𝑖) = 𝛾(𝑗) for all 𝑖, 𝑗 with 𝑙𝑖, 𝑙𝑗 > 1. In fact, if 𝑙𝑖 > 1 and 𝑖 ≤ 𝑟−1, take
𝑋 = 𝑣𝑙̃𝑖−1+1 + 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 + 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1

and 𝑍 ∈ kΘ such that [𝑍+𝑋,𝐴𝑋] = 0. Then, 𝐴𝑋 = 𝜇 𝑣𝑙̃𝑖−1+1+𝛾(𝑖)𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1+𝜆 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1+
𝑏 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1 and
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[𝑋,𝐴𝑋] = 𝛾(𝑖)
[︁
𝑣𝑙̃𝑖−1+1, 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1

]︁
+ 𝜆

[︁
𝑣𝑙̃𝑖−1+1, 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
+ 𝑏

[︁
𝑣𝑙̃𝑖−1+1, 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
+𝜇

[︁
𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1, 𝑣𝑙̃𝑖−1+1

]︁
+ 𝜆

[︁
𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1, 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
+𝑏

[︁
𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1, 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
+ 𝜇

[︁
𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1, 𝑣𝑙̃𝑖−1+1

]︁
+𝛾(𝑖)

[︁
𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1, 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1

]︁
= (𝜇− 𝛾(𝑖))𝑣𝑙̃𝑖−1+2 + (𝜇− 𝜆− 𝑏)𝑣𝑙̃𝑖+1 + (𝜆− 𝛾(𝑖))𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑏 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2

= (𝜇− 𝛾(𝑖))𝑣𝑙̃𝑖−1+2 + (𝜆− 𝛾(𝑖))𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑏 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2.

We can write 𝑍 =
∑︁
𝑙𝑗>1

⎛⎝ ∑︁
1≤𝑡<𝑠≤𝑙𝑗

𝑧
(𝑗)
𝑠𝑡 𝑤𝑙̃𝑗−1+𝑠,𝑙̃𝑗−1+𝑡

⎞⎠ , 𝑧(𝑗)
𝑠𝑡 ∈ R, so

[𝑍,𝐴𝑋] = 𝜇𝑧
(𝑖)
21 𝑣𝑙̃𝑖−1+2 + 𝑏𝑧

(𝑖)
21 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝜆𝑧

(𝑖)
21𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑍 ′,

where 𝑍 ′ is linearly independent of {𝑣𝑙̃𝑖−1+2, 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2, 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2}. Therefore,

[𝑍 +𝑋,𝐴𝑋] = (𝜇− 𝛾(𝑖) +𝜇𝑧
(𝑖)
21 )𝑣𝑙̃𝑖−1+2 + (𝑧(𝑖)

21 𝑏+𝜆− 𝛾(𝑖))𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + (𝑏+𝜆𝑧
(𝑖)
21 )𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2 +𝑍 ′,

so 𝑍 ′ = 0 and ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

𝜇− 𝛾(𝑖) + 𝜇𝑧
(𝑖)
21 = 0

𝑧
(𝑖)
21 𝑏+ 𝜆− 𝛾(𝑖) = 0

𝑏+ 𝜆𝑧
(𝑖)
21 = 0

.

This implies 𝛾(𝑖) = 𝜆2−𝑏2

𝜆
(and 𝑧

(𝑖)
21 = − 𝑏

𝜆
). If 𝑖 = 𝑟 and 𝑙𝑟 > 1, we use the a similar argu-

ment with 𝑋 = 𝑣𝑙̃𝑟−1+1 + 𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−1+1 + 𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 to conclude that 𝛾(𝑟) = 𝜆2−𝑏2

𝜆
. Therefore

𝛾(𝑖) = 𝛾(𝑗) =: 𝛾 for all 𝑖, 𝑗 with 𝑙𝑖, 𝑙𝑗 > 1 and 𝛾 = 𝜆2−𝑏2

𝜆
.

Conversely, let us suppose that 𝐴 satisfies the relations (3.2.1). We can write every 𝑋 ∈ mΘ
as

𝑋 =
𝑟∑︁

𝑖=1
𝑣(𝑖) +

𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,

where 𝑣(𝑖) ∈ 𝑉𝑖, 𝑌𝑖 ∈ 𝑈𝑖, 𝑋𝑚𝑛 ∈ 𝑊𝑚𝑛, and 𝑌𝑚𝑛 ∈ 𝑈𝑚𝑛. If

𝑋𝑚𝑛 =

⎛⎜⎝ 0 0 0
0 𝐶𝑚𝑛 0
0 0 𝐶𝑚𝑛

⎞⎟⎠ , 𝑌𝑚𝑛 =

⎛⎜⎝ 0 0 0
0 0 𝐷𝑚𝑛

0 𝐷𝑚𝑛 0

⎞⎟⎠ and 𝑌𝑖 =

⎛⎜⎝ 0 0 0
0 0 𝐷𝑖

0 𝐷𝑖 0

⎞⎟⎠
we denote
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𝑋̃𝑚𝑛 =

⎛⎜⎝ 0 0 0
0 0 𝐶𝑚𝑛

0 𝐶𝑚𝑛 0

⎞⎟⎠ , 𝑌𝑚𝑛 =

⎛⎜⎝ 0 0 0
0 𝐷𝑚𝑛 0
0 0 𝐷𝑚𝑛

⎞⎟⎠ and 𝑌𝑖 =

⎛⎜⎝ 0 0 0
0 𝐷𝑖 0
0 0 𝐷𝑖

⎞⎟⎠ ,
so we have 𝐴𝑋𝑚𝑛 = 𝜆𝑋𝑚𝑛 + 𝑏𝑋̃𝑚𝑛, 𝐴𝑌𝑚𝑛 = 𝑏𝑌𝑚𝑛 + 𝜆𝑌𝑚𝑛 and

𝐴𝑋 = 𝜇
𝑟∑︁

𝑖=1
𝑣(𝑖) + 𝛾

𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛.

Then

[𝑋,𝐴𝑋] = 𝛾

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ 𝜆

⎡⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎦+ 𝑏

⎡⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦

+ 𝑏

⎡⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦+ 𝜆

⎡⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦+ 𝜇

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎥⎥⎦

+ 𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

+ 𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦+ 𝜇

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎦+ 𝛾

⎡⎢⎢⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦

+ 𝑏

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦+ 𝑏

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦

+ 𝜆

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦+ 𝜇

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎦

+ 𝛾

⎡⎢⎢⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ 𝜆

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎦

+ 𝑏

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦+ 𝑏

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ ,
since
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⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦ = 0 =
⎡⎣ ∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ ,
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎦ =
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦ ,
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ =
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ and

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ = −

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦ ,
then

[𝑋,𝐴𝑋] = (𝛾 − 𝜇)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ (𝜆+ 𝑏− 𝜇)
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎦

+(𝜆+ 𝑏− 𝜇)
⎡⎣ 𝑟∑︁

𝑖=1
𝑣(𝑖),

∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦+ (𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦

+(𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦

+𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

= (𝛾 − 𝜇)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ (𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦

+(𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦

+𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ .

Last equality holds because 𝜆+ 𝑏− 𝜇 = 0. By taking 𝑍 = − 𝑏

𝜆

𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 ∈ kΘ, we obtain
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[𝑍,𝐴𝑋] = −𝑏𝜇

𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎥⎥⎦− 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦− 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

−𝑏2

𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦− 𝑏2

𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ ,
but ⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟∑︁

𝑖=1
𝑣(𝑖)

⎤⎥⎥⎦ ,
⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦ ,
⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ ,
⎡⎢⎣ 𝑟∑︀

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︀

1≤𝑛<𝑚≤𝑟
𝑋̃𝑚𝑛

⎤⎥⎦ =

⎡⎢⎣ 𝑟∑︀
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︀

1≤𝑛<𝑚≤𝑟
𝑋𝑚𝑛

⎤⎥⎦ ,
⎡⎢⎣ 𝑟∑︀

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︀

1≤𝑛<𝑚≤𝑟
𝑌𝑚𝑛

⎤⎥⎦ =

⎡⎢⎣ 𝑟∑︀
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︀

1≤𝑛<𝑚≤𝑟
𝑌𝑚𝑛

⎤⎥⎦ ,
then

[𝑍 +𝑋,𝐴𝑋] =
(︃
𝛾 − 𝜇+ 𝑏𝜇

𝜆

)︃⎡⎢⎢⎣ 𝑟∑︁
𝑖=1

𝑣(𝑖),
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦

+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦
= 0 (by (3.2.1)).

By Proposition 3.0.3, 𝐴 is a g.o. metric.

𝑏) Let us suppose that 𝐴 is a g.o. metric. Interchanging 𝑉𝑖 by (𝑉𝑖)2, the arguments of item
𝑎) work to show that
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𝜇(1) = ... = 𝜇(𝑟−1) =: 𝜇,

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚𝑛)
2 =: 𝜆, for all (𝑚,𝑛),

𝑏𝑚𝑛 = 𝜇− 𝜆 =: 𝑏, for all (𝑚,𝑛),

𝛾(𝑖) = 𝜆2−𝑏2

𝜆
=: 𝛾 for all 𝑖 ∈ {1, ..., 𝑟 − 1} with 𝑙𝑖 > 1.

For 𝑖 < 𝑗, we have that (𝑉𝑖)1 and (𝑉𝑗)1 are 𝐾Θ−invariant, (·, ·)−orthogonal and are contained
in the 𝐴−eigenspaces corresponding to 𝜌(𝑖) and 𝜌(𝑗) respectively. Also

2(𝑤𝑙̃𝑗−1+1,𝑙̃𝑖−1+1 − 𝑢𝑙̃𝑗−1+1,𝑙̃𝑖−1+1) =
[︁
𝑤𝑙̃𝑟−1+1,𝑙̃𝑖−1+1 − 𝑢𝑙̃𝑟−1+1,𝑙̃𝑖−1+1, 𝑤𝑙̃𝑟−1+1,𝑙̃𝑗−1+1 − 𝑢𝑙̃𝑟−1+1,𝑙̃𝑗−1+1

]︁
is an non-zero element in [(𝑉𝑖)1, (𝑉𝑗)1] ∩ ((𝑉𝑖)1 ⊕ (𝑉𝑗)1)⊥, then, by Proposition 3.0.4, 𝜌(𝑖) = 𝜌(𝑗).
Therefore, 𝜌(1) = ... = 𝜌(𝑟−1) =: 𝜌. For 𝑋 = 𝑤𝑙̃𝑟−1+1,1 −𝑢𝑙̃𝑟−1+1,1 +𝑤𝑙̃𝑟−2+1,1, there exists a 𝑍 ∈ kΘ
such that [𝑍 +𝑋,𝐴𝑋] = 0, but

𝐴𝑋 = 𝜌(𝑤𝑙̃𝑟−1+1,1 − 𝑢𝑙̃𝑟−1+1,1) + 𝜆𝑤𝑙̃𝑟−2+1,1 + 𝑏𝑢𝑙̃𝑟−2+1,1

and
[𝑋,𝐴𝑋] = (−𝜆+ 𝜌+ 𝑏)(𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 − 𝑢𝑙̃𝑟−1+1,𝑙̃𝑟−2+1) ∈ 𝑀𝑟,𝑟−1.

Since 𝐴𝑋 ∈ (𝑉1)1 ⊕ 𝑀𝑟−1,1 which is kΘ−invariant, we have [𝑍,𝐴𝑋] ∈ (𝑉1)1 ⊕ 𝑀𝑟−1,1, so, by
linear independence −𝜆+ 𝜌+ 𝑏 = 0, i.e., 𝑏 = 𝜆− 𝜌. Thus, 𝐴 satisfies (3.2.2).

Conversely, if 𝐴 satisfies (3.2.2) and we write

𝑋 =
𝑟−1∑︁
𝑖=1

𝑣(𝑖) +
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 +
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛 +

∑︁
1≤𝑛<𝑚≤𝑟−1

𝑌𝑚𝑛 +
𝑟−1∑︁
𝑛=1

(𝑋𝑟𝑛 + 𝑋̃𝑟𝑛) +
𝑟−1∑︁
𝑛=1

(𝑋 ′
𝑟𝑛 − 𝑋̃ ′

𝑟𝑛),

where 𝑣(𝑖) ∈ span{𝑣𝑙̃𝑖−1+𝑠 : 1 ≤ 𝑠 ≤ 𝑙𝑖}, 𝑌𝑖 ∈ 𝑈𝑖, 𝑋𝑚𝑛 ∈ 𝑊𝑚𝑛, 𝑌𝑚𝑛 ∈ 𝑈𝑚𝑛, for 1 ≤ 𝑛 < 𝑚 ≤ 𝑟−1,
𝑋𝑟𝑛, 𝑋

′
𝑟𝑛 ∈ span{𝑤𝑙̃𝑟−1+𝑠,𝑙̃𝑛−1+𝑡 : 1 ≤ 𝑡 ≤ 𝑙𝑛, 1 ≤ 𝑠 ≤ 𝑙𝑟} and 𝑋̃𝑟𝑛, 𝑋̃ ′

𝑟𝑛 are as in the proof of
item 𝑎), then

𝐴𝑋 = 𝜇
𝑟−1∑︁
𝑖=1

𝑣(𝑖) + 𝛾
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛 + 𝑏

∑︁
1≤𝑛<𝑚≤𝑟−1

𝑋̃𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛

+𝜆
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛 + 𝜇

𝑟−1∑︁
𝑛=1

(𝑋𝑟𝑛 + 𝑋̃𝑟𝑛) + 𝜌
𝑟−1∑︁
𝑛=1

(𝑋 ′
𝑟𝑛 − 𝑋̃ ′

𝑟𝑛).

Similar to item 𝑎), we have that

[𝑋,𝐴𝑋] =(𝛾 − 𝜇)

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1

𝑣(𝑖),
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ (𝜆− 𝛾)

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛

⎤⎥⎥⎦
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+ 𝑏

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋̃𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛

⎤⎥⎥⎦

+ (𝜆− 𝛾)

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛

⎤⎥⎥⎦+ (𝜇− 𝛾)

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟−1∑︁
𝑛=1

(𝑋𝑟𝑛 + 𝑋̃𝑟𝑛)

⎤⎥⎥⎦

+ (𝜌− 𝛾)

⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟−1∑︁
𝑛=1

(𝑋 ′
𝑟𝑛 − 𝑋̃ ′

𝑟𝑛)

⎤⎥⎥⎦ .

By taking 𝑍 = − 𝑏

𝜆

𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 ∈ kΘ, we have

[𝑍 +𝑋,𝐴𝑋] =
(︃
𝛾 − 𝜇+ 𝑏𝜇

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1

𝑣(𝑖),
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛

⎤⎥⎥⎦

+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛

⎤⎥⎥⎦

+
(︃
𝜇− 𝛾 − 𝑏𝜇

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟−1∑︁
𝑛=1

(𝑋𝑟𝑛 + 𝑋̃𝑟𝑛)

⎤⎥⎥⎦

+
(︃
𝜌− 𝛾 + 𝑏𝜌

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
𝑟−1∑︁
𝑛=1

(𝑋 ′
𝑟𝑛 − 𝑋̃ ′

𝑟𝑛)

⎤⎥⎥⎦

= 0 (by (3.2.2)).

Thus, 𝐴 is a g.o. metric.

Remark 3.2.2. The normal metric is obtained from conditions (3.2.1) and (3.2.2) when 𝑏 = 0.

3.3 Flags of 𝐶𝑙
We fix (·, ·) as in equation (1.3.1) and the (·, ·)−orthogonal basis (1.3.2).
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Proposition 3.3.1. Let FΘ be a flag of 𝐶𝑙 with 𝑙 ̸= 4. Then, (FΘ, 𝐴) is a g.o. space if and only
if 𝐴 is written in the basis (2.3.1) as:

[𝐴|𝑀0 ]ℬ0 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜇
(0)
1 𝑎21 𝑎31 . . . 𝑎𝑟1

𝑎21 𝜇
(0)
2 𝑎32 . . . 𝑎𝑟2

𝑎31 𝑎32 𝜇
(0)
3 . . . 𝑎𝑟3

... ... ... . . . ...
𝑎𝑟1 𝑎𝑟2 𝑎𝑟3 . . . 𝜇

(0)
𝑟

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝐴|𝑀𝑚𝑛= 𝜇I𝑀𝑚𝑛, 𝐴|𝑈𝑖

= 𝜇I𝑈𝑖
(𝑙𝑖 > 1)

where 𝑟 = 𝑟 if 𝛼𝑙 /∈ Θ and 𝑟 = 𝑟 − 1 if 𝛼𝑙 ∈ Θ, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟, 1 ≤ 𝑖 ≤ 𝑟, and

𝜇
(0)
𝑛′ = 𝑙𝑛′

𝑙𝑚′
𝜇

(0)
𝑚′ +

(︁
1 − 𝑙𝑛′

𝑙𝑚′

)︁
𝜇

𝑎𝑚′𝑛′ =
√︂

𝑙𝑚′
𝑙𝑛′

(𝜇(0)
𝑛′ − 𝜇) =

√︂
𝑙𝑛′
𝑙𝑚′

(𝜇(0)
𝑚′ − 𝜇),

(3.3.1)

for all 1 ≤ 𝑛′ < 𝑚′ ≤ 𝑟.

Proof. Let us suppose that 𝐴 is a g.o. metric. We take Θ as in equation (1.3.3) and we write
𝐴 as in Proposition 2.3.2. First, we will show that 𝑏𝑚𝑛 = 0. In fact, given 𝑠 ∈ {1, ..., 𝑙𝑚} and
𝑡 ∈ {1, ..., 𝑙𝑛}, there exists 𝑍 ∈ kΘ such that[︁

𝑍 + 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡, 𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡

]︁
= 0, (3.3.2)

but,[︁
𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡, 𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡

]︁
=

[︁
𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡, 𝜇

(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡 + 𝑏𝑚𝑛𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡

]︁
= 𝑏𝑚𝑛

[︁
𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡, 𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡

]︁
= 2𝑏𝑚𝑛(𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠 − 𝑢𝑙̃𝑛−1+𝑡,𝑙̃𝑛−1+𝑡)

and [𝑍,𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡] ∈ 𝑀𝑚𝑛 (this is because 𝑀𝑚𝑛 is 𝐾Θ−invariant, so it is kΘ−invariant).
Since 𝑀𝑚𝑛 is (·, ·)−orthogonal to 2𝑏𝑚𝑛(𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠 − 𝑢𝑙̃𝑛−1+𝑡,𝑙̃𝑛−1+𝑡), then equation (3.3.2)
implies [𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡, 𝐴𝑤𝑙̃𝑚−1+𝑠,𝑙̃𝑛−1+𝑡] = 0, concluding that 𝑏𝑚𝑛 = 0. Next, we prove that
𝜇

(𝑚𝑛)
1 = 𝜇

(𝑚𝑛)
2 . Since 𝑏𝑚𝑛 = 0, we have that 𝑊𝑚𝑛 and 𝑈𝑚𝑛 are contained in the eigenspaces of

𝐴 corresponding to the eigenvalues 𝜇(𝑚𝑛)
1 and 𝜇

(𝑚𝑛)
2 respectively. Also, they are 𝐾Θ−invariant

and

𝑢𝑙̃𝑚−1+1,𝑙̃𝑚−1+1 − 𝑢𝑙̃𝑛−1+1,𝑙̃𝑛−1+1 =
[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
∈ [𝑊𝑚𝑛, 𝑈𝑚𝑛] ∩ (𝑊𝑚𝑛 ⊕ 𝑈𝑚𝑛)⊥ .

By Proposition 3.0.4 we have 𝜇(𝑚𝑛)
1 = 𝜇

(𝑚𝑛)
2 =: 𝜇(𝑚𝑛). Analogously to the proof of Proposition

3.1.1, we can show that 𝜇(𝑚𝑛) = 𝜇(𝑚′𝑛′) =: 𝜇 for all (𝑚,𝑛), (𝑚′, 𝑛′). To show the result for 𝐴|𝑀0 ,
we consider the vector 𝑋 = 1√

𝑙𝑛
(𝑢𝑙̃𝑛−1+1,𝑙̃𝑛−1+1+...+𝑢𝑙̃𝑛,𝑙̃𝑛

)+𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, where 1 ≤ 𝑛 < 𝑚 ≤ 𝑟,
then
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[𝑋,𝐴𝑋] =
⎡⎣ 1√

𝑙𝑛

𝑙𝑛∑︀
𝑖=1

𝑢𝑙̃𝑛−1+𝑖,𝑙̃𝑛−1+𝑖 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝜇
(0)
𝑛

1√
𝑙𝑛

𝑙𝑛∑︀
𝑖=1

𝑢𝑙̃𝑛−1+𝑖,𝑙̃𝑛−1+𝑖

+
𝑟∑︀

𝑗=1
𝑗 ̸=𝑛

𝑎𝑗𝑛
1√
𝑙𝑗

𝑙𝑗∑︀
𝑖=1

𝑢𝑙̃𝑗−1+𝑖,𝑙̃𝑗−1+𝑖 + 𝜇 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

⎤⎥⎦ (here 𝑎𝑗𝑛 = 𝑎𝑛𝑗 for 𝑗 < 𝑛)

= (𝜇(0)
𝑛 −𝜇)√

𝑙𝑛

[︃
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1,

𝑙𝑛∑︀
𝑖=1

𝑢𝑙̃𝑛−1+𝑖,𝑙̃𝑛−1+𝑖

]︃
+ 𝑎𝑚𝑛√

𝑙𝑚

[︃
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1,

𝑙𝑚∑︀
𝑖=1

𝑢𝑙̃𝑚−1+𝑖,𝑙̃𝑚−1+𝑖

]︃

= (𝜇(0)
𝑛 −𝜇)√

𝑙𝑛
𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 − 𝑎𝑚𝑛√

𝑙𝑚
𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

=
(︂

𝜇
(0)
𝑛 −𝜇√

𝑙𝑛
− 𝑎𝑚𝑛√

𝑙𝑚

)︂
𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 ∈ 𝑈𝑚𝑛.

Since 𝑀0 and 𝑊𝑚𝑛 are 𝐾Θ−invariant, they are kΘ−invariant too, so is 𝑀0 ⊕ 𝑊𝑚𝑛. Also, we

have 𝐴𝑋 = 𝜇(0)
𝑛

1√
𝑙𝑛

𝑙𝑛∑︀
𝑖=1

𝑢𝑙̃𝑛−1+𝑖,𝑙̃𝑛−1+𝑖 +
𝑟∑︀

𝑗=1
𝑗 ̸=𝑛

𝑎𝑗𝑛
1√
𝑙𝑗

𝑙𝑗∑︀
𝑖=1

𝑢𝑙̃𝑗−1+𝑖,𝑙̃𝑗−1+𝑖 +𝜇 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 ∈ 𝑀0 ⊕𝑊𝑚𝑛,

therefore
[𝑍,𝐴𝑋] ∈ 𝑀0 ⊕𝑊𝑚𝑛.

By linear independence [𝑍,𝐴𝑋] + [𝑋,𝐴𝑋] = 0 implies [𝑋,𝐴𝑋] = 0, thus, 𝜇
(0)
𝑛 −𝜇√

𝑙𝑛
− 𝑎𝑚𝑛√

𝑙𝑚
= 0. By

taking 𝑋 = 1√
𝑙𝑚

𝑙𝑚∑︀
𝑖=1

𝑢𝑙̃𝑚−1+𝑖,𝑙̃𝑚−1+𝑖 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, where 1 ≤ 𝑛 < 𝑚 ≤ 𝑟, we have

[𝑋,𝐴𝑋] =
(︂

𝜇−𝜇
(0)
𝑚√

𝑙𝑚
+ 𝑎𝑚𝑛√

𝑙𝑛

)︂
𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 ∈ 𝑈𝑚𝑛.

As before, we conclude 𝜇−𝜇
(0)
𝑚√

𝑙𝑚
+ 𝑎𝑚𝑛√

𝑙𝑛
= 0. Summarizing,⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝜇
(0)
𝑛 −𝜇√

𝑙𝑛
− 𝑎𝑚𝑛√

𝑙𝑚
= 0

𝜇
(0)
𝑚 −𝜇√

𝑙𝑚
− 𝑎𝑚𝑛√

𝑙𝑛
= 0

, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟,

hence, 𝜇(0)
𝑛 = 𝑙𝑛

𝑙𝑚
𝜇(0)

𝑚 +
(︁
1 − 𝑙𝑛

𝑙𝑚

)︁
𝜇 and 𝑎𝑚𝑛 =

√︁
𝑙𝑚
𝑙𝑛

(𝜇(0)
𝑛 − 𝜇) =

√︁
𝑙𝑛
𝑙𝑚

(𝜇(0)
𝑚 − 𝜇) for all 1 ≤ 𝑛 <

𝑚 ≤ 𝑟. Now, we take 𝑖 such that 𝑙𝑖 > 1. If 1 ≤ 𝑖 ≤ 𝑟 − 1, we have that 𝑈𝑖 and 𝑊𝑖+1,𝑖 are
contained in the eigenspaces corresponding to 𝜇(𝑖) and 𝜇, respectively. Since

−𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 =
[︁
𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1, 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
∈ [𝑈𝑖,𝑊𝑖+1,𝑖] ∩ (𝑈𝑖 ⊕𝑊𝑖+1,𝑖)⊥,

then, by Proposition 3.0.4 we obtain 𝜇(𝑖) = 𝜇. If 𝑖 = 𝑟, then
𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−2+1 =

[︁
𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−1+1, 𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1

]︁
∈ [𝑈𝑟,𝑊𝑟,𝑟−1] ∩ (𝑈𝑟 ⊕𝑊𝑟,𝑟−1)⊥,

so 𝜇(𝑟) = 𝜇. Conversely, let us suppose 𝐴 has the form of the statement. Given 𝑋 ∈ mΘ, we
can write
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𝑋 =
𝑟∑︁

𝑗=1

𝑥𝑗√︁
𝑙𝑗

𝑙𝑗∑︁
𝑠=1

𝑢𝑙̃𝑗−1+𝑠,𝑙̃𝑗−1+𝑠 +
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑋𝑖 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,

where 𝑥𝑗 ∈ R, 𝑋𝑖 ∈ 𝑈𝑖, 𝑋𝑚𝑛 ∈ 𝑊𝑚𝑛 and 𝑌𝑚𝑛 ∈ 𝑈𝑚𝑛. So

𝐴𝑋 =
𝑟∑︁

𝑗=1

⎛⎜⎜⎝ 𝑥𝑗√︁
𝑙𝑗
𝜇

(0)
𝑗

𝑙𝑗∑︁
𝑠=1

𝑢𝑙̃𝑗−1+𝑠,𝑙̃𝑗−1+𝑠 +
𝑟∑︁

𝑡=1
𝑡̸=𝑗

𝑎𝑡𝑗√
𝑙𝑡

𝑙𝑡∑︁
𝑠=1

𝑢𝑙̃𝑡−1+𝑠,𝑙̃𝑡−1+𝑠

⎞⎟⎟⎠+ 𝜇
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑋𝑖

+𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 + 𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛.

We have two cases:

Case 1. 𝛼𝑙 /∈ Θ : In this case

[𝑋,𝐴𝑋] = 𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑛√
𝑙𝑛

⎡⎣ 𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠, 𝑋𝑚𝑛

⎤⎦+ 𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑚√
𝑙𝑚

⎡⎣ 𝑙𝑚∑︁
𝑠=1

𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠, 𝑋𝑚𝑛

⎤⎦

+𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑛√
𝑙𝑛

⎡⎣ 𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠, 𝑌𝑚𝑛

⎤⎦+ 𝜇
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑚√
𝑙𝑚

⎡⎣ 𝑙𝑚∑︁
𝑠=1

𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠, 𝑌𝑚𝑛

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

⎛⎝ 𝑥𝑛√
𝑙𝑛
𝜇(0)

𝑛

⎡⎣𝑋𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦+ 𝑥𝑚√
𝑙𝑚
𝜇(0)

𝑚

⎡⎣𝑋𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦⎞⎠

+
∑︁

1≤𝑛<𝑚≤𝑟

⎛⎝ 𝑥𝑛√
𝑙𝑚
𝑎𝑚𝑛

⎡⎣𝑋𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦+ 𝑥𝑚√
𝑙𝑛
𝑎𝑚𝑛

⎡⎣𝑋𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦⎞⎠

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑟∑︁
𝑗=1

𝑗 ̸=𝑚,𝑛

⎛⎝ 𝑥𝑗√
𝑙𝑚
𝑎𝑚𝑗

⎡⎣𝑋𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦+ 𝑥𝑗√
𝑙𝑛
𝑎𝑛𝑗

⎡⎣𝑋𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦⎞⎠

+
∑︁

1≤𝑛<𝑚≤𝑟

⎛⎝ 𝑥𝑛√
𝑙𝑛
𝜇(0)

𝑛

⎡⎣𝑌𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦+ 𝑥𝑚√
𝑙𝑚
𝜇(0)

𝑚

⎡⎣𝑌𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦⎞⎠

+
∑︁

1≤𝑛<𝑚≤𝑟

⎛⎝ 𝑥𝑛√
𝑙𝑚
𝑎𝑚𝑛

⎡⎣𝑌𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦+ 𝑥𝑚√
𝑙𝑛
𝑎𝑚𝑛

⎡⎣𝑌𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦⎞⎠

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑟∑︁
𝑗=1

𝑗 ̸=𝑚,𝑛

⎛⎝ 𝑥𝑗√
𝑙𝑚
𝑎𝑚𝑗

⎡⎣𝑌𝑚𝑛,
𝑙𝑚∑︁

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠

⎤⎦+ 𝑥𝑗√
𝑙𝑛
𝑎𝑛𝑗

⎡⎣𝑌𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦⎞⎠ .
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Since
[︃

𝑙𝑛∑︀
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠, 𝜁

]︃
= −

[︃
𝑙𝑚∑︀

𝑠=1
𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠, 𝜁

]︃
, 𝜁 ∈ {𝑋𝑚𝑛, 𝑌𝑚𝑛}, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟, then

[𝑋,𝐴𝑋] =
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑛

(︃
𝜇(0)

𝑛 − 𝜇√
𝑙𝑛

− 𝑎𝑚𝑛√
𝑙𝑚

)︃⎡⎣ 𝑙𝑚∑︁
𝑠=1

𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠, 𝑋𝑚𝑛

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑚

(︃
𝜇(0)

𝑚 − 𝜇√
𝑙𝑚

− 𝑎𝑚𝑛√
𝑙𝑛

)︃⎡⎣ 𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠, 𝑋𝑚𝑛

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑛

(︃
𝜇(0)

𝑛 − 𝜇√
𝑙𝑛

− 𝑎𝑚𝑛√
𝑙𝑚

)︃⎡⎣ 𝑙𝑚∑︁
𝑠=1

𝑢𝑙̃𝑚−1+𝑠,𝑙̃𝑚−1+𝑠, 𝑌𝑚𝑛

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑥𝑚

(︃
𝜇(0)

𝑚 − 𝜇√
𝑙𝑚

− 𝑎𝑚𝑛√
𝑙𝑛

)︃⎡⎣ 𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠, 𝑌𝑚𝑛

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑟∑︁
𝑗=1

𝑗 ̸=𝑚,𝑛

𝑥𝑗

(︃
𝑎𝑛𝑗√
𝑙𝑛

− 𝑎𝑚𝑗√
𝑙𝑚

)︃⎡⎣𝑋𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦

+
∑︁

1≤𝑛<𝑚≤𝑟

𝑟∑︁
𝑗=1

𝑗 ̸=𝑚,𝑛

𝑥𝑗

(︃
𝑎𝑛𝑗√
𝑙𝑛

− 𝑎𝑚𝑗√
𝑙𝑚

)︃⎡⎣𝑌𝑚𝑛,
𝑙𝑛∑︁

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦ .

By (3.3.1), 𝑎𝑛𝑗√
𝑙𝑛

− 𝑎𝑚𝑗√
𝑙𝑚

= 𝜇
(0)
𝑚 −𝜇√

𝑙𝑚
− 𝑎𝑚𝑛√

𝑙𝑛
= 𝜇

(0)
𝑛 −𝜇√

𝑙𝑛
− 𝑎𝑚𝑛√

𝑙𝑚
= 0, thus [𝑋,𝐴𝑋] = 0.

Case 2. 𝛼𝑙 ∈ Θ : Similarly as before we obtain

[𝑋,𝐴𝑋] =
𝑟−1∑︁
𝑛=1

1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠
⎡⎣𝑋𝑟𝑛,

𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦

𝑟−1∑︁
𝑛=1

1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠
⎡⎣𝑌𝑟𝑛,

𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦ .
We consider 𝑍 = 𝑥√

𝑙𝑟

𝑙𝑟∑︀
𝑠=1

𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑟−1+𝑠 ∈ kΘ, for some 𝑥 ∈ R, then

[𝑍,𝐴𝑋] =
𝑟−1∑︁
𝑛=1

𝑥√
𝑙𝑟
𝜇

⎡⎣ 𝑙𝑟∑︁
𝑠=1

𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑟−1+𝑠, 𝑋𝑟𝑛

⎤⎦+
𝑟−1∑︁
𝑛=1

𝑥√
𝑙𝑟
𝜇

⎡⎣ 𝑙𝑟∑︁
𝑠=1

𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑟−1+𝑠, 𝑌𝑟𝑛

⎤⎦ .
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Since
[︃

𝑙𝑟∑︀
𝑠=1

𝑢𝑙̃𝑟−1+𝑠,𝑙̃𝑟−1+𝑠,𝑊

]︃
= −

[︃
𝑙𝑛∑︀

𝑠=1
𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠,𝑊

]︃
for 𝑊 ∈ {𝑋𝑟𝑛, 𝑌𝑟𝑛} and 1 ≤ 𝑛 ≤ 𝑟 − 1,

we have

[𝑍 +𝑋,𝐴𝑋] =
𝑟−1∑︁
𝑛=1

⎛⎜⎜⎝ 1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠+ 𝑥𝜇√
𝑙𝑟

⎞⎟⎟⎠
⎡⎣𝑋𝑟𝑛,

𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦

+
𝑟−1∑︁
𝑛=1

⎛⎜⎜⎝ 1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠+ 𝑥𝜇√
𝑙𝑟

⎞⎟⎟⎠
⎡⎣𝑌𝑟𝑛,

𝑙𝑛∑︁
𝑠=1

𝑢𝑙̃𝑛−1+𝑠,𝑙̃𝑛−1+𝑠

⎤⎦ .
We observe that

1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠+ 𝑥𝜇√
𝑙𝑟

= 0, 𝑛 = 1, ..., 𝑟 − 1 =⇒ [𝑍 +𝑋,𝐴𝑋] = 0,

but

1√
𝑙𝑛

⎛⎜⎜⎝𝑥𝑛(𝜇(0)
𝑛 − 𝜇) +

𝑟−1∑︁
𝑗=1
𝑗 ̸=𝑛

𝑎𝑛𝑗𝑥𝑗

⎞⎟⎟⎠+ 𝑥𝜇√
𝑙𝑟

= 0 ⇐⇒ 𝑥 =
√

𝑙𝑟
𝜇

(︃
𝑟−1∑︀
𝑗=1

√︁
𝑙𝑗𝑥𝑗

)︃(︂
𝜇

(0)
𝑛 −𝜇
𝑙𝑛

)︂
.

Thus, it is enough to show that the number
√

𝑙𝑟
𝜇

(︃
𝑟−1∑︀
𝑗=1

√︁
𝑙𝑗𝑥𝑗

)︃(︂
𝜇

(0)
𝑛 −𝜇
𝑙𝑛

)︂
does not depend on 𝑛. In

fact,
𝜇

(0)
𝑛 −𝜇
𝑙𝑛

= 𝜇
(0)
𝑛′ −𝜇

𝑙𝑛′
⇐⇒

√
𝑙𝑛′√
𝑙𝑛

(𝜇(0)
𝑛 − 𝜇) =

√
𝑙𝑛√
𝑙𝑛′

(𝜇(0)
𝑛′ − 𝜇)

which is true by (3.3.1).

Remark 3.3.2. Under the coditions of the proposition above, if 𝑎𝑚𝑛 = 0 for all (𝑚,𝑛), then 𝐴
is the normal metric.

3.4 Flags of 𝐷𝑙

We consider the invariant inner product (·, ·) in (1.4.1) and the (·, ·)−orthonormal basis
(1.4.2).

Proposition 3.4.1. Let FΘ be a flag of 𝐷𝑙, 𝑙 ≥ 5 and 𝐴 an invariant metric as in Proposition
2.4.2.

𝑎) If 𝛼𝑙 /∈ Θ, then (FΘ, 𝐴) is a g.o.space if and only if
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚𝑛)
2 =: 𝜆, for all (𝑚,𝑛),

𝑏𝑚𝑛 = 𝑏𝑚′𝑛′ =: 𝑏, for all (𝑚,𝑛), (𝑚′, 𝑛′),

𝛾(𝑖) =: 𝛾 for all 𝑖 ∈ {1, ..., 𝑟} with 𝑙𝑖 > 1,

𝛾 = 𝜆2−𝑏2

𝜆
.

(3.4.1)

𝑏) If {𝛼𝑙−1, 𝛼𝑙} ∈ Θ, then (FΘ, 𝐴) is a g.o. space if and only if 𝐴 is normal.

𝑐) If 𝛼𝑙 ∈ Θ and 𝛼𝑙−1 /∈ Θ, then (FΘ, 𝐴) is a g.o. space if and only if⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚𝑛)
2 = 𝜆

(𝑟−1,𝑛)
1 = 𝜆

(𝑟−1,𝑛)
2 =: 𝜆, for all (𝑚,𝑛),

𝑏𝑚𝑛 = 𝑏
(1)
𝑟−1,𝑛 = 𝑏

(2)
𝑟−1,𝑛 =: 𝑏, for all (𝑚,𝑛),

𝛾(𝑖) =: 𝛾 for all 𝑖 ∈ {1, ..., 𝑟 − 1} with 𝑙𝑖 > 1,

𝛾 = 𝜆2−𝑏2

𝜆

(3.4.2)

Proof. 𝑎) Let us suppose that (FΘ, 𝐴) is a g.o. space. We take 𝑍 ∈ kΘ such that [𝑍 +𝑋,𝐴𝑋],
where 𝑋 = 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1. Then we have

𝐴𝑋 = 𝜆
(𝑚𝑛)
1 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑏𝑚𝑛𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝜆

(𝑚+1,𝑛)
1 𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1 + 𝑏𝑚+1,𝑛𝑢𝑙̃𝑚+1,𝑙̃𝑛−1+1,

and
[𝑋,𝐴𝑋] = 𝜆

(𝑚+1,𝑛)
1

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1

]︁
+ 𝑏𝑚+1,𝑛

[︁
𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1, 𝑢𝑙̃𝑚+1,𝑙̃𝑛−1+1

]︁
+𝜆(𝑚𝑛)

1

[︁
𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
+ 𝑏𝑚𝑛

[︁
𝑤𝑙̃𝑚+1,𝑙̃𝑛−1+1, 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1

]︁
= (𝜆(𝑚+1,𝑛)

1 − 𝜆
(𝑚𝑛)
1 )𝑤𝑙̃𝑚+1,𝑙̃𝑚−1+1 + (𝑏𝑚+1,𝑛 − 𝑏𝑚𝑛)𝑢𝑙̃𝑚+1,𝑙̃𝑚−1+1 ∈ 𝑀𝑚+1,𝑚.

Since 𝐴𝑋 ∈ 𝑀𝑚𝑛 ⊕𝑀𝑚+1,𝑛, we have that [𝑍,𝐴𝑋] ∈ 𝑀𝑚𝑛 ⊕𝑀𝑚+1,𝑛, thus,
[𝑍 +𝑋,𝐴𝑋] = 0 =⇒ [𝑋,𝐴𝑋] = 0 = [𝑍,𝐴𝑋],

in particular, 𝜆(𝑚+1,𝑛)
1 = 𝜆

(𝑚𝑛)
1 and 𝑏𝑚+1,𝑛 = 𝑏𝑚𝑛. We can use the same argument for 𝑋 =

𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑢𝑙̃𝑚+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑚−1+1,𝑙̃𝑛+1 and 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛−1+1 + 𝑢𝑙̃𝑚−1+1,𝑙̃𝑛+1 to
conclude that

𝜆
(𝑚+1,𝑛)
2 = 𝜆

(𝑚𝑛)
2 , 𝜆

(𝑚,𝑛+1)
1 = 𝜆

(𝑚𝑛)
1 , 𝜆(𝑚,𝑛+1)

2 = 𝜆
(𝑚𝑛)
1 and 𝑏𝑚,𝑛+1 = 𝑏𝑚𝑛.

Then,

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚′𝑛′)
1 =: 𝜆1

𝜆
(𝑚𝑛)
2 = 𝜆

(𝑚′𝑛′)
2 =: 𝜆2

𝑏𝑚𝑛 = 𝑏𝑚′𝑛′ =: 𝑏
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for all 𝑚,𝑛,𝑚′, 𝑛′. Next, we will show that 𝛾(𝑖) = 𝜆2
1−𝑏2

𝜆1
= 𝜆2

2−𝑏2

𝜆2
for all 𝑖 ∈ {1, ..., 𝑟} with

𝑙𝑖 > 1. In fact, if 𝑖 ≤ 𝑟 − 1 we take 𝑋 = 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 + 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1 and 𝑍 ∈ kΘ such that
[𝑍 +𝑋,𝐴𝑋] = 0. In this case, we can write

𝑍 =
∑︁
𝑙𝑗>1

⎛⎝ ∑︁
1≤𝑡<𝑠≤𝑙𝑗

𝑧
(𝑗)
𝑠𝑡 𝑤𝑙̃𝑗−1+𝑠,𝑙̃𝑗−1+𝑡

⎞⎠ , 𝑧(𝑗)
𝑠𝑡 ∈ R,

therefore
[𝑍,𝐴𝑋] =

[︁
𝑍, 𝛾(𝑖)𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 + 𝜆1𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1 + 𝑏𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
= 𝑧

(𝑖)
21 𝑏 𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑧

(𝑖)
21𝜆1𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑍 ′,

where {𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2, 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2, 𝑍
′} is linear independent. On the other hand,

[𝑋,𝐴𝑋] =
[︁
𝑋, 𝛾(𝑖)𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 + 𝜆1𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1 + 𝑏𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1

]︁
= (𝜆1 − 𝛾(𝑖))𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+2 + 𝑏 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+2.

Thus, [𝑍 + 𝑋,𝐴𝑋] = 0 =⇒ 𝑍 ′ = 0, 𝜆1 − 𝛾(𝑖) + 𝑧
(𝑖)
21 𝑏 = 𝑏 + 𝑧

(𝑖)
21𝜆1 = 0, so 𝛾(𝑖) = 𝜆2

1−𝑏2

𝜆1
. If 𝑖 = 𝑟

we take 𝑋 = 𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−1+1 + 𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 and proceeding as before we obtain 𝛾(𝑟) = 𝜆2
1−𝑏2

𝜆1
. To

show that 𝛾(𝑖) = 𝜆2
2−𝑏2

𝜆2
we can use the same argument but taking 𝑋 = 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 +𝑢𝑙̃𝑖+1,𝑙̃𝑖−1+1

instead of 𝑢𝑙̃𝑖−1+2,𝑙̃𝑖−1+1 + 𝑤𝑙̃𝑖+1,𝑙̃𝑖−1+1 (when 𝑖 ≤ 𝑟 − 1) and 𝑋 = 𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−1+1 + 𝑢𝑙̃𝑟−1+1,𝑙̃𝑟−2+1
instead of 𝑢𝑙̃𝑟−1+2,𝑙̃𝑟−1+1 + 𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 (when 𝑖 = 𝑟). Summarizing,

𝛾(𝑖) = 𝜆2
1−𝑏2

𝜆1
= 𝜆2

2−𝑏2

𝜆2
, for all 𝑖 ∈ {1, ..., 𝑟} with 𝑙𝑖 > 1.

We observe that 𝜆2
1−𝑏2

𝜆1
= 𝜆2

2−𝑏2

𝜆2
⇐⇒ 𝜆1𝜆2(𝜆1 − 𝜆2) = −𝑏2(𝜆1 − 𝜆2), therefore

𝜆1 ̸= 𝜆2 =⇒ 0 < 𝜆1𝜆2 = −𝑏2 ≤ 0,
which is absurd. Thus, 𝜆1 = 𝜆2. We point that when Θ = ∅, the previous argument does
not work to show 𝜆1 = 𝜆2 =: 𝜆 (because there is not 𝑖 with 𝑙𝑖 > 1). In that case, we
have [𝑋,𝐴𝑋] = 0 for all 𝑋 ∈ mΘ (because kΘ = {0}), in particular, when 𝑋 = 𝑤21 + 𝑢31,
[𝑋,𝐴𝑋] = (𝜆2 − 𝜆1)𝑢32, so 𝜆1 = 𝜆2. Now, we suppose 𝐴 satisfies (3.4.1). Let

𝑋 =
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 +
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

be a vector in mΘ, where 𝑌𝑖 ∈ 𝑈𝑖, 𝑋𝑚𝑛 ∈ 𝑊𝑚𝑛 and 𝑌𝑚𝑛 ∈ 𝑈𝑚𝑛. If

𝑋𝑚𝑛 =
(︃
𝐶𝑚𝑛 0

0 𝐶𝑚𝑛

)︃
, 𝑌𝑚𝑛 =

(︃
0 𝐷𝑚𝑛

𝐷𝑚𝑛 0

)︃
and 𝑌𝑖 =

(︃
0 𝐷𝑖

𝐷𝑖 0

)︃
we set

𝑋̃𝑚𝑛 =
(︃

0 𝐶𝑚𝑛

𝐶𝑚𝑛 0

)︃
, 𝑌𝑚𝑛 =

(︃
𝐷𝑚𝑛 0

0 𝐷𝑚𝑛

)︃
and 𝑌𝑖 =

(︃
𝐷𝑖 0
0 𝐷𝑖

)︃
.

With this notation we have 𝐴𝑋𝑚𝑛 = 𝜆𝑋𝑚𝑛 + 𝑏𝑋̃𝑚𝑛, 𝐴𝑋𝑚𝑛 = 𝑏𝑌𝑚𝑛 + 𝜆𝑌𝑚𝑛,
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⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦ = 0 =
⎡⎣ ∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ and

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎦ = −

⎡⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎦ .
Therefore

𝐴𝑋 = 𝛾
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

and

[𝑋,𝐴𝑋] = 𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

+𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦+ 𝛾

⎡⎢⎢⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛,
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦+ 𝛾

⎡⎢⎢⎣ ∑︁
1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛,
𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖

⎤⎥⎥⎦

= (𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦+ (𝜆− 𝛾)

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

+𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦+ 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ .
Let 𝑍 = − 𝑏

𝜆

𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 ∈ kΘ, then

[𝑍,𝐴𝑋] = −𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦− 𝑏

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦

−𝑏2

𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦− 𝑏2

𝜆

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ .
Since ⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦ ,
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⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ ,
⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋̃𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦ ,
⎡⎢⎢⎣ 𝑟∑︁

𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ =

⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦ ,
then

[𝑍 +𝑋,𝐴𝑋] =
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑋𝑚𝑛

⎤⎥⎥⎦+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣ 𝑟∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟

𝑌𝑚𝑛

⎤⎥⎥⎦
= 0.

Thus, 𝐴 is a g.o. metric.

𝑏) Let 𝐴 be a g.o. metric on FΘ. Analogously to item 𝑎) we have that

𝜆
(𝑚𝑛)
1 = 𝜆

(𝑚′𝑛′)
1 =: 𝜆1

𝜆
(𝑚𝑛)
2 = 𝜆

(𝑚′𝑛′)
2 =: 𝜆2

𝑏𝑚𝑛 = 𝑏𝑚′𝑛′ =: 𝑏
for 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1 and 1 ≤ 𝑛′ < 𝑚′ ≤ 𝑟 − 1. Given 𝑛 < 𝑛′ ≤ 𝑟 − 1, the subspaces
𝑀𝑟𝑛 and 𝑀𝑟𝑛′ are 𝐾Θ−invariant, (·, ·)−orthogonal and are contained in the eigenspaces of 𝐴
corresponding to the eigenvalues 𝜆(𝑟𝑛) and 𝜆(𝑟𝑛′) respectively. Also,

𝑤𝑙̃𝑛′−1+1,𝑙̃𝑛−1+1 =
[︁
𝑤𝑙̃𝑟−1+1,𝑙̃𝑛−1+1, 𝑤𝑙̃𝑟−1+1,𝑙̃𝑛′−1+1

]︁
∈ [𝑀𝑟𝑛,𝑀𝑟𝑛′ ] ∩𝑀𝑛′𝑛,

and 𝑀𝑛′𝑛 ⊆ (𝑀𝑟𝑛 ⊕ 𝑀𝑟𝑛′)⊥, therefore, by Proposition 3.0.4, 𝜆(𝑟𝑛) = 𝜆(𝑟𝑛′) =: 𝜆(𝑟). Next, we
shall show that 𝑏 = 0 and 𝜆1 = 𝜆2 = 𝜆(𝑟). In fact, if 𝑋 = 𝑤𝑙̃𝑟−1+1,1 + 𝑤𝑙̃𝑟−2+1,1, then

[𝑋,𝐴𝑋] =
[︁
𝑤𝑙̃𝑟−1+1,1 + 𝑤𝑙̃𝑟−2+1,1, 𝜆

(𝑟)𝑤𝑙̃𝑟−1+1,1 + 𝜆1𝑤𝑙̃𝑟−2+1,1 + 𝑏 𝑢𝑙̃𝑟−2+1,1

]︁
= (𝜆(𝑟) − 𝜆1)𝑤𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 − 𝑏 𝑢𝑙̃𝑟−1+1,𝑙̃𝑟−2+1 ∈ 𝑀𝑟,𝑟−1.

Let 𝑍 ∈ kΘ such that [𝑍 + 𝑋,𝐴𝑋] = 0, since 𝐴𝑋 ∈ 𝑀𝑟1 ⊕ 𝑀𝑟−1,1 and [𝑋,𝐴𝑋] ∈ 𝑀𝑟,𝑟−1,
then [𝑍,𝐴𝑋] = 0 = [𝑋,𝐴𝑋], so 𝜆(𝑟) = 𝜆1 and 𝑏 = 0. By taking 𝑋 = 𝑤𝑙̃𝑟−1+1,1 + 𝑢𝑙̃𝑟−2+1,1
instead of 𝑤𝑙̃𝑟−1+1,1 + 𝑤𝑙̃𝑟−2+1,1 and proceeding analogously, we obtain 𝜆(𝑟) = 𝜆2. We de-
fine 𝜆 := 𝜆1 = 𝜆2 = 𝜆(𝑟). The same arguments of item 𝑎) allow us to show that for each
𝑖 ∈ {1, ..., 𝑟 − 1} with 𝑙𝑖 > 1, 𝛾(𝑖) = 𝜆2−𝑏2

𝜆
= 𝜆2

𝜆
= 𝜆. Therefore 𝐴 = 𝜆I, i.e., 𝐴 is normal.
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𝑐) Analogously to item 𝑎), we have that

𝜆
(𝑚𝑛)
1 =: 𝜆1

𝜆
(𝑚𝑛)
2 =: 𝜆2
𝑏𝑚𝑛 =: 𝑏

, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 2

and 𝛾(𝑖) = 𝜆2
1−𝑏2

𝜆1
= 𝜆2

2−𝑏2

𝜆2
for every 𝑖 ∈ {1, ..., 𝑟 − 2} with 𝑙𝑖 > 1, in particular, 𝜆1 = 𝜆2 =: 𝜆. By

taking 𝑋 = 𝑤𝑙̃𝑟−2+1,𝑙̃𝑛−1+1 + 𝑤𝑙̃𝑟−2+1,𝑙̃𝑛+1, we have

𝐴𝑋 = 𝜆
(𝑟−1,𝑛)
1 𝑤𝑙̃𝑟−2+1,𝑙̃𝑛−1+1 + 𝑏

(1)
𝑟−1,𝑛𝑢𝑙̃𝑟−2+1,𝑙̃𝑛−1+1 + 𝜆

(𝑟−1,𝑛+1)
1 𝑤𝑙̃𝑟−2+1,𝑙̃𝑛+1 + 𝑏

(1)
𝑟−1,𝑛𝑢𝑙̃𝑟−2+1,𝑙̃𝑛+1,

thus
[𝑋,𝐴𝑋] = (𝜆(𝑟−1,𝑛+1)

1 − 𝜆
(𝑟−1,𝑛)
1 )𝑤𝑙̃𝑛+1,𝑙̃𝑛−1+1 + (𝑏(1)

𝑟−1,𝑛+1 − 𝑏
(1)
𝑟−1,𝑛)𝑢𝑙̃𝑛+1,𝑙̃𝑛−1+1 ∈ 𝑀𝑛+1,𝑛.

There exists 𝑍 ∈ kΘ such that [𝑍+𝑋,𝐴𝑋] = 0, but 𝐴𝑋 ∈ 𝑆𝑛 ⊕𝑆𝑛+1 =⇒ [𝑍,𝐴𝑋] ∈ 𝑆𝑛 ⊕𝑆𝑛+1,

then, [𝑋,𝐴𝑋] = 0 =⇒ 𝜆
(𝑟−1,𝑛+1)
1 = 𝜆

(𝑟−1,𝑛)
1 and 𝑏

(1)
𝑟−1,𝑛+1 = 𝑏

(1)
𝑟−1,𝑛. By using the same argument

for 𝑋 = 𝑢𝑙̃𝑟−2+1,𝑙̃𝑛−1+1 + 𝑢𝑙̃𝑟−2+1,𝑙̃𝑛+1 and 𝑤𝑙,𝑙̃𝑛−1+1 + 𝑤𝑙,𝑙̃𝑛+1 we obtain that 𝜆(𝑟−1,𝑛+1)
2 = 𝜆

(𝑟−1,𝑛)
2

and 𝑏
(2)
𝑟−1,𝑛+1 = 𝑏

(2)
𝑟−1,𝑛, respectively. Thus⎧⎪⎪⎨⎪⎪⎩

𝜆
(𝑟−1,1)
𝑖 = · · · = 𝜆

(𝑟−1,𝑟−2)
𝑖 =: 𝜆(𝑟−1)

𝑖

𝑏
(𝑖)
𝑟−1,1 = · · · = 𝑏

(𝑖)
𝑟−1,𝑟−2 =: 𝑏(𝑖)

, 𝑖 = 1, 2.

For𝑋 = 𝑤𝑙̃𝑟−3+1,1+𝑤𝑙̃𝑟−2+1,1, 𝑤𝑙̃𝑟−3+1,1+𝑤𝑙1 and 𝑢𝑙̃𝑟−3+1,1+𝑤𝑙1, we have 𝜆(𝑟−1)
1 = 𝜆1, 𝑏(1) = 𝑏(2) = 𝑏

and 𝜆
(𝑟−1)
2 = 𝜆2. Now we will show that 𝛾(𝑟−1) = 𝜆2

1−𝑏2

𝜆1
= 𝜆2

2−𝑏2

𝜆2
, in fact, if 𝑋 = 𝑤𝑙1 + 𝑤𝑙,𝑙̃𝑟−2+1,

then
𝐴𝑋 = 𝑏 𝑢𝑙1 + 𝜆2𝑤𝑙1 + 𝛾(𝑟−1)𝑤𝑙,𝑙̃𝑟−2+1

and
[𝑋,𝐴𝑋] = (𝛾(𝑟−1) − 𝜆2)𝑤𝑙̃𝑟−2+1,1 − 𝑏 𝑢𝑙̃𝑟−2+1,1.

Let 𝑍 ∈ kΘ such that [𝑍 +𝑋,𝐴𝑋] = 0. In this case we write 𝑍 as

𝑍 =
∑︁

𝑗≤𝑟−1
𝑙𝑗>1

⎛⎝ ∑︁
1≤𝑡<𝑠≤𝑙𝑗

𝑧
(𝑗)
𝑠𝑡 𝑤𝑙̃𝑗−1+𝑠,𝑙̃𝑗−1+𝑡

⎞⎠+
𝑙𝑟−1∑︁
𝑡=1

𝑧𝑡𝑢𝑙,𝑙̃𝑟−2+𝑡, 𝑧
(𝑗)
𝑠𝑡 , 𝑧𝑡 ∈ R,

therefore
[𝑍,𝐴𝑋] = −𝑧1𝑏 𝑤𝑙̃𝑟−2+1,1 − 𝑧1𝜆2𝑢𝑙̃𝑟−2+1,1 + 𝑍 ′,

where {𝑤𝑙̃𝑟−2+1,1, 𝑢𝑙̃𝑟−2+1,1, 𝑍
′} is linear independent. Since [𝑍 +𝑋,𝐴𝑋] = 0, then⎧⎪⎨⎪⎩

𝜆2 − 𝛾(𝑟−1) + 𝑧1𝑏 = 0

𝑏+ 𝑧1𝜆2 = 0,

where we have 𝛾(𝑟−1) = 𝜆2
2−𝑏2

𝜆2
. When 𝑋 = 𝑢𝑙1 +𝑤𝑙,𝑙̃𝑟−2+1, we have 𝛾(𝑟−1) = 𝜆2

1−𝑏2

𝜆1
. Conversely, if

𝐴 satisfies (3.4.2), every 𝑋 ∈ mΘ can be written as
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𝑋 =
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 +
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛 +

∑︁
1≤𝑛<𝑚≤𝑟−1

𝑌𝑚𝑛,

where 𝑌𝑖 ∈ 𝑈𝑖 if 1 ≤ 𝑖 ≤ 𝑟− 2, 𝑌𝑟−1 ∈ 𝑉𝑟−1, 𝑋𝑚𝑛 ∈ 𝑊𝑚𝑛, 𝑌𝑚𝑛 ∈ 𝑈𝑚𝑛 if 𝑚 ≤ 𝑟− 2, 𝑋𝑟−1,𝑛 ∈ 𝑀𝑛

and 𝑌𝑟−1,𝑛 ∈ 𝑁𝑛. For 𝑖,𝑚 ≤ 𝑟 − 2 we consider 𝑋̃𝑚𝑛, 𝑌𝑚𝑛 and 𝑌𝑖 as in item 𝑏), if

𝑋𝑟−1,𝑛 =
(︃
𝐴𝑟−1,𝑛 𝐵𝑟−1,𝑛

𝐵𝑟−1,𝑛 𝐴𝑟−1,𝑛

)︃
, 𝑌𝑟−1,𝑛 =

(︃
𝐶𝑟−1,𝑛 𝐷𝑟−1,𝑛

𝐷𝑟−1,𝑛 𝐶𝑟−1,𝑛

)︃
and 𝑌𝑟−1 =

(︃
𝐶𝑟−1 𝐷𝑟−1
𝐷𝑟−1 𝐶𝑟−1

)︃
we set

𝑋̃𝑟−1,𝑛 =
(︃
𝐵𝑟−1,𝑛 𝐴𝑟−1,𝑛

𝐴𝑟−1,𝑛 𝐵𝑟−1,𝑛

)︃
, 𝑌𝑟−1,𝑛 =

(︃
𝐷𝑟−1,𝑛 𝐶𝑟−1,𝑛

𝐶𝑟−1,𝑛 𝐷𝑟−1,𝑛

)︃
and 𝑌𝑟−1 =

(︃
𝐷𝑟−1 𝐶𝑟−1
𝐶𝑟−1 𝐷𝑟−1

)︃
.

Thus,

𝐴𝑋 = 𝛾
𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 + 𝜆
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛 + 𝑏

∑︁
1≤𝑛<𝑚≤𝑟−1

𝑋̃𝑚𝑛 + 𝑏
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛 + 𝜆

∑︁
1≤𝑛<𝑚≤𝑟−1

𝑌𝑚𝑛,

we can proceed exactly as in the proof of item 𝑎) to conclude that 𝑍 = − 𝑏

𝜆

𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖 implies

[𝑍 +𝑋,𝐴𝑋] =
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑋𝑚𝑛

⎤⎥⎥⎦+
(︃
𝜆− 𝛾 − 𝑏2

𝜆

)︃⎡⎢⎢⎣𝑟−1∑︁
𝑖=1
𝑙𝑖>1

𝑌𝑖,
∑︁

1≤𝑛<𝑚≤𝑟−1
𝑌𝑚𝑛

⎤⎥⎥⎦

= 0.

Hence 𝐴 is a g.o. metric.

Remark 3.4.2. If 𝑏 = 0, conditions (3.4.1) and (3.4.2) give us the normal metric.
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Chapter 4

Invariant Einstein metrics on real flag
manifolds with two or three isotropy
summands

A Riemannian metric 𝑔 on a differentiable manifold 𝑀 is called an Einstein metric if its
associated Ricci tensor satisfies the condition 𝑅𝑖𝑐 = 𝑐𝑔 for some constant 𝑐. When 𝑀 is a
compact homogeneous space, the problem of finding invariant Einstein metrics reduces to solve
a system of polynomial equations. This problem has been widely studied for the case where
𝑀 is a complex generalized flag manifold (e.g. [6], [5] and [26]), in this case, the isotropy
representation is multiplicity free and 𝑀 admits only invariant metrics of diagonal type. In
this chapter, we study the Einstein equation for generalized real flag manifolds associated to a
split real form g of a complex simple Lie algebra of classical type whose isotropy representation
decomposes into two or three irreducible summands. As we have seen, we have non-diagonal
invariant metrics and, moreover, we can find non-diagonal Einstein metrics (see sections 4.2.1
and 4.2.6). The following table contains the information obtained in this chapter about the
number of invariant Einstein metrics.

FΘ # Isotropy Equivalent # Einstein Normal

summands summands? metrics
𝑆𝑂(4)

𝑆(𝑂(2)×𝑂(2)) 2 − 1 X

𝑆𝑂(𝑙)×𝑆𝑂(𝑙+1)
𝑆𝑂(𝑙−1)×𝑆𝑂(𝑙) , 𝑙≥3 2 − 1 −

𝑆𝑂(𝑙)×𝑆𝑂(𝑙+1)
𝑆𝑂(𝑙) , 𝑙≥3, 𝑙 ̸=4 2 − 2 −

𝑈(𝑙)
𝑂(𝑙) , 𝑙≥3 2 − 0 −
𝑈(𝑙)

𝑂(1)×𝑈(𝑙−1) , 𝑙≥3 2 − 1 −
𝑆𝑂(4)×𝑆𝑂(4)

𝑆𝑂(4) 2 − 1 X

𝑆𝑂(4)
𝑆(𝑂(2)×𝑂(1)×𝑂(1)) 3 X 5 −

𝑆𝑂(𝑙+1)
𝑆(𝑂(𝑙1)×𝑂(𝑙2)×𝑂(𝑙3)) , 𝑙≥2, 𝑙 ̸=3, 𝑙1+𝑙2+𝑙3=𝑙+1 3 − ≤4

𝑆𝑂(4)×𝑆𝑂(5)
𝑆𝑂(4) 3 − 2 X

𝑆𝑂(𝑙)×𝑆𝑂(𝑙+1)
𝑆𝑂(𝑑)×𝑆𝑂(𝑙−𝑑)×𝑆𝑂(𝑙−𝑑+1) , 𝑙≥3, 2≤𝑑≤𝑙−1 3 − ≤4

𝑈(𝑙)
𝑂(𝑑)×𝑈(𝑙−𝑑) , 𝑙≥3, 2≤𝑑≤𝑙−1 3 − ≤2

𝑆𝑂(𝑙)×𝑆𝑂(𝑙)
𝑆(𝑂(𝑙−1)×𝑂(1)) , 𝑙≥4 3 X 6 (5 when 𝑙=4) only for 𝑙=4

Remark 4.0.1. In [10], Böhm and Kerr proved that every compact simply connected homoge-
neous space up to dimension 11 admits at least one invariant Einstein metric. For 𝑙 = 3 and
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𝑙 = 4, the manifold 𝑈(𝑙)/𝑂(𝑙) has dimension 6 and 10 respectively, this is not a contradiction
since these manifolds are not simply connected (see [31]).

Proposition 4.0.2. Suppose that FΘ is a real flag manifold of classical type whose isotropy
representation decomposes into two or three irreducible submodules. Then FΘ is one of the
manifolds in the table above.

Proof. Assume that FΘ is a flag of 𝐴𝑙, 𝑙 ̸= 3 and let 𝑙1, ..., 𝑙𝑟 be positive integers such that
𝑙1 + ...+ 𝑙𝑟 = 𝑙 + 1 and

Θ =
⋃︁

𝑙𝑖>1

{︁
𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1

}︁
,

where 𝑙̃0 = 0, 𝑙̃𝑖 = 𝑙̃𝑖−1 + 𝑙𝑖, 𝑖 = 1, ..., 𝑟. By Proposition 1.1.1, the isotropy representation of
FΘ decomposes into the 𝑟(𝑟 − 1)/2 irreducible submodules 𝑀𝑚𝑛, 1 ≤ 𝑛 ≤ 𝑟 defined in (1.1.2).
Therefore, it has two or three isotropy summands if and only if 𝑟(𝑟−1)/2 = 2 or 𝑟(𝑟−1)/2 = 3
respectively. Evidently, there exists no positive integer 𝑟 satisfying 𝑟(𝑟−1)/2 = 2 and for 𝑟 = 3
we have that 𝑟(𝑟 − 1)/2 = 3(3 − 1)/2 = 3, in which case, 𝐾Θ = 𝑆(𝑂(𝑙1) ×𝑂(𝑙2) ×𝑂(𝑙3)) and

FΘ = 𝐾/𝐾Θ = 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) ×𝑂(𝑙2) ×𝑂(𝑙3)).
Now suppose that FΘ is a flag of 𝐵𝑙, 𝑙 ≥ 5. Take 𝑙1, ..., 𝑙𝑟 such that

Θ =
⋃︁

𝑙𝑖>1
{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} or

⋃︁
𝑙𝑖>1

{𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1} ∪ {𝛼𝑙}.

where 𝑙 = 𝑙1+...+𝑙𝑟 and 𝑙̃0 = 0, 𝑙̃𝑖 = 𝑙̃𝑖−1+𝑙𝑖, 𝑖 = 1, ..., 𝑟. If 𝛼𝑙 /∈ Θ, the irreducible 𝐾Θ−invariant
subspaces of mΘ are given by

𝑉𝑖, 𝑖 = 1, ..., 𝑟, 𝑊𝑚𝑛, 𝑈𝑚𝑛, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟, 𝑈𝑗, 𝑙𝑗 > 1, 1 ≤ 𝑗 ≤ 𝑟

where 𝑉𝑖 𝑊𝑚𝑛, 𝑈𝑚𝑛 and 𝑈𝑗 are defined in Proposition 1.2.1. Hence, we have 𝑟 + 𝑟(𝑟 − 1) + ℎ
isotropy summands, where ℎ is the number of indices 𝑗 such that 𝑙𝑗 > 1. If 𝑟 ≥ 3 then
𝑟+𝑟(𝑟−1)+ℎ ≥ 3+6+ℎ ≥ 9. If 𝑟 = 2, then 𝑟+𝑟(𝑟−1)+ℎ ≥ 2+2+ℎ ≥ 4. If 𝑟 = 1, then ℎ = 1
and 𝑟+ 𝑟(𝑟− 1) +ℎ = 2, in this case Θ = {𝛼1, ..., 𝛼𝑙−1} and FΘ

diff.≈ (𝑆𝑂(𝑙) ×𝑆𝑂(𝑙+ 1))/𝑆𝑂(𝑙).

When 𝛼𝑙 ∈ Θ, the isotropy representation splits into the irreducible submodules
(𝑉𝑖)1, (𝑉𝑖)2, 𝑖 = 1, ..., 𝑟 − 1, 𝑊𝑚𝑛, 𝑈𝑚𝑛, 1 ≤ 𝑛 < 𝑚 ≤ 𝑟 − 1, 𝑈𝑗, 𝑙𝑗 > 1, 1 ≤ 𝑗 ≤ 𝑟 − 1,

so we have 2(𝑟 − 1) + (𝑟 − 1)(𝑟 − 2) + ℎ = (𝑟 − 1)𝑟 + ℎ summands. Assume that 𝑟 ≥ 3.
Then (𝑟 − 1)𝑟 + ℎ ≥ 6 + ℎ ≥ 6. When 𝑟 = 1 we obtain the degenerated case Θ = Σ and
when 𝑟 = 2 we have (𝑟 − 1)𝑟 + ℎ = 2 + ℎ. If ℎ = 0 we have that 𝑙1 = 1, Θ = {𝛼2, ..., 𝛼𝑙}
and FΘ

diff.≈ (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑙 − 1) × 𝑆𝑂(𝑙)). If ℎ = 1 then 𝑙1 > 1, Θ = Σ − {𝛼𝑙1}
and FΘ

diff.≈ (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑙1) × 𝑆𝑂(𝑙2) × 𝑆𝑂(𝑙2 + 1)), or, equivalently, FΘ
diff.≈

(𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑑) × 𝑆𝑂(𝑙 − 𝑑) × 𝑆𝑂(𝑙 − 𝑑+ 1)), where 𝑑 = 𝑙1.

We can proceed analogously to obtain FΘ
diff.≈ 𝑈(𝑙)/𝑂(𝑙), 𝑈(𝑙)/(𝑂(1)×𝑈(𝑙−1)) or 𝑈(𝑙)/(𝑂(𝑑)×

𝑈(𝑙 − 𝑑)) for a flag of 𝐶𝑙, 𝑙 ≥ 5 and FΘ
diff.≈ (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙))/𝑆(𝑂(𝑙 − 1) × 𝑂(1)) for a flag of

𝐷𝑙, 𝑙 ≥ 5. The cases 𝐴3, 𝐵2, 𝐵3, 𝐵4, 𝐶4, and 𝐷4 are treated case by case depending on the
new invariant subspaces they have and the equivalences between them.
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For a 𝐺−invariant metric 𝑔 on a homogeneous space 𝐺/𝐻 with reductive decompsition g =
h ⊕ m, define 𝑈 : m × m → m by the formula

2𝑔(𝑈(𝑋, 𝑌 ),𝑊 ) = 𝑔([𝑊,𝑋]m, 𝑌 ) + 𝑔([𝑊,𝑌 ]m, 𝑋) (4.0.1)

for all 𝑊 ∈ m. We may apply Corollary 7.38 of [9] and obtain an explicit formula for the Ricci
tensor:

Ric(𝑋, 𝑌 ) = −1
2
∑︁

𝑖

𝑔([𝑋,𝑋𝑖]m, [𝑌,𝑋𝑖]m) − 1
2⟨𝑋, 𝑌 ⟩

+1
4
∑︁
𝑖,𝑗

𝑔([𝑋𝑖, 𝑋𝑗]m, 𝑋)𝑔([𝑋𝑖, 𝑋𝑗]m, 𝑌 ) − 𝑔(𝑈(𝑋, 𝑌 ), 𝑍)
(4.0.2)

where {𝑋𝑖} is an 𝑔−orthonormal basis of m, ⟨·, ·⟩ is the Killing form of g, 𝑍 =
∑︁

𝑖

𝑈(𝑋𝑖, 𝑋𝑖)

and 𝑋, 𝑌 ∈ m.

4.1 Flags with two isotropy summands
In this section we find all invariant Einstein metrics for real flag manifolds with two isotropy

summands. The complex case was studied by Arvanitoyeorgos and Chrysikos in [7].

4.1.1 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(2))
Let g = 𝐴3 and Θ = {𝛼1, 𝛼3}, then, the associated flag manifold F{𝛼1,𝛼3} is diffeomorphic to

𝑆𝑂(4)/𝑆(𝑂(2)×𝑂(2)). As before, we fix the invariant inner product (·, ·) considered in Section
2.1 and the (·, ·)−orthogonal basis {𝑤𝑖𝑗 = 𝐸𝑖𝑗 − 𝐸𝑗𝑖 : 1 ≤ 𝑗 < 𝑖 ≤ 4} of k = so(4). The Lie
algebra of 𝐾{𝛼1,𝛼3} = 𝑆(𝑂(2)×𝑂(1)×𝑂(1)) is k{𝛼1,𝛼3} = span{𝑤21, 𝑤43} and its (·, ·)−orthogonal
complement m{𝛼1,𝛼3} = span{𝑤31, 𝑤32, 𝑤41, 𝑤42} decomposes into the two 𝐾{𝛼1,𝛼3}−invariant,
irreducible and non-equivalent subspaces

𝑀1 = span{𝑤31 − 𝑤42, 𝑤41 + 𝑤32} and 𝑀2 = span{𝑤31 + 𝑤42, 𝑤41 − 𝑤32}.

According to Proposition 2.1.2, every invariant metric on 𝐴 can be written in the basis ℬ{𝛼1,𝛼3}
of (2.1.3) as

[𝐴]ℬ{𝛼1,𝛼3} =

⎛⎜⎜⎜⎝
𝜇1 0 0 0
0 𝜇1 0 0
0 0 𝜇2 0
0 0 0 𝜇2

⎞⎟⎟⎟⎠ , 𝜇1, 𝜇2 > 0. (4.1.1)

Proposition 4.1.1. Let 𝐴 be an invariant metric on 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(2)) written as above.
Then 𝐴 is an Einstein metric if and only if 𝐴 is normal, i.e., 𝜇1 = 𝜇2.

Proof. The vectors

𝑋1 = 𝑤31 − 𝑤42√
8𝜇1

, 𝑋2 = 𝑤41 + 𝑤32√
8𝜇1

, 𝑌1 = 𝑤31 + 𝑤42√
8𝜇2

, 𝑌2 = 𝑤41 − 𝑤32√
8𝜇2

(4.1.2)
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form an 𝐴−orthonormal basis of mΘ. It is easy to verify that [𝑋, 𝑌 ]m{𝛼1,𝛼3} = 0 for 𝑋 and 𝑌
in the basis (4.1.2), in particular, 𝑍 = 0 and, therefore, by (4.0.2) we have that

𝑟1 := Ric(𝑋1, 𝑋1) = Ric(𝑋2, 𝑋2) = 1
2𝜇1

𝑟2 := Ric(𝑌1, 𝑌1) = Ric(𝑌2, 𝑌2) = 1
2𝜇2

.

So 𝐴 is Einstein if and only if 𝑟1 = 𝑟2, i.e., 𝜇1 = 𝜇2.

4.1.2 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑙 − 1) × 𝑆𝑂(𝑙)), 𝑙 ≥ 3

Let g = 𝐵𝑙, 𝑙 ≥ 3 and Θ = {𝛼2, ..., 𝛼𝑙} so that F{𝛼2,...,𝛼𝑙}
diff.≈ (𝑆𝑂(𝑙)×𝑆𝑂(𝑙+1))/(𝑆𝑂(𝑙−1)×

𝑆𝑂(𝑙)). Fix the Ad(𝐾)−invariant inner product (·, ·) in (1.2.1) and the (·, ·)−orthonormal basis
(1.2.2). By Proposition 1.2.1 we have that mΘ = (𝑉1)1 ⊕ (𝑉1)2, where (𝑉1)1 = span{𝑤𝑠1 − 𝑢𝑠1 :
2 ≤ 𝑠 ≤ 𝑙} and (𝑉1)2 = span{𝑣1, 𝑤𝑠1 + 𝑢𝑠1 : 2 ≤ 𝑠 ≤ 𝑙}. This two subspaces are 𝐾Θ−invariant,
irreducible and non-equivalent. According to Proposition 2.2.2, every invariant metric 𝐴 (with
respect to the inner product (·, ·)) is determined by two positive numbers 𝜌, 𝜇 such that

𝐴
⃒⃒⃒
(𝑉1)1 = 𝜌𝐼(𝑉1)1 and 𝐴

⃒⃒⃒
(𝑉1)2 = 𝜇𝐼(𝑉1)2 . (4.1.3)

Proposition 4.1.2. The invariant metric 𝐴 above is an Einstein metric if and only if 𝜇 =(︁
𝑙−1
𝑙−2

)︁
𝜌.

Proof. Consider the 𝐴−orthonomal basis

𝐹𝑠 = 𝑤𝑠1 − 𝑢𝑠1√
2𝜌 , 𝐺𝑠 = 𝑤𝑠1 + 𝑢𝑠1√

2𝜇 , 𝑌 = 𝑣1√
𝜇
, 𝑠 = 2, ..., 𝑙.

Then
[𝑌, 𝐹𝑠]mΘ = [𝑌,𝐺𝑠]mΘ = [𝐹𝑠, 𝐺𝑡]mΘ = [𝐹𝑠, 𝐹𝑡]mΘ = [𝐺𝑠, 𝐺𝑡]mΘ = 0, 𝑠, 𝑡 = 2, ..., 𝑙.

By (4.0.2) we have that

𝑟1 := Ric(𝐹𝑠, 𝐹𝑠) = 2(𝑙 − 2)
𝜌

, 𝑠 = 2, ..., 𝑙

𝑟2 := Ric(𝑌, 𝑌 ) = Ric(𝐺𝑠, 𝐺𝑠) = 2(𝑙 − 1)
𝜇

, 𝑠 = 2, ..., 𝑙,

so 𝐴 is an Einstein metric if and only if 2(𝑙−2)
𝜌

= 2(𝑙−1)
𝜇

or, equivalently, 𝜇 =
(︁

𝑙−1
𝑙−2

)︁
𝜌.

4.1.3 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/𝑆𝑂(𝑙), 𝑙 ≥ 3, 𝑙 = 4
The flag FΘ = 𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1)/𝑆𝑂(𝑙) is obtained when we consider g = 𝐵𝑙 and Θ =

{𝛼1, ..., 𝛼𝑙−1}. For 𝑙 ≥ 3 and 𝑙 ̸= 4, the isotropy representation of FΘ splits into two non-
equivalent, irreducible submodules given by 𝑉1 = span{𝑣1, ..., 𝑣𝑙} and 𝑈1 = span{𝑢𝑠𝑡 : 1 ≤ 𝑡 <
𝑠 ≤ 𝑙}, where 𝑣𝑗, 𝑢𝑠𝑡 are defined in (1.2.2). By Proposition 2.2.2, every invariant metric 𝐴 has
the form

𝐴 |𝑉1 = 𝜇𝐼𝑉1 , 𝐴 |𝑈1 = 𝛾𝐼𝑈1 , 𝜇, 𝛾 > 0. (4.1.4)
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Proposition 4.1.3. Let 𝐴 be the invariant metric on (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙+ 1))/𝑆𝑂(𝑙) given by the
parameters 𝜇, 𝛾 > 0. Then 𝐴 is an Einstein metric if and only 𝜇 = 𝛾

2 or 𝜇 =
(︁

𝑙
2𝑙−4

)︁
𝛾.

Proof. An 𝐴−orthonormal basis for mΘ is given by

𝑌𝑠𝑡 = 𝑢𝑠𝑡√
𝛾
, 𝑍𝑗 = 𝑣𝑗√

𝜇
, 1 ≤ 𝑡 < 𝑠 ≤, 𝑗 = 1, ..., 𝑙,

which satisfies following relations

[𝑍𝑠, 𝑍𝑡]mΘ = −
√
𝛾

𝜇
𝑌𝑠𝑡, [𝑍𝑠, 𝑌𝑠𝑡]mΘ = 𝑍𝑡√

𝛾
, [𝑍𝑡, 𝑌𝑠𝑡]mΘ = − 𝑍𝑠√

𝛾
, 1 ≤ 𝑡 < 𝑠 ≤ 𝑙,

[𝑌𝑠𝑡, 𝑌𝑖𝑗]mΘ = 0.

Using formula (4.0.2) we obtain

𝑟1 := Ric(𝑍𝑗, 𝑍𝑗) = 2(𝑙 − 1)
𝜇

− (𝑙 − 1)𝛾
2𝜇2 , 𝑗 = 1, ..., 𝑙

𝑟2 := Ric(𝑌𝑠𝑡, 𝑌𝑠𝑡) = 2(𝑙 − 2)
𝛾

+ 𝛾

2𝜇2 , 1 ≤ 𝑡 < 𝑠 ≤ 𝑙.

Therefore, 𝐴 is an Einstein metric if and only if

2(𝑙 − 1)
𝜇

− (𝑙 − 1)𝛾
2𝜇2 = 2(𝑙 − 2)

𝛾
+ 𝛾

2𝜇2 ⇐⇒ −2(𝑙 − 1)
𝜇

+ 2(𝑙 − 2)
𝛾

+ 𝑙𝛾

2𝜇2 = 0

⇐⇒ −4(𝑙 − 1)𝛾𝜇+ 4(𝑙 − 2)𝜇2 + 𝑙𝛾2 = 0

⇐⇒ 𝑙(2𝜇− 𝛾)2 − 4𝜇(2𝜇− 𝛾) = 0

⇐⇒ (2𝜇− 𝛾)(𝑙(2𝜇− 𝛾) − 4𝜇) = 0

⇐⇒ 𝜇 = 𝛾

2 or 𝜇 =
(︃

𝑙

2𝑙 − 4

)︃
𝛾.

4.1.4 𝑈(𝑙)/𝑂(𝑙), 𝑙 ≥ 3

Let g = 𝐶𝑙, 𝑙 ≥ 3 and Θ = {𝛼1, ..., 𝛼𝑙−1}, then FΘ
diff.≈ 𝑈(𝑙)/𝑂(𝑙). We consider the product

(·, ·) defined in (1.3.1) and the (·, ·)−orthogonal basis (1.3.2). Proposition 1.3.1 implies that
the isotropy representation of 𝑈(𝑙)/𝑂(𝑙) decomposes into the two non-equivalent, irreducible
submodules 𝑉1 = span{𝑢11 + ... + 𝑢𝑙𝑙} and 𝑈1 = span{𝑢11 − 𝑢22, ..., 𝑢𝑙−1,𝑙−1 − 𝑢𝑙𝑙} ∪ {𝑢𝑠𝑡 : 1 ≤
𝑡 < 𝑠 ≤ 𝑙}. By Proposition 2.3.2, every invariant metric 𝐴 has the form

𝐴
⃒⃒⃒
𝑉1 = 𝜇(0)𝐼𝑉1 , 𝐴

⃒⃒⃒
𝑈1 = 𝜇(1)𝐼𝑈1 , 𝜇

(0), 𝜇(1) > 0. (4.1.5)
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Proposition 4.1.4. There is no 𝑈(𝑙)−invariant Einstein metric on 𝑈(𝑙)/𝑂(𝑙).

Proof. Let 𝐴 be an invariant metric as in (4.1.5) and consider any 𝐴−orthonormal basis {𝑋𝑖}
of mΘ. Each matrix 𝑋𝑖 has the form

𝑋𝑖 =
(︃

0 −𝐵𝑖

𝐵𝑖 0

)︃
, 𝐵𝑖 −𝐵𝑇

𝑖 = 0,

therefore

[𝑋𝑖, 𝑋𝑗]mΘ =
[︃(︃

0 −𝐵𝑖

𝐵𝑖 0

)︃
,

(︃
0 −𝐵𝑗

𝐵𝑗 0

)︃]︃
mΘ

=
(︃
𝐵𝑗𝐵𝑖 −𝐵𝑖𝐵𝑗 0

0 𝐵𝑗𝐵𝑖 −𝐵𝑖𝐵𝑗

)︃
mΘ

= 0

for every 𝑖, 𝑗. Take 𝑍1 = 𝑢11 + ...+ 𝑢𝑙𝑙 ∈ 𝑉1 and 𝑌 = 𝑢21 ∈ 𝑈1, by formula (4.0.2) we have

Ric(𝑍1, 𝑍1) := −1
2⟨𝑍1, 𝑍1⟩ = 0

Ric(𝑌, 𝑌 ) := −1
2⟨𝑌, 𝑌 ⟩ = 2𝑙.

Since 2𝑙 ̸= 0, then 𝐴 cannot be an Einstein metric.

4.1.5 𝑈(𝑙)/(𝑂(1) × 𝑈(𝑙 − 1)), 𝑙 ≥ 3

Let g = 𝐶𝑙, 𝑙 ≥ 3 and Θ = {𝛼2, ..., 𝛼𝑙} so that FΘ
diff.≈ 𝑈(𝑙)/(𝑂(1) × 𝑈(𝑙 − 1)). In this case,

we consider (·, ·) as in (1.3.1) and the basis (1.3.2) of k ∼= u(𝑙). By Proposition 1.3.1, we have
that mΘ = 𝑉1 ⊕ 𝑀21, where 𝑉1 = span{𝑢11} and 𝑀21 = span{𝑤𝑠1, 𝑢𝑠1 : 𝑠 = 2, ..., 𝑙} are not
equivalent. Every invariant metric 𝐴 has the form

𝐴
⃒⃒⃒
𝑉1 = 𝜇(0)𝐼𝑉1 , 𝐴

⃒⃒⃒
𝑀21 = 𝜇(21)𝐼𝑀21 , 𝜇

(0), 𝜇(21) > 0. (4.1.6)

Proposition 4.1.5. The metric (4.1.6) is an Einstein metric if and only if 𝜇(0) = 2𝜇(21).

Proof. An 𝐴−orthonormal basis of mΘ is given by

𝑋𝑠1 = 𝑤𝑠1√︁
𝜇(21)

, 𝑌𝑠1 = 𝑢𝑠1√︁
𝜇(21)

, 𝑍1 =
√︃

2
𝜇(0)𝑢11, 𝑠 = 2, ..., 𝑙

and satisfy

[𝑍1, 𝑋𝑠1]mΘ = −
√︃

2
𝜇(0)𝑌𝑠1, [𝑍1, 𝑌𝑠1]mΘ =

√︃
2
𝜇(0)𝑋𝑠1, [𝑋𝑠1, 𝑌𝑠1]mΘ = −

√︁
2𝜇(0)

𝜇(21) 𝑍1, 𝑠 = 2, ..., 𝑙,

[𝑋𝑠1, 𝑋𝑡1]mΘ
= [𝑋𝑠1, 𝑌𝑡1]mΘ = [𝑌𝑠1, 𝑌𝑡1]mΘ = 0, 𝑠 ̸= 𝑡.

As before, we can apply (4.0.2) to obtain

Ric(𝑍1, 𝑍1) = (𝑙 − 1)𝜇(0)

(𝜇(21))2 ,

Ric(𝑋𝑠1, 𝑋𝑠1) = Ric(𝑌𝑠1, 𝑌𝑠1) = 2𝑙
𝜇(21) − 𝜇(0)

(𝜇(21))2 , 𝑠 = 2, ..., 𝑙,
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so 𝐴 is an Einstein metric if and only if

(𝑙 − 1)𝜇(0)

(𝜇(21))2 = 2𝑙
𝜇(21) − 𝜇(0)

(𝜇(21))2 ⇐⇒ (𝑙 − 1)𝜇(0) = 2𝑙𝜇(21) − 𝜇(0)

⇐⇒ 𝑙𝜇(0) = 2𝑙𝜇(21)

⇐⇒ 𝜇(0) = 2𝜇(21).

4.1.6 (𝑆𝑂(4) × 𝑆𝑂(4))/𝑆𝑂(4)
The manifold FΘ = (𝑆𝑂(4) ×𝑆𝑂(4))/𝑆𝑂(4) is a flag of 𝐷4 obtained when Θ = {𝛼1, 𝛼2, 𝛼3}

or {𝛼1, 𝛼2, 𝛼4}. Let us assume that Θ = {𝛼1, 𝛼2, 𝛼3}, then the isotropy representation decom-
poses into two non-equivalent 𝑆𝑂(4)−invariant irreducible subspaces given by

𝑇1 = span{𝑢21 + 𝑢43, 𝑢31 − 𝑢42, 𝑢41 + 𝑢32} and 𝑆1 = span{𝑢43 − 𝑢21, 𝑢31 + 𝑢42, 𝑢41 − 𝑢32},

where the matrices 𝑢𝑖𝑗 are defined in (1.4.2). By (2.0.3) and (2.0.4) we have that every invariant
metric 𝐴 on 𝑆𝑂(4) × 𝑆𝑂(4)/𝑆𝑂(4) is determined by positive real numbers 𝜇1, 𝜇2 such that

𝐴 |𝑇1 = 𝜇1𝐼𝑇1 , 𝐴 |𝑆1 = 𝜇2𝐼𝑆1 . (4.1.7)

Proposition 4.1.6. Let 𝐴 be an invariant metric on (𝑆𝑂(4) × 𝑆𝑂(4))/𝑆𝑂(4). Then 𝐴 is an
Einstein metric if and only if 𝐴 is normal.

Proof. In this case, an 𝐴−orthonormal basis of m{𝛼1,𝛼2,𝛼3} is given by

𝑋1 = 𝑢21 + 𝑢43√
2𝜇1

, 𝑋2 = 𝑢31 − 𝑢42√
2𝜇1

, 𝑋3 = 𝑢41 + 𝑢32√
2𝜇1

,

𝑌1 = 𝑢43 − 𝑢21√
2𝜇1

, 𝑌2 = 𝑢31 + 𝑢42√
2𝜇1

, 𝑌3 = 𝑢41 − 𝑢32√
2𝜇1

and we have that
[𝑋𝑖, 𝑋𝑗]m{𝛼1,𝛼2,𝛼3} = [𝑌𝑖, 𝑋𝑗]m{𝛼1,𝛼2,𝛼3} = [𝑌𝑖, 𝑌𝑗]m{𝛼1,𝛼2,𝛼3} = 0, 𝑖, 𝑗 = 1, 2, 3.

Therefore ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Ric(𝑋𝑖, 𝑋𝑖) = −1

2⟨𝑋𝑖, 𝑋𝑖⟩ = 2
𝜇1

Ric(𝑌𝑖, 𝑌𝑖) = −1
2⟨𝑌𝑖, 𝑌𝑖⟩ = 2

𝜇2

, 𝑖 = 1, 2, 3.

So 𝐴 is an Einstein metric if and only if 2
𝜇1

= 2
𝜇2

, i.e., 𝜇1 = 𝜇2 (𝐴 is normal).

For Θ = {𝛼1, 𝛼2, 𝛼4} we consider the automorphism 𝜂 of so(4) ⊕ so(4) given by
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𝜂(𝑤𝑖𝑗) = 𝑢𝑖𝑗, 𝜂(𝑢𝑖𝑗) = 𝑤𝑖𝑗, 1 ≤ 𝑗 < 𝑖 ≤ 3

𝜂(𝑤4𝑗) = 𝑢4𝑗, 𝜂(𝑢4𝑗) = 𝑤4𝑗, 𝑗 = 1, 2, 3.

Observe that 𝜂(m{𝛼1,𝛼2,𝛼4}) = m{𝛼1,𝛼2,𝛼3} and 𝜂 maps isotropy summands into isotropy sum-
mands, therefore, every invariant metric on m{𝛼1,𝛼2,𝛼4} has the form

(︁
𝜂|m{𝛼1,𝛼2,𝛼4}

)︁*
𝐴, where 𝐴

is an invariant metric on m{𝛼1,𝛼2,𝛼3}. Using the formula (4.0.2), it is easy to see that 𝜂 preserves
the Ricci components, thus, an invariant metric on F{𝛼1,𝛼2,𝛼4} is Einstein if and only if it is
normal.

4.2 Flags with three isotropy summands
Homogeneous Einstein metrics on complex generalized flag manifolds with three isotropy

summands were completely classified in [5] and [18]. In this section we study the Einstein
equation for real flag manifolds of classical type whose isotropy representation decomposes into
three isotropy summands.

4.2.1 𝑆𝑂(4)/𝑆(𝑂(2) ×𝑂(1) ×𝑂(1))
The flag 𝑆𝑂(4)/𝑆(𝑂(2) × 𝑂(1) × 𝑂(1)) is obtained when g = 𝐴3 and Θ = {𝛼1}, {𝛼2} or

{𝛼3}. Let us normalize the Ad(𝐾)−invariant inner product (·, ·) of section 2.1 by setting

𝑔0 = 1
4(·, ·) = −1

4⟨·, ·⟩.

Suppose that Θ = {𝛼1}, then the Lie algebra of 𝐾{𝛼1} is the subalgebra k{𝛼1} = span{𝑤21} and
the isotropy representation of𝐾{𝛼1} on m{𝛼1} decomposes into the irreducible sub-representations
𝑊0 = span{𝑤43}, 𝑊1 = span{𝑤31, 𝑤32} and 𝑊2 = span{𝑤42, 𝑤41}, where 𝑊1 and 𝑊2 are equiv-
alent. By Proposition 2.1.2, every invariant metric 𝐴 with respect to 𝑔0 can be written in the
basis ℬ = {𝑤43, 𝑤31, 𝑤32, 𝑤42, 𝑤41} as

[𝐴]ℬ =

⎛⎜⎜⎜⎜⎜⎜⎝
𝜇0 0 0 0 0
0 𝜇1 0 𝑏 0
0 0 𝜇1 0 −𝑏
0 𝑏 0 𝜇2 0
0 0 −𝑏 0 𝜇2

⎞⎟⎟⎟⎟⎟⎟⎠ , 𝜇0, 𝜇1, 𝜇2 > 0. (4.2.1)

Proposition 4.2.1. Let 𝐴 be an invariant metric on the flag F{𝛼1} of 𝐴3 written as in (4.2.1).
Then 𝐴 is an Einstein metric if and only if its entries satisfy one of the following conditions:

(E1) 𝑏 = 0, 𝜇1 = 𝜇2 = 3
4𝜇0

(E2) 𝑏 > 0, 𝑏 = 𝜇1 = 𝜇2
3 = 𝜇0

2

(E3) 𝑏 > 0, 𝑏 = 𝜇2 = 𝜇1
3 = 𝜇0

2

(E4) 𝑏 < 0, −𝑏 = 𝜇1 = 𝜇2
3 = 𝜇0

2

(E5) 𝑏 < 0, −𝑏 = 𝜇2 = 𝜇1
3 = 𝜇0

2
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Proof. We separate two cases:

∙ 𝐴 diagonal (𝑏 = 0):

The vectors
𝑋0 = 𝑤43√

𝜇0
, 𝑋1 = 𝑤31√

𝜇1
, 𝑋2 = 𝑤32√

𝜇1
, 𝑋3 = 𝑤42√

𝜇2
, 𝑋4 = 𝑤41√

𝜇2

form an 𝐴−orthonormal basis of m{𝛼1}. The non-zero bracket relations between these vectors
are given by

[𝑋0, 𝑋1]m{𝛼1} =
√︁

𝜇2
𝜇0𝜇1

𝑋4, [𝑋0, 𝑋2]m{𝛼1} =
√︁

𝜇2
𝜇0𝜇1

𝑋3,

[𝑋0, 𝑋3]m{𝛼1} = −
√︁

𝜇1
𝜇0𝜇2

𝑋2, [𝑋0, 𝑋4]m{𝛼1} = −
√︁

𝜇1
𝜇0𝜇2

𝑋1,

[𝑋1, 𝑋4]m{𝛼1} =
√︁

𝜇0
𝜇1𝜇2

𝑋0, [𝑋2, 𝑋3]m{𝛼1} =
√︁

𝜇0
𝜇1𝜇2

𝑋0.

Since [𝑋𝑖, 𝑋𝑗] is 𝐴−orthogonal to 𝑋𝑖 and 𝑋𝑗 for all 𝑖, 𝑗 ∈ {0, 1, 2, 3, 4}, then, equation (4.0.1)
implies

𝑍 =
∑︁

𝑖

𝑈(𝑋𝑖, 𝑋𝑖) = 0.

A direct application of the formula (4.0.2) gives us the components of the Ricci tensor:

𝑟0 := Ric(𝑋0, 𝑋0) = 2
𝜇0

+ 𝜇0

𝜇1𝜇2
− 𝜇2

𝜇0𝜇1
− 𝜇1

𝜇0𝜇2

𝑟1 := Ric(𝑋1, 𝑋1) = Ric(𝑋2, 𝑋2) = 2
𝜇1

+ 𝜇1

2𝜇0𝜇2
− 𝜇2

2𝜇0𝜇1
− 𝜇0

2𝜇1𝜇2

𝑟2 := Ric(𝑋3, 𝑋3) = Ric(𝑋4, 𝑋4) = 2
𝜇2

+ 𝜇2

2𝜇0𝜇1
− 𝜇1

2𝜇0𝜇2
− 𝜇0

2𝜇1𝜇2
.

Thus, Einstein condition for the diagonal metric 𝐴 reduces to 𝑟0 = 𝑟1 = 𝑟2, which gives us

𝜇1 = 𝜇2 = 3
4𝜇0.

∙ 𝐴 non-diagonal (𝑏 ̸= 0):

The eigenvalues of 𝐴 are

𝜉0 = 𝜇0, 𝜉1 =
𝜇1 + 𝜇2 −

√︁
4𝑏2 + (𝜇1 − 𝜇2)2

2 , 𝜉2 =
𝜇1 + 𝜇2 +

√︁
4𝑏2 + (𝜇1 − 𝜇2)2

2
and satisfy the relations

𝜉1 + 𝜉2 = 𝜇1 + 𝜇2, 𝜉1𝜉2 = 𝜇1𝜇2 − 𝑏2,

𝑏2 = (𝜉2 − 𝜇2)(𝜉2 − 𝜇1) = (𝜇1 − 𝜉1)(𝜉2 − 𝜇1)

= (𝜇2 − 𝜉1)(𝜇1 − 𝜉1) = (𝜇2 − 𝜉1)(𝜉2 − 𝜇2).

Since 𝐴 is positive definite then 𝜉1, 𝜉2 > 0. Let us set
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𝑐1 = 𝜉1((𝜉1 − 𝜇2)2 + 𝑏2) = 𝜉1(𝜉1 − 𝜇2)(𝜉1 − 𝜉2) and

𝑐2 = 𝜉2((𝜉2 − 𝜇2)2 + 𝑏2) = 𝜉2(𝜉2 − 𝜇2)(𝜉2 − 𝜉1).
Then the vectors

𝑋0 = 𝑤43√
𝜉0
, 𝑋1 = (𝜉1 − 𝜇2)𝑤31 + 𝑏𝑤42√

𝑐1
, 𝑋2 = (𝜉2 − 𝜇1)𝑤32 + 𝑏𝑤41√

𝑐1
,

𝑋3 = (𝜉2 − 𝜇2)𝑤31 + 𝑏𝑤42√
𝑐2

, 𝑋4 = (𝜉1 − 𝜇1)𝑤32 + 𝑏𝑤41√
𝑐2

form an 𝐴−orthonormal basis for m{𝛼1}. The non-zero bracket relations are given by

[𝑋0, 𝑋1]m{𝛼1} = 𝑏

𝜉1 − 𝜉2

(︃
2√
𝜉0
𝑋2 +

√︃
𝜉2

𝜉0𝜉1

(︃
𝜇2 − 𝜇1

|𝑏|

)︃
𝑋4

)︃
,

[𝑋0, 𝑋2]m{𝛼1} = 𝑏

𝜉2 − 𝜉1

(︃
2√
𝜉0
𝑋1 +

√︃
𝜉2

𝜉0𝜉1

(︃
𝜇2 − 𝜇1

|𝑏|

)︃
𝑋3

)︃
,

[𝑋0, 𝑋3]m{𝛼1} = 𝑏

𝜉2 − 𝜉1

(︃√︃
𝜉1

𝜉0𝜉2

(︃
𝜇1 − 𝜇2

|𝑏|

)︃
𝑋2 + 2√

𝜉0
𝑋4

)︃
,

[𝑋0, 𝑋4]m{𝛼1} = 𝑏

𝜉1 − 𝜉2

(︃√︃
𝜉1

𝜉0𝜉2

(︃
𝜇1 − 𝜇2

|𝑏|

)︃
𝑋1 + 2√

𝜉0
𝑋3

)︃
,

[𝑋1, 𝑋2]m{𝛼1} = 2𝑏
√
𝜉0

𝜉1(𝜉1 − 𝜉2)
𝑋0,

[𝑋1, 𝑋4]m{𝛼1} = 𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉1 − 𝜉2)

√︃
𝜉0

𝜉1𝜉2
𝑋0,

[𝑋2, 𝑋3]m{𝛼1} = 𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉2 − 𝜉1)

√︃
𝜉0

𝜉1𝜉2
𝑋0,

[𝑋3, 𝑋4]m{𝛼1} = 2𝑏
√
𝜉0

𝜉2(𝜉2 − 𝜉1)
𝑋0.

Observe that [𝑋𝑖, 𝑋𝑗] is 𝐴−orthogonal to 𝑋𝑖 and 𝑋𝑗 for all 𝑖, 𝑗 ∈ {0, 1, 2, 3, 4}, thus, 𝑍 = 0. If
𝐴 is an Einstein metric, then Ric(𝑋1, 𝑋3) = 0 (because Ric = 𝑐𝑔). By (4.0.2) we have

Ric(𝑋1, 𝑋3) = − 1
2𝑔
(︁
[𝑋1, 𝑋2]m{𝛼1} , [𝑋3, 𝑋2]m{𝛼1}

)︁
− 1

2𝑔
(︁
[𝑋1, 𝑋4]m{𝛼1} , [𝑋3, 𝑋4]m{𝛼1}

)︁
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− 1
2𝑔
(︁
[𝑋1, 𝑋0]m{𝛼1} , [𝑋3, 𝑋0]m{𝛼1}

)︁
− 1

2⟨𝑋1, 𝑋3⟩

+ 1
2𝑔
(︁
[𝑋0, 𝑋2]m{𝛼1} , 𝑋1

)︁
𝑔
(︁
[𝑋0, 𝑋2]m{𝛼1} , 𝑋3

)︁

+ 1
2𝑔
(︁
[𝑋0, 𝑋4]m{𝛼1} , 𝑋1

)︁
𝑔
(︁
[𝑋0, 𝑋4]m{𝛼1} , 𝑋3

)︁

= −
(︃

𝑏
√
𝜉0

𝜉1(𝜉1 − 𝜉2)

)︃(︃
𝑏(𝜇1 − 𝜇2)
|𝑏|(𝜉2 − 𝜉1)

√︃
𝜉0

𝜉1𝜉2

)︃
−
(︃

𝑏
√
𝜉0

𝜉2(𝜉2 − 𝜉1)

)︃(︃
𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉1 − 𝜉2)

√︃
𝜉0

𝜉1𝜉2

)︃

−
(︃

𝑏√
𝜉0(𝜉2 − 𝜉1)

)︃(︃
𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉2 − 𝜉1)

√︃
𝜉1

𝜉0𝜉2

)︃
−
(︃

𝑏√
𝜉0(𝜉2 − 𝜉1)

)︃(︃
𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉1 − 𝜉2)

√︃
𝜉2

𝜉0𝜉1

)︃

+
(︃

𝑏√
𝜉0(𝜉2 − 𝜉1)

)︃(︃
𝑏(𝜇2 − 𝜇1)
|𝑏|(𝜉2 − 𝜉1)

√︃
𝜉2

𝜉0𝜉1

)︃
+
(︃

𝑏√
𝜉0(𝜉1 − 𝜉2)

)︃(︃
𝑏(𝜇1 − 𝜇2)
|𝑏|(𝜉1 − 𝜉2)

√︃
𝜉1

𝜉0𝜉2

)︃

= 𝑏2(𝜇2 − 𝜇1)
|𝑏|(𝜉2 − 𝜉1)2

(︃
− 𝜉0

𝜉1
√
𝜉1𝜉2

+ 𝜉0

𝜉2
√
𝜉1𝜉2

− 2
√
𝜉1

𝜉0
√
𝜉2

+ 2
√
𝜉2

𝜉0
√
𝜉1

)︃

= 𝑏2(𝜇2 − 𝜇1)
|𝑏|(𝜉2 − 𝜉1)2

(︃
−𝜉2

0(𝜉2 − 𝜉1) + 2𝜉1𝜉2(𝜉2 − 𝜉1)
𝜉0𝜉1𝜉2

√
𝜉1𝜉2

)︃

= |𝑏|(𝜇2 − 𝜇1)(2𝜉1𝜉2 − 𝜉2
0)

𝜉0(𝜉1𝜉2)
3
2 (𝜉2 − 𝜉1)

,

so, a necessary condition for 𝐴 to be an Einstein metric is that 𝜇1 = 𝜇2 or 2𝜉1𝜉2 − 𝜉2
0 = 0.

Case 1. 𝜇 := 𝜇1 = 𝜇2.

We can use formula (4.0.2) to obtain

𝑟0 = Ric(𝑋0, 𝑋0) = 𝜉0(𝜉1𝜉2 + 2𝑏2)
(𝜉1𝜉2)2 ,

𝑟1 = Ric(𝑋1, 𝑋1) = Ric(𝑋2, 𝑋2) = 4𝜉1 − 𝜉0

2𝜉2
1

,

𝑟2 = Ric(𝑋3, 𝑋3) = Ric(𝑋4, 𝑋4) = 4𝜉2 − 𝜉0

2𝜉2
2

.

If 𝑟0 = 𝑟1 = 𝑟2, then 𝜉1 = 𝜉2, which is not possible since 𝑏 ̸= 0. Therefore, we have no solutions
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in this case.

Case 2. 2𝜉1𝜉2 − 𝜉2
0 = 0.

The components of the Ricci tensor are 𝑟0 = Ric(𝑋0, 𝑋0), 𝑟1 = Ric(𝑋1, 𝑋1) = Ric(𝑋2, 𝑋2) and
𝑟2 = Ric(𝑋3, 𝑋3) = Ric(𝑋4, 𝑋4). By (4.0.2) we have

𝑟1 − 𝑟2 = 𝜉1𝜉2(𝜇2 − 𝜇1)2

𝜉0(𝜉2 − 𝜉1)2

(︃
1
𝜉2

2
− 1
𝜉2

1

)︃
+ 2𝑏2𝜉0

(𝜉2 − 𝜉1)2

(︃
1
𝜉2

2
− 1
𝜉2

1

)︃
− 2

(︃
1
𝜉2

− 1
𝜉1

)︃

=
(︃

1
𝜉2

2
− 1
𝜉2

1

)︃(︃
𝜉1𝜉2(𝜇2 − 𝜇1)2(𝜉1 + 𝜉2) + 2𝑏2𝜉2

0(𝜉1 + 𝜉2) − 2𝜉1𝜉2𝜉0(𝜉2 − 𝜉1)2

𝜉0(𝜉2 − 𝜉1)2(𝜉1 + 𝜉2)

)︃

=
(︃

1
𝜉2

2
− 1
𝜉2

1

)︃(︃
𝜉1𝜉2(𝜉1 + 𝜉2)((𝜇2 − 𝜇1)2 + 4𝑏2) − 2𝜉1𝜉2𝜉0(𝜉2 − 𝜉1)2

𝜉0(𝜉2 − 𝜉1)2(𝜉1 + 𝜉2)

)︃

=
(︃

1
𝜉2

2
− 1
𝜉2

1

)︃(︃
𝜉1𝜉2(𝜉1 + 𝜉2)(𝜉2 − 𝜉1)2 − 2𝜉1𝜉2𝜉0(𝜉2 − 𝜉1)2

𝜉0(𝜉2 − 𝜉1)2(𝜉1 + 𝜉2)

)︃

=
(︃

1
𝜉2

2
− 1
𝜉2

1

)︃(︃
𝜉1𝜉2(𝜉1 + 𝜉2 − 2𝜉0)

𝜉0(𝜉1 + 𝜉2)

)︃

= (𝜉1 − 𝜉2)(𝜉1 + 𝜉2 − 2
√

2𝜉1𝜉2)√
2(𝜉1𝜉2)

3
2

and

𝑟0 − 𝑟1 + 𝑟2

2 = 𝑏2

(𝜉2 − 𝜉1)2

(︃
3𝜉0

𝜉2
1

+ 3𝜉0

𝜉2
2

− 8
𝜉0

)︃
+ (𝜇2 − 𝜇1)2

2(𝜉2 − 𝜉1)2

(︃
3𝜉0

𝜉1𝜉2
− 2𝜉2

𝜉0𝜉1
− 2𝜉1

𝜉0𝜉2

)︃

−
(︃

2
𝜉0

− 1
𝜉1

− 1
𝜉2

)︃

= 10
√

2𝑏2 + 3
√

2𝜉1𝜉2 −
√

2(𝜉1 − 𝜉2)2 − 2(𝜉1 + 𝜉2)
√
𝜉1𝜉2

(𝜉1𝜉2)
3
2

.

Since the systems of equations⎧⎪⎨⎪⎩
𝑟0 − 𝑟1 = 0

𝑟1 − 𝑟2 = 0

⎧⎪⎨⎪⎩
𝑟1 − 𝑟2 = 0

𝑟0 − 𝑟1+𝑟2
2 = 0

are equivalent, we have that 𝐴 is an Einstein metric if and only if 𝜉1, 𝜉2 satisfy the equations
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⎧⎪⎨⎪⎩
10

√
2𝑏2 + 3

√
2𝜉1𝜉2 −

√
2(𝜉1 − 𝜉2)2 − 2(𝜉1 + 𝜉2)

√
𝜉1𝜉2 = 0

𝜉1 + 𝜉2 − 2
√

2𝜉1𝜉2 = 0.
By solving this system for 𝜉1 < 𝜉2, we obtain the solutions:{︃

𝜉1 = (−2 +
√

2)𝑏
𝜉2 = (−2 −

√
2)𝑏 , 𝑏 < 0,

{︃
𝜉1 = (2 −

√
2)𝑏

𝜉2 = (2 +
√

2)𝑏 , 𝑏 > 0,

or, equivalently, {︃
𝜇1 = −3𝑏
𝜇2 = −𝑏 , 𝑏 < 0,

{︃
𝜇1 = −𝑏
𝜇2 = −3𝑏 , 𝑏 < 0,

{︃
𝜇1 = 𝑏
𝜇2 = 3𝑏 , 𝑏 > 0,

{︃
𝜇1 = 3𝑏
𝜇2 = 𝑏

, 𝑏 > 0.

In all these cases, 𝜇0 = 𝜉0 =
√

2𝜉1𝜉2 =
√

4𝑏2 = 2|𝑏|.

When Θ = {𝛼2} or {𝛼3}, consider the maps

𝜙𝑖 : F{𝜆𝑖−𝜆𝑖+1} −→ F{𝜆1−𝜆2}; 𝜙𝑖

(︁
𝑘𝐾{𝜆𝑖−𝜆𝑖+1}

)︁
= 𝑒𝑖𝑘𝑒

𝑇
𝑖 𝐾{𝜆1−𝜆2}, 𝑖 = 1, 2,

where

𝑒1 =

⎛⎜⎜⎜⎝
0 1 0 0
0 0 1 0
1 0 0 0
0 0 0 1

⎞⎟⎟⎟⎠ and 𝑒2 =

⎛⎜⎜⎜⎝
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎟⎠ .
These maps are diffeomorphisms. It is easy to show that every invariant metric on F{𝛼𝑖} has
the form 𝜙*

𝑖 𝑔, where 𝑔 is an invariant metric on F{𝛼1}. By [20, Lemma 7.2] we have that the
Ricci tensor associated to 𝜙*

𝑖 𝑔 is equal to the pull-back by 𝜙𝑖 of the Ricci tensor associated to
𝑔, thus, 𝜙*

𝑖 𝑔 is an Einstein metric if and only if is so 𝑔. Therefore, Einstein metrics on F{𝛼𝑖} are
obtained by taking the pullback by 𝜙𝑖 of the Einstein metrics on F{𝛼1}.

4.2.2 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) ×𝑂(𝑙2) ×𝑂(𝑙3)), 𝑙 ≥ 2, 𝑙 = 3, 𝑙1 + 𝑙2 + 𝑙3 = 𝑙 + 1
In this section, we shall present a more general result about invariant Einstein metrics on

homogeneous spaces with three isotropy summands; it will be useful to study Einstein metrics on
our particular case. Let 𝐺 be a compact connected Lie group, 𝐻 a closed subgroup of 𝐺 and let
g, h be the Lie algebras of 𝐺, 𝐻 respectively. Assume that the isotropy representation of 𝐺/𝐻 is
decomposed into non-equivalent three irreducible components and consider an (·, ·)−orthogonal
reductive decomposition g = h⊕m, where (·, ·) is an Ad(𝐺)−invariant inner product on g. Let
m = m1 ⊕m2 ⊕m3 be the irreducible decomposition of m. Each invariant metric 𝐴 with respect
to (·, ·) on 𝐺/𝐻 can be represented by positive numbers 𝑥1, 𝑥2, 𝑥3 such that 𝐴|m𝑖

= 𝑥𝑖𝐼m𝑖
,

𝑖 = 1, 2, 3. Let ℳ be the set of all 𝐺−invariant metrics on 𝐺/𝐻 with volume 1, i.e.,

ℳ = {𝐴 = (𝑥1, 𝑥2, 𝑥3) ∈ (R+)3 : 𝑥𝑑𝑖𝑚 m1
1 𝑥𝑑𝑖𝑚 m2

2 𝑥𝑑𝑖𝑚 m3
3 = 1

𝑣2
0
}
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where 𝑣0 = 𝑉 𝑜𝑙(𝐺/𝐻, (·, ·)|m×m).Denote by 𝑆(𝐴) the scalar curvature of (𝐺/𝐻,𝐴). By Corollary
7.39 of [9] we have the following formula for the scalar curvature:

𝑆(𝐴) = −1
4
∑︁
𝑖,𝑗

|[𝑋𝑖, 𝑋𝑗]m|2−1
2
∑︁

𝑖

⟨𝑋𝑖, 𝑋𝑖⟩ − |𝑍|2 (4.2.2)

where |·| is the norm with respect to 𝐴, {𝑋𝑖} is an 𝐴−orthonormal basis of m and 𝑍 =∑︀
𝑖
𝑈(𝑋𝑖, 𝑋𝑖). The following result gives us a tool to study existence of invariant Einstein metrics.

Proposition 4.2.2. ([30]) 𝐴 ∈ ℳ is an Einstein metric if and only if

𝜕𝑆

𝜕𝑢
(𝐴) = 𝜕𝑆

𝜕𝑣
(𝐴) = 0,

where 𝑢 = 𝑥2

𝑥1
and 𝑣 = 𝑥3

𝑥1
.

For the flag FΣ−{𝛼𝑑1 ,𝛼𝑑2 }, 1 ≤ 𝑑1 < 𝑑2 ≤ 𝑙 of 𝐴𝑙, 𝑙 ̸= 3 the isotropy representation decomposes
into the non-equivalent irreducible submodules𝑀21 = span{𝑤𝑠𝑡 : 𝑠 = 𝑑1+1, ..., 𝑑2, 𝑡 = 1, ..., 𝑑1},
𝑀31 = span{𝑤𝑠𝑡 : 𝑠 = 𝑑2+1, ..., 𝑙+1, 𝑡 = 1, ..., 𝑑1} and 𝑀32 = span{𝑤𝑠𝑡 : 𝑠 = 𝑑2+1, ..., 𝑙+1, 𝑡 =
𝑑1 + 1, ..., 𝑑2}. Let 𝑙1 := 𝑑1, 𝑙2 := 𝑑2 − 𝑑1 and 𝑙3 := 𝑙 + 1 − 𝑑2, then

Θ =
⋃︁

𝑙𝑖>1

{︁
𝛼𝑙̃𝑖−1+1, ..., 𝛼𝑙̃𝑖−1

}︁
and FΘ = 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) ×𝑂(𝑙2) ×𝑂(𝑙3)).

Fix the Ad(𝐾)−invariant inner product 𝑔0 on k = so(𝑙 + 1) given by

𝑔0 = 1
2(𝑙 − 1)(·, ·) = − 1

2(𝑙 − 1)⟨·, ·⟩.

Any invariant metric 𝐴 (with respect to 𝑔0) is defined by positive numbers 𝜇21, 𝜇31, 𝜇32 such
that

𝐴|𝑀𝑚𝑛= 𝜇𝑚𝑛𝐼𝑀𝑚𝑛 , 1 ≤ 𝑛 < 𝑚 ≤ 3. (4.2.3)

Proposition 4.2.3. The flag manifold FΘ = 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) × 𝑂(𝑙2) × 𝑂(𝑙3)) has at most
four 𝑆𝑂(𝑙+1)−invariant Einstein metrics up to homotheties. Moreover, when 𝑙2 = 𝑙3 =: 𝑚 ≥ 3
we have

𝑎) If 1 ≤ 𝑙1 < 2
√
𝑚− 1 or 𝑙1 > (𝑚−2)2+𝑚

√
𝑚2−4𝑚+8

2 then FΘ has exactly two invariant Ein-
stein metrics up to homotheties.

𝑏) If 𝑙1 = 2
√
𝑚− 1 or 𝑙1 = (𝑚−2)2+𝑚

√
𝑚2−4𝑚+8

2 then FΘ has exactly three invariant Einstein
metrics up to homotheties.

𝑐) If 2
√
𝑚− 1 < 𝑙1 <

(𝑚−2)2+𝑚
√

𝑚2−4𝑚+8
2 then FΘ has exactly four invariant Einstein metrics

up to homotheties.
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Proof. Let 𝐴 be an invariant metric on 𝑆𝑂(𝑙 + 1)/𝑆(𝑂(𝑙1) × 𝑂(𝑙2) × 𝑂(𝑙3)) as in (4.2.3). We
consider the 𝐴−orthonormal basis

𝑋𝑠𝑡 = 𝑤𝑠𝑡√
𝜇21

, 𝑠 = 𝑙1 + 1, ..., 𝑙1 + 𝑙2, 𝑡 = 1, ..., 𝑙1

𝑋𝑠𝑡 = 𝑤𝑠𝑡√
𝜇31

, 𝑠 = 𝑙1 + 𝑙2 + 1, ..., 𝑙 + 1, 𝑡 = 1, ..., 𝑙1

𝑋𝑠𝑡 = 𝑤𝑠𝑡√
𝜇32

, 𝑠 = 𝑙1 + 𝑙2 + 1, ..., 𝑙 + 1, 𝑡 = 𝑙1 + 1, ...𝑙1 + 𝑙2.

(4.2.4)

Then, we have two cases:

Case 1. 𝑙2 ̸= 𝑙3.

Applying formula (4.2.2) to basis (4.2.4) we have that

𝑆(𝐴) = − 𝑙1𝑙2𝑙3
2

(︃
𝜇21

𝜇31𝜇32
+ 𝜇31

𝜇21𝜇32
+ 𝜇32

𝜇21𝜇31

)︃
+ (𝑙 − 1)

(︃
𝑙1𝑙2
𝜇21

+ 𝑙1𝑙3
𝜇31

+ 𝑙2𝑙3
𝜇32

)︃
.

Now, assume that 𝐴 has volume 1 and let 𝑢 := 𝜇31

𝜇21
, 𝑣 := 𝜇32

𝜇21
, then

𝑆(𝐴)
𝑣

2
𝑁
0

= 𝑆(𝑢, 𝑣)
𝑣

2
𝑁
0

= − 𝑙1𝑙2𝑙3
2

(︂
𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

−1 + 𝑢
𝑙1𝑙3
𝑁

+1𝑣
𝑙2𝑙3
𝑁

−1 + 𝑢
𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

+1
)︂

+ (𝑙 − 1)
(︂
𝑙1𝑙2𝑢

𝑙1𝑙3
𝑁 𝑣

𝑙2𝑙3
𝑁 + 𝑙1𝑙3𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁 + 𝑙2𝑙3𝑢

𝑙1𝑙3
𝑁 𝑣

𝑙2𝑙3
𝑁

−1
)︂
,

where 𝑁 := 𝑙1𝑙2 + 𝑙1𝑙3 + 𝑙2𝑙3 and 𝑣0 = 𝑉 𝑜𝑙(FΘ, 𝑔0). Computing the partial derivatives of 𝑆 we
obtain

𝑣
− 2

𝑁
0

𝜕𝑆

𝜕𝑢
= − 𝑙1𝑙2𝑙3

2

(︃(︃
𝑙1𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁

−2𝑣
𝑙2𝑙3
𝑁

−1 +
(︃
𝑙1𝑙3
𝑁

+ 1
)︃
𝑢

𝑙1𝑙3
𝑁 𝑣

𝑙2𝑙3
𝑁

−1
)︃

− 𝑙1𝑙2𝑙3
2

(︃
𝑙1𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁

−2𝑣
𝑙2𝑙3
𝑁

+1

+ (𝑙 − 1)
(︃
𝑙21𝑙2𝑙3
𝑁

𝑢
𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁 + 𝑙1𝑙3

(︃
𝑙1𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁

−2𝑣
𝑙2𝑙3
𝑁 + 𝑙1𝑙2𝑙

2
3

𝑁
𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

−1
)︃
,

𝑣
− 2

𝑁
0

𝜕𝑆

𝜕𝑣
= − 𝑙1𝑙2𝑙3

2

(︃(︃
𝑙2𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

−2 +
(︃
𝑙2𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁

+1𝑣
𝑙2𝑙3
𝑁

−2
)︃
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− 𝑙1𝑙2𝑙3
2

(︃
𝑙2𝑙3
𝑁

+ 1
)︃
𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

+ (𝑙 − 1)
(︃
𝑙1𝑙

2
2𝑙3
𝑁

𝑢
𝑙1𝑙3
𝑁 𝑣

𝑙2𝑙3
𝑁

−1 + 𝑙1𝑙2𝑙
2
3

𝑁
𝑢

𝑙1𝑙3
𝑁

−1𝑣
𝑙2𝑙3
𝑁

−1 + 𝑙2𝑙3

(︃
𝑙2𝑙3
𝑁

− 1
)︃
𝑢

𝑙1𝑙3
𝑁 𝑣

𝑙2𝑙3
𝑁

−2
)︃
,

thus

𝑑1 := 𝑣
− 2

𝑁
0

𝑁

𝑙1𝑙3
𝑢− 𝑙1𝑙3

𝑁
+2𝑣− 𝑙2𝑙3

𝑁
+1𝜕𝑆

𝜕𝑢
= − 𝑙1𝑙2𝑙3

2

(︂
−
(︂
𝑁

𝑙1𝑙3
− 1

)︂
+
(︂
𝑁

𝑙1𝑙3
+ 1

)︂
𝑢2 −

(︂
𝑁

𝑙1𝑙3
− 1

)︂
𝑣2
)︂

+ (𝑙 − 1)
(︂
𝑙1𝑙2𝑢𝑣 − 𝑙1𝑙3

(︂
𝑁

𝑙1𝑙3
− 1

)︂
𝑣 + 𝑙2𝑙3𝑢

)︂
,

𝑑2 := 𝑣
− 2

𝑁
0

𝑁

𝑙2𝑙3
𝑢− 𝑙1𝑙3

𝑁
+1𝑣− 𝑙2𝑙3

𝑁
+2𝜕𝑆

𝜕𝑣
= − 𝑙1𝑙2𝑙3

2

(︂
−
(︂
𝑁

𝑙2𝑙3
− 1

)︂
−
(︂
𝑁

𝑙2𝑙3
− 1

)︂
𝑢2 +

(︂
𝑁

𝑙2𝑙3
+ 1

)︂
𝑣2
)︂

+ (𝑙 − 1)
(︂
𝑙1𝑙2𝑢𝑣 + 𝑙1𝑙3𝑣 − 𝑙2𝑙3

(︂
𝑁

𝑙2𝑙3
− 1

)︂
𝑢
)︂
.

If 𝐴 is an Einstein metric then, by Proposition 4.2.2, 𝜕𝑆
𝜕𝑢

= 𝜕𝑆

𝜕𝑣
= 0, so 𝑑1 = 𝑑2 = 0 and

(︂
𝑁

𝑙2𝑙3
+ 1

)︂
𝑑1 +

(︂
𝑁

𝑙1𝑙3
− 1

)︂
𝑑2 = 0 ⇐⇒ 𝐶1𝑢

2 + 𝐶2𝑢𝑣 + 𝐶3𝑣 + 𝐶4𝑢+ 𝐶5 = 0, (4.2.5)

where

𝐶1 = −𝑁(𝑙1 + 𝑙2), 𝐶2 = (𝑙 − 1)𝑁(𝑙1 + 𝑙2)
𝑙3

, 𝐶3 = −(𝑙 − 1)𝑁(𝑙1 + 𝑙3)
𝑙3

,

𝐶4 = (𝑙 − 1)𝑁(𝑙3 − 𝑙2)
𝑙3

, 𝐶5 = 𝑁𝑙2(𝑙1 + 𝑙3)
𝑙3

.

Now, we will show that 𝑢 ̸= −𝐶3
𝐶2
. In fact if 𝑢 = −𝐶3

𝐶2
then

𝐶1𝑢
2 + 𝐶2𝑢𝑣 + 𝐶3𝑣 + 𝐶4𝑢+ 𝐶5 = 0 =⇒ 𝐶1𝐶

2
3

𝐶2
2

− 𝐶4𝐶3

𝐶2
+ 𝐶5 = 0

=⇒ 𝐶1𝐶
2
3 − 𝐶4𝐶3𝐶2 + 𝐶5𝐶

2
2

𝐶2
2

= 0

=⇒ 2𝑁3(𝑙 − 1)2(𝑙1 + 𝑙3)(𝑙1 + 𝑙2)(𝑙2 − 𝑙3)
𝑙33𝐶

2
2

= 0

=⇒ 𝑙2 = 𝑙3 = 0,
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which is absurd. This fact allows us to isolate 𝑣 in (4.2.5), obtaining

𝑣 = −𝐶1𝑢
2 − 𝐶4𝑢− 𝐶5

𝐶2𝑢+ 𝐶3
, (4.2.6)

thus

0 = (𝐶2𝑢+ 𝐶3)2𝑑1 = − 𝑙22(𝑙1 + 𝑙3)
2 (𝐶2𝑢+ 𝐶3)2 − 𝑙2(𝑁 + 𝑙1𝑙3)

2 𝑢2(𝐶2𝑢+ 𝐶3)2

+ 𝑙22(𝑙1 + 𝑙3)
2 (𝐶1𝑢

2 + 𝐶4𝑢+ 𝐶5)2

− (𝑙 − 1)𝑙1𝑙2𝑢(𝐶2𝑢+ 𝐶3)(𝐶1𝑢
2 + 𝐶4𝑢+ 𝐶5)

+ (𝑙 − 1)𝑙2(𝑙1 + 𝑙3)(𝐶2𝑢+ 𝐶3)(𝐶1𝑢
2 + 𝐶4𝑢+ 𝐶5)

+ (𝑙 − 1)𝑙2𝑙3𝑢(𝐶2𝑢+ 𝐶3)2

=:𝑓(𝑢),

where 𝑓 is a fourth-degree polynomial with real coefficients. Since 𝑓 has at most four positive
roots and 𝑣 is determined by 𝑢 (because of (4.2.6)), then we have at most four possibilities for
(𝑢, 𝑣). i.e., we have at most four invariant Einstein metrics on 𝑆𝑂(𝑙+1)/𝑆(𝑂(𝑙1)×𝑂(𝑙2)×𝑂(𝑙3))
up to homotheties.

Case 2. 𝑙2 = 𝑙3 =: 𝑚.

In this case, we use the basis (4.2.4) and formula (4.0.2) to obtain the Ricci components

𝑟1 = 𝑚

2

(︃
𝜇21

𝜇31𝜇32
− 𝜇31

𝜇21𝜇32
− 𝜇32

𝜇21𝜇31

)︃
+ 𝑙 − 1

𝜇21
,

𝑟2 = 𝑚

2

(︃
𝜇31

𝜇21𝜇32
− 𝜇32

𝜇21𝜇31
− 𝜇21

𝜇31𝜇32

)︃
+ 𝑙 − 1

𝜇31
,

𝑟3 = 𝑙1
2

(︃
𝜇32

𝜇21𝜇31
− 𝜇21

𝜇31𝜇32
− 𝜇31

𝜇21𝜇32

)︃
+ 𝑙 − 1

𝜇32
.

Since every invariant metric which is homothetic to an Einstein metric is also an Einstein
metric, we can assume that 𝜇32 = 1. The solutions in C × C of the system⎧⎪⎨⎪⎩

𝑟1 − 𝑟2 = 0

𝑟2 − 𝑟3 = 0
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are given by ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜇21 = 𝑎1 +

√
Δ1

4(𝑚− 1)

𝜇31 = 𝑎1 +
√

Δ1

4(𝑚− 1)

(1)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜇21 = 𝑎1 −

√
Δ1

4(𝑚− 1)

𝜇31 = 𝑎1 −
√

Δ1

4(𝑚− 1)

(2)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜇21 = 𝑎2 +𝑚

√
Δ2

2𝑚2(𝑚+ 𝑙1 − 1)

𝜇31 = 𝑎2 −𝑚
√

Δ2

2𝑚2(𝑚+ 𝑙1 − 1)

(3)

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜇21 = 𝑎2 −𝑚

√
Δ2

2𝑚2(𝑚+ 𝑙1 − 1)

𝜇31 = 𝑎2 +𝑚
√

Δ2

2𝑚2(𝑚+ 𝑙1 − 1)

(4),

where
𝑎1 = 2𝑚+ 𝑙1 − 2, 𝑎2 = 𝑚(𝑚+ 𝑙1 − 1)(2𝑚+ 𝑙1 − 2), Δ1 = 𝑙21 − 4(𝑚− 1),

Δ2 = (𝑚+ 𝑙1 − 1)(−𝑙21 + 𝑙1(𝑚− 2)2 +𝑚3 − 4𝑚2 + 8𝑚− 4).

Suppose that 𝑚 ≥ 3. Since 𝑙1 is a positive integer, we have that Δ1 ≥ 0 if and only if 𝑙1 ≥
2
√
𝑚− 1 and Δ2 ≥ 0 if and only if

−𝑙21 + 𝑙1(𝑚− 2)2 +𝑚3 − 4𝑚2 + 8𝑚− 4 ≥ 0 ⇐⇒ 1 ≤ 𝑙1 ≤ (𝑚− 2)2 +𝑚
√
𝑚2 − 4𝑚+ 8

2 .

Also, we note that 𝑎1 >
√

Δ1 and 𝑎2 > 𝑚
√

Δ2 when Δ1,Δ2 ≥ 0, in fact

𝑎1 >
√︁

Δ1 ⇐⇒ 2𝑚+ 𝑙1 − 2 >
√︁
𝑙21 + 4(1 −𝑚)

⇐⇒ (2𝑚+ 𝑙1 − 2)2 > 𝑙21 + 4(1 −𝑚)

⇐⇒ 𝑙21 + 4(𝑚− 1)𝑙1 + 4(𝑚− 1)2 > 𝑙21 + 4(1 −𝑚)
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⇐⇒ 4(𝑚− 1)(𝑙1 + 1) + 4(𝑚− 1)2 > 0

which holds for 𝑚 ≥ 3, and

𝑎2 > 𝑚
√︁

Δ2 ⇐⇒
√︁
𝑚+ 𝑙1 − 1(2𝑚+ 𝑙1 − 2) >

√︁
−𝑙21 + 𝑙1(𝑚− 2)2 +𝑚3 − 4𝑚2 + 8𝑚− 4

⇐⇒ (𝑚+ 𝑙1 − 1)(2𝑚+ 𝑙1 − 2)2 > −𝑙21 + 𝑙1(𝑚− 2)2 +𝑚3 − 4𝑚2 + 8𝑚− 4

⇐⇒ 𝑙31 + (5𝑚− 4)𝑙21 + (7𝑚2 − 12𝑚+ 4)𝑙1 + (3𝑚3 − 8𝑚2 + 4𝑚) > 0

which is true since 5𝑚− 4, 7𝑚2 − 12𝑚+ 4, 3𝑚3 − 8𝑚2 + 4𝑚 > 0 when 𝑚 ≥ 3. Observe that

2
√
𝑚− 1 < (𝑚− 2)2 +𝑚

√
𝑚2 − 4𝑚+ 8

2 , so we have:

∙ If 1 ≤ 𝑙1 < 2
√
𝑚− 1, then solutions (1), (2) are complex and solutions (3), (4) are positive,

thus, only (3), (4) are invariant Einstein metrics.

∙ If 𝑙1 = 2
√
𝑚− 1, then (1), (2), (3), (4) are all positive solutions and (1) = (2), so we have

three invariant Einstein metrics.

∙ If 2
√
𝑚− 1 < 𝑙1 <

(𝑚− 2)2 +𝑚
√
𝑚2 − 4𝑚+ 8

2 , then (1), (2), (3), (4) are positive distinct
solutions and we have four invariant Einstein metrics.

∙ If 𝑙1 = (𝑚− 2)2 +𝑚
√
𝑚2 − 4𝑚+ 8

2 , then (1), (2), (3), (4) are all positive solutions and
(3) = (4), so we have three invariant Einstein metrics.

∙ If 𝑙1 >
(𝑚− 2)2 +𝑚

√
𝑚2 − 4𝑚+ 8

2 , then (1), (2) are positive and (3), (4) are positive,
therefore, only (1), (2) are invariant Einstein metrics.

4.2.3 (𝑆𝑂(4) × 𝑆𝑂(5))/𝑆𝑂(4)

Let g = 𝐵4 and consider the flag given by Θ = {𝛼1, 𝛼2, 𝛼3}, then FΘ
diff.≈ (𝑆𝑂(4) ×

𝑆𝑂(5))/𝑆𝑂(4). We fix the Ad(𝑆𝑂(4) ×𝑆𝑂(5))−invariant inner product (·, ·) defined in (2.1.2)
and the matrices 𝑤𝑖𝑗, 𝑢𝑖𝑗, 𝑣𝑗 defined in (1.2.2). The Lie algebra of 𝐾{𝛼1,𝛼2,𝛼3} = 𝑆𝑂(4) is
given by k{𝛼1,𝛼2,𝛼3} = span{𝑤𝑠𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 4} and m{𝛼1,𝛼2,𝛼3} = 𝑉1 ⊕ 𝑇1 ⊕ 𝑇2, where
𝑉1 = span{𝑣1, 𝑣2, 𝑣3, 𝑣4}, 𝑇1 = span{𝑢21 + 𝑢43, 𝑢31 − 𝑢42, 𝑢41 + 𝑢32}, 𝑇2 = span{𝑢21 − 𝑢43, 𝑢31 +
𝑢42, 𝑢41 − 𝑢32} are not equivalent. Every invariant metric 𝐴 with respect to (·, ·) has the form

𝐴|𝑉1= 𝜇𝐼𝑉1 , 𝐴|𝑇1= 𝛾1𝐼𝑇1 , 𝐴|𝑇2= 𝛾2𝐼𝑇2 (4.2.7)

Proposition 4.2.4. Let 𝐴 be an invariant metric on (𝑆𝑂(4) × 𝑆𝑂(5))/𝑆𝑂(4) as in (4.2.7).
Then 𝐴 is an Einstein metric if and only if 𝛾1 = 𝛾2 =: 𝛾 and 𝜇 = 𝛾

2 or 𝜇 = 𝛾.

Proof. We consider the 𝐴−orthonormal basis

𝑋1 = 𝑢21 + 𝑢43√
2𝛾1

, 𝑋2 = 𝑢31 − 𝑢42√
2𝛾1

, 𝑋3 = 𝑢41 + 𝑢32√
2𝛾1
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𝑌1 = 𝑢43 − 𝑢21√
2𝛾2

, 𝑌2 = 𝑢31 + 𝑢42√
2𝛾2

, 𝑌3 = 𝑢41 − 𝑢32√
2𝛾1

, 𝑍𝑗 = 𝑣𝑗√
𝜇
, 𝑗 = 1, 2, 3, 4.

Then

[𝑍1, 𝑍2]m{𝛼1,𝛼2,𝛼3} =
√︃
𝛾1

2𝜇2𝑋1 −
√︃
𝛾2

2𝜇2𝑌1, [𝑍1, 𝑍3]m{𝛼1,𝛼2,𝛼3} =
√︃
𝛾1

2𝜇2𝑋2 +
√︃
𝛾2

2𝜇2𝑌2,

[𝑍1, 𝑍4]m{𝛼1,𝛼2,𝛼3} =
√︃
𝛾1

2𝜇2𝑋3 +
√︃
𝛾2

2𝜇2𝑌3, [𝑍2, 𝑍3]m{𝛼1,𝛼2,𝛼3} =
√︃
𝛾1

2𝜇2𝑋3 −
√︃
𝛾2

2𝜇2𝑌3,

[𝑍2, 𝑍4]m{𝛼1,𝛼2,𝛼3} = −
√︃
𝛾1

2𝜇2𝑋2 +
√︃
𝛾2

2𝜇2𝑌2, [𝑍3, 𝑍4]m{𝛼1,𝛼2,𝛼3} =
√︃
𝛾1

2𝜇2𝑋1 +
√︃
𝛾2

2𝜇2𝑌1,

[𝑍1, 𝑋1]m{𝛼1,𝛼2,𝛼3} = − 𝑍2√
2𝛾1

, [𝑍1, 𝑋2]m{𝛼1,𝛼2,𝛼3} = − 𝑍3√
2𝛾1

, [𝑍1, 𝑋3]m{𝛼1,𝛼2,𝛼3} = − 𝑍4√
2𝛾1

,

[𝑍1, 𝑌1]m{𝛼1,𝛼2,𝛼3} = 𝑍2√
2𝛾2

, [𝑍1, 𝑌2]m{𝛼1,𝛼2,𝛼3} = − 𝑍3√
2𝛾2

, [𝑍1, 𝑌3]m{𝛼1,𝛼2,𝛼3} = − 𝑍4√
2𝛾2

,

[𝑍2, 𝑋1]m{𝛼1,𝛼2,𝛼3} = 𝑍1√
2𝛾1

, [𝑍2, 𝑋2]m{𝛼1,𝛼2,𝛼3} = 𝑍4√
2𝛾1

, [𝑍2, 𝑋3]m{𝛼1,𝛼2,𝛼3} = − 𝑍3√
2𝛾1

,

[𝑍2, 𝑌1]m{𝛼1,𝛼2,𝛼3} = − 𝑍1√
2𝛾2

, [𝑍2, 𝑌2]m{𝛼1,𝛼2,𝛼3} = − 𝑍4√
2𝛾2

, [𝑍2, 𝑌3]m{𝛼1,𝛼2,𝛼3} = 𝑍3√
2𝛾2

,

[𝑍3, 𝑋1]m{𝛼1,𝛼2,𝛼3} = − 𝑍4√
2𝛾1

, [𝑍3, 𝑋2]m{𝛼1,𝛼2,𝛼3} = 𝑍1√
2𝛾1

, [𝑍3, 𝑋3]m{𝛼1,𝛼2,𝛼3} = 𝑍2√
2𝛾1

,

[𝑍3, 𝑌1]m{𝛼1,𝛼2,𝛼3} = − 𝑍4√
2𝛾2

, [𝑍3, 𝑌2]m{𝛼1,𝛼2,𝛼3} = 𝑍1√
2𝛾2

, [𝑍3, 𝑌3]m{𝛼1,𝛼2,𝛼3} = − 𝑍2√
2𝛾2

,

[𝑍4, 𝑋1]m{𝛼1,𝛼2,𝛼3} = 𝑍3√
2𝛾1

, [𝑍4, 𝑋2]m{𝛼1,𝛼2,𝛼3} = − 𝑍2√
2𝛾1

, [𝑍4, 𝑋3]m{𝛼1,𝛼2,𝛼3} = 𝑍1√
2𝛾1

,

[𝑍4, 𝑌1]m{𝛼1,𝛼2,𝛼3} = 𝑍3√
2𝛾2

, [𝑍4, 𝑌2]m{𝛼1,𝛼2,𝛼3} = 𝑍2√
2𝛾2

, [𝑍4, 𝑌3]m{𝛼1,𝛼2,𝛼3} = 𝑍1√
2𝛾2

.
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The Ricci components are given by

Ric(𝑍𝑗, 𝑍𝑗) = − 3𝛾1

4𝜇2 − 3𝛾2

4𝜇2 + 6
𝜇
, 𝑗 = 1, 2, 3, 4,

Ric(𝑋𝑗, 𝑋𝑗) = 4
𝛾1

+ 𝛾1

2𝜇2 , 𝑗 = 1, 2, 3,

Ric(𝑌𝑗, 𝑌𝑗) = 4
𝛾2

+ 𝛾2

2𝜇2 , 𝑗 = 1, 2, 3,

therefore, if 𝐴 is an Einstein metric then

4
𝛾1

+ 𝛾1

2𝜇2 = 4
𝛾2

+ 𝛾2

2𝜇2 ⇐⇒ 8𝜇2𝛾2 + 𝛾2
1𝛾2 = 8𝜇2𝛾1 + 𝛾1𝛾

2
2

⇐⇒ 8𝜇2(𝛾2 − 𝛾1) − 𝛾1𝛾2(𝛾2 − 𝛾1) = 0

⇐⇒ (𝛾2 − 𝛾1)(8𝜇2 − 𝛾1𝛾2) = 0

⇐⇒ 𝛾1 = 𝛾2 =: 𝛾 or 𝜇 =
√︂
𝛾1𝛾2

8 .

We study the two cases:

Case 1. 𝜇 =
√︁

𝛾1𝛾2
8 .

In this case Ric(𝑍𝑗, 𝑍𝑗) = − 3𝛾1

4𝜇2 − 3𝛾2

4𝜇2 + 6
𝜇

= 12
√

2
√
𝛾1𝛾2

− 6
𝛾1

− 6
𝛾2
, Ric(𝑋𝑗, 𝑋𝑗) = Ric(𝑌𝑗, 𝑌𝑗) =

4
𝛾1

+ 4
𝛾2

so

12
√

2
√
𝛾1𝛾2

− 6
𝛾1

− 6
𝛾2

= 4
𝛾1

+ 4
𝛾2

⇐⇒ 12
√

2𝛾1𝛾2 − 10𝛾1 − 10𝛾2

𝛾1𝛾2
= 0

⇐⇒ 5𝛾1 − 6
√

2𝛾1𝛾2 + 5𝛾2 = 0

⇐⇒ 5(√𝛾1 − √
𝛾2)2 + (10 − 6

√
2)√𝛾1𝛾2 = 0

=⇒ 𝛾1 = 𝛾2 = 0,

which contradicts that 𝛾1, 𝛾2 > 0. Hence, there is no Einstein metrics satisfying 𝜇 =
√︁

𝛾1𝛾2
8 .

Case 2. 𝛾1 = 𝛾2 =: 𝛾.
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In this case Ric(𝑍𝑗, 𝑍𝑗) = 6
𝜇

− 3𝛾
2𝜇2 and Ric(𝑋𝑗, 𝑋𝑗) = Ric(𝑌𝑗, 𝑌𝑗) = 4

𝛾
+ 𝛾

2𝜇2 . Thus

6
𝜇

− 3𝛾
2𝜇2 = 4

𝛾
+ 𝛾

2𝜇2 ⇐⇒ 12𝜇𝛾 − 3𝛾2 = 8𝜇2 + 𝛾2

⇐⇒ 𝛾2 − 3𝜇𝛾 + 2𝜇2 = 0

⇐⇒ (𝛾 − 2𝜇)(𝛾 − 𝜇) = 0

⇐⇒ 𝜇 = 𝛾

2 or 𝛾 = 𝜇,

as we wanted to prove.

4.2.4 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙+ 1))/(𝑆𝑂(𝑑) × 𝑆𝑂(𝑙− 𝑑) × 𝑆𝑂(𝑙− 𝑑+ 1)), 𝑙 ≥ 3, 2 ≤
𝑑 ≤ 𝑙 − 1

Let us consider g = 𝐵𝑙, 𝑙 ≥ 3. Given 𝑑 ∈ {2, ..., 𝑙− 1}, the flag manifold FΣ−{𝛼𝑑} associated
to Θ = Σ − {𝛼𝑑} is diffeomorphic to the homogeneous space

(𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/(𝑆𝑂(𝑑) × 𝑆𝑂(𝑙 − 𝑑) × 𝑆𝑂(𝑙 − 𝑑+ 1))

In this case, the isotropy representation decomposes into the submodules 𝑈1 = span{𝑢𝑠𝑡 :
1 ≤ 𝑡 < 𝑠 ≤ 𝑑}, (𝑉1)1 = span{𝑤𝑠𝑡 −𝑢𝑠𝑡 : 𝑑+1 ≤ 𝑠 ≤ 𝑙, 1 ≤ 𝑡 ≤ 𝑑} and (𝑉1)2 = span{𝑣1, ..., 𝑣𝑑}∪
{𝑤𝑠𝑡 + 𝑢𝑠𝑡 : 𝑑 + 1 ≤ 𝑠 ≤ 𝑙, 1 ≤ 𝑡 ≤ 𝑑}, where the matrices 𝑤𝑖𝑗, 𝑢𝑖𝑗, 𝑣𝑗 are defined in (1.2.2).
These subspaces are not equivalent. According to Proposition 3.2.1, every invariant metric 𝐴
with respect to the inner product (1.2.1) has the form

𝐴|𝑈1= 𝛾𝐼𝑈1 , 𝐴|(𝑉1)1= 𝜌𝐼(𝑉1)1 , 𝐴|(𝑉1)2= 𝜇𝐼(𝑉1)2 . (4.2.8)

Proposition 4.2.5. 𝑎) If 𝑑 ̸= 2, FΣ−{𝛼𝑑} has at most four invariant Einstein metrics up to
homotheties. In this case, a necessary condition for FΣ−{𝛼𝑑} to have an Einstein metric is that
the positive integers 𝑙, 𝑑 satisfy

𝑙2(𝑙 − 2)2 − 2(𝑑− 1)2(𝑑− 2)(2𝑙 − 𝑑) > 0. (4.2.9)

𝑏) If 𝑑 = 2, FΣ−{𝛼𝑑} has at most three invariant Einstein metrics up to homotheties.

Proof. Let 𝐴 be an invariant metric on FΣ−{𝛼𝑑} as in (4.2.8) and consider the 𝐴−orthonormal
basis

𝑌𝑠𝑡 = 𝑢𝑠𝑡√
𝛾
, 1 ≤ 𝑡 < 𝑠 ≤ 𝑑, 𝐹𝑠𝑡 = 𝑤𝑠𝑡 − 𝑢𝑠𝑡√

2𝜌 , 1 ≤ 𝑡 ≤ 𝑑, 𝑑+ 1 ≤ 𝑠 ≤ 𝑙,

𝑍𝑗 = 𝑣𝑗√
𝜇
, 1 ≤ 𝑗 ≤ 𝑑, 𝐺𝑠𝑡 = 𝑤𝑠𝑡 + 𝑢𝑠𝑡√

2𝜇 , 1 ≤ 𝑡 ≤ 𝑑, 𝑑+ 1 ≤ 𝑠 ≤ 𝑙.

The non-zero bracket relations of theses vectors are given by
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[𝑌𝑠𝑡, 𝐹𝑖𝑠]mΘ = 𝐹𝑖𝑡√
𝛾
, [𝑌𝑠𝑡, 𝐹𝑖𝑡]mΘ = −𝐹𝑖𝑠√

𝛾
, [𝑌𝑠𝑡, 𝐺𝑖𝑠]mΘ = −𝐺𝑖𝑡√

𝛾
, [𝑌𝑠𝑡, 𝐺𝑖𝑡]mΘ = 𝐺𝑖𝑠√

𝛾

[𝑌𝑠𝑡, 𝑍𝑠]mΘ
= − 𝑍𝑡√

𝛾
, [𝑌𝑠𝑡, 𝑍𝑡]mΘ = 𝑍𝑠√

𝛾
, [𝐹𝑠𝑡, 𝐹𝑠𝑗] =

√
𝛾

𝜌
𝑌𝑠𝑗, [𝐺𝑠𝑡, 𝐺𝑠𝑗] =

√
𝛾

𝜇
𝑌𝑠𝑗,

[𝑍𝑠, 𝑍𝑗]mΘ
= −

√
𝛾

𝜇
𝑌𝑠𝑗, where 𝑌𝑠𝑗 = −𝑌𝑗𝑠 if 𝑠 ≤ 𝑗.

By (4.2.2) we have that

𝑆(𝐴) = 𝑑(𝑑− 1)(𝑑− 2)
𝛾

+𝑑(𝑙−𝑑)
(︃

2(𝑙 − 2)
𝜌

− (𝑑− 1)𝛾
2𝜌2

)︃
+𝑑(𝑙−𝑑+1)

(︃
2(𝑙 − 1)

𝜇
− (𝑑− 1)𝛾

2𝜇2

)︃
.

Suppose that 𝐴 has volume 1 and let 𝑢 = 𝜌
𝛾
, 𝑣 = 𝜇

𝛾
, then

𝑆(𝐴)
𝑣

2
𝑁
0

= 𝑆(𝑢, 𝑣)
𝑣

2
𝑁
0

= 𝑑(𝑑− 1)(𝑑− 2)𝑢
𝑑(𝑙−𝑑)

𝑁 𝑣
𝑑(𝑙−𝑑+1)

𝑁 + 2𝑑(𝑙 − 𝑑)(𝑙 − 2)𝑢
𝑑(𝑙−𝑑)

𝑁
−1𝑣

𝑑(𝑙−𝑑+1)
𝑁

− 𝑑(𝑙 − 𝑑)(𝑑− 1)
2 𝑢

𝑑(𝑙−𝑑)
𝑁

−2𝑣
𝑑(𝑙−𝑑+1)

𝑁 + 2𝑑(𝑙 − 𝑑+ 1)(𝑙 − 1)𝑢
𝑑(𝑙−𝑑)

𝑁 𝑣
𝑑(𝑙−𝑑+1)

𝑁
−1

− 𝑑(𝑙 − 𝑑+ 1)(𝑑− 1)
2 𝑢

𝑑(𝑙−𝑑)
𝑁 𝑣

𝑑(𝑙−𝑑+1)
𝑁

−2,

where 𝑁 = 𝑑(𝑑−1)
2 +𝑑(𝑙−𝑑)+𝑑(𝑙−𝑑+1) and 𝑣0 = 𝑉 𝑜𝑙(FΘ, (·, ·)|mΘ×mΘ). The partial derivatives

of 𝑆 satisfy

𝑓1 := 𝑣
− 2

𝑁
0 𝑁𝑢− 𝑑(𝑙−𝑑)

𝑁
+3𝑣− 𝑑(𝑙−𝑑+1)

𝑁
+2

𝑑2(𝑙 − 𝑑)
𝜕𝑆

𝜕𝑢
=(𝑑− 1)(𝑑− 2)𝑢2𝑣2 − 2(𝑙 − 𝑑)(𝑙 − 2)

(︃
𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝑢𝑣2

+ (𝑙 − 𝑑)(𝑑− 1)
2

(︃
2𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝑣2

+ 2(𝑙 − 𝑑+ 1)(𝑙 − 1)𝑢2𝑣 − (𝑙 − 𝑑+ 1)(𝑑− 1)
2 𝑢2,

𝑓2 := 𝑣
− 2

𝑁
0 𝑁𝑢− 𝑑(𝑙−𝑑)

𝑁
+2𝑣− 𝑑(𝑙−𝑑+1)

𝑁
+3

𝑑2(𝑙 − 𝑑+ 1)
𝜕𝑆

𝜕𝑣
=(𝑑− 1)(𝑑− 2)𝑢2𝑣2 + 2(𝑙 − 𝑑)(𝑙 − 2)𝑢𝑣2

− (𝑙 − 𝑑)(𝑑− 1)
2 𝑣2

− 2(𝑙 − 𝑑+ 1)(𝑙 − 1)
(︃

𝑁

𝑑(𝑙 − 𝑑+ 1) − 1
)︃
𝑢2𝑣
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+ (𝑙 − 𝑑+ 1)(𝑑− 1)
2

(︃
2𝑁

𝑑(𝑙 − 𝑑+ 1) − 1
)︃
𝑢2.

If 𝐴 is an Einstein metric, then 𝑓1 = 𝑓2 = 0 and, therefore,(︃
2𝑁

𝑑(𝑙 − 𝑑+ 1) − 1
)︃
𝑓1 + 𝑓2 = 0 ⇐⇒ 𝐶1𝑢

2𝑣 + 𝐶2𝑢𝑣 + 𝐶3𝑣 + 𝐶4𝑢
2 = 0

where

𝐶1 = 2𝑁(𝑑− 1)(𝑑− 2)
𝑑(𝑙 − 𝑑+ 1) , 𝐶2 = − 2𝑁(𝑙 − 2)𝑙

𝑑(𝑙 − 𝑑+ 1) , 𝐶3 = 𝑁(𝑑− 1)(2𝑙 − 𝑑)
𝑑(𝑙 − 𝑑+ 1) , 𝐶4 = 2𝑁(𝑙 − 1)

𝑑
.

If 𝐶1𝑢
2 + 𝐶2𝑢+ 𝐶3 = 0 then

𝐶1𝑢
2𝑣 + 𝐶2𝑢𝑣 + 𝐶3𝑣 + 𝐶4𝑢

2 = 0 =⇒ 𝐶4𝑢
2 = 0 =⇒ 𝑢 = 0,

a contradiction. Thus 𝐶1𝑢
2 + 𝐶2𝑢+ 𝐶3 ̸= 0 and

𝑣 = −𝐶4𝑢
2

𝐶1𝑢2 + 𝐶2𝑢+ 𝐶3
. (4.2.10)

Suppose that 𝑑 ̸= 2. Since 𝑣 > 0 and −𝐶4𝑢
2 < 0, we have that 𝐶1𝑢

2 + 𝐶2𝑢 + 𝐶3 < 0, so, the
quadratic polynomial 𝐶1𝑥

2 + 𝐶2𝑥 + 𝐶3 must have two distinct real roots (otherwise, it would
always be non-negative since 𝐶1 > 0), but this occurs when

𝐶2
2 − 4𝐶1𝐶3 > 0 ⇐⇒ 4𝑁2(𝑙 − 2)2𝑙2

𝑑2(𝑙 − 𝑑+ 1)2 − 8𝑁2(𝑑− 1)2(𝑑− 2)(2𝑙 − 𝑑)
𝑑2(𝑙 − 𝑑+ 1)2 > 0

⇐⇒ 𝑙2(𝑙 − 2)2 − 2(𝑑− 1)2(𝑑− 2)(2𝑙 − 𝑑) > 0.

Now, substituting (4.2.10) in 𝑓1 = 0 and multiplying it by (𝐶1𝑢
2 + 𝐶2𝑢+ 𝐶3)2 we obtain

0 = (𝐶1𝑢
2 + 𝐶2𝑢+ 𝐶3)2𝑓1 =(𝑑− 1)(𝑑− 2)𝐶2

4𝑢
4 − 2(𝑙 − 𝑑)(𝑙 − 2)

(︃
𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝐶2

4𝑢
3

+ (𝑙 − 𝑑)(𝑑− 1)
2

(︃
2𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝐶2

4𝑢
2

+ 2(𝑙 − 𝑑+ 1)(𝑙 − 1)𝐶4𝑢
2(𝐶1𝑢

2 + 𝐶2𝑢+ 𝐶3) − (𝑙 − 𝑑+ 1)(𝑑− 1)
2

=: 𝑔(𝑢),

where 𝑔 is a fourth-degree polynomial. Hence, the set of invariant Einstein metrics (1, 𝑢, 𝑣) of
volume 1 is contained in the set

{1} ×
{︃

(𝑢, 𝑣) ∈ (R+)2 : 𝑔(𝑢) = 0 and 𝑣 = −𝐶4𝑢
2

𝐶1𝑢2 + 𝐶2𝑢+ 𝐶3

}︃

which has at most four elements. This concludes the proof of item 𝑎). Now, when 𝑑 = 2. Then,
item 𝑏) follows from the fact that 𝐶1 = 0 and, therefore, 𝑔 is third-degree polynomial.
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4.2.5 𝑈(𝑙)/(𝑂(𝑑) × 𝑈(𝑙 − 𝑑)), 𝑙 ≥ 3, 2 ≤ 𝑑 ≤ 𝑙 − 1
In this section, we consider g = 𝐶𝑙, 𝑙 ≥ 3 and Θ = Σ − {𝛼𝑑}, where 2 ≤ 𝑑 ≤ 𝑙 − 1. The

associated flag manifold is diffeomorphic to 𝑈(𝑙)/(𝑂(𝑑)×𝑈(𝑙−𝑑)). Fix the Ad(𝑈(𝑙))−invariant
product (1.3.1) and the basis (1.3.2). The subspace mΘ is decomposed into the non-equivalent
submodules 𝑀21 = span{𝑤𝑠𝑡, 𝑢𝑠𝑡 : 1 ≤ 𝑡 ≤ 𝑑, 𝑑 + 1 ≤ 𝑠 ≤ 𝑙}, 𝑈1 = span{𝑢𝑗𝑗 − 𝑢𝑗+1,𝑗+1 : 𝑗 =
1, ..., 𝑑 − 1} ∪ {𝑢𝑠𝑡 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑑}, 𝑉1 = span{𝑢11 + ... + 𝑢𝑑𝑑}. Every invariant metric 𝐴 is
given by positive numbers 𝜇0, 𝜇1, 𝜇21 such that

𝐴|𝑉1= 𝜇0𝐼𝑉1 , 𝐴|𝑈1= 𝜇1𝐼𝑈1 , 𝐴|𝑀21= 𝜇21𝐼𝑀21 (4.2.11)

Proposition 4.2.6. The flag 𝑈(𝑙)/(𝑂(𝑑) × 𝑈(𝑙 − 𝑑)), 𝑙 ≥ 3, and 2 ≤ 𝑑 ≤ 𝑙 − 1, has at most
two invariant Einstein metrics up to homotheties.

Proof. Let 𝐴 be an invariant metric on 𝑈(𝑙)/(𝑂(𝑑) × 𝑈(𝑙 − 𝑑)) as in (4.2.11). Consider the
𝐴−orthonormal basis of mΘ given by

𝑍1 =
√︃

2
𝑑𝜇0

(𝑢11 + ...+ 𝑢𝑑𝑑) , 𝑇𝑗 =
√︃

2𝑗
(𝑗 + 1)𝜇1

(︃
1
𝑗

(𝑢11 + ...+ 𝑢𝑗𝑗) − 𝑢𝑗+1,𝑗+1

)︃
,

𝑌𝑠𝑡 = 𝑢𝑠𝑡√
𝜇1
, 1 ≤ 𝑡 < 𝑠 ≤ 𝑑, 𝑋𝑠𝑡 = 𝑤𝑠𝑡√

𝜇21
, 𝑌𝑠𝑡 = 𝑢𝑠𝑡√

𝜇21
, 1 ≤ 𝑡 ≤ 𝑑, 𝑑+ 1 ≤ 𝑠 ≤ 𝑙.

Then, we have the following bracket relations:

[𝑍1, 𝑋𝑠𝑡]mΘ = −
√︃

2
𝑑𝜇0

𝑌𝑠𝑡, [𝑍1, 𝑌𝑠𝑡]mΘ =
√︃

2
𝑑𝜇0

𝑋𝑠𝑡, 1 ≤ 𝑡 ≤ 𝑑 < 𝑠 ≤ 𝑙,

[𝑇𝑗, 𝑋𝑠𝑡]mΘ = −
√︃

2
(𝑗 + 1)𝑗𝜇1

𝑌𝑠𝑡, [𝑇𝑡−1, 𝑋𝑠𝑡]mΘ =
√︃

2(𝑡− 1)
𝑡𝜇1

𝑌𝑠𝑡, 1 ≤ 𝑡 ≤ 𝑗 ≤ 𝑑 < 𝑠 ≤ 𝑙,

[𝑇𝑗, 𝑌𝑠𝑡]mΘ =
√︃

2
(𝑗 + 1)𝑗𝜇1

𝑋𝑠𝑡, [𝑇𝑡−1, 𝑌𝑠𝑡]mΘ = −
√︃

2(𝑡− 1)
𝑡𝜇1

𝑋𝑠𝑡, 1 ≤ 𝑡 ≤ 𝑗 ≤ 𝑑 < 𝑠 ≤ 𝑙,

[𝑌𝑖𝑗, 𝑋𝑠𝑖]mΘ = − 𝑌𝑠𝑗√
𝜇1
, [𝑌𝑖𝑗, 𝑋𝑠𝑗]mΘ = − 𝑌𝑠𝑖√

𝜇1
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑑 < 𝑠 ≤ 𝑙,

[𝑌𝑖𝑗, 𝑌𝑠𝑖]mΘ = 𝑋𝑠𝑗√
𝜇1
, [𝑌𝑖𝑗, 𝑌𝑠𝑗]mΘ = 𝑋𝑠𝑖√

𝜇1
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑑 < 𝑠 ≤ 𝑙,

[𝑋𝑠𝑗, 𝑌𝑠𝑡]mΘ = −
√︃
𝜇1

𝜇2
21
𝑌𝑗𝑡, 1 ≤ 𝑗 ̸= 𝑡 ≤ 𝑑 < 𝑠 ≤ 𝑙 (𝑌𝑗𝑡 = −𝑌𝑡𝑗 if 𝑗 < 𝑡),

[𝑋𝑠𝑡, 𝑌𝑠𝑡]mΘ = −
√︃

2𝜇0

𝑑𝜇2
21
𝑍1 +

⎯⎸⎸⎷2(𝑡− 1)𝜇1

𝑡𝜇2
21

𝑇𝑡−1 −
𝑑−1∑︁
𝑗=𝑡

√︃
2𝜇1

𝑗(𝑗 + 1)𝜇2
21
𝑇𝑗, 1 ≤ 𝑡 ≤ 𝑑 < 𝑠 ≤ 𝑙,
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where 𝑇0 = 0 and
𝑑−1∑︀
𝑗=𝑡

√︂
2𝜇1

𝑗(𝑗+1)𝜇2
21
𝑇𝑗 = 0 if 𝑡 = 𝑑. Computing the scalar curvature we obtain

𝑆(𝐴) = 𝑑(𝑑− 1)(𝑑+ 2)
𝜇1

− (𝑙 − 𝑑)𝜇0

𝜇2
21

− (𝑙 − 𝑑)(𝑑− 1)(𝑑+ 2)𝜇1

2𝜇2
21

+ 4𝑙𝑑(𝑙 − 𝑑)
𝜇21

.

Assume that 𝐴 has volume 1, that is,

𝜇0𝜇
(𝑑−1)(𝑑+2)

2
1 𝜇

2𝑑(𝑙−𝑑)
21 = 1

𝑣2
0
,

where 𝑣0 = 𝑉 𝑜𝑙(𝑈(𝑙)/(𝑂(𝑑) × 𝑈(𝑙 − 𝑑)), (·, ·)|mΘ×mΘ). Let 𝑢 = 𝜇1
𝜇0

, 𝑣 = 𝜇21
𝜇0

, then

𝑣
− 2

𝑁
0 𝑆(𝐴) = 𝑣

− 2
𝑁

0 𝑆(𝑢, 𝑣) = 𝑑(𝑑− 1)(𝑑+ 2)𝑢
(𝑑−1)(𝑑+2)

2𝑁
−1𝑣

2𝑑(𝑙−𝑑)
𝑁 − (𝑙 − 𝑑)𝑢

(𝑑−1)(𝑑+2)
2𝑁 𝑣

2𝑑(𝑙−𝑑)
𝑁

−2

− (𝑙 − 𝑑)(𝑑− 1)(𝑑+ 2)
2 𝑢

(𝑑−1)(𝑑+2)
2𝑁

+1𝑣
2𝑑(𝑙−𝑑)

𝑁
−2

+ 4𝑙𝑑(𝑙 − 𝑑)𝑢
(𝑑−1)(𝑑+2)

2𝑁 𝑣
2𝑑(𝑙−𝑑)

𝑁
−1,

where 𝑁 = (𝑑−1)(𝑑+2)
2 + 2𝑑(𝑙 − 𝑑) + 1 is the dimension of the flag. Therefore,

𝑔1 := 2𝑁𝑢− (𝑑−1)(𝑑+2)
2𝑁

+2𝑣− 2𝑑(𝑙−𝑑)
𝑁

+2𝑣
− 2

𝑁
0

(𝑑− 1)(𝑑+ 2)
𝜕𝑆

𝜕𝑢
= − 𝑑(𝑑− 1)(𝑑+ 2)

(︃
2𝑁

(𝑑− 1)(𝑑+ 2) − 1
)︃
𝑣2

− (𝑙 − 𝑑)(𝑑− 1)(𝑑+ 2)
2

(︃
2𝑁

(𝑑− 1)(𝑑+ 2) + 1
)︃
𝑢2

+ 4𝑙𝑑(𝑙 − 𝑑)𝑢𝑣 − (𝑙 − 𝑑)𝑢,

𝑔2 := 𝑁𝑢− (𝑑−1)(𝑑+2)
2𝑁

+1𝑣− 2𝑑(𝑙−𝑑)
𝑁

+3𝑣
− 2

𝑁
0

2𝑑(𝑙 − 𝑑)
𝜕𝑆

𝜕𝑣
= 𝑑(𝑑− 1)(𝑑+ 2)𝑣2 + (𝑙 − 𝑑)

(︃
𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝑢

+ (𝑙 − 𝑑)(𝑑− 1)(𝑑+ 2)
2

(︃
𝑁

𝑑(𝑙 − 𝑑) − 1
)︃
𝑢2

− 4𝑙𝑑(𝑙 − 𝑑)
(︃

𝑁

2𝑑(𝑙 − 𝑑) − 1
)︃
𝑢𝑣.

By Proposition 4.2.2, if 𝐴 is an Einstein metric then 𝑔1 = 𝑔2 = 0, thus

𝑔1 +
(︃

2𝑁
(𝑑− 1)(𝑑+ 2) − 1

)︃
𝑔2 = 0 ⇐⇒ 𝐶1𝑢+ 𝐶2 + 𝐶3𝑣 = 0,

where
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𝐶1 = 𝑁

𝑑
, 𝐶2 = 2𝑁(𝑑(𝑙 − 𝑑) + 1)

𝑑(𝑑− 1)(𝑑+ 2) , 𝐶3 = − 4𝑙𝑁
(𝑑− 1)(𝑑+ 2) ,

so we have that
𝑣 = 𝐷1𝑢+𝐷2, (4.2.12)

where 𝐷1 = −𝐶1
𝐶3

and 𝐷2 = −𝐶2
𝐶3
. Substituting (4.2.12) in 𝑔1 = 0 we obtain

0 = 𝑔1 = − 𝑑(𝑑− 1)(𝑑+ 2)
(︃

2𝑁
(𝑑− 1)(𝑑+ 2) − 1

)︃
(𝐷1𝑢+𝐷2)2 − (𝑙 − 𝑑)𝑢

− (𝑙 − 𝑑)(𝑑− 1)(𝑑+ 2)
2

(︃
2𝑁

(𝑑− 1)(𝑑+ 2) + 1
)︃
𝑢2 + 4𝑙𝑑(𝑙 − 𝑑)𝑢(𝐷1𝑢+𝐷2)

=: ℎ(𝑢),

where ℎ is a two-degree polynomial. The result follows from the fact that ℎ has at most two
positive roots and formula (4.2.12).

4.2.6 (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙))/𝑆(𝑂(𝑙 − 1) ×𝑂(1))
Let us consider g = 𝐷𝑙, 𝑙 ≥ 4,Θ = {𝛼1, ..., 𝛼𝑙−2}, (·, ·) as in (1.4.1) and the (·, ·)−orthonormal

basis (1.4.2). In this case, 𝐾 is diffeomorphic to 𝑆𝑂(𝑙) × 𝑆𝑂(𝑙) and 𝐾Θ is diffemorphic to
𝑆(𝑂(𝑙 − 1) ×𝑂(1)). The isotropy representation of 𝐾Θ on mΘ decomposes into the irreducible
submodule 𝑈1 = span{𝑢𝑖𝑗 : 1 ≤ 𝑡 < 𝑠 ≤ 𝑙 − 1}, which is not equivalent to any other sub-
module, and the equivalent irreducible sumodules 𝑊21 = span{𝑤𝑙𝑗 : 1 ≤ 𝑗 ≤ 𝑙 − 1} and
𝑈21 = span{𝑢𝑙𝑗 : 1 ≤ 𝑗 ≤ 𝑙 − 1}. As a particular case of Propostition 2.4.2 we have that every
invariant metric 𝐴 is given by

𝐴 |𝑈1 = 𝛾𝐼𝑈1 , 𝐴𝑤𝑙𝑗 = 𝜆1𝑤𝑙𝑗 + 𝑏𝑢𝑙𝑗, 𝐴𝑢𝑙𝑗 = 𝑏𝑤𝑙𝑗 + 𝜆2𝑢𝑙𝑗, 𝑗 = 1, ..., 𝑙 − 1. (4.2.13)

for some 𝜇, 𝜆1, 𝜆2 > 0 and 𝑏 ∈ R.

Proposition 4.2.7. Let 𝐴 be an invariant metric on the flag F{𝛼1,...,𝛼𝑙−2} written as in (4.2.13).
Then 𝐴 is an Einstein metric if and only if 𝐴 satisfies one of the following conditions:

(F1) 𝑏 = 0, 𝜆1 =
(︁
1 −

√
𝑙2−5𝑙+4
2(𝑙−1)

)︁
𝛾 and 𝜆2 =

(︁
1 +

√
𝑙2−5𝑙+4
2(𝑙−1)

)︁
𝛾

(F2) 𝑏 = 0, 𝜆1 =
(︁
1 +

√
𝑙2−5𝑙+4
2(𝑙−1)

)︁
𝛾 and 𝜆2 =

(︁
1 −

√
𝑙2−5𝑙+4
2(𝑙−1)

)︁
𝛾

(F3) 𝑏 > 0, 𝑏 = 𝜆1 = 𝜆2
3 = 𝛾

2

(F4) 𝑏 > 0, 𝑏 = 𝜆2 = 𝜆1
3 = 𝛾

2

(F5) 𝑏 < 0, −𝑏 = 𝜆1 = 𝜆2
3 = 𝛾

2

(F6) 𝑏 < 0, −𝑏 = 𝜆2 = 𝜆1
3 = 𝛾

2
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Proof. The proof is analogous to the proof of Proposition 4.2.1. As before, we consider two
cases:

∙ 𝐴 diagonal (𝑏 = 0):

In this case, we have the 𝐴−orthonormal basis of mΘ given by the vectors

𝑌𝑖𝑗 = 𝑢𝑖𝑗√
𝛾
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1, 𝑋𝑙𝑗 = 𝑤𝑙𝑗√

𝜆1
, 𝑌𝑙𝑗 = 𝑢𝑙𝑗√

𝜆2
, 𝑗 = 1, ..., 𝑙 − 1, (4.2.14)

which satisfy the following bracket relations

[𝑌𝑖𝑗, 𝑋𝑙𝑖]mΘ = −
√︃
𝜆2

𝛾𝜆1
𝑌𝑙𝑗, [𝑌𝑖𝑗, 𝑋𝑙𝑗]mΘ =

√︃
𝜆2

𝛾𝜆1
𝑌𝑙𝑖,

[𝑌𝑖𝑗, 𝑌𝑙𝑖]mΘ = −
√︃
𝜆1

𝛾𝜆2
𝑋𝑙𝑗, [𝑌𝑖𝑗, 𝑌𝑙𝑗]mΘ =

√︃
𝜆1

𝛾𝜆2
𝑋𝑙𝑖,

[𝑋𝑙𝑡, 𝑌𝑙𝑠]mΘ =
√︃

𝛾

𝜆1𝜆2
𝑌𝑠𝑡, for 𝑠 ̸= 𝑡,

where, 𝑌𝑠𝑡 = −𝑌𝑡𝑠 if 𝑠 < 𝑡. Observe that [𝑋, 𝑌 ] is 𝐴−orthogonal to 𝑋 and 𝑌 , for all 𝑋, 𝑌 in
the basis (4.2.14), thus, 𝑍 =

∑︁
𝑈(𝑋,𝑋) = 0, where the sum extends over the basis (4.2.14).

By formula (4.0.2), we obtain that

𝑟0 := Ric(𝑌𝑖𝑗, 𝑌𝑖𝑗) = 2(𝑙 − 2)
𝛾

+ 𝛾

𝜆1𝜆2
− 𝜆1

𝛾𝜆2
− 𝜆2

𝛾𝜆1
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1,

𝑟1 := Ric(𝑋𝑙𝑗, 𝑋𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜆1

+ 𝜆1

2𝛾𝜆2
− 𝜆2

2𝛾𝜆1
− 𝛾

2𝜆1𝜆2

)︃
, 1 ≤ 𝑗 ≤ 𝑙 − 1,

𝑟2 := Ric(𝑌𝑙𝑗, 𝑌𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜆2

+ 𝜆2

2𝛾𝜆1
− 𝜆1

2𝛾𝜆2
− 𝛾

2𝜆1𝜆2

)︃
, 1 ≤ 𝑗 ≤ 𝑙 − 1.

Therefore, 𝐴 is an Einstein metric if and only if 𝑟0 = 𝑟1 = 𝑟2, i.e.,⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜆1 =

(︃
1 −

√
𝑙2 − 5𝑙 + 4
2(𝑙 − 1)

)︃
𝛾

𝜆2 =
(︃

1 +
√
𝑙2 − 5𝑙 + 4
2(𝑙 − 1)

)︃
𝛾

or

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
𝜆1 =

(︃
1 +

√
𝑙2 − 5𝑙 + 4
2(𝑙 − 1)

)︃
𝛾

𝜆2 =
(︃

1 −
√
𝑙2 − 5𝑙 + 4
2(𝑙 − 1)

)︃
𝛾

.

∙ 𝐴 non-diagonal (𝑏 ̸= 0):

The eigenvalues of 𝐴 are given by

𝜉0 = 𝛾, 𝜉1 = 1
2

(︂
𝜆1 + 𝜆2 −

√︁
4𝑏2 + (𝜆2 − 𝜆1)2

)︂
and 𝜉2 = 1

2

(︂
𝜆1 + 𝜆2 +

√︁
4𝑏2 + (𝜆2 − 𝜆1)2

)︂
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and satisfy
𝜉1 + 𝜉2 = 𝜆1 + 𝜆2, 𝜉1𝜉2 = 𝜆1𝜆2 − 𝑏2,

𝑏2 = (𝜉2 − 𝜆2)(𝜉2 − 𝜆1) = (𝜆1 − 𝜉1)(𝜉2 − 𝜆1)

= (𝜆2 − 𝜉1)(𝜆1 − 𝜉1) = (𝜆2 − 𝜉1)(𝜉2 − 𝜆2).
Since 𝐴 is a positive operator, then 𝜉1, 𝜉2 > 0. An 𝐴−orthonormal basis of mΘ is given by

𝑌𝑖𝑗 = 𝑢𝑖𝑗√
𝜉0
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1,

𝑋𝑙𝑗 = (𝜉1 − 𝜆2)𝑤𝑙𝑗 + 𝑏𝑢𝑙𝑗√
𝑐1

, 𝑌𝑙𝑗 = (𝜉2 − 𝜆2)𝑤𝑙𝑗 + 𝑏𝑢𝑙𝑗√
𝑐2

, 1 ≤ 𝑗 ≤ 𝑙 − 1,

where 𝑐1 = 𝜉1(𝜉1 −𝜆2)(𝜉1 − 𝜉2) and 𝑐2 = 𝜉2(𝜉2 −𝜆2)(𝜉2 − 𝜉1). These vectors satisfy the relations

[𝑋𝑙𝑡, 𝑋𝑙𝑠]mΘ = 2𝑏
√

𝜉0
𝜉1(𝜉1−𝜉2)𝑌𝑠𝑡, [𝑋𝑙𝑡, 𝑌𝑙𝑠]mΘ = 𝑏(𝜆2−𝜆1)

|𝑏|(𝜉1−𝜉2)

√︁
𝜉0

𝜉1𝜉2
𝑌𝑠𝑡, [𝑌𝑙𝑡, 𝑌𝑙𝑠]mΘ = 2𝑏

√
𝜉0

𝜉2(𝜉2−𝜉1)𝑌𝑠𝑡, 𝑠 ̸= 𝑡,

[𝑌𝑖𝑗, 𝑋𝑙𝑗]mΘ = 𝑏

𝜉1 − 𝜉2

(︃
2√
𝜉0
𝑋𝑙𝑖 +

√︃
𝜉2

𝜉0𝜉1

(︃
𝜆2 − 𝜆1

|𝑏|

)︃
𝑌𝑙𝑖

)︃
,

[𝑌𝑖𝑗, 𝑌𝑙𝑖]mΘ = 𝑏

𝜉1 − 𝜉2

(︃
2√
𝜉0
𝑌𝑙𝑗 +

√︃
𝜉1

𝜉0𝜉2

(︃
𝜆1 − 𝜆2

|𝑏|

)︃
𝑋𝑙𝑗

)︃
,

[𝑌𝑖𝑗, 𝑌𝑙𝑗]mΘ = 𝑏

𝜉2 − 𝜉1

(︃
2√
𝜉0
𝑌𝑙𝑗 +

√︃
𝜉1

𝜉0𝜉2

(︃
𝜆1 − 𝜆2

|𝑏|

)︃
𝑋𝑙𝑗

)︃
,

[𝑌𝑖𝑗, 𝑋𝑙𝑖]mΘ = 𝑏

𝜉2 − 𝜉1

(︃
2√
𝜉0
𝑋𝑙𝑗 +

√︃
𝜉2

𝜉0𝜉1

(︃
𝜆2 − 𝜆1

|𝑏|

)︃
𝑌𝑙𝑗

)︃
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1.

We may use formula (4.0.2) to obtain

Ric(𝑋𝑙𝑗, 𝑌𝑙𝑗) = (𝑙 − 2)|𝑏|(𝜆1 − 𝜆2)(𝜉2
0 − 2𝜉1𝜉2)

(𝜉2 − 𝜉1)𝜉0(𝜉1𝜉2)
3
2

, for all 𝑗 ∈ {1, ..., 𝑙 − 1}.

Thus, if 𝐴 is an Einstein metric then Ric(𝑋𝑙𝑗, 𝑌𝑙𝑗) = 𝑐𝑔(𝑋𝑙𝑗, 𝑌𝑙𝑗) = 0 (for some 𝑐 ∈ R), i.e.,
𝜆1 = 𝜆2 or 𝜉0 =

√
2𝜉1𝜉2.

Case 1. 𝜆1 = 𝜆2.
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When 𝜆1 = 𝜆2, the Ricci components are guven by

𝑟0 := Ric(𝑌𝑖𝑗, 𝑌𝑖𝑗) = 2(𝑙 − 3)
𝜉0

+ 𝜉0

2

(︃
1
𝜉2

1
+ 1
𝜉2

2

)︃
, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1,

𝑟1 := Ric(𝑋𝑙𝑗, 𝑋𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜉1

− 𝜉0

2𝜉2
1

)︃
, 1 ≤ 𝑗 ≤ 𝑙 − 1,

𝑟2 := Ric(𝑌𝑙𝑗, 𝑌𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜉2

− 𝜉0

2𝜉2
2

)︃
, 1 ≤ 𝑗 ≤ 𝑙 − 1.

We shall show that the sytem of equations⎧⎪⎨⎪⎩
𝑟0 = 𝑟1

𝑟1 = 𝑟2

(4.2.15)

has not positive solutions. In fact,

𝑟1 = 𝑟2 ⇐⇒ 2
𝜉1

− 𝜉0

2𝜉2
1

= 2
𝜉2

− 𝜉0

2𝜉2
2

⇐⇒ 4𝜉1𝜉
2
2 − 𝜉0𝜉

2
2 = 4𝜉2

1𝜉2 − 𝜉0𝜉
2
1

⇐⇒ 4𝜉1𝜉2(𝜉2 − 𝜉1) − 𝜉0(𝜉2 − 𝜉1)(𝜉2 + 𝜉1) = 0

⇐⇒ (𝜉2 − 𝜉1)(4𝜉1𝜉2 − 𝜉0(𝜉1 + 𝜉2)) = 0

⇐⇒ 𝜉1 = 𝜉2 or 𝜉0 = 4𝜉1𝜉2

𝜉1 + 𝜉2
.

Since 𝑏 ̸= 0 then 𝜉1 ̸= 𝜉2. Assuming 𝜉0 = 4𝜉1𝜉2

𝜉1 + 𝜉2
we have that

𝑟0 = (𝑙 + 1)𝜉2
1 + (𝑙 + 1)𝜉2

2 + 2(𝑙 − 3)𝜉1𝜉2

2𝜉1𝜉2(𝜉1 + 𝜉2)
and 𝑟1 = 𝑟2 = 4(𝑙 − 2)𝜉1𝜉2

2𝜉1𝜉2(𝜉1 + 𝜉2)
,

therefore

𝑟0 − 𝑟1 = 0 ⇐⇒ (𝑙 + 1)𝜉2
1 + (𝑙 + 1)𝜉2

2 − 2(𝑙 − 1)𝜉1𝜉2

2𝜉1𝜉2(𝜉1 + 𝜉2)
= 0

⇐⇒ (𝑙 + 1)(𝜉1 − 𝜉2)2 + 4𝜉1𝜉2 = 0

=⇒ 𝜉1 = 𝜉2 = 0.

Hence, system (4.2.15) has no solutions 𝜉1, 𝜉2 with 𝜉1, 𝜉2 > 0.
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Case 2. 𝜉0 =
√

2𝜉1𝜉2.

In this case we have

𝑟0 := Ric(𝑌𝑖𝑗, 𝑌𝑖𝑗) = 2(𝑙 − 2)
𝜉0

+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2
,

𝑟1 := Ric(𝑋𝑙𝑗, 𝑋𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜉1

− 2𝑏2𝜉0

𝜉2
1(𝜉2 − 𝜉1)2 + (𝜆2 − 𝜆1)2

2(𝜉2 − 𝜉1)2

(︃
𝜉2

1 − 𝜉2
2 − 𝜉2

0
𝜉0𝜉1𝜉2

)︃)︃
,

𝑟2 := Ric(𝑌𝑙𝑗, 𝑌𝑙𝑗) = (𝑙 − 2)
(︃

2
𝜉2

− 2𝑏2𝜉0

𝜉2
2(𝜉2 − 𝜉1)2 + (𝜆2 − 𝜆1)2

2(𝜉2 − 𝜉1)2

(︃
𝜉2

2 − 𝜉2
1 − 𝜉2

0
𝜉0𝜉1𝜉2

)︃)︃
.

Thus

𝑟1 − 𝑟2 = (𝑙 − 2)
(︃

2
(︃

1
𝜉1

− 1
𝜉2

)︃
− 2𝑏2𝜉0

(𝜉2 − 𝜉1)2

(︃
1
𝜉2

1
− 1
𝜉2

2

)︃
+ (𝜆2 − 𝜆1)2

𝜉0(𝜉2 − 𝜉1)2

(︃
𝜉1

𝜉2
− 𝜉2

𝜉1

)︃)︃

= (𝑙 − 2)
(︃

2
(︃
𝜉2 − 𝜉1

𝜉1𝜉2

)︃
− 2𝑏2𝜉0

(𝜉2 − 𝜉1)2

(︃
𝜉2

2 − 𝜉2
1

𝜉2
1𝜉

2
2

)︃
+ (𝜆2 − 𝜆1)2

(𝜉2 − 𝜉1)2

(︃
𝜉2

1 − 𝜉2
2

𝜉0𝜉1𝜉2

)︃)︃

= (𝑙 − 2)
(︃

2
(︃
𝜉2 − 𝜉1

𝜉1𝜉2

)︃
− 4𝑏2

(𝜉2 − 𝜉1)2

(︃
𝜉2

2 − 𝜉2
1

𝜉0𝜉1𝜉2

)︃
+ (𝜆2 − 𝜆1)2

(𝜉2 − 𝜉1)2

(︃
𝜉2

1 − 𝜉2
2

𝜉0𝜉1𝜉2

)︃)︃

= (𝑙 − 2)
(︃

2
(︃
𝜉2 − 𝜉1

𝜉1𝜉2

)︃
− 𝜉2

2 − 𝜉2
1

(𝜉2 − 𝜉1)2

(︃
4𝑏2 + (𝜆2 − 𝜆1)2

𝜉0𝜉1𝜉2

)︃)︃

= (𝑙 − 2)
(︃

2
(︃
𝜉2 − 𝜉1

𝜉1𝜉2

)︃
− 𝜉2

2 − 𝜉2
1

𝜉0𝜉1𝜉2

)︃

= (𝑙 − 2)(𝜉2 − 𝜉1)(2𝜉0 − (𝜉1 + 𝜉2))
𝜉0𝜉1𝜉2

= (𝑙 − 2)(𝜉2 − 𝜉1)(2
√

2𝜉1𝜉2 − (𝜉1 + 𝜉2))√
2(𝜉1𝜉2)

3
2

.

Observe that 𝜉2 − 𝜉1 ̸= 0 (since 𝑏 ̸= 0), therefore, an Einstein metric 𝐴 satisfiying 𝑏 ̸= 0 and
𝜉0 =

√
2𝜉1𝜉2 also satisfies 2

√
2𝜉1𝜉2 = 𝜉1 + 𝜉2. In this situation we have

𝑟0 − 𝑟1 + 𝑟2

2 = 2(𝑙 − 2)
𝜉0

+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2

−
(︃
𝑙 − 2

2

)︃(︃
2
(︃

1
𝜉1

+ 1
𝜉2

)︃
− 2𝑏2𝜉0

(𝜉2 − 𝜉1)2

(︃
1
𝜉2

1
+ 1
𝜉2

2

)︃
− (𝜆2 − 𝜆1)2

(𝜉2 − 𝜉1)2

(︃
𝜉0

𝜉1𝜉2

)︃)︃
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= 2(𝑙 − 2)
(︃

1
𝜉0

− 1
2𝜉1

− 1
2𝜉2

)︃
+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2
+ 2𝑏2(𝑙 − 2)

(𝜉2 − 𝜉1)2

(︃
𝜉2

1 + 𝜉2
2

𝜉0𝜉1𝜉2

)︃

+ (𝜆2 − 𝜆1)2(𝑙 − 2)
(𝜉2 − 𝜉1)2

(︃
𝜉0

2𝜉1𝜉2

)︃

= (𝑙 − 2)(2𝜉1𝜉2 − 𝜉0(𝜉1 + 𝜉2))
𝜉0𝜉1𝜉2

+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2

+
(︃

𝑙 − 2
(𝜉2 − 𝜉1)2

)︃(︃
2𝑏2(𝜉2

1 + 𝜉2
2) + (𝜆2 − 𝜆1)2𝜉1𝜉2

𝜉0𝜉1𝜉2

)︃

= (𝑙 − 2)(2𝜉1𝜉2 − 2𝜉2
0)

𝜉0𝜉1𝜉2
+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2

+
(︃

𝑙 − 2
(𝜉2 − 𝜉1)2

)︃(︃
2𝑏2(𝜉2

1 + 𝜉2
2) + (𝜉2 − 𝜉1)2𝜉1𝜉2 − 4𝑏2𝜉1𝜉2

𝜉0𝜉1𝜉2

)︃

= (𝑙 − 2)(−2𝜉1𝜉2)
𝜉0𝜉1𝜉2

+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2

+
(︃

𝑙 − 2
(𝜉2 − 𝜉1)2

)︃(︃
2𝑏2(𝜉2 − 𝜉1)2 + (𝜉2 − 𝜉1)2𝜉1𝜉2

𝜉0𝜉1𝜉2

)︃

= (𝑙 − 2)(−2𝜉1𝜉2)
𝜉0𝜉1𝜉2

+ 8𝑏2 − (𝜉2 − 𝜉1)2

𝜉0𝜉1𝜉2
+ 2𝑏2(𝑙 − 2) + 𝜉1𝜉2(𝑙 − 2)

𝜉0𝜉1𝜉2

= 2𝑏2(𝑙 + 2) + (4 − 𝑙)𝜉1𝜉2 − 𝜉2
1 − 𝜉2

2√
2(𝜉1𝜉2)

3
2

= 2𝑏2(𝑙 + 2) − (𝑙 + 2)𝜉1𝜉2√
2(𝜉1𝜉2)

3
2

(since 𝜉1 + 𝜉2 = 2
√︁

2𝜉1𝜉2 =⇒ 𝜉2
1 + 𝜉2

2 = 6𝜉1𝜉2).

Then

𝑟0 − 𝑟1 + 𝑟2

2 = 0 ⇐⇒ 𝜉1𝜉2 = 2𝑏2,

by solving 𝜉1 + 𝜉2 = 2
√

2𝜉1𝜉2 and 𝜉1𝜉2 = 2𝑏2 for 𝜉1 < 𝜉2, we obtain{︃
𝜉1 = (−2 +

√
2)𝑏

𝜉2 = (−2 −
√

2)𝑏 , 𝑏 < 0,
{︃
𝜉1 = (2 −

√
2)𝑏

𝜉2 = (2 +
√

2)𝑏 , 𝑏 > 0,
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and 𝜉0 = 2|𝑏|. Hence, an Einstein metric satisfying 𝜉0 =
√

2𝜉1𝜉2 must satisfy one of the con-
ditions (F3), (F4), (F5) or (F6). Conversely, it is easy to verify that any invariant metric
satisfying one of the conditions (F3), (F4), (F5),(F6) is in fact an Einstein metric.

For Θ = {𝛼2, ..., 𝛼𝑙−1} or {𝛼2, ..., 𝛼𝑙−2, 𝛼𝑙}, the isotropy representation of FΘ also decomposes
into three irreducible 𝐾Θ−invariant subspaces. Consider the automorphisms 𝜌 and 𝜂 of so(𝑙) ⊕
so(𝑙) given by

𝜌(𝑤𝑖𝑗) = 𝑤𝑙−𝑗+1,𝑙−𝑖+1, 𝜌(𝑢𝑖𝑗) = 𝑢𝑙−𝑗+1,𝑙−𝑖+1, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙,
𝜂(𝑤𝑖𝑗) = 𝑤𝑖𝑗, 𝜂(𝑢𝑖𝑗) = 𝑢𝑖𝑗, 1 ≤ 𝑗 < 𝑖 ≤ 𝑙 − 1,
𝜂(𝑤𝑙𝑗) = 𝑢𝑙𝑗, 𝜂(𝑢𝑙𝑗) = 𝑤𝑙𝑗, 1 ≤ 𝑗 ≤ 𝑙 − 1.

We have that

𝜌(m{𝛼1,...,𝛼𝑙−2}) = m{𝛼2,...,𝛼𝑙−1}, 𝜂(m{𝛼2,...,𝛼𝑙−1}) = m{𝛼2,...,𝛼𝑙−2,𝛼𝑙},

and 𝜌, 𝜂, take an invariant inner product to an invariant inner product. Consequently, the
components of the Ricci tensor of invariant metrics for {𝛼2, ..., 𝛼𝑙−1} or {𝛼2, ..., 𝛼𝑙−2, 𝛼𝑙} are
the same as in the case of {𝛼1, ..., 𝛼𝑙−2}. Therefore, Einstein invariant metrics on F{𝛼2,...,𝛼𝑙−1}
and F{𝛼2,...,𝛼𝑙−2,𝛼𝑙} have the form (𝜌−1)*𝑔 and (𝜌−1 ∘ 𝜂−1)*𝑔, respectively, where 𝑔 is an Einstein
invariant metric on F{𝛼1,...,𝛼𝑙−2}.

4.3 Equivalent metrics
In this section, we shall decide which of the Einstein metrics found in the previous sections

are equivalent in the sense of the following definition:

Definition 4.3.1. Let 𝑔1, 𝑔2 be Riemannian metrics on a manifold 𝑀. We say that 𝑔1 and 𝑔2
are equivalent if there exists an isometry 𝐹 : (𝑀, 𝑔1) −→ (𝑀, 𝑔2).

As observed in [21], the Einstein constant corresponding to an Einstein Riemannian metric
𝑔 of volume 1 on a compact manifold 𝑀 is equal to 𝑆/𝑑𝑖𝑚(𝑀), where 𝑆 is the scalar curvature
of 𝑔. Since any isometry preserves the scalar curvature, then two Einstein metrics of volume 1
with different Einstein constant cannot be equivalent. We denote by 𝑣0 the volume of the flag
with respect to the invariant inner product fixed in each case.

Let us consider the flag (𝑆𝑂(𝑙) × 𝑆𝑂(𝑙 + 1))/𝑆𝑂(𝑙), 𝑙 ≥ 3. By Propositions 4.1.3 and 4.2.4,
this manifold has two invariant Einstein metrics 𝐴𝑖 = (𝜇𝑖, 𝛾𝑖), 𝑖 = 1, 2, where 𝜇1 = 𝛾1

2 and

𝜇2 =
(︁

𝑙
2𝑙−4

)︁
𝛾2. When 𝛾1 = 𝑣

− 4
𝑙(𝑙+1)

0 2
2

𝑙+1 and 𝛾2 = 𝑣
− 4

𝑙(𝑙+1)
0

(︁
2𝑙−4

𝑙

)︁ 2
𝑙+1 we have volume 1 and the

corresponding Einstein constants are given by

𝑐1 = (𝑙−1)𝑣
4

𝑙(𝑙+1)
0

2
2

𝑙+1 −1 and 𝑐2 = (𝑙−1)𝑣
4

𝑙(𝑙+1)
0

2
2

𝑙+1 −1

(︃
𝑙

2
𝑙+1 −1(𝑙+2)

(𝑙−2)
2

𝑙+1 −1

)︃
.

So, 𝑐1 = 𝑐2 if and only if 𝑙
2

𝑙+1 −1(𝑙+2)

(𝑙−2)
2

𝑙+1 −1 = 1 or, equivalently,
(︁

𝑙
𝑙−2

)︁ 2
𝑙+1 = 𝑙

(𝑙−2)(𝑙+2) , which is not

possible since 𝑙
(𝑙−2)(𝑙+2) < 1 < 𝑙

𝑙−2 . Hence, 𝐴1, 𝐴2 are not equivalent.
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For 𝑆𝑂(4)/𝑆(𝑂(2) × 𝑂(1) × 𝑂(1)), denote by 𝐴 and 𝐴 the the invariant metrics satisfying
(E2) and (E1) respectively (see Proposition 4.2.1), their corresponding volumes are given by

2
√

2𝑏 5
2 and 9𝜇

5
2
0

16 , and their corresponding Einstein constants are 1
𝑏

and 16
9𝜇0

. When 𝑏 = 2− 3
5 and

𝜇0 =
(︁

4
3

)︁ 4
5 we have volume 1, but 2 3

5 ̸=
(︁

4
3

)︁ 6
5 , so (E1) and (E2) cannot be equivalent. Now, if

we consider the diffeomorphisms

𝜓𝑖 : F{𝛼1} −→ F{𝛼1}; 𝜓𝑖

(︁
𝑘𝐾{𝛼1}

)︁
= 𝑠𝑖𝑘𝑠

𝑇
𝑖 𝐾{𝛼1}, 𝑖 = 3, 4, 5;

where

𝑠3 =

⎛⎜⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎠ , 𝑠4 =

⎛⎜⎜⎜⎝
0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

⎞⎟⎟⎟⎠ , and 𝑠5 =

⎛⎜⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟⎠ .
Then it is easy to verify that the invariant metric 𝜓*

𝑖𝐴 satisfies (Ei). This shows that (E2),
(E3), (E4) and (E5) are equivalent. We can use a similar argument to show that metrics (F1),
(F2) are equivalent as well as metrics (F3), (F4), (F5), (F6) and that (F1) is not equivalent
to (F3) (see Proposition 4.2.7).
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Chapter 5

Conclusions and future work

In this thesis, we addressed the problem of studying invariant Riemannian Geometry of
real flag manifolds associated to classical Lie algebras. We can see that there exist remarkable
differences between real and complex flag manifolds. For example, the set of invariant Rieman-
nian metrics in a complex flag manifold can be identified with (R+)𝑠 for some 𝑠 ∈ N. As seen
in Chapter 2, this does not hold for the real case since the existence of equivalent irreducible
submodules of the isotropy representation leads to non-diagonal invariant metrics. Another
big difference is the fact that in real flag manifolds we can find a large family of non-trivial
examples of g.o spaces (see Chapter 3), in contrast with the complex case, where the only flag
manifolds of a simple Lie group which admit an invariant non-normal metric with homogeneous
geodesics are the manifolds 𝑆𝑂(2𝑙 + 1)/𝑈(𝑙) and 𝑆𝑝(𝑙)/(𝑈(1) · 𝑆𝑝(𝑙 − 1)).

One of the main contributions of this work is the description of invariant Riemannian met-
rics in real flag manifolds of classical Lie algebras. This description is important to study several
geometric issues. Two of them were treated here: the classification of homogeneous spaces with
geodesic orbits and the solution of the Einstein equation.

Another interesting problem is the study of geometric flows on homogeneous spaces: given
a homogeneous manifold 𝑀 = 𝐺/𝐻 with reductive decomposition g = h⊕m of its Lie algebra.
We can consider a geometric flow on 𝑀 of the form

𝜕

𝜕𝑡
𝛾(𝑡) = 𝑞(𝛾(𝑡)), (5.0.1)

where {𝛾(𝑡)} is a one-parameter family of tensor fields on 𝑀 and 𝑞 assigns to each tensor field
another tensor field of the same type. Assuming 𝛾(𝑡) is 𝐺−invariant for all 𝑡, equation (5.0.1)
becomes equivalent to an ODE for a one-parameter family 𝛾(𝑡) of Ad(𝐻)−invariant tensors on
m of the form

𝑑

𝑑𝑡
𝛾(𝑡) = 𝑞(𝛾(𝑡)). (5.0.2)

In the case of a real flag manifold, we can use the parametrization of the invariant Riemannian
metrics obtained in Chapter 2 to study the behavior of the solutions of equation (5.0.2) when
{𝛾(𝑡)} is a family of homogeneous metrics.

There is a list of specific goals that are expected to be achieved in the medium term by
using the results and ideas of this work:
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• Parametrize the set of invariant Riemannian metrics on real flag manifolds of exceptional
Lie groups (𝐸6, 𝐸7, 𝐸8, 𝐹4, and 𝐺2).

• Classify the real flag manifolds of exceptional Lie groups which are g.o. spaces.

• Study the Einstein equation for real flag manifolds of exceptional Lie groups.

• Describe the invariant Riemannian metrics in other families of homogeneous spaces having
equivalent isotropy summands.

• Study the Ricci flow equation for a homogeneous spaces whose isotropy representation
splits into a low number of irreducible (possibly equivalent) submodules.
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