
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí❢✐❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❊st❛tíst✐❝❛

❆♥á❧✐s❡ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧✉♥♦s ❞❛ ❯◆■❈❆▼P ❞♦

✈❡st✐❜✉❧❛r à ❝♦♥❝❧✉sã♦ ❞♦ ❝✉rs♦ ✉t✐❧✐③❛♥❞♦

❯✲❊st❛tíst✐❝❛s✳

❘❛❢❛❡❧ P✐♠❡♥t❡❧ ▼❛✐❛

❖r✐❡♥t❛❞♦r❛✿ Pr♦❢❛✳ ❉r❛✳ ❍✐❧❞❡t❡ Pr✐s❝♦ P✐♥❤❡✐r♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❥✉♥t♦ ❛♦ ❉❡♣❛rt❛♠❡♥t♦

❞❡ ❊st❛tíst✐❝❛ ❞♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛✲

tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡

❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❚ít✉❧♦

❞❡ ▼❡str❡ ❡♠ ❊st❛tíst✐❝❛✳

❈❛♠♣✐♥❛s ✲ ❙P

✷✵✵✽



✐



✐✐



✐✐✐



✈

❆♦s ♠❡✉s ♣❛✐s ❏♦sé ❡ ❏♦s❡✜♥❛ ❡ ❛ ♠✐♥❤❛ ❡s♣♦s❛ ➱r✐❦❛✳



✈✐✐

❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s ♣♦r t❡r ♠❡ ❝♦♥❝❡❞✐❞♦ ♠❛✐s ❡ss❛ ❝♦♥q✉✐st❛✳

❆♦s ♠❡✉s ♣❛✐s✱ ❏♦sé ❡ ❏♦s❡✜♥❛✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦ q✉❡ s❡♠♣r❡ ♠❡ ❞❡r❛♠✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ ❡s♣♦s❛ ➱r✐❦❛✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ♣❛❝✐ê♥❝✐❛ q✉❡ t❡✈❡ ❝♦♠✐❣♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥❝❧✉sã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

➚ ❝❛r❛ ♣r♦❢❡ss♦r❛ ❍✐❧❞❡t❡✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❡❧❛ ❛♠✐✲

③❛❞❡✳

❆♦ ♣r♦❢❡ss♦r ◆♦❜❡rt♦ ❉❛❝❤s✱ ♣❡ss♦❛ ♣♦r q✉❡♠ t❡♥❤♦ ❣r❛♥❞❡ ❛❞♠✐r❛çã♦✱ ♣❡❧❛ ♠♦t✐✈❛✲

çã♦ ❡ ♣❡❧❛ ❛♠✐③❛❞❡✳

❆♦ ♣r♦❢❡ss♦r ❆❧✉✐s✐♦ P✐♥❤❡✐r♦ ♣❡❧❛ ❛❥✉❞❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❡t♦❞♦❧♦❣✐❛✳

❆♦ ♣r♦❢❡ss♦r ❏♦❤❛♥ ❘❡♥é ❱❛♥ ❉♦r♣ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ●❡♦r❣❡ ❲❛s❤✐♥❣t♦♥✱ ♣❡❧❛ ❛❥✉❞❛

❡♠ ❛❞❡q✉❛r ♦ s♦❢t✇❛r❡ ▼▲❊ ❈❛❧❝✉❧❛t♦r ❛♦s ❞❛❞♦s ❞♦ ❡st✉❞♦✳

❆♦s Pr♦❢❡ss♦r❡s ❉❛❧t♦♥ ❆♥❞r❛❞❡ ❡ ❘❡♥❛t♦ P❡❞r♦s❛✱ ♣❡❧❛s ❝rít✐❝❛s ❡ s✉❣❡stõ❡s q✉❡ ❢♦✲

r❛♠ r❡❝❡❜✐❞❛s ❝♦♠ ♠✉✐t♦ r❡s♣❡✐t♦✳

❆ t♦❞♦s ♦s ❢❛♠✐❧✐❛r❡s ❡ ❛♠✐❣♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉✐r❛♠ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦

❞❡ss❡ tr❛❜❛❧❤♦✳ Pr✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s q✉❡ t✐✈❡r❛♠ ♣❛❝✐ê♥❝✐❛ ❞❡ ♦✉✈✐r ♠✐♥❤❛s ❧❛♠❡♥t❛çõ❡s✦✦

➚ ❈❛♣❡s ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

▼✉✐t♦ ❖❜r✐❣❛❞♦



✐①

✏❆s ♥♦ss❛s ❞ú✈✐❞❛s sã♦ tr❛✐❞♦r❛s ❡ ♥♦s ❢❛✲

③❡♠ ♣❡r❞❡r ♦ ❜❡♠ q✉❡ ♣♦❞❡r✐❛♠♦s ❝♦♥q✉✐st❛r✱ s❡

♥ã♦ ❢♦ss❡ ♦ ♠❡❞♦ ❞❡ t❡♥t❛r✳✑

❲✐❧❧✐❛♠ ❙❤❛❦s♣❡❛r❡



①✐

❘❡s✉♠♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♣r♦♣♦r ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s ♣❛r❛ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s

❛❧✉♥♦s ❞❛ ❯◆■❈❆▼P✱ ❞♦ ✐♥❣r❡ss♦ à ❝♦♥❝❧✉sã♦ ❞♦ ❝✉rs♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞✐s♣♦♥í✈❡❧ ❢♦✐

♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦s q✉❡st✐♦♥ár✐♦s ❙ó❝✐♦✲❈✉❧t✉r❛✐s ❛♣❧✐❝❛❞♦s ♣❡❧❛ ❈♦♠✐ssã♦ P❡r♠❛♥❡♥t❡ ❞❡

❱❡st✐❜✉❧❛r❡s ✭❈❖▼❱❊❙❚✮ ♥❛ ✐♥s❝r✐çã♦ ❞♦ ✈❡st✐❜✉❧❛r ❡ ✐♥❢♦r♠❛çõ❡s ❛❝❛❞ê♠✐❝❛s ❢♦r♥❡❝✐❞❛s

♣❡❧❛ ❉✐r❡t♦r✐❛ ❆❝❛❞ê♠✐❝❛ ✭❉❆❈✮ ❞❛ ❯◆■❈❆▼P✳ ❊st❡s s❡ r❡❢❡r❡♠ às ✐♥❢♦r♠❛çõ❡s ❞❡ t♦❞♦s

♦s ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ♥♦s ❛♥♦s ❞❡ ✶✾✾✼ ❛ ✷✵✵✵✳

❙ã♦ ♣r♦♣♦st❛s ❞✉❛s ♠❡t♦❞♦❧♦❣✐❛s✱ ✉♠❛ ❝♦♠ ❜❛s❡ ♥❛ ✈❛r✐á✈❡❧ ❞❡♥♦♠✐♥❛❞❛ ✧❣❛♥❤♦ r❡❧❛✲

t✐✈♦✧ s✉❣❡r✐❞♦ ♣♦r ❉❛❝❤s ❡ ▼❛✐❛ ✭✷✵✵✻✮ ❡ ❛ s❡❣✉♥❞❛ ✉t✐❧✐③❛♥❞♦ ❛s ♥♦t❛s ❞❡ t♦❞❛s ❛s ❞✐s❝✐♣❧✐✲

♥❛s ❝✉rs❛❞❛s ♣❡❧♦s ❛❧✉♥♦s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✳ ❊ss❛s ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s ❜❛s❡✐❛♠✲s❡ ❡♠

♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡s ♣r♦♣♦st❛s ♣♦r ❘❛♦ ✭✶✾✽✷✮ ❡ ♥❛ ✉t✐❧✐③❛çã♦ ❞❡ ❯✲❊st❛tíst✐❝❛s✳ ❙ã♦

♣r♦♣♦st♦s t❡st❡s ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ♣❛r❛ ❛✈❛❧✐❛r s❡ ❡①✐st❡ ❞✐❢❡r❡♥ç❛ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❡♥tr❡

❛❧✉♥♦s ❞❡ ❣r✉♣♦s ❞✐st✐♥t♦s ✭❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛ ♦✉ ♣r✐✈❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✮✳

❆s♣❡❝t♦s t❡ór✐❝♦s ❞❡ ❯✲❊st❛tíst✐❝❛ ❡ ♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡ t❛♠❜é♠ sã♦ ❛♣r❡s❡♥t❛❞♦s✳

P❛r❛ ❛ ♣r✐♠❡✐r❛ ♠❡t♦❞♦❧♦❣✐❛ ❢♦r❛♠ ❢❡✐t❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s✿ ♣❛r❛♠étr✐❝❛ ❡ ♥ã♦ ♣❛r❛♠é✲

tr✐❝❛✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ❛ s❡❣✉♥❞❛✱ ❛♣❡♥❛s ❛ ❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛ ❢♦✐ ❡①♣❧♦r❛❞❛✳

◆❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛♠étr✐❝❛ ❛s ❡st✐♠❛t✐✈❛s sã♦ ❢❡✐t❛s ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ♥❛

♥ã♦ ♣❛r❛♠étr✐❝❛ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ ♠ét♦❞♦ ❞❡ r❡✲❛♠♦str❛❣❡♠ ♣♦r ❥❛❝❦❦♥❛❢❡ ♣❛r❛ s❡ ♦❜✲

t❡r ❛s ❡st✐♠❛t✐✈❛s ❞❛s ✈❛r✐â♥❝✐❛s✳ ❚♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ✉t✐❧✐③❛r❛♠ ♦s ❞❛❞♦s ❞♦s ❛❧✉♥♦s

✐♥❣r❡ss❛♥t❡s✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ ❆çã♦ ❆✜r♠❛t✐✈❛✱ ❉❡s❡♠♣❡♥❤♦ ❆❝❛❞ê♠✐❝♦✱ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡ ❡

❊st❛tíst✐❝❛s ◆ã♦ P❛r❛♠étr✐❝❛✳



①✐✐✐

❆❜str❛❝t

❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ♣r♦♣♦s❡ ♥❡✇ ♠❡t❤♦❞s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r❡❢♦r♠❛♥❝❡s

♦❢ t❤❡ st✉❞❡♥ts ❛t ❯◆■❈❆▼P ❢r♦♠ ❛❞♠✐ss✐♦♥ t♦ ❣r❛❞✉❛t✐♦♥✳ ❚❤❡ ❞❛t❛ ✇❛s ♦❜t❛✐♥❡❞ ❢r♦♠

q✉❡st✐♦♥❛✐r❡s ❛♣♣❧✐❡❞ ❜② t❤❡ ❯♥✐✈❡rs✐t② ❈♦♠♠✐ss✐♦♥ ♦❢ ❛❞♠✐ss✐♦♥✬s ❡①❛♠ ✭❈❖▼❱❊❙❚✮

❞✉r✐♥❣ r❡❣✐str❛t✐♦♥ ♦❢ t❤❡ ❡①❛♠ ❛♥❞ ❛❝❛❞❡♠✐❝ ✐♥❢♦r♠❛t✐♦♥s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❉✐r❡❝t♦r② ♦❢

❆❝❛❞❡♠✐❝ ❙t✉❞✐❡s ✭❉❆❈✮✳ ❚❤❡ ❞❛t❛ r❡❢❡r t♦ ✐♥❢♦r♠❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ t❤❡ st✉❞❡♥ts

❡♥r♦❧❧❡❞ ✐♥ t❤❡ ❯♥✐✈❡rs✐t② ❢r♦♠ ✶✾✾✼ t♦ ✷✵✵✵✳

❲❡ ♣r♦♣♦s❡ t✇♦ ♠❡t❤♦❞s✿ ♦♥❡ ❜❛s❡❞ ♦♥ t❤❡ ✈❛r✐❛❜❧❡ ✧r❡❧❛t✐✈❡ ❣❛✐♥✧✭❉❛❝❤s ❛♥❞ ▼❛✐❛✱

✷✵✵✻✮ ❛♥❞ t❤❡ ♦t❤❡r ♠❡t❤♦❞ ✉s❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❣r❛❞❡s ♦❢ ❛❧❧ ❝♦✉rs❡s ❛tt❡♥❞❡❞

❜② t❤❡ st✉❞❡♥ts ❞✉r✐♥❣ t❤❡✐r ✉♥❞❡r❣r❛❞✉❛t❡ st✉❞✐❡s✳ ❚❤❡s❡ ♥❡✇ ♠❡t❤♦❞s ❛r❡ ❜❛s❡❞ ♦♥

❞✐✈❡rs✐t② ♠❡❛s✉r❡s ♣r♦♣♦s❡❞ ❜② ❘❛♦ ✭✶✾✽✷✮ ❛♥❞ t❤❡ ✉s❡ ♦❢ ❯✲❙t❛t✐st✐❝s✳ ❍♦♠♦❣❡♥❡✐t②

t❡sts ❛r❡ ♣r♦♣♦s❡❞ t♦ ❡✈❛❧✉❛t❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ st✉❞❡♥ts ❛❝❝♦r❞✐♥❣ t♦

❞✐✛❡r❡♥t s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❣r♦✉♣s✳

❋♦r t❤❡ ✜rst ♠❡t❤♦❞✱ ✇❡ ❤❛✈❡ t✇♦ ❛♣♣r♦❛❝❤❡s✿ ❛ ♣❛r❛♠❡tr✐❝ ❛♥❞ ❛ ♥♦♥♣❛r❛♠❡tr✐❝

❛♥❛❧②s✐s✳ ❋♦r t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞✱ ♦♥❧② ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❛♥❛❧②s✐s ✇❛s ❞♦♥❡✳ ■♥ t❤❡ ♣❛r❛✲

♠❡tr✐❝ ❛♥❛❧②s✐s✱ ❛ ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ✉s❡❞ ❛♥❞ ✐♥ t❤❡ ♥♦♥♣❛✲

r❛♠❡tr✐❝ ❛♥❛❧②s✐s✱ r❡s❛♠♣❧✐♥❣ ♠❡t❤♦❞s s✉❝❤ ❛s ❥❛❝❦❦♥✐❢❡ ✇❛s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡s

♦❢ t❤❡ ✈❛r✐❛♥❝❡s ❛♥❞ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧s✳ ❆❧❧ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ✉s❡ t❤❡ ❞❛t❛ ♦❢ t❤❡ ❡♥r♦❧❧❡❞

st✉❞❡♥ts✳

❑❡②✇♦r❞s✿ ❆✣r♠❛t✐✈❛ ❛❝t✐♦♥✱ ❆❝❛❞❡♠✐❝ ♣❡r❢♦r♠❛♥❝❡✱ ❉✐✈❡rs✐t② ♠❡❛s✉r❡s ❛♥❞

◆♦♥♣❛r❛♠❡tr✐❝ st❛t✐st✐❝s✳
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21✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ❍✐st♦❣r❛♠❛s ♣❛r❛ ❛s ♥♦t❛s ✜♥❛✐s ♣❛❞r♦♥✐③❛❞❛s ❞❡ t♦❞♦s ♦s ✐♥❣r❡ss❛♥t❡s ❞♦s ❛♥♦s

❞❡ ✶✾✾✼✱ ✶✾✾✽✱ ✶✾✾✾ ❡ ✷✵✵✵✱ ❡ ❛❧✉♥♦s ❛♣r♦✈❛❞♦s ♥♦s ❈✉rs♦s ❞❡ ▼❡❞✐❝✐♥❛ ❡ ❊st❛✲

tíst✐❝❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ●rá✜❝♦s ❞❡ ❝❛✐①❛ ♣❛r❛ ♦ ❈❘ ♠é❞✐♦ ❞♦s ❛❧✉♥♦s s❡❣✉♥❞♦ ♦ ❛♥♦ ❞❡ ✐♥❣r❡ss♦ ♥❛

❯◆■❈❆▼P✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸ ❍✐st♦❣r❛♠❛s ♣❛r❛ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r

♣❛❞r♦♥✐③❛❞❛ ❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✹ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ ♥♦r♠❛❧ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✺ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ✳ ✽

✶✳✻ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ♣❛r❛ ❛ ❛♠♦str❛ ❛❧❡❛tór✐❛

❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✼ ❍✐st♦❣r❛♠❛ ❞❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ③❡r♦s ♥❛s ✶✵✵✵ ❛♠♦str❛s ❣❡r❛❞❛s ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ✶✵

✶✳✽ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ❝♦rr✐❣✐❞❛✱ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ✳ ✳ ✳ ✶✶

✺✳✶ P❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s s❡❣✉♥❞♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ♣♦r s❡①♦✳ ✳ ✳ ✳ ✳ ✺✶

✺✳✷ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s s❡❣✉♥❞♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉ ♣♦r ár❡❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✺✳✸ P❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s q✉❡ tr❛❜❛❧❤❛✈❛♠ ♦✉ ♥ã♦ ❛♦ ❡♥tr❛r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ♣♦r
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✺✳✹ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ s❡❣✉♥❞♦ ❛ r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧✱ ♣♦r s❡①♦ ❡ ♣♦r t✐♣♦ ❞❡

❡s❝♦❧❛ ❞♦ ✷◦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
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✺✳✺ ●rá✜❝♦ ❞❡ ❈❛✐①❛s ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ s❡①♦ ❡ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷♦
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✺✳✻ ❈✉r✈❛ ♥♦r♠❛❧ ❡st✐♠❛❞❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳ ✳ ✳ ✳ ✺✾

✺✳✼ ❈✉r✈❛ tr✐❛♥❣✉❧❛r ❡st✐♠❛❞❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳ ✳ ✻✷

✺✳✽ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❛ SQE✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
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✺✳✶✵ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ SQE∗ ❡ SQE∗∗✱ ❙❡①♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
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12 − Ĉ∗
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✺✳✶✷ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ Ĉ∗
12 − Ĉ∗
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❆✳✶ ❋✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Z✱ ❝♦♠ ❞✐str✐❜✉✐✲
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◆❛ s♦❝✐❡❞❛❞❡ ❜r❛s✐❧❡✐r❛ t❡♠ s❡ ❝♦♥st❛t❛❞♦ ❤á ❛❧❣✉♥s ❛♥♦s ♠✉✐t❛s ❞✐s❝✉ssõ❡s s♦❜r❡ ♠❡❞✐✲

❞❛s ♣❛r❛ s❡ r❡♣❛r❛r ❛❧❣✉♠❛s ❞❛s ✐♥❥✉st✐ç❛s s♦❝✐❛✐s ❤✐stór✐❝❛s ❡♠ r❡❧❛çã♦ ❛♦ ❊♥s✐♥♦ ❙✉♣❡r✐♦r

♥♦ ♣❛ís✳ ❆s ♣r✐♥❝✐♣❛✐s ♣r♦♣♦st❛s t❡♠ s✐❞♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❡st❛❜❡❧❡❝❡r ✧q✉♦t❛s✧✳ ❆ ♠é❞✐♦

❡ ❧♦♥❣♦ ♣r❛③♦✱ ❛s ♣♦❧ít✐❝❛s ♣ú❜❧✐❝❛s ♣❛r❛ r❡✈❡rt❡r ❡st❡ q✉❛❞r♦ ❞❡✈❡♠ ❝♦♥❝❡♥tr❛r✲s❡ ❡♠

❞✐♠✐♥✉✐r ❛s ❞❡s✐❣✉❛❧❞❛❞❡s s♦❝✐❛✐s ❡①✐st❡♥t❡s ♥❛ s♦❝✐❡❞❛❞❡ ❡✱ ♥❡st❡ ❝❛s♦ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❡♠

❛✉♠❡♥t❛r ♦ ❛❝❡ss♦ ❛♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ♠❡❧❤♦r❛♥❞♦ ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠❡s♠♦ ♥❛s ❡s❝♦❧❛s ♣ú✲

❜❧✐❝❛s ❞♦ ♣❛ís✳ ❈♦♠ ❡ss❡ ♦❜❥❡t✐✈♦✱ ❞✐✈❡rs❛s ♠❡❞✐❞❛s ✈❡♠ s❡♥❞♦ t♦♠❛❞❛s ❛ ✜♠ ❞❡ q✉❡ ♥♦

❢✉t✉r♦ ❥♦✈❡♥s ❜r❛s✐❧❡✐r♦s ❞❡ ❛♠❜♦s ♦s s❡①♦s✱ q✉❡ ♥ã♦ tê♠ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st✉❞❛r ❡♠

❡s❝♦❧❛s ♣r✐✈❛❞❛s✱ ♣♦ss❛♠ t❡r ❛s ♠❡s♠❛s ♦♣♦rt✉♥✐❞❛❞❡s ❞❡ ❛❝❡ss♦ à ❯♥✐✈❡rs✐❞❛❞❡ q✉❡ ♦s

♠❛✐s ♣r✐✈✐❧❡❣✐❛❞♦s ❡❝♦♥♦♠✐❝❛♠❡♥t❡✳ ❆ ♠❡s♠❛ ❞✐s❝✉ssã♦ ♦❝♦rr❡ t❛♠❜é♠ ❡♠ r❡❧❛çã♦ ❛♦

❛❝❡ss♦ ❞❡ ♣❡ss♦❛s q✉❡ s❡ ❛✉t♦✲❞❡❝❧❛r❛♠ ♥❡❣r❛s ♦✉ ♣❛r❞❛s✳

❊♠ ❛❧❣✉♠❛s ✉♥✐✈❡rs✐❞❛❞❡s ♥♦ ♣❛ís ❛❞♦t♦✉✲s❡ ❛ ♣♦❧ít✐❝❛ ❞❡ ✧q✉♦t❛s✧ ♣❛r❛ ❡st✉❞❛♥t❡s

♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❡✴♦✉ ❛✉t♦✲❞❡❝❧❛r❛❞♦s ♥❡❣r♦s✳ ◆❛ ❯◆■❈❆▼P✱ ❛ ♣❛rt✐r ❞❡

✷✵✵✹✱ ❢♦✐ t♦♠❛❞❛ ❛ ❞❡❝✐sã♦ ❞❡✱ ❡♠ ✈❡③ ❞❡ q✉♦t❛s✱ ❛❞♦t❛r ♣♦❧ít✐❝❛s ❞♦ t✐♣♦ ❛çã♦ ❛✜r♠❛t✐✈❛

✭❇♦✇❡♥ ❡ ❇♦❦✱ ✶✾✾✽✮✳ ❋♦✐ ❡♥tã♦ ❝r✐❛❞♦ ✉♠ ♣r♦❣r❛♠❛ ❝❤❛♠❛❞♦ P❆❆■❙ ✭Pr♦❣r❛♠❛ ❞❡

❆çã♦ ❆✜r♠❛t✐✈❛ ❡ ■♥❝❧✉sã♦ ❙♦❝✐❛❧✮✱ ❛❞✐❝✐♦♥❛♥❞♦ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s à

♥♦t❛ ❞♦ ✈❡st✐❜✉❧❛r ✭❡ss❡s ♣♦♥t♦s sã♦ ❛❞✐❝✐♦♥❛❞♦s ❛ ♥♦t❛ ✜♥❛❧✱ ❛♣ós ❛ s❡❣✉♥❞❛ ❢❛s❡✮ ♣❛r❛

❛q✉❡❧❡s ❝❛♥❞✐❞❛t♦s q✉❡ t❡♥❤❛♠ ❝✉rs❛❞♦ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ✐♥t❡❣r❛❧♠❡♥t❡ ❡♠ ❡s❝♦❧❛s ❞❛ r❡❞❡
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♣ú❜❧✐❝❛ ❞❡ ❡♥s✐♥♦✳

❉❛❝❤s ❡ ▼❛✐❛ ✭✷✵✵✻✮ ♣r♦♣✉s❡r❛♠ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❢♦r♥❡❝❡r

♠❛✐♦r❡s s✉❜sí❞✐♦s s♦❜r❡ ❛ ❛❞❡q✉❛çã♦ ❞❡st❡ t✐♣♦ ❞❡ ♣♦❧ít✐❝❛✳ P❛r❛ ✐ss♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❢♦r♥❡❝✐❞♦ ♣❡❧❛ ❈❖▼❱❊❙❚ ✭❈♦♠✐ssã♦ P❡r♠❛♥❡♥t❡ ♣❛r❛ ♦s ❱❡st✐❜✉❧❛✲

r❡s✮✱ ❝♦♠ ✐♥❢♦r♠❛çõ❡s ❞❡ t♦❞♦s ♦s ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ♥♦s ❛♥♦s ❞❡ ✶✾✾✹

❛ ✶✾✾✼✳ ❆ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡r❡ss❡✱ ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♦✉ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧✱ ❢♦✐

❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❛ ❞✐❢❡r❡♥ç❛ ❞♦ ♣♦st♦ r❡❧❛t✐✈♦ ❞♦ ❛❧✉♥♦ r❡❢❡r❡♥t❡ ❛♦ s❡✉ ❝♦❡✜❝✐❡♥t❡ ❞❡

r❡♥❞✐♠❡♥t♦✭❈❘✮ ✜♥❛❧ ✭r❛③ã♦ ❡♥tr❡ ❛ ❝♦❧♦❝❛çã♦ ❞♦ ❛❧✉♥♦ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❛❧✉♥♦s ❞❛ t✉r♠❛✮✱

❞❡♥tr♦ ❞❡ s✉❛ t✉r♠❛✱ ❡ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ❞♦ ❛❧✉♥♦ r❡❢❡r❡♥t❡ à ♥♦t❛ ✜♥❛❧ ♣❛❞r♦♥✐③❛❞❛ ✭◆❋P✮

♦❜t✐❞❛ ♥♦ ✈❡st✐❜✉❧❛r✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♣r♦♣♦r ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s ♣❛r❛ ❛✈❛❧✐❛r ❛s ❞✐❢❡r❡♥ç❛s ❝♦♠

r❡❧❛çã♦ ❛♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧✉♥♦s✳ ❊ss❛s ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s s❡ ❜❛s❡✐❛♠ ♥❛ ✉t✐❧✐③❛çã♦ ❞❡

♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡ ♦✉ ❆♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ✭❘❛♦✱ ✶✾✽✷✮✳ ❆s ♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡

tê♠ s✐❞♦ ♠✉✐t♦ ✉t✐❧✐③❛❞❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ✭P✐♥❤❡✐r♦ ❡ P✐♥❤❡✐r♦✱ ✷✵✵✼✮✱

t❛✐s ❝♦♠♦✿ ❛♥tr♦♣♦❧♦❣✐❛ ✭▼❛❤❛❧❛♥♦❜✐s✱ ✶✾✸✻✮✱ ❣❡♥ét✐❝❛ ✭❈❛✈❛❧❧✐✲❙❢♦r③❛✱ ✶✾✻✾ ❀ ❑❛r❧✐♥ ❡t ❛❧❧✱

✶✾✼✾ ❀ ◆❡✐✱ ✶✾✼✷✮✱ ❡❝♦♥♦♠✐❛ ✭●✐♥✐✱ ✶✾✶✷ ❀ ◆❛②❛❦ ❡ ●❛st✇✐rt❤✱ ✶✾✽✾❀ ❙❡♥✱ ✶✾✼✸❀ ❙❡♥✱ ✶✾✾✾✮✱

s♦❝✐♦❧♦❣✐❛✭❆❣r❡st✐ ❡ ❆❣r❡st✐✱ ✶✾✼✽ ❀ ❘❛♦✱ ✶✾✽✷✮ ❡ ♦✉tr❛s ár❡❛s ❞❛ ❜✐♦❧♦❣✐❛ ✭P✐♥❤❡✐r♦✱ ✶✾✾✼

❀ ❙❤❛♥❣✈✐✱ ✶✾✺✸❀ ❙♦❦❛❧ ❡ ❙♥❡❛❧t❤❀ ✶✾✻✸✮✳ ❆ ❛♥á❧✐s❡ ❞❛ ❞✐✈❡rs✐❞❛❞❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛

❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❛♥á❧✐s❡ ❝❧áss✐❝❛ ❞❡ ✈❛r✐â♥❝✐❛ ✭❆◆❖❱❆✮ ❡ ✈❡♠ s❡♥❞♦ ♠✉✐t♦

út✐❧ ♣❛r❛ s❡ ❛♥❛❧✐s❛r ❞❛❞♦s q✉❛❧✐t❛t✐✈♦s q✉❡ s✉r❣❡♠ ♥❡ss❛s ❞✐✈❡rs❛s ár❡❛s✳

❋♦r❛♠ ♣r♦♣♦st❛s ❡♥tã♦ ❞✉❛s ♠❡t♦❞♦❧♦❣✐❛s✱ ✉♠❛ ✉t✐❧✐③❛♥❞♦ ♦ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧ ❡ ♦✉tr❛

❛s ♥♦t❛s ♦❜t✐❞❛s ♣❡❧♦s ❛❧✉♥♦s ♥❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦ ❡ ♦ ♣♦st♦ ❞♦

❛❧✉♥♦ ❝♦♠ r❡❧❛çã♦ ❛ ♥♦t❛ ❞♦ ✈❡st✐❜✉❧❛r✳ ❆♠❜❛s s❡rã♦ ♠❡❧❤♦r ❛♣r❡s❡♥t❛❞❛s ❡♠ ❝❛♣ít✉❧♦s

s❡❣✉✐♥t❡s✳

❆ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ♣r❡t❡♥❞❡✲s❡ ❛✈❛❧✐❛r s❡ ❡①✐st❡♠ ❞✐❢❡r❡♥ç❛s ❝♦♠ r❡❧❛çã♦

❛♦ ❞❡s❡♠♣❡♥❤♦ ❛❝❛❞ê♠✐❝♦✱ ❡♥tr❡ ❛❧✉♥♦s q✉❡ ❡st✉❞❛r❛♠ ♦ s❡❣✉♥❞♦ ❣r❛✉ ❡♠ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s

❡ ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s✳

❖s ❞❛❞♦s ✉t✐❧✐③❛❞♦s ♥❡ss❡ ❡st✉❞♦ ❢♦r❛♠ ❢♦r♥❡❝✐❞♦s ♣❡❧❛ ❈♦♠✐ssã♦ P❡r♠❛♥❡♥t❡ ❞❡ ❱❡s✲



✶✳✶ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚r❛❜❛❧❤♦ ✸

t✐❜✉❧❛r❡s ✭❈❖▼❱❊❙❚✮ ❡ ♣❡❧❛ ❉✐r❡t♦r✐❛ ❆❝❛❞ê♠✐❝❛ ✭❉❆❈✮ ❡ s❡ r❡❢❡r❡♠ ❛ ✐♥❢♦r♠❛çõ❡s

❛❝❛❞ê♠✐❝❛s ❡ ❛s r❡s♣♦st❛s ❞♦ q✉❡st✐♦♥ár✐♦ só❝✐♦✲❝✉❧t✉r❛❧ ❛♣❧✐❝❛❞♦ ♥♦ ♠♦♠❡♥t♦ ❞❛ ✐♥s❝r✐✲

çã♦ ❞♦ ✈❡st✐❜✉❧❛r✱ ❞❡ t♦❞♦s ♦s ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ♥❛ ❯◆■❈❆▼P ♥♦s ❛♥♦s ❞❡ ✶✾✾✼✱ ✶✾✾✽✱

✶✾✾✾ ❡ ✷✵✵✵✳ ❊ss❡s ❞❛❞♦s ❝♦rr❡s♣♦♥❞❡♠ à ✉♠❛ ❛♠♦str❛ ❞♦ ✉♥✐✈❡rs♦ ❞❡ t♦❞♦s ♦s ❛❧✉♥♦s

q✉❡ ❥á ✐♥❣r❡ss❛r❛♠ ♥❛ ❯◆■❈❆▼P✳

✶✳✶ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚r❛❜❛❧❤♦

❖ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ✺ ❝❛♣ít✉❧♦s✳ ❖ ♣r✐♠❡✐r♦ ❝❛♣ít✉❞♦ ❛♣r❡s❡♥t❛ ✉♠❛ ✐♥tr♦❞✉çã♦

❝♦♠♦ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦ tr❛❜❛❧❤♦✱ ❞❡s❝r✐çã♦ ❞❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❡ ✉♠ ❡st✉❞♦ ❞❡ s✉❛

❞✐str✐❜✉✐çã♦✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ♣♦♥t♦s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡ ❯✲

❊st❛tíst✐❝❛✱ ❝♦♠♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ❯✲❊st❛tíst✐❝❛✱ ♦ t❡♦r❡♠❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❍♦❡✛✲

❞✐♥❣ ✭❍♦❡✛❞✐♥❣✱ ✶✾✹✽✮ ❡ ❛❧❣✉♥s t❡♦r❡♠❛s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛ss✐♥tót✐❝❛ ♣❛r❛

✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦♠❛❧✳

◆♦ ❝❛♣ít✉❧♦ ✸ s❡ ❞✐s❝✉t❡ ✉♠ ♣♦✉❝♦ ❞♦s ❛s♣❡❝t♦s t❡ór✐❝♦s ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❡❞✐❞❛s ❞❡

❞✐✈❡rs✐❞❛❞❡s ❡ ❞❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡✱ ❝♦♠♦ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♥ã♦ ♣❛r❛♠étr✐❝❛✳

◆♦ ❝❛♣ít✉❧♦ ✻ sã♦ ❡①♣♦st❛s✱ ❡♠ ❞❡t❛❧❤❡s✱ ❛s ❞✉❛s ♠❡t♦❞♦❧♦❣✐❛s ♣r♦♣♦st❛s ♣❛r❛ ❛ ❛♥á❧✐s❡✳

❊ ❞❡s❝r✐t❛s ❛s ❛❜♦r❞❛❣❡♥s ♣❛r❛♠étr✐❝❛s ❡ ♥ã♦ ♣❛r❛♠étr✐❝❛s ♣❛r❛ s❡ ❡st✐♠❛r ❛ ✈❛r✐â♥❝✐❛

❞♦s ❡st✐♠❛❞♦r❡s✳

❆s ❛♣❧✐❝❛çõ❡s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✺✱ ♦♥❞❡ é ❢❡✐t♦ ✉♠❛ ❞❡s❝r✐çã♦ ❞❡t❛❧❤❛❞❛ ❞♦

❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡ sã♦ ❛♣❧✐❝❛❞❛s✱ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s r❡❛✐s✱ ❛s ♠❡t♦❞♦❧♦❣✐❛s ♣r♦♣♦st❛s✳

◆♦s ❛♣ê♥❞✐❝❡s é ❛♣r❡s❡♥t❛❞❛ ❛ ❉✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r✱ ❛❧é♠ ❞❛s r♦t✐♥❛s ❞❡s❡♥✈♦❧✈✐❞❛s

♥♦ s♦❢t✇❛r❡ ❘ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛s ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛s✳



✹ ■♥tr♦❞✉çã♦

✶✳✷ ❖ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧

❆♦ s❡ ♣❡♥s❛r ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧✉♥♦s ❞❛ ❯◆■❈❆▼P✱ ❉❛❝❤s ❡

▼❛✐❛ ✭✷✵✵✻✮ ♣r❡❝✐s❛✈❛♠ ❝r✐❛r ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ ♠❡♥s✉r❛ss❡✱ ❞❡ ❢♦r♠❛ ❝♦♠♣❛rá✈❡❧ ❡♥tr❡

♦s ❞✐❢❡r❡♥t❡s ❝✉rs♦s ❡ ❛♥♦s ❞❡ ✐♥❣r❡ss♦✱ t❛❧ ❞❡s❡♠♣❡♥❤♦✳ ❆s ✈❛r✐á✈❡✐s q✉❡ ❞✐s♣✉♥❤❛♠ ❡r❛♠

❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦ ✭❈❘✮ ❞♦ ❛❧✉♥♦✳

❋✐❣✉r❛ ✶✳✶✿ ❍✐st♦❣r❛♠❛s ♣❛r❛ ❛s ♥♦t❛s ✜♥❛✐s ♣❛❞r♦♥✐③❛❞❛s ❞❡ t♦❞♦s ♦s ✐♥❣r❡ss❛♥t❡s ❞♦s ❛♥♦s ❞❡

✶✾✾✼✱ ✶✾✾✽✱ ✶✾✾✾ ❡ ✷✵✵✵✱ ❡ ❛❧✉♥♦s ❛♣r♦✈❛❞♦s ♥♦s ❈✉rs♦s ❞❡ ▼❡❞✐❝✐♥❛ ❡ ❊st❛tíst✐❝❛✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳

❆ ♥♦t❛ ✜♥❛❧ ♣❛❞r♦♥✐③❛❞❛ ❞♦ ✈❡st✐❜✉❧❛r é ❛ ♠é❞✐❛ ❞❛s ♥♦t❛s ♥❛s ♣r♦✈❛s ❞❛s ❞✐❢❡r❡♥t❡s

❞✐s❝✐♣❧✐♥❛s✱ ♣❛❞r♦♥✐③❛❞❛ ♣❛r❛ t❡r ♠é❞✐❛ ✺✵✵ ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ✶✵✵✳ ❈♦♠♦ s❡ ♦❜s❡r✈❛ ♥❛

❋✐❣✉r❛ ✶✳✶✱ ❡st❛ ✈❛r✐á✈❡❧ t❡♠ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❛❧✉♥♦s q✉❡ ✐♥❣r❡ss❛r❛♠ ♥❛

✉♥✐✈❡rs✐❞❛❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦✱ q✉❡ é ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ♠✐st✉r❛ ❝♦♠♣❧❡①❛✱ q✉❡ ♣♦❞❡

♣♦ss✐✈❡❧♠❡♥t❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ✉♠❛ ♠✐st✉r❛ ❞❡ ◆♦r♠❛✐s tr✉♥❝❛❞❛s✱ ❝♦♠ ♣♦♥t♦s ❞❡

tr✉♥❝❛♠❡♥t♦ ❡ ♠é❞✐❛s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❝❛❞❛ ❈✉rs♦✳ ▼❛s ❞❡s❝♦❜r✐r ❡ss❛ ❢♦r♠❛ ♥ã♦ r❡s♦❧✈❡ ♦

♣r♦❜❧❡♠❛ ❞❛ ❝♦♠♣❛r❛❜✐❧✐❞❛❞❡✳ ❖ ♠❛✐s ✐♠♣♦rt❛♥t❡ é q✉❡ ♣❛r❛ ♣♦❞❡r ❝♦♠♣❛r❛r ✐♥❣r❡ss❛♥t❡s

❞❡ ❈✉rs♦s ❞✐❢❡r❡♥t❡s ♥ã♦ s❡ ♣♦❞❡ ✉s❛r ❛ ♣ró♣r✐❛ ♥♦t❛✳ ❆❧é♠ ❞✐ss♦ ❛ ♥♦t❛ ♦❜t✐❞❛ ♥♦



✶✳✷ ❖ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧ ✺

✈❡st✐❜✉❧❛r ❛✈❛❧✐❛ ♦ ❛❧✉♥♦ ❛♣❡♥❛s ♥♦ ✐♥❣r❡ss♦ à ✉♥✐✈❡rs✐❞❛❞❡✳

❋✐❣✉r❛ ✶✳✷✿ ●rá✜❝♦s ❞❡ ❝❛✐①❛ ♣❛r❛ ♦ ❈❘ ♠é❞✐♦ ❞♦s ❛❧✉♥♦s s❡❣✉♥❞♦ ♦ ❛♥♦ ❞❡ ✐♥❣r❡ss♦ ♥❛ ❯◆■✲

❈❆▼P✳

❯♠❛ s✐t✉❛çã♦ ❛✐♥❞❛ ♠❛✐s ❝♦♠♣❧❡①❛ ♦❝♦rr❡ ❝♦♠ ♦ ❝♦❡✜❝✐❡♥t❡ ✜♥❛❧ ❞❡ r❡♥❞✐♠❡♥t♦ ✭❈❘✮

❞♦ ❛❧✉♥♦✳ ❖s ♣r♦❝❡ss♦s ❞❡ ❛✈❛❧✐❛çã♦ ✐♥t❡r♥❛ sã♦ ♠✉✐t♦ ❞✐❢❡r❡♥t❡s ♣❛r❛ ♦s ❈✉rs♦s ❞❛s

✈ár✐❛s ár❡❛s ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠ ✈❛r✐❛çõ❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ✭✈❡r ❋✐❣✉r❛ ✶✳✷✮✳ ❊ss❛

❝❛r❛❝t❡ríst✐❝❛ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞❛ ❛ ♣❛rt✐r ❞♦ ❈❘ ♠é❞✐♦ ❞♦s ❛❧✉♥♦s ♣♦r t✉r♠❛✳ ❖s ✈❛❧♦r❡s

♦s❝✐❧❛♠ ❞❡s❞❡ ✉♠ ♠í♥✐♠♦ ♣ró①✐♠♦ ❞❡ ✵✱✹ ✭❋ís✐❝❛ ❡ ▼❛t❡♠át✐❝❛ ▲✐❝❡♥❝✐❛t✉r❛✱ ❊♥❣❡♥❤❛r✐❛

❆❣rí❝♦❧❛ ❡ ❊st❛tíst✐❝❛✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❛♥♦✮ ❛té ✉♠ ♠á①✐♠♦ ❛♦ r❡❞♦r ❞❡ ✵✱✽ ✭▼❡❞✐❝✐♥❛✱

❊♥❢❡r♠❛❣❡♠ ❡ P❡❞❛❣♦❣✐❛ ❞✐✉r♥♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❛♥♦✮✳

P♦r ❡st❛s r❛③õ❡s✱ ❢♦✐ ❞❡❝✐❞✐❞♦ ❝r✐❛r ✉♠❛ ✈❛r✐á✈❡❧ q✉❡ ❢♦✐ ❝❤❛♠❛❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ r❡❧❛✲

t✐✈♦ ♦✉ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❛♦s ❛❧✉♥♦s ❞❡ ✉♠❛ ♠❡s♠❛ t✉r♠❛ ✭✐♥❣r❡ss❛♥t❡s

❡♠ ♠❡s♠♦ ❛♥♦ ❡ ❝✉rs♦✮ ❢♦r❛♠ ❛tr✐❜✉í❞♦s ❞♦✐s ♣♦st♦s ✭❝♦❧♦❝❛çã♦✮✱ ✉♠ ❜❛s❡❛❞♦ ♥❛ ♥♦t❛

✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r ❡ ♦✉tr♦ ♥♦ ❈❘ ✭♦ ❛❧✉♥♦ ❝♦♠ ♠❡♥♦r ♥♦t❛ r❡❝❡❜❡✉ ♦ ♣♦st♦ ✶✱ s❡❣✉♥❞❛

♠❡♥♦r ♥♦t❛ ♦ ♣♦st♦ ✷✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✮✱ ❝❤❛♠❛❞♦s ❞❡ ♣♦st♦ ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣♦st♦s ❢♦r❛♠ ❞✐✈✐❞✐❞♦s ♣❡❧♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛❧✉♥♦s ❡♠ ❝❛❞❛ t✉r♠❛✱

♣❛r❛ t♦r♥á✲❧♦s ❝♦♠♣❛rá✈❡✐s ❡♥tr❡ t✉r♠❛s✱ ❥á q✉❡ ❛s ♠❡s♠❛s ✈❛r✐❛♠ ❞❡ t❛♠❛♥❤♦ ❞❡ ✉♠

❝✉rs♦ ❡ ❛♥♦ ♣❛r❛ ♦ ♦✉tr♦✱ ♣❛❞r♦♥✐③❛♥❞♦ ❛ ❡s❝❛❧❛ ❞♦s ♣♦st♦s ♣❛r❛ t♦❞❛s ❛s t✉r♠❛✱ ❢❛③❡♥❞♦



✻ ■♥tr♦❞✉çã♦

❡st❡s ✈❛r✐❛r❡♠ ❡♥tr❡ ✵ ❡ ✶✳ ❊ss❡s ♥♦✈♦s ✈❛❧♦r❡s ❢♦r❛♠ ❝❤❛♠❛❞♦s ❞❡ ♣♦st♦s r❡❧❛t✐✈♦s✳

❉❡st❛ ❢♦r♠❛✱ ♦ ❛❧✉♥♦ ❝♦♠ ♠❛✐♦r ❈❘ ♦✉ ♥♦t❛ ❞♦ ✈❡st✐❜✉❧❛r r❡❝❡❜❡ ♣♦st♦ r❡❧❛t✐✈♦ ✐❣✉❛❧ ❛

✶ ❡✱ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✶ ❢♦r ♦ ♣♦st♦ r❡❧❛t✐✈♦ ✭✐♥✐❝✐❛❧ ♦✉ ✜♥❛❧✮ ❞♦ ♦ ❛❧✉♥♦✱ ♠❡❧❤♦r

❢♦✐ ♦ s❡✉ ❞❡s❡♠♣❡♥❤♦ ❝♦♠ r❡❧❛çã♦ ❛ s✉❛ t✉r♠❛✱ ❡ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✵✱ ♣✐♦r ♦ s❡✉

❞❡s❡♠♣❡♥❤♦✳

❖ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❢♦✐ ♦❜t✐❞♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ❜❛s❡❛❞♦ ♥♦ ❈❘ ✭♣♦st♦

r❡❧❛t✐✈♦ ✜♥❛❧✮ ❡ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ❜❛s❡❛❞♦ ♥❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r ✭♣♦st♦ r❡❧❛t✐✈♦ ✐♥✐❝✐❛❧✮✳

❖ ❣❛♥❤♦ r❡❧❛t✐✈♦ é✱ ♣♦r ❝♦♥str✉çã♦✱ ✉♠❛ ✈❛r✐á✈❡❧ ❧✐♠✐t❛❞❛ ❡♥tr❡ ✲✶ ❡ ✶ ❡ s✐♠étr✐❝❛ ❡♠ t♦r♥♦

❞♦ ③❡r♦✱ ❝♦♠ ♠é❞✐❛✱ ♠❡❞✐❛♥❛ ❡ ♠♦❞❛ ✐❣✉❛✐s ❛ ③❡r♦✳ ❆♣❡s❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❡ q✉❡ ♦s ❝✉rs♦s

tê♠ ♠ét♦❞♦s ❞❡ ❛✈❛❧✐❛çõ❡s ❞✐st✐♥t♦s ❡ ❛s t✉r♠❛s ♣♦ss✉❡♠ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✭♥ú♠❡r♦ ❞❡

❛❧✉♥♦s✮✱ é r❛③♦✈❡❧ ❛ss✉♠✐r q✉❡ ❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ❞❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❢♦✐ ❝♦♥str✉í❞❛✱

s❡❥❛ ❝♦♠♣❛rá✈❡❧ ❡♥tr❡ t✉r♠❛s✳ ■ss♦ ♣♦rq✉❡ s❡ tr❛❜❛❧❤❛ ❝♦♠ ♣♦st♦s ✭❛♦ ✐♥✈és ❞❛s ♥♦t❛s

❛❜s♦❧✉t❛s✮ r❡❧❛t✐✈♦s ❛ s✉❛ t✉r♠❛✱ ♦✉ s❡❥❛✱ ♣❛❞r♦♥✐③❛❞♦s ♣❛r❛ ✈❛r✐❛r❡♠ ❡♥tr❡ ✵ ❡ ✶✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❢♦r♥❡❝✐❞♦ ♣❡❧❛ ❈❖▼❱❊❙❚ ❡ ❛ ❉❆❈ ❞❛ ❯◆■❈❆▼P✱ ❝♦♥té♠ ✐♥❢♦r✲

♠❛çã♦ ❞❡ ✼✺✶✺ ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ♥♦s ❛♥♦s ❞❡ ✶✾✾✼ ❛ ✷✵✵✵ ✭❢♦r❛♠ ❡①❝❧✉í❞♦s ❞❛ ❛♠♦str❛ ♦s

❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ❡♠ ❝✉rs♦s t❡❝♥♦❧ó❣✐❝♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❈❛♠♣♦s ❞❡ ▲✐♠❡✐r❛✮✳ ❆❧❣✉♠❛s

♠❡❞✐❞❛s r❡s✉♠♦ ❞❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❝r✐❛❞♦ ❛ ♣❛rt✐r ❞❡ss❡s ❞❛❞♦s✱ sã♦ ❛♣r❡s❡♥t❛❞❛s

♥❛ ❚❛❜❡❧❛ ✶✳✶✳

❆ ❋✐❣✉r❛ ✶✳✸ ♠♦str❛ ♦s ❤✐st♦❣r❛♠❛s ♣❛r❛ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✳ ❈♦♠♦ s❡

♦❜s❡r✈❛✱ ❛s ❞✉❛s ❞✐str✐❜✉✐çõ❡s sã♦ ✐❞ê♥t✐❝❛s ✭♣❡❧♦ ♠ét♦❞♦ ❞❡ ❝♦♥str✉çã♦ ❞❛s ♠❡s♠❛s✮ ❡ s❡

❛♣r♦①✐♠❛♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❯♥✐❢♦r♠❡✭✵✱✶✮✳

❚❛❜❡❧❛ ✶✳✶✿ ▼❡❞✐❞❛s r❡s✉♠♦ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❞❛ ❛♠♦str❛ t♦t❛❧✳

❱❛r✐á✈❡❧ ♥ ♠❡❞✐❛♥❛ ♠é❞✐❛ ❞❡s✈✐♦ ♣❛❞rã♦ ♠í♥✐♠♦ ♠á①✐♠♦

❣❛♥❤♦ r❡❧❛t✐✈♦ ✼✺✶✺ ✵✱✵✵✵✵ ✵✱✵✵✵✵ ✵✱✸✺✹✸ ✲✵✱✾✽✹✸ ✵✱✾✽✸✾

◆❛ ❋✐❣✉r❛ ✶✳✹ é ❛♣r❡s❡♥t❛❞♦ ♦ ❤✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❡ ♦ ❣rá✜❝♦ ✧◗✉❛♥t✐❧✲

◗✉❛♥t✐❧ ❞❛ ♥♦r♠❛❧✧ ❞♦ ♠❡s♠♦✳ ◆♦t❛✲s❡ q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ tê♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❝♦♠

❛s ❝❛✉❞❛s ♠❛✐s ❧❡✈❡s ❝♦♠♣❛r❛❞❛s ❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ♦ q✉❡ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r ♣♦r



✶✳✷ ❖ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧ ✼

❋✐❣✉r❛ ✶✳✸✿ ❍✐st♦❣r❛♠❛s ♣❛r❛ ♦ ♣♦st♦ r❡❧❛t✐✈♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r ♣❛❞r♦✲

♥✐③❛❞❛ ❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✶✳✹✿ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ ♥♦r♠❛❧ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳



✽ ■♥tr♦❞✉çã♦

tr❛t❛r✲s❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❧✐♠✐t❛❞❛ ❛ ✉♠ ✐♥t❡r✈❛❧♦✳ ❈♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦

é ❧✐♠✐t❛❞❛ ❡ ✉♥✐♠♦❞❛❧✱ ✉♠❛ s✉♣♦s✐çã♦ r❛③♦á✈❡❧ é ❛ss✉♠✐r q✉❡ ✈❡♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦

tr✐❛♥❣✉❧❛r ❡♠ ❬✲✶✱✶❪ ❝♦♠ ♠♦❞❛ ✐❣✉❛❧ ❛ ③❡r♦ ✭❑♦t③ ❡ ❉♦r♣✱ ✷✵✵✹✮✳ ❯♠ ♦✉tr♦ ❢❛t♦r q✉❡

❥✉st✐✜❝❛ t❛❧ s✉♣♦s✐çã♦✱ é q✉❡ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ s✉❜tr❛çã♦

❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❝♦♠ ❞✐str✐❜✉✐çõ❡s ❯♥✐❢♦r♠❡s✱ ❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s ♣♦st♦s r❡❧❛t✐✈♦s s❡

❛♣r♦①✐♠❛♠ ❞❡ ❯♥✐❢♦r♠❡s ❡♠ ✭✵✱✶✮✳

❆ ❋✐❣✉r❛ ✶✳✺ ♠♦str❛ ♦ ❤✐st♦❣r❛♠❛ ♣❛r❛ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❝♦♠ ❝✉r✈❛ ❞❡ ✉♠❛ ❞❡♥s✐❞❛❞❡

tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ❡ ♦ ❣rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ ❞❛ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ❞♦ ♠❡s♠♦✳ ❖ ❞❡s✈✐♦

♣❛❞rã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ❡♠ ❬✲✶✱✵✱✶❪ é ✐❣✉❛❧ ❛ ✵✱✹✵✽✷ q✉❡ é

♠❛✐♦r q✉❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ♦❜s❡r✈❛❞♦ ♥❛ ❛♠♦str❛ ✭✵✱✸✺✹✸✮✳

❋✐❣✉r❛ ✶✳✺✿ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

P❛r❛ ❛✈❡r✐❣✉❛r s❡ ❞❡ ❢❛t♦ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✈❡♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✱ ❢♦✐

❣❡r❛❞❛ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♣❛r❛ ❝❛❞❛ ❛❧✉♥♦ ❞❡♥tr♦ ❞❡ ✉♠❛ ♠❡s♠❛

t✉r♠❛ ❢♦✐ ❞❛❞♦ ✉♠❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❡ ✉♠❛ ✜♥❛❧ t♦t❛❧♠❡♥t❡ ❛❧❡❛tór✐❛ ✭❝♦♠♦ ❡♠ ✉♠ s♦rt❡✐♦✮✱

❞❡st❛ ♠❛♥❡✐r❛ ♦s ♣♦st♦s ✭✐♥✐❝✐❛✐s ❡ ✜♥❛✐s✮ tê♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞✐s❝r❡t❛✳ ◆♦s

❞❛❞♦s ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛❧✉♥♦s é ❞❡ ✼✺✶✺✱ ❞✐✈✐❞♦s ❡♠ ✶✽✸ t✉r♠❛s ❞✐st✐♥t❛s ✭❡♠ ✹ ❛♥♦s ❞❡

✐♥❣r❡ss♦✿ ✶✾✾✼✱ ✶✾✾✽✱ ✶✾✾✾ ❡ ✷✵✵✵✮✱ s❡♥❞♦ ❛ss✐♠ ❛ ❛♠♦str❛ ❣❡r❛❞❛ t❛♠❜é♠ t❡♠ ♥ = 7515✳✳

❊♠ s❡❣✉✐❞❛ ❡ss❛s ♣♦s✐çõ❡s ❢♦r❛♠ ❞✐✈✐❞✐❞❛s ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ❛❧✉♥♦s ❡♠ ❝❛❞❛ t✉r♠❛✳ ❖



✶✳✷ ❖ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧ ✾

❣❛♥❤♦ r❡❧❛t✐✈♦ ✧❣❡r❛❞♦✧ ❢♦✐ ❡♥tã♦ ♦❜t✐❞♦ ❞❛ s✉❜tr❛çã♦ ❡♥tr❡ ♦s ❞♦✐s ♣♦st♦s✳

❋✐❣✉r❛ ✶✳✻✿ ❍✐st♦❣r❛♠❛ ❡ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ♣❛r❛ ❛ ❛♠♦str❛ ❛❧❡❛tór✐❛

❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

❈♦♠♦ s❡ ♥♦t❛ ♥❛ ❋✐❣✉r❛ ✶✳✻ ❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❣❡r❛❞❛ s❡❣✉❡ ♣❡r❢❡✐t❛♠❡♥t❡ ✉♠❛

❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡ ♥❛ ✜❣✉r❛ ❛♥t❡r✐♦r ❝♦♠ ♦s ❞❛❞♦s r❡❛✐s✳ ❖ q✉❡

s❡ ♦❜s❡r✈❛ é q✉❡ ♥♦s ❞❛❞♦s ❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s q✉❡ t✐✈❡r❛♠ ❣❛♥❤♦ ✐❣✉❛❧ ❛ ✵ ✭♥ã♦

♠✉❞❛r❛♠ ❞❡ ♣♦s✐çã♦✮ ♦✉ ❣❛♥❤♦ ♣ró①✐♠♦ ❞❡ ③❡r♦ ✭♠✉❞❛r❛♠ ♣♦✉❝❛s ♣♦s✐çõ❡s✮ é ♠❛✐♦r

❞♦ q✉❡ ♦ ❡s♣❡r❛❞♦ ❡♠ ✉♠❛ ❛♠♦str❛ ♦♥❞❡ ♦s ♣♦st♦s sã♦ ❛tr✐❜✉í❞♦s ❞❡ ❢♦r♠❛ t♦t❛❧♠❡♥t❡

❛❧❡❛tór✐❛✳



✶✵ ■♥tr♦❞✉çã♦

❋✐❣✉r❛ ✶✳✼✿ ❍✐st♦❣r❛♠❛ ❞❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ③❡r♦s ♥❛s ✶✵✵✵ ❛♠♦str❛s ❣❡r❛❞❛s ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ♦❜s❡r✈❛❞♦s ❝♦♠ r❡s♣❡✐t♦ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦

tê♠ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ❢♦✐ ❛✈❛❧✐❛❞♦ ❛♣❡♥❛s ♦s ❛❧✉♥♦s q✉❡ ♥ã♦ t✐✈❡r❛♠ ❛❧t❡r❛çã♦ ❞❡

♣♦st♦s ✭❣❛♥❤♦ r❡❧❛t✐✈♦ ✐❣✉❛❧ ❛ ✵✮ ✲ ♥♦s ❞❛❞♦s ❡❧❡s ❝♦rr❡s♣♦♥❞❡♠ ❛ ✸✱✻✺✪ ❞❛ ❛♠♦str❛✳

❋♦r❛♠ ❡♥tã♦ ❣❡r❛❞❛s ✶✵✵✵ ♥♦✈❛s ❛♠♦str❛s ✭✉t✐❧✐③❛♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥t❡r✐♦r✮ ❛❧❡❛tór✐❛s

❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❞❡ t❛♠❛♥❤♦ ✼✺✶✺ ❡ r❡❣✐str❛❞❛ ❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s ❝♦♠ ❣❛♥❤♦ ✐❣✉❛❧

❛ ③❡r♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳

❖ ❤✐st♦❣r❛♠❛ ❞❡ss❛s ♣❡r❝❡♥t❛❣❡♥s é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✼✳ ❆ ♠é❞✐❛ é ✐❣✉❛❧ ❛

✷✱✹✸✪ ✭❞❡s✈✐♦ ♣❛❞rã♦ ❂ ✵✱✶✽✪✮✳ ❆♣❧✐❝❛♥❞♦ ♦ t❡st❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❡ ❙❛❤♣✐r♦✲❲✐❧❦ ♦ ♣✲

✈❛❧♦r ♦❜t✐❞♦ é ✵✱✶✷✽✵✱ ♣♦rt❛♥t♦ ♥ã♦ s❡ r❡❥❡✐t❛ ❛ ❤✐♣ót❡s❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪✳

❊♠ s❡❣✉✐❞❛ ❢♦✐ ❛♣❧✐❝❛❞♦ ♦ t❡st❡ t✲❙✉❞❡♥t ♣❛r❛ ❛✈❛❧✐❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♠é❞✐❛ ❞❛ ❛♠♦str❛

❞❡ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ③❡r♦s s❡r ✐❣✉❛❧ ❛ ✸✱✻✺✪ ❡ ♦ ♣✲✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ❢♦✐ ❁ ✵✱✵✵✵✶✳ P♦rt❛♥t♦✱

❡①✐st❡♠ ❡✈✐❞ê♥❝✐❛s ♣❛r❛ s❡ r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ❛ ♠é❞✐❛ ❞❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡

③❡r♦s é ✐❣✉❛❧ ❛ ✸✱✻✺✪✳

❇❛s❡❛♥❞♦✲s❡ ♥❡ss❛ ✐♥❢♦r♠❛çã♦✱ ♦✉tr❛ s✉❣❡stã♦ ❢♦✐ ❛♣❧✐❝❛r ✉♠❛ ❝♦rr❡çã♦ ♥❛ ❢✉♥çã♦ ❞❡

❞✐str✐❜✉✐çã♦ ❞♦ ❣❛♥❤♦✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡❥❛ F (·) ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r

❡♠ ❬✲✶✱✶❪ ❝♦♠ moda ✐❣✉❛❧ ✵✱ ❡ s❡❥❛ p ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡r ✐❣✉❛❧ ❛ ③❡r♦✳

❆ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❥✉st❛❞❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡r✐❛✱ ❡♥tã♦✱ ❞❛❞❛ ♣♦r



✶✳✷ ❖ ✧❣❛♥❤♦ r❡❧❛t✐✈♦✧ ✶✶

F ∗(x) =































0 se x < −1

(1 − p)F (x) se −1 ≤ x < 0

p+ (1 − p)F (x) se 0 ≤ x ≤ 1

1 se x > 1

✭✶✳✶✮

♦♥❞❡ ♦ ✈❛❧♦r ❡st✐♠❛❞♦ ♣❛r❛ p ❢♦✐ ✵✱✵✸✻✹✻ ✭✸✱✻✺✪✮✳

❋✐❣✉r❛ ✶✳✽✿ ●rá✜❝♦ ◗✉❛♥t✐❧✲◗✉❛♥t✐❧ tr✐❛♥❣✉❧❛r❬✲✶✱✵✱✶❪ ❝♦rr✐❣✐❞❛✱ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

▼❡s♠♦ ❢❛③❡♥❞♦ ❡st❛ ❝♦rr❡çã♦✱ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ♥❛ ❋✐❣✉r❛ ✶✳✽✱ ❛✐♥❞❛ ❤á ♣r♦❜❧❡♠❛s

♥♦ ❛❥✉st❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❣❛♥❤♦✱ ✐ss♦ ♣♦rq✉❡ ❛s ❝❛✉❞❛s ❞❛ ❞✐str✐❜✉✐çã♦ ♥ã♦ t❡♠ ✉♠

❞❡❝❛✐♠❡♥t♦ ❧✐♥❡❛r✱ ❝♦♠♦ ❡r❛ ❡s♣❡r❛❞♦ q✉❡ t✐✈❡ss❡✳

❊ss❛ ❛♥á❧✐s❡ ♠♦str❛ q✉❡ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✈ê♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦

tr✐❛♥❣✉❧❛r ❡♠ ❬✲✶✱✵✱✶❪ é r❛③♦á✈❡❧✱ ❡♥tr❡t❛♥t♦ ♥♦s ❞❛❞♦s ♣r❡s❡♥t❡s ❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s

❝♦♠ ❣❛♥❤♦ ♠✉✐t♦ ♣❡q✉❡♥♦ é ♠❛✐♦r ❞♦ q✉❡ ♦ ❡s♣❡r❛❞♦✱ ♦ q✉❡ ❞✐st♦r❝❡ ❛ ❞✐str✐❜✉✐çã♦ r❡❛❧✳

❉❡st❛ ❢♦r♠❛ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛r❡❝❡ ♠❡❧❤♦r s❡ ❛❞❡q✉❛r ❛♦s ❞❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ✐rá

s❡ tr❛❜❛❧❤❛r t❛♠❜é♠ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ♥❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛♠étr✐❝❛ ❢❡✐t❛ ♣❛r❛

♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

❆♣ós ❝✉✐❞❛❞♦s❛ ❛♥á❧✐s❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❞❛❞♦s✱ s❡rá ❡①♣❧♦r❛❞♦ t❛♠❜é♠ ✉♠❛ ❛❜♦r❞❛✲

❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛✱ ♦♥❞❡ s❡rá ✉t✐❧✐③❛❞❛ ❛ té❝♥✐❝❛ ❞❡ r❡✲❛♠♦str❛❣❡♠ ❞❡ ❥❛❝❦❦♥✐❢❡ ♣❛r❛



✶✷ ■♥tr♦❞✉çã♦

s❡ ♦❜t❡r ❛s ❡st✐♠❛t✐✈❛s ❞❛s ✈❛r✐â♥❝✐❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ q✉❡ s❡rá

♣r♦♣♦st❛✱ ❡ ❛ ♣❛rt✐r ❞❛ ✈❛r✐â♥❝✐❛ ❡st✐♠❛❞❛ ❝❛❧❝✉❧❛r ♦s r❡s♣❡❝t✐✈♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛✳



❈❛♣ít✉❧♦ ✷

❯✲❊st❛tíst✐❝❛s

❆ ✐❞é✐❛ ❜ás✐❝❛ q✉❡ ♥♦rt❡✐❛ ❛ ❝❧❛ss❡ ❞❡ ❯✲❊st❛tíst✐❝❛s✱ é ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ❝❛r❛❝✲

t❡ríst✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❡ ✐♥t❡r❡ss❡ ❝♦♠♦ ❢✉♥❝✐♦♥❛❧ ❞❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ✭P✐♥❤❡✐r♦ ❡

P✐♥❤❡✐r♦✱ ✷✵✵✼✮✳

❙✉♣♦♥❤❛ ✉♠ ❝♦♥❥✉♥t♦ F ❞❡ ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦✳ ❉❡✜♥❛✲s❡ ✉♠ ❢✉♥❝✐♦♥❛❧ θ(·) ❡♠

F ♣♦r

θ = θ(F ), F ∈ F

❍❛❧♠♦s ✭✶✾✹✻✮ ❞❡♠♦♥str❛ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳ ❙❡❥❛ F ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ ❢✉♥çõ❡s

❞❡ ❞✐str✐❜✉✐çã♦ ❡♠ R✳ ❈♦♥s✐❞❡r❡ θ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ❡♠ F ✳ ❙❡❥❛ ❛✐♥❞❛ X1, ..., Xn

✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ F ✳ ❊♥tã♦✱

❚❡♦r❡♠❛ ✷✳✶ ✭❍❛❧♠♦s✱✶✾✹✻✮✳

❯♠ ❢✉♥❝✐♦♥❛❧ θ ❞❡✜♥✐❞♦ ❡♠ F ♣♦❞❡ s❡r ❡st✐♠❛❞♦ s❡♠ ✈í❝✐♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ φ ✭❡♠ R
k✱ ♣❛r❛ ❛❧❣✉♠ k✮ t❛❧ q✉❡

θ(F ) =

∫ ∞

−∞

...

∫ ∞

−∞

φ(x1, ..., xk)dF (x1)...dF (xk),

♣❛r❛ t♦❞♦ F ∈ F ✳

❯♠ ❢✉♥❝✐♦♥❛❧ s❛t✐s❢❛③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✶ é ❝❤❛♠❛❞♦ ❞❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❡st❛tíst✐❝♦ r❡❣✉❧❛r

❞❡ ❣r❛✉ k✳ ❆ ❢✉♥çã♦ φ ❛ss♦❝✐❛❞❛ é ❞✐t❛ ♥ú❝❧❡♦ ❞♦ ❢✉♥❝✐♦♥❛❧✳ ■st♦ ❧❡✈❛ à s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦

❞❡ ♣❛râ♠❡tr♦s ❡st✐♠á✈❡✐s✳



✶✹ ❯✲❊st❛tíst✐❝❛s

❉❡✜♥✐çã♦ ✷✳✶ ✭P❛râ♠❡tr♦s ❊st✐♠á✈❡✐s ✲ P✐♥❤❡✐r♦ ❡ P✐♥❤❡✐r♦✱ ✷✵✵✼✮✳

❙❡❥❛♠ θ ∈ R ❡ X1, X2, ... ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥✲

t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s F ✱ ♣❛r❛ ❛❧❣✉♠ F ♥❛ ❢❛♠í❧✐❛ ❞❡ ❞✐str✐❜✉✐çõ❡s F ✳ ❊♥tã♦✱ ❞✐③✲s❡ s❡r

θ ✉♠ ♣❛râ♠❡tr♦ ❡st✐♠á✈❡❧ ❞❡ ❣r❛✉ r ♥❛ ❢❛♠í❧✐❛ ❞❡ ❞✐str✐❜✉✐çõ❡s F s❡ ❡①✐st❡ ✉♠ ♥ú❝❧❡♦

φ(·, ..., ·) ✭❞❡ r ❛r❣✉♠❡♥t♦s✮ t❛❧ q✉❡

EF (φ(X1, ..., Xr)) = θ,

♣❛r❛ t♦❞♦ F ∈ F ✳

✷✳✶ ❉❡✜♥✐♥❞♦ ❯✲❊st❛tíst✐❝❛s

❙❡❥❛♠ Xi, i ≥ 1✱ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s ❝♦♠

❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❋✱ ❞❡✜♥✐❞❛ ♥♦ R
p✱ ♣❛r❛ ❛❧❣✉♠ p ≥ 1✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ θ(F ) = θ

❞❡✜♥✐❞❛ ♣♦r

θ(F ) =

∫

...

∫

φ(x1, ..., xm)dF (x1)...dF (xm),

❡♠ q✉❡ φ(x1, ..., xm) é ✉♠❛ ❢✉♥çã♦ s✐♠étr✐❝❛ ❞❡ m ≤ 1 ❛r❣✉♠❡♥t♦s✳

P♦r ❡①❡♠♣❧♦✱ s❡ φ(x) = x✱ ✐st♦ é✱ m = 1✱ ❡♥tã♦ θ(F ) = EX1 = µ✳ ❙✐♠✐❧❛r♠❡♥t❡✱ s❡

m = 2 ❡ φ(x1, x2) = (x1−x2)2

2
❡♥tã♦✱ θ(F ) = E(X1 −X2)

2/2 = E[(X1 − µ) − (X2 − µ)]2/2

= E(X − µ)2 = σ2✳

❉❡st❛ ❢♦r♠❛✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ❢♦r♠✉❧❛❞♦s ❝♦♠♦ ❢✉♥çõ❡s ❞❡

s✉❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çõ❡s ❧❛t❡♥t❡s✳ ◆♦t❡ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡✱

θ(F ) = EF (φ(X1, ..., Xm)),

♣❛r❛ t♦❞♦ F ♣❡rt❡♥❝❡♥t❡ ❛ ❝❧❛ss❡ F ✳

◆❡st❛ ❢♦r♠❛✱ φ(·) é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ♥ú❝❧❡♦ ✭♦✉ ❦❡r♥❡❧✮ ❞❡ ❣r❛✉ m✳ ❙❡ X1, ..., Xn é

✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ n✱ ❡ t♦♠❛✲s❡ ❛❧❣✉♠❛ s✉❜✲❛♠♦str❛m ✭n ≥ m✮✱ ❡st✐♠❛✲s❡ θ(F ) ♣♦r

φ(Xi1 , ..., Xim)✳ P♦rt❛♥t♦✱ ✉♠ ❡st✐♠❛❞♦r s✐♠étr✐❝♦ ❡ ♥ã♦ ✈✐❝✐❛❞♦ ❞❡ θ(F ) ♣♦❞❡ s❡r ♦❜t✐❞♦

♣♦r ❝♦♠❜✐♥❛r t♦❞♦s ❡st❡s ❡st✐♠❛❞♦r❡s ♥ã♦ ✈✐❝✐❛❞♦s✳ ■st♦ é ❝❤❛♠❛❞♦ ❞❡ ❯✲❊st❛tíst✐❝❛ ❡ é

❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✱



✷✳✶ ❉❡✜♥✐♥❞♦ ❯✲❊st❛tíst✐❝❛s ✶✺

❉❡✜♥✐çã♦ ✷✳✷ ✭❯✲❊st❛tíst✐❝❛✮✳

Um ≡ U(X1, ..., Xm) =

(

n

m

)−1
∑

1≤i1<...<im≤m

φ(Xi1 , ..., Xim), n ≥ m.

❊①❡♠♣❧♦s

✭▼é❞✐❛ ❆♠♦str❛❧✮✳ ❙❡ θ(F ) = µ ❡ φ(X) = X✱ ❡♥tã♦

U1 =

(

n

1

)−1 n
∑

i=1

Xi =
1

n

n
∑

i=1

Xi = X̄n.

✭❱❛r✐â♥❝✐❛ ❆♠♦str❛❧✮✳ ❙❡ θ(F ) = σ2 ❡ φ(X1, X2) = (X1−X2)2

2
✱ ❡♥tã♦

U2 =

(

n

2

)−1 n−1
∑

i=1

n
∑

j=i+1

(Xi −Xj)
2

2

=
1

n(n− 1)

[

n−1
∑

i=1

n
∑

j=i+1

X2
i − 2XiXj +X2

j

]

=
1

n(n− 1)

[

n−1
∑

i=1

n
∑

j=i+1

X2
i −

n−1
∑

i=1

n
∑

j=i+1

2XiXj +
n−1
∑

i=1

n
∑

j=i+1

X2
j

]

=
1

n(n− 1)

[

n−1
∑

i=1

X2
i (n− i) +

n
∑

j=2

X2
j (i− 1) −

(

n
∑

i=1

n
∑

j=1

XiXj −
n
∑

i=1

X2
i

)]

=
1

n(n− 1)

[

n

n
∑

i=1

X2
i − n2X̄2

]

=

∑n

i=1X
2
i − nX̄2

n− 1

=

∑n

i=1(Xi − X̄)2

n− 1

= S2
n.

❉❡✜♥✐çã♦ ✷✳✸ ✭❯✲❊st❛tíst✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛✮✳

❈♦♥s✐❞❡r❡ k ❛♠♦str❛s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱
{

X1
1 , X

1
2 , ..., X

k
1 , X

k
2 , ...

}

✱ ♦❜t✐❞❛s ❞❛s

❞✐str✐❜✉✐çõ❡s F1, ..., Fk✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛ ❛ ❢✉♥çã♦ ♣❛r❛♠étr✐❝❛ θ = θ(F1, ..., Fk)✱ ❞❛

q✉❛❧ ❡①✐st❡ ✉♠ ❡st✐♠❛❞♦r ♥ã♦ ✈✐❝✐❛❞♦✳ ■st♦ é✱

θ = E[φ(X1
1 , ..., X

1
m1

; ...;Xk
1 , ..., X

k
mk

)],



✶✻ ❯✲❊st❛tíst✐❝❛s

❡♠ q✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ φ é s✐♠étr✐❝♦ ❞❡♥tr♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦s k ❣r✉♣♦s ❞❡

❛r❣✉♠❡♥t♦s✳ P❛r❛ ❡ss❡ ♥ú❝❧❡♦ φ✱ ❛ss✉♠✐♥❞♦ q✉❡ n1 ≥ m1, ..., nk ≥ mk✱ ❛ ❯✲❡st❛tíst✐❝❛

♣❛r❛ θ é ❞❡✜♥✐❞❛ ♣♦r

U♠ =
1

∏k

j=1

(

nj

mj

)

∑

c

φ(X1
i11, ..., X

1
i1m1

; ...;Xk
ik1, ..., X

k
ikmk

),

❡♠ q✉❡ ♠ = {m1,m2, ...,mk} ❡ {ij1, ..., ijmi
} ❞❡♥♦t❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ mj ❡❧❡♠❡♥t♦s ❞✐st✐♥✲

t♦s ❞♦ ❝♦♥❥✉♥t♦ {1, 2, ..., nj}✱ 1 ≤ j ≤ k ❡
∑

c ❞❡♥♦t❛ ❛ s♦♠❛ s♦❜r❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s✳

❊①❡♠♣❧♦✳ ❯✲❊st❛tíst✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❣r❛✉ ✭✶✱✶✮✳

❊st❛tíst✐❝❛ ❞❡ ❲✐❧❝♦①♦♥ ♣❛r❛ ✷ ❣r✉♣♦s✳ ❙❡❥❛X1, ..., Xn1 ❡ Y1, ..., Yn2 ❛♠♦str❛s ❛❧❡❛tór✐❛s

❞❛s ❞✐str✐❜✉✐çõ❡s F1 ❡ G1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ ♦ ❡st✐♠❛❞♦r ♥ã♦ ✈✐❝✐❛❞♦ ❞❡

θ(F,G) =

∫ ∞

−∞

∫ ∞

x

dFdG = P (X ≤ Y )

é

U =
1

n1n2

n1
∑

i=1

n2
∑

j=1

I(Xi ≥ Yj).

✷✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❯✲❊st❛tíst✐❝❛s

❉❡✜♥❛✲s❡ ❛s ❢✉♥çõ❡s

φc = E[φ(X1, ..., Xk)|X1 = x1, ..., Xc = xc] = E[φ(x1, ..., xc, Xc+1, ..., Xm)],

♣❛r❛ c = 1, 2, ...,m

❆ ❋✉♥çã♦ φc ❛♣r❡s❡♥t❛ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ✭▲❡❡✱ ✶✾✾✵✮✿

✶✳ φc(x1, ..., xc) = E(φd(x1, ..., xc, Xc+1, ..., Xd)))✱ 1 ≤ c < d ≤ m❀

✷✳ E(φc(x1, ..., xc)) = E(φ(x1, ..., xc))✳

❉❡✜♥❛✲s❡ ❛❣♦r❛

σ2
0 = 0,



✷✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❯✲❊st❛tíst✐❝❛s ✶✼

σ2
c = V ar[φc(X1, ..., Xc)],

c = 1, ...,m

❯♠ r❡s✉❧t❛❞♦ ✐♥t❡r❡ss❛♥t❡ é ♦ ♣r♦♣♦st♦ ♣♦r ❍♦❡✛❞✐♥❣ ✭✶✾✹✽✮✱ ❝❤❛♠❛❞♦ ❞❡ ❞❡❝♦♠♣♦s✐✲

çã♦ ❞❡ ❍♦❡✛❞✐♥❣ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❉❡❝♦♠♣♦s✐çã♦ ❍✳ ❊st❡ r❡s✉❧t❛❞♦ ❞❡♠♦♥str❛ q✉❡ t♦❞❛

❯✲❊st❛tíst✐❝❛ ❞❡ ❣r❛✉ m ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❯✲❊st❛tíst✐❝❛s

♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛s ❞❡ ❣r❛✉s 1, 2, ..,m

❚❡♦r❡♠❛ ✷✳✷ ✭❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❍♦❡✛❞✐♥❣✮✳

❙❡❥❛ X1, ..., Xn ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ F ❡ φ(·) ✉♠ ♥ú❝❧❡♦ ❞❡ ❣r❛✉ m✳

❉❡✜♥❛♠✲s❡

ψ(1)(x1) = φ1(x1) − θ,

ψ(2)(x1, x2) = φ2(x1, x2) − ψ(1)(x1) − ψ(1)(x2) − θ,

...

ψ(c)(x1, ..., xc) = φc(x1, ..., xc) −
c−1
∑

j=1

∑

(c,j)

ψ(j)(xi1 , ..., xij) − θ,

♣❛r❛ c = 3, ..,m✱ ❡♠ q✉❡
∑

(c,j) é t♦♠❛❞❛ ♣❛r❛ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡ j

❞❡ {x1, ..., xc}
❆ ♣❛rt✐r ❞✐ss♦✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❯ ❝♦♠♦✿

U = θ +
k
∑

j=1

(

k

j

)

Ψ(j),

♦♥❞❡ Ψ(j) =
(

n

m

)−1∑

(n,j) ψ(j)(Xi1 , ..., Xij)✳

❉❡♠♦♥str❛çã♦

❙❡❥❛ Sjs1,...,sk
❂
∑

ψ(j)(xi1 , ..., xij)✱ s♦♠❛ ❡st❛ ❡♠ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s {i1, ..., ij} ❞❡

{s1, .., sk}✳ ◆♦t❡ q✉❡✱

∑

(n,m)

Sjs1,...,sm
=

(

n− j

m− j

)

∑

(n,j)

ψ(j)(xi1 , ..., xij),



✶✽ ❯✲❊st❛tíst✐❝❛s

❡✱ s❡♥❞♦ ✈❡r❞❛❞❡✐r❛ ❛ r❡❧❛çã♦
(

n

m

)−1(
n− j

m− j

)

=

(

m

j

)(

n

j

)−1

,

t❡♠✲s❡ q✉❡

U =

(

n

m

)−1
∑

(n,m)

φ(x1, ..., xm)

=

(

n

m

)−1
∑

(n,m)

(

m
∑

j=1

Sjs1,...,sm
+ θ
)

= θ +

(

n

m

)−1 m
∑

j=1

(

n− j

m− j

)

∑

(n,j)

φ(j)(xi1 , ..., xij)

= θ +
k
∑

j=1

(

k

j

)

Ψ(j). ✭✷✳✶✮

�

✷✳✸ ❚❡♦r✐❛ ❆ss✐♥tót✐❝❛

❆q✉✐ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❞❛ t❡♦r✐❛ ❛ss✐♥tót✐❝❛ ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦❜t❡r

♦s r❡s✉❧t❛❞♦s ❛ss✐♥tót✐❝♦s ❞❡ ❯✲❊st❛tíst✐❝❛s ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ s❡❣✉✐♥t❡ ✭▲❡✐t❡ ❡ ❙✐♥❣❡r✱

✶✾✾✵✮✳

❉❡✜♥✐çã♦ ✷✳✹ ✭❖r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ❞❡ s❡qüê♥❝✐❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s ❡ ✈❡t♦r❡s✮✳

❙❡❥❛♠ {an}n≥1 ❡ {bn}n≥1 s❡qüê♥❝✐❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❊♥tã♦ ❞✐③✲s❡ q✉❡

✶✳ an = O(bn) s❡ ❡①✐st✐r❡♠ ✉♠ ♥ú♠❡r♦ r❡❛❧ K > 0 ❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

n0 = n0(K) t❛❧ q✉❡ |an/bn| ≤ K✱ ∀n ≥ n0❀

✷✳ an = o(bn) s❡ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st✐r ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n0 = n0(ǫ) t❛❧ q✉❡

|an/bn| < ǫ✱ ∀n > n0✳

❉❡✜♥✐çã♦ ✷✳✺ ✭❖r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ❞❡ s❡qüê♥❝✐❛s ❡st♦❝ást✐❝❛s✮✳

❙❡❥❛♠ {Xn}n≥1 ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡ {bn}n≥1 ✉♠❛ s❡qüê♥❝✐❛ ❞❡

♥ú♠❡r♦s r❡❛✐s ✭♦✉ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✮✳ ❉✐③✲s❡ q✉❡



✷✳✸ ❚❡♦r✐❛ ❆ss✐♥tót✐❝❛ ✶✾

✶✳ Xn = Op(bn) s❡ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ η > 0 ❡①✐st✐r❡♠ ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦

K = K(η) ❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n0 = n0(η)✱ t❛✐s q✉❡

P (|Xn/bn| ≥ K) ≤ η,∀n ≥ n0;

✷✳ Xn = op(bn) s❡ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ ǫ > 0 ❡ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ η > 0 ❡①✐st✐r

✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n0 = n0(ǫ, η)✱ t❛❧ q✉❡

P (|Xn/bn| ≥ ǫ) < η,∀n ≥ n0.

❚❡♦r❡♠❛ ✷✳✸ ✭❱❛r✐â♥❝✐❛ ❞❡ ✉♠❛ ❯✲❊st❛tíst✐❝❛ ❞❡ ❣r❛✉ m✮✳

❈♦♥s✐❞❡r❡ ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ m✱ φ(·)✳ ❊♥tã♦

Eφc(X1, ..., Xc) = θ,

♣❛r❛ t♦❞♦ 1 ≤ c ≤ m

▼❛✐s ❛✐♥❞❛✱ s❡♥❞♦ σ2
c = V ar(φc(X1, ..., Xc))✱ ❡♥tã♦

✶✳ ❆ ✈❛r✐â♥❝✐❛ ❞❡ ✉♠❛ ❯✲❊st❛tíst✐❝❛ U ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
(

n

m

)

V ar(U) =
m
∑

c=1

(

m

c

)(

n−m

m− c

)

σ2
c ; ✭✷✳✷✮

✷✳ ❙❡ σ2
1 > 0 ❡ σ2

c <∞✱ ♣❛r❛ t♦❞♦ c = 1, ...,m✱ ❡♥tã♦

V ar(
√
nU) → m2σ2

1, quando n→ ∞. ✭✷✳✸✮

❉❡♠♦♥str❛çã♦

◆♦t❡ q✉❡
(

n−m

j

)

=
1

j!
(n−m)(n−m− 1)...(n−m− j + 1) ≈ nj

j!
.

P♦rt❛♥t♦✱ ♥❛ ❡①♣r❡ssã♦ ✷✳✷✱ ♦ t❡r♠♦ ♣r✐♥❝✐♣❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ c = 1 q✉❡ é ❛ss✐♥t♦t✐❝❛✲

♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛

σ2
1

mnk−1

(m− 1)!

m!

nm
=
mσ2

1

n
.

�

❋✐♥❛❧♠❡♥t❡✱ ♦ ❚❡♦r❡♠❛ ❈❡♥tr❛❧ ❞♦ ▲✐♠✐t❡ ❞❡ ❍♦❡✛❞✐♥❣ é ❞❛❞♦ ♣♦r



✷✵ ❯✲❊st❛tíst✐❝❛s

❚❡♦r❡♠❛ ✷✳✹ ✭◆♦r♠❛❧✐❞❛❞❡ ❆ss✐♥tót✐❝❛ ❞❡ ❯✲❊st❛tíst✐❝❛✮✳

✶✳ ❙❡ 0 < σ2
1 <∞✱ ❡♥tã♦✱ q✉❛♥❞♦ n→ ∞

√
n(U − θ)

D→ N(0,m2σ2
1);

✷✳ ❙❡ σ2
c <∞✱ c = 1, ...,m✱ ❡♥tã♦✱

U − θ
√

V ar(U)

D→ N(0, 1).

❚❡♦r❡♠❛ ✷✳✺ ✭❱❛r✐â♥❝✐❛ ❞❡ ❯✲❊st❛tíst✐❝❛s ●❡♥❡r❛❧✐③❛❞❛s✮✳

❈♦♥s✐❞❡r❡ ✉♠❛ ❯✲❊st❛tíst✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ U♠✱ ❢❛③✲s❡ ❛ ❡①t❡♥sã♦ ❞❛ t❡♦r✐❛ ❛ss✐♥tót✐❝❛

♣❛r❛ ❡ss❡ ❝❛s♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ dj✱ t❛❧ q✉❡ 0 ≤ dj ≤ mj✳1 ≤ j ≤ k✱ s❡ ❞ = (d1, ..., dk)

❡

Φd1,...,dk
(xj

1, ..., x
j
d1

; 1 ≤ j ≤ k) = E(φ(Xj
1 , ..., X

j
mj

)|Xj
1 = xj

1, ..., X
j
dj

= xj
dj

; 1 ≤ j ≤ k).

P♦rt❛♥t♦✱ Φ0 = θ(F )✱ ♣♦✐s φ(Xj
1 , ..., X

j
mj

; 1 ≤ j ≤ k) é ✉♠ ❡st✐♠❛❞♦r ♥ã♦ ✈✐❡s❛❞♦ ♣❛r❛

θ(F ) ❡ Φ♠ = φ✱ ❝♦♠ ♠ = (m1, ...,mk)✳ ❊♥tã♦

ς❞ = E[Φ❞(Xj
1 , ..., X

j
dj

; 1 ≤ j ≤ k)] − θ2(F ), ✵ ≤ ❞ ≤ ♠,

❝♦♠ ς✵ = 0✳ P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ ♥ ≤ ♠

V ar(U♠) =
k
∑

j=1

n−1
j σ2

j [O(n−1
0 )],

❡♠ q✉❡ n0 = min(n1, ..., nk) ❡ σ2
j = m2

j ςδj1,...,δjk
✱ j = 1, ..., k ❝♦♠ δα,β = 1 s❡ α = β ❡ 0 s❡

α 6= β✳

❊♥tã♦✱ s❡ E(φ2) <∞✱

γ−1
n1,...,nk

(U♠ − θ)
D→ N(0, 1).

q✉❛♥❞♦ n0 = min(n1, ..., nk) → ∞✱ ❡♠ q✉❡

γ2
n1,...,nk

=
k
∑

j=1

m2
1ςδj1,...,δjk

nj

.

❈♦♠ ✐ss♦✱ ❛ ❯✲❊st❛tíst✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ N(θ, γ2
n1,...,nk

)✳



✷✳✸ ❚❡♦r✐❛ ❆ss✐♥tót✐❝❛ ✷✶

❚❡♦r❡♠❛ ✷✳✻ ✭❈♦✈❛r✐â♥❝✐❛ ❡♥tr❡ ❞✉❛s ❯✲❊st❛tíst✐❝❛s ❞❡ ♠❡s♠❛ ❛♠♦str❛✮✳

❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ g ❯✲❊st❛tíst✐❝❛s✱

Uγ =

(

n

mγ

)

∑

(c)

φγ(Xα1, ..., Xαmγ
), γ = 1, ..., g,

❡♠ q✉❡ ❝❛❞❛ Uγ é ❢✉♥çã♦ ❞❛ ♠❡s♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ t❛♠❛♥❤♦ n X1, ..., Xn✳ ❆ss✉♠❡✲

s❡ q✉❡ ❛ ❢✉♥çã♦ φγ é s✐♠étr✐❝❛ ♥♦s mγ ❛r❣✉♠❡♥t♦s✱ γ = 1, ..., g✳ ❙❡❥❛♠

E(Uγ) = E(φγ(X1, ..., Xmγ
)) = θγ, γ = 1, ..., g;

ψγ(x1, ..., xmγ
) = φγ(x1, ..., xmγ

) − θγ;

ψγ
c (x1, ..., xmc

) = E[ψ γ(1, ..., Xmγ
)|X1 = x1, ..., Xc = xc], c = 1, ...,mγ;

ςγ,υ
c = E[ψγ

c (X1, ..., Xc)ψ
υ
c (X1, ..., Xc)], γ, υ = 1, ..., g.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ γ = υ✱ ❡♥tã♦ ❡s❝r❡✈❡✲s❡✱

ςc = ςγ,γ
c = E[ψγ

c ]2.

❙❡❥❛✱

σ(Uγ, Uυ) = E[(Uγ − θγ)(Uυ−θυ
)],

❛ ❝♦✈❛r✐â♥❝✐❛ ❡♥tr❡ Uγ ❡ Uυ✳

❙❡ mγ < mυ✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♣❛r❛ ❛ ✈❛r✐â♥❝✐❛✱ ❡♥❝♦♥tr❛✲s❡ q✉❡✱

σ(Uγ, Uυ) =

(

n

mγ

)−1 mγ
∑

c=1

(

mυ

c

)(

n−mυ

mγ − c

)

ςγ,υ
c .

♣❛r❛ γ = υ✱ σ(Uγ, Uυ) é ❛ ✈❛r✐â♥❝✐❛ ❞❡ Uγ✳ ❙❡❣✉♥❞♦ ❍♦❡✛❞✐♥❣ ✭✶✾✹✽✮✱

lim
n→∞

nσ(Uγ, Uυ) = mγmυς
γ,υ
1 .

❆ss✐♠✱ ♣♦❞❡✲s❡ ❢❛③❡r ❛ s❡❣✉✐♥t❡ ❛♣r♦①✐♠❛çã♦✿

σ(Uγ, Uυ) ≈
mγmυ

n
ςγ,υ
1 +O(n−2).



❈❛♣ít✉❧♦ ✸

▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

❯♠❛ ♠❡❞✐❞❛ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❞❡❝♦♠♣♦r ❛ ❞✐✈❡rs✐❞❛❞❡ t♦t❛❧ ❞❡♥tr♦

❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦♣✉❧❛çã♦ ❞❡✈✐❞♦ ❛ ✉♠ ❝❡rt♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s✳ P♦rt❛♥t♦ ♣♦❞❡✲s❡

♣❡r❣✉♥t❛r q✉❛♥t♦ ❞❛ ❞✐✈❡rs✐❞❛❞❡ ❡♥tr❡ ✐♥❞✐✈í❞✉♦s ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ é ❞❡✈✐❞♦ ❛♦ t❛♠❛♥❤♦

❡ q✉❛♥t♦ é ❞❡✈✐❞♦ ❛ ❢♦r♠❛✳

◆♦ ❝❛s♦ ❡♠ q✉❡ s❡ t❡♥❤❛ ✉♠❛ ♠✐st✉r❛ ❞❡ ♣♦♣✉❧❛çõ❡s✱ ♣♦❞❡✲s❡ ❡st❛r ✐♥t❡r❡ss❛❞♦ ❡♠

s❛❜❡r q✉❛♥t♦ ❞❛ ❞✐✈❡rs✐❞❛❞❡ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❛s ♣♦♣✉❧❛çõ❡s é ❞❡✈✐❞♦ ❛ ❞✐✈❡rs✐❞❛❞❡ ❞❡♥tr♦

❞❡ ❝❛❞❛ ♣♦♣✉❧❛çã♦ ❡ q✉❛♥t♦ é ❞❡✈✐❞♦ ❛ ❞✐✈❡rs✐❞❛❞❡ ❡♥tr❡ ♣♦♣✉❧❛çõ❡s✳

❊♠ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛ ❞✐✈✐❞❡✲s❡ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡♠ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s

q✉❛♥t✐t❛t✐✈♦s ❞❡♥tr♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❛❞✐t✐✈♦s✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ é ✉s❛❞❛

♣❛r❛ t❡st❛r ✉♠❛ ❝❡rt❛ ❤✐♣ót❡s❡ ♥✉❧❛ ♦✉ ♣❛r❛ ❡st✐♠❛r ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❛ ✈❛r✐â♥❝✐❛✳ ❘❛♦

✭✶✾✽✷✮ ✐♥tr♦❞✉③✐✉ ✉♠❛ ♠❡❞✐❞❛ ❣❡r❛❧ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ✭✈❛r✐❛❜✐❧✐❞❛❞❡✮ ❛♣❧✐❝á✈❡❧ t❛♥t♦ ❛ ❞❛❞♦s

q✉❛♥t✐t❛t✐✈♦s✱ q✉❛♥t♦ ❛ ❞❛❞♦s q✉❛❧✐t❛t✐✈♦s✱ ❡st❡♥❞❡♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛

✭❆◆❖❱❆✮ ♣❛r❛ ✉♠ ❝❛s♦ ♠❛✐s ❣❡r❛❧✱ ❝❤❛♠❛♥❞♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ✭❆◆❖❉■❱✮✳

✸✳✶ ❆s♣❡❝t♦s ❚❡ór✐❝♦s

❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ ❡ ✉♠ ❝♦♥❥✉♥t♦ P ✱ ❝♦♥✈❡①♦✱ ❞❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐✲

❞❛❞❡ ❞❡✜♥✐❞❛s ♥❡❧❡✳ ❯♠❛ ❢✉♥çã♦ Q(·) ♠❛♣❡❛♥❞♦ P ♥♦s r❡❛✐s é ❞✐t❛ s❡r ✉♠❛ ✧♠❡❞✐❞❛ ❞❡



✷✹ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

❞✐✈❡rs✐❞❛❞❡✧ s❡ ❡st❛ s❛t✐s❢❛③ às s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s

• ❈✶✿ Q(P ) ≥ 0 ∀ P ∈ P ❡ Q(P ) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P é ❞❡❣❡♥❡r❛❞❛❀

• ❈✷✿ Q é ✉♠❛ ❢✉♥çã♦ ❝ô♥❝❛✈❛ ❡♠ P ✳

Q(P ) s❡rá ❛ ❞✐✈❡rs✐❞❛❞❡ ❞❡♥tr♦ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ α ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ♠❡❞✐❞❛ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ P✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ ❢✉♥çã♦ φ(X1, X2) s✐♠étr✐❝❛ ❡ ♥ã♦ ♥❡❣❛t✐✈❛✱ q✉❡

é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❞♦✐s ✐♥❞✐✈í❞✉♦s✱ s❡♠ ❞❛r r❡❢❡rê♥❝✐❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ X1 ❡ X2✳ ❆ ❡s❝♦❧❤❛ ❞❡ φ(X1, X2) ♥❛t✉r❛❧♠❡♥t❡ ❞❡♣❡♥❞❡ ❞❛ ♥❛t✉r❡③❛ ❞♦

♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳ ❘❛♦ ✭✶✾✽✷✮✱ ❞❡✜♥❡ DIV ✭❞✐✈❡rs✐❞❛❞❡✮ ❞❛ ♣♦♣✉❧❛çã♦ i ❝♦♠♦

Q(Pi) = Qi =

∫ ∫

φ(x1, x2)dPi(x1)dPi(x2),

✐st♦ é✱ ❛ ❞✐❢❡r❡♥ç❛ ♠é❞✐❛ ❡♥tr❡ ❞♦✐s ✐♥❞✐✈í❞✉♦s s❡❧❡❝✐♦♥❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❛ ♣♦♣✉❧❛çã♦

i✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠ ✐♥❞✐✈í❞✉♦ ❢♦✐ r❡t✐r❛❞♦ ❞❛ ♣♦♣✉❧❛çã♦ i ❡ ♦ ♦✉tr♦ ❞❛ ♣♦♣✉❧❛çã♦ j✳ ❆

❞✐❢❡r❡♥ç❛ ♠é❞✐❛ ❡♥tr❡ ❡ss❡s ❞♦✐s ✐♥❞✐✈í❞✉♦s é ❞❛❞❛ ♣♦r

C(Pi, Pj) = Cij =

∫ ∫

φ(xi, xj)dPi(xi)dPj(xj).

❊s♣❡r❛✲s❡ q✉❡ Cij s❡❥❛ ♠❛✐♦r ❞♦ q✉❡ ❛ ♠é❞✐❛ ❡♥tr❡ Qi ❡ Qj✱ ❡ss❡ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❛

♣❛rt✐r ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ✭s❡ φ(xi, xj) é ❝♦♥✈❡①❛✮

Cij ≥ 1

2
(Qi +Qj).

❆ ♣❛rt✐r ❞❡ss❡ r❡s✉❧t❛❞♦✱ ♦❜té♠✲s❡ ❛ DIS ✭❞✐ss✐♠✐❧❛r✐❞❛❞❡✮ ❡♥tr❡ i ❡ j✱ s❡♥❞♦ ❞❡✜♥✐❞❛

❝♦♠♦ ❛ ❉✐❢❡r❡♥ç❛ ❞❡ ❏❡♥s❡♥

Dij = Cij −
1

2
[Qi +Qj] ou 2Dij = 2Cij − [Qi +Qj].

❆ q✉❛♥t✐❞❛❞❡ D(·, ·) s❡rá ♥ã♦ ♥❡❣❛t✐✈❛ s❡ φ(·, ·) s❛t✐s✜③❡r ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s ❞❡s❝r✐t❛s

❛ s❡❣✉✐r✳



✸✳✷ ❊st✐♠❛❞♦r❡s ❞❡ Qi ❡ Cij ✷✺

❚❡♦r❡♠❛ ✸✳✶ ✭❘❛♦✱ ✶✾✽✹✮✳

❙❡❥❛ Q ❡ D ❝♦♠♦ ❞❡s❝r✐t❛s ❛❝✐♠❛✳ ❊♥tã♦

✭❛✮ D é ♥ã♦ ♥❡❣❛t✐✈❛ ♣❛r❛ t♦❞♦ P1 ❡ P2 s❡ ❡ s♦♠❡♥t❡ s❡ Q é ✉♠❛ ❢✉♥çã♦ ❝ô♥❝❛✈❛ ♥♦

❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❞✐str✐❜✉✐çõ❡s❀

✭❜✮ Q é ❝ô♥❝❛✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ é ✉♠❛ ❢✉♥çã♦ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛

✭❈❉◆✮✱ ✐st♦ é✱ φ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

n
∑

i=1

n
∑

j=1

φ(xi, xj)aiaj ≥ 0

♣❛r❛ t♦❞♦ x1, ..., xn ❡ ❛❧❣✉♠❛ ❡s❝♦❧❤❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s a1, ..., an✱ t❛❧ q✉❡ a1 + ...+ an = 0❀

✭❝✮ φ ➱ ❈❉◆ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ
1
2 é ✉♠❛ ♠étr✐❝❛ ✭✐✳❡✳✱ s❛t✐s❢❛③ ♦s ❛①✐♦♠❛s ❞❡ ✉♠❛

❢✉♥çã♦ ❞✐stâ♥❝✐❛✮❀ ❡

✭❞✮ s❡ φ é ❈❉◆✱ ❡♥tã♦ φα t❛♠❜é♠ é ❈❉◆ ♣❛r❛ t♦❞♦ 0 ≤ α ≤ 1✳

✸✳✷ ❊st✐♠❛❞♦r❡s ❞❡ Qi ❡ Cij

❙❡❥❛ x1, x2, ..., xm, y1, y2, ..., yn ❛♠♦str❛s ❛❧❡❛tór✐❛s ❞❡ ❞✉❛s ♣♦♣✉❧❛çõ❡s P1 ❡ P2✱ ❡♥tã♦

♦s ❡st✐♠❛❞♦r❡s ♣❛r❛ Q1✱ Q2✱ C12 ❡ D12✱ s❡rã♦ ❞❛❞♦s ♣♦r

Q̂1 =
1
(

m

2

)

∑

i<j

φ(xi, xj); ✭✸✳✶✮

Q̂2 =
1
(

n

2

)

∑

i<j

φ(yi, yj); ✭✸✳✷✮

Ĉ12 =
1

mn

∑

i

∑

j

φ(xi, yj); ✭✸✳✸✮

D̂12 = Ĉ12 −
1

2
(Q̂1 + Q̂2). ✭✸✳✹✮

Q̂1 ❡ Q̂2 sã♦ ❯✲❊st❛tíst✐❝❛s ❞❡ ❣r❛✉ ✷ ❡ Ĉ12 é ✉♠❛ ❯✲❊st❛tíst✐❝❛ ❞❡ ❣r❛✉ ✭✶✱✶✮✳



✷✻ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

✸✳✸ ◆♦ ❝❛s♦ ❞❡ ✸ ♦✉ ♠❛✐s s✉❜✲♣♦♣✉❧❛çõ❡s

❙❡❥❛♠ x11 , x12 , ... , x1n1 ✱ x21 , x22 , ... , x2n2 ❀✱ ;xR1 , xR2 , ... , xRnR
✱ R

❛♠♦str❛s ❛❧❡❛tór✐❛s✱ ♦❜t✐❞❛s ❞❡ ❞✐str✐❜✉✐çõ❡s Pr✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ r = 1, ..., R✳ ❙❡❥❛

n =
∑R

r=1 nr✳

❆ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❚♦t❛❧ ✭SQT ✮ ♦✉ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❣❡r❛❧ é ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ t♦t❛❧

❞❛ ❛♠♦str❛ ❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

SQT =
∑

i<j

φ(xi, xj) =

(

n

2

)−1 n−1
∑

i=1

n
∑

j=i+1

φ(xi, xj). ✭✸✳✺✮

❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❞❡♥tr♦ ❞♦

r − ésimo ❣r✉♣♦ é ❞❛❞❛ ♣♦r

Q̂r =

(

nr

2

) nr−1
∑

i=1

nr
∑

j=i+1

φ(xr
i , x

r
j), ✭✸✳✻✮

E(Q̂r) = Q(Pr) =

∫ ∫

φ(x, y)dPr(x)dPr(y).

❊ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ❞♦✐s ❣r✉♣♦s r ❡ r′ é ❞❛❞❛ ♣♦r

Ĉrr′ =
1

nrnr′

nr
∑

i=1

nr′
∑

j=1

φ(xr
i , x

r′

j ), ✭✸✳✼✮

E(Ĉrr′) = C(Pr, Pr′) =

∫ ∫

φ(x, y)dPr(x)dPr′(y).

✸✳✸✳✶ ❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❞✐stâ♥❝✐❛ ■♥tr❛ ❡ ❊♥tr❡ ❣r✉♣♦s

❆ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❣❡r❛❧ ♦✉ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s t♦t❛❧ ✭SQT ✮ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❡♠

❢✉♥çã♦ ❞❛s q✉❛♥t✐❞❛❞❡s ✭✸✳✻✮ ❡ ✭✸✳✼✮✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

SQT =

(

n

2

)−1
(

R
∑

r=1

(

nr

2

)

Q̂r +
∑

r<r′

nrnr′Ĉrr′

)

=
R
∑

r=1

nr

n
Q̂r +

∑

r 6=r′

nrnr′

n(n− 1)
Ĉrr′ −

R
∑

r=1

nr(n− nr)

n(n− 1)
Q̂r ✭✸✳✽✮

= SQI + SQE,



✸✳✸ ◆♦ ❝❛s♦ ❞❡ ✸ ♦✉ ♠❛✐s s✉❜✲♣♦♣✉❧❛çõ❡s ✷✼

❡♠ q✉❡ SQI é ❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ■♥tr❛✲❣r✉♣♦s

SQI =
R
∑

r=1

nr

n
Q̂r, ✭✸✳✾✮

❡ SQE ❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❊♥tr❡✲❣r✉♣♦s✱ ❞❛❞❛ ♣♦r

SQE =
∑

r 6=r′

nrnr′

n(n− 1)
Ĉrr′ −

R
∑

r=1

nr(n− nr)

n(n− 1)
Q̂r

=
1

n(n− 1)

{

R−1
∑

r=1

R
∑

r′=r+1

nrnr′(2Ĉrr′ − Q̂r − Q̂r′)

}

. ✭✸✳✶✵✮

❊♥tã♦✱

SQE =
1

n(n− 1)

{

R−1
∑

r=1

R
∑

r′=r+1

nrnr′(D̂rr′)

}

, ✭✸✳✶✶✮

❡ ♣♦rt❛♥t♦✱

E(SQE) =
1

n(n− 1)

{

R−1
∑

r=1

R
∑

r′=r+1

nrnr′(Drr′)

}

, ✭✸✳✶✷✮

♦✉ s❡❥❛✱ ❛ ❞✐ss✐♠✐❧❛r✐❞❛❞❡ ♠é❞✐❛ ❞♦s R ❣r✉♣♦s✳

✸✳✸✳✷ ❚❡st❡ ❞❡ ❍✐♣ót❡s❡s

❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ é ❛✈❛❧✐❛r s❡ ❡①✐st❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡♥tr❡ ❣r✉♣♦s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠❛

❞❡t❡r♠✐♥❛❞❛ ❝❛r❛❝t❡ríst✐❝❛✱ ❛ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛s ❡q✉❛çõ❡s ✭✸✳✶✶✮ ❡

✭✸✳✶✷✮ ♣♦❞❡✲s❡ ♣❡♥s❛r ♥♦ s❡❣✉✐♥t❡ t❡st❡ ❞❡ ❤✐♣ót❡s❡s

H0 : C(Pr, Pr′) =
1

2
[Q(Pr) +Q(Pr′)] ⇒

2C(Pr, Pr′) = Q(Pr) +Q(Pr′),

Ha : 2C(Pr, Pr′) > Q(Pr) +Q(Pr′), ✭✸✳✶✸✮

♣❛r❛ t♦❞♦ r = {1, 2, ..., R} .
P♦rt❛♥t♦✱ s♦❜ H0✱ E(SQE) = 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ E(SQT ) = E(SQI)✳ ❆ ❡st❛tíst✐❝❛

❞♦ t❡st❡ s❡rá✱ ♣♦rt❛♥t♦✱ ❛ SQE ❞❡s❝r✐t❛ ❡♠ ✭✸✳✶✵✮✳ ❘❡st❛ ❛❣♦r❛ ❡♥❝♦♥tr❛r ❛ ❞✐str✐❜✉✐çã♦

❛ss✐♥tót✐❝❛ ❞❡ss❛ ❡st❛tíst✐❝❛✳



✷✽ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

❆ ❡st❛tíst✐❝❛ SQE é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❯✲❊st❛tíst✐❝❛s q✉❡ ♣♦ss✉❡♠ ❞✐str✐❜✉✐çã♦

❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛✐s✱ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞♦s ❚❡♦r❡♠❛s ✷✳✹ ❡ ✷✳✺✱ ❡ ♣♦rt❛♥t♦✱ ❡❧❛ t❛♠❜é♠

♣♦ss✉✐ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♥tót✐❝❛✳ ❇❛st❛ ❡♥❝♦♥tr❛r V ar(SQE)✳

V ar(SQE) = V ar

[

1

n(n− 1)

(

∑

r<r′

nrnr′2Ĉrr′ −
R
∑

r=1

nr(n− nr)Q̂r

)]

= V ar

(

∑

r<r′

nrnr′

n(n− 1)
2Ĉrr′

)

+ V ar

(

R
∑

r=1

nr(n− nr)

n(n− 1)
Q̂r

)

+

− 2Cov

(

∑

r<r′

nrnr′

n(n− 1)
2Ĉrr′ ,

R
∑

r=1

nr(n− nr)

n(n− 1)
Q̂r

)

. ✭✸✳✶✹✮

❈❛❧❝✉❧❛♥❞♦ ❝❛❞❛ ♣❛r❝❡❧❛ s❡♣❛r❛❞❛♠❡♥t❡✱ t❡♠✲s❡ q✉❡

V ar

(

∑

r<r′

nrnr′

n(n− 1)
2Ĉrr′

)

= Cov

(

∑

r<r′

nrnr′

n(n− 1)
2Ĉrr′ ,

∑

k<k′

nknk′

n(n− 1)
2Ĉkk′

)

=
4

n2(n− 1)2

[ R
∑

r=1

n2
rV ar(Ĉrr′)

+
∑

r<r′

R
∑

k′=r+1
k′ 6=r′

Cov(Ĉrr′ , Ĉrk′) +

+
∑

r<r′

R−1
∑

k 6=r

Cov(Ĉrr′ , Ĉkr′)

]

; ✭✸✳✶✺✮

V ar

(

R
∑

r=1

nr(n− nr)

n(n− 1)
Q̂r

)

=
1

n2(n− 1)2

R
∑

r=1

n2
r(n− nr)

2V ar(Q̂r), ✭✸✳✶✻✮

Cov(Q̂r, Q̂r′) = 0 ∀ r 6= r′ ♣♦✐s sã♦ ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❛♠♦str❛s ❞✐st✐♥t❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

Cov

(

∑

r<r′

nrnr′

n(n− 1)
2Ĉrr′ ,

R
∑

k=1

nk(n− nk)

n(n− 1)
Q̂k

)

=

=
2

n2(n− 1)2

[

∑

r<r′

nrnr′nr(n− nr)Cov(Ĉrr′ , Q̂r) +

+
∑

r<r′

nrnr′nr′(n− nr′)Cov(Ĉrr′ , Q̂r′)

]

. ✭✸✳✶✼✮

❉❡✜♥❛✲s❡ ❛s q✉❛♥t✐❞❛❞❡s



✸✳✸ ◆♦ ❝❛s♦ ❞❡ ✸ ♦✉ ♠❛✐s s✉❜✲♣♦♣✉❧❛çõ❡s ✷✾

✶✳ φ1(xr1) = E[φ(Xr1, Xr2)|Xr1 = xr1]❀

✷✳ ψrr′

0,1(xr′1) = E[φ(Xr1, Xr′1)|Xr′1 = xr′1]❀

✸✳ ψrr′

1,0(xr1) = E[φ(Xr1, Xr′1)|Xr1 = xr1]✳

❆ ♣❛rt✐r ❞♦s ❚❡♦r❡♠❛s ✷✳✷✱ ✷✳✸ ❡ ✷✳✺ t❡♠✲s❡ q✉❡

V ar(Q̂r) =
4σ2

1

nr

; ✭✸✳✶✽✮

V ar(Ĉrr′) =
1

nr′
σ2

0,1 +
1

nr

σ2
1,0; ✭✸✳✶✾✮

Cov(Ĉrr′ , Q̂r) =
2

n2
r

Cov(φ1(Xr1), ψ
rr′

1,0(Xr1)); ✭✸✳✷✵✮

Cov(Ĉrr′ , Q̂r′) =
2

n2
r′

Cov(φ1(Xr′1), ψ
rr′

0,1(Xr′1)); ✭✸✳✷✶✮

Cov(Ĉrr′ , Ĉkr′) =
1

nr′
Cov(ψrr′

0,1(Xr′1), ψ
kr′

0,1 (Xr′1)); ✭✸✳✷✷✮

Cov(Ĉrr′ , Ĉrk′) =
1

nr

Cov(ψrr′

1,0(Xr1), ψ
rk′

1,0 (Xr1)). ✭✸✳✷✸✮

❡♠ q✉❡ σ2
1 = V ar(φ(1)(Xr1))✱ σ2

0,1 = V ar(ψrr′

0,1(Xr′1)) ❡ σ2
1,0 = V ar(ψrr′

1,0(Xr1))✳

❊ ♣♦rt❛♥t♦✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ R = 2✱V ar(SQE) s❡rá ❞❛❞❛ ♣♦r

V ar(SQE) =
n2

1n
2
2

n2(n− 1)2

[

4V ar(Ĉ12) + V ar(Q̂1) + V ar(Q̂2)
]

+O

(

1

n

)

.

P✐♥❤❡✐r♦✱ P✐♥❤❡✐r♦ ❡ ❙❡♥ ✭✷✵✵✽✮ ♠♦str❛r❛♠ q✉❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ ❛ ❙♦♠❛ ❞❡

◗✉❛❞r❛❞♦s ❊♥tr❡ ❣r✉♣♦s s♦❜ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ✭❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡♥tr❡ ♦s ❣r✉♣♦s✮ t❡♠ ❛

s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çã♦
nSQE
√

(

n

2

)

U
(4)
n

→ N(0, 1),

nSQE → N(0, 2ξ0)

❡
(

n

2

)

U (4)
n → ξ0,

❡♠ q✉❡✱ U (4)
n =

∑

1≤i<j≤n φ
2
(2)(Xi, Xj)✳



✸✵ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

❆ ♣❛rt✐r ❞❡ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡ ♣❡♥s❛r ❡♠ ❝❛❧❝✉❧❛r ♦ ♣♦❞❡r ❞♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡✱ ♦✉

s❡❥❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ q✉❛♥❞♦ ❡❧❛ é ❢❛❧s❛✳ ◆♦t❡ q✉❡✱ s♦❜ H1✱ ♦

✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ SQE✱ é ❞❛❞♦ ♣♦r

EH1 [SQE] =
1

n(n− 1)

∑

g<g′

ngng′(2Ĉgg′ − Q̂g − Q̂g′)

=
∑

g<g′

ng

n

ng′

n− 1
(2Ĉgg′ − Q̂g − Q̂g′)

n→∞−→
∑

g<g′

pgpg′(2Ĉgg′ − Q̂g − Q̂g′) ≡ θ1,

♣❛r❛ t♦❞♦ g, g′ = 1, 2, ...., G✳ ❊♥tã♦✱ EH1 [SQE] = θ1 + O(n−2) ❡ EH1 [nSQE] = nθ1 +

O(n−1)✳

❙❡❥❛ θ1 = δn ≡ ∆/n✳ ❊♥tã♦✱ δn → 0 q✉❛♥❞♦ n → ∞✱ ❡ E[nSQE] = O(1)✳ ❖❜s❡r✈❡

❡♥tã♦ ❛ ❤✐♣ót❡s❡ 2Cgg′ −Qg −Qg′ = o(n−1)✱ 1 ≤ g 6= g′ ≤ G✳

P (H0 ser rejeitada|H1) = P





nSQE
√

(

n

2

)

U
(4)
n

≥ qα|H1





= P





nSQE − nθ1
√

(

n

2

)

U
(4)
n

≥ qα − nθ1
√

(

n

2

)

U
(4)
n





♦♥❞❡ σ2 = limn→∞

(

n

2

)

[EH1(SQE
2 − θ2

1)] ❡

PH0





nSQE
√

(

n

2

)

U
(4)
n

≥ qα



→ α

q✉❛♥❞♦ n→ ∞✳

▼❛s✱
nSQE
√

(

n

2

)

U
(4)
n

D→ N(θ1, σ
2)

❋✐♥❛❧♠❡♥t❡✱

PH1





nSQE
√

(

n

2

)

U
(4)
n

> qα



 = PH1





n(SQE − θ1)
√

(

n

2

)

U
(4)
n

> qα − nθ1
√

(

n

2

)

U
(4)
n





−→ 1 − Φ

(

qα − ∆

σ

)

. ✭✸✳✷✹✮



✸✳✹ ❖ ♣r♦❜❧❡♠❛ ❞❡ ♠✉❧t✐❢❛t♦r❡s ✸✶

◆❡st❛ s❡çã♦ ❢♦✐ ✐♥✈❡st✐❣❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ SQE ♣❛r❛ t❡st❛r ❛ ❤✐♣ót❡s❡ ❞❡✜♥✐❞❛

❡♠ ✭✸✳✶✸✮✳ ❙♦❜ ❛ ❤✐♣♦t❡s❡ ♥✉❧❛ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ♦✉ ♣❡❧❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ P✐t♠❛♥✱ SQE

t❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✳ ❖ ♣♦❞❡r ❞♦ t❡st❡ ♣❛r❛ ❛s ❛❧t❡r♥❛t✐✈❛s ❞❡

P✐t♠❛♥ ♣♦❞❡ s❡r ❞❡r✐✈❛❞♦ ❞❡ ✭✸✳✷✹✮✳

✸✳✹ ❖ ♣r♦❜❧❡♠❛ ❞❡ ♠✉❧t✐❢❛t♦r❡s

❆té ❛❣♦r❛ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❞❛❞♦s ❝♦♠ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦✱ ❝♦rr❡s✲

♣♦♥❞❡♥t❡ ❛ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛ ❝❧áss✐❝❛ ✭✧♦♥❡✲✇❛② ❆◆❖❱❆✧✱ ❡♠ q✉❡ ❛s ♣♦♣✉❧❛çõ❡s sã♦

✐❞❡♥t✐✜❝❛❞❛s ♣❡❧♦s ♥í✈❡✐s ❞❡ ✉♠ ú♥✐❝♦ ❢❛t♦r✮✳ ◆❛②❛❦ ❡ ●❛st✇✐rt❤ ✭✶✾✽✾✮ ❛❜♦r❞❛♠ ♦ ♣r♦✲

❜❧❡♠❛ ❞❡ ♠✉❧t✐❢❛t♦r❡s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

❈♦♥s✐❞❡r❡ ❞♦✐s ❢❛t♦r❡s✱ A1 ❝♦♠ s ♥í✈❡✐s ❡ A2 ❝♦♠ t ♥í✈❡✐s ✭❛ t❡♦r✐❛ é ❢❛❝✐❧♠❡♥t❡ ❡①♣❛♥✲

❞✐❞❛ ♣❛r❛ ♦s ❝❛s♦s ❞❡ ♠❛✐s ❞❡ ✷ ❢❛t♦r❡s✮✳ ❙❡❥❛ Pij✱ ❛ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧

❛❧❡❛tór✐❛ X ❝♦♠ r❡❧❛çã♦ ❛♦ i − ésimo ♥í✈❡❧ ❞❡ A1 ❡ ❛♦ j − ésimo ♥í✈❡❧ ❞❡ A2✱ ❡ s❡❥❛

λij ❛ ❢r❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ ❞❡ ✐♥t❡r❡ss❡ ♣❡rt❡♥❝❡♥t❡ ❛ ❡st❡ s✉❜❣r✉♣♦✳ P❛r❛ ♦❜t❡r ♦ ❡❢❡✐t♦

❝♦♥❥✉♥t♦ ❞❡ A1 ❡ A2✱ ❝♦♥s✐❞❡r❛✲s❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ❝r✉③❛❞❛ ❞❡ A1 ❡ A2✱ ❝♦♠♦ ✉♠ ❢❛t♦r ú♥✐❝♦

❝♦♠ s× t ♥í✈❡✐s✱ ♦❜t❡♥❞♦ ❛ ♣❛rt✐r ❞✐ss♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ SQT ✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

SQT = SQI(A1, A2) + SQE(A1, A2), ✭✸✳✷✺✮

♦♥❞❡ SQT = Q(
∑∑

λijPij)✱ SQI(A1, A2) =
∑∑

λijQ(Pij) ❡ SQE(A1, A2) = SQT −
SQI(A1, A2)✳

❈♦♠♦ ♥❛ ♣❛rt✐çã♦ ❞❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s ♥❛ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦✱ SQE(A1, A2) ♣♦❞❡

s❡r ❞❡❝♦♠♣♦st❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

SQE(A1, A2) = SQE(A1) + SQE(A2|A1), ✭✸✳✷✻✮

❡♠ q✉❡✱ SQE(A1) = SQT −
∑

λi·Q(Pi·)✱ λi· =
∑

j λij✱ Pi· =
∑

j (λij/λi·)Pij ❡

SQE(A2|A1) = SQE(A1, A2) − SQE(A1)✳ P❛r❛ ✉♠ ❞❛❞♦ ♥í✈❡❧ ❞❡ A1✱ ❞✐t♦ A1 = i✱ ❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❡♥tr❡ ♦s ♥í✈❡✐s ❞❡ A2 sã♦

SQE(A2|A1 = i) = Q(Pi·) −
∑

j

λij

λi·

Q(Pij). ✭✸✳✷✼✮



✸✷ ▼❡❞✐❞❛s ❞❡ ❉✐✈❡rs✐❞❛❞❡

❊ ♣♦❞❡✲s❡ ♥♦t❛r ❡♥tã♦ q✉❡

SQE(A2|A1) =
∑

i

λi·SQE(A2|A1 = i). ✭✸✳✷✽✮

P♦rt❛♥t♦ SQE(A2|A1) é ✉♠❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♥tr❡ ♦s ♥í✈❡✐s ❞❡

A2 ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞❡ A1✳ ■ss♦ r❡♣r❡s❡♥t❛ ❛ ♣r♦♣♦rçã♦ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ♥ã♦ ❡①♣❧✐❝❛❞❛ ♣♦r

A1 q✉❡ é ❡①♣❧✐❝❛❞❛ ♣♦r A2✳

❆ ♠❡t♦❞♦❧♦❣✐❛ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ❝♦❜r✐r ♠ú❧t✐♣❧♦s ❢❛t♦r❡s✳ SQT é s❡♠♣r❡

❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ♥❛ ♣♦♣✉❧❛çã♦ t♦t❛❧✱ q✉❡ é ✉♠❛ ♠✐st✉r❛ ❞❡ ♠✉✐t❛s s✉❜✲

♣♦♣✉❧❛çõ❡s✳ ◗✉❛♥❞♦ ❤á k ❢❛t♦r❡s✱ A1, ..., Ak✱ SQI(A1, ..., Ak) é ❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❣r✉♣♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❝❧❛ss✐✜❝❛çã♦ ❝r✉③❛❞❛ ❞❡ A1, ..., Ak ❡

SQE(A1, ..., Ak) = SQT − SQI(A1, ..., Ak)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

SQE(A1, ..., As|As+1, ..., Ak) = SQE(A1, ..., Ak) − SQE(Ar+1, ..., Ak). ✭✸✳✷✾✮

P♦rt❛♥t♦✱

• SQE(Ai) ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ♦ ❡❢❡✐t♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❢❛t♦r Ai ♣❛r❛ t♦❞♦ k =

1, 2, ..., K❀

• SQE(A1, ..., As) é ♦ ❡❢❡✐t♦ ❞❡ ✐♥t❡r❛çã♦✱ ♦✉ ❡❢❡✐t♦ ❝♦♥❥✉♥t♦✱ ❡♥tr❡ ♦s ❢❛t♦r❡s A1, ..., As

✭s 6= k✮❀

• SQE(Ai|Aj) é ♦ ❡❢❡✐t♦ ❞♦ ❢❛t♦r Ai ❝♦♥❞✐❝✐♦♥❛❞♦ ❛♦ ❢❛t♦r Aj✱ ♦✉ s❡❥❛✱ é ♦ ❡❢❡✐t♦ ❞♦

❢❛t♦r Ai r❡t✐r❛♥❞♦✲s❡ ♦ ❡❢❡✐t♦ ❞♦ ❢❛t♦r Aj✳



❈❛♣ít✉❧♦ ✹

▼❡t♦❞♦❧♦❣✐❛s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rá ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❛s ❞✉❛s ♠❡t♦❞♦❧♦❣✐❛s

q✉❡ sã♦ ♣r♦♣♦st❛s✳

✹✳✶ ▼❡t♦❞♦❧♦❣✐❛ ✶ ✲ ❉✐✈❡rs✐❞❛❞❡ ❜❛s❡❛❞❛ ♥♦ ❣❛♥❤♦ r❡✲

❧❛t✐✈♦

❆ ♣r✐♠❡✐r❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛ s❡ ❜❛s❡✐❛ ♥♦ ✉s♦ ❞❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦✳ ❖ ♦❜❥❡t✐✈♦

é ❛✈❛❧✐❛r✱ ❞❛❞♦ g = 1, 2, ..., G ❣r✉♣♦s✱ s❡ ❤á ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡❧❡s ❝♦♠ r❡❧❛çã♦ ❛ ❡ss❛ ♠❡❞✐❞❛

❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❖s ♣r✐♥❝✐♣❛✐s ❣r✉♣♦s ❞❡ ✐♥t❡r❡ss❡ ♥❡ss❡ ❡st✉❞♦ sã♦ ♦s ❢♦r♠❛❞♦s ♣❡❧♦ t✐♣♦

❞❡ ❡s❝♦❧❛ ❝✉rs❛❞❛ ♥♦ s❡❣✉♥❞♦ ❣r❛✉ ✭♣❛rt✐❝✉❧❛r ♦✉ ♣ú❜❧✐❝❛✮ ❡ ♦s ❢♦r♠❛❞♦s ♣❡❧♦ s❡①♦✳

❈♦♠ ❜❛s❡ ♥❛s ♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡ ♣r♦♣♦st❛s ♣♦r ❘❛♦ ✭✶✾✽✷✮✱ ❛♣r❡s❡♥t❛❞❛s ♥♦

❈❛♣ít✉❧♦ ✹✱ ❢♦✐ t♦♠❛❞❛ ❝♦♠♦ ❢✉♥çã♦ ♥ú❝❧❡♦ ❛ ❞✐❢❡r❡♥ç❛ q✉❛❞rát✐❝❛✱ ♦✉ s❡❥❛✱ φ(x, y) =

(x− y)2✳

❆ ♠❡❞✐❞❛ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❡♥tr❡ ♦s ❣r✉♣♦s ✭❉■❱✮ s❡rá ❞❛❞❛ ♣♦r

Qg =

∫ ∫

(xg1 − xg2)
2dPg(xg1)dPg(xg2),

❡♠ q✉❡ Xgi é ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❞♦ i− ésimo ❛❧✉♥♦ ❞♦ ❣r✉♣♦ g✳



✸✹ ▼❡t♦❞♦❧♦❣✐❛s

❆ ♠❡❞✐❞❛ ❞❡ ❞✐ss✐♠✐❧❛r✐❞❛❞❡ ✭❉■❱✮ ❡♥tr❡ ♦s ❣r✉♣♦s é ❡♥tã♦✱

Cgg′ =

∫ ∫

(Xg1 −Xg′1)
2dPg(xg1)dPg′(xg′1).

❖s ❡st✐♠❛❞♦r❡s ❞❡ss❛s q✉❛♥t✐❞❛❞❡s sã♦ ❜❛s❡❛❞♦s ❡♠ ❯✲❊st❛tíst✐❝❛s

Q̂g =

(

ng

2

) −1
∑

i<j

(xgi − xgj)
2

❡

Ĉgg′ =
1

ngng′

∑

i

∑

j

(xgi − xg′j)
2.

❆ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❊♥tr❡ ❣r✉♣♦s✱ SQE✱ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❝♦♠♦ ❡st❛tíst✐❝❛ ❞♦ t❡st❡

é ❡♥tã♦

SQE =

(

n

2

)−1
∑

g<g′

ngng′

(

2Ĉgg′ − Q̂g − Q̂g′

)

.

❈♦♠♦ ❛ ❢✉♥çã♦ φ é ✉♠ ♠❡❞✐❞❛ ❡✉❝❧✐❞✐❛♥❛✱ ❡♥tã♦ ❡❧❛ ❛t❡♥❞❡ ❛s q✉❡s✐t♦s ❞♦ ❚❡♦r❡♠❛

✸✳✶ ❡ é ✈❡r❞❛❞❡✐r♦ q✉❡ Cgg′ ≥ 1
2
(Qg +Qg′) ✭✈❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ q✉❛♥❞♦ ❤á ❤♦♠♦❣❡♥❡✐❞❛❞❡

❡♥tr❡ ♦s ❣r✉♣♦s t❡st❛❞♦s✮✳ ❊♥tã♦ ♣♦❞❡ s❡ ❝♦♥str✉✐r ♦ s❡❣✉✐♥t❡ t❡st❡ ❞❡ ❤✐♣ót❡s❡s

H0 : 2Cgg′ −Qq −Qg′ = 0

Ha : 2Cgg′ −Qq −Qg′ > 0

♣❛r❛ t♦❞♦ g = 1, ..., G.

✹✳✶✳✶ ❈❛❧❝✉❧❛♥❞♦ ❛s ✈❛r✐â♥❝✐❛s ❞♦s ❡st✐♠❛❞♦r❡s

❙❡❥❛♠ x11 , x12 , ... , x1n1 , x21 , x22 , ... , x2n2 , xG1 , xG2 , ... , xGnG
✱ G ❛♠♦str❛s

❛❧❡❛tór✐❛s✱ ♦❜t✐❞❛s ❞❡ ❞✐str✐❜✉✐çõ❡s F (µg, σg)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ g = 1, ..., G✳ ❙❡❥❛

n =
∑G

g=1 ng✳

❆ ❡st❛tíst✐❝❛ Q̂g é ✉♠❛ ❯✲❊st❛tíst✐❝❛ ❞❡ ❣r❛✉ 2✱ ♦♥❞❡ φ(xg1, xg2) = (xg1 − xg2)
2 ♣❛r❛

t♦❞♦ g = 1, ..., G✳ ❊♥tã♦✱

φ1(xg1) = E[φ(Xg1, Xg2)|Xg1 = xg1]



✹✳✶ ▼❡t♦❞♦❧♦❣✐❛ ✶ ✲ ❉✐✈❡rs✐❞❛❞❡ ❜❛s❡❛❞❛ ♥♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✸✺

= E[(Xg1 −Xg2)|Xg1 = xg1]

= E[x2
g1 − 2xg1Xg2 +X2

g2]

= x2
g1 − 2xg1E[Xg2] + E[X2

g2]

= x2
g1 − 2xg1µg + µ2

g, ✭✹✳✶✮

❡ ♣♦rt❛♥t♦✱

E[φ1(Xg1)] = E[X2
g1 − 2Xg1µg + µ2

g]

= µ2
g − 2µgµg + µ2

g

= 2µ2
g − 2(µg)

2

= 2σ2
g

= θ(Fg). ✭✹✳✷✮

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ V ar(φ1) é ♣r❡❝✐s♦ ❛✐♥❞❛ ❝❛❧❝✉❧❛r E[φ2
1]✱ q✉❡ é ❞❛❞♦ ♣♦r

E[φ2
1] = E[X2

g1 − 2Xg1µg + µ2
g]

2

= E[X4
g1 − 2X3

g1µg +X2
g1µ

2
g − 2X3

g1µg + 4X2
g1(µg)

2

− 2Xg1µgµ
2
g +X2

g1µ
2
g − 2Xg1µgµ

2
g + (µ2

g)
2]

= E[X4
g1 − 4X3

g1µg + 2X2
g1µ

2
g + 4X2

g1(µg)
2 − 4Xg1µgµ

2
g + (µ2

r)
2]

= µ4
g − 4µ3

gµg + 2(µ2
g)

2 + 4µ2
g(µg)

2 − 4µ2
g(µg)

2 + (µ2
g)

2

= µ4
g − 4µ3

gµg + 3(µ2
g)

2, ✭✹✳✸✮

❡ ❞❛í s❡❣✉❡ q✉❡✱

V ar(φ(Xg1)) = µ4
g − 4µ3

gµg + 3(µ2
g)

2 − 4(σ2
g)

2. ✭✹✳✹✮

❊ ♣♦rt❛♥t♦✱ ❞♦ ❚❡♦r❡♠❛ ✷✳✹ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❯✲❊st❛tíst✐❝❛s t❡♠✲s❡

q✉❡
√
ng(Q̂g − θ(Fg))

D→ N (0, 4V ar(φ(Xg1))) . ✭✹✳✺✮

❆ ❡st❛tíst✐❝❛ Ĉgg′ é ✉♠❛ ❯✲❊st❛tíst✐❝❛ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❣r❛✉ (1, 1)✱ ♣❛r❛ t♦❞♦ g, g′ =

1, ..., G✳

Cgg′ =

∫ ∫

(xg − xg′)
2dFg(xg)dFg′(xg′)



✸✻ ▼❡t♦❞♦❧♦❣✐❛s

= E[Xg −Xg′ ]
2

= E[(Xg)
2 − 2XgXg′ +X2

g′ ]

= E
{

E[X2
g − 2XgXg′ +X2

g′ ]|Xg = xg

}

= E
{

x2
g − 2xgE(Xg′) + E(X2

g′)
}

= E[X2
g − 2Xgµg′ + µ2

g′ ]

= µ2
g − 2µgµg′ + µ2

g′

= θ(Fg, Fg′). ✭✹✳✻✮

❈❛❧❝✉❧❛✲s❡ ❡♥tã♦ ♦ s❡❣✉✐♥t❡✱

Φ10(xg) = E[φ(Xg, Xg′)|Xg = xg]

= E[x2
g − 2xgXg′ +X2

g′ ]

= x2
g − 2xgµg′ + µ2

g′ . ✭✹✳✼✮

❉❛ ♠❡s♠❛ ❢♦r♠❛✱

Φ01(xg′) = E[φ(Xg, Xg′)|Xg′ = xg′ ]

= µ2
g − xg′µg + x2

g′ . ✭✹✳✽✮

▲♦❣♦✱

ς10 = E[Φ10(Xg) − C2
gg′ ]

= E
[

(

X2
g − 2Xgµg′ + µ2

g′

)2 − C2
gg′

]

= E[X4
g − 2X3

gµg′ +X2
gµ

2
g′ − 2X3

gµg′ + 4X2
gµ

2
g′ − 2Xgµg′µ

2
g′ +X2

gµ
2
g′

− 2Xgµg′µ
2
g′ + (µg′)

2] − C2
gg′

= E
[

X4
g − 4X3

gµg′ + 2X2
gµ

2
g′ + 4X2

g (µg′)
2 − 4Xgµg′µ

2
g′ + (µg′)

2
]

− C2
gg′

= µ4
g − 4µ3

gµg′ + 2µ2
gµ

2
g′ − 4µgµg′µ

2
g′ + (µ2

g′)
2 − C2

gg′ . ✭✹✳✾✮

❆♥❛❧♦❣❛♠❡♥t❡✱

ς01 = E
[

Φ01(Xr′) − C2
gg′

]

= µ4
g′ − 4µ3

g′µg + 2µ2
g′µ

2
g − 4µg′µgµ

2
g + (µ2

g)
2 − C2

gg′ . ✭✹✳✶✵✮



✹✳✶ ▼❡t♦❞♦❧♦❣✐❛ ✶ ✲ ❉✐✈❡rs✐❞❛❞❡ ❜❛s❡❛❞❛ ♥♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✸✼

❊ ♣♦rt❛♥t♦✱

V ar(Ĉgg′) =
1

ng

ς10 +
1

ng′
ς01. ✭✹✳✶✶✮

❆ ✈❛r✐â♥❝✐❛ ❞❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ✭SQE✮ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ❡ é ❢✉♥çã♦ ❞❛s

✈❛r✐â♥❝✐❛s ❞❛s ❡st❛tíst✐❝❛s Q̂g ❡ Ĉgg′ ❡ ❞❡ s✉❛s ❝♦✲✈❛r✐â♥❝✐❛s✳

✹✳✶✳✷ ❊st✐♠❛çã♦ ❞❛s ❱❛r✐â♥❝✐❛s

P❛r❛ ❡st❛ ♠❡t♦❞♦❧♦❣✐❛ s❡rã♦ ❢❡✐t❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s✱ ✉♠❛ ❞✐t❛ ♣❛r❛♠étr✐❝❛ ❡ ♦✉tr❛ ♥ã♦

♣❛r❛♠étr✐❝❛✳

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛s ❡q✉❛çõ❡s ✭✺✳✹✮✱ ✭✺✳✾✮✱ ✭✺✳✶✵✮ ❡ ✭✺✳✶✶✮✱ ❛s ✈❛r✐â♥❝✐❛s ❞❛s ❡s✲

t❛tíst✐❝❛s Q̂g ❡ Ĉgg′ sã♦ ❢✉♥çõ❡s ❞♦s ♠♦♠❡♥t♦s ❞❡ ♦r❞❡♠ ✶✱✷✱✸✱ ❡ ✹ ✭µ1, µ2, µ3 e µ4✮ ❞❛

❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛ss✉♠✐❞❛ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❡♠ ❡st✉❞♦✱ ♥♦ ❝❛s♦ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

♥❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛♠étr✐❝❛✱ ♦♥❞❡ s❡rã♦ ❢❡✐t♦s ❞♦✐s ❡st✉❞♦s ✭✉♠ ❛ss✉♠✐♥❞♦ ❛ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ❡ ✉♠ s❡❣✉♥❞♦ ❛ss✉♠✐♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✮✱ s❡rã♦ ❡st✐♠❛❞♦s ♣♦r ♠á①✐♠❛

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♦s ♠♦♠❡♥t♦s ❞❛ ❞✐str✐❜✉✐çã♦ ❡ ❛ ♣❛rt✐r ❞❡ss❛s ❡st✐♠❛t✐✈❛s s❡rá ❝❛❧❝✉❧❛❞❛

❛ ✈❛r✐â♥❝✐❛ ❡st✐♠❛❞❛ ♣❛r❛ ❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡✳ ❈♦♠ ❛ ❡st✐♠❛t✐✈❛ ❞❛ ✈❛r✐â♥❝✐❛ ✐rá s❡

❝♦♥str✉✐r ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ❛ SQE✳

◆❛ s❡❣✉♥❞❛ ❛❜♦r❞❛❣❡♠✱ ❞✐t❛ ♥ã♦ ♣❛r❛♠étr✐❝❛✱ ❛s ✈❛r✐â♥❝✐❛s ❡ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛

s❡rã♦ ❝❛❧❝✉❧❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ r❡✲❛♠♦str❛❣❡♠ ❞❡ ❥❛❝❦❦♥✐❢❡✳ ❊❧❛ r❡❝❡❜❡ ❡st❡ ♥♦♠❡ ♣♦r

♥ã♦ s❡ ❛ss✉♠✐r ♥❡♥❤✉♠❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ♦s ❞❛❞♦s✳

❊♠ ❛♠❜❛s ❛s ❛❜♦r❞❛❣❡♥s ♦ ♦❜❥❡t✐✈♦ ❞❡ s❡ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ✈❛r✐â♥❝✐❛ ❞❡

SQE é q✉❡ ❛ ♣❛rt✐r ❞❡❧❛ ♣♦❞❡✲s❡ ❝♦♥str✉✐r ✐♥t❡r✈❛❧♦s ❞❡ 100(1 − α)% ❞❡ ❝♦♥✜❛♥ç❛✱ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛

SQE ± zα
2

ˆV ar(SQE). ✭✹✳✶✷✮

❡♠ q✉❡ zα
2
r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r t❛❜❡❧❛❞♦ ❞❛ ♥♦r♠❛❧✲♣❛❞rã♦ ❝♦♠ ár❡❛ ❞❛ ❝✉r✈❛ ❛❜❛✐①♦ ✐❣✉❛❧

❛ 1 − α
2
✳

❯♠❛ ✈❡③ ❝♦♥str✉í❞♦ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ 100(1 − α)% ❞❡ ❝♦♥✜❛♥ç❛✱ ♣❛r❛ ❛✈❛❧✐❛r s❡ ❛

❡st❛tíst✐❝❛ SQE é s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❛♦ ♥✐✈❡❧ ❞❡ 100α%✱ ❜❛st❛ ♦❧❤❛r ♣❛r❛



✸✽ ▼❡t♦❞♦❧♦❣✐❛s

♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❙❡ ♦ ✐♥t❡r✈❛❧♦ ♥ã♦ ❝♦♠♣r❡❡♥❞❡r ♦ ✈❛❧♦r ③❡r♦ ❡♥tã♦ ❛ ❡st❛tíst✐❝❛

é s✐❣♥✐✜❝❛t✐✈❛✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♥ã♦ s❡rá s✐❣♥✐✜❝❛t✐✈❛ ✭♥ã♦ r❡❥❡✐t❛✲s❡ ❛ ❤✐♣ót❡s❡ ♥✉❧❛✮✳

❊ss❛ ❧✐❣❛çã♦ ❡♥tr❡ ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s✱ ♣❡r♠✐t✐♥❞♦ q✉❡✱ ♥❛

♣rát✐❝❛✱ ❝❛❧❝✉❧❡✲s❡ ♦ ♣r✐♠❡✐r♦ ❡ t✐r❡✲s❡ ❝♦♥❝❧✉sõ❡s s♦❜r❡ ♦ s❡❣✉♥❞♦✱ é ♠♦str❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✶ ✭❉✉❛❧✐❞❛❞❡ ❡♥tr❡ ■♥t❡r✈❛❧♦s ❞❡ ❈♦♥✜❛♥ç❛ ❡ t❡st❡s ❞❡ ❍✐♣ót❡s❡s✮✳

❙❡❥❛♠ x1, ..., xn ♦❜s❡r✈❛çõ❡s ❞❡ X1, ..., Xn ✐✳✐✳❞✳ F ✱ θ ∈ Θ ✉♠ ♣❛râ♠❡tr♦ r❡❛❧✱ T ✉♠❛

❡st❛tíst✐❝❛ ❡ H0 : θ = θ0 vs H1 : θ 6= θ0✳ ❈♦♥s✐❞❡r❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ 100(1 − α)% ❞❡

❝♦♥✜❛♥ç❛✱ (tα(❳), Tα(❳))✱ ❡ ✉♠❛ r❡❣✐ã♦ ❝rít✐❝❛ ❝♦♠ ♥í✈❡❧ α✱ Rα ❡ ❛ r❡❣✐ã♦ ❢❛✈♦rá✈❡❧ à

❤✐♣ót❡s❡ Aα✳ ❊♥tã♦✱ ♣♦❞❡✲s❡ ❝♦♥str✉✐r (tα(❳), Tα(❳)) ❛ ♣❛rt✐r ❞❡ Aα ❡ ✈✐❝❡✲✈❡rs❛✳

❯t✐❧✐③❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧

◆❡st❛ ❛❜♦r❞❛❣❡♠ ❛ss✉♠❡✲s❡ q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s G ❣r✉♣♦s ❞❡

✐♥t❡r❡ss❡✱ ✈❡♥❤❛ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❞❡ ♣❛râ♠❡tr♦s µg ❡ σg✳ ❖s ❡st✐♠❛❞♦r❡s ❞❡

♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ❡ss❡s ♣❛râ♠❡tr♦s sã♦ ❛ ♠é❞✐❛ ❛♠♦str❛❧ ✭X✮ ❡ ❛ ✈❛r✐â♥❝✐❛

❛♠♦str❛❧ ✭S2✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ t❡♠ s❡ q✉❡

µ̂ = X e σ̂2 = S2.

❆ ♣❛rt✐r ❞✐ss♦ ❡st✐♠❛✲s❡ ♦ s❡❣✉♥❞♦ ♠♦♠❡♥t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

µ̂2 = S2 + X
2
.

P❛r❛ ❡st✐♠❛r ♦s ♠♦♠❡♥t♦s ❞❡ ♦r❞❡♠ ✸ ❡ ✹ ✭µ3 ❡ µ4)✱ ♣♦❞❡✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✹✳✶ ✭❙t❡✐♥✬s ▲❡♠♠❛✮✳

❙❡❥❛ X N(θ, σ2)✱ ❡ s❡❥❛ g ✉♠ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ q✉❡ s❛t✐s❢❛ç❛ E|g′(X)| <∞✳ ❊♥tã♦

E[g(X)(X − θ)] = σ2Eg′(X).



✹✳✶ ▼❡t♦❞♦❧♦❣✐❛ ✶ ✲ ❉✐✈❡rs✐❞❛❞❡ ❜❛s❡❛❞❛ ♥♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✸✾

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✱ s❡ X t❡♠ ❞✐str✐❜✉✐çã♦ N(µ, σ2)✱ t❡♠✲s❡ q✉❡

µ3 = EX3

= EX2(X − µ+ µ)

= EX2(X − µ) + µEX2

= 2σ2EX + µEX2

= 2σ2µ+ µ(σ2 + µ2)

= 3µσ2 + µ3. ✭✹✳✶✸✮

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♣❛r❛ s❡ ❝❛❧❝✉❧❛r µ4 ✉s❛✲s❡ ❞♦ ♠❡s♠♦ ❛rt✐❢í❝✐♦✱

µ4 = EX4

= EX3(X − µ+ µ)

= EX3(X − µ) + µEX3

= 3σ2EX2 + µEX3

= 3σ2(σ2 + µ2) + µ(3µσ2 + µ3)

= 3σ4 + 6σ2µ2 + µ4. ✭✹✳✶✹✮

P♦rt❛♥t♦✱ ♦s ❡st✐♠❛❞♦r❡s ♣❛r❛ µ3 ❡ µ4 sã♦

µ̂3 = 3XS2 +X
3
,

µ̂4 = 3S4 + 6S2X
2
+X

4
.

✭✹✳✶✺✮

❆ ♣❛rt✐r ❞❛s ❡st✐♠❛t✐✈❛s ❞❛s ✈❛r✐â♥❝✐❛s ❞❡ Q̂g ❡ Ĉgg′ ✱ ❡st✐♠❛✲s❡ ❛ ✈❛r✐â♥❝✐❛ ❞❛ SQE ❡ s❡

❝❛❧❝✉❧❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ✾✺✪ ❝♦♥✜❛♥ç❛✳ ❆s ❝♦♥❝❧✉sõ❡s s♦❜r❡ r❡❥❡✐t❛r ♦✉ ♥ã♦ ❛ ❤✐♣ót❡s❡ ❞❡

❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡♥tr❡ ♦s ❣r✉♣♦s é ♦❜t✐❞❛ ❛♥❛❧✐s❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❝♦♠♦ ❞❡s❝r✐t♦

❛♥t❡r✐♦r♠❡♥t❡✳



✹✵ ▼❡t♦❞♦❧♦❣✐❛s

❯t✐❧✐③❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r

❯♠❛ s❡❣✉♥❞❛ ❛♥á❧✐s❡ s❡rá ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✳ P❛r❛ ❡st✐♠❛r ♦s ♣❛✲

râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ♣❡❧♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ s❡rá ✉t✐❧✐③❛❞♦

♦ s♦❢t✇❛r❡ ▼▲❊✲❊st✐♠❛t♦r✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r é ❛♣r❡s❡♥t❛❞❛ ♥♦

❆♣❡♥❞✐❝❡ ❆✳

❙✉♣♦♥❤❛ q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ G✱ t❡♥❤❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ❡♠

[ag, bg] ❡ ♠♦❞❛ mg✳ ❖❜té♠ ❛s ❡st✐♠❛t✐✈❛s âg✱ b̂g ❡ m̂g ♣❡❧♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠♦ ✈❡r♦ss✐✲

♠✐❧❤❛♥ç❛✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♠♦♠❡♥t♦s ❞❛ ❞✐str✐❜✉✐çã♦ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛

❡q✉❛çã♦ ✭✶✳✸✮✳

❈♦♠ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♠♦♠❡♥t♦s µ1✱µ2✱ µ3 ❡ µ4✱ ❡st✐♠❛✲s❡ ❛ ✈❛r✐â♥❝✐❛ ❞❡ SQE ❝♦♠♦

❞❡s❝r✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❡✱ ❝❛❧❝✉❧❛✲s❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ✾✺✪ ❞❡ ❝♦♥✜❛♥ç❛✳

❆❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛

❈♦♠ ♦ ❚❡♦r❡♠❛ ❈❡♥tr❛❧ ❞♦ ▲✐♠✐t❡ ✭❚❈▲✮✱ ♦s ❡st✐♠❛❞♦r❡s ♣❛r❛♠étr✐❝♦s ✭❡ ♥ã♦ ♣❛✲

r❛♠étr✐❝❛s ❝♦♠♦ ❛s ❯✲❊st❛tíst✐❝❛✮ ❧✐♥❡❛r❡s tê♠✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✱

❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳ ◆❡ss❡ ❝❛s♦✱ ❢❛❧t❛ ❞❡s❝♦❜r✐r q✉❛❧ ♦ ✈❛❧♦r ❞❛ ✈❛r✐â♥❝✐❛ ❞❡ ✉♠ t❛❧ ❡s✲

t✐♠❛❞♦r✳ ❊♠ ❣❡r❛❧✱ ♥ã♦ s❡rá ❣❛r❛♥t✐❞❛ ❛ ♦❜t❡♥çã♦ ❛♥❛❧ít✐❝❛ ♦✉ ❝♦♠ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞♦

✈❛❧♦r ❞❡ σ✳ ❯♠❛ ♦♣çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥t❡♥s✐✈❛ é ♣♦r té❝♥✐❝❛s ❞❡ r❡✲❛♠♦str❛❣❡♠✳

◆❛ ❛♥á❧✐s❡ ♥ã♦ ♣❛r❛♠étr✐❝❛ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ❡ t❛♠❜é♠ ♥❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❞❛s ❞✐s✲

❝✐♣❧✐♥❛s✱ s❡rá ✉t✐❧✐③❛❞♦ ♦ ♠ét♦❞♦ ❞❡ r❡✲❛♠♦str❛❣❡♠ ♣♦r ❥❛❝❦❦✐♥❢❡ q✉❡ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r

❞♦ ❜♦♦tstr❛♣✭❉❛✈✐s♦♥ ❡ ❍✐♥❦❧❡②✱ ✶✾✾✾✮✳

❉❡✜♥✐çã♦ ✹✳✶ ✭❆❧❣♦r✐t♠♦ ❥❛❝❦❦♥✐❢❡ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦ ❡rr♦✲♣❛❞rã♦✮✳

❙❡❥❛♠ ① ✉♠❛ ❛♠♦str❛ ❞❡ F ❡ s(①) ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ θ✳

✶✳ ❙❡❧❡❝✐♦♥❡ n ❛♠♦str❛s ❥❛❝❦❦♥✐❢❡ ①(−1), ①(−2), ..., ①(−n)✱ s❡♥❞♦ ①(−i) ✉♠ ✈❡t♦r ✭♥✲✶✮✲

❞✐♠❡♥s✐♦♥❛❧✱ ♣❡❧❛ ❡①❝❧✉sã♦ ❞❛ i− ésima ♦❜s❡r✈❛çã♦✱ i = 1, ..., n✳

✷✳ ❈❛❧❝✉❧❡ ❛ r❡♣❧✐❝❛çã♦ ❥❛❝❦❦♥✐❢❡

θ̂∗(−i) = s(①(−i)) i = 1, 2, ...n.



✹✳✷ ▼❡t♦❞♦❧♦❣✐❛ ✷ ✲ ❯t✐❧✐③❛♥❞♦ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✹✶

✸✳ ❈❛❧❝✉❧❡

θ̂(·) =
n
∑

i=1

θ̂∗(−i)
n

.

✹✳ ❊st✐♠❡ ♦ ❡rr♦✲♣❛❞rã♦ ❞❡ s(①) ♣♦r

êpJACK =

[

n− 1

n

n
∑

i=1

(θ̂(−i) − θ̂(·))
2

]

.

❆ ♣❛rt✐r ❞❡st❡ ❛❧❣♦r✐t♠♦ ❡st✐♠❛✲s❡ ❛ ✈❛r✐â♥❝✐❛ ❞❛ SQE ✭ ˆV ar(SQE)JACK✮ ❡ ❝❛❧❝✉❧❛✲s❡

♦ ✐♥t❡r✈❛❧♦ ❞❡ ✾✺✪ ❞❡ ❝♦♥✜❛♥ç❛ ❝♦♠♦ ❞❡s❝r✐t♦ ❡♠ ✭✹✳✶✷✮✳

✹✳✷ ▼❡t♦❞♦❧♦❣✐❛ ✷ ✲ ❯t✐❧✐③❛♥❞♦ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s

❈♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r r❡✢❡t❡ ❛♣❡♥❛s ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦

❛❧✉♥♦ ♥♦ ✐♥❣r❡ss♦ à ✉♥✐✈❡rs✐❞❛❞❡ ❡♠ ❛♥♦s ❞✐❢❡r❡♥t❡s✱ ♥ã♦ s❡♥❞♦ ♣♦ssí✈❡❧ ❛✈❛❧✐❛r s❡✉ ❞❡✲

s❡♥✈♦❧✈✐♠❡♥t♦ ❞✉r❛♥t❡ ♦ ❝✉rs♦ ❛♣❡♥❛s ❝♦♠ ❡st❛ ✈❛r✐á✈❡❧✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦

✜♥❛❧ ✭❈❘✮✱ ♥ã♦ é ❝♦♠♣❛rá✈❡❧ ❡♥tr❡ ❛❧✉♥♦s ❞❡ t✉r♠❛s ❞✐❢❡r❡♥t❡s✱ ♣♦✐s ❝❛❞❛ ❝✉rs♦ ❞✐s♣õ❡

❞❡ ♠❡t♦❞♦❧♦❣✐❛s ❞✐st✐♥t❛s ❞❡ ❛✈❛❧✐❛çã♦ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ é ❝♦❡r❡♥t❡ ❝♦♠♣❛r❛r ♦ ❈❘ ❞❡ ✉♠

❛❧✉♥♦ ❞❛ ♠❡❞✐❝✐♥❛ ❝♦♠ ✉♠ ❛❧✉♥♦ ❞❛ ♠❛t❡♠át✐❝❛✱ ♣♦r ❡①❡♠♣❧♦✳ ❊ss❛s q✉❡stõ❡s ❢♦r❛♠

❛♠♣❧❛♠❡♥t❡ ❡①♣❧♦r❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♣r♦♣♦r ♠ét♦❞♦s ♠❛✐s r♦❜✉st♦s ❡ ❝♦♠ ❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ s❡ ✉s❛r

❛ ♥♦t❛ ❞♦ ✈❡st✐❜✉❧❛r ❡ ♦ ❈❘✱ ♣❡♥s♦✉✲s❡ ❡♠ ✉t✐❧✐③❛r ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s

♣❡❧♦s ❡st✉❞❛♥t❡s✳ ❉❡ ❢♦r♠❛ q✉❡✱ ♣❛r❛ s❡ ❛✈❛❧✐❛r✱ ❡♥tr❡ ❞♦✐s ❛❧✉♥♦s A ❡ B✱ q✉❡♠ t❡✈❡

♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✱ ♦❧❤❛✲s❡ ♣❛r❛ ♦ ❣r✉♣♦ ❞❡ ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ❡♠ ❝♦♠✉♠ ❡♥tr❡ ❛♠❜♦s ❡

♦❜s❡r✈❛✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♣r♦♣♦rçã♦ ❞❛s ❞✐s❝✐♣❧✐♥❛s ❡♠ q✉❡ A ♦❜t❡✈❡ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s

❞♦ q✉❡ B✳ ■ss♦ ❝♦♥❞✐❝✐♦♥❛❞♦ ❛♦ ❢❛t♦r ✧♥♦t❛ ❞♦ ✈❡st✐❜✉❧❛r✧✱ ♦✉ s❡❥❛✱ ❝♦♥❞✐❝✐♦♥❛❞♦ ❛♦ ♣♦st♦

❞♦ ❛❧✉♥♦ ❝♦♠ r❡❧❛çã♦ ❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r✳

➱ ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡✱ ✉♠❛ ✈❡③ q✉❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐s❝✐♣❧✐♥❛ ♣♦❞❡ s❡r ♠✐♥✐s✲

tr❛❞❛ ♣♦r ♣r♦❢❡ss♦r❡s ❞✐❢❡♥t❡s ❡♠ ♣❡rí♦❞♦s ❞✐st✐♥t♦s ❡ ❛té ♠❡s♠♦ ♥✉♠ ♠❡s♠♦ ♣❡rí♦❞♦✱ ♦s

♠ét♦❞♦s ❞❡ ❛✈❛❧✐çã♦ ♥ã♦ sã♦ ♦s ♠❡s♠♦s✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❛ ❡st❛ ♠❡t♦❞♦❧♦❣✐❛✱ ✐rá s❡ s✉♣♦r
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q✉❡ ♥ã♦ ❤á ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♠ét♦❞♦s ❞❡ ❛✈❛❧✐❛çã♦ q✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❞♦✐s ❛❧✉♥♦s ❝♦♠

r❡❧❛çã♦ ❛♦ ❞❡s❡♠♣❡♥❤♦ ❡♠ ✉♠❛ ♠❡s♠❛ ❞✐s❝♣❧✐♥❛✳

❈♦♠♦ ♥❛ ♣rát✐❝❛ ✉♠ ❛❧✉♥♦ ♣♦❞❡ ❝✉rs❛r ✉♠❛ ♠❡s♠❛ ❞✐s❝✐♣❧✐♥❛ ♣♦r ✈ár✐❛s ✈❡③❡s✱ ♥♦

❝❛s♦ ❞❡❧❡ s❡r r❡♣r♦✈❛❞♦✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ❛❧✉♥♦ ❢♦✐ ♠❡❧❤♦r ❞♦ q✉❡ ♦ ♦✉tr♦ ♥✉♠❛

❞❡t❡r♠✐♥❛❞❛ ❞✐s❝✐♣❧✐♥❛✱ ❞✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❢♦r❛♠ ❛✈❛❧✐❛❞❛s✿ ❛ ♥♦t❛ ♦❜t✐❞❛ ♥❛ ❞✐s❝✐♣❧✐♥❛

❡ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦ ❛❧✉♥♦ ❢❡③ ❛ ♠❡s♠❛✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛♠❜♦s ♦s ❛❧✉♥♦s ✜③❡r❛♠

❞❡t❡r♠✐♥❛❞❛ ❞✐s❝✐♣❧✐♥❛ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s é ❝♦♥s✐❞❡r❛❞♦ ✧♦ ♠❡❧❤♦r✧ ❛q✉❡❧❡ q✉❡

♦❜t❡✈❡ ♠❛✐♦r ♠é❞✐❛✱ ❝❛s♦ ❝♦♥trár✐♦✱ é ❝♦♥s✐❞❡r❛❞♦ ✧♦ ♠❡❧❤♦r✧ ❛q✉❡❧❡ q✉❡ ❢❡③ ♦ ♠❡♥♦r

♥ú♠❡r♦ ❞❡ ✈❡③❡s ❛ ❞✐s❝✐♣❧✐♥❛✳

❙❡❥❛♠ ❨a1, ...,❨ana
✈❡t♦r❡s ❝♦♠ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♣❡❧♦s ❛❧✉♥♦s

✐♥❣r❡ss❛♥t❡s ♥♦ ❛♥♦ a✱ ♦✉ s❡❥❛✱ ❨ai = (Yai1, ..., Yaiki
)✱ ❡♠ q✉❡ ki é ♦ ♥ú♠❡r♦ ❞❡ ❞✐s❝✐♣❧✐♥❛s

❝✉rs❛❞❛s ♣❡❧♦ i− ésimo ❛❧✉♥♦ ✐♥❣r❡ss❛♥t❡ ♥♦ ❛♥♦ a ❡ i r❡♣r❡s❡♥t❛ ❛ ♣♦s✐çã♦ ❞♦ ❛❧✉♥♦ ♥♦

❛♥♦ a ❝♦♠ r❡❧❛çã♦ ❛ ♥♦t❛ ♦❜t✐❞❛ ♥♦ ✈❡st✐❜✉❧❛r ✭i = 1 r❡♣r❡s❡♥t❛ ♦ ❛❧✉♥♦ ❝♦♠ ♠❡❧❤♦r ♥♦t❛✱

❡ i = na ♦ ❛❧✉♥♦ ❝♦♠ ♣✐♦r ♥♦t❛✮✳

❆ss✉♠❡✲s❡ q✉❡ Yail t❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞❛ ❞✐str✐❜✉✐çã♦ Fal(µal, σ
2
al)✱ ♣❛r❛ l = 1, 2, ..., ki✱

❞✐str✐❜✉✐çã♦ ❡st❛ ❞❡s❝♦♥❤❡❝✐❞❛✳

❆ ❢✉♥çã♦ φ(·) é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

φ(Yail, Yajl|i < j) = I(Yail < Yajl), ✭✹✳✶✻✮

♦♥❞❡ l ❞❡♥♦t❛ ❛ ❞✐s❝✐♣❧✐♥❛ ❢❡✐t❛ ❡♠ ❝♦♠✉♠ ❡♥tr❡ ♦ i− ésimo ❡ ♦ j − ésimo ❛❧✉♥♦✳

E [φ(Ytil, Ytjl|i < j)] = P (Yail < Yajl|i < j)

=

∫ 10

0

∫ 10

yail

dF (yajl|i > j)dF (yail|i > j) ✭✹✳✶✼✮

✭❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛s ♥♦t❛s ✈❛r✐❛♠ ❡♥tr❡ ✵ ❡ ✶✵✮✳ ❖✉ s❡❥❛✱ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ φ(Ytil, Ytjl|i <
j)✱ E [φ(Ytil, Ytjl|i < j)]✱ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ j − ésimo ✐♥❣r❡ss❛♥t❡ ♥♦ ❛♥♦ a t❡r

t✐r❛❞♦ ♥♦t❛ ♠❛✐♦r ♥❛ ❞✐s❝✐♣❧✐♥❛ l ❝♦♠♣❛r❛❞♦ ❛♦ i− ésimo ❛❧✉♥♦✱ ❝♦♥❞✐❝✐♦♥❛❞♦

❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ i− ésimo ❛❧✉♥♦ ♦❜t❡✈❡ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r✳
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❆ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❚♦t❛❧ ♥♦ ❛♥♦ a s❡rá ❞❛❞❛ ♣♦r

SQTa =

(

na

2

)−1
∑

i6=j

kij
∑

l=1

1

kij

φ (Yail, Yajl|i < j)

=

(

na

2

)−1
∑

i6=j

kij
∑

l=1

1

kij

I(Yail < Yajl), ✭✹✳✶✽✮

♦♥❞❡ kij é ♦ ♥ú♠❡r♦ ❞❡ ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ❡♠ ❝♦♠✉♠ ❡♥tr❡ ♦ i − ésimo ❡ ♦ j − ésimo

❛❧✉♥♦✳

❊ ❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❚♦t❛❧ ♣❛r❛ t♦❞♦s ♦s ❛♥♦s a = 1, 2, ..., A s❡rá

ˆSQT =
1

A

A
∑

a=1

Q̂ga. ✭✹✳✶✾✮

◆♦ ❝❛s♦ ❞❡ G ❣r✉♣♦s ❡
∑G

g=1 nag = na✱ ♦ ❡st✐♠❛❞♦r ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡♥tr♦ ❞♦ ❣r✉♣♦

g é ❞❡✜♥✐❞♦ ❝♦♠♦

Q̂ag =

(

nag

2

)−1
∑

i6=j

kij
∑

l=1

1

kij

φ
(

Y g
ail, Y

g
ajl|i < j

)

. ✭✹✳✷✵✮

❉❡ ♠❛♥❡✐r❛ q✉❡ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ t♦t❛❧ ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❣r✉♣♦ s❡❥❛ ♦❜t✐❞❛ ♣❡❧❛ ♠é❞✐❛ ❞❛

✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❣r✉♣♦s ♥ ❛♥♦ a = 1, 2, .., A✳

Q̂g =
1

A

A
∑

a=1

Q̂ag. ✭✹✳✷✶✮

❖ ✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ Q̂g é ❞❛❞♦ ♣♦r Qg ♣❛r❛ g = 1, 2, ..., G✳ ❊st❛ q✉❛♥t✐❞❛❞❡ ♣♦❞❡ s❡r

✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧✉♥♦ ❝♦♠ ♣✐♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉✲

❧❛r ♦❜t❡r ♠❡❧❤♦r❡s ♥♦t❛s ♥❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ❝♦♠♣❛r❛❞♦s

❛ ✉♠ ❛❧✉♥♦ ❝♦♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r✱ s❡♥❞♦ ❛♠❜♦s ♣❡rt❡♥❝❡♥t❡s

❛ ✉♠ ♠❡s♠♦ ❣r✉♣♦ g✳

❆♥t❡s ❞❡ s❡ ♦❜t❡r ♦ ❡st✐♠❛❞♦r ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ♦s ❣r✉♣♦s g ❡ g′ ✭Ĉgg′✮ ❞❡✜♥❛✲s❡

❞✉❛s q✉❛♥t✐❞❛❞❡s✱

Ĉ∗
agg′ =

1

nagnag′





∑

i6=j

kij
∑

l=1

φ(Y g
Ail, Y

g′

Ajl|i < j)



 , ✭✹✳✷✷✮
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❡

Ĉ∗
ag′g =

1

nagnag′





∑

i6=j

kij
∑

l=1

φ(Y g′

ajl, Y
g
ail|j < i)



 ; ✭✹✳✷✸✮

♦✉ s❡❥❛✱ C∗
agg′ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ g′✱ q✉❡ ♦❜t❡✈❡

❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r ❛♦ ❞❡ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ g ♥♦ ✈❡st✐❜✉❧❛r✱

t❡r ♦❜t✐❞♦ ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✱ ❛♠❜♦s ✐♥❣r❡ss❛♥t❡s ♥♦ ❛♥♦

a✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ C∗
ag′g é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ g✱

q✉❡ ♦❜t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r ❛♦ ❞❡ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ g′ ♥♦

✈❡st✐❜✉❧❛r✱ t❡r ♦❜t✐❞♦ ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦ ✳

❙❡ n∗
agg′ ❞❡♥♦t❛r ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣❛r❛çõ❡s ❢❡✐t❛s ❡♠ C∗

agg′ ❡ n
∗
ag′g ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣❛✲

r❛çõ❡s ❢❡✐t❛s ❡♠ C∗
ag′g✳ ❊♥tã♦ n

∗
agg′ +n

∗
ag′g = nagnag′ ✱ ✐st♦ é✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♠♣❛r❛çõ❡s

❢❡✐t❛s ❡♥tr❡ ♦s ❣r✉♣♦s g ❡ g′✳ ❉❡st❛ ❢♦r♠❛

Ĉagg′ =
n∗

agg′

nagnag′
C∗

agg′ +
n∗

ag′g

nagnag′
C∗

ag′g, ✭✹✳✷✹✮

é ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ t♦t❛❧ ❡♥tr❡ ❞♦✐s ❣r✉♣♦s ♣❛r❛ ♦ ❛♥♦ a✳

❆ss✐♠✱ Ĉgg′ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

Ĉgg′ =
1

A

A
∑

a=1

Ĉagg′ . ✭✹✳✷✺✮

❆ q✉❛♥t✐❞❛❞❡ Cgg′ ✱ q✉❡ é ❛ E(Ĉgg′)✱ ♣❛r❛ g, g′ = 1, 2, ..., G✱ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛

❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ ❣ ✭❣✬✮ q✉❡ ♦❜t❡✈❡ ✉♠

♣✐♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r✱ t❡r ♥♦t❛s ♠❡❧❤♦r❡s ♥❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s

❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✱ ❝♦♠♣❛r❛❞♦ ❛ ✉♠ ❛❧✉♥♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ ❣✬ ✭❣✮ q✉❡

♦❜t❡✈❡ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r ✳

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭✹✳✷✵✮✱✭✹✳✷✹✮✱ ♣♦❞❡✲s❡ ♦❜t❡r ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ♣❛r❛ ❛

✈❛r✐❛❜✐❧✐❞❛❞❡ ❚♦t❛❧✭SQT ✮✳

SQTa =

(

na

2

)−1
(

G
∑

g=1

(

nag

2

)

Q̂ag +
∑

g<g′

nagnag′Ĉagg′

)

=
G
∑

g=1

nag

na

Q̂ag +
∑

g 6=g′

nagnag′

na(na − 1)
Ĉagg′ −

G
∑

g=1

nag(na − nag)

na(na − 1)
Q̂ag ✭✹✳✷✻✮



✹✳✷ ▼❡t♦❞♦❧♦❣✐❛ ✷ ✲ ❯t✐❧✐③❛♥❞♦ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✹✺

s❡♥❞♦✱

SQIa =
G
∑

g=1

nag

na

Q̂ga ✭✹✳✷✼✮

❡

SQEa =
∑

g 6=g′

nagnag′

na(na − 1)
Ĉgg′a −

G
∑

g=1

nag(n− nag)

na(na − 1)
Q̂ga

=
1

n(n− 1)

∑

g<g′

nagnag′(2Ĉagg − Q̂ag − Q̂ag). ✭✹✳✷✽✮

❆ SQE ❣❡r❛❧ é ❞❛❞❛ ♣❡❧❛ ♠é❞✐❛ ❛r✐t♠ét✐❝❛ ❞♦s SQEa✳

❈♦♠♦ ❛ ❢✉♥çã♦ φ(·) é ❛ss✐♠étr✐❝❛✱ ♦ r❡s✉❧t❛❞♦ 2Cagg′ ≥ Qag + Qag′ ♥ã♦ é ✈❡r❞❛❞❡✐r♦✱

♣♦✐s ♥ã♦ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳ P♦rt❛♥t♦✱ ✉♠ t❡st❡ ❞❡ ❤✐♣ót❡s❡ ❛❞❡q✉❛❞♦

s❡r✐❛

H0 : 2Cgg′ −Qg −Qg′ = 0

Ha : 2Cgg′ −Qg −Qg′ 6= 0.

♣❛r❛ t♦❞♦ g = 1, ..., G✳

❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✹✮✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❛♣❡♥❛s ✷ ❣r✉♣♦s✱ ❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s

❡♥tr❡ ❣r✉♣♦s ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❝♦♠♦ s❡ s❡❣✉❡

SQE =
1

4

A
∑

a=1

1

na(na − 1)
na1na2(2Ĉa12 − Q̂a1 − Q̂a2)

=
1

4

A
∑

a=1

1

na(na − 1)
na1na2

(

2

(

n∗
a12

na1na2

Ĉ∗
a12 +

n∗
a21

na1na2

Ĉ∗
a21

)

− n∗
a12 + n∗

a21

na12na21

(Q̂a1 + Q̂a2)

)

=
1

4

A
∑

a=1

1

na(na − 1)
na1na2

(

2
n∗

a12

na1na2

Ĉ∗
a12 −

n∗
a12

na12na21

(Q̂a1 + Q̂a2)

)

+
1

4

A
∑

a=1

1

na(na − 1)
na1na2

(

2
n∗

a21

na1na2

Ĉ∗
a21 −

n∗
a21

na12na21

(Q̂a1 + Q̂a2)

)

=
1

4

A
∑

a=1

1

na(na − 1)
n∗

a12

(

2Ĉ∗
a12 − Q̂a1 − Q̂a2

)



✹✻ ▼❡t♦❞♦❧♦❣✐❛s

+
1

4

A
∑

a=1

1

na(na − 1)
n∗

a21

(

2Ĉ∗
a21 − Q̂a1 − Q̂a2

)

=
1

4

A
∑

a=1

(SQE∗
a + SQE∗∗

a )

= SQE∗ + SQE∗∗. ✭✹✳✷✾✮

❉❡ t❛❧ ❢♦r♠❛ q✉❡✱ ❛s ❤✐♣ót❡s❡s ❞♦ ♥♦✈♦ t❡st❡ ♣♦ss❛♠ s❡r ❝♦♥str✉í❞❛s ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛

H0 : C∗
a12 −Qa1 −Qa2 = 0 e C∗

a21 −Qa1 −Q2 = 0

Ha : C∗
a12 −Qa1 −Qa2 6= 0 e/ou C∗

a21 −Qa1 −Qa2 6= 0.

♣❛r❛ t♦❞♦ a = 1, 2, ..., A

❊st❡ t❡st❡ ❛✈❛❧✐❛ s❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❛❧✉♥♦ ❝♦♠ ♣✐♦r ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡s✲

t✐❜✉❧❛r t❡r ♥♦t❛s ♠❡❧❤♦r❡s ♥❛ ❣r❛❞✉❛çã♦ ❝♦♠♣❛r❛❞♦ ❛ ✉♠ ❛❧✉♥♦ ❝♦♠ ♠❡❧❤♦r

❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r é ❡st❛t✐st✐❝❛♠❡♥t❡ ♥ã♦ ♥✉❧❛✳ ❊♥tr❡t❛♥t♦✱ ♦ ♦❜❥❡t✐✈♦ ❞❛ ❛♥á✲

❧✐s❡ é ❛✈❛❧✐❛r s❡ ❛❧✉♥♦s ❞❡ ✉♠ ❣r✉♣♦ g t❡♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❞♦ q✉❡ ❛❧✉♥♦s ♣❡rt❡♥❝❡♥t❡s

❛ ✉♠ ❣r✉♣♦ g′✱ ❞❡ ♦✉tr❛ ❢♦r♠❛✱ s❡ C∗
gg′ é ♠❛✐♦r ❞♦ q✉❡ C∗

g′g✱ ❡ ✈✐❝❡ ❡ ✈❡rs❛✳

❯♠❛ ✈❡③ ✐❞❡♥t✐✜❝❛❞♦ q✉❡ ❤á ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❣r✉♣♦s✱ ♣❛r❛ s❛❜❡r q✉❛❧ ❣r✉♣♦ ♦❜t❡✈❡

♠❛✐♦r ❞❡s❡♠♣❡♥❤♦ ✐rá s❡ ♦❧❤❛r ♣❛r❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ C∗
gg′ ❡ C

∗
g′g ❡ ♣r♦♣♦r ♦ s❡❣✉✐♥t❡ t❡st❡

❞❡ ❤✐♣ót❡s❡s

H0 : C∗
gg′ − C∗

g′g = 0

Ha : C∗
gg′ − C∗

g′g = 0;

❈❤❛♠❛✲s❡ DIF = Ĉ∗
gg′ − Ĉ∗

g′g ❡ ❛ ♣❛rt✐r ❞❡ ♠ét♦❞♦s ❞❡ r❡✲❛♠♦str❛❣❡♠ ❡st✐♠❛✲s❡ s✉❛

✈❛r✐â♥❝✐❛ ❡ ❝❛❧❝✉❧❛✲s❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛✳

P❛r❛ ❡st❛ ❛♥á❧✐s❡ s❡rá ❢❡✐t❛ ❛♣❡♥❛s ❛ ❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦

❞❡ r❡✲❛♠♦str❛❣❡♠ ♣♦r ❥❛❝❦❦♥✐❢❡ ♣❛r❛ ❡st✐♠❛r ❛s ✈❛r✐â♥❝✐❛s ❡ ❝❛❧❝✉❧❛r ♦s ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛✳



❈❛♣ít✉❧♦ ✺

❆♣❧✐❝❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❛♣❧✐❝❛çõ❡s ❝♦♠ ❞❛❞♦s r❡❛✐s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s

♠❡t♦❞♦❧♦❣✐❛s ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✺✳ P❛r❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✶✱ ❜❛s❡❛❞❛ ♥♦ ❣❛♥❤♦ r❡❧❛✲

t✐✈♦✱ sã♦ ❢❡✐t❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s✱ ✉♠❛ ♣❛r❛♠étr✐❝❛ ✭✉t✐❧✐③❛♥❞♦ ❛s ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r

❡ ♥♦r♠❛❧ ❡ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ♣♦r ✈❡r♦ss✐♠✐❧❤❛♥ç❛✮ ❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛

✭✉t✐❧✐③❛♥❞♦ té❝♥✐❝❛s ❞❡ r❡✲❛♠♦str❛❣❡♠✮✳ P❛r❛ ❛ s❡❣✉♥❞❛ ♠❡t♦❞♦❧♦❣✐❛ é ❢❡✐t♦ ❛♣❡♥❛s ❛

❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛✳

P❛r❛ ❡st✐♠❛r ❛s q✉❛♥t✐❞❛❞❡s Q✱ C ❡ ❝❛❧❝✉❧❛r SQE ❡ s✉❛ ✈❛r✐â♥❝✐❛ ❡♠ ❝❛❞❛ ✉♠ ❞♦s

♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s✱ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s r♦t✐♥❛s ❡ ✉t✐❧✐③❛❞♦ ♦ s♦❢t✇❛r❡ ❘ ✈❡rsã♦ ✷✳✶✳✶✳

❊st❛s r♦t✐♥❛s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦s ❛♣ê♥❞✐❝❡s ❇ ❡ ❈✳

✺✳✶ ❉❡s❝r✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s

❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❢♦✐ ❢♦r♥❡❝✐❞♦ ♣❡❧❛ ❈❖▼❱❊❙❚ ✭❈♦♠✐ssã♦ P❡r♠❛♥❡♥t❡ ❞❡ ❱❡st✐✲

❜✉❧❛r❡s✮ ❡ ♣❡❧❛ ❉❆❈ ✭❉✐r❡t♦r✐❛ ❆❝❛❞ê♠✐❝❛ ❞❛ ❯♥✐❝❛♠♣✮ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡

❈❛♠♣✐♥❛s✳ ❈♦♥té♠ ✐♥❢♦r♠❛çõ❡s ❞❡ ✼✺✶✺ ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s ♥♦s ❛♥♦s ❞❡ ✶✾✾✼✱ ✶✾✾✽✱ ✶✾✾✾

❡ ✷✵✵✵✱ ❡♠ t♦❞♦s ♦s ❝✉rs♦s ❞❡ ❣r❛❞✉❛çã♦ ♦❢❡r❡❝✐❞♦s ✭❢♦r❛♠ ❡①❝❧✉í❞♦s ♦s ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s

♥♦s ❝✉rs♦s t❡❝♥♦❧ó❣✐❝♦s ♠✐♥✐str❛❞♦s ♥♦ ❝❛♠♣✉s ❞❡ ▲✐♠❡✐r❛✮✳ ❊ss❡s ❛❧✉♥♦s ❝♦rr❡s♣♦❞❡♠

❛ ✉♠❛ ❛♠♦str❛ ❞♦ ✉♥✐✈❡rs♦ ❞❡ t♦❞♦s ♦s ❛❧✉♥♦s ❥á ✐♥❣r❡ss❛♥t❡s ♥❛ ❯◆■❈❆▼P✱ ♦✉ s❡❥❛✱ ❛



✹✽ ❆♣❧✐❝❛çõ❡s

♣♦♣✉❧❛çã♦ ❞❡ ✐♥t❡r❡ss❡ sã♦ ♦s ❛❧✉♥♦s ✐♥❣r❡ss❛♥t❡s✳

❖s ❞❛❞♦s ❢♦r❛♠ ❛t✉❛❧✐③❛❞♦s ♥♦ ✜♥❛❧ ❞♦ ♣r✐♠❡✐r♦ s❡♠❡str❡ ❞❡ ✷✵✵✼ ❡ ❛s ✐♥❢♦r♠❛çõ❡s ❞✐s✲

♣♦♥í✈❡✐s s❡ r❡❢❡r❡♠ ❛s r❡s♣♦st❛s ❞♦ q✉❡st✐♦♥ár✐♦ só❝✐♦✲❝✉❧t✉r❛❧ ❛♣❧✐❝❛❞♦ ♣❡❧❛ ❈❖▼❱❊❙❚✱

♥♦ ♠♦♠❡♥t♦ ❞❛ ✐♥s❝r✐çã♦ ♥♦ ✈❡st✐❜✉❧❛r✱ ❡ ✐♥❢♦r♠❛çõ❡s ❛❝❛❞ê♠✐❝❛s t❛✐s ❝♦♠♦✿ ♥♦t❛ ♦❜t✐❞❛

♥♦ ✈❡st✐❜✉❧❛r✱ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦ ✜♥❛❧ ❞♦ ❛❧✉♥♦✱ s✐t✉❛çã♦ ❛❝❛❞ê♠✐❝❛✱ ♥♦t❛s ♦❜t✐❞❛s

♥❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s✳

❆ ❛♠♦str❛ é ❝♦♠♣♦st❛✱ ❡♠ s✉❛ ♠❛✐♦r✐❛✱ ♣♦r ❡st✉❞❛♥t❡s ❝♦♠ ✐❞❛❞❡s ❡♥tr❡ ✶✻ ❡ ✷✹ ❛♥♦s

✭❛♣❡♥❛s ✼✱✸✪ ✐♥❣r❡ss❛♥t❡s ❞❡❝❧❛r❛r❛♠ t❡r ♠❛✐s ❞❡ ✷✹ ❛♥♦s✮ ❞❡ ❛♠❜♦s ♦s s❡①♦s✱ s❡♥❞♦ ✹✹✵✸

✭✺✾✱✶✪✮ ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦ ❡ ✸✵✺✶ ✭✹✵✱✾✪✮ ❞♦ s❡①♦ ❢❡♠✐♥✐♥♦ ✭❢❛❧t♦✉ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦

s❡①♦ ♣❛r❛ ✻✶ ❛❧✉♥♦s✮✳

❆ s✐t✉❛çã♦ ❛❝❛❞ê♠✐❝❛ ❞❡ss❡s ❛❧✉♥♦s✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ❚❛❜❡❧❛ ✺✳✶✱ ❢♦✐ ❝❧❛ss✐✜❝❛❞❛

❞❡ três ❢♦r♠❛s✿ ❣r❛❞✉❛❞♦s ✭❛❧✉♥♦s q✉❡ ❥á ❤❛✈✐❛♠ ❝♦♥❝❧✉í❞♦ ♦ ❝✉rs♦✮✱ ❛t✐✈♦s ✭❛❧✉♥♦s q✉❡

♥ã♦ ❤❛✈✐❛♠ ❝♦♥❝❧✉í❞♦ ♦ ❝✉rs♦ ❡ q✉❡ ❛✐♥❞❛ ❡st❛✈❛♠ ♠❛tr✐❝✉❧❛❞♦s✮ ❡ ♦✉tr♦s ✭❡♠ ❣❡r❛❧

❛❧✉♥♦s ❥✉❜✐❧❛❞♦s ♦✉ ❞❡s✐st❡♥t❡s✮✳ ❆ ♠❛✐♦r✐❛ ❞♦s ❛❧✉♥♦s ✭✼✻✱✶✪✮ ❥á ❤❛✈✐❛ s❡ ❣r❛❞✉❛❞♦ ❡

✷✷✱✹✪ ❢♦r❛♠ ❥✉❜✐❧❛❞♦s ♦✉ ❞❡s✐st✐r❛♠ ❞♦ ❝✉rs♦✱ ❛♣❡♥❛s ✶✱✺✪ ❛✐♥❞❛ ❡st❛✈❛♠ ❛t✐✈♦s✳ ❍á ✉♠

❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♥❣r❡ss❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s ❞❡✈✐❞♦ ❛ ♠❛✐♦r ♦❢❡rt❛ ❞❡ ✈❛❣❛s

♣❡❧❛ ✉♥✐✈❡rs✐❞❛❞❡✳ ❚♦♠❛♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ❛♥♦s ❞❡ ✶✾✾✼✱ ❡♠ ✶✾✾✽ ❤♦✉✈❡ ✉♠ ❛✉♠❡♥t♦ ♥♦

✐♥❣r❡ss♦ ❞♦ ❛❧✉♥♦s ❡♠ ✷✸✱✹✪ ✭✶✼✷✾✴✶✸✾✸ ✲ ✶✮✱ ❡♠ ✶✾✾✾ ✺✼✱✹✪ ✭✷✶✾✷✴✶✸✾✸ ✲ ✶✮ ❡ ❡♠ ✷✵✵✵

♦ ♥ú♠❡r♦ ❞❡ ❛❧✉♥♦s ❡r❛ ✺✽✱✻✪ ♠❛✐♦r ❞♦ q✉❡ ❡♠ ✶✾✾✼ ✭✷✷✶✵✴✶✸✾✸ ✲ ✶✮✳ ❖ ♠❛✐♦r ❛✉♠❡♥t♦

♦❝♦rr❡✉ ❞❡ ✶✾✾✽ ♣❛r❛ ✶✾✾✾✱ ♦♥❞❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❢♦✐ ❞❡ ✷✹✱✼✪ ✭✶✼✷✵✴✷✶✾✷ ✲ ✶✮✳

❖s ❛❧✉♥♦s sã♦ ✐♥❣r❡ss❛♥t❡s ❡♠ ✹✺ ❝✉rs♦s ♣❡rt❡♥❝❡♥t❡s ❛ t♦❞❛s ❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳

❖s ❝✉rs♦s✱ s❡❣✉♥❞♦ ❛ ár❡❛✱ sã♦ ♦s s❡❣✉✐♥t❡s

✶✳ ❊①❛t❛s ✿ ♠❛t❡♠át✐❝❛✱ ❡st❛tíst✐❝❛✱ ❢ís✐❝❛✱ q✉í♠✐❝❛✱ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛✱ ❧✐❝❡♥❝✐❛t✉r❛

❡♠ ♠❛t❡♠át✐❝❛✱ ❧✐❝❡♥❝✐❛t✉r❛ ❡♠ ❢ís✐❝❛✱ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦✱ q✉í♠✐❝❛ t❡❝♥♦❧ó❣✐❝❛✱

❝✐ê♥❝✐❛s ❞❛ t❡rr❛✱ ❣❡♦❧♦❣✐❛ ❡ ❣❡♦❣r❛✜❛❀

✷✳ ❚❡❝♥♦❧ó❣✐❝❛s ✿ ❛rq✉✐t❡t✉r❛ ❡ ♦s ❝✉rs♦s ❞❡ ❡♥❣❡♥❤❛r✐❛ ❛❣rí❝♦❧❛✱ q✉í♠✐❝❛✱ ♠❡❝â♥✐❝❛✱

❡❧étr✐❝❛✱ ❝✐✈✐❧✱ ❞❡ ❛❧✐♠❡♥t♦s✱ ❞❡ ❝♦♠♣✉t❛çã♦ ❡ ❞❡ ❝♦♥tr♦❧❡ ❡ ❛✉t♦♠❛çã♦❀



✺✳✶ ❉❡s❝r✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ✹✾

❚❛❜❡❧❛ ✺✳✶✿ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ t♦t❛❧ ♣♦r ❛♥♦ s❡❣✉♥❞♦ ❛ s✐t✉❛çã♦ ❛❝❛❞ê♠✐❝❛ ❞♦ ❛❧✉♥♦✳

❙✐t✉❛çã♦ ❛♥♦ ❞❡ ✐♥❣r❡ss♦ ❚♦t❛❧

❛❝❛❞ê♠✐❝❛ ✶✾✾✼ ✶✾✾✽ ✶✾✾✾ ✷✵✵✵

♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪

❣r❛❞✉❛❞♦ ✶✵✾✾ ✼✽✱✾ ✶✸✶✺ ✼✻✱✺ ✶✻✹✶ ✼✹✱✾ ✶✻✻✹ ✼✺✱✸ ✺✼✶✾ ✼✻✱✶

❛t✐✈♦ ✺ ✵✱✹ ✶✺ ✵✱✾ ✸✾ ✶✱✽ ✺✷ ✷✱✹ ✶✶✶ ✶✱✺

♦✉tr♦s ✷✽✾ ✷✵✱✽ ✸✾✵ ✷✷✱✼ ✺✶✷ ✷✸✱✹ ✹✾✹ ✷✷✱✹ ✶✻✽✺ ✷✷✱✹

❚♦t❛❧ ✶✸✾✸ ✶✵✵✱✵ ✶✼✷✵ ✶✵✵✱✵ ✷✶✾✷ ✶✵✵✱✵ ✷✷✶✵ ✶✵✵✱✵ ✼✺✶✺ ✶✵✵✱✵

✸✳ ❇✐♦❧ó❣✐❝❛s ✿ ❜✐♦❧♦❣✐❛ ❧✐❝❡♥❝✐❛t✉r❛ ❡ ❜❛❝❤❛r❡❧❛❞♦✱ ♦❞♦♥t♦❧♦❣✐❛✱ ♠❡❞✐❝✐♥❛✱ ❡♥❢❡r♠❛❣❡♠

❡ ❡❞✉❝❛çã♦ ❢ís✐❝❛❀

✹✳ ❍✉♠❛♥❛s✿ ❧❡tr❛s✱ ❝✐ê♥❝✐❛s s♦❝✐❛✐s✱ ❝✐ê♥❝✐❛s ❡❝♦♥ô♠✐❝❛s✱ ❧✐♥❣üíst✐❝❛✱ ❤✐stór✐❛✱ ♣❡❞❛❣♦✲

❣✐❛✱ ✜❧♦s♦✜❛ ❡ ❧✐❝❡♥❝✐❛t✉r❛ ❡♠ q✉í♠✐❝❛✴❢ís✐❝❛❀

✺✳ ❆rt❡s ✿ ♠ús✐❝❛✱ ❞❛♥ç❛✱ ❛rt❡s ✈✐s✉❛✐s ❡ ❛rt❡s ❝ê♥✐❝❛s✳

❆ ❚❛❜❡❧❛ ✺✳✷ ❛♣r❡s❡♥t❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ ♣♦r ❛♥♦✱ s❡❣✉♥❞♦ ❛ ár❡❛ ❞❡ ✐♥t❡r❡ss❡✳

❈♦♠♦ s❡ ♦❜s❡r✈❛✱ ❛s ár❡❛s ♠❛✐s ♣r♦❝✉r❛❞❛s sã♦ ❛s ❚❡❝♥♦❧ó❣✐❝❛s ❡ ❊①❛t❛s ❝♦♠ ❝❡r❝❛ ❞❡

✸✵✪ ❡ ✷✷✪ ❞♦s ❛❧✉♥♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡❣✉✐❞❛ ❞❛ ❇✐♦❧ó❣✐❝❛ ❡ ❍✉♠❛♥❛s ❝♦♠ ❝❡r❝❛ ❞❡

✷✵✪ ❞♦ ✐♥❣r❡ss❛♥t❡s ❝❛❞❛ ✉♠❛✳ ❆ ár❡❛ ❞❡ ❛rt❡s é r❡s♣♦♥sá✈❡❧ ♣♦r ❛♣❡♥❛s ✻✱✹✪ ❞❛ ❛♠♦str❛

❛✈❛❧✐❛❞❛✳

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✐♥t❡r❡ss❡ é ❛ ♦r✐❣❡♠ ❞♦s ❛❧✉♥♦s ❝♦♠ r❡❧❛çã♦ ❛♦ t✐♣♦ ❞❡

❡s❝♦❧❛ q✉❡ ❝✉rs❛r❛♠ ♥♦ ✷◦ ❣r❛✉✱ ✐st♦ é✱ s❡ ✈✐❡r❛♠ ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ♦✉ ♣r✐✈❛❞❛s✳ ◆♦

q✉❡st✐♦♥ár✐♦ só❝✐♦✲❝✉❧t✉r❛❧ ❞❛ ❈❖▼❱❊❙❚ ❛ q✉❡stã♦ ❡r❛ ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✧◗✉❛❧ ♦

t✐♣♦ ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦ q✉❡ ❝✉rs♦✉ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦ ✭✷◦ ❣r❛✉✮✧ ❡ ❛♣r❡s❡♥t❛✈❛ ❛s s❡❣✉✐♥t❡s

❛❧t❡r♥❛t✐✈❛s

✶✳ s♦♠❡♥t❡ ♣❛rt✐❝✉❧❛r❀

✷✳ s♦♠❡♥t❡ ♣ú❜❧✐❝♦❀



✺✵ ❆♣❧✐❝❛çõ❡s

❚❛❜❡❧❛ ✺✳✷✿ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ t♦t❛❧ ♣♦r ❛♥♦ s❡❣✉♥❞♦ ❛ ár❡❛✳

➪r❡❛ ❛♥♦ ❞❡ ✐♥❣r❡ss♦ ❚♦t❛❧

✶✾✾✼ ✶✾✾✽ ✶✾✾✾ ✷✵✵✵

♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪

❡①❛t❛s ✷✸✺ ✶✻✱✾ ✹✶✻ ✷✹✱✷ ✺✶✻ ✷✸✱✺ ✺✶✺ ✷✸✱✸ ✶✻✽✷ ✷✷✱✹

❜✐♦❧ó❣✐❝❛s ✸✷✷ ✷✸✱✶ ✸✸✸ ✶✾✱✹ ✹✵✼ ✶✽✱✻ ✹✶✺ ✶✽✱✽ ✶✹✼✼ ✶✾✱✼

❤✉♠❛♥❛s ✷✸✽ ✶✼✱✶ ✸✹✺ ✷✵✱✶ ✹✾✷ ✷✷✱✺ ✹✽✹ ✷✶✱✾ ✶✺✺✾ ✷✵✱✽

❛rt❡s ✾✾ ✼✱✶ ✶✶✸ ✻✱✻ ✶✸✹ ✻✱✶ ✶✸✹ ✻✱✶ ✹✽✵ ✻✱✹

t❡❝♥♦❧ó❣✐❝❛s ✹✾✾ ✸✺✱✽ ✺✶✸ ✷✾✱✽ ✻✹✸ ✷✾✱✸ ✻✻✷ ✸✵✱✵ ✷✸✶✼ ✸✵✱✽

❚♦t❛❧ ✶✸✾✸ ✶✵✵✱✵ ✶✼✷✵ ✶✵✵✱✵ ✷✶✾✷ ✶✵✵✱✵ ✷✷✶✵ ✶✵✵✱✵ ✼✺✶✺ ✶✵✵✱✵

✸✳ ♠❛✐s ♣ú❜❧✐❝♦❀

✹✳ ♠❛✐s ♣❛rt✐❝✉❧❛r❀

✺✳ ✐❣✉❛❧ t❡♠♣♦ ❡♠ ❛♠❜❛s❀

✻✳ ♥❡♥❤✉♠❛ ❞❛s ❛❧t❡r♥❛t✐✈❛s✳

❆ ♣❛rt✐r ❞❡st❛ q✉❡stã♦ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣r✐✈❛❞❛s ❛❧✉♥♦s q✉❡

❞❡❝❧❛r❛r❛♠ t❡r ❡st✉❞❛❞♦ t♦❞♦ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ♦✉ ❛ ♠❛✐♦r ♣❛rt❡ ❞♦ t❡♠♣♦ ❡♠ ❡s❝♦❧❛s

♣❛rt✐❝✉❧❛r❡s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❛❧✉♥♦s q✉❡ ❡st✉❞❛r❛♠ t♦❞♦ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ♦✉ ❛ ♠❛✐♦r ♣❛rt❡

❞❡❧❡ ❡♠ ❡st❛❜❡❧❡❝✐♠❡♥t♦s ♣ú❜❧✐❝♦s✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s✳

❖s ❛❧✉♥♦s q✉❡ ❛ss✐♥❛❧❛r❛♠ ✉♠❛ ❞❛s ❞✉❛s ú❧t✐♠❛s ♦♣çõ❡s ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❢❛❧t❛

❞❡ ✐♥❢♦r♠❛çã♦✳ ❍♦✉✈❡ ❢❛❧t❛ ❞❡ ✐♥❢♦r♠❛çã♦ ♣❛r❛ ✶✶✼ ❛❧✉♥♦s✳

❈♦♠♦ é ♠♦str❛❞♦ ♥❛ ❚❛❜❡❧❛ ✺✳✸✱ ❡♠ ❣❡r❛❧✱ ✸✵✪ ❞♦s ❛❧✉♥♦s q✉❡ ✐♥❣r❡ss❛♠ ❡♥tr❡ ✶✾✾✼ ❡

✷✵✵✵ sã♦ ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s✱ ✉♠ ❝♦♥t✐❣❡♥t❡ ♠❛✐s ❞❡ ✷ ✈❡③❡s ♠❡♥♦r ❞♦ q✉❡ ♦ ❞❡

❛❧✉♥♦s q✉❡ ❝✉rs❛r❛♥ ❡s❝♦❧❛s ♣r✐✈❛❞❛s✳ ❊ss❛ ♣r♦♣♦rçã♦ é ✈❛❧✐❞❛ t❛♠❜é♠ q✉❛♥❞♦ ♦❜s❡r✈❛❞♦

❛ ❞✐str✐❜✉✐çã♦ ♣♦r s❡①♦✱ ❝❡r❝❛ ❞❡ ✸✵✪ ♠✉❧❤❡r❡s ❡ ✸✵✪ ❞♦s ❤♦♠❡♥s q✉❡ ✐♥❣r❡ss❛♠ ♥❛

✉♥✐✈❡rs✐❞❛❞❡ ❡st✉❞❛r❛♠ ❡♠ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ♥♦ s❡❣✉♥❞♦ ❣r❛✉ ✭✈❡r ❋✐❣✉r❛ ✺✳✶✮✳



✺✳✶ ❉❡s❝r✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ✺✶

❚❛❜❡❧❛ ✺✳✸✿ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ t♦t❛❧ ♣♦r ❛♥♦ s❡❣✉♥❞♦ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❝✉rs❛❞❛ ♥♦ ✷◦ ❣r❛✉✳

❚✐♣♦ ❊s❝♦❧❛ ❛♥♦ ❞❡ ✐♥❣r❡ss♦ ❚♦t❛❧

❞♦ ✷◦ ❣r❛✉ ✶✾✾✼ ✶✾✾✽ ✶✾✾✾ ✷✵✵✵

♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪ ♥ ✪

♣r✐✈❛❞❛ ✾✻✺ ✼✵✱✺ ✶✶✽✶ ✻✾✱✼ ✶✺✷✷ ✼✵✱✻ ✶✺✵✵ ✻✾✱✵ ✺✶✻✽ ✻✾✱✾

♣ú❜❧✐❝❛ ✹✵✹ ✷✾✱✺ ✺✶✸ ✸✵✱✸ ✻✸✺ ✷✾✱✹ ✻✼✽ ✸✶✱✵ ✷✷✸✵ ✸✵✱✶

❚♦t❛❧ ✶✸✻✾ ✶✵✵✱✵ ✶✻✾✹ ✶✵✵✱✵ ✷✶✺✼ ✶✵✵✱✵ ✷✶✼✽ ✶✵✵✱✵ ✼✸✾✽ ✶✵✵✱✵

❋✐❣✉r❛ ✺✳✶✿ P❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s s❡❣✉♥❞♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ♣♦r s❡①♦✳



✺✷ ❆♣❧✐❝❛çõ❡s

❈♦♠ r❡❧❛çã♦ ❛ ár❡❛✱ ❛s ❊①❛t❛s ❛♣r❡s❡♥t❛♠ ♠❛✐♦r ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s ♦r✐✉♥❞♦s

❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❝♦♠ ✹✷✱✻✪✱ s❡❣✉✐❞❛ ❞❛s ❍✉♠❛♥❛s ❝♦♠ ✸✹✱✽✪ ❡ ❛ ár❡❛ ❝♦♠ ♠❡♥♦r

♣❡r❝❡♥t❛❣❡♠ é ❛ ❚❡❝♥♦❧ó❣✐❝❛s ❝♦♠ ✷✷✱✶✪✱ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ♥❛ ❋✐❣✉r❛ ✺✳✷✳

❋✐❣✉r❛ ✺✳✷✿ ♣❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s s❡❣✉♥❞♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉ ♣♦r ár❡❛✳

❖✉tr❛ ❝❛r❛❝t❡ríst✐❝❛ ❛✈❛❧✐❛❞❛ ❢♦✐ s❡ ♦ ❛❧✉♥♦ ✧tr❛❜❛❧❤❛✈❛✧ ♦✉ ♥ã♦ ❛♦ ❡♥tr❛r ♥❛ ✉♥✐✲

✈❡rs✐❞❛❞❡✳ ◆❛ ❛♠♦str❛ t♦t❛❧ ♣♦✉❝♦ ♠❡♥♦s ❞❡ ✉♠ t❡rç♦✱ ✷✼✱✶✪ ❞♦s ❡st✉❞❛♥t❡s ✭✶✾✾✵

✐♥❞✐✈í❞✉♦s✮✱ ❞❡❝❧❛r❛r❛♠ q✉❡ tr❛❜❛❧❤❛✈❛♠ ❛♦ ✐♥❣r❡ss❛r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡✳ ◗✉❛♥❞♦ s❡ ❢❛③

❡ss❛ ♠❡s♠❛ ❛♥á❧✐s❡ s❡♣❛r❛❞❛♠❡♥t❡ ♣❛r❛ ❝❛❞❛ ár❡❛ ✭❋✐❣✉r❛ ✺✳✸ ♦❜s❡r✈❛✲s❡ q✉❡ ❛ ár❡❛ ❝♦♠

♠❛✐♦r ♣❡r❝❡♥t❛❣❡♠ ❝♦♠ ❛❧✉♥♦s q✉❡ tr❛❜❛❧❤❛✈❛♠ é ❛ ❛rt❡s ❝♦♠ ✺✵✱✻✪✱ s❡❣✉✐❞❛ ❞❛s ❊①❛t❛s

❝♦♠ ✸✼✱✺✪ ❡ ❍✉♠❛♥❛s ❝♦♠ ✸✹✱✺✪✳ ◆❛s ár❡❛s ❚❡❝♥♦❧ó❣✐❝❛s ❡ ❇✐♦❧ó❣✐❝❛s ❛♣❡♥❛s ✶✻✪ ❞♦s

❛❧✉♥♦s tr❛❜❛❧❤❛✈❛♠✳

❊♥tr❡ ♦s s❡①♦s✱ ❛ ♣❡r❝❡♥t❛❣❡♠ ❞❡ r❛♣❛③❡s q✉❡ tr❛❜❛❧❤❛✈❛ é ♠❛✐♦r q✉❡ ❛ ❞❡ ♠✉❧❤❡r❡s✱

✷✾✱✹✪ ❝♦♥tr❛ ✷✸✱✼✪✳ ❏á q✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❛❧✉♥♦s ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛s ❡ ♣r✐✈❛❞❛s✱ ✹✽✱✵✪

❞♦ ❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❞❡❝❧❛r❛r❛♠ q✉❡ tr❛❜❛❧❤❛✈❛♠ ❝♦♥tr❛ ❛♣❡♥❛s ✶✽✱✶✪

❞♦s ❛❧✉♥s q✉❡ ❡st✉❞❛r❛♠ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ❡♠ ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s ✭✈❡r ❚❛❜❡❧❛ ✺✳✹✮✳

❈♦♠ r❡❧❛çã♦ ❛♦ ♣❡r✜❧ ❡❝♦♥ô♠✐❝♦ ❞♦s ❛❧✉♥♦s✱ ❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ q✉❡ s❡ ❞✐s♣✉♥❤❛ ❡r❛ ❛

r❡♥❞❛ ♠❡♥s❛❧ ❢❛♠✐❧✐❛r ❞♦ ❛❧✉♥♦ ❡♠ s❛❧ár✐♦s ♠í♥✐♠♦s ✭❙▼✮✳ ❆ ❛♠♦str❛ t♦t❛❧ ❡stá ❞✐str✐❜✉í❞❛

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱ ✹✽✱✷✪ ❞♦s ❡st✉❞❛♥t❡s ❞❡❝❧❛r❛r❛♠ q✉❡ ❛ r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧ ❡r❛

s✉♣❡r✐♦r ❛ ✷✵ ❙▼✱ ✷✾✱✶✪ r❡♥❞❛ ♠❛✐♦r q✉❡ ✶✵ ❡ ♠❡♥♦r q✉❡ ✷✵ ❙▼✱ ✷✵✱✽✪ ♠❛✐s ❞♦ q✉❡ ✸ ❡



✺✳✶ ❉❡s❝r✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ✺✸

❋✐❣✉r❛ ✺✳✸✿ P❡r❝❡♥t❛❣❡♠ ❞❡ ❛❧✉♥♦s q✉❡ tr❛❜❛❧❤❛✈❛♠ ♦✉ ♥ã♦ ❛♦ ❡♥tr❛r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ♣♦r ár❡❛✳

❚❛❜❡❧❛ ✺✳✹✿ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ s❡❣✉♥❞♦ ❛ ✈❛r✐á✈❡❧ tr❛❜❛❧❤❛✱ ♣♦r s❡①♦ ❡ ♣♦r t✐♣♦ ❞❡ ❡s❝♦❧❛

❞♦ ✷◦ ❣r❛✉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚r❛❜❛❧❤❛✈❛ ❛♦ ❡♥tr❛r s❡①♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❚♦t❛❧

♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ♠❛s❝✉❧✐♥♦ ❢❡♠✐♥✐♥♦ ♣❛rt✐❝✉❧❛r ♣ú❜❧✐❝❛

♥ã♦ ✼✵✱✻ ✼✻✱✸ ✽✶✱✾ ✺✷✱✶ ✼✷✱✾

s✐♠ ✷✾✱✹ ✷✸✱✼ ✶✽✱✶ ✹✼✱✾ ✷✼✱✶

❚♦t❛❧ ✶✵✵✱✵ ✶✵✵✱✵ ✶✵✵✱✵ ✶✵✵✱✵ ✶✵✵✱✵
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♠❡♥♦s ❞♦ q✉❡ ✶✵ ❙▼ ❡ ❛♣❡♥❛s ✷✪ ❞❡❝❧❛r❛♠ t❡r r❡♥❞❛ ♠❡♥♦r ❞♦ q✉❡ ✸ ❙▼✳

❋✐❣✉r❛ ✺✳✹✿ ❉✐str✐❜✉✐çã♦ ❞❛ ❛♠♦str❛ s❡❣✉♥❞♦ ❛ r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧✱ ♣♦r s❡①♦ ❡ ♣♦r t✐♣♦ ❞❡

❡s❝♦❧❛ ❞♦ ✷◦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❋✐❣✉r❛ ✺✳✹ ❛♣r❡s❡♥t❛ ♦ ❣rá✜❝♦ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❡st✉❞❛♥❞♦ s❡❣✉♥❞❛ ❛ r❡♥❞❛

♣♦r s❡①♦ ❡ ♣♦r t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆ã♦ ❤á ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛s

♥❛ ❞✐str✐❜✉✐çã♦ ❞❛ r❡♥❞❛ ♠❡♥s❛❧ ❢❛♠✐❧✐❛r ❡♥tr❡ ♦s s❡①♦s✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ s❡ ❝♦♠♣❛r❛

❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s ❝♦♠ ❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s✱ ♥♦t❛✲s❡

q✉❡ ♦s ♣r✐♠❡✐r♦s ❛♣r❡s❡♥t❛♠ r❡♥❞❛s ♠❛✐♦r❡s✱ ✺✽✱✺✪ ❞❡st❡s ❛❧✉♥♦s ❞❡❝❧❛r❛r❛♠ r❡♥❞❛ ❛❝✐♠❛



✺✳✶ ❉❡s❝r✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ✺✺

❞❡ ✷✵ ❙▼ ❡ ✷✺✱✾✪ r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧ ❡♥tr❡ ✶✵ ❡ ✷✵ ❙▼✱ ♦✉ s❡❥❛✱ ✽✹✱✹✪ ❞♦s ❡st✉❞❛♥t❡s

♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛ ♣❛rt✐❝✉❧❛r❡s ❞❡❝❧❛r❛♠ t❡r r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧ ❛❝✐♠❛ ❞❡ ✶✵ ❙▼✳ ❊♥tr❡

♦s ❛❧✉♥♦s q✉❡ ❡st✉❞❛r❛♠ ❡♠ ❡s❝♦❧❛ ♣ú❜❧✐❝❛s✱ ✸✺✱✺✪ ❞❡❝❧❛r❛♠ r❡♥❞❛ ❢❛♠✐❧✐❛r ❡♥tr❡ ✸ ❡

✶✵ ❙▼✱ ✸✻✱✹✪ r❡♥❞❛ ❡♥tr❡ ✶✵ ❡ ✷✵ ❙▼ ❡ ❛♣❡♥❛s ✷✹✱✹✪ r❡♥❞❛ ❢❛♠✐❧✐❛r ♠❡♥s❛❧ s✉♣❡r✐♦r ❛

✷✵ ❙▼✳ ❈♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❣r✉♣♦ ❛♥t❡r✐♦r ✭❛❧✉♥♦s ❞❡ ❡s❝♦❧❛ ♣r✐✈❛❞❛s✮ ✻✵✱✽✪ ❞❡❝❧❛r❛r❛♠

r❡♥❞❛ ❛❝✐♠❛ ✶✵ ❙▼ ✭✷✸✱✻✪ ❛ ♠❡♥♦s✮✳

❖ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❣❛♥❤♦✱ ❥á ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❡ ❝✉✐❞❛❞♦s❛♠❡♥t❡ ❛♥❛✲

❧✐s❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✳ ❆ ❚❛❜❡❧❛ ✺✳✺ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ♠❡❞✐❞❛s r❡s✉♠♦ ♣❛r❛ ♦ ❣❛♥❤♦

r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ❛❧❣✉♥s ❣r✉♣♦s ❢♦r♠❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s❡①♦ ❡ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❡ s❡ ♦

❛❧✉♥♦ tr❛❜❛❧❤❛✈❛ ❛♦ ❡♥tr❛r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡✳

❚❛❜❡❧❛ ✺✳✺✿ ▼❡❞✐❞❛s r❡s✉♠♦ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

●r✉♣♦s ♥ ♠é❞✐❛ ❉✳P✳ ♠í♥✐♠♦ ♠á①✐♠♦

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✺✶✺✻ ✲✵✱✵✶✾✺ ✵✱✸✹✼✻ ✲✵✱✾✽✹ ✵✱✾✽✹

♣ú❜❧✐❝❛ ✷✷✷✸ ✵✱✵✹✻✺ ✵✱✸✻✸✷ ✲✵✱✾✼✻ ✵✱✾✺✽

s❡①♦

♠❛s❝✉❧✐♥♦ ✹✸✺✻ ✲✵✱✵✹✵✺ ✵✱✸✺✹✹ ✲✵✱✾✽✹ ✵✱✾✽✹

❢❡♠✐♥✐♥♦ ✸✵✷✸ ✵✱✵✺✾✸ ✵✱✸✹✹✷ ✲✵✱✾✹✼ ✵✱✾✺✼

tr❛❜❛❧❤❛✈❛

♥ã♦ ✺✹✶✹ ✵✱✵✵✶✽ ✵✱✸✹✼✹ ✲✵✱✾✽✹ ✵✱✾✻✽

s✐♠ ✷✵✷✾ ✲✵✱✵✵✸✵ ✵✱✸✻✾✶ ✲✵✱✾✻✵ ✵✱✾✽✹

✐♥t❡r❛çã♦ s❡①♦ ❡ t✐♣♦

❞❡ ❡s❝♦❧❛ ❞♦ ✷♦ ❣r❛✉

♠❛s❝✉❧✐♥♦ ♣❛rt✐❝✉❧❛r ✸✵✶✼ ✲✵✱✵✺✽✽ ✵✱✸✹✼✽ ✲✵✱✾✽✹ ✵✱✾✽✹

♠❛s❝✉❧✐♥♦ ♣ú❜❧✐❝❛ ✶✸✸✾ ✵✱✵✵✵✻ ✵✱✸✻✺✺ ✲✵✱✾✼✻ ✵✱✾✺✽

❢❡♠✐♥✐♥♦ ♣❛rt✐❝✉❧❛r ✷✶✸✾ ✵✱✵✸✺✾ ✵✱✸✸✾✼ ✲✵✱✾✷✼ ✵✱✾✹✼

❢❡♠✐♥✐♥♦ ♣ú❜❧✐❝❛ ✽✽✹ ✵✱✶✶✻✵ ✵✱✸✹✽✺ ✲✵✱✾✹✼ ✵✱✾✺✼



✺✻ ❆♣❧✐❝❛çõ❡s

❖s ❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛ ❛♣r❡s❡♥t❛r❛♠ ❣❛♥❤♦ ♠é❞✐♦ ✭✵✱✵✹✻✺✮ ♠❛✐♦r ❝♦♠✲

♣❛r❛❞♦ ❛♦s ❛❧✉♥♦s q✉❡ ❡st✉❞❛r❛♠ ❡s❝♦❧❛s ♣❛rt✐❝✉❧❛r❡s ✭✲✵✱✵✶✾✺✮✳ ◗✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ♦s

s❡①♦s✱ ❛s ♠✉❧❤❡r❡s ❛♣r❡s❡♥t❛r❛♠ ❣❛♥❤♦ ♠é❞✐♦ ✐❣✉❛❧ ❛ ✵✱✵✺✾✸ ❝♦♥tr❛ ✲✵✱✵✹✵✺ ❞♦s ❤♦♠❡♥s✳

❆✈❛❧✐❛♥❞♦ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ s❡①♦ ❡ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛✱ ❛s ❞✐s♣❛r✐❞❛❞❡s ❡♥tr❡ t✐♣♦ ❞❡

❡s❝♦❧❛ sã♦ ♠❛✐♦r❡s ❡♥tr❡ ❛s ♠✉❧❤❡r❡s ❞♦ q✉❡ ❡♥tr❡ ♦s ❤♦♠❡♥s✳ ❆ ❞✐❢❡r❡♥ç❛ ♥♦ ❣❛♥❤♦ r❡❧❛t✐✈♦

♠é❞✐♦ ❡♥tr❡ ❛❧✉♥♦s ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❡ ❛❧✉♥♦s ❞❡ ❡s❝♦❧❛ ♣r✐✈❛❞❛s é ❞❡ ✵✱✵✽✵✹ ❡♥tr❡ ❛s

♠✉❧❤❡r❡s ❡ ✵✱✵✺✾✹ ❡♥tr❡ ♦s ❤♦♠❡♥s✳ ❊ss❛s ❞✐✈❡r❣ê♥❝✐❛s t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ❛

♣❛rt✐r ❞♦s ❣rá✜❝♦s ❞❡ ❝❛✐①❛s ❛♣r❡s❡❜t❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✺✳

❋✐❣✉r❛ ✺✳✺✿ ●rá✜❝♦ ❞❡ ❈❛✐①❛s ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ s❡①♦ ❡ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷♦

❣r❛✉✳



✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✺✼

❯♠ s❡❣✉♥❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❢♦r♥❡❝✐❞♦ ♣❡❧❛ ❉✐r❡t♦r✐❛ ❆❝❛❞ê♠✐❝❛ ❞❛ ❯◆■❈❆▼P

✭❉❆❈✮✱ ❝♦♥té♠ ❛s ♥♦t❛s ❞❡ t♦❞❛s ❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♣❡❧♦s ❛❧✉♥♦s q✉❡ ✐♥❣r❡ss❛r❛♠

❡♥tr❡ ✶✾✾✼ ❡ ✷✵✵✵✱ ❞❡ t♦❞♦s ♦s ❝✉rs♦s ❞❡ ❣r❛❞✉❛çã♦✳ ❙ã♦ ♦❢❡r❡❝✐❞❛s ❞❛ ❯◆■❈❆▼P ♠❛✐s

❞❡ ✸✵✵✵ ❞✐s❝✐♣❧✐♥❛s ♣❛r❛ ♦s ✹✺ ❝✉rs♦s ♦❢❡r❡❝✐❞♦s✳

❖ ♥ú♠❡r♦ ❞❡ ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♣❡❧♦s ❛❧✉♥♦s ✈❛r✐❛ ❞❡ ✶ ❛té ✶✸✻ ✭s❡♠ ❝♦♥t❛r ❛s r❡♣❡✲

t✐çõ❡s✱ ✐st♦ é✱ ❞✐s❝✐♣❧✐♥❛s q✉❡ ❢♦r❛♠ ❝✉rs❛❞❛s ♠❛✐s ❞❡ ✉♠❛ ✈❡③✮✳ ◆❛ ❛♥á❧✐s❡ ❞❡ ❉✐✈❡rs✐❞❛❞❡

❛ ♣❛rt✐r ❞❛s ♥♦t❛s ♦❜t✐❞❛s ♣❡❧♦s ❛❧✉♥♦s✱ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ❛♣❡♥❛s ♦s ❛❧✉♥♦s q✉❡ ❝✉rs❛✲

r❛♠ ♠❛✐s ❞❡ ✷✵ ❞✐s❝✐♣❧✐♥❛s ♣❛r❛ q✉❡ s❡ t❡♥❤❛ ✉♠ ♥ú♠❡r♦ r❛③♦á✈❡❧ ❞❡ ❝♦♠♣❛r❛çõ❡s✱ ❞❛❞♦

q✉❡✱ ♦ q✉❡ s❡ ❝♦♠♣❛r❛ ♥❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛ ♥❛ s❡çã♦ ✺✳✷ sã♦ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s

❝✉rs❛❞❛s ❡♠ ❝♦♠✉♠ ❡♥tr❡ ❞♦✐s ❛❧✉♥♦s✳ ❖ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛❧✉♥♦s q✉❡ s❡ ❡♥q✉❛❞r❛♠ ♥❡st❛

❝♦♥❞✐çã♦ é ✻✹✺✾✱ s❡♥❞♦ ✶✶✾✺ ✐♥❣r❡ss❛♥t❡s ❡♠ ✶✾✾✼✱ ✶✹✺✽ ❡♠ ✶✾✾✽✱ ✶✽✼✹ ❡♠ ✶✾✾✾ ❡ ✶✾✸✷

❡♠ ✷✵✵✵✳

❖ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ✉♠ ❛❧✉♥♦ ❝✉rs❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐s❝✐♣❧✐♥❛ ✈❛r✐❛ ❞❡ ✶ ❛ ✶✷ ✈❡✲

③❡s✳ ❈♦♠♦ ❥á ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✺✳✷✱ q✉❛♥❞♦ ✉♠ ❛❧✉♥♦ A ❤♦✉✈❡r ❝✉rs❛❞♦ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

❞✐s❝✐♣❧✐♥❛s ♣♦r ♠❛✐s ✈❡③❡s q✉❡ ✉♠ ❛❧✉♥♦ B✱ s❡rá ❝♦♥s✐❞❡r❛❞♦ q✉❡ ♦ s❡❣✉♥❞♦ ♦❜t❡✈❡ ♠❡❧❤♦r

❞❡s❡♠♣❡♥❤♦ ♥❛ ❞✐s❝✐♣❧✐♥❛✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♠é❞✐❛ ❝♦♠ q✉❡ ❛♠❜♦s ❢♦r❛♠ ❛♣r♦✈❛❞♦s✳

✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦

✺✳✷✳✶ ❆❜♦r❞❛❣❡♠ P❛r❛♠étr✐❝❛

◆❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛♠étr✐❝❛ ❛s ✈❛r✐â♥❝✐❛s ❞❛ ❡st❛tíst✐❝❛s ❞♦ t❡st❡ s❡rã♦ ❡st✐♠❛❞❛s ❛ss✉✲

♠✐♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦✳

❯t✐❧✐③❛♥❞♦ ❛ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧

◆❛ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠ ❢❡✐t❛ ♥❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ ❛ss✉♠❡✲s❡

q✉❡ ❛ ✈❛r✐á✈❡❧ ✈❡♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❝♦♠ ♣❛râ♠❡tr♦s µg ❡ σg✳ ❖ ♦❜❥❡t✐✈♦ é

❛✈❛❧✐❛r s❡✱ ❞❛❞♦ ❞♦✐s ❣r✉♣♦s✱ ❡❧❡s sã♦ ❤♦♠♦❣ê♥❡♦s ♦✉ s❡ ✉♠ ❣r✉♣♦ ❛♣r❡s❡♥t❛ ♠❛✐♦r ❣❛♥❤♦



✺✽ ❆♣❧✐❝❛çõ❡s

r❡❧❛t✐✈♦ ❞♦ q✉❡ ♦ ♦✉tr♦✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ é ❞✐③❡r q✉❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦ ❣❛♥❤♦ ♣❛r❛

❝❛❞❛ ❣r✉♣♦✱ ❛♠❜❛s ♥♦r♠❛✐s✱ ❛♣r❡s❡♥t❛♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ❛ ❛♥á❧✐s❡ é ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ❝❛❞❛

❣r✉♣♦ ❡st✉❞❛❞♦✳ ❆s ✈❛r✐á✈❡✐s ❛✈❛❧✐❛❞❛s ❢♦r❛♠✿ t✐♣♦ ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛ ❞♦ ✷◦ ❣r❛✉✱ s❡①♦ ❡

s❡ tr❛❜❛❧❤❛✈❛ ❛♦ ❡♥tr❛r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡✳ ❆ ❚❛❜❡❧❛ ✺✳✻ ❛♣r❡s❡♥t❛ ❡st✐♠❛t✐✈❛s ❞❛ ♠é❞✐❛ ❡

✈❛r✐â♥❝✐❛ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

❚❛❜❡❧❛ ✺✳✻✿ ▼é❞✐❛ ❡ ✈❛r✐â♥❝✐❛ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

●r✉♣♦s ♥ ♠é❞✐❛ ✈❛r✐â♥❝✐❛

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✺✶✺✻ ✲✵✱✵✶✾✺ ✵✱✶✷✵✽

♣ú❜❧✐❝❛ ✷✷✷✸ ✵✱✵✹✻✺ ✵✱✶✸✶✾

s❡①♦

♠❛s❝✉❧✐♥♦ ✹✸✺✻ ✲✵✱✵✹✵✺ ✵✱✶✷✺✻

❢❡♠✐♥✐♥♦ ✸✵✷✸ ✵✱✵✺✾✸ ✵✱✶✶✽✹

tr❛❜❛❧❤❛✈❛

♥ã♦ ✺✹✶✹ ✵✱✵✵✶✽ ✵✱✶✷✵✼

s✐♠ ✷✵✷✾ ✲✵✱✵✵✸✵ ✵✱✶✸✻✷

❆ ❋✐❣✉r❛ ✺✳✻ ❛♣r❡s❡♥t❛ ❛ ❝✉r✈❛ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡

s❡❣✉♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❛✈❛❧✐❛❞❛✳ ❈♦♠ r❡❧❛çã♦ ❛♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉✱ ♦s ❡st✉✲

❞❛♥t❡s ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛s ❛♣r❡s❡♥t❛r❛♠ ❡st✐♠❛t✐✈❛ ❞❡ ♠é❞✐❛ ♠❛✐♦r ❡ ♠❡♥♦r ❡st✐♠❛t✐✈❛

❞❡ ✈❛r✐â♥❝✐❛✱ ❝♦♠♣❛r❛❞♦s ❛♦s ❛❧✉♥♦s ❞❡ ❡s❝♦❧❛ ♣❛rt✐❝✉❧❛r❡s✳ ❊♥tr❡ ♦s s❡①♦s✱ ❛s ♠✉❧❤❡r❡s

❛♣r❡s❡♥t❛r❛♠ ❡st✐♠❛t✐✈❛s ❞❡ ♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛ s✉♣❡r✐♦r❡s ❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ♦ ❣❛♥❤♦ r❡✲

❧❛t✐✈♦ ❞♦s ❤♦♠❡♥s✳ ❈♦♠ r❡❧❛çã♦ ❛♦ ❢❛t♦r tr❛❜❛❧❤♦✱ ❛♠❜♦s ♦s ❣r✉♣♦s ❛♣r❡s❡♥t❛r❛♠ ♠é❞✐❛s

♣ró①✐♠❛s✱ ❡♥tr❡t❛♥t♦ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❛❧✉♥♦s q✉❡ tr❛❜❛❧❤❛✈❛♠ é ♣♦✉❝♦ ♠❡♥♦r ❞♦ q✉❡ ❛

❡st✐♠❛t✐✈❛ ❞❛ ✈❛r✐â♥❝✐❛ ❞♦s q✉❡ ♥ã♦ tr❛❜❛❧❤❛✈❛♠✳



✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✺✾

❋✐❣✉r❛ ✺✳✻✿ ❈✉r✈❛ ♥♦r♠❛❧ ❡st✐♠❛❞❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

❖ ♣❛ss♦ s❡❣✉✐♥t❡ ❢♦✐ ♦❜t❡r ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♠♦♠❡♥t♦s ❞❡ ♦r❞❡♠ ✶✱✷✱✸ ❡ ✹ ❞❛ ❞✐s✲

tr✐❜✉✐çã♦ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s✳ P❛r❛ ✐ss♦ s❡ ✉s♦✉ ♦ ▲❡♠❛ ✹✳✶ ❡ ❛s ❡st✐♠❛t✐✈❛s sã♦

❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✺✳✼✳

❊ ❡♥tã♦ ❢♦✐ ❢❡✐t❛ ❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❡st✐♠❛♥❞♦ ❛s q✉❛♥t✐❞❛❞❡s Qg ❡ Cgg ❡ ❝❛❧❝✉✲

❧❛♥❞♦ SQE✳ ❆ ✈❛r✐â♥❝✐❛ ❞❡ SQE ❢♦✐ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r ❞❛s ❡st✐♠❛t✐✈❛s ❞❛ ❚❛❜❡❧❛ ✺✳✼ ❡

♦❜t✐❞♦ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ✾✺✪ ❞❡ ❝♦♥✜❛♥ç❛ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❡♠ ✭✹✳✶✷✮✳

❈♦♠♦ s❡ ♦❜s❡r✈❛ ♥❛ ❚❛❜❡❧❛ ✺✳✽✱ ❛♣❡♥❛s ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ♦ ❢❛t♦r s❡①♦ ♥ã♦

❝♦♠♣r❡❡♥❞❡ ♦ ✈❛❧♦r ✵✱ ♣♦rt❛♥t♦✱ só ❤♦✉✈❡ ❞✐❢❡r❡♥ç❛ s✐❣♥✐✜❝❛t✐✈❛✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪✱ ♣❛r❛ ❛

❞✐✈❡rs✐❞❛❞❡ ❡♥tr❡ ♦s ❤♦♠❡♥s ❡ ♠✉❧❤❡r❡s✳ ❊ ❝♦♠♦ ❛♣r❡s❡♥t❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛s ♠✉❧❤❡r❡s

t✐✈❡r❛♠ ♠❛✐♦r ❣❛♥❤♦ r❡❧❛t✐✈♦ ♠é❞✐♦✳ ❊♠ ♠é❞✐❛ ♦s ❡st✉❞❛♥t❡s ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦ ❡stã♦

♣❡r❞❡♥❞♦ ♣♦st♦s ✭♠é❞✐❛ ❞♦ ❣r❛♥❤♦ r❡❧❛t✐✈♦ ❂ ✲✵✱✵✹✵✺✮ ❡♥q✉❛♥t♦ ❛s ♠✉❧❤❡r❡s ❡stã♦✱ ❡♠

♠é❞✐❛✱ ❣❛♥❤❛♥❞♦ ♣♦st♦s ✭❣❛♥❤♦ r❡❧❛t✐✈♦ ♠é❞✐♦ ❂ ✵✱✵✺✾✸✮✳



✻✵ ❆♣❧✐❝❛çõ❡s

❚❛❜❡❧❛ ✺✳✼✿ ❊st✐♠❛t✐✈❛s ❞♦s ♠♦♠❡♥t♦s ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

●r✉♣♦s µ̂ µ̂2 µ̂3 µ̂4

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✲✵✱✵✶✾✺ ✵✱✶✷✶✷ ✲✵✱✵✵✼✶ ✵✱✵✹✹✶

♣ú❜❧✐❝❛ ✵✱✵✹✻✺ ✵✱✶✸✹✶ ✵✱✵✶✽✺ ✵✱✵✺✸✾

s❡①♦

♠❛s❝✉❧✐♥♦ ✲✵✱✵✹✵✺ ✵✱✶✷✼✷ ✲✵✱✵✶✺✸ ✵✱✵✹✽✺

❢❡♠✐♥✐♥♦ ✵✱✵✺✾✸ ✵✱✶✷✷✵ ✵✱✵✷✶✸ ✵✱✵✹✹✻

tr❛❜❛❧❤❛✈❛

♥ã♦ ✵✱✵✵✶✽ ✵✱✶✷✵✼ ✵✱✵✵✵✻ ✵✱✵✹✸✼

s✐♠ ✲✵✱✵✵✸✵ ✵✱✶✸✻✷ ✲✵✱✵✵✶✷ ✵✱✵✺✺✻

❚❛❜❡❧❛ ✺✳✽✿ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ✲ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳

●r✉♣♦s Q̂g Ĉgg′ SQE d.p.(SQE) ■❈✾✺✪

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✵✱✷✹✶✻

♣ú❜❧✐❝❛ ✵✱✷✻✸✽ ✵✱✷✻✵✹ ✵✱✵✵✸✷ ✵✱✵✵✷✽ ✲✵✱✵✵✷✷ ✵✱✵✵✽✻

s❡①♦

♠❛s❝✉❧✐♥♦ ✵✱✷✺✶✶

❢❡♠✐♥✐♥♦ ✵✱✷✸✻✾ ✵✱✷✺✾✵ ✵✱✵✵✼✷ ✵✱✵✵✷✽ ✵✱✵✵✶✼ ✵✱✵✶✷✼✯

tr❛❜❛❧❤❛✈❛

♥ã♦ ✵✱✷✹✶✻

s✐♠ ✵✱✷✼✸✺ ✵✱✷✺✻✾ ✲✵✱✵✵✵✸ ✵✱✵✵✷✽ ✲✵✱✵✵✺✼ ✵✱✵✵✺✷

✯ ❢❛t♦r s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪



✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✻✶

❯t✐❧✐③❛♥❞♦ ❛ ❉✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

◆❡st❛ s❡çã♦ ✐rá s❡ ❛ss✉♠✐r q✉❡ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✈❡♠ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✳ ❖s

❢❛t♦r❡s ❛✈❛❧✐❛❞♦s ❢♦r❛♠ ♦s ♠❡s♠♦s ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ é ❝♦♥s✐❞❡r❛❞❛ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧

✭t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉✱ s❡①♦ ❡ tr❛❜❛❧❤❛✮✳ ❖ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛

❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s ❛✈❛❧✐❛❞♦s✳ P❛r❛ ✐ss♦✱ ❝♦♠♦ ❛♣r❡s❡♥t❛❞♦

♥❛ s❡çã♦ ✻✳✷✳✶✱ ❢♦✐ ❛♣❧✐❝❛❞♦ ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ✉t✐❧✐③❛❞♦ ♦ s♦❢t✇❛r❡

▼▲❊ ❊st✐♠❛t♦r✳ ❆ ❚❛❜❡❧❛ ✺✳✾ ❛♣r❡s❡♥t❛ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✳

❚❛❜❡❧❛ ✺✳✾✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

●r✉♣♦s â m̂ b̂

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✲✵✱✾✽✻✸ ✲✵✱✵✶✹✺ ✵✱✾✽✺✵

♣ú❜❧✐❝❛ ✲✵✱✾✼✾✺ ✵✱✶✶✶✶ ✵✱✾✻✽✶

s❡①♦

♠❛s❝✉❧✐♥♦ ✲✵✱✾✽✾✵ ✲✵✱✵✹✹✹ ✵✱✾✽✺✸

❢❡♠✐♥✐♥♦ ✲✵✱✾✹✽✼ ✵✱✶✵✾✶ ✵✱✾✺✾✻

tr❛❜❛❧❤❛✈❛

♥ã♦ ✲✵✱✾✽✺✽ ✵✱✵✵✵✵ ✵✱✾✼✵✵

s✐♠ ✲✵✱✾✼✷✾ ✵✱✵✵✵✵ ✵✱✾✽✽✵

❆ ❋✐❣✉r❛ ✺✳✼ ❛♣r❡s❡♥t❛ ❛ ❝✉r✈❛ ❞❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❛ tr✐❛♥❣✉❧❛r ❡st✐♠❛❞❛ ♣❛r❛

❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s ❞❡ ✐♥t❡r❡ss❡✳ ◗✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❛❧✉♥♦s q✉❡ ❡st✉❞❛r❛♠ ❡♠ ❡s❝♦❧❛

♣ú❜❧✐❝❛s ♦✉ ♣❛rt✐❝✉❧❛r❡s ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❛ ♠♦❞❛ ❡st✐♠❛❞❛ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ é ✵✱✶✶✶✶ ❡

♣❛r❛ ♦ s❡❣✉♥❞♦ ✲✵✱✵✶✹✺✳ ❏á ❝♦♠ r❡❧❛çã♦ ❛♦ s❡①♦✱ ❛s ♠✉❧❤❡r❡s ❛♣r❡s❡♥t❛r❛♠ ♠♦❞❛ ❡st✐♠❛❞❛

✐❣✉❛❧ ❛ ✵✱✶✵✾✶ ❡ ♦s ❤♦♠❡♥s ✲✵✱✵✹✹✹✳ ❆ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ❛❧✉♥♦s q✉❡ tr❛❜❛❧❤❛✈❛♠ é ♠✉✐t♦

♣ró①✐♠❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❛❧✉♥♦s q✉❡ ♥ã♦ tr❛❜❛❧❤❛✈❛♠✳



✻✷ ❆♣❧✐❝❛çõ❡s

❋✐❣✉r❛ ✺✳✼✿ ❈✉r✈❛ tr✐❛♥❣✉❧❛r ❡st✐♠❛❞❛ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

❆ ♣ró①✐♠❛ ❡t❛♣❛ é ❝❛❧❝✉❧❛r ❛s ❡st✐♠❛t✐✈❛s ❞♦s ✹ ♣r✐♠❡✐r♦s ♠♦♠❡♥t♦s ❞❛ ❞✐str✐❜✉✐çã♦

tr✐❛♥❣✉❧❛r ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s ❞❡ ✐♥t❡r❡ss❡s✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛

❚❛❜❡❧❛ ✺✳✶✵✳

❖s r❡s✉❧t❛❞♦s ❞❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ sã♦ ♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✶✶✳ ❆s ❡st✐♠❛t✐✈❛s

♣❛r❛ ❛ ✈❛r✐â♥❝✐❛ ❞❡ SQE sã♦ ♠❛✐♦r❡s ❞♦ q✉❡ ❛s ♦❜s❡r✈❛❞❛s ♥❛ ❛♥á❧✐s❡ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐str✐✲

❜✉✐çã♦ ♥♦r♠❛❧✱ ❝♦♠♦ ❥á ❡r❛ ❡s♣❡r❛❞♦✳ ▼❡s♠♦ ❝♦♠ ♠❛✐♦r❡s ❡st✐♠❛t✐✈❛s ❞❛ ✈❛r✐â♥❝✐❛ ♦ ❢❛t♦r

s❡①♦ ❛✐♥❞❛ ❢♦✐ s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪✱ q✉❛♥❞♦ s❡ ❛ss✉♠✐✉ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✳



✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✻✸

❚❛❜❡❧❛ ✺✳✶✵✿ ❊st✐♠❛t✐✈❛s ❞♦s ♠♦♠❡♥t♦s ❞❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r s❡❣✉♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✐♥t❡r❡ss❡✳

●r✉♣♦s µ̂ µ̂2 µ̂3 µ̂4 σ̂2

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✲✵✱✵✵✺✸ ✵✱✶✻✷✵ ✲✵✱✵✵✶✼ ✵✱✵✻✷✾ ✵✱✶✻✶✾

♣ú❜❧✐❝❛ ✵✱✵✸✸✷ ✵✱✶✺✾✾ ✵✱✵✵✽✺ ✵✱✵✻✵✻ ✵✱✶✺✽✽

s❡①♦

♠❛s❝✉❧✐♥♦ ✲✵✱✵✶✻✵ ✵✱✶✻✷✽ ✲✵✱✵✵✺✵ ✵✱✵✻✸✺ ✵✱✶✻✷✺

❢❡♠✐♥✐♥♦ ✵✱✵✵✻✼ ✵✱✶✸✻✺ ✵✱✵✵✷✺ ✵✱✵✹✾✼ ✵✱✶✸✻✹

tr❛❜❛❧❤❛✈❛

♥ã♦ ✲✵✱✵✵✺✸ ✵✱✶✺✾✹ ✲✵✱✵✵✸✵ ✵✱✵✻✶✵ ✵✱✶✺✾✹

s✐♠ ✵✱✵✵✺✵ ✵✱✶✻✵✷ ✵✱✵✵✷✾ ✵✱✵✻✶✻ ✵✱✶✻✵✷

❚❛❜❡❧❛ ✺✳✶✶✿ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ✲ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✳

●r✉♣♦s Q̂ Ĉ SQE d.p.(SQE) ■❈✾✺✪

t✐♣♦ ❞❡ ❡s❝♦❧❛

♣❛rt✐❝✉❧❛r ✵✱✷✹✶✻

♣ú❜❧✐❝❛ ✵✱✷✻✸✽ ✵✱✷✻✵✹ ✵✱✵✵✸✷ ✵✱✵✵✸✺ ✲✵✱✵✵✸✻ ✵✱✵✶✵✶

s❡①♦

♠❛s❝✉❧✐♥♦ ✵✱✷✺✶✶

❢❡♠✐♥✐♥♦ ✵✱✷✸✻✾ ✵✱✷✺✾✵ ✵✱✵✵✼✷ ✵✱✵✵✸✹ ✵✱✵✵✵✺ ✵✱✵✶✹✵✯

tr❛❜❛❧❤❛✈❛

♥ã♦ ✵✱✷✹✶✻

s✐♠ ✵✱✷✼✸✺ ✵✱✷✺✻✾ ✲✵✱✵✵✵✸ ✵✱✵✵✸✺ ✲✵✱✵✵✼✵ ✵✱✵✵✻✺

✯ ❢❛t♦r s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪
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✺✳✷✳✷ ❆❜♦r❞❛❣❡♠ ◆ã♦ P❛r❛♠étr✐❝❛

◆❡st❛ ❛❜♦r❞❛❣❡♠ ❛s ❡st✐♠❛t✐✈❛s ❞❛ ✈❛r✐â♥❝✐❛ ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞♦ ♠ét♦❞♦ ❞❡

r❡✲❛♠♦str❛❣❡♠ ❞❡ ❥❛❝❦❦♥✐❢❡ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✹✳✶✳✷✳ ❚❛♠❜é♠ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r♦❜❧❡♠❛

❞❡ ♠✉❧t✐❢❛t♦r❡s ♥❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✹✱ ❡st❡ ♣r♦❜❧❡♠❛ ❢♦✐

❝♦♥s✐❞❡r❛❞♦ ❛♦ s❡ ❛✈❛❧✐❛r ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❞♦✐s ❢❛t♦r❡s ❞❡ ✐♥t❡r❡ss❡ ✭t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦

❣r❛✉ ❡ s❡①♦✮✳

❆ ❚❛❜❡❧❛ ✺✳✶✷ ❛♣r❡s❡♥t❛ ♦s ✈❛❧♦r❡s ❡st✐♠❛❞♦s ❞❛ SQE ✭❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❊♥tr❡

❣r✉♣♦s✮✱ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❡ ♦ ■♥t❡r✈❛❧♦ ❞❡ ✾✺✪ ❞❡ ❈♦♥✜❛♥ç❛ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ❥❛❝❦❦♥✐❢❡✳

❖s ■❈✾✺✪ ❢♦r❛♠ ❝♦♥str✉✐❞♦s ✉t✐❧✐③❛♥❞♦ ❛ s❡❣✉✐♥t❡ ❢♦r♠✉❧❛✿ SQE ± 1, 96DPjack✳

❚❛❜❡❧❛ ✺✳✶✷✿ ❆♥á❧✐s❡ ❞❛ ❞✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛ ❛❜♦r❞❛❣❡♠ ♥ã♦ ♣❛r❛♠étr✐❝❛✳

❣r✉♣♦s ❙◗❊ ❉✳P✳❥❛❝❦ ■❈✾✺✪

❡s❝♦❧❛ ✵✳✵✵✸✷✹ ✵✱✵✵✵✼✵✶✶ ✵✱✵✵✶✾ ✵✱✵✵✹✻✯

s❡①♦ ✵✳✵✵✷✼✽ ✵✱✵✵✶✵✶✺✶ ✵✱✵✵✵✽ ✵✱✵✵✹✽✯

tr❛❜❛❧❤❛ ✲✵✱✵✵✵✷✺ ✵✱✵✵✵✺✵✶✼ ✲✵✱✵✵✶✷ ✵✱✵✵✵✼

❡s❝♦❧❛ ① s❡①♦ ✵✳✵✶✵✸✾ ✵✱✵✵✶✷✽✾✵ ✵✱✵✵✼✾ ✵✱✵✶✷✾✯

❡s♦❧❛⑤s❡①♦ ✵✳✵✵✼✻✶ ✵✱✵✵✶✻✸✹ ✵✱✵✵✹✹ ✵✱✵✶✵✽✯

s❡①♦⑤❡s❝♦❧❛ ✵✳✵✵✼✶✺ ✵✱✵✵✶✹✻✷ ✵✱✵✵✹✸ ✵✱✵✶✵✵✯

✯ ❢❛t♦r s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪

❆ ✈❛r✐â♥❝✐❛ ❡st✐♠❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ r❡✲❛♠♦str❛❣❡♠ é ♠❡♥♦r ❝♦♠♣❛r❛❞❛ ❛s ❡st✐♠❛t✐✈❛s

♦❜t✐❞❛s ❛♦ s❡ ❛ss✉♠✐r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✭❝❛s♦ ♣❛r❛♠étr✐❝♦✮✳ ❆q✉✐ ♦

ú♥✐❝♦ ❢❛t♦r q✉❡ ♥ã♦ ❢♦✐ s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪ ❢♦✐ ♦ ❢❛t♦r ✧tr❛❜❛❧❤❛✈❛ ❛♦ ❡♥tr❛r ♥❛

✉♥✐✈❡rs✐❞❛❞❡s✧✳

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ s❡①♦ ❡ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❢♦✐ s✐❣♥✐✜❝❛t✐✈❛✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪✳ ❈♦♠♦ ♣♦❞❡

s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✺✱ ❛ ❞✐❢❡r❡♥ç❛ ♥♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❡♥tr❡ ❛❧✉♥♦s ♦r✐✉♥❞♦s ❞❡ ❡s❝♦❧❛

♣ú❜❧✐❝❛s ❡ ♣r✐✈❛❞❛s✱ q✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❛♣❡♥❛s ❡st✉❞❛♥t❡s ❞♦ s❡①♦ ❢❡♠✐♥✐♥♦ é ♠❛✐♦r ❞♦

q✉❡ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❛♣❡♥❛s ♦s ❡st✉❞❛♥t❡s ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦✳



✺✳✷ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ✻✺

❆♦ s❡ ❛✈❛❧✐❛r ♦ ❢❛t♦r t✐♣♦ ❡s❝♦❧❛ s❡♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ s❡①♦ ✭❡s❝♦❧❛ ❞❛❞♦ s❡①♦✮ ❡ ♦ ❢❛t♦r

s❡①♦ s❡♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ❡s❝♦❧❛ ✭s❡①♦ ❞❛❞♦ ❡s❝♦❧❛✮✱ ❛♠❜♦s ♦s ❢❛t♦r❡s ❢♦r❛♠ s✐❣♥✐✜❝❛t✐✈♦s✳

❆ ❋✐❣✉r❛ ✺✳✽ ♠♦str❛ ♦ ❤✐st♦❣r❛♠❛ ❞❛s ❡st✐♠❛t✐✈❛s ❞❛ SQE ♦❜t✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡

r❡✲❛♠♦str❛❣❡♠ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s ❞❡ ✐♥t❡r❡ss❡✳

❋✐❣✉r❛ ✺✳✽✿ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❛ SQE✳
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✺✳✸ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ♥♦t❛s ❞❛s ❞✐s✲

❝✐♣❧✐♥❛s

◆❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✱ ❢♦r❛♠

❛✈❛❧✐❛❞♦s ❛♣❡♥❛s ❞♦✐s ❢❛t♦r❡s✿ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉ ❡ s❡①♦✳ ❆ ❚❛❜❡❧❛ ✺✳✶✸ ❛♣r❡s❡♥t❛

♦ r❡s✉❧t❛❞♦ ❞❛s ❛♥á❧✐s❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❢❛t♦r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖s ❞♦✐s ❢❛t♦r❡s ❢♦r❛♠ s✐❣♥✐✜❝❛t✐✈♦s✱ ❛♦ ♥í✈❡❧ ❞❡ ✺✪✱ ♣♦✐s ♥❡♥❤✉♠ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛ ❝❛❧❝✉❧❛❞♦ ❝♦♠♣r❡❡♥❞❡♠ ♦ ✈❛❧♦r ✵✳ ■st♦ é ✈❛❧✐❞♦ t❛♥❞♦ ♥❛ ❛✈❛❧✐❛çã♦ ❞❡ ❝❛❞❛ ❛♥♦

✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✱ q✉❛♥t♦ ♥❛ ❛♥á❧✐s❡ ❞❛ ❛♠♦str❛ t♦t❛❧✳

P❛r❛ ❞❡t❡r♠✐♥❛r q✉❛✐s ♦s ❣r✉♣♦s q✉❡ ❛♣r❡s❡♥t❛r❛♠ ♠❛✐♦r ❞❡s❡♠♣❡♥❤♦✱ ♦❧❤❛✲s❡ ♣❛r❛ ❛s

q✉❛♥t✐❞❛❞❡s Ĉ∗
12 ❡ Ĉ∗

21✳ ❖ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡❧❛s é ❛♣r❡s❡♥t❛❞♦

♥❛ ❚❛❜❡❧❛ ✺✳✶✹✳



✺✳✸ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✻✼

❚❛❜❡❧❛ ✺✳✶✸✿ ❆♥á❧✐s❡ ❞❛ ❞✐✈❡rs✐❞❛❞❡ ♣❛r❛ ❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✲ ❛✈❛❧✐❛♥❞♦ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛

❞♦ ✷◦ ❣r❛✉✳

grupo1 n1 Q̂1 Ĉ∗
12 SQE∗ ˆd.p.jack(SQE

∗) ■❈✾✺✪

grupo2 n1 Q̂2 Ĉ∗
21 SQE∗∗ ˆd.p.jack(SQE

∗∗) ■❈✾✺✪

♣❛rt✐❝✉❧❛r ✵✵ ✶✸✷✸ ✵✱✶✸✺✹ ✵✱✵✾✻✸ ✲✵✱✵✶✼✷ ✵✱✵✵✶✸ ✲✵✱✵✶✾✼ ✲✵✱✵✶✹✼✯

♣ú❜❧✐❝❛ ✵✵ ✻✵✾ ✵✱✶✽✷✽ ✵✱✵✺✽✸ ✲✵✱✵✶✻✵ ✵✱✵✵✶✷ ✲✵✱✵✶✽✸ ✲✵✱✵✶✸✻✯

♣❛rt✐❝✉❧❛r ✾✾ ✶✸✷✾ ✵✱✶✸✺✾ ✵✱✵✾✵✸ ✲✵✱✵✶✼✾ ✵✱✵✵✶✸ ✲✵✱✵✷✵✺ ✲✵✱✵✶✺✹✯

♣ú❜❧✐❝❛ ✾✾ ✺✹✺ ✵✱✶✼✹✾ ✵✱✵✺✼✻ ✲✵✱✵✶✸✹ ✵✱✵✵✶✻ ✲✵✱✵✶✻✺ ✲✵✱✵✶✵✸✯

♣❛rt✐❝✉❧❛r ✾✽ ✶✵✷✺ ✵✱✶✹✸✽ ✵✱✶✵✵✵ ✲✵✱✵✶✹✻ ✵✱✵✵✶✹ ✲✵✱✵✶✼✹ ✲✵✱✵✶✶✾✯

♣ú❜❧✐❝❛ ✾✽ ✹✸✸ ✵✱✶✺✼✺ ✵✱✵✹✻✸ ✲✵✱✵✶✸✺ ✵✱✵✵✶✸ ✲✵✱✵✶✻✵ ✲✵✱✵✶✶✵✯

♣❛rt✐❝✉❧❛r ✾✼ ✽✹✸ ✵✱✶✷✼✻ ✵✱✵✾✵✶ ✲✵✱✵✶✻✽ ✵✱✵✵✶✼ ✲✵✱✵✷✵✶ ✲✵✱✵✶✸✺✯

♣ú❜❧✐❝❛ ✾✼ ✸✺✷ ✵✱✶✼✻✸ ✵✱✵✺✻✻ ✲✵✱✵✶✸✽ ✵✱✵✵✶✸ ✲✵✱✵✶✻✹ ✲✵✱✵✶✶✷✯

❚♦t❛❧ ♣❛rt✳ ✹✺✷✵ ✵✱✶✸✺✼ ✵✱✵✾✹✷ ✲✵✱✵✶✻✻ ✵✱✵✵✶✹ ✲✵✱✵✶✾✹ ✲✵✱✵✶✸✾✯

❚♦t❛❧ ♣ú❜❧✳ ✶✾✸✾ ✵✱✶✼✷✾ ✵✱✵✺✹✼ ✲✵✱✵✶✹✷ ✵✱✵✵✶✸ ✲✵✱✵✶✻✽ ✲✵✱✵✶✶✺✯

♠❛s❝✉❧✐♥♦ ✵✵ ✶✵✼✺ ✵✱✶✽✵✸ ✵✱✵✽✾✻ ✲✵✱✵✶✽✾ ✵✱✵✵✶✹ ✲✵✱✵✷✶✻ ✲✵✱✵✶✻✶✯

❢❡♠✐♥✐♥♦ ✵✵ ✽✺✼ ✵✱✶✷✼✽ ✵✱✵✹✼✶ ✲✵✱✵✷✶✺ ✵✱✵✵✶✸ ✲✵✱✵✷✹✵ ✲✵✱✵✶✾✵✯

♠❛s❝✉❧✐♥♦ ✾✾ ✶✶✵✷ ✵✱✶✽✶✺ ✵✱✵✽✵✾ ✲✵✱✵✶✾✼ ✵✱✵✵✶✽ ✲✵✱✵✷✸✸ ✲✵✱✵✶✻✵✯

❢❡♠✐♥✐♥♦ ✾✾ ✼✼✷ ✵✱✶✶✺✵ ✵✱✵✹✻✼ ✲✵✱✵✶✾✻ ✵✱✵✵✷✵ ✲✵✱✵✷✸✹ ✲✵✱✵✶✺✽✯

♠❛s❝✉❧✐♥♦ ✾✽ ✽✷✾ ✵✱✶✼✾✵ ✵✱✵✽✹✵ ✲✵✱✵✶✾✹ ✵✱✵✵✷✵ ✲✵✱✵✷✸✸ ✲✵✱✵✶✺✹✯

❢❡♠✐♥✐♥♦ ✾✽ ✻✷✾ ✵✱✶✷✷✺ ✵✱✵✹✾✷ ✲✵✱✵✷✵✹ ✵✱✵✵✷✸ ✲✵✱✵✷✹✾ ✲✵✱✵✶✻✵✯

♠❛s❝✉❧✐♥♦ ✾✼ ✻✽✾ ✵✱✶✽✷✶ ✵✱✵✽✵✾ ✲✵✱✵✶✼✵ ✵✱✵✵✷✸ ✲✵✱✵✷✶✺ ✲✵✱✵✶✷✺✯

❢❡♠✐♥✐♥♦ ✾✼ ✺✵✻ ✵✱✶✵✸✸ ✵✱✵✹✸✹ ✲✵✱✵✷✶✷ ✵✱✵✵✷✸ ✲✵✱✵✷✺✻ ✲✵✱✵✶✻✽✯

❚♦t❛❧ ♠❛s❝✳ ✸✻✾✺ ✵✱✶✽✵✼ ✵✱✵✽✸✽ ✲✵✱✵✶✽✼ ✵✱✵✵✶✾ ✲✵✱✵✷✷✹ ✲✵✱✵✶✺✵✯

❚♦t❛❧ ❢❡♠✳ ✷✼✻✹ ✵✱✶✶✼✷ ✵✱✵✹✻✻ ✲✵✱✵✷✵✼ ✵✱✵✵✶✾ ✲✵✱✵✷✹✺ ✲✵✱✵✶✻✾✯

✯ ❢❛t♦r s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪



✻✽ ❆♣❧✐❝❛çõ❡s

❈♦♠♦ s❡ ♦❜s❡r✈❛ ♥♦ ❝❛s♦ ❞❛ ✈❛r✐á✈❡❧ ❣❛♥❤♦ r❡❧❛t✐✈♦✱ Ĉ∗
12 > Ĉ∗

21✱ ♣♦rt❛♥t♦ ♣♦❞❡✲s❡

❝♦♥❝❧✉✐r q✉❡ ❛ P✭❞❡ ✉♠ ❛❧✉♥♦ ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛✱ q✉❡ t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r ✐♥❢❡r✐♦r

❛♦ ❞❡ ✉♠ ❛❧✉♥♦ ❞❡ ❡s❝♦❧❛ ♣❛rt✐❝✉❧❛r✱ t❡r ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✮ é ♠❛✐♦r q✉❡

❛ P✭❞❡ ✉♠ ❛❧✉♥♦ ❞❡ ❡s❝♦❧❛ ♣❛rt✐❝✉❧❛r✱ q✉❡ t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r ✐♥❢❡r✐♦r ❛♦ ❞❡

✉♠ ❛❧✉♥♦ ❞❡ ❡s❝♦❧❛ ♣ú❜❧✐❝❛✱ t❡r ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✮✳ ❆ ❡st✐♠❛t✐✈❛ ❞❡

C∗
12 é ✵✱✵✾✹✷ ❡ ❞❡ C∗

21 é ✵✱✵✺✹✼✱ ♣❛r❛ t♦❞❛ ❛ ❛♠♦str❛✳

❆♥❛❧♦❣❛♠❡♥t❡✱ P✭❞❡ ✉♠ ❛❧✉♥♦ ❞♦ s❡①♦ ❢❡♠✐♥✐♥♦✱ q✉❡ t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r

✐♥❢❡r✐♦r ❛♦ ❞❡ ✉♠ ❛❧✉♥♦ ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦✱ t❡r ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✮ é

♠❛✐♦r q✉❡ ❛ P✭❞❡ ✉♠ ❛❧✉♥♦ ❞♦ s❡①♦ ♠❛s❝✉❧✐♥♦✱ q✉❡ t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ♥♦ ✈❡st✐❜✉❧❛r ✐♥❢❡r✐♦r

❛♦ ❞❡ ✉♠ ❛❧✉♥♦ ❞♦ s❡①♦ ❢❡♠✐♥✐♥♦✱ t❡r ♥♦t❛s ♠❡❧❤♦r❡s ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✮✳ ❆s ❡st✐♠❛t✐✈❛s

❞❡ss❛s ♣r♦♣♦rçõ❡s✱ ♣❛r❛ ❛ ❛♠♦str❛ t♦t❛❧✱ sã♦ C∗
12 ❂ ✵✱✵✽✸✽ ❡ C∗

21 ✵✱✵✹✻✻✳

❚❛❜❡❧❛ ✺✳✶✹✿ ❆♥á❧✐s❡ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ Ĉ∗
12 ❡ Ĉ∗

21✳

grupos Ĉ∗
12 − Ĉ∗

21 d̂pJACK ■❈✾✺✪

❊s❝♦❧❛

✷✵✵✵ ✵✱✵✸✽✵ ✵✱✵✵✺✼ ✵✱✵✷✻✾ ✵✱✵✹✾✶✯

✶✾✾✾ ✵✱✵✸✷✽ ✵✱✵✵✺✻ ✵✱✵✷✶✼ ✵✱✵✹✸✽✯

✶✾✾✽ ✵✱✵✺✸✼ ✵✱✵✵✻✹ ✵✱✵✹✶✶ ✵✱✵✻✻✸✯

✶✾✾✼ ✵✱✵✸✸✺ ✵✱✵✵✼✵ ✵✱✵✶✾✽ ✵✱✵✹✼✷✯

❚♦t❛❧ ✵✱✵✸✾✺ ✵✱✵✵✻✷ ✵✱✵✷✼✹ ✵✱✵✺✶✻✯

❙❡①♦

✷✵✵✵ ✵✱✵✹✷✺ ✵✱✵✵✹✽ ✵✱✵✸✸✶ ✵✱✵✺✶✾✯

✶✾✾✾ ✵✱✵✸✹✷ ✵✱✵✵✹✻ ✵✱✵✷✺✸ ✵✱✵✹✸✷✯

✶✾✾✽ ✵✱✵✸✹✽ ✵✱✵✵✺✸ ✵✱✵✷✹✸ ✵✱✵✹✺✷✯

✶✾✾✼ ✵✱✵✸✼✺ ✵✱✵✵✻✺ ✵✱✵✷✹✽ ✵✱✵✺✵✷✯

❚♦t❛❧ ✵✱✵✸✼✷ ✵✱✵✵✺✸ ✵✱✵✷✻✾ ✵✱✵✹✼✻✯

✯ ❢❛t♦r s✐❣♥✐✜❝❛t✐✈♦ ❛♦ ♥í✈❡❧ ❞❡ ✺✪

❆s ❋✐❣✉r❛s ✺✳✾✱ ✺✳✶✵✱ ✺✳✶✶ ❡ ✺✳✶✷ ❛♣r❡s❡♥t❛♠ ♦s ❤✐st♦❣r❛♠❛s ❞❛s r❡♣❧✐❝❛çõ❡s ❥❛❝❦❦♥✐❢❡



✺✳✸ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✻✾

❞❛s ❡st❛títs✐❝❛s SQE∗✱ SQE∗∗✱ ❡ ❛ ❞✐❢❡r❡♥ç❛ Ĉ∗
12 − Ĉ∗

21 ♣♦r ❛♥♦ ❞❡ ✐♥❣r❡ss♦✳



✼✵ ❆♣❧✐❝❛çõ❡s

❋✐❣✉r❛ ✺✳✾✿ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ SQE∗ ❡ SQE∗∗✱ ❚✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉✳



✺✳✸ ❆♥á❧✐s❡ ❞❛ ❉✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ♥♦t❛s ❞❛s ❞✐s❝✐♣❧✐♥❛s ✼✶

❋✐❣✉r❛ ✺✳✶✵✿ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ SQE∗ ❡ SQE∗∗✱ ❙❡①♦✳



✼✷ ❆♣❧✐❝❛çõ❡s

❋✐❣✉r❛ ✺✳✶✶✿ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ Ĉ∗
12 − Ĉ∗

21✱ ❚✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❣r❛✉✳

❋✐❣✉r❛ ✺✳✶✷✿ ❍✐st♦❣r❛♠❛ ♣❛r❛ ♦ ❥❛❝❦❦♥✐❢❡ ❞❡ Ĉ∗
12 − Ĉ∗

21✱ ❙❡①♦✳



✺✳✹ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ✼✸

✺✳✹ ❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s

❖ ♦❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦ é ♣r♦♣♦r ♥♦✈❛s ♠❡t♦❞♦❧♦❣✐❛s ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞♦ ❞❡s❡♠♣❡♥❤♦

❞♦s ❛❧✉♥♦s ❞❛ ❯◆■❈❆▼P ❞✉r❛♥t❡ ♦ ❝✉rs♦ ❞❡ ❣r❛❞✉❛çã♦✳ ❊ ❡①❡♠♣❧✐✜❝❛r ❛ ♠❡t♦❞♦❧♦❣✐❛

❛ ♣❛rt✐r ❞❡ ❞❛❞♦s r❡❛✐s✱ ❞❛❞♦s ❡st❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ✉♠❛ ❛♠♦str❛ ❞♦ ✉♥✐✈❡rs♦ ❞❡ ❛❧✉✲

♥♦s ✐♥❣r❡ss❛♥t❡s ♥❛ ❯◆■❈❆▼P✳ ❆❧❣✉♥s ♣♦♥t♦s ♣♦❞❡♠ s❡r ❛♣❡r❢❡✐ç♦❛❞♦s ❡ ✜❝❛♠ ❝♦♠♦

♣r♦♣♦st❛s ♣❛r❛ ♥♦✈♦s tr❛❜❛❧❤♦s✳

❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❛s ♠❡t♦❞♦❧♦❣✐❛s ❜❛s❡❛❞❛s ♥❛s ♠❡❞✐❞❛s ❞❡ ❞✐✈❡rs✐❞❛❞❡ ♣r♦♣♦st❛s

♣♦r ❘❛♦✭✶✾✽✷✮✱ é q✉❡ ♥❡❧❛ t♦❞♦s ♦s ✐♥❞í✈✐❞✉♦s sã♦ ❝♦♠♣❛r❛❞♦s ✷ ❛ ✷✱ ❛✈❛❧✐❛♥❞♦ t♦❞❛ ❛

✈❛r✐❛❜✐❧✐❞❛❞❡ ❞♦s ❞❛❞♦s q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❡st❛tíst✐❝❛s ♠❡♥♦s s✉s❝❡tí✈❡✐s ❛ ♣❡rt✉r❜❛çõ❡s✳ ❆

♠❡t♦❞♦❧♦❣✐❛ ✷ é ♠❛✐s r♦❜✉st❛ ❞♦ q✉❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✶✱ ♣♦✐s ✉t✐❧✐③❛ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ t♦❞❛s

❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♣❡❧♦s ❛❧✉♥♦s✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛ ♣r✐♠❡✐r❛ é ❧❡✈❛❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛♣❡♥❛s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡♥❞✐♠❡♥t♦ ❞♦s ❛❧✉♥♦s ✭q✉❡ é ✉♠❛ ♠é❞✐❛ ❞❛s ♠é❞✐❛s ❞❡ t♦❞❛s ❛s

❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s✱ ♣❛❞r♦♥✐③❛❞❛ ♣❛r❛ ✈❛r✐❛r ❡♥tr❡ ✵ ❡ ✶✮ ❡ ❛ ♥♦t❛ ✜♥❛❧ ❞♦ ✈❡st✐❜✉❧❛r✳

❈♦♠ r❡❧❛çã♦ ❛s ❛❜♦r❞❛❣❡♥s ♣❛r❛♠étr✐❝❛ ❡ ♥ã♦ ♣❛r❛♠étr✐❝❛✱ ❛ s❡❣✉♥❞❛ é ♠❛✐s r♦❜✉st❛✱

♣♦✐s ♥ã♦ ❢❛③ s✉♣♦s✐çã♦ s♦❜r❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❞❛❞♦s✱ ❛❧é♠ ❞❡ q✉❡ é ♠✉✐t♦ ♠❛✐s s✐♠♣❧❡s

❞❡ s❡ ♦❜t❡r ❛s ❡st✐♠❛t✐✈❛s ❞❛s ✈❛r✐â♥❝✐❛s ♣♦r té❝♥✐❝❛s ❞❡ r❡✲❛♠♦str❛❣❡♠✳ ❆♦ s❡ ❛ss✉♠✐r

✉♠❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱ ❡s❝♦❧❤❡r ②♥❛ ❞✐str✐❜✉✐çã♦ q✉❡ ♥ã♦ s❡ ❛❞❡q✉❛

❜❡♠ ❛ ❡❧❡s ♣♦❞❡ ❛❝❛rr❡t❛r ✉♠❛ s♦❜r❡✲❡st✐♠ãçã♦ ❞❛s ✈❛r✐â♥❝✐❛s✳ ❈♦♠♦ s❡ ✈ê ♥❛ s❡❝çã♦ ✺✳✷✱

❛s ❡st✐♠❛t✐✈❛s ❞❛ ✈❛r✐ã♥❝✐❛ ❞❡ SQE ♥❛ ❛♥á❧✐s❡ ♣❛r❛♠étr✐❝❛ sã♦ ♠❛✐♦r❡s ❞♦ q✉❡ ❜❛ ❛♥á❧✐s❡

♥ã♦ ♣❛r❛♠étr✐❝❛✱ ❡ q✉❛♥❞♦ s❡ ❛ss✉♠❡ ❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r✱ ❛s ❡st✐♠❛t✐✈❛s sã♦ ❛✐♥❞❛

♠❛✐♦r❡s✳ ❊♥tr❡♥t❛♥t♦✱ ✉♠❛ ✈❡③ q✉❡ s❡ t❡♠ ❝❡rt❡③❛ ❞❛ ✈❡r❞❛❞❡✐r❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❞❛❞♦s✱

♦s t❡st❡ ♣❛r❛♠étr✐❝♦s sã♦ ♠❛✐s ✐♥❞✐❝❛❞♦s ♣♦r ❛♣r❡s❡♥t❛r❡♠ t❡st❡s ♠❛✐s ♣♦❞❡r♦s♦s✳

◗✉❛♥❞♦ é ❢❡✐t❛ ❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❞♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❛ ♣❛rt✐r ❞❛ ❛❜♦r❞❛❣❡♠ ♣❛✲

r❛♠étr✐❝❛✱ ♥ã♦ ❢♦✐ ❢❡✐t♦ ❛ ❛♥á❧✐s❡ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ t✐♣♦ ❞❡ ❡s❝♦❧❛ ❞♦ ✷◦ ❡ ♦ s❡①♦✱ ♣♦r

❡①❡♠♣❧♦✳ ■st♦ ♣♦rq✉❡✱ ♣❛r❛ ❡st✐♠❛r ❛ ✈❛r✐â♥❝✐❛ ❞❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❊♥tr❡ ❣r✉♣♦s

✭SQE✮ é ♣r❡❝✐s♦ ❡st✐♠❛r ❛s ❝♦✲✈❛r✐â♥❝✐❛s ❡♥tr❡ ❛s ❡st❛tíst✐❝❛s Ĉgg′ ❡ Q̂g q✉❡ ♣♦ss✉❡♠ ❢ór✲

♠✉❧❛s ❜❛st❛♥t❡ ❝♦♠♣❧❡①❛s✱ ❞❡s❝r✐t❛s ♥❛ s❡çã♦ ✸✳✸✳✷✳✳ ❋✐❝❛ ❝♦♠♦ s✉❣❡stõ❡s ♣❛r❛ tr❛❜❛❧❤♦s

❢✉t✉r♦s ❛♥❛❧✐s❛r ♠❛♥❡✐r❛s ♠❛✐s ❡✜❝✐❡♥t❡s ❞❡ s❡ ♦❜t❡r ❡ss❛s ✈❛r✐â♥❝✐❛s✳



✼✹ ❆♣❧✐❝❛çõ❡s

◆❛ ❛♥á❧✐s❡ ❞❡ ❞✐✈❡rs✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛s ❞✐s❝✐♣❧✐♥❛s ❝✉rs❛❞❛s ♥❛ ❣r❛❞✉❛çã♦✱ ❛s r♦t✐♥❛s

❞❡s❡♥✈♦❧✈✐❞❛s tê♠ ✉♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♠✉✐t♦ ❛❧t♦✱ sã♦ ❜❛st❛♥t❡ ❞❡♠♦r❛❞❛s✳ ❉❡✲

✈✐❞♦ ❛ ❡ss❡ ❢❛t♦r✱ ♥ã♦ ❢♦r❛♠ ❛♥❛❧✐s❛❞❛s ♠❛✐s ✈❛r✐á✈❡✐s ❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ s❡①♦ ❡ ❡s❝♦❧❛✳

❉❡s❡♥✈♦❧✈❡r r♦t✐♥❛s ♠❛✐s ❡✜❝❛③❡s sã♦ ♣r♦♣♦st❛s ♣❛r❛ ♥♦✈♦s tr❛❜❛❧❤♦s✳



❆♣ê♥❞✐❝❡ ❆

❉✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

❙❡ Z t❡♠ ❞✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r ❧✐♠✐t❛❞❛ ❡♠ [a, b] ❡ ♠♦❞❛ ✐❣✉❛❧ ❛ m✱ ❡♥tã♦ ❛ ❢✉♥çã♦

❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭❢✳❞✳♣✮ ❞❡ Z✱ f(z) é ❞❛❞❛ ♣♦r

f(z|a,m, b) =



















2
b−a

z−a
m−a

se a ≤ z ≤ m

2
b−a

b−z
b−m

se m ≤ z ≤ b

0 caso contrário.

✭✶✳✶✮

❖ ❣rá✜❝♦ ❞❛ ❢✳❞✳♣✳ ❞❛ ✈❛r✐á✈❡❧ Z é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ❆✳✶✳ ❆ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦

❛❝✉♠✉❧❛❞❛ ❞❛ ✈❛r✐á✈❡❧ Z✱ F (z)✱ é ❡♥tã♦

F (z) = P (Z ≤ z) =































0 se z < a

m−a
b−a

( z−a
m−a

)2 se a ≤ z ≤ m

1 − b−m
b−a

( b−z
b−a

)2 se m ≤ z ≤ b

1 se z > b.

✭✶✳✷✮

❙❡❥❛ ♦s ♠♦♠❡♥t♦s ❞❡ ♦r❞❡♠ k ❞❛ ✈❛rí❛✈❡❧ Z µk = EZk ♣❛r❛ k = 1, 2, ...✳ ❊♥tã♦

µ1 =

∫ b

a

zf(z)dz

=

∫ m

a

z
2

(b− a)

z − a

(m− a)
dz +

∫ b

m

z
2

(b− a)

b− z

(b−m)
dz

= c1

∫ m

a

z2 − azdz + c2

∫ b

m

bz − z2dz



✼✻ ❉✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

❋✐❣✉r❛ ❆✳✶✿ ❋✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Z✱ ❝♦♠ ❞✐str✐❜✉✐çã♦

tr✐❛♥❣✉❧❛r ❡♠ [a, b] ❡ ♠♦❞❛ ✐❣✉❛❧ ❛ m✳

= c1

∣

∣

∣

∣

z3

3
− az2

2

∣

∣

∣

∣

m

a

+ c2

∣

∣

∣

∣

bx2

2
− x3

3

∣

∣

∣

∣

b

m

= c1

(m3

3
− am2

2
− a3

3
+
a3

2

)

+ c2

(b3

2
− b3

3
− bm2

2
+
m3

3

)

,

❡♠ q✉❡ c1 = 2
(b−a)

1
(m−a)

❡ c2 = 2
(b−a)

1
(b−m)

✳

µ2 = c1

∫ m

a

z2(z − a)dz + c2

∫ b

m

z2b− zdz

= c1

∣

∣

∣

∣

z4

4
− az3

3

∣

∣

∣

∣

m

a

+ c2

∣

∣

∣

∣

bz3

3
− z4

4

∣

∣

∣

∣

b

m

= c1

(m4

4
− am3

3
− a4

4
+
a4

3

)

+ c2

(b4

3
− b4

4
− bm3

3
+
m4

4

)

.

❊♠ ❣❡r❛❧✱

µk = c1

(mk+2

k + 2
− amk+1

k + 1
− ak+2

k + 2
+
ak+2

k + 1

)

+ c2

( bk+2

k + 1
− bk+2

k + 2
− bmk+1

k + 1
+
mk+2

k + 2

)

, ✭✶✳✸✮

♣❛r❛ t♦❞♦ k = 1, 2, ...✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ a = −1✱ b = 1 ❡ m = 0✱ ♦✉ s❡❥❛✱ s❡ Z t❡♠ ❞✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

❡♠ [−1, 1] ❝♦♠ ♠♦❞❛ ✐❣✉❛❧ ❛ 0✱ ❡♥tã♦

fZ(z) =



















z + 1 se −1 ≤ z ≤ 0

1 − z se 0 ≤ z ≤ 1

0 caso contrário.

✭✶✳✹✮



✼✼

FZ(z) =































0 se z < −1

(z+1)2

2
se −1 ≤ z ≤ 0

1 − (1−z)2

2
se 0 ≤ z ≤ 1

1 se z > 1.

✭✶✳✺✮

❛s ❝♦♥st❛♥t❡s c1 ❡ c2 s❡rã♦ ✐❣✉❛✐s ❛ 1 ❡ ♦s ♠♦♠❡♥t♦s µk s❡rã♦

µk =

(

−(−1)k+2

k + 2
+

(−1)k+2

k + 1

)

+
( 1

k + 1
− 1

k + 2

)

.

P❛r❛ k = 1, 2, 3, 4✱ ♦❜té♠✲s❡ ♦ s❡❣✉✐♥t❡✿ µ1 = µ3 = 0✱ µ2 = 1
6
❡ µ4 = 1

15
✳

❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

❙❡❥❛♠ Z1, Z2, ..., Zn ✉♠❛ ♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ t❛♠❛♥❤♦ n ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛

Z ❝♦♠ ❞✐str✐❜✉✐çã♦ tr✐❛♥❣✉❧❛r ❡♠ [a, b] ❡ ♠♦❞❛ m✳ ❖ ✈❡t♦r ❞❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ é

❞❛❞♦ ♣♦r ❩ = (Z(1), Z(2), ..., Z(n))✱ ❡♠ q✉❡ Z(1) ≤ Z(2) ≤ ... ≤ Z(n)✳ ❯t✐❧✐③❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡s❝r✐t❛ ❡♠ ✶✳✶✱ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ Z é ❞❛❞❛ ♣♦r

L(❩|a,m, b) =
n
∏

i=1

f(Z(i)|a,m, b)

=
( 2

b− a

)n
{

r
∏

i=1

Z(i) − a

m− a

n
∏

i=r+1

b− Z(i)

b−m

}

, ✭✶✳✻✮

❡♠ q✉❡ r é ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❞❡✜♥✐❞♦ ♣♦r Z(r) ≤ m < Z(r+1)✱ Z(0) ≡ a ❡ Z(n+1) ≡ b✳

P♦rt❛♥t♦✱ s❡❣✉❡ q✉❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ a ❡ b ✜①❛❞♦s✱ s❛t✐s❢❛③❡♥❞♦ a < Z(1) ❡ b > Z(n)✱

tê♠✲s❡ q✉❡

max
a≤m≤b

L(❩|a,m, b) =
( 2

b− a

)n

{M(a, b, r̂(a, b)} , ✭✶✳✼✮

❡♠ q✉❡

r̂(a, b) = arg max
r∈{1,...,n}

M(a, b, r) e M(a, b, r) =
r−1
∏

i=1

Z(i) − a

Z(r) − a

n
∏

i=r+1

b− Z(i)

b− Z(r)

. ✭✶✳✽✮

❖ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭❊▼❱✮ ♣❛r❛ ❛ ♠♦❞❛ m ✭❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡

a ❡ b✮ é ❞❛❞♦ ♣♦r m̂(a, b) = Z(r̂(a,b))✳ ◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ r̂(a, b) ✐♥❞✐❝❛ ❡♠ q✉❛❧ ❡st❛tíst✐❝❛



✼✽ ❉✐str✐❜✉✐çã♦ ❚r✐❛♥❣✉❧❛r

❞❡ ♦r❞❡♠ ♦ ❊▼❱ ❞♦ ♣❛râ♠❡tr♦ m é ❛t✐♥❣✐❞♦ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞♦s ❧✐♠✐t❡s ✐♥❢❡r✐♦r a ❡

s✉♣❡r✐♦r b✳

❉❛ ❡q✉❛çã♦ ✭✶✳✽✮ t❡♠✲s❡ q✉❡

max
S(a,m,b)

[log {L(❩; a,m, b)}] = max
a<X(1),b>X(n))

[log {n log 2 +G(a, b)}] , ✭✶✳✾✮

❡♠ q✉❡ ♦ ❝♦♥❥✉♥t♦

S(a,m, b) =
{

(a,m, b)|a < Z(1), b > Z(n), a ≤ m ≤ b
}

❡ ❛ ❢✉♥çã♦

G(a, b) = log {M(a, b, r̂(a, b))} − nlog {b− a} . ✭✶✳✶✵✮

◆♦t❡ q✉❡ G(a, b) ❡stá ❞❡✜♥✐❞❛ s♦♠❡♥t❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ a < Z(1) ❡ b > Z(n)✳ P❛r❛

r❡s✉♠✐r✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ tr✐✲❞✐♠❡♥s✐♦♥❛❧ ❞❛ ♠❛①✐♠✐③❛çã♦ ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

L(Z|a,m, b) r❡❞✉③✲s❡ ❛ ✉♠ ❝❛s♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ ♠❛①✐♠✐③❛r G(a, b) s♦❜r❡ ❛ r❡❣✐ã♦

a < Z(1) ❡ b > Z(n)✳ ❉❛ ❡str✉t✉r❛ ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ ❡♥tr❡t❛♥t♦✱ ♣♦❞❡✲s❡ ✐♠❡❞✐❛t❛✲

♠❡♥t❡ ❝♦♥❝❧✉✐r q✉❡ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ m t❛✐s q✉❡ Z(1) < m < Z(n)✱ ❛ ✈❡r♦ss✐♠✐✲

❧❤❛♥ç❛ L(❩|a,m, b) → 0 ✭❡ ♣♦rt❛♥t♦ log {L(❩|a,m, b) → ∞}✮ q✉❛♥❞♦ a ↑ Z(1) ♦✉ b ↓ Z(n)✳

P♦rt❛♥t♦✱ q✉❛♥❞♦ ✉♠ ✈❛❧♦r ♠♦❞❛❧ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥♦s ❞❛❞♦s ✭✈✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠

❤✐st♦❣r❛♠❛✮✱ ♣♦❞❡ ♣❛r❡❝❡r q✉❡ ♦s ❊▼❱ ♣❛r❛ a ❡ b ♥ã♦ s❡❥❛♠ ❛s ❡st❛tíst✐❝❛s ❞❡ ♦r❞❡♠ Z(1)

❡ Z(n)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①✐st❡♠ ❛❧❣✉♠❛s r♦t✐♥❛s ✉t✐❧✐③❛❞❛s ♥❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❛ ❞✐str✐❜✉✐çã♦ tr✐❛♥✲

❣✉❧❛r ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❑♦t③ ❡ ❉♦r♣ ✭✷✵✵✹✮ ♣r♦♣õ❡ ♦ ✉s♦ ❞❛s r♦t✐♥❛s ❇❙❡❛r❝❤

❡ ❆❇❙❡❛r❝❤✱ ❝♦♥❥✉♥t❛♠❡♥t❡✳ ◆❛ ♣rát✐❝❛ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s sã♦ ♦❜t✐❞❛s ❝♦♠

✉s♦ s♦❢t✇❛r❡s✳ ❖ s♦❢t✇❛r❡ ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♦▼▲❊ ❊st♠❛t♦r ❞✐s♣♦♥í✈❡❧ ♥♦ sít✐♦✿

❤tt♣✿✴✴✇✇✇✳s❡❛s✳❣✇✉✳❡❞✉✴ ❞♦r♣❥r✴t❛❜✹✴♣✉❜❧✐❝❛t✐♦♥s❴❜♦♦❦✳❤t♠❧✳

❯♠ t❡st❡ ❞❛ ❘❛③ã♦ ❞❡ ❱❡r♦ss✐♠✐❧❤❛♥ç❛

❉❡✜♥✐çã♦ ❆✳✶ ✭❈❛s❡❧❧❛ ❡ ❇❡r❣❡r✱ ✷✵✵✷✮✳ ❙❡❥❛ X1, ..., Xn ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ ✉♠❛

♣♦♣✉❧❛çã♦ ❝♦♠ ❞✐str✐❜✉✐çã♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f(x|θ) ✭θ ♣♦❞❡ s❡r ✉♠ ✈❡t♦r✮✱ ❛



✼✾

❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ❞❡✜♥❛ ♣♦r✿

L(θ|x1, ..., xn) = L(θ|①) =
n
∏

i=1

f(xi|θ).

❙❡❥❛ Θ ♦ ❡s♣❛ç♦ ♣❛r❛♠étr✐❝♦ ❞❡ ❡♥tr❛❞❛✳ ❆ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❛ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

♣❛r❛ t❡st❛r H0 : θ ∈ Θ0 ❝♦♥tr❛ H1 : θ ∈ Θc
0 é

λ(①) =
supΘ0

L(θ|①)
supΘ L(θ|①) . ✭✶✳✶✶✮

❯♠ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✭❚❘❱✮ é ❛❧❣✉♠ t❡st❡ q✉❡ t❡♠ ✉♠❛ r❡❣✐ã♦ ❞❡ r❡❥❡✐çã♦

❞❛ ❢♦r♠❛ {① : λ(①) ≤ c ≤ 1}✳

❚❡st❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛s ❞✐str✐❜✉✐çõ❡s sã♦ s✐♠étr✐❝❛s ❡♠ t♦r♥♦ ❞❡ ✵

❙❡❥❛ X1, ..., Xnx
✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ❝♦♠ ❞✐str✐❜✉✐çã♦ tr✐❛♥✲

❣✉❧❛r ❡♠ [−ax, ax] ❡ Y1, ..., Yny
✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ❝♦♠ ❞✐str✐❜✉✐çã♦

tr✐❛♥❣✉❧❛r ❡♠ [−ay, ay]✳ ❆♠❜❛s ❝♦♠ ♠♦❞❛ ✐❣✉❛❧ ❛ ③❡r♦✳ ❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ é t❡st❛r ❛ ❤♦♠♦✲

❣❡♥❡✐❞❛❞❡ ❡♥tr❡ ❛s ❞✉❛s ❛♠♦str❛s ❡ s❡ ❡❧❛s ✈ê♠ ❞❡ ✉♠❛ tr✐❛♥❣✉❧❛r ❡♠ ❬✲✶✱✶❪ ✭✐ss♦ ♣♦rq✉❡

♦ ❣❛♥❤♦ r❡❧❛t✐✈♦ ❡stá ❞❡✜♥✐❞♦ ❡♥tr❡ ✲✶ ❡ ✶✮✱ ❛s ❤✐♣ót❡s❡s ❞❡ ✐♥t❡r❡ss❡ ♣♦❞❡♠ s❡r ❞❡s❝r✐t❛s

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

H0 : ax = ay = 1

Ha : ax 6= ay.

❆♣❧✐❝❛♥❞♦✲s❡ ❛ ❞❡✜♥✐çã♦ ❞♦ ❚❘❱ ❞❛❞❛ ❛❝✐♠❛✱ t❡♠✲s❡ ♦ s❡❣✉✐♥t❡

λ(①,②) =
maxax=ay=1 L(ax, ay|①,②)

max0<ax 6=ay<1 L(ax, ay|①,②)

=

∏r

i=1 (x(i) + 1)
∏nx

i=r+1 (1 − x(i))
∏s

j=1 (y(j) + 1)
∏ny

j=r+1 (1 − y(j))

1
âx

{

∏r

i=1

x(i)+âx

âx

∏nx

i=r+1

âx−x(i)

âx

}

1
ây

{

∏s

j=1

y(j)+ây

ây

∏ny

j=s+1

ây−y(j)

ây

} .



❆♣ê♥❞✐❝❡ ❇

❘♦t✐♥❛ ❡♠ ❘ ♣❛r❛ ❛ ▼❡t♦❞♦❧♦❣✐❛ ✶

★❢✉♥çã♦ q✉❡ ❝❛❧❝✉❧❛ ♦ ❙◗❊

❝❛❧❝✳sq❡ ❁✲ ❢✉♥❝t✐♦♥✭❞❛❞♦s✮④

★ ❞❡❢✐♥✐♥❞♦ ❛❧❣✉♠❛s ✈❛r✐á✈❡✐s ❛✉①✐❧✐❛r❡s

♥t♦t❛❧ ❁✲ ❧❡♥❣t❤✭❞❛❞♦s❬✱✶❪✮❀

❛✉①✷ ❁✲ ✵❀

❛✉①✸ ❁✲ ✶❀

❛✉①✹ ❁✲ ✵❀

♥ ❁✲ ❝✭✶✿✷✮❀

★❈❛❧❝✉❧❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❡ ❝❛❞❛ ❣r✉♣♦

✇❤✐❧❡✭❛✉①✷ ❁ ♥t♦t❛❧✮④

♥❬❛✉①✸❪ ❁✲ ❧❡♥❣t❤✭✇❤✐❝❤✭❞❛❞♦s❬✱✶❪❂❂❛✉①✹✮✮❀

❛✉①✷ ❁✲ ❛✉①✷ ✰ ♥❬❛✉①✸❪❀

❛✉①✸ ❁✲ ❛✉①✸ ✰ ✶❀

❛✉①✹ ❁✲ ❛✉①✹ ✰ ✶❀⑥

★❝❛❧❝✉❧❛♥❞♦ ❛ s♦♠❛ ❞♦ ❣❛♥❤♦ ❡♠ ❝❛❞❛ ❣r✉♣♦

t❛♠ ❁✲ ❧❡♥❣t❤✭♥✮

s♦♠❛❣❛♥❤♦ ❁✲ ❝✭✶✿t❛♠✮❀

❢♦r✭✐ ✐♥ ✶✿t❛♠✮④

s♦♠❛❣❛♥❤♦❬✐❪ ❁✲ s✉♠✭❞❛❞♦s❬✇❤✐❝❤✭❞❛❞♦s❬✱✶❪❂❂✭✐✲✶✮✮✱✷❪✮❀⑥



✽✷ ❘♦t✐♥❛ ❡♠ ❘ ♣❛r❛ ❛ ▼❡t♦❞♦❧♦❣✐❛ ✶

★❝❛❧❝✉❧❛♥❞♦ ❛ s♦♠❛ ❞♦ ❣❛♥❤♦ ❛♦ q✉❛❞r❛❞♦ ❡♠ ❝❛❞❛ ❣r✉♣♦

s♦♠❛❣❛♥❤♦✷ ❁✲ ❝✭✶✿t❛♠✮❀

❢♦r ✭✐ ✐♥ ✶✿t❛♠✮④

s♦♠❛❣❛♥❤♦✷❬✐❪ ❁✲ s✉♠✭❞❛❞♦s❬✇❤✐❝❤✭❞❛❞♦s❬✱✶❪❂❂✭✐✲✶✮✮✱✷❪✂✷✮❀⑥

★❈❛❧❝✉❧❛♥❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡♥tr♦ ❞❡ ❝❛❞❛ ❣r✉♣♦

◗ ❁✲ ❝✭✶✿t❛♠✮❀

❢♦r ✭✐ ✐♥ ✶✿t❛♠✮④

◗❬✐❪ ❁✲ ✭✷✴✭♥❬✐❪✯✭♥❬✐❪✲✶✮✮✮✯✭♥❬✐❪✯s♦♠❛❣❛♥❤♦✷❬✐❪✲s♦♠❛❣❛♥❤♦❬✐❪✂✷✮❀⑥

★❈❛❧❝✉❧❛♥❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ♦s ❣r✉♣♦s ❡ ♦ ❙◗❊❀

❙◗❊ ❁✲ ✵

❈ ❁✲ ♠❛tr✐①✭♥r♦✇❂t❛♠✱♥❝♦❧❂t❛♠✱✵✮❀

❢♦r ✭✐ ✐♥ ✶✿✭t❛♠✲✶✮✮④

❢♦r ✭❥ ✐♥ ✭✐✰✶✮✿t❛♠✮④

❈❬✐✱❥❪ ❁✲ ✭✶✴✭♥❬✐❪✯♥❬❥❪✮✮✯✭♥❬❥❪✯✭s♦♠❛❣❛♥❤♦✷❬✐❪✮✰♥❬✐❪✯✭s♦♠❛❣❛♥❤♦✷❬❥❪✮

✲✷✯s♦♠❛❣❛♥❤♦❬✐❪✯s♦♠❛❣❛♥❤♦✷❬❥❪✮❀

❙◗❊ ❁✲ ❙◗❊ ✰ ♥❬✐❪✯♥❬❥❪✯✭✷✯❈❬✐✱❥❪ ✲ ◗❬✐❪ ✲ ◗❬❥❪✮❀⑥⑥

❙◗❊ ❁✲ ✭✶✴✭♥t♦t❛❧✯✭♥t♦t❛❧✲✶✮✮✮✯❙◗❊❀

❙◗❊⑥

★ ❢✉♥çã♦ q✉❡ ❢❛③ ❛ r❡✲❛♠♦str❛❣❡♠ ♣♦r ❥❛❝❦❦♥✐❢❡

❝❛❧❝sq❡✳❥❛❝❦ ❁✲ ❢✉♥❝t✐♦♥✭❞❛❞♦s✮④

♥ ❁✲ ❧❡♥❣t❤✭❞❛❞♦s❬✱✶❪✮❀

✈❡t♦r ❁✲ ❝✭✶✿✷✮

❢♦r ✭✐ ✐♥ ✶✿♥✮④✈❡t♦r❬✐❪ ❁✲ ❝❛❧❝✳sq❡✭❞❛❞♦s❬✲✐✱❪✮⑥

✈❡t♦r⑥



❆♣ê♥❞✐❝❡ ❈

❘♦t✐♥❛ ❡♠ ❘ ♣❛r❛ ❛ ▼❡t♦❞♦❧♦❣✐❛ ✷

★❈❛❧✉❧❛♥❞♦ ❛ ♠❛tr✐③ ❝♦♠ ❛s ❝♦♠♣❛r❛çõ❡s

❝♦♠♣❛r❛❝♦❡s ❁✲ ❢✉♥❝t✐♦♥✭❞❛❞♦s✮④

♥❛❧✉♥♦ ❁✲ ♠❛①✭❞❛❞♦s❬✱✶❪✮❀ ★♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛❧✉♥♦s❀

❞✐s❝ ❁✲ ♠❛①✭❞❛❞♦s❬✱✷❪✮❀ ★♥ú♠❡r♦ t♦t❛❧ ❞❡ ❞✐s❝✐♣❧✐♥❛s❀

★♥ú♠❡r♦ ❞❡ ❞✐s❝✳ q✉❡ ♦ ❛❧✉♥♦ ❥ ❢♦✐ ♠❡❧❤♦r q✉❡ ♦ ✐

★✭♣♦st♦ ❞❡ ✐ ❁ ♣♦st♦ ❥✮❀

s♦♠❛ ❁✲ ♠❛tr✐①✭♥❝♦❧❂♥❛❧✉♥♦✱♥r♦✇❂♥❛❧✉♥♦✱✵✮❀

★♥ú♠❡r♦ ❞❡ ❞✐s❝✐♣❧✐♥❛s ❡♠ ❝♦♠✉♠ ❡♥tr❡ ♦s ❛❧✉♥♦s❀

❑ ❁✲ ♠❛tr✐①✭♥❝♦❧❂♥❛❧✉♥♦✱♥r♦✇❂♥❛❧✉♥♦✱✵✮❀

❢♦r✭❧ ✐♥ ✶✿❞✐s❝✮④

♣♦st♦ ❁✲ ❝✭✵✮❀ ★♣♦s✐çã♦ ❞♦s ❛❧✉♥♦s q✉❡ ❢✐③❡r❛♠ ❛ ❞✐s❝✐♣❧✐♥❛ ✐❀

♥❞✐s❝ ❁✲ ❝✭✵✮❀ ★♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦ ❛❧✉♥♦ ❢❡③ ❛ ❞✐s❝✐♣❧✐♥❛ ✐❀

♥♦t❛ ❁✲ ❝✭✵✮❀ ★♥♦t❛ ♦❜t✐❞❛ ♣❡❧♦ ❛❧✉♥♦ ♥❛ ❞✐s❝✐♣❧✐♥❛ ✐❀

♣♦st♦ ❁✲ s♦rt✭❞❛❞♦s❬✇❤✐❝❤✭❞❛❞♦s❬✱✷❪❂❂❧✮✱✶❪✮❀

♥❞✐s❝ ❁✲ ❞❛❞♦s❬✇❤✐❝❤✭❞❛❞♦s❬✱✷❪❂❂❧✮✱✸❪❀

♥♦t❛ ❁✲ ❞❛❞♦s❬✇❤✐❝❤✭❞❛❞♦s❬✱✷❪❂❂❧✮✱✹❪❀

t❛♠ ❁✲ ❧❡♥❣t❤✭♣♦st♦✮❀ ★ ♥ú♠❡r♦ ❞❡ ❛❧✉♥♦s q✉❡ ❢✐③❡r❛♠ ❛ ❞✐s❝✐♣❧✐♥❛ ✐❀

✐❢✭t❛♠❃✶✮④

❢♦r✭✐ ✐♥ ✶✿✭t❛♠✲✶✮✮④ ❢♦r✭❥ ✐♥ ✭✐✰✶✮✿t❛♠✮④



✽✹ ❘♦t✐♥❛ ❡♠ ❘ ♣❛r❛ ❛ ▼❡t♦❞♦❧♦❣✐❛ ✷

❑❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪ ❁✲ ❑❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪ ✰ ✶❀

✐❢✭♥❞✐s❝❬✐❪❂❂♥❞✐s❝❬❥❪✮④✐❢✭♥♦t❛❬❥❪❃♥♦t❛❬✐❪✮

④s♦♠❛❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪❁✲s♦♠❛❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪✰✶❀ ⑥⑥

❡❧s❡④✐❢✭♥❞✐s❝❬✐❪❃♥❞✐s❝❬❥❪✮

④s♦♠❛❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪❁✲s♦♠❛❬♣♦st♦❬✐❪✱♣♦st♦❬❥❪❪✰✶❀⑥⑥

⑥⑥ ⑥⑥

❘❊❙❯▲❁✲ s♦♠❛✴❑❀

❘❊❙❯▲❬✇❤✐❝❤✭❘❊❙❯▲❂❂✧◆❛◆✧✮❪ ❁✲ ✵❀

❘❊❙❯▲❀⑥

★ ❈❛❧❝✉❧❛♥❞♦ ❣r✉♣♦s

❣r✉♣♦s✳❝❛❧❝ ❁✲ ❢✉♥❝t✐♦♥✭❈✷✮④

♥✉♠ ❁✲ ♠❛①✭❈✷❬✱✶❪✮❀ ❣r✉♣♦ ❁✲ ❝✭✵✮❀

❢♦r✭✐ ✐♥ ✶✿♥✉♠✮④

❛✉①✶ ❁✲ ❝✭✵✮❀ ❛✉①✶ ❁✲ ❈✷❬✇❤✐❝❤✭❈✷❬✱✶❪❂❂✐✮✱✷❪❀

❣r✉♣♦❬✐❪❂❛✉①✶❬✶❪❀⑥

❣r♦✉♣ ❁✲ ♠❛tr✐①✭♥r♦✇❂♥✉♠✱♥❝♦❧❂✭♥✉♠✰✶✮✱✵✮❀

❢♦r✭✐ ✐♥ ✶✿✭♥✉♠✲✶✮✮④ ❢♦r✭❥ ✐♥ ✭✐✰✶✮✿♥✉♠✮④

❣r♦✉♣❬✐✱❥❪ ❁✲ ❣r✉♣♦❬✐❪✯✶✵ ✰ ❣r✉♣♦❬❥❪❀⑥⑥

❣r♦✉♣❬✱♥✉♠✰✶❪ ❁✲ ❣r✉♣♦❀

❣r♦✉♣⑥

★ ❈❛❧❝✉❧❛♥❞♦ ❙◗❊

❙◗❊✳❝❛❧❝ ❁✲ ❢✉♥❝t✐♦♥✭❘❊❙❯▲✱❣r✉♣♦✮④

❧✐♠ ❁✲ ❧❡♥❣t❤✭❣r✉♣♦❬✶✱❪✮❀

♠❛① ❁✲ ♠❛①✭❣r✉♣♦❬✱❧✐♠❪✮❀

♥ ❁✲ ❝✭✶✿✷✮❀

❢♦r✭✐ ✐♥ ✶✿♠❛①✮④ ♥❬✐❪ ❁✲ ❧❡♥❣t❤✭❣r✉♣♦❬✇❤✐❝❤✭❣r✉♣♦❬✱❧✐♠❪❂❂✐✮✱❧✐♠❪✮❀⑥

♥t♦t❛❧ ❁✲ s✉♠✭♥✮❀

t❛♠ ❁✲ ❧❡♥❣t❤✭♥✮❀ ★♥ú♠❡r♦ ❞❡ ❣r✉♣♦s

◗ ❁✲ ❝✭✶✿✷✮❀

❈✐❥ ❁✲ ♠❛tr✐①✭♥r♦✇❂t❛♠✱♥❝♦❧❂t❛♠✱✵✮❀



✽✺

❈❥✐ ❁✲ ♠❛tr✐①✭♥r♦✇❂t❛♠✱♥❝♦❧❂t❛♠✱✵✮❀

❢♦r✭❧ ✐♥ ✶✿t❛♠✮④

❛✉① ❁✲ ❧✯✶✵ ✰ ❧❀

◗❬❧❪ ❁✲ s✉♠✭❘❊❙❯▲❬✇❤✐❝❤✭❣r✉♣♦❂❂❛✉①✮❪✮❀⑥

◗ ❁✲ ✭✷✴✭♥✯✭♥✲✶✮✮✮✯◗❀

♥✶✷ ❁✲ ✵❀ ♥✷✶ ❁✲ ✵❀

❢♦r✭✐ ✐♥ ✶✿✭t❛♠✲✶✮✮④ ❢♦r✭❥ ✐♥ ✭✐✰✶✮✿t❛♠✮④

❛✉①✶ ❁✲ ✐✯✶✵ ✰ ❥❀ ❛✉①✷ ❁✲ ❥✯✶✵ ✰ ✐❀

❈✐❥❬✐✱❥❪ ❁✲ s✉♠✭❘❊❙❯▲❬✇❤✐❝❤✭❣r✉♣♦❂❂❛✉①✶✮❪✮❀

♥✶✷ ❁✲ ♥✶✷ ✰ ❧❡♥❣t❤✭❘❊❙❯▲❬✇❤✐❝❤✭❣r✉♣♦❂❂❛✉①✶✮❪✮❀

❈❥✐❬✐✱❥❪ ❁✲ s✉♠✭❘❊❙❯▲❬✇❤✐❝❤✭❣r✉♣♦❂❂❛✉①✷✮❪✮❀

♥✷✶ ❁✲ ♥✷✶ ✰ ❧❡♥❣t❤✭❘❊❙❯▲❬✇❤✐❝❤✭❣r✉♣♦❂❂❛✉①✷✮❪✮❀⑥⑥

❢♦r ✭✐ ✐♥ ✶✿✭♠❛①✲✶✮✮④ ❢♦r✭❥ ✐♥ ✭✐✰✶✮✿♠❛①✮④

❈✐❥❬✐✱❥❪ ❁✲ ✭✶✴✭♥❬✐❪✯♥❬❥❪✮✮✯❈✐❥❬✐✱❥❪❀

❈❥✐❬✐✱❥❪ ❁✲ ✭✶✴✭♥❬✐❪✯♥❬❥❪✮✮✯❈❥✐❬✐✱❥❪❀ ⑥⑥

❙◗❊✶ ❁✲ ✵❀ ❙◗❊✷ ❁✲ ✵❀

❢♦r ✭✐ ✐♥ ✶✿✭t❛♠✲✶✮✮④ ❢♦r ✭❥ ✐♥ ✭✐✰✶✮✿t❛♠✮④

❙◗❊✶ ❁✲ ❙◗❊✶ ✰ ♥❬✐❪✯♥❬❥❪✯✭✷✯❈✐❥❬✐✱❥❪ ✲ ◗❬✐❪ ✲ ◗❬❥❪✮❀

❙◗❊✷ ❁✲ ❙◗❊✷ ✰ ♥❬✐❪✯♥❬❥❪✯✭✷✯❈❥✐❬✐✱❥❪ ✲ ◗❬✐❪ ✲ ◗❬❥❪✮❀ ⑥⑥

❙◗❊✶ ❁✲ ✭✶✴✭♥t♦t❛❧✯✭♥t♦t❛❧✲✶✮✮✮✯❙◗❊✶❀

❙◗❊✷ ❁✲ ✭✶✴✭♥t♦t❛❧✯✭♥t♦t❛❧✲✶✮✮✮✯❙◗❊✷❀

❙◗❊ ❁✲ ❝✭❙◗❊✶✱❙◗❊✷✮❀

❙◗❊❀ ⑥

★ ❏❛❝❦♥✐❢❡

❥❛❝❦ ❁✲ ❢✉♥❝t✐♦♥✭❘❊❙❯▲✱❣r✉♣♦✮④

♥✉♠ ❁✲ ❧❡♥❣t❤✭❘❊❙❯▲❬✱✶❪✮❀

❙◗❊ ❁✲ ♠❛tr✐①✭♥r♦✇❂♥✉♠✱♥❝♦❧❂✷✱✵✮❀

❢♦r✭✐ ✐♥ ✶✿♥✉♠✮④ ❙◗❊❬✐✱❪ ❁✲ ❙◗❊✳❝❛❧❝✭❘❊❙❯▲❬✲✐✱✲✐❪✱❣r✉♣♦❬✲✐✱✲✐❪✮⑥

❙◗❊⑥



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❣r❡st✐✱ ❆✳✱ ❛♥❞ ❆❣r❡st✐✱ ❇✳❋✳✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ q✉❛❧✐t❛t✐✈❡ ✈❛r✐❛t✐♦♥✳ ❙♦❝✐❛❧ ▼❡t❤♦✲

❞♦❧♦❣② ✭❑✳❋✳ ❙❝❤✉ss❧❡r✱ ❡❞✳✮✱ ✷✵✹✲✷✸✼✱ ✶✾✼✽✳

❬✷❪ ❆t❦✐♥s♦♥✱ ❆✳❇✳✳ ❖♥ t❡❤❡ ▼❡❛s✉r❡s ♦❢ ■♥❡q✉❛❧✐t②✳ ❥♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❢ ❚❤❡♦r②✱ ✷✱ ✷✹✹✲✷✻✸✱

✶✾✼✵✳

❬✸❪ ❇♦✉r❣✉✐❣♥♦♠✱ ❋✳✳ ❉❡❝♦♠♣♦s❛❜❧❡ ✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t② ♠❡❛s✉r❡s✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✹✼✱ ✾✵✶✲✾✷✵✱

✶✾✼✾✳

❬✹❪ ❇♦✇❡♥✱ ❲✳ ❛♥❞ ❇♦❦✱ ❉✳✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ r✐✈❡r✿ ❧♦♥❣✲t❡r♠ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❝♦♥s✐❞❡r✐♥❣

r❛❝❡ ✐♥ ❈♦❧❧❡❣ ❛♥❞ ❯♥✐✈❡rs✐t② ❛❞♠✐ss✐♦♥s✳ Pr✐♥❝❡t♦♥✱ ◆❏✿ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✽✳

❬✺❪ ❈❛✈❛❧❧✐✲❙❢♦r③❛✱ ▲✳▲✳✳ ❤✉♠❛♥ ❞✐✈❡rs✐t②✳ Pr♦❝✳ ❳■■ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❣r❡ss ♦❢ ●❡♥❡t✐❝s✱ ❚♦❦②♦✱

✸✱ ✹✵✺✲✹✶✻✱ ✶✾✻✾✳

❬✻❪ ❈❤❛❦r❛❜♦rt②✱ ❘✳✱ ❛♥❞ ❘❛♦✱ ❈✳❘✳✳▼❡❛s✉r❡♠❡♥t ♦❢ ❣❡♥❡t✐❝ ✈❛r✐❛t✐♦♥ ❢♦r ❡✈♦❧✉t✐♦♥❛r② st✉❞✐❡s✳

❍❛♥❞❜♦♦❦ ♦❢ ❙t❛t✐st✐❝s ✽✱ ✶✾✾✶✳

❬✼❪ ❈♦st❛✱ ❙✳✳ ❆ ❝♦♥str✉çã♦ s♦❝✐♦❧ó❣✐❝❛ ❞❛ r❛ç❛ ♥♦ ❇r❛s✐❧✳ ❊st✉❞♦ ❛❢r♦✲❛s✐át✐❝♦✱ ✷✹✭✶✮✱ ✸✺✲✻✶✱

✷✵✵✷✳

❬✽❪ ❉❛❝❤s✱ ❏✳◆✳❲✳ ❛♥❞ ▼❛✐❛✱ ❘✳P✳✳ ❙✉❜sí❞✐♦s q✉❛♥t✐t❛t✐✈♦s ♣❛r❛ r❡♣❡♥s❛r ❛s ♣♦❧ít✐❝❛s ❞❡ ❛❝❡ss♦

à ✉♥✐✈❡rs✐❞❛❞❡✿ ❆✉♠❡♥t❛♥❞♦ ❛ ❡qü✐❞❛❞❡ r❛❝✐❛❧ ❡ ❡❝♦♥ô♠✐❝❛ ♥♦ ❡♥s✐♥♦ ❞♦ t❡r❝❡✐r♦ ❣r❛✉ ❞♦

❇r❛s✐❧ ❡ ♥♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✳ Pr✐♠❡✐r❛ ♣❛rt❡✿ ❉❡s❝r✐çã♦ ❞♦s ❛❧✉♥♦s ❞❛ ❯♥✐❝❛♠♣ q✉❡

✐♥❣r❡ss❛r❛♠ ♥♦ ❛♥♦s ❞❡ ✶✾✾✹✱ ✶✾✾✺✱ ✶✾✾✻ ❡ ✶✾✾✼✳ ◆ú❝❧❡♦ ❞❡ ❊st✉❞♦s ❞❡ P♦❧✐tí❝❛s Pú❜❧✐❝❛s✱

❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ❘❡❧❛tór✐♦ ❚é❝♥✐❝♦✱ ✷✵✵✻✳
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❬✾❪ ❉❛❝❤s✱ ❏✳◆✳❲✳ ❛♥❞ ▼❛✐❛✱ ❘✳P✳✳ ❙✉❜sí❞✐♦s q✉❛♥t✐t❛t✐✈♦s ♣❛r❛ r❡♣❡♥s❛r ❛s ♣♦❧ít✐❝❛s ❞❡ ❛❝❡ss♦

à ✉♥✐✈❡rs✐❞❛❞❡✿ ❆✉♠❡♥t❛♥❞♦ ❛ ❡qü✐❞❛❞❡ r❛❝✐❛❧ ❡ ❡❝♦♥ô♠✐❝❛ ♥♦ ❡♥s✐♥♦ ❞♦ t❡r❝❡✐r♦ ❣r❛✉

❞♦ ❇r❛s✐❧ ❡ ♥♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✳ ❙❡❣✉♥❞❛ ♣❛rt❡✿ ❉❡s❡♠♣❡♥❤♦ r❡❧❛t✐✈♦ ❞♦s ❛❧✉♥♦s ❞❛

❯♥✐❝❛♠♣ q✉❡ ✐♥❣r❡ss❛r❛♠ ♥♦s ❛♥♦s ❞❡ ✶✾✾✹✱ ✶✾✾✺✱ ✶✾✾✻ ❡ ✶✾✾✼ ❡ ❞❡s❝r✐çã♦ ❞♦s ❛❧✉♥♦s

q✉❡ ♣r❡st❛r❛♠ ♦ Pr♦✈ã♦ ❡♠ ✷✵✵✶✳ ◆ú❝❧❡♦ ❞❡ ❊st✉❞♦s ❞❡ P♦❧✐tí❝❛s Pú❜❧✐❝❛s✱ ❯♥✐✈❡rs✐❞❛❞❡

❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ❘❡❧❛tór✐♦ ❚é❝♥✐❝♦✱ ✷✵✵✻✳

❬✶✵❪ ❉❛❝❤s✱ ❏✳◆✳❲✳ ❛♥❞ ▼❛✐❛✱ ❘✳P✳✳ ❙✉❜sí❞✐♦s q✉❛♥t✐t❛t✐✈♦s ♣❛r❛ r❡♣❡♥s❛r ❛s ♣♦❧ít✐❝❛s ❞❡ ❛❝❡ss♦

à ✉♥✐✈❡rs✐❞❛❞❡✿ ❆✉♠❡♥t❛♥❞♦ ❛ ❡qü✐❞❛❞❡ r❛❝✐❛❧ ❡ ❡❝♦♥ô♠✐❝❛ ♥♦ ❡♥s✐♥♦ ❞♦ t❡r❝❡✐r♦ ❣r❛✉ ❞♦

❇r❛s✐❧ ❡ ♥♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✳ ❚❡r❝❡✐r❛ ♣❛rt❡✿ ▼♦❞❡❧♦ ♣r❡❞✐t✐✈♦ ♣❛r❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ q✉❡ ✉♠✴❛ ❥♦✈❡♠ ❜r❛s✐❧❡✐r♦✴❛ ❝❤❡❣✉❡ ❛♦ ❡♥s✐♥♦ s✉♣❡r✐♦r ✉s❛♥❞♦ ❞❛❞♦s ❞❛ P◆❆❉ ✶✾✾✻✳

◆ú❝❧❡♦ ❞❡ ❊st✉❞♦s ❞❡ P♦❧✐tí❝❛s Pú❜❧✐❝❛s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ❘❡❧❛tór✐♦

❚é❝♥✐❝♦✱ ✷✵✵✻✳

❬✶✶❪ ❉❛❣✉♠✱ ❈✳✳ ❆♥❛❧②s✐s ♦❢ ✐♥❝♦♠❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐♥❡q✉❛❧✐t② ❜② ❡❞✉❝❛t✐♦♥ ❛♥❞ s❡① ✐♥ ❈❛♥❛❞❛✳

✐♥ ❆❞✈❛♥❝❡s ✐♥ ❊❝♦♥♦♠❡tr✐❝s✱ ✹✱ ❘✳▲✳ ❇❛s♠❛♥♥ ❛♥❞ ●✳❋✳ ❘❤♦❞❡s✱ ❏r✳✱ ●r❡❡♥✇✐❝❤✱ ❈❚✿ ❏❆■

Pr❡ss✱ ✶✻✼✲✷✷✼✱ ✶✾✽✺✳

❬✶✷❪ ❉❛✈✐s♦♥✱ ❆✳❈✳ ❛♥❞ ❍✐♥❦❧❡②✱ ❉✳❱✳✳ ❇♦♦tstr❛♣ ♠❡t❤♦❞s ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥✱ ❈❛♠❜r✐❞❣❡

❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✾✳

❬✶✸❪ ❋♦st❡r✱ ❏✳❊✳ ❛♥❞ ❙❤♥❡②❡r♦✈✱ ❆✳❆✳✳ ❆ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❛❞❞✐t✐✈❡❧② ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥❡q✉❛❧✐t②

♠❡❛s✉r❡s✳ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✹✹✱ ✽✾✲✶✶✶✱ ✶✾✾✾✳

❬✶✹❪ ●✐♥✐✱ ❈✳❲✳✳ ❱❛r✐❛❜✐❧✐t❛ ❡ ♥✉t❛❜✐❧✐t❛✳ ❙t✉❞✐ ❊❝♦♥♦♠✐❝♦✲●✐✉r✐❞✐❝✐ ❞❡❧❧❛ ❘✳ ❯♥✐✈❡rs✐t❛ ❞✐ ❈♦✲

❣❧✐❛t✐ ✸✭✷✮✱ ✸✲✶✺✾✱ ✶✾✶✷✳

❬✶✺❪ ❍❛❧♠♦s✱ P✳❘✳✳ ❚❤❡ t❤❡♦r② ♦❢ ✉♥❜✐❛s❡❞ ❡st✐♠❛t✐♦♥✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✼✱

✸✹✲✹✸✱ ✶✾✹✻✳

❬✶✻❪ ❍♦❡✛❞✐♥❣✱ ❲✳✳ ❆ ❝❧❛ss ♦❢ st❛t✐st✐❝s ✇✐t❤ ❛s②♠♣t♦t✐❝❛❧❧② ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❆♥♥❛❧s ♦❢

▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✾✱ ✷✾✸✲✸✷✺✱ ✶✾✹✽✳

❬✶✼❪ ❏❛♠❡s✱ ❇✳❏✳✳ Pr♦❜❛❜✐❧✐❞❛❞❡✿ ✉♠ ❈✉rs♦ ❡♠ ◆í✈❡❧ ■♥t❡r♠❡❞✐ár✐♦✳ ✭Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✮✳ ■♥st✐t✉t♦

❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ❙❡❣✉♥❞❛ ❊❞✐çã♦✱ ✷✵✵✷✳
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