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■◆❙❚■❚❯❚❖ ❉❊ ▼❆❚❊▼➪❚■❈❆✱ ❊❙❚❆❚❮❙❚■❈❆ ❊ ❈❖▼P❯❚❆➬➹❖

❉❊P❆❘❚❆▼❊◆❚❖ ❉❊ ❊❙❚❆❚❮❙❚■❈❆

❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s ♥♦ ▼♦❞❡❧♦

❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❍❡t❡r♦s❝❡❞ást✐❝♦

❆♥❞ré ▲✉✐③ Pr✐♠❛ ❘✐❜❡✐r♦✶

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ▲✉✐③ ❑♦♦❞✐ ❍♦tt❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❥✉♥t♦ ❛♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡

❊st❛tíst✐❝❛ ❞♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡

❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡

❈❛♠♣✐♥❛s✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❚ít✉❧♦ ❞❡ ▼❊❙❚❘❊ ❡♠

❊st❛tíst✐❝❛✳

❈❛♠♣✐♥❛s

✷✵✶✵

✶❆❣r❛❞❡ç♦ à ❈❛♣❡s ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❛ ❡st❡ ♣r♦❥❡t♦✳



✐

❱❆❘■➪❱❊■❙ ■◆❙❚❘❯▼❊◆❚❆■❙ ◆❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖

❍❊❚❊❘❖❙❈❊❉➪❙❚■❈❖

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦ ✜♥❛❧ ❞❛ ❞✐ss❡r✲

t❛çã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦rr✐❣✐❞❛ ❡ ❞❡❢❡♥❞✐❞❛ ♣♦r ❆♥❞ré

▲✉✐③ Pr✐♠❛ ❘✐❜❡✐r♦ ❡ ❛♣r♦✈❛❞❛ ♣❡❧❛ ❝♦♠✐ssã♦ ❥✉❧✲

❣❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ ✷✺ ❞❡ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✵✳

Pr♦❢✳ ❉r✳ ▲✉✐③ ❑♦♦❞✐ ❍♦tt❛

❖r✐❡♥t❛❞♦r

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

✶✳ Pr♦❢✳ ❉r✳ ▲✉✐③ ❑♦♦❞✐ ❍♦tt❛

✷✳ Pr♦❢✳ ❉r✳ P❡❞r♦ ▲✉✐③ ❱❛❧❧s P❡r❡✐r❛

✸✳ Pr♦❢✳ ❉r✳ ❊♠❡rs♦♥ ❋❡r♥❛♥❞❡s ▼❛rç❛❧

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ ❯◆■❈❆▼P✱

❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ❚ít✉❧♦ ❞❡

▼❊❙❚❘❊ ❡♠ ❊❙❚❆❚❮❙❚■❈❆✳







❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♠❡✉s ♣❛✐s ❡ ♠❡✉ ✐r♠ã♦✱ ❙❡r❣✐♦ ▲✉✐③ ❘✐❜❡✐r♦✱ ❱❛❧ér✐❛ ❞❡ ❋át✐♠❛

Pr✐♠❛ ❘✐❜❡✐r♦ ❡ ▼❛r❝❡❧♦ Pr✐♠❛ ❘✐❜❡✐r♦✳

➚ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❱❛♥❡ss❛ ❈r✐st✐♥❡ ❘♦❞r✐❣✉❡s ♣❡❧♦ s❡✉ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡

♣❛❝✐ê♥❝✐❛✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢❡ss♦r ❉r✳ ▲✉✐③ ❑♦♦❞✐ ❍♦tt❛✱ ♣♦r s❡♠♣r❡ ❡st❛r ❞✐s♣♦st♦ ❛ s♦❧✉❝✐♦♥❛r

❛s ❞ú✈✐❞❛s q✉❡ s✉r❣✐r❛♠ ❞✉r❛♥t❡ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊ ♣❡❧❛s s✉❛s ✐♠♣r❡s❝✐♥❞í✈❡✐s

s✉❣❡stõ❡s✳

➚ ❈❛♣❡s✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❛ ❡st❡ ♣r♦❥❡t♦✳

❆♦s ♣❛rt✐❝✐♣❛♥t❡s ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ♣❡❧❛s s✉❣❡stõ❡s✳

✈



❘❡s✉♠♦

❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s r❡❧❛çõ❡s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ❡❝♦♥♦♠✐❛s sã♦ r❡❧❡✈❛♥t❡s ♣❛r❛ t♦♠❛❞❛s

❞❡ ❞❡❝✐sõ❡s ❞❡ ❇❛♥❝♦s ❈❡♥tr❛✐s✱ ✐♥✈❡st✐❞♦r❡s ❡ ❣♦✈❡r♥♦s✳ ❯♠ t❡♠❛ ❞❡s❛✜❛❞♦r é ♦ ❡st✉❞♦ ❞❛

❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❛s ❡❝♦♥♦♠✐❛s✳ ❊st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥✲

tá❣✐♦ ❡st✉❞❛❞♦ ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✱ ♦ q✉❛❧ ❞✐❢❡r❡♥❝✐❛ ❝♦♥tá❣✐♦ ❞❡ ✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛✳ ❖

❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦ ♣❛r❛ ❡st❡ ♠♦❞❡❧♦ é ✈✐❡s❛❞♦ ❞❡✈✐❞♦ à ❡①✐stê♥❝✐❛ ❞❡

✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s ♥♦ ♠♦❞❡❧♦✳ ❆ t❡♦r✐❛ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s é ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞✐♠✐♥✉✐r

♦ ✈✐és ❡①✐st❡♥t❡ ♥♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s✳ ❊st❡ tr❛❜❛❧❤♦ ❡st✉❞❛ ❡st❡

♠♦❞❡❧♦ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❡rr♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡ ✉t✐❧✐③❛ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♦ ✈❛r✐á✲

✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ❙ã♦ ❡st✉❞❛❞♦s ✈ár✐♦s ♠ét♦❞♦s ♣❛r❛ t❡st❡ ❞❡ ❤✐♣ót❡s❡s✱ ❝♦♠ ê♥❢❛s❡ ❡♠ t❡st❡s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ❙ã♦ ❛❜♦r❞❛❞❛s ❞✉❛s ❞✐❢❡r❡♥t❡s ❞❡✜♥✐çõ❡s ❞❡ ❝r✐s❡ ❡ sã♦ ♣♦st✉✲

❧❛❞❛s ❝♦♠♦ ✐♥str✉♠❡♥t♦s ✈á❧✐❞♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❛s

❡❝♦♥♦♠✐❛s ❡ ❛♥❛❧✐s❛❞❛s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❛ ✈❛❧✐❞❛❞❡ ❞❡st❡s ✐♥str✉♠❡♥t♦s

♣❛r❛ ✐❞❡♥t✐✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ sã♦ ❝♦♥s✐❞❡r❛❞❛s ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s

❡st✐♠❛❞♦r❡s ❡ ❛ ❢✉♥çã♦ ♣♦❞❡r ❞♦s t❡st❡s ♣r♦♣♦st♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s✱ ❜❡♠

❝♦♠♦✱ ❡st✉❞❛❞❛s ❛s ❛♣r♦①✐♠❛çõ❡s ❞❛s ❞✐str✐❜✉✐çõ❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❡ ❡st❛tíst✐❝❛s ❞♦s

t❡st❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ é ✉t✐❧✐③❛❞♦ ♥❛ ❛♥á❧✐s❡ ❞♦s ❞❛❞♦s ❞❡ r❡t♦r♥♦

❞♦s ♣r✐♥❝✐♣❛✐s í♥❞✐❝❡s ❛❝✐♦♥ár✐♦s ❞❡ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✱ ❛ss✐♠ ❝♦♠♦ ♣❛r❛ ❛❧❣✉♥s

♣❛ís❡s ❛s✐át✐❝♦s✳

✈✐✐



❆❜str❛❝t

❚❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❛♠♦♥❣ t❤❡ ❡❝♦♥♦♠✐❡s ❛r❡ r❡❧❡✈❛♥t t♦ ♣♦❧✐❝② ♠❛❦❡rs✱ ❈❡♥✲

tr❛❧ ❇❛♥❦s ❛♥❞ ✐♥✈❡st♦rs ✐♥ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♣r♦❝❡ss✳ ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ✐s t❤❡ st✉❞② ♦❢

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♥t❛❣✐♦♥ ❛♠♦♥❣ t❤❡ ❡❝♦♥♦♠✐❡s✳ ❚❤✐s ✇♦r❦ ❝♦♥s✐❞❡r t❤❡ ❈❛♥♦♥✐❝❛❧ ▼♦❞❡❧ ♦❢

❈♦♥t❛❣✐♦♥ ♦❢ P❡s❛r❛♥ ❛♥❞ P✐❝❦ ✭✷✵✵✼✮✱ ✇❤✐❝❤ ❞✐✛❡r❡♥t✐❛t❡s ❝♦♥t❛❣✐♦♥ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡

♦r❞✐♥❛r② ❧❡❛st sq✉❛r❡s ❡st✐♠❛t♦r ❢♦r t❤✐s ♠♦❞❡❧ ✐s ❜✐❛s❡❞ ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s

✐♥ t❤❡ ♠♦❞❡❧✳ ■♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡ ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❞❡❝r❡❛s❡ t❤❡ ❜✐❛s ♦❢ t❤❡ ♦r❞✐♥❛r② ❧❡❛st

sq✉❛r❡s ❡st✐♠❛t♦rs✳ ❚❤❡ ♠♦❞❡❧ ✐s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❤❡t❡r♦s❦❡❞❛st✐❝ ❡rr♦rs✱ ❢❡❛t✉r❡ ✉s✉❛❧❧②

❢♦✉♥❞ ✐♥ ✜♥❛♥❝✐❛❧ ❞❛t❛✳ ❚✇♦ ❞❡✜♥✐t✐♦♥s ♦❢ ❝r✐s❡s ❛r❡ ❛♣♣❧✐❡❞ ❛♥❞ ✇❡ ♣♦st✉❧❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s ❛s ❛ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s

✐♥str✉♠❡♥ts ❜② ♠❡❛♥s ♦❢ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ❛r❡ ✉s❡❞ t♦ ❛♥❛❧②st

t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t♦rs ❛♥❞ t❤❡ ♣♦✇❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t❡sts ♣r♦♣♦s❡❞✳ ❋✐♥❛❧❧②✱ t❤❡

❝❛♥♦♥✐❝❛❧ ♠♦❞❡❧ ♦❢ ❝♦♥t❛❣✐♦♥ ✐s ✉s❡❞ t♦ ❛♥❛❧②st t❤❡ ❞❛t❛ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♣❡r❢♦r♠❛♥❝❡

✐♥❞❡①❡s ♦❢ ❆r❣❡♥t✐♥❛✱ ❇r❛③✐❧✱ ▼❡①✐❝♦ ❛♥❞ ❯❙❆✱ ❛s ✇❡❧❧ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥❞❡①❡s ♦❢ s❡✈❡♥ ❆s✐❛t✐❝

❝♦✉♥tr✐❡s✳

✐①



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s ✺

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷✳✷ ❊st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷✳✶ ❈❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷✳✷ ❈❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✷✳✸ ❱❛r✐â♥❝✐❛ ❞❡ η̂vig ❡♠ ✉♠ ♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✸ ❚❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✹ ❱❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❢r❛❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✹✳✶ ❚❡st❡ ♣❛r❛ ❞❡t❡❝t❛r ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✹✳✷ ❚❡st❡ r♦❜✉st♦ ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✺ ❉✐str✐❜✉✐çã♦ ❞♦s ❡st✐♠❛❞♦r❡s ♣❛r❛ ❛♠♦str❛s ✜♥✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ✷✸

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✷ ❉❡✜♥✐çõ❡s ❞❡ ❝r✐s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✸ ❱❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✈á❧✐❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✹ ❊①t❡♥sã♦ ❞♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✺ ❙✐♠✉❧❛çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✻ ❈♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ♣ró♣r✐♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♦

✐♥str✉♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹ ❙✐♠✉❧❛çõ❡s ✹✶

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✷ ▼ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✸ ❱♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❡st✐♠❛❞❛s✱ ✭σ̂it✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

①✐



①✐✐

✹✳✹ Pr♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s q✉❛♥❞♦ ♥ã♦ ❡①✐st❡

❝♦♥tá❣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✹✳✶ ❱✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✹✳✷ ❉✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s ❡st✐♠❛❞♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✺ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✺✳✶ ▼♦❞❡❧♦ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✺✳✷ ▼♦❞❡❧♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✻ ❋✉♥çã♦ ♣♦❞❡r ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✼ ■♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✼✳✶ ▲❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✽ ❊st✉❞♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ β−
1 ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✾ ■♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✾✳✶ ❆♥á❧✐s❡ ❞♦s ✐♥str✉♠❡♥t♦s ρijt ❡ σit ♣❛r❛ ❡st✐♠❛r β−
i ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✾✳✷ ❆♥á❧✐s❡ ❞♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✹✳✶✵ ❆♥á❧✐s❡ ❙✐♠✉❧❛❞❛ q✉❛♥❞♦ ❡st✉❞❛♠♦s ❝♦♥tá❣✐♦ ❡♠ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❡

♣♦s✐t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺ ❆♣❧✐❝❛çõ❡s ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ✽✶
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✺✳✷ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺✳✸ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻ ❈♦♠❡♥tár✐♦s ❋✐♥❛✐s ✾✼

❆ ❚❡♦r❡♠❛s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ✾✾

❇ ❱✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ δi ❡ αi ✶✵✶

❈ ❆♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞❛s ❆♣❧✐❝❛çõ❡s ✶✵✸

❈✳✶ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

❈✳✷ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✶✸



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✸✳✶ P❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡r❛çã♦ ❞♦s ❞❛❞♦s✱ N = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷ ◗✉❛♥t✐❞❛❞❡ ❞❡ é♣♦❝❛s ❞❡ ❝r✐s❡ ♥♦s ♣❛ís❡s ❡ ♥♦s ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ♣❛r❛ ♦s ▼♦❞❡❧♦s

✶ ❡ ✷✳ ✭❱❛❧♦r❡s ♣♦r❝❡♥t✉❛✐s ❡♥❝♦♥tr❛❞♦s ❡♠ ✉♠❛ s✐♠✉❧❛çã♦ ❝♦♠ T = 50000✳✮ ✳ ✳ ✳ ✸✸

✸✳✸ ❊st✐♠❛t✐✈❛ ❞❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖

✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✱ é ♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s

❝❛s♦s✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✹ ❊st✐♠❛t✐✈❛ ❡ t❡st❡ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❡ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛✐s✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛

H1 : ρ 6= 0✱ é ♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s ❝❛s♦s ♥♦ ♠♦❞❡❧♦ ✶✳ ❊ ♥♦ ♠♦❞❡❧♦ ✷ t❡♠♦s ❡♥tr❡

♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✺ ❊st✐♠❛t✐✈❛ ❡ t❡st❡ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❡ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣ró♣r✐♦ ♣❛ís✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱

H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✱ é ♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s ❝❛s♦s ♥♦ ♠♦❞❡❧♦ ✶✳ ❊ ♥♦ ♠♦❞❡❧♦

✷ t❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✻ ❊st✐♠❛t✐✈❛ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❡ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s

✭ρijt✮✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❚❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱

H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✶ P❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡r❛çã♦ ❞♦s ❞❛❞♦s✱ ❡♠ q✉❡ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s

❡stá ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ t❡♠♦s q✉❛tr♦ ❡❝♦♥♦♠✐❛s ✭N = 4✮✳ ✳ ✳ ✹✷

✹✳✷ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦ ✭❱■ ❤♦♠♦✮ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ás✲

t✐❝♦ ✭❱■ ❤❡t❡✮ ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✶✳ ❊♥tr❡ ♣❛rê♥t❡s❡s t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦

♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✳ ✭❘❡s✉❧t❛❞♦s ❜❛s❡❛❞♦s ❡♠ ✶✵✵✵ r❡♣❧✐✲

❝❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ ♣❛râ♠❡tr♦s ❞❛

❚❛❜❡❧❛ ✹✳✶✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

①✐✐✐



①✐✈

✹✳✸ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉✲

❧❛❞❛s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦

✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ p = 3 é

❞❡ ✶✸✳✾✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✹ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦ ✭❱■ ❤♦♠♦✮ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ás✲

t✐❝♦ ✭❱■ ❤❡t❡✮ ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✷✳ ❊♥tr❡ ♣❛rê♥t❡s❡s t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦

♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✳ ✭❘❡s✉❧t❛❞♦s ❜❛s❡❛❞♦s ❡♠ ✶✵✵✵ r❡♣❧✐✲

❝❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ ♣❛râ♠❡tr♦s ❞❛

❚❛❜❡❧❛ ✹✳✶✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✺ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉✲

❧❛❞❛s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱

♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂3 é

❞❡ ✶✸✳✾✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✻ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s

t ❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦

r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛

α = 10%✱ [0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❉❡✜♥✐♠♦s✿

tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡

t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠

❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✼ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ❖s

✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦ r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿

[0.081, 0.118] ♣❛r❛ α = 10%✱ [0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛

α = 1%✳ ✭❆ss✉♠✐♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0

q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ χ2
p/p✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✽ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s

t ❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦

r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛

α = 10%✱ [0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❉❡✜♥✐♠♦s✿

tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡

t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠

❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼



①✈

✹✳✾ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❖s

✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦ r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿

[0.081, 0.118] ♣❛r❛ α = 10%✱ [0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛

α = 1%✳ ✭❆ss✉♠✐♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0

q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ χ2
p/p✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✶✵ ❱❛❧♦r❡s ❞❛ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦

❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✶✶ ❱❛❧♦r❡s ❞❛ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦

❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✶✷ ❚❛♠❛♥❤♦ ♠é❞✐♦ ✭▼❡✮ ❡ ♠❡❞✐❛♥♦ ✭▼❞✮ ❞❛ ❧❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛

β ❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐✲

❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ T = 1000✱ ✶✵✵ r❡♣❧✐❝❛çõ❡s ❡ α = ✵✳✾ ❡ ✵✳✾✺✳ ❆♣r❡s❡♥t❛♠♦s

t❛♠❜é♠ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ✭❉♣✮ ❞♦ t❛♠❛♥❤♦ ❞❛s ❧❛r❣✉r❛s ❞♦s ✐♥t❡r✈❛❧♦s ❡st✉❞❛❞♦s✳

◆♦ ♣❛✐♥❡❧ s✉♣❡r✐♦r ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ α = 0.9 ❡ ♥♦ ♣❛✐♥❡❧ ✐♥❢❡r✐♦r ♣❛r❛

α = 0.95✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✶✸ ❊st✐♠❛t✐✈❛s ❞❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ❡st✐♠❛❞♦s ❞❡ β−
1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ♥♦ ▼♦❞❡❧♦ ✶✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛

✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧

✶✵✵✵✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✶✹ ❊st✐♠❛t✐✈❛s ❞❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ❡st✐♠❛❞♦s ❞❡ β−
1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♥♦ ▼♦❞❡❧♦ ✷✳ ✭❋♦r❛♠ ❢❡✐t❛s

✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠

t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✶✺ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦s ▼♦❞❡❧♦ ✶ ❡ ✷ ❝♦♠ ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt ❡ σit ♣❛r❛ ♦ ♣❛ís i✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❡♥tr❡

♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✶✵✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡

s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂10 é ❞❡ ✶✶✳✹✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶



①✈✐

✹✳✶✻ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲

tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt ❡ σit✳ ✭✯ P❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❝♦❧♦❝❛♠♦s ❡♠ ✐tá❧✐❝♦ ❛s

❡st✐♠❛t✐✈❛s ❞❡ β−

i q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s ❝♦♠♦

✐♥str✉♠❡♥t♦s✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹✳✶✼ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛s

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡

▼◗❖ ❡ ❱■ ❞❡ ✶✵✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡

✺✪ ❝♦♠ l = 1✱ ♣❂6 é ❞❡ ✶✶✳✶✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹✳✶✽ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲

tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✷✱ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt✳ ✭P❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❝♦❧♦❝❛♠♦s ❡♠ ✐tá❧✐❝♦ ❛s ❡st✐♠❛t✐✈❛s

❞❡ β−

i q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s ❝♦♠♦ ✐♥str✉♠❡♥t♦s✳✮ ✼✸

✹✳✶✾ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦s ▼♦❞❡❧♦ ✶ ❡ ✷ ❝♦♠ ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s Wij ✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❡♥tr❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡

❱■ ❞❡ ✺✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠

l = 1✱ ♣❂21 é ❞❡ ✷✶✳✸✾✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✷✵ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲

tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s Wit✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✹✳✷✶ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és✱ ❉❡s✈✐♦ P❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❡ ❊rr♦ ◗✉❛❞rát✐❝♦

▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ❡ β+

1 ♥♦ ▼♦❞❡❧♦ ✶✱ ❝♦♠ ❝♦♥tá❣✐♦ ♣❛r❛

r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❡ ♣♦s✐t✐✈♦s✳ ◗✉❛♥❞♦ s✐♠✉❧❛♠♦s ♦s ❞❛❞♦s ♥❛ ✐♥❡①✲

✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ (β−
1 , β+

1 ) = (0, 0)✱ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡ T = 1000 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✷✷ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
1 = 0 ❝♦♥tr❛ H1 : β−

1 6= 0 ❡ H0 : β+
1 = 0

❝♦♥tr❛ H1 : β+
1 6= 0✱ ❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ♣❛r❛

♦ ▼♦❞❡❧♦ ✶✳ ✭❉❡✜♥✐♠♦s✿ tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■

❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡

❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✷✸ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
1 = β+

1 = 0✱ ❞♦s t❡st❡s r♦❜✉st♦s ❛

✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❆ss✉♠✐♥❞♦

q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0 q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦

❛ss✐♥tót✐❝❛ χ2
p/p✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽



①✈✐✐

✹✳✷✹ ◗✉❛♥t✐❞❛❞❡ ❞❡ ♣❡rí♦❞♦s ❡♠ q✉❡ t❡♠♦s (ζ−1 , ζ+
1 ) = (0, 0)✱ (ζ−1 , ζ+

1 ) = (1, 0)✱ (ζ−1 , ζ+
1 ) =

(0, 1) ❡ (ζ−1 , ζ+
1 ) = (1, 1)✳ ✭P❛r❛ T = 100000✱ ❡ ♦ ♠♦❞❡❧♦ ❞❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✽✮ ❛té

✭✹✳✷✻✮✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✶ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦

♣❡❧❛s ❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é

✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮ ✽✹

✺✳✷ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s

❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✱ ❝♦♠ ❡①❝❡çã♦ ❞❡ β−
i q✉❡ ❞✐s❝✉t✐r❡♠♦s ♣♦st❡r✐♦r♠❡♥t❡✳ ✭✯

✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡

✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✺✳✸ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦s ✶ ♥❛ ❛♣❧✐❝❛çã♦

❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡

▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪

❝♦♠ l = 1✱ ♣❂3 é ❞❡ ✶✸✳✾✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✹ β−
i ❡st✐♠❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ s❡✉s ❞❡s✈✐♦s

♣❛❞rõ❡s ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✺ ❊st❛tíst✐❝❛s ❞♦s ❚❡st❡s ❘♦❜✉st♦s ❛ ■♥str✉♠❡♥t♦s ❋r❛❝♦s ♣❛r❛ ♦s ▼♦❞❡❧♦s ✶ ❡ ✷

♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ ✭❖s ✈❛❧♦r❡s ❡♥tr❡ ♣❛rê♥t❡s❡s sã♦ ♦s

✈❛❧♦r❡s✲♣ ❞♦s t❡st❡s ❡♠ q✉❡stã♦✱ ❡♠ q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❢♦r❛♠ ❝♦♠♣✉t❛❞♦s ❝♦♠ ❛s s❡❣✉✐♥t❡

❞✐str✐❜✉✐çõ❡s✿ AR0 ♣♦r χ2
p/p✱ LM0 ♣♦r χ2

l ✱ W0 ❡ LR0 ❝♦♠ s✉❛s ❞✐str✐❜✉✐çõ❡s ❡♠♣ír✐❝❛s✳✮ ✳ ✳ ✳ ✳ ✽✾

✺✳✻ P❛râ♠❡tr♦s ❡st✐♠❛❞♦s ♥♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s

❡q✉❛çõ❡s ✭✺✳✼✮ ❛té ✭✺✳✶✶✮ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✼ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s

❡q✉❛çõ❡s ✭✺✳✼✮ ❛té ✭✺✳✶✶✮ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✽ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦ ✶ ♥❛ ❛♣❧✐❝❛çã♦

❛♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭❖ ✈❛❧♦r ❝rít✐❝♦ ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ p = 6✱ l = 1✱ ✈✐és

r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞❡ ✺✪ ❡ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ é ❞❡ ✶✾✳✷✽✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸



①✈✐✐✐

✺✳✾ β−
i ❡st✐♠❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ s❡✉s ❞❡s✈✐♦s

♣❛❞rõ❡s ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛

❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s

❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✶✵ ❊st❛tíst✐❝❛s ❞♦s ❚❡st❡s ❘♦❜✉st♦s ❛ ■♥str✉♠❡♥t♦s ❋r❛❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ♥❛ ❛♣❧✐✲

❝❛çã♦ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭❖s ✈❛❧♦r❡s ❡♥tr❡ ♣❛rê♥t❡s❡s sã♦ ♦s ✈❛❧♦r❡s✲♣ ❞♦s t❡st❡s ❡♠

q✉❡stã♦✱ ❡♠ q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❢♦r❛♠ ❝♦♠♣✉t❛❞♦s ❝♦♠ ❛s s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çõ❡s✿ AR0 ♣♦r

χ2
p/p✱ LM0 ♣♦r χ2

l ✱ W0 ❡ LR0 ❝♦♠ s✉❛s ❞✐str✐❜✉✐çõ❡s ❡♠♣ír✐❝❛s✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

❇✳✶ ❊st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ♣❛râ♠❡tr♦s δi ❡ αi ♣❛r❛ t♦❞♦s ♦s

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛ ♥♦ ▼♦❞❡❧♦ ✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

❇✳✷ ❊st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ♣❛râ♠❡tr♦s δi ❡ αi ♣❛r❛ t♦❞♦s ♦s

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛ ♥♦ ▼♦❞❡❧♦ ✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✸✳✶ ❱♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ s✐♠✉❧❛❞❛ ❞♦s ❡rr♦s✱ σit✱ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✸✳✶✼ ❛té ✸✳✷✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✷ ❈♦rr❡❧❛çõ❡s s✐♠✉❧❛❞❛s ❡♥tr❡ ♦s ❡rr♦s✱ Pt✱ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✸✳✶✼

❛té ✸✳✷✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹✳✶ ●rá✜❝♦s ❞♦s β−
1 ❡st✐♠❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ ❢♦r♠❛ ❤❡t✲

❡r♦❝❡❞ást✐❝❛✱ ❝♦♠ ♦s ✐♥str✉♠❡♥t♦s s❡♥❞♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s r❡❛✐s ❝♦♥tr❛ ♦s β−
1 ❡s✲

t✐♠❛❞♦s ❝♦♠ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡st✐♠❛❞❛s ♣❡❧♦s ♠ét♦❞♦s ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ✭❛✮✱

❈❈❈✲●❆❘❈❍ ✭❜✮ ❡ ❉❈❈✲●❆❘❈❍ ✭❝✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✷ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡✲

❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛

❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛

❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✱ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✸ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡✲

❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛

❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛

❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✵✱ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✹ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡✲

❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛

❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛

❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✱ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

①✐①



①①

✹✳✺ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡✲

❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛

❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛

❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✵✱ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✻ P♦❞❡r ❛ss✐♥tót✐❝♦ ❞♦s ❚❡st❡s ♣❛r❛ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ✭♣❂✸✮ ♥♦ ▼♦❞❡❧♦ ✶✱

❝♦♠ T = 1000 ❡ ✶✵✵ s✐♠✉❧❛çõ❡s ♣❛r❛ ❝❛❞❛ β−
1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✼ P♦❞❡r ❛ss✐♥tót✐❝♦ ❞♦s ❚❡st❡s ♣❛r❛ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ✭♣❂✸✮ ♥♦ ▼♦❞❡❧♦ ✷✱

❝♦♠ T = 1000 ❡ ✶✵✵ s✐♠✉❧❛çõ❡s ♣❛r❛ ❝❛❞❛ β−
i ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✽ ❩♦♦♠ ❞❛ ❋✐❣✉r❛ ✹✳✶✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✾ ❩♦♦♠ ❞❛ ❋✐❣✉r❛ ✹✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✶✵ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡
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❈✳✶✹ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛✲

❞♦s ❡st✐♠❛❞♦s ❞♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❆ ❞✐ss❡♠✐♥❛çã♦ ❞❛ ❝r✐s❡ ♦❝♦rr✐❞❛ ❡♠ ✉♠❛ ❡❝♦♥♦♠✐❛ ♣❛r❛ ❡❝♦♥♦♠✐❛s ✧✈✐③✐♥❤❛s✧ é ♦ q✉❡ ❞❡♥♦♠✲

✐♥❛♠♦s ♣♦r ❝♦♥tá❣✐♦✳ ❊st❡ t❡♠❛ ✈❡♠ s❡♥❞♦ ❞✐s❝✉t✐❞♦ ❡♠ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s

❞❡✈✐❞♦ ❛ s✉❛ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥❛s ❞❡❝✐sõ❡s ❞❡ ❛❧♦❝❛çõ❡s ❞❡ r❡❝✉rs♦s ❡ ❣❡r❡♥❝✐❛♠❡♥t♦ ❞❡ r✐s❝♦✳

❱ár✐❛s ❞❡✜♥✐çõ❡s ❞❡ ❝♦♥tá❣✐♦ ❢♦r❛♠ ♣r♦♣♦st❛s ♣❛r❛ ✐♥❢❡r✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ◆❡♥❤✉♠❛

❞❡✜♥✐çã♦ é ✉♥✐✈❡rs❛❧♠❡♥t❡ ❛❝❡✐t❛✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞✐✈❡rs❛s ♠❡t♦❞♦❧♦❣✐❛s ❢♦r❛♠ ♣r♦♣♦st❛s✳

❯♠❛ ❞❛s ♠❡t♦❞♦❧♦❣✐❛s ♣r♦♣♦st❛s ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ✉t✐❧✐③❛ ❛s ❝♦rr❡❧❛çõ❡s

❝♦♥❞✐❝✐♦♥❛✐s ❡♥tr❡ ♦s ✐♥❞✐❝❛❞♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❛s ❡❝♦♥♦♠✐❛s✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ❝♦♥tá❣✐♦

q✉❛♥❞♦ ♦❝♦rr❡ ✉♠ ❛✉♠❡♥t♦ s✐❣♥✐✜❝❛t✐✈♦ ❞❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❛s

❡❝♦♥♦♠✐❛s ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦ ❞❡ ❝r✐s❡ ❡♠ r❡❧❛çã♦ ❛♦s ♣❡rí♦❞♦s ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❡❝♦♥♦♠✐❛✳ ❊st❛

♠❡t♦❞♦❧♦❣✐❛ ❢♦✐ ✉t✐❧✐③❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦r ❑✐♥❣ ❡ ❲❛❞❤✇❛♥✐ ✭✶✾✾✵✮✱ ❇❛✐❣ ❡ ●♦❧❞❢❛❥♥ ✭✶✾✾✽✮✱

❊❞✇❛r❞s ✭✶✾✾✽✮✱ ❇❛❡✱ ❑❛r♦❧②✐ ❡ ❙t✉❧③ ✭✷✵✵✵✮✱ ▲♦r❡t❛♥ ❡ ❊♥❣❧✐s❤ ✭✷✵✵✵✮✱ ❈♦rs❡tt✐✱ P❡r✐❝♦❧✐ ❡

❙❜r❛❝✐❛ ✭✷✵✵✷✮✱ ▲♦♣❡s ❡ ▼✐❣♦♥ ✭✷✵✵✷✮✱ ❋♦r❜❡s ❡ ❘✐❣♦❜♦♥ ✭✷✵✵✷✮ ❡ ▼❛rç❛❧ ❡ ❱❛❧❧s P❡r❡✐r❛ ✭✷✵✵✾✮✳

❆ ♠❡❞✐❞❛ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ✉t✐❧✐③❛❞❛ ♣♦r ❡st❡s ❛✉t♦r❡s ✐♠♣õ❡ ✉♠❛ r❡❧❛çã♦ ❧✐♥❡❛r ❡♥tr❡ ❛s ❡❝♦♥♦✲

♠✐❛s✱ ❞❡✐①❛♥❞♦ ❞❡ ❝❛♣t❛r t♦❞♦s ♦s ♦✉tr♦s t✐♣♦s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛✳ ❙❡♥❞♦ ❛ss✐♠ ♠✉✐t♦s ❛✉t♦r❡s

❝♦♠❡ç❛r❛♠ ❛ ✉t✐❧✐③❛r ♠♦❞❡❧♦s ❝♦♠ ♠❡❞✐❞❛s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ♠❡♥♦s r❡str✐t✐✈❛s✱ ❝♦♠♦✿ ❍❛rt♠❛♥✱

❙tr❛❡t♠❛♥s ❡ ❞❡ ❱r✐❡s ✭✷✵✵✵✮ ❛♣r❡s❡♥t❛♠ ♠♦❞❡❧♦s ❜❛s❡❛❞♦s ♥❛ ❚❡♦r✐❛ ❞❡ ❱❛❧♦r❡s ❊①tr❡♠♦s✱ ❘❛♠✲

❝❤❛♥❞ ❡ ❙✉s♠❡❧ ✭✶✾✾✽✮ ❛♣r❡s❡♥t❛♠ ▼♦❞❡❧♦s ❞❡ ▼❛r❦♦✈ ❙✇✐t❝❤✐♥❣ ❡ ❘♦❞r✐❣✉❡③ ✭✷✵✵✻✮ ❛♣r❡s❡♥t❛

✉♠ ♠♦❞❡❧♦ ❞❡ ▼❛r❦♦✈ ❙✇✐t❝❤✐♥❣ ❝♦♠ ❝ó♣✉❧❛s✳

❙❡❣✉✐♥❞♦ ♦✉tr❛s ❛❜♦r❞❛❣❡♥s t❡♠♦s ♦s tr❛❜❛❧❤♦s ❞❡ ❋r❛t③s❝❤❡r ✭✶✾✾✾✱ ✷✵✵✸✮ q✉❡ ✉t✐❧✐③❛ ✉♠

♠♦❞❡❧♦ ❞❡ ♣❛✐♥❡❧ ❝♦♠ ❡❢❡✐t♦s ❛❧❡❛tór✐♦s ♥❛s t❛①❛s ❞❡ ❝â♠❜✐♦ ❞❛s ❡❝♦♥♦♠✐❛s✳ ❋❛✈❡r♦ ❡ ●✐❛✈❛③③✐

✭✷✵✵✷✮ ✐♥tr♦❞✉③❡♠ ✉♠ ♠♦❞❡❧♦ ✈❡t♦r✐❛❧ ❛✉t♦r❡❣r❡ss✐✈♦ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❝♦♥tá❣✐♦✳ P❡s❛r❛♥ ❡ P✐❝❦

✭✷✵✵✼✮ ❡st✉❞❛r❛♠ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦✱ ♦ q✉❛❧ é ❝❛♣❛③ ❞❡ ✐❞❡♥t✐✜❝❛r ♦s ♣❡rí♦❞♦s ❞❡

❝r✐s❡✱ ❛❧é♠ ❞❡ ❡st✉❞❛r ♦ ❝♦♥tá❣✐♦ ❡♠ t❡r♠♦s ❞✐ár✐♦s✳ ❖✉tr♦s tr❛❜❛❧❤♦s ❝♦♠ ♣r♦♣♦st❛s ♥❛ ♠❡s♠❛

✶



✷ ■◆❚❘❖❉❯➬➹❖

❧✐♥❤❛ ❞❛ ❞❡ P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ sã♦ ❉✐❡❜♦❧❞ ❡ ❨✐❧♠❛③ ✭✷✵✵✽✮ ❡ ❇❛✉r ❡ ❋r② ✭✷✵✵✾✮✳

◆❡st❡ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❛♥❛❧✐s❛r❡♠♦s ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❡st✉❞❛❞♦ ♣♦r P❡s❛r❛♥

❡ P✐❝❦ ✭✷✵✵✼✮✱ ♣♦✐s ❝♦♠ ❡st❡ ♠♦❞❡❧♦ ♥ã♦ ♣r❡❝✐s❛♠♦s s❛❜❡r ❛ ♣r✐♦r✐ ❡♠ q✉❡ ♣❡rí♦❞♦ ❛❝♦♥t❡❝❡r❛♠

❛s ❝r✐s❡s✱ ♦ ♠♦❞❡❧♦ é ❝❛♣❛③ ❞❡ ✐❞❡♥t✐✜❝❛r✱ ❡ t❡♠♦s ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞✐r❡t❛ ❞❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦

❞❡ ❝♦♥tá❣✐♦✳ ◆♦ ❡♥t❛♥t♦ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ s♦❢r❡ ❝♦♠ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❞♦❣❡♥❡✐❞❛❞❡

❞❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s✱ ♦ q✉❡ ❧❡✈❛ ❛ ❡st✐♠❛t✐✈❛s ✈✐❡s❛❞❛s ❞♦s ♣❛râ♠❡tr♦s q✉❡ ✐♥❞✐❝❛♠ ❝♦♥tá❣✐♦✳

❯♠❛ ❢♦r♠❛ ❞❡ s♦❧✉❝✐♦♥❛r ❡st❡ ♣r♦❜❧❡♠❛✱ ❛ q✉❛❧ ❢♦✐ ❞✐s❝✉t✐❞❛ ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✱ é ✉t✐❧✐③❛r

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ♣♦rt❛♥t♦ ✐r❡♠♦s ❜✉s❝❛r ♥❛ ❚❡♦r✐❛ ❊❝♦♥ô♠✐❝❛ ✐♥str✉♠❡♥t♦s ✈á❧✐❞♦s ❡

❡st✉❞❛r ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ s✉❛ r♦❜✉st❡③✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❞❡ P❡s❛r❛♥ ❡ P✐❝❦

✭✷✵✵✼✮ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❡rr♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s✳ ◗✉❛♥❞♦ ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ tê♠ ✉♠❛ ❡str✉✲

t✉r❛ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

♣❛r❛ ❡st✐♠❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ❖s ❞❛❞♦s ♦r✐❣✐♥❛✐s ❞♦ ❛rt✐❣♦ ❞❡ P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ♥ã♦

❢♦r❛♠ r❡❡st✉❞❛❞♦s ♣♦rq✉❡ ❡st❡s ♥ã♦ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡✳

❇♦✉♥❞✱ ❏❛❡❣❡r ❡ ❇❛❦❡r ✭✶✾✾✺✮ ❞❡st❛❝❛♠ q✉❡ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❛s ❛♣r♦①✐✲

♠❛çõ❡s ❞❛❞❛s ♣❡❧❛ t❡♦r✐❛ ❛ss✐♥tót✐❝❛ ♥ã♦ sã♦ ✈á❧✐❞❛s ♠❡s♠♦ ♣❛r❛ ❣r❛♥❞❡s ❛♠♦str❛s✳ ❚❡st❡s ♣❛r❛

✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❢♦r❛♠ ♣r♦♣♦st♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ❝♦♠♦ ♦ t❡st❡ ❞❡ ❈r❛❣❣ ❡ ❉♦♥✲

❛❧❞ ✭✶✾✾✸✮ ♣r♦♣♦st♦ ♣♦r ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮✱ q✉❡ t❡♠ ❝♦♠♦ ❤✐♣ót❡s❡ ♥✉❧❛ q✉❡ ♦s ✐♥str✉♠❡♥t♦s

sã♦ ❢r❛❝♦s✳ ❖✉tr♦s t❡st❡s ♣❛r❛ s❡ ❞❡t❡❝t❛r ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❢♦r❛♠ ♣r♦♣♦st♦s ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦

♦ t❡st❡ ❞❡ ❍❛❤♥ ❡ ❍❛✉s♠❛♥ ✭✷✵✵✷✮ ❡st✉❞❛❞♦ ❝♦♠ ❝✉✐❞❛❞♦ ♣♦r ❍❛✉s♠❛♥✱ ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮✳

❈❛s♦ ♦s ✐♥str✉♠❡♥t♦s s❡❥❛♠ ❢r❛❝♦s ❛❧t❡r♥❛t✐✈❛s ❢♦r❛♠ ❝r✐❛❞❛s ♣❛r❛ t❡st❛r♠♦s ❤✐♣ót❡s❡s ♥♦s

♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❡ss❡✱ ❡st❡s sã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ▼♦r❡✐r❛

✭✷✵✵✶✱ ✷✵✵✸ ❡ ✷✵✵✾✮ ❡st✉❞♦✉ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ t❡st❡ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮✱ ♦ t❡st❡ ❞❡

❊s❝♦r❡✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s ❡ ♣r♦♣ôs ♦ t❡st❡ ❞❡ r❛③ã♦

❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳ ❆♥❞❡rs♦♥ ❡ ❑✉♥✐t♦♠♦ ✭✷✵✵✼✮ ❡ ❑✉♥✐t♦♠♦ ❡ ▼❛ts✉❝❤✐t❛ ✭✷✵✵✽✮

❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

s✐♠✉❧tâ♥❡❛s✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥t❡♥❞✐❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❢r❛❝❛s✳

❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❢♦r❛♠ ✉♠ ❞♦s ♠✉✐t♦s ❛✈❛♥ç♦s ❢❡✐t♦s ♥❛ ár❡❛ ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ❖✉tr♦ ♣♦♥t♦ ❡st✉❞❛❞♦ ♣♦r ❈❤❛♦ ❡ ❙✇❛♥s♦♥ ✭✷✵✵✺✮ ❢♦✐ ❡st✐♠❛❞♦r❡s

❝♦♥s✐st❡♥t❡s q✉❛♥❞♦ t❡♠♦s ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ Pr♦♣r✐❡❞❛❞❡s ❛ ❝❡r❝❛ ❞♦s

❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠ ✐♥❢♦r♠❛çã♦ ❧✐♠✐t❛❞❛ ✭▲■▼▲✮ ♥♦ ❝♦♥t❡①t♦ ❞❡ ♠✉✐t♦s

✐♥str✉♠❡♥t♦s ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ❆♥❞❡rs♦♥✱ ❑✉♥✐t♦♠♦ ❡ ▼❛ts✉s❤✐t❛ ✭✷✵✵✾✮✳ ❙t❛✐❣❡r ❡ ❙t♦❝❦ ✭✶✾✾✼✮

❡st✉❞❛r❛♠ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ❞♦✐s ❡stá❣✐♦s ❡ ▲■▼▲ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥♦ ❝❛s♦ ❡♠ q✉❡

t❡♠♦s ❛♣❡♥❛s ✉♠❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛❀ ♦✉tr♦ ❡st✉❞♦ ♥❡st❡ ♠❡s♠♦ s❡♥t✐❞♦ ❢♦✐ ❢❡✐t♦ ♣♦r ◆❡❧s♦♥ ❡
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❙t❛rt③ ✭✶✾✾✵✮✳

❖ ❡st✐♠❛❞♦r ❝♦♥s✐❞❡r❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ é ♦ ❞❡ ❞♦✐s ❡stá❣✐♦s q✉❛♥❞♦ ❛ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲

❝♦✈❛r✐â♥❝✐❛ ❞♦s ❡rr♦s é ❝♦♥s✐❞❡r❛❞❛ ❤♦♠♦s❝❡❞ást✐❝❛ ❡ ❤❡t❡r♦s❝❡❞ást✐❝❛✳ ❊st✉❞❛r❡♠♦s s✉❛s ♣r♦✲

♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s✱ ❛ss✐♠ ❝♦♠♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ ♦s r❡s✉❧t❛❞♦s

❛ss✐♥tót✐❝♦s s❡❥❛♠ ✈á❧✐❞♦s✳ ❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮✱

❊s❝♦r❡✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❡st✉❞❛❞♦s ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✶✱

✷✵✵✸ ❡ ✷✵✵✾✮ s❡rã♦ ❡st✉❞❛❞♦s ❡ ♠♦str❛r❡♠♦s q✉❡ ♦s ♠❡s♠♦s ❢✉♥❝✐♦♥❛♠ ❡♠ ❛♠♦str❛s ♠♦❞❡r❛❞❛✲

♠❡♥t❡ ❣r❛♥❞❡s✱ q✉❡ sã♦ ❡♥❝♦♥tr❛❞❛s ❣❡r❛❧♠❡♥t❡ ❡♠ ❞❛❞♦s ❞❡ ✜♥❛♥ç❛s✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛r❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❝♦♥s✐❞❡r❛❞♦s ♥❡st❡

tr❛❜❛❧❤♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ♦ t❡st❡ q✉❡ ✈✐s❛ ✐❞❡♥t✐✜❝❛r s❡ ♦s ✐♥str✉♠❡♥t♦s sã♦

❢r❛❝♦s✱ ❛❧é♠ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ❖ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡

❈♦♥tá❣✐♦ s❡rá t❡♠❛ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ♥♦ q✉❛❧ ❛♣r❡s❡♥t❛r❡♠♦s ❢♦r♠❛❧♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥❞♦✲

❣❡♥❡✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ❡ ❡st✉❞❛r❡♠♦s ♣♦ssí✈❡✐s ✐♥str✉♠❡♥t♦s q✉❡ s✉r❣❡♠ ♣♦r ♠❡✐♦

❞❛ ❚❡♦r✐❛ ❊❝♦♥ô♠✐❝❛✳ ❖ ❈❛♣✐t✉❧♦ ✹ s❡rá ❞❡❞✐❝❛❞♦ às s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❞♦ ▼♦❞❡❧♦

❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ♣❛r❛ ❡st✉❞❛r♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s ❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s

❝♦♥s✐❞❡r❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ ♣❛r❛ ❛♠♦str❛s ✜♥✐t❛s✳ ❯♠ ❡st✉❞♦ ❛♣❧✐❝❛❞♦ ❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱

▼é①✐❝♦ ❡ ❊❯❆❀ ❡ ✉♠ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✺✳ ❆ ❝♦♥❝❧✉sã♦ ❞♦

tr❛❜❛❧❤♦ ❡st❛rá ♥♦ ❈❛♣ít✉❧♦ ✻✳



❈❛♣ít✉❧♦ ✷

❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s

✷✳✶ ■♥tr♦❞✉çã♦

❙❡❥❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❛❞♦ ♣♦r✿

y = Xα + Zβ + u ✭✷✳✶✮

❡♠ q✉❡✿ y ∈ R
n✱ X ∈ R

n×k✱ Z ∈ R
n×l sã♦ ✈❛r✐á✈❡✐s ♦❜s❡r✈á✈❡✐s❀ α ∈ R

k✱ β ∈ R
l sã♦ ♣❛râ♠❡tr♦s

❞❡s❝♦♥❤❡❝✐❞♦s❀ ❡ u é ♦ ✈❡t♦r ❞❡ ❡rr♦s ♥ã♦ ♦❜s❡r✈á✈❡❧ q✉❡ t❡♠ ♠é❞✐❛ ③❡r♦ ❡ E(uuT ) = Ω✳

❉❡✜♥✐♥❞♦ B = [X : Z] ❝♦♠♦ ❛ ♠❛tr✐③ ❞❡ ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ❞❡ t❛♠❛♥❤♦ n× (k + l) ❡ η =

✈❡❝([α : β])✶ ❝♦♠♦ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s ❞❡ t❛♠❛♥❤♦ (k + l)× 1✳ ❊ r❡❡s❝r❡✈❡♥❞♦

❛ ❡q✉❛çã♦ ✭✷✳✶✮ t❡♠♦s✿

y = Bη + u ✭✷✳✷✮

❞❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ✐♥❞✐st✐♥t❛♠❡♥t❡ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✶✮ ♦✉ ✭✷✳✷✮✳ ❈♦♥s✐❞❡r❛r❡♠♦s

q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ♥ã♦ t❡♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧✐♥✲

❡❛r✐❞❛❞❡ ♣❡r❢❡✐t❛✱ ✐st♦ é✱ t❡♠ ♣♦st♦ ❝♦♠♣❧❡t♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ♠♦❞❡❧♦ ✭✷✳✷✮ ♦ ♣♦st♦ ❞❡ B é

(k + l)✳

❖ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ♠❛✐s ✉t✐❧✐③❛❞♦ ♣❛r❛ s❡ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮ é ♦

▼ét♦❞♦ ❞❡ ▼í♥✐♠♦s ◗✉❛❞r❛❞♦s ❖r❞✐♥ár✐♦s ✭▼◗❖✮✳ ❆ss✉♠✐♥❞♦ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ❡rr♦s ❤♦♠♦s❝❡✲

❞ást✐❝♦s✱ Ω = σ2In
✷✱ ❡ ♠✐♥✐♠✐③❛♥❞♦ ♦ q✉❛❞r❛❞♦ ❞♦s ❡rr♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮ ♦❜t❡♠♦s ♦ ❡st✐♠❛❞♦r

❞❡ ▼◗❖ ♣❛r❛ η✿

η̂mqo = (BT B)−1BT y, ✭✷✳✸✮
✶❖ ♦♣❡r❛❞♦r ✈❡❝ tr❛♥s❢♦r♠❛ ✉♠❛ ♠❛tr✐③ a×b ❡♠ ✉♠ ✈❡t♦r ab×1 ❝♦❧♦❝❛♥❞♦ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ ✉♠❛ ❡♠❜❛✐①♦

❞❛ ♦✉tr❛✳
✷In é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ t❛♠❛♥❤♦ n × n✳

✺
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♦ q✉❛❧ é ❝♦♥s✐st❡♥t❡ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳

❚❡♦r❡♠❛ ✶✳ ❙❡❥❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ Ω = σ2In ❝♦♠ σ2 < ∞ ❡ ❛s s✉✲

♣♦s✐çõ❡s✿ [1] 1
n(BT B)

P
−→ A ✜♥✐t❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ [2] 1

n(BT u)
P
−→ 0 ❡ [3] n−1/2BT u

D
−→

N(0, σ2A)✳ ❊♥tã♦✿

✭❛✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1] ❡ [2]✱ η̂mqo é ❝♦♥s✐st❡♥t❡❀

✭❜✮ ❡ s♦❜ ❛s s✉♣♦s✐çõ❡s [1] ❡ [3]✱ η̂mqo é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✱ ✐st♦ é✿

n1/2(η̂mqo − η)
D
−→ N(0, σ2A−1)✳

Pr♦✈❛ ✶✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂mqo t❡♠♦s✿

η̂mqo = η + (BT B)−1BT u, ✭✷✳✹✮

♣♦r ♠❡✐♦ ❞❛ s✉♣♦s✐çã♦ [1] ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s q✉❡ ( 1
nBT B)−1 P

−→ A−1✳

❯t✐❧✐③❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ s✉♣♦s✐çã♦ [2] ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡

❆✱ t❡♠♦s q✉❡✿ ( 1
nBT B)−1 1

nBT u
P
−→ A−10 = 0✳ ▲♦❣♦ ❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ η̂mqo✱ ✐t❡♠ ✭❛✮✱ ✜❝❛

♣r♦✈❛❞❛✱ ♣♦✐s✿

plimn→∞η̂mqo = η + plimn→∞( 1
nBT B)−1 1

nBT u = η✳

❚r❛❜❛❧❤❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✹✮ ✉♠ ♣♦✉❝♦ ♠❛✐s✱ ❝❤❡❣❛♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

n1/2(η̂mqo − η) = (n−1BT B)−1n−1/2BT u.

❯t✐❧✐③❛♥❞♦ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷ ✭❚❡♦r❡♠❛ ❞❡ ❙❧✉ts❦②✮ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡ ❛s s✉♣♦s✐çõ❡s [1]

❡ [3] t❡♠♦s✿ n1/2(η̂mqo − η)
D
−→ A−1Φ✱ ❡♠ q✉❡ Φ ∼ N(0, σ2A)✳ P♦rt❛♥t♦ ✜❝❛ ❞❡♠♦♥str❛❞♦ ❛

♥♦r♠❛❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ η̂mqo✱ ✐t❡♠ ✭❜✮✱ ♣♦✐s n1/2(η̂mqo − η)
D
−→ N(0, σ2A−1)✳

�

❈❛s♦ σ2 s❡❥❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡s❝♦♥❤❡❝✐❞♦✱ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛

♦ ❚❡♦r❡♠❛ ✶ ❝♦♥t✐♥✉❛r ✈❛❧❡♥❞♦✳ ❯♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ σ2 é ❞❛❞♦ ♣♦r σ̂2 = 1
n(y −

Bη̂mqo)T (y − Bη̂mqo)✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ σ̂2 P
−→ σ2 ♣♦❞❡ s❡r ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✉t✐❧✐③❛♠♦s ♦ r❡s✉❧t❛❞♦ ❞♦ ✐t❡♠ ✭❛✮ ❞♦ ❚❡♦r❡♠❛ ✶✸✱ ♦❜t❡♥❞♦

y −Bη̂mqo P
−→ y −Bη = u✳

✸P♦❞❡♠♦s ❛ss✉♠✐r ♦ r❡s✉❧t❛❞♦ ❞♦ ✐t❡♠ ✭❜✮ ❞♦ ❚❡♦r❡♠❛ ✶✱ ♣♦✐s s♦❜ ❛s s✉♣♦s✐çõ❡s [1] ❡ [3] ❞♦ ❚❡♦r❡♠❛ ✶ ♦

❡st✐♠❛❞♦r η̂mqo t❛♠❜é♠ é ❝♦♥s✐st❡♥t❡✳
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❙✉♣♦♥❞♦ q✉❡ 1
n(uT u)

P
−→ σ2✱ ✉t✐❧✐③❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ y − Bη̂mqo P

−→ u✱

t❡♠♦s✿

σ̂2 =
1

n
(y −Bη̂mqo)T (y −Bη̂mqo)

P
−→ σ2✱

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❖✉tr♦ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ σ2 é s2 = n
n−(k+l) σ̂

2✱ ❛ ♣r♦✈❛ ❞❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ s2 é

s❡♠❡❧❤❛♥t❡ ❛ ♣r♦✈❛ ❞❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ σ̂2✱ ♣♦✐s lim
n→∞

n

n− (k + l)
= 1 ♠❛♥t❡♥❞♦ k ❡ l ✜①♦s✳ ◆♦

♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛r❡♠♦s σ̂2 ❝♦♠♦ ❡st✐♠❛❞♦r ❞❡ σ2✱ ❥á q✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥ã♦ t❡♠♦s

♥❡♥❤✉♠ ❣❛♥❤♦ ❛♦ ✉t✐❧✐③❛r s2✳

❆ss✉♠✐♥❞♦ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ❡rr♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s✱ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛ r✐â♥❝✐❛ Ω ❝♦♥✲

❤❡❝✐❞❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ❡st✐♠❛❞♦r ♣❛r❛ η ♠✐♥✐♠✐③❛♥❞♦ ❛ ❢✉♥çã♦ ❝r✐tér✐♦ (y−Bη)T Ω−1(y−

Bη)✳ ❚❡♠♦s✿

η̂mqg = (BT Ω−1B)−1BT Ω−1y ✭✷✳✺✮

❡st❡ ❡st✐♠❛❞♦r é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❣❡♥❡r❛❧✐③❛❞♦s✳

❚❡♦r❡♠❛ ✷✳ ❙❡❥❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ ❝♦♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛

Ω ❝♦♥❤❡❝✐❞❛ ❡ ❛s s✉♣♦s✐çõ❡s✿ [1] 1
n(BT Ω−1B)

P
−→ A ✜♥✐t❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ [2] 1

n(BT Ω−1u)
P
−→

0 ❡ [3] n−1/2BT Ω−1u
D
−→ N(0, A)✳ ❊♥tã♦✿

✭❛✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1] ❡ [2]✱ η̂mqg é ❝♦♥s✐st❡♥t❡❀

✭❜✮ ❡ s♦❜ ❛s s✉♣♦s✐çõ❡s [1] ❡ [3]✱ η̂mqg é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✱ ✐st♦ é✿

n1/2(η̂mqg − η)
D
−→ N(0, A−1)✳

Pr♦✈❛ ✷✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂mqg t❡♠♦s✿

η̂mqg = η + (BT Ω−1B)−1BT Ω−1u, ✭✷✳✻✮

♣♦r ♠❡✐♦ ❞❛ s✉♣♦s✐çã♦ [1] ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s q✉❡ ( 1
nBT Ω−1B)−1 P

−→ A−1✳

❯t✐❧✐③❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ s✉♣♦s✐çã♦ [2] ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡

❆✱ t❡♠♦s q✉❡✿ ( 1
nBT Ω−1B)−1 1

nBT Ω−1u
P
−→ A−10 = 0✳ ▲♦❣♦ ❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ η̂mqg✱ ✐t❡♠ ✭❛✮✱

✜❝❛ ♣r♦✈❛❞❛✱ ♣♦✐s✿

plimn→∞ηmqg = η + plimn→∞( 1
nBT Ω−1B)−1 1

nBT Ω−1u = η✳

❚r❛❜❛❧❤❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✻✮ ❝❤❡❣❛♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿
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n1/2(η̂mqg − η) = (n−1BT Ω−1B)−1n−1/2BT Ω−1u✳

❯t✐❧✐③❛♥❞♦ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷ ✭❚❡♦r❡♠❛ ❞❡ ❙❧✉ts❦②✮ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡ ❛s s✉♣♦s✐çõ❡s

[1] ❡ [3] t❡♠♦s✿ n1/2(η̂mqg − η)
D
−→ A−1Φ✱ ❡♠ q✉❡ Φ ∼ N(0, A)✳ P♦rt❛♥t♦ ✜❝❛ ❞❡♠♦♥str❛❞♦ ❛

♥♦r♠❛❧✐❞❛❞❡ ❛ss✐♥tôt✐❝❛ ❞❡ η̂mqg✱ ✐t❡♠ ✭❜✮✱ ♣♦✐s n1/2(η̂mqg − η)
D
−→ N(0, A−1)✳

�

❆ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛✱ Ω✱ ♥❛ ♣rát✐❝❛ ♥ã♦ é ❝♦♥❤❡❝✐❞❛✳ ❙❡❥❛ Ω̂ ✉♠ ❡st✐♠❛❞♦r ❝♦♥✲

s✐st❡♥t❡ ♣❛r❛ Ω✱ ❡♥tã♦ ♦ ❚❡♦r❡♠❛ ✷ ❝♦♥t✐♥✉❛rá ✈❛❧❡♥❞♦ ❛♦ ✉t✐❧✐③❛r♠♦s Ω̂✳ ◆❛ ♣rát✐❝❛ ♥ã♦ é ❢á❝✐❧

❡♥❝♦♥tr❛r ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ Ω✱ s♦❧✉çõ❡s ❝♦♠♦ ♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s

❣❡♥❡r❛❧✐③❛❞♦s ❢❛❝tí✈❡❧ ✭❢❡❛s✐❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s✮ ❢♦r❛♠ ♣r♦♣♦st❛s✳ ◆❡st❡ tr❛❜❛❧❤♦ ✉t✐✲

❧✐③❛r❡♠♦s ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s ❞❡ ❡st✐♠❛r Ω✱ ♥❛ q✉❛❧ Ω̂ é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠ ♦s r❡sí❞✉♦s

❛♦ q✉❛❞r❛❞♦ ❞❡ ▼◗❖ ♥❛ ❞✐❛❣♦♥❛❧✱ ✐st♦ é✱ û2
i = 1

n(yi − Bi,.
✹η̂mqo)T (yi − Bi,.η̂

mqo) é ♦ ✐✲és✐♠♦

❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ Ω̂✳

❉❡ ❛❝♦r❞♦ ❝♦♠❲❤✐t❡ ✭✶✾✽✵✮✱ s♦❜ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s ✭✐♥❝❧✉✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞♦ lim
n→∞

1
nBT ΩB✮✱

♣♦❞❡♠♦s ❡st✐♠❛r 1
nBT ΩB ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ♣♦r ♠❡✐♦ ❞❡✿ 1

nBT Ω̂B✱ ❡♠ q✉❡ Ω̂ é ✉♠ ❡st✐♠❛❞♦r

✐♥❝♦♥s✐st❡♥t❡ ❞❡ Ω✳ P♦rt❛♥t♦ ❲❤✐t❡ ✭✶✾✽✵✮ ♣r♦♣õ❡♠ ✉t✐❧✐③❛r η̂mqo ❝♦♠ ❛ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛

♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ♣♦✐s q✉❛♥❞♦ Ω 6= σ2In t❡♠♦s s✉❛ ✈❛r✐â♥❝✐❛ ❛ss✐♥tót✐❝❛ ❞❛❞❛ ♣♦r✿

V ar(η̂mqo) = A−1
(

lim
n→∞

BT ΩB
)

A−1✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ η̂mqo é ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♠❡s♠♦ q✉❛♥❞♦ ❡st❛♠♦s ♥♦ ❝❛s♦ ❤❡t❡r♦s✲

❝❡❞ást✐❝♦✱ ♥ã♦ ❡♥tr❛r❡♠♦s ❡♠ ❞❡t❛❧❤❡s ❛❣♦r❛ ♣♦✐s ❡st❡ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❚❡♦r❡♠❛ ✺✳

❖ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ é ✐♥❝♦♥s✐st❡♥t❡ q✉❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡

❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦ ❡rr♦ ❞❛ r❡❣r❡ssã♦✳ ❖✉ s❡❥❛✱ s❡ ❛ s✉♣♦s✐çã♦ [2] ❞♦ ❚❡♦r❡♠❛ ✶ ♥ã♦ é ✈á❧✐❞❛

t❡r❡♠♦s 1
nBT u

P
−→ Q ❝♦♠ Q 6= 0✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂mqo t❡♠♦s✿

η̂mqo = (BT B)−1BT (Bη + u)⇒

⇒ η̂mqo = η + (n−1BT B)−1n−1BT u⇒

⇒ plimn→∞η̂mqo = η + A−1Q,

♦ t❡r♠♦ A−1Q ♥♦s r❡✈❡❧❛ ❛ ✐♥❝♦♥s✐stê♥❝✐❛ ❞❡ η̂mqo✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ η̂mqg é

✐♥❝♦♥s✐st❡♥t❡ s♦❜ ❛ ♠❡s♠❛ ❝✐r❝✉♥stâ♥❝✐❛✳

◆❛ ♣rát✐❝❛ é ♠✉✐t♦ ❞✐❢í❝✐❧ t❡r♠♦s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦ ❡rr♦ ❡ ✐st♦

♣♦❞❡ s❡r ❞❡✈✐❞♦ ♣♦r ❡①❡♠♣❧♦✿ ❛ ❡rr♦s ❞❡ ♠❡♥s✉r❛çã♦ ❞❛s ✈❛r✐á✈❡✐s✱ ♦♠✐ssã♦ ❞❡ ✈❛r✐á✈❡✐s r❡❧❡✈❛♥t❡s

✹Bi,. é ♦ ✈❡t♦r ❧✐♥❤❛ q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ B✳
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❡ s✐♠✉❧t❛♥❡✐❞❛❞❡✺✳

✷✳✷ ❊st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

◆❛ s❡çã♦ ❛♥t❡r✐♦r ✈✐♠♦s q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼í♥✐♠♦s ◗✉❛❞r❛❞♦s ❖r❞✐♥ár✐♦s ❡ s✉❛ ❣❡♥❡r❛❧✐③❛çã♦

sã♦ ✐♥❝♦♥s✐st❡♥t❡s q✉❛♥❞♦ ♦s ❡rr♦s sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s✳ ❯♠❛ ❢♦r♠❛

❞❡ ❝♦♥t♦r♥❛r ❡st❡ ♣r♦❜❧❡♠❛ é ♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳

❙❡❥❛ ♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s X ❡①ó❣❡♥❛s ✭♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s

❝♦♠ ♦ ❡rr♦ ❞❛ r❡❣r❡ssã♦✮ ❡ ❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s Z ❡♥❞ó❣❡♥❛s ✭❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦ ❡rr♦ ❞❛

r❡❣r❡ssã♦✮✳ P♦rt❛♥t♦ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❞❡ η é ✐♥❝♦♥s✐st❡♥t❡✳

❆ss✉♠❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠❛tr✐③ W ∈ R
n×p✱ p ≥ l✱ ❡♠ q✉❡✿ [1] s✉❛s ❝♦❧✉♥❛s sã♦ ✈❛r✐á✈❡✐s ❛ss✐♥✲

t♦t✐❝❛♠❡♥t❡ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦ ❡rr♦ ✭u✮ ❡ [2] ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s

❝♦♥❞✐❝✐♦♥❛❞❛ ❡♠ X ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮✱ ✐st♦ é✱ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ Z✳ ❆s ❝♦❧✉♥❛s q✉❡ ❝♦♠♣õ❡♠

W sã♦ ❞❡♥♦♠✐♥❛❞❛s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ é r❡❧❡✈❛♥t❡ ♦❜s❡r✈❛r♠♦s q✉❡ ❛s ✈❛r✐á✈❡✐s q✉❡

❝♦♠♣õ❡♠ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ X sã♦ ❡①ó❣❡♥❛s ❡ ❧♦❣♦ ✐♥str✉♠❡♥t♦s ✈á❧✐❞♦s✳ P♦rt❛♥t♦ ❛ ♠❛tr✐③

❞❡ ✐♥str✉♠❡♥t♦s ❞♦ ♠♦❞❡❧♦ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ Π = [X : W ] ♠❛tr✐③ ❞❡ t❛♠❛♥❤♦

n× (k + p)✳

P❛r❛ q✉❡ ♥ã♦ ♦❝♦rr❛♠ ❞ú✈✐❞❛s q✉❛♥t♦ ❛ ♥♦t❛çã♦✱ ✐r❡♠♦s ♥♦♠❡❛r ♣♦r ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

❡①tr❛s ❛s ✈❛r✐á✈❡✐s q✉❡ ❝♦♠♣õ❡♠ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ W ❡ ♣♦r ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛s q✉❡

❝♦♠♣õ❡♠ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ Π✳

✷✳✷✳✶ ❈❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦

❊st❛ s✉❜s❡çã♦ s❡rá ❞❡❞✐❝❛❞❛ ❛ ❡st✉❞❛r ♦ ❝❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦✱ ♦✉ s❡❥❛✱ ❛ss✉♠❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦

❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ t❡♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❞❛❞❛ ♣♦r Ω = σ2In✳

◆♦ ❝❛s♦ ❡♠ q✉❡ p = l t❡♠♦s ✉♠ ♠♦❞❡❧♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦✱ ♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡①tr❛s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s ♥♦ ♠♦❞❡❧♦✱ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ✉♠ ❡st✐♠❛❞♦r ♣❛r❛ η ♣♦r ♠❡✐♦ ❞❛ ♠✐♥✐♠✐③❛çã♦ ❞❡ (y − Bη)T Π(y − Bη)✳ ❆ s♦❧✉çã♦ é

❞❛❞❛ ♣♦r✿

η̂vi = (ΠT B)−1ΠT y. ✭✷✳✼✮

❊st❡ ❡st✐♠❛❞♦r é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❣❡♥❡r❛❧✐③❛❞♦✱

♥♦ q✉❛❧ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡①tr❛s ✭❝♦❧✉♥❛s ❞❡ W ✮ é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦

✺❉❡♥♦♠✐♥❛♠♦s ♣♦r s✐♠✉❧t❛♥❡✐❞❛❞❡ q✉❛♥❞♦ ✉♠❛ ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s sã♦ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❥✉♥t❛♠❡♥t❡ ♣♦r ✉♠

s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✱ ♣♦r ❡①❡♠♣❧♦✿ q✉❛♥❞♦ x ❡①♣❧✐❝❛ y ❡ y ❡①♣❧✐❝❛ x✳
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❞❡ ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s ✭❝♦❧✉♥❛s ❞❡ Z✮✱ p ≥ l✳ ◆❡st❡ ❝❛s♦ ♦ ❡st✐♠❛❞♦r ❞❡ η é ♦❜t✐❞♦ ♠✐♥✐♠✐③❛♥❞♦

❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ ❝r✐tér✐♦✿ (y − Bη)T PΠ(y − Bη)✱ ❡♠ q✉❡✿ PΠ = Π(ΠT Π)−1ΠT ✻✳ ❖ q✉❡ ♥♦s

❧❡✈❛ ❛♦ s❡❣✉✐♥t❡ ❡st✐♠❛❞♦r✿

η̂vig = (BT PΠB)−1BT PΠy, ✭✷✳✽✮

η̂vi r❡❞✉③✲s❡ ♣❛r❛ η̂vig q✉❛♥❞♦ p = l✱ s❡♥❞♦ ❛ss✐♠ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ s❡♠♣r❡ ✉s❛r❡♠♦s η̂vig✳

❚❡♦r❡♠❛ ✸✳ ❙❡❥❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ Ω = σ2In ❝♦♠ σ2 < ∞ ❡ ❛s s✉✲

♣♦s✐çõ❡s✿ [1] 1
n(ΠT Π)

P
−→ C ✜♥✐t❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ [2] 1

n(BT Π)
P
−→ D ♠❛tr✐③ ❞❡ ♣♦st♦ (k+ l)✱

[3] 1
n(ΠT u)

P
−→ 0 ❡ [4] n−1/2(ΠT u)

D
−→ N(0, σ2C)✳ ❊♥tã♦✿

✭❛✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3]✱ η̂vig é ❝♦♥s✐st❡♥t❡❀

✭❜✮ ❡ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [4]✱ η̂vig é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✱ ✐st♦ é✿

n1/2(η̂vig − η)
D
−→ N(0, σ2(DC−1DT )−1)✳

Pr♦✈❛ ✸✳ P❛r❛ ♠♦str❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ η̂vig s✉❜st✐t✉í♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂vig✱ ♦❜t❡♥❞♦✿

η̂vig = η + (BT PΠB)−1BT PΠu. ✭✷✳✾✮

P♦r ♠❡✐♦ ❞❛ s✉♣♦s✐çã♦ [1] ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s ( 1
nΠT Π)−1 P

−→ C−1✳ ❯t✲

❧✐③❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦✱ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ ❛ s✉♣♦s✐çã♦ [2] t❡♠♦s✿

(BT Π
n )(ΠT Π

n )−1(BT Π
n )T P

−→ DC−1DT ✳ ❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ ✶ ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦

❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3] t❡♠♦s✿

plimn→∞η̂ = η + plimn→∞[(BT Π
n )(ΠT Π

n )−1(BT Π
n )T ]−1(BT Π

n )(ΠT Π
n )−1(ΠT u

n )⇒

⇒ plimn→∞η̂vig = η + (DC−1DT )−1DT C−10 = η✳

P❛r❛ ❡♥❝♦♥tr❛r ♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ❞✐str✐❜✉✐çã♦ ✉s❛♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✾✮✱ tr❛❜❛❧✲

❤❛♥❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

η̂vig = η + (BT PΠB)−1BT PΠu⇒

⇒ n1/2(η̂vig − η) = (n−1BT PΠB)−1n−1/2BT PΠu✳

❯t✐❧✐③❛♥❞♦ ❛s s✉♣♦s✐çõ❡s [1] ❡ [2]✱ ❛ Pr♦♣♦s✐çã♦ ✶ ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡

❆✱ t❡♠♦s q✉❡ 1
nBT PΠB

P
−→ DC−1DT ❡ BT Π (ΠT Π)−1 = 1

nBT Π( 1
nΠT Π)−1 P

−→ DC−1✱ ❧♦❣♦

(n−1BT PΠB)−1BT Π(ΠT Π)−1 P
−→ (DC−1DT )−1DC−1✳

✻PΠ é ❛ ♠❛tr✐③ ❞❡ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ♥♦ ♣❧❛♥♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❝♦❧✉♥❛s ❞❡ Π✳
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◆❡st❡ ♣♦♥t♦ t❡♠♦s q✉❡ (n−1BT PΠB)−1BT Π(ΠT Π)−1 P
−→ (DC−1DT )−1DC−1 ❡ ♣❡❧❛ s✉✲

♣♦s✐çã♦ [4] n−1/2(ΠT u)
D
−→ N(0, σ2C)✱ ♣♦rt❛♥t♦ ✉s❛♠♦s ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷ ✭❚❡♦r❡♠❛

❞❡ ❙❧✉ts❦②✮ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡ ♦❜t❡♠♦s✿ n1/2(η̂vig − η)
D
−→ (DC−1DT )−1DC−1Φ✱ ❡♠ q✉❡✿ Φ ∼

N(0, σ2C)✳ ❊ ❝♦♠ ✐ss♦ ❞❡♠♦♥str❛♠♦s ❛ ♥♦r♠❛❧✐❞❛❞❡ ❛ss✐♥tôt✐❝❛ ❞❡ η̂vig✱ ♣♦✐s n1/2(η̂vig − η)
D
−→

N(0, σ2(DC−1DT )−1)✳

�

❯♠❛ ❛❜♦r❞❛❣❡♠ ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ s❡ ❡st✐♠❛r η̂vig é ♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ♣♦r ✷ ❡stá❣✐♦s✳

P❛r❛ ♠❡❧❤♦r ❡①♣♦s✐çã♦ ❞♦ ♠ét♦❞♦ ✐r❡♠♦s ❛ss✉♠✐r l = 1✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ é✿

✭✶✮ ❆❥✉st❛♠♦s ❛ r❡❣r❡ssã♦ ❛✉①✐❧✐❛r Z = Xθ + Wγ + v✱ ❡♠ q✉❡ v ∼ N(0, σ2In) ♣♦r ▼◗❖ ❡

❣✉❛r❞❛♠♦s ♦s ✈❛❧♦r❡s ♣r❡✈✐st♦s ❞❡ Z✱ Ẑ = P[X:W ]Z = PΠZ❀

✭✷✮ ❊♥❝♦♥tr❛♠♦s η̂m2s = ✈❡❝([αm2s : βm2s]) ❛❥✉st❛♥❞♦ ❛ s❡❣✉✐♥t❡ r❡❣r❡ssã♦ ♣♦r ▼◗❖✿ y =

Xα + Ẑβ + u✳

❆♦ ❡st✉❞❛r♠♦s ❝♦♠ ❝✉✐❞❛❞♦ η̂m2s ♣❡r❝❡❜❡♠♦s q✉❡ é ✐❣✉❛❧ ❛ η̂vig✱ ✈❡❥❛♠♦s✿

η̂m2s = ([X : Ẑ]T [X : Ẑ])−1[X : Ẑ]T y ⇒

⇒ η̂m2s = ([X : Z]T PΠPΠ[X : Z])−1PΠ[X : Z]T y ⇒

⇒ η̂m2s = (BT PΠB)−1PΠBT y = η̂vig✱

❝♦♠♦ tí♥❤❛♠♦s ❡♥✉♥❝✐❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♥t✉❞♦ é r❡❧❡✈❛♥t❡ s❛❧✐❡♥t❛r q✉❡ ♦s ❡rr♦s ♣❛❞rõ❡s

❛ss✐♥tót✐❝♦s ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ♣❡❧❛ ❡st✐♠❛çã♦ ♣♦r ✷ ❡stá❣✐♦s ♥ã♦ ❡stã♦ ❝♦rr❡t♦s✱ ❞❡✈❡♠♦s ❧❡♠✲

❜r❛r q✉❡ ♦s ❝♦rr❡t♦s sã♦ ❛q✉❡❧❡s ✈✐st♦s ♥♦ ❚❡♦r❡♠❛ ✸✱ ♣♦rt❛♥t♦ ♥ã♦ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ♦s t❡st❡s

❞❡ ❤✐♣ót❡s❡ ❞❛ s❡❣✉♥❞❛ r❡❣r❡ssã♦✳ ❈♦♥t✉❞♦ ♣♦❞❡♠♦s ❝♦rr✐❣✐r ♦s ♠❡s♠♦s ❞❡ ❢♦r♠❛ ❛ t❡r♠♦s ♦s

t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❝♦rr❡t♦s✳

❆ ✈❛r✐â♥❝✐❛ ❛ss✐♥tót✐❝❛ ❞❡ η̂vig é ❞❛❞❛ ♣♦r σ2(DC−1DT )−1✳ ◆❛ ♣rát✐❝❛ ♥ã♦ ❝♦♥❤❡❝❡♠♦s σ2✱

D ❡ C✱ ❧♦❣♦ ❡st✐♠❛♠♦s ❛ V ar(η̂vig) ♣♦r σ̂2(BT PΠB)−1 ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡✳ ❙❡♥❞♦ ❛ss✐♠ ❛

❢♦r♠❛ ❞❡ ❝♦rr✐❣✐r♠♦s ❛ ✈❛r✐â♥❝✐❛ ❞❛ r❡❣r❡ssã♦ ❞♦ ♣❛ss♦ ✭✷✮ ❞♦ ▼ét♦❞♦ ❞❡ ✷ ❡stá❣✐♦s ✭▼✷❙✮ ❞❡

η̂m2s é ❝❛❧❝✉❧❛r σ̂2 ♣♦r ♠❡✐♦ ❞❡ 1
n(y−Bη̂m2s)T (y−Bη̂m2s)✱ ♦✉ s❡❥❛✱ ❞❡✈❡♠♦s ✉t✐❧✐③❛r Z ❛♦ ✐♥✈és

❞❡ Ẑ✳ ❊ t❡♠♦s q✉❡ V̂ ar(η̂vig) é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❝♦rr❡çã♦✿ σ̂2/σ̂2
m2sV̂ ar(η̂m2s)✱ ❡♠ q✉❡✿ σ̂2

m2s é

❝❛❧❝✉❧❛❞♦ ♣❡❧❛ r❡❣r❡ssã♦ ❞♦ ♣❛ss♦ ✷ ❞♦ ▼✷❙ ( 1
n(y− [X : Ẑ]η̂m2s)T (y− [X : Ẑ]η̂m2s)) ❡ V ar(η̂m2s)

é ❛ ✈❛r✐â♥❝✐❛ ❞❡ η ❝❛❧❝✉❧❛❞❛ ❞❛ r❡❣r❡ssã♦ ❞♦ ♣❛ss♦ ✷ ❞♦ ▼✷❙✳ ❆ss✐♠ t❡♠♦s ❛ ✈❛r✐â♥❝✐❛ ❝♦rr❡t❛✱

♣♦✐s✿

σ̂2

σ̂2
m2s

V̂ ar(η̂m2s) =
σ̂2

σ̂2
m2s

σ̂2
m2s([X : Ẑ]T [X : Ẑ])−1 = σ̂2(BT PΠB)−1✳
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✷✳✷✳✷ ❈❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦

◆❡st❛ s✉❜s❡çã♦ ♥♦s ❞❡❞✐❝❛r❡♠♦s ❛♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ♥♦ q✉❛❧ ♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮

t❡♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❞❛❞❛ ♣♦r Ω✳

❖ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞♦ ♥❡st❡ ❝❛s♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♣♦r ♠❡✐♦ ❞❛

♠✐♥✐♠✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❝r✐tér✐♦ (y −Bη)T Π(ΠΩΠ)−1ΠT (y −Bη)✱ ♦ q✉❡ ♥♦s ❞á✿

η̂vig2 = (BT Π(ΠT ΩΠ)−1ΠT B)−1BT Π(ΠT ΩΠ)−1ΠT y. ✭✷✳✶✵✮

❚❡♦r❡♠❛ ✹✳ ❙❡❥❛ ♦ ♠♦❞❡❧♦ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ ❝♦♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ Ω

❝♦♥❤❡❝✐❞❛ ❡ s✉♣♦♥❞♦ q✉❡✿ [1] 1
nΠT ΩΠ

P
−→ E ✜♥✐t❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛❀ [2] 1

nBT Π
P
−→ D ❝♦♠

♣♦st♦ (k + l)❀ [3] 1
nΠT u

P
−→ 0 ❡ [4] n−1/2ΠT u

D
−→ N(0, E)✳ ❊♥tã♦✿

✭❛✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3]✱ η̂vig2 é ❝♦♥s✐st❡♥t❡❀

✭❜✮ ❡ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [4]✱ η̂vig2 é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✱ ✐st♦ é✿

n1/2(η̂vig2 − η)
D
−→ N(0, (DE−1DT )−1)✳

Pr♦✈❛ ✹✳ P❛r❛ ♠♦str❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ η̂vig2 s✉❜st✐t✉í♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂vig2✱ ♦❜t❡♥❞♦✿

η̂vig2 = η + (BT Π(ΠT ΩΠ)−1ΠT B)−1BT Π(ΠT ΩΠ)−1ΠT u, ✭✷✳✶✶✮

♣♦r ♠❡✐♦ ❞❛s s✉♣♦s✐çã♦ [1] ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s ( 1
nΠT ΩΠ)−1 P

−→ E−1✳

❯t❧✐③❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦✱ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ ❛ s✉♣♦s✐çã♦ [2] t❡♠♦s✿

(BT Π
n )(ΠT ΩΠT

n )−1(BT Π
n )T P

−→ DE−1DT ✳ ❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ ✶ ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦

❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3] t❡♠♦s✿

plimn→∞η̂vig2 = η + plimn→∞[(BT Π
n )(ΠT ΩΠ

n )−1(ΠT B
n )]−1(BT Π

n )(ΠT ΩΠ
n )−1(ΠT u

n )⇒

plimn→∞η̂vig2 = η + (DE−1DT )−1DT E−10 = η✳

P❛r❛ ❡♥❝♦♥tr❛r ♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ❞✐str✐❜✉✐çã♦ ✉s❛♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✱ tr❛❜❛❧✲

❤❛♥❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

η̂vig2 = η + (BT Π(ΠT ΩΠ)−1ΠT B)−1BT Π(ΠT ΩΠ)−1ΠT u⇒

⇒ n1/2(η̂vig2 − η) = [(BT Π
n )(ΠT ΩΠ

n )−1(ΠT B
n )]−1(BT Π

n )(ΠT ΩΠ
n )−1(n−1/2ΠT u)✳

❯t✐❧✐③❛♥❞♦ ❛s s✉♣♦s✐çõ❡s [1] ❡ [2]✱ ❛ Pr♦♣♦s✐çã♦ ✶ ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆

❡ ♦s r❡s✉❧t❛❞♦s ❥á ✈✐st♦s✱ (BT Π
n )(ΠT ΩΠT

n )−1(BT Π
n )T P

−→ DE−1DT ❡ (BT Π
n )(ΠT ΩΠ

n )−1 P
−→ DE−1✱

t❡♠♦s q✉❡✿ [(BT Π
n )(ΠT ΩΠT

n )−1(BT Π
n )T ]−1(BT Π

n )(ΠT ΩΠ
n )−1 P

−→ (DE−1DT )−1DE−1✳
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◆❡st❡ ♣♦♥t♦ t❡♠♦s q✉❡ [(BT Π
n )(ΠT ΩΠT

n )−1(BT Π
n )T ]−1(BT Π

n )(ΠT ΩΠ
n )−1 P

−→ (DE−1 DT )−1DE−1

❡ ♣❡❧❛ s✉♣♦s✐çã♦ [4] n−1/2ΠT u
D
−→ N(0, E)✱ ♣♦rt❛♥t♦ ✉s❛♠♦s ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷ ✭❚❡♦✲

r❡♠❛ ❞❡ ❙❧✉ts❦②✮ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡ ♦❜t❡♠♦s✿ n1/2(η̂vig2 − η)
D
−→ (DE−1 DT )−1DE−1Φ✱ ❡♠ q✉❡

Φ ∼ N(0, E)✳ ❈♦♠ ✐ss♦ ❞❡♠♦♥str❛♠♦s ❛ ♥♦r♠❛❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ η̂vig2✱ ♣♦✐s n1/2(η̂vig2−η)
D
−→

N(0, (DE−1DT )−1)✳

�

◆♦ ❝❛s♦ ❞❡ Ω ❞❡s❝♦♥❤❡❝✐❞♦✱ ♣♦❞❡♠♦s ❡st✐♠á✲❧♦ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛ ✉t✐❧✐③❛❞❛ ♥♦ ❚❡♦r❡♠❛

✷✳ ■st♦ é✱ ❛ ❡st✐♠❛t✐✈❛ ❞❡ Ω✱ Ω̂✱ é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠ ♦s r❡sí❞✉♦s ❛♦ q✉❛❞r❛❞♦ ❞❡ ▼◗❖ ♥❛

❞✐❛❣♦♥❛❧ ✭û2
i = 1

n(yi −Bi,.η̂
mqo)T (yi −Bi,.η̂

mqo) é ♦ ✐✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ Ω̂✮✳

✷✳✷✳✸ ❱❛r✐â♥❝✐❛ ❞❡ η̂vig ❡♠ ✉♠ ♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦

❙❡❥❛ ♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ ❝♦♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛✱ Ω✱ ♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳

P❡❧♦ ❚❡♦r❡♠❛ ✹ ♥❛ s✉❜s❡çã♦ ✷✳✶✳✷ ♦ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ◆♦r♠❛❧ ♣❛r❛ η é

❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ η̂vig2✳ ◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦ s❛❜❡♥❞♦ q✉❡ ♦ ♠♦❞❡❧♦ é ❤❡t❡r♦s❝❡❞ást✐❝♦✱

✉t✐❧✐③❡♠♦s ♦ ❡st✐♠❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✷✳✽✮✱ η̂vig✱ ❡♠ ✈❡③ ❞❡ ✉t✐❧✐③❛r♠♦s η̂vig2✳

❚❡♦r❡♠❛ ✺✳ ❙❡❥❛ ♦ ♠♦❞❡❧♦ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ ❝♦♠ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ Ω

❝♦♥❤❡❝✐❞❛ ❡ s✉♣♦♥❞♦ q✉❡✿ [1] 1
nΠT Π

P
−→ C ✜♥✐t❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛❀ [2] 1

nBT Π
P
−→ D ❝♦♠ ♣♦st♦

(k + l)❀ [3] 1
nΠT u

P
−→ 0 ❡ [4] n−1/2ΠT u

D
−→ N(0, E)✱ ❡♠ q✉❡✿ 1

nΠT ΩΠ
P
−→ E✳ ❊♥tã♦✿

✭❛✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3]✱ η̂vig é ❝♦♥s✐st❡♥t❡❀

✭❜✮ s♦❜ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [4]✱ η̂vig é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛❧✱ ✐st♦ é✿

n1/2(η̂vig − η)
D
−→ N(0, (DC−1DT )−1DC−1EC−1DT (DC−1DT )−1)✳

Pr♦✈❛ ✺✳ P❛r❛ ♠♦str❛r ❛ ❝♦♥s✐stê♥❝✐❛ s✉❜st✐t✉í♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ❡♠ η̂vig✱ ♦❜t❡♥❞♦✿

η̂vig = η + (BT PΠB)−1BT PΠu; ✭✷✳✶✷✮

♣♦r ♠❡✐♦ ❞❛ s✉♣♦s✐çã♦ [1] ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s 1
n(ΠT Π)−1 P

−→ C−1✳ ❯t✐❧✐③❛♥❞♦

❡st❡ r❡s✉❧t❛❞♦✱ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ ❛ s✉♣♦s✐çã♦ [2] t❡♠♦s✿ 1
nBT PΠB =

(BT Π
n )(ΠT Π

n )−1(ΠT B
n )

P
−→ DC−1DT ✳ ❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ ✶ ❡ ♦ ✐t❡♠ ✭✐✐✮ ❞♦

❈♦r♦❧ár✐♦ ✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s s✉♣♦s✐çõ❡s [1]✱ [2] ❡ [3] t❡♠♦s✿

plimn→∞ = η + plimn→∞[(BT Π
n )(ΠT Π

n )−1(ΠBT

n )]−1(BT Π
n )(ΠT Π

n )−1(ΠT u
n )⇒

⇒ plimn→∞η̂vig = η + (DC−1D)−1DC−10 = η✳
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P❛r❛ ❡♥❝♦♥tr❛r ♦ r❡s✉❧t❛❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ❞✐str✐❜✉✐çã♦ ✉s❛♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✶✷✮ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

η̂vig − η = (BT Π(ΠT Π)−1ΠT B)−1BT Π(ΠT Π)−1ΠT u⇒

⇒ n1/2(η̂vig − η) = [(BT Π
n )(ΠT Π

n )−1(ΠBT

n )]−1(BT Π
n )(ΠT Π

n )−1(n−1/2ΠT u)✳

◆❡st❡ ♣♦♥t♦ t❡♠♦s q✉❡ [(BT Π
n )(ΠT Π

n )−1(ΠBT

n )]−1(BT Π
n )(ΠT Π

n )−1 P
−→ (DC−1DT )−1 DC−1 ❡

♣❡❧❛ s✉♣♦s✐çã♦ [4] n−1/2ΠT u
D
−→ N(0, E)✱ ♣♦rt❛♥t♦ ✉s❛♠♦s ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷ ✭❚❡♦r❡♠❛

❞❡ ❙❧✉ts❦②✮ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡ ♦❜t❡♠♦s✿ n1/2(η̂vig − η)
D
−→ (DC−1DT )−1 DC−1Φ✱ ❡♠ q✉❡ Φ ∼

N(0, E)✳ ❈♦♠ ✐ss♦ ❞❡♠♦♥str❛♠♦s ❛ ♥♦r♠❛❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ η̂vig✱ ♣♦✐s n1/2(η̂vig − η)
D
−→

N(0, (DC−1DT )−1DC−1EC−1DT (DC−1DT )−1)✳

�

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✺✱ ❡♠ ✉♠ ♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ t❡♠♦s

q✉❡ ♦ ❡st✐♠❛❞♦r η̂vig é ❝♦♥s✐st❡♥t❡ ❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ◆♦r♠❛❧✳ ❈❛s♦ ♦ ♠♦❞❡❧♦ s❡❥❛ ❤♦♠♦s❝❡❞ást✐❝♦

t❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❞♦ ❚❡♦r❡♠❛ ✺ r❡❞✉③✲s❡ ❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳

◗✉❛♥❞♦ ♦ ♠♦❞❡❧♦ é r❡❛❧♠❡♥t❡ ❤❡t❡r♦s❝❡❞ást✐❝♦ t❡♠♦s ❞♦✐s ♣♦ssí✈❡✐s ❡st✐♠❛❞♦r❡s ♦ η̂vig ❡ ♦ η̂vig2✱

❛♠❜♦s sã♦ ❝♦♥s✐st❡♥t❡s ❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦r♠❛✐s ❝♦♠♦ ✈✐♠♦s ♥♦s ❚❡♦r❡♠❛s ✹ ❡ ✺✳

❙❡❥❛ ✉♠ ♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ♦ ❡st✐♠❛❞♦r ♠❛✐s ❡✜❝✐❡♥t❡ ♥❡st❡ ❝❛s♦ é η̂vig2✱ ♥♦ s❡♥t✐❞♦

❞❡ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ V ar(η̂vig) ❡ V ar(η̂vig2) é ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳ ❯t✐❧✐③❛♥❞♦

❛ Pr♦♣♦s✐çã♦ ✷ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s q✉❡ V ar(η̂vig) − V ar(η̂vig2) é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛ s❡✱ ❡

s♦♠❡♥t❡ s❡ (V ar(η̂vig2))−1 − (V ar(η̂vig))−1 é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳

(V ar(η̂vig2))−1 − (V ar(η̂vig))−1 =

= DE−1DT − (DC−1DT )[DC−1EC−1DT ]−1(DC−1DT ) =

= DE−1/2[In − E1/2C−1DT (DC−1E1/2E1/2C−1DT )−1DC−1E1/2]E−1/2DT =

= DE−1/2ME1/2C−1DT E−1/2DT ✱

❡♠ q✉❡✿ ME1/2C−1DT = In−PE1/2C−1DT ✳ ME1/2C−1DT é ✉♠❛ ♠❛tr✐③ ✐❞❡♠♣♦t❡♥t❡✱ ❧♦❣♦ r❡❡s❝r❡✈❡✲

♠♦s DE−1/2ME1/2C−1DT E−1/2DT ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ (ME1/2C−1DT E−1/2DT )T (ME1/2C−1DT

E−1/2DT ) q✉❡ é ❝❧❛r❛♠❡♥t❡ ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳

✷✳✸ ❚❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s

❆ ❡st✐♠❛t✐✈❛ ♣♦♥t✉❛❧ ❞♦s ♣❛râ♠❡tr♦s ❞❡✈❡ s❡♠♣r❡ ✈✐r ❛❝♦♠♣❛♥❤❛❞❛ ❞♦s s❡✉s ❡rr♦s ♣❛❞rõ❡s ❡

s❡ ♣♦ssí✈❡❧ ❞❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s✱ ♣♦✐s é ♣♦r ♠❡✐♦ ❞❡st❡s q✉❡ ✐r❡♠♦s t❡r ✉♠❛ ❜♦❛ ✐❞é✐❛ ❞♦s

✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s✳
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❆♦ ❡st✉❞❛r♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ❞❡ η̂vig✱ ❡st✐♠❛❞♦r ❞❡ η✱ s✉r❣✐✉ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧ ♦

t❡st❡✲t✱ ♦ q✉❛❧ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛❞rã♦✳ ◆♦ ❝❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦ t❡♠♦s

q✉❡ ♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡ ❛ss✐♥tót✐❝♦✱ ❝♦♠ H0 : η̂vig
i = η0 ❝♦♥tr❛ H1 : η̂vig

i 6= η0✱ é ❞❛❞♦ ♣♦r✿

ti =
η̂vig

i − η0√
V̂ ar(η̂vig

i )
, ✭✷✳✶✸✮

❡♠ q✉❡ i = 1, . . . , (k+l)✱ V̂ ar(η̂vig) = σ̂2(BT PΠB)−1 ❡ V̂ ar(η̂vig
i ) é ♦ ✐✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧

❞❡ V̂ ar(η̂vig)✳ ▲❡♠❜r❡♠♦s q✉❡ V ar(η̂vig) = σ2(DC−1DT )−1✱ ♠❛s ❝♦♠♦ ♥ã♦ ❝♦♥❤❡❝❡♠♦s σ2✱ D ❡

C✱ ❡st✐♠❛♠♦s ❛ ✈❛r✐â♥❝✐❛ ❞❡ η̂vig ♣♦r σ̂2(BT PΠ B)−1 ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡✳

◆♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ♦ t❡st❡ é ❞❛❞♦ ♣♦r✿

ti =
η̂vig2

i − η0√
V̂ ar(η̂vig2

i )
, ✭✷✳✶✹✮

❡♠ q✉❡✿ i = 1, . . . , (k+l)✱ V̂ ar(η̂vig) = (BT Π(ΠT Ω̂Π)ΠT B)−1✱ ♦ q✉❛❧ é ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡

❞❡ V ar(η̂vig) = (DE−1 DT )−1✱ ❡ V̂ ar(η̂vug2
i ) é ♦ ✐✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ V̂ ar(η̂vig2)✳

◆♦ ❝❛s♦ ❞❛ s✉❜s❡çã♦ ✷✳✶✳✸✱ ❡♠ q✉❡ ✉s❛♠♦s η̂vig ♣❛r❛ ❡st✐♠❛r η ❡♠ ✉♠♠♦❞❡❧♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱

t❡♠♦s ♦ t❡st❡✲t ❞❛❞♦ ♣♦r✿

ti =
η̂vig

i − η√
V̂ ar(η̂vig

i )
, ✭✷✳✶✺✮

❡♠ q✉❡✿ i = 1, . . . , (k + l)✱ V̂ ar(η̂vig) = (XT PΠX)−1XT PΠΩ̂PΠX(XT PΠX)−1✱ ♦ q✉❛❧ é ✉♠

❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ V̂ ar(η̂vig) = (DC−1DT )−1DC−1EC−1DT (DC−1DT )−1✱ ❡ V̂ ar(η̂vig
i )

é ♦ ✐✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ V̂ ar(η̂vig)✳

❆ ♣❛rt✐r ❞❡st❡s t❡st❡s ❛ss✐♥tót✐❝♦s ♣♦❞❡♠♦s ❝♦♥str✉✐r ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❛ss✐♥tót✐❝♦s

♣❛r❛ η ❞❛ ❢♦r♠❛ ✉s✉❛❧✳ ◆♦ ❈❛♣ít✉❧♦ ✹ ❡st✉❞❛r❡♠♦s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çã♦ s❡ ❡st❛s ❞✐str✐❜✉✐çõ❡s

❛ss✐♥tót✐❝❛s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝♦♥str✉✐r t❡st❡s ❞❡ ❤✐♣ót❡s❡ ❡ ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛

❛♠♦str❛s ✜♥✐t❛s✳

✷✳✹ ❱❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❢r❛❝❛s

❆ ❚❡♦r✐❛ ❈❧áss✐❝❛ ❞❡ ❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s✱ ❡st✉❞❛❞❛ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ é ✈á❧✐❞❛ q✉❛♥❞♦

♦s ✐♥str✉♠❡♥t♦s ✭W ✮ sã♦✿ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦ ❡rr♦ ✭u✮ ❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ✈❛r✐á✲

✈❡✐s ❡♥❞ó❣❡♥❛s ✭Z✮ ❝♦♥❞✐❝✐♦♥❛♥❞♦ ♥❛s ✈❛r✐á✈❡✐s ❡①ó❣❡♥❛s ✭X✮✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡st✉❞❛r ♦s

♣r♦❜❧❡♠❛s ❝❛✉s❛❞♦s ♣♦r t❡r♠♦s ✐♥str✉♠❡♥t♦s ♣♦✉❝♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ✈❛rá✈❡✐s ❡♥❞ó❣❡♥❛s✱

❞❡♥♦♠✐♥❛♠♦s ❡st❡s ✐♥str✉♠❡♥t♦s ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳
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❖ tr❛❜❛❧❤♦ ❞❡ ❇♦✉♥❞✱ ❏❛❡❣❡r ❡ ❇❛❦❡r ✭✶✾✾✺✮ é ✉♠ tr❛❜❛❧❤♦ q✉❡ ♥♦s r❡✈❡❧❛ ♦s ♣❡r✐❣♦s ❞❡

✉t✐❧✐③❛r♠♦s ✉♠ ✐♥str✉♠❡♥t♦ ❢r❛❝♦✳ ❖s ❛✉t♦r❡s r❡❡①❛♠✐♥❛♠ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♣♦r ❆♥❣r✐st

❡ ❑r✉❡❣❡r ✭✶✾✾✶✮ ♥♦ q✉❛❧ é ❡st✉❞❛❞♦ ♦ q✉❛♥t♦ ❛s ❧❡✐s ❛♠❡r✐❝❛♥❛s✱ q✉❡ ♦❜r✐❣❛♠ ♦ ✐♥❞✐✈í❞✉♦ ❛

❡st✉❞❛r ❛té ❝❡rt❛ ✐❞❛❞❡✱ ❛❢❡t❛♠ ♦ t❡♠♣♦ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡ ❡ ♦ s❛❧ár✐♦✱ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ✈❛r✐á✈❡❧

✐♥str✉♠❡♥t❛❧ ♦ tr✐♠❡str❡ ❞❡ ♥❛s❝✐♠❡♥t♦ ❞♦ ✐♥❞✐✈í❞✉♦✳ ❇♦✉♥❞✱ ❏❛❡❣❡r ❡ ❇❛❦❡r ✭✶✾✾✺✮ ❝♦♥❞✉③❡♠

❡①♣❡r✐♠❡♥t♦s s✐♠✉❧❛❞♦s q✉❡ r❡✈❡❧❛♠ ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✈✐❡s❛❞♦s ❡ ✐♥t❡r✈❛❧♦s

❞❡ ❝♦♥✜❛♥ç❛ ✐♥❝♦rr❡t♦s q✉❛♥❞♦ ✉t✐❧✐③❛❞❛ ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✭❝♦♠♦ ❢❡✐t♦

♣♦r ❆♥❣r✐st ❡ ❑r✉❡❣❡r ✭✶✾✾✶✮✮ ❞❡✈✐❞♦ ❛ t❡r♠♦s ✉♠ ✐♥str✉♠❡♥t♦ ❢r❛❝♦✳

❊st❡ tr❛❜❛❧❤♦ ♥♦s ♠♦str❛ q✉❡ ❞❡✈❡♠♦s ♣r♦❝❡❞❡r ❝♦♠ ❝❛✉t❡❧❛ ❛♦ ✉t✐❧✐③❛r♠♦s ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s q✉❛♥❞♦ s✉s♣❡✐t❛♠♦s ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ❉❡✈✐❞♦ ❛ ❡st❡s ♣r♦❜❧❡♠❛s✱

♥♦✈♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s ♣❛r❛ ❞❡t❡❝t❛r

✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❢♦r❛♠ ♣r♦♣♦st♦s✱ ♦s q✉❛✐s ❞✐s❝✉t✐r❡♠♦s ♥❛s s✉❜s❡çõ❡s s❡❣✉✐♥t❡s✳

✷✳✹✳✶ ❚❡st❡ ♣❛r❛ ❞❡t❡❝t❛r ✐♥str✉♠❡♥t♦s ❢r❛❝♦s

❖ ♣r♦❜❧❡♠❛ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦❞❡ s❡r ❡①♣♦st♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✿

y = Xα + Zβ + u ✭✷✳✶✻✮

Z = Xθ + Wγ + v ✭✷✳✶✼✮

❡♠ q✉❡✿ y ∈ R
n✱ X ∈ R

n×k✱ Z ∈ R
n×l✱ W ∈ R

n×p✱ α ∈ R
k✱ β ∈ R

l✱ θ ∈ R
k✱ γ ∈ R

p✱ u ∈ R
n ❡

v ∈ R
n✳ ❊st❛s ❡q✉❛çõ❡s sã♦ ❡①❛t❛♠❡♥t❡ ❛q✉❡❧❛s ✉t✐❧✐③❛❞❛s ♣❡❧♦ ▼✷❙✳ ❊ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛s

❡q✉❛çõ❡s ✭✷✳✶✻✮ ❡ ✭✷✳✶✼✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

y = Bη + u ✭✷✳✶✽✮

Z = Ππ + v ✭✷✳✶✾✮

❡♠ q✉❡✿ π = ✈❡❝([θ : γ]) é ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮✱ v é ✉♠❛ ♠❛tr✐③ n × l ❞❡

❡rr♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞♦s N(0, σ2
v) ❡ t♦❞❛s ❛s ♦✉tr❛s ✈❛r✐á✈❡✐s ❥á ❢♦r❛♠

❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❆ss✉♠✐r❡♠♦s q✉❡ V = [u; v] é ✉♠❛ ♠❛tr✐③ n× (l + 1) ❝♦♠ s✉❛s ❧✐♥❤❛s

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ③❡r♦ ❡ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲

❝♦✈❛r✐â♥❝✐❛ ΩV ✳

◗✉❛♥❞♦ ♦s ✐♥str✉♠❡♥t♦s ✭W ✮ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s ✭Z✮ ♦ ♣❛râ♠❡tr♦

γ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ t❡♠♦s ✉♠ ✐♥str✉♠❡♥t♦ ✈á❧✐❞♦✳ P❛r❛ l = 1✱ ❇♦✉♥❞✱ ❏❛❡❣❡r

❡ ❇❛❦❡r ✭✶✾✾✺✮ ♣r♦♣õ❡♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦ t❡st❡✲❋ ❡ ❞♦ R2 ✭❡♠ q✉❡ ♦ ❡❢❡✐t♦ ❞❛s ✈❛r✐á✈❡✐s ❡①ó❣❡♥❛s

X é ♣❛r❝✐❛❧♠❡♥t❡ r❡t✐r❛❞♦✮ ❝♦♠♦ ❜♦❛s ♠❡❞✐❞❛s ♣❛r❛ ✐♥❢❡r✐r♠♦s s❡ ♦s ✐♥str✉♠❡♥t♦s W sã♦ ❢r❛❝♦s✳

❙❡ ♥♦ t❡st❡✲❋ ♣❛r❛ t❡st❛r H0 : γ = 0 ❝♦♥tr❛ H1 : γ 6= 0 ♥ã♦ ❝♦♥s❡❣✉✐r♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛
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é s✐♥❛❧ q✉❡ t❡♠♦s ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ❡ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ③❡r♦ ❢♦r R2 ♠❛✐s ❢r❛❝♦s sã♦ ♦s

✐♥str✉♠❡♥t♦s✳ ❙t❛✐❣❡r ❡ ❙t♦❝❦ ✭✶✾✾✼✮ s✉❣❡r❡♠ ❞❡❝❧❛r❛r q✉❡ ♦s ✐♥str✉♠❡♥t♦s W sã♦ ❢r❛❝♦s ❝❛s♦ ❛

❡st❛tíst✐❝❛ ❞♦ t❡st❡✲❋ ✭F ✮✱ H0 : γ = 0 ❝♦♥tr❛ H1 : γ 6= 0✱ s❡❥❛ ♠❡♥♦r ❞♦ q✉❡ ✶✵✳

◆♦ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ❞✉❛s ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s✱ l > 1✱ ♦s ♠ét♦❞♦s ❞✐s❝✉t✐❞♦s ❛❝✐♠❛

♣❛r❛ s❡ ❞❡t❡❝t❛r ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♥ã♦ s❡ ❛♣❧✐❝❛♠ ❞✐r❡t❛♠❡♥t❡✱ s❡♥❞♦ ❛ss✐♠ ❙t♦❝❦ ❡ ❨♦❣♦

✭✷✵✵✺✮ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ t❡st❡ ❜❛s❡❛❞♦ ♥❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ✭✶✾✾✸✮ ♣❛r❛ t❡st❛r s❡ ❛s

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡①tr❛s sã♦ ❢r❛❝❛s ❡♠ ❝❛s♦s ❝♦♠ ✉♠❛ ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s✳

❖ t❡st❡ ❞❡ ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮ ❝❛r❛❝t❡r✐③❛ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s ♣♦r ♠❡✐♦ ❞♦ ✈✐és

r❡❧❛t✐✈♦ ❡♥tr❡ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ♦ q✉❛❧ é ❞❛❞♦ ♣♦r✿

[E(β̂vig − β)]T ΣMXZMXZ [E(β̂vig − β)]

[E(β̂mqo − β)]T ΣMXZMXZ [E(β̂mqo − β)]
✱

❡♠ q✉❡ ΣMXZMXZ = plimn→∞((MXZ)T MXZ/n)✳ ◆❡st❛ ❝❛r❛❝t❡r✐③❛çã♦ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡

♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡ q✉❡ ♦ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ é ♠❛✐♦r q✉❡ r✱ ✉♠

✈❛❧♦r ❛r❜✐trár✐♦✳ ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮ ❛♣r❡s❡♥t❛♠ ❛ t❛❜❡❧❛ ❞❡ ✈❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s

✈❛❧♦r❡s ❞❡ l✱ p✱ r ❡ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳ ◗✉❛♥❞♦ l = 1 ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

H0 : |E(β̂vig−β)|

|E(β̂mqo−β)|
≥ r

′

✳ ◆♦ ❝❛s♦ ❞❡ l = 1✱ p = 3✱ r
′

≥ 0.10 ❡ ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪

r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ q✉❛♥❞♦ ❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ é ♠❛✐♦r ❞♦ q✉❡ ✶✸✳✾✶✳

❆ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ é ♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r ❞❡ Gn ✭gmin✮✱ ♦ q✉❛❧ é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

Gn = (Σ̂−1/2)T (MXZ)T PMXW (MXZ)(Σ̂−1/2)/p, ✭✷✳✷✵✮

❡♠ q✉❡✿ Σ̂ = (ZT MΠZ)/(n − k − p) ❡ MX = In − PX ✳ ❈♦♠♦ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡st❡ t❡st❡ s❡rá

❝♦♠ r❡s♣❡✐t♦ ❛♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ✐r❡♠♦s ✉t✐❧✐③❛r ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞❛ ❚❛❜❡❧❛ ✶ ❞♦ tr❛❜❛❧❤♦

❞❡ ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮✳ ❆ r❡❣r❛ ❞❡ ❞❡❝✐sã♦ é✿ q✉❛♥❞♦ gmin ❡①❝❡❞❡r ♦ ✈❛❧♦r ❝rít✐❝♦ r❡❥❡✐t❛♠♦s ❛

❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s✳ ◗✉❛♥❞♦ t❡♠♦s ❛♣❡♥❛s ✉♠❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛

✭l = 1✮ Gn é ❡①❛t❛♠❡♥t❡ ♦ t❡st❡✲❋✱ ❝♦♠♦ ❡①♣♦st♦ ♥❛ Pr♦♣♦s✐çã♦ ✳

Pr♦♣♦s✐çã♦ ✶✳ ❙❡ l = 1✱ ❡♥tã♦ ❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ é s❡♠❡❧❤❛♥t❡ ❛ ❡st❛tíst✐❝❛ ❞♦

t❡st❡✲❋✱ ♣❛r❛ t❡st❛r H0 : γ = 0 ❝♦♥tr❛ H1 : γ 6= 0✳

Pr♦✈❛ ✶✳ ◗✉❛♥❞♦ l = 1 ♣♦❞❡♠♦s ❡s❝r❡✈❡r Gn✱ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✵✮✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Gn =
(MXZ)T PMXW (MXZ)/p

(Σ̂1/2)T (Σ̂1/2)
=

(MXZ)T PMXW (MXZ)/p

Σ̂
✱

♣♦✐s Σ̂ é ✉♠ ❡s❝❛❧❛r ♥♦ ❝❛s♦ l = 1✳ ❈♦♠♦ PMXW = MXW (W T MXW )−1W T MX t❡♠♦s✿
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Gn =
(MXZ)T MXW (W T MXW )−1W T MX(MXZ)/p

(ZT MΠZ)/(n− k − p)
⇒

⇒ Gn =
ZT MXW (W T MXW )−1W T MXZ/p

(ZT MΠZ)/(n− k − p)
✳

◆♦ ❝❛s♦ l = 1 gmin é ✐❣✉❛❧ ❛ Gn✱ ♣♦rt❛♥t♦ ❡st❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ♥♦s ♠♦str❛ ❝❧❛r❛♠❡♥t❡ q✉❡

gmin é ❡①❛t❛♠❡♥t❡ ❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡✲❋✱ H0 : γ = 0 ❝♦♥tr❛ H1 : γ 6= 0✳

�

✷✳✹✳✷ ❚❡st❡ r♦❜✉st♦ ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s

◆❛ ♣r❡s❡♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡①tr❛s ❢r❛❝❛s ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ♣❛r❛ β

❞❡s❡♥✈♦❧✈✐❞♦s ♥❛ s❡çã♦ ✷✳✷ ♥ã♦ sã♦ ❝♦♥✜á✈❡✐s ❡ ❝♦♠ ✐ss♦ t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s

❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s✳ ❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞♦s q✉❛tr♦ t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✿ ♦

t❡st❡ ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮✱ ♦ t❡st❡ ❞❡ ❲❛❧❞ ❈♦♥❞✐❝✐♦♥❛❧✱ ♦ t❡st❡ ❞❡ ❊s❝♦r❡ ❡ ♦ t❡st❡ ❞❡

r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ✭❈▲❘✮❀ ♦s q✉❛✐s ❢♦r❛♠ ❡st✉❞❛❞♦s ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✶✱ ✷✵✵✸✱

✷✵✵✾✮✳ ❚♦❞♦s ♦s t❡st❡s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ t❡♠ ❝♦♠♦ ❤✐♣ót❡s❡s✿ H0 : β = β0 ❝♦♥tr❛ H1 : β 6= β0✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ▼♦r❡✐r❛ ✭✷✵✵✸✮ ♦s q✉❛tr♦ t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s tê♠ t❛①❛ ❞❡

r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❝♦rr❡t❛ q✉❛♥❞♦ ♦s ❡rr♦s sã♦ ❞✐str✐❜✉í❞♦s ♥♦r♠❛❧♠❡♥t❡ ❡ q✉❛♥❞♦ ♥ã♦

❝♦♥❤❡❝❡♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♠❡s♠♦s✳ ◆♦ ❡♥t❛♥t♦ ▼♦r❡✐r❛ ✭✷✵✵✸✮ ♠♦str❛ q✉❡ ♦ t❡st❡ ❞❡ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛ q✉❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❡rr♦ ♥ã♦ é ❝♦♥❤❡❝✐❞❛ ❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s t❡♠

♣r♦♣r✐❡❞❛❞❡s ♠❡❧❤♦r❡s q✉❡ ♦s t❡st❡s ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ ❡ ❊s❝♦r❡✳ ❆♦ ❝♦♥s✐❞❡r❛r♠♦s ❡st❡s

q✉❛tr♦ t❡st❡s ✐r❡♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♠❡s♠♦s ♥♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦✳

❆♥❞❡rs♦♥ ❡ ❑✉♥✐t♦♠♦ ✭✷✵✵✼✮ ❡ ❑✉♥✐t♦♠♦ ❡ ▼❛ts✉s❤✐t❛ ✭✷✵✵✽✮ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ t❡st❡ ❞❡

r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s s✐♠✉❧tâ♥❡❛s✱ ♦s q✉❛✐s ♥ã♦

❝♦♥s✐❞❡r❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦✳

✲ ❚❡st❡ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥

❆ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮ ♣❛r❛ ΩV ❝♦♥❤❡❝✐❞♦ ❡ ♦s ❡rr♦s ❞✐str✐❜✉í❞♦s

♥♦r♠❛❧♠❡♥t❡ é✿

AR0 =
(y − Zβ0)

T MXW (W T MXW )−1W T MX(y − Zβ0)/p

bT
0 ΩV b0

, ✭✷✳✷✶✮

❡♠ q✉❡✿ b0 = [1;−βT
0 ]T ❡ bT

0 ΩV b0 é ❛ ✈❛r✐â♥❝✐❛ ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ u0 ≡ y−Zβ0✳ ❙♦❜ ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❛ ❡st❛tíst✐❝❛ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮ t❡♠ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛ ❞❛❞❛ ♣♦r✿ AR0
D
−→ χ2

p/p✳

▼♦r❡✐r❛ ✭✷✵✵✶✮ ♠♦str♦✉ q✉❡ ❡st❡ t❡st❡ é ót✐♠♦ q✉❛♥❞♦ ♦ ♠♦❞❡❧♦ é ❥✉st❛♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦ ✭p = l✮✱
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❝♦♥t✉❞♦ q✉❛♥❞♦ ♦ ♠♦❞❡❧♦ é s♦❜r❡✲✐❞❡♥t✐✜❝❛❞♦ ✭p > l✮ ❡st❡ t❡st❡ t❡♠ ♣r♦❜❧❡♠❛s q✉❛♥t♦ ❛♦ s❡✉

♣♦❞❡r✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❡rr♦s ♥ã♦ t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❡ ΩV é ❞❡s❝♦♥❤❡❝✐❞♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r

♦ t❡st❡ AR0 ✉t✐❧✐③❛♥❞♦ ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ ΩV ✱ ♥♦ ❝❛s♦ Ω̂V = [y; Z]T MΠ[y;Z]/(n −

p − k)✳ ❊ ❡st❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ▼♦r❡✐r❛ ✭✷✵✵✸✮ ❞❡✈❡ s❡ ❝♦♠♣♦rt❛r ❜❡♠ ❡♠ ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦

♠♦❞❡r❛❞♦✳

❆ ❞❡❝✐sã♦ ❞❡ r❡❥❡✐t❛r ❤✐♣ót❡s❡ ♥✉❧❛ s❡ ❞á ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ AR0✱ ♦ q✉❛❧ ❝♦♠♣❛r❛♠♦s

❝♦♠ ♦s q✉❛♥t✐s ❞❛ ❞✐str✐❜✉✐çã♦ χ2
p/p✳

✲ ❚❡st❡ ❞❡ ❲❛❧❞ ❈♦♥❞✐❝✐♦♥❛❧

❆ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❲❛❧❞ ❈♦♥❞✐❝✐♦♥❛❧ ❝❡♥tr❛❞❛ ❡♠ β̂vig✱ ❝♦♠ ❡rr♦s ♥♦r♠❛✐s ❡ ΩV ❝♦♥✲

❤❡❝✐❞❛ é ❞❛❞❛ ♣♦r✿

W0 =
(β̂vig − β0)

T ZT PMXW Z(β̂vig − β0)

[1;−β̂vig]ΩV [1;−β̂vig]T
, ✭✷✳✷✷✮

♥♦ ❝❛s♦ ❡♠ q✉❡ ΩV é ❞❡s❝♦♥❤❡❝✐❞♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ Ω̂V ✳ ◗✉❛♥❞♦ ♦s

❡rr♦s ♥ã♦ t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ t❛♠❜é♠ ✉t✐❧✐③❛♠♦s ♦ ♠❡s♠♦ t❡st❡ ❡ ❡s♣❡r❛✲s❡ q✉❡ ❡♠ ❛♠♦str❛s

❞❡ t❛♠❛♥❤♦ ♠♦❞❡r❛❞♦ ♦ t❡st❡ s❡ ❝♦♠♣♦rt❡ ❜❡♠✳

❆ ❞✐str✐❜✉✐çã♦ ❞❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❲❛❧❞ ❈♦♥❞✐❝✐♦♥❛❧ ❢♦✐ ❡st✉❞❛❞❛ ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✸✮✱

❡st❡ tr❛❜❛❧❤♦ ♠♦str❛ q✉❡ ❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ♥ã♦ é ♣✐✈♦t❛❧ ❡ ♥ã♦ t❡♠

❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛✳ ❙❡♥❞♦ ❛ss✐♠ ❛ ❢♦r♠❛ ❞❡ s❡ ❞❡t❡r♠✐♥❛r ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❡①♣♦st❛ ♣♦r

▼♦r❡✐r❛ ✭✷✵✵✸✮ ❢♦✐ ✉t✐❧✐③❛r ♦ ♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣❛r❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛

❞❛ ❡st❛tíst✐❝❛ ❞❡t❡r♠✐♥❛r♠♦s ♦s ✈❛❧♦r❡s ❝rít✐❝♦s✳

✲ ❚❡st❡ ❞❡ ❊s❝♦r❡

❆ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❊s❝♦r❡ ❝♦♠ ❡rr♦s ♥♦r♠❛✐s ❡ ΩV ❝♦♥❤❡❝✐❞♦ é ❞❛❞❛ ♣♦r✿

LM0 =
W T MX γ̂[γ̂T (W T MXW )γ̂]−1γ̂T MXW

bT
0 ΩV b0

, ✭✷✳✷✸✮

❡♠ q✉❡✿ γ̂ = (W T MXW )−1W T MX [y; Z]Ω−1
V A0 é ♦ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐✲

❝✐♦♥❛❧ ❞❡ γ✱ ❝♦♠♦ ❝♦❧♦❝❛❞♦ ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✸✮✱ ❡ A0 = [β0; Il]
T é ✉♠❛ ♠❛tr✐③ l × l✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❡rr♦s ❡ ΩV sã♦ ❞❡s❝♦♥❤❡❝✐❞❛s ♣♦❞❡♠♦s ✉s❛r ❝♦♠♦ ✉♠❛

❡st✐♠❛t✐✈❛ ❝♦♥s✐st❡♥t❡ ❞❡ ΩV ✱ Ω̂V ✱ ❡ ❡♠ ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦ ♠♦❞❡r❛❞♦ ♦ t❡st❡ ❞❡✈❡ ♣r♦❝❡❞❡r

❜❡♠✳
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◆♦ t❡st❡ ❞❡ ❊s❝♦r❡ r❡❥❡✐t❛♠♦s H0 ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ LM0 ❡ ❝♦♠♦ ❡①♣♦st♦ ♣♦r ▼♦r✲

❡✐r❛ ✭✷✵✵✸✮ ❡st❡ t❡st❡ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❝❤✐✲q✉❛❞r❛❞♦ ❝♦♠ l ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳ ❙❡♥❞♦ ❛ss✐♠

❝♦♠♣❛r❛♠♦s LM0 ❝♦♠ ♦s q✉❛♥t✐s ❞❛ ❞✐str✐❜✉✐çã♦ χ2
l ✳

✲ ❚❡st❡ ❞❡ ❘❛③ã♦ ❞❡ ❱❡r♦ss✐♠✐❧❤❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧

❖ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣r♦♣♦st♦ ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✶✮ t❡♠ ❡st❛tíst✐❝❛

❞❡ t❡st❡✱ q✉❛♥❞♦ ΩV é ❝♦♥❤❡❝✐❞♦ ❡ ♦s ❡rr♦s t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ❞❛❞❛ ♣♦r✿

LR0 =
(y − Zβ0)

T PMXW (y − Zβ0)

bT
0 ΩV b0

− λmin, ✭✷✳✷✹✮

❡♠ q✉❡✿ λmin é ♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r ❞❡ Ω
−1/2
V [y;Z]T PMXW [y; Z]Ω

−1/2
V ✳

◗✉❛♥❞♦ ΩV é ❞❡s❝♦♥❤❡❝✐❞♦ ♣♦❞❡♠♦s ❡st✐♠á✲❧♦ ♣♦r ♠❡✐♦ ❞♦ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ Ω̂V ✱ ❛❧é♠

❞✐ss♦ q✉❛♥❞♦ ♦s ❡rr♦s ♥ã♦ sã♦ ♥♦r♠❛✐s ❡s♣❡r❛✲s❡ q✉❡ ❡♠ ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦ ♠♦❞❡r❛❞♦ t❡♥❤❛♠♦s

✉♠ t❡st❡ ❛✐♥❞❛ r♦❜✉st♦✳

❖ ✈❛❧♦r ❝rít✐❝♦ ❞❡st❡ t❡st❡ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ▼♦r❡✐r❛ ✭✷✵✵✸✮ ❡ ♥ã♦ t❡♠ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛✱

s❡♥❞♦ ❛ss✐♠ ❞❡✈❡♠♦s ♣r♦❝❡❞❡r s✐♠✉❧❛çõ❡s ✭♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✮ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s

❝rít✐❝♦s ♣♦r ♠❡✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛✳

✷✳✺ ❉✐str✐❜✉✐çã♦ ❞♦s ❡st✐♠❛❞♦r❡s ♣❛r❛ ❛♠♦str❛s ✜♥✐t❛s

❖s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s ❡ ✈❛rá✈❡✐s ✐♥str✉♠❡♥t❛✐s ✭❞♦✐s ❡stá❣✐♦s✮ ❞❡ β✱

❡st✉❞❛❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s tê♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ♥♦r♠❛❧ ❝♦♠♦ ✈✐♠♦s ♥♦s ❚❡♦r❡♠❛s

✶ ❡ ✸✳ ◆♦ ❡♥t❛♥t♦ ♥❛ ♣rát✐❝❛ ♥ã♦ t❡♠♦s ✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ✐♥✜♥✐t♦ ❡ ♣♦rt❛♥t♦ ❞❡✈❡♠♦s

❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡s ❡st✐♠❛❞♦r❡s ❡♠ ❛♠♦str❛s ✜♥✐t❛s✳

❙❛✇❛ ✭✶✾✻✾✮ ❞❡♠♦♥str♦✉ ❛ ❞✐str✐❜✉✐çã♦ ❡①❛t❛ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥✲

t❛✐s ❞❡ β ❛ss✉♠✐♥❞♦ l = 1✼ ❡ ♥♦r♠❛❧✐❞❛❞❡ ❞♦s ❡rr♦s✱ ♣♦ré♠ ❞❡✈✐❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s

❞❡ ❞❡♥s✐❞❛❞❡ ❢♦✐ ❞✐❢í❝✐❧ ❞❡ ❞❡❞✉③✐r ❝♦♥❝❧✉sõ❡s ❞❡✜♥✐t✐✈❛s ❛ ❝❡r❝❛ ❞❡st❡s ❡st✐♠❛❞♦r❡s✳ ❙❡♥❞♦ ❛ss✐♠

❙❛✇❛ ✭✶✾✻✾✮ ✉t✐❧✐③♦✉✲s❡ ❞♦ ♠ét♦❞♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣❛r❛ ❡st✉❞❛r ♠❡❧❤♦r ❡st❛s ♣r♦♣r✐❡❞❛❞❡s✳

◆♦ ❡♥t❛♥t♦ ✉♠ ♣♦♥t♦ r❡❧❡✈❛♥t❡ ♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦ é ❛ ❡①✐stê♥❝✐❛ ❞♦s ♠♦♠❡♥t♦s ❞❛s ❞✐s✲

tr✐❜✉✐çõ❡s ❞❡st❡s ❡st✐♠❛❞♦r❡s✳ ❚❡♠♦s q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ♣❛r❛ β t❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s

❛té ♦r❞❡♠ n− 1✱ ❡♥q✉❛♥t♦ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ β t❡♠ ♠♦♠❡♥t♦s ❛té ♦r✲

❞❡♠ p−1✳ P♦rt❛♥t♦ ❞❡✈❡♠♦s s❡r ❜❛st❛♥t❡ ❝❛✉t❡❧♦s♦s ❛♦ ✉t✐❧✐③❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡st❡ ❈❛♣ít✉❧♦

✷ ❡♠ ❛♠♦str❛s ♣❡q✉❡♥❛s✳

✼◆❡st❡ tr❛❜❛❧❤♦ ✐r❡♠♦s ✉t✐❧✐③❛r l = 1 ♥❛ ♠❛✐♦r✐❛ ❞❛s ♥♦ss❛s ❛♣❧✐❝❛çõ❡s✱ s❡♥❞♦ ❛ss✐♠ ❡st❡ ♠♦❞❡❧♦ é ❞❡ ❡①tr❡♠❛

r❡❧❡✈â♥❝✐❛✳
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◆♦ ❈❛♣ít✉❧♦ ✹ ❡st✉❞❛r❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

❡♠ ❛♠♦str❛s ✜♥✐t❛s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s✳



❈❛♣ít✉❧♦ ✸

▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦

✸✳✶ ■♥tr♦❞✉çã♦

❆ ❚❡♦r✐❛ ❊❝♦♥ô♠✐❝❛ ♣❛❞rã♦ ♣r♦♣õ❡♠ q✉❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❡❝♦♥♦♠✐❛ ❡stá

r❡❧❛❝✐♦♥❛❞♦ ❛♦s s❡✉s ❢✉♥❞❛♠❡♥t♦s ♠❛❝r♦ ❡ ♠✐❝r♦❡❝♦♥ô♠✐❝♦s✳ ❆ss✐♠✱ ✉♠ ♠♦❞❡❧♦ ❡❝♦♥♦♠étr✐❝♦

❝♦♥str✉í❞♦ ♣❛r❛ ❡st✉❞❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❡❝♦♥♦♠✐❛ ❞❡✈❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ✈❛✲

r✐á✈❡✐s q✉❡ r❡✈❡❧❛♠ ❛ s✉❛ ❡str✉t✉r❛ ♠❛❝r♦ ❡ ♠✐❝r♦❡❝♦♥ô♠✐❝❛✳ ❉❡♥♦t❛♥❞♦ ♣♦r yit ❛ ✈❛r✐á✈❡❧

✐♥❞✐❝❛❞♦r❛ ❞❛ ❞❡s❡♠♣❡♥❤♦ ❞♦ ✐✲és✐♠♦ ♣❛ís ✭i = 1, . . . , N✮ ♥♦ ♣❡rí♦❞♦ t ✭t = 1, . . . , T ✮✱ t❡♠♦s q✉❡

yit é ❡①♣❧✐❝❛❞♦ ♣♦r✿ ✈❛r✐á✈❡✐s ❡❝♦♥ô♠✐❝❛s ❝♦♠✉♥s ❛ t♦❞❛s ❛s ❡❝♦♥♦♠✐❛s ✭❢❛t♦r❡s ❝♦♠✉♥s ♦❜s❡r✈❛✲

❞♦s✮✱ ❛s q✉❛✐s ❞❡♥♦t❛r❡♠♦s ♣♦r zt ✭❞❡ t❛♠❛♥❤♦ s× 1✮❀ ❡ ✈❛r✐á✈❡✐s ❡❝♦♥ô♠✐❝❛s ❡s♣❡❝í✜❝❛s ❞❡ ❝❛❞❛

❡❝♦♥♦♠✐❛ ✭❢❛t♦r❡s ❡s♣❡❝í✜❝♦s ♦❜s❡r✈❛❞♦s✮✱ ❛s q✉❛✐s ❞❡♥♦t❛r❡♠♦s ♣♦r xit ✭❞❡ t❛♠❛♥❤♦ ki × 1✮✶✳

❆ r❡❧❛çã♦ ❡♥tr❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ❡❝♦♥♦♠✐❛ ❡ s✉❛s ✈❛r✐á✈❡✐s ❡①♣❧✐❝❛t✐✈❛s ♣♦❞❡ s❡r ❢♦r♠❛❧♠❡♥t❡

❡①♣♦st❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

yit = δT
i zt + αT

i xit + uit, ✭✸✳✶✮

❡♠ q✉❡✿ ♦ ✈❡t♦r s× 1 ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s δi ❞❡t❡r♠✐♥❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦s ❢❛t♦r❡s ❝♦♠✉♥s

♥♦ ♣❛ís i❀ αi é ♦ ✈❡t♦r ❞❡ t❛♠❛♥❤♦ ki×1 ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s q✉❡ ❞❡t❡r♠✐♥❛ ❛ ✐♥✢✉ê♥❝✐❛

❞♦s ❢❛t♦r❡s ❡s♣❡❝í✜❝♦s ♥♦ ♣❛ís i❀ ❡ uit é ♦ ❡rr♦ ❞♦ ✐✲és✐♠♦ ♣❛ís ♥♦ ♣❡rí♦❞♦ t✱ ♦ q✉❛❧ t❡♠ ♠é❞✐❛

③❡r♦ ✭♠❛✐s s✉♣♦s✐çõ❡s ❛ ❝❡r❝❛ ❞❛ ❡str✉t✉r❛ ❞♦s ❡rr♦s s❡rã♦ ❞✐s❝✉t✐❞❛s ♣♦st❡r✐♦r♠❡♥t❡✮✳

❯♠❛ q✉❡stã♦ r❡❧❡✈❛♥t❡ ♣❛r❛ ✐♥✈❡st✐❞♦r❡s✱ ❇❛♥❝♦s ❈❡♥tr❛✐s ❡ ❣♦✈❡r♥♦s é ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦

✶❆s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞❡ ❞❡s❡♠♣❡♥❤♦✱ yit✱ ♣♦❞❡♠ s❡r✿ í♥❞✐❝❡s ❞❛s ❜♦❧s❛s ❞❡ ✈❛❧♦r❡s✱ t❛①❛ ❞❡ ❥✉r♦s ❞❡ tít✉❧♦s

♣ú❜❧✐❝♦s✱ t❛①❛ ❞❡ ❝â♠❜✐♦✱ ❡♥tr❡ ♦✉tr♦s q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳ ❖s ❢❛t♦r❡s ❝♦♠✉♥s ♦❜s❡r✈❛❞♦s✱ zt✱ sã♦

✈❛r✐á✈❡✐s ♠❛❝r♦❡❝♦♥ô♠✐❝❛s ✐❣✉❛✐s ♣❛r❛ t♦❞♦s ♦s ♣❛ís❡s✱ ❝♦♠♦ ♦ ♣r❡ç♦ ❞❡ ❝♦♠♠♦❞✐t✐❡s✳ ❖s ❢❛t♦r❡s ❡s♣❡❝í✜❝♦s✱ xit✱

sã♦ ✈❛r✐á✈❡✐s q✉❡ ❝❛♣t❛♠ ❛s ❡s♣❡❝✐✜❝✐❞❛❞❡s ❞❡ ❝❛❞❛ ♣❛ís✱ ❝♦♠♦✿ í♥❞✐❝❡ ❞❡ ✐♥✢❛çã♦ ❡ ♥í✈❡❧ ❞❡ ❡①♣♦rt❛çã♦✳

✷✸



✷✹ ■◆❚❘❖❉❯➬➹❖

❞❡ ❝♦♥tá❣✐♦✱ ✐st♦ é✱ s❡ ✉♠❛ ❡❝♦♥♦♠✐❛ ❛♦ ❡♥tr❛r ❡♠ ❝r✐s❡✷ ✐♥✢✉❡♥❝✐❛ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s ❡❝♦♥♦✲

♠✐❛s ✧✈✐③✐♥❤❛s✧ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❡st❛s t❡♥❤❛♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ ♣✐♦r✳ P❛r❛ r❡s♣♦♥❞❡r ❡st❛

q✉❡stã♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡✈❡♠♦s ❞✐st✐♥❣✉✐r ❡♥tr❡ ✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛ ❡ ❝♦♥tá❣✐♦✱ ✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛

é ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❛s ❡❝♦♥♦♠✐❛s ❡①♣❧✐❝❛❞❛ ♣♦r ♠❡✐♦ ❞♦s ❢✉♥❞❛♠❡♥t♦s ❡❝♦♥ô♠✐❝♦s✱ s❡❥❛♠ ❡❧❡s

❢❛t♦r❡s ❝♦♠✉♥s ♦✉ ❡s♣❡❝í✜❝♦s✳ ❈♦♥tá❣✐♦ é ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ ♠♦♠❡♥t♦s ❞❡ ❝r✐s❡s ❡♥tr❡ ♦s ♣❛ís❡s

q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡①♣❧✐❝❛r✱ s❡♥❞♦ ❛ss✐♠ q✉❛♥❞♦ ❛ ❡❝♦♥♦♠✐❛ i ❡♥tr❛ ❡♠ ❝r✐s❡ ❡❧❛ ✐rá ❢❛③❡r ❝♦♠

q✉❡ ❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s t❡♥❤❛♠ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❡st❛❞♦❀ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❡q✉✐❧í❜r✐♦ ❞❛ t❛①❛ ❞❡

❞❡s❡♠♣❡♥❤♦ ❞♦s ♣❛ís❡s j 6= i ✐rá ♠✉❞❛r ❞❡ ♣❛t❛♠❛r✳

P❛r❛ ❡st✉❞❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ✐r❡♠♦s ✉t✐❧✐③❛r ♦ ♠♦❞❡❧♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮✱

❝♦♠ N = 2 ♣❛r❛ ♠❡❧❤♦r ❡①♣♦s✐çã♦✱ ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ✈❛r✐á✈❡❧ q✉❡ ✐♥❞✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝r✐s❡ ♥❛s

❡❝♦♥♦♠✐❛s ✧✈✐③✐♥❤❛s✧✳ ❉❡✜♥✐r❡♠♦s q✉❡ ✉♠❛ ❡❝♦♥♦♠✐❛ ❡stá ❡♠ ❝r✐s❡ q✉❛♥❞♦ yit ❢♦r ♠❡♥♦r q✉❡

✉♠ ❝❡rt♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r✱ c−it ✱ ♦ q✉❛❧ ♣♦❞❡ ✈❛r✐❛r ❝♦♠ ♦ t❡♠♣♦✳ ❈♦♠ ✐ss♦ ❞❡✜♥✐r❡♠♦s ✉♠❛ ✈❛r✐á✈❡❧

✐♥❞✐❝❛❞♦r❛ q✉❡ ✈❛❧❡ ✶ q✉❛♥❞♦ ❛ ❡❝♦♥♦♠✐❛ i ❡stá ❡♠ ❝r✐s❡ ❡ ✵ ❝❛s♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ I(−yit− c−it)
✸✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥tá❣✐♦ ❞❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ❜❛s❡❛❞♦ ❡♠ P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✱

♣♦❞❡♠♦s ♠❡❞✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❛s ❡❝♦♥♦♠✐❛s ✶ ❡ ✷ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

y1t = δT
1 zt + αT

1 x1t + β−
1 I(−y2t − c−2t) + u1t ✭✸✳✷✮

y2t = δT
2 zt + αT

2 x2t + β−
2 I(−y1t − c−1t) + u2t ✭✸✳✸✮

❡♠ q✉❡ β−
1 é ♦ ♣❛râ♠❡tr♦ q✉❡ ✐♥❞✐❝❛ s❡ ❛ ❡❝♦♥♦♠✐❛ ✷ ❝♦♥t❛❣✐♦✉ ❛ ❡❝♦♥♦♠✐❛ ✶ ❡ β−

2 é ♦ ♣❛râ♠❡tr♦

q✉❡ ✐♥❞✐❝❛ s❡ ❛ ❡❝♦♥♦♠✐❛ ✶ ❝♦♥t❛❣✐♦✉ ❛ ❡❝♦♥♦♠✐❛ ✷✳ ❊st❛ ❢♦r♠❛ ❞❡ ♠❡❞✐r ❝♦♥tá❣✐♦ ❡stá ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥tá❣✐♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛ q✉❛❧ ❝♦♥s✐❞❡r❛ q✉❡ q✉❛♥❞♦ ❛ ❡❝♦♥♦♠✐❛ ✷ ❡♥tr❛ ❡♠

❝r✐s❡ ❡❧❛ ♠✉❞❛rá ♦ ❡q✉✐❧í❜r✐♦ ❞❛ ❡❝♦♥♦♠✐❛ ✶ ❡♠ β−
1 ✳

P♦rt❛♥t♦✱ ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ❝♦♥tá❣✐♦ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ❝♦❡✜❝✐❡♥t❡ β−
i ✱ ❝❛s♦ β−

i = 0

♥ã♦ ❡①✐st❡ ❝♦♥tá❣✐♦ ❞♦s ♣❛ís❡s j 6= i ♣❛r❛ ♦ ♣❛ís i✱ ❝❛s♦ β−
i 6= 0 ❡①✐st❡ ❝♦♥tá❣✐♦ ❡ ♦ ♥í✈❡❧ é

❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ♠❛❣♥✐t✉❞❡ ❞♦ ❝♦❡✜❝✐❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛♦ ❝♦♥tr♦❧❛r♠♦s ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠✲

♣❡♥❤♦ ❞❛s ❡❝♦♥♦♠✐❛s ♣❡❧❛s s✉❛s ✈❛r✐á✈❡✐s ♠❛❝r♦❡❝♦♥ô♠✐❝❛s ❡st❛♠♦s ❞✐st✐♥❣✉✐♥❞♦ ❝♦♥tá❣✐♦ ❞❡

✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛✱ ❛ q✉❛❧ s❡rá ❝♦♥t❛❜✐❧✐③❛❞❛ ♣♦r ♠❡✐♦ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ❞♦s ♣❛ís❡s✳

❆ ♣r✐♥❝í♣✐♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✷ ❞❛ s❡çã♦ ✷✳✶ ♣❛r❛ ❡st✐♠❛r ❡ t❡st❛r ❛ ❤✐♣ót❡s❡ ❞❛

❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ ♦✉ s❡❥❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✳ ❈♦♥t✉❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✷ ❞❛ s❡çã♦ ✷✳✶ ♣❛r❛ ❡st✐♠❛r β−
i ♥♦s ❧❡✈❛ ❛ ❡st✐♠❛t✐✈❛s

✐♥❝♦♥s✐st❡♥t❡s ❞❡✈✐❞♦ ❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱ ✐st♦ é✱ I(−yjt−c−jt) é ❝♦rr❡❧❛❝✐♦♥❛❞❛

❝♦♠ ♦ ❡rr♦ uit ♣♦r ❝♦♥str✉çã♦✳

✷◆❡st❡ tr❛❜❛❧❤♦ ❝r✐s❡ é ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠ r❡t♦r♥♦ ♥❡❣❛t✐✈♦ ❛♥♦r♠❛❧✳
✸I(x) é ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ q✉❡ ✈❛❧❡ ✶ s❡ x > 0 ❡ ✵ ❝❛s♦ ❝♦♥trár✐♦✳
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❆ ✐♥t✉✐çã♦ ❞❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ é✿ ❛ ✐♥♦✈❛çã♦ ❞❡ u1t ❛❢❡t❛ y1t ❡ ♣♦r

❝♦♥s❡q✉ê♥❝✐❛ I(−y1t − c−1t) ❡ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✸✮ ❛❢❡t❛ y2t✳ ❊st❛ ✈❛r✐á✈❡❧ ♣♦r ♦✉tr♦ ❧❛❞♦

❛❢❡t❛ I(−y2t − c−2t) ❡ ♣♦rt❛♥t♦ t❡♠♦s ❡✈✐❞❡♥❝✐❛❞♦ ❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱ ❡st❛

é ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ❡rr♦ u1t✳ ◆❛ s❡çã♦ ✸✳✸ ❡st❛ ❝♦♥❝❧✉sã♦ s❡rá ❛✈❛❧✐❛❞❛ ❝♦♠ ✉♠ ♠❛✐♦r r✐❣♦r

♠❛t❡♠át✐❝♦✳

❉❡✈✐❞♦ ❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝r✐s❡ ♥ã♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ❡st✐♠❛❞♦r

❞❡ ▼◗❖✱ ♣♦✐s ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷ ❡st❡ ❡st✐♠❛❞♦r é ✐♥❝♦♥s✐st❡♥t❡ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛

❛❧t❡r♥❛t✐✈❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛ é ✉t✐❧✐③❛r ❛ ❚❡♦r✐❛ ❞❡ ❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s✱ ❛❧t❡r♥❛t✐✈❛ s✉❣❡r✐❞❛

♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✳

P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ❡st✉❞❛r❛♠ ❛ s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ✭✸✳✷✮ ❡ ✭✸✳✸✮ ❞❡ y1t ❡ y2t q✉❛♥❞♦

c−1t ❡ c−2t ♥ã♦ ✈❛r✐❛♠ ♥♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱ ♦s ♣❛t❛♠❛r❡s q✉❡ ❞❡✜♥❡♠ ❝r✐s❡ sã♦ ❞❛❞♦s ♣♦r c−1 ❡ c−2 ✳

▼♦str♦✉✲s❡ q✉❡ ♣❛r❛ ✈❛❧♦r❡s ❡s♣❡❝í✜❝♦s ❞❛s ✈❛r✐á✈❡✐s ❝♦♠✉♥s ✭zt✮✱ ❡s♣❡❝í✜❝❛s ✭xit✮ ❡ ♦s ❡rr♦s✭uit✮

❛ s♦❧✉çã♦ ❞❡ ✭y1t✱y2t✮ ♥ã♦ é ú♥✐❝❛✳ ◆♦ ❡♥t❛♥t♦ ❡st❡ ♣r♦❜❧❡♠❛ ♥ã♦ ❛❢❡t❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❡ ❡st✐♠❛çã♦

❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❞❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✷✮ ❡ ✭✸✳✸✮✳

◆♦ ♣r❡s❡♥t❡ ❡st✉❞♦ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❞✉❛s ❞❡✜♥✐çõ❡s ❞♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡✱ ♥❛ s❡çã♦

✸✳✷ ❞✐s❝✉t✐r❡♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❡st❛s ❞✉❛s ❞❡✜♥✐çõ❡s✳ ◆❛ s❡çã♦ ✸✳✸ ❡st✉❞❛r❡♠♦s ♣♦ssí✈❡✐s ✐♥✲

str✉♠❡♥t♦s ✈á❧✐❞♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦✳ ❆s ❡①t❡♥sõ❡s ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡

❈♦♥tá❣✐♦ s❡rã♦ ❡st✉❞❛❞❛s ♥❛ s❡çã♦ ✸✳✹✳ ◆❛ s❡çã♦ ✸✳✺ ✉t✐❧✐③❛r❡♠♦s s✐♠✉❧❛çõ❡s ♣♦r ▼♦♥t❡ ❈❛r❧♦

♣❛r❛ ❛♥❛❧✐s❛r♠♦s ❛ q✉❛❧✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s✱ ♥❛ s❡çã♦ ✸✳✻ ✉t✐❧✐③❛r❡♠♦s

♦ ♠❡s♠♦✱ ❛s s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ ♣❛r❛ ❡st✉❞❛r ❛ q✉❛❧✐❞❛❞❡ ❞❡ ✐♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s✳

✸✳✷ ❉❡✜♥✐çõ❡s ❞❡ ❝r✐s❡

❖ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ t❡♠ ❝♦♠♦ ♣♦♥t♦ ❢✉♥❞❛♠❡♥t❛❧ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❡♠ ✉♠❛

❡❝♦♥♦♠✐❛✱ ♣♦✐s ♣♦r ♠❡✐♦ ❞❡st❛ ❞❡✜♥✐çã♦ ❝♦♥s❡❣✉✐♠♦s ❡st✐♠❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❛s

❡❝♦♥♦♠✐❛s ❡♠ ❡st✉❞♦✳ ◆❛ s❡çã♦ ❛♥t❡r✐♦r ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❢♦✐ tr❛t❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛ q✉❛❧

♥ã♦ ♣❡r♠✐t❡ ❛ ♣r✐♦r✐ ❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❛ ❞❛❞♦s r❡❛✐s✳

❆ ❞❡✜♥✐çã♦ ♠❛✐s ❣❡r❛❧ ❞❡ ❝r✐s❡ é ❛q✉❡❧❛ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s ♠♦♠❡♥t♦s ❞❡ ♠❛✐♦r ❡

♠❡♥♦r ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛ ❡❝♦♥♦♠✐❛✳ ■st♦ é✱ ❡♠ ♠♦♠❡♥t♦s ❞❡ ♠❛✐♦r ✈♦❧❛t✐❧✐❞❛❞❡ ❡s♣❡r❛♠♦s q✉❡

♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ❡❝♦♥♦♠✐❛ t❡♥❤❛ ♣❡r❞❛s ❣r❛♥❞❡s ♦✉ ♣❡q✉❡♥❛s ❞❡♥tr♦ ❞♦ ❡s♣❡r❛❞♦ ❡ ♣r❡✈✐st♦

♣❡❧❛s s✉❛s ✈❛r✐á✈❡✐s ♠❛❝r♦ ❡ ♠✐❝r♦❡❝♦♥ô♠✐❝❛s✳ ❊st❛ ❞❡✜♥✐çã♦ é ❝❛♣t❛❞❛ ♣❡❧♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦

❞❡ ❈♦♥tá❣✐♦ ❞❡ P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✱ ♦ q✉❛❧ ❝♦♠ N = 2 é ❞❛❞♦ ♣♦r✿

y1t = δT
1 zt + αT

1 x1t + β−
1 I(−y2t − c−2 σ

′

2t) + u1t ✭✸✳✹✮

y2t = δT
2 zt + αT

2 x2t + β−
2 I(−y1t − c−1 σ

′

1t) + u2t. ✭✸✳✺✮
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❡♠ q✉❡✿ zt ❡ xit sã♦ ✈❛r✐á✈❡✐s ♥ã♦ ❡st♦❝ást✐❝❛s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ uit✱ u.t = (u1t, . . . , uNt)
T

t❡♠ ♠é❞✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ③❡r♦ ✭E(u.t|Ωt) = 0✮ ❡ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ Ωt

✭V ar(u.t|Ft−1) = Ωt
✹✮✱ Ωt é ✉♠❛ ♠❛tr✐③ N ×N ❝♦♠ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ [σijt] q✉❡ s❡❣✉❡ ✉♠

♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ♠✉❧t✐✈❛r✐❛❞♦ ❡ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ c−it = c−i σ
′

it ∀i, t✱ s❡♥❞♦ σ
′

it ✉♠❛

♠❡❞✐❞❛ ❞❡ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✱ yit✳

❖ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ♥ã♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❢♦r♠❛ ❞❡ s❡ ♠❡❞✐r ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡

yit ✭σ
′

it✮✳ ❆ss✉♠✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ ❤✐stór✐❝♦ ✭✐st♦ é✱ ❝♦♥st❛♥t❡

♥♦ t❡♠♣♦✮✱ t❡♠♦s✿ c−i σ
′

it = c̃−i ✱ ❡♠ q✉❡ c̃−i é ❞❡✜♥✐❞♦ ❞❡ ♠❛♥❡✐r❛ ❛❞ ❤♦❝✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛s

❡s♣❡❝✐✜❝✐❞❛❞❡s ❞❡ ❝❛❞❛ ❡❝♦♥♦♠✐❛✳ ❆ ❢♦r♠❛ ♠❛✐s ✐♥t✉✐t✐✈❛ ❡ s✐♠♣❧❡s ❞❡ s❡ ❞❡t❡r♠✐♥❛r c̃−i é ♣♦r

♠❡✐♦ ❞♦s ♣❡r❝❡♥t✐s ❞❡ y.t✱ ❜❛st❛ ❡s❝♦❧❤❡r♠♦s ❛ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ❝r✐s❡ q✉❡ q✉❡r❡♠♦s t❡r ♥♦ ♣❡rí♦❞♦

❡st✉❞❛❞♦ ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛ ❡ s❡♥❞♦ ❛ss✐♠ ♦ r❡t♦r♥♦ ❛♠♦str❛❧ ❛ss♦❝✐❛❞♦ ❛ ❡st❡ ♣❡r❝❡♥t✐❧ s❡rá c̃−i ✳

❙❡❥❛ yit ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❡st❛❝✐♦♥ár✐❛ ❝♦♠ ♠é❞✐❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✜♥✐t❛❀ ✉♠❛ ♦✉tr❛

❢♦r♠❛ ❞❡ ❞❡✜♥✐r♠♦s c̃−i é ❝❛❧❝✉❧❛r♠♦s ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❛♠♦str❛❧ ❞❡ yit ❡ ♠✉❧t✐♣❧✐❝❛r♠♦s ♣♦r ✉♠❛

❝♦♥st❛♥t❡✱ ❛ q✉❛❧ ❞❡t❡r♠✐♥❛rá ✉♠❛ ❜❛♥❞❛ q✉❡ yit ✈❛r✐❛ s❡♠ ❡♥tr❛r ❡♠ ❝r✐s❡✺✳ ❙❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡

yit ❢♦r ❝♦♥❤❡❝✐❞❛ t❡r❡♠♦s ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝r✐s❡ ❞❡s❡❥❛❞❛ ♣♦r ♠❡✐♦ ❞♦s q✉❛♥t✐s

❞❛ ❞✐str✐❜✉✐çã♦✱ ♥♦ ❝❛s♦ ♥♦r♠❛❧ ❝♦♠ c̃−i = 1.64 t❡r❡♠♦s ❡♠ ♠é❞✐❛ ✺✪ ❞❡ ❝r✐s❡✳

❊st❛ ❢♦r♠❛ ❛❞ ❤♦❝ ❞❡ s❡ ❞❡✜♥✐r ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡✱ c̃−it ✱ é ❢♦r♠❛❧✐③❛❞❛ ♥♦ ▼♦❞❡❧♦ ✶✳

▼♦❞❡❧♦ ✶✳ ❙❡❥❛ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❝♦♠ N = 2✱ zt ❡ xit ✈❛r✐á✈❡✐s ♥ã♦ ❡st♦❝ást✐❝❛s✱

u.t ❝♦♠ ♠é❞✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ③❡r♦ ✭E(u.t|Ωt) = 0✮ ❡ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ Ωt

✭V ar(u.t|Ft−1) = Ωt✮✱ Ωt é ✉♠❛ ♠❛tr✐③ N ×N ❝♦♠ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ [σijt] q✉❡ s❡❣✉❡ ✉♠

♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ♠✉❧t✐✈❛r✐❛❞♦ ❡ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ c−it = c̃−i ∀i, t✳ ■st♦ é✱

y1t = δT
1 zt + αT

1 x1t + β−
1 I(−y2t − c̃−2 ) + u1t ✭✸✳✻✮

y2t = δT
2 zt + αT

2 x2t + β−
2 I(−y1t − c̃−1 ) + u2t ✭✸✳✼✮

❡♠ q✉❡✿ ui. = (ui1, . . . , uiT )T ❡ c̃−i é ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛❞ ❤♦❝✳

❆ss✉♠✐r❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❞❡ c̃−j ✿ c̃−j = c−j

√
V̂ ar(yj.)✱ ❡♠ q✉❡ V̂ ar(yj.) é ❛ ✈❛r✐â♥❝✐❛

❛♠♦str❛❧ ❞❡ yj. ❡ c−j é ❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡✜♥✐ ❛ ❜❛♥❞❛ ❞❡ ❝♦♥✜❛♥ç❛ ❝♦♠♦ ❞✐s❝✉t✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❆ss✉♠✐r q✉❡ ❡①✐st❡ ✉♠ ♣❛t❛♠❛r ❤✐stór✐❝♦ ✭c̃−i ✮ q✉❡ ❞❡t❡r♠✐♥❛ ♦ ♣✐♦r ❞❡s❡♠♣❡♥❤♦ ✭yit✮ ❞❛

❡❝♦♥♦♠✐❛ s❡♠ t❡r ♦❝♦rr✐❞♦ ✉♠❛ ❝r✐s❡ é ✉♠❛ s✉♣♦s✐çã♦ r❡str✐t✐✈❛✱ ♣♦✐s ❡❧✐♠✐♥❛♠♦s ❛ ✐♥✢✉ê♥❝✐❛

❞❛s ✈❛r✐á✈❡✐s ♠❛❝r♦ ❡ ♠✐❝r♦❡❝♦♥ô♠✐❝❛s ❡♠ ❞❡t❡r♠✐♥❛r ♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ s✉❛ ❡✈♦❧✉çã♦

❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❛❧é♠ ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❞♦s ❡rr♦s✳ P❛r❛ ❡❧✐♠✐♥❛r♠♦s ❡st❛ r❡str✐çã♦ ♣♦❞❡♠♦s

✹
Ft−1 é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❢♦r♠❛çõ❡s q✉❡ t❡♠♦s ❛té ♦ ♣❡rí♦❞♦ t − 1✳

✺❊st❛ é ❛ ❢♦r♠❛ q✉❡ ✉t✐❧✐③❛r❡♠♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡♠ t♦❞♦ ♦ tr❛❜❛❧❤♦✱ ✐st♦ é✱ c̃−j = c−j

√
V̂ ar(yj.)✳
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♠❡❞✐r ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭σ
′

it✮ ❝♦♠♦ s❡♥❞♦ σit =
√

V ar(yit|zt, xit,Ft−1) =√
V ar(uit|Ft−1) ❡ c−i ❝♦♥t✐♥✉❛rá s❡♥❞♦ ❞❡t❡r♠✐♥❛❞♦ ❞❡ ❢♦r♠❛ ❛❞ ❤♦❝✳ P♦rt❛♥t♦ t❡♠♦s q✉❡ c−i σ

′

it =

c−i σit✱ ❡st❡ ♠♦❞❡❧♦ ❡st❛ ❢♦r♠❛❧✐③❛❞♦ ♥♦ ▼♦❞❡❧♦ ✷✳

▼♦❞❡❧♦ ✷✳ ❙❡❥❛ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❝♦♠ N = 2✱ zt ❡ xit ✈❛r✐á✈❡✐s ♥ã♦ ❡st♦❝ást✐❝❛s✱

u.t ❝♦♠ ♠é❞✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ③❡r♦ ✭E(u.t|Ωt) = 0✮ ❡ ♠❛tr✐③ ❞❡ ✈❛r✐â♥❝✐❛✲❝♦✈❛r✐â♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ Ωt

✭V ar(u.t|Ft−1) = Ωt✮✱ Ωt é ✉♠❛ ♠❛tr✐③ N ×N ❝♦♠ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ [σijt] q✉❡ s❡❣✉❡ ✉♠

♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ♠✉❧t✐✈❛r✐❛❞♦ ❡ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ c−it = c−i
√

V ar(yit|zt, xit,Ft−1)

∀i, t✳ ■st♦ é✱

y1t = δT
1 zt + αT

1 x1t + β−
1 I(−y2t − c−2 σ2t) + u1t ✭✸✳✽✮

y2t = δT
2 zt + αT

2 x2t + β−
2 I(−y1t − c−1 σ1t) + u2t ✭✸✳✾✮

❡♠ q✉❡✿ ui. = (ui1, . . . , uiT )T ✱ σ1t =
√

V ar(y1t|zt, x1t,Ft−1) =
√

V ar(u1t|Ft−1) ❡ σ2t =√
V ar(y2t|zt, x2t,Ft−1) =

√
V ar(u2t|Ft−1)✳

❖ ▼♦❞❡❧♦ ✷ ❛ss✉♠❡ q✉❡ ❛ ❝r✐s❡ ❡♠ ✉♠❛ ❡❝♦♥♦♠✐❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ♠♦♠❡♥t♦ ❡❝♦♥ô♠✐❝♦

♥❛ q✉❛❧ ❡❧❛ s❡ ❛♣r❡s❡♥t❛✱ ✐st♦ é✱ ❧❡✈❛♠♦s ❡♠ ❝♦♥t❛ s❡ ❛ ❡❝♦♥♦♠✐❛ ❡stá ❡♠ ✉♠ ♠♦♠❡♥t♦ ❞❡ ♠❛✐♦r

✈♦❧❛t✐❧✐❞❛❞❡ ♦✉ ♠❡♥♦r ✈♦❧❛t✐❧✐❞❛❞❡✳

❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❞❡✜♥✐r♠♦s ♦ ▼♦❞❡❧♦ ✷ é ✉t✐❧✐③❛r♠♦s ♦s ❡rr♦s ✭❞♦ ❝❛s♦ q✉❡ ♥ã♦

❡①✐st❡ ❝♦♥tá❣✐♦✮ ❡♠ ✈❡③ ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ✐♥❞✐❝❛r ❝r✐s❡✳ ■st♦ é✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r

I(−uit − c−i σit) ❝♦♠♦ ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝r✐s❡✳ ❊st❛ ❞❡✜♥✐çã♦ ♥ã♦ s❡rá ❝♦♥s✐❞❡r❛❞❛ ♣♦✐s

E(δT
i zt + αT

i xit|zt, xit, Ft−1) ∼= 0✱ ✐st♦ é✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛s ✈❛r✐á✈❡✐s ♠❛❝r♦ ❡ ♠✐❝r♦❡❝♦♥ô♠✐❝❛s ♣❛r❛

❡①♣❧✐❝❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❡❝♦♥♦♠✐❛s é ♠✉✐t♦ ♣❡q✉❡♥❛ ❡ ❛ ❞❡✜♥✐çã♦ ♣❛ss❛ ❛ s❡r ❛♥á❧♦❣❛ ❛ ❞❛❞❛

♣❡❧♦ ♠♦❞❡❧♦ ✷✳

❊st✉❞❛r❡♠♦s ♦s ▼♦❞❡❧♦s ✶ ❡ ✷ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛♥❛❧✐s❛♥❞♦ ✈❛♥t❛❣❡♥s✱ ❞❡s✈❛♥t❛❣❡♥s ❡

❞✐✜❝✉❧❞❛❞❡s ❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡s ♣❛r❛ s❡ ❡st✐♠❛r ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ◆❛

s❡çã♦ s❡❣✉✐♥t❡ ❡st✉❞❛r❡♠♦s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✈á❧✐❞❛s ♣❛r❛ ❛♣❧✐❝❛r♠♦s ❛ ❚❡♦r✐❛ ❞❡ ❱❛r✐á✈❡✐s

■♥str✉♠❡♥t❛✐s✳

✸✳✸ ❱❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✈á❧✐❞❛s

❯♠ ❢❛t♦ ❡st✐❧✐③❛❞♦ ❞❛s sér✐❡s ❞❡ r❡t♦r♥♦s ❞❡ ❛çõ❡s✱ tít✉❧♦s ♣ú❜❧✐❝♦s ❡ í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡♠

❣❡r❛❧ ✭yit✮✱ é q✉❡ s✉❛ ✈♦❧❛t✐❧✐❞❛❞❡ ♠✉❞❛ ♥♦ t❡♠♣♦✳ ◆♦ ▼♦❞❡❧♦ ✶ t❡♠♦s q✉❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱

I(−yit− c−i σit)✱ ❛ q✉❛❧ ✐♥❞✐❝❛ ❝r✐s❡ ❛ss✉♠❡ ✈❛❧♦r ✶ ❡♠ ♠♦♠❡♥t♦s ❞❡ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s✱

♦✉ s❡❥❛✱ ❡♠ ♠♦♠❡♥t♦s ❞❡ ❝r✐s❡ t❡♠♦s ✈♦❧❛t✐❧✐❞❛❞❡ ❛❧t❛ ♥♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❙❡♥❞♦ ❛ss✐♠

✉♠❛ ✈❛r✐á✈❡❧ ✐♥str✉♠❡♥t❛❧✱ ♣❛r❛ ✉t✐❧✐③❛r♠♦s ❛ t❡♦r✐❛ ❞❡ ✈❛r✐á✈❡❧ ✐♥str✉♠❡♥t❛❧ ❝♦♥str✉í❞❛ ♥♦
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❈❛♣ít✉❧♦ ✷ ❡ ❡st✐♠❛r ♦ ❝♦❡✜❝✐❡♥t❡ q✉❡ ✐♥❞✐❝❛ ❝♦♥tá❣✐♦ ✭β−
i ✮ ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡✱ é ❛ ✈♦❧❛t✐❧✐❞❛❞❡

❝♦♥❞✐❝✐♦♥❛❧ ❞❛s sér✐❡s ❞❡ ujt ✭σjt✮✱ ❞♦s ♣❛ís❡s j = 1, . . . , N ✱ j 6= i✳

❆ ♣❛rt✐r ❞♦ ▼♦❞❡❧♦ ✷ ✐r❡♠♦s ♠♦str❛r ❛ ✈❛❧✐❞❛❞❡ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ uit ❝♦♠♦

✐♥str✉♠❡♥t♦ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❞♦ ♠♦❞❡❧♦✳

Pr♦♣♦s✐çã♦ ✷✳ ❉❛❞♦ ♦ ▼♦❞❡❧♦ ✷✱ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✽✮ ❡ ✭✸✳✾✮✱ t❡♠♦s✿

✭❛✮ I(−yjt − c−j σjt) ∀j = 1, 2✱ é ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❝♦♠ uit❀

✭❜✮ σjt ∀j = 1, 2✱ é ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❝♦♠ uit❀

✭❝✮ ❡ σjt é ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❝♦♠ I(−yjt − c−j σjt)✱ ∀j = 1, 2✳

Pr♦✈❛ ✷✳ ❙❡❥❛♠ X1 ❡ X2 ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳ ❆ Corr(X1, X2) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Cov(X1, X2)

= 0✳ ❊ t❡♠♦s q✉❡✿

Cov(X1, X2) = E(X1X2)− E(X1)E(X2), ✭✸✳✶✵✮

❡st❛ ❡q✉❛çã♦ s❡rá ✉t✐❧✐③❛❞❛ ♥❛ ♣r♦✈❛ q✉❡ s❡❣✉❡✳

✭❛✮ ❆s s✉♣♦s✐çõ❡s ❞♦ ♠♦❞❡❧♦ ♥♦s r❡✈❡❧❛ q✉❡ E(uit) = E[E(uit|Ft−1)] = 0 ∀i, t✳ ❯t✐❧✐③❛♥❞♦ ❛

❡q✉❛çã♦ ✭✸✳✹✮ t❡♠♦s✿

Cov(I(−yjt − c−j σjt), uit) = E(I(−yjt − c−j σjt)uit)− E(I(−yjt − c−j σjt))E(uit)⇒

⇒ Cov(I(−yjt − c−j σjt), uit) = E(I(−yjt − c−j σjt)uit)✱

s❡♥❞♦ ❛ss✐♠ ❛ ❝♦rr❡❧❛çã♦ é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

E(I(−yjt − c−j σjt)uit). ✭✸✳✶✶✮

✭❜✮ ❈♦♠♦ E(uit) = 0 ∀i, t✳ ▲♦❣♦ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✮ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ Corr(σjt, uit) =

0 é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ E(σjtuit) = 0✳ ❚r❛❜❛❧❤❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

E(σjtuit) = E[E(σjtuit|Ft−1)] = E[σjtE(uit|Ft−1)] = E[σit0] = 0✱

❡st❡ r❡s✉❧t❛❞♦ ✈❛❧❡ ∀i, t✳ P♦rt❛♥t♦ ♣r♦✈❛♠♦s ❛ ❡①♦❣❡♥❡✐❞❛❞❡ ❞♦ ✐♥str✉♠❡♥t♦ σjt✳

✭❝✮ ❯t✐❧✐③❛♥❞♦ ❛s s✉♣♦s✐çõ❡s ❞♦ ♠♦❞❡❧♦ ❡ ❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ t❡♠♦s✿

Cov(I(−yjt − c−j σjt)σjt) = E(I(−yjt − c−j σjt)σjt)− E(I(−yjt − c−j σjt))E(σjt)✱

❡st✉❞❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ E(I(−yjt − c−j σjt)σjt)✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❡st❛ ❡s♣❡r❛♥ç❛ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿
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E(I(−yjt − c−j σjt)σjt) = E[E(I(−yjt − c−j σjt)σjt|Ft−1)] =

= E[σjtE(I(−yjt − c−j σjt)|Ft−1)] = E[σjtP (−yjt − c−j σjt > 0|Ft−1)] =

= E[σjtP (yjt < −c−j σjt|Ft−1)]✳

▲♦❣♦ ❛ Cov(I(−yjt − c−j σjt)σjt) é ❞❛❞❛ ♣♦r✿

E[σjtP (yjt < −c−j σjt|Ft−1)]− P (yjt < −c−j σjt|Ft−1)E(σjt). ✭✸✳✶✷✮

�

❆ Pr♦♣♦s✐çã♦ ✷ é ✈á❧✐❞❛ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▼♦❞❡❧♦ ✶✱ s❡♥❞♦ q✉❡ ♥❛ ♣r♦✈❛ ❞❡✈❡♠♦s ✉t✐❧✐③❛r

I(−yjt − c̃−j )✱ ♣♦✐s ♥♦ ▼♦❞❡❧♦ ✶ ❝♦♥s✐❞❡r❛♠♦s ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ ❝♦♥st❛♥t❡ ♥♦ t❡♠♣♦✳ ❆

Pr♦♣♦s✐çã♦ ✷ ♥♦s r❡✈❡❧❛ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ♦s ✐t❡♥s ✭❛✮ ❡

✭❜✮✱ s❡♥❞♦ ❛ss✐♠ ❢❛r❡♠♦s s✐♠✉❧❛çõ❡s ♣♦r ▼♦♥t❡ ❈❛r❧♦ ❞♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷ ♥❛ s❡çã♦ ✸✳✺ ♣❛r❛

❝♦♥❤❡❝❡r♠♦s ♠❡❧❤♦r ❡st❛s q✉❛♥t✐❞❛❞❡s✳

◆❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣❛ís i ✭σit✮ é ✉♠

✐♥str✉♠❡♥t♦s ❡①ó❣❡♥♦ ✭♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❡rr♦ uit✮ ♣❛r❛ ❡st✐♠❛r♠♦s β−
i ♣♦r ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s✱ ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛ ❡❧❛❜♦r❛❞❛ ♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷ ✐t❡♠ ✭❜✮✳ ❊ ❛ ❝♦rr❡❧❛çã♦

❡♥tr❡ ♦s ❡rr♦s ✭ρijt✮ t❛♠❜é♠ é ✉♠❛ ✈❛r✐á✈❡❧ ✐♥str✉♠❡♥t❛❧ ❡①ó❣❡♥❛✱ s❡♥❞♦ ❛ ♣r♦✈❛ t❛♠❜é♠ ❛♥á❧♦❣❛

❛ ❡❧❛❜♦r❛❞❛ ♥♦ ✐t❡♠ ✭❜✮ ❞❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳ ◆❛ s❡çã♦ ✸✳✻ ❡st✉❞❛r❡♠♦s ❝♦♠ ♠❛✐s ❝✉✐❞❛❞♦

♦ q✉❛♥t♦ ❡st❛s ♣♦ssí✈❡✐s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡①♣❧✐❝❛♠ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝♦♥tá❣✐♦✳

◆❛ s❡çã♦ s❡❣✉✐♥t❡ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ s❡rá ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ N ❡❝♦♥♦✲

♠✐❛s ❡ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ q✉❛♥❞♦ ❛s ❡❝♦♥♦♠✐❛s tê♠ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♣♦s✐✲

t✐✈♦s✳

✸✳✹ ❊①t❡♥sã♦ ❞♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦

❖ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❡st✉❞❛❞♦ ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛

♦ ❝❛s♦ ❞❡ N ❡❝♦♥♦♠✐❛s✱ ♣♦r ♠❡✐♦ ❞❡✿

yit = δT
i zt + αT

i xit + β−
i

N∑

j=1

wijI(−yjt − c−j σ
′

jt) + uit ✭✸✳✶✸✮

❡♠ q✉❡✿ wij > 0✱
∑N

j=1 wij = 1 ❡ wii = 0✱ sã♦ ♦s ♣❡s♦s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛ ✐♥✢✉ê♥❝✐❛ r❡❧❛t✐✈❛

❞♦ ♣❛ís j ♥♦ ♣❛ís i ❡ t♦❞❛s ❛s ♦✉tr❛s ✈❛r✐á✈❡✐s ❢♦r❛♠ ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❊①✐st❡♠ ✈ár✐❛s

❢♦r♠✉❧❛çõ❡s ♣❛r❛ ♦s ♣❡s♦s wij ✳ ❆❧❧❡♥ ❡ ●❛❧❡ ✭✷✵✵✵✮ ✉t✐❧✐③❛r❛♠ três ❡str✉t✉r❛s ♣❛r❛ ❡st❛ r❡❧❛çã♦

❡♥tr❡ ❛s ❡❝♦♥♦♠✐❛s✱ ❛s q✉❛✐s ❡❧❡ ❞❡♥♦♠✐♥♦✉ ❞❡ ❝♦♠♣❧❡t❛✱ ✐♥❝♦♠♣❧❡t❛ ❡ ❞❡s❝♦♥❡❝t❛❞❛✳ ❈♦♠ N = 4

❡st❛s três ❡str✉t✉r❛s ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿



✸✵ ❊❳❚❊◆❙➹❖ ❉❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖

Wcom =




0 1
3

1
3

1
3

1
3 0 1

3
1
3

1
3

1
3 0 1

3
1
3

1
3

1
3 0




, Winc =




0 1 0 0

0 0 1 0

0 0 0 1

1 0 0 0




, Wdesc =




0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0



✳

❆ ♠❛tr✐③ Wcom ♠♦str❛ ♦s ♣❡s♦s ❞❛❞♦s ♣❡❧❛ ❡str✉t✉r❛ ❝♦♠♣❧❡t❛✱ ❛ q✉❛❧ ❞á ♣❡s♦s ✐❣✉❛✐s ♣❛r❛

t♦❞❛s ❛s ❡❝♦♥♦♠✐❛s✱ s✉♣♦♠♦s ♥❡st❡ ❝❛s♦ q✉❡ ❛s ❡❝♦♥♦♠✐❛s ✐♥✢✉❡♥❝✐❛♠ ✉♠❛s ❛s ♦✉tr❛s ♥❛ ♠❡s♠❛

♠❛❣♥✐t✉❞❡✳ ◆♦ ❝❛s♦ ✐♥❝♦♠♣❧❡t♦✱ Winc✱ t❡♠♦s q✉❡ ❛s ❡❝♦♥♦♠✐❛s ❡st❛❜❡❧❡❝❡♠ ✉♠❛ ❝❡rt❛ ♦r❞❡♠✱

✐st♦ é✱ ❛ ❡❝♦♥♦♠✐❛ três ✐♥✢✉ê♥❝✐❛ ❛ ❡❝♦♥♦♠✐❛ ✷ ❛ q✉❛❧ ♣♦r s✉❛ ✈❡③ ✐rá ✐♥✢✉❡♥❝✐❛r ❛ ❡❝♦♥♦♠✐❛

✶ ✭❝❛♣t❛♠♦s ♦ ❡❢❡✐t♦ ✧❞♦♠✐♥ó✧✮✳ ◆♦ ❝❛s♦ ❞❡s❝♦♥❡❝t❛❞♦✱ Wdesc✱ t❡♠♦s ❞♦✐s ❜❧♦❝♦s ❞✐st✐♥t♦s✱ ♦s

♣❛ís❡s só s❡ ✐♥✢✉❡♥❝✐❛♠ ❞❡♥tr♦ ❞♦ ❜❧♦❝♦ ❡ ♥ã♦ ❡♥tr❡ ♦s ❜❧♦❝♦s✱ ♣♦rt❛♥t♦ ❛ ❡❝♦♥♦♠✐❛ ✶ ❡ ✷ s❡

✐♥✢✉❡♥❝✐❛♠ ❡♥tr❡ s✐✱ ❛ss✐♠ ❝♦♠♦ ❛s ❡❝♦♥♦♠✐❛s ✸ ❡ ✹✳

◆❡st❡ tr❛❜❛❧❤♦ ✐r❡♠♦s ❛❞♦t❛r ✉♠❛ ❡str✉t✉r❛ ♠❛✐s s✐♠♣❧❡s ❞♦s ♣❡s♦s✱ ❛ q✉❛❧ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣♦r

P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ❡♠ s✉❛s ❛♣❧✐❝❛çõ❡s✳ ❆❞♦t❛r❡♠♦s q✉❡ ❛ ❡❝♦♥♦♠✐❛ i é ✐♥✢✉❡♥❝✐❛❞❛ ♣❡❧♦ ❜❧♦❝♦

❞❡ ♣❛ís❡s ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s✱ ♦✉ s❡❥❛✱ ❝❛s♦ ❛❧❣✉♠❛ ❡❝♦♥♦♠✐❛ j 6= i ❡st❡❥❛ ❡♠

❝r✐s❡ t❡r❡♠♦s ✉♠ ♣♦ssí✈❡❧ ❝♦♥tá❣✐♦ ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛ i✳ ❆ ❢♦r♠❛❧✐③❛çã♦ ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡

❈♦♥tá❣✐♦ ♣❛r❛ ❡st❛ ❡str✉t✉r❛ ❞❡ ❝♦♥tá❣✐♦ é ❞❛❞❛ ♣♦r✿

yit = δT
i zt + αT

i xit + β−
I I




N∑

j=1,j 6=i

I(−yjt − c−j σ
′

jt)


 + uit. ✭✸✳✶✹✮

❊st❛ ❢♦r♠❛ ❞❡ ❞❡✜♥✐r ❝♦♥tá❣✐♦ é ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦s ▼♦❞❡❧♦ ✶ ❡ ✷✱ ♣♦✐s ❡st❡s ♠♦❞❡❧♦s

❡st✉❞❛♠ ❛ ❢♦r♠❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦s ♣❛ís❡s ❛ q✉❛❧ ♥ã♦ ♠✉❞❛ ♥❡st❡ ♠♦❞❡❧♦✳

❖ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ♥❛ q✉❛❧ ♥❡♠

t♦❞♦s ♦s ♣❛ís❡s j 6= i ✐♥✢✉❡♥❝✐❛♠ ♦ ♣❛ís i✳ ❙✉♣♦♥❤❛ N = 4✱ s❡ s♦✉❜❡r♠♦s ❛ ♣r✐♦r✐ q✉❡ ❛ ❡❝♦♥♦♠✐❛

✷ ❡ ✸ ✐♥✢✉❡♥❝✐❛♠ ❛ ❡❝♦♥♦♠✐❛ ✶ ♥ã♦ ♣r❡❝✐s❛♠♦s ❝♦❧♦❝❛r ❛ ❡❝♦♥♦♠✐❛ ✹ ♥❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛✱ ♣♦r

❡①❡♠♣❧♦✳ ❊st❡ ♠♦❞❡❧♦ é ❞❡s❝r✐t♦ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛ ❡①♣♦st❛ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✱ ❝♦♠ ❛ ú♥✐❝❛

❞✐❢❡r❡♥ç❛ ❞❡ q✉❡ ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝♦♥tá❣✐♦ é ❞❛❞❛ ♣♦r✿ I
(∑

j∈Ji,j 6=i I(−yjt − c−j σ
′

jt)
)
✱ ❡♠

q✉❡ Ji é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {1, . . . , N}✳

❯♠❛ ♦✉tr❛ ❡①t❡♥sã♦ ❞♦ ♠♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ é ❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦

❡♠ ♠♦♠❡♥t♦s ❞❡ r❡t♦r♥♦s ♣♦s✐t✐✈♦s ❛♥♦r♠❛✐s ✭✉♠ ❜♦♦♠ ❡❝♦♥ô♠✐❝♦✮✳ ❆ r❛❝✐♦♥❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦

é ❛ ♠❡s♠❛✱ ❝♦♠ ❛ ♣❡q✉❡♥❛ ♠♦❞✐✜❝❛çã♦ ❞❡ q✉❡ t❡r❡♠♦s ✉♠❛ ✈❛r✐á✈❡❧ q✉❡ ✐♥❞✐❝❛ ❝r✐s❡ ❡ ♦✉tr❛ q✉❡

✐♥❞✐❝❛ ✉♠ ❜♦♦♠ ❡❝♦♥ô♠✐❝♦✳ ❖ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

yit = δT
i zt + αT

i xit + β−
i ζ−it + β+

i ζ+
it + uit, ✭✸✳✶✺✮

❡♠ q✉❡✿ ζ−it = I
(∑N

j=1,j 6=i I(−yjt − c−j σ
′

jt)
)
❡ ζ+

it = I
(∑N

j=1,j 6=i I(yjt − c+
j σ

′

jt)
)
✳ ❖s ▼♦❞❡❧♦s ✶

❡ ✷ ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧ ♣❛r❛ ❝❛♣t❛r r❡t♦r♥♦s ❛♥♦r♠❛✐s ♣♦s✐t✐✈♦s✳



❈❆P❮❚❯▲❖ ✸✳ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✸✶

❆♣❡s❛r ❞♦s r❡t♦r♥♦s ♣♦s✐t✐✈♦s s❡r❡♠ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛✱ ❡st❛r❡♠♦s ♠❛✐s ✐♥t❡r❡ss❛✲

❞♦s ❡♠ ♠❡❞✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ q✉❛♥❞♦ ✉♠❛ ❡❝♦♥♦♠✐❛ ❡♥tr❛ ❡♠ ❝r✐s❡✱ ♣♦✐s ♥❡st❡ ❝❡♥ár✐♦

t❡♠♦s q✉❡ ♦s ✐♥❞✐✈í❞✉♦s s♦❢r❡rã♦ ✉♠❛ ♣❡r❞❛ ❞❡ ✉t✐❧✐❞❛❞❡✳

◆❛ s❡❣✉✐♥t❡ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♦ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

✸✳✺ ❙✐♠✉❧❛çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ✷

◆❛ s✐♠✉❧❛çã♦ ❞♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷ ✉t✐❧✐③❛♠♦s ✉♠❛ ❡str✉t✉r❛ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ♣❛r❛ ♦s ❡rr♦s✱

❝♦♠♦ ❢❛t♦r❡s ❡s♣❡❝í✜❝♦s ✭xit✮ ✉t✐❧✐③❛♠♦s ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠ ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭yi,t−1✮✱

c−i = 1.64 ❡ s✉♣♦♠♦s ❛ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ β−
i = 0✳ ❈♦♠ ✐ss♦ ❝♦♥s❡❣✉✐♠♦s ❝♦♥str✉✐r

♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦s✱ yit✱ ♦ q✉❛❧ ♥♦s ♣❡r♠✐t❡ ❡st✐♠❛r✿ Corr(I(−yjt − c−j σjt), uit) ❡ Corr(I(−yjt −

c−j σjt), σjt)✳

◆❡st❛ s✐♠✉❧❛çã♦ ✐r❡♠♦s ✉t✐❧✐③❛r N = 3✱ s❡♥❞♦ ❛ss✐♠ ❛ ❞❡✜♥✐çã♦ ❞❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞♦s

▼♦❞❡❧♦ ✶ ❡ ✷ ♠✉❞❛♠✱ t❡♠♦s ✈ár✐❛s ❢♦r♠❛s ❞❡ ❞❡✜♥✐r ❝♦♠♦ ❛s ❡❝♦♥♦♠✐❛s j 6= i ✐♥✢✉❡♥❝✐❛♠ ❛

❡❝♦♥♦♠✐❛ i✱ ❛s q✉❛✐s ❢♦r❛♠ ❡st✉❞❛❞❛s ♥❛ s❡çã♦ ✸✳✹✳ ❆q✉✐ ✐r❡♠♦s ❛❞♦t❛r q✉❡ ♦ ❜❧♦❝♦ ❢♦r♠❛❞♦

♣❡❧❛s ❡❝♦♥♦♠✐❛s j 6= i ✐♥✢✉❡♥❝✐❛♠ ♦ ♣❛ís i✱ ✐st♦ é✿

yit = δi + αiyi,t−1 + βiI




N∑

j=1,j 6=i

I(−yjt − c−j σ
′

jt)


 + uit. ✭✸✳✶✻✮

❙❡♥❞♦ q✉❡ ♥♦ ❝❛s♦ ❞♦ ▼♦❞❡❧♦ ✶ t❡♠♦s c−j σ
′

jt = c̃−j = c−j

√
V̂ ar(yj.) ❡ ♥♦ ❝❛s♦ ❞♦ ▼♦❞❡❧♦ ✷ t❡♠♦s

c−j σ
′

jt = c−j σjt✳

❙✐♠✉❧❛r❡♠♦s ✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ✺✵✵✵✵ ✭T = 50000✮ ❡ q✉❛tr♦ ❝❡♥ár✐♦s ❞✐st✐♥t♦s✱ ♦s

q✉❛✐s s❡ ❞✐❢❡r❡♠ ♣♦r ♠❡✐♦ ❞♦s s❡✉s ♣❛râ♠❡tr♦s✱ ❝♦♠ ✐ss♦ t❡r❡♠♦s ✉♠❛ ❜♦❛ ✐❞é✐❛ ❞❛ ✈❛❧✐❞❛❞❡ ❞❛

✈❛r✐á✈❡❧ ✐♥str✉♠❡♥t❛❧ ♣♦st✉❧❛❞❛✳ P❛r❛ ♠❡❧❤♦r ❡s❝❧❛r❡❝✐♠❡♥t♦ ❞♦ ♠♦❞♦ ♣❡❧♦ q✉❛❧ ♦s ❞❛❞♦s sã♦

❣❡r❛❞♦s ❝♦❧♦q✉❡♠♦s ✐st♦ ❞❡ ❢♦r♠❛ ❝❧❛r❛✿

y1t = δ1 + α1y1,t−1 + u1t ✭✸✳✶✼✮

y2t = δ2 + α2y2,t−1 + u2t ✭✸✳✶✽✮

y3t = δ3 + α3y3,t−1 + u3t ✭✸✳✶✾✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✸✳✷✵✮

Ht = DtPtDt; Dt = diag(σit) ✭✸✳✷✶✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✸✳✷✷✮

Pt = (Qt ⊙ IN )−1/2Qt(Qt ⊙ IN )−1/2 ✭✸✳✷✸✮
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Qt = (1− θ1 − θ2)Q− θ1ǫt−1ǫ
T
t−1 + θ2Qt−1 ✭✸✳✷✹✮

❡♠ q✉❡✿ Q é ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❛♠♦str❛❧ ❞❡ ǫt q✉❡ s❡rá ❞❛❞❛ ❛ s❡❣✉✐r❀ ai0✱ ai1✱ ai2✱ θ1✱ θ2

sã♦ ♣❛râ♠❡tr♦s ♣♦s✐t✐✈♦s t❛✐s q✉❡ ai1 + ai2 < 1 ∀i = 1 . . . , N ❡ θ1 + θ2 < 1❀ ❡ ⊙ é ♦ ♣r♦❞✉t♦

❞❡ ❍❛❞❛♠❛r❞✻✳ ◗✉❛tr♦ ❈❡♥ár✐♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥❡st❛ s✐♠✉❧❛çã♦✱ ♦s q✉❛✐s ❡stã♦ ❞❡s❝r✐t♦s ♣❡❧❛

❚❛❜❡❧❛ ✸✳✶✼✳

❚❛❜❡❧❛ ✸✳✶✿ P❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡r❛çã♦ ❞♦s ❞❛❞♦s✱ N = 3✳

✐❂ δi αi ai0 ai1 ai2 θ1 θ2

❈❡♥ár✐♦ ✶ ✶ 8× 10−4 ✵✳✵✷ 10−5 ✵✳✶✵✼ ✵✳✽✻✹ ✵✳✵✸ ✵✳✾✻

✷ 7× 10−4 ✵✳✵✻ 6× 10−6 ✵✳✶✶✾ ✵✳✽✻✶ ✵✳✵✸ ✵✳✾✻

✸ 3× 10−4 ✲✵✳✵✶ 10−6 ✵✳✵✾✾ ✵✳✽✾✽ ✵✳✵✸ ✵✳✾✻

❈❡♥ár✐♦ ✷ ✶ 8× 10−4 ✵✳✵✷ 10−5 ✵✳✷✵✵ ✵✳✻✵✵ ✵✳✵✸ ✵✳✾✻

✷ 7× 10−4 ✵✳✵✻ 6× 10−6 ✵✳✶✵✵ ✵✳✽✵✵ ✵✳✵✸ ✵✳✾✻

✸ 3× 10−4 ✲✵✳✵✶ 10−6 ✵✳✵✾✾ ✵✳✽✾✽ ✵✳✵✸ ✵✳✾✻

❈❡♥ár✐♦ ✸ ✶ 8× 10−4 ✵✳✵✷ 10−5 ✵✳✶✵✻ ✵✳✽✻✹ ✵✳✷✵ ✵✳✼✵

✷ 7× 10−4 ✵✳✵✻ 6× 10−6 ✵✳✶✶✾ ✵✳✽✻✶ ✵✳✷✵ ✵✳✼✵

✸ 3× 10−4 ✲✵✳✵✶ 10−6 ✵✳✵✾✾ ✵✳✽✾✽ ✵✳✷✵ ✵✳✼✵

❈❡♥ár✐♦ ✹ ✶ 8× 10−4 ✵✳✵✷ 10−5 ✵✳✷✵✵ ✵✳✻✵✵ ✵✳✷✵ ✵✳✼✵

✷ 7× 10−4 ✵✳✵✻ 6× 10−6 ✵✳✶✵✵ ✵✳✽✵✵ ✵✳✷✵ ✵✳✼✵

✸ 3× 10−4 ✲✵✳✵✶ 10−6 ✵✳✵✾✾ ✵✳✽✾✽ ✵✳✷✵ ✵✳✼✵

❊♠ t♦❞♦s ♦s ❝❡♥ár✐♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✶ ✉t✐❧✐③♦✉✲s❡✿

Q =




1.0 0.5376 0.5467

0.5376 1.0 0.5922

0.5467 0.5922 1.0


 .

❖s ❝❡♥ár✐♦s ❞✐❢❡r❡♠ ♥❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ t❡♠♣♦r❛❧ ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❞♦s ♣❛ís❡s ❡ ♥❛ ✈❛r✐❛❜✐❧✐❞❛❞❡

t❡♠♣♦r❛❧ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭uit✮✱ ♣♦✐s ❞❡st❛ ❢♦r♠❛ ❝♦♥s❡❣✉✐♠♦s ❡st✉❞❛r ♦s ❡❢❡✐t♦s

❞❡st❡s ❢❛t♦r❡s ♥❛ q✉❛❧✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s✳

❖ ❝❡♥ár✐♦ ❜❛s❡ ❞❡st❛ ❛♥á❧✐s❡ é ♦ ❝❡♥ár✐♦ ✶✱ ♣♦✐s ❡st❡ ❢♦✐ ❡s❝♦❧❤✐❞♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♥á❧✐s❡

♣ré✈✐❛ ❞❡ ❞❛❞♦s r❡❛✐s ❞♦s í♥❞✐❝❡s ❞❡ r❡t♦r♥♦s ❞❛ ❜♦❧s❛ ❞❡ ✈❛❧♦r❡s ❞❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡

❊❯❆✳ ❆❜❜❛r❛ ✭✷✵✵✾✮ tr❛❜❛❧❤♦✉ ❝♦♠ ❡st❡s ❞❛❞♦s ♣❛r❛ ✈❡r✐✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♣♦r ♠❡✐♦

❞❡ ❝♦♣✉❧❛s ❡ ✈❡r✐✜❝♦✉ q✉❡ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆ sã♦ ♦s ♣❛ís❡s ♠❛✐s ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ s❡♥❞♦ ❛ss✐♠

sã♦ ❡st❡s ♣❛ís❡s q✉❡ ❡st❛♠♦s r❡♣❧✐❝❛♥❞♦ ♥♦ ❈❡♥ár✐♦ ✶✳

✻❖ ♣r♦❞✉t♦ ❞❡ ❍❛❞❛♠❛r❞ é ♦ ♣r♦❞✉t♦ ❞❡ ❡❧❡♠❡♥t♦ ♣♦r ❡❧❡♠❡♥t♦ ❞❡ ❞✉❛s ♠❛tr✐③❡s ❞❡ ♠❡s♠♦ t❛♠❛♥❤♦✳
✼◆❡st❛ ❞✐ss❡rt❛çã♦ ✉t✐❧✐③❛r❡♠♦s ♣♦♥t♦ ♣❛r❛ s❡♣❛r❛r ♦s ❞❡❝✐♠❛✐s ❞♦s ✐♥t❡✐r♦s✳
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❈♦♠ ❡st❡s ❝❡♥ár✐♦s ♣♦❞❡♠♦s ❡st✉❞❛r q✉❛♥t❛s é♣♦❝❛s ❞❡ ❝r✐s❡ t❡♠♦s ❡♠ ❝❛❞❛ ♣❛ís✱ ❡st❡ é

✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❞❛ ❛♥á❧✐s❡✱ ♣♦✐s ❝♦♥s❡❣✉✐r❡♠♦s ✈❡r ♠❛✐s ❝❧❛r❛♠❡♥t❡ ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦s

▼♦❞❡❧♦s ✶ ❡ ✷✳ ❆ ❚❛❜❡❧❛ ✸✳✷ ♠♦str❛ q✉❡ ❡♠ t♦❞♦s ♦s ❝❡♥ár✐♦s t❡♠♦s ❛ ❣r♦ss♦ ♠♦❞♦ ❛ ♠❡s♠❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❝r✐s❡s ❡ ♦ ▼♦❞❡❧♦ ✷ t❡♠ ❡♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s ❝❡♥ár✐♦s ❡ ♣❛ís❡s ✉♠ ♠❛✐♦r

♥ú♠❡r♦ ❞❡ é♣♦❝❛s ❞❡ ❝r✐s❡✳

❚❛❜❡❧❛ ✸✳✷✿ ◗✉❛♥t✐❞❛❞❡ ❞❡ é♣♦❝❛s ❞❡ ❝r✐s❡ ♥♦s ♣❛ís❡s ❡ ♥♦s ❞✐❢❡r❡♥t❡s ❝❡♥ár✐♦s ♣❛r❛ ♦s ▼♦❞❡❧♦s

✶ ❡ ✷✳ ✭❱❛❧♦r❡s ♣♦r❝❡♥t✉❛✐s ❡♥❝♦♥tr❛❞♦s ❡♠ ✉♠❛ s✐♠✉❧❛çã♦ ❝♦♠ T = 50000✳✮

▼♦❞❡❧♦ ✶ ▼♦❞❡❧♦ ✷

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✶ P❛ís ✷ P❛ís ✸

❈❡♥ár✐♦ ✶ ✹✳✹✸✪ ✹✳✶✺✪ ✸✳✼✵✪ ✹✳✼✷✪ ✹✳✻✻✪ ✹✳✾✶✪

❈❡♥ár✐♦ ✷ ✹✳✵✸✪ ✹✳✷✵✪ ✸✳✼✵✪ ✹✳✷✸✪ ✹✳✷✸✪ ✹✳✾✶✪

❈❡♥ár✐♦ ✸ ✹✳✹✸✪ ✹✳✷✸✪ ✹✳✵✺✪ ✹✳✼✷✪ ✹✳✻✷✪ ✹✳✽✺✪

❈❡♥ár✐♦ ✹ ✹✳✵✸✪ ✹✳✷✵✪ ✹✳✵✺✪ ✹✳✷✸✪ ✹✳✶✾✪ ✹✳✽✺✪

❆ ♣❛rt✐r ❞❡st❡s r❡s✉❧t❛❞♦s ❡st✉❞❛♠♦s t❛♠❜é♠ ♦ ♥ú♠❡r♦ ❞❡ é♣♦❝❛s q✉❡ ❝❛❞❛ ✉♠ ❞♦s ♣❛ís❡s

❢♦✐ ❝♦♥t❛❣✐❛❞♦✱ ♥♦s r❡✈❡❧❛♥❞♦ ✉♠❛ t❛①❛ ❡♠ t♦r♥♦ ❞❡ ✼✳✶✪ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ✼✳✻✪ ♣❛r❛ ♦ ▼♦❞❡❧♦

✷✳ ❙❡♥❞♦ ❛ss✐♠ ❝❡r❝❛ ❞❡ ✶✳✷✪ ❞❛ ❛♠♦str❛ ❞❡ ❝❛❞❛ ♣❛ís t❡♠ ❝r✐s❡ ❝♦♥❝♦♠✐t❛♥t❡ ❝♦♠ ♦✉tr♦s ♣❛ís❡s

✭♥❛ ♠❡s♠❛ é♣♦❝❛✮✳

◆❛ ❋✐❣✉r❛ ✸✳✶ t❡♠♦s ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ❡rr♦s ✭σit✮✱ ❡♠ q✉❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦ ♣❛ís ✶ ✭σ1t✮ é ❛

❧✐♥❤❛ ♣r❡t❛ ❝♦♥tí♥✉❛✱ σ2t é ❛ ❧✐♥❤❛ ✈❡r♠❡❧❤❛ tr❛❝❡❥❛❞❛ ❡ σ3t é ❛ ❧✐♥❤❛ ✈❡r❞❡ ♣♦♥t✐❧❤❛❞❛✳ ❱❡♠♦s

♥❡st❛ ✜❣✉r❛ q✉❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ♣❛ís❡s é ♠❛✐♦r ♥♦s ❈❡♥ár✐♦s ✶ ❡ ✸✱ ♥♦s q✉❛✐s ❞❛♠♦s ♠❡♥♦s

♣❡s♦ ❛♦s ❡rr♦s ✭ai1✮ ❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♠❛✐s ♣❡s♦ ❛♦ ♣❛ss❛❞♦ ✭ai2✮✳

P♦r s✉❛ ✈❡③ ♥❛ ❋✐❣✉r❛ ✸✳✷ t❡♠♦s ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s✱ ❡♠ q✉❡ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦ ♣❛ís

✶ ❡ ✷ é ❛ ❧✐♥❤❛ ♣r❡t❛ ❝♦♥tí♥✉❛✱ ❡♥tr❡ ♦ ♣❛ís ✶ ❡ ✸ é ❛ ❧✐♥❤❛ ✈❡r♠❡❧❤❛ tr❛❝❡❥❛❞❛ ❡ ❡♥tr❡ ♦ ♣❛ís ✷ ❡ ✸

é ❛ ❧✐♥❤❛ ✈❡r❞❡ ♣♦♥t✐❧❤❛❞❛✳ ❱❡♠♦s ♥❡st❛ ✜❣✉r❛ q✉❡ ♥♦ ❝❡♥ár✐♦ ✸ ❡ ✹ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛ ❝♦rr❡❧❛çã♦

é ♠❛✐♦r q✉❡ ♥♦ ❝❡♥ár✐♦ ✶ ❡ ✷✱ ✐st♦ ❞❡✈✐❞♦ ❛♦s ♣❛râ♠❡tr♦s θ1 ❡ θ2✳ ❆♦ ❞❛r♠♦s ♠❛✐s ♣❡s♦ ❛♦ ❡rr♦

✭θ1✮ ❡ ♠❡♥♦s ❛♦ ♣❛ss❛❞♦ ✭θ2✮ t❡♠♦s ♠❛✐♦r ✈❛r✐❛❜✐❧✐❞❛❞❡✳

◆❡st❡ ♠♦♠❡♥t♦ ❥á s❛❜❡♠♦s ❝♦♠♦ ♦s ❞❛❞♦s ❢♦r❛♠ ❣❡r❛❞♦s ❡ ❛s ♣r✐♥❝✐♣❛✐s ❞✐❢❡r❡♥ç❛s ❡♥tr❡

♦s ❝❡♥ár✐♦s ♣r♦♣♦st♦s✱ s❡♥❞♦ ❛ss✐♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛s ❝♦rr❡❧❛çõ❡s ❞❡ ✐♥t❡r❡ss❡✱ ❛s q✉❛✐s ♥ã♦

❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ❞❡ ❢♦r♠❛ ❢❡❝❤❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳

❆ ❚❛❜❡❧❛ ✸✳✸ ❛♣r❡s❡♥t❛ ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞❡ ❝r✐s❡ ❡ ♦s ❡rr♦s ♣❛r❛

T =✺✵✵✵✵✱ ♦s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ é ❡♥❞ó❣❡♥❛✱ ✐st♦ é✱ ❛ ✈❛r✐á✈❡❧ ✐♥✲

❞✐❝❛❞♦r❛ ❞❡ ❝r✐s❡ ❞♦ ❜❧♦❝♦ ❝♦♠♣♦st♦ ♣❡❧❛s ❡❝♦♥♦♠✐❛s i 6= j é ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ujt✳ ❊st❡

r❡s✉❧t❛❞♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✐♥t✉✐çã♦ ❞❛❞❛ ♥❛ s❡çã♦ ✸✳✶ ❡ s❛❧✐❡♥t❛ ♦ ❢❛t♦ ❞❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡
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❋✐❣✉r❛ ✸✳✶✿ ❱♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ s✐♠✉❧❛❞❛ ❞♦s ❡rr♦s✱ σit✱ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✸✳✶✼ ❛té ✸✳✷✹✳

❞❡ ✉t✐❧✐③❛r♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ♣❛r❛ ❡st✐♠❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ❆ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛

✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ é ❛❧t❛ ♥♦s q✉❛tr♦ ❝❡♥ár✐♦s✱ ♠♦str❛♥❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ ♣❡rs✐st❡ q✉❛❧q✉❡r q✉❡

s❡❥❛ ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛s ❡❝♦♥♦♠✐❛s ❡ é ❛❧t❛ ♥♦s ❞♦✐s ▼♦❞❡❧♦s ♣r♦♣♦st♦s ❝♦♠ ❛ ♠❡s♠❛ ♠❛❣♥✐t✉❞❡✳

❊♠ t♦❞♦s ♦s ❝❛s♦s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦✽ é ♠❡♥♦r ❞♦ q✉❡

10−4✱ ❡♠ q✉❡ H0 : ρ = 0 ❡ H1 : ρ 6= 0 ✭ρ ✐♥❞✐❝❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦✮✳

❖✉tr♦ ♣♦♥t♦ ❡st✉❞❛❞♦ ♣♦r ♠❡✐♦ ❞❛s s✐♠✉❧❛çõ❡s ❡stá ❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✸✳✹ ❡ r❡✈❡❧❛

♦ ♣♦t❡♥❝✐❛❧ ❞❛ ✈❛r✐á✈❡❧ ✐♥str✉♠❡♥t❛❧ ♣♦st✉❧❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦✳ ◆♦ ▼♦❞❡❧♦ ✶ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛✐s ❞♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ sã♦ ❜❛st❛♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛

✽❖ t❡st❡ ❞❡ ❤✐♣ót❡s❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❛q✉✐ ✉t✐❧✐③❛❞♦ é ❜❛s❡❛❞♦ ♥♦ t❡st❡ t ❞❡ ❙t✉❞❡♥t✱ ♣♦✐s t❡♠♦s

❛♠♦str❛s ❣r❛♥❞❡s ❡ ❛ ♥♦ss❛ ❤✐♣ót❡s❡ ♥✉❧❛ é ❞❡ ρ = 0✳ ❆ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ t ❡ t
′

❞♦s ❞❛❞♦s é ♣❡q✉❡♥❛ ❡ ♣♦r ✐ss♦

❡st❡ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦✳
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❋✐❣✉r❛ ✸✳✷✿ ❈♦rr❡❧❛çõ❡s s✐♠✉❧❛❞❛s ❡♥tr❡ ♦s ❡rr♦s✱ Pt✱ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✸✳✶✼ ❛té

✸✳✷✹✳

❚❛❜❡❧❛ ✸✳✸✿ ❊st✐♠❛t✐✈❛ ❞❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖

✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✱ é ♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s ❝❛s♦s✳✮

❈❡♥ár✐♦ ✶ ❈❡♥ár✐♦ ✷ ❈❡♥ár✐♦ ✸ ❈❡♥ár✐♦ ✹

▼♦❞❡❧♦ ✶ Corr(w1
1t, u1t) ✲✵✳✷✽✶✾ ✲✵✳✷✼✷✷ ✲✵✳✷✽✶✷ ✲✵✳✷✼✻✶

Corr(w1
2t, u2t) ✲✵✳✷✾✾✻ ✲✵✳✷✽✸✸ ✲✵✳✷✾✼✾ ✲✵✳✷✽✸✸

Corr(w1
3t, u3t) ✲✵✳✷✾✹✸ ✲✵✳✷✻✼✽ ✲✵✳✷✾✺✾ ✲✵✳✷✼✼✶

▼♦❞❡❧♦ ✷ Corr(w2
1t, u1t) ✲✵✳✷✾✶✸ ✲✵✳✷✾✵✹ ✲✵✳✷✽✶✹ ✲✵✳✷✽✵✶

Corr(w2
2t, u2t) ✲✵✳✸✵✻✶ ✲✵✳✸✶✻✶ ✲✵✳✷✾✸✽ ✲✵✳✷✾✾✽

Corr(w2
3t, u3t) ✲✵✳✷✻✾✵ ✲✵✳✷✻✶✶ ✲✵✳✷✻✹✺ ✲✵✳✷✺✽✵

❉❡✜♥✐♠♦s w1

it = I
(∑

3

j=1,j 6=i I(−yjt − c̃−
j

)
)
❡ w2

it = I
(∑

3

j=1,j 6=i I(−yjt − c−
j

σjt)
)
✳
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❞♦ ♠♦❞❡❧♦ ✭❛s ✈❛r✐á✈❡✐s q✉❡ ✐♥❞✐❝❛♠ ❝r✐s❡✮✱ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s ✈❛❧♦r✲♣ ❞♦ t❡st❡ H0 : ρ = 0

❝♦♥tr❛ H1 : ρ 6= 0 ♠❡♥♦r q✉❡ 10−4✱ ✐st♦ s❡ ❞❡✈❡ ❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♣❛r❛ ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r q✉❡ é

❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ♣❛r❛ ❝❛❞❛ ❡❝♦♥♦♠✐❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ✈♦❧❛t✐❧✐❞❛❞❡ ❛❧t❛ ✐♥❞✐❝❛ q✉❡ ♦

♣❛ís t❡♠ ❛❧t❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r ❡♠ ❝r✐s❡✱ ❥á q✉❡ ❛ss✉♠❡ ✉♠ ✈❛❧♦r ♥❡❣❛t✐✈♦ ❛♥♦r♠❛❧ ❝♦♠ ♠❛✐♦r

♣r♦❜❛❜✐❧✐❞❛❞❡✳ P♦rt❛♥t♦ ❛♦ ❡st✉❞❛r♠♦s ♦ ▼♦❞❡❧♦ ✶ ❞❡✈❡r❡♠♦s t❡r q✉❡ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

♥ã♦ sã♦ ❢r❛❝❛s ❡ ❝♦♠ ✐ss♦ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡✈❡♠ ❝♦rr✐❣✐r ♦ ✈✐és ❡①✐st❡♥t❡

❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✳

❚❛❜❡❧❛ ✸✳✹✿ ❊st✐♠❛t✐✈❛ ❡ t❡st❡ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❡ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s
❝♦♥❞✐❝✐♦♥❛✐s✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✱ é

♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s ❝❛s♦s ♥♦ ♠♦❞❡❧♦ ✶✳ ❊ ♥♦ ♠♦❞❡❧♦ ✷ t❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡

❝♦rr❡❧❛çã♦✳✮

❈❡♥ár✐♦ ✶ ❈❡♥ár✐♦ ✷ ❈❡♥ár✐♦ ✸ ❈❡♥ár✐♦ ✹

▼♦❞❡❧♦ ✶ P❛ís ✶ Corr(w1
1t, σ2t) ✵✳✷✶✼✸ ✵✳✶✵✹✶ ✵✳✷✷✶✵ ✵✳✶✶✵✸

Corr(w1
1t, σ3t) ✵✳✷✺✹✼ ✵✳✷✶✾✷ ✵✳✷✻✹✹ ✵✳✷✷✻✵

P❛ís ✷ Corr(w1
2t, σ1t) ✵✳✷✵✶✾ ✵✳✶✸✶✺ ✵✳✶✾✹✵ ✵✳✶✷✹✵

Corr(w1
2t, σ3t) ✵✳✷✸✾✶ ✵✳✷✷✸✶ ✵✳✷✹✺✹ ✵✳✷✷✼✾

P❛ís ✸ Corr(w1
3t, σ1t) ✵✳✶✽✷✵ ✵✳✶✷✺✶ ✵✳✶✽✸✾ ✵✳✶✶✾✵

Corr(w1
3t, σ2t) ✵✳✶✾✻✵ ✵✳✶✵✵✵ ✵✳✶✾✽✺ ✵✳✶✵✵✹

▼♦❞❡❧♦ ✷ P❛ís ✶ Corr(w2
1t, σ2t) ✲✵✳✵✵✶✹ ✲✵✳✵✵✺✷ ✵✳✵✵✶✹ ✲✵✳✵✵✹✽

✭✵✳✼✺✽✽✮ ✭✵✳✷✸✾✽✮ ✭✵✳✼✺✻✽✮ ✭✵✳✷✽✹✸✮

Corr(w2
1t, σ3t) ✲✵✳✵✵✻✸ ✲✵✳✵✵✺✶ ✵✳✵✵✷✺ ✵✳✵✵✶✼

✭✵✳✶✺✾✹✮ ✭✵✳✷✺✷✻✮ ✭✵✳✺✼✻✸✮ ✭✵✳✻✾✾✻✮

P❛ís ✷ Corr(w2
2t, σ1t) ✵✳✵✵✸✼ ✵✳✵✵✹✸ ✵✳✵✵✵✹ ✲✵✳✵✵✹✷

✭✵✳✹✶✷✸✮ ✭✵✳✸✸✽✵✮ ✭✵✳✾✷✶✷✮ ✭✵✳✸✺✶✷✮

Corr(w2
2t, σ3t) ✲✵✳✵✵✻✸ ✲✵✳✵✵✺✼ ✲✵✳✵✵✵✼ ✲✵✳✵✵✵✵✼

✭✵✳✶✻✵✸✮ ✭✵✳✶✾✽✻✮ ✭✵✳✽✼✽✾✮ ✭✵✳✾✽✻✹✮

P❛ís ✸ Corr(w2
3t, σ1t) ✲✵✳✵✵✻✽ ✵✳✵✵✵✻ ✲✵✳✵✵✾✸ ✲✵✳✵✵✼✶

✭✵✳✶✷✻✾✮ ✭✵✳✽✾✺✵✮ ✭✵✳✵✸✻✾✮ ✭✵✳✶✶✶✽✮

Corr(w2
3t, σ2t) ✲✵✳✵✵✵✹ ✵✳✵✵✶✶ ✲✵✳✵✵✷✾ ✲✵✳✵✵✺✵

✭✵✳✾✷✾✸✮ ✭✵✳✼✾✾✺✮ ✭✵✳✺✶✻✶✮ ✭✵✳✷✺✽✽✮

❉❡✜♥✐♠♦s w1

it = I
(∑

3

j=1,j 6=i I(−yjt − c̃−
j

)
)
❡ w2

it = I
(∑

3

j=1,j 6=i I(−yjt − c−
j

σjt)
)
✳

❆ ❚❛❜❡❧❛ ✸✳✹ r❡✈❡❧❛ ✉♠❛ ❜❛✐①❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s ✭σit✮ ❡

❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ♥ã♦ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ❛ ❝♦rr❡❧❛çã♦ é ✐❣✉❛❧

③❡r♦ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ❡♠ q✉❛s❡ t♦❞♦s ♦s ❝❛s♦s ❡①❝❡çã♦ é Corr(w2
3t, σ1t) ♥♦

❈❡♥ár✐♦ ✸✱ ♦ q✉❛❧ t❡♠♦s ✉♠ ✈❛❧♦r✲♣ ✐❣✉❛❧ ❛ ✵✳✵✸✻✾ ✭✶ ❝❛s♦ ❡♠ ✷✹ t❡st❡s✮✳ ❊st❛ ❜❛✐①❛ ❝♦rr❡❧❛çã♦ é

❥✉st✐✜❝❛❞❛ ♣❡❧❛ ♠❛✐♦r ❞✐✜❝✉❧❞❛❞❡ q✉❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ t❡♠ ❞❡ ❝❛♣t❛r ✉♠ r❡t♦r♥♦ ❛♥♦r✲



❈❆P❮❚❯▲❖ ✸✳ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✸✼

♠❛❧ q✉❛♥❞♦ ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❝r✐s❡ ❞❡♣❡♥❞❡ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦ ♣❡rí♦❞♦✳ P♦rt❛♥t♦ ❡s♣❡r❛♠♦s

q✉❡ ♦ ▼♦❞❡❧♦ ✷ s♦❢r❛ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❢r❛❝❛s ❡ ♣♦rt❛♥t♦ ♦ ❡st✐♠❛❞♦r

❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥ã♦ ❝♦rr✐❣✐rá ♦ ✈✐és ❝♦♠♦ ♥♦ ▼♦❞❡❧♦ ✶✳

✸✳✻ ❈♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ♣ró♣r✐♦s í♥❞✐❝❡s

❞❡ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♦ ✐♥str✉♠❡♥t♦s

❆♦ ❛♥❛❧✐s❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ s❡çã♦ ✭✸✳✺✮ ❛❧❣✉♠❛s q✉❡stõ❡s sã♦ ❧❡✈❛♥t❛❞❛s✿ ❛ ❝♦r✲

r❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭ρijt
✾✮ ❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣❛ís i ✭σit✮ sã♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

✈á❧✐❞❛s ♣❛r❛ ❛ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝♦♥tá❣✐♦ ❞♦ ♣❛ís i✱ I(
∑N

j=1,j 6=i I(−yjt− c−j σ
′

jt))✳ ❊st❛s q✉❡stõ❡s sã♦

t❛♠❜é♠ ❛♥❛❧✐s❛❞❛s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

❯t✐❧✐③❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞✐s❝✉t✐❞♦ ♥❛s ❡q✉❛çõ❡s ✭✸✳✶✼✮ ❛té ✭✸✳✷✹✮ ❡ ♦s ❝❡♥ár✐♦s

❞❛ ❚❛❜❡❧❛ ✸✳✶ ❝♦♠ T = 50000✱ ❝♦♠♣✉t❛♠♦s ❛s ❝♦rr❡❧❛çõ❡s ❞❡ ✐♥t❡r❡ss❡ ❡ ❛♣r❡s❡♥t❛♠♦s ❡st❡s ♥❛s

❚❛❜❡❧❛s ✸✳✺ ❡ ✸✳✻✳ ❆ ❚❛❜❡❧❛ ✸✳✺ ♠♦str❛ q✉❡ ♥♦ ▼♦❞❡❧♦ ✶ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦ ♣❛ís i

sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝♦♥tá❣✐♦ ❞♦ ♣❛ís i✱ ❥á q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❞❡ ❝♦rr❡❧❛çã♦ ✐❣✉❛❧ ❛ ③❡r♦ ❝♦♠ ✈❛❧♦r✲♣ ♠❡♥♦r q✉❡ 10−4✳

❚❛❜❡❧❛ ✸✳✺✿ ❊st✐♠❛t✐✈❛ ❡ t❡st❡ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❡ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s
❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣ró♣r✐♦ ♣❛ís✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❖ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛

H1 : ρ 6= 0✱ é ♠❡♥♦r ❞♦ q✉❡ 10−4 ❡♠ t♦❞♦s ♦s ❝❛s♦s ♥♦ ♠♦❞❡❧♦ ✶✳ ❊ ♥♦ ♠♦❞❡❧♦ ✷ t❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣

❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✳✮

❈❡♥ár✐♦ ✶ ❈❡♥ár✐♦ ✷ ❈❡♥ár✐♦ ✸ ❈❡♥ár✐♦ ✹

▼♦❞❡❧♦ ✶ P❛ís ✶ Corr(w1
1t, σ1t) ✵✳✶✵✵✽ ✵✳✵✸✷✽ ✵✳✶✵✸✻ ✵✳✵✸✻✾

P❛ís ✷ Corr(w1
2t, σ2t) ✵✳✶✷✸✷ ✵✳✵✼✷✺ ✵✳✶✸✼✷ ✵✳✵✽✷✵

P❛ís ✸ Corr(w1
3t, σ3t) ✵✳✵✾✻✾ ✵✳✵✶✼✺ ✵✳✵✾✸✾ ✵✳✵✶✽✹

▼♦❞❡❧♦ ✷ P❛ís ✶ Corr(w2
1t, σ1t) ✲✵✳✵✵✹✺ ✲✵✳✵✵✶✶ ✲✵✳✵✵✻✽ ✲✵✳✵✵✺✼

✭✵✳✸✵✾✶✮ ✭✵✳✼✾✻✸✮ ✭✵✳✶✷✽✻✮ ✭✵✳✷✵✵✵✮

P❛ís ✷ Corr(w2
2t, σ2t) ✵✳✵✵✵✹ ✲✵✳✵✵✶✾ ✵✳✵✵✹✹ ✲✵✳✵✵✶✷

✭✵✳✾✸✸✸✮ ✭✵✳✻✼✹✶✮ ✭✵✳✸✷✽✼✮ ✭✵✳✼✽✶✼✮

P❛ís ✸ Corr(w2
3t, σ3t) ✲✵✳✵✵✼✺ ✲✵✳✵✵✻✸ ✲✵✳✵✵✺✽ ✲✵✳✵✵✻✺

✭✵✳✵✾✸✶✮ ✭✵✳✶✺✻✾✮ ✭✵✳✶✾✸✽✮ ✭✵✳✶✹✷✼✮

❉❡✜♥✐♠♦s w1

it = I
(∑

3

j=1,j 6=i I(−yjt − c̃−
j

)
)
❡ w2

it = I
(∑

3

j=1,j 6=i I(−yjt − c−
j

σjt)
)
✳

P❛r❛ ♦ ▼♦❞❡❧♦ ✷ ❡st❡ r❡s✉❧t❛❞♦ ♥ã♦ ♣❡rs✐st❡✱ t❡♠♦s q✉❡ ❛ ❝♦rr❡❧❛çã♦ é ❜❛✐①❛ ❡♥tr❡ ❡st❛s ❞✉❛s

✈❛r✐á✈❡✐s ❡ ♦ ✈❛❧♦r✲♣ ♠♦str❛ q✉❡ ❡♠ t♦❞♦s ♦s ❝❛s♦s ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛
✾❆ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭uit✮ ❡stá ♥❛ ♠❛tr✐③ Pt✱ ❝♦♠♦ ❝♦❧♦❝❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✶✮✱ ❛ q✉❛❧ t❡♠ ✶ ♥❛

❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡ ❛s ❝♦rr❡❧❛çõ❡s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r ρijt ❡ ❡stã♦ ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳



✸✽ ❈❖❘❘❊▲❆➬➹❖ ❊◆❚❘❊ ❖❙ ❊❘❘❖❙ ❊ ❆ ❱❖▲❆❚■▲■❉❆❉❊

❞❡ ❝♦rr❡❧❛çã♦ ✐❣✉❛❧ ❛ ③❡r♦✱ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✳ P♦rt❛♥t♦ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ❛

✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣❛ís i ❝♦♠♦ ✐♥str✉♠❡♥t♦ ♣❛r❛ ❡st✐♠❛r β−
i ❛♣❡♥❛s ♥♦ ▼♦❞❡❧♦ ✶✱ ✈✐st♦

q✉❡ ♥♦ ▼♦❞❡❧♦ ✷ ❡st❛s ✈♦❧❛t✐❧✐❞❛❞❡s ♥ã♦ sã♦ ✐♥str✉♠❡♥t♦s✳

❖ s❡❣✉♥❞♦ ❡st✉❞♦ q✉❡ ♣r♦❝❡❞❡r❡♠♦s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s é ❡st✐♠❛r ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s

✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞❡ ❝♦♥tá❣✐♦ ❡ ❛s ❝♦rr❡❧❛çõ❡s ❞♦s ❡rr♦s ✭ρijt✮✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ❡st✐♠❛❞❛ ♣♦r

♠❡✐♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ♠✉❧t✐✈❛r✐❛❞♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ✭❝♦♠♦ ♦ ❉❈❈✲●❆❘❈❍✮✳

❆ ❚❛❜❡❧❛ ✸✳✻ ♠♦str❛ ❛s ❡st✐♠❛t✐✈❛s ❞❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝♦♥tá❣✐♦ ❡ ❛

❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭ρijt✮ ❡ ❛❜❛✐①♦ ❡♥tr❡ ♣❛rê♥t❡s❡s t❡♠♦s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡ ❞❛

❝♦rr❡❧❛çã♦ ❡♥tr❡ ❡st❛s ❞✉❛s ✈❛r✐á✈❡✐s✱ ❝♦♠ H0 : ρ = 0 ❝♦♥tr❛ H1 : ρ 6= 0✳ P❛r❛ ♦ ▼♦❞❡❧♦ ✶ t❡♠♦s

❝♦rr❡❧❛çõ❡s ❜❛✐①❛s✱ ♣♦ré♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ♣♦✐s ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s t❡♠♦s

✉♠ ✈❛❧♦r✲♣ ♠❡♥♦r q✉❡ 10−4✱ ❛ ❡①❝❡çã♦ é ♣❛r❛ ♦ ❈❡♥ár✐♦ ✷ ❡ P❛ís ✸ ♥♦ q✉❛❧ ❛s ✈❛r✐á✈❡✐s ρijt s❡

♠♦str❛♠ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛

❞❡ q✉❡ ❡st❛s ♥ã♦ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛✳ ❙❡♥❞♦ ❛ss✐♠ ♥♦ ▼♦❞❡❧♦ ✶ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡

♦s ❡rr♦s ✭ρijt✮ ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s t♦♠❛♥❞♦ ✉♠ ❝❡rt♦ ❝✉✐❞❛❞♦ ♣♦r ❡❧❛s s❡r❡♠ ❢r❛❝❛s✳

◆♦ ▼♦❞❡❧♦ ✷ t❡♠♦s ❝♦rr❡❧❛çõ❡s ❜❛✐①❛s✱ ♠❛✐s ❜❛✐①❛s q✉❡ ♥♦ ▼♦❞❡❧♦ ✶✱ ♣♦ré♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ❝♦♠♦ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r ♣❡❧♦s ✈❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡

❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦✱ ♦s q✉❛✐s sã♦ ♠❡♥♦r❡s q✉❡ ✵✳✶ ✭s✐❣♥✐✜❝❛t✐✈♦s ❛ ✉♠ ♥í✈❡❧ ❞❡ ✶✵✪ ❞❡

❝♦♥✜❛♥ç❛✮✳ ❊st❡ ♣♦♥t♦ é ❡①tr❡♠❛♠❡♥t❡ r❡❧❡✈❛♥t❡ ✈✐st♦ q✉❡ ❛s ρijt s❡ ♠♦str❛r❛♠ ✉♠ ✐♥str✉♠❡♥t♦

✈á❧✐❞♦ ♣❛r❛ ❡st✐♠❛r♠♦s β−
i ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ❝♦♥t✉❞♦ ❞❡✈❡♠♦s t♦♠❛r

❝✉✐❞❛❞♦ ❛♦ ✉t✐❧✐③❛r♠♦s ❡st❛s ✈❛r✐á✈❡✐s ❥á q✉❡ ♦ ✐♥str✉♠❡♥t♦ é ❢r❛❝♦✳

❊st❡s r❡s✉❧t❛❞♦s ♥♦s ✐♥❞✐❝❛♠ q✉❡ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛ s❡r❡♠ ✉t✐❧✐③❛❞❛s

♣❛r❛ ❡st✐♠❛r♠♦s β−
i s❡♠ ✈✐és s❡rã♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❛s ❡❝♦♥♦♠✐❛s j 6= i✱ ♣♦✐s ❡st❛s

sã♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✈á❧✐❞❛s ❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s✳ P♦r s✉❛ ✈❡③

♥♦ ▼♦❞❡❧♦ ✷ t❡r❡♠♦s ♠❛✐♦r❡s ❞✐✜❝✉❧❞❛❞❡s ❡♠ ❡st✐♠❛r♠♦s β−
i s❡♠ ✈✐és✱ ❥á q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❡st✉❞❛❞❛s sã♦ ❢r❛❝❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❞♦ ♠♦❞❡❧♦✳

◆❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ t❡st❛❞♦s ♦✉tr♦s ❝❡♥ár✐♦s ❛❧é♠ ❞❛q✉❡❧❡s ❛♣r❡s❡♥t❛❞♦s✱ ♦s r❡s✉❧t❛❞♦s ♥ã♦

sã♦ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❞♦s ❞✐s❝✉t✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✳ ❖✉tr♦s ♥í✈❡✐s ❞❡ c−it ✱ ❝♦♠♦ c−it =

1.96✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❡ ♦s r❡s✉❧t❛❞♦s s❡ ♠♦str❛r❛♠ r♦❜✉st♦s ❛♦ ♥í✈❡❧ q✉❡ ✐♥❞✐❝❛ ❝r✐s❡✳

◆♦ s❡❣✉✐♥t❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ❛ss✐♠ ❝♦♠♦ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛♣r❡s❡♥✲

t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✷✳



❈❆P❮❚❯▲❖ ✸✳ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✸✾

❚❛❜❡❧❛ ✸✳✻✿ ❊st✐♠❛t✐✈❛ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❡ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s
✭ρijt✮✱ ✉t✐❧✐③❛♥❞♦ T = 50000✳ ✭❚❡♠♦s ❡♥tr❡ ♣❛rê♥t❡s❡s ♦ ✈❛❧♦r✲♣ ❞♦ t❡st❡ ❞❡ ❝♦rr❡❧❛çã♦✱ H0 : ρ = 0 ❝♦♥tr❛

H1 : ρ 6= 0✳✮

❈❡♥ár✐♦ ✶ ❈❡♥ár✐♦ ✷ ❈❡♥ár✐♦ ✸ ❈❡♥ár✐♦ ✹

▼♦❞❡❧♦ ✶ P❛ís ✶ Corr(w1

1t, ρ12t) ✵✳✵✻✾✷ ✵✳✵✹✾✽ ✵✳✵✸✵✵ ✵✳✵✶✾✼

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

1t, ρ13t) ✵✳✵✽✶✼ ✵✳✵✻✶✻ ✵✳✵✸✶✶ ✵✳✵✶✾✼

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

1t, ρ23t) ✵✳✵✽✺✷ ✵✳✵✻✺✵ ✵✳✵✸✼✹ ✵✳✵✷✸✸

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

P❛ís ✷ Corr(w1

2t, ρ12t) ✵✳✵✼✽✾ ✵✳✵✺✸✹ ✵✳✵✸✶✸ ✵✳✵✷✻✶

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

2t, ρ13t) ✵✳✵✾✾✼ ✵✳✵✼✺✶ ✵✳✵✸✽✻ ✵✳✵✸✺✻

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

2t, ρ23t) ✵✳✵✽✻✻ ✵✳✵✻✾✻ ✵✳✵✸✹✹ ✵✳✵✷✼✾

✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮ ✭< 10−4✮

P❛ís ✸ Corr(w1

3t, ρ12t) ✵✳✵✺✷✽ ✵✳✵✵✼✵ ✵✳✵✸✺✾ ✵✳✵✶✽✺

✭< 10−4✮ ✭✵✳✶✶✾✸✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

3t, ρ13t) ✵✳✵✻✻✺ ✵✳✵✶✺✽ ✵✳✵✸✼✻ ✵✳✵✷✹✹

✭< 10−4✮ ✭✵✳✵✵✵✹✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

3t, ρ23t) ✵✳✵✺✺✺ ✵✳✵✶✺✻ ✵✳✵✹✼✹ ✵✳✵✷✺✹

✭< 10−4✮ ✭✵✳✵✵✵✺✮ ✭< 10−4✮ ✭< 10−4✮

▼♦❞❡❧♦ ✷ P❛ís ✶ Corr(w1

1t, ρ12t) ✲✵✳✵✶✷✽ ✲✵✳✵✶✵✸ ✲✵✳✵✶✵✽ ✲✵✳✵✵✽✻

✭✵✳✵✵✹✸✮ ✭✵✳✵✷✵✶✮ ✭✵✳✵✶✺✸✮ ✭✵✳✵✺✸✻✮

Corr(w1

1t, ρ13t) ✲✵✳✵✶✵✶ ✲✵✳✵✵✾✹ ✲✵✳✵✶✻✺ ✲✵✳✵✶✻✼

✭✵✳✵✷✸✾✮ ✭✵✳✵✸✻✸✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮

Corr(w1

1t, ρ23t) ✲✵✳✵✶✻✽ ✲✵✳✵✶✻✵ ✲✵✳✵✸✶✵ ✲✵✳✵✷✾✽

✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✸✮ ✭< 10−4✮ ✭< 10−4✮

P❛ís ✷ Corr(w1

2t, ρ12t) ✲✵✳✵✶✵✷ ✲✵✳✵✶✷✺ ✲✵✳✵✵✾✶ ✲✵✳✵✶✵✻

✭✵✳✵✷✷✶✮ ✭✵✳✵✵✺✸✮ ✭✵✳✵✹✶✹✮ ✭✵✳✵✶✼✽✮

Corr(w1

2t, ρ13t) ✲✵✳✵✵✾✹ ✲✵✳✵✶✵✵ ✲✵✳✵✷✸✾ ✲✵✳✵✷✷✻

✭✵✳✵✸✹✾✮ ✭✵✳✵✷✺✼✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

2t, ρ23t) ✲✵✳✵✵✻✷ ✲✵✳✵✵✻✷ ✲✵✳✵✶✸✾ ✲✵✳✵✶✸✺

✭✵✳✶✻✶✽✮ ✭✵✳✶✻✻✽✮ ✭✵✳✵✵✶✽✮ ✭✵✳✵✵✷✹✮

P❛ís ✸ Corr(w1

3t, ρ12t) ✲✵✳✵✶✼✸ ✲✵✳✵✶✺✼ ✲✵✳✵✷✶✽ ✲✵✳✵✶✾✼

✭✵✳✵✵✵✶✮ ✭✵✳✵✵✵✹✮ ✭< 10−4✮ ✭< 10−4✮

Corr(w1

3t, ρ13t) ✲✵✳✵✵✼✾ ✲✵✳✵✵✻✽ ✲✵✳✵✶✷✵ ✲✵✳✵✶✵✽

✭✵✳✵✼✺✸✮ ✭✵✳✶✷✼✺✮ ✭✵✳✵✵✼✸✮ ✭✵✳✵✶✺✺✮

Corr(w1

3t, ρ23t) ✲✵✳✵✵✻✷ ✲✵✳✵✵✺✻ ✲✵✳✵✵✾✽ ✲✵✳✵✵✼✶

✭✵✳✶✻✶✽✮ ✭✵✳✷✵✻✾✮ ✭✵✳✵✷✽✷✮ ✭✵✳✶✶✵✺✮

❉❡✜♥✐♠♦s w1

it = I
(∑

3

j=1,j 6=i I(−yjt − c̃−
j

)
)
❡ w2

it = I
(∑

3

j=1,j 6=i I(−yjt − c−
j

σjt)
)
✳



❈❛♣ít✉❧♦ ✹

❙✐♠✉❧❛çõ❡s

✹✳✶ ■♥tr♦❞✉çã♦

❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ❡st✉❞❛rá ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦✱ ♦ ♦❜❥❡t✐✈♦

é ✈❡r✐✜❝❛r ♦ ♠❡❧❤♦r ♠ét♦❞♦ ❞❡ s❡ ❡st✐♠❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ β−
i ✳ ❈♦♥❝♦♠✐t❛♥t❡♠❡♥t❡

❛♥❛❧✐s❛r❡♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞❛s ❞✐str✐❜✉✐çõ❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

✉t✐❧✐③❛❞♦s✱ ❛ss✐♠ ❝♦♠♦ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳

◆❛ s❡çã♦ ✸✳✷ ❞♦ ❈❛♣ít✉❧♦ ✸ ❡st✉❞❛♠♦s ❞✉❛s ❢♦r♠❛s ❞❡ s❡ ❞❡✜♥✐r ❝r✐s❡✱ ❛s q✉❛✐s ❡stã♦ ❝❛r❛❝✲

t❡r✐③❛❞❛s ♣❡❧♦s ▼♦❞❡❧♦s ✶ ❡ ✷✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ♥❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡

❡st❡s ❞♦✐s ♠♦❞❡❧♦s q✉❛♥t♦ ❛♦s ❡st✐♠❛❞♦r❡s ❞❡ β−
i ❡ ❛ ✈❛❧✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✭σit✮

♣♦st✉❧❛❞❛s ♥❛ s❡çã♦ ✸✳✸ ❞♦ ❈❛♣ít✉❧♦ ✸✳

❆♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ t❡r❡♠♦s ❡♠ ♠❡♥t❡ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡t✐r❛r ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s

❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✷✱ ♣♦✐s ♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦s q✉❛tr♦ ❝❡♥ár✐♦s ❛♣r❡s❡♥t❛❞♦s ❡ ♣❛r❛

✈ár✐♦s ♦✉tr♦s t❡st❛❞♦s sã♦ ♠✉✐t♦ ❢r❛❝♦s✳ ◆♦ ❡♥t❛♥t♦ ❡st❡s s❡rã♦ ❡st✉❞❛❞♦s ♣❛r❛ ♠♦str❛r♠♦s q✉❡

♥ã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡st❡s ♠ét♦❞♦s✳ P❛r❛ ♦ ▼♦❞❡❧♦ ✶ ♦s r❡s✉❧t❛❞♦s sã♦ r❛③♦❛✈❡❧♠❡♥t❡ ❜♦♥s✱ ♣♦✐s

❝♦♥s❡❣✉✐♠♦s r❡t✐r❛r ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ β−
i ✱ ♠❛s ♦s t❡st❡s tê♠ ♣♦✉❝♦ ♣♦❞❡r✳

❆s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s ❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❡stã♦ ❧✐❣❛❞❛s ❛♦ ♠♦❞♦ ♣❡❧♦ q✉❛❧ ❣❡r❛♠♦s

♦s ❞❛❞♦s✳ ❈♦♠♦ q✉❡r❡♠♦s ❡st✉❞❛r ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❝♦♠ s✉❛s ❞✐❢❡r❡♥t❡s ❢♦r♠❛s

❞❡ s❡ ❞❡✜♥✐r ❝r✐s❡ ✭▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✮ ✐r❡♠♦s ✉t✐❧✐③❛r ♦ s❡❣✉✐♥t❡ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s✿

yit = δi + αiyi,t−1 + β−
i I




N∑

j=1,j 6=i

I(−yjt − c−j σ
′

jt)


 + uit ✭✹✳✶✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✹✳✷✮

✹✶



✹✷ ■◆❚❘❖❉❯➬➹❖

Ht = DtPtDt; Dt = diag(σit) ✭✹✳✸✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✹✳✹✮

Pt = (Qt ⊙ IN )−1/2Qt(Qt ⊙ IN )−1/2 ✭✹✳✺✮

Qt = (1− θ1 − θ2)Q− θ1ǫt−1ǫ
T
t−1 + θ2Qt−1 ✭✹✳✻✮

❡♠ q✉❡✿ i = 1, . . . , N ❀ t = 1, . . . , T ❀ Q é ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❛♠♦str❛❧ ❞❡ ǫt ❛♣r❡s❡♥t❛❞❛

♣♦st❡r✐♦r♠❡♥t❡❀ ai0✱ ai1✱ ai2 θ1✱ θ2 sã♦ ♣❛râ♠❡tr♦s ♣♦s✐t✐✈♦s t❛✐s q✉❡ ai1 + ai2 < 1 ∀i = 1, . . . , N

θ1 + θ2 < 1❀ ❡ ⊙ é ♦ ♣r♦❞✉t♦ ❞❡ ❍❛❞❛♠❛r❞✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❛ s❡çã♦ ✸✳✺✱ ❣❡r❛r❡♠♦s ♦s ❞❛❞♦s ♣❛r❛ q✉❛tr♦ ❡❝♦♥♦♠✐❛s N = 4✱ ❡♠ q✉❡

♦s ♣❛râ♠❡tr♦s ❢♦r❛♠ ❡st✐♠❛❞♦s ♣♦r ♠❡✐♦ ❞♦ ❇❛♥❝♦ ❞❡ ❉❛❞♦s ❞❡ r❡t♦r♥♦s ❞✐ár✐♦s ❞♦s ♣r✐♥❝✐♣❛✐s

í♥❞✐❝❡s ❞❡ ❛çõ❡s ❞❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊st❛❞♦s ❯♥✐❞♦s ✭❊❯❆✮✳ ❖s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s

sã♦ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❛♠♦str❛❧

Q =




1.0 0.4948 0.5382 0.5472

0.4948 1.0 0.4352 0.4275

0.5382 0.4352 1.0 0.5941

0.5472 0.4275 0.5941 1.0




❡ ♦s ♣❛râ♠❡tr♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶✳

❚❛❜❡❧❛ ✹✳✶✿ P❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡r❛çã♦ ❞♦s ❞❛❞♦s✱ ❡♠ q✉❡ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s

❡stá ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ t❡♠♦s q✉❛tr♦ ❡❝♦♥♦♠✐❛s ✭N = 4✮✳

δi αi ai0 ai1 ai2 θ1 θ2

P❛ís ✶ 8× 10−4 ✵✳✵✷ 10−5 ✵✳✶✵ ✵✳✽✻ ✵✳✵✷ ✵✳✾✻

P❛ís ✷ 4× 10−4 ✵✳✵✻ 10−5 ✵✳✶✷ ✵✳✽✹ ✵✳✵✷ ✵✳✾✻

P❛ís ✸ 7× 10−4 ✵✳✵✻ 6× 10−6 ✵✳✶✶ ✵✳✽✻ ✵✳✵✷ ✵✳✾✻

P❛ís ✹ 3× 10−4 ✲✵✳✵✶ 10−6 ✵✳✶✵ ✵✳✽✽ ✵✳✵✷ ✵✳✾✻

❆ss✐♠ ❝♦♠♦ ♥❛ s❡çã♦ ✸✳✺ ♥♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s✱ ♦ q✉❛❧ ❢♦✐ ❝♦♥str✉í❞♦ s♦❜ ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ t❡♠♦s β−
i = 0 ♥❛ ❡q✉❛çã♦ ✭✹✳✶✮✳ ❈♦♠♦ ❞✐s❝✉t✐♠♦s ♥❛ s❡çã♦

✸✳✹ ❞♦ ❈❛♣ít✉❧♦ ✸✱ t❛♥t♦ ♥♦ ▼♦❞❡❧♦ ✶ ❝♦♠♦ ♥♦ ▼♦❞❡❧♦ ✷ ✐r❡♠♦s ✉t✐❧✐③❛r c−j = 1.64 ∀j = 1, . . . , N ✳

❖✉tr♦s ✈❛❧♦r❡s ❞❡ c−j ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✱ ♣♦r ❡①❡♠♣❧♦ c−j = 1.28 ∀j = 1, . . . , N ✱ ♦s r❡s✉❧t❛❞♦s ❢♦r❛♠

s❡♠❡❧❤❛♥t❡s ❛♦s ❡♥❝♦♥tr❛❞♦s ❝♦♠ c−j = 1.64✳

◆❛ s❡❣✉✐♥t❡ s❡çã♦ ♠♦str❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦✱ ♥❛ s❡çã♦ ✹✳✸ ❡st✉❞❛r❡♠♦s ♦ ❡❢❡✐t♦ ❞❛

❡st✐♠❛t✐✈❛ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❡ss❡ β−
i ✳ ❊st✉❞❛r❡♠♦s ♦ ✈✐és ❞♦s

❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ β−
i ♥❛ s❡çã♦ ✹✳✹✱ ❛ss✐♠ ❝♦♠♦ ❛s ❞✐str✐❜✉✐çõ❡s



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✹✸

❞❡st❡s ❡st✐♠❛❞♦r❡s✳ ❆ s❡çã♦ ✹✳✺ s❡rá ❞❡❞✐❝❛❞❛ ❛♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❚❡st❡s ❞❡ ❍✐♣ót❡✲

s❡s ❛ss✐♥tót✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ♦ ♣♦❞❡r ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s s❡rã♦ ❡st✉❞❛❞♦s

♥❛ s❡çã♦ ✹✳✻✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦s t❡st❡s s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ ❝♦♠

❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s q✉❛♥❞♦ ❡①✐st❡ ❝♦♥tá❣✐♦✱ ♥❛s s❡çõ❡s ✹✳✼ ❡ ✹✳✽ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ s❡çã♦ ✹✳✾ ✈❡r✐✜❝❛♠♦s ❛ r❡❧❡✈â♥❝✐❛ ❞❡ ✐♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s✳ ❋✐♥❛❧♠❡♥t❡ ♥❛ s❡çã♦ ✹✳✶✵ ❛♣✲

r❡s❡♥t❛♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✺✮✱ ♥♦ q✉❛❧ t❡♠♦s ❝♦♥tá❣✐♦ t❛♥t♦ ♥♦s r❡t♦r♥♦s

❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s q✉❛♥t♦ ♥♦s ♣♦s✐t✐✈♦s✳

✹✳✷ ▼ét♦❞♦ ❞❡ ❡st✐♠❛çã♦

❖ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮ s❡rá ❡st✐♠❛❞♦ ❡♠ três ❡t❛♣❛s✳ ❆s ❡t❛♣❛s ❞❛

❡st✐♠❛çã♦ ♣♦❞❡♠ s❡r ❞❡s❝r✐t❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• ✭P❛ss♦ ✶✮ ❊st✐♠❛✲s❡ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s ❛s ❡q✉❛çõ❡s✿ yit = δi +

αiyi,t−1+uit ∀i = 1, . . . , N ✳ ❊ ❝♦❧❡t❛♠♦s ❛s ❡st✐♠❛t✐✈❛s ❞♦s ❡rr♦s✱ ûmqo = (ûmqo
1. , . . . , ûmqo

N. )❀

• ✭P❛ss♦ ✷✮ ❈♦♠ ûmqo ❡st✐♠❛♠♦s ♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ✭❡q✉❛çõ❡s ✭✹✳✷✮ ❛té ✭✹✳✻✮✮✱

❛ss✐♠ t❡r❡♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❡st✐♠❛❞❛s ✭σ̂it✮✱ ❛❧é♠ ❞❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ♦s

❡rr♦s ❡st✐♠❛❞❛s❀

• ✭P❛ss♦ ✸✮ ❊st✐♠❛♠♦s ❛ ❡q✉❛çã♦ ✭✹✳✶✮ ∀i = 1, . . . , N ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱

♦♥❞❡ ♦s ✐♥str✉♠❡♥t♦s ❢♦r❛♠ ❡st✐♠❛❞♦s ♥♦ P❛ss♦ ✷✱ ❡ ♦❜t❡♠♦s ❛s ❡st✐♠❛t✐✈❛s ❡ ❞❡s✈✐♦s

♣❛❞rõ❡s ❞❡ ✐♥t❡r❡ss❡✱ ✐st♦ é✱ ❡st✐♠❛t✐✈❛s ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❞❡ β−
i ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s✳

❊s♣❡r❛♠♦s q✉❡ ♦s ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s ❞♦ ✭P❛ss♦ ✶✮ s❡❥❛♠ ❡st❛t✐st✐❝❛♠❡♥t❡ s❡♠❡❧❤❛♥t❡s

❛♦s ❞♦ ✭P❛ss♦ ✸✮✱ ♣♦✐s ❛ss✐♠ ❛t✐♥❣✐♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♥❡❝❡ssár✐❛ ❞♦s r❡sí❞✉♦s ❡st✐♠❛❞♦s ♣❛r❛

❡st✐♠❛r♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❛s sér✐❡s ❝♦rr❡t❛♠❡♥t❡✳ ❈❛s♦ ✐ss♦ ♥ã♦ ♦❝♦rr❛ ❞❡✈❡♠♦s

✐t❡r❛r ♦s P❛ss♦s ✷ ❡ ✸ ❛té ❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❢❛③❡♠♦s ✐ss♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❝♦♠♣✉t❛♠♦s ♦s

r❡sí❞✉♦s ❡st✐♠❛❞♦s ♣❡❧♦ ✭P❛ss♦ ✸✮ ❡ r♦❞❛♠♦s ♦ ✭P❛ss♦ ✷✮ ♥♦✈❛♠❡♥t❡✱ ❝♦♠ ❡st❛s ♥♦✈❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❡st✐♠❛❞❛s ✈♦❧t❛♠♦s ❛♦ ✭P❛ss♦ ✸✮ ❡ ✈❡r✐✜❝❛♠♦s s❡ ♦s r❡sí❞✉♦s sã♦ s❡♠❡❧❤❛♥t❡s ❛♦ ❛♥t❡r✐♦r✱ ❝❛s♦

✐st♦ ♥ã♦ ♦❝♦rr❛ r❡♣❡t✐♠♦s ♦ ♣r♦❝❡ss♦✳ ❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ ✹✳✸ ♠♦str❛♠ q✉❡ ❛s

❡st✐♠❛t✐✈❛s ❞♦ ♠♦❞❡❧♦ ✜♥❛❧ é r♦❜✉st❛ ❛♦s ✈❛❧♦r❡s ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ✉t✐❧✐③❛❞❛s ♥♦ ✭P❛ss♦ ✸✮✳ ❆ss✐♠✱

♦ t❡st❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣♦❞❡ s❡r ♣✉r❛♠❡♥t❡ ❡♠♣ír✐❝♦ ❡ é ♦ ❛❞♦t❛❞♦ ♥❡st❛ ❞✐ss❡rt❛çã♦✳

❖ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❞✐s❝✉t✐❞♦ ♥♦s ♣❛ss♦s ✶✱✷ ❡ ✸ é ✉t✐❧✐③❛❞♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❛♥❞♦ ❡♠

✈❡③ ❞❡ ✉s❛r♠♦s ♦ ❉❈❈✲●❆❘❈❍ ❞❡s❡❥❛♠♦s ✐♠♣❧❡♠❡♥t❛r ♦✉tr♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❞❛ ✈♦❧❛t✐❧✐✲

❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ❝❛s♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s s❡❥❛♠ ❞❡s❝r✐t❛s ♣♦r ✉♠ ❈❈❈✲●❆❘❈❍✱ ❜❛st❛ ❡st✐♠❛r✲
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♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ♥♦ ✭P❛ss♦ ✷✮ ♣♦r ❡st❡ ♠ét♦❞♦❀ ♥♦ ❝❛s♦ ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s s❡r❡♠

❞❡s❝r✐t❛s ♣♦r ✉♠ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦✱ ❜❛st❛ ✉t✐❧✐③❛r ♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ♥♦ ✭P❛ss♦ ✷✮✳

◆❛ s❡çã♦ s❡❣✉✐♥t❡ ♠♦str❛r❡♠♦s q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s

❡st✐♠❛❞❛s ♥❛s s✐♠✉❧❛çõ❡s✳

✹✳✸ ❱♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❡st✐♠❛❞❛s✱ ✭σ̂it✮

❊♠ t♦❞♦ ❡st❡ ❈❛♣ít✉❧♦ ✉t✐❧✐③❛r❡♠♦s ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ✈❡r❞❛❞❡✐r❛ ✭s✐♠✉❧❛❞❛✮ ❞♦ í♥❞✐❝❡

❞❡ ❞❡s❡♠♣❡♥❤♦ ✭yit✮✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❛ ✉♠ ❜❛♥❝♦ ❞❡ ❞❛❞♦s r❡❛❧ ♥ã♦ t❡r❡♠♦s

❞✐s♣♦♥í✈❡❧ ❛s ✈❡r❞❛❞❡✐r❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ✭σit✮✳

◆❛ s✐♠✉❧❛çã♦✱ ♠❡s♠♦ q✉❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ s❡❥❛ ❝♦♥❤❡❝✐❞❛ ❡❧❛ ♣r❡❝✐s❛ s❡r ❡st✐♠❛❞❛✳ ❈♦♠♦ ❛

❡st✐♠❛t✐✈❛ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡ t❡♠ ✉♠ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ✜③❡♠♦s ✉♠ ❡①❡r❝í❝✐♦ ❞❡ s✐♠✉❧❛çã♦

❝♦♠♣❛r❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ❞♦ ♠♦❞❡❧♦ ♦❜t✐❞♦ ♣♦r ♠❡✐♦ ❞♦s ♣r♦❝❡❞✐♠❡♥t♦s✿ ♥♦ 1o ❝❛s♦ ♦s ✈❛❧♦r❡s

✈❡r❞❛❞❡✐r♦s ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡ ♥♦ 2o ❝❛s♦ ❢♦r❛♠

✉t✐❧✐③❛❞❛s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛s ❡st✐♠❛t✐✈❛s ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s✳

P❛r❛ ❛ ✈✐s✉❛❧✐③❛çã♦ ❞❡st❡s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛♠♦s ♥❛ ❋✐❣✉r❛ ✹✳✶ ♦s ❣rá✜❝♦s ❞♦s β−
1 ❡st✐✲

♠❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ ❢♦r♠❛ ❤❡t❡r♦❝❡❞ást✐❝❛ ✭❚❡♦r❡♠❛ ✹✮✱ ❝♦♠ ♦s

✐♥str✉♠❡♥t♦s s❡♥❞♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s r❡❛✐s ❝♦♥tr❛ ♦s β−
1 ❡st✐♠❛❞♦s ❝♦♠ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡st✐♠❛❞❛s

♣❡❧♦s ♠ét♦❞♦s ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ✭❛✮✱ ❈❈❈✲●❆❘❈❍ ✭❜✮ ❡ ❉❈❈✲●❆❘❈❍ ✭❝✮✳

❋✐❣✉r❛ ✹✳✶✿ ●rá✜❝♦s ❞♦s β−
1 ❡st✐♠❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ ❢♦r♠❛ ❤❡t❡r♦✲

❝❡❞ást✐❝❛✱ ❝♦♠ ♦s ✐♥str✉♠❡♥t♦s s❡♥❞♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s r❡❛✐s ❝♦♥tr❛ ♦s β−
1 ❡st✐♠❛❞♦s ❝♦♠ ❛s ✈♦❧❛t✐❧✲

✐❞❛❞❡s ❡st✐♠❛❞❛s ♣❡❧♦s ♠ét♦❞♦s ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ✭❛✮✱ ❈❈❈✲●❆❘❈❍ ✭❜✮ ❡ ❉❈❈✲●❆❘❈❍ ✭❝✮✳

❈♦♠♦ ❛s ❡st✐♠❛t✐✈❛s sã♦ ♠✉✐t♦ ♣ró①✐♠❛s ❞✉r❛♥t❡ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦ ✉s❛r❡♠♦s ❛s ✈♦❧❛t✐❧✐✲

❞❛❞❡s r❡❛✐s ❝♦♠♦ ✐♥str✉♠❡♥t♦s✱ ♣♦✐s ❝♦♠ ✐ss♦ ❡❝♦♥♦♠✐③❛♠♦s ❜❛st❛♥t❡ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❡♠
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✐♥❝♦rr❡r ❡♠ ❡rr♦s✳ P♦rt❛♥t♦ ♥❛s s✐♠✉❧❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ❝♦♠ ❛s sér✐❡s s✐♠✉❧❛❞❛s ♥ã♦ t❡r❡♠♦s ♦s

♣❛ss♦s ✶ ❡ ✷ ❥á q✉❡ ✉t✐❧✐③❛r❡♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ✈❡r❞❛❞❡✐r❛s✳

✹✳✹ Pr♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥✲

t❛✐s q✉❛♥❞♦ ♥ã♦ ❡①✐st❡ ❝♦♥tá❣✐♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❛♥❛❧✐s❛r ♦ ✈✐és✱ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❡st✐♠❛❞♦r❡s

❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s✱ ♣❛r❛ ✐ss♦ ✉t✐❧✐③❛r❡♠♦s ♦

♠ét♦❞♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

◆♦ ❡st✉❞♦ ❞♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ β−
i ✉t✐❧✐③❛♠♦s ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛s ✭T ✮✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡r❡♠♦s ✶✵✵✵ ❡st✐♠❛t✐✈❛s ❞❡

β−
i ∀i = 1, . . . , N ✱ t❛♥t♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▼◗❖ q✉❛♥t♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳

❆s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ❡rr♦s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s s❡rã♦ ❡st✉❞❛❞❛s t❛♥t♦ ♣❛r❛

▼♦❞❡❧♦ ✶ q✉❛♥t♦ ♣❛r❛ ▼♦❞❡❧♦ ✷✳

❆s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s sã♦ ❛q✉❡❧❛s ♣♦st✉❧❛❞❛s ♥❛ s❡çã♦ ✸✳✸ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ✐st♦

é✱ ♣❛r❛ ❡st✐♠❛r β−
i ❛❞♦t❛r❡♠♦s ❝♦♠♦ ✐♥str✉♠❡♥t♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❛s ❡❝♦♥♦♠✐❛s

j 6= i✳ ❈♦♠♦ ♥❡st❡ ❝❛♣ít✉❧♦ ❡st❛♠♦s s✐♠✉❧❛♥❞♦ ♣❛r❛ q✉❛tr♦ ❡❝♦♥♦♠✐❛s t❡♠♦s três ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ✈á❧✐❞❛s✳ ◆❛ s❡çã♦ ✹✳✹ ✐r❡♠♦s ❞✐s❝✉t✐r ♦✉tr❛s ♣♦ssí✈❡✐s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛

❡st❡ ♠♦❞❡❧♦✳

❆s ❡st✐♠❛t✐✈❛s ❞❡ δi ❡ αi ∀i = 1, . . . , N sã♦ ♥ã♦ ✈✐❡s❛❞❛s✱ ❝♦♠♦ ❡s♣❡rá✈❛♠♦s✱ ♣♦✐s ❡st❡s

♣❛râ♠❡tr♦s ♥ã♦ ❡stã♦ ❧✐❣❛❞♦s ❛s ✈❛r✐á✈❡✐s ❡♥❞ó❣❡♥❛s ❞♦ ♠♦❞❡❧♦✳ ◆♦ ❆♣ê♥❞✐❝❡ ❇ ♣♦❞❡♠♦s ✈❡r ♦s

r❡s✉❧t❛❞♦s ❞❛s s✐♠✉❧❛çõ❡s ♣❛r❛ ❡st❡s ♣❛râ♠❡tr♦s ♠❛✐s ❝❧❛r❛♠❡♥t❡✳

◆❛ s✉❜s❡çã♦ ✹✳✹✳✶ ❡st✉❞❛r❡♠♦s ♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ✭❊◗▼✮ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡

▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ♦s ▼♦❞❡❧♦s ✶ ❡ ✷❀ ♥❛ s✉❜s❡çã♦ ✹✳✹✳✷ ❛♥❛❧✐s❛r❡♠♦s s❡ ♦s

❡st✐♠❛❞♦r❡s tê♠ ❞✐str✐❜✉✐çã♦ ♣ró①✐♠❛s ❞❛s ❛ss✐♥tót✐❝❛s ❣❛✉ss✐❛♥❛s✳

✹✳✹✳✶ ❱✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦

✲ ▼♦❞❡❧♦ ✶

❆ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❞❡ ❡st✐♠❛r♠♦s ♦s ♣❛râ♠❡tr♦s ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ é ♣♦r ♠❡✐♦

❞♦ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s✱ ♦ q✉❛❧ ❢♦✐ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❊st❡ ❡st✐♠❛❞♦r

❞❡ ▼◗❖ é ❝♦♥s✐st❡♥t❡ s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✱ ♠❛s ♥♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ ❡st❛s

♥ã♦ s❡ ✈❡r✐✜❝❛♠✱ ✈✐st♦ q✉❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ é ❝♦rr❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ❡rr♦ ✭❝♦♠♦ ♠♦str❛❞♦ ♥❛

s❡çã♦ ✸✳✺ ❞♦ ❈❛♣ít✉❧♦ ✸✮✳ ❆ ♠❛❣♥✐t✉❞❡ ❞♦ ✈✐és ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ♣❛r❛ β−
i é ❡st✐♠❛❞❛ ♣♦r
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♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s✳ ◆❛ ❚❛❜❡❧❛ ✹✳✷ t❡♠♦s ❛s ❡st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦

❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❞❡ β−
i ♣❛r❛ T = 100✱ T = 500 ❡ T = 1000✳

❚❛❜❡❧❛ ✹✳✷✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s
✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦ ✭❱■ ❤♦♠♦✮ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ✭❱■ ❤❡t❡✮ ❞❡
β−

i ♥♦ ▼♦❞❡❧♦ ✶✳ ❊♥tr❡ ♣❛rê♥t❡s❡s t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s
❞♦s ♣❛râ♠❡tr♦s✳ ✭❘❡s✉❧t❛❞♦s ❜❛s❡❛❞♦s ❡♠ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ ♣❛râ♠❡tr♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶✳✮

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 100 ❱✐és ▼◗❖ ✲✵✳✵✷✹✵ ✲✵✳✵✷✶✸ ✲✵✳✵✶✽✹ ✲✵✳✵✵✾✵

✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✸✮ ✭✵✳✵✵✵✷✮

❱■ ❤♦♠♦ ✲✵✳✵✶✻✼ ✲✵✳✵✶✼✵ ✲✵✳✵✶✺✷ ✲✵✳✵✵✼✻

✭✵✳✵✵✶✽✮ ✭✵✳✵✵✷✵✮ ✭✵✳✵✵✶✹✮ ✭✵✳✵✵✵✼✮

❱■ ❤❡t❡ ✲✵✳✵✶✻✽ ✲✵✳✵✶✼✵ ✲✵✳✵✶✻✷ ✲✵✳✵✵✽✶

✭✵✳✵✵✶✽✮ ✭✵✳✵✵✷✵✮ ✭✵✳✵✵✶✹✮ ✭✵✳✵✵✵✼✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✼ ✵✳✵✵✵✻ ✵✳✵✵✵✹ ✵✳✵✵✵✶

❱■ ❤♦♠♦ ✵✳✵✵✸✻ ✵✳✵✵✹✸ ✵✳✵✵✷✷ ✵✳✵✵✵✻

❱■ ❤❡t❡ ✵✳✵✵✹ ✵✳✵✵✹✹ ✵✳✵✵✷✸ ✵✳✵✵✵✻

T = 500 ❱✐és ▼◗❖ ✲✵✳✵✷✸✾ ✲✵✳✵✷✶✶ ✲✵✳✵✶✽✻ ✲✵✳✵✵✾✵

✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✶✮

❱■ ❤♦♠♦ ✲✵✳✵✵✷✺ ✲✵✳✵✵✷✽ ✲✵✳✵✵✸✹ ✲✵✳✵✵✶✸

✭✵✳✵✵✵✻✮ ✭✵✳✵✵✵✼✮ ✭✵✳✵✵✵✻✮ ✭✵✳✵✵✵✸✮

❱■ ❤❡t❡ ✲✵✳✵✵✷✾ ✲✵✳✵✵✸✸ ✲✵✳✵✵✸✺ ✲✵✳✵✵✶✹

✭✵✳✵✵✵✻✮ ✭✵✳✵✵✵✼✮ ✭✵✳✵✵✵✻✮ ✭✵✳✵✵✵✸✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✻ ✵✳✵✵✵✺ ✵✳✵✵✵✸ ✵✳✵✵✵✵✾

❱■ ❤♦♠♦ ✵✳✵✵✵✹ ✵✳✵✵✵✺ ✵✳✵✵✵✹ ✵✳✵✵✵✵✽

❱■ ❤❡t❡ ✵✳✵✵✵✹ ✵✳✵✵✵✺ ✵✳✵✵✵✸ ✵✳✵✵✵✵✼

T = 1000 ❱✐és ▼◗❖ ✲✵✳✵✷✹✸ ✲✵✳✵✷✶✻ ✲✵✳✵✶✽✽ ✲✵✳✵✵✾✹

✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✶✮ ✭✵✳✵✵✵✶✮

❱■ ❤♦♠♦ ✲✵✳✵✵✶✵ ✲✵✳✵✵✵✾ ✲✵✳✵✵✵✾ ✲✵✳✵✵✵✸

✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✺✮ ✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✷✮

❱■ ❤❡t❡ ✲✵✳✵✵✶✷ ✲✵✳✵✵✵✼ ✲✵✳✵✵✶✵ ✲✵✳✵✵✵✺

✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✺✮ ✭✵✳✵✵✵✸✮ ✭✵✳✵✵✵✷✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✹ ✵✳✵✵✵✺ ✵✳✵✵✵✸ ✵✳✵✵✵✵✾

❱■ ❤♦♠♦ ✵✳✵✵✵✷ ✵✳✵✵✵✸ ✵✳✵✵✵✶ ✵✳✵✵✵✵✹

❱■ ❤❡t❡ ✵✳✵✵✵✶ ✵✳✵✵✵✷ ✵✳✵✵✵✶ ✵✳✵✵✵✵✸

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✹✳✷ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ é s✐❣♥✐✜❝❛♥t❡✱ ♣♦✐s ♥❛ ✐♥❡①✐stê♥❝✐❛

❞❡ ❝♦♥tá❣✐♦ ❛ ❡st✐♠❛t✐✈❛ ❞♦ ♠♦❞❡❧♦ ✐♥❞✐❝❛r✐❛ q✉❡ ❡♠ ♠é❞✐❛ ❛ ❡❝♦♥♦♠✐❛ t❡♠ ✉♠❛ q✉❡❞❛ ❞❡ ✷✪ ♥♦

s❡✉ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ q✉❛♥❞♦ ✉♠❛ ❞❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s ❡♥tr❛ ❡♠ ❝r✐s❡✳ ❈♦♠ ✐ss♦ r❛t✐✜❝❛♠♦s

♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❡♥❝♦♥tr❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❡ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s
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✭❝♦♠♦ ♣r♦♣♦st♦ ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✮✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❡st✉❞❛♠♦s três ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ♦s

q✉❛✐s ❡stã♦ ♦r❣❛♥✐③❛❞♦s ♥♦s ❚❡♦r❡♠❛s ✸✱ ✹ ❡ ✺✳ ◆♦ ❚❡♦r❡♠❛ ✸ t❡♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✲

✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ♦ ❝❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦✱ ♥♦ ❚❡♦r❡♠❛ ✹ t❡♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ ♥♦ ❚❡♦r❡♠❛ ✺ ✉t✐❧✐③❛♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❞♦ ❝❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❛ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ♣❛r❛ ♦ ❝❛s♦

❤❡t❡r♦s❝❡❞ást✐❝♦✳

◆❛ ❚❛❜❡❧❛ ✹✳✷ t❡♠♦s ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ♦ ❝❛s♦ ❤♦♠♦s✲

❝❡❞ást✐❝♦ ✭❚❡♦r❡♠❛ ✸✮ ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦ ✭❚❡♦r❡♠❛ ✹✮✳ ❈♦♠♦ ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦

é ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❡st❛r❡♠♦s ✐♥❝♦rr❡♥❞♦ ❡♠ ✉♠ ❡rr♦ ❞❡ ❡s♣❡❝✐✜❝❛çã♦ ♥♦ ❝❛s♦ ❤♦♠♦s❝❡❞ást✐❝♦✳

◗✉❡r❡♠♦s s❛❜❡r ♦ q✉❛♥t♦ ❡st❡ ❡rr♦ ❞❡ ❡s♣❡❝✐✜❝❛çã♦ ❛❢❡t❛rá ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡

✐♥t❡r❡ss❡ ✭❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❝♦♥tá❣✐♦✮✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✹✳✷ ✈❡♠♦s q✉❡ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✭❱■✮

é ♠❡♥♦r ❞♦ q✉❡ ♦ ❞❡ ▼◗❖✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ t❡♠♦s ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡s✱ ✐st♦

é✱ ♣❛r❛ T = 500 ❡ T = 1000 ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ❱■ é s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠❡♥♦r ❞♦ q✉❡ ♦s

❞❡ ▼◗❖✳ ❊st❡ ❢❛t♦ ❥á ❡r❛ ♣r❡✈✐st♦ ♣❡❧❛ t❡♦r✐❛ ❝♦♥str✉í❞❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ♣♦✐s ❝♦♥str✉í♠♦s t✉❞♦

❞❡ ❢♦r♠❛ ❛ss✐♥tót✐❝❛✱ s❡♥❞♦ ❛ss✐♠ ♦s r❡s✉❧t❛❞♦s ❞❡✈❡♠ ❢✉♥❝✐♦♥❛r ❜❡♠ ♣❛r❛ ❛♠♦str❛s ❣r❛♥❞❡s✳ ❖

♣♦♥t♦ r❡❧❡✈❛♥t❡ ❛ s❡ ❡st✉❞❛r ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s é ✈❡r✐✜❝❛r q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ é

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❛ss✐♥tót✐❝♦s s❡r❡♠ ❝♦rr♦❜♦r❛❞♦s✳

P❛r❛ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ♦s r❡s✉❧t❛❞♦s sã♦ ♠✉✐t♦ s❡♠❡❧✲

❤❛♥t❡s ❛q✉❡❧❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ ❡♠ q✉❡ ♦ ✈✐és é q✉❛s❡

✐♥❡①✐st❡♥t❡ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ♣❛r❛ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡✳ ❖❜✲

s❡r✈❡♠♦s q✉❡ ♦ ❊◗▼ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦s ♣❛r❛ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡

❣r❛♥❞❡ é ♠❡♥♦r q✉❡ ❊◗▼ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦s✳

❆ ❛♥á❧✐s❡ ❢❡✐t❛ ♥❡st❛ s❡çã♦ ♥♦s r❡✈❡❧❛ q✉❡ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ s❡çã♦ ✸✳✸✱

sã♦ ❢♦rt❡s✱ ❝♦♠♦ ✐♥❞✐❝❛❞♦ ♣❡❧❛s ❝♦rr❡❧❛çõ❡s ❝♦♠♣✉t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✸✳✸ ❞❛ s❡çã♦ ✸✳✺ ❞♦ ❈❛♣ít✉❧♦

✸✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ é ❝♦rr♦❜♦r❛❞♦ ♣❡❧♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞✱ ❡♠ q✉❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡st❛s

s✐♠✉❧❛çõ❡s s❡ ❡♥❝♦♥tr❛♠ ♥❛ ❚❛❜❡❧❛ ✹✳✸✳

❆ ❚❛❜❡❧❛ ✹✳✸ ♥♦s r❡✈❡❧❛ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ♠❛✐s ❢♦rt❡s q✉❛♥t♦ ♠❛✐♦r é ❛ ❛♠♦str❛✱

❧❡♠❜r❡♠♦s q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❡stã♦ ❞❛❞♦s ♣❡❧❛ ❚❛❜❡❧❛ ✶ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❙t♦❝❦ ❡ ❨♦❣♦ ✭✷✵✵✺✮✱

❝♦♠ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ t❡♠♦s✿ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ✶✸✳✾✶ ♣❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦

❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ♣❛r❛ ♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ ✺✪✱ ♣❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦

❞❡ ✶✵✪ ♦ ✈❛❧♦r ❝rít✐❝♦ é ✾✳✵✽✱ ♣❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞❡ ✷✵✪ ♦ ✈❛❧♦r ❝rít✐❝♦ é ✻✳✹✻✳ ❆ss✐♠

♣❡r❝❡❜❡♠♦s q✉❡ ♣❛r❛ T = 100 ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s ❝♦rr♦❜♦r❛♥❞♦ ♦ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧ ♦



✹✽ P❘❖P❘■❊❉❆❉❊❙ ❉❖❙ ❊❙❚■▼❆❉❖❘❊❙

❚❛❜❡❧❛ ✹✳✸✿ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉✲
❧❛❞❛s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦

t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ p = 3 é ❞❡ ✶✸✳✾✶✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 100 Gn ✶✳✻✽ ✶✳✻✶ ✶✳✻✶ ✶✳✻✸

T = 500 Gn ✼✳✺✻ ✼✳✶✸ ✻✳✻✽ ✼✳✵✶

T = 1000 Gn ✶✻✳✹✽ ✶✺✳✹✾ ✶✹✳✷✼ ✶✹✳✹✾

✈✐és é ❛❧t♦✱ ♣♦ré♠ q✉❛♥❞♦ ❛ ❛♠♦str❛ ❛✉♠❡♥t❛ ♦s ✐♥str✉♠❡♥t♦s s❡ t♦r♥❛♠ ♠❛✐s ❢♦rt❡s s❡♥❞♦

✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ✶✵✵✵ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s s❡❥❛♠ ❝♦♥s✐❞❡r❛❞❛s

❢♦rt❡s✳

✲ ▼♦❞❡❧♦ ✷

❆ ❛♥á❧✐s❡ ❢❡✐t❛ ❛ ❝❡r❝❛ ❞♦ ▼♦❞❡❧♦ ✶ s❡rá ❢❡✐t❛ ♥❡st❛ s❡çã♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ P❡r❝❡❜❡r❡♠♦s q✉❡

❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s sã♦ ❢r❛❝❛s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✱ ✐st♦

é✱ ♠❡s♠♦ ♣❛r❛ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡s ✭T = 500 ❡ T = 1000✮ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s

❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s é ❛❧t♦✳

❆ ❚❛❜❡❧❛ ✹✳✹ ♥♦s r❡✈❡❧❛ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ❝♦♠♦ ♣r❡✈✐st♦

t❡♠♦s ✉♠ ✈✐és ❛❧t♦ ♣❛r❛ t♦❞♦s ♦s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛✱ s❡♠❡❧❤❛♥t❡♠❡♥t❡ ❛♦ ❞✐s❝✉t✐❞♦ ♣❛r❛ ♦

▼♦❞❡❧♦ ✶✳

❆ ❚❛❜❡❧❛ ✹✳✹ ♥♦s ❞á ❛s ❡st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s✱ ❞✐s❝✉t✐❞♦s ♥♦ ❚❡♦r❡♠❛ ✸ ❞♦ ❈❛♣ít✉❧♦ ✷✳ ■♥❞❡♣❡♥❞❡♥✲

t❡♠❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ♦ ✈✐és ❞♦ ❡st✐♠❛❞♦r s❡ ♠❛♥té♠ ❝♦♥st❛♥t❡✱ ✐st♦ é✱ ♥ã♦ t❡♠♦s

✉♠ ❣❛♥❤♦ ❛♦ ✉t✐❧✐③❛r ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ❊st❡ r❡s✉❧t❛❞♦ ❥á ❡r❛ ♣r❡✈✐st♦ ❞❡✲

✈✐❞♦ ❛♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s✱ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦s ❡rr♦s✱ s❡r❡♠ ♠✉✐t♦ ❢r❛❝♦s ❝♦♠♦

✈❡r✐✜❝❛♠♦s ♥❛ ❚❛❜❡❧❛ ✸✳✸ ❞❛ s❡çã♦ ✸✳✺ ❞♦ ❈❛♣ít✉❧♦ ✸✳

❆♦ ✉s❛r♠♦s ♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s✱ ❞✐s❝✉t✐❞♦s ♥♦ ❚❡♦✲

r❡♠❛ ✹ ❞♦ ❈❛♣ít✉❧♦ ✷✱ t❡♠♦s q✉❡ ♦ ✈✐és ♥ã♦ é ❝♦rr✐❣✐❞♦ ❝♦♠♦ ✈❡♠♦s ♥❛ ❚❛❜❡❧❛ ✹✳✹✳

❖ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧ ♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ é ✈✐❡s❛❞♦✱ ❡ ♥❛ ♠❡s♠❛ ♠❛❣♥✐t✉❞❡ q✉❡

♦ ❞❡ ▼◗❖✱ sã♦ ♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s✳ ❖s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ❢r❛❝♦s

✭❚❛❜❡❧❛ ✸✳✹✮ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❞♦ ▼♦❞❡❧♦ ✷✱ ♣♦✐s ❛ q✉❡stã♦ ❞♦ ✐♥str✉♠❡♥t♦ s❡r ❢r❛❝♦

❡stá ❧✐❣❛❞❛ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ❞♦ ♠♦❞❡❧♦ ❡ ♥ã♦ ❝♦♠ ❛ ❢♦r♠❛ ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■✳

❖ ❢❛t♦ ❞♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s s❡r❡♠ ❢r❛❝♦s ♥♦ ▼♦❞❡❧♦ ✷ é ❝♦rr♦❜♦r❛❞♦ ♣❡❧♦ ❚❡st❡ ❞❡

❈r❛❣❣✲❉♦♥❛❧❞✳ ◆❛ ❚❛❜❡❧❛ ✹✳✺ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♦s ✈❛❧♦r❡s ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞

sã♦ ♠✉✐t♦ ❜❛✐①♦s ❡ ♣♦rt❛♥t♦ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✹✾

❚❛❜❡❧❛ ✹✳✹✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s
✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦ ✭❱■ ❤♦♠♦✮ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ✭❱■ ❤❡t❡✮ ❞❡
β−

i ♥♦ ▼♦❞❡❧♦ ✷✳ ❊♥tr❡ ♣❛rê♥t❡s❡s t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s
❞♦s ♣❛râ♠❡tr♦s✳ ✭❘❡s✉❧t❛❞♦s ❜❛s❡❛❞♦s ❡♠ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✭✹✳✶✮ ❛té ✭✹✳✻✮ ❡ ♣❛râ♠❡tr♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶✳✮

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 100 ❱✐és ▼◗❖ ✲✵✳✵✷✹✷ ✲✵✳✵✷✶✸ ✲✵✳✵✶✽✸ ✲✵✳✵✵✽✾

✭✵✳✵✵✵✸✮ ✭✵✳✵✵✵✹✮ ✭✵✳✵✵✵✸✮ ✭✵✳✵✵✵✷✮

❱■ ❤♦♠♦ ✲✵✳✵✷✵✻ ✲✵✳✵✷✶✽ ✲✵✳✵✶✻✺ ✲✵✳✵✵✼✾

✭✵✳✵✵✶✽✮ ✭✵✳✵✵✷✷✮ ✭✵✳✵✵✶✺✮ ✭✵✳✵✵✵✽✮

❱■ ❤❡t❡ ✲✵✳✵✷✵✹ ✲✵✳✵✷✶✾ ✲✵✳✵✶✻✹ ✲✵✳✵✵✼✽

✭✵✳✵✵✶✽✮ ✭✵✳✵✵✷✹✮ ✭✵✳✵✵✶✺✮ ✭✵✳✵✵✵✾✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✼ ✵✳✵✵✵✻ ✵✳✵✵✵✹ ✵✳✵✵✵✶

❱■ ❤♦♠♦ ✵✳✵✵✸✾ ✵✳✵✵✺✺ ✵✳✵✵✷✺ ✵✳✵✵✵✽

❱■ ❤❡t❡ ✵✳✵✵✸✾ ✵✳✵✵✻✵ ✵✳✵✵✷✹ ✵✳✵✵✵✽

T = 500 ❱✐és ▼◗❖ ✲✵✳✵✷✸✾ ✲✵✳✵✷✶✶ ✲✵✳✵✶✽✶ ✲✵✳✵✵✽✽

✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✷✮ ✭✵✳✵✵✵✶✮

❱■ ❤♦♠♦ ✲✵✳✵✷✶✶ ✲✵✳✵✶✽✻ ✲✵✳✵✶✽✽ ✲✵✳✵✵✽✹

✭✵✳✵✵✷✶✮ ✭✵✳✵✵✷✷✮ ✭✵✳✵✵✶✼✮ ✭✵✳✵✵✵✾✮

❱■ ❤❡t❡ ✲✵✳✵✷✵✷ ✲✵✳✵✶✼✾ ✲✵✳✵✶✽✺ ✲✵✳✵✵✽✹

✭✵✳✵✵✷✵✮ ✭✵✳✵✵✷✷✮ ✭✵✳✵✵✶✽✮ ✭✵✳✵✵✵✾✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✻ ✵✳✵✵✵✹ ✵✳✵✵✵✸ ✵✳✵✵✵✵✽

❱■ ❤♦♠♦ ✵✳✵✵✹✽ ✵✳✵✵✺✷ ✵✳✵✵✸✹ ✵✳✵✵✵✾

❱■ ❤❡t❡ ✵✳✵✵✹✻ ✵✳✵✵✺✶ ✵✳✵✵✸✺ ✵✳✵✵✵✾

T = 1000 ❱✐és ▼◗❖ ✲✵✳✵✷✹✷ ✲✵✳✵✷✶✹ ✲✵✳✵✶✽✷ ✲✵✳✵✵✾✶

✭✵✳✵✵✵✶✮ ✭✵✳✵✵✵✶✮ ✭✵✳✵✵✵✶✮ ✭✵✳✵✵✵✶✮

❱■ ❤♦♠♦ ✲✵✳✵✷✶✼ ✲✵✳✵✷✹✽ ✲✵✳✵✶✾✼ ✲✵✳✵✵✽✵

✭✵✳✵✵✷✶✮ ✭✵✳✵✵✷✶✮ ✭✵✳✵✵✶✻✮ ✭✵✳✵✵✵✾✮

❱■ ❤❡t❡ ✲✵✳✵✷✶✻ ✲✵✳✵✷✺✷ ✲✵✳✵✶✾✽ ✲✵✳✵✵✼✻

✭✵✳✵✵✷✶✮ ✭✵✳✵✵✷✶✮ ✭✵✳✵✵✶✻✮ ✭✵✳✵✵✵✾✮

❊◗▼ ▼◗❖ ✵✳✵✵✵✻ ✵✳✵✵✵✹ ✵✳✵✵✵✸ ✵✳✵✵✵✵✽

❱■ ❤♦♠♦ ✵✳✵✵✺✵ ✵✳✵✵✺✵ ✵✳✵✵✷✾ ✵✳✵✵✵✾

❱■ ❤❡t❡ ✵✳✵✵✺✶ ✵✳✵✵✺✵ ✵✳✵✵✸✵ ✵✳✵✵✵✾

❢r❛❝♦s ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ r❛③♦á✈❡❧✱ ♠❡s♠♦ ♣❛r❛ ✉♠ t❛♠❛♥❤♦ ❛♠♦str❛❧ ✐❣✉❛❧ ❛ ✶✵✵✵✳

✹✳✹✳✷ ❉✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s ❡st✐♠❛❞♦r❡s

◆♦ ❈❛♣ít✉❧♦ ✷ ❡st✉❞❛♠♦s ❛s ❞✐str✐❜✉✐çõ❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉✲

♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡st❡s ❡st✐♠❛❞♦r❡s

tê♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳ ◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❛❞❡q✉❛çã♦ ❞❡st❛s ❞✐str✐❜✉✐çõ❡s ❛♦ ❡st✐✲



✺✵ P❘❖P❘■❊❉❆❉❊❙ ❉❖❙ ❊❙❚■▼❆❉❖❘❊❙

❚❛❜❡❧❛ ✹✳✺✿ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉✲
❧❛❞❛s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦

t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂3 é ❞❡ ✶✸✳✾✶✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 100 Gn ✶✳✷✵ ✶✳✶✼ ✶✳✶✽ ✶✳✷✶

T = 500 Gn ✶✳✵✾ ✶✳✶✵ ✶✳✵✽ ✶✳✵✻

T = 1000 Gn ✶✳✵✻ ✶✳✵✽ ✶✳✵✺ ✶✳✵✹

♠❛❞♦r ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ β−
i ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❛♠♦str❛✐s✳

❆s ❢❡rr❛♠❡♥t❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛♥❛❧✐s❛r ❛ ❛❞❡q✉❛çã♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐✲

♠❛❞♦r❡s sã♦ ♦s ❤✐st♦❣r❛♠❛s ❞♦s β−
i ❡st✐♠❛❞♦s ❡ ♦ ❣rá✜❝♦ q✉❡ ❝♦♠♣❛r❛ ♦s q✉❛♥t✐s t❡ór✐❝♦s ❞❛

❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♦s q✉❛♥t✐s ❞♦s ❞❛❞♦s ✭◗◗✲♣❧♦t✮✳

❆♣r❡s❡♥t❛r❡♠♦s ❛♣❡♥❛s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠ ú♥✐❝♦ ♣❛ís✱ ♥♦ ❝❛s♦ ♦ ♣❛ís ✶✱ ♣♦✐s ♦s r❡s✉❧t❛❞♦s

sã♦ ❛♥á❧♦❣♦s ♣❛r❛ ♦s ♦✉tr♦s ♣❛ís❡s✳

✲ ▼♦❞❡❧♦ ✶

❆s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸ ❞✐s♣♦♥✐❜✐❧✐③❛♠ ♦s ❤✐st♦❣r❛♠❛s ❡ ♦s qq✲♣❧♦ts ♣❛r❛ ♦s ❡st✐♠❛❞♦r❡s ❞❡

▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❝♦♠ T =

✶✵✵ ❡ ✶✵✵✵✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖♠✐t✐r❡♠♦s ♦ ❝❛s♦ T = ✺✵✵ ❞❡✈✐❞♦ ❛♦s r❡s✉❧t❛❞♦s s❡r❡♠ s✐♠✐❧❛r❡s

❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ✶✵✵✵✳

❆ ❋✐❣✉r❛ ✹✳✷ ♥♦s r❡✈❡❧❛ q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❛♣❡s❛r ❞❡ t❡r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧

é ✈✐❡s❛❞♦✱ q✉❛♥t♦ ❛♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❡st❡s sã♦ ♣♦✉❝♦ ♠❡♥♦s ✈✐❡s❛❞♦s ❡

t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ♥♦t❡♠♦s q✉❡ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s é ♠❛✐♦r q✉❡ ♦ ❞❡ ▼◗❖✳

❆ ❋✐❣✉r❛ ✹✳✸✱ ♣♦r s✉❛ ✈❡③✱ r❡✈❡❧❛ ✉♠❛ ♠❛✐♦r ❛❞❡q✉❛çã♦ ❞❛ ♥♦r♠❛❧✐❞❛❞❡ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❝♦♠ ✉♠ ✈í❝✐♦ ♠❡♥♦r ❞♦ q✉❡ ❛q✉❡❧❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛s♦ T = ✶✵✵✱ ❛❧é♠

❞❡ t❡r ♣♦✉❝❛ ✈❛r✐❛❜✐❧✐❞❛❞❡✳ ◆♦ ❡♥t❛♥t♦ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ s❡ ♠♦str❛ ✈✐❡s❛❞♦ ❛ss✐♠ ❝♦♠♦ ♥♦

❝❛s♦ T = ✶✵✵✱ ❛♣❡s❛r ❞❡ t❡r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳

❆ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡

❣r❛♥❞❡s ✭T = ✺✵✵ ❡ ✶✵✵✵✮ é ♣❡q✉❡♥❛✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛❧é♠ ❞❡ t❡r♠♦s ✉♠ ❡st✐♠❛❞♦r ♥ã♦ ✈✐❡s❛❞♦

t❛♠❜é♠ ♥ã♦ ❡rr❛♠♦s ♦ ♠❡s♠♦ ❡♠ ♠❛❣♥✐t✉❞❡s ❛❧t❛s ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛❧t❛✳



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✺✶

❋✐❣✉r❛ ✹✳✷✿ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ás✲
t✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛ ❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡

❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛ ❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦

❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✱ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮

✲ ▼♦❞❡❧♦ ✷

❆s ❋✐❣✉r❛s ✹✳✹ ❡ ✹✳✺ ❞✐s♣♦♥✐❜✐❧✐③❛♠ ♦s ❤✐st♦❣r❛♠❛s ❡ qq✲♣❧♦ts ♣❛r❛ ❛s ❡st✐♠❛t✐✈❛s ❞❡ ▼◗❖✱

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦❝❡❞ást✐❝❛s ❡ ❤❡t❡r♦❝❡❞ást✐❝❛s ❞❡ β−
1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ ❝♦♠ T = ✶✵✵

❡ ✶✵✵✵✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖♠✐t✐r❡♠♦s ♦ ❝❛s♦ T = ✺✵✵ ❞❡✈✐❞♦ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❝♦♠ ♦s ❝❛s♦s T =

✶✵✵ ❡ ✶✵✵✵✳

◆♦t❛♠♦s q✉❡ ♣❛r❛ t♦❞♦s ♦s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−
1 ♣❡❧♦s ♠ét♦❞♦s ❡s✲

t✉❞❛❞♦s tê♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❡ ♦ ✈✐és ❞❡ t♦❞♦s ♦s ❡st✐♠❛❞♦r❡s é ❛❧t♦✳ ❆ ❋✐❣✉r❛ ✹✳✹

♥♦s r❡✈❡❧❛ q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ t❡♠ ✉♠ ✈✐és ❛❧t♦ ❡ ❛❧é♠ ❞✐ss♦ t❡♠ ♣♦✉❝❛ ✈❛r✐❛❜✐❧✐❞❛❞❡

♣❛r❛ T = ✶✵✵✱ ✐st♦ é✱ ♦ ❡st✐♠❛❞♦r ❡rr❛ ❝♦♠ ❜❛st❛♥t❡ ❛❝✉r❛❝✐❞❛❞❡✳ ❖s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s sã♦ ✈✐❡s❛❞♦s✱ ♣♦ré♠ ❡st❡s tê♠ ✉♠❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ♠❛✐♦r✳

❊♠ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡s ♦s ❡st✐♠❛❞♦r❡s s❡ ❝♦♠♣♦rt❛♠ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡

♣❛r❛ ❛♠♦str❛ T = ✶✵✵✳ ❖ ✈✐és ❞❡ t♦❞♦s ♦s ❡st✐♠❛❞♦r❡s é ❛❧t♦✱ ❝♦♥t✉❞♦ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❛s

❡st✐♠❛t✐✈❛s ❞❡ ▼◗❖ sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ ❛s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉✲

♠❡♥t❛✐s t❛♥t♦ ♦ ❤♦♠♦s❝❡❞ást✐❝♦ q✉❛♥t♦ ♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳
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❋✐❣✉r❛ ✹✳✸✿ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ás✲
t✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛ ❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡

❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛ ❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦

❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✵✱ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮

✹✳✺ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❡st✉❞❛♠♦s ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❡ ❱■ ❤❡t❡r♦s❝❡✲

❞ást✐❝♦ ♣❛r❛ ♦s ▼♦❞❡❧♦s ✶ ❡ ✷✳ ❈♦♥t✉❞♦ ❛♦ ✉t✐❧✐③❛r♠♦s ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❡st❛♠♦s

✐♥t❡r❡ss❛❞♦s ❡♠ s❛❜❡r s❡ ♦s ♣❛râ♠❡tr♦s q✉❡ ✐♥❞✐❝❛♠ ❝♦♥tá❣✐♦ sã♦ ❡st❛t✐st✐❝❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡

③❡r♦✱ s❡♥❞♦ ❛ss✐♠ ❞❡✈❡♠♦s ❡st✉❞❛r q✉❛❧ ♦ t❡st❡ ♠❛✐s ❛❝✉r❛❞♦ ♥♦s ▼♦❞❡❧♦s ✶ ❡ ▼♦❞❡❧♦ ✷✳

❆ ❤✐♣ót❡s❡ ❛ s❡r t❡st❛❞❛ é H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ♣♦r ♠❡✐♦ ❞❛s s✐♠✉❧❛çõ❡s ❝♦♥✲

s❡❣✉✐r❡♠♦s ❡st✉❞❛r q✉❛✐s ♦s ♠❡❧❤♦r❡s t❡st❡s ❛ s❡r❡♠ ✉t✐❧✐③❛❞♦s ♥♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❡st✉❞❛♠♦s ❛❧❣✉♥s t✐♣♦s ❞❡ t❡st❡s ❞❡ ❤✐♣ót❡s❡s✱ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s

❞❛ s❡çã♦ ✷✳✸ ❡ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❡st✉❞❛❞♦s ♥❛ s✉❜s❡çã♦ ✷✳✹✳✷✱

❝❛❞❛ ✉♠ ❞❡st❡s t❡st❡s s❡rã♦ ❡st✉❞❛❞♦s ♣♦r ♠❡✐♦ ❞❛s s✐♠✉❧❛çõ❡s✳ ❆ ❛♥á❧✐s❡ s❡rá ❜❛s❡❛❞❛ ♥❛ ❝♦♠✲

♣❛r❛çã♦ ❞♦ t❛♠❛♥❤♦ r❡❛❧ ❞♦s t❡st❡s ❝♦♠ ♦ ❡♠♣ír✐❝♦✱ ♥♦ ❡st✉❞♦ ❞❛ ❢✉♥çã♦ ♣♦❞❡r ❞♦s t❡st❡s ❡ ❞♦

✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛✳

◆❛ s✉❜s❡çã♦ ✹✳✺✳✶ ❡st✉❞❛r❡♠♦s ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ♥❛ s✉❜s❡çã♦ ✹✳✺✳✷

❢❛r❡♠♦s ♦ ♠❡s♠♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❆ s❡çã♦ ✹✳✻ ❡st✉❞❛rá ♣♦❞❡r ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❡ ♥❛ s❡çã♦



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✺✸

❋✐❣✉r❛ ✹✳✹✿ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ás✲
t✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛ ❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡

❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛ ❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦

❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✱ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮

✹✳✼ ❛♥❛❧✐s❛r❡♠♦s ❛ r❡❣✐ã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦s t❡st❡s✳

✹✳✺✳✶ ▼♦❞❡❧♦ ✶

◆❛ s❡çã♦ ❛♥t❡r✐♦r ✈✐♠♦s q✉❡ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦ r❡t✐r❛♠ ❜♦❛

♣❛rt❡ ❞♦ ✈✐és ❡①✐st❡♥t❡ ♥♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✳ ❆q✉✐ ✐r❡♠♦s ❡st✉❞❛r s❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s

❞✐s❝✉t✐❞♦s ♥❛ s❡çã♦ ✷✳✸ r❡❥❡✐t❛♠ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ♥❛ ♠❡s♠❛ t❛①❛ ❞❡ r❡❥❡✐çã♦ ♥♦♠✐♥❛❧✳

❆ ❚❛❜❡❧❛ ✹✳✻ ♥♦s ❞á q✉❛♥t❛s ✈❡③❡s r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ♥❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ✉♠

♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ❝♦♠ T = 100✱ 500 ❡ 1000✳ P♦r ❡①❡♠♣❧♦✱ ♦ t❡st❡ ❛ss✐♥tót✐❝♦ ❞❡ ▼◗❖ ❝♦♠

α = 10% r❡❥❡✐t❛ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ✾✷✳✺✪ ❞❛s ✈❡③❡s ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛ ✶✳ P♦rt❛♥t♦ ♦s r❡s✉❧t❛❞♦s ❞❛

❚❛❜❡❧❛ ✹✳✻ ♥♦s r❡✈❡❧❛♠ q✉❡ ♦s t❡st❡s ❛ss✐♥tót✐❝♦s ❞❡ ▼◗❖ sã♦ ♠✉✐t♦ r✉✐♥s✱ ✈✐st♦ q✉❡ ❡stã♦ ❧♦♥❣❡ ❞♦

♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ♥♦♠✐♥❛❧ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✳ ❖ t❡st❡ ♠❛✐s ❛❝✉r❛❞♦

✭♥❡st❡ s❡♥t✐❞♦✮ é ♦ tV I2✱ ♥♦ q✉❛❧ ✉s❛♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡

s✉❛ ✈❛r✐â♥❝✐❛ ❤❡t❡r♦❝❡❞ást✐❝❛✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❚❡♦r❡♠❛ ✹ ❡ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✹✮✳ ❉❡✈❡♠♦s

♥♦t❛r q✉❡ ♦s t❡st❡s ✜❝❛♠ ♠❛✐s ❛❝✉r❛❞♦s q✉❛♥t♦ ♠❛✐♦r ❛ ❛♠♦str❛✱ ♦ q✉❡ ❥á ❡s♣❡rá✈❛♠♦s✳



✺✹ ❈❖▼P❖❘❚❆▼❊◆❚❖ ❉❖❙ ❚❊❙❚❊❙ ❉❊ ❍■PÓ❚❊❙❊❙

❋✐❣✉r❛ ✹✳✺✿ ❍✐st♦❣r❛♠❛ ❡ qq✲♣❧♦t ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ás✲
t✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

1 ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ✭❏✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❤✐st♦❣r❛♠❛ ❝♦❧♦❝❛♠♦s ❛ ❞❡♥s✐❞❛❞❡

❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠ ♠é❞✐❛ ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ✐❣✉❛❧ ❛ ♠é❞✐❛ ❛♠♦str❛❧ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦

❞❡ β−

i s✐♠✉❧❛❞♦✳ ❙✐♠✉❧❛çã♦ ❢❡✐t❛ ❝♦♠ T = ✶✵✵✵✱ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❛té ✭✹✳✻✮✳✮

❚❛❜❡❧❛ ✹✳✻✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s t

❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦ r❡❥❡✐çã♦ ❞❡ H0

❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛ α = 10%✱ [0.036, 0.063] ♣❛r❛
α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❉❡✜♥✐♠♦s✿ tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦

❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡

❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮

α = ✶✵✪ α = ✺✪ α = ✶✪

T = i = tMQO tV I1 tV I2 tV I3 tMQO tV I1 tV I2 tV I3 tMQO tV I1 tV I2 tV I3

✶✵✵ ✶ ✵✳✾✷✺ ✵✳✵✾✽ ✵✳✶✵✾ ✵✳✶✵✵ ✵✳✽✾✹ ✵✳✵✺✸ ✵✳✵✻✷ ✵✳✵✺✵ ✵✳✼✼✵ ✵✳✵✶✷ ✵✳✵✶✸ ✵✳✵✶✸

✷ ✵✳✽✶✵ ✵✳✵✽✷ ✵✳✵✾✼ ✵✳✵✽✼ ✵✳✼✺✷ ✵✳✵✹✵ ✵✳✵✹✻ ✵✳✵✸✺ ✵✳✻✵✾ ✵✳✵✵✹ ✵✳✵✶✵ ✵✳✵✵✽

✸ ✵✳✾✷✵ ✵✳✶✶✷ ✵✳✶✷✺ ✵✳✶✷✺ ✵✳✽✾✶ ✵✳✵✺✺ ✵✳✵✻✼ ✵✳✵✺✺ ✵✳✼✼✹ ✵✳✵✶✻ ✵✳✵✶✾ ✵✳✵✶✺

✹ ✵✳✾✶✼ ✵✳✶✵✷ ✵✳✶✵✾ ✵✳✵✾✵ ✵✳✽✻✸ ✵✳✵✺✺ ✵✳✵✺✼ ✵✳✵✹✼ ✵✳✼✹✺ ✵✳✵✶✶ ✵✳✵✶✹ ✵✳✵✶✶

✺✵✵ ✶ ✵✳✾✾✾ ✵✳✶✶✻ ✵✳✵✾✼ ✵✳✵✾✹ ✵✳✾✾✾ ✵✳✵✼✸ ✵✳✵✺✸ ✵✳✵✺✽ ✵✳✾✾✽ ✵✳✵✷✸ ✵✳✵✶✼ ✵✳✵✶✼

✷ ✵✳✾✾✶ ✵✳✶✶✺ ✵✳✵✾✹ ✵✳✵✾✵ ✵✳✾✽✻ ✵✳✵✺✻ ✵✳✵✹✼ ✵✳✵✹✷ ✵✳✾✼✼ ✵✳✵✶✺ ✵✳✵✶✶ ✵✳✵✵✾

✸ ✶✳✵✵✵ ✵✳✶✶✽ ✵✳✶✵✸ ✵✳✵✾✺ ✶✳✵✵✵ ✵✳✵✽✻ ✵✳✵✻✻ ✵✳✵✻✹ ✶✳✵✵✵ ✵✳✵✷✾ ✵✳✵✷✹ ✵✳✵✷✵

✹ ✶✳✵✵✵ ✵✳✶✸✹ ✵✳✶✶✸ ✵✳✶✵✽ ✶✳✵✵✵ ✵✳✵✽✶ ✵✳✵✻✾ ✵✳✵✻✸ ✵✳✾✾✼ ✵✳✵✷✽ ✵✳✵✶✻ ✵✳✵✶✺

✶✵✵✵ ✶ ✶✳✵✵✵ ✵✳✶✶✸ ✵✳✵✾✷ ✵✳✵✽✼ ✶✳✵✵✵ ✵✳✵✻✺ ✵✳✵✺✵ ✵✳✵✹✽ ✶✳✵✵✵ ✵✳✵✷✻ ✵✳✵✶✺ ✵✳✵✶✻

✷ ✵✳✾✾✽ ✵✳✶✸✽ ✵✳✶✶✼ ✵✳✶✶✹ ✵✳✾✾✽ ✵✳✵✽✵ ✵✳✵✺✾ ✵✳✵✺✸ ✵✳✾✾✽ ✵✳✵✷✼ ✵✳✵✶✹ ✵✳✵✶✸

✸ ✶✳✵✵✵ ✵✳✶✹✹ ✵✳✶✶✶ ✵✳✶✵✷ ✶✳✵✵✵ ✵✳✵✽✶ ✵✳✵✻✶ ✵✳✵✺✸ ✶✳✵✵✵ ✵✳✵✷✹ ✵✳✵✶✹ ✵✳✵✶✸

✹ ✶✳✵✵✵ ✵✳✶✹✼ ✵✳✶✶✸ ✵✳✶✵✹ ✶✳✵✵✵ ✵✳✵✾✸ ✵✳✵✼✸ ✵✳✵✻✽ ✶✳✵✵✵ ✵✳✵✷✾ ✵✳✵✶✺ ✵✳✵✶✼
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❖ t❡st❡ ❞❡ ❤✐♣ót❡s❡ q✉❡ ✉t✐❧✐③❛ ♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❡ ❝♦rr✐❣❡ ❛ ✈❛r✐â♥❝✐❛ ♣❛r❛

♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ✭tV I3✮ é tã♦ ❛❝✉r❛❞♦ q✉❛♥t♦ ♦ tV I2✳ ◆❡st❡ tr❛❜❛❧❤♦ s❡♠♣r❡ ❛♥❛❧✐s❛r❡♠♦s

t♦❞♦s ♦s ❡st✐♠❛❞♦r❡s ♣r♦♣♦st♦s✱ ❝♦♥t✉❞♦ ♦♣t❛r❡♠♦s ♣♦r ❝♦♥✜❛r ♠❛✐s ♥♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡✈✐❞♦ ❛♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ s❡r ❤❡t❡r♦s❝❡❞ást✐❝♦✳

❊st❛s ❝♦♥❝❧✉sõ❡s s❡ ♠❛♥té♠ ❛s ♠❡s♠❛s q✉❛♥❞♦ ♠✉❞❛♠♦s ♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ♥♦♠✐♥❛❧✱

❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ❚❛❜❡❧❛ ✹✳✻ q✉❡ ❞✐s♣♦♥✐❜✐❧✐③❛ ❛ t❛①❛ ❞❡ r❡❥❡✐çã♦ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛

❞❡ ✺✪ ❡ ✶✪✱ ❛❧é♠ ❞♦ ❞❡ ✶✵✪✳

❖s t❡st❡s t ❛ss✐♥tót✐❝♦s tV I2 ❡ tV I3 s❡ ❝♦♠♣♦rt❛♠ ♠✉✐t♦ ❜❡♠ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡♠ ❛♠♦str❛s

♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡s✳ ❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s t❛♠❜é♠ sã♦ ✈á❧✐❞♦s q✉❛♥❞♦

♦s ✐♥str✉♠❡♥t♦s ♥ã♦ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❢r❛❝♦s✳ ❙❡♥❞♦ ❛ss✐♠ ❢❛r❡♠♦s ♦ ♠❡s♠♦ ❡st✉❞♦ ❢❡✐t♦ ♣❛r❛ ♦s

t❡st❡s ❛ss✐♥tót✐❝♦s ❡ ❝♦♠ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✭❡①❛t❛♠❡♥t❡ ♦s ♠❡s♠♦s ❞❛❞♦s✮✳

◆❛ s❡çã♦ ✸✳✹ ❞♦ ❈❛♣ít✉❧♦ ✸ ❡st✉❞❛♠♦s q✉❡ ❛s ❡st❛tíst✐❝❛s ❞♦s t❡st❡s ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥

✭AR0✮ ❡ ❞❡ ❊s❝♦r❡ ✭LM0✮ s♦❜ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ tê♠ ❞✐str✐❜✉✐çõ❡s ❛ss✐♥t♦t✐❝❛♠❡♥t❡ χ2
p/p ❡ χ2

l ✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❡st❛tíst✐❝❛s ❞♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ✭W0✮ ❡ ❞♦ t❡st❡ ❞❡ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ✭LR0✮ ♥ã♦ tê♠ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛❀ ♥♦ ❡♥t❛♥t♦✱ ❝♦♠ ❛s s✐♠✉❧❛çõ❡s

❢❡✐t❛s ♣❡r❝❡❜❡♠♦s q✉❡ ❡st❡s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s t❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛

χ2
l ❡ é ♦s q✉❛♥t✐s ❞❡st❛ ❞✐str✐❜✉✐çã♦ q✉❡ ✉t✐❧✐③❛r❡♠♦s ❝♦♠♦ ✈❛❧♦r❡s ❝rít✐❝♦s✳

❚❛❜❡❧❛ ✹✳✼✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s
r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡
♥ã♦ r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛ α = 10%✱
[0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❆ss✉♠✐♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s

t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0 q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ χ2

p/p✳✮

α = ✶✵✪ α = ✺✪ α = ✶✪

T = i = AR0 LM0 W0 LR0 AR0 LM0 W0 LR0 AR0 LM0 W0 LR0

✶✵✵ ✶ ✵✳✶✸✸ ✵✳✶✷✼ ✵✳✵✾✶ ✵✳✷✻✶ ✵✳✵✼✵ ✵✳✵✻✽ ✵✳✵✹✼ ✵✳✶✻✻ ✵✳✵✷✷ ✵✳✵✷✶ ✵✳✵✶✷ ✵✳✵✻✵

✷ ✵✳✶✹✵ ✵✳✶✷✾ ✵✳✵✼✽ ✵✳✷✻✻ ✵✳✵✼✺ ✵✳✵✻✽ ✵✳✵✸✻ ✵✳✶✽✺ ✵✳✵✶✼ ✵✳✵✶✸ ✵✳✵✵✹ ✵✳✵✻✷

✸ ✵✳✶✺✼ ✵✳✶✸✹ ✵✳✶✶✵ ✵✳✷✽✾ ✵✳✵✽✽ ✵✳✵✼✻ ✵✳✵✺✸ ✵✳✶✽✽ ✵✳✵✷✻ ✵✳✵✷✶ ✵✳✵✶✹ ✵✳✵✻✻

✹ ✵✳✶✸✵ ✵✳✶✶✼ ✵✳✵✾✺ ✵✳✷✽✹ ✵✳✵✽✼ ✵✳✵✻✾ ✵✳✵✺✶ ✵✳✶✼✾ ✵✳✵✷✾ ✵✳✵✷✷ ✵✳✵✶✵ ✵✳✵✻✻

✺✵✵ ✶ ✵✳✶✸✹ ✵✳✶✸✸ ✵✳✶✶✹ ✵✳✶✻✺ ✵✳✵✼✾ ✵✳✵✽✵ ✵✳✵✼✷ ✵✳✶✵✹ ✵✳✵✶✸ ✵✳✵✷✸ ✵✳✵✷✸ ✵✳✵✸✶

✷ ✵✳✶✶✼ ✵✳✶✶✺ ✵✳✶✶✷ ✵✳✶✹✽ ✵✳✵✻✸ ✵✳✵✺✺ ✵✳✵✺✻ ✵✳✵✽✶ ✵✳✵✶✹ ✵✳✵✶✻ ✵✳✵✶✺ ✵✳✵✷✸

✸ ✵✳✶✺✻ ✵✳✶✹✷ ✵✳✶✶✻ ✵✳✶✼✷ ✵✳✶✵✹ ✵✳✵✽✾ ✵✳✵✽✺ ✵✳✶✶✺ ✵✳✵✸✺ ✵✳✵✷✻ ✵✳✵✷✽ ✵✳✵✹✸

✹ ✵✳✶✹✸ ✵✳✶✸✹ ✵✳✶✸✷ ✵✳✶✻✼ ✵✳✵✽✶ ✵✳✵✽✵ ✵✳✵✼✽ ✵✳✶✵✾ ✵✳✵✷✽ ✵✳✵✷✵ ✵✳✵✷✻ ✵✳✵✸✼

✶✵✵✵ ✶ ✵✳✶✺✵ ✵✳✶✷✼ ✵✳✶✶✷ ✵✳✶✸✹ ✵✳✵✾✺ ✵✳✵✼✷ ✵✳✵✻✹ ✵✳✵✼✾ ✵✳✵✸✸ ✵✳✵✷✺ ✵✳✵✷✺ ✵✳✵✸✵

✷ ✵✳✶✸✼ ✵✳✶✸✺ ✵✳✶✸✼ ✵✳✶✹✷ ✵✳✵✼✾ ✵✳✵✽✶ ✵✳✵✽✵ ✵✳✵✾✵ ✵✳✵✷✶ ✵✳✵✸✹ ✵✳✵✷✻ ✵✳✵✸✼

✸ ✵✳✶✺✷ ✵✳✶✹✽ ✵✳✶✹✶ ✵✳✶✻✵ ✵✳✵✾✾ ✵✳✵✽✹ ✵✳✵✽✶ ✵✳✵✾✽ ✵✳✵✸✷ ✵✳✵✸✶ ✵✳✵✷✹ ✵✳✵✸✺

✹ ✵✳✶✺✹ ✵✳✶✺✻ ✵✳✶✹✸ ✵✳✶✼✵ ✵✳✵✾✾ ✵✳✵✾✺ ✵✳✵✾✸ ✵✳✶✵✾ ✵✳✵✸✽ ✵✳✵✸✷ ✵✳✵✷✾ ✵✳✵✸✽

❆ ❚❛❜❡❧❛ ✹✳✼ r❡✈❡❧❛ ❛ t❛①❛ ❞❡ r❡❥❡✐çã♦ ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♣❛r❛ ❛s

❤✐♣ót❡s❡s H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ✐st♦ é✱ t❡♠♦s q✉❛♥t❛s ✈❡③❡s r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛

♥❛s ✶✵✵✵ s✐♠✉❧❛çõ❡s✳ ❖ t❡st❡ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ é r❛③♦❛✈❡❧♠❡♥t❡ ❜♦♠ ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛

❞❡ ✶✵✪✱ ♣♦ré♠ q✉❛♥t♦ ♠❛✐s ♥❛s ❝❛✉❞❛s ❡st❛♠♦s ♠❛✐s ❧♦♥❣❡ ❞❛ t❛①❛ ♥♦♠✐♥❛❧ ❞❡ r❡❥❡✐çã♦✱ t❡♠♦s



✺✻ ❈❖▼P❖❘❚❆▼❊◆❚❖ ❉❖❙ ❚❊❙❚❊❙ ❉❊ ❍■PÓ❚❊❙❊❙

t❛♠❜é♠ q✉❡ q✉❛♥t♦ ♠❛✐♦r é ❛ ❛♠♦str❛ ♠❡❧❤♦r sã♦ ♦s t❡st❡s ✭❝♦♠♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✮✳

❖ t❡st❡ ❞❡ ❊s❝♦r❡ ✭LM0✮ t❡♠ ♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ q✉❡ ♦ ❞❡ AR0✱ ✐st♦ é✱ q✉❛♥t♦ ♠❛✐s ♥❛s

❝❛✉❞❛s ❡st❛♠♦s✱ ♣✐♦r é ❛ ❛♣r♦①✐♠❛çã♦ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ χ2
l ✳ ❖ t❡st❡ ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ✭W0✮ é

r❛③♦❛✈❡❧♠❡♥t❡ ❜♦♠ ♣❛r❛ t♦❞♦s ♦s ♥í✈❡✐s ❞❡ ❝♦♥✜❛♥ç❛✳ ❖ ú❧t✐♠♦ t❡st❡ ❛ s❡r ✐♠♣❧❡♠❡♥t❛❞♦ ❢♦✐ ♦

t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ✭LR0✮✱ ♦ q✉❛❧ ♥ã♦ s❡ ❝♦♠♣♦rt❛ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡

❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ χ2
l q✉❛♥❞♦ ❛ ❛♠♦str❛ é ❣r❛♥❞❡✱ s❡♥❞♦ ❛ss✐♠ ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❝rít✐❝♦

♣♦r ♠❡✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ s✐♠✉❧❛❞❛✳

◗✉❛♥❞♦ ♦s t❡st❡ LR0 ❡ W0 ♥ã♦ tê♠ ❞✐str✐❜✉✐çõ❡s ❝♦♥❤❡❝✐❞❛s✱ ♦✉ q✉❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ q✉❡

♣♦st✉❧❛♠♦s χ2
l ♥ã♦ é ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ♣♦❞❡♠♦s s✐♠✉❧❛r ❡ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❝rít✐❝♦ ❝♦rr❡t♦✳

❆ s✐♠✉❧❛çã♦ ❢❡✐t❛ ❛❝✐♠❛ s❡r✈❡ ♣❛r❛ ♦s tr❛❜❛❧❤♦s ❛♣❧✐❝❛❞♦s q✉❡ ❢❛r❡♠♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✱ s❡♥❞♦

❛ss✐♠ ♥ã♦ ♣♦❞❡♠♦s t✐r❛r r❡s✉❧t❛❞♦s ❝♦♥❝❧✉s✐✈♦s q✉❛♥t♦ ❛ ❡st❡s t❡st❡s✳

❖s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s✱ tV I2 ❡ tV I3✱ sã♦ ♠❡❧❤♦r❡s q✉❡ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ❉❡ ❝❡rt❛ ❢♦r♠❛ ❡st❡ r❡s✉❧t❛❞♦ ❥á ❡r❛ ♣r❡✈✐st♦✱ ♣♦✐s ♥♦ ▼♦❞❡❧♦ ✶

♦s ✐♥str✉♠❡♥t♦s ♣❛r❛ ✉♠❛ ❛♠♦str❛ r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ sã♦ ❢♦rt❡s✱ ❧♦❣♦ é ❡s♣❡r❛❞♦ q✉❡ ❛ t❡♦r✐❛

❛ss✐♥tót✐❝❛ s❡❥❛ ✈á❧✐❞❛✳ ❖ ♣♦❞❡r ❞♦s t❡st❡s s❡rã♦ ❡st✉❞❛❞♦s ♥❛ s❡çã♦ ✹✳✻✳

✹✳✺✳✷ ▼♦❞❡❧♦ ✷

◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛r❡♠♦s q✉❛❧ ♦ ♠❡❧❤♦r t❡st❡ ❞❡ ❤✐♣ót❡s❡ ♣❛r❛ t❡st❛r H0 : β−
i = 0 ❝♦♥tr❛

H1 : β−
i 6= 0 ♥♦ ▼♦❞❡❧♦ ✷✳ ❙❛❜❡♠♦s ♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ♥❛ s✉❜s❡çã♦ ✹✳✹✳✶ q✉❡ ♦s ❡st✐♠❛❞♦r❡s

❡st✉❞❛❞♦s sã♦ ✈✐❡s❛❞♦s✱ ✈✐st♦ q✉❡ ♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s sã♦ ❢r❛❝♦s✳ ◆♦ ❡♥t❛♥t♦ q✉❡r❡♠♦s

s❛❜❡r ❝♦♠♦ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❞✐s❝✉t✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷ s❡ ❝♦♠♣♦rt❛♠ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ❛ss✐♠

❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳

❆ ❚❛❜❡❧❛ ✹✳✽ ♥♦s ♠♦str❛✱ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✶✱ q✉❛♥t❛s

✈❡③❡s r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ✭H0 : β−
i = 0✮ ♥❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s r❡❛❧✐③❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✿

♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪✱ T = 500 ❡ ♣❛ís ✶ ♦ t❡st❡ ❛ss✐♥tót✐❝♦ ❞♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦

r❡❥❡✐t❛ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ✸✺ ✈❡③❡s ✭t❛①❛ ❞❡ ✸✳✺✪✮✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ q✉❡ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ ♦ ▼♦✲

❞❡❧♦ ✶ t❡♠♦s q✉❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s tê♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ ❧✐❣❡✐r❛♠❡♥t❡ ♣✐♦r✱ ✐st♦ é ❥✉st✐✜❝❛❞♦

❞❡✈✐❞♦ ❛♦s ✐♥str✉♠❡♥t♦s s❡r❡♠ ❢r❛❝♦s✳ ❈♦♥t✉❞♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦ tV I2

❡ tV I3 sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s ❛s t❛①❛s ❞❡ r❡❥❡✐çã♦ ❞❡st❡ t❡st❡ ❡stã♦ ♠✉✐t♦ ♣ró①✐♠❛ ❞❛ ♥♦♠✐♥❛❧✳

❆ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ s❡ t❡st❛r ❛s ❤✐♣ót❡s❡s é ♣♦r ♠❡✐♦ ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s

❢r❛❝♦s✱ ♦s q✉❛✐s ❡stã♦ ❝♦❧♦❝❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✾✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✜③❡♠♦s ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r

✉t✐❧✐③❛♠♦s ❝♦♠♦ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❛s ❡st❛tíst✐❝❛s ❞♦s t❡st❡s ❛ ❞✐str✐❜✉✐çã♦ χ2
l ✱ ❡①❝❡çã♦

❢❡✐t❛ ❛♦ t❡st❡ AR0 q✉❡ ✉t✐❧✐③❛♠♦s χ2
p/p✳ ▲❡♠❜r❡♠♦s q✉❡ ❛♣❡♥❛s ♦ t❡st❡ ❞❡ ❊s❝♦r❡ ✭LM0✮ t❡♠

❡st❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛✱ ♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ✭W0✮ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛
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❚❛❜❡❧❛ ✹✳✽✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s t

❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ♥ã♦ r❡❥❡✐çã♦ ❞❡ H0

❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛ α = 10%✱ [0.036, 0.063] ♣❛r❛
α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❉❡✜♥✐♠♦s✿ tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦

❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡

❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮

α = ✶✵✪ α = ✺✪ α = ✶✪

T = i = tMQO tV I1 tV I2 tV I3 tMQO tV I1 tV I2 tV I3 tMQO tV I1 tV I2 tV I3
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✹ ✶✳✵✵✵ ✵✳✵✼✶ ✵✳✵✼✷ ✵✳✵✻✸ ✶✳✵✵✵ ✵✳✵✸✵ ✵✳✵✷✻ ✵✳✵✷✹ ✵✳✾✾✻ ✵✳✵✵✷ ✵✳✵✵✷ ✵✳✵✵✷
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✷ ✵✳✾✾✾ ✵✳✵✻✺ ✵✳✵✺✼ ✵✳✵✺✾ ✵✳✾✾✾ ✵✳✵✷✸ ✵✳✵✷✶ ✵✳✵✶✾ ✵✳✾✾✽ ✵✳✵✵✶ ✵✳✵✵✶ ✵✳✵✵✶

✸ ✶✳✵✵✵ ✵✳✵✽✾ ✵✳✵✼✼ ✵✳✵✼✽ ✶✳✵✵✵ ✵✳✵✸✸ ✵✳✵✷✼ ✵✳✵✷✼ ✶✳✵✵✵ ✵✳✵✵✹ ✵✳✵✵✸ ✵✳✵✵✸

✹ ✶✳✵✵✵ ✵✳✵✼✾ ✵✳✵✻✺ ✵✳✵✼✵ ✶✳✵✵✵ ✵✳✵✸✼ ✵✳✵✷✻ ✵✳✵✷✼ ✶✳✵✵✵ ✵✳✵✵✹ ✵✳✵✵✶ ✵✳✵✵✵

❝♦♥❞✐❝✐♦♥❛❧ ✭LR0✮ ♥ã♦ t❡♠ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛✳

❚❛❜❡❧❛ ✹✳✾✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
i = 0 ❝♦♥tr❛ H1 : β−

i 6= 0✱ ❞♦s t❡st❡s
r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡
♥ã♦ r❡❥❡✐çã♦ ❞❡ H0 ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ sã♦ ❞❛❞♦s ♣♦r✿ [0.081, 0.118] ♣❛r❛ α = 10%✱
[0.036, 0.063] ♣❛r❛ α = 5% ❡ [0.004, 0.016] ♣❛r❛ α = 1%✳ ✭❆ss✉♠✐♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞♦s

t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0 q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ χ2

p/p✳✮

α = ✶✵✪ α = ✺✪ α = ✶✪

T = i = AR0 LM0 W0 LR0 AR0 LM0 W0 LR0 AR0 LM0 W0 LR0
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✶✵✵✵ ✶ ✵✳✶✺✵ ✵✳✶✹✸ ✵✳✵✽✼ ✵✳✸✵✼ ✵✳✵✾✺ ✵✳✵✽✵ ✵✳✵✹✵ ✵✳✷✷✸ ✵✳✵✸✸ ✵✳✵✶✽ ✵✳✵✵✻ ✵✳✵✾✶

✷ ✵✳✶✸✼ ✵✳✶✶✼ ✵✳✵✻✸ ✵✳✸✶✶ ✵✳✵✼✾ ✵✳✵✻✾ ✵✳✵✷✸ ✵✳✷✵✹ ✵✳✵✷✶ ✵✳✵✶✽ ✵✳✵✵✶ ✵✳✵✻✺

✸ ✵✳✶✺✷ ✵✳✶✺✵ ✵✳✵✽✽ ✵✳✸✺✹ ✵✳✵✾✾ ✵✳✵✽✵ ✵✳✵✸✶ ✵✳✷✸✺ ✵✳✵✸✷ ✵✳✵✷✷ ✵✳✵✵✹ ✵✳✵✾✶

✹ ✵✳✶✺✹ ✵✳✶✷✹ ✵✳✵✼✽ ✵✳✸✶✺ ✵✳✵✾✾ ✵✳✵✽✵ ✵✳✵✸✻ ✵✳✷✶✽ ✵✳✵✸✽ ✵✳✵✷✽ ✵✳✵✵✹ ✵✳✵✽✾

P❡r❝❡❜❡♠♦s q✉❡ ❞❡♥tr♦ ❞❛q✉❡❧❡s t❡st❡s ❝♦♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❝♦♥❤❡❝✐❞❛✱ AR0 ❡ LM0✱

♦ ♠❡❧❤♦r é ♦ ❞❡ ❊s❝♦r❡✱ ♣♦✐s ❡st❡ t❡♠ s✉❛ t❛①❛ ❞❡ r❡❥❡✐çã♦ ♠❛✐s ♣ró①✐♠❛ ❞❛ t❡ór✐❝❛ ♣❛r❛ t♦❞♦s ♦s

♥í✈❡✐s ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛✳ ❖ t❡st❡ ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ é r❛③♦❛✈❡❧♠❡♥t❡ ❜♦♠

❡ s❡ ❛❥✉st❛ ❛ ❞✐str✐❜✉✐çã♦ χ2
l ✳ ❖ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ é ♣✐♦r ❞❡♥tr❡ ♦s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ♦ q✉❡ ♥♦s ♠♦str❛ q✉❡ ❞❡✈❡♠♦s ✉t✐❧✐③❛r s✐♠✉❧❛çõ❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r

♦ ✈❛❧♦r ❝rít✐❝♦✳
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◆❛ s❡❣✉✐♥t❡ s❡çã♦ ❡st✉❞❛r❡♠♦s ♦ ♣♦❞❡r ❞♦s t❡st❡s ❞✐s❝✉t✐❞♦s ♥❡st❡ s❡çã♦✳

✹✳✻ ❋✉♥çã♦ ♣♦❞❡r ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s

❯♠❛ ❢♦r♠❛ ❞❡ ❡st✉❞❛r ❛ r♦❜✉st❡③ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❡st✉❞❛❞♦s ♥❛ s❡çã♦ ✹✳✺ é ♣♦r ♠❡✐♦ ❞♦

♣♦❞❡r ❞♦s t❡st❡s✳ ❈♦♠♦ ♥ã♦ t❡♠♦s ✉♠❛ ❢♦r♠❛ ❢❡❝❤❛❞❛ ♣❛r❛ ❛ ❢✉♥çã♦ ♣♦❞❡r ❞♦ t❡st❡ r❡❝♦rr❡♠♦s ❛

s✐♠✉❧❛çã♦✳ ❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ ❡♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦ ♥ã♦ ♣♦❞❡ s❡r ❞✐r❡t❛♠❡♥t❡

❛♣❧✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞♦ ♣♦❞❡r✱ ♣♦✐s ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❣❡r❛r ♦s ❞❛❞♦s q✉❛♥❞♦ t♦❞♦s ♦s ♣❛ís❡s sã♦

❝♦♥t❛❣✐❛❞♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ β−
i 6= 0 ∀i = 1, . . . , N ✳

❆ ❢♦r♠❛ ❡♥❝♦♥tr❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ ♣❛r❛ ❡st✉❞❛r ♦ ♣♦❞❡r ❞♦s t❡st❡s é ✉t✐❧✐③❛r ✉♠ ♣r♦❝❡ss♦

❣❡r❛❞♦r ❞❡ ❞❛❞♦s ♥♦ q✉❛❧ ❛♣❡♥❛s ✉♠ ♣❛ís é ❝♦♥t❛❣✐❛❞♦ ❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ ♦ ♣♦❞❡r ❞♦ t❡st❡ s❡rá

❡st✉❞❛❞♦ ♣❛r❛ ❡st❡ ú♥✐❝♦ ♣❛ís✳ P❛r❛ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❝♦❧♦q✉❡♠♦s ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡

❞❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

y1t = δ1 + α1y1,t−1 + β−
1 I




4∑

j=2

I(−yjt − c−j σ
′

jt)


 + u1t ✭✹✳✼✮

y2t = δ2 + α2y2,t−1 + u2t ✭✹✳✽✮

y3t = δ3 + α3y3,t−1 + u3t ✭✹✳✾✮

y4t = δ4 + α2y4,t−1 + u4t ✭✹✳✶✵✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✹✳✶✶✮

Ht = DtPtDt; Dt = diag(σit) ✭✹✳✶✷✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✹✳✶✸✮

Pt = (Qt ⊙ IN )−1/2Qt(Qt ⊙ IN )−1/2 ✭✹✳✶✹✮

Qt = (1− θ1 − θ2)Q− θ1ǫt−1ǫ
T
t−1 + θ2Qt−1, ✭✹✳✶✺✮

❡♠ q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❡ ♣❛râ♠❡tr♦s ❢♦r❛♠ ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♠♦ ♣❡r❝❡❜❡♠♦s ♣❡❧♦

♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛♠♦s N = 4✱ ❛❧é♠ ❞✐ss♦ ♦s ♣❛râ♠❡tr♦s ♣❛r❛ s✐♠✉❧❛r sã♦ ❛q✉❡❧❡s

❞❡s❝r✐t♦s ♣❡❧❛ ❚❛❜❡❧❛ ✹✳✶ ❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❛♠♦str❛❧✱ Q✱ é s❡♠❡❧❤❛♥t❡ ❛ ❞♦ ♣r♦❝❡ss♦

❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ ❡♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✳ ❖ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✉t✐❧✐③❛❞❛ ❢♦✐ ❞❡ T =

1000✱ ♦ ♥ú♠❡r♦ ❞❡ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ β−
1 é ❞❡ ✶✵✵✳ ❆ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞❛❞❛ ♥❡st❡ ♣r♦❝❡ss♦

❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❛❜r❛♥❣❡ ♦ ▼♦❞❡❧♦ ✶ ❡ ♦ ▼♦❞❡❧♦ ✷✱ ❝♦♠♦ ❥á ❡①♣❧✐❝❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ s❡♥❞♦

❛ss✐♠ ❡st❡ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦s ❞♦✐s ♠♦❞❡❧♦s ❛♠❜♦s ❝♦♠ c−1 = 1.64✳

❖ ♣♦♥t♦ ❞❡ ❡①tr❡♠❛ r❡❧❡✈â♥❝✐❛ é ❛ ❡s❝♦❧❤❛ ❞♦s ✈❛❧♦r❡s ❞❡ β−
1 ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦

♣♦❞❡r✱ ♥❡st❡ ❡st✉❞♦ ❡s❝♦❧❤❡♠♦s ♦s s❡❣✉✐♥t❡ ✈❛❧♦r❡s ④✲✵✳✸✱✲✵✳✶✱✲✵✳✵✼✱✲✵✳✵✸✱✲✵✳✵✷✱✲✵✳✵✶✱✵✱✵✳✵✶✱✵✳✵✷✱

✵✳✵✸✱✵✳✵✼✱✵✳✶✱✵✳✸⑥✳ ❖s ✈❛❧♦r❡s ❝rít✐❝♦s ❞♦s t❡st❡s ❢♦r❛♠ ❝♦♥str✉í❞♦s ♣❛r❛ t❡st❡s ❝♦♠ ♥í✈❡❧ ❞❡
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s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✱ ❛❧é♠ ❞✐ss♦ ✉s❛♠♦s ♣❛r❛ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❛ ❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧✱ ♣❛r❛

♦ t❡st❡ AR0 ❛ ❞✐str✐❜✉✐çã♦ χ2
p/p✱ ♣❛r❛ ♦ t❡st❡ ❞❡ LM0 ❛ ❞✐str✐❜✉✐çã♦ χ2

l ❡ ♣❛r❛ ♦s t❡st❡s ❞❡ W0

❡ LR0 ✉s❛r❡♠♦s ❛ ❞✐str✐❜✉✐çã♦ χ2
l ✳ ❊ ❝♦♠ ✐ss♦ ❝♦♥s❡❣✉✐♠♦s ❝♦♥str✉✐r ❛ ❢✉♥çã♦ ♣♦❞❡r ❞❡ ❢♦r♠❛

s✐♠✉❧❛❞❛✱ ❛ q✉❛❧ ❡stá ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✻✱ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳

❋✐❣✉r❛ ✹✳✻✿ P♦❞❡r ❛ss✐♥tót✐❝♦ ❞♦s ❚❡st❡s ♣❛r❛ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ✭♣❂✸✮ ♥♦ ▼♦❞❡❧♦ ✶✱

❝♦♠ T = 1000 ❡ ✶✵✵ s✐♠✉❧❛çõ❡s ♣❛r❛ ❝❛❞❛ β−
1 ✳

❆ ❋✐❣✉r❛ ✹✳✻ ♥♦s r❡✈❡❧❛ q✉❡ t♦❞♦s ♦s t❡st❡s t❡♠ ♣♦❞❡r ♠✉✐t♦ s❡♠❡❧❤❛♥t❡✳ ❖s t❡st❡s t ❛ss✐♥✲

tót✐❝♦s ❞❡ ❖▲❙ ❡ ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦

❤❡t❡r♦s❝❡❞ást✐❝♦ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✺✮ ♥ã♦ ❢♦r❛♠ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✻✱ ♦ ♣r✐♠❡✐r♦ ❞❡✈✐❞♦

❛ s✉❛ ❢✉♥çã♦ ♣♦❞❡r s❡♠♣r❡ r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❡ ♦ s❡❣✉♥❞♦ ❞❡✈✐❞♦ ❛ s✉❛ s❡♠❡❧❤❛♥ç❛ ❝♦♠ ♦s

t❡st❡s t ❛ss✐♥tót✐❝♦s ❤♦♠♦s❝❡❞ást✐❝♦ ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦✳ ❙❡♥❞♦ ❛ss✐♠ ❡st❡ r❡s✉❧t❛❞♦ ♥♦s ♠♦str❛

q✉❡ ♦s t❡st❡ t ❛ss✐♥tót✐❝♦s sã♦ ❜♦♥s ♣❛r❛ t❡st❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♥♦ ▼♦❞❡❧♦ ✶✱ ❝♦♠♦

❥á tí♥❤❛♠♦s ❞✐s❝✉t✐❞♦ ♥❛ s✉❜s❡çã♦ ✹✳✺✳✶✳
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❋✐❣✉r❛ ✹✳✼✿ P♦❞❡r ❛ss✐♥tót✐❝♦ ❞♦s ❚❡st❡s ♣❛r❛ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ✭♣❂✸✮ ♥♦ ▼♦❞❡❧♦ ✷✱

❝♦♠ T = 1000 ❡ ✶✵✵ s✐♠✉❧❛çõ❡s ♣❛r❛ ❝❛❞❛ β−
i ✳

❖ ♠❡s♠♦ ❡st✉❞♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ❝♦♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦ ♣♦❞❡r ❞♦s t❡st❡s ♥♦ ▼♦❞❡❧♦ ✶✳ ❆ ❋✐❣✉r❛ ✹✳✼ ♥♦s ♠♦str❛ ❛ ❢✉♥çã♦ ♣♦❞❡r ♣❛r❛

♦s t❡st❡s ❞❡ ✐♥t❡r❡ss❡ ❝♦♠ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞❛❞♦s ♣❡❧❛s ❞✐str✐❜✉✐çõ❡s ❞✐s❝✉t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳

◆❛s s✉❜s❡çõ❡s ✹✳✺✳✶ ❡ ✹✳✺✳✷ ✈✐♠♦s q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−
i ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲

tr✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡stã♦ ❡♠ t♦r♥♦ ❞❡ ✲✵✳✵✵✸ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ❝♦♠

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡s✱ ❡ ❡♠ t♦r♥♦ ❞❡ ✲✵✳✵✷ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❆ss✐♠

s❡♥❞♦ ❞❡✈❡♠♦s ❡st✉❞❛r ♦ ♣♦❞❡r ♣❛r❛ ❡st❡s ✈❛❧♦r❡s ❞❡ β−
1 ❝♦♠ ♠❛✐s ❝✉✐❞❛❞♦✱ ♣❛r❛ ✐ss♦ ❛♥❛❧✐s❛♠♦s

❛s ❋✐❣✉r❛s ✹✳✽ ❡ ✹✳✾ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ③♦♦♠ ♥♦s ✈❛❧♦r❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s✳

❆ ❋✐❣✉r❛ ✹✳✽ ♥♦s ♠♦str❛ ♦ ♣♦❞❡r ❛♣❡♥❛s ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ β−
1 ❡♥tr❡ ✲✵✳✵✼ ❡ ✵✳✵✼✳ ❈♦♠

✐st♦ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ t♦❞♦s ♦s t❡st❡s ♣r♦♣♦st♦s✱ s❡❥❛♠ ❡❧❡s ♦s ❛ss✐♥tót✐❝♦s ♦✉ ♦s r♦❜✉st♦s ❛

✐♥str✉♠❡♥t♦s ❢r❛❝♦s tê♠ ♣♦✉❝♦ ♣♦❞❡r ♣❛r❛ ♦s ✈❛❧♦r❡s ❡st✐♠❛❞♦s ♣❡❧♦ ♠♦❞❡❧♦✳ ❊st❛ ❢❛❧t❛ ❞❡ ♣♦❞❡r
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♦❝♦rr❡ t❛♥t♦ ♥♦ ▼♦❞❡❧♦ ✶ q✉❛♥t♦ ♥♦ ▼♦❞❡❧♦ ✷✱ ❝♦♥t✉❞♦ ♥♦ ▼♦❞❡❧♦ ✷ ❛ ❢❛❧t❛ ❞❡ ♣♦❞❡r é ♠✉✐t♦

♠❛✐s s❡✈❡r❛✱ t❛♥t♦ ♣❛r❛ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s q✉❛♥t♦ ♣❛r❛ ♦s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳

❋✐❣✉r❛ ✹✳✽✿ ❩♦♦♠ ❞❛ ❋✐❣✉r❛ ✹✳✶✳ ❋✐❣✉r❛ ✹✳✾✿ ❩♦♦♠ ❞❛ ❋✐❣✉r❛ ✹✳✷✳

P♦rt❛♥t♦ ❛♦ ❛♣❧✐❝❛r♠♦s ♦ ▼♦❞❡❧♦ ✶ ❞❡✈❡♠♦s t♦♠❛r ❝✉✐❞❛❞♦ q✉❛♥t♦ ❛♦ ♣♦❞❡r ❞♦s t❡st❡s✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ s❡ ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−
i ❡♥❝♦♥tr❛❞❛s ❢♦r❡♠ ❞❛ ♦r❞❡♠ ❞❡ 10−3✱ ♣♦✐s ♥❡st❡ ❝❛s♦ ♦

♣♦❞❡r é ♠✉✐t♦ ❜❛✐①♦ ❝♦♠♦ ✈❡♠♦s ❝♦♠ ❝❧❛r❡③❛ ♥❛ ❋✐❣✉r❛ ✹✳✽✳

❯♠❛ ♦♣çã♦ é ✉t✐❧✐③❛r♠♦s ♦s t❡st❡s ✉♥✐❧❛t❡r❛✐s✱ q✉❛♥❞♦ ❡st❛ ❢♦r ❛♣❧✐❝á✈❡❧✱ ♣♦✐s ❝♦♠ ✐ss♦ t❡♠♦s

✉♠ ♠❛✐♦r ♣♦❞❡r ❞♦s t❡st❡s✳ P♦❞❡♠♦s ❢❛③❡r ✐ss♦ t❛♥t♦ ♥♦s t❡st❡s ❛ss✐♥tót✐❝♦s✱ ❞❛ ❢♦r♠❛ ✉s✉❛❧✱

❝♦♠♦ ♥♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ♥♦s q✉❛✐s ❞❡✈❡♠♦s ♣r❡st❛r ❛t❡♥çã♦ ❛♦ s✐♥❛❧ ❞❛

❡st✐♠❛t✐✈❛✳

✹✳✼ ■♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛

❯♠ ♣♦♥t♦ r❡❧❡✈❛♥t❡ ♥♦ ♠♦❞❡❧♦ é s❛❜❡r♠♦s s❡ ❝♦♥s❡❣✉✐♠♦s ❡st✐♠❛r ♣♦r ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛

♦ ♣❛râ♠❡tr♦ ❞❡ ❝♦♥tá❣✐♦✱ β−
i ✳ ❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ ♥❛ ❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦

♣♦❞❡r ❞♦s t❡st❡s ♥♦s ♣♦ss✐❜✐❧✐t❛ ❢❛③❡r ❡st❡ ❡st✉❞♦✳

❖s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦s sã♦ ❝♦♥str✉í❞♦s ❞❛ ❢♦r♠❛ ✉s✉❛❧✱ ♦s t❡st❡s

r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s r❡q✉❡r❡♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ❝✉✐❞❛❞♦✳ ◆♦ ❝❛s♦ ❞♦ t❡st❡ ❞❡ r❛③ã♦

❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❝♦♥str✉í♠♦s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ (1−α) ❡♥❝♦♥tr❛♥❞♦ ♦s

✈❛❧♦r❡s ❞❡ β0 q✉❡ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ✐♥❡q✉❛çã♦✿



✻✷ ■◆❚❊❘❱❆▲❖❙ ❉❊ ❈❖◆❋■❆◆➬❆

LR0 =
(y − Zβ0)

T PMXW (y − Zβ0)

bT
0 ΩV b0

− λmin ≤ ✈❝1−α✱

❡♠ q✉❡✿ λmin é ♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r ❞❡ Ω
−1/2
V [y;Z]T PMXW [y;Z]Ω

−1/2
V ❡ ✈❝1−α é ♦ ✈❛❧♦r ❝rít✐❝♦

❞♦ t❡st❡ ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ α✳ ❊st❛ é ❡①❛t❛♠❡♥t❡ ❛ ❡st❛tíst✐❝❛ ❞❡ t❡st❡ ❛♣r❡s❡♥t❛❞❛ ♣❡❧❛

❡q✉❛çã♦ ✭✷✳✷✹✮✳ ❖s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ (1−α) ♣❛r❛ β ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮✱ ❊s❝♦r❡

❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ♣♦❞❡♠ s❡r ❝♦♥str✉í❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳

◆❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ♣❛r❛ ❝♦♥str✉çã♦ ❞❡ ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦✐s

♣♦♥t♦s ✐♠♣♦rt❛♥t❡s sã♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦❜❡rt✉r❛ ❡ ❛ ❧❛r❣✉r❛ ❞♦ ✐♥t❡r✈❛❧♦✳ P❛r❛ t❡r♠♦s ❛s

❧❛r❣✉r❛s ❞♦s ✐♥t❡r✈❛❧♦s t❡rí❛♠♦s q✉❡ ❝♦♥str✉✐r ♦s ✐♥t❡r✈❛❧♦s✳ ❊♥tr❡t❛♥t♦✱ ❡①❝❡t♦ ♣❛r❛ ♦s ✐♥t❡r✲

✈❛❧♦s ❜❛s❡❛❞♦s ♥♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❛ s✐♠✉❧❛çã♦ t❡♠ ✉♠ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣♦✐s ♥ã♦

❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ✉♠❛ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ❢❡❝❤❛❞❛ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❡st✉❞♦ ❞❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝♦❜❡rt✉r❛ é ❜❛s❡❛❞❛ ❡♠ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ❡♥q✉❛♥t♦ ♦ ❡st✉❞♦ ❞❛ ❧❛r❣✉r❛ ❞♦s

✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❡♠ ❛♣❡♥❛s ✶✵✵ r❡♣❧✐❝❛çõ❡s✳

❯t✐❧✐③❛r❡♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❡

♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✱ ❝♦♥str✉í♠♦s ❛s ♣r♦♣♦rçõ❡s ❞❡ ❝♦❜❡rt✉r❛ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ♣❛r❛ ♦s

✈❛❧♦r❡s ❞❡ β−
1 ∈ ④✲✵✳✶✱✲✵✳✵✺✱✲✵✳✵✸✱✲✵✳✵✷✱✲✵✳✵✶✱✵✱✵✳✵✶✱✵✳✵✷✱ ✵✳✵✸✱✵✳✵✺✱✵✳✶⑥✱ ❝♦♠ ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛

❝❛❞❛ ✈❛❧♦r ❞❡ β−
1 ❡ T = ✶✵✵✵✳

❚❛❜❡❧❛ ✹✳✶✵✿ ❱❛❧♦r❡s ❞❛ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡
❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s

❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❱❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞❡ β−

1

✲✵✳✶ ✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✷ ✲✵✳✵✶ ✵ ✵✳✵✶ ✵✳✵✷ ✵✳✵✸ ✵✳✵✺ ✵✳✶

✾✵✪ t✲❤♦♠♦ ✵✳✽✾ ✵✳✽✽ ✵✳✽✽ ✵✳✽✽ ✵✳✽✽ ✵✳✽✽ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✻

t✲❤❡t❡ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵ ✵✳✽✾ ✵✳✾✵ ✵✳✾✵ ✵✳✾✵

AR0 ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺

W0 ✵✳✽✾ ✵✳✽✾ ✵✳✽✽ ✵✳✽✽ ✵✳✽✽ ✵✳✽✽ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼

LM0 ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✻ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✼ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻

LR0 ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺

✾✺✪ t✲❤♦♠♦ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷

t✲❤❡t❡ ✵✳✾✺ ✵✳✾✹ ✵✳✾✹ ✵✳✾✸ ✵✳✾✸ ✵✳✾✹ ✵✳✾✹ ✵✳✾✹ ✵✳✾✹ ✵✳✾✹ ✵✳✾✹

AR0 ✵✳✾✵ ✵✳✾✶ ✵✳✾✶ ✵✳✾✵ ✵✳✾✶ ✵✳✾✶ ✵✳✾✷ ✵✳✾✶ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷

W0 ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷

LM0 ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷ ✵✳✾✸

LR0 ✵✳✾✷ ✵✳✾✸ ✵✳✾✷ ✵✳✾✷ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷

◆❛ ❋✐❣✉r❛ ✹✳✶✵ ❡ ❚❛❜❡❧❛ ✹✳✶✵ t❡♠♦s ❛s ♣r♦♣♦rçõ❡s ❞❡ ❝♦❜❡rt✉r❛ ♣❛r❛ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s

❛ss✐♥tót✐❝♦s ❤♦♠♦s❝❡❞ást✐❝♦s✱ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❞❡ ❆♥❞❡rs♦♥✲
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❋✐❣✉r❛ ✹✳✶✵✿ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪
❡♠ ✭❛✮ ❡ ✾✺✪ ❡♠ ✭❜✮✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❘✉❜✐♥ ✭✶✾✹✾✮✱ ❊s❝♦r❡✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♥♦ ▼♦❞❡❧♦ ✶✳

P❡r❝❡❜❡♠♦s q✉❡ t♦❞♦s ♦s t❡st❡s t❡♠ ♣r♦♣♦rçã♦ ❞❡ ❝♦❜❡rt✉r❛ ♣ró①✐♠❛ ❞❛ ♥♦♠✐♥❛❧✱ ✾✵✪ ❣rá✜❝♦

✭❛✮ ❡ ✾✺✪ ❣rá✜❝♦ ✭❜✮✱ ♦ q✉❡ ♥♦s ♠♦str❛ q✉❡ ❡st❛♠♦s ❡st✐♠❛♥❞♦ ❞❡ ❢♦r♠❛ ❝♦rr❡t❛ ♦ ♣❛râ♠❡tr♦ ❞❡

❝♦♥tá❣✐♦✱ β−
i ✱ ❡ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❢✉♥❝✐♦♥❛♠ ❞❡ ♠❛♥❡✐r❛ ❝♦rr❡t❛✳

❖ t❡st❡ t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ é ♦ t❡st❡ q✉❡ t❡♠ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ❝♦❜❡rt✉r❛ ♠❛✐s

❛❝✉r❛❞❛ ❡ ❛❧é♠ ❞✐ss♦ ❛ ♣♦r❝❡♥t❛❣❡♠ é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛♦ ✈❛❧♦r ♥♦♠✐♥❛❧✱ ❝♦rr♦❜♦r❛♥❞♦ ♦ ❡st✉❞♦ ❢❡✐t♦

♥❛ s✉❜s❡çã♦ ✹✳✺✳✶ ❞❡ q✉❡ ❡st❡ t❡st❡ t❡♠ ♦ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✳ ❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s

❢r❛❝♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮✱ s❡ ♠♦str❛r❛♠ ❝♦♠ ✉♠❛ ❝♦❜❡rt✉r❛ ♠❡♥♦r ❞♦

q✉❡ ❛ ♥♦♠✐♥❛❧✳

◆❛ ❋✐❣✉r❛ ✹✳✶✶ ❡ ❚❛❜❡❧❛ ✹✳✶✶ t❡♠♦s ❛s ♣♦r❝❡♥t❛❣❡♥s ❞❡ ❝♦❜❡rt✉r❛ ♣❛r❛ ♦s ♠❡s♠♦s t❡st❡s ❞❛

❋✐❣✉r❛ ✹✳✶✵ ❡ ❚❛❜❡❧❛ ✹✳✶✵ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ ❚❡♠♦s ♦s t❡st❡s✱ ❡♠ ❧✐♥❤❛ ❣❡r❛❧✱ ❢✉♥❝✐♦♥❛♥❞♦ ❞❡

♠❛♥❡✐r❛ ♣✐♦r✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ❝♦♠♦ ❞✐s❝✉t✐♠♦s ❛♥t❡r✐✲

♦r♠❡♥t❡✳ ❖s t❡st❡s t ❛ss✐♥tót✐❝♦s ❡ ♦ t❡st❡ ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ tê♠ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ❝♦❜❡rt✉r❛

♠❛✐♦r q✉❡ ❛ ♥♦♠✐♥❛❧ t❛♥t♦ ♣❛r❛ ✾✵✪ q✉❛♥t♦ ♣❛r❛ ✾✺✪✱ ❡st❡ ❢❛t♦ ♥ã♦ é ❞❡ t♦❞♦ r✉✐♠ ✈✐st♦ q✉❡

❡st❛♠♦s ❛❝❡✐t❛♥❞♦ ❛ ❤✐♣ót❡s❡ q✉❛♥❞♦ ❡❧❛ é ✈❡r❞❛❞❡✐r❛✱ ♠❛s ♣♦❞❡ t♦r♥❛r✲s❡ ✉♠❛ ❞❡s✈❛♥t❛❣❡♠
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❋✐❣✉r❛ ✹✳✶✶✿ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪
❡♠ ✭❛✮ ❡ ✾✺✪ ❡♠ ✭❜✮✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s

✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❚❛❜❡❧❛ ✹✳✶✶✿ ❱❛❧♦r❡s ❞❛ P♦r❝❡♥t❛❣❡♠ ❞❡ ❈♦❜❡rt✉r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ♣❛r❛ ♦s ✐♥t❡r✈❛❧♦s ❞❡
❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s

❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❱❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞❡ β−

1

✲✵✳✶ ✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✷ ✲✵✳✵✶ ✵ ✵✳✵✶ ✵✳✵✷ ✵✳✵✸ ✵✳✵✺ ✵✳✶

✾✵✪ t✲❤♦♠♦ ✵✳✾✷ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✷ ✵✳✾✷ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶

t✲❤❡t❡ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷

AR0 ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✻ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✺ ✵✳✽✻ ✵✳✽✻

W0 ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷

LM0 ✵✳✽✺ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✻ ✵✳✽✼ ✵✳✽✼ ✵✳✽✽ ✵✳✽✼ ✵✳✽✽ ✵✳✽✼

LR0 ✵✳✻✾ ✵✳✻✾ ✵✳✻✾ ✵✳✻✽ ✵✳✻✽ ✵✳✻✽ ✵✳✻✼ ✵✳✻✽ ✵✳✻✼ ✵✳✻✼ ✵✳✻✼

✾✺✪ t✲❤♦♠♦ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✺ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻

t✲❤❡t❡ ✵✳✾✻ ✵✳✾✼ ✵✳✾✼ ✵✳✾✻ ✵✳✾✻ ✵✳✾✼ ✵✳✾✼ ✵✳✾✼ ✵✳✾✼ ✵✳✾✼ ✵✳✾✼

AR0 ✵✳✾✵ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✶ ✵✳✾✷ ✵✳✾✷

W0 ✵✳✾✻ ✵✳✾✻ ✵✳✾✼ ✵✳✾✺ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻ ✵✳✾✻

LM0 ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷ ✵✳✾✸ ✵✳✾✸ ✵✳✾✷ ✵✳✾✷ ✵✳✾✷

LR0 ✵✳✼✾ ✵✳✼✾ ✵✳✼✽ ✵✳✼✽ ✵✳✼✽ ✵✳✼✽ ✵✳✼✽ ✵✳✼✾ ✵✳✼✾ ✵✳✽✵ ✵✳✼✾
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q✉❛♥❞♦ ❧❡✈❛ à ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞♦ ♣♦❞❡r ❞❡st❡s t❡st❡s✱ ❝♦♠♦ ♣♦❞❡ t❡r ♦❝♦rr✐❞♦ ♥❛ s❡çã♦ ✹✳✻✳

❖s t❡st❡s ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮✱ ❊s❝♦r❡ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ tê♠

s✉❛s ♣♦r❝❡♥t❛❣❡♥s ❞❡ ❝♦❜❡rt✉r❛ ♠❡♥♦r❡s ❞♦ q✉❡ ♦s ♥♦♠✐♥❛✐s✳ ■♥❞✐❝❛♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦

❛ss✐♥tót✐❝❛✱ χ2
p/p✱ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮ ♥ã♦ é ✈á❧✐❞❛✱ ♣❛r❛ ♦s t❡st❡s ❞❡ ❊s❝♦r❡ ❡ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❝♦♥❝❧✉í♠♦s q✉❡ ♥ã♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛ ❞✐str✐❜✉✐çã♦ χ2
l ✱ ❞❡✈❡♠♦s

❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❝rít✐❝♦ ♣♦r ♠❡✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❡♠♣ír✐❝❛ s✐♠✉❧❛❞❛✳

P♦rt❛♥t♦ ❝♦♠ ❡st❡ ❡st✉❞♦ ❝♦♥❝❧✉í♠♦s q✉❡ ♠❡s♠♦ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ β−
i 6= 0✱ ♦s t❡st❡s

❞❡ ❤✐♣ót❡s❡s t ❛ss✐♥tót✐❝♦s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥♦ ▼♦❞❡❧♦ ✶ s❡ ❝♦♠♣♦rt❛♠ ♠✉✐t♦ ❜❡♠✳ P♦r

s✉❛ ✈❡③ ♥♦ ▼♦❞❡❧♦ ✷ t❡♠♦s ♦s ♠❡s♠♦s ♣r♦❜❧❡♠❛s ❞✐s❝✉t✐❞♦s q✉❛♥❞♦ ♥ã♦ ❡①✐st✐❛ ❝♦♥tá❣✐♦✳

◆❛ s❡❣✉✐♥t❡ s✉❜s❡çã♦ ❡st✉❞❛r❡♠♦s ❛s ❧❛r❣✉r❛s ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡✲

s❡s ❛♣r❡s❡♥t❛❞♦s✳

✹✳✼✳✶ ▲❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛

❖s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ β ❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦s sã♦ ❝♦♥str✉í❞♦s ❞❛ ❢♦r♠❛ ✉s✉❛❧✱ ❥á

♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s s❡rã♦ ❝♦♥str✉í❞♦s ♣♦r

t❡♥t❛t✐✈❛ ❡ ❡rr♦✳ P❛r❛ ♦ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♥str✉í♠♦s

♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ β ❞❡ (1− α) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• ✭P❛ss♦ ✶✮ ❉❡✜♥✐♠♦s ✉♠❛ ❝♦♥st❛♥t❡ ❞❡♥♦♠✐♥❛❞❛ s❛❧t♦ ❡ t = 0❀

• ✭P❛ss♦ ✷✮ ❈❛❧❝✉❧❛♠♦s ❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ✭LR0✮ ❡♠ q✉❡ β0 é ✐❣✉❛❧ ❛♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞♦

✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞♦ t❡st❡ t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ ✭βhet
inf ✮❀

• ✭P❛ss♦ ✸✮ t← t + 1❀

• ✭P❛ss♦ ✹✮ ❈❛s♦ LR0 > ✈❝1−α r❡♣❡t✐♠♦s ♦ ♣r♦❝❡ss♦ ♣❛r❛ βt
0 = βhete

inf + salto × t ❛té ♦ t ❡♠

q✉❡ LR0 < ✈❝1−α✱ ❧♦❣♦ βt
0 s❡rá ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r❀

• ✭P❛ss♦ ✺✮ ❈❛s♦ ❝♦♥trár✐♦✱ LR0 < ✈❝1−α r❡♣❡t✐♠♦s ♦ ♣r♦❝❡ss♦ ♣❛r❛ βt
0 = βhete

inf − salto × t

❛té ♦ t ❡♠ q✉❡ LR0 > ✈❝1−α✱ ❧♦❣♦ βt
0 s❡rá ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r✳

❖ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ♦ t❡st❡ é ❡♥❝♦♥tr❛❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❡ ❡st❡ ♣r♦❝❡ss♦ é ♦ ♠❡s♠♦ ♣❛r❛

❡♥❝♦♥tr❛r♠♦s ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ♦s t❡st❡s ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮✱ ❊s❝♦r❡ ❡ ❲❛❧❞

❝♦♥❞✐❝✐♦♥❛❧✳

❖s ✈❛❧♦r❡s ❝rít✐❝♦s ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s sã♦ ❞❛❞♦s ♣♦r✿ χ2
p/p ♣❛r❛ ♦

t❡st❡ ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ ❡ χ2
l ♣❛r❛ ♦s t❡st❡s ❞❡ ❊s❝♦r❡✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳
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❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ s❡rá ♦ ♠❡s♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦ ❡ ♣❛r❛ ♦s

♠❡s♠♦s ✈❛❧♦r❡s ❞❡ β✱ ❛♣r❡s❡♥t❛r❡♠♦s ❡♠ ❞❡t❛❧❤❡s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ T = 1000✱ ♣❛r❛ T = 500

♦s r❡s✉❧t❛❞♦s sã♦ ❛♥á❧♦❣♦s✳ ❙❡rã♦ ❢❡✐t❛s ✶✵✵ r❡♣❧✐❝❛çõ❡s ❞❡✈✐❞♦ ❛♦ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛

❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ❛ q✉❛❧

❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♥♦s ♣❛ss♦s ✶ ❛té ✺✳ ❆ ❛♥á❧✐s❡ s❡rá ❢❡✐t❛ ❛♣❡♥❛s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ✈✐st♦ q✉❡ ♦s

r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ sã♦ r✉✐♥s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦ ♠ét♦❞♦ ❛té ❛q✉✐

✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ♥ã♦ é ❛❞❡q✉❛❞♦ ♣❛r❛ ❡st❡ ▼♦❞❡❧♦✳

❋✐❣✉r❛ ✹✳✶✷✿ ❊st❛tíst✐❝❛s ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ β0

❡ ♣❛r❛ ✉♠ ❝❛s♦ ❡s♣❡❝í✜❝♦✱ ❡♠ q✉❡ T = 1000 ❡ β = 0.03✳ ◆♦t❡♠♦s q✉❡ ♦ ✈❛❧♦r ❝rít✐❝♦ é ❞♦s t❡st❡s

❞❡ ✾✺✪ ❞❡ ❝♦♥✜❛♥ç❛✳

❖s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ (1 − α) ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ ❡ ❊s❝♦r❡ ❛♣r❡s❡♥t❛♠

♣r♦❜❧❡♠❛s✳ ❉♦✐s ❞❡st❡s ♣r♦❜❧❡♠❛s ❡stã♦ ✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✶✷✳ ◆♦ ❝❛s♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡

❝♦♥✜❛♥ç❛ ❛ss♦❝✐❛❞♦ ❛♦ t❡st❡ ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ t❡♠♦s q✉❡ ♥❡♥❤✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡

❛♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❛ss♦❝✐❛❞♦ ❛♦ t❡st❡ ❞❡ ❊s❝♦r❡ t❡♠♦s ✉♠❛

r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❛❞❛ ♣♦r ❞♦✐s ✐♥t❡r✈❛❧♦s ❞♦ t✐♣♦✿ (a, b) ∪ (c, d) ✳ ❊①✐st❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡

t❛♥t♦ ❛ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ q✉❛♥t♦ ❛ ❞❡ ❊s❝♦r❡ ❡stã♦ t♦t❛❧♠❡♥t❡

❛❜❛✐①♦ ❞♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡✱ ✐st♦ é✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ é t♦❞❛ ❛ r❡t❛✳ ▼♦r❡✐r❛ ✭✷✵✵✷✱

✷✵✵✸✮ r❡❧❛t❛ ♣r♦❜❧❡♠❛s s❡♠❡❧❤❛♥t❡s✱ ♠❛s ♠❡s♠♦ ❛ss✐♠ s✉❣❡r❡ ❛ ❝♦♥str✉çã♦ ❞❡ ✐♥t❡r✈❛❧♦s ❞❡
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❝♦♥✜❛♥ç❛ ❞❡r✐✈❛❞♦s ❞♦ t❡st❡ ❞❡ ❆❘ ❡ ❞♦ ❊s❝♦r❡ ❝♦♥❞✐❝✐♦♥❛❧✳ ◆ós ❛♦ ❝♦♥trár✐♦✱ ♥ã♦ s✉❣❡r✐♠♦s

t❛❧ ❛❜♦r❞❛❣❡♠ ❡ ❛♥❛❧✐s❛r❡♠♦s ❛♣❡♥❛s ❛s ❧❛r❣✉r❛s ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❛❞♦s ♣❡❧♦ t❡st❡ ❞❡

❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳

❚❛❜❡❧❛ ✹✳✶✷✿ ❚❛♠❛♥❤♦ ♠é❞✐♦ ✭▼❡✮ ❡ ♠❡❞✐❛♥♦ ✭▼❞✮ ❞❛ ❧❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ β

❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧

♣❛r❛ T = 1000✱ ✶✵✵ r❡♣❧✐❝❛çõ❡s ❡ α = ✵✳✾ ❡ ✵✳✾✺✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ✭❉♣✮

❞♦ t❛♠❛♥❤♦ ❞❛s ❧❛r❣✉r❛s ❞♦s ✐♥t❡r✈❛❧♦s ❡st✉❞❛❞♦s✳ ◆♦ ♣❛✐♥❡❧ s✉♣❡r✐♦r ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛

♣❛r❛ α = 0.9 ❡ ♥♦ ♣❛✐♥❡❧ ✐♥❢❡r✐♦r ♣❛r❛ α = 0.95✳
❱❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞❡ β−

1

✲✵✳✶ ✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✷ ✲✵✳✵✶ ✵ ✵✳✵✶ ✵✳✵✷ ✵✳✵✸ ✵✳✵✺ ✵✳✶

▼❡✭t✲❤❡t❡✮ ✵✳✵✹✺ ✵✳✵✹✷ ✵✳✵✹✶ ✵✳✵✹✸ ✵✳✵✹✵ ✵✳✵✸✾ ✵✳✵✹✶ ✵✳✵✹✷ ✵✳✵✹✸ ✵✳✵✹✸ ✵✳✵✹✺

▼❡✭W0✮ ✵✳✵✹✺ ✵✳✵✹✷ ✵✳✵✹✶ ✵✳✵✹✸ ✵✳✵✹✵ ✵✳✵✸✾ ✵✳✵✹✶ ✵✳✵✹✷ ✵✳✵✹✸ ✵✳✵✹✹ ✵✳✵✹✻

▼❡✭LR0✮ ✵✳✵✺✻ ✵✳✵✺✷ ✵✳✵✺✵ ✵✳✵✺✷ ✵✳✵✹✽ ✵✳✵✹✻ ✵✳✵✹✽ ✵✳✵✺✵ ✵✳✵✺✵ ✵✳✵✺✺ ✵✳✵✺✹

▼❞✭t✲❤❡t❡✮ ✵✳✵✹✷ ✵✳✵✸✾ ✵✳✵✹✵ ✵✳✵✹✵ ✵✳✵✸✼ ✵✳✵✸✾ ✵✳✵✸✼ ✵✳✵✸✼ ✵✳✵✹✵ ✵✳✵✸✽ ✵✳✵✹✸

▼❞✭W0✮ ✵✳✵✹✷ ✵✳✵✸✾ ✵✳✵✸✾ ✵✳✵✹✶ ✵✳✵✸✽ ✵✳✵✸✽ ✵✳✵✸✾ ✵✳✵✸✾ ✵✳✵✹✶ ✵✳✵✹✵ ✵✳✵✹✺

▼❞✭LR0✮ ✵✳✵✹✾ ✵✳✵✹✻ ✵✳✵✹✼ ✵✳✵✹✻ ✵✳✵✹✺ ✵✳✵✹✹ ✵✳✵✹✻ ✵✳✵✹✺ ✵✳✵✹✽ ✵✳✵✹✺ ✵✳✵✹✾

❉♣✭t✲❤❡t❡✮ ✵✳✵✶✸ ✵✳✵✶✻ ✵✳✵✶✶ ✵✳✵✶✻ ✵✳✵✶✸ ✵✳✵✶✵ ✵✳✵✶✸ ✵✳✵✶✼ ✵✳✵✶✸ ✵✳✵✷✵ ✵✳✵✶✺

❉♣✭W0✮ ✵✳✵✶✹ ✵✳✵✶✺ ✵✳✵✶✶ ✵✳✵✶✹ ✵✳✵✶✸ ✵✳✵✶✵ ✵✳✵✶✷ ✵✳✵✶✸ ✵✳✵✶✷ ✵✳✵✷✶ ✵✳✵✶✺

❉♣✭LR0✮ ✵✳✵✷✽ ✵✳✵✸✷ ✵✳✵✶✸ ✵✳✵✸✸ ✵✳✵✶✻ ✵✳✵✶✹ ✵✳✵✶✻ ✵✳✵✷✵ ✵✳✵✶✻ ✵✳✵✹✺ ✵✳✵✷✷

▼❡✭t✲❤❡t❡✮ ✵✳✵✺✹ ✵✳✵✺✵ ✵✳✵✹✾ ✵✳✵✺✶ ✵✳✵✹✼ ✵✳✵✹✼ ✵✳✵✹✾ ✵✳✵✺✵ ✵✳✵✺✶ ✵✳✵✺✷ ✵✳✵✺✹

▼❡✭W0✮ ✵✳✵✺✵ ✵✳✵✹✼ ✵✳✵✹✻ ✵✳✵✹✽ ✵✳✵✹✺ ✵✳✵✹✸ ✵✳✵✹✻ ✵✳✵✹✼ ✵✳✵✹✽ ✵✳✵✹✾ ✵✳✵✺✶

▼❡✭LR0✮ ✵✳✵✻✹ ✵✳✵✺✽ ✵✳✵✺✷ ✵✳✵✺✼ ✵✳✵✺✷ ✵✳✵✺✵ ✵✳✵✺✷ ✵✳✵✺✻ ✵✳✵✺✻ ✵✳✵✻✵ ✵✳✵✻✶

▼❞✭t✲❤❡t❡✮ ✵✳✵✺✶ ✵✳✵✹✼ ✵✳✵✹✽ ✵✳✵✹✼ ✵✳✵✹✹ ✵✳✵✹✻ ✵✳✵✹✺ ✵✳✵✹✺ ✵✳✵✹✽ ✵✳✵✹✻ ✵✳✵✺✶

▼❞✭W0✮ ✵✳✵✹✻ ✵✳✵✹✸ ✵✳✵✹✹ ✵✳✵✹✺ ✵✳✵✹✸ ✵✳✵✹✷ ✵✳✵✹✸ ✵✳✵✹✷ ✵✳✵✹✺ ✵✳✵✹✹ ✵✳✵✹✼

▼❞✭LR0✮ ✵✳✵✺✸ ✵✳✵✺✵ ✵✳✵✹✽ ✵✳✵✺✵ ✵✳✵✹✻ ✵✳✵✹✼ ✵✳✵✺✵ ✵✳✵✹✽ ✵✳✵✺✶ ✵✳✵✺✶ ✵✳✵✺✹

❉♣✭t✲❤❡t❡✮ ✵✳✵✶✻ ✵✳✵✶✾ ✵✳✵✶✹ ✵✳✵✶✾ ✵✳✵✶✻ ✵✳✵✶✷ ✵✳✵✶✺ ✵✳✵✷✵ ✵✳✵✶✺ ✵✳✵✷✹ ✵✳✵✶✽

❉♣✭W0✮ ✵✳✵✶✻ ✵✳✵✶✼ ✵✳✵✶✷ ✵✳✵✶✻ ✵✳✵✶✹ ✵✳✵✶✶ ✵✳✵✶✹ ✵✳✵✶✺ ✵✳✵✶✸ ✵✳✵✷✺ ✵✳✵✶✼

❉♣✭LR0✮ ✵✳✵✹✼ ✵✳✵✸✾ ✵✳✵✶✽ ✵✳✵✸✻ ✵✳✵✷✹ ✵✳✵✶✾ ✵✳✵✷✶ ✵✳✵✸✺ ✵✳✵✷✷ ✵✳✵✺✶ ✵✳✵✸✸

❖ ❡st✉❞♦ ❝♦♠♣❛r❛t✐✈♦ q✉❡ ❢❛r❡♠♦s ❡♥tr❡ ♦s t❡st❡s s❡rá q✉❛♥t♦ ❛ ❧❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪✳ ❆ ❚❛❜❡❧❛ ✹✳✶✷ ❛♣r❡s❡♥t❛ ❛ ♠é❞✐❛✱ ♠❡❞✐❛♥❛ ❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞♦

t❛♠❛♥❤♦ ❞❛ ❧❛r❣✉r❛ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ❡ ✾✺✪ ♣❛r❛ ♦s t❡st❡s ❡♠ ❡st✉❞♦✳ ❈♦♠

❡st❡s r❡s✉❧t❛❞♦s t❡♠♦s q✉❡ ♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ sã♦

♠✉✐t♦ s✐♠✐❧❛r❡s q✉❛♥❞♦ ❛ ❛♠♦str❛ é ❣r❛♥❞❡✱ ♦ ♠❡s♠♦ ♥ã♦ é ✈❡r❞❛❞❡ ♣❛r❛ T = 500✳ P♦ré♠ ♦

♠❛✐s ✐♠♣♦rt❛♥t❡ é ♥♦t❛r q✉❡ ❛ ❧❛r❣✉r❛ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

❝♦♥❞✐❝✐♦♥❛❧ é ❛ ♠❛✐♦r✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ α ❡ ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ β ❡st✉❞❛❞♦s✳

❈♦♠ ❡st❡s r❡s✉❧t❛❞♦s t❡♠♦s q✉❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧

sã♦ s✉♣❡r✐♦r❡s ❛♦s ♦✉tr♦s t❡st❡s ❛♥❛❧✐s❛❞♦s✱ ❡ ❞❡✈✐❞♦ ❛ ♠❛✐♦r s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ t❡st❡ t ❛ss✐♥tót✐❝♦ ❤❡✲

t❡r♦s❝❡❞ást✐❝♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ β ❡st❡ s❡rá ✉t✐❧✐③❛❞♦

♥❡st❡ tr❛❜❛❧❤♦✳

P♦r ú❧t✐♠♦ ❛♣r❡s❡♥t❛♠♦s ♥❛ ❋✐❣✉r❛ ✹✳✶✸ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ✾✵✪ ♣❛r❛ β ❞❛s ✷✵

♣r✐♠❡✐r❛s r❡♣❧✐❝❛çõ❡s✱ ❡♠ q✉❡ ♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ❢♦✐ ❣❡r❛❞♦ ♣❛r❛ β = 0✳ ❆♥❛❧✐s❛♥❞♦ ❡st❛ ✜❣✉r❛

♣❡r❝❡❜❡♠♦s q✉❡ ♦ t❡st❡ ❞❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ t❡♠ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♠❛✐♦r



✻✽ ❊❙❚❯❉❖ ❉❖❙ ❊❙❚■▼❆❉❖❘❊❙ ❉❊ β−
1

q✉❡ ♦ ❞❡ ❲❛❧❞ ❡♠ ♠é❞✐❛✱ ♥♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❛❝♦♥t❡❝❡♥❞♦ ♦ ♠❡s♠♦ ❝♦♠ ✉♠❛ ❞✐❢❡r❡♥ç❛ ♠❡♥♦r✳

❋✐❣✉r❛ ✹✳✶✸✿ ■♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ β ❞❡ ✾✵✪ ❞❛s ✷✵ ♣r✐♠❡✐r❛s r❡♣❧✐❝❛çõ❡s✱ ❡♠ q✉❡ ♦ ❜❛♥❝♦

❞❡ ❞❛❞♦s ❢♦✐ ❣❡r❛❞♦ ♣❛r❛ β = 0✳

❖ ❡st✉❞♦ ❢❡✐t♦ ♥❡st❛ s✉❜s❡çã♦ r❛t✐✜❝❛ ♦ q✉❡ tí♥❤❛♠♦s ❡♥❝♦♥tr❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡ q✉❡ ♦ t❡st❡

t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ é ♦ ♠❡❧❤♦r ♣❛r❛ ❡st✉❞❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ❝♦♥tá❣✐♦ ♥♦

▼♦❞❡❧♦ ✶✳ ❆♥❛❧✐s❛♠♦s ❛s ❧❛r❣✉r❛s ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s

❢r❛❝♦s✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦s t❡st❡s ❞❡ ❆♥❞❡rs♦♥ ❡ ❘✉❜✐♥ ✭✶✾✹✾✮ ❡ ❊s❝♦r❡ tê♠ ♣r♦❜❧❡♠❛s ❣r❛✈❡s

q✉❛♥t♦ ❛ ❡①✐stê♥❝✐❛ ❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ✐♥t❡r✈❛❧♦s✱ q✉❡ ♦ t❡st❡ t ❛ss✐♥tót✐❝♦ é ❛♥á❧♦❣♦ ❛♦ ❞❡

❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ q✉❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ tê♠ ♠❡♥♦r ❧❛r❣✉r❛ q✉❡ ♦ ❞❡

r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳ ▲♦❣♦ ♦ ♠❡❧❤♦r é ✉t✐❧✐③❛r♠♦s ♦ t❡st❡ t ❛ss✐♥tót✐❝♦ ❞❡✈✐❞♦

❛♦ s❡✉ ♠❡♥♦r ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

◆❛ s❡❣✉✐♥t❡ s❡çã♦ ❛♥❛❧✐s❛r❡♠♦s ♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s q✉❛♥❞♦

❡①✐st❡ ❝♦♥tá❣✐♦✱ β−
i 6= 0✳

✹✳✽ ❊st✉❞♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ β−1 ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❡st✉❞♦ ❞❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦s ♣❛❞rõ❡s ❞♦s ❡st✐♠❛❞♦r❡s ♣♦st✉❧❛❞♦s ❞❡

β−
1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦✳ ❆s ❚❛❜❡❧❛s ✹✳✶✸ ❡ ✹✳✶✹ ❛♣r❡s❡♥t❛♠



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✻✾

♦s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ❞❡ β−
1 ∈ {−0.05,−0.03,−0.01, 0, 0.01, 0.03, 0.05}✳

❙ã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ♠é❞✐❛s ❡ ♦s ❞❡s✈✐♦s ♣❛❞rõ❡s ❞❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ♦s ▼♦❞❡❧♦s ✶ ❡ ✷✱ ♣❛r❛ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❞❡ sér✐❡s ❞❡ t❛♠❛♥❤♦ ❛♠♦str❛❧ ✶✵✵✵✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s ❛s ♠é❞✐❛s ❡ ♦s ❞❡s✈✐♦s

♣❛❞rõ❡s ❞♦s ❞❡s✈✐♦s ♣❛❞rõ❡s ❡st✐♠❛❞♦s ❞❡ β̂−
1 ✳

❚❛❜❡❧❛ ✹✳✶✸✿ ❊st✐♠❛t✐✈❛s ❞❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ❡st✐♠❛❞♦s ❞❡ β−
1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ♥♦ ▼♦❞❡❧♦ ✶✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦

♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❱❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞❡ β−1

✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✶ ✵ ✵✳✵✶ ✵✳✵✸ ✵✳✵✺

▼é❞✐❛ β̂−1 ✲✵✳✵✺✶✶ ✲✵✳✵✸✶✶ ✲✵✳✵✶✶✷ ✲✵✳✵✵✶✷ ✵✳✵✵✾✵ ✵✳✵✷✾✶ ✵✳✵✹✽✾

❉♣✭β̂−1 ✮ ✵✳✵✶✸✹ ✵✳✵✶✸✷ ✵✳✵✶✸✶ ✵✳✵✶✸✷ ✵✳✵✶✸✺ ✵✳✵✶✸✼ ✵✳✵✶✹✵

▼é❞✐❛ σ̂β
−
1

✵✳✵✶✷✾ ✵✳✵✶✷✼ ✵✳✵✶✷✻ ✵✳✵✶✷✼ ✵✳✵✶✷✽ ✵✳✵✶✸✵ ✵✳✵✶✸✷

❉♣✭σ̂β
−
1

✮ ✵✳✵✵✹✹ ✵✳✵✵✹✹ ✵✳✵✵✹✹ ✵✳✵✵✹✹ ✵✳✵✵✹✻ ✵✳✵✵✹✽ ✵✳✵✵✺✵

❆♥t❡s ❞❡ ❛♥❛❧✐s❛r♠♦s ♦s r❡s✉❧t❛❞♦s r❡ss❛❧t❛♠♦s q✉❡ ♦s ✈❛❧♦r❡s ❞❡ β−
1 ♦♠✐t✐❞♦s ♥ã♦ tr❛③❡♠

✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✱ ♣♦✐s ❡st❡s sã♦ s❡♠❡❧❤❛♥t❡s ❛♦s ❞♦s ✈❛❧♦r❡s ❛♣r❡s❡♥t❛❞♦s✳ ❖s r❡s✉❧t❛❞♦s

♣❛r❛ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ sã♦ tã♦ r✉✐♥s q✉❛♥t♦ ❛q✉❡❧❡s ♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✹✱ ♥❛ q✉❛❧

❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✳ P♦r ú❧t✐♠♦ ✐♥❢♦r♠❛♠♦s q✉❡ ♦s r❡s✉❧t❛❞♦s q✉❛♥❞♦

✉t✐❧✐③❛♠♦s ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦ sã♦ s❡♠❡❧❤❛♥t❡s ❞♦ ❝❛s♦ ❤❡t❡✲

r♦s❝❡❞ást✐❝♦✳

❆ ❚❛❜❡❧❛ ✹✳✶✸ ♠♦str❛ q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ é ♥ã♦

✈✐❡s❛❞♦ ♦✉ t❡♠ ♣❡q✉❡♥♦ ✈✐és ♠❡s♠♦ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ❝♦♠ ❞❡s✈✐♦

♣❛❞rã♦ ❡♠ t♦r♥♦ ❞❡ ✵✳✵✶✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ β−
1 ✳ ◆♦ ▼♦❞❡❧♦ ✷ t❡♠♦s q✉❡ ❡st❡ ❡st✐♠❛❞♦r é

✈✐❡s❛❞♦ ❡ ❝♦♠ ❞❡s✈✐♦ ♣❛❞rã♦ ❡♠ t♦r♥♦ ❞❡ ✵✳✵✼✱ ❝♦♠♦ ✈❡♠♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✹✳ ❖❜s❡r✈❡♠♦s t❛♠❜é♠

q✉❡ ❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❞❡s✈✐♦s ♣❛❞rõ❡s ✭▼é❞✐❛ σ̂−
1 ✮ é ♠✉✐t♦ ♣ró①✐♠❛ ❞♦ ❞❡s✈✐♦ ♣❛❞rã♦

❞❛s ❡st✐♠❛t✐✈❛s ❡♥❝♦♥tr❛❞❛s ✭❉♣✭β̂−
1 ✮✮✳ ❊st❡ r❡s✉❧t❛❞♦ ✐♥❞✐❝❛ q✉❡ ❛ ✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦✱ ❞✐s❝✉t✐❞❛ ♥♦ ❚❡♦r❡♠❛ ✹✱ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ❡st✐♠❛r

♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞♦ ❡st✐♠❛❞♦r✳

❆♦ ✉t✐❧✐③❛r♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ✭σit✮ ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ❡st✐♠❛r

❝♦♥tá❣✐♦ ♥♦ ▼♦❞❡❧♦ ✶✱ t❡♠♦s ❡st✐♠❛t✐✈❛s ❝♦♥✜á✈❡✐s ❛♣❡s❛r ❞❡ ✉♠ ♣♦❞❡r ❜❛✐①♦ ❞❡♣❡♥❞❡♥❞♦ ❞❛

♠❛❣♥✐t✉❞❡ ❞♦ ♣❛râ♠❡tr♦✳ P♦r s✉❛ ✈❡③✱ ♥♦ ▼♦❞❡❧♦ ✷ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡st✐♠❛r ❝♦♥tá❣✐♦ ❝♦rr❡t❛✲

♠❡♥t❡✳
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❚❛❜❡❧❛ ✹✳✶✹✿ ❊st✐♠❛t✐✈❛s ❞❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ❡st✐♠❛❞♦s ❞❡ β−
1 ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♥♦ ▼♦❞❡❧♦ ✷✳ ✭❋♦r❛♠ ❢❡✐t❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s

♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ β−

1 ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✽✮ ❛té ✭✹✳✶✻✮ ❝♦♠ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ✐❣✉❛❧ ✶✵✵✵✳✮

❱❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞❡ β−1

✲✵✳✵✺ ✲✵✳✵✸ ✲✵✳✵✶ ✵ ✵✳✵✶ ✵✳✵✸ ✵✳✵✺

▼é❞✐❛ β̂−1 ✲✵✳✵✼✶✾ ✲✵✳✵✺✸✹ ✲✵✳✵✸✹✷ ✲✵✳✵✷✺✽ ✲✵✳✵✶✼✹ ✵✳✵✵✹✵ ✵✳✵✷✹✻

❉♣✭β̂−1 ✮ ✵✳✵✻✽✷ ✵✳✵✻✼✾ ✵✳✵✻✾✾ ✵✳✵✼✵✶ ✵✳✵✼✶✺ ✵✳✵✻✾✵ ✵✳✵✻✽✹

▼é❞✐❛ σ̂β
−
1

✵✳✵✼✻✼ ✵✳✵✼✻✷ ✵✳✵✼✻✾ ✵✳✵✼✻✾ ✵✳✵✼✽✼ ✵✳✵✼✺✻ ✵✳✵✼✺✷

❉♣✭σ̂β
−
1

✮ ✵✳✶✾✸✸ ✵✳✶✾✻✼ ✵✳✶✵✽✻ ✵✳✶✶✶✼ ✵✳✶✶✼✾ ✵✳✶✵✼✹ ✵✳✶✵✽✾

✹✳✾ ■♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦ ♦ q✉❛♥t♦ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s

♥❛ s❡çã♦ ✸✳✸✱ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦s ❡rr♦s ❞❛ ❡❝♦♥♦♠✐❛ j 6= i✱ sã♦ s❛t✐s❢❛tór✐❛s ♣❛r❛ ❡st✐♠❛r✲

♠♦s ♦ ❝♦❡✜❝✐❡♥t❡ q✉❡ ✐♥❞✐❝❛ ❝♦♥tá❣✐♦ ✭β−
i ✮ s❡♠ ✈✐és✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡st✉❞❛r ❛ ❡✜❝á❝✐❛ ❞♦s

✐♥str✉♠❡♥t♦s ❞✐s❝✉t✐❞♦s ♥❛ s❡çã♦ ✸✳✻ ❡ ♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✳

◆❛ s✉❜s❡çã♦ ✹✳✾✳✶ ❛♥❛❧✐s❛r❡♠♦s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❛ r❡❧❡✈â♥❝✐❛ ❞❛

❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭ρijt✮ ❡ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣❛ís i ❝♦♠♦ ✐♥str✉♠❡♥t♦s ♣❛r❛

❡st✐♠❛r♠♦s β−
i ♣♦r ♠❡✐♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ◆❛ s✉❜s❡çã♦ ✹✳✾✳✷ ❢❛r❡♠♦s ♦ ♠❡s♠♦ ❡st✉❞♦

♣❛r❛ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮✱ ❛s q✉❛✐s sã♦ ❛s ♣♦tê♥❝✐❛s

❞❛s ❞❡❢❛s❛❣❡♥s ❞♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭yit✮✳

✹✳✾✳✶ ❆♥á❧✐s❡ ❞♦s ✐♥str✉♠❡♥t♦s ρijt ❡ σit ♣❛r❛ ❡st✐♠❛r β−
i

❆♦ ❛♥❛❧✐s❛r♠♦s ♥❛ s❡çã♦ ✸✳✻ ❛ r❡❧❡✈â♥❝✐❛ ❞❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭ρijt✮ ❡ ❞❛ ✈♦❧❛t✐❧✐❞❛❞❡

❝♦♥❞✐❝✐♦♥❛❧ ❞❛ ❡❝♦♥♦♠✐❛ i ✭σit✮ ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ❡st✐♠❛r♠♦s s❡♠ ✈✐és β−
i ✱

♦❜t✐✈❡♠♦s ❝♦rr❡❧❛çõ❡s ❜❛✐①❛s ❡♥tr❡ ❡st❛s ❡ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❞♦ ♠♦❞❡❧♦✱ ✐♥❞✐❝❛♥❞♦ q✉❡ sã♦

✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♣❛r❛ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✳ ◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛

❞❡st❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ❡st✐♠❛r♠♦s β−
i s❡♠ ✈✐és✳

P❛r❛ ❛♥❛❧✐s❛r♠♦s ❡st❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✐r❡♠♦s ✉t✐❧✐③❛r ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s

❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✶ ❡ ♣❛râ♠❡tr♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶✱ ❝♦♠ q✉❛tr♦ ❡❝♦♥♦♠✐❛s ✭N = 4✮ ❡ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s✳ ❚rês t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ❢♦r❛♠ ❡st✉❞❛❞♦s T = 100✱ 500 ❡ 1000✱ ♦♠✐t✐r❡♠♦s ♦s

r❡s✉❧t❛❞♦s ♣❛r❛ T = 500 ✈✐st♦ q✉❡ ♦s r❡s✉❧t❛❞♦s sã♦ r✉✐♥s✳

❖ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❞♦ ❡st✉❞♦ é ✐♥❝❧✉✐r♠♦s ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s ♣♦r ❡st❡

tr❛❜❛❧❤♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ρijt ❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣ró♣r✐♦ ♣❛ís ♥♦s ❞♦✐s ♠♦❞❡❧♦s✳

❆ ♣❛rt✐r ❞❛s s✐♠✉❧❛çõ❡s t❡st❛♠♦s s❡ ❡st❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s sã♦ ❢r❛❝❛s ♣♦r ♠❡✐♦ ❞♦ t❡st❡ ❞❡



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✼✶

❈r❛❣❣✲❉♦♥❛❧❞✳ ❆ ❚❛❜❡❧❛ ✹✳✶✺ ♥♦s r❡✈❡❧❛ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r✱ ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛

r❛③♦á✈❡❧✱ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♣❛r❛ t♦❞♦s ♦s t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ❡ ♠♦❞❡❧♦s✳

▲♦❣♦ ❡s♣❡r❛♠♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❞❡ β−
i ♠❛✐s ✈✐❡s❛❞♦s q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s

ρijt ❡ σit ∀i = 1, . . . , N ❝♦♠♦ ✐♥str✉♠❡♥t♦s ❞♦ q✉❡ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s ✭σjt ∀j 6= i✮✳

❚❛❜❡❧❛ ✹✳✶✺✿ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦s ▼♦❞❡❧♦ ✶ ❡ ✷ ❝♦♠ ❛s ✈❛r✐á✈❡✐s
✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt ❡ σit ♣❛r❛ ♦ ♣❛ís i✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❡♥tr❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖

❡ ❱■ ❞❡ ✶✵✪✱ ♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂10 é ❞❡

✶✶✳✹✾✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✶ T = 500 ✷✳✾✻✶✾ ✸✳✵✾✵✵ ✷✳✽✷✸✷ ✷✳✾✷✷✾

T = 1000 ✺✳✼✺✽✾ ✺✳✹✹✾✷ ✺✳✵✽✻✻ ✺✳✶✻✵✾

▼♦❞❡❧♦ ✷ T = 500 ✶✳✶✻✼✺ ✶✳✶✺✽✽ ✶✳✶✺✼✾ ✶✳✶✹✾✶

T = 1000 ✶✳✶✶✹✸ ✶✳✶✶✽✻ ✶✳✶✵✽✼ ✶✳✶✶✷✷

❆ ❚❛❜❡❧❛ ✹✳✶✻ ❞á ❛s ❡st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡

✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s✶ ❡ ♣❡r❝❡❜❡♠♦s q✉❡ ♥♦ ▼♦❞❡❧♦ ✶ ♦ ✈í❝✐♦ é ❝♦rr✐❣✐❞♦✱

♣♦ré♠ é ♠❛✐♦r q✉❡ ♦ ✈í❝✐♦ ❞♦s ❡st✐♠❛❞♦r❡s q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s

❞❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ▲❡♠❜r❡♠♦s q✉❡ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❞❡

β−
i sã♦ ♦s ❞❛ ❚❛❜❡❧❛ ✹✳✷ ❡ ✹✳✹ ✈✐st♦ q✉❡ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s é ♦ ♠❡s♠♦✳

P❛r❛ ♦ ▼♦❞❡❧♦ ✷ ❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ é ♠✉✐t♦ ❜❛✐①❛✱ ♠❛s ♠❛✐♦r q✉❡ q✉❛♥❞♦ ✉t✐✲

❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s ❝♦♠♦ ✐♥str✉♠❡♥t♦✱ ❝♦♠♦ ✈❡♠♦s

q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❛ ❚❛❜❡❧❛ ✹✳✶✺ ❝♦♠ ❛ ❚❛❜❡❧❛ ✹✳✺✳ ❊♠ t❡r♠♦s ❞♦ ✈í❝✐♦ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s ♣❛r❛ β−
i q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ρijt ❡ σit sã♦ tã♦ ✈✐❝✐❛❞♦s

❞♦ q✉❡ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s✳

❖s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s s❡ ❝♦♠♣♦rt❛♠ ❞❡ ❢♦r♠❛

♣✐♦r ❛ ❞✐s❝✉t✐❞❛ ♥❛s s❡çõ❡s ✹✳✺✱ ✹✳✻ ❡ ✹✳✼✱ t❛♥t♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ✷✷✳

❯♠ ú❧t✐♠♦ ♣♦♥t♦ q✉❡ ❞❡✈❡♠♦s ❡st✉❞❛r ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ é s❡✱ s♦③✐♥❤❛s✱ ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡

♦s ❡rr♦s ✭ρijt✮ sã♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♠❡❧❤♦r❡s ♣❛r❛ r❡t✐r❛r♠♦s ♦ ✈í❝✐♦ ♥❛ ❡st✐♠❛t✐✈❛ ❞❡

β−
i ✳ ❊st❛ q✉❡stã♦ é r❡❧❡✈❛♥t❡✱ ♣♦✐s ❛s ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ♦s ❡rr♦s ❢♦r❛♠ ♦s ú♥✐❝♦s ✐♥str✉♠❡♥t♦s

s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✸✳✻✳

❆s s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ s❡rã♦ ❢❡✐t❛s ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❞✐s❝✉t✐❞❛ ❛❝✐♠❛ ❡ ❝♦♠ ♦s ♠❡s✲

✶❖s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s sã♦ s❡♠❡❧❤❛♥t❡s q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ❛♦s ❤♦♠♦s❝❡✲

❞ást✐❝♦s✱ s❡♥❞♦ ❛s ❝♦♥❝❧✉sõ❡s ❛s ♠❡s♠❛s✳
✷❖s r❡s✉❧t❛❞♦s s❡rã♦ ♦♠✐t✐❞♦s ♣♦r ♥ã♦ tr❛③❡r❡♠ ♠✉✐t❛ ✐♥❢♦r♠❛çã♦✳
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❚❛❜❡❧❛ ✹✳✶✻✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲
tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

i ♥♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s
❛❞✐❝✐♦♥❛✐s ρijt ❡ σit✳ ✭✯ P❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❝♦❧♦❝❛♠♦s ❡♠ ✐tá❧✐❝♦ ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−

i q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s

❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s ❝♦♠♦ ✐♥str✉♠❡♥t♦s✳✮

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✶ T = 500 ❱✐és ✲✵✳✵✵✽✹ ✲✵✳✵✵✽✸ ✲✵✳✵✵✼✼ ✲✵✳✵✵✸✼

❱✐és✯ ✲✵✳✵✵✷✾ ✲✵✳✵✵✸✸ ✲✵✳✵✵✸✺ ✲✵✳✵✵✶✹

❊◗▼ ✵✳✵✵✵✸ ✵✳✵✵✵✸ ✵✳✵✵✵✷ ✵✳✵✵✵✵✺

❊◗▼✯ ✵✳✵✵✵✹ ✵✳✵✵✵✺ ✵✳✵✵✵✸ ✵✳✵✵✵✵✼

T = 1000 ❱✐és ✲✵✳✵✵✹✼ ✲✵✳✵✵✹✵ ✲✵✳✵✵✸✾ ✲✵✳✵✵✷✵

❱✐és✯ ✲✵✳✵✵✶✷ ✲✵✳✵✵✵✼ ✲✵✳✵✵✶✵ ✲✵✳✵✵✵✹

❊◗▼ ✵✳✵✵✵✶ ✵✳✵✵✵✷ ✵✳✵✵✵✶ ✵✳✵✵✵✵✷

❊◗▼✯ ✵✳✵✵✵✶ ✵✳✵✵✵✷ ✵✳✵✵✵✶ ✵✳✵✵✵✵✸

▼♦❞❡❧♦ ✷ T = 500 ❱✐és ✲✵✳✵✶✾✾ ✲✵✳✵✶✽✹ ✲✵✳✵✶✺✶ ✲✵✳✵✵✽✵

❱✐és✯ ✲✵✳✵✷✵✷ ✲✵✳✵✶✼✾ ✲✵✳✵✶✽✺ ✲✵✳✵✵✽✹

❊◗▼ ✵✳✵✵✵✾ ✵✳✵✵✶✵ ✵✳✵✵✵✻ ✵✳✵✵✵✶

❊◗▼✯ ✵✳✵✵✹✻ ✵✳✵✵✺✶ ✵✳✵✵✸✺ ✵✳✵✵✵✾

T = 1000 ❱✐és ✲✵✳✵✷✶✾ ✲✵✳✵✶✽✹ ✲✵✳✵✶✻✹ ✲✵✳✵✵✽✸

❱✐és✯ ✲✵✳✵✷✶✻ ✲✵✳✵✷✺✷ ✲✵✳✵✶✾✽ ✲✵✳✵✵✼✻

❊◗▼ ✵✳✵✵✶✵ ✵✳✵✵✵✾ ✵✳✵✵✵✻ ✵✳✵✵✵✶

❊◗▼✯ ✵✳✵✵✺✶ ✵✳✵✵✺✵ ✵✳✵✵✸✵ ✵✳✵✵✵✾

♠♦s ♣❛râ♠❡tr♦s✱ ♥♦ ❡♥t❛♥t♦ ✉s❛r❡♠♦s ❛♣❡♥❛s ❛s ❝♦rr❡❧❛çõ❡s ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳ ❖s

r❡s✉❧t❛❞♦s ❞❛ ❡st✐♠❛t✐✈❛ ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✼ ❡

r❡✈❡❧❛♠ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ ❡♠ q✉❡ ❛

❡st❛tíst✐❝❛ t❡♠ ❛ ♠❡s♠❛ ♠❛❣♥✐t✉❞❡ ❞❡ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s t♦❞♦s ♦s ✐♥str✉♠❡♥t♦s ✭❚❛❜❡❧❛ ✹✳✶✺✮✳

❚❛❜❡❧❛ ✹✳✶✼✿ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛s
✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s ρijt✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✶✵✪✱

♦ ✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂6 é ❞❡ ✶✶✳✶✷✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✷ T = 500 ✶✳✵✽✺✾ ✶✳✵✽✶✵ ✶✳✵✾✶✸ ✶✳✵✼✻✵

T = 1000 ✶✳✵✾✻✺ ✶✳✶✷✸✾ ✶✳✶✵✵✽ ✶✳✶✵✶✸

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡s♣❡r❛♠♦s q✉❡ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ β−
i s❡❥❛♠ ❞❛ ♠❡s♠❛ ♠❛❣♥✐t✉❞❡

❞❡ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s t♦❞❛s ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❛♣r❡s❡♥t❛❞❛s ❛té ♦ ♠♦♠❡♥t♦✳ ❆♥❛❧✐s❛♥❞♦

❛ ❚❛❜❡❧❛ ✹✳✶✽ t❡♠♦s ❡①❛t❛♠❡♥t❡ ♦ ❡s♣❡r❛❞♦✱ ♦ ✈✐és ❞♦s ✐♥str✉♠❡♥t♦s é s❡♠❡❧❤❛♥t❡ ❛♦ ✈✐és ❞♦s



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✼✸

❡st✐♠❛❞♦r❡s q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s t♦❞♦s ♦s ✐♥str✉♠❡♥t♦s✱ ♦s q✉❛✐s ❡stã♦ ♥❛ ❚❛❜❡❧❛ ✹✳✶✻✳

❚❛❜❡❧❛ ✹✳✶✽✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲
tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−

i ♥♦ ▼♦❞❡❧♦ ✷✱ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s
❛❞✐❝✐♦♥❛✐s ρijt✳ ✭P❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❝♦❧♦❝❛♠♦s ❡♠ ✐tá❧✐❝♦ ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−

i q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s

❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s ♦✉tr♦s ♣❛ís❡s ❝♦♠♦ ✐♥str✉♠❡♥t♦s✳✮

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✷ T = 500 ❱✐és ✲✵✳✵✷✵✷ ✲✵✳✵✶✾✸ ✲✵✳✵✶✺✹ ✲✵✳✵✵✽✶

❊◗▼ ✵✳✵✵✶✻ ✵✳✵✵✶✻ ✵✳✵✵✵✾ ✵✳✵✵✶✶

T = 1000 ❱✐és ✲✵✳✵✷✶✻ ✲✵✳✵✶✼✾ ✲✵✳✵✶✻✷ ✲✵✳✵✵✽✸

❊◗▼ ✵✳✵✵✶✺ ✵✳✵✵✶✻ ✵✳✵✵✵✾ ✵✳✵✵✵✷

❈♦♥❝❧✉í♠♦s q✉❡ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ♦s ❡rr♦s ✭ρijt✮ ❡ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞♦ ♣❛ís i sã♦

✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♣❛r❛ ❡st✐♠❛r β−
i t❛♥t♦ ♥♦ ▼♦❞❡❧♦ ✶ q✉❛♥t♦ ♥♦ ▼♦❞❡❧♦ ✷✳ ▲♦❣♦ ♦ ❛❝♦♥s❡❧❤á✈❡❧

é ✉t✐❧✐③❛r ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ j 6= i ♣❛r❛ ❡st✐♠❛r♠♦s β−
i ♥♦ ▼♦❞❡❧♦ ✶✱ ♣❛r❛ ♦

▼♦❞❡❧♦ ✷ ♦s r❡s✉❧t❛❞♦s sã♦ r✉✐♥s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s q✉❡ ✉t✐❧✐③❛r♠♦s✳

✹✳✾✳✷ ❆♥á❧✐s❡ ❞♦s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮

P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ✉t✐❧✐③❛r❛♠ ❝♦♠♦ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛ i ❛s ♣♦tê♥❝✐❛s ❞❛s

❞❡❢❛s❛❣❡♥s ❞❛ ✈❛r✐á✈❡❧ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❛s ♦✉tr❛s ❡❝♦♥♦♠✐❛s ✭yjt ∀j 6= i✮✱ ♦✉ ♠❡❧❤♦r✱

♦s ✐♥str✉♠❡♥t♦s sã♦✿

wit(m) = [(yj,t−1)
1, . . . , (yj,t−1)

m, (yj,t−2)
1, . . . , (yj,t−2)

m]✱

❡♠ q✉❡✿ j = 1, . . . , N j 6= i ❡ m ∈ N✳

❊st❡s ✐♥str✉♠❡♥t♦s s❡rã♦ ❛❞✐❝✐♦♥❛❞♦s ❛♦s ♣♦st✉❧❛❞♦s✸ ♣♦r ❡st❡ tr❛❜❛❧❤♦ ❡ ❡st✉❞❛r❡♠♦s ❛s

♠♦❞✐✜❝❛çõ❡s q✉❡ t❡♠♦s ❛♦ ❡st✐♠❛r♠♦s β−
i ♣♦r ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s r❡s✉❧✲

t❛❞♦s ♦❜t✐❞♦s ❛té ❛q✉✐✱ ✐st♦ é✱ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ♦s s❡❣✉✐♥t❡s ✐♥str✉♠❡♥t♦s ♣❛r❛ ❛ ❡❝♦♥♦♠✐❛ i

♥❡st❛ s❡çã♦✿

Wit = [σ1t, ..., σjt, ..., σNt, w1t(1), ..., w1t(m), wjt(1), ..., wjt(m), wNt(1), ..., wNt(m)]✱

♣❛r❛ j 6= i✱ ❞❡✈❡♠♦s ♥♦t❛r q✉❡ ♦ s✉❜s❝r✐t♦ i ❞❡♥♦t❛ ♦s ✐♥str✉♠❡♥t♦s ❞♦ ♣❛ís i ❡ t ♦ ♣❡rí♦❞♦✳

❖ ♠♦❞♦ ❞❡ ❛♥❛❧✐s❛r♠♦s ♦s ♥♦✈♦s ✐♥str✉♠❡♥t♦s é ♦ ♠ét♦❞♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ ♦

q✉❛❧ ❢♦✐ ✉t✐❧✐③❛❞♦ ✐♥t❡♥s✐✈❛♠❡♥t❡ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳ ❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s é ❛♥á❧♦❣♦

✸❖s ✐♥str✉♠❡♥t♦s ❞❡♥♦♠✐♥❛❞♦s ❝♦♠♦ ✧♣♦st✉❧❛❞♦s ♣♦r ❡st❡ tr❛❜❛❧❤♦✧ sã♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❛

❡❝♦♥♦♠✐❛ j 6= i ♣❛r❛ ❡st✐♠❛r♠♦s β−

i ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✳



✼✹ ■◆❙❚❘❯▼❊◆❚❖❙ ❆❉■❈■❖◆❆■❙

❛♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✹✳✶ ❡ ♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ❡stã♦ ♥❛ ❚❛❜❡❧❛

✹✳✶✳ P♦rt❛♥t♦ t❡♠♦s q✉❡ N = 4 ❡ ❡st✉❞❛♠♦s ❞♦✐s t❛♠❛♥❤♦s ❛♠♦str❛✐s✱ T = 500 ❡ T = 1000✱

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ♠❡♥♦r❡s ♥ã♦ ❢♦r❛♠ ❡st✉❞❛❞❛s ✈✐st♦ q✉❡ ♣❛r❛ T = 500 t❡♠♦s r❡s✉❧t❛❞♦s

♠✉✐t♦ r✉✐♥s✳

❆s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s ♥♦ ❡st✉❞♦ s✐♠✉❧❛❞♦ sã♦ ❛q✉❡❧❛s ♣♦st✉❧❛❞❛s ♥♦ ❈❛♣ít✉❧♦

✸✱ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ yit ✭σit✮✱ ❡ ♦s ✐♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s ❝♦♠ m = 3 ✭wit(3)✮✳

❖ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❛ s❡r ❡st✉❞❛❞♦ é ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✭Wit✮ ♣❛r❛

❡①♣❧✐❝❛r ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❞♦ ♠♦❞❡❧♦✳ ❈♦♠♦ ❢♦✐ ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷ s❡çã♦ ✷✳✹✳✶ ♦ t❡st❡

❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ é ♦ ♠❡❧❤♦r t❡st❡ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s s❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s✱ ♦ q✉❛❧ ❢♦✐

❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s✳

❚❛❜❡❧❛ ✹✳✶✾✿ ❊st✐♠❛t✐✈❛ ❞❛ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ♦s ▼♦❞❡❧♦ ✶ ❡ ✷ ❝♦♠ ❛s ✈❛r✐á✈❡✐s
✐♥str✉♠❡♥t❛✐s ❛❞✐❝✐♦♥❛✐s Wij ✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❡♥tr❡ ♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦ ✈❛❧♦r

❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂21 é ❞❡ ✷✶✳✸✾✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✶ T = 500 ✷✳✸✺ ✷✳✸✵ ✷✳✶✽ ✷✳✷✼

T = 1000 ✸✳✼✸ ✸✳✺✽ ✸✳✸✻ ✸✳✹✵

▼♦❞❡❧♦ ✷ T = 500 ✵✳✾✽ ✵✳✾✼ ✵✳✾✽ ✵✳✾✾

T = 1000 ✵✳✾✻ ✵✳✾✽ ✵✳✾✻ ✵✳✾✼

❆ ❚❛❜❡❧❛ ✹✳✶✾ ♥♦s r❡✈❡❧❛ ❛ ♠é❞✐❛ ❞❛s ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ❞❛s ✶✵✵✵ r❡♣❧✐❝❛çõ❡s ♥♦s

♠♦str❛♥❞♦ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s

q✉❡ ❡st✉❞❛♠♦s ♥❛ s❡çã♦ ✹✳✹ t❡♠♦s ✐♥str✉♠❡♥t♦s ♠❛✐s ❢r❛❝♦s q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ♦s ✐♥str✉♠❡♥t♦s

❛❞✐❝✐♦♥❛✐s✱ wit(3)✱ ❡♠ ❛♠❜♦s ♦s ▼♦❞❡❧♦s✳ ❙❡♥❞♦ ❛ss✐♠ t❡♠♦s ❛ ✐♥❞✐❝❛çã♦ ❞❡ q✉❡ ♦s ❡st✐♠❛❞♦r❡s

❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥ã♦ ❝♦♥s❡❣✉✐rã♦ ❝♦rr✐❣✐r ♦ ✈✐és ❞❡ β−
i ✳

❆ ❡st✐♠❛t✐✈❛ ❞♦ ✈✐és ❡ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ sã♦ ♦s ❛♣r❡s❡♥t❛❞♦s

♥❛ ❚❛❜❡❧❛ ✹✳✷ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ♥❛ ❚❛❜❡❧❛ ✹✳✹ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷✱ ❛s ❡st✐♠❛t✐✈❛s ♥ã♦ ♠✉❞❛♠ ✈✐st♦

q✉❡ ♠❛♥t✐✈❡♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s✳ ❆s ❝♦♥❝❧✉sõ❡s sã♦ ❛s ♠❡s♠❛s ❛ ❝❡r❝❛ ❞♦

❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ ✐st♦ é✱ ❡st❡ ❡st✐♠❛❞♦r é ✈✐❡s❛❞♦ ♣♦✐s ❛ ❤✐♣ót❡s❡ ❞❡ ❡①♦❣❡♥❡✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s

❡①♣❧✐❝❛t✐✈❛s ♥ã♦ é ✈❡r✐✜❝❛❞❛✳

◆❛ ❚❛❜❡❧❛ ✹✳✷✵ t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ✈✐és ❡ ❞♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s

❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s✳ ❊♠ ♥❡♥❤✉♠ ❞♦s ▼♦❞❡❧♦s ♣r♦♣♦st♦s ♥❛ s❡çã♦ ✸✳✷

t❡♠♦s ♦ ✈✐és ❝♦rr✐❣✐❞♦ ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛✱ ❧❡♠❜r❡♠♦s q✉❡ ♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ♣♦st✉❧❛

β−
i = 0 ∀i = 1, . . . , N ✱ ♣♦rt❛♥t♦ ♣❡r❝❡❜❡♠♦s q✉❡ ♦s ✐♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s wit(m) ❞❡t❡r✐♦r❛♠

♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s q✉❛♥❞♦ ❛♣❡♥❛s ✉t✐❧✐③❛♠♦s ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ♥❛ s❡çã♦ ✸✳✸✳

❖♠✐t✐♠♦s ♦s r❡s✉❧t❛❞♦s q✉❛♥t♦ ❛♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s✱



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✼✺

♣♦✐s ❡st❡s sã♦ tã♦ r✉✐♥s q✉❛♥t♦ ♦s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡ ❛ss✐♠ t❡♠♦s ❛ ♠❡s♠❛ ❝♦♥❝❧✉sã♦ ❞❡ q✉❡ ♦s

✐♥str✉♠❡♥t♦s ❛❞✐❝✐♦♥❛✐s ❞❡t❡r✐♦r❛♠ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❚❛❜❡❧❛ ✹✳✷✵✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥s✲

tr✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
i ♥♦ ▼♦❞❡❧♦ ✶ ❡ ▼♦❞❡❧♦ ✷✱ ❝♦♠ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

❛❞✐❝✐♦♥❛✐s Wit✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

▼♦❞❡❧♦ ✶ T = 500 ❱✐és ✲✵✳✵✶✺✷ ✲✵✳✵✶✹✶ ✲✵✳✵✶✸✸ ✲✵✳✵✵✼✻

❊◗▼ ✵✳✵✵✵✹ ✵✳✵✵✵✹ ✵✳✵✵✵✸ ✵✳✵✵✵✶

T = 1000 ❱✐és ✲✵✳✵✶✵✽ ✲✵✳✵✶✵✷ ✲✵✳✵✵✾✶ ✲✵✳✵✵✺✸

❊◗▼ ✵✳✵✵✵✷ ✵✳✵✵✵✷ ✵✳✵✵✵✶ ✵✳✵✵✵✵✺

▼♦❞❡❧♦ ✷ T = 500 ❱✐és ✲✵✳✵✷✸✺ ✲✵✳✵✷✶✺ ✲✵✳✵✶✽✽ ✲✵✳✵✶✵✸

❊◗▼ ✵✳✵✵✵✾ ✵✳✵✵✵✽ ✵✳✵✵✵✻ ✵✳✵✵✵✷

T = 1000 ❱✐és ✲✵✳✵✷✺✻ ✲✵✳✵✷✸✵ ✲✵✳✵✷✵✵ ✲✵✳✵✶✶✵

❊◗▼ ✵✳✵✵✶✵ ✵✳✵✵✵✾ ✵✳✵✵✵✻ ✵✳✵✵✵✷

❖s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ❡st✉❞❛❞♦s ♥❛ s❡çã♦ ✷✳✸ ❞♦ ❈❛♣ít✉❧♦ ✷ ♥ã♦ sã♦ ❜♦♥s ❝♦♠♦

❡r❛♠ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ❡ ♠❡s♠♦ ▼♦❞❡❧♦ ✷ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s

❝♦♠♦ ✐♥str✉♠❡♥t♦s✳ ▲♦❣♦ ❝♦rr♦❜♦r❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛♥❞♦ t❡♠♦s ✐♥str✉♠❡♥t♦s ♠✉✐t♦ ❢r❛❝♦s

♠❡s♠♦ ❝♦♠ ❛♠♦str❛ ♠✉✐t♦ ❣r❛♥❞❡ ❛ ❛♣r♦①✐♠❛çã♦ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ♥ã♦ ✐rá ❢✉♥❝✐♦♥❛r✳

P♦rt❛♥t♦ ❞❡✈❡♠♦s ♥❡st❡ ❝❛s♦ ✉t✐❧✐③❛r ♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✱ q✉❛♥❞♦ ❛♣❧✐❝❛r♠♦s

♦ ▼♦❞❡❧♦ ✶ ♦✉ ▼♦❞❡❧♦ ✷✳ ❖✉ ♠❡❧❤♦r✱ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ❛♣❡♥❛s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♦

✐♥str✉♠❡♥t♦s✳

✹✳✶✵ ❆♥á❧✐s❡ ❙✐♠✉❧❛❞❛ q✉❛♥❞♦ ❡st✉❞❛♠♦s ❝♦♥tá❣✐♦ ❡♠ r❡t♦r♥♦s

❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❡ ♣♦s✐t✐✈♦s

❆té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦ ❞❡♠♦s ♠✉✐t❛ ✐♠♣♦rtâ♥❝✐❛ à ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ q✉❛♥❞♦ ✉♠❛ ❡❝♦♥♦✲

♠✐❛ ❡♥tr❛ ❡♠ ❝r✐s❡✱ ✐st♦ é✱ ♣r♦❝✉r❛♠♦s ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ♣❛r❛ β−
i ✳ ◆♦ ❡♥t❛♥t♦ ❝♦♠♦

❞✐s❝✉t✐♠♦s ♥❛ s❡çã♦ ✸✳✹ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡

❞❡ ❞❡✜♥✐r♠♦s ❝r✐s❡ ♣❡❧♦ ▼♦❞❡❧♦ ✶ ♦✉ ✷✱ ♣❛r❛ ❝❛♣t❛r ❝♦♥tá❣✐♦ t❛♥t♦ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ r❡t♦r♥♦s

❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❝♦♠♦ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♣♦s✐t✐✈♦s✱ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✺✮ ❡ s❡rá

❞❡s❝r✐t❛ ♥♦✈❛♠❡♥t❡✿

yit = δT
i zt + αT

i xit + β−
i ζ−it + β+

i ζ+
it + uit, ✭✹✳✶✻✮
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❡♠ q✉❡✿ ζ−it = I
(∑N

j=1,j 6=i I(−yjt − c−j σ
′

jt)
)
✱ ζ+

it = I
(∑N

j=1,j 6=i I(yjt − c+
j σ

′

jt)
)
❡ t♦❞❛s ❛s ♦✉tr❛s

✈❛r✐á✈❡✐s ❢♦r❛♠ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡✜♥✐❞❛s✳

❆s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ✭σit✮✱ ♣♦st✉❧❛❞❛s ♥❛ Pr♦♣♦s✐çã♦ ✷ ❞❛ s❡çã♦ ✸✳✸✱ sã♦ ✐♥str✉♠❡♥✲

t♦s ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s ❡rr♦s ✭uit✮ ❞♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✼✮✳ Pr✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛

♦ ▼♦❞❡❧♦ ✶✱ s❛❜❡♠♦s q✉❡ ❡st❡s ✐♥str✉♠❡♥t♦s sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ζ−it ✱ ❝♦♠♦ ❥á ❡st✉❞❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✱ ♣❡❧♦ ♠❡s♠♦ ♠♦t✐✈♦ t❡♠♦s q✉❡ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s t❛♠❜é♠ sã♦ ❝♦rr❡❧❛✲

❝✐♦♥❛❞❛s ❝♦♠ ζ+
it ✳ ❈♦♥t✉❞♦ ❡st❡ ❢❛t♦ ♥ã♦ ❣❛r❛♥t❡ q✉❡ ❡st❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❝♦♥s❡❣✉✐rã♦

❡st✐♠❛r s❡♠ ✈✐és β−
i ❡ β+

i ✳

❖ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ ♥❡st❡ ❡st✉❞♦ é ♠✉✐t♦ s✐♠✐❧❛r ❛q✉❡❧❡ ✉t✐❧✐③❛❞♦ ♥❛ s❡çã♦

✹✳✻✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

yit = δ1 + αT
1 y1t + β−

1 ζ−1t + β+
1 ζ+

1t + u1t ✭✹✳✶✼✮

y2t = δ2 + α2y2,t−1 + u2t ✭✹✳✶✽✮

y3t = δ3 + α3y3,t−1 + u3t ✭✹✳✶✾✮

y4t = δ4 + α2y4,t−1 + u4t ✭✹✳✷✵✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✹✳✷✶✮

Ht = DtPtDt; Dt = diag(σit) ✭✹✳✷✷✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✹✳✷✸✮

Pt = (Qt ⊙ IN )−1/2Qt(Qt ⊙ IN )−1/2 ✭✹✳✷✹✮

Qt = (1− θ1 − θ2)Q− θ1ǫt−1ǫ
T
t−1 + θ2Qt−1 ✭✹✳✷✺✮

❡♠ q✉❡✿ ζ−1t = I
(∑N

j=2 I(−yjt − c−j σ
′

jt)
)
✱ ζ+

1t = I
(∑N

j=2 I(yjt − c+
j σ

′

jt)
)
❡ t♦❞❛s ❛s ♦✉tr❛s ✈❛✲

r✐á✈❡✐s ❢♦r❛♠ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡✜♥✐❞❛s✳ ❖s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s s❡rã♦ ❛q✉❡❧❡s ❞❛ ❚❛❜❡❧❛ ✹✳✶

❡ ❛ ♠❛tr✐③ Q ❞❡s❝r✐t❛ ♥❛ s❡çã♦ ✹✳✶✳ ❆❧é♠ ❞✐ss♦ ✉t✐❧✐③❛r❡♠♦s c−j = c+
j = 1.64 j = 2, 3, 4✱ ♦

q✉❡ ♥♦s ❞á ❡♠ ♠é❞✐❛ ✺✪ ❞❡ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❡ ✺✪ ❞❡ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♣♦s✐t✐✈♦s✳

❖✉tr♦ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❛ ❞❡✜♥✐r♠♦s sã♦ ♦s ✈❛❧♦r❡s ❞❡ β−
1 ❡ β+

1 ✱ ♦s q✉❛✐s ❛ ♣r✐♦r✐ s❡rã♦ ❡s✲

t✉❞❛❞♦s ❝♦♠ ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s✿ ④✲✵✳✸✱✲✵✳✶✱✲✵✳✵✼✱✲✵✳✵✸✱✲✵✳✵✷✱✲✵✳✵✶✱✵✱✵✳✵✶✱✵✳✵✷✱✵✳✵✸✱✵✳✵✼✱✵✳✶✱✵✳✸⑥

❡ ④✵✳✸✱✵✳✶✱✵✳✵✼✱✵✳✵✸✱✵✳✵✷✱✵✳✵✶✱✵✱✲✵✳✵✶✱✲✵✳✵✷✱✲✵✳✵✸✱✲✵✳✵✼✱✲✵✳✶✱✲✵✳✸⑥✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ q✉❡ q✉❛♥❞♦

s✐♠✉❧❛r♠♦s ♦s ❞❛❞♦s ❝♦♠ β−
1 = −0.03 ✐r❡♠♦s ✉s❛r β+

1 = 0.03✱ ♣♦r ❡①❡♠♣❧♦✳

❉✐s❝✉t✐❞❛ ❛ ❢♦r♠❛ ❞❡ ❣❡r❛çã♦ ❞❡ ❞❛❞♦s ♣❛ss❡♠♦s ❛♦s r❡s✉❧t❛❞♦s✱ ♦s q✉❛✐s ❢♦r❛♠ ❣❡r❛❞♦s ♣❛r❛

❛♣❡♥❛s ✉♠ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ T = 1000 ❡ ❝♦♠ 1000 r❡♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ✈❛❧♦r❡s ❞❡

β−
1 ❡ β+

1 ✳ Pr✐♠❡✐r❛♠❡♥t❡ ❡st✉❞❛r❡♠♦s ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s

❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♥❛ ✐♥❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ✐st♦ é✱ ♣❛r❛ ♦s ✈❛❧♦r❡s

(β−
1 , β+

1 ) = (0, 0)✳
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❖ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❛ s❡r ❡st✉❞❛❞♦ é s❡ ❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s ✭✈❛r✐â♥❝✐❛ ❝♦♥❞✐✲

❝✐♦♥❛❧ ❞♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭σit✮✮ sã♦ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ♦✉ ♥ã♦✳ P❛r❛ ✐ss♦ ✉t✐❧✐③❛♠♦s ❛

❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ❡ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✐♥❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ✉♠ ✈❛❧♦r ❞❛

❡st❛tíst✐❝❛ ❞❡ ✵✳✾✾✸✽✱ ❧♦❣♦ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥str✉♠❡♥t♦ ❢r❛❝♦ ❛ ✉♠ ♥í✈❡❧

❞❡ s✐❣♥✐✜❝â♥❝✐❛ r❛③♦á✈❡❧✳

❚❛❜❡❧❛ ✹✳✷✶✿ ❊st✐♠❛t✐✈❛ ❞♦ ❱✐és✱ ❉❡s✈✐♦ P❛❞rã♦ ❞❛ ♠é❞✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❡ ❊rr♦ ◗✉❛❞rát✐❝♦

▼é❞✐♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s✱ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐✲

❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s ❞❡ β−
1 ❡ β+

1 ♥♦ ▼♦❞❡❧♦ ✶✱ ❝♦♠ ❝♦♥tá❣✐♦ ♣❛r❛ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s

❡ ♣♦s✐t✐✈♦s✳ ◗✉❛♥❞♦ s✐♠✉❧❛♠♦s ♦s ❞❛❞♦s ♥❛ ✐♥❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ (β−
1 , β+

1 ) = (0, 0)✱ ✶✵✵✵

r❡♣❧✐❝❛çõ❡s ❡ T = 1000

β−1 β+

1

▼◗❖ ❱✐és ✲✵✳✵✷✶✽ ✵✳✵✷✶✻

❉♣ ✵✳✵✵✵✶ ✵✳✵✵✵✶

❊◗▼ ✵✳✵✵✵✺ ✵✳✵✵✵✺

❱■ ❤♦♠♦ ❱✐és ✲✵✳✵✷✶✸ ✵✳✵✶✾✽

❉♣ ✵✳✵✵✶✾ ✵✳✵✵✶✾

❊◗▼ ✵✳✵✵✹✶ ✵✳✵✵✹✷

❱■ ❤❡t❡ ❱✐és ✲✵✳✵✷✶✶ ✵✳✵✶✾✻

❉♣ ✵✳✵✵✶✾ ✵✳✵✵✶✾

❊◗▼ ✵✳✵✵✹✶ ✵✳✵✵✹✶

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✷✶ ♥♦s ✐♥❞✐❝❛♠ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡st✐♠❛r s❡♠ ✈✐és

♦ ♣❛râ♠❡tr♦ q✉❡ ✐♥❞✐❝❛ ❝♦♥tá❣✐♦ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ♣r♦♣♦st♦s✳ ❯t✐❧✐③❛♥❞♦ ✉♠ t❡st❡ ❞❡

❤✐♣ót❡s❡ ♣❛r❛ ♠é❞✐❛✱ ❛ss✉♠✐♥❞♦ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ t❡♠♦s q✉❡ ♥ã♦ r❡❥❡✐t❛♠♦s q✉❡ ♦ ✈✐és é ✐❣✉❛❧

❛ ③❡r♦ ♣❛r❛ ♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤♦♠♦s❝❡❞ást✐❝♦s ❡ ❤❡t❡r♦s❝❡❞ást✐❝♦s t❛♥t♦

♣❛r❛ β−
1 ❡ β+

1 ✱ ♣♦ré♠ ♣❛r❛ ♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

❞❡ q✉❡ ❡❧❡s sã♦ ✐❣✉❛✐s ❛ ③❡r♦✳

❈♦♠ ❡st❡s r❡s✉❧t❛❞♦s ♣❛ss❛♠♦s ❛♦ ❡st✉❞♦ ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡✈❡♠♦s

♣❡r❝❡❜❡r q✉❡ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥tót✐❝♦s ✭♦s t❡st❡s t✮ sã♦ ❢❡✐t♦s ❞❡ ❢♦r♠❛ ✐♥❞✐✈✐❞✉❛❧✱

t❡st❛♠♦s ❝❛❞❛ ♣❛râ♠❡tr♦ s❡♣❛r❛❞❛♠❡♥t❡✳ ❏á ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s

❢r❛❝♦s t❡♠♦s ♦s t❡st❡s ❢❡✐t♦s ❝♦♥❥✉♥t❛♠❡♥t❡✱ ♥♦ q✉❛❧ ❛s ❤✐♣ót❡s❡s s❡rã♦✿ H0 : β−
1 = β+

1 = 0

❝♦♥tr❛ H1 : β−
1 6= 0 ♦✉ β+

1 6= 0✳ ◆❛ ❚❛❜❡❧❛ ✹✳✷✷ t❡♠♦s ❛ t❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❡st❡s t❡st❡s ❛ ✉♠

♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✱ r❡✈❡❧❛♥❞♦ q✉❡ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s

❢✉♥❝✐♦♥❛♠ ❞❡ ❢♦r♠❛ r❛③♦á✈❡❧✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ t❡st❡ t ❛ss✐♥tót✐❝♦ ❤❡t❡r♦s❝❡❞ást✐❝♦ tV I2✳

◆❛ ❚❛❜❡❧❛ ✹✳✷✸ t❡♠♦s ♣♦r s✉❛ ✈❡③ ❛s t❛①❛s ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
1 = β+

1 = 0✱



✼✽ ❈❖◆❚➪●■❖ ❊▼ ❘❊❚❖❘◆❖❙ ❆◆❖❘▼❆■❙ ◆❊●❆❚■❈❖❙ ❊ P❖❙■❚■❱❖❙

❚❛❜❡❧❛ ✹✳✷✷✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
1 = 0 ❝♦♥tr❛ H1 : β−

1 6= 0 ❡ H0 : β+
1 = 0

❝♦♥tr❛ H1 : β+
1 6= 0✱ ❞♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ♣❛r❛ ♦ ▼♦❞❡❧♦

✶✳ ✭❉❡✜♥✐♠♦s✿ tMQO t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✱ tV I1 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦✱ tV I2 t❡st❡ t

❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ tV I3 t❡st❡ t ❞♦ ❡st✐♠❛❞♦r ❞❡ ❱■ ❤♦♠♦s❝❡❞ást✐❝♦ ❝♦♠ ❝♦rr❡çã♦ ❞❛ ✈❛r✐â♥❝✐❛

♣❛r❛ ♦ ❝❛s♦ ❤❡t❡r♦s❝❡❞ást✐❝♦✳✮

tMQO tV I1 tV I2 tV I3

β−1 ✶✳✵✵✵ ✵✳✶✶✾ ✵✳✶✵✵ ✵✳✶✵✺

β+

1 ✶✳✵✵✵ ✵✳✶✶✽ ✵✳✶✵✵ ✵✳✵✾✽

♣❛r❛ ♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳ ❊ ♥♦t❛♠♦s q✉❡ ❡st❡s t❡st❡s ♥ã♦ sã♦ ♠✉✐t♦ ❛❝✉r❛❞♦s

♥♦ s❡♥t✐❞♦ ❞❛ t❛①❛ ♥♦♠✐♥❛❧ ❞❡ r❡❥❡✐çã♦ ❡st❛r ❧♦♥❣❡ ❞❛ ♦❜s❡r✈❛❞❛✱ q✉❛♥t♦ ❛♦s t❡st❡s ❞❡ ❲❛❧❞

❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♥ã♦ ♣♦❞❡♠♦s t✐r❛r ❝♦♥❝❧✉sõ❡s ❞❡✜♥✐t✐✈❛s ✈✐st♦

q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞❛s ❡st❛tíst✐❝❛s ♥ã♦ é ❝♦♥❤❡❝✐❞❛✱ ❝♦♠♦ ❥á ❞✐s❝✉t✐♠♦s✳✳

❖✉tr♦ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ é ❛ ❢❛❧t❛ ❞❡ ♣♦❞❡r✱ ❛ ❢✉♥çã♦ ♣♦❞❡r s❡ ❝♦♠♣♦rt❛ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡

❛♦ q✉❡ tí♥❤❛♠♦s q✉❛♥❞♦ ✉s❛♠♦s ❛♣❡♥❛s β−
1 ✳ ▲♦❣♦ ❞❡✈❡♠♦s ♦❧❤❛r ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♣❛r❛

♦s t❡st❡s t ❛ss✐♥tót✐❝♦s ❝♦♠ ❜❛st❛♥t❡ ❝❛✉t❡❧❛✳

❚❛❜❡❧❛ ✹✳✷✸✿ ❚❛①❛ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ H0 : β−
1 = β+

1 = 0✱ ❞♦s t❡st❡s r♦❜✉st♦s ❛
✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❝♦♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭❆ss✉♠✐♥❞♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦

❛ss✐♥tót✐❝❛ ❞♦s t❡st❡s é χ2
l ✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ t❡st❡ AR0 q✉❡ t❡♠ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ χ2

p/p✳✮

AR0 LM0 W0 LR0

✵✳✶✹✽ ✵✳✶✺✶ ✵✳✶✷✽ ✵✳✷✶✷

❚❛♠❜é♠ ❡st✉❞❛♠♦s ❛s ❡st✐♠❛t✐✈❛s ❞❡ β−
1 ❡ β+

1 q✉❛♥❞♦ ❡①✐st❡ ❝♦♥tá❣✐♦ t❛♥t♦ ❡♠ r❡t♦r♥♦s

❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❝♦♠♦ ❡♠ ♣♦s✐t✐✈♦s ✭β−
1 6= 0 ❡ β+

1 6= 0✮ ❡ ❡♠ ❛♣❡♥❛s ✉♠ ❞❡❧❡s ✭β−
1 = 0 ❡

β+
1 6= 0✮✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❛✐♥❞❛ ❡①✐st❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❞❡ q✉❛♥❞♦

♥ã♦ t❡♠♦s ❝♦♥tá❣✐♦✳ ❊ ♣❛r❛ ♦ ▼♦❞❡❧♦ ✷ ♦s r❡s✉❧t❛❞♦s sã♦ ♣✐♦r❡s ❞♦s q✉❡ ♦s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦

▼♦❞❡❧♦ ✶✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦♠✐t✐♠♦s ♦s r❡s✉❧t❛❞♦s✳

P♦r ✜♠ ❝♦♥❝❧✉í♠♦s q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ❡st✐♠❛r ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦

❡♠ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s ❡ ♣♦s✐t✐✈♦s ♥♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s

❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣♦st✉❧❛❞❛s ♥❡st❡ tr❛❜❛❧❤♦✳

❯♠ ♣r♦❜❧❡♠❛ ♥❡st❛ ❢♦r♠✉❧❛çã♦ ♣❛r❛ ✈ár✐♦s ♣❛ís❡s é q✉❡ ♥❛ ♠❛✐♦r✐❛ ❞❛s ♦❜s❡r✈❛çõ❡s t❡♠♦s

ζ−1 = ζ+
2 ❣❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣❛râ♠❡tr♦s β−

1 ❡ β+
1 ✳ ❆ ❝♦❧✐♥❡❛r✐❞❛❞❡ é ♠❛✐s

s❡✈❡r❛ q✉❛♥❞♦ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝❛s♦s ❝♦♠ r❡t♦r♥♦s ❛♥♦r♠❛✐s ♣♦s✐t✐✈♦s ❡ ♥❡❣❛t✐✈♦s ♦❝♦rr✐❞❛s ❡♠

✉♠ ♠❡s♠♦ ♣❡rí♦❞♦ é ❣r❛♥❞❡✳ P❛r❛ t❡r♠♦s ✉♠❛ ✐❞é✐❛ ❞❡st❛ ❢r❡q✉ê♥❝✐❛ ❝♦♥str✉í♠♦s ❛ ❚❛❜❡❧❛ ✹✳✷✹✱

❛ q✉❛❧ ❛♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈❛❧♦r❡s ❞❛s ❝♦♠❜✐♥❛çõ❡s ♣♦ssí✈❡✐s ❞❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s✳



❈❆P❮❚❯▲❖ ✹✳ ❙■▼❯▲❆➬Õ❊❙ ✼✾

❚❛❜❡❧❛ ✹✳✷✹✿ ◗✉❛♥t✐❞❛❞❡ ❞❡ ♣❡rí♦❞♦s ❡♠ q✉❡ t❡♠♦s (ζ−1 , ζ+
1 ) = (0, 0)✱ (ζ−1 , ζ+

1 ) = (1, 0)✱
(ζ−1 , ζ+

1 ) = (0, 1) ❡ (ζ−1 , ζ+
1 ) = (1, 1)✳ ✭P❛r❛ T = 100000✱ ❡ ♦ ♠♦❞❡❧♦ ❞❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✽✮ ❛té

✭✹✳✷✻✮✳✮

ζ+

1

✵ ✶

ζ−1 ✵ ✼✽✼✽✶ ✶✶✶✵✾

✶ ✾✾✽✾ ✶✷✶

❆♦ ❛✈❛❧✐❛r♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ❚❛❜❡❧❛ ✹✳✷✹ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ζ−1 = ζ+
1 = 0 é

❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✼✾✪ ❞❛ ❛♠♦str❛ ❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s sã♦ ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ ✐❣✉❛✐s ❛

✶ ❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✪ ❞❛ ❛♠♦str❛✱ ❧♦❣♦ t❡♠♦s q✉❡ ❡st❛s ❞✉❛s ✈❛r✐á✈❡✐s sã♦ ✐❣✉❛✐s ❡♠ ✽✵✪

❞❛s ✈❡③❡s✳ P♦rt❛♥t♦ t❡♠♦s ✉♠❛ ✐♥❞✐❝❛çã♦ ❞❡ q✉❡ ♦s ♣r♦❜❧❡♠❛s ❞❡ ❡st✐♠❛çã♦ ❛♣❛r❡❝❡♠ ❞❡✈✐❞♦ ❛

❝♦❧✐♥❡❛r✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s ζ−1 ❡ ζ+
1 ✳



❈❛♣ít✉❧♦ ✺

❆♣❧✐❝❛çõ❡s ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡

❈♦♥tá❣✐♦

✺✳✶ ■♥tr♦❞✉çã♦

❆♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ♦s ♣r♦❜❧❡♠❛s ❞♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❡ ♣r♦♣✉s❡♠♦s

❛❧❣✉♠❛s s♦❧✉çõ❡s✳ ❖ ♣♦♥t♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❡st✉❞❛❞♦ ❢♦✐ ♦ ✈✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ▼◗❖ ❡ ❛

s♦❧✉çã♦ ♣r♦♣♦st❛ ❢♦✐ ❛ ✉t✐❧✐③❛çã♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s✱ ❡♠ q✉❡ ♣r♦❝✉r❛♠♦s

✐♥str✉♠❡♥t♦s ❢♦rt❡s ♣♦r ♠❡✐♦ ❞❛ ❚❡♦r✐❛ ❊❝♦♥ô♠✐❝❛✱ ❡♥❝♦♥tr❛♥❞♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s

í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭yit✮✳

◆❡st❡ ❈❛♣ít✉❧♦ ✐r❡♠♦s ❛♣❧✐❝❛r ♦ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ❛ ❝❛s♦s ❥á ❛♥❛❧✐s❛❞♦s ♥❛ ❧✐t✲

❡r❛t✉r❛✳ ❖ ♣r✐♠❡✐r♦ ❡st✉❞♦ ❛♣❧✐❝❛❞♦ é q✉❛♥t♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱

▼é①✐❝♦ ❡ ❊❯❆✱ ♦ q✉❛❧ ❡stá ♥❛ s❡çã♦ ✺✳✷✳ ◆❛ s❡çã♦ ✺✳✸ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡

♦s ♣❛ís❡s ❛s✐át✐❝♦s✱ ❡st❡s sã♦✿ ❍♦♥❣ ❑♦♥❣✱ ❮♥❞✐❛✱ ❏❛♣ã♦✱ ■♥❞♦♥és✐❛✱ ❈♦ré✐❛✱ ❙✐♥❣❛♣✉r❛ ❡ ❚❛✐✇❛♥✳

❖ ▼♦❞❡❧♦ ✷ ♥ã♦ s❡rá ❛♣❧✐❝❛❞♦ ❛♦s ❞❛❞♦s r❡❛✐s✱ ♣♦✐s ❝♦♠♦ ❡st✉❞❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ♦s r❡✲

s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♠♦str❛♠ q✉❡ ❛s s♦❧✉çõ❡s ❛❜♦r❞❛❞❛s ♥ã♦ ❢✉♥❝✐♦♥❛♠✱ ❧♦❣♦ ♥ã♦ ♣♦❞❡rí❛♠♦s

❝♦♥✜❛r ♥❛s ❡st✐♠❛t✐✈❛s✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ q✉❡ ❞❡✜♥❡ ❝♦♥tá❣✐♦ t❛♥t♦ ♥♦s r❡t♦r♥♦s

❛♥♦r♠❛✐s ♥❡❣❛t✐✈♦s q✉❛♥t♦ ♥♦s ♣♦s✐t✐✈♦s✳

✺✳✷ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆

❖ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛

▲❛t✐♥❛ ✭❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧ ❡ ▼é①✐❝♦✮ ❡ ❊❯❆ é ❝♦♠♣♦st♦ ♣❡❧♦s í♥❞✐❝❡s ❞❡ r❡t♦r♥♦s ❞✐ár✐♦s ❞♦s

♣r✐♥❝✐♣❛✐s í♥❞✐❝❡s ❞❡ ❛çõ❡s ❞❡st❡s q✉❛tr♦ ♣❛ís❡s❀ ▼❊❘❱❆▲ ✭❆r❣❡♥t✐♥❛✮✱ ■❇❖❱❊❙P❆ ✭❇r❛s✐❧✮✱ ■P❈

✽✶
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✭▼é①✐❝♦✮ ❡ ◆❨❙❊ ✭❊❯❆✮✳ ❖ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ❝♦❜r❡ ♦ ♣❡rí♦❞♦ ❡♥tr❡ ✵✻✴✵✾✴✶✾✾✺ ❡ ✸✵✴✶✷✴✷✵✵✽✱

❝♦♠ ✸✵✹✽ ❞✐❛s✱ ❢♦✐ ♦❜t✐❞♦ ❞♦ ❨❛❤♦♦ ❋✐♥❛♥❝❡✶ ❡ é ♦ ♠❡s♠♦ ✉t✐❧✐③❛❞♦ ♣♦r ❆❜❜❛r❛ ✭✷✵✵✾✮✱ ❛ ❋✐❣✉r❛

✺✳✶ ♠♦str❛ ❛ ❡✈♦❧✉çã♦ ❤✐stór✐❝❛ ❞♦ í♥❞✐❝❡ ❞❡ r❡t♦r♥♦ ❡ ❛ t❛①❛ ❞❡ r❡t♦r♥♦✳

❋✐❣✉r❛ ✺✳✶✿ ❮♥❞✐❝❡ ❞❡ ♣♦♥t♦s ❡ t❛①❛ ❞❡ r❡t♦r♥♦ ❞♦ ■❇❖❱❊❙P❆✱ ▼❊❘❱❆▲✱ ■P❈ ❡ ◆❨❙❊✳

❯♠ ❜r❡✈❡ ❧❡✈❛♥t❛♠❡♥t♦ ❤✐stór✐❝♦ ❞❛s ♣r✐♥❝✐♣❛✐s ❝r✐s❡s ♦❝♦rr✐❞❛s ♥♦ ♣❡rí♦❞♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦

♣❛r❛ ♠♦str❛r♠♦s ❛ r❡❧❡✈â♥❝✐❛ ❞♦ ❡st✉❞♦ ❞❡ ❝♦♥tá❣✐♦ ♥❡st❡ ♣❡rí♦❞♦✳ ❊♠ ♦r❞❡♠ ❝r♦♥♦❧ó❣✐❝❛ ❛s

♣r✐♥❝✐♣❛✐s ❝r✐s❡s ❢♦r❛♠✿ ❡♠ ✶✾✾✹ ❛ ❝r✐s❡ ❞♦ ▼é①✐❝♦✱ ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❡❢❡✐t♦ ❚❡q✉✐❧❛❀ ❡♠ ✶✾✾✼ ❛ ❝r✐s❡

✶❤tt♣✿✴✴✜♥❛♥❝❡✳②❛❤♦♦✳❝♦♠ ✳ ❆❣r❛❞❡ç♦ ❆❜❜❛r❛ ✭✷✵✵✾✮ ♣♦r t❡r ❞✐s♣♦♥✐❜✐❧✐③❛❞♦ ♦s ❞❛❞♦s✳
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❛s✐át✐❝❛❀ ❡♠ ✶✾✾✽ ♦ ❝❛❧♦t❡ ❞❛ ❞í✈✐❞❛ ♣ú❜❧✐❝❛ r✉ss❛❀ ❡♠ ✶✾✾✾ t✐✈❡♠♦s ❛ ❞❡s✈❛❧♦r✐③❛çã♦ ❞♦ r❡❛❧❀ ❡♠

✷✵✵✵ ❛ q✉❡❞❛ ❞❛ ◆❛s❞❛q❀ ❡♠ ✷✵✵✶ ❛ ❝r✐s❡ ❛r❣❡♥t✐♥❛ ❡ ❞❛s ❚♦rr❡s ●ê♠❡❛s ❞❡✈✐❞♦ ❛♦ ❛t❡♥t❛❞♦ ❞❡

✶✶ ❞❡ s❡t❡♠❜r♦❀ ❡♠ ✷✵✵✷ ❛ q✉❡❞❛ ❞❛s ❛çõ❡s ❞❡ ❛❧t❛ t❡❝♥♦❧♦❣✐❛❀ ❡ ♦ ✐♥í❝✐♦ ❞❛ ❝r✐s❡ ❛♠❡r✐❝❛♥❛ ❡♠

✷✵✵✽✱ ♦r✐❣✐♥❛❞❛ ♥♦s ♠❡r❝❛❞♦s s✉❜♣r✐♠❡✳

❆ ✐♥❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ❢❛t♦r❡s ❝♦♠✉♥s ♦❜s❡r✈❛❞♦s ✭zt✮ ❡ ❢❛t♦r❡s ❡s♣❡❝í✜❝♦s ♦❜s❡r✈❛❞♦s ✭xit✮

♣❛r❛ ❡st❡ ❡st✉❞♦ ♥♦s ❢❡③ ✉t✐❧✐③❛r ❝♦♠♦ ✈❛r✐á✈❡❧ ❡s♣❡❝í✜❝❛ ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠ ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠✲

♣❡♥❤♦✱ ❝♦♠♦ ♥♦ ♣r♦❝❡ss♦ ❣❡r❛❞♦r ❞❡ ❞❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✹✳ ❖ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✐♠❛r♠♦s

❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ✭σ̂it✮ ❢♦✐ ♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮✳

◆❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦ ✶ ❞❡✜♥✐♠♦s q✉❡ ❛ ❝♦♥st❛♥t❡ c−i = 1.64 ∀i = 1, . . . , N ✱ ♦ q✉❡

♥♦s ❞á ❡♠ ♠é❞✐❛ ✺✪ ❞❛ ❛♠♦str❛ ❝♦♠♦ s❡♥❞♦ ❝r✐s❡✳ ◆♦ ♥♦ss♦ ♠♦❞❡❧♦✱ ❛ s❡r ❡st✐♠❛❞♦✱ ❞❡✜♥✐♠♦s

q✉❡ ✉♠ ♣❛ís só é ❝♦♥t❛❣✐❛❞♦ ♣❡❧♦ ❜❧♦❝♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s ♦✉tr♦s ♣❛ís❡s✱ ❛ss✐♠ ❝♦♠♦ ❞✐s❝✉t✐♠♦s

♥❛ s❡çã♦ ✸✳✹ ❡q✉❛çã♦ ✭✸✳✶✹✮✳ ❖ ♠♦❞❡❧♦ ✜♥❛❧ s❡❧❡❝✐♦♥❛❞♦ ❢♦✐✿

yit = δi +

Mi∑

m=1

αm
i yi,t−m + β−

i I


∑

j 6=i

I(−yjt − c−j σ
′

jt)


 + uit ✭✺✳✶✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✺✳✷✮

Ht = DtPtDt; Dt = diag(σit) ✭✺✳✸✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✺✳✹✮

Pt = (Qt ⊙ IN )−1/2Qt(Qt ⊙ IN )−1/2 ✭✺✳✺✮

Qt = (1− θ1 − θ2)Q− θ1ǫt−1ǫ
T
t−1 + θ2Qt−1 ✭✺✳✻✮

❡♠ q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❡ ♣❛râ♠❡tr♦s ❢♦r❛♠ ❞❡✜♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♥❛s s❡çõ❡s ✸✳✶ ❡ ✸✳✺✱

Mi = 1 ∀i = 1, . . . , N ✳ ❖s ✈❛❧♦r❡s ❧✐♠✐t❡s q✉❡ ❞❡✜♥❡♠ ❝r✐s❡ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ❡♠♣✐r✐❝❛♠❡♥t❡ ♣♦r

♠❡✐♦ ❞❡ c−j σ
′

jt = c−j

√
V̂ ar(yj.) ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳

❆ ❡st✐♠❛çã♦ ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ♣❡❧♦ ♠♦❞❡❧♦ ✭σit✮ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❡q✉❛çõ❡s ✭✺✳✶✮

❛té ✭✺✳✻✮ ♥♦s ❞á ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡st✐♠❛❞❛s ❞❛ ❋✐❣✉r❛ ✺✳✷✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❡ ♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛❞✐❛♥t❛♠♦s q✉❡ ❛ ❛♥á❧✐s❡

❞❡ ❞✐❛❣♥óst✐❝♦ ❢♦✐ r❡❛❧✐③❛❞❛ ♣♦r ♠❡✐♦ ❞❛ ❛♥á❧✐s❡ ❞♦s r❡sí❞✉♦s ûit ❡ ❞♦s r❡sí❞✉♦s ♣❛❞r♦♥✐③❛❞♦s

ǫ̂it✳ ❊s♣❡r❛✲s❡ q✉❡ ❛♠❜❛s ❛s sér✐❡s ♥ã♦ ❛♣r❡s❡♥t❡♠ ❝♦rr❡❧❛çã♦ s❡r✐❛❧✱ q✉❡ ❛ sér✐❡ û2
it ❛♣r❡s❡♥t❡

❝♦rr❡❧❛çã♦ s❡r✐❛❧ ❝♦♥❞✐③❡♥t❡ ❝♦♠ ♠♦❞❡❧♦s ●❆❘❈❍ ❡ q✉❡ ❛ sér✐❡ ǫ̂2it ♥ã♦ ❛♣r❡s❡♥t❡ ❝♦rr❡❧❛çã♦

s❡r✐❛❧✳ ❆s ❝♦rr❡❧❛çõ❡s ❢♦r❛♠ ❛♥❛❧✐s❛❞❛s ♣♦r ♠❡✐♦ ❞♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡

❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧✱ ❡ t❡st❛❞❛s ♣♦r ♠❡✐♦ ❞♦s t❡st❡s ❞❡ ▲❥✉♥❣✲❇♦① ❡ ❞❡ ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡

▲❛❣r❛♥❣❡ ♣❛r❛ ♠♦❞❡❧♦s ❆❘❈❍✳

❆ ❛♥á❧✐s❡ ❛♣r❡s❡♥t❛❞❛ ❝♦♠ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ♥♦ ❆♣ê♥❞✐❝❡ ❈✳✶ ♠♦str❛ q✉❡ ♦ ♠♦❞❡❧♦ é ❛❞❡✲

q✉❛❞♦✳ ❆q✉✐ ❛♣r❡s❡♥t❛♠♦s ❛♣❡♥❛s ❛s ❢✉♥çõ❡s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧ ❞❡ ûit ❡
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❋✐❣✉r❛ ✺✳✷✿ ❱♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❡st✐♠❛❞❛s ♣❡❧♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ♣❛r❛ ❆r❣❡♥t✐♥❛✱

❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

ǫ̂2it ♥❛s ❋✐❣✉r❛s ✺✳✸✱ ✺✳✹✱ ✺✳✺ ❡ ✺✳✻✳ ❊st❛s ♠♦str❛♠ q✉❡ ♦ ♠♦❞❡❧♦ ❢♦✐ ❝❛♣❛③ ❞❡ ❡①♣❧✐❝❛r ♣r❛t✐❝❛♠❡♥t❡

t♦❞❛ ❛ ❝♦rr❡❧❛çã♦ s❡r✐❛❧ ♥❛ ♠é❞✐❛ ❡ ♥❛ ✈♦❧❛t✐❧✐❞❛❞❡✳

❉✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ❢♦r❛♠ t❡st❛❞♦s ♣❛r❛ ❛♥❛❧✐s❛r♠♦s s❡ ❡st❡s s❡ ❛❞❡q✉❛✈❛♠ ♠❡❧❤♦r ❛♦s ❞❛❞♦s✱

✉♠ ❞❡❧❡s ❢♦✐ ❝♦❧♦❝❛r ❛♣❡♥❛s ❛s ❞❡❢❛s❛❣❡♥s s✐❣♥✐✜❝❛t✐✈❛s✱ ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✱ ♥❛

❡q✉❛çã♦ ✭✺✳✶✮✱ ♠❛s ♦s r❡s✉❧t❛❞♦s ❝♦♥t✐♥✉❛r❛♠ ♣r❛t✐❝❛♠❡♥t❡ ♦s ♠❡s♠♦s✳ ▲♦❣♦ ✜❝❛♠♦s ❝♦♠ ♦

♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✳

◆♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ é ❡st✐♠❛❞♦ ♦ ♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✭✺✳✶✮ ❝♦♥s✐❞❡r❛♥❞♦ β−
i = 0✳ ❖s r❡s✉❧t❛❞♦s

sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✶✳

❚❛❜❡❧❛ ✺✳✶✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦
♣❡❧❛s ❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛

✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮

❆r❣❡♥t✐♥❛ ❇r❛s✐❧ ▼é①✐❝♦ ❊❯❆

δ̂i ✵✳✵✵✵✷ ✵✳✵✵✵✼ ✵✳✵✵✵✼✯✯ ✵✳✵✵✵✷

❉♣✭δ̂i✮ ✵✳✵✵✵✹ ✵✳✵✵✵✹ ✵✳✵✵✵✸ ✵✳✵✵✵✷

α̂1
i ✵✳✵✺✽✷✯✯ ✵✳✵✷✹✸ ✵✳✵✻✻✺✯✯ ✲✵✳✵✺✾✽✯✯

❉♣✭α̂1
i ✮ ✵✳✵✶✽✵ ✵✳✵✶✽✶ ✵✳✵✶✽✵ ✵✳✵✶✽✶



❈❆P❮❚❯▲❖ ✺✳ ❆P▲■❈❆➬Õ❊❙ ❉❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✽✺

❋✐❣✉r❛ ✺✳✸✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s uit ❡st✐♠❛❞♦s ♣❛r❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱

▼é①✐❝♦ ❡ ❊❯❆✳

❋✐❣✉r❛ ✺✳✹✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s uit ❡st✐♠❛❞♦s ♣❛r❛ ❆r❣❡♥t✐♥❛✱

❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

❖s r❡s✉❧t❛❞♦s ♣r❡❝✐s❛♠ s❡r ❛♥❛❧✐s❛❞♦s ❝♦♠ ❝❡rt❛ ❝❛✉t❡❧❛✱ ♠❛s ❛ ♣❛rt✐r ❞❛ ❚❛❜❡❧❛ ✺✳✶ ♣❡r❝❡❜❡✲

♠♦s q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ αi
1 6= 0 i = 1, 3, 4 ❛ ✉♠ ♥í✈❡❧ ❞❡

s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠ ❞❡✈❡ ❡st❛r ♥♦ ♠♦❞❡❧♦✳



✽✻ ❆P▲■❈❆➬➹❖ ❆❖❙ P❆❮❙❊❙ ❉❆ ❆▼➱❘■❈❆ ▲❆❚■◆❆

❋✐❣✉r❛ ✺✳✺✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦ ❡st✐♠❛❞❛s ✭ǫ̂2it✮

♣❛r❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

❋✐❣✉r❛ ✺✳✻✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦ ❡st✐✲

♠❛❞❛s ✭ǫ̂2it✮ ♣❛r❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

❆s ❢✉♥çõ❡s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧ ❞❡ û2
it✱ ❞❛❞❛s ♥❛s ❋✐❣✉r❛s ❈✳✸ ❡ ❈✳✹

❞♦ ❆♣ê♥❞✐❝❡ ❈✳✶✱ ♠♦str❛♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡✳ ❖s r❡s✉❧t❛❞♦s ❞❛s

❡st✐♠❛t✐✈❛s ❞♦ 2o ❡ 3o ❡stá❣✐♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✷✱ ❝♦♠ ❡①❝❡çã♦ ❞♦s β−
i ✳



❈❆P❮❚❯▲❖ ✺✳ ❆P▲■❈❆➬Õ❊❙ ❉❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✽✼

❚❛❜❡❧❛ ✺✳✷✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s
❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✱ ❝♦♠ ❡①❝❡çã♦ ❞❡ β−

i q✉❡ ❞✐s❝✉t✐r❡♠♦s ♣♦st❡r✐♦r♠❡♥t❡✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛✲

♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮

❆r❣❡♥t✐♥❛ ❇r❛s✐❧ ▼é①✐❝♦ ❊❯❆

δ̂i ✵✳✵✵✵✾ ✵✳✵✵✶✷ ✵✳✵✵✵✷ ✵✳✵✵✵✺

❉♣✭δ̂i✮ ✵✳✵✵✵✽ ✵✳✵✵✶✵ ✵✳✵✵✵✼ ✵✳✵✵✵✺

α̂1
i ✵✳✵✺✺✽✯ ✵✳✵✷✷✻ ✵✳✵✼✵✶✯✯ ✲✵✳✵✻✼✹✯

❉♣✭α̂1
i ✮ ✵✳✵✸✵✵ ✵✳✵✸✼✽ ✵✳✵✸✶✾ ✵✳✵✸✽✷

â0
i ✵✳✵✵✵✵✷ ✵✳✵✵✵✵✷✯✯ ✵✳✵✵✵✵✵✼ ✵✳✵✵✵✵✵✸

❉♣✭â0
i ✮ ✵✳✵✷✹✶ ✵✳✵✵✵✵✵✹ ✵✳✵✷✹✵ ✵✳✵✵✵✵✵✹

â1
i ✵✳✶✷✶✵✯✯ ✵✳✶✵✸✵✯✯ ✵✳✶✶✻✻✯✯ ✵✳✶✷✶✺✯✯

❉♣✭â1
i ✮ ✵✳✵✷✹✻ ✵✳✵✷✷✸ ✵✳✵✵✵✵✵✷ ✵✳✵✷✺✸

â2
i ✵✳✽✹✼✸✯✯ ✵✳✽✻✹✷✯✯ ✵✳✽✻✷✼✯✯ ✵✳✽✻✸✾✯✯

❉♣✭â2
i ✮ ✵✳✵✵✵✵✵✵✼ ✵✳✵✷✹✸ ✵✳✵✷✵✹ ✵✳✵✶✾✸

θ̂1 ✵✳✵✷✺✶✯✯ ✵✳✵✷✺✶✯✯ ✵✳✵✷✺✶✯✯ ✵✳✵✷✺✶✯✯

❉♣✭θ̂1✮ ✵✳✵✵✸✵ ✵✳✵✵✸✵ ✵✳✵✵✸✵ ✵✳✵✵✸✵

θ̂2 ✵✳✾✻✻✵✯✯ ✵✳✾✻✻✵✯✯ ✵✳✾✻✻✵✯✯ ✵✳✾✻✻✵✯✯

❉♣✭θ̂2✮ ✵✳✵✵✺✵ ✵✳✵✵✺✵ ✵✳✵✵✺✵ ✵✳✵✵✺✵

❆ ❚❛❜❡❧❛ ✺✳✷ ♥♦s ♠♦str❛ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❡st✐♠❛❞♦s ♥♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❡stã♦ ♠✉✐t♦ ♣ró①✲

✐♠♦s ❞❛q✉❡❧❡s ❡st✐♠❛❞♦s ♥♦ ❡stá❣✐♦ ✜♥❛❧✱ ♣♦rt❛♥t♦ ♥ã♦ ♣r❡❝✐s❛♠♦s ✐♠♣❧❡♠❡♥t❛r ♦✉tr❛ ✈❡③ ♦ 2o ❡

3o ❡stá❣✐♦s ♣♦✐s ♦ ♠♦❞❡❧♦ ❥á ❝♦♥✈❡r❣✐✉✳ ▲❡♠❜r❡♠♦s q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❢♦r❛♠ ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦

❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ❡s✲

tã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✺✳✷ ❛ss✐♠ ❝♦♠♦ s❡✉s r❡s♣❡❝t✐✈♦s ❞❡s✈✐♦s ♣❛❞rõ❡s✳ ◆❡st❡ ♠♦♠❡♥t♦

❡st❛♠♦s ❛♣t♦s ❛ ❛♥❛❧✐s❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♣❛r❛ ❡st❡s ♣❛ís❡s ❡ ♣❡rí♦❞♦✳

❖ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❛ ❡st✉❞❛r♠♦s é ❛ r❡❧❡✈â♥❝✐❛ ❞❛s ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s✱ ❛s q✉❛✐s

❢♦r❛♠ ♣♦st✉❧❛❞❛s ♥❛ s❡çã♦ ✸✳✸ ❡ sã♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦✳

P♦❞❡♠♦s ❢❛③❡r ❡st❡ ❡st✉❞♦ ♣♦r ♠❡✐♦ ❞♦ ❚❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞✱ ♦ q✉❛❧ ♥♦s ♠♦str❛ s❡ ❛s ✈❛r✐á✈❡✐s

✐♥str✉♠❡♥t❛✐s sã♦ ❢r❛❝❛s ♦✉ ❢♦rt❡s✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✷✳✹✳✶ ❡ ✐♠♣❧❡♠❡♥t❛❞♦ ♥❛s s✐♠✉❧❛çõ❡s

❞♦ ❈❛♣ít✉❧♦ ✹✳ ❆ ❚❛❜❡❧❛ ✺✳✸ ♥♦s ♠♦str❛ ♦s ✈❛❧♦r❡s ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❝❛❞❛ ✉♠

❞♦s ♣❛ís❡s ❡ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦ ✶✳

❆ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♥♦s r❡✈❡❧❛ q✉❡ ♦s ✐♥str✉♠❡♥t♦s ♣♦st✉❧❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ♥ã♦

sã♦ ❢r❛❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣♦✐s ❝♦♠ ❛ ♠❛❣♥✐t✉❞❡ ❞❛s ❡st❛tíst✐❝❛s ♣❛r❛ ♦s ♣❛ís❡s r❡❥❡✐t❛♠♦s ❛

❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦s ✐♥str✉♠❡♥t♦s sã♦ ❢r❛❝♦s ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✪ ❡ ♣❛r❛ ✉♠ ✈✐és

r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞❡ ✶✵✪✳



✽✽ ❆P▲■❈❆➬➹❖ ❆❖❙ P❆❮❙❊❙ ❉❆ ❆▼➱❘■❈❆ ▲❆❚■◆❆

❚❛❜❡❧❛ ✺✳✸✿ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦s ✶ ♥❛ ❛♣❧✐❝❛çã♦
❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ P❛r❛ ✉♠ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖ ❡ ❱■ ❞❡ ✺✪✱ ♦

✈❛❧♦r ❝rít✐❝♦ ❞♦ t❡st❡ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ ❝♦♠ l = 1✱ ♣❂3 é ❞❡ ✶✸✳✾✶✳

❆r❣❡♥t✐♥❛ ❇r❛s✐❧ ▼é①✐❝♦ ❊❯❆

▼♦❞❡❧♦ ✶ ✽✵✳✸✾✸✻ ✻✼✳✼✾✹✻ ✻✽✳✽✹✻✵ ✺✽✳✸✷✹✷

❊st❡s r❡s✉❧t❛❞♦s ❥á t✐♥❤❛♠ s✐❞♦ ❡♥❝♦♥tr❛❞♦s ♥❛s s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❢❡✐t❛s ♥♦ ❈❛♣ít✉❧♦

✹ ❡ ♣♦rt❛♥t♦ s❛❜❡♠♦s q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ é ♦ ♠❡❧❤♦r

♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❞❡ ❝♦♥tá❣✐♦ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ♦ ▼♦❞❡❧♦ ✶✳ ◗✉❛♥t♦ ❛♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s

❛ss✐♥tót✐❝♦s ❡ r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ✐r❡♠♦s ✉t✐❧✐③á✲❧♦s ❝♦♠ ❜❛st❛♥t❡ ❝❛✉t❡❧❛✱ ✈✐st♦ q✉❡

♦ ♣♦❞❡r ❞♦s t❡st❡s é ❜❛✐①♦ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♠❛❣♥✐t✉❞❡ ❞❛ ❡st✐♠❛t✐✈❛ ❞❡ β−
i ✳

❖s β−
i ❡st✐♠❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦s ❡stã♦ ❛♣r❡s❡♥t❛❞♦s

♥❛ ❚❛❜❡❧❛ ✺✳✹ ❛ss✐♠ ❝♦♠♦ ♦s ❞❡s✈✐♦s ♣❛❞rõ❡s ❞❛s s✉❛s ❡st✐♠❛t✐✈❛s✳ ❯t✐❧✐③❛♥❞♦ ♦ t❡st❡ t ❛ss✐♥tót✐❝♦

♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✱ ♣♦✐s ❛ ❚❡♦r✐❛ ❆ss✐♥tót✐❝❛ é ✈á❧✐❞❛ ♥❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ ♥ã♦

❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ✭H0 : β−
i = 0✮ ♥ã♦ é r❡❥❡✐t❛❞❛ ❛ ✉♠ ♥í✈❡❧ ❞❡ ❝♦♥✜❛♥ç❛ r❛③♦á✈❡❧✱ ♣♦rt❛♥t♦

♥ã♦ ❡①✐st❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳ ■st♦ é✱ ♦ ❜❧♦❝♦ ❆r❣❡♥t✐♥❛✱ ▼é①✐❝♦

❡ ❊❯❆ ♥ã♦ ❝♦♥t❛❣✐❛♠ ❝♦♥❥✉♥t❛♠❡♥t❡ ♦ ❇r❛s✐❧ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡✱

❡♠❜♦r❛ ❛s ❡st✐♠❛t✐✈❛s ♥ã♦ s❡❥❛♠ s✐❣♥✐✜❝❛♥t❡s✱ sã♦ t♦❞❛s ♥❡❣❛t✐✈❛s ❝♦♠♦ ❡s♣❡r❛❞♦ ♥❛ ♣r❡s❡♥ç❛

❞❡ ❝♦♥tá❣✐♦✱ ❡①❝❡t♦ ♣❛r❛ ♦ ▼é①✐❝♦✳

❚❛❜❡❧❛ ✺✳✹✿ β−
i ❡st✐♠❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ s❡✉s ❞❡s✈✐♦s

♣❛❞rõ❡s ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳

❆r❣❡♥t✐♥❛ ❇r❛s✐❧ ▼é①✐❝♦ ❊❯❆

▼♦❞❡❧♦ ✶ β̂−i ✲✵✳✵✵✽✻ ✲✵✳✵✵✻✸ ✵✳✵✵✹✽ ✲✵✳✵✵✸✼

❉♣✭β̂−i ✮ ✵✳✵✶✵✺ ✵✳✵✶✷✻ ✵✳✵✵✽✼ ✵✳✵✵✻✼

❆♦ ❡st✐♠❛r♠♦s ❛ ❡q✉❛çã♦ ✭✺✳✶✮ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♦r❞✐♥ár✐♦s t❡♠♦s ❛s ❡s✲

t✐♠❛t✐✈❛s ❞❡ β−
i ❡♠ t♦r♥♦ ❞❡ ✲✵✳✵✷✱ ❡①❛t❛♠❡♥t❡ ♦ q✉❡ tí♥❤❛♠♦s ♦❜t✐❞♦ ♥♦ ❡st✉❞♦ s✐♠✉❧❛❞♦ ❢❡✐t♦

♥❛ s❡çã♦ ✹✳✹✱ ♦s ❞❡s✈✐♦s ♣❛❞rõ❡s ❞❡st❡s ❡st✐♠❛❞♦r❡s sã♦ ♠✉✐t♦ ❜❛✐①♦s ♦ q✉❡ ♥♦s ❢❛③ r❡❥❡✐t❛r ❛

❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✳ ❈♦♥t✉❞♦ s❛❜❡♠♦s q✉❡ ❡st❡s r❡s✉❧t❛❞♦s ❡stã♦ ❡rr❛❞♦s

❝♦♠♦ ♠♦str❛♠♦s ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❡st✉❞❛❞♦s ♥❛ s✉❜s❡çã♦ ✹✳✷✳✷ ♣♦❞❡♠ s❡r ✐♠♣❧❡♠❡♥✲

t❛❞♦s ♥❡st❛ ❛♣❧✐❝❛çã♦✱ ♥♦ ❝❛s♦ ❞♦ ▼♦❞❡❧♦ ✶ ❡st❡s sã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡s ✈✐st♦ q✉❡ ♦s t❡st❡s t

❛ss✐♥tót✐❝♦ t❡♠ ♣r♦♣r✐❡❞❛❞❡s ♠✉✐t♦ ❜♦❛s✱ ♠❡s♠♦ ❛ss✐♠ ❛♣r❡s❡♥t❛♠♦s ♦s ♠❡s♠♦s ♥❛ ❚❛❜❡❧❛ ✺✳✺✳

❖s r❡s✉❧t❛❞♦s ❞❛ ❚❛❜❡❧❛ ✺✳✺ ♥♦s ♠♦str❛♠ q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡



❈❆P❮❚❯▲❖ ✺✳ ❆P▲■❈❆➬Õ❊❙ ❉❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✽✾

❚❛❜❡❧❛ ✺✳✺✿ ❊st❛tíst✐❝❛s ❞♦s ❚❡st❡s ❘♦❜✉st♦s ❛ ■♥str✉♠❡♥t♦s ❋r❛❝♦s ♣❛r❛ ♦s ▼♦❞❡❧♦s ✶ ❡ ✷ ♥❛
❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ ✭❖s ✈❛❧♦r❡s ❡♥tr❡ ♣❛rê♥t❡s❡s sã♦ ♦s ✈❛❧♦r❡s✲♣ ❞♦s t❡st❡s

❡♠ q✉❡stã♦✱ ❡♠ q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❢♦r❛♠ ❝♦♠♣✉t❛❞♦s ❝♦♠ ❛s s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çõ❡s✿ AR0 ♣♦r χ2
p/p✱ LM0 ♣♦r

χ2
l ✱ W0 ❡ LR0 ❝♦♠ s✉❛s ❞✐str✐❜✉✐çõ❡s ❡♠♣ír✐❝❛s✳✮

❆r❣❡♥t✐♥❛ ❇r❛s✐❧ ▼é①✐❝♦ ❊❯❆

▼♦❞❡❧♦ ✶ AR0 ✶✳✹✻✽✷ ✵✳✺✽✹✺ ✷✳✸✶✸✹ ✵✳✹✻✶✸

✭✵✳✷✷✶✵✮ ✭✵✳✻✷✺✶✮ ✭✵✳✵✼✸✽✮ ✭✵✳✼✵✾✸✮

LM0 ✷✳✼✺✺✽ ✵✳✽✻✸✵ ✶✳✶✹✻✹ ✵✳✾✾✽✾

✭✵✳✵✾✻✾✮ ✭✵✳✸✺✷✾✮ ✭✵✳✷✽✹✸✮ ✭✵✳✸✶✼✻✮

W0 ✸✳✵✻✷✹ ✶✳✶✵✻✼ ✵✳✼✼✾✾ ✶✳✵✼✹✹

✭✵✳✶✵✾✵✮ ✭✵✳✸✶✽✵✮ ✭✵✳✹✸✶✵✮ ✭✵✳✸✸✸✵✮

LR0 ✷✳✼✼✸✼ ✵✳✽✻✻✸ ✶✳✶✼✷✹ ✶✳✵✵✵✾

✭✵✳✶✸✽✵✮ ✭✵✳✸✾✻✵✮ ✭✵✳✸✹✻✵✮ ✭✵✳✸✼✼✵✮

q✉❡ ♥ã♦ ❡①✐st❡ ❝♦♥tá❣✐♦ ✭H0 : β−
i = 0✮ ❡♠ t♦❞♦s ♦s ❝❛s♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ❖s t❡st❡s ❞❡ r❛③ã♦

❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ✭LR0✮ ❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ✭W0✮ ♥ã♦ tê♠ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛

❡ s❡♥❞♦ ❛ss✐♠ ❡♥❝♦♥tr❛♠♦s ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞♦s t❡st❡s ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çã♦✱ ♦ t❡st❡ ❞❡

❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭AR0✮ t❡♠ ❞✐str✐❜✉✐çã♦ χ2
p/p ❡ ♦ t❡st❡ ❞❡ ❊s❝♦r❡ t❡♠ ❞✐str✐❜✉✐çã♦ χ2

l ✳ ❈♦♠ ✉♠

♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ t❡♠♦s q✉❡ ♦s ✈❛❧♦r❡s ❝rít✐❝♦s ♣❛r❛ ♦s t❡st❡s sã♦✿ ✷✳✻✵✹✾ ♣❛r❛ ♦ t❡st❡

❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥✱ ✸✳✽✹✶✹ ♣❛r❛ ♦ t❡st❡ ❞❡ ❊s❝♦r❡ ❡ ♣❛r❛ ♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡

✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ✉t✐❧✐③❛♠♦s ❛s s✐♠✉❧❛çõ❡s ❞♦ ❈❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❛r❛ ♦❜t❡r ♦s ✈❛❧♦r❡s

❝rít✐❝♦s✳

❈♦♥❝❧✉í♠♦s q✉❡ ♥♦ ♣❡rí♦❞♦ ❞❡ ✵✻✴✵✾✴✶✾✾✺ ❛té ✸✵✴✶✷✴✷✵✵✽ ♥ã♦ ❡①✐st✐✉ ❝♦♥tá❣✐♦ ❡♥tr❡ ❆r✲

❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳ P♦ré♠ ❝♦♠♦ t❡♠♦s ♦s t❡st❡s ❝♦♠ ♣♦❞❡r ♠✉✐t♦ ❜❛✐①♦ ♣❛r❛ ❛

♠❛❣♥✐t✉❞❡ ❞♦s β−
i ❡st✐♠❛❞♦s✱ ❞❡✈❡♠♦s t♦♠❛r ❝✉✐❞❛❞♦ q✉❛♥t♦ ❛ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡ ♥✉❧❛✳

✺✳✸ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♠ ❛❧❣✉♥s ♣❛ís❡s ❛s✐át✐❝♦s ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s

❞♦s í♥❞✐❝❡s ❞❡ r❡t♦r♥♦s ❞✐ár✐♦s ❞♦ ♠❡r❝❛❞♦ ❛❝✐♦♥ár✐♦ ❞❡ ✼ ♣❛ís❡s✿ ❍♦♥❣ ❑♦♥❣✱ ❮♥❞✐❛✱ ❏❛♣ã♦✱

■♥❞♦♥és✐❛✱ ❈♦ré✐❛✱ ❙✐♥❣❛♣✉r❛ ❡ ❚❛✐✇❛♥✳ ❮♥❞✐❝❡s ❞❡ r❡t♦r♥♦s ❞✐ár✐♦s ❣❧♦❜❛✐s ❡ r❡❣✐♦♥❛✐s ❢♦r❛♠

❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ✈❛r✐á✈❡✐s ❝♦♠✉♥s ❛ t♦❞❛s ❛s ❡❝♦♥♦♠✐❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡st❛s sã♦✿ ▼❙❈■

❲♦r❧❞ ❡ ▼❙❈■ ❊♠❡r❣✐♥❣ ▼❛r❦❡ts ❋r❡❡ ✭❊▼❋✮ ❆s✐❛ í♥❞✐❝❡s✷✳ ❖ ♣❡rí♦❞♦ ❡st✉❞❛❞♦ ❢♦✐ ❞❡ ✸✵ ❞❡

♠❛✐♦ ❞❡ ✶✾✾✼ ❛té ✷ ❞❡ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✵✱ ❝♦♠ ✸✸✵✽ ♦❜s❡r✈❛çõ❡s✳

✷❚♦❞♦s ♦s ❞❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ❞❛ ▼♦r❣❛♥ ❙t❛♥❧❡② ❈❛♣✐t❛❧ ■♥t❡r♥❛t✐♦♥❛❧ ■♥❝✳ ✭▼❙❈■✮✳
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◆♦ ♣❡rí♦❞♦ ❡st✉❞❛❞♦ t✐✈❡♠♦s ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ❞✐✈❡rs❛s ❝r✐s❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ ❝r✐s❡ ❛s✐át✐❝❛

❞❡ ✶✾✾✼✱ ❡♠ ✷✵✵✶ ❛ ❝r✐s❡ ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❚♦rr❡s ●ê♠❡❛s ❞❡✈✐❞♦ ❛♦ ❛t❡♥t❛❞♦ ❞❡ ✶✶ ❞❡ s❡t❡♠❜r♦

❡ ❡♠ ✷✵✵✽ ♦ ✐♥í❝✐♦ ❞❛ ❝r✐s❡ ❛♠❡r✐❝❛♥❛ ♦r✐❣✐♥❛❞❛ ♥♦s ♠❡r❝❛❞♦s s✉❜♣r✐♠❡✳

❆ ❋✐❣✉r❛ ✺✳✼ ♥♦s ♠♦str❛ ♦ ♣r❡ç♦ ❞♦s í♥❞✐❝❡s ❞♦ ♠❡r❝❛❞♦ ❛❝✐♦♥ár✐♦ ❞♦s ♣❛ís❡s ❡♠ ❡st✉❞♦ ❡ ♥❛

❋✐❣✉r❛ ✺✳✽ t❡♠♦s ♦s ❧♦❣✲r❡t♦r♥♦s ❞❡st❡s í♥❞✐❝❡s✱ ♦s q✉❛✐s sã♦ ❛s ♥♦ss❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞❡

❞❡s❡♠♣❡♥❤♦ ✭yit✮✳

❆ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ✈❛r✐á✈❡✐s ❝♦♠✉♥s ✭zt✮ ♥ã♦ r❡t✐r❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ❞❡❢❛s❛❣❡♥s ❞❛ ✈❛r✐á✈❡❧

✐♥❞✐❝❛❞♦r❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭yit✮✳ ▲♦❣♦ ♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st❛ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

yit = δi + δ1
i z

1
t + δ2

i z
2
t +

Mi∑

m=1

αm
i yi,t−m + β−

i ζ−it + uit ✭✺✳✼✮

ζ−it = I


∑

j 6=i

I(−yjt − c−j σ
′

jt)


 ✭✺✳✽✮

u.t = H
1/2
t ǫt; ǫt ∼ iid(0, IN ) ✭✺✳✾✮

Ht = diag(σit) ✭✺✳✶✵✮

σ2
it = ai0 + ai1u

2
i,t−1 + ai2σ

2
i,t−1 ✭✺✳✶✶✮

❡♠ q✉❡✿ i = 1, . . . , N ❀ t = 1, . . . , T ❀ ai0✱ ai1✱ ai2 sã♦ ♣❛râ♠❡tr♦s ♣♦s✐t✐✈♦s t❛✐s q✉❡ ai1 + ai2 < 1

∀i = 1, . . . , N ❀ yit sã♦ ♦s ❧♦❣✲r❡t♦r♥♦s ❞♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦❀ z1
t ❡ z2

t sã♦ ❛s ✈❛r✐á✈❡✐s

❝♦♠✉♥s ❛ t♦❞♦s ♦s ♣❛ís❡s✱ ▼❙❈■ ❲♦r❧❞ ❡ ▼❙❈■ ❊♠❡r❣✐♥❣ ▼❛r❦❡ts ❋r❡❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ ❡

Mi = 1 ∀i = 1, . . . , N ✳

◆❡st❛ ❛♣❧✐❝❛çã♦ ✉t✐❧✐③❛♠♦s ♦ ♠♦❞❡❧♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ♣❛r❛ ❡st✐♠❛r♠♦s ❛s ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛✐s ❞❛s ❡❝♦♥♦♠✐❛s✱ ✉♠ ♠♦❞❡❧♦ ●❆❘❈❍ ♠✉❧t✐✈❛r✐❛❞♦ ♥ã♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ❞❡✈✐❞♦ ❛♦

s❡✉ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ❝♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ✹✳✸ ♦s r❡s✉❧t❛❞♦s ❞❡st❡s ❞♦✐s ♠ét♦❞♦s sã♦

❛♥á❧♦❣♦s✳

❖s ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s ♥♦ ✭P❛ss♦ ✶✮ ❡stã♦ ♥❛ ❚❛❜❡❧❛ ✺✳✻✱ ❛ss✐♠ ❝♦♠♦ s❡✉s ❞❡s✈✐♦s ♣❛❞rõ❡s✳

Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❛♠♦s q✉❡ ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠ ❞❛ ✈❛r✐á✈❡❧ yit s❡ ❢❛③ ♥❡❝❡ssár✐❛✱ ❝♦♥t✉❞♦ ❛

✈❛r✐á✈❡❧ ❝♦♠✉♠ z1
t é r❡❧❡✈❛♥t❡ ♥❛ ❮♥❞✐❛ ❡ ❈♦ré✐❛ ❡♥q✉❛♥t♦ z2

t é r❡❧❡✈❛♥t❡ ❛♣❡♥❛s ♥❛ ❈♦ré✐❛✳

❈♦♠ ❛s ❡st✐♠❛t✐✈❛s ❞♦s r❡sí❞✉♦s ❞♦ ✭P❛ss♦ ✶✮ ♣❛ss❛♠♦s ❛ ❡t❛♣❛ ✜♥❛❧ ❞❡ ❡st✐♠❛çã♦ q✉❡ ❝♦♥s✐st❡

♥❛ ❡st✐♠❛çã♦ ❞❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ♣♦r ♠❡✐♦ ❞♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❛

❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦✳ ❆ ❚❛❜❡❧❛ ✺✳✼

❛♣r❡s❡♥t❛ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❡stá❣✐♦ ✜♥❛❧✱ ❝♦♠ ❡①❝❡çã♦ ❞❡ β−
i q✉❡ s❡rá ❡st✉❞❛❞♦

♣♦st❡r✐♦r♠❡♥t❡✳

❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ❡stá❣✐♦ ✜♥❛❧ ✭❚❛❜❡❧❛ ✺✳✼✮ ❡stã♦ ♣ró①✐♠♦s ❡st❛t✐st✐❝❛♠❡♥t❡
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❋✐❣✉r❛ ✺✳✼✿ ❮♥❞✐❝❡ ❞♦s ♣r❡ç♦s ❞♦ ♠❡r❝❛❞♦ ❛❝✐♦♥ár✐♦ ❞♦s ♣❛ís❡s ❛s✐át✐❝♦s s❡❧❡❝✐♦♥❛❞♦s ❡♥tr❡

✸✵✴✺✴✶✾✾✼ ❛té ✷✴✷✴✷✵✶✵✳

❞❛q✉❡❧❡s ❡♥❝♦♥tr❛❞♦s ♥♦ ❡stá❣✐♦ ✐♥✐❝✐❛❧ ✭❚❛❜❡❧❛ ✺✳✻✮✳ ◆ã♦ ❤á ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐t❡r❛r ♦ ❡stá❣✐♦

✜♥❛❧ ♠❛✐s ✈❡③❡s✱ ♣♦✐s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❥á ❢♦✐ ❛t✐♥❣✐❞❛✱ r❛t✐✜❝❛♠♦s ✐ss♦ ❝♦♠ ♦ ❣rá✜❝♦ ❞♦s r❡sí❞✉♦s

❞♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❝♦♠ ♦s r❡sí❞✉♦s ❞♦ ❡stá❣✐♦ ✜♥❛❧✱ ♦ q✉❛❧ ♠♦str❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❡st❡s

❞♦✐s r❡sí❞✉♦s ✭♦ ❣rá✜❝♦ s❡rá ♦♠✐t✐❞♦✮✳ ❆ ❋✐❣✉r❛ ✺✳✾ ❛♣r❡s❡♥t❛ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡st✐♠❛❞❛s ♣❛r❛ ♦s

♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦ ♣❡❧♦ ♠ét♦❞♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ❞❛ ❡t❛♣❛ ✜♥❛❧✳

❆ ❛♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞♦ ♠♦❞❡❧♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛✱ ♦❜t✐✈❡♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ❞❛s ❡q✉❛çõ❡s
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❋✐❣✉r❛ ✺✳✽✿ ❚❛①❛ ❞❡ r❡t♦r♥♦ ✭yit✮ ❞♦ ♠❡r❝❛❞♦ ❛❝✐♦♥ár✐♦ ❞♦s ♣❛ís❡s ❛s✐át✐❝♦s s❡❧❡❝✐♦♥❛❞♦s ❡♥tr❡

✸✵✴✺✴✶✾✾✼ ❛té ✷✴✷✴✷✵✶✵✳

✭✺✳✼✮ ❛té ✭✺✳✶✶✮ é ❛❞❡q✉❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦s ❞❛❞♦s ❡st✉❞❛❞♦s✳ ▼❛✐s ❞❡t❛❧❤❡s ❛ ❝❡r❝❛ ❞❛ ❛♥á❧✐s❡ ❞❡

❞✐❛❣♥óst✐❝♦ sã♦ ❡♥❝♦♥tr❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ❈✳✷✳ ❆❧❡rt❛♠♦s q✉❡ ♦✉tr❛s ❞❡❢❛s❛❣❡♥s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s

♣❛r❛ ✈❡r✐✜❝❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣❧✐❝❛r ❛❧❣✉♠❛s ❞❛s ❝♦rr❡❧❛çõ❡s r❡st❛♥t❡s ❡♠ ❞❡❢❛s❛❣❡♥s ♠❛✐♦r❡s✳

❊♥tr❡t❛♥t♦✱ ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠ ❡①♣❧✐❝♦✉ ❣r❛♥❞❡ ♣❛rt❡ ❞❛ ❝♦rr❡❧❛çã♦ ♥♦ ♥í✈❡❧ ❡ s❡r✐❛

♥❡❝❡ssár✐♦ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❞❡❢❛s❛❣❡♥s ♠✉✐t♦ ❛❧t❛s✱ s❡♥❞♦ ❛ ✐♥✢✉ê♥❝✐❛ ♥♦ r❡s✉❧t❛❞♦ ✜♥❛❧ ♠✉✐t♦

♣❡q✉❡♥❛ ♦♣t❛♠♦s ♣♦r ✉t✐❧✐③❛r ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛ ❞❡❢❛s❛❣❡♠✳
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❚❛❜❡❧❛ ✺✳✻✿ P❛râ♠❡tr♦s ❡st✐♠❛❞♦s ♥♦ ♣r✐♠❡✐r♦ ❡stá❣✐♦ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s
❡q✉❛çõ❡s ✭✺✳✼✮ ❛té ✭✺✳✶✶✮ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦

♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮

❍♦♥❣ ❑♦♥❣ ❮♥❞✐❛ ❏❛♣ã♦ ■♥❞♦♥és✐❛ ❈♦ré✐❛ ❙✐♥❣❛♣✉r❛ ❚❛✐✇❛♥

δ̂i ✵✳✵✵✵✶ ✵✳✵✵✵✹ ✲✵✳✵✵✵✶ ✵✳✵✵✵✵✶ ✵✳✵✵✵✸ ✵✳✵✵✵✶ ✲✵✳✵✵✵✶

❉♣✭δ̂i✮ ✵✳✵✵✵✸ ✵✳✵✵✵✸ ✵✳✵✵✵✸ ✵✳✵✵✵✺ ✵✳✵✵✵✺ ✵✳✵✵✵✸ ✵✳✵✵✵✸

δ̂1
i ✲✵✳✵✷✼✸ ✲✵✳✵✼✸✽✯ ✲✵✳✵✹✺✵ ✲✵✳✵✷✽✼ ✲✵✳✶✶✾✹✯✯ ✲✵✳✵✷✶✻ ✲✵✳✵✵✷✽

❉♣✭δ̂1
i ✮ ✵✳✵✸✵✽ ✵✳✵✸✸✷ ✵✳✵✷✼✻ ✵✳✵✺✺✷ ✵✳✵✹✽✸ ✵✳✵✷✽✺ ✵✳✵✸✶✾

δ̂2
i ✵✳✵✶✼✵ ✵✳✵✶✻✻ ✵✳✵✵✷✾ ✲✵✳✵✹✶✺ ✵✳✵✻✸✻✯ ✵✳✵✽✻ ✲✵✳✵✵✹✾

❉♣✭δ̂2
i ✮ ✵✳✵✷✶✸ ✵✳✵✷✷✾ ✵✳✵✶✾✵ ✵✳✵✸✽✷ ✵✳✵✸✸✸ ✵✳✵✶✾✻ ✵✳✵✷✷✵

α̂1
i ✵✳✵✶✼✻ ✵✳✵✼✾✷✯✯ ✲✵✳✵✸✹✵✯ ✵✳✶✸✷✶✯✯ ✵✳✵✼✼✼✯✯ ✵✳✵✼✺✼✯✯ ✵✳✵✸✽✾✯✯

❉♣✭α̂1
i ✮ ✵✳✵✶✼✹ ✵✳✵✶✼✸ ✵✳✵✶✼✹ ✵✳✵✶✼✷ ✵✳✵✶✼✸ ✵✳✵✶✼✸ ✵✳✵✶✼✹

❚❛❜❡❧❛ ✺✳✼✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♣❡❧❛s
❡q✉❛çõ❡s ✭✺✳✼✮ ❛té ✭✺✳✶✶✮ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ q✉❡ ♦

♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✳✮

❍♦♥❣ ❑♦♥❣ ❮♥❞✐❛ ❏❛♣ã♦ ■♥❞♦♥és✐❛ ❈♦ré✐❛ ❙✐♥❣❛♣✉r❛ ❚❛✐✇❛♥

δ̂i ✵✳✵✵✵✼ ✵✳✵✵✶✷✯✯ ✵✳✵✵✵✸ ✵✳✵✵✷✶✯✯ ✵✳✵✵✵✾ ✵✳✵✵✵✶ ✵✳✵✵✵✷

❉♣✭δ̂i✮ ✵✳✵✵✵✻ ✵✳✵✵✵✺ ✵✳✵✵✵✹ ✵✳✵✵✵✾ ✵✳✵✵✵✾ ✵✳✵✵✵✺ ✵✳✵✵✵✺

δ̂1

i ✲✵✳✵✶✹✹ ✲✵✳✵✻✼✼✯ ✲✵✳✵✸✽✼ ✲✵✳✵✷✸✵ ✲✵✳✶✵✼✽ ✲✵✳✵✶✻✸ ✲✵✳✵✵✵✵✵✻

❉♣✭δ̂1

i ✮ ✵✳✵✸✽✼ ✵✳✵✸✽✷ ✵✳✵✸✼✾ ✵✳✵✺✸✹ ✵✳✵✼✺✸ ✵✳✵✹✶✸ ✵✳✵✹✶✺

δ̂2

i ✵✳✵✶✺✶ ✵✳✵✶✽✾ ✵✳✵✵✹✵ ✲✵✳✵✸✷✻ ✵✳✵✻✷✸ ✵✳✵✵✼✼ ✲✵✳✵✵✹✶

❉♣✭δ̂2

i ✮ ✵✳✵✷✹✶ ✵✳✵✷✹✺ ✵✳✵✷✸✾ ✵✳✵✹✻✹ ✵✳✵✹✻✺ ✵✳✵✷✸✼ ✵✳✵✷✻✷

α̂1

i ✵✳✵✶✹✹ ✵✳✵✺✾✻✯✯ ✲✵✳✵✹✵✾✯ ✵✳✵✽✻✾✯✯ ✵✳✵✼✶✸✯✯ ✵✳✵✼✶✶✯✯ ✵✳✵✸✻✹✯

❉♣✭α̂1

i ✮ ✵✳✵✸✸✼ ✵✳✵✷✼✷ ✵✳✵✷✶✵ ✵✳✵✹✸✺ ✵✳✵✷✾✻ ✵✳✵✷✽✶ ✵✳✵✷✷✶

â0

i ✵✳✵✵✵✵✵✶✯✯ ✵✳✵✵✵✵✵✽✯✯ ✵✳✵✵✵✵✵✺✯✯ ✵✳✵✵✵✵✵✾✯✯ ✵✳✵✵✵✵✵✷✯✯ ✵✳✵✵✵✵✵✷✯✯ ✵✳✵✵✵✵✵✸✯✯

❉♣✭â0

i ✮ ✵✳✵✵✵✵✵✵✸ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✶

â1

i ✵✳✵✼✾✽✯✯ ✵✳✶✷✹✵✯✯ ✵✳✵✽✺✶✯✯ ✵✳✶✵✾✶✯✯ ✵✳✵✼✶✹✯✯ ✵✳✶✶✸✶✯✯ ✵✳✵✻✹✽✯✯

❉♣✭â1

i ✮ ✵✳✵✵✽✺ ✵✳✵✶✸✾ ✵✳✵✵✾✻ ✵✳✵✶✶✹ ✵✳✵✵✻✾ ✵✳✵✶✶✵ ✵✳✵✵✼✼

â2

i ✵✳✾✶✾✻✯✯ ✵✳✽✺✼✻✯✯ ✵✳✽✾✹✽✯✯ ✵✳✽✽✼✷✯✯ ✵✳✾✷✼✵✯✯ ✵✳✽✽✹✷✯✯ ✵✳✾✷✼✹✯✯

❉♣✭â2

i ✮ ✵✳✵✵✽✵ ✵✳✵✶✺✺ ✵✳✵✶✶✹ ✵✳✵✶✵✼ ✵✳✵✵✻✹ ✵✳✵✶✵✸ ✵✳✵✵✽✻

❆ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♥♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ s❡ ❢❛③ ♣♦r ♠❡✐♦ ❞♦ ❡st✉❞♦ ❞❡ β−
i ✳

❆ ❚❛❜❡❧❛ ✺✳✽ ❛♣r❡s❡♥t❛ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞✱ ❝♦♠ ✐ss♦ s❛❜❡♠♦s s❡ ♦s

✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❡st✐♠❛❞❛s✱ sã♦ ❢r❛❝♦s ♦✉ ♥ã♦✳

❚❛❜❡❧❛ ✺✳✽✿ ❊st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦ ▼♦❞❡❧♦ ✶ ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s
♣❛ís❡s ❛s✐át✐❝♦s✳ ✭❖ ✈❛❧♦r ❝rít✐❝♦ ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ♣❛r❛ p = 6✱ l = 1✱ ✈✐és r❡❧❛t✐✈♦ ♠á①✐♠♦ ❞❡ ✺✪

❡ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✺✪ é ❞❡ ✶✾✳✷✽✳✮

❍♦♥❣ ❑♦♥❣ ❮♥❞✐❛ ❏❛♣ã♦ ■♥❞♦♥és✐❛ ❈♦ré✐❛ ❙✐♥❣❛♣✉r❛ ❚❛✐✇❛♥

✺✺✳✺✽✼✼ ✺✶✳✷✺✻✵ ✻✵✳✵✸✺✶ ✹✽✳✷✺✷✻ ✹✾✳✹✸✽✽ ✺✺✳✷✺✼✹ ✻✶✳✺✺✷✸

P❡❧♦s r❡s✉❧t❛❞♦s ❞❛ ❡st❛tíst✐❝❛ ❞❡ ❈r❛❣❣✲❉♦♥❛❧❞ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✽ t❡♠♦s q✉❡ ♦s

✐♥str✉♠❡♥t♦s ♥ã♦ sã♦ ❢r❛❝♦s✱ ❡ ❥✉♥t♦ ❝♦♠ ✉♠❛ ❛♠♦str❛ ❞❡ ✸✸✵✽ t❡♠♦s q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡ ✈❛r✐á✈❡✐s



✾✹ ❆P▲■❈❆➬➹❖ ❆❖❙ P❆❮❙❊❙ ❆❙■➪❚■❈❖❙

❋✐❣✉r❛ ✺✳✾✿ ❱♦❧❛t✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❡st✐♠❛❞❛s ♣❡❧♦ ♠♦❞❡❧♦ ●❆❘❈❍✭✶✱✶✮ ✉♥✐✈❛r✐❛❞♦ ♣❛r❛ ♦s

♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳

✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❝♦♥s❡❣✉❡ r❡t✐r❛r ❜♦❛ ♣❛rt❡ ❞♦ ✈✐és ❡①✐st❡♥t❡ ♥♦ ❡st✐♠❛❞♦r ❞❡ ▼◗❖✳

❆ss✐♠ ❝♦♠♦ ♦ t❡st❡✲t ❛ss✐♥tót✐❝♦ é ♦ q✉❡ t❡♠ ♠❡❧❤♦r❡s ♣r♦♣r✐❡❞❛❞❡s✳

❆ ❚❛❜❡❧❛ ✺✳✾ ❛♣r❡s❡♥t❛ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡✲

❞ást✐❝♦s✱ ❛ss✐♠ ❝♦♠♦ s❡✉s ❞❡s✈✐♦s ♣❛❞rõ❡s✳ ❆♥❛❧✐s❛♥❞♦ ❡st❛ t❛❜❡❧❛ t❡♠♦s q✉❡ t❛♥t♦ ❮♥❞✐❛ ❝♦♠♦

■♥❞♦♥és✐❛ sã♦ ♣❛ís❡s ❝♦♥t❛❣✐❛❞♦s ♣❡❧♦ ❜❧♦❝♦ ❞♦s ♦✉tr♦s ♣❛ís❡s ❛s✐át✐❝♦s✳

❖s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❡st✉❞❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ sã♦ ✈á❧✐❞♦s ♠❡s♠♦ ♥♦ ❝❛s♦

❡♠ q✉❡ t❡♠♦s ✐♥str✉♠❡♥t♦s ❢♦rt❡s✱ s❡♥❞♦ q✉❡ ♦ t❡st❡ ❞❡ ❆♥❞❡rs♦♥✲❘✉❜✐♥ ✭✶✾✹✾✮ t❡♠ ❞✐str✐❜✉✐çã♦

χ2
p/p✱ ♦ t❡st❡ ❞❡ ❊s❝♦r❡ t❡♠ ❞✐str✐❜✉✐çã♦ χ2

l ❡ ♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐✲

❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♥ã♦ tê♠ ❞✐str✐❜✉✐çõ❡s ❝♦♥❤❡❝✐❞❛s ❡ ❞❡✈❡♠♦s ❢❛③❡r ✉♠ ❡①❡r❝í❝✐♦ ❞❡ s✐♠✉❧❛çã♦



❈❆P❮❚❯▲❖ ✺✳ ❆P▲■❈❆➬Õ❊❙ ❉❖ ▼❖❉❊▲❖ ❈❆◆Ô◆■❈❖ ❉❊ ❈❖◆❚➪●■❖ ✾✺

❚❛❜❡❧❛ ✺✳✾✿ β−
i ❡st✐♠❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ❤❡t❡r♦s❝❡❞ást✐❝♦ ❡ s❡✉s ❞❡s✈✐♦s

♣❛❞rõ❡s ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶✳ ✭✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛

❞❡ q✉❡ ♦ ♣❛râ♠❡tr♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❡ ✯✯ ✐♥❞✐❝❛ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❛ ✺✪ ❞❡

s✐❣♥✐✜❝â♥❝✐❛✳✮

❍♦♥❣ ❑♦♥❣ ❮♥❞✐❛ ❏❛♣ã♦ ■♥❞♦♥és✐❛ ❈♦ré✐❛ ❙✐♥❣❛♣✉r❛ ❚❛✐✇❛♥

β̂−

i ✲✵✳✵✵✹✼ ✲✵✳✵✵✺✻✯ ✲✵✳✵✵✷✽ ✲✵✳✵✶✸✶✯✯ ✲✵✳✵✵✸✾ ✵✳✵✵✵✷ ✲✵✳✵✵✶✽

❉♣✭β̂−

i ✮ ✵✳✵✵✹✵ ✵✳✵✵✸✸ ✵✳✵✵✸✷ ✵✳✵✵✻✶ ✵✳✵✵✻✺ ✵✳✵✵✸✾ ✵✳✵✵✸✷

♣❛r❛ ❡♥❝♦♥tr❛r ♦s ♠❡s♠♦s✳

❚❛❜❡❧❛ ✺✳✶✵✿ ❊st❛tíst✐❝❛s ❞♦s ❚❡st❡s ❘♦❜✉st♦s ❛ ■♥str✉♠❡♥t♦s ❋r❛❝♦s ♣❛r❛ ♦ ▼♦❞❡❧♦ ✶ ♥❛ ❛♣❧✐✲
❝❛çã♦ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳ ✭❖s ✈❛❧♦r❡s ❡♥tr❡ ♣❛rê♥t❡s❡s sã♦ ♦s ✈❛❧♦r❡s✲♣ ❞♦s t❡st❡s ❡♠ q✉❡stã♦✱ ❡♠ q✉❡

♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❢♦r❛♠ ❝♦♠♣✉t❛❞♦s ❝♦♠ ❛s s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çõ❡s✿ AR0 ♣♦r χ2
p/p✱ LM0 ♣♦r χ2

l ✱ W0 ❡ LR0 ❝♦♠

s✉❛s ❞✐str✐❜✉✐çõ❡s ❡♠♣ír✐❝❛s✳✮

❍♦♥❣ ❑♦♥❣ ❮♥❞✐❛ ❏❛♣ã♦ ■♥❞♦♥és✐❛ ❈♦ré✐❛ ❙✐♥❣❛♣✉r❛ ❚❛✐✇❛♥

AR0 ✶✳✽✸✶✵ ✶✳✹✸✶✸ ✶✳✼✹✵✻ ✸✳✷✷✾✼ ✷✳✵✸✵✷ ✷✳✸✻✽✶ ✷✳✶✶✾✵

✭✵✳✵✽✽✽✮ ✭✵✳✶✾✽✶✮ ✭✵✳✶✵✼✷✮ ✭✵✳✵✵✸✻✮ ✭✵✳✵✺✽✵✮ ✭✵✳✵✷✼✹✮ ✭✵✳✵✹✼✽✮

W0 ✸✳✶✽✽✶ ✸✳✷✸✷✹ ✶✳✹✺✷✽ ✻✳✺✽✷✷ ✵✳✼✻✾✽ ✵✳✵✵✾✻ ✵✳✹✺✵✸

✭✵✳✵✺✺✵✮ ✭✵✳✵✺✸✵✮ ✭✵✳✶✾✻✵✮ ✭✵✳✵✵✻✵✮ ✭✵✳✸✾✻✵✮ ✭✵✳✾✵✾✵✮ ✭✵✳✹✽✽✵✮

LM0 ✵✳✵✺✺✷ ✸✳✾✸✹✶ ✵✳✵✸✹✸ ✸✳✷✺✸✷ ✵✳✵✵✼✷ ✵✳✷✵✺✹ ✵✳✶✶✺✶

✭✵✳✽✶✹✷✮ ✭✵✳✵✹✼✸✮ ✭✵✳✽✺✷✾✮ ✭✵✳✵✼✶✸✮ ✭✵✳✾✸✷✹✮ ✭✵✳✻✺✵✹✮ ✭✵✳✼✸✹✹✮

LR0 ✵✳✵✺✻✽ ✸✳✾✾✸✽ ✵✳✵✸✺✸ ✸✳✹✹✷✵ ✵✳✵✵✼✺ ✵✳✷✶✸✵ ✵✳✶✶✽✾

✭✵✳✽✹✶✵✮ ✭✵✳✵✺✼✵✮ ✭✵✳✽✻✸✵✮ ✭✵✳✵✽✾✵✮ ✭✵✳✾✹✷✵✮ ✭✵✳✻✷✷✵✮ ✭✵✳✼✺✵✵✮

❆ ❚❛❜❡❧❛ ✺✳✶✵ ♥♦s ♠♦str❛ ❛s ❡st❛tíst✐❝❛s ❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s ❛ss✐♠ ❝♦♠♦

♦s s❡✉s ✈❛❧♦r❡s✲♣ ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳ ❖s r❡s✉❧t❛❞♦s sã♦ s✐♠✐❧❛r❡s ❛♦s ❡♥❝♦♥tr❛❞♦s

❝♦♠ ♦s t❡st❡s t ❛ss✐♥tót✐❝♦s✱ ♣❛r❛ ❮♥❞✐❛ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦

♥♦s t❡st❡s ❞❡ ❲❛❧❞ ❝♦♥❞✐❝✐♦♥❛❧✱ ❊s❝♦r❡ ❡ r❛③ã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❛ ✉♠ ♥í✈❡❧ ❞❡

s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪ ❡ ♣❛r❛ ❛ ■♥❞♦♥és✐❛ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ♣❛r❛ t♦❞♦s ♦s t❡st❡s ❛ ✉♠

♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦ ♥❡st❡ tr❛❜❛❧❤♦ t❡♠♦s ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡ ❮♥❞✐❛ ❡ ■♥❞♦♥és✐❛ sã♦

❝♦♥t❛❣✐❛❞♦s ♣❡❧♦ ❜❧♦❝♦ ❞❡ ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦ ♥❡st❛ ❛♣❧✐❝❛çã♦✳ ◗✉❛♥❞♦ t❡♠♦s ✉♠❛ ❝r✐s❡ ♥♦

❜❧♦❝♦ ❞❡ ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦ t❡♠♦s q✉❡ ❮♥❞✐❛ ❡ ■♥❞♦♥és✐❛ tê♠ s❡✉s ❞❡s❡♠♣❡♥❤♦s ♣✐♦r❛❞♦s✱

❡♠ ♠é❞✐❛✳ ❘❡ss❛❧t❡♠♦s ❛ ❢❛❧t❛ ❞❡ ♣♦❞❡r ❡①✐st❡♥t❡ ♥♦s t❡st❡s ❛q✉✐ ✉t✐❧✐③❛❞♦s✱ ♦ q✉❡ ♥♦s ❢❛③ ♦❧❤❛r

♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❝♦♠ ❝❛✉t❡❧❛✳



❈❛♣ít✉❧♦ ✻

❈♦♠❡♥tár✐♦s ❋✐♥❛✐s

❖ ▼♦❞❡❧♦ ❈❛♥ô♥✐❝♦ ❞❡ ❈♦♥tá❣✐♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠❡❞✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❛s ❡❝♦♥♦✲

♠✐❛s✱ t❡♠ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♠✉✐t♦ ❝♦♠♣r♦♠❡t✐❞❛ ❞❡✈✐❞♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ❡st✐♠❛çã♦ ❝❛✉s❛❞♦s

♣❡❧❛ ❡♥❞♦❣❡♥❡✐❞❛❞❡ ❞❛ ✈❛r✐á✈❡❧ q✉❡ ✐♥❞✐❝❛ ❝r✐s❡✳ ❆ ❚❡♦r✐❛ ❞❡ ❱❛r✐á✈❡✐s ■♥str✉♠❡♥t❛✐s é ✉♠

♠ét♦❞♦ út✐❧ ♣❛r❛ ❝♦♥s❡❣✉✐r♠♦s ♠✐♥✐♠✐③❛r ❡st❡s ♣r♦❜❧❡♠❛s✱ ❝♦♥t❛♥t♦ q✉❡ ♦s ✐♥str✉♠❡♥t♦s s❡❥❛♠

❛❞❡q✉❛❞♦s✳

❊st❛ ❞✐ss❡rt❛çã♦ ♠♦str♦✉ q✉❡ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❝♦♠ ✈♦❧❛t✐❧✐❞❛❞❡ ✈❛r✲

✐❛♥❞♦ ♥♦ t❡♠♣♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❡st✐♠❛❞❛s ❞❡st❡s í♥❞✐❝❡s sã♦ ✐♥str✉♠❡♥t♦s ✈á❧✐❞♦s

♣❛r❛ ❝♦rr✐❣✐r♠♦s ♦ ✈✐és ❡①✐st❡♥t❡ ♥♦ ♣❛râ♠❡tr♦ q✉❡ ♠❡❞❡ ❝♦♥tá❣✐♦ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝r✐s❡ ❞♦

▼♦❞❡❧♦ ✶✳ ❖s ✐♥str✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣♦r P❡s❛r❛♥ ❡ P✐❝❦ ✭✷✵✵✼✮ ♥ã♦ s❡ ♠♦str❛r❛♠ tã♦ ❡✜❝❛③❡s

q✉❛♥t♦ ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ♥❡st❡ ❝❛s♦✱ ❝♦♥t✉❞♦ ♥ã♦ ♣♦❞❡♠♦s ✐♥❢❡r✐r ♥❡♥❤✉♠❛ ❝♦♥❝❧✉sã♦

❛ ❝❡r❝❛ ❞❛ ❛♣❧✐❝❛çã♦ ❡st✉❞❛❞❛ ♣♦r ❡st❡s ❛✉t♦r❡s✱ ♣♦✐s ♦s ❞❛❞♦s ❡st✉❞❛❞♦s ♣♦r ❡❧❡s ♥ã♦ t✐♥❤❛♠ ❛

❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ✈❛r✐❛♥❞♦ ♥♦ t❡♠♣♦✳

❆♦ ❡st✉❞❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s ✐♥str✉♠❡♥t❛✐s ♣❛r❛ ✈❡r✐✜❝❛r✲

♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦✱ ♠♦str❛♠♦s q✉❡ ❡st❡ ❡st✐♠❛❞♦r é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ◆♦r♠❛❧ q✉❛♥❞♦ ❛

❛♠♦str❛ é ♠♦❞❡r❛❞❛♠❡♥t❡ ❣r❛♥❞❡ ❡ ♦s ✐♥str✉♠❡♥t♦s ♥ã♦ sã♦ ❢r❛❝♦s✳ ❖s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ❛ss✐♥✲

tót✐❝♦s s❡ ❝♦♠♣♦rt❛♠ ❞❡ ♠❛♥❡✐r❛ ❝♦rr❡t❛ ♥❡st❡ ❝❛s♦✱ ❞❡ ❢♦r♠❛ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ❛ ✉t✐❧✐③❛çã♦

❞♦s t❡st❡s r♦❜✉st♦s ❛ ✐♥str✉♠❡♥t♦s ❢r❛❝♦s✳

❆ ❛♣❧✐❝❛çã♦ ❞♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ ❛ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆ r❡✈❡❧♦✉ ❛

♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ❡st❛s ❡❝♦♥♦♠✐❛s✳ ❏á ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠♦❞❡❧♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s

✭❍♦♥❣❦♦♥❣✱ ❮♥❞✐❛✱ ❏❛♣ã♦✱ ■♥❞♦♥és✐❛✱ ❈♦ré✐❛✱ ❙✐♥❣❛♣✉r❛ ❡ ❚❛✐✇❛♥✮ r❡✈❡❧♦✉ q✉❡ ❮♥❞✐❛ ❡ ■♥❞♦♥és✐❛

sã♦ ❝♦♥t❛❣✐❛❞♦s ♣❡❧♦ ❜❧♦❝♦ ❢♦r♠❛❞♦ ♣❡❧♦s ♦✉tr♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳ ❉❡✈❡♠♦s ♦❧❤❛r ❡st❡s

r❡s✉❧t❛❞♦s ❝♦♠ ❝❛✉t❡❧❛ ❞❡✈✐❞♦ ❛♦ ♣♦✉❝♦ ♣♦❞❡r ❞♦s t❡st❡s ❞❡ ❤✐♣ót❡s❡s ✐♠♣❧❡♠❡♥t❛❞♦s✳

P♦rt❛♥t♦ ❡st❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛ ♣♦t❡♥❝✐❛✐s ✐♥str✉♠❡♥t♦s q✉❡ ❝♦rr✐❣❡♠ ♦ ✈✐és ❡①✐st❡♥t❡ ♥♦

✾✼
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♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦ q✉❛♥❞♦ ♦s í♥❞✐❝❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✉t✐❧✐③❛❞♦s tê♠ s✉❛s ✈♦❧❛t✐❧✐❞❛❞❡s

✈❛r✐❛♥❞♦ ♥♦ t❡♠♣♦✳



❆♣ê♥❞✐❝❡ ❆

❚❡♦r❡♠❛s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡

❚❡♦r❡♠❛ ✶✳ ❙❡❥❛ Xn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳ ❙❡ Xn
D
−→ c ❝♦♥st❛♥t❡✱ ❡♥tã♦

Xn
P
−→ c✳

Pr♦✈❛ ✶✳ ❉❡♠♦♥str❛❞♦ ❡♠ ❇❛rr② ❏❛♠❡s ✭✷✵✵✻✮ ♣á❣✐♥❛ ✷✹✾✳

�

Pr♦♣♦s✐çã♦ ✶✳ ❙❡❥❛ Xn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❛❧❡❛tór✐♦s k × 1✱ X ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ k × 1

❡ g : R
k → R

l✳ ❙❡ Xn
P
−→ X ❡ g é ❝♦♥tí♥✉❛ ❡♠ X✱ ❡♥tã♦ g(Xn)

P
−→ g(X)✳

Pr♦✈❛ ✶✳ ❉❡♠♦♥str❛❞♦ ❡♠ ❲❤✐t❡ ✭✷✵✵✵✮ ♣á❣✐♥❛ ✷✺✳

�

❚❡♦r❡♠❛ ✷✳ ✭❚❡♦r❡♠❛ ❞❡ ❙❧✉ts❦②✮ ❙❡❥❛♠ Xn ❡ Yn s❡q✉ê♥❝✐❛s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s t❛✐s q✉❡

Xn
D
−→ X ❡ Yn

P
−→ c✱ ❡♠ q✉❡✿ X é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❡ c é ✉♠❛ ❝♦♥t❛♥t❡✳ ❊♥tã♦

✭✐✮ Xn + Yn
D
−→ X + c❀

✭✐✐✮ XnYn
D
−→ Xc✳

Pr♦✈❛ ✷✳ ❉❡♠♦♥str❛❞♦ ❡♠ ❇❛rr② ❏❛♠❡s ✭✷✵✵✻✮ ♣á❣✐♥❛ ✷✺✶✳

�

❈♦r♦❧ár✐♦ ✶✳ ❙❡❥❛♠ Yn✱ Wn s❡q✉ê♥❝✐❛s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s t❛✐s q✉❡ Yn
P
−→ c ❡ Wn

P
−→ d✱

❡♠ q✉❡ c ❡ d sã♦ ❝♦♥st❛♥t❡s✳ ❊♥tã♦✿

✭✐✮ Yn + Wn
P
−→ c + d❀

✭✐✐✮ YnWn
P
−→ cd✳

✾✾
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Pr♦✈❛ ✶✳ ❆♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦s ❚❡♦r❡♠❛s ✶ ❡ ✷✳

�

❖s ❚❡♦r❡♠❛s ✶✱ ✷ ❡ ♦ ❈♦r♦❧ár✐♦ ✶ ♣♦❞❡♠ s❡r ❡①♣❛♥❞✐❞♦s ♣❛r❛ ♦s ❝❛s♦s ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

♠❛tr✐③❡s ❛❧❡❛tór✐❛s✳

Pr♦♣♦s✐çã♦ ✷✳ ❙❡❥❛ A ❡ B ♠❛tr✐③❡s ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s ❞❡ ♦r❞❡♠ n✳ ❊♥tã♦ A − B é ♣♦s✐t✐✈❛

s❡♠✐❞❡✜♥✐❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡ B−1 −A−1 é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳

Pr♦✈❛ ✷✳ ❉❡♠♦♥str❛❞♦ ❡♠ ●♦❧❞❜❡r❣❡r ✭✶✾✻✹✮✱ ❚❡♦r❡♠❛ ✶✳✼✳✷✶ ♣á❣✐♥❛ ✸✽✳

�



❆♣ê♥❞✐❝❡ ❇

❱✐és ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ δi ❡ αi

◆❡st❡ ❆♣ê♥❞✐❝❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s δi ❡ αi ♥❛s s✐♠✉❧❛çõ❡s ❢❡✐t❛s ♥❛

s❡çã♦ ✹✳✹✱ ❡♠ q✉❡ ♦ ♠ét♦❞♦ ❞❡ s✐♠✉❧❛çã♦ ❢♦✐ ❞❡s❝r✐t♦ ❡♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✹✳✶✳ ◆❛ ❚❛❜❡❧❛ ❇✳✶

t❡♠♦s ❛s ❡st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❡st❡s ♣❛râ♠❡tr♦s✱ ♥♦s r❡✈❡❧❛♥❞♦ q✉❡ ♥ã♦

❡①✐st❡ ✈✐és ♥❛s ❡st✐♠❛t✐✈❛s✱ ❧♦❣♦ ♥ã♦ ♣r❡❝✐s❛♠♦s ♥♦s ♣r❡♦❝✉♣❛r ❝♦♠ ❡st❡s ♣❛râ♠❡tr♦s✳

❚❛❜❡❧❛ ❇✳✶✿ ❊st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ♣❛râ♠❡tr♦s δi ❡ αi ♣❛r❛ t♦❞♦s ♦s

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛ ♥♦ ▼♦❞❡❧♦ ✶✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 500 ❱✐és δi ✵✳✵✵✵✸ ✵✳✵✵✵✹ ✵✳✵✵✵✹ ✵✳✵✵✵✶

αi ✲✵✳✵✵✷✶ ✲✵✳✵✵✸✽ ✲✵✳✵✵✸✼ ✲✵✳✵✵✸✶

❊◗▼ δi ✵✳✵✵✵✵✵✻ ✵✳✵✵✵✵✵✼ ✵✳✵✵✵✵✵✺ ✵✳✵✵✵✵✵✶

αi ✵✳✵✵✸✵ ✵✳✵✵✸✶ ✵✳✵✵✸✸ ✵✳✵✵✸✷

T = 1000 ❱✐és δi ✵✳✵✵✵✶ ✵✳✵✵✵✶ ✵✳✵✵✵✶ ✵✳✵✵✵✵✺

αi ✲✵✳✵✵✵✻ ✲✵✳✵✵✸✶ ✲✵✳✵✵✸✺ ✲✵✳✵✵✷✾

❊◗▼ δi ✵✳✵✵✵✵✵✷ ✵✳✵✵✵✵✵✸ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✵✹

αi ✵✳✵✵✶✺ ✵✳✵✵✶✼ ✵✳✵✵✶✾ ✵✳✵✵✶✼

❆s ❡st✐♠❛t✐✈❛s ❞❡ δi ❡ αi ❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ❇✳✶ sã♦ ♣r♦✈❡♥✐❡♥t❡s ❞♦ ❡stá❣✐♦ ✜♥❛❧ ❞❡

❡st✐♠❛çã♦✱ ♣♦✐s ❧❡♠❜r❡♠♦s q✉❡ ♥❛s s✐♠✉❧❛çõ❡s ✉t✐❧✐③❛♠♦s ❛s ✈❡r❞❛❞❡✐r❛s ✭s✐♠✉❧❛❞❛s✮ ✈♦❧❛t✐❧✐❞❛❞❡s

❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♦ ✐♥str✉♠❡♥t♦s s❡♠ ✐♥❝♦rr❡r ❡♠ ❡rr♦ ❝♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ✹✳✸✳ ▲♦❣♦ t❡♠♦s

❛♣❡♥❛s ♦ ❡stá❣✐♦ ✜♥❛❧ ✭P❛ss♦ ✸✮✳

❖ ✈✐és ♥♦ ▼♦❞❡❧♦ ✶ é ❞❡s♣r❡③í✈❡❧✱ ♣♦✐s ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛✱ ❛ ✉♠ ♥í✈❡❧

❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✱ ❞❡ q✉❡ ❡❧❡s sã♦ ✐❣✉❛✐s ❛ ③❡r♦ ❡ s✉❛ ♠❛❣♥✐t✉❞❡ é ❞❡s♣r❡③í✈❡❧ ❡♠ r❡❧❛çã♦ ❛

♠❛❣♥✐t✉❞❡ ❞❛s ✈❛r✐á✈❡✐s✳ ❖s t❡st❡s t ❛ss✐♥tót✐❝♦s ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s s❡♠ r❡ss❛❧✈❛s ❛ ❡st❡s ❞♦✐s

♣❛râ♠❡tr♦s✱ ♣♦✐s ❡st❡s ♣❛râ♠❡tr♦s ♥ã♦ ❡stã♦ ❧✐❣❛❞♦s ❛ ✈❛r✐á✈❡❧ ❡♥❞ó❣❡♥❛ ❞♦ ♠♦❞❡❧♦✳

✶✵✶
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◆♦ ▼♦❞❡❧♦ ✷ ❛s ❡st✐♠❛t✐✈❛s s❡ ❞❡t❡r✐♦r❛♠ ✉♠ ♣♦✉❝♦ ❞❡✈✐❞♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ❡st✐♠❛çã♦ q✉❡

❡♥❢r❡♥t❛♠♦s✳ ❈♦♥t✉❞♦ ♦ ✈✐és ❛✐♥❞❛ é ❞❡s♣r❡③í✈❡❧✱ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡

q✉❡ ♦ ✈✐és é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ❞❡ ✶✵✪✳ ❖s r❡s✉❧t❛❞♦s ❡stã♦ ❞❡s❝r✐t♦s ♥❛

❚❛❜❡❧❛ ❇✳✷✳

❚❛❜❡❧❛ ❇✳✷✿ ❊st✐♠❛t✐✈❛s ❞♦ ✈✐és ❡ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞♦s ♣❛râ♠❡tr♦s δi ❡ αi ♣❛r❛ t♦❞♦s ♦s

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛ ♥♦ ▼♦❞❡❧♦ ✷✳

P❛ís ✶ P❛ís ✷ P❛ís ✸ P❛ís ✹

T = 500 ❱✐és δi ✵✳✵✵✷✹ ✵✳✵✵✷✵ ✵✳✵✵✷✶ ✵✳✵✵✵✾

αi ✲✵✳✵✵✹✾ ✲✵✳✵✵✷✾ ✲✵✳✵✵✷✻ ✲✵✳✵✵✻✹

❊◗▼ δi ✵✳✵✵✵✵✻ ✵✳✵✵✵✵✻ ✵✳✵✵✵✵✹ ✵✳✵✵✵✵✶

αi ✵✳✵✵✺✼ ✵✳✵✵✹✹ ✵✳✵✵✹✹ ✵✳✵✵✻✾

T = 1000 ❱✐és δi ✵✳✵✵✷✺ ✵✳✵✵✷✻ ✵✳✵✵✷✷ ✵✳✵✵✵✾

αi ✲✵✳✵✵✷✺ ✲✵✳✵✵✹✼ ✲✵✳✵✵✹✸ ✲✵✳✵✵✼✵

❊◗▼ δi ✵✳✵✵✵✵✻ ✵✳✵✵✵✵✻ ✵✳✵✵✵✵✹ ✵✳✵✵✵✵✶

αi ✵✳✵✵✷✷ ✵✳✵✵✷✼ ✵✳✵✵✷✺ ✵✳✵✵✸✶



❆♣ê♥❞✐❝❡ ❈

❆♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞❛s ❆♣❧✐❝❛çõ❡s

❆ ❛♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♥❛ ❛♣❧✐❝❛çã♦ s❡rá ❡①♣♦st❛ ♥❡st❡ ❆♣ê♥❞✐❝❡ ❡♠ ❞❡t❛❧✲

❤❡s✳ ◆♦ ❆♣ê♥❞✐❝❡ ❈✳✶ ❛♣r❡s❡♥t❛♠♦s ❛ ❛♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❝❛♥ô♥✐❝♦ ❞❡ ❝♦♥tá❣✐♦

❛♣❧✐❝❛❞♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆✳ ❊ ♥♦ ❆♣ê♥❞✐❝❡ ❈✳✷ ❛♣r❡s❡♥t❛♠♦s ❛ ❛♥á❧✐s❡ ❞❡

❞✐❛❣♥óst✐❝♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ✐♠♣❧❡♠❡♥t❛❞♦ ♥♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ♣❛r❛ ♦s ♣❛ís❡s

❛s✐át✐❝♦s✳

❈✳✶ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡ ❊❯❆

❖ ♠♦❞❡❧♦ ✐♠♣❧❡♠❡♥t❛❞♦ ♥❛ ❛♣❧✐❝❛çã♦ ❞❛ s❡çã♦ ✺✳✷ ❡stá ❞❡s❝r✐t♦ ♥❛s ❡q✉❛çõ❡s ✭✺✳✶✮ ❛té ✭✺✳✻✮✱

❝♦♠♦ ✈✐♠♦s ♥❛s ❋✐❣✉r❛s ✺✳✸✱ ✺✳✹✱ ✺✳✺ ❡ ✺✳✻✱ ♣♦r ♠❡✐♦ ❞❡st❡ ♠♦❞❡❧♦ t❡♠♦s ✉♠ ❜♦♠ ❛❥✉st❡ ♣❛r❛

❛s sér✐❡s✳ ❈♦♥t✉❞♦ ♦✉tr♦s t❡st❡s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ✉♠ ❞❡❧❡s ❢♦✐ ♦ t❡st❡ ❞❡ ▲❥✉♥❣✲❇♦①✱ ♦ q✉❛❧

✐♥❞✐❝❛ q✉❡ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❡ ♠❛✐s r❡❧❡✈❛♥t❡s ❞❡❢❛s❛❣❡♥s t❡♠♦s ❡rr♦s ♥ã♦ ❛✉t♦❝♦rr❡❧❛❝✐♦♥❛❞♦s ✭♥ã♦

❝♦♥s❡❣✉✐♠♦s r❡❥❡✐t❛r ❛ ❤✐♣ót❡s❡ ♥✉❧❛✮✳ ■st♦ ✐♥❞✐❝❛ q✉❡ ♥❛ ♠é❞✐❛ t❡♠♦s ✉♠ ♠♦❞❡❧♦ r❛③♦❛✈❡❧♠❡♥t❡

❛❞❡q✉❛❞♦✱ ✉s❛r ❛s três ♣r✐♠❡✐r❛s ❞❡❢❛s❛❣❡♥s ❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ é ✉♠❛ ❜♦❛ ❢♦r♠❛ ❞❡

✜❧tr❛r♠♦s ♦s ❞❛❞♦s✳

❖s ❣rá✜❝♦s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧✱ ✺✳✸ ❡ ✺✳✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦rr♦❜♦r❛♠

♦ ❞✐s❝✉t✐❞♦ ❡ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦ t❡st❡ ❞❡ ▲❥✉♥❣✲❇♦①✳ ■st♦ é✱ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❝♦♠ ✸ ❞❡❢❛s❛❣❡♥s ❞❡ yit

❝♦♥s❡❣✉❡ r❡t✐r❛r ❛ ❛✉t♦❝♦rr❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛s ♣r✐♠❡✐r❛s ❞❡❢❛s❛❣❡♥s✱ ❝♦♥t✉❞♦ ♥❛s ❞❡❢❛s❛❣❡♥s

♠❛✐♦r❡s ❛✐♥❞❛ t❡♠♦s ♣r♦❜❧❡♠❛s✱ ♦s q✉❛✐s ♥ã♦ sã♦ s✐❣♥✐✜❝❛♥t❡s✶✳

❉❡♣♦✐s ❞❡ ❡st✉❞❛r♠♦s ♦s ❡rr♦s uit✱ ♥❛ ♠é❞✐❛✱ ❞❡✈❡♠♦s ❛♥❛❧✐s❛r s❡ ❡st❡s t❡♠ ✉♠ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ●❆❘❈❍ ❡ ♣♦st❡r✐♦r♠❡♥t❡ s❡ ♥♦ss♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ é ❛❞❡q✉❛❞♦✳ P❛r❛ ✈❡r✐✜❝❛r✲

♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ ●❆❘❈❍ ♥♦s ❡rr♦s uit✱ ❢❛③❡♠♦s ♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s

✶❆ ♠❛❣♥✐t✉❞❡ é ♠✉✐t♦ ♣❡q✉❡♥❛ ♥ã♦ ✐♠♣❛❝t❛♥❞♦ ♥♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦✳

✶✵✸



✶✵✹ ❆P▲■❈❆➬➹❖ ❆❖❙ P❆❮❙❊❙ ❉❆ ❆▼➱❘■❈❆ ▲❆❚■◆❆ ❊ ❊❯❆

❋✐❣✉r❛ ❈✳✶✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❞❡ ▲❥✉♥❣✲❇♦① ♣❛r❛ ♦ ❡rr♦ uit ❞❛ ❡q✉❛çã♦ ✭✺✳✶✮✳

❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❛té ✸✵ ❞❡❢❛s❛❣❡♥s✷ ❡ ♣❡r❝❡❜❡♠♦s ❝♦♠ ❛ ❋✐❣✉r❛ ❈✳✷ q✉❡ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡

♥✉❧❛ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❆❘❈❍✳ ❙❡♥❞♦ ❛ss✐♠ ❞❡✈❡♠♦s r❡❛❧♠❡♥t❡ ✉t✐❧✐③❛r ✉♠

♠♦❞❡❧♦ ♣❛r❛ ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❞♦s ❡rr♦s✳

❋✐❣✉r❛ ❈✳✷✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ♦s ❡rr♦s uit ❡st✐♠❛❞♦s

❞❡ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

✷❯s❛♠♦s ♠✉✐t❛s ❞❡❢❛s❛❣❡♥s✱ ♣♦✐s ✉♠ ❆❘❈❍ ❝♦♠ ♠✉✐t❛s ❞❡❢❛s❛❣❡♥s s❡r✐❛ ✉♠ ●❆❘❈❍✳



❆P✃◆❉■❈❊ ❈✳ ❆◆➪▲■❙❊ ❉❊ ❉■❆●◆Ó❙❚■❈❖ ❉❆❙ ❆P▲■❈❆➬Õ❊❙ ✶✵✺

❯♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ ❝♦rr♦❜♦r❛r ♦ ❢❛t♦ ❞♦s ❡rr♦s t❡r❡♠ s✉❛s ✈♦❧❛t✐❧✐❞❛❞❡s ✈❛r✐❛♥❞♦ ♥♦ t❡♠♣♦

é ♣♦r ♠❡✐♦ ❞♦s ❣rá✜❝♦s ❞❡ ❛✉t♦❝♦rr❡❧❛çõ❡s ❡ ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ❞❛s ♣❡rt✉❜❛çõ❡s ❞♦s ❡rr♦s

❡st✐♠❛❞♦s ❛♦ q✉❛❞r❛❞♦✱ ♦s q✉❛✐s ❡stã♦ ♠♦str❛❞♦s ♥❛s ❋✐❣✉r❛s ❈✳✸ ❡ ❈✳✹✳ ❊st❛ ❛♥á❧✐s❡ ❝♦rr♦❜♦r❛

♦ t❡st❡ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ❆❘❈❍✳

❋✐❣✉r❛ ❈✳✸✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦ u2
it ❡st✐♠❛❞♦s ♣❛r❛ ❆r❣❡♥t✐♥❛✱

❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

◆❡st❡ ♠♦♠❡♥t♦ ❞❡✈❡♠♦s ❛♥❛❧✐s❛r s❡ ♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ♣r♦♣♦st♦ r❡s♦❧✈❡ ♦s ♣r♦❜❧❡✲

♠❛s ❡♥❝♦♥tr❛❞♦s ❛❝✐♠❛✳ P❛r❛ ✐ss♦ ❛♥❛❧✐s❛♠♦s ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ♣❡❧❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡st✐♠❛❞❛s

♣❡❧♦ ♠♦❞❡❧♦ ❉❈❈✲●❆❘❈❍✭✶✱✶✮✱ ✐st♦ é✱ ❛♥❛❧✐s❛r❡♠♦s ûit/σ̂it ❡ ✈❡r❡♠♦s s❡ ❡st❡s s❡ ❝♦♠♣♦rt❛♠

❛❧❡❛t♦r✐❛♠❡♥t❡✳

P❛r❛ ✐ss♦ ✉t✐❧✐③❛♠♦s ❛s ♠❡s♠❛s ❢❡rr❛♠❡♥t❛s ❥á ✉t✐❧✐③❛❞❛s✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❛♣❧✐❝❛♠♦s ♦ t❡st❡

❞❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✱ ♦ q✉❛❧ ♥♦s ♠♦str❛ q✉❡ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ♥ã♦ tê♠

✉♠❛ ❡str✉t✉r❛ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ✈❛r✐❛♥❞♦ ♥♦ t❡♠♣♦✱ ✈✐st♦ q✉❡ ♥ã♦ r❡❥❡✐t❛♠♦s ❛ ❤✐♣ót❡s❡ ❛ ✉♠ ♥í✈❡❧

❞❡ ✶✵✪ ❞❡ s✐❣♥✐✜❝â♥❝✐❛ ♣❛r❛ ❛s ♣r✐♥❝✐♣❛✐s ❞❡❢❛s❛❣❡♥s✳

❖s ❣rá✜❝♦s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧ ❞♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦

❡st✐♠❛❞❛s ❝♦rr♦❜♦r❛♠ ♦ q✉❡ ♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♥♦s r❡✈❡❧♦✉✱ ❡st❡s

❣rá✜❝♦s ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✳

P♦rt❛♥t♦ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♥❛ ❛♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❞❛ ❆♠ér✐❝❛ ▲❛t✐♥❛ ❡

❊❯❆ é ❛❞❡q✉❛❞♦✱ ♣♦✐s ❛ ❛♥á❧✐s❡ ❢❡✐t❛ ♠♦str❛ q✉❡ ♦s r❡sí❞✉♦s s❡ ❝♦♠♣♦rt❛♠ ❞❡ ♠❛♥❡✐r❛ ❛❧❡❛tór✐❛

♥❛s s✉❛s ♣r✐♥❝✐♣❛✐s ❝♦♠♣♦♥❡♥t❡s✱ ♦s ♣r♦❜❧❡♠❛s ❡①✐st❡♥t❡s sã♦ ✐♥s✐❣♥✐✜❝❛♥t❡s✳
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❋✐❣✉r❛ ❈✳✹✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦ u2
it ❡st✐♠❛❞♦s ♣❛r❛

❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

❋✐❣✉r❛ ❈✳✺✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s

❡st✐♠❛❞♦s ❞❡ ❆r❣❡♥t✐♥❛✱ ❇r❛s✐❧✱ ▼é①✐❝♦ ❡ ❊❯❆✳

❈✳✷ ❆♣❧✐❝❛çã♦ ❛♦s ♣❛ís❡s ❛s✐át✐❝♦s

◆❡st❛ s✉❜s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❛♥á❧✐s❡ ❞❡ ❞✐❛❣♥óst✐❝♦ ❞♦ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❡q✉❛çõ❡s

✭✺✳✼✮ ❛té ✭✺✳✶✶✮✱ ♦ q✉❛❧ ❢♦✐ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✉❞❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tá❣✐♦ ❡♥tr❡ ♦s ♣❛ís❡s
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❛s✐át✐❝♦s s❡❧❡❝✐♦♥❛❞♦s ✭❍♦♥❣❦♦♥❣✱ ❮♥❞✐❛✱ ❏❛♣ã♦✱ ■♥❞♦♥és✐❛✱ ❈♦ré✐❛✱ ❙✐♥❣❛♣✉r❛ ❡ ❚❛✐✇❛♥✮✳

❆ ❢❛s❡ ✐♥✐❝✐❛❧ ❞❛ ❛♥á❧✐s❡ s❡ ❞á ♥♦s ❡rr♦s uit✱ ♥♦ q✉❛❧ ✈❡r✐✜❝❛♠♦s ❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ❞♦s ♠❡s♠♦s✱

♣❛r❛ ✐ss♦ ♥♦s ✉t✐❧✐③❛♠♦s ❞♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦✱ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧ ❡ ❞♦

t❡st❡ ❞❡ ▲❥✉♥❣✲❇♦① ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ❈✳✻✱ ❈✳✼ ❡ ❈✳✽✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ❈✳✻✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s uit ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳

❖s ❣rá✜❝♦s ❡ ♦ t❡st❡ ✐♠♣❧❡♠❡♥t❛❞♦s ♥♦s r❡✈❡❧❛♠ q✉❡ ♦ ♠♦❞❡❧♦ é ❛❞❡q✉❛❞♦ ♣❛r❛ ♦ q✉❡ ❞❡s❡✲

❥❛♠♦s ❡st✐♠❛r ✭β−
i ✮✱ ♣♦✐s ♦s ♣r♦❜❧❡♠❛s ❡①✐st❡♥t❡s q✉❡ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s s♦❧✉❝✐♦♥❛r sã♦ q✉❛♥t♦ ❛

❝♦rr❡❧❛çã♦ ♣❛r❛ ❞❡❢❛s❛❣❡♥s ❞❛ ✈❛r✐á✈❡❧ ❛ s❡r ❡①♣❧✐❝❛❞❛ ❣r❛♥❞❡s✱ ♦s q✉❛✐s ♥✉♠❡r✐❝❛♠❡♥t❡ ♥ã♦ sã♦

r❡❧❡✈❛♥t❡s✳

❆♦ ✉t✐❧✐③❛r♠♦s ✉♠ ♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡ ♥♦s ❡rr♦s✱ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ❡st❡s ❞❛❞♦s t❡♠

❡st❛ ❡str✉t✉r❛✳ P❛r❛ ✈❡r♠♦s s❡ ✐ss♦ r❡❛❧♠❡♥t❡ ❛❝♦♥t❡❝❡ ❢❛③❡♠♦s ♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s

❞❡ ▲❛❣r❛♥❣❡ ♥♦ r❡sí❞✉♦✱ ❛ss✐♠ ❝♦♠♦ ♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦

♣❛r❝✐❛❧ ♣❛r❛ ♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦ u2
it✳ ❊st❡s ❣rá✜❝♦s q✉❡ ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ❈✳✾✱

❈✳✶✵ ❡ ❈✳✶✶✱ ♥♦s ♠♦str❛♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉t✐❧✐③❛r♠♦s ✉♠ ♠♦❞❡❧♦ ❞❡ ✈♦❧❛t✐❧✐❞❛❞❡✳

P♦r ú❧t✐♠♦ ❞❡✈❡♠♦s ✈❡r✐✜❝❛r s❡ ♦ ♠♦❞❡❧♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ✉t✐❧✐③❛❞♦ ❝♦♥s❡❣✉❡ r❡s♦❧✈❡r

❡①♣❧✐❝❛r ❛s ✈♦❧❛t✐❧✐❞❛❞❡s ❡①✐st❡♥t❡s ♥❛s sér✐❡s✳ ❯t✐❧✐③❛♥❞♦ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦

❡st✐♠❛❞♦s ❝♦♥s❡❣✉✐♠♦s ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❡ ❛✉t♦❝♦rr❡❧❛çã♦ ♣❛r❝✐❛❧ ✈❡r✐✜❝❛r

q✉❡ ❡st❡ ♠♦❞❡❧♦ é ❛❞❡q✉❛❞♦✳ ❊st❡s ❣rá✜❝♦s ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❋✐❣✉r❛s ❈✳✶✷ ❡ ❈✳✶✸✳

❖ ❢❛t♦ ❞♦ ♠♦❞❡❧♦ ●❆❘❈❍ ✉♥✐✈❛r✐❛❞♦ ❝♦♥s❡❣✉✐r ❡①♣❧✐❝❛r ❛ ✈♦❧❛t✐❧✐❞❛❞❡ ❡①✐st❡♥t❡ ♥❛s sér✐❡s é
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❋✐❣✉r❛ ❈✳✼✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s uit ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣❛ís❡s

❛s✐át✐❝♦s✳

❋✐❣✉r❛ ❈✳✽✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❞❡ ▲❥✉♥❣✲❇♦① ♣❛r❛ ♦ ❡rr♦ uit ❞❛ ❡q✉❛çã♦ ✭✺✳✼✮✳

❝♦rr♦❜♦r❛❞♦ ❝♦♠ ♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✱ ♦ q✉❛❧ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛
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❋✐❣✉r❛ ❈✳✾✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦ u2
it ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣❛ís❡s

❛s✐át✐❝♦s✳

❋✐❣✉r❛ ❈✳✶✵✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦ u2
it ❡st✐♠❛❞♦s ♣❛r❛

♦s ♣❛ís❡s ❛s✐át✐❝♦s✳
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❋✐❣✉r❛ ❈✳✶✶✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ♦s ❡rr♦s ❡st✐♠❛❞♦s

❞♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳

❋✐❣✉r❛ ❈✳✶✷✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦ u2
it ❡st✐♠❛❞♦s

♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳
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❋✐❣✉r❛ ❈✳✶✸✿ ●rá✜❝♦ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ♣❛r❝✐❛✐s ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s ❛♦ q✉❛❞r❛❞♦ u2
it

❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣❛ís❡s ❛s✐át✐❝♦s✳

❈✳✶✹✳
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❋✐❣✉r❛ ❈✳✶✹✿ ❱❛❧♦r❡s✲♣ ❞♦ t❡st❡ ❆❘❈❍ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ♦s ❡rr♦s ♣❛❞r♦♥✐③❛❞♦s

❡st✐♠❛❞♦s ❞♦s ♣❛ís❡s ❛s✐át✐❝♦s ❡♠ ❡st✉❞♦✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❜❜❛r❛✱ ❖✳ ▼✳ ❋✳ ▼♦❞❡❧❛❣❡♠ ❞❡ ❉❡♣❡♥❞ê♥❝✐❛ ❡♠ ❙ér✐❡s ❋✐♥❛♥❝❡✐r❛s ▼✉❧t✐✈❛r✐❛❞❛s✳ ❚❡s❡ ❞❡
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