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V

,

(V,+, �), V,

+ : V×V → V, u,v ∈ V
u+ v ∈ V � : ×V → V,

t ∈ v ∈ V t � v,
tv, t v.

u,v,w ∈ V s, t ∈
u+ v = v+ u
(u+ v) +w = u+ (v+w)

∃ 0 ∈ V v ∈V

v+ 0 = 0+ v = v;



v ∈V −v ∈ V,
v+ (−v) = 0

(s+ t)v = sv+tv s(u+ v) =su+sv
(st)v = (s)tv

1 1 � v = v

= V

=

V W ⊂ V
V

u,v ∈W u+ v ∈W
t ∈ v ∈W tv ∈W.

W

V

W ⊂ V W

W ⊂V
t = 0

v u1,u2, . . . ,un
v

v = α1u1 + α2u2 + � � �+ αnun := αiui,

α1, α2, . . . , αn ∈

β = {u1,u2, . . . ,un}

α1u1 + α2u2 + � � �+ αnun = 0,

= =
(st) = (s)t = (st) = (s)t = s t



α1 = α2 = � � � = αn = 0 β

β

u1,u2, . . . ,uk V W

V

u1,u2, . . . ,uk

W = [u1,u2, . . . ,uk]

=
�
v ∈ V; v = α1u1 + α2u2 + � � �+ αkuk, α

i ∈ 1 � i � k
�
.

V β ⊂ V

V

v ∈ V
β

β = {v1, . . . ,vn} V v = α1v1 + α2v2 +
. . .+ αnvn = γ1v1 + γ2v2 + . . .+ γnvn

�
α1 − γ1

�
v1 + � � �+ (αn − γn)vn = 0,

αi = γi i = 1, 2, . . . , n
αi v β

n v =
�
α1, α2, . . . , αn

�

β

v

V

v1, . . . ,vn
V V

V v1, . . . ,vn
n

n



V β = {v1, . . . ,vn}
n V n

V

n V

V V

n = dim V

V

V

n

n ei i

ei = (0, . . . , 1, . . . , 0) , i = 1, 2 . . . , n n

n v =
�
v1, v2, . . . , vn

�
, w =

�
w1, w2, . . . , wn

�

v = w
n vi = wi, i = 1, 2, . . . , n

v+w =
�
v1 +w1, v2 +w2, . . . , vn +wn

�
,

tv =
�
tv1, tv2, . . . , tvn

�
, t ∈

n V n

V

V

V∗ V

V∗ f : V→

V∗

(f + g) (v) = f(v) + g(v)

(αf) (v) = αf(v)

f, g ∈V∗ α ∈ v ∈ V



V β =
{v1, . . . ,vn} β∗ =

�
f1, . . . , fn

�

f i(vj) = δij δij =

�
1 i = j

0 i �= j
V∗ β

β∗

γ1f
1 + � � �+ γnf

n = 0

�
γ1f

1 + � � �+ γnf
n
�
(v) = 0

γ1f
1(v) + � � �+ γnf

n(v) = 0 ∀ v ∈ V

v = v1, . . . ,v = vn f i

γi = 0, i = 1, 2, . . . , n�
f1, . . . , fn

	
= V∗

f ∈ V∗ f i : f = γ1f
1 + � � �+ γnf

n

β = {v1, . . . ,vn}
V v = v1v1 + � � �+ vnvn

f(v) = f(v1v1 + � � �+ vnvn)

= f(v1v1) + � � �+ f(vnvn)

= v1f(v1) + � � �+ vnf(vn)

f i(v) = f i
�
v1v1 + � � �+ vnvn

�
= vi

f(v) = f(v1)f
1(v) + � � �+ f(vn)f

n(v)

=
�
γ1f

1 + � � �+ γnf
n
�
(v)

=
�
γ1f

1 + � � �+ γnf
n
�
(v1v1 + � � �+ vnvn)

= γ1v
1f1(v1) + � � �+ γ1v

1fn(vn)

= γ1v
1 + � � �+ γnv

n

f(vi) = γi f β∗



v f = γ1f
1+� � �+γnfn

v ∈ V
dimV = dimV∗ V

V∗

β1 β2 V

M : V→ V β1 β2

V β1
β2 V β1 β2

M

V

� −�
dimV = 3

V

V

(V,�) (V,−�) V

V dimV = n

(V, �) �

V

� V V×V→
V v,w ∈ V

v �w v w

v,w,x,y ∈ V t ∈



v � v � 0
v � v = 0 v = 0
(v+w) � x = v � x+w � x v� (x+ y) = v � x+ v � y
(tv) �w = t (v �w) v � (tw) = t (v �w)
v �w = w � v

V

v,w ∈ V v⊥w
v �w = 0

�v� = √
v � v � 0

v

Vn {e1, . . . ,en} ei � ej =
δij v =viei w =wjej

v �w=viei �wjej = viwjei � ej = viwjδij

= v1w1 + . . .+ vnwn

�v� = √
v � v =



(v1)2 + . . .+ (vn)2

v w

θ = arccos

�
v �w

�v� �w�

�
.

v w

n



β = {a1, . . . ,an}
V

ai � aj = gij = gji,

gij ∈ βr =
�
a1, . . . ,an

�
β

ai � aj = δij .

ai �aj = gij ∈ gij

gij

ai � aj = gij = gikδ
k
j = gika

k � aj ⇒ ai = gika
k,

ai = gikak

ai � aj = gika
k � aj ,

δ
j
i = gikg

kj ,

gkj

gik

v = viai = vja
j , ∀v ∈ V

vi vj

v � ak = viai�ak,
vk = vigik.

vk = vjg
jk = vjg

kj

v = viai = vjg
jiai = vjg

jigika
k

= vjδ
j
ka
k = vja

j .



vi v vj
v

gij = δij

n

O (n, )

dim = (1 + n)
( , •) •

dim = (1 + n)
•

× →
, ∈ •

, , , ∈ t ∈
• ∈
( + ) • = • + • • ( + ) = • + •
(t ) • = t ( • ) • (t ) = t ( • )
• = •

� � = √ • .

• < 0,

• > 0,

• = 0, �= 0,

, ∈
⊥ • = 0.

( , •)

dim =
(1 + n) β = { 0, . . . , n}

� • ν = η�ν ,



η�ν �, ν = 0, 1, 2, . . . , n

�
η�ν
�
= diag (−1, 1, . . . , 1).

�, ν = i, j = 1, 2, . . . , n i • j = i � j = δij

β = { 0, 1, . . . , n}

� � ν = g�ν = gν�,

g�ν ∈ βr =
�

0, 1, . . . , n
�

β

� � ν = δ�ν .

� � ν = g�ν ∈ g�ν

g�ν

= v� � = vν
ν , ∀ ∈

v� vν

� κ = v� �� κ,
vκ = v�g�κ.

vκ = vνg
νκ = vνg

κν

= v� � = vνg
ν�

� = vνg
ν�g�κ

κ

= vνδ
ν
κ
κ = vν

ν .

v� v vν
v

g�ν = η�ν { �}

O (n, 1, )
(1 + n)



×

V a ∈ �
˜

(a,�)
(a,�) ≃ (−a,−�) ,

˜ := [( ,�)] = {(a,�)| a ∈ � }

ã = [(a,�)] ∈ ˜

a ∈ �

V a ∈ V �
Ṽ

(a,�)
(a,�) ≃ (−a,−�) ,

Ṽ := [(V,�)] = {(a,�)| a ∈ V � }



ã = [(a,�)] ∈ Ṽ
a ∈ V �

V

⊙ :

�
˜ × → ˜ , ã⊙ b := ãb,
˜ × ˜ → , ã⊙ b̃ := ãb̃,

⊡ :

�
˜ ×V→Ṽ, ã⊡ u : = ãu,
˜ × Ṽ→ V, ã⊡ ṽ : = ãṽ.

Ṽ = 1̃ ⊡ V = 1̃V 1̃ = [(1,�)]

Ṽ

V

V×V→

� :






Ṽ×Ṽ→ ,

ũ � ṽ = u � v,
Ṽ×V→˜ ,
ũ � v =1̃u � v,
V×Ṽ→˜ ,
u � ṽ = u�1̃v,

[(1,−�)]
(1,−�) = (−1,�)



V3 3 Ṽ
3

3
×






V3 ×V3 → Ṽ
3
u× v = ã = 1̃⊡ a =1̃a

Ṽ
3 × Ṽ3 → Ṽ

3
ũ× ṽ

V3 × Ṽ3 → V3 u× ṽ
Ṽ
3 ×V3 → V3 ũ× v,

a � u = a � v = 0 ||a|| = ||u|| ||v|| sen θ θ = arccos(u � v)

u = uiei v = viei {ei} i = 1, . . . , n
V3

u× v = 1̃

������

e1 e2 e3
u1 u2 u3

v1 v2 v3

������

= 1̃
��
u2v3 − u3v2

�
e1 +

�
u3v1 − u1v3

�
e2 +

�
u1v2 − u2v1

�
e3
	
.

e1 × e2
e1 e2



u× v = −u× v
u× (v+w) = u× v+ u×w
α (u× v) = (αu)× v = u× (αv) = (u× v)α α ∈ ∪ ˜

ei× ei = 0 i = 1, 2, 3 e1× e2 = 1̃e3 e2× e3 = 1̃e1 e3×e1 = 1̃e2
u× (v×w) +v× (w× u) +w× (u× v) = 0

u× v = u×w u �= 0 u× v− u×w = 0
u× (v−w) = 0 u (v−w)

u �= 0 (v−w) �= 0 v �= w
u � v = u �w u× v = u×w

u � (v−w) = 0

u× (v−w) = 0,

(v−w)
u, v−w = 0

u = uiei v = viei w = wiei {ei}
i = 1, . . . , n V3

u � (v×w) = 1̃

������

u1 u2 u3

v1 v2 v3

w1 w2 w3

������
.

ũ =1̃u ∈ Ṽ3 v,w ∈ V3

ũ � (v×w) =

������

u1 u2 u3

v1 v2 v3

w1 w2 w3

������
.

u � (v×w) = v� (w× u) = w � (u× v) ;

u � (v×w)
ũ � (ṽ×w)
ũ � (v× w̃)
u � (ṽ× w̃)





∈ ˜

ũ � (v×w)
u � (ṽ×w)
u � (v× w̃)
ũ � (ṽ× w̃)





∈



u = uiei v = viei w = wiei {ei}
i = 1, . . . , n V3

u× (v×w) = [v (u �w)−w (u � v)] ,
(u× v)×w = [v (u �w)− u (v �w)] .

u (v �w) �= w (u � v)
u× (v×w) �= (u× v)×w

ũ =1̃u ∈ Ṽ3
v,w ∈ V3

ũ× (v×w) = [v (u �w)−w (u � v)] ,

u,v ∈ V3 w̃ ∈ Ṽ3

u× (v× w̃) = 1̃ [v (u �w)−w (u � v)] .

n A := (S,V,⊖)
S V dimV = n

⊖ : S×S → V; (x, y) �→ x⊖y
a ∈ S ⊖a : S → V x �→ x⊖ a

a, b, x ∈ S (x⊖ b) + (b⊖ a) = x⊖ a

a = b = x x⊖ x = 0 ∀x ∈ S

a = x b⊖ a = − (a⊖ b) ∀a, b ∈ S

v := x ⊖ y (x, y) ∈
S × S y x

⊖ S V

⊖ S a



⊖
⊖ S

V

−
⊖ −

V S

S V

a ∈ S ⊖−1a : V → S

v �→ a⊞ v

a⊞ (b− a) = b ∀ a, b ∈ S,

(b⊞ v)⊞ a = b⊞ (v+ a) ∀ a,v ∈ V.

⊞

⊖−1a
⊖−1a +

V

S

v ∈ V
a ∈ A v ∈ V

⊖−1a
v ∈ S

V

⊞

+ ⊖



a ∈ S ⊖a : S → V x �→
x ⊖ a S a

V

⊖a (x− b) ≡ ⊖a (x)−⊖a (b) = (x− a)− (b− a) , ∀x, b ∈ S.

S a

TaS

TaS a ∈ S

�
a∈S TaS S

TS

x, y, a, b ∈ S v ∈ V

x− a ≃ y − b, x− a = y − b = v.

a, b, ei, e
′
i ∈ S i = 1, . . . , n TaS

β(a) = {e1(a), . . . , en(a)}
ei(a) = ei − a ei − a �= ej − a i �= j

b ∈ S TbS

β(b) = {e1(b), . . . , en(b)} ei(b) = e′i− b e′i− b �= e′j − b

i �= j ei(a) ei(b)

ei(a) = ei − a ≃ e′i − b = ei(b).

p ∈ S TpS

A



A
S a

A
A

o ∈ S

{ei(o)} , i = 1, . . . , n
ToS {o,β(o)}= {o,e1(o), . . . ,en(o)}

{o,βo}= {o,e1, . . . ,en}
A

x ∈ S {o,βo} x−o = x ∈ ToS

x = x1e1 + � � �+ xnen.

xi i = 1, . . . , n
x ∈ S o βo x ∈ ToS

x o

ei(x) =
∂x

∂xi
,

βx = {e1(x), ..., en(x)} TxS

ei(x) = ei(o) = ei
U ⊂ S o ∈ U ⊂ S

x ∈ U

f : n → n
�
x1, . . . , xn

�
�→
�
x1, . . . , xn

�

f−1 : n → n
�
x1, . . . , xn

�
�→
�
x1, . . . , xn

�

ui : U → V, i = 1, . . . , n
ui(x) =

∂x
∂x

��
x

x xi = const.

x x ∈ U β′x = {u1(x), . . . ,un(x)} TxS

ui(x) =
∂x

∂xi

����
x

=

�
∂xj

∂xi

�
∂x

∂xj

����
x

=

�
∂xj

∂xi

�
ei

����
x

.

β′x
βx

ui = J1i e1 + . . .+ Jni en, i = 1, . . . , n,

J
j
i J =

�
J
j
i

�

J β
′

x β



�
xi
�
, i = 1, . . . , n�
xi
�
, i = 1, . . . , n

J

�U
U {xi}

U ⊂ S φ : U →
x �→ φ(x).

U ⊂ S

v : U → V x �→ v(x)

{xi} U v(x) =
vi(x)ui(x) = vj(x)u

j(x) {ui(x)} TxU

x ∈ U

U ⊂ S

p̃ : U → ˜ x �→ p̃(x) = [(p(x),�U )] .

U ⊂ S

ã : U → Ṽ, x �→ ã(x)= [(a(x),�U )]

I : TxS → TxS, v �→ I(v)=− v

π Rπ : TxS → TxS, v :=
�
v� + v⊥

�
�→

Rπ(v) = v� − v⊥ v� v⊥ v

π

A3
I : TxS → TxS,

ã �→ I(ã) = ã

π

Rπ : TxS → TxS, ã :=
�
ã� + ã⊥

�
�→ Rπ(ã) = −ã� + ã⊥ ã� ã⊥
ã π



π

B̃ I

An n (V, �)
En = (S,V, �,⊖)

x ∈ S TxS ≃ V �
V

x, y ∈ S

d (x, y) = �x− y� .

En

{ei} , i = 1, . . . , n
TS =

�
x TxS

d (x, y) =



(x1 − y1)2 + . . .+ (xn − yn)2 .

A1+n (1 + n) ( , •)

M1+n = ( , , •,⊖)

x ∈ S TxS ≃ V •



x, y ∈ S

s (x, y) = �x− y�M .

M1+n

{ �} , � = 0, 1, . . . , n
TS =

�
x TxS � • ν = η�ν

s (x, y) =



− (x0 − y0)2 + (x1 − y1)2 + . . .+ (xn − yn)2 .

M1+3

M

o ∈ 0 ∈ To

0 • 0 = −1. 0(x) = 0 ∀x ∈

i i = 1, 2, 3 i • j = δij,

0 • i = 0 i(x) = i ∀x ∈
{ �} T

x ∈ {o, { �}}
x0 xi,

i = 1, 2, 3

xi

i o ∈
x0

x0 = ct,

c t

x ∈
c 1

0

M M = T × E3 T E3

0



M

U ⊂
V3 Ṽ

3

1̃ 1

∇
o ∈ S�

xi
�

i = 1, 2, 3 E3

S E3 3

x ∈ S x − o = x =
�
x1,x2,x3

�



φ : x �→ φ(x) = φ(x1, x2,x3),

v : x �→ v(x) = v(x1,x2,x3),

ã : x �→ ã(x) = ã(x1, x2, x3).

�
xi
�
i = 1, 2, 3

E3 {o,β} β ={ei}
TS ∇

∇ = e1
∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3
.

∇

I∇ = −∇.

φ(x) v(x)
U ⊂ 3

φ(x)
x0 ∈ U

grad φ(x)|
x

:= ∇φ(x)|
x

=

�
e1

∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3

�
φ(x)|

x

=

�
∂φ(x)

∂x1
e1 +

∂φ(x)

∂x2
e2 +

∂φ(x)

∂x3
e3

�����
x

.

v(x) = (v1(x), v2(x), v3(x))
x0 ∈ U ⊂ 3

div v(x)|
x

:= ∇ � v|
x

=

�
e1

∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3

�
�
�
v1e1 + v2e2 + v3e3

�
x

=

�
∂v1

∂x1
+
∂v2

∂x2
+
∂v3

∂x3

�����
x

.



v(x) = (v1(x), v2(x), v3(x))
x0 ∈ U ⊂ 3

rot v(x)|
x

:= (∇× v)|
x

=

��
e1

∂

∂x1
+ e2

∂

∂x2
+ e3

∂

∂x3

�
×
�
v1e1 + v2e2 + v3e3

��

x

=

�������

e1 e2 e3
∂
∂x

∂
∂x

∂
∂x

v1 v2 v3

�������
x

=

��
∂v3

∂x2
− ∂v2

∂x3

�
e1 +

�
∂v1

∂x3
− ∂v3

∂x1

�
e2 +

�
∂v2

∂x1
− ∂v1

∂x2

�
e3

�

x

.

∇
φ(x) ϕ(x) v(x) w(x)

∇(φ+ ϕ) =∇(φ)+∇(ϕ)

∇� (v+w) =∇�v+∇�w
∇× (v+w) =∇×v+∇×w
∇� (φv) = (∇φ) � v+ φ (∇ � v)
∇× (φv) = (∇φ)× v+ φ (∇× v)
∇� (v×w) = w � (∇× v)− v � (∇×w)

∇× (v×w) = (w �∇)v−w (∇ � v)− (v �∇)w+ v (∇ �w)

∇(v �w) = (v �∇)w+ (w �∇)v+ v× (∇×w) +w× (∇× v) ;
∇� (∇φ) ≡∇2φ ∇2 ≡ ∂

∂(x )
+ ∂

∂(x )
+ ∂

∂(x )

∇2φ φ

∇× (∇φ) = 0 φ

∇� (∇× v) = 0 v

∇× (∇× v) =∇(∇ � v)−∇2v

r :I → 3 I = (a, b) ⊂ 3



r(t) = (f(t), g(t), h(t)) r

t f(t) g(t) h(t)

dr(t)

dt
= r′(t) =

�
f ′(t), g′(t), h′(t)

�
.

r : I → 3

r′(t) �= 0 t ∈ I

r : I → 3 t0 ∈ I

s(t) =

� t

t

��r′(τ)
��dτ

=

� t

t

�
f ′(τ) + g′(τ) + h′(τ)dτ.

r′(τ) �= 0 s(t) t
ds(t)
dt = �r′(t)�

t
ds(t)
dt

= 1

r : [a, b]→ 3 t �→ r(t)
Γ

s S : [a, b]→ [0, 1] t �→ S(t) := s

r ◦ S−1 : [0, 1] → 3 s �→
�
r ◦ S−1

�
(s) := r(s)

Γ s

φ(x)

x0 ∈ U ⊂ 3 t = r′(t)
�r′(t)�

(Dtφ)x =

�
dφ

dt

�����
t,x

= (∇φ)|
x
� t

= |∇φ(x0)| |t| cos θ
= |∇φ(x0)| cos θ,

θ (∇φ)|
x

t



φ cos θ = 1
t (∇φ)|

x

φ cos θ = −1
− (∇φ)|

x

φ cos θ = 0
t (∇φ)|

x

ϕ : U ⊂ 2 → ϕ(x1,x2) = x3

ϕ
�
(x1, x2,x3) ∈ 3

�� x3 = ϕ(x1, x2)
�
.

ϕ(x1,x2) = −(x1)2 − 2(x2)2,

U = {−2 ≤ x1 ≤ 2, −2 ≤ x2 ≤ 2}

-4 -4
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ϕ(x , x )



ϕ(x1,x2)

ϕ : U ⊂ 2 →�
(x1, x2) ∈ 2

�� ϕ(x1,x2) = c
�

c

c

c

ϕ(x1,x2) = −(x1)2− 2(x2)2

c < 0 ϕ

c ∈
c = −1 (x1)2 + 2(x2)2 = 1

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

x¹

x²

ϕ(x1, x2) = c c

x3 = c

ϕ(x1,x2) = c



φ : U ⊂ 3 →
4�

x1, x2,x3, φ(x1, x2,x3)
�

�
x1, x2,x3, φ(x1, x2,x3)

�
�
(x1,x2,x3) ∈ 3|φ(x1, x2, x3) = c ∈

�

c

φ : 3 → ,

φ(x1,x2,x3) = 2(x1)2 + 3(x2)2 + 4(x3)2.

φ φ(x1, x2, x3) = 1

-1.0

-1.0

-0.5

-0.5 0.5

1.0

0.0
0.0 0.0

x y

z

0.5

-0.5 0.5

1.0

1.0
-1.0

2(x1)2 + 3(x2)2 + 4(x3)2 = 1

∇φ φ 1, 2, 3 c

φ(x) φ(x1,x2, x3) = c ∈
r : [a, b] ⊂ → 3 r(t) = f(t)e1 + g(t)e2 + h(t)e3



φ(r(t)) = c

t

dφ(r(t))

dt
=
dc

dt
,

∂φ

∂x1
df

dt
+

∂φ

∂x2
dg

dt
+

∂φ

∂x3
dh

dt
= 0,

�
∂φ(x)

∂x1
e1 +

∂φ(x)

∂x1
e2 +

∂φ(x)

∂x1
e3

�
�
�
df

dt
e1 +

dg

dt
e2 +

dh

dt
e3

�
= 0,

(∇ϕ) � dr
dt

= 0.

∇φ dr
dt

r φ(x1,x2, x3) =
c ∇φ

φ(x1,x2, x3) = 2(x1)2 +
3(x2)2 + 4(x3)2 ∇φ = 4x1e1 +
6x2e2 + 8x3e3

φ(x, y, z) = c

-44
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∇φ = 4x1e1 + 6x2e2 + 8x3e3



I(t) =
� b(t)
a(t) f(t, x)dx α � t � β

f(t, x) [α, β] × [a, b]
a(t), b(t) [α, β]

d

dt

� b(t)

a(t)
f(t, x)dx =

� b(t)

a(t)

∂f

∂t
dx+ f(b, t)

db

dt
− f(a, t)

da

dt
.

Γ
v : 2 ∋ x �→ v(x) = (v1(x), v2(x)) ∈ 2 n

Γ v

Γ

�

Γ
v � n ds,

ds =
��dr
dt

�� dt

v : 3 ∋ x �→ v(x) = (v1(x), v2(x), v3(x)) ∈ 3

v(x) S
n

v(x) �n S
v S

S v n

v(x)
S n

�

S
v � n dA.



v(x)
U ⊂ 3 a, b ∈ U

� a
b
v(x)�

dr a

b
� a
b
v(x) � dr U

v(x)

v

U ⊂ 3

v(x) U

α ∈ U φ U

φ(x) = −
�
x

α

v � dr,

r U α x

φ v

∇φ(x) = −v(x).

v(x) U ⊂ 3 v(x) =
−∇φ(x) φ U ⊂ 3 φ

v(x) U

α, β ∈ U
� α

β

v � dr = φ(β)− φ(α).

Γ r(t)
r(α) = r(β)

� α

β

v � dr = 0.

U U

U



v(x)
U ⊂ 3

v U

v U

v U

v(x) = −∇φ(x)
v(x) = (v1(x), v2(x), v3(x))

U ⊂ 3

v(x)

∂vi(x)

∂xj
=
∂vj(x)

∂xi
,

x ∈ U i, j = 1, 2, 3

U

v(x) = −∇φ(x)
v(x) �= −∇φ(x)

U =
�
x = (x1,x2) ∈ 2, (x1, x2) �= (0, 0)

�
v(x) =

vi(x)ei i = 1, 2 U

v(x1,x2) =
−x2

(x1)2 + (x2)2
e1 +

x1

(x1)2 + (x2)2
e2.

U 2

∂v (x)
∂x

= ∂v (x)
∂x

Γ
r(t) = ( t)e1+(sen t) e2, 0 � t � 2π

v(x) Γ
�

Γ
v(x) � dr=

� 2π

0
v(r(t)) � r′(t) dt

=

� 2π

0

�
sen2t+ cos2 t

�
dt = 2π.

v

U

U α, β ∈ U
U



v(x)

U ⊂ 3 U

∇ � v = f,

∇× v = c,

f c

v

lim
|x|→∞

f(x)→ 0 lim
|x|→∞

c(x)→ 0

v(x) = −∇φ(x) +∇× k(x),
−∇φ(x) ∇×k(x)

U ⊂ 3 X : U → 3

Ck X

ψ : I ⊂ → U s �→ ψ(s) ψ(s)

d

ds
ψ(s) = X(ψ(s)).

ψ(s) = ψi(s)ei X(x) = Xi(x)ei i = 1, 2, 3

d

ds
ψi(s) = Xi(x).

X

ψ(0) = (x10, x
2
0, x

3
0), x

i
0 = xi(0),

s = 0



I ⊂ ψ(0)

X : U → 3 Ck
U ⊂ 3 x ∈ U

X t �→ ψ (t,x)
ψ (t,x) t ∈ I(x) ⊂ t = 0 Ck+1
I(x);
ψ (0,x) = x x ∈ U

x ∈ U

X C1 I ′(x) ⊃ I(x) x

ψ (0,x) = x

t, s, t+ s ∈ I(x) ψ(t, ψ(s,x)) = ψ(t+ s,x)

ψ : I(x) × U → U (t,x) �→ ψ (t,x)
X

d

dt
ψ(t,x) = X(ψ(t,x)).

ψx ψt

x ∈ U ψx : I(x)→ U t �→ ψx(t) :=
ψ(t,x) t ∈ I(x) ψt : U → U x �→ ψt(x) := ψ(t,x)

I(x) = ∀x ∈ U ψt U → U

I( ) ∈



ψt(ψs) = ψt+s(x) ψt ◦ ψs(x) = ψt+s(x)

ψ0
ψ−t = (ψt)

−1

ψt
X

× U ⊂ × 3 U

v : × U → 3, (t,x) �→ v (t,x)

Ck
U

t x

v (t,x)
x t

t ∈ vt : U → 3 x �→ vt(x) =
v(t,x)

v(t,x) t vt

ψx : → U s �→ ψx(t) vt
x s = 0

d

ds
ψx = vt(ψx(s)) = v(t, ψx(s)).

v(t,x) x t = 0

σx : → U, x �→ σx(t) = σ(t,x),

σ : ×U → U x ∈ U

σt : U → U σt(x) = σ(t,x)



d

dt
σx(t) = v(t,σx(t)) = v(t,σ(t,x)),

t x

∂

∂t
σ(t,x) = v(t,σ(t,x)).

v ψx(t) �= σx(t)
∂
∂tv = 0

σt : U → U t ∈ σt
x = σ(0,x) ∈ U

t = 0 σ(t,x) ∈ U t

v(t,x) x t = 0



v(t,x)
t x s = 0

σx : → U,

σ

aσ : → aσ(t) =
d2

dt2
σx(t).

σx(t) =
�
x1(t), x2(t), x3(t)

�

aσ(t) =
d

dt
v(t, x1(t), x2(t), x3(t))

∂

∂t
v(t, σx(t)) +

dxi

dt

∂v(t, σx(t))

∂xi
,

dx
dt

= vi(t, x1(t), x2(t), x3(t))

d

dt
v(t, σx(t)) =

∂

∂t
v(t, σx(t)) + vi

∂v(t, σx(t))

∂xi

=
∂

∂t
v(t, σx(t)) + (v �∇)v(t,σx(t)).

D

Dt
=

∂

∂t
+ (v �∇),



X : × U → 3

D

Dt
X(t,σx(t)) =

∂

∂t
X(t,σx(t)) + (v �∇)X(t,σx(t)).

R
Γ R

v1 v2
U ⊂ 2

v = v1e + v2e Γ
2 R

Γ R ⊂ U

��

R

�
∂v1

∂x1
− ∂v2

∂x2

�
dx1dx2 =

�

Γ

�
v1dx

1 + v2dx
2
�
=

�

Γ
v � n ds,

Γ n

Γ

U ⊂ 2

Γ r

{ } { }



U ∪ Γ, S = r(U)
C = r(Γ)

v = v1e +v2e +v3e v1 v2 v3
S

�

C

v1 dx
1 + v2 dx

2 + v3 dx
3 =

�

C

v � dr =
��

S

(∇× v) � n dS,

C n

S
S

V 3

S n

S v

V
���

V

∇ � v dV =

��

S

v � n dS.

∇� ∇×

x

v(x)
p

v

= ρv ρ

A

t

V = �v� tρA.
A′

n θ v

A = A′ cos θ

�v� tρA = �v� tρA′ cos θ.



v

�v�ρ cos θ = Jcos θ = � n.

∆V = ∆x1∆x2∆x3

Ai i = 1, ..., 6

J1x ∆x2∆x3 =
�
J � x1

�
∆x2∆x3,

J2x ∆x2∆x3 =
�
J � x1

�
∆x2∆x3,

J3x ∆x1∆x3 =
�
J � x2

�
∆x1∆x3,

J4x ∆x1∆x3 =
�
J � x2

�
∆x1∆x3,

J5x ∆x1∆x2 =
�
J � x3

�
∆x1∆x2,

J6x ∆x1∆x2 =
�
J � x3

�
∆x1∆x2.

J1x J2x A1

A2 ∆Jx x2 x3

∆Jx ∆Jx =
�
∂J

∂x

�
∆x1

�
J2x − J1x

�
∆x2∆x3 =

�
∂Jx
∂x1

∆x1
�
∆x2∆x3,



�
J4x − J3x

�
∆x1∆x3 =

�
∂Jx
∂x2

∆x2
�
∆x1∆x3,

�
J6x − J5x

�
∆x1∆x2 =

�
∂Jx
∂x3

dx3
�
∆x1∆x2.

dV
�
∂Jx
∂x1

+
∂Jx
∂x2

+
∂Jx
∂x3

�
∆x1∆x2∆x3 = (∇ � )∆x1∆x2∆x3.

∆x1∆x2∆x3

∇�
ψ =

− =

ρ = = ∂ρ
∂t

=
ρ

∂ρ

∂t
∆x1∆x2∆x3 = (ψ −∇ � ) ∆x1∆x2∆x3,

∂ρ

∂t
= (ψ −∇� )⇒∇ � +

∂ρ

∂t
= ψ.

ψ = 0

∇ � +
∂ρ

∂t
= 0,

ρ =

∇ � = ψ.



∇�E = 4πρ E ρ

B̃

∇�B̃ = 0

ω̃

ω̃

v(x) v = ω̃ × x x

∇× v = 2 ω̃

∇×v =∇× (ω̃ × x)

∇× (ω̃ × x) = (x �∇) ω̃ − x (∇ � ω̃)− (ω̃ �∇)x+ ω̃ (∇ � x) .

ω̃ x (∇ � ω̃) = (x �∇) ω̃ = 0

∇× (ω̃ × r) = (∇ � x) ω̃ − (ω̃ �∇)x.



(∇ � x) ω̃=
�
∂x1

∂x1
+
∂x2

∂x2
+
∂x3

∂x3

��
ω1e1 + ω2e2 + ω3e3

�
= 3ω̃,

(ω̃ �∇) r =

�
ω1

∂

∂x1
+ ω2

∂

∂x2
+ ω3

∂

∂x3

��
x1e1 + x2e2 + x3e3

�

= ω1e1 + ω2e2 + ω3e3 = ω̃,

∇× (ω̃ × r) = 3ω̃ − ω̃ = 2ω̃.



M

{ �} � = 0, 1, 2, 3 T

o ∈ x ∈ {o, { �}}

x− o := = x� � =
�
x0,x1,x2,x3

�
,

{x�}
0

× 3

c = 1

= (t,x) .



E : × 3 → V3, (t,x)→ E(t,x),

B̃ : × 3 → Ṽ
3
, (t,x)→ B̃(t,x).

(r, q)
r : I ⊂ → 3 3

t q ∈
E B̃

F = q
�
E+ v× B̃

�
.

F

dp

dt
= q

�
E+ v× B̃

�
,

p = mv√
1−�v�

c = ǫ0 = �0 = 1

∇ � B̃ = 0,

∂B̃

∂t
+∇×E = 0,

∇ �E = 4πρ,

∂E

∂t
−∇× B̃ = −4πJ,

ρ J

ǫ 


c = (ǫ 
 )−



E B̃

E B̃

U ⊂ 3

∇ � ∂E
∂t

−∇ �
�
∇× B̃

�
=∇ � 4πJ,

∇�
�
∇× B̃

�
= 0



∂ (∇ �E)
∂t

= 4π∇ � J
∂4πρ

∂t
= 4π∇ � J,

∂ρ
∂t−∇�J = 0

ρ = 0
J = 0

∇× ∂B̃

∂t
+∇× (∇×E) = 0,

∂(∇× B̃)
∂t

+∇× (∇×E) = 0,
∂

∂t

�
∂E

∂t

�
+∇ (∇ �E)−∇2E = 0,

∂2E

∂t2
+∇ (∇ �E)−∇2E = 0,

∂2E

∂t2
−∇2E = 0.

∇× ∂E

∂t
+∇×

�
∇× B̃

�
= 0,

∂ (∇×E)
∂t

+∇
�
∇ � B̃

�
−∇2B̃ = 0,

∂2B̃

∂t2
−∇2B̃ = 0.

ρ = 0,J = 0

B̃



A

B̃ =∇×A,

∇ � B̃ =∇ � (∇×A) = 0.

∂ (∇×A)

∂t
+∇×E = 0

∇×
�
∂A

∂t
+E

�
= 0.

�
∂A

∂t
+E

�
= −∇φ,

φ

∇×
�
∂A

∂t
+E

�
= −∇× (∇φ) = 0.

B̃ =∇×A E = −∇φ− ∂A

∂t
,

A φ

∇ �
�
−∇φ− ∂A

∂t

�
= 4πρ

−∇2φ− ∂ (∇ �A)

∂t
= 4πρ,

∂

∂t

�
−∇φ− ∂A

∂t

�
−∇× (∇×A) = 4πJ

−∇∂φ

∂t
− ∂2A

∂t2
−∇ (∇ �A) +∇2A = 4πJ.



−∂ φ
∂t

∇
2φ− ∂2φ

∂t2
= −4πρ− ∂

∂t

�
∇ �A+

∂φ

∂t

�
,

∇
2A− ∂2A

∂t2
= 4πJ+∇

�
∇ �A+

∂φ

∂t

�
.

φ A

E B̃

B̃0 =∇×A0 E0 = −∇φ0 −
∂A0

∂t
,

χ : × 3 → (t,x) �→ χ (t,x)

φχ = φ0 −
∂χ

∂t
Aχ= A0 +∇χ

B̃ =∇×Aχ=∇×A0 +∇× (∇χ) =∇×A0 = B̃0

E = −∇φχ −
∂Aχ

∂t

= −∇
�
φ0 −

∂χ

∂t

�
− ∂

∂t
(A0 +∇χ)

= −∇φ0 +
∂∇χ

∂t
− ∂A0

∂t
− ∂∇χ

∂t

= −∇φ0 −
∂A0

∂t
= E0.

E B̃

φχ �→ φ0 −
∂χ

∂t
Aχ �→ A0 +∇χ.



E B̃

�
φχ,Aχ

�
=

�
φ0 −

∂χ

∂t
,A0 +∇χ

�

(φ0,A0)

(φ0,A0)
χ (φ,A)

∇ �A+
∂φ

∂t
= 0.

φ = φ0 − ∂χ
∂t

A = A0+∇χ

∇� (A0 +∇χ) +
∂

∂t

�
φ0 −

∂χ

∂t

�
= 0

∇
2χ− ∂2χ

∂t2
= −

�
∇ �A0 +

∂φ0
∂t

�
.

(φ0,A0)
χ

�
∇
2 − ∂2

∂t2

�
φ = −4πρ,

�
∇
2 − ∂2

∂t2

�
A = −4πJ.

∇

C2



E

B̃



Γt
3 x(t,ℓ)

U ⊂ 3 t

E : × 3 → 3, (t,x) �→ E(t,x) ∈ 3 B̃ : × 3 → 3, (t,x) �→
B̃(t,x) ∈ 3

Γ 3

x(ℓ) t = 0 Γt
Γt = σt(Γ) σt

v : × 3 �→ 3



Γ σt

E

E = − d

dt

�

S
B̃ � n da,

St 3 Γt
n St Γt = ∂St

Γ = ∂S Γt
v(t,x(t, ℓ))

E

E =

�

Γ

(E+ v× B̃) � dl,

dl := ∂x(t,ℓ)
∂ℓ

dℓ Γt

�

Γ

(E+ v× B̃) � dl = − d

dt

�

S
B̃ � n da.

�

Γ

E � dl = −
�

S

∂B̃

∂t
� n da,



∇×E+
∂B̃

∂t
= 0.

U ⊂ 3 X : ×U → 3 (t,x) �→ X(t,x)
v : ×U → 3

v

x ∈ 3 σx : → 3 t → σx(t) =
σ(t,x) t = 0

x σx(0) = x σ(t,x)

∂

∂t
σ(t,x) = v(t,σ(t,x)).

σt : U → 3,σt(x) = σ(t,x) σt
J = [0, 1] ∈ Γ

Γ : J → 3, ℓ �→ Γ(ℓ) := x(ℓ) Γt =
σt(Γ)

σ(t,x(ℓ)) := x(t, ℓ)

Γt

d

dt

�

Γ
X � dl =

�

Γ

D

Dt
X � dl+

�

Γ
X � [(dl �∇)v],

=

�

Γ

D

Dt
X � dl+

�

Γ
[X× (∇× v)] � dl+

�

Γ
[(X �∇)v)] � dl

=

�

Γ

∂

∂t
X � dl−

�

Γ
[v×(∇×X)] � dl,

D

Dt
X :=

∂

∂t
X+ (v �∇)X

dl = ∂
∂ℓ
σ(t,x(ℓ))dℓ =∂x(t,ℓ)

∂ℓ
dℓ

Γt σ(t,x(ℓ))

d

(x , x , x )



d

dt

�

Γ
X � dl = d

dt

1�

0

X(t,σ(t,x(ℓ))) � ∂
∂ℓ
σ(t,x(ℓ))dℓ

=

1�

0

d

dt
[X(t,σ(t,x(ℓ)))] � ∂

∂ℓ
σ(t,x(ℓ))dℓ

+

1�

0

X(t,σ(t,x(ℓ))) � ∂
∂t

∂

∂ℓ
σ(t,x(ℓ))dℓ.

x(ℓ) ∂
∂tσ(t,x) = v(t,σ(t,x(ℓ)))

D

Dt
[X(t,σ(t,x(ℓ)))] =

∂

∂t
X(t,σ(t,x(ℓ))) + (v �∇)X(t,σ(t,x(ℓ))),

1�

0

d

dt
[X(t,σ(t,x(ℓ)))] � ∂

∂ℓ
σ(t,x(ℓ))dℓ =

�

Γ
[
∂

∂t
X+ (v �∇)X] � dl

=

�

Γ

D

Dt
X � dl.

σ(t,x(ℓ)) = (x1(t, ℓ), x2(t, ℓ),x3(t, ℓ))

1�

0

X(t,σ(t,x(ℓ))) � ∂
∂t

∂

∂ℓ
σ(t,x(ℓ))dℓ

=

1�

0

X(t,σ(t,x(ℓ))) �
�
∂

∂ℓ
v(t,σ(t,x(ℓ)))dℓ

�

=

�

Γ
X � [(dl �∇)v].

∇(a � b) = (a �∇)b+ (b �∇)a+ a×(∇× b) + b×(∇× a).



a = dl b = v (v �∇)dl = v× (∇×dl) = 0,

(dl �∇)v = −dl× (∇× v) +∇(dl � v).

a � (b× c) = b � (c× a),

a = X, b = dl c = (∇× v)
−X � [dl× (∇× v)] = −dl � [(∇× v)×X],

= dl � [X× (∇× v)].

X � [∇(dl � v)] = [(X �∇)v] � dl,

�

Γ
X � [(dl �∇)v] = −

�

Γ
X � [dl× (∇× v)]+

�

Γ
X � [∇ (dl � v)]

=

�

Γ
[X× (∇× v)] � dl+

�

Γ
[(X �∇)v)] � dl.

a = X b = v
�
Γ [∇ (X � v)] � dl = 0

d

dt

�

Γ
X � dl

=

�

Γ

∂

∂t
X � dl+

�

Γ
[(v �∇)X)] � dl+

�

Γ
[X× (∇× v)] � dl+

�

Γ
[(X �∇)v)] � dl

=

�

Γ

∂

∂t
X � dl−

�

Γ
[v×(∇×X)] � dl.

X = v

d

dt

�

Γ
v � dl =

�

Γ

D

Dt
v � dl,



d

dt

�

Γ
X � dl = d

dt

�

S
(∇×X) � n da,

S ∂S = Γ St =
σt(S) n St

d

dt

�

S
(∇×X) � n da =

�

Γ

∂

∂t
X � dl−

�

Γ
[v× (∇×X)] � dl

=

�

S

∂

∂t
(∇×X) � n da−

�

S
∇× [v× (∇×X)] � n da,

Y : =∇×X

d

dt

�

S
Y � n da =

�

S

�
∂

∂t
Y −∇× (v×Y)

�
� n da.

Z : ×U → 3
∇ � Z �= 0

d

dt

�

S
Z � n da =

�

S

�
∂

∂t
Z+ v(∇ � Z)−∇× (v× Z)

�
� n da,



E B̃

E = −∇φ− ∂A

∂t
,

B̃ =∇×A,

φ : × 3 → A : × 3 �→ 3

X = A

d

dt

�

S
(∇×A) � n da =

�

Γ

∂

∂t
A � dl−

�

Γ

[v× (∇×A)] � dl,

d

dt

�

S
B̃ � n da =

�

Γ

∂

∂t
A � dl−

�

Γ

(v× B̃) � dl

=

�

Γ

�
∂

∂t
A+∇φ− v× B̃

�
� dl

= −
�

Γ

(E+ v× B̃) � dl.

d

dt

�

S
B̃ � n da =

�

S

∂B̃

∂t
� n da−

�

S
∇× [v× B̃] � n da

=

�

S

∂B̃

∂t
� n da−

�

Γ

(v× B̃) � dl.

�

Γ

E � dl = −
�

S

∂B̃

∂t
� n da,





A

B̃

E

A

A

X =A B̃ =∇×A

d

dt

�

Γ

A � dl =
�

Γ

∂

∂t
A � dl−

�

Γ

[v× (∇×A)] � dl.

d

dt

�

Γ
A � dl =

�

Γ

D

Dt
A � dl

�
Γ[(A �∇)v)] �dl



A



∇(dl � v) = (dl �∇)v+ dl× (∇× v).
�
e1, e2, e3

�
3

(∇× v) = ei∂i × v = ei × ∂iv,

∇ = (∂1, ∂2, ∂3) = e1 ∂
∂x

+ e2 ∂
∂x

+ e3 ∂
∂x

= ei∂i, ∂i =
∂
∂x

{xi}
i = 1, 2, 3

dl× (∇× v) = dl× (ei × ∂iv).

a× B̃× c = (a � c)B̃− (a � B̃)c

dl× (ei × ∂iv) = (dl � ∂iv)ei − (dl � ei)∂iv.
dl = (dl1, dl2, dl3) = dlie

i = dliei

(dl �∇)v = (dli∂i)v = (dl � ei)∂iv.

∇(dl � v) = (dl � ei)∂iv+(dl � ∂iv)ei − (dl � ei)∂iv
= (dl � ∂iv)ei.



X � [∇ (dl � v)] = X �
�
(dl � ∂iv)ei

	
= Xi(dl � ∂i)v =dl � (Xi∂i)v

= dl � [(X �∇)v] = [(X �∇)v] � dl,

X = (X1,X2,X3) = Xiei ei�ej = δ
j
i



0
′
0

v i
′
i i =

1, 2, 3 { 0, 1, 2, 3} { ′
0,

′
1,

′
2,

′
3}
�

� • ν = ′
� • ′

ν = η�ν
�

T

o ∈ {x�} {x′�}
x ∈

x− o = = x� � = x′� ′
�.

E(t,x) �→ E′(t′,x′) B̃(t,x) �→
B̃
′
(t′,x′) F(t,x) �→ F′(t′,x′)

ρ(t,x) �→ ρ′(t′,x′) J(t,x) �→ J′(t′,x′)

1

′
0 =

1√
1− v2

0 +
v√

1− v2
1.

{x�} {x′�}
′
0 • ′

0 = −1,



′
� • ′

ν = 0 � �= ν

�, ν = 0, 1, 2, 3 ′
i • ′

i = 1 i = 1, 2, 3

′
1 =

v√
1− v2

0 +
1√

1− v2
1,

′
2 = 2,
′
3 = 3,

′
1 • ′

1 =

�
v√

1− v2

�2
0 • 0 +

�
1√

1− v2

�2
1 • 1,

=
v2

1− v2
(−1) + 1

1− v2
(1) = 1,

′
0 • ′

1 =

�
1√

1− v2
0 +

v√
1− v2

1

�
•
�

v√
1− v2

0 +
1√

1− v2
1

�
,

=
v

1− v2
0 • 0 +

v

1− v2
1 • 1,

=
v

1− v2
(−1) + v

1− v2
(1) = 0.

x′0 =
1√

1− v2

�
x0 − vx1

�
,

x′1 =
1√

1− v2

�
vx0 + x1

�
,

x′2 = x2,

x′3 = x3.

→

x ∈ 0
′
0

{o, �}
�
o, ′

�

�
� = 0, 1, 2, 3

SO(3, 1, ) O(3, 1, )�
4, •
�

E B̃ ρ J {o, �}
�
o, ′

�

�



� = 0, 1, 2, 3

ρ =
ρ′ + vJ ′1√
1− v2

J1 =
J ′1 + vρ′√
1− v2

J2 = J ′2 J3 = J ′3,

E1 = E′1 E2 =
E′2 + vB′3√

1− v2
E3 =

E′3 − vB′2√
1− v2

,

B1 = B′1 B2 =
B′2 − vE3√

1− v2
B3 =

B′3 + vE′2√
1− v2

.



a

nd

nd

a

rd

nd



rd

a



nd



rd


