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❆♦s ♠❡✉s ♣❛✐s ❏✉s❝❡❧✐♥♦ ❡ ▼❛❞❛❧❡♥❛ ♣♦r ❡st❛r❡♠ s❡♠♣r❡ ♣r❡s❡♥t❡s✱ ♠❡ ❛♣♦✐❛♥❞♦ ♥❛s

❤♦r❛s ♠❛✐s ❞✐❢í❝❡✐s✱ ❛♣❡s❛r ❞❛ ❞✐stâ♥❝✐❛✳

❆s ♠✐♥❤❛s ✐r♠ãs ❋r❛♥❝❡r❧② ❡ ❚❛❧✐t❛ ♣♦r ♠❡ ❞❛r❡♠ ❢♦rç❛✱ s❛❜❡♥❞♦ ♦ q✉❛♥t♦ é ❞✐❢í❝✐❧ ❛

❝❛rr❡✐r❛ ❛❝❛❞ê♠✐❝❛✳

❆ ❉❛♥✐❡❧❛ ♣♦r t❡r ♠❡ ♣r♦♣♦r❝✐♦♥❛❞♦ ♠♦♠❡♥t♦s ❢❡❧✐③❡s ❡ ♣♦r t❡r ♠❡ ❛♣♦✐❛❞♦ s❡♠♣r❡ ❡

❛♣❡s❛r ❞❡ t♦❞❛ ❞✐✜❝✉❧❞❛❞❡ ❡st❛r s❡♠♣r❡ ❞♦ ♠❡✉ ❧❛❞♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❞❛ r❡♣ú❜❧✐❝❛✱ ▼❛r❝❡❧♦ P❡r❡✐r❛✱ ▼❛r❝❡❧♦ ●♦♥s❛❧✈❡s✱ ◆❡✐t♦♥✱ ❱✐♥í❝✐♦s✱

❘❛❢❛❡❧✱ ❲❡❜❡r✱ ▲❡❛♥❞r♦✱ ❏✉❝❛ ❡ ❙r✳ ▲✉ís✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❏❛❝s♦♥✱ ▼❛r❝❡❧ã♦✱ ❚✐❛❣♦ ❡ ❍❡r✐✈❡❧t♦♠✱ q✉❡ s❡♠♣r❡ ♠❡ ✜③❡r❛♠ ❡sq✉❡❝❡r

❞❡ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❞✉r❛♥t❡ ♠✐♥❤❛s s✉♣♦st❛s ❢ér✐❛s ❡ ♣❡❧❛ ♥♦ss❛ ❛♠✐③❛❞❡✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❝✉rs♦ q✉❡ s❡♠♣r❡ ♠❡ ✜③❡r❛♠ ❞❛r ❜♦❛s r✐③❛❞❛s ♥❛ ❤♦r❛ ❞♦ ❝❛❢é ❡

♥♦s ❝❤✉rr❛s❝♦s✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❞♦ ❣r✉♣♦✱ ❈r✐st✐❛♥♦✱ ❏♦ã♦✱ ❈❛r✐♥❛✱ ●r❛s✐❡❧✐✱ ❆♥tô♥✐♦✱ ▼✉♥✐③✱ P❛♥❡❦✱

❋r❛♥❝✐s ❡ ❆❣♥❛❧❞♦✱ q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❛❥✉❞❛r❛♠ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡st❛ ❚❡s❡✳

❆ t♦❞♦s ♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞❛ ❯❋❱✱ ❯♥❇ ❡ ❯♥✐❝❛♠♣ q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❝♦♠ ♦ ♠❡✉

❛♠❛❞✉r❡❝✐♠❡♥t♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❖❧í♠♣✐♦✱ ▼❛r✐♥ês✱ ❙✉❡❧✐✱ ❙✉❡❧✐ ❈♦st❛✱ ▲❛♥❛✱ ▲✉❝② ❡ ❘♦✐t♠❛♥

q✉❡ ♠❡ ♦r✐❡♥t❛r❛♠ ♥❡st❛ ✈✐❞❛ ❛❝❛❞❡♠✐❝❛ ❝♦♠ ♣❛❝✐ê♥❝✐❛✱ ❞✐s♣♦s✐çã♦ ❡ ❝♦♠♣r❡❡♥sã♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ▼❛r❝❡❧♦ ❋✐r❡r✱ q✉❡ é ✉♠ ✧❝❛r❛ q✉❡ ❞✐s♣❡♥s❛ ❝♦♠❡♥tár✐♦s✧✳

❆ ❈❆P❊❙✴❈◆Pq ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❡ ❛ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ❞✐r❡t❛♠❡♥t❡ ♦✉

✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♠ ❡st❡ tr❛❜❛❧❤♦✳
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❘❡s✉♠♦

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✱ ❛ ♠étr✐❝❛ ♣♦♥❞❡r❛❞❛ ♣♦r ✉♠❛

♦r❞❡♠ ♣❛r❝✐❛❧✱ ❢❛③❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ s✐st❡♠át✐❝❛ ♣❛r❛ ♦s ❡s♣❛ç♦s ❝♦♠ ❛ ♠étr✐❝❛ ♣♦♥❞❡r❛❞❛✱

❞❛♥❞♦ ê♥❢❛s❡ ❛♦s ❝ó❞✐❣♦s ♣♦s❡t ❡ à ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s ❝♦♥t❡①t✉❛❧✐③❛❞❛ ♥❡ss❡ ♥♦✈♦ ❛♠❜✐❡♥t❡✳

❚é❝♥✐❝❛s ❞❡ ♠✉❧t✐❝♦♥❥✉♥t♦✱ ♣❛r❛ ❝ó❞✐❣♦s ♣♦♥❞❡r❛❞♦s✱ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❡st❡♥❞❡r ♦ ❚❡♦r❡♠❛

❞❛ ❉✉❛❧✐❞❛❞❡ ❞❡ ❲❡✐✱ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❤✐❡r❛rq✉✐❛s ❞♦ ❝ó❞✐❣♦ ❡ ❞♦ s❡✉ ❞✉❛❧✳ ❈♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❛ ❉✉❛❧✐❞❛❞❡ ❡st❡♥❞❡♠♦s ❝❡rt♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❞✐s❝r❡♣â♥❝✐❛✱ ❝ó❞✐❣♦s

▼❉❙ ❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❝♦♥❞✐çã♦ ❝❛❞❡✐❛ ❞♦ ❝ó❞✐❣♦ ❡ ❞♦ s❡✉ ❞✉❛❧✳

P❛❧❛✈r❛s ❈❤❛✈❡s✿ ❈ó❞✐❣♦s ♣♦s❡t✱ ♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ❞✉❛❧✐❞❛❞❡ ❞❡ ♣❡s♦s✳
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❆❜str❛❝t

❈♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛♠♠✐♥❣ ♠❡tr✐❝✱ t❤❡ ♠❡tr✐❝ ✇❡✐❣❤t❡❞ ❜② ❛ ♣❛rt✐❛❧

♦r❞❡r✱ ✇❡ ♠❛❦❡ ❛ s②st❡♠❛t✐❝ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s ✇✐t❤ t❤♦s❡ ♠❡tr✐❝s✱ ❡♠♣❤❛s✐③✐♥❣ ♣♦s❡t

❝♦❞❡s ❛♥❞ t❤❡ ✇❡✐❣❤t ❤✐❡r❛r❝❤② ♦❢ ✇❡✐❣❤ts ♦❢ t❤♦s❡ ❝♦❞❡s✳ ❚❡❝❤♥✐q✉❡s ♦❢ ♠✉❧t✐s❡t✱ ❢♦r ✇❡✐❣❤t❡❞

❝♦❞❡s✱ ❛r❡ ✉s❡❞ t♦ ❡①t❡♥❞ t❤❡ ❉✉❛❧✐t② ❚❤❡♦r❡♠ ♦❢ ❲❡✐✱ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❤✐❡r❛r❝❤②

♦❢ ❛ ❝♦❞❡ ❛♥❞ ✐ts ❞✉❛❧✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❉✉❛❧✐t② ✇❡ ❡①t❡♥❞ s♦♠❡ r❡s✉❧ts ❛❜♦✉t t❤❡

❞✐s❝r❡♣❛♥❝②✱ ▼❉❙ ❝♦❞❡s ❛♥❞ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❛ ❝❤❛✐♥ ❝♦❞❡ ❛♥❞ ✐ts ❞✉❛❧✳

❑❡②✇♦r❞s✿ P♦s❡t ❝♦❞❡s✱ ❣❡♥❡r❛❧✐③❡❞ ✇❡✐❣❤t✱ ✇❡✐❣❤t ❞✉❛❧✐t②✳

✈✐✐



▲✐st❛ ❞❡ ❙í♠❜♦❧♦s

|A| ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ A

Fq ❝♦r♣♦ ✜♥✐t♦ ❝♦♠ q ❡❧❡♠❡♥t♦s

Fn
q ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n s♦❜r❡ Fq

supp (x) s✉♣♣♦rt❡ ❞♦ ❡❧❡♠❡♥t♦ x

d (C) ♣❡s♦ ♠í♥✐♠♦

supp (D) s✉♣♣♦rt❡ ❞♦ s✉❜❡s♣❛ç♦ D

V ⊥ ❝♦♥❥✉♥t♦ ❞✉❛❧ ❞♦ ❝♦♥❥✉♥t♦ V

4P ♦r❞❡♠ s❡❣✉♥❞♦ ♦ ♣♦s❡t P

P ♣♦s❡t ♦♣♦st♦ ❞♦ ♣♦s❡t P

〈A〉P ✐❞❡❛❧ ❞♦ ♣♦s❡t P ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ A

Ir (P ) ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ❞❡ ❝❛r♥✐❞❛♥✐❞❛❞❡ r ❡♠ P

M (J) ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s ❡♠ J

[n] ♦ ❝♦♥❥✉♥t♦ {1, 2, ..., n}

wP (x) P ✲♣❡s♦ ❞❡ x

wP (D) P ✲♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞♦ s✉❜❡s♣❛ç♦ D

d
(P )
r (C) r✲és✐♠♦ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ C

Q ⊆ P P é ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ Q

mC ♠✉❧t✐❝♦♥❥✉♥t♦ ❞❛s ❝♦❧✉♥❛s ❞❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞♦ ❝ó❞✐❣♦ C

mP
C ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝ó❞✐❣♦ C

P
(

Fn
q

) {

X : X ⊆ Fk
q é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

}

BJ {Vj : j ∈ J} ❝♦♠ Vj = [{ei : i ∈ 〈j〉P}]

δP (C) P ✲❞✐s❝r❡♣â♥❝✐❛

✈✐✐✐



❙✉♠ár✐♦
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✶ ❈ó❞✐❣♦s ❈♦rr❡t♦r❡s ❞❡ ❊rr♦s ✻

✶✳✶ ❉❡✜♥✐çõ❡s ❇ás✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷ P❡s♦s ●❡♥❡r❛❧✐③❛❞♦s ❡ ❉✉❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷ ❈ó❞✐❣♦s P♦s❡t ✶✹

✷✳✶ ❈♦♥❥✉♥t♦s P❛r❝✐❛❧♠❡♥t❡ ❖r❞❡♥❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷ ❈ó❞✐❣♦s P♦♥❞❡r❛❞♦s ♣♦r ❖r❞❡♥s P❛r❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✸ ■s♦♠❡tr✐❛s ❞♦ ❊s♣❛ç♦ P♦s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✹ P ✲P❡s♦s ●❡♥❡r❛❧✐③❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✺ ❘❡✜♥❛♠❡♥t♦ ❞❡ ✉♠ P♦s❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✻ ❈ó❞✐❣♦s P ✲▼❉❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸ ▼✉❧t✐❝♦♥❥✉♥t♦s ✸✷

✸✳✶ ▼✉❧t✐❝♦♥❥✉♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷ ▲❡✈❛♥t❛♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✸ ❙✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ❈ó❞✐❣♦s P♦s❡t ✹✸

✺ ❆❧❣✉♠❛s ❈♦♥s❡q✉ê♥❝✐❛s ❞♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ✹✽

✺✳✶ ❈ó❞✐❣♦s ❞♦ ❚✐♣♦ ❈❛❞❡✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✷ ❈ó❞✐❣♦s ▼❉❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

❈♦♥❝❧✉sã♦ ✺✽

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✵

❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦ ✻✸

✐①
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❆ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ❝♦rr❡t♦r❡s ❞❡ ❡rr♦s ❢♦✐ ❢✉♥❞❛❞❛ ♣♦r ❈✳ ❊✳ ❙❤❛♥♥♦♥ ♥♦ tr❛❜❛❧❤♦ ✏❆

♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥✑ ❬❙❤❛✹✽❪ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✹✽✳ ❊❧❡ ❝♦♥str✉✐✉ ♦ ♠♦❞❡❧♦

♠❛t❡♠át✐❝♦ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡ ❝♦♠✉♥✐❝❛çã♦ q✉❡ é ❡st✉❞❛❞♦ ❛té ❤♦❥❡✳

❯♠ s✐st❡♠❛ ❞❡ ❝♦♠✉♥✐❝❛çã♦✱ ❡sq✉❡♠❛t✐③❛❞♦ ♣❡❧❛ ✜❣✉r❛ ✶ ❛❜❛✐①♦✱ é ❢♦r♠❛❞♦ ♣♦r✿

❋✐❣✉r❛ ✶✿ ❙✐st❡♠❛ ❞❡ ❈♦♠✉♥✐❝❛çã♦

❯♠❛ ❢♦♥t❡ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦ssí✈❡✐s ♠❡♥s❛❣❡♥s ❛ s❡r❡♠ ❡♥✈✐❛❞❛s ♣♦r ✉♠ ❝♦❞✐✜❝❛❞♦r✳

❯♠ ❝♦❞✐✜❝❛❞♦r é ✉♠ ❞✐s♣♦s✐t✐✈♦ q✉❡ tr❛♥s❢♦r♠❛ ❛ ❢♦♥t❡ ❡♠ ✉♠ s✐♥❛❧ q✉❡ ♣♦❞❡ s❡r

❡♥✈✐❛❞♦ ♣♦r ✉♠ ❝❛♥❛❧✳

❯♠ ❝❛♥❛❧ é ✉♠ ♠❡✐♦ ❢ís✐❝♦ ♣❡❧♦ q✉❛❧ ♦ s✐♥❛❧ ♦❜t✐❞♦ ❞♦ ❝♦❞✐✜❝❛❞♦r é ❡♥✈✐❛❞♦ ♣❛r❛ ♦

❞❡❝♦❞✐✜❝❛❞♦r✳

❖ ❞❡❝♦❞✐✜❝❛❞♦r é ✉♠ ❞✐s♣♦s✐t✐✈♦ q✉❡ tr❛♥s❢♦r♠❛ ♦ s✐♥❛❧ ❡♥✈✐❛❞♦ ♣❡❧♦ ❝♦❞✐✜❝❛❞♦r ❛tr❛✈és

❞♦ ❝❛♥❛❧✱ ❡♠ ✉♠❛ ♠❡♥s❛❣❡♠ ♣❛r❛ ♦ ❞❡st✐♥❛tár✐♦✳ ❊ss❛ ♠❡♥s❛❣❡♠ t❡♠ q✉❡ s❡r ✉♠❛ ❞❛s

♣♦ssí✈❡✐s ♠❡♥s❛❣❡♥s ❞❛ ❢♦♥t❡✳

❖ ❞❡st✐♥❛tár✐♦ ♣♦❞❡ s❡r ✉♠❛ ♣❡ss♦❛ ♦✉ q✉❛❧q✉❡r ♦✉tr❛ ❝♦✐s❛ ❡♠ q✉❡ ❛ ♠❡♥s❛❣❡♠ ❡stá

s❡♥❞♦ ❡♥❝❛♠✐♥❤❛❞❛✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❝♦♠✉♥✐❝❛çã♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ A✱ ❝❤❛♠❛❞♦ ❛❧❢❛❜❡t♦✱

q✉❡ sã♦ ♦s ❞í❣✐t♦s✳ ❯♠ ❝ó❞✐❣♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ C ❞❡ An = A × A · · · × A✱ ♦♥❞❡ n é ✉♠

♥ú♠❡r♦ ♥❛t✉r❛❧✳ ❯♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ é ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❝ó❞✐❣♦✳ ❯♠ s✐st❡♠❛ ❞❡ ❝♦❞✐✜❝❛çã♦

é ✉♠ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ♥♦ ❝♦❞✐✜❝❛❞♦r q✉❡ tr❛♥s❢♦r♠❛ ❛ ❢♦♥t❡ ❡♠ ✉♠ ❝ó❞✐❣♦✱ q✉❡ ♣♦r s✉❛

✈❡③ é ❡♥✈✐❛❞❛ ♣❡❧♦ ❝❛♥❛❧ ❝♦♠♦ ✉♠ s✐♥❛❧✳ ❖ ❞❡❝♦❞✐✜❝❛❞♦r r❡❝❡❜❡ ♦ s✐♥❛❧ ❡ ❛♣❧✐❝❛ ♦ ❛❧❣♦r✐t♠♦

✐♥✈❡rs♦ ♣❛r❛ ♦❜t❡r ❛ ♠❡♥s❛❣❡♠✳

❉✉r❛♥t❡ ❛ tr❛♥s♠✐ssã♦ ❞❛ ♠❡♥s❛❣❡♠ ♣♦❞❡ ♦❝♦rr❡r ✉♠❛ ✐♥t❡r❢❡rê♥❝✐❛ ✭❡rr♦✮ ♥♦ ❝❛♥❛❧ ❞❡

♠♦❞♦ q✉❡ ♦ s✐♥❛❧ r❡❝❡❜✐❞♦ ♣❡❧♦ ❞❡❝♦❞✐✜❝❛❞♦r ♥ã♦ s❡❥❛ ♦ ❡♥✈✐❛❞♦ ♣❡❧♦ ❝♦❞✐✜❝❛❞♦r✱ ❝♦♠♣r♦♠❡✲

t❡♥❞♦ ❛ ♠❡♥s❛❣❡♠ ♦r✐❣✐♥❛❧ ❡♥✈✐❛❞❛✳ ❯♠❛ ❢♦r♠❛ s✐♠♣❧❡s ♣❛r❛ r❡❞✉③✐r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡rr♦

✶
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♥❡ss❛ ❝♦♠✉♥✐❝❛çã♦ é ✐♥tr♦❞✉③✐r r❡❞✉♥❞â♥❝✐❛ ♥❛ ♠❡♥s❛❣❡♠✱ ♣♦r ❡①❡♠♣❧♦ r❡♣❡t✐r ❛ ♠❡♥s❛❣❡♠

✈ár✐❛s ✈❡③❡s✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❢♦♥t❡ ✉t✐❧✐③❡ ♦ ❛❧❢❛❜❡t♦ ❜✐♥ár✐♦✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ {0, 1}✱ ❡ q✉❡ ❛ ♣r♦❜✲

❛❜✐❧✐❞❛❞❡ p ❞❡ 0 ♦✉ 1 s❡r ❡♥✈✐❛❞♦ ❡rr❛❞♦ ♣❡❧♦ ❝❛♥❛❧ s❡❥❛ ❛ ♠❡s♠❛ ❡ ♠❡♥♦r q✉❡ ♠❡✐♦✱ p < 1/2 ✳

❖ ❝♦❞✐✜❝❛❞♦r ♣r♦❞✉③ ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n✱ q✉❡ r❡♣❡t❡ ❛ ♠❡♥s❛❣❡♠ n ≥ 3

✈❡③❡s✱ ❡ ❛ ❡♥✈✐❛ ♣❡❧♦ ❝❛♥❛❧✱ ❡♥tã♦ ❞❡❝♦❞✐✜❝❛♠♦s✱ ❢❛③❡♥❞♦ ♦ ✉s♦ ❞❛ ❧ó❣✐❝❛ ♠❛❥♦r✐tár✐❛✱ ✐st♦

é✱ ♣❡❧♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❞í❣✐t♦s 0′s ♦✉ 1′s✳ ◆❡ss❡ ❝❛s♦ ♦ ❝ó❞✐❣♦ é {00 · · · 0, 11 · · · 1}✳ P♦r

❡①❡♠♣❧♦✱ ✜①❛♥❞♦ ❛ ♠❡♥s❛❣❡♠ ❛ s❡r ❡♥✈✐❛❞❛ ❝♦♠♦ 0✳ ❖ ❝♦❞✐✜❝❛❞♦r ❡♥✈✐❛ ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦

00 · · · 0✳ ❙❡ ❤♦✉✈❡r ❛❧❣✉♠ ❡rr♦ ♣❡❧♦ ❝❛♥❛❧✱ ❞✐❣❛♠♦s q✉❡ ❢♦✐ r❡❝❡❜✐❞❛ ❝♦♠♦ 010 · · · 0✱ ❞❡❝♦❞✐✜✲

❝❛♠♦s ❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ ❡rr❛❞❛ ❝♦♠♦ ❛ ♠❡♥s❛❣❡♠ 0 ❡ ♦ ❞❡st✐♥❛tár✐♦ r❡❝❡❜❡rá ❝♦rr❡t❛♠❡♥t❡ ❛

♠❡♥s❛❣❡♠✳

❆s ♣♦ssí✈❡✐s ♣❛❧❛✈r❛s✲❝ó❞✐❣♦ ❛ s❡r❡♠ ❞❡❝♦❞✐✜❝❛❞❛s ♣♦❞❡♠ s❡r q✉❛♥t✐✜❝❛❞❛s ❡ ❞✐✈✐❞✐❞❛s

♣❡❧♦s ❡rr♦s✿
(

n

0

)

♣❛❧❛✈r❛s ❝♦♠ 0 ❡rr♦s✱ ❝❛❞❛ ❡rr♦ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ p0 (1− p)n✱
(

n

1

)

✑ ✑ 1 ✑ ✑ ✑ ✑ ✑ p1 (1− p)n−1✱
(

n

2

)

✑ ✑ 2 ✑ ✑ ✑ ✑ ✑ p2 (1− p)n−2✱
✳✳✳

✳✳✳
✳✳✳

(

n

n

)

✑ ✑ n ✑ ✑ ✑ ✑ ✑ pn (1− p)0✳

▲♦❣♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ s❡r r❡❝❡❜✐❞❛ ♣❡❧♦ ❞❡❝♦❞✐✜❝❛❞♦r ❝♦♠ ♥♦ ♠á①✐♠♦

1 ❡rr♦ é
(

n

0

)

p0 (1− p)n +

(

n

1

)

p (1− p)n−1 = (1− p)n−1 (1 + (n− 1) p)

❝♦♠♦ p < 1/2✱ t❡♠♦s q✉❡ (1− p)(n−1) ✈❛✐ ❛ ③❡r♦ ♠❛✐s rá♣✐❞♦ ❞♦ q✉❡ 1+(n− 1) p ✈❛✐ ❛ ✐♥✜♥✐t♦✱

q✉❛♥❞♦ n t❡♥❞❡ ❛ ✐♥✜♥✐t♦✱ ✐st♦ é✱

lim
n→∞

(1− p)n−1 (1 + (n− 1) p) = 0.

❆ss✐♠✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❞❡❝♦❞✐✜❝❛❞♦r ❝♦rr✐❣✐r 1 ❡rr♦ ❛✉♠❡♥t❛ q✉❛♥t♦ ♠❛✐♦r ❢♦r n✳ ❊♥tr❡✲

t❛♥t♦✱ ❡♥✈✐❛♠♦s ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ♣❛r❛ tr❛♥s♠✐t✐r ✉♠❛ ♠❡♥s❛❣❡♠ ❞❡ 1

❞í❣✐t♦✱ t❡♥❞♦ n− 1 ❞í❣✐t♦s ❞❡ r❡❞✉♥❞â♥❝✐❛✳

❯♠❛ ♠❡❞✐❞❛ ♣❛r❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ ❞♦ ❝ó❞✐❣♦ é ❛ t❛①❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❞♦

❝ó❞✐❣♦✳

❆ t❛①❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ✉♠ ❝ó❞✐❣♦ é R =
logq M

n
❞í❣✐t♦s ♣♦r ♣❛❧❛✈r❛✲❝ó❞✐❣♦✱ ♦♥❞❡ q é

❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❛❧❢❛❜❡t♦✱ n é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ ❡ M é q✉❛♥t✐❞❛❞❡ ❞❡

♠❡♥s❛❣❡♥s ❞❛ ❢♦♥t❡✳

◆❛ ❝♦❞✐✜❝❛çã♦ ♣♦r r❡♣❡t✐çã♦✱ ♦❜t❡♠♦s q = 2 ❡ M = 2 ✐♠♣❧✐❝❛♥❞♦ ❡♠ ✉♠❛ t❛①❛ ❞❡

✐♥❢♦r♠❛çã♦ ❞❡ 1/n ❞✐❣✐t♦s ♣♦r ♣❛❧❛✈r❛✲❝ó❞✐❣♦✳ ❊♥tr❡t❛♥t♦✱ ♥❡ss❛ ♣r♦♣♦st❛ ❞❡ ❝♦❞✐✜❝❛çã♦

✷
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q✉❛♥❞♦ n t❡♥❞❡ ❛ ✐♥✜♥✐t♦ ❛ t❛①❛ ❞❡ ✐♥❢♦r♠❛çã♦ t❡♥❞❡ ❛ ③❡r♦✳

❯♠❛ ♦✉tr❛ ❡str❛té❣✐❛ ❞❡ ❝♦❞✐✜❝❛çã♦✱ ❝♦♠ ✉♠❛ t❛①❛ 4/7 ♠❛✐♦r q✉❡ ❛ ❝♦❞✐✜❝❛çã♦ ♣♦r

r❡♣❡t✐çã♦✱ é ❞❛❞❛ ♣❡❧❛ ❝♦❞✐✜❝❛çã♦ ❞❡ ❍❛♠♠✐♥❣ ❬❍❛♠✺✵❪✱ q✉❡ ❝♦rr✐❣❡ ✉♠ ❡rr♦✳ ❈♦♥s✐❞❡r❡

✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ x1x2 · · ·x7✱ ❝♦♠ ❞í❣✐t♦s ♥♦ ❛❧❢❛❜❡t♦ ❜✐♥ár✐♦ {0, 1}✳ ❉❡ss❡s x3, x5, x6 ❡ x7

sã♦ ♦s ❞í❣✐t♦s ❞❡ ✉♠❛ ♠❡♥s❛❣❡♠ ❡s❝♦❧❤✐❞❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡❧❛ ❢♦♥t❡✳ ❖s ♦✉tr♦s 3 sí♠❜♦❧♦s

sã♦ r❡❞✉♥❞â♥❝✐❛s ❡ ❝❛❧❝✉❧❛❞♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

x4 é ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❢❛③❡r α = x4 + x5 + x6 + x7 ♣❛r✱ ✐❣✉❛❧ ❛ 0 ♠♦❞ 2

x2 ✑ ✑ ✑ β = x2 + x3 + x6 + x7 ♣❛r ✑ ✑ ✱

x1 ✑ ✑ ✑ γ = x1 + x3 + x5 + x7 ♣❛r ✑ ✑ ✳

◗✉❛♥❞♦ ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ é r❡❝❡❜✐❞❛✱ α, β ❡ γ sã♦ ❝❛❧❝✉❧❛❞♦s✳ ❖ ♥ú♠❡r♦ ❜✐♥ár✐♦ αβγ

é tr❛♥s❢♦r♠❛❞♦ ♥♦ í♥❞✐❝❡ i ❞♦ ❞í❣✐t♦ ♦♥❞❡ ♦❝♦rr❡✉ ♦ ❡rr♦ ✭s❡ i = 0 ♥ã♦ ❤♦✉✈❡ ❡rr♦✮✳

❆ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ✉♠ ❝❛♥❛❧ é ♦ s✉♣r❡♠♦ ❞❡ t♦❞❛s ❛s ♣♦ssí✈❡✐s t❛①❛s ❞❡ ✐♥❢♦r♠❛çã♦ ❝♦♠

♣r♦❜❛❜✐❧✐❞❛❞❡ ❜❛✐①❛ ❞❡ ❡rr♦s ♥❛ tr❛♥s♠✐ssã♦✱ q✉❡ ♣♦❞❡♠ s❡r tr❛♥s♠✐t✐❞❛s ♣❡❧♦ ❝❛♥❛❧✳

❙❤❛♥♥♦♥ ❞❡t❡r♠✐♥♦✉ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦ ❝❛♥❛❧ é ❛t✐♥❣✐❞❛ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣♦r ❛❧❣✉♠

s✐st❡♠❛ ❞❡ ❝♦❞✐✜❝❛çã♦✱ ✐st♦ é✱ ♦ s✉♣r❡♠♦ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦ ❝❛♥❛❧ é ♥❛ ✈❡r❞❛❞❡ ✉♠

♠á①✐♠♦ q✉❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❜❧♦❝♦ t❡♥❞❡ ❛ ✐♥✜♥✐t♦✳ ❊♥tr❡t❛♥t♦✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡

t❡♦r❡♠❛ ♥ã♦ é ❝♦♥str✉t✐✈❛✱ ♦r✐❣✐♥❛♥❞♦ ✐♥t❡r❡ss❡ ❡♠ ❝♦♥str✉çõ❡s ❡①♣❧✐❝✐t❛s ❞❡ ❜♦♥s ❝ó❞✐❣♦s

❆s ❝♦❞✐✜❝❛çõ❡s ♠❛✐s ✉t✐❧✐③❛❞❛s ✉s❛♠ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣ ❡ ❛ ❞❡ ▲❡❡ ❬❍P✵✸❪✳ ❙❡ ✉♠❛

♣❛❧❛✈r❛✲❝ó❞✐❣♦ t❡♠ n ❞í❣✐t♦s✱ ❛ ❞✐stâ♥❝✐❛ ❞❡ ❍❛♠♠✐♥❣ ❡♥tr❡ ❞✉❛s ♣❛❧❛✈r❛s✲❝ó❞✐❣♦ x ❡ y é ♦

♥ú♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ x q✉❡ sã♦ ❞✐❢❡r❡♥t❡s ❞❡ y✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝♦❞✐✜❝❛r ✉♠ s✐♥❛❧ y✱ ❡♥✈✐❛❞♦ ♣❡❧♦ ❝♦❞✐✜❝❛❞♦r ❛tr❛✈és ❞♦ ❝❛♥❛❧ ❝♦♠♦

✉♠ s✐♥❛❧ x✱ ❝♦♥s✐st❡ ❡♠ ♠❛①✐♠✐③❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ y s❡r ❡♥✈✐❛❞♦ ❞❛❞♦ q✉❡ x ❢♦✐ r❡❝❡❜✐❞♦✱

✐st♦ é✱ ❡s❝♦❧❤❡r ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦ y q✉❡ é ♠❛✐s ♣r♦✈á✈❡❧ ❞❡ s❡r r❡❝❡❜✐❞❛ ❝♦♠♦ x ❞❡♣♦✐s ❞❛

tr❛♥s♠✐ssã♦✳ ❊♠ ❝❡rt♦s t✐♣♦s ❞❡ ❝❛♥❛❧✱ ❡ss❡ ♣r♦❜❧❡♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡♥❝♦♥tr❛r ❛ ❞✐stâ♥✲

❝✐❛ ♠í♥✐♠❛ ❞❡ ❍❛♠♠✐♥❣ ♣❛r❛ ♦ ❝ó❞✐❣♦✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡

❍❛♠♠✐♥❣✱ ♣❛r❛ ✉♠ ❝ó❞✐❣♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❡ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ M ❞❡ ♠❡♥s❛❣❡♥s✱ é ♦

♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❡♠ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✳

❯♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❞❡ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♣♦r ◆✐❡❞❡r✲

r❡✐❞❡r ❬◆✐❡✾✶❪✱ ❛ ♣❛rt✐r ❞❡ ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱ ❡❧❡ ❞❡✜♥✐✉

✉♠ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ♠étr✐❝❛s ♣❛r❛ ❣❡♥❡r❛❧✐③❛r ♦ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❞❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✳

▼❛✐s t❛r❞❡ ❡♠ ❬❇●▲✾✺❪✱ ❇r✉❛❧❞✐✱ ●r❛✈❡s ❡ ▲❛✇r❡♥❝❡ ❡sq✉❡♠❛t✐③❛r❛♠ ✉♠ ♠♦❞❡❧♦ ❣❡r❛❧

♣❛r❛ ❡ss❛s ♠étr✐❝❛s✱ ♦❜t❡♥❞♦ ✉♠❛ ♠étr✐❝❛ ♣♦♥❞❡r❛❞❛ ♣♦r ♦r❞❡♠ ♣❛r❝✐❛❧✱ ♦r✐❣✐♥❛♥❞♦ ♦s ❡s♣❛ç♦s

♣♦s❡t✱ q✉❡ ❡st✉❞❛r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣ ❡ ❛ ♦❜t✐❞❛ ♣♦r ◆✐❡❞❡rr❡✐❞❡r

sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ♠étr✐❝❛ ♣♦♥❞❡r❛❞❛✱ ❝♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡ ❣❡♥❡r❛❧✐③❛♥❞♦ ♦ ♣r♦❜❧❡♠❛

❝❧áss✐❝♦ ❞❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✳

❯♠ ❝ó❞✐❣♦ ❡♠ An é ♣❡r❢❡✐t♦ s❡ ❡❧❡ ❡♠♣❛❝♦t❛ ♦ ❝♦♥❥✉♥t♦ An✳ ❊ss❛s ♠étr✐❝❛s s❡ ♠♦str❛r❛♠

✸
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❢r✉tí❢❡r❛s ♥❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❝ó❞✐❣♦s ♣❡r❢❡✐t♦s✱ ♣♦✐s ♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞♦ ❝ó❞✐❣♦ ❝♦♠ ❛

♠étr✐❝❛ ♣♦♥❞❡r❛❞❛ é ♠❛✐♦r q✉❡ ♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❝♦♠ r❡♣❡✐t♦ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✳

❆ ♠étr✐❝❛ ♣♦♥❞❡r❛❞❛ ♣♦r ✉♠ ♦r❞❡♠ ♣❛r❝✐❛❧✱ ♣♦r s❡r ✉♠❛ ❝❧❛ss❡ ♠✉✐t♦ ❛♠♣❧❛✱ ✈❡♠ s❡♥❞♦

✐♥t❡♥s❛♠❡♥t❡ ❡st✉❞❛❞❛ ♣❛r❛ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❝♦♥❥✉♥t♦s ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦s✱

t❛✐s ❝♦♠♦ ❛s ♦r❞❡♥s ❝♦r♦❛ ❬❑❈✵✼✱ ❈❑✵✻✱ ❆❑❑❑✵✸❪✱ ❤✐❡rárq✉✐❝❛ ✭♦r❞❡♠ ❢r❛❝❛✮ ❬❑❖✵✺✱ ❑▲✵✸❪✱

❡ ❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ ❬P❋❙❆✵✾✱ ❉❙✵✷❜✱ P▲❇✵✽✱ ▲❡❡✵✸✱ ❉❙✵✷❛❪✳

❊♠ ❬❘❚✾✼❪✱ ❘♦s❡♥❜❧♦♦♠ ❡ ❚s❢❛s♠❛♥ ♦❜t✐✈❡r❛♠ ✉♠❛ ❛♣❧✐❝❛çã♦✱ ♣❛r❛ ❛ ♠étr✐❝❛ ❞❡

❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ ✭❘❚✲♠étr✐❝❛✮✱ ❡♠ ✐♥t❡r❢❡rê♥❝✐❛ ♥♦s ❝❛♥❛✐s ♣❛r❛❧❡❧♦s✳ ❊♠ ✉♠ ❝❛♥❛❧

♣❛r❛❧❡❧♦✱ q✉❡r❡♠♦s ❡♥✈✐❛r ✉♠❛ ♠❡♥s❛❣❡♠✱ s❡♥❞♦ q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s ♣❛❧❛✈r❛s✲❝ó❞✐❣♦ é ✉♠❛

s✲✉♣❧❛ ❞❡ m✲✉♣❧❛s ❞❡ ❞í❣✐t♦s✱ tr❛♥s♠✐t✐❞♦s ♣♦r m ❝❛♥❛✐s ♣❛r❛❧❡❧♦s✳ ❈♦♥s✐❞❡r❛✲s❡ ✉♠ r✉í❞♦

✐♥t❡r❢❡r✐♥❞♦ ❞❛ s❡❣✉✐♥t❡ ♥❛t✉r❡③❛✿ ❛❧❣✉♠❛s ♣❛rt❡s ❝♦♥s❡❝✉t✐✈❛s ❞♦ ❝❛♥❛❧✱ ❝♦♠❡ç❛♥❞♦ ❛ ♣❛rt✐r

❞❛ ú❧t✐♠❛ m✲✉♣❧❛ ❞❡❧❛s✱ sã♦ ♦❝✉♣❛❞❛s ♣♦r ✉s✉ár✐♦s ♣r✐♦r✐tár✐♦s✱ ♦ q✉❛❧ ✈❛✐ t❡♥❞♦ ❛ ♣r❡❢❡rê♥❝✐❛

❞✐♠✐♥✉í❞❛✱ ♥❛ ♦r❞❡♠ ✐♥✈❡rs❛ à ♦r❞❡♠ ❞❡ ♦❝✉♣❛çã♦✳ ❖ ❣r❛✉ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ é ♠❡❞✐❞♦ ♣❡❧♦

♥ú♠❡r♦ t♦t❛❧ ❞❡ ❞í❣✐t♦s ❡♥✈✐❛❞♦ ♣❡❧♦ ✉s✉ár✐♦ ♣r✐♦r✐tár✐♦ s♦❜r❡ ❛ ♠❡♥s❛❣❡♠ ♣r✐♥❝✐♣❛❧✳

P❛ss❛♥❞♦ ❛ ✉♠❛ ♦✉tr❛ q✉❡stã♦✱ ✈✐s❛♥❞♦ ❛♣❧✐❝❛çõ❡s ❛ ❝r✐♣t♦❣r❛✜❛✱ ❲❡✐ ❬❲❡✐✾✶❪ ❞❡✜♥✐✉

♦s ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦s ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ ❝ó❞✐❣♦ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐s ❛❧t❛s✳ ❯♠❛ ❛♣❧✐❝❛çã♦

❞❡ss❡ ❝♦♥❝❡✐t♦ é ♦ ❝❛♥❛❧ ❲❛r❡✲❚❛♣ t✐♣♦ ■■✱ q✉❡ ❛❝r❡s❝❡♥t❛ ✉♠ ❛❞✈❡rsár✐♦ q✉❡ ♣♦❞❡ ♦❜t❡r ✉♠❛

q✉❛♥t✐❞❛❞❡ µ ❧✐♠✐t❛❞❛ ❞❡ ❞í❣✐t♦s ❞❛ ✐♥❢♦r♠❛çã♦✳ ❲❡✐ ❞❡t❡r♠✐♥♦✉ q✉❛❧ ❛ ❝♦♥✜❛❜✐❧✐❞❛❞❡ ❞❛ ✐♥✲

❢♦r♠❛çã♦ tr❛♥s♠✐t✐❞❛✱ ♦✉ s❡❥❛✱ q✉❡ ❝♦♥❞✐çõ❡s ♦ ❛❞✈❡rsár✐♦ ♥ã♦ ❝♦♥s✐❣❛ ♦❜t❡r ❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦

♠❡s♠♦ s❛❜❡♥❞♦ ❡ss❡s µ ❞í❣✐t♦s✳ P♦st❡r✐♦r♠❡♥t❡✱ ✈ár✐♦s ❛✉t♦r❡s ♦❜t✐✈❡r❛♠ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s

♣❛r❛ ♦s ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣✱ t❛✐s ❝♦♠♦ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ tr❡❧✐ç❛s ❬❱❛r✾✽✱ s❡çã♦ ✺❪

❡ ❞❡❝♦❞✐✜❝❛çã♦ ♣♦r ❧✐st❛ ❬●✉r✵✸❪✳

❖ ♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ s✉❜❡s♣❛ç♦ é ♦ ♥ú♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s q✉❡

♥ã♦ s❡ ❛♥✉❧❛♠ ♥❡st❡✳ P❛r❛ ❝❛❞❛ ❞✐♠❡♥sã♦ t❡♠♦s ✉♠ ♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ♦ ❝♦♥❥✉♥t♦

❞❡ss❡s ♣❡s♦s é ❝❤❛♠❛❞♦ ❞❡ ❤✐❡r❛rq✉✐❛ ❞♦ s✉❜❡s♣❛ç♦✳ ❲❡✐ ❞❡r✐✈♦✉ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s

❜ás✐❝❛s ❞❛ ❤✐❡r❛rq✉✐❛✳ ❯♠❛ ❞❛s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s r❡❧❛çõ❡s q✉❡ ❡♥❝♦♥tr♦✉ é ✉♠ ❝❡rt♦ t✐♣♦

❞❡ ■❞❡♥t✐❞❛❞❡ ❞❡ ▼❛❝❲✐❧❧✐❛♠s ❞❛ ❤✐❡r❛rq✉✐❛✳ ❊①✐st❡ ✉♠❛ r❡❧❛çã♦ ✐♥t✐♠❛ ❡♥tr❡ ❛ ❤✐❡r❛rq✉✐❛

❞♦ ❝ó❞✐❣♦ ❡ ❛ ❤✐❡r❛rq✉✐❛ ❞♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧✳ ❊st❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❤✐❡r❛rq✉✐❛s é ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ❉✉❛❧✐❞❛❞❡✱ q✉❡ é ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r ♦s ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦s ❞❡ ✉♠ ❝ó❞✐❣♦✱

♣♦✐s s❛❜❡♥❞♦ ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ✉♠ ❝ó❞✐❣♦ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r✱ ✉s❛♥❞♦ ❛ ❉✉❛❧✐❞❛❞❡✱ ❢❛❝✐❧♠❡♥t❡ ❛

❤✐❡r❛rq✉✐❛ ❞♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧✳

P❛r❛ tr❛❜❛❧❤❛r ❛ q✉❡stã♦ ❞❡ ❉✉❛❧✐❞❛❞❡✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❡s♣❛ç♦s ♣♦s❡t✱ ✉t✐❧✐③❛r❡♠♦s ❛

té❝♥✐❝❛ ❞❡ ♠✉❧t✐❝♦♥❥✉♥t♦✳ ❯♠ ♠✉❧t✐❝♦♥❥✉♥t♦ é ✉♠❛ ❝♦❧❡çã♦ ♥ã♦ ♦r❞❡♥❛❞❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♠

❝♦♥❥✉♥t♦✱ ♣♦❞❡♥❞♦ ❤❛✈❡r ❡❧❡♠❡♥t♦s r❡♣❡t✐❞♦s✳ ❯♠❛ ❢♦r♠❛❧✐③❛çã♦ ♣❛r❛ ❛ r❡❧❛çã♦ ❞❡ ❝ó❞✐❣♦s ❡

♠✉❧t✐❝♦♥❥✉♥t♦s ❢♦✐ ❢❡✐t❛ ❡♠ ❬❉❙✾✽❪✱ ♣♦r ❉♦❞✉♥❡❦♦✈ ❡ ❙✐♠♦♥✐s✳ ◆❡ss❛ r❡❧❛çã♦ tr❛♥s❢♦r♠❛✲s❡ ❛

✹



■♥tr♦❞✉çã♦

r❡❧❛çã♦ ♠étr✐❝❛ ♣❛r❛ ✉♠❛ ❣❡♦♠❡tr✐❛ ❞❡ ✐♥❝✐❞ê♥❝✐❛✳ ◆❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♠ ♦✉tr❛s ❞❡♥♦♠✐♥❛çõ❡s

❞❡st❛ r❡❧❛çã♦✿ s✐st❡♠❛s ♣r♦❥❡t✐✈♦s ❬❚❱✾✺❪ ❡ ♠✉❧t✐❝♦♥❥✉♥t♦s ♣r♦❥❡t✐✈♦s ❬❙❝❤✵✹❪✳

❆ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ❞❡ss❡ tr❛❜❛❧❤♦ ❣❡♥❡r❛❧✐③❛ ♦ ❝♦♥❝❡✐t♦ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ♠étr✐❝❛s ♣♦♥✲

❞❡r❛❞❛s✳ ❯♠ ♦✉tr♦ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❞❡✈✐❞♦ ❛ ♥♦çã♦ ❞❡ ❝♦♥❞✐çã♦ ❝❛❞❡✐❛✱ ❛♣r❡s❡♥t❛❞❛ ♣♦r

❲❡✐✳ ❊❧❡ ✉t✐❧✐③♦✉ ❛ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ♠♦str❛r q✉❡ ✉♠ ❝ó❞✐❣♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❝❛❞❡✐❛ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧ ❛ s❛t✐s❢❛③ t❛♠❜é♠✳ ❆ss✐♠✱ ❝♦♠♦ ❲❡✐✱ ❛♣❧✐❝❛♠♦s ❛ ❉✉❛❧✐❞❛❞❡

s♦❜r❡ ♦s ❝ó❞✐❣♦s ♣♦♥❞❡r❛❞♦s ❡ ♦❜t❡♠♦s q✉❡ ✉♠ ❝ó❞✐❣♦ ♣♦♥❞❡r❛❞♦ s❛t✐❢❛③ ❛ ❝♦♥❞✐çã♦ ❝❛❞❡✐❛

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❝❛❞❡✐❛✳

❆ ♦r❣❛♥✐③❛çã♦ ❞♦ tr❛❜❛❧❤♦ é ❡sq✉❡♠❛t✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶✱ ❢❛③❡♠♦s

✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ s♦❜r❡ ❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ❝❧áss✐❝❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✳

❉❡s❝r❡✈❡♠♦s t❛♠❜é♠ s♦❜r❡ ♦s ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛♠♦s

♦s ❝ó❞✐❣♦s ♣♦♥❞❡r❛❞♦s ♣♦r ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳ ◆♦ ❈❛♣ít✉❧♦

✸✱ ❡st✉❞❛♠♦s ♦s ♠✉❧t✐❝♦♥❥✉♥t♦s ❡ s✉❛s r❡❧❛çõ❡s ❝♦♠ ❝ó❞✐❣♦s✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❛❧❣✉✲

♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ♦s ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦s ❡ ❛♦s ❝ó❞✐❣♦s ♣♦s❡t✳ ◆♦ ❈❛♣ít✉❧♦ ✹✱

❞❡♠♦♥str❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ❝ó❞✐❣♦ ♣♦♥❞❡r❛❞♦ ♣♦r ✉♠❛ ♦r❞❡♠

♣❛r❝✐❛❧✳ ◆♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛ ❉✉❛❧✐❞❛❞❡✱ ❛♣r❡s❡♥t❛❞❛ ♥♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

✺



❈❛♣ít✉❧♦ ✶

❈ó❞✐❣♦s ❈♦rr❡t♦r❡s ❞❡ ❊rr♦s

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ❞❡ ❝ó❞✐❣♦s

❝♦rr❡t♦r❡s ❞❡ ❡rr♦s ❡ ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦s✳

✶✳✶ ❉❡✜♥✐çõ❡s ❇ás✐❝❛s

❊♠ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ❝♦♥s✐❞❡r❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ A✱ ❝❤❛♠❛❞♦ ❛❧❢❛❜❡t♦✳ ❆ ❝❛r❞✐✲

♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ A é ❞❡♥♦t❛❞❛ ♣♦r |A|✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ❝ó❞✐❣♦ ❝♦rr❡t♦r ❞❡ ❡rr♦s✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❝ó❞✐❣♦✱ é ✉♠ s✉❜❝♦♥❥✉♥t♦ C

❞❡ An ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ C sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣❛❧❛✈r❛s✲❝ó❞✐❣♦✳

◆❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✱ ♦s ❛❧❢❛❜❡t♦s ♠❛✐s ✉t✐❧✐③❛❞♦s sã♦ ❛q✉❡❧❡s ❝♦♠ ❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛

❞❡ ❝♦r♣♦s ✜♥✐t♦s✳ ❯♠ ❝♦r♣♦ ✜♥✐t♦ é ❞❡♥♦t❛❞♦ ♣♦r Fq✱ ♦♥❞❡ q é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦r♣♦✳ ❯♠

❝ó❞✐❣♦ é ❡♥tã♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞❛s ❛s n✲✉♣❧❛s s♦❜r❡ Fq✱ ❞❡♥♦t❛❞♦

♣♦r Fn
q ✳

❙❡ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝ó❞✐❣♦ C ⊆ Fn
q é M ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ é ✉♠ [n, M ]q✲❝ó❞✐❣♦✳ ❊♠

❣❡r❛❧✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ✉♠ ✈❡t♦r (x1, x2, . . . , xn) ∈ Fn
q ♣♦r x1x2 . . . xn✱ ♣♦✐s ♥♦s

♥♦ss♦s ❡①❡♠♣❧♦s ❝♦♥s✐❞❡r❛r❡♠♦s Fq = F2 = {0, 1}✳ ■st♦ ♥ã♦ ❣❡r❛ ❛♠❜✐❣✉✐❞❛❞❡s ❡♠ F2✱ ♠❛s

é ✐♥❛❞❡q✉❛❞❛ ♣❛r❛ q > 9✳ P♦r ❡①❡♠♣❧♦ ♦ ❡❧❡♠❡♥t♦ 110 ∈ F2
11✱ q✉❡ ♣♦❞❡r✐❛ r❡♣r❡s❡♥t❛r t❛♥t♦

(11, 0) ❝♦♠♦ (1, 10)✳

❊①❡♠♣❧♦ ✶✳✷✳ ❖ ❝ó❞✐❣♦ ❞❡ ❍❛♠♠✐♥❣✱ ❝♦♠♦ ❡①❡♠♣❧✐✜❝❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦✱ é ✉♠ [7, 16]2✲

❝ó❞✐❣♦✳

P❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✱ ♣r❡❝✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛ ❢♦r♠❛ ❞❡ ♠❡❞✐r ♦s

❡❧❡♠❡♥t♦s ❞❡ Fn
q ✱ ❛✜♠ ❞❡ s❛❜❡r ♦ q✉ã♦ ❞✐st❛♥t❡ ❡❧❡ ❡stá ❞❡ ✉♠ ♦✉tr♦ ❡❧❡♠❡♥t♦ ❞❛❞♦✳

✻
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❆ ✐♠❡♥s❛ ♠❛✐♦r✐❛ ❞❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ✉t✐❧✐③❛ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣ ♣❛r❛ ♠❡❞✐r ❡❧❡✲

♠❡♥t♦s✳ ❆♥t❡s ❞❡ ❢❛❧❛r ❞❡st❛ ♠étr✐❝❛✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❉❛❞♦ x ∈ Fn
q ✱ ❞❡✜♥❡✲s❡ ♦ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣ ❞❡ x ❝♦♠♦ s❡♥❞♦ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡

w (x) := |supp (x)|

❞❡ supp (x) := {i : xi 6= 0}✱ ♦ s✉♣♦rt❡ ❞❡ x✳

P❡❧❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♦ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣ w (x) ❞❡ ✉♠ ✈❡t♦r x ∈ Fn
q é ♦ ♥ú♠❡r♦ ❞❡

❝♦♦r❞❡♥❛❞❛s ♥ã♦✲♥✉❧❛s ❡♠ x✳

❖ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣ ✐♥❞✉③ ✉♠❛ ♠étr✐❝❛ ❡♠ Fn
q ✱ q✉❡ ❡♥✉♥❝✐❛♠♦s ❡♠ ❢♦r♠❛ ❞❡ ✉♠

❚❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✹✳ ❬❍❱✵✷❪ ❆ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

d : Fn
q × Fn

q → Fn
q

(x,y) 7→ d (x,y) ,

♦♥❞❡

d (x,y) = w (x− y) = |{i : xi 6= yi, i = 1, · · · , n}|

é ♦ ♥ú♠❡r♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♥♦ q✉❛❧ x ❞✐❢❡r❡ ❞❡ y✱ ❞❡✜♥❡ ✉♠❛ ♠étr✐❝❛✱ ❝❤❛♠❛❞❛ ♠étr✐❝❛ ❞❡

❍❛♠♠✐♥❣ ♦✉ ❞✐stâ♥❝✐❛ ❞❡ ❍❛♠♠✐♥❣ ❡♠ Fn
q ✳

❆ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ ❝ó❞✐❣♦ é ❛ ♠❡♥♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞✉❛s ♣❛❧❛✈r❛s✲

❝ó❞✐❣♦✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡

d (C) = min {d (x,y) : x,y ∈ C,x 6= y} .

◆♦ ❡s♣❛ç♦ ♠étr✐❝♦
(

Fn
q , d
)

✱ ❞❡✜♥✐♠♦s ❛ ❜♦❧❛ ❞❡ r❛✐♦ r ❡ ❝❡♥tr♦ ❡♠ x✱ ❝♦♠♦ ❢❡✐t♦ ✉s✉❛❧✲

♠❡♥t❡✿

B (x, r) =
{

y : d (x,y) ≤ r,y ∈ Fn
q

}

.

❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ✉♠ ❝ó❞✐❣♦ C é ♦ ♠❛✐♦r ♥ú♠❡r♦ r❡❛❧ κ = κ (C) t❛❧ q✉❡ ❛s

❜♦❧❛s ❞❡ r❛✐♦ κ ❡ ❝❡♥tr♦ ♥❛s ♣❛❧❛✈r❛s✲❝ó❞✐❣♦ sã♦ ❞✐s❥✉♥t❛s✳ P❛r❛ ❝♦rr✐❣✐r ❡rr♦s ♣♦❞❡♠♦s ✉t✐❧✐③❛r

♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✳ ❙❡ ✉♠ ✈❡t♦r x ❢♦r ❡♥✈✐❛❞♦ ❡ r❡❝❡❜✐❞♦ ❝♦♠ ❡rr♦s ❝♦♠♦ y✱ ❡♥tã♦

y ♥ã♦ s❡rá r❡❝♦♥❤❡❝✐❞♦ ♣❡❧♦ ❞❡st✐♥❛tár✐♦ ❝♦♠♦ ✉♠❛ ♣❛❧❛✈r❛✲❝ó❞✐❣♦✱ ❞❡t❡❝t❛♥❞♦ q✉❡ ❤♦✉✈❡

❛❧❣✉♠ ❡rr♦✳ ▼❛s✱ s❡ y ❢♦✐ r❡❝❡❜✐❞♦ ❝♦♠ ❛té κ ❡rr♦s✱ ❡♥tã♦ y ∈ B (x, κ)✱ ❛ss✐♠ ❝♦rr✐❣✐♠♦s ♦

✼
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✈❡t♦r r❡❝❡❜✐❞♦ y ♣❡❧♦ ❝❡♥tr♦ ❞❡ss❛ ❜♦❧❛ x✳ ❈❤❛♠❛♠♦s ❡ss❡ ❢❛t♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦ ♣♦r ✈✐③✐♥❤♦

♠❛✐s ♣ró①✐♠♦✳ ❖ ♣ró①✐♠♦ ❚❡♦r❡♠❛ r❡❧❛❝✐♦♥❛ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡ ❡ss❛ ❝♦rr❡çã♦ ❞❡ ❡rr♦s✳

❚❡♦r❡♠❛ ✶✳✺✳ ❬❍❱✵✷❪ ❙❡❥❛ C ✉♠ ❝ó❞✐❣♦ ❝♦♠ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ❍❛♠♠✐♥❣ d✳ ❊♥tã♦ C

♣♦❞❡ ❝♦rr✐❣✐r ❛té κ =
⌊

d−1
2

⌋

❡rr♦s ❡ ❞❡t❡❝t❛r ❛té d − 1 ❡rr♦s✱ ♦♥❞❡ ⌊t⌋ r❡♣r❡s❡♥t❛ ❛ ♣❛rt❡

✐♥t❡✐r❛ ❞❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ t✳

◆♦ ❡①❡♠♣❧♦ ❞♦ ❝ó❞✐❣♦ ❞❡ ❍❛♠♠✐♥❣ t❡♠♦s d = 3, s❡♥❞♦ ❛ss✐♠ ♣♦ssí✈❡❧ ❝♦rr✐❣✐r ❛té 1

❡rr♦ ❡ ❞❡t❡❝t❛r ❛té 2 ❡rr♦s✳

◆♦t❡ q✉❡✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✱ ✉♠ ❝ó❞✐❣♦ t❡rá ♠❛✐♦r ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝♦rr❡çã♦ ❞❡

❡rr♦s q✉❛♥t♦ ♠❛✐♦r ❢♦r ❛ s✉❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛✳ P♦rt❛♥t♦✱ é ❢✉♥❞❛♠❡♥t❛❧✱ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡

❝ó❞✐❣♦s✱ ♣♦❞❡r ❝❛❧❝✉❧❛r d ♦✉ ♣❡❧♦ ♠❡♥♦s ❞❡t❡r♠✐♥❛r ✉♠❛ ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ❡st❡ ✈❛❧♦r✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ F : X → X é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

(X, d) s❡ ❡st❛ ♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛ d✱ ✐st♦ é✿

d (F (x) , F (y)) = d (x,y) ∀x,y ∈ X.

❯♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ t❛♠❜é♠ é ✉♠❛ ✐s♦♠❡tr✐❛✳

❈♦♠♦ ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡✈❡ s❡r ✐♥❥❡t✐✈❛✱ ❡❧❛ t❛♠❜é♠ é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rsí✈❡❧✳ ❉❡♥♦t❡

♣♦r F−1 : X → X ❡ss❛ ❛♣❧✐❝❛çã♦✳ ❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ F é ✉♠❛ ✐s♦♠❡tr✐❛✱ t❡♠♦s q✉❡

d
(

F−1 (x) , F−1 (y)
)

= d (x,y)

♣❛r❛ t♦❞♦s x,y ∈ X✳ ❆ss✐♠✱ F−1 é ✉♠❛ ✐s♦♠❡tr✐❛✳

❙❡❥❛♠ F ❡ R ❞✉❛s ✐s♦♠❡tr✐❛s ❡♥tã♦

d (F ◦R (x) , F ◦R (y)) = d (R (x) , R (y)) = d (x,y) ,

x,y ∈ X✳ ❆ss✐♠ F ◦R é ✉♠❛ ✐s♦♠❡tr✐❛✳ ❖r✐❣✐♥❛♥❞♦ ❛ Pr♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳✼✳ ❖ ❝♦♥❥✉♥t♦ Iso (X, d) ❞❛s ✐s♦♠❡tr✐❛s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) é ✉♠

❣r✉♣♦✳

❙❡ X = V ✱ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s é ✉♠ s✉❜❣r✉♣♦ ❞❡

Iso (X, d)✱ ❡ ♣♦rt❛♥t♦ é ✉♠ ❣r✉♣♦✳

❈♦r♦❧ár✐♦ ✶✳✽✳ ❬❍❱✵✷❪ ❖ ❝♦♥❥✉♥t♦ Iso
(

Fn
q , d
)

❞❡ ✐s♦♠❡tr✐❛s ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ Fn
q ❞♦t❛❞♦

❞❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✱ d✱ é ✉♠ ❣r✉♣♦✳

❈♦♠♦ Iso
(

Fn
q , d
)

é ✉♠ ❣r✉♣♦ ♣♦❞❡♠♦s s❡♣❛r❛r ♦s ❝ó❞✐❣♦s ❡♠ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

✽
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❉❡✜♥✐çã♦ ✶✳✾✳ ❉❛❞♦ ❞♦✐s ❝ó❞✐❣♦s C ❡ C ′ ❡♠ Fn
q ✱ ❞✐r❡♠♦s q✉❡ C ′ é ❡q✉✐✈❛❧❡♥t❡ ❛ C s❡ ❡①✐st✐r

✉♠❛ ✐s♦♠❡tr✐❛ F ❞❡ Fn
q t❛❧ q✉❡ F (C) = C ′.

❊♠ ❣❡r❛❧✱ s❡ ♥ã♦ ❝♦❧♦❝❛r♠♦s ✉♠❛ ❜♦❛ ❡str✉t✉r❛ ♥♦ ❝ó❞✐❣♦ s✉❛ ✉t✐❧✐❞❛❞❡ é ❜❛st❛♥t❡

❧✐♠✐t❛❞❛✳ ❆ ❡str✉t✉r❛ ✉t✐❧✐③❛❞❛ ♠❛✐s ❝♦♠✉♠ é ❛ ❧✐♥❡❛r✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❯♠ ❝ó❞✐❣♦ ❧✐♥❡❛r é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Fn
q ✳

❙❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r é k ❡♥tã♦ ♦ ❝❤❛♠❛r❡♠♦s ❞❡ ✉♠ [n, k]q✲❝ó❞✐❣♦ ❧✐♥❡❛r✳

❖❜s❡r✈❛♠♦s q✉❡ ✉♠ [n, k]q✲❝ó❞✐❣♦ ❧✐♥❡❛r é ✉♠
[

n, qk
]

q
✲❝ó❞✐❣♦✳

❖ ♣❡s♦ ♠í♥✐♠♦ ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r C é ♦ ✐♥t❡✐r♦

wm (C) = min {w (x) : x ∈ C\ {0}} .

❯♠❛ ❞❛s ✈❛♥t❛❣❡♥s ❞❛ ❧✐♥❡❛r✐❞❛❞❡ é q✉❡ ♦ ♣❡s♦ ♠í♥✐♠♦ ❡ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡stã♦

❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✳ ❈♦♠♦ ❡①♣❧✐❝✐t❛❞♦ ♥♦ ♣ró①✐♠♦ ❚❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✶✶✳ ❬❍❱✵✷❪ ❙❡ x,y ∈ Fn
q ✱ ❡♥tã♦ d (x,y) = w (x− y)✳ ❙❡ C é ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r✱

❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡ ♦ ♣❡s♦ ♠í♥✐♠♦ ❞❡ ❍❛♠♠✐♥❣ sã♦ ✐❣✉❛✐s✳

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡ ❚❡♦r❡♠❛✱ ♣❛r❛ ❝ó❞✐❣♦s ❧✐♥❡❛r❡s✱ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡

❍❛♠♠✐♥❣ é t❛♠❜é♠ ❝❤❛♠❛❞❛ ♣❡s♦ ♠í♥✐♠♦ ❞❡ ❍❛♠♠✐♥❣✳

❊①✐st❡♠ ❞✉❛s ♠❛♥❡✐r❛s tr❛❞✐❝✐♦♥❛✐s ❞❡ r❡♣r❡s❡♥t❛r ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r✱ ♣♦r ✉♠❛ ♠❛tr✐③

❣❡r❛❞♦r❛ ♦✉ ♣♦r ✉♠❛ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡✳

P❛r❛ ❞❡s❝r❡✈❡r ❛ ♣r✐♠❡✐r❛ ❝♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ B = {x1, . . . ,xk} ❞❡ ✉♠ [n, k]q✲

❝ó❞✐❣♦ ❧✐♥❡❛r C ❡ ❝♦♥s✐❞❡r❡ ❛ ♠❛tr✐③ G✱ ❝✉❥❛s ❧✐♥❤❛ sã♦ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡✱ ✐st♦ é✱

G =









x1

✳✳✳

xk









.

❊ss❛ ♠❛tr✐③ k × n é ❝❤❛♠❛❞❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞♦ ❝ó❞✐❣♦ C✳ ❆ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❡✜♥❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ♣♦r

T : Fk
q → Fn

q

v 7→ v � G.

❝✉❥❛ ✐♠❛❣❡♠ Im (T ) é ♦ ❝ó❞✐❣♦ C✳

❊①❡♠♣❧♦ ✶✳✶✷✳ ❖ ❝ó❞✐❣♦ ❞❡ ❍❛♠♠✐♥❣✱ ✈✐st♦ ♥❛ ✐♥tr♦❞✉çã♦✱ é ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s 1000110, 0100011, 0010101

✾
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❡ 0001111✳ ❊♥tã♦ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ é

G =













1 0 0 0 1 1 0

0 1 0 0 0 1 1

0 0 1 0 1 0 1

0 0 0 1 1 1 1













✭✶✳✶✮

❡ ❡❧❡ é ✉♠ [7, 4]2✲❝ó❞✐❣♦ ❧✐♥❡❛r✳

❖❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ❜❛s❡ ❞♦ ❝ó❞✐❣♦ ♦❜t❡♠♦s ✉♠❛ ♦✉tr❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✳ P♦r✲

t❛♥t♦✱ ❡♠ ❣❡r❛❧✱ ❡①✐st❡♠ ♠✉✐t❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ♣❛r❛ ✉♠ [n, k]q✲❝ó❞✐❣♦ ❧✐♥❡❛r C✱ ❛ s❛❜❡r
(

qk − 1
) (

qk − q
)

· · ·
(

qk − qk−1
)

✳ ❯♠❛ ❢♦r♠❛ ❝♦♠✉♠ ❞❡ ❡s❝r❡✈❡r ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛

C é ❞❛ ❢♦r♠❛ G = [Ik, A]✱ ♦♥❞❡ Ik é ✉♠❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ k × k ❡ A é ✉♠❛ ♠❛tr✐③ ❞❡

r❡❞✉♥❞â♥❝✐❛s k × (n− k)✱ ❡ss❛ ❢♦r♠❛ é ❝❤❛♠❛❞❛ ❢♦r♠❛ ♣❛❞rã♦✳

❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❞❡ ❞❡s❝r❡✈❡r ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡❧❡ s❡r ✉♠ s✉❜❡s♣❛ç♦ ❞❡

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❆ss✐♠✱ ❡❧❡ é ♦ ♥ú❝❧❡♦ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛

♠❛tr✐③ H (n− k)× n t❛❧ q✉❡

C =
{

x ∈ Fn
q : H � x⊤ = 0

}

,

❛ q✉❛❧ ❝❤❛♠❛♠♦s ❞❡ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ ♣❛r❛ ♦ ❝ó❞✐❣♦ ❧✐♥❡❛r✳

◆♦t❡ q✉❡ ❛s ❧✐♥❤❛s ❞❡ H sã♦ t❛♠❜é♠ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡✱ ❡♠ ❣❡r❛❧✱ ❡①✐st❡♠

♠✉✐t❛s ♠❛tr✐③❡s t❡st❡ ❞❡ ♣❛r✐❞❛❞❡✱ ❛ s❛❜❡r
(

qn−k − 1
) (

qn−k − q
)

· · ·
(

qn−k − qn−k−1
)

✳

❖ ♣ró①✐♠♦ ❚❡♦r❡♠❛ ❛♣r❡s❡♥t❛ ✉♠❛ ❢♦r♠❛ ♣❛r❛ ❛ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ ❛ ♣❛rt✐r

❞❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✳

❚❡♦r❡♠❛ ✶✳✶✸✳ ❬❍❱✵✷❪ ❙❡ G = [Ik, A] é ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♥❛ ❢♦r♠❛ ♣❛❞rã♦ ♣❛r❛ ✉♠

[n, k]q✲❝ó❞✐❣♦ ❧✐♥❡❛r C✱ ❡♥tã♦ H =
[

−A⊤, In−k

]

é ✉♠❛ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ ♣❛r❛ C✳

❊①❡♠♣❧♦ ✶✳✶✹✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✸ ♥❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ✭✶✳✶✮✱ t❡♠♦s ❛ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦

❞❡ ♣❛r✐❞❛❞❡

H =







1 0 1 1 1 0 0

1 1 0 1 0 1 0

0 1 1 1 0 0 1







✶✳✷ P❡s♦s ●❡♥❡r❛❧✐③❛❞♦s ❡ ❉✉❛❧✐❞❛❞❡

▼♦t✐✈❛❞♦ ♣♦r ❛♣❧✐❝❛çõ❡s ❡♠ ❝r✐♣t♦❣r❛✜❛✱ ❲❡✐✱ ❡♠ ❬❲❡✐✾✶❪✱ ❡st✉❞♦✉ ❛ ❡str✉t✉r❛ ❞❡ ❝ó❞✐✲

❣♦s ❧✐♥❡❛r❡s s♦❜r❡ ✉♠❛ ♥♦✈❛ ♣❡rs♣❡❝t✐✈❛✳ ❖❜s❡r✈♦✉ q✉❡ ♦s ♣❡s♦s ❞❡ ❍❛♠♠✐♥❣ sã♦ ✐♥✈❛r✐❛♥t❡s

✶✵
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❞❡ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✶✳ ●❡♥❡r❛❧✐③♦✉ ♦s ♣❡s♦s ❞❡ ❍❛♠♠✐♥❣ ♣❛r❛ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥✲

sã♦ ♠❛✐s ❛❧t❛✳

❯♠ s✉❜❝ó❞✐❣♦ D ⊆ C ❞❡ ❞✐♠❡♥sã♦ ✶ ❝♦♥s✐st❡ ❞❡ t♦❞♦s ♦s ♠ú❧t✐♣❧♦s ❞❡ ✉♠❛ ♣❛❧❛✈r❛✲

❝ó❞✐❣♦ ♥ã♦✲♥✉❧❛✳ ❈♦♠♦ ♦ s✉♣♦rt❡ ❞❡ss❛s ♣❛❧❛✈r❛s✲❝ó❞✐❣♦ ♥ã♦✲♥✉❧❛s sã♦ ✐❣✉❛✐s✱ ♦ s✉♣♦rt❡ ❞❡

D é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ s✉♣♦rt❡ ❞❡ q✉❛❧q✉❡r ♣❛❧❛✈r❛✲❝ó❞✐❣♦ ♥ã♦✲♥✉❧❛ ♥♦ s✉❜❝ó❞✐❣♦✳ ❈♦♠ ❡st❛

♣❡rs♣❡❝t✐✈❛✱ ❲❡✐ ❞❡✜♥✐✉✿

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❖ s✉♣♦rt❡ ❞❡ ✉♠ s✉❜❡s♣❛ç♦ D ⊆ Fn
q é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♥❡♠

s❡♠♣r❡ ♥✉❧❛s ❞♦ s✉❜❡s♣❛ç♦✿

supp (D) := {i : ∃x ∈ D, xi 6= 0} =
⋃

x∈D

supp (x) .

❆ ♣❛rt✐r ❞❡st❛ ❞❡✜♥✐çã♦ ❲❡✐ ❞❡✜♥✐✉ ♦ ♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ✉♠ s✉❜❡s♣❛ç♦✿

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❖ ♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ s✉❜❡s♣❛ç♦ D ⊆ Fn
q é ❛ ❝❛r❞✐♥❛❧✐✲

❞❛❞❡ ❞♦ s✉♣♦rt❡ ❞❡st❡ s✉❜❡s♣❛ç♦✿

w (D) := |supp (D)| .

❆ss✐♠✱ ❞❡✜♥✐♠♦s ♦ r✲és✐♠♦ ♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣ ❞❡ ✉♠ ❝ó❞✐❣♦ ❝♦♠♦ ♦

♠❡♥♦r ♣❡s♦ ❞♦s s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ r✱

dr (C) := min |{w (D) : D ⊆ C, dim D = r}| .

◆♦t❡ q✉❡ d1 (C) é ✐❣✉❛❧ ❛♦ ♣❡s♦ ♠í♥✐♠♦ ❞❡ ❍❛♠♠✐♥❣ ❞♦ ❝ó❞✐❣♦ C✳ ❈❤❛♠❛♠♦s ❛ s❡q✉ê♥❝✐❛

❞❡ ✐♥t❡✐r♦s

{d1 (C) , d2 (C) , . . . , dk (C)}

❞❡ ❤✐❡r❛rq✉✐❛ ❞♦ ❝ó❞✐❣♦✳

❲❡✐ ❞❡s❡♥✈♦❧✈❡✉ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ♣r✐♥❝✐♣❛✐s ❞❛ ❤✐❡r❛rq✉✐❛✳

❚❡♦r❡♠❛ ✶✳✶✼ ✭▼♦♥♦t♦♥✐❝✐❞❛❞❡✮✳ ❬❲❡✐✾✶✱ ❚❡♦r❡♠❛ ✶❪ P❛r❛ ✉♠ [n, k]q✲❝ó❞✐❣♦ C ❝♦♠ k > 0✱

❛ ❤✐❡r❛rq✉✐❛ é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡✿

1 ≤ d1 (C) < d2 (C) < · · · < dk (C) ≤ n.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r ❝♦♥té♠ ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r−1✱

t❡♠♦s dr−1 (C) ≤ dr (C)✳ ❙❡❥❛ D ✉♠ s✉❜❝ó❞✐❣♦ t❛❧ q✉❡ dr (C) = w (D) ❡ dim D = r✳

❈♦♥s✐❞❡r❛♥❞♦ i ∈ suppD ❡ Di := {x ∈ D : xi = 0}✳ ❊♥tã♦ dim Di = r − 1 ❡ dr−1 (C) ≤

|suppDi| ≤ |suppD| − 1 = dr (C)− 1✳

✶✶



❈❆P❮❚❯▲❖ ✶ • ❈Ó❉■●❖❙ ❈❖❘❘❊❚❖❘❊❙ ❉❊ ❊❘❘❖❙

❈♦r♦❧ár✐♦ ✶✳✶✽ ✭▲✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ ●❡♥❡r❛❧✐③❛❞♦✮✳ ❬❲❡✐✾✶✱ ❈♦r♦❧ár✐♦ ✶❪ P❛r❛ ✉♠ [n, k]q✲

❝ó❞✐❣♦ C✱ t❡♠♦s

r ≤ dr (C) ≤ n− k + r.

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ dk (C) ≤ n ❡ dr−1 (C) + 1 ≤ dr (C)✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ V ∈ Fn
q ❞❡✜♥✐♠♦s ♦ s❡✉ ❝♦♥❥✉♥t♦ ❞✉❛❧

V ⊥ :=
{

u ∈ Fn
q : u � v = 0,∀v ∈ V

}

,

♦♥❞❡

u � v =
n
∑

i=1

uivi

é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛✱ ♥ã♦✲❞❡❣❡♥❡r❛❞❛ ✭s❡ u �v = 0,∀v ❡♥tã♦ u = 0✮✱ ♠❛s ✉♠ ✈❡t♦r

♣♦❞❡ s❡r ❞✉❛❧ ❛ s✐ ♠❡s♠♦✳ P♦r ❡①❡♠♣❧♦✱ s❡ u ∈ Fn
2 ❡ w(u) é ♣❛r✳

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡✱ ❛ss✐♠ ❝♦♠♦ ♦❝♦rr❡ ♥♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Rn

s♦❜r❡ ♦s ♥ú♠❡r♦s r❡❛✐s✱ V ⊥ é s❡♠♣r❡ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Fn
q ✱ ♠❡s♠♦ q✉❡ V ♥ã♦ s❡❥❛✳

❙❡❥❛ C ✉♠ [n, k]q✲❝ó❞✐❣♦✳ ❖ ❝ó❞✐❣♦ ❞✉❛❧ ❞❡ C é ♦ s✉❜❡s♣❛ç♦ ❢♦r♠❛❞♦ ♣❡❧♦ s❡✉ ❝♦♥❥✉♥t♦

❞✉❛❧✱ C⊥✳ ❙❡ ✉♠ ❝ó❞✐❣♦ t❡♠ ♠❛tr✐③ ❣❡r❛❞♦r❛ G ❡ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ H✱ ❡♥tã♦ ♦

❝ó❞✐❣♦ ❞✉❛❧ t❡♠ ♠❛tr✐③ ❣❡r❛❞♦r❛ H ❡ ♠❛tr✐③ ✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡ G✳ ❉❡ss❡ ♠♦❞♦ ♦ ❝ó❞✐❣♦

❞✉❛❧ é ✉♠ [n, n− k]q✲❝ó❞✐❣♦✳

❖ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ❞❡ ❲❡✐ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢♦rt❡ r❡❧❛çã♦ ❡♥tr❡ ❛s ❤✐❡r❛rq✉✐❛s ❞❡

✉♠ ❝ó❞✐❣♦ ❡ ❛ ❞♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧✳

❚❡♦r❡♠❛ ✶✳✷✵ ✭❉✉❛❧✐❞❛❞❡✮✳ ❬❲❡✐✾✶✱ ❚❡♦r❡♠❛ ✸❪ ❙❡❥❛ C ✉♠ [n, k]q✲❝ó❞✐❣♦✱ ❡♥tã♦ ❛ ❤✐❡r❛rq✉✐❛

X = {d1 (C) , d2 (C) , . . . , dk (C)}

❡ ♦ ❝♦♥❥✉♥t♦

Y =
{

n + 1− d1

(

C⊥
)

, . . . , n + 1− dn−k

(

C⊥
)}

sã♦ ❞✐s❥✉♥t♦s✱ ✐st♦ é✱

X ∩ Y = ∅

❡

X ∪ Y = {1, 2, . . . , n} .

❆ ♣r♦✈❛ ❞❡st❡ ❚❡♦r❡♠❛ s❡rá ❢❡✐t❛ ♣❛r❛ ✉♠ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ♥♦ ❈❛♣ít✉❧♦ ✹✳

✶✷
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❊①❡♠♣❧♦ ✶✳✷✶✳ ❙❡❥❛ C ♦ [7, 4]2✲❝ó❞✐❣♦ ❞❡ ❍❛♠♠✐♥❣✳ ❙✉❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ é

G =













1 0 0 0 1 1 0

0 1 0 0 0 1 1

0 0 1 0 1 0 1

0 0 0 1 1 1 1













❡ ❡♥tã♦ s✉❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s é

{3, 5, 6, 7} .

❖ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧ C⊥ é ✉♠ [7, 3]2✲❝ó❞✐❣♦ ❧✐♥❡❛r ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❛❞❛ ♣♦r

H =







1 0 1 1 1 0 0

1 1 0 1 0 1 0

0 1 1 1 0 0 1







❡ ❝♦♠ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s✿

{4, 6, 7} .

❚❡♠♦s ♦s ❝♦♥❥✉♥t♦s

X = {3, 5, 6, 7}

❡

Y = {8− 4, 8− 6, 8− 7} = {4, 2, 1} ,

❞♦♥❞❡ s❡ ✈❡r✐✜❝❛ X ∪Y = {1, 2, 3, 4, 5, 6, 7} ❡ X ∩Y = ∅✱ ✈❛❧✐❞❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡✳

✶✸



❈❛♣ít✉❧♦ ✷

❈ó❞✐❣♦s P♦s❡t

❊①✐st❡♠ ♠✉✐t❛s ♠étr✐❝❛s q✉❡ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s ❡♠ Fn
q ✱ s❡♥❞♦ q✉❡ ❛s ♠❛✐s ❝♦♠✉♥s

sã♦ ❛s ♠étr✐❝❛s ❞❡ ❍❛♠♠✐♥❣ ❡ ❞❡ ▲❡❡ ❬❍P✵✸❪✳

❊♠ ❬◆✐❡✾✶❪✱ ◆❡✐❞❡rr❡✐t❡r ❣❡♥❡r❛❧✐③♦✉ ♦ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❡♠ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s ❞❡ ❡♥✲

❝♦♥tr❛r ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛✳ ❇r✉❛❧❞✐✱ ●r❛✈❡s ❡ ▲❛✉r❡♥❝❡ ❡♠ ❬❇●▲✾✺❪ t❛♠❜é♠ ❡st❛❜❡❧❡✲

❝❡r❛♠ ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❛♠♣❧❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✿ ✉s❛♥❞♦ ❝♦♥❥✉♥t♦s ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡✲

♥❛❞♦s ❡ ❞❡✜♥✐♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝ó❞✐❣♦s ♣♦s❡t✱ ❡❧❡s ❝♦♠❡ç❛r❛♠ ♦ ❡st✉❞♦ ❝♦♠ ❛s ♠étr✐❝❛s

♣♦s❡t✱ q✉❡ ❣❡♥❡r❛❧✐③❛♠ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✳ ❊st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ t❡♠ s✐❞♦ ❢r✉tí❢❡r❛✱

♣♦✐s ♠✉✐t♦s ♥♦✈♦s ❝ó❞✐❣♦s ♣❡r❢❡✐t♦s ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s ❝♦♠ t❛✐s ♠étr✐❝❛s ♣♦s❡t ❝♦♠♦ ❡♠

❬❇●▲✾✺✱ ❆❑❑❑✵✸✱ ❏P✵✸✱ ❍❑✵✹✱ ▲❡❡✵✹✱ ❏❑❖❘✵✽❪✳

❯♠❛ s✐t✉❛çã♦ ♣❛rt✐❝✉❧❛r ❞❡ ❝ó❞✐❣♦s ♣♦s❡t ❡ ❡s♣❛ç♦s ❝♦♠ ❛ ♠étr✐❝❛ ♣♦s❡t sã♦ ♦s ❡s♣❛ç♦s

✐♥tr♦❞✉③✐❞♦s ♣♦r ❘♦s❡♥❜❧♦♦♠ ❡ ❚s❢❛s♠❛♥ ❡♠ ❬❘❚✾✼❪✳ ❊ss❡s ❡s♣❛ç♦s sã♦ út❡✐s ♥♦ ❝❛s♦ ❞❡

✐♥t❡r❢❡rê♥❝✐❛ ❡♠ ❝❛♥❛✐s ♣❛r❛❧❡❧♦s✳

◆❛ ❙❡çã♦ ✷✳✶✱ ❛❜♦r❞❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥❥✉♥t♦s ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦s✱ ♣r✐♥✲

❝✐♣❛❧♠❡♥t❡ ♦s ✜♥✐t♦s✳ ❆s r❡❢❡rê♥❝✐❛s ♣r✐♥❝✐♣❛✐s s♦❜r❡ ❡ss❡ ❛ss✉♥t♦ sã♦ ♦s ❧✐✈r♦s ❞❡ ❙t❛♥❧❡②

❬❙t❛✾✼❪ ❡ ♦ ❞❡ ◆❡❣❣❡rs ❡ ❑✐♠ ❬◆❑✾✽❪✳ ◆❛ ❙❡çã♦ ✷✳✷✱ ❞❡✜♥✐♠♦s ♦ ❝ó❞✐❣♦ ♣♦s❡t ❡ ❛❧❣✉♠❛s

❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳ ◆❛ ❙❡çã♦ ✷✳✸✱ ❝♦♠❡♥t❛♠♦s s♦❜r❡ ✐s♦♠❡tr✐❛s ❡♠ ❡s♣❛ç♦s ❝♦♠ ♠étr✐❝❛

♣♦s❡t✳ ◆❛ ❙❡çã♦ ✷✳✹✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦s ❝♦♥❝❡✐t♦ ❞❡ ♣❡s♦s ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❞❡

❝ó❞✐❣♦s ♣♦s❡t✳ ◆❛ ❙❡çã♦ ✷✳✺✱ ❛❜♦r❞❛♠♦s r❡✜♥❛♠❡♥t♦s ♣♦s❡t ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ❝♦♥s❡q✉ê♥❝✐❛s

❡♠ ❝ó❞✐❣♦s ♣♦s❡t ❡ ♥❛ ❙❡çã♦ ✷✳✻✱ ❣❡♥❡r❛❧✐③❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝ó❞✐❣♦s ▼❉❙✳ ❆♣r❡s❡♥t❛♠♦s✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛s ❙❡çõ❡s ✷✳✺ ❡ ✷✳✻✱ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s s✐♠♣❧❡s✱ ❛❧❣✉♥s ❥á ❝♦♥❤❡❝✐❞♦s✱ ♠❛s

♥ã♦ ❞✐s♣♦♥í✈❡✐s ❞❡ ❢♦r♠❛ ♦r❣❛♥✐③❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛✳

✶✹
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✷✳✶ ❈♦♥❥✉♥t♦s P❛r❝✐❛❧♠❡♥t❡ ❖r❞❡♥❛❞♦s

❯♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ X é ✉♠❛ r❡❧❛çã♦ ❜✐♥ár✐❛ 4 q✉❡ s❛t✐s❢❛③ ❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ t♦❞♦ a, b, c ∈ X :

✶✳ ❘❡✢❡①✐✈❛✿ a 4 a✱

✷✳ ❆♥t✐✲s✐♠étr✐❝❛✿ ❙❡ a 4 b ❡ b 4 a ❡♥tã♦ a = b✱

✸✳ ❚r❛♥s✐t✐✈❛✿ ❙❡ a 4 b ❡ b 4 c ❡♥tã♦ a 4 c✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✳ ❖ ♣❛r ♦r❞❡♥❛❞♦ (X, 4) é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ♣❛r✲

❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ✭❛❜r❡✈✐❛❞❛♠❡♥t❡✱ ♣♦s❡t✮ s❡ 4 é ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

X✳

❙❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ X s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ ✉♠ ♦✉tr♦ ❡❧❡♠❡♥t♦ b ∈ X✱ ✐st♦ é a 4 b ♦✉

b 4 a✱ ❞✐③❡♠♦s q✉❡ a ❡ b sã♦ ❝♦♠♣❛rá✈❡✐s ✱ ❝❛s♦ ❝♦♥trár✐♦ ❡❧❡s sã♦ ❞✐t♦s ✐♥❝♦♠♣❛rá✈❡✐s✳

❯♠ ♣♦s❡t (X, 4) é ❞✐t♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ s❡ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦

X sã♦ ❝♦♠♣❛rá✈❡✐s✱ t❛♠❜é♠ ♥♦s r❡❢❡r✐♠♦s ❛ t❛❧ ♣♦s❡t ♣♦r ♣♦s❡t ❧✐♥❡❛r ✭♦✉ ❝❛❞❡✐❛✮✳ ❯♠ ♣♦s❡t

é ❞✐t♦ ❛♥t✐❧✐♥❡❛r ✱ ♦✉ ❛♥t✐❝❛❞❡✐❛✱ s❡ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s sã♦ ✐♥❝♦♠♣❛rá✈❡✐s✳

❊①❡♠♣❧♦ ✷✳✷✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❝♦♠ ❛ ♦r❞❡♠ ♥❛t✉r❛❧ ❢♦r♠❛ ✉♠ ♣♦s❡t ❧✐♥❡❛r✳

❉❛❞♦ ✉♠ ♣♦s❡t (X, 4) t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦ X é ✜♥✐t♦ ❞✐③❡♠♦s q✉❡ ♦ ♣♦s❡t é ✉♠ ♣♦s❡t

✜♥✐t♦✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ X é ❝❤❛♠❛❞❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ♣♦s❡t ✳

❊①✐st❡ ✉♠❛ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❞❡ r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡ ♦s ♣♦s❡ts ✜♥✐t♦s✱ ❛tr❛✈és ❞♦s

❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡✳ ❉❛❞♦ ✉♠ ♣♦s❡t ✜♥✐t♦ (X, 4) ♦s ❡❧❡♠❡♥t♦s ❞❡ X sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r

✈ért✐❝❡s ❡ ❛s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ❞♦✐s ❡❧❡♠❡♥t♦s a, b ∈ X sã♦ r❡♣r❡s❡♥t❛❞❛s ♣♦r ❛r❡st❛s✱ ♦♥❞❡

s❡ ❝♦♥✈❡♥❝✐♦♥❛ q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ❡stá ❛❜❛✐①♦ ❞❡ b s❡✱ ❡ s♦♠❡♥t❡ s❡✱ a 4 b ❡ ♥ã♦ ❡①✐st❡

c 6= a, b t❛❧ q✉❡ a 4 c 4 b✳

❊①❡♠♣❧♦ ✷✳✸✳ ❈♦♥s✐❞❡r❡ ❛ ♦r❞❡♠ 4 s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ X = {a, b, c, d, e} ❝♦♠ ❛s ❝♦♠♣❛r❛✲

çõ❡s {a 4 b, c 4 b, d 4 e}✱ ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ❞❡ss❡ ♣♦s❡t (X, 4) é r❡♣r❡s❡♥t❛❞♦ ♥❛

❋✐❣✉r❛ ✷✳✶ ❛❜❛✐①♦✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❢♦r♠❛ ❞❡ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♣❛r❛ ✉♠ ♣♦s❡t (X, 4) ♣❛r❛ ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s a ❡ b ❡♠ X ✉s❛♠♦s ❛ tr❛♥s✐t✐✈✐❞❛❞❡ ❞❛ ♦r❞❡♠ ♣❛r❝✐❛❧✳ ❆ss✐♠ a 4 b s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❝r❡s❝❡♥t❡ ♥♦ ❞✐❛❣r❛♠❛ ❞❡ a ♣❛r❛ b✳ ◆❛ ❋✐❣✉r❛ ✷✳✶✱ ♦ ❝❛♠✐♥❤♦ ❝r❡s❝❡♥t❡

❞❡ a ♣❛r❛ b ♠♦str❛ ❛ r❡❧❛çã♦ a 4 b✳ ❆ ♠❡s♠❛ ✜❣✉r❛ ♠♦str❛ q✉❡ ♦s ❡❧❡♠❡♥t♦s c ❡ d sã♦

✐♥❝♦♠♣❛rá✈❡✐s✳

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦s ♣♦s❡ts ❧✐♥❡❛r ❡ ❛♥t✐❧✐♥❡❛r ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✹ ❛tr❛✈és

❞♦s ❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡ ♥❛ ❋✐❣✉r❛ ✷✳✷✿

✶✺
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❋✐❣✉r❛ ✷✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ❞♦ ♣♦s❡t (X, 4)✳

❋✐❣✉r❛ ✷✳✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♣❛r❛ ♦s ♣♦s❡ts ❧✐♥❡❛r ❡ ❛♥t✐❧✐♥❡❛r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✷✳✹✳ ❖ ♣♦s❡t ❈♦r♦❛ é ✉♠ ❝♦♥❥✉♥t♦ X = {1, 2, · · · , 2k} , k > 1✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s

❝♦♠♣❛r❛çõ❡s✱ i 4 k + i, i+1 4 k + i ♣❛r❛ ❝❛❞❛ i ∈ X −{k − 1}✱ 1 4 2k ❡ k 4 2k✱ ❡ ♦s ♦✉tr♦s

❡❧❡♠❡♥t♦s ♥ã♦ sã♦ ❝♦♠♣❛rá✈❡✐s✳ ❙❡✉ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♣❛r❛ k = 4 é ❡①♣♦st♦ ♥❛ ❋✐❣✉r❛ ✷✳✸✿

❋✐❣✉r❛ ✷✳✸✿ P♦s❡t ❈♦r♦❛✳

❊①❡♠♣❧♦ ✷✳✺✳ ❖ ♣♦s❡t ❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ ✭❘❚✮ é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ✜♥✐t❛ ❞❡ ♣♦s❡ts ❧✐♥❡❛✲

r❡s✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♣❛r❛ ✸ ♣♦s❡ts ❧✐♥❡❛r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✸ é ❛♣r❡s❡♥t❛❞♦

♥❛ ❋✐❣✉r❛ ✷✳✹ ❛❜❛✐①♦✿

❊①❡♠♣❧♦ ✷✳✻✳ ❖ ♣♦s❡t ❍✐❡rárq✉✐❝♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n = n1 + n2 + · · ·+ nt✱ ❝♦♠ ni ✐♥t❡✐r♦s✱

✶✻
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❋✐❣✉r❛ ✷✳✹✿ P♦s❡t ❘❚✳

s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ X = {(i, j) : 1 ≤ i ≤ t, 1 ≤ j ≤ ni}✱ é ❛♣r❡s❡♥t❛❞♦ ❝♦♠ ❛s ❝♦♠♣❛r❛çõ❡s

(a, b) 4 (c, d)⇔ a < c.

❯♠ ❡①❡♠♣❧♦ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♣❛r❛ n = 9 ❡ t = 3 é ❡①✐❜✐❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✺✿

❋✐❣✉r❛ ✷✳✺✿ P♦s❡t ❍✐❡rárq✉✐❝♦✳

❖❜s❡r✈❛çã♦ ✷✳✼✳ ❋r❡q✉❡♥t❡♠❡♥t❡✱ ❞❡♥♦t❛r❡♠♦s ❛ ♦r❞❡♠ ❞❡ ✉♠ ♣♦s❡t P = (X, 4) s✐♠♣❧❡s✲

♠❡♥t❡ ♣♦r 4P ✳ ❆❜✉s❛♥❞♦ ❞❛ ♥♦t❛çã♦✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦ ❝♦♥❥✉♥t♦ X ♣♦r P ✳ ❆ss✐♠ ✉♠

❡❧❡♠❡♥t♦ a ∈ X é ❞❡♥♦t❛❞♦ ♣♦r a ∈ P ✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❙❡❥❛♠ P ❡ Q ❞♦✐s ♣♦s❡ts✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : P → Q é ✉♠❛ ❤♦♠♦♠♦r✜s♠♦

♦r❞❡♠ s❡ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s a, b ∈ P

a 4P b⇒ f (a) 4Q f (b) .

✶✼
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❊①❡♠♣❧♦ ✷✳✾✳ ❙❡ P é ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

❡ Q é ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

✱

❡♥tã♦
f : P → Q

a 7→ 2

b 7→ 2

c 7→ 1

é ✉♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠✳

❖❜s❡r✈❛♠♦s q✉❡ ✉♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠ ♣♦❞❡ s❡r ❜✐❥❡t✐✈❛ s❡♠ q✉❡ ❛ s✉❛ ✐♥✈❡rs❛ s❡❥❛

✉♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠✳

❊①❡♠♣❧♦ ✷✳✶✵✳ ❙❡❥❛ P ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

❡ s❡❥❛ Q ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

✱

❡♥tã♦
g : P → Q

a 7→ 1

b 7→ 3

c 7→ 2

✶✽
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é ✉♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠ ❜✐❥❡t♦r❛✳ ❊♥tr❡t❛♥t♦✱ ❛ s✉❛ ✐♥✈❡rs❛ g−1 ♥ã♦ é ✉♠❛ ❤♦♠♦♠♦r✜s♠♦

♦r❞❡♠✱ ♣♦✐s 2 �Q 3, ♠❛s g−1 (2) = c ❡ g−1 (3) = b sã♦ ✐♥❝♦♠♣❛rá✈❡✐s✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❯♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠ é ✉♠ ✐s♦♠♦r✜s♠♦ s❡ é ❜✐❥❡t✐✈❛ ❡ ❛ s✉❛ ✐♥✈❡rs❛

é ✉♠❛ ❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠✳ ❯♠ ✐s♦♠♦r✜s♠♦ ❞♦ ♣♦s❡t s♦❜r❡ s✐ ♠❡s♠♦ é ✉♠ ❛✉t♦♠♦r✜s♠♦✳

❊①❡♠♣❧♦ ✷✳✶✷✳ ❙❡❥❛ P ✉♠ ♣♦s❡t ❞❛❞♦ ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ❛❜❛✐①♦✿

❊♥tã♦ ♦s ❛✉t♦♠♦r✜s♠♦s ♣♦s❡t ❞❡ P sã♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❡

ϕ : P → P

1 7→ 1

2 7→ 3

3 7→ 2.

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❯♠❛ ❜✐❥❡çã♦ ♦r❞❡♠ f : P → Q ❡♥tr❡ ♦s ♣♦s❡ts P ❡ Q é ✉♠ ❛♥t✐✲✐s♦♠♦r✜s♠♦

s❡ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s a, b ∈ P

a 4P b⇔ f (b) 4Q f (a) .

❙❡ ♦ ♣♦s❡t P é ❛♥t✐✲✐s♦♠♦r❢♦ ❛ Q✱ ❡♥tã♦ ❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ❡♠ P é ✐♥✈❡rt✐❞❛ q✉❛♥❞♦

♦❧❤❛♠♦s ♥♦ ♣♦s❡t Q✳ ▼♦str❛♠♦s ✐ss♦ ♥♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✶✹✳ ❙❡❥❛ P ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

❡ Q ✉♠ ♣♦s❡t ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

✳

✶✾
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❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ f : P → Q ♣♦r f (i) = i′✳ ❆ss✐♠✱

i 4P j ⇐⇒ j′ 4Q i′.

P♦rt❛♥t♦ ❛ ❛♣❧✐❝❛çã♦ f é ✉♠ ❛♥t✐✲✐s♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✷✳✶✺✳ ❈❤❛♠❛♠♦s ❞❡ ♣♦s❡t ♦♣♦st♦ ♦ ♣♦s❡t P ✱ ❞❡✜♥✐❞♦ s♦❜r❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦

q✉❡ P ✱ ❡ ❝♦♠ ❛ ♦r❞❡♠✱ 4P ✱ ❞❛❞❛ ♣♦r✿

i 4P j ⇐⇒ j 4P i.

❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ IdP : P → P ✱ é ✉♠ ❛♥t✐✲✐s♦♠♦r✜s♠♦✳ ▼❛✐s ❛✐♥❞❛✱ ❛ ♦r❞❡♠ ❡♠

P é ❛ ú♥✐❝❛ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡✱ IdP : P → P ✱ s❡❥❛ ✉♠ ❛♥t✐✲✐s♦♠♦r✜s♠♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✻✳ ❙❡❥❛♠ P ❡ Q ♣♦s❡ts ❡ s❡❥❛ ϕ : P → Q ✉♠ ✐s♦♠♦r✜s♠♦ ♣♦s❡t✱ ❡♥tã♦

ϕ : P → Q é t❛♠❜é♠ ✉♠ ✐s♦♠♦r✜s♠♦ ♣♦s❡t✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡

j 4P i⇐⇒ i 4P j ⇐⇒ ϕ (i) 4Q ϕ (j)⇐⇒ ϕ (j) 4Q ϕ (i) ,

♣❛r❛ t♦❞♦s j, i ∈ P ✳

❉❡✜♥✐çã♦ ✷✳✶✼✳ ❯♠ ✐❞❡❛❧ ✭♦r❞❡♠✮ ❞❡ P é ✉♠ s✉❜❝♦♥❥✉♥t♦ I ⊆ P ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡

s❡

u ∈ I ❡ v 4P u⇒ v ∈ I.

❉❛❞♦ A ⊆ P ✱ ❞❡♥♦t❛♠♦s ♣♦r 〈A〉P ♦ ♠❡♥♦r ✐❞❡❛❧ ❞❡ P ❝♦♥t❡♥❞♦ A✱ ❝❤❛♠❛❞♦ ✐❞❡❛❧ ❞❡ P

❣❡r❛❞♦ ♣♦r A✳ ❙❡ ❝♦♥❤❡❝❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ A✱ ❞✐❣❛♠♦s A = {a, b, e}✱ ❡♥tã♦

❞❡♥♦t❛♠♦s 〈A〉P ♣♦r 〈a, b, e〉P ❡♠ ✈❡③ ❞❡ 〈{a, b, e}〉P ✳

❊①❡♠♣❧♦ ✷✳✶✽✳ ❙❡❥❛ ♦ ♣♦s❡t ❧❡tr❛✲N ❝♦♠ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡

✳

P♦❞❡♠♦s ✈❡r q✉❡ ♦s ❝♦♥❥✉♥t♦s {b} , {a, b} , {a, b, c} sã♦ ✐❞❡❛✐s ❞❡ N✱ ♠❛s ♦ ❝♦♥❥✉♥t♦

{a, c} ♥ã♦ é ✉♠ ✐❞❡❛❧✳

◆♦t❡ q✉❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s {a, c} ❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❡❧❡♠❡♥t♦ c sã♦

✐❣✉❛✐s✱ ♦✉ s❡❥❛✱ 〈a, c〉
N

= {a, c, b} = 〈c〉
N
✳

✷✵
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❉❡✜♥✐çã♦ ✷✳✶✾✳ ❯♠ ❡❧❡♠❡♥t♦ a ∈ P é ❞✐t♦ ♠❛①✐♠❛❧ ❡♠ r❡❧❛çã♦ ❛ ♦r❞❡♠ 4P s❡ a 4P b

✐♠♣❧✐❝❛ ❡♠ b = a✳ ❊❧❡ é ❞✐t♦ ♠✐♥✐♠❛❧ s❡ b 4P a ✐♠♣❧✐❝❛ ❡♠ b = a✳

❊①❡♠♣❧♦ ✷✳✷✵✳ ◆♦ ♣♦s❡t ❧❡tr❛ N ❛❝✐♠❛ ♦s ❡❧❡♠❡♥t♦s c ❡ d sã♦ ❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s ❡ a ❡ b

sã♦ ♠✐♥✐♠❛✐s✳

❉❛❞♦ P ✉♠ ♣♦s❡t ❞❡♥♦t❛r❡♠♦s ♣♦r Ir (J) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡

r ❡♠ P ✱ ❡ ❞❛❞♦ ✉♠ ✐❞❡❛❧ J ❝❤❛♠❛r❡♠♦sM (J) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s ❡♠ J ✳

Pr♦♣♦s✐çã♦ ✷✳✷✶✳ ❬❍❑✵✽✱ Pr♦♣♦s✐çã♦ ✶✳✶❪

❛✮ ❙❡❥❛ 0 ≤ r ≤ s ≤ n ❡ I ∈ Ir (P )✳ ❊♥tã♦ ❡①✐st❡ J ∈ Is (P ) t❛❧ q✉❡ I ⊆ J ✳

❜✮ ❙❡❥❛ 0 ≤ s ≤ r ≤ n ❡ I ∈ Ir (P )✳ ❊♥tã♦ ❡①✐st❡ J ∈ Is (P ) t❛❧ q✉❡ J ⊆ I✳

❉❡♠♦♥str❛çã♦✳ ❙❡ s = r✱ ❡♥tã♦ J = I ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✳

❛✮ ◆♦ ❝❛s♦ s = r + 1✱ s❡❥❛ j ✉♠ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❞❡ P\I✱ ❡♥tã♦ J = I ∪ {j} s❛t✐s❢❛③ ❛

❝♦♥❞✐çã♦✳

❜✮ ◆♦ ❝❛s♦ s = r−1✱ s❡❥❛ j ✉♠ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ❞❡ I✱ ❡♥tã♦ J = I\ {j} s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦✳

❖ ❝❛s♦ ❣❡r❛❧ s = r ± t é ♣r♦✈❛❞♦ ♣♦r ✐♥❞✉çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✷✳ ❙❡❥❛♠ P ✉♠ ♣♦s❡t✳ ❊♥tã♦✱ ❞♦✐s ✐❞❡❛✐s I ❡ J ❡♠ P sã♦ ✐❣✉❛✐s s❡✱ ❡

s♦♠❡♥t❡ s❡✱M (I) ❡M (J) sã♦ ✐❣✉❛✐s✳

❉❡♠♦♥str❛çã♦✳ ❙❡ I = J ❡♥tã♦ ♦s s❡✉ ❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s t❛♠❜é♠ sã♦ ✐❣✉❛✐s✱ ❞❛íM (J) =

M (I)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ♦ ✐❞❡❛❧ I é ❣❡r❛❞♦ ♣♦rM (I) ❡ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ✐❞❡❛❧

J ✳ ❙❡M (I) =M (J) ❡♥tã♦

I = 〈M (I)〉P = 〈M (J)〉P = J.

✷✳✷ ❈ó❞✐❣♦s P♦♥❞❡r❛❞♦s ♣♦r ❖r❞❡♥s P❛r❝✐❛✐s

❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ [n] := {1, 2, ..., n}✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦ ❝♦♥❥✉♥t♦ [n] ❡ ❛s ♣♦s✐çõ❡s ❝♦♦r❞❡♥❛❞❛s ❞♦s ✈❡t♦r❡s ❞❡ Fn
q ❡stã♦ ❡♠

❜✐❥❡çã♦✱ ♦✉ s❡❥❛✱ ✉♠ ✈❡t♦r x ∈ Fn
q ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ x := x1x2 · · ·xn✳ P♦❞❡♠♦s

❞❡✜♥✐r ✉♠ ♣❡s♦ ♣♦♥❞❡r❛❞♦ ♣❛r❛ ♦s ✈❡t♦r❡s ❞❡ Fn
q ♣♦♥❞❡r❛❞♦ ♣❡❧❛ ♦r❞❡♠ 4P ✳

✷✶
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❉❡✜♥✐çã♦ ✷✳✷✸✳ ❖ P ✲♣❡s♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ x ∈ Fn
q é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ✐❞❡❛❧ ❞❡ P ❣❡r❛❞♦

♣❡❧♦ s✉♣♦rt❡ ❞❡ x✱

wP (x) = |〈supp (x)〉P | .

❉❡ ♠♦❞♦ s✐♠✐❧❛r ❛♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ♦ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣✱ ♦ P ✲♣❡s♦ t❛♠❜é♠ ❞❡t❡r♠✐♥❛

✉♠❛ ❞✐stâ♥❝✐❛ ❡♠ Fn
q ✱ ❝❤❛♠❛❞❛ P ✲❞✐stâ♥❝✐❛✿

dP (x,y) := wP (x− y) .

❚❡♦r❡♠❛ ✷✳✷✹ ✭▼étr✐❝❛ ♣♦s❡t✮✳ ❬❇●▲✾✺✱ ▲❡♠❛ ✶✳✶❪ ❙❡ P é ✉♠ ♣♦s❡t s♦❜r❡ [n]✱ ❡♥tã♦ ❛

P ✲❞✐stâ♥❝✐❛ dP (x,y) := wP (x− y) é ✉♠❛ ♠étr✐❝❛ ❡♠ F n
q ✳

❉❡♠♦♥str❛çã♦✳ ❆ ❢✉♥çã♦ ❝❛r❞✐♥❛❧✐❞❛❞❡ é ♥ã♦✲♥❡❣❛t✐✈❛ ♣❛r❛ ❝♦♥❥✉♥t♦s ♥ã♦✲✈❛③✐♦s✿

wP (x) = 0 ⇐⇒ |〈supp (x)〉| = 0 ⇐⇒ supp (x) = ∅ ⇐⇒ x = 0,

❛ss✐♠ ❛ P ✲❞✐stâ♥❝✐❛ é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❊❧❛ é s✐♠étr✐❝❛✱ ♣♦✐s ♦ s✉♣♦rt❡ ❞♦ ✈❡t♦r x − y é

✐❣✉❛❧ ❛♦ s✉♣♦rt❡ ❞♦ ✈❡t♦r y − x✳ P❛r❛ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r é s✉✜❝✐❡♥t❡ ♠♦str❛r

❛ ✈❛❧✐❞❛❞❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ♣❛r❛ ♦ P ✲♣❡s♦✿

wP (x + y) ≤ wP (x) + wP (y) ,∀x,y ∈ Fn
q ,

♣♦✐s dP (x,y) = wP (x− y) ≤ wP (x− z) + wP (z− y) = dP (x, z) + dP (z,y)✳ ❱❛♠♦s ♣r♦✈❛r

❡♥tã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ♣❛r❛ ♦s P ✲♣❡s♦s✳ ❈♦♠♦ supp (x + y) ⊆ supp (x) ∪ supp (y)

❡ ❛ ✉♥✐ã♦ ❞❡ ❞♦✐s ✐❞❡❛✐s é t❛♠❜é♠ ✉♠ ✐❞❡❛❧✱ t❡♠♦s

wP (x + y) ≤ |〈supp (x)〉P ∪ 〈supp (y)〉P |

≤ |〈supp (x)〉P |+ |〈supp (y)〉P |

= wP (x) + wP (y) .

❊①❡♠♣❧♦ ✷✳✷✺✳ ❙❡❥❛ ♦ ♣♦s❡t ❛♥t✐❧✐♥❡❛r H ❡ ♦ ♣♦s❡t ❧❡tr❛✲N ❞❛❞♦s ♣❡❧♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦

✳

✷✷
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P❛r❛ ♦ ✈❡t♦r x = 0110 ∈ F4
2✱ ♦❜t❡♠♦s ♦ H✲♣❡s♦ é ✐❣✉❛❧ ❛

wH (x) = |〈supp (x)〉
H
| = |supp (x)| = |{2, 3}| = 2

❡ ♦ N✲♣❡s♦ ✐❣✉❛❧ ❛

wN (x) = |〈supp (x)〉
N
| = |〈2, 3〉| = |{1, 2, 3}| = 3.

◆♦ ♣♦s❡t ❛♥t✐❧✐♥❡❛r H✱ H✲♣❡s♦ ❡ ❛ H✲❞✐stâ♥❝✐❛ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♣❡s♦ ❡ ❛ ❞✐stâ♥❝✐❛

❞❡ ❍❛♠♠✐♥❣ ❞❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❝ó❞✐❣♦s✳ P♦r ❡ss❡ ♠♦t✐✈♦ ❝❤❛♠❛r❡♠♦s ♦ ♣♦s❡t ❛♥t✐❧✐♥❡❛r

❞❡ ♣♦s❡t ❍❛♠♠✐♥❣ ❡ ♦ ❞❡♥♦t❛♠♦s ♣♦r H✳

❈❤❛♠❛♠♦s ❛ ♠étr✐❝❛ dP ❡♠ Fn
q ❞❡♠étr✐❝❛ ♣♦s❡t ♦✉ P ✲♠étr✐❝❛✳ ❖ ♣❛r ♦r❞❡♥❛❞♦

(

Fn
q , dP

)

é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ♣♦s❡t ♦✉ P ✲❡s♣❛ç♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ C ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦
(

Fn
q , dP

)

é

❝❤❛♠❛❞♦ ❝ó❞✐❣♦ ♣♦s❡t ✳ ❙❡ ❛ ♠étr✐❝❛ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦s❡t P ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ C é ✉♠

P✲❝ó❞✐❣♦✳ ❙❡ C ⊆ Fn
q é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ k✱ ❡♥tã♦ C é ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❧✐♥❡❛r ✳

❙❡❥❛♠ x ∈ Fn
q ❡ r ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦✳ ❆ P ✲❜♦❧❛ ❝♦♠ ❝❡♥tr♦ ❡♠ x ❡ r❛✐♦ r é ♦

❝♦♥❥✉♥t♦

BP (x, r) =
{

y ∈ Fn
q ; dP (x,y) ≤ r

}

❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❡♠ Fn
q ♦♥❞❡ ❛ P ✲❞✐stâ♥❝✐❛ ♣❛r❛ x é ♥♦ ♠á①✐♠♦ ✐❣✉❛❧ ❛ r✳ ❆ P ✲❡s❢❡r❛ ❝♦♠

❝❡♥tr♦ ❡♠ x ❡ r❛✐♦ r é ♦ ❝♦♥❥✉♥t♦

SP (x, r) =
{

y ∈ Fn
q ; dP (x,y) = r

}

❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❡♠ Fn
q ♦♥❞❡ ❛ P ✲❞✐stâ♥❝✐❛ ♣❛r❛ x é ✐❣✉❛❧ ❛ r✳ ❖ ♥ú♠❡r♦ ❞❡ ✈❡t♦r❡s ♥❛

P ✲❡s❢❡r❛ ❞❡ ❝❡♥tr♦ ♥♦ ✈❡t♦r ♥✉❧♦ ❡ r❛✐♦ i é ❬❇●▲✾✺❪







1 s❡ i = 0,
∑i

j=i (q − 1)j qi−jΩj (i) s❡ i > 0,

♦♥❞❡ Ωj (i) é ♦ ♥ú♠❡r♦ ❞❡ ✐❞❡❛✐s ❞❡ P ❝♦♠ ❝❛r❞✐♥❛❧✐❞❛❞❡ i t❡♥❞♦ ❡①❛t❛♠❡♥t❡ j ❡❧❡♠❡♥t♦s

♠❛①✐♠❛✐s✳ ❈♦♠♦ dP (x,y) = dP (0,y − x)✱ s❡❣✉❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈❡t♦r❡s ♥❛ P ✲❜♦❧❛ ❞❡ r❛✐♦

r ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ s❡✉ ❝❡♥tr♦ ❡ é ❬❇●▲✾✺❪ ✐❣✉❛❧ ❛

1 +
r
∑

i=1

i
∑

j=1

(q − 1)j qi−jΩj (i) .

✷✸
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❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ q = 2 ♦ ♥ú♠❡r♦ ❞❡ ✈❡t♦r❡s ♥❛ P ✲❜♦❧❛ ❞❡ r❛✐♦ r é ✐❣✉❛❧ ❛

1 +
r
∑

i=1

i
∑

j=1

2i−jΩj (i) .

❉❡✜♥✐çã♦ ✷✳✷✻✳ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ ❯♠ ❝ó❞✐❣♦ C ⊆ Fn
q é ❝❤❛♠❛❞♦ r✲❝♦rr❡t♦r ❞❡

❡rr♦s P ✲♣❡r❢❡✐t♦ s❡ ❛s P ✲❜♦❧❛s ❞❡ ❞❡ r❛✐♦ r ❝❡♥tr❛❞❛s ♥❛s ♣❛❧❛✈r❛s ❞♦ ❝ó❞✐❣♦ sã♦ ❞✐s❥✉♥t❛s ❡

❛ ✉♥✐ã♦ ❞❡st❛s é t♦❞♦ ♦ ❡s♣❛ç♦ Fn
q ✳

❯♠ ❞♦s ♠ér✐t♦s ❞♦s ❝ó❞✐❣♦s ♣♦s❡t é q✉❡ ❡①✐st❡♠ ♠✉✐t♦s ❞❡st❡s q✉❡ sã♦ ♣❡r❢❡✐t♦s✱ ♠❛s

♥ã♦ sã♦ ♣❡r❢❡✐t♦s ♥♦ s❡♥t✐❞♦ ❝❧áss✐❝♦✳

❊①❡♠♣❧♦ ✷✳✷✼✳ ❙❡❥❛ L ♦ ♣♦s❡t ❧✐♥❡❛r s♦❜r❡ [n]✳ ❙❡❥❛ C = {00 · · · 0, 11 · · · 1} ⊆ Fn
2 ❡♥tã♦ C é

✉♠ ❝ó❞✐❣♦ (n− 1)✲❝♦rr❡t♦r ❞❡ ❡rr♦s L✲♣❡r❢❡✐t♦✳

❉❡ ❢❛t♦✱ ❛s L✲❜♦❧❛s ❞❡ r❛✐♦ n−1 ❡ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ ✭♣❛❧❛✈r❛✲❝ó❞✐❣♦ ♥✉❧❛✮ ❡ ♥❛ ♣❛❧❛✈r❛✲

❝ó❞✐❣♦ 11 · · · 1 sã♦ ❞✐s❥✉♥t❛s✳ ■ss♦ ♦❝♦rr❡ ♣♦✐s s❡ x ∈ BL (00 · · · 0, n− 1) ❡♥tã♦

dL (00 · · · 0,x) = wL (x) ≤ n− 1. ✭✷✳✶✮

❆ss✐♠✱ s❡ x = x1x2 · · ·xn−1xn ❞❡✈❡♠♦s t❡r xn = 0✱ s❡♥ã♦ wL (x) = n✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦

❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✶✮✳

❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ x ∈ BL (11 · · · 1, n− 1) ❡♥tã♦

dL (11 · · · 1,x) = wL (x− 11 · · · 1) = wL (y1y2 · · · yn−11) = n > n− 1,

♦♥❞❡ yi = xi−1 ♣❛r❛ , i = 1, · · · , n−1✱ ❝♦♥tr❛❞✐③❡♥❞♦ x ♣❡rt❡♥❝❡r ❛ L✲❜♦❧❛ ❞❡ ❝❡♥tr♦ 11 · · · 1✳

P❛r❛ ♠♦str❛r q✉❡ ❛ ✉♥✐ã♦ ❞❡ss❛s ❜♦❧❛s é ♦ ❡s♣❛ç♦ t♦❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ L✲❜♦❧❛

BL (00 · · · 0, n− 1) t❡♠ 2n−1 ❡❧❡♠❡♥t♦s✱ ♣♦✐s s❡ x ∈ BL (00 · · · 0, n− 1) ❞❡✈❡♠♦s t❡r xn = 0✳

❈♦♠♦ ❛s L✲❜♦❧❛s t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s✱ t❡♠♦s

|BL (00 · · · 0, n− 1)|+ |BL (11 · · · 1, n− 1)| = 2n−1 + 2n−1 = 2n = |Fn
2 |

❚♦r♥❛♥❞♦ ♦ ❝ó❞✐❣♦ C ✉♠ (n− 1)✲❝♦rr❡t♦r ❞❡ ❡rr♦s L✲♣❡r❢❡✐t♦✳

▼❛s✱ ♥❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❝ó❞✐❣♦s✱ C ❝♦rr✐❣❡ ❛té
⌊

n−1
2

⌋

≤ n − 1 ❡rr♦s ❡ ♥ã♦ é ♣❡r❢❡✐t♦

q✉❛♥❞♦ n é ♣❛r✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜t❡r q✉❡ ♦ L✲❝ó❞✐❣♦

C = {00 · · · 0, 11 · · · 1, 22 · · · 2, · · · , (q − 1, q − 1, · · · , q − 1)} ⊆ Fn
q

✷✹
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é ✉♠ (n− 1)✲❝♦rr❡t♦r ❞❡ ❡rr♦s L✲♣❡r❢❡✐t♦✳

✷✳✸ ■s♦♠❡tr✐❛s ❞♦ ❊s♣❛ç♦ P♦s❡t

❉❡✜♥✐çã♦ ✷✳✷✽✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s ♠étr✐❝♦s✱ (M, dM) ❡ (N, dN)✱ é ✉♠❛

❛♣❧✐❝❛çã♦ T : M → N t❛❧ q✉❡ dN (T (x) , T (y)) = dM (x,y) ♣❛r❛ t♦❞♦s x,y ∈M ✳

❆s ✐s♦♠❡tr✐❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❘♦s❡♥❜♦♦♠✲❚s❢❛s♠❛♥
(

Fn
q , dRT

)

sã♦ ❝❧❛ss✐✜❝❛❞❛s ❡♠ ❬P❋❙❆✵✾❪✳

❆s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s ❞♦ ❡s♣❛ç♦
(

Fn
q , dP

)

sã♦ ❝❧❛ss✐✜❝❛❞❛s ❡♠ ❬P❋❑❍✵✽❪✳ ❱❛♠♦s ❞❡s❝r❡✈❡r

❛❧❣✉♠❛s Pr♦♣♦s✐çõ❡s q✉❡ ♦s ❛✉t♦r❡s ✜③❡r❛♠ ♥❡ss❡ ú❧t✐♠♦✳

❉❡✜♥✐çã♦ ✷✳✷✾✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r T ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦
(

Fn
q , dP

)

é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r T : Fn
q → Fn

q q✉❡ ♣r❡s❡r✈❛ ❛ P ✲♠étr✐❝❛✱

dP (T (x) , T (y)) = dP (x,y) ,

♣❛r❛ t♦❞♦ x,y ∈ Fn
q ✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T é ✉♠❛ ✐s♦♠❡tr✐❛ s❡

wP (T (x)) = wP (x) ♣❛r❛ t♦❞♦ x ∈ Fn
q ✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r ❞❡

(

Fn
q , dP

)

é ❞✐t❛ s❡r ✉♠❛

P ✲✐s♦♠❡tr✐❛✳

❆ ♣❛rt✐r ❞❛ Pr♦♣♦s✐çã♦ ✶✳✼ s❡❣✉❡ ♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✸✵✳ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s ❞♦

❡s♣❛ç♦
(

Fn
q , dP

)

é ✉♠ ❣r✉♣♦✳

❚❡♦r❡♠❛ ✷✳✸✶✳ ❬P❋❑❍✵✽✱ ❚❡♦r❡♠❛ ✶✳✶❪ ❙❡❥❛♠ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✱ {e1, e2, · · · , en} ❛ ❜❛s❡

❝❛♥ô♥✐❝❛ ❞❡ Fn
q ❡ T ✉♠❛ P ✲✐s♦♠❡tr✐❛✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ φT : P → P ❞❛❞❛ ♣♦r

φT (i) = max 〈supp (T (ei))〉P

é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ P ✳

❯♠❛ ❞❡s❝r✐çã♦ ❞❛s P ✲✐s♦♠❡tr✐❛s é ❞❛❞❛ ♥♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✸✷✳ ❬P❋❑❍✵✽✱ ❚❡♦r❡♠❛ ✶✳✷❪ ❙❡❥❛♠ P ✉♠ ♣♦s❡t s♦❜r❡ [n] ❡ {e1, e2, · · · , en} ❛

❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Fn
q ✳ ❊♥tã♦ T é ✉♠❛ P ✲✐s♦♠❡tr✐❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

T (ej) =
∑

i4P j

xijeφT (i),

♦♥❞❡ φT : P → P é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❛ss♦❝✐❛❞♦ ❝♦♠ T ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✸✶ ❡ xij sã♦

❝♦♥st❛♥t❡s ❝♦♠ xjj 6= 0 ♣❛r❛ t♦❞♦ j ∈ [n]✳

✷✺
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❈♦r♦❧ár✐♦ ✷✳✸✸✳ ❬P❋❑❍✵✽✱ ❈♦r♦❧ár✐♦ ✶✳✶❪ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ ❉❛❞♦ T ✉♠❛ ✐s♦♠❡tr✐❛

❧✐♥❡❛r ❞❡
(

Fn
q , dP

)

❡①✐st❡ ✉♠ ♦r❞❡♥❛çã♦ β = {ei1 , ei2 , · · · , ein} ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ t❛❧ q✉❡ [T ]β,β

é ❞❛❞❛ ♣♦r ✉♠ ♣r♦❞✉t♦ A ·U ♦♥❞❡ A é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❡ U é ✉♠❛ ♠❛tr✐③ ❞❡

♣❡r♠✉t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛✉t♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r T ✳

❙❡❥❛ Mn(Fq) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s n× n s♦❜r❡ Fq, ❝♦♥s✐❞❡r❛♠♦s

GP := {(aij) ∈Mn (Fq) : aij = 0 s❡ i 64P j ❡ aii 6= 0} .

❈♦r♦❧ár✐♦ ✷✳✸✹✳ ❬P❋❑❍✵✽✱ ❈♦r♦❧ár✐♦ ✶✳✸❪ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ ❖ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s

❞❡
(

Fn
q , dP

)

é ✐s♦♠♦r❢♦ ❛♦ ♣r♦❞✉t♦ s❡♠✐✲❞✐r❡t♦ GP ⋊ Aut (P )✱ ♦♥❞❡ Aut (P ) é ♦ ❣r✉♣♦ ❞❡

❛✉t♦♠♦r✜s♠♦s ❞❡ P ✳

❊①❡♠♣❧♦ ✷✳✸✺✳ ❙❡❥❛ L ♦ ♣♦s❡t ❧✐♥❡❛r s♦❜r❡ [n]✳ ❙❡❥❛ T ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r ❡♠
(

Fn
q , dP

)

✳

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✶✱ ♦ ❛✉t♦♠♦r✜s♠♦ φT ❞❡ L ✐♥❞✉③✐❞♦ ♣♦r T ♣r❡s❡r✈❛ ♦r❞❡♠ ❡✱ ♣♦rt❛♥t♦✱

φT (i) = i✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✸✷✱ t❡♠♦s

T (ei) =
∑

j4P i

xijei

♦♥❞❡ xii 6= 0✳ ❆ss✐♠ T é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ n× n ❞✐❛❣♦♥❛❧ s✉♣❡r✐♦r ❝♦♠ ❞✐❛❣♦♥❛❧

♥ã♦ ♥✉❧❛✳ ▼❛✐s ❛✐♥❞❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✸✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ β ❞❡ Fn
q ♥❛ q✉❛❧ ❛

✐s♦♠❡tr✐❛ ❧✐♥❡❛r T ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦ A · U ❞❡ ♠❛tr✐③❡s n × n✱ ♦♥❞❡ U

é ✉♠❛ ♠❛tr✐③ ♠♦♥♦♠✐❛❧ q✉❡ ❛❣❡ ♠✉❞❛♥❞♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s s✉❜❡s♣❛ç♦s ❝♦♠ s✉♣♦rt❡s

✐s♦♠♦r❢♦s ❡ A é ✉♠❛ ♠❛tr✐③ n× n ❞✐❛❣♦♥❛❧ s✉♣❡r✐♦r ❝♦♠ ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ♥❛ ❞✐❛❣♦♥❛❧✳

❉❡✜♥✐çã♦ ✷✳✸✻✳ ❯♠ P ✲❝ó❞✐❣♦ C ⊆ Fn
q ❡ ✉♠ Q✲❝ó❞✐❣♦ C ′ ⊆ F n

q sã♦ ❡q✉✐✈❛❧❡♥t❡s q✉❛♥❞♦

❡①✐st❡ ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r T :
(

Fn
q , dQ

)

→
(

Fn
q , dP

)

t❛❧ q✉❡ T (C) = C ′✳

❙❡❥❛♠ P ❡ Q ♣♦s❡ts ✐s♦♠♦r❢♦s✳ ❈♦♥s✐❞❡r❡ ϕ ❡ss❡ ✐s♦♠♦r✜s♠♦✱ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r Tϕ :
(

Fn
q , dQ

)

→
(

Fn
q , dP

)

❞❡✜♥✐❞❛ ♣♦r

Tϕ (x) =
n
∑

i=1

xieϕ(i)

é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ϕ : P → Q é ✉♠ ✐s♦♠♦r✜s♠♦

〈supp (x)〉P = 〈i1, i2, · · · , is〉P = 〈ϕ (i1) , ϕ (i2) , · · · , ϕ (is)〉Q = 〈supp (Tϕ (x))〉
Q

.

❆ss✐♠✱

wP (x) = |〈supp (x)〉P | =
∣

∣

∣〈supp (T (x))〉Q

∣

∣

∣ = wQ (T (x))

✷✻
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❡✱ ♣♦rt❛♥t♦✱

dP (x,y) = dQ (T (x) , T (y)) .

❈❤❛♠❛r❡♠♦s ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Tϕ ❞❡ tr❛♥s❢♦r♠❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ϕ✳

❆♣r❡s❡♥t❛♠♦s ❛❣♦r❛ ✉♠ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ r❡❧❛❝✐♦♥❛♥❞♦ ❝ó❞✐❣♦s ❡ s❡✉s ❞✉❛✐s✿

Pr♦♣♦s✐çã♦ ✷✳✸✼✳ ❙❡❥❛ ϕ : P → Q ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡ C é ✉♠ Q✲❝ó❞✐❣♦ ❡♥tã♦ C ′ =

Im (Tϕ) é ✉♠ P ✲❝ó❞✐❣♦ ❡q✉✐✈❛❧❡♥t❡ ❛ C ❡ ♦ Q✲❝ó❞✐❣♦ C⊥✱ ❝♦♥❢♦r♠❡ ✐♥tr♦❞✉③✐❞♦ ♥❛ ♣á❣✐♥❛

✶✷✱ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ P ✲❝ó❞✐❣♦ (C ′)⊥✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♣❛r❛ x,y ∈ Fn
q

Tϕ (x) =
n
∑

i=1

xieϕ(i)

❡

Tϕ (y) =
n
∑

i=1

yjeϕ(j).

❆ss✐♠

Tϕ (x) � Tϕ (y) =
n
∑

i=1

n
∑

j=1

xiyjeϕ(i) � eϕ(j) =
n
∑

i=1

n
∑

j=1

xiyjδϕ(i)ϕ(j),

❡ ❝♦♠♦ ϕ (i) = ϕ (j) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ i = j✱ t❡♠♦s

Tϕ (x) � Tϕ (y) =
n
∑

i=1

n
∑

j=1

xiyjδij = x � y.

❙❡❣✉❡ q✉❡ Tϕ

(

C⊥
)

= Tϕ (C)⊥ = (C ′)⊥✳ ▼❛s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✻ ϕ (P ) = Q✳ P♦rt❛♥t♦✱ ♦

Q✲❝ó❞✐❣♦ C⊥ é ✐s♦♠étr✐❝♦ ✭♣♦r Tϕ✮ ❛♦ P ✲❝ó❞✐❣♦ (C ′)⊥✳

❈♦r♦❧ár✐♦ ✷✳✸✽✳ ❙❡ ❞♦✐s P ✲❝ó❞✐❣♦s C ❡ C ′ sã♦ ❡q✉✐✈❛❧❡♥t❡s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✐♥❞✉③✐❞❛

❡♥tã♦ ♦s P ✲❝ó❞✐❣♦s C⊥ ❡ (C ′)⊥ sã♦ ❡q✉✐✈❛❧❡♥t❡s ♣♦r ❡ss❛ ♠❡s♠❛ tr❛♥s❢♦r♠❛çã♦✳

✷✳✹ P ✲P❡s♦s ●❡♥❡r❛❧✐③❛❞♦s

❆♣❧✐❝❛♥❞♦ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❲❡✐✱ ❛♦ ❝❛s♦ ❞❡ P ✲❝ó❞✐❣♦s✱ ❞❡✜♥✐♠♦s ❛ ♥♦çã♦ ❞❡ P ✲♣❡s♦

❣❡♥❡r❛❧✐③❛❞♦✳

❉❡✜♥✐çã♦ ✷✳✸✾✳ ❙❡❥❛ D ⊆ Fn
q ✉♠ s✉❜❡s♣❛ç♦✳ ❖ P ✲♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ D é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡

wP (D) := |〈suppD〉P |

✷✼
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❞♦ ♠❡♥♦r ✐❞❡❛❧ ❞❡ P q✉❡ ❝♦♥té♠ ♦ s✉♣♦rt❡ ❞❡ D✱ ❧❡♠❜r❛♥❞♦ q✉❡ suppD =
⋃

x∈D

supp (x)✳

❈♦♥s✐❞❡r❛♥❞♦ C ✉♠ P ✲❝ó❞✐❣♦ ❧✐♥❡❛r✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ r✲és✐♠♦ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r✲

❛❧✐③❛❞♦ ❝♦♠♦ ♦ ♠❡♥♦r P ✲♣❡s♦

d(P )
r (C) := min {wP (D) : D ⊆ C, dim D = r}

❞♦s s✉❜❡s♣❛ç♦s ❞❡ C ❝♦♠ ❞✐♠❡♥sã♦ r✳ ❙❡ C é ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛

{

d
(P )
1 (C) , d

(P )
2 (C) , . . . , d

(P )
k (C)

}

é ❝❤❛♠❛❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s ❞❡ C✳

❈♦♠ ❡st❛s ❞❡✜♥✐çõ❡s ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s✱ ♦❜t✐❞♦s ♣♦r ❲❡✐✱ s♦❜r❡ ❛

❤✐❡r❛rq✉✐❛ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✶✳✷✳

❚❡♦r❡♠❛ ✷✳✹✵ ✭❬P▲❇✵✽❪ ▼♦♥♦t♦♥✐❝✐❞❛❞❡✮✳ P❛r❛ ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❧✐♥❡❛r C ❝♦♠ k > 0✱ ❛

❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡✿

1 ≤ d
(P )
1 (C) < d

(P )
2 (C) < · · · < d

(P )
k (C) ≤ n.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r ❝♦♥té♠ ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r−1✱

t❡♠♦s d
(P )
r−1 (C) ≤ d

(P )
r (C)✳ ❙❡❥❛ D ✉♠ s✉❜❝ó❞✐❣♦ t❛❧ q✉❡ dr (C) = w (D) ❡ dim D = r✳

❈♦♥s✐❞❡r❛♥❞♦ i ∈ M (〈suppD〉)✳ ❈♦♥s✐❞❡r❡ Di := {x ∈ D : xi = 0}✱ ❡♥tã♦ dim Di = r − 1 ❡

d
(P )
r−1 (C) ≤ |〈suppDi〉P | ≤ |〈suppD〉P | − 1 = d

(P )
r (C)− 1✳

❈♦r♦❧ár✐♦ ✷✳✹✶ ✭▲✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ ●❡♥❡r❛❧✐③❛❞♦✮✳ ❬P▲❇✵✽❪ P❛r❛ ✉♠ [n, k]q P ✲❝ó❞✐❣♦

❧✐♥❡❛r C✱ t❡♠♦s

r ≤ d(P )
r (C) ≤ n− k + r.

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ d
(P )
k (C) ≤ n ❡ d

(P )
r−1 (C) + 1 ≤ d

(P )
r (C)✳

✷✳✺ ❘❡✜♥❛♠❡♥t♦ ❞❡ ✉♠ P♦s❡t

❉❡✜♥✐çã♦ ✷✳✹✷✳ ❙❡❥❛♠ P ❡ Q ♣♦s❡ts s♦❜r❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ [n] t❛✐s q✉❡ s❡ x 4Q y ❡♥tã♦

x 4P y✳ ❊♥tã♦ ❞✐③❡♠♦s q✉❡ P é ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ Q ❡ ❞❡♥♦t❛♠♦s ♣♦r Q ⊆ P ✳

❊①❡♠♣❧♦ ✷✳✹✸✳ ❙❡❥❛♠ N ❡ Q ♦s ♣♦s❡ts ❝♦♠ ❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡ ❝♦♠♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛

✷✳✻✿

❊♥tã♦ N é ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ Q✳ ❉❡ ❢❛t♦✱ N ❝♦♥té♠ t♦❞❛s ❛s ❝♦♠♣❛r❛çõ❡s ❞❡ Q ♠❛✐s

✉♠❛ ❝♦♠♣❛r❛çã♦✱ 2 4N 4✱ q✉❡ ♥ã♦ ❡stá ❡♠ Q✳

✷✽
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❋✐❣✉r❛ ✷✳✻✿ P♦s❡ts ◗ ❡ ◆✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✹✹✳ ❙❡❥❛♠ P, Q ♣♦s❡ts ❝♦♠ Q ⊆ P ✳ ❙❡❥❛ C ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r ❝♦♠ dim (C) = k✳

❊♥tã♦

d(Q)
r (C) ≤ d(P )

r (C)

♣❛r❛ r = 1, · · · , k✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ D ✉♠ s✉❜❡s♣❛ç♦ ❞❡ C✱ ❝♦♥s✐❞❡r❡ 〈suppD〉Q ❡ 〈suppD〉P ♦s ✐❞❡❛✐s ❣❡r❛❞♦s

♣♦r suppD s❡❣✉♥❞♦ ❛s ♦r❞❡♥s Q ❡ P ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ x ∈ 〈suppD〉Q✱ ❡♥tã♦ x 4Q y0 ♣❛r❛

❛❧❣✉♠ y0 ∈ suppD✳ ❈♦♠♦ P é ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ Q t❡♠♦s x 4P y0✳ ▲♦❣♦✱ 〈suppD〉Q ⊆

〈suppD〉P . ❆ss✐♠✱
∣

∣

∣〈suppD〉Q

∣

∣

∣ ≤ |〈suppD〉P | .

❈♦♥s✐❞❡r❡ ❛❣♦r❛ D0 ♦ s✉❜❡s♣❛ç♦ ❞❡ C ❝♦♠ dim (D0) = r t❛❧ q✉❡ d
(P )
r (C) = |〈suppD0〉P |✳

❏✉♥t❛♥❞♦ ✐st♦ ❝♦♠ ❛ ❝♦♥❝❧✉sã♦ ❛♥t❡r✐♦r t❡♠♦s✱

d(Q)
r (C) ≤

∣

∣

∣〈suppD0〉Q

∣

∣

∣ ≤ |〈suppD0〉P | = d(P )
r (C) .

❈♦r♦❧ár✐♦ ✷✳✹✺✳ ❙❡❥❛♠ P ✉♠ ♣♦s❡t ❡ C ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r ❝♦♠ dim (C) = k✳ ❊♥tã♦

d(H)
r (C) ≤ d(P )

r (C) ,

♣❛r❛ r = 1, · · · , k✳ ❖♥❞❡ d
(H)
r (C) ✐♥❞✐❝❛ ♦ r✲♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H ♦ ♣♦s❡t ❍❛♠♠✐♥❣ ❡♥tã♦ H ⊆ P ♣❛r❛ t♦❞♦ ♣♦s❡t P ✳

✷✳✻ ❈ó❞✐❣♦s P ✲▼❉❙

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝ó❞✐❣♦s ▼❉❙✱ ♦✉ s❡♣❛rá✈❡❧ ♣♦r ❞✐stâ♥❝✐❛

♠á①✐♠❛✱ ♣❛r❛ ❝ó❞✐❣♦s ♣♦s❡t ❡ ❞❡s❝r❡✈❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡s t✐♣♦s ❞❡ ❝ó❞✐❣♦s✳

❙❛❜❡♠♦s q✉❡ ♦ ❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ é ✈á❧✐❞♦ ♣❛r❛ ❝ó❞✐❣♦s ♣♦s❡t✱ ❛ss✐♠✱

✷✾
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❉❡✜♥✐çã♦ ✷✳✹✻✳ ❯♠ ❝ó❞✐❣♦ C é ❝❤❛♠❛❞♦ ❝ó❞✐❣♦ ▼❉❙✱ ♦✉ s❡♣❛rá✈❡❧ ♣♦r ❞✐stâ♥❝✐❛ ♠á①✐♠❛✱

q✉❛♥❞♦ dH (C) ❛t✐♥❣❡ ♦ ❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥✳

❲❡✐ ❡♠ ❬❲❡✐✾✶❪✱ ❣❡♥❡r❛❧✐③♦✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝ó❞✐❣♦s ▼❉❙✳ ❯♠ ❝ó❞✐❣♦ C é ❝❤❛♠❛❞♦ ❞❡

❝ó❞✐❣♦ r✲▼❉❙ s❡ d
(H)
r (C) = n − k + r✳ ❉♦✉❣❤❡rt② ❡ ❙❦r✐❣❛♥♦✈ ❡♠ ❬❉❙✵✷❜❪✱ ✐♥tr♦❞✉③✐r❛♠

❡ss❛ ♥♦çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥✳ P♦❞❡♠♦s ❛✐♥❞❛ ❣❡♥❡r❛❧✐③❛r ❡st❡ ❝♦♥❝❡✐t♦

♣❛r❛ ✉♠ ❝ó❞✐❣♦ ♣♦s❡t✳

❉❡✜♥✐çã♦ ✷✳✹✼✳ ❯♠ [n, k]q P ✲❝ó❞✐❣♦ C é ❝❤❛♠❛❞♦ ❝ó❞✐❣♦ (P, r)✲▼❉❙ s❡

d(P )
r (C) = n− k + r.

❆ ♣❛rt✐r ❞❡st❛ ❞❡✜♥✐çã♦ ❡ ❞♦ ❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ ❣❡♥❡r❛❧✐③❛❞♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✽✳ ❙❡ ♣❛r❛ ❛❧❣✉♠ r ✉♠ ❝ó❞✐❣♦ é (P, r)✲▼❉❙ ❡♥tã♦ é t❛♠❜é♠ ✉♠ ❝ó❞✐❣♦

(P, s)✲▼❉❙ ♣❛r❛ t♦❞♦ s ≥ r✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ k = dim C✳ ❙❡ s = r ❡♥tã♦ ♥ã♦ t❡♠♦s ♥❛❞❛ ❛ ❢❛③❡r✳ ❙❡ s = r + 1

❡♥tã♦ d
(P )
s (C) > d

(P )
r (C) = n− k + r ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ d

(P )
s (C) ≥ n− k + r + 1✳ ❯s❛♥❞♦ ♦

❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ t❡♠♦s d
(P )
s (C) = n−k+s✳ ❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ r❡❝✉rs✐✈❛♠❡♥t❡

♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❡s♣❡r❛❞♦✳

❆ Pr♦♣♦s✐çã♦ ❛ s❡❣✉✐r r❡❧❛❝✐♦♥❛ ♦s ❝♦♥❝❡✐t♦s ❞❡ r❡✜♥❛♠❡♥t♦ ❡ ❞❡ ❝ó❞✐❣♦s (P, r)✲▼❉❙✳

Pr♦♣♦s✐çã♦ ✷✳✹✾✳ ❙❡❥❛♠ P ❡ Q ♣♦s❡ts s♦❜r❡ [n] t❛❧ q✉❡ Q ⊆ P ✳ ❙❡❥❛ C ✉♠ s✉❜❡s♣❛ç♦ ❞❡

Fn
q . ❙❡ C é ✉♠ ❝ó❞✐❣♦ (Q, r)✲▼❉❙✱ ❡♥tã♦ C é (P, r)✲▼❉❙✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ k = dim C✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✹✱ d
(P )
r (C) ≥ d

(Q)
r (C) = n − k + r✳

❆❣♦r❛ ✉s❡ ♦ ❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥✳

❈♦r♦❧ár✐♦ ✷✳✺✵✳ ❙❡❥❛♠ P ✉♠ ♣♦s❡t s♦❜r❡ [n] ❡ C ✉♠ s✉❜❡s♣❛ç♦ ❞❡ Fn
q ✳ ❙❡ C é ✉♠ ❝ó❞✐❣♦

▼❉❙✱ ❡♥tã♦ C é (P, r)✲▼❉❙✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H ♦ ♣♦s❡t ❛♥t✐❝❛❞❡✐❛ ❡♥tã♦ H ⊆ P ♣❛r❛ t♦❞♦ ♣♦s❡t P ✳

❚❡♦r❡♠❛ ✷✳✺✶✳ ❬❍❑✵✽✱ ❚❡♦r❡♠❛ ✸✳✶✷❪ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n] ❡ P ♦ s❡✉ ♣♦s❡t ❞✉❛❧✳ ❯♠

❝ó❞✐❣♦ C é (P, 1)✲▼❉❙ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ C⊥ é
(

P , 1
)

✲▼❉❙✳

◆❛ ❙❡çã♦ ✺✳✷✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ♣❛r❛ ♦ ❚❡♦r❡♠❛ ✷✳✺✶ q✉❛♥❞♦ ✉♠ ❝ó❞✐❣♦

é (P, r)✲▼❉❙ ♣❛r❛ r > 1✳

✸✵
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❚❡♦r❡♠❛ ✷✳✺✷✳ ❬❍❑✵✽✱ ❚❡♦r❡♠❛ ✹✳✻❪ P❛r❛ t♦❞♦ ❝ó❞✐❣♦ ❧✐♥❡❛r C s♦❜r❡ Fn
q ✱ ❡①✐st❡ ✉♠ ♣♦s❡t

P ♣❛r❛ ♦ q✉❛❧ C é (P, 1)✲▼❉❙✳

❈♦r♦❧ár✐♦ ✷✳✺✸✳ P❛r❛ t♦❞♦ ❝ó❞✐❣♦ ❧✐♥❡❛r C s♦❜r❡ Fn
q ✱ ❝♦♥s✐❞❡r❡ r = 1, · · · , dim (C) ❡♥tã♦✱

❡①✐st❡ ✉♠ ♣♦s❡t P ♣❛r❛ ♦ q✉❛❧ C é (P, r)✲▼❉❙✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✺✷✱ C é ✉♠ (P, 1)✲▼❉❙✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✽ C

é ✉♠ (P, r)✲▼❉❙ ♣❛r❛ t♦❞♦ r ≥ 1✳

✸✶



❈❛♣ít✉❧♦ ✸

▼✉❧t✐❝♦♥❥✉♥t♦s

❙❡❥❛ ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r C✳ ◆❛t✉r❛❧♠❡♥t❡ ❞❡✜♥✐♠♦s ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r ❢♦r♥❡❝❡♥❞♦ ✉♠❛

♠❛tr✐③ ❣❡r❛❞♦r❛ G✳ ❆s ❧✐♥❤❛s ❞❡ G ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ C✱ ❡ ♣♦r ✐ss♦ ❡❧❛s sã♦ ♠✉✐t♦

❡st✉❞❛❞❛s✳ ▼✉✐t♦s tr❛❜❛❧❤♦s ❝♦♥s✐❞❡r❛♠ ❛s ❝♦❧✉♥❛s ✐♥t❡r❡ss❛♥t❡s✳ ■st♦ ❞á ♦r✐❣❡♠ ❛♦s ♠✉❧t✐✲

❝♦♥❥✉♥t♦s ❡ ❛s ♠✉❧t✐❢✉♥çõ❡s✳

❖s ♠✉❧t✐❝♦♥❥✉♥t♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s ❝ó❞✐❣♦s ❡ ❛s ♠✉❧t✐❢✉♥çõ❡s ❡stã♦ r❡❧❛✲

❝✐♦♥❛❞❛s ❝♦♠ ♦s ♣❡s♦s✳ ❆ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s é ❢❛❝✐❧♠❡♥t❡ r❡❝♦♥❤❡❝✐❞❛ ♥❡st❛ r❡♣r❡s❡♥t❛çã♦

❬❍❑❨✾✷✱ ❚❱✾✺✱ ▲❡❡✵✹❪✳

❖✉tr♦s t❡r♠♦s ♣❛r❛ ♠✉❧t✐❝♦♥❥✉♥t♦s✱ ✐♥❝❧✉❡♠ ♠✉❧t✐❝♦♥❥✉♥t♦s ♣r♦❥❡t✐✈♦s ❬❉❙✾✽✱ ❙❝❤✵✹❪ ❡

♦s s✐st❡♠❛s ♣r♦❥❡t✐✈♦s ❬❚❱◆✵✼✱ ❚❱✾✺✱ ▲❡❡✵✹❪✳

❯♠ ❣r❛♥❞❡ ❛✈❛♥ç♦ ❞♦s ♠✉❧t✐❝♦♥❥✉♥t♦s é q✉❡ ❡❧❡s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r✲

❞❡♥❛❞❛s✳ ❈ó❞✐❣♦s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♣♦✐s

❛s ❝♦♦r❞❡♥❛❞❛s ❞❡t❡r♠✐♥❛♠ ♦s ♣❡s♦s✱ ❡♥q✉❛♥t♦ q✉❡ ❛s ♠✉❧t✐❢✉♥çõ❡s sã♦ ❞❡t❡r♠✐♥❛❞❛s ♣♦r

✐♥❝✐❞ê♥❝✐❛✳

◆❛ s❡çã♦ ✸✳✶✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ❞❡ ♠✉❧t✐❝♦♥❥✉♥t♦s ❡ ❛♣r❡s❡♥t❛♠♦s

s✉❛ r❡❧❛çã♦ ❝♦♠ ❝ó❞✐❣♦s✳ ◆❛ s❡çã♦ ✸✳✷✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦

❡ ♥❛ s❡çã♦ ✸✳✸✱ ❞❡✜♥✐♠♦s ❡ ❡①♣❧♦r❛♠♦s ♦s s✉❜♠✉❧t✐❝♦♥❥✉♥t♦s✱ ❣❡♥❡r❛❧✐③❛♥❞♦ ♣❛r❛ ♦ ❝♦♥t❡①t♦

❞❡ P ✲❡s♣❛ç♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬❉❙✾✽❪ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ♠étr✐❝❛ ❞❡

❍❛♠♠✐♥❣✳

✸✳✶ ▼✉❧t✐❝♦♥❥✉♥t♦s

❆♣r❡s❡♥t❛♠♦s ❛q✉✐ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❯♠ ♠✉❧t✐❝♦♥❥✉♥t♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ S é ✉♠❛ ❝♦❧❡çã♦ L ♥ã♦ ♦r❞❡♥❛❞❛ ❞❡

❡❧❡♠❡♥t♦s ❞❡ S✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐st✐♥t♦s✳ ❆ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦ L é

✸✷
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✉♠❛ ❛♣❧✐❝❛çã♦

γ : S → N,

q✉❡ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ s ∈ S ♦ ♥ú♠❡r♦ γ (s) ❞❡ ♦❝♦rrê♥❝✐❛s ❞❡ s ❡♠ L✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♠✉❧t✐❝♦♥❥✉♥t♦s ❝♦♥st✐t✉í❞♦s ❞❡ ✈❡t♦r❡s ♦✉ s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s

❞❡ ✉♠ ❞❛❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❋r❡q✉❡♥t❡♠❡♥t❡ ✈❛♠♦s ✐❞❡♥t✐✜❝❛r ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ γ ❝♦♠ ❛

❝♦❧❡çã♦ L✱ ♥♦s r❡❢❡r✐♥❞♦ ❛ γ ❝♦♠♦ ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦✳ ❊①❡♠♣❧✐✜❝❛♠♦s ❛❜❛✐①♦✿

❊①❡♠♣❧♦ ✸✳✷✳ ❙❡❥❛ C ⊆ F4
2 ♦ [4, 2]2✲❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛✿

G =

(

1 1 1 0

0 1 0 1

)

.

❆s ❝♦❧✉♥❛s ❞❡ G ❢♦r♠❛♠ ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦ γ = mG = {10, 11, 10, 01} s♦❜r❡ F2
2✳ ❆ ♠✉❧t✐♣❧✐✲

❝✐❞❛❞❡ mG : F2
2 → N é✿

mG (s) =











2 se s = 10,

1 se s = 11 ♦✉ 01,

0 se s = 00.

❉❡✜♥✐çã♦ ✸✳✸✳ ❉♦✐s ♠✉❧t✐❝♦♥❥✉♥t♦s γ1 ❡ γ2 sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ σ : S1 → S2

t❛❧ q✉❡ γ2 = γ1 ◦ σ✳

❯♠ ❝ó❞✐❣♦ é ❞✐t♦ ❞❡❣❡♥❡r❛❞♦ s❡ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ♥✉❧❛✳ ❈❛s♦

❝♦♥trár✐♦ ❡❧❡ é ❞✐t♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳

❊①❡♠♣❧♦ ✸✳✹✳ ❖ ❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛

(

1 0 0 0

0 1 1 0

)

é ❞❡❣❡♥❡r❛❞♦✱ ♣♦✐s ❛ q✉❛rt❛ ❝♦❧✉♥❛ é ♥✉❧❛✳ ❊♥q✉❛♥t♦ ✉♠ ❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛

(

1 0 0 1

0 1 1 0

)

é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✺✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ ❞❡❣❡♥❡r❛çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞♦ ❝ó❞✐❣♦✳

❊①✐st❡♠ ♦✉tr❛s ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ♣❛r❛ ❞❡✜♥✐r ✉♠ ❝ó❞✐❣♦ ❞❡❣❡♥❡r❛❞♦✿

• C ⊆ Fn
q é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ❍❛♠♠✐♥❣ ❞♦ ❝ó❞✐❣♦

❞✉❛❧ C⊥ é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✳

✸✸
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• C ⊆ Fn
q é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ {e1, e2, · · · , en} ❞❡ Fn

q ♥ã♦

✐♥t❡rs❡❝t❛ ♦ ❝ó❞✐❣♦ ❞✉❛❧ C⊥✳

• C ⊆ Fn
q é ❞❡❣❡♥❡r❛❞♦ s❡ C ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♦r❞❡♥❛❞❛

xi : Fn
q → Fq

x 7→ xi.

❱❛♠♦s ❛❣♦r❛ ❝♦♥str✉✐r ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r ♥ã♦✲❞❡❣❡♥❡r❛❞♦

❝♦♠ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣✿

❙❡❥❛ C ✉♠ [n, k]q H✲❝ó❞✐❣♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡ ❝♦♥s✐❞❡r❡ G ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛

❡ss❡ ❝ó❞✐❣♦✳ ❊ss❛ ♠❛tr✐③ ✐♥❞✉③ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✐♥❥❡t♦r❛

φ : Fk
q → Fn

q

v 7→ v � G = (v � g1,v � g2, . . . ,v � gn)
✭✸✳✶✮

♦♥❞❡ gi é ❛ i✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ G ❡ ❛ ✐♠❛❣❡♠ s♦❜ ❡ss❛ tr❛♥s❢♦r♠❛çã♦ é ♦ ❝ó❞✐❣♦ C✳

❆s ❝♦❧✉♥❛s gi sã♦ ❡❧❡♠❡♥t♦s ❞❡ Fk
q ✳ ❊ss❡s ✈❡t♦r❡s ♥ã♦ sã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐st✐♥t♦s✱ ❞❡

♠♦❞♦ q✉❡ ❢♦r♠❛♠ ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦ s♦❜r❡ Fk
q ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

mG : Fk
q → {0, 1, 2, ..., n}

v 7→ mG (v) ,

♦♥❞❡ mG (v) é ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦ ✈❡t♦r v ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠❛ ❝♦❧✉♥❛ ❞❡ G✳

❉❛❞❛ ♦✉tr❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G′ ♣❛r❛ ♦ ❝ó❞✐❣♦ C✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ A q✉❛❞r❛❞❛

❞❡ ♦r❞❡♠ k ❡ ♣♦st♦ ❝♦♠♣❧❡t♦ t❛❧ q✉❡

G′ = A � G.

❖ ❛✉t♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r σ : v 7→ A � v s✉❜st✐t✉✐ ❝❛❞❛ ❝♦❧✉♥❛ gi ♣♦r A � gi ❡ ❝❛❞❛ ✈❡t♦r

v ♣♦r A � v✳ ❆ss✐♠✱ mG′ (A � v) = mG (v) ,∀v ∈ Fk
q ✱ ❡ ♦s ♠✉❧t✐❝♦♥❥✉♥t♦s mG ❡ mG′ sã♦

❡q✉✐✈❛❧❡♥t❡s ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ σ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ♣❛rt✐r ❞❡ ❡q✉✐✈❛❧❡♥t❡s ♠✉❧t✐❝♦♥❥✉♥✲

t♦s ♦❜t❡♠♦s ❞✐❢❡r❡♥t❡s ♠❛tr✐③❡s✱ ♠❛s ❡❧❛s ✐❞❡♥t✐✜❝❛♠ ♦ ♠❡s♠♦ ❝ó❞✐❣♦✳ ❈♦♠ ✐st♦ ❡♠ ♠❡♥t❡

✈❛♠♦s r❡❢❡r❡♥❝✐❛r ♦ ♠✉❧t✐❝♦♥❥✉♥t♦ mC := mG ❡♠ Fk
q ❝♦♠ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G q✉❛❧q✉❡r✳

❉❡✜♥✐çã♦ ✸✳✻✳ ❉❛❞♦ C ✉♠ ❝ó❞✐❣♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ♦ ♠✉❧t✐❝♦♥❥✉♥t♦ mC é ❝❤❛♠❛❞♦ ❞❡

♠✉❧t✐❝♦♥❥✉♥t♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ ❝ó❞✐❣♦ C✳
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❊①❡♠♣❧♦ ✸✳✼✳ ❙❡❥❛ C ♦ [7, 4]2 H✲❝ó❞✐❣♦ ❞❡ ❍❛♠♠✐♥❣✳ ❯♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ é

G =













1 0 0 0 1 1 0

0 1 0 0 1 0 1

0 0 1 0 0 1 1

0 0 0 1 1 1 1













.

❖ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠✉❧t✐❝♦♥❥✉♥t♦ mC é ❢♦r♠❛❞♦ ♣❡❧♦s ✈❡t♦r❡s

{1000, 0100, 0010, 0001, 1101, 1011, 0111} .

P❛r❛ ✉♠ s✉❜❡s♣❛ç♦ ✭♦✉ s✉❜❝♦♥❥✉♥t♦✮ U ⊆ Fk
q ✱ ❞❡✜♥✐♠♦s ♥❛t✉r❛❧♠❡♥t❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

❞❡ U ❝♦♠♦

mC (U) :=
∑

u∈U

mC (u) .

❆ s❡❣✉✐♥t❡ Pr♦♣♦s✐çã♦ ❢♦✐ ♣r♦✈❛❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❬❍❑❨✾✷❪✱ ♠❛s ❛♣r❡s❡♥t❛♠♦s ✉♠❛

♦✉tr❛ ❞❡♠♦♥str❛çã♦ q✉❡ ✈❛✐ ♥♦s ❛❥✉❞❛r ❛ ❡st❡♥❞❡r ❛ Pr♦♣♦s✐çã♦ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❞❡ P ✲♣❡s♦s✳

Pr♦♣♦s✐çã♦ ✸✳✽✳ ❬❍❑❨✾✷✱ ▲❡♠❛ ✶❪ ❙❡❥❛♠ C ⊆ Fn
q ✉♠ ❝ó❞✐❣♦ ❡ w ♦ ♣❡s♦ ❞❡ ❍❛♠♠✐♥❣✳ ❉❛❞♦

✉♠ s✉❜❡s♣❛ç♦ D ⊆ C ❞❡ ❞✐♠❡♥sã♦ r✱ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ U ⊆ Fk
q ❞❡ ❝♦❞✐♠❡♥sã♦ r t❛❧ q✉❡

mC (U) = n− w (D) .

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞♦ ❝ó❞✐❣♦✱ ❡❧❛ ❣❡r❛ ✉♠ ✐s♦♠♦r✜s♠♦ φ ❡♥tr❡ C ❡

Fk
q ✱ ❝♦♠♦ ✈✐♠♦s ❡♠ ✭✸✳✶✮✳ ❆ss✐♠✱ ♣❛r❛ ♦ s✉❜❝ó❞✐❣♦ D ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ V ⊆ Fk

q ✐s♦♠♦r❢♦

❛ D✱ ✐st♦ é φ (V ) = D✳ ▲♦❣♦✱ i ∈ supp (D)⇔ ∃v ∈ V t❛❧ q✉❡ ❛ i✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ v �G é

♥ã♦✲♥✉❧❛✳ ▼❛s✱ s❡ v �G = (y1, · · · , yn) ❡♥tã♦ yi = v �gi✱ ♦♥❞❡ gi é ❛ i✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③

❣❡r❛❞♦r❛ G✱ ❡ ♣♦rt❛♥t♦✱ i ∈ supp (D)⇔ gi /∈ V ⊥✳ ❉♦♥❞❡ s❡❣✉❡ q✉❡

w (D) =
∣

∣

{

gi /∈ V ⊥
}∣

∣

= n−
∣

∣

{

gi ∈ V ⊥
}∣

∣

= n−
∣

∣

{

{❈♦❧✉♥❛s ❞❡ G} ∩ V ⊥
}∣

∣

= n−mC

(

V ⊥
)

.

❉❛í ❢❛③❡♥❞♦ U = V ⊥ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉❛❞❛ ✉♠❛ ❝♦❧❡çã♦ {A1, ..., At} ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡s❝r❡✈❡r❡♠♦s

[A1, ..., At] ♣❛r❛ ✐♥❞✐❝❛r ♦ ❣❡r❛❞♦ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜❡s♣❛ç♦s ❝♦♥t❡♥❞♦
t
⋃

i=1

Ai✳

✸✺
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❊st❡♥❞❡r❡♠♦s ❛❣♦r❛ ❛ Pr♦♣♦s✐çã♦ ✸✳✽ ♣❛r❛ ♦ ❝❛s♦ ♣♦s❡t✳ Pr✐♠❡✐r♦ ♥♦t❛♠♦s q✉❡ ❞❛❞♦s

✉♠ P ✲❝ó❞✐❣♦✱ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛ G✱ ❡ v ∈ Fk
q ✱ ♦ P ✲♣❡s♦ ❞❡ v � G é

wP (v � G) = |{i : ∃j ∈ supp (v � G) ❝♦♠ i �P j}|

= |{i : ∃j ❝♦♠ i �P j, gj 6⊥ v}|

= n− |{i : j �P i⇒ gj ⊥ v}|

= n−
∣

∣

{

i : [{gj : j �P i}] ⊆ v⊥
}∣

∣ .

❈♦♠ ✐st♦ ❡♠ ♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦✉tr♦ ♠✉❧t✐❝♦♥❥✉♥t♦ mP
C ❡♠

P
(

Fk
q

)

:=
{

X ⊆ Fk
q : X é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Fk

q

}

.

❉❛❞♦ C ✉♠ [n, k]q P ✲❝ó❞✐❣♦✱ ❝♦♥s✐❞❡r❡ G ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛ C ❡ s❡❥❛ {gi : i ∈ [n]}

♦ ❝♦♥❥✉♥t♦ ❞❛s s✉❛s ❝♦❧✉♥❛s✳ ❖ ♠✉❧t✐❝♦♥❥✉♥t♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ P ✲❝ó❞✐❣♦ mP
G

é ❛ ❝♦❧❡çã♦ ❞♦s

s✉❜❡s♣❛ç♦s Ui = [{gj : j �P i}]✱ ♣❛r❛ i ∈ [n]✱ ❞♦s s✉❜❡s♣❛ç♦s ❣❡r❛❞♦s ♣❡❧❛s ❝♦❧✉♥❛s gj ❝♦♠

j �P i✱ ❡ ❛ ♠✉❧t✐❢✉♥çã♦

mP
G

: P
(

Fk
q

)

→ {0, 1, 2, . . . , n}

V 7→ mP
G

(V ) ,

é ♦ ♥ú♠❡r♦ mP
G

(V ) ❞❡ i✬s t❛✐s q✉❡ Ui ⊆ V ✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❍❛♠♠✐♥❣✱ ❞✉❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ♣❛r❛ C✱ G = (g1,g2, · · · ,gn)

❡ G′ = (g′
1,g

′
2, · · · ,g

′
n)✱ ❞❡✜♥❡♠ ✉♠❛ ♠❛tr✐③ A k × k t❛❧ q✉❡ gi ·A = g′

i✳ ❊st❛ ♠❛tr✐③ ❞❡✜♥❡

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r A : Fk
q → Fk

q ❝♦♠ A (gi) = g′
i✳ ❊st❛ tr❛♥s❢♦r♠❛çã♦ ✐♥❞✉③ ✉♠❛

❜✐❥❡çã♦ ❞❡ P
(

Fk
q

)

s♦❜r❡ s✐ ♠❡s♠♦✳ ❙❡ ❝♦❧♦❝❛r♠♦s Ui = [{gj : j �P i}] ❡ U ′
i =

[{

g′
j : j �P i

}]

✱

♦❜t❡♠♦s A (Ui) = U ′
i ✱ t♦r♥❛♥❞♦ ♦s ♠✉❧t✐❝♦♥❥✉♥t♦s mP

G
❡ mP

G′ ❡q✉✐✈❛❧❡♥t❡s✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s

♥♦s r❡❢❡r✐r ❛♦ ♠✉❧t✐❝♦♥❥✉♥t♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ P ✲❝ó❞✐❣♦ s✐♠♣❧❡s♠❡♥t❡ ♣♦r mP
C q✉❛♥❞♦ ❛ ♠❛tr✐③

❣❡r❛❞♦r❛ ♥ã♦ é r❡❧❡✈❛♥t❡✳

P♦❞❡♠♦s r❡s✉♠✐r ❡st❛ ❞✐s❝✉ssã♦ ❡♠ ✉♠❛ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✾✳ ❖ ♠✉❧t✐❝♦♥❥✉♥t♦ ✐♥❞✉③✐❞♦ ♣♦r ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ C é ♦

♠✉❧t✐❝♦♥❥✉♥t♦ s♦❜r❡ P
(

Fk
q

)

mP
C := {U1, U2, · · · , Un} ,

♦♥❞❡ Ui = [{gj : j �P i}]✳

Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❙❡❥❛♠ C ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❡ D ⊆ C ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r✳

❊♥tã♦✱ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ U ⊆ F k
q ❞❡ ❝♦❞✐♠❡♥sã♦ r t❛❧ q✉❡

wP (D) = n−mP
C (U) ,

♦♥❞❡ P é ♦ ♣♦s❡t ♦♣♦st♦ ❞❡ P ✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❡ C✱ ❝♦♠ ✈❡t♦r❡s ❝♦❧✉♥❛ {g1,g2, . . . ,gn}✳ ❙❡❥❛

φ : Fk
q → C ♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r ❞❡t❡r♠✐♥❛❞♦ ♣♦r ✭✸✳✶✮✳ ❈♦♥s✐❞❡r❡ ♦ ♠✉❧t✐❝♦♥❥✉♥t♦

mP
C := {U1, U2, . . . , Un}

❝♦♠ Ui = [{gj : j �P i}]✳ ❉❛❞♦ ✉♠ s✉❜❝ó❞✐❣♦ φ (V ) = D ⊆ C ❞❡ ❞✐♠❡♥sã♦ r✱ t❡♠♦s q✉❡

wP (D) = |{i : ∃j ❝♦♠ i �P j, gj 6⊥ V }|

= n− |{i : j �P i⇒ gj ⊥ V }|

= n−
∣

∣

{

i : [{gj : j �P i}] ⊆ V ⊥
}∣

∣

= n−
∣

∣

{

i : Ui ⊆ V ⊥
}∣

∣

= n−mP
C

(

V ⊥
)

.

❆ Pr♦♣♦s✐çã♦ s❡❣✉❡ ❝♦♥s✐❞❡r❛♥❞♦ U = V ⊥✳

✸✳✷ ▲❡✈❛♥t❛♠❡♥t♦

❱❡r❡♠♦s ❛❣♦r❛ ✉♠ ♠♦❞♦ ❞❡ r❡♣r❡s❡♥t❛r ♦s ❡❧❡♠❡♥t♦s ❞♦ ♠✉❧t✐❝♦♥❥✉♥t♦ mP
C ❝♦♠♦ s✉❜✲

❡s♣❛ç♦s ❞❡ Fn
q ✳

❙❡❥❛ β := {e1, e2, . . . , en} ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Fn
q ✳ ❉❛❞♦ ✉♠ [n, k]q✲❝ó❞✐❣♦ ❧✐♥❡❛r C ❡①✐st❡

✉♠ ❡♣✐♠♦r✜s♠♦ ♥❛t✉r❛❧ µC :Fn
q → Fn

q /C
⊥✱ ❞❡✜♥✐❞♦ ♣♦r

µC (x) := x + C⊥.

❙❡❥❛ {g1,g2, · · ·gn} ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝♦❧✉♥❛s ❞❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛ ♦ ❝ó❞✐❣♦ C✳ ❈♦♥✲

s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r η : Fn
q → Fk

q ❞❛❞❛ ♣♦r

η (ei) = gi,

q✉❡ é s♦❜r❡❥❡t♦r❛ ♣♦✐s dim C = k✳ ❈❧❛r❛♠❡♥t❡ η (x) = G � x⊤ ❡ G � x⊤ = 0 ⇐⇒ x ∈ C⊥✳

❯t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦ ♣❛r❛ ♠ó❞✉❧♦s✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ τ

Fn
q

η
−→ Fk

q

µC ↓ ր τ

Fn
q /C

⊥

❡♥tr❡ Fn
q /C

⊥ ❡ Fk
q ✳

P❛r❛ ❝❛❞❛ ✈❡t♦r x ∈ Fn
q ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠❛ ❢♦r♠❛ ❧✐♥❡❛r ❡♠ Fn

q ✱ ♦♥❞❡ x (y) = x�y✳ ❖s

✸✼
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❡❧❡♠❡♥t♦s ❞❡ Fn
q /C

⊥ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❢♦r♠❛s ❧✐♥❡❛r❡s ❡♠ C✿ s❡ x+C⊥ ∈ Fn
q /C

⊥

❡ c ∈ C ❞❡✜♥✐♠♦s
(

x + C⊥
)

� c = x � c.

❊st❛ ❢♦r♠❛ ❧✐♥❡❛r ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡
(

x + C⊥
)

=
(

x′ + C⊥
)

❡♥tã♦ x− x′ = y ∈ C⊥✱

❡ x � c = (x′ + y) � c. P❛r❛ x = ei t❡♠♦s

µC (ei) (c) =
(

ei + C⊥
)

� c = ei � c = ci = gi � v,

♦♥❞❡ c = v �G✳ ❉❡st❡ ♠♦❞♦✱ ❛ss♦❝✐❛♠♦s ❛ ❝♦❧✉♥❛ gi ❝♦♠ ♦ ✈❡t♦r ei ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦ µC ✱

✐❞❡♥t✐✜❝❛♥❞♦ Fk
q ❝♦♠ C✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛♦ P ✲❝ó❞✐❣♦ C ✉♠❛ ❝♦❧❡çã♦ ♦r❞❡♥❛❞❛ ❞❡

s✉❜❡s♣❛ç♦s

BP := (V1, V2, . . . Vn) ,

❝❤❛♠❛❞❛ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❜❡rt✉r❛ ♦rt♦❣♦♥❛❧ ✱ ♦♥❞❡ Vi = [{ej : j ∈ 〈i〉P}]✱ q✉❡ ❞❡t❡r♠✐♥❛ ♦

♠✉❧t✐❝♦♥❥✉♥t♦

mP
C = µC (BP ) := {µC (V1) , µC (V2) , . . . , µC (Vn)}

❞❡✜♥✐❞♦ s♦❜r❡ P
(

Fn
q /C

⊥
)

∼= P
(

Fk
q

)

✳ ❖❜s❡r✈❡ q✉❡ µC (Vi) = [{gj : j ∈ 〈i〉P}]✳

❉❡st❡ ♠♦❞♦✱ ✉t✐❧✐③❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✶✶✳ P❛r❛ ✉♠ [n, k]q P ✲❝ó❞✐❣♦ C ♦ s❡✉ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦ é ♦ ♠✉❧t✐❝♦♥❥✉♥t♦

mP
C = µC (BP ) ❞❡✜♥✐❞♦ s♦❜r❡ P

(

Fn
q /C

⊥
)

✳

✸✳✸ ❙✉❜♠✉❧t✐❝♦♥❥✉♥t♦

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❯♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ γ′ ⊆ γ é ✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦✭s♦❜r❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦

S✮ t❛❧ q✉❡ γ′ (s) ≤ γ (s) ♣❛r❛ t♦❞♦ s ∈ S✳

▲❡♠❛ ✸✳✶✸✳ ❙❡❥❛♠ C ⊆ Fn
q ✉♠ P ✲❝ó❞✐❣♦ ❡ mP

C ♦ s❡✉ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦✳ ❉❛❞♦ J ⊆

{1, 2, ..., n}✱ ❝♦♥s✐❞❡r❡ BJ := {Vj : j ∈ J} ❝♦♠ Vj = [{ei : i ∈ 〈j〉P}]✱ ❡♥tã♦ mJ := µC (BJ)

é ✉♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ❞❡ mP
C ❡✱ ♠❛✐s ❛✐♥❞❛✱ t♦❞♦ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ❞❡ mP

C ♣♦❞❡ s❡r ♦❜t✐❞♦

❞❡ss❛ ❢♦r♠❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ BJ ⊆ BP ✱ t❡♠♦s mJ ⊆ mP
C ✳ ❆ss✐♠✱ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠

s✉❜♠✉❧t✐❝♦♥❥✉♥t♦✱ s❡❣✉❡ q✉❡ mJ é ✉♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ❞❡ mP
C ✳ ❯♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ❞❡

mP
C = {µC (V1) , µC (V2) , . . . µC (Vn)}

✸✽
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é ✉♠❛ ❝♦❧❡çã♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞♦ t✐♣♦

m = {µC (Vi1) , µC (Vi2) , . . . µC (Vis)} .

❈♦❧♦❝❛♠♦s J = {i1, i2, . . . , is} ❡ ♦❜t❡♠♦s q✉❡ m = mJ ✳

◆♦t❛ ✸✳✶✹✳ ❆ ♣❛rt✐r ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✵✱ ♦❜t❡♠♦s q✉❡ ♦ P ✲♣❡s♦ ❞❡ ✉♠

s✉❜❝ó❞✐❣♦ D ⊆ C ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ mJ = µC (BJ)✱ ♦♥❞❡

J =
{

i : µC (Vi) ⊆
(

φ−1 (D)
)⊥
}

❡ φ é ♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r ❡♥tr❡ C ❡ Fk
q ✱ ❞❛❞♦ ❡♠ ✭✸✳✶✮✳

❚❛♠❜é♠ ♥♦t❡♠♦s q✉❡

J =
{

i : µC (Vi) ⊆ (φ−1 (D))
⊥
}

=
{

i : [{gj : j ∈ 〈i〉P}] ⊆ (φ−1 (D))
⊥
}

é ✉♠ ✐❞❡❛❧ ❞❡ P ✳ ❉❡ ❢❛t♦✱ s❡ j ∈ J ❡ i ∈ P ❝♦♠ i 4P j ❡♥tã♦✱ 〈i〉P ⊆ 〈j〉P ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡

Vj ⊆ Vi ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❡♣✐♠♦r✜s♠♦ µC ✱ ♦❜t❡♠♦s

µC (Vj) ⊆ µC (Vi) ⊆
(

φ−1 (D)
)⊥

.

P♦rt❛♥t♦✱ i ∈ J ❡ J é ✉♠ ✐❞❡❛❧ ❞❡ P ✳

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ❡♠ t❡r♠♦s ❞❡ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦s✳ ❖❜✲

s❡r✈❛♠♦s q✉❡ ♣❛r❛ ❛ ♣ró①✐♠❛ Pr♦♣♦s✐çã♦ ❞❡✜♥✐♠♦s BJ ❝♦♠♦ ❡s♣❛ç♦ ♥✉❧♦ s❡ J é ✈❛③✐♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✺✳ ❙❡❥❛♠ C ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❡ D ⊆ C ✉♠ s✉❜❝ó❞✐❣♦ ❞❡ ❞✐♠❡♥sã♦ r✳

❊♥tã♦✱ ❡①✐st❡ ✉♠ ✐❞❡❛❧ J ❞❡ P t❛❧ q✉❡ ❛ ❝♦❞✐♠❡♥sã♦ ❞❡ [µC (BJ)] ⊆ Fk
q é r ❡

wP (D) = n− |J | = n− |BJ | .

■❧✉str❛r❡♠♦s ❛s ✐♥❢♦r♠❛çõ❡s ❛♥t❡r✐♦r❡s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❡ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ ❝♦♠ ✉♠

❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✸✳✶✻✳ ❙❡❥❛♠ P ❡ P ♦s ♣♦s❡ts ✐❧✉str❛❞♦s ♣❡❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡ ♥❛ ❋✐❣✉r❛ ✸✳✶

❛❜❛✐①♦✱ ✉♠ ♦♣♦st♦ ❞♦ ♦✉tr♦✳

❙❡❥❛ C ✉♠ P ✲❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛

G =

(

1 1 1 0

0 1 0 1

)

✸✾



❈❆P❮❚❯▲❖ ✸ • ▼❯▲❚■❈❖◆❏❯◆❚❖❙

❋✐❣✉r❛ ✸✳✶✿ ❉✐❛❣r❛♠❛ ❍❛ss❡ ❞❛ ♦r❞❡♠ P ❡ ❛ s❡✉ ♦♣♦st♦ P .

❡ ❝♦♥s✐❞❡r❡

G⊥ =

(

1 0 1 0

0 1 1 1

)

✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛ ♦ P ✲❝ó❞✐❣♦ C⊥✳

❖ ❡♣✐♠♦r✜s♠♦ µC : F4
2 → F4

2/C
⊥ ❡ ♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ F4

2/C
⊥ ❡ F2

2 sã♦ r❡s✉♠✐❞♦s

❛❜❛✐①♦✿
µC (1000) = 1000 + C⊥ ←→ 10 = ❈♦❧✉♥❛ ✶ ❞❡ G,

µC (0100) = 0100 + C⊥ ←→ 11 = ❈♦❧✉♥❛ ✷ ❞❡ G,

µC (0010) = 0010 + C⊥ ←→ 10 = ❈♦❧✉♥❛ ✸ ❞❡ G,

µC (0001) = 0001 + C⊥ ←→ 01 = ❈♦❧✉♥❛ ✹ ❞❡ G.

◆♦t❡ q✉❡ 1000 − 0010 = 1010 ∈ C⊥✱ ❞❡ ♠♦❞♦ q✉❡ 1000 ❡ 0010 r❡♣r❡s❡♥t❛♠ ❛ ♠❡s♠❛

❝❧❛ss❡ ❡♠ F4
2/C

⊥✳

❆❣♦r❛

V1 = [{e1, e3}] , V2 = [{e2, e3}] ,

V3 = [{e3}] ❡ V4 = [{e4}] .

❖ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦ é

µC (BP ) = {µC (V1) , µC (V2) , µC (V3) , µC (V4)}

= {[{10}] , F2
2, [{10}] , [{01}]} = mP

C

❝♦♠ ❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s

d
(P )
1 (C) = wP (0101) = wP ([{0101}])

= wP ([{01}] � G)

= 4−mP
C

(

[{01}]⊥
)

= 4−mP
C ([{10}])

= 4−mJ ([{10}]) = 2,

❝♦♠ J = 〈1, 3〉P = {1, 3} ❡ codim ([µC (BJ)]) = codim ([{01}]) = 1✱ ❡

✹✵
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❋✐❣✉r❛ ✸✳✷✿ ❉✐❛❣r❛♠❛ ❍❛ss❡ ❞❛ ♦r❞❡♠ P ❡ ❛ s❡✉ ♦♣♦st♦ P .

dP
2 (C) = wP (C)

= wP (F2
2 � G)

= 4−mP
C

(

(F2
2)

⊥
)

= 4−mP
C ([{00}])

= 4−mI ([{00}]) = 4,

❝♦♠ I = ∅ ❡ codim ([µC (BI)]) = codim ([{00}]) = 2✳

❱❛♠♦s ❢❛③❡r ✉♠ ❡①❡♠♣❧♦ s♦❜r❡ ✉♠ ❝♦r♣♦ ♥ã♦ ❜✐♥ár✐♦✿

❊①❡♠♣❧♦ ✸✳✶✼✳ ❙❡❥❛♠ P ❡ P ♦s ♣♦s❡ts ✐❧✉str❛❞♦s ♣❡❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡ ♥❛ ❋✐❣✉r❛ ✸✳✷✱

✉♠ ♦♣♦st♦ ❞♦ ♦✉tr♦✳

❙❡❥❛ C ✉♠ [5, 2]3 P ✲❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛

G =

(

1 2 0 0 2

1 0 2 1 0

)

.

❖ ❡♣✐♠♦r✜s♠♦ µC : F5
3 → F5

3/C
⊥ ❡ ♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ F5

3/C
⊥ ❡ F2

3 sã♦ r❡s✉♠✐❞♦s ♥❛

t❛❜❡❧❛ ❛❜❛✐①♦✿

µC (10000) = 10000 + C⊥ ←→ 11 = ❈♦❧✉♥❛ ✶ ❞❡ G,

µC (01000) = 01000 + C⊥ ←→ 20 = ❈♦❧✉♥❛ ✷ ❞❡ G,

µC (00100) = 00100 + C⊥ ←→ 02 = ❈♦❧✉♥❛ ✸ ❞❡ G,

µC (00010) = 00010 + C⊥ ←→ 01 = ❈♦❧✉♥❛ ✹ ❞❡ G,

µC (00001) = 00001 + C⊥ ←→ 20 = ❈♦❧✉♥❛ ✺ ❞❡ G.

❆❣♦r❛

V1 = [{e1, e3}] , V2 = [{e2, e3}] , V3 = [{e3}]

V4 = [{e4, e5}] ❡ V5 = [{e5}]

✹✶
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❖ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦ é

µC (BP ) = {µC (V1) , µC (V2) , µC (V3) , µC (V4)}

= {F2
3, F

2
3, [{02}] , F2

3, [{20}]} = mP
C

❝♦♠ ❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s

d
(P )
1 (C) = wP (12002) = wP ([{12002}])

= wP ([{10}] � G)

= 5−mP
C ([{01}])

= 5−mJ ([{01}]) = 4,

❝♦♠ J = 〈3〉P = {3} ❡ codim ([µC (BJ)]) = codim ([{01}]) = 1✱ ❡

dP
2 (C) = wP (C)

= wP (F2
3 � G)

= 5−mP
C ([{00}])

= 5−mI ([{00}]) = 5,

❝♦♠ I = ∅ ❡ codim ([µC (BI)]) = codim ([{00}]) = 2✳

❆ ♣❛rt✐r ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✺ t❡♠♦s q✉❡ ❡①♣❧♦r❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ BJ r❡❧❛✲

❝✐♦♥❛❞❛ ❝♦♠ ♦ ✐❞❡❛❧ J ✳ ▲❡♠❜r❛♥❞♦ q✉❡ BJ é ❞❡✜♥✐❞♦ ❝♦♠♦ {Vj : j ∈ J}✱ t❡♠♦s ❛ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✸✳✶✽✳ [BJ ] = [{ej : j ∈ 〈J〉P}] ♣❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ J ⊆ [n]✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ j ∈ 〈J〉P ✱ ♦ ✈❡t♦r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ej ∈ Vj = [{ei : i ∈ 〈j〉P}]✱ ❧♦❣♦

ej ∈ [BJ ] ❡

[{ej : j ∈ 〈J〉P}] ⊆ [BJ ] .

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ j ∈ J ❡♥tã♦✱ 〈j〉P ⊆ 〈J〉P ✱ ❛ss✐♠ t❡♠♦s Vi ⊆ [{ej : j ∈ 〈J〉P}] ♣❛r❛ t♦❞♦

Vi ∈ BJ ✳ ▲♦❣♦✱ s❡❣✉❡ q✉❡ BJ ⊆ [{ej : j ∈ 〈J〉P}]✳

Pr♦♣♦s✐çã♦ ✸✳✶✾✳ dim [BJ ] ≥ |BJ |✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ J é ✉♠ ✐❞❡❛❧ ❞❡

P ✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱

dim [BJ ] = dim [{ej : j ∈ 〈J〉P}] = |〈J〉P | ≥ |J | = |BJ | .

❆ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ s❡❣✉✐♥t❡ ❢❛t♦✿ J é ✉♠ ✐❞❡❛❧ ❞❡ P s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈J〉P = J ✳

✹✷



❈❛♣ít✉❧♦ ✹

❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ❈ó❞✐❣♦s

P♦s❡t

❆ ✐❞❡♥t✐❞❛❞❡ ❞❡ ▼❛❝❲✐❧❧✐❛♠s ♣❛r❛ ❝ó❞✐❣♦s ❧✐♥❡❛r❡s é ✉♠❛ ❞❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ✐❞❡♥✲

t✐❞❛❞❡s ♥❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✱ ❛ss✐♠ ❝♦♠♦ ❛ s✉❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ❡♥✉♠❡r❛❞♦r ❞❡ ♣❡s♦s ❞❡

❍❛♠♠✐♥❣ ❞♦ ❝ó❞✐❣♦ ❞✉❛❧ ❞❡ ✉♠ ❝ó❞✐❣♦ ❧✐♥❡❛r ❡♠ t❡r♠♦s ❞♦ ❡♥✉♠❡r❛❞♦r ❞❡ ♣❡s♦s ❞❡ ❍❛♠✲

♠✐♥❣ ❞♦ ❝ó❞✐❣♦✳ ❈♦♠♦ ❛ ♠étr✐❝❛ ❞❡ ❍❛♠♠✐♥❣ é ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❛ ♠étr✐❝❛ ♣♦s❡t✱ é ♥❛t✉r❛❧

t❡♥t❛r ♦❜t❡r ❛❧❣✉♠ t✐♣♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ❞❡ ▼❛❝❲✐❧❧✐❛♠s ♣❛r❛ ♦ ❡♥✉♠❡r❛❞♦r ❞❡ ♣❡s♦s ❞♦ ❝ó❞✐❣♦

♣♦s❡t ❝♦♠♦ ❡♠ ❬❑▲✵✸✱ ❏P✵✸✱ ❑❖✵✺❪✳

❖ ❡st✉❞♦ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s é r❡♠❛♥❡s❝❡♥t❡ ❞♦ ❡st✉❞♦ ❞♦s ❡♥✉♠❡r❛❞♦r❡s ❞❡ ♣❡s♦s

❞❡ ❝ó❞✐❣♦s ❧✐♥❡❛r❡s✳ ❊①✐st❡ ✉♠❛ ❢♦rt❡ r❡❧❛çã♦ ❡♥tr❡ ❛s ❤✐❡r❛rq✉✐❛s ❞❡ ✉♠ ❝ó❞✐❣♦ ❡ ♦ s❡✉ ❞✉❛❧

❝♦♠♦ ✈✐♠♦s ♥♦ ❚❡♦r❡♠❛ ✶✳✷✵✱ ♦❜t✐❞♦ ♣♦r ❲❡✐✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡♥✉♥❝✐❛♠♦s ❡ ♣r♦✈❛♠♦s ❡st❛ r❡❧❛çã♦ ❞❡ ❞✉❛❧✐❞❛❞❡ ❡♥tr❡ ❛ ❤✐❡r❛rq✉✐❛ ❞❡

✉♠ ❝ó❞✐❣♦ ♣♦s❡t ❡ ❛ ❞♦ s❡✉ ❞✉❛❧✱ ❝❛r❛❝t❡r✐③❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✹✳✷✱ ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡

tr❛❜❛❧❤♦✳

❉✉❛❧✐❞❛❞❡ P♦s❡t

❉❛❞♦s ✉♠ ♣♦s❡t P ✱ ✉♠ P ✲❝ó❞✐❣♦ C ❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G ❞❡ C ♣♦❞❡♠♦s ❝♦♥str✉✐r

✉♠ ♠✉❧t✐❝♦♥❥✉♥t♦ mP
C ❛ss♦❝✐❛❞♦ ❛ C ❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❚❛♠❜é♠ ♣❛r❛ ❝❛❞❛ P ✲❝ó❞✐❣♦

C ♣♦❞❡♠♦s ❛ss♦❝✐❛r ♣❛râ♠❡tr♦s ❛❞✐❝✐♦♥❛✐s✱

{

d
(P)
1

(

C⊥
)

, . . . , d
(P)
n−k

(

C⊥
)

}

✱ ❝♦♥❢♦r♠❡ ✈✐st♦ ♥❛

s❡çã♦ ✷✳✹✳ ❱❛♠♦s ❝❛r❛❝t❡r✐③❛r ❡st❡s ♣❛râ♠❡tr♦s ❡♠ t❡r♠♦s ❞♦ ♠✉❧t✐❝♦♥❥✉♥t♦ mP
C ✳ ❊ss❡ ❢❛t♦ é

✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡ ❬❚❱✾✺✱ ❚❡♦r❡♠❛ ✹✳✶❪✱ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞♦ ♣♦s❡t ❍❛♠♠✐♥❣✳

❈♦♠ ❡ss❡ r❡s✉❧t❛❞♦ ♦❜s❡r✈❛♠♦s q✉❡ ❛♣❡s❛r ❞♦ ♠✉❧t✐❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ❝ó❞✐❣♦ ❞❡♣❡♥❞❡r

✹✸
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❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✱ ❛ ❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ❛ ♣❛rt✐r

❞♦ ♠✉❧t✐❝♦♥❥✉♥t♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✳

❚❡♦r❡♠❛ ✹✳✶✳ ❙❡❥❛♠ P ✉♠ ♣♦s❡t ❡♠ [n]✱ C ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❡ mP
C ♦ ♠✉❧t✐❝♦♥❥✉♥t♦ ❡♠

P
(

Fn
q /C

⊥
)

❛ss♦❝✐❛❞♦ ❛ C✳ ❈♦♥s✐❞❡r❛♥❞♦ µC ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❊♥tã♦

d
(P)
r

(

C⊥
)

= min
{

|BJ | : J ✐❞❡❛❧ ❞❡ P ❡ |BJ | − dim [µC (BJ)] ≥ r
}

. ✭✹✳✶✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ D ✉♠ s✉❜❡s♣❛ç♦ ❞❡ C⊥ t❛❧ q✉❡ wP (D) = d
(P)
r

(

C⊥
)

✱ ❝♦♥s✐❞❡r❡ ♦ ✐❞❡❛❧

I = 〈suppD〉P ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✽✱ t❡♠♦s q✉❡ [BI ] = [{ei : i ∈ I}]✳ ❈♦♠♦

D = [{ei : i ∈ suppD}] ∩ C⊥ ⊆ [{ei : i ∈ 〈suppD〉P}] ∩ C⊥ = [BI ] ∩ C⊥

♣❛r❛ t♦❞♦ D ⊆ C✱ ♦❜t❡♠♦s q✉❡ D ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ µC |[BI ]✱ ❛ r❡str✐çã♦ ❞❡ µC ❛ [BI ]✳

❆ss✐♠✱

dim [BI ]− dim [µC (BI)] = dim Ker
(

µC |[BJ ]

)

≥ dim D.

❈♦♠♦ I é ✉♠ ✐❞❡❛❧✱ s❡❣✉❡ q✉❡ dim [BI ] = |BI | = wP (D)✳ P♦rt❛♥t♦✱ wP (D) é ✉♠ ❡❧❡♠❡♥t♦

❞♦ ❝♦♥❥✉♥t♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

d
(P)
r

(

C⊥
)

≥ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮✳

P❛r❛ ♠♦str❛r ❛ ♦✉tr❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ s❡❥❛ J ✉♠ ✐❞❡❛❧ ❞❡ P q✉❡ ❛t✐♥❣❡ ♦ ♠í♥✐♠♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦

❞❛ ❡q✉❛çã♦ ✭✹✳✶✮✳ ❊♥tã♦

|BJ | − dim [µC (BJ)] ≥ r. ✭✹✳✷✮

❙❡ D′ := [BJ ] ∩ C⊥ é ♦ ♠❡♥♦r s✉❜❝ó❞✐❣♦ ❞❡ C⊥ ❝♦♥t✐❞♦ ❡♠ [BJ ] ❡♥tã♦ D′ é ♦ ♥ú❝❧❡♦ ❞❡

µC |[BJ ]✱ ❧♦❣♦

dim [µC (BJ)] = dim [BJ ]− dim D′.

❈♦♠♦ 〈supp (D′)〉P ⊆ J ❡♥tã♦✱ dim [BJ ] ≥ wP (D′)✳ ❈♦♠♦ J é ✉♠ ✐❞❡❛❧ ♦❜t❡♠♦s✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✶✾✱ q✉❡ dim [BJ ] = |BJ |✱ ❞♦♥❞❡

|BJ | ≥ wP (D′)

❡

dim D′ = |BJ | − dim [µC (BJ)]
✭✹✳✷✮
= r′ ≥ r.

✹✹



❈❆P❮❚❯▲❖ ✹ • ❚❊❖❘❊▼❆ ❉❆ ❉❯❆▲■❉❆❉❊ P❆❘❆ ❈Ó❉■●❖❙ P❖❙❊❚

P❡❧❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ✭Pr♦♣♦s✐çã♦ ✷✳✹✵✮✱

d
(P)
r

(

C⊥
)

≤ d
(P)
r′

(

C⊥
)

,

❡ ♣♦rt❛♥t♦ s❡❣✉❡ q✉❡

d
(P)
r

(

C⊥
)

≤ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮✳

❱❛♠♦s ❛❣♦r❛ ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ♣♦s❡t

❛r❜✐trár✐♦✳

❚❡♦r❡♠❛ ✹✳✷ ✭❉✉❛❧✐❞❛❞❡✮✳ ❙❡❥❛ C ✉♠ [n, k]q P ✲❝ó❞✐❣♦ ❡ C⊥ ♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧✳ ❈♦♥s✐❞❡r❡ ❛

❤✐❡r❛rq✉✐❛ ❞❡ P ✲♣❡s♦s ❞❡ C

X =
{

d
(P )
1 (C) , d

(P )
2 (C) , . . . , d

(P )
k (C)

}

❡ ♦ ❝♦♥❥✉♥t♦

Y =

{

n + 1− d
(P)
1

(

C⊥
)

, n + 1− d
(P)
2

(

C⊥
)

, . . . , n + 1− d
(P)
n−k

(

C⊥
)

}

.

❊♥tã♦ X ❡ Y sã♦ ❞✐s❥✉♥t♦s ❡

X ∪ Y = [n] .

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ X, Y ⊂ [n]✱ |X| = k ❡ |Y | = n− k✱ t❡♠♦s |X|+ |Y | = n✱ s❡♥❞♦ ❡♥tã♦

s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❡ss❡s ❝♦♥❥✉♥t♦s sã♦ ❞✐s❥✉♥t♦s✱ ✐st♦ é✱ X ∩ Y = ∅✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✱

❞❛❞♦ r ❡①✐st❡ ✉♠ ✐❞❡❛❧ J ❡♠ P t❛❧ q✉❡

|BJ | = d
(P)
r

(

C⊥
)

✭✹✳✸✮

❡

dim [µC (BJ)] ≤ d
(P)
r

(

C⊥
)

− r.

❙❡❥❛

t := codim [µC (BJ)] ≥ k − d
(P)
r

(

C⊥
)

+ r. ✭✹✳✹✮

❆ Pr♦♣♦s✐çã♦ ✸✳✶✺ ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s✉❜❝ó❞✐❣♦ D ⊆ C ❝♦♠ φ ([µC (BJ)]) = D t❛❧

q✉❡ dim D = t ❡

wP (D) = n− |BJ | .

✹✺
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❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✮✱ ♦❜t❡♠♦s

wP (D) = n− d
(P)
r

(

C⊥
)

.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ r✲és✐♠♦ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦✱ t❡♠♦s q✉❡

d
(P )
t (C) ≤ wP (E) ,∀E ⊆ C ❝♦♠ dim E = t.

❊♠ ♣❛rt✐❝✉❧❛r✱ ✈❛❧❡ ♣❛r❛ ♦ s✉❜❡s♣❛ç♦ D✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡

d
(P )
t (C) ≤ n− d

(P)
r

(

C⊥
)

. ✭✹✳✺✮

❆❣♦r❛ r❡st❛ ♣r♦✈❛r q✉❡ ♦ ✐♥t❡✐r♦ n + 1 − d
(P)
r

(

C⊥
)

♥ã♦ ❡stá ❝♦♥t✐❞♦ ♥❛ ❤✐❡r❛rq✉✐❛ X ❞♦

P ✲❝ó❞✐❣♦✳ ❙✉♣♦♥❤❛♠♦s ♦ ❝♦♥trár✐♦✳ ❊♥tã♦ ❛ ❡q✉❛çã♦ ✭✹✳✺✮ r❡str✐♥❣❡ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❛

d
(P )
t+l (C) = n + 1− d

(P)
r

(

C⊥
)

, ✭✹✳✻✮

♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ l > 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✺✱ ❡①✐st✐r✐❛ ✉♠ s✉❜❡s♣❛ç♦ [µC (BI)] = U ⊆ Fk
q

❞❡ ❝♦❞✐♠❡♥sã♦ t + l ❝♦♥t❡♥❞♦ ✉♠ s✉❜♠✉❧t✐❝♦♥❥✉♥t♦ µC (BI) ❞❡ mP
C ✱ I ✐❞❡❛❧ ❞❡ P ✱ ♦♥❞❡

mP
C (U) = |BI | = n− d

(P )
t+l (C) , ✭✹✳✼✮

❡

dim [µC (BI)] = k − (t + l) . ✭✹✳✽✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✻✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ t❡rí❛♠♦s

|BI | = d
(P)
r

(

C⊥
)

− 1. ✭✹✳✾✮

❡ ✉s❛♥❞♦ ♦ ✈❛❧♦r ❞❡ t ❞❛ ✐♥❡q✉❛çã♦ ✭✹✳✹✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✽✮✱ ♦❜t❡rí❛♠♦s

dim [µC (BI)] ≤ d
(P)
r

(

C⊥
)

− r − l. ✭✹✳✶✵✮

■st♦ ✐♠♣❧✐❝❛r✐❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ ❡q✉❛çã♦ ✭✹✳✾✮ ❝♦♠ ❛ ✐♥❡q✉❛çã♦ ✭✹✳✶✵✮ s❡r✐❛

|BI | − dim [µC (BI)] ≥ r + l − 1 ≥ r.

P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✱ t❡rí❛♠♦s |BI | ≥ d
(P)
r

(

C⊥
)

✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❡q✉❛çã♦ ✹✳✾✳

✹✻
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❱❛♠♦s ✐❧✉str❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ P♦s❡t ❝♦♠ ✉♠ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✹✳✸✳ ❙❡❥❛♠ P ❡ ♦ s❡✉ ♦♣♦st♦ P ❞❛❞♦s ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ♥❛ ✜❣✉r❛ ❜❛✐①♦✿

❙❡❥❛ C ♦ P ✲❝ó❞✐❣♦ ❞❛❞♦ ♣❡❧❛ ♠❛tr✐③ ❣❡r❛❞♦r❛

G =























1 0 0 0 0 0 1 1

0 1 0 0 0 0 1 0

0 0 1 0 0 0 1 1

0 0 0 1 0 0 1 0

0 0 0 0 1 0 1 0

0 0 0 0 0 1 1 1























.

❯♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ♣❛r❛ ♦ ❝ó❞✐❣♦ ❞✉❛❧ C⊥ é

G′ =

(

1 0 1 0 0 1 0 1

1 1 1 1 1 1 1 0

)

.

❈♦♥s✐❞❡r❛♥❞♦ C⊥ ❝♦♠♦ ✉♠ P ✲❝ó❞✐❣♦✱ ♦❜t❡♠♦s ❛ s✉❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s ❞❛❞❛ ♣♦r {5, 8}✱

d
(P)
1

(

C⊥
)

= wP (01011011) = 5

❡

d
(P)
2

(

C⊥
)

= wP

(

C⊥
)

= 8.

❯t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ P♦s❡t✱ ♦❜t❡♠♦s ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s ♣❛r❛ ♦ P ✲❝ó❞✐❣♦ C

❞❛❞❛ ♣♦r

{1, 2, 3, 4, 5, 6, 7, 8} \ {9− 5, 9− 8} = {2, 3, 5, 6, 7, 8} .

❙❡ ✜③❡r♠♦s ♦ ❝á❧❝✉❧♦ ❞✐r❡t❛♠❡♥t❡✱ ❞❡♣♦✐s ❞❡ ♠✉✐t♦ t❡♠♣♦✱ t❡r❡♠♦s ❛ ❤✐❡r❛rq✉✐❛ ♣❛r❛ ♦ P ✲

❝ó❞✐❣♦ C ✐❣✉❛❧ ❛

{2, 3, 5, 6, 7, 8} .

✹✼



❈❛♣ít✉❧♦ ✺

❆❧❣✉♠❛s ❈♦♥s❡q✉ê♥❝✐❛s ❞♦ ❚❡♦r❡♠❛

❞❛ ❉✉❛❧✐❞❛❞❡

◆♦ ❡①❡♠♣❧♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✉s❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❛❧✐❞❛❞❡ P♦s❡t

♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s ❞❡ ✉♠ ❝ó❞✐❣♦ ♣♦s❡t✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ✉t✐❧✐③❛♠♦s ❡st❛

❉✉❛❧✐❞❛❞❡ ♣❛r❛ ♦❜t❡r ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛ t❡ór✐❝❛s✳ ◆❛ ❙❡çã♦ ✺✳✶✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❝ó❞✐❣♦s

t✐♣♦ ❝❛❞❡✐❛ ❡ ❣❡♥❡r❛❧✐③❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❲❡✐ ❬❲❨✾✸✱ ❚❡♦r❡♠❛ ✺❪ ♣❛r❛ ❡st❡s

❝ó❞✐❣♦s✳ ◆❛ ❙❡çã♦ ✺✳✷✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❝ó❞✐❣♦s ▼❉❙ ✭q✉❡ ❛t✐♥❣❡♠ ♦

❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥✮ ❡♠ t❡r♠♦s ❞♦ ❝ó❞✐❣♦ ❞✉❛❧ ❡ ❞❡t❡r♠✐♥❛♠♦s ❛ ❞✐s❝r❡♣â♥❝✐❛ ❞❡ ✉♠

❝ó❞✐❣♦✱ t❛♠❜é♠ ❡♠ t❡r♠♦s ❞♦ s❡✉ ❞✉❛❧✱ ❣❡♥❡r❛❧✐③❛♥❞♦ ❛ss✐♠ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❲❡✐ ❡♠

❬❲❡✐✾✶❪✳

✺✳✶ ❈ó❞✐❣♦s ❞♦ ❚✐♣♦ ❈❛❞❡✐❛

❉❡✜♥✐çã♦ ✺✳✶✳ ❯♠ [n, k]q P ✲❝ó❞✐❣♦ é ❞♦ t✐♣♦ P ✲❝ó❞✐❣♦ ❝❛❞❡✐❛ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

s✉❜❡s♣❛ç♦s ❧✐♥❡❛r❡s

{0} = D0 ⊆ D1 ⊆ D2 ⊆ ... ⊆ Dk = C

t❛❧ q✉❡ wP (Dr) = d
(P )
r (C) ❡ dim Dr = r ♣❛r❛ t♦❞♦ r ∈ {1, 2, ..., k}✳ ❙♦❜ ❡ss❛s ❝✐r❝✉♥stâ♥❝✐❛s✱

♣♦❞❡♠♦s ❞✐③❡r q✉❡ C s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✳

❚❡♦r❡♠❛ ✺✳✷✳ ❙❡❥❛♠ P ✉♠ ♣♦s❡t ❡♠ [n] ❡ 1 ≤ d1 < d2 < ... < dk ≤ n ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❝ó❞✐❣♦ C s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✱ ❝♦♠ dr =

d
(P )
r (C)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✶✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐❞❡❛✐s J1 ( · · · ( Jk ❞❡ P t❛❧
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q✉❡ |Ji| = di✳ ❙❡❥❛ vi = (x1, ..., xj, ..., xn) t❛❧ q✉❡

{

xj = 1 s❡ j ∈M (Ji) ,

xj = 0 ❝❛s♦ ❝♦♥trár✐♦✳

❖ ❝♦♥❥✉♥t♦ {v1,v2, ...,vk} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ P♦✐s✱ s❡ i < l ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✷✷ ❡ Ji ( Jl✱ t❡♠♦s M (Ji) ( M (Jl)✳ ❆ss✐♠✱ ❡①✐st❡ r ∈ M (Jl) t❛❧ q✉❡ r /∈ M (Ji)✳ ❖

P ✲❝ó❞✐❣♦ C = [v1, ...,vk] ♣♦r ❞❡✜♥✐çã♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✱ ❝♦♠ d
(P )
r (C) = dr✳

❆✜r♠❛çã♦ ✺✳✸✳ ❖❜s❡r✈❛♠♦s q✉❡ ❛ ❡s❝♦❧❤❛ ♥❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♥ã♦ é ú♥✐❝❛✳ ❉❡

❢❛t♦✱ q✉❛♥❞♦ ❞❡✜♥✐♠♦s ♦ ✈❡t♦r vi ♦ ú♥✐❝♦ r❡q✉✐s✐t♦ é q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s

❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s ❞❡ Ji ❞❡✈❡♠ s❡r ♥ã♦✲♥✉❧❛s✱ ❡ ♣♦❞❡♠♦s ❛ss✐♠ ❝♦❧♦❝❛r q✉❛❧q✉❡r ❡❧❡♠❡♥t♦

❞❡ Fn
q ♥♦s í♥❞✐❝❡s ❛❜❛✐①♦ ❞♦s í♥❞✐❝❡s ♠❛①✐♠❛✐s✳

❚❡♦r❡♠❛ ✺✳✹✳ ❬P▲❇✵✽❪ ❙❡ ♦ s✉♣♦rt❡ ❞❡ ✉♠ P ✲❝ó❞✐❣♦ C é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ P t♦t❛❧♠❡♥t❡

♦r❞❡♥❛❞♦ ❡♥tã♦ C s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ k = dim C✳ ❈♦♠♦ ♦ s✉♣♦rt❡ ❞❡ C é ✉♠ ❝♦♥❥✉♥t♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱

♣❛r❛ t♦❞♦ x,y ∈ C ♦❜t❡♠♦s✱ 〈supp (x)〉P ⊆ 〈supp (y)〉P ✱ ♦✉ 〈supp (y)〉P ⊆ 〈supp (x)〉P ✳

❙❡❣✉❡ ❡♥tã♦ q✉❡✿

wP (D) =

∣

∣

∣

∣

∣

〈

⋃

x∈D

supp (x)

〉

P

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

⋃

x∈D

〈supp (x)〉P

∣

∣

∣

∣

∣

= max {|〈supp (x)〉P | : x ∈ D} ,

❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ t♦❞♦ i ∈ {1, · · · , k}✱ ❡①✐st❡ ✉♠ vi ∈ C t❛❧ q✉❡ wP (vi) = d
(P )
i (C) . ❖

❝♦♥❥✉♥t♦ {v1,v2, · · · ,vk} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ♣♦✐s

wP (v1) < wP (v2) < · · · < wP (vk)

❡ ♦ supp (C) é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ C = [v1,v2, · · · ,vk] ❡ ❛ss✐♠✱ C

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✳

❙❡ C s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ {v1, . . . ,vk} t❛❧ q✉❡ ♦s ♣r✐♠❡✐r♦s r

✈❡t♦r❡s ❣❡r❛♠ ♦ r✲és✐♠♦ s✉❜❡s♣❛ç♦ ♠í♥✐♠♦ ❞❡ C✱ ✐st♦ é✱

d(P )
r (C) = wP (Dr) ,

❝♦♠

Dr = [v1,v2, ...,vr] .

✹✾



❈❆P❮❚❯▲❖ ✺ • ❆▲●❯▼❆❙ ❈❖◆❙❊◗❯✃◆❈■❆❙ ❉❖ ❚❊❖❘❊▼❆ ❉❆ ❉❯❆▲■❉❆❉❊

❊st❡s ✈❡t♦r❡s ❞❡✜♥❡♠ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G ♣❛r❛ C✿

G =









v1

✳✳✳

vk









.

❈♦♥s✐❞❡r❡ Jr = 〈suppDr〉P ✱ t❡♠♦s q✉❡ Jr ( Jr+1✳ ❖r❞❡♥❛♠♦s ❛s ❝♦❧✉♥❛s {g1, . . . ,gn}

❞❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G r♦t✉❧❛♥❞♦ ♣r✐♠❡✐r♦ ❛s ❝♦❧✉♥❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦

♠❡♥♦r P ✲♣❡s♦ ♣❛r❛ ❛s ❞❡ ♠❛✐♦r P ✲♣❡s♦✳ ❖r❞❡♥❛♠♦s ❛s ❝♦❧✉♥❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ✐❞❡❛❧ J1✱

❞❡♣♦✐s ♣❛ss❛♠♦s ❛ ♦r❞❡♥❛r ❛s ❝♦❧✉♥❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❝♦♦r❞❡♥❛❞❛s J2\J1 ❡ r❡♣❡t✐♠♦s ♦

♣r♦❝❡ss♦ ❞❡ r♦t✉❧❛♠❡♥t♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té ❝❤❡❣❛r ❡♠ Jk\Jk−1✳

P♦❞❡♠♦s ❞❡s❝r❡✈❡r ❡ss❡ ♣r♦❝❡ss♦ ❞❡ r♦t✉❧❛♠❡♥t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ P❛r❛ i ∈ Jt ❡

j ∈ Js✱ t❡♠♦s

• s❡ t 6= s✱ ❡♥tã♦ gi ❛♣❛r❡❝❡ ❛♥t❡s ❞❡ gj s❡♠♣r❡ q✉❡ Jt ( Js✱

• s❡ t = s✱ ❡♥tã♦ gi ❛♣❛r❡❝❡ ❛♥t❡s ❞❡ gj s❡♠♣r❡ q✉❡ i �P j✳ ❙❡ i é ✐♥❝♦♠♣❛rá✈❡❧ ❝♦♠ j

❡♥tã♦ ♥ã♦ ✐♠♣♦rt❛ ❛ ♦r❞❡♠ ❞❛s ❝♦❧✉♥❛s✳

◗✉❛♥❞♦ t = s✱ ❡st❛♠♦s ❢❛③❡♥❞♦ ♦ r♦t✉❧❛♠❡♥t♦ ♥❛tr✉❛❧ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬◆❑✾✽❪✳

❆ ♣❛rt✐r ❞❡st❡ ♣r♦❝❡ss♦ ♦❜t❡♠♦s ✉♠❛ ♠❛tr✐③

G′ = (gi1 ,gi2 , ...,gin) =













u1

u2

✳✳✳

uk













t❛❧ q✉❡ ♦s ♣r✐♠❡✐r♦s r ✈❡t♦r❡s ❢♦r♠❛♠ ♦ r✲és✐♠♦ s✉❜❡s♣❛ç♦ ♠í♥✐♠♦ D′
r = [u1, . . . ,ur] ❞♦ P ✲

❝ó❞✐❣♦ C ′ ❡ s❡✉ r✲és✐♠♦ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s

♣r✐♠❡✐r❛s d
(P )
r (C) ❝♦♦r❞❡♥❛❞❛s ♥ã♦✲♥✉❧❛s ❞❛ ♠❛tr✐③ G′✳

❖ ♣r♦❝❡ss♦ ❞❡ r♦t✉❧❛♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ ❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦

ϕ : [n] → [n]

is 7→ s

♣❛r❛ s ∈ [n]✳ ❊st❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③ ✉♠ ♣♦s❡t P ′ ❡♠ [n]✱ ✐s♦♠♦r❢♦ ❛ P ✿

is 4P ir ⇐⇒ s 4P ′ r.
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❈♦♥s✐❞❡r❛♥❞♦ C ❝♦♠♦ ✉♠ P ✲❝ó❞✐❣♦ ❡ C ′ ❝♦♠♦ ✉♠ P ′✲❝ó❞✐❣♦✱ ❛✜r♠❛♠♦s q✉❡ ❡ss❡s sã♦ ✐s♦✲

♠♦r❢♦s✳ ❉❡ ❢❛t♦✱ ❛ ❛♣❧✐❝❛çã♦ ϕ ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ Tϕ :
(

Fn
q , dP

)

→
(

Fn
q , dP ′

)

❞❡✜♥✐❞❛

♣♦r

Tϕ

(

n
∑

i=1

λiei

)

=
n
∑

i=1

λieϕ(i),

t❛❧ q✉❡ Tϕ (C) = C ′✳ ❆ ♣❛rt✐r ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✼✱ s❡❣✉❡ q✉❡ Tϕ é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡

❝ó❞✐❣♦s ♣♦s❡t✳ P♦rt❛♥t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❡♠ ✉♠ P ✲

❝ó❞✐❣♦ ❝❛❞❡✐❛ é ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ t❛❧ q✉❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦ s✉♣♦rt❡ ❞❛s ♣r✐♠❡✐r❛s

r ❧✐♥❤❛s é ❞❛❞♦ ♣❡❧❛s ♣r✐♠❡✐r❛s d
(P )
r (C) ❝♦♦r❞❡♥❛❞❛s✳

❖ t❡♦r❡♠❛ s❡❣✉✐r é ❡q✉✐✈❛❧❡♥t❡ ❛♦ r❡s✉❧t❛❞♦ ♣r♦✈❛❞♦ ❡♠ ❬❲❨✾✸✱ ❚❡♦r❡♠❛ ✺❪ ♣❛r❛ ♦

♣❡s♦ ❞❡ ❍❛♠♠✐♥❣ ❡ ❛ ♣r♦✈❛ s❡❣✉❡ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦✳

❚❡♦r❡♠❛ ✺✳✺✳ ❙❡❥❛ ✉♠ ♣♦s❡t P ✱ ✉♠ ❝ó❞✐❣♦ C s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ C⊥ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G ❞❡ C é t❛❧ q✉❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦

s✉♣♦rt❡ ❞❛s ♣r✐♠❡✐r❛s r ❧✐♥❤❛s é ❞❛❞♦ ♣❡❧❛s ♣r✐♠❡✐r❛s d
(P )
r (C) ❝♦♦r❞❡♥❛❞❛s✳ ❆✜r♠❛♠♦s q✉❡

❡①✐st❡♠ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s u1,u2, ...,un−k ❡♠ C⊥ t❛❧ q✉❡ ♦ P ✲✐❞❡❛❧ ❣❡r❛❞♦

♣❡❧♦ s✉♣♦rt❡ ❞♦s s ♣r✐♠❡✐r♦s ❞❡st❡s ✈❡t♦r❡s ❝♦♥s✐st❡ ❞❛s ú❧t✐♠❛s d
(P)
s

(

C⊥
)

❝♦♦r❞❡♥❛❞❛s✳ ❱❛✲

♠♦s ♠♦str❛r ✐st♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ s✳ ❖ ❝❛s♦ s = 0 é tr✐✈✐❛❧✳ ❆ss✉♠✐♠♦s q✉❡ ❡①✐st❛♠ ✈❡t♦r❡s

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s u1,u2, ...,us−1 ❡♠ C⊥ t❛❧ q✉❡ 〈supp [{u1, ...,uj}]〉P ❝♦♥s✐st❡ ❞❛s

ú❧t✐♠❛s d
(P)
j

(

C⊥
)

❝♦♦r❞❡♥❛❞❛s ♣❛r❛ q✉❛❧q✉❡r j, 1 ≤ j ≤ s− 1✳ ❉❡♥♦t❡♠♦s a = d
(P )
s

(

C⊥
)

❡

s❡❥❛♠

D = {(0, ..., 0, xn+1−a, xn+2−a, ..., xn) : ∃ (x1, ..., xn) ∈ C} ,

❡

D′ =
{

x = (0, ..., 0, xn+1−a, ..., xn) : xt
� y = 0,∀y ∈ D

}

.

❊♥tã♦

dim D + dim D′ = a ❡ D′ ⊆ C⊥.

❯♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ G1 ♣❛r❛ D ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ G s✉❜st✐t✉✐♥❞♦ t♦❞❛s ❛s ♣r✐♠❡✐r❛s n−a

❝♦❧✉♥❛s ♣♦r ③❡r♦✳ P❡❧❛ ❞✉❛❧✐❞❛❞❡ ♣♦s❡t ✭d
(P )
t (C) ≤ n− a ❝♦♠ t ≥ k − (a− s)✮ ♦❜t❡♠♦s

∣

∣

{

d(P )
r (C) : 1 ≤ r ≤ k

}

∩ {n + 1− a, n + 2− a, ..., n}
∣

∣ ≤ a− s.

▼❛s✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ G1 t❡♠ ♥♦ ♠á①✐♠♦ a − s ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❛ss✐♠

dim D ≤ a− s ❡ dim D′ ≥ s✳ ❙❡❣✉❡ q✉❡ ♦ ❝ó❞✐❣♦ D′ ❝♦♥té♠ u1,u2, ...,us−1✱ ❡ ✉♠ ♦✉tr♦ ✈❡t♦r

us ♣♦❞❡ s❡r s❡❧❡❝✐♦♥❛❞♦ ❞❡♥tr♦ ❞❡ D′\ [{u1, ...,us−1}] ❡ ♠❛✐s ❛✐♥❞❛✱ 〈suppD′〉P ❝♦♥s✐st❡ ❞❛s

✺✶
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ú❧t✐♠❛s a ❝♦♦r❞❡♥❛❞❛s✳

❊①❡♠♣❧♦ ✺✳✻✳ ❙❡❥❛ C ✉♠ ❝ó❞✐❣♦ ❝♦♠ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❛❞❛ ♣♦r✿

G =

(

1 0 1 1 1

0 1 1 0 1

)

.

❈♦♠♦ dim (C) = 2✱ ❡❧❡ é ❝❛❞❡✐❛ ♣❛r❛ q✉❛❧q✉❡r ♣♦s❡t ❞❛❞♦✳ ❙❡❥❛ P ♦ ♣♦s❡t ❞❛❞♦ ♣❡❧♦ ❞✐❛❣r❛♠❛

❞❡ ❍❛ss❡ ❛❜❛✐①♦✿

❡♥tã♦ ❛ P ✲❤✐❡r❛rq✉✐❛ ❞♦ ❝ó❞✐❣♦ C é {3, 5}✳ ▼❛s✱ ❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ G ♥ã♦ t❡♠ ♣❡s♦

3✳ ▼♦❞✐✜❝❛♥❞♦ ❡ss❛ ♠❛tr✐③ ♣❛r❛ q✉❡ ♦ P ✲❝ó❞✐❣♦ t❡♥❤❛ ❛ ❢♦r♠❛ ❞❡ q✉❡ ❛s ♣r✐♠❡✐r❛s ❧✐♥❤❛s

s❡❥❛♠ ❢♦r♠❛❞❛s ♣❡❧♦s ✈❡t♦r❡s ❞❡ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ♦❜t❡♠♦s✱ ✉♠❛ ♦✉tr❛ ♠❛tr✐③

❣❡r❛❞♦r❛ ♣❛r❛ ♦ ❝ó❞✐❣♦ C✿

G′ =

(

1 1 0 1 0

0 1 1 0 1

)

.

❆ss✐♠✱ ❡s❝♦❧❤❡♥❞♦ v1 = 11010 ❡ v2 = 01101 t❡♠♦s q✉❡ C = [v1,v2]✱ ❞♦♥❞❡

d
(P )
1 (C) = wP (v1) = |〈4〉P | = |{1, 2, 4}| = 3,

❡

d
(P )
2 (C) = wP ([v1,v2]) = |〈3, 5〉P | = |{1, 2, 3, 4, 5}| = 5.

❈♦♥s✐❞❡r❡ ❡♥tã♦✱ I = 〈4〉P = {1, 2, 4} ❡ J = 〈3, 5〉P = [5] . ❉❡✜♥✐♠♦s ♦ ✐s♦♠♦r✜s♠♦

ϕ : [5]→ [5] ♣♦♥❞♦

I ∋



















1 7→ 1

2 7→ 2

4 7→ 3

J\I ∋







3 7→ 4

5 7→ 5.

✺✷
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❋✐❣✉r❛ ✺✳✶✿ P → ϕ (P )

❈♦♠♦ 3 ♥ã♦ é ❝♦♠♣❛rá✈❡❧ ❝♦♠ 5✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦✉tr♦ ✐s♦♠♦r✜s♠♦ τ : [5]→ [5] ♣♦♥❞♦

I ∋



















1 7→ 1

2 7→ 2

4 7→ 3

J\I ∋







5 7→ 4

3 7→ 5.

❋✐❣✉r❛ ✺✳✷✿ P → τ (P )

❖ ✐s♦♠♦r✜s♠♦ ϕ ❣❡r❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r Tϕ : (F5
2, P ) → (F5

2, ϕ (P )) ❡ ♦ ✐s♦♠♦r✜s♠♦

✺✸
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τ ❣❡r❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r Tτ : (F5
2, P )→ (F5

2, τ (P ))✳ ❈✉❥❛s ♠❛tr✐③❡s sã♦ ❞❛❞❛s ♣♦r

Tϕ =

















1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 1

















,

❡

Tτ =

















1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1

0 0 1 0 0

















.

❆♣❧✐❝❛♥❞♦ ϕ ♦✉ τ ♥♦s í♥❞✐❝❡s ❞❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ G′ ♦❜t❡♠♦s ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛

G′′ =

(

1 1 1 0 0

0 1 0 1 1

)

.

❊st❛ ♠❛tr✐③ ❣❡r❛ ✉♠ ❝ó❞✐❣♦ C ′′✱ ♦♥❞❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦ s✉♣♦rt❡ ❞❛s ♣r✐♠❡✐r❛s r ❧✐♥❤❛s é

❞❛❞♦ ♣❡❧❛s ♣r✐♠❡✐r❛s d
(P )
r (C) ❝♦♦r❞❡♥❛❞❛s✳ ❈♦♥s✐❞❡r❛♥❞♦ C ′′ ❝♦♠♦ ✉♠ ϕ (P )✲❝ó❞✐❣♦✱ ❡❧❡ é

❡q✉✐✈❛❧❡♥t❡ ❛♦ P ✲❝ó❞✐❣♦ C ♣❡❧❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r Tϕ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ C ′′ ❝♦♠♦

✉♠ τ (P )✲❝ó❞✐❣♦✱ ❡❧❡ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ P ✲❝ó❞✐❣♦ C ♣❡❧❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r Tτ ✳

❆❣♦r❛ ♦ P ✲❝ó❞✐❣♦ C⊥ t❡♠ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❛ ❢♦r♠❛✿

G⊥ =







1 1 0 0 1

1 0 0 1 0

1 1 1 0 0






.

❊♥q✉❛♥t♦ q✉❡ ❝♦♥s✐❞❡r❛♥❞♦ (C ′′)⊥ ❝♦♠♦ ✉♠ ϕ (P )✲❝ó❞✐❣♦ ♦✉ τ (P )✲❝ó❞✐❣♦✱ t❡r❡♠♦s ✉♠❛

♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❛ ❢♦r♠❛✿

(G′′)
⊥

=







0 0 0 1 1

0 1 1 0 1

1 0 1 0 0






.

❉❡ss❛ ❢♦r♠❛✱

Tϕ

(

C⊥
)

= (C ′′)
⊥

= Tτ

(

C⊥
)

,

✺✹
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❡

C ′′ = [v1,v2,v3] ,

♦♥❞❡ v1 = 00011,v2 = 01101 ❡ v3 = 10100✳

❉♦♥❞❡ ♦❜t❡♠♦s

d
ϕ(P )
1 (C) = wϕ(P ) (v1) = 2 = wτ(P ) (v1) = d

τ(P )
1 (C) ,

d
ϕ(P )
2 (C) = wϕ(P ) ([v1,v2]) = 4 = wτ(P ) ([v1,v2]) = d

τ(P )
2 (C) ,

❡

d
ϕ(P )
3 (C) = wϕ(P ) ([v1,v2,v3]) = 5 = wτ(P ) ([v1,v2,v3]) = d

τ(P )
3 (C) .

❖s ♣rós✐♠♦s ❞♦✐s r❡s✉❧t❛❞♦s s❡❣✉❡♠ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❈♦r♦❧ár✐♦ ✺✳✼✳ ❙❡ ♦ s✉♣♦rt❡ ❞❡ ✉♠ P ✲❝ó❞✐❣♦ C é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ P t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱

❡♥tã♦ C⊥ é ✉♠ ❝ó❞✐❣♦ P ✲❝❛❞❡✐❛✳

❈♦r♦❧ár✐♦ ✺✳✽✳ ◗✉❛❧q✉❡r [n, n− 1]q ♦✉ [n, n− 2]q ❝ó❞✐❣♦ é ❞♦ t✐♣♦ P ✲❝❛❞❡✐❛ ♣❛r❛ q✉❛❧q✉❡r

♣♦s❡t P ❡♠ [n]✳

✺✳✷ ❈ó❞✐❣♦s ▼❉❙

❆ P ✲❞✐s❝r❡♣â♥❝✐❛ é ❛ ♠❡❞✐❞❛ ❞❡ q✉❛♥t♦ ❧♦♥❣❡ ✉♠ ❝ó❞✐❣♦ ❡stá ❞❡ s❡r (P, 1)✲▼❉❙ ✭❛t✐♥❣✐r

♦ ❧✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥✮✿ ❛ P ✲❞✐s❝r❡♣â♥❝✐❛ ❞❡ ✉♠ [n, k]q✲❝ó❞✐❣♦ ❈✱ ❞❡♥♦t❛❞❛ ♣♦r δP (C)✱ é

♦ ♠❡♥♦r ✐♥t❡✐r♦ s s❛t✐s❢❛③❡♥❞♦ d
(P )
s+1 (C) > n − k. ◆ã♦ é s✉r♣rês❛ q✉❡ ❛s ❞✐s❝r❡♣â♥❝✐❛s ❞❡

P ✲❝ó❞✐❣♦s ❡ P ✲❝ó❞✐❣♦s ❡st❡❥❛♠ r❡❧❛❝✐♦♥❛❞❛s✱ ❝♦♠♦ ✈❡♠♦s ❛ s❡❣✉✐r✿

❚❡♦r❡♠❛ ✺✳✾✳ ❉❛❞♦ ✉♠ [n, k]q P ✲❝ó❞✐❣♦ C✱ ❡♥tã♦

✐✮ δP (C) =
∣

∣

∣
{1, 2, ..., n− k} ∩

{

d
(P )
r (C) : 1 ≤ r ≤ k

}∣

∣

∣
✱

✐✐✮ δP (C) = δP

(

C⊥
)

✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ s❡❣✉❡ ❞✐r❡t♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✵ ✭▼♦♥♦t♦♥✐❝✐❞❛❞❡✮✳ P❛r❛

♣r♦✈❛r ❛ ♣❛rt❡ ✷ ✉t✐❧✐③❛♠♦s ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❡ ❚❡♦r❡♠❛(a)✱ ♦ Pr✐♥❝í♣✐♦ ❞❡ ■♥❝❧✉sã♦

✺✺
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❊①❝❧✉sã♦(b)✱ ♦ ❚❡♦r❡♠❛ ✹✳✷(c)✱ ❡ ✐❣✉❛❧❞❛❞❡ ❜ás✐❝❛ ❞❡ ❝♦♥❥✉♥t♦s(d) ❝♦♠♦ s❡❣✉❡✿

δP (C)
a
=

∣

∣

∣
{1, 2, ..., n− k} ∩

{

d
(P )
r (C) : 1 ≤ r ≤ k

}∣

∣

∣

b
= k −

∣

∣

∣
{n− k + 1, n− k + 2, ..., n} ∩

{

d
(P )
r (C) : 1 ≤ r ≤ k

}∣

∣

∣

c
= k −

∣

∣

∣

∣

{n−k+1, n−k+2, ..., n}∩

(

{1, 2, ..., n}\

{

n−d
(P)
r

(

C⊥
)

+1 : 1 ≤ r ≤ n−k

})∣

∣

∣

∣

d
= k −

∣

∣

∣

∣

{1, 2, ..., k} ∩

(

{1, 2, ..., n} \

{

d
(P)
r

(

C⊥
)

: 1 ≤ r ≤ n− k

})∣

∣

∣

∣

c
=

∣

∣

∣

∣

{1, 2, ..., k} ∩

{

d
(P)
r

(

C⊥
)

: 1 ≤ r ≤ n− k

}∣

∣

∣

∣

a
= δP

(

C⊥
)

.

Pr♦♣♦s✐çã♦ ✺✳✶✵✳ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ ❯♠ [n, k]q P ✲❝ó❞✐❣♦ C é (P, r)✲▼❉❙ s❡✱ ❡

s♦♠❡♥t❡ s❡✱

dP
1

(

C⊥
)

≥ k + 2− r.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡

{

dP
1 (C),dP

2 (C),· · ·,dP
k (C)

}

={1,2,· · ·,n}\
{

n+1−dP
n−k

(

C⊥
)

,n+1−dP
n−k−1

(

C⊥
)

,· · ·,n+1−dP
1

(

C⊥
)

}

.

❆ ❝♦♥❞✐çã♦ dP
r (C) = n− k + r s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❡①✐st❡♠ ❧❛❝✉♥❛s ♥❛ s❡q✉ê♥❝✐❛

dP
r (C) < dP

r+1 (C) < · · · < dP
k (C) = n,

✐st♦ é✱ q✉❡

n + 1− dP
1

(

C⊥
)

≤ n− (n− r)− 1 = n− k + r − 1,

❡ ✈✐❝❡ ✈❡rs❛✳

❈♦r♦❧ár✐♦ ✺✳✶✶✳ ❙❡❥❛ P ✉♠ ♣♦s❡t s♦❜r❡ [n]✳ P❛r❛ ✉♠ [n, k] P ✲❝ó❞✐❣♦ C s❡❥❛ r = n− k + 2−

dP
1 (C)✳ ❊♥tã♦ C⊥ é ✉♠

(

P , r
)

✲▼❉❙ ❝♦♠ ❞✐♠❡♥sã♦ n− k✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ ❛ ❡q✉❛çã♦ r = n− k + 2− dP
1 (C) s❛t✐s❢❛③ ❛ ✐♥❡q✉❛çã♦ ❞❛

Pr♦♣♦s✐çã♦ ✺✳✶✵✱ ♣❛r❛ ♦ P ✲❝ó❞✐❣♦ C✳

❊①❡♠♣❧♦ ✺✳✶✷✳ ❙❡ ✉♠ ❝ó❞✐❣♦ é (P, r)✲▼❉❙ ❡♥tã♦ ♥ã♦ é ✈❡r❞❛❞❡ q✉❡ ♦ s❡✉ ❞✉❛❧ s❡❥❛
(

P , r
)

✲

▼❉❙✳ ▼❛s✱ ❛ ❞✐s❝r❡♣â♥❝✐❛ P ✲▼❉❙ é ♣r❡s❡r✈❛❞❛✳

❉❡ ❢❛t♦✱ s❡❥❛♠ P ❡ Q ❞♦✐s ♣♦s❡ts ❞❛❞♦s ♣❡❧♦ ❞✐❛❣r❛♠❛ ❞❡ ❍❛ss❡ ❛❜❛✐①♦✿

✺✻
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❈♦♥s✐❞❡r❡ ♦ [7, 3]2✲❝ó❞✐❣♦ C ❞❛❞♦ ♣❡❧❛ ♠❛tr✐③ ❣❡r❛❞♦r❛

G =







1 1 0 0 0 0 0

0 0 1 1 1 1 0

0 0 0 0 1 1 1






.

❊♥tã♦ ❛ P ✲❤✐❡r❛rq✉✐❛ ❞❡ C é

{2, 6, 7} ,

❡ ❛ Q✲❤✐❡r❛rq✉✐❛ é

{2, 5, 7} .

P♦rt❛♥t♦

δP (C) = 1 = δQ (C) .

▼❛s✱ C é (P, 2)✲▼❉❙ ❡ (Q, 3)✲▼❉❙✳ ❊ ♠❛✐s ❛✐♥❞❛✱ ❛ P ✲❤✐❡r❛rq✉✐❛ ❞❡ C⊥ é

{3, 4, 5, 7} ,

❡ ❛ Q✲❤✐❡r❛rq✉✐❛ é

{2, 4, 5, 7} .

P♦r ✐ss♦✱

δP

(

C⊥
)

= 1 = δQ

(

C⊥
)

❡ C⊥ é
(

P , 4
)

✲▼❉❙ ❡
(

Q, 4
)

✲▼❉❙✳

❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ C é ✉♠ ❝ó❞✐❣♦ (P, 2)✲▼❉❙ s❡♠ q✉❡ ♦ s❡✉ ❞✉❛❧ s❡❥❛
(

P , 2
)

✲▼❉❙✳

❖❜s❡r✈❛♠♦s q✉❡ ♥ã♦ é ♣♦ssí✈❡❧✱ ❛ ♣r✐♦r✐✱ ❞❡t❡r♠✐♥❛r ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ s❛❜❡r s❡ ✉♠

❝ó❞✐❣♦ ❞❛❞♦ é (P, r)✲▼❉❙ ❞❛❞♦ q✉❡ ♦ s❡✉ ❞✉❛❧ é
(

P , s (r)
)

✲▼❉❙ ❡ ✈✐❝❡✲✈❡rs❛✳

✺✼



❈♦♥❝❧✉sã♦

❖ ❝♦♥t❡ú❞♦ ❞❡st❡ tr❛❜❛❧❤♦ ✈✐s❛ ❞❡♠♦str❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❉✉❛❧✐❞❛❞❡ ❞❡ ❲❡✐ ♣❛r❛ ♦ ❝ó❞✐❣♦

♣♦s❡t✳ ❆ ❞✉❛❧✐❞❛❞❡ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❛ ❤✐❡r❛rq✉✐❛ ♣❛r❛ ❝ó❞✐❣♦s ❝♦♠ ❞✐♠❡♥sõ❡s ♣ró①✐♠❛s ❛

❞✐♠❡♥sã♦ ❛♠❜✐❡♥t❡✱ ♣♦✐s ♥❡st❡ ❝❛s♦✱ ♦ ❝ó❞✐❣♦ ❞✉❛❧ t❡♠ ❞✐♠❡♥sã♦ ❜❛✐①❛ ❡ ♣♦rt❛♥t♦ ♦s ♣❡s♦s

♠í♥✐♠♦s ❣❡♥❡r❛❧✐③❛❞♦s sã♦ ♠❛✐s ❢á❝❡✐s ❞❡ ❝❛❧❝✉❧❛r✳ ❆ ♣❛rt✐r ❞❛ ❉✉❛❧✐❞❛❞❡ t❛♠❜é♠ ♦❜t❡♠♦s

r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❞❡ ❝ó❞✐❣♦s ♣♦s❡t✱ ❝♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ✉t✐❧✐③❛çã♦ ❡♠ ❝ó❞✐❣♦s ❝❛❞❡✐❛✱

❞✐s❝r❡♣â♥❝✐❛ ❡ ❝ó❞✐❣♦s ▼❉❙✳

❆ ❉✉❛❧✐❞❛❞❡ ♣❡r♠✐t❡ tr❛❜❛❧❤❛r ❝♦♠ ✉♠ ❝ó❞✐❣♦ ❞❡ ❛❧t❛ t❛①❛ ❞❡ ✐♥❢♦r♠❛çã♦✱ n/k✱ ❡st✉✲

❞❛♥❞♦ ♦ s❡✉ ❝ó❞✐❣♦ ❞✉❛❧✱ q✉❡ ♣♦r s✉❛ ✈❡③ t❡♠ ❜❛✐①❛ ❞✐♠❡♥sã♦✳

❈♦♠♦ ❝♦♥str✉çã♦ ❞❛ t❡♦r✐❛✱ ♣♦❞❡♠♦s ♣r♦❝✉r❛r ♦s r❡s✉❧t❛❞♦s ❡①✐st❡♥t❡s ♥♦ ❝❛s♦ ❍❛♠✲

♠✐♥❣ q✉❡ ♣♦ss❛♠ s❡r ✈á❧✐❞♦s ♣❛r❛ ♦ ❝❛s♦ ♣♦s❡t✱ ❝♦♠♦ ❧✐♠✐t❛♥t❡s✱ ❞✉❛❧✐❞❛❞❡s✱ ❝ó❞✐❣♦s ▼❉❙

❡ ◆❡❛r✲▼❉❙✳ ❍♦❥❡ ❡♠ ❞✐❛ ♣r♦❝✉r❛✲s❡ ❝♦♥str✉✐r ♣❛r❛ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ♣♦s❡t✱ ❝♦♠♦ ❍✐✲

❡rárq✉✐❝♦✱ ❈♦r♦❛ ❡ ❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥✳

❆ té❝♥✐❝❛ ❞❡ ♠✉❧t✐❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♣❛r❛ ♦ ❡s♣❡❝tr♦✱ ♥ú♠❡r♦ ❞❡ ♣❛❧❛✈r❛s ❞❡

❞❡t❡r♠✐♥❛❞♦ ♣❡s♦✱ ❞♦ ❝ó❞✐❣♦ ♣♦s❡t✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ❬▲❡❡✵✹❪✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ▲❡❡ ✉t✐❧✐③♦✉✲s❡

❞❡ P✲s✐st❡♠❛s ♣r♦❥❡t✐✈♦s✱ ❞❡t❡r♠✐♥❛♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝ó❞✐❣♦s ♣♦s❡t ♥ã♦✲❞❡❣❡♥❡r❛❞♦s

❡ ♦s P✲s✐st❡♠❛s ♣r♦❥❡t✐✈♦s ♥ã♦✲❞❡❣❡♥❡r❛❞♦s✱ ❡ t❛♠❜é♠ ❡①♣❧✐❝✐t♦✉ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ❝❛❧❝✉❧❛r

♦ ❡s♣❡❝tr♦ ♣❛r❛ ❝ó❞✐❣♦s ♣♦s❡t✳ ❆✐♥❞❛ ♥❡st❡ ❝❛s♦✱ ♦ ❛✉t♦r ♦❜té♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝♦♥str✉✐r

❝ó❞✐❣♦s ♣❡r❢❡✐t♦s✳ ❯♠❛ ♣❡rs♣❡❝t✐✈❛ ❢✉t✉r❛ s❡r✐❛ ♦❜t❡r ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❝❛❧❝✉❧❛r ♦ ❡s♣❡❝tr♦

❣❡♥❡r❛❧✐③❛❞♦✱ ♥ú♠❡r♦ ❞❡ s✉❜❡s♣❛ç♦s ❞❡ ❞❡t❡r♠✐♥❛❞♦ ♣❡s♦✱ ♣❛r❛ ❝ó❞✐❣♦s ♣♦s❡t q✉❡ ♣❡r♠✐t❛

♦❜t❡r r❡s✉❧t❛❞♦s t❡ór✐❝♦s✳

❖✉tr❛ q✉❡stã♦ ✐♥t❡r❡ss❛♥t❡✱ r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❝ó❞✐❣♦s ♣❡r❢❡✐t♦s✱ é ❞❡t❡r♠✐♥❛r ✜①❛❞♦ ✉♠

♣♦s❡t P✱ q✉❛✐s ❝ó❞✐❣♦s sã♦ ♣❡r❢❡✐t♦s ❝♦♠ ❛ P✲♠étr✐❝❛✱ ❝♦♠♦ ❬❆❑❑❑✵✸❪ ❢❡③ ♣❛r❛ ♦ ♣♦s❡t ❈♦r♦❛✳

❯t✐❧✐③❛♥❞♦ ❛ té❝♥✐❝❛ ❞❡ ♠✉❧t✐❝♦♥❥✉♥t♦ ♣♦❞❡♠♦s ♦❧❤❛r ❞❡ ❢♦r♠❛ ✐♥✈❡rs❛✱ ✐st♦ é✱ ❞❛❞♦ ✉♠ ❝ó❞✐❣♦

❡♥❝♦♥tr❛r q✉❛✐s ♣♦s❡ts t♦r♥❛♠ ❡st❡ ❝ó❞✐❣♦ ♣❡r❢❡✐t♦✳

❚❡♥t❛r r❡❧❛❝✐♦♥❛r ❝ó❞✐❣♦s ♣♦s❡t ♣❡r❢❡✐t♦s ❝♦♠ ❝ó❞✐❣♦s P ✲▼❉❙✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ❬❍❑✵✽❪✱

♦♥❞❡ s❡ ❛♣r❡s❡♥t❛ q✉❡ (P, 1)✲▼❉❙ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ✉♠ [n, k]2 P ✲❝ó❞✐❣♦

s❡❥❛ (n− k) P ✲♣❡r❢❡✐t♦✳

✺✽
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❖✉tr❛ ♣❡rs♣❡❝t✐✈❛ ❢✉t✉r❛ r❡❧❡✈❛♥t❡ é ❡st❡♥❞❡r ♦s r❡s✉❧t❛❞♦s ❞❡ ❞✉❛❧✐❞❛❞❡ ♣❛r❛ ♠étr✐❝❛s

♣♦s❡t✲❜❧♦❝❦✱ ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬❆P❋✵✽❪✱ ♣❛r❛ ❛s q✉❛✐s ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛ ❤✐❡r❛rq✉✐❛ ❞❡ ♣❡s♦s

♥ã♦ é ❡str✐t❛ ❡ t❛♠❜é♠ t❡♥t❛r ❝♦♠❜✐♥❛r ❛s ♠étr✐❝❛s ♣♦s❡t ❡ ♣♦s❡t✲❜❧♦❝❦ ❝♦♠ ❛ ♠étr✐❝❛ ❞❡

▲❡❡✱ ♣r♦❜❧❡♠át✐❝❛ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❞❡❝♦❞✐✜❝❛çã♦ ♠❛s ♠✉✐t♦ ♠❛✐s s❡♥sí✈❡❧

❛♦ s❡ tr❛❜❛❧❤❛r ❝♦♠ ❝♦r♣♦ Fq ♣❛r❛ q ❣r❛♥❞❡✳

✺✾



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬❆❑❑❑✵✸❪ ❏✉♥❣♠✐♥ ❆❤♥✱ ❍②✉♥ ❑✇❛♥❣ ❑✐♠✱ ❏✉♥❣ ❙♦♦ ❑✐♠✱ ❡ ▼✐♥❛ ❑✐♠✱ ❈❧❛ss✐✜❝❛t✐♦♥

♦❢ ♣❡r❢❡❝t ❧✐♥❡❛r ❝♦❞❡s ✇✐t❤ ❝r♦✇♥ ♣♦s❡t str✉❝t✉r❡✱ ❉✐s❝r❡t❡ ▼❛t❤✳ ✷✻✽ ✭✷✵✵✸✮✱

♥♦✳ ✶✲✸✱ ✷✶✕✸✵✳

❬❆P❋✵✽❪ ▼❛r❝❡❧♦ ▼✉♥✐③ ❙✳ ❆❧✈❡s✱ ▲✉❝✐❛♥♦ P❛♥❡❦✱ ❡ ▼❛r❝❡❧♦ ❋✐r❡r✱ ❊rr♦r✲❜❧♦❝❦ ❝♦❞❡s ❛♥❞

♣♦s❡t ♠❡tr✐❝s✱ ❆❞✈✳ ▼❛t❤✳ ❈♦♠♠✉♥✳ ✷ ✭✷✵✵✽✮✱ ♥♦✳ ✶✱ ✾✺✕✶✶✶✳

❬❇●▲✾✺❪ ❘✐❝❤❛r❞ ❆✳ ❇r✉❛❧❞✐✱ ❏❛♥✐♥❡ ❙♠♦❧✐♥ ●r❛✈❡s✱ ❡ ❑✳ ▼❛r❦ ▲❛✇r❡♥❝❡✱ ❈♦❞❡s ✇✐t❤ ❛

♣♦s❡t ♠❡tr✐❝✱ ❉✐s❝r❡t❡ ▼❛t❤✳ ✶✹✼ ✭✶✾✾✺✮✱ ♥♦✳ ✶✲✸✱ ✺✼✕✼✷✳

❬❈❑✵✻❪ ❙✉♥❣ ❍❡❡ ❈❤♦ ❡ ❉❛❡ ❙❛♥ ❑✐♠✱ ❆✉t♦♠♦r♣❤✐s♠ ❣r♦✉♣ ♦❢ t❤❡ ❝r♦✇♥✲✇❡✐❣❤t s♣❛❝❡✱

❊✉r♦♣❡❛♥ ❏✳ ❈♦♠❜✐♥✳ ✷✼ ✭✷✵✵✻✮✱ ♥♦✳ ✶✱ ✾✵✕✶✵✵✳

❬❉❙✾✽❪ ❙t❡❢❛♥ ❉♦❞✉♥❡❦♦✈ ❡ ❏✉r✐❛❛♥ ❙✐♠♦♥✐s✱ ❈♦❞❡s ❛♥❞ ♣r♦❥❡❝t✐✈❡ ♠✉❧t✐s❡ts✱ ❊❧❡❝tr♦♥✳

❏✳ ❈♦♠❜✐♥✳ ✺ ✭✶✾✾✽✮✱ ❘❡s❡❛r❝❤ P❛♣❡r ✸✼✱ ✷✸ ♣♣✳ ✭❡❧❡❝tr♦♥✐❝✮✳

❬❉❙✵✷❛❪ ❙t❡✈❡♥ ❚✳ ❉♦✉❣❤❡rt② ❡ ▼❛①✐♠ ▼✳ ❙❦r✐❣❛♥♦✈✱ ▼❛❝❲✐❧❧✐❛♠s ❞✉❛❧✐t② ❛♥❞ t❤❡

❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ ♠❡tr✐❝✱ ▼♦s❝✳ ▼❛t❤✳ ❏✳ ✷ ✭✷✵✵✷✮✱ ♥♦✳ ✶✱ ✽✶✕✾✼✱ ✶✾✾✳

❬❉❙✵✷❜❪ ✱ ▼❛①✐♠✉♠ ❞✐st❛♥❝❡ s❡♣❛r❛❜❧❡ ❝♦❞❡s ✐♥ t❤❡ ρ ♠❡tr✐❝ ♦✈❡r ❛r❜✐tr❛r② ❛❧♣❤❛✲

❜❡ts✱ ❏✳ ❆❧❣❡❜r❛✐❝ ❈♦♠❜✐♥✳ ✶✻ ✭✷✵✵✷✮✱ ♥♦✳ ✶✱ ✼✶✕✽✶✳

❬●✉r✵✸❪ ❱❡♥❦❛t❡s❛♥ ●✉r✉s✇❛♠✐✱ ▲✐st ❞❡❝♦❞✐♥❣ ❢r♦♠ ❡r❛s✉r❡s✿ ❜♦✉♥❞s ❛♥❞ ❝♦❞❡ ❝♦♥str✉❝✲

t✐♦♥s✱ ■❊❊❊ ❚r❛♥s✳ ■♥❢♦r♠✳ ❚❤❡♦r② ✹✾ ✭✷✵✵✸✮✱ ♥♦✳ ✶✶✱ ✷✽✷✻✕✷✽✸✸✳

❬❍❛♠✺✵❪ ❘✳ ❲✳ ❍❛♠♠✐♥❣✱ ❊rr♦r ❞❡t❡❝t✐♥❣ ❛♥❞ ❡rr♦r ❝♦rr❡❝t✐♥❣ ❝♦❞❡s✱ ❇❡❧❧ ❙②st❡♠ ❚❡❝❤✳

❏✳ ✷✾ ✭✶✾✺✵✮✱ ✶✹✼✕✶✻✵✳

❬❍❑✵✹❪ ❏♦♥❣ ❨♦♦♥ ❍②✉♥ ❡ ❍②✉♥ ❑✇❛♥❣ ❑✐♠✱ ❚❤❡ ♣♦s❡t str✉❝t✉r❡s ❛❞♠✐tt✐♥❣ t❤❡ ❡①t❡♥❞❡❞

❜✐♥❛r② ❍❛♠♠✐♥❣ ❝♦❞❡ t♦ ❜❡ ❛ ♣❡r❢❡❝t ❝♦❞❡✱ ❉✐s❝r❡t❡ ▼❛t❤✳ ✷✽✽ ✭✷✵✵✹✮✱ ♥♦✳ ✶✲✸✱

✸✼✕✹✼✳
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❬❍❑❨✾✷❪ ❚♦r ❍❡❧❧❡s❡t❤✱ ❚♦r❧❡✐✈ ❑❧ø✈❡✱ ❡ Ø②✈✐♥❞ ❨tr❡❤✉s✱ ●❡♥❡r❛❧✐③❡❞ ❍❛♠♠✐♥❣ ✇❡✐❣❤ts
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❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✷✵✵✸✳
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❬❏❑❖❘✵✽❪ ❈❤❛♥❣r✐♠ ❏❛♥❣✱ ❍②✉♥ ❑✇❛♥❣ ❑✐♠✱ ❉♦♥❣ ❨❡♦❧ ❖❤✱ ❡ ❨♦♦♠✐ ❘❤♦✱ ❚❤❡ ♣♦s❡t
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❋✐❡❧❞s ❆♣♣❧✳ ✶✵ ✭✷✵✵✹✮✱ ♥♦✳ ✶✱ ✶✵✺✕✶✶✷✳

❬◆✐❡✾✶❪ ❍❛r❛❧❞ ◆✐❡❞❡rr❡✐t❡r✱ ❆ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣r♦❜❧❡♠ ❢♦r ✈❡❝t♦r s♣❛❝❡s ♦✈❡r ✜♥✐t❡ ✜❡❧❞s✱

❉✐s❝r❡t❡ ▼❛t❤✳ ✾✻ ✭✶✾✾✶✮✱ ♥♦✳ ✸✱ ✷✷✶✕✷✷✽✳

❬◆❑✾✽❪ ❏✳ ◆❡❣❣❡rs ❡ ❍❡❡ ❙✐❦ ❑✐♠✱ ❇❛s✐❝ ♣♦s❡ts✱ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝ P✉❜❧✐s❤✐♥❣ ❈♦✳ ■♥❝✳✱

❘✐✈❡r ❊❞❣❡✱ ◆❏✱ ✶✾✾✽✳

❬P❋❑❍✵✽❪ ▲✉❝✐❛♥♦ P❛♥❡❦✱ ▼❛r❝❡❧♦ ❋✐r❡r✱ ❍②✉♥ ❑✇❛♥❣ ❑✐♠✱ ❡ ❏♦♥❣ ❨♦♦♥ ❍②✉♥✱ ●r♦✉♣s ♦❢

❧✐♥❡❛r ✐s♦♠❡tr✐❡s ♦♥ ♣♦s❡t str✉❝t✉r❡s✱ ❉✐s❝r❡t❡ ▼❛t❤✳ ✸✵✽ ✭✷✵✵✽✮✱ ♥♦✳ ✶✽✱ ✹✶✶✻✕

✹✶✷✸✳

✻✶



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❬P❋❙❆✵✾❪ ▲✉❝✐❛♥♦ P❛♥❡❦✱ ▼❛r❝❡❧♦ ❋✐r❡r✱ ❡ ▼❛r❝❡❧♦ ▼✉♥✐③ ❙✐❧✈❛ ❆❧✈❡s✱ ❙②♠♠❡tr② ❣r♦✉♣s ♦❢

❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ s♣❛❝❡s✱ ❉✐s❝r❡t❡ ▼❛t❤✳ ✸✵✾ ✭✷✵✵✾✮✱ ♥♦✳ ✹✱ ✼✻✸✕✼✼✶✳

❬P▲❇✵✽❪ ▲✉❝✐❛♥♦ P❛♥❡❦✱ ❊♠❡rs♦♥ ▲❛③③❛r♦tt♦✱ ❡ ❋❡r♥❛♥❞♦ ▼✉❝✐♦ ❇❛♥❞♦✱ ❈♦❞❡s s❛t✐s❢②✐♥❣

t❤❡ ❝❤❛✐♥ ❝♦♥❞✐t✐♦♥ ♦✈❡r ❘♦s❡♥❜❧♦♦♠✲❚s❢❛s♠❛♥ s♣❛❝❡s✱ ■♥t✳ ❏✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳

✹✽ ✭✷✵✵✽✮✱ ♥♦✳ ✷✱ ✷✶✼✕✷✷✷✳

❬❘❚✾✼❪ ▼✳ ❨✉✳ ❘♦③❡♥❜❧②✉♠ ❡ ▼✳ ❆✳ ❚s❢❛s♠❛♥✱ ❈♦❞❡s ❢♦r t❤❡ m✲♠❡tr✐❝✱ Pr♦❜❧❡♠②

P❡r❡❞❛❝❤✐ ■♥❢♦r♠❛ts✐✐ ✸✸ ✭✶✾✾✼✮✱ ♥♦✳ ✶✱ ✺✺✕✻✸✳

❬❙❝❤✵✹❪ ❍❛♥s ●❡♦r❣ ❙❝❤❛❛t❤✉♥✱ ❉✉❛❧✐t② ❛♥❞ s✉♣♣♦rt ✇❡✐❣❤t ❞✐str✐❜✉t✐♦♥s✱ ■❊❊❊ ❚r❛♥s✳

■♥❢♦r♠✳ ❚❤❡♦r② ✺✵ ✭✷✵✵✹✮✱ ♥♦✳ ✺✱ ✽✻✷✕✽✻✼✳

❬❙❤❛✹✽❪ ❈✳ ❊✳ ❙❤❛♥♥♦♥✱ ❆ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❇❡❧❧ ❙②st❡♠ ❚❡❝❤✳ ❏✳

✷✼ ✭✶✾✹✽✮✱ ✸✼✾✕✹✷✸✱ ✻✷✸✕✻✺✻✳

❬❙t❛✾✼❪ ❘✐❝❤❛r❞ P✳ ❙t❛♥❧❡②✱ ❊♥✉♠❡r❛t✐✈❡ ❝♦♠❜✐♥❛t♦r✐❝s✳ ❱♦❧✳ ✶✱ ❈❛♠❜r✐❞❣❡ ❙t✉❞✐❡s ✐♥

❆❞✈❛♥❝❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✈♦❧✳ ✹✾✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✼✱

❲✐t❤ ❛ ❢♦r❡✇♦r❞ ❜② ●✐❛♥✲❈❛r❧♦ ❘♦t❛✱ ❈♦rr❡❝t❡❞ r❡♣r✐♥t ♦❢ t❤❡ ✶✾✽✻ ♦r✐❣✐♥❛❧✳

❬❚❱✾✺❪ ▼✐❝❤❛❡❧ ❆✳ ❚s❢❛s♠❛♥ ❡ ❙❡r❣❡ ●✳ ❱❧➔❞✉➭✱ ●❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ ❤✐❣❤❡r ✇❡✐❣❤ts✱

■❊❊❊ ❚r❛♥s✳ ■♥❢♦r♠✳ ❚❤❡♦r② ✹✶ ✭✶✾✾✺✮✱ ♥♦✳ ✻✱ ♣❛rt ✶✱ ✶✺✻✹✕✶✺✽✽✱ ❙♣❡❝✐❛❧ ✐ss✉❡

♦♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❝♦❞❡s✳

❬❚❱◆✵✼❪ ▼✐❝❤❛❡❧ ❚s❢❛s♠❛♥✱ ❙❡r❣❡ ❱❧➔❞✉➭✱ ❡ ❉♠✐tr② ◆♦❣✐♥✱ ❆❧❣❡❜r❛✐❝ ❣❡♦♠❡tr✐❝ ❝♦❞❡s✿ ❇❛✲

s✐❝ ♥♦t✐♦♥s✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙✉r✈❡②s ❛♥❞ ▼♦♥♦❣r❛♣❤s✱ ✈♦❧✳ ✶✸✾✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡✲

♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✷✵✵✼✳

❬❱❛r✾✽❪ ❆❧❡①❛♥❞❡r ❱❛r❞②✱ ❚r❡❧❧✐s str✉❝t✉r❡ ♦❢ ❝♦❞❡s✱ ❍❛♥❞❜♦♦❦ ♦❢ ❝♦❞✐♥❣ t❤❡♦r②✱ ❱♦❧✳ ■✱

■■✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✾✽✱ ♣♣✳ ✶✾✽✾✕✷✶✶✼✳

❬❲❡✐✾✶❪ ❱✐❝t♦r ❑✳ ❲❡✐✱ ●❡♥❡r❛❧✐③❡❞ ❍❛♠♠✐♥❣ ✇❡✐❣❤ts ❢♦r ❧✐♥❡❛r ❝♦❞❡s✱ ■❊❊❊ ❚r❛♥s✳ ■♥✲

❢♦r♠✳ ❚❤❡♦r② ✸✼ ✭✶✾✾✶✮✱ ♥♦✳ ✺✱ ✶✹✶✷✕✶✹✶✽✳

❬❲❨✾✸❪ ❱✐❝t♦r ❑✳ ❲❡✐ ❡ ❑②❡♦♥❣❝❤❡♦❧ ❨❛♥❣✱ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❍❛♠♠✐♥❣ ✇❡✐❣❤ts ♦❢ ♣r♦❞✲

✉❝t ❝♦❞❡s✱ ■❊❊❊ ❚r❛♥s✳ ■♥❢♦r♠✳ ❚❤❡♦r② ✸✾ ✭✶✾✾✸✮✱ ♥♦✳ ✺✱ ✶✼✵✾✕✶✼✶✸✳
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❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦

P ✲❝ó❞✐❣♦✱ ✷✸

❡q✉✐✈❛❧❡♥t❡✱ ✷✻

❧✐♥❡❛r✱ ✷✸

P ✲❞✐stâ♥❝✐❛✱ ✷✷

P ✲❡s♣❛ç♦✱ ✷✸

P ✲♠étr✐❝❛✱ ✷✸

P ✲♣❡s♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ✷✼

[n]✱ ✷✶

µC ✱ ✸✼

r✲és✐♠♦ P ✲♣❡s♦ ♠í♥✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ✷✽

❛❧❢❛❜❡t♦✱ ✻

❜♦❧❛✱ ✼

❝ó❞✐❣♦✱ ✻

P ✲❝❛❞❡✐❛✱ ✹✽

(P, r)✲▼❉❙✱ ✸✵

❝♦rr❡t♦r ❞❡ ❡rr♦s✱ ✻

❞✉❛❧✱ ✶✷

❧✐♥❡❛r✱ ✾

♣❛❧❛✈r❛✱ ✻

♣♦s❡t✱ ✷✸

❝❛♥❛❧✱ ✶

❝❛♣❛❝✐❞❛❞❡ ❞♦ ❝❛♥❛❧✱ ✸

❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ ❝♦♥❥✉♥t♦✱ ✻

❝♦❞✐✜❝❛çã♦

❞❡ ❍❛♠♠✐♥❣✱ ✸

♣♦r r❡♣❡t✐çã♦✱ ✷

❝♦❞✐✜❝❛❞♦r✱ ✶

❝♦♠♣❛rá✈❡✐s✱ ✶✺

❝♦♥❞✐çã♦ P ✲❝❛❞❡✐❛✱ ✹✽

❝♦♥❥✉♥t♦

❞❡ ❝♦❜❡rt✉r❛ ♦rt♦❣♦♥❛❧✱ ✸✽

❞❡ ❡❧❡♠❡♥t♦s ♠❛①✐♠❛✐s✱ ✷✶

❞❡ t♦❞♦s ♦s ✐❞❡❛✐s✱ ✷✶

❞✉❛❧✱ ✶✷

♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱ ✶✺

❞❡❝♦❞✐✜❝❛ç❛♦

✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦✱ ✽

❞❡❝♦❞✐✜❝❛❞♦r✱ ✶

❞❡❣❡♥❡r❛❞♦✱ ✸✸

❞❡st✐♥❛tár✐♦✱ ✶

❞✐❛❣r❛♠❛s ❞❡ ❍❛ss❡✱ ✶✺

❞✐s❝r❡♣â♥❝✐❛✱ ✺✺

❞✐stâ♥❝✐❛

❍❛♠♠✐♥❣✱ ✼

♠í♥✐♠❛ ❞❡ ❍❛♠♠✐♥❣✱ ✼

❉✉❛❧✐❞❛❞❡✱ ✶✷✱ ✹✺

❡❧❡♠❡♥t♦

✐♥❝♦♠♣❛rá✈❡❧✱ ✶✺

♠❛①✐♠❛❧✱ ✷✶

♠✐♥✐♠❛❧✱ ✷✶

❡s♣❛ç♦ ♣♦s❡t✱ ✷✸

❢♦♥t❡✱ ✶

❣❡r❛❞♦✱ ✸✺

❤✐❡r❛rq✉✐❛✱ ✶✶

❞❡ P ✲♣❡s♦s✱ ✷✽

❤♦♠♦♠♦r✜s♠♦ ♦r❞❡♠✱ ✶✼

✻✸



❮◆❉■❈❊ ❘❊▼■❙❙■❱❖

✐❞❡❛❧✱ ✷✵

❣❡r❛❞♦✱ ✷✵

■s♦♠❡tr✐❛✱ ✽

P ✲✐s♦♠❡tr✐❛✱ ✷✺

▲✐♥❡❛r✱ ✽✱ ✷✺

▲✐♠✐t❛♥t❡ ❞❡ ❙✐♥❣❧❡t♦♥ ●❡♥❡r❛❧✐③❛❞♦✱ ✶✷✱ ✷✽

♠étr✐❝❛

❍❛♠♠✐♥❣✱ ✼

♣♦s❡t✱ ✷✸

♠❛tr✐③

❢♦r♠❛ ♣❛❞rã♦✱ ✶✵

❣❡r❛❞♦r❛✱ ✾

✈❡r✐✜❝❛çã♦ ❞❡ ♣❛r✐❞❛❞❡✱ ✶✵

▼♦♥♦t♦♥✐❝✐❞❛❞❡✱ ✶✶

♣♦s❡t✱ ✷✽

♠✉❧t✐❝♦♥❥✉♥t♦✱ ✸✷

❛ss♦❝✐❛❞♦ ❛♦ ❝ó❞✐❣♦✱ ✸✽

❡q✉✐✈❛❧❡♥t❡s✱ ✸✸

✐♥❞✉③✐❞♦✱ ✸✹

✐♥❞✉③✐❞♦ ♣♦r ✉♠ P ✲❝ó❞✐❣♦✱ ✸✻

♠✉❧t✐♣❧✐❝✐❞❛❞❡✱ ✸✷

♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ✸✸

♦r❞❡♠ ♣❛r❝✐❛❧✱ ✶✺

♣❡s♦

P ✲♣❡s♦✱ ✷✷

❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣✱ ✶✶

❍❛♠♠✐♥❣✱ ✼

♠í♥✐♠♦

r✲és✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❍❛♠♠✐♥❣✱ ✶✶

♠í♥✐♠♦ ❞❡ ❍❛♠♠✐♥❣✱ ✾

♣♦s❡t✱ ✶✺

❛♥t✐✲✐s♦♠♦r✜s♠♦✱ ✶✾

❛♥t✐❝❛❞❡✐❛✱ ✶✺

❛♥t✐❧✐♥❡❛r✱ ✶✺

❛✉t♦♠♦r✜s♠♦✱ ✶✾

❝❛❞❡✐❛✱ ✶✺

❝♦♠♣r✐♠❡♥t♦✱ ✶✺

✜♥✐t♦✱ ✶✺

❍❛♠♠✐♥❣✱ ✷✸

✐s♦♠♦r✜s♠♦✱ ✶✾

❧✐♥❡❛r✱ ✶✺

♦♣♦st♦✱ ✷✵

t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱ ✶✺

r✲❝♦rr❡t♦r ❞❡ ❡rr♦s P✲♣❡r❢❡✐t♦✱ ✷✹

r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ ✼

s✐st❡♠❛ ❞❡ ❝♦❞✐✜❝❛çã♦✱ ✶

s✐st❡♠❛ ❞❡ ❝♦♠✉♥✐❝❛çã♦✱ ✶

s✉❜♠✉❧t✐❝♦♥❥✉♥t♦✱ ✸✽

s✉♣♦rt❡✱ ✼

❞❡ ✉♠ s✉❜❡s♣❛ç♦✱ ✶✶

t❛①❛ ❞❡ ✐♥❢♦r♠❛çã♦✱ ✷

tr❛♥s❢♦r♠❛çã♦ ✐♥❞✉③✐❞❛✱ ✷✼

✻✹


