
❘❖❉❖▲❋❖ ●❖❚❆❘❉■ ❇❊●■❆❚❖

▼ét♦❞♦s ❤í❜r✐❞♦s ❡ ❧✐✈r❡s ❞❡

❞❡r✐✈❛❞❛s ♣❛r❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s

❈❛♠♣✐♥❛s

✷✵✶✷

✐
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⑤✈⑤



⑤✈✐⑤



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦✿

• ➚s Pr♦❢❛s✳ ❉r❛s✳ ▼ár❝✐❛ ❆♣❛r❡❝✐❞❛ ●♦♠❡s ❘✉❣❣✐❡r♦✱ ❙❛♥❞r❛ ❆✉❣✉st❛ ❙❛♥t♦s ❡ ❆♥❛ ▲✉ís❛
❈✉stó❞✐♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❡ ❞❡❞✐❝❛çã♦✳

• ❆♦s Pr♦❢s✳ ❉rs✳ ▼❛r✐♦ ▼❛rtí♥❡③✱ ❆❞❡♠✐r ❆❧✈❡s ❘✐❜❡✐r♦✱ ❏✉❧✐❛♥♦ ❞❡ ❇❡♠ ❋r❛♥❝✐s❝♦ ❡ às
Pr♦❢❛s✳ ❉r❛s✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t ❡ ❱❡r❛ ▲ú❝✐❛ ❞❛ ❘♦❝❤❛ ▲♦♣❡s✱ ♣❡❧♦s ✈❛❧✐♦s♦s
❝♦♠❡♥tár✐♦s ❛ r❡s♣❡✐t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

• ❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈✱ ❡♠ ❡s♣❡❝✐❛❧ àq✉❡❧❡s ❞❛ s❡❝r❡t❛r✐❛ ❞❡ ♣ós✲❣r❛❞✉❛çã♦✱ ♣♦r ♠❡ ❛❥✉❞❛r
❝♦♠ ♣r❛③♦s ❡ ❞❛t❛s✱ ✐♠♣❡❞✐♥❞♦ ♠✐♥❤❛ ❡①❝❧✉sã♦ ❞♦ ♣r♦❣r❛♠❛ ♣♦r ♠♦t✐✈♦s ❜✉r♦❝rát✐❝♦s✳

• ❆♦ ❣r✉♣♦ ❞❡ ♦t✐♠✐③❛çã♦ ❞❛ ❯♥✐❝❛♠♣✱ ♣❡❧❛ ❛♣r❡♥❞✐③❛❣❡♠ ♣r♦♣♦r❝✐♦♥❛❞❛✳

• ➚ ❈❛♣❡s ❡ ❛♦ ❈◆P◗✱ ♣❡❧♦ ❛✉①í❧✐♦ ✜♥❛♥❝❡✐r♦✳

• ❆ ▲✐❛✱ ❲❛❞♦✱ ▼❛✉rí❝✐♦✱ ❏♦ã♦ P❛✉❧♦✱ ▼❛r✐❛ ❘♦s❛ ❡ ▼❛r✐♦ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♠♣r❡❡♥sã♦✳

• ❆ ♠❡✉s ❛♠✐❣♦s✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ✭t♦♠❛❞♦ ♣❡❧♦ ❡♥♦r♠❡ t❡♠♦r ❞❡ q✉❡ ❛❧❣✉é♠ s❡❥❛ ❡sq✉❡✲
❝✐❞♦✱ ♥ã♦ ♦s ❝✐t❛r❡✐ ♥♦♠✐♥❛❧♠❡♥t❡✮✳

• ❆ P❛✉❧❛ ❡ ▼❛r✐♥❛✱ ♣♦r t✉❞♦✳

⑤✈✐✐⑤
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❘❡s✉♠♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ t❡s❡ é tr❛t❛r ❞❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ❡♠ q✉❡ ❛s
❢✉♥çõ❡s sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❤í❜r✐❞❛ q✉❡ ✉t✐❧✐③❛ ✉♠ ♠ét♦❞♦
✐t❡r❛t✐✈♦ ❝♦♠ ❞✉❛s ❢❛s❡s✳ ❆ ♣r✐♠❡✐r❛ ❢❛s❡ ❝♦♥s✐st❡ ❞❡ ✈❡rsõ❡s s❡♠ ❞❡r✐✈❛❞❛s ❞♦ ♠ét♦❞♦ ❞♦ ♣♦♥t♦
✜①♦ ❡♠♣r❡❣❛♥❞♦ ♣❛râ♠❡tr♦s ❡s♣❡❝tr❛✐s ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❛ ❞✐r❡çã♦ r❡s✐❞✉❛❧✳
❆ s❡❣✉♥❞❛ ❢❛s❡ é ❝♦♥st✐t✉í❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❡♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐①✲❢r❡❡✱ ❡♠
q✉❡ é ❛❝♦♣❧❛❞♦ ♦ ♠ét♦❞♦ ●▼❘❊❙ ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r q✉❡ ❞❡t❡r♠✐♥❛ ❛ ♥♦✈❛ ❞✐r❡çã♦ ❞❡
❜✉s❝❛✳ ❖ ♠ét♦❞♦ ❤í❜r✐❞♦ ❝♦♠❜✐♥❛ ♦r❞❡♥❛❞❛♠❡♥t❡ ❛s ❞✉❛s ❢❛s❡s ❞❡ ❢♦r♠❛ q✉❡ ❛ s❡❣✉♥❞❛ é ❛❝✐♦♥❛❞❛
s♦♠❡♥t❡ ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ♥❛ ♣r✐♠❡✐r❛ ❡✱ ❡♠ ❛♠❜❛s✱ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ ♥ã♦✲♠♦♥ót♦♥♦ ❞❡✈❡
s❡r ✈❡r✐✜❝❛❞❛ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s✳

❉❡s❡♥✈♦❧✈❡♠♦s ❛✐♥❞❛ ✉♠ s❡❣✉♥❞♦ ♠ét♦❞♦✱ ❡♠ q✉❡ ✉♠❛ t❡r❝❡✐r❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ é ❛❝✐♦♥❛❞❛
❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s ❢❛③ ❝♦♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♥❛ ❞✐r❡çã♦ ❞♦
♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ t♦r♥❡✲s❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ♣❡q✉❡♥♦✳ ❙ã♦ ❡st❛❜❡❧❡❝✐❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡
❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ♣r♦♣♦st♦s✳ ❖ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❛✈❛❧✐❛❞♦ ❡♠ ✉♠❛ sér✐❡ ❞❡
t❡st❡s ♥✉♠ér✐❝♦s ❝♦♠ ♣r♦❜❧❡♠❛s tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳

❚❛♥t♦ ❛ ❛♥á❧✐s❡ t❡ór✐❝❛ q✉❛♥t♦ ❛ ♥✉♠ér✐❝❛ ❡✈✐❞❡♥❝✐❛♠ ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞❛s ❛❜♦r❞❛❣❡♥s ❛♣r❡s❡♥t❛❞❛s
♥❡st❡ tr❛❜❛❧❤♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❙✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s❀ ♦t✐♠✐③❛çã♦ s❡♠ ❞❡r✐✈❛❞❛s❀ ♠ét♦❞♦s ❡s♣❡❝tr❛✐s❀ ◆❡✇t♦♥
✐♥❡①❛t♦❀ ❜✉s❝❛ ❞✐r❡t❛❀ ❜✉s❝❛ ❧✐♥❡❛r ♥ã♦ ♠♦♥ót♦♥❛✳

⑤✐①⑤
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❆❜str❛❝t

❚❤✐s t❤❡s✐s ❤❛♥❞❧❡s ❧❛r❣❡✲s❝❛❧❡ ♥♦♥❧✐♥❡❛r s②st❡♠s ❢♦r ✇❤✐❝❤ ❛❧❧ t❤❡ ✐♥✈♦❧✈❡❞ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s❧②
❞✐✛❡r❡♥t✐❛❜❧❡✳ ❚❤❡② ❛r❡ s♦❧✈❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❤②❜r✐❞ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❛♥ ✐t❡r❛t✐✈❡ ♠❡t❤♦❞ ✇✐t❤ t✇♦
♣❤❛s❡s✳ ❚❤❡ ✜rst ♣❤❛s❡ ✐s ❞❡✜♥❡❞ ❜② ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ✈❡rs✐♦♥s ♦❢ ❛ ✜①❡❞✲♣♦✐♥t ♠❡t❤♦❞ t❤❛t ❡♠♣❧♦②s
s♣❡❝tr❛❧ ♣❛r❛♠❡t❡rs t♦ ❞❡✜♥❡ t❤❡ st❡♣❧❡♥❣t❤ ❛❧♦♥❣ t❤❡ r❡s✐❞✉❛❧ ❞✐r❡❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣❤❛s❡ ❝♦♥s✐sts
♦❢ ❛ ♠❛tr✐①✲❢r❡❡ ✐♥❡①❛❝t ◆❡✇t♦♥ ♠❡t❤♦❞ t❤❛t ❡♠♣❧♦②s t❤❡ ●▼❘❊❙ t♦ s♦❧✈❡ t❤❡ ❧✐♥❡❛r s②st❡♠ t❤❛t
❝♦♠♣✉t❡s t❤❡ s❡❛r❝❤ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♣r♦♣♦s❡❞ ❤②❜r✐❞ ♠❡t❤♦❞ ♥❡❛t❧② ❝♦♠❜✐♥❡s t❤❡ t✇♦ ♣❤❛s❡s ✐♥ s✉❝❤
❛ ✇❛② t❤❛t t❤❡ s❡❝♦♥❞ ✐s ❝❛❧❧❡❞ ♦♥❧② ✐♥ ❝❛s❡ t❤❡ ✜rst ♦♥❡ ❢❛✐❧s✳ ❚♦ ❛❝❝❡♣t ♥❡✇ ♣♦✐♥ts ✐♥ ❜♦t❤ ♣❤❛s❡s✱
❛ ♥♦♥♠♦♥♦t♦♥❡ ❞❡❝r❡❛s❡ ❝♦♥❞✐t✐♦♥ ✉♣♦♥ ❛ ♠❡r✐t ❢✉♥❝t✐♦♥ ❤❛s t♦ ❜❡ ✈❡r✐✜❡❞✳

❆ s❡❝♦♥❞ ♠❡t❤♦❞ ✐s ❞❡✈❡❧♦♣❡❞ ❛s ✇❡❧❧✱ ✇✐t❤ ❛ t❤✐r❞ ♣❤❛s❡ ❜❛s❡❞ ♦♥ ❞✐r❡❝t s❡❛r❝❤✱ t❤❛t s❤♦✉❧❞
❛❝t ✇❤❡♥❡✈❡r t♦♦ ♠❛♥② ❧✐♥❡ s❡❛r❝❤❡s ❤❛✈❡ ❡①❝❡ss✐✈❡❧② ❞❡❝r❡❛s❡❞ t❤❡ st❡♣❧❡♥❣❤t ❛❧♦♥❣ t❤❡ ✐♥❡①❛❝t✲
◆❡✇t♦♥ ❞✐r❡❝t✐♦♥✳ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❢♦r t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞s ❛r❡ ❡st❛❜❧✐s❤❡❞✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
♣❡r❢♦r♠❛♥❝❡ ✐s ❛ss❡ss❡❞ ✐♥ ❛ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ♣r♦❜❧❡♠s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳

❇♦t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❛❧②s✐s ❝♦rr♦❜♦r❛t❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ♣r♦♣♦s❡❞ str❛✲
t❡❣✐❡s✳

❑❡②✇♦r❞s✿ ◆♦♥❧✐♥❡❛r s②st❡♠s❀ ❞❡r✐✈❛t✐✈❡ ❢r❡❡❀ s♣❡❝tr❛❧ ♠❡t❤♦❞s❀ ✐♥❡①❛❝t ◆❡✇t♦♥❀ ❞✐r❡❝t s❡❛r❝❤❀
♥♦♥♠♦♥♦t♦♥❡ ❧✐♥❡s❡❛r❝❤✳

⑤①✐⑤
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▲✐st❛ ❞❡ ◆♦t❛çõ❡s

N ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s

Z ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s

Q ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s

R ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

R+ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s

Rn ❝♦♥❥✉♥t♦ ❞♦s ✈❡t♦r❡s ❝♦❧✉♥❛s x =



















x1

x2
✳✳✳

xn



















A : m× n ♠❛tr✐③ ❝♦♠ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s

A⊤ ♠❛tr✐③ tr❛♥s♣♦st❛

A(i, j) ❡❧❡♠❡♥t♦ ❞❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ A

A = [a1, . . . , an] ♠❛tr✐③ ❝✉❥❛s ❝♦❧✉♥❛s sã♦✱ ♦r❞❡♥❛❞❛♠❡♥t❡✱ a1, . . . , an

|.| ❛♣❧✐❝❛çã♦ ♠ó❞✉❧♦

‖.‖ ❛♣❧✐❝❛çã♦ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛

F (x) = (F1(x), F2(x), . . . , Fn(x))
⊤ ✐♠❛❣❡♠ ❞♦ ♣♦♥t♦ x ♣♦r ✉♠❛ ❢✉♥çã♦ F : Rn → Rn

∇f(x) ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f : Rn → R ♥♦ ♣♦♥t♦ x

∇2f(x) ❤❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ f : Rn → R ♥♦ ♣♦♥t♦ x

J(x) ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ F : Rn → Rn ♥♦ ♣♦♥t♦ x

I ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡

ei i✲és✐♠♦ ✈❡t♦r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Rn

e ✈❡t♦r ❝♦♠ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ✐❣✉❛✐s ❛ 1

#(A) ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ A
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Pr♦❜❧❡♠❛s ♦r✐❣✐♥ár✐♦s ❞❛s ♠❛✐s ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❝♦♠♦ ❛ ♣ró♣r✐❛ ♠❛t❡♠át✐❝❛✱ ❛ ❢ís✐❝❛✱

❛ q✉í♠✐❝❛✱ ❛ ❡❝♦♥♦♠✐❛ ❡ ❛s ❡♥❣❡♥❤❛r✐❛s✱ ♥❡❝❡ss✐t❛♠ ❞❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s

❝♦♠ ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

F (x) = 0,

F : Rn → Rn.
✭✶✳✶✮

❊♠❜♦r❛✱ ❛ r✐❣♦r✱ ❛ t❡r♠✐♥♦❧♦❣✐❛ ❛❞❡q✉❛❞❛ s❡❥❛ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ ❛ ✜♠ ❞❡ ♣❡r♠✐t✐r

✉♠❛ ♠❡❧❤♦r ✢✉ê♥❝✐❛ ♥♦ t❡①t♦✱ ❛❞♦t❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ♦ t❡r♠♦ s✐♠♣❧✐✜❝❛❞♦ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱

♦ q✉❡ é ✉♠❛ ♣rát✐❝❛ ❝♦♠✉♠ ♥❛ ár❡❛✳

❊♠ ❣❡r❛❧✱ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ ❞♦ t✐♣♦ ✭✶✳✶✮✱ ♦♥❞❡ ❛ ❢✉♥çã♦ F é ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱

sã♦ r❡s♦❧✈✐❞♦s ❛tr❛✈és ❞❡ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s✳ ▼ét♦❞♦s ✐t❡r❛t✐✈♦s sã♦ ♠ét♦❞♦s q✉❡ ♣❛rt❡♠ ❞❡ ✉♠

♣♦♥t♦ ✐♥✐❝✐❛❧ q✉❛❧q✉❡r ❞♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ F ❡ ❣❡r❛♠ ✉♠❛ s❡q✉ê♥❝✐❛ {xk}✿

xk+1 = xk + λkdk, ✭✶✳✷✮

♦♥❞❡ ♦ ✈❡t♦r dk é ❝❤❛♠❛❞♦ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❡ λk é ✉♠ ❡s❝❛❧❛r ♥♦ ✐♥t❡r✈❛❧♦ (0, 1] ❡ é ❝❤❛♠❛❞♦ ❞❡

t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳

❊♥tr❡ ♦s ♠ét♦❞♦s ❝❧áss✐❝♦s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❡♥❝♦♥tr❛✲s❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳

❉❡♥♦t❛♥❞♦ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F ♥♦ ♣♦♥t♦ xk ♣♦r J(xk)✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣❧✐❝❛❞♦ à r❡s♦❧✉çã♦

❞❡ ✭✶✳✶✮ ❝♦♥s✐st❡ ❡♠ r❡❛❧✐③❛r ✐t❡r❛çõ❡s ♦♥❞❡ ❛ ❞✐r❡çã♦ dk é ♦❜t✐❞❛ ♣❡❧❛ r❡s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ s✐st❡♠❛

❧✐♥❡❛r✿

J(xk)d = −F (xk). ✭✶✳✸✮

❆ ♣r✐♥❝✐♣❛❧ ✈❛♥t❛❣❡♠ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é s✉❛ ❜♦❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ q✉❡ é q✉❛❞rát✐❝❛✱

s♦❜ ❝❡rt❛s ❤✐♣ót❡s❡s✳ ❘❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❧♦❝❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ sã♦ ❢❛❝✐❧♠❡♥t❡

❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✶✾❪ ♦✉ ❬✹✵❪✳ ◆♦ ❡♥t❛♥t♦✱ ❛ ✉t✐❧✐③❛çã♦ ♣rát✐❝❛ ❞♦

⑤✶⑤



♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s q✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡

♣♦rt❡✳ ❖ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❜❡♠ ❝♦♠♦ ❛ ♣♦st❡r✐♦r r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✱ ♣♦❞❡♠

s❡r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝❛r♦s ♦✉ ❛té ✐♠♣r❛t✐❝á✈❡✐s✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛ é ♦ ✉s♦ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ♣r♦♣♦st♦ ♣♦r ❉❡♠❜♦✱ ❊✐s❡♥st❛t ❡ ❙t❡✐❤❛✉❣ ❬✶✽❪✳ ❆♦ ✐♥✈és ❞❡ ♦❜t❡r ❛

❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✶✳✸✮✱ ❛ ♣r♦♣♦st❛ ❞♦s ❛✉t♦r❡s ❝♦♥s✐st❡ ❡♠

♦❜t❡r ✉♠❛ ❞✐r❡çã♦ dk q✉❡ s❛t✐s❢❛ç❛ à s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿

‖J(xk)dk + F (xk)‖ ≤ ηk‖F (xk)‖, ✭✶✳✹✮

♦♥❞❡ ηk ∈ [0, 1) é ❝❤❛♠❛❞♦ t❡r♠♦ ❢♦rç❛♥t❡✳

▼ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ ♣r♦❥❡çõ❡s s♦❜r❡ s✉❜❡s♣❛ç♦s ❞❡ ❑r②❧♦✈ ❬✸✹❪ tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡s♦❧✈❡r

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✶✳✸✮ ❛ ✜♠ ❞❡ ♦❜t❡r ❛ ❞✐r❡çã♦ dk s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✶✳✹✮✳

❯♠ ❞♦s ♠❛✐s ❝♦♥❤❡❝✐❞♦s ♠ét♦❞♦s ❞❡ ♣r♦❥❡çã♦ s♦❜r❡ s✉❜❡s♣❛ç♦s ❞❡ ❑r②❧♦✈ é ♦ ♠ét♦❞♦ ●▼❘❊❙

✭●❡♥❡r❛❧✐③❡❞ ▼✐♥✐♥✐♠❛❧ ❘❡s✐❞✉❛❧✮ ❬✹✼❪✳ ❆ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ●▼❘❊❙ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥

✐♥❡①❛t♦ ♣❛r❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✐♥t❡r♥♦ ❞á ♦r✐❣❡♠ ❛♦ ♠ét♦❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ◆❡✇t♦♥✲

●▼❘❊❙✳

❊♠ ❛❧❣✉♥s ❝❛s♦s ❬✶✸✱ ✷✾❪✱ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ F ♥ã♦ ♣♦❞❡ s❡r ❢♦r♥❡❝✐❞❛✱ q✉❡r ♣❡❧❛ ❝♦♠✲

♣❧❡①✐❞❛❞❡ ❞♦ ❝á❧❝✉❧♦✱ q✉❡r ♣❡❧❛ ✐♥❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s✳ ❊ss❡ ❝❡♥ár✐♦ ❡st✐♠✉❧♦✉ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s q✉❡ ♥ã♦ ❢❛③❡♠ ♦ ✉s♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❡✱ ❛♦ ✐♥✈és ❞✐ss♦✱ ♦✉ ✉t✐❧✐③❛♠

✉♠❛ ❡str❛té❣✐❛ q✉❡ ♥ã♦ ❢❛③ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s ♦✉ ❡♥❝♦♥tr❛♠ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳

❖s ♠ét♦❞♦s ❞❡ ♣r♦❥❡çã♦ s♦❜r❡ s✉❜❡s♣❛ç♦s ❞❡ ❑r②❧♦✈ tê♠ ❛ ✈❛♥t❛❣❡♠ ♣rát✐❝❛ ❞❡ q✉❡ ❛ ♠❛tr✐③ ❏❛✲

❝♦❜✐❛♥❛ ♥✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞♦ ❡s♣❛ç♦ ❞❛s ✈❛r✐á✈❡✐s s♦♠❡♥t❡ é ✉t✐❧✐③❛❞❛ ❡♠ ♣r♦❞✉t♦s ♠❛tr✐③✲✈❡t♦r

❡ ❡st❡s✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞♦s ❛tr❛✈és ❞❡ sér✐❡s ❞❡ ❚❛②❧♦r✱ ✉t✐❧✐③❛♥❞♦ s♦♠❡♥t❡ ♦ ✈❛✲

❧♦r ❞❡ F ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ ❡♠ q✉❡stã♦✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦

♠❛tr✐①✲❢r❡❡ ❬✹✼❪✳

❚❛♠❜é♠ ❛♣r♦✈❡✐t❛♥❞♦ ❛s ✐❞❡✐❛s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ♠❛s t❡♥t❛♥❞♦ ❡✈✐t❛r ♣♦ssí✈❡✐s ❧✐♠✐t❛çõ❡s

♣rát✐❝❛s ♦❝❛s✐♦♥❛❞❛s ♣❡❧♦ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❡ ♣♦st❡r✐♦r r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✱ t❡♠♦s

♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥✳ ❖s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥ tê♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡✈✐t❛r ❛ ❛✈❛❧✐❛çã♦ ❞❛

♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❡ s✐♠♣❧✐✜❝❛r ❛ ♦❜t❡♥çã♦ ❞❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✳

◆❡st❡ s❡♥t✐❞♦✱ ❡st❛ ❞✐r❡çã♦ é ♦❜t✐❞❛ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r

Bkd+ F (xk) = 0, ✭✶✳✺✮

♥♦ q✉❛❧ ❛ ♠❛tr✐③ Bk é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F ♥♦ ♣♦♥t♦ xk✳

⑤✷⑤



❊♠ ❣❡r❛❧✱ ♣❡❞❡✲s❡ q✉❡ ❛s ♠❛tr✐③❡s ❞❛ s❡q✉ê♥❝✐❛ {Bk} s❛t✐s❢❛ç❛♠ ❛ ❡q✉❛çã♦✿

Bk(xk − xk−1) = F (xk)− F (xk−1), ✭✶✳✻✮

❝❤❛♠❛❞❛ ❞❡ ❡q✉❛çã♦ s❡❝❛♥t❡✳

❖s ♠ét♦❞♦s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✭✶✳✻✮ sã♦ ❞❡♥♦♠✐♥❛❞♦s ♠ét♦❞♦s s❡❝❛♥t❡s ❡ tê♠ t❛①❛ ❞❡ ❝♦♥✲

✈❡r❣ê♥❝✐❛ s✉♣❡r❧✐♥❡❛r✱ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❤✐♣ót❡s❡s✳ ■♥❢♦r♠❛çõ❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ ♦s ♠ét♦❞♦s q✉❛s❡✲

◆❡✇t♦♥ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✾✱ ✶✵✱ ✹✵✱ ✹✷❪✳

❆✐♥❞❛ s❡ tr❛t❛♥❞♦ ❞❡ ♠ét♦❞♦s ❞❡r✐✈❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦

❧✐♥❡❛r❡s✱ t❡♠♦s ❛ ❝❧❛ss❡ ❞♦s ♠ét♦❞♦s t❡♥s♦r✐❛✐s✳ ◆❡st❡ ❝❛s♦✱ ❛♦ ✐♥✈és ❞❡ ♣r♦❝✉r❛r ✉♠❛ r❡❞✉çã♦ ♥❛

❝❛r❣❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ s❛❝r✐✜❝❛♥❞♦ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ é ❛❞♦t❛❞❛ ✉♠❛ ✜❧♦s♦✜❛ ❝♦♥trár✐❛✱ ❡✱ ❡♠

✈❡③ ❞❡ ✉t✐❧✐③❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✱ ❛ ❞✐r❡çã♦ dk é ❡♥❝♦♥tr❛❞❛

❛tr❛✈és ❞❡ ✉♠❛ ♠♦❞❡❧❛❣❡♠ ♠❛✐s ❝♦♠♣❧❡①❛✱ ✐♥❝❧✉✐♥❞♦ ✐♥❢♦r♠❛çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❆ ♥♦✈❛ ❞✐r❡çã♦

❞❡✈❡ s❡r s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r✿

F (xk) + J(xk)d+
1

2
d⊤(Tkd)d = 0, ✭✶✳✼✮

♦♥❞❡ Tk é ✉♠ t❡♥s♦r ❝♦♠ n3 ❡❧❡♠❡♥t♦s (Tk)ijl✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ t✐♣♦ ❞❡ ♠♦❞✐✜❝❛çã♦ é ❢♦r♥❡❝❡r ♠ét♦❞♦s ♠❛✐s ❡✜❝✐❡♥t❡s q✉❡ ♦ ♠ét♦❞♦ ❞❡

◆❡✇t♦♥ ♣❛r❛ ♦s s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❡♠ q✉❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ é s✐♥❣✉❧❛r ♥❛ s♦❧✉çã♦✱ s✐t✉❛çã♦ ❡♠

q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ ❧❡♥t❛ ❬✹✽❪✳ ❖ ✉s♦ ❞❡ ✉♠ ♠ét♦❞♦ ♣✉r♦✱ ❡♠ q✉❡ ❛s s❡❣✉♥❞❛s

❞❡r✐✈❛❞❛s sã♦ ❝❛❧❝✉❧❛❞❛s✱ é ♣r❛t✐❝❛♠❡♥t❡ ✐♥✈✐á✈❡❧ ♣♦✐s r❡q✉❡r ❡①❝❡ss♦ ❞❡ ❝á❧❝✉❧♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s

✭❝á❧❝✉❧♦s ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡ ♣♦st❡r✐♦r r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r✮ ❡ ❞❡

r❡q✉❡r✐♠❡♥t♦s ❞❡ ♠é♠♦r✐❛ ✭r❡q✉❡r ♠❛✐s q✉❡ n3/2 ♣♦s✐çõ❡s ❞❡ ❛r♠❛③❡♥❛♠❡♥t♦✮✳

❙❝❤♥❛❜❡❧ ❡ ❋r❛♥❦ ❬✹✽❪ ♣r♦♣õ❡♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ♣♦st♦ ❜❛✐①♦ ♣❛r❛ ♦s t❡♥s♦r❡s q✉❡ sã♦ r❡♣r❡✲

s❡♥t❛❞♦s ♣♦r Tk✳ ❊ss❛ ❛♣r♦①✐♠❛çã♦ t♦r♥❛ ♦s ❝✉st♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠♣❛rá✈❡✐s ❛♦s ❞♦ ♠ét♦❞♦ ❞❡

◆❡✇t♦♥✳ ❈♦♥❢♦r♠❡ ❬✹✽❪✱ ♦ ♠ét♦❞♦ é ❝♦♠♣❡t✐t✐✈♦ ❡♠ ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ❛ ❏❛❝♦❜✐❛♥❛ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞❛

❡✱ ❛❧é♠ ❞✐ss♦✱ ♠♦str❛ ✉♠❛ ♠❡❧❤♦r❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ s✉❜st❛♥❝✐❛❧ ♥♦s t❡st❡s ❡♥✈♦❧✈❡♥❞♦ ❡q✉❛çõ❡s ❡♠

q✉❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♥❛ s♦❧✉çã♦ t❡♥❤❛ ♣♦st♦ n− 1 ♦✉ n− 2✳

❖✉tr❛ ♠❛♥❡✐r❛ ✉s✉❛❧ ❞❡ s♦❧✉❝✐♦♥❛r s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ✭✶✳✶✮ ❞❡ ♠❛♥❡✐r❛ s❛t✐s❢❛tór✐❛ é ❛tr❛✈és ❞❛

✉t✐❧✐③❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ♣♦♥t♦ ✜①♦✱ ♦s q✉❛✐s sã♦ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s q✉❡ ❣❡r❛♠ ❛ s❡q✉ê♥❝✐❛ {xk}
✉t✐❧✐③❛♥❞♦ ♦ ✈❡t♦r r❡sí❞✉♦ ❝♦♠♦ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✳ ❆ss✐♠ s❡♥❞♦✱ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦ tr❛❜❛❧❤❛✲s❡ ❝♦♠

♦ ✈❡t♦r dk = αkF (xk)✱ ❝♦♠ αk ∈ R✱ ❡✈✐t❛♥❞♦ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ q✉❡ ❢❛ç❛ ✉s♦ ❞❛

♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♦✉ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❡st❛✳

⑤✸⑤



❊♠ ❣❡r❛❧✱ ♦s ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s tê♠ s♦♠❡♥t❡ ❣❛r❛♥t✐❞❛ ❛ s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❧♦❝❛❧✳

■st♦ é✱ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ s♦♠❡♥t❡ sã♦ ✈❡r✐✜❝❛❞♦s s♦❜ ❛ ❤✐♣ót❡s❡ ❞♦ ❛❧❣♦r✐t♠♦

♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦✳ ◆❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❣❛r❛♥t✐r ❛ s❛t✐s❢❛çã♦

❞❡st❛ ❤✐♣ót❡s❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ♥ã♦ t❡♠♦s q✉❛❧q✉❡r ❝♦♥❤❡❝✐♠❡♥t♦ s♦❜r❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✳

P❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧✱ ✐st♦ é✱ ❣❛r❛♥t✐r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✐rá ❝♦♥✈❡r❣✐r ❛ ♣❛rt✐r ❞❡ q✉❛❧q✉❡r

♣♦♥t♦ ✐♥✐❝✐❛❧✱ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ ❞❡✈❡ s❡r ❡♠♣r❡❣❛❞❛✳ P❛r❛ ❞❡✜♥✐r ✉♠❛ ❡str❛té❣✐❛ ❞❡

❣❧♦❜❛❧✐③❛çã♦✱ ✉s✉❛❧♠❡♥t❡ s❡ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦

f : Rn → R, ✭✶✳✽✮

❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✱ q✉❡ ✐♥❞✐❝❛ q✉❛♥❞♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦ é ♠❡❧❤♦r ♦✉ ♣✐♦r✱ ♥♦ s❡♥t✐❞♦ ❞❡

❡st❛r♠♦s ♥♦s ❛♣r♦①✐♠❛♥❞♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❡♠ q✉❡stã♦✳ ●❡r❛❧♠❡♥t❡✱ s❡

❞❡✜♥❡ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) = ‖F (x)‖ ♦✉ f(x) = 1
2‖F (x)‖2✱ ❥á q✉❡✱ ❡♠ ❛♠❜❛s✱ ✈❛❧♦r❡s ♠❛✐s

♣ró①✐♠♦s ❞❡ ③❡r♦ t❡♥❞❡♠ ❛ ✐♥❞✐❝❛r ♠❛✐♦r ♣r♦①✐♠✐❞❛❞❡ ❝♦♠ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❊ ❛ss✐♠✱ ❞❡t❡r✲

♠✐♥❛r ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❡q✉✐✈❛❧❡ ❛ ❞❡t❡r♠✐♥❛r

✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ✐rr❡str✐t❛♠❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦

❞❡✜♥✐❞❛✳

❊♠ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✱ ❞❡✜♥✐❞❛ ✉♠❛ ❢✉♥çã♦ f : Rn → R✱ ❛ q✉❛❧ ❝❤❛♠❛♠♦s ❢✉♥çã♦

♦❜❥❡t✐✈♦✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ♥♦ ❡s♣❛ç♦ Rn q✉❡ s❡❥❛ ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

❯♠ ✈❡t♦r x ∈ Rn ♣♦❞❡ t❡r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ s❡r ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❧♦❝❛❧✱ q✉❛♥❞♦ f(x) é ♦ ♠❡♥♦r

✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ♣❛r❛ f ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❝♦♥t❡♥❞♦ x✱ ♦✉ ❛✐♥❞❛ ❞❡ s❡r ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦

❣❧♦❜❛❧✱ q✉❛♥❞♦ f(x) é ♦ ♠❡♥♦r ✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ♣❛r❛ f ❝♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❡s♣❛ç♦

Rn✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡✱ ❡♠❜♦r❛ t♦❞♦ ♣♦♥t♦ x ∈ Rn q✉❡ s❡❥❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ✭✶✳✶✮

s❡❥❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✱ ♥❡♠ t♦❞♦ ✈❡t♦r q✉❡ ♠✐♥✐♠✐③❛ ❛

❢✉♥çã♦ ❞❡ ♠ér✐t♦ r❡♣r❡s❡♥t❛ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡ f(x) = 1
2‖F (x)‖2✱ t❡♠♦s ∇f(x) = J(x)⊤F (x) ❡✱ ❛ss✐♠✱ só t❡♠♦s ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ ✉♠ ♣♦♥t♦

❞❡ ♠í♥✐♠♦ ❞❡ f é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r q✉❛♥❞♦ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ f é

♥ã♦✲s✐♥❣✉❧❛r✳ P♦rt❛♥t♦✱ ♥ã♦ ❞❡✈❡♠♦s ❡s♣❡r❛r q✉❡ ♠ét♦❞♦s ❣❧♦❜❛❧✐③❛❞♦s ♣❛r❛ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s

t❡♥❤❛♠ ❛ ♠❡s♠❛ ❡✜❝á❝✐❛ q✉❡ ♦s ♠❡s♠♦s ♠ét♦❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦✳

Pr♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛ t❛♠❜é♠ ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞♦s ❛tr❛✈és ❞❡ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ❡

tê♠ s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❛r❛♥t✐❞❛ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✱ ❞❡s❞❡ q✉❡ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐✲

③❛çã♦ s❡❥❛ ❛❝✐♦♥❛❞❛✳ ❆♦ ❞❡t❡r♠✐♥❛r ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦✱ ❞✉❛s ❛❜♦r❞❛❣❡♥s ❝❧áss✐❝❛s sã♦

✉t✐❧✐③❛❞❛s✿ ❜✉s❝❛ ❧✐♥❡❛r ❡ r❡❣✐õ❡s ❞❡ ❝♦♥✜❛♥ç❛✳

⑤✹⑤



◗✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ❜✉s❝❛ ❧✐♥❡❛r✱ ❞❡✈❡✲s❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✳ ❯♠❛

❞✐r❡çã♦ dk é ❝❤❛♠❛❞❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ♣❛r❛ f ❛ ♣❛rt✐r ❞❡ xk s❡ ♣♦ss✐❜✐❧✐t❛ ❞❡t❡r♠✐♥❛r ✉♠ ✈❛❧♦r λ̄

t❛❧ q✉❡ s❡ λ ∈ (0, λ̄)✱ ❡♥tã♦ xk + λdk ♣r♦✈♦❝❛ ✉♠❛ r❡❞✉çã♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❙♦❜ ♦ ♣♦♥t♦

❞❡ ✈✐st❛ ❣❡♦♠étr✐❝♦✱ ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦ sã♦ ❞✐r❡çõ❡s q✉❡ ❢♦r♠❛♠

✉♠ â♥❣✉❧♦ ♦❜t✉s♦ ❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❡ f ♥♦ ♣♦♥t♦ ❡♠ q✉❡stã♦✳

❆♣ós ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✱ ❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ✉♠

❡s❝❛❧❛r λk ♥♦ ✐♥t❡r✈❛❧♦ (0, 1]✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ♣♦♥t♦ xk+1 = xk+λkdk ♣r♦❞✉③❛ ✉♠ ❞❡❝rés❝✐♠♦ ♥♦ ✈❛❧♦r

❞❡ f ✳ ❉❡✈✐❞♦ às ❝❛r❛❝t❡ríst✐❝❛s ❞❛s ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛✱ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡s ♣ró①✐♠♦s ❞❡ ③❡r♦

♣❛r❛ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ✐rã♦ ♣r♦✈♦❝❛r ♦ ❞❡❝rés❝✐♠♦ r❡q✉❡r✐❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛ss♦s ♠✉✐t♦ ♣❡q✉❡♥♦s

♣♦❞❡♠ ♣r❡❥✉❞✐❝❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❆ss✐♠ s❡♥❞♦✱ ❛s ❡str❛té❣✐❛s ❞❡ ❜✉s❝❛ ❧✐♥❡❛r tê♠

❝♦♠♦ ♦❜❥❡t✐✈♦ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r ♣❛r❛ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ q✉❡ s❡ ❛♣r♦①✐♠❡ ❞♦ ♠á①✐♠♦ ✈❛❧♦r q✉❡

♣❡r♠✐t❛ ❛ r❡❞✉çã♦ r❡q✉❡r✐❞❛ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ♦♣çã♦ é tr❛❜❛❧❤❛r ❝♦♠ r❡❣✐õ❡s ❞❡ ❝♦♥✜❛♥ç❛✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞❡✈❡ s❡r ❛♣r♦①✐✲

♠❛❞❛ ♣♦r ✉♠ ♠♦❞❡❧♦✱ ❣❡r❛❧♠❡♥t❡ q✉❛❞rát✐❝♦✱ ♥✉♠❛ r❡❣✐ã♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ xk✳ ❆ ♥♦✈❛ ❞✐r❡çã♦

❞❡ ❜✉s❝❛ s❡rá ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s ♠✐♥✐♠✐③❛❞♦r❡s ❞♦ ♠♦❞❡❧♦ ❡♠ ✉♠❛ r❡❣✐ã♦ ❡♠ q✉❡ s❡ s✉♣õ❡ q✉❡ ♦

♠♦❞❡❧♦ ✐rá ❞❡s❝r❡✈❡r ❜❡♠ ❛ s✐t✉❛çã♦ r❡❛❧✳

❖ ✉s♦ ❞❡ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ só é ❡✜❝❛③ s❡ ❢♦r ❡①✐❣✐❞♦ ✉♠ ❞❡❝rés❝✐♠♦ ❛❞❡q✉❛❞♦ ♥♦ ✈❛❧♦r

❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳ ❱✐s❛♥❞♦ ❡✈✐t❛r ❛ ❡st❛❣♥❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡✴♦✉ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♣♦♥t♦s

♥ã♦ ❡st❛❝✐♦♥ár✐♦s✱ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ s❡ ❡st❛❜❡❧❡❝❡ ❝♦♠♦ ❝r✐tér✐♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ q✉❡ ♦ ♥♦✈♦

♣♦♥t♦ s❛t✐s❢❛ç❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛ ♣♦r ❆r♠✐❥♦ ❬✷❪✳

❆ ❝♦♥❞✐çã♦ ❞❡ ❆r♠✐❥♦ ❡①✐❣❡ q✉❡ ✉♠ ♣♦♥t♦ só ♣♦❞❡ s❡r ❛❝❡✐t♦ ❝❛s♦ ♣r♦✈♦q✉❡ ✉♠ ❞❡❝rés❝✐♠♦ ♥❛ ❢✉♥çã♦

❞❡ ♠ér✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♦ s✐♠♣❧❡s ❞❡s❝❡♥s♦✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ❞❡s❝❡♥s♦ s✐♠♣❧❡s ❡ ♦ ❞❡❝rés❝✐♠♦

♣r♦♣♦st♦ ♣♦r ❆r♠✐❥♦ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞♦ â♥❣✉❧♦ ❡♥tr❡ ❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ✉t✐❧✐③❛❞❛ ❡ ♦ ❣r❛❞✐❡♥t❡

❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✿

f(xk + λkdk) ≤ f(xk) + γλk∇f(xk)
⊤dk, ✭✶✳✾✮

♦♥❞❡ γ ∈ (0, 1)✳

◆♦ ❡♥t❛♥t♦✱ ❛❧❣✉♥s ♠ét♦❞♦s ❞❡ ♣♦♥t♦ ✜①♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ✭❬✶✸❪✱

❬✶✹❪✮ ❞♦ q✉❛❧ ❢❛❧❛r❡♠♦s ❛❞✐❛♥t❡✱ t❡♥❞❡♠ ❛ ✉♠ ♠❛✉ ❢✉♥❝✐♦♥❛♠❡♥t♦ q✉❛♥❞♦ sã♦ ✉t✐❧✐③❛❞❛s ♠✉✐t❛s

r❡❞✉çõ❡s ♥♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳ ❊ss❛ t❡♥❞ê♥❝✐❛ ❡st✐♠✉❧♦✉ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❡str❛té❣✐❛s ♠❛✐s ✢❡①í✈❡✐s

q✉❡ ❆r♠✐❥♦✳ ❆ss✐♠ s❡♥❞♦✱ tr❛❜❛❧❤♦s r❡❝❡♥t❡s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✶✹❪ ❡ ❬✷✽❪✱ ❞❡s❡♥✈♦❧✈❡♠ ❛❧❣♦r✐t♠♦s

❞♦ t✐♣♦ ❡s♣❡❝tr❛❧ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ✈❡rsã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ●r✐♣♣♦✱

▲❛♠♣❛r✐❡❧❧♦ ❡ ▲✉❝✐❞✐ ❬✷✼❪✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♦s ❛✉t♦r❡s ♣r♦♣õ❡♠ ❡ ❞❡♠♦♥str❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❞♦t❛❞♦ ❞❡ ✉♠ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ q✉❡ ♣❡r♠✐t❡ ❛ ❣❡r❛çã♦ ❞❡ s❡q✉ê♥❝✐❛s ♥ã♦✲

⑤✺⑤



♠♦♥ót♦♥❛s✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r❡♠♦s f(xk+1) < f(xk)✱ ❡♠ ❝♦♥tr❛♣♦s✐çã♦ à

♣r♦♣♦st❛ ❞❡ ❆r♠✐❥♦ q✉❡ ✐rá ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ ❣❡r❛r ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛✳

❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ s❡ ❡stá ✐♥t❡r❡ss❛❞♦ ❡♠ tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ❛s ❞❡r✐✈❛❞❛s ❞❡ F ♥ã♦

♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞❛s✱ ❛s ♣r♦♣♦st❛s ♣❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❞♦ ♣r♦❜❧❡♠❛ q✉❡ ❡①✐❥❛♠ ♦

❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❞❡✈❡♠ s❡r ❞❡s❝❛rt❛❞❛s ❡✱ ♥♦✈❛♠❡♥t❡✱ ❞❡✈❡✲s❡ ♦♣t❛r

♣♦r ❡sq✉❡♠❛s ❡♠ q✉❡ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ s❡❥❛ ❛♣r♦①✐♠❛❞♦ ♦✉✱ ❡♥tã♦✱ ✉♠❛ ❡str❛té❣✐❛

❧✐✈r❡ ❞❡ ❞❡r✐✈❛❞❛s ❞❡✈❡ s❡r ✉t✐❧✐③❛❞❛✳ ❖s tr❛❜❛❧❤♦s ❬✶✸❪ ❡ ❬✸✼❪ ❛♣r❡s❡♥t❛♠ ♣r♦♣♦st❛s ♥❡st❡ s❡♥t✐❞♦✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ t❡s❡ é tr❛t❛r ❞❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ ❡♠ q✉❡ ❛ ❢✉♥çã♦

F é ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊ss❛ ❤✐♣ót❡s❡✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ ✐♥❞✐❝❛ q✉❛❧q✉❡r ❛❝❡ss♦ ❛ ❞❛❞♦s

s♦❜r❡ ❛ ❏❛❝♦❜✐❛♥❛ ❞❡ F ✱ ♠❛s tã♦ s♦♠❡♥t❡ ✈✐s❛ ❣❛r❛♥t✐r ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ t❡ór✐❝❛✳

❆ r❡s♦❧✉çã♦ ❞♦s s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s é ♣r♦♣♦st❛ ❛tr❛✈és ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❤í❜r✐❞❛✱ ❝r✐❛♥❞♦ ✉♠

♠ét♦❞♦ ✐t❡r❛t✐✈♦ ❝♦♠ ❞✉❛s ❢❛s❡s✿

✶✳ ✉♠❛ ✈❡rsã♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❞♦ ♠ét♦❞♦ ❞♦ ♣♦♥t♦ ✜①♦ ✉t✐❧✐③❛♥❞♦ ♣❛râ♠❡tr♦s ❡s♣❡❝tr❛✐s ❬✺❪ ♣❛r❛

❞❡t❡r♠✐♥❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❛ ❞✐r❡çã♦ r❡s✐❞✉❛❧❀

✷✳ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❡♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐①✲❢r❡❡✱ ❡♠ q✉❡ é ❛❝♦♣❧❛❞♦ ♦ ♠ét♦❞♦

●▼❘❊❙ ❬✹✼❪ ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r q✉❡ ❞❡t❡r♠✐♥❛ ❛ ♥♦✈❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✳

❖ ♠ét♦❞♦ ❝♦♠❜✐♥❛ ♦r❞❡♥❛❞❛♠❡♥t❡ ❛s ❞✉❛s ❢❛s❡s ❞❡ ❢♦r♠❛ q✉❡ ❛ s❡❣✉♥❞❛ é ❛❝✐♦♥❛❞❛ s♦♠❡♥t❡ ❡♠ ❝❛s♦

❞❡ ❢❛❧❤❛ ♥❛ ♣r✐♠❡✐r❛ ❡✱ ❡♠ ❛♠❜❛s✱ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ ♥ã♦✲♠♦♥ót♦♥♦ ❞❡✈❡ s❡r ✈❡r✐✜❝❛❞❛

♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s✳

Pr♦♣♦r❡♠♦s ❛✐♥❞❛ ✉♠ s❡❣✉♥❞♦ ♠ét♦❞♦✱ ❡♠ q✉❡ ✉♠❛ t❡r❝❡✐r❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ é ❛❝✐♦♥❛❞❛ ❡♠

s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s ❢❛③ ❝♦♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♥❛ ❞✐r❡çã♦ ◆❡✇t♦♥✲

✐♥❡①❛t❛ t♦r♥❡✲s❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ♣❡q✉❡♥♦✳

▼ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ sã♦ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ❡ ❝♦♥s✐st❡♠ ❡♠✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ❛✈❛❧✐❛r ❛ ❢✉♥çã♦

♦❜❥❡t✐✈♦ ♥✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s ❡ ❞❡t❡r♠✐♥❛r ❡♠ q✉❛✐s ♣♦♥t♦s ❞❡✈❡♠♦s ❝♦♥t✐♥✉❛r ♣❡rs✐st✐♥❞♦ ❡

q✉❛✐s ♣♦♥t♦s ❞❡✈❡♠ s❡r ❛❜❛♥❞♦♥❛❞♦s ❬✶✷✱ ✶✺✱ ✸✺❪✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ✉t✐❧✐③❛♠♦s ❛ ❝❤❛♠❛❞❛ ❜✉s❝❛ ❞✐r❡t❛

❞✐r❡❝✐♦♥❛❧✱ ❡♠ q✉❡✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦ k✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s✱ ❝❤❛♠❛❞❛s ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✱ é

❞❡t❡r♠✐♥❛❞♦ ❡ sã♦ ❛✈❛❧✐❛❞♦s ♦s ♣♦♥t♦s r❡s✉❧t❛♥t❡s ❞❛ s♦♠❛ ❞❡ xk ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❡st❡ ❝♦♥❥✉♥t♦✱

❡s❝❛❧❛❞♦s ♣♦r ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❛ss♦✳

❉❡✈✐❞♦ à s✉❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❧❡♥t❛✱ ♦ ✉s♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ é r❡❝♦♠❡♥❞á✈❡❧ ♣❛r❛ r❡s♦❧✉çã♦

❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳ ❆✐♥❞❛ ❛ss✐♠✱ tr❛❜❛❧❤♦s r❡❝❡♥t❡s ❬✷✽✱ ✸✵❪ tê♠ ❛❝♦♣❧❛❞♦ ❛♦s

s❡✉s ❛❧❣♦r✐t♠♦s ✉♠❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ q✉❛♥❞♦ ♦s ♠❡s♠♦s ❡st❡❥❛♠ ❡♠ ✈✐❛s ❞❡ ❞❡❝❧❛r❛r ❢❛❧❤❛s ❞❡

⑤✻⑤



❡①❡❝✉çã♦ ♣♦r ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ ♠❡❧❤♦r✐❛s ♣rát✐❝❛s ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③✳

➱ ❡ss❛ ❛❜♦r❞❛❣❡♠ q✉❡ ♣r❡t❡♥❞❡♠♦s ❛❞♦t❛r ♥❡st❡ tr❛❜❛❧❤♦✳

❖ t❡①t♦ é ❞✐✈✐❞✐❞♦ ❡♠ ❝✐♥❝♦ ❝❛♣ít✉❧♦s✳ ❖ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ tr❛t❛ ❞♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✳

❆♣ós ✉♠❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛✱ é ❛♣r❡s❡♥t❛❞♦ ✉♠ r❡❧❛t♦ t❡ór✐❝♦ ❞♦ ♠ét♦❞♦ ❡ sã♦ ❡♥✉♥❝✐❛❞♦s ♦s

♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❥á ❝♦♥❤❡❝✐❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛♠♦s ❛s ♠✉❞❛♥ç❛s ♣r♦♣♦st❛s ♣❛r❛ ❛♣r✐✲

♠♦r❛r ♦ ♠ét♦❞♦ ❡ ✜♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ t❡st❡s ♥✉♠ér✐❝♦s q✉❡ ❝♦♠♣r♦✈❛♠ ♦ ❣❛♥❤♦ ♦❜t✐❞♦ ❝♦♠

❛❧❣✉♠❛s ❞❛s ♠✉❞❛♥ç❛s r❡❛❧✐③❛❞❛s✱ ♠❛s ❛✐♥❞❛ ✐♥❞✐❝❛♥❞♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♦✉tr❛s ♠♦❞✐✜❝❛çõ❡s q✉❡

♣r♦♣♦r❝✐♦♥❡♠ ✉♠ ❛❧❣♦r✐t♠♦ ♠❛✐s r♦❜✉st♦✳

◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ é ❛♣r❡s❡♥t❛❞♦ ♦ ♠ét♦❞♦ ❤í❜r✐❞♦ ♣r♦♣♦st♦✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡ss❡ ❝❛♣ít✉❧♦ ❤á

✉♠❛ ❛❜♦r❞❛❣❡♠ t❡ór✐❝❛ s♦❜r❡ ♦ ♠ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙✱ ♦♥❞❡ sã♦ r❡❧❛t❛❞♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❆♣ós ✐ss♦✱ ♦ ♠ét♦❞♦ ❤í❜r✐❞♦ é ❞❡s❝r✐t♦ ❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s

❝♦♠ r❡s♣❡✐t♦ à ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦✳ ❖ ❝❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ r❡s✉❧t❛❞♦s ♣rát✐❝♦s

q✉❡ ❝♦♠♣r♦✈❛♠ ♦ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❛❧❣♦rít♠✐❝♦ ❞♦ ♠ét♦❞♦✳

❙❡❣✉✐♥❞♦ ❛ t❡♥❞ê♥❝✐❛ ❞♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ❡✱ ❛♣ós ✉♠❛ ❞❡s❝r✐çã♦ t❡ór✐❝❛ ❞♦s ♠ét♦❞♦s ❞❡ ❜✉s❝❛

❞✐r❡t❛ ❡ ♣♦st❡r✐♦r ❛♥á❧✐s❡ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♦ q✉❛rt♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ✉♠

♥♦✈♦ ♠ét♦❞♦ ❤í❜r✐❞♦ q✉❡ ❛❞✐❝✐♦♥❛ ❛♦ ♠ét♦❞♦ ❛♥t❡r✐♦r ✉♠❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✳ P❛r❛ ❡ss❛ ❡t❛♣❛✱

❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✳ ❖ ❝❛♣ít✉❧♦ s❡❣✉❡ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ t❡ór✐❝❛ ❞♦s ❛❧❣♦r✐t♠♦s ♥♦ ❝♦♥t❡①t♦ ❞❡ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳

❚❡r♠✐♥❛♠♦s ♦ t❡①t♦ ❝♦♠ ✉♠❛ ❛♥á❧✐s❡ ❣❡r❛❧ ❞♦ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈✐❞♦✱ ❞❡st❛❝❛♥❞♦ ❛s ♣r✐♥❝✐♣❛✐s

❝♦♥tr✐❜✉✐çõ❡s q✉❡ ❛♣r❡s❡♥t❛✱ t❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦ q✉❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❚❛♠❜é♠ r❡❧❛t❛♠♦s ❛❧❣✉♠❛s ♣r♦♣♦st❛s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s ❜❡♠ ❝♦♠♦ r❡s✉❧t❛❞♦s ❛✐♥❞❛ ❡♠ ❛❜❡rt♦✳
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❈❛♣ít✉❧♦

✷
▼ét♦❞♦s ❡s♣❡❝tr❛✐s

❯t✐❧✐③❛r ♠ét♦❞♦s ❞❡ ♣♦♥t♦ ✜①♦ é ✉♠❛ ❢♦r♠❛ ❝❧áss✐❝❛ ❞❡ r❡s♦❧✈❡r s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳ ▼ét♦❞♦s q✉❡

❛❞♦t❛♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞♦ t✐♣♦ ♣♦♥t♦ ✜①♦ ❣❡r❛♠ ✐t❡r❛t✐✈❛♠❡♥t❡ ❛ s❡q✉ê♥❝✐❛ {xk} ✉t✐❧✐③❛♥❞♦ ❝♦♠♦

❞✐r❡çã♦ ❞❡ ❜✉s❝❛ F (xk) ♦✉ −F (xk)✱ ❝❤❛♠❛❞❛s ❞❡ ❞✐r❡çõ❡s r❡s✐❞✉❛✐s✳

▲❛ ❈r✉③ ❡ ❘❛②❞❛♥ ❬✶✹❪ ♣r♦♣✉s❡r❛♠ ♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ✭❙♣❡❝tr❛❧ ❆♣♣r♦❛❝❤ ❢♦r ◆♦♥❧✐♥❡❛r

❊q✉❛t✐♦♥s ✲ ❙❆◆❊✮✱ q✉❡ ❡❧❡❣❡ ❝♦♠♦ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛s ✉♠ ✈❡t♦r ♠ú❧t✐♣❧♦ ❞❛ ❞✐r❡çã♦ ❞♦ r❡sí❞✉♦ ❡ ♦

✈❡t♦r ♦♣♦st♦ ❛ ❡st❡✿

dk = (1/αk)F (xk) ❡ dk = −(1/αk)F (xk). ✭✷✳✶✮

❖ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛♠❡♥t♦ αk é ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧✱ ♣r♦♣♦st♦ ♣♦r ❇❛r③✐❧❛✐

❡ ❇♦r✇❡✐♥ ❬✺❪ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡s♣❡❝tr❛❧ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡

♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✳ P❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❞♦ ♠ét♦❞♦✱ é ❡♠♣r❡❣❛❞♦

✉♠ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❞❡ ♣♦♥t♦s q✉❡ ♣❡r♠✐t❡ ❛ ❣❡r❛çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦ ♠♦♥ót♦♥❛✱ ✐st♦

é✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f : Rn → R✱ ♦ ✈❛❧♦r ❞❡ {f(xk)} ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡

❞❡❝r❡s❝❡♥t❡✳

P♦st❡r✐♦r♠❡♥t❡✱ ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✶✸❪ ❞♦t❛r❛♠ ♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❝♦♠ ✉♠❛

❡str❛té❣✐❛ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s q✉❡ ♥ã♦ ❢❛③ ✉s♦ ❡①♣❧í❝✐t♦ ❞❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❞❡r✐✈❛❞❛✱ ❞❡✲

✜♥✐♥❞♦✱ ❛ss✐♠✱ ✉♠ ♠ét♦❞♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ✭❉❋❙❆◆❊✮✱ ❛♦ ❝♦♥trár✐♦ ❞♦ ❝r✐tér✐♦ ✉t✐❧✐③❛❞♦ ♣❡❧♦ ♠ét♦❞♦

❙❆◆❊✱ q✉❡ ✉t✐❧✐③❛ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳

■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠❛ s❡çã♦ t❡ór✐❝❛✱ ❞❡s❝r❡✈❡♥❞♦ ♦ ♠ét♦❞♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡s♣❡❝tr❛❧ ❞❡s❞❡ ❛

♣r♦♣♦st❛ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ♠✐♥✐♠✐③❛çã♦ ❞❡ q✉❛❞rát✐❝❛s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❡ ♣❛ss❛♥❞♦ ♣❛r❛ ♦ ♣♦st❡r✐♦r

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♠♦❞✐✜❝❛çõ❡s q✉❡ ♣♦ss✐❜✐❧✐t❛r❛♠ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ♠❛✐s

❝♦♠♣❧❡①♦s✳ ❆ s❡❣✉✐r✱ r❡❧❛t❛♠♦s ❝♦♠♦ ❡ss❛s ✐❞❡✐❛s ❢♦r❛♠ ❛♣r♦✈❡✐t❛❞❛s ♣❛r❛ r❡s♦❧✈❡r s✐st❡♠❛s ♥ã♦

❧✐♥❡❛r❡s✱ ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❙❆◆❊ ❬✶✹❪ ❡ s✉❛ ♣♦st❡r✐♦r ❛❞❛♣t❛çã♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❉❋❙❆◆❊✳ ❙ã♦

♣r♦♣♦st❛s ❛❧t❡r❛çõ❡s ❛♦ ♠ét♦❞♦ ❉❋❙❆◆❊ q✉❡ ✈✐s❛♠ ❡st❛❜❡❧❡❝❡r ♠❡❧❤♦r✐❛s ♣rát✐❝❛s ♣❛r❛ ♦ ♠ét♦❞♦✳

❖ ❝❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ r❡❧❛t♦s ❞♦s t❡st❡s ♥✉♠ér✐❝♦s q✉❡ ♣❡r♠✐t✐r❛♠ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s

♠♦❞✐✜❝❛çõ❡s ♣r♦♣♦st❛s✱ ❛❧é♠ ❞❡ ❢♦r♥❡❝❡r ✐♥❞✐❝❛t✐✈♦s ♣❛r❛ ♦ ♣r♦ss❡❣✉✐♠❡♥t♦ ❞❛ ✐♥✈❡st✐❣❛çã♦✳

⑤✾⑤



✷✳✶✳ ■♥tr♦❞✉çã♦ t❡ór✐❝❛

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s♦❧✉❝✐♦♥❛r ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✿

min
x∈Rn

f(x), ✭✷✳✷✮

♦♥❞❡ ❛ ❢✉♥çã♦ f : Rn → R ♣♦ss✉✐ ❞❡r✐✈❛❞❛s ♣r✐♠❡✐r❛s ❝♦♥tí♥✉❛s✱ ❇❛r③✐❧❛✐ ❡ ❇♦r✇❡✐♥ ❬✺❪ ♣r♦♣✉s❡r❛♠

✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ q✉❡ ✉t✐❧✐③❛ ✉♠ t❛♠❛♥❤♦ ❡s♣❡❝✐❛❧ ❞❡ ♣❛ss♦ ♣❛r❛ ❛ ❞✐r❡çã♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛✳

❖ ♠ét♦❞♦ ❢♦✐ ♣❡♥s❛❞♦ ❝♦♠♦ ✉♠ ♠ét♦❞♦ q✉❛s❡✲◆❡✇t♦♥ ❬✶✾✱ ✹✵❪✱ q✉❡ ❝♦♥s✐st❡ ❡♠ r❡❛❧✐③❛r ✐t❡r❛çõ❡s

❞♦ t✐♣♦✿

xk+1 = xk −B−1
k ∇f(xk), ✭✷✳✸✮

♦♥❞❡ Bk é ✉♠❛ ♠❛tr✐③ n× n✳

P❛r❛ ✜♥s ♣rát✐❝♦s✱ é ❝♦♥✈❡♥✐❡♥t❡ q✉❡ ❛ ♠❛tr✐③ Bk ♣♦ss❛ s❡r ❛t✉❛❧✐③❛❞❛ s❡♠ ❣r❛♥❞❡s ❝✉st♦s ❝♦♠✲

♣✉t❛❝✐♦♥❛✐s ❛ ♣❛rt✐r ❞❛ ♠❛tr✐③ Bk−1✳ ❆❧é♠ ❞✐ss♦✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❢✉♥çã♦ f é ❝♦♥t✐♥✉❛♠❡♥t❡

❞✐❢❡r❡♥❝✐á✈❡❧✱ r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❣❛r❛♥t❡♠ ♠❡❧❤♦r❡s t❛①❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥❢♦r♠❡ Bk s❡ ❛♣r♦①✐♠❡

❞❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ f ♥♦ ♣♦♥t♦ xk✳ P❛r❛ r❡s✉❧t❛❞♦s t❡ór✐❝♦s s♦❜r❡ ♦s ♠ét♦❞♦s q✉❛s❡✲

◆❡✇t♦♥✱ ❝♦♥s✉❧t❛r ❬✶✾✱ ✹✵❪✳

●❡r❛❧♠❡♥t❡✱ ♦s ♠ét♦❞♦s ❞♦ t✐♣♦ q✉❛s❡✲◆❡✇t♦♥ s✉❣❡r❡♠ q✉❡ ❛ ♠❛tr✐③ Bk s❡❥❛ ❡s❝♦❧❤✐❞❛ ❞❡ ♠♦❞♦ ❛

s❛t✐s❢❛③❡r ❛ ❡q✉❛çã♦ s❡❝❛♥t❡✿

Bksk−1 = yk−1, ✭✷✳✹✮

♦♥❞❡ sk−1 = xk − xk−1 ❡ yk−1 = ∇f(xk)−∇f(xk−1)✳

❈♦♠♦ ♦ ✐♥t❡r❡ss❡ é tr❛❜❛❧❤❛r ❝♦♠ ❛ ❞✐r❡çã♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛✱ ❇❛r③✐❧❛✐ ❡ ❇♦r✇❡✐♥ ❬✺❪ ♣r♦♣õ❡♠ ♦

✉s♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ Bk = αkI✱ ❡♠ q✉❡ αk é ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ Bk s❡❥❛ ✉♠❛

❛♣r♦①✐♠❛çã♦ ❜❛s❡❛❞❛ ❡♠ ❞♦✐s ♣♦♥t♦s ♣❛r❛ ❛ ❡q✉❛çã♦ s❡❝❛♥t❡ ✭✷✳✹✮✳

❖ ✈❛❧♦r ❞❡ αk é✱ ♣♦rt❛♥t♦✱ ♦❜t✐❞♦ ❝♦♠♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✿

min
α∈R

‖αsk − yk‖2, ✭✷✳✺✮

s❡♥❞♦ ❞❡♥♦♠✐♥❛❞♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧ ❡ ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦✿

αk =
s⊤k yk

s⊤k sk
. ✭✷✳✻✮

⑤✶✵⑤



❖❜s❡r✈❛çã♦ ✷✳✶✿ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ✐♥✈❡rs❛ ❞❡ Bk✳ P❛r❛ ✐ss♦✱

❜❛st❛ ❡♥❝♦♥tr❛r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞♦ t✐♣♦ B−1

k = α−1

k I q✉❡ s❡❥❛ ❛ s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

min
α∈R

∥

∥sk − α−1yk
∥

∥

2
. ✭✷✳✼✮

◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ s❡rá✿

αk =
y⊤k yk
y⊤k sk

. ✭✷✳✽✮

◆❛ ❧✐t❡r❛t✉r❛ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❛❧❣✉♥s ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛♠ s♦♠❡♥t❡ ♦ ✈❛❧♦r ✭✷✳✻✮✱ ♦✉tr♦s ♠ét♦❞♦s ♣r❡❢❡r❡♠

❛❧t❡r♥❛r ❛ ❡s❝♦❧❤❛✱ ✉t✐❧✐③❛♥❞♦ ♦r❛ ♦ ✈❛❧♦r ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✻✮✱ ♦r❛ ♦ ✈❛❧♦r ❡♥❝♦♥tr❛❞♦ ❛tr❛✈és ❞❛

❛♣r♦①✐♠❛çã♦ ❞❛ ✐♥✈❡rs❛ ✭✷✳✽✮✳

P❛r❛ ❡♥t❡♥❞❡r ❛ ❞❡♥♦♠✐♥❛çã♦ ✏♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧✑✱ ❞❡✈❡✲s❡ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ é ❛❞✐❝✐♦♥❛❞❛

❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ❢✉♥çã♦ f é ❞✉❛s ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ◆❡st❡ ❝❛s♦✱ ♦ ❚❡♦r❡♠❛

❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

∇f(xk)−∇f(xk−1) =

∫ 1

0
∇2f(xk−1 + t(xk − xk−1))dt(xk − xk−1), ✭✷✳✾✮

❡✱ s✉❜st✐t✉✐♥❞♦ ✭✷✳✾✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✻✮✱ t❡♠♦s✿

αk =
s⊤k yk

s⊤k sk
=

s⊤k
∫ 1
0 ∇2f(xk−1 + tsk)dtsk

s⊤k sk
. ✭✷✳✶✵✮

❖ ✈❛❧♦r αk ❛ss✐♠ ❞❡✜♥✐❞♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤ ❞❛ ❍❡ss✐❛♥❛ ♠é❞✐❛✱ ❞❛í ❛ ❥✉st✐✜❝❛t✐✈❛

♣❛r❛ ♦ ✉s♦ ❞♦ t❡r♠♦✳

❊♠ ❇❛r③✐❧❛✐ ❡ ❇♦r✇❡✐♥ ❬✺❪ é ❞❡♠♦♥str❛❞❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ r✲s✉♣❡r❧✐♥❡❛r ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐✲

③❛çã♦ q✉❛❞rát✐❝♦s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❡ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ é r❡❧❛t❛❞♦ ♠❡♥♦r

❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♠❡♥♦r s❡♥s✐❜✐❧✐❞❛❞❡ ❛♦ ♠❛✉ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❡♠ r❡❧❛çã♦ ❛♦ ♠ét♦❞♦ ❝♦♠ ❛

❞✐r❡çã♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛ ❝❧áss✐❝❛✳

P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✱ ❋❧❡t❝❤❡r ❬✷✸❪ ❣❛r❛♥t❡ q✉❡ ♣♦❞❡♠♦s ♦❜t❡r ♥♦ ♠á①✐♠♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ r✲❧✐♥❡❛r✳

❘❛②❞❛♥ ❬✹✹❪ ❞❡♠♦♥str❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ q✉❛❞rát✐❝❛s ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛s ❡♠ q✉❛❧q✉❡r ❞✐♠❡♥✲

sã♦✳ P♦r ✜♠✱ ❋r✐❡❞❧❛♥❞❡r✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✷✹❪ ❞❡♠♦♥str❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ q✉❛❞rát✐❝❛s ♥ã♦

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛s✳

P❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲q✉❛❞rát✐❝♦✱ ❛ ✐♥❝♦r♣♦r❛çã♦ ❞❡ ✉♠❛ ❡str❛té❣✐❛

❞❡ ❣❧♦❜❛❧✐③❛çã♦ é ♥❡❝❡ssár✐❛✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♠ét♦❞♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡s♣❡❝tr❛❧ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧

❝❛r❛❝t❡ríst✐❝❛ ♦ ❢❛t♦ ❞❡ s❡r ✉♠ ♠ét♦❞♦ ❞❡ ✐t❡r❛çõ❡s rá♣✐❞❛s✱ ♣♦✐s r❡q✉❡r s♦♠❡♥t❡ O(n) ♦♣❡r❛çõ❡s

❡♠ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✱ ❡ s♦♠❡♥t❡ ✉♠❛ ❛✈❛❧✐❛çã♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❛ ❝❛❞❛ ✐t❡r❛çã♦✳

⑤✶✶⑤



❆ss✐♠✱ ♣❛r❛ q✉❡ ♦ ♠ét♦❞♦ ♣r❡s❡r✈❡ s❡✉ ❞❡s❡♠♣❡♥❤♦ ❞❡✈❡✲s❡ ❣❛r❛♥t✐r q✉❡ ♠❛♥t❡♥❤❛ s✉❛s ♣r✐♥❝✐♣❛✐s

❝❛r❛❝t❡ríst✐❝❛s✿

❈❛r❛❝t❡ríst✐❝❛ ✶ ❛ ❞✐r❡çã♦ ❝♦♠ ♣❛ss♦ ❝♦♠♣❧❡t♦ é ❛❝❡✐t❛ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ ❥á q✉❡ ♦ ❡①❝❡ss♦

❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s t♦r♥❛ ♦ ♠ét♦❞♦ ♠✉✐t♦ ♣❛r❡❝✐❞♦ ❝♦♠ ♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛✱ q✉❡ ♣♦r s✉❛ ✈❡③ t❡♠

❝♦♥✈❡r❣ê♥❝✐❛ ❧❡♥t❛❀

❈❛r❛❝t❡ríst✐❝❛ ✷ ❛♣❡♥❛s ✐♥❢♦r♠❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ❛r♠❛③❡♥❛❞❛✳

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ q✉❡ ♥ã♦ ❝♦♠♣r♦♠❡t❛ ♦ ❞❡s❡♠♣❡♥❤♦

❞♦ ♠ét♦❞♦ ❞❡ ❇❛r③✐❧❛✐ ❡ ❇♦r✇❡✐♥✱ ❘❛②❞❛♥ ❬✹✺❪ ✉t✐❧✐③❛ ❜✉s❝❛s ❧✐♥❡❛r❡s ♥ã♦✲♠♦♥ót♦♥❛s ❜❛s❡❛❞❛s ♥♦

❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣r♦♣♦st♦ ♣♦r ●r✐♣♣♦✱ ▲❛♠♣❛r✐❡❧❧♦ ❡ ▲✉❝✐❞✐ ❬✷✼❪✿

f(xk + λdk) ≤ max
0≤j≤min{k,M−1}

f(xk−j) + γλ∇f(xk)
⊤dk, ✭✷✳✶✶✮

❝♦♠ γ ∈ (0, 1) ❡ M ∈ N✳

❆♦ ❛❞♦t❛r ❡ss❛ ❡str❛té❣✐❛✱ ❛ t❡♥❞ê♥❝✐❛ é q✉❡ ♦ ♠ét♦❞♦ ❛❝❡✐t❡ ♦ ♣❛ss♦ ❡s♣❡❝tr❛❧ ❝♦♠♣❧❡t♦ ❡♠ ❛❧❣✉♠❛s

✐t❡r❛çõ❡s ❡♠ q✉❡ ❡st❡ s❡r✐❛ r❡❥❡✐t❛❞♦ s❡ ❢♦ss❡ ❛❞♦t❛❞❛ ✉♠❛ ❜✉s❝❛ ❧✐♥❡❛r ♠♦♥ót♦♥❛✳ ❈♦♠ ❡ss❛ ♥♦✈❛

❡str❛té❣✐❛ ❞❡ ❛❝❡✐t❛çã♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ f ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥❢♦r♠❡ ❬✹✺❪✱ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ é ❣❛r❛♥t✐❞❛✱ ❞❡s❞❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s

s❡❥❛ ✜♥✐t♦ ♥♦ ❝♦♥❥✉♥t♦ Ω0 = {x ∈ Rn : f(x) ≤ f(x0)}✳

❆❧é♠ ❞✐ss♦✱ ♥❡st❡ ♠❡s♠♦ tr❛❜❛❧❤♦ é ❞❡♠♦♥str❛❞♦ q✉❡✱ ❝❛s♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ❞❡ f

♥ã♦ s❡❥❛ ✜♥✐t♦ ❡ ∇f(xk) 6= 0 ♣❛r❛ t♦❞♦ k = 1, 2, 3, . . .✱ ❡♥tã♦ limk→∞ ‖∇f(xk)‖ = 0 ❡ ♥❡♥❤✉♠ ♣♦♥t♦

❧✐♠✐t❡ ❞❛ s❡q✉ê♥❝✐❛ é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✳

✷✳✷✳ ▼ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ♣❛r❛ s✐st❡♠❛s ♥ã♦

❧✐♥❡❛r❡s

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛♠♣❧✐❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s ❛tr❛✈és ❞❡ ♠ét♦❞♦s ❡s♣❡❝tr❛✐s✱ ▲❛ ❈r✉③

❡ ❘❛②❞❛♥ ❬✶✹❪ ♣r♦♣õ❡♠ ♦ ♠ét♦❞♦ ❙❆◆❊ ✭❙♣❡❝tr❛❧ ❆♣♣r♦❛❝❤ ❢♦r ◆♦♥❧✐♥❡❛r ❊q✉❛t✐♦♥s✮✱ q✉❡ ❝♦♥s✐st❡

♥✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧ ❣❧♦❜❛❧✐③❛❞♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❛❞❛♣tá✲❧♦ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳

⑤✶✷⑤



❊ss❡ ♠ét♦❞♦ ❝♦♥s✐❞❡r❛✿

f(x) = ‖F (x)‖2 = F (x)⊤F (x) ✭✷✳✶✷✮

❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❡ ❢♦rç❛ ❛ ❝❤❡❣❛❞❛ ❞❡ F (xk) ❛ ③❡r♦ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

♠✐♥✐♠✐③❛r ♦ ✈❛❧♦r ❞❡ f ✐rr❡str✐t❛♠❡♥t❡ ❡♠ Rn✳ ❯♠ ❡s❝❛❧❛♠❡♥t♦ ❞♦ ✈❡t♦r r❡sí❞✉♦ F (xk) ❡ s❡✉

r❡s♣❡❝t✐✈♦ ✈❡t♦r ♦♣♦st♦ sã♦ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛

dk = −(1/αk)F (xk) ❡ dk = (1/αk)F (xk). ✭✷✳✶✸✮

❯t✐❧✐③❛♥❞♦ ❝♦♠♦ ❢❛t♦r ❞❡ ❡s❝❛❧❛♠❡♥t♦ αk✱ ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧ ♣❛r❛ ♣r♦❜❧❡♠❛s

❞❡ ♠✐♥✐♠✐③❛çã♦✱ é ❞❡✜♥✐❞♦ ♦ ♠ét♦❞♦ q✉❡ r❡❝❡❜❡ ♣♦st❡r✐♦r♠❡♥t❡ ❛ ❞❡♥♦♠✐♥❛çã♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦

❡s♣❡❝tr❛❧ ✭✈❡r ❬✶✸❪✮✳

❖ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧✱ ♥❡st❡ ❝❛s♦✱ é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❡q✉❛çã♦✿

αk =
s⊤k yk

s⊤k sk
=

(xk − xk−1)
⊤(F (xk)− F (xk−1))

(xk − xk−1)⊤(xk − xk−1)
. ✭✷✳✶✹✮

❖❜s❡r✈❛çã♦ ✷✳✷✿ ❆✐♥❞❛ q✉❡ ♦ ♠ét♦❞♦ t❡♥❤❛ s❡ ❝♦♥s♦❧✐❞❛❞♦ ❝♦♠ ♦ ♥♦♠❡ ❞❡ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✱ ❝❛❜❡ ♦❜s❡r✈❛r

❛q✉✐ q✉❡ ❡♠❜♦r❛ ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ ❛♣❧✐❝❛❞♦ s♦❜r❡ ❛ ❢✉♥çã♦ F : Rn → Rn ❣❛r❛♥t❛ q✉❡✿

F (xk)− F (xk−1) =

∫ 1

0

J(xk−1 + t(xk − xk−1))dt(xk − xk−1), ✭✷✳✶✺✮

❡ ✐ss♦ ♣♦ss✐❜✐❧✐t❡ ❛✜r♠❛r q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ❝♦rr❡s♣♦♥❞❛ ❛♦ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛

♠é❞✐❛✱ ♥ã♦ ❡①✐st❡ ❛ ❣❛r❛♥t✐❛ ❞❡ q✉❡ ❡st❡ ✈❛❧♦r ❡st❡❥❛ ❞❡♥tr♦ ❞♦ r❛✐♦ ❡s♣❡❝tr❛❧✱ ❥á q✉❡ ❛ s✐♠❡tr✐❛ ❞❛ ♠❛tr✐③ ❡♠

q✉❡stã♦ é ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ✐ss♦ ❛❝♦♥t❡ç❛✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ♠❛tr✐③❡s ♥ã♦ s✐♠étr✐❝❛s✱ ❤á ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❢♦r♥❡❝❡ ✉♠ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ❞✐stâ♥❝✐❛

❡♥tr❡ ✉♠ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤ ❡ ✉♠ ❛✉t♦✈❛❧♦r ❞❛ ♠❛tr✐③ ✳ ❊st❡ r❡s✉❧t❛❞♦ é ❢♦r♠❛❧✐③❛❞♦ ❛ s❡❣✉✐r✿

❚❡♦r❡♠❛ ✷✳✶ ❙❡❥❛♠ A ∈ Cn×n ❡ v ✉♠ ❛✉t♦✈❡t♦r ❞❡ A ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r λ ❡ t❛❧ q✉❡
∥

∥v
∥

∥ = 1✳

❈♦♥s✐❞❡r❡ q ∈ Cn ❝♦♠
∥

∥q
∥

∥ = 1✳ ❙❡ α é ✐❣✉❛❧ ❛ qHAq✱ ♦ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤ ❞❡ q✱ ❡♥tã♦✿

|λ− α| ≤ 2
∥

∥A
∥

∥

∥

∥v − q
∥

∥ ✭✷✳✶✻✮

Pr♦✈❛✿ ❱❡r ❬✺✸❪ ✭♣á❣✐♥❛ ✸✷✻✱ ❚❡♦r❡♠❛ ✺✳✸✳✷✺✮✳ �

❆ss✐♠✱ ❛♦ ❝❤❛♠❛r ♦ ✈❛❧♦r αk ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✶✹✮ ❞❡ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡

❡st❛♠♦s ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❡ ✈❛❧♦r ♠✐♥✐♠✐③❛ ❛ ❡①♣r❡ssã♦

∥

∥J̄ksk − αsk
∥

∥

2
, ✭✷✳✶✼✮

♦♥❞❡ J̄k é ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♠é❞✐❛ ❞❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ❡ ♥ã♦ ♠❛✐s ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ✈❛❧♦r αk ♣❡rt❡♥ç❛ ❛♦

✐♥t❡r✈❛❧♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ r❛✐♦ ❡s♣❡❝tr❛❧✳

⑤✶✸⑤



❉❡♥♦t❛♥❞♦ ♣♦r J(xk) ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ F ♥♦ ♣♦♥t♦ xk✱ t❡r❡♠♦s ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦

❞❡ ♠ér✐t♦ ❞❛❞♦ ♣♦r✿

∇f(xk) = 2J(xk)
⊤F (xk), ✭✷✳✶✽✮

❡✱ ❞❛í

∇f(xk)
⊤dk = 2F (xk)

⊤J(xk)(−1/αk)F (xk) ✭✷✳✶✾✮

♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥❡❣❛t✐✈♦ ❡✱ ♣♦rt❛♥t♦✱ −(1/αk)F (xk) ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ ❞✐r❡çã♦ ❞❡

❞❡s❝✐❞❛ ♣❛r❛ f ✳ ❊st❛ é ❛ r❛③ã♦ ♣❡❧❛ q✉❛❧ ♦s ❛✉t♦r❡s ♣r♦♣õ❡♠ ✉t✐❧✐③❛r ❞✉❛s ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ❡ t❡st❛r✱

❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦s ♣♦♥t♦s x+ = xk − (1/αk)F (xk) ❡ x− = xk + (1/αk)F (xk)✳

P❡❧♦s ♠❡s♠♦s ♠♦t✐✈♦s ❥á ❞✐s❝✉t✐❞♦s ♥♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✱ ♦ ❛❧❣♦r✐t♠♦

❞❡✈❡ ✉t✐❧✐③❛r ✉♠ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ q✉❡ ♣♦ss✐❜✐❧✐t❡ ❛ r❡❛❧✐③❛çã♦ ❞❡ ✉♠❛ ❜✉s❝❛ ❧✐♥❡❛r ♥ã♦ ♠♦♥ót♦♥❛✱

❡ ♦♣t❛✲s❡ ♣❡❧❛ ✉t✐❧✐③❛çã♦ ❞❛ ❡str❛té❣✐❛ ✭✷✳✶✶✮✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ é ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛ ❡①♣r❡ssã♦ ✭✷✳✶✾✮ ♣♦❞❡ s❡r ♥✉❧❛ ♦✉ ❛ss✉♠✐r ✉♠ ✈❛❧♦r

♠✉✐t♦ ♣ró①✐♠♦ ❞❡ ③❡r♦✱ s❡♠ q✉❡ ♦ ✈❡t♦r F (xk) ❡st❡❥❛ r❡❧❛t✐✈❛♠❡♥t❡ ♣ró①✐♠♦ ❞♦ ✈❡t♦r ♥✉❧♦✳ ◆❛

♣rát✐❝❛✱ q✉❛♥❞♦ ✐ss♦ ♦❝♦rr❡✱ ♣♦❞❡ ♥ã♦ s❡r ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r ♣❛r❛ λ q✉❡ s❛t✐s❢❛ç❛ ♦ ❝r✐tér✐♦

❞❡ ❛❝❡✐t❛çã♦ ✭✷✳✶✶✮✳ ◆❡st❡ ❝❛s♦✱ ♦ ❛❧❣♦r✐t♠♦ ✐rá ❡st❛❣♥❛r ♦✉ ❢r❛❝❛ss❛r ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❜✉s❝❛

❧✐♥❡❛r✳ ❖ ♠ét♦❞♦ ❉❋❙❆◆❊ ❬✶✸❪✱ ❞♦ q✉❛❧ ❢❛❧❛r❡♠♦s ❛ ♣❛rt✐r ❞♦ ♣ró①✐♠♦ ♣❛rá❣r❛❢♦✱ ✐rá ❝♦rr✐❣✐r ❡st❡

♣r♦❜❧❡♠❛✳

P❛r❛ tr❛❜❛❧❤❛r ❝♦♠ ♠ét♦❞♦s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ ❡♠ q✉❡ ❛ ❞❡r✐✈❛❞❛ ♥ã♦ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s ♠♦✲

t✐✈♦s q✉❡ ❥á ❛❞✐❛♥t❛♠♦s✱ ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❞❡s❡♥✈♦❧✈❡r❛♠ ♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❬✶✸❪✱ ✉♠❛

❛❞❛♣t❛çã♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❙❆◆❊✱ ♦♥❞❡ sã♦ ♣r❡s❡r✈❛❞♦s✿ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❡t❡r✲

♠✐♥❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧ ❡ ❛s ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ d+ = −(1/αk)F (xk) ❡ d− = (1/αk)F (xk)✳

❆ ♥♦✈✐❞❛❞❡ ♥❡ss❡ ♥♦✈♦ ♠ét♦❞♦ é ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦✱ ❛❣♦r❛ ♠♦❞✐✜❝❛❞♦ ♣❛r❛ ✉♠❛ ❡str❛té❣✐❛ q✉❡

♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s✳

❈♦♠♦ ❥á ❞✐ss❡♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✉♠❛ ❜♦❛ ❡str❛té❣✐❛ ❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛ ♣♦♥t♦s ❛❞✈✐♥❞♦s ❞❡

♠ét♦❞♦s ❞❡ ♣❛ss♦s ❡s♣❡❝tr❛✐s ❞❡✈❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ ♣r❡s❡r✈❛çã♦ ❞❛s ❈❛r❛❝t❡ríst✐❝❛s ✶ ❡ ✷✳

❆ ❡str❛té❣✐❛ ✭✷✳✶✶✮ ✉t✐❧✐③❛❞❛ ♥♦ ❛❧❣♦r✐t♠♦ ❙❆◆❊✱ ❛❧é♠ ❞❡ ❝❛rr❡❣❛r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st❛❣♥❛çã♦ ♦✉

❢r❛❝❛ss♦ ❞♦ ♠ét♦❞♦✱ ❡①✐❣❡ ❛✐♥❞❛ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ✈❛❧♦r ❞♦ ❣r❛❞✐❡♥t❡ ♥❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳ P❛r❛

r❡❛❧✐③❛r ❡ss❡ t❡st❡✱ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ F ♥♦ ♣♦♥t♦ xk✱ q✉❡✱ ♥♦ ❝❛s♦✱

♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ é ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ▲✐ ❡ ❋✉❦✉s❤✐♠❛ ❬✸✼❪✿

‖F (xk + λkdk)‖ ≤ (1 + ζk)‖F (xk)‖ − γλ2
k‖dk‖2, ✭✷✳✷✵✮

❝♦♠ ζk > 0 ♣❛r❛ t♦❞♦ k✱
∑

k

ζk = ζ < ∞ ❡ γ ∈ (0, 1)✳

⑤✶✹⑤



◆♦ ❡♥t❛♥t♦✱ ❞❡s❞❡ q✉❡ ♦ ✈❛❧♦r ❞❡ ζk s❡❥❛ ♠✉✐t♦ ♣❡q✉❡♥♦ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞❡ k ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ ❛ ❡str❛té❣✐❛ ✐rá ✐♠♣♦r ✉♠❛ ❝♦♥❞✐çã♦ q✉❛s❡ ♠♦♥ót♦♥❛ q✉❛♥❞♦ ❡st✐✈❡r♠♦s ♣❡rt♦ ❞❛ s♦❧✉çã♦✳

■ss♦ ♥ã♦ é ❞❡s❡❥á✈❡❧ q✉❛♥❞♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❣r❛❞✐❡♥t❡s ❡s♣❡❝tr❛✐s ♦✉ r❡sí❞✉♦s ❡s♣❡❝tr❛✐s

♣♦✐s ♦ ❛❧❣♦r✐t♠♦ ✐rá ♣❡r❞❡r ✉♠❛ ❞❡ s✉❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s✱ ❥á q✉❡✱ ♥❡st❡ ❝❛s♦✱ t❡♥❞❡ ❛ s❡

❝♦♠♣♦rt❛r ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛ ❝❧áss✐❝♦✳

▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✶✸❪ ♦♣t❛r❛♠ ♣♦r ♠❡s❝❧❛r ❛s ❡str❛té❣✐❛s ✭✷✳✶✶✮ ❡ ✭✷✳✷✵✮ ❡ ❡st❛❜❡❧❡❝❡r

✉♠ ♥♦✈♦ ❝r✐tér✐♦✿

f(xk+1) ≤ max
0≤j≤min{k,M−1}

f(xk−j) + ζk − γλ2
kf(xk) ✭✷✳✷✶✮

❡✈✐t❛♥❞♦✱ ❛ss✐♠✱ ✉♠❛ ♣♦ssí✈❡❧ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❡st✐✈❡r s❡ ❛♣r♦①✐♠❛♥❞♦ ❞❛ s♦❧✉çã♦✳

❈♦♥s✐❞❡r❡ x0 ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞❡ Rn ❡ s✉♣♦♥❤❛ ❞❡✜♥✐❞♦s αmax✱ αmin ∈ R ❝♦♠ 0 < αmin < αmax✱

M ∈ N✱ γ ∈ (0, 1) ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡s❝❛❧❛r❡s {ζk} t❛❧ q✉❡ ζk > 0 ♣❛r❛ t♦❞♦ k ∈ N ❡
∑

k

ζk = ζ <

∞✳ ❖ ❆❧❣♦r✐t♠♦ ✷✳✶ ❞❡s❝r❡✈❡ ❛ ♦❜t❡♥çã♦ ❞♦ ♣♦♥t♦ xk+1 ❛ ♣❛rt✐r ❞❡ xk ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❉❋❙❆◆❊✱

❝♦♥❢♦r♠❡ ♣r♦♣♦st♦ ❡♠ ❬✶✸❪✳

❆❧❣♦r✐t♠♦ ✷✳✶ ❉❋❙❆◆❊

✶✳ • ❊s❝♦❧❤❛ αk t❛❧ q✉❡ |αk| ∈ [αmin, αmax] ❡ ❢❛ç❛ d = −(1/αk)F (xk)✳

• ❋❛ç❛ λ+ = λ− = 1✳

• ❉❡✜♥❛ f̃ = max0≤j≤min{k,M−1} f(xk−j)✳

✷✳ ❙❡ f(xk + λ+d) ≤ f̃ + ζk − γλ2
+f(xk)✱

❞❡✜♥❛ dk = d✱ λk = λ+ ❡ xk+1 = xk + λkdk ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✸✳

❈❛s♦ ❝♦♥trár✐♦✱ s❡ f(xk − λ−d) ≤ f̃ + ζk − γλ2
−f(xk)✱

❞❡✜♥❛ dk = −d✱ λk = λ− ❡ xk+1 = xk + λkdk ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✸✳

❈❛s♦ ❝♦♥trár✐♦✱ r❡❞✉③❛ λ+ ❡ λ− ❡ ✈á ♣❛r❛ ♦ ✐♥í❝✐♦ ❞♦ ♣❛ss♦ ✷✳

✸✳ ❙❡ F (xk+1) = 0 t❡r♠✐♥❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ k = k + 1 ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✶✳

P❛r❛ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ t❡♥❤❛♠ ❡❢❡✐t♦✱ ❞❡✈❡✲s❡ ❛ss✉♠✐r ❛s ❍✐♣ót❡s❡s ✷✳✶✱

✷✳✷ ❡✱ ✷✳✸✿

❍✐♣ót❡s❡ ✷✳✶ ❆ ❢✉♥çã♦ F : Rn → Rn t❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s✳

❍✐♣ót❡s❡ ✷✳✷ ❆ s❡q✉ê♥❝✐❛ {ζk} é t❛❧ q✉❡ ζk > 0 ♣❛r❛ t♦❞♦ k ∈ N ❡

∞
∑

k=1

ζk = ζ < ∞.

⑤✶✺⑤



❍✐♣ót❡s❡ ✷✳✸ ❆ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f : Rn → R ❞❡✈❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦✿

f(x) = ‖F (x)‖ ∀x ∈ Rn ♦✉ f(x) = ‖F (x)‖2 ∀x ∈ Rn. ✭✷✳✷✷✮

❆ss✉♠✐♥❞♦ ❛s ❍✐♣ót❡s❡s ✷✳✶✱ ✷✳✷ ❡ ✷✳✸ ❛❝✐♠❛✱ ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✶✸❪ ❡st❛❜❡❧❡❝❡r❛♠ ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿

❚❡♦r❡♠❛ ✷✳✷ ✶✳ ❙❡ {xk} é ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❡ K é ♦ ❝♦♥❥✉♥t♦ ❞❡

í♥❞✐❝❡s {ν(1) − 1, ν(2) − 1, ν(3) − 1, . . .}✱ ♦♥❞❡ ν(k) ∈ {(k − 1)M + 1, . . . , kM} ❡ é t❛❧ q✉❡✱

♣❛r❛ t♦❞♦ k = 1, 2, . . .✱ t❡♠✲s❡ f(xν(k)) = Wk✳ ❊♥tã♦ t♦❞♦ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡ {xk}k∈K s❛t✐s❢❛③

F (x∗)⊤J(x∗)⊤F (x∗) = 0✳

✷✳ ❙❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ ❧✐♠✐t❡ x∗ ❞❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ t❛❧ q✉❡ F (x∗) = 0✱

❡♥tã♦ limk→∞ F (xk) = 0✳

✸✳ ◆❛ s✐t✉❛çã♦ ❛♥t❡r✐♦r✱ s❡ ❡①✐st✐r δ > 0 t❛❧ q✉❡ F (x) 6= 0 ♣❛r❛ t♦❞♦ x 6= x∗ s❛t✐s❢❛③❡♥❞♦

‖x− x∗‖ ≤ δ✱ ❡♥tã♦ limk→∞ xk = x∗✳

✹✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ✐t❡♠ ✷✱ s❡ ❡①✐st✐r ε > 0 t❛❧ q✉❡ F (x)⊤J(x)⊤F (x) 6= 0 ♣❛r❛ t♦❞♦ x 6= x∗

s❛t✐s❢❛③❡♥❞♦ ‖x − x∗‖ ≤ ε✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✈❛❧♦r δ > 0 t❛❧ q✉❡ ‖x0 − x∗‖ ≤ δ ✐♠♣❧✐❝❛ q✉❡

limk→∞ xk = x∗✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ♦♥❞❡ ❝❛❞❛ ✐t❡♠ ❛❝✐♠❛ ❝♦rr❡s♣♦♥❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s ❚❡♦r❡♠❛s ✶✱ ✷✱ ✸ ❡ ✹✳�

❘❡s✉❧t❛❞♦s ♠❛✐s ❢♦rt❡s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ s❡ ❝♦♥s✐❞❡r❛r♠♦s

❛❧❣✉♠❛s ❤✐♣ót❡s❡s s♦❜r❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F ✳ ❙❡❣✉❡ ❞♦ ✐t❡♠ ✶ ❞♦ ❚❡♦r❡♠❛ ✷✳✷ ♦ s❡❣✉✐♥t❡

❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✷✳✶ ❙❡ J(x) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♦✉ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ {x ∈ R|f(x) ≤
f(x0) + ζ} é ❧✐♠✐t❛❞♦✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✶✮✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ❈♦r♦❧ár✐♦s ✶✱ ✷ ❡ ✸✳ �

❙❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♦✉ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛ ❡♠ ❛❧❣✉♠❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛

♥ã♦✲❧✐♥❡❛r✱ ♦ r❡s✉❧t❛❞♦ ❞♦ ✐t❡♠ ✹ ❞♦ ❚❡♦r❡♠❛ ✷✳✷ ✐rá ✐♠♣❧✐❝❛r ❡♠ ✉♠ s❡❣✉♥❞♦ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✷✳✷ ❙❡❥❛ {xk} ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❡ ❛ss✉♠❛ q✉❡ x∗ é ✉♠❛ s♦❧✉çã♦

♣❛r❛ F (x) = 0 ❡✱ ❛❧é♠ ❞✐ss♦✱ J(x∗) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♦✉ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✈❛❧♦r

δ > 0 t❛❧ q✉❡ ‖x0 − x∗‖ ≤ δ ✐♠♣❧✐❝❛ q✉❡ limk→∞ xk = x∗✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ❈♦r♦❧ár✐♦ ✹✳ �
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❈❛❜❡ ♦❜s❡r✈❛r q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♦❜t✐❞♦s ♣❛r❛ ♦ ♠ét♦❞♦ ❉❋❙❆◆❊✱ ❝♦♥❢♦r♠❡ ♦ ❆❧❣♦✲

r✐t♠♦ ✷✳✶ ❡ ❞❡s❝r✐t♦s ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✱ ❡♠ ♠♦♠❡♥t♦ ❛❧❣✉♠ s✉♣õ❡♠ ✉♠ ✈❛❧♦r ♣❛rt✐❝✉❧❛r ♣❛r❛ αk✳ ❆s

♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ sã♦ ❣❛r❛♥t✐❞❛s ♣❛r❛ q✉❛❧q✉❡r ❡s❝♦❧❤❛ ❞❡ αk ❧✐♠✐t❛❞❛ ♣❡❧♦s ♣❛râ♠❡tr♦s

αmax ❡ αmin✳ ❖✉ s❡❥❛✱ ❡♠❜♦r❛ ♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❡st❡❥❛ ❝♦♥✜❣✉r❛❞♦ ♣❛r❛ s❡r ✉♠ ♠ét♦❞♦ ❞♦ t✐♣♦

❡s♣❡❝tr❛❧✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥ã♦ ❡①✐❣❡♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ t❡♥❤❛ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱

❝♦♥❢♦r♠❡ ♦s ❛✉t♦r❡s r❡❧❛t❛♠ ❡♠ ❬✶✸❪✱ ♥❛ ♣rát✐❝❛✱ ♦✉tr❛s ❡s❝♦❧❤❛s ♣❛r❛ αk ♥ã♦ ❢✉♥❝✐♦♥❛r❛♠ tã♦ ❜❡♠

q✉❛♥t♦ ❛ ❡s❝♦❧❤❛ ❞♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧✳

✷✳✸✳ ▼♦❞✐❢✐❝❛çõ❡s ♣r♦♣♦st❛s

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❧❤♦r❛r ❛ r♦❜✉st❡③ ❞♦ ❛❧❣♦r✐t♠♦ s❡♠✱ ♥♦ ❡♥t❛♥t♦✱ ♣r❡❥✉❞✐❝❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❡✲

♠♦♥str❛❞❛ ♥♦s t❡st❡s ♣r❡s❡♥t❡s ❡♠ ❬✶✸❪✱ ♣r♦♣✉s❡♠♦s ❛❧❣✉♠❛s ❛❧t❡r❛çõ❡s ♥♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳ ❚❛✐s

♠♦❞✐✜❝❛çõ❡s ♦❝♦rr❡r❛♠ ❡♠ ❞✉❛s ✈❡rt❡♥t❡s✿

✶✳ ❡❧❛❜♦r❛çã♦ ❞❡ ❡str❛té❣✐❛s ♣❛r❛ ♦r❞❡♥❛çã♦ ❞❛ ❛✈❛❧✐❛çã♦ ❞♦s ♣♦♥t♦s r❡s✉❧t❛♥t❡s ❞♦ ✉s♦ ❞❛s ❞✐r❡✲

çõ❡s ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧❀

✷✳ ♣r♦♣♦st❛ ❞❡ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ ❛ t❡st❛r ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ♥❛s ❞✐r❡çõ❡s d+ = −(1/αk)F (xk)

❡ d− = (1/αk)F (xk)✳

✷✳✸✳✶ ❊str❛té❣✐❛s ❞❡ ♦r❞❡♥❛çã♦

❆ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❝♦♠ ♦ ✉s♦ ❞❛

❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ♥ã♦✲♠♦♥ót♦♥❛✱ ❝♦♥❢♦r♠❡ ♦ ❆❧❣♦r✐t♠♦ ✷✳✶ ❉❋❙❆◆❊✱ ♣♦❞❡ ♥♦s ❧❡✈❛r ❛ ♦♣t❛r ♣♦r

✉♠❛ ❞✐r❡çã♦ ❞❡ s✉❜✐❞❛ ❛♦ ✐♥✈és ❞❡ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ♦ ♠ét♦❞♦ t❡st❛ s❡♠♣r❡

♦ ♣♦♥t♦ xk − λ+(1/αk)F (xk) ❛♥t❡s ❞♦ ♣♦♥t♦ xk + λ−(1/αk)F (xk)✳ ❆ ❞✐r❡çã♦ −(1/αk)F (xk) ♣♦❞❡

s❡r ❞❡ s✉❜✐❞❛ ❡ ❛✐♥❞❛ ❛ss✐♠ s❛t✐s❢❛③❡r ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ✭✷✳✷✶✮✱ ❥á q✉❡ ❡st❡ ❝r✐tér✐♦ ♥ã♦ ❡①✐❣❡

♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ❞❡❝rés❝✐♠♦ ♥❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳ ❊ss❛ s✐t✉❛çã♦ ❢♦✐ ❝♦♥st❛t❛❞❛ ♥❛ ♣rát✐❝❛ ❡ t❡♥❞❡

❛ ♦❝♦rr❡r ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛s ✐t❡r❛çõ❡s ♦♥❞❡ s❡ t❡♠ ✉♠ ✈❛❧♦r ❣r❛♥❞❡ ♣❛r❛ ζk✳ ❆ s❡❣✉✐r ❡①✐❜✐♠♦s ✉♠

❡①❡♠♣❧♦ ♦♥❞❡ ✐ss♦ ♦❝♦rr❡✳

❊①❡♠♣❧♦ ✷✳✶ ❈♦♥s✐❞❡r❡

F : R2 → R2

F (x1, x2) =

[

−0.3x1

−0.5x2

]

.
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◆❡st❡ ❝❛s♦✱ t❡r❡♠♦s ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x1, x2) = ‖F (x1, x2)‖2 = 0.09x21 + 0.25x22✳ ❯s❛♥❞♦

♦s ♣❛râ♠❡tr♦s ✐♥✐❝✐❛✐s α0 = 1, λ+ = λ− = 1, γ = 10−4✱ ❞❡✜♥✐♥❞♦ ζk = 1/(k + 1)2 ❡ t♦♠❛♥❞♦

x0 = (0.1, 0.1)⊤✱ t❡♠♦s q✉❡ f(x0) = 3.4× 10−3 ❡✱ ❛ss✐♠✱ f̃ + ζk − γλ2
+f(xk) = 1.0034✳

◆❛ ♣r✐♠❡✐r❛ ✐t❡r❛çã♦✱ ♦ ♠ét♦❞♦ ❞❡✈❡rá ❡♥❝♦♥tr❛r ❛ ❞✐r❡çã♦✿

d = −(1/αk)F (xk) = −(−0.03,−0.05)⊤. ✭✷✳✷✸✮

❊✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡r❡♠♦s x+ = (0.13, 0.15)⊤ ❡ x− = (0.07, 0.05)⊤✳

❆♣❧✐❝❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❡♠ ❝❛❞❛ ✉♠ ❞❡ss❡s ♣♦♥t♦s✱ ♦❜t❡♠♦s ♦s ✈❛❧♦r❡s f(x+) = 0.07416 ❡

f(x−) = 0.01066✳ ❈♦♠♦ ♦ ♣♦♥t♦ x+ s❛t✐s❢❛③ ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦✱ ♦ ❛❧❣♦r✐t♠♦ ✐rá ♣r♦ss❡❣✉✐r ♣❛r❛

❡ss❡ ♣♦♥t♦✱ ❛❞♦t❛♥❞♦ ✉♠❛ ❞✐r❡çã♦ ❞❡s❢❛✈♦rá✈❡❧ ❡ ❛❢❛st❛♥❞♦✲s❡ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✱ x∗ = (0, 0)⊤✱

♣♦✐s ‖x0 − x∗‖ < ‖x+ − x∗‖ ❡♥q✉❛♥t♦ ‖x0 − x∗‖ > ‖x− − x∗‖✳

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛ ❞✐✜❝✉❧❞❛❞❡✱ ♣r♦♣♦♠♦s q✉❡✱ ❛♦ ✐♥✈és ❞❡ t❡st❛r ♣❡❧❛ ♦r❞❡♠ ✉s✉❛❧✱ ♦✉ s❡❥❛✱ ♣r✐♠❡✐✲

r❛♠❡♥t❡ ♦ ♣♦♥t♦ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞✐r❡çã♦ −(1/αk)F (xk) ❡ ❞❡♣♦✐s ❛ ❞✐r❡çã♦ ♦♣♦st❛✱ ✉t✐❧✐③❡♠♦s ❞♦✐s

♥♦✈♦s t✐♣♦s ❞❡ ♦r❞❡♥❛çã♦✿

✶✳ ❛✈❛❧✐❛r ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f ♥♦s ♣♦♥t♦s xk − (1/αk)F (xk) ❡ xk + (1/αk)F (xk) ❡✱ ❛♣ós ✐ss♦✱

r❡❛❧✐③❛r ♦ t❡st❡ ❞❡ ❛❝❡✐t❛çã♦ s♦♠❡♥t❡ ♥♦ ♣♦♥t♦ q✉❡ ♦❜t✐✈❡r ❛ ♠❡❧❤♦r r❡❞✉çã♦ ♥♦ ✈❛❧♦r ❞❡ f

✭❉❋❙❆◆❊✲❖✶✮❀

✷✳ t❡st❛r ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❞✐r❡çã♦ ♥♦ s❡♥t✐❞♦ ✉t✐❧✐③❛❞♦ ♥❛ ✐t❡r❛çã♦ ❛♥t❡r✐♦r✳ ■st♦ é✱ s❡ ♦ ♣♦♥t♦ xk

❢♦r ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ dk−1 = −(1/αk−1)F (xk−1)✱ t❡st❛✲s❡ ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ♣♦♥t♦ ♣r♦✈❡♥✐❡♥t❡

❞❛ ❞✐r❡çã♦ −(1/αk)F (xk) ❡✱ ❝❛s♦ ❝♦♥trár✐♦✱ r❡❛❧✐③❛✲s❡ ♦ ♣r✐♠❡✐r♦ t❡st❡ ❞❡ ❛❝❡✐t❛çã♦ ✉t✐❧✐③❛♥❞♦

♦ ♣♦♥t♦ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞✐r❡çã♦ (1/αk)F (xk) ✭❉❋❙❆◆❊✲❖✷✮✳

❖s ♣❛ss♦s ♣❛r❛ ♦❜t❡r xk+1 ❛ ♣❛rt✐r ❞❡ xk ♣❛r❛ ❛s ❞✉❛s ♠♦❞✐✜❝❛çõ❡s ♣r♦♣♦st❛s ❡stã♦ ❞❡t❛❧❤❛❞♦s

♥♦s ❆❧❣♦r✐t♠♦s ✷✳✷ ❡ ✷✳✸✳ ❊♠ ❛♠❜♦s ♦s ❛❧❣♦r✐t♠♦s✱ ♥♦✈❛♠❡♥t❡ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r x0 ✉♠ ♣♦♥t♦

❛r❜✐trár✐♦ ❞❡ Rn ❡ s✉♣♦r ❞❡✜♥✐❞♦s✱ αmax, αmin ∈ R ❝♦♠ 0 < αmin < αmax✱ M ∈ N✱ γ ∈ (0, 1) ❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❡s❝❛❧❛r❡s {ζk} t❛❧ q✉❡ ζk > 0 ♣❛r❛ t♦❞♦ k ∈ N ❡
∑

k

ζk = ζ < ∞✳

❆❧❣♦r✐t♠♦ ✷✳✷ ❉❋❙❆◆❊✲❖✶

✶✳ • ❊s❝♦❧❤❛ αk t❛❧ q✉❡ |αk| ∈ [αmin, αmax] ❡ ❢❛ç❛ d = −(1/αk)F (xk)✳

• ❋❛ç❛ λ+ = λ− = 1✳

• ❉❡✜♥❛ f̃ = max0≤j≤min{k,M−1} f(xk−j)✳

⑤✶✽⑤



✷✳ ❈❛❧❝✉❧❡ f(xk+λ+d) ❡ f(xk−λ−d)✳ ❙❡ f(xk+λ+d) ≤ f(xk−λ−d) ✈á ♣❛r❛ ✸❛✳ ❈❛s♦ ❝♦♥trár✐♦✱

✈á ♣❛r❛ ✸❜✳

✸✳ ✭❛✮ ❙❡ f(xk + λ+d) ≤ f̃ + ζk − γλ2
+f(xk)✱ ❞❡✜♥❛ dk❂d✱ λk = λ+ ❡ xk+1 = xk + λkdk✱ ❡ ✈á

♣❛r❛ ♦ ♣❛ss♦ ✹✳

❈❛s♦ ❝♦♥trár✐♦✱ ✈á ♣❛r❛ ✸❝✳

✭❜✮ ❙❡ f(xk − λ−d) ≤ f̃ + ζk − γλ2
−f(xk)✱ ❞❡✜♥❛ dk❂−d✱ λk = λ− ❡ xk+1 = xk + λkdk✱ ❡ ✈á

♣❛r❛ ♦ ♣❛ss♦ ✹✳

❈❛s♦ ❝♦♥trár✐♦✱ ✈á ♣❛r❛ ✸❝✳

✭❝✮ ❉✐♠✐♥✉❛ λ+ ❡ λ−✱ ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✷✳

✹✳ ❙❡ F (xk+1) = 0 t❡r♠✐♥❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ k = k + 1 ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✶✳

❆❧❣♦r✐t♠♦ ✷✳✸ ❉❋❙❆◆❊✲❖✷

✶✳ ❉❡✜♥❛ lastpos = true✳

✷✳ • ❊s❝♦❧❤❛ αk t❛❧ q✉❡ |αk| ∈ [αmin, αmax] ❡ ❢❛ç❛ d = −(1/αk)F (xk)✳

• ❋❛ç❛ λ+ = λ− = 1✳

• ❉❡✜♥❛ f̃ = max0≤j≤min{k,M−1} f(xk−j)✳

✸✳ ❉❡✜♥❛ first = true✳ ❙❡ lastpos = true✱ ✈á ♣❛r❛ ✹❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✈á ♣❛r❛ ✹❜✳

✹✳ ✭❛✮ ❙❡ f(xk + λ+d) ≤ f̃ + ζk − γλ2
+f(xk)✱ ❞❡✜♥❛ dk❂d✱ λk = λ+ ❡ xk+1 = xk + λkdk✱

lastpos = true ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✺✳

❈❛s♦ ❝♦♥trár✐♦✱

{

s❡ first = true, ❞❡✜♥❛ first = false ❡ ✈á ♣❛r❛ ✹❜.

s❡ first = false ✈á ♣❛r❛ ✹❝✳

✭❜✮ ❙❡ f(xk − λ−d) ≤ f̃ + ζk − γλ2
−f(xk)✱ ❞❡✜♥❛ dk❂−d✱ λk = λ− ❡ xk+1 = xk + λkdk✱

lastpos = false ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✺✳

❈❛s♦ ❝♦♥trár✐♦✱

{

s❡ first = true, ❞❡✜♥❛ first = false ❡ ✈á ♣❛r❛ ✹❛.

s❡ first = false ✈á ♣❛r❛ ✹❝✳

✭❝✮ ❉✐♠✐♥✉❛ λ+ ❡ λ−✱ ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✸✳

✺✳ ❙❡ F (xk+1) = 0✱ t❡r♠✐♥❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ k = k + 1 ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✷✳

➱ ❝❧❛r♦ q✉❡ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❖✶ ❡❧✐♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦ss❡❣✉✐r ♥❛ ❞✐r❡çã♦ q✉❡

♥ã♦ ♣r♦♣♦r❝✐♦♥❛ ♦ ♠❛✐♦r ❞❡❝rés❝✐♠♦ ♥❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳ ◆♦ ❡♥t❛♥t♦✱ t❡♠♦s ❞❡ ♥♦s ❛t❡♥t❛r q✉❡ ♦

♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❞❡✈❡ ❝❡rt❛♠❡♥t❡ ❛✉♠❡♥t❛r✱ ♣♦❞❡♥❞♦ ❛té ❞♦❜r❛r ♥♦s ♣✐♦r❡s ❝❛s♦s✳

❏á ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❖✷✱ ❡♠❜♦r❛ ♥ã♦ ❣❛r❛♥t❛ ❛ t♦t❛❧ ❡❧✐♠✐♥❛çã♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♥ã♦ ♣r❡✈ê q✉❛❧q✉❡r

❝✉st♦ ❛❞✐❝✐♦♥❛❧ ❡♠ t❡r♠♦s ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✳

⑤✶✾⑤



❚❛♥t♦ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❖✶ q✉❛♥t♦ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❖✷ ♣r❡s❡r✈❛♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

♦❜t✐❞♦s ♣❡❧♦ ♠ét♦❞♦ ♦r✐❣✐♥❛❧✱ ❥á q✉❡ ❡♠ ♠♦♠❡♥t♦ ❛❧❣✉♠ ❛ ♦r❞❡♠ ♣❡❧❛ q✉❛❧ s❡ r❡❛❧✐③❛ ♦ t❡st❡ ❞❡

❛❝❡✐t❛çã♦ ✐♥t❡r❢❡r❡ ♥❛ ❞❡♠♦♥str❛çã♦ t❡ór✐❝❛ ❞♦s r❡s✉❧t❛❞♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ ❚❡♦r❡♠❛ ✷✳✷ ♣♦❞❡ s❡r

r❡❡s❝r✐t♦✱ ❛ ✜♠ ❞❡ ❛♠♣❧✐❛r ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦s ❞♦✐s ♥♦✈♦s ❛❧❣♦r✐t♠♦s✿

❚❡♦r❡♠❛ ✷✳✸ ✶✳ ❙❡❥❛ {xk} é ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❉❋❙❆◆❊✱ ♦✉ ♣♦r ✉♠❛ ❞❡ s✉❛s

✈❡rsõ❡s ♠♦❞✐✜❝❛❞❛s ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷✳ ❙❡ K é ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s {ν(1)− 1, ν(2)−
1, ν(3)−1, . . .}✱ ♦♥❞❡ ν(k) ∈ {(k−1)M+1, . . . , kM} ❡ é t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ k = 1, 2, . . .✱ t❡♠✲s❡

f(xν(k)) = Wk✳ ❊♥tã♦ t♦❞♦ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡ {xk}k∈K s❛t✐s❢❛③ F (x∗)⊤J(x∗)⊤F (x∗) = 0✳

✷✳ ❙❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ ❧✐♠✐t❡ x∗ ❞❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✱ ♦✉ ♣♦r ✉♠❛ ❞❡ s✉❛s

✈❡rsõ❡s ♠♦❞✐✜❝❛❞❛s ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷✱ t❛❧ q✉❡ F (x∗) = 0✱ ❡♥tã♦ limk→∞ F (xk) = 0✳

✸✳ ◆❛ s✐t✉❛çã♦ ❛♥t❡r✐♦r✱ s❡ ❡①✐st✐r δ > 0 t❛❧ q✉❡ F (x) 6= 0 ♣❛r❛ t♦❞♦ x 6= x∗ s❛t✐s❢❛③❡♥❞♦

0 < ‖x− x∗‖ ≤ δ✱ ❡♥tã♦ limk→∞ xk = x∗✳

✹✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ✐t❡♠ ✷✱ s❡ ❡①✐st✐r ε > 0 t❛❧ q✉❡ F (x)⊤J(x)⊤F (x) 6= 0 ♣❛r❛ t♦❞♦ x 6= x∗

s❛t✐s❢❛③❡♥❞♦ 0 < ‖x−x∗‖ ≤ ε✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✈❛❧♦r δ > 0 t❛❧ q✉❡ ‖x0−x∗‖ ≤ δ ✐♠♣❧✐❝❛ q✉❡

limk→∞ xk = x∗✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ♦♥❞❡ ❝❛❞❛ ✐t❡♠ ❛❝✐♠❛ ❝♦rr❡s♣♦♥❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s ❚❡♦r❡♠❛s ✶✱ ✷✱ ✸ ❡ ✹✳�

❚❛♠❜é♠ sã♦ ♣r❡s❡r✈❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞♦s ❈♦r♦❧ár✐♦s ✷✳✶ ❡ ✷✳✷✿

❈♦r♦❧ár✐♦ ✷✳✸ ❙❡ J(x) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♦✉ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ {x ∈ R|f(x) ≤
f(x0)+ ζ} é ❧✐♠✐t❛❞♦✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✱ ♦✉ ♣♦r ✉♠❛ ❞❡ s✉❛s ✈❡rsõ❡s

♠♦❞✐✜❝❛❞❛s ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷✱ ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦

s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✶✮✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ❈♦r♦❧ár✐♦s ✶✱ ✷ ❡ ✸✳ �

❈♦r♦❧ár✐♦ ✷✳✹ ❙❡❥❛ {xk} ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✱ ♦✉ ♣♦r ✉♠❛ ❞❡ s✉❛s ✈❡rsõ❡s

♠♦❞✐✜❝❛❞❛s ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷✱ ❡ ❛ss✉♠❛ q✉❡ x∗ é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ F (x) = 0 ❡✱ ❛❧é♠ ❞✐ss♦✱

J(x∗) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♦✉ ❞❡✜♥✐❞❛ ♥❡❣❛t✐✈❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✈❛❧♦r δ > 0 t❛❧ q✉❡ ‖x0 − x∗‖ ≤ δ

✐♠♣❧✐❝❛ q✉❡ limk→∞ xk = x∗✳

Pr♦✈❛✿ ❱❡r ❬✶✸❪✱ ❈♦r♦❧ár✐♦ ✹✳ �

✷✳✸✳✷ ◆♦✈❛s ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛

◆❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ❡st✉❞♦ s♦❜r❡ ❞✐r❡çõ❡s ❛❧t❡r♥❛t✐✈❛s q✉❡ ♣♦❞❡r✐❛♠ s❡r

❛❞✐❝✐♦♥❛❞❛s ❛♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ♥♦s ❞♦✐s s❡♥t✐❞♦s tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ t❡st❛❞♦s ❬✶✻❪✳

⑤✷✵⑤



■st♦ é✱ ❝❛s♦ ♦s ♣♦♥t♦s xk − λ+(1/αk)F (xk) ❡ xk + λ−(1/αk)F (xk) ♥ã♦ ♣r♦♣♦r❝✐♦♥❡♠ ✉♠❛ r❡❞✉çã♦

s❛t✐s❢❛tór✐❛✱ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ é t❡st❛❞❛ ❛♥t❡s ❞❡ ❝♦♠❡ç❛r ✉♠❛ ♥♦✈❛ r❡❞✉çã♦ ♥♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳

❆ ♥♦✈❛ ❞✐r❡çã♦ ♥ã♦ ❞❡✈❡ t❡r ✉♠ ❛❧t♦ ❝✉st♦ ❞❡ ❝á❧❝✉❧♦✱ ♥❡♠ ❡①❝❡ss✐✈♦s r❡q✉❡r✐♠❡♥t♦s ❞❡ ♠❡♠ór✐❛✱

♠❛♥t❡♥❞♦ ❛ss✐♠ ❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♠ét♦❞♦s ❡s♣❡❝tr❛✐s✳

◆❛ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠✱ ❛ q✉❛❧ ❝❤❛♠❛♠♦s ❉❋❙❆◆❊✲❉✸✱ ❡❧❛❜♦r❛♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞♦ t✐♣♦ ❞✐❢❡✲

r❡♥ç❛s ❝❡♥tr❛✐s ♣❛r❛ ✉♠ ♠ú❧t✐♣❧♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ‖F (x)‖✱ q✉❛♥❞♦ ❡st❡ ❡①✐st✐r✿

d3 =
F (xk − λ+(1/αk)F (xk))− F (xk + λ−(1/αk)F (xk))

(λ+ + λ−)‖(1/αk)F (xk)‖
. ✭✷✳✷✹✮

❊ss❛ ❛❜♦r❞❛❣❡♠ ❛♣♦✐❛✲s❡ ♥♦ ❢❛t♦ ❞❡ q✉❡✱ ❞✐❛♥t❡ ❞❛ s✐t✉❛çã♦ ❡♠ q✉❡ s❡❥❛♠ ♥❡❝❡ssár✐❛s ♠✉✐t❛s r❡❞✉çõ❡s

♥♦ ✈❛❧♦r λ+ ❡ λ−✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s ❝❡♥tr❛✐s ♣❛r❛ ❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ ✈á ✜❝❛♥❞♦ ♠❛✐s ♣r❡❝✐s❛✳

➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♦s ✈❛❧♦r❡s ♣❛r❛ F (xk − λ+(1/αk)F (xk)) ❡ ♣❛r❛ F (xk + λ−(1/αk)F (xk)) ❥á

❢♦r❛♠ ♣r❡✈✐❛♠❡♥t❡ ❝❛❧❝✉❧❛❞♦s✱ ✈✐st♦ q✉❡ ❛ ❞✐r❡çã♦ d3 só s❡rá ❡♠♣r❡❣❛❞❛ q✉❛♥❞♦ ❤♦✉✈❡r ❢❛❧❤❛ ♥♦s

❞♦✐s ♣♦♥t♦s ♦❜t✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♠ ✐ss♦✱ ♦ ❝✉st♦ ❞❡ ♦❜t❡r ❛ ❞✐r❡çã♦ d3 é r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①♦✳

❯♠❛ s❡❣✉♥❞❛ ✈❡rsã♦ ✉s❛ ❡st❛ ♠❡s♠❛ ✐❞❡✐❛✱ ❛❣♦r❛ ♥✉♠❛ ❛❜♦r❞❛❣❡♠ ❝♦♠♣♦♥❡♥t❡ ❛ ❝♦♠♣♦♥❡♥t❡✳

◆❡st❡ ❝❛s♦✱ t❡r❡♠♦s✿

d4 = (d1, . . . , dn)⊤, ✭✷✳✷✺✮

❡♠ q✉❡✱ ♣❛r❛ i = 1, 2, . . . , n✿

di =
Fi(xk − λ+(1/αk)F (xk))− Fi(xk + λ−(1/αk)F (xk))

(λ+ + λ−)|(1/αk)Fi(xk)|
. ✭✷✳✷✻✮

❊ss❛ ♥♦✈❛ ❡str❛té❣✐❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r ❉❋❙❆◆❊✲❉✹✳

❆ ❞❡s❝r✐çã♦ ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❞♦t❛❞♦ ❞❡ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ ❛❧t❡r♥❛t✐✈❛ ♣♦❞❡

s❡r ❝♦♥❢❡r✐❞♦ ♥♦ ❆❧❣♦r✐t♠♦ ✷✳✹✱ ♥♦ q✉❛❧ ❛ ❞✐r❡çã♦ dnew ♣♦❞❡ s❡r t❛♥t♦ d3 q✉❛♥t♦ d4✳

❆❧❣♦r✐t♠♦ ✷✳✹ ❉❋❙❆◆❊ ❝♦♠ t❡r❝❡✐r❛ ❞✐r❡çã♦

✶✳ • ❊s❝♦❧❤❛ αk t❛❧ q✉❡ |αk| ∈ [αmin, αmax] ❡ ❢❛ç❛ d = −(1/αk)F (xk)✳

• ❋❛ç❛ λ+ = λ− = 1✳

• ❉❡✜♥❛ f̃ = max0≤j≤min{k,M−1} f(xk−j)✳

✷✳ ❙❡ f(xk + λ+d) ≤ f̃ + ζk − γλ2
+f(xk)✱

❞❡✜♥❛ dk = d✱ λk = λ+ ❡ xk+1 = xk + λkdk ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✼✳

✸✳ ❙❡ f(xk − λ−d) ≤ f̃ + ζk − γλ2
−f(xk)✱

❞❡✜♥❛ dk = −d✱ λk = λ− ❡ xk+1 = xk + λkdk ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✼✳

⑤✷✶⑤



✹✳ ❉❡✜♥❛ dnew ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ ♦✉ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✷✺✮✳

✺✳ ❙❡ f(xk + dnew) ≤ f̃ + ζk − γ
(

λ++λ−

2

)2
f(xk)✱

❞❡✜♥❛ dk = dnew ❡ xk+1 = xk + dnew ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✼✳

✻✳ ❘❡❞✉③❛ λ+ ❡ λ− ❡ ✈á ♣❛r❛ ♦ ✐♥í❝✐♦ ❞♦ ♣❛ss♦ ✷✳

✼✳ ❙❡ F (xk+1) = 0 t❡r♠✐♥❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ k = k + 1 ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✶✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❛s ♣r♦♣♦st❛s ❡♥✈♦❧✈❡♥❞♦ ♦r❞❡♥❛çã♦✱ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ q✉❡

❡♥✈♦❧✈❡♠ ♦ ✉s♦ ❞❡ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ ❛❧é♠ ❞❛s ❞✉❛s ✉s✉❛✐s✱ ♥ã♦ ♣r❡s❡r✈❛♠ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s

r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✸❪ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡

♦s ♥♦✈♦s ❛❧❣♦r✐t♠♦s ❣❡r❛r❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❢♦r♠❛ q✉❡ ❡①✐st❛ ✉♠ ❞❡t❡r♠✐♥❛♥❞♦ ✈❛❧♦r k̄ ∈ N

t❛❧ q✉❡ t♦❞♦ ♣♦♥t♦ xk✱ k ≥ k̄✱ ❢♦✐ ♦❜t✐❞♦ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐r❡çã♦ d3 ♦✉ d4✳ ◗✉❛♥❞♦ ✐ss♦ ❛❝♦♥t❡❝❡✱

❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❢❛t♦ ❞❡

q✉❡ ‖xk+1 − xk‖ → 0 q✉❛♥❞♦ k → ∞✱ ♥ã♦ sã♦ tr✐✈✐❛❧♠❡♥t❡ s❛t✐s❢❡✐t❛s✳

❯♠❛ ❤✐♣ót❡s❡ q✉❡ ❝♦♥t♦r♥❛ ❡ss❡ ♣r♦❜❧❡♠❛ é ❛ ❧✐♠✐t❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛s ❞✐r❡çõ❡s d3 ♦✉

d4 ♣♦❞❡♠ s❡r ❛❝✐♦♥❛❞❛s✳ ❊ss❛ ❧✐♠✐t❛çã♦✱ ♥❛ ♣rát✐❝❛✱ ♥ã♦ ✐♥t❡r❢❡r❡ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s

❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❉✹✱ ❥á q✉❡ ♦ ♥ú♠❡r♦ ❧✐♠✐t❛♥t❡ ♣♦❞❡r✐❛ s❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡

❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ♣❡r♠✐t✐❞♦✳

✷✳✹✳ Pr♦❜❧❡♠❛s✲t❡st❡

❆ ✜♠ ❞❡ ❛♥❛❧✐s❛r ❛ q✉❛❧✐❞❛❞❡ ❞❡ ♥♦ss❛s ♠♦❞✐✜❝❛çõ❡s ♣❡r❛♥t❡ ♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧ ❡ ♦✉tr♦s ❛❧❣♦r✐t♠♦s

❥á ❝♦♥s♦❧✐❞❛❞♦s ♥❛ ár❡❛✱ r❡❛❧✐③❛♠♦s ✉♠❛ ♣❡sq✉✐s❛ ♥♦s ❛rt✐❣♦s q✉❡ tr❛t❛✈❛♠ ❞❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s

♥ã♦ ❧✐♥❡❛r❡s ♣✉❜❧✐❝❛❞♦s ♥♦s ú❧t✐♠♦s ❛♥♦s ♣❛r❛ ❞❡✜♥✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s✲t❡st❡ ❬✶✻❪✳

❆♣ós ❡st❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛✱ ❢♦✐ ♣♦ssí✈❡❧ ❝❧❛ss✐✜❝❛r ♦s ❛❧❣♦r✐t♠♦s ❡♠ ❞♦✐s t✐♣♦s ❞✐st✐♥t♦s✿ ❛q✉❡❧❡s

q✉❡ s❡ ♣r♦♣õ❡♠ ❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♣❡q✉❡♥♦ ♣♦rt❡ ✭❞✐♠❡♥sã♦ n ✈❛r✐❛♥❞♦ ❡♥tr❡ ✶ ❡ ✸✵✮ ❡ ❛q✉❡❧❡s

q✉❡ s❡ ♣r♦♣õ❡♠ ❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ q✉❡ é ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡✳

❖s ♣r♦❜❧❡♠❛s ❞✐r❡❝✐♦♥❛❞♦s ❛ r❡❛❧✐③❛r t❡st❡s ❝♦♠ ❛❧❣♦r✐t♠♦s q✉❡ ♣r♦♣õ❡♠ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡

❣r❛♥❞❡ ♣♦rt❡ ❡stã♦✱ ❡♠ s✉❛ ♠❛✐♦r✐❛✱ ❝♦♠♣✐❧❛❞♦s ❡♠ ▲❛ ❈r✉③ ❡ ❘❛②❞❛♥ ❬✶✹❪ ❡ ♥❛ s❡çã♦ ✹ ❞❡ ▲✉❦➨❛♥

❡ ❱❧↔❡❦ ❬✸✾❪✳

⑤✷✷⑤



◆❛s ❚❛❜❡❧❛s ❆✳✶✱ ❆✳✷✱ ❆✳✸ ❡ ❆✳✹✱ ❡♥❝♦♥tr❛❞❛s ♥♦ ❆♣ê♥❞✐❝❡ ❞❡st❡ t❡①t♦✱ ❡s♣❡❝✐✜❝❛♠♦s ♦s ♣r♦❜❧❡♠❛s✲

t❡st❡ ♣r♦♣♦st♦s ❡♠ ❝❛❞❛ tr❛❜❛❧❤♦✱ ❜❡♠ ❝♦♠♦ ♦ ✈❛❧♦r ♣❛❞rã♦ s✉❣❡r✐❞♦ ♣❛r❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳ ❆❧é♠

❞✐ss♦✱ ❛s ❚❛❜❡❧❛s ❆✳✶✱ ❆✳✷ ❛✐♥❞❛ ❞✐s♣♦♥✐❜✐❧✐③❛♠ ♦s ✈❛❧♦r❡s ❞❛s ❞✐♠❡♥sõ❡s t❡st❛❞❛s ❡♠ ❝❛❞❛ ♣r♦❜❧❡♠❛✱

❝❢✳ ❬✶✹❪✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♦♣t❛♠♦s ♣♦r r❡❛❧✐③❛r ♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡s❝r✐t♦s

❡♠ ❬✶✹❪✳

✷✳✺✳ ❋❡rr❛♠❡♥t❛ ❞❡ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦

P❛r❛ ❛♥❛❧✐s❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❝r✐❛❞♦s✱ ✉t✐❧✐③❛♠♦s ❛ ❢❡rr❛♠❡♥t❛ ♣❡r✜❧ ❞❡ ❞❡s❡♠♣❡♥❤♦✱

♣r♦♣♦st❛ ❡♠ ✷✵✵✷ ♣♦r ❉♦❧❛♥ ❡ ▼♦ré ❬✷✵❪✳ ❊ss❛ ❢❡rr❛♠❡♥t❛ é ✐❞❡❛❧ ♣❛r❛ ❝♦♠♣❛r❛r ❛ ❡✜❝✐ê♥❝✐❛ ❡ ❛

r♦❜✉st❡③ ❡♥tr❡ ✈ár✐♦s ❛❧❣♦r✐t♠♦s q✉❡ sã♦ ❛♣❧✐❝❛❞♦s ❛♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦❜❧❡♠❛s✱ s♦❜ ❛s ♠❡s♠❛s

❝♦♥❞✐çõ❡s✳

❊s❝♦❧❤✐❞❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ✭♥♦ ♥♦ss♦ ❝❛s♦ ❢♦r❛♠ três✿ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✱ ♥ú♠❡r♦ ❞❡

❛✈❛❧✐❛çã♦ ❞❡ ❢✉♥çõ❡s✱ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡①t❡r♥❛s✮✱ ❞❡✈❡♠♦s ❞❡t❡r♠✐♥❛r ❛ t❛①❛ ❞❡ ❞❡s❡♠♣❡♥❤♦

❞♦ ❛❧❣♦r✐t♠♦ s ♥❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ p✳ ❉❡✜♥✐♥❞♦ S ❡ P ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❡

♣r♦❜❧❡♠❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ ❛✐♥❞❛ ms,p ❛ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

p✱ s✉❛ t❛①❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ s❡rá ❞❛❞❛ ♣♦r✿

rs,p =

{

ms,p

min{ms,p, ∀s∈S}
, s❡ ♦ ❛❧❣♦r✐t♠♦ s r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ p

rM , ❝❛s♦ ❝♦♥trár✐♦✱
✭✷✳✷✼✮

♦♥❞❡ rM é ✉♠ ♣❛râ♠❡tr♦ ♣ré✲❞❡✜♥✐❞♦ ❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

P❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛✱ ❞❡✈❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ❛❝✉♠✉❧❛t✐✈❛ ρs : R → [0, 1]✳ ❈♦♥s✐❞❡r❛♥❞♦

#(A) ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ A✱ ❡ss❛ ❢✉♥çã♦ é ❞❡✜♥✐❞❛ ❝♦♠♦✿

ρs(τ) =
#(p ∈ P | rs,p ≤ τ)

#(P )
. ✭✷✳✷✽✮

❖❜✈✐❛♠❡♥t❡✱ ❡st❛ ❢✉♥çã♦ é ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ ❝♦♥st❛♥t❡ ♣♦r ♣❛rt❡s ❡ ♥ã♦ t❡♠ s❡♥t✐❞♦ ♣❛r❛ τ < 1✳

❆ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞❛ ♣❡❧♦ ✈❛❧♦r ❞❛❞♦ ♣♦r ρs(1)✳ ❆❧❣♦r✐t♠♦s ❝♦♠ ♠❛✐♦r❡s

✈❛❧♦r❡s ♣❛r❛ ρs(1) sã♦ ♠❛✐s ❡✜❝✐❡♥t❡s✳ P❛r❛ ❛♥❛❧✐s❛r ❛ r♦❜✉st❡③ ❞❡✈❡♠♦s ♦❜s❡r✈❛r ♦ ✈❛❧♦r ❞❡ τ ♣❛r❛

♦ q✉❛❧ t❡r❡♠♦s ρs(τ) = 1❀ q✉❛♥t♦ ♠❡♥♦r ❢♦r ❡ss❡ ✈❛❧♦r ♠❛✐s r♦❜✉st♦ s❡rá ♦ ❛❧❣♦r✐t♠♦✳ ❆t❡♥t❡♠♦✲♥♦s

♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡✱ s❡ ♦ ❛❧❣♦r✐t♠♦ s ♥ã♦ ♦❜t✐✈❡r ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ❛♦ ♠❡♥♦s ✉♠ ♣r♦❜❧❡♠❛✱ t❡r❡♠♦s

ρs(τ) = 1 s♦♠❡♥t❡ ♣❛r❛ τ = rM ✳ ◆❡ss❡s ❝❛s♦s✱ ❡①✐st❡♠ ✈❛❧♦r❡s C ∈ (0, 1) ❡ τ̄ ∈ (1, rM ) t❛✐s q✉❡

⑤✷✸⑤



ρ(τ) = C ♣❛r❛ τ ∈ [τ̄ , rM )✱ ♦ ✈❛❧♦r C é ❛ ♣r♦♣♦rçã♦ ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ ♦s q✉❛✐s ♦ ❛❧❣♦r✐t♠♦ ❛♥❛❧✐s❛❞♦

♦❜t❡✈❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❣rá✜❝♦s ❞❡ ❝❛❞❛ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❝♦♠ ❞♦✐s ✐♥t❡r✈❛❧♦s ❞✐st✐♥t♦s

♣❛r❛ ♦ ✈❛❧♦r ❞❡ τ ✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❡st❛❝❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❝✉r✈❛s ❞♦s

❛❧❣♦r✐t♠♦s ♣ró①✐♠❛s ❞❡ τ = 1 ❡ ❢❛❝✐❧✐t❛r ❛ ❛♥á❧✐s❡ ❞❛ ❡✜❝✐ê♥❝✐❛✱ s❡♥❞♦ ♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ρs

tr❛ç❛❞♦s ♥♦ ✐♥t❡r✈❛❧♦ 1 ≤ τ ≤ 2✳ ❖ s❡❣✉♥❞♦ ❞❡❧❡s ♠♦str❛ ❛s ❝✉r✈❛s ♥♦ ✐♥t❡r✈❛❧♦ 1 ≤ τ ≤ 10✱

♣❡r♠✐t✐♥❞♦ ❛ ❞❡t❡❝çã♦ ❞❛ ❡st❛❣♥❛çã♦ ❞❛s ❝✉r✈❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❡ ✉♠❛ ♠❡❧❤♦r ❛♥á❧✐s❡ ❞❛ r♦❜✉st❡③✳

✷✳✻✳ ❚❡st❡s ✐♥✐❝✐❛✐s

■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦ss❛ ✐♥t❡♥çã♦ ❢♦✐ q✉❛♥t✐✜❝❛r ♦ ✐♠♣❛❝t♦ q✉❡ ❛s ❡str❛té❣✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♥❡ss❡ ❝❛♣ít✉❧♦

t✐✈❡r❛♠ ❡♠ r❡❧❛çã♦ ❛♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳

❘❡❛❧✐③❛♠♦s ✉♠ t❡st❡ ❝♦♠♣❛r❛t✐✈♦ ❡♠ q✉❡ ❢♦r❛♠ ♠❛♥t✐❞♦s ❞♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✿ ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐✲

t❛çã♦ ❞❡ ♣❛ss♦ ✭✷✳✷✶✮✱ ❛s ❡str❛té❣✐❛s ❞❡ r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱ ❛ ❡s❝♦❧❤❛ ❞❛ s❡q✉ê♥❝✐❛ {ζk}✱
♦s ❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛✱ ❜❡♠ ❝♦♠♦ t♦❞♦s ♦s ❞❡♠❛✐s ♣❛râ♠❡tr♦s✳ ❚❛✐s ❝r✐tér✐♦s ❡ ♣❛râ♠❡tr♦s s❡rã♦

❞❡s❝r✐t♦s ♥♦s ♣ró①✐♠♦s ♣❛rá❣r❛❢♦s✳

❍❛✈❡♥❞♦ ♥❡❝❡ss✐❞❛❞❡ ❞❡ r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱ ♦ ♥♦✈♦ ✈❛❧♦r é ♦❜t✐❞♦ ❛tr❛✈és ❞❡ ✉♠❛ ✐♥✲

t❡r♣♦❧❛çã♦ q✉❛❞rát✐❝❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳ P♦r

❡①❡♠♣❧♦✱ ❤❛✈❡♥❞♦ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♦❜t❡r ✉♠ ♥♦✈♦ ✈❛❧♦r λ+ ♥♦ ♣❛ss♦ ✷ ❞♦ ❆❧❣♦r✐t♠♦ ✷✳✶✱ ❞❡t❡r♠✐♥❛♠♦s

✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✷ ✐♥t❡r♣♦❧❛♥t❡ ♣❛r❛ ❛ ❢✉♥çã♦

ϕ : [0, λ+] → R

ϕ(λ) = f(xk − λ(1/αk)F (xk)).
✭✷✳✷✾✮

❋❡✐t♦ ✐ss♦✱ ❡♥❝♦♥tr❛♠♦s ♦ ✈❛❧♦r λnew ❝♦♠♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ❛ ❢✉♥çã♦ ✭✷✳✷✾✮ ❡

❞❡✜♥✐♠♦s ♦ ♥♦✈♦ ✈❛❧♦r ♣❛r❛ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱ ❛❞✐❝✐♦♥❛♥❞♦ ❛ s❡❣✉✐♥t❡ s❛❧✈❛❣✉❛r❞❛✿

λ+ =











τminλ+, s❡ λnew < τminλ+

τmaxλ+, s❡ λnew > τmaxλ+

λnew, ❝❛s♦ ❝♦♥trár✐♦✱

✭✷✳✸✵✮

✉t✐❧✐③❛♥❞♦ ♦s ✈❛❧♦r❡s τmin = 0.1 ❡ τmax = 0.5✳

❖❜s❡r✈❛çã♦ ✷✳✸✿ ❖✉tr❛s ❡str❛té❣✐❛s ♣❛r❛ r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s✳ ❆ ♣r✐♠❡✐r❛

♣r♦♣♦st❛ ❝♦♥s✐❞❡r❛✈❛✱ ❛♣ós ❛ s❡❣✉♥❞❛ ✐t❡r❛çã♦✱ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ✐♥t❡r♣♦❧❛çã♦ ❡♠ três ♣♦♥t♦s✱ ❡❧✐♠✐♥❛♥❞♦✱

❛ss✐♠✱ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉t✐❧✐③❛r ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F ✳

⑤✷✹⑤



❚❛♠❜é♠ ❢♦✐ t❡st❛❞❛ ✉♠❛ ❡str❛té❣✐❛ q✉❡ ❝♦♥s✐st✐❛ ❡♠ ❝r✐❛r ♦ ♠♦❞❡❧♦ ♥❛ r❡❣✐ã♦ ❡♥tr❡ xk − λ+(1/αk)F (xk)

❡ xk + λ−(1/αk)F (xk) ❡ ❡♥❝♦♥tr❛r ♦ ♠✐♥✐♠✐③❛❞♦r ♥❡st❛ r❡❣✐ã♦✳ ❉❡st❛ ❢♦r♠❛✱ ❡r❛ ♣♦ssí✈❡❧ ♣r♦ss❡❣✉✐r ♣❛r❛

❛ ♣ró①✐♠❛ ✐t❡r❛çã♦ ❡♠ ❛♣❡♥❛s ✉♠❛ ❞✐r❡çã♦ ✭♦❜s❡r✈❡ q✉❡✱ ❛q✉✐✱ ♦ ♠✐♥✐♠✐③❛❞♦r ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ♣♦❞❡

❛ss✉♠✐r ✉♠ ♥ú♠❡r♦ ♥❡❣❛t✐✈♦✮✳ ❆ r✐❣♦r✱ ❛ ❡str❛té❣✐❛ ✐♥❞✐❝❛✈❛ q✉❡ ❛s ❞✉❛s ❞✐r❡çõ❡s ❢♦ss❡♠ t❡st❛❞❛s s❡ ♦

♠✐♥✐♠✐③❛❞♦r ❡♥❝♦♥tr❛❞♦ ❡st✐✈❡ss❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ♣ró①✐♠♦ ❞❡ ③❡r♦✳

◆♦ ❡♥t❛♥t♦✱ ♥❡♥❤✉♠❛ ❞❡ss❛s ❡str❛té❣✐❛s ♦❜t❡✈❡ ❜♦♥s ❞❡s❡♠♣❡♥❤♦s ♥❛ ♣rát✐❝❛ ❡✱ ♣♦r ❡ss❡ ♠♦t✐✈♦✱ ❢♦r❛♠

❛❜❛♥❞♦♥❛❞❛s✳

❏á ❛ s❡q✉ê♥❝✐❛ {ζk} ❢♦✐ ❞❡✜♥✐❞❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

ζk =
‖F (x0)‖
(1 + k)2

, ♣❛r❛ t♦❞♦ k ∈ N.

P❛r❛ ❛ss❡❣✉r❛r ✉♠❛ ❧✐♠✐t❛çã♦ ♣❛r❛ ♦ ✈❛❧♦r ❞❡ αk✱ ✉t✐❧✐③❛♠♦s ♦ ✐♥t❡r✈❛❧♦ [10−10, 1010]✳ ❈❛s♦ ♦ ✈❛❧♦r

❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ ❡s♣❡❝tr❛❧ ✭✷✳✻✮ ❡st❡❥❛ ❢♦r❛ ❞❡ss❡ ✐♥t❡r✈❛❧♦✱ ✉♠ ♥♦✈♦ ✈❛❧♦r ♣❛r❛ αk é

❞❡✜♥✐❞♦ ❞❡ ♠♦❞♦ ❛ ✜❝❛r ❞❡♣❡♥❞❡♥t❡ ❞❛ ♥♦r♠❛ ❞❡ F ♥♦ ♣♦♥t♦ xk✿

αk =











1, s❡ ‖F (xk)‖ > 1,

‖F (xk)‖, s❡ 10−5 ≤ ‖F (xk)‖ ≤ 1,

10−5, s❡ ‖F (xk)‖ < 10−5.

✭✷✳✸✶✮

❆❞❡♠❛✐s✱ ✉t✐❧✐③❛♠♦s f(x) = ‖F (x)‖2 ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✱ α0 = 1 ✱ γ = 10−4✱ M = 10 ❡✱ ❝♦♠♦

❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✿
‖F (xk)‖√

n
≤ εa +

εr‖F (x0)‖√
n

, ✭✷✳✸✷✮

❝♦♠ εa = 10−5 ❡ εr = 10−4✱ r❡✐t❡r❛♠♦s q✉❡ ❡ss❡ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱ ❛ss✐♠ ❝♦♠♦ ♦s ❞❡♠❛✐s ♣❛râ♠❡tr♦s

✉t✐❧✐③❛❞♦s✱ s❡❣✉❡ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ ❬✶✸❪✳

❖s t❡st❡s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ▼❛t❧❛❜ ✼✳✵✱ ❡♠ ✉♠❛ ♠áq✉✐♥❛ ❝♦♠ ♣r♦❝❡ss❛❞♦r

■♥t❡❧✭❘✮ ❈♦r❡ ■✸✲✷✶✵✵ ✸✳✶✵●❍③ ❡ ✹●❜ ❞❡ ♠❡♠ór✐❛ ❘❆▼✳ ❈❛❞❛ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ✉t✐❧✐③❛♥❞♦

❝♦♠♦ ✈❛❧♦r ✐♥✐❝✐❛❧✱ ♦ ♣♦♥t♦ ♣❛❞rã♦ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ ✐♥❞✐❝❛❞♦ ❡♠ ❬✶✹❪ ❡ t❛♠❜é♠ ♣❛r❛ ❛s três

❞✐♠❡♥sõ❡s t❡st❛❞❛s ♥♦ ♠❡s♠♦ tr❛❜❛❧❤♦✳ ❊ss❛s ✐♥❢♦r♠❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛s ❚❛❜❡❧❛s ❆✳✶

❡ ❆✳✷✳

❖s ❝r✐tér✐♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ✐♥t❡rr♦♠♣❡r ❛ ❡①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡ ❛s ♥♦t❛çõ❡s ❛❞♦t❛❞❛s ♥❡st❡ ❝❛♣í✲

t✉❧♦ ❢♦r❛♠✿

❊❙❚ ♣❛r❛❞❛ ♣♦r ❡st❛❣♥❛çã♦✱ q✉❛♥❞♦ ❛t✐♥❣✐r ♦ ♠á①✐♠♦ ❞❡ 100 r❡❞✉çõ❡s ♥♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦❀

❊❆❱❋ ♣❛r❛❞❛ ♣♦r ❡①❝❡ss♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✱ q✉❛♥❞♦ ❛t✐♥❣✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ 10000 ❛✈❛❧✐❛çõ❡s

❞❡ ❢✉♥çã♦❀

⑤✷✺⑤



PP❋ ♣❛r❛❞❛ ♣♦r ❞✐✜❝✉❧❞❛❞❡s ♥✉♠ér✐❝❛s ❞❡❝♦rr❡♥t❡s ❞❛ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✱ ♦❝❛s✐♦♥❛♥❞♦

♦✈❡r✢♦✇ ♦✉ ✉♥❞❡r✢♦✇✳

❈ ♣❛r❛❞❛ ❝♦♠ s✉❝❡ss♦✱ q✉❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✷✳✸✷✮ é ✈❡r✐✜❝❛❞❛✳

❆ ❚❛❜❡❧❛ ✷✳✶ r❡s✉♠❡ ♦ ❞❡s❡♠♣❡♥❤♦✱ ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③✱ ❞♦s ❛❧❣♦r✐t♠♦s ♠♦❞✐✜❝❛❞♦s ♥❡st❡ ❝♦♥✲

❥✉♥t♦ ✐♥✐❝✐❛❧ ❞❡ ✻✵ ♣r♦❜❧❡♠❛s✳

❊❙❚ ❊❆❱❋ PP❋ ❈

❉❋❙❆◆❊ 0% 21.667% 5% 73.333%

❉❋❙❆◆❊✲❖✶ 0% 23.333% 3.333% 73.333%

❉❋❙❆◆❊✲❖✷ 0% 21.667% 3.333% 75%

❉❋❙❆◆❊✲❉✸ 0% 25% 1.667% 73.33%

❉❋❙❆◆❊✲❉✹ 0% 26.667% 0% 73.333%

❚❛❜❡❧❛ ✷✳✶✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛❞rã♦

❆❧é♠ ❞✐ss♦✱ ❢♦r❛♠ ❢❡✐t♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❣rá✜❝♦s ❞❡ ♣❡r✜❧ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❛✈❛❧✐❛r ♦s ❛❧❣♦r✐t♠♦s

♠♦❞✐✜❝❛❞♦s ♥❡st❡ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✳ ❖ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦ ❞❡ ❣rá✜❝♦s ❡♥❝♦♥tr❛✲s❡ ♥❛ ❋✐❣✉r❛

✷✳✶ ❡ ♠♦str❛ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❡♠ q✉❡ ❢♦r❛♠ ❛❞✐❝✐♦♥❛❞❛s ❛s ❡str❛té❣✐❛s ❞❡ ♦r❞❡♥❛çã♦

♣r♦♣♦st❛s ♥❡st❡ tr❛❜❛❧❤♦ ✭❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷✮ ❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳ ❏á ❛ ❋✐❣✉r❛ ✷✳✷ ❛♣r❡s❡♥t❛

♦ s❡❣✉♥❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❣rá✜❝♦s✱ ♦♥❞❡ é ♣♦ssí✈❡❧ ❝♦♠♣❛r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ♥♦✈❛s

♦♣çõ❡s ❞❡ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ✭❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❉✹✮ ❡ ♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✳

P❡❧❛ ❋✐❣✉r❛ ✷✳✶✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ✉♠ ❞❡s❡♠♣❡♥❤♦ ♠❡❧❤♦r ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦

❉❋❙❆◆❊✲❖✷ s♦❜r❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ♥❛s três ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❛♥❛❧✐s❛❞❛s✿ ✐t❡r❛çõ❡s✱ ♥ú♠❡r♦

❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳ ❊ss❛ ♠❡❧❤♦r❛ ❞❡ ❡✜❝✐ê♥❝✐❛ ❛❧✐❛❞❛ ❛♦ ❢❛t♦ ❞♦ ❛❧❣♦r✐t♠♦

❉❋❙❆◆❊✲❖✷ s❡r ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐s r♦❜✉st♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♣❡❧❛ ❚❛❜❡❧❛

✷✳✶✱ ♥♦s ♣❡r♠✐t❡ ❡st❛❜❡❧❡❝❡r ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❖✷ ❝♦♠♦ ✈✐t♦r✐♦s♦ ♥❡st❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✳

❖ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❖✶✱ ❛❧é♠ ❞❡ ♥ã♦ s❡r ♠❛✐s r♦❜✉st♦ q✉❡ ♦s ❞❡♠❛✐s✱ s❡ ♠♦str♦✉ r❡❧❛t✐✈❛♠❡♥t❡

✐♥❡✜❝✐❡♥t❡✳ ❊♠❜♦r❛ s❡❥❛ ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐s ❡✜❝✐❡♥t❡ q✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛ ♦ ❣rá✜❝♦ q✉❡ r❡♣r❡s❡♥t❛

♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❝♦♠♦ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦✱ ♦ ♠❡s♠♦ ♥ã♦ ♦❝♦rr❡ ♥❛s ❞❡♠❛✐s ♠❡❞✐❞❛s

❛♥❛❧✐s❛❞❛s✱ ♦♥❞❡ ❛♣r❡s❡♥t♦✉ r❡s✉❧t❛❞♦s ✐♥❢❡r✐♦r❡s✳ ❏á ❡r❛ ❡s♣❡r❛❞♦ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ❛✈❛❧✐❛çõ❡s

❞❡ ❢✉♥çã♦ ♣❛r❛ ❡st❡ ❛❧❣♦r✐t♠♦✱ ❥á q✉❡ é ♦ ú♥✐❝♦ q✉❡ ❞❡✈❡ ❝❡rt❛♠❡♥t❡ ❢❛③❡r ❛♦ ♠❡♥♦s ❞✉❛s ❛✈❛❧✐❛çõ❡s

❞❡ ❢✉♥çã♦ ♣♦r ✐t❡r❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ ❡①♣❡❝t❛t✐✈❛ ❡r❛ ❞❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♥❡❝❡ss✐t❛ss❡✱ ❡♠ ❣❡r❛❧✱

❞❡ ✉♠ ♠❡♥♦r ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ✐t❡r❛çõ❡s ♣❛r❛ ❝♦♥✈❡r❣✐r✱ ❛❧é♠ ❞❡ q✉❡ ❢♦ss❡ ♠❛✐s r♦❜✉st♦✱ ❢♦rç❛♥❞♦✱

❛ss✐♠✱ ✉♠❛ ♠❡❧❤♦r✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥♦s ♦✉tr♦s ❝r✐tér✐♦s ❛✈❛❧✐❛❞♦s✳

P❡❧❛ ❛♥á❧✐s❡ ❞❛ ❚❛❜❡❧❛ ✷✳✶ ❡ ❞❛ ❋✐❣✉r❛ ✷✳✷✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♣❡❧♦s ❣rá✜❝♦s r❡❢❡r❡♥t❡s ❛♦ ♥ú♠❡r♦

❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ r❡❢❡r❡♥t❡s ❛♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ✉♠❛ q✉❡❞❛ ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ♥♦s

❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❉✹✱ ♦ q✉❡ ❥á ❡s♣❡rá✈❛♠♦s✱ ♣♦✐s✱ ❞❡✈✐❞♦ à ❛❞✐çã♦ ❞❛s ♥♦✈❛s ❞✐r❡çõ❡s

⑤✷✻⑤



❡ss❡s ❛❧❣♦r✐t♠♦s t❡♥❞❡♠ ❛ t❡st❛r ♠❛✐s ♣♦♥t♦s ♣♦r ✐t❡r❛çõ❡s✳ ◆♦✈❛♠❡♥t❡✱ ❛ ❡①♣❡❝t❛t✐✈❛ ❡r❛ q✉❡ ❡ss❛

♣❡r❞❛ ❞❡ ❡✜❝✐ê♥❝✐❛ ✈✐❡ss❡ ❛❝♦♠♣❛♥❤❛❞❛ ❞❡ ❛❧❣♦r✐t♠♦s ♠❛✐s r♦❜✉st♦s ❡✱ ♥♦ ❡♥t❛♥t♦✱ ♦s r❡s✉❧t❛❞♦s

♠♦str❛♠ q✉❡✱ ♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✲❉✹ ❡ ❉❋❙❆◆❊✲❉✸ ♥ã♦ ♦❜t✐✈❡r❛♠ ♠❡❧❤♦r❛s ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③✳

❊♥tr❡t❛♥t♦✱ ❛♦ tr❛❜❛❧❤❛r ❝♦♠ ❛s ❞✐♠❡♥sõ❡s ❡ ♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ♣❛❞rõ❡s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✹❪ ❢♦✐

♣♦ssí✈❡❧ ❝♦♥st❛t❛r q✉❡✿

✶✳ ❡♠ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s✱ é s✉❣❡r✐❞♦ ✉t✐❧✐③❛r ❞✐♠❡♥sõ❡s r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①❛s✱ q✉❛♥❞♦ ❛ ✐♥t❡♥çã♦

é tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✼ ✭❇❛❞❧② s❝❛❧❡❞

❛✉❣♠❡♥t❡❞ P♦✇❡❧❧✬s ❢✉♥❝t✐♦♥✮ sã♦ s✉❣❡r✐❞❛s ❛s ❞✐♠❡♥sõ❡s n = 9, 99, 399❀

✷✳ ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ s✉❣❡r✐❞♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ é ♠✉✐t♦ ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦✳ P❛r❛ ♦ ♣r♦❜❧❡♠❛ ✷

✭❊①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✷ ✮✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ s✉❣❡r✐❞♦ é x0 = ( 1
n2 ,

1
n2 , . . .

1
n2 )

⊤ ❡✱ ♣❛r❛

❛s três ❞✐♠❡♥sõ❡s t❡st❛❞❛s ♣❡❧♦s ❛✉t♦r❡s ✭n = 500, 1000, 2000✮✱ ❛ ♥♦r♠❛ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ é ♠❡♥♦r

❞♦ q✉❡
εa
√
n

1− εr
✭❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ♣❡❧❛ ❚❛❜❡❧❛ ✷✳✷✮✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❥á ❡stá

s❛t✐s❢❛③❡♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❛❞♦t❛❞♦ ♥♦ ❛rt✐❣♦✳

n ‖F (x0)‖
εa
√
n

1− εr
500 4.00003470677632× 10−6 2.23629160666046× 10−4

1000 1.00000091732796× 10−6 3.16259391956034× 10−4

2000 2.50000083660249× 10−7 4.47258321332091× 10−4

❚❛❜❡❧❛ ✷✳✷✿ ◆♦r♠❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❡ ✈❛❧♦r ❞♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❊①♣♦♥❡♥t✐❛❧

❢✉♥❝t✐♦♥ ✷

■ss♦ ♥♦s ❧❡✈♦✉ ❛ r❡❢❛③❡r ♦s t❡st❡s ❝♦♠ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s✳ ❖s ✈❛❧♦r❡s ♣❛r❛ n ❢♦r❛♠ ♠♦❞✐✜❝❛❞♦s ❡

t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❢♦r❛♠ r❡s♦❧✈✐❞♦s ❝♦♠ ❛s ❞✐♠❡♥sõ❡s n = 100, 500, 1000, 2000 ❡ 5000✳ ❚❛♠❜é♠

❢♦r❛♠ ♠♦❞✐✜❝❛❞♦s ♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❡ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❢♦r❛♠ r❡s♦❧✈✐❞♦s ❝♦♠ ✷✵ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s

❞✐❢❡r❡♥t❡s✱ ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ✈❡t♦r ✐♥✐❝✐❛❧ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦✳

❖s ♥♦✈♦s ✈❡t♦r❡s ✐♥✐❝✐❛✐s ❢♦r❛♠ ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ❝❛t❡❣♦r✐❛s✱ ♦s ✶✵ ♣r✐♠❡✐r♦s ✈❡t♦r❡s ❢♦r❛♠ ❣❡r❛❞♦s

♦❜❡❞❡❝❡♥❞♦ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❡ ♦s ✶✵ ú❧t✐♠♦s ❢♦r❛♠ ❣❡r❛❞♦s s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r✲

♠❛❧✳ ❈♦♥s✐❞❡r❛♥❞♦ x0 = (x1, x2, . . . , xn)
⊤ ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣r♦♣♦st♦ ❡♠ ❬✶✹❪✱ ♣❛r❛ ❣❡r❛r ♦s ✈❡t♦r❡s ❝♦♠

❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱ ❞❡✜♥✐♠♦s q✉❡ ❛ i✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ♥♦✈♦ ✈❡t♦r ✐♥✐❝✐❛❧ ❞❡✈❡r✐❛ s❡r ❣❡r❛❞❛

❛❧❡❛t♦r✐❛♠❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ [ai, bi]✱ ♦♥❞❡ ai = xi + min{−5,−5|xi|} ❡ bi = xi + max{5, 5|xi|}✳ ❏á

♣❛r❛ ❣❡r❛r ♦s ✈❡t♦r❡s ❝♦♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ❛ i✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ♥♦✈♦ ✈❡t♦r ❢♦✐ ❣❡r❛❞❛ ❝♦♠

♠é❞✐❛ ✐❣✉❛❧ ❛ xi ❡ ❞❡s✈✐♦ ♣❛❞rã♦ ✐❣✉❛❧ ❛ max{5, 5|xi|}✳

❖s r❡s✉❧t❛❞♦s ♣❛r❛ ❡ss❡s ♥♦✈♦s t❡st❡s ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ♥♦s ❣rá✜❝♦s ❞❛ ❋✐❣✉r❛ ✷✳✸ ♣❛r❛ ✜♥s

❞❡ ❝♦♠♣❛r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✱ ❉❋❙❆◆❊✱ ❝♦♠ ❛q✉❡❧❡s ❝♦♠ ♥♦✈❛s ❡str❛té❣✐❛s ❞❡ ♦r❞❡♥❛çã♦ ❡

⑤✷✼⑤



♥❛ ❋✐❣✉r❛ ✷✳✹ ♦♥❞❡ s❡ ❡♥❝♦♥tr❛♠ ♦s ❣rá✜❝♦s q✉❡ ♣❡r♠✐t❡♠ ❛ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s

❝♦♠ ♥♦✈❛s ❞✐r❡çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ♣r❡♣❛r❛♠♦s ❛ ❋✐❣✉r❛ ✷✳✺ ❝♦♠ ♦ ❣rá✜❝♦ ❞❛s ❝✉r✈❛s ❞❡ ❞❡s❡♠♣❡♥❤♦

❞♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✱ ❞♦s ❛❧❣♦r✐t♠♦s ♠♦❞✐✜❝❛❞♦s q✉❡ t✐✈❡r❛♠ ♠❡❧❤♦r❡s ❞❡s❡♠♣❡♥❤♦s✿ ❉❋❙❆◆❊✲❖✷

❡ ❉❋❙❆◆❊✲❉✸ ❡✱ t❛♠❜é♠✱ ❞❡ ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ q✉❡ ❝♦♠❜✐♥❛ ❡ss❛s ❞✉❛s ❡str❛té❣✐❛s✱ ❛♦ q✉❛❧ ❝❤❛✲

♠❛♠♦s ❉❋❙❆◆❊✲❖✷❉✸✳ P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❛ ❚❛❜❡❧❛ ✷✳✸✱ q✉❡ ✐♥❞✐❝❛ ❛ ♣♦r❝❡♥t❛❣❡♠ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s t❡st❛❞♦s ♥❡ss❡ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✳

❊❙❚ ❊❆❱❋ PP❋ ❈

❉❋❙❆◆❊ 5.9% 39.7% 5.5% 48.9%

❉❋❙❆◆❊✲❖✶ 10.7% 40.5% 9.4% 39.4%

❉❋❙❆◆❊✲❖✷ 5.9% 40.0% 7.0% 47.1%

❉❋❙❆◆❊✲❉✸ 5.9% 33.5% 5.2% 55.4%

❉❋❙❆◆❊✲❉✹ 5.1% 38.7% 5.1% 51.1%

❉❋❙❆◆❊✲❖✷❉✸ 6.0% 35.5% 5.9% 52.6%

❚❛❜❡❧❛ ✷✳✸✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦

❖s ♥♦✈♦s r❡s✉❧t❛❞♦s ♣❡r♠✐t✐r❛♠ ❝♦♥✜r♠❛r ♦ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❉✸ s❡ ❝♦♠♣❛r❛❞♦

❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✳ ❊♠❜♦r❛ ❡ss❡ ❛❧❣♦r✐t♠♦ ❛✐♥❞❛ ♥ã♦ t❡♥❤❛ s❡ ♠♦str❛❞♦ tã♦ ❡✜❝✐❡♥t❡ q✉❛♥t♦

❉❋❙❆◆❊✱ s❡ ❛♥❛❧✐s❛❞❛s ❛s ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡♥❤♦✿ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ t❡♠♣♦ ❞❡

❡①❡❝✉çã♦✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ s❡✉s ❣rá✜❝♦s r❛♣✐❞❛♠❡♥t❡ ✉❧tr❛♣❛ss❛♠ ♦s ❣rá✜❝♦s ❞♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✱

s❡♥❞♦ q✉❡ ❛ ✉❧tr❛♣❛ss❛❣❡♠ ♦❝♦rr❡ ♣❛r❛ ❛❧❣✉♠ ✈❛❧♦r ❞❡ τ ♠❡♥♦r q✉❡ ✶✳✺✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❢❛t♦ ❞❡ ❡❧❡

t❡r r❡s♦❧✈✐❞♦ ✉♠ ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐♦r é ❜❛st❛♥t❡ ❛♥✐♠❛❞♦r✳ ❖ ❆❧❣♦r✐t♠♦

❉❋❙❆◆❊✲❉✹ t❛♠❜é♠ ❢♦✐ ♠❛✐s r♦❜✉st♦ q✉❡ ❉❋❙❆◆❊✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❢♦✐ ♠❡♥♦s r♦❜✉st♦ ❡ ♠❡♥♦s

❡✜❝✐❡♥t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③❛ ❛ ❞✐r❡çã♦ d3✱ ❞❡❝✐❞✐♠♦s q✉❡ ♥♦s ♣ró①✐♠♦s t❡st❡s ✐r❡♠♦s ❛❜❛♥❞♦♥❛r

❡ss❡ ❛❧❣♦r✐t♠♦ ❡ ❢♦❝❛❧✐③❛r ♥♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❉✸✳

❖s ❛❧❣♦r✐t♠♦s ❝♦♠ ♦r❞❡♥❛çã♦ t✐✈❡r❛♠ ❞❡s❡♠♣❡♥❤♦s ♣✐♦r❡s q✉❡ ♦ ❞♦ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✱ t❛♥t♦ ❡♠

❡✜❝✐ê♥❝✐❛ q✉❛♥t♦ ❡♠ r♦❜✉st❡③✳ ❈♦♠♦ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❉❋❙❆◆❊✲❖✷ ❢♦✐ ♣❛r❡❝✐❞♦ ❝♦♠ ♦ ❞♦ ❛❧❣♦r✐t♠♦

♦r✐❣✐♥❛❧✱ ❞❡❝✐❞✐♠♦s✱ ♣♦r ♦r❛✱ ♥ã♦ ❛❜❛♥❞♦♥❛r ❡ss❛ ❡str❛té❣✐❛✳ P♦r ✜♠✱ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❖✷❉✸✱ q✉❡

❝♦♠❜✐♥❛ ❛s ❞✉❛s ♠❡❧❤♦r❡s ❡str❛té❣✐❛s✱ t❡✈❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❡❝✐❞♦ ❝♦♠ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊✲❉✸✱ ❛✐♥❞❛

q✉❡ ✉♠ ♣♦✉❝♦ ✐♥❢❡r✐♦r✱ ❡ t❛♠❜é♠ ♥ã♦ s❡rá ❞❡s❝❛rt❛❞❛ ♣♦r ❡♥q✉❛♥t♦✳

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♣❡❧❛ ❚❛❜❡❧❛ ✷✳✸✱ ♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛❞♦s ❛✐♥❞❛ ❞❡✐①❛♠ ✉♠ ❡s♣❛ç♦ ♣❛r❛

q✉❡ s❡❥❛♠ ♠❡❧❤♦r❛❞♦s ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③✳ ❆♣❡s❛r ❞❡ ❡st❛r♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♣r♦❜❧❡♠❛s

❞✐❢í❝❡✐s✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❛✉♠❡♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s✳ ❚❡♥t❛r❡♠♦s ✐ss♦ ♥♦ ♣ró①✐♠♦

❝❛♣ít✉❧♦✱ q✉❛♥❞♦ ✐r❡♠♦s ♣r♦♣♦r ✉♠ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ q✉❡ ❝♦♠❜✐♥❛ ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊ ✭❡ ❛s ✈❡rsõ❡s

❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞❛s✮ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✳

⑤✷✽⑤



❋✐❣✉r❛ ✷✳✶✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷

⑤✷✾⑤



❋✐❣✉r❛ ✷✳✷✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❉✹

⑤✸✵⑤



❋✐❣✉r❛ ✷✳✸✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❉❋❙❆◆❊✲❖✶ ❡ ❉❋❙❆◆❊✲❖✷ ✲ ✈❡t♦r❡s ✐♥✐❝✐❛✐s ❛❧❡❛tór✐♦s

⑤✸✶⑤



❋✐❣✉r❛ ✷✳✹✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❉✹ ✲ ✈❡t♦r❡s ✐♥✐❝✐❛✐s ❛❧❡❛tór✐♦s

⑤✸✷⑤



❋✐❣✉r❛ ✷✳✺✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❉❋❙❆◆❊✲❖✷✱ ❉❋❙❆◆❊✲❉✸ ❡ ❉❋❙❆◆❊✲❖✷❉✸ ✲ ✈❡t♦r❡s
✐♥✐❝✐❛✐s ❛❧❡❛tór✐♦s

⑤✸✸⑤



⑤✸✹⑤



❈❛♣ít✉❧♦

✸
▼ét♦❞♦ ❤í❜r✐❞♦ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s

♥ã♦ ❧✐♥❡❛r❡s

❖s t❡st❡s ♣r❡❧✐♠✐♥❛r❡s✱ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✷✳✻✱ ♠♦str❛r❛♠ q✉❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ❞♦

r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❞❡✐①❛ ❛ ❞❡s❡❥❛r q✉❛♥❞♦ s❡ tr❛t❛ ❞❛ r♦❜✉st❡③✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❞❡s❡♥✈♦❧✈❡r ✉♠❛

❡str❛té❣✐❛ ❤í❜r✐❞❛ ♦♥❞❡ ♠ét♦❞♦s ❞♦ t✐♣♦ ❡s♣❡❝tr❛❧ s❡r✈✐r✐❛♠✱ ♥✉♠❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ❝♦♠♦ ❛❝❡❧❡r❛❞♦r

❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ q✉❡ ❝♦rr❡s♣♦♥❞❡r✐❛ à s❡❣✉♥❞❛ ❢❛s❡✳ ❖ ♠ét♦❞♦ ❤í❜r✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦

♥❡st❡ ❝❛♣ít✉❧♦ é ✉♠ ♠ét♦❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥ã♦✲♠♦♥ót♦♥❛ ❡ ❧✐✈r❡ ❞♦ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s✳ ❆ ♠♦t✐✈❛çã♦

é ♣r♦♣♦r ✉♠ ♠ét♦❞♦ ♠❛✐s r♦❜✉st♦✱ ♣♦ré♠ ❝♦♥s❡r✈❛♥❞♦ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❢♦r❛♠ ♣r♦♣♦st♦s tr❛❜❛❧❤♦s ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❛tr❛✈és ❞❡

♠ét♦❞♦s ❤í❜r✐❞♦s✱ ♦♥❞❡ ❞✉❛s ❡str❛té❣✐❛s ❞❡ r❡s♦❧✉çã♦ sã♦ ❝♦♠❜✐♥❛❞❛s ♣❛r❛ ♦❜t❡r ✉♠ ♠❡❧❤♦r ❞❡s❡♠✲

♣❡♥❤♦✳ ●r✐♣♣♦ ❡ ❙❝✐❛♥❞r♦♥❡ ♣✉❜❧✐❝❛r❛♠ tr❛❜❛❧❤♦s s♦❜r❡ ♦ t❡♠❛✱ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ♣r✐♠❡✐r❛ ❢❛s❡ ✉♠❛

✈❡rsã♦ ❞♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ✭✈❡r ❬✷✾❪✮ ♦✉ ✉♠❛ ✈❡rsã♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇✲

t♦♥ ✐♥❡①❛t♦ ✭✈❡r ❬✸✵❪✮✱ ❛♠❜♦s s✉❝❡❞✐❞♦s ♣♦r ✉♠❛ s❡❣✉♥❞❛ ❢❛s❡ q✉❡ ✉t✐❧✐③❛ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛

❞✐r❡t❛ ❡♠ ❝❛s♦ ❞❡ ❢r❛❝❛ss♦s ♥❛s r❡s♣❡❝t✐✈❛s ❡str❛té❣✐❛s ✐♥✐❝✐❛✐s✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡✈✐❞♦ ❛♦ ❛❧t♦ ♥ú♠❡r♦

❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ q✉❡ t❡♥❞❡♠ ❛ ♥❡❝❡ss✐t❛r ♣♦r ✐t❡r❛çã♦✱ ❡str❛té❣✐❛s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ sã♦

❛❝♦♥s❡❧❤á✈❡✐s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ❞❛í ❛ ♦♣çã♦ ❞❡ ✉t✐❧✐③á✲❧❛s s♦♠❡♥t❡ ♥♦ ❝❛s♦ ❡♠ q✉❡

♥ã♦ r❡st❛♠ ♦✉tr♦s r❡❝✉rs♦s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

■♥✐❝✐❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠❛ s❡çã♦ t❡ór✐❝❛ s♦❜r❡ ♦ ♠ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙ ❡✱ ❛♣ós ✐ss♦✱ ❛♣r❡s❡♥t❛✲

♠♦s ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❖ ❝❛♣ít✉❧♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ r❡❧❛t♦s ❞♦s t❡st❡s

♥✉♠ér✐❝♦s r❡❛❧✐③❛❞♦s ❝♦♠ ♦s ♥♦✈♦s ❛❧❣♦r✐t♠♦s✳

✸✳✶✳ ▼ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙

❊♠❜♦r❛ ❝❛rr❡❣✉❡ ♦ ♥♦♠❡ ❞❡ ■s❛❛❝ ◆❡✇t♦♥ ✭✶✻✹✷✲✶✼✷✼✮✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❢♦✐ ♣r♦♣♦st♦✱ ♥❛ ✈❡r❞❛❞❡✱ ♣♦r ❙✐♠♣s♦♥ ✭✶✼✶✵✲✶✼✻✶✮ ✭✈❡r ❬✺✹❪✮✱ ❡ ❝♦rr❡s♣♦♥❞❡ ❛

✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♣❛r❛ ❡♥❝♦♥tr❛r ③❡r♦s ❞❡ ✉♠❛ ❢✉♥çã♦

r❡❛❧✳

⑤✸✺⑤



❙✉♣♦♥❞♦ ❛ ❢✉♥çã♦ F ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✶✮ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦

❞❡ ◆❡✇t♦♥ ✐rá ✉t✐❧✐③❛r ❝♦♠♦ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✿

J(xk)d = −F (xk), ✭✸✳✶✮

♦♥❞❡ J(xk) é ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ F ♥♦ ♣♦♥t♦ xk✳

❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ✈❛♥t❛❣❡♥s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é ❛ s✉❛ ❜♦❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❧♦❝❛❧✳ ❙♦❜

❤✐♣ót❡s❡s ❛❞❡q✉❛❞❛s✱ ❡♥tr❡ ❡❧❛s ❛ ❞❡ q✉❡ F é ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦ ♠ét♦❞♦ t❡♠ ❣❛r❛♥t✐❞❛

✉♠❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ q✲s✉♣❡r❧✐♥❡❛r✳ ■st♦ q✉❡r ❞✐③❡r q✉❡✱ s❡ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦

❝♦♥✈❡r❣❡ ♣❛r❛ x∗✱ ❡♥tã♦✿

lim
k→∞

‖xk+1 − x∗‖
‖xk − x∗‖ = 0. ✭✸✳✷✮

❆❧é♠ ❞✐ss♦✱ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ F é ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

t♦r♥❛✲s❡ q✲q✉❛❞rát✐❝❛✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ✉♠ ✈❛❧♦r ❞❡ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛

s❛t✐s❢❛③✿
‖xk+1 − x∗‖
‖xk − x∗‖2

≤ C, ✭✸✳✸✮

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❖ ❚❡♦r❡♠❛ ✸✳✶ ❢♦r♠❛❧✐③❛ ❡ss❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ✸✳✶ ❈♦♥s✐❞❡r❡ F ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡

❛❜❡rt♦ A ⊆ Rn✱ ✉♠ ♣♦♥t♦ x∗ ∈ A ❞❡ ❢♦r♠❛ q✉❡ F (x∗) = 0 ❡ J(x∗) é ♥ã♦✲s✐♥❣✉❧❛r✳ ❙❡❥❛ ❛ s❡q✉ê♥❝✐❛

{xk} ❣❡r❛❞❛ ♣♦r✿

xk+1 = xk + dk,

♦♥❞❡ dk é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮✳ ❊♥tã♦✱ ❡①✐st❡ ε1 > 0 t❛❧ q✉❡✱ s❡ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧

x0 s❛t✐s❢❛③ ‖x0 − x∗‖ < ε1✱ ❛ s❡q✉ê♥❝✐❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ x∗ q✲s✉♣❡r❧✐♥❡❛r♠❡♥t❡✳

❈❛s♦ F s❡❥❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x∗✱ ❡①✐st❡ ε2 > 0 t❛❧ q✉❡✱

s❡ ‖x0 − x∗‖ < ε2✱ ❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡ ♣❛r❛ x∗ q✲q✉❛❞r❛t✐❝❛♠❡♥t❡✳

Pr♦✈❛✿ ❱❡r ❬✶✾✱ ✹✷❪✳ �

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ♥♦ ❡♥t❛♥t♦✱ ♣r❡ss✉♣õ❡ q✉❡✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ❛ ♠❛tr✐③

❏❛❝♦❜✐❛♥❛ s❡❥❛ ❝❛❧❝✉❧❛❞❛ ❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮ s❡❥❛ ♦❜t✐❞❛✳ P♦r ❡st❛ r❛③ã♦✱ ♦ ♠ét♦❞♦

t♦r♥❛✲s❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝❛r♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ ❡ ❝❤❡❣❛ ❛ s❡r ✐♠♣r❛t✐❝á✈❡❧ ❡♠

❛❧❣✉♥s ❝❛s♦s✳

⑤✸✻⑤



❉❡♠❜♦✱ ❊✐s❡♥st❛t ❡ ❙t❡✐❤❛✉❣ ❬✶✽❪ ♣r♦♣✉s❡r❛♠✱ ❡♠ ✶✾✽✷✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ♥♦ q✉❛❧✱ ❛

❝❛❞❛ ✐t❡r❛çã♦ k✱ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ dk é ❡s❝♦❧❤✐❞❛ ❞❡ ♠♦❞♦ ❛ s❛t✐s❢❛③❡r ♦ s❡❣✉✐♥t❡ ❝r✐tér✐♦✿

‖J(xk)dk + F (xk)‖ ≤ ηk‖F (xk)‖, ✭✸✳✹✮

♦♥❞❡ ♦ ♣❛râ♠❡tr♦ ηk ∈ [0, 1) é ❞❡♥♦♠✐♥❛❞♦ t❡r♠♦ ❢♦rç❛♥t❡✳

❈♦♠ ❡ss❛ ♦♣çã♦✱ ♦ tr❛❜❛❧❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é r❡❞✉③✐❞♦✱ ❥á q✉❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r

✭✸✳✶✮ é r❡s♦❧✈✐❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✳ ❆ ❝♦♥tr❛♣❛rt✐❞❛✱ ♥❡st❡ ❝❛s♦ é✱ ✉♠❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✐♥❢❡r✐♦r✳

❆ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❞❡♣❡♥❞❡ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ t❡r♠♦s ❢♦rç❛♥t❡s

❛❞♦t❛❞❛ ❡ ❞❡ ❤✐♣ót❡s❡s ❞❡ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉✐❞❛❞❡ s♦❜r❡ ❛ ❏❛❝♦❜✐❛♥❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦✳

❚❡♦r❡♠❛ ✸✳✷ ❈♦♥s✐❞❡r❡ F ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡

❛❜❡rt♦ A ⊆ Rn✱ x∗ ∈ A t❛❧ q✉❡ F (x∗) = 0 ❡ J(x∗) é ♥ã♦✲s✐♥❣✉❧❛r ❡ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣♦r✿

xk+1 = xk + dk,

♦♥❞❡ dk s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✹✮✳ ❊♥tã♦✱ ❡①✐st❡ ε1 > 0 t❛❧ q✉❡✱ t♦♠❛♥❞♦ x0 ❞❡ ❢♦r♠❛ q✉❡

‖x0 − x∗‖ < ε1✱ ❛ s❡q✉ê♥❝✐❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡✿

✶✳ ❙❡ 0 ≤ ηk ≤ η < 1✱ ❡ η é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡♥tã♦ {xk} ❝♦♥✈❡r❣❡ ♣❛r❛ x∗ q✲❧✐♥❡❛r♠❡♥t❡

❝♦♠ t❛①❛ C✱ ♦✉ s❡❥❛✱ ❡①✐st❡ C ∈ (0, 1) t❛❧ q✉❡✿

‖xk+1 − x∗‖
‖xk − x∗‖ ≤ C; ✭✸✳✺✮

✷✳ ❙❡ lim
k→∞

ηk = 0 ❡♥tã♦ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é q✲s✉♣❡r❧✐♥❡❛r❀

✸✳ ❙❡ ❛❞✐❝✐♦♥❛r♠♦s ❛✐♥❞❛ ❛s ❤✐♣ót❡s❡s ❞❡ q✉❡ ❛ ❏❛❝♦❜✐❛♥❛ ❞❡ F é ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ♥✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞❡ x∗ ❡ ❞❡ q✉❡ ηk = O(‖F (xk)‖)✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ t❡rá t❛①❛ q✲q✉❛❞rát✐❝❛✳

Pr♦✈❛✿ ❱❡r ❬✹✷❪✱ ❚❡♦r❡♠❛ ✶✶✳✸✳ �

❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✱ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦

❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞♦ t❡r♠♦ ❢♦rç❛♥t❡✳ ❱ár✐♦s tr❛❜❛❧❤♦s ♥❛ ár❡❛✱ ✈❡r ❬✷✶✱ ✷✺❪✱ ♣r♦♣õ❡♠ ❞✐❢❡r❡♥t❡s

s❡q✉ê♥❝✐❛s ❞❡ ♣❛râ♠❡tr♦s {ηk} ✈✐s❛♥❞♦ ♠❡❧❤♦r✐❛s ♥❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳

❆❧é♠ ❞✐ss♦✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✉♠ ♠ét♦❞♦ q✉❡ r❡s♦❧✈❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮✱ ❛

✜♠ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❞✐r❡çã♦ q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ✭✸✳✹✮✱ é t❡♠❛ ❞❡ ❡st✉❞♦ q✉❡ ♦r✐❣✐♥♦✉ ❞✐st✐♥t♦s

❛❧❣♦r✐t♠♦s ❞♦ t✐♣♦ ◆❡✇t♦♥ ✐♥❡①❛t♦✳ ❊♥tr❡ ❛s ♣r♦♣♦st❛s ♠❛✐s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛

❧✐♥❡❛r ❡♥❝♦♥tr❛✲s❡ ❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s ❞❡ ♣r♦❥❡çõ❡s s♦❜r❡ s✉❜❡s♣❛ç♦s ❞❡ ❑r②❧♦✈ ❬✽✱ ✸✹❪✿

⑤✸✼⑤



❉❡✜♥✐çã♦ ✸✳✶ ❉❛❞❛ ✉♠❛ ♠❛tr✐③ A : n × n✱ ♥ã♦ s✐♥❣✉❧❛r✱ ❡ ✉♠ ✈❡t♦r v ∈ Rn✱ ❛ s❡q✉ê♥❝✐❛✿

v,Av,A2v,A3v, ... é ❝❤❛♠❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❑r②❧♦✈✳ ❖ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s v,Av,A2v✱

A3v, ...Aℓ−1v é ❞❡♥♦♠✐♥❛❞♦ s✉❜❡s♣❛ç♦ ❞❡ ❑r②❧♦✈ ❞❡ ♦r❞❡♠ ℓ✱ ❡ ❞❡♥♦t❛❞♦ ♣♦r Kℓ(A, v)✳

◆❡st❡ tr❛❜❛❧❤♦ ♦♣t❛♠♦s ♣♦r ❡♠♣r❡❣❛r ♦ ♠ét♦❞♦ ●▼❘❊❙ ✭●❡♥❡r❛❧✐③❡❞ ▼✐♥✐♠❛❧ ❘❡s✐❞✉❛❧✮ ❬✹✼❪✱ ♣r♦✲

♣♦st♦ ♣♦r ❙❛❛❞ ❡ ❙❝❤✉❧t③ ❡♠ ✶✾✽✻ ❡ ❝♦♥❤❡❝✐❞♦ ♣❡❧♦ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❞❡ ❣r❛♥❞❡ ♣♦rt❡ ❡✱ t❛♠❜é♠✱ ♣❡❧❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❧✐❞❛r ❝♦♠ s✐st❡♠❛s ❧✐♥❡❛r❡s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

s✐♠étr✐❝♦s✳

❆ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ●▼❘❊❙ ❛✐♥❞❛ tr❛③ ❛ ✈❛♥t❛❣❡♠ ❛❞✐❝✐♦♥❛❧ ❞❡ r❡q✉❡r❡r ♦ ✉s♦ ❞❛s ♠❛tr✐③❡s

❏❛❝♦❜✐❛♥❛s s♦♠❡♥t❡ ❡♠ ♣r♦❞✉t♦s ♠❛tr✐③✲✈❡t♦r✱ q✉❡ ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞♦s ❛tr❛✈és ❞❡ ❡①♣❛♥sõ❡s ❡♠

sér✐❡ ❞❡ ❚❛②❧♦r✿

J(xk)w ≈ F (xk + νw)− F (xk)

ν
, ν ∈ R, w ∈ Rn. ✭✸✳✻✮

❊ss❡ ♣r♦❝❡ss♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠❛tr✐①✲❢r❡❡ ❡ ♣❡r♠✐t❡ q✉❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✹✮

s❡❥❛ ❡♥❝♦♥tr❛❞❛ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ s✉❛ ❛♣❧✐❝❛çã♦ ♥❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮ ❡ ✉t✐❧✐③❛♥❞♦ ✉♠ ✈❛❧♦r ✐♥✐❝✐❛❧ d0✱ ❛

✐❞❡✐❛ ❜ás✐❝❛ ❞♦ ♠ét♦❞♦ ●▼❘❊❙ é✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦ ℓ✱ ♠✐♥✐♠✐③❛r ❛ ♥♦r♠❛✲✷ ❞♦ r❡sí❞✉♦

r = F (xk) + J(xk)d s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ ❞❡ ❑r②❧♦✈ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ♠❛tr✐③ J(xk) ❡ ♦ r❡sí❞✉♦ ✐♥✐❝✐❛❧

✭r0 = F (xk) + J(xk)d0✮✱ Kℓ(J(xk), r0)✿

min ‖F (xk) + J(xk)d‖2

s✉❥❡✐t♦ ❛ d ∈ d0 +Kℓ(J(xk), r0).
✭✸✳✼✮

❙❛❛❞ ❡ ❙❝❤✉❧t③ ❬✹✼❪ ❞❡♠♦♥str❛♠ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❛✜r♠❛r q✉❡✱ ❣❛r❛♥t✐❞❛ ❛ ♥ã♦✲

s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ J(xk)✱ ♦ ♠ét♦❞♦ ●▼❘❊❙✱ t❡♦r✐❝❛♠❡♥t❡✱ ❡♥❝♦♥tr❛ ❛ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r

n × n✱ ♥♦ ♠á①✐♠♦✱ ❛♣ós n ✐t❡r❛çõ❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ✉♠ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥

✐♥❡①❛t♦✱ ♥❡♠ s❡♠♣r❡ ♣r❡❝✐s❛r❡♠♦s r❡❛❧✐③❛r t♦❞❛s ❛s n ❡t❛♣❛s ♣❛r❛ ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✮✱

❥á q✉❡ ♥ã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮ ❡ s✐♠ ❜✉s❝❛♥❞♦ ✉♠❛ s♦❧✉çã♦

❛♣r♦①✐♠❛❞❛ q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ✭✸✳✹✮✳ ◆❡st❡ s❡♥t✐❞♦✱ ♦ ♠ét♦❞♦ ●▼❘❊❙ s❡ t♦r♥❛ ✉♠ ♠ét♦❞♦

✐t❡r❛t✐✈♦ ❡ ✐rá ♣❛r❛r q✉❛♥❞♦ ❡♥❝♦♥tr❛r ✉♠❛ ❞✐r❡çã♦ dk q✉❡ s❛t✐s❢❛ç❛ ❡ss❛ ❝♦♥❞✐çã♦✳

➱ ❝♦♥✈❡♥❝✐♦♥❛❞♦ ❝❤❛♠❛r ❛s ✐t❡r❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ✐♥t❡r♥♦✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ ♣❛ss♦

dk✱ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s✳ ❆s ❞✐r❡çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ✐st♦ é✱ ❛s ✐t❡r❛çõ❡s ❞♦ t✐♣♦

xk+1 = xk + dk ❞♦t❛❞❛s ❞❡ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦✱ sã♦ ❝❤❛♠❛❞❛s ❞❡ ✐t❡r❛çõ❡s ❡①t❡r♥❛s✳

➱ ❝♦♥✈❡♥✐❡♥t❡ tr❛♥s❢♦r♠❛r ❛ ❜❛s❡ {r0, J(xk)r0, J(xk)2r0, . . .} ❞♦ s✉❜❡s♣❛ç♦ ❞❡ ❑r②❧♦✈ Kℓ(J(xk), r0)

❡♠ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❡✱ ♣❛r❛ ✐ss♦✱ é ✉t✐❧✐③❛❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❆r♥♦❧❞✐ ❬✸✹❪✿

⑤✸✽⑤



❆❧❣♦r✐t♠♦ ✸✳✶ Pr♦❝❡ss♦ ❞❡ ❆r♥♦❧❞✐ ♣❛r❛ ❖rt♦♥♦r♠❛❧✐③❛çã♦
✭❛❞❛♣t❛❞♦ ♣❛r❛ ◆❡✇t♦♥✲●▼❘❊❙✮

✶✳ v1 = r0/(‖r0‖)❀

✷✳ P❛r❛ j = 1, 2, . . . , ℓ

✭❛✮ v̄ = J(xk)vj ❀

✭❜✮ ♣❛r❛ i = 1, 2, . . . , j

→֒ hi,j = v̄⊤vi❀

✭❝✮ v̄ = v̄ −
∑j

i=1 hi,jvi❀

✭❞✮ hj+1,j = ‖v̄‖❀
✭❡✮ vj+1 = v̄/hj+1,j ✳

❙✉♣♦♥❞♦ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✸✳✶ ♥ã♦ ❛♣r❡s❡♥t♦✉ ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦✱ ❛♣ós ❛ ℓ✲és✐♠❛ ✐t❡r❛çã♦✱ t❡r❡♠♦s

♦❜t✐❞♦ ♦s ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s v1, v2, . . . , vℓ+1✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ❛s ♠❛tr✐③❡s Vℓ : n× ℓ ❝✉❥❛s ❝♦❧✉♥❛s

sã♦ ♦s ✈❡t♦r❡s v1, v2, . . . , vℓ ❡ Vℓ+1 : n× (ℓ+ 1) q✉❡ é ❛ ♠❛tr✐③ Vℓ ❛❝r❡s❝✐❞❛ ❞♦ ✈❡t♦r vℓ+1✳ ❚❛♠❜é♠

♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♠❛tr✐③ H̄ℓ : (ℓ + 1) × ℓ✱ ❍❡ss❡♥❜❡r❣ s✉♣❡r✐♦r✱ ❝✉❥♦ ❡❧❡♠❡♥t♦ ❞❛ i✲és✐♠❛ ❧✐♥❤❛ ❡

j✲és✐♠❛ ❝♦❧✉♥❛ é ❞❛❞♦ ♣♦r✿

H̄ℓ(i, j) =

{

0, s❡ i > j + 1

hi,j , ❝❛s♦ ❝♦♥trár✐♦✳

❉❡ss❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

J(xk)Vℓ = Vℓ+1H̄ℓ. ✭✸✳✽✮

❖❜s❡r✈❛çã♦ ✸✳✶✿ ❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✶ ❛♣r❡s❡♥t❛r ❢❛❧❤❛s ❞❡ ❡①❡❝✉çã♦✱ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡

❆r♥♦❧❞✐✱ ❡①✐st❡ ❡ ✐rá ♦❝♦rr❡r q✉❛♥❞♦✱ ♥❛ ℓ✲és✐♠❛ ✐t❡r❛çã♦✱ hℓ+1,ℓ = 0 ♦✉ v̂ = J(xk)vℓ = 0✳ ❈♦♥❢♦r♠❡ ❑❡❧❧❡②

❬✸✹❪✱ ✐ss♦ ✐rá ♦❝♦rr❡r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ dℓ ❢♦r ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ s✐st❡♠❛ ✭✸✳✶✮❀ é ♦ q✉❡ ❝❤❛♠❛♠ ♥❛ ❧✐t❡r❛t✉r❛

❞❡ ❧✉❝❦② ❜r❡❛❦❞♦✇♥✳ ◆❡st❡ ❝❛s♦✱ ♦ ❛❧❣♦r✐t♠♦ s❡❣✉❡ ✉t✐❧✐③❛♥❞♦ ❛ ❞✐r❡çã♦ ❞❡ ◆❡✇t♦♥ ❡♥❝♦♥tr❛❞❛✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛s ❝♦❧✉♥❛s ❞❡ Vℓ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ♣❛r❛ ♦ s✉❜❡s♣❛ç♦ Kℓ(J(xk), r0)✱ ♣❛r❛

t♦❞♦ d ∈ Kℓ(J(xk), r0)✱ ❡①✐st❡ y ∈ Rℓ t❛❧ q✉❡ d = d0 + Vℓy✳ ❯t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦ ✭✸✳✽✮ ❡ ❝♦♠♦✱ ♣❡❧♦

❆❧❣♦r✐t♠♦ ✸✳✶✱ v1 = r0/‖r0‖✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

‖F (xk) + J(xk)d‖ = ‖F (xk) + J(xk)(d0 + Vℓy)‖ = ‖r0 + J(xk)Vℓy‖ = ‖r0 + Vℓ+1H̄ℓy‖, ✭✸✳✾✮

❡✱ ❛ss✐♠✱ ❞❡✜♥✐♥❞♦ β = ‖r0‖✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ q✉❛❞r❛❞♦s ♠í♥✐♠♦s ✭✸✳✼✮✿

min ‖βe1 + H̄ℓy‖2

s✉❥❡✐t♦ ❛ y ∈ Rℓ.
✭✸✳✶✵✮

⑤✸✾⑤



❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ r❡s✉❧t❛♥t❡ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ✉♠❛ ✈❡rsã♦ ❞♦ ♠ét♦❞♦ ●▼❘❊❙ s❡♠

❞❡r✐✈❛❞❛s✱ ❛ss✉♠✐♥❞♦ d0 = 0 ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❡①t❡r♥❛✱ ❡stá ❞❡t❛❧❤❛❞♦ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✸✳✷✳ ◆❡st❡

❛❧❣♦r✐t♠♦✱ ♦ ♠ét♦❞♦ ●▼❘❊❙ ✉t✐❧✐③❛ ♦ ♣r♦❞✉t♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♣♦r ✉♠ ✈❡t♦r ❛♣r♦①✐♠❛❞♦

❛tr❛✈és ❞❡ ❞✐❢❡r❡♥ç❛s ❛✈❛♥ç❛❞❛s ❡✱ ♣♦rt❛♥t♦✱ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ❋❉●▼❘❊❙ ✭❋♦r✇❛r❞ ❉✐✛❡r❡♥❝❡

●▼❘❊❙ ✮✳

❆❧❣♦r✐t♠♦ ✸✳✷ ❋❉●▼❘❊❙

P❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛✿ F ✱ xk✱ σ ❡ ηk✳

✶✳ ❋❛ç❛ r = −F (xk), ρ = ‖F (xk)‖, β = ρ, ℓ = 0 ❡ v1 = r/ρ✳

✷✳ ❊♥q✉❛♥t♦ ρ > ηk‖F (xk)‖ ❡ ℓ < n

✭❛✮ ❋❛ç❛ ℓ = ℓ+ 1✳

✭❜✮ ❈❛❧❝✉❧❡ v̄ =
F (xk + σvℓ)− F (xk)

σ
✳

✭❝✮ ❉❡✜♥❛ h̄i,ℓ = v⊤i v̄✱ ♣❛r❛ i = 1, 2, . . . , ℓ✳

✭❞✮ ❋❛ç❛ v̄ = v̄ −
ℓ

∑

i=1

h̄i,ℓvi✳

✭❡✮ ❙❡ ‖v̄‖ = 0✱ ♣❛r❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❛ h̄ℓ+1,ℓ = ‖v̄‖ ❡✱ ❞❛í✱ vℓ+1 = v̄/h̄ℓ+1,ℓ✳

✭❢✮ ❉❡✜♥❛ ❛ ♠❛tr✐③ H̄ℓ = {h̄i,j} ❝♦♠ 1 ≤ i ≤ ℓ+ 1, ❡ 1 ≤ j ≤ ℓ✳

✭❣✮ ❈❛❧❝✉❧❡ yℓ✱ ♦ ♠✐♥✐♠✐③❛❞♦r ❞♦ Pr♦❜❧❡♠❛ ✭✸✳✶✵✮ ❡ ❞❡✜♥❛ ρ = ‖βe1 + H̄ℓyℓ‖✳

✸✳ ❋❛ç❛ V = [v1, . . . , vℓ] ❡ dk = V yℓ✳

❆ ♠❛♥❡✐r❛ ❝♦♠♦ s❡rá ♦❜t✐❞♦ ♦ ✈❡t♦r yℓ ♥♦ ♣❛ss♦ ✷❣ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✷ ♣♦❞❡ ✈❛r✐❛r ❡♥tr❡ ♦s tr❛❜❛❧❤♦s

q✉❡ ♦♣t❛♠ ♣♦r ✉s❛r ♦ ♠ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙✳ ❊♠❜♦r❛ ❛❧❣✉♥s ♠ét♦❞♦s ✉s❡♠ ❛ ✈❡rsã♦ ❝❧áss✐❝❛✱

♣r♦♣♦st❛ ♣♦r ❙❛❛❞ ❡ ❙❝❤✉❧t③ ❬✹✼❪✱ ♦✉tr♦s tr❛❜❛❧❤♦s ♣r❡❢❡r❡♠ ✉t✐❧✐③❛r ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞❡ ❲❛❧❦❡r ❡

❩❤♦✉ ❬✺✷❪ ❞❡♥♦♠✐♥❛❞❛ ❙✐♠♣❧❡r ●▼❘❊❙✳

❈♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✹✼❪✱ ❙❛❛❞ ❡ ❙❝❤✉❧t③ ❛♣r♦✈❡✐t❛♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❍❡ss❡♥❜❡r❣ s✉♣❡r✐♦r ❞❛

♠❛tr✐③ H̄ℓ ❡ ♦❜t❡♠ s✉❛ ❢❛t♦r❛çã♦ ◗❘✳ ■ss♦ é ❡s♣❡❝✐❛❧♠❡♥t❡ ✈❛♥t❛❥♦s♦ ♣♦rq✉❡ ❛tr❛✈és ❞❡ ✉♠❛ r♦t❛çã♦

❞❡ ●✐✈❡♥s é ♣♦ssí✈❡❧ ♦❜t❡r ❛ ❢❛t♦r❛çã♦ ◗❘ ❞❡ H̄ℓ ❛ ♣❛rt✐r ❞❛ ❢❛t♦r❛çã♦ ◗❘ ❞❡ H̄ℓ−1 ❝♦♠ ✉♠ tr❛❜❛❧❤♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ♦r❞❡♠ ℓ ❛♣❡♥❛s✳

❉❡✜♥✐♥❞♦ ❛ ❢❛t♦r❛çã♦ ❡♥❝♦♥tr❛❞❛ ♥❛ ℓ✲és✐♠❛ ✐t❡r❛çã♦ ❝♦♠♦ H̄ℓ = Q⊤
ℓ Rℓ ❡✱ ❞❛❞♦ q✉❡ ❛ ♠❛tr✐③ Qℓ é

♦rt♦❣♦♥❛❧✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✵✮✿

min ‖βQℓe1 +Rℓy‖2

s✉❥❡✐t♦ ❛ y ∈ Rℓ.
✭✸✳✶✶✮
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❖ ❚❡♦r❡♠❛ ✸✳✸ ❛♣r❡s❡♥t❛ r❡s✉❧t❛❞♦s q✉❡ ✐♥❞✐❝❛♠ ♦✉tr❛s ✈❛♥t❛❣❡♥s ♣rát✐❝❛s ♣r♦♣♦r❝✐♦♥❛❞❛s ♣❡❧❛

r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✮ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ q✉❛❞r❛❞♦s ♠í♥✐♠♦s ♠♦❞✐✜❝❛❞♦ ✭✸✳✶✶✮✳

❚❡♦r❡♠❛ ✸✳✸ ❈♦♥s✐❞❡r❡ Rℓ = QℓH̄ℓ ❝♦♠♦ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡ g = βQℓe1✳ ❉❡♥♦t❡♠♦s ♣♦r

R̂ℓ ❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ℓ × ℓ✱ ♦❜t✐❞❛ ❡❧✐♠✐♥❛♥❞♦✲s❡ ❛ ú❧t✐♠❛ ❧✐♥❤❛ ❞❡ Rℓ✱ ❡ ĝℓ ♦ ✈❡t♦r ❞❡

❞✐♠❡♥sã♦ ℓ ❡♥❝♦♥tr❛❞♦ ❡❧✐♠✐♥❛♥❞♦✲s❡ ♦ ❡❧❡♠❡♥t♦ |gℓ+1| ✭❛ ú❧t✐♠❛ ❧✐♥❤❛✮ ❞❡ g✳ P♦❞❡♠♦s ❞✐③❡r q✉❡✿

✶✳ ♦ ♣♦st♦ ❞❡ J(xk)Vℓ é ✐❣✉❛❧ ❛♦ ♣♦st♦ ❞❡ R̂ℓ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ rℓ,ℓ = 0 ❡♥tã♦ J(xk) é s✐♥❣✉❧❛r❀

✷✳ ♦ ✈❡t♦r y∗ q✉❡ é ♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ ‖βe1 + H̄ℓy‖ é ❞❛❞♦ ♣♦r y∗ = R̂−1
ℓ ĝ;

✸✳ ❛ ♥♦r♠❛✲✷ ❞♦ r❡sí❞✉♦ ♥♦ ♣❛ss♦ ℓ é ❞❛❞❛ ♣♦r |gℓ+1|✳

Pr♦✈❛✿ ❱❡r ❬✹✻❪✱ Pr♦♣♦s✐çã♦ ✻✳✾✳ �

❈♦♥❢♦r♠❡ ♦ ✐t❡♠ ✸ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✱ ❝♦♠♣r♦✈❛❞❛ ❛ ♥ã♦✲s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛ ♠❛tr✐③ J(xk)✱ ❛ s♦❧✉çã♦

❛♣r♦①✐♠❛❞❛ ♣❛r❛ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✶✮ ♥ã♦ ♥❡❝❡ss✐t❛ s❡r ♦❜t✐❞❛ ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ●▼❘❊❙ ❡ ♥❡♠ ♦

r❡sí❞✉♦ ♣r❡❝✐s❛ s❡r ❝❛❧❝✉❧❛❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ❙♦♠❡♥t❡ q✉❛♥❞♦ t✐✈❡r♠♦s ♦ ✈❛❧♦r ❞♦ ♠ó❞✉❧♦ ❞♦ ú❧t✐♠♦

❡❧❡♠❡♥t♦ ❞♦ ✈❡t♦r g = βQℓe1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ s❛t✐s❢❛ç❛ ❛♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛

é q✉❡ ❝❛❧❝✉❧❛♠♦s ♦ ✈❡t♦r dk✱ ✉t✐❧✐③❛♥❞♦✱ ♣❛r❛ ✐st♦✱ ♦ ú❧t✐♠♦ ✈❛❧♦r yℓ ❡♥❝♦♥tr❛❞♦✳

✸✳✶✳✶ ●▼❘❊❙ ❝♦♠ r❡❝♦♠❡ç♦s

❉✉r❛♥t❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ●▼❘❊❙ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ à ♠❡❞✐❞❛

q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ✈❛✐ ❛✉♠❡♥t❛♥❞♦✱ ❝r❡s❝❡♠ t❛♠❜é♠ ♦s r❡q✉❡r✐♠❡♥t♦s ❞❡ ♠❡♠ór✐❛ ❡ ♦ ❝✉st♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ r❡❛❧✐③❛r ❝❛❞❛ ✐t❡r❛çã♦✳ ❆ss✐♠✱ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡

♣♦rt❡✱ ♦ ♠ét♦❞♦ t♦r♥❛✲s❡ ✐♥❡✜❝✐❡♥t❡✳

❯♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❡✈✐t❛r ❡ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ é ♦ ✉s♦ ❞❡ ✉♠❛ ❡str❛té❣✐❛ q✉❡ r❡✐♥✐❝✐❛❧✐③❛ ♦

♠ét♦❞♦ ●▼❘❊❙ ❛♣ós ✉♠ ❝✐❝❧♦ ❞❡ m ✐t❡r❛çõ❡s✱ ♦♥❞❡ m é ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ♣ré✲❞❡✜♥✐❞♦✳ ❆♣ós ♦

✜♠ ❞❡ss❡ ❝✐❝❧♦✱ s❡ ❛ ú❧t✐♠❛ ❛♣r♦①✐♠❛çã♦ ✭dm✮ ❡♥❝♦♥tr❛❞❛ ♥ã♦ ❢♦r s❛t✐s❢❛tór✐❛✱ ♦ ✈❡t♦r dm é ✉t✐❧✐③❛❞♦

❝♦♠♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ✉♠ ♥♦✈♦ ❝✐❝❧♦ ❞❡ m ✐t❡r❛çõ❡s✳ ◗✉❛♥❞♦ ✉t✐❧✐③❛ ❛ ❡str❛té❣✐❛ ❝♦♠ r❡❝♦♠❡ç♦s✱ ♦

♠ét♦❞♦ ●▼❘❊❙ é✱ ❡♠ ❣❡r❛❧✱ ❞❡s✐❣♥❛❞♦ ❝♦♠♦ ●▼❘❊❙✭m✮✳

❖ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r ❛❞♦t❛❞♦ q✉❛♥❞♦ s❡ tr❛❜❛❧❤❛ ❝♦♠ ♦ ♠ét♦❞♦ ❋❉●▼❘❊❙✳ ◆♦ ❡♥t❛♥t♦✱

❛♦ ✉t✐❧✐③❛r ♦ ♠ét♦❞♦ ❋❉●▼❘❊❙ ❞♦t❛❞♦ ❝♦♠ ❛ ❡str❛té❣✐❛ ❞❡ r❡❝♦♠❡ç♦s✱ ❛❧❣✉♠❛s ♠✉❞❛♥ç❛s ♣r❡❝✐s❛♠

s❡r ❢❡✐t❛s ♥♦ ❆❧❣♦r✐t♠♦ ✸✳✷✱ ♦ ❆❧❣♦r✐t♠♦ ✸✳✸ ❡①♣❧✐❝✐t❛ ❡ss❛s ♠✉❞❛♥ç❛s✳ ❆❧é♠ ❞❛ ✈❛r✐á✈❡❧ m✱ q✉❡

✐♥❞✐❝❛ ❛ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ❡♠ ❝❛❞❛ ❝✐❝❧♦ ❞♦ ❋❉●▼❘❊❙✱ ❞❡✈❡ s❡r ❢♦r♥❡❝✐❞❛ t❛♠❜é♠ ✉♠❛

✈❛r✐á✈❡❧ ncmax ∈ N q✉❡ ✐♥❞✐❝❛ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❝✐❝❧♦s q✉❡ ♦ ❋❉●▼❘❊❙✭m✮ ❞❡✈❡ r❡❛❧✐③❛r ❛♥t❡s

❞❡ ❞❡❝❧❛r❛r ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦✳
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❆❧❣♦r✐t♠♦ ✸✳✸ ❋❉●▼❘❊❙✭m✮

✶✳ ❋❛ç❛ rk = −F (xk), ρk = ‖F (xk)‖, v1 = (1/ρk)rk, βk = ρk, ℓ = 0✱ nc = 0 ❡ d̄ = 0✳

✷✳ ❊♥q✉❛♥t♦ ρk > ηk‖F (xk)‖ ❡ nc < ncmax

✭❛✮ ❋❛ç❛ ℓ = ℓ+ 1✳

✭❜✮ ❈❛❧❝✉❧❡ v̄ =
F (xk + σvℓ)− F (xk)

σ
✳

✭❝✮ ❉❡✜♥❛ h̄i,ℓ = v⊤i v̄✱ ♣❛r❛ i = 1, 2, . . . , ℓ✳

✭❞✮ ❋❛ç❛ v̄ = v̄ −
ℓ

∑

i=1

h̄i,ℓvi✳

✭❡✮ ❙❡ ‖v̄‖ = 0✱ ♣❛r❡ ♦ ❛❧❣♦r✐t♠♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❛ h̄ℓ+1,ℓ = ‖v̄‖ ❡✱ ❞❛í✱ vℓ+1 = v̄/h̄ℓ+1,ℓ✳

✭❢✮ ❉❡✜♥❛ ❛ ♠❛tr✐③ H̄ℓ = {h̄i,j} ❝♦♠ 1 ≤ i ≤ ℓ+ 1, ❡ 1 ≤ j ≤ ℓ✳

✭❣✮ ❖❜t❡♥❤❛ yℓ✱ ♦ ♠✐♥✐♠✐③❛❞♦r ❞♦ Pr♦❜❧❡♠❛ ✭✸✳✶✵✮ ❡ ❞❡✜♥❛ ρk = ‖βke1 + H̄ℓyℓ‖✳
✭❤✮ ❙❡ ℓ = m ❡ ρk > ηk‖F (xk)‖

✐✳ V = [v1, . . . , vℓ] ❡ d̄ = d̄+ V yℓ✳

✐✐✳ rk = F (xk)−
F (xk + σd̄)− F (xk)

σ
❡ βk = ‖rk‖✳

✐✐✐✳ v1 =
rk
βk

✱ ℓ = 0 ❡ nc = nc+ 1✳

✸✳ ❋❛ç❛ V = [v1, . . . , vℓ] ❡ dk = d̄+ V yℓ✳

❉❡✈❡♠♦s s❛❧✐❡♥t❛r q✉❡✱ ❡♠❜♦r❛ ❛ ♥♦r♠❛✲✷ ❞♦ r❡sí❞✉♦ s❡❥❛ ♥ã♦ ❝r❡s❝❡♥t❡✱ ❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦

❡♠ ❬✹✻❪✱ ❡st❡ ✈❛❧♦r ♣♦❞❡ s♦❢r❡r ❡st❛❣♥❛çã♦ ❡♠ ❝❛s♦s ❡♠ q✉❡ ❛ ♠❛tr✐③ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ❛ s❡r r❡s♦❧✈✐❞♦

♥ã♦ s❡❥❛ ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛ ❡✱ s❡♥❞♦ ❛ss✐♠✱ ♥ã♦ ❤á ❣❛r❛♥t✐❛ t❡ór✐❝❛ ❞❡ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✸✳✸ ❝♦♥✈❡r❣✐rá

♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ❡♠ q✉❡stã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛❧❣✉♥s tr❛❜❛❧❤♦s✱ ♣♦r ❡①❡♠♣❧♦ ❬✷✻✱ ✸✵❪✱

♠♦str❛r❛♠ q✉❡ ❛ ❛❞♦çã♦ ❞♦ ♠ét♦❞♦ ❝♦♠ r❡❝♦♠❡ç♦s ♦❜té♠ ❜♦♥s r❡s✉❧t❛❞♦s ♥❛ ♣rát✐❝❛✳

✸✳✷✳ ▼ét♦❞♦ ♣r♦♣♦st♦

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ❛❧❣♦r✐t♠♦ ❝♦♥❝❡✐t✉❛❧ ❞♦ ♠ét♦❞♦ ❤í❜r✐❞♦ ♣r♦♣♦st♦ ♥❡st❡ tr❛❜❛❧❤♦✳

❊st❡ ❛❧❣♦r✐t♠♦ ❣❡♥❡r❛❧✐③❛ ❛s ❞✉❛s ❢❛s❡s q✉❡ ❝♦♠♣õ❡♠ ♦ ♠ét♦❞♦✿ ❛ ❢❛s❡ ■✱ q✉❡ ✉t✐❧✐③❛ ❛❧❣✉♠❛ ✈❛r✐❛çã♦

❞♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❡ ❛ ❢❛s❡ ■■✱ q✉❡ ❝♦♥s✐st❡ ♥♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✳ ❖ ♠♦❞❡❧♦ ❞❡ ❛❧❣♦r✐t♠♦

❞❡s❝r✐t♦ é ✢❡①í✈❡❧ ♥❛ ❢♦r♠❛ ❝♦♠♦ s❡rá r❡s♦❧✈✐❞❛ ❝❛❞❛ ❡t❛♣❛✳ ❆ss✐♠✱ ♥❛ ❡t❛♣❛ ■✱ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♦

❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ♦r✐❣✐♥❛❧ ♦✉ ❛❧❣✉♠❛ ♠♦❞✐✜❝❛çã♦ ♣r♦♣♦st❛ ♥❡st❡ tr❛❜❛❧❤♦✳ ❊✱ ♥❛ ❡t❛♣❛ ■■✱ ♣♦❞❡✲s❡

❡st❛❜❡❧❡❝❡r ❞❡ q✉❡ ❢♦r♠❛ ♦ ♠ét♦❞♦ ●▼❘❊❙ s❡rá ❡①❡❝✉t❛❞♦✱ s❡ ♥❛ ❢♦r♠❛ ❞❡s❝r✐t❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r

⑤✹✷⑤



♦✉ ❝♦♠ ❜❛s❡ ❡♠ ❛❧❣✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③❡ ❛ ♠♦❞✐✜❝❛çã♦ ❙✐♠♣❧❡r ●▼❘❊❙ ❬✺✷❪ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱

◆■❚❙❖▲ ❬✹✸❪✳ ❯♠ ❞✐❛❣r❛♠❛ ✐❧✉str❛♥❞♦ ❞❡ ❢♦r♠❛ s✐♠♣❧✐✜❝❛❞❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✳

❆❧é♠ ❞✐ss♦✱ sã♦ ❞❡✐①❛❞♦s ❡♠ ❛❜❡rt♦ ❞♦✐s ❝r✐tér✐♦s ❞❡ ❛❝❡✐t❛çã♦ ❞❡ ♣♦♥t♦✱ CA1 ❡ CA2✳ ❖ ❝r✐tér✐♦

CA1 é ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣♦♥t♦s ❛❞✈✐♥❞♦s ❞❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ❡

♦ ❝r✐tér✐♦ CA2 ♣❛r❛ ♣♦♥t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❛ ❞✐r❡çã♦ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ✉♠❛ ♠❡s♠❛ ❡str❛té❣✐❛ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♥❛s ❞✉❛s ❡t❛♣❛s✳

❖s ❛❧❣♦r✐t♠♦s q✉❡ s❡❣✉✐r❡♠ ♦ ♠♦❞❡❧♦ ❝♦♥❝❡✐t✉❛❧ ❛q✉✐ ♣r♦♣♦st♦ ♠✉❞❛♠ ❞❛ ❢❛s❡ ■ ♣❛r❛ ❛ ❢❛s❡ ■■ ❛♣ós

✉♠ ♥ú♠❡r♦ NBLmax ❞❡ r❡❞✉çõ❡s ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❞✉❛s ❞✐r❡çõ❡s ❝♦♠✉♠❡♥t❡ t❡st❛❞❛s ♣❡❧♦ ♠ét♦❞♦

❉❋❙❆◆❊✱ ❡ ❡♠ ♠❛✐s ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦✱ s❡ ♦ ♠ét♦❞♦ ❛❞♦t❛❞♦ ❛ss✐♠ ♦ ❞❡s✐❣♥❛r✳ ❙❡ ❛♣ós ❡ss❡

♥ú♠❡r♦ ❞❡ r❡❞✉çõ❡s✱ ♥ã♦ ❢♦r ♦❜t✐❞♦ ♥❡♥❤✉♠ ♣♦♥t♦ q✉❡ s❛t✐s❢❛ç❛ ♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❡s❝♦❧❤✐❞♦

♣❛r❛ ❡st❛ ❡t❛♣❛✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ é ❛❝✐♦♥❛❞♦✳ ❖ ❛❧❣♦r✐t♠♦ t❡r♠✐♥❛ s❡ ❢♦r ❡♥❝♦♥tr❛❞♦

✉♠ ♣♦♥t♦ xk t❛❧ q✉❡ F (xk) = 0✳

❆❧❣♦r✐t♠♦ ✸✳✹ ❍■❇✶

P❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛✿ x0✱ NBLmax✱ ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❛❝❡✐t❛çã♦ ❞❡ ♣♦♥t♦s CA1 ❡ CA2✱

θ1, θ2, θ3 ∈ (0, 1)✱ 0 < τmin < τmax < 1 ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ηk t❛❧ q✉❡ ηk ∈ [0, 1) ♣❛r❛ t♦❞♦

k✳

✶✳ ❉❡✜♥❛ k = 0

✷✳ ❙❡ NBL = NBLmax ✈á ♣❛r❛ ♦ ♣❛ss♦ ✻✳

✸✳ ❊♥❝♦♥tr❡ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ dk ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ✭♦✉ ✉♠❛ ❞❡ s✉❛s ✈❛r✐❛çõ❡s✮✳ ❉❡✜♥❛

λ+ = λ− = 1 ❡ NBL = 0✳

✹✳ ❙❡ x+ = xk + λ+dk ♦✉ x− = xk − λ−dk s❛t✐s❢❛③❡♠ CA1 ❞❡✜♥❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ λ = λ+ ♦✉

λ = λ− ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✶✶✳

✺✳ ❙❡ NBL = NBLmax ✈á ♣❛r❛ ♦ ♣❛ss♦ ✻✳ ❈❛s♦ ❝♦♥trár✐♦✿

✭❛✮ ❊s❝♦❧❤❛ λ+ ∈ [τminλ+, τmaxλ+] ❡ λ− ∈ [τminλ−, τmaxλ−]❀

✭❜✮ ❢❛ç❛ NBL = NBL+ 1 ❡ ✈♦❧t❡ ♣❛r❛ ♦ ♣❛ss♦ ✹✳

✻✳ ❋❛ç❛ η = ηk ❡ ❞❡t❡r♠✐♥❡ dk ♣❡❧♦ ♠ét♦❞♦ ❋❉●▼❘❊❙✳ ❉❡✜♥❛ λ = 1✳

✼✳ ❙❡ xk + λdk s❛t✐s❢❛③ CA2 ✈á ♣❛r❛ ♦ ♣❛ss♦ ✶✶✳

✽✳ t = 0

✾✳ ❈♦♠♣✉t❡ ✉♠ ♥♦✈♦ ✈❛❧♦r ♣❛r❛ λ ✉t✐❧✐③❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✳

⑤✹✸⑤



✶✵✳ ❙❡ λ = 0 ❡♥tã♦ ❝♦❧♦q✉❡ σ = θ1σ✱ η = θ2η✳ ❊♥❝♦♥tr❡ ✉♠❛ ♥♦✈❛ ❞✐r❡çã♦ dk ✉s❛♥❞♦ ♦ ♠ét♦❞♦

❋❉●▼❘❊❙✳ ❉❡✜♥❛ λ = 1✱ µ = θ3µ✱ t = t+ 1 ❡ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✾✳

✶✶✳ ❉❡✜♥❛ λk = λ, σ̃k = σ, η̃k = η, µ̃k = µ✱ xk+1 = xk + λkdk ❡ ❢❛ç❛ k = k + 1✳

✶✷✳ ❙❡ F (xk) = 0✱ ♣❛r❡ ♦ ❛❧❣♦r✐t♠♦ ❡ ❞❡❝❧❛r❡ ❙❯❈❊❙❙❖✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✷

❖❜s❡r✈❛çã♦ ✸✳✷✿ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ✉t✐❧✐③❛❞♦ ♥♦ P❛ss♦ ✾ s❡rá ❡①♣❧✐❝✐t❛❞♦ ♥❛ ♣ró①✐♠❛ s✉❜s❡çã♦

✭❆❧❣♦r✐t♠♦ ✸✳✺✮✳

❉❛❞♦s x0, k = 0, NBLmax

��

P❆❘❊ ❖
❆▲●❖❘■❚▼❖

❋❆❙❊ ■

▼ét♦❞♦ ❉❋❙❆◆❊
♦❜té♠ ❛ ❞✐r❡çã♦ dk

λ+ = 1, λ− = 1, NBL = 0

��

xk é t❛❧ q✉❡ F (xk) = 0❄

s✐♠

OO

♥ã♦
oo

❘❡❞✉③❛
λ+ ❡ λ−✳

NBL = NBL+ 1

//
x+ = xk + λ+dk ♦✉
x− = xk − λ−dk
♦❜té♠ ❞❡❝rés❝✐♠♦

s✉✜❝✐❡♥t❡❄

♥ã♦
��

s✐♠
//
❉❡✜♥❛ ♦ ♣♦♥t♦ q✉❡
♦❜t❡✈❡ ❞❡❝rés❝✐♠♦

s✉✜❝✐❡♥t❡ ❝♦♠♦ xk+1

❡ ❢❛ç❛ k = k + 1

OO

OO

NBL = NBLmax❄♥ã♦

s✐♠
��

❋❆❙❊ ■■

◆❡✇t♦♥✲●▼❘❊❙
♦❜té♠ dk✳

❉❡✜♥❛ λ = 1

��

λ = 0.5λ
xk + λdk

♦❜té♠ ❞❡❝rés❝✐♠♦
s✉✜❝✐❡♥t❡❄

♥ã♦
oo

s✐♠

OO

OO

❋✐❣✉r❛ ✸✳✶✿ ❋✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ✭❍■❇✶✮

⑤✹✹⑤



✸✳✷✳✶ ❆♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

◆❡st❛ s✉❜s❡çã♦✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❆❧❣♦r✐t♠♦ ❍■❇✶ ❡♠ q✉❡ ♦s ❝r✐té✲

r✐♦s ❞❡ ❛❝❡✐t❛çã♦ ❈❆✶ ❡ ❈❆✷ sã♦ ❞❡✜♥✐❞♦s ❝♦♥❢♦r♠❡ ❛ ♣r♦♣♦st❛ ❞❡ ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✶✸❪✱

r❡♣r❡s❡♥t❛❞❛ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✶✮✳

❉✉r❛♥t❡ t♦❞❛ ❡st❛ s❡çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) = ‖F (x)‖2✳ ❆❧é♠ ❞✐ss♦✱

❞❡✜♥✐♠♦s

Wk = max
0≤j≤min{k,M−1}

f(xk−j) ✭✸✳✶✷✮

❡✱ t❛♠❜é♠✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ í♥❞✐❝❡s {ν(k)} t❛❧ q✉❡

f(xν(k)) = Wk. ✭✸✳✶✸✮

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ s❡❣✉❡✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ❛s ✐❞❡✐❛s ❛♣r❡s❡♥t❛❞❛s ♣♦r

●r✐♣♣♦ ❡ ❙❝✐❛♥❞r♦♥❡ ❡♠ ❬✸✵❪✱ s❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛♥❛❧✐s❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝r✐tér✐♦s

❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛ ♥♦✈♦s ♣♦♥t♦s ❡♥❝♦♥tr❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♠ ♦ ❝r✐tér✐♦ ✭✷✳✷✶✮✱ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✸❪✳

❆ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❡ ❬✸✵❪ é ✉t✐❧✐③❛❞❛ ❞✉r❛♥t❡ ❛ ❡①❡❝✉çã♦ ❞❛ ♣r✐♠❡✐r❛ ❢❛s❡ ❞♦ ❆❧❣♦r✐t♠♦ ◆▼✶✱ q✉❡

❝♦♥s✐st❡ ♥♦ ♠ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙ ❝♦♠ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ ❡✈✐t❛r ♦ ❝á❧❝✉❧♦ ❡①♣❧í❝✐t♦ ❞♦s ♣r♦❞✉✲

t♦s ❡♥tr❡ ♠❛tr✐③❡s ❏❛❝♦❜✐❛♥❛s Jk ❡ ✈❡t♦r❡s✳ ❆ ❡st❡ ❛❧❣♦r✐t♠♦ ❢♦✐ ❛❝♦♣❧❛❞❛ ❛ ❡str❛té❣✐❛ ✇❛t❝❤❞♦❣ ❬✶✶❪

♣❛r❛ ❛❝❡❧❡r❛çã♦✳ ❆ ❝♦♥❞✐çã♦ ❡①✐❣❡ q✉❡ ♦ ♣❛ss♦ λk ∈ (0, 1] ❝✉♠♣r❛✿

f(xk + λkdk) ≤ (1− γλk)Wk, ✭✸✳✶✹✮

♦♥❞❡ γ ∈ (0, 1)✳

❖❜s❡r✈❛çã♦ ✸✳✸✿ ❆ r✐❣♦r✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ q✉❡ é ❢❡✐t♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❡♠ ❬✸✵❪ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❛❞♦t❛❞❛

é f(x) =
∥

∥F (x)
∥

∥✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ ❢❛rá ❝♦♠ q✉❡ s❡❥❛♠ ♥❡❝❡ssár✐♦s ❛❧❣✉♥s ❛❥✉st❡s q✉❛♥❞♦ t✐✈❡r♠♦s ❞❡ ✉t✐❧✐③❛r

♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸✵❪ ❡ ♦s ❢❛r❡♠♦s ♥♦ ♠♦♠❡♥t♦ ❝♦♥✈❡♥✐❡♥t❡✳ P♦r ♦r❛✱ ❛ ❛♥á❧✐s❡ s❡rá ❢❡✐t❛ s❡♠ ❛

❞✐st✐♥çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❛ s❡r ✉t✐❧✐③❛❞❛✳

❉❡✜♥✐♥❞♦ ❛ s❡q✉ê♥❝✐❛ {ζk} ❝♦♠ ζk > 0 ♣❛r❛ t♦❞♦ k ❡
∑∞

i=1 ζi = ζ < ∞✱ ✈❛♠♦s t❡r q✉❡✿

(1− γλk)Wk < (1− γλk)Wk + ζk ≤ Wk + ζk − γλkf(xk) ≤ Wk + ζk − γλ2
kf(xk). ✭✸✳✶✺✮

❆ ú❧t✐♠❛ ❡①♣r❡ssã♦ ❞❛ ❞✐r❡✐t❛ ❞❛ r❡❧❛çã♦ ✭✸✳✶✺✮ ❝♦rr❡s♣♦♥❞❡ à ❡①♣r❡ssã♦ ❞❛ ❞✐r❡✐t❛ ❞❛ ❝♦♥❞✐çã♦

✭✷✳✷✶✮✳ ❆ss✐♠ s❡♥❞♦✱ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✭✸✳✶✹✮ ✐♠♣❧✐❝❛ ❡♠ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✭✷✳✷✶✮ ♣r♦♣♦st❛

♣♦r ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥ ❬✶✸❪✳ ◆♦ ❡♥t❛♥t♦✱ ❛ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ♦ q✉❡ ✐♥❞✐❝❛ q✉❡

⑤✹✺⑤



❛ ❝♦♥❞✐çã♦ ✭✷✳✷✶✮ é ♠❛✐s ✢❡①í✈❡❧ ❡ ♣♦❞❡rá ❛❝❡✐t❛r ♣♦♥t♦s q✉❡ ♥ã♦ s❡r✐❛♠ ❛❝❡✐t♦s s❡ ✉t✐❧✐③❛❞♦s ♦s

❝r✐tér✐♦s ♣r♦♣♦st♦s ♣♦r ●r✐♣♣♦ ❡ ❙❝✐❛♥❞r♦♥❡ ❬✸✵❪✳

❆ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ ♣r♦♣♦st❛ ❡♠ ❬✸✵❪ é ✉t✐❧✐③❛❞❛ s♦♠❡♥t❡ ♥❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❞♦ ❆❧❣♦r✐t♠♦

◆▼✷ ❡ ❞❛❞❛ ♣♦r✿

f(xk + λkdk) ≤ (1− γλ2
k)Wk. ✭✸✳✶✻✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ ✭✸✳✶✺✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ s❛t✐s❢❛çã♦

❞❛ ❝♦♥❞✐çã♦ ✭✸✳✶✻✮ t❛♠❜é♠ ✐♠♣❧✐❝❛ ♥❛ s❛t✐s❢❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ✭✷✳✷✶✮✱ ♣r♦♣♦st❛ ❡♠ ❬✶✸❪✳

❖s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✸✵❪ sã♦ ❜❛s❡❛❞♦s ♥♦ ❢❛t♦ ❞❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❡♥❝♦♥✲

tr❛❞♦ ♣❡❧❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ◆▼✶ ♦✉ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ◆▼✷ s❛t✐s❢❛③✿

f(xk+1) ≤ Wk − σ(Wk), ✭✸✳✶✼✮

❡♠ q✉❡ σ : R+ → R+ é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❢♦rç❛♥t❡ ❡ ❞❡✈❡ ❣❛r❛♥t✐r q✉❡✿

lim
k→∞

σ(Wk) = 0 ⇒ lim
k→∞

Wk = 0. ✭✸✳✶✽✮

❊♠ ♥♦ss♦ ❝❛s♦✱ ♥♦ ❧✉❣❛r ❞❡ ✭✸✳✶✼✮✱ ✈❛♠♦s ✉t✐❧✐③❛r ✉♠❛ ❝♦♥❞✐çã♦ ❞♦ t✐♣♦

f(xk+1) ≤ Wk + ζk − cf(xk), ✭✸✳✶✾✮

♦♥❞❡ c > 0✱ ❝✉❥♦ ❧❛❞♦ ❞✐r❡✐t♦ ♥ã♦ ♣❡r♠✐t❡ q✉❡ s❡❥❛ ❞❡✜♥✐❞❛ ✉♠❛ ❢✉♥çã♦ ❢♦rç❛♥t❡ s♦❜r❡ f(xk) ✭❡

t❛♠♣♦✉❝♦ s♦❜r❡ Wk✮✱ ✈✐st♦ q✉❡ −(ζk − cf(xk)) ♣♦❞❡ ❛ss✉♠✐r ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ✭❛ ♠❡♥♦s q✉❡ ζk <

cf(xk) ♣❛r❛ t♦❞♦ k✮✳ ❆✐♥❞❛ ❛ss✐♠✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ àq✉❡❧❡ ❡♥❝♦♥tr❛❞♦

❡♠ ❬✸✵❪ ❡ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ♠ét♦❞♦ ❤í❜r✐❞♦

❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞♦✳

▲❡♠❛ ✸✳✶ ❈♦♥s✐❞❡r❡ f : Rn → R+✱ M ∈ N✱ Wk = max0≤j≤min{k,M−1} f(xk−j)✱ c̄ ∈ R, c̄ > 0 ❡

{ζk} ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ R t❛❧ q✉❡ ζk > 0 ♣❛r❛ t♦❞♦ k ❡
∑∞

i=1 ζi = ζ < ∞✳ ❚❡♠✲s❡ ❡♥tã♦ q✉❡

lim
k→∞

c̄f(xk)− ζk = 0 ⇒ lim
k→∞

Wk = 0. ✭✸✳✷✵✮

Pr♦✈❛✿ ❙❡

lim
k→∞

[c̄f(xk)− ζk] = 0, ✭✸✳✷✶✮

❡ ❞❛❞♦ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ limk→∞−ζk = 0✱ t❡♠✲s❡ limk→∞ c̄f(xk) = 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
k→∞

f(xk) = 0. ✭✸✳✷✷✮

⑤✹✻⑤



❱❛♠♦s ✈❡r ❛❣♦r❛ q✉❡✱

lim
k→∞

f(xk) = 0 ⇒ lim
k→∞

Wk = 0. ✭✸✳✷✸✮

P♦r ✭✸✳✷✷✮✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ k̄ ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ k > k̄✱ f(xk) < ε✳ P♦r ✭✸✳✶✸✮✱ ♣❛r❛ t♦❞♦

k > k̄ +M t❡♠✲s❡ q✉❡ Wk = f(xν(k)) ❝♦♠ ν(k) > k̄ ❡✱ ♣♦rt❛♥t♦✱ Wk < ε✱ ♦ q✉❡ ❝♦♠♣r♦✈❛ ♦ q✉❡

q✉❡rí❛♠♦s✳ �

❆ Pr♦♣♦s✐çã♦ ✸✳✶ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞❡ r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥♦s tr❛❜❛❧❤♦s ❬✷✽✱ ✷✾✱ ✸✵❪ ❡ ♥♦s ❞❛rá

❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❞❡♠♦♥str❛r ♦s r❡s✉❧t❛❞♦s ❞❛ Pr♦♣♦s✐çã♦ ✸✳✷ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ s❡rá

❡♠♣r❡❣❛❞❛ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✶ ❈♦♥s✐❞❡r❡ {xk} ⊂ Rn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s t❛❧ q✉❡✿

f(xk+1) ≤ Wk + ζk, ♣❛r❛ t♦❞♦ k, ✭✸✳✷✹✮

❝♦♠ ζk > 0 ♣❛r❛ t♦❞♦ k ❡
∑∞

i=1 ζi = ζ < ∞✳ ❊♥tã♦

✶✳ xk ∈ L̄0 = {x ∈ Rn | f(x) ≤ f(x0) + ζ} ♣❛r❛ t♦❞♦ k✳

✷✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ✉♠ í♥❞✐❝❡ k̄ ∈ N q✉❡ ❣❛r❛♥t❡

f(xk+1) ≤ Wk ♣❛r❛ t♦❞♦ k ≥ k̄, ✭✸✳✷✺✮

❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {Wk}k>k̄ é ♠♦♥♦t♦♥❛♠❡♥t❡ ♥ã♦✲❝r❡s❝❡♥t❡✳

Pr♦✈❛✿ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡min{k+1,M−1} ≤ min{k,M−1}+1✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ν(k) ✭❝♦♥❢♦r♠❡

❛ ❡q✉❛çã♦ ✭✸✳✶✸✮✮✱ t❡♠♦s✿

Wk+1 = f(xν(k+1)) = max0≤j≤min{k+1,M−1} f(xk+1−j)

≤ max0≤j≤min{k,M−1}+1 f(xk+1−j)

= max{max0≤j≤min{k,M−1}+1 f(xk+1−j), f(xk+1)}
= max{f(xν(k)), f(xk+1)}.

✭✸✳✷✻✮

▼❛s✱ f(xk+1) ≤ Wk + ζk ♣♦r ❤✐♣ót❡s❡ ❡✱ ❛❧é♠ ❞✐ss♦✱ f(xν(k)) = Wk ≤ Wk + ζk✳ ▲♦❣♦✱ ♣❡❧❛

❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✻✮✱ t❡♠✲s❡ q✉❡ Wk+1 ≤ Wk + ζk ♣❛r❛ t♦❞♦ k✳ ❯♠ ❛r❣✉♠❡♥t♦ ✐♥❞✉t✐✈♦ ♣❡r♠✐t❡

❡st❛❜❡❧❡❝❡r q✉❡✿

Wk+1 = f(xν(k+1)) ≤ f(xν(0)) +

k
∑

i=1

ζi ≤ f(x0) + ζ, ✭✸✳✷✼✮

❡✱ ❝♦♠♦ f(xk+1) ≤ Wk+1✱ t❡♠✲s❡ q✉❡ xk ∈ L̄0 = {x ∈ Rn | f(x) ≤ f(x0) + ζ} ♣❛r❛ t♦❞♦ k ✱

♣r♦✈❛♥❞♦✱ ❛ss✐♠✱ ♦ ✐t❡♠ ✶ ❞❡st❛ ♣r♦♣♦s✐çã♦✳

⑤✹✼⑤



P❛r❛ ♣r♦✈❛r ♦ s❡❣✉♥❞♦ ✐t❡♠✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ ✉♠ í♥❞✐❝❡ k̄ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡ t❛❧ q✉❡ f(xk+1) ≤ f(xν(k)) ♣❛r❛ t♦❞♦ k ≥ k̄✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✻✮✱ t❡♠✲s❡ q✉❡ ❛

s❡q✉ê♥❝✐❛ {Wk}k>k̄ é ♠♦♥♦t♦♥❛♠❡♥t❡ ♥ã♦✲❝r❡s❝❡♥t❡✳ �

Pr♦♣♦s✐çã♦ ✸✳✷ ❙❡❥❛ f : Rn → R+ ✉♠❛ ❞❛❞❛ ❢✉♥çã♦ ❡ {xk} ⊂ Rn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s t❛✐s

q✉❡✿

f(xk+1) ≤ Wk + ζk − cf(xk), ✭✸✳✷✽✮

♦♥❞❡ Wk é ❞❡✜♥✐❞♦ ❝♦♠♦ ❡♠ ✭✸✳✶✷✮✱ c > 0 ζk > 0 ♣❛r❛ t♦❞♦ k ❡
∑∞

i=1 ζi = ζ < ∞ ❡✱ ❛❧é♠ ❞✐ss♦✱

❡①✐st❡ ✉♠ í♥❞✐❝❡ k̄ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ k > k̄ s❡ ✈❡r✐✜❝❛

ζk − c̄f(xk) < 0, ❝♦♠ c̄ > 0 ✭✸✳✷✾✮

❊♥tã♦ xk ∈ L̄0 ♣❛r❛ t♦❞♦ k ❡✱ ❛✐♥❞❛✱

lim
k→∞

f(xk) = lim
k→∞

Wk = 0. ✭✸✳✸✵✮

Pr♦✈❛✿ ❆ ❝♦♥❞✐çã♦ ✭✸✳✷✽✮ ✐♠♣❧✐❝❛ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✹✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ k✱ ❧♦❣♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✶✱ xk ∈ L̄0 ♣❛r❛ t♦❞♦ k ❡✱ ❛❧é♠ ❞✐ss♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ♠❡s♠❛ ♣r♦♣♦s✐çã♦ t❡♠✲s❡ q✉❡

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✾✮ ❣❛r❛♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ {Wk}k>k̄ é ♠♦♥♦t♦♥❛♠❡♥t❡ ♥ã♦✲❝r❡s❝❡♥t❡ ❡✱ ❝♦♠♦

Wk ≥ 0✱ ❞❡✈❡ ❤❛✈❡r ✉♠ ❧✐♠✐t❡ W∗ ≥ 0 ♣❛r❛ ❡st❛ s❡q✉ê♥❝✐❛✱ ❝♦♥❢♦r♠❡ k → ∞✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ W ∗ 6= 0✱ ❡♥tã♦ ❡①✐st❡ k1 ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ k > k1 t❡♠✲s❡

Wk > t✱ ♣❛r❛ ❛❧❣✉♠ t > 0✳ ❊✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✱ ❞❡✈❡ ❡①✐st✐r ✉♠ í♥❞✐❝❡ k2 t❛❧ q✉❡ | − ζk + cf(xk)| >
t2 > 0 ♣❛r❛ t♦❞♦ k > k2✳

P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ k2 ≥ k̄✳ ❆ss✐♠ s❡♥❞♦✱ t❡♠✲s❡✱ ♣♦r ❤✐♣ót❡s❡✱ q✉❡

f(xk+1) ≤ Wk − t2, k > k2 ≥ k̄. ✭✸✳✸✶✮

❈♦♥s✐❞❡r❛♥❞♦ k ≥ k2+M +1✱ t❡♠✲s❡ q✉❡ ν(k)−1 ≥ k−M −1 ≥ k2 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦

❛ ❞❡✜♥✐çã♦ ✭✸✳✶✸✮ ❡ ❛ ❡q✉❛çã♦ ✭✸✳✸✶✮✱ t❡♠♦s q✉❡✿

f(xν(k)) ≤ f(xν(ν(k)−1))− t2. ✭✸✳✸✷✮

❚♦♠❛♥❞♦ ❧✐♠✐t❡ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ f(xν(k)) → W∗✱ t❡♠♦s q✉❡ t2 = 0✱ ♦ q✉❡ é

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ �

❆ ✜♠ ❞❡ ✜①❛r ♣❛râ♠❡tr♦s ❡ ♣r♦❝❡❞✐♠❡♥t♦s q✉❡ ♣♦ss✐❜✐❧✐t❡♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✲

✈❡r❣ê♥❝✐❛✱ ✈❛♠♦s ❢♦r♠❛❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ❝♦♠ ♦ ❝r✐tér✐♦ ✭✷✳✷✶✮ ♥♦s ♠♦❧❞❡s ❞♦ ❛❧❣♦r✐t♠♦

❞❡✜♥✐❞♦ ❡♠ ❬✸✵❪✳

⑤✹✽⑤



❆❧❣♦r✐t♠♦ ✸✳✺ ❇✉s❝❛ ❧✐♥❡❛r ♥ã♦✲♠♦♥ót♦♥❛

P❛râ♠❡tr♦s✿ γ ∈ (0, 1)✱ a ∈ (0, 1]✱ 0 < ξmin < ξmax < 1✱ µ ∈ (0, 1)✱ ζk > 0 ♣❛r❛ t♦❞♦ k ❡
∑∞

i=1 ζi = ζ < ∞✳

✶✳ α = a ❡ j = 0

✷✳ ❊♥q✉❛♥t♦ f(xk + αdk) > Wk + ζk − γα2f(xk)✱ ❢❛ç❛✿

✭❛✮ ❙❡ α < µa ❡♥tã♦ ❢❛ç❛ λ = 0✱ δ = α ❡ t❡r♠✐♥❡✳

✭❜✮ ❊s❝♦❧❤❛ ξ ∈ [ξmin, ξmax] ❡ ❢❛ç❛ α = αξ, j = j + 1✳

✸✳ ❋❛ç❛ λ = α ❡ t❡r♠✐♥❡✳

❆ Pr♦♣♦s✐çã♦ 3.1 ❞❡ ❬✸✵❪ ❡st❛❜❡❧❡❝❡ q✉❡ ❛ ❜✉s❝❛ ❧✐♥❡❛r ♣r♦♣♦st❛ ♥❛q✉❡❧❡ tr❛❜❛❧❤♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆

Pr♦♣♦s✐çã♦ ✸✳✸✱ ❛ s❡❣✉✐r✱ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞❛q✉❡❧❡ r❡s✉❧t❛❞♦ ❡ ♣❡r♠✐t❡ ❝♦♥st❛t❛r q✉❡ ♥♦ss❛ ❡str❛té❣✐❛

❞❡ ❜✉s❝❛ ❧✐♥❡❛r t❛♠❜é♠ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✸ ❙✉♣♦♥❤❛ q✉❡ F (xk) 6= 0 ❡ ❝♦♥s✐❞❡r❡ ✉♠ ✈❛❧♦r µ ∈ (0, 1) ❞❛❞♦✱ ❛ss♦❝✐❛❞♦ ❛ xk✳

❊♥tã♦ ♦ ❆❧❣♦r✐t♠♦ ✸✳✺ ❞❡t❡r♠✐♥❛✱ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐t❡r❛çõ❡s✱ ✉♠ ❡s❝❛❧❛r λ ∈ [0, a] t❛❧ q✉❡✿

f(xk + λdk) ≤ Wk + ζk − γλ2f(xk) ✭✸✳✸✸✮

❡✱ ❛❧é♠ ❞✐ss♦✱ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é ❛ss❡❣✉r❛❞❛✿

✶✳ λ = 0 ❡

‖F (xk + δdk)‖2 > Wk + ζk − γδ2‖F (xk)‖2 ≥ (1− γδ2)‖F (xk)‖2 + ζk, ✭✸✳✸✹✮

❝♦♠ δ < µa❀ ♦✉

✷✳ λ ≥ ξminµa✳

Pr♦✈❛✿ ❉❛❞♦ q✉❡ ♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ α é r❡❞✉③✐❞♦✱ ❛ ♣❛rt✐r ❞♦ ✈❛❧♦r a ❡ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♣♦r ✉♠

❡s❝❛❧❛r ξ ≤ ξmax < 1✱ ♦ ❆❧❣♦r✐t♠♦ ✸✳✺ ♦✉ t❡r♠✐♥❛ ♥♦ P❛ss♦ ✷ ❝♦♠ λ = 0 ✭♦ q✉❡ ✐♠♣❧✐❝❛ ❛ s❛t✐s❢❛çã♦

❞♦ ❝r✐tér✐♦ ✭✸✳✸✸✮✮ ♦✉ ♥♦ P❛ss♦ ✸✱ ♦♥❞❡ ❡♥❝♦♥tr❛ ✉♠ ✈❛❧♦r ♥ã♦ ♥✉❧♦ ♣❛r❛ λ q✉❡ s❛t✐s❢❛③ ♦ ❝r✐tér✐♦

❞❡ ❛❝❡✐t❛çã♦ ✭✸✳✸✸✮✳

❊♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ♦s P❛ss♦s ✶ ❡ ✷ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✺ ❡✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ‖F (xk)‖2 ≤ Wk ❡

γδ < γµa < 1✱ ❝❛s♦ ♦ ❛❧❣♦r✐t♠♦ t❡r♠✐♥❡ ♥♦ P❛ss♦ ✷ t❡♠✲s❡ q✉❡ λ = 0 ❡✱ ❛❧é♠ ❞✐ss♦✱ ❛ ❝♦♥❞✐çã♦

✭✸✳✸✹✮ é s❛t✐s❢❡✐t❛✳

⑤✹✾⑤



❈❛s♦ ♦ ❛❧❣♦r✐t♠♦ t❡♥❤❛ s✐❞♦ ❡♥❝❡rr❛❞♦ ♥♦ P❛ss♦ ✸✱ t❡♠✲s❡ q✉❡✱ ♦✉ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ ♣❛ss♦ é

❛❝❡✐t♦ s❡♠ r❡❞✉çõ❡s ✭♥❡st❡ ❝❛s♦ λ = a✮✱ ♦✉ é ❡♥❝♦♥tr❛❞♦ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ λ t❛❧ q✉❡ λ/ξ > µa

é ❛❝❡✐t♦✳ ❊♠ ❛♠❜❛s ❛s s✐t✉❛çõ❡s é s❛t✐s❢❡✐t❛ ❛ ❝♦♥❞✐çã♦ ❞♦ ✐t❡♠ ✷✳ �

❆tr❛✈és ❞❡ ✉♠❛ s✐♠♣❧❡s ❛❞❛♣t❛çã♦ ❞♦ ▲❡♠❛ ✽✳✷✳✶ ❞♦ ❧✐✈r♦ ❞❡ ❑❡❧❧❡② ❬✸✹❪✱ ●r✐♣♣♦ ❡ ❙❝✐❛♥❞r♦♥❡ ❬✸✵❪

❡st❛❜❡❧❡❝❡r❛♠ ♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✱ q✉❡ ✐rá ❣❛r❛♥t✐r q✉❡ ❛ ❜✉s❝❛ ❧✐♥❡❛r ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛

❞✐r❡çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❛ ❞✐r❡çã♦ ❞❡ ◆❡✇t♦♥ ✐rá t❡r♠✐♥❛r ❝♦♠ ✉♠ ✈❛❧♦r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦

♣❛r❛ λ ❞❡s❞❡ q✉❡ ♦ ♣♦♥t♦ ❡♠ q✉❡stã♦ s❛t✐s❢❛ç❛ às s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

❍✐♣ót❡s❡ ✸✳✶ ❊①✐st❡♠ ✈❛❧♦r❡s ♣♦s✐t✐✈♦s mJ ❡ LJ t❛✐s q✉❡ J é ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ❝♦♠ ❝♦♥st❛♥t❡

LJ ♥♦ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ Ω ⊂ Rn ❡✱ ❛❧é♠ ❞✐ss♦✱ ‖J−1(y)‖ ≤ mJ ♣❛r❛ t♦❞♦ y ∈ Ω✳

Pr♦♣♦s✐çã♦ ✸✳✹ ❈♦♥s✐❞❡r❡ x ∈ Rn t❛❧ q✉❡ F (x) 6= 0 ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛

❍✐♣ót❡s❡ ✸✳✶ ♣❛r❛ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❞♦ t✐♣♦ Ω = {y ∈ Rn | ‖x − y‖ ≤ r}✱ ❝♦♠ r > 0✳ ❙❡ d ∈ Rn é

✉♠ ✈❡t♦r q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ◆❡✇t♦♥ ✐♥❡①❛t♦✿

‖J(x)d+ F (x)‖ ≤ η‖F (x)‖ ✭✸✳✸✺✮

❝♦♠ η ≤ η̄ < (1− γ) ❡ γ ∈ (0, 1)✱ ❡♥tã♦✱ t❡♠♦s q✉❡✿

‖F (x+ λd)‖ ≤ (1− γλ)‖F (x)‖ ✭✸✳✸✻✮

♣❛r❛ λ ∈ [0, λ(x)]✱ ♦♥❞❡

λ(x) = min

(

r

mJ(1 + η̄)‖F (x)‖ ,
2(1− γ − η̄)

(1 + η̄)2m2
JLJ‖F (x)‖

)

. ✭✸✳✸✼✮

Pr♦✈❛✿ ❱❡r ▲❡♠❛ ✽✳✷✳✶ ❞❡ ❬✸✹❪ �

❈❛❜❡ ♥♦t❛r q✉❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✹ ✐rá ❣❛r❛♥t✐r ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ♣❛r❛ ❛ ❜✉s❝❛ ❧✐♥❡❛r q✉❡ ❡st❛♠♦s

♣r♦♣♦♥❞♦✱ ♣♦✐s s❡ ✉♠ ✈❛❧♦r ♣❛r❛ λ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✸✳✸✻✮✱ s❡ ❞❡✜♥✐r♠♦s ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♠ér✐t♦

f(x) = ‖F (x)‖2 ❡✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ t❛♥t♦ ♦ ✈❛❧♦r ❞❡ λ q✉❛♥t♦ ♦ ❞❡ (1−λγ) ♣❡rt❡♥❝❡♠ ❛♦ ✐♥t❡r✈❛❧♦

[0, 1]✱ t❡♠♦s q✉❡✿

‖F (xk + λd)‖2 ≤ (1− λγ)2‖F (xk)‖2 ≤ (1− λγ)‖F (xk)‖2

≤ ‖F (xk)‖2 − λ2γ‖F (xk)‖2 < Wk + ζk − γλ2‖F (xk)‖2.
✭✸✳✸✽✮

❖ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ♥❡❝❡ssár✐♦ à ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✲

✈♦❧✈✐❞♦ ✐rá ❞❡t❡r♠✐♥❛r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ ♠ét♦❞♦ ❋❉●▼❘❊❙ ❢♦r♥❡ç❛ ❛ ❞✐r❡çã♦ r❡q✉❡r✐❞❛ ♣❡❧♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✳ ❈♦♠♦ ✈❡r❡♠♦s✱ ❡ss❛s ❝♦♥❞✐çõ❡s ❞❡♣❡♥❞❡♠ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♣r♦✲

❜❧❡♠❛✱ ♠❛s ❡st❛❜❡❧❡❝❡♠ q✉❡✱ ♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s ❞♦ ♣❛râ♠❡tr♦ σ✱ ✉t✐❧✐③❛❞♦ ♥❛s

⑤✺✵⑤



❢ór♠✉❧❛s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❛ ❞✐r❡çã♦ q✉❡ ♣r♦❝✉r❛♠♦s✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦

r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸✶❪ ❡ s❡❣✉❡✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✸✹❪

✭Pr♦♣♦s✐çã♦ ✻✳✷✳✶✮✳

Pr♦♣♦s✐çã♦ ✸✳✺ ❉❛❞♦ xk ∈ Rn✱ s✉♣♦♥❤❛ q✉❡ F (xk) 6= 0 ❡ q✉❡ xk s❛t✐s❢❛③ ❛ ❍✐♣ót❡s❡ ✸✳✶ ❡♠ ✉♠

❞❛❞♦ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ Ωk t❛❧ q✉❡ xk ∈ Ωk✱ ❝♦♠ LJ = Lk ❡ mJ = ck✳ ❈♦♥s✐❞❡r❡✿

σ̂k =
1

2n1/2Lkck
✭✸✳✸✾✮

❡

Ck = 4n1/2Lkck. ✭✸✳✹✵✮

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ σ ∈ (0, σ̂] ❡✱ ♣❛r❛ ❝❛❞❛ ηk ∈ (0, 1)✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❋❉●▼❘❊❙ ❞❡t❡r♠✐♥❛ ✉♠❛

❞✐r❡çã♦ dk s❛t✐s❢❛③❡♥❞♦

‖J(xk)dk + F (xk)‖ ≤ (ηk + Ckσ)‖F (xk)‖. ✭✸✳✹✶✮

Pr♦✈❛✿ ❱❡r ❬✸✶❪✳ �

❊♠❜♦r❛ ❛ Pr♦♣♦s✐çã♦ ✸✳✺ ❣❛r❛♥t❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣❛ss♦ dk q✉❡ ✐rá ❝✉♠♣r✐r ❛ ❝♦♥❞✐çã♦ ◆❡✇t♦♥

✐♥❡①❛t♦ ✭✸✳✸✺✮ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ η > 0✱ ❝❛❜❡ ❞❡st❛❝❛r q✉❡✱ ♥❛ ♣rát✐❝❛✱ ❞✐✜❝✐❧♠❡♥t❡ s❡rá ♣♦ssí✈❡❧

♦❜t❡r ♦ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ LJ ❡ ❞♦ ♣❛râ♠❡tr♦ mJ ✱ ❡✱ s❡ ♦ ✈❛❧♦r ❞❡ σ ♥❛ ❡q✉❛çã♦

✭✸✳✹✶✮ ♥ã♦ ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ ❞✐r❡çã♦ dk r❡q✉❡r✐❞❛ ♥ã♦

s❡❥❛ ❡♥❝♦♥tr❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ é ♣♦ssí✈❡❧ q✉❡✱ ❝♦♠♣❛r❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦ ✈❛❧♦r ❞❡ η q✉❛♥❞♦

✉t✐❧✐③❛❞♦ ♦ ♠ét♦❞♦ ●▼❘❊❙ ❝❧áss✐❝♦✱ ♦ ♣❛râ♠❡tr♦ η ❞❡✈❛ s❡r ♠❛✐s r❡str✐t♦ s❡ ❡st✐✈❡r♠♦s tr❛❜❛❧❤❛♥❞♦

❝♦♠ ♦ ♠ét♦❞♦ ❋❉●▼❘❊❙ ❡ ❞❡s❡❥❛r♠♦s ♦❜t❡r ❛ ♠❡s♠❛ ❞✐r❡çã♦ q✉❡ ♦❜t❡rí❛♠♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦ q✉❡

✉t✐❧✐③❛ ❡❢❡t✐✈❛♠❡♥t❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✳ ❊ss❡ ❢❛t♦✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ ♠♦❞✐✜❝❛ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞♦ ♠ét♦❞♦ ◆❡✇t♦♥✲❋❉●▼❘❊❙✱ ❥á q✉❡✱ s❡ ηk + σk → 0✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ s✉♣❡r❧✐♥❡❛r ✭♦✉ q✉❛❞rát✐❝❛✮

❝❛r❛❝t❡ríst✐❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ é ♣r❡s❡r✈❛❞❛✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ✭❍■❇✶✮✳

❚❡♦r❡♠❛ ✸✳✹ ❉❡✜♥✐♥❞♦ f(xk) = ‖F (xk)‖2✱ s❡❥❛ {xk} ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ❍■❇✶ ❡♠

q✉❡ ♦s ❝r✐tér✐♦s CA1 ❡ CA2 sã♦ ❛♠❜♦s ❞❛❞♦s ♣♦r✿

f(xk + λkdk) ≤ Wk + ζk − γλ2
kf(xk) ✭✸✳✹✷✮

❡♠ q✉❡ ζk > 0 ♣❛r❛ t♦❞♦ k✱
∞
∑

k=1

ζk = ζ̄ < ∞ ❡✱ ❛❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③✿

ζk − c̄f(xk) < 0 ❝♦♠ c̄ > 0 ✭✸✳✹✸✮

♣❛r❛ t♦❞♦ k ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ❛❧❣✉♠ k̄ ∈ N✳

⑤✺✶⑤



❆ss✉♠❛ q✉❡ ❡①✐st❡ r > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ L̄0✱ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ B̄(x, r) ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠

❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❝♦♥✈❡①♦ Ω q✉❡ s❛t✐s❢❛③ ❛ ❍✐♣ót❡s❡ ✸✳✶✳ ❊♥tã♦✱ ♦ ❆❧❣♦r✐t♠♦ ❍■❇✶ ❡stá ❜❡♠

❞❡✜♥✐❞♦ ❡✱ ♦✉ t❡r♠✐♥❛ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ xk t❛❧ q✉❡ F (xk) = 0✱ ♦✉ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ {xk}
t❛❧ q✉❡✿

lim
k→∞

F (xk) = 0. ✭✸✳✹✹✮

Pr♦✈❛✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❡♠♦s q✉❡ ❛ s❛t✐s❢❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ✭✸✳✹✷✮ ❡ ❞❛s ❞❡♠❛✐s ❤✐♣ót❡s❡s ❞♦

❚❡♦r❡♠❛ ❣❛r❛♥t❡♠ q✉❡ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ♦ q✉❡ ❛ss❡❣✉r❛

q✉❡ xk ∈ L̄0 ♣❛r❛ t♦❞♦ k ∈ N✳

❱❛♠♦s ♣r♦✈❛r ❛❣♦r❛ q✉❡ ♥ã♦ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ ❜✉s❝❛ ❧✐♥❡❛r ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❡ ❡♠ ❛❧❣✉♠

♣♦♥t♦ xk ❞❡ ❢♦r♠❛ q✉❡ λk = 0✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ✐st♦ ♦❝♦rr❛✳ P❡❧❛ ❝♦♥✜❣✉r❛çã♦ ❞♦

❛❧❣♦r✐t♠♦ ❍■❇✶✱ ✐ss♦ ♥ã♦ ❛❝♦♥t❡❝❡r✐❛ ♥♦ P❛ss♦ ✺✱ ♣♦✐s✱ ♣❛r❛ t♦❞♦ k t❡♠✲s❡ q✉❡ λ+ ≥ τNBLmax

min > 0

❡ λ− ≥ τNBLmax

min > 0✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ xk ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❣❡r❛❞♦s ♣❡❧♦

❛❧❣♦r✐t♠♦ ♦♥❞❡ λ = 0 ❡♠ t♦❞❛s ❛s ✐t❡r❛çõ❡s ✐♥t❡r♥❛s ❞❛ ❜✉s❝❛ ❧✐♥❡❛r r❡❛❧✐③❛❞❛ ♥♦ P❛ss♦ ✽ ✭✐st♦ é✱

❡♠ t♦❞❛s ❛s ✐t❡r❛çõ❡s ♦♥❞❡ sã♦ r❡❞✉③✐❞♦s ♦s ✈❛❧♦r❡s ❞❡ σ✱ η ❡ µ✮✳ ❉❡♥♦t❛♥❞♦ ♣♦r {t} ❛ s❡q✉ê♥❝✐❛

❞❡ í♥❞✐❝❡s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❝♦♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ❜✉s❝❛ ❧✐♥❡❛r é ❝❤❛♠❛❞❛ ♥❛ ✐t❡r❛çã♦ k✱

t❡♠✲s❡ q✉❡ ❛s s❡q✉ê♥❝✐❛s {σ(t)}, {η(t)} ❡ {µ(t)} ❝♦♥✈❡r❣❡♠ ❛ ③❡r♦ q✉❛♥❞♦ t t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦✳

❈♦♠♦ xk ∈ L̄0 ⊂ Ω✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✺ q✉❡ s❡ t✐✈❡r♠♦s✿

✭✐✮ σ(t) ≤ 1
2n1/2LJmJ

❡

✭✐✐✮ η(t) + Cσ(t) < 1− γ✱ ✭❝♦♠ C = 4n1/2LJmJ✮✱

❡♥tã♦ ♦ ♠ét♦❞♦ ◆❡✇t♦♥✲❋❉●▼❘❊❙ ✐rá ❡♥❝♦♥tr❛r ✉♠❛ ❞✐r❡çã♦ dk t❛❧ q✉❡✿

‖J(xk)dk + F (xk)‖ ≤ (η(t) + Cσ(t))‖F (xk)‖ < (1− γ)‖F (xk)‖. ✭✸✳✹✺✮

❆ Pr♦♣♦s✐çã♦ ✸✳✹✱ ❝✉❥❛s ❤✐♣ót❡s❡s ❡stã♦ ♣❧❡♥❛♠❡♥t❡ s❛t✐s❢❡✐t❛s ❥á q✉❡ B̄(x, r) ⊂ Ω✱ ♣❡r♠✐t❡ ❡st❛❜❡✲

❧❡❝❡r q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s❡rá s❛t✐s❢❡✐t❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, λ̄(xk)]✳ ❱❡r❡♠♦s ❛❣♦r❛ q✉❡✱ ♣❛r❛

j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ αj ≤ λ̄(xk) ✭❛q✉✐✱ ♦ ✈❛❧♦r αj é ♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♥❛ j✲és✐♠❛ t❡♥t❛t✐✈❛

❞❡ ❜✉s❝❛ ❧✐♥❡❛r ♥❛ ✐t❡r❛çã♦ k✮✳

❉❡ ❢❛t♦✱ ❝♦♠♦ a ∈ (0, 1] ❡ ξ ∈ [ξmin, ξmax]✱ t❡♠✲s❡ q✉❡ ξjmin ≤ αj ≤ ξjmax ❡✱ ♣♦rt❛♥t♦✱ é ♣♦ssí✈❡❧

❡s❝♦❧❤❡r ✉♠ ✐♥t❡✐r♦ j∗ q✉❡ s❛t✐s❢❛③

j∗ ≥ max

{

0,
log(λ̄k)

log(ξmax)

}

✭✸✳✹✻✮

❡✱ ❞❛í✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r q✉❡ 0 < α(j∗) ≤ λ̄(xk)✳ ❈♦♠♦ µ(t) → 0 q✉❛♥❞♦ t → ∞✱ t❡♠♦s✱ ♣❛r❛

✈❛❧♦r❡s ❞❡ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ q✉❡ µ(t) < ξj∗min ≤ α(j∗)✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛

⑤✺✷⑤



❧✐♥❡❛r ✐rá t❡r♠✐♥❛r ❝♦♠ ✉♠ ✈❛❧♦r ♣♦s✐t✐✈♦ ♣❛r❛ λk✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ λk = 0✳

❆ss✐♠✱ ❛ ♠❡♥♦s q✉❡ F (xk) = 0✱ é ♣♦ssí✈❡❧ ♦❜t❡r ♦ ♣♦♥t♦ xk+1 ❛ ♣❛rt✐r ❞❡ xk✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ ♦

❛❧❣♦r✐t♠♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❱❛♠♦s ❛❣♦r❛ ❛✈❡r✐❣✉❛r q✉❡ s❡ 0 < λk ≤ 1 é ❝♦♠♣✉t❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {λk} ❡stá

❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c > 0✳ ◆♦✈❛♠❡♥t❡ ❛ ❞❡♠♦♥str❛çã♦ s❡rá r❡❛❧✐③❛❞❛ ♣♦r

❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ K1 ⊂ N t❛❧ q✉❡

lim
k∈K1, k→∞

λk = 0. ✭✸✳✹✼✮

P❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠✲s❡ q✉❡ ♦s ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛ {xk} ❝♦♠ k ∈ K1 sã♦ ❣❡r❛❞♦s

✉t✐❧✐③❛♥❞♦ ❛ ❞✐r❡çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❋❉●▼❘❊❙✱ ❥á q✉❡ ♦s ✈❛❧♦r❡s ❞❡ λ+ ❡ λ− sã♦ ❧✐♠✐t❛❞♦s

✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠ ✈❛❧♦r ♠❛✐♦r ❞♦ q✉❡ ③❡r♦✱ ❝♦♠♦ ❥á ✈✐♠♦s✱ λ+ ≥ τNBLmax

min > 0 ❡ λ− ≥
τNBLmax

min > 0✳ ❆ss✐♠ s❡♥❞♦✱ ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r

❞♦ P❛ss♦ ✾✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦ ✭✸✳✹✼✮ ❡①✐st❛ é q✉❡ µ̃k → 0

q✉❛♥❞♦ k ∈ K1, k → ∞✳ ❆❞❡♠❛✐s✱ q✉❛♥❞♦ ✐ss♦ ♦❝♦rr❡r✱ t❡♠✲s❡ t❛♠❜é♠ q✉❡ σ̃k → 0 ❡ η̃k → 0✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✱ t❡♠✲s❡ q✉❡ q✉❛♥❞♦ σ̃k ≤ 1
2n1/2Lkmk

❡ η̃k + Cσ̃k ≤ η̄✱ ♦ ❛❧❣♦r✐t♠♦ ❋❉●▼❘❊❙

r❡t♦r♥❛ ✉♠❛ ❞✐r❡çã♦ dk t❛❧ q✉❡

‖J(xk)dk + F (xk)‖ ≤ (η̃k + Cσ̃k)‖F (xk)‖ < η̄‖F (xk)‖, ✭✸✳✹✽✮

♦♥❞❡ η̄ < (1 − γ)✳ ❊✱ ❞❛❞♦ q✉❡ B̄(x, r) ⊂ Ω✱ ♣♦❞❡♠♦s✱ t❛♠❜é♠ ♥❡st❡ ❝❛s♦✱ ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦

✸✳✹ q✉❡ ✐rá ❣❛r❛♥t✐r ✉♠ ✈❛❧♦r λ̄(xk) > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ λ ∈ [0, λ̄(xk)] t❡♠✲s❡

‖F (xk + λdk)‖ ≤ (1− γλ)‖F (xk)‖ ✭✸✳✹✾✮

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ λ t❛♠❜é♠ s❛t✐s❢❛③

‖F (xk + λdk)‖2 ≤ Wk + ζk − γλ2‖F (xk)‖2. ✭✸✳✺✵✮

❆❣♦r❛✱ ❝♦♠♦ xk ∈ L̄0✱ t❡♠✲s❡ q✉❡ f(xk) ≤ f(x0)+ζ ❡✱ ‖F (xk)‖2 ≤ ‖F (x0)‖2+ζ✱ ❧♦❣♦ s❡ ❞❡✜♥✐r♠♦s

b =

√

2max{‖F (x0)‖2, ζ} t❡♠✲s❡ q✉❡ ‖F (xk)‖ ≤ b ♣❛r❛ t♦❞♦ k ∈ K1✱ ❡ s❡❣✉❡ ❞❛ ❡①♣r❡ssã♦ ✭✸✳✸✼✮

q✉❡

λ̄(xk) ≥ min

(

r

mk(1 + η̄)b
,

2(1− γ − η̄)

(1 + η̄)2m2
kLkb

)

= δ, ♣❛r❛ t♦❞♦ k ∈ K1. ✭✸✳✺✶✮

▼❛s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ λk → 0 ♣❛r❛ k ∈ K1 ❢♦ss❡ ✈❡r❞❛❞❡✐r❛✱ t❡rí❛♠♦s ♥❡❝❡ss❛r✐✲

❛♠❡♥t❡ q✉❡ λk < 1 ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

⑤✺✸⑤



✐ss♦ ✐rá ♦❝♦rr❡r ♣❛r❛ k ≥ k1✳ ◆❡st❡ ❝❛s♦✱ ❛s ✐♥str✉çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ✐rã♦ ❣❛r❛♥t✐r

q✉❡ λk ≥ ξminλ̄(xk) ❡✱ ❞❛í✱ ♣❛r❛ t♦❞♦ k ∈ K1, k ≥ k1 t❡♠✲s❡

λk ≥ min{1, ξminλ̄(xk)} ≥ min{1, ξminδ}, ✭✸✳✺✷✮

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❡ ♥♦s ❧❡✈❛ ❛ ❝♦♥❝❧✉✐r q✉❡ ❛ s❡q✉ê♥❝✐❛ {λk} ❡stá ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡

♣♦r ✉♠❛ ❝♦♥st❛♥t❡ c ∈ (0, 1]✳

❊✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ t♦❞♦ k t❡♠✲s❡ q✉❡

‖F (xk + λdk)‖2 ≤ Wk + ζk − c‖F (xk)‖2. ✭✸✳✺✸✮

P❡❧❛ ❝♦♥❞✐çã♦ ✭✸✳✹✸✮ t❡♠✲s❡ q✉❡✱ ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ζk < cf(xk) ❡ ❛s ❤✐♣ót❡s❡s ❞❛

Pr♦♣♦s✐çã♦ ✸✳✷ ♣♦❞❡♠ s❡r s❛t✐s❢❡✐t❛s ♣❛r❛ f(xk) = ‖F (xk)‖2✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

lim
k→∞

‖F (xk)‖ = 0. ✭✸✳✺✹✮ �

❆♥t❡s ❞❡ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦ ❝❛❜❡ r❡ss❛❧t❛r q✉❡ é ♣♦ssí✈❡❧ ❝✉♠♣r✐r ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡ ❛s ❝♦♥❞✐çõ❡s

✭✸✳✹✸✮ ❡
∞
∑

k=1

ζk = ζ̄ < ∞ ❝♦♠ ζk > 0 ♣❛r❛ t♦❞♦ k✳ P❛r❛ ✐ss♦ ❜❛st❛ ❞❡✜♥✐r✱ ♣♦r ❡①❡♠♣❧♦✱

ζk =
min{f(x0), f(xk)}

(k + 1)1.1
. ✭✸✳✺✺✮

✸✳✸✳ ❚❡st❡s ♥✉♠ér✐❝♦s

❖s t❡st❡s ♥✉♠ér✐❝♦s q✉❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♥❡st❛ s❡çã♦ tê♠ ♣♦r ♦❜❥❡t✐✈♦ ❝♦♠♣❛r❛r ❛ ❡str❛té❣✐❛ ❤í❜r✐❞❛

♣r♦♣♦st❛ ♥♦ ❆❧❣♦r✐t♠♦ ❍■❇✶ ❝♦♠ ♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊ ♦r✐❣✐♥❛❧ ❡ ✉♠❛ ✈❡rsã♦ ♣ró♣r✐❛ ❞♦ ❛❧❣♦r✐t♠♦

◆▼✶ ♣r♦♣♦st♦ ❡♠ ❬✸✵❪✳

❆ ❡str❛té❣✐❛ ◆▼✶ ❝♦♥s✐st❡ ♥✉♠ ♠ét♦❞♦ ❤í❜r✐❞♦ ❡ ♥ã♦ ♠♦♥ót♦♥♦ q✉❡ ✉t✐❧✐③❛ ❛ ❞✐r❡çã♦ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ✉s❛♥❞♦ ✉♠❛ ✈❡rsã♦ ♠❛tr✐①✲❢r❡❡ ❞♦ ●▼❘❊❙✱ ❝♦♥❢♦r♠❡ ❛ ❡q✉❛çã♦ ✭✸✳✻✮✳

❖ ♠ét♦❞♦ ●▼❘❊❙ ✉t✐❧✐③❛❞♦ ❜❛s❡✐❛✲s❡ ♥❛ ✈❡rsã♦ s❡♠ ❞❡r✐✈❛❞❛s ❞♦ tr❛❜❛❧❤♦ ❞❡ P❡r♥✐❝❡ ❡ ❲❛❧❦❡r ❬✹✸❪✱

q✉❡ ♣♦r s✉❛ ✈❡③✱ é ❢✉♥❞❛♠❡♥t❛❞♦ ♥❛ ❡str❛té❣✐❛ ❙✐♠♣❧❡r ●▼❘❊❙ ❬✺✷❪✳

❆ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦ ◆▼✶✱ ❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ é ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s ❡t❛♣❛s✳ ◆❛ ♣r✐♠❡✐r❛

❡t❛♣❛ é ✉t✐❧✐③❛❞❛ ❛ ❡str❛té❣✐❛ ✇❛t❝❤❞♦❣ ❬✶✶❪ ❡ ♦ ❛❧❣♦r✐t♠♦ t❡♥t❛ r❡❛❧✐③❛r ✉♠ ♠á①✐♠♦ ❞❡ N ✐t❡r❛çõ❡s

⑤✺✹⑤



❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ s❡♠ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦✱ ❛ ✜♠ ❞❡ ❡♥❝♦♥tr❛r

✉♠ ♣♦♥t♦ z q✉❡ ❝✉♠♣r❛ ❛ ❝♦♥❞✐çã♦✿

‖F (z)‖ ≤ 0.9 max
0≤j≤min{k,M−1}

‖F (xk−j)‖. ✭✸✳✺✻✮

❙❡ ❛♣ós N ✐t❡r❛çõ❡s ❞❡st❛ ❢❛s❡✱ ♥❡♥❤✉♠ ♣♦♥t♦ ♦❜t✐✈❡r ♦ ❞❡❝rés❝✐♠♦ ❞❡s❡❥❛❞♦✱ ♦ ❛❧❣♦r✐t♠♦ ❛❝✐♦♥❛ s✉❛

s❡❣✉♥❞❛ ❡t❛♣❛✱ ♦♥❞❡ r❡t♦r♥❛ ❛♦ ♣♦♥t♦ xk ❡ r❡❛❧✐③❛ ❜✉s❝❛ ❧✐♥❡❛r ♥❛ ❞✐r❡çã♦ r❡q✉❡r✐❞❛ ♣❡❧♦ ♠ét♦❞♦

❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ✭♣r❡✈✐❛♠❡♥t❡ ❡♥❝♦♥tr❛❞❛ ♥❛ ❢❛s❡ ❛♥t❡r✐♦r✮✳ P❛r❛ ❡st❛ ♥♦✈❛ ❢❛s❡✱ ❛ ❝♦♥❞✐çã♦ ❞❡

❛❝❡✐t❛çã♦ é ♠♦❞✐✜❝❛❞❛✿

‖F (xk + λd)‖2 ≤ (1− γλ) max
0≤j≤min{k,M−1}

‖F (xk−j)‖2, ✭✸✳✺✼✮

❝♦♠ γ = 10−4✳

P❛r❛ r❡❛❧✐③❛r ♦s t❡st❡s ❝♦♠♣❛r❛t✐✈♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s✱ ❢♦r❛♠ ❛✈❛❧✐❛❞❛s ❞✉❛s ❡str❛té❣✐❛s ❞✐st✐♥t❛s

t❡st❛❞❛s ♥♦ tr❛❜❛❧❤♦ ❬✸✵❪✳ ◆❛ ♣r✐♠❡✐r❛✱ é ❞❡✜♥✐❞♦ ♦ ♣❛râ♠❡tr♦ N = 0✱ ♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ✉s♦ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ s❡♠ ❛ ❡str❛té❣✐❛ ✇❛t❝❤❞♦❣✳ ❆ s❡❣✉♥❞❛ ❡str❛té❣✐❛ ❛❞♦t❛ ♦ ✈❛❧♦r N = 20✱

❡ r❡❛❧✐③❛ ✷✵ t❡♥t❛t✐✈❛s ❞❡ ♦❜t❡♥çã♦ ❞❡ ✉♠ ♣♦♥t♦ s❛t✐s❢❛tór✐♦ ✈✐❛ ✇❛t❝❤❞♦❣ ❛♥t❡s ❞❡ ✐♥✐❝✐❛r ❛ ❜✉s❝❛

❧✐♥❡❛r ♥❛ ❞✐r❡çã♦ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦ ❋❉●▼❘❊❙ ♥♦ ♣♦♥t♦ xk✳ ❆ ♦♣çã♦ ❝♦♠ ✈❛❧♦r ❞❡ N = 20 ❢♦✐ ❛ q✉❡

♦❜t❡✈❡ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ♥♦s t❡st❡s r❡❛❧✐③❛❞♦s ❡♠ ❬✸✵❪✳

❊♥tr❡t❛♥t♦✱ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦ ♥ã♦ ❡st❛♠♦s ♣r❡♦❝✉♣❛❞♦s ❡♠ ❝♦♠♣❛r❛r ❛s ❞✐st✐♥t❛s ♠❛♥❡✐r❛s ❞❡

♦❜t❡r ❛ ❞✐r❡çã♦ r❡q✉❡r✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❛tr❛✈és ❞♦ ●▼❘❊❙✱ ♠❛s s✐♠ ❛✈❛❧✐❛r q✉❛✐s

❡str❛té❣✐❛s ♣♦❞❡♠♦s ❛❝♦♣❧❛r ❛♦ ♠ét♦❞♦ ◆❡✇t♦♥✲●▼❘❊❙ ❛ ✜♠ ❞❡ ♦❜t❡r ♠❡❧❤♦r✐❛s ❞❡ ❞❡s❡♠♣❡♥❤♦✳

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❡✈✐t❛r q✉❡ ♣♦ssí✈❡✐s ❞✐❢❡r❡♥ç❛s ♥♦s ❞❡s❡♠♣❡♥❤♦s ❞♦ ♠ét♦❞♦ s❡❥❛♠ ❝❛✉s❛❞❛s ♣❡❧❛

❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❞✐r❡çã♦ ❞✐❢❡r❡♥t❡✱ ✐♠♣❧❡♠❡♥t❛♠♦s ✉♠❛ ✈❡rsã♦ ❞♦ ❛❧❣♦r✐t♠♦ ◆▼✶ ♥❛ q✉❛❧ ❛ ❡str❛té❣✐❛

●▼❘❊❙ ❡stá ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ❛q✉❡❧❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✸✹❪ ❡ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ t❛♠❜é♠ ♥♦

❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ q✉❡ ❞❡s❝r❡✈❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦✳

❆♦ ✐♠♣❧❡♠❡♥t❛r ❛ ❡str❛té❣✐❛ ❝♦♥❢♦r♠❡ ♣r♦♣♦st♦ ❡♠ ❬✸✹❪ ✉t✐❧✐③❛♠♦s ❛s ❝♦♥✜❣✉r❛çõ❡s ✐♥✐❝✐❛✐s ♣❛❞rõ❡s✱

✐♥❝❧✉✐♥❞♦ ❛ss✐♠✱ ✉♠❛ ❡str❛té❣✐❛ ❞❡ r❡♦rt♦❣♦♥❛❧✐③❛çã♦ ♣❛r❛ ❝♦rr✐❣✐r ♣♦ssí✈❡✐s ♣❡r❞❛s ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡

❞❛ ♠❛tr✐③ V ✱ ❝❛✉s❛❞❛s ♣♦r ✐♥st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛✳ ◆♦ ❝❛s♦✱ s❡♠♣r❡ q✉❡✱ ❛♣ós ♦❜t❡r ✉♠ ♥♦✈♦ ✈❡t♦r

vi+1 ❛tr❛✈és ❞♦ ♣r♦❝❡ss♦ ❞❡ ❆r♥♦❧❞✐✱ ❢♦r ❞❡t❡❝t❛❞♦ q✉❡ ‖J(xk)vi‖ + 0.001‖vi+1‖ = ‖J(xk)vi‖✱ ♦

❛❧❣♦r✐t♠♦ ✐rá ♣r♦❝❡❞❡r ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✳ P❛r❛ j = 1, 2, . . . , k

✭❛✮ ❉❡✜♥❛ htmp = v⊤i+1vj

✭❜✮ ❋❛ç❛ hj,i = hj,i + htmp ❡ vi+1 = vi+1 − htmpvj

✷✳ ❘❡❞❡✜♥❛ hi+1,i = ‖vi+1‖ ❡ vi+1 = vi+1/hi+1,i✳

⑤✺✺⑤



◆❡st❛ ❢❛s❡ ❞❡ t❡st❡s✱ ✉t✐❧✐③❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❛❝♦♣❧❛❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ♦r✐❣✐♥❛❧✱

❡♠ ❞✉❛s ✈❡rsõ❡s✱ ❛ ♣r✐♠❡✐r❛ s❡♠ ❜✉s❝❛ ❧✐♥❡❛r ✭NBL = 0✮✱ ❛ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❍✶❊ ✭❛❧❣♦r✐t♠♦

❤í❜r✐❞♦ ❝♦♠ ✉♠ t❡st❡ ❡♠ ❝❛❞❛ ❞✐r❡çã♦ ❞♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✮✱ ❡ ❛ s❡❣✉♥❞❛ ❝♦♠ ❛té ✺ ❜✉s❝❛s

❧✐♥❡❛r❡s ✭NBL = 5✮ ❛♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ❡ss❛ ú❧t✐♠❛ ✈❡rsã♦ s❡rá

❞❡♥♦♠✐♥❛❞❛ ♣♦r ❍✻❊✳ ◆❛s ❞✉❛s ✈❡rsõ❡s✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ é ✉t✐❧✐③❛❞♦ ♥❛ ✈❡rsã♦ s❡♠

✇❛t❝❤❞♦❣✱ ✐st♦ é✱ ❞❡✜♥✐♥❞♦ ♦ ♣❛râ♠❡tr♦ N = 0✳

❖s ❛❧❣♦r✐t♠♦s ❤í❜r✐❞♦s s❡rã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ✉♠❛ ✈❡rsã♦ ♣❛❞rã♦ ❞♦ ❉❋❙❆◆❊ ✭❛♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s

❉❋❙❆◆❊✮ ❡ t❛♠❜é♠ ❝♦♠ ❞✉❛s ✈❡rsõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ❛ ♣r✐♠❡✐r❛ ❡str❛té❣✐❛ ✉s❛ ♦

❛❝♦♣❧❛♠❡♥t♦ ✇❛t❝❤❞♦❣ ❡ ❢♦✐ ❝❤❛♠❛❞❛ ❞❡ ◆■❲❉ ❡ ❛ ❡str❛té❣✐❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❛❧❣♦r✐t♠♦ ◆▼✶ s❡♠

❛ ✉t✐❧✐③❛çã♦ ❞❛ ❡str❛té❣✐❛ ✇❛t❝❤❞♦❣ ❢♦✐ ❞❡♥♦♠✐♥❛❞❛ ◆■✳

❋♦✐ ♠❛♥t✐❞♦ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ✉t✐❧✐③❛❞♦ ♥♦s t❡st❡s r❡❛❧✐③❛❞♦s ♥❛ ❙❡çã♦ ✷✳✻✱ ❞❡✜♥✐❞♦ ♣♦r ✭✷✳✸✷✮✳ ❖

❝r✐tér✐♦ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s ❥á ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✷✳✻ ❡ ❡stá ❞❡s❝r✐t♦ ♣❡❧❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ✭✷✳✷✶✮✳ ◆♦ ❡♥t❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ ζk ❢♦✐ ♠♦❞✐✜❝❛❞❛ ♣❛r❛ ❛t❡♥❞❡r ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✹ ❡

♣❛ss❛ ❛ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✺✺✮✳

❖s ♣❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛ ❢♦r❛♠ ❞✐✈✐❞✐❞♦s ❡♠ três ❣r✉♣♦s✿ ❛q✉❡❧❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❡①❡❝✉çã♦ ❞♦

♠ét♦❞♦ ❉❋❙❆◆❊✱ ❛q✉❡❧❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❡①❡❝✉çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❡✱ ♣♦r ✜♠✱

❛q✉❡❧❡s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ✉s♦ ❝♦♥❥✉♥t♦ ❞❛s ❞✉❛s ❡str❛té❣✐❛s✳

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❢♦r❛♠ r❡♣❡t✐❞♦s ♦s ♣❛râ♠❡tr♦s ❛❞♦t❛❞♦s ♥♦s t❡st❡s ❞❛ ❙❡çã♦ ✷✳✻✳ ◆♦ s❡❣✉♥❞♦

❣r✉♣♦✱ r❡♣❡t✐♠♦s✱ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧✱ ♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ❡♠ ❬✸✵❪✳ ❘❡ss❛❧t❛♠♦s q✉❡ ❡ss❡s

♣❛râ♠❡tr♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s t❛♠❜é♠ ♥♦s ❛❧❣♦r✐t♠♦s ◆■❲❉ ❡ ◆■✳ ❈♦♠♦ ♦♣t❛♠♦s ♣♦r ✉t✐❧✐③❛r ♦ ❛❧❣♦✲

r✐t♠♦ ❋❉●▼❘❊❙✭m✮✱ ❞❡✜♥✐♠♦s ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ❡♠ ❝❛❞❛ ❝✐❝❧♦ ❞♦ ♠ét♦❞♦ ●▼❘❊❙

❝♦♠♦ m = 30 ❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❝✐❝❧♦s ncmax = 30✳ ❊♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ◆▼✶✱ ♦

❛❧❣♦r✐t♠♦ ❍■❇ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ❞❡ ♠♦❞♦ q✉❡ ❞❡❝❧❛r❡ ❢❛❧❤❛ ♣♦r ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s q✉❛♥❞♦

❛ ✈❛r✐á✈❡❧ λ ❢♦r ♠❡♥♦r q✉❡ λmin = 10−12✳ P♦r ✜♠✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❛❧❣♦r✐t♠♦ ◆▼✶✱ ♦♥❞❡ ❢♦✐ ✉t✐❧✐✲

③❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ t❡r♠♦s ❢♦rç❛♥t❡s ❝♦♥st❛♥t❡s✱ t❛♥t♦ ♥♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦✱ q✉❛♥t♦ ♥♦ ❛❧❣♦r✐t♠♦

❜❛s❡❛❞♦ ❡♠ ◆▼✶✱ ✉t✐❧✐③❛♠♦s ❛ ♣r♦♣♦st❛ ❞❡ ❊✐s❡♥st❛t ❡ ❲❛❧❦❡r ❡♠ ❬✷✶❪✿

ηk = γ

( ‖F (xk)‖
‖F (xk−1)‖

)α

, ✭✸✳✺✽✮

❝♦♠ γ = 1 ❡ α = 0.5(1 +
√
5)✳ P❛r❛ ❡st❡ ♣❛râ♠❡tr♦ ❛❞♦t❛♠♦s ❛✐♥❞❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ s❛❧✈❛❣✉❛r❞❛

[10−6, 10−2]✳

❆ r❡❞✉çã♦ ❞♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ❢♦✐ r❡❛❧✐③❛❞❛ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s✱ ❝♦♥❢♦r♠❡ ❛ ❡t❛♣❛✳ ❖ ♦❜❥❡✲

t✐✈♦ é ✜❞❡❧✐③❛r ❛ ❡str❛té❣✐❛ ❞❡ r❡❞✉çã♦ ❞❡ ♣❛ss♦ ❝♦♠ ♦s ❛❧❣♦r✐t♠♦s ♦r✐❣✐♥❛✐s ✉s❛❞♦s ♣❛r❛ ❝♦♠♣❛r❛çã♦✿

❉❋❙❆◆❊ ❡ ◆▼✶✳ P❛r❛ ♦ ❝❛s♦ ❞❡ r❡❞✉çõ❡s ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ♥❛ ❢❛s❡ ■ ❢♦✐ ❛❞♦t❛❞❛ ❛ ❡str❛té❣✐❛ ❥á

❞❡s❝r✐t❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ✭✈❡r ❡q✉❛çõ❡s ✭✷✳✷✾✮ ❡ ✭✷✳✸✵✮✮✳ P❛r❛ ❛ ❡t❛♣❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠ét♦❞♦

⑤✺✻⑤



❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✱ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❢♦✐ ❢❡✐t❛ ❛tr❛✈és ❞❡ ❜✐ss❡❝çã♦✱ ♦ q✉❡ ❥á ❡stá

❞❡s❝r✐t♦ ♥♦ ❆❧❣♦r✐t♠♦ ✸✳✹✳

❆♦ ❆❧❣♦r✐t♠♦ ✸✳✹ é ♣r❡❝✐s♦ ❛❝r❡s❝❡♥t❛r ❛❧❣✉♥s ❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛✱ ♣r❡✈❡♥❞♦ ♣♦ssí✈❡✐s ❢❛❧❤❛s ❞❡

❡①❡❝✉çã♦✳ ◆❛ ♣rát✐❝❛✱ ❤á q✉❛tr♦ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✐rá ♣❛r❛r ❞❡❝❧❛r❛♥❞♦ ❢❛❧❤❛ ❞❡

❡①❡❝✉çã♦✳ ❆ s❡❣✉✐r✱ ❞❡s❝r❡✈❡♠♦s ♦s ❝r✐tér✐♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ♣❛r❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ❛❝♦♠♣❛♥❤❛❞♦s

❞❛s ♥♦t❛çõ❡s q✉❡ ✐r❡♠♦s ❛❞♦t❛r ♥♦ r❡st❛♥t❡ ❞❡st❡ t❡①t♦✿

❊■■ ♣♦r ❡①❝❡ss♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s✱ q✉❛♥❞♦ ♥ã♦ ❝♦♥s❡❣✉✐r ♦❜t❡r ✉♠❛ ❞✐r❡çã♦ s❛t✐s❢❛tór✐❛ ❛♣ós 30

❝✐❝❧♦s ❞❡ 30 ✐t❡r❛çõ❡s ❞♦ ●▼❘❊❙✭m✮❀

❊❙❚ ♣♦r ❡st❛❣♥❛çã♦✱ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❢♦r ✐♥❢❡r✐♦r ❛ 10−12❀

❊❆❱❋ ♣♦r ❡①❝❡ss♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✱ q✉❛♥❞♦ ❛t✐♥❣✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ 10000 ❛✈❛❧✐❛çõ❡s ❞❡

❢✉♥çã♦❀

PP❋ ♣♦r ❞✐✜❝✉❧❞❛❞❡s ♥✉♠ér✐❝❛s ❞❡❝♦rr❡♥t❡s ❞❛ ❛r✐t♠ét✐❝❛ ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✱ ♦❝❛s✐♦♥❛♥❞♦ ♦✈❡r✢♦✇

♦✉ ✉♥❞❡r✢♦✇✳

▲❡♠❜r❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡❝❧❛r❛ s✉❝❡ss♦ q✉❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✷✳✸✷✮ é ✈❡r✐✜❝❛❞❛✱ ♥❡st❡ ❝❛s♦ ❞❡♥♦✲

t❛r❡♠♦s ❛ ✜♥❛❧✐③❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ❝♦♠ ❈✳

❖s ❛❧❣♦r✐t♠♦s ❤í❜r✐❞♦s✱ ❜❡♠ ❝♦♠♦ ♦s ❛❧❣♦r✐t♠♦s ◆■❲❉ ❡ ◆■ s❡rã♦ ✐♥t❡rr♦♠♣✐❞♦s q✉❛♥❞♦ ♦❝♦rr❡r

q✉❛❧q✉❡r ✉♠❛ ❞❡ss❛s ❝✐♥❝♦ s✐t✉❛çõ❡s✳ ❖ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ✐rá ♣❛r❛r ❡♠ q✉❛❧q✉❡r ✉♠❛ ❞❡st❛s s✐t✉❛çõ❡s

❡①❝❡t♦✱ ♦❜✈✐❛♠❡♥t❡✱ ❢❛❧❤❛ ♣♦r ❡①❝❡ss♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s✳

■♥✐❝✐❛❧♠❡♥t❡✱ r❡❛❧✐③❛♠♦s ♦s t❡st❡s ❝♦♠ ♦s ♠❡s♠♦s ♣r♦❜❧❡♠❛s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦s t❡st❡s ❞❛ s❡çã♦ ✷✳✻✱

♣r♦♣♦st♦s ❡♠ ❬✶✹❪ ❡ q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛s t❛❜❡❧❛s ❆✳✶ ❡ ❆✳✷✳ ❖s t❡st❡s ❢♦r❛♠ r❡❛❧✐③❛❞♦s

❝♦♠ x0 ♣❛❞rã♦ ✐♥❞✐❝❛❞♦ ❡♠ ❬✶✹❪ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❡ ♣❛r❛ ❛s ❞✐♠❡♥sõ❡s ✶✵✵✱ ✺✵✵✱ ✶✵✵✵✱ ✷✵✵✵ ❡

✺✵✵✵✳ ◆♦✈❛♠❡♥t❡✱ ✉t✐❧✐③❛♠♦s ♦ s♦❢t✇❛r❡ ▼❛t❧❛❜ ✼✳✵✱ ❡♠ ✉♠❛ ♠áq✉✐♥❛ ❝♦♠ ♣r♦❝❡ss❛❞♦r ■♥t❡❧✭❘✮

❈♦r❡ ■✸✲✷✶✵✵ ✸✳✶✵●❍③ ❡ ✹●❜ ❞❡ ♠❡♠ór✐❛ ❘❆▼✳

❊♠❜♦r❛✱ ❝♦♠♦ ❥á ❢♦✐ ❞✐t♦ ♥❛ s❡çã♦ ✷✳✻✱ ❡ss❡s ♣r♦❜❧❡♠❛s ❛♣r❡s❡♥t❛ss❡♠ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ✐♥❛❞❡q✉❛❞♦s✱

❞❡❝✐❞✐♠♦s r❡❛❧✐③❛r ❡st❡s t❡st❡s ♣r❡❧✐♠✐♥❛r❡s ♣❛r❛ ✈❛❧✐❞❛r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦✱ ❍■❇✶✱

❛q✉✐ ♣r♦♣♦st♦✳ ❆ ❚❛❜❡❧❛ ✸✳✶ ❝♦♥té♠✱ ♣❛r❛ ❝❛❞❛ ❛❧❣♦r✐t♠♦✱ ❛ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ❝❛❞❛

❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✳

❖s ❣rá✜❝♦s ❞❛ ❋✐❣✉r❛ ✸✳✷ ❛♣r❡s❡♥t❛♠ ♦ ♣❡r✜❧ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❡ss❡ t❡st❡✱ ❞❡ ♦♥❞❡ ♣♦❞❡♠♦s t✐r❛r

❛s ♣r✐♠❡✐r❛s ❝♦♥❝❧✉sõ❡s r❡❢❡r❡♥t❡s à ❡✜❝✐ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ✭♥❡st❡ ❝❛♣ít✉❧♦✱ ♦s ❣rá✜❝♦s ❞❡ ♣❡r✜❧ ❞❡

❞❡s❡♠♣❡♥❤♦ s❡❣✉✐r❛♠ ♦ ♠❡s♠♦ ♣❛❞rã♦ ✉t✐❧✐③❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✮✳ ➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ✉♠❛ r❡❧❛çã♦

✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❡♥tr❡ ♦ ✉s♦ ❞❛ ❞✐r❡çã♦ ❉❋❙❆◆❊ ❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✱ ♦✉ s❡❥❛✱ q✉❛♥t♦

♠❛✐s ✉♠ ❛❧❣♦r✐t♠♦ t❡♥❞❡ ❛ ✉t✐❧✐③❛r ❛ ❡str❛té❣✐❛ ❉❋❙❆◆❊ ❛♥t❡s ❞❡ ♣r♦ss❡❣✉✐r ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥

⑤✺✼⑤



✐♥❡①❛t♦✱ ♠❛✐s ✐t❡r❛çõ❡s ❡ss❡ ❛❧❣♦r✐t♠♦ t❡♥❞❡ ❛ r❡❛❧✐③❛r✳ ❊ss❡ r❡s✉❧t❛❞♦ ❥á ❡r❛ ❡s♣❡r❛❞♦✱ ✈✐st♦ q✉❡

♦ ♠ét♦❞♦ ❉❋❙❆◆❊ é ❝❛r❛t❡r✐③❛❞♦ ♣♦r r❡❛❧✐③❛r ♠✉✐t❛s ✐t❡r❛çõ❡s✳ ❈♦♠♦ ❡ss❡ ❢❛t♦ é ❝♦♠♣❡♥s❛❞♦ ♣❡❧♦

❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✭s❡ ❝♦♠♣❛r❛❞♦ ❛♦s ♠ét♦❞♦s ◆❡✇t♦♥ ❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✮ ♣❛r❛ ❛ ♦❜t❡♥çã♦

❞❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥ã♦ é ✉♠ ❢❛t♦r ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛

❛✈❛❧✐❛r ❛ ❡✜❝✐ê♥❝✐❛ ♥❡st❛ ♥♦✈❛ ❝♦♠♣❛r❛çã♦✳

❊■■ ❊❙❚ ❊❆❱❋ PP❋ ❈

❍✶❊ 19% 0% 0% 0% 81%

❉❋❙❆◆❊ 0% 2% 25% 0% 73%

❍✻❊ 15% 3% 1% 0% 81%

◆■❲❉ 4% 1% 0% 5% 90%

◆■ 4% 1% 0% 5% 90%

❚❛❜❡❧❛ ✸✳✶✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛❞rã♦

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❡ss❡ tr❛❜❛❧❤♦ tr❛t❛ s♦♠❡♥t❡ ❞❡ ❡str❛té❣✐❛s q✉❡ ♥ã♦ ❢❛③❡♠ ♦ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s✱ ❛s

❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ F sã♦ r❡s♣♦♥sá✈❡✐s ♣♦r ✉♠❛ ❣r❛♥❞❡ ♣♦r❝❡♥t❛❣❡♠ ❞♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s✱ ♦ q✉❡

♥♦s ❧❡✈♦✉ ❛ ✉t✐❧✐③❛r ♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❖

t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ s❡rá ❛❞♦t❛❞♦ ❝♦♠♦ ♠❡❞✐❞❛ s❡❝✉♥❞ár✐❛ ❞❡ ♥♦ss❛ ❛♥á❧✐s❡✳

❆♥t❡s ❞❡ ❝♦♠❡ç❛r ❛ ❛♥á❧✐s❡ ❞♦s ❣rá✜❝♦s ❞❛ ❋✐❣✉r❛ ✸✳✷✱ ❛❧❡rt❛♠♦s ♣❛r❛ ✉♠ ❞❡s❡♠♣❡♥❤♦ ♣❛r❡❝✐❞♦ ❞♦s

❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊ ❡ ❍✻❊✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❡ss❡s ❛❧❣♦r✐t♠♦s ♣r❛t✐❝❛♠❡♥t❡

s❡ s♦❜r❡♣♦♥❤❛♠ ♥♦s ❣rá✜❝♦s r❡❢❡r❡♥t❡s às ♠❡❞✐❞❛s ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ t❡♠♣♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛

✈❛❧♦r❡s ❞❡ τ ♣ró①✐♠♦s ❞❡ ✶✳

❋❡✐t❛s ❡ss❛s ♦❜s❡r✈❛çõ❡s✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s q✉❡ ✉t✐❧✐③❛♠ ❛ ❞✐r❡çã♦ ❞♦

r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ✭❡①❝❧✉s✐✈❛♠❡♥t❡ ♦✉ ♥✉♠❛ ♣r✐♠❡✐r❛ ❢❛s❡✮✱ ❛ q✉❛❧ é ♣❛❣❛ ❝♦♠ ❛ ♣❡r❞❛ ❞❡ r♦❜✉st❡③✳

❊♥tr❡ ♦s ❛❧❣♦r✐t♠♦s q✉❡ ✉s❛♠ ❡ss❛ ❡str❛té❣✐❛✱ ❛q✉❡❧❡s q✉❡ t❡♥❞❡♠ ❛ ✉t✐❧✐③á✲❧❛ ❝♦♠ ♠❛✐s ❢r❡q✉ê♥❝✐❛

✭❍✻❊ ❡ ❉❋❙❆◆❊✮ t✐✈❡r❛♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ s✉♣❡r✐♦r ❛♦s ❞❡♠❛✐s✱ q✉❛♥❞♦ ♠❡❞✐❞♦ ❡♠ t❡r♠♦s ❞❡ ❛✈❛❧✐❛çõ❡s

❞❡ ❢✉♥çã♦ ❡ ♣❡r❞❡♠✱ ❝♦♠ ✉♠❛ ❞✐❢❡r❡♥ç❛ ♣❡q✉❡♥❛✱ ♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s ◆■ ❡ ◆■❲❉ q✉❛♥❞♦ ❛✈❛❧✐❛♠♦s

♦ t❡♠♣♦✳ ❘❡ss❛❧t❛♠♦s ❛✐♥❞❛ q✉❡ ❡ss❡ ❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r é ❝❛✉s❛❞♦✱ ♣♦ss✐✈❡❧♠❡♥t❡✱ ♣♦r ❝♦♥t❛ ❞♦

♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ❡ss❡s ❛❧❣♦r✐t♠♦s t✐✈❡r❛♠ s✉❝❡ss♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ♥✉♠ ♣r✐♠❡✐r♦

♠♦♠❡♥t♦ ♣♦❞❡♠♦s ✈❛❧♦r✐③❛r s♦♠❡♥t❡ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ♥♦ ♣ró①✐♠♦

❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✱ ❝r✐❛♠♦s ✉♠❛ s✐t✉❛çã♦ ♠❛✐s ❞✐❢í❝✐❧✱ ❝♦♠ ♣♦♥t♦s ❞✐❢❡r❡♥t❡s ❞♦ ♣❛❞rã♦ ❡ ♦ ❛❧❣♦r✐t♠♦

❍✻❊ s❡ ♠♦str❛rá✱ t❛♠❜é♠✱ r♦❜✉st♦✳

❆ss✐♠ ❝♦♠♦ ✜③❡♠♦s ♥❛ ❙❡çã♦ ✷✳✻✱ r❡❛❧✐③❛♠♦s ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ✉t✐❧✐③❛♥❞♦ ♦s ♠❡s♠♦s

♣r♦❜❧❡♠❛s✱ ♠❛s✱ ❛❣♦r❛✱ ❝♦♠ ❛s ❞✐♠❡♥sõ❡s n = 100, 500, 1000, 2000 ❡ 5000 ❡ ♣♦♥t♦s ✐♥✐❝✐❛s ❣❡r❛❞♦s

❛❧❡❛t♦r✐❛♠❡♥t❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦✳ P❛r❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s✱

⑤✺✽⑤



r❡✉♥✐♠♦s ♦s ❞❛❞♦s ♥❛ ❚❛❜❡❧❛ ✸✳✷ q✉❡ s❡❣✉❡ ♦ ♠❡s♠♦ ♣❛❞rã♦ ❞❛ ❚❛❜❡❧❛ ✸✳✶ ❡ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ ♦♥❞❡ sã♦

♠♦str❛❞♦s ♦s ♣❡r✜s ❞❡ ❞❡s❡♠♣❡♥❤♦✳

❊■■ ❊❙❚ ❊❆❱❋ PP❋ ❈

❍✶❊ 54.5% 0% 0% 6.4% 39.1%

❉❋❙❆◆❊ 0% 1.5% 44.7% 3% 50.8%

❍✻❊ 39.9% 0.4% 3% 3.4% 53.2%

◆■❲❉ 57.2% 0% 0% 3.6% 39.2%

◆■ 57.2% 0% 0% 3.6% 39.2%

❚❛❜❡❧❛ ✸✳✷✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦

◆❡ss❡ ♥♦✈♦ t❡st❡✱ ♣♦❞❡♠♦s ❛✈❡r✐❣✉❛r ❛ ❡✜❝✐ê♥❝✐❛ ❡ ❛ r♦❜✉st❡③ ❞♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦✳ ❖ ❛❧❣♦r✐t♠♦

❍✻❊ ❢♦✐ ♦ ♠❛✐s r♦❜✉st♦ ♥❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✳ ◗✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ♦ ❞❡s❡♠♣❡♥❤♦ ❡♠ t❡r♠♦s

❞❡ ❡✜❝✐ê♥❝✐❛✱ ❍✻❊ ✜❝❛ ❡♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ ❝♦♠ ❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r s♦♠❡♥t❡ ❛♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ t❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ ❍✻❊ q✉❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❞✐♠✐♥✉ír❛♠ ❛

❞✐❢❡r❡♥ç❛ ❡♠ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❝♦♠ r❡❧❛çã♦ ❛♦s ❛❧❣♦r✐t♠♦s ◆■❲❉ ❡ ◆■✳

◆❡st❛ ❡t❛♣❛✱ t❡st❛♠♦s ❛✐♥❞❛ ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❝♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s q✉❡ ♣r♦♣✉s❡♠♦s ♥♦ ❛❧❣♦r✐t♠♦

❉❋❙❆◆❊ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❋♦r❛♠ ♠♦❞✐✜❝❛❞♦s ♦s ❛❧❣♦r✐t♠♦s ❍✶❊ ❡ ❍✻❊✱ ❞❡ ❢♦r♠❛ q✉❡✱ ♣❛r❛ ❝❛❞❛

✉♠ ❞❡❧❡s✱ ❢♦r❛♠ ❝r✐❛❞❛s três ♥♦✈❛s ✈❡rsõ❡s✿

✶✳ ❛❞✐çã♦ ❞❛ ❞✐r❡çã♦ d3✱ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❉✸✳ ❊♠ ❝♦rr❡s✲

♣♦♥❞ê♥❝✐❛ à ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ❡ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✈❛♠♦s ❞❡♥♦♠✐♥❛r ♦s ♥♦✈♦s

❛❧❣♦r✐t♠♦s ❞❡ ❍✶❊✲❉✸ ❡ ❍✻❊✲❉✸❀

✷✳ ♦r❞❡♥❛çã♦ ❞❛s ❞✐r❡çõ❡s ❛ s❡r❡♠ t❡st❛❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s✉❝❡ss♦ ❞❛ ú❧t✐♠❛ ✐t❡r❛çã♦✱ ❝♦♥❢♦r♠❡

❢♦✐ ❢❡✐t♦ ♥♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲✵✶✱ ♦r✐❣✐♥❛♥❞♦✱ ❛ss✐♠✱ ♦s ❛❧❣♦r✐t♠♦s ❍✶❊✲✵✷ ❡ ❍✻❊✲✵✷❀

✸✳ ✉t✐❧✐③❛çã♦ ❞❛s ❞✉❛s ❡str❛té❣✐❛s ❛♥t❡r✐♦r❡s ❝♦♥❢♦r♠❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲✵✷❉✸✱ ♦ q✉❡ ✐rá ❞❡✜♥✐r

♦s ❛❧❣♦r✐t♠♦s ❍✶❊✲✵✷❉✸ ❡ ❍✻❊✲✵✷❉✸✳

❖s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛ ❡ss❡s ♥♦✈♦s ❛❧❣♦r✐t♠♦s ❡♥❝♦♥tr❛♠✲s❡ ♥❛ ❚❛❜❡❧❛ ✸✳✸✱ ♥❛ q✉❛❧✱ ♣❛r❛ ❛✉①✐❧✐❛r

❛ ❝♦♠♣❛r❛çã♦✱ r❡♣❡t✐♠♦s ♦s ❞❛❞♦s ❞♦s ❛❧❣♦r✐t♠♦s ❍✶❊ ❡ ❍✻❊ ❡✱ t❛♠❜é♠✱ r❡✜③❡♠♦s ♦s t❡st❡s ❝♦♠ ♦s

❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✲❉✸✱ ❉❋❙❆◆❊✲❖✷ ❡ ❉❋❙❆◆❊✲❖✷❉✸✱ ✉t✐❧✐③❛♥❞♦✱ ❛❣♦r❛✱ ♦s ♣❛râ♠❡tr♦s ❞❡✜♥✐❞♦s ♥❡st❛

s❡çã♦✳ ❆s ❋✐❣✉r❛s ✸✳✹ ❡ ✸✳✺ ❛♣r❡s❡♥t❛♠ ♦s ❣rá✜❝♦s ❝♦♠ ❛ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❡ss❡ t❡st❡✱ ♥❛

❋✐❣✉r❛ ✸✳✹ ❡♥❝♦♥tr❛♠✲s❡ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛s ✈❡rsõ❡s ♠♦❞✐✜❝❛❞❛s ❞♦ ❛❧❣♦r✐t♠♦ ❍✶❊ ❡ ❛ ❋✐❣✉r❛ ✸✳✺

❛♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛s ♥♦✈❛s ✈❡rsõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❍✻❊✳

❊♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛✱ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❛❧❣♦r✐t♠♦ ❍✻❊ ♣r♦♣♦r❝✐♦♥❛r❛♠ ✉♠ ❞❡s❡♠♣❡♥❤♦ ❧✐❣❡✐r❛✲

♠❡♥t❡ ✐♥❢❡r✐♦r q✉❛♥❞♦ é ❢❡✐t❛ ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ s❡♠ ♠♦❞✐✜❝❛çõ❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛

❛q✉❡❧❡s ❛❧❣♦r✐t♠♦s ❡♠ q✉❡ ❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ é ✉t✐❧✐③❛❞❛✳ ❏á ♣❛r❛ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❛❧❣♦r✐t♠♦ ❍✶❊✱

♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❤á ✉♠ ❜❛✐①♦ ✐♠♣❛❝t♦ ❛❝❛rr❡t❛❞♦ ♣❡❧♦ ✉s♦ ❞❛ ❡str❛té❣✐❛ ❞❡ ♦r❞❡♥❛çã♦✱ ❥á q✉❡ ♦s

⑤✺✾⑤



❛❧❣♦r✐t♠♦s ❍✶❊ ❡ ❍✶❊✲❖✷ t✐✈❡r❛♠ ❞❡s❡♠♣❡♥❤♦ s✐♠✐❧❛r✱ ❛ss✐♠ ❝♦♠♦ ❍✶❊✲❉✸ ❡ ❍✶❊✲❖✷❉✸✳ ❖❜s❡r✈❛♠♦s

t❛♠❜é♠ q✉❡ ❛ ❛❞✐çã♦ ❞❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ t♦r♥♦✉ ♦ ❛❧❣♦r✐t♠♦ ❧✐❣❡✐r❛♠❡♥t❡ ♠❡♥♦s ❡✜❝✐❡♥t❡✳

❆s ♦❜s❡r✈❛çõ❡s ❞♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ s❡ ❛ss❡♠❡❧❤❛♠ ❝♦♠ ♦ q✉❡ ❢♦r❛ ♥♦t❛❞♦ ♥❛ s❡çã♦ ❞❡ t❡st❡s ❞♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♥❞♦ ❛s ♠❡s♠❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✳

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❚❛❜❡❧❛ ✸✳✸✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦s ❛❧❣♦r✐t♠♦s q✉❡ ✉t✐❧✐③❛♠ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦

sã♦ ♠❛✐s r♦❜✉st♦s ❞♦ q✉❡ ♦s ❞❡♠❛✐s✱ ❛❧é♠ ❞❡ q✉❡ ♦ ✉s♦ ❞❡ ✉♠❛ ♥♦✈❛ ❡str❛té❣✐❛ ❞❡ r❡♦r❞❡♥❛çã♦ ❢❛③

❝♦♠ q✉❡ ❛ r♦❜✉st❡③ ❞✐♠✐♥✉❛✳ ■ss♦ t❛♠❜é♠ ❥á ❢♦r❛ ♦❜s❡r✈❛❞♦ ♥♦s t❡st❡s ❛♥t❡r✐♦r❡s✱ ❞❡ ❢♦r♠❛ q✉❡

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ ❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛s ♠♦❞✐✜❝❛çõ❡s q✉❡ tr❛③❡♠ ♠❡❧❤♦r✐❛s ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦

❉❋❙❆◆❊ t❡♥❞❡♠ ❛ ♣r❡s❡r✈❛r t❛✐s ♠❡❧❤♦r✐❛s q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ é ✐♥s❡r✐❞♦ ♥✉♠ ❝♦♥t❡①t♦ ❤í❜r✐❞♦✳

❊■■ ❊❙❚ ❊❆❱❋ PP❋ ❈

❉❋❙❆◆❊ 0% 1.5% 44.7% 3% 50.8%

❉❋❙❆◆❊✲✵✷ 0% 1.5% 45.2% 3% 50.3%

❉❋❙❆◆❊✲❉✸ 0% 1.5% 44.3% 3% 51.2%

❉❋❙❆◆❊✲❖✷❉✸ 0% 1.5% 45.2% 3% 50.3%

❍✶❊ 54.5% 0% 0% 6.4% 39.1%

❍✶❊✲✵✷ 54.5% 0% 0% 6.4% 39.1%

❍✶❊✲❉✸ 53.8% 0% 0% 6.2% 40.0%

❍✶❊✲❖✷❉✸ 53.8% 0% 0% 6.2% 40.0%

❍✻❊ 39.9% 0.4% 3% 3.4% 53.3%

❍✻❊✲✵✷ 40.2% 0.3% 2.8% 3.5% 53.2%

❍✻❊✲❉✸ 38.1% 0.2% 4.8% 3.4% 53.5%

❍✻❊✲❖✷❉✸ 39.2% 0.1% 5.7% 3.4% 54.2%

❚❛❜❡❧❛ ✸✳✸✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦ ✲ ❉❋❙❆◆❊
♠♦❞✐✜❝❛❞♦

❉❡✈✐❞♦ ❛♦ ❜❛✐①♦ ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ❤♦✉✈❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ s❡ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦ t❡st❡ ❛♥t❡✲

r✐♦r✱ ❡ t❛♠❜é♠ à ♣ró♣r✐❛ ❡s❝♦❧❤❛ ❞♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s✱ ❝♦♥s✐❞❡r❛♠♦s ❡ss❡ t❡st❡ ♠❛✐s ❞✐❢í❝✐❧ q✉❡ ♦ t❡st❡

❛♥t❡r✐♦r✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛♦ q✉❡ ♣❛r❡❝❡✱ ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞♦ t❡♠ ✉♠ ❞❡s❡♠♣❡♥❤♦

s✉♣❡r✐♦r ❡♠ ♣r♦❜❧❡♠❛s ♠❛✐s ❞✐❢í❝❡✐s✳ P❛r❛ ❝♦♥✜r♠❛r ❡ss❛ t❡♥❞ê♥❝✐❛✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦s ♣r✐♠❡✐r♦s

✷✶ ♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s ❡♠ ❬✸✾❪✳ ■♥✐❝✐❛❧♠❡♥t❡ r❡❛❧✐③❛♠♦s ♦s t❡st❡s ✉t✐❧✐③❛♥❞♦ t❛♥t♦ ❛s ❞✐♠❡♥sõ❡s

q✉❛♥t♦ ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s s✉❣❡r✐❞♦s ♥❛q✉❡❧❡ tr❛❜❛❧❤♦✱ ♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❚❛✲

❜❡❧❛ ✸✳✹✳ ◆❡ss❛ t❛❜❡❧❛✱ ♣❛r❛ ❝❛❞❛ ❛❧❣♦r✐t♠♦ t❡st❛❞♦ ❡ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛✱ sã♦ ❛♣r❡s❡♥t❛❞♦s três

❞❛❞♦s✿ ✜♥❛❧✱ q✉❡ ✐♥❞✐❝❛ ❛ ✜♥❛❧✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡ s❡❣✉❡ ♦ ♣❛❞rã♦ ❞❡ s✐❣❧❛s ❥á ❛❞♦t❛❞♦ ♥❛s ❚❛❜❡✲

❧❛s ✸✳✶ ❡ ✸✳✷✱ ■t❡r ♦♥❞❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡ ❆✈❛❧❢ q✉❡ ✐♥❞✐❝❛ ♦ ♥ú♠❡r♦ ❞❡

❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✳ ❆ ❋✐❣✉r❛ ✸✳✻ ❛♣r❡s❡♥t❛ ♦s ❣rá✜❝♦s ❝♦♠ ♦s ♣❡r✜s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ❡st❡ t❡st❡✳

❆❧❡rt❛♠♦s q✉❡✱ ♥❡st❛ ✜❣✉r❛ ❡ ♥♦s ❣rá✜❝♦s r❡❢❡r❡♥t❡s ❛♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✱ ❛ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡

❛♦ ❆❧❣♦r✐t♠♦ ◆■❲❉ s♦❜r❡♣õ❡ ❛ ❝✉r✈❛ r❡❢❡r❡♥t❡ ❛♦ ❆❧❣♦r✐t♠♦ ◆■ ❡♠ s✉❛ t♦t❛❧✐❞❛❞❡✱ ❞❡ ♠❛♥❡✐r❛ q✉❡

♥ã♦ é ♣♦ssí✈❡❧ ✈✐s✉❛❧✐③❛r ❡st❛ ú❧t✐♠❛ ♥♦ ❣rá✜❝♦✳ ❖ ♠❡s♠♦ ♦❝♦rr❡✱ ♠❛s s♦♠❡♥t❡ ❡♠ ❛❧❣✉♥s tr❡❝❤♦s✱

♥♦s ❣rá✜❝♦s r❡❢❡r❡♥t❡s às ♦✉tr❛s ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡♥❤♦✳

⑤✻✵⑤



❋✐❣✉r❛ ✸✳✷✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❍✶❊✱ ❉❋❙❆◆❊✱ ❍✻❊✱ ◆■❲❉ ❡ ◆■ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪
✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛❞rã♦

⑤✻✶⑤



❋✐❣✉r❛ ✸✳✸✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❍✶❊✱ ❉❋❙❆◆❊✱ ❍✻❊✱ ◆■❲❉ ❡ ◆■ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪
✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦

⑤✻✷⑤



❋✐❣✉r❛ ✸✳✹✿ ❉❡s❡♠♣❡♥❤♦ ❞❛s ✈❡rsõ❡s ♠♦❞✐✜❝❛❞❛s ❞♦ ❆❧❣♦r✐t♠♦ ❍✶❊ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲
✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦

⑤✻✸⑤



❋✐❣✉r❛ ✸✳✺✿ ❉❡s❡♠♣❡♥❤♦ ❞❛s ✈❡rsõ❡s ♠♦❞✐✜❝❛❞❛s ❞♦ ❆❧❣♦r✐t♠♦ ❍✻❊ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✶✹❪ ✲
✈❛❧♦r ✐♥✐❝✐❛❧ ❛❧❡❛tór✐♦

⑤✻✹⑤



❍✶❊ ❉❋❙❆◆❊ ❍✻❊ ◆■❲❉ ◆■

♣ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋
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✼ ❈ ✼ ✷✵ ❈ ✶✷ ✶✾ ❈ ✶✷ ✶✾ ❈ ✼ ✶✽ ❈ ✼ ✶✽
✽ ❈ ✶✶ ✼✷ ❈ ✷✷ ✸✸ ❈ ✷✷ ✸✸ ❈ ✶✻ ✽✵ ❈ ✶✶ ✼✵
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✶✷ ❈ ✶✵ ✽✷ ❊❆❱❋ ✼✼✵ ✶✵✵✵✷ ❈ ✻✹ ✺✸✶ ❈ ✶✵ ✽✵ ❈ ✶✵ ✽✵
✶✸ ❈ ✽ ✸✾ ❈ ✷✺ ✸✶ ❈ ✷✺ ✸✶ ❈ ✽ ✸✼ ❈ ✽ ✸✼
✶✹ ❈ ✶✼ ✶✾ ❈ ✶✼ ✶✾ ❈ ✶✼ ✶✾ ❈ ✷ ✶✽ ❈ ✷ ✶✽
✶✺ ❈ ✸ ✷✶ ❈ ✼ ✶✵ ❈ ✼ ✶✵ ❈ ✸ ✶✾ ❈ ✸ ✶✾
✶✻ ❈ ✵ ✺ ❈ ✶ ✶✵ ❈ ✶ ✶✵ ❈ ✵ ✸ ❈ ✵ ✸
✶✼ ❈ ✻ ✸✻ ❈ ✶✺ ✷✹ ❈ ✶✺ ✷✹ ❈ ✻ ✸✹ ❈ ✻ ✸✹
✶✽ ❈ ✶ ✷ ❈ ✶ ✷ ❈ ✶ ✷ ❈ ✵ ✸ ❈ ✵ ✸
✶✾ ❈ ✵ ✶ ❈ ✵ ✶ ❈ ✵ ✶ ❈ ✵ ✶ ❈ ✵ ✶
✷✵ ❊■■ ✵ ✸✹ ❊❆❱❋ ✽✶✸ ✶✵✵✵✶ ❊■■ ✸ ✻✾ ❊■■ ✵ ✸✷ ❊■■ ✵ ✸✷
✷✶ ❊■■ ✼ ✾✸ ❊❆❱❋ ✷✹✽✺ ✶✵✵✵✷ ❊❆❱❋ ✷✹✽✺ ✶✵✵✵✷ ❊■■ ✷ ✽✹ ❊■■ ✷ ✽✹

❚❛❜❡❧❛ ✸✳✹✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✸✾❪ ✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛❞rã♦

⑤
✻
✺
⑤



❆♥❛❧✐s❛♥❞♦ ❛ ❋✐❣✉r❛ ✸✳✻✱ ♣♦❞❡♠♦s ♥♦t❛r✱ ♥♦✈❛♠❡♥t❡✱ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❍✻❊ t❡✈❡ ✉♠ ❜♦♠

❞❡s❡♠♣❡♥❤♦ ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ♥❛s ♠❡❞✐❞❛s q✉❡ ❞❡✜♥✐♠♦s ❝♦♠♦ ♣r✐♦r✐tár✐❛s✱ s❡♥❞♦ ♦ ♠❡❧❤♦r✱

❡♠♣❛t❛❞♦ ❝♦♠ ❉❋❙❆◆❊✱ q✉❛♥❞♦ ❛ ♠❡❞✐❞❛ ❛❞♦t❛❞❛ é ♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ s✉♣❡r✐♦r ❛

t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s q✉❛♥❞♦ ❛✈❛❧✐❛♠♦s ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ❝♦♥❢❡r✐❞♦

♥❛ ❚❛❜❡❧❛ ✸✳✹✱ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ♠♦str♦✉✲s❡ tã♦ r♦❜✉st♦✱ ❥á q✉❡ ❝♦♥✈❡r❣✐✉ ❡♠ ✶✹ ♣r♦❜❧❡♠❛s ❝♦♥tr❛ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ✶✻ ♣r♦❜❧❡♠❛s ♦❜t✐❞❛ ♣❡❧♦s ❛❧❣♦r✐t♠♦s ◆■❲❉ ❡ ◆■ ❡ ❡♠ ✶✺ ♣r♦❜❧❡♠❛s ♦❜t✐❞❛ ♣♦r ❍✶❊✳

❖ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❢♦✐ ♦ ♠❡♥♦s r♦❜✉st♦ ♥❡st❡ t❡st❡✱ ❝♦♥✈❡r❣✐♥❞♦ ❡♠ s♦♠❡♥t❡ ✶✷ ♣r♦❜❧❡♠❛s✳

❉✉r❛♥t❡ ❛ r❡❛❧✐③❛çã♦ ❞❡ss❡s t❡st❡s✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛s ❡str❛té❣✐❛s ❞❡ ❣❧♦❜❛❧✐③❛çã♦ sã♦ ♣♦✉❝♦ ❛❝✐♦✲

♥❛❞❛s✱ ❛❧é♠ ❞❡ q✉❡✱ ♥♦ ♣r♦❜❧❡♠❛ ✶✾ ✭❉✐s❝r❡t❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✮ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✐♠❡❞✐❛t❛✳

❙❡♥❞♦ ❛ss✐♠✱ ✉t✐❧✐③❛♠♦s ♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❍✶❊ ♦❜t❡✈❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❝r✐❛♠♦s

✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ❞❡ ♠❛♥❡✐r❛ q✉❡ ♣✉❞éss❡♠♦s ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❛❧❣♦r✐t♠♦s

à ♠❡❞✐❞❛ q✉❡ ♦s ♣♦♥t♦s ❢♦ss❡♠ s❡ ❛❢❛st❛♥❞♦ ❞❛ s♦❧✉çã♦✳ ❆ss✐♠✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s ✶✽ ♣r✐♠❡✐r♦s

♣r♦❜❧❡♠❛s ❡①❝❡t♦ ♦ ♣r✐♠❡✐r♦✱ ♦ s❡❣✉♥❞♦✱ ♦ q✉✐♥t♦ ❡ ♦ ❞é❝✐♠♦✳ ◆♦✈❛♠❡♥t❡✱ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❢♦r❛♠

t❡st❛❞♦s ❝♦♠ ❞✐♠❡♥sã♦ n = 5000✳✶

P❛r❛ ♦❜t❡r ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♠❛✐s ❞✐st❛♥t❡ ❞❛ s♦❧✉çã♦✱ ❝♦♥❢♦r♠❡ ♣♦❞❡♠♦s ❛❝♦♠♣❛♥❤❛r ♣❡❧❛ ❋✐❣✉r❛ ✸✳✼✱

❛r♠❛③❡♥❛♠♦s ♦ ♣♦♥t♦ ❡♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❍✶❊ ♣❛r♦✉ ❝♦♠ s✉❝❡ss♦ ♥♦ t❡st❡ ❛♥t❡r✐♦r ❡ ❝r✐❛♠♦s ❛ ❞✐r❡çã♦

dt = x0 − x̄✱ ♦♥❞❡ x0 é ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣r♦♣♦st♦ ❡♠ ❬✸✾❪ ❡ x̄ ♦ ♣♦♥t♦ ❡♥❝♦♥tr❛❞♦ ❝♦♠♦ s♦❧✉çã♦ ♣❡❧♦

❛❧❣♦r✐t♠♦ ❍✶❊✳ ❋❡✐t♦ ✐ss♦✱ ✉♠ ♣❛râ♠❡tr♦ ω ✐rá ❞❡t❡r♠✐♥❛r ♦ q✉ã♦ ♠❛✐s ❧♦♥❣❡ ♦ ♥♦✈♦ ♣♦♥t♦ ✐♥✐❝✐❛❧

❡st❛rá ❞❛ s♦❧✉çã♦ ❞♦ q✉❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❛♥t❡r✐♦r✳ ❖ ♥♦✈♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ s❡rá ❞❡✜♥✐❞♦ ❝♦♠♦✿

x0novo = x0 + ωdt. ✭✸✳✺✾✮

◆♦t❡ q✉❡ ♣❛r❛ ω = 0 t❡♠♦s ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛❞rã♦✳ ❆ ❚❛❜❡❧❛ ✸✳✺ ❢♦r♥❡❝❡ ❛ ✜♥❛❧✐③❛çã♦ ❞❡ ❝❛❞❛

❛❧❣♦r✐t♠♦ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛♠♦s ♦ ✈❛❧♦r ❞❡ ω✳

●❡r❛♥❞♦ ♦s ♥♦✈♦s ♣♦♥t♦s ❞❡st❛ ♠❛♥❡✐r❛✱ t♦❞♦s ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s ✉t✐❧✐③❛❞♦s ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ r❡t❛✳

P❛r❛ ❡❧✐♠✐♥❛r ♣♦ssí✈❡✐s ✈í❝✐♦s q✉❡ ✐ss♦ ❛❝❛rr❡t❛r✐❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✱ ❛✉♠❡♥t❛♠♦s ♦ ♥ú♠❡r♦ ❞❡

♣♦♥t♦s ✐♥✐❝✐❛✐s✱ s❡♥❞♦ q✉❡ ❛❣♦r❛ ♥ã♦ ❡st❛rã♦ t♦❞♦s ♥❛ ♠❡s♠❛ r❡t❛✳

❖s ♥♦✈♦s ♣♦♥t♦s ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ❞❡ ♠❛♥❡✐r❛ q✉❡✱ ❛❧é♠ ❞❡ ♠❛✐s ❛❢❛st❛❞♦s ❞❛ s♦❧✉çã♦✱ t❛♠❜é♠

❡st✐✈❡ss❡♠ ❢♦r❛ ❞❛ ❞✐r❡çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r dt✳ P❛r❛ q✉❡ ✐ss♦ ♦❝♦rr❡ss❡✱ ❞❡✜♥✐♠♦s ✉♠❛ ❞✐r❡çã♦

❛❧❡❛tór✐❛ daleat ❡ ✉♠ ♣❛râ♠❡tr♦ υ✱ ❞❡ ❢♦r♠❛ q✉❡ ♦s ♥♦✈♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s ❢♦r❛♠ ❣❡r❛❞♦s ❝♦♥❢♦r♠❡ ❛

❡q✉❛çã♦✿

x0novo = x0 + ωdt + υdaleat. ✭✸✳✻✵✮

✶❖ ♣r♦❜❧❡♠❛ ✶✾ ♥ã♦ ❢♦✐ t❡st❛❞♦ ♣♦✐s✱ ❞❡✈✐❞♦ à s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✐♠❡❞✐❛t❛✱ ♥ã♦ é ♣♦ssí✈❡❧ ❝♦♠♣✉t❛r ❛ ❞✐r❡çã♦ dt✱
♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ♣♦♥t♦s ♠❛✐s ❞✐st❛♥t❡s✳

⑤✻✻⑤



P ω ❍✶❊ ❉❋❙❆◆❊ ❍✻❊ ◆■❲❉ ◆■

✸
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❊❙❚ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✹
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❊❙❚ ❈ ❊❙❚ ❊❙❚ ❊❙❚

✻
✶ ❈ ❊❆❱❋ ❊❙❚ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✼
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✽
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✾
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✶✶
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❊❆❱❋ ❈ ❈ ❈
✷✵✵ ❈ ❊❆❱❋ ❈ ❈ ❈

✶✷
✶ ❈ ❊❆❱❋ ❈ ❈ ❈
✷✵ ❈ ❊❆❱❋ ❈ ❈ ❈
✷✵✵ ❈ ❊❆❱❋ ❈ ❈ ❈

✶✸
✶ PP❋ ❊❆❱❋ PP❋ ❈ ❈
✷✵ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋ ❈ ❈
✷✵✵ PP❋ PP❋ PP❋ PP❋ PP❋

✶✹
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❊❙❚ ❊❆❱❋ ❊❙❚ ❊❙❚ ❊❙❚
✷✵✵ ❊❙❚ ❊❆❱❋ ❊❙❚ ❊❙❚ ❊❙❚

✶✺
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✶✻
✶ ❈ ❊❆❱❋ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

✶✼
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❊❆❱❋ ❈ ❈ ❈

✶✽
✶ ❈ ❈ ❈ ❈ ❈
✷✵ ❈ ❈ ❈ ❈ ❈
✷✵✵ ❈ ❈ ❈ ❈ ❈

❚❛❜❡❧❛ ✸✳✺✿ ❘❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❬✸✾❪ ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ ω

⑤✻✼⑤



P❛r❛ q✉❡ ❛ ❞✐r❡çã♦ ❛❧❡❛tór✐❛ ❡st❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❢❛st❛❞❛ ❞❛ ❞✐r❡çã♦ dt ❡①✐❣✐♠♦s✱ t❛♠❜é♠✱ q✉❡

♦ ✈❛❧♦r ❞♦ ❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ ❡♥tr❡ ❛ ❞✐r❡çã♦ daleat ❡ ❛ ❞✐r❡çã♦ dt ♥ã♦ s❡❥❛ s✉♣❡r✐♦r ❛ 0.95✱ ♦ q✉❡ é

♥❡❝❡ssár✐♦ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ à ♠❡❞✐❞❛ q✉❡ ✈❛♠♦s ❛✉♠❡♥t❛♥❞♦ ♦ ✈❛❧♦r ❞❡ υ✱ ❛ ❞✐r❡çã♦ ❞❡t❡r♠✐♥❛❞❛

♣♦r x0novo − x0 ✈á s❡ ❛❢❛st❛♥❞♦ ❞❛ ❞✐r❡çã♦ dt✳ ❆ ❋✐❣✉r❛ ✸✳✽ ❡s❝❧❛r❡❝❡ ❛ ♦❜t❡♥çã♦ ❞♦ ♥♦✈♦ ♣♦♥t♦

✐♥✐❝✐❛❧✳

❖s r❡s✉❧t❛❞♦s ✜♥❛✐s ♦❜t✐❞♦s ♣❡❧♦s ❛❧❣♦r✐t♠♦s ❡♠ ❝❛❞❛ ✉♠ ❞♦s t❡st❡s ♣r♦❞✉③✐❞♦s ❝♦♠ ❡ss❛ ♥♦✈❛

❢♦r♠✉❧❛çã♦ ♣❛r❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥♦ ❛♣ê♥❞✐❝❡ ❞❡st❡ tr❛❜❛❧❤♦✱ ❚❛❜❡❧❛s ❆✳✺✱

❆✳✻✱ ❆✳✼ ❡ ❆✳✽✳ ❆ ❚❛❜❡❧❛ ✸✳✻ r❡s✉♠❡ ♦s ❞❛❞♦s ❞♦s ❞♦✐s ú❧t✐♠♦s ❝♦♥❥✉♥t♦s ❞❡ t❡st❡s ✭❛❢❛st❛♠❡♥t♦

✉s❛♥❞♦ ✉♠❛ ❞✐r❡çã♦ ❡ ❞✉❛s ❞✐r❡çõ❡s✮ ❡ ❛ ❋✐❣✉r❛ ✸✳✾ ❛♣r❡s❡♥t❛ ♦s ♣❡r✜s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥❡ss❡s t❡st❡s✱

❝♦♠ ♦s q✉❛✐s ✐r❡♠♦s ❝❤❡❣❛r às ♥♦ss❛s ❝♦♥❝❧✉sõ❡s ❛ r❡s♣❡✐t♦ ❞❛ ❡✜❝✐ê♥❝✐❛ ❞♦s ♠ét♦❞♦s✳

❊■■ ❊❙❚ ❊❆❱❋ PP❋ ❈

❍✶❊ 35% 1, 11% 2, 22% 4, 44% 57, 22%

❉❋❙❆◆❊ 0% 1, 67% 41, 67% 3, 33% 53, 33%

❍✻❊ 29, 44% 1, 11% 3, 33% 4, 44% 61, 67%

◆■❲❉ 34, 44% 1, 11% 1, 11% 3, 33% 60%

◆■ 34, 44% 1, 11% 1, 11% 3, 33% 60%

❚❛❜❡❧❛ ✸✳✻✿ ❘❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✸✾❪ ✲ ♣♦♥t♦s ✐♥✐❝✐❛✐s s❡ ❛❢❛st❛♥❞♦ ❞❛
s♦❧✉çã♦

❖ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❍✻❊ ❢♦✐ ♦ ♠❛✐s r♦❜✉st♦ ❞❡ t♦❞♦s ♦s ❞❡♠❛✐s ♥❡ss❡ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ❡✱ ❛❧é♠

❞✐ss♦✱ t❡✈❡ ✉♠ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ♥❛s ♠❡❞✐❞❛s ♣r✐♦r✐tár✐❛s✱ ❛✐♥❞❛ q✉❡ t❡♥❤❛

✉♠ ❞❡s❡♠♣❡♥❤♦ ♣❛r❡❝✐❞♦ ❝♦♠ ♦s ❞❡♠❛✐s✱ ❡①❝❡t♦ ❉❋❙❆◆❊✱ q✉❛♥❞♦ τ = 1✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❛ ❝✉r✈❛

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡ss❡ ❆❧❣♦r✐t♠♦✱ ❧♦❣♦ ✈❛✐ s❡ ❛❢❛st❛♥❞♦ ❞❛s ❞❡♠❛✐s t❛♥t♦ ♥♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡s

❛♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çã♦ ❞❡ ❢✉♥çõ❡s q✉❛♥t♦ ♥♦s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳ ❖

❆❧❣♦r✐t♠♦ ❍✶❊ t❡✈❡ ✉♠ ❞❡s❡♠♣❡♥❤♦ ✉♠ ♣♦✉❝♦ ✐♥❢❡r✐♦r ❛ ❍✻❊ ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛✱ ♠❛s ♥ã♦ ❢♦✐

tã♦ r♦❜✉st♦✳

❖ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❢♦✐ ♦ ❞❡st❛q✉❡ ♥❡❣❛t✐✈♦ ❞❡st❡ t❡st❡✱ s❡♥❞♦ ♦ ♠❡♥♦s r♦❜✉st♦ ❡ ♠❡♥♦s ❡✜❝✐❡♥t❡✳

P♦r ✜♠✱ ♣✉❞❡♠♦s ❝♦♥✜r♠❛r ❛ ❡①♣❡❝t❛t✐✈❛ ❞❡ q✉❡ ✉♠ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❛♣r❡s❡♥t❛r✐❛ ♠❡❧❤♦r❡s r❡s✉❧✲

t❛❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❞✐❢í❝❡✐s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ♣♦r ❝♦♥t❛ ❞♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❞✐r❡çõ❡s t❡st❛❞❛s✳ ❊ss❛

✐❞❡✐❛ ❣❛♥❤❛ ❝ré❞✐t♦ s❡ ♦❜s❡r✈❛r♠♦s q✉❡ ❤á ❝❛s♦s ❡♠ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦❝♦rr❡ ♥♦ ❛❧❣♦r✐t♠♦ ❍✻❊ ❡

s♦♠❡♥t❡ ❡♠ ✉♠ ❞♦s ❛❧❣♦r✐t♠♦s ❜❛s❡❛❞♦s ❡♠ ✉♠ ú♥✐❝♦ ♠ét♦❞♦✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ Pr♦❜❧❡♠❛ ✽ ✉t✐❧✐✲

③❛♥❞♦ υ = 1 ❡ ω = 1 ♦✉ ♥♦ Pr♦❜❧❡♠❛ ✾ ✉t✐❧✐③❛♥❞♦ υ = 20 ❡ ω = 20✱ t❡♠♦s s♦♠❡♥t❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞❡ ❍✻❊ ❡ ❉❋❙❆◆❊✳ ❊①❡♠♣❧♦s ♣❛r❛ q✉❛♥❞♦ ♦❝♦rr❡ ❝♦♥✈❡r❣ê♥❝✐❛ s♦♠❡♥t❡ ❡♠ ❍✻❊ ❡ ◆■ ✭❡ ◆■❲❉✮ sã♦ ♦

Pr♦❜❧❡♠❛ ✶✶ ✉t✐❧✐③❛♥❞♦ υ = 20 ❡ ω = 1 ❡ ♦ Pr♦❜❧❡♠❛ ✶✻ ✉t✐❧✐③❛♥❞♦ υ = 1 ❡ ω = 1✳

⑤✻✽⑤



❋✐❣✉r❛ ✸✳✻✿ ❉❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ❍✶❊✱ ❉❋❙❆◆❊✱ ❍✻❊✱ ◆■❲❉ ❡ ◆■ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✸✾❪
✲ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛❞rã♦

⑤✻✾⑤





❋✐❣✉r❛ ✸✳✾✿ P❡r✜s ❞❡ ❞❡s❡♠♣❡♥❤♦ ✲ ♣r♦❜❧❡♠❛s ❡①tr❛í❞♦s ❞❡ ❬✸✾❪ ✲ ♣♦♥t♦s ✐♥✐❝✐❛✐s s❡ ❛❢❛st❛♥❞♦ ❞❛
s♦❧✉çã♦

⑤✼✶⑤



⑤✼✷⑤



❈❛♣ít✉❧♦

✹
❇✉s❝❛ ❞✐r❡t❛

▼ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ sã♦ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ♣❛r❛ ♠✐♥✐♠✐③❛çã♦ s❡♠ ❞❡r✐✈❛❞❛s ❡✱ ❜❛s✐❝❛♠❡♥t❡✱

❝♦♥s✐st❡♠ ❡♠ ❛✈❛❧✐❛r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s ❡✱ ❛ ♣❛rt✐r ❞❡st❛

❛♥á❧✐s❡✱ ❞❡❝✐❞❡✲s❡ ❡♠ q✉❛✐s ❞♦s ♣♦♥t♦s é ✈✐á✈❡❧ s❡❣✉✐r ✐♥s✐st✐♥❞♦ ♥❛ ♣ró①✐♠❛ ✐t❡r❛çã♦✱ ❡ q✉❛✐s ♣♦♥t♦s

❞❡✈❡♠ s❡r ❛❜❛♥❞♦♥❛❞♦s✳

❉❡✈✐❞♦ à s✉❛ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ♣❛r❛❧❡❧✐③❛çã♦ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s

q✉❡ ❣❛r❛♥t❡♠ s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❬✺✵❪✱ ❡st❛ ❝❧❛ss❡ ❞❡ ♠ét♦❞♦s t❡♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ✉♠ r❡♥♦✈❛❞♦

✐♥t❡r❡ss❡ ❞❛ ❝♦♠✉♥✐❞❛❞❡ ❝✐❡♥tí✜❝❛ ❬✶✷✱ ✸✺❪✳

◆♦ ❡♥t❛♥t♦✱ ♣♦r ❝♦♥t❛ ❞❡ s✉❛ ❜❛✐①❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❧♦❝❛❧✱ ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ sã♦

r❡❝♦♠❡♥❞á✈❡✐s ♣❛r❛ ♣r♦❜❧❡♠❛s s✉❛✈❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ❥á q✉❡ ❡①✐st❡♠ ♠ét♦❞♦s ♠❛✐s ❡✜❝✐❡♥t❡s ♣❛r❛

❛ r❡s♦❧✉çã♦ ❞❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ♦ q✉❡ ♥❡♠ s❡♠♣r❡ ❛❝♦♥t❡❝❡ ❝♦♠ ♣r♦❜❧❡♠❛s ♥ã♦ s✉❛✈❡s✳ ❆✐♥❞❛

❛ss✐♠✱ tr❛❜❛❧❤♦s r❡❝❡♥t❡s ❬✷✾✱ ✸✵❪ tê♠ ❛✈❛❧✐❛❞♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ ✉♠❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❛♦ ✜♥❛❧

❞♦ ❛❧❣♦r✐t♠♦✳ ◆❛ ♣rát✐❝❛✱ ❡ss❛ ❢❛s❡ s♦♠❡♥t❡ é ❛❝✐♦♥❛❞❛ q✉❛♥❞♦ ❛s t❡♥t❛t✐✈❛s ❛♥t❡r✐♦r❡s ❡st✐✈❡r❡♠

❡s❣♦t❛❞❛s✱ s✐t✉❛çã♦ ❡♠ q✉❡ s❡r✐❛ ❞❡❝❧❛r❛❞❛ ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ♣r♦♣♦r ✉♠ ❛❧❣♦r✐t♠♦ ❡♠ q✉❡ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ ♠♦♥ót♦♥❛

s❡rá ❛❝✐♦♥❛❞❛ ♥♦ P❛ss♦ ✾ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹✱ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ λ t♦r♥❛✲s❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡

♣❡q✉❡♥♦ s❡♠✱ ♥♦ ❡♥t❛♥t♦✱ ♦❜t❡r ✉♠ ♣♦♥t♦ q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛❝❡✐t❛çã♦✳ ◆❡st❛ ♥♦✈❛ ❛❜♦r❞❛✲

❣❡♠✱ ♦ ♣❛ss♦ ✶✵ é r❡t✐r❛❞♦✳ ❆ ✐♥t❡♥çã♦ ❞❡ ❛❝r❡s❝❡♥t❛r ❡ss❛ ♥♦✈❛ ❡t❛♣❛ é ♦❜t❡r ♠❡❧❤♦r✐❛s ❡♠ t❡r♠♦s

❞❡ r♦❜✉st❡③ ♥♦s t❡st❡s ♥✉♠ér✐❝♦s✱ ❥á q✉❡✱ ♥❛ ♣rát✐❝❛✱ ❡ss❛ ♥♦✈❛ ❡t❛♣❛ s❡rá ❛❝✐♦♥❛❞❛ s♦♠❡♥t❡ q✉❛♥❞♦

♦ ❛❧❣♦r✐t♠♦ ❡st✐✈❡r ♣r❡st❡s ❛ ❞❡❝❧❛r❛r ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦✳

◆❡ss❛ ♥♦✈❛ ❢❛s❡✱ ♣r♦♣♦♠♦s ♦ ✉s♦ ❞❡ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❡♠ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ♥ã♦

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢❛rá ❝♦♠ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) s❡❥❛ ♥ã♦ ❝r❡s❝❡♥t❡✱ ❝♦♠♦ é ❢❡✐t♦ ❣❡r❛❧♠❡♥t❡

❡♠ ♠ét♦❞♦s ❝❧áss✐❝♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛✳ ❆❧é♠ ❞✐ss♦✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s

❞❡ s♦♥❞❛❣❡♠✱ ♦ q✉❛❧ é ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦❣♦♥❛❧ q✉❡ ❝♦♥té♠ ❛ ❞✐r❡çã♦ d =

−(1/αk)F (xk) ♦✉ ❛ ❞✐r❡çã♦ d = (1/αk)F (xk)✳

⑤✼✸⑤



■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠❛ ✐♥tr♦❞✉çã♦ t❡ór✐❝❛ s✉❝❡❞✐❞❛ ♣❡❧❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ❤í❜r✐❞♦

q✉❡ ♣r♦♣♦♠♦s ❡ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ t❡ór✐❝❛✳ P❛r❛ ✜♥❛❧✐③❛r ♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s

r❡s✉❧t❛❞♦s ❞♦s t❡st❡s t❡ór✐❝♦s q✉❡ ❝♦♠♣r♦✈❛♠ q✉❡ ❛ ❛❞✐çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❛♦

❆❧❣♦r✐t♠♦ ✸✳✹ ♣r♦♣♦r❝✐♦♥❛ ♠❡❧❤♦r✐❛s ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③✳

✹✳✶✳ ▼ét♦❞♦s ❞❡ ❇✉s❝❛ ❉✐r❡t❛

❊♠ ✶✾✻✶✱ ❍♦♦❦❡ ❡ ❏❡❡✈❡s ❬✸✸❪ ❞❡✜♥✐r❛♠ ♦ t❡r♠♦ ❜✉s❝❛ ❞✐r❡t❛ ♣❛r❛ ❞❡s✐❣♥❛r ♠ét♦❞♦s ✐t❡r❛t✐✈♦s ♣❛r❛

♦t✐♠✐③❛çã♦ s❡♠ ❞❡r✐✈❛❞❛s ❡♠ q✉❡ s❡ ❝♦♠♣❛r❛✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡♠ ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❞❡❝✐❞❡✲s❡ ❡♠ q✉❛✐s ♣♦♥t♦s ♣♦❞❡♠♦s t❡r ❜♦❛s ♣❡rs♣❡❝t✐✈❛s

♣❛r❛ ♦ ♣r♦ss❡❣✉✐♠❡♥t♦ ❞♦ ♠ét♦❞♦✱ ❡ q✉❛✐s ♣♦♥t♦s ❞❡✈❡♠ s❡r ❞❡s❝❛rt❛❞♦s✳

❊♠❜♦r❛ ♦s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s q✉❡ ♣r♦♣õ❡♠ ♦ ✉s♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❞❛t❡♠ ❞❛s ❞é❝❛❞❛s ❞❡ ✺✵ ❡ ✻✵

✭❬✼✱ ✷✷✱ ✹✾❪✮✱ s♦♠❡♥t❡ ❞❡♣♦✐s ❞♦ tr❛❜❛❧❤♦ ❞❡ ❚♦r❝③♦♥ ❬✺✵❪ ❡♠ ✶✾✽✾✱ ♦♥❞❡ sã♦ ❞❡♠♦♥str❛❞♦s r❡s✉❧t❛❞♦s

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧✱ é q✉❡ s✉r❣❡ ✉♠ r❡❧❡✈❛♥t❡ ✐♥t❡r❡ss❡ ❞❛ ❝♦♠✉♥✐❞❛❞❡ ❝✐❡♥tí✜❝❛ ♥❡ss❡ t✐♣♦ ❞❡

♠ét♦❞♦✳

▼ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ sã♦ ♠ét♦❞♦s ❞♦ t✐♣♦ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❡ ♥ã♦ ✉t✐❧✐③❛♠ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❛♣r♦✲

①✐♠❛çã♦ ❡①♣❧í❝✐t❛ ♦✉ ✐♠♣❧í❝✐t❛ ♣❛r❛ ❞❡r✐✈❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ tê♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r❡♠ ❢á❝❡✐s ❞❡

✐♠♣❧❡♠❡♥t❛r ❡ ♣❛r❛❧❡❧✐③❛r ❡ ♣❡r♠✐t❡♠ tr❛❜❛❧❤❛r ❝♦♠ ❢✉♥çõ❡s ♥ã♦ s✉❛✈❡s✳ ◆♦ ❡♥t❛♥t♦✱ sã♦ ♠ét♦❞♦s

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❧❡♥t❛✳ ❆✐♥❞❛ q✉❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞❡❝r❡sç❛ ♠✉✐t♦ r❛♣✐❞❛♠❡♥t❡ ♥❛s ♣r✐✲

♠❡✐r❛s ✐t❡r❛çõ❡s✱ ❡❧❡ t❡♥❞❡ ❛ ❡st❛❣♥❛r ❡ ❝♦♥✈❡r❣✐r ❧❡♥t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ ♣♦♥t♦ ✭❝❢✳ ❬✶✺❪✱

❙❡çã♦ ✷✳✺✮✳

❖s ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ sã♦ s❡♣❛r❛❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s✿

❇✉s❝❛ ❞✐r❡t❛ ❞✐r❡❝✐♦♥❛❧✿ ❙ã♦ ♠ét♦❞♦s ❡♠ q✉❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠ ❝♦♠ ❝❛✲

r❛❝t❡ríst✐❝❛s ❛❞❡q✉❛❞❛s é ❞❡✜♥✐❞♦ ❡ ❛ ❜✉s❝❛ é r❡❛❧✐③❛❞❛ ♥♦s ♣♦♥t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❛ ❛❞✐çã♦ ❞❡

❝❛❞❛ ✉♠❛ ❞❡ss❛s ❞✐r❡çõ❡s ❛♦ ♣♦♥t♦ ❛t✉❛❧✳

❖ ♠ét♦❞♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❞✐r❡❝✐♦♥❛❧ é ♦ ❞❛ ❝❤❛♠❛❞❛ ❜✉s❝❛ ❝♦♦r❞❡♥❛❞❛✱ q✉❡

✉t✐❧✐③❛ ❝♦♠♦ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ♦s ✈❡t♦r❡s ❝❛♥ô♥✐❝♦s ❞❡ Rn ❡ s❡✉s r❡s♣❡❝t✐✈♦s s✐♠étr✐❝♦s✳

❇✉s❝❛ ❞✐r❡t❛ s✐♠♣❧ét✐❝❛✿ ❙ã♦ ♠ét♦❞♦s q✉❡ ❜❛s❡✐❛♠ s✉❛ ♣r♦❝✉r❛ ❡♠ s✐♠♣❧ét✐❝♦s✶ ♦✉ ♦♣❡r❛çõ❡s

s♦❜r❡ s✐♠♣❧ét✐❝♦s✿ r❡✢❡①õ❡s✱ ❡①♣❛♥sõ❡s ❡ ❝♦♥tr❛çõ❡s✳

✶❙✐♠♣❧❡① é ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♥♦çã♦ ❞❡ tr✐â♥❣✉❧♦ ♦✉ t❡tr❛❡❞r♦ ♣❛r❛ ✉♠❛ ❞✐♠❡♥sã♦ q✉❛❧q✉❡r✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱
❞❡✜♥✐♥❞♦ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ S ❝♦♠♦ ❛ ❝♦❧❡çã♦ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❝♦♥✈❡①❛s ❞❡ ❡❧❡♠❡♥t♦s ❞❡
S✱ ❞✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐t♦♣♦ é ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s x1, . . . , xp, xp+1 ❡♠ R

n✳ ❆ss✐♠ s❡♥❞♦✱
♣♦❞❡♠♦s ❞❡✜♥✐r ♦ s✐♠♣❧❡① ❝♦♠♦ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ♣♦❧✐t♦♣♦✳ ◆✉♠ s✐♠♣❧❡①✱ ♦s ♣♦♥t♦s x1, . . . , xn, xn+1 ✭❛❣♦r❛
❝❤❛♠❛❞♦s ❞❡ ✈ért✐❝❡s ❞♦ s✐♠♣❧❡①✮ sã♦ t❛✐s q✉❡ x2 − x1, . . . , xn − x1, xn+1 − x1 sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❬✻❪✳

⑤✼✹⑤



❖ ♠ét♦❞♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦ ❞❡ss❛ ❝❧❛ss❡ é ♦ ♠ét♦❞♦ ◆❡❧❞❡r✲▼❡❛❞ ❬✹✶❪✱ q✉❡ é t❛♠❜é♠ ♦ ♠ét♦❞♦

❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♠❛✐s ❝✐t❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛✳

◆♦ss♦ ✐♥t❡r❡ss❡ é tr❛❜❛❧❤❛r ❝♦♠ ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳ ❆ss✐♠ s❡♥❞♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r

❝♦♠♦ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❞❡✜♥✐❞❛ ♥♦s ♠❡s♠♦ ♠♦❧❞❡s ❞❛q✉❡❧❛s ❡♥❝♦♥tr❛❞❛s ♥♦s

❝❛♣ít✉❧♦s ✷ ❡ ✸✳ ■r❡♠♦s ❢♦❝❛❧✐③❛r ♥♦ss♦ ❡st✉❞♦ ♥♦s ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛♠ ❜✉s❝❛ ❞✐r❡t❛ ❞✐r❡❝✐♦♥❛❧✳

P❛r❛ ✉♠❛ ❛♥á❧✐s❡ ♠❛✐s ❞❡t❛❧❤❛❞❛ s♦❜r❡ ❜✉s❝❛ ❞✐r❡t❛ s✐♠♣❧ét✐❝❛✱ ❞❡✈❡✲s❡ ❝♦♥s✉❧t❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ♦

❝❛♣ít✉❧♦ ✽ ❞♦ ❧✐✈r♦ ❞❡ ❈♦♥♥✱ ❙❝❤❡✐♥❜❡r❣ ❡ ❱✐❝❡♥t❡ ❬✶✷❪✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❛ ✐♥t❡♥çã♦ é ✉t✐❧✐③❛r ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❞✐r❡❝✐♦♥❛❧✱ s❡❣✉✐♥❞♦ ❛ ❡str✉t✉r❛

♣r♦♣♦st❛ ♣♦r ❱✐❝❡♥t❡ ❬✺✶❪ ♣❛r❛ ❛❧❣♦r✐t♠♦s q✉❡ tê♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡

♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✳ ❆ ❡str✉t✉r❛ ♣r♦♣♦st❛ ❣❡♥❡r❛❧✐③❛ ❛q✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸❪ ❡ ❡stá r❡♣r❡s❡♥t❛❞❛

♥♦ ❆❧❣♦r✐t♠♦ ✹✳✶✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❛❧❣♦r✐t♠♦ ♣❛❞rã♦ é ❣❡r❛r ✉♠❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ ❞❡ ♣♦♥t♦s✱ q✉❡

❝♦♥✈❡r❣❡♠ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❛ ♠❡♥♦s q✉❡ ✉♠ ♣♦♥t♦ ❞❡st❡ t✐♣♦ s❡❥❛

❡♥❝♦♥tr❛❞♦ ❡♠ ✉♠❛ ❝❡rt❛ ✐t❡r❛çã♦✱ ♦ q✉❡ ❢❛rá ❝♦♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ s❡❥❛ ✐♥t❡rr♦♠♣✐❞♦✳ P❛r❛ ❡♥❝♦♥tr❛r

✉♠ ♣♦♥t♦ xk+1 q✉❡ ♦❜té♠ ✉♠ ❞❛❞♦ ❞❡❝rés❝✐♠♦✱ ❝❛❞❛ ✐t❡r❛çã♦ é ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s ❡t❛♣❛s✿

❊t❛♣❛ ❞❡ ❜✉s❝❛✿ ❡t❛♣❛ ♥ã♦ ♦❜r✐❣❛tór✐❛✱ ❛❞♦t❛❞❛ ❡♠ ❣❡r❛❧ ♣❛r❛ ♠❡❧❤♦r❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r✲

❣ê♥❝✐❛✳ ❉❡✈❡ s❡r ✜♥✐t❛ ❞❡ ♠♦❞♦ ❛ ♥ã♦ ✐♥t❡r❢❡r✐r ♥❛ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳

❊t❛♣❛ ❞❡ s♦♥❞❛❣❡♠✿ ♥❡st❛ ❡t❛♣❛✱ é ❞❡✜♥✐❞♦ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❞✐r❡çõ❡s✱ ❝❤❛♠❛❞❛s ❞✐r❡çõ❡s

❞❡ s♦♥❞❛❣❡♠ ❡ sã♦ ❛✈❛❧✐❛❞♦s ♦s ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥♦s ♣♦♥t♦s r❡s✉❧t❛♥t❡s ❞❛ s♦♠❛

❞❡ss❛s ❞✐r❡çõ❡s ❛♦ ♣♦♥t♦ ❛t✉❛❧✳ ➱ ❡st❛ ❡t❛♣❛ q✉❡ ❣❛r❛♥t❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❞♦ ❛❧❣♦r✐t♠♦✱

♥♦ ❡♥t❛♥t♦✱ ♣❛r❛ ✐ss♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠ ❞❡✈❡ t❡r ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛✐s✱

❞❛s q✉❛✐s ❢❛❧❛r❡♠♦s ❛❞✐❛♥t❡✳

❉❡✈✐❞♦ à s✉❛ ✢❡①✐❜✐❧✐❞❛❞❡✱ ❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ♥ã♦ é ❝♦♥s✐❞❡r❛❞❛ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦

❛❧❣♦r✐t♠♦✱ q✉❡ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞❛ ❡t❛♣❛ ❞❡ s♦♥❞❛❣❡♠✳ P❛r❛ ✐♥✐❝✐❛r ❛ ❛♥á❧✐s❡ ❞❛s ❝♦♥❞✐çõ❡s

❡♠ q✉❡ ♣♦❞❡♠♦s ♦❜t❡r ❛ ❝♦♥✈❡❣ê♥❝✐❛ t❡ór✐❝❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ✈❛♠♦s ❞❡✜♥✐r ♦

❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦✱ ❝♦♥❢♦r♠❡ ❡st❛❜❡❧❡❝✐❞♦ ❡♠ ❬✶✼❪✳

❉❡✜♥✐çã♦ ✹✳✶ ❯♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦ é ✉♠ ❝♦♥❥✉♥t♦ q✉❡ ❣❡r❛ ♣♦s✐t✐✈❛♠❡♥t❡ ♦ ❡s♣❛ç♦ Rn✳

■st♦ q✉❡r ❞✐③❡r q✉❡✱ s❡ {d1, d2, . . . , dr} é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦

d ∈ Rn ❡①✐st❡♠ ✈❛❧♦r❡s r❡❛✐s ♥ã♦✲♥❡❣❛t✐✈♦s a1, a2, . . . , ar t❛✐s q✉❡ d = a1d1 + a2d2 + . . .+ ardr✳

❈♦♠ ✐ss♦✱ ❥á ♣♦❞❡♠♦s✱ t❛♠❜é♠✱ ❞❡✜♥✐r ❜❛s❡s ♣♦s✐t✐✈❛s✿

❉❡✜♥✐çã♦ ✹✳✷ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s {d1, d2, . . . , dr} é ❞✐t♦ s❡r ♣♦s✐t✐✈❛♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡ s❡

❡①✐st❡ ✉♠ í♥❞✐❝❡ i t❛❧ q✉❡ di ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦s✐t✐✈❛♠❡♥t❡ ♣♦r

{d1, d2, . . . , di−1, di+1, . . . , dr}, ✭✹✳✶✮

⑤✼✺⑤



♦✉ s❡❥❛✱ s❡ ✉♠ ❞❡ s❡✉s ✈❡t♦r❡s ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❡ ❝♦♥✈❡①♦ ❣❡r❛❞♦ ♣♦s✐t✐✈❛♠❡♥t❡ ♣❡❧♦s ❞❡♠❛✐s ✈❡t♦r❡s✳

❈❛s♦ ❝♦♥trár✐♦✱ ♦ ❝♦♥❥✉♥t♦ é ❞✐t♦ s❡r ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❯♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ Rn é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦ q✉❡ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ♣♦s✐t✐✈❛✲

♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❯♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ❝♦♠ n+1 ❡❧❡♠❡♥t♦s é ❝❤❛♠❛❞❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♠✐♥✐♠❛❧ ❡ ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ❝♦♠

2n ❡❧❡♠❡♥t♦s é ❝❤❛♠❛❞❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♠❛①✐♠❛❧✳

❖❜s❡r✈❛çã♦ ✹✳✶✿ ❈♦♥❢♦r♠❡ ♣♦❞❡ s❡r ❝♦♥❢❡r✐❞♦ ❡♠ ❬✶✼❪✱ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❡ ♠í♥✐♠♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛

❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ❡s♣❛ç♦ Rn é✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ 2n ❡ n+ 1✱ ❞❛í ❛s ❞❡♥♦♠✐♥❛çõ❡s ✏❜❛s❡ ♣♦s✐t✐✈❛ ♠❛①✐♠❛❧✑

❡ ✏❜❛s❡ ♣♦s✐t✐✈❛ ♠✐♥✐♠❛❧✑✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ Rn✱ ❞♦✐s ❡①❡♠♣❧♦s ❜ás✐❝♦s ❞❡ ❝♦♥❥✉♥t♦s ❣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s sã♦ ♦s ❝♦♥❥✉♥✲

t♦s✿ {e1, e2, . . . , en,−e} ✭❜❛s❡ ♣♦s✐t✐✈❛ ♠✐♥✐♠❛❧✮ ❡ {e1, e2, . . . , en,−e1,−e2, . . . ,−en} ✭❜❛s❡ ♣♦s✐t✐✈❛

♠❛①✐♠❛❧✮✱ ♦♥❞❡ ei é ♦ i✲és✐♠♦ ✈❡t♦r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞♦ ❡s♣❛ç♦ Rn ❡ e = (1, 1, . . . , 1)⊤ ∈ Rn✳

❆ Pr♦♣♦s✐çã♦ ✹✳✶ ❛♣r❡s❡♥t❛ ✉♠ r❡s✉❧t❛❞♦✱ ❞❡✈✐❞♦ ❛ ▲❡✇✐s ❡ ❚♦r❝③♦♥ ❬✸✻❪✱ q✉❡ ❡st❛❜❡❧❡❝❡ ✉♠❛ ♠❛♥❡✐r❛

❡✜❝✐❡♥t❡ ❞❡ ❣❡r❛r ❜❛s❡s ♣♦s✐t✐✈❛s ♥♦ Rn✱ ❛ ♣❛rt✐r ❞❡ ♦✉tr❛s ❜❛s❡s ♣♦s✐t✐✈❛s✳

Pr♦♣♦s✐çã♦ ✹✳✶ ❙❡ {d1, . . . , dr} é ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ❡s♣❛ç♦ Rn ❡ C ∈ Rn×n é ✉♠❛ ♠❛tr✐③

♥ã♦ s✐♥❣✉❧❛r✱ ❡♥tã♦ {Cd1, . . . , Cdr} é ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ Rn✳

Pr♦✈❛✿ ❱❡r ❬✸✻❪✳ �

❉❛❞♦s ♦ ♣♦♥t♦ ❛t✉❛❧ xk✱ ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ Dk ❡ ✉♠ ♣❛râ♠❡tr♦ λk✱ ❛ ❡t❛♣❛ ❞❡ s♦♥❞❛❣❡♠ ❝♦♥s✐st❡

❡♠ ❛✈❛❧✐❛r ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✷ ♥♦s ♣♦♥t♦s ❞❡t❡r♠✐♥❛❞♦s ♣❡❧♦ ❝♦♥❥✉♥t♦✿

Pk = {xk + λkd : d ∈ Dk}. ✭✹✳✷✮

❖s ♣♦♥t♦s ❞❡ Pk sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦♥t♦s ❞❡ s♦♥❞❛❣❡♠ ❡ ❛s ❞✐r❡çõ❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠ sã♦

❝❤❛♠❛❞❛s ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✳ ❙❡ ♥ã♦ ❢♦r ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r q✉❡ ❝❛✉s❡ ❞❡❝rés❝✐♠♦

s✉✜❝✐❡♥t❡ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❛ ✐t❡r❛çã♦ é ❞❡❝❧❛r❛❞❛ ♠❛❧ s✉❝❡❞✐❞❛ ❡ ♦ ✈❛❧♦r ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ λk

é r❡❞✉③✐❞♦✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ é ♥❡❝❡ssár✐♦ ❛♥t❡❝✐♣❛r ❛❧❣✉♥s ❡s❝❧❛r❡❝✐♠❡♥t♦s s♦❜r❡ ♦ ❞❡❝rés❝✐♠♦ ♥❡❝❡ssár✐♦

♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣❛r❛ ❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ❡①✐st❡♠ ❞✉❛s ♠❛♥❡✐r❛s ❞❡

❞❡♠♦♥str❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ❛❧❣♦r✐t♠♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s ✉t✐❧✐③❛ ✉♠ ♥ú♠❡r♦

✷▲❡♠❜r❛♠♦s q✉❡ ♥♦ ♥♦ss♦ ❝❛s♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❡✱ s❡♥❞♦ ❛ss✐♠✱ ✉t✐✲

❧✐③❛r❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) =
∥

∥

∥
F (x)

∥

∥

∥

2

❝♦♠♦ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❛ s❡r ♠✐♥✐♠✐③❛❞❛✳ P♦r ♦r❛✱ ❝♦♠♦ ❛s ♣r✐♥❝✐♣❛✐s

r❡❢❡rê♥❝✐❛s tr❛t❛♠ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦✱ ❢❛r❡♠♦s ♥♦ss❛ ❛♥á❧✐s❡ ❛tr❛✈és ❞❡st❡ ✈✐és✳

⑤✼✻⑤



✜♥✐t♦ ❞❡ ❜❛s❡s ♣♦s✐t✐✈❛s ❡ t♦❞♦ ♣♦♥t♦ t❡st❛❞♦ ❞❡✈❡ ♣❡rt❡♥❝❡r ❛ ✉♠❛ ♠❛❧❤❛ ✐♥t❡✐r❛ ♦✉ r❛❝✐♦♥❛❧ ♣ré

❞❡✜♥✐❞❛ ✭♦ ❝♦♥❝❡✐t♦ ❞❡ ♠❛❧❤❛ ✐♥t❡✐r❛✴r❛❝✐♦♥❛❧ s❡rá ✈✐st♦ ♣♦st❡r✐♦r♠❡♥t❡✮✳ ◆❡st❡ ❝❛s♦✱ ♥ã♦ s❡rá

♥❡❝❡ssár✐♦ ❡st❛❜❡❧❡❝❡r ♥❡♥❤✉♠ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♠❛✐s ❡①✐❣❡♥t❡ ❞♦ q✉❡ ♦ s✐♠♣❧❡s ❞❡❝rés❝✐♠♦✳ P♦r

♦✉tr♦ ❧❛❞♦✱ s❡ ♦♣t❛r♠♦s ♣❡❧❛ ✉t✐❧✐③❛çã♦ ❞❡ ✐♥✜♥✐t❛s ❜❛s❡s ♣♦s✐t✐✈❛s s❡♠ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❡str✉t✉r❛

❞❡ ♠❛❧❤❛✱ é ♥❡❝❡ssár✐♦ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❜❛s❡❛❞♦ ❡♠ ✉♠❛ ❢✉♥çã♦

❢♦rç❛♥t❡✱ q✉❡ ✐r❡♠♦s ❞❡✜♥✐r ♥♦ ♠♦♠❡♥t♦ ❝♦♥✈❡♥✐❡♥t❡✳

❖ ♠♦❞❡❧♦ ❛❧❣♦rít♠✐❝♦ ❞❡s❝r✐t♦ ❛ s❡❣✉✐r ❝♦♥s✐❞❡r❛ ✉♠❛ ❢✉♥çã♦ ϕ : R → R q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥♦

❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛ ♥♦✈♦s ♣♦♥t♦s✳ ❆ss✐♠✱ s❡ ❞❡s❡❥❛r♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡

❜❛s❡s ♣♦s✐t✐✈❛s✱ ❞❡✜♥✐♠♦s ϕ ≡ 0✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✱ ♥❛ ❍✐♣ót❡s❡ ✹✳✸✱ ϕ ❞❡✈❡ t❡r

❝❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ❣❛r❛♥t❛♠ ✉♠ ❝r✐tér✐♦ ❛❞❡q✉❛❞♦ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s✳

❆❧❣♦r✐t♠♦ ✹✳✶ ❇✉s❝❛ ❞✐r❡t❛ ❞✐r❡❝✐♦♥❛❧

❊s❝♦❧❤❛ x0 ∈ Rn ❝♦♠ f(x0) < ∞ ❡ ♦s ❡s❝❛❧❛r❡s λ0 > 0✱ 0 < τmin < τmax < 1 ❡ β ≥ 1✳ ❉❡✜♥❛ D ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❜❛s❡s ♣♦s✐t✐✈❛s ❡ k = 0✳

✶✳ P❛ss♦ ❞❡ ❜✉s❝❛✿ ❚❡♥t❡ ❡♥❝♦♥tr❛r x t❛❧ q✉❡ f(x) < f(xk)− ϕ(λk) ❛tr❛✈és ❞❛ ❛✈❛❧✐❛çã♦ ❞❡

f ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s✳ ❈❛s♦ ❡♥❝♦♥tr❡✱ ❞❡✜♥❛ xk+1 = x✱ ❞❡❝❧❛r❡ s✉❝❡ss♦ ❡ ✈á ♣❛r❛

♦ ♣❛ss♦ ✸✳

✷✳ P❛ss♦ ❞❡ s♦♥❞❛❣❡♠✿ ❊s❝♦❧❤❛ ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ Dk ❞♦ ❝♦♥❥✉♥t♦ D✱ ♦r❞❡♥❡ ♦ ❝♦♥❥✉♥t♦

❞❡ s♦♥❞❛❣❡♠ Pk = {xk + λkd : d ∈ Dk}✳ ❆✈❛❧✐❡ ❛ ❢✉♥çã♦ f ♥♦s ♣♦♥t♦s ❞❡ s♦♥❞❛❣❡♠✳ ❙❡ é

❡♥❝♦♥tr❛❞♦ ✉♠ ♣♦♥t♦ xk + λkdk✱ ❝♦♠ dk ∈ Dk✱ t❛❧ q✉❡ f(xk + λkdk) < f(xk)−ϕ(λk)✱ ❞❡✜♥❛

xk+1 = xk + λkdk✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❛ xk+1 = xk ❡ ❞❡❝❧❛r❡ ❢r❛❝❛ss♦✳

✸✳ ❆t✉❛❧✐③❛çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✴♣❛râ♠❡tr♦ ❞❛ ♠❛❧❤❛✿ ❙❡ ❛ ✐t❡r❛çã♦ ♦❜t❡✈❡ s✉❝❡ss♦✱

❞❡✜♥❛ λk+1 ∈ [λk, βλk]✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❛ λk+1 ∈ [τminλk, τmaxλk]✳

❆ ✐♥t❡♥çã♦ ❞❡ ✉s❛r ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ s❡ ❞❡✈❡ ❛♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✱ ♦r✐❣✐♥❛❧ ❞❡ ❬✶✼❪ ❡

q✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛♦ ♠❡♥♦s ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❞❡♥tr♦ ❞❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r

♣♦s✐t✐✈♦✱ ❞❡s❞❡ q✉❡ f s❡❥❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ q✉❡ ♦ ♣♦♥t♦ ❛t✉❛❧ ♥ã♦ s❡❥❛ ✉♠ ♣♦♥t♦

❡st❛❝✐♦♥ár✐♦✳

Pr♦♣♦s✐çã♦ ✹✳✷ ❖ ❝♦♥❥✉♥t♦ {d1, d2, . . . , dr} ❣❡r❛ ♣♦s✐t✐✈❛♠❡♥t❡ Rn s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛❧q✉❡r

v 6= 0 ∈ Rn ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ di ∈ {d1, d2, . . . , dr} t❛❧ q✉❡ v⊤di > 0

Pr♦✈❛✿ ❱❡r ❬✶✼❪ ♦✉ ❬✶✷❪✱ ❚❡♦r❡♠❛ ✷✳✸✳ �

➱ ❡✈✐❞❡♥t❡✱ ❡♥tã♦✱ q✉❡ ❞❡♥tr♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦ {d1, d2, . . . , dr} ❞❡✈❡ ❡①✐st✐r ❛♦ ♠❡♥♦s

✉♠ í♥❞✐❝❡ i t❛❧ q✉❡ −∇f(xk)
⊤di > 0 ❡✱ ♣♦rt❛♥t♦✱ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ♣❛r❛ f ❛ ♣❛rt✐r ❞❡ xk✳

⑤✼✼⑤



❆ ❡t❛♣❛ ❞❡ s♦♥❞❛❣❡♠ ♣♦❞❡ s❡r ❞♦ t✐♣♦ ❝♦♠♣❧❡t❛ ♦✉ ♦♣♦rt✉♥íst✐❝❛✿

❙♦♥❞❛❣❡♠ ❝♦♠♣❧❡t❛✿ ❝♦♥s✐st❡ ❡♠ ❛✈❛❧✐❛r ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ s♦♥❞❛❣❡♠

❡ ❡s❝♦❧❤❡r ❛q✉❡❧❡ q✉❡ ♦❜t✐✈❡r ♦ ♠❛✐♦r ❞❡❝rés❝✐♠♦ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ s❛t✐s❢❛③❡♥❞♦✱ ❛✐♥❞❛✱ ♦

❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦✳

❙♦♥❞❛❣❡♠ ♦♣♦rt✉♥íst✐❝❛✿ ❛ ❡t❛♣❛ ❞❡ s♦♥❞❛❣❡♠ é ❡♥❝❡rr❛❞❛ q✉❛♥❞♦ ♦ ♣♦♥t♦ ❛✈❛❧✐❛❞♦ s❛t✐s❢❛③

♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣ré✲❞❡t❡r♠✐♥❛❞♦✳ ❖♣t❛♥❞♦ ♣♦r ❡ss❡ t✐♣♦ ❞❡ s♦♥❞❛❣❡♠✱ ♣♦❞❡✲s❡ ❛✐♥❞❛

❞❡✜♥✐r ✉♠ ❡sq✉❡♠❛ ❞❡ ♦r❞❡♥❛çã♦ q✉❡ ❛✈❛❧✐❛ ♣r✐♠❡✐r❛♠❡♥t❡ ❛s ❞✐r❡çõ❡s ♠❛✐s ♣r♦♣í❝✐❛s ❛ s❡r❡♠

❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛✳

◆❡st❡ tr❛❜❛❧❤♦ ♦♣t❛♠♦s ♣❡❧♦ ✉s♦ ❞❛ ❡str❛té❣✐❛ ♦♣♦rt✉♥íst✐❝❛✱ ❥á q✉❡✱ ❛♦ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ♣r♦❜❧❡♠❛s

❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ❡str❛té❣✐❛s ❞❡ ❜✉s❝❛ ❝♦♠♣❧❡t❛ tê♠ ✉♠❛ t❡♥❞ê♥❝✐❛ ♠❛✐♦r ❞❡ s❡ t♦r♥❛r❡♠ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧♠❡♥t❡ ✐♥✈✐á✈❡✐s✳ ❉❡ q✉❛❧q✉❡r ♠❛♥❡✐r❛✱ ❛ ♦♣çã♦ ♣♦r ✉♠❛ ♦✉ ♦✉tr❛ ❡str❛té❣✐❛ ♥ã♦ ✐♥t❡r❢❡r❡ ♥❛

❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡st❛ ❝❧❛ss❡ ❞❡ ❛❧❣♦r✐t♠♦s✳ P♦❞❡✲s❡✱ ✐♥❝❧✉s✐✈❡✱ ♦❜s❡r✈❛r q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✹✳✶

é ❛♣t♦ ♣❛r❛ ❛❜♦r❞❛r q✉❛❧q✉❡r ✉♠❛ ❞❛s ❞✉❛s ❡s❝♦❧❤❛s✳

✹✳✶✳✶ ❈♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛

❆ss✐♠ ❝♦♠♦ ♥♦s ❞❡♠❛✐s ♠ét♦❞♦s ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛

♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✶✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦

♦❜❥❡t✐✈♦ ❡s❝♦❧❤✐❞❛ é ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ é ♣♦ssí✈❡❧✱ ❞❡s❞❡ q✉❡ ❡st❛❜❡❧❡❝✐❞❛s ❛s ❝♦♥❞✐çõ❡s

❝♦rr❡t❛s✱ ♦❜t❡r r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❛♠ q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ✐rá ❝♦♥✈❡r❣✐r ❣❧♦❜❛❧♠❡♥t❡ ♣❛r❛

✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

❆ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ s❡rá r❡❛❧✐③❛❞❛ ❡♠ ❞✉❛s ❡t❛♣❛s✳ Pr✐♠❡✐r♦ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ t❛♠❛♥❤♦s ❞❡ ♣❛ss♦ q✉❡ ❝♦♥✈✐r❥❛ ♣❛r❛ ③❡r♦✱ ♦ q✉❡ é ✉s✉❛❧ ❡♠ ❞❡♠♦♥str❛çõ❡s

❞❡ ❛❧❣♦r✐t♠♦s ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ❡ ✐♥❞✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳ ❆♣ós ✐ss♦✱ s❡rá

❞❡♠♦♥str❛❞♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳

❆ ❛♥á❧✐s❡ ❛q✉✐ r❡❛❧✐③❛❞❛ ❜❛s❡✐❛✲s❡ ♥❛q✉❡❧❛ ❡♥❝♦♥tr❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✼ ❞♦ ❧✐✈r♦ ❞❡ ❈♦♥♥✱ ❙❝❤❡✐♥❜❡r❣

❡ ❱✐❝❡♥t❡ ❬✶✷❪ ❡ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❡①♣♦st♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥♦ ♠❡s♠♦

tr❛❜❛❧❤♦✱ ❛ ♠❡♥♦s q✉❡ ❤❛❥❛ ❛❧❣✉♠❛ ✐♥❞✐❝❛çã♦ ❞♦ ❝♦♥trár✐♦✳

P❛r❛ ✐♥✐❝✐❛r ❛ ❛♥á❧✐s❡✱ ✈❛♠♦s ✐♠♣♦r q✉❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ♣❡rt❡♥ç❛♠

❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛ s❡q✉ê♥❝✐❛ {f(xk)} é ♠♦♥♦t♦♥❛♠❡♥t❡ ♥ã♦

❝r❡s❝❡♥t❡✸ ❡ f é ❝♦♥tí♥✉❛✱ ❜❛st❛ ✐♠♣♦r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿

✸◆❡st❛ s❡çã♦✱ ❡st❛♠♦s tr❛t❛♥❞♦ s♦♠❡♥t❡ ❞❡ ♠ét♦❞♦s ❝❧áss✐❝♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ♥♦s q✉❛✐s✱ ❡♠ ❣❡r❛❧✱ ✉t✐❧✐③❛✲s❡ ❝r✐tér✐♦s
♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s q✉❡ ✐rã♦ ❣❡r❛r ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ ♣ró①✐♠❛

⑤✼✽⑤



❍✐♣ót❡s❡ ✹✳✶ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧

L(x0) = {x ∈ Rn : f(x) ≤ f(x0)} ✭✹✳✸✮

é ❝♦♠♣❛❝t♦✳

❆ ♣❛rt✐r ❞❡ss❛ s✉♣♦s✐çã♦✱ é ♣♦ssí✈❡❧ tr❛❜❛❧❤❛r ♥❛s ❞❡♠❛✐s ❤✐♣ót❡s❡s q✉❡ ✐rã♦ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛

❞❡ ❛♦ ♠❡♥♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ t❛♠❛♥❤♦s ❞❡ ♣❛ss♦ ❝♦♥✈❡r❣✐♥❞♦ ❛ ③❡r♦✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ í♥❞✐❝❡s {ki}✱ t❛❧ q✉❡ limi→∞ λki = 0✳ ❊ss❛ ♣r♦♣r✐❡❞❛❞❡ ❡stá ❛ss❡❣✉r❛❞❛ ♣❡❧♦ ❚❡♦✲

r❡♠❛ ✹✳✶✱ ❞❡s❞❡ q✉❡✱ ❛❧é♠ ❞❛ ❍✐♣ót❡s❡ ✹✳✶✱ t❛♠❜é♠ s❡❥❛ ❣❛r❛♥t✐❞♦ ♦ ❝✉♠♣r✐♠❡♥t♦ ❞❛ ❍✐♣ót❡s❡ ✹✳✷

❛ s❡❣✉✐r✳

❍✐♣ót❡s❡ ✹✳✷ ❙❡ ❡①✐st❡ ✉♠ ✈❛❧♦r λ > 0 t❛❧ q✉❡ λk > λ✱ ♣❛r❛ t♦❞♦ k ∈ N✱ ❡♥tã♦ ♦ ❆❧❣♦r✐t♠♦ ✹✳✶

✐rá ❣❡r❛r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s✳

P❛r❛ q✉❡ ✜q✉❡ ❡s❝❧❛r❡❝✐❞❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❍✐♣ót❡s❡ ✹✳✷✱ ♦♣t❛♠♦s ♣♦r tr❛♥s❢❡r✐r ♣❛r❛ ❡ss❡ t❡①t♦

♦ ❚❡♦r❡♠❛ ✹✳✶✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ ❡♥❣❧♦❜❛ ♦s r❡s✉❧t❛❞♦s ❞♦ ❚❡♦r❡♠❛ ✼✳✶ ❞♦ ❧✐✈r♦ ❬✶✷❪ ❡✱ t❛♠❜é♠✱ ♦

❈♦r♦❧ár✐♦ ✼✳✷✳

❚❡♦r❡♠❛ ✹✳✶ ❙❡ ❛s ❍✐♣ót❡s❡s ✹✳✶ ❡ ✹✳✷ sã♦ s❛t✐s❢❡✐t❛s✱ ❡♥tã♦ ❡①✐st❡♠ ✉♠ ♣♦♥t♦ x∗ ❡ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ {ki}∞i=1 ❞❡ ✐t❡r❛çõ❡s ❞❡ ✐♥s✉❝❡ss♦s t❛✐s q✉❡✿

lim
i→∞

λki = 0 ❡ lim
i→∞

xki = x∗. ✭✹✳✹✮

Pr♦✈❛✿ ❱❛♠♦s ❞❡♠♦♥str❛r ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ {λk} é t❛❧ q✉❡✿

lim
k→+∞

inf λk = 0 ✭✹✳✺✮

❆ss✉♠✐♥❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ ✉♠ ✈❛❧♦r λ > 0 t❛❧ q✉❡ λk > λ ♣❛r❛ t♦❞♦ k✱ ❡♥tã♦✱ ♣❡❧❛

❍✐♣ót❡s❡ ✹✳✷✱ ♦ ❛❧❣♦r✐t♠♦ ✐rá ✈✐s✐t❛r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s✳ ❈♦♠♦ ♦ ❛❧❣♦r✐t♠♦ s❡ ♠♦✈❡ ♣❛r❛

✉♠ ♥♦✈♦ ♣♦♥t♦ s♦♠❡♥t❡ q✉❛♥❞♦ ❤á s✉❝❡ss♦ ♥❛ ✐t❡r❛çã♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠ í♥❞✐❝❡ k̄

t❛❧ q✉❡ xk = xk̄ ♣❛r❛ t♦❞♦ k ≥ k̄✳ ❉❡✈✐❞♦ à ♠❛♥❡✐r❛ ❝♦♠♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ λk é ❛t✉❛❧✐③❛❞♦

❛♣ós ❝❛❞❛ ✐t❡r❛çã♦ ❞❡ ✐♥s✉❝❡ss♦✱ t❡♠♦s q✉❡

lim
k→∞

λk = 0, ✭✹✳✻✮

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ q✉❡ ❛ss✉♠✐♠♦s ❡ ❣❛r❛♥t❡ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ✭✹✳✺✮✳

s❡çã♦✱ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❝r✐tér✐♦s q✉❡ ♣❡r♠✐t❡♠ ❛ ❣❡r❛çã♦ ❞❡ s❡q✉ê♥❝✐❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♠♦♥ót♦♥❛s✳ ❊ss❛
❛❜♦r❞❛❣❡♠ ❡①✐❣✐✉ q✉❡ r❡❛❧✐③áss❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡ r❡s✉❧t❛❞♦s ❡s♣❡❝í✜❝♦s✱ ♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥❢❡r✐❞♦ ♥❛ s✉❜s❡çã♦ ✹✳✸✳

⑤✼✾⑤



❆ss✐♠ s❡♥❞♦✱ ❞❡✈❡ ❡①✐st✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ í♥❞✐❝❡s K1 ❞❡ ✐t❡r❛çõ❡s ❞❡ ❢r❛❝❛ss♦s t❛❧ q✉❡

lim
k→∞, k∈K1

λk+1 = 0 ✳ ❉❛❞♦ q✉❡ λk ≤ (1/τmin)λk+1✱ t❡r❡♠♦s q✉❡ lim
k→∞, k∈K1

λk = 0✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ q✉❡✱ ♣❡❧❛ ❍✐♣ót❡s❡ ✹✳✶✱ ❛ s❡q✉ê♥❝✐❛ {xk}K1
é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❞❡✈❡ ❛❞♠✐t✐r ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ▲♦❣♦✱ ❡①✐st❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s K2 ⊂ K1 ❡ ✉♠ ♣♦♥t♦ x∗ ∈ Rn

t❛✐s q✉❡

lim
k∈K2

xk = x∗. ✭✹✳✼✮

❈♦♠♦ K2 ⊂ K1✱ ❛ ♣r♦✈❛ s❡ ❝♦♠♣❧❡t❛ ❝♦❧♦❝❛♥❞♦ {ki}∞i=1 = K2✳ �

❙❡ ♣♦r ✉♠ ❧❛❞♦ ♦ ❝✉♠♣r✐♠❡♥t♦ ❞❛ ❍✐♣ót❡s❡ ✹✳✶ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❛ s❡r

❝♦♥s✐❞❡r❛❞❛✱ é ♥❡❝❡ssár✐❛ ✉♠❛ ♠❡❧❤♦r ❡①♣❧❛♥❛çã♦ s♦❜r❡ ❝♦♠♦ ❛ ❍✐♣ót❡s❡ ✹✳✷ ♣♦❞❡ s❡r ❣❛r❛♥t✐❞❛ ♥❛

♣rát✐❝❛✳ ❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ✐ss♦ t❡♠ s✐❞♦ ❢❡✐t♦ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s✿

✶✳ ❛tr❛✈és ❞❛ ✐♠♣♦s✐çã♦ ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡✲

q✉❛❞❛ ♣❛r❛ ❛ ❢✉♥çã♦ ϕ(.)✳ ◆❡st❡ ❝❛s♦ ♥ã♦ ❤á q✉❛❧q✉❡r r❡str✐çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❜❛s❡s

♣♦s✐t✐✈❛s ✉t✐❧✐③❛❞❛s❀

✷✳ ♣♦r ♠❡✐♦ ❞❡ ❝♦♥❞✐çõ❡s q✉❡ ❛✈❛❧✐❡♠ s♦♠❡♥t❡ ♣♦♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ♠❛❧❤❛ r❛❝✐♦♥❛❧ ♣r❡✈✐✲

❛♠❡♥t❡ ❞❡✜♥✐❞❛✱ ♦✉ s❡❥❛✱ t♦❞♦ ♣♦♥t♦ ❛✈❛❧✐❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡✈❡ ♣❡rt❡♥❝❡r ❛♦ ❝♦♥❥✉♥t♦✿

Mk = {xk + λkDu : u ∈ Np}, ✭✹✳✽✮

♣❛r❛ ❛❧❣✉♠ λk ∈ Q✱ ♦♥❞❡ p ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠ ❡ D é

✉♠❛ ♠❛tr✐③ n× p ❡ ♣♦ss✐❜✐❧✐t❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❣❡r❛❞♦r❡s ♣♦s✐t✐✈♦s✱ s❡

❛ss✐♠ ❢♦r ❞❡s❡❥❛❞♦✳ ❆ ❋✐❣✉r❛ ✹✳✶ r❡♣r❡s❡♥t❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ♠❛❧❤❛ r❛❝✐♦♥❛❧ ♣❛r❛ ✉♠❛

❜❛s❡ ♠❛①✐♠❛❧✳ ❆♦ ✉t✐❧✐③❛r ❡st❛ ❡str❛té❣✐❛✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ q✉❡ s❡❥❛ ❛❞♦t❛❞♦ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦

❞❡ ❜❛s❡s ♣♦s✐t✐✈❛s✳ P♦ré♠✱ ❡♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♦ ✉s♦ ❞♦ s✐♠♣❧❡s ❞❡❝rés❝✐♠♦ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡

♥♦✈♦s ♣♦♥t♦s é s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❛ ❢✉♥çã♦

❢♦rç❛♥t❡ ϕ ≡ 0✳

◆♦ ❡♥t❛♥t♦✱ tr❛❜❛❧❤❛r ❝♦♠ ♠❛❧❤❛s ♥ã♦ é ❛ ✐♥t❡♥çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣♦✐s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✱

❡st❡ tr❛❜❛❧❤♦ ♣r♦♣õ❡✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦ q✉❡ s❡ ✜③❡r ♥❡❝❡ssár✐♦✱ ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s

♦rt♦❣♦♥❛✐s ❜❛s❡❛❞♦ ♥❛ ❞✐r❡çã♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❡✱ ♥❡st❡ ❝❛s♦✱ ♥ã♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ s❡❥❛

♣♦ssí✈❡❧ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❜❛s❡s✳ ❙❡♥❞♦ ❛ss✐♠✱ ♥ã♦ ❞❡t❛❧❤❛r❡♠♦s ❝♦♠♦ ♦❜t❡r

♦s r❡s✉❧t❛❞♦s ❞♦ ❚❡♦r❡♠❛ ✹✳✷ ❛tr❛✈és ❞❡ss❛ ❛❜♦r❞❛❣❡♠✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡ ❝♦♥s✉❧t❛r ♦

❝❛♣ít✉❧♦ ✼ ❞♦ ❧✐✈r♦ ❬✶✷❪✳

P❛r❛ ❣❛r❛♥t✐r q✉❡ ❛ ❍✐♣ót❡s❡ ✹✳✷ s❡❥❛ s❛t✐s❢❡✐t❛✱ sã♦ ♥❡❝❡ssár✐❛s ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ❛ ❢✉♥çã♦

ϕ(.) ✉t✐❧✐③❛❞❛ ♥♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❞❡ ♣♦♥t♦s✳ ❚❛✐s ❝♦♥❞✐çõ❡s ❡stã♦ ❛❣r✉♣❛❞❛s ♥❛ ❍✐♣ót❡s❡ ✹✳✸✳

⑤✽✵⑤





❆♥t❡s ❞❡ ❞❡s❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❝♦♥❥✉♥t♦ D✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ♠❡❞✐❞❛ ❞♦ ❝♦ss❡♥♦

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦✱ ❝♦♥❢♦r♠❡ ♣r♦♣♦st♦ ♣♦r ❑♦❧❞❛✱ ▲❡✇✐s ❡ ❚♦r❝③♦♥ ❬✸✺❪✳

❉❡✜♥✐çã♦ ✹✳✸ ❆ ♠❡❞✐❞❛ ❞♦ ❝♦ss❡♥♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣♦s✐t✐✈♦ D é ❞❛❞❛ ♣♦r✿

κ(D) = min
v∈Rn, v 6=0

max
d∈D

v⊤d

‖v‖‖d‖ . ✭✹✳✶✵✮

❖ ❆❧❣♦r✐t♠♦ ✹✳✶ ❛❞♠✐t❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✐♥✜♥✐t❛s ❜❛s❡s ♣♦s✐t✐✈❛s✳ ❈♦♥❢♦r♠❡ ❬✶✷✱ ♣✳✷✷❪✱ t♦❞♦ ❝♦♥❥✉♥t♦

❣❡r❛❞♦r ♣♦s✐t✐✈♦ ♣♦ss✉✐ ♠❡❞✐❞❛ ❞♦ ❝♦ss❡♥♦ ♣♦s✐t✐✈❛✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ é ♥❡❝❡ssár✐♦ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦♥❞✐çã♦

s♦❜r❡ ❛s ♠❡❞✐❞❛s ❞♦ ❝♦ss❡♥♦ ❞❡ss❡s ❝♦♥❥✉♥t♦s✱ ❛ ✜♠ ❞❡ q✉❡ s❡❥❛♠ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣♦s✐t✐✈❛s✳ ❆

❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ t❛♠❜é♠ ✐rá ❡①✐❣✐r q✉❡ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ♣♦s✐t✐✈❛ t❡♥❤❛♠ s✉❛s ♥♦r♠❛s

❧✐♠✐t❛❞❛s✳

❍✐♣ót❡s❡ ✹✳✺ ❈♦♥s✐❞❡r❡ κmin > 0 ❡ λmax > 0 ❝♦♥st❛♥t❡s ♣r❡✈✐❛♠❡♥t❡ ❞❡✜♥✐❞❛s ♥♦ ✐♥í❝✐♦ ❞♦

❛❧❣♦r✐t♠♦✳ ❚♦❞❛ ❜❛s❡ ♣♦s✐t✐✈❛ Dk ✉s❛❞❛ ♥♦ ❆❧❣♦r✐t♠♦ ✹✳✶ é t❛❧ q✉❡ κ(Dk) > κmin ❡ ♣❛r❛ t♦❞♦ ✈❡t♦r

d ∈ Dk✱ t❡♠✲s❡ ‖d‖ ≤ λmax✳

❚❡♦r❡♠❛ ✹✳✸ ❙❡ ❢♦r❡♠ s❛t✐s❢❡✐t❛s ❛s ❍✐♣ót❡s❡s ✹✳✶✱ ✹✳✷✱ ✹✳✹ ❡ ✹✳✺✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛

♣❡❧♦ ❆❧❣♦r✐t♠♦ ✹✳✶ ❛❞♠✐t❡ ✉♠ ♣♦♥t♦ ❧✐♠✐t❡ x∗ s❛t✐s❢❛③❡♥❞♦✿

∇f(x∗) = 0. ✭✹✳✶✶✮

Pr♦✈❛✿ ❱❡r ❬✶✷❪✱ ❚❡♦r❡♠❛ ✼✳✸✳ �

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ❝♦♥✈é♠ ❧✐st❛r ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ r❡❧❛①❛r ❛❧❣✉♠❛s ❞❛s ❤✐♣ót❡s❡s ♥❡❝❡ssár✐❛s ♣❛r❛

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✸✳ ❈♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✶✷❪✱ ❚❡♦r❡♠❛ ✼✳✹✱ ❛♦ ✉t✐❧✐③❛r ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❜❛s❡s ♣♦s✐t✐✈❛s✱ ❛❧é♠ ❞❡ ❣❛r❛♥t✐r q✉❡ ❛ ❍✐♣ót❡s❡ ✹✳✺ s❡❥❛ s❛t✐s❢❡✐t❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡✱

♣♦❞❡♠♦s s✉❜st✐t✉✐r ❛ ❍✐♣ót❡s❡ ✹✳✹ ♣♦r ✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛✱ ♥❛ q✉❛❧ f ♥❡❝❡ss✐t❛ s❡r s♦♠❡♥t❡

❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r ❣r❛❞✐❡♥t❡ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉♦✮ ❡♠ ✉♠ ❛❜❡rt♦

❝♦♥t❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ L(x0)✳

❈❛s♦ t❡♥❤❛ s✐❞♦ ✉t✐❧✐③❛❞❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ♣❛r❛ s❛t✐s❢❛çã♦ ❞❛ ❍✐♣ót❡s❡ ✹✳✷✱ ♦

tr❛❜❛❧❤♦ ❞❡ ❑♦❧❞❛✱ ▲❡✇✐s ❡ ❚♦r❝③♦♥ ❬✸✺❪ ❛♣r❡s❡♥t❛ ❛✐♥❞❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦

❡q✉✐✈❛❧❡♥t❡ àq✉❡❧❡ ♦❜t✐❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✱ s✉❜st✐t✉✐♥❞♦ ❛ ❍✐♣ót❡s❡ ✹✳✶✱ q✉❡ ❡①✐❣❡ q✉❡ ❛ s❡q✉ê♥❝✐❛

❣❡r❛❞❛ ❡st❡❥❛ ❞❡♥tr♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✱ ♣♦r ✉♠❛ ❤✐♣ót❡s❡ ♠❛✐s ❢r❛❝❛✱ q✉❡ ✐rá ❡①✐❣✐r s♦♠❡♥t❡

q✉❡ f s❡❥❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ ❞❛❞♦ ♣♦r ✭✹✳✸✮✳

❈♦♠♦ ❥á ❛❞✐❛♥t❛♠♦s✱ ♥♦ss❛ ✐♥t❡♥çã♦ é tr❛❜❛❧❤❛r ❝♦♠ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ♣♦r ✐ss♦ ✉t✐❧✐③❛r❡♠♦s

❝♦♠♦ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) = ‖F (x)‖2 ❡✱ t❛♠❜é♠✱ ✉♠❛ ✈❡rsã♦ ♥ã♦ ♠♦♥ót♦♥❛ ♣❛r❛

⑤✽✷⑤



❛ ❜✉s❝❛ ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s q✉❡ ❛♣r♦✈❡✐t❛ ♦s ❞❛❞♦s ❞❛

❞✐r❡çã♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡s♣❡❝tr❛❧✳ ❙❡♥❞♦ ❛ss✐♠✱ ❢♦✐ ♥❡❝❡ssár✐❛ ✉♠❛ ♥♦✈❛ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛

s✉♣r✐r ❛s ♠♦❞✐✜❝❛çõ❡s q✉❡ ♣r♦♣✉s❡♠♦s✳ ❈♦♠❡ç❛r❡♠♦s ❛ ♥♦ss❛ ❛♥á❧✐s❡ ♥❛ ♣ró①✐♠❛ s❡çã♦✱ r❡❧❛t❛♥❞♦

❛ ❝♦♥str✉çã♦ ❞❛ ♥♦✈❛ ❜❛s❡ ♣♦s✐t✐✈❛ ❬✶✻❪✳

✹✳✷✳ ◆♦✈❛s ❜❛s❡s ♣♦s✐t✐✈❛s

❙❡❣✉✐♥❞♦ ❛ ❡str✉t✉r❛ ♣r♦♣♦st❛ ❡♠ ❬✶✷❪ ❡ r❡❧❛t❛❞❛ ♥♦ ❆❧❣♦r✐t♠♦ ✹✳✶ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦

❧✐♥❡❛r❡s✱ ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ♥♦✈♦ ♠ét♦❞♦ ❡♠ q✉❡ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ✈❡rsã♦ ✜♥✐t❛

❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ✭❍■❇✶✮ ❡✱ ♣❛r❛ ❛ ❢❛s❡ ❞❡ s♦♥❞❛❣❡♠ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♥♦✈❛ s❡q✉ê♥❝✐❛ ❞❡ ❜❛s❡s

♣♦s✐t✐✈❛s✱ ✉t✐❧✐③❛♥❞♦ ♦s ♣♦♥t♦s ❛❞✈✐♥❞♦s ❞❛ ❞✐r❡çã♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❬✶✻❪✳ ❊ss❛ ❛❜♦r❞❛❣❡♠ s❡❣✉❡

✉♠❛ ❞❛s ❡t❛♣❛s ❞♦ ❛❧❣♦r✐t♠♦ ❖❘❚❍❖▼❆❉❙ ❬✶❪✱ ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ❆❧❣♦r✐t♠♦ ▼❆❉❙ ✭▼❡s❤ ❆❞❛♣t✐✈❡

❉✐r❡❝t ❙❡❛r❝❤✮ ❬✹❪ q✉❡ ✉t✐❧✐③❛ ❞✐r❡çõ❡s ♦rt♦❣♦♥❛✐s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠✳

❖ ♠ét♦❞♦ ❖❘❚❍❖▼❆❉❙ é ✉♠ ♠ét♦❞♦ ❞❡t❡r♠✐♥íst✐❝♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡

♠✐♥✐♠✐③❛çã♦ ❛tr❛✈és ❞❡ ❜✉s❝❛ ❞✐r❡t❛✳ ❖❘❚❍❖▼❆❉❙ ❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠ ♦r✲

t♦❣♦♥❛✐s✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ✉♥✐ã♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❣❡r❛❞❛s ✭❡♠ t♦❞❛s ❛s ✐t❡r❛çõ❡s✮✱ s❡ ♥♦r♠❛❧✐③❛❞❛s✱

❣❡r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✉♠❛

❜♦❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ♥♦ ❝♦♥t❡①t♦ ♥ã♦✲s✉❛✈❡✳

P❛r❛ ❣❡r❛r ❡ss❡ ❝♦♥❥✉♥t♦✱ ❝❛❞❛ ✐t❡r❛çã♦ ❞❡ ❖❘❚❍❖▼❆❉❙ r❡❛❧✐③❛ ♦s s❡❣✉✐♥t❡s ♣r♦❝❡❞✐♠❡♥t♦s✿

✶✳ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❍❛❧t♦♥ ♣s❡✉❞♦rr❛♥❞ô♠✐❝❛ ❬✸✷❪ q✉❡ ♣r♦❞✉③ ✉♠ ✈❡t♦r ♥♦ ❡s♣❛ç♦ [0, 1]n❀

✷✳ ♦ ✈❡t♦r ❡♥❝♦♥tr❛❞♦ ♥❛ ❡t❛♣❛ ❛♥t❡r✐♦r é ❡s❝❛❧❛❞♦ ♣❛r❛ ✉♠ t❛♠❛♥❤♦ ❛♣r♦♣r✐❛❞♦ ❡ s✉❛s ❝♦♠♣♦✲

♥❡♥t❡s sã♦ ❛rr❡❞♦♥❞❛❞❛❞❛s ♣❛r❛ ✉♠ ✈❛❧♦r ✐♥t❡✐r♦❀

✸✳ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ t✐♣♦ ❍♦✉s❡❤♦❧❞❡r ❡s❝❛❧❛❞❛ é ❛♣❧✐❝❛❞❛✱ ♣r♦❞✉③✐♥❞♦ ✉♠❛ ❜❛s❡ B ❢♦r♠❛❞❛

♣♦r n ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s ❝♦♠ ❡♥tr❛❞❛s ✐♥t❡✐r❛s❀

✹✳ ❛ ✉♥✐ã♦ ❞❛ ❜❛s❡ B ❡ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ✈❡t♦r❡s s✐♠étr✐❝♦s ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ♣♦s✐t✐✈❛ ♠❛①✐♠❛❧✱ ✉t✐❧✐③❛❞❛ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r✱ ❛♣ós ❝❛❞❛ ✐t❡r❛çã♦ ❞❡ s✉❝❡ss♦✱ ❡ ❡♠ ❝❛s♦ ❞❡ ❢❛❧❤❛ ♥❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛✱

✉♠ ❝♦♥❥✉♥t♦ Dk ❝♦♠ 2n ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ❞✐r❡çã♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❡ s❡✉

s✐♠étr✐❝♦ ❡st❡❥❛♠ ❝♦♥t✐❞♦s ♥❡st❡ ❝♦♥❥✉♥t♦✳ ❆ ♥♦ss❛ ✐♥t❡♥çã♦ é ❣❡r❛r ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ n ❞✐r❡çõ❡s

♦rt♦❣♦♥❛✐s q✉❡ ❝♦♥té♠ −(1/αk)F (xk) ♦✉ (1/αk)F (xk) ❡✱ ❞❛í✱ ❞❡t❡r♠✐♥❛r ♦ ❝♦♥❥✉♥t♦ Dk ❢♦r♠❛❞♦

♣❡❧♦s ✈❡t♦r❡s ❞❡ss❡ ❝♦♥❥✉♥t♦ ♦rt♦❣♦♥❛❧ ❡ s❡✉s r❡s♣❡❝t✐✈♦s s✐♠étr✐❝♦s✳ P❛r❛ ✐ss♦ ✉s❛r❡♠♦s ❛ ✐❞❡✐❛ ❞❡

♦rt♦❣♦♥❛❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❖❘❚❍❖▼❆❉❙ ✭✐t❡♠ ✸ ❞❛ ❧✐st❛ ❛♥t❡r✐♦r✮ ❡ ✐r❡♠♦s ❣❡r❛r ♦ ♥♦ss♦ ♣ró♣r✐♦

❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❝♦♥t❡♥❤❛ ❛s ❞✐r❡çõ❡s r❡q✉❡r✐❞❛s✳

⑤✽✸⑤



◆ã♦ ♥♦s ♣r❡♦❝✉♣❛r❡♠♦s ❡♠ ❛rr❡❞♦♥❞❛r ♥♦ss♦ ✈❡t♦r ♣❛r❛ tr❛♥s❢♦r♠á✲❧♦ ♥✉♠ ✈❡t♦r ❝♦♠ ❡♥tr❛❞❛s

✐♥t❡✐r❛s✱ ❥á q✉❡ ♣r❡t❡♥❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦

t❡♠♦s ❡ss❛ ♥❡❝❡ss✐❞❛❞❡✳ ❚❛♠❜é♠ ♥ã♦ ♣r❡❝✐s❛♠♦s ♥♦s ♣r❡♦❝✉♣❛r ❝♦♠ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❞❡♥s✐❞❛❞❡ ♥❛

❜♦❧❛ ✉♥✐tár✐❛✱ ❥á q✉❡ ♥ã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦✲s✉❛✈❡s✱ ❡✱ s❡♥❞♦ ❛ss✐♠✱

♥ã♦ ❣❡r❛r❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ❍❛❧t♦♥ ♣s❡✉❞♦rr❛♥❞ô♠✐❝❛✳

❘❡❧❡♠❜r❡♠♦s q✉❡✱ ❞❛❞♦ ✉♠ ✈❡t♦r q q✉❛❧q✉❡r ♣❡rt❡♥❝❡♥t❡ ❛♦ ❡s♣❛ç♦ Rn✱ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❍♦✉✲

s❡❤♦❧❞❡r ❡s❝❛❧❛❞❛ ❞❡✜♥✐❞❛ ♣♦r ❡st❡ ✈❡t♦r é ❞❛❞❛ ♣♦r✿

H = ‖q‖2(I − 2vv⊤), ✭✹✳✶✷✮

♦♥❞❡ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡ v = ‖q‖−1q✳

❖❜s❡r✈❛çã♦ ✹✳✷✿ ◆♦t❡ q✉❡ ❛ ♠❛tr✐③ H ❛ss✐♠ ❞❡✜♥✐❞❛✱ ❡♠❜♦r❛ t❡♥❤❛ ❝♦❧✉♥❛s✴❧✐♥❤❛s ♦rt♦❣♦♥❛✐s✱ ♥ã♦ é ✉♠❛

♠❛tr✐③ ♦rt♦❣♦♥❛❧✱ ❥á q✉❡

H⊤H =
∥

∥q
∥

∥

4
I, ✭✹✳✶✸✮

❞❛í ❛ ❞❡♥♦♠✐♥❛çã♦ ❍♦✉s❡❤♦❧❞❡r ❡s❝❛❧❛❞❛✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ❣❡r❛r ♥♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s✱ ✐r❡♠♦s ❞❡t❡r♠✐♥❛r ✉♠ ✈❡t♦r q ❛❞❡q✉❛❞♦✱ ❞❡ ♠♦❞♦

q✉❡ ✉♠❛ ❞❛s ❞✐r❡çõ❡s ❡s♣❡❝tr❛✐s ✭d− = −(1/αk)F (xk) ♦✉ d+ = (1/αk)F (xk)✮✱ ❝❢✳ ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮✱

s❡❥❛ ✉♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ H✳ ❆♦ ❞❡✜♥✐r♠♦s ❛ ♠❛tr✐③ H ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✹✳✶✷✮✱ s✉❛s

❝♦❧✉♥❛s ✐rã♦ ❢♦r♠❛r ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ♣❛r❛ ♦ Rn✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶

♥♦ ❝♦♥❥✉♥t♦ {e1, e2, . . . , en,−e1,−e2, . . . ,−en} t❡♠♦s q✉❡ ❛ ✉♥✐ã♦ ❞❛s ❝♦❧✉♥❛s ❞❡ H ❡ −H ❞❡✜♥❡

✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ Rn✳

❉❡✜♥✐♥❞♦ q = (q1, q2, . . . , qn)
⊤✱ ❝♦♥❢♦r♠❡ ✭✹✳✶✷✮✱ ❛ ❡①♣r❡ssã♦ ❣❡r❛❧ ❞❡ H ❡♠ ❢✉♥çã♦ ❞❡ q s❡rá✿

H =

























‖q‖ − 2q21 −2q1q2 · · · −2q1qi · · · −2q1qn

−2q1q2 ‖q‖ − 2q22 · · · −2q2qi · · · −2q2qn
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳✳✳

−2q1qi −2q2qi · · · ‖q‖ − 2q2i · · · −2qiqn
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

−2q1qn −2q2qn · · · −2qiqn · · · ‖q‖ − 2q2n

























. ✭✹✳✶✹✮

❖ ✈❡t♦r d = (d1, d2, . . . , dn)
⊤ s❡rá ❡s❝♦❧❤✐❞♦ ❝♦♠♦ −(1/αk)F (xk) ♦✉ (1/αk)F (xk)✱ ❡ ❝♦♠♣♦rá ❛

i✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ H✱ ♦♥❞❡ ♦ í♥❞✐❝❡ i é t❛❧ q✉❡ Fi(xk) 6= 0✳ ❉❡ss❛ ❢♦r♠❛ t❡♠♦s✿

⑤✽✹⑤



























−2q1qi

−2q2qi
✳✳✳

‖q‖ − 2q2i
✳✳✳

−2qiqn

























=

























d1

d2
✳✳✳

di
✳✳✳

dn

























. ✭✹✳✶✺✮

❉❛❞♦ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛s ❝♦❧✉♥❛s ❞❡ ❛♠❜❛s ❛s ♠❛tr✐③❡s H ❡ −H ♥❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ Dk✱

♥ã♦ ✐♠♣♦rt❛ s❡ ❛ ❞✐r❡çã♦ d ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ é d = −(1/αk)F (xk) ♦✉ d = (1/αk)F (xk)✳ ❆ss✐♠

s❡♥❞♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❞✐r❡çã♦ d ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

d =

{

−(1/αk)F (xk), s❡ − (1/αk)Fi(xk) > 0

(1/αk)F (xk), s❡ (1/αk)Fi(xk) > 0.
✭✹✳✶✻✮

❋❡✐t♦ ✐ss♦✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❞✉❛s s✐t✉❛çõ❡s✿

✶✳ di = ‖d‖✱ ♦✉ s❡❥❛✱ Fj(xk) = 0 ♣❛r❛ t♦❞♦ j 6= i❀

✷✳ di 6= ‖d‖✳

❈❛s♦ ♦❝♦rr❛ ❛ ♣r✐♠❡✐r❛ s✐t✉❛çã♦✱ ❜❛st❛ ❞❡✜♥✐r H = diI q✉❡ t❡r❡♠♦s ✉♠❛ ♠❛tr✐③ H✱ ❝✉❥❛s ❝♦❧✉♥❛s

sã♦ ♦rt♦❣♦♥❛✐s✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ i✲és✐♠❛ ❝♦❧✉♥❛ s❡❥❛ ❛ ❞✐r❡çã♦ d ❝♦♠♦ q✉❡rí❛♠♦s✳

P❛r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦✱ ❞❡✈❡♠♦s ❞❡t❡r♠✐♥❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r q ❣❡r❛❞♦r ❞❛ ♠❛tr✐③ ❞❡ ❍♦✉s❡❤♦❧✲

❞❡r H✳ ❙❡ ❞❡✜♥✐r♠♦s ✐♥✐❝✐❛❧♠❡♥t❡✿

qi =

√

1

2
(‖d‖ − di), ✭✹✳✶✼✮

❡✱ ❛♣ós ✐ss♦✱

qj =
−dj
2qi

, ♣❛r❛ t♦❞♦ j 6= i, ✭✹✳✶✽✮

t❡r❡♠♦s ❞❡✜♥✐❞♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✹✳✶✺✮ ❡✱ ❛ ♣❛rt✐r ❞❛í✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛

♠❛tr✐③ H ❡ ❛ ❜❛s❡ ♣♦s✐t✐✈❛ q✉❡ ♣r♦❝✉rá✈❛♠♦s✳

⑤✽✺⑤



✹✳✸✳ ❘❡s♦❧✈❡♥❞♦ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡

❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠♦❞❡❧♦ ❝♦♥❝❡✐t✉❛❧ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ♦♥❞❡ ❛❝r❡s❝❡♥t❛♠♦s ✉♠❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ λk s❡ t♦r♥❛r

❞❡♠❛s✐❛❞❛♠❡♥t❡ ♣❡q✉❡♥♦ ♥❛ ❜✉s❝❛ ❧✐♥❡❛r ❞♦ P❛ss♦ ✾ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹✳

❖ ♥♦✈♦ ♠♦❞❡❧♦ s❡❣✉❡ ♦s ♠❡s♠♦s ♣r♦❝❡❞✐♠❡♥t♦s ❛❞♦t❛❞♦s ♥♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ♥♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ❛té

♦ P❛ss♦ ✾✳ ◆❡st❡ ♣❛ss♦✱ q✉❛♥❞♦ t✐✈❡r♠♦s λk ♠❡♥♦r q✉❡ ✉♠ ✈❛❧♦r λmin ♣ré✲❞❡t❡r♠✐♥❛❞♦✱ ♦ ❛❧❣♦r✐t♠♦

✐rá ✐♥✐❝✐❛r ✉♠❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ✉t✐❧✐③❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣♦st♦✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♣❡❧❛s ❝♦❧✉♥❛s

❞❡ H ❡ −H✱ ❞❡✜♥✐❞❛s ❝♦♥❢♦r♠❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞❡s❝r✐t♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

❆ss✐♠ s❡♥❞♦✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r q✉❡ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛ s❡rá ❝♦♠♣♦st❛ ♣❡❧♦s ♠ét♦❞♦s ❉❋❙❆◆❊ ❡
◆❡✇t♦♥ ✐♥❡①❛t♦✳ ❆ ❢❛s❡ ❞❡ s♦♥❞❛❣❡♠ s❡rá ❛❝✐♦♥❛❞❛ ❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ λk

s❡ t♦r♥❛r ❞❡♠❛s✐❛❞❛♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡✈✐❞♦ ❛♦ ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s ♥❛ ❞✐r❡çã♦ ❢♦r♥❡❝✐❞❛ ♣❡❧♦
♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦✳

❖❜s❡r✈❛çã♦ ✹✳✸✿ ❈❛❜❡ r❡ss❛❧t❛r q✉❡✱ ♥❛ ♣rát✐❝❛✱ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ s♦♠❡♥t❡ s❡rá ❛❝✐♦♥❛❞❛ q✉❛♥❞♦

❡st✐✈❡r♠♦s ❡♠ ✈✐❛s ❞❡ ❞❡❝❧❛r❛r ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦ ♣♦r ❡①❝❡ss♦ ❞❡ ❜✉s❝❛s ❧✐♥❡❛r❡s✱ ❥á q✉❡ ♦ ✉s♦ ❞❡ ♠ét♦❞♦s ❞❡

❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ é r❡❝♦♠❡♥❞á✈❡❧ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳

❉✐❛♥t❡ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞✐♠✐♥✉✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ♥❛ ❡t❛♣❛ ❞❡ s♦♥❞❛❣❡♠ ✭✐t❡r❛çõ❡s ❞❡ ✐♥s✉❝❡ss♦✮✱

❛ ♣ró①✐♠❛ ✐t❡r❛çã♦ ♥ã♦ ❝♦♥t❛rá ❝♦♠ ❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ❡✱ ❛❧é♠ ❞✐ss♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡

s♦♥❞❛❣❡♠ ✉t✐❧✐③❛❞♦ s❡rá ♦ ♠❡s♠♦✳ ❊♠ ❝❛s♦ ❞❡ s✉❝❡ss♦✱ ♦ ❛❧❣♦r✐t♠♦ ❝♦♥t❛ ❝♦♠ ❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛✳

❆❧é♠ ❞✐ss♦✱ ♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ t❛♠❜é♠ ❞✐❢❡r❡ ❞♦ ❛❧❣♦r✐t♠♦ ❝❧áss✐❝♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ✭❆❧❣♦r✐t♠♦ ✹✳✶✮

♥♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛ ♥♦✈♦s ♣♦♥t♦s✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ✉t✐❧✐③❛♠♦s ✉♠ ❝r✐tér✐♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ ❛

❣❡r❛çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ {f(xk)} ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♠♦♥ót♦♥❛✱ ❛ss✐♠ ❝♦♠♦ ✜③❡♠♦s ♥♦ ❝❛♣ít✉❧♦

❛♥t❡r✐♦r✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s s✉❛✈❡s ❞❡ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ❞♦ q✉❡ ✉s✉✲

❛❧♠❡♥t❡ s❡ tr❛❜❛❧❤❛ ❝♦♠ ❛❧❣♦r✐t♠♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ♣r♦♣♦♠♦s ✉♠❛ ♥♦✈❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ♥❛s

❞✐r❡çõ❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠ ❡♠ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ é ❞✐♠✐♥✉í❞♦ à ♠❡❞✐❞❛ ❡♠ q✉❡ ✈❛♠♦s

♠✉❞❛♥❞♦ ❛ ❞✐r❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠✳ ❖✉ s❡❥❛✱ ❛♦ ✐♥✈és ❞❡ t❡st❛r t♦❞❛s ❛s ❞✐r❡çõ❡s ❡✱ ❡♠

❝❛s♦ ❞❡ ✐♥s✉❝❡ss♦✱ ❞✐♠✐♥✉✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ✐♥✐❝✐❛r ✉♠ ♥♦✈♦ ❝✐❝❧♦ ❞❡ s♦♥❞❛❣❡♠✱ ♣r♦♣♦♠♦s q✉❡

♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ s❡❥❛ r❡❞✉③✐❞♦ ❛ ❝❛❞❛ ♣❛r ❞❡ ❞✐r❡çõ❡s ♦♣♦st❛s t❡st❛❞❛s✳ Pr❡t❡♥❞❡✲s❡✱ ❝♦♠ ✐ss♦✱

❡✈✐t❛r ✉♠ ♥ú♠❡r♦ ❡①❝❡ss✐✈♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✱ ❥á q✉❡ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é s❛✐r r❛♣✐❞❛♠❡♥t❡ ❞❛

❡t❛♣❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ q✉❡✱ ♥❛ ♣rát✐❝❛✱ t❡♥❞❡ ❛ s❡r ❜❡♠ ♠❛✐s ❝❛r❛ ❞♦ q✉❡ ❛s ❞❡♠❛✐s ❡t❛♣❛s✳ ❈❤❛✲

♠❛♠♦s ❡ss❛ ♥♦ss❛ ❜✉s❝❛ ❞❡ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ ❡ ❛ ❞❡s❝r❡✈❡♠♦s ♥♦ ❆❧❣♦r✐t♠♦ ✹✳✸✳ ❆ ❋✐❣✉r❛ ✹✳✷

✐❧✉str❛ ❝♦♠♦ s❡r✐❛ ❛ ❜✉s❝❛ q✉❡ ❡st❛♠♦s ♣r♦♣♦♥❞♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡♠ três ❞✐♠❡♥sõ❡s✱ ♦♥❞❡ ♦s ♣♦♥t♦s

t❡st❛❞♦s s❡r✐❛♠ s♦♠❡♥t❡ ❛q✉❡❧❡s q✉❡ ❡stã♦ ❡s❝✉r❡❝✐❞♦s ✭♦s ♥ú♠❡r♦ ♠❛r❝❛❞♦s ✐♥❞✐❝❛♠ ❛ ♦r❞❡♠ ❡♠

q✉❡ ♦s ♣♦♥t♦s s❡r✐❛♠ t❡st❛❞♦s ❡♠ ❝❛s♦ ❞❡ s✉❝❡ss✐✈♦s ❢r❛❝❛ss♦s✮✳

⑤✽✻⑤





✽✳ ❙❡ λ < λmin✱ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✾✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✈á ♣❛r❛ ♦ ♣❛ss♦ ✻

✾✳ ❊♥❝♦♥tr❡ i ∈ {1, 2, . . . , n} t❛❧ q✉❡ Fi(xk) 6= 0✳

• ❙❡ −(1/αk)Fi(xk) > 0✱ ❢❛ç❛ d = −(1/αk)F (xk)✱

• ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ d = (1/αk)F (xk)✳

✶✵✳ ❙❡ di = ‖d‖ ❡♥tã♦ ❞❡✜♥❛ H = diI✳ ❈❛s♦ ❝♦♥trár✐♦✿

✭❛✮ ❉❡✜♥❛ qi =
√

1
2(‖d‖ − di)❀

✭❜✮ P❛r❛ j = 1, 2, . . . , n ❝♦♠ j 6= i✱ ❞❡✜♥❛ qj =
−dj
2qi

❀

✭❝✮ ❈❛❧❝✉❧❡ v = ‖q‖−1q❀

✭❞✮ ❈❛❧❝✉❧❡ H = [h1 h2 . . . hn] = ‖q‖2(I − 2vv⊤)❀

✶✶✳ ❉❡✜♥❛ r = mod(i, n) + 1✱ t = 0 ❡ λ = 1✳

✶✷✳ ❖❜t❡♥❤❛ λ ✉t✐❧✐③❛♥❞♦ ♦ ❆❧❣♦r✐t♠♦ ✹✳✸✳

✶✸✳ ❙❡ λ = 0✱ ❢❛ç❛ µ = βµ✱ t = t+ 1 ❡ ✈♦❧t❡ ♣❛r❛ ♦ ♣❛ss♦ ✶✷✳

✶✹✳ ❋❛ç❛ λk = λ✳

✶✺✳ ❉❡✜♥❛ xk+1 = xk + λkdk ❡ ❢❛ç❛ k = k + 1✳

✶✻✳ ❙❡ F (xk+1) = 0 ♦✉ ∇f(xk) = 0✱ ♣❛r❡ ♦ ❛❧❣♦r✐t♠♦ ❡ ❞❡❝❧❛r❡ ❙❯❈❊❙❙❖✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✈á

♣❛r❛ ♦ ♣❛ss♦ ✷✳

❖❜s❡r✈❛çã♦ ✹✳✹✿ ◆❛ ♣rát✐❝❛✱ ♥ã♦ é ♣r❡❝✐s♦ ❡♥❝♦♥tr❛r ❡ ❛r♠❛③❡♥❛r ❛ ♠❛tr✐③ H✳ ❙❡ t✐✈❡r♠♦s di 6=
∥

∥d
∥

∥✱ ❡♥tã♦✱

❛ ❝❛❞❛ t❡st❡ ❞❡ s♦♥❞❛❣❡♠✱ ❜❛st❛ ❞❡t❡r♠✐♥❛r ❛ ❝♦❧✉♥❛ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❝♦♠♦ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✱ ❝♦♥❢♦r♠❡ ❛

♠❛tr✐③ ✭✹✳✶✹✮ ❡ ❛s ❡q✉❛çõ❡s ✭✹✳✶✼✮ ❡ ✭✹✳✶✽✮✳ ❙❡ ❡st✐✈❡r♠♦s ♥❛ s✐t✉❛çã♦ ❡♠ q✉❡ di =
∥

∥d
∥

∥✱ é s✉✜❝✐❡♥t❡ q✉❡ ♦

❛❧❣♦r✐t♠♦ ❢❛ç❛✱ q✉❛♥❞♦ ♥❡❝❡ssár✐♦✱ hr = dier✳

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r ♦ ❛❧❣♦r✐t♠♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♣❛r❛ r❡❛❧✐③❛r ❛ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ ♥♦

P❛ss♦ ✶✷✳ ◆❡st❡ ❛❧❣♦r✐t♠♦ t✐✈❡♠♦s ❞❡ ❛❞✐❝✐♦♥❛r ♦ ♠❛r❝❛❞♦r rmarc q✉❡ ✐♥❞✐❝❛ ♦ í♥❞✐❝❡ ❞♦ ✈❡t♦r

❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦♥❞❛❣❡♠ ❡♠ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❛t✐♥❣❡ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ♠❡♥♦r q✉❡ ✉♠ ✈❛❧♦r aµ

♣r❡❞❡t❡r♠✐♥❛❞♦✳ ◆❡st❡ ❝❛s♦✱ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ r❡❞✉③ ♠❛✐s ♦ ✈❛❧♦r ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ✐rá r❡❛❧✐③❛r✱

q✉❛♥❞♦ ♥❡❝❡ssár✐♦✱ ✉♠ ♥♦✈♦ ❝✐❝❧♦ ❝♦♠♣❧❡t♦✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ♥❡❝❡ssár✐♦ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❝♦♥✲

✈❡r❣ê♥❝✐❛ t❡ór✐❝❛ ❞♦ ♠ét♦❞♦✳ ◆❛ ♣rát✐❝❛✱ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❛t✐♥❣✐r ✉♠ ✈❛❧♦r ♠❡♥♦r q✉❡ aµ ✭q✉❡

❞❡✈❡ s❡r ❜❛✐①♦✮✱ ✐rá ❞❡❝❧❛r❛r ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦✳

⑤✽✽⑤



❆❧❣♦r✐t♠♦ ✹✳✸ ❇✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧

P❛râ♠❡tr♦s✿ γ ∈ (0, 1)✱ a ∈ (0, 1]✱ 0 < ξmin < ξmax < 1 ❡ µ ∈ (0, 1)✳

✶✳ α = a

✷✳ ❊♥q✉❛♥t♦ f(xk + αhr) > (1− γα2)Wk ❡ f(xk − αhr) > (1− γα2)Wk✱ ❢❛ç❛✿

✭❛✮ ❙❡ α ≥ µa ❡s❝♦❧❤❛ ξ ∈ [ξmin, ξmax]✱ ❢❛ç❛ α = ξα, rmarc = r ❡ ✈á ♣❛r❛ ✷❝✳

✭❜✮ ❈❛s♦ ❝♦♥trár✐♦✿

✐✳ s❡ r 6= rmarc✱ ✈á ♣❛r❛ ✷❝ ❀

✐✐✳ s❡ r = rmarc✱ ❢❛ç❛ λ = 0✱ dk = hr✱ δ = α ❡ t❡r♠✐♥❡✳

✭❝✮ ❋❛ç❛ r = mod(r, n) + 1

✸✳ ❙❡ f(xk + αhr) ≤ (1− γα2)Wk✱ ❢❛ç❛ dk = hr✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ dk = −hr✳

✹✳ ❋❛ç❛ λ = α ❡ t❡r♠✐♥❡✳

❖ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛ ♥♦✈♦s ♣♦♥t♦s ✉t✐❧✐③❛❞♦ ♥❛ ♥♦✈❛ ❜✉s❝❛ ❞✐r❡t❛✱ ❡♠❜♦r❛ s❡❥❛ ♥ã♦ ♠♦♥ót♦♥♦✱

❞✐❢❡r❡ ❞❛q✉❡❧❡ ✉t✐❧✐③❛❞♦ ♥❛s ❡t❛♣❛s ❛♥t❡r✐♦r❡s✳ P❛r❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❣❧♦❜❛❧✱ ❤♦✉✈❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❡q✉✐✈❛❧❡♥t❡ àq✉❡❧❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✱ ❥á ❝♦♠ ❛ ♠✉❞❛♥ç❛

❞❡ ❜✉s❝❛ ❧✐♥❡❛r ♣❛r❛ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ♦♠✐t✐❞❛ ❛q✉✐ ♣♦✐s s❡❣✉❡ ♦s ♠❡s♠♦s

♣r♦❝❡❞✐♠❡♥t♦s ❛❞♦t❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳

Pr♦♣♦s✐çã♦ ✹✳✸ ❙✉♣♦♥❤❛ q✉❡ F (xk) 6= 0 ❡ ❝♦♥s✐❞❡r❡ ✉♠ ✈❛❧♦r µ ∈ (0, 1) ❞❛❞♦ ❡♠ xk✳ ❊♥tã♦ ♦

❆❧❣♦r✐t♠♦ ✹✳✸ ❞❡t❡r♠✐♥❛✱ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐t❡r❛çõ❡s✱ ✉♠❛ ❞✐r❡çã♦ dk ❡ ✉♠ ❡s❝❛❧❛r λ ∈ [0, a]

t❛✐s q✉❡✿

f(xk + λdk) ≤ (1− γλ2)Wk. ✭✹✳✶✾✮

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é ❛ss❡❣✉r❛❞❛✿

✶✳ λ = 0 ❡

‖F (xk + δshs)‖2 > (1− γδ2s)Wk ≥ (1− γδ2s)‖F (xk)‖2, ✭✹✳✷✵✮

♣❛r❛ s = 1, 2, . . . , 2n ❝♦♠ δs < µa❀ ♦✉

✷✳ λ ≥ ξminµa✳

⑤✽✾⑤



✹✳✸✳✶ ❆♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❆♥❛❧✐s❛♠♦s ♥❡st❛ s✉❜s❡çã♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✷✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❛ ❧✐♥❤❛ ❞❛

❞❡♠♦♥str❛çã♦ ♣❛r❛ ❛ Pr♦♣♦s✐çã♦ ✻✳✶✱ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✸✵❪✳ ❚❛❧ q✉❛❧ ❛q✉❡❧❡ r❡s✉❧t❛❞♦✱ ♣r♦✈❛♠♦s q✉❡

❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♦✉ ♦❜té♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ♦✉ ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳ ❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ❬✸✵❪✱ ❝♦♥s✐❞❡r❛♠♦s

q✉❡ x é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ f(x) = ‖F (x)‖2 s❡ s❛t✐s❢❛③ ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s✿

• ‖F (x)‖2 = 0

• ‖F (x)‖2 > 0 ❡ ∇f(x) = 2J(x)⊤F (x) = 0✳

❚❡♦r❡♠❛ ✹✳✹ ❈♦♥s✐❞❡r❡ {xk} ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✹✳✷ ❍■❇✷ ❡♠ q✉❡ ❛s ❝♦♥❞✐çõ❡s

CA1 ❡ CA2 sã♦ ❛♠❜❛s ❞❡✜♥✐❞❛s ❝♦♠♦✿

f(xk + λkdk) ≤ Wk + ζk − γλ2
kf(xk) ✭✹✳✷✶✮

♦♥❞❡ ζk > 0 ♣❛r❛ t♦❞♦ k✱

∞
∑

k=1

ζk = ζ < ∞ ❡✱ ❛❧é♠ ❞✐ss♦ s❛t✐s❢❛③✿

ζk − c̄f(xk) < 0 ❝♦♠ c̄ > 0 ✭✹✳✷✷✮

♣❛r❛ t♦❞♦ k ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ❛❧❣✉♠ k̄ ∈ N✳ ❆ss✉♠❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ L̄0 = {x ∈ Rn | f(x) ≤
f(x0) + ζ} é ❧✐♠✐t❛❞♦✳ ❊♥tã♦ ♦ ❛❧❣♦r✐t♠♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡✱ ♦✉ t❡r♠✐♥❛ ❡♠ ✉♠ ♣♦♥t♦ xk q✉❡ é

♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✱ ♦✉ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ t❛❧ q✉❡ t♦❞♦ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡

{xk} é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦✳

Pr♦✈❛✿ ❚♦❞♦ ♣♦♥t♦ xk ❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ✐rá s❛t✐s❢❛③❡r✿

f(xk+1) ≤ Wk + ζk, ♣❛r❛ t♦❞♦ k. ✭✹✳✷✸✮

❆ss✐♠ s❡♥❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ✈❛♠♦s t❡r q✉❡ xk ∈ L̄0 = {x ∈ Rn | f(x) ≤ f(x0) + ζ} ♣❛r❛

t♦❞♦ k✳

❱❛♠♦s ♣r♦✈❛r ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✹✳✷✱ ❍■❇✷✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ P❛r❛ ✐ss♦ ❜❛st❛ ♣r♦✈❛r

q✉❡ ♥ã♦ ✐rá ❝✐❝❧❛r ❡♥tr❡ ♦s ♣❛ss♦s ✶✷ ❡ ✶✸✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ ✉♠ í♥❞✐❝❡ k ❞❡ ♠❛♥❡✐r❛

q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ♣♦♥t♦ xk+1 ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❍■❇✷✳ ❚❡♠♦s q✉❡ F (xk) 6= 0 ❡✱ ❛❧é♠ ❞✐ss♦✱

∇f(xk) 6= 0✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♦ ❛❧❣♦r✐t♠♦ t❡r✐❛ ♣❛r❛❞♦✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ hi é ❛ i✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ H✱ ✈❛♠♦s ❞❡✜♥✐r hn+i = −hi ♣❛r❛ t♦❞♦ i =

1, 2, . . . , n✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡✈❡ ❣❡r❛r t♦❞♦s ♦s ✈❡t♦r❡s h1, . . . , hn, hn+1, . . . , h2n ❞❛ ❜❛s❡ ♣♦s✐t✐✈❛

⑤✾✵⑤



♠❛①✐♠❛❧✱ ❥á q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❤❛♠❛❞❛s ❞❡ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ t ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳ ❊✱

♣❛r❛ ❝❛❞❛ s ∈ {1, . . . , 2n} ❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ t✱ ❛ ❜✉s❝❛ ❞❡✈❡ t❡r♠✐♥❛r s❡♠ s✉❝❡ss♦✱ ❞❡ ❢♦r♠❛

q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❡s❝❛❧❛r❡s δs(t) t❛✐s q✉❡✿

‖F (xk + δs(t)hs)‖2 > (1− γδs(t)
2)‖F (xk)‖2, ❝♦♠ 0 < δs(t) < µ(t)a ✭✹✳✷✹✮

♦♥❞❡ µ(t) = βtµ0✳ ◗✉❛♥❞♦ t → ∞✱ t❡♠✲s❡ µ(t) → 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ δs(t) → 0✱ ♣❛r❛ ❝❛❞❛ s✳

❉❡ss❛ ♠❛♥❡✐r❛✱ t❡♠♦s q✉❡ ♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s ❞❡ t ♦ ♣♦♥t♦ xk+δs(t)hs s❡ ❡♥❝♦♥tr❛

♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ xk ❡♠ q✉❡ ❛ ❢✉♥çã♦ f é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✿

f(xk + δs(t)hs) = f(xk) + δs(t)∇f(xk + bs(t)δs(t)hs)
⊤hs ✭✹✳✷✺✮

♣❛r❛ ❛❧❣✉♠ ✈❛❧♦r bs(t) ∈ (0, 1)✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✷✹✮✱ t❡♠✲s❡✱ ♣♦rt❛♥t♦✿

f(xk) + δs(t)∇f(xk + bs(t)δs(t)hs)
⊤hs > f(xk)− γδs(t)

2f(xk). ✭✹✳✷✻✮

❆ss✐♠✱ ♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s ❞❡ t t❡♠♦s

∇f(xk)
⊤hi ≥ 0, i = 1, 2, . . . , 2n ✭✹✳✷✼✮

❆❣♦r❛✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❜❛s❡ ♣♦s✐t✐✈❛ t❡♠✲s❡ q✉❡ ❡①✐st❡♠ ✈❛❧♦r❡s βk
i ≥ 0, i = 1, . . . , 2n t❛✐s q✉❡✿

−∇f(xk) =
2n
∑

i=1

βk
i hi. ✭✹✳✷✽✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

− ‖∇f(xk)‖2 =
2n
∑

i=1

βk
i ∇f(xk)

⊤hi ≥ 0 ✭✹✳✷✾✮

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ∇f(xk) = 0 ❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ∇f(xk) 6= 0✳ ▲♦❣♦✱ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦

✐rá ❝✐❝❧❛r ❡ t❡♠♦s ❛ss❡❣✉r❛❞♦ q✉❡ ✉♠ ♥♦✈♦ ♣♦♥t♦ xk+1 s❡rá ♦❜t✐❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ✈❛❧♦r ♣❛r❛ λk ♦❜t✐❞♦

♥♦ P❛ss♦ ✸✱ ✻ ♦✉ ✶✷✳

P❛r❛ ♣r♦✈❛r q✉❡ t♦❞♦ ♣♦♥t♦ ❧✐♠✐t❡ é ♣♦♥t♦ ❝rít✐❝♦✱ ✈❛♠♦s s✉♣♦r✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ ✉♠

❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❞❡ í♥❞✐❝❡s K ⊂ N t❛❧ q✉❡ ❛ s✉❜s❡q✉ê♥❝✐❛ {xk}k∈K ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ x̄ q✉❡

♥ã♦ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s ❞❡ k t❡♠♦s

‖F (xk)‖ > ε, ✭✹✳✸✵✮

♣❛r❛ ❛❧❣✉♠ ε > 0 ❡ ∇f(x̄) 6= 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ {Wk}k∈K ✈❡♠ ❛

t♦r♥❛r✲s❡ ♠♦♥♦t♦♥❛♠❡♥t❡ ♥ã♦ ❝r❡s❝❡♥t❡ ♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ k ❡✱ ♣♦rt❛♥t♦✱ ❛❞♠✐t❡ ✉♠ ❧✐♠✐t❡

⑤✾✶⑤



W ∗ ≥ 0✳ ❙❡ W ∗ = 0 ❤á ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✹✳✸✵✮ ❡✱ ♣♦rt❛♥t♦✱ W ∗ ❞❡✈❡ s❡r ❡str✐t❛♠❡♥t❡

♣♦s✐t✐✈♦✳

❱❛♠♦s ❛❣♦r❛ ❛✈❡r✐❣✉❛r q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ✈❛❧♦r c ∈ (0, 1) ❞❡ ❢♦r♠❛ q✉❡

‖F (xk+1)‖2 ≤ Wk + ζk − c‖F (xk)‖2. ✭✹✳✸✶✮

❏á ♣r♦✈❛♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ❞❡st❛ ♠❛♥❡✐r❛✱ ♣❛r❛ t♦❞♦ k✱ ✉♠ ♣♦♥t♦ xk+1 s❡rá

❣❡r❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❍■❇✷✱ ❛ ♣❛rt✐r ❞❡ xk ❡ ❞❡✈❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r ✉♠❛ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s

❛❜❛✐①♦✿

✭❛✮ xk+1 é ♦❜t✐❞♦ ❛tr❛✈és ❞❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ♥♦ P❛ss♦ ✸ ❡✱ ♥❡st❡ ❝❛s♦✱ ❛ ❝♦♥❞✐çã♦

✭✸✳✸✸✮ é s❛t✐s❢❡✐t❛ ❝♦♠ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ λk ≥ τNBLmax

min ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

f(xk+1) ≤ Wk + ζk − γ(τNBLmax

min )2f(xk); ✭✹✳✸✷✮

✭❜✮ xk+1 é ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ◆❡✇t♦♥✲❋❉●▼❘❊❙ ♥♦ P❛ss♦ ✻✳ ◆❡st❡ ❝❛s♦✱ ❞❡✈❡ ❤❛✈❡r ✉♠

✈❛❧♦r λk ≥ λmin q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✸✳✸✸✮ ❡✱ ❛ss✐♠✱

f(xk+1) ≤ Wk + ζk − γλ2
minf(xk); ✭✹✳✸✸✮

✭❝✮ xk+1 é ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥♦ P❛ss♦ ✶✷✳

❙❡♥❞♦ ❛ss✐♠✱ ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ❣❛r❛♥t❛ ❛ ❡①✐stê♥✲

❝✐❛ ❞❡ ✉♠ ✈❛❧♦r ♣❛r❛ c q✉❡ ❛ss❡❣✉r❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✸✶✮ r❡s✐❞❡ ♥♦s ♣♦♥t♦s ❞♦ ❝❛s♦ ✭❝✮✳ ❉❡✜♥✐♥❞♦

tk ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝❤❛♠❛❞❛s ❝♦♥s❡❝✉t✐✈❛s ❞♦ ❆❧❣♦r✐t♠♦ ❞❡ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ ✹✳✸✱ ❛ ♣❛rt✐r

❞❡ xk✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✭c1✮ ❡①✐st❡ ✉♠ ✈❛❧♦r t̄ t❛❧ q✉❡ tk ≤ t̄ ♣❛r❛ t♦❞♦ k ∈ K❀

✭c2✮ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ {xk}K1
✱ ❝♦♠ K1 ⊂ K t❛❧ q✉❡ t♦❞♦ ♣♦♥t♦ xk s❛t✐s❢❛③❡♥❞♦

k ∈ K1 é ♦❜t✐❞♦ ♥♦ ♣❛ss♦ ✶✷ ❡✱ ❛❧é♠ ❞✐ss♦✱

lim
k→∞, k∈K1

tk = ∞. ✭✹✳✸✹✮

❱❛♠♦s ♣r♦✈❛r q✉❡ {tk}k∈K é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ❡ q✉❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✭c2✮ ♥ã♦ ✐rá ♦❝♦rr❡r✳

❆ Pr♦♣♦s✐çã♦ ✹✳✸ ❣❛r❛♥t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ hs✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r δks

‖F (xk + δkshs)‖2 > Wk − γ(δks )
2‖F (xk)‖2 ≥ (1− γ(δks )

2)‖F (xk)‖2. ✭✹✳✸✺✮

⑤✾✷⑤



❆ss✐♠ s❡♥❞♦✱ ✉t✐❧✐③❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ♣r♦✈❛ ❞❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦

✭✈❡r ❡q✉❛çõ❡s ✭✹✳✷✺✮✱ ✭✹✳✷✻✮✱ ✭✹✳✷✼✮✱ ✭✹✳✷✽✮✮ ✈❛♠♦s t❡r q✉❡✿

f(xk + δkshs) = f(xk) + δks∇f(xk + bs(k)δ
k
shs)

⊤hs ✭✹✳✸✻✮

♣❛r❛ ❛❧❣✉♠ ✈❛❧♦r bs(k) ∈ (0, 1)✳ ❊✱ ❛ss✐♠✿

f(xk) + δks∇f(xk + bs(k)δ
k
shs)

⊤hs > f(xk)− γ(δks )
2f(xk). ✭✹✳✸✼✮

❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ♣❛r❛ k → ∞, k ∈ K1 ❡♠ ✭✹✳✸✼✮✿

∇f(x̄)⊤hs ≥ 0, s = 1, 2, . . . , 2n, ✭✹✳✸✽✮

❡✱ ❞❛❞♦ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❜❛s❡ ♣♦s✐t✐✈❛✱

−∇f(x̄) =
2n
∑

i=1

βk
i hi, ❝♦♠ βk

i ≥ 0, i = 1, 2, . . . , 2n ✭✹✳✸✾✮

✈❛♠♦s t❡r

− ‖∇f(x̄)‖2 =
2n
∑

i=1

βk
i ∇f(x̄)⊤hi ≥ 0, ✭✹✳✹✵✮

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ∇f(x̄) = 0 ❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ x̄ ♥ã♦ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✳

❙❡♥❞♦ ❛ss✐♠✱ ❛ s✉❜s❡q✉ê♥❝✐❛ {tk}k∈K1
❞❡✈❡ s❡r ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦

❝❛s♦ ✭c2✮ ♥✉♥❝❛ ✐rá ♦❝♦rr❡r✱ ❞♦♥❞❡ t♦❞♦ ♣♦♥t♦ ♦❜t✐❞♦ ♣❡❧♦ ♣❛ss♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ é ❞♦ ❝❛s♦ ✭c1✮✳

▲♦❣♦✱ s❡ xk é ♦❜t✐❞♦ ♣❡❧♦ ♣❛ss♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ♣❡❧❛s ✐♥str✉çõ❡s ❞♦ ❆❧❣♦r✐t♠♦ ❍■❇✷ ❞❡✈❡ ✈❛❧❡r✿

f(xk+1) ≤ (1− γλ̄2)Wk, ✭✹✳✹✶✮

♦♥❞❡ λ̄ = aξ t̄min✳ ❊✱ ♣♦rt❛♥t♦✱

f(xk+1) ≤ Wk + ζk − γλ̄2f(xk). ✭✹✳✹✷✮

❉❡✜♥✐♥❞♦ ❛❣♦r❛ c = min{τNBLmax

min , λmin, λ̄}✱ ❝♦♥❝❧✉í♠♦s✱ ♣♦r ✭✹✳✸✷✮✱ ✭✹✳✸✸✮ ❡ ✭✹✳✹✷✮✱ q✉❡ ❛ ❝♦♥❞✐çã♦

✭✹✳✸✶✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ ✈❛❧♦r ❞❡ k ∈ K✳ ❆ss✐♠ s❡♥❞♦✱ ♣♦r ✭✹✳✷✷✮ ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✹✷✮✱

❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✸✳✷ ❡stã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ k ≥ k̄ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
k→∞, k∈K

f(xk+1) = lim
k→∞, k∈K

Wk = 0, ✭✹✳✹✸✮

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ W ∗ > 0 ❡ ❝♦♠♣❧❡t❛♥❞♦ ♥♦ss❛ ❞❡♠♦♥str❛çã♦✳ �

⑤✾✸⑤



✹✳✹✳ ❚❡st❡s ♥✉♠ér✐❝♦s

P❛r❛ ❛✈❛❧✐❛r ♦ ✐♠♣❛❝t♦ ❞❛ ❛❞✐çã♦ ❞❛ ❡t❛♣❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥❛ r♦❜✉st❡③ ❞♦s ❛❧❣♦r✐t♠♦s✱ ❛❞✐❝✐♦♥❛♠♦s

❡st❛ ♥♦✈❛ ❡t❛♣❛ ❛♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❍✶❊ ❡ ❍✻❊ ❞❡✜♥✐❞♦s ♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❝r✐❛♥❞♦✱ ❛ss✐♠✱ três

♥♦✈♦s ❛❧❣♦r✐t♠♦s✱ q✉❡ ❢♦r❛♠ ❞❡♥♦♠✐♥❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❉❋❙❆◆❊✲❇❉✱ ❍❇❉✶❊ ❡ ❍❇❉✻❊✳

❆ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❛tr❛✈és ❞❡ ❛❧❣♦r✐t♠♦s ❝♦♠ ❡str❛té❣✐❛s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ t❡♥❞❡ ❛ ✜❝❛r ❡①✲

♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♠❛✐s ❝❛r❛ à ♠❡❞✐❞❛ q✉❡ ❛ ❞✐♠❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉♠❡♥t❛r ❡✱ s❡♥❞♦ ❛ss✐♠✱ ♥ã♦ é

r❡❝♦♠❡♥❞á✈❡❧ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳ P♦r ✐ss♦✱ ❝♦♥❢♦r♠❡ ❥á ❛❞✐❛♥t❛♠♦s✱ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛

❞✐r❡t❛ só s❡rá ❛❝✐♦♥❛❞❛ ❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ❡st✐✈❡r ❡♠ ✈✐❛s ❞❡ ❞❡❝❧❛r❛r ❢❛❧❤❛s ❞❡

❡①❡❝✉çã♦✳ ❆❧é♠ ❞✐ss♦✱ ♥♦s ❝♦♥❝❡♥tr❛♠♦s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠ ❞✐♠❡♥sã♦ n = 100 ❡ ♦s

✈❛❧♦r❡s ✐♥✐❝✐❛✐s ♣r♦♣♦st♦s ♥❛ ❧✐t❡r❛t✉r❛✳

❖s ♣r♦❜❧❡♠❛s ❞❡ ▲❛ ❈r✉③ ❡ ❘❛②❞❛♥ ❬✶✹❪ ❥á ❤❛✈✐❛♠ s✐❞♦ t❡st❛❞♦s ❝♦♠ ❡st❛ ❞✐♠❡♥sã♦ ♥♦ ❝❛♣ít✉❧♦

❛♥t❡r✐♦r✳ P❛r❛ ❡ss❡ ♥♦✈♦ t❡st❡✱ ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞♦s ♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡ q✉❛❧q✉❡r ✉♠ ❡♥tr❡ ♦s

❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✱ ❍✶❊ ❡ ❍✻❊ t❡♥❤❛ ❞❡❝❧❛r❛❞♦ ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦ ♦✉ ♣♦r ❡st❛❣♥❛çã♦ ♥❛ ❜✉s❝❛ ❧✐♥❡❛r

♦✉ ♣♦r ❡①❝❡ss♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s✱ ♦ q✉❡ ♥ã♦ ♣❡r♠✐t✐✉ q✉❡ ✉♠❛ ❞✐r❡çã♦ ❢♦ss❡ ❡♥❝♦♥tr❛❞❛ ♣❛r❛

♣r♦ss❡❣✉✐r ❝♦♠ ♦ ♠ét♦❞♦ ◆❡✇t♦♥ ✐♥❡①❛t♦✳ Pr♦❜❧❡♠❛s ❡♠ q✉❡ ❛ ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦ s❡ ❞❡✉ ♣♦r ❡①❝❡ss♦

❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ♥ã♦ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❛ ♣r✐♥❝í♣✐♦✱ ❥á q✉❡ ❛ s✐♠♣❧❡s ❛❞✐çã♦ ❞❛ ❢❛s❡ ❞❡

❜✉s❝❛ ❞✐r❡t❛ ♥ã♦ ✐rá ♣r♦♣♦r❝✐♦♥❛r q✉❛❧q✉❡r ♠❡❧❤♦r✐❛ ♥❛ r♦❜✉st❡③✳ ❊ss❡ t✐♣♦ ❞❡ ❢❛❧❤❛ s❡rá tr❛t❛❞❛

♣♦st❡r✐♦r♠❡♥t❡✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦s ♣r♦❜❧❡♠❛s ✶✸✱ ✶✹✱ ✶✼✱ ✶✽ ❡ ✶✾ ❢♦r❛♠ ❛✈❛❧✐❛❞♦s ♥❡st❡ t❡st❡✳

◆♦ ❝❛s♦ ❞♦s ♣r♦❜❧❡♠❛s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸✽❪✱ ❛✐♥❞❛ ♥ã♦ ❤❛✈í❛♠♦s r❡❛❧✐③❛❞♦ t❡st❡s ❝♦♠ ❞✐♠❡♥sã♦

n = 100✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡st❛♠♦s ♦s ♣r♦❜❧❡♠❛s ✶ ❛ ✷✶ ♣❛r❛ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ❝♦♠ ❛ ❞✐♠❡♥sã♦

❛❞❡q✉❛❞❛ ❡✱ ❛ ♣❛rt✐r ❞❛í✱ ❛❣r✉♣❛♠♦s ♥✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s✱ t♦❞♦s ❡ ❛q✉❡❧❡s ♣r♦❜❧❡♠❛s q✉❡

r❡s✉❧t❛r❛♠ ♥❛s ❢❛❧❤❛s ❞♦s t✐♣♦s ❥á ✐♥❞✐❝❛❞♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✳ ❊ss❡ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❝♦♥t❛ ❝♦♠ ♦s

♣r♦❜❧❡♠❛s ✶✱ ✷✱ ✺✱ ✻✱ ✶✵✱ ✶✾ ❡ ✷✵ ♣❛r❛ ❛♥á❧✐s❡ ❞♦s ♥♦✈♦s ❛❧❣♦r✐t♠♦s✳

❆♦ ❛✈❛❧✐❛r ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♣♦st❡r✐♦r ❡s❝♦❧❤❛ ❞♦s ♣r♦❜❧❡♠❛s t❡st❡s✱ ❢♦✐ ♣♦ssí✈❡❧ ❝♦♥st❛t❛r q✉❡ s❡♠♣r❡

q✉❡ ♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❢❛❧❤❛✈❛✱ ♦ ♠♦t✐✈♦ ❡r❛ ❡①❝❡ss♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✳ ■ss♦ ✐♠♣♦ss✐❜✐❧✐t❛r✐❛

♦ t❡st❡ ❞♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❇❉✱ ❥á q✉❡ ❛ ❡str❛té❣✐❛ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ♥✉♥❝❛ s❡r✐❛ ❛❝✐♦♥❛❞❛✳ ❋♦✐ ❢❡✐t❛

✉♠❛ ✐♥✈❡st✐❣❛çã♦ s♦❜r❡ ❡ss❡ ❢❡♥ô♠❡♥♦✱ ❞❛ q✉❛❧ ❢❛❧❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✳

❆s ❞✉❛s ♣r✐♠❡✐r❛s ❢❛s❡s ❞♦s ❛❧❣♦r✐t♠♦s ❍❇❉✶❊ ❡ ❍❇❉✻❊ ❡ ❛ ♣r✐♠❡✐r❛ ❢❛s❡ ❞♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊✲❇❉

r❡♣❡t❡♠ ♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♥♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s q✉❡ r❡❛❧✐③❛♠♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳ ◆❡st❡

s❡♥t✐❞♦✱ r❡ss❛❧t❛♠♦s q✉❡ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛ só é ❛❝✐♦♥❛❞❛ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡st✐✈❡r

♠❡♥♦r q✉❡ 10−12 ✭♦✉ s❡❥❛✱ q✉❛♥❞♦ ❤♦✉✈❡r ❡st❛❣♥❛çã♦✮ ♦✉ ❛♣ós 30 ❝✐❝❧♦s ❞❡ 30 ✐t❡r❛çõ❡s ✐♥t❡r♥❛s ❞♦

♠ét♦❞♦ ❋❉●▼❘❊❙✱ q✉❛♥❞♦ ✉♠❛ ❞✐r❡çã♦ q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ◆❡✇t♦♥ ✐♥❡①❛t❛ ♥ã♦ é ❡♥❝♦♥tr❛❞❛✳

⑤✾✹⑤



◆❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ❛❝❡✐t❛çã♦ ❞❡ ♥♦✈♦s ♣♦♥t♦s✱ ♣❛r❛ ❝♦♥❞✐③❡r ❝♦♠ ♦ r❡s✉❧t❛❞♦

❞♦ ❚❡♦r❡♠❛ ✹✳✹✱ ❛♦ ✐♥✈és ❞❡ ✉t✐❧✐③❛r ♦ ❝r✐tér✐♦ ✭✷✳✷✶✮ ♣r♦♣♦st♦ ♣♦r ▲❛ ❈r✉③✱ ▼❛rtí♥❡③ ❡ ❘❛②❞❛♥✱

✈❛♠♦s ✉t✐❧✐③❛r ♦ ❝r✐tér✐♦ ✭✹✳✶✾✮✱ ❝♦♠♦ t❛♠❜é♠ ♦❝♦rr❡ ❡♠ ❬✸✵❪✳ ◆♦ ❝❛s♦✱ ❢♦r❛♠ ♠❛♥t✐❞♦s γ = 10−4 ❡

M = 7✳ P❛r❛ r❡❛❧✐③❛r ❛ ❜✉s❝❛ ❞✐r❡t❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧✱ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ♦s ♣❛râ♠❡tr♦s ξ = 0.95✱ a = 1

❡✱ ❛ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r✱ ❞❡❝❧❛r❛♠♦s ❢❛❧❤❛ ❞❡ ❡①❡❝✉çã♦ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦

♣❛ss♦ ❛t✐♥❣❡ ✉♠ ✈❛❧♦r ✐♥❢❡r✐♦r ❛ 10−10✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❡✜♥✐♠♦s µ = 10−10 ❡✱ ❞❡t❡r♠✐♥❛♠♦s q✉❡ ♦

❆❧❣♦r✐t♠♦ ✹✳✷ ✐rá ♣❛r❛r s❡♠♣r❡ q✉❡✱ ♥♦ P❛ss♦ ✶✷ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✷✱ ❛ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ r❡t♦r♥❛r

♦ ✈❛❧♦r λ = 0✳ ❖s t❡st❡s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ▼❛t❧❛❜ ✼✳✵✱ ❡♠ ✉♠❛ ♠áq✉✐♥❛ ❝♦♠
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❖ ♠❛✐♦r ❞❡st❛q✉❡ ♥❡st❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s ❢♦✐ ❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✶✾ ❞❡ ❬✸✽❪ ♣❡❧♦ ❆❧❣♦✲
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♠♦s ♦ ❆❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛❧é♠ ❞❡ ✐♥t❡rr✉♣çã♦ ❞❡st❛ ❢❛s❡ ♣❡❧❛ ❞❡t❡❝çã♦ ❞❛ ❡st❛❣♥❛çã♦✱

❛ ❢❛s❡ ❉❋❙❆◆❊ t❛♠❜é♠ ❢♦ss❡ ✐♥t❡rr♦♠♣✐❞❛ q✉❛♥❞♦ ♦❝♦rr❡ss❡ ❢❛❧t❛ ❞❡ ♣r♦❣r❡ss♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦

❞❡ ♠ér✐t♦✳ ❆❣♦r❛ ♦ ❆❧❣♦r✐t♠♦ t❛♠❜é♠ ✐rá ❞❡❝❧❛r❛r ❢❛❧❤❛ ♥❡st❛ ❢❛s❡ s❡♠♣r❡ q✉❡

max
i=k,k−1,...,k−10

‖F (xi)− F (xi−1)‖∞ < ε, ✭✹✳✹✹✮

♦♥❞❡ ε é ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✱ ♣ró①✐♠♦ ❞❡ ③❡r♦✳

◆♦ ❡♥t❛♥t♦✱ ❢♦♠♦s s✉r♣r❡❡♥❞✐❞♦s ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ✢❡①✐❜✐❧✐❞❛❞❡ ❞♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ❢❛③✐❛

❝♦♠ q✉❡✱ ❡♠ ❞❡t❡r♠✐♥❛❞♦s ♠♦♠❡♥t♦s✱ ❤♦✉✈❡ss❡ ✉♠ ❛✉♠❡♥t♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❣r❛♥❞❡ ♥♦ ✈❛❧♦r ❞❛

❢✉♥çã♦ ❞❡ ♠ér✐t♦✱ ♣r♦✈♦❝❛♥❞♦ ✉♠ ❡❢❡✐t♦ ❞♦ t✐♣♦ ❣❛♥❣♦rr❛✱ ♦ q✉❡ ✐♠♣❡❞✐❛✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ♦ ❛✈❛♥ç♦

♣❛r❛ ✈❛❧♦r❡s r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①♦s ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❡ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❡st❛❣♥❛çã♦ ♥♦ t❛♠❛♥❤♦

❞♦ ♣❛ss♦ ❡✴♦✉ ❢❛❧t❛ ❞❡ ♣r♦❣r❡ss♦✳ ❊①❡♠♣❧✐✜❝❛♥❞♦✱ ❛♦ t❡st❛r ❝♦♠ ε = 10−6 ❡ ε = 10−5 ❡♠ ♠♦♠❡♥t♦

❛❧❣✉♠ ❢♦✐ ❞❡t❡❝t❛❞❛ ❡st❛❣♥❛çã♦ ❡✴♦✉ ❢❛❧t❛ ❞❡ ♣r♦❣r❡ss♦✱ ❝♦♠ ε = 10−4 ❡ ε = 10−3 ❢♦r❛♠ ❞❡t❡❝t❛❞❛s

❢❛❧t❛s ❞❡ ♣r♦❣r❡ss♦ s♦♠❡♥t❡ ♥♦ ♣r♦❜❧❡♠❛ ✶✾✳

◆♦ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ✉t✐❧✐③❛❞♦ ♥❛ ❢❛s❡ ❉❋❙❆◆❊ ❤á ❞✉❛s ❝♦♠♣♦♥❡♥t❡s q✉❡ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ q✉❡

❛ ❜✉s❝❛ ♥ã♦ s❡❥❛ ♠♦♥ót♦♥❛ ✿ ζk > 0 ❡ ♦ ✈❛❧♦r ❞❡ M ✱ q✉❡ ♣♦ss✐❜✐❧✐t❛ ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♠❛✐♦r ✈❛❧♦r

❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ♥❛s ú❧t✐♠❛s ✐t❡r❛çõ❡s ✭❡ ♥ã♦ ♣r♦♣r✐❛♠❡♥t❡ ❝♦♠ f(xk))✳

⑤✾✼⑤



❙❡ ❛ ❞✐✜❝✉❧❞❛❞❡ ❢♦ss❡ ❝❛✉s❛❞❛ ♣♦r ✉♠ ✈❛❧♦r ♠✉✐t♦ ❣r❛♥❞❡ ♣❛r❛ M ✱ ♣♦❞❡r✐❛ s❡r ♦❜s❡r✈❛❞❛ s✐♠♣❧❡s✲

♠❡♥t❡ ❛♦ ❛♥❛❧✐s❛r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❡ ❞❡t❡❝t❛r ♦ ❡❢❡✐t♦ ❣❛♥❣♦rr❛ ❡♠ ❜❧♦❝♦s

❞❡✱ ♥♦ ♠á①✐♠♦✱ M ✐t❡r❛çõ❡s✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡✉✳ ❆ss✐♠ s❡♥❞♦✱ ❡❧❡❣❡♠♦s ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ❝❛✉s❛❞♦r

❞❡ss❡ ❡❢❡✐t♦ ❣❛♥❣♦rr❛✱ ♦ t❡r♠♦ ζk ❞❛ ❝♦♥❞✐çã♦ ✭✷✳✷✶✮✳ P❛r❛ r❡♠❡❞✐❛r✱ ✐♠♣❧❡♠❡♥t❛♠♦s ♥♦✈♦s t❡st❡s✱

♠♦❞✐✜❝❛♥❞♦ ♦ ❡①♣♦❡♥t❡ ❞♦ ❞❡♥♦♠✐♥❛❞♦r ♥❛ ❡q✉❛çã♦ ✭✸✳✺✺✮ ❞❡ 1.1 ♣❛r❛ 2✳ ❆♣ós ❡ss❛ ♠♦❞✐✜❝❛çã♦ ❡

✉t✐❧✐③❛♥❞♦ ε = 10−3✱ ❢♦r❛♠ ❞❡t❡❝t❛❞❛s ❡st❛❣♥❛çõ❡s ♥♦s ♣r♦❜❧❡♠❛s 2, 6, 10, 19✳

❉✉r❛♥t❡ ❡ss❡s t❡st❡s✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❛ ❜✉s❝❛ ❞✐r❡t❛ r❡❛❧✐③❛ ♠❡♥♦s ✐t❡r❛çõ❡s ❞♦ q✉❡ ❡s♣❡✲

rá✈❛♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ s❛t✐s❢❛tór✐♦✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ♥❡❝❡ss✐t❛ ❞❡ ♠✉✐t❛s ✐t❡r❛çõ❡s

✭❡ ♣♦rt❛♥t♦✱ ❡♥❝♦♥tr❛ ✉♠ ♥♦✈♦ ♣♦♥t♦ ❛tr❛✈és ❞❡ ✉♠ ♣❛ss♦ ❥á ♣❡q✉❡♥♦✮ é ❝♦♠✉♠ ❛ r❡❝♦rrê♥❝✐❛ ❞❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉t✐❧✐③❛r ❛ ❜✉s❝❛ ❞✐r❡t❛ ❝♦♠ ♠✉✐t❛s r❡❞✉çõ❡s ♥❛s ♣ró①✐♠❛s ✐t❡r❛çõ❡s ❛té q✉❡ ♥✉♠

♠♦♠❡♥t♦ ❡ss❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡s❛♣❛r❡❝❡✳ ❯♠❛ ♣♦ssí✈❡❧ ❝❛✉s❛ ♣❛r❛ ❡ss❡ ❡❢❡✐t♦ é q✉❡ ♦s ♣♦♥t♦s ❡♥❝♦♥✲

tr❛❞♦s ❡st❡❥❛♠ ❧♦❝❛❧✐③❛❞♦s ❡♠ ✉♠❛ r❡❣✐ã♦ ❡♠ q✉❡ ♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ♥ã♦ t❡♠ ❜♦♠ ❞❡s❡♠♣❡♥❤♦✳

P❛r❛ ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ ❢r❡♥t❡ ❛ ❡ss❛ s✐t✉❛çã♦✱ ❛❞✐❝✐♦♥❛♠♦s ✉♠❛ ❡str❛té❣✐❛ ❞❡

❡①tr❛♣♦❧❛çã♦ ♣❛r❛ ❛ ❢❛s❡ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ✐st♦ é✱ ❡♠ ❝❛s♦ ❞❡ s✉❝❡ss♦ ♥❛ ❜✉s❝❛ ❞✐r❡t❛✱ ❛✈❛❧✐❛✲s❡ ♦ ♣♦♥t♦

♥❛ ♠❡s♠❛ ❞✐r❡çã♦✱ ♠❛s ❝♦♠ ♦ ❞♦❜r♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té ❡♥❝♦♥tr❛r ✉♠

♣♦♥t♦ q✉❡ ♥ã♦ s❡❥❛ s❛t✐s❢❛tór✐♦✱ ❛❞♦t❛♥❞♦✱ ♥❡st❡ ❝❛s♦✱ ♦ ♣❡♥ú❧t✐♠♦ ♣♦♥t♦ t❡st❛❞♦✳ Pr❡t❡♥❞❡✲s❡ ❝♦♠

✐ss♦ ❞❛r ♣❛ss♦s ♠❛✐♦r❡s ❡ ❢✉❣✐r ❞❡ r❡❣✐õ❡s ❡♠ q✉❡ ♦ ♠ét♦❞♦ ❉❋❙❆◆❊ ♥ã♦ ♣♦ss✉✐ ❜♦♠ ❞❡s❡♠♣❡♥❤♦✳

❖s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✺✱ ♦♥❞❡ ♦s ❛❧❣♦r✐t♠♦s q✉❡ ❝♦♥t❛♠ ❝♦♠ ❛ ❡str❛té❣✐❛

❞❡ ❡①tr❛♣♦❧❛çã♦ ❡stã♦ ❣r❛❢❛❞♦s ❝♦♠ ♦ t❡r♠♦ ✏✭❊❳❚❘❆P✮✑ ❡♠ ❢r❡♥t❡ ❛♦ ♥♦♠❡✳ P❛r❛ ❡ss❡ t❡st❡✱ t❛♥t♦

♦s ❆❧❣♦r✐t♠♦s ❉❋❙❆◆❊✲❇❉✱ ❍❇❉✶❊ ❡ ❍❇❉✻❊✱ q✉❛♥t♦ s✉❛s r❡s♣❡❝t✐✈❛s ✈❡rsõ❡s ❝♦♠ ❡①tr❛♣♦❧❛çã♦✱ ❝♦♥t❛♠

❝♦♠ ♦ ❝r✐tér✐♦ ✭✹✳✹✹✮ ♣❛r❛ ❞❡t❡❝t❛r ❢❛❧t❛ ❞❡ ♣r♦❣r❡ss♦ ♥❛ ❢❛s❡ ❉❋❙❆◆❊✳ ❆❞❡♠❛✐s✱ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s

t❡st❛❞♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞♦s ❞❛❞♦s ❞❡ss❛ t❛❜❡❧❛ ✉t✐❧✐③❛r❛♠ ♦ ✈❛❧♦r 2 ♥♦ ❡①♣♦❡♥t❡ ❞♦ ❞❡♥♦♠✐♥❛❞♦r

s❡q✉ê♥❝✐❛ ✭✸✳✺✺✮✳

❆ss✐♠ ❝♦♠♦ ♥♦ t❡st❡ ❛♥t❡r✐♦r✱ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ♠❛✐s s❡ ❜❡♥❡✜❝✐♦✉ ❞❛s ♠✉❞❛♥ç❛s ❢♦✐ ♦ ❛❧❣♦r✐t♠♦ q✉❡

♥ã♦ ❛❝❡✐t❛ r❡❞✉çã♦ ♥♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✱ ❍✶❊✳ ❆❧é♠ ❞♦ ♣r♦❜❧❡♠❛ ✶✾ q✉❡ ❥á ❤❛✈✐❛

s✐❞♦ r❡s♦❧✈✐❞♦ ♣❡❧❛ ✈❡rsã♦ s❡♠ ❡①tr❛♣♦❧❛çã♦✱ ♦ ❆❧❣♦r✐t♠♦ ❍❇❉✶❊ ❝♦♠ ❡①tr❛♣♦❧❛çã♦ t❛♠❜é♠ r❡s♦❧✈❡✉

♦ ♣r♦❜❧❡♠❛ ✷✵✳ ◆♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ ❛❞♦çã♦ ❞❡ss❛s ♠✉❞❛♥ç❛s ❢♦r❛♠ ❜❡♥é✜❝❛s✱ ♥♦ s❡♥t✐❞♦

❞❡ ❞✐♠✐♥✉✐r ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ r❡s♦❧✈✐❞♦s✱ ♦ q✉❡ ❡r❛ ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❖s ❞❡♠❛✐s ❛❧❣♦r✐t♠♦s✱ ❡♠❜♦r❛ t❡♥❤❛♠ ❝♦♥q✉✐st❛❞♦ ❛❧❣✉♠❛ r❡❞✉çã♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❞❡ ♠ér✐t♦ ♥♦

❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❡♠ ❛❧❣✉♥s ❞♦s ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s✱ ♥ã♦ ❢♦r❛♠ ❜❡♥❡✜❝✐❛❞♦s ❞❡ ❢♦r♠❛ tã♦ ✐♠♣❛❝✲

t❛♥t❡✳ ❈♦♠♦ ♦ ❛❧❣♦r✐t♠♦ ❍✶❊ é✱ ❞❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s ❤í❜r✐❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❛q✉❡❧❡

q✉❡ t❡♥❞❡ ❛ ✉t✐❧✐③❛r ♠❛✐s ✈❡③❡s ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ♥♦ss♦s t❡st❡s ✐♥❞✐❝❛♠ q✉❡ ♦ ✉s♦ ❞❡ ❞✐r❡çõ❡s

❛❧t❡r♥❛t✐✈❛s ♣♦❞❡ ♣r♦♣♦r❝✐♦♥❛r ✉♠ ❞❡s❡♠♣❡♥❤♦ ♠❡❧❤♦r ❡♠ t❡r♠♦s ❞❡ r♦❜✉st❡③ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡

◆❡✇t♦♥ ✐♥❡①❛t♦✳ ❊ss❡ ❢❛t♦ ❥á ❡r❛ ❡s♣❡r❛❞♦✱ ✈✐st♦ q✉❡ ❛s ❤✐♣ót❡s❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡

❛❧❣♦r✐t♠♦s t✐♣♦ ◆❡✇t♦♥ ❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ s❡♠ ❜✉s❝❛ ❞✐r❡t❛ sã♦ ♠❛✐s ❢♦rt❡s q✉❡ ❛s ❍✐♣ót❡s❡s ✷✳✶✱ ✷✳✷

⑤✾✽⑤
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P ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋

✶ ❊❆❱❋ ✶✶✺✺ ✶✵✵✵✷ ❊❆❱❋ ✶✶✺✺ ✶✵✵✵✷ ❊❆❱❋ ✾✼✼ ✶✵✵✵✷
✷ ❊❆❱❋ ✶✷✽✷ ✶✵✵✵✶ ❊❆❱❋ ✶✷✽✷ ✶✵✵✵✶ ❊❆❱❋ ✶✵✸✻ ✶✵✵✵✶
✺ ❈ ✷✽✺ ✶✵✾✷ ❈ ✷✽✺ ✶✵✾✷ ❈ ✷✽✺ ✶✵✾✷
✻ ❊❆❱❋ ✶✵✼✽ ✶✵✵✵✶ ❊❆❱❋ ✶✵✼✽ ✶✵✵✵✶ ❊❆❱❋ ✽✾✵ ✶✵✵✵✸

✶✵ ❊❆❱❋ ✶✷✽✼ ✶✵✵✵✶ ❊❆❱❋ ✶✷✽✼ ✶✵✵✵✶ ❊❆❱❋ ✶✵✼✹ ✶✵✵✵✶
✶✾ ❈ ✶✵✻✺ ✷✼✵✻ ❈ ✶✵✻✺ ✷✼✵✻ ❈ ✶✵✻✺ ✷✼✵✻
✷✵ ❊❆❱❋ ✽✺✸ ✶✵✵✵✶ ❊❆❱❋ ✽✺✸ ✶✵✵✵✶ ❊❆❱❋ ✼✼✾ ✶✵✵✵✶

❍✻❊ ❍❇❉✻❊ ❍❇❉✻❊✭❊❳❚❘❆P✮

P ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋

✶ ❊■■ ✼✸✼ ✺✾✺✽ ❊❆❱❋ ✶✶✾✷ ✶✵✵✵✷ ❊❆❱❋ ✾✼✽ ✶✵✵✵✶
✷ ❊■■ ✼✽✻ ✺✺✻✽ ❊❆❱❋ ✶✷✸✾ ✶✵✵✵✶ ❊❆❱❋ ✶✵✽✸ ✶✵✵✵✶
✺ ❈ ✷✽✺ ✶✵✾✷ ❈ ✷✽✺ ✶✵✾✷ ❈ ✷✽✺ ✶✵✾✷
✻ ❊❙❚ ✸✺✺ ✷✼✾✾ ❊❆❱❋ ✶✵✷✽ ✶✵✵✵✶ ❊❆❱❋ ✾✵✻ ✶✵✵✵✶

✶✵ ❊■■ ✶✵✶✾ ✼✻✹✶ ❊❆❱❋ ✶✷✺✵ ✶✵✵✵✶ ❊❆❱❋ ✶✵✽✸ ✶✵✵✵✶
✶✾ ❈ ✶✵✻✺ ✷✼✵✻ ❈ ✶✵✻✺ ✷✼✵✻ ❈ ✶✵✻✺ ✷✼✵✻
✷✵ ❊■■ ✶✺✾ ✶✸✷✹ ❊❆❱❋ ✾✸✹ ✶✵✵✵✶ ❊❆❱❋ ✼✷✸ ✶✵✵✵✶

❍✶❊ ❍❇❉✶❊ ❍❇❉✶❊✭❊❳❚❘❆P✮

P ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋ ❋✐♥❛❧ ■t❡r ❆✈❛❧❋

✶ ❊■■ ✹ ✶✶✵ ❊❆❱❋ ✶✾✸ ✶✵✵✵✶ ❊❆❱❋ ✹✻✺ ✶✵✵✵✶
✷ ❊■■ ✶ ✹✽ ❊❆❱❋ ✶✼✻ ✶✵✵✵✶ ❊❙❚ ✶✽✽ ✼✸✷✻
✺ ❊■■ ✵ ✸✹ ❊❆❱❋ ✹✾ ✶✵✵✵✶ PP❋ ✷ ✷✶✸
✻ ❈ ✻ ✹✶ ❈ ✻ ✹✶ ❈ ✻ ✹✶

✶✵ ❊■■ ✶ ✸✺ ❊❆❱❋ ✶✾✵ ✶✵✵✵✶ ❊❆❱❋ ✺✽✸ ✶✵✵✵✶
✶✾ ❊■■ ✷ ✸✻ ❈ ✶✽✽ ✹✵✽✹ ❈ ✶✽✽ ✹✶✶✺
✷✵ ❊■■ ✹ ✸✹ ❊❆❱❋ ✽✾ ✶✵✵✵✶ ❈ ✷✹ ✺✾✶

❚❛❜❡❧❛ ✹✳✺✿ ❆❧❣♦r✐t♠♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❝♦♠ ❡①tr❛♣♦❧❛çã♦ ✲ ♣r♦❜❧❡♠❛s ❞❡ ❬✸✽❪

⑤✾✾⑤



❡✱ ✷✳✸✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s t✐♣♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✱ ❝♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✷✳✷✳

❊ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✹✱ ♠❡s♠♦ ♦ ❛❧❣♦r✐t♠♦ ❤í❜r✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸ ♣♦ss✉✐ ❤✐♣ó✲

t❡s❡s ♠❛✐s ❢♦rt❡s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❡✱ ❛♦ ❛❞♦t❛r ❛ ❜✉s❝❛ ❞✐r❡t❛✱ ❛s ❤✐♣ót❡s❡s ♥❡❝❡ssár✐❛s ♣❛r❛

♦❜t❡♥çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s ❤í❜r✐❞♦s ❝♦♠ ❛ ❛❞✐çã♦ ❞❡st❛ ❢❛s❡ sã♦

♠❛✐s ❢r❛❝❛s ❞♦ q✉❡ ❛q✉❡❧❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s s❡♠ ❡ss❛ ❢❛s❡✱ ❝♦♥❢♦r♠❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

❛♦ ❝♦♠♣❛r❛r♠♦s ♦s ❚❡♦r❡♠❛s ✹✳✹ ❡ ✸✳✹✳

⑤✶✵✵⑤



❉❛❞♦s x0, k = 0, λmin, NBLmax

��

❆▲●❖❘■❚▼❖
❈❖◆❱❊❘●■❯

❋❆❙❊ ■

▼ét♦❞♦ ❉❋❙❆◆❊
♦❜té♠ ❛ ❞✐r❡çã♦ dk

λ+ = 1, λ− = 1, NBL = 0

��

xk s❛t✐s❢❛③
❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛❄

s✐♠

OO

♥ã♦
oo

❘❡❞✉③❛
λ+ ❡ λ−✳

NBL = NBL+ 1

//
x+ = xk + λ+dk ♦✉
x− = xk − λ−dk
♦❜té♠ ❞❡❝rés❝✐♠♦

s✉✜❝✐❡♥t❡❄

♥ã♦
��

s✐♠
//
❉❡✜♥❛ ♦ ♣♦♥t♦ q✉❡
♦❜t❡✈❡ ❞❡❝rés❝✐♠♦

s✉✜❝✐❡♥t❡ ❝♦♠♦ xk+1

❡ ❢❛ç❛ k = k + 1

OO

OO

NBL = NBLmax❄♥ã♦

s✐♠
��

❋❆❙❊ ■■

◆❡✇t♦♥✲●▼❘❊❙
♦❜té♠ dk✳

❉❡✜♥❛ λ = 1

��

❘❡❞✉③❛ λ
xk + λdk

♦❜té♠ ❞❡❝rés❝✐♠♦
s✉✜❝✐❡♥t❡❄

♥ã♦
oo

s✐♠

OO

//
λ < λmin❄

♥ã♦

OO

s✐♠
��

❋❆❙❊ ■■■

■♥í❝✐♦ ❞❛ ❇✉s❝❛ ❉✐r❡t❛
❉❡t❡r♠✐♥❛r ❛ ♠❛tr✐③ H✳

❉❡✜♥✐r r = mod(i, n) + 1 ❡ λ = 1

//
xk + λhr

♦❜té♠ ❞❡❝rés❝✐♠♦
s✉✜❝✐❡♥t❡❄

♥ã♦
��

s✐♠

❘❡❞✉③❛ λ
❢❛ç❛ r = mod(r, n) + 1

88
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⑤✶✵✶⑤



⑤✶✵✷⑤



❈❛♣ít✉❧♦

✺
❈♦♥s✐❞❡r❛çõ❡s ❢✐♥❛✐s ❡ ✐♥❞✐❝❛çõ❡s ♣❛r❛

tr❛❜❛❧❤♦s ❢✉t✉r♦s

◆❡st❡ tr❛❜❛❧❤♦ ❢♦r❛♠ ♣r♦♣♦st♦s ❞♦✐s ♠ét♦❞♦s ❤í❜r✐❞♦s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s ❞❡

❣r❛♥❞❡ ♣♦rt❡✿ ♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ❍■❇✶✱ q✉❡ ❝♦♥t❛ ❝♦♠ ❞✉❛s ❢❛s❡s✱ ❛ ♣r✐♠❡✐r❛ ❜❛s❡❛❞❛ ❡♠ ♣❛ss♦s ❞♦

t✐♣♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ✭❬✶✹✱ ✶✸❪✮ s❡❣✉✐❞❛ ❞❡ ✉♠❛ ❢❛s❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦

❡ ♦ ❆❧❣♦r✐t♠♦ ✹✳✷ ❍■❇✷✱ q✉❡ ❛❝✐♦♥❛ ✉♠❛ t❡r❝❡✐r❛ ❢❛s❡ ❜❛s❡❛❞❛ ❡♠ ✉♠ ♠ét♦❞♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ❛♣ós

❢❛❧❤❛ ♥❛s ❞✉❛s ❢❛s❡s ❞♦ ❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦✱ ❛ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ r❡s✉❧t❛❞♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✱

q✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❤í❜r✐❞♦

r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✸✳✹ q✉❡ é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦

♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❝♦♥✈❡♥❝✐♦♥❛❧✱ ❥á q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❛❝❡✐t❛ ❞❛❞♦s

❞❡ ❡♥tr❛❞❛ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❢❛s❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ♥ã♦ é ✉t✐❧✐③❛❞❛✳

❉❡ss❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ❝♦♥✜❣✉r❛r ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ❝♦♠ ✉♠ ❝r✐tér✐♦ ❞❡ ❛❝❡✐t❛çã♦ ♣❛r❛

♥♦✈♦s ♣♦♥t♦s ♠❛✐s ✢❡①í✈❡❧ ❞♦ q✉❡ ❛q✉❡❧❡ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✷✼❪✳

❆✐♥❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ❡st❡ ❛❧❣♦r✐t♠♦✱ ❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡❛❧✐③❛r ✉♠❛ ❛♥á❧✐s❡ t❡ór✐❝❛ ❡ ❞❡t❡r♠✐♥❛r

❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❝♦♠ r❡s♣❡✐t♦ à ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞♦ ♠ét♦❞♦✳ ❊st❡ é ✉♠ t❡♠❛ q✉❡ ✜❝♦✉ ❡♠ ❛❜❡rt♦ ❡ ♥♦ q✉❛❧ ♣r❡t❡♥❞❡♠♦s tr❛❜❛❧❤❛r ❢✉t✉r❛♠❡♥t❡✳

❆ s❡❣✉♥❞❛ ❝♦♥tr✐❜✉✐çã♦ t❡ór✐❝❛ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ r❡s✉❧t❛❞♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✹✱ q✉❡ ❛ss❡❣✉r❛ ❛ ❝♦♥✲

✈❡r❣ê♥❝✐❛ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✷✳ ❊♠❜♦r❛ ❡ss❡ r❡s✉❧t❛❞♦ s❡❥❛ ♣❛r❡❝✐❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✻✳✶ ❡♥❝♦♥tr❛❞❛

❡♠ ❬✸✵❪✱ tr❛③ ❛ ♥♦✈✐❞❛❞❡ ❞❡ ♣❡r♠✐t✐r ❛ s✉❜st✐t✉✐çã♦ ❞❛ ❡str❛té❣✐❛ ❞❡ ❣❧♦❜❛❧✐③❛çã♦ ❛tr❛✈és ❞❡ ❜✉s❝❛s

❧✐♥❡❛r❡s ❝♦♠♦ ♣r♦♣♦st♦ ❡♠ ❬✸✵❪ ♣♦r ✉♠❛ q✉❡ ✉t✐❧✐③❛ ❛ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ ♣r♦♣♦st❛ ♥♦ ♣r❡s❡♥t❡

tr❛❜❛❧❤♦✱ ❝♦♥❢♦r♠❡ ❆❧❣♦r✐t♠♦ ✹✳✸✳ ❆ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ q✉❡ ♣r♦♣♦♠♦s t❡♠ ✉♠❛ ❝❡rt❛ ✈❛♥t❛✲

❣❡♠ q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ ♣♦✐s✱ ❝♦♠ ❡ss❛ ❛❜♦r❞❛❣❡♠✱ ❛♦ ✐♥✈és ❞❡

r❡❞✉③✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ s✉❝❡ss✐✈❛s ✈❡③❡s ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦ ❛♥t❡s ❞❡ ♣❛rt✐r ♣❛r❛ ❛

♣ró①✐♠❛✱ ♠✉❞❛♠✲s❡ ❛s ❞✐r❡çõ❡s ❡♥q✉❛♥t♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ é r❡❞✉③✐❞♦ ❡✈✐t❛♥❞♦✱ ❞❡ss❛ ♠❛♥❡✐r❛✱

✉♠❛ ♣♦ssí✈❡❧ ✐♥s✐stê♥❝✐❛ ❡♠ ❞✐r❡çõ❡s r✉✐♥s✱ ♦ q✉❡✱ ♥❛ ♣rát✐❝❛✱ ❞❡♠❛♥❞❛r✐❛ ❡♠ ✉♠ ♥ú♠❡r♦ ❡①❝❡ss✐✈♦

❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çõ❡s✳

⑤✶✵✸⑤



❖ ❆❧❣♦r✐t♠♦ ✹✳✷ ❝♦♥t❛ ❛✐♥❞❛ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ✐♥é❞✐t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠ ♦rt♦❣♦♥❛✐s✱ ♥♦ q✉❛❧

❡stã♦ ❝♦♥t✐❞❛s ❛s ❞✐r❡çõ❡s ✉t✐❧✐③❛❞❛s ♣❡❧♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ❝❛❜❡ ❞❡st❛❝❛r

q✉❡ ❡♠❜♦r❛ ♦ ❆❧❣♦r✐t♠♦ ✹✳✷ ❡st❡❥❛ ❝♦♥✜❣✉r❛❞♦ ❝♦♠ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ s♦♥❞❛❣❡♠✱ ♦ ✉s♦

❞♦ ♠❡s♠♦ ♥ã♦ é ♥❡❝❡ssár✐♦✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r ♦✉tr❛ ❜❛s❡ ♣♦s✐t✐✈❛

♦rt♦❣♦♥❛❧ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ s❡rã♦ ♠❛♥t✐❞♦s✳

P❛r❛ ❛ ❡t❛♣❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠ét♦❞♦ t✐♣♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ ❉❋❙❆◆❊ ❬✶✸❪✱ ❢♦r❛♠ ❡❧❛❜♦r❛❞❛s

❞✉❛s ❡str❛té❣✐❛s ❞❡ ♦r❞❡♥❛çã♦ ❞❛s ❞✐r❡çõ❡s ❡✱ t❛♠❜é♠✱ ❞✉❛s ♥♦✈❛s ❡str❛té❣✐❛s q✉❡ ✉t✐❧✐③❛♠✱ q✉❛♥❞♦

♥❡❝❡ssár✐♦✱ ✉♠❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✳ ❆s ♣r✐♠❡✐r❛s ♠♦❞✐✜❝❛çõ❡s ♥ã♦ ❛❢❡t❛♠ ♦s r❡s✉❧t❛❞♦s ❞❡

❝♦♥✈❡r❣ê♥❝✐❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐❛ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❞❡♠♦♥str❛çã♦ t❡ór✐❝❛✳ ❖ ♠❡s♠♦ ♥ã♦

♦❝♦rr❡ ❝♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ❞♦ s❡❣✉♥❞♦ t✐♣♦✱ ❥á q✉❡✱ ♥❡st❡ ❝❛s♦ ✉♠ ♥♦✈♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞❡✈❡ s❡r ❛♣r❡s❡♥t❛❞♦✱ ❛ ♠❡♥♦s q✉❡ ♦ ✉s♦ ❞❡st❛ t❡r❝❡✐r❛ ❞✐r❡çã♦ s❡❥❛ ❧✐♠✐t❛❞♦✳ ❘❡ss❛❧t❛♠♦s✱ ❡♥tr❡t❛♥t♦✱

q✉❡ ❡ss❛ ❧✐♠✐t❛çã♦ ♥ã♦ ❛❝❛rr❡t❛ ❡♠ q✉❛❧q✉❡r ♠♦❞✐✜❝❛çã♦ ♥♦ ❛❧❣♦r✐t♠♦ ♣rát✐❝♦✳

❆♥❛❧✐s❛♥❞♦ ❛❣♦r❛ ♣❡❧♦ ✈✐és ❞♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♦ ❆❧❣♦r✐t♠♦ ✸✳✹ s❡ ♠♦str♦✉ ❝♦♠♣❡t✐✲

t✐✈♦ ♣❡r❛♥t❡ ♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊ ❡ ◆❡✇t♦♥ ✐♥❡①❛t♦ ✉t✐❧✐③❛❞♦ ❞❡ ♠❛♥❡✐r❛ ♣✉r❛✱ s❡♥❞♦ q✉❡ ♥♦s

♣r♦❜❧❡♠❛s ♠❛✐s ❞✐❢í❝❡✐s t❡✈❡ ✉♠ ❞❡s❡♠♣❡♥❤♦ s✉♣❡r✐♦r t❛♥t♦ ❡♠ r♦❜✉st❡③ q✉❛♥t♦ ❡♠ ❡✜❝✐ê♥❝✐❛✳ ❖

❆❧❣♦r✐t♠♦ ✹✳✷ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❧❤♦r❛r ❛ r♦❜✉st❡③ ❞♦ ❆❧❣♦r✐t♠♦ ✸✳✹ ❡ ❝✉♠♣r❡

❡ss❡ ♣❛♣❡❧✳

❋✉t✉r❛♠❡♥t❡✱ t❡♠♦s ❛ ✐♥t❡♥çã♦ ❞❡ ✉t✐❧✐③❛r ♦ ❆❧❣♦r✐t♠♦ ✹✳✷ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s

♠❛✐s ❞✐❢í❝❡✐s ❡ ❝♦♠ ♠❡♥♦r❡s ❞✐♠❡♥sõ❡s✳ P❛r❛ ✐ss♦✱ ❛ ✐❞❡✐❛ é r❡❛❧✐③❛r ♦s t❡st❡s ❝♦♠ ♦ ❛❧❣♦r✐t♠♦

❤í❜r✐❞♦ ❡ ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③❛ s♦♠❡♥t❡ ❛ ❢❛s❡ ❡s♣❡❝tr❛❧ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ ❜✉s❝❛ ❞✐r❡t❛ ❛q✉✐

♣r♦♣♦st❛✳ ❆❧é♠ ❞✐ss♦✱ ♣r❡t❡♥❞❡♠♦s t❡st❛r ❡ss❡ ú❧t✐♠♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ♥ã♦ s✉❛✈❡s✳ ◆❡st❡

❝❛s♦✱ ♥♦ ❡♥t❛♥t♦✱ é ♥❡❝❡ssár✐♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ r❡s✉❧t❛❞♦s t❡ór✐❝♦s q✉❡ ❥✉st✐✜q✉❡♠ ❛ ✉t✐❧✐③❛çã♦

❞❛ ❜✉s❝❛ ♠✉❧t✐❞✐r❡❝✐♦♥❛❧ ♥❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✳

P♦r ✜♠✱ ❛s ❛❧t❡r❛çõ❡s ♣r♦♣♦st❛s ♣❛r❛ ♦ ♠ét♦❞♦ ❞♦ r❡sí❞✉♦ ❡s♣❡❝tr❛❧ t✐✈❡r❛♠ ♦ ❞❡s❡♠♣❡♥❤♦ ♣rát✐❝♦

❛♥❛❧✐s❛❞♦ q✉❛♥❞♦ ✐♠♣❧❡♠❡♥t❛❞❛s ♥♦ ❛❧❣♦r✐t♠♦ ❉❋❙❆◆❊ ❡ t❛♠❜é♠ q✉❛♥❞♦ ❞♦ ✉s♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦

❤í❜r✐❞♦✳ ❆s ♠✉❞❛♥ç❛s q✉❡ ♣r❡✈✐❛♠ ✉♠❛ ♥♦✈❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ s❡ ♠♦str❛r❛♠ ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐s

r♦❜✉st❛s ❞♦ q✉❡ s❡ ✉t✐❧✐③❛❞❛s ❛s ❡str❛té❣✐❛s ❡♠ s✉❛ ❢♦r♠❛ ♣✉r❛✳

❉❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s ❝♦♠ ❡str❛té❣✐❛ ❞❡ ♦r❞❡♥❛çã♦✱ ♦s ❛❧❣♦r✐t♠♦s ❉❋❙❆◆❊✲❖✷✱ ❍✶❊✲❖✷ ❡ ❍✻❊✲❖✷ q✉❡

t❡st❛♠ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❞✐r❡çã♦ ❝✉❥♦ s❡♥t✐❞♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♥❛ ✐t❡r❛çã♦ ❛♥t❡r✐♦r ✭❛♦ ✐♥✈és ❞❡ t❡st❛r

s❡♠♣r❡ ♣❡❧♦ s❡♥t✐❞♦ ♥❡❣❛t✐✈♦ ❡ ❞❡♣♦✐s ♦ ♣♦s✐t✐✈♦✮ t✐✈❡r❛♠ ❞❡s❡♠♣❡♥❤♦s s✐♠✐❧❛r❡s ❛♦ ❛❧❣♦r✐t♠♦ ♦r✐✲

❣✐♥❛❧✳ ❏á ❛ ♣r♦♣♦st❛ ❞❡ ❛✈❛❧✐❛r ❛s ❞✉❛s ❞✐r❡çõ❡s ❡✱ ❛♣ós ✐ss♦✱ ❞❡❝✐❞✐r ❡♠ q✉❡ s❡♥t✐❞♦ ♣r♦ss❡❣✉✐r ♥ã♦

t❡✈❡ ♦ ✐♠♣❛❝t♦ ❡♠ ♠❡❧❤♦r✐❛s ❞❡ r♦❜✉st❡③ q✉❡ ♣r❡✈í❛♠♦s q✉❛♥❞♦ ❡stá✈❛♠♦s ❞✐s♣♦st♦s ❛ s❛❝r✐✜❝❛r ❛

❡✜❝✐ê♥❝✐❛✳

⑤✶✵✹⑤



P✉❞❡♠♦s ♥♦t❛r✱ ♣♦rt❛♥t♦✱ q✉❡ ❛ ❞✐r❡çã♦ ♣♦s✐t✐✈❛ t❡♥❞❡ ❛ t❡r ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ q✉❡ ❛ ❞✐r❡çã♦ ♥❡✲

❣❛t✐✈❛✳ Pr♦✈❛✈❡❧♠❡♥t❡ ❡st❡ ❢❛t♦ ♦❝♦rr❡ ♣♦✐s ❛ ❞✐r❡çã♦ ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ é ✉♠❛ ❛♣r♦①✐♠❛çã♦✱ ❛✐♥❞❛

q✉❡ ❣r♦ss❡✐r❛✱ ❞❡ ✉♠ ♠ét♦❞♦ q✉❛s❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❡✱ q✉❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❣❡♦♠é✲

tr✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s sã♦ ❢❛✈♦rá✈❡✐s ❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ t✐♣♦ ❞❡ ♠ét♦❞♦✱ é ♥❛t✉r❛❧ q✉❡ s❡✉ ❞❡s❡♠♣❡♥❤♦

s❡❥❛ s✉♣❡r✐♦r ❛♦ ❞❛ ❞✐r❡çã♦ ♦♣♦st❛✳

⑤✶✵✺⑤



⑤✶✵✻⑤



❆♣ê♥❞✐❝❡

❆
❆♣ê♥❞✐❝❡

❊st❡ ❛♣ê♥❞✐❝❡ ❝♦♥té♠ ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s✿

❆✳✶ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲❛ ❈r✉③ ✫ ❘❛②❞❛♥ ❬✶✹❪ ✲ P❛rt❡ ■

❆✳✷ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲❛ ❈r✉③ ✫ ❘❛②❞❛♥ ❬✶✹❪ ✲ P❛rt❡ ■■

❆✳✸ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲✉❦➨❛♥ ✫ ❱❧❡↔❦ ❬✸✾❪ ✲ P❛rt❡ ■

❆✳✹ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲✉❦➨❛♥ ✫ ❱❧❡↔❦ ❬✸✾❪ ✲ P❛rt❡ ■■

❆✳✺ Pr♦❜❧❡♠❛s ❞❡ ❬✸✾❪✱ ❝♦♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♠❛✐s ❛❢❛st❛❞♦s ❞❛ s♦❧✉çã♦ ✲ P❛rt❡ ■

❆✳✻ Pr♦❜❧❡♠❛s ❞❡ ❬✸✾❪✱ ❝♦♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♠❛✐s ❛❢❛st❛❞♦s ❞❛ s♦❧✉çã♦ ✲ P❛rt❡ ■■

❆✳✼ Pr♦❜❧❡♠❛s ❞❡ ❬✸✾❪✱ ❝♦♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♠❛✐s ❛❢❛st❛❞♦s ❞❛ s♦❧✉çã♦ ✲ P❛rt❡ ■■■

❆✳✽ Pr♦❜❧❡♠❛s ❞❡ ❬✸✾❪✱ ❝♦♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♠❛✐s ❛❢❛st❛❞♦s ❞❛ s♦❧✉çã♦ ✲ P❛rt❡ ■❱

⑤✶✵✼⑤



Pr♦❜❧❡♠❛ x0 ♣❛❞rã♦ ❞✐♠❡♥sõ❡s

✶ ❊①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✶ x0 = (n/(n− 1), n/(n− 1), . . . , n/(n− 1))t ✶✵✵✵ ✺✵✵✵ ✶✵✵✵✵
✷ ❊①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✷ x0 = (1/n2, 1/n2 . . . , 1/n2))t ✺✵✵ ✶✵✵✵ ✷✵✵✵
✸ ❊①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✸ x0 = (1/4n2, 2/4n2, . . . , n/4n2)t ✺✵ ✶✵✵ ✷✵✵

✹
❉✐❛❣♦♥❛❧ ❢✉♥❝t✐♦♥ ♣r❡♠✉❧t✐♣❧✐❡❞
❜② ❛ q✉❛s✐✲♦rt❤♦❣♦♥❛❧ ♠❛tr✐①

x0 = (−1, 1/2, . . . ,−1, 1/2)t ✾✾ ✸✾✾ ✾✾✾

✺ ❊①t❡♥❞❡❞ ❘♦s❡♥❜r♦❝❦ ❢✉♥❝t✐♦♥ x0 = (5, 1, . . . , 5, 1)t ✶✵✵✵ ✺✵✵✵ ✶✵✵✵✵
✻ ❈❤❛♥❞r❛s❡❦❤❛r✬s ❍✲❡q✉❛t✐♦♥ x0 = (1, 1, . . . , 1)t ✶✵✵ ✺✵✵ ✶✵✵✵

✼
❇❛❞❧② s❝❛❧❡❞ ❛✉❣♠❡♥t❡❞
P♦✇❡❧❧✬s ❢✉♥❝t✐♦♥

x0 = (10−3, 18, 1, . . . , 10−3, 18, 1)t ✾ ✾✾ ✸✾✾

✽ ❚r✐❣♦♥♦♠❡tr✐❝ ❢✉♥❝t✐♦♥ x0 = (101/(100n), 101/(100n), . . . , 101/(100n))t ✶✵✵✵ ✺✵✵✵ ✶✵✵✵✵
✾ ❙✐♥❣✉❧❛r ❢✉♥❝t✐♦♥ x0 = (1, 1, . . . , 1)t ✷✺✵✵ ✺✵✵✵ ✶✵✵✵✵
✶✵ ▲♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ x0 = (1, 1, . . . , 1)t ✺✵✵✵ ✶✵✵✵✵ ✶✺✵✵✵

❚❛❜❡❧❛ ❆✳✶✿ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲❛ ❈r✉③ ✫ ❘❛②❞❛♥ ❬✶✹❪ ✲ P❛rt❡ ■

⑤
✶
✵
✽
⑤



Pr♦❜❧❡♠❛ x0 ♣❛❞rã♦ ❞✐♠❡♥sõ❡s

✶✶ ❇r♦②❞❡♥ ❚r✐❞✐❛❣♦♥❛❧ ❢✉♥❝t✐♦♥ x0 = (−1,−1, . . . ,−1)t ✺✵✵ ✶✵✵✵ ✷✵✵✵
✶✷ ❚r✐❣❡①♣ ❢✉♥❝t✐♦♥ x0 = (0, 0, . . . , 0)t ✶✵✵ ✺✵✵ ✶✵✵✵
✶✸ ❱❛r✐❛❜❧❡ ❜❛♥❞ ❢✉♥❝t✐♦♥ ✶ x0 = (0, 0, . . . , 0)t ✶✵✵ ✺✵✵ ✶✵✵✵
✶✹ ❱❛r✐❛❜❧❡ ❜❛♥❞ ❢✉♥❝t✐♦♥ ✷ x0 = (0, 0, . . . , 0)t ✶✵✵ ✺✵✵ ✶✵✵✵
✶✺ ❋✉♥❝t✐♦♥ ✶✺ x0 = (−1,−1, . . . ,−1)t ✺✵✵ ✶✵✵✵ ✺✵✵✵
✶✻ ❙tr✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✶ x0 = (1/n, 2/n, . . . , 1)t ✶✵✵✵ ✶✵✵✵✵ ✺✵✵✵✵
✶✼ ❙tr✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ✷ x0 = (1, 1, . . . , 1)t ✶✵✵ ✺✵✵ ✶✵✵✵
✶✽ ❋✉♥❝t✐♦♥ ✶✽ x0 = (0, 0, . . . , 0)t ✸✾✾ ✾✾✾ ✾✾✾✾

✶✾ ❩❡r♦ ❏❛❝♦❜✐❛♥ ❢✉♥❝t✐♦♥
x0(1) = 100(n− 100)/n
x0(j) = (n− 1000)(n− 500)/(60n)2, ∀j ≥ 2

✶✵✵ ✺✵✵ ✶✵✵✵

✷✵ ●❡♦♠❡tr✐❝ ♣r♦❣r❛♠♠✐♥❣ ❢✉♥❝t✐♦♥ x0 = (1, 1, . . . , 1)t ✺✵ ✶✵✵ ✺✵✵

❚❛❜❡❧❛ ❆✳✷✿ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲❛ ❈r✉③ ✫ ❘❛②❞❛♥ ❬✶✹❪ ✲ P❛rt❡ ■■

⑤
✶
✵
✾
⑤



Pr♦❜❧❡♠❛ x0 ♣❛❞rã♦

✶ ❈♦✉♥t❡r❝✉rr❡♥t r❡❛❝t♦rs ♣r♦❜❧❡♠ ✶ ✭♠♦❞✐✜❡❞✮ xi = 0.1✱ s❡ mod(i, 8) = 1❀
xi = 0.2✱ s❡ mod(i, 8) = 2 ♦✉ mod(i, 8) = 0❀

✷ ❈♦✉♥t❡r❝✉rr❡♥t r❡❛❝t♦rs ♣r♦❜❧❡♠ ✷ ✭♠♦❞✐✜❡❞✮ xi = 0.3✱ s❡ mod(i, 8) = 3 ♦✉ mod(i, 8) = 7❀
xi = 0.4✱ s❡ mod(i, 8) = 4 ♦✉ mod(i, 8) = 6❀

xi = 0.5✱ s❡ mod(i, 8) = 5✳
✸ ❚r✐❣♦♥♦♠❡tr✐❝ s②st❡♠ x0 = (1/n, 1/n, . . . , 1/n)t

✹ ❚r✐❣♦♥♦♠❡tr✐❝ ✲ ❡①♣♦♥❡♥t✐❛❧ s②st❡♠ ✭tr✐❣❡①♣ ✶✮ x0 = (0, 0, . . . , 0)t

✺ ❚r✐❣♦♥♦♠❡tr✐❝ ✲ ❡①♣♦♥❡♥t✐❛❧ s②st❡♠ ✭tr✐❣❡①♣ ✷✮ x0 = (1, 1, . . . , 1)t

✻ ❙✐♥❣✉❧❛r ❇r♦②❞❡♥ ♣r♦❜❧❡♠ x0 = (−1,−1, . . . ,−1)t

✼ ❚r✐❞✐❛❣♦♥❛❧ ❙②st❡♠ x0 = (12, 12, . . . , 12)t

✽ ❋✐✈❡✲❞✐❛❣♦♥❛❧ s②st❡♠ x0 = (−2,−2, . . . ,−2)t

✾ ❙❡✈❡♥✲❞✐❛❣♦♥❛❧ s②st❡♠ x0 = (−3,−3, . . . ,−3)t

✶✵ ❙tr✉❝t✉r❡❞ ❏❛❝♦❜✐❛♥ ♣r♦❜❧❡♠ x0 = (−1,−1, . . . ,−1)t

✶✶
❚r✐❞✐❛❣♦♥❛❧ s②st❡♠ ❊①t❡♥❞❡❞ ❋r❡✉❞❡♥st❡✐♥
❛♥❞ ❘♦t❤ ❢✉♥❝t✐♦♥

x0 = (90, 60, 90, 60, . . . , 90, 60)t

✶✷ ❊①t❡♥❞❡❞ P♦✇❡❧❧ s✐♥❣✉❧❛r ♣r♦❜❧❡♠ x0 = (3,−1, 0, 1, 3,−1, 0, 1, . . . , 3,−1, 0, 1)t

✶✸ ❊①t❡♥❞❡❞ ❈r❛❣❣ ❛♥❞ ▲❡✈② ♣r♦❜❧❡♠ x0 = (1, 2, 2, 2, 1, 2, 2, 2, . . . , 1, 2, 2, 2)t

✶✹ ❇r♦②❞❡♥ tr✐❞✐❛❣♦♥❛❧ ♣r♦❜❧❡♠ x0 = (−1,−1, . . . ,−1)t

✶✺ ●❡♥❡r❛❧✐③❡❞ ❇r♦②❞❡♥ ❜❛♥❞❡❞ ♣r♦❜❧❡♠ x0 = (−1,−1, . . . ,−1)t

❚❛❜❡❧❛ ❆✳✸✿ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲✉❦➨❛♥ ✫ ❱❧❡↔❦ ❬✸✾❪ ✲ P❛rt❡ ■

⑤
✶
✶
✵
⑤



Pr♦❜❧❡♠❛ x0 ♣❛❞rã♦

✶✻ ❊①t❡♥❞❡❞ P♦✇❡❧❧ ❜❛❞❧② s❝❛❧❡❞ ❢✉♥❝t✐♦♥ x0 = (0, 1, 0, 1, . . . , 0, 1)t

✶✼ ❊①t❡♥❞❡❞ ❲♦♦❞ ♣r♦❜❧❡♠ x0 = (−3,−1,−3,−1, . . . ,−3,−1)t

✶✽ ❚r✐❞✐❛❣♦♥❛❧ ❡①♣♦♥❡♥t✐❛❧ ♣r♦❜❧❡♠ x0 = (1.5, 1.5, . . . , 1.5)t

✶✾ ❉✐s❝r❡t❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ x0 = (h(h− 1), 2h(2h− 1), . . . , nh(nh− 1)t

❝♦♠ h = 1/(n+ 1)

✷✵ ❇r❡♥t ♣r♦❜❧❡♠ x0 = (10, 10, . . . , 10)t

✷✶ ❚r♦❡s❝❤ ♣r♦❜❧❡♠ x0 = (1, 1, . . . , 1)t

✷✷ ❋❧♦✇ ✐♥ ❛ ❝❤❛♥♥❡❧ u0(x) = (x− 0.5)2

✷✸ ❙✇✐r❧✐♥❣ ✢♦✇ u0(x) = (x− 0.5)2 ❡ v0(x) = x− 0.5

✷✹ ❇r❛t✉ Pr♦❜❧❡♠ u0(x, y) = 0

✷✺ P♦✐ss♦♥ Pr♦❜❧❡♠ ✶ u0(x, y) = −1

✷✻ P♦✐ss♦♥ Pr♦❜❧❡♠ ✷ u0(x, y) = 0

✷✼ P♦r♦✉s ♠❡❞✐✉♠ ♣r♦❜❧❡♠ u0(x, y) = 1− xy

✷✽ ❈♦♥✈❡❝t✐♦♥✲❞✐❢✉ss✐♦♥ ♣r♦❜❧❡♠ u0(x, y) = 0

✷✾ ◆♦♥❧✐♥❡❛r ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ u0(x, y) = 0

✸✵ ❉r✐✈❡♥ ❝❛✈✐t② ♣r♦❜❧❡♠ u0(x, y) = 0

❚❛❜❡❧❛ ❆✳✹✿ Pr♦❜❧❡♠❛s✲t❡st❡s ♣r♦♣♦st♦s ❡♠ ▲✉❦➨❛♥ ✫ ❱❧❡↔❦ ❬✸✾❪ ✲ P❛rt❡ ■■

⑤
✶
✶
✶
⑤



P❘❖❇▲❊▼❆ ✸
υ ✶ ✷✵ ✷✵✵
ω ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵
❍✶❊ ❈ ❈ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚

❉❋❙❆◆❊ ❈ ❈ ❈ ❈ ❊❆❱❋ ❈ ❊❙❚ ❊❙❚ ❊❙❚
❍✻❊ ❈ ❈ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚
◆■❲❉ ❈ ❈ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚
◆■ ❈ ❈ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚ ❊❙❚

P❘❖❇▲❊▼❆ ✹
υ ✶ ✷✵ ✷✵✵
ω ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵
❍✶❊ ❈ ❊❙❚ ❈ ❈ ❈ ❈ ❈ ❈ ❈

❉❋❙❆◆❊ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈
❍✻❊ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈
◆■❲❉ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈
◆■ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈ ❈

P❘❖❇▲❊▼❆ ✻
υ ✶ ✷✵ ✷✵✵
ω ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵
❍✶❊ ❈ ❈ ❈ ❊❙❚ ❊❙❚ ❈ ❊❙❚ ❊❙❚ ❊❙❚

❉❋❙❆◆❊ ❊❆❱❋ ❈ ❈ ❊❆❱❋ ❊❆❱❋ ❈ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋
❍✻❊ ❊❆❱❋ ❈ ❈ ❊❙❚ ❊❙❚ ❈ ❊❙❚ ❊❙❚ ❊❙❚
◆■❲❉ ❈ ❈ ❈ ❊❙❚ ❊❙❚ ❈ ❊❙❚ ❊❙❚ ❊❙❚
◆■ ❈ ❈ ❈ ❊❙❚ ❊❙❚ ❈ ❊❙❚ ❊❙❚ ❊❙❚

P❘❖❇▲❊▼❆ ✼
υ ✶ ✷✵ ✷✵✵
ω ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵
❍✶❊ ❈ ❈ ❈ ❈ ❈ ❈ ❊❆❱❋ ❈ ❈

❉❋❙❆◆❊ ❈ ❈ ❈ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋ ❊❆❱❋
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P❘❖❇▲❊▼❆ ✶✸
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ω ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵ ✶ ✷✵ ✷✵✵
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✐♥st❛♥❝❡ ✇✐t❤ ♦rt❤♦❣♦♥❛❧ ❞✐r❡❝t✐♦♥s✱ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❖♣t✐♠✐③❛t✐♦♥✱ ✷✵✱ ♣♣✳ ✾✹✽✲✾✻✻✱ ✷✵✵✾✳
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