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❆♦s ♠❡✉s ✜❧❤♦s✱ ❡s♣♦s❛ ❡ ♣❛✐s✳

✈



✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s q✉❡ ♠✉✐t♦ ❝♦♥tr✐❜ír❛♠ ♣❛r❛ ♠✐♥❤❛ ♣❡rs♦♥❛❧✐❞❛❞❡ ❡ ❝❛rát❡r✳

❆ ♠✐♥❤❛ ❡s♣♦s❛ ❏❛❝❦❡❧❧②♥❡ ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ❝♦♠♣r❡❡♥sã♦✱ q✉❡ ❢♦r❛♠ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s
♣❛r❛ ❡ss❛ ❝♦♥q✉✐st❛✳

❆♦s ♠❡✉s ✜❧❤♦s✱ q✉❡ ♠❡ ❞❡r❛♠ ❢♦rç❛ ♣❛r❛ ❧✉t❛r✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❘♦❞♥❡② ♣❡❧❛ ❢♦rç❛✱ ❝♦♠♣r❡❡♥çã♦✱ ♦r✐❡♥t❛çã♦ ❡ ❛♠✐③❛❞❡ q✉❡ ❢♦r❛♠
❡s❡♥❝✐❛✐s ♣❛r❛ ♦ tér♠✐♥♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ♣❡❧❛s ✐♥ú♠❡r❛s s✉❣❡stõ❡s q✉❡ ♠✉✐♥t♦ ❡♥r✐q✉❡❝❡r❛♠ ❡ss❡ tr❛✲
❜❛❧❤♦✳

❆ ❆❞❡♠✐❧❞❡ ♣❡❧❛ s✐♠♣❛t✐❛✱ ❛♠✐③❛❞❡ ❡ ♣r❡st❡③❛ q✉❡ ❢♦r❛♠ ❡ss❡♥❝✐❛✐s ♣❛r❛ ♠✐♥❤❛ ❡st❛❞✐❛
❡♠ ❈❛♠♣✐♥❛s✳

❆♦s ❛♠✐❣♦s ❋r❛♥❝✐s❝♦✱ ❍é❝t♦r✱ ▼♦✐sés✱ ❘❡♥❛t♦✱ ❱❛♥❡ss❛✱ ▼✐❝❤❡❧✱ ▲✉❝✐❛♥❛✱ P❛✉❧♦✱ P❛✉❧♦
❆❧❡①❛♥❞r❡✱ ❏✉s❝❡❧✐♥♦✱ ❘♦♥❛❧❞♦✱ ❈❧é❜❡r ❡ ➱r✐❝❛✳

❆ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ▼❛r❛♥❤ã♦ ♣❡❧♦ ❛❢❛st❛♠❡♥t♦ q✉❡ ♠❡ ❢♦✐ ❝♦♥❝❡❞✐❞♦✳

❆ t♦❞♦s ♦s ❛♠✐❣♦s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ P✐❛✉í ♣❡❧❛ ❢♦rç❛ q✉❡ ♠❡ ❢♦✐ ❞✐s♣❡♥s❛❞❛✳

❆ ❈♦♦r❞❡♥❛çã♦ ❞❛ ♣ós ❣r❛❞✉❛çã♦ ♣❡❧❛ ♣r❡st❡③❛ ❡ s✐♠♣❛t✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❚â♥✐❛ q✉❡
♣r♦♥t❛♠❡♥t❡ ❛t❡♥❞✐❛ ❛♦s ♠❡✉s ♣❡❞✐❞♦s ♥❡♠ s❡♠♣r❡ s✐♠♣❧❡s✳

❆ t♦❞♦s q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♦ tér♠✐♥♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✈✐✐



✈✐✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❞❡✜♥✐r❡♠♦s s♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ❞✐❢✉sã♦ ❡ ❡①♣❧♦✲
r❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ✉♥✐❝✐❞❛❞❡ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ss❛s s♦❧✉çõ❡s✳

❇❛s✐❝❛♠❡♥t❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❝♦♥s✐❞❡r❛r ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣♦rt❛♥t❡s
❞❡ss❡s ♣r♦❜❧❡♠❛s ❞✐❢✉s✐✈♦s ❝♦♠♦ ✐♥❝❡rt♦s✱ ♣❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ♥✉♠❡r♦ ❢✉③③②✳
❚❡r♠♦s ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ✐♥❝❡rt♦s ❡
❛tr❛✈és ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♣❧✐❝❛❞♦ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦
♣r♦❜❧❡♠❛ t❡r❡♠♦s ❛ s♦❧✉çã♦ ❢✉③③②✳

❙❡rã♦ ♦❜t✐❞❛s t❛♠❜é♠ s♦❧✉çõ❡s ✈✐❛ ❜❛s❡ ❞❡ r❡❣r❛s✱ ✉t✐❧✐③❛♥❞♦ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♣✲
❢✉③③②✱ ❣❛r❛♥t✐♥❞♦ ❛ss✐♠✱ ✉♠❛ ♠❛♥❡✐r❛ ❡✜❝✐❡♥t❡ ❡ ♣rát✐❝❛ ❞❡ ♦❜t❡r♠♦s✱ ❜♦❛s r❡s♣♦st❛s
♣❛r❛ ♦s ♣r♦❜❧❡♠❛s✱ s❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r♠♦s ❛s s♦❧✉çõ❡s ❡①♣❧í❝✐t❛s✳ ❆♣❧✐❝❛çõ❡s ❞❡ss❡s
r❡s✉❧t❛❞♦s t❛♠❜é♠ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ❋✉③③②❀ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s❀ ❊st❛❜✐✲
❧✐❞❛❞❡❀ ❊q✉❛çã♦ ❞❡ ❉✐❢✉sã♦✳

✐①



①



❆❜str❛❝t

❚❤✐s ✇♦r❦ ✇✐❧❧ ❞❡✜♥❡ ❢✉③③② s♦❧✉t✐♦♥ ❢♦r ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❞✐✛✉s✐♦♥ ❛♥❞ ❡①♣❧♦r❡ s♦♠❡
✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s s✉❝❤ ❛s ✉♥✐q✉❡♥❡ss ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s✳

❇❛s✐❝❛❧❧② ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥s✐❞❡r✐♥❣ s♦♠❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ t❤❡s❡ ❞✐✛✉s✐♦♥
♣r♦❜❧❡♠s ❛s ✉♥❝❡rt❛✐♥ ❛♥❞✱ ✇❡ ✉s❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❢✉③③② ♥✉♠❜❡rs ❢♦r t❤✐s✳ ❚❡r♠s s✉❝❤ ❛s
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ✉♥❝❡rt❛✐♥ ❛♥❞ ❜② t❤❡ ❡①t❡♥s✐♦♥
♦❢ ❩❛❞❡❤✬s s♦❧✉t✐♦♥ ❛♣♣❧✐❡❞ t♦ ❞❡t❡r♠✐♥✐st✐❝ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ✇❡ ❤❛✈❡
t❤❡ ❢✉③③② s♦❧✉t✐♦♥✳

❙♦❧✉t✐♦♥s ❢♦r r✉❧❡✲❜❛s❡ s✐t✉❛t✐♦♥s ❛r❡ ❛❧s♦ ♦❜t❛✐♥❡❞✱ ✉s✐♥❣ ♣✲❢✉③③② ❞②♥❛♠✐❝ s②st❡♠s✱
t❤✉s ❣✉❛r❛♥t❡❡✐♥❣ ❛♥✱ ❡✣❝✐❡♥t ❛♥❞ ♣r❛❝t✐❝❛❧ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ ❛❞❡q✉❛t❡ ❛♥s✇❡rs t♦ t❤❡
♣r♦❜❧❡♠s✱ ♥♦t ♥❡❝❡ss❛r✐❧② ✉♥❞❡r t❤❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥s✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ r❡s✉❧ts ✇✐❧❧
❛❧s♦ ❜❡ ❞✐s❝✉ss❡❞✳

❑❡② ✇♦r❞s✿ ❋✉③③② ❉✐♥❛♠✐❝s ❙②st❡♠s❀ P❛rt✐❛❧ ❉✐❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s❀ ❙t❛❜✐❧✐t②❀ ❉✐❢✲
❢✉s✐♦♥ ❊q✉❛t✐♦♥✳

①✐



①✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶

✶ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✼

✶✳✶ ❊q✉❛çã♦ ❞❡ ❉✐❢✉sã♦ ❈❧áss✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✷ ❖✉tr❛s ✐♥t❡r♣r❡t❛çõ❡s ♣❛r❛ ❞✐❢✉sã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ ■♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③② ✶✾

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✷ ❙✉❜❝♦♥❥✉♥t♦s ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✸ ❖ ❙✉❜❡s♣❛ç♦ E (X) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✷✳✹ Pr♦❥❡çõ❡s ❡♠ ❊s♣❛ç♦s ▼étr✐❝♦s ❋✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✺ Pr♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✺✳✶ ❊①t❡♥sã♦ ❞♦ ❝❛♠♣♦ ❞❡t❡r♠✐♥íst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✷✳✺✳✷ ❊①t❡♥sã♦ ❞♦ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸ ❊st❛❜✐❧✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ✺✺

✸✳✶ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✸✳✶✳✶ ❊st❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❢✉③③② ❡♠ R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✷ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✸✳✷✳✶ ❊st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❛ s♦❧✉çã♦ ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
✸✳✷✳✷ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s

❞✐❢✉sã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✸✳✷✳✸ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲

r❡❛çã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✸✳✷✳✹ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲

r❡❛çã♦✲❛❞✈❡❝çã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✸✳✸ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R

2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✸✳✹ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ n✲❞✐♠❡♥s✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
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✹ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D
❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ ✼✺
✹✳✶ ▼♦❞❡❧♦ ❋✉③③② ❛ss♦❝✐❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✹✳✷ ❙♦❧✉çã♦ ❢✉③③② ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ✈❛r✐á✈❡❧ ❡ r❡♣r♦❞✉çã♦ ▼❛❧t❤✉s✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
✹✳✸ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❞✐❢✉sã♦ ♥♦ ✐♥st❛♥t❡ t = t∗ ✳ ✳ ✳ ✽✷
✹✳✹ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♥♦

✐♥st❛♥t❡ t = t∗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✹✳✺ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❝♦♠ ❝♦❡✜✲

❝✐❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✹✳✺✳✶ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
✹✳✺✳✷ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ✽✼

✺ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✈✐❛ ❜❛s❡ ❞❡ r❡❣r❛s✿ ▼♦❞❡❧♦s ♣✲❢✉③③② ✾✶
✺✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
✺✳✷ ❙✐st❡♠❛s ❜❛s❡❛❞♦ ❡♠ r❡❣r❛s ❢✉③③②✿ ❈♦♥tr♦❧❛❞♦r ❞❡ ▼❛♠❞❛♥✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✺✳✸ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ♣✲❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✸✳✶ ▼♦❞❡❧❛❣❡♠ ❞❛ ❞✐str✐❜✉✐çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ s❡♠ ✉s♦ ❞❡ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ✾✼
✺✳✸✳✷ ▼♦❞❡❧❛❣❡♠ ❞❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ✉t✐❧✐③❛♥❞♦ t❡♠♣♦ ❡ ❝♦❡✜✲

❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❝♦♠♦ ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
✺✳✸✳✸ ❙♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✉t✐❧✐③❛♥❞♦ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♣✲❢✉③③② ✶✵✺

✻ ❆♣❧✐❝❛çõ❡s ✶✶✸
✻✳✶ ▼♦❞❡❧❛❣❡♠ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✻✳✶✳✶ ❊st✐♠❛t✐✈❛ ❞♦s P❛râ♠❡tr♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✻✳✶✳✷ ❙♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ × ❙♦❧✉çã♦ ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✻✳✷ ▼♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❛♣❧✐❝❛❞♦ ❛ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✻✳✷✳✶ ▼♦❞❡❧♦ ❞❡ ❉✐❢✉sã♦ ❞❡t❡r♠✐♥íst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵
✻✳✷✳✷ ▼♦❞❡❧♦ ❢✉③③② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
✻✳✷✳✸ ❉✐s❝✉ssã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✹

❈♦♥❝❧✉sõ❡s ❡ ♣❡s♣❡❝t✐✈❛s ❢✉t✉r❛s ✶✸✼

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✸✾

①✐✈



■♥tr♦❞✉çã♦

❖s ♠♦❞❡❧♦s ❝❧áss✐❝♦s ❞❡ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧ ✈❡♠ s❡♥❞♦ ❡st✉❞❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦
❡ ❞✐✈❡rs❛s ✈❛r✐❛çõ❡s ❞❡st❡s ♠♦❞❡❧♦s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s✳ ▼♦❞❡❧♦s ❢♦r♠✉❧❛❞♦s ❝♦♠ ❡q✉❛✲
çõ❡s ♦✉ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s t❡♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡
♣r♦❝❡ss♦s ❞❡ ♠✐❣r❛çâ♦ ❡ ❞✐s♣❡rs ❛♦ ♣♦♣✉❧❛❝✐♦♥❛❧✳

P❛r❛ ❞❡s❝r❡✈❡r ✉♠ ❢❡♥ô♠❡♥♦ ❝♦♠ ♦ ❣r❛✉ ❞❡ r❡❛❧✐s♠♦ ❞❡s❡❥❛❞♦ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ✉♠
♣r♦❝❡ss♦ ❞❡ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ♦ ♠á①✐♠♦ ❞❡ ✐♥❢♦r♠❛çõ❡s q✉❡
s✉♣♦st❛♠❡♥t❡ sã♦ ❡ss❡♥❝✐❛✐s ♥♦ ❡st✉❞♦ ❞♦ ❢❡♥ô♠❡♥♦✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ q✉❛♥t♦ ♠❛✐s ✐♥✲
❢♦r♠❛çõ❡s ♦ ♠♦❞❡❧♦ ✐♥❝♦r♣♦r❛r✱ ♠❛✐s r❡❛❧✐st❛ ❡❧❡ s❡ t♦r♥❛✳ ❈♦♥t✉❞♦ q✉❛s❡ s❡♠♣r❡ ✐ss♦
❝♦♠♣❧✐❝❛ ♦✉ ✐♥✈✐❛❜✐❧✐③❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ✜❞❡❞✐❣♥❛s✳

❉❛í ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡❧❡❝✐♦♥❛r ❛q✉❡❧❡s ❛s♣❡❝t♦s s✉♣♦st❛♠❡♥t❡ r❡❧❡✈❛♥t❡s q✉❡ ❡♥✈♦❧✈❡♠
♦ s✐st❡♠❛ ❜✐♦❧ó❣✐❝♦✳ ◆❛ ❜✉s❝❛ ♣♦r ✐❞❡♥t✐✜❝❛r ❡ss❡s ❛s♣❡❝t♦s r❡❧❡✈❛♥t❡s✱ s✉r❣❡♠ ✐♠♣r❡ssõ❡s
♦❜t✐❞❛s ❞❡ s✐t✉❛çõ❡s r❡❛✐s q✉❡✱ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ s❡ ❛❝❤❛♠ ♦❝✉❧t❛s ❡♠ ✉♠ ✈❛st♦
❡♠❛r❛♥❤❛❞♦ ❞❡ ✈❛r✐á✈❡✐s s✉❜❥❡t✐✈❛s✱ ✐♠♣r❡❣♥❛❞❛s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐♥❝❡rt❛s ❞✐❢ì❝❡✐s ❞❡
s❡r❡♠ ♠❡♥s✉r❛❞❛s✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ s❡ tr❛t❛♥❞♦ ❞♦ ❡st✉❞♦ ❞❡ ❡♣✐❞❡♠✐❛s ❡ ❞✐♥â♠✐❝❛ ❞❡
♣♦♣✉❧❛çõ❡s✱ ♦s ♣❛râ♠❡tr♦s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛ ❞✐s♣❡rsã♦ ❞❛ ❞♦❡♥ç❛✱ ✉♠ ✐♥❞✐✈í❞✉♦ ♦✉ ❛té
♠❡s♠♦ ✉♠ ❣r✉♣♦ ❞❡ ✐♥❞✐✈í❞✉♦s✱ ♥❡♠ s❡♠♣r❡ ♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞♦s ♦✉ ♠❡❞✐❞♦s ♥♦ s❡♥t✐❞♦
tr❛❞✐❝✐♦♥❛❧✳ ❙ã♦ ✐♥❝❡rt❡③❛s q✉❡ s♦♠❡♥t❡ ♣♦❞❡♠ s❡r ❝♦♥❥❡❝t✉r❛❞❛s ✐♥t✉✐t✐✈❛♠❡♥t❡✳

◆❡ss❡ ❝♦♥t❡①t♦✱ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ❝❧áss✐❝❛s✱ q✉❡ s❡ ✉t✐❧✐③❛♠ ❞❡ ❡q✉❛çõ❡s ❞❡t❡r✲
♠✐♥íst✐❝❛s✱ q✉❛♥❞♦ tr❛t❛❞❛s ❞❡ ❢♦r♠❛ ✐s♦❧❛❞❛ ✜❝❛♠ s✉❥❡✐t❛s à ♣❡r❞❛ ❞❡ ❛❧❣✉♠❛s ✐♥❢♦r♠❛✲
çõ❡s✱ ✐♥❡r❡♥t❡s ❛♦s ❢❡♥ô♠❡♥♦s q✉❡ ♣♦❞❡♠ s❡r ❝❛✉s❛❞♦s ❞❡✈✐❞♦ à ♥❛t✉r❡③❛ ✐♥tr✐♥s❡❝❛♠❡♥t❡
♥❡❜✉❧♦s❛ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ ❡♥✈♦❧✈✐❞❛s ♦✉ ❛tr❛✈és ❞♦s ♣❛râ♠❡tr♦s ❞❛s ❡q✉❛çõ❡s ✭❝♦❡✲
✜❝✐❡♥t❡s ♦✉ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✮✳ ❖✉ ❡♥tã♦✱ s❡ ✐♠♣õ❡♠ ❝♦♥❞✐çõ❡s ❡✴♦✉ r❡str✐çõ❡s tã♦ ❞rást✐❝❛s
q✉❡✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ t❡r♠✐♥❛ ❞❡s✈✐rt✉❛♥❞♦ ❛ ♥❛t✉r❡③❛ ❞❛ s✐t✉❛çã♦ ❡♠ ❡st✉❞♦✳ ❊♠
❛♠❜❛s ❛s s✐t✉❛çõ❡s ❛s t❛r❡❢❛s ✐♠♣❧✐❝❛♠ ❡♠ ❣r❛♥❞❡s ❞❡s❛✜♦s✱ ❞❛❞❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❡♠ s❡
❧✐❞❛r ❝♦♠ ❝♦♥❝❡✐t♦s ✈❛❣♦s ❡ ✐♠♣r❡❝✐s♦s✳

❈♦♥tr❛♣♦♥❞♦✲s❡ ❛ ❡st❡ ❝❡♥ár✐♦ ❞❡ ❞❡s❛✜♦s✱ ♦ ✐♥t❡r❡ss❡ ❞❡ ♣r♦✜ss✐♦♥❛✐s ❡ ♣❡sq✉✐s❛❞♦✲
r❡s ❡♠ ❝♦♥str✉✐r ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ♣❛r❛ ❞❡s❝r❡✈❡r ❢❡♥ô♠❡♥♦s ❜✐♦❧ó❣✐❝♦s q✉❡ ❡♥✈♦❧✈❡♠
✐♥❝❡rt❡③❛s t❡♠ ❝r❡s❝✐❞♦ ❡ s❡ ❞❡s❡♥✈♦❧✈✐❞♦ r❛♣✐❞❛♠❡♥t❡ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s✳ ◆❛ ♠❛✐♦r
♣❛rt❡ ❞♦s ♠♦❞❡❧♦s ♣r♦♣♦st♦s ❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ s✉r❣❡ ❝♦♠♦ ✉♠❛ ❞❛s r❡s♣♦st❛s á ♥❡✲
❝❡ss✐❞❛❞❡ ❞❡ ✐♥t❡r❧✐❣❛çã♦ ❞♦s ♠ét♦❞♦s ❞♦s ❞✐❢❡r❡♥t❡s r❛♠♦s ❞♦ s❛❜❡r ❝✐❡♥tí✜❝♦ ❞❡ ❝❛rát❡r

✶



❡ss❡♥❝✐❛❧♠❡♥t❡ ❡♣✐st❡♠♦❧ó❣✐❝♦✳ ❊ss❡ ♣r♦❝❡ss♦ ❞❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ t♦r♥❛✲s❡ ♥❡❝❡ssár✐♦
❞❡✈✐❞♦ à ❡①❝❡ss✐✈❛ ❝♦♠♣❛rt✐♠❡♥t❛❧✐③❛çã♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❛❞✈✐♥❞♦ ❞❛s ✐♥❢♦r♠❛çõ❡s s❡✲
❧❡❝✐♦♥❛❞❛s ❝♦♠♦ ❡ss❡♥❝✐❛✐s✱ ❛ s❡r❡♠ ✐♥❝♦r♣♦r❛❞❛s ❛♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦✳ ❉❡ss❛ ❢♦r♠❛✱
❛ ✐♥t❡r❧✐❣❛çã♦ ❞❡ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ❝❧áss✐❝❛s✱ ♥♦ ❝❛s♦✱ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡ ❛
t❡♦r✐❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❝♦♠ ❢❡rr❛♠❡♥t❛s ♥ã♦ ❝❧áss✐❝❛s ❝♦♠♦ ❛ ❧ó❣✐❝❛ ❢✉③③②✱ ♣♦r ❡①❡♠♣❧♦✱
t❡♠ ❞❡♠♦♥str❛❞♦ ♣♦ss✉✐r ❣r❛♥❞❡ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çã♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❛ ár❡❛ ❡♣✐❞❡♠✐✲
♦❧ó❣✐❝❛✱ ❝♦♥s✐❞❡r❛❞♦s ♦s t✐♣♦s ❞❡ ✐♥❝❡rt❡③❛s ❡♥✈♦❧✈✐❞♦s ♥♦ ❢❡♥ô♠❡♥♦ ❞❡ ✐♥t❡r❡ss❡ ▼❛ss❛❞
✭✷✵✵✾✮✳

❖ ♠❛r❝♦ ✐♥✐❝✐❛❧ ❞❛ ❚❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❋✉③③② ❢♦✐ ❡♠ ✶✾✻✺ q✉❛♥❞♦ ▲♦❢t✐ ❩❛❞❡❤ ✐♥tr♦✲
❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❥✉♥t♦s ❢✉③③② ❩❛❞❡❤ ✭✶✾✻✺✮✳ ❆♣ós ✐ss♦✱ ♠✉✐t❛ ♣❡sq✉✐s❛ ❢♦✐ ❞❡s❡♥✈♦❧✲
✈✐❞❛ t❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦ q✉❛♥t♦ ♣rát✐❝♦ ❇❛rr♦s ❡ ❇❛ss❛♥❡③✐ ✭✷✵✵✻✮ ❡ ◆❣✉②❡♥
❡ ❲❛❧❦❡r ✭✷✵✵✵✮✳ ❯♠❛ ❞❛s ár❡❛s ❞❡ ✐♥t❡r❡ss❡ ❢♦✐ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s ✐♥❝❡rt♦s✳ ❖s
♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❢❡♥ó♠❡♥♦s ♥❛t✉r❛✐s ♣♦r ♠❡✐♦ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♣♦❞❡ ❡st❛r
s✉❥❡✐t♦ à ✐♥❝❡rt❡③❛s ✐♥❡r❡♥t❡s ❛♦s ♣❛râ♠❡tr♦s ❞❛s ❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ t❛✐s ❢❡♥ô♠❡♥♦s✳
P♦r ❡①❡♠♣❧♦✱ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧ ♥❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧ s❛❜❡r♠♦s
❡①❛t❛♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❞✐✈í❞✉♦s ♦✉ ❛ ❝❛♣❛❝✐❞❛❞❡ s✉♣♦rt❡ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛
r❡❣✐ã♦✳ ❚❛♠❜é♠ ♥❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧✱ ♣♦r ❞✐✜❝✉❧❞❛❞❡ té❝♥✐❝❛ ♦✉ ❢❛❧t❛ ❞❡ ✐♥❢♦r♠❛çã♦✱
✐♥❝♦r♣♦r❛r t♦❞❛s ❛s ❧❡✐s ♥❡❝❡ssár✐❛s ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❢❡♥ô♠❡♥♦ ❡st✉❞❛❞♦✳ ❉❡st❛ ❢♦r♠❛✱ ❛
s✉❜❥❡t✐✈✐❞❛❞❡ é ✉♠ ✐♠♣♦rt❛♥t❡ ❢❛t♦r q✉❡ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ♥❛ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛✳

◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❢❡♥ô♠❡♥♦s ♠♦❞❡❧❛❞♦s ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ ❡①✐st❡♠
❛❧❣✉♠❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ♠♦❞❡❧❛❣❡♠ ❝❧áss✐❝❛ q✉❡ ❝♦♥t❡♠♣❧❛♠ ✐♥❝❡rt❡③❛s ✐♥❡r❡♥t❡s ❛♦ ♣❛✲
râ♠❡tr♦s ❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❉❡♥tr❡ ❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s s❡ ❞❡st❛❝❛♠ ❛s ❡q✉❛çõ❡s ❞✐✲
❢❡r❡♥❝✐❛✐s ❡st♦❝ást✐❝❛s ❡ ❛ t❡♦r✐❛ ❞❡ ✐♥❝❧✉sô❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ❡s❝♦❧❤❛ ❞❛
✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ ❡✴♦✉ ❞♦s ♣❛râ♠❡tr♦s ❞♦s ♠♦❞❡❧♦s t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❢✉③③✐♥❡s ❞❡✲
♠♦❣rá✜❝❛ q✉❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ sã♦ ♠♦❞❡❧❛❞❛s ♣♦r ♠❡✐♦ ❞❡ ❝♦♥❥✉♥t♦s ❢✉③③② ❡✴♦✉
❢✉③③✐♥❡s ❛♠❜✐❡♥t❛❧ q✉❛♥❞♦ s♦♠❡♥t❡ ♦s ♣❛râ♠❡tr♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❢✉③③②✳ ◆♦s ❢❡♥ô♠❡♥♦s
❜✐♦❧ó❣✐❝♦s ❡♠ ❣❡r❛❧✱ ❛♠❜♦s ♦s t✐♣♦s ❞❡ ❢✉③③✐♥❡s ❡stã♦ ♣r❡s❡♥t❡s ❇❛rr♦s ❡ ❇❛ss❛♥❡③✐ ✭✷✵✵✻✮✳

❖ s✉r❣✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③② ♣r♦♣♦st♦ ♣♦r ❩❛❞❡❤ ✭✶✾✻✺✮ tr♦✉①❡ ♥♦✈❛s
❢❡rr❛♠❡♥t❛s q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ❛ ✐♥❝♦r♣♦r❛çã♦ ❞❡ s✉❜❥❡t✐✈✐❞❛❞❡ ❡♠ ♠♦❞❡❧♦s q✉❡ ❞❡s❝r❡✈❡♠
❢❡♥ô♠❡♥♦s r❡❛✐s ♦♥❞❡ ❢❛❧t❛♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s ❧❡✐s ♦✉ ❤á ✐♥❝❡rt❡③❛s ♥♦s ♣❛râ♠❡tr♦s ❞♦
♠♦❞❡❧♦ q✉❡ ❞❡s❝r❡✈❡♠ t❛❧ ❢❡♥ô♠❡♥♦✳

❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③② ❞❡✉ ♦r✐❣❡♠ às ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
❢✉③③②✱ ✐♥✐❝✐❛❧♠❡♥t❡ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❑❛♥❞❡❧ ❡ ❇②❛tt ✭✶✾✽✶✮✳ ❆ ♣❛rt✐r ❞❡ ❡♥tã♦✱ ❛✉t♦r❡s
❝♦♠♦ ❑❛❧❡✈❛ ✭✶✾✽✼✮ ❡ ❙❡✐❦❦❛❧❛ ✭✶✾✽✼✮ ❛❞♦t❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❍ ✲ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✱ ❞❡✲
s❡♥✈♦❧✈✐❞❛ ♣♦r P✉r✐ ❡ ❘❛❧❡s❝✉ ✭✶✾✽✸✮ ❛ ♣❛rt✐r ❞❛ ❞❡r✐✈❛❞❛ ❞❡ ❍✉❦✉❤❛r❛✱ ♥♦ ❡st✉❞♦ ❞❛s
❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢✉③③②✳ ◆♦ ❡♥t❛♥t♦✱ ❛s s♦❧✉çõ❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢✉③③② ♦❜t✐❞❛s
♣♦r ♠❡✐♦ ❞❛ ❍ ✲ ❞❡r✐✈❛❞❛ ❛♣r❡s❡♥t❛♠ ♠✉✐t❛s ✈❡③❡s ❛ ✐♥❞❡s❡❥á✈❡❧ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛✉♠❡♥t❛r ❛
s✉❜❥❡t✐✈✐❞❛❞❡ q✉❛♥❞♦ ♦ t❡♠♣♦ ❝r❡s❝❡✳ ▼❡s♠♦ ♣❛r❛ ♦ s✐♠♣❧❡s ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ r❛✲
❞✐♦❛t✐✈♦✱ ♦ ❞✐â♠❡tr♦ ❞♦ s✉♣♦rt❡ ❞❛ s♦❧✉çã♦ ❢✉③③② ❞✐✈❡r❣❡ q✉❛♥❞♦ t→ ∞ ✭❑❛❧❡✈❛ ✭✶✾✽✼✮✮✳
❙❡❣✉♥❞♦ ❉✐❛♠♦♥❞ ✭✷✵✵✵✮✱ ❡st❛ ❢♦r♠✉❧❛çã♦ ♥ã♦ é ❝❛♣❛③ ❞❡ r❡♣r♦❞✉③✐r ♦ r✐❝♦ ❝♦♠♣♦rt❛✲

✷



♠❡♥t♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡t❡r♠✐♥íst✐❝❛s t❛✐s ❝♦♠♦ ♣❡r✐♦❞✐❝✐❞❛❞❡✱ ❡st❛❜✐❧✐❞❛❞❡ ❡
❜✐❢✉r❝❛çã♦✱ s❡♥❞♦ ❛ss✐♠ ✐♥❛♣r♦♣r✐❛❞❛ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❜❧❡♠❛s r❡❛✐s✳

❖ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢✉③③② ♣♦❞❡ t❛♠❜é♠ s❡r ❢❡✐t♦ ❛tr❛✈és ❞❛ t❡♦r✐❛ ❞❡
✐♥❝❧✉sõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❆s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣♦r ❡st❛ ❛❜♦r❞❛❣❡♠✱ s✉❣❡r✐❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r
❍ü❧❧❡r♠❡✐❡r ✭✶✾✾✼✮✱ sã♦ ❝❛♣❛③❡s ❞❡ ❛♣r❡s❡♥t❛r ♣❡r✐♦❞✐❝✐❞❛❞❡✱ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❜✐❢✉r❝❛çã♦
✭❱♦r♦❜✐❡✈ ❡ ❙❡✐❦❦❛❧❛ ✭✷✵✵✷✮✮✳

❍á ❛✐♥❞❛ ✉♠❛ t❡r❝❡✐r❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❢✉③③② q✉❡
❝♦♥s✐st❡ ❡♠ ❝♦♥s✐❞❡r❛r ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ s♦❧✉çâ♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡t❡r♠✐✲
♥íst✐❝❛ ❛ss♦❝✐❛❞❛✳ ❚❛❧ ❡①t❡♥sã♦ é ❞❡♥♦♠✐♥❛❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❢✉③③② ♦✉
s♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳ ❙♦❧✉çõ❡s ❢✉③③② ♦❜t✐❞❛s ❛tr❛✈és ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛✲
❞❡❤ s♦❜r❡ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✱ ❢♦r❛♠ ❞✐s❝✉t✐❞❛s ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❖❜❡r❣✉❣❣❡♥❜❡r❣❡r ❡
P✐tts❝❤♠❛♥♥ ✭✶✾✾✾✮ ❡ ❇✉❝❦❧❡② ❡t ❛❧✳ ✭✷✵✵✵✮✳ ❊st❡ ú❧t✐♠♦ tr❛❜❛❧❤♦ t❡♠ ✉♠❛ ❝♦♠♣❛r❛çã♦
❡♥tr❡ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣♦r ❞✐❢❡r❡♥t❡s ❞❡✜♥✐çõ❡s ❞❡ ❞❡r✐✈❛❞❛s ❞❡ ❢✉♥çõ❡s ❢✉③③②✳

❊♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✱ ▼✐③✉❦♦s❤✐ ✭✷✵✵✹✮ ❡st✉❞♦✉ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s s♦❧✉✲
çõ❡s ❢✉③③② ♦❜t✐❞❛s ✈✐❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❡ s♦❧✉çõ❡s ❞❡t❡r♠✐♥íst✐❝❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥✲
❝✐❛✐s ❛✉tô♥♦♠❛s

dx

dt
= f(x), x(0) = x0 ∈ U ⊂ R

n ✭✵✳✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ▼✐③✉❦♦s❤✐ ✭✷✵✵✹✮✱ ❛ s♦❧✉çã♦ ❢✉③③② ❣❡r❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❛❝✐♠❛ s❛t✐s❢❛③
❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❡ ♣♦rt❛♥t♦✱ t❛❧ s♦❧✉çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ✢✉①♦
s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ U ✳ ▼✐③✉❦♦s❤✐ ✭✷✵✵✹✮ t❛♠❜é♠ ♠♦str❛
q✉❡ ♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ✭♦✉ ♣♦♥t♦s ❢✉③③②✮ ❝✉❥❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ sã♦ ❛s ❢✉♥çõ❡s
❝❛r❛❝t❡ríst✐❝❛s ❞❡ ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ❡q✉❛çã♦ ✭✵✳✶✮✱ sã♦ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ♣❛r❛
♦ ✢✉①♦ ❢✉③③②✳ ❆ss✐♠✱ ♦s ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡t❡r♠✐♥íst✐❝♦s ♣❛r❛ ♦ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦
❞❡t❡r♠✐♥❛♠ ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❢✉③③② ♣❛r❛ ♦ ✢✉①♦ ❢✉③③②✳ ❆❧é♠ ❞✐ss♦✱ ▼✐③✉❦♦s❤✐ ♠♦s✲
tr❛ q✉❡ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❛ s♦❧✉çã♦ ❢✉③③②✱ ♦❜t✐❞❛ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ s♦❧✉çã♦
❞❡t❡r♠✐♥íst✐❝❛✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ s♦❧✉çã♦ ❢✉③③② ♦❜t✐❞❛ ♣♦r ✐♥❝❧✉sõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❈❡❝❝♦♥❡❧❧♦ ✭✷✵✶✵✮✱ ❞❡s❡♥✈♦❧✈❡✉ ❢❡rr❛♠❡♥t❛s q✉❡ t♦r♥❛♠ ❛ ❛♥á❧✐s❡
q✉❛❧✐t❛t✐✈❛ ♣❛r❛ s♦❧✉çõ❡s ❢✉③③②✱ ♦❜t✐❞❛s ♣♦r ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✱
♠❛✐s ❛❜r❛♥❣❡♥t❡✳ ❈❡❝❝♦♥❡❧❧♦ ✭✷✵✶✵✮ ❡st❛❜❡❧❡❝❡✉ t❛♠❜é♠ ❝♦♥❞✐çõ❡s ♣❛r❛ ❡①✐stê♥❝✐❛ ❡ ❡s✲
t❛❜✐❧✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❢✉③③② ❝✉❥❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ s❡❥❛ s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠
❞✐ss♦✱ ❢♦✐ ❡st✉❞❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ♣❛r❛ ♦ ✢✉①♦ ❢✉③③②✳ ❆s
❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♣♦r ▼✐③✉❦♦s❤✐ ✭✷✵✵✹✮✱ ❜❡♠ ❝♦♠♦ ♦s ♥♦✲
✈♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐❞♦s ♣♦r ❈❡❝❝♦♥❡❧❧♦ ✭✷✵✶✵✮ sã♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ s♦❧✉çõ❡s
❢✉③③② ❣❡r❛❞❛s ♣♦r ❡q✉❛çõ❡s ❛✉tô♥♦♠❛s✳

❉❡ss❛ ❢♦r♠❛✱ ❞❡✈✐❞♦ ❛♦ s❡✉ ❣r❛♥❞❡ ♣♦t❡♥❝✐❛❧ ❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡ ❝❛rát❡r ❞❡ ✐♥t❡r❞✐s✲
❝✐♣❧✐♥❛r✐❞❛❞❡✱ ❛ t❡♦r✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❢✉③③② ♣♦❞❡ ❢❛❝✐❧✐t❛r ♦ tr❛❜❛❧❤♦ ❞♦ ♠♦❞❡❧❛❞♦r ❡ ❞❡
❡s♣❡❝✐❛❧✐st❛s ❞❛s ár❡❛s ❡♥✈♦❧✈✐❞❛s✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ❛❝rés❝✐♠♦ ❞❡ ♥♦✈❛s ✐♥❢♦r♠❛çõ❡s✱ ❢❛✲
❝✐❧✐t❛♥❞♦ ❛♥á❧✐s❡ ❡ ❝♦♠♣r❡❡♥sã♦ ❞❡ ❛❧❣✉♠❛s s✐t✉❛çõ❡s r❡❛✐s✳ ■ss♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❡♠
tr❛❜❛❧❤♦s ❡♥✈♦❧✈❡♥❞♦ ❊q✉❛çõ❡s ❞❡ ❉✐❢❡r❡♥ç❛s✱ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s✱ ❆✉tô♠❛✲

✸



t♦s ❈❡❧✉❧❛r❡s✱ ❞❡♥tr❡ ♦✉tr♦s✱ ❛❧✐❛❞♦s à t❡♦r✐❛ ❢✉③③②✱ ❝♦♠♦ ♥♦ ❡st✉❞♦ ❞❡ ❞♦❡♥ç❛s ❞❡ ♣❧❛♥t❛s
❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r P❡✐①♦t♦ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❚❛❧ ❡st✉❞♦ ❝♦♥s✐st❡ ♥❛ ❡✈♦❧✉çã♦ ❞❛ ✏▼♦rt❡ ❙ú❜t❛
✑❞♦s ❈✐tr♦s✱ ❡♠ q✉❡ s❡ t❡♠ ❛♣❡♥❛s ✐♥❢♦r♠❛çõ❡s ♣❛r❝✐❛✐s✱ ❞❛❞❛s ❧✐♥❣✉íst✐❝❛♠❡♥t❡✳ ❏❛❢❡❧✐❝❡
✭✷✵✵✸✮ t❛♠❜é♠ ❢❛③ ✉♠ ❡st✉❞♦ s♦❜r❡ ♣♦♣✉❧❛çõ❡s ❍■❱ ♣♦s✐t✐✈❛✱ ❡♠ q✉❡ ❛ t❛①❛ ❞❡ tr❛♥s✲
❢❡rê♥❝✐❛ ❞❛ ♣♦♣✉❧❛çã♦ ❛ss✐♥t♦♠át✐❝❛ ♣❛r❛ s✐♥t♦♠át✐❝❛ é ✉♠ ♣❛râ♠❡tr♦ q✉❡ t❡♠ ❝❛rát❡r
✐♥❝❡rt♦✱ ❞❡✜♥✐❞♦ ♣♦r ♠❡✐♦ ❞❡ ❞❡s❝r✐çõ❡s ❞❡ ✈❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s✳

❊♠ s❡ tr❛t❛♥❞♦ ❞❡ ♠♦❞❡❧♦s ❡♣✐❞❡♠✐♦❧ó❣✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐✲
❛✐s ✭❊❉P✮✱ sã♦ ♣♦✉❝♦s ♦s tr❛❜❛❧❤♦s q✉❡ ✐♥❝♦r♣♦r❛♠ ✐♥❢♦r♠❛çõ❡s ✐♠♣r❡❝✐s❛s ✐♥❡r❡♥t❡s ❛♦s
❢❡♥ô♠❡♥♦s✳ ■♥❝❡rt❡③❛s ♥ã♦ ❛❞✈✐♥❞❛s ❞❛ ❛❧❡❛t♦r✐❡❞❛❞❡✱ ♣♦ssí✈❡✐s ❞❡ s❡r❡♠ tr❛t❛❞❛s ♣❡❧❛
❧ó❣✐❝❛ ❢✉③③②✱ sã♦ ❛✐♥❞❛ ♠❛✐s ❞✐❢í❝❡✐s ❞❡ s❡ ❡♥❝♦♥tr❛r ♥❛ ❧✐t❡r❛t✉r❛ ❞❛s ❊❉Ps✱ ❝♦♠♦ ❡①❡♠♣❧♦
✈❡❥❛ ❆❧♠❡✐❞❛ ❡t ❛❧✳ ✭✷✵✵✻✮✳ ▼✐ss✐♦ ✭✷✵✵✽✮✱ ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦ ♣r♦♣õ❡ ✉♠ ♠♦❞❡❧♦
✐♥t❡❣r❛❞♦ ❡♥✈♦❧✈❡♥❞♦ ❊❉P✱ ▲ó❣✐❝❛ ❋✉③③② ❡ ♠ét♦❞♦s ♣r♦❜❛❜✐❧íst✐❝♦s✱ ❛ ✜♠ ❞❡ ❡st✉❞❛r ❛
❞✐♥â♠✐❝❛ ❡s♣❛❝✐❛❧ ❡ t❡♠♣♦r❛❧ ❞❡ ❢❡♥ô♠❡♥♦s ❡♣✐❞❡♠✐♦❧ó❣✐❝♦s✱ ❝✉❥❛s ✐♥❝❡rt❡③❛s sã♦ ✐♠♣♦r✲
t❛♥t❡s ♣❛r❛ s✉❛ ❡✈♦❧✉çã♦✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r♦✉✲s❡ ❝♦♠♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❛ ❢❡❜r❡ ❛❢t♦s❛
❡♠ ❜♦✈✐♥♦s ❡ ✉♠ ♠♦❞❡❧♦ ❝♦♠♣❛rt✐♠❡♥t❛❧ t✐♣♦ ❞♦ ❙■❘ ❡♥✈♦❧✈❡♥❞♦ ❊❉P✱ ✐♠♣❧❡♠❡♥t❛❞♦ ♣♦r
♠❡✐♦ ❞❛ té❝♥✐❝❛ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✱ ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❡s♣❛ç♦ t❡♠♣♦r❛❧ ❞❛ ❞♦❡♥ç❛✱
❝♦♠ ♣❛râ♠❡tr♦s ❞❡ ❞✐❢✉sã♦ ❡ tr❛♥s♠✐ssã♦ ✐♥❝❡rt♦s✱ ❝❛❧❝✉❧❛❞♦s ✈✐❛ ❜❛s❡ ❞❡ r❡❣r❛s✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛♠♦s ♣r♦❝❡ss♦s q✉❡ ❡♥✈♦❧✈❡♠ ❞✐❢✉sã♦ ❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ ✐♥❝❡rt❛✱ ❢❛③❡♥❞♦ ✉s♦ ❞❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③②✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛♠♦s ♦ Pr✐♥❝í♣✐♦
❞❛ ❊①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ♣❛r❛ ❡st✉❞❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ss❡s ❞❛❞♦s ✐♥❝❡rt♦s ❛♦ ❧♦♥❣♦ ❞❛ s♦❧✉çã♦✳
Pr♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❛ r❡s♣❡✐t♦ ❞❡ss❛s s♦❧✉çõ❡s ❢✉③③② sã♦ ❡st✉❞❛❞❛s ❛ ✜♠ ❞❡ ❞❛r
✉♠ ♠❡❧❤♦r s✉♣♦rt❡ ♠❛t❡♠át✐❝♦ à ♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡ ❡♥✈♦❧✈❛♠ ❞✐s♣❡rsã♦ ♣♦r
❞✐❢✉sã♦✳

❖ ❈❛♣ít✉❧♦ ✶ ❝♦♥té♠ ❛s ♣r✐♥❝✐♣❛✐s ✐♥❢♦r♠❛çõ❡s ❡ té❝♥✐❝❛s ❞❡ r❡s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s
❞❡ ❞✐❢✉sã♦ ❝❧áss✐❝❛s✱ ❜✉s❝❛♥❞♦ ❡①♣❧✐❝✐t❛r ❛s s♦❧✉çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡t❡r♠✐♥íst✐❝❛s ❞❡ t❛✐s
❡q✉❛çõ❡s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳ ❊st❡ ❝❛♣ít✉❧♦ ❞❡ r❡s✉❧t❛❞♦s ❝❧ás✲
s✐❝♦s ♣♦❞❡r✐❛ s❡r ❞✐s♣❡♥s❛❞♦ s❡ ♥ã♦ ❢♦ss❡♠ ❛s ❢r❡q✉❡♥t❡s ❝❤❛♠❛❞❛s ❡♠ ♥♦ss♦s r❡s✉❧t❛❞♦s
♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

❆s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s
❢✉③③② sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆❧é♠ ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✱ ♣r♦♣r✐❡✲
❞❛❞❡s ❡ ♦♣❡r❛çõ❡s ❝♦♠ ❝♦♥❥✉♥t♦s ❢✉③③②✱ ❛♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ✉♠❛ ✈❡rsã♦ ❣❡♥❡r❛❧✐③❛❞❛
❞♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ♣❛r❛ s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X✳

❖ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♣r♦♣♦st♦ ♣♦r ◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉ ✭✶✾✼✺✮✱ é
✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❞❡✜♥✐çõ❡s ❡ ♦♣❡r❛çõ❡s ❝♦♠ ❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ X✳ ❯♠❛
❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ t❡♦r❡♠❛ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❘❛❧❡s❝✉ ✭✶✾✾✷✮✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❙❛✐❞✐ ❡
❏❛❜❛❧❧❛❤ ✭✷✵✵✽✮ ❡st✉❞❛r❛♠ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s q✉❡ ❛ss♦❝✐❛♠ ♣❛r❛
❝❛❞❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❳ ✉♠ ú♥✐❝♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ X✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠
❛♠❜♦s ♦s ❝❛s♦s✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛♠ q✉❡ ♦ ✵✲♥í✈❡❧ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ X é ♦
♣ró♣r✐♦ X✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❞❡✜♥✐♠♦s ✉♠❛ s♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✱ ♦♥❞❡ ♦ ❝♦❡✜✲

✹



❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ é ❝♦♥st❛♥t❡ ❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ é ✉♠ ♥ú♠❡r♦ ❢✉③③②✳ ❆ ♣❛rt✐r
❞❡ss❛ ❞❡✜♥✐çã♦ s❡rã♦ ♣r♦✈❛❞♦s ✈ár✐♦s t❡♦r❡♠❛s s✐♠✐❧❛r❡s ❛♦s ❞❡t❡r♠✐♥íst✐❝♦s r❡❧❛❝✐♦♥❛❞♦s
❝♦♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦✳ ❆❧é♠ ❞✐ss♦ é ❛♣r❡s❡♥t❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ♣❛r❛
❡ss❛s s♦❧✉çõ❡s✱ t♦♠❛♥❞♦ ♣♦r ❜❛s❡ s❡✉s ❣r❛✉s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ▲❡✐t❡ ❡ ❇❛ss❛♥❡③✐ ✭✷✵✶✵✮✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❞❡✜♥✐♠♦s ✉♠❛ s♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✱ ♦♥❞❡ ♦ ❝♦❡✜✲
❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ é ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ é ✉♠ ♥ú♠❡r♦
❢✉③③②✳ ❋✐③❡♠♦s ✉s♦ ❞❡ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡❝r❡s❝❡♥t❡ ♣♦r t♦r♥❛r ♦ ♠♦❞❡❧♦ ♠❛✐s
r❡❛❧✳ ❆❧é♠ ❞✐ss♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ✈ár✐❛s r❡♣r❡s❡♥t❛çõ❡s ❣rá✜❝❛s ♣❛r❛ ❡ss❛s s♦❧✉çõ❡s✱
t♦♠❛♥❞♦ ♣♦r ❜❛s❡ s❡✉s ❣r❛✉s ❞❡ ♣❡rt✐♥ê♥❝✐❛✳

◆♦ ❈❛♣ít✉❧♦ ✺ ❝♦♠ q✉❛rt❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❢✉③③② ❝♦♠ ❊❉P✱ ❡st❛✲
♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❡ ❡♥❝♦♥tr❛r ✉♠❛
s♦❧✉çã♦ ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ❞✐❢✉sã♦✳ P❛r❛ ✐ss♦✱ ✉s❛♠♦s ❛♣❡♥❛s ❛ ♣♦s✐çã♦ ❞❛
♣♦♣✉❧❛çã♦✱ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❡ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦✳ ❉❡ss❛ ❢♦r♠❛ ♣♦❞❡r❡♠♦s ❡st✐♠❛r
❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡♠ ✉♠ ✐♥st❛♥t❡ t = t∗ s❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❡r♠♦s ❛ s♦❧✉çã♦
❛♥❛❧ít✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ▲❡✐t❡ ❡ ❇❛ss❛♥❡③✐ ✭✷✵✶✶✮✳

◆♦ ❈❛♣ít✉❧♦ ✻ ❛♣r❡s❡♥t❛♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞❛ t❡♦r✐❛ ❡♠ ❊❉P✳ ❯♠❛ s♦❜r❡ ❞✐s♣❡rsã♦
❞❡ ✐♥s❡t♦s ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❈r❛♥❦ ✭✶✾✼✺✮ ❡ ♦✉tr❛ s♦❜r❡ ❞✐s♣❡rsã♦ ❞❡ ❧❛r✈❛s ❞❡s❡♥✈♦❧✈✐❞❛
♣♦r ❇❛ss❛♥❡③✐ ❡t ❛❧✳ ✭✶✾✾✼✮✳

✺



✻



❈❛♣ít✉❧♦ ✶

❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦

✶✳✶ ❊q✉❛çã♦ ❞❡ ❉✐❢✉sã♦ ❈❧áss✐❝❛

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠❛❝r♦s❝ó♣✐❝♦✱ ❛ ❞✐❢✉sã♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✉♠❛ t❛①❛ ❞❡
♣❛ss❛❣❡♠ ❧íq✉✐❞❛ ❞❡ ✐♥❞✐✈í❞✉♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ✐♥t❡r❡ss❡ ❡ ♥❡ss❡ s❡♥t✐❞♦ ❡❧❛ é
❞❡♥♦♠✐♥❛❞❛ ❞❡ ♣r♦❝❡ss♦ ❞✐❢✉s✐✈♦✳ ❊st❛ ❛❜♦r❞❛❣❡♠ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ❞❛ ❞✐❢✉sã♦ ❡♥✈♦❧✈❡ s♦✲
♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❛❝r♦s❝ó♣✐❝♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞♦s ✐♥❞✐✈í❞✉♦s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡
❞❡ q✉❛✐sq✉❡r ❤✐♣ót❡s❡s s♦❜r❡ s❡✉ ♠♦✈✐♠❡♥t♦ ♠✐❝r♦s❝ó♣✐❝♦✳ ❖ ❛r❣✉♠❡♥t♦ ❢✉♥❞❛♠❡♥t❛❧
♥❡❝❡ssár✐♦ ♣❛r❛ ❛ ❢♦r♠✉❧❛çã♦ ❞❡st❡ ♠♦❞❡❧♦ é ♦ ❝♦♥❝❡✐t♦ ❞❡ ✢✉①♦✱ ❞❡♥♦t❛❞♦ ♣♦r J ✱ q✉❡
r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❧íq✉✐❞❛ ❞❡ ♣❛ss❛❣❡♠ ❞❡ ✐♥❞✐✈í❞✉♦s ❛tr❛✈és ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ t❡st❡
♣♦r ✉♥✐❞❛❞❡ ❞❡ ár❡❛✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ ❞✐♥â♠✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s✱ ♦ t❡♥s♦r ❞❡ ✢✉①♦ ♣♦❞❡
s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛ ❞❡s❝r✐çã♦ ♠❛❝r♦s❝ó♣✐❝❛ ❞♦ ❡❢❡✐t♦ ❞♦ ♠♦✈✐♠❡♥t♦ ♠✐❝r♦s❝ó♣✐❝♦
r❡❛❧✐③❛❞♦ ♣❡❧♦s ✐♥❞✐✈í❞✉♦s✳ ❆ss✐♠✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡ ♦ t❡♥s♦r ❞❡ ✢✉①♦ ✧❝♦♥t❛❜✐❧✐③❛✧ ❛
♣❛ss❛❣❡♠ ❧íq✉✐❞❛ ❞❡ ✐♥❞✐✈í❞✉♦s ❛tr❛✈és ❞❛ ❢r♦♥t❡✐r❛ ❞❛s r❡❣✐õ❡s ❞❡ ✐♥t❡r❡ss❡✳ ◆❡ss❡ s❡♥✲
t✐❞♦✱ ♦ ✢✉①♦ é ❞❡✜♥✐❞♦ ♣❡❧♦ ✈❛❧♦r ❞❡ s✉❛ ✐♥t❡❣r❛❧ ❞❡ s✉♣❡r❢í❝✐❡ ✭♥♦ ❝❛s♦ tr✐❞✐♠❡♥s✐♦♥❛❧✮ ❡
♥ã♦ ♣♦r s❡✉ ✈❛❧♦r ♣♦♥t✉❛❧✳ ◆❡ss❡ ❝❛s♦ t❡♠✲s❡✿

∫

∂Ω
J (u) d

−→
S =

n◦ ❞❡ ✐♥❞✐✈í❞✉♦s q✉❡ ❛tr❛✈❡ss❛♠ ❛
❢r♦♥t❡✐r❛ ✭∂Ω✮ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ♥♦
s❡♥t✐❞♦ ❞❛ ♥♦r♠❛❧ ❡s❝♦❧❤✐❞❛✳

◆❡st❛ ❡①♣r❡ssã♦✱ ♦ t❡r♠♦ J(u)d
−→
S r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ♣❛ss❛❣❡♠ ❞❡ ✐♥❞✐✈í❞✉♦s✱ ♣♦r

✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ❛tr❛✈és ❞♦ ❡❧❡♠❡♥t♦ ❞❡ s✉♣❡r❢í❝✐❡ d
−→
S❂∆S · −→N ✱ ♦♥❞❡

−→
N é ✉♠ ✈❡t♦r

♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡ Ω✳ ❆ss✐♠ J (u) d
−→
S s❡rá ♣♦s✐t✐✈♦ s❡ ❛ ♣❛ss❛❣❡♠ s❡ ❞á ♥♦ ♠❡s♠♦ s❡♥t✐❞♦

❞♦ ✈❡t♦r ♥♦r♠❛❧ ❡ ♥❡❣❛t✐✈♦✱ ❝❛s♦ ❝♦♥trár✐♦✳
❈♦♥s✐❞❡r❛♥❞♦✲s❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ✐♥t❡r❡ss❡ Ω ❞❡✜♥❡✲s❡✿

∫

Ω

u (x, t) dx = n◦ ❞❡ ✐♥❞✐✈í❞✉♦s ♣r❡s❡♥t❡s ❡♠ Ω ♥♦ ✐♥st❛♥t❡ t✳

✼



❈♦♠ ❡st❛ ❞❡✜♥✐çã♦✱ ♥ã♦ é ✐♠♣♦rt❛♥t❡ s❛❜❡r ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❝❛❞❛ ✐♥❞✐✈í❞✉♦✱ ♠❛s s✐♠
❝❛r❛❝t❡r✐③❛r ❝♦♠♦ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❡stá ❞✐str✐❜✉í❞♦ ♥❛s r❡❣✐õ❡s Ω✳

❆ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ✐♥st❛♥tâ♥❡❛ ❞♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s ♥✉♠❛ r❡❣✐ã♦ Ω é ❞❡s❝r✐t♦ ♣♦r✿

d

dt

∫

Ω

u (x, t) dx =

∫

Ω

ut (x, t) dx✳

❙❡ ♦ ú♥✐❝♦ ❢❛t♦r q✉❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❡ss❛ ✈❛r✐❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❞✐✈í❞✉♦s ♥❛
r❡❣✐ã♦ Ω✱ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ trâ♥s✐t♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❛tr❛✈és ❞❛ ❢r♦♥t❡✐r❛ ❞❛ r❡❣✐ã♦ Ω✱ ✐ss♦
♣♦❞❡ s❡r ❢♦r♠✉❧❛❞♦ ♣♦r ♠❡✐♦ ❞❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡ ❞❡ ❝♦♥s❡r✈❛çã♦✱ t♦♠❛♥❞♦✲s❡ d

−→
S ❝♦♠♦

❛ ♥♦r♠❛❧ ❡①t❡r✐♦r à r❡❣✐ã♦ Ω✿

d

dt

∫

Ω

u (x, t) dx =

∫

Ω

ut (x, t) dx = −
∫

∂Ω

J (u) d
−→
S ✳

❖ s✐♥❛❧ ♥❡❣❛t✐✈♦✱ ♥❛ ✐♥t❡❣r❛❧ q✉❡ ❡♥✈♦❧✈❡ ♦ ✢✉①♦✱ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♦ ✢✉①♦
é ♥❡❣❛t✐✈♦ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s q✉❡ ❛tr❛✈❡ss❛♠ ∂Ω ❞❡ ❢♦r❛ ♣❛r❛ ❞❡♥tr♦ ❞❛
s✉♣❡r❢í❝✐❡ é ♠❛✐♦r✱ ✈✐st♦ q✉❡ ❡st❛ ♣❛ss❛❣❡♠ s❡ ❞á ♥❛ ❞✐r❡çã♦ ❝♦♥trár✐❛ à ♥♦r♠❛❧ ❡①t❡r✐♦r✳
▼❛s ♥❡ss❡ ❝❛s♦ t❡♠♦s ✐♥❞✐✈í❞✉♦s ❝♦♥tr✐❜✉✐♥❞♦ ♣❛r❛ ♦ ❛✉♠❡♥t♦ ❞❡ u ❧♦❣♦ ❡st❛ ❝♦♥tr✐❜✉✐çã♦
❞❡✈❡ s❡r ♣♦s✐t✐✈❛ ♣❛r❛ d

dt

∫

Ω
u (x, t) dx✳ ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✈❛❧❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦

✢✉①♦ é ♥❡❣❛t✐✈♦✳ ❋❛③❡♥❞♦ ✉s♦ ❞♦ t❡♦r❡♠❛ ❞❡ ●❛✉ss✱ ❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

d

dt

∫

Ω

u (x, t) dx =

∫

∂Ω

J (u) d
−→
S =

∫

Ω

divJ (u) dx✳ ✭✶✳✶✮

❯♠ ♠♦❞❡❧♦ r❛③♦á✈❡❧ é s✉♣♦r q✉❡ ♦ ✢✉①♦ ❞❡♣❡♥❞❡ ❞❡ u✱ ❛❣✐♥❞♦ ♥♦ s❡♥t✐❞♦ ❞❛ ❞❡♥s✐❞❛❞❡
♠❛✐s ❛❧t❛ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ♠❛✐s ❜❛✐①❛✳ ❊st❛ ❤✐♣ót❡s❡ é ❛ ❢❡rr❛♠❡♥t❛ ♣r✐♠♦r❞✐❛❧ ❞❛ t❡♦r✐❛
❝❧áss✐❝❛ ❞❛ ❞✐❢✉sã♦✱ ❡❧❛❜♦r❛❞❛ ♥♦ sé❝✉❧♦ XIX ♣♦r ❆❞♦❧❢ ❋✐❝❦ ✭✶✽✷✾✲✶✾✵✶✮✳ ❆ ❧❡✐ ❞❡ ❋✐❝❦✱
♥❛ s✉❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s✱ ❛✜r♠❛ q✉❡ ❛ t❛①❛ ♥❛ q✉❛❧ ♦s ✐♥❞✐✈í❞✉♦s ❞✐s♣❡rs❛♠ ❞❡ ✉♠
♣♦♥t♦ x é ♣r♦♣♦r❝✐♦♥❛❧ à ❝✉r✈❛t✉r❛ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❞❡♥s✐❞❛❞❡ ♥♦ ♣♦♥t♦✱ ♦✉ s❡❥❛✿

J = Dux ✭✶✳✷✮

♦♥❞❡ ♦ ❢❛t♦r ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ D > 0✱ é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✳
❉✉❛s ♦❜s❡r✈❛çõ❡s ✐♠♣♦rt❛♥t❡s ❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s q✉❛♥t♦ à ❡①♣r❡ssã♦ ❞♦ ✢✉①♦

❞❛❞❛ ❡♠ ✭✶✳✷✮✿

❛✮ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D r❡♣r❡s❡♥t❛ ❛ ❤❛❜✐❧✐❞❛❞❡ ❞❡ ♠♦✈✐♠❡♥t❛çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s
❡ ♣♦❞❡ s❡r ✉♠❛ ❢✉♥çã♦ ❞♦ ❡s♣❛ç♦✱ ❞♦ t❡♠♣♦ ♦✉ ♠❡s♠♦ ❞❛ ♣ró♣r✐❛ ❞❡♥s✐❞❛❞❡✳

❜✮ ❖ s✐♥❛❧ ♥❡❣❛t✐✈♦ ✐♥❞✐❝❛ q✉❡ ♦ ✢✉①♦✱ ♣♦r ❞✐❢✉sã♦✱ ♦❝♦rr❡ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ♠❛✐s ❛❧t❛
♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ♠❛✐s ❜❛✐①❛✱ ❜✉s❝❛♥❞♦✱ ♣♦rt❛♥t♦✱ ❛ ❤♦♠♦❣❡♥❡✐③❛çã♦✳

✽



❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s (1.1) ❡ (1.2) t❡♠♦s

d
dt

∫

Ω
u (x, t) dx = −

∫

Ω
div (Dux) dx

d
dt

∫

Ω
u (x, t) dx =

∫

Ω
Duxxdx

✭✶✳✸✮

♦♥❞❡ ❛s ✐♥t❡❣r❛✐s ✈❛❧❡♠ ♣❛r❛ q✉❛✐sq✉❡r r❡❣✐õ❡s Ω✳ ❆ss✐♠ t❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦
❝❧áss✐❝❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✿

ut =
∂

∂x
(Dux) ✳ ✭✶✳✹✮

❊st❛ ❡q✉❛çã♦✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✱ ✈❡♠ s❡♥❞♦ ✉s❛❞❛ ♣❛r❛ ❞❡s❝r❡✈❡r
❞✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ❡ ❜✐♦❧ó❣✐❝♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ ❞✐❢✉sã♦ ❞❡ ♣❛rtí❝✉❧❛s ✐♠❡rs❛s
♥✉♠ s♦❧✈❡♥t❡✱ ❛ ❞✐❢✉sã♦ ❞♦ ❝❛❧♦r ❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ♠✐❝r♦♦r❣❛♥✐s♠♦s✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ♦
❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D é ❝♦♥st❛♥t❡✱ ❛ ❡q✉❛çã♦ ✭✶✳✹✮ t♦r♥❛✲s❡✿

ut = Duxx ✭✶✳✺✮

❆ ❡q✉❛çã♦ ✭✶✳✺✮ é t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❊q✉❛çã♦ ❞❡ ❋✐❝❦ ❡ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥✲
❞✐çõ❡s✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❡st❛ ❡q✉❛çã♦✳ ❊st❡ ♣r♦❜❧❡♠❛ é
❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡ s✉❛ s♦❧✉çã♦ é ❞❡♥♦♠✐♥❛❞❛ ❞❡ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥✲
t❛❧✳

❖ ♣r♦❜❧❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ é ❞❛❞♦ ♣♦r✿










ut = Duxx
u (x0, 0) = N0δ (x0)
limx→±∞ u (x, t) = 0 ❡ lim

x→±∞
∂
∂x
u (x, t) = 0

✭✶✳✻✮

♦✉ s❡❥❛✱ δ(x0) é ❛ ❢✉♥çã♦ ❞❡❧t❛ ❞❡ ❉✐r❛❝✱ u(x, 0) é ✉♠ ✈❛❧♦r ❝♦♥❝❡♥tr❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠
x0 ❡ t❡♥❞❡ ❛ ③❡r♦ ♥❛s ❢r♦♥t❡✐r❛s ♣❛r❛ t♦❞♦ t✳

❆ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ é ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❛ s✐♠✐❧❛r✐❞❛❞❡ ♦✉ t❛♠❜é♠ ❝♦♥❤❡✲
❝✐❞♦ ♣♦r ❛♥á❧✐s❡ ❞✐♠❡♥s✐♦♥❛❧✳ ◆❡st❡ ♠ét♦❞♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡t❡r♠✐♥❛♠✲s❡ ❛s ❞✐♠❡♥sõ❡s
❞❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛✱ ❝♦♠♦ ✐♥❞✐❝❛❞♦ ♥❛ ❚❛❜❡❧❛ ✶✱ ❝♦♥❤❡❝❡♥❞♦✲s❡✱ ❛ss✐♠✱
q✉❛✐s ♦s s❡✉s ♣❛râ♠❡tr♦s ❛❞✐♠❡♥s✐♦♥❛✐s✳

❱❛r✐❛✈❡✐s ❉✐♠❡♥sã♦
x L
t T
u PL−1

N0 P
∂u
∂t

PL−1T−1

∂2u
∂x2 PL−3

D L2T−1

✾



❚❛❜❡❧❛ ✶✿ ❉✐♠❡♥sõ❡s ❞❛s ❱❛r✐á✈❡✐s✳

◆❛ ❚❛❜❡❧❛ ✶ t❡♠♦s ❛s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❞✐♠❡♥sõ❡s✱ ♦♥❞❡
❞❡♥♦t❛♠♦s ♣♦r P ❛ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ❞❛ ♣♦♣✉❧❛çã♦✱ T ❛ ✉♥✐❞❛❞❡ ♠❡❞✐❞❛ ❞❡ t❡♠♣♦ ❡ L
❛ ✉♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦✳

◆❡st❡ ❝❛s♦✱ ♦s ❞♦✐s ♣❛râ♠❡tr♦s ❛❞✐♠❡♥s✐♦♥❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ sã♦✿
u
N0√
Dt

❡
x√
Dt

❈♦♠ ✐ss♦ s✉♣õ❡✲s❡ q✉❡✿
u
N0√
Dt

= f

(

x√
Dt

)

♦♥❞❡ f é ✉♠❛ ❢✉♥çã♦ ❛ s❡r ❞❡t❡r♠✐♥❛❞❛✳ ❚❡♠♦s ❛ss✐♠ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛ u✿

u (x, t) =
N0√
Dt

f

(

x√
Dt

)

✭✶✳✼✮

❉❡r✐✈❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✶✳✼✮✱ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✶✳✻✮ ❡ ❢❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s s✐♠✲
♣❧✐✜❝❛çõ❡s t❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ♣❛r❛ ❛ ❢✉♥çã♦ f ✿

−f (ζ)− ζf ′ (ζ) = 2f ′′ (ζ) ✱ ✭✶✳✽✮

♦♥❞❡ ζ = x√
Dt

❡ f ′(ζ) é ❛ ❞❡r✐✈❛❞❛ ♦r❞✐♥ár✐❛ ❞❡ f ❡♠ r❡❧❛çã♦ ❛ ζ✳ ❊st❛ ❡q✉❛çã♦ ✭✶✳✽✮ ♣♦❞❡
s❡r r❡❞✉③✐❞❛ ❛ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡ s✉❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r✿

f (ζ) = exp

(

−ζ
2

4

)

❡ ❝♦♠ ✐ss♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛ u✿

u (x, t) =
N0√
Dt

C exp

(

− x2

4Dt

)

✭✶✳✾✮

P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ♦ ✈❛❧♦r ❞❡ C ✉s❛♠♦s ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

d

dt

∫ +∞

−∞
u (x, t) dx = 0 =⇒

∫ +∞

−∞
u (x, t) dx = N0✳ ✭✶✳✶✵✮

❈♦♠♦
+∞
∫

−∞
e−αx2

dx =
√

π
α
❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✶✳✾✮ ❡♠ ✭✶✳✶✵✮ ❡ r❡s♦❧✈❡♥❞♦ ❛

✐♥t❡❣r❛❧ ✐♠♣ró♣r✐❛ ❞❡t❡r♠✐♥❛♠♦s C = 1√
4π

❡ ✜♥❛❧♠❡♥t❡ t❡♠♦s ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
❢✉♥❞❛♠❡♥t❛❧ ✭✶✳✻✮

u (x, t) =
N0√
4πDt

exp

(

− x2

4Dt

)

✭✶✳✶✶✮

❆❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ✐♠♣♦rt❛♥t❡s ❞❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ✭✶✳✶✶✮✿

✶✵



❛✮ ❊st❛ s♦❧✉çã♦ é t❛♠❜é♠ ❞❡♥♦t❛❞❛ ♣♦r G(x, t) ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♥ú❝❧❡♦ ♦✉ ❢✉♥çã♦ ❞❡
●r❡❡♥✳

❜✮ ❊♠ ❞✐♠❡♥sã♦ ✷✱ ♣♦❞❡♠♦s ♦❜t❡r ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧♦❣❛♠❡♥t❡ ❢❛③❡♥❞♦ u
N0√
Dt

=

g
(

r2√
Dt

)

✱

u (x, y, t) =
N0√
4πDt

exp

(

− r2

4Dt

)

✭✶✳✶✷✮

♦♥❞❡ r =
√

x2 + y2.

❝✮ ❆ ❢✉♥çã♦ exp
(

− x2

4Dt

)

é ❛ ❣❛✉ss✐❛♥❛ ❡ q✉❛♥t♦ ♠❡♥♦r ❢♦r ♦ ✈❛❧♦r ❞❡ t ♠❛✐s ❛❧t♦

s❡rá ♦ ♣✐❝♦✱ ♦✉ s❡❥❛✱ G(x, t) é ✉♠ ♥ú❝❧❡♦ ❞❡ ❉✐r❛❝ ❡ ♣♦rt❛♥t♦ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s
♣r♦♣r✐❡❞❛❞❡s✿

✐✳ G (x, t) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ Rn ❡ t > 0

✐✐✳
∫

Rn G (x, t) dx = 1 ♣❛r❛ t♦❞♦ n

✐✐✐✳ lim
t→0

∫

‖x‖≤ǫ
G (x, t) dx = 1✱ ♣❛r❛ t♦❞♦ ǫ > 0✳

❋✐❣✉r❛ ✶✳✶✿ ❖ ❣rá✜❝♦ ❛♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ t✳

❆ ❡q✉❛çã♦ ✭✶✳✺✮ é ✉t✐❧✐③❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞✐s♣❡rsã♦ ♦♥❞❡ ♦s ✐♥❞✐✈í❞✉♦s
♠♦✈✐♠❡♥t❛♠✲s❡ s♦♠❡♥t❡ ♣♦r ❞✐❢✉sã♦✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧
❡♠ ❝❛❞❛ ✐♥st❛♥t❡ é ♦❜t✐❞❛ ♣♦r ♠❡✐♦ ❞❛ ❡①♣r❡ssã♦ ✶✳✶✷✳ ❖ ❣rá✜❝♦ ❞❡st❛ s♦❧✉çã♦✱ ✭❋✐❣✉r❛
✶✳✶✮✱ r❡✈❡❧❛ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞✐♠✐♥✉✐ r❛♣✐❞❛♠❡♥t❡ ❝♦♠ ❛ ❞✐stâ♥❝✐❛ ❛♦ ♣♦♥t♦
❞❡ ♦r✐❣❡♠✳ P♦ré♠✱ ❞❛❞❛ ❛ ❧✐♠✐t❛çã♦ ❞❛ ♥♦ss❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♦❜s❡r✈❛çã♦✱ ❡①✐st❡ ✉♠❛

✶✶



❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r q✉❡ ❛ ♣♦♣✉❧❛çã♦ ❞❡✈❡ ❡①❝❡❞❡r ♣❛r❛ q✉❡ s✉❛ ♣r❡s❡♥ç❛ ♣♦ss❛ s❡r ❞❡t❡❝t❛❞❛
♥✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦s✐çã♦✳ ❊st❛ ❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r s❡rá ❞❡♥♦t❛❞❛ ♣♦r v✱ ❡ s✉❛ ♠❛❣♥✐t✉❞❡
❞❡♣❡♥❞❡ ❞❛ ♣♦♣✉❧❛çã♦ ❝♦♥s✐❞❡r❛❞❛ ❡ ❞♦s ♠ét♦❞♦s ❞❡ ♦❜s❡r✈❛çã♦✳

◆❛ ❋✐❣✉r❛ ✶✳✶ ♦❜s❡r✈❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r ♠♦str❛♥❞♦ q✉❡ q✉❛♥❞♦ ✉♠❛ ✐♥✈❛sã♦
♦❝♦rr❡ s♦♠❡♥t❡ ♣♦r ❞✐❢✉sã♦✱ ❡ s❡♠ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦✱ ❡♥tã♦ ❡st❛ ❞✐s♣❡rsã♦ ❡s✲
♣❛❝✐❛❧ ❛✈❛♥ç❛ ♠✉✐t♦ ❧❡♥t❛♠❡♥t❡✳ ❯♠❛ q✉❡stã♦ r❡❧❡✈❛♥t❡ ♥♦s ♣r♦❝❡ss♦s ❞✐❢✉s✐✈♦s é ❛ ✈❡❧♦✲
❝✐❞❛❞❡ ♥❛ q✉❛❧ ♦s ✐♥❞✐✈í❞✉♦s s❡ ♣r♦♣❛❣❛♠ s❡ ❡❧❡s s❡ ✉t✐❧✐③❛♠ s♦♠❡♥t❡ ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡
❞✐s♣❡rsã♦ ♣❛r❛ s❡ ♠♦✈✐♠❡♥t❛r❡♠✳ P❛r❛ ❛♥❛❧✐s❛r ❡st❡ ❢❡♥ô♠❡♥♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ❡①✲
♣❡r✐♠❡♥t♦ ❡♠ q✉❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞❡♥s✐❞❛❞❡ u0 ❞❡ ✐♥❞✐✈í❞✉♦s✱ ❝♦♥❝❡♥tr❛❞♦s ♥❛ ♣♦s✐çã♦
x = 0✱ é ❧✐❜❡r❛❞❛ ♥♦ ✐♥st❛♥t❡ t = 0✱ ❞❡✈❡♥❞♦ ♣❡r❝♦rr❡r✱ s♦♠❡♥t❡ ♣♦r ❞✐❢✉sã♦✱ ♦ ❝❛♠✐♥❤♦
♥❛ ❞✐r❡çã♦ x > 0✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✳✶✸✮ ❞❡t❡r♠✐♥❛ q✉❛❧ ❛ ❞❡♥s✐❞❛❞❡ ❡♠ ❝❛❞❛ ♣♦s✐çã♦ x > 0 ❡
t > 0 ❡ ❝♦♠ ✐ss♦ é ♣♦ssí✈❡❧ ❡st✐♠❛r♠♦s q✉❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♠ q✉❡ ❡st❛ ♣♦♣✉❧❛çã♦ ❛✈❛♥ç❛✱
♦✉ s❡❥❛✱



























ut = Duxx x > 0 ❡ t > 0

u (x, t) = lim
t→0

u(x, t) = 0

u (0, t) = lim
x→0

u (x, t) = u0

✭✶✳✶✸✮

❯t✐❧✐③❛♥❞♦ ❛ ❚❛❜❡❧❛ ✶ ❡ s❛❜❡♥❞♦ q✉❡ [u0] = [u] t❡♠♦s q✉❡ x√
Dt

❡ u
u0

sã♦ ✈❛r✐á✈❡✐s
❛❞✐♠❡♥s✐♦♥❛✐s ♥❡st❡ ♣r♦❜❧❡♠❛✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ φ t❛❧ q✉❡✿

u

u0
= φ

(

x√
Dt

)

♦✉ s❡❥❛✿

u = u0φ

(

x√
Dt

)

✭✶✳✶✹✮

❉❡r✐✈❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✶✳✶✹✮ ❡ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✶✳✶✸✮ t❡r❡♠♦s ❛ s❡❣✉✐♥t❡
❡q✉❛çã♦ ♣❛r❛ ❛ ❢✉♥çã♦ φ✿

φ′′ (ζ) +
ζ

2
φ′ (ζ) = 0 ✭✶✳✶✺✮

♦♥❞❡ ζ = x√
Dt
✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✶✺✮ ♣♦r exp
(

ζ2

4

)

t❡r❡♠♦s✿

d

dζ

(

φ′ (ζ) exp

(

ζ2

4

))

= 0

φ′ (ζ) exp

(

ζ2

4

)

= C0✱

✶✷



❝✉❥❛ s♦❧✉çã♦ é

φ (ζ) = C1 +

∫ ζ

0

C0 exp

(

−η
2

4

)

dη✳

❆ss✐♠ t❡♠♦s q✉❡✿

u (x, t) = u0

(

C1 +

∫ x√
Dt

0

C0 exp

(

−η
2

4

)

dη

)

✭✶✳✶✻✮

❯t✐❧✐③❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✭✶✳✶✷✮ ❡ ✭✶✳✶✸✮ ♣❛r❛ ❛ s♦❧✉çã♦ ✭✶✳✶✻✮✱ ❞❡t❡r♠✐♥❛♠♦s ♦s ✈❛❧♦r❡s
❞❛s ❝♦♥st❛♥t❡s✿ C0 =

−1
2π

❡ C1 = 1✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✿

2
√
π =

∫ ∞

0

exp

(

−η
2

4

)

dη =

∫ x√
Dt

0

exp

(

−η
2

4

)

dη +

∫ ∞

x√
Dt

exp

(

−η
2

4

)

dη

q✉❡ r❡s✉❧t❛ ❡♠

u (x, t) =
u0
2
√
π

(

∫ ∞

x√
Dt

exp

(

−η
2

4

)

dη

)

. ✭✶✳✶✼✮

P♦rt❛♥t♦ ❛ ❢✉♥çã♦ u(x, t) = φ
(

x√
Dt

)

❢♦r♥❡❝❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡♠ q✉❛❧q✉❡r
♣♦s✐çã♦ x > 0 ❡ ❡♠ q✉❛❧q✉❡r ✐♥st❛♥t❡ t > 0✳ ❙✉♣♦♥❤❛♠♦s ♣♦ré♠ q✉❡ ❡st❛ ❞❡♥s✐❞❛❞❡
s♦♠❡♥t❡ s❡❥❛ ❞❡t❡❝tá✈❡❧ ♣❛r❛ u(x, t) > v✱ ♦♥❞❡ v é ❛ ❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r ♣❛r❛ ❡st❛ ♣♦♣✉❧❛çã♦✳
❯t✐❧✐③❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ❛❞✐♠❡♥s✐♦♥❛❧ ζ = x√

Dt
♣♦❞❡♠♦s ❡s❝r❡✈❡r ❡st❛ ❤✐♣ót❡s❡ ❝♦♠♦✿

ζ ≥ ζ∗ =⇒ φ (ζ) ≤ v

♦♥❞❡ ζ∗ é ❛ ♣♦s✐çã♦ ♦♥❞❡ ❛ ❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r é ❞❡t❡❝t❛❞❛✳ ❉❡ss❛ ❢♦r♠❛ ♣❛r❛ ζ = ζ∗ t❡♠♦s
x√
Dt

= ζ∗ ❡ ❛ss✐♠✱

x∗ = ζ∗
√
Dt.

❊ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❢r❡♥t❡ ❞❡ ❞✐❢✉sã♦ é ♦❜t✐❞❛ ♣❡❧❛ ✈❛r✐❛çã♦ ❞❛ ♣♦s✐çã♦ x∗(t) ❡♠ r❡❧❛çã♦
❛♦ t❡♠♣♦✱ ♦✉ s❡❥❛✿

c =
dx∗

dt
=

1

2
ζ∗
√
D t−

1
2 ✳ ✭✶✳✶✽✮

❆ ❡q✉❛çã♦ ✭✶✳✶✽✮ ✐♥❞✐❝❛ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❞✐❢✉sã♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ t−
1
2 ❡✱ ♣♦rt❛♥t♦✱

♠✉✐t♦ ❛❧t❛ ♣❛r❛ t → 0 ❡ ❞❡❝r❡s❝❡ ♣❛r❛ t → ∞✳ ❆ss✐♠✱ s❡ ✉♠❛ ✐♥✈❛sã♦ ❜✐♦❧ó❣✐❝❛ ❢♦r r❡❛✲
❧✐③❛❞❛ ♣♦r ✉♠❛ ❡s♣é❝✐❡ q✉❡ ✉t✐❧✐③❛ s♦♠❡♥t❡ ❛ ❞✐❢✉sã♦ ❝♦♠♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐s♣❡rsã♦✱ s❡♠
r❡♣r♦❞✉çã♦✱ ❡♥tã♦ ❡st❛ ♣♦♣✉❧❛çã♦ s❡rá ❞❡t❡❝t❛❞❛ s♦♠❡♥t❡ ♥♦ ✐♥í❝✐♦ ❞❛ ✐♥✈❛sã♦✳ P♦rt❛♥t♦✱
♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐s♣❡rsã♦ t♦r♥❛✲s❡ ❜❛st❛♥t❡ ✐♥❡✜❝✐❡♥t❡ ❞❡♣♦✐s ❞♦ ❡stá❣✐♦ ✐♥✐❝✐❛❧ ❞❡ ✐♥✈❛sã♦✱
♠♦str❛♥❞♦ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐♥❝♦r♣♦r❛r✱ ♥❡st❡ ♠♦❞❡❧♦✱ ♦✉tr♦s ❢❛t♦r❡s ❝♦♠♦ ❛ r❡♣r♦❞✉çã♦
♣❛r❛ ❞❡s❝r❡✈❡r ❡st❡ ❡✈❡♥t♦✳ ❖ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✱ ❛♣❧✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ♣r♦♣❛❣❛çã♦ ❞♦

✶✸



✧♠✉s❦r❛t✧♥❛ ❊✉r♦♣❛✱ ✉t✐❧✐③❛ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠❜✐✲
♥❛❞❛ ❝♦♠ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♠❛❧t❤✉s✐❛♥❛ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❡❢❡✐t♦ ❞❛ ❞✐❢✉sã♦ ❡
r❡♣r♦❞✉çã♦ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥✈❛sã♦✳ ❊st❛ ❡q✉❛çã♦ é ❞❛❞❛ ♣♦r✿

ut = D (uxx + uyy) + ǫu✳ ✭✶✳✶✾✮

❆ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ t♦♠❛♥❞♦✲s❡ u = exp(ǫt)U ✱ ♦✉ s❡❥❛✱ U =
exp(−ǫt)u✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✶✳✶✾✮ t❡r❡♠♦s✿

Ut = D (Uxx + Uyy) ,

❝✉❥❛ s♦❧✉çã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ ♠❛s ❝♦♠ N0 = 1✱ é ❛
♠❡s♠❛ ♦❜t✐❞❛ ❡♠ ✭✶✳✶✷✮✿

U (r, t) =
1

4πDt
exp

(

− r2

4Dt

)

,

♦✉ s❡❥❛

u (r, t) =
1

4πDt
exp

(

ǫt− r2

4Dt

)

. ✭✶✳✷✵✮

P♦❞❡♠♦s ❛❣♦r❛ ❛♥❛❧✐s❛r q✉❛❧ é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✐♥✈❛sã♦ ♣❛r❛ ❡st❡ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✳
❊st❛ ✈❡❧♦❝✐❞❛❞❡ é ♦❜t✐❞❛ ❛♥❛❧✐s❛♥❞♦✲s❡ ♦ ❛✈❛♥ç♦ ❞❛ ❢r❡♥t❡ ❞❛ ♦♥❞❛ ❞❡ ✐♥✈❛sã♦✳ P❛r❛ t❛♥t♦
❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❞❡♥s✐❞❛❞❡ ❧✐♠✐❛r ✈ ❡ ♦ r❡s♣❡❝t✐✈♦ ✈❛❧♦r ❞❛ ❞✐stâ♥❝✐❛ r∗ ♥♦ q✉❛❧ ❡st❛
❞❡♥s✐❞❛❞❡ é ❞❡t❡❝t❛❞❛✳ ❙✉❜st✐t✉✐♥❞♦ u = v ❡ r = r∗ ♥❛ s♦❧✉çã♦ ✭✶✳✷✵✮ ❡ ❡s❝r❡✈❡♥❞♦ x∗ ❡♠
❢✉♥çã♦ ❞♦ t❡♠♣♦ t❡♠♦s✿

r∗ = 2
√
ǫDt

√

(

1 +
1

ǫ
ln

(

1

4πDtu∗

))

✳ ✭✶✳✷✶✮

❯t✐❧✐③❛♥❞♦ ❛ ❚❛❜❡❧❛ ✶ ❡ ❛❝r❡s❝❡♥t❛♥❞♦ ❛✐♥❞❛ q✉❡ [ǫ] = T − 1 ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛
❡q✉❛çã♦ ✭✶✳✷✶✮ ♣♦r ♠❡✐♦ ❞❛s ✈❛r✐á✈❡✐s ❛❞✐♠❡♥s✐♦♥❛✐s✿

R∗ =

√

ǫ

D
r∗ ❡ T = ǫt ✭✶✳✷✷✮

❖❜t❡♥❞♦ ❛ ❡q✉❛çã♦ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛❞❛✿

R∗ = 2T

√

(

1 +
1

T
ln
( γ

4T

)

)

✭✶✳✷✸✮

♦♥❞❡ γ = ǫ
Du∗ . ❆ ✈❡❧♦❝✐❞❛❞❡✱ ❛❞✐♠❡♥s✐♦♥❛❧✱ ❛ss✐♥tót✐❝❛ é ❞❡t❡r♠✐♥❛❞❛ ❞❡✜♥✐♥❞♦✲s❡ C =

R∗T ❡ ❢❛③❡♥❞♦ T → ∞✳

C =
R∗

T
= 2

√

1

T
ln
( γ

4T

)

. ✭✶✳✷✹✮

✶✹



❚❡♠♦s ❡♥tã♦✱ ♣❡❧❛ ❡q✉❛çã♦ (1.24)✱ q✉❡ ❡st❛ ✈❡❧♦❝✐❞❛❞❡ s❡ ❛♣r♦①✐♠❛ ❞❡ 2✳ ❊♠ t❡r♠♦s
❞✐♠❡♥s✐♦♥❛✐s✱ ❜❛st❛ r❡❡s❝r❡✈❡r♠♦s ❛ ❡q✉❛çã♦ (1.24) ✉s❛♥❞♦ (1.22) ❡ t❡r❡♠♦s✿

c = 2
√
ǫD ✭✶✳✷✺✮

❊st❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥❞✐❝❛ ❛ t❛①❛ ♥❛ q✉❛❧ ❛ ❢r❡♥t❡ ♣♦♣✉❧❛❝✐♦♥❛❧✱ r❡♣r❡s❡♥t❛❞❛ ♣♦r v✱ ❛✈❛♥ç❛
❡✱ ♥❡st❡ ❝❛s♦✱ ❞❡♣❡♥❞❡ ❞♦ ❡❢❡✐t♦ ❝♦♠❜✐♥❛❞♦ t❛♥t♦ ❞❛ ❞✐❢✉sã♦ q✉❛♥t♦ ❞♦ ❝r❡s❝✐♠❡♥t♦ ❞❛
♣♦♣✉❧❛çã♦✱ ♥ã♦ ❞❡♣❡♥❞❡♥❞♦ ❞♦ t❡♠♣♦ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❝❧áss✐❝♦✳ P♦rt❛♥t♦✱ ❛
❢r❡♥t❡ ❞❡ ✐♥✈❛sã♦✱ ♥♦ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✱ ❛✈❛♥ç❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳

❖ t❡r♠♦ ❞❡ ❛❞✈❡❝çã♦ t❛♠❜é♠ ♣♦❞❡ s❡r ❛❞✐❝✐♦♥❛❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✱ ❡q✉❛çã♦
(1.19)✱ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❞✐♥â♠✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s q✉❡ s❡ ♠♦✈✐♠❡♥t❛♠ ♣♦r ❞✐❢✉sã♦ ❝♦♠
❝r❡s❝✐♠❡♥t♦ ♠❛❧t❤✉s✐❛♥♦ ❛❧é♠ ❞❡ s❡r❡♠ tr❛♥s♣♦rt❛❞♦s✱ ♥✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦✱ ❝♦♠
✈❡❧♦❝✐❞❛❞❡ a✳

ut = D (uxx + uyy)− aux + ǫu ✭✶✳✷✻✮

♦♥❞❡ ♦ ❡✐①♦ x ❡stá ♥❛ ♠❡s♠❛ ❞✐r❡çã♦ ❞♦ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡✳ ❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ (1.26) é
♦❜t✐❞❛ ❡s❝r❡✈❡♥❞♦✲s❡✿ U(x, y, t)❂u(x+ at, y, t)✱ ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ (1.26) t❡♠✲s❡✿

U (x, y, t) =
1

4πDt
exp

(

ǫt− x2 + y2

4Dt

)

.

❈♦♠♦ u(x, y, t) = U(x− at, y, t) ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✶✳✷✻✮ é ❞❛❞❛ ♣♦r✿

u (x, y, t) =
1

4πDt
exp

(

ǫt− (x− at)2 + y2

4Dt

)

✳ ✭✶✳✷✼✮

P♦rt❛♥t♦ ❛ s♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠ ❝♦♠ ❛❞✈❡❝çã♦ é ❛ ♠❡s♠❛ ♦❜t✐❞❛ ♣❛r❛ ♦
♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠ ♣♦ré♠ s✉❜st✐t✉✐♥❞♦ x ♣♦r x−at✳ ❆ ✈❡❧♦❝✐❞❛❞❡ ❛ss✐♥tót✐❝❛✱ ♥❡st❡ ❝❛s♦✱
❛t✐♥❣❡ c = 2

√
ǫD+a ❛♦ ❧♦♥❣♦ ❞♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ❞♦ ❡✐①♦ x✳ ■ss♦ r❡✈❡❧❛ ♦ q✉❛♥t♦ ❛ ❛❞✈❡❝çã♦

♣♦❞❡ ❛❝❡❧❡r❛r ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥✈❛sã♦✳ ❖ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠ t♦r♥❛✲s❡ ♣r♦❜❧❡♠át✐❝♦ ❞❡♣♦✐s
❞❡ ✉♠ ❝❡rt♦ t❡♠♣♦ ✈✐st♦ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ t♦r♥❛✲s❡ ✐♥✜♥✐t❛♠❡♥t❡ ❣r❛♥❞❡✳
❊st❡ ♣r♦❜❧❡♠❛ é ❝♦♥t♦r♥❛❞♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❋✐s❤❡r q✉❡ s✉❜st✐t✉✐ ♦ ❝r❡s❝✐♠❡♥t♦ ♠❛❧t❤✉s✐❛♥♦
♣♦r ✉♠ ❝r❡s❝✐♠❡♥t♦ ❧♦❣íst✐❝♦✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠ ♥í✈❡❧ ❞❡ s❛t✉r❛çã♦ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡
♣♦♣✉❧❛❝✐♦♥❛❧✳

ut = D (uxx + uyy) + (ǫ− µu) u ✭✶✳✷✽✮

❉❡✈✐❞♦ à ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❧♦❣íst✐❝❛✱ ♦ ♠♦❞❡❧♦ ❞❡ ❋✐s❤❡r ♥ã♦ ♣♦❞❡ s❡r r❡✲
s♦❧✈✐❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ❈♦♥t✉❞♦✱ ❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡
✐♥✈❛sã♦✱ ♥❡st❡ ♠♦❞❡❧♦✱ ❜❛st❛ s❛❜❡r♠♦s q✉❡ ❡st❛ ✈❡❧♦❝✐❞❛❞❡ é ♦❜t✐❞❛ ❛♥❛❧✐s❛♥❞♦✲s❡ ❛ ❢r❡♥t❡
♣♦♣✉❧❛❝✐♦♥❛❧✱ ♦♥❞❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧✱ u✱ é ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♦✉ s❡❥❛✱ u ∼ 0✳ ❆ss✐♠
(ǫ − µu)u ∼ ǫu✱ ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❋✐s❤❡r ✜❝❛ ✐❞ê♥t✐❝♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✱ ♥❛ ❢r♦♥t❡✐r❛
❞❛ ✐♥✈❛sã♦✳ P♦rt❛♥t♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❋✐s❤❡r é ❛ ♠❡s♠❛ ♦❜t✐❞❛
♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❙❦❡❧❧❛♠✿ c = 2

√
ǫD✳

✶✺



✶✳✷ ❖✉tr❛s ✐♥t❡r♣r❡t❛çõ❡s ♣❛r❛ ❞✐❢✉sã♦

❆ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ✉t✐❧✐③❛❞♦ ♣❛r❛
❞❡s❝r❡✈❡r ❞✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ❜✐♦❧ó❣✐❝♦s ❡ ❢ís✐❝♦✲q✉í♠✐❝♦s ♦❝♦rr❡♥❞♦ ❡♠ ♠❡✐♦s ❝♦♥tí♥✉♦s✳
◆♦s ♠♦❞❡❧♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s ❞❡ ♣r♦❝❡ss♦s ❞✐❢✉s✐✈♦s✱ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ❞❡ ❋✐❝❦ ♣♦r ❡①❡♠♣❧♦✱
♦ ❝♦♥❝❡✐t♦ ❞❡ ✢✉①♦✱ q✉❡ é ♦ s❡✉ ✐♥❣r❡❞✐❡♥t❡ ♣r✐♥❝✐♣❛❧✱ é ❞❡✜♥✐❞♦ ❛tr❛✈és ❞❡ ✉♠❛ s❡çã♦
t❡st❡ ❡♠ x✱ q✉❡ é ♣r♦♣♦r❝✐♦♥❛❧ ❡ ♥❛ ❞✐r❡çã♦ ❝♦♥trár✐❛ ❛♦ ❣r❛❞✐❡♥t❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛
♣♦♣✉❧❛çã♦ ♥❡st❡ ♣♦♥t♦❀ ♦✉ s❡❥❛✿ J = −D ∂u

∂x
✳ P♦rt❛♥t♦✱ ❡st❛ ❞❡✜♥✐çã♦ ❞❡♣❡♥❞❡ ❞♦ ❝♦♥❝❡✐t♦

❞❡ ❞❡r✐✈❛çã♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✳
❖ ✢✉①♦ ♣♦r ❞✐❢✉sã♦ ❞❡t❡r♠✐♥❛ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❛ss✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s ✐♥❞✐✈í✲

❞✉♦s ❡♠ r❡❧❛çã♦ à s❡çã♦ t❡st❡ ❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ ❜✉s❝❛ ❤♦♠♦❣❡♥❡✐③❛r ❡ss❛ ❞✐❢❡r❡♥ç❛✱
tr❛♥s❢❡r✐♥❞♦ ✐♥❞✐✈í❞✉♦s ❞♦ ❧❛❞♦ ❡♠ q✉❡ ❤á ♠❛✐s ♣❛r❛ ♦ ❧❛❞♦ ❡♠ q✉❡ ❤á ♠❡♥♦s ✐♥❞✐✈í❞✉♦s✳
P♦rt❛♥t♦✱ ❡st❛ ❛ss✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❡✐♦ ❞❛ ❞❡r✐✲
✈❛❞❛ ∂u

∂x
✱ q✉❡ ♥❡❝❡ss✐t❛ ❞❡ ✐♥❢♦r♠❛çõ❡s q✉❛♥t♦ à ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ❞♦ ♣♦♥t♦ x ❡♠ q✉❡stã♦

❉✐❛③ ✭✶✾✾✽✮✳ ❊st❛ ✐♥t❡r♣r❡t❛çã♦ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ é ❞❡♥♦♠✐♥❛❞❛ ❞❡ Pr✐♥❝í♣✐♦ ❞❛
❍♦♠♦❣❡♥❡✐③❛çã♦ ▲♦❝❛❧ ❡ ♣r♦❝✉r❛ r❡❞✉③✐r ❛ ❛ss✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ♥✉♠ ♣♦♥t♦ x ❉✐❛③
✭✶✾✾✽✮✳

❖ ❡st✉❞♦ ❞❡ ♣r♦❝❡ss♦s ❞✐❢✉s✐✈♦s ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ❡♠ ❡s♣❛ç♦s ♠❛✐s ❣❡r❛✐s✱ ♣❛rt✐✲
❝✉❧❛r♠❡♥t❡ ❛q✉❡❧❡s ❡♠ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❛♣❧✐❝❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡r✐✈❛❞❛✱ ❝♦♠♦ ✉♠ ♠❡✐♦
❢r❛❝t❛❧✐③❛❞♦ ♣♦r ❡①❡♠♣❧♦✳ ◆❡st❡ ❝❛s♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✢✉①♦ ❞✐❢✉s✐✈♦ ❞❡✈❡ s❡r ♥♦rt❡❛❞♦ ♣♦r
✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞✐❢❡r❡♥t❡✱ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❤♦♠♦❣❡♥❡✐③❛çã♦ ❧♦❝❛❧✱ q✉❡ ♣❡r♠✐t❛ ❞❡✜♥✐r
❡st❡ ❝♦♥❝❡✐t♦ ❡♠ ❝♦♥t❡①t♦s ❣❡♦♠étr✐❝♦s ♠❛✐s ❝♦♠♣❧❡①♦s✳ ❊ss❡ ❡st✉❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦
❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❉✐❛③ ✭✶✾✾✽✮✳

❆ ❞✐s♣❡rsã♦ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ❞❡ ♦r❣❛♥✐s♠♦s ♣❛r❛
❛❧é♠ ❞❡ s✉❛ ♣♦s✐çã♦ ♣r♦❣❡♥✐t♦r❛✱ ❢❡♥ô♠❡♥♦ q✉❡ ♦❝♦rr❡ ♣♦rt❛♥t♦ ♥❛ ❡s❝❛❧❛ ❡s♣❛❝✐❛❧ ❡ t❡♠✲
♣♦r❛❧✳ ❯♠❛ ❞❛s ♣r✐♠❡✐r❛s t❡♥t❛t✐✈❛s ♣❛r❛ ❡st✉❞❛r ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐s♣❡rsã♦ ❛♣r❡s❡♥t❛❞♦
♣♦r ❞✐✈❡rs♦s ♦r❣❛♥✐s♠♦s ❢♦✐ ❞❡s❝r❡✈❡♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡ ❛
❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡✳

❆ ♣r❡♠✐ss❛ ❞❡ss❛ ❢♦r♠✉❧❛çã♦ ✈❡✐♦ ❞❛ ♦❜s❡r✈❛çã♦ ❞❡ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞✐✲
♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ à ❢♦♥t❡ ✐♥✐❝✐❛❧✱ ✈✐st♦ q✉❡ ♣♦✉❝♦s ✐♥❞✐✈í❞✉♦s ❝♦♥s❡❣✉❡♠
s♦❜r❡✈✐✈❡r ❧♦♥❣❡ ❞❡ s❡✉s ❞❡s❝❡♥❞❡♥t❡s✳ ❆ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ♠♦✈✐♠❡♥t❛çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s
♣♦ss❛ s❡r r❛③♦❛✈❡❧♠❡♥t❡ ❞❡s❝r✐t❛ ♣♦r ✉♠ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ tr♦✉①❡ ✉♠ ♥♦✈♦ ❢♦❝♦ ❞❡ ♣❡s✲
q✉✐s❛ ❡♠ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧✳ ❊st❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ♣♦ss✐❜✐❧✐t♦✉ ❛♠♣❧✐❛r ♦s ❡st✉❞♦s ❞❡
❝r❡s❝✐♠❡♥t♦ ❡ ✐♥t❡r❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❛❝r❡s❝❡♥t❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧✱ t♦r♥❛♥❞♦ ♦s ♠♦✲
❞❡❧♦s q✉❡ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ❡r❛♠ ❢♦r♠✉❧❛❞♦s ♣♦r ✉♠❛ ❊❉❖ ♣❛ssí✈❡✐s ❞❡ s❡r❡♠ ❛♥❛❧✐s❛❞♦s
♣♦r ✉♠❛ ❊❉P✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❝♦♠ ❡st❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧✱ ♣ô❞❡✲s❡ ❛♥❛❧✐s❛r✱ ❛❧é♠ ❞❛
r❡♣r♦❞✉çã♦✱ ♠♦rt❡ ❡ ✐♥t❡r❛çã♦✱ ❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛ç♦✲t❡♠♣♦r❛❧ ❞♦s ✐♥❞✐✈í❞✉♦s✳ P❛r❛ t❛♥t♦✱
❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ♣❛ss♦✉ ❛ s❡r ❢✉♥çã♦❞♦ ❡s♣❛ç♦ ❡ ❞♦ t❡♠♣♦✳ ❊st❛
❡q✉❛çã♦ q✉❛♥t✐✜❝❛ ❛ ❞❡♥s✐❞❛❞❡ ❡♠ ❝❛❞❛ ♣♦s✐çã♦ ❡ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❢♦r♥❡❝❡♥❞♦ ❛ss✐♠ ❜♦❛s
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✐♥❢♦r♠❛çõ❡s ♣❛r❛ ❛♥❛❧✐s❛r ♦ ♠♦✈✐♠❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦ q✉❛♥❞♦ ♥ã♦ ♣♦❞❡♠♦s ♣❡rs❡❣✉✐r ♦s
✐♥❞✐✈í❞✉♦s

❖ tr❛❜❛❧❤♦ ❞❡ ❋✐s❤❡r ❢♦✐ ✉♠ ❞♦s ♣✐♦♥❡✐r♦s ♥❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❞✐s♣❡rsã♦ ❢♦r♠✉❧❛❞♦ ❝♦♠♦
✉♠ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ ❛❧❡❛tór✐❛✳ ❙❡✉ ♠♦❞❡❧♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡s❝r❡✈✐❛ ✉♠ ♣r♦❝❡ss♦ ❞❡ ♣r♦✲
♣❛❣❛çã♦ ❣❡♥ét✐❝❛✱ q✉❛♥❞♦ ❛❧❣✉♥s ✐♥❞✐✈í❞✉♦s ❝♦♠ ❛❧t♦ ♥í✈❡❧ ❞❡ ❛❞❛♣t❛❜✐❧✐❞❛❞❡ ❛♣❛r❡❝✐❛♠
♥❛ ♣♦♣✉❧❛çã♦✳ ❊♠❜♦r❛ ♦s ♠♦❞❡❧♦s ❞❡ ❞✐❢✉sã♦ ❜❛s❡✐❛♠✲s❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ♠♦✈✐♠❡♥t❛çã♦
❛❧❡❛tór✐❛✱ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ♥ã♦ ♣r❡❝✐s❛ s❡r t♦t❛❧♠❡♥t❡ ❛❧❡❛tór✐♦✱ ❝♦♠♦ ♥♦
♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ q✉❡ s✉❛ ❞✐♥â♠✐❝❛ ♣♦ss❛ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ✉♠❛
❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✳ ❊ss❡♥❝✐❛❧♠❡♥t❡✱ ❜❛st❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐str✐❜✉✐çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧
❝♦♠♦ ✉♠ t♦❞♦ t❡♥❤❛ ❝❛r❛❝t❡ríst✐❝❛s r❡❣✉❧❛r❡s✱ ♠❡s♠♦ q✉❡ ❝❛❞❛ ✐♥❞✐✈í❞✉♦ t❡♥❤❛ ❝♦♠♣♦r✲
t❛♠❡♥t♦ ✐♥stá✈❡❧ ♦✉ ✐rr❡❣✉❧❛r✳ P♦r ❡①❡♠♣❧♦✱ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ♥✉♠ ❣ás é
t♦t❛❧♠❡♥t❡ ❝❛ót✐❝♦ ❡ ✐♠♣r❡✈✐sí✈❡❧✱ ♣♦ré♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❡ss❛s ♠♦❧é❝✉❧❛s ❞❡s❝r❡✈❡ ✉♠
♠♦✈✐♠❡♥t♦ r❡❣✉❧❛r ❡ ❞❡t❡r♠✐♥íst✐❝♦✳

▼❡s♠♦ ❛ss✐♠✱ ❛❧❣✉♠❛s ❞✐♥â♠✐❝❛s ♣♦❞❡♠ ♠✉✐t♦ ❜❡♠ s❡r ❡①♣❧✐❝❛❞❛s ♣♦r ✉♠❛ ❡q✉❛çã♦
❞❡ ❞✐❢✉sã♦ ❡ ♦✉tr❛s ♥❡♠ t❛♥t♦✳ ❆té ♠❡s♠♦ ❛ ❞✐♥â♠✐❝❛ ❞❡ ❡s♣é❝✐❡s ❛❧t❛♠❡♥t❡ ✐♥t❡❧✐❣❡♥t❡s
q✉❛♥t♦ à s✉❛ ❤❛❜✐❧✐❞❛❞❡ ❞❡ ♠♦✈✐♠❡♥t❛çã♦ ♣♦❞❡ s❡r ❜❡♠ ♠♦❞❡❧❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✱
❡ ❡♥tr❡ ❛q✉❡❧❛s ❝✉❥♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❢❛❧❤❛✱ ❛✐♥❞❛ ❛ss✐♠ ❡❧❛ ♥♦s ♠♦str❛ q✉❡ ❡st❛ ❡s♣é❝✐❡
❞❡s❡♠♣❡♥❤❛ t❛♠❜é♠ ♦✉tr♦s ♠❡❝❛♥✐s♠♦s ❞❡ ❞✐s♣❡rsã♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❞✐s♣❡rsã♦ ❡♠
❧♦♥❣❛ ❞✐stâ♥❝✐❛ ❈r❛♥❦ ✭✶✾✼✺✮✳
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❈❛♣ít✉❧♦ ✷

■♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③②

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ t❡♦r✐❛ ❞♦s s✉❜✲
❝♦♥❥✉♥t♦s ❢✉③③② ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❞♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛❧❤♦✳
❉❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ♠♦str❛♠♦s q✉❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❥á ❝♦♥❤❡❝✐❞❛s ♣❛r❛ ♦s s✉❜❝♦♥✲
❥✉♥t♦s ❢✉③③② ❞❡ R

n t❛♠❜é♠ sã♦ ✈á❧✐❞❛s ❡♠ ❡s♣❛ç♦s ♠❛✐s ❣❡r❛✐s✳
◆❛ ❙❡çã♦ ✷✳✷ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X ❜❡♠

❝♦♠♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✱ ♣r♦♣r✐❡❞❛❞❡s ❡ ♦♣❡r❛çõ❡s ❝♦♠ s✉❜❝♦♥❥✉♥t♦s ❢✉③③②✳ ❆✐♥❞❛ ♥❛
❙❡çã♦ ✷✳✷✱ ♠♦str❛♠♦s q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ◆❡❣♦✐t❛ ✲ ❘❛❧❡s❝✉ ✭❉✐❛♠♦♥❞ ❡
❑❧♦❡❞❡♥✱ ✶✾✾✹❀ ❘❛❧❡s❝✉✱ ✶✾✾✷❀ ◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉✱ ✶✾✼✺✮ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ♦ ❝❛s♦
❡♠ q✉❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❛r❜✐trár✐♦✳

◆❛ ❙❡çã♦ ✷✳✸✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝♦♥❥✉♥t♦ E (X) ❢♦r♠❛❞♦ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ ✉♠
❡s♣❛ç♦ ♠étr✐❝♦ X ❝✉❥♦s α ✲ ♥í✈❡✐s sã♦ ❝♦♠♣❛❝t♦s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✐♥tr♦❞✉③✐♠♦s ✉♠❛ ♠étr✐❝❛
❡♠ E (X) ❡ ❡♥tã♦ ♠♦str❛♠♦s q✉❡ ❡st❡ ❡s♣❛ç♦ ♠étr✐❝♦ é ❝♦♠♣❧❡t♦ q✉❛♥❞♦ X é ❝♦♠♣❧❡t♦✳
▼♦str❛♠♦s ❛✐♥❞❛ q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ◆❣✉②❡♥ ✭◆❣✉②❡♥✱ ✶✾✼✽❀ ❋✉❧❧ér ❡ ❑❡r❡s③❢❛❧✈✐✱ ✶✾✾✶❀
❇❛rr♦s✱ ✶✾✾✼❀ ❘♦♠á♥✲❋❧♦r❡s ❡t ❛❧✳✱ ✷✵✵✶✮ é t❛♠❜é♠ ✈á❧✐❞♦ ❡♠ ❝❡rt♦s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❝❛♣ít✉❧♦✱ ♥❛ ❙❡çã♦ ✷✳✹ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❛♣❧✐❝❛çã♦
♦❜t✐❞❛ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❡♠ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✳ ◆❛s s❡❝çõ❡s
✭✷✳✺✮✱ ✭✷✳✻✮ ❡ ✭✷✳✼✮ ♠♦str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r
✐♥✐❝✐❛❧ ❢✉③③②✱ ❡①t❡♥sã♦ ❞♦ ✢✉①♦ ❡ ❝❛♠♣♦ ❞❡t❡r♠✐♥íst✐❝♦✳

✷✳✷ ❙✉❜❝♦♥❥✉♥t♦s ❢✉③③②

❖ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❥✉♥t♦ ❢✉③③② ❢♦✐ ♣r✐♠❡✐r❛♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦ ♣♦r ▲✳ ❆✳ ❩❛❞❡❤ ❡♠ ✉♠ ❛r✲
t✐❣♦ ♣✉❜❧✐❝❛❞♦ ❡♠ 1965 ✭❩❛❞❡❤✱ ✶✾✻✺✮✳ ❉❡s❞❡ ❡♥tã♦✱ ❛s ❛♣❧✐❝❛çõ❡s ❞❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s
❢✉③③② sã♦ ❛♠♣❧❛s ❡ ❛❜r❛♥❣❡♠ ár❡❛s t❛♥t♦ ❞❡ ✐♥t❡r❡ss❡ ❡str✐t❛♠❡♥t❡ ♠❛t❡♠át✐❝♦ ✭❉✐❛♠♦♥❞
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❡ ❑❧♦❡❞❡♥✱ ✶✾✾✹❀ ◆❣✉②❡♥ ❡ ❲❛❧❦❡r✱ ✷✵✵✵✮ ❝♦♠♦ ❡♠ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛ ❡ ❡♥❣❡♥❤❛r✐❛
✭❑❧✐r ❡ ❨✉❛♥✱ ✶✾✾✺❀ ❇❛rr♦s ❡ ❇❛ss❛♥❡③✐✱ ✷✵✵✻✮✳

❆♥t❡s ❞❡ ✐♥tr♦❞✉③✐r♠♦s ❢♦r♠❛❧♠❡♥t❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ✈❛♠♦s ❢❛③❡r
❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❡ss❡♥❝✐❛✐s s♦❜r❡ ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❝♦♥❥✉♥t♦s✳

❙❡❥❛ P(X) ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X✳ P❛r❛ ❝❛❞❛
A ∈ P(X) ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ χA : X → {0, 1} ❞❡ A ♣♦r

χA(x) =











1 s❡ x ∈ A

0 s❡ x ∈ X − A.

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ C(X) ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s ❝♦♠ ❞♦✲
♠í♥✐♦ ❡♠ X é ✐s♦♠♦r❢♦ ❛♦ ❝♦♥❥✉♥t♦ P(X) ✭◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉✱ ✶✾✼✺✮✳

❆ ✐❞é✐❛ ❞❡ ❝♦♥❥✉♥t♦ ❢✉③③② ❡st❛❜❡❧❡❝✐❞❛ ♣♦r ❩❛❞❡❤✱ ❝♦♥s✐st❡ ❡♠ ✏❛♠♣❧✐❛r✑ ❛ ✐♠❛❣❡♠ ❞❛s
❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❆ss✐♠✱ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② F ❞❡ X
é ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ µF : X → [0, 1]✱ ❞❡♥♦♠✐♥❛❞❛ ❢✉♥çã♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛✱
q✉❡ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ x ∈ X ♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µF (x) ❞❡ x ❡♠ F.

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② F ❞❡ X é ✉♠
s✉❜❝♦♥❥✉♥t♦ {(x, µF (x)) : x ∈ X} ♥ã♦ ✈❛③✐♦ ❞❡ X × [0, 1] ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ µF : X →
[0, 1].

❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A ❡♠ F(X) ❞❡✜♥✐♠♦s✱ ♣❛r❛ ❝❛❞❛ α ∈ (0, 1]✱ ♦ ❝♦♥❥✉♥t♦
[A]α ⊂ X ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ X t❛❧ q✉❡ ♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❡♠ A
é ❛♦ ♠❡♥♦s α✳ ❖ ❝♦♥❥✉♥t♦ [A]α ⊂ X é ❞❡♥♦♠✐♥❛❞♦ α ✲ ♥í✈❡❧ ❞❡ A ❡ é ❞❡✜♥✐❞♦ ♣♦r

[A]α = {x ∈ X : µA(x) ≥ α} para α ∈ (0, 1]

❖ 0 ✲ ♥í✈❡❧ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A é ❞❡✜♥✐❞♦ ♣♦r

[A]0 =
⋃

α∈(0,1]
[A]α = supp(A)

♦♥❞❡ supp(A) = {x ∈ X : µA(x) > 0} é ♦ s✉♣♦rt❡ ❞♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛ X = R✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A ❡♠ R é ✉♠ ♥ú♠❡r♦
❢✉③③② q✉❛♥❞♦✿

❛✮ µA(xo) = 1 ♣❛r❛ ✉♠ ú♥✐❝♦ xo❀

❜✮ ❖ s✉♣♦rt❡ {x : µA(x) > 0} = supp(A) é ❧✐♠✐t❛❞♦❀

❝✮ ❖s α✲♥í✈❡✐s ❞❡ A sã♦ ✐♥t❡r✈❛❧♦s ❢❡❝❤❛❞♦s✳

✷✵



❖ ❝♦♥❥✉♥t♦ ❢✉③③② ❞❡✜♥✐❞♦ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µA(x) =



































x− a

b− a
se a < x < b

c− x

c− b
se b ≤ x < c

0 se x /∈ (a, c)

s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ♥ú♠❡r♦ ❢✉③③② ❡ é ❞❡♥♦♠✐♥❛❞♦ ♥ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r ✳
❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ A = (a/b/c) ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠ ♥ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r ❡♠ q✉❡
µA(a) = µA(c) = 0 ❡ µA(b) = 1.

❋✐❣✉r❛ ✷✳✶✿ ◆ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r ✭❛✴❜✴❝✮✳

❖❜s❡r✈❡♠♦s q✉❡ s❡ ♦ ❞♦♠í♥✐♦ ❞❡ µA : [a, c] → [0, 1] é ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡
λ✱ ❡♥tã♦ ♦❜t❡♠♦s ✉♠ ♥ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r λA = (λa/λb/λc) ♦♥❞❡ µλA(λx) = µA(x)
♣❛r❛ t♦❞♦ x ∈ [a, c]✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r s♦♠❡♥t❡ ❞♦s ♥ú♠❡r♦s
❢✉③③② tr✐❛♥❣✉❧❛r❡s✳

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ F(Rn) ♣❛r❛ ❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ R
n✱ ♦♥❞❡ ♦s

❝♦♥❥✉♥t♦s ❞❛❞♦s ♣♦r✿

[A]α = {x ∈ R
n : µA(x) ≥ α} para todo α ∈ [0, 1] e

[A]0 = suppA

sã♦ ❝♦♠♣❛❝t♦s ❡ ♥ã♦ ✈❛③✐♦s✳
❖ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ X s❡rá ❞❡♥♦t❛❞♦ ❛q✉✐ ♣♦r

F(X).

✷✶



❊♠❜♦r❛ ❛ t❡r♠✐♥♦❧♦❣✐❛ ♠❛✐s ❛♣r♦♣r✐❛❞❛ s❡❥❛ ❞✐③❡r q✉❡ F é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡
X✱ ❡♠ ♠✉✐t❛s ♦❝❛s✐õ❡s✱ ✈❛♠♦s ❞✐③❡r ❛♣❡♥❛s q✉❡ F é ❝♦♥❥✉♥t♦ ❢✉③③②✱ ✜❝❛♥❞♦ ✐♠♣❧í❝✐t❛ ❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X ♦♥❞❡ ❡stá ❞❡✜♥✐❞❛ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ F.

❙❡ A ∈ P(X)✱ ✐st♦ é✱ A ⊂ X✱ ❡♥tã♦ {(x, χA(x)) : x ∈ X} é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦
❞❡ X × [0, 1]✳ P❡❧❛ ❉❡✜♥✐çã♦ ✷✳✶✱ ♦ s✉❜❝♦♥❥✉♥t♦ A ❞❡t❡r♠✐♥❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡
X q✉❡ s❡rá ✐❞❡♥t✐✜❝❛❞♦ ❛q✉✐✱ ❝♦♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ♣♦r χA✳ P❛r❛ ✉♠❛ ♠❡❧❤♦r ❞✐st✐♥çã♦✱
♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② χA s❡rá ❞❡♥♦♠✐♥❛❞♦ ❛q✉✐✱ ❝♦♠♦ ♥❛ ❧í♥❣✉❛ ✐♥❣❧❡s❛✱ ✉♠ s✉❜❝♦♥❥✉♥t♦
❝r✐s♣ ❞❡ X.

❆s ♦♣❡r❛çõ❡s ❞❡ ✉♥✐ã♦ ❡ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ s✉❜❝♦♥❥✉♥t♦s ❢✉③③② sã♦ ❡①t❡♥sõ❡s ❞❛s ♦♣❡r❛✲
çõ❡s ♣❛r❛ s✉❜❝♦♥❥✉♥t♦s ❞❡ X✱ q✉❛♥❞♦ ✈✐st❛s ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛✳ ❊♠❜♦r❛
❡ss❛s ♦♣❡r❛çõ❡s ♣♦ss❛♠ s❡r ❣❡♥❡r❛❧✐③❛❞❛s ❞❡ ✈ár✐❛s ♠❛♥❡✐r❛s ♣♦r ♠❡✐♦ ❞♦s ❝♦♥❝❡✐t♦s ❞❡
t ✲ ♥♦r♠❛ ❡ t ✲ ❝♦♥♦r♠❛ ✭◆❣✉②❡♥ ❡ ❲❛❧❦❡r✱ ✷✵✵✵✮✱ ✈❛♠♦s ❛q✉✐ s❡❣✉✐r ❛s ♠❡s♠❛s ❞❡✜♥✐çõ❡s
❛♣r❡s❡♥t❛❞❛s ❡♠ ❩❛❞❡❤ ✭✶✾✻✺✮✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❙❡❥❛♠ A ❡ B s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ X✳ ❆ ✉♥✐ã♦✱ ✐♥t❡rs❡❝çã♦ ❡ ❝♦♠♣❧❡✲
♠❡♥t♦ sã♦ s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❡♠ F(X) ❝✉❥❛s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛s sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

µA∪B(x) = max{µA(x), µB(x)}

µA∩B(x) = min{µA(x), µB(x)}

µAC (x) = 1− µA(x).

❉♦✐s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ ✉♠ ❝♦♥❥✉♥t♦X sã♦ ✐❣✉❛✐s q✉❛♥❞♦ ❛s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛
sã♦ ✐❣✉❛✐s✱ ✐st♦ é✱

A = B ⇐⇒ µA(x) = µB(x) ∀x ∈ X.

❆ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ❝♦♥❥✉♥t♦s ❢✉③③② ♣♦❞❡ t❛♠❜é♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠❡✐♦ ❞♦s α ✲ ♥í✈❡✐s✳
◆❡st❡ ❝❛s♦✱ ♦s ❝♦♥❥✉♥t♦s sã♦ ✐❣✉❛✐s q✉❛♥❞♦ ♦s α ✲ ♥í✈❡✐s ❝♦✐♥❝✐❞❡♠ ♣❛r❛ t♦❞♦ α ∈ (0, 1]✳

◆♦s ❞♦✐s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s✱ ♠♦str❛♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡
✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X ❡ s❡✉s α ✲ ♥í✈❡✐s✳ ❊st❡s r❡s✉❧t❛❞♦s sã♦ ✉♠❛
❣❡♥❡r❛❧✐③❛çã♦✱ ♣❛r❛ ❡s♣❛ç♦s X q✉❛✐sq✉❡r ❝♦♠ ❡str✉t✉r❛ t♦♣♦❧ó❣✐❝❛ ❋❡rr❡✐r❛ ✭✷✵✶✵✮✱ ❞❡
r❡s✉❧t❛❞♦s ❥á ❜❡♠ ❝♦♥❤❡❝✐❞♦s ♥♦ ❝❛s♦ ❡♠ q✉❡ X = R

n✳ ❆s ❞❡♠♦♥str❛çõ❡s ❛♣r❡s❡♥t❛❞❛s
♥❛s ♣r♦♣♦s✐çõ❡s ❛ s❡❣✉✐r sã♦✱ ♣♦rt❛♥t♦✱ ❛♣❡♥❛s ❛❞❛♣t❛çõ❡s ❞❛s ✐❞❡✐❛s ❛♣r❡s❡♥t❛❞❛s ❡♠
❘❛❧❡s❝✉ ✭✶✾✾✷✮✱ ❉✐❛♠♦♥❞ ❡ ❑❧♦❡❞❡♥ ✭✶✾✾✹✮ ♦✉ ◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉ ✭✶✾✼✺✮✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ X✳ ❙❡ µA

é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡✱ ❡♥tã♦ ✈❛❧❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ [A]α é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡♠ X✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1]❀

❜✮ [A]β ⊆ [A]α s❡ 0 ≤ α ≤ β ≤ 1❀

✷✷



❝✮ [A]α =
⋂

β∈[0,α)
[A]β ♣❛r❛ t♦❞♦ α ∈ (0, 1]❀

❞✮ ❖ ❝♦♥❥✉♥t♦
⋃

α∈(0,1]
[A]α é ❞❡♥s♦ ❡♠ [A]0✳

Pr♦✈❛✿ ❖ ✐t❡♠ (a) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ µA s❡r s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡ ❡ ♦
✐t❡♠ (b) é ❡✈✐❞❡♥t❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ α ✲ ♥í✈❡✐s✳

P❛r❛ ♣r♦✈❛r ♦ ✐t❡♠(c)✱ t♦♠❡♠♦s α ∈ (0, 1]✳ P♦r (b) t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ α < β ✈❛❧❡♠
q✉❡ [A]β ⊆ [A]α ❡ ♣♦rt❛♥t♦

⋂

β∈[0,α)
[A]β ⊆ [A]α✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ [A]α ❡♥tã♦ t❡♠♦s

µA(x) ≥ α✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ t♦❞♦ β < α t❡♠♦s µA(x) ≥ α > β ❡ ♣♦rt❛♥t♦ x ∈ [A]β

♣❛r❛ t♦❞♦ β < α✳ ❆ss✐♠✱ x ∈
⋂

β∈[0,α)
[A]β✳ P♦rt❛♥t♦ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛ ❡stá ♣r♦✈❛❞❛ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ✈❛❧❡ ♦ ✐t❡♠ (c).
❖ ✐t❡♠ (d) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ 0 ✲ ♥í✈❡❧✳

❆ r❡❝í♣r♦❝❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛✳ ❖ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡
◆❡❣♦✐t❛ ✲ ❘❛❧❡s❝✉ ✭◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉✱ ✶✾✼✺✮✱ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s
❞❡ R

n✱ s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s (a)✕(d), ✉♠ ú♥✐❝♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ R
n ❝✉❥♦s

α ✲ ♥í✈❡✐s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞❛❞❛✳ ◆❛ Pr♦♣♦s✐çã♦ ✷✳✷ ❛
s❡❣✉✐r✱ ♠♦str❛♠♦s q✉❡ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ t❛♠❜é♠ é ✈á❧✐❞❛ q✉❛♥❞♦X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
q✉❛❧q✉❡r✳ ◆♦✈❛♠❡♥t❡✱ ❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ s❡❣✉❡
❛s ❧✐♥❤❛s ❣❡r❛✐s ❞❛ ❞❡♠♦♥str❛çã♦ ♣r♦♣♦st❛ ❡♠ ✭◆❡❣♦✐t❛ ❡ ❘❛❧❡s❝✉✱ ✶✾✼✺✮ ♣❛r❛ ♦ ❝❛s♦ ❡♠
q✉❡ X = R

n.

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ A = {Aα : α ∈ [0, 1]} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ X s❛t✐s❢❛③❡♥❞♦✿

❛✮ Aα é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡♠ X✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1]❀

❜✮ Aβ ⊆ Aα s❡ 0 ≤ α ≤ β ≤ 1❀

❝✮ Aα =
⋂

β∈[0,α)
Aβ ♣❛r❛ t♦❞♦ α ∈ (0, 1]❀

❞✮ ❖ ❝♦♥❥✉♥t♦
⋃

α∈(0,1]
Aα é ❞❡♥s♦ ❡♠ A0✳

❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A ❞❡ X ❝♦♠ µA s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡ t❛❧
q✉❡ [A]α = Aα ♣❛r❛ t♦❞♦ α ∈ [0, 1]✳

✷✸



Pr♦✈❛✿ ❈♦♥s✐❞❡r❡♠♦s ♦ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② A ❞❡ X ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡✜♥✐❞❛
♣♦r

µA(x) =











sup{β : x ∈ Aβ}, s❡ x ∈ A0

0, s❡ x ∈ X − A0.

❚♦♠❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ α ∈ (0, 1]✳ P❛r❛ t♦❞♦ x ∈ Aα✱ t❡♠♦s q✉❡ x ∈ A0 ♣❡❧♦ ✐t❡♠
(b)✱ ❡ ❛❧é♠ ❞✐ss♦ sup{β : x ∈ Aβ} ≥ α❀ ❞❡ ❢❛t♦ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ ✉♠ γ ∈ [0, α)
t❛❧ q✉❡ x /∈ Aγ ⊇ Aα, ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ µA(x) ≥ α ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
t❡♠♦s Aα ⊆ [A]α✳

P❛r❛ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ✈❛♠♦s s❡♣❛r❛r ❛ ♣r♦✈❛ ❡♠ ❞♦✐s ❝❛s♦s✳ ❙❡❥❛ x ∈ [A]α :
❈❛s♦ ■✿ ❙✉♣♦♥❤❛ q✉❡ sup{β : x ∈ Aβ} > α✳ ❙♦❜ ❡st❛ ❤✐♣ót❡s❡✱ ❡①✐st❡ γ ∈ (α, 1] ❝♦♠
x ∈ Aγ ⊆ Aα ♦ q✉❡✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ✐t❡♠ (b)✱ ✐♠♣❧✐❝❛ ❡♠ x ∈ Aα✳
❈❛s♦ ■■✿ ❙✉♣♦♥❤❛ q✉❡ sup{β : x ∈ Aβ} = α✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ t♦❞♦ β ∈ [0, α) ❡①✐st❡
✉♠ r❡❛❧ β0 ∈ (β, α] t❛❧ q✉❡ x ∈ Aβ0 ✱ ♦ q✉❡ ♣❡❧♦ ✐t❡♠ (b) ✐♠♣❧✐❝❛ q✉❡ x ∈ Aβ✱ ♣❛r❛ t♦❞♦
β ∈ [0, α)✳ ❆ss✐♠✱ ♣❡❧♦ ✐t❡♠ (c)✱ t❡♠♦s q✉❡ x ∈

⋂

β∈[0,α)
Aβ = Aα ♣❛r❛ t♦❞♦ α ∈ (0, 1]✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡ [A]α = Aα ♣❛r❛ t♦❞♦ α ∈ (0, 1]. ❆❣♦r❛✱

[A]0 = supp(A) =
⋃

α∈(0,1]
[A]α =

⋃

α∈(0,1]
Aα = A0,

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❡❧♦ ✐t❡♠ (d)✳ ▲♦❣♦✱ t❡♠♦s q✉❡ [A]α = Aα ♣❛r❛ t♦❞♦
α ∈ [0, 1].

P❡❧♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ♣r♦✈❛r ❡ t❛♠❜é♠ ♣❡❧♦ ✐t❡♠ (a)✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {x ∈
X : µA(x) < α} = X − [A]α é ❛❜❡rt♦ ❡♠ X✳ ▲♦❣♦✱ µA é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡✳

P❛r❛ ♣r♦✈❛r♠♦s q✉❡ é ú♥✐❝♦✱ ✈❛♠♦s s✉♣♦r q✉❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② B t❛❧ q✉❡
[B]α = Aα✳ ❊♥tã♦ ♣❡❧♦ q✉❡ ♠♦str❛♠♦s✱ [B]α = [A]α ♣❛r❛ t♦❞♦ α ∈ [0, 1]✳ ▲♦❣♦✱ B = A ❡
❛ ❛✜r♠❛çã♦ ❡stá ♣r♦✈❛❞❛✳

❊♠ ♠✉✐t♦s ❝❛s♦s ♣♦❞❡ s❡r ♥❡❝❡ssár✐♦ ❡st❡♥❞❡r ♦ ❞♦♠í♥✐♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → Y
♣❛r❛ ♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❡♠ F(X)✳ ◆♦t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ A ⊂ X, ❛
❛♣❧✐❝❛çã♦ f ❞❡✜♥❡ ♦ s✉❜❝♦♥❥✉♥t♦ f(A) ⊂ Y ✳ ❙✉♣♦♥❞♦ ❛❣♦r❛ q✉❡ A s❡❥❛ ✉♠ s✉❜❝♦♥❥✉♥t♦
❢✉③③② X✱ ✐st♦ é A ∈ F(X)✱ ❡♥tã♦ ♣r❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r ❝♦♠♦ s❡rá ❛ ✐♠❛❣❡♠ ✐♥❞✉③✐❞❛
♣❡❧❛ ❛♣❧✐❝❛çã♦ f s♦❜r❡ A. ❆ ❢♦r♠❛ ❝♦♠♦ ❡ss❛ ✐♠❛❣❡♠ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦❞❡ s❡r ❢❡✐t❛ ❛tr❛✈és
❞♦ Pr✐♥❝í♣✐♦ ❞❛ ❊①t❡♥sã♦ ♣r♦♣♦st♦ ♣♦r ❩❛❞❡❤ ✭✶✾✻✺✮✱ ❝♦♥❢♦r♠❡ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✹ ✭Pr✐♥❝í♣✐♦ ❞❛ ❊①t❡♥sã♦ ❞❡ ❩❛❞❡❤✮✳ ❙❡❥❛♠ f : X → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❡ A
✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ X✳ ❆ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ f̂ : F(X) → F(Y ) é ❛♣❧✐❝❛çã♦ ❝✉❥❛

✷✹



✐♠❛❣❡♠ t❡♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µf̂(A)(y) =











sup
a∈f−1(y)

µA(a) s❡ f−1(y) 6= ∅

0 s❡ f−1(y) = ∅.

❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ X ❞❡t❡r♠✐♥❛ ♦ ❝♦♥❥✉♥t♦ ❢✉③③② χA ❞❡
X ❝✉❥❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ A. ❆ ✐♠❛❣❡♠ ❞❡ χA ❛tr❛✈és ❞❛
❡①t❡♥sã♦ f̂ ❞❡ ✉♠❛ ❢✉♥çã♦ f ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❢✉③③② χf(A) ❞❡✜♥✐❞♦ ♣♦r f(A). ■st♦
é✱ f̂(χA) = χf(A)✳ ❉❡ ❢❛t♦✱ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ f̂(χA) t❡♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µf̂(χA)(y) =







1 s❡ y ∈ f(A)

0 s❡ y ∈ Y − f(A).

q✉❡ é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ f(A). ▲♦❣♦✱ f̂(χA) = χf(A)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦
x ∈ X ✈❛❧❡ f̂(χ{x}) = χ{f(x)}.

✷✳✸ ❖ ❙✉❜❡s♣❛ç♦ E (X)

P❛r❛ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❢❛r❡♠♦s ♥❛ s❡q✉ê♥❝✐❛ ❞❡ss❡ tr❛❜❛❧❤♦✱ r❡str✐♥❣✐♠♦s ♥♦ss❛ ❛♥á❧✐s❡
❛♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ ✉♠ ❡s♣❛ç♦ X ❝✉❥♦s α ✲ ♥í✈❡✐s sã♦ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦s ❡ ♥ã♦
✈❛③✐♦s ❡♠ X ✱ ✐st♦ é✱

E (X) = {A ∈ F(X) : ∀α ∈ [0, 1], [A]α é ❝♦♠♣❛❝t♦ ❡ ♥ã♦ ✈❛③✐♦}.

❖s ❡❧❡♠❡♥t♦s ❢✉③③② q✉❡ ❡stã♦ ❡♠ E (X) s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r ❧❡tr❛s ♠✐♥ús❝✉❧❛s ❡♠ ♥❡❣r✐t♦
♣❛r❛ ❞✐❢❡r❡♥❝✐❛r ❞♦s ❡❧❡♠❡♥t♦s ❞❡ X✳

❉❛❞♦ u ∈ E (Y )✱ Y ⊂ X✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ū ∈ E (X) ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µū(x) =











µu(x) s❡ x ∈ Y

0 s❡ x ∈ X − Y.

✭✷✳✶✮

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ q✉❡ [ū]α = [u]α ♣❛r❛ t♦❞♦ α ∈ [0, 1]✱ ❞❡ ♠♦❞♦
q✉❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r E (Y ) ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ E (X)✳ ❈♦♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱
♣♦❞❡♠♦s ❞✐③❡r ❡♥tã♦ q✉❡ ū = u.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ u ∈ E (X) ❝♦♠ [u]α ⊂ Y ⊂ X✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ū ∈ E (Y ) ❝♦♠
❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µū(x) = µu(x) ♣❛r❛ t♦❞♦ x ∈ Y. ❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✈❛♠♦s t❡r
[ū]α = [u]α ❡ ♥♦✈❛♠❡♥t❡ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ū = u.

✷✺



❖s s✉❜❝♦♥❥✉♥t♦s ❞♦ ❝♦♥❥✉♥t♦ E (X) s❡rã♦ r❡♣r❡s❡♥t❛❞♦s ❛q✉✐ ♣♦r ❧❡tr❛s ♠❛✐ús❝✉❧❛s
❡♠ ♥❡❣r✐t♦✳ P♦r ❡①❡♠♣❧♦✱ ❞❛❞♦ Y ⊂ X✱ r❡♣r❡s❡♥t❛r❡♠♦s ♣♦r Y ⊂ E (X) ♦ s✉❜❝♦♥❥✉♥t♦
❢♦r♠❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ E (X) ❝✉❥♦s α ✲ ♥í✈❡✐s sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ Y ✳ ■st♦ é✱

Y = {u ∈ E (X) : [u]α ⊂ Y ⊂ X ♣❛r❛ t♦❞♦ α ∈ [0, 1]}.

❉❛❞♦s ♦s ♣♦♥t♦s x ∈ E (X) ❡ y ∈ E (Y ) ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♣♦♥t♦ z ∈ E (X × Y ) ❝♦♠
❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µz : X × Y → [0, 1] ❞❛❞❛ ♣♦r

µz(x, y) = min{µx(x), µy(y)}.

❖ ❝♦♥❥✉♥t♦ ❢✉③③② z é ❞❡♥♦♠✐♥❛❞♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❢✉③③② ❡♥tr❡ x ❡ y✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱
♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❢✉③③② ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ♣♦r ♠❡✐♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ t ✲ ♥♦r♠❛✳

❯♠❛ t ✲ ♥♦r♠❛ é ✉♠❛ ❛♣❧✐❝❛çã♦ ∆ : [0, 1] × [0, 1] → [0, 1] q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s
♣r♦♣r✐❡❞❛❞❡s✿

❛✮ ❊❧❡♠❡♥t♦ ♥❡✉tr♦✿ ∆(1, x) = x;

❜✮ ❈♦♠✉t❛t✐✈❛✿ ∆(x, y) = ∆(y, x);

❝✮ ❆ss♦❝✐❛t✐✈❛✿ ∆(x,∆(y, z)) = ∆(∆(x, y), z);

❞✮ ▼♦♥ót♦♥❛✿ s❡ x ≤ u ❡ y ≤ v✱ ❡♥tã♦ ∆(x, y) ≤ ∆(u, v).

❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ♦♣❡r❛çõ❡s q✉❡ s❛t✐s❢❛③❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s sã♦✿

• t ✲ ♥♦r♠❛ ❞♦ ♣r♦❞✉t♦✿
µz(x, y) = µx(x)µy(y).

• t ✲ ♥♦r♠❛ ❞❡ ▲✉❦❛s✐❡✇✐❝③✿

µz(x, y) = max{µx(x) + µy(y)− 1, 0}.

• t ✲ ♥♦r♠❛ ❞rást✐❝❛✿

µz(x, y) =











µx(x) s❡ µy(y) = 1

µy(y) s❡ µx(x) = 1

0 ❝❛s♦ ❝♦♥trár✐♦✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s z ∈ E (X×Y ) ❞❡✜♥✐❞♦s ❛ ♣❛rt✐r ❞❛s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ x
❡ y ♣♦r ❛❧❣✉♠❛ t ✲ ♥♦r♠❛✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ ✉♠❛ ❞❛s três ♠❛♥❡✐r❛s ❛❝✐♠❛s ❡①♣♦st❛s✱ s❡rá
❞❡♥♦t❛❞♦ ❛q✉✐ ♣♦r E (X) × E (Y ). ❈❧❛r❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ t ✲ ♥♦r♠❛✱ t❡♠♦s q✉❡ E (X) ×
E (Y ) ⊂ E (X × Y ). P❛r❛ ❡♥❢❛t✐③❛r✱ ✈❛♠♦s ❞❡♥♦t❛r ✉♠ ❡❧❡♠❡♥t♦ z ❡♠ E (X) × E (Y )

✷✻



❞❡t❡r♠✐♥❛❞♦ ❛tr❛✈és ❞❡ x ∈ E (X) ❡ y ∈ E (Y ) ♣♦r z = (x,y). ■st♦ é✱ ❛ ♥♦t❛çã♦ z = (x,y)
✐♥❞✐❝❛ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µz : X × Y → [0, 1] ❞❡ z é ❞❡✜♥✐❞❛ ♣❡❧❛s ❢✉♥çõ❡s ❞❡
♣❡rt✐♥ê♥❝✐❛ ❞❡ x ❡ y ❛tr❛✈és ❞❡ ✉♠❛ t ✲ ♥♦r♠❛✳

❆s ♣r♦♣r✐❡❞❛❞❡s (a)✕(d) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ q✉❡ ♣r♦✈❛♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r t❛♠❜é♠
sã♦ ✈á❧✐❞❛s ♣❛r❛ ♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❡♠ E (X).

❈♦r♦❧ár✐♦ ✷✳✸✳ ❙❡ u ∈ E (X)✱ ❡♥tã♦ µu é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡ ❡ ✈❛❧❡♠ ♦s ✐t❡♥s
(a)✕(d) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳

Pr♦✈❛✿ ❙❡ u ∈ E (X) ❡♥tã♦ ♦s α ✲ ♥í✈❡✐s sã♦ ❝♦♠♣❛❝t♦s ❡ ♣♦rt❛♥t♦ ❢❡❝❤❛❞♦s ❞❡ ♠♦❞♦
q✉❡ ♦ ❝♦♥❥✉♥t♦ Aα = {x ∈ X : µu(x) < α} = X − [u]α é ❛❜❡rt♦ ♣❛r❛ t♦❞♦ α ∈ R. ❉❛❞♦
y ∈ X✱ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Vy ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛ ❡♠ Aµu(y)+ε✳ ▲♦❣♦✱
µu(x) < µu(y) + ε ♣❛r❛ t♦❞♦ x ∈ Vy ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ µu é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡✳

❆ss✐♠ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✷ t❛♠❜é♠ ♣♦❞❡ s❡r ✐❣✉❛❧♠❡♥t❡ ♣r♦✈❛❞❛
q✉❛♥❞♦ t❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ X s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s
(a)− (d).

❈♦r♦❧ár✐♦ ✷✳✹✳ ❙❡ A = {Aα : α ∈ [0, 1]} é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s
s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡ (a) ✲ (d) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ E (X)
t❛❧ q✉❡ [u]α = Aα ♣❛r❛ t♦❞♦ α ∈ [0, 1].

Pr♦✈❛✿ P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ X ❝✉❥♦s α ✲ ♥í✈❡✐s ❝♦✐♥❝✐✲
❞❡♠ ❝♦♠ ♦s s✉❜❝♦♥❥✉♥t♦s ❡♠ A q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ sã♦ ❝♦♠♣❛❝t♦s✳ ▲♦❣♦✱ ❡ss❡ s✉❜❝♦♥❥✉♥t♦
❡stá ❡♠ E (X).

P❛r❛ ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦♥❥✉♥t♦s ❢✉③③② ❢❡✐t❛s ♥❛s s❡çõ❡s s✉❜s❡q✉❡♥t❡s✱ ♣r❡❝✐s❛♠♦s ❞❡✜♥✐r
✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s ❡♠ E (X)✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ s♦❜r❡ E (X)
♣♦r ♠❡✐♦ ❞❛ ♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛ ♣❛r❛ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ X✳ ❊♠ ❉✐❛♠♦♥❞
❡ ❑❧♦❡❞❡♥ ✭✶✾✾✹✮ sã♦ ❞✐s❝✉t✐❞❛s ❛❧❣✉♠❛ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s E (Rn) ♣❛r❛ ❞✐st✐♥t❛s
♠étr✐❝❛s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♠étr✐❝❛s ❞❡✜♥✐❞❛s ❛ ♣❛rt✐r ❞❛ ♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛✳

❙❡❥❛ K(X) ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ♥ã♦ ✈❛③✐♦s ❞♦ ❡s♣❛ç♦
♠étr✐❝♦ (X, d)✳ ❉❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦s A,B ❡♠ K(X) ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s ♣♦❞❡ s❡r
❞❡✜♥✐❞❛ ♣♦r✿

dist(A,B) = sup
a∈A

inf
b∈B

d(a, b)

❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❝♦♥❥✉♥t♦s ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ✉♠❛ ♣s❡✉❞♦♠étr✐❝❛ ✭❑r❡②s③✐❣✱ ✶✾✼✽✮ ♣❛r❛
K(X)✱ ✉♠❛ ✈❡③ q✉❡ dist(A,B) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A ⊆ B✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✈❛❧❡♥❞♦
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❛ ✐❣✉❛❧❞❛❞❡✳ ◆♦ ❡♥t❛♥t♦✱ ❞✐stâ♥❝✐❛ ❞❡ ❍❛✉s❞♦r✛ ❡♥tr❡ A✱ B ∈ K(X) ❞❡✜♥✐❞❛ ♣♦r

dH(A,B) = max{sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)}

= max{dist(A,B), dist(B,A)}

é ✉♠❛ ♠étr✐❝❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ K(X), ❞❡ ♠♦❞♦ q✉❡ (K(X), dH) é ✉♠❛ ❡s♣❛ç♦ ♠étr✐❝♦✳
❱❛❧❡ ❛✐♥❞❛ q✉❡ s❡ (X, d) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✱ ❡♥tã♦ (K(X), dH) é t❛♠❜é♠ ✉♠
❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ✭❆❧✐♣r❛♥t✐s ❡ ❇♦r❞❡r✱ ✷✵✵✺✮✳

❆tr❛✈és ❞❛ ♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛ dH , ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦
E (X)✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ❛q✉✐ ♣♦r d∞✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s u,v ∈ E (X) ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ u
❡ v é ❞❡✜♥✐❞❛ ♣♦r

d∞(u,v) = sup
α∈[0,1]

dH([u]
α, [v]α) ✭✷✳✷✮

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ❛ ❞✐stâ♥❝✐❛ ❞❡✜♥✐❞❛ ❛❝✐♠❛ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛
♠étr✐❝❛ ❡ ❛ss✐♠✱ (E (X), d∞) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✳

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ Y ⊂ X✱ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

Y = {x ∈ E (X) : [x]0 ⊂ Y }

❡ E (Y ). ❊ss❡♥❝✐❛❧♠❡♥t❡✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ Y ❡ E (Y ) s❡ ❞✐❢❡r❡♠ ❛♣❡♥❛s ♣❡❧♦ ❞♦♠í♥✐♦ ❞❛
❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛✳ ❙❡❥❛♠ d1∞ ❛ r❡str✐çã♦ ❞❛ ♠étr✐❝❛ d∞ ❛♦ ❝♦♥❥✉♥t♦ Y ⊂ E (X) ❡ d2∞
❞❡✜♥✐❞❛ ❝♦♠♦ ❡♠ ✭✷✳✷✮ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ E (Y )✳

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❙❡❥❛ Y ⊂ X✳ ❖s ❡s♣❛ç♦s ♠étr✐❝♦s (Y , d1∞) ❡ (E (Y ), d2∞) sã♦ ✐s♦♠étr✐✲
❝♦s✳

Pr♦✈❛✿ ❉❛❞♦ ✉♠ ♣♦♥t♦ u ⊂ Y ⊂ E (X) ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µu : X → [0, 1], s❡❥❛
ū ∈ E (Y ) ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µū : Y → [0, 1] q✉❡ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ y ∈ Y ♦ ✈❛❧♦r
µu(y). ■st♦ é✱ µū é ❛ r❡str✐çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ u ❛♦ ❝♦♥❥✉♥t♦ Y ⊂ X.

❙❡❥❛ T : Y → E (Y ) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ u ∈ Y ✱ T (u) = ū✳ ❆ ❛♣❧✐❝❛çã♦ T é ✐♥❥❡t✐✈❛✱ ♣♦✐s
s❡ u 6= v, ❡♥tã♦ ❡①✐st❡ y ∈ Y t❛❧ q✉❡ µu(y) 6= µu(v) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ T (u) 6= T (v).

❚♦♠❡♠♦s ū ∈ E (Y ) ❡ ❝♦♥s✐❞❡r❡♠♦s u ∈ E (X) ❞❡✜♥✐❞♦ ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐✲
♥ê♥❝✐❛

µū(x) =











µx(x) s❡ x ∈ Y

0 s❡ x ∈ X − Y.

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞✐ss♦ q✉❡ [u]α ⊂ Y ♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ ♣♦rt❛♥t♦ u ∈ Y . ❆❧é♠ ❞✐ss♦✱
T (u) = ū✳ ▲♦❣♦✱ T : Y → E (Y ) é ✉♠❛ ❛♣❧✐❝❛çã♦ s♦❜r❡❥❡t✐✈❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ T é
✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s Y ❡ E (Y ).

✷✽



P❡❧❛ ❢♦r♠❛ ❝♦♠♦ ❛ ❜✐❥❡çã♦ T ❢♦✐ ❝♦♥str✉í❞❛✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ [ū]α = [T (u)]α = [u]α

♣❛r❛ t♦❞♦ u ∈ Y . ❚❡♠♦s ❡♥tã♦ q✉❡✱

d2∞(T (u), T (u)) = sup
α∈[0,1]

dH([ū]
α, [v̄]α) = sup

α∈[0,1]
dH([u]

α, [v]α) = d1∞(u,v),

♣❛r❛ t♦❞♦ u,v ∈ Y ✳
▲♦❣♦✱ Y ❡ E (Y ) sã♦ ✐s♦♠étr✐❝♦s ❡ ❛ ❛✜r♠❛çã♦ ❡stá ♣r♦✈❛❞❛✳

❖ ❡s♣❛ç♦ ♠étr✐❝♦ (E (X), d∞) ❛♣r❡s❡♥t❛ ❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❝♦♠♣❧❡t♦
q✉❛♥❞♦ (X, d) é ❝♦♠♣❧❡t♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛q✉✐ t❡♠ ❝♦♠♦ ❜❛s❡ ❛ ❛♣r❡s❡♥t❛❞❛
❡♠ ❉✐❛♠♦♥❞ ❡ ❑❧♦❡❞❡♥ ✭✶✾✾✹✮ ♣❛r❛ ♦ ❡s♣❛ç♦ (E (Rn), d∞).

Pr♦♣♦s✐çã♦ ✷✳✻✳ ❙❡ (X, d) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡♥tã♦ (E (X), d∞) é ✉♠ ❡s♣❛ç♦
♠étr✐❝♦ ❝♦♠♣❧❡t♦✳

Pr♦✈❛✿ ❙❡❥❛ {uk}∞k=1 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ (E (X), d∞)✳ ❊♥tã♦✱ ❞❛❞♦ ε > 0✱
❡①✐st❡ N > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ k, n > N t❡♠♦s d∞(un,uk) < ε ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
dH([un]

α, [uk]
α) < ε ♣❛r❛ t♦❞♦ α ∈ [0, 1]✳ ▼❛s ✐st♦ ✐♠♣❧✐❝❛ q✉❡✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1]✱

{[uk]
α}∞k=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ (K(X), dH) ❡ ♣♦rt❛♥t♦ ❝♦♥✈❡r❣❡ ♣❛r❛✱ ❞✐❣❛♠♦s✱

Aα ∈ K(X)✳ ▼❛✐s ❞♦ q✉❡ ✐ss♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ❡♠ α ♣♦✐s✿

dH([uk]
α, Aα) ≤ dH([uk]

α, [un]
α) + dH([un]

α, Aα)

< ε+ dH([un]
α, Aα).

✭✷✳✸✮

❊ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ n, k > N(ε)✳ ❋❛③❡♥❞♦ n → ∞ t❡♠♦s q✉❡
dH([uk]

α, Aα) ≤ ε ♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ k > N(ε).
▼♦str❛♠♦s ❛❣♦r❛ q✉❡ ❛ ❢❛♠í❧✐❛ A = {Aα ∈ K(X) : α ∈ [0, 1]} s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s

(a)✕(d) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ ❞❡ ♠♦❞♦ q✉❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✹✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ E (X)
t❛❧ q✉❡ [u]α = Aα. ❯♠❛ ✈❡③ q✉❡ Aα é ❝♦♠♣❛❝t♦✱ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❝❧❛r❛♠❡♥t❡ é s❛t✐s❢❡✐t♦✳
❙❡❥❛ ❛❣♦r❛ 0 < α ≤ 1 ❡ t♦♠❡♠♦s β ∈ [0, α). ❊♥tã♦ t❡♠♦s

dist(Aα, Aβ) ≤ dist(Aα, [uk]
α) + dist([uk]

α, [uk]
β) + dist([uk]

β, Aβ)

≤ dH(Aα, [uk]
α) + dH([uk]

β, Aβ)

❥á q✉❡ dist([uk]
α, [uk]

β) = 0 ♣♦✐s [uk]
α ⊆ [uk]

β✳ P♦rt❛♥t♦✱ q✉❛♥❞♦ k → ∞ t❡♠♦s
dist(Aα, Aβ) → 0 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ Aα ⊆ Aβ ♣❛r❛ t♦❞♦ β ∈ [0, α), ♦ q✉❡ ♣r♦✈❛ ♦
✐t❡♠ (b)✳

❉❡s❞❡ q✉❡ uk ∈ E (X)✱ ♣❛r❛ t♦❞♦ 0 ≤ β < α ≤ 1✱ t❡♠♦s

[uk]
α =

⋂

β∈[0,α)
[uk]

β

✷✾



♣❡❧♦ ✐t❡♠ (c) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ t❡♠♦s ❡♥tã♦ q✉❡✿

dH(
⋂

β∈[0,α)
Aβ, Aα) ≤ dH(

⋂

β∈[0,α)
Aβ,

⋂

β∈[0,α)
[uk]

β) + dH(
⋂

β∈[0,α)
[uk]

β, [uk]
α)+

+ dH([uk]
α, Aα)

= dH(
⋂

β∈[0,α)
Aβ,

⋂

β∈[0,α)
[uk]

β) + dH([uk]
α, Aα)

♣❛r❛ t♦❞♦ α ∈ (0, 1] ✜①♦✳ ❉❡s❞❡ q✉❡ [uk]
α → Aα q✉❛♥❞♦ k → ∞ ♣❛r❛ t♦❞♦ α ∈ [0, 1]✱

❡♥tã♦ ❛s ❞✉❛s ♣❛r❝❡❧❛s ♥❛ s♦♠❛ ❛❝✐♠❛ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ③❡r♦✱ ❡ ❛ss✐♠ t❡♠♦s q✉❡

Aα =
⋂

β∈[0,α)
Aβ

♦ q✉❡ ♣r♦✈❛ ♦ ✐t❡♠ (c)✳ P❛r❛ ♦ ✐t❡♠ (d)✱ ♥♦✈❛♠❡♥t❡ ♣♦❞❡♠♦s ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥✲
❣✉❧❛r✿

dH(
⋃

α∈(0,1]
Aα, A0) ≤ dH(

⋃

α∈(0,1]
Aα,

⋃

α∈(0,1]
[uk]α) + dH(

⋃

α∈(0,1]
[uk]α), [uk]

0)+

+ dH([uk]
0, A0)

= dH(
⋃

α∈(0,1]
Aα,

⋃

α∈(0,1]
[uk]α) + dH([uk]

0, A0)

♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ▲♦❣♦✱

A0 =
⋃

α∈(0,1]
Aα

❡ ♣r♦✈❛♠♦s ♦ ✐t❡♠ (d)✳ P♦rt❛♥t♦✱ ❡①✐st❡ u ∈ E (X) s❛t✐s❢❛③❡♥❞♦ [u]α = Aα✱ ♣❛r❛ t♦❞♦
α ∈ [0, 1]✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦r ✭✷✳✸✮ t❡♠♦s q✉❡ dH([uk]

α, [u]α) ≤ ε ♣❛r❛ t♦❞♦ k > N(ε) ❡
α ∈ [0, 1]✳ ▲♦❣♦✱ d∞(uk,u) ≤ ε ❡ ♣♦rt❛♥t♦ (E (X), d∞) é ❝♦♠♣❧❡t♦✳

◆❛ s❡q✉ê♥❝✐❛ ❞❡st❛ s❡çã♦✱ ❛♥❛❧✐s❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❢✉♥çõ❡s ♦❜t✐❞❛s ♣♦r
♠❡✐♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❛ ❊①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♣❧✐❝❛❞♦ ❡♠ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ ❡s♣❛ç♦s ❞❡
❍❛✉s❞♦r✛✳ ❈♦♠♦ ✈❡r❡♠♦s✱ ❛s ❡①t❡♥sõ❡s s♦❜r❡ ❡ss❡s ❡s♣❛ç♦s ❝♦♠♣❛rt✐❧❤❛♠ ♣r♦♣r✐❡❞❛❞❡s
s✐♠✐❧❛r❡s às ❡①t❡♥sõ❡s ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s s♦❜r❡ R

n.
❖ t❡♦r❡♠❛ ❞❡ ◆❣✉②❡♥ ❢♦r♥❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ ♦s α ✲ ♥í✈❡✐s ❞❛ ✐♠❛❣❡♠

❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦s ❢✉③③② ❡ ❛ ✐♠❛❣❡♠ ❞❡ s❡✉s α ✲ ♥í✈❡✐s ♣♦r ✉♠❛ ❢✉♥çã♦ f : X × Y → Z.
❉❡ ❛❝♦r❞♦ ❝♦♠ ◆❣✉②❡♥ ✭✶✾✼✽✮✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1]✱ t❡♠♦s

[f̂(c)]α = f([c]α) = f([a]α, [b]α),
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♥♦ q✉❛❧ a ∈ E (X), b ∈ E (Y ) ❡ c = (a, b) é ❞❛❞♦ ♣❡❧❛ t ✲ ♥♦r♠❛ ❞♦ ♠í♥✐♠♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱

sup
(x,y)∈f−1(z)

min{µa(x), µb(y)}

é ❛t✐♥❣✐♥❞♦ ♣❛r❛ t♦❞♦ z ∈ Z. ◗✉❛♥❞♦ f é ❝♦♥tí♥✉❛ ❡ X = Y = Z = R✱ ◆❣✉②❡♥ ♠♦str❛
❛✐♥❞❛ q✉❡ ♦ s✉♣r❡♠♦ é s❡♠♣r❡ ❛t✐♥❣✐❞♦ ❡ ♣♦rt❛♥t♦✱ ✈❛❧❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❡♥tr❡ ♦s α ✲ ♥í✈❡✐s✳

P❛r❛ ♦ 0 ✲ ♥í✈❡❧ ❝♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ é ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ♦
t❡♦r❡♠❛ ❞❡ ◆❣✉②❡♥ t❛♠❜é♠ é ✈á❧✐❞♦ q✉❛♥❞♦ X = R

n ✭❇❛rr♦s✱ ✶✾✾✼❀ ❇❛rr♦s ❡t ❛❧✳✱ ✶✾✾✼✮✳
◆❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ♠♦str❛♠♦s q✉❡ ♦ t❡♦r❡♠❛ ❛✐♥❞❛ ❝♦♥t✐♥✉❛ ✈á❧✐❞♦ ♣❛r❛ ❡s♣❛ç♦s
t♦♣♦❧ó❣✐❝♦s ❞❡ ❍❛✉s❞♦r✛✳

❚❡♦r❡♠❛ ✷✳✼✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛✳ ❙❡ f : X → Y é ❝♦♥tí♥✉❛✱ ❡♥tã♦ ❛
❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ f̂ : E (X) → E (Y ) ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ✈❛❧❡

[f̂(u)]α = f([u]α) ✭✷✳✹✮

♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ u ∈ E (X).

Pr♦✈❛✿ Pr✐♠❡✐r❛♠❡♥t❡ r❡ss❛❧t❛♠♦s q✉❡

f([u]α) ⊆ [f̂(u)]α ✭✷✳✺✮

♣♦✐s s❡ y ∈ f([u]α) ❡♥tã♦ ❡①✐st❡ x ∈ [u]α t❛❧ q✉❡ y = f(x)✳ ▲♦❣♦✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✷✳✹✱
t❡♠♦s y ∈ [f̂(u)]α✱ ♣❛r❛ q✉❛❧q✉❡r u ∈ E (X).

P❛r❛ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ t♦♠❡♠♦s u ∈ E (X)✳ P❛r❛ ♠♦str❛r q✉❡ f̂(u) ❡stá ❡♠ E (Y )✱
❜❛st❛ ♣r♦✈❛r q✉❡ ♦s α ✲ ♥í✈❡✐s [û]α sã♦ ❝♦♠♣❛❝t♦s ❡ ♥ã♦ ✈❛③✐♦s ♣❛r❛ ❝❛❞❛ α ∈ [0, 1]✳
▼❛s✱ ♣❛r❛ ✐st♦ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✹✮✱ ✉♠❛ ✈❡③ q✉❡ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❧❡✈❛
❝♦♠♣❛❝t♦ ❡♠ ❝♦♠♣❛❝t♦✳

P❛r❛ ♣r♦✈❛r♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✹✮ ❞❡✈❡♠♦s ♥♦t❛r q✉❡ s❡♥❞♦ f ❝♦♥tí♥✉❛ ❡♥tã♦ f−1({y})
é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡♠ X ♣❛r❛ q✉❛❧q✉❡r y ∈ Y ✳ ❉❡s❞❡ q✉❡ [u]0 é ❝♦♠♣❛❝t♦✱ ❡♥tã♦
f−1({y}) ∩ [u]0 ⊂ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ [u]0 ❡ ♣♦rt❛♥t♦ ❝♦♠♣❛❝t♦✳

❙✉♣♦♥❤❛ q✉❡ α > 0✳ ❚♦♠❡♠♦s ❡♥tã♦ y ∈ [f̂(u)]α✳ P♦r ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡

µf̂(u)(y) = sup
x∈f−1({y})

µu(x) ≥ α > 0,

❡ ♣♦rt❛♥t♦✱ ❡①✐st❡ x ∈ f−1({y}) t❛❧ q✉❡ u(x) > 0✱ ✐st♦ é✱ f−1({y})∩ [u]0 6= ∅✳ ■st♦ t❛♠❜é♠
✐♠♣❧✐❝❛ q✉❡

µf̂(u)(y) = sup
x∈f−1({y})

µu(x) = sup
x∈f−1({y})∩[u]0

µu(x)

❉❡s❞❡ q✉❡ µu(x) é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡ ❡ f−1({y}) ∩ [u]0 é ❝♦♠♣❛❝t♦✱ ❡♥tã♦
❡①✐st❡ x ∈ f−1({y}) ∩ [u]0 t❛❧ q✉❡ µf̂(u)(y) = µu(x) ≥ α✱ ♦✉ s❡❥❛✱ t❡♠♦s y = f(x) ❝♦♠
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x ∈ [u]α✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ y ∈ f([u]α) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ [f̂(u)]α ⊆ f([u]α)
♣❛r❛ t♦❞♦ α ∈ (0, 1].

◆♦ ❡♥t❛♥t♦✱ ❞❡s❞❡ q✉❡ [u]α ⊆ [u]0✱ ✈❛❧❡ q✉❡ f([u]α) ⊆ f([u]0) ♣❛r❛ t♦❞♦ α ∈ (0, 1] ❞❡
♠♦❞♦ q✉❡ ❡♥tã♦ t❡♠♦s

⋃

α∈(0,1]
[f̂(u)]α =

⋃

α∈(0,1]
f([u]α) ⊆ f([u]0)

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

[f̂(u)]0 =
⋃

α∈(0,1]
[f̂(u)]α =

⋃

α∈(0,1]
f([u]α) ⊆ f([u]0)

❥á q✉❡ f([u]0) é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ▲♦❣♦✱ [f̂(u)]α ⊆ f([u]α) ♣❛r❛ t♦❞♦ α ∈ [0, 1] ♦ q✉❡
❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✐♥❝❧✉sã♦ ✭✷✳✺✮ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

❆❧❣✉♥s ❡①❡♠♣❧♦s✱ ❛ r❡s♣❡✐t♦ ❞❡ ❝á❧❝✉❧♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s
❡♠ ❄✳

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ à ❢✉♥çã♦ f̂(U) = λU ✱ ♦❜t❡♠♦s
[

f̂(U)
]α

= [λA]α = λ[A]α ❞❡
♠♦❞♦ q✉❡ ♠✉❧t✐♣❧✐❝❛r ✉♠ ♥ú♠❡r♦ ❢✉③③② A ♣♦r ❡s❝❛❧❛r λ✱ é ❡q✉✐✈❛❧❡♥t❡ à ♠✉❧t✐♣❧✐❝❛r t♦❞♦s
♦s α✲♥í✈❡✐s ❞❡ A ♣♦r λ✳ P♦rt❛♥t♦ t❡♠♦s q✉❡✿ x ∈ [A]α s❡✱ ❡ s♦♠❡♥t❡ s❡ λx ∈ [λA]α, ♦✉
❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ µA(x) = µλA(λx).

❊♠ ♠✉✐t♦s ❝❛s♦s ♥ã♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ❛ ❛♣❧✐❝❛çã♦ f : X → Y s❡❥❛ ❝♦♥tí♥✉❛ ❡♠
t♦❞♦ ♦ ❞♦♠í♥✐♦ X✱ ♠❛s ❛♣❡♥❛s ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ X✳ P❛r❛ ❡st❡ ❝❛s♦✱ t❡♠♦s ♦
s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✽✳ ❙✉♣♦♥❤❛ q✉❡ f : X → Y s❡❥❛ ❝♦♥tí♥✉❛ ❡♠ A ⊂ X✳ ❙❡ u ∈ E (X) é t❛❧
q✉❡ [u]α ⊂ A✱ ❡♥tã♦ [f̂(u)]α = f([u]α) ♣❛r❛ t♦❞♦ α ∈ [0, 1].

Pr♦✈❛✿ ❙❡❥❛♠ u ∈ E (X) ❝♦♠ [u]0 ⊂ A ❡ fA : A → Y ❛ r❡str✐çã♦ ❞❡ f ❛♦ ❝♦♥❥✉♥t♦
A✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ x ∈ A t❡♠♦s fA(x) = f(x). ❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ v ∈ E (A) t❛❧
q✉❡ µv(x) = µu(x) ♣❛r❛ t♦❞♦ x ∈ A. ❉❡s❞❡ q✉❡ µu(x) = 0 ♣❛r❛ t♦❞♦ x ∈ X − A✱ ❡♥tã♦
[v]α = [u]α ♣❛r❛ t♦❞♦ α ∈ [0, 1].

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❣❛r❛♥t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ f̂A : E (A) → E (Y ) s❛t✐s❢❛③

[f̂A(v)]
α = fA([v]

α)

♣❛r❛ t♦❞♦ α ∈ [0, 1]
❙❡❥❛ ❛❣♦r❛ y ∈ E (Y ) ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µy(y) =











µf̂A(v)(y) s❡ y ∈ f(A)

0 s❡ y ∈ Y − f(A).

✸✷



P❡❧❛ ❢♦r♠❛ ❝♦♠♦ y ❡stá ❞❡✜♥✐❞♦✱ ✈❛❧❡ ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

[y]α = [f̂A(v)]
α = fA([v]

α) = f([v]α),

♣❛r❛ t♦❞♦ α ∈ [0, 1]. ❆❣♦r❛✱ s❡ y ∈ f(A)✱ ❡♥tã♦ t❡♠♦s✿

µy(y) = µf̂A(v)(y) = sup
fA(x)=y

µv(x).

❉❡s❞❡ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ A t❡♠♦s fA(x) = f(x) ❡ µv(x) = µu(x) ❡♥tã♦

sup
fA(x)=y

µv(x) = sup
f(x)=y
x∈A

µu(x) = sup
f(x)=y

µu(x) = µf̂(u)(y),

✉♠❛ ✈❡③ q✉❡ ♣❛r❛ x ∈ X − A ✈❛❧❡ µu(x) = 0. ❉❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ µf̂(u)(y) =

µy(y) ♣❛r❛ t♦❞♦ y ∈ f(A).
❙❡ y ∈ Y − f(A) ❡♥tã♦ µy(y) = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥ã♦ ❡①✐st❡ x ∈ A t❛❧ q✉❡ f(x) = y

❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ µf̂(u)(y) = 0. ❆ss✐♠✱ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ µf̂(u)(y) = µy(y) ♣❛r❛ t♦❞♦

y ∈ Y ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ y = f̂(u)✳ ▲♦❣♦✱ t❡♠♦s [f̂(u)]α = f([u]α) ♣❛r❛ t♦❞♦
α ∈ [0, 1], ♦ q✉❡ ♣r♦✈❛ ❛ ♣r♦♣♦s✐çã♦✳

❈♦♠♦ ♣♦❞❡♠♦s ✈❡r ❡♠ ❇❛rr♦s ❡t ❛❧✳ ✭✶✾✾✼✮ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❛♣❧✐❝❛çã♦ f :
R

n → R
n sã♦ ♣r❡s❡r✈❛❞❛s ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✳ ❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s

♣r♦♣r✐❡❞❛❞❡s é ❛ ❝♦♥t✐♥✉✐❞❛❞❡✳ ■st♦ é✱ s❡ f é ❝♦♥tí♥✉❛ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ f̂ t❛♠❜é♠ é
❝♦♥tí♥✉❛✳ ❈♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ f̂ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : X → Y t❛♠❜é♠ é ❝♦♥tí♥✉❛ q✉❛♥❞♦ X é ✉♠❛ ❡s♣❛ç♦ ♠étr✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳
❖s ♣ró①✐♠♦s ❞♦✐s ❧❡♠❛s sã♦ ♣❛r❛ ❛✉①✐❧✐❛r ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❛✜r♠❛çã♦✳

▲❡♠❛ ✷✳✾✳ ❙❡❥❛♠ f : X → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ C ∈ K(X)✳ ❆ ❛♣❧✐❝❛çã♦
f̃ : K(C) → K(Y ) ❞❡✜♥✐❞❛ ♣♦r f̃(A) = {f(a) : a ∈ A, A ∈ K(C)} é ✉♥✐❢♦r♠❡♠❡♥t❡
❝♦♥tí♥✉❛ ♥❛ ♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛✳

Pr♦✈❛✿ ❉❡s❞❡ q✉❡ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ A ∈ K(C) t❡♠♦s f(A) ∈
K(Y ). P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ f̃ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❛❜❡♠♦s t❛♠❜é♠ q✉❡ f é ✉♥✐❢♦r♠❡♠❡♥t❡
❝♦♥tí♥✉❛ ❡♠ C✱ ✉♠❛ ✈❡③ q✉❡ C é ❝♦♠♣❛❝t♦✳

❉❡ss❛ ❢♦r♠❛✱ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ C ∈ K(X) ✱ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡ ✉♠ δ(ε) > 0 t❛❧
q✉❡ ♣❛r❛ t♦❞♦ x, y ∈ C ❝♦♠

d(x, y) < δ ⇒ d̃(f(x), f(y)) < ε

✳
❚♦♠❡♠♦s ❡♥tã♦ A,B ∈ K(C) t❛❧ q✉❡ dH(A,B) < δ✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡

dist(A,B) = sup
x∈A

inf
y∈B

d(x, y) < δ e dist(B,A) = sup
y∈B

inf
x∈A

d(x, y) < δ

✸✸



❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x ∈ A ❡ y ∈ B✱ ❡①✐st❡♠ ay ∈ A ❡ bx ∈ B t❛❧
q✉❡✿

d(x, bx) < δ e d(y, ay) < δ.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❞❡ f ❡♠ C✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡✿

d̃(f(x), f(bx)) < ε e d̃(f(y), f(ay)) < ε.

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ss❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡✿

dist(f̃(A), f̃(B)) = sup
x∈A

inf
y∈B

d̃(f(x), f(y)) ≤ ε

dist(f̃(B), f̃(A)) = sup
y∈B

inf
x∈A

d̃(f(x), f(y)) ≤ ε.

▲♦❣♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

dH(A,B) < δ ⇒ d̃H(f̃(A), f̃(B)) ≤ ε,

♦ q✉❡ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

▲❡♠❛ ✷✳✶✵✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❙❡ {un}n∈N é ✉♠❛ s❡q✉ê♥✲
❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ E (X) ❡♥tã♦ ❡①✐st❡ K ∈ K(X) t❛❧ q✉❡

⋃

n∈N
[un]

0 ⊆ K

♣❛r❛ ❛❧❣✉♠ N ∈ N.

Pr♦✈❛✿ ❙❡❥❛ V ([u]0, ε) ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ [u]0 ❞❡✜♥✐❞❛ ♣♦r

V ([u]0, ε) = {x ∈ X : dist(x, [u]0) < ε}.

❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ X é ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ❡①✐st❡ δ > 0 t❛❧ q✉❡ V ([u]0, δ) é
❝♦♠♣❛❝t♦ ✭❆❧✐♣r❛♥t✐s ❡ ❇♦r❞❡r✱ ✷✵✵✺✮✳

P♦r ❤✐♣ót❡s❡✱ un ❝♦♥✈❡r❣❡ ♣❛r❛ u ♥❛ ♠étr✐❝❛ d∞. ❆ss✐♠✱ ♣❛r❛ ♦ δ > 0 ❛❝✐♠❛✱ ❡①✐st❡
N ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ n ≥ N ✱ t❡♠♦s q✉❡

d∞(un,u) = sup
α∈[0,1]

dH([un]
α, [u]α) < δ.

❊♠ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s q✉❡ dH([un]
0, [u]0) < δ ♣❛r❛ t♦❞♦ n ≥ N ✳ ▼❛s ✐st♦ ✐♠♣❧✐❝❛ q✉❡✱

♣❛r❛ t♦❞♦ n ≥ N ✱

[un]
0 ⊂ V ([u]0, δ) = {x ∈ X : dist(x, [u]α) < δ}

✸✹



❙❡❥❛ ❡♥tã♦
K = [u1]

0 ∪ [u2]
0 ∪ . . . [uN−1]

0 ∪ V ([u]0, δ).

❖ ❝♦♥❥✉♥t♦ K ❞❡✜♥✐❞♦ ❛❝✐♠❛ é ❝♦♠♣❛❝t♦ ❡ ♣♦rt❛♥t♦ ♣❡rt❡♥❝❡ ❛ K(X)✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦
é ❞✐❢í❝✐❧ ✈❡r q✉❡

⋃

n∈N
[un]

0 ⊆ K

♣❛r❛ t♦❞♦ n ∈ N.

Pr♦✈❡♠♦s ❛❣♦r❛ q✉❡ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡♠ ✉♠ ❡s♣❛ç♦
♠étr✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ t❛♠❜é♠ é ❝♦♥tí♥✉❛✳

Pr♦♣♦s✐çã♦ ✷✳✶✶✳ ❙❡❥❛♠ (X, d) ❡ (Y, d̃) ❡s♣❛ç♦s ♠étr✐❝♦s ❡ X ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❙❡
f : X → Y é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ f̂ : E (X) → E (Y )
t❛♠❜é♠ é ❝♦♥tí♥✉❛✳

Pr♦✈❛✿ ❙❡❥❛ {uk}k∈N ⊂ E (X) ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ u✳ ❱❛♠♦s ♠♦str❛r q✉❡
f̂(uk) → f̂(u) q✉❛♥❞♦ k → ∞✳

P❡❧♦ ▲❡♠❛ ✷✳✶✵ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝♦♠♣❛❝t♦ C ⊂ X t❛❧ q✉❡
⋃

α∈[0,1]
[up]

α ⊆ C.

❆❣♦r❛✱ ♦ ▲❡♠❛ ✷✳✾ ❣❛r❛♥t❡ q✉❡ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡ δε > 0 t❛❧ q✉❡ ♣❛r❛ A,B ∈ K(C)
t❡♠♦s

dH(A,B) < δε ⇒ d̃H(f(A), f(B)) < ε. ✭✷✳✻✮

❉❡s❞❡ q✉❡ uk ❝♦♥✈❡r❣❡ ♣❛r❛ u ♥❛ ♠étr✐❝❛ d∞✱ ❡♥tã♦ ❡①✐st❡ Kδ ∈ N t❛❧ q✉❡ ♣❛r❛ t♦❞♦
k > Kδ ✈❛❧❡

d∞(uk,u) = sup
α∈[0,1]

dH([uk]
α, [u]α) < δε.

P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ α ∈ [0, 1] ❡ k > Kδ✱ t❡♠♦s ♣♦r ✭✷✳✻✮ q✉❡

dH([uk]
α, [u]α) < δε ⇒ d̃H(f([uk]

α), f([u]α)) < ε,

❥á q✉❡ [uk]
α ❡ [u]α ❡stã♦ ❡♠ K(C) ♣❡❧♦ ▲❡♠❛ ✷✳✶✵✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✼

d̃∞(uk,u) = sup
α∈[0,1]

d̃H([f(uk)]
α, [f(u)]α)

= sup
α∈[0,1]

d̃H(f([uk]
α), f([u]α))

≤ ε

,

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ f̂ é ❝♦♥tí♥✉❛✳

❱❛❧❡ t❛♠❜é♠ ❛ r❡❝í♣r♦❝❛ ❞♦ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✳

✸✺



Pr♦♣♦s✐çã♦ ✷✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ (X, d) ❡ (Y, d̃ ) s❡❥❛♠ ❡s♣❛ç♦s ♠étr✐❝♦s ❡ s❡❥❛ f̂ : E (X) →
E (Y ) ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → Y ✳ ❙❡ f̂ é ❝♦♥tí♥✉❛ ❡♥tã♦ f é
❝♦♥tí♥✉❛✳

Pr♦✈❛✿ ❉❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ u,v ∈ E (X) t❡♠♦s

d∞(u,v) < δ ⇒ d̃∞(f̂(u), f̂(v)) < ε.

❚♦♠❡♠♦s x, y ∈ X t❛❧ q✉❡ d(x, y) < δ. ❊♥tã♦ χ{x}, χ{y} ∈ E (X) ❡ ✈❛❧❡ q✉❡

d∞(χ{x}, χ{y}) = d(x, y) < δ.

P♦rt❛♥t♦
d̃(f(x), f(y)) = d̃∞(f̂(χ{x}), f̂(χ{y})) < ε,

♦ q✉❡ ♣r♦✈❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f.

✷✳✹ Pr♦❥❡çõ❡s ❡♠ ❊s♣❛ç♦s ▼étr✐❝♦s ❋✉③③②

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ Pn : Rn+m → R
n+m q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ (x, y) ∈ R

n+m ♦
♣♦♥t♦ Pn(x, y) = (x, 0).

❉❡s❞❡ q✉❡ ♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r Rn ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Rn+m ❛tr❛✈és ❞❛ ✐❞❡♥t✐✲
✜❝❛çã♦ ❝♦♠ ♦ s✉❜❝♦♥❥✉♥t♦ R

n×{0}, ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ Pn ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❛ ♣r♦❥❡çã♦
❞❡ R

n+m s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ R
n. P♦r ❡ss❡ ♠♦t✐✈♦✱ ❞✐③❡♠♦s q✉❡ x é ❛ ♣r♦❥❡çã♦✱ ❡♠ R

n✱ ❞♦
♣♦♥t♦ (x, y) ∈ R

n+m.
❖❜s❡r✈❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ (u, v) ❡stá ♥❛ ✐♠❛❣❡♠ ❞❡ Pn s❡✱ ❡ s♦♠❡♥t❡ s❡✱ v = 0. ❆❧é♠

❞✐ss♦✱ Pn(u, y) = (u, 0) ♣❛r❛ t♦❞♦ y ∈ R
m. ❉❡ss❛ ❢♦r♠❛✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ x ∈ E (Rn+m),

❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µx : Rn+m → [0, 1]✱ ❛ ✐♠❛❣❡♠ y = P̂ (x) ❞❡ x, ♦❜t✐❞❛ ♣❡❧❛
❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ ♣r♦❥❡çã♦ Pn, t❡♠ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µy(x, y) =















sup
v∈Rm

µx(x, v) s❡ y = 0

0 s❡ y 6= 0.

P♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♣♦♥t♦ x̄ ∈ E (Rn) ♣♦r ♠❡✐♦ ❞❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µx̄(x) = µy(x, 0) = sup
v∈Rm

µx(x, v).

◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡✿
µy(x, y) = min{µx̄(x), χ{0}(y)}.

✸✻



❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ P̂n : E (Rn+m) → E (Rn+m)✱ ♦❜t✐❞❛ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❡ Pn✱
q✉❡ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ x ∈ E (Rn+m) ♦ ♣♦♥t♦ y = P̂n(x) ∈ E (Rn) × χ{0} ♣♦❞❡ s❡r ✈✐st❛
❝♦♠♦ ✉♠❛ ♣r♦❥❡çã♦ ❞❡ E (Rn+m) ❡♠ E (Rn), ✉♠❛ ✈❡③ q✉❡ ❡st❡ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦
s✉❜❝♦♥❥✉♥t♦ E (Rn)× χ{0}. ■❣✉❛❧♠❡♥t❡ à ♣r♦❥❡çã♦ Pn✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❛♣❧✐❝❛çã♦ P̂n

t❛♠❜é♠ s❛t✐s❢❛③✿
P̂n(P̂n(x)) = P̂n(x).

❇❛s❡❛❞♦ ♥✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♣r♦❥❡çã♦ ❞❡ x ∈ E (Rn+m) ❡♠ E (Rn) ❝♦♠♦ s❡♥❞♦ ♦
♣♦♥t♦ x̄ ∈ E (Rn) ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µx̄(x) = sup
a∈Rm

µx(x, a). ✭✷✳✼✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣♦❞❡♠♦s q✉❡r❡r ❡♥❝♦♥tr❛r ❛ ♣r♦❥❡çã♦ ❞❡ x ∈ E (Rn+m) s♦❜r❡ E (Rm)✳
◆❡st❡ ❝❛s♦✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ ♣r♦❥❡çã♦ Pm : Rn+m → R

n+m, q✉❡
❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ (x, y) ∈ R

n+m ♦ ♣♦♥t♦ Pn(x, y) = (0, y). ❉❡s❞❡ q✉❡ Pm(x, u) = (0, u)
♣❛r❛ t♦❞♦ x ∈ R

n✱ ❛ ✐♠❛❣❡♠ z = Pm(x) t❡♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µz(x, y) =















sup
u∈Rn

µx(u, y) s❡ x = 0

0 s❡ x 6= 0.

❆ss✐♠✱ ❞❡✜♥✐♠♦s ❛ ♣r♦❥❡çã♦ ȳ ∈ E (Rm) ❞❡ x ∈ E (Rn+m) ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐✲
♥ê♥❝✐❛

µȳ(y) = sup
u∈Rn

µx(u, y). ✭✷✳✽✮

◆♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r ♣r♦❝✉r❛♠♦s ❡s❝❧❛r❡❝❡r ♦s ❝♦♥❝❡✐t♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s✳

❊①❡♠♣❧♦ ✷✳✶✳ ❙❡❥❛♠ a ∈ E (Rn) ❡ b ∈ E (Rm)✳ P♦❞❡♠♦s ❞❡✜♥✐r x = (a, b) ∈ E (Rn+m)
❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µx(x, y) = min{µa(x), µb(y)}.

❆ ✐♠❛❣❡♠ ❞❡ x ♣❡❧❛ ❛♣❧✐❝❛çã♦ P̂n ♥❡st❡ ❝❛s♦✱ t❡♠ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µy(x, y) =















sup
v∈Rm

min{µa(x), µb(v)} s❡ y = 0

0 s❡ y 6= 0.

❉❡s❞❡ ❞❡ q✉❡ min{µa(x), µb(v)} ≤ µa(x) ❡♥tã♦

sup
v∈Rm

min{µa(x), µb(v)} ≤ µa(x).

✸✼







♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣♦♥t♦ p ∈ E (Rn+m) ❡ ♦ ❝♦♥❥✉♥t♦ E (Rn)✱ ❡st❡ ú❧t✐♠♦✱ ✈✐st♦
❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ E (Rn+m).

Pr♦♣♦s✐çã♦ ✷✳✶✸✳ ❆ ♣r♦❥❡çã♦ p̄ ❡♠ E (Rn) ❞❡ p ∈ E (Rn+m) é t❛❧ q✉❡

d∞(p, p̄) = inf
z∈E (Rn)

d∞(p, z).

Pr♦✈❛✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s ♦ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❛❝✐♠❛✳ ❆ ❡①♣r❡ssã♦
d∞(p, z) só ❢❛③ s❡♥t✐❞♦ ♣♦✐s ♣♦❞❡♠♦s ✈❡r E (Rn) ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ E (Rn+m). ❉❡s❞❡
q✉❡✱ [p]α ⊂ R

n+m ❡ [p̄]α ⊂ R
n✱ ♣❛r❛ x ∈ R

n ❡ y = (y1, y2) ∈ R
n+m t❡♠♦s

‖x− y‖ =
√

‖x− y1‖2 + ‖y2‖2,

❞❡ ♠♦❞♦ q✉❡✿

dist([p]α, [p̄]α) = sup
y∈[p]α

inf
x∈[p̄]α

√

‖y1 − x‖2 + ‖y2‖2

= sup
y∈[p]α

‖y2‖.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡✿

dist([p̄]α, [p]α) = sup
x∈[p̄]α

inf
y∈[p]α

√

‖y1 − x‖2 + ‖y2‖2.

❆❣♦r❛✱ ❞❡s❞❡ q✉❡ x ∈ [p̄]α✱ ❡♥tã♦ (x, z) ∈ [p]α ♣❛r❛ ❛❧❣✉♠ z ∈ R
m✱ ❞❡ ♦♥❞❡ t❡♠♦s ❛

❞❡s✐❣✉❛❧❞❛❞❡✿

dist([p̄]α, [p]α) = sup
x∈[p̄]α

inf
y∈[p]α

√

‖y1 − x‖2 + ‖y2‖2 ≤ ‖z‖ ≤ sup
y∈[p]α

‖y2‖.

❆ss✐♠✱ ❛ ❞✐stâ♥❝✐❛ ❞❡ ❍❛✉s❞♦r✛ ❡♥tr❡ [p]α ❡ [p̄]α ♥❡st❡ ❝❛s♦ é✿

dH([p]
α, [p̄]α) = max{dist([p]α, [p̄]α), dist([p̄]α, [p]α)} = dist([p]α, [p̄]α).

❙❡❥❛ ❛❣♦r❛ q ∈ E (Rn) t❛❧ q✉❡ q 6= p̄. ■st♦ ✐♠♣❧✐❝❛ q✉❡ [q]α 6= [p̄]α✱ ♣❛r❛ ❛❧❣✉♠ α ∈ [0, 1].
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ y = (y1, y2) ∈ [p]α t❛❧ q✉❡ y1 /∈ [q]α ♦✉ ❡①✐st❡ z1 ∈ [q]α t❛❧ q✉❡
z = (z1, z2) /∈ [p]α✱ ♣❛r❛ t♦❞♦ z2 ∈ R

m✳ ■st♦ é✱ z1 /∈ [p̄]α✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ t❡♠♦s q✉❡
√

‖x− y1‖2 + ‖y2‖2 > ‖y2‖

♣❛r❛ t♦❞♦ x ∈ [q]α. P❛r❛ ♦ s❡❣✉♥❞♦✱ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❥❡çã♦ ❛
❞❡s✐❣✉❛❧❞❛❞❡

‖z1 − y‖ =
√

‖z1 − y1‖2 + ‖y2‖2 > ‖y2‖,

✹✵



♣❛r❛ t♦❞♦ y = (y1, y2) ∈ [p]α. ❉❡ss❛ ❢♦r♠❛✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ✈❛♠♦s t❡r q✉❡

dist([p]α, [q]α) = sup
y∈[p]α

inf
x∈[p̄]α

√

‖y1 − x‖2 + ‖y2‖2

≥ sup
y∈[p]α

‖y2‖

= dist([p]α, [p̄]α).

▲♦❣♦✱ t❡♠♦s q✉❡ dH([p]α, [q]α) ≥ dH([p]
α, [p̄]α)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♣❛r❛

t♦❞♦ q ∈ E (Rn)✱ d∞(p, q) ≥ d∞(p, p̄)✱ ♦ q✉❡ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♣r♦❥❡çõ❡s ❞❡ x ∈ E (U ×P ) ❡♠ E (U) ❡ E (P )✱ ♦♥❞❡
U ⊂ R

n ❡ P ⊂ R
m. ◆❡st❡ ❝❛s♦✱ ♦ s✉♣r❡♠♦ ♥❛s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ✭✷✳✼✮ ❡ ✭✷✳✽✮ sã♦

t♦♠❛❞♦s s♦❜r❡ ♦s ❝♦♥❥✉♥t♦s P ❡ U ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ♠étr✐❝❛s ♠♦str❛❞❛s
❛♥t❡r✐♦r♠❡♥t❡ ❝♦♥t✐♥✉❛♠ ✈á❧✐❞❛s✳

P♦❞❡♠♦s ❛✐♥❞❛ ❝♦♥s✐❞❡r❛r ❛ ♣r♦❥❡çã♦ πi : Rn → R ❞❡ ✉♠ ♣♦♥t♦ x = (x1, x2, . . . , xn) ∈
R

n ♥♦ i ✲ és✐♠♦ ❡✐①♦ ❝♦♦r❞❡♥❛❞♦✱ ✐st♦ é✱ πi(x) = xi. ❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❡①t❡♥sã♦ ❞❡
❩❛❞❡❤ ❞❛ ♣r♦❥❡çã♦ πi ❞❡✜♥❡ ❛ ❛♣❧✐❝❛çã♦ π̂i : E (Rn) → E (R) q✉❡ ✈❛♠♦s ❞❡♥♦♠✐♥❛r ♣♦r
❛ i ✲ és✐♠❛ ♣r♦❥❡çã♦ E (Rn) s♦❜r❡ E (R)✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ x ∈ E (R)✱ ❛ i ✲ és✐♠❛
♣r♦❥❡çã♦ ❞❡ x s♦❜r❡ E (R) é ♦ ♣♦♥t♦ x̄i ❝♦♠ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❛❞❛ ♣♦r✿

µx̄i
(a) = sup

x∈Rn

xi=a

µx(x). ✭✷✳✾✮

◆♦✈❛♠❡♥t❡✱ s❡ x = (a1,a2, · · · ,an) é ❞❡✜♥✐❞♦ ❛tr❛✈és ❞♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❢✉③③②
❡♥tã♦ ✈❛❧❡ q✉❡ ❛ i ✲ és✐♠❛ ♣r♦❥❡çã♦ ❞❡ x ∈ E (Rn) ❡♠ E (R) é ♦ ♣♦♥t♦ ai. P❛r❛ s✐♠♣❧✐✜❝❛r✱
❝♦♥s✐❞❡r❡♠♦s x ∈ R

3 ❞❡✜♥✐❞♦ ♣♦r

µx(x, y, z) = ∆(∆(µa1(x), µa2(y)), µa3(z)).

❉❛s ♣r♦♣r✐❡❞❛❞❡ ❞❡ t ✲ ♥♦r♠❛✱ ✈❛❧❡

∆(∆(µa1(x), µa2(y)), µa3(z)) ≤ ∆(∆(µa1(x), µa2(y)), 1)

= ∆(µa1(x), µa2(y))

≤ µa2(y),

♣❛r❛ t♦❞♦ x, y, z ∈ R. ❆ss✐♠✱ ❛ s❡❣✉♥❞❛ ♣r♦❥❡çã♦ ❞❡ x s♦❜r❡ E (R) é ♦ ♣♦♥t♦ x̄2 ❝✉❥❛
❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ é✿

µx̄2(a) = sup
x∈R3

x2=a

µx(x).

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

µx̄2(a) = sup
x∈R3

x2=a

µx(x) ≤ µa2(a).
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❚♦♠❛♥❞♦ x̄ ❡ z̄ t❛❧ q✉❡ µa1(x̄) = µa3(z̄) = 1✱ ❛ ✐❣✉❛❧❞❛❞❡ ♥♦ s✉♣r❡♠♦ é ❛t✐♥❣✐❞❛ ❡✱
❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

µx̄2(a) = sup
x∈R3

x2=a

µx(x) = µa2(a).

✷✳✺ Pr♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③②

❖s ♠♦❞❡❧♦s ❞❡ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡♥✈♦❧✈❡♠ ♣❛râ♠❡tr♦s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s ❝❛✲
r❛❝t❡ríst✐❝❛s ❛♠❜✐❡♥t❛✐s✱ ❞❛ ❡s♣é❝✐❡ ❡ ❛té ♠❡s♠♦ ❞❛ ✐♥t❡r❛çõ❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛
❝❛♣❛❝✐❞❛❞❡ s✉♣♦rt❡ ❡ í♥❞✐❝❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ r❡❧❛t✐✈♦✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❡st❡s ♣❛râ♠❡tr♦s sã♦
♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞❡ ♦❜s❡r✈❛çõ❡s ❡ ❡①♣❡r✐♠❡♥t♦s ❡ ♣♦rt❛♥t♦✱ ❡st❛rã♦ s✉❥❡✐t♦s ❛ ✐♠♣r❡❝✐sõ❡s✳

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞♦s s✐st❡♠❛s ❞❡t❡r♠✐♥íst✐❝♦s é ❛ ♣r❡❝✐sã♦ ♦❜t✐❞❛ ♣❡❧❛ s♦❧✉çã♦✳
◆♦ ❡♥t❛♥t♦✱ ❡st❛ ♣r❡❝✐sã♦ ❡stá ❝♦♠♣r♦♠❡t✐❞❛ q✉❛♥❞♦ ♦s ♣❛râ♠❡tr♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❢♦r♠✉✲
❧❛çã♦ ♥ã♦ sã♦ ♣r❡❝✐s♦s ♦ q✉❡✱ ❡♠ ❣❡r❛❧✱ é ♦ ❝❛s♦ ❞♦s ♠♦❞❡❧♦s ♣❛r❛ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧✳
◗✉❛♥❞♦ ❛ s✉❜❥❡t✐✈✐❞❛❞❡ ❡stá ♥❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ❞❡♥♦♠✐♥❛♠♦s ❢✉③③✐♥❡ss ❞❡♠♦❣rá✜❝❛✱ s❡
❛ ✐♥❝❡rt❡③❛ ❡stá ♥♦s ♣❛râ♠❡tr♦s ❝❤❛♠❛♠♦s ❞❡ ❢✉③③✐♥❡ss ❛♠❜✐❡♥t❛❧✳

❙❡♥❞♦ ❛ss✐♠✱ ❢❡rr❛♠❡♥t❛s q✉❡ ✐♥❝♦r♣♦r❛♠ ✐♥❢♦r♠❛çõ❡s ✐♠♣r❡❝✐s❛s sã♦ ❢✉♥❞❛♠❡♥t❛✐s
♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③② é ✉♠❛ ❢❡rr❛♠❡♥t❛ q✉❡
♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s ❡♥✈♦❧✈❡♥❞♦ ✐♠♣r❡❝✐sõ❡s ❡ s✉❜❥❡t✐✈✐❞❛❞❡✳

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❢❛③❡r ✉s♦ ❞❡st❛ t❡♦r✐❛ ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ❡♠ q✉❡ ♦s ♣❛râ♠❡tr♦s✱ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♦✉ ❛♠❜♦s sã♦ ✐♥❝❡rt♦s ❞❡ t❛❧ ♠♦❞♦
q✉❡ ♣♦ss❛♠ s❡r ♠♦❞❡❧❛❞♦s ♣♦r ❝♦♥❥✉♥t♦s ❢✉③③②✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ s✐st❡♠❛
❛✉tô♥♦♠♦

{

x′(t) = f(x(t))
x(0) = x̄o

✭✷✳✶✵✮

♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ✐♠♣r❡❝✐s❛✱ ✐st♦ é✱ x(0) = x̄o ∈ F(Rn)

❱❛♠♦s ❛❜♦r❞❛r ♦ s✐st❡♠❛ ✭✷✳✶✵✮ ❞❡ ❞✉❛s ♠❛♥❡✐r❛s ❞✐st✐♥t❛s✳ ❯♠ ❞❡❧❛s✱ ♣r♦♣♦st❛ ♣♦r
❑❛❧❡✈❛ ❡ ❙❡✐❦❦❛❧❛✱ ❝♦♥s✐st❡ ❡♠ ❛♣❧✐❝❛r ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♦ ❝❛♠♣♦ ❞❡t❡r✲
♠✐♥íst✐❝♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r f ✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠ ❝❛♠♣♦ ❢✉③③② ❛ ♣❛rt✐r ❞♦ q✉❛❧✱ sã♦ ✉s❛❞♦s
❝♦♥❝❡✐t♦s ❝♦♠♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ ❍✉❦✉❤❛r❛✳ ❆ s❡❣✉♥❞❛✱ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ♣r✐♠❡✐r❛✲
♠❡♥t❡ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ϕt(xo) ❡ ❡♥tã♦✱ ❛♣❧✐❝❛r ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✱
♦❜t❡♥❞♦ ✉♠❛ s♦❧✉çã♦ ❢✉③③② ϕf ✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ ♥❛ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠ ♣r✐♠❡✐r❛♠❡♥t❡
❢✉③③✐✜❝❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❡ ❡♥tã♦ ❡♥❝♦♥tr❛♠♦s ❛ s♦❧✉çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ s❡❣✉♥❞♦ ♠ét♦❞♦✱
♣r✐♠❡✐r❛♠❡♥t❡ ❛ s♦❧✉çã♦ ❝❧áss✐❝❛ é ❞❡t❡r♠✐♥❛❞❛ ❡ ❡♥tã♦ ❢✉③③✐✜❝❛♠♦s ❡st❛ s♦❧✉çã♦✳

✹✷



✷✳✺✳✶ ❊①t❡♥sã♦ ❞♦ ❝❛♠♣♦ ❞❡t❡r♠✐♥íst✐❝♦

❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❛✉tô♥♦♠❛

{

x′(t) = f(x(t))
x(0) = xo

✭✷✳✶✶✮

❝♦♠ f : R → R ❝♦♥tí♥✉❛ ❡ xo ∈ R✳ ❙✉♣♦♥❞♦ q✉❡ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ s❡❥❛ ✐♥❝❡rt❛✱ ❛ ✐❞é✐❛
♣r♦♣♦st❛ ♣♦r ❙❡✐❦❦❛❧❛✱ ❝♦♥s✐st❡ ❡♠ ❛♣❧✐❝❛r ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♦ ❝❛♠♣♦
❞❡t❡r♠✐♥íst✐❝♦ f ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③② ♣r♦✈❡♥✐❡♥t❡ ❞♦ s✐st❡♠❛

{

x̂′(t) = f̂(x̂(t))
x̂(0) = x̂o

✭✷✳✶✷✮

❝♦♠ f̂ : F(R) → F(R) ❡ x̂o s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ F(R)✳
❈♦♠♦ ❛ ❢✉♥çã♦ f é ❝♦♥tí♥✉❛✱ t❡♠♦s q✉❡ ♦s α✲♥í✈❡✐s ❞♦ ❝❛♠♣♦ ❢✉③③② f̂ s❛t✐s❢❛③❡♠

[

f̂(u)
]α

= f([u]α) = [f1(x
α
1 , x

α
2 ), f2(x

α
1 , x

α
2 )]

♦♥❞❡
{

f1(x
α
1 , x

α
2 ) = min{f(x) : x ∈ [x̂(t)]α}

f2(x
α
1 , x

,
2α) = max{f(x) : x ∈ [x̂(t)]α}. ✭✷✳✶✸✮

❯♠❛ ❢✉♥çã♦ x̂(t) q✉❡ ❛ss♦❝✐❛ à ❝❛❞❛ t ∈ [0, T ] ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❡♠ F(R)✱ ❡stá
❜❡♠ ❞❡✜♥✐❞❛ s❡ ❡①✐st❡♠ ❢✉♥çõ❡s xα1 : [0, T ] → R ❡ xα2 : [0, T ] → R✱ t❛✐s q✉❡ ♣❛r❛ t♦❞♦
α ∈ [0, 1]

[

x̂(t)]α = [xα1 (t), x
α
2 (t)].

❙❡ ❛ ❢✉♥çã♦ x̂(t) : [0, T ] → F(R) ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ❍✉❦✉❤❛r❛✱ ❡♥tã♦ ❛
❞❡r✐✈❛❞❛ ❞❡ x̂(t) ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❢✉♥çã♦ x̂′(t) : (0, T ) → F(R) ❝✉❥♦s α✲♥í✈❡✐s
s❛t✐s❢❛③❡♠

[

x̂′(t)
]α

= [(xα1 )
′(t), (xα2 )

′(t)].

P❡❧❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦ s✐st❡♠❛ ❛ss♦❝✐❛❞♦ ♣♦❞❡ ❡♥tã♦ s❡r r❡❢♦r♠✉❧❛❞♦ ❡♠ ✉♠ s✐st❡♠❛
❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡t❡r♠✐♥íst✐❝♦

{

(x̂α1 )
′(t) = f1(x

α
1 , x

α
2 ), x̂(0) = xα01

(x̂α2 )
′(t) = f2(x

α
1 , x

α
2 ), x̂(0) = xα02

✭✷✳✶✹✮

❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ α ∈ [0, 1] ❛s ❢✉♥çõ❡s xα1 ❡ xα2 ❞❡t❡r♠✐♥❛♠ ♦s α✲♥í✈❡✐s ❞❡ x̂(t)✳
❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✉♥✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ t❡♦r❡♠❛ ❛❜❛✐①♦ ❞❡✈✐❞♦

à ❙❡✐❦❦❛❧❛✳

✹✸



❚❡♦r❡♠❛ ✷✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛ç❛

|f(t, x)− f(t, x̄)| ≤ g(t, |x− x̄|), t ≥ 0, x, x̄ ∈ R

♦♥❞❡ g : R+ ×R+ → R+ é ❝♦♥tí♥✉❛ t❛❧ q✉❡ r → g(t, r) é ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r ✐♥✐❝✐❛❧

u′(t) = g(t, u(t)), u(0) = uo ✭✷✳✶✺✮

t❡♠ ✉♠❛ s♦❧✉çã♦ ❡♠ R+ ♣❛r❛ uo > 0 ❡ q✉❡ u(t) ≡ 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ♣❛r❛ uo = 0✳
❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ t❡♠ s♦❧✉çã♦ ❢✉③③② ú♥✐❝❛✳

❊①❡♠♣❧♦ ✷✳✸✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❢✉③③②
{

x̂′(t) = −x̂(t)
x̂(0) = x̂o

✭✷✳✶✻✮

q✉❡ é ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞♦ ♠♦❞❡❧♦ ❞❡ ▼❛❧t❤✉s✳ P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ t♦♠❛♥❞♦ ❛ ❢✉♥çã♦
g(t, r) = r✱ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✹ sã♦ s❛t✐s❢❡✐t❛s✳ ❆ s♦❧✉çã♦ ú♥✐❝❛ é ❞❡t❡r♠✐♥❛❞❛
♣❡❧♦ s✐st❡♠❛ ❞❡t❡r♠✐♥íst✐❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧

{

(xα1 )
′(t) = −xα2 (t),

(xα2 )
′(t) = −xα1 (t),

✭✷✳✶✼✮

❝✉❥❛ s♦❧✉çã♦

xα1 (t) =
xα01 − xα02

2
et +

xα01 + xα02
2

e−t, xα2 (t) =
xα02 − xα01

2
et +

xα01 + xα02
2

e−t

sã♦ ♦s α✲♥í✈❡✐s ❞❡ x̂(t) ♣❛r❛ [x̂0]
α = [xα01, x

α
02]

α

❋✐❣✉r❛ ✷✳✹✿ ❙♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❢✉③③② ✭✷✳✶✻✮ ❝♦♠ supp(x̂o) = (595, 605)✳

◆❛ ❋✐❣✉r❛ ✷✳✹✱ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② x̂(t) ❞♦ s✐st❡♠❛ ✭✷✳✶✻✮ ❝♦♠ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r x̂o = (595/600/605)✳

✹✹



➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s✉♣♦rt❡ ❞❡ x̂(t) é ❝r❡s❝❡♥t❡ ❡♠ r❡❧❛çã♦
❛♦ t❡♠♣♦✱ ✉♠❛ ✈❡③ q✉❡✱ xα1 (t) é ❞❡❝r❡s❝❡♥t❡ ❡ xα2 (t) é ❝r❡s❝❡♥t❡ ♣❛r❛ t♦❞♦ 0 ≤ α < 1✳
P♦rt❛♥t♦✱ ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ s✐st❡♠❛ ❛ss♦❝✐❛❞♦ ♥ã♦ ❡stã♦
❜❡♠ ❞❡✜♥✐❞♦s✳

❖ ❢❛t♦ ❞♦ s✉♣♦rt❡ ❞❛ s♦❧✉çã♦ ❢✉③③② x̂(t) s❡r ❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦ à t ♥ã♦ é ✉♠ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞♦ ❡①❡♠♣❧♦ ✭✷✳✸✮✳

❚❡♦r❡♠❛ ✷✳✶✺ ✭❇❛rr♦s ❡ ❇❛ss❛♥❡③✐ ✭✷✵✵✻✮✮✳ ❙❡ x̂ : I → F(Rn) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ I =
[0, T ] ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ α ∈ [0, 1] ❛ ❢✉♥çã♦ t→ diam

[

x̂(t)
]α

é ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡♠ I✳

✷✳✺✳✷ ❊①t❡♥sã♦ ❞♦ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦

❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❛✉tô♥♦♠❛s
{

x′(t) = f(x(t))
x(0) = xo

✭✷✳✶✽✮

❱❛♠♦s s✉♣♦r q✉❡ f : Rn → R
n✱ s❛t✐st❛ç❛ ❛❧❣✉♠ ❝r✐tér✐♦ q✉❡ ❣❛r❛♥t❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐✲

❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✳ ◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ x(t) ❞♦ s✐st❡♠❛ ✭✷✳✶✽✮ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛
♣❡❧❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❡ ♦ t❡♠♣♦ t✳ P❛r❛ ❡♥❢❛t✐③❛r ✐st♦✱ ✈❛♠♦s r❡♣r❡s❡♥t❛r t❛❧ s♦❧✉çã♦ ♣♦r

ϕt(xo) : R+ × R
n → R

n

♦✉ s❡❥❛✱ ϕ0(xo) = xo ❡ ϕ′
t(xo) = f(ϕt(xo))❀ ❛ s♦❧✉çã♦ ϕt(xo) é ❞❡♥♦♠✐♥❛❞❛ ✢✉①♦ ❣❡r❛❞♦

♣❡❧❛ ❝❛♠♣♦ ✈❡t♦r✐❛❧ f ✳
❆❞♠✐t✐♥❞♦ q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ s❡❥❛ ✐♥❝❡rt❛✱ ♦✉ s❡❥❛✱ x(0) = x̂o ∈ F(Rn)✱ ❡♥tã♦

t❡♠♦s ✉♠ s✐st❡♠❛ ❢✉③③② ❛ss♦❝✐❛❞♦
{

x′(t) = f(x(t))
x(0) = x̂o

✭✷✳✶✾✮

◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③②✳ ❆ s♦❧✉çã♦ ❢✉③③② ♦✉ ✢✉①♦
❢✉③③② ♣❛r❛ ♦ s✐st❡♠❛ ❛ss♦❝✐❛❞♦ ✭✷✳✶✾✮ ♣♦r ❡st❛ ❛❜♦r❞❛❣❡♠ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛ ❢✉♥çã♦
♦❜t✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♦ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦ ϕt(xo)✱
♦❜t❡♥❞♦ ❛ss✐♠

ϕf : R+ ×F(Rn) → F(Rn).

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ϕt(xo) ❝♦♠ r❡❧❛çã♦ à ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ xo✱ ❛ ✐❣✉❛❧❞❛❞❡
[

ϕf

]α
= ϕt

(

[x̂o]
α
)

✭✷✳✷✵✮

é s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ α ∈ [0, 1]. P♦rt❛♥t♦✱ ❛ tr❛❥❡tór✐❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ϕf ✱ ❝♦♥s✐st❡ ❞❡
✉♠❛ ❢❛♠í❧✐❛ ❞❡ tr❛❥❡tór✐❛s ❞❡t❡r♠✐♥íst✐❝❛s ❞❛❞❛s ♣♦r ϕt✳ P❛r❛ ❝❛❞❛ x̄ ∈ R

n✱ ♦ ❣r❛✉ ❞❡

✹✺



♣❡rt✐♥ê♥❝✐❛ ❞❛ tr❛❥❡tór✐❛ ϕx̄ ❡♠ ϕf é ✐❣✉❛❧ ❛♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ x̄ ❡♠ x̂o ♣♦✐s✱ ♣❡❧♦
♣r✐♥❝í♣✐♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤

µϕf (ϕx̄) = sup{µx̂o
(τ) : ϕτ = ϕx̄}.

❆ ✐❣✉❛❧❞❛❞❡ ϕτ = ϕx̄ ✈❛❧❡ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ t = 0✱ ♦✉ s❡❥❛✱ τ = x̄. ▲♦❣♦✱ ♦ s✉♣r❡♠♦ é
t♦♠❛❞♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✉♥✐tár✐♦ ❡✱ ♣♦rt❛♥t♦✱

µϕt(f)(ϕx̄) = µx̂o
(x̄).

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ xo é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ F(Rn) ❡♥tã♦✱ t❡♠♦s ♦s α✲♥í✈❡✐s ❞❡ xo
sã♦ ❝♦♠♣❛❝t♦s ❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ϕt

(

[xo]
α
)

t❛♠❜é♠ é ❝♦♠♣❛❝t♦ ♣❛r❛ t♦❞♦ α ∈ [0, 1]✳
❙❡♥❞♦ ❛ss✐♠✱ ϕt

(

xo
)

é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢✉③③② ❞❡ F(Rn) ♣❛r❛ t♦❞♦ t ∈ R+✳
❙❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ❛ s✉❜❥❡t✐✈✐❞❛❞❡ ❛♣❛r❡❝❡ ♥♦s ♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ f ✱

❡♥tã♦ ♣r❡❝✐s❛♠♦s ❛♣❧✐❝❛r ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❛♦ ✢✉①♦ ❞♦ s✐st❡♠❛ ❞❡t❡r♠✐♥íst✐❝♦
{

x′(t) = f(x(t), b)
x(0) = xo

✭✷✳✷✶✮

♦♥❞❡ xo ∈ R
n ❡ b ∈ R

m é ✉♠ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ♣❛r❛ f ✳ P♦rt❛♥t♦✱ ❛❞✐❝✐♦♥❛♥❞♦ ❛♦
s✐st❡♠❛ ❛❝✐♠❛ ❛s ❡q✉❛çõ❡s



















b′1 = 0
b′b = 0

✳✳✳
b′m = 0

✭✷✳✷✷✮

t❡♠♦s ✉♠ ♥♦✈♦ s✐st❡♠❛ ❞❡ ❞✐♠❡♥sã♦ n+m






x′(t) = f(x(t))
b′(t) = 0
x(0) = (xo, b)

✭✷✳✷✸✮

♦♥❞❡ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s b ❛♣❛r❡❝❡ ❛❣♦r❛ ♥❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ✈♦❧t❛♠♦s
❛♦ ❝❛s♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ ♦♥❞❡ s♦♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❢✉③③②✳

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ❛♦ ❛❝r❡s❝❡♥t❛r♠♦s ♦s ♣❛râ♠❡tr♦s ❝♦♠♦ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ❝♦♥❢♦r♠❡
♣r♦❝❡❞✐♠❡♥t♦ ✐♥❞✐❝❛❞♦ ❛❝✐♠❛✱ ❛✉♠❡♥t❛♠♦s ❛ ❞✐♠❡♥sã♦ ❞♦ s✐st❡♠❛ ❞❡ ♠♦❞♦ q✉❡ ❛ s♦❧✉çã♦
❞❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ é ❞❛❞❛ ♣♦r

ψt(xo, b) = (ϕt(xo, b), b),

♦♥❞❡ ϕt(xo, b) é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✶✮✳
P❛r❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♥❡st❛ s❡❝çã♦✱ ▼❛r✐♥❛ ❚✳ ▼✐③✉❦♦s❤✐✭✷✵✵✹✮ ✈❡r✐✜❝♦✉

❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s s♦❜r❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❢✉③③② ϕ̂t✳ ❆ ❞❡✜♥✐çã♦ ❞❡ ❡st❛❞♦s

✹✻



❞❡ ❡q✉✐❧í❜r✐♦ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❛❞❛ ❡♠ s❡✉ tr❛❜❛❧❤♦ é ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❝❧áss✐❝♦✳ P♦ré♠
❝♦♠♦ ❡st❛♠♦s s♦❜r❡ ❡s♣❛ç♦s ❞♦s ♥ú♠❡r♦s ❢✉③③②✱ ❛ ♠étr✐❝❛ ✉t✐❧✐③❛❞❛ é ❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❞❡
❍❛✉s❞♦r✛✳

❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ❝♦♥❥✉♥t♦s A ❡ B ⊂ R
n ♣❡❧❛ ♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛ é ❞❛❞❛ ♣♦r✿

dH(A,B) = max{sup
a∈A

inf
b∈B

‖a− b‖, sup
b∈B

inf
a∈A

‖a− b‖}

= max{dist(A,B), dist(B,A)}.

❉❛❞♦s ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❢✉③③② â, b̂ ∈ R(Rn) ❞❡✜♥✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ â ❡ b̂ ♣❡❧❛ ❡①♣r❡s✲
sã♦

d∞(â, b̂) = sup
α∈[0,1]

dH([â]
α, [b̂]α).

❉❡✜♥✐çã♦ ✷✳✺✳ ❉✐③❡♠♦s q✉❡ x̂e ∈ F(Rn) é ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❢✉③③② ϕ̂t q✉❛♥❞♦

ϕ̂t(x̂e) = x̂e

♣❛r❛ t♦❞♦ t ≥ 0.

❇❛s❡❛❞♦ ♥❡st❛ ❞❡✜♥✐çã♦ ❡ ♥♦s ❝♦♥❝❡✐t♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ♣❛r❛
♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ é ♣♦ssí✈❡❧ ♠♦str❛r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛s
s♦❧✉çõ❡s ❝❧áss✐❝❛ ❡ ❢✉③③② ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛✉tô♥♦♠❛✳

P♦❞❡♠♦s ❡♥❝♦♥tr❛r ♥❛ ❧✐t❡r❛t✉r❛ ❛❧❣✉♠❛s ❣❡♥❡r❛❧✐③❛çõ❡s q✉❡ t♦r♥❛♠ ♠❛✐s ❛❜r❛♥❣❡♥t❡ ❛
❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ ❞❡ s✐st❡♠❛s ✈❛r✐❛❝✐♦♥❛✐s ❢✉③③②✳ P♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐✲
♥íst✐❝❛ ❛♣r❡s❡♥t❛ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s✱ ♦ ✢✉①♦ ❢✉③③② t❛♠❜é♠ ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦
♣❡r✐ó❞✐❝♦✳ ❆ss✐♠ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs♦s ♠♦❞❡❧♦s
q✉❡ ✐❧✉str❛♠ ❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛✳

❚❡♦r❡♠❛ ✷✳✶✻ ✭❈❡❝❝♦♥❡❧❧♦ ✭✷✵✶✵✮✮✳ ❙❡❥❛♠ xe : A→ R
n ❝♦♥tí♥✉❛✱ A ⊆ R

n ✱ xo ∈ F(Rn)
❝♦♠ [xo]

α ⊂ A ❡ x̂e = x̂∗(xo). ❙♦❜ ❡ss❛s ❝♦♥❞✐çõ❡s t❡♠♦s✿

❛✮ ❙❡ ϕt(xe(x)) = xe(x) ♣❛r❛ t♦❞♦ x ∈ A ❡♥tã♦ ϕ̂t(x̂e) = x̂e ♣❛r❛ t♦❞♦ t ≥ 0;

❜✮ ❙❡ ϕt : R
n → R

n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✱ ❡♠ [xo]
0 ⊂ A✱ ♣❛r❛ xe : A→ R

n q✉❛♥❞♦
t→ ∞✱ ❡♥tã♦ ϕ̂t(xo) ❝♦♥✈❡r❣❡ ♣❛r❛ x̂e✳

◗✉❛♥❞♦ ♦s ♣❛râ♠❡tr♦s t❛♠❜é♠ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❢✉③③② ❡♥tã♦ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ é
❛♣❧✐❝❛❞♦ s♦❜r❡ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ψt(xo, b) = (ϕt(xo, b), b) ❞❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱ ♥♦
q✉❛❧ ϕt(xo, b) é ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✶✮✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ s✉❛ t❡s❡ ❞❡
❞♦✉t♦r❛❞♦ ✭❈❡❝♦♥❡❧❧♦✱ ✷✵✶✵✮ ♠♦str♦✉ q✉❡✱ ♥❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ✭✷✳✶✻✮✱ ❛
❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ϕ̂t(x̂o, b̂) ❝♦♥✈❡r❣❡ ♣❛r❛ x̂e = x̂∗(x̂o, b̂).

✹✼



❚❡♦r❡♠❛ ✷✳✶✼✳ ❙❡❥❛♠ xe : R
n+m → R

n ❝♦♥tí♥✉❛✱ xo ∈ F(Rn), b̂ ∈ F(Rm) ❡ x̂e =
x̂∗(xo, b̂). ❙❡ ϕt : R

n+m → R
n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✱ ❡♠ [xo]

0 × [b̂]0✱ ♣❛r❛ xe : R
n+m →

R
n q✉❛♥❞♦ t→ ∞✱ ❡♥tã♦ ϕ̂t(xo, b̂) ❝♦♥✈❡r❣❡ ♣❛r❛ x̂e✳

❆ ❛✜r♠❛çã♦ ❛❜❛✐①♦ é s❡♠❡❧❤❛♥t❡ ❛♦ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ✲ ❇❡♥❞✐①s♦♥✱ ♣❛r❛ ♦ ✢✉①♦
❢✉③③② ♦❜t✐❞♦ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ❙❡❥❛♠ K ⊂ R
2 ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✱ x∗ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡

❡q✉✐❧í❜r✐♦ ❡♠ K ❡ xo ∈ F(R2). ❙❡ x∗ é ✐♥stá✈❡❧ ❡♥tã♦ ❡①✐st❡ ✉♠❛ r❡❣✐ã♦ A ⊂ K t❛❧ q✉❡
♣❛r❛ xo ⊂ A✱ ϕ̂t(xo) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❢✉③③②✳

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❛♠❜♦s ♦s r❡s✉❧t❛❞♦s sã♦ ❡♥❝♦♥tr❛❞❛s ❡♠
✭❈❡❝♦♥❡❧❧♦✱ ✷✵✶✵✮✳ ❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❝♦♠♣r❡❡♥sã♦
❞❡st❛s ❢❡rr❛♠❡♥t❛s✳

❊①❡♠♣❧♦ ✷✳✹✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❢✉③③② ♣r♦✈❡♥✐❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ▼❛❧t❤✉s✿
{

x′(t) = λx
x(0) = xo.

✭✷✳✷✹✮

❖ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ❡st❡ s✐st❡♠❛ é xe=0 q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✻
q✉❛♥❞♦ λ < 0✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ✢✉①♦ ❢✉③③② ϕ̂f ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ♣♦♥t♦
χ{0} ∈ F(R) q✉❛♥❞♦ ♦ t❡♠♣♦ ❝r❡s❝❡✳ ❉❡ ❢❛t♦ ♣♦✐s ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡t❡r♠✐♥íst✐❝♦
❛❝✐♠❛ é ϕt(xo) = xoe

λt ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✭✷✳✶✽✮ t❡♠♦s q✉❡ ♦s α✲♥í✈❡✐s ❞♦ ϕ̂f sã♦ ❞❛❞♦s ♣♦r
[

ϕ̂t(xo)
]α

= [xo]
αeλt = {xoeλt : xo ∈ [xo]

α}.

▲♦❣♦✱ s❡ λ < 0 ♦ t❡r♠♦ ❡①♣♦♥❡♥❝✐❛❧ t❡♥❞❡ ❛ ③❡r♦ q✉❛♥❞♦ t → ∞✳ ❆ ❋✐❣✉r❛ ✷✳✺ ✐❧✉str❛
❛ s♦❧✉çã♦ ❢✉③③② ϕ̂f ♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ♦ ♥ú♠❡r♦ ❢✉③③② tr✐❛♥❣✉❧❛r xo = (5/10/15)✳

❱❛❧❡ r❡s❛❧t❛r q✉❡ ♥❛ ✜❣✉r❛✭✷✳✺✮ t❡♠♦s ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❝❛r❛❝t❡r✐③❛❞❛ ❝♦♠♦ ❛
❞❡ ❣rá✜❝♦ ♠❛✐s ❡s❝✉r♦✳ ❆ ♣❛rt✐r ❞♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❛s ❝♦r❡s ✈ã♦ ✜❝❛♥❞♦ ♠❛✐s ❝❧❛r❛s
t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❢✉③③② ✈❛✐ ❞✐♠✐♥✉✐♥❞♦✳

◆❛ ❋✐❣✉r❛ ✷✳✺✱ ❝♦♠♦ ♥❛s ❞❡♠❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥❡st❡ t❡①t♦✱ ✉s❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❝♦r❡s
❘●❇ ♣❛r❛ r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡ ❛ s♦❧✉çã♦ ❢✉③③② ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❢✉③③②✳
◆♦ s✐st❡♠❛ ❞❡ ❝♦r❡s ❘●❇✱ ❝❛❞❛ ❝♦r é ❡①♣r❡ss❛ ♣♦r ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ três ✈❛❧♦r❡s✱
❝♦♥s✐❞❡r❛❞♦ ❛q✉✐ ❡st❛r❡♠ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳ P♦❞❡♠♦s ♣♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛r ❝❛❞❛ ❝♦r ❝♦♠♦
✉♠❛ ❢✉♥çã♦ ❘●❇(x, y, z)✱ ❝♦♠ x, y, z ∈ [0, 1], ♦♥❞❡ ❘●❇(0, 0, 0) r❡♣r❡s❡♥t❛ ❛ ❝♦r ♣r❡t❛
❡♥q✉❛♥t♦ q✉❡ ❘●❇(1, 1, 1) r❡♣r❡s❡♥t❛ ❛ ❝♦r ❜r❛♥❝❛✳

❆ss✐♠✱ ❞❛❞❛ ✉♠ α ∈ [0, 1] ❛ r❡❣✐ã♦ ♥♦ ♣❧❛♥♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧♦ α ✲ ♥í✈❡❧ ϕt([x̂o]
α) é

♣r❡❡♥❝❤✐❞❛ ❝♦♠ ❛ ❝♦r ❘●❇(1 − α, 1 − α, 1 − α). ❙❡ α = 0 ❡♥tã♦ ❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣♦r
ϕt([x̂o]

0) é ♣r❡❡♥❝❤✐❞❛ ❝♦♠ ❛ ❝♦r ❜r❛♥❝❛✱ ❛♦ ♣❛ss♦ q✉❡ s❡ α = 1 ❡♥tã♦ ❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛

✹✽



❋✐❣✉r❛ ✷✳✺✿ ❙♦❧✉çã♦ ❢✉③③② ❞♦ ♠♦❞❡❧♦ ❞❡ ▼❛❧t❤✉s✳ ❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③②✿ x̂o = (5/10/15) ❡

λ = −0.012✳

♣♦r ϕt([x̂o]
1) é ♣r❡❡♥❝❤✐❞❛ ❝♦♠ ❛ ❝♦r ♣r❡t❛✳ ❉❡st❛ ❢♦r♠❛✱ q✉❛♥t♦ ♠❛✐♦r ❢♦r ♦ ❣r❛✉ ❞❡

♣❡rt✐♥ê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ x✱ ♠❛✐s ❡s❝✉r❛ s❡rá ❛ s✉❛ ❝♦r✳
◆❛ ♣rát✐❝❛✱ ❢❛③❡♠♦s ✉♠❛ ♣❛rt✐çã♦

0 = αo < α1 < · · · < αi < · · · < αn = 1

♥♦ ✐♥t❡r✈❛❧♦ [0, 1] ❡✱ ♣❛r❛ ❝❛❞❛ αi✱ ✉s❛♠♦s ❛ ✐❣✉❛❧❞❛❞❡ [ϕt(x̂o)]
α = ϕt(x̂o) ♣❛r❛ ❞❡t❡r♠✐✲

♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ [ϕt(xo)]
αi . ◗✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞❡ αi✱ ♠❛✐s ❡s❝✉r❛ é ❝♦r ✉s❛❞❛ ♣❛r❛

♣r❡❡♥❝❤❡r ❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ [ϕt(xo)]
αi .

❊①❡♠♣❧♦ ✷✳✺✳ ❆ s♦❧✉çã♦ ❞❡t❡r♠íst✐❝❛ ❞❛ ❡q✉❛çã♦ ❧♦❣íst✐❝❛ é ❞❛❞❛ ♣♦r

pt(po, λ, k) =
kpo

po + (k − po)e−λt
. ✭✷✳✷✺✮

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ s✉♣♦rt❡ k s❡❥❛ ✐♥❝❡rt❛✱ ❡♥tã♦ ♦s α✲♥í✈❡✐s ❞❛ s♦❧✉çã♦
❢✉③③② ❛ss♦❝✐❛❞❛ sã♦ ❞❛❞♦s ♣♦r

[

p̂t(k̂)
]α

= pt([k̂]
α) =

{

kpo
po + (k − po)e−λt

: k ∈ [k̂]α
}

. ✭✷✳✷✻✮

❖ ❚❡♦r❡♠❛ ✷✳✶✼ ❣❛r❛♥t❡ q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ❝♦♥✈❡r❣❡ ♣❛r❛ k̂ q✉❛♥❞♦ t→ ∞✳ ◆❛ ❋✐❣✉r❛
✷✳✼✭❛✮ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛ s♦❧✉çã♦ ❢✉③③② ❞❡ ✷✳✷✺ ♣❛r❛ k̂ = (225/245/265)✱
r = 0.012 ❡ x0 = 10✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ í♥❞✐❝❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ r❡❧❛t✐✈♦ λ é ❢✉③③②✱ ♦s α✲♥í✈❡✐s ❞❛ s♦❧✉çã♦
❢✉③③② sã♦ ❞❛❞♦s ♣♦r

[

p̂t(λ̂)
]α

= pt([λ̂]
α) =

{

kpo
po + (k − po)e−λt

: λ ∈ [λ̂]α
}

. ✭✷✳✷✼✮

✹✾



◆❡st❡ ❝❛s♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✼ t❛♠❜é♠ ❣❛r❛♥t❡ q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ♣♦♥t♦
❞❡ χ{k} q✉❛♥❞♦ t → ∞✳ P❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛ s♦❧✉çã♦ ❢✉③③② ❞❛ ❋✐❣✉r❛ ✷✳✼✭❜✮
❝♦♥s✐❞❡r❛♠♦s λ̂ = (0.009/0.012/0.015)✱ k = 245 ❡ x0 = 10✳

❋✐❣✉r❛ ✷✳✻✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡q✉❛çã♦ ❧♦❣íst✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③②✿ p̂o = (10/15/20)✱

k = 245 ❡ λ = 0.012✳

❙❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ❢✉③③②✱ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② t❡♠ ❝♦♠♦ ❧✐♠✐t❡ ♦ ✈❛❧♦r χ{k}✳
❉❡ ❢❛t♦✱ s❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ✐♥❝❡rt❛✱ ♦s α✲♥í✈❡✐s ❞❛ s♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❧♦❣íst✐❝❛
sã♦ ❞❛❞♦s ♣♦r✿

[

p̂t(p̂o)
]α

= pt([p̂o]
α) =

{

kpo
po + (k − po)e−λt

: po ∈ [p̂o]
α

}

. ✭✷✳✷✽✮

▲♦❣♦✱ ❢❛③❡♥❞♦ t → ∞✱ t❡♠♦s q✉❡ supp
(

p̂t(p̂o)
)

→ {k}✳ ❆ r❡♣r❡s❡♥t❛çã♦ s♦❧✉çã♦ ❢✉③③②
♣❛r❛ p̂o = (10/15/20) é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✻✳

❈♦♠♦ ♣♦❞❡♠♦s ♥♦t❛r ♥❛ ❋✐❣✉r❛ ✷✳✻✱ ♦ ❞✐â♠❡tr♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❛✉♠❡♥t❛ ❛té ♣❛ss❛r
♣❡❧♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❞❡t❡r♠✐♥❛❞♦ ✐♥st❛♥t❡ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ✈♦❧t❛ ❛ ❞✐♠✐♥✉✐r✳ ❊ ❡st❛
é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❛♣r❡s❡♥t❛❞❛ ♣❡❧♦s ♠♦❞❡❧♦s ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ✐♥✐❜✐❞♦ ❝✉❥❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ é ❢✉③③②✳

❈♦♥s✐❞❡r❛♠♦s ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞♦ t✐♣♦ ♣r❡s❛✲♣r❡❞❛❞♦r ❢♦r♠✉❧❛❞♦ ♣♦r ▲♦t❦❛✲❱♦❧t❡rr❛


















dx

dt
= ax− bxy

dy

dt
= −cx+ dxy

(x0, y0) ∈ R
2

✭✷✳✷✾✮

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ xo ♦✉ yo ❞♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛✲❱♦❧t❡rr❛ s❡❥❛ ✉♠
♥ú♠❡r♦ ❢✉③③②✳ P♦r ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❢✉③③②✱ ♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ ♣❛r
x̂o = (x̂o, ŷo) é ❞❛❞♦ ♣♦r µx̂o(xo, yo) = min{µx̂o(xo), µŷo(yo)}.

✺✵



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✼✿ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❧♦❣íst✐❝❛✳ ✭❛✮ ✲ ❝❛♣❛❝✐❞❛❞❡ s✉♣♦rt❡ ❢✉③③②✿ k̂ =
(225/245/265)✱ r = 0.012 ❡ xo = 10. ✭❜✮ ✲ ♣❛râ♠❡tr♦ ✐♥trí♥s✐❝♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❢✉③③②✿ λ̂ =
(0.009/0.012/0.015)✱ k = 245 ❡ xo = 10.

❙❛❜❡♠♦s q✉❡ ♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥ã♦ ♥✉❧♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛ ✲ ❱♦❧t❡rr❛ é ❡stá✈❡❧✳
P❡❧♦ ❢❛t♦ ❞❡ ϕ̂f s❡r ❝♦♥st✐t✉í❞♦ ❞❡ tr❛❥❡tór✐❛s ❞❡t❡r♠✐♥íst✐❝❛s✱ ❡♥tã♦ é ❡s♣❡r❛❞♦ q✉❡ ❛ s♦✲
❧✉çã♦ ❢✉③③② ϕ̂f ❛♣r❡s❡♥t❡ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❡♠ t♦r♥♦ ❞♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛
s♦❧✉çã♦ ❢✉③③② ❞♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛ ✲ ❱♦❧t❡rr❛ ♥ã♦ ❛♣r❡s❡♥t❛ ♣❡r✐♦❞✐❝✐❞❛❞❡✳ ■st♦ é✱ ❞✐❢❡r❡♥✲
t❡♠❡♥t❡ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✱ ❛ s♦❧✉çã♦ ❢✉③③② ♥ã♦ r❡t♦r♥❛ ♣❛r❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❡♠
♥❡♥❤✉♠ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✳ ❯♠❛ ❛♥á❧✐s❡ ❞❡t❛❧❤❛❞❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛ ✲ ❱♦❧t❡rr❛ ♣♦❞❡
s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❈❡❝❝♦♥❡❧❧♦ ✭✷✵✶✵✮✳

◆❛s ❋✐❣✉r❛s ✭✷✳✽✮✭❛✮✲✭❜✮✱ ❛♣❡♥❛s ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♣❛r❛ ♣r❡s❛s é ❝♦♥s✐❞❡r❛❞♦ ✐♥❝❡rt❛
❞❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❢✉③③② x̂o = (90/100/110)✳ ◆♦t❡♠♦s q✉❡ ❡♠❜♦r❛ s♦♠❡♥t❡ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ ❞❡ ♣r❡s❛s s❡❥❛ ✐♠♣r❡❝✐s❛✱ ❛ ♣♦♣✉❧❛çã♦ ❞❡ ♣r❡❞❛❞♦r❡s t❛♠❜é♠ é ❛❢❡t❛❞❛ ♣♦r ❡st❛
✐♠♣r❡❝✐sã♦

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✽✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛✲✈♦❧t❡rr❛✳ P❛râ♠❡tr♦s✿ a = 0.05 b = 0.08✱

α = β = 0.0008 ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ x̂o = (90/100/10) ❡ yo = 100 ❀ ✭❛✮ ✲ ♣♦♣✉❧❛çã♦ ❞❡ ♣r❡s❛s❀ ✭❜✮

✲ ♣♦♣✉❧❛çã♦ ❞❡ ♣r❡❞❛❞♦r❡s✳

✺✶



❆ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛♠❜❛s ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ ❢✉③③② ♣♦❞❡ s❡r ✈✐st❛s
♥❛s ❋✐❣✉r❛s ✷✳✾✭❛✮✲✭❜✮✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✾✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛ ✲ ❱♦❧t❡rr❛✳ P❛râ♠❡tr♦s✿ a = b = 0.08✱

α = 0.05 ❡ β = 0.0008 ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ xo = yo = (90/100/110)❀ ✭❛✮ ♣♦♣✉❧❛çã♦ ❞❡ ♣r❡s❛s❀ ✭❜✮ ✲

♣♦♣✉❧❛çã♦ ❞❡ ♣r❡❞❛❞♦r❡s✳

❆s s♦❧✉çõ❡s ❢✉③③② ♥♦ ♣❧❛♥♦ ❞❡ ❢❛s❡ ♥ã♦ é ✈✐á✈❡❧ ❞❡ s❡r❡♠ r❡♣r❡s❡♥t❛❞♦✱ ♣♦✐s ✉♠❛ ♠❡s♠❛
tr❛❥❡tór✐❛ ♣♦❞❡ ❛ss✉♠✐r ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛✳

❊①❡♠♣❧♦ ✷✳✻✳ ❈♦♥s✐❞❡r❛♠♦s ♦ ♠♦❞❡❧♦ ♣r❡s❛✲♣r❡❞❛❞♦r ❞❡ ❍♦❧❧✐♥❣✲❚❛♥♥❡r



















dx

dt
= x(k − x)− mx

x+D
y

dy

dt
= αy

(

1− βy

x

)

(x0, y0) ∈ R
2

✭✷✳✸✵✮

❙♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ ♦ ♠♦❞❡❧♦ ❞❡ ❍♦❧❧✐♥❣ ✲ ❚❛♥♥❡r ❛❞♠✐t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡
❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✽✱ q✉❡ é ✉♠❛
❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇❡♥❞✐①♦♥✲P♦✐♥❝❛ré ♣❛r❛ ♦ ❝❛s♦ ❢✉③③②✱ ❛ s♦❧✉çã♦ ❢✉③③② ϕ̂f ❞♦
s✐st❡♠❛ ❛ss♦❝✐❛❞♦ ❛♦ ❞❡t❡r♠✐♥íst✐❝♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ q✉❛♥❞♦ t → ∞✳
❖ ❣rá✜❝♦ ❞❡ ϕ̂f ♣❛r❛ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛❞❛ ♣♦r x̂ = ŷ = (70/80/90) ♣♦❞❡ s❡r ✈✐st♦ ♥❛s
❋✐❣✉r❛s ✷✳✶✵✭❛✮✲✭❜✮✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦
❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✻ ❣❛r❛♥t❡ q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ✈❛✐ t❛♠❜é♠ ❝♦♥✈❡r❣✐r
♣❛r❛ ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

❆ ❋✐❣✉r❛ ✷✳✶✶ r❡♣r❡s❡♥t❛ ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❞♦ ♠♦❞❡❧♦ ❞❡ ❍♦❧❧✐♥❣ ✲ ❚❛♥♥❡r
❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③② ❞❛❞❛ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛

µxo
(x, y) = max{1− 0.05(x− 30)− 0.01(y − 220), 0}.

✺✷



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✶✵✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍♦❧❧✐♥❣ ✲ ❚❛♥♥❡r✳ P❛râ♠❡tr♦s ♣❛r❛ ❛♠❜❛s ❛s

✜❣✉r❛s✿ α = 0.01✱ β = 0.48✱ d = 20✱ k = 100✱ λ = 0.1✱ m = 0.05 ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ x̂o = ŷo =

(70/80/90)✳

❋✐❣✉r❛ ✷✳✶✶✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♦ ♠♦❞❡❧♦s ❞❡ ❍♦❧❧✐♥❣ ✲ ❚❛♥♥❡r✳

P❛r❛ ❡st❛ s♦❧✉çã♦✱ ♦s ♣❛râ♠❡tr♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❍♦❧❧✐♥❣ ✲ ❚❛♥♥❡r sã♦✿ r = 0.2; k = 100;
m = 0.03; d = 20; a = 0.02 ❡ b = 0.155. P❛r❛ ❡st❡s ♣❛râ♠❡tr♦s✱ ♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥ã♦
♥✉❧♦ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ sã♦ ✐♠♣♦rt❛♥t❡s ♥❛ ❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ ❞❡
s♦❧✉çõ❡s ❢✉③③②✳ ❈♦♠♦ ♣♦❞❡♠♦s ✈❡r ♣♦r ♠❡✐♦ ❞♦s ❡①❡♠♣❧♦s✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦
❢✉③③② ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞♦ ❛tr❛✈és ❞❛ ❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡✳

✺✸



✺✹



❈❛♣ít✉❧♦ ✸

❊st❛❜✐❧✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❞❡

❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③②

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❞❡✜♥✐r s✐st❡♠❛s ❞❡ ❞✐❢✉sã♦ q✉❡ ♣♦ss✉❡♠ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧
♥❡❜✉❧♦s❛ ♦✉ ✐♥❝❡rt❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ♣♦✐s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❢✉③③②✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r s✐s✲
t❡♠❛s ❞✐♥â♠✐❝♦s q✉❡ s❡ ❝♦♠♣♦rt❛♠ ❝♦♠♦ ♦s ❞❡t❡r♠✐♥íst✐❝♦s ❡ q✉❡ sã♦ r❡s♣♦♥sá✈❡✐s ♣❡❧❛
❞✐❢✉sã♦✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❞❡st❡s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❢✉③③②✳

❈♦♠♦ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ❝♦♥s✐❞❡r❛♠♦s ❡♥tã♦ ✉♠ s✐st❡♠❛ ❞✐❢✉s✐✈♦ ❞❡t❡r♠✐♥íst✐❝♦
❛ss♦❝✐❛❞♦ ❞❡ ♠♦❞♦ q✉❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❢✉③③② s❡❥❛ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤
❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✳ ❆ ✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛ ❞❡ss❛s s♦❧✉çõ❡s s❡rã♦ ♠♦str❛❞❛s q✉❛♥❞♦
♣♦ssí✈❡❧ ❛❧é♠ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s s♦❜r❡ ✉♥✐❝✐❞❛❞❡ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ♣❛r❛
s♦❧✉çõ❡s n ❞✐♠❡♥s✐♦♥❛✐s✳

✸✳✶ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R

◆❡st❛ s❡❝çã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❝r❡✈❡r ♣r♦❝❡ss♦s q✉❡ s❡❥❛♠ ♣r♦✈❡♥✐❡♥t❡s ❞❡
❞✐❢✉sã♦✱ ♦♥❞❡ ❛ ♠♦✈✐♠❡♥t❛çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s s❡❥❛ ❞❛❞❛ ❞❡ ❢♦r♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦✉ s❡❥❛
♣❛r❛ ❡sq✉❡r❞❛ ♦✉ ♣❛r❛ ❞✐r❡✐t❛✳

❆ ♠❛✐♦r✐❛ ❞♦s ❢❡♥ô♠❡♥♦s ❞❛ r❡❛❧✐❞❛❞❡ q✉❡ ❡♥✈♦❧✈❡♠ ❞✐❢✉sã♦ sã♦ ❢♦r♠✉❧❛❞❛s ❝♦♠ ♠♦✲
❞❡❧♦s q✉❡ ❞❡s❝r❡✈❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐♥â♠✐❝❛ ❡♠ R ♦✉ R

2 ❡ é ♦ q✉❡ tr❛t❛r❡♠♦s ❛
s❡❣✉✐r✳

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡t❡r♠✐♥íst✐❝❛
{

∂u

∂t
(x, t) = D ∂2u

∂x2 (x, t) x ∈ R✱ t > 0

u (x, 0) = N0δ (x) R× [t = 0]

♦♥❞❡ u : R2 → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ D é ❛ ❝♦♥st❛♥t❡ ❞❡ ❞✐❢✉sã♦✱ N0 é ♦ ♥ú♠❡r♦ ❞❡ ✐♥✲
❞✐✈í❞✉♦s ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ ❡ δ(x) é ❛ ❢✉♥çã♦ ❞❡ ❉✐r❛❝✳ ◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛

✺✺





[û(x, t, N̂0)]
α = u(x, t, [N̂0]

α) = u(x, t, [nα
01, n

α
02])

♦♥❞❡ [N̂0]
α = [nα

01, n
α
02]✳

❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❛ ❢ór♠✉❧❛ ❛❝✐♠❛ ✐♥❞✐❝❛ q✉❡ ♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ n0 ❛ N̂0

é ♦ ♠❡s♠♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡ u(x,t)(n0) ❡ û(x,t)(n0)✱ ♣❛r❛ t♦❞♦ t✳

✸✳✶✳✶ ❊st❛❜✐❧✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❢✉③③② ❡♠ R

❈♦♠❡ç❛r❡♠♦s ❡ss❛ s❡❝çã♦ ❞❡✜♥✐♥❞♦ ❡st❛❜✐❧✐❞❛❞❡ ❛ss✐♥tót✐❝❛ ❞❡ ✉♠ ✢✉①♦ ❢✉③③②✱ ❞✐â♠❡✲
tr♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❢✉③③② ❡ α✲♥í✈❡❧ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦

❉❡✜♥✐çã♦ ✸✳✷✳ ❖ ❞✐â♠❡tr♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢✉③③② û(x, t) é ❞❛❞♦ ♣♦r✿

diam([û(x, t)]α) = uα2 (x, t)− uα1 (x, t)

♦♥❞❡ [û(x, t)]α = [uα2 (x, t), u
α
1 (x, t)] ♣❛r❛ 0 < α < 1✳

❉❡✜♥✐çã♦ ✸✳✸✳ ❉✐③❡♠♦s q✉❡ ✉♠ ✢✉①♦ ❢✉③③② û(x, t) é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦

lim
t→∞

(diam([û(x, t)]α) = 0

❉❡✜♥✐çã♦ ✸✳✹✳ ❈❤❛♠❛r❡♠♦s ❞❡ α✲♥í✈❡❧ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❢✉③③② à ❡①♣r❡s✲
sã♦

[û(x, t)]α =

[

Nα
01√

(4πDt)
e−

x2

4Dt ,
Nα

02√
(4πDt)

e−
x2

4Dt

]α

♦♥❞❡ [N̂0]
α = [Nα

01, N
α
02]

P♦❞❡♠♦s ♣r♦✈❛r q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ é ❡stá✈❡❧✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛
✐ss♦ s❡✉ ❞✐â♠❡tr♦✳

lim
t→∞

(diam ([ϕt (N0)]
α)) = lim

t→∞
(Nα

02 −Nα
01)

1√
4πDt

e−
x2

4Dt =

= (Nα
02 −Nα

01) lim
t→∞

1√
4πDt

e−
x2

4Dt =

= diam ([N0]
α) limt→∞

1√
4πDt

e−
x2

4Dt = 0

❆ss✐♠✱ q✉❛♥❞♦ t→ ∞ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ❞❡t❡r♠✐♥íst✐❝❛✳ ❯♠❛
✈❡③ q✉❡ t♦❞♦s ♦s α✲♥í✈❡✐s ❝♦♥té♠ ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛✳

✺✼



✸✳✷ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R

❙❛❜❡♠♦s ❛ r❡s♣❡✐t♦ ❞❛ ❧✐t❡r❛t✉r❛ q✉❡ ✉♠ ♠♦❞❡❧♦ r❡❣✐❞♦ ❛♣❡♥❛s ♣♦r ❞✐❢✉sã♦ é ✐♥❡✜❝✐✲
❡♥t❡ ♣❛r❛ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦s ♠❛✐♦r❡s✱ s❡♥❞♦ ❡✜❝❛③ ❛♣❡♥❛s ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦✱ ❛ss✐♠
♣♦❞❡♠♦s ✐♥❝❧✉✐r ❡♠ ♥♦ss♦ ♠♦❞❡❧♦ ♦s ♣r♦❝❡ss♦s ❞❡ r❡❛çã♦ ❡ ❛❞✈❡❝çã♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ ♦
♠♦❞❡❧♦ ❝❧áss✐❝♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ r❡❛çã♦✲❞✐❢✉sã♦✲❛❞✈❡❝çã♦ ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ N0 ∈ R

{

∂u
∂t

(x, t) = D ∂2u
∂2x

(x, t) + a∂u
∂x

(x, t) + bu (x, t) x ∈ R✱ t > 0
u (x, 0) = N0δ (x) R× [t = 0]

♦♥❞❡ N0 é ♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❡①✐st❡♥t❡s ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦ t = 0✱ ❛ss✐♠ t❡♠♦s q✉❡
❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ é ❞❛❞❛ ♣♦r

u (x, t) = N0√
(4πDt)

e−
(x−at)2

4Dt
+bt

❊♥tã♦ ❛ s♦❧✉çã♦ ❢✉③③② ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③②
{

∂u
∂t

(x, t) = D ∂2u
∂2x

(x, t) + a∂u
∂x

(x, t) + bu (x, t) x ∈ R✱ t ≥ 0

u(x, 0) = [N̂0δ(x)]
0 ∈ F(R)

é ❞❛❞❛ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ♥♦ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦

û (x, t) = N̂0√
(4πDt)

e−
(x−at)2

4Dt
+bt

❆s ❋✐❣✉r❛s ❛ s❡❣✉✐r r❡♣r❡s❡♥t❛♠ ❡❧❡♠❡♥t♦s ❞❛s s♦❧✉çõ❡s ❢✉③③② ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡
r❡❛çã♦✲❞✐❢✉sã♦✲❛❞✈❡❝çã♦✳

❆s ✜❣✉r❛s (3.3), (3.4), (3.5), (3.6), (3.7) ❡ (3.8) r❡❢❡r❡♠✲s❡ ❛s s♦❧✉çõ❡s ❢✉③③② ♣❛r❛ ✉♠
♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦✳ P♦❞❡✲s❡ ♥♦t❛r q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ é
s✐♠✐❧❛r ❛♦ ❞❛ ❞❡t❡r♠✐♥íst✐❝❛✳

✺✽







✸✳✷✳✷ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦

❛♣❡♥❛s ❞✐❢✉sã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗

❊♠ ❝❛❞❛ ✐♥st❛♥t❡ t∗ ❛ s♦❧✉çã♦ ❢✉③③② û(x, t∗, N̂0) é ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡ û ❝♦♠
♦ ♣❧❛♥♦ t = t∗✳ ❆ ♣r✐♥❝í♣✐♦✱ ♠♦str❛r❡♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧
❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦✳

❋✐❣✉r❛ ✸✳✾✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 0.01 ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✵✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 2 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✶✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 4 ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✷✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 5 ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦

✻✶



❋✐❣✉r❛ ✸✳✶✸✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦
❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ =
10 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✹✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 20 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✺✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦
❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ =
100 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦

❋✐❣✉r❛ ✸✳✶✻✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 200 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦

✸✳✷✳✸ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦

❞✐❢✉sã♦✲r❡❛çã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗

❊♠ ❝❛❞❛ ✐♥st❛♥t❡ t∗ ❛ s♦❧✉çã♦ ❢✉③③② é ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡ û ❝♦♠ ♦ ♣❧❛♥♦ t =
t∗✳ ▼♦str❛r❡♠♦s ❛❣♦r❛✱ ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦✳

✻✷



❋✐❣✉r❛ ✸✳✶✼✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 0.1 ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦ ♣❛r❛ b = 1

❋✐❣✉r❛ ✸✳✶✽✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 5 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦ ♣❛r❛ b = 1

❋✐❣✉r❛ ✸✳✶✾✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 25 ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦ ♣❛r❛ b = 1

❋✐❣✉r❛ ✸✳✷✵✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 30 ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦ ♣❛r❛ b = 1

✸✳✷✳✹ ■♥t❡rs❡❝çã♦ ❞❛s s♦❧✉çõ❡s ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡♥✈♦❧✈❡♥❞♦

❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❝♦♠ ♦ ♣❧❛♥♦ t = t∗

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❛s ❞✉❛s s✉❜s❡❝çõ❡s ❛♥t❡r✐♦r❡s✱ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ t∗ ❛ s♦❧✉çã♦
❢✉③③② é ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡ û ❝♦♠ ♦ ♣❧❛♥♦ t = t∗✳ ▼♦str❛r❡♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦
❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦✳

✻✸



❋✐❣✉r❛ ✸✳✷✶✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 0.1 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ a = 2 ❡ b = 1

❋✐❣✉r❛ ✸✳✷✷✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 4 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ a = 2 ❡ b = 1

❋✐❣✉r❛ ✸✳✷✸✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 20 ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ a = 2 ❡ b = 1

❋✐❣✉r❛ ✸✳✷✹✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t∗ = 30 ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ a = 2 ❡ b = 1

✸✳✸ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③② ❡♠ R
2

◆♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠♦s ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♥❝♦♥tr❛❞♦ ♥❛s ✉♥✐❞✐♠❡♥s✐♦✲
♥❛✐s✳ ➱ ❝❧❛r♦✱ q✉❡ ❡①✐st❡ ✉♠❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣❧♦t❛r♠♦s ♦s ❣rá✜❝♦s r❡❢❡r❡♥t❡s à s♦❧✉çã♦
❢✉③③② ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ♠❛s ♣♦❞❡♠♦s ♣❧♦t❛r ♦ ❣rá✜❝♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ♣❛r❛ ✈❛❧♦r❡s
❞❡ t ✜①♦✱ ♣❛r❛ ❢❛③❡r ✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ ❞❡ss❛s s♦❧✉çõ❡s✳ ❯s❛r❡♠♦s✱ ❝♦♠♦ ♥♦ ❝❛s♦
❛♥t❡r✐♦r✱ ♦ ❣rá✜❝♦ ❞❛s ♣r♦❥❡çõ❡s ❞♦s α✲♥í✈❡✐s ♣❛r❛ ✉♠ t = t0 ✜①♦✳

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❜✐❞✐♠❡♥s✐♦♥❛❧

{

∂u
∂t

(x, t) = D
(

∂2u
∂x2

1
+ ∂2u

∂x2
2

)

(x, t) +
(

a∂u
x1

+ c ∂u
∂x2

)

(x, t) + bu(x, t), x ∈ R
2✱ t ≥ 0

u (x, 0) = N0δ (x) , x ∈ R

3.3

✻✹







❝♦♥s✐❣♦ ✉♠ ❣r❛✉ ❞❡ ✐♥❝❡rt❡③❛✳ ❆♣❡s❛r ❞❛ ❧❡✐ s❡r ❞❡t❡r♠✐♥íst✐❝❛✱ ❛ s♦❧✉çã♦ ❞❡✈❡ ❝❛rr❡❣❛r
❛s ✐♥❝❡rt❡③❛s ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ❖✉ s❡❥❛✱ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛
s♦❧✉çã♦ q✉❡ s❛t✐s❢❛ç❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③② ❛ss♦❝✐❛❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡t❡r♠✐♥íst✐❝♦
❞❛❞♦ ❡♠ ✭✸✳✶✮✿

{

∂u
∂t

(x, t) = D∆u(x, t) x ∈ R
n✱ t ≥ 0

u (x, 0) ∈ [ĝ (x)]0 x ∈ R
n ✭✸✳✸✮

♦♥❞❡ s✉♣♦♠♦s q✉❡ [ĝ(x)]α = [gα1 (x), g
α
2 (x)]✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♠ x✳ ❆♣ós✱ ❞❡✲
✜♥✐♠♦s ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ s♦❧✉çã♦ ϕt(g(x)) ❝♦♠♦ ❛ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ ❢✉♥çã♦
g(x) → ϕt(g(x)) → ϕ(t, g(x)). ❚❛❧ s♦❧✉çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r ϕ̂t(g(x))✱ ❡ ❡s❝r❡✈❡♠♦s

ϕ̂t(x) =
1

(4πDt)
n
2

∫

Rn

e−
‖x−y‖2

4Dt ĝ (y) dy ✭✸✳✹✮

❡ s❡✉s α−♥í✈❡✐s sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ s❡♥❞♦✿

[ϕt(g(x))]
α =

[

1

(4πDt)
n
2

∫

Rn

e−
‖x−y‖2

4Dt gα1 (y) dy,
1

(4πDt)
n
2

∫

Rn

e−
‖x−y‖2

4Dt gα2 (y) dy

]

❈♦♠ ✐ss♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❢♦r♠❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ❛té ❛❣♦r❛ ❡①♣♦st♦s ♥❡ss❛
s❡❝çã♦✳ P❛r❛ t❛❧ ❞❡✜♥✐r❡♠♦s ✢✉①♦ ❢✉③③② C∞✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❉✐③❡♠♦s q✉❡ ✉♠ ✢✉①♦ ❢✉③③② û é ❞❡ ❝❧❛ss❡ C∞(F(Rn)) q✉❛♥❞♦ ❛ ❢✉♥çã♦
❞❡t❡r♠✐♥❛❞❛ ♣♦r ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ [û]α ❢♦r ❞❡ ❝❧❛ss❡ C∞(Rn)✳

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛ ĝ(x) t❛❧ q✉❡ [ĝ(x)]α = [gα1 (x), g
α
2 (x)]✳ ❙✉♣♦♥❤❛ gα1 , g

α
2 ∈ C(R) ∩

L∞(Rn)✱ ❡ ❞❡✜♥❛ û ❝♦♠♦ ❡♠ ✭✸✳✹✮✳ ❊♥tã♦

✐✳ û ∈ C∞(F(Rn)× (0,∞))✱

✐✐✳ ût −D∆û(x, t) = 0 (x ∈ R
n, t > 0)✱

✐✐✐✳ lim
(x,t)→(x0,0)

û(x, t) = ĝ(x0) ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x0 ∈ R
n✳

Pr♦✈❛✿ ✐✳ ❆ ❢✉♥çã♦ 1

(4πDt)
n
2
e−

|x|2
4Dt é ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ❞❡r✐✈❛❞❛s ❧✐♠✐t❛❞❛s

❞❡ t♦❞❛s ❛s ♦r❞❡♥s ❡♠ R
n×[δ,∞] ♣❛r❛ ❝❛❞❛ δ > 0✳ ❉❡ss❛ ❢♦r♠❛ ❝❛❞❛ uαi ∈ C∞(Rn×(0,∞))

♣❛r❛ ❝❛❞❛ i = {1, 2}✳ P♦rt❛♥t♦ û ∈ C∞(F(Rn)× (0,∞))✳
✐✐✳ ❈♦♠♦ û = [uα1 , u

α
2 ] ❡ ❝❛❞❛ u

α
i é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ n ❞✐♠❡♥s✐♦♥❛❧✳ ❊♥tã♦

û r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ✐✐✮✳
✐✐✐✳ ❈♦♥s✐❞❡r❡ ĝ = [gα1 , g

α
2 ] ♦♥❞❡ ❝❛❞❛ gαi é ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♣❛r❛

{

∂u

∂t
(x, t) = D∆(uαi (x, t)) x ∈ R

n✱ t ≥ 0

uαi (x, 0) = gαi (x) x ∈ R
n

✭✸✳✺✮

✻✼



❉❡ss❛ ❢♦r♠❛ ✜①❡ x0 ∈ R
n✱ ǫ > 0 ❡ ❡s❝♦❧❤❛ δ > 0 t❛❧ q✉❡

|gαi (y)− gαi (x
0)| < ǫ s❡ |y − x0| < δ, y ∈ R

n. ✭✸✳✻✮

❊♥tã♦ s❡ |x− x0| < δ
2
✱ t❡♠♦s

|uαi (x, t)− gαi (x
0)| = |

∫

Rn
1

(4πDt)
n
2
e−

|x−y|2
4Dt [gαi (y)− gαi (x

0)] dy|

≤ |
∫

B(x0,δ)
1

(4πDt)
n
2
e−

|x−y|2
4Dt [gαi (y)− gαi (x

0)] dy|

+ |
∫

Rn−B(x0,δ)
1

(4πDt)
n
2
e−

|x−y|2
4Dt [gαi (y)− gαi (x

0)] dy| = I + J

▼❛s t❡♠♦s q✉❡

I ≤ ǫ
∫

Rn
1

(Dt)
n
2
e−

|x−y|2
4Dt dy = ǫ

♣♦r ✭✸✳✻✮✳ ▼❛✐s ❛✐♥❞❛✱ s❡ |x− x0| ≤ δ
2
❡ |y − x0| ≥ δ✱ ❡♥tã♦

|y − x0| ≤ |y − x|+ δ
2
≤ |y − x|+ 1

2
|y − x0|✳

❆ss✐♠ |y − x| ≥ 1
2
|y − x0|✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡

J = 2||gαi ||L∞

∫

Rn−B(x0,δ)
1

(4πDt)
n
2
e−

|x−y|2
4Dt dy

≤ C

(4πDt)
n
2

∫

Rn−B(x0,δ)
e−

|x−y|2
4Dt dy

≤ C

(4πDt)
n
2

∫

Rn−B(x0,δ)
e−

|x−x0|2
16Dt dy

= C

(4πDt)
n
2

∫∞
δ
e−

r2

16tdr → 0 q✉❛♥❞♦ t→ +∞

❆ss✐♠✱ t❡♠♦s |x − x0| < δ
2
❡ t > 0 t❡r❡♠♦s |uαi (x, t) − gαi (x

0)| < 2ǫ ♣❛r❛ t♦❞♦ α✲♥í✈❡❧ ❡
❝❛❞❛ i = {1, 2}✱ ♣♦rt❛♥t♦ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

�

❖❜s❡r✈❛çã♦ ✶✳ ◆♦t❡ q✉❡ s❡ gαi é ❧✐♠✐t❛❞❛✱ ❝♦♥tí♥✉❛ ❡ gαi > 0 ❡♥tã♦

û(x, t) = 1

(4πDt)
n
2

∫

Rn e
− |x−y|2

4Dt
gαi (y)dy

é ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦ α✲♥í✈❡❧ ❡ ∀x ∈ R
2 ❡ t > 0✳

✻✽



❱❛♠♦s ❝♦♥❝❡♥tr❛r ♥♦ss❛ ❛t❡♥çã♦ ❛❣♦r❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ♥ã♦✲❤♦♠♦❣ê♥❡♦
{

∂u
∂t

−D∆u = f x ∈ R
n × (0,∞)

u = ĝ x ∈ R
n × {t = 0} ✭✸✳✼✮

P❛r❛ r❡s♦❧✈❡r♠♦s ❡ss❡ ♣r♦❜❧❡♠❛ é ♥❡❝❡ssár✐♦ q✉❡ s❡❥❛ r❡s♣♦♥❞✐❞♦ ❛ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿
◗✉❛❧ ❛ ❢ór♠✉❧❛ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛ s❡❣✉✐r❄

{

∂u
∂t

−D∆u = f x ∈ R
n × (0,∞)

u = 0 x ∈ R
n × {t = 0} ✭✸✳✽✮

P❛r❛ r❡s♣♦♥❞❡r ❝♦♥s✐❞❡r❡♠♦s ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦✳ ◆♦t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦
(x, t) → K(x − y, t − s) é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ♣❛r❛ (y ∈ R

n, 0 < s < t)
❞❛❞♦s✳ ❆❣♦r❛ ♣❛r❛ s ✜①♦✱ ❛ ❢✉♥çã♦

u = u(x, t; s) =
∫

Rn K(x− y, t− s)f(y, s)dy

r❡s♦❧✈❡
{

∂u
∂t
(x, t : s)−D∆u(x, t : s) = 0 x ∈ R

n × (s,∞)
u(x, t; s) = f(x, t : s) x ∈ R

n × {t = s} ✭✸✳✾✮

q✉❡ é ❥✉st❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ q✉❡ t✐♥❤❛♠♦s ❢❡✐t♦ ♥♦ ✐♥í❝✐♦✱ ♦✉ s❡❥❛ é s♦❧✉çã♦
❞❡ ✭✸✳✶✮ só q✉❡ ♣❛r❛ t = s ❡ g = f ✳ ❊♥tã♦ u(.; s) ❝❡rt❛♠❡♥t❡ ♥ã♦ é s♦❧✉çã♦ ❞❡ ✭✸✳✾✮✳ ▼❛s
♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ ❉✉❤❛♠❡❧✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

u(x, t) =
t
∫

0

u(x, t; s)ds

❆ss✐♠✱ r❡❡s❝r❡✈❡♠♦s ♥❛ ❢♦r♠❛

u(x, t) =
t
∫

0

∫

Rn K(x− y, t− s)f(y, s)dyds

=
t
∫

0

1

(4πD(t−s))
n
2

∫

Rn e
− |x−y|2

4(t−s) f(y, s)dyds

✭✸✳✶✵✮

♣❛r❛ x ∈ R
n✱ t > 0✳ ❆❣♦r❛ ♣♦❞❡♠♦s ♣r♦✈❛r ♦ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✸✳✷✳ ✭❱❡r ❊✈❛♥s ✭✶✾✾✽✮✮ ❙✉♣♦♥❤❛ u ❞❛❞❛ ♣♦r ✭✸✳✶✵✮ ❡ f ∈ C2
1(R

n × [0,∞))
❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❊♥tã♦

✭✐✮ u ∈ C2
1(R

n × (0,∞))

✭✐✐✮ ut(x, t)−D∆u(x, t) = f(x, t) x ∈ R
n, t > 0

✭✐✐✐✮ lim
(x,t)→(x0,0)

u(x, t) = 0 ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x0 ∈ R
n

✻✾



Pr♦✈❛✿ ✶✳ ❈♦♠♦ K t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ (0, 0)✱ ❢❛ç❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱
♣❛r❛ ❡s❝r❡✈❡r

u(x, t) =
t
∫

0

∫

Rn K(y, s)f(x− y, t− s)dyds

❈♦♠♦ f ∈ C2
1(R

n × [0,∞)) t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❡ K = k(y, s) é s✉❛✈❡ ♣ró①✐♠♦ ❞❡
s = t > 0✱ t❡♠♦s

ut(x, t) =
t
∫

0

∫

Rn K(y, s)ft(x− y, t− s)dyds+
∫

Rn K(y, t)f(x− y, 0)dyds ✭✸✳✶✶✮

❡

∂2u
∂xi∂xj

(x, t) =
t
∫

0

∫

Rn K(y, s) ∂2
∂xi∂xj

f(x− y, t− s)dyds (i, j = 1, ..., n)

❊♥tã♦ ut, D2
xu, u,Dxu ♣❡rt❡♥❝❡♠ ❛ C(Rn × (0,∞))✳

✷✳ ❖❜s❡r✈❡♠♦s q✉❡

ut(x, t)−D∆u(x, t) =
t
∫

0

∫

Rn K(y, s)[( ∂
∂t
−∆x)f(x− y, t− s)]dyds

+
∫

Rn K(y, t)f(x− y, 0)dy

≤
t
∫

ǫ

∫

Rn K(y, s)[(− ∂
∂s

−∆y)f(x− y, t− s)]dyds

+
ǫ
∫

0

∫

Rn K(y, s)[(− ∂
∂s

−∆y)f(x− y, t− s)]dyds

+
∫

Rn K(y, t)f(x− y, 0)dy
:= Iǫ + Jǫ +K

✭✸✳✶✷✮

❆❣♦r❛

|Jǫ| ≤ (||fǫ||L∞ + ||D2f ||L∞)

t
∫

0

∫

Rn

K(y, s)dyds ≤ ǫC ✭✸✳✶✸✮

P♦r ♦✉tr♦ ❧❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱

Iǫ =
t
∫

0

∫

Rn K(y, s)[( ∂
∂t
−∆x)f(x− y, t− s)]dyds

+
∫

Rn K(y, t)f(x− y, 0)dy

≤
t
∫

ǫ

∫

Rn K(y, s)[( ∂
∂s

−∆y)f(x− y, t− s)]dyds

+
∫

Rn K(y, ǫ)f(x− y, t− ǫ)dy
−
∫

Rn K(y, t)f(x− y, 0)dy
=

∫

Rn K(y, ǫ)f(x− y, t− ǫ)dy −K

✭✸✳✶✹✮

✼✵



❈♦♠♦ K r❡s♦❧✈❡ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ t❡♠♦s q✉❡

ut(x, t)−D∆u(x, t) = lim
ǫ→0

t
∫

0

∫

Rn K(y, ǫ)f(x− y, t− ǫ)dy

= f(x, t) (x ∈ R
n, t > 0),

✭✸✳✶✺✮

P❛r❛ ♣r♦✈❛r♠♦s ❛ ♣❛rt❡ (iii) ❜❛st❛ ✈❡r✐✜❝❛r♠♦s q✉❡ ||u(x, t)||L∞ ≤ t||f ||L∞ → 0

�

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ s❡rá ❝♦♠❜✐♥❛r ♦s ❞♦✐s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s ♣❛r❛ ♣r♦✈❛r q✉❡ û✱ t❡♠
s❡✉s α✲♥í✈❡✐s ❞❛❞♦s ❞❛ ❢♦r♠❛✿

[û]α = [
∫

Rn K(x− y, t)gα1 (y)dy +
t
∫

0

∫

Rn K(x− y, t− s)f(y, s)dyds,

∫

Rn K(x− y, t)gα1 (y)dy +
t
∫

0

∫

Rn K(x− y, t− s)f(y, s)dyds]α,

✭✸✳✶✻✮

❙❡❥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③②
{

ut −D∆u = f R
n × (0,∞)

u = ĝ R
n × {t = 0} ✭✸✳✶✼✮

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❡st✉❞❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ✢✉①♦ ❢✉③③② n−❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ❛
❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ é ✉t✐❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✐â♠❡tr♦ ❞❡ ✉♠ α−♥í✈❡❧ ❞❡ ✉♠ ♥ú♠❡r♦ ❢✉③③②✱
♣❛r❛ t❛❧✱ ♣r♦✈❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✸✳ ❙❡❥❛ ϕ̂t (g (x)) ✉♠ ✢✉①♦ ❢✉③③② ❞❛❞♦ ♣♦r ✸✳✹ ❡ [ϕt(g(x))]
α s❡✉ α−♥í✈❡❧✳

❊♥tã♦✱

sup
x∈Rn

(diam ([ϕt (g (x)]
α))) ≤ 1

(4πDt)
n
2

∫

Rn

(diam ([g (y)]α)) dy✱ t > 0

❊♠ ♣❛rt✐❝✉❧❛r✱ lim
t→∞

diam ([ϕt (g (x)]
α)) = 0✱ ✐st♦ é✱ diam ([ϕt (g (x)]

α)) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r✲

♠❡♠❡♥t❡ ♣❛r❛ ③❡r♦✱ q✉❛♥❞♦ t→ ∞✳

Pr♦✈❛✿
❈♦♠♦ diam ([g (y)]α) = gα2 (x) − gα1 (x) > 0✱ ❡♥tã♦✱ ♣♦❞❡♠♦s ❝❤❛♠❛r f (x) = g2 (x) −

g1 (x)✳ ❆ss✐♠✱ t❡r❡♠♦s q✉❡ ♣r♦✈❛r q✉❡

sup
x∈Rn

diam ([ϕt (g (x))]
α) ≤ 1

(4πDt)
n
2

∫

Rn

f (y) dy✱ t > 0

q✉❡ é ✈❡r❞❛❞❡ ♥♦ ❝❛s♦ ❞❡t❡r♠✐♥íst✐❝♦ ♣❛r❛ diam ([ϕt (g (x))]
α) = ϕ2

t (g (x)) − ϕ1
t (g (x))✳

❆ss✐♠✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✼✶



�

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ ♥♦ss❛ s♦❧✉çã♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ❛ ❞❡t❡r♠✐♥íst✐❝❛ ♣❛r❛ t→ ∞✳
❆❣♦r❛✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡ ✉♥✐❝✐❞❛❞❡✿

❚❡♦r❡♠❛ ✸✳✹✳ ✭❯♥✐❝✐❞❛❞❡✮ ❙❡❥❛ U ⊂ R
n ✉♠❛ r❡❣✐ã♦ ❧✐♠✐t❛❞❛✱ ❛ss✐♠ s❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③② ❢♦r ❞❛❞♦ ♣♦r
{

∂u
∂t

(x, t) = D∆u (x, t) + f (x) , x ∈ U ⊂ R
n✱ t ≥ 0

u (x, 0) ∈ ĝ (x) U × [t = 0]
✭✸✳✶✽✮

♦♥❞❡ g(x) ∈ C(U× [t = 0]) ❡ f(x) ∈ C(U×(0,∞])✱ ❡♥tã♦ ♦ ✢✉①♦ ❢✉③③② ϕ̂t(g(x)) ❛ss♦❝✐❛❞♦
❛♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✮ é ú♥✐❝♦ ♣❛r❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③② ĝ(x) ❞❛❞❛✳

Pr♦✈❛✿
❙❡❥❛♠ u ❡ v ✢✉①♦s ❢✉③③② ❛ss♦❝✐❛❞♦s ❛♦ ♣r♦❜❧❡♠❛ ✸✳✹✱ ❡♥tã♦ ❞❡✜♥❛ w = u− v✳ ❆ss✐♠✱

t❡♠♦s q✉❡ w r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛
{

∂w
∂t

(x, t) = D∆w (x, t) x ∈ U ⊂ R
n✱ t ≥ 0

w (x, 0) = 0 U × [t = 0]
✭✸✳✶✾✮

q✉❡ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡t❡r♠✐♥íst✐❝♦ ❡✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ t❡♠♦s q✉❡ ♦ ♠á①✐♠♦ ✈❛❧♦r
❞❡ w é ❛ss✉♠✐❞♦ ♥❛ ❢r♦♥t❡✐r❛✱ ❧♦❣♦ w = 0✱ ❛ss✐♠ u = v.

�

❚❡♠♦s ❛❣♦r❛ ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❡ ✐♥❝❡rt❡③❛s✱ q✉❡ ❡♥✈♦❧✈❡ ❛ ❡q✉❛✲
çã♦ ❞❡ ❞✐❢✉sã♦✱ ♣♦✐s s❛❜❡♠♦s q✉❡ ❧✐♠✐t❛♥❞♦ ♥♦ss♦ ❞♦♠í♥✐♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ t❡r❡♠♦s
s♦❧✉çã♦ ú♥✐❝❛ ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ❞✐❢✉sã♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ss❛
s♦❧✉çã♦ ❡stá ❣❛r❛♥t✐❞❛ ❡ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ♥❛ ❞❡t❡r♠✐♥íst✐❝❛✱ ❝♦♥s❡r✈❛♥❞♦ ♦ s❡✉ ❣r❛✉ ❞❡
✐♥❝❡rt❡③❛✳ P♦❞❡♠♦s ❡st❡♥❞❡r ❡ss❡s r❡s✉❧t❛❞♦s✱ ❝♦♠♦ ❡①❡♠♣❧♦ ❞✐ss♦ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦
♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✳

❚❡♦r❡♠❛ ✸✳✺✳ ❙✉♣♦♥❤❛♠♦s q✉❡ û ∈ C2
1(F(Rn × (0, T ]) ∩ C(F(Rn × (0, T ]) é s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛
{

ut −D∆u = 0 R
n × (0, T )

u = ĝ R
n × {t = 0} ✭✸✳✷✵✮

❡ s❛t✐s❢❛③ ❛ ❡st✐♠❛t✐✈❛

uαi (x, t) ≤ Aea|x|
2

(x ∈ R
n, 0 ≤ t ≤ T ) ✭✸✳✷✶✮

♣❛r❛ ❝♦♥st❛♥t❡s A, a > 0 ❡ [û]α✳ ❊♥tã♦

sup
Rn×[0,T ]

û = sup
Rn

ĝ ✭✸✳✷✷✮

✼✷



Pr♦✈❛✿ ❙✉♣♦♥❤❛ q✉❡
4aT < 1 ✭✸✳✷✸✮

❞❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s s✉♣♦r q✉❡
4a(T + ǫ) < 1 ✭✸✳✷✹✮

♣❛r❛ ❛❧❣✉♠ ǫ > 0✳ ❋✐①❡ y ∈ R
n✱ µ > 0✱ ❡ ❞❡✜♥❛

vαi (x, t) := uαi (x, t)−
µ

(D(T + ǫ− t))
n
2

e
|x−y|2

4(T−ǫ−t)D ✭✸✳✷✺✮

❯♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♠♦str❛ q✉❡

∂vαi
∂t

−D∆vαi = 0 ❡♠ R
n × (0, T ) ✭✸✳✷✻✮

❋✐①❛❞♦ r > 0 ❡ U := B0(y, r), UT = B0(y, r)× (0, T ]✳ ❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ t❡♦r❡♠❛
❞♦ ♠á①✐♠♦ t❡♠♦s

sup
UT

vαi = max
ΓT

vαi ✭✸✳✷✼✮

♦♥❞❡ ΓT é ❛ ❢r♦♥t❡✐r❛ ❞❡ UT ✳
❆❣♦r❛ s❡ x ∈ R

n✱

vαi (x, 0) = uαi (x, 0)−
µ

(D(T + ǫ− t))
n
2

e
|x−y|2

4(T−ǫ−t)D ≤ uαi (x, 0) = gαi (x, 0) ✭✸✳✷✽✮

❡ s❡ |x− y| = r, )0 ≤ t ≤ T ✱ ❡♥tã♦

vαi (x, t) = uαi (x, t)− µ

(D(T+ǫ−t))
n
2
e

|x−y|2
4(T−ǫ−t)D

≤ Aea|x|
2 − µ

(D(T+ǫ−t))
n
2
e

|x−y|2
4(T−ǫ−t)D

≤ Aea(|y|+r)2 − µ

(D(T+ǫ))
n
2
e

|x−y|2
4(T−ǫ)D

✭✸✳✷✾✮

❆❣♦r❛✱ ❝♦♠♦ 4D(T + ǫ) < 1 ❡♥tã♦ 1
4(T+ǫ)D

= a+ γ ♣❛r❛ ❛❧❣✉♠ γ > 0✳ ❉❡ss❛ ❢♦r♠❛ t❡♠♦s

vαi (x, t) ≤ Aea(|y|+r)2 − µ(4(a+ γ))
n
2 e(a+γ)r2 ≤ sup

Rn

gαi ✭✸✳✸✵✮

♣❛r❛ ✉♠ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡ss❛ ❢♦r♠❛✱

vαi (y, t) ≤ sup
Rn

gαi ✭✸✳✸✶✮

♣❛r❛ t♦❞♦ y ∈ R
n, 0 ≤ t ≤ T ♣♦✐s 4aT < 1✳ ❙❡❥❛ µ → 0✱ ❡♥tã♦ 4aT < 1 ♣♦❞❡ ♥ã♦ ✈❛❧❡r✦

❊♥tã♦ ♣❛r❛ ✐ss♦ ❛♣❧✐q✉❡♠♦s r❡♣❡t✐❞❛♠❡♥t❡ ♦s ✐♥t❡r✈❛❧♦s [0, T1], [T1, 2T1]✱ ❡t❝✱ ♣❛r❛ T1 = 1
8a

✼✸
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❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠♦s ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❞❡ ✉♥✐❝✐❞❛❞❡ q✉❡ s❡❣✉❡

❚❡♦r❡♠❛ ✸✳✻✳ ❙❡❥❛ ĝ ∈ C(F(Rn)), f ∈ C(F(Rn × [0, T ]))✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛
s♦❧✉çã♦ û ∈ C(F(Rn × [0, T ])) ∩ C(F(Rn × [0, T )) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

{

∂u
∂t

−D∆u = f R
n × (0, T )

u = ĝ R
n × {t = 0} ✭✸✳✸✷✮

s❛t✐s❢❛③❡♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❞❡ ❝r❡s❝✐♠❡♥t♦

uαi (x, t) ≤ Aea|x|
2

(x ∈ R
n, 0 ≤ t ≤ T ) ✭✸✳✸✸✮

♣❛r❛ ❝♦♥st❛♥t❡s A, a > 0

Pr♦✈❛✿ ❙❡ û ❡ v̂ s❛t✐s❢❛③❡♠ ✭✸✳✸✷✮ ❡ ✭✸✳✸✸✮✱ ❞❡✜♥❛ ŵ := ±û − v̂✱ ❛ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦
t❡♦r❡♠❛ ✸✳✻ ❡♠ ŵ t❡♠✲s❡ ♦ r❡s✉❧t❛❞♦✳

�

✼✹



❈❛♣ít✉❧♦ ✹

❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦

❢✉③③② ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D
❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲
r❡❛çã♦✲❛❞✈❡❝çã♦ ♦♥❞❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✱ ✐st♦ é D é ✉♠❛ ❢✉♥çã♦
❞❡ t✱ ❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ é ❢✉③③②✳

❆ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❛ss♦❝✐❛❞❛ é ❞❡t❡r♠✐♥❛❞❛ ♣♦r

∂u

∂t
= D (t)

∂2u

∂x2
✭✹✳✶✮

❙❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❢♦r ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ t✱ ✐st♦ é✱ D é ✉♠❛ ❢✉♥çã♦ ❞❛
✈❛r✐á✈❡❧ t✱ ♠❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ♦✉tr❛s ✈❛r✐á✈❡✐s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧
✐♥❞❡♣❡♥❞❡♥t❡ T ❛tr❛✈és ❞❡

dT = D (t) dt

✐st♦ é

T =

∫ t

0

D (k) dk

❢♦r♥❡❝❡♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ T ❡ t q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❢♦r♠❛ ❞❡ D (t)✳ ❯♠❛ ✈❡③ q✉❡

∂u

∂t
=
∂u

∂T
D (t)

t❡♠♦s q✉❡✱ ❛ ♣❛rt✐r ❞❡ (4.1) q✉❡
∂u

∂T
=
∂2u

∂x2
✭✹✳✷✮

q✉❡ é ✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ✶✱ ♣❛r❛
u (x, T ) .

✼✺



❙❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♣❛r❛ u (x, T = 0) ❢♦r u (x, 0) = u0δ (x− x0)✱ ∀x ∈ R ♦♥❞❡ u0
❞❡♥♦t❛ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✐♥❞✐✈í❞✉♦s ♥♦ t❡♠♣♦ T = 0✱ ❝♦♥❝❡♥tr❛❞♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠
x = x0 ❡ ❡s♣❛❧❤❛♥❞♦✲s❡ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✶ ✐❧✐♠✐t❛❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u (x, T ) =
u0√
4πT

e−
(x−x0)

2

4T ✭✹✳✸✮

❆ss✐♠✱ ❛s s♦❧✉çõ❡s ♣❛r❛ D ❝♦♥st❛♥t❡s ♣♦❞❡♠ s❡r ✉s❛❞❛s ♣❛r❛ u (x, T ) ❝♦♠♦ ❢✉♥çã♦ ❞❡
x ❡ T ❡ ❞❡♣♦✐s ♣❛ss❛✲s❡ ❞❡ T ♣❛r❛ t ❛tr❛✈és ❞❡ T =

∫ t

0
D (k) dk✱ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❢♦r♠❛ ❞❡

D (t)✳ ❙❡ ❛ ✐♥t❡❣r❛❧
∫ t

0
D (k) dk ♥ã♦ ♣✉❞❡r s❡r ❝❛❧❝✉❧❛❞❛ ❢♦r♠❛❧♠❡♥t❡ ❛ r❡❧❛çã♦ ❡♥tr❡ T ❡

t ❞❡✈❡rá s❡r ♦❜t✐❞❛ ❣r❛✜❝❛♠❡♥t❡ ♦✉ ♣♦r ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛✳
P❛r❛ ❝♦♥s✐❞❡r❛r♠♦s ♣♦r ❡①❡♠♣❧♦ q✉❡D (t) ❞✐♠✐♥✉❛ ❝♦♠ ♦ t❡♠♣♦✱ ❡s❝♦❧❤❡r❡♠♦sD (t) =

D0e
−t✱ ♦♥❞❡ D0 é ♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ D ❡♠ t = 0✱ ❛ss✐♠

T =

∫ t

0

De−kdk = D0

(

1− e−t
)

✭✹✳✹✮

❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧
{

∂u
∂t

= D0e
−t ∂2u

∂x2

u (x, 0) = u0δ (x− x0) ✱ ∀x ∈ R

é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✹✳✺✳

u (x, t) =
u0

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t) ✭✹✳✺✮

❘❡♣r❡s❡♥t❛♠♦s ❣r❛✜❝❛♠❡♥t❡✱ ♥❛ ❋✐❣✉r❛ ✹✳✶✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦
D(t) = D0e

−t✱ ❝♦♠ D0 = 1✱ ❡ ♦❜s❡r✈❛♠♦s q✉❡ ❡❧❡ ❝❛✐ ❛ ③❡r♦ r❛♣✐❞❛♠❡♥t❡✳ ◆❛ ❋✐❣✉r❛ ✹✳✷
r❡♣r❡s❡♥t❛♠♦s ❛ s♦❧✉çã♦ ✭✹✳✺✮✱ ♥♦ ♣❧❛♥♦ (x, u) ♣❛r❛ D0 = 1 ❡♠ ❞✐✈❡rs♦s t❡♠♣♦s t1 = 1✱
t2 = 2✱ t3 = 3✱ t4 = 5✱ t5 = 7✳

❖❜s❡r✈❛♠♦s q✉❡ ♣❛r❛D = D(t) ❛ ♣♦♣✉❧❛çã♦ u ❞✐s♣❡rs❛✲s❡ à ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦ ♣❛ss❛✱
♣♦ré♠ ✐♥t❡rr♦♠♣❡ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❡♠ t = 5✳ P❛r❛ t❡♠♣♦s ♠❛✐♦r❡s
q✉❡ ❡ss❡ ✈❛❧♦r✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ é ✐❣✉❛❧ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❜s❡r✈❛❞♦ ❡♠ t = 5✳
■st♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✹✳✶ q✉❡✱ ❡♠ t = 5✱ ❛♣r❡s❡♥t❛ D(t) ❛♣r♦①✐♠❛❞❛♠❡♥t❡
③❡r♦✳

❉❡ss❛ ❢♦r♠❛✱ s❡ ❝♦♠♣❛r❛r♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡♣❡♥✲
❞❡♥t❡ ❞♦ t❡♠♣♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ ♠❡t❛❞❡ ❞❛
❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ❛♥t❡r✐♦r✱ ♣♦r ❡①❡♠♣❧♦ 0.5✳ ❚❡r❡♠♦s q✉❡ ♣❛r❛ t = 1✱ ❛ ❞✐s♣❡rsã♦ é ♠❛✐♦r
♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦D(t)✱ ❡♥tr❡t❛♥t♦✱ à ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦
♣❛ss❛✱ ♦ ♠♦❞❡❧♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❝♦♥st❛♥t❡ ♣r♦❞✉③ ✉♠ ♠❛✐♦r ❡s♣❛❧❤❛♠❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦✳
■st♦ s❡ ❥✉st✐✜❝❛ ♣❡❧❛ ❢♦r♠❛ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ ✐st♦ é✱ ❡♥q✉❛♥t♦ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡❝❛✐
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✱ à ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦ ♣❛ss❛✱ ♦ ♦✉tr♦ s❡ ♠❛té♠ ❝♦♥st❛♥t❡✳

✼✻



❋✐❣✉r❛ ✹✳✶✿ ●rá✜❝♦ ❞❡ D(t)✱ ♣❛r❛ D0 = 1

❋✐❣✉r❛ ✹✳✷✿ ●rá✜❝♦ (x, u) ❞❛ s♦❧✉çã♦ ✭✹✳✺✮ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ t

❉❡ss❛ ❢♦r♠❛✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ u0 é ✉♠ ♥ú♠❡r♦ ❢✉③③② ❝♦♠ α✲♥í✈❡❧ ❞❛❞♦ ♣♦r [u0]
α =

[✉
✠
α
0 , ✠✉

α
0 ] . ❆ss✐♠ ❛ ♦s α✲♥í✈❡✐s ❞❛ s♦❧✉çã♦ ❢✉③③② ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (4.5) é ❞❛❞♦ ♣♦r✿

[u (x, t)]α =
[u0]

α

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t) ✭✹✳✻✮

q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

[u (x, t)]α =

[

✉
✠
α
0

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t) ,
✠✉α
0

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t)

]

❡ t❡♠♦s q✉❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ é ❞❛❞❛ ♣❡❧❛ ❋✐❣✉r❛ ✹✳✸✳
◗✉❡ ✈✐st❛ ❞❡ ✉♠ ♦✉tr♦ â♥❣✉❧♦✱ ♥♦s ❢❛③ ♦❜s❡r✈❛r q✉❡ ♣❛r❛ D0 = 0, 5 ❛ ♣♦♣✉❧❛çã♦ u

❞✐s♣❡rs❛ ❛ ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦ ♣❛ss❛✱ ♣♦ré♠ t❡♠♦s q✉❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ ♠♦♠❡♥t♦

✼✼







q✉❡ [û0]
α = [uα01, u

α
02] t❡♠♦s q✉❡

û(x, T ) = − û0
√

4πD0(1− e−t)
e
− (x−x0)

2

4D0D0(1−e−t) + 1− eαt, ✭✹✳✶✺✮

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦s α✲♥í✈❡✐s ❞❡ û ❞❛ ❢♦r♠❛

[û (x, t)]α =

[

✉
✠
α
01

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t) + 1− eαt,
✠✉α
02

√

4πD0 (1− e−t)
e
− (x−x0)

2

4D0(1−e−t) + 1− eαt

]

q✉❡ t❡♠ ❝♦♠♦ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❛ ❋✐❣✉r❛ ✹✳✺✳

❋✐❣✉r❛ ✹✳✺✿ ●r❛✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✭✹✳✶✺✮ ♣❛r❛ D0 = 1 ❡ α = 0.5

❖❜s❡r✈❡ q✉❡ ♥❡st❡ ❝❛s♦ t❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③② ❞❛❞❛ ♣♦r [1; 1, 5; 2]✳

✹✳✷ ❙♦❧✉çã♦ ❢✉③③② ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ✈❛r✐á✈❡❧ ❡ r❡♣r♦❞✉çã♦

▼❛❧t❤✉s✐❛♥❛

Pr♦❝✉r❛r❡♠♦s ❛q✉í ❞❡s❝r❡✈❡r ✉♠❛ s♦❧✉çã♦ ❢✉③③② ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦s ✐♥❞✐✈í❞✉♦s s❡
r❡♣r♦❞✉③❛♠ ❞❡ ❢♦r♠❛ ♠❛❧t❤✉s✉❛♥❛✱ ♦✉ s❡❥❛✱ t❡♠♦s q✉❡ ♣❛r❛ ❛❧❣✉♠ α > 0 ❛ s♦❧✉çã♦ ❢✉③③②
s❡rá ❞❛❞❛ ♣♦r

[u (x, t)]α =
[u0]

α

√

4πD0 (1− eαt)
e
− (x−x0)

2

4D0(1−eαt)
+αt

✭✹✳✶✻✮

♦✉ s❡❥❛ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r s♦❧✉çã♦ ❢✉③③② r❡❧❛❝✐♦♥❛❞♦ ❛♦ ♣r♦❜❧❡♠❛
{

∂u
∂t

= D0e
−t ∂2u

∂x2 + tu
u (x, 0) = u0δ (x− x0) ✱ ∀x ∈ R

❛ss✐♠✱ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ s♦❧✉çã♦ ❞❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✹✳✻✳

✽✵



❋✐❣✉r❛ ✹✳✻✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ♣❛r❛ α = 0.5

❖❜s❡r✈❡♠♦s q✉❡ ♥❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ❛ ❞♦ ❝❛s♦ ❝✉❥♦
♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ é ❝♦♥st❛♥t❡✱ ♣♦✐s ♦ s✐st❡♠❛ ❞❡ r❡♣r♦❞✉çã♦ ♠❛❧t❤✉s✐❛♥♦ ❛ ♣❛rt✐r
❞❡ ❞❡t❡r♠✐♥❛❞♦ ♠♦♠❡♥t♦ s❡ t♦r♠❛ ♠✉✐t♦ ✐♥stá✈❡❧✱ ♦✉ s❡❥❛ ❛ r❡♣r♦❞✉çã♦ s❡ t♦r♥❛ ♠✉✐t♦
❡❧❡✈❛❞❛✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ✉♠ t❡r♠♦ ❛❞✈❡❝t✐✈♦✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s ❡st✉❞❛♥❞♦ ✉♠❛
s♦❧✉çã♦ ❞❛ ❢♦r♠❛

[u (x, t)]α =
[u0]

α

√

4πD0 (1− eαt)
e
− (x−x0−at)2

4D0(1−eαt)
+αt

✭✹✳✶✼✮

❡ t❡r❡♠♦s ❝♦♠♦ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❛ ❋✐❣✉r❛ ✹✳✼ q✉❡ é ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦ ♣r♦✲
❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③②

{

∂u

∂t
= D0e

−t ∂2u
∂x2 + a∂u

∂x
+ tu

u (x, 0) = u0δ (x− x0) ✱ ∀x ∈ R

❋✐❣✉r❛ ✹✳✼✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✭✹✳✶✼✮ ♣❛r❛ α = 0.5 ❡ a = 6✳

✽✶



✹✳✸ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❞✐❢✉✲

sã♦ ♥♦ ✐♥st❛♥t❡ t = t∗

❉❡ ✐♥í❝✐♦✱ ♠♦str❛r❡♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦✱ ♦♥❞❡ ♦ ♠❡s♠♦ é ❞❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ P❛r❛
✐ss♦✱ ♠♦str❛r❡♠♦s ❛s ✐♥t❡rs❡❝çõ❡s ❞♦s α✲♥í✈❡✐s ❞❛ s♦❧✉çã♦ ❝♦♠ ✉♠ ♣❧❛♥♦ q✉❛❧q✉❡r t = t∗✳
❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ s♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❢✉③③② é q✉❡ ❛
♠❡s♠❛ s❡ ♠♦str❛ ✐♥❡✜❝❛③ ♣❛r❛ ✉♠ t❡♠♣♦ ❣r❛♥❞❡ s❡♥❞♦ ♥❡❝❡ssár✐♦ s❡r ✐♥❝♦r♣♦r❛❞♦ ♠❛✐s
✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞♦ ❢❡♥ô♠❡♥♦ ❡st✉❞❛❞♦✳ ❱❛❧❡ r❡s❛❧t❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ss❛ s♦❧✉çã♦✱
✉♠❛ ✈❡③ q✉❡ ♣❛r❛ t→ ∞ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✳

❋✐❣✉r❛ ✹✳✽✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.1 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦ ❝♦♠ D = e−t✳

❋✐❣✉r❛ ✹✳✾✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.2 ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦ ❝♦♠ D = e−t✳

✽✷



❋✐❣✉r❛ ✹✳✶✵✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.5 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡✲
♥❛s ❞✐❢✉sã♦ ❝♦♠ D = e−t✳

❋✐❣✉r❛ ✹✳✶✶✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 1 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦ ❝♦♠ D = e−t✳

❋✐❣✉r❛ ✹✳✶✷✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 2 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦ ❝♦♠ D = e−t✳

❋✐❣✉r❛ ✹✳✶✸✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 5 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s
❞✐❢✉sã♦ ❝♦♠ D = e−t✳

✽✸



❋✐❣✉r❛ ✹✳✶✹✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 100 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡✲
♥❛s ❞✐❢✉sã♦ ❝♦♠ D = e−t✳

❋✐❣✉r❛ ✹✳✶✺✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 1000 ❡♥✈♦❧✈❡♥❞♦ ❛♣❡✲
♥❛s ❞✐❢✉sã♦ ❝♦♠ D = e−t✳

✹✳✹ ❙♦❧✉çã♦ ❢✉③③② ❞❛ ❡q✉❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❞✐❢✉sã♦✲

r❡❛çã♦✲❛❞✈❡❝çã♦ ♥♦ ✐♥st❛♥t❡ t = t∗

▼♦str❛r❡♠♦s ❛❣♦r❛✱ ❛ ❡✈♦❧✉çã♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲
r❡❛çã♦✲❛❞✈❡❝çã♦✳

❋✐❣✉r❛ ✹✳✶✻✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.1 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

❋✐❣✉r❛ ✹✳✶✼✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.3 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

✽✹



❋✐❣✉r❛ ✹✳✶✽✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.4 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

❋✐❣✉r❛ ✹✳✶✾✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.6 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

❋✐❣✉r❛ ✹✳✷✵✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.4 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

❋✐❣✉r❛ ✹✳✷✶✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③②
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.6 ❡♥✈♦❧✈❡♥❞♦
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ♣❛r❛ b = 1 ❡ a =
2✳

✽✺



✹✳✺ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲

❛❞✈❡❝çã♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦

✹✳✺✳✶ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❢✉③③②

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ q✉❡ ♦s ✐♥❞✐✈í❞✉♦s s❡ ♠♦✈✐♠❡♥t❡♠ ♥♦ ♣❧❛♥♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡
❞✐❢✉sã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ✐♥❝❡rt❛✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠
r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③②

{

∂u
∂t

= D0e
−t
(

∂2u
∂y2

+ ∂2u
∂y2

)

u (x, y, 0) = û0δ (x− x0, y − y0) ✱ ∀x, y ∈ R

q✉❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❢✉③③② ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞❛
❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✱ ❛ ❡①♣r❡ssã♦

[û (x, t)]α =
[u0]

α

√

4πD0 (1− eαt)
e
− (x−x0)

2+(y−y0)
2

4D0(1−eαt) ✭✹✳✶✽✮

♦♥❞❡ û0 é ✉♠ ♥ú♠❡r♦ ❢✉③③②✳ ◆❡st❡ ❝❛s♦✱ ❛♣❡♥❛s ♣♦❞❡♠♦s t❡r ✉♠ r❡♣r❡s❡♥t❛çã♦ tr✐❞✐♠❡♥✲
s✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ ✐ss♦ ❛ ♣r♦❥❡çã♦ ❞❛ s♦❧✉çã♦ ♥♦ ♣❧❛♥♦ t = t∗ ❝♦♥❢♦r♠❡
❛s ✜❣✉r❛s ✭✹✳✷✷✮✱ ✭✹✳✷✸✮✱ ✭✹✳✷✹✮ ❡ ✭✹✳✷✺✮✳

❋✐❣✉r❛ ✹✳✷✷✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 1 ❡ D(t) = e−t ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦✳

❋✐❣✉r❛ ✹✳✷✸✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 1 ❡ D(t) = e−t ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦✳

✽✻



❋✐❣✉r❛ ✹✳✷✹✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 10 ❡ D(t) = e−t ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦✳

❋✐❣✉r❛ ✹✳✷✺✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 10 ❡ D(t) = e−t ❡♥✈♦❧✲
✈❡♥❞♦ ❛♣❡♥❛s ❞✐❢✉sã♦✳

✹✳✺✳✷ ❙♦❧✉çã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦

❢✉③③②

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❛ s❡❝çã♦ ❛♥t❡r✐♦r ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ r❡✲
♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢✉③③② ❡♠ q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ é ✐♥❝❡rt❛ ❡ ♦ ♣r♦❝❡ss♦
♦❝♦rr❡ ❡♥✈♦❧✈❡♥❞♦ ❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦✱ ♦✉ s❡❥❛ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ♦
♣r♦❜❧❡♠❛

{

∂u
∂t

= D0e
−t
(

∂2u
∂y2

+ ∂2u
∂y2

)

+
(

a∂u
∂x

+ b∂u
∂y

)

(x, t) + cu (x, t)

u (x, y, 0) = û0δ (x− x0, y − y0) ✱ ∀x, y ∈ R

q✉❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❢✉③③② ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞❛
❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✱ ❛ ❡①♣r❡ssã♦

[û (x, t)]α =
[u0]

α

√

4πD0 (1− eαt)
e
− (x−x0−at)2+(y−y0−bt)2

4D0(1−eαt)
+ct

✭✹✳✶✾✮

♦♥❞❡ û0 é ✉♠ ♥ú♠❡r♦ ❢✉③③②✳ ◆❡st❡ ❝❛s♦✱ ❛♣❡♥❛s ♣♦❞❡♠♦s t❡r ✉♠ r❡♣r❡s❡♥t❛çã♦ tr✐❞✐♠❡♥✲
s✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ ✐ss♦ ❛ ♣r♦❥❡çã♦ ❞❛ s♦❧✉çã♦ ♥♦ ♣❧❛♥♦ t = t∗ ❝♦♥❢♦r♠❡
❛s ✜❣✉r❛s ✭✹✳✷✻✮✱ ✭✹✳✷✼✮✱ ✭✹✳✷✽✮ ❡ ✭✹✳✷✾✮✳

✽✼



❋✐❣✉r❛ ✹✳✷✻✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.1✱ D(t) = 2e−t✱
a = 2✱ b = 3✱ c = 1 ❡ [û0]

α = [50 70 90]✳

❋✐❣✉r❛ ✹✳✷✼✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.1✱ D(t) = 2e−t✱
a = 2✱ b = 3✱ c = 1 ❡ [û0]

α = [50 70 90]✳

❋✐❣✉r❛ ✹✳✷✽✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐✲
❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 0.5✱ D(t) = 2e−t✱
a = 2✱ b = 3✱ c = 1 ❡ [û0]

α = [50; 70; 90]✳

❋✐❣✉r❛ ✹✳✷✾✿ ●rá✜❝♦ ❞❛ s♦❧✉çã♦ ❢✉③③② ❜✐❞✐✲
♠❡♥s✐♦♥❛❧ ♣❛r❛ t = 1✱ D(t) = 2e−t✱ a = 2✱
b = 3✱ c = 1 ❡ [û0]

α = [50; 70; 90]✳

✽✽



❋✐❣✉r❛ ✹✳✸✵✿ ❯♥✐ã♦ ❞♦s ❣rá✜❝♦s ❞❛s s♦❧✉çõ❡s ❢✉③③② ♣❛r❛ t = 0.1✱ t = 0.5 ❡ t = 1✳

✽✾
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❈❛♣ít✉❧♦ ✺

❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✈✐❛ ❜❛s❡ ❞❡ r❡❣r❛s✿

▼♦❞❡❧♦s ♣✲❢✉③③②

✺✳✶ ■♥tr♦❞✉çã♦

❆s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❡ ❞❡ ❞✐❢❡r❡♥ç❛s ❞❡t❡r♠✐♥íst✐❝❛s ❝♦♥st✐t✉❡♠ ✉♠❛ ♣♦❞❡r♦s❛ ❢❡r✲
r❛♠❡♥t❛ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s ❝✉❥❛s ❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦s ❡stã♦ s✉❥❡✐t❛s às
✈❛r✐❛çõ❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡t❡r♠✐♥íst✐❝❛ s❡r ❡✜❝✐❡♥t❡
é ♥❡❝❡ssár✐♦ q✉❡ t❡♥❤❛♠♦s ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ✉♠ t❛♥t♦ ♣r♦❢✉♥❞♦ ❞❛s r❡❧❛çõ❡s ❡①✐st❡♥t❡s
❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❡ s✉❛s ✈❛r✐❛çõ❡s✳ ➱ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ ❢❡♥ô♠❡♥♦ q✉❡ t♦r♥❛ ♣♦ssí✈❡❧ ❛ ❡s✲
❝♦❧❤❛ ❞❛s ❢✉♥çõ❡s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s ✈❛r✐❛çõ❡s ❝♦♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦ ✭✈❛❧♦r✮ ❞❛ ✈❛r✐á✈❡❧✳
❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s ♣♦ré♠✱ ❡st❛ r❡❧❛çã♦ ❡♥tr❡ ✈❛r✐á✈❡✐s ❡ ✈❛r✐❛çõ❡s é s♦♠❡♥t❡ ❝♦♥❤❡❝✐❞❛
♣❛r❝✐❛❧♠❡♥t❡✱ ♦ q✉❡ t♦r♥❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡t❡r♠✐♥íst✐❝❛ ♠❡♥♦s ❛♣❧✐❝á✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♠♦❞❡❧❛❣❡♠ ❛tr❛✈és ❞❡ ❡q✉❛çõ❡s ✈❛r✐❛❝✐♦♥❛✐s ❢✉③③② ❡♠❜♦r❛ ❝♦♠♣♦r✲
t❛♥❞♦ s✉❜❥❡t✐✈✐❞❛❞❡s✱ t❛♠❜é♠ ♥ã♦ sã♦ ❛♣❧✐❝á✈❡✐s à ♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s ❝♦♠ r❡❧❛çõ❡s
♣❛r❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞❛s ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ❡st❡s ♠♦❞❡❧♦s sã♦ ♣r♦✈❡♥✐❡♥t❡s ❞❡ ♠♦❞❡❧♦s ❞❡✲
t❡r♠✐♥íst✐❝♦s✳ ❆ s✉❜❥❡t✐✈✐❞❛❞❡ s✉♣♦rt❛❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ❢✉③③② s❡ r❡❢❡r❡ à ✐♠♣r❡❝✐sõ❡s
q✉❛♥t♦ ❛♦s ❡st❛❞♦s ✐♥✐❝✐❛✐s ❞❛s ✈❛r✐á✈❡✐s ✭❢✉③③✐♥❡ss ❞❡♠♦❣rá✜❝❛✮ ❡ ♣❛râ♠❡tr♦s ✭❢✉③③✐♥❡ss
❛♠❜✐❡♥t❛❧✮✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❛♠❜♦s ♦s t✐♣♦s ❞❡ ❢✉③③✐♥❡ss ❡stã♦ ♣r❡s❡♥t❡s ❡♠ ❡q✉❛çõ❡s ❞❡
❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧✳

P♦✉❝♦ tr❛❜❛❧❤♦s sã♦ ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❛ r❡s♣❡✐t♦ ❞❡ ❊❉P ❢✉③③②✳ P♦❞❡♠♦s ❝✐t❛r
❛❧❣✉♥s ❞❡❧❡s✿ ❊♠ ✭❘✐❝❛r❞ ❡t ❛❧✳ ✭✷✵✵✺❜✮✱ ❘✐❝❛r❞ ❡t ❛❧✳ ✭✷✵✵✺❛✮✮ ❢♦✐ ✉t✐❧✐③❛❞♦ s✐st❡♠❛s ♣✲
❢✉③③② ♣❛r❛ ❡st✐♠❛r ♣❛râ♠❡tr♦s ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ q✉❡ ❞❡s❝r❡✈✐❛ ❞♦❡♥ç❛s
❝♦♠ tr❛♥s♠✐ssã♦ ❞✐r❡t❛ ❞♦ t✐♣♦ ❙■❙✳ ❊♠ ✭▼✐ss✐♦ ✭✷✵✵✽✮✮ ❢♦✐ ♣r♦♣♦st♦ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛
♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❡s♣❛❝✐❛❧ ❡ t❡♠♣♦r❛❧ ❞❛ ❢❡❜r❡ ❛❢t♦s❛ ❡♠ ❜♦✈✐♥♦s✱ ❛ q✉❛❧ ♣♦❞❡ s❡r
❛❞❛♣t❛❞❛ ♣❛r❛ ❢❡♥ô♦♠❡♥♦s ❝✉❥♦s ❛s♣❡❝t♦s ❞❡ ✐♥❝❡rt❡③❛s sã♦ ✐♠♣♦rt❛♥t❡s ♥❛ s✉❛ ❞✐♥â♠✐❝❛✳
❖ ♠♦❞❡❧♦ ❞❡ ❊❉P✱ tr❛t❛❞♦ ❡♠ ▼✐ss✐♦ ✭✷✵✵✽✮ é ❝♦♠♣❛rt✐♠❡♥t❛❧ ❞♦ t✐♣♦ ❙■❘ ❝♦♠ ❞✐s♣❡rsã♦
❧♦❝❛❧ ✐♥❝❡rt❛✳ ❆s ✐♥❝❡rt❡③❛s ❞❛ ❞✐s♣❡rsã♦ ❧♦❝❛❧✱ ❞❛❞❛ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞✐❢✉sã♦✱ sã♦

✾✶



♠♦❞❡❧❛❞❛s ♣❡❧❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s ❢✉③③②✳
◆❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦♣♦♠♦s ✉♠ s✐st❡♠❛ ♣✲❢✉③③② q✉❡ s✐♠✉❧❛ ❛ ❞✐s♣❡rsã♦ ❞♦s ✐♥❞✐✈í❞✉♦s

♦♥❞❡ s❡✉s ♠♦✈✐♠❡♥t♦s ❞❡ ❞✐❢✉sã♦ sã♦ ❢♦r♠✉❧❛❞❛s ♣♦r ♠❡✐♦ ❞❡ r❡❣r❛s ✐♥t✉✐t✐✈❛s
❈♦♥s✐❞❡r❛♠♦s q✉❡ ❡ss❡ ♣r♦❝❡ss♦ ♦❝♦rr❛ ❞❡♣❡♥❞❡♥❞♦ ❞❡ ❛♣❡♥❛s ❞♦✐s ❢❛t♦r❡s✿ t❡♠♣♦ ❡

❡s♣❛ç♦✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ é ❞❛❞♦✳ P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡
❞✐❢✉sã♦ é ✐♥❝❡rt♦✱ t❛♠❜é♠ ♣♦❞❡♠♦s ✉t✐❧✐③❛r r❡❣r❛s ❢✉③③② q✉❡ s✐♠✉❧❡♠ ❛ ❞✐s♣❡rsã♦ ❡s♣❛❝✐❛❧
❞❡♣❡♥❞❡♥❞♦ ❞❛ ✈❛r✐❛çã♦ ❞♦ t❡♠♣♦ ❡ ❞❡ ✉♠ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦ ❞❛❞♦✳

❖s s✐st❡♠❛s ♣✲❢✉③③② ✐♥❝♦r♣♦r❛♠ ✐♥❢♦r♠❛çõ❡s s✉❜❥❡t✐✈❛s t❛♥t♦ ♥❛s ✈❛r✐á✈❡✐s q✉❛♥t♦ ♥❛s
✈❛r✐❛çõ❡s ❡ s✉❛s r❡❧❛çõ❡s ❝♦♠ ❛s ✈❛r✐á✈❡✐s✱ s❡♥❞♦ ♣♦rt❛♥t♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ út✐❧ ♣❛r❛
♠♦❞❡❧❛❣❡♠ ❞❡ ❢❡♥ô♠❡♥♦s ❝✉❥♦ ❝♦♠♣♦rt❛♠❡♥t♦ é s♦♠❡♥t❡ ♣❛r❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞♦✳

✺✳✷ ❙✐st❡♠❛s ❜❛s❡❛❞♦ ❡♠ r❡❣r❛s ❢✉③③②✿ ❈♦♥tr♦❧❛❞♦r ❞❡

▼❛♠❞❛♥✐

❖s s✐st❡♠❛s ❢✉③③② sã♦✱ ❡♠ ❣❡r❛❧✱ ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s s✐st❡♠❛s ❝❧ás✲
s✐❝♦s✱ ♦✉ s❡❥❛✱ ♥❡ss❛ ❛❜♦r❞❛❣❡♠ ♦s ❝♦♥❝❡✐t♦s ✐♥❝❡rt♦s sã♦ ✐♥❝♦r♣♦r❛❞♦s ❛ ❡ss❡s s✐st❡♠❛s✳
❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝❡♥tr❛❧ ❞♦s s✐st❡♠❛s ❢✉③③② é q✉❡ ❡❧❡s sã♦ ❜❛s❡❛❞♦s ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❛rt✐✲
çã♦ ❢✉③③② ❞❛s ✐♥❢♦r♠❛çõ❡s✳ ❆ ✉t✐❧✐③❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❢✉③③② ♣❡r♠✐t❡ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛
✐♥❢♦r♠❛çã♦✱ q✉❡ ❡stá ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ✐♠♣r❡❝✐sã♦ ❞♦ ❞❡s❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s
❢❡♥ô♠❡♥♦s✳ ❊♠ ❡ssê♥❝✐❛✱ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦ ♥♦s s✐st❡♠❛s ❢✉③③② ♣r♦❝✉r❛ ✐♠✐✲
t❛r ♦ ♣r♦❝❡ss♦ ❞❡ r❛❝✐♦❝í♥✐♦ ❤✉♠❛♥♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♥❤❡❝✐♠❡♥t♦s ❤❡✉ríst✐❝♦s ❡ ❝r✉③❛♥❞♦
✐♥❢♦r♠❛çõ❡s ❛ ♣r✐♥❝í♣✐♦ ❞❡s❝♦♥❡❝t❛❞❛s✳

❖s s✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ r❡❣r❛s ❢✉③③② tê♠ ❝♦♠♦ ❜❛s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❞♦ t✐♣♦
❙❡✲❊♥tã♦✱ ❝✉❥♦s ♣r❡❞✐❝❛❞♦s sã♦ s✉❜❥❡t✐✈♦s✳ ◆❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s✱ ❛s q✉❛♥t✐❞❛❞❡s ❡stã♦
❛ss♦❝✐❛❞❛s ❛ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s✱ s❡♥❞♦ ♦ s✐st❡♠❛ ❢✉③③② ❡ss❡♥❝✐❛❧♠❡♥t❡ ✉♠❛ ❡①♣r❡ssã♦
q✉❛❧✐t❛t✐✈❛ ❞♦ ❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦✳ ❊ss❡ t✐♣♦ ❞❡ s✐st❡♠❛ é ❜❛s❡❛❞♦ ♥❛ ✉t✐❧✐③❛çã♦ ❞❛
❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❢❡♥ô♠❡♥♦s✳ ❖s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s
sã♦ ✉s❛❞♦s ♣❛r❛ ❡①♣r❡ss❛r ❝♦♥❝❡✐t♦s ❡ ❝♦♥❤❡❝✐♠❡♥t♦s ♥❛ ❝♦♠✉♥✐❝❛çã♦ ❤✉♠❛♥❛✱ ❡ ❡♠ ♠✉✐t❛s
ár❡❛s ❡❧❡s sã♦ ✉♠❛ ❢♦r♠❛ ✐♠♣♦rt❛♥t❡ ❞❡ q✉❛♥t✐✜❝❛r ♦s ❞❛❞♦s✳ ❖ ✉s♦ ❞❡ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s
é ❢r❡q✉❡♥t❡ ♥♦ ❝♦t✐❞✐❛♥♦ ❞❡ ❝❛❞❛ ♣❡ss♦❛✳ ❉✐③✲s❡ q✉❡ ✏❖ ❞✐❛ ❡stá ♠✉✐t♦ q✉❡♥t❡✑ ✱✏❖ ô♥✐❜✉s
❡st❛✈❛ ❧♦t❛❞♦✑✱ ✏❚❛❧ ♣❡ss♦❛ é ❛❧t❛✱ ♠❛❣r❛✑ ❡t❝✳ ❚♦❞♦s ❡st❡s t❡r♠♦s ♣♦ss✉❡♠ ✉♠ s✐❣♥✐✜❝❛❞♦
❡ tr❛♥s♠✐t❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ✐♥❢♦r♠❛çã♦✳

❯♠❛ ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛ ❢✉③③② X ♥✉♠ ❝♦♥❥✉♥t♦ ✉♥✐✈❡rs♦ U é ✉♠❛ ✈❛r✐á✈❡❧ ❝✉❥♦s ✈❛❧♦✲
r❡s sã♦ ❡①♣r❡ss♦s q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ♣♦r t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ❡ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ♣♦r ✉♠❛
❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛✳ ❖✉ s❡❥❛✱ é ✉♠❛ ✈❛r✐á✈❡❧ ❝✉❥♦s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣♦r ❡❧❛ sã♦ s✉❜✲
❝♦♥❥✉♥t♦s ❢✉③③② ❞❡ U ✳ ❯♠❛ ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♥♦♠❡ ❞❛ ✈❛r✐á✈❡❧
✭t❡♠♣❡r❛t✉r❛✱ ♣r❡ssã♦✱ ❢❡❜r❡✱ ❡t❝✳✮❀ ❝♦♥❥✉♥t♦ ❞❡ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ✭❡❧❡✈❛❞♦✱ ❜❛✐①♦✱ ♣♦✉❝♦✱
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❡①t❡♥s♦✱ ❡t❝✳✮❀ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❡s ❞❛ ✈❛r✐á✈❡❧ s♦❜r❡ ♦ q✉❛❧ ♦ s✐❣♥✐✜❝❛❞♦ ❞♦ t❡r♠♦ ❧✐♥❣✉íst✐❝♦
é ❞❡t❡r♠✐♥❛❞♦✳

❆ ❋✐❣✉r❛ ✭✺✳✶✮ ✐❧✉str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛✱ ❝✉❥♦ ♥♦♠❡ é ❋❡❜r❡✳ ❙❡✉s
t❡r♠♦s ❧✐♥❣✉íst✐❝♦s sã♦ ❜❛✐①❛✱ ♠é❞✐❛ ❡ ❛❧t❛✱ ♦ ❞♦♠í♥✐♦ é ♦ ✐♥t❡r✈❛❧♦ ❬✸✻✱ ✹✵❪ ❡ ❝❛❞❛ t❡r♠♦
❧✐♥❣✉íst✐❝♦ t❡♠ ❛ ❡❧❡ ❛ss♦❝✐❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❢✉③③② q✉❡ ♦ ❝❛r❛❝t❡r✐③❛✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r

❋✐❣✉r❛ ✺✳✶✿ ❱❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s

q✉❡ ❛ ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛ é ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❜ás✐❝❛✱ ♦✉ s❡❥❛✱ ❞❡♥tr♦ ❞❡
✉♠ ❝❡rt♦ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❡s✱ q✉❡ ❞❡♥♦t❛ ❛ s✉❛ ♠❡❞✐❞❛✳ ◆❡ss❡ ❡①❡♠♣❧♦✱ ❛ ❢❡❜r❡ é ♠❡❞✐❞❛
❡♠ ❣r❛✉s ❝❡♥tí❣r❛❞♦s ✭t❡♠♣❡r❛t✉r❛✮✳ ❊st❛ ♠❡❞✐❞❛ ♣♦❞❡ s❡r q✉❛♥t✐t❛t✐✈❛✱ ♥♦ ❝❛s♦ ❡♠ q✉❡
é ♣♦ssí✈❡❧ ♦ ✉s♦ ❞❡ ❛♣❛r❡❧❤♦s ❞❡ ♠❡❞✐❞❛✳ ❊♠ ❣❡r❛❧✱ é ♦ ❡s♣❡❝✐❛❧✐st❛ q✉❡ ❞❡✜♥❡ ♦ ❞♦♠í♥✐♦
❞❛ ✈❛r✐á✈❡❧ ❡ r❡❛❧✐③❛ s✉❛ ♣❛rt✐çã♦ ❢✉③③②✳ ◆❡ss❡ ❝♦♥t❡①t♦✱ ♦ ♣❛♣❡❧ ❞♦ ❡s♣❡❝✐❛❧✐st❛ t♦r♥❛✲s❡
❢✉♥❞❛♠❡♥t❛❧ ♥❛ ♠♦❞❡❧❛❣❡♠ ❢✉③③②✳

❚❛♠❜é♠ é ✐♠♣♦rt❛♥t❡ ❞❡✜♥✐r ♦ q✉❡ sã♦ ❛s ❘❡❣r❛s ❋✉③③②✳ P♦❞❡♠♦s ❞❡✜♥✐r ❝♦♠♦
❡str✉t✉r❛s ❞❛ ❢♦r♠❛ ❙❡ ④❛♥t❡❝❡❞❡♥t❡s⑥ ❊♥tã♦ ④❝♦♥s❡q✉❡♥t❡s⑥ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❞❡s❝r❡✈❡r
s✐t✉❛çõ❡s ❡s♣❡❝í✜❝❛s q✉❡ ♣♦❞❡♠ s❡r s✉❜♠❡t✐❞❛s à ❛♥á❧✐s❡ ❞❡ ✉♠ ♣❛✐♥❡❧ ❞❡ ❡s♣❡❝✐❛❧✐st❛s
❡✱ ❝✉❥❛ ✐♥❢❡rê♥❝✐❛ ❝♦♥❞✉③ ❛ ❛❧❣✉♠ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳ ❖s ❛♥t❡❝❡❞❡♥t❡s ❞❡✜♥❡♠ ✉♠❛
r❡❣✐ã♦ ❢✉③③② ♥♦ ❡s♣❛ç♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ❞♦ s✐st❡♠❛ ❡ ❞❡s❝r❡✈❡♠ ✉♠❛ ❝♦♥❞✐çã♦✱
❡♥q✉❛♥t♦ ♦s ❝♦♥s❡q✉❡♥t❡s ❞❡✜♥❡♠ ✉♠❛ r❡❣✐ã♦ ♥♦ ❡s♣❛ç♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ s❛í❞❛ ❞♦ s✐st❡♠❛
❡ ❞❡s❝r❡✈❡♠ ✉♠❛ ❝♦♥❝❧✉sã♦ ♦✉ ✉♠❛ ❛çã♦ q✉❡ ♣♦❞❡ s❡r ❡s❜♦ç❛❞❛ q✉❛♥❞♦ ❛s ♣r❡♠✐ss❛s s❡
✈❡r✐✜❝❛♠✳ ❆ r❡❣r❛ ❢✉③③② é ✉♠❛ ✉♥✐❞❛❞❡ ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ❛❧❣✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❡s♣❡❝í✜❝♦✳

❯♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ✭♦✉ ❇❛s❡ ❞❡ ❘❡❣r❛s✮ é ❝❛♣❛③ ❞❡ ❞❡s❝r❡✈❡r ✉♠ s✐st❡♠❛ ❡♠ s✉❛s
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✈ár✐❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❝✉♠♣r✐♥❞♦ ♦ ♣❛♣❡❧ ❞❡ ✏tr❛❞✉③✐r✑ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ✐♥❢♦r♠❛çõ❡s q✉❡
❢♦r♠❛♠ ❛ ❜❛s❡ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ❞♦ s✐st❡♠❛ ❢✉③③②✳ ❖s s✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ r❡❣r❛s ❢✉③③②
✭❙❇❘❋✮ ♣♦ss✉❡♠ q✉❛tr♦ ♠ó❞✉❧♦s✿ ♠ó❞✉❧♦ ❞❡ ❢✉③③✐✜❝❛çã♦❀ ♠ó❞✉❧♦ ❞❛ ❜❛s❡ ❞❡ r❡❣r❛s
❧✐♥❣✉íst✐❝❛s❀ ♠ó❞✉❧♦ ❞❡ ✐♥❢❡rê♥❝✐❛ ❢✉③③② ❡ ♠ó❞✉❧♦ ❞❡ ❞❡❢✉③③✐✜❝❛çã♦✳ ❊st❡s ♠ó❞✉❧♦s ❡stã♦
❝♦♥❡❝t❛❞♦s ❝♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✷✳

❋✐❣✉r❛ ✺✳✷✿ ❊str✉t✉r❛ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛ ♣✲❢✉③③②

❱❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s sã♦ ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ q✉❡ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ sã♦ ❡①♣r❡ss❛s ♣♦r
❝♦♥❥✉♥t♦s ❢✉③③②✳ ❖s ❝♦♥❥✉♥t♦s ❢✉③③② r❡♣r❡s❡♥t❛♠ ♦s ❡st❛❞♦s ❞❛ ✈❛r✐á✈❡❧ q✉❡✱ ❡♠ ❣❡r❛❧✱ sã♦
❡①♣r❡ss♦s ♣♦r ✈❛❧♦r❡s s✉❜❥❡t✐✈♦s ❝♦♠♦ ♣❡q✉❡♥♦✱ ♠✉✐t♦ ❛❧t♦ ❡ ❡t❝✳ P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❞♦
q✉❡ ❛ ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛ s❡❥❛ ♣♦♣✉❧❛çã♦✱ s❡✉s ❡st❛❞♦s s✉❜❥❡t✐✈❛♠❡♥t❡ ♣♦❞❡♠ s❡r ❜❛✐①❛✱
♠é❞✐❛ ❡ ❛❧t❛✳ ❖s t❡r♠♦s s✉❜❥❡t✐✈♦s q✉❡ ❞❡t❡r♠✐♥❛♠ ♦s ❡st❛❞♦s ❞❛s ✈❛r✐á✈❡✐s sã♦ ❞❡♥♦♠✐✲
♥❛❞♦s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s✳ ❖s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ♣♦✐s
❞❡✜♥❡♠ ♦s ❡st❛❞♦s ❞❛s ✈❛r✐á✈❡✐s✳ ◗✉❛♥t♦ ♠❛✐s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s✱ ♠❛✐s ♣r❡❝✐s♦s ❡stã♦ ♦s
❡st❛❞♦s ❛ss✉♠✐❞♦s ♣❡❧❛s ✈❛r✐á✈❡✐s✳

❯♠ ❙✐st❡♠❛ ❜❛s❡❛❞♦ ❡♠ r❡❣r❛s ❢✉③③② é ❝♦♥st✐t✉✐❞♦ ❜❛s✐❝❛♠❡♥t❡ ♣♦r ✉♠ ❢✉③③✐✜❝❛❞♦r✱
✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s✱ ✉♠ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ ❡ ✉♠ ❞❡❢✉③③✐✜❝❛❞♦r✳ ◆♦ ❢✉③③✐✜❝❛❞♦r ❝❛❞❛
❡♥tr❛❞❛ ❞♦ s✐st❡♠❛ é tr❛♥s❢♦r♠❛❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❢✉③③②✱ ♦✉ s❡❥❛✱ s❡ xo ∈ R

n é ✉♠❛
❡♥tr❛❞❛ ❞♦ s✐st❡♠❛✱ ♦ ❢✉③③✐✜❝❛❞♦r ❛ss♦❝✐❛ ❛ ❡st❛ ❡♥tr❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ µxo

(a)✳
❊♠ ♠✉✐t♦s ❝❛s♦s✱ ❛ ❢✉♥çã♦ µxo

(a) é ❛ ♣ró♣r✐❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ xo✳
❆ ❜❛s❡ ❞❡ r❡❣r❛s é ✉♠ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r r❡❣r❛s ❢✉③③② q✉❡ r❡❧❛❝✐♦♥❛ ♦s t❡r♠♦s

❧✐♥❣✉íst✐❝♦s ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✳ ❆ ❜❛s❡ ❞❡ r❡❣r❛s é ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠
❡❧❡♠❡♥t♦ ✐♥t❡❣r❛♥t❡ ❞♦ ♥ú❝❧❡♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ❢✉③③②✳ ❈❛❞❛ r❡❣r❛ ❞❛ ❜❛s❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡
❡str✉t✉r❛✿

❙❊ a ❡stá ❡♠ Ai ❊◆❚➹❖ b ❡stá ❡♠ Bi✳

♦♥❞❡ Ai ❡ Bi sã♦ ❝♦♥❥✉♥t♦s ❢✉③③② q✉❡ r❡♣r❡s❡♥t❛♠ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ❞❛s ✈❛r✐á✈❡✐s ❞❡
❡♥tr❛❞❛ ❡ s❛í❞❛ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❡①♣r❡ssã♦ a ❡stá ❡♠ Ai s✐❣♥✐✜❝❛ q✉❡ µAi

(a) ∈ [0, 1]✳
❚❛♥t♦ ♦ ❝♦♥❥✉♥t♦ ❢✉③③② Ai q✉❛♥t♦ Bi ♣♦❞❡♠ s❡r ✉♠ ♣r♦❞✉t♦s ❝❛rt❡s✐❛♥♦s ❞❡ ❝♦♥❥✉♥t♦s
❢✉③③②✱ ✐st♦ é✱ Ai = Ai1 × Ai2 × · · · × Aim ❡ Bi = Ai1 × Bi2 × · · · × Bin✳ ◆❡st❡ ❝❛s♦✱
❝❛❞❛ ❝♦♥❥✉♥t♦ ❢✉③③② Aij ❡ Bik r❡♣r❡s❡♥t❛ ✉♠ t❡r♠♦ ❧✐♥❣✉íst✐❝♦ ♣❛r❛ ❛ j✲és✐♠❛ ✈❛r✐á✈❡❧ ❞❡
❡♥tr❛❞❛ ❡ k✲és✐♠❛ ✈❛r✐á✈❡❧ ❞❡ s❛✐❞❛ ❡✱ ❛ ❡①♣r❡ssã♦ a ❡stá ❡♠ Ai s✐❣♥✐✜❝❛ q✉❡ µAi

(a) =

✾✹



min{µAi1
, µAi2

, · · · , µAim
} ∈ [0, 1]. ➱ ♥❛ ❞❡✜♥✐çã♦ ❞❛ ❜❛s❡ ❞❡ r❡❣r❛s q✉❡ ❛s ✐♥❢♦r♠❛çõ❡s ❞♦

❢❡♥ô♠❡♥♦ ❡♠ ❡st✉❞♦ sã♦ ✉t✐❧✐③❛❞❛s✳ P❛r❛ ❝❛❞❛ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧♦s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ❞❛
✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛✱ é ❞❡✜♥✐✜❞♦ ✉♠❛ r❡❣r❛✳ ❙❡♥❞♦ ❛ss✐♠✱ q✉❛♥t♦ ♠❛✐s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s
♠❛✐s ✐♥❢♦r♠❛çõ❡s sã♦ ✐♥❝♦r♣♦r❛❞❛s ♥❛ ♠♦❞❡❧❛❣❡♠✳

❋✐❣✉r❛ ✺✳✸✿ ❊str✉t✉r❛ ❞♦ ❝♦♥tr♦❧❛❞♦r ❢✉③③②

❖ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ é ♦ ♠❡❝❛♥✐s♠♦ ♣❡❧♦ q✉❛❧ ❛s ✐♥❢♦r♠❛çõ❡s s✉❜❥❡t✐✈❛s ❞❡✜♥✐❞❛
♣❡❧❛ ❜❛s❡ ❞❡ r❡❣r❛s sã♦ ❛✈❛❧✐❛❞❛s ♠❛t❡♠❛t✐❝❛♠❡♥t❡✳ ➱ ♥❡st❡ ❡stá❣✐♦ q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r
❛ss✉♠✐❞♦ ♣❡❧❛s ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛✱ ♦ ✈❛❧♦r ❞❛s ✈❛r✐á✈❡✐s ❞❡ s❛✐❞❛ sã♦ ❞❡t❡r♠✐♥❛❞❛s ❞❡
❛❝♦r❞♦ ❝♦♠ ❛ ❜❛s❡ ❞❡ r❡❣r❛s✳ ❆ss✐♠ ❝♦♠♦ ❛ ❜❛s❡ ❞❡ r❡❣r❛s✱ ♦ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ é
❝♦♥s✐❞❡r❛❞♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡ ❞♦ ♥ú❝❧❡♦ ❞♦ ❝♦♥tr♦❧❛❞♦r ❢✉③③②✳ ❖ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛
✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ ❞❡ ▼❛♠❞❛♥✐ ♦✉ ♠ét♦❞♦
▼❆❳✲▼■◆✳ ◆❡st❡ ♠ét♦❞♦✱ ❝❛❞❛ r❡❣r❛ é ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠ r❡❧❛çã♦ ❢✉③③② ❡ ♥ã♦ ❝♦♠♦
✐♠♣❧✐❝❛çã♦ ❧ó❣✐❝❛✳ ❆ r❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r
▼■◆✱ ✐st♦ é✱ ❝❛❞❛ r❡❣r❛ é ❝♦♥s✐❞❡r❛❞❛ ✉♠❛ r❡❧❛çã♦ ❢✉③③② Ri ♦♥❞❡ ♦ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛
♣❛r❛ ❝❛❞❛ ♣❛r❛ (a, b) é✿

µRi
(a, b) = min{µAi

(a), µBi
(b)}.

❆ r❡❧❛çã♦ ❡♥tr❡ ❝❛❞❛ r❡❣r❛ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♦♣❡r❛❞♦r ♠á①✐♠♦✱ ♦✉ s❡❥❛✱ ❛ r❡❧❛çã♦
❢✉③③② R q✉❡ r❡♣r❡s❡♥t❛ ♦ ♠♦❞❡❧♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s✱ é ♦❜t✐❞❛ ♣❡❧❛ ✉♥✐ã♦
✭♠á①✐♠♦✮ ❞❡ ❝❛❞❛ r❡❣r❛ ✐♥❞✐✈✐❞✉❛❧✱ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ ♣❛r (a, b) t❡♠♦s✿

µR(a, b) = max
1≤i≤n

{µAi
(a) ∧ µBi

(b)}

♦♥❞❡ ∧ r❡♣r❡s❡♥t❛ ♦ ♦♣❡r❛❞♦r ▼■◆✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ ❡♥tr❛❞❛ ❞❡s❡❥❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛
❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ✐st♦ é✱ ♣❛r❛ ❝♦♥❥✉♥t♦ A ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛✱ q✉❡r❡♠♦s ❞❡t❡r♠✐♥❛r
✉♠ ❝♦♥❥✉♥t♦ B ❞❡ ❞❛❞♦s ❞❡ s❛✐❞❛✳ P❡❧♦ ♠ét♦❞♦ ❞❡ ▼❛♠❞❛♥✐✱ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❡
B é ❞❛❞❛ ♣♦r✿

µB(b) = max
1≤i≤n

{

max
a

{µA(a) ∧ µAi
(a)} ∧ µBi

(b)
}

.

✾✺





✺✳✸ ❊q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ♣✲❢✉③③②

❈♦♠♦ ♣♦❞❡✲s❡ ♥♦t❛r ❛ ❡s❝♦❧❤❛ ❞♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ é ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛ s❡ t❡r ✉♠
♣r❡❝✐sã♦ ❞❡ ❛❧❣✉♠ ❢❛t♦✳ ▼♦❞❡❧♦s ❞❡t❡r♠✐♥íst✐❝♦s ❞✐st✐♥t♦s ❞❡ ✉♠ ♠❡s♠♦ ❢❡♥ô♠❡♥♦ ♣♦❞❡♠
♣r❡✈❡r r❡s✉❧t❛❞♦s ❞✐❢❡r❡♥t❡s✳ ■st♦ ❛❝♦♥t❡❝❡ ✐♥✈❛r✐❛✈❡❧♠❡♥t❡ ♣♦rq✉❡ ♥❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧
❞✐s♣♦r ❞❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s q✉❡ ❛t✉❛♠ ♥♦ ❢❡♥ô♠❡♥♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♣♦r ♠❛✐s ❡①❛t❛
q✉❡ s❡❥❛ ❛ ♠❛t❡♠át✐❝❛✱ ♣♦r ♠❛✐s ❞❡t❡r♠✐♥íst✐❝♦ q✉❡ s❡❥❛♠ ♦s ♠♦❞❡❧♦s✱ s❡♠♣r❡ t❡r❡♠♦s
s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ ❛❧❣✉♠❛ r❡❛❧✐❞❛❞❡✳ ❆ss✐♠✱ ♦ ✉s♦ ❞❡ ✉♠❛ ♠❛t❡♠át✐❝❛ ♠❡♥♦s
❞❡t❡r♠✐♥íst✐❝❛ ❡ ♠❛✐s ❣r♦ss❡✐r❛ ♣♦❞❡ s❡r ♠✉✐t❛s ✈❡③❡s tã♦ ❡✜❝❛③ ♣❛r❛ ♣r❡✈✐sõ❡s q✉❛♥t♦ às
♦❜t✐❞❛s ♣❡❧♦s ♠♦❞❡❧♦s ❝❧áss✐❝♦s✳

✺✳✸✳✶ ▼♦❞❡❧❛❣❡♠ ❞❛ ❞✐str✐❜✉✐çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ s❡♠ ✉s♦ ❞❡ s✐s✲

t❡♠❛ ❞✐♥â♠✐❝♦

◆❛ t❡♥t❛t✐✈❛ ❞❡ ❡♥❝♦♥tr❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❡s♣❡r❛❞♦ s♦♠♦s ❧❡✈❛❞♦s ❛ ❛♣❡♥❛s ❞❡s❝r❡✈❡r
♦ ♣r♦❝❡ss♦ ❡st✉❞❛❞♦ ❡ ♥ã♦ ❡st✉❞❛r ♦ ♣r♦❝❡ss♦ ❝♦♠♦ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳ ❈♦♠♦ ✐ss♦ ✈❡♠
s❡♥❞♦ ✉♠❛ ♣rát✐❝❛ ❝♦♥st❛♥t❡ ♥❛ ♠❛✐♦r✐❛ ❞♦s tr❛❜❛❧❤♦s r❡❝❡♥t❡s✱ r❡s♦❧✈❡♠♦s ♠♦str❛r ❛s
❞✉❛s ✈❡rt❡♥t❡s ❡ ✈❡r q✉❡ ❡①✐st❡♠ s✐♠ ❞✐❢❡r❡♥ç❛ ♥♦ tr❛t❛♠❡♥t♦ ❞♦s ❝❛s♦s✳

❈♦♥s✐❞❡r❡ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ❡s♣é❝✐❡s q✉❡ s❡ ♠♦✈✐♠❡♥t❛♠ ♣♦r ❞✐❢✉✲
sã♦✳ ❙❡ ✉t✐❧✐③❛r♠♦s ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❝♦♠♦ ❛✉①✐❧✐❛r ♣❛r❛ ❛ ♠♦♥t❛❣❡♠ ❞❡ ❜❛s❡ r❡❣r❛s✱
♣♦❞❡♠♦s ❢❛③❡r ✐♥❢❡rê♥❝✐❛s s♦❜r❡ ♦ ❡st❛❞♦ ❞❛ ❡✈♦❧✉çã♦ ❞❛ ❞♦ê♥ç❛ s❡♠ ❛ ❛❥✉❞❛ ❞❡ ❡q✉❛çõ❡s
♠❛t❡♠át✐❝❛s✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦s ❝♦♥❥✉♥t♦s ❢✉③③② ❡ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s r❡t✐r❛❞❛ ❞❛s ♦❜s❡r✈❛çõ❡s
❛ r❡s♣❡✐t♦ ❞♦ ♣r♦❝❡ss♦ ❞✐❢✉s✐✈♦

∂u

∂t
= D

∂2u

∂x2

♦♥❞❡ D é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ x ∈ R ❡ t > 0✳ ◗✉❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❝❧áss✐❝❛

ϕt (x) =
1√
4πDt

e−
x2

4Dt

♦♥❞❡ ϕt (x) ♥♦s ❞á ❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧ ❡♠ ✉♠ ♣♦♥t♦ x ❡♠ ✉♠ t❡♠♣♦ t✳
❯♠ ❝♦♥❥✉♥t♦ ❢✉③③② é ❛q✉❡❧❡ q✉❡ ✈❛❧♦r✐③❛ s❡✉s ❡❧❡♠❡♥t♦s✱ ✐st♦ é✱ s❡ x ∈ A✱ ❞❡✈❡♠♦s

❝♦♥❤❡❝❡r t❛♠❜é♠ ❝♦♠ q✉❡ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ x ❡stá ❡♠ A✳ ❉❡ss❛ ❢♦r♠❛✱ ✉♠ ❝♦♥❥✉♥t♦
❢✉③③② A é ❞❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ϕA✳

❆ss✐♠ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦ ❞❡t❡r♠✐♥íst✐❝♦✱ ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ u(x, t) é ❞❡♣❡♥❞❡♥t❡
❞❛ ♣♦s✐çã♦ X ❡ ❞♦ ✐♥st❛♥t❡ t✱ ♥♦ ♠♦❞❡❧♦ ♣✲❢✉③③② ✉s❛r❡♠♦s ❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s x ❡
t ❝♦♠♦ ❡♥tr❛❞❛ ❡ ❛ s❛í❞❛ s❡rá u(x, t)✳

❚❡♠♣♦ ❡ ♣♦s✐çã♦ ❝♦♠♦ ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛
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◆❡st❛ s❡❝çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D ❝♦♥❤❡❝✐❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ ✉t✐✲
❧✐③❛r❡♠♦s ❝♦♠♦ ✈❛r✐á✈❡✐s ❞❡ ❡♥tr❛❞❛ ♦ t❡♠♣♦ t ❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ x ❞♦s ✐♥❞✐✈í❞✉♦s✳

✶✳ ❈♦♥❥✉♥t♦s ❢✉③③② ♣❛r❛ t❡♠♣♦ ❞❡ ❞✐s♣❡rsã♦
P❛r❛ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦✱ ❛ss✐♠ ❝♦♠♦ ❛s ♦✉tr❛s✱ ❛tr✐❜✉✐✉✲s❡ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s✱ ❡ ♣❛r❛

❝❛❞❛ ✉♠ ❞❡❧❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛✱ ♥❡st❡ ❝❛s♦✱ ❞♦s t✐♣♦ tr❛♣❡③♦✐❞❛❧✳ ❈♦♥s✐❞❡r❛✲
r❡♠♦s ♥❡st❛ s❡❝çã♦✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ♦s ❝á❧❝✉❧♦s q✉❡ ♦ t❡♠♣♦ ❞❡ ❞✐s♣❡rsã♦ ✈❛r✐❛ ❡♥tr❡ 0 ❡
1✳ ❉❡ss❛ ❢♦r♠❛ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦ ❢♦✐ q✉❛❧✐✜❝❛❞❛ ♣❡❧♦s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ♠✉✐t♦ ❜❛✐①♦✭T0✮✱
❜❛✐①♦✭T1✮✱ ♠é❞✐♦✭T2✮✱ ♠é❞✐♦ ❛❧t♦✭T3✮✱ ❛❧t♦✭T4✮ ❡ ♠✉✐t♦ ❛❧t♦✭T5✮✳ ❚❛✐s ✈❛❧♦r❡s ❛tr✐❜✉í❞♦s
à ✈❛r✐á✈❡❧ ❧✐♥❣✉íst✐❝❛ ❞♦ ❚❡♠♣♦ ❞❡❝♦rr❡♠ ❞♦ ❞✐st❛♥❝✐❛♠❡♥t♦ ❡♥tr❡ ♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❞♦
♣r♦❝❡ss♦ ❡ ♦ t❡♠♣♦ ❞❡ ❛♥á❧✐s❡ ❞❡ u✳

❆s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③②✱ ✉s❛❞♦s ♣❛r❛ ♠♦❞❡❧❛r ♦ t❡♠♣♦ ❞❡
❞✐s♣❡rsã♦ sã♦ ❡st❛❜❡❧❡❝✐❞❛s ❝♦♠♦ ❢✉♥çõ❡s tr❛♣❡③✐♦❞❛✐s ❡ q✉❡ ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ♥❛
❋✐❣✉r❛ ✺✳✺✱ ♦❜s❡r✈❛♥❞♦ q✉❡✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ t✱ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ t❡♠♣♦ ❞❡
❞✐s♣❡rsã♦ ϕT ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r ❛té ❞♦✐s ✈❛❧♦r❡s✳

❋✐❣✉r❛ ✺✳✺✿ ❋✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ t❡♠♣♦ ❞❡ ❞✐s♣❡rsã♦

✷✳ ❈♦♥❥✉♥t♦s ❢✉③③② ♣❛r❛ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦s ✐♥❞✐✈í❞✉♦s

P❛r❛ ❛ ✈❛r✐á✈❡❧ ❞❡s❧♦❝❛♠❡♥t♦✱ t❛♠❜é♠ ❛tr✐❜✉✐✉✲s❡ t❡r♠♦s ❧✐♥❣✉íst✐❝♦s✱ ❡ ♣❛r❛ ❝❛❞❛
✉♠ ❞❡❧❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ t✐♣♦ tr❛♣❡③♦✐❞❛❧✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♥❡st❛ s❡❝çã♦✱
♣❛r❛ s✐♠♣❧✐✜❝❛r ♦s ❝á❧❝✉❧♦s✱ q✉❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ❞✐s♣❡rsã♦ ✈❛r✐❛ ❡♥tr❡ −10 ❡ 10✳ ❉❡ss❛
❢♦r♠❛ ❛ ✈❛r✐á✈❡❧ ❞❡s❧♦❝❛♠❡♥t♦ ❢♦✐ q✉❛❧✐✜❝❛❞❛ ♣❡❧♦s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ❞❡s❧♦❝❛♠❡♥t♦ ❜❛✐①♦
à ❡sq✉❡r❞❛✭X4−✮✱ ❜❛✐①♦ à ❞✐r❡✐t❛✭X4+✮✱ ♠é❞✐♦ ❜❛✐①♦ ❛ ❡sq✉❡r❞❛✭X3−✮✱ ♠é❞✐♦ ❜❛✐①♦ à
❞✐r❡✐t❛✭X3+✮✱ ♠é❞✐♦ à ❡sq✉❡r❞❛✭X2−✮✱ ♠é❞✐♦ à ❞✐r❡✐t❛✭X2+✮✱ ♠é❞✐♦ ❛❧t♦ à ❡sq✉❡r❞❛✭X1−✮✱
♠é❞✐♦ ❛❧t♦ à ❞✐r❡✐t❛✭X1+✮✱ ❛❧t♦ à ❡sq✉❡r❞❛✭X0−✮ ❡ ❛❧t♦ à ❞✐r❡✐t❛✭X0−✮✳
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❆s ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦s s✉❜❝♦♥❥✉♥t♦s ❢✉③③②✱ ✉s❛❞♦s ♣❛r❛ ♠♦❞❡❧❛r ♦ ❞❡s❧♦❝❛♠❡♥t♦
♥❛ ❞✐❢✉sã♦ ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✻ ❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦❜s❡r✈❛♥❞♦ q✉❡✱ ♣❛r❛
❝❛❞❛ ✈❛❧♦r ❞❡ x✱ ❛ ❢✉♥çã♦ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦s ✐♥❞✐✈í❞✉♦s ♥♦ ♣r♦❝❡ss♦ ϕX

♣♦❞❡ t❛♠❜é♠ s❡r ❞❛❞❛ ♣♦r ❛té ❞♦✐s ✈❛❧♦r❡s✳

❋✐❣✉r❛ ✺✳✻✿ ❋✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ❞✐s♣❡rsã♦

✸✳ ❈♦♥❥✉♥t♦s ❢✉③③② ♣❛r❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞♦s ✐♥❞✐✈í❞✉♦s

❖s s✉❜❝♦♥❥✉♥t♦s ❢✉③③②✱ ♠♦❞❡❧❛❞♦s ♣♦r ❢✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦✲
♥❛❧✱ ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✼✳ ❉❡ss❛ ❢♦r♠❛ ❛ ✈❛r✐á✈❡❧ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧
❢♦✐ q✉❛❧✐✜❝❛❞❛ ♣❡❧♦s t❡r♠♦s ❧✐♥❣✉íst✐❝♦s ❜❛✐①íss✐♠❛ (U1)✱ ♠✉✐t♦ ❜❛✐①❛ (U2)✱ ❜❛✐①❛ (U3)✱
♠❡❞✐❛ ❜❛✐①❛ (U4)✱ ♠é❞✐❛ (U5)✱ ♠é❞✐❛ ❛❧t❛ (U6)✱ ❛❧t❛ (U7)✱ ♠✉✐t♦ ❛❧t❛ (U8) ❡ ❛❧tíss✐♠❛
(U9)✳
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❋✐❣✉r❛ ✺✳✼✿ ❋✉♥çõ❡s ❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ♥❛ ❞✐❢✉sã♦

❆ ❜❛s❡ ❞❡ r❡❣r❛s q✉❡ ❢♦r♥❡❝❡ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❢❡♥ô♠❡♥♦ é ❞❛ ❢♦r♠❛ ✏❙❊✳✳✳ ❊◆❚➶❖✳✳✳✑
P❛r❛ ♦ ❢❡♥ô♠❡♥♦ ❛♥❛❧✐s❛❞♦ ♣❛r❡❝❡ ❝♦❡r❡♥t❡ ❛ ❜❛s❡ ❞❡ r❡❣r❛s ❞❛❞❛ ♣❡❧❛ t❛❜❡❧❛ ✺✳✶✳

❖ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ q✉❡ ❛❞♦t❛r❡♠♦s é ♦ ❞❡ ▼❛♠❞❛♥✐ ❡✱ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ❞❡❢✉③③✐✜✲
❝❛çã♦✱ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞♦ ❝❡♥tr♦ ❞❡ ❣r❛✈✐❞❛❞❡✳ ❖ ♣r♦❝❡ss♦ ✐♥t❡r❛t✐✈♦ t♦r♥❛✲s❡ ♠✉✐t♦
❝♦♠♣❧✐❝❛❞♦ ❞❡ s❡r ❢❡✐t♦ à ♠ã♦✱ ♣♦rt❛♥t♦ ❢♦✐ ✉s❛❞♦ ♦ ❚♦♦❧❜♦① ❞♦ ▼❛t❧❛❜ ❡ ♦ r❡s✉❧t❛❞♦ ❞❡
♣r❡✈✐sã♦ ♦✉ s♦❧✉çã♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✺✳✽

❋✐❣✉r❛ ✺✳✽✿ ❙♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❢✉③③② ♣❛r❛ ❞✐❢✉sã♦

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❝❧áss✐❝♦ ❡ ♦ ♣✲❢✉③③②
sã♦ ❜❛st❛♥t❡ ♣ró①✐♠♦s✱ ❝♦♠♦ ♦❜s❡r✈❛♠♦s ♥❛ ❚❛❜❡❧❛ ✺✳✷✳

✶✵✵



❚❡♠♣♦ P♦s✐çã♦ ❉❡♥s✐❞❛❞❡
❙❡ T0 ❡ X0− ❡♥tã♦ U9

❙❡ T0 ❡ X0+ ❡♥tã♦ U9

❙❡ T0 ❡ X1− ❡♥tã♦ U8

❙❡ T0 ❡ X1+ ❡♥tã♦ U8

❙❡ T0 ❡ X2− ❡♥tã♦ U7

❙❡ T0 ❡ X2+ ❡♥tã♦ U7

❙❡ T0 ❡ X3− ❡♥tã♦ U6

❙❡ T0 ❡ X3+ ❡♥tã♦ U6

❙❡ T0 ❡ X4− ❡♥tã♦ U5

❙❡ T0 ❡ X4+ ❡♥tã♦ U5

❙❡ T1 ❡ X0− ❡♥tã♦ U8

❙❡ T1 ❡ X0+ ❡♥tã♦ U8

❙❡ T1 ❡ X1− ❡♥tã♦ U7

❙❡ T1 ❡ X1+ ❡♥tã♦ U7

❙❡ T1 ❡ X2− ❡♥tã♦ U6

❙❡ T1 ❡ X2+ ❡♥tã♦ U6

❙❡ T1 ❡ X3− ❡♥tã♦ U5

❙❡ T1 ❡ X3+ ❡♥tã♦ U5

❙❡ T1 ❡ X4− ❡♥tã♦ U4

❙❡ T1 ❡ X4+ ❡♥tã♦ U4

❙❡ T2 ❡ X0− ❡♥tã♦ U7

❙❡ T2 ❡ X0+ ❡♥tã♦ U7

❙❡ T2 ❡ X1− ❡♥tã♦ U6

❙❡ T2 ❡ X1+ ❡♥tã♦ U6

❙❡ T2 ❡ X2− ❡♥tã♦ U5

❙❡ T2 ❡ X2+ ❡♥tã♦ U5

❙❡ T2 ❡ X3− ❡♥tã♦ U4

❙❡ T2 ❡ X3+ ❡♥tã♦ U4

❙❡ T2 ❡ X4− ❡♥tã♦ U3

❙❡ T2 ❡ X4+ ❡♥tã♦ U3

❚❡♠♣♦ P♦s✐çã♦ ❉❡♥s✐❞❛❞❡
❙❡ T3 ❡ X0− ❡♥tã♦ U6

❙❡ T3 ❡ X0+ ❡♥tã♦ U6

❙❡ T3 ❡ X1− ❡♥tã♦ U5

❙❡ T3 ❡ X1+ ❡♥tã♦ U5

❙❡ T3 ❡ X2− ❡♥tã♦ U4

❙❡ T3 ❡ X2+ ❡♥tã♦ U4

❙❡ T3 ❡ X3− ❡♥tã♦ U3

❙❡ T3 ❡ X3+ ❡♥tã♦ U3

❙❡ T3 ❡ X4− ❡♥tã♦ U2

❙❡ T3 ❡ X4+ ❡♥tã♦ U2

❙❡ T4 ❡ X0− ❡♥tã♦ U5

❙❡ T4 ❡ X0+ ❡♥tã♦ U5

❙❡ T4 ❡ X1− ❡♥tã♦ U4

❙❡ T4 ❡ X1+ ❡♥tã♦ U4

❙❡ T4 ❡ X2− ❡♥tã♦ U3

❙❡ T4 ❡ X2+ ❡♥tã♦ U3

❙❡ T4 ❡ X3− ❡♥tã♦ U2

❙❡ T4 ❡ X3+ ❡♥tã♦ U2

❙❡ T4 ❡ X4− ❡♥tã♦ U1

❙❡ T4 ❡ X4+ ❡♥tã♦ U1

❙❡ T5 ❡ X0− ❡♥tã♦ U4

❙❡ T5 ❡ X0+ ❡♥tã♦ U4

❙❡ T5 ❡ X1− ❡♥tã♦ U3

❙❡ T5 ❡ X1+ ❡♥tã♦ U3

❙❡ T5 ❡ X2− ❡♥tã♦ U2

❙❡ T5 ❡ X2+ ❡♥tã♦ U2

❙❡ T5 ❡ X3− ❡♥tã♦ U1

❙❡ T5 ❡ X3+ ❡♥tã♦ U1

❙❡ T5 ❡ X4− ❡♥tã♦ U1

❙❡ T5 ❡ X4+ ❡♥tã♦ U1

❚❛❜❡❧❛ ✺✳✶✿ ❇❛s❡ ❞❡ r❡❣r❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉sã♦

✶✵✶





❢✉③③② ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ D ✈❛r✐❛ ❡♥tr❡ 0 ❡ 10. ❉❡ss❛ ❢♦r♠❛✿

❈♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♠✉✐t♦ ❜❛✐①♦✿ D0✱ ♦♥❞❡ ϕD0 =







0, s❡ D < 0
1, s❡ 0 < D ≤ 0.5
2x+ 2, s❡ 0.5 ≤ D ≤ 1

❈♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❜❛✐①♦✿ D1✱ ♦♥❞❡ ϕD1 =







2x− 1, s❡ 0.5 ≤ D ≤ 1
1, s❡ 1 ≤ D ≤ 1.5
−2x+ 4, s❡ 1.5 ≤ D ≤ 2

❈♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♠é❞✐♦✿ D2✱ ♦♥❞❡ ϕD2 =







2x− 3, s❡ 1.5 ≤ D ≤ 2
1, s❡ 2 ≤ D ≤ 2.5
−2x+ 6, s❡ 2.5 ≤ D ≤ 3

❈♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❛❧t♦✿ D3✱ ♦♥❞❡ ϕD3 =







2x− 5, s❡ 1.5 ≤ D ≤ 2
1, s❡ 2 ≤ D ≤ 2.5
−2x+ 8, s❡ 2.5 ≤ D ≤ 3

◆❡st❡ ❝❛s♦✱ ♦ ❣rá✜❝♦ ❞❛ ✈❛r✐á✈❡❧ ❧✐♥❣✉✐st✐❝❛ ✜❝❛ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ❋✐❣✉r❛ ✺✳✶✵✳ ❆ss✐♠✱
❝♦♥s✐❞❡r❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s ❞♦ t❡♠♣♦ ❞❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✺✳

❋✐❣✉r❛ ✺✳✶✵✿ ❱❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s ♣❛r❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦

◆♦s ♣❛r❡❝❡ r❛③♦á✈❡❧✱ ❛ ♣❛rt✐r ❞❛ ♦❜s❡r✈❛çã♦ ❛❞✈✐♥❞❛ ❞❡ ❢❡♥ô♠❡♥♦s ❞✐❢✉s✐✈♦s✱ ❛ ❜❛s❡ ❞❡
r❡❣r❛s ❞❛❞❛ ♥❛ ❚❛❜❡❧❛ ✺✳✸

✶✵✸



❙❡ T0 ❡ D0 ❡♥tã♦ U9

❙❡ T1 ❡ D0 ❡♥tã♦ U9

❙❡ T2 ❡ D0 ❡♥tã♦ U9

❙❡ T3 ❡ D0 ❡♥tã♦ U8

❙❡ T4 ❡ D0 ❡♥tã♦ U8

❙❡ T5 ❡ D0 ❡♥tã♦ U7

❙❡ T0 ❡ D1 ❡♥tã♦ U9

❙❡ T1 ❡ D1 ❡♥tã♦ U9

❙❡ T2 ❡ D1 ❡♥tã♦ U8

❙❡ T3 ❡ D1 ❡♥tã♦ U7

❙❡ T4 ❡ D1 ❡♥tã♦ U7

❙❡ T5 ❡ D1 ❡♥tã♦ U6

❙❡ T0 ❡ D2 ❡♥tã♦ U9

❙❡ T1 ❡ D2 ❡♥tã♦ U8

❙❡ T2 ❡ D2 ❡♥tã♦ U7

❙❡ T3 ❡ D2 ❡♥tã♦ U6

❙❡ T4 ❡ D2 ❡♥tã♦ U6

❙❡ T5 ❡ D2 ❡♥tã♦ U5

❙❡ T0 ❡ D3 ❡♥tã♦ U4

❙❡ T1 ❡ D3 ❡♥tã♦ U4

❙❡ T2 ❡ D3 ❡♥tã♦ U3

❙❡ T3 ❡ D3 ❡♥tã♦ U2

❙❡ T4 ❡ D3 ❡♥tã♦ U1

❙❡ T5 ❡ D3 ❡♥tã♦ U0

❚❛❜❡❧❛ ✺✳✸✿ ❇❛s❡ ❞❡ r❡❣r❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉sã♦✳

✶✵✹



❖❜s❡r✈❡ q✉❡ ❡♠ ♥♦ss❛s r❡❣r❛s ♥ã♦ ❡stá ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s✳ ❖ q✉❡
q✉❡r❡♠♦s ♥❡st❡ ❝❛s♦ é ✐❞❡♥t✐✜❝❛r ♦ q✉❛♥t♦ ❛ ♣♦♣✉❧❛çã♦ ✈❛r✐❛ ♥♦ ❞❡❝♦rr❡r ❞♦ ♣r♦❝❡ss♦✳
P♦❞❡♥❞♦ s❡r út✐❧ ♣❛r❛ ❛ ♣r❡✈✐sã♦ ❞❡ ✈ár✐♦s ♣r♦❝❡ss♦s ❞✐❢✉s✐✈♦s

❋✐❣✉r❛ ✺✳✶✶✿ ❙❛í❞❛ ❞♦ ❞❡❢✉③③✐✜❝❛❞♦r ❛ ♣❛rt✐r ❞❛s r❡❣r❛s ❞❛❞❛s ♥❛ ❚❛❜❡❧❛ ✺✳✸✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❛ s❡❝çã♦ ❛♥t❡r✐♦r ❢♦✐ ✉s❛❞♦ ▼❛♠❞❛♥✐ ❡ ❈❡♥tr♦ ❞❡ ❣r❛✈✐❞❛❞❡
❝♦♠♦ ♠ét♦❞♦s ❞❡ ❞❡❢✉③✐✜❝❛çã♦✳

✺✳✸✳✸ ❙♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✉t✐❧✐③❛♥❞♦ s✐st❡♠❛s ❞✐♥â♠✐✲

❝♦s ♣✲❢✉③③②

◆❡st❛ s❡❝çã♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s q✉❡ ♥♦s ♣♦s✲
s✐❜✐❧✐t❡ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❣rá✜❝❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ❞✐❢✉sã♦✳ P❛r❛ ✐ss♦✱
✉s❛r❡♠♦s ❛♣❡♥❛s ❛ ♣♦s✐çã♦ ❞❛ ♣♦♣✉❧❛çã♦✱ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❡ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦✳ ❉❡ss❛
❢♦r♠❛ ♣♦❞❡r❡♠♦s ❡st✐♠❛r ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡♠ ✉♠ ✐♥st❛♥t❡ t = t∗ s❡♠ ♥❡❝❡ss❛r✐✲
❛♠❡♥t❡ ✉s❛r♠♦s ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✳

▼♦❞❡❧♦s ❝❧áss✐❝♦s ❞❡ ❞✐♥â♠✐❝❛ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡✴♦✉ ❡♣✐❞❡♠✐♦❧♦❣✐❛✱ ❡♠ ❣❡r❛❧✱ sã♦ ❞❛❞♦s
♣♦r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ◆❡st❡ ❝❛s♦✱ ♦s ♣❛râ♠❡tr♦s ❞♦s ♠♦❞❡❧♦s sã♦
❢r❡q✉❡♥t❡♠❡♥t❡ t♦♠❛❞♦s ❝♦♠♦ ✈❛❧♦r❡s ♠é❞✐♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✱
❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♦ ♠♦❞❡❧♦ ♣❛ss❛ ❛ s❡r ❞❡t❡r♠✐♥✐st✐❝❛♠❡♥t❡ ❝♦♥❤❡❝✐❞♦✳ ◆♦ ❡♥t❛♥t♦✱
❛❞♠✐t✐♥❞♦✲s❡ ✐♥❝❡rt❡③❛ ❞❡✈✐❞♦ ❛♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣❛r❝✐❛❧✱ ♦ q✉❡ é ❝♦♠✉♠ ❡♠ ❢❡♥ô♠❡♥♦s
❜✐♦❧ó❣✐❝♦s✱ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ é ♠♦❞❡❧❛r t❛❧ ❝♦♥❤❡❝✐♠❡♥t♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s
❞❛ ❢♦r♠❛ ❙❡✲❊♥tã♦✳

✶✵✺



➱ ❝♦♠✉♠ ❛❞♦t❛r ✉♠❛ ❡q✉❛çã♦ ❛✉tô♥♦♠❛

dy

dt
= f(y) ✭✺✳✷✮

♣❛r❛ r❡♣r❡s❡♥t❛r ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✱ ♦♥❞❡ ♦ ❝❛♠♣♦ f r❡♣r❡s❡♥t❛ ✈❛r✐❛çã♦✱ ❛ ♣❛rt✐r ❞♦
q✉❛❧ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ❡st✉❞❛❞❛✳ ◆❛ ✈❡r❞❛❞❡ ♣♦❞❡♠♦s ♣❡r❣✉♥t❛r ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✿ ❝♦♠♦ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♦ s✐st❡♠❛ ✭✺✳✷✮ s❡ ♦ ♠❡s♠♦ ❢♦r ♣❛r❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞♦❄
❆ r❡s♣♦st❛ é ❛❞♦t❛r ✉♠ ♠♦❞❡❧♦ ❧✐♥❣✉íst✐❝♦ ❝❛♣❛③ ❞❡ ❝❛♣t❛r ❛s ✐♥❢♦r♠❛çõ❡s ❞✐s♣♦♥í✈❡✐s ❞♦
♠♦❞❡❧♦✱ ✈✐❛ ❞❡ r❡❣r❛✱ ❥✉♥t♦ ❛ ✉♠ ❡s♣❡❝✐❛❧✐st❛✳ ❊♠ ❇❛rr♦s ❡ ❇❛ss❛♥❡③✐ ✭✷✵✵✻✮ é ♣r♦♣♦st❛
✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ♣❛r❛ ❡st✐♠❛r s♦❧✉çõ❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✉t✐❧✐③❛♥❞♦ ❝♦♥tr♦❧❛❞♦r❡s
❢✉③③②✱ ♥❛ q✉❛❧ ❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ sã♦ ❛s ❡♥tr❛❞❛s ❡ ❛s s❛í❞❛s✱ sã♦ ❛s ✈❛r✐❛çõ❡s ❞❡ ❡st❛❞♦✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥s✐❞❡r❡ ❝♦♠♦ ✈❛r✐á✈❡✐s ❧✐♥❣✉✐st✐❝❛s ♣❛r❛ ♣♦s✐çã♦ ❞❛ ♣♦♣✉❧❛çã♦ ✭❞✐stâ♥✲
❝✐❛ ❛ ♦r✐❣❡♠✮✿ ❜❛✐①❛ ♣♦s✐t✐✈❛ ✭❇♣✮✱ ♠é❞✐❛ ♣♦s✐t✐✈❛ ✭▼♣✮✱ ♠é❞✐❛ ❛❧t❛ ♣♦s✐t✐✈❛ ✭▼❆♣✮✱ ❛❧t❛
♣♦s✐t✐✈❛ ✭❆♣✮✱ ❜❛✐①❛ ♥❡❣❛t✐✈❛ ✭❇♥✮ ✱ ♠é❞✐❛ ♥❡❣❛t✐✈❛ ✭▼♥✮✱ ♠é❞✐❛ ❛❧t❛ ♥❡❣❛t✐✈❛ ✭▼❆♥✮ ❡
❛❧t❛ ♥❡❣❛t✐✈❛ ✭❆♥✮✳ ❖♥❞❡ ♦s t❡r♠♦s ♣♦s✐t✐✈♦ ♦✉ ♥❡❣❛t✐✈♦ s✐❣♥✐✜❝❛♠ ❞✐stâ♥❝✐❛ ❞❛ ♦r✐❣❡♠
à ❞✐r❡✐t❛ ♦✉ ❡sq✉❡r❞❛ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ❛ ❋✐❣✉r❛ ✭✺✳✶✷✮ r❡♣r❡s❡♥t❛ ❣r❛✜❝❛♠❡♥t❡
❡ss❛s ✈❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s

❋✐❣✉r❛ ✺✳✶✷✿ ❱❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s ♣❛r❛ ♣♦s✐çã♦ ❞❛ ♣♦♣✉❧❛çã♦

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦♠♦ ✈❛r✐á✈❡❧ ❞❡ s❛í❞❛✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ✈❛r✐❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❡
t❡r❡♠♦s ❝♦♠♦ ✈❛r✐á✈❡✐s ❧✐♥❣✉✐st✐❝❛s✿ ❜❛✐①❛ ♣♦s✐t✐✈❛ ✭❇♣✮✱ ♠é❞✐❛ ♣♦s✐t✐✈❛ ✭▼♣✮✱ ♠é❞✐❛ ❛❧t❛
♣♦s✐t✐✈❛ ✭▼❆♣✮✱ ❛❧t❛ ♣♦s✐t✐✈❛ ✭❆♣✮✱ ❜❛✐①❛ ♥❡❣❛t✐✈❛ ✭❇♥✮ ✱ ♠é❞✐❛ ♥❡❣❛t✐✈❛ ✭▼♥✮✱ ♠é❞✐❛
❛❧t❛ ♥❡❣❛t✐✈❛ ✭▼❆♥✮ ❡ ❛❧t❛ ♥❡❣❛t✐✈❛ ✭❆♥✮✳ ❆ss✐♠✱ ❛ ✜❣✉r❛ ✭✺✳✶✸✮ r❡♣r❡s❡♥t❛ ❣r❛✜❝❛♠❡♥t❡
❡ss❛s ✈❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s

✶✵✻



❋✐❣✉r❛ ✺✳✶✸✿ ❱❛r✐á✈❡✐s ❧✐♥❣✉íst✐❝❛s ♣❛r❛ ✈❛r✐❛çã♦ ♣♦♣✉❧❛❝✐♦♥❛❧

❈♦♥s✐❞❡r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s s♦❜r❡ ♣r♦❝❡ss♦s ❞❡ ❞✐❢✉s✉sã♦✱ ❝♦♥s✐❞❡r❡ ❛ s❡✲
❣✉✐♥t❡ ❜❛s❡ ❞❡ r❡❣r❛s ❢✉③③②✿

✶✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ❜❛✐①❛ ♣♦s✐t✐✈❛ Bp ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é
❜❛✐①❛ ♣♦s✐t✐✈❛ Bp❀

✷✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ♠é❞✐❛ ♣♦s✐t✐✈❛ Mp ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é
♠é❞✐❛ ♣♦s✐t✐✈❛ Mp❀

✸✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é♠é❞✐❛ ❛❧t❛ ♣♦s✐t✐✈❛ MAp ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦
é ♠é❞✐❛ ❛❧t❛ ♣♦s✐t✐✈❛ MAp❀

✹✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ❛❧t❛ ♣♦s✐t✐✈❛ Ap ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é ❛❧t❛
♣♦s✐t✐✈❛ Ap❀

✺✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ❜❛✐①❛ ♥❡❣❛t✐✈❛ Bn ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é
❜❛✐①❛ ♥❡❣❛t✐✈❛ Bn❀

✻✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ♠é❞✐❛ ♥❡❣❛t✐✈❛ Mn ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é
♠é❞✐❛ ♥❡❣❛t✐✈❛ Mn❀

✼✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ♠é❞✐❛ ❛❧t❛ ♥❡❣❛t✐✈❛ MAn ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉✲
❧❛çã♦ é ♠é❞✐❛ ❛❧t❛ ♥❡❣❛t✐✈❛ MAn❀

✽✳ ❙❡ ❛ ♣♦s✐çã♦ ❞♦s ✐♥❞✐✈í❞✉♦s é ❛❧t❛ ♥❡❣❛t✐✈❛ An ❡♥tã♦ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ é ❛❧t❛
♥❡❣❛t✐✈❛ An

❊ ❞❡ss❛ ❢♦r♠❛✱ ❛ ❋✐❣✉r❛ ✺✳✶✹ ♠♦str❛ ♦ ❣rá✜❝♦ ❞❡ t♦❞❛ ❛ ✈❛r✐❛çã♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡
✭❱❛r✐❛çã♦ ❞❛ P♦♣✉❧❛çã♦✮ ❝♦♠♦ ❢✉♥çã♦ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ✭P♦s✐çã♦ ❞❛ P♦♣✉❧❛çã♦✮

✶✵✼



♥♦ ♠♦❞❡❧♦ ❞❡ ▼❛♠❞❛♥✐✳

❋✐❣✉r❛ ✺✳✶✹✿ ❈✉r✈❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞❛s r❡❣r❛s ❞❡ ✶✲✽ ✉s❛♥❞♦ ▼❆▼❉❆◆■✳

❆ss✐♠✱ ❝♦♠ ❡ss❛ ❜❛s❡ ❞❡ r❡❣r❛s✱ ♦ ♠ét♦❞♦ ❞❡ ✐♥❢❡rê♥❝✐❛ ❞❡ ▼❛♠❞❛♥✐ ❡ ❛ ❞❡❢✉③③✐✜❝❛çã♦
❞❛❞❛ ♣❡❧♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✱ ♦ s✐st❡♠❛ ♣✲❢✉③③② ♥♦s ❧❡✈❛ à tr❛❥❡tór✐❛ ✐❧✉str❛❞❛ ♥❛ s❡q✉ê♥❝✐❛
❞❡ ❋✐❣✉r❛s ✺✳✶✺✱ ✺✳✶✻✱ ✺✳✶✼✱ ✺✳✶✽✱ ✺✳✶✾ ❡ ✺✳✷✵✳ P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❝♦♠♦ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ N0 = 10 ❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ 0, 5✳ ❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ♦ s✐st❡♠❛
❞❡s❡♥✈♦❧✈✐❞♦ ♥♦s ❢❛③ ✜❝❛r ❞❡s♣r❡♦❝✉♣❛❞♦s ❝♦♠ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ ✉♠❛ ✈❡③ q✉❡ ♦
♠❡s♠♦ é ♣❡❞✐❞♦ ♥♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦✳

❯♠❛ ♦✉tr❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ♦ t❡♠♣♦✱ ♥♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s✐❣♥✐✜❝❛ ♦ ♥ú♠❡r♦
❞❡ ✐t❡r❛çõ❡s q✉❡ s✐♠✉❧❛♠♦s ♥♦ ▼❛t❧❛❜✳ ❊ss❛ ✐♥❢♦r♠❛çã♦ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛✱ ♣♦✐s
❞✐♠✐♥✉✐ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❞❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛✳ P♦❞❡♠♦s ❛ss✐♠✱
❡s❝r❡✈❡r ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♣✲❢✉③③② ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

{

xk+1 = xk + h∆xk
h é ❞❛❞♦

✭✺✳✸✮

✶✵✽



❋✐❣✉r❛ ✺✳✶✺✿ ❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ t = 0✳ ❋✐❣✉r❛ ✺✳✶✻✿ ❙♦❧✉çã♦ ♣❛r❛ t = 10✳

❋✐❣✉r❛ ✺✳✶✼✿ ❙♦❧✉çã♦ ♣❛r❛ t = 25✳ ❋✐❣✉r❛ ✺✳✶✽✿ ❙♦❧✉çã♦ ♣❛r❛ t = 100✳

✶✵✾



❋✐❣✉r❛ ✺✳✶✾✿ ❙♦❧✉çã♦ ♣❛r❛ t = 250✳ ❋✐❣✉r❛ ✺✳✷✵✿ ❙♦❧✉çã♦ ♣❛r❛ t = 500✳

❋✐❣✉r❛ ✺✳✷✶✿ ❙♦❧✉çã♦ ♣❛r❛ t = 1000✳ ❋✐❣✉r❛ ✺✳✷✷✿ ❙♦❧✉çã♦ ♣❛r❛ t = 5000✳

❈♦♠♦ ♣❛r❛ ❝❛❞❛ ✐t❡r❛çã♦ (t = t∗) t❡♠♦s ✉♠❛ ❝✉r✈❛ ❡♥tã♦ ♣♦❞❡♠♦s ♣❧♦t❛r ✉♠❛ s✉♣❡r✲
❢í❝✐❡ q✉❡ s❡rá ♥♦ss♦ ❣rá✜❝♦ ❞❛ s♦❧✉çã♦ ♣✲❢✉③③② ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✳ ❊ss❡ ❣rá✜❝♦ ❡stá
r❡♣r❡s❡♥t❛❞♦ ♥❛s ❋✐❣✉r❛s ✺✳✷✸ ❡ ✺✳✷✹✳

◆♦ s✐st❡♠❛ ❞✐♥❛♠✐❝♦ q✉❡ ❞❡s❡♥✈♦❧✈❡♠♦s✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛
❞✐♥â♠✐❝♦ ♣✲❢✉③③② ❞✐❢✉s✐✈♦ ♣❛r❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ k ∈ N✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛
❝❛❞❛ ♣❛ss♦ ♥♦ t❡♠♣♦ t❡♠♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉sã♦ ♣✲❢✉③③②✳ ❉❡ss❛
❢♦r♠❛✱ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❥✉❧❣❛r s❡ ♦ ♠ét♦❞♦ é ❡✜❝❛③ ♦✉ ♥ã♦ ♣❧♦t❛♠♦s ❛ ✉♥✐ã♦ ❞❡ss❛s
s♦❧✉çõ❡s q✉❡ é ❞❛❞❛ ♣❡❧❛s ❋✐❣✉r❛s ✺✳✷✸ ❡ ✺✳✷✹✳ ❈♦♠♣❛r❛t✐✈❛♠❡♥t❡ ❛❝❤❛♠♦s ♠✉✐t♦ s✐♠✐❧❛r
❛♦ ❣rá✜❝♦ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❞❛❞❛ ♣❡❧❛ ❋✐❣✉r❛ ✺✳✾✳

✶✶✵





✶✶✷



❈❛♣ít✉❧♦ ✻

❆♣❧✐❝❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❛r❡♠♦s ❞♦✐s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛s té❝♥✐❝❛s ❢✉③③② ❡♠ ♠♦❞❡❧♦s ❞❡
❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s✳ ◆♦ ♣r✐♠❡✐r♦✱ q✉❡ tr❛t❛ ❞❛ ❞✐s♣❡rsã♦ ❞❡ ❜❡s♦✉r♦s✱ ✉s❛r❡♠♦s ❜❛s❡ ❞❡
r❡❣r❛s ❡ ❡①t❡♥sã♦ ❞❡ ❩❛❞❡❤✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞✐s♣❡rsã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠
❞❛❞♦s ♦❜t✐❞♦s ♣♦r ❇❛♥❦s ❡t ❛❧✳ ✭✶✾✽✺✮✳ ❖ s❡❣✉♥❞♦ ❡①❡♠♣❧♦ q✉❡ tr❛t❛ ❞❡ ❞✐❢✉sã♦ ❞❡ ♠♦s❝❛s
✈❛r❡❥❡✐r❛s✱ ✉s❛r❡♠♦s ✉♠ s✐st❡♠❛ ❢✉③③② ♣r♦✈❡♥✐❡♥t❡ ❞♦ ♣r✐♥❝í♣✐♦ ❞❛ ❊①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❡
❝♦♠♣❛r❛♠♦s ❡ss❡ ♠♦❞❡❧♦ ❛❧t❡r♥❛t✐✈♦ ❝♦♠ ♦ ❞❡t❡r♠✐♥íst✐❝♦✳

✻✳✶ ▼♦❞❡❧❛❣❡♠ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s

❆ ♠❛✐♦r✐❛ ❞♦s ❡st✉❞♦s q✉❡ ❡♥✈♦❧✈❡♠ ❡q✉❛çõ❡s ❞❡ ❞✐❢✉sã♦ ❞❡s❝r❡✈❡♠ ♦ ♠♦✈✐♠❡♥t♦
❡♠ ❛♥✐♠❛✐s ❛❞✉❧t♦s✱ ♠❛s ❡st❛ ❛❜♦r❞❛❣❡♠ r❛r❛♠❡♥t❡ ❝♦st✉♠❛ s❡r ✉s❛❞❛ ♣❛r❛ ❡st✉❞❛r
❞✐s♣❡rsã♦ ❡♠ ✐♠❛t✉r♦s✱ ❝✉❥❛ ❞✐s♣❡rsã♦ t❡♠ ✐♠♣♦rt❛♥t❡s ❝♦♥s❡q✉ê♥❝✐❛s ♣❛r❛ ❛s ❞✐♥â♠✐❝❛s
♣♦♣✉❧❛❝✐♦♥❛❧ ❡ ❞❡ ❝♦♠✉♥✐❞❛❞❡✱ ❡ ❡str✉t✉r❛ ❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çõ❡s✳ ❊♥tr❡t❛♥t♦✱ ♦s ♠❡s♠♦s
r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❞❡ ❞✐s♣❡rsã♦ ♣♦r ❞✐❢✉sã♦ ❡♠ ❛❞✉❧t♦s ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ♣❛r❛ ❡st✉❞❛r
❞✐s♣❡rsã♦ ❡♠ ✐♠❛t✉r♦s✳

❊①✐st❡ ✉♠❛ ❛♠♣❧❛ ❧✐t❡r❛t✉r❛ ❡♠ ❡st✐♠❛t✐✈❛ ❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❡♠ ♣r♦❜❧❡✲
♠❛s ❣♦✈❡r♥❛❞♦s ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳ P♦r ✈ár✐♦s ❛♥♦s✱ ❞❡s❡♥✈♦❧✈❡r❛♠✲s❡
❛❧❣♦rít♠♦s ♣❛r❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❡♠ ❡q✉❛çõ❡s ❞❡ tr❛♥s♣♦rt❡✳ ❚r❛❜❛❧❤♦s r❡✲
❝❡♥t❡s✱ ✈♦❧t❛❞♦s ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s✱ tê♠ ✉s❛❞♦ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s
❞❡ ❧✐❜❡r❛çã♦ ❞❡ ✐♥s❡t♦s ♠❛r❝❛❞♦s ❡ ♣♦st❡r✐♦r♠❡♥t❡ r❡❝❛♣t✉r❛❞♦s✳ ◆♦ ✉s♦ ❞❡ ✉♠ ♠♦❞❡❧♦
✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❇❛♥❦s ❡t ❛❧✳ ✭✶✾✽✺✮ ♦❜s❡r✈♦✉ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❜❡s♦✉r♦s✱ ❡♠ ❢❛✐①❛s ❞❡ t❡rr❛
❝✉❧t✐✈❛❞❛s ❞❡ 1 ♠❡tr♦ ♣♦r ✽✵ ♠❡tr♦s✳ ◆ã♦ ❡①✐st✐♥❞♦ ♦✉tr❛s ♣❧❛♥t❛s ❞❛s q✉❛✐s ♦s ❜❡s♦✉r♦s
♣♦❞❡r✐❛♠ s❡ ❛❧✐♠❡♥t❛r ✱ ❛❧é♠ ❞❡st❡s ❛rr❛♥❥♦s ❧✐♥❡❛r❡s✱ s❡✉ ♠♦✈✐♠❡♥t♦ ❧♦❝❛❧ ❡r❛ ❝♦♥✜♥❛❞♦
❛ ♣❡q✉❡♥♦s ♠♦✈✐♠❡♥t♦s ♥✉♠ s❡♥t✐❞♦ ❡ ❡♠ ♦✉tr♦✱ ❡♠ ❝❛❞❛ ❛rr❛♥❥♦ ❧✐♥❡❛r✳

❖s ✐♥s❡t♦s ♠❛r❝❛❞♦s ❡r❛♠ ❧✐❜❡r❛❞♦s ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ❝❛❞❛ ❛rr❛♥❥♦ ❧✐♥❡❛r✱ ♥♦ ✐♥í❝✐♦
❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❡ ❞✉r❛♥t❡ três ❞✐❛s✱ ❡r❛♠ ❝♦❧❡t❛❞♦s ♦s ❞❛❞♦s ❛ r❡s♣❡✐t♦ ❞❛ ❞✐s♣❡rsã♦
❞❡st❡s ✐♥s❡t♦s ❛♦ ❧♦♥❣♦ ❞❡ ❝❛❞❛ ❛rr❛♥❥♦ ❧✐♥❡❛r✳ ❯s❛♥❞♦ ✉♠ ♠♦❞❡❧♦ q✉❡ ❝♦♥t❡♠♣❧❛✈❛

✶✶✸



❛ ✈❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ♥♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐s♣❡rsã♦✱ ❑❛r❡✐✈❛ ✭✶✾✽✸✮ ❝♦♥st❛t♦✉ q✉❡ ♠♦❞❡❧♦s
❞❡ tr❛♥s♣♦rt❡ ❝♦♠ ♠♦✈✐♠❡♥t♦ ♦r✐❡♥t❛❞♦ s❡ ❛❥✉st❛✈❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡❧❤♦r ❞♦ q✉❡
❛q✉❡❧❡s ❝♦♠ ❞✐❢✉sã♦ ♣❛ss✐✈❛✳ P❡r♠✐t✐♥❞♦ ✈❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❡q✉❛çã♦ ❞❡
tr❛♥s♣♦rt❡✱ ❞❡s❝r❡✈❡♥❞♦ ♠❡❝❛♥✐s♠♦s ❞❡ ❞✐❢✉sã♦✱ ❞❡ ❝♦♥✈❡❝çã♦ ❡ ❛❧é♠ ❞❡ ❢♦♥t❡ ♦✉ ♠♦rt❡✱
❛ ❡q✉❛çã♦ t❡♠ ❛ ❢♦r♠❛

∂u

∂t
= D(x)

∂2u

∂x2
− ∂

∂x
(V (x)u−K(x)u) + f(x, β) ✭✻✳✶✮

♣❛r❛ t ∈ (0, T ] ❡ x ∈ (0, 1)✳ P❛r❛ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✐♥s❡t♦s✱ ❢♦✐ ❝♦♥st❛t❛❞♦ ❛❥✉st❡ s❛t✐s❢❛✲
tór✐♦ ❛♣❡♥❛s ♥♦s ♣❡rí♦❞♦s ❝✉rt♦s ✭❞❡ ✉♠ ♦✉ ❞♦✐s ❞✐❛s✮✱ ❡ ♦s s✉❝❡ss♦s ❞❡st❡ ♠♦❞❡❧♦ ❢♦r❛♠
❝♦♥tr❛❜❛❧❛♥❝✐❛❞♦s ♣♦r ❢❛❧❤❛s ♥❛ ❞❡s❝r✐çã♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞♦s ✐♥s❡t♦s ♥♦ ❝✉rs♦ ❞❡ três ❞✐❛s✳

P♦st❡r✐♦r♠❡♥t❡✱ ❇❛♥❦s ❡t ❛❧✳ ✭✶✾✽✺✮ ❧❡✈❛♥t♦✉ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ t❛✐s ♠♦❞❡❧♦s ❤❛✈✐❛♠
❢❛❧❤❛❞♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ♣♦r ❝❛✉s❛ ❞❛ ❛✉sê♥❝✐❛ ❞❡ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧ ♥♦s ♣❛râ♠❡tr♦s q✉❡
r❡♣r❡s❡♥t❛♠ t❛①❛s ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ♠✐❣r❛çã♦ ❞❡ ✐♥s❡t♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s
♠♦❞❡❧♦s ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ❞❡ tr❛♥s♣♦rt❡✱ ❝♦♠ ♣❛râ♠❡tr♦s q✉❡
✈❛r✐❛♠ t❡♠♣♦r❛❧♠❡♥t❡✱ ❜❡♠ ❝♦♠♦ ❡s♣❛❝✐❛❧♠❡♥t❡✱ ✐st♦ é✿

∂u

∂t
= D(x, t)

∂2u

∂x2
− ∂

∂x
(V (x, t)u−K(x, t)u) + f(x, t, β) ✭✻✳✷✮

♣❛r❛ t ∈ (0, T ] ❡ x ∈ (0, 1)✳ ❖♥❞❡ x é ♦ ❡s♣❛ç♦ r❡❡s❝❛❧♦♥❛❞♦✱ ♥♦ q✉❛❧ ♦ ✐♥t❡r✈❛❧♦ ❞❡
[0, 1] ❝♦rr❡s♣♦♥❞❡ ❛♦ ✐♥t❡r✈❛❧♦ r❡❛❧ ❞❡ 100m✱ D(x, t) é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ V (x, t) é ♦
❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦♥✈❡❝çã♦✱ K(x, t) r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❡ f(x, t, β) r❡♣r❡s❡♥t❛
❛ ❛❞✈❡❝çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❝❡ss♦ ♣❛r❛ β s❡♥❞♦ ✉♠ ❛❣❡♥t❡ ❡①t❡r♥♦✳

◆❡ss❡ ♣r♦❜❧❡♠❛✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❤♦♠♦❣ê♥❡❛s✿

u(0, t) = u(1, t) = 0 ✭✻✳✸✮

❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u(0.5, 0) = N0 ❡ u(x, 0) = 0 ♣❛r❛ x 6= 0.5✱ ♦♥❞❡ N0 é ♦ ♥ú♠❡r♦
❞❡ ❜❡s♦✉r♦s ♠❛r❝❛❞♦s q✉❡ ❢♦r❛♠ ❧✐❜❡r❛❞♦s ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ❝❛❞❛ ❛rr❛♥❥♦ ❧✐♥❡❛r✱ ♥♦
✐♥í❝✐♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ u(0, t) = u(1, t) = 0 ❢♦r❛♠ ❥✉st✐✜❝❛❞❛s
♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ♠❡♥♦s ❞❡ 1 ❡♠ ❝❛❞❛ 100 ❜❡s♦✉r♦s ♠❛r❝❛❞♦s ❛t✐♥❣✐r❛♠ ❛s ❡①tr❡♠✐❞❛❞❡s
❞♦s ❛rr❛♥❥♦s ❝✉❧t✐✈❛❞♦s ❡ ♣♦rq✉❡ ♥ã♦ ❤❛✈✐❛ ❛❧✐♠❡♥t♦ ♣❛r❛ s✉st❡♥t❛r ♦s ❜❡s♦✉r♦s ❢♦r❛ ❞♦s
❛rr❛♥❥♦s ❧✐♥❡❛r❡s✳

❖s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❡r❛♠ ♦❜s❡r✈❛çõ❡s ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✐♥s❡t♦s ❡♠ ❧♦❝❛✐s ❞✐str✐❜✉í✲
❞♦s r❡❣✉❧❛r♠❡♥t❡ ❡♠ x✳ ❉❡ ❢❛t♦✱ ❇❛♥❦s ❡t ❛❧✳ ✭✶✾✽✺✮ ❞❡s❡♥✈♦❧✈❡✉ ❛❧❣♦rít♠♦s ❞❡ ❡st✐♠❛t✐✈❛
♥✉♠ér✐❝❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❡♥✈♦❧✈✐❞♦s ♥♦ ♠♦❞❡❧♦
✉♥✐❞✐♠❡♥s✐♦♥❛❧

∂u

∂t
= D(t)

∂2u

∂x2
− α(t)u, ✭✻✳✹✮

❞❡ ♠♦❞♦ ❛ ♦t✐♠✐③❛r ♦ ❛❥✉st❡ ❝♦♠ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ■ss♦ ♣ô❞❡ s❡r ❢❡✐t♦✱ ♣♦✐s ♥ã♦
❢♦✐ ♦❜s❡r✈❛❞❛ ♥❡♥❤✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡❝t✐✈❛ s✐❣♥✐✜❝❛t✐✈❛✱ ♥❡♠ q✉❛❧q✉❡r ❞❡♣❡♥❞ê♥❝✐❛
❡s♣❛❝✐❛❧ ♥♦s ❝♦❡✜❝✐❡♥t❡s✳

✶✶✹



✻✳✶✳✶ ❊st✐♠❛t✐✈❛ ❞♦s P❛râ♠❡tr♦s

P❛r❛ ❛ ❡st✐♠❛t✐✈❛ ❞❡ ♣❛râ♠❡tr♦s q✉❡ ✈❛r✐❛♠ ❝♦♠ ♦ ❡s♣❛ç♦ ❡ t❛♠❜é♠ ❝♦♠ ♦ t❡♠♣♦✱ ❞❡
♠♦❞♦ ❛ ❡st❛❜❡❧❡❝❡r ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ tr❛tá✈❡❧✱ ♦s ❞❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s
❛tr❛✈és ❞❡ três ❡①♣❡r✐♠❡♥t♦s ❞✐st✐♥t♦s✱ ❞✐❢❡r✐♥❞♦ ✉♠ ❞♦ ♦✉tr♦ q✉❛♥t♦ ❛♦ ❡s♣❛ç❛♠❡♥t♦
❡♥tr❡ ❢❛✐①❛s ❝✉❧t✐✈❛❞❛s✳ ❘❡♣r♦❞✉③✐♠♦s ♥❛ ❚❛❜❡❧❛ ✻✳✶✱ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛ ❝♦❡✜❝✐❡♥t❡
❞❡ ❞✐❢✉sã♦ D(t) ❡ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦ α(t) ♥♦s ✸ ♣r✐♠❡✐r♦s ❞✐❛s
s✉❜s❡q✉❡♥t❡s à ❧✐❜❡r❛çã♦ ❞♦s ✐♥s❡t♦s✳

t D(t) α(t)
✵ ✵✳✵✷✾✻ ✵✳✷✺✺✾
✶ ✵✳✵✸✵✷ ✵✳✷✹✽✻
✷ ✵✳✵✵✵✵✽ ✵✳✵✵✺✻
✸ ✵✳✵✵✵✵ ✵✳✵✵✵✶✹

❚❛❜❡❧❛ ✻✳✶✿ ❱❛❧♦r❡s ❞❡ D(t) ❡ α(t) ♥♦s ✸ ♣r✐♠❡✐r♦s ❞✐❛s✳

❆ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ D(t) ❡ α(t) é ❞❛❞❛ ♣❡❧❛s ❋✐❣✉r❛s ✻✳✶ ❡ ✻✳✷✳ ➱ ✐♠♣♦rt❛♥t❡
♦❜s❡r✈❛r q✉❡ ❛s ❝✉r✈❛s ♦❜t✐❞❛s ♥❛s ❋✐❣✉r❛s ✻✳✶ ❡ ✻✳✷ ❢♦r❛♠ ❛❥✉st❛❞❛s ❛♦s ✈❛❧♦r❡s ❞❛
❚❛❜❡❧❛ ✻✳✶✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❝r✐tér✐♦s ❛❞♦t❛❞♦s ♥♦ ♠ét♦❞♦ ❞♦s q✉❛❞r❛❞♦s ♠í♥✐♠♦s✳

❋✐❣✉r❛ ✻✳✶✿ ❈✉r✈❛ D(t) ❛❥✉st❛❞❛ ❛♦s ♣♦♥t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ t❛❜❡❧❛ ✻✳✶✳

❯t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❡ ♣❛râ♠❡tr♦s ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❇❛♥❦s ❡t ❛❧✳ ✭✶✾✽✺✮✱ ❢♦✐ s✐♠✉❧❛❞♦
♥♦ ❡①♣❡r✐♠❡♥t♦✱ ❛ ❧✐❜❡r❛çã♦ ❞❡ 20 ✐♥s❡t♦s✱ ❡♠ ú♥✐❝❛ ♣♦s✐çã♦✱ ♦✉ s❡❥❛✱ ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡
✉♠ ❝❛♥t❡✐r♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ♣❧❛♥t❛çã♦ ✉♥✐❢♦r♠❡ ❞❡ 100m✳

✶✶✺



❋✐❣✉r❛ ✻✳✷✿ ❈✉r✈❛ α(t) ❛❥✉st❛❞❛ ❛♦s ♣♦♥t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✻✳✶✳

❋♦✐ ❢♦r♠✉❧❛❞♦ ✉♠ ♠♦❞❡❧♦ ❝♦♥tí♥✉♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ú♥✐❝❛ ❞✐r❡çã♦✱ ❛ ❞♦ ❡✐①♦ ❞♦s
x✱ ❡ ❛❥✉st❛♠♦s ❝✉r✈❛s ❛♦s ✈❛❧♦r❡s ♦❜t✐❞♦ ♥❛ ❚❛❜❡❧❛ ✻✳✶✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♣✉❞éss❡♠♦s t❡r
❢✉♥çõ❡s D(t) ❡ α(t)✱ ❝♦♠ ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ t✱ q✉❡ ❝♦♥st✐t✉íss❡♠ ♦ ♠❡❧❤♦r ❛❥✉st❡ ❞❡
❛❝♦r❞♦ ❝♦♠ ♦s ❝r✐tér✐♦s ❛❞♦t❛❞♦s ♥♦ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳

❖❜t✐✈❡♠♦s ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✿

D(t) = 0.01495(1− tanh(15.65t− 28.34))

❊ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞❡❝❛✐♠❡♥t♦✿

α(t) = 0.1261[1− tanh(36.39t− 70.89)]

❉❡ss❛ ❢♦r♠❛✱ ❛♥❛❧✐s❛♠♦s ♦ ♠♦❞❡❧♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭✻✳✺✮

∂u

∂t
= D(t)

∂2u

∂x2
− α(t)u ✭✻✳✺✮

❈♦♠♦ ❛♣❧✐❝❛çã♦ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ ❡q✉❛çã♦ ✭✻✳✺✮✱ ❝♦♥s✐❞❡r❛♥❞♦ ❞✐✈❡rs❛s ❛❧t❡r♥❛t✐✈❛s ❡♠
r❡❧❛çã♦ ❛♦s ❝♦❡✜❝✐❡♥t❡s D ❡ α✱ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s ♠♦❞❡❧♦s ❞❡t❡r♠✐♥íst✐❝♦
❡ ❢✉③③②✳

❊ ❡st✉❞❛r❡♠♦s ❛ ❡q✉❛çã♦ ✭✻✳✺✮ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❛✮ D = 0.01996 ❡ α = 0.17

✶✶✻



❜✮ D = 0.01996 ❡ α = α(t)

❝✮ D = D(t) ❡ α = 0.17

❞✮ D = D(t) ❡ α = α(t)

✻✳✶✳✷ ❙♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ × ❙♦❧✉çã♦ ❢✉③③②

◆❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♠ ❞✐✈❡rs❛s ♠❛♥❡✐r❛s ❞❡ s❡ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❞❡t❡r♠✐♥íst✐❝❛s ♣❛r❛
♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❞✐❢✉sã♦✳ ❈♦♠♦ ✈✐st♦ ♥❛ s❡❝çã♦ ❛♥t❡r✐♦r ✈❛♠♦s ❛♥❛❧✐s❛r ♦s ♠♦❞❡❧♦s
❛tr❛✈és ❞❡ s✉❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s q✉❡ sã♦ ❝♦♠♣✉t❛❞❛s ♥♦ ✐♥t❡r✈❛❧♦ 0 ≤ x ≤ 1✱ s❡♥❞♦ q✉❡
❡ss❡ ✐♥t❡r✈❛❧♦ ❡stá r❡❡s❝❛❧♦♥❛❞♦✱ r❡♣r❡s❡♥t❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ r❡❛❧ ❞❡ ✶✵✵♠✱ ❝♦♠ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧✿

u(x, 0) = 0 s❡ x 6= 0.5
u(x, 0) = 20 s❡ x = 0.5

❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✿

u(0, t) = u(1, t) = 0

❈♦♥s✐❞❡r❛r❡♠♦s ♦ ♠❡s♠♦ ♣❡rí♦❞♦ ❞❡ t❡♠♣♦ t ♣❛r❛ ❛♥á❧✐s❡ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ✐st♦ é✱
♣❡rí♦❞♦ ❞❡ ✸ ❞✐❛s✱ ❡①♣r❡ss♦s ❡♠ t❡r♠♦s ❞❡ ❤♦r❛s✳

❈❛s♦ ❛✮

◆❡st❡ ❝❛s♦✱ ❡st✉❞❛r❡♠♦s ✉♠ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✲r❡❛çã♦✱ ❢❛③❡♥❞♦ D(t) = 0.01996 ❡
α(t) = 0.17 ✭♠é❞✐❛ ❞♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♥❛ t❛❜❡❧❛ ✶✮✳ ❊♥tã♦ t❡♠♦s ❛ ❡q✉❛çã♦ ♥❛ ❢♦r♠❛

∂u

∂t
= 0.01996

∂2u

∂x2
− 0.17u ✭✻✳✻✮

❆♣ós ❛ ❧✐❜❡r❛çã♦ ❞♦s ✐♥s❡t♦s ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ✉♠ ❝❛♥t❡✐r♦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❤á ♣♦✉❝❛
❞✐s♣❡rsã♦✳ ❊♠ t♦r♥♦ ❞❡ ✶✵ ♣♦r ❝❡♥t♦ ❞♦s ❜❡s♦✉r♦s ❧✐❜❡r❛❞♦s ♥ã♦ s❡ ❡♥❝♦♥tr❛♠ ♠❛✐s
♥♦ ♣♦♥t♦ ♠é❞✐♦ ❛♣ós ♦ ♣r✐♠❡✐r♦ ❞✐❛ ❡①✐st✐♥❞♦ ✉♠❛ t❡♥❞ê♥❝✐❛ ♥❛t✉r❛❧ ❞♦s ♠❡s♠♦s ❛
❛❣r✉♣❛r❡♠✲s❡ ❡♠ t♦r♥♦ ❞❡ss❡ ♣♦♥t♦✳ ❆❧❣✉♥s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛♠ ❡ss❡ ❡❢❡✐t♦ ❝♦♠♦ t❡♠♣♦
❞❡ ♣❡sq✉✐s❛ ✐♥✐❝✐❛❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✐♥❝❡rt♦✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ❡ss❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♠♦ s❡♥❞♦ ✉♠ ♥ú♠❡r♦ ❢✉③③② ❞❛ ❢♦r♠❛

[û(x, 0)]α = [17; 20; 23]

❆ss✐♠✱ t❡♠♦s ❛ s♦❧✉çã♦ ❢✉③③② ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡tr♠✐♥íst✐❝♦ ♥❛ ❢♦r♠❛✿

✶✶✼







❋✐❣✉r❛ ✻✳✽✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 3 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✻✮✳

❈❛s♦ ❜✮

❆❣♦r❛ ✈❛♠♦s ❡st✉❞❛r ❛ ❡q✉❛çã♦

∂u

∂t
= 0.03101

∂2u

∂x2
− 0.1261(1− tanh(36.39t− 70.89))u ✭✻✳✼✮

◆❡st❡ ❝❛s♦✱ ❛♣ós ♦ ♣r✐♠❡✐r♦ ❞✐❛ ❞❡ ❧✐❜❡r❛çã♦✱ ❛♣❡♥❛s ✻✵ ♣♦r ❝❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦ ♥ã♦ ❡stá
❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ ❝❛♥t❡✐r♦✳ P❛ss❛❞♦s ✸ ❞✐❛s ❞❡ ❡①♣❡r✐♠❡♥t♦✱ ♦❜s❡r✈❛♠♦s ♦s
✐♥s❡t♦s ❛♣r♦①✐♠❛r❡♠✲s❡ ❞♦s ❡①tr❡♠♦s ❞♦ ❝❛♥t❡✐r♦✳ ■st♦ ♠♦str❛ q✉❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠
♣❛râ♠❡tr♦ ✈❛r✐❛♥❞♦ t❡♠♣♦r❛❧♠❡♥t❡✱ ❢❛③ ❝♦♠ q✉❡ ❤❛❥❛ ✉♠ ❡❢❡✐t♦ ♠❛✐♦r ♥♦ ♣r♦❝❡ss♦ ❞❡
❞✐s♣❡rsã♦✳ ❆s ❋✐❣✉r❛s ✻✳✾ ❡ ✻✳✶✵ ✐❧✉str❛♠ ❜❡♠ ❡ss❡ ❢❡♥ô♠❡♥♦✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ q✉❡ t❡♥❤❛♠♦s ✉♠❛ s♦❧✉çã♦ ♣✲❢✉③③② ❛ss♦❝✐❛❞♦ ❛♦ ít❡♠ ❜✮ ❜❛st❛
❡s❝♦❧❤❡r♠♦s ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦

XK+1 = xk + 0.01996∆xk − (−0.17
3
k + 0.17)xk

♦♥❞❡ ♦ t❡r♠♦ (−0.17
3
k + 0.17) ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡s❝♦❧❤✐❞♦ ❢♦✐ ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ❛❥✉st❡

❞❛ r❡t❛ ❧✐❣❛♥❞♦ ♦s ♣♦♥t♦s α(t) = 0.2559 ❡ α(t) = 0.00014✳
❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♦ ❣rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❡s♣❡❝í✜❝❛♠❡♥t❡ ♥♦s t❡♠♣♦s

t = 1 ❡ t = 3 ♥❛s ❋✐❣✉r❛s ✻✳✶✸ ❡ ✻✳✶✹✳

✶✷✵





❋✐❣✉r❛ ✻✳✶✸✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 1 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✼✮✳

❋✐❣✉r❛ ✻✳✶✹✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 3 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✼✮✳

✶✷✷







❋✐❣✉r❛ ✻✳✷✵✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 3 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✽✮✳

■t❡♠ ❞✮

❆❣♦r❛✱ ❛♥❛❧✐s❛r❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡❝❛✐♠❡♥t♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡✲
♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞❡❝❛✐♠❡♥t♦ t❛♠❜é♠ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ ❆ss✐♠✱
t❡♠♦s

∂u

∂t
= 0.1495(1− tanh(15.65t− 28.34))

∂2u

∂x2
− 0.1261(1− tanh(36.39t− 70.89))u ✭✻✳✾✮

❆s ❋✐❣✉r❛s ✻✳✷✶ ❡ ✻✳✷✷ ❢❛③❡♠ ❛ ❝♦♠♣❛r❛çã♦ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❝♦♠ ❛ ♣✲❢✉③③② ❡
❛s ❋✐❣✉r❛s ✻✳✷✸ ❡ ✻✳✷✹ ♠♦str❛♠ t♦❞❛s ❛s s♦❧✉çõ❡s ❥✉♥t❛s✿ ❉❡t❡r♠✐♥íst✐❝❛✱ ♣✲❢✉③③② ❡ ❢✉③③②✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ q✉❡ t❡♥❤❛♠♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♣✲❢✉③③② ❛ss♦✲
❝✐❛❞♦ ❛♦ ít❡♠ ❜✮ ❜❛st❛ ❡s❝♦❧❤❡r♠♦s ❛ ✐t❡r❛çã♦

XK+1 = xk + (−0.01996
3

k + 0.01998)∆xk − (−0.17
3
k + 0.17)xk

♦♥❞❡ ♦s t❡r♠♦s −0.01996
3

k + 0.01998) ❡ −0.17
3
k + 0.17 ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ❛ ♣❛rt✐r ❞♦ ❛❥✉st❡

❞❛ r❡t❛ ♣❛ss❛♥❞♦ ♣♦r D(t) = 0.0296✱ D(t) = 0 ❡ α(t) = 0.2559✱ α(t) = 0.00014 r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳

✶✷✺





❋✐❣✉r❛ ✻✳✷✺✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 1 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✾✮✳

❋✐❣✉r❛ ✻✳✷✻✿ ●rá✜❝♦ ❞❛s s♦❧✉çõ❡s ❢✉③③②✱ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♣✲❢✉③③② ♥♦ t❡♠♣♦ t = 3 ❞❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ✭✻✳✾✮✳

✶✷✼



♣r♦♣♦st♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❛♣❧✐❝❛❞♦ ❛ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ♣ós✲❛❧✐♠❡♥t❛r✳ ◆❡st❡ ❡st✉❞♦✱
✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❞✐❢✉sã♦ é ❡♠♣r❡❣❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❢♦r♠❛ ❞❡ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ❞❡s❞❡
♦ s✉❜str❛t♦ ❛❧✐♠❡♥t❛r✱ ❜❛s❡❛❞♦ ❡♠ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❡ três ❡s♣é❝✐❡s ❞❡ ✈❛r❡❥❡✐r❛s✱
❈❤r②s♦♠②❛ ♠❡❣❛❝❡♣❤❛❧❛✱ ❈✳ ♣✉t♦r✐❛ ❡ ❈♦❝❤❧✐♦♠②✐❛ ♠❛❝❡❧❧❛r✐❛✳

❖s ♠♦❞❡❧♦s ❞❡ ❞✐❢✉sã♦ tê♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❧♦❝❛❧✐③❛r ♣r♦❜❧❡♠❛s ❡❝♦✲
❧ó❣✐❝♦s ❡ tê♠ s✐❞♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ út❡✐s ♣❛r❛ ❛♥❛❧✐s❛r ❛ ❞✐s♣❡rsã♦ ❡♠ ✐♥s❡t♦s ❛❞✉❧t♦s✳
❈♦♥t✉❞♦✱ ❡st❛ ❛❜♦r❞❛❣❡♠ ❛♣❛r❡♥t❡♠❡♥t❡ ♥ã♦ t❡♠ s✐❞♦ ❡①♣❧♦r❛❞❛ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s ✐♠❛t✉r♦s t❛✐s ❝♦♠♦ ❛s ♠♦s❝❛s ✈❛r❡❥❡✐r❛s✱ ♦♥❞❡
❞♦✐s ❣r✉♣♦s ❞❡ ✐♥❞✐✈í❞✉♦s ✐♥t❡r❛❣❡♠✱ ❛q✉❡❧❡s q✉❡ ❡stã♦ ♠✐❣r❛♥❞♦ ❛t✐✈❛♠❡♥t❡ ❡ ❛q✉❡❧❡s
q✉❡ ❥á s❡ ❡♥t❡rr❛r❛♠ ♥♦ s✉❜str❛t♦✳

❖ ♣r❡s❡♥t❡ ❡s❢♦rç♦ é ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ❝♦♠♣❧❡①♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐s♣❡rsã♦
❧❛r✈❛❧✱ q✉❡ ✐♥❝❧✉✐ ❢❛t♦r❡s q✉❡ ❛❣❡♠ ❡♠ ♥í✈❡❧ ✐♥❞✐✈✐❞✉❛❧✱ t❛✐s ❝♦♠♦✱ ♦ ♣❡s♦ ♠í♥✐♠♦ ♥❡❝❡ssár✐♦
♣❛r❛ ❛ ♣✉♣❛çã♦ ❡ ❛q✉❡❧❡s q✉❡ ✐♥t❡r✈é♠ ♥♦s ♥í✈❡✐s ♣♦♣✉❧❛❝✐♦♥❛❧ ❡ ❞❡ ❝♦♠✉♥✐❞❛❞❡ ✐♥❝❧✉✐♥❞♦
♦ t❡♠♣♦ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♠ q✉❡ ❛s ❧❛r✈❛s ❞❡✐①❛♠ ♦ s✉❜str❛t♦✱ ♦ ♣❛❞rã♦ ❡s♣❛ç♦✲t❡♠♣♦r❛❧
❞❡ ♣r❡❞❛çã♦ ❡ ♣❛r❛s✐t✐s♠♦✱ ❛ ❝♦♠♣♦s✐çã♦ ❢ís✐❝❛ ❞♦ s✉❜str❛t♦✱ ❡ ❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ❧♦❝❛✐s
❛❞❡q✉❛❞♦s ♣❛r❛ ♣✉♣❛r✳

❆ ❛♣❧✐❝❛çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❞✐❢✉sã♦ t❡♠ ✉♠❛ r✐❝❛ tr❛❞✐çã♦ ❞❡ ♠❡❝❛♥✐s♠♦s ❡ ♣r♦❝❡ss♦s ❡♠
❜✐♦❧♦❣✐❛ ♣♦♣✉❧❛❝✐♦♥❛❧✱ ❡ ♥ós ❛❝r❡❞✐t❛♠♦s q✉❡ ❛ ❛❜♦r❞❛❣❡♠ ❛♣r❡s❡♥t❛❞❛ ❛q✉✐ s❡❣✉❡ ❡st❛
tr❛❞✐çã♦✳ ❈♦♠♦ ❡♠ ♦✉tr♦s ❡st✉❞♦s✱ ❢♦r❛♠ ❢❡✐t❛s ❤✐♣ót❡s❡s s✐♠♣❧✐✜❝❛❞♦r❛s t❛✐s ❝♦♠♦ ❛
✐♥✈❛r✐â♥❝✐❛ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞✐❢✉sã♦ ❝♦♠ ❡s♣❛ç♦✱ t❡♠♣♦✱ ❡ ❞❡♥s✐❞❛❞❡ ❧❛r✈❛❧✳ ❚♦❞❛✈✐❛✱ ♦
♣r♦♣ós✐t♦ ♣r✐♠ár✐♦ ❞♦ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦ ❛q✉✐ ❢♦✐ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛r❝❛❜♦✉ç♦ ♣❛r❛ ❛♥❛❧✐s❛r
❛ ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s ✐♠❛t✉r♦s q✉❡ ✈✐✈❡♠ ❡♠ ❝❛r♥✐ç❛ ♦✉ ♦✉tr♦s s✉❜str❛t♦s ❡❢ê♠❡r♦s✳

❆ ❛❜♦r❞❛❣❡♠ ♣❛ss✐✈❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ s✐♠♣❧❡s t♦♠❛❞❛ ❛q✉✐ ✐♥❝❧✉✐ ❞✉❛s ❝❛r❛❝t❡✲
ríst✐❝❛s r❡❧❡✈❛♥t❡s q✉❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❧❡✈❛ ❡♠ ❝♦♥t❛ ❛ ❞✐s♣❡rsã♦ ❞❡ ❢❛s❡ ❞❛ ✈✐❞❛ ❡ ❛ss✉♠❡
q✉❡ ❛ ❛s ❞✐stâ♥❝✐❛s ❞❡ ❞✐s♣❡rsã♦ sã♦ ❧✐♠✐t❛❞❛s✱ ♦ q✉❡ é ❝♦♠✉♠❡♥t❡ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦
✉♠❛ ❧✐♠✐t❛çã♦ ♥♦s ♠♦❞❡❧♦s ❞❡ ❞✐❢✉sã♦ t❛✐s ❝♦♠♦ ❛q✉❡❧❡s ❛♣❧✐❝❛❞♦s à ❞✐s♣❡rsã♦ ❞❡ ✐♥s❡t♦s
❛❞✉❧t♦s✳

❖s ♠♦❞❡❧♦s ❞❡ ❞✐❢✉sã♦ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ♥❛ ❢♦r♠❛
∂u

∂t
= D∆u+ f(u)

♦♥❞❡ f(u) é ♦ t❡r♠♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ✈❛r✐❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛ ♥❛s❝✐♠❡♥t♦ ❡
♠♦rt❡✱ ❡ ❡♠ t❛♠❜é♠✱ ❛❞✈❡❝çã♦✳

❋♦✐ t♦♠❛❞❛ ✈❛♥t❛❣❡♠ ❞❛ ✢❡①✐❜✐❧✐❞❛❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ❞✐❢✉sã♦ ♣❛r❛ ✐♥❝♦r♣♦r❛r ❝❛✲
r❛❝t❡ríst✐❝❛s ❝♦♠♣♦rt❛♠❡♥t❛✐s ❞❡ ❞✐s♣❡rsã♦ ♥♦ ❡stá❣✐♦ ❧❛r✈❛❧✳ ❖ ♠♦❞❡❧♦ ✐♥❝❧✉✐ ❛ ❞✐❢✉sã♦
❝❧áss✐❝❛ ❡ ✈❡❧♦❝✐❞❛❞❡ ♥❛ ❢♦r♠❛ ❞❡ ❛❞✈❡❝çã♦✱ ❡ t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡s❝r❡✈❡ ♦ ♣r♦❝❡ss♦
❞❡ ❡♥t❡rr❛♠❡♥t♦ ❞❛s ❧❛r✈❛s ♥♦ s✉❜str❛t♦ ♣❛r❛ s❡ t♦r♥❛r ♣✉♣❛✳

❖ ❢♦❝♦ ♥❡st❛s ♠♦s❝❛s é ♠♦t✐✈❛❞♦ ♣❡❧♦ ❢❛t♦ ❞❡ ❞✉❛s ❡s♣é❝✐❡s ❞❡ ❈❤r②s♦♠②❛✱ q✉❡ sã♦
♥❛t✐✈❛s ❞♦ ❱❡❧❤♦ ▼✉♥❞♦✱ ❆✉str❛❧✐❛ ❡ ➪s✐❛✱ s❡r❡♠ ♣❛rt❡ ❞❡ ✉♠❛ ✐♥✈❛sã♦ ❝♦♥tí♥✉❛ ❞❛s
❆♠ér✐❝❛s✳ ❆ ✐♥✈❛sã♦ ❞❛s ♠♦s❝❛s ❞✐s♣❡rs♦✉✲s❡ r❛♣✐❞❛♠❡♥t❡ ❡♠ t♦❞♦ ♦ ❝♦♥t✐♥❡♥t❡ ❡✱ ❛♣❛✲
r❡♥t❡♠❡♥t❡ ❝❛✉s♦✉ ♦ ❞❡❝❧í♥✐♦ ♥♦ ♥ú♠❡r♦ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❛ ❡s♣é❝✐❡ ♥❛t✐✈❛✱ ❈ ♠❛❝❡❧❧❛r✐❛✳

✶✷✽



❖ ♣r♦❝❡ss♦ ❞❡ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ♣ós✲❛❧✐♠❡♥t❛r✱ ❛ ♣❛rt✐r ❞♦ s✉❜str❛t♦ ❛❧✐♠❡♥t❛r✱ ❡♠
❝❛❧♦❢♦rí❞❡♦s t❛✐s ❝♦♠♦ ❈✳ ♠❡❣❛❝❡♣❤❛❧❛✱ ❈✳ ♣✉t♦r✐❛ ❡ ❈✳ ♠❛❝❡❧❧❛r✐❛✱ ❡♥✈♦❧✈❡ ✐♥❞✐✈í❞✉♦s
q✉❡ ❡stã♦ ❞✐s♣❡rs❛♥❞♦ ❡♥q✉❛♥t♦ ❛❧❣✉♥s ❞❡❧❡s ❝♦♠❡ç❛♠ ♦ ❡♥t❡rr❛♠❡♥t♦ ♥♦ s✉❜str❛t♦ ♣❛r❛
♣✉♣❛çã♦✳ P♦r ❝❛✉s❛ ❞❡st❛ ❝❛r❛❝t❡ríst✐❝❛✱ ❛ ❢♦r♠❛ ❞❡ ❞✐s♣❡rsã♦ s♦♠❡♥t❡ ♣♦❞❡ s❡r ✐♥❢❡r✐❞❛
q✉❛♥❞♦ t♦❞♦s ♦s ✐♥❞✐✈í❞✉♦s t✐✈❡r❡♠ ♣✉♣❛❞♦✳

P❛r❛ ❝❛❞❛ ❡s♣é❝✐❡✱ ❞❡♣♦✐s q✉❡ t♦❞♦s ♦s ✐♥❞✐✈í❞✉♦s ♣✉♣❛r❛♠ ♥♦ s✉❜str❛t♦✱ ❢♦✐ ❝♦♥t❛❞♦
♦ ♥ú♠❡r♦ ❞❡ ♣✉♣❛s ♦❜s❡r✈❛❞❛s ❛ ❝❛❞❛ 20❝♠ ❞❡ ✐♥t❡r✈❛❧♦ ❞♦ ♣♦♥t♦ ❞❡ ❧❛♥ç❛♠❡♥t♦ ✭❝❛r❝❛ç❛
❝♦❧♦❝❛❞❛ ❡♠ ✉♠❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ ❝❛✐①❛✮ ❛ ✉♠❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ ❝❛✐①❛✳ ❆s ❞✐stâ♥❝✐❛s
✐♥❞✐✈✐❞✉❛✐s ❞❡ ❞✐s♣❡rsã♦ ❢♦r❛♠ ❡♥tã♦ ♠❡❞✐❞❛s ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛ ♣❡❧❛ ❧❛r✈❛✱
♣ós✲❛❧✐♠❡♥t❛❞❛✱ ❞♦ ✏♣♦♥t♦ ❞❡ ❧❛♥ç❛♠❡♥t♦✑❛♦ sít✐♦ ❞❡ ♣✉♣❛çã♦✳

❖ ♥ú♠❡r♦ ❞❡ ♣✉♣❛s ❡♥❝♦♥tr❛❞♦ ❡♠ ❝❛❞❛ ✐♥t❡✈❛❧♦ ❢♦✐ ♣❧♦t❛❞♦ ❝♦♥tr❛ ❛ ❞✐stâ♥❝✐❛ ♣❡r✲
❝♦rr✐❞❛ ♣❡❧❛s ❧❛r✈❛s ❡ ♦ ♣❛❞rã♦ ❣❡r❛❧ q✉❡ ❡♠❡r❣❡ ❞❡st❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s é s✐♠✐❧❛r ♣❛r❛
❛s três ❡s♣é❝✐❡s q✉❡ ♥ã♦ s❡ ♠♦✈❡r❛♠ ♣❛r❛ ❧♦♥❣❡ ❞♦ s✉❜str❛t♦ ❛❧✐♠❡♥t❛r✱ ❡ ♦ ♥ú♠❡r♦ ❞❡
❧❛r✈❛s ❡♠ ❞✐s♣❡rsã♦ ❞✐♠✐♥✉✐ ❝♦♠ ❛ ❞✐stâ♥❝✐❛✳

◆ã♦ ♦❜st❛♥t❡✱ ❛s ❞✉❛s ❡s♣é❝✐❡s ✐♥✈❛s♦r❛s ❞✐❢❡r❡♠ ♥♦t❛✈❡❧♠❡♥t❡ ❞❛ ❡s♣é❝✐❡ ♥❛t✐✈❛ ♥❛
❢♦r♠❛ ❞❡ ❞✐s♣❡rsã♦✳ ❊♠ ❈✳ ♠❡❣❛❝❡♣❤❛❧❛ ❡ ❈✳ ♣✉t♦r✐❛✱ ❛ ❢♦r♠❛ ❞❡ ❞✐s♣❡rsã♦ ♠♦str❛ ✉♠
♣❛❞rã♦ ❞❡ ♦s❝✐❧❛çõ❡s✱ ❡♥q✉❛♥t♦ ♥❛ ❡s♣é❝✐❡ ♥❛t✐✈❛ ✱ ❈✳ ♠❛❝❡❧❧❛r✐❛✱ ♦ ♥ú♠❡r♦ ❞❡ ❧❛r✈❛s ❡♠
❞✐s♣❡rsã♦ ❛♣❛r❡♥t❡♠❡♥t❡ ❞❡❝❧✐♥❛ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝♦♠♦ ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✻✳✷✼✳

❋✐❣✉r❛ ✻✳✷✼✿ ❆❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❜❛s❡❛❞♦ ♥❛ s♦❧✉çã♦✳

✶✷✾



✻✳✷✳✶ ▼♦❞❡❧♦ ❞❡ ❉✐❢✉sã♦ ❞❡t❡r♠✐♥íst✐❝♦

❖ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ tr❛t❛❞♦ ❡♠ ❇❛ss❛♥❡③✐ ❡t ❛❧✳ ✭✶✾✾✼✮ é ♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❛❞♦ ♣♦r

∂c

∂t
(x, t) = D

∂2c

∂x2
(x, t) + α

∂c

∂x
(x, t)− h(x, t) ✭✻✳✶✵✮

♦♥❞❡ c(x, t) é ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❧❛r✈❛s ♥❛ s✉♣❡r❢í❝✐❡✱ x é ❛ ❝♦♦r❞❡♥❛❞❛ ❡s♣❛❝✐❛❧ ✉♥✐❞✐✲
♠❡♥s✐♦♥❛❧✱ t é ♦ t❡♠♣♦ ❞♦ ♣r♦❝❡ss♦✱ D é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❡ α é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡
♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❛❞✈❡❝çã♦ ❞❛s ❧❛r✈❛s✳

❖s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❡ ❡q✉❛çã♦ ✻✳✶✵ ❞❡s❝r❡✈❡♠ ♦ ♠♦✈✐♠❡♥t♦ ❞❛s ❧❛r✈❛s ♥❛ s✉✲
♣❡r❢í❝✐❡ ❞♦ s✉❜str❛t♦✳ ❖ ú❧t✐♠♦ t❡r♠♦ h(x, t) ♠❡❞❡ ❛ t❛①❛ ❞❡ ❡♥t❡rr❛♠❡♥t♦ ❞❛s ❧❛r✈❛s✳
❈♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ à ❢♦r♠❛ ❞❡ ❞✐ss❡♠✐♥❛çã♦ ❞❛s ❧❛r✈❛s ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✻✳✷✼✱ ♦
♣r♦❝❡ss♦ ❞❡ ❡♥t❡rr❛♠❡♥t♦ ❞❛s ❧❛r✈❛s ♥♦ s✉❜str❛t♦ ❞❡❝❧✐♥♦✉ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ❛ ❞✐s✲
tâ♥❝✐❛ ❞✐s♣❡rs❛❞❛ ♣❡❧❛s ❧❛r✈❛s ❡ ❢♦✐ ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ à ❞✐❢❡r❡♥ç❛ ♥❛ ❝♦♥❝❡♥tr❛çã♦
❞❛s ❧❛r✈❛s✳ ❊ss❛s ❤✐♣ót❡s❡s ❡♥tã♦ ❧❡✈❛♠ ❛✿

h(x, t) = k

(

c0
(x∗ − x)

x∗
e−rx − c(x, t)

)

✭✻✳✶✶✮

♣❛r❛ t 6 t∗ ❡ x 6 x∗✱ ♦♥❞❡ k é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ c0 é ❛ q✉❛♥t✐❞❛❞❡
✐♥✐❝✐❛❧ ❞❡ ❧❛r✈❛s✱ x∗ é ❛ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ❞❡ ✈✐❛❣❡♠ ❞❛ ❧❛r✈❛ ❡ t∗ é ♦ t❡♠♣♦ ♠á①✐♠♦ ❞❡
❞✐s♣❡rsã♦✳ ◆♦t❡ q✉❡ c(x, t) > 0 ❡ h(x, t) > 0 ♣❛r❛ t 6 t∗✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ s❡ t > t∗ ❡♥tã♦
c(x, t) = h(x, t) = 0✳

❆ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❧❛r✈❛s ❡♥t❡rr❛❞❛s ❡♠ ❛❧❣✉♠ ♣♦♥t♦ é ❞❛❞♦ ♣♦r

c∗(x, t) =

∫ t

0

h(x, τ)dτ ✭✻✳✶✷✮

❯s❛♥❞♦ ✭✻✳✶✶✮ ❡ ✭✻✳✶✷✮ t❡♠♦s

c∗(x, t) =
kc0
x∗

(x∗ − x)te−rx − k

∫ t

0

c(x, τ)dτ ✭✻✳✶✸✮

♣❛r❛ x 6 x∗ ❡ t 6 t∗✳
◗✉❛♥❞♦ t 6 t∗ ♥ã♦ ❡①✐st❡ ❧❛r✈❛s ❞❡✐①❛❞❛s ♥♦ s✉❜str❛t♦✱ ♥❡ss❡ ❝❛s♦

c∗(x, t∗) =
kc0
x∗

(x∗ − x)t∗e−rx − k

∫ t∗

0

c(x, τ)dτ ✭✻✳✶✹✮

q✉❡ ❞❡s❝r❡✈❡ ♦ ✜♠ ❞♦ ❝✐❝❧♦ ❧❛r✈❛❧ ❞❡ ❞✐s♣❡rsã♦ ❧♦❣♦

∂c

∂t
(x, t∗) = 0 ✭✻✳✶✺✮

✶✸✵



❉❡ ✭✻✳✶✵✮ ❡ ✭✻✳✶✺✮ t❡♠♦s

D
∂2c

∂x2
+ α

∂c

∂x
− h(x, t) = 0 ✭✻✳✶✻✮

♣❛r❛ t = t∗

❉❡s❞❡ q✉❡ ❛s ❞❡r✐✈❛❞❛s ♥❛ ❡q✉❛çã♦ ✻✳✶✻ ♥ã♦ ❞❡♣❡♥❞❛♠ ❞♦ t❡♠♣♦✱ t❡♠♦s

∂2c

∂x2
+
α

D

∂c

∂x
+
k

D
c =

kc0
Dx∗

(x∗ − x)e−rx ✭✻✳✶✼✮

❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❤♦♠♦❣ê♥❡❛ ✭✻✳✶✼✮✱ q✉❡ ❢♦r♥❡❝❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ é ❞❛❞❛
♣♦r✿

ch(x) = Aeλ1x +Beλ2x

♦♥❞❡

λi =
−p±

√
p2−4q

2
✱ i = 1, 2

♣❛r❛ p = α
D

❡ q = k
D
✳

❆s ♣❛rt❡s r❡❛✐s ❞❡ λ1 ❡ λ2 sã♦ s❡♠♣r❡ ♥❡❣❛t✐✈❛s✱ ♣r♦❞✉③✐♥❞♦ s♦❧✉çõ❡s ❝♦♠ ❞❡❝❛✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧✳ ❖ ❝❛s♦ p2 6 4q é r❡❧❡✈❛♥t❡ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ♣♦r
❝❛✉s❛ ❞❛s r❛í③❡s ❝♦♠♣❧❡①❛s ❛ss♦❝✐❛❞❛s✳ ❙❡ p2 6 4q ♥♦s t❡♠♦s q✉❡

α2

D
< 4k ✭✻✳✶✽✮

❙❡ ✭✻✳✶✽✮ ✈❛❧❡✱ ❡♥tã♦

ch(x) = β cos(ωx− θ)e−
p
2
x ✭✻✳✶✾✮

♦♥❞❡✱ ω =

√
4q−p2

2
✳

❯♠❛ s♦❧✉çã♦ ♣❛rt✐❝✉❧❛r ♣❛r❛ ✻✳✶✼ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r

cp(x) = (B1 + A1x)e
−rx ✭✻✳✷✵✮

❙✉❜st✐t✉✐♥❞♦ cp(x) ❡♠ ✭✻✳✶✽✮ t❡♠♦s

A1 =
−qc0

x∗(r2−pr+q)
❡ B1 =

qc0(p−2r+x∗(r2−pr+q))
x∗(r2−pr+q2)

▲♦❣♦✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❡ ✭✻✳✶✻✮ é ❞❛❞❛ ♣♦r

c(x) = β cos(ωx− θ)e−
p
2
x + (B1 + A1x)e

−rx ✭✻✳✷✶✮

❯s❛♥❞♦ ✭✻✳✷✶✮ ❡♠ ✭✻✳✶✹✮✱ t❡♠♦s ❛ s♦❧✉çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❛ ❧❛r✈❛ ❡♠ ❡q✉✐❧í❜r✐♦ ♥❛
❢♦r♠❛

c∗(x, t∗) = −βkt∗ cos(ωx− θ)e−
p
2
x + kt∗(C0 − B1 − (A1 +

c0
x∗

)x)e−rx. ✭✻✳✷✷✮

✶✸✶



❋✐❣✉r❛ ✻✳✷✽✿ ❆❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❜❛s❡❛❞♦ ♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✻✳✷✷✮

✻✳✷✳✷ ▼♦❞❡❧♦ ❢✉③③②

❈♦♥s✐❞❡r❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♥ã♦ é ❜❡♠ ❞❡t❡r♠✐♥❛❞❛✱ ♦✉ s❡❥❛✱ s✉♣♦♥❤❛ q✉❡
♦ ♥ú♠❡r♦ ❞❡ ❧❛r✈❛s ♥❛ ❝❛r❝❛ç❛ ♥ã♦ é ❜❡♠ ❝♦♥❤❡❝✐❞♦✳ ❉❡ss❛ ❢♦r♠❛ ❝♦♥s✐❞❡r❡ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ ĉ0 ✉♠ ♥ú♠❡r♦ ❢✉③③② ✭❝♦♥s✐❞❡r❛♥❞♦ q✉❡ c0 t❡♥❤❛ ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ ✶✮✳

❉❡ss❛ ❢♦r♠❛ ❝♦♠♦ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✻✳✷✷✮ é ❝♦♥tí♥✉❛ ❡♠ c0 ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛
s♦❧✉çã♦ ❢✉③③②✱ ❝♦♠♦ s❡♥❞♦ ❛ ❊①t❡♥sã♦ ❞❡ ❩❛❞❡❤ ❞❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ✭✻✳✷✷✮✱ ♦✉ s❡❥❛
ϕĉ0(t) é ❞❡✜♥✐❞❛ t❛❧ q✉❡

[ϕĉ0(t)]
α = [−βkt∗ cos(ωx− θ)e−

px
2 + kt∗

(

c10

(

1− x

x∗

)

− (B1 + A1x)
)

e−rx,

−βkt∗ cos(ωx− θ)e−
px
2 + kt∗

(

c20

(

1− x

x∗

)

− (B1 + A1x)
)

e−rx]α

s❡♥❞♦ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛❞❛ ♥❛s ❋✐❣✉r❛s 6.28✱ 6.29✱ 6.30 ❡ 6.31✳

✶✸✷



❋✐❣✉r❛ ✻✳✷✾✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡s♣é❝✐❡ ❈✳ ♠❡❣❛❝❡♣❤❛❧❛✳

❋✐❣✉r❛ ✻✳✸✵✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡s♣é❝✐❡ ❈✳ ♣✉t♦r✐❛✳

✶✸✸



❋✐❣✉r❛ ✻✳✸✶✿ ❙♦❧✉çã♦ ❢✉③③② ♣❛r❛ ❛ ❡s♣é❝✐❡ ❈✳ ♠❛❝❡❧❧❛r✐❛✳

❆ss✐♠✱ ♦s ✐♥s❡t♦s ❝✉❥♦s ❡stá❣✐♦s ✐♠❛t✉r♦s ♠✐❣r❛♠ ❛ ♣❛rt✐r ❞❛ ♣r♦❝✉r❛ ❞❡ ❛❧✐♠❡♥t♦s
♣♦ss✉❡♠ ✉♠ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❡s♠♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❡ ❧❛r✈❛s
❝♦♠ ♣❡q✉❡♥❛s ✈❛r✐❛çõ❡s✳ ❖ ❡❧❡♠❡♥t♦ ❞♦ ✢✉①♦ ϕĉ0(t) ❝♦♠ ♠❛✐♦r ❣r❛✉ ❞❡ ♣❡rt✐♥ê♥❝✐❛ é ❛
❝✉r✈❛ ❞❡t❡r♠✐♥íst✐❝❛✳

✻✳✷✳✸ ❉✐s❝✉ssã♦

■♥s❡t♦s ❝✉❥♦s ❡stá❣✐♦s ✐♠❛t✉r♦s ♠✐❣r❛♠ ❞❛ ❢♦♥t❡ ❞❡ ❛❧✐♠❡♥t♦ à ♣r♦❝✉r❛ ❞❡ sít✐♦s ❞❡ ♣✉✲
♣❛çã♦ ❝❛r❛❝t❡r✐③❛♠ ✉♠ s✐st❡♠❛ ♣❛rt✐❝✉❧❛r ❝♦♠ ❞✉❛s ♣♦♣✉❧❛çõ❡s❀ ✉♠❛ ❞❡ ❧❛r✈❛s ♠✐❣r❛♥❞♦
❛t✐✈❛♠❡♥t❡ ❡ ♦✉tr❛ ❞❡ ❧❛r✈❛s ❡♥t❡rr❛♥❞♦✲s❡ ♣❛r❛ ♣✉♣❛r✳ ❖ ♣r♦❝❡ss♦ ❞❡ ❞✐s♣❡rsã♦ ❧❛r✈❛❧
❡stá ❝♦♠♣❧❡t♦ q✉❛♥❞♦ t♦❞❛s ❛s ❧❛r✈❛s ❡♥t❡rr❛r❛♠✲s❡ ❡ ♥❡♥❤✉♠❛ ❧❛r✈❛ ♣❡r♠❛♥❡❝❡ ❞✐s♣❡rs❛
♥♦ s✉❜str❛t♦✳

❊st❡s ❛s♣❡❝t♦s ❢✉♥❞❛♠❡♥t❛✐s ❢♦r❛♠ ❧❡✈❛❞♦s ❡♠ ❝♦♥t❛ ♥♦ ♥♦ss♦ ♠♦❞❡❧♦ ♣❡❧❛ ❛❞✐çã♦
à ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❞❡ ✉♠❛ ❢✉♥çã♦✱ h(x, t)✱ ❞❡s❝r❡✈❡♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❡♥t❡rr❛♠❡♥t♦
❧❛r✈❛❧ ♥♦ s✉❜str❛t♦✳ ❊st❛ ❢✉♥çã♦ ❡♥✈♦❧✈❡ ♣❛râ♠❡tr♦s ❜✐♦❧ó❣✐❝♦s ✐♠♣♦rt❛♥t❡s t❛✐s ❝♦♠♦
❛ ❝♦♥❝❡♥tr❛çã♦ ✐♥✐❝✐❛❧ ❞❡ ❧❛r✈❛s✱ ❛ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ♣❡r❝♦rr✐❞❛ ♣❡❧❛s ❧❛r✈❛s ❞✉r❛♥t❡ ❛
❞✐s♣❡rsã♦ ❡ ♦ t❡♠♣♦ t♦♠❛❞♦ ♣❛r❛ ❛ ❞✐s♣❡rsã♦ ♦❝♦rr❡r✳ ❆ ❢♦r♠❛ ❞❡st❛ ❢✉♥çã♦ ❢♦✐ ✐♥❢❡r✐❞❛
❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ q✉❡ s✉❣❡r❡♠ q✉❡ ♦ ❞❡❝❧í♥✐♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣✉♣❛s
❝♦♠ ❛ ❞✐stâ♥❝✐❛ ❞❛ ❢♦♥t❡ é ❡①♣♦♥❡♥❝✐❛❧✳

❆ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✐♥❝♦r♣♦r❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ❡♥t❡rr❛♠❡♥t♦ ♣r♦❞✉③✐✉ ✉♠❛ s♦❧✉✲
çã♦ ❛♥❛❧ít✐❝❛ ✭✻✳✷✷✮✱ q✉❡ ❞❡s❝r❡✈❡ ❛ ❞✐str✐❜✉✐çã♦ ❛té ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ❧❛r✈❛s ❡♥t❡rr❛❞❛s ♥♦
s✉❜str❛t♦✳ ❊ss❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❢♦✐ ✉s❛❞❛ ♣❛r❛ ❝♦♠♣❛r❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❞✐s♣❡rsã♦

✶✸✹



♣r❡✈✐st♦ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ ❝♦♠ ♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s ♣❛r❛ ❈✳ ♠❡❣❛❝❡♣❤❛❧❛✱ ❈✳ ♣✉t♦r✐❛
❡ ❈✳ ♠❛❝❡❧❧❛r✐❛✳

❆ ❡q✉❛ç❛♦ ✭✻✳✷✷✮ ❢♦✐ ❛❥✉st❛❞❛ ❛♦s ❞❛❞♦s ✉s❛♥❞♦ ✉♠❛ r❡❣r❡ssã♦ ♥ã♦✲❧✐♥❡❛r ❝✉❥♦s ❞❡t❛❧❤❡s
❡stã♦ ❞❡s❝r✐t♦s ♥♦ ❆♣ê♥❞✐❝❡ ❞❡ ❇❛ss❛♥❡③✐ ❡t ❛❧✳ ✭✶✾✾✼✮✳ ◆❡st❡ ❛rt✐❣♦ ❡♥❝♦♥tr❛♠♦s ♦ ❛❥✉st❡
❞❛ ❡q✉❛çã♦ ✭✻✳✷✷✮ ❛♦s ❞❛❞♦s ❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ❛s três ❡s♣é❝✐❡s ❡ ❛ss✐♠ ❞❡♠♦♥str❛♥❞♦ q✉❡
❛ ❞✐str✐❜✉✐çã♦ ❛té ♦ ❡q✉✐❧í❜r✐♦✱ ❞❛❞❛ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❞✐❢✉sã♦ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ♣❛❞rã♦
♦❜s❡r✈❛❞♦ ❞❡ ❞✐s♣❡rsã♦ ❧❛r✈❛❧ ♥❛s ✈❛r❡❥❡✐r❛s ❛♥❛❧✐s❛❞❛s ❛q✉✐✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ✐♥❝♦r♣♦r❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ❡♥t❡rr❛♠❡♥t♦ ♣❛✲
r❡❝❡ ❞❛r ❝♦♥t❛ ❞❡ ❛♠❜❛s ❛s ❞✐♠✐♥✉✐çõ❡s ✭♦s❝✐❧❛t♦r✐❛ór✐❛ ❡ ♠♦♥♦tô♥✐❝❛✮ ♥♦ ♥ú♠❡r♦ ❞❡ ♣✉♣❛s
❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ ❞❛ ❢♦♥t❡ ❞❡ ❛❧✐♠❡♥t♦✳ ❆ ❝♦♠♣❧❡①✐❞❛❞❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡
❞✐s♣❡rsã♦✱ ❝♦♠♦ ✐♥❞✐❝❛❞♦ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✻✳✶✾✮✱ é ❛♣❛r❡♥t❡♠❡♥t❡ ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛
✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ✈❡❧♦❝✐❞❛❞❡ (a2)✱ ♦ ♠♦✈✐♠❡♥t♦ ❛❧❡❛tór✐♦ ❞❛s ❧❛r✈❛s ♥❡st❛s ✈❛r❡❥❡✐r❛s ✐♥❞✐✲
❝❛❞❛s ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ✭D✮✱ ❡ t❛♠❜é♠ ❡♥✈♦❧✈❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡
✭k✮ q✉❡ r❡❣❡ ❛ t❛①❛ ♣❡❧❛ q✉❛❧ ❛s ❧❛r✈❛s s❡ ❡♥t❡rr❛♠ ♥♦ s✉❜str❛t♦✳

✶✸✺
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❈♦♥❝❧✉sõ❡s ❡ ♣❡s♣❡❝t✐✈❛s ❢✉t✉r❛s

◆♦ ❝❛♣ít✉❧♦ ✸ ✜③❡♠♦s ♦ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞❡ ❞✐❢✉sã♦ ❢✉③③② q✉❡
♥♦s tr❛③❡♠ ✉♠ ♠ét♦❞♦ ❛❧t❡r♥❛t✐✈♦ ❞❡ tr❛t❛r♠♦s ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❝❡ss♦s ❞✐❢✉s✐✈♦s ♦♥❞❡
t❡♠♦s ♣❛râ♠❡tr♦s ❡✴♦✉ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✐♥❝❡rt❛s✳ ◆♦s ❝❛s♦s ❞❡ ♠♦❞❡❧♦s q✉❡ s✐♠✉❧❡♠
❢❡♥ô♠❡♥♦s r❡❛✐s✱ t❡♠♦s ✉♠❛ ✐♠♣r❡❝✐sã♦ ❡♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s ♣❛râ♠❡tr♦s✳ ◆♦ss♦
tr❛❜❛❧❤♦ tr❛③ ♠❛✐s ✉♠ ✐♥str✉♠❡♥t♦ ♣❛r❛ tr❛t❛♠❡♥t♦ ❞❡ ✉♠ ❞❡ss❡s ♣❛râ♠❡tr♦s✱ ❢❛③❡♥❞♦
♣❛r❛ ✐ss♦✱ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❢✉③③② ❡ ❞❡✜♥✐♥❞♦ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❛ s♦❧✉çã♦ ❢✉③③② s❡❥❛
ú♥✐❝❛✱ ❛❧é♠ ❞❡ ❣❛r❛♥t✐r q✉❡ ❡ss❛s s♦❧✉çõ❡s s❡❥❛♠ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡stá✈❡✐s✳

❏á ♥♦ ❝❛♣ít✉❧♦ ✹✱ ❛ ♣❛rt✐r ❞♦ q✉❡ ❢♦✐ ❡①♣♦st♦ ♥❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s q✉❡ t♦❞❛s ❛s ♣r♦♣r✐❡✲
❞❛❞❡s ❞❡ ✉♠ ✢✉①♦ ❞❡t❡r♠✐♥íst✐❝♦ s❡ tr❛♥s❢❡r✐❞❛s ♣❛r❛ ♦ ✢✉①♦ ❢✉③③② ❛ss♦❝✐❛❞♦ ❛ s✐st❡♠❛s ❞❡
❞✐❢✉sã♦✲r❡❛çã♦✲❛❞✈❡❝çã♦ ❢✉③③②✱ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ♣r♦❞✉③❡♠
♣r♦♣r✐❡❞❛❞❡s s✐♠✐❧❛r❡s às ❞❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❝♦♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ tr❛♥s❢❡r✐r ❛ s✉❜❥❡t✐✈✐❞❛❞❡
❛♦ ❧♦♥❣♦ ❞♦ ♣r♦❝❡ss♦✳

◆♦ ❝❛♣ít✉❧♦ ✺✱ ❡stá✈❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❢✉③③② ❛♦ q✉❛❧ ♥ã♦ s❛✲
❜í❛♠♦s ❛ s♦❧✉çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❡ ♥❡♠ ♦s ♣❛râ♠❡tr♦s ❛ss♦❝✐❛❞♦s ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉sã♦✳
❆tr❛✈és ❞❡ ✉♠❛ ❜❛s❡ ❞❡ r❡❣r❛s ❝♦♥s❡❣✉✐♠♦s ❞❡s❝r❡✈❡r ♦ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ ❞❡s❡❥❛❞♦ ❝♦♠
❛ ♠❡s♠❛ ❡✜❝á❝✐❛ ❞❛ ❡q✉❛çã♦ ❞❡t❡r♠✐♥íst✐❝❛✳ ❖ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ♥❡st❡ ♣r♦❝❡ss♦ é q✉❡
♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥ã♦ s❡ t❡♠ ❝♦♥❞✐çõ❡s ❞❡ s❛❜❡r ♦ ♠❡❧❤♦r ♠♦❞❡❧♦✱ s❡ ♦ ❞❡t❡r♠✐♥íst✐❝♦ ♦✉ ♦
♣✲❢✉③③②✱ ✉♠❛ ✈❡③ q✉❡ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s sã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r
♥❛ ❋✐❣✉r❛ ✺✳✷✸✳ ❆ ♠♦❞❡❧❛❣❡♠ ♥❡♠ s❡♠♣r❡ ♣r❡ss✉♣ô❡ q✉❡ s❡ t❡♥❤❛ ❞❛❞♦s r❡❛✐s✱ ❛ ✐♥t✉✐çã♦
♦✉ ♦ ❜♦♠ s❡♥s♦ ♣♦❞❡ ❣✉✐❛r ❛s ❢♦r♠✉❧❛çõ❡s ❞♦s ♠♦❞❡❧♦s✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡❞✉❝❛❝✐♦♥❛❧ ♦
♠❡❧❤♦r ♠♦❞❡❧♦ é s❡❝✉♥❞ár✐♦ ♣♦✐s s❡♠♣r❡ s❡ ♣♦❞❡ ❢❛③❡r ✉♠ ♠❡❧❤♦r ❞♦ q✉❡ ♦ ❛♥t❡r✐♦r ❡ s❡♠✲
♣r❡ s❡ ♣♦❞❡ ✐♠❛❣✐♥❛r s✐t✉❛çõ❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ♦ ♠❡s♠♦ ❢❡♥ô♠❡♥♦ ✭❇❛ss❛♥❡③✐ ❡ P♦♠♣❡✉
✭✷✵✵✺✮✮✳ ◆❡st❡ tr❛❜❛❧❤♦ ♠♦str❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ✉♠❛ ❙❇❘❋ ♣❛r❛ ♠♦❞❡❧❛r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ❞❡ ✉♠❛ ❡s♣é❝✐❡ q✉❛♥❞♦ s❡ q✉❡r ❧❡✈❛r ❡♠ ❝♦♥t❛
❛ ❞✐❢✉sã♦ ❞♦s ✐♥❞✐✈í❞✉♦s✳

◆ós ❛❝r❡❞✐t❛♠♦s q✉❡ ♦s ♠♦❞❡❧♦s ❢✉③③② ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ ♣♦❞❡♠ ♣r♦✈❛r s❡r❡♠ ✐♥s✲
tr✉♠❡♥t♦s út❡✐s ♣❛r❛ ❡①♣❧♦r❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ❞✐s♣❡rsã♦ ♣♦r ❞✐❢✉sã♦ ❞❡ ♦r❣❛♥✐s♠♦s t❛✐s
❝♦♠♦ ♠♦s❝❛s ✈❛r❡❥❡✐r❛s✱ ❜❡s♦✉r♦s ❡ ♦✉tr♦s ❞í♣t❡r♦s ❡ ✐♥s❡t♦s ♦♥❞❡ ❛ ♠❡s♠❛ ❢❛s❡ ❞♦ ❝✐❝❧♦
❞❡ ❞✐s♣❡rsã♦ ❡♠ ✐♠❛t✉r♦s t❡♠ ❞♦✐s ❡stá❣✐♦s✱ ✐st♦ é✱ ✉♠❛ s❡ ♠♦✈❡♥❞♦ ❛t✐✈❛♠❡♥t❡ ❡ ♦✉tr❛
❡♥t❡rr❛♥❞♦✲s❡ ♥♦ s✉❜str❛t♦✭❝♦♠♦ ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ✻✮✳ ❆❧é♠ ❞❡ ♣r♦❞✉③✐r❡♠ ❢❡rr❛♠❡♥t❛s
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❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ❞✐s♣❡rsã♦ ❡♠ ❣❡r❛❧✳ ◆ã♦ q✉❡r❡♠♦s ❝♦♠ ❡ss❡ tr❛❜❛❧❤♦✱ ❛✜r✲
♠❛r q✉❡ ♦ ♠♦❞❡❧♦ ❢✉③③② é ♠❛✐s ❡✜❝❛③✳ ❖ q✉❡ ❜✉s❝❛♠♦s ❛q✉í é ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ♠❛♥❡✐r❛
❛❧t❡r♥❛t✐✈❛ q✉❡ ❛✉①✐❧✐❡ ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳

❙❛❜❡♠♦s q✉❡ ♠✉✐t♦ ❛✐♥❞❛ s❡ t❡♠ ♣♦r ❢❛③❡r✱ s❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❝✐t❛r ♣♦ss✐❜✐❧✐❞❛❞❡s
❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✱ t❛✐s ❝♦♠♦✿

❛✮ ❉❡✜♥✐r s♦❧✉çã♦ ❢✉③③② ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❞✐❢✉sã♦ ❡♠ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ é
♣❛r❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞♦✱ ✉t✐❧✐③❛♥❞♦ ❡①t❡♥sã♦ ❞❡ ③❛❞❡❤✳ ❆❧é♠ ❞❡ ❡①t❡♥❞❡r ❛ ♠❡s♠❛
té❝♥✐❝❛ ♣❛r❛ ♦✉tr❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳

❜✮ ❊st✉❞❛r ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❢✉③③② ❡♠ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ é ✐♥❝❡rt❛✱
♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ss✐♠✱ ✉♠ ❡st✉❞♦ ♠❛✐s ❛♣✉r❛❞♦ s♦❜r❡ ❛ ♣♦❧✉✐çã♦ ❡♠ r✐♦s✱ ❧❛❣♦s ❡ ♠❛r❡s
♣♦r ❡①❡♠♣❧♦✱ ♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦s ❧❛❣♦s✱ r✐♦s ❡ ♠❛r❡s sã♦ ❛❢❡t❛❞♦s ❡♠
✈✐rt✉❞❡ ❞❛s ♠❛rés✱ s❡❝❛s ❡ ♣❡rí♦❞♦ ❞❡ ❝❤✉✈❛s✳

❝✮ ❖❜t❡r ❝♦❡✜❝✐❡♥t❡s✱ ❛♥t❡s ❞❡s❝♦♥❤❡❝✐❞♦s ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦ ❝❧áss✐❝❛✱ ✉s❛♥❞♦
❜❛s❡ ❞❡ r❡❣r❛s✳ ❖❜s❡r✈❡ q✉❡ ❞❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦
❝❧áss✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛✳

❞✮ ❉❡✜♥✐r ❡ ❡♥❝♦♥tr❛r s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❢✉③③②✱ ❜❛s❡❛❞♦ ♥♦ ❢❛t♦ ❞❡ q✉❡ ✉♠❛ s✉♣❡r✲
❢í❝✐❡ ♠í♥✐♠❛ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❡♠ q✉❡ ✜①❛❞♦s t♦❞♦s ♦s ♣♦♥t♦s ❞♦ ❜♦r❞♦✱ q✉❛✐sq✉❡r
❞♦✐s ♣♦♥t♦s sã♦ ❧✐❣❛❞♦s ♣♦r ✐♥✜♥✐t❛s ❝✉r✈❛s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡ss❡ ❜♦r❞♦ ♣❛r✲
❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞♦✳ P♦❞❡♥❞♦s ✉s❛r t❛♠❜é♠ ❛s tr❛♥s❢♦r♠❛❞❛s ❝♦♥❤❡❝✐❞❛s✱ ❝♦♠♦
♣♦r ❡①❡♠♣❧♦ ❲❡✐❡rstr❛ss ❡ ❘✐❜❛♥❝✉r✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛❧❣✉♠❛ ❢✉♥çã♦ ♦✉ ♣❛râ♠❡tr♦ ❞❛s
tr❛♥s❢♦r♠❛❞❛s ❝♦♠♦ ✐♥❝❡rt♦s✳

❊s♣❡r❛♠♦s ❛ss✐♠✱ t❡r ❛❥✉❞❛❞♦ ❛ ❡♥rr✐q✉❡❝❡r ❡ss❡ ❛✐♥❞❛ ♣♦✉❝♦ ❡①♣❧♦r❛❞♦ ♠✉♥❞♦ ❞❛s
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