
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❆ ❊q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t

♣❛r❛

❖♣❡r❛❞♦r❡s ♥♦ ❊s♣❛ç♦ C(S)

❊❧✐s❛ ❘❡❣✐♥❛ ❞♦s ❙❛♥t♦s
▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❖r✐❡♥t❛❞♦r❛✿ Pr♦❢❛✳ ❉r❛✳ ❉❛♥✐❡❧❛ ▼❛r✐③ ❙✐❧✈❛ ❱✐❡✐r❛

❈♦✲❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❚✉❧✐♦ ❆s❝✉✐ ▼✉❥✐❝❛

❊st❡ tr❛❜❛❧❤♦ r❡❝❡❜❡✉ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙ ❡ ❞❛ ❈◆Pq✳



✐



✐✐



✐✐✐



❛♦s ♠❡✉s ♣❛✐s

▲❛✉r♦ ❡ ▼❛r✐❛ ■♥ê③

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s ♣♦r s❡♠♣r❡ ♠❡ ❣✉✐❛r ♣❡❧♦ ♠❡❧❤♦r ❝❛♠✐♥❤♦ ❡

s❡♠♣r❡ ♠❡ ❞❛r ❢♦rç❛s ♥♦s ♠♦♠❡♥t♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✳

❆❣r❛❞❡ç♦ ❡♠ s❡❣✉✐❞❛ ❛♦s ♠❡✉s ♣❛✐s✱ q✉❡ s❡♠♣r❡ ♠❡ ❞❡r❛♠ t✉❞♦ ❞❡ ♠❡❧❤♦r✱

❛❝r❡❞✐t❛r❛♠ ❡♠ ♠✐♠ ❡ ♠❡ ❛♣♦✐❛r❛♠✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ♣❡❧❛ s✉❣❡stã♦ ❞♦ t❡♠❛ ❞❡ ♣❡sq✉✐s❛ ✭❝♦♠ ♦ q✉❛❧

❛❞♦r❡✐ tr❛❜❛❧❤❛r✮✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❝✉✐❞❛❞♦s❛✱ ♣❡❧❛s ✐♥ú♠❡r❛s ❝♦rr❡çõ❡s ❞❛ ❞✐ss❡rt❛çã♦ ❡

❝♦♥✈❡rs❛s ♥♦ ❣t❛❧❦✳

❆❣r❛❞❡ç♦ ❛♦ ❘♦❞r✐❣♦ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❛t❡♥çã♦ ❝♦♠ ❛s ♠✐♥❤❛s ❞✐✈❡rs❛s ♣❡r❣✉♥✲

t❛s✱ ♣❡❧♦ ❛♣♦✐♦ ♥♦s ♠♦♠❡♥t♦s ❞❡ ♣r❡♦❝✉♣❛çã♦ ❡ ♣❡❧♦ ❝❛r✐♥❤♦ ❞❡ s❡♠♣r❡✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s✿ ❘é❣✐s✱ ❏ú✱ ❘✐❝❛r❞♦✱ ❙❦❡❡t❡r✱ ❇r✐❝❡❧❛✱ ❆♥❛✱ ■♥❣r✐❞✱

❈❧❛r✐ss❛✱ ❚❛t✐✱ ◆❛t②✱ Pr✐✱ ❈r✐s✱ ❇❛❝❛✱ ❈❡❝í❧✐❛✱ ▲✉❝✐❛♥❛ ❡ ❋❡r♥❛♥❞❛✳ ❈♦♠ ♦s q✉❛✐s ❡✉ ❡st✉❞❡✐✱

t♦♠❡✐ ❝❛❢é✱ r❡❝❧❛♠❡✐ ❞❛ ✈✐❞❛✱ ❛♣r❡♥❞✐ ❝♦✐s❛s ♥♦✈❛s✱ ❢♦❢♦q✉❡✐ ❡ ❞❡✐ ♠✉✐t❛s r✐s❛❞❛s✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ t✐✈❡✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦s q✉❡ ✉♠ ❞✐❛

♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❛ ♣r❡st❛r ✈❡st✐❜✉❧❛r ♣❛r❛ ▼❛t❡♠át✐❝❛ ✭▲✉❝✐❛♥❡✱ ▼❛r✐❛ ▼♦✉rã♦✱ ●✐❧ ❙❛♥✲

❞r♦✱ ❉♦♥❛ ❱❡r❛✮✱ ❛♦s ❞❛ ❯❋❙❈❛r q✉❡ ♣❛rt✐❝✐♣❛r❛♠ ❞❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❡♠ ♠✐♥❤❛ ❢♦r♠❛çã♦

✭❚♦♠❛③❡❧❧❛✱ ❙❡❧♠❛ ❆r❡♥❛❧❡s✱ ●❡rs♦♥ ❡ ♠✉✐t♦s ♦✉tr♦s✮ ❡ ❛♦s ❞❛ ❯♥✐❝❛♠♣ q✉❡ ❢♦r❛♠ ♠✉✐t♦

r❡❝❡♣t✐✈♦s ✭❆r②✱ ▼✉❥✐❝❛✱ ❇♦❧❞r✐♥✐✱ ❡♥tr❡ ♦✉tr♦s✮✳

❆❣r❛❞❡ç♦ ❛ ❜❛♥❝❛ ♣♦r t♦❞❛s ❛s ❝♦rr❡çõ❡s ❡ s✉❣❡stõ❡s✳

✈



❆❣r❛❞❡ç♦ ❛♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ s❡❝r❡t❛r✐❛ ❞❡ ♣ós✲❣r❛❞✉❛çã♦ ❞♦ ■▼❊❈❈✳

❊ ❛❣r❛❞❡ç♦ ❛ ❈❛♣❡s ❡ ❛ ❈◆Pq ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✱ s❡♠ ♦ q✉❛❧ ❡st❡ tr❛❜❛❧❤♦

♥ã♦ t❡r✐❛ s✐❞♦ r❡❛❧✐③❛❞♦✳

✈✐



✏▼❛t❡♠át✐❝❛✱ ❞❡ ♠♦❞♦ ❛❧❣✉♠✱ sã♦ ❢ór♠✉❧❛s✱ ❛ss✐♠ ❝♦♠♦ ❛ ♠ús✐❝❛ ♥ã♦ sã♦ ♥♦t❛s✳✑

❨✳ ❏✉rq✉✐♠

✈✐✐



❘❡s✉♠♦

❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ T ❡♥tr❡ ❡s♣❛ç♦s ♥♦r♠❛❞♦s s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡

❉❛✉❣❛✈❡t s❡ ‖I + T‖ = 1 + ‖T‖✳

❊st❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❡st✉❞❛r t❛❧ ❡q✉❛çã♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ♥♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s C(S)✱ ♦♥❞❡ ❙ é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛

❝♦♠♣❛❝t♦✳

P❛r❛ t❛♥t♦✱ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ C∗(S)✱ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡

C(S)✱ s❡❣✉♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s t♦♣♦❧ó❣✐❝❛s ❞❡ S✱ ❡ t❛♠❜é♠ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ♦♣❡r❛❞♦r❡s

❞❡✜♥✐❞♦s ❡♠ C(S) ♦✉ ❝♦♠ ✐♠❛❣❡♠ ❡♠ C(S)✳

❋❛③❡♥❞♦ ✉s♦ ❞❡st❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❡♠ C(S) ❛♣r❡s❡♥t❛♠♦s ❡♥tã♦ ❛❧❣✉✲

♠❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳ ■♥✐❝✐❛♠♦s ❛♣r❡s❡♥t❛♥❞♦

❛ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ♣♦r ❍✳ ❑❛♠♦✇✐t③ ❡♠ ❬✶✶❪✱ ❞❡ q✉❡ s❡ T é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠✲

♣❛❝t♦ ❡♠ C(S) ❡♥tã♦ ‖I + T‖ = 1 + ‖T‖ s❡ ❡ s♦♠❡♥t❡ s❡ S ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ✐s♦❧❛❞♦s✳

❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ♣♦r ❏✳ ❘✳ ❍♦❧✉❜ ❡♠ ❬✽❪✱ ♣r♦✈❛♥❞♦ q✉❡

♦♣❡r❛❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡♠ C[0, 1] s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳ ❋✐♥❛❧✲

♠❡♥t❡ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ♣♦r ❉✳ ❲❡r♥❡r ❡♠ ❬✶✺❪✱ ♦♥❞❡ ♣r♦✈❛✲s❡ q✉❡ ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ♥♦ ❡s♣❛ç♦ C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡ ❡

s♦♠❡♥t❡ s❡ S ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ✐s♦❧❛❞♦s✳

✈✐✐✐



❆❜str❛❝t

❆ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r T ❜❡t✇❡❡♥ ♥♦r♠❡❞ s♣❛❝❡s s❛t✐s✜❡s t❤❡ ❉❛✉❣❛✈❡t

❡q✉❛t✐♦♥ ✐❢ ‖I + T‖ = 1 + ‖T‖✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ st✉❞② t❤❡ ❉❛✉❣❛✈❡t ❡q✉❛t✐♦♥ ❢♦r ❜♦✉♥❞❡❞

❧✐♥❡❛r ♦♣❡r❛t♦rs ♦♥ t❤❡ s♣❛❝❡ C(S)✱ ✇❤❡r❡ S ✐s ❛ ❝♦♠♣❛❝t ❍❛✉s❞♦r✛ s♣❛❝❡✳

❋♦r t❤✐s✱ ✇❡ st✉❞② s♦♠❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ C∗(S)✱ t❤❡ ❝♦♥❥✉❣❛t❡ s♣❛❝❡ ♦❢ C(S)✱

❛❝❝♦r❞✐♥❣ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ S✱ ❛♥❞ ❛❧s♦ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ♦♥

C(S) ♦r ✇✐t❤ r❛♥❣❡ ✐♥ C(S)✳

❯s✐♥❣ t❤✐s t❤❡♦r② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦♥ C(S) ✇❡ ♣r❡s❡♥t s♦♠❡ ❝❧❛ss❡s ♦❢ ♦♣❡r❛✲

t♦rs t❤❛t s❛t✐s❢② t❤❡ ❉❛✉❣❛✈❡t ❡q✉❛t✐♦♥✳ ❋✐rst❧② ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ❜② ❍✳ ❑❛♠♦✇✐t③

✐♥ ❬✶✶❪ t❤❛t ✐❢ T ✐s ❛ ❝♦♠♣❛❝t ❧✐♥❡❛r ♦♣❡r❛t♦r ♦♥ C(S) t❤❡♥ ‖I + T‖ = 1 + ‖T‖ ✐❢ ❛♥❞

♦♥❧② ✐❢ S ✐s ❤❛s ♥♦ ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ◆❡①t ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ❜② ❏✳ ❘✳ ❍♦❧✉❜ ✐♥ ❬✽❪✱

s❤♦✇✐♥❣ t❤❛t ✇❡❛❦❧② ❝♦♠♣❛❝t ♦♣❡r❛t♦rs ♦♥ C[0, 1] s❛t✐s❢② t❤❡ ❉❛✉❣❛✈❡t ❡q✉❛t✐♦♥✳ ❋✐♥❛❧❧②

✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ❜② ❉✳❲❡r♥❡r ✐♥ ❬✶✺❪✱ ✇❤❡r❡ ✐t ✐s s❤♦✇♥ t❤❛t ❛ ✇❡❛❦❧② ❝♦♠♣❛❝t

♦♣❡r❛t♦r ♦♥ t❤❡ s♣❛❝❡ C(S) s❛t✐s✜❡s t❤❡ ❉❛✉❣❛✈❡t ❡q✉❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ S ❤❛s ♥♦ ✐s♦❧❛t❡❞

♣♦✐♥ts✳

✐①



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✹

✶✳✶ ◆♦t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❚ó♣✐❝♦s ❡♠ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✹✳✶ ❚❡♦r❡♠❛s ❞❡ ❍❛❤♥✲❇❛♥❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✹✳✷ ❈♦♠♣❛❝✐❞❛❞❡ ❡ ❚♦♣♦❧♦❣✐❛s ❋r❛❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✹✳✸ ❆❧❣✉♥s ❊s♣❛ç♦s ❊s♣❡❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✹✳✹ ❚❡♦r✐❛ ❇ás✐❝❛ ❞❡ ❖♣❡r❛❞♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷ ❘❡♣r❡s❡♥t❛çõ❡s ❡♠ C(S) ✷✺

✷✳✶ ❖ ❊s♣❛ç♦ C(S) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❉❛✉❣❛✈❡t ❡♠ C(S) ✹✼

①



✸✳✶ ❊q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷ ❖♣❡r❛❞♦r❡s ❈♦♠♣❛❝t♦s ❡♠ C(S) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸ ❖♣❡r❛❞♦r❡s ❋r❛❝❛♠❡♥t❡ ❈♦♠♣❛❝t♦s ❡♠ C(S) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✸✳✶ ❖ ❝❛s♦ S = [0, 1] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✸✳✸✳✷ ❖ ❝❛s♦ S ♣❡r❢❡✐t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✻✽

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✾

①✐



■♥tr♦❞✉çã♦

❊♠ ✶✾✻✸ ■✳ ❑✳ ❉❛✉❣❛✈❡t ❬✹❪ ♣r♦✈♦✉ q✉❡ ❝❛❞❛ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ T ❡♠ C[0, 1]

s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ‖I + T‖ = 1 + ‖T‖✳ ❆ ♣❛rt✐r ❞❡ ❡♥tã♦ ✈ár✐♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡

❞✐✈❡rs❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡s ❡♠ ❞✐❢❡r❡♥t❡s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s❛t✐s❢❛③❡♠ ❡ss❛ ❡q✉❛çã♦✱

q✉❡ é ❤♦❥❡ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❊♠ ✶✾✻✺ ❈✳ ❋♦✐❛s ❡ ■✳ ❙✐♥❣❡r ❬✻❪ ❡st❡♥❞❡r❛♠ ♦ r❡s✉❧t❛❞♦ ❞❡ ❉❛✉❣❛✈❡t ❛ ♦♣❡r❛✲

❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡♠ C[0, 1]✳ ❊♠ ✶✾✽✻ ❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ r❡❞❡s❝♦❜❡rt♦ ♣♦r ❏✳ ❘✳

❍♦❧✉❜ ❬✽❪✳

❊♠ ✶✾✻✻ ●✳ ❨✳ ▲♦③❛♥♦✈s❦② ❬✶✸❪ ♣r♦✈♦✉ q✉❡ ❝❛❞❛ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ❡♠ L1[0, 1]

s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳ ❊♠ ✶✾✽✶ ❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ r❡❞❡s❝♦❜❡rt♦ ♣♦r ❱✳ ❋✳ ❇❛❜❡♥❝♦

❡ ❙✳ ❆✳ P✐❝❤✉❣♦✈ ❬✷❪✳

❊♠ ✶✾✽✹ ❍✳ ❑❛♠♦✇✐t③ ❬✶✶❪ ♣r♦✈♦✉ q✉❡✱ s❡ S é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❝♦♠✲

♣❛❝t♦✱ ❡♥tã♦ ❝❛❞❛ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ❡♠ C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡✱ ❡ só s❡✱

S ♥ã♦ t❡♠ ♣♦♥t♦s ✐s♦❧❛❞♦s✳

❊♠ ✶✾✾✹ ❉✳ ❲❡r♥❡r ❬✶✺❪ ❛♣r❡s❡♥t♦✉ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛

q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♠ C(S) s❛t✐s❢❛ç❛ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✱ ♦❜t❡♥❞♦ ♣r♦✈❛s

s✐♠♣❧❡s ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❞❡ ❈✳ ❋♦✐❛s ❡ ■✳ ❙✐♥❣❡r ❬✻❪✱ ❏✳ ❘✳ ❍♦❧✉❜ ❬✽❪ ❡ ♦✉tr♦s✳

❊♠ ✶✾✾✾ ❱✳ ▼✳ ❑❛❞❡ts ❡t ❛❧✳ ❬✶✵❪ ♣r♦✈❛r❛♠ q✉❡ s❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ❝❛❞❛ ♦♣❡r❛❞♦r ❞❡ ♣♦st♦ ✉♠ ❡♠ X s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✱

✶



✷

❡♥tã♦ ❝❛❞❛ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ X t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❘❡❝❡♥t❡♠❡♥t❡ ❨✳ ❙✳ ❈❤♦✐ ❡t ❛❧✳ ❬✸❪ ❡st✉❞❛r❛♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ♣❛r❛

♣♦❧✐♥ô♠✐♦s ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧❡s ♣r♦✈❛r❛♠ q✉❡✱ s❡ S

é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ s❡♠ ♣♦♥t♦s ✐s♦❧❛❞♦s✱ ❡♥tã♦ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ❢r❛❝❛♠❡♥t❡

❝♦♠♣❛❝t♦ ❡♠ C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❊♠❜♦r❛ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡❥❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♣✉r❛♠❡♥t❡ ✐s♦♠étr✐❝❛✱

❡❧❛ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s t♦♣♦❧ó❣✐❝♦s ❛ r❡s♣❡✐t♦ ❞❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱

❝♦♠♦ ✐♥❞✐❝❛♠ ❨✳ ❆✳ ❆❜r❛♠♦✈✐❝❤ ❡ ❈✳ ❉✳ ❆❧✐♣r❛♥t✐s ❬✶❪✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ♣❛r❛ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

❧✐♠✐t❛❞♦s ♥♦ ❡s♣❛ç♦ C(S)✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♥♦s ❝♦♥❝❡♥tr❛♠♦s ♥♦s tr❛❜❛❧❤♦s ❬✶✶❪✱ ❬✽❪

❡ ❬✶✺❪✳

❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ❜r❡✈❡♠❡♥t❡ ♦s ❛ss✉♥t♦s ❛❜♦r❞❛❞♦s ❡♠ ❝❛❞❛ ❝❛♣ít✉❧♦✳

◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s tó♣✐❝♦s ❡♠ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧✱ ❆♥á❧✐s❡ ❘❡❛❧

❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ♦s q✉❛✐s s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❝♦♠♣r❡❡♥sã♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s

❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳ ❖❜s❡r✈❛♠♦s q✉❡ t❛✐s tó♣✐❝♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s s♦❜r❡t✉❞♦ ❡♠ ❬✺❪

♦✉ ❡♠ ❬✶✹❪✳

❖ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛ ✉♠ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❡♠ C(S)✳ ◆❛ s❡çã♦ ✐♥✐❝✐❛❧

❡stã♦ ❝♦♥t✐❞❛s ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ q✉❡ C∗(S) é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛✿ rba(S) ✭♦

❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ❛❞✐t✐✈❛s✱ ❧✐♠✐t❛❞❛s ❡ r❡❣✉❧❛r❡s ♥❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s ❝♦♥❥✉♥✲

t♦s ❢❡❝❤❛❞♦s ❞❡ S✮✱ q✉❛♥❞♦ S é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♥♦r♠❛❧❀ rca(S) ✭♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s

❛s ♠❡❞✐❞❛s σ✲❛❞✐t✐✈❛s✱ ❧✐♠✐t❛❞❛s ❡ r❡❣✉❧❛r❡s ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ S✮✱ q✉❛♥❞♦ S é ✉♠

❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦❀ ❡ NBV [0, 1] ✭♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❞❡ ✈❛r✐❛çã♦

❧✐♠✐t❛❞❛ ❡♠ ❬✵✱✶❪✮✱ q✉❛♥❞♦ S = [0, 1]✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❛♣r❡s❡♥t❛♠♦s r❡♣r❡s❡♥t❛çõ❡s ❞❡

♦♣❡r❛❞♦r❡s ❞❡✜♥✐❞♦s ❡♠ C(S) ♦✉ ❝♦♠ ✐♠❛❣❡♠ ❡♠ C(S)✳ ❊st❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❡♠

C(S) s❡rá ✉s❛❞❛ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ♥♦ ❝❛♣ít✉❧♦

s❡❣✉✐♥t❡✳ ❆ ♠❛✐♦r ♣❛rt❡ ❞♦s r❡s✉❧t❛❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬✺❪✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ♥♦ss♦ ❡st✉❞♦ ❛ r❡s♣❡✐t♦ ❞❛ ❡q✉❛çã♦ ❞❡

❉❛✉❣❛✈❡t✳ ■♥✐❝✐❛♠♦s ❞❡✜♥✐♥❞♦ q✉❛♥❞♦ ✉♠ ♦♣❡r❛❞♦r s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ❡

❡①✐❜✐♥❞♦ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞❛❞❛ ♣♦r ❍✳ ❑❛♠♦✇✐t③ ❬✶✶❪ ❞❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♠ C(S)✱ ♦♥❞❡ S

é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✱ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S ♥ã♦

♣♦ss✉✐ ♣♦♥t♦s ✐s♦❧❛❞♦s✳ ◆❛ t❡r❝❡✐r❛ s❡çã♦ ♣r♦✈❛♠♦s q✉❡ ♦♣❡r❛❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s



✸

❡♠ C[0, 1] s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✱ s❡❣✉♥❞♦ ❏✳ ❘✳ ❍♦❧✉❜ ❬✽❪✳ P♦r ✜♠✱ ❛ ú❧t✐♠❛

s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ❛ ♣r♦✈❛ ❞❡ q✉❡ t♦❞♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦

❡♠ C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡ ❡ s♦♠❡♥t❡ s❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦

s❡♠ ♣♦♥t♦s ✐s♦❧❛❞♦s✱ ❝♦♠♦ ❞❡♠♦♥str♦✉ ❉✳ ❲❡r♥❡r ❡♠ ❬✶✺❪✳



❈❆P❮❚❯▲❖ ✶

Pr❡❧✐♠✐♥❛r❡s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s

❜ás✐❝♦s ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛♠♦s ✜①❛♥❞♦ ❛s ♥♦t❛çõ❡s✳

✶✳✶ ◆♦t❛çõ❡s

N ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s

R ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

C ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

K ❝♦r♣♦s R ♦✉ C

R s✐st❡♠❛ ❞♦s ♥ú♠❡r♦s r❡❛✐s ❡st❡♥❞✐❞♦s✱ ♦✉ s❡❥❛✱ R ∪ {−∞,+∞}

X, Y ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ ♠étr✐❝♦✱ ♥♦r♠❛❞♦ ♦✉ ❇❛♥❛❝❤

E ❢❡❝❤♦ ❞❡ E ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡♠ q✉❡stã♦

int(E) ✐♥t❡r✐♦r ❞❡ E ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡♠ q✉❡stã♦

Ec ❝♦♠♣❧❡♠❡♥t❛r ❞❡ E ♥♦ ❝♦♥❥✉♥t♦ ✉♥✐✈❡rs♦ ❡♠ q✉❡stã♦

✹



✶✳✶ ◆♦t❛çõ❡s ✺

BX ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠ X

X∗ ❡s♣❛ç♦ ❞♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ X ❡♠ K

X̂ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧ ❞❡ X ❡♠ X∗∗

Σ á❧❣❡❜r❛ ♦✉ σ✲á❧❣❡❜r❛ ❞❡ ❝♦♥❥✉♥t♦s

B σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧

Σ∗ ❡①t❡♥sã♦ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ Σ

µ, λ ❢✉♥çã♦ ❝♦♥❥✉♥t♦

v(µ,E) ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ µ ❡♠ E

µ+ ✈❛r✐❛çã♦ ♣♦s✐t✐✈❛ ❞❡ µ

µ− ✈❛r✐❛çã♦ ♥❡❣❛t✐✈❛ ❞❡ µ

[µ] s❡♠✐✲✈❛r✐❛çã♦ ❞❛ ♠❡❞✐❞❛ ✈❡t♦r✐❛❧ µ

σ(X,X∗) t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡ X

σ(X∗, X) t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ X∗

B(S) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡s❝❛❧❛r❡s ❧✐♠✐t❛❞❛s ♥✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ S

C(S) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡s❝❛❧❛r❡s ❝♦♥tí♥✉❛s ❧✐♠✐t❛❞❛s ♥✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S

ba(S,Σ) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ ❛❞✐t✐✈❛s ❡ ❧✐♠✐t❛❞❛s ❞❡✜♥✐✲

❞❛s ♥❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S

ca(S,Σ) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s σ✲❛❞✐t✐✈❛s ❞❡✜♥✐❞❛s ♥❛ σ✲

á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S

rba(S) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ ❛❞✐t✐✈❛s✱ ❧✐♠✐t❛❞❛s✱ r❡❣✉✲

❧❛r❡s✱ ❞❡✜♥✐❞❛s ♥❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ ✉♠ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ S

rca(S) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ σ✲❛❞✐t✐✈❛s✱ r❡❣✉❧❛r❡s✱ ❞❡✜✲

♥✐❞❛s ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S

B∗(S) ❡s♣❛ç♦ ❞✉❛❧ ❞❡ B(S)

C∗(S) ❡s♣❛ç♦ ❞✉❛❧ ❞❡ C(S)

I ✐♥t❡r✈❛❧♦

v(f, I) ✈❛r✐❛çã♦ t♦t❛❧ ❞❛ ❢✉♥çã♦ f ❡♠ I

NBV (I) ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s f ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ❡♠ I t❛✐s q✉❡ f é ❝♦♥tí♥✉❛ à

❞✐r❡✐t❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ I ❡ limx→a+ f(x) = 0✱ ♦♥❞❡ a é ♦ ❡①tr❡♠♦

❡sq✉❡r❞♦ ❞❡ I

B(X, Y ) ❡s♣❛ç♦ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X ❡♠ Y

T ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦

T ∗ ❛❞❥✉♥t♦ ❞❡ T



✶✳✷ ❚ó♣✐❝♦s ❡♠ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧ ✻

✶✳✷ ❚ó♣✐❝♦s ❡♠ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❙❡ f : X → Y é ❝♦♥tí♥✉❛ ❡ ❜✐❥❡t♦r❛✱

❡ s❡ ❛ ❢✉♥çã♦ ✐♥✈❡rs❛ f−1 é ❝♦♥tí♥✉❛ t❛♠❜é♠✱ ❡♥tã♦ f é ❝❤❛♠❛❞❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠❛ ❢✉♥çã♦ f : X → R é ❞✐t❛ s❡♠✐✲

❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ s❡ ♦ ❝♦♥❥✉♥t♦ {x ∈ X : f(x) > c} é ❛❜❡rt♦✱ ♣❛r❛ t♦❞♦ c ∈ R✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ s❡ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡✲

❞❛❞❡ ✭❛✮✱ ❧✐st❛❞❛ ❛❜❛✐①♦✱ ❡ é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❧✱ s❡ ♣♦ss✉✐ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭❜✮ ❡ ✭❝✮✳

✭❛✮ P❛r❛ t♦❞♦ ♣❛r ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s x ❡ y✱ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s ❞❡ x ❡ y✳

✭❜✮ ❈♦♥❥✉♥t♦s ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ sã♦ ❢❡❝❤❛❞♦s✳

✭❝✮ P❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ A✱ ❡ t♦❞♦ x /∈ A✱ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s ❞❡ A ❡ x✳

❚❡♦r❡♠❛ ✶✳✷✳✹ ✭▲❡♠❛ ❞❡ ❯r②s♦❤♥✮✳ ❙❡❥❛♠ A ❡ B ❢❡❝❤❛❞♦s ❞✐s❥✉♥t♦s ❡♠ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❧ X✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ r❡❛❧ f ❞❡✜♥✐❞❛ ❡♠ X✱ t❛❧ q✉❡ 0 ≤ f(x) ≤ 1✱

f(A) = 0✱ f(B) = 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✺✳

❚❡♦r❡♠❛ ✶✳✷✳✺✳ ❚♦❞♦ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ é ♥♦r♠❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✽✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦X é ❞✐t♦ s❡q✉❡♥❝✐❛❧♠❡♥t❡

❝♦♠♣❛❝t♦ s❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡♠ A ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❛ ✉♠

♣♦♥t♦ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ é ❞✐t♦ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠✲

♣❛❝t♦ s❡ s❡✉ ❢❡❝❤♦ é ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X é ❞✐t♦ t♦t❛❧♠❡♥t❡ ❧✐♠✐✲

t❛❞♦ s❡✱ ♣❛r❛ t♦❞♦ ε > 0✱ A ❡stá ❝♦♥t✐❞♦ ♥✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ ❜♦❧❛s ❛❜❡rt❛s ❡♠ X ❞❡ r❛✐♦

ε✳

❚❡♦r❡♠❛ ✶✳✷✳✾✳ ❙❡ K é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s

❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✼

✭❛✮ K é s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦❀

✭❜✮ K é ❝♦♠♣❛❝t♦❀

✭❝✮ K é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡ K é ❝♦♠♣❧❡t♦✳

❆❧é♠ ❞✐ss♦✱ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ é ❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✷✷✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❯♠ ❝♦♥❥✉♥t♦ Λ ❝♦♠ ✉♠❛ r❡❧❛çã♦ ≤ é ❞✐t♦ ✉♠ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦ s❡

s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭❛✮ α ≤ α ♣❛r❛ t♦❞♦ α ∈ Λ❀

✭❜✮ s❡ α ≤ β ❡ β ≤ γ ❡♥tã♦ α ≤ γ❀

✭❝✮ ❞❛❞♦s α, β ∈ Λ✱ ❡①✐st❡ γ ∈ Λ t❛❧ q✉❡ α ≤ γ ❡ β ≤ γ✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✶✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳

✭❛✮ ❯♠❛ r❡❞❡ ❡♠ X é ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛ x : Λ → X✱ ♦♥❞❡ Λ é ✉♠ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦✳

❊s❝r❡✈❡♠♦s xα ✐♥❞✐❝❛♥❞♦ x(α) ✭α ∈ Λ✮ ❡ ❢❛❧❛♠♦s ❞❛ r❡❞❡ (xα)α∈Λ✳

✭❜✮ ❉✐③❡♠♦s q✉❡ (xα)α∈Λ ❝♦♥✈❡r❣❡ ♣❛r❛ x ∈ X ✭xα → x✮ s❡✱ ❞❛❞❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡

x✱ ❡①✐st❡ α0 ∈ Λ t❛❧ q✉❡ xα ∈ U ♣❛r❛ t♦❞♦ α ≥ α0✳

✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❞♦ q✉❡ s❡rá ❛♣r❡s❡♥t❛❞♦ ♥❡st❛ s❡çã♦ s✉❣❡r✐♠♦s ❬✺❪✳

❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ ❡ Σ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S✳ ❉✐③❡♠♦s q✉❡ Σ

é ✉♠❛ á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S s❡ Σ ❝♦♥té♠✿ ♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦✱ ♦ ❝♦♠♣❧❡♠❡♥t❛r

✭r❡❧❛t✐✈♦ ❛ S✮ ❞❡ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ♠❡♠❜r♦s✱ ❡ ❛ ✉♥✐ã♦ ❞❡ ❝❛❞❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ s❡✉s

♠❡♠❜r♦s✳ ❊ ❞✐③❡♠♦s q✉❡ Σ é ✉♠❛ σ✲á❧❣❡❜r❛ s❡ ❡st❛ é ✉♠❛ á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S

t❛❧ q✉❡ ∪∞
i=1Ei ∈ Σ s❡♠♣r❡ q✉❡ En ∈ Σ, n = 1, 2, . . .✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠❛ σ✲á❧❣❡❜r❛

é ✉♠❛ á❧❣❡❜r❛ ❢❡❝❤❛❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ✉♥✐õ❡s ❡♥✉♠❡rá✈❡✐s✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ Σ1 ❞❡ ✉♠❛

á❧❣❡❜r❛ Σ é ❞✐t♦ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Σ s❡ Σ1 é ✉♠❛ á❧❣❡❜r❛✳
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❖❜s❡r✈❛çã♦ ✶✳✸✳✶✳ ❆ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ á❧❣❡❜r❛s ✭σ✲á❧❣❡❜r❛s✮ é ✉♠❛

á❧❣❡❜r❛ ✭σ✲á❧❣❡❜r❛✮✳ P♦rt❛♥t♦✱ ❞❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ ♥ã♦✲✈❛③✐❛ Ω ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S✱ ♣♦✲

❞❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ✭σ✲á❧❣❡❜r❛ ❣❡r❛❞❛✮ ♣♦r Ω ❝♦♠♦ ❛ ♠❡♥♦r á❧❣❡❜r❛ ✭σ✲

á❧❣❡❜r❛✮ q✉❡ ❝♦♥té♠ Ω✱ q✉❡✱ ❝♦♠♦ é ❝❧❛r♦✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

✭σ✲á❧❣❡❜r❛s✮ q✉❡ ❝♦♥té♠ Ω✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❆ σ✲á❧❣❡❜r❛ B ❣❡r❛❞❛ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ ✉♠ ❞❛❞♦ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ S é ❝❤❛♠❛❞❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ S✱ ❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ B sã♦ ❝❤❛♠❛❞♦s

❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ♦✉ ❜♦r❡❧✐❛♥♦s✳

❆ s❡❣✉✐r µ ❞❡♥♦t❛rá ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s r❡❛✐s ♦✉ ❝♦♠♣❧❡①♦s✱ ♦✉

❛✐♥❞❛ ❛ ✈❛❧♦r❡s r❡❛✐s ❡st❡♥❞✐❞♦s✱ ✐st♦ é✱

µ : Σ → K ♦✉ µ : Σ → R.

❙❡ µ ❢♦r ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s r❡❛✐s ♦✉ r❡❛✐s ❡st❡♥❞✐❞♦s q✉❡ ♥ã♦ ❛ss✉♠❡ ✈❛❧♦r❡s

♥❡❣❛t✐✈♦s ❡♥tã♦ µ s❡rá ❞✐t❛ ♣♦s✐t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ µ1 ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝♦♥❥✉♥t♦s Σ1 é

❞✐t❛ ❛❞✐t✐✈❛ s❡ µ1(∅) = 0 ❡ s❡

µ1(E1 ∪ E2 ∪ . . . ∪ En) = µ1(E1) + µ1(E2) + . . .+ µ1(En),

♣❛r❛ t♦❞❛ ❢❛♠í❧✐❛ ✜♥✐t❛ {E1, . . . , En} ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡♠ Σ1✳ ❊ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦

❛❞✐t✐✈❛ µ2 ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ σ✲á❧❣❡❜r❛ Σ2 ❞❡ s✉❜❝♦♥❥✉♥t♦s é ❞✐t❛ σ✲❛❞✐t✐✈❛ s❡

µ2

(
∞⋃

i=1

Ei

)
=

∞∑

i=1

µ2(Ei)

♣❛r❛ q✉❛✐sq✉❡r ❝♦♥❥✉♥t♦s E1, E2, . . . ❞✐s❥✉♥t♦s ❡♠ Σ2✳

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s

❞❡ S✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ E ❡♠ Σ ❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ µ ❡♠ E✱ ❞❡♥♦t❛❞❛ ♣♦r v(µ,E)✱ é

❞❡✜♥✐❞❛ ❝♦♠♦

v(µ,E) = sup
n∑

i=1

|µ(Ei)| ,

♦♥❞❡ ♦ s✉♣r❡♠♦ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s ❝♦❧❡çõ❡s ✜♥✐t❛s {Ei} ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡♠

Σ ❝♦♠ Ei ⊂ E✳ ❉✐③❡♠♦s q✉❡ µ é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ s❡ v(µ, S) <∞✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✺✳ ❙❡ µ é ♣♦s✐t✐✈❛ ❡♥tã♦ v(µ,E) = µ(E)✳
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▲❡♠❛ ✶✳✸✳✻✳ ❙❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛✱ ❛ ✈❛❧♦r❡s r❡❛✐s ♦✉ ❝♦♠♣❧❡①♦s✱ ❞❡✜♥✐❞❛ ❡♠

✉♠❛ á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S✱ é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❡❧❛ é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✾✼✳

▲❡♠❛ ✶✳✸✳✼✳ ❆ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛ µ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛

Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S é t❛♠❜é♠ ❛❞✐t✐✈❛ ❡♠ Σ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✾✽✳

❉❡✜♥✐çã♦ ✶✳✸✳✽✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ r❡❛❧✱ ❛❞✐t✐✈❛ ❡ ❧✐♠✐t❛❞❛✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛

á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S✳ ❆ ✈❛r✐❛çã♦ ♣♦s✐t✐✈❛ µ+ ❡ ❛ ✈❛r✐❛çã♦

♥❡❣❛t✐✈❛ µ− ❞❡ µ sã♦ ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❞❡✜♥✐❞❛s ❡♠ Σ ♣♦r

µ+(E) =
1

2
{v(µ,E) + µ(E)} ❡ µ−(E) =

1

2
{v(µ,E) − µ(E)}.

❚❡♦r❡♠❛ ✶✳✸✳✾ ✭❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥✮✳ ❙❡ µ é ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ r❡❛❧✱ ❛❞✐t✐✈❛ ❡

❧✐♠✐t❛❞❛✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ E ❡♠ Σ✱

µ+(E) = sup
F⊂E

µ(F ) ❡ µ−(E) = − inf
F⊂E

µ(F ),

♦♥❞❡ F ♣❡rt❡♥❝❡ ❛ Σ✳ ❆s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ µ+ ❡ µ− sã♦ ❛❞✐t✐✈❛s✱ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ❡ ♣❛r❛

❝❛❞❛ E ❡♠ Σ✱

µ(E) = µ+(E) − µ−(E) ❡ v(µ,E) = µ+(E) + µ−(E).

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✾✽✳

❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s r❡❛✐s ❡st❡♥❞✐❞♦s✱ ♣♦s✐t✐✈❛ ❡ ❛❞✐t✐✈❛✱ ❞❡✲

✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S✳ P❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦

❛r❜✐trár✐♦ E ❞❡ S✱ ♦ ♥ú♠❡r♦ µ∗(E) é ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦

µ∗(E) = inf
F⊃E

µ(F ),

♦♥❞❡ F ♣❡rt❡♥❝❡ ❛ Σ✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✵✳ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❝♦♠♣❧❡t♦ é ❞✐t♦ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❆ s❡❣✉✐r (X, ‖·‖) ❞❡♥♦t❛rá ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡❛❧ ♦✉ ❝♦♠♣❧❡①♦✳



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✶✵

❉❡✜♥✐çã♦ ✶✳✸✳✶✶✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ N ❞❡ S é ❞✐t♦ ✉♠ ❝♦♥❥✉♥t♦ µ✲♥✉❧♦ s❡ v∗(µ,N) = 0✱

♦♥❞❡ v∗ é ❛ ❡①t❡♥sã♦ ❞❛ ✈❛r✐❛çã♦ t♦t❛❧ v ❞❡ µ✳ ❯♠❛ ❢✉♥çã♦ f : S → X é ❞✐t❛ ✉♠❛ ❢✉♥çã♦

µ✲♥✉❧❛ s❡ ♦ ❝♦♥❥✉♥t♦ {s ∈ S : ‖f(s)‖ > α} é ✉♠ ❝♦♥❥✉♥t♦ µ✲♥✉❧♦ ♣❛r❛ ❝❛❞❛ α > 0✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✷✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡ S ❡♠ X q✉❡ ❛ss✉♠❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡

✈❛❧♦r❡s ❞✐st✐♥t♦s x1, . . . , xn✱ t❛❧ q✉❡ f−1({xi}) ♣❡rt❡♥❝❡ ❛ á❧❣❡❜r❛ Σ✱ ♣❛r❛ i = 1, . . . , n✳

◗✉❛❧q✉❡r ❢✉♥çã♦ g : S → X q✉❡ ❞✐❢❡r❡ ❞❡ t❛❧ f ♣♦r ✉♠❛ ❢✉♥çã♦ µ✲♥✉❧❛ é ❝❤❛♠❛❞❛ ❢✉♥çã♦

µ✲s✐♠♣❧❡s✳ ❯♠❛ ❢✉♥çã♦ µ✲s✐♠♣❧❡s é µ✲✐♥t❡❣rá✈❡❧ s❡ ❡❧❛ ❞✐❢❡r❡ ♣♦r ✉♠❛ ❢✉♥çã♦ µ✲♥✉❧❛ ❞❡

✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛

f =
n∑

i=1

xiχEi
,

♦♥❞❡ Ei = f−1({xi})✱ i = 1, . . . , n✱ sã♦ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡♠ Σ ❝♦♠ ✉♥✐ã♦ S✱ xi = 0 s❡

v(µ,Ei) = ∞✱ ❡

χEi
(s) =

{
1 , s ∈ Ei

0 , s /∈ Ei

P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ E ❡♠ Σ✱ ❛ ✐♥t❡❣r❛❧ s♦❜r❡ E ❞❡ ✉♠❛ ❢✉♥çã♦ µ✲s✐♠♣❧❡s ✐♥t❡❣rá✈❡❧ h é

❞❡✜♥✐❞❛ ♣♦r ∫

E

h(s)µ(ds) =

∫

E

f(s)µ(ds) =
n∑

i=1

xiµ(E ∩ Ei).

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✸✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ µ✲s✐♠♣❧❡s ✐♥t❡❣rá✈❡❧ ❡♥tã♦
∥∥∥∥
∫

E

f(s)µ(ds)

∥∥∥∥ ≤

∫

E

‖f(s)‖v(µ, ds).

❆ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ µf (E) =
∫

E
f(s)µ(ds) é ✉♠❛ ❢✉♥çã♦ ❛❞✐t✐✈❛ ❡♠ Σ✱ ❝✉❥❛ ✈❛r✐❛çã♦ t♦t❛❧

é

v(µf , E) =

∫

E

‖f(s)‖v(µ, ds), E ∈ Σ.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✵✾✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✹✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ f ❞❡ S ❡♠ X ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛ ‖f‖µ ❞❡ f ♣♦r

‖f‖µ = inf
α>0

arctan
{
α+ v∗(µ, {s ∈ S : ‖f(s)‖ > α})

}
.

❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn) ❞❡ ❢✉♥çõ❡s ❞❡ S ❡♠ X ❝♦♥✈❡r❣❡ ❡♠ ♠❡❞✐❞❛ ♣❛r❛ ✉♠❛

❢✉♥çã♦ f ❞❡ S ❡♠ X s❡✱ ❡ s♦♠❡♥t❡ s❡✱

lim
n→∞

‖fn − f‖µ = 0.



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✶✶

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✺✳ ❙❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn) ❞❡ ❢✉♥çõ❡s ❞❡ S ❡♠ X ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡✲

♠❡♥t❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f ❞❡ S ❡♠ X ❡♥tã♦ (fn) ❝♦♥✈❡r❣❡ ❡♠ ♠❡❞✐❞❛ ♣❛r❛ f ✳ ❉❡ ❢❛t♦✱

❞❛❞♦ ε > 0✱ t♦♠❡ δ = tan
(

ε
2

)
✳ ❈♦♠♦ (fn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ f ✱ ❡①✐st❡ N ∈ N

t❛❧ q✉❡

n ≥ N ⇒ ‖fn(s) − f(s)‖ < δ, s ∈ S

⇒ {s ∈ S : ‖fn(s) − f(s)‖ > δ} = ∅

⇒ v∗ (µ, {s ∈ S : ‖fn(s) − f(s)‖ > δ}) = 0

⇒ arctan
{
δ + v∗ (µ, {s ∈ S : ‖fn(s) − f(s)‖ > δ})

}
= arctan δ =

ε

2

⇒ inf
α>0

arctan
{
α+ v∗(µ, {s ∈ S : ‖fn(s) − f(s)‖ > α})

}
< ε.

⇒ ‖fn − f‖µ < ε

❉❡✜♥✐çã♦ ✶✳✸✳✶✻✳ ❯♠❛ ❢✉♥çã♦ f : S → X é µ✲✐♥t❡❣rá✈❡❧ ❡♠ S s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

(fn) ❞❡ ❢✉♥çõ❡s µ✲s✐♠♣❧❡s ✐♥t❡❣rá✈❡✐s ❝♦♥✈❡r❣✐♥❞♦ ❛ f ❡♠ ♠❡❞✐❞❛ ❡

lim
m,n

∫

S

‖fm(s) − fn(s)‖ v(µ, ds) = 0.

◆❡st❡ ❝❛s♦✱ ❛ ✐♥t❡❣r❛❧ ❞❡ f s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ E ∈ Σ é ❞❛❞❛ ♣♦r
∫

E

f(s)µ(ds) = lim
n

∫

E

fn(s)µ(ds).

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✼✳ ❆ ✐♥t❡❣r❛❧ ❞❡ f ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ s❡q✉ê♥❝✐❛ (fn)✳

❚❡♦r❡♠❛ ✶✳✸✳✶✽✳ ❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦✱ Σ ✉♠❛ á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S ❡ µ ✉♠❛

❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛✱ ❧✐♠✐t❛❞❛✱ ♥ã♦✲♥❡❣❛t✐✈❛✱ ❞❡✜♥✐❞❛ ❡♠ Σ✳ ❙❡❥❛♠ Σ1 ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ Σ ❡ µ1 ❛ r❡str✐çã♦ ❞❡ µ s♦❜r❡ Σ1✳ ❊♥tã♦ ✉♠❛ ❢✉♥çã♦ µ1✲✐♥t❡❣rá✈❡❧ é µ✲✐♥t❡❣rá✈❡❧ ❡
∫

E

f(s)µ1(ds) =

∫

E

f(s)µ(ds), E ∈ Σ1.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✻✺✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✾✳ ❙❡❥❛ {En} ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s✳ ❉❡✜♥✐♠♦s ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r

❡ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ❞❡ {En} ♣❡❧❛s ❡q✉❛çõ❡s

lim inf
n→∞

En =
∞⋃

n=1

∞⋂

m=n

Em ❡ lim sup
n→∞

En =
∞⋂

n=1

∞⋃

m=n

Em.

❙❡ lim infn→∞En = lim supn→∞En ❡♥tã♦ ❞✐③❡♠♦s q✉❡ {En} é ❝♦♥✈❡r❣❡♥t❡ ❡ ❞❡✜♥✐♠♦s

lim
n→∞

En = lim inf
n→∞

En = lim sup
n→∞

En.



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✶✷

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✵✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❝♦♠♣❧❡①♦s ♦✉ r❡❛✐s ❡st❡♥❞✐❞♦s✱

❧✐♠✐t❛❞❛✱ σ✲❛❞✐t✐✈❛✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ σ✲á❧❣❡❜r❛ Σ✳ ❙❡ {En} é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡

❞❡ ❝♦♥❥✉♥t♦s ❡♠ Σ✱ ❡♥tã♦

lim
n→∞

µ(En) = µ
(

lim
n→∞

En

)
.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✷✾✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✶✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s ♦✉ r❡❛✐s ❡st❡♥❞✐❞♦s✱

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S✱ t❛❧ q✉❡ µ(∅) = 0✳ ❯♠ ❝♦♥❥✉♥t♦ E é

❞✐t♦ ✉♠ µ✲❝♦♥❥✉♥t♦ s❡ E ∈ Σ ❡ s❡

µ(M) = µ(M ∩ E) + µ(M ∩ Ec), ∀M ∈ Σ.

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✷✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s ♦✉ r❡❛✐s ❡st❡♥❞✐❞♦s✱

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S✱ t❛❧ q✉❡ µ(∅) = 0✳ ❆ ❢❛♠í❧✐❛ ❞❡ µ✲

❝♦♥❥✉♥t♦s é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Σ s♦❜r❡ ❛ q✉❛❧ µ é ❛❞✐t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ E é ❛ ✉♥✐ã♦ ❞❡

✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ (En) ❞❡ µ✲❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ❡♥tã♦

µ(M ∩ E) =
∑

µ(M ∩ En), ∀ ∈ Σ.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✸✸✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✸✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s r❡❛✐s ❡st❡♥❞✐❞♦s✱ σ✲❛❞✐t✐✈❛✱

♥ã♦✲♥❡❣❛t✐✈❛✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ ❝♦♥❥✉♥t♦s ❡♠ S✳ P❛r❛ ❝❛❞❛ A ⊂ S s❡❥❛

µ̂(A) = inf
∞∑

n=1

µ(En),

♦♥❞❡ ♦ ✐♥✜♠♦ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s (En) ❞❡ ❝♦♥❥✉♥t♦s ❡♠ Σ ❝✉❥❛ ✉♥✐ã♦

❝♦♥té♠ A✳ ❊♥tã♦ t♦❞♦ ❝♦♥❥✉♥t♦ ❡♠ Σ é ✉♠ µ̂✲❝♦♥❥✉♥t♦✳ ❆❧é♠ ❞✐ss♦✱ µ̂(E) = µ(E) ♣❛r❛

E ❡♠ Σ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✸✹✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✹✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛ µ✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜✲

❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S✱ é ❞✐t❛ r❡❣✉❧❛r s❡✱ ♣❛r❛ ❝❛❞❛ E ∈ Σ ❡ ε > 0✱ ❡①✐st❡♠

❝♦♥❥✉♥t♦s F ❡ G ❡♠ Σ t❛✐s q✉❡ F ⊂ E✱ E ⊂ int(G) ❡ |µ(C)| < ε✱ ♣❛r❛ t♦❞♦ C ❡♠ Σ ❝♦♠

C ⊂ G \ F ✳



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✶✸

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✺✳ ❆ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛✱ r❡❣✉❧❛r✱ ❛ ✈❛❧♦r❡s

❝♦♠♣❧❡①♦s ♦✉ r❡❛✐s ❡st❡♥❞✐❞♦s✱ ❡♠ ✉♠❛ á❧❣❡❜r❛✱ é r❡❣✉❧❛r✳ ❆✐♥❞❛ ♠❛✐s✱ ❛s ✈❛r✐❛çõ❡s ♣♦✲

s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛✱ r❡❣✉❧❛r✱ ❛ ✈❛❧♦r❡s r❡❛✐s✱ ❧✐♠✐t❛❞❛✱ sã♦

t❛♠❜é♠ r❡❣✉❧❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✸✼✳

❚❡♦r❡♠❛ ✶✳✸✳✷✻✳ ❙❡❥❛ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❝♦♠♣❧❡①♦s✱ r❡❣✉❧❛r✱ ❛❞✐t✐✈❛ ❡

❧✐♠✐t❛❞❛✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦

S✳ ❊♥tã♦ µ t❡♠ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ r❡❣✉❧❛r σ✲❛❞✐t✐✈❛ à σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Σ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✸✽✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✷✼✳ ❚❛❧ ❡①t❡♥sã♦ é ❝♦♥str✉í❞❛ ❡st❡♥❞❡♥❞♦✲s❡ ❛s ✈❛r✐❛çõ❡s ♣♦s✐t✐✈❛ ❡ ♥❡✲

❣❛t✐✈❛ ❞❛ ♣❛rt❡ r❡❛❧ µ1 ❡ ❞❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ µ2 ❞❡ µ ❛tr❛✈és ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✸✳ ❖✉

s❡❥❛✱ t♦♠❛♥❞♦ ❛s ❡①t❡♥sõ❡s µ̂+
1 , µ̂

−
1 , µ̂

+
2 ❡ µ̂−

2 ❞❡ µ+
1 , µ

−
1 , µ

+
2 ❡ µ−

2 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱(
µ̂+

1 − µ̂−
1

)
+ i
(
µ̂+

2 − µ̂−
2

)
é ❛ ❡①t❡♥sã♦ r❡❣✉❧❛r σ✲❛❞✐t✐✈❛ ❞❡ µ à σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Σ✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❢✉♥çõ❡s ❝♦♥❥✉♥t♦

❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s✳ P❛r❛ t❛♥t♦✱ s❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ ✜①❛❞♦✱ Σ ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥✲

❥✉♥t♦s ❞❡ S ❡ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛✱ ❞❡✜♥✐❞❛ ❡♠ Σ✱ ❝♦♠ ✈❛❧♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤ X✳ ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ µ é ❢r❛❝❛♠❡♥t❡ σ✲❛❞✐t✐✈❛✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛

x∗ ❡♠ X∗ ❡ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s En ❡♠ Σ t❡♠♦s

∞∑

i=1

x∗µ(Ei) = x∗µ

(
∞⋃

i=1

Ei

)
.

❚❡♦r❡♠❛ ✶✳✸✳✷✽ ✭P❡tt✐s✮✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ σ✲❛❞✐t✐✈❛ ❝♦♠ ✈❛❧♦r❡s ✈❡t♦✲

r✐❛✐s ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ σ✲á❧❣❡❜r❛ é σ✲❛❞✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✸✶✽✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✾✳ ❆ s❡♠✐✲✈❛r✐❛çã♦ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✈❡t♦r✐❛❧ µ é ❞❡✜♥✐❞❛ ❝♦♠♦

[µ] (E) = sup

∥∥∥∥∥

n∑

i=1

αiµ(Ei)

∥∥∥∥∥ , E ∈ Σ,

♦♥❞❡ ♦ s✉♣r❡♠♦ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s ❝♦❧❡çõ❡s ✜♥✐t❛s ❞✐s❥✉♥t❛s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧

❡♠ E ❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ❡s❝❛❧❛r❡s α1, . . . , αn ❝♦♠ |αi| ≤ 1✳



✶✳✸ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❘❡❛❧ ✶✹

◆♦ ❝❛s♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s✱ ❞✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦

é µ✲♥✉❧♦ q✉❛♥❞♦ ❡st❡ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ E ∈ Σ t❛❧ q✉❡ [µ] (E) = 0✳ ❖

sí♠❜♦❧♦ Σ∗ ❞❡♥♦t❛ ❛ σ✲á❧❣❡❜r❛ ❞❛s ✉♥✐õ❡s E ∪N ✱ ♦♥❞❡ E ∈ Σ ❡ N é ✉♠ ❝♦♥❥✉♥t♦ µ✲♥✉❧♦✳

❊st❛ σ✲á❧❣❡❜r❛ é ❝❤❛♠❛❞❛ ❡①t❡♥sã♦ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ Σ✳ ❯♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r ❞❡✜♥✐❞❛ ❡♠

S é µ✲♠❡♥s✉rá✈❡❧ s❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❇♦r❡❧ B ❞❡ K t❡♠✲s❡ f−1(B) ∈ Σ∗✳ ❯♠❛

❢✉♥çã♦ ❡s❝❛❧❛r ❞❡✜♥✐❞❛ ❡♠ S é µ✲s✐♠♣❧❡s s❡ ❡st❛ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✜♥✐t❛ ❞❡ ❢✉♥çõ❡s

❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❝♦♥❥✉♥t♦s ❡♠ Σ∗✳

❉❡✜♥✐çã♦ ✶✳✸✳✸✵✳ ❙❡ f é ❛ ❢✉♥çã♦ µ✲s✐♠♣❧❡s
∑n

i=1 αiχEi
✱ ♦♥❞❡ E1, . . . , En sã♦ ❝♦♥❥✉♥t♦s

❞✐s❥✉♥t♦s ❡♠ Σ✱ ❡♥tã♦ ❛ ✐♥t❡❣r❛❧ ❞❡ f s♦❜r❡ E ∈ Σ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦
∫

E

f(s)µ(ds) =
n∑

i=1

αiµ(E ∩ Ei).

❉❡✜♥✐çã♦ ✶✳✸✳✸✶✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✱ ❞❡✜♥✐♠♦s ♦ µ✲s✉♣r❡♠♦ ❡ss❡♥❝✐❛❧ ❞❡

f ❡♠ E ❝♦♠♦ ♦ í♥✜♠♦ ❞♦s ♥ú♠❡r♦s A t❛✐s q✉❡ ♦ ❝♦♥❥✉♥t♦ {s ∈ E : |f(s)| > A} é µ✲♥✉❧♦✳

❙❡

µ-ess sups∈E |f(s)| <∞,

❞✐③❡♠♦s q✉❡ f é µ✲❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ E ∈ Σ✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✸✷✳ ❙❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞♦ µ✲s✉♣r❡♠♦ ❡ss❡♥❝✐❛❧✱ ✈❛❧❡ q✉❡

µ-ess sups∈E |f(s)| ≤ sup
s∈E

|f(s)|.

❉❡✜♥✐çã♦ ✶✳✸✳✸✸✳ ❯♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r f é ❞✐t❛ ✐♥t❡❣rá✈❡❧ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (fn)

❞❡ ❢✉♥çõ❡s µ✲s✐♠♣❧❡s t❛✐s q✉❡

✭✐✮ fn(s) ❝♦♥✈❡r❣❡ ❛ f(s) ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦❀

✭✐✐✮ ❛ s❡q✉ê♥❝✐❛
(∫

E
fn(s)µ(ds)

)
❝♦♥✈❡r❣❡ ♥❛ ♥♦r♠❛ ❞❡ X ♣❛r❛ ❝❛❞❛ E ∈ Σ✳

❖ ❧✐♠✐t❡ ❞❡st❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡❣r❛✐s é ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ✐♥t❡❣r❛❧ ❞❡ f ❝♦♠ r❡s♣❡✐t♦ ❛ µ

s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ E ∈ Σ✱ ♦✉ s❡❥❛✱ ∫

E

f(s)µ(ds).

❖❜s❡r✈❛çã♦ ✶✳✸✳✸✹✳ ❆ ✐♥t❡❣r❛❧ ❞❡ f ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ s❡q✉ê♥❝✐❛ (fn)✳

❚❡♦r❡♠❛ ✶✳✸✳✸✺✳ ❙❡ E ∈ Σ ❡ f é ✉♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r µ✲♠❡♥s✉rá✈❡❧ q✉❡ é µ✲❡ss❡♥❝✐❛❧✲

♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ E✱ ❡♥tã♦ f é µ✲✐♥t❡❣rá✈❡❧ ❡
∥∥∥∥
∫

E

f(s)µ(ds)

∥∥∥∥ ≤
{
µ-ess sups∈E |f(s)|

}{
[µ] (E)

}
.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✸✷✸✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✶✺

✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

❆ s❡❣✉✐r X ❡ Y ✐♥❞✐❝❛rã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ BX ❞❡♥♦t❛rá ❛ ❜♦❧❛ ✉♥✐tár✐❛

❢❡❝❤❛❞❛ ❞❡ X✳ ❖ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ X✱ ✐st♦ é✱ ♦ ❡s♣❛ç♦ ❞♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡

X ❡♠ K✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r X∗✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ X∗ s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r x∗✳

✶✳✹✳✶ ❚❡♦r❡♠❛s ❞❡ ❍❛❤♥✲❇❛♥❛❝❤

❚❡♦r❡♠❛ ✶✳✹✳✶✳ ❙❡❥❛ Y ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ y∗ ❡♠

Y ∗ ❝♦rr❡s♣♦♥❞❡ ✉♠ x∗ ❡♠ X∗ t❛❧ q✉❡

‖x∗‖ = ‖y∗‖ ❡ x∗y = y∗y, y ∈ Y.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✻✸✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✳ ❙❡❥❛ x ✉♠ ✈❡t♦r ♥♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ Y ❞❡ ✉♠

❡s♣❛ç♦ ♥♦r♠❛❞♦ X✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❢✉♥❝✐♦♥❛❧ x∗ ❡♠ X∗ t❛❧ q✉❡

x∗x = 1 ❡ x∗y = 0, y ∈ Y.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✻✹✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✳ P❛r❛ t♦❞♦ x ♥♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X✱ ✈❛❧❡ q✉❡

‖x‖ = sup
x∗∈BX∗

|x∗x| ,

♦♥❞❡ BX∗ é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ♥♦ ❡s♣❛ç♦ X∗.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✻✺✳

✶✳✹✳✷ ❈♦♠♣❛❝✐❞❛❞❡ ❡ ❚♦♣♦❧♦❣✐❛s ❋r❛❝❛s

❚❡♦r❡♠❛ ✶✳✹✳✹✳ ❆ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ BX ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X é ❝♦♠♣❛❝t❛ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ dimX <∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✷❪✱ ♣á❣✳ ✽✵✳

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ❛s t♦♣♦❧♦❣✐❛s ❢r❛❝❛ ❡ ❢r❛❝❛✯ ✭❧ê✲s❡ ❢r❛❝❛ ❡str❡❧❛✮ ❡♠ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ (X, ‖·‖)✳ ❆❧é♠ ❞✐st♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♠♦str❛♠ ✈❛♥t❛❣❡♥s

❞❡st❛s t♦♣♦❧♦❣✐❛s s♦❜r❡ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✶✻

❉❡✜♥✐çã♦ ✶✳✹✳✺✳ ❆ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡ X é ❛ t♦♣♦❧♦❣✐❛ σ(X,X∗) ❣❡r❛❞❛ ♣❡❧❛s ✈✐③✐✲

♥❤❛♥ç❛s

W (y;x∗1, . . . , x
∗
n; ε) = {x ∈ X :

∣∣x∗j(x− y)
∣∣ < ε ♣❛r❛ 1 ≤ j ≤ n},

♦♥❞❡ y ∈ X✱ x∗1, . . . , x
∗
n ∈ X∗ ❡ ε > 0✳

❉❡✜♥✐çã♦ ✶✳✹✳✻✳ ❯♠❛ r❡❞❡ (xα) ⊂ X é ❞✐t❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ x ∈ X s❡

x∗xα → x∗x✱ ♣❛r❛ t♦❞♦ x∗ ∈ X∗✳ ❉❡♥♦t❛♠♦s xα
w
→ x✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✼✳ ❆ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ σ(X,X∗) é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛✳

❆s ❞✉❛s t♦♣♦❧♦❣✐❛s ❝♦✐♥❝✐❞❡♠ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✶✺✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✽✳ (X, σ(X,X∗))∗ = X∗✱ ♦✉ s❡❥❛✱ φ : X → K é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ s❡❣✉♥❞♦

❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ ∈ X∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✶✷✳

❉❡✜♥✐çã♦ ✶✳✹✳✾✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ X ❡ Y é ✉♠❛

❛♣❧✐❝❛çã♦ ❧✐♥❡❛r T : X → Y t❛❧ q✉❡ ‖T (x)‖ = ‖x‖✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ◗✉❛♥❞♦ T (X) = Y

❞✐③❡♠♦s q✉❡ T é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✵✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ X∗∗ ♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X∗✳

❆ ❛♣❧✐❝❛çã♦ ̂: X → X∗∗ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ X ♦ ❡❧❡♠❡♥t♦ x̂ ∈ X∗∗✱ ❞❡✜♥✐❞♦

♣♦r

x̂(x∗) = x∗x, x∗ ∈ X∗,

é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧ ♦✉ ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❞❡ X ❡♠ X∗∗✳ ❆ ✐♠❛❣❡♠ ❞❡st❛

❛♣❧✐❝❛çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r X̂✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶✳ ❆ ❛♣❧✐❝❛çã♦ ̂: X → X̂ é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✻✻✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✷✳ ❆ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ X∗ é ❛ t♦♣♦❧♦❣✐❛ σ(X∗, X) ❣❡r❛❞❛ ♣❡❧❛s

✈✐③✐♥❤❛♥ç❛s

W (y∗;x1, . . . , xn; ε) = {x∗ ∈ X∗ : |x∗xj − y∗xj| < ε ♣❛r❛ 1 ≤ j ≤ n},

♦♥❞❡ y∗ ∈ X∗✱ x1, . . . , xn ∈ X ❡ ε > 0✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✶✼

◆♦t❡♠♦s q✉❡ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ X∗ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡

X∗✱ ♦✉ s❡❥❛✱ σ(X∗, X) ≤ σ(X∗, X∗∗), ♣♦✐s

W ∗(y∗;x1, . . . , xn; ε) = {x∗ ∈ X∗ : |x∗xj − y∗xj| < ε ♣❛r❛ 1 ≤ j ≤ n}

= {x∗ ∈ X∗ : |x̂j(x
∗ − y∗)| < ε ♣❛r❛ 1 ≤ j ≤ n}

= W (y∗; x̂1, . . . , x̂n; ε).

❉❡✜♥✐çã♦ ✶✳✹✳✶✸✳ ❯♠❛ r❡❞❡ (x∗α) ⊂ X∗ é ❞✐t❛ ❢r❛❝❛✯ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ x∗ ∈ X∗ s❡

x∗αx→ x∗x✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❉❡♥♦t❛♠♦s x∗α
w∗

→ x∗✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹✳ (X∗, σ(X∗, X))∗ = X̂✱ ♦✉ s❡❥❛✱ φ : X∗ → K é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦

s❡❣✉♥❞♦ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ ∈ X̂✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✷✹✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✺✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥tã♦ ❝♦♥❥✉♥t♦s σ(X∗, X)✲❝♦♠♣❛❝t♦s

❞❡ X∗ sã♦ ❧✐♠✐t❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✷✻✳

❯♠ ❞♦s r❡s✉❧t❛❞♦s q✉❡ t♦r♥❛ ✐♠♣♦rt❛♥t❡ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ é ♦ ❚❡♦r❡♠❛ ❞❡

❆❧❛♦❣❧✉✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✹✱ s❡ dimX∗ = ∞ ❡♥tã♦ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ BX∗ ♥ã♦ é

❝♦♠♣❛❝t❛ ♥❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❞❡ X∗✳ ❆❣♦r❛ t❡♠♦s q✉❡

❚❡♦r❡♠❛ ✶✳✹✳✶✻ ✭❆❧❛♦❣❧✉✮✳ ❙❡ X é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ ❡♥tã♦ ❛ ❜♦❧❛ BX∗ é σ(X∗, X)✲

❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✷✾✳

❚❡♦r❡♠❛ ✶✳✹✳✶✼ ✭●♦❧❞st✐♥❡✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❊♥tã♦✿

✭❛✮ BX∗∗ = B
σ(X∗∗,X∗)

X ❀

✭❜✮ X∗∗ = X
σ(X∗∗,X∗)

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✸✷✳

❚❡♦r❡♠❛ ✶✳✹✳✶✽ ✭❙♠✉❧✐❛♥✮✳ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❞❡ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ X✳ ❊♥tã♦ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠ K ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛✲

♠❡♥t❡ ❛ ✉♠ ♣♦♥t♦ ❞❡ K✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✶✽

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✹✽✳

❈♦r♦❧ár✐♦ ✶✳✹✳✶✾✳ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❞❡ X✳

❊♥tã♦ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠ K ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❛ ✉♠

♣♦♥t♦ ❞❡ X✳

❚❡♦r❡♠❛ ✶✳✹✳✷✵ ✭❊❜❡r❧❡✐♥✮✳ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X t❛❧ q✉❡

❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠ K ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❛ ✉♠ ♣♦♥t♦ ❞❡

X✳ ❊♥tã♦✿

✭❛✮ K
σ(X,X∗)

é σ(X,X∗)✲❝♦♠♣❛❝t♦✳

✭❜✮ ❈❛❞❛ x ∈ K
σ(X,X∗)

é ♦ σ(X,X∗)✲❧✐♠✐t❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡♠ K✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✶✹❪✱ ♣á❣✳ ✷✹✽✳

❈♦r♦❧ár✐♦ ✶✳✹✳✷✶✳ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X t❛❧ q✉❡ ❝❛❞❛ s❡q✉ê♥✲

❝✐❛ ❡♠ K ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❛ ✉♠ ♣♦♥t♦ ❞❡ K✳ ❊♥tã♦ K

é ✉♠ ❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

✶✳✹✳✸ ❆❧❣✉♥s ❊s♣❛ç♦s ❊s♣❡❝✐❛✐s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ s❡çã♦ ✉♠❛ ❧✐st❛ ❞❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡s♣❡❝✐❛✐s ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊st❡s ❝♦♥s✐st✐rã♦ ❞❡ ❢✉♥çõ❡s ❛ ✈❛❧♦r❡s r❡❛✐s ♦✉ ❝♦♠♣❧❡①♦s✱

♦♥❞❡ ❛ ❛❞✐❛çã♦ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ s❡rã♦ ❛s ✉s✉❛✐s✱ ♦✉ s❡❥❛✱

(f + g)(s) = f(s) + g(s) ❡ (αf)(s) = αf(s).

❖s ❡s♣❛ç♦s ❛ s❡❣✉✐r s❡rã♦ ❢♦r♠❛❞♦s ♦✉ ♣♦r ❢✉♥çõ❡s r❡❛✐s s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s

r❡q✉❡r✐❞❛s ♦✉ ♣♦r ❢✉♥çõ❡s ❝♦♠♣❧❡①❛s s❛t✐s❢❛③❡♥❞♦ ❛s ♠❡s♠❛s✳ ❖ tr❛t❛♠❡♥t♦ ♣❛r❛ ❛♠❜♦s

♦s ❝❛s♦s é ❛♥á❧♦❣♦ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✺❪✳

✶✳ ❖ ❡s♣❛ç♦ B(S) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ S ❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s

❡s❝❛❧❛r❡s ❧✐♠✐t❛❞❛s ❡♠ S✳ ❆ ♥♦r♠❛ é ❞❛❞❛ ♣♦r

‖f‖ = sup
s∈S

|f(s)|

❡ B∗(S) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ B(S)✳
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✷✳ ❖ ❡s♣❛ç♦ C(S) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S ❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s

❡s❝❛❧❛r❡s ❝♦♥tí♥✉❛s ❧✐♠✐t❛❞❛s ❡♠ S✳ ❆ ♥♦r♠❛ é

‖f‖ = sup
s∈S

|f(s)|

❡ C∗(S) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ C(S)✳

✸✳ ❖ ❡s♣❛ç♦ ba(S,Σ) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S ❡

❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ ❛❞✐t✐✈❛s ❡ ❧✐♠✐t❛❞❛s✳ ❆ ♥♦r♠❛

‖µ‖ é ❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ µ ❡♠ S✱ ✐st♦ é✱ v(µ, S)✳

✹✳ ❖ ❡s♣❛ç♦ ca(S,Σ) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠❛ σ✲á❧❣❡❜r❛ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S

❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s ❞❡✜♥✐❞❛s ❡ σ✲❛❞✐t✐✈❛s ❡♠ Σ✳

❆ ♥♦r♠❛ ‖µ‖ é ❛ ✈❛r✐❛çã♦ t♦t❛❧ v(µ, S)✳

✺✳ ❖ ❡s♣❛ç♦ rba(S) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S ❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s

❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ ❛❞✐t✐✈❛s✱ ❧✐♠✐t❛❞❛s✱ r❡❣✉❧❛r❡s✱ ❞❡✜♥✐❞❛s ♥❛ á❧❣❡❜r❛ ❣❡r❛❞❛

♣❡❧♦s ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ S✳ ❆ ♥♦r♠❛ ‖µ‖ é ❛ ✈❛r✐❛çã♦ t♦t❛❧ v(µ, S)✳

✻✳ ❖ ❡s♣❛ç♦ rca(S) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S ❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s

❝♦♥❥✉♥t♦ ❛ ✈❛❧♦r❡s ❡s❝❛❧❛r❡s✱ σ✲❛❞✐t✐✈❛s✱ r❡❣✉❧❛r❡s✱ ❞❡✜♥✐❞❛s ♥❛ σ✲á❧❣❡❜r❛ B ❞❡ t♦❞♦s ♦s

❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡♠ S✳ ❆ ♥♦r♠❛ ‖µ‖ é ❛ ✈❛r✐❛çã♦ t♦t❛❧ v(µ, S)✳

❆♥t❡s ❞❡ ❞❡✜♥✐r ✉♠ ú❧t✐♠♦ ❡s♣❛ç♦ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✹✳✷✷✳ ❯♠ ✐♥t❡r✈❛❧♦ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ s✐st❡♠❛ ❞♦s ♥ú♠❡r♦s r❡❛✐s

❡st❡♥❞✐❞♦s q✉❡ t❡♠ ✉♠❛ ❞❛s ❢♦r♠❛s✿

[a, b] = {s : a ≤ s ≤ b}, [a, b) = {s : a ≤ s < b},

(a, b] = {s : a < s ≤ b}, (a, b) = {s : a < s < b}.

❖ ♥ú♠❡r♦ a é ❝❤❛♠❛❞♦ ♦ ❡①tr❡♠♦ ❡sq✉❡r❞♦ ❡ b ♦ ❡①tr❡♠♦ ❞✐r❡✐t♦ ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s

✐♥t❡r✈❛❧♦s✳ ❯♠ ✐♥t❡r✈❛❧♦ é ✜♥✐t♦ s❡ ❛♠❜♦s ❡①tr❡♠♦s sã♦ ✜♥✐t♦s❀ ❝❛s♦ ❝♦♥trár✐♦ é ✉♠

✐♥t❡r✈❛❧♦ ✐♥✜♥✐t♦✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ♦✉ ❝♦♠♣❧❡①❛ ✭❡s❝❛❧❛r✮ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ I✱ ❛

✈❛r✐❛çã♦ t♦t❛❧ ❞❡ f ❡♠ I é ❞❡✜♥✐❞❛ ♣♦r

v(f, I) = sup
n∑

i=1

|f(bi) − f(ai)|,
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♦♥❞❡ ♦ s✉♣r❡♠♦ é t♦♠❛❞♦ s♦❜r❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ♣♦♥t♦s ai, bi ∈ I t❛✐s q✉❡

a1 ≤ b1 ≤ a2 ≤ b2 ≤ . . . ≤ an ≤ bn✳ ❙❡ v(f, I) < ∞✱ f é ❞✐t❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦

❧✐♠✐t❛❞❛ ❡♠ I✳

✼✳ ❖ ❡s♣❛ç♦ NBV (I) é ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠ ✐♥t❡r✈❛❧♦ I ❡ ❝♦♥s✐st❡ ❞❛s ❢✉♥çõ❡s ❡s❝❛❧❛r❡s f

❡♠ I q✉❡ sã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ❡♠ I ❡ t❛✐s q✉❡✿ f é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛ ❡♠ ❝❛❞❛

♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ I ❡ limx→a+ f(x) = 0✱ ♦♥❞❡ a é ♦ ❡①tr❡♠♦ ❡sq✉❡r❞♦ ❞❡ I✳ ◆❡st❡ ❝❛s♦✱

❛ ♥♦r♠❛ ❞❡ f é ❞❛❞❛ ♣♦r

‖f‖ = v(f, I).

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❡st❡s ❡s♣❛ç♦s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✸✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s

♦♥❞❡ f é ❞❡s❝♦♥tí♥✉❛ é ❡♥✉♠❡rá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✼❪✱ ♣á❣✳ ✶✵✸✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✹✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ I ❡ s❡❥❛ c

✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❡♠ I ❡①❝❡t♦ s❡✉ ❡①tr❡♠♦ ❞✐r❡✐t♦✳ ❊♥tã♦

lim
ε→0+

v(f, (c, c+ ε]) = 0.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✶✹✵✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✺✳ ❙❡ Σ é ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ S✱ ❞❡♥♦t❛♠♦s

ba(S,Σ) ♣♦r ba(S)✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✻✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡♥tr❡ B∗(S) ❡ ba(S) ❞❡t❡r♠✐♥❛❞♦

♣❡❧❛ ✐❞❡♥t✐❞❛❞❡

x∗f =

∫

S

f(s)µ(ds), f ∈ B(S).

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✷✺✾✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✼✳ ❯♠ ❝♦♥❥✉♥t♦ K ⊂ C(S) é ❞✐t♦ ❡q✉✐❝♦♥tí♥✉♦ s❡ ♣❛r❛ t♦❞❛ r❡❞❡

❝♦♥✈❡r❣❡♥t❡ {sα} ⊂ S ❝♦♠ sα → s t❡♠✲s❡ q✉❡ f(sα) → f(s) ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♠ r❡s♣❡✐t♦

❛ f ∈ K✱ ♦✉ s❡❥❛✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ α0 t❛❧ q✉❡

α ≥ α0 =⇒ |f(sα) − f(s)| < ε, ∀f ∈ K.
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❚❡♦r❡♠❛ ✶✳✹✳✷✽ ✭❆r③❡❧à✲❆s❝♦❧✐✮✳ ❙❡ S é ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ✉♠ ❝♦♥❥✉♥t♦ K ❡♠

C(S) é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ K é ❧✐♠✐t❛❞♦ ❡ ❡q✉✐❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✷✻✻✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✾✳ ❯♠❛ r❡❞❡ {fα} ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✉♠ ❝♦♥❥✉♥t♦ S é ❞✐t❛ q✉❛s❡✲

✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ S s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ f0 ❞❡✜♥✐❞❛ ❡♠ S ❝♦♠ fα(s) →

f0(s) ♣❛r❛ t♦❞♦ s ❡♠ S ❡ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ε > 0 ❡ α0✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ í♥❞✐❝❡s

α1, . . . , αn ≥ α0 t❛✐s q✉❡

min
1≤i≤n

|fαi
(s) − f0(s)| < ε, s ∈ S.

❚❡♦r❡♠❛ ✶✳✹✳✸✵ ✭❆r③❡❧à✮✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ {fα} é ✉♠❛ r❡❞❡ ❡♠

C(S) q✉❡ ❝♦♥✈❡r❣❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ S ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f0✱ ❡♥tã♦ f0 é ❝♦♥tí♥✉❛ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ {fα} ❝♦♥✈❡r❣❡ q✉❛s❡✲✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ S✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✷✻✽✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✶✳ ❯♠❛ ❢❛♠í❧✐❛ K ⊂ C(S) é ❞✐t❛ q✉❛s❡✲❡q✉✐❝♦♥tí♥✉❛ ❡♠ S s❡ sα → s0

✐♠♣❧✐❝❛ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ f(sα) → f(s0) é q✉❛s❡✲✉♥✐❢♦r♠❡ ❡♠ K✳ ■st♦ é✱ ❞❛❞♦s ε > 0 ❡

α0✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ í♥❞✐❝❡s α1, . . . , αn ≥ α0 t❛✐s q✉❡✱ ♣❛r❛ ❝❛❞❛ f ∈ K

min
1≤i≤n

|f(sαi
) − f(s0)| < ε.

❚❡♦r❡♠❛ ✶✳✹✳✸✷✳ ❙❡❥❛♠ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ K ⊂ C(S)✳ ❊♥tã♦ ❛s s❡✲

❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✭✶✮ ❖ ❢❡❝❤♦ ❞❡ K ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡ C(S) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

✭✷✮ K é ❧✐♠✐t❛❞❛ ❡ s❡✉ ❢❡❝❤♦ ♥❛ t♦♣♦❧♦❣✐❛ ♣♦♥t✉❛❧ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳

✭✸✮ K é ❧✐♠✐t❛❞❛ ❡ q✉❛s❡✲❡q✉✐❝♦♥tí♥✉❛ ❡♠ ❙✳

✭✹✮ K é ❧✐♠✐t❛❞❛ ❡ s❡ K0 é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K ❡ (sn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ S ♣❛r❛ ❛

q✉❛❧ f(sn) → f(s0)✱ ♣❛r❛ t♦❞♦ f ∈ K0✱ ❡♥tã♦ sn → s0 q✉❛s❡✲✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K0✳

✭✺✮ K é ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✷✻✾✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✷✷

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✸✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ K ❞❡ ba(S,Σ) é ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠✲

♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ µ ∈ ba(S,Σ) ♥ã♦✲♥❡❣❛t✐✈❛ t❛❧ q✉❡

lim
µ(E)→0

λ(E) = 0

✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ λ ∈ K✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✸✶✹✳

❈♦r♦❧ár✐♦ ✶✳✹✳✸✹✳ ❙❡❥❛♠ Σ ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ S ❡ µ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦

❛❞✐t✐✈❛✱ ❢r❛❝❛♠❡♥t❡ σ✲❛❞✐t✐✈❛✱ ❞❡✜♥✐❞❛ ❡♠ Σ ❝♦♠ ✈❛❧♦r❡s ♥♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✳ ❖ ❝♦♥✲

❥✉♥t♦ K = {x∗◦µ : x∗ ∈ X∗, ‖x∗‖ ≤ 1} ❞❡ ♠❡❞✐❞❛s ❡s❝❛❧❛r❡s é ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡

❝♦♠♣❛❝t♦ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ca(S,Σ)✱ ♦✉ s❡❥❛✱ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠ K ❛❞♠✐t❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❛ ✉♠ ♣♦♥t♦ ❞❡ K✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✸✶✾✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✺✳ ❙❡❥❛ X ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢❡❝❤❛❞♦ ❞❡ C(S)✱ ♦♥❞❡ S é ✉♠ ❡s♣❛ç♦

❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✳ P❛r❛ ❝❛❞❛ s ❡♠ S✱ s❡❥❛ π(s) ❡♠ X∗ ❞❡✜♥✐❞♦ ♣♦r

π(s)(f) = f(s), f ∈ X.

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✻✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ C∗(S) é ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡

C(S)✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ π : s → π(s) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ S ❡♠ C∗(S)✱ ♦♥❞❡ C∗(S)

t❡♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✹✷✳

✶✳✹✳✹ ❚❡♦r✐❛ ❇ás✐❝❛ ❞❡ ❖♣❡r❛❞♦r❡s

❆ s❡❣✉✐r X ❡ Y ❞❡♥♦t❛rã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❡ ♦ sí♠❜♦❧♦ B(X, Y ) s❡rá ✉t✐❧✐✲

③❛❞♦ ♣❛r❛ ✐♥❞✐❝❛r ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉❛s T : X → Y ✱ ♦♥❞❡

❛ ♥♦r♠❛ ❞❡ T é ❞❛❞❛ ♣♦r

‖T‖ = sup
‖x‖≤1

‖Tx‖ .

❈❛s♦ X = Y ✱ ❞❡♥♦t❛r❡♠♦s B(X,X) ♣♦r B(X)✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✼✳ ❖ ❛❞❥✉♥t♦ ❞❡ ✉♠ ♦♣❡r❛❞♦r T ∈ B(X, Y ) é ❛ ❛♣❧✐❝❛çã♦ T ∗ ∈ B(Y ∗, X∗)

❞❡✜♥✐❞❛ ♣♦r T ∗(y∗) = y∗ ◦ T ✱ ♣❛r❛ t♦❞♦ y∗ ∈ Y ∗✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✷✸

▲❡♠❛ ✶✳✹✳✸✽✳ ❆ ❛♣❧✐❝❛çã♦ q✉❡ ❧❡✈❛ T ♣❛r❛ T ∗ é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❞❡ B(X, Y )

❡♠ B(Y ∗, X∗)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✼✽✳

▲❡♠❛ ✶✳✹✳✸✾✳ ❖ ❛❞❥✉♥t♦ T ∗ ❞❡ ✉♠ ♦♣❡r❛❞♦r T ∈ B(X, Y ) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞❡

Y ∗ ❡♠ X∗ q✉❛♥❞♦ ❡st❡s ❡s♣❛ç♦s tê♠ ❛♠❜♦s ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✼✽✳

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ♦♣❡r❛❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡ ❝♦♠♣❛❝t♦s✳ ❚❛♠❜é♠

❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞❡st❡s✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✵✳ ❙❡❥❛ T ∈ B(X,Y )✱ ❡ s❡❥❛ BX ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠X✳ ❖ ♦♣❡r❛❞♦r

T é ❞✐t♦ ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡ ♦ σ(Y, Y ∗)✲❢❡❝❤♦ ❞❡ TBX é ❝♦♠♣❛❝t♦ ♥❛ t♦♣♦❧♦❣✐❛

❢r❛❝❛ ❞❡ Y ✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✹✶✳ P❡❧♦ ❚❡♦r❡♠❛ ❊❜❡r❧❡✐♥ ✭✶✳✹✳✷✵✮ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙♠✉❧✐❛♥ ✭✶✳✹✳✶✽✮✱

✉♠ ♦♣❡r❛❞♦r é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ ❛♣❧✐❝❛ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠

❝♦♥❥✉♥t♦s ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦s✳

❚❡♦r❡♠❛ ✶✳✹✳✹✷✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r T ∈ B(X, Y ) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ T ∗∗X∗∗ ❡stá ❝♦♥t✐❞♦ ♥❛ ✐♠❛❣❡♠ Ŷ ❞❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧ ❞❡ Y ❡♠ Y ∗∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✽✷✳

❏á ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❛❞❥✉♥t♦ T ∗ ❞❡ q✉❛❧q✉❡r T ∈ B(X, Y ) é ❝♦♥tí♥✉♦ r❡❧❛t✐✈♦

❛s t♦♣♦❧♦❣✐❛s ❢r❛❝❛✯ ❡♠ X∗ ❡ Y ∗✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ♠♦str❛ q✉❡ s❡ T é ❢r❛❝❛♠❡♥t❡

❝♦♠♣❛❝t♦✱ s❡✉ ❛❞❥✉♥t♦ T ∗ t❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ♠❛✐s ❢♦rt❡✳

▲❡♠❛ ✶✳✹✳✹✸✳ ❯♠ ♦♣❡r❛❞♦r T ∈ B(X, Y ) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡✉

❛❞❥✉♥t♦ T ∗ : (Y ∗, σ(Y ∗, Y )) → (X∗, σ(X∗, X∗∗)) é ❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✽✹✳

❚❡♦r❡♠❛ ✶✳✹✳✹✹ ✭●❛♥t♠❛❝❤❡r✮✳ ❯♠ ♦♣❡r❛❞♦r T ∈ B(X, Y ) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ s❡✉ ❛❞❥✉♥t♦ é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✽✺✳



✶✳✹ ❚ó♣✐❝♦s ❡♠ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✷✹

❉❡✜♥✐çã♦ ✶✳✹✳✹✺✳ ❙❡❥❛ T ∈ B(X,Y )✱ ❡ s❡❥❛ BX ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠X✳ ❖ ♦♣❡r❛❞♦r

T é ❞✐t♦ ❝♦♠♣❛❝t♦ s❡ ♦ ❢❡❝❤♦ ❡♠ ♥♦r♠❛ ❞❡ TBX é ❝♦♠♣❛❝t♦ ♥❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❞❡

Y ✳

❚❡♦r❡♠❛ ✶✳✹✳✹✻ ✭❙❝❤❛✉❞❡r✮✳ ❯♠ ♦♣❡r❛❞♦r T ∈ B(X, Y ) é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

s❡✉ ❛❞❥✉♥t♦ é ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✽✺✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✉♠ t❡♦r❡♠❛ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✶✳✹✳✹✸✳

❚❡♦r❡♠❛ ✶✳✹✳✹✼✳ ❯♠ ♦♣❡r❛❞♦r T ∈ B(X,Y ) é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡✉ ❛❞❥✉♥t♦

tr❛♥s❢♦r♠❛ r❡❞❡s ❧✐♠✐t❛❞❛s q✉❡ ❝♦♥✈❡r❣❡♠ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ Y ∗ ❡♠ r❡❞❡s q✉❡ ❝♦♥✈❡r✲

❣❡♠ ❡♠ ♥♦r♠❛ ❡♠ X∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✺❪✱ ♣á❣✳ ✹✽✻✳

P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❡ ✉♠ t❡♦r❡♠❛ q✉❡ s❡rã♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛

❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❛ ❙❡çã♦ ✸✳✷✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✽✳ ❙❡❥❛ T ∈ B(X, Y )✳ ❉✐③❡♠♦s q✉❡ T ❛t✐♥❣❡ ❛ ♥♦r♠❛ s❡ ❡①✐st❡ x ∈ BX

t❛❧ q✉❡ ‖T‖ = ‖Tx‖✳

❚❡♦r❡♠❛ ✶✳✹✳✹✾✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

❡♥tã♦ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ♣♦st♦ ✜♥✐t♦ q✉❡ ❛t✐♥❣❡♠ ❛ ♥♦r♠❛ sã♦ ❞❡♥s♦s ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❛

♥♦r♠❛ ♥♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ❞❡ C(S) ❡♠ X✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ❬✾❪✱ ♣á❣✳ ✹✶✳



❈❆P❮❚❯▲❖ ✷

❘❡♣r❡s❡♥t❛çõ❡s ❡♠ C(S)

❊st❡ ❝❛♣ít✉❧♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s s❡çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ ❞❡❧❛s ❛♣r❡s❡♥t❛r❡♠♦s

✐s♦♠♦r✜s♠♦s ✐s♦♠étr✐❝♦s ❡♥tr❡ ❛❧❣✉♥s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ C∗(S) ♣❛r❛ ♦s ❝❛s♦s✿ S ♥♦r♠❛❧✱

S ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ S = [0, 1]✳ ◆❛ ♦✉tr❛ ❛♣r❡s❡♥t❛r❡♠♦s r❡♣r❡s❡♥t❛çõ❡s

❞❡ ♦♣❡r❛❞♦r❡s ❞❡✜♥✐❞♦s ❡♠ C(S) ♦✉ ❝♦♠ ✐♠❛❣❡♠ ❡♠ C(S)✱ ♣❛r❛ S ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦❀

❡ ❛✐♥❞❛ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ♦♣❡r❛❞♦r❡s ❡♠ C[0, 1]✳

❆s ❞❡♠♦♥str❛çõ❡s ❝♦♥t✐❞❛s ♥❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ r❡t✐r❛❞❛s ❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❛s

s❡çõ❡s ■❱✳✻ ❡ ❱■✳✼ ❞❡ ❬✺❪✳

✷✳✶ ❖ ❊s♣❛ç♦ C(S)

▲❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♥♦r♠❛❧✳ ❚♦❞❛ f ❡♠ C(S) é ✐♥t❡❣rá✈❡❧ ❝♦♠

r❡s♣❡✐t♦ ❛ t♦❞❛ µ ❡♠ rba(S)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ❡♠ C(S)✳ ❋✐①❡ ε > 0✳ ❈♦♠♦ f é ❧✐♠✐t❛❞❛✱ ♦ ❝♦♥❥✉♥t♦ f(S) é ✉♠

❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ K✳ ❆ss✐♠✱ f(S) é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✷✳✾✱ f(S) é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❉❛í✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ {G1, . . . , Gn} ❞❡ f(S)

✷✺



✷✳✶ ❖ ❊s♣❛ç♦ C(S) ✷✻

❞❡ ❝♦♥❥✉♥t♦s ❝♦♠ ❞✐â♠❡tr♦s ♠❡♥♦r❡s q✉❡ ε✳ ❙❡❥❛♠

A1 = G1, Aj = Gj −

j−1⋃

i=1

Gi, j = 2, . . . , n.

❙❡ Aj é ♥ã♦✲✈❛③✐♦✱ ❡s❝♦❧❤❛ ✉♠ ♣♦♥t♦ αj ∈ Aj✱ ❡ s❡ Aj é ✈❛③✐♦✱ t♦♠❡ αj = 0✳ ❏á q✉❡ Gj é

❛❜❡rt♦✱ f−1(Gj) t❛♠❜é♠ é ❛❜❡rt♦✱ ❡ ❛ss✐♠ ♦ ❝♦♥❥✉♥t♦ Bj = f−1(Aj) ♣❡rt❡♥❝❡ ❛♦ ❞♦♠í♥✐♦

❞❡ µ✳ ❊♥tã♦ ❛ ❢✉♥çã♦

fε =
n∑

i=1

αjχBj

é ❝❧❛r❛♠❡♥t❡ µ✲s✐♠♣❧❡s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ v(µ, S) < ∞ t❡♠♦s v(µ,Bj) < ∞✳ ❉❛í✱ fε é

µ✲✐♥t❡❣rá✈❡❧✳ ❉❡st❛ ❢♦r♠❛✱ f é ♦ ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ ❢✉♥çõ❡s µ✲s✐♠♣❧❡s ✐♥t❡❣rá✈❡✐s
{
f 1

n

}

❡♠ S✱ ♣♦✐s sups |fε(s) − f(s)| < ε✳ ▲♦❣♦✱ f é ♦ ❧✐♠✐t❡ ❡♠ ♠❡❞✐❞❛ ❞❡
{
f 1

n

}
❡♠ S✱ ♣❡❧❛

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✺✱ ❡∫

S

∣∣∣f 1

m
(s) − f 1

n
(s)
∣∣∣ v(µ, ds) ≤

∫

S

∣∣∣f 1

m
(s) − f(s)

∣∣∣ v(µ, ds) +

∫

S

|f(s) − f 1

n
(s)|v(µ, ds)

<

∫

S

1

m
v(µ, ds) +

∫

S

1

n
v(µ, ds)

=

(
1

m
+

1

n

)
v(µ, S),

q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 q✉❛♥❞♦ m ❡ n t❡♥❞❡♠ ❛ ✐♥✜♥✐t♦✳ P♦rt❛♥t♦✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✻✱ f é

✐♥t❡❣rá✈❡❧ ❝♦♠ r❡s♣❡✐t♦ ❛ µ✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✸✱
∣∣∣∣
∫

S

f(s)µ(ds)

∣∣∣∣ ≤
∫

S

|f(s)|v(µ, ds)

≤

∫

S

sup
s

|f(s)|v(µ, ds)

= sup
s

|f(s)|v(µ, S) = ‖f‖ · ‖µ‖.

❙❡❣✉❡ q✉❡ ❛ ✐♥t❡❣r❛❧
∫

S
f(s)µ(ds) é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡♠ C(S)✱ ♣❛r❛ t♦❞❛

µ ∈ rba(S)✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ❛ r❡❝í♣r♦❝❛ ❞❡st❛ ♦❜s❡r✈❛çã♦✳

❚❡♦r❡♠❛ ✷✳✶✳✸ ✭❬✺❪✱ ❚❡♦r❡♠❛ ■❱✳✻✳✷✮✳ ❙❡ S é ♥♦r♠❛❧✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦

❡♥tr❡ C∗(S) ❡ rba(S) q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x∗ ∈ C∗(S) ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦

µ ∈ rba(S) s❛t✐s❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡

x∗f =

∫

S

f(s)µ(ds), f ∈ C(S). ✭✷✳✶✮
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❉❡♠♦♥str❛çã♦✳ ❏á ♦❜s❡r✈❛♠♦s q✉❡ t♦❞❛ µ ∈ rba(S) ❞❡t❡r♠✐♥❛ ✉♠ ❢✉♥❝✐♦♥❛❧ x∗ ❡♠ C∗(S)

♣❡❧❛ ❢ór♠✉❧❛ ✭✷✳✶✮ ❡ q✉❡ ‖x∗‖ ≤ ‖µ‖✳ P❛r❛ ♠♦str❛r q✉❡ ‖x∗‖ = ‖µ‖✱ t♦♠❡ ε > 0✱ ❡ s❡❥❛♠

E1, . . . , En ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❞♦ ❞♦♠í♥✐♦ ❞❡ µ t❛✐s q✉❡

n∑

i=1

|µ(Ei)| ≥ ‖µ‖ − ε.

❏á q✉❡ µ é r❡❣✉❧❛r t❡♠♦s v(µ, ·) r❡❣✉❧❛r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✺✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ Ei

♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ Ci ❝♦♥t✐❞♦ ❡♠ Ei ❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦Gi ❝♦♥t❡♥❞♦

Ei✱ ❞❡ ❢♦r♠❛ q✉❡

v(µ,Ei \ Ci) ≤
ε

n
❡ v(µ,Gi \ Ci) ≤

ε

n
.

P❡❧♦ ▲❡♠❛ ❞❡ ❯r②s♦❤♥ ✭✶✳✷✳✹✮✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ {f1, . . . , fn} ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s t❛✐s

q✉❡ 0 ≤ fi(s) ≤ 1✱ fi(s) = 0 s❡ s /∈ Gi ❡ fi(s) = 1 s❡ s ∈ Ci✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦

f0 =
n∑

i=1

αifi,

♦♥❞❡ α1, . . . , αn sã♦ ❝♦♥st❛♥t❡s ❝♦♠♣❧❡①❛s ❞❡ ♠ó❞✉❧♦ ✉♠ t❛✐s q✉❡ αiµ(Ei) = |µ(Ei)|✳ ❙❡❣✉❡

q✉❡

|x∗(f0) − ‖µ‖| ≤

∣∣∣∣∣x
∗(f0) −

n∑

i=1

|µ(Ei)|

∣∣∣∣∣+
∣∣∣∣∣

n∑

i=1

|µ(Ei)| − ‖µ‖

∣∣∣∣∣

=

∣∣∣∣∣

∫

S

n∑

i=1

αifi(s)µ(ds) −
n∑

i=1

|µ(Ei)|

∣∣∣∣∣+
∣∣∣∣∣

n∑

i=1

|µ(Ei)| − ‖µ‖

∣∣∣∣∣

≤

n∑

i=1

∣∣∣∣
∫

S

αifi(s)µ(ds) − |µ(Ei)|

∣∣∣∣+ ε

=
n∑

i=1

∣∣∣∣
∫

S\Ci

αifi(s)µ(ds) +

∫

Ci

αifi(s)µ(ds) − |µ(Ei)|

∣∣∣∣+ ε

=
n∑

i=1

∣∣∣∣
∫

Gi\Ci

αifi(s)µ(ds) + αiµ(Ci) − αiµ(Ei)

∣∣∣∣+ ε

≤

n∑

i=1

(∫

Gi\Ci

|fi(s)|v(µ, ds) + |µ(Ci) − µ(Ei)|

)
+ ε

≤
n∑

i=1

(v(µ,Gi \ Ci) + |µ(Ci) − µ(Ei)|) + ε



✷✳✶ ❖ ❊s♣❛ç♦ C(S) ✷✽

≤
n∑

i=1

( ε
n

+ |µ(Ei \ Ci)|
)

+ ε

≤
n∑

i=1

v(µ,Ei \ Ci) + 2ε

≤
n∑

i=1

ε

n
+ 2ε = 3ε.

❆ss✐♠✱

‖µ‖ ≤ |x∗(f0)| + 3ε ≤ sup
‖f‖≤1

|x∗(f)| + 3ε = ‖x∗‖ + 3ε.

❈♦♠♦ ε é ❛r❜✐trár✐♦ ♦❜t❡♠♦s ‖µ‖ ≤ ‖x∗‖✳ ▲♦❣♦ ‖µ‖ = ‖x∗‖✳

❆❣♦r❛ ♦ q✉❡ ❢❛❧t❛ s❡r ♠♦str❛❞♦ é q✉❡ t♦❞♦ ❢✉♥❝✐♦♥❛❧ ❝♦♥tí♥✉♦ x∗ ❡♠ C∗(S)

♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♥❛ ❢♦r♠❛ ✭✷✳✶✮✱ ❝♦♠ µ ∈ rba(S)✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✱ x∗ ♣♦❞❡

s❡r ❡st❡♥❞✐❞♦ ❛ ✉♠ ❢✉♥❝✐♦♥❛❧ y∗ ❝♦♥tí♥✉♦ ❡♠ B(S) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✷✻✱ ❡①✐st❡ ✉♠

❡❧❡♠❡♥t♦ λ ∈ ba(S) t❛❧ q✉❡

y∗f =

∫

S

f(s)λ(ds), f ∈ B(S).

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✾✱ λ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ λ = λ1 − λ2 + i(λ3 − λ4)✱ ♦♥❞❡ λj é ❛❞✐t✐✈❛ ❡

♥ã♦✲♥❡❣❛t✐✈❛✱ j = 1, . . . , 4✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ λ é ♥ã♦✲♥❡❣❛t✐✈❛✱

❡ ❡♥❝♦♥tr❛r ✉♠❛ µ ∈ rba(S) t❛❧ q✉❡
∫

S
f(s)λ(ds) =

∫
S
f(s)µ(ds) ♣❛r❛ t♦❞❛ f ∈ C(S)✱ ♣♦✐s

❡♥tã♦

x∗f = y∗f =

∫

S

f(s)λ(ds)

=

∫

S

f(s)λ1(ds) −

∫

S

f(s)λ2(ds) + i

(∫

S

f(s)λ3(ds) −

∫

S

f(s)λ4(ds)

)

=

∫

S

f(s)µ1(ds) −

∫

S

f(s)µ2(ds) + i

(∫

S

f(s)µ3(ds) −

∫

S

f(s)µ4(ds)

)

=

∫

S

f(s)µ(ds),

♦♥❞❡ µ = µ1 − µ2 + i(µ3 − µ4) ∈ rba(S)✳

❘❡♣r❡s❡♥t❡♠♦s ♣♦r F ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ q✉❛❧q✉❡r✱ ♣♦rG ✉♠ s✉❜❝♦♥❥✉♥t♦

❛❜❡rt♦ q✉❛❧q✉❡r ❡ ♣♦r E ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ S✳ ❉❡✜♥❛ ❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ µ1 ❡

µ2 ♣♦r

µ1(F ) = inf
G⊃F

λ(G), µ2(E) = sup
F⊂E

µ1(F ).
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➱ ❝❧❛r♦ q✉❡ ❡st❛s ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ sã♦ ♥ã♦✲♥❡❣❛t✐✈❛s ❡ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✳ ❙❡❥❛♠ G1 ❛❜❡rt♦

❡ F1 ❢❡❝❤❛❞♦✳ ❙❡ G ⊃ (F1 \G1) ❡♥tã♦ (G1 ∪G) ⊃ F1✱ ❡ ❝♦♠♦ λ(G1 ∪G) ≤ λ(G1) + λ(G)✱

s❡❣✉❡ q✉❡

µ1(F1) = inf
G′⊃F1

λ(G′) ≤ λ(G1 ∪G) ≤ λ(G1) + λ(G).

❏á q✉❡ G é ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❝♦♥t❡♥❞♦ F1 \G1 t❡♠♦s

µ1(F1) ≤ λ(G1) + inf
G⊃(F1\G1)

λ(G) = λ(G1) + µ1(F1 \G1).

❙❡ F é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❢❛③❡♥❞♦ G1 ✈❛r✐❛r s♦❜r❡ t♦❞♦s

♦s ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❝♦♥t❡♥❞♦ F ∩ F1✱ q✉❡

µ1(F1) ≤ inf
G1⊃F∩F1

(λ(G1) + µ1(F1 \G1))

≤ inf
G1⊃F∩F1

(
λ(G1) + sup

G1⊃F∩F1

µ1(F1 \G1)

)

≤ inf
G1⊃F∩F1

λ(G1) + sup
G1⊃F∩F1

µ1(F1 \G1)

≤ µ1(F ∩ F1) + sup
(F1\G1)⊂(F1\F )

µ1(F1 \G1)

≤ µ1(F ∩ F1) + µ2(F1 \ F ).

❙❡ E é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ S ❡ F1 ✈❛r✐❛ s♦❜r❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s

❞❡ E✱ s❡❣✉❡ q✉❡

sup
F1⊂E

µ1(F1) ≤ sup
F1⊂E

(µ1(F ∩ F1) + µ2(F1 \ F ))

≤ sup
F1⊂E

µ1(F ∩ F1) + sup
F1⊂E

µ2(F1 \ F )

≤

(
sup

(F∩F1)⊂(F∩E)

µ1(F ∩ F1)

)
+ µ2(E \ F )

= µ2(F ∩ E) + µ2(E \ F ).

❆ss✐♠

µ2(E) ≤ µ2(F ∩ E) + µ2(E \ F ). ✭✷✳✷✮

❆ s❡❣✉✐r s❡rá ♠♦str❛❞♦ q✉❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ E ❡♠ S ❡ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦

❢❡❝❤❛❞♦ F ❡♠ S t❡♠♦s

µ2(E) ≥ µ2(F ∩ E) + µ2(E \ F ). ✭✷✳✸✮
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P❛r❛ ✈❡r ✐st♦✱ s❡❥❛♠ F1 ❡ F2 ❝♦♥❥✉♥t♦s ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞✐s❥✉♥t♦s✳ ❏á q✉❡ S é ♥♦r♠❛❧✱

❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s G1 ❡ G2 ❞❡ F1 ❡ F2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ G é ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ F1 ∪ F2 ❡♥tã♦ λ(G) ≥ λ(G ∩G1) + λ(G ∩G2)✳ ❉❛í✱

µ1(F1 ∪ F2) = inf
G⊃(F1∪F2)

λ(G)

≥ inf
G⊃(F1∪F2)

(λ(G ∩G1) + λ(G ∩G2))

≥ inf
G⊃(F1∪F2)

λ(G ∩G1) + inf
G⊃(F1∪F2)

λ(G ∩G2)

≥ inf
(G∩G1)⊃F1

λ(G ∩G1) + inf
(G∩G2)⊃F2

λ(G ∩G2)

= µ1(F1) + µ1(F2).

❆❣♦r❛✱ s❡❥❛♠ E ❡ F ❝♦♥❥✉♥t♦s ❛r❜✐trár✐♦s ❞❡ S✱ ❝♦♠ F ❢❡❝❤❛❞♦✱ ❡ F1 ✈❛r✐❛♥❞♦ s♦❜r❡ ♦s

s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ E ∩ F ❡♥q✉❛♥t♦ F2 ✈❛r✐❛ s♦❜r❡ ♦s s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡

E \ F ✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r t❡♠♦s

µ2(E) = sup
C⊂E

µ1(C), ♣❛r❛ C ❢❡❝❤❛❞♦

≥ sup
(F1∪F2)⊂E

µ1(F1 ∪ F2)

≥ sup
(F1∪F2)⊂E

(µ1(F1) + µ1(F2)).

❈♦♠♦ F1 ❡ F2 ❡stã♦ s❡♠♣r❡ ❝♦♥t✐❞♦s ❡♠ E ∩ F ❡ E \ F r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s

sup
(F1∪F2)⊂E

(µ1(F1) + µ1(F2)) = sup
F1⊂(E∩F )

µ1(F1) + sup
F2⊂(E\F )

µ1(F2).

❉❛í✱

µ2(E) ≥ sup
(F1∪F2)⊂E

(µ1(F1) + µ1(F2))

= sup
F1⊂(E∩F )

µ1(F1) + sup
F2⊂(E\F )

µ1(F2)

= µ2(E ∩ F ) + µ2(E \ F ),

❞♦♥❞❡ s❡❣✉❡ ✭✷✳✸✮✳ P♦r ✭✷✳✷✮ ❡ ✭✷✳✸✮ t❡♠♦s q✉❡

µ2(E) = µ2(F ∩ E) + µ2(E \ F ), E ⊂ S, F ❢❡❝❤❛❞♦. ✭✷✳✹✮

❆ss✐♠✱ ❝♦♠♦ ❛ ❢✉♥çã♦ µ2 ❡stá ❞❡✜♥✐❞❛ ♥❛ á❧❣❡❜r❛ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ S✱ t♦❞♦

❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ F é ✉♠ µ2✲❝♦♥❥✉♥t♦ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✸✳✷✶✳ ❊♥tã♦✱ s❡ µ é ❛ r❡str✐çã♦ ❞❡
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µ2 à á❧❣❡❜r❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✷ q✉❡ µ é

❛❞✐t✐✈❛✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ µ1 ❡ µ2 t❡♠♦s q✉❡ µ1(F ) = µ2(F ) = µ(F ) ♣❛r❛ F ❢❡❝❤❛❞♦✱ ❡ ❞❛í

µ(E) = sup
F⊂E

µ(F ).

■st♦ ♠♦str❛ q✉❡ µ é r❡❣✉❧❛r✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s E ♥❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s

❢❡❝❤❛❞♦s ❞❡ S ❡ ε > 0✱ ❡①✐st❡♠ F ❢❡❝❤❛❞♦ ❡ G ❛❜❡rt♦ t❛✐s q✉❡ F ⊂ E ⊂ G✱

µ(E) −
ε

2
≤ µ(F ) ❡ µ(Ec) −

ε

2
≤ µ(Gc).

❉❡st❛ ❢♦r♠❛✱

µ(E \ F ) = µ(E) − µ(E ∩ F ) ≤ µ(F ) +
ε

2
− µ(F ) =

ε

2

❡

µ(G \ E) = µ(Ec \Gc) = µ(Ec) − µ(Ec ∩Gc) ≤ µ(Gc) +
ε

2
− µ(Gc) =

ε

2
.

▲♦❣♦✱ ♣❛r❛ C ⊂ G \ F s❡❣✉❡ q✉❡

µ(C) ≤ µ(G \ F ) = µ(G \ E) + µ(E \ F ) ≤ ε.

❆❣♦r❛✱ ❝♦♠♦ µ(S) = λ(S) <∞ t❡♠♦s µ ∈ rba(S)✳

❚✉❞♦ ♦ q✉❡ ❢❛❧t❛ s❡r ♠♦str❛❞♦ ❡♥tã♦ é q✉❡
∫

S

f(s)λ(ds) =

∫

S

f(s)µ(ds), f ∈ C(S). ✭✷✳✺✮

❖❜s❡r✈❡ q✉❡ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ✭✷✳✺✮ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❡✱ ❥á q✉❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❡♠

C(S) é ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❞✉❛s ❢✉♥çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❡♠ C(S)✱ é s✉✜❡♥t❡ ♣r♦✈❛r ✭✷✳✺✮ ♣❛r❛

❢✉♥çõ❡s f ♥ã♦✲♥❡❣❛t✐✈❛s✳ ❋✐♥❛❧♠❡♥t❡✱ ❥á q✉❡ t♦❞❛ f ❡♠ C(S) é ❧✐♠✐t❛❞❛✱ ♣♦❞❡♠♦s r❡str✐❣✐r

❛ ♣r♦✈❛ ❞❡ ✭✷✳✺✮ ❛♦ ❝❛s♦ ♦♥❞❡ 0 ≤ f(s) ≤ 1✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ f é ❝♦♥tí♥✉❛ ❡♠ S ❡ 0 ≤ f(s) ≤ 1✳ ❉❛❞♦ ε > 0✱ ❝♦♥s✐❞❡r❡

✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ {B1, . . . , Bn} ❞❡ f(S) ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠ ❞✐â♠❡tr♦s ♠❡♥♦r❡s q✉❡ ε
‖µ‖

✳

❙❡❥❛♠

A1 = B1, Ai = Bi −

i−1⋃

j=1

Bi, i = 2, . . . , n.

❏á q✉❡ Bi é ❛❜❡rt♦✱ f−1(Bi) t❛♠❜é♠ é ❛❜❡rt♦✱ ❡ ❛ss✐♠ ♦ ❝♦♥❥✉♥t♦ Ei = f−1(Ai) ♣❡rt❡♥❝❡

❛♦ ❞♦♠í♥✐♦ ❞❡ µ✳ ❙❡ Ei é ♥ã♦✲✈❛③✐♦✱ ❡s❝♦❧❤❛ ai = infs∈Ei
f(s)✱ ❡ s❡ Ei é ✈❛③✐♦✱ t♦♠❡ ai = 0✳

❊♥tã♦

f(s) ≤
n∑

i=1

(
aj +

ε

‖µ‖

)
χEj

(s), s ∈ S,
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♦✉ s❡❥❛✱

∫

S

f(s)µ(ds) ≤

∫

S

n∑

i=1

(
aj +

ε

‖µ‖

)
χEj

(s)µ(ds)

=
n∑

i=1

(
aj +

ε

‖µ‖

)
µ(Ej)

=
n∑

i=1

ajµ(Ej) +
ε

‖µ‖

n∑

i=1

µ(Ej)

=
n∑

i=1

ajµ(Ej) +
ε

‖µ‖
· µ(S)

=
n∑

i=1

ajµ(Ej) + ε.

❏á q✉❡ µ é r❡❣✉❧❛r✱ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s Fi ⊂ Ei t❛✐s q✉❡ µ(Ei \ Fi) ≤
ε
n
✳ ❉❛í✱

∫

S

f(s)µ(ds) ≤
n∑

i=1

aiµ(Ei) + ε

=
n∑

i=1

ai(µ(Ei ∩ Fi) + µ(Ei \ Fi)) + ε

≤

n∑

i=1

aiµ(Fi) +
n∑

i=1

µ(Ei \ Fi) + ε

≤

n∑

i=1

aiµ(Fi) + 2ε.

❆❣♦r❛✱ ♣❡❧❛ ♥♦r♠❛❧✐❞❛❞❡ ❞❡ S✱ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞✐s❥✉♥t♦s H1, . . . , Hn t❛✐s q✉❡

Hi ⊃ Fi✱ i = 1, . . . , n✳ ❊ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f t❡♠♦s q✉❡ f−1
((
ai −

ε
n‖µ‖

,+∞
))

é

❛❜❡rt♦✳ ❚♦♠❛♥❞♦ Gi = Hi∩f
−1
((
ai −

ε
n‖µ‖

,+∞
))

✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s

❞✐s❥✉♥t♦s G1, . . . , Gn ❝♦♠ Gi ⊃ Fi✱ i = 1, . . . , n✱ ❡ t❛✐s q✉❡

bi = inf
s∈Gi

f(s) ≥ ai −
ε

n‖µ‖
.

❆ss✐♠
∫

S

f(s)µ(ds) ≤
n∑

i=1

aiµ(Fi) + 2ε

≤

n∑

i=1

(
bi +

ε

n‖µ‖

)
µ(Fi) + 2ε
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≤
n∑

i=1

biµ(Fi) +
ε

n‖µ‖

n∑

i=1

µ(Fi) + 2ε

≤

n∑

i=1

biµ(Fi) +
ε

n‖µ‖
n‖µ‖ + 2ε

=
n∑

i=1

biµ(Fi) + 3ε ≤
n∑

i=1

biµ(Gi) + 3ε.

❆❣♦r❛✱ s❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ G ❝♦♥té♠ ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ F ❡♥tã♦

µ(F ) = µ2(F ) = µ1(F ) ≤ λ(G).

❆ss✐♠✱ ❥á q✉❡ µ é r❡❣✉❧❛r✱ ❞❛❞♦ G ❛❜❡rt♦ ❡ δ > 0 q✉❛❧q✉❡r✱ ❡①✐st❡ F ⊂ G ❢❡❝❤❛❞♦ t❛❧ q✉❡

µ(G \ F ) < δ ❡

µ(G) = µ(G ∩ F ) + µ(G \ F ) < µ(F ) + δ ≤ λ(G) + δ.

❙❡♥❞♦ δ ❛r❜✐trár✐♦✱ µ(G) ≤ λ(G) ♣❛r❛ t♦❞♦ G ❛❜❡rt♦✳ P♦rt❛♥t♦ t❡♠♦s

∫

S

f(s)µ(ds) ≤
n∑

i=1

biµ(Gi) + 3ε ≤
n∑

i=1

biλ(Gi) + 3ε ≤

∫

S

f(s)λ(ds) + 3ε,

❡ ❞❛í ∫

S

f(s)µ(ds) ≤

∫

S

f(s)λ(ds). ✭✷✳✻✮

❈♦♠♦ µ(S) = λ(S)✱ s❡❣✉❡ ❞❡ ✭✷✳✻✮ q✉❡
∫

S

(1 − f(s))λ(ds) ≤

∫

S

(1 − f(s))µ(ds).

▼❛s✱ ❥á q✉❡ 0 ≤ 1 − f(s) ≤ 1✱ ❛ ❢✉♥çã♦ f ♣♦❞❡ s❡r tr♦❝❛❞❛ ♣❡❧❛ (1 − f) ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡

❛♥t❡r✐♦r ❡ ❛ss✐♠ ∫

S

f(s)λ(ds) ≤

∫

S

f(s)µ(ds). ✭✷✳✼✮

▲♦❣♦✱ ✭✷✳✻✮ ❡ ✭✷✳✼✮ ♠♦str❛♠ q✉❡
∫

S

f(s)λ(ds) =

∫

S

f(s)µ(ds).

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♠♦str♦✉ q✉❡ s❡ S é ♥♦r♠❛❧ ❡♥tã♦ C∗(S) ❡ rba(S) sã♦ ✐s♦✲

♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦s✳ ❆ s❡❣✉✐r ♣r♦✈❛r❡♠♦s q✉❡ C∗(S) é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛

rca(S)✱ ❝❛s♦ S s❡❥❛ ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✳
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❚❡♦r❡♠❛ ✷✳✶✳✹ ✭❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③❀ ❬✺❪✱ ❚❡♦r❡♠❛ ■❱✳✻✳✸✮✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s✲

❞♦r✛ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡♥tr❡ C∗(S) ❡ rca(S) q✉❡ ❝♦rr❡s♣♦♥❞❡

❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x∗ ∈ C∗(S) ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ µ ∈ rca(S) s❛t✐s❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡

x∗f =

∫

S

f(s)µ(ds), f ∈ C(S). ✭✷✳✽✮

❉❡♠♦♥str❛çã♦✳ ▲❡♠❜r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ t♦❞♦ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ é ♥♦r♠❛❧✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✺✳ ❉❛í✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♠♦str❛ q✉❡ ❝❛❞❛ µ ∈ rca(S)

❞❡t❡r♠✐♥❛ ✉♠ x∗ ∈ C∗(S) ♣❡❧❛ ❢ór♠✉❧❛ ✭✷✳✽✮✱ q✉❡ ‖x∗‖ = ‖µ‖ ❡ q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❡♥tr❡ x∗ ❡ µ é ❧✐♥❡❛r✳ ❆ss✐♠✱ ♣❛r❛ ♣r♦✈❛r ♦ ♣r❡s❡♥t❡ t❡♦r❡♠❛✱ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ♠♦str❛r

q✉❡ ❝❛❞❛ λ ∈ rba(S) ❞❡t❡r♠✐♥❛ ✉♠ µ ∈ rca(S) t❛❧ q✉❡
∫

S

f(s)λ(ds) =

∫

S

f(s)µ(ds), f ∈ C(S). ✭✷✳✾✮

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ ✭✶✳✸✳✾✮✱ λ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ λ = λ1 − λ2 +

i(λ3−λ4)✱ ♦♥❞❡ λi é ❛❞✐t✐✈❛✱ r❡❣✉❧❛r✱ ❧✐♠✐t❛❞❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛✱ i = 1, . . . , 4✳ ❉❛í✱ é s✉✜❝✐❡♥t❡

❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ λ é ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ❡♥❝♦♥tr❛r ✉♠❛ µ ∈ rca(S) t❛❧ q✉❡ ✭✷✳✾✮ s❡❥❛

s❛t✐s❢❡✐t❛✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ λ ∈ rba(S) ♥ã♦✲♥❡❣❛t✐✈❛✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✻✱ λ t❡♠ ✉♠❛

ú♥✐❝❛ ❡①t❡♥sã♦ r❡❣✉❧❛r σ✲❛❞✐t✐✈❛ µ ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ❆❣♦r❛✱ ❞❛❞❛ f ∈ C(S)✱ s❛❜❡♠♦s

q✉❡ f é λ✲✐♥t❡❣rá✈❡❧✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✽✱ f é µ✲✐♥t❡❣rá✈❡❧ ❡
∫

S

f(s)µ(ds) =

∫

S

f(s)λ(ds),

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ❡♥❝♦♥tr❛✲s❡ ♣❛r❝✐❛❧♠❡♥t❡ ❞❡♠♦♥str❛❞♦ ♥❛s ♣á❣✐♥❛s ✶✹✶ ❡ ✶✹✷

❞❡ ❬✺❪✳ ❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s s✉❛ ❞❡♠♦♥str❛çã♦ ❝♦♠♣❧❡t❛✳

❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❙❡❥❛ I = [a, b] ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦

❡♥tr❡ NBV (I) ❡ rba(I) q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ f ∈ NBV (I) ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦

µ ∈ rba(I) s❛t✐s❢❛③❡♥❞♦

µ([a, d]) = f(d) − f(a) ❡ µ((c, d]) = f(d) − f(c)

♣❛r❛ a < c < d ≤ b✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s f ∈ NBV (I)✳ ❙❡❥❛ Σ ❛ ❢❛♠í❧✐❛ q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ✉♥✐õ❡s

✜♥✐t❛s ❞❡ ✐♥t❡r✈❛❧♦s t❡♥❞♦ ✉♠❛ ❞❛s ❞✉❛s ❢♦r♠❛s [a, d] ♦✉ (c, d]✱ ♦♥❞❡ a < c < d ≤ b✳ ➱

❢á❝✐❧ ✈❡r q✉❡ Σ é ✉♠❛ á❧❣❡❜r❛✳ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ E ∈ Σ ❝♦♠ ❛ ❢♦r♠❛

E = I1 ∪ I2 ∪ . . . ∪ In, ✭✷✳✶✵✮
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♦♥❞❡ Ij✱ j = 1, . . . , n✱ sã♦ ✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s ❞♦s t✐♣♦s ❞❡s❝r✐t♦s ❛❝✐♠❛✱ ❞❡✜♥❛ µ(E) ♣❡❧❛

❡q✉❛çã♦

µ(E) =
n∑

i=1

µ(Ij),

♦♥❞❡ µ([a, d]) = f(d) − f(a) ❡ µ((c, d]) = f(d) − f(c) ♣❛r❛ a < c < d ≤ b✳ ❈❧❛r❛♠❡♥t❡

µ(E) ✐♥❞❡♣❡♥❞❡ ❞♦ ❝♦♥❥✉♥t♦ {Ij} ❡s❝♦❧❤✐❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r E ❡ µ é ❛❞✐t✐✈❛ ❡♠ Σ✳ ❈♦♠♦

f é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ t❡♠♦s

‖µ‖ = v(µ, I) = sup
n∑

i=1

|µ(Ei)| ✭✷✳✶✶✮

= sup
m∑

j=1

|µ(Ij)| ✭✷✳✶✷✮

= sup
m∑

j=1

|f(bj) − f(aj)| ✭✷✳✶✸✮

= v(f, I) <∞,

♦♥❞❡ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✶✮ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s {Ei} ❞❡ ❝♦♥❥✉♥t♦s

❞✐s❥✉♥t♦s ❡♠ Σ✱ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✷✮ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s {Ij} ❞❡

✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s ❡♠ Σ✱ ❡ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✸✮ é t♦♠❛❞♦ s♦❜r❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s

❞❡ ♣♦♥t♦s aj, bj ∈ I ❝♦♠ a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ am < bm ≤ b✳ ❆ss✐♠✱ µ é ❧✐♠✐t❛❞❛✳

P♦❞❡♠♦s ❛✜r♠❛r ❛✐♥❞❛ ♠❛✐s✱ v(µ,E) = v(f, E) ♣❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ E ❞❡ ✉♠❛ ❞❛s ❢♦r♠❛s

❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❉❡st❛ ú❧t✐♠❛ ❛✜r♠❛çã♦ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✷✹✱ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡

µ ❡♠ Σ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ s❡❣✉❡✿ s❡❥❛ E ❞❛❞♦ ♣♦r

E = I1 ∪ I2 ∪ . . . ∪ In,

♦♥❞❡ Ij = (aj, bj] ❡ a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ an < bn ≤ b✳ ❉❛❞♦ ε > 0✱ ❝♦♥s✐❞❡r❡

F (ε) =
n⋃

j=1

(aj + ε, bj] ❡ G(ε) =
n⋃

j=1

(aj, bj + ε].

✭◆❡st❛s ❡①♣r❡ssõ❡s✱ ❝❛s♦ a1 = a✱ ♦s ✐♥t❡r✈❛❧♦s (a1, b1]✱ (a1 + ε, b1] ❡ (a1, b1 + ε] ❞❡✈❡♠

s❡r tr♦❝❛❞♦s ♣♦r [a, b1]✱ (a + ε, b1] ❡ [a, b1 + ε]✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳✮ ❖❜s❡r✈❡♠♦s q✉❡ F (ε)

❡ G(ε) ∈ Σ✱ ❡ q✉❡ E ❡stá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ G(ε) ❡ ❝♦♥té♠ ♦ ❢❡❝❤♦ ❞❡ F (ε)✳ P❡❧❛



✷✳✶ ❖ ❊s♣❛ç♦ C(S) ✸✻

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✹✱

v(µ,G(ε) \ F (ε)) = v

(
µ,

n⋃

j=1

{(aj, aj + ε] ∪ (bj, bj + ε]}

)

≤

n∑

j=1

{v(µ, (aj, aj + ε]) + v(µ, (bj, bj + ε])}

=
n∑

j=1

{v(f, (aj, aj + ε]) + v(f, (bj, bj + ε])} → 0

q✉❛♥❞♦ ε→ 0+✳ ▲♦❣♦✱ µ é r❡❣✉❧❛r ❡♠ Σ✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✻ q✉❡ µ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛

❡①t❡♥sã♦ r❡❣✉❧❛r σ✲❛❞✐t✐✈❛ µf à σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Σ✱ ♦✉ s❡❥❛✱ à σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡

[a, b]✳ ❈♦♥s✐❞❡r❛♥❞♦ µf ❞❡✜♥✐❞❛ ♥❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ [a, b]

t❡♠♦s µf ∈ rba(I)✳ ❆✐♥❞❛✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✷✼✱ t❡♠♦s µf = µ̂+ − µ̂−✳ ❉❛í✱

‖µf‖ = v(µf , I) = µ̂+(I) + µ̂−(I) = µ+(I) + µ−(I) = v(µ, I) = ‖µ‖ = ‖f‖.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛ µ ∈ rba(I)✱ ❝♦♥s✐❞❡r❡ f : [a, b] → C t❛❧ q✉❡

f(x) =

{
µ([a, x]) − µ({a}) , x ∈ (a, b]

−µ({a}) , x = a

❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷✵✱ ♣❛r❛ x ∈ (a, b) t❡♠♦s q✉❡ ❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ εn → 0+

✈❛❧❡ q✉❡

lim
n→∞

f(x+ εn) = lim
n→∞

µ([a, x+ εn]) − µ({a}) = µ([a, x]) − µ({a}) = f(x),

♦✉ s❡❥❛✱ f é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ I✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛

xn → a+ s❡❣✉❡ q✉❡

lim
n→∞

f(xn) = lim
n→∞

µ([a, xn]) − µ({a}) = µ({a}) − µ({a}) = 0,

✐st♦ é✱ limx→a+ f(x) = 0✳ ❆✐♥❞❛✱ ♣❛r❛ a < c < d ≤ b t❡♠♦s

f(d) − f(a) = µ([a, d]) − µ({a}) + µ({a}) = µ([a, d])

❡

f(d) − f(c) = µ([a, d]) − µ({a}) − µ([a, c]) + µ({a}) = µ([a, d]) − µ([a, c]) = µ((c, d]).



✷✳✶ ❖ ❊s♣❛ç♦ C(S) ✸✼

P♦r ✜♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✳✻✱ µ é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳ ❆ss✐♠✱

v(f, I) = sup
n∑

j=1

|f(bj) − f(aj)| ✭✷✳✶✹✮

= sup
n∑

j=1

|µ(Ij)| ✭✷✳✶✺✮

≤ sup
m∑

i=1

|µ(Ei)| ✭✷✳✶✻✮

= v(µ, I) <∞,

♦♥❞❡ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✹✮ é t♦♠❛❞♦ s♦❜r❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ♣♦♥t♦s aj, bj ∈ I

❝♦♠ a ≤ a1 < b1 ≤ a2 < b2 ≤ . . . ≤ an < bn ≤ b✱ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✺✮ é t♦♠❛❞♦

s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s {Ij} ❞❡ ✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s ❞❛s ❢♦r♠❛s [a, d] ♦✉ (c, d] ❝♦♠

a < c < d ≤ b✱ ❡ ♦ s✉♣r❡♠♦ ❡♠ ✭✷✳✶✻✮ é t♦♠❛❞♦ s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s {Ei} ❞❡

❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ I✳ ▲♦❣♦✱ f é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱

f ♣❡rt❡♥❝❡ ❛ NBV (I)✱ ♦ q✉❡ ♣r♦✈❛ ♦ t❡♦r❡♠❛✳

◗✉❛♥❞♦ µ ∈ rba[a, b] ❡ g ∈ NBV [a, b] ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣❡❧♦ ✐s♦♠♦r✜s♠♦

❛❝✐♠❛✱ é ❝♦♠✉♠ ❛ ✐♥t❡❣r❛❧ ∫ b

a

f(s)µ(ds)

s❡r ❡s❝r✐t❛ ❝♦♠♦ ∫ b

a

f(s)dg(s).

❈♦r♦❧ár✐♦ ✷✳✶✳✻ ✭❬✺❪✱ ❊①❡r❝í❝✐♦ ■❱✳✶✸✳✸✺✮✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡♥tr❡ C∗[0, 1]

❡ NBV [0, 1] q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x∗ ∈ C∗[0, 1] ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ g ∈

NBV [0, 1] s❛t✐s❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡

x∗f =

∫ 1

0

f(s)dg(s), f ∈ C[0, 1].

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦s ❚❡♦r❡♠❛s ✷✳✶✳✸ ❡ ✷✳✶✳✺✳



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✸✽

✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S)

❚❡♦r❡♠❛ ✷✳✷✳✶ ✭❬✺❪✱ ❚❡♦r❡♠❛ ❱■✳✼✳✶✮✳ ❙❡❥❛♠ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✱ X ✉♠

❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ T : X → C(S) ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛

❛♣❧✐❝❛çã♦ τ : S → X∗ q✉❡ é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ X∗ ❡ t❛❧ q✉❡

✭✶✮ Tx(s) = τ(s)x, x ∈ X, s ∈ S;

✭✷✮ ‖T‖ = sups∈S ‖τ(s)‖ .

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ✉♠❛ t❛❧ ❛♣❧✐❝❛çã♦ τ é ❞❛❞❛✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r T ❞❡✜♥✐❞♦ ♣♦r ✭✶✮ é

✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❞❡ X ❡♠ C(S) ❝♦♠ ♥♦r♠❛ ❞❛❞❛ ♣♦r ✭✷✮✳ ❖ ♦♣❡r❛❞♦r T é

❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ τ é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡♠ X∗✳ ❖

♦♣❡r❛❞♦r T é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ τ é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❡♠ X∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ T ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♠✐t❛❞❛ ❞❡ X ❡♠ C(S)✳ ❊♥tã♦✱ s❡✉ ❛❞❥✉♥t♦ T ∗

❧❡✈❛ C∗(S) ❡♠ X∗ ❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✳✸✾✱ é ❝♦♥tí♥✉♦ ❝♦♠ ❛s t♦♣♦❧♦❣✐❛s ❢r❛❝❛✯✳ ❆❣♦r❛✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✻✱ ❛ ❛♣❧✐❝❛çã♦ π : S → C∗(S)✱ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦

π(s)(f) = f(s), f ∈ C(S), s ∈ S

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ S ❡♠ C∗(S)✱ ♦♥❞❡ C∗(S) t❡♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯✳ ❆ss✐♠✱ ❛

❛♣❧✐❝❛çã♦ τ : S → X∗ ❞❡✜♥✐❞❛ ♣♦r τ = T ∗ ◦ π é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ X∗✳

❆❧é♠ ❞✐ss♦✱

τ(s)x = T ∗ ◦ π(s)x = T ∗(π(s))x = (π(s))(Tx) = Tx(s), x ∈ X, s ∈ S,

❡

‖T‖ = sup
‖x‖≤1

‖Tx‖ = sup
‖x‖≤1

sup
s∈S

|Tx(s)| = sup
s∈S

sup
‖x‖≤1

|τ(s)x| = sup
s∈S

‖τ(s)‖ .

❉♦♥❞❡ s❡❣✉❡♠ ✭✶✮ ❡ ✭✷✮✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ τ : S → X∗ é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ X∗✱

❡♥tã♦ τ(S) é ❢r❛❝♦✯ ❝♦♠♣❛❝t♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✺✱ τ(S) é ❧✐♠✐t❛❞♦✳ ❉❛í✱ ❛



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✸✾

❡q✉❛çã♦ ✭✶✮ ❞❡✜♥❡ ❝❧❛r❛♠❡♥t❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❧✐♠✐t❛❞❛ T : X → C(S) ❝✉❥❛ ♥♦r♠❛ é

‖T‖ = sup
‖x‖≤1

‖Tx‖

= sup
‖x‖≤1

sup
s∈S

|Tx(s)|

= sup
‖x‖≤1

sup
s∈S

|τ(s)x|

= sup
s∈S

sup
|x|≤1

|τ(s)x|

= sup
s∈S

‖τ(s)‖ .

❊ ✐st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛✳

❙❡ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ♦ ▲❡♠❛ ✶✳✹✳✹✸ ✐♠♣❧✐❝❛ q✉❡ T ∗ : C∗(S) → X∗

é ❝♦♥tí♥✉♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ C∗(S) ❡ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡♠ X∗✳ ❆ss✐♠✱ ❝♦♠♦ π

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯✱ t❡♠♦s τ = T ∗ ◦ π ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛

❢r❛❝❛ ❡♠ X∗✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ τ é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡ sα → s0 ❡♠ S✱ ❡♥tã♦

τ(sα) → τ(s0) ❢r❛❝❛♠❡♥t❡✳ ❆❣♦r❛✱ ❝♦♠♦ τ(S) é ❧✐♠✐t❛❞♦ ❡ τ̂(S) ⊂ (X∗)∗∗✱ t❡♠♦s q✉❡

τ̂(sα) ❡ τ̂(s0) ♣❡rt❡♥❝❡♠ ❛ C(B)✱ ♦♥❞❡ B é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠ X∗∗ ♠✉♥✐❞❛ ❝♦♠ ❛

t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯✳ ❏á q✉❡ B é ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t❛ ❡ τ̂(sα) → τ̂(s0) ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❡♠ B✱

t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆r③❡❧à ✭✶✳✹✳✸✵✮ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é q✉❛s❡✲✉♥✐❢♦r♠❡ ❡♠ B✱ ❡ ❛ss✐♠

❡♠ BX ✱ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠ X✳ ❊♥tã♦✱ ❞❛❞♦ ε > 0 ❡ α0✱ ❡①✐st❡♠ α1, . . . , αn ≥ α0

t❛✐s q✉❡

min
1≤i≤n

|τ(sαi
)(x) − τ(s0)(x)| < ε,

♣❛r❛ ❝❛❞❛ x ∈ BX ✳ P♦r ❡st❡ ❢❛t♦ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✶✮✱ ❞❛❞♦ ε > 0 ❡ α0✱ ❡①✐st❡♠ α1, . . . , αn ≥

α0 t❛✐s q✉❡

min
1≤i≤n

|Tx(sαi
) − Tx(s0)| < ε.

❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ T (BX) é ✉♠❛ ❝♦❧❡çã♦ q✉❛s❡✲❡q✉✐❝♦♥tí♥✉❛ ❞❡

❢✉♥çõ❡s ❡♠ C(S)✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✸✷ q✉❡ T (BX) é ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡

❝♦♠♣❛❝t♦✱ ♦✉ s❡❥❛✱ q✉❡ T é ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

❋✐♥❛❧♠❡♥t❡✱ s❡ T é ❝♦♠♣❛❝t♦ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✹✼✱ T ∗ tr❛♥s❢♦r♠❛ r❡❞❡s

❧✐♠✐t❛❞❛s q✉❡ ❝♦♥✈❡r❣❡♠ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ r❡❞❡s q✉❡ ❝♦♥✈❡r❣❡♠ ❡♠ ♥♦r♠❛✳ ❆❣♦r❛✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✸✻✱ π : S → C∗(S) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯

❡♠ C∗(S) ❡✱ ❛ss✐♠✱ π(S) é ❢r❛❝♦✯ ❝♦♠♣❛❝t♦✳ P♦r ❝♦♥s❡q✉ê♥❝✐❛✱ π(S) é ❧✐♠✐t❛❞♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✺✳ ❉❛í✱ ❞❛❞❛ ✉♠❛ r❡❞❡ sα → s0 ❡♠ S✱ t❡♠♦s π(sα) → π(s0) ♥❛ t♦♣♦❧♦❣✐❛
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❢r❛❝❛✯ ❡ {π(sα)} ❧✐♠✐t❛❞♦✳ ❊♥tã♦✱ T ∗(π(sα)) ❝♦♥✈❡r❣❡ ❡♠ ♥♦r♠❛ ♣❛r❛ T ∗(π(s0))✱ ♦✉ s❡❥❛✱

τ(sα) ❝♦♥✈❡r❣❡ ❡♠ ♥♦r♠❛ ♣❛r❛ τ(s0)✳ ▲♦❣♦✱ τ é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❡♠

X∗✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ τ ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❡♠ X∗✳ ❊♥tã♦✱ ❞❛❞♦s

ε > 0 ❡ s0 ∈ S✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N ❞❡ s0 t❛❧ q✉❡✱ s❡ s ∈ N ❡♥tã♦ ‖τ(s) − τ(s0)‖ < ε✳

❉❛í✱

sup
x∈BX

|Tx(s) − Tx(s0)| = ‖τ(s) − τ(s0)‖ < ε, s ∈ N,

♦✉ s❡❥❛✱ s❡ s ♣❡rt❡♥❝❡ ❛ N ❡♥tã♦ |Tx(s) − Tx(s0)| < ε ♣❛r❛ t♦❞♦ x ❡♠ BX ✳ ❙❡❣✉❡ ❞❛

❉❡✜♥✐çã♦ ✶✳✹✳✷✼ q✉❡ T (BX) é ✉♠ ❝♦♥❥✉♥t♦ ❡q✉✐❝♦♥tí♥✉♦ ❡♠ C(S)✳ ❏á q✉❡ T (BX) é ❧✐♠✐t❛❞♦

t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✷✽✱ q✉❡ ❡st❡ é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❆ss✐♠✱ T é ✉♠ ♦♣❡r❛❞♦r

❝♦♠♣❛❝t♦✳

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣r♦✈♦✉ r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♠ ✐♠❛❣❡♠

❡♠ C(S)✳ ❆❣♦r❛ ♥♦s ✈♦❧t❛r❡♠♦s ♣❛r❛ ❛ q✉❡stã♦ ❞❡ r❡♣r❡s❡♥t❛r ♦♣❡r❛❞♦r❡s T ❞❡✜♥✐❞♦s

❡♠ C(S)✳ ▼♦t✐✈❛❞♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ♣❛r❛ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s

❡♠ C(S)✱ s♦♠♦s ❧❡✈❛❞♦s ❛ ❡s♣❡r❛r q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♦♣❡r❛❞♦r❡s ❡st❡❥❛ ❧✐❣❛❞❛ ❝♦♠

❛s ♠❡❞✐❞❛s ✈❡t♦r✐❛✐s ❝✉❥♦s ✈❛❧♦r❡s ♣❡rt❡♥❝❡♠ ❛ X✳ ❊st❡ s❡rá ♦ ❝❛s♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s

❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s❀ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❡♠ ❣❡r❛❧ ❛ ♠❡❞✐❞❛ t❡♠ s❡✉s ✈❛❧♦r❡s ❡♠ X∗∗✳

❆ s❡❣✉✐r✱ B ❞❡♥♦t❛ ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ S✱ ✐st♦ é✱ ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s

❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ S✳ ❙❡ µ é ✉♠❛ ❢✉♥çã♦ ❡♠ B ❝♦♠ ✈❛❧♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

❡♥tã♦ ♦ sí♠❜♦❧♦ [µ] (E) ❞❡♥♦t❛ ❛ s❡♠✐✲✈❛r✐❛çã♦ ❞❡ µ ❡♠ E ∈ B✱ q✉❡ ❢♦✐ ❞❡✜♥✐❞❛ ♥❛ ❙❡çã♦

✶✳✸✳

❚❡♦r❡♠❛ ✷✳✷✳✷ ✭❬✺❪✱ ❚❡♦r❡♠❛ ❱■✳✼✳✷✮✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ T :

C(S) → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ µ✱

❞❡✜♥✐❞❛ s♦❜r❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡♠ S ❡ t❡♥❞♦ ✈❛❧♦r❡s ❡♠ X∗∗✱ t❛❧ q✉❡

✭❛✮ µ(·)x∗ ♣❡rt❡♥❝❡ ❛ rca(S) ♣❛r❛ ❝❛❞❛ x∗ ❡♠ X∗❀

✭❜✮ ❛ ❛♣❧✐❝❛çã♦ x∗ 7→ µ(·)x∗ ❞❡ X∗ ❡♠ rca(S) é ❝♦♥tí♥✉❛✱ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ X∗

❡ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ C∗(S) ❡♠ rca(S)❀

✭❝✮ x∗Tf =
∫

S
f(s)µ(ds)x∗, f ∈ C(S), x∗ ∈ X∗❀

✭❞✮ ‖T‖ = [µ] (S)✳



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✹✶

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ µ é ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❞❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ B ❞❡ S ❝♦♠ ✈❛❧♦r❡s

❡♠ X∗∗ q✉❡ s❛t✐s❢❛③ ✭❛✮ ❡ ✭❜✮✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✭❝✮ ❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r T ❞❡ C(S)

♣❛r❛ X✱ ❝✉❥❛ ♥♦r♠❛ é ❞❛❞❛ ♣♦r ✭❞✮✱ ❡ t❛❧ q✉❡ T ∗x∗ = µ(·)x∗✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

ψ : C∗(S) → rca(S)

y∗ 7→ µy∗

q✉❡ ❛ss♦❝✐❛ y∗ ❡ µy∗ s❛t✐s❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡

y∗(f) =

∫

S

f(s)µy∗(ds).

P❛r❛ E ∈ B✱ ❞❡✜♥❛ φE : C∗(S) → K ♣♦r

φE(y∗) = µy∗(E), y∗ ∈ C∗(S).

❖❜s❡r✈❡♠♦s q✉❡ φE ∈ C∗∗(S)✱ ♣♦✐s

φE(x∗ + αy∗) = µx∗+αy∗(E) = ψ(x∗ + αy∗)(E) = ψ(x∗)(E) + αψ(y∗)(E)

= µx∗(E) + αµy∗(E) = φE(x∗) + αφE(y∗)

❡

|φE(x∗)| = |µx∗(E)| ≤ v(µx∗ , E) ≤ v(µx∗ , S) = ‖µx∗‖ = ‖x∗‖ .

❉❡✜♥❛ ❡♥tã♦ ❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ µ : B → X∗∗ ♣❡❧❛ ❡q✉❛çã♦

µ(E) = T ∗∗(φE), E ∈ B.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹ q✉❡ T ∗x∗ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ♠❡❞✐❞❛

λx∗ ∈ rca(S)✳ ❆ss✐♠✱

µ(E)x∗ = T ∗∗(φE)x∗ = φE(T ∗x∗) = λx∗(E),

♦✉ s❡❥❛✱ µ(·)x∗ = λx∗ ∈ rca(S)✳ ❉❛í✱ ✈❛❧❡ ✭❛✮✳ ❊st❛ ❡q✉❛çã♦ t❛♠❜é♠ ♠♦str❛ q✉❡

x∗Tf = T ∗x∗(f) =

∫

S

f(s)λx∗(ds) =

∫

S

f(s)µ(ds)x∗,

❞♦♥❞❡ s❡❣✉❡ ✭❝✮✳

P❛r❛ ♣r♦✈❛r ✭❜✮✱ s❡❥❛ x∗α −→ x∗ ❢r❛❝❛✯ ❡♠ X∗✳ ❈♦♠♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✳✸✾✱

T ∗ : X∗ → C∗(S) é ❝♦♥tí♥✉♦ ❝♦♠ ❛s t♦♣♦❧♦❣✐❛s ❢r❛❝❛✯✱ t❡♠♦s T ∗x∗α → T ∗x∗ ❝♦♠ ❛



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✹✷

t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ C∗(S)✳ ❆❣♦r❛✱ ❝♦♠♦ ψ ✐❞❡♥t✐✜❝❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ❞❡

C∗(S) ❡ ❞❡ rca(S)✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ψ(T ∗x∗α) → ψ(T ∗x∗) ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡

C∗(S)✳ ▲♦❣♦✱ µ(·)x∗α → µ(·)x∗ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ C∗(S)✳ P♦rt❛♥t♦✱ ✈❛❧❡ ✭❜✮✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s s✉♣r❡♠♦s q✉❡ ♥ã♦ ❡stã♦ ✐♥❞✐❝❛❞♦s ❛❜❛✐①♦ sã♦

t♦♠❛❞♦s s♦❜r❡ t♦❞❛s ❛s ❝♦❧❡çõ❡s ✜♥✐t❛s ❞✐s❥✉♥t❛s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡♠ S ❡ t♦❞♦s ♦s

❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ❡s❝❛❧❛r❡s α1, . . . , αn ❝♦♠ |αi| ≤ 1✱ t❡♠♦s

[µ] (S) = sup

∥∥∥∥∥

n∑

i=1

αiµ(Ei)

∥∥∥∥∥ ≤ sup
n∑

i=1

|αi| ‖µ(Ei)‖

≤ sup
n∑

i=1

‖µ(Ei)‖ = sup
n∑

i=1

(
sup

‖x∗‖≤1

|µ(Ei)x
∗|

)

= sup
‖x∗‖≤1

(
sup

n∑

i=1

|µ(Ei)x
∗|

)
= sup

‖x∗‖≤1

‖µ(·)x∗‖

= sup
‖x∗‖≤1

‖T ∗x∗‖ = ‖T ∗‖ = ‖T‖

❡

‖T‖ = sup
‖f‖≤1

‖Tf‖ = sup
‖f‖≤1

(
sup

‖x∗‖≤1

|x∗Tf |

)

= sup
‖f‖≤1

sup
‖x∗‖≤1

∣∣∣∣
∫

S

f(s)µ(ds)x∗
∣∣∣∣

≤ sup
‖f‖≤1

sup
‖x∗‖≤1

{(
µ(·)①*-ess sups∈S |f(s)|

)
· [µ(·)x∗] (S)

}

≤

(
sup
‖f‖≤1

sup
s∈S

|f(s)|

)
·

(
sup

‖x∗‖≤1

[µ(·)x∗] (S)

)
✭✷✳✶✼✮

≤ sup
‖x∗‖≤1

(
sup

∣∣∣∣∣

n∑

i=1

αiµ(Ei)x
∗

∣∣∣∣∣

)

= sup
‖x∗‖≤1

‖x∗‖ ·

(
sup

∥∥∥∥∥

n∑

i=1

αiµ(Ei)

∥∥∥∥∥

)

= sup
‖x∗‖≤1

‖x∗‖ · [µ] (S) ≤ [µ] (S),

♦♥❞❡ ✭✷✳✶✼✮ ✈❛❧❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✸✷✳ ❆ss✐♠✱ ✈❛❧❡ ✭❞✮✳

P♦r ✜♠✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ λ : B → X∗∗ s❛t✐s❢❛③❡♥❞♦

✭❛✮✱✭❜✮✱✭❝✮ ❡ ✭❞✮✳ ❊♥tã♦
∫

S

f(s)λ(ds)x∗ = x∗Tf =

∫

S

f(s)µ(ds)x∗, f ∈ C(S), x∗ ∈ X∗.



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✹✸

❉❛í✱ λ(E)x∗ = µ(E)x∗✱ ♣❛r❛ t♦❞♦ x∗ ∈ X∗ ❡ E ∈ B✳ ▲♦❣♦✱ λ = µ✳ P♦rt❛♥t♦✱ µ é ú♥✐❝❛✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ✭❛✮ ❡ ✭❜✮ sã♦ s❛t✐s❢❡✐t❛s ♣❡❧❛ ❛♣❧✐❝❛çã♦ x∗ 7→ µ(·)x∗ ❡♥tã♦✱

♣❛r❛ ❝❛❞❛ f ∈ C(S) ✜①❛❞♦✱ ❛ ❛♣❧✐❝❛çã♦

x∗ 7→

∫

S

f(s)µ(ds)x∗ ✭✷✳✶✽✮

é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ X∗✱ ♦✉ s❡❥❛✱ ♣❡rt❡♥❝❡ ❛ (X∗, w∗)∗✳ ❉❡ ❢❛t♦✱ s❡ x∗α → x∗

❢r❛❝❛✯✱ ❡♥tã♦ µ(·)x∗α → µ(·)x∗ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ C∗(S)✱ ♦✉ s❡❥❛✱
∫

S
f(s)µ(ds)x∗α →

∫
S
f(s)µ(ds)x∗✳ ❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹✱ (X∗, w∗)∗ = X̂✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

✭✷✳✶✽✮ é ❣❡r❛❞❛ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ xf ❞❡ X✱ ✐st♦ é✱

x∗(xf ) =

∫

S

f(s)µ(ds)x∗.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤ ✶✳✹✳✷✱ ❛ ❛♣❧✐❝❛çã♦ T : f → xf ❞❡✜♥✐❞❛ ♣♦r ✭❝✮ é

✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❞❡ C(S) ♣❛r❛ X✱ ♣♦✐s

x∗T (αf + g) =

∫

S

[αf(s) + g(s)]µ(ds)x∗ = α

∫

S

f(s)µ(ds)x∗ +

∫

S

g(s)µ(ds)x∗

= αx∗Tf + x∗Tg = x∗(αTf + Tg).

❊✱ ❛♥❛❧♦❣❛♠❡♥t❡ à ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦✱ ❛ ♥♦r♠❛ ❞❡ T é ❞❛❞❛ ♣♦r ✭❞✮✳ P♦r

✜♠✱ ❞❛❞❛ f ∈ C(S) t❡♠♦s

T ∗x∗(f) = x∗Tf =

∫

S

f(s)µ(ds)x∗.

❉❛í✱ T ∗x∗ ∼= µ(·)x∗✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ✭❬✺❪✱ ❚❡♦r❡♠❛ ❱■✳✼✳✸✮✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ s❡❥❛

T : C(S) → X ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ✈❡t♦r✐❛❧

µ ❞❡✜♥✐❞❛ ♥♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❞❡ S ❡ t❡♥❞♦ ✈❛❧♦r❡s ❡♠ X̂ t❛❧ q✉❡

✭❛✮ x∗ ◦ µ ∈ rca(S), x∗ ∈ X∗❀

✭❜✮ Tf =
∫

S
f(s)µ(ds), f ∈ C(S)❀

✭❝✮ ‖T‖ = [µ](S)❀

✭❞✮ T ∗x∗ = x∗ ◦ µ, x∗ ∈ X∗✳



✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❖♣❡r❛❞♦r❡s ❡♠ C(S) ✹✹

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ µ é ✉♠❛ ♠❡❞✐❞❛ ✈❡t♦r✐❛❧ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡♠ S ❡♠ X q✉❡

s❛t✐s❢❛③ ✭❛✮✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r T ❞❡✜♥✐❞♦ ♣♦r ✭❜✮ é ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❞❡

C(S) ♣❛r❛ X ❝✉❥❛ ♥♦r♠❛ é ❞❛❞❛ ♣♦r ✭❝✮ ❡ ❝✉❥♦ ❛❞❥✉♥t♦ é ❞❛❞♦ ♣♦r ✭❞✮✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦s ❢✉♥❝✐♦♥❛✐s φE✱ E ∈ B✱ ❞❡✜♥✐❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦

t❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❱✐♠♦s q✉❡ φE ∈ C∗∗(S)✳ ❆❣♦r❛✱ ❝♦♠♦ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ t❡♠♦s✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✹✷✱ q✉❡ T ∗∗(C∗∗(S)) ❡stá ❝♦♥t✐❞♦ ❡♠ X̂✳ ❆ss✐♠✱ t♦♠❛♥❞♦ µ ❝♦♠♦ ♥♦

t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❞❛❞♦ E ∈ B t❡♠♦s µ(E) = T ∗∗(φE) ∈ X̂✱ ♦✉ s❡❥❛✱ µ ❡stá ❞❡✜♥✐❞❛ s♦❜r❡

♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ B ❡ t❡♠ s❡✉s ✈❛❧♦r❡s ❡♠ X̂✳ ❆❧é♠ ❞✐st♦✱ ❛✐♥❞❛ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱

x∗ ◦ µ = µ(·)x∗ ∈ rca(S)✳ ❊♥tã♦✱ µ é ✉♠❛ ♠❡❞✐❞❛ ✈❡t♦r✐❛❧ ❢r❛❝❛♠❡♥t❡ σ✲❛❞✐t✐✈❛✳ ❉♦♥❞❡

s❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✽✱ q✉❡ µ é σ✲❛❞✐t✐✈❛✳ ❉❛í✱ t♦❞❛ f ∈ C(S) é µ✲♠❡♥s✉rá✈❡❧ ❡

µ✲❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✺✱ ❛ ✐♥t❡❣r❛❧ ❞❛ ❡q✉❛çã♦ ✭❜✮ ❡①✐st❡ ❡

♣❡rt❡♥❝❡ ❛ X✳ ❉❛ ❡q✉❛çã♦ ✭❝✮ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♦❜t❡♠♦s

x∗Tf =

∫

S

f(s)µ(ds)x∗ =

∫

S

f(s)(x∗ ◦ µ)(ds) = x∗
∫

S

f(s)µ(ds), x∗ ∈ X∗.

❆ss✐♠✱

Tf =

∫

S

f(s)µ(ds), f ∈ C(S).

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ q✉❡ T ∗x∗ ∼= x∗ ◦ µ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹✳ P♦r

✜♠✱ ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭❝✮ s❡❣✉❡ ❞♦ ✐t❡♠ ✭❞✮ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ µ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ❞❡✜♥✐❞❛ ♥♦s ❝♦♥❥✉♥t♦s

❞❡ ❇♦r❡❧ ❞❡ S✱ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ x∗ ◦ µ ∈ rca(S) ♣❛r❛ t♦❞♦ x∗ ∈ X∗✳ ❊♥tã♦ ♦

♦♣❡r❛❞♦r T ✱ ❞❡✜♥✐❞♦ ♣♦r ✭❜✮✱ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❞❡ C(S) ❡♠ X✱ ❡ ❝♦♠♦

T ∗x∗f = x∗Tf = x∗
∫

S

f(s)µ(ds) =

∫

S

f(s)(x∗ ◦ µ)(ds),

♦ ❛❞❥✉♥t♦ ❞❡ T s❛t✐s❢❛③ ✭❞✮✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹✳ ❆❧é♠ ❞✐st♦✱ ❛

♥♦r♠❛ ❞❡ T é ❞❛❞❛ ♣♦r ✭❝✮✱ ♣♦✐s ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✺ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✸✷ t❡♠♦s q✉❡

‖Tf‖ =

∥∥∥∥
∫

S

f(s)µ(ds)

∥∥∥∥ ≤
{
µ-ess sups∈S |f(s)|

}{
[µ] (S)

}

≤

{
sup
s∈S

|f(s)|

}
·
{
[µ](S)

}
= [µ](S) · ‖f‖
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❡

[µ](S) = sup

∥∥∥∥∥

n∑

i=1

αiµ(Ei)

∥∥∥∥∥ ≤ sup
n∑

i=1

|αi| ‖µ(Ei)‖

≤ sup
n∑

i=1

‖µ(Ei)‖ = sup
n∑

i=1

(
sup

‖x∗‖≤1

|x∗µ(Ei)|

)

= sup
‖x∗‖≤1

(
sup

n∑

i=1

|x∗µ(Ei)|

)
= sup

‖x∗‖≤1

‖x∗ ◦ µ(·)‖

= sup
‖x∗‖≤1

‖T ∗x∗‖ = ‖T ∗‖ = ‖T‖

♦♥❞❡ ♦s s✉♣r❡♠♦s q✉❡ ♥ã♦ ❡stã♦ ✐♥❞✐❝❛❞♦s ❛❝✐♠❛ sã♦ t♦♠❛❞♦s s♦❜r❡ t♦❞❛s ❛s ❝♦❧❡çõ❡s

✜♥✐t❛s ❞✐s❥✉♥t❛s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡♠ S ❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ❡s❝❛❧❛r❡s

α1, . . . , αn ❝♦♠ |αi| ≤ 1✳ P♦r ✜♠✱ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✸✹✱ s❡❣✉❡ q✉❡ T ∗ ❧❡✈❛ ❛ ❜♦❧❛ ✉♥✐tár✐❛

❢❡❝❤❛❞❛ ❞❡ X∗ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ❞❡ rca(S)✳ ❆ss✐♠✱

♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❊❜❡r❧❡✐♥ ✭✶✳✹✳✷✵✮✱ T ∗ é ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ▲♦❣♦✱ ♣❡❧♦

❚❡♦r❡♠❛ ✶✳✹✳✹✹✱ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

❋✐♥❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❡♠♦s ♦♣❡r❛❞♦r❡s ❡♠ C[0, 1]✳

❚❡♦r❡♠❛ ✷✳✷✳✹✳ ❙❡❥❛♠ C = C[0, 1] ❡ T ∈ B(C,C)✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r

k : [0, 1] × [0, 1] → K t❛❧ q✉❡

✭❛✮ ♣❛r❛ ❝❛❞❛ s ∈ [0, 1] ❛ ❢✉♥çã♦ k(s, ·) ♣❡rt❡♥❞❡ ❛ NBV [0, 1]❀

✭❜✮ Tf(s) =
∫ 1

0
f(t)dk(s, t), 0 ≤ s ≤ 1, f ∈ C❀

✭❝✮ ‖T‖ = sups∈[0,1] v(k(s, ·), [0, 1])✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ T ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♠ B(C,C)✳ ❊♥tã♦ T ∗ ❧❡✈❛ C∗ ❡♠ C∗✳ ❈♦♥s✐❞❡r❡ ❛

❛♣❧✐❝❛çã♦ π : [0, 1] → C∗✱ ❞❡✜♥✐❞❛ ♣♦r

π(s)(f) = f(s), f ∈ C[0, 1], s ∈ [0, 1].

❖❜s❡r✈❡♠♦s q✉❡ T ∗(π(s)) ♣❡rt❡♥❝❡ ❛ C∗ ♣❛r❛ t♦❞♦ s ∈ [0, 1]✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱

❡①✐st❡ k : [0, 1]× [0, 1] → C t❛❧ q✉❡ k(s, ·) ∈ NBV [0, 1] ♣❛r❛ t♦❞♦ s ∈ [0, 1] ❡ t❛❧ q✉❡✱ ♣❛r❛

t♦❞♦ f ∈ C ❡ s ∈ [0, 1] ✈❛❧❡

T ∗(π(s))(f) =

∫ 1

0

f(s)dk(s, t),
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♦✉ s❡❥❛✱

Tf(s) =

∫ 1

0

f(t)dk(s, t).

P♦r ✜♠✱

‖T‖ = sup
‖f‖≤1

‖Tf‖

= sup
‖f‖≤1

sup
s∈[0,1]

|Tf(s)|

= sup
‖f‖≤1

sup
s∈[0,1]

|T ∗(π(s))(f)|

= sup
s∈[0,1]

sup
|f |≤1

|T ∗(π(s))(f)|

= sup
s∈[0,1]

‖T ∗(π(s))‖

= sup
s∈[0,1]

v(k(s, ·), [0, 1]).



❈❆P❮❚❯▲❖ ✸

Pr♦♣r✐❡❞❛❞❡ ❞❡ ❉❛✉❣❛✈❡t ❡♠ C(S)

❊st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡st✐♥❛❞♦ ❛ ❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s à r❡s♣❡✐t♦ ❞❛ ❡q✉❛çã♦ ❞❡

❉❛✉❣❛✈❡t ♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡♠♦♥str❛❞♦s ♣♦r ❍✳ ❑❛♠♦✇✐t③ ❡♠ ❬✶✶❪✱ ♣♦r ❏✳ ❘✳ ❍♦❧✉❜ ❡♠ ❬✽❪

❡ ♣♦r ❉✳ ❲❡r♥❡r ❡♠ ❬✶✺❪✳

■♥✐❝✐❛r❡♠♦s ✐♥tr♦❞✉③✐♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s

s♦❜r❡ ❡st❛✳ ❊♠ s❡❣✉✐❞❛ ✉s❛r❡♠♦s ❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❞♦s ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ❡ ❢r❛❝❛✲

♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡♠ C(S) ❞♦ ❈❛♣ít✉❧♦ ✷ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡s

q✉❡ s❛t✐s❢❛③❡♠ t❛❧ ❡q✉❛çã♦✳

✸✳✶ ❊q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ T ∈ B(X)✳ ❉✐③❡♠♦s q✉❡ T s❛t✐s❢❛③ ❛

❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡

‖I + T‖ = 1 + ‖T‖ .

❖❜s❡r✈❡♠♦s q✉❡ s❡♠♣r❡ ✈❛❧❡ ‖I + T‖ ≤ 1 + ‖T‖✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✳

✹✼
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❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❡①❡♠♣❧♦s ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦

❞❡ ❉❛✉❣❛✈❡t✳

❊①❡♠♣❧♦s ✸✳✶✳✷✳

✭❛✮ ❊♠ q✉❛❧q✉❡r ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡①✐st❡ ✉♠ ♦♣❡r❛❞♦r T ♣❛r❛ ♦ q✉❛❧ ‖I +T‖ < 1+‖T‖✳

❇❛st❛ ❡s❝♦❧❤❡r T = −I✳

✭❜✮ ❙❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ {en} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♥tã♦ T :
∑∞

n=1 anen →

−a1e1 é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦ ♣❛r❛ ♦ q✉❛❧

‖I + T‖ = sup
‖x‖≤1

‖x+ Tx‖

= sup

(
∑

∞

n=1
|an|2)

1/2
≤1

(
∞∑

n=2

|an|
2

)1/2

≤ 1 < 1 + ‖T‖.

Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ✭❬✶✶❪✱ ❖❜s❡r✈❛çã♦ ✭❝✮✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❙❡ t♦❞♦ ♦♣❡r❛❞♦r

❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ R : X∗ → X∗ s❛t✐s❢❛③

‖I +R‖ = 1 + ‖R‖ ,

❡♥tã♦ ‖I + T‖ = 1 + ‖T‖ ♣❛r❛ t♦❞♦ ♦♣❡r❛❞♦r T ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X✱

❡♥tã♦ T ∗ é ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X∗✳ ❉❛í✱ ‖I + T ∗‖ = 1 + ‖T ∗‖✳ ❆ss✐♠✱

‖I + T‖ = ‖(I + T )∗‖ = ‖I∗ + T ∗‖ = 1 + ‖T ∗‖ = 1 + ‖T‖ .

❖❜s❡r✈❛çã♦ ✸✳✶✳✹✳ ❆ r❡❝í♣r♦❝❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ✉♠ ❝♦♥tr❛✲

❡①❡♠♣❧♦ s❡rá ♠♦str❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✸✳✻✳

❉❡✜♥✐çã♦ ✸✳✶✳✺✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S é ❞✐t♦ ♣❡r❢❡✐t♦ s❡ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ✐s♦❧❛❞♦s✳

❊①❡♠♣❧♦s ✸✳✶✳✻✳

✭❛✮ ❚♦❞♦ ✐♥t❡r✈❛❧♦ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♣❡r❢❡✐t♦✳

✭❜✮ ❚♦❞❛ ❜♦❧❛ ♦✉ ❡s❢❡r❛ ♥✉♠ ❡s♣❛ç♦ ❞❡ ♠étr✐❝♦ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ♣❡r❢❡✐t♦✳



✸✳✶ ❊q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ✹✾

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ q✉❡ ♥ã♦ é ♣❡r❢❡✐t♦✳

❊①❡♠♣❧♦ ✸✳✶✳✼✳ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ X = {0, 1} ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ τ = {∅, {0}, X}✳ ❊st❡

❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❊s♣❛ç♦ ❞❡ ❙✐❡r♣✐♥s❦✐ ❡ ♥ã♦ é ♣❡r❢❡✐t♦✱ ♣♦✐s 0 é ✉♠

♣♦♥t♦ ✐s♦❧❛❞♦ ❞❡ X.

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦ C(S) s❡rá ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡①♦✱ ❛ ♠❡♥♦s

q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✳

❚❡♦r❡♠❛ ✸✳✶✳✽ ✭❬✶✶❪✱ ❚❡♦r❡♠❛ ❆✮✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✳ ❙❡ S ♥ã♦ é

♣❡r❢❡✐t♦ ❡♥tã♦ ❡①✐st❡ ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ T : C(S) → C(S) q✉❡

♥ã♦ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ s0 ✉♠ ♣♦♥t♦ ✐s♦❧❛❞♦ ❞❡ S✳ ❉❡✜♥❛ f0 : S → C ♣♦r

f0(s) =

{
1 , s = s0

0 , s 6= s0

.

❊♥tã♦ f0 ∈ C(S)✳ ❆❣♦r❛ ❞❡✜♥❛ T : C(S) → C(S) ♣♦r Tf = −f(s0)f0 ♣❛r❛ f ∈ C(S)✳ ❉❛í✱

T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮✱ ♣♦✐s ❛ ✐♠❛❣❡♠ ❞❡ T é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❆❧é♠ ❞✐ss♦✱ s❡ f ∈ C(S) ❡♥tã♦ (I + T )f(s) = f(s) ♣❛r❛ s 6= s0 ❡ (I + T )f(s0) = 0✳ ❆ss✐♠

‖I + T‖ = 1 < 1 + ‖T‖✳ ▲♦❣♦✱ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠

C(S) q✉❡ ♥ã♦ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✳ ■❞❡♥t✐✜❝❛♥❞♦ C∗(S) ❡ rca(S) ♣❡❧♦

❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✶✳✹✱ t❡♠♦s q✉❡ π(s) ✭❉❡✜♥✐çã♦ ✶✳✹✳✸✺✮ ❡♠ C∗(S) é

✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ ❝❡rt♦ δs ∈ rca(S) t❛❧ q✉❡

f(s) = π(s)(f) =

∫

S

f(t)δs(dt), ∀f ∈ C(S). ✭✸✳✶✮

❆ ❢❛♠í❧✐❛ {δs}s∈S é ❝❤❛♠❛❞❛ ❢❛♠í❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ❉✐r❛❝✳ ◆♦t❡ q✉❡ ♦ ♦♣❡r❛❞♦r

✐❞❡♥t✐❞❛❞❡ s♦❜r❡ C(S) é r❡♣r❡s❡♥t❛❞♦ ♣♦r ❡st❛ ❢❛♠í❧✐❛✱ s❡❣✉♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✮✳

❙❡❥❛ T : C(S) → C(S) ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ ❡①✐st❡

✉♠❛ ❛♣❧✐❝❛çã♦ τ : S → C∗(S)✱ ❞❡✜♥✐❞❛ ♣♦r τ = T ∗ ◦ π✱ t❛❧ q✉❡

Tf(s) = τ(s)f, f ∈ C(S), s ∈ S.

■❞❡♥t✐✜❝❛♥❞♦ τ(s) ∈ C∗(S) ❝♦♠ µs ∈ rca(S) ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡

❘✐❡s③ ✷✳✶✳✹✱ ♦❜t❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ {µs}s∈S ❞❡ ❢✉♥çõ❡s ❝♦♥❥✉♥t♦ ❡♠ S t❛✐s q✉❡

Tf(s) = τ(s)f =

∫

S

f(t)µs(dt), f ∈ C(S), s ∈ S.
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❊st❛ ❢❛♠í❧✐❛ {µs}s∈S é ❝❤❛♠❛❞❛ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ ❞❡ T ✳ ❆ss✐♠✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ❚❡♦✲

r❡♠❛ ✷✳✷✳✶✱ s❡ r❡♣r❡s❡♥t❛r♠♦s T ♣❡❧♦ s❡✉ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ {µs}s∈S✱ ❡♥tã♦✿

✶✳ ‖T‖ = sups∈S ‖µs‖❀

✷✳ ❛ ❢✉♥çã♦ s 7→ µs é ❝♦♥tí♥✉❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ rca(S) ∼= C∗(S)❀

✸✳ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s 7→ µs é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛❀

✹✳ T é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s 7→ µs é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✾✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ T : C(S) → C(S) ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♥tã♦

max
|λ|=1

‖I + λT‖ = 1 + ‖T‖ .

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {µs}s∈S ♦ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ ❞❡ T ✳ ❚❡♠♦s q✉❡

(I + λT )f(s) = f(s) + λTf(s) =

∫

S

f(t)δs(dt) + λ

∫

S

f(t)µs(dt) =

∫

S

f(t)[δs + λµs](dt),

♣❛r❛ t♦❞♦ λ ❡♠ C✳ ❆ss✐♠✱ {δs + λµs}s∈S é ♦ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ ❞❡ I + λT ✳ ❊♥tã♦

max
|λ|=1

‖I + λT‖ = max
|λ|=1

sup
s∈S

‖δs + λµs‖ ✭✸✳✷✮

= max
|λ|=1

sup
s∈S

v(δs + λµs, S)

= sup
s∈S

max
|λ|=1

(
v(δs + λµs, {s}) + v(δs + λµs, S \ {s})

)
✭✸✳✸✮

= sup
s∈S

max
|λ|=1

(
v(δs + λµs, {s}) + |λ|v(µs, S \ {s})

)

= sup
s∈S

(
1 + v(µs, {s}) + v(µs, S \ {s})

)

= sup
s∈S

(1 + v(µs, S)) ✭✸✳✹✮

= sup
s∈S

(1 + ‖µs‖) = 1 + ‖T‖ , ✭✸✳✺✮

♦♥❞❡ ✭✸✳✷✮ ❡ ✭✸✳✺✮ ✈❛❧❡♠ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶ ❡✱ ✭✸✳✸✮ ❡ ✭✸✳✹✮ ✈❛❧❡♠ ♣♦✐s ❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡

✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛ é ❛❞✐t✐✈❛✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✳✼✳

❖❜s❡r✈❡ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ C(S) é ✉♠ ❡s♣❛ç♦ r❡❛❧ t❡♠♦s ♦ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✵ ✭❬✶✺❪✱ Pr♦♣♦s✐çã♦ ✶✮✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ T :

C(S) → C(S) ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♥tã♦

max{‖I + T‖ , ‖I − T‖} = 1 + ‖T‖ .



✸✳✷ ❖♣❡r❛❞♦r❡s ❈♦♠♣❛❝t♦s ❡♠ C(S) ✺✶

✸✳✷ ❖♣❡r❛❞♦r❡s ❈♦♠♣❛❝t♦s ❡♠ C(S)

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s q✉❡ s❡ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ❡♠ C(S)✱ ❝♦♠ S

✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦✱ ❡♥tã♦ ‖I + T‖ = 1 + ‖T‖✳

▲❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛♠ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ f ∈ C(S) ❝♦♠ ‖f‖ = 1✳ ❉❛❞♦s

A ❡ B ❢❡❝❤❛❞♦s ❞✐s❥✉♥t♦s✱ ❡①✐st❡ F ∈ C(S) t❛❧ q✉❡ ‖F‖ = 1✱ F (B) = 1 ❡ F (t) = f(t) ♣❛r❛

t♦❞♦ t ∈ A✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ∈ C(S) ❝♦♠ ‖f‖ = 1✳ ❈♦♠♦ S é ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ s❡❣✉❡ q✉❡ S

é ♥♦r♠❛❧✳ ❊♥tã♦✱ ❞❛❞♦s A ❡ B ❢❡❝❤❛❞♦s ❞✐s❥✉♥t♦s✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

g : S → [0, 1] t❛❧ q✉❡ g(A) = 0 ❡ g(B) = 1✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ❯r②s♦❤♥ ✭✶✳✷✳✹✮✳ ❈♦♥s✐❞❡r❡♠♦s

❡♥tã♦ ❛ ❢✉♥çã♦ F : S → C ❞❛❞❛ ♣♦r

F (t) = g(t) + (1 − g(t))f(t), t ∈ S.

❊st❛ ❢✉♥çã♦ é ❝❧❛r❛♠❡♥t❡ ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐st♦✱ F (B) = 1✱ F (t) = f(t) ♣❛r❛ t♦❞♦ t ∈ A ❡

|F (t)| = |g(t) + (1 − g(t))f(t)| ≤ g(t) + (1 − g(t)) |f(t)| ≤ 1, t ∈ S,

❞♦♥❞❡ s❡❣✉❡ ‖F‖ = 1✳

❚❡♦r❡♠❛ ✸✳✷✳✷ ✭❬✶✶❪✱ ❚❡♦r❡♠❛ ❆✮✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦✳ ❊♥tã♦

t♦❞♦ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ T : C(S) → C(S) q✉❡ ❛t✐♥❣❡ ❛ ♥♦r♠❛ s❛t✐s❢❛③ ‖I + T‖ = 1+‖T‖✳

❉❡♠♦♥str❛çã♦✳ ❘❡♣r❡s❡♥t❛♥❞♦ T ♣❡❧♦ s❡✉ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ {µs}s∈S✱ ♦❜t❡♠♦s

Tf(s) =

∫

S

f(t)µs(dt), f ∈ C(S), s ∈ S;

❡ ❛✐♥❞❛✱ ❝♦♠♦ T é ❝♦♠♣❛❝t♦✱ s❡❣✉❡ ❞♦ ♦❜s❡r✈❛❞♦ ♥❛ ❙❡çã♦ ✸✳✶ q✉❡ ❛ ❛♣❧✐❝❛çã♦ s 7→ µs

é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ❞❛ ♥♦r♠❛ ❡♠ C∗(S)✳ ❉❛í✱ ❞❛❞♦s ε > 0 ❡ s0 ∈ S✱ ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ V ❞❡ s0 t❛❧ q✉❡ s❡ s ∈ V ❡♥tã♦ ‖µs − µs0
‖ < ε

2
. ❆❧é♠ ❞✐st♦✱ ❝♦♠♦ µs0

é

r❡❣✉❧❛r✱ ❡①✐st❡♠ F ❡ G ❡♠ B t❛✐s q✉❡ F ⊂ {s0} ⊂ int(G) ❡ |µs0
(C)| < ε

4
✱ ♣❛r❛ t♦❞♦ C ❡♠

B ❝♦♠ C ⊂ G \F ✳ ❚♦♠❛♥❞♦ U = V ∩ int(G) t❡♠♦s q✉❡ U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ s0

t❛❧ q✉❡

s ∈ U ⇒ ‖µs − µs0
‖ <

ε

2

❡

|µs0
(U\ {s0})| <

ε

4
.



✸✳✷ ❖♣❡r❛❞♦r❡s ❈♦♠♣❛❝t♦s ❡♠ C(S) ✺✷

❆❣♦r❛ s❡❥❛ g ∈ C(S) ❝♦♠ ‖g‖ = 1 ❡ ‖Tg‖ = ‖T‖❀ t❛❧ g ❡①✐st❡ ♣♦✐s ♣♦r ❤✐♣ót❡s❡

T ❛t✐♥❣❡ ❛ ♥♦r♠❛✳ ❊♥tã♦✱ ❝♦♠♦ S é ❝♦♠♣❛❝t♦ ❡ Tg é ❝♦♥tí♥✉❛✱

‖T‖ = ‖Tg‖ = sup
s∈S

|Tg(s)| = |Tg(s0)| =

∣∣∣∣
∫

S

g(t)µs0
(dt)

∣∣∣∣

♣❛r❛ ❛❧❣✉♠ s0 ∈ S✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ g ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ❛♣r♦♣r✐❛❞❛ ❞❡ ♠ó❞✉❧♦ ✉♥✐tár✐♦✱

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡
∫

S
g(t)µs0

(dt) > 0 ❡ ❞❛í

‖T‖ =

∫

S

g(t)µs0
(dt).

❙❡❥❛ ε > 0✳ ❊♥tã♦✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦

U t❛❧ q✉❡ s0 ∈ U ✱ |µs0
(U\ {s0})| <

ε
4
❡✱ s ∈ U ✐♠♣❧✐❝❛ ‖µs − µs0

‖ < ε
2
✳ ❏á q✉❡ s0 ♥ã♦ é

✉♠ ♣♦♥t♦ ✐s♦❧❛❞♦ ❞❡ S✱ ❡①✐st❡ s1 ∈ U ❝♦♠ s1 6= s0✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ F ∈ C(S) ❝♦♠ ‖F‖ = 1✱ F (s1) = 1✱ F (s0) = g(s0) ❡ F (t) = g(t) ♣❛r❛ t /∈ U ❀ ❜❛st❛

t♦♠❛r A = {s0} ∪ S\U ❡ B = {s1}✳ ❉❛í✱

‖I + T‖ ≥ ‖(I + T )F‖ ≥ |(I + T )F (s1)| =

∣∣∣∣F (s1) +

∫

S

F (t)µs1
(dt)

∣∣∣∣ .

❆❣♦r❛✱

F (s1) +

∫

S

F (t)µs1
(dt) = F (s1) +

∫

S

F (t)[µs1
− µs0

](dt)

+

∫

S

[F (t) − g(t)]µs0
(dt) +

∫

S

g(t)µs0
(dt).

P♦r ♦✉tr♦ ❧❛❞♦✱
∣∣∣∣
∫

S

F (t)[µs1
− µs0

](dt)

∣∣∣∣ ≤ ‖F‖ ‖µs1
− µs0

‖ = ‖µs1
− µs0

‖ <
ε

2

❡ ∣∣∣∣
∫

S

[F (t) − g(t)]µs0
(dt)

∣∣∣∣ =

∣∣∣∣
∫

U\{s0}

[F (t) − g(t)]µs0
(dt)

∣∣∣∣

≤ sup
t∈U\{s0}

|F (t) − g(t)| · |µs0
(U\{s0})|

≤ 2 |µs0
(U\{s0})| <

ε

2
.

▲♦❣♦✱ ❝♦♠♦ F (s1) = 1 ❡
∫

S
g(t)µs0

(dt) = ‖T‖✱ s❡❣✉❡ q✉❡

‖I + T‖ ≥

∣∣∣∣F (s1) +

∫

S

F (t)µs1
(dt)

∣∣∣∣

≥

∣∣∣∣F (s1) +

∫

S

g(t)µs0
(dt)

∣∣∣∣−
∣∣∣∣
∫

S

F (t)[µs1
− µs0

](dt)

∣∣∣∣−
∣∣∣∣
∫

S

[F (t) − g(t)]µs0
(dt)

∣∣∣∣

> 1 + ‖T‖ −
ε

2
−
ε

2
= 1 + ‖T‖ − ε.



✸✳✸ ❖♣❡r❛❞♦r❡s ❋r❛❝❛♠❡♥t❡ ❈♦♠♣❛❝t♦s ❡♠ C(S) ✺✸

❈♦♠♦ ✐st♦ ♦❝♦rr❡ ♣❛r❛ t♦❞♦ ε > 0 t❡♠♦s

‖I + T‖ ≥ 1 + ‖T‖ .

▼❛s s❡♠♣r❡ ✈❛❧❡ ‖I + T‖ ≤ 1 + ‖T‖✳ P♦rt❛♥t♦✱ ‖I + T‖ = 1 + ‖T‖ ♣❛r❛ t♦❞♦ ♦♣❡r❛❞♦r

❝♦♠♣❛❝t♦ T s♦❜r❡ C(S) q✉❡ ❛t✐♥❣❡ ❛ ♥♦r♠❛✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✷✳✸✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦✳ ❊♥tã♦ t♦❞♦ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦

T : C(S) → C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S é ✉♠ ❝♦♥❥✉♥t♦

♣❡r❢❡✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ S ♣❡r❢❡✐t♦ ❡ s❡❥❛ T : C(S) → C(S) ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳ P❡❧♦

❚❡♦r❡♠❛ ✶✳✹✳✹✾✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ♣♦st♦ ✜♥✐t♦ q✉❡ ❛t✐♥❣❡♠ ❛ ♥♦r♠❛ é ❞❡♥s♦

✭❡♠ ♥♦r♠❛✮ ♥♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ❞❡ ❈✭❙✮ ❡♠ ❈✭❙✮✳ ❊♥tã♦✱ ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ (Tn) ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ♣♦st♦ ✜♥✐t♦✱ ❡ ♣♦rt❛♥t♦ ❝♦♠♣❛❝t♦s✱ q✉❡ ❛t✐♥❣❡♠ ❛

♥♦r♠❛ t❛❧ q✉❡ Tn → T ✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✱ t❡♠♦s q✉❡ ‖I + Tn‖ = 1 + ‖Tn‖ ♣❛r❛ t♦❞♦

n ∈ N✳ ❉❛í✱

‖I + T‖ = ‖I + lim
n→∞

Tn‖ = lim
n→∞

‖I + Tn‖ = lim
n→∞

(1 + ‖Tn‖) = 1 + ‖T‖.

▲♦❣♦✱ s❡ S é ♣❡r❢❡✐t♦ ❡♥tã♦ T s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❆ r❡❝í♣r♦❝❛ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✽✳

✸✳✸ ❖♣❡r❛❞♦r❡s ❋r❛❝❛♠❡♥t❡ ❈♦♠♣❛❝t♦s ❡♠ C(S)

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s à ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ♣❛r❛

♦♣❡r❛❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡♠ C(S)✳ ◆❛ ❙❡çã♦ ✸✳✸✳✶✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡♠♦♥str❛✲

çã♦ ❞❛❞❛ ♣♦r ❏✳ ❘✳ ❍♦❧✉❜ ❡♠ ❬✽❪ ♣❛r❛ ♦ ❝❛s♦ S = [0, 1]✱ ❡ ♥❛ ❙❡çã♦ ✸✳✸✳✷ ❛♣r❡s❡♥t❛r❡♠♦s ❛

❞❡♠♦♥str❛çã♦ ❞❡ ❉✳ ❲❡r♥❡r ❡♠ ❬✶✺❪ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❡♠ q✉❡ S é ♣❡r❢❡✐t♦✳

❆♣❡s❛r ❞♦s r❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✸✳✸✳✷ ✐♥❝❧✉ír❡♠ ♦s r❡s✉❧t❛❞♦s ❞❛s ❙❡çõ❡s ✸✳✸✳✶

❡ ✸✳✷✱ ♦♣t❛♠♦s ♣♦r ❛♣r❡s❡♥t❛r t♦❞❛s ❛s ❞❡♠♦♥str❛çõ❡s ♥♦ ✐♥t✉✐t♦ ❞❡ ✐❧✉str❛r ✉♠ ♣♦✉❝♦

❞❛ ❡✈♦❧✉çã♦ ❤✐stór✐❝❛ ❞❛s té❝♥✐❝❛s ❡♠♣r❡❣❛❞❛s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❊q✉❛çã♦ ❞❡

❉❛✉❣❛✈❡t✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❛s ❙✉❜s❡çõ❡s ✸✳✸✳✶ ❡ ✸✳✸✳✷ ❝♦♥s✐❞❡r❡♠♦s ✉♠ ❧❡♠❛ ♥❡❝❡ssár✐♦

♣❛r❛ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s t❡♦r❡♠❛s ♣r✐♥❝✐♣❛✐s ❞❡ ❛♠❜❛s s✉❜s❡çõ❡s✳
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▲❡♠❛ ✸✳✸✳✶✳ ❙❡❥❛ S ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❙❡ T é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♠ C(S)

❡♥tã♦ ‖T ∗ ◦ π(·)‖ é ✉♠❛ ❢✉♥çã♦ s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ S✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ c ∈ R✳ ❉❡s❡❥❛♠♦s ♣r♦✈❛r q✉❡ U = {s ∈ S : ‖T ∗ ◦ π(s)‖ > c}

é ❛❜❡rt♦✳ ❙❡ U = ∅✱ ❡♥tã♦ ♥ã♦ t❡♠♦s ♦ q✉❡ ♣r♦✈❛r✳ ❙✉♣♦♥❤❛♠♦s q✉❡ U é ♥ã♦✲✈❛③✐♦✳

❙❡❥❛ ❡♥tã♦ s0 ∈ U ✳ ◗✉❡r❡♠♦s ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ V ❞❡ s0 t❛❧ q✉❡ s❡ s ∈ V ❡♥tã♦

‖T ∗ ◦ π(s)‖ > c✳ ❆❣♦r❛

‖T ∗ ◦ π(s0)‖ = sup
‖f‖≤1

|T ∗(π(s0))(f)|.

❊♥tã♦ ❡①✐st❡ f0 ∈ C(S)✱ ‖f0‖ ≤ 1✱ t❛❧ q✉❡ |T ∗(π(s0))(f0)| > c✱ ♦✉ s❡❥❛✱ |Tf0(s0)| > c.

❆❣♦r❛✱ ❝♦♠♦ |Tf0(·)| é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ s0 t❛❧

q✉❡

s ∈ V ⇒ |Tf0(s)| > c

⇒ |T ∗(π(s))(f0)| > c

⇒ sup
‖f‖≤1

|T ∗(π(s))(f)| > c

⇒ ‖T ∗ ◦ π(s)‖ > c.

▲♦❣♦ ‖T ∗ ◦ π(·)‖ é s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ S✳

✸✳✸✳✶ ❖ ❝❛s♦ S = [0, 1]

❖ ♣r♦♣ós✐t♦ ❞❡st❛ s✉❜s❡çã♦ é ♠♦str❛r q✉❡ ♦♣❡r❛❞♦r❡s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s

❡♠ C[0, 1] s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❆ s❡❣✉✐r✱ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

f(a−) = lim
x→a−

f(x),

♣❛r❛ ✉♠❛ ❢✉♥çã♦ r❡❛❧ f : R → R ❡ ✉♠ ✈❛❧♦r a ∈ R q✉❛❧q✉❡r✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✉♠❛ sér✐❡ ❞❡ ❧❡♠❛s ♣r❡♣❛r❛tór✐♦s✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s

♣❛r❛ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✳

▲❡♠❛ ✸✳✸✳✷ ✭❬✽❪✱ ▲❡♠❛✮✳ ❙❡❥❛♠ h ♣❡rt❡♥❝❡♥t❡ ❛ NBV [0, 1]✱ s0 ❡♠ (0, 1)✱ ❡

gs0
(t) =

{
0 , s❡ 0 ≤ t < s0

1 , s❡ s0 ≤ t ≤ 1
.

❙❡ h(s0−) ≤ h(s0) ❡♥tã♦ v(gs0
+ h, [0, 1]) = 1 + v(h, [0, 1])✳
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❉❡♠♦♥str❛çã♦✳ ❈❧❛r❛♠❡♥t❡

v(gs0
+ h, [0, 1]) ≤ v(gs0

, [0, 1]) + v(h, [0, 1]) = 1 + v(h, [0, 1]).

▲♦❣♦✱ ❜❛st❛ ♠♦str❛r q✉❡ v(gs0
+ h, [0, 1]) ≥ 1 + v(h, [0, 1])✳ ❙❡❥❛ ε > 0 ❞❛❞♦✳ ❊s❝♦❧❤❛ ✉♠❛

♣❛rt✐çã♦ {ti}
n
i=0 ❞❡ [0, 1] t❛❧ q✉❡

n∑

i=1

|h(ti) − h(ti−1)| > v(h, [0, 1]) −
ε

2

❡ s0 ∈ (tk−1, tk) ♣❛r❛ ❛❧❣✉♠ k✱ ✐st♦ é ♣♦ssí✈❡❧ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ v(h, [0, 1])✳ ❆❣♦r❛✱ ❝♦♠♦

h(s0−) ≤ h(s0)✱ ♣❛r❛ ♦ ε ❞❛❞♦✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

s ∈ (s0 − δ, s0) ⇒ −
ε

4
< h(s0−) − h(s) ≤ h(s0) − h(s).

❉❛í✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ p t❛❧ q✉❡ tk−1 < p < s0 ❡ h(s0)−h(p) > − ε
4
✳ ❆ss✐♠✱ s❡ h(s0)−h(p) > 0

❡♥tã♦

−|h(s0) − h(p)| + |1 + h(s0) − h(p)| = 1 > 1 −
ε

2

❡ s❡ h(s0) − h(p) < 0 ❡♥tã♦

−|h(s0) − h(p)| + |1 + h(s0) − h(p)| ≥ −|h(s0) − h(p)| + 1 − |h(s0) − h(p)|

> −
ε

4
+ 1 −

ε

4
= 1 −

ε

2
.

❙❡❣✉❡ q✉❡

v(gs0
+ h, [0, 1]) ≥

∑

i6=k

|(gs0
+ h)(ti) − (gs0

+ h)(ti−1)| + |(gs0
+ h)(p) − (gs0

+ h)(tk−1)|

+ |(gs0
+ h)(s0) − (gs0

+ h)(p)| + |(gs0
+ h)(tk) − (gs0

+ h)(s0)|

=
∑

i6=k

|(gs0
+ h)(ti) − (gs0

+ h)(ti−1)| + |h(p) − h(tk−1)|

+ |1 + h(s0) − h(p)| + |1 + h(tk) − 1 − h(s0)|

=
∑

i6=k

|h(ti) − h(ti−1)| + |h(p) − h(tk−1)| + |1 + h(s0) − h(p)|

+ |h(tk) − h(s0)|

=
∑

i6=k

|h(ti) − h(ti−1)| +
(
|h(p) − h(tk−1)| + |h(s0) − h(p)| + |h(tk) − h(s0)|

)

− |h(s0) − h(p)| + |1 + h(s0) − h(p)|
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≥
n∑

i=1

|h(ti) − h(ti−1)| − |h(s0) − h(p)| + |1 + h(s0) − h(p)|

>
n∑

i=1

|h(ti) − h(ti−1)| + 1 −
ε

2

> v(h, [0, 1]) −
ε

2
+ 1 −

ε

2
= 1 + v(h, [0, 1]) − ε.

❏á q✉❡ ε > 0 é ❛r❜✐trár✐♦✱ ♦❜t❡♠♦s

v(gs0
+ h, [0, 1]) ≥ 1 + v(h, [0, 1]),

❡ ♦ ❧❡♠❛ ❡stá ♣r♦✈❛❞♦✳

▲❡♠❛ ✸✳✸✳✸✳ ❙❡❥❛♠ f ∈ C[0, 1]✱ s ∈ (0, 1) ❡ gs ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♥♦ ❧❡♠❛ ❛♥t❡r✐♦r✳ ❊♥tã♦

∫ 1

0

f(t)dgs(t) = f(s).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ µs ∈ rba[0, 1] ❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛ss♦❝✐❛❞❛ ❛ gs ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳✺✳

❊♥tã♦ ∫ 1

0

f(t)dgs(t) =

∫ 1

0

f(t)µs(dt),

❡ ♣❛r❛ 0 < a < b ≤ 1✱ t❡♠✲s❡

µs((a, b]) = gs(b) − gs(a) =






0 , s❡ a < b < s

1 , s❡ a < s ≤ b

0 , s❡ s ≤ a < b

❡

µs([0, b]) = gs(b) − gs(0) =

{
0 , s❡ 0 ≤ b < s

1 , s❡ s ≤ b ≤ 1
.

❈♦♥s✐❞❡r❡ h : [0, 1] → R ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ ❞❛❞❛ ♣♦r h(t) = f(s)✱ ♣❛r❛ t♦❞♦

t ∈ [0, 1]✳ ▼♦str❛r❡♠♦s q✉❡ (f−h) é ✉♠❛ ❢✉♥çã♦ µs✲♥✉❧❛✳ ❉❛❞♦ α > 0✱ ❝♦♠♦ f é ❝♦♥tí♥✉❛✱

❡①✐st❡ δ > 0 t❛❧ q✉❡

|t− s| < δ ⇒ |f(t) − f(s)| < α.

❉❛í✱

|f(t) − h(t)| > α ⇒ |f(t) − f(s)| > α ⇒ |t− s| ≥ δ.
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❆ss✐♠✱ ❝♦♠♦ µs é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛✱

v(µs, {t ∈ [0, 1] : |f(t) − h(t)| > α}) = µs({t ∈ [0, 1] : |f(t) − h(t)| > α})

≤ µs([0, s− δ] ∪ [s+ δ, 1])

≤ µs

(
[0, s− δ] ∪

(
s+

δ

2
, 1

])

= µs([0, s− δ]) + µs

((
s+

δ

2
, 1

])
= 0.

❊♥tã♦ (f − h) é ✉♠❛ ❢✉♥çã♦ µs✲♥✉❧❛✱ ♣♦✐s

v(µs, {t ∈ [0, 1] : |f(t) − h(t)| > α}) = 0, ♣❛r❛ t♦❞♦ α > 0.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✷✱ s❡❣✉❡ q✉❡ f é ✉♠❛ ❢✉♥çã♦ µs✲s✐♠♣❧❡s ✐♥t❡❣rá✈❡❧ ❡

∫ 1

0

f(t)µs(dt) =

∫ 1

0

h(t)µs(dt) = f(s)µs([0, 1]) = f(s).

P♦rt❛♥t♦✱ ∫ 1

0

f(t)dgs(t) = f(s).

▲❡♠❛ ✸✳✸✳✹✳ ❙❡❥❛♠ I = [0, 1] ❡ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦

❞❡ NBV (I)✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ g ∈ NBV (I) ❞❡ ❢♦r♠❛ q✉❡ ❞❛❞♦ ε > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡

|g(s) − g(t)| < δ ⇒ |f(s) − f(t)| < ε ♣❛r❛ t♦❞❛ f ∈ K.

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✺ t❡♠♦s q✉❡ K ⊂ rba(I)✳ ❈♦♠♦

rba(I) ⊂ ba(I) s❡❣✉❡ q✉❡ K é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡ s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ❞❡

ba(I)✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✸✸✱ ❡①✐st❡ µ0 ∈ ba(I) ❞❡ ❢♦r♠❛ q✉❡ ❞❛❞♦ ε > 0 ❡①✐st❡

δ > 0 t❛❧ q✉❡

µ0(E) < δ ⇒ λ(E) < ε ♣❛r❛ t♦❞❛ λ ∈ K ❡ t♦❞♦ E ∈ Σ. ✭✸✳✻✮

❆ ♣❛rt✐r ❞❡ µ0 ∈ ba(I)✱ ❞❡✜♥❛

µ1(F ) = inf
G⊃F

µ0(G), µ2(E) = sup
F⊂E

µ1(F ),

♦♥❞❡ F é ❢❡❝❤❛❞♦✱ G é ❛❜❡rt♦ ❡ E é ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ I✳ P❡❧❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✸✱ s❡ µ é ❛ r❡str✐çã♦ ❞❡ µ2 ❛ á❧❣❡❜r❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦s ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s
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❡♠ I ❡♥tã♦ µ ∈ rba(I) ❡ µ0(F ) = µ1(F ) = µ2(F ) = µ(F )✱ ♣❛r❛ t♦❞♦ F ❢❡❝❤❛❞♦✳ ❆ss✐♠✱ s❡

µ(F ) < δ ❡♥tã♦ µ0(F ) < δ✱ ♣❛r❛ t♦❞♦ F ❢❡❝❤❛❞♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ✐♥t❡r✈❛❧♦s ❞❛ ❢♦r♠❛

[s, t] ⊂ I t❡♠♦s q✉❡

µ([s, t]) < δ ⇒ µ0([s, t]) < δ.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❢❡✐t❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳✺✱ s❡❥❛♠ g, g0 ∈ NBV (I) ❛ss♦❝✐❛✲

❞❛s ❛ µ ❡ µ0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ t❡♠♦s q✉❡

|g(s) − g(t)| < δ ⇒ |g0(s) − g0(t)| < ε ♣❛r❛ t♦❞♦ s, t ∈ I.

❉❛í✱ s❡❣✉❡ ♣♦r ✭✸✳✻✮ q✉❡ g ∈ NBV (I) é ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡ ❞❛❞♦ ε > 0 ❡①✐st❡ δ > 0 ❞❡

❢♦r♠❛ q✉❡

|g(s) − g(t)| < δ ⇒ |f(s) − f(t)| < ε ♣❛r❛ t♦❞❛ f ∈ K.

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s✉❜s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✸✳✺ ✭❬✽❪✱ ❚❡♦r❡♠❛✮✳ ❙❡❥❛ T ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡♠ C = C[0, 1]✳

❊♥tã♦

✭✐✮ ♦✉ T ♦✉ −T s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t❀

✭✐✐✮ s❡ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♥tã♦ ‖I + T‖ = 1 + ‖T‖✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ s❛❜❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r T ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r

Tf(s) =

∫ 1

0

f(t)dk(s, t), 0 ≤ s ≤ 1, f ∈ C[0, 1],

♦♥❞❡ k(s, ·) ♣❡rt❡♥❝❡ ❛ NBV [0, 1] ♣❛r❛ t♦❞♦ s ∈ [0, 1] ❡

‖T‖ = sup
s∈[0,1]

v(k(s, ·), [0, 1]) = sup
s∈[0,1]

‖k(s, ·)‖ . ✭✸✳✼✮

❆✐♥❞❛ ♠❛✐s✱ ✐❞❡♥t✐✜❝❛♥❞♦ C∗[0, 1] ❡ NBV [0, 1] ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱ t❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛

s ∈ (0, 1)✱ ❛ ❢✉♥çã♦ ❡s❝❛❞❛ gs ❞♦ ▲❡♠❛ ✸✳✸✳✷ é ✐❣✉❛❧ ❛ π(s) ∈ C∗[0, 1]✱ ♣♦✐s
∫ 1

0

f(t)dgs(t) = f(s) = π(s)(f), f ∈ C[0, 1],

♣❡❧♦ ▲❡♠❛ ✸✳✸✳✸✳ ❉❛í✱ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✹ t❡♠♦s

k(s, ·) = T ∗(π(s)) = T ∗(gs).
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❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ✭✐✮ ♦❝♦rr❡✳ ❙❡❥❛♠ ε > 0 ❞❛❞♦ ❡ s1 ∈ [0, 1] ✉♠ ♣♦♥t♦

t❛❧ q✉❡ ‖k(s1, ·)‖ > ‖T‖ − ε
4
❀ ✐st♦ é ♣♦ssí✈❡❧ ♣♦r ✭✸✳✼✮✳ ❈♦♠♦ ‖k(s, ·)‖ = ‖T ∗(π(s))‖✱

t❡♠♦s ‖k(s, ·)‖ s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ s ∈ [0, 1]✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✶✳ ❆ss✐♠✱ ❡①✐st❡

s0 ∈ (0, 1) t❛❧ q✉❡ ‖k(s0, ·)‖ ≥ ‖k(s1, ·)‖ −
ε
4
✳ ❉❛í✱ s❡❣✉❡ q✉❡

‖k(s0, ·)‖ ≥ ‖k(s1, ·)‖ −
ε

4
> ‖T‖ −

ε

4
−
ε

4
= ‖T‖ −

ε

2
.

❙✉♣♦♥❤❛ q✉❡ k(s0, s0−) ≤ k(s0, s0)✳ ❊♥tã♦✱ t♦♠❛♥❞♦ h(t) = k(s0, t) ♥♦ ▲❡♠❛ ✸✳✸✳✷✱ t❡♠♦s

‖gs0
+ k(s0, ·)‖ = v(gs0

+ k(s0, ·), [0, 1])

= 1 + v(k(s0, ·), [0, 1])

= 1 + ‖k(s0, ·)‖

> 1 + ‖T‖ −
ε

2
.

❈♦♠♦

‖gs0
+ k(s0, ·)‖ = sup

‖f‖≤1

∣∣∣∣
∫ 1

0

f(t)d(gs0
(t) + k(s0, t))

∣∣∣∣ ,

❡①✐st❡ ✉♠❛ f ∈ C[0, 1] ❝♦♠ ‖f‖ ≤ 1 t❛❧ q✉❡
∣∣∣∣
∫ 1

0

f(t)d(gs0
(t) + k(s0, t))

∣∣∣∣ > ‖gs0
+ k(s0, ·)‖ −

ε

2

> 1 + ‖T‖ −
ε

2
−
ε

2

> 1 + ‖T‖ − ε.

▼✉❧t✐♣❧✐❝❛♥❞♦ f ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ❛♣r♦♣r✐❛❞❛ ❞❡ ♠ó❞✉❧♦ ✉♥✐tár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r
∫ 1

0
f(t)d(gs0

(t) + k(s0, t)) > 0 ❡ ❞❛í
∫ 1

0

f(t)d(gs0
(t) + k(s0, t)) > 1 + ‖T‖ − ε.

▼❛s ❡♥tã♦

‖f + Tf‖ = sup
s

|f(s) + Tf(s)| = sup
s

∣∣∣∣f(s) +

∫ 1

0

f(t)dk(s, t)

∣∣∣∣

≥ f(s0) +

∫ 1

0

f(t)dk(s0, t)

=

∫ 1

0

f(t)dgs0
(t) +

∫ 1

0

f(t)dk(s0, t)

=

∫ 1

0

f(t)d(gs0
(t) + k(s0, t))

> 1 + ‖T‖ − ε.
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❆ss✐♠✱ ‖I + T‖ > 1 + ‖T‖ − ε✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ k(s0, s0−) > k(s0, s0)✱ ❡♥tã♦ t❡♠♦s

−k(s0, s0−) < −k(s0, s0)✳ ❉❛í✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✭❛♣❧✐❝❛❞♦ ❛ h(t) = −k(s0, t)✮

♦❜t❡♠♦s ‖I − T‖ > 1 + ‖T‖ − ε✳ ■st♦ é ✈❡r❞❛❞❡ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❡♥tã♦ s❡❥❛♠ εn = 1
n
✱

n = 1, 2, . . .✱ ❡ ♣❛r❛ ❝❛❞❛ n ❡s❝♦❧❤❛ sn ❡♠ (0, 1) t❛❧ q✉❡ ‖k(sn, ·)‖ > ‖T‖ − εn

2
✳ ❈♦♠♦

♠♦str❛♠♦s✱ ♣❛r❛ ❝❛❞❛ n ♦✉ ‖I+T‖ > 1+‖T‖− 1
n
♦✉ ‖I−T‖ > 1+‖T‖− 1

n
✳ ❈♦♥s✐❞❡r❛♥❞♦

s✉❜s❡q✉ê♥❝✐❛s s❡❣✉❡ q✉❡ ‖I + T‖ ≥ 1 + ‖T‖ ♦✉ ‖I − T‖ ≥ 1 + ‖T‖✱ ♦ q✉❡ ♣r♦✈❛ ✭✐✮✳

P❛r❛ ♣r♦✈❛r ✭✐✐✮✱ s✉♣♦♥❤❛ q✉❡ T é ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ◆♦✈❛✲

♠❡♥t❡✱ ❞❛❞♦ ε > 0 ❡s❝♦❧❤❛ s0 ❡♠ (0, 1) ♣❛r❛ ♦ q✉❛❧ ‖k(s0, ·)‖ > ‖T‖ − ε
4
✳ ❏á q✉❡ ‖k(s, ·)‖

é s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ s ∈ [0, 1]✱ ❡①✐st❡ ✉♠ δ > 0 t❛❧ q✉❡ s❡ |s− s0| < δ ❡♥tã♦

‖k(s, ·)‖ ≥ ‖k(s0, ·)‖−
ε
4
> ‖T‖− ε

2
. ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ‖gs‖ = 1 ♣❛r❛ t♦❞♦ s ∈ (0, 1)✱ t❡♠♦s

{k(s, ·)}s = {T ∗(gs)}s ⊂ T ∗(BC∗)✱ ♦♥❞❡ BC∗ é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠ C∗[0, 1]✱ ❡ ❝♦♠♦

T ∗ é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ t❡♠♦s T ∗(BC∗)
σ(C,C∗)

❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❉❛í✱ {k(s, ·)}
σ(C,C∗)

s∈(0,1)

é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ NBV [0, 1]✱ ❡ ❛ss✐♠ {k(s, ·)}s∈(0,1) é ✉♠ ❝♦♥❥✉♥t♦ ❢r❛❝❛♠❡♥t❡

s❡q✉❡♥❝✐❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙♠✉❧✐❛♥ ✭✶✳✹✳✶✽✮✳ ❙❡❣✉❡ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛

✸✳✸✳✹ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ g ∈ NBV [0, 1] t❛❧ q✉❡✿ ❞❛❞♦ δ > 0✱ ❡①✐st❡ ✉♠ β > 0 ❞❡ ❢♦r♠❛

q✉❡

r, w ∈ (0, 1) ❡ |g(r) − g(w)| < β ⇒ |k(s, r) − k(s, w)| < δ

♣❛r❛ t♦❞♦ s ∈ (0, 1)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ g(t) é ❝♦♥tí♥✉❛ ❡♠ ✉♠ ♣♦♥t♦ t = s1✱ ❡♥tã♦ k(s, t) é

t❛♠❜é♠ ❝♦♥tí♥✉❛ ❡♠ t = s1 ♣❛r❛ t♦❞♦ s ∈ (0, 1)✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ g(t) ❝♦♥tí♥✉❛ ❡♠ t = s1✱

❞❛❞♦ β > 0✱ ❡①✐st❡ α > 0 t❛❧ q✉❡

|r − s1| < α⇒ |g(r) − g(s1)| < β.

❆ss✐♠✱ ✜①❛❞♦ s ∈ (0, 1) ❡ ❞❛❞♦ δ > 0✱ ❡①✐st❡ α > 0 t❛❧ q✉❡

|r − s1| < α⇒ |k(s, r) − k(s, s1)| < δ.

▲♦❣♦✱ k(s, t) é ❝♦♥tí♥✉❛ ❡♠ t = s1✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✷✸✱ g(t) é ❝♦♥tí♥✉❛ ❡♠ (0, 1)✱ ❛ ♠❡♥♦s ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡

❡♥✉♠❡rá✈❡❧ ❞❡ ♣♦♥t♦s✳ ❉❛í✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✭♣❛r❛ ♦ δ ❞❛❞♦ ❛❝✐♠❛✮ ✉♠ ♣♦♥t♦ s1 ∈ (0, 1)

♣❛r❛ ♦ q✉❛❧ |s0 − s1| < δ ❡ ♥♦ q✉❛❧ g(t) é ❝♦♥tí♥✉❛✳ ▼❛s ❡♥tã♦✱ ❝♦♠♦ ♠♦str❛❞♦ ❛❝✐♠❛✱

k(s1, t) é t❛♠❜é♠ ❝♦♥tí♥✉❛ ❡♠ t = s1✱ ❡ ❛ss✐♠ k(s1, s1−) = k(s1, s1)✳ ❙❡❣✉❡ ♣❡❧♦ ▲❡♠❛

✸✳✸✳✷ q✉❡ ‖gs1
+ k(s1, ·)‖ = 1 + ‖k(s1, ·)‖✳ ❆❣♦r❛✱ s❡♥❞♦ |s0 − s1| < δ t❡♠♦s

‖gs1
+ k(s1, ·)‖ = 1 + ‖k(s1, ·)‖ > 1 + ‖T‖ −

ε

2
.
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❊♥tã♦✱ ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞❡ ✭✐✮✱ ❡①✐st❡ ✉♠❛ f ∈ C[0, 1] ❝♦♠ ‖f‖ ≤ 1 t❛❧ q✉❡

∫ 1

0

f(t)d(gs1
(t) + k(s1, t)) > ‖gs1

+ k(s1, ·)‖ −
ε

2
.

❉❛í✱ ∫ 1

0

f(t)d(gs1
(t) + k(s1, t)) > 1 + ‖T‖ − ε.

▲♦❣♦✱

‖I + T‖ = sup
‖h‖≤1

‖h+ Th‖ ≥ ‖f + Tf‖

= sup
s

|f(s) + Tf(s)|

= sup
s

∣∣∣∣f(s) +

∫ 1

0

f(t)dk(s, t)

∣∣∣∣

≥ f(s1) +

∫ 1

0

f(t)dk(s1, t)

=

∫ 1

0

f(t)dgs1
(t) +

∫ 1

0

f(t)dk(s1, t)

=

∫ 1

0

f(t)d(gs1
(t) + k(s1, t))

> 1 + ‖T‖ − ε.

❈♦♠♦ ε > 0 é ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ‖I + T‖ = 1 + ‖T‖✱ ❡ ✭✐✐✮ ✜❝❛ ♣r♦✈❛❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✻✳ Pr♦✈❛♠♦s ♥❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸ q✉❡ s❡X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ t♦❞♦

♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ R : X∗ → X∗ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✱

❡♥tã♦ ‖I + T‖ = 1 + ‖T‖ ♣❛r❛ t♦❞♦ ♦♣❡r❛❞♦r T ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ ❛ r❡❝í♣r♦❝❛ ❞❡ t❛❧ ❛✜r♠❛çã♦ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ♦✉ s❡❥❛✱ ♠❡s♠♦

s❡ ‖I + T‖ = 1 + ‖T‖ ♣❛r❛ t♦❞♦s ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s✮ ❡♠ ✉♠

❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✱ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ ♣♦❞❡ ❢❛❧❤❛r ❡♠ X∗✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ X = C[0, 1]✳

❊♥tã♦ X∗ = NBV [0, 1]✳ ❆✐♥❞❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✸ ✭♦✉ ❚❡♦r❡♠❛ ✸✳✸✳✺✮ ‖I + T‖ = 1+‖T‖

♣❛r❛ t♦❞♦ ♦♣❡r❛❞♦r T ❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X✳ ❉❡✜♥❛ f0 : [0, 1] → R ♣♦r

f0(s) =

{
1 , s = 0

0 , s 6= 0
.

❉❛í✱ f0 ∈ NBV [0, 1]✳ ❆❣♦r❛ ❞❡✜♥❛ R : NBV [0, 1] → NBV [0, 1] ♣♦r Rg = −g(0)f0 ♣❛r❛

g ∈ NBV [0, 1]✳ ❈♦♠♦ ❛ ✐♠❛❣❡♠ ❞❡ R é ✉♥✐❞✐♠❡♥s✐♦♥❛❧ t❡♠♦s q✉❡ R é ✉♠ ♦♣❡r❛❞♦r
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❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ g ∈ NBV [0, 1] ❡♥tã♦ (I +R)g(s) = g(s)

♣❛r❛ s 6= 0 ❡ (I + R)g(0) = 0✳ ❆ss✐♠ ‖I + R‖ = 1 < 1 + ‖R‖✳ ▲♦❣♦✱ R é ✉♠ ♦♣❡r❛❞♦r

❝♦♠♣❛❝t♦ ✭❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✮ ❡♠ X∗ q✉❡ ♥ã♦ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

✸✳✸✳✷ ❖ ❝❛s♦ S ♣❡r❢❡✐t♦

◆❡st❛ s✉❜s❡çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s C(S) r❡❛❧ ❡ ♣r♦✈❛r❡♠♦s q✉❡ ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛✲

♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C(S) s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S é ✉♠ ❡s♣❛ç♦

❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ❜❛s❡✐❛✲s❡ ❡ss❡♥❝✐❛❧♠❡♥t❡

♥♦s ❞♦✐s ❧❡♠❛s s❡❣✉✐♥t❡s✳

▲❡♠❛ ✸✳✸✳✼ ✭❬✶✺❪✱ ▲❡♠❛ ✸✮✳ ❙❡❥❛♠ S ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ❡ T : C(S) → C(S)

✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❝♦♠ ♥ú❝❧❡♦ ❡st♦❝ást✐❝♦ {µs}s∈S✳ ❙❡ ♦ ♥ú❝❧❡♦ s❛t✐s❢❛③

sup
s∈U

µs({s}) ≥ 0 para todo aberto não✲vazio U ⊂ S ✭✸✳✽✮

❡♥tã♦

‖I + T‖ = 1 + ‖T‖ .

❉❡ ❢❛t♦✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ T s❛t✐s❢❛ç❛ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t

é

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0 ∀ε > 0. ✭✸✳✾✮

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❢❛♠í❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ❉✐r❛❝ {δs}s∈S✳ ▲❡♠❜r❛♥❞♦ q✉❡ ❛

✈❛r✐❛çã♦ t♦t❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥❥✉♥t♦ ❛❞✐t✐✈❛ é t❛♠❜é♠ ❛❞✐t✐✈❛ ✭▲❡♠❛ ✶✳✸✳✼✮✱ t❡♠♦s q✉❡

‖I + T‖ = sup
s∈S

‖δs + µs‖ = sup
s∈S

(|1 + µs({s})| + v(µs, S \ {s}))

❡

1 + ‖T‖ = sup
s∈S

(1 + ‖µs‖) = sup
s∈S

(1 + |µs({s})| + v(µs, S \ {s})).

❊♥tã♦ ♦s ♣r♦❜❧❡♠❛s ❡♠ ♣r♦✈❛r ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s✉r❣❡♠ s♦♠❡♥t❡ q✉❛♥❞♦ ❛❧❣✉♠ ❞♦s

µs({s}) é ♥❡❣❛t✐✈♦✳

Pr♦✈❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ s❡

sup
s∈U

µs({s}) ≥ 0 ♣❛r❛ t♦❞♦ ❛❜❡rt♦ ♥ã♦✲✈❛③✐♦ U ⊂ S

❡ ❡♠ ♣❛rt✐❝✉❧❛r

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0 ∀ε > 0,
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❡♥tã♦

‖I + T‖ = 1 + ‖T‖ .

❙❡❥❛ ε > 0 ❞❛❞♦✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

U = {s : ‖µs‖ > ‖T‖ − ε}.

❆tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦ µs = T ∗(π(s))✱ t❡♠♦s q✉❡ U é ❛❜❡rt♦✱ ❥á q✉❡ ‖T ∗ ◦ π(·)‖ é s❡♠✐✲

❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✶✳ ❆❣♦r❛ ❛♣❧✐❝❛♥❞♦ ✭✸✳✽✮ ❛♦ ❝♦♥❥✉♥t♦ U ✭✐st♦ é✱

❛♣❧✐❝❛♥❞♦ ✭✸✳✾✮✮ ♦❜t❡♠♦s

{s ∈ U : µs({s}) ≥ −ε} 6= ∅.

❊♥tã♦

‖I + T‖ ≥ sup
s∈U

‖δs + µs‖

= sup
s∈U

(|1 + µs({s})| + v(µs, S \ {s}))

≥ sup
{s∈U : µs({s})≥−ε}

(|1 + µs({s})| + v(µs, S \ {s}))

= sup
{s∈U : µs({s})≥−ε}

{
1 + ‖µs‖ , µs({s}) ≥ 0

1 − |µs({s})| + v(µs, S \ {s}) , µs({s}) < 0

= sup
{s∈U : µs({s})≥−ε}

{
1 + ‖µs‖ , µs({s}) ≥ 0

1 + ‖µs‖ − 2|µs({s})| , µs({s}) < 0

= sup
{s∈U : µs({s})≥−ε}

(1 + ‖µs‖ + µs({s}) − |µs({s})|)

≥ 1 + ‖T‖ − ε+ sup
µs({s})≥−ε

(µs({s}) − |µs({s})|)

≥ 1 + ‖T‖ − 3ε.

❉❛í✱ ❝♦♠♦ ε é ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖I + T‖ ≥ 1 + ‖T‖ .

▲♦❣♦✱ T s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

Pr♦✈❛r❡♠♦s ❛❣♦r❛ q✉❡ s❡ ‖I + T‖ ≥ 1 + ‖T‖ ❡♥tã♦

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0 ∀ε > 0.
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❋✐①❡♠♦s ❡♥tã♦ ε > 0✳ ❉❛❞♦ δ > 0 ✭♣♦❞❡♠♦s s✉♣♦r δ < ε✮✱ ❝♦♠♦

‖I + T‖ = sup
s∈S

(|1 + µs({s})| + v(µs, S \ {s})),

❡①✐st❡ s0 ∈ S t❛❧ q✉❡

‖I + T‖ − δ < |1 + µs0
({s0})| + v(µs0

, S \ {s0}).

❉❛í✱

1 + |µs0
({s0})| + v(µs0

, S \ {s0}) − δ = 1 + ‖µs0
‖ − δ

≤ 1 + ‖T‖ − δ

= ‖I + T‖ − δ

< |1 + µs0
({s0})| + v(µs0

, S \ {s0})).

❊♥tã♦

1 + |µs0
({s0})| − δ < |1 + µs0

({s0})|. ✭✸✳✶✵✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

1 + ‖T‖ − ε < 1 + ‖T‖ − δ

< |1 + µs0
({s0})| + v(µs0

, S \ {s0})

≤ 1 + |µs0
({s0})| + v(µs0

, S \ {s0})

= 1 + ‖µs0
‖

t❡♠♦s ‖µs0
‖ > ‖T‖− ε✱ ♦✉ s❡❥❛✱ s0 ∈ {s : ‖µs‖ > ‖T‖− ε}✳ ❆ss✐♠✱ s❡ µs0

({s0}) ≥ 0 ❡♥tã♦

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0.

❆❣♦r❛ s❡ µs0
({s0}) < 0 ❡♥tã♦ ✭✸✳✶✵✮ ✐♠♣❧✐❝❛ −1 < µs0

({s0})✳ ❈❛s♦ ❝♦♥trár✐♦ ♦❜t❡rí❛♠♦s

1 − µs0
({s0}) − δ < −1 − µs0

({s0}),

✐st♦ é✱ 2 < δ✱ ♠❛s ✐st♦ é ❛❜s✉r❞♦ ❥á q✉❡ δ ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❉❛í✱ ❝♦♠♦

−1 < µs0
({s0}) < 0 t❡♠♦s✱ ❛✐♥❞❛ ♣♦r ✭✸✳✶✵✮✱

1 − µs0
({s0}) − δ < 1 + µs0

({s0}),

q✉❡ ✐♠♣❧✐❝❛ µs0
({s0}) > − δ

2
> −δ. ❊♥tã♦

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ µs0
({s0}) > −δ.
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▲♦❣♦✱ ❝♦♠♦ δ é ❛r❜✐trár✐♦✱ ♦❜t❡♠♦s

sup
{s:‖µs‖>‖T‖−ε}

µs({s}) ≥ 0.

▲❡♠❛ ✸✳✸✳✽ ✭❬✶✺❪✱ ▲❡♠❛ ✹✮✳ ❙❡ S é ✉♠ ❡s♣❛ç♦ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦ ❡ T : C(S) →

C(S) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ T s❛t✐s❢❛③ ✭✸✳✽✮ ❞♦ ▲❡♠❛ ✸✳✸✳✼✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ❡st❡ ❧❡♠❛ ❛r❣✉♠❡♥t❛r❡♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛ ❡♥tã♦

q✉❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♥ã♦✲✈❛③✐♦ U ⊂ S ❡ ❛❧❣✉♠ β > 0 t❛❧ q✉❡

µs({s}) < −2β ∀s ∈ U.

◆♦t❡♠♦s ❛❣♦r❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ t ∈ S✱ ❛ ❢✉♥çã♦ s 7→ µs({t}) é ❝♦♥tí♥✉❛✱ ❥á q✉❡

T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ t❡♠♦s q✉❡ s 7→ µs

é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✳ ❆❧é♠ ❞✐ss♦✱ µ 7→ µ({t}) ♣❡rt❡♥❝❡ ❛ rca∗(S)✱

♣♦✐s |µ({t})| ≤ ‖µ‖✳ ❉❛í✱

sα → s0 ⇒ µsα

w
→ µs0

⇒ µsα({t}) → µs0
({t}).

❆ss✐♠✱ s 7→ µs({t}) é ❝♦♥tí♥✉❛✳

❱♦❧t❛♥❞♦ ❛♦ ♥♦ss♦ ❛r❣✉♠❡♥t♦✱ ❡s❝♦❧❤❛ s0 ∈ U ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

U1 = {s ∈ U : |µs({s0}) − µs0
({s0})| < β},

q✉❡ é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ s0✱ ❝♦♠♦ ❛❝❛❜❛♠♦s ❞❡ ♦❜s❡r✈❛r✳ ❏á q✉❡ s0 ♥ã♦ é ✐s♦❧❛❞♦✱

❡①✐st❡ ❛❧❣✉♠ s1 ∈ U1✱ s1 6= s0✳ ❈♦♠♦ s1 ∈ U t❡♠♦s

µs1
({s1}) < −2β,

❡ ❝♦♠♦ s1 ∈ U1 t❡♠♦s

µs1
({s0}) < µs0

({s0}) + β < −2β + β = −β.

◆♦ ♣ró①✐♠♦ ♣❛ss♦ ❡s❝♦❧❤❡♠♦s

U2 = {s ∈ U1 : |µs({s1})) − µs1
({s1})| < β}.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❡st❛ é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ s1✱ ❡♥tã♦ ❡①✐st❡ s2 ∈ U2✱ s2 6= s1 ❡

s2 6= s0✳ ❈♦♥❝❧✉í♠♦s✱ ✉s❛♥❞♦ q✉❡ s2 ∈ U ✱ s2 ∈ U2 ❡ s2 ∈ U1✱ q✉❡ µs2
({s2}) < −2β✱



✸✳✸ ❖♣❡r❛❞♦r❡s ❋r❛❝❛♠❡♥t❡ ❈♦♠♣❛❝t♦s ❡♠ C(S) ✻✻

µs2
({s1}) < −β ❡ µs2

({s0}) < −β✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s ✐♥❞✉t✐✈❛♠❡♥t❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s Un ⊂ U ❡ ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s sn ∈ U ♣♦r

Un+1 = {s ∈ Un : |µs({sn}) − µsn({sn})| < β}

sn+1 ∈ Un+1 \ {s0, . . . , sn},

s❛t✐s❢❛③❡♥❞♦

µsn({sj}) < −β ∀j = 0, . . . , n− 1.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖T‖ ≥ ‖µsn‖ ≥ v(µsn , {s0, . . . , sn−1}) ≥ nβ ∀n ∈ N,

q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✸✳✾ ✭❬✶✺❪✱ ❚❡♦r❡♠❛ ✺✮✳ ❙❡❥❛ T : C(S) → C(S) ✉♠ ♦♣❡r❛❞♦r ❢r❛❝❛♠❡♥t❡

❝♦♠♣❛❝t♦✳ ❊♥tã♦ T s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S é ✉♠ ❡s♣❛ç♦

❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ T é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦s ▲❡♠❛s ✸✳✸✳✼ ❡

✸✳✸✳✽✳ ❆ r❡❝í♣r♦❝❛ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✽✳

❖❜s❡r✈❛çõ❡s ✸✳✸✳✶✵✳

✭❛✮ ❙❡ T é ❝♦♠♣❛❝t♦✱ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✸✳✽ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛✳ ❉❡ ❢❛t♦✱ s❡ µs({s}) <

−2β < 0 ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♥ã♦✲✈❛③✐♦ U ✱ ❡s❝♦❧❤❛ s ∈ U ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

U1 = {t ∈ U : ‖µs − µt‖ < β}.

❏á q✉❡ T é ❝♦♠♣❛❝t♦✱ s 7→ µs é ❝♦♥tí♥✉❛✳ ❉❛í✱ U1 é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ s✱ ❡

♣❛r❛ t ∈ U1 t❡♠♦s

µs({t}) ≤ µt({t}) + |µt({t}) − µs({t})|

< −2β + ‖µs − µt‖ < −2β + β = −β.

❈♦♠♦ s ♥ã♦ é ✐s♦❧❛❞♦✱ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞✐st✐♥t♦s t1, t2, . . . ∈ U1✱ ❡ ❡♥tã♦ ♦❜t❡✲

♠♦s

v(µs, {t1, t2, . . .}) = ∞,

♦ q✉❡ é ❛❜s✉r❞♦✳



✸✳✸ ❖♣❡r❛❞♦r❡s ❋r❛❝❛♠❡♥t❡ ❈♦♠♣❛❝t♦s ❡♠ C(S) ✻✼

✭❜✮ P♦r ✜♠✱ ♥ã♦ ♣♦❞❡♠♦s ❞❡✐①❛r ❞❡ ♦❜s❡r✈❛r q✉❡ s❡❣✉♥❞♦ ❉✳ ❲❡r♥❡r ❬✶✺❪ t♦❞♦s ♦s r❡✲

s✉❧t❛❞♦s ❞❡st❛ s✉❜s❡çã♦ sã♦ ✈á❧✐❞♦s ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ C(S) é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡①♦✱

❢❛③❡♥❞♦ ❛s ♠✉❞❛♥ç❛s ♥❡❝❡ssár✐❛s ♥❛s ❞❡♠♦♥str❛çõ❡s✳ ◆❡st❡ ❝❛s♦✱ ✭✸✳✽✮ ♥♦ ▲❡♠❛ ✸✳✸✳✼

❞❡✈❡ s❡r tr♦❝❛❞❛ ♣♦r

sup
s∈U

(
|1 + µs({s})| − (1 + |µs({s})|)

)
≥ 0 ♣❛r❛ t♦❞♦ ❛❜❡rt♦ ♥ã♦✲✈❛③✐♦ U ⊂ S.



❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❋✉t✉r❛♠❡♥t❡ ♣r❡t❡♥❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s r❡❝❡♥t❡s s♦❜r❡ ❛

❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

●♦st❛rí❛♠♦s ❞❡ ❡st❡♥❞❡r ♦s r❡s✉❧t❛❞♦s ❞❡ ❈❤♦✐ ❡t ❛❧✳ ❬✸❪ ❛ ♦✉tr♦s ❡s♣❛ç♦s ❞❡

❇❛♥❛❝❤✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ L1[0, 1]✳ ❖✉ s❡❥❛✱ ✜①❛❞♦ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ q✉❡r❡♠♦s s❛❜❡r

s❡ ♦s ♣♦❧✐♥ô♠✐♦s ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ♥❡st❡ ❡s♣❛ç♦ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❚❛♠❜é♠ ♣r❡t❡♥❞❡♠♦s ❡st❡♥❞❡r ♦s r❡s✉❧t❛❞♦s ❞❡ ❑❛❞❡ts ❡t ❛❧✳ ❬✶✵❪ ❛♦ ❝❛s♦

♣♦❧✐♥♦♠✐❛❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ❝❛❞❛

♦♣❡r❛❞♦r ❞❡ ♣♦st♦ ✉♠ ❡♠ X s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✱ ❞❡s❡❥❛♠♦s s❛❜❡r s❡ ❝❛❞❛

♣♦❧✐♥ô♠✐♦ ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ X t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t✳

❖✉tr♦ ♦❜❥❡t✐✈♦ ❢✉t✉r♦ é ♦ ❡st✉❞♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❉❛✉❣❛✈❡t ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❤♦✲

❧♦♠♦r❢❛s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❣♦st❛rí❛♠♦s ❞❡ s❛❜❡r s❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛ ♥❛ ❜♦❧❛

❛❜❡rt❛ ✉♥✐tár✐❛ ❞❡ C[0, 1]✱ ❝♦♠ ✐♠❛❣❡♠ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t❛✱ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡

❉❛✉❣❛✈❡t✳ ❙❡ ❛ r❡s♣♦st❛ ❢♦r ❛✜r♠❛t✐✈❛✱ ♣♦❞❡r❡♠♦s ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡

❡♠ ♦✉tr♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ❡s♣❛ç♦ C(S)✱ s❡♥❞♦ S ✉♠ ❡s♣❛ç♦

❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦ ♣❡r❢❡✐t♦✱ ♦✉ ♦ ❡s♣❛ç♦ L1[0, 1]✳

✻✽
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❬✶❪ ❨✳ ❆✳ ❆❜r❛♠♦✈✐❝❤✱ ❈✳ ❉✳ ❆❧✐♣r❛♥t✐s✳ ❆♥ ■♥✈✐t❛t✐♦♥ t♦ ❖♣❡r❛t♦r ❚❤❡♦r②✳ ●r❛❞✉❛t❡

❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ✺✵✱ Pr♦✈✐❞❡♥❝❡✱ ❘✳■✳✿ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✵✷✳

❬✷❪ ❱✳ ❋✳ ❇❛❜❡♥❦♦✱ ❙✳ ❆✳ P✐❝❤♦❣♦✈✳ ❆ ♣r♦♣❡rt② ♦❢ ❝♦♠♣❛❝t ♦♣❡r❛t♦rs ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✳

❯❦r❛✐♥✐❛♥ ▼❛t❤✳ ❏✳ ✸✸ ✭✶✾✽✶✮✱ ✸✼✹✲✸✼✻✳

❬✸❪ ❨✳ ❙✳ ❈❤♦✐✱ ❉✳ ●❛r❝í❛✱ ▼✳ ▼❛❡str❡✱ ▼✳ ▼❛rtí♥✳ ❚❤❡ ❉❛✉❣❛✈❡t ❡q✉❛t✐♦♥ ❢♦r ♣♦❧②♥♦♠✐❛❧s✳

❙t✉❞✐❛ ▼❛t❤✳ ✶✼✽ ✭✷✵✵✼✮✱ ✻✸✲✽✷✳

❬✹❪ ■✳ ❑✳ ❉❛✉❣❛✈❡t✳ ❖♥ ❛ ♣r♦♣❡rt② ♦❢ ❝♦♠♣❧❡t❡❧② ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦rs ✐♥ t❤❡ s♣❛❝❡ ❈✳

❯s♣❡❦❤✐ ▼❛t✳ ◆❛✉❦ ✶✽ ✭✶✾✻✸✮✱ ✶✺✼✲✶✺✽ ✭❡♠ r✉ss♦✮✳

❬✺❪ ◆✳ ❉✉♥❢♦r❞ ✫ ❏✳ ❚✳ ❙❝❤✇❛rt③✳ ▲✐♥❡❛r ❖♣❡r❛t♦rs✱ P❛rt ■✿ ●❡♥❡r❛❧ ❚❤❡♦r②✳ ◆❡✇ ❨♦r❦✿

❲✐❧❡② ❈❧❛ss✐❝s ▲✐❜r❛r②✱ ✶✾✽✽✳

❬✻❪ ❈✳ ❋♦✐❛s✱ ■✳ ❙✐♥❣❡r✳ P♦✐♥ts ♦❢ ❞✐✛✉s✐♦♥ ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs ❛♥❞ ❛❧♠♦st ❞✐✛✉s❡ ♦♣❡r❛t♦rs

✐♥ s♣❛❝❡s ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ ▼❛t❤✳ ❩✳ ✽✼ ✭✶✾✻✺✮✱ ✹✸✹✲✹✺✵✳

❬✼❪ ●✳ ❇✳ ❋♦❧❧❛♥❞✳ ❘❡❛❧ ❆♥❛❧②s✐s✱ ▼♦❞❡r♥ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❚❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✳ ✷♥❞ ❡❞✳ ◆❡✇

❨♦r❦✿ ❏✳ ❲✐❧❡②✱ ✶✾✾✾✳

❬✽❪ ❏✳ ❘✳ ❍♦❧✉❜✳ ❆ ♣r♦♣❡rt② ♦❢ ✇❡❛❦❧② ❝♦♠♣❛❝t ♦♣❡r❛t♦rs ♦♥ C[0, 1]✳ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✾✼ ✭✶✾✽✻✮✱ ✸✾✻✲✸✾✽✳

✻✾
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❬✾❪ ❏✳ ❏♦❤♥s♦♥ ❛♥❞ ❏✳ ❲♦❧❢❡✳ ◆♦r♠ ❛tt❛✐♥✐♥❣ ♦♣❡r❛t♦rs ♦♥ C(S) s♣❛❝❡s✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥

▼❛t❤❡♠❛t✐❝s✱ ❇❛♥❛❝❤ ❙♣❛❝❡s ♦❢ ❆♥❛❧②t✐❝ ❋✉♥❝t✐♦♥s ✭✶✾✼✼✮✱ ✹✶✲✹✸✳

❬✶✵❪ ❱✳ ▼✳ ❑❛❞❡ts✱ ❘✳ ❱✳ ❙❤✈✐❞❦♦②✱ ●✳ ●✳ ❙✐r♦t❦✐♥✱ ❉✳❲❡r♥❡r✳ ❇❛♥❛❝❤ s♣❛❝❡s ✇✐t❤ t❤❡

❉❛✉❣❛✈❡t ♣r♦♣❡rt②✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✷ ✭✶✾✾✾✮✱ ✽✺✺✲✽✼✸✳
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