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Abstract

Latent variable models are broadly used by psychometrists, econometrists and social science researchers
to model variables that cannnot be directly measured, known as constructs or random effects (Skrondal and
Rabe-Hesketh, 2004). In the literature, such variables are commonly modeled with a normal distribution, but
such assumption may be inadequate, especially when there are outliers. Concerned with the sensitivity of the
inferences under the presence of potential outliers or data derived from heavy-tailed distributions, this thesis
proposes robust inference models, using the mutivariate ¢-Student distribution, for two types of latent variable
models: the Generalized Linear Mixed Model for correlated binary data (GLMM) and the Tobit Confirmatory
Factor Analysis (TCFA) for continuous and censored data. In order to estimate the parameters of the studied
models, an EM-type algorithm was proposed. This algorithm presents closed expressions on the E-step which use
the two first moments of a multivariate truncated t-distribution. Moreover, we present a Bayesian approach and
propose measures of influence diagnostics for censored data under the TCFA model when normality is assumed.
In order to evaluate the proposed methods, simulated studies were carried out, as well as the application on real

datasets.

Resumo

Modelos de variaveis latentes sao amplamente utilizados por psicometristas, econometristas e pesquisadores
da &area de ciencias sociais para modelar varidveis que nao podem ser medidas diretamente, conhecidas como
construtos ou efeitos aleatorios (Skrondal e Rabe-Hesketh, 2004). Na literatura, ¢ muito comum verificar a
utilizagao da distribui¢do normal para a modelagem dessas varidveis, contudo tal suposi¢ao pode ser inadequada,
especialmente na presenca de valores discrepantes. Preocupados com a sensibilidade das inferéncias sob a
presenca de potenciais pontos discrepantes ou com dados provenientes de distribui¢oes com caudas pesadas,
nesta tese propomos métodos de inferéncia robusta, utilizando a distribuicdo ¢ de Student multivariada, para
dois tipos de modelos de variaveis latentes: o modelo linear generalizado misto para respostas binarias (GLMM)
e o modelo de analise fatorial Tobit (TCFA) para respostas continuas e censuradas. Para a estimacao dos
parametros dos modelos estudados, um algoritmo do tipo EM foi proposto e este apresenta expressoes fechadas
no passo E que utiliza os dois primeiros momentos de uma distribui¢cdo multivariada ¢ truncada. Adicionalmente
apresentamos uma abordagem via analise Bayesiana e propomos medidas de diagnostico de influéncia para dados
censurados sob o modelo TCFA quando a suposi¢ao de normalidade é assumida. Para avaliagao dos métodos

propostos, foram realizados alguns estudos simulados, além da aplicagdao a conjuntos de dados reais.
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capriTULO1

Introducao

1.1 Aspectos gerais

Modelos de varidveis latentes tém sido amplamente utilizados em areas tais como medicina, economia, psicologia,
e marketing para obter estimativas de variaveis que nao podem ser medidas diretamente. Inicialmente esses
modelos foram vistos como uma area obscura da estatistica, primariamente confinada & psicometria. Contudo,
eles vém ganhando espaco na literatura por permitir gerar distribui¢oes multivariadas flexiveis e combinar a
informacao acerca das unidades individuais a partir de diferentes fontes (Skrondal and Rabe-Hesketh, 2004).

Usualmente, esses modelos envolvem dois conjuntos de variaveis: uma que é observével (variavel resposta
ou manifesta) e outra subjacente (variavel latente). Nenhuma restrigao é feita a respeito da variavel resposta
que pode ser discreta, continua, categorica ou mista (Bartholomew, 1984). Contudo, as variaveis latentes sao
consideradas, em geral, continuas. Em muitos casos, essas varidveis nao sao diretamente reconhecidas, possi-
velmente porque variaveis latentes apresentam diferentes denominagoes, como, por exemplo, efeitos aleatorios,
fatores comuns e classes latentes. Elas representam importantes fenémenos de anélise, tais como construcao de
construtos, captura de heterogeneidade nao observada, resolucao de problemas de dados faltantes ou de respostas
latentes adjacentes de uma varidvel categoérica.

Segundo Skrondal and Rabe-Hesketh (2004), as abordagens usuais para a modelagem dessas variaveis sao:
modelos multiniveis, modelos longitudinais, modelos da Teoria de Resposta ao Item (TRI) e modelos de Analise
Fatorial. A inferéncia estatistica para modelagem de variaveis respostas continuas assumindo normalidade dos
dados estd bem desenvolvida e implementada em varios softwares estatisticos, tais como procedimento MIXED
no SAS e LISREL para analise fatorial (An and Bentler, 2012). Todavia, inferéncias para variaveis respostas
categodricas ou censuradas apresentam-se ainda em fase de desenvolvimento.

Ressalta-se, no entanto, que encaixam-se na definigdo de dados censurados a que se refere o presente trabalho
aquelas observagoes que atingem um valor maximo ou minimo (efeitos ceiling e floor, respectivamente) devido
a alguma caracteristica associada a natureza dos dados (Waller and Muthén, 1992). A Figura 1.1 exemplifica

a configuracdo de uma analise de dados multivariados censurados no valor zero. Eles serao melhor descritos
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Figura 1.1: Graficos de dispersao das medidas de velocidade - Banco de dados EGRA.

no Capitulo 3, mas podemos observar de antemao que ha alta proporcao de casos atingindo o valor minimo da
escala (efeito floor). Incluir essa informagao na modelagem ¢ o tema desta tese.

Note ainda que variaveis binarias podem, implicitamente, ser consideradas como varidveis censuradas atin-
gindo um limite minimo em zero e méximo em 1. Segundo Greene (2005), um exemplo classico desse tipo de
censura é a interpretacao da regressao latente de uma variavel binaria em que, por exemplo, a variavel latente
x* representa a preferéncia de um eleitor em um sistema bipartidario e = (variavel observéavel) denota em qual
dentre os dois partidos o eleitor votou. Dessa forma, um modelo de varidvel latente pode ser construido da

seguinte forma:

0, se X*<0
X = (1.1.1)
1, se X* >0,

em que X* segue alguma distribuigao conhecida. Modelos como o probito, introduzido por Bliss (1935), que
atribuem normalidade & variavel latente X* sao corriqueiramente utilizados na literatura para se ajustar variaveis
do tipo (1.1.1). Por outro lado, quando a variavel observéavel é continua, ndo negativa e censurada em zero,
Tobin (1958) introduziu uma classe de modelos denominados modelos Tobit. A Figura 1.2 ilustra uma variavel
associada a esse modelo. Valores menores ou iguais a «* sdo censuradas nesse limite.

Dentre a ampla variedade de modelos que poderiam ser utilizados para se trabalhar com essas varidveis,
nesta tese o foco se concentra em dois: o modelo linear generalizado misto para respostas binarias (GLMM) e o
modelo de anélise fatorial Tobit (TCFA) com covariaveis. Enquanto o primeiro se preocupa com a modelagem
de dados do tipo (1.1.1) advindos de dados longitudinais ou de medidas repetidas, o segundo modela a correlagao

entre variaveis continuas censuradas tal como apresentado na Figura 1.1.



Density

Values
Figura 1.2: Exemplo de uma varidvel normalmente distribuida com censura em z*.

Por entender que, em muitas situagoes, inferéncias estatisticas sob normalidade sao improéprias, como, por
exemplo, na presenca de outliers, a principal contribuicao metododolégica desse trabalho é o de propor o de-
senvolvimento de métodos robustos de estimacao em modelos de variaveis latentes. Devido a sua complexidade,
pouco se tem observado na literatura de modelos GLMM e de anélise fatorial, especialmente, sobre modelos
alternativos ao modelo normal que preservam a estrutura simétrica e que permitam reduzir a influéncia de ob-
servagoes discrepantes. A substituicao da distribuicdo normal por distribuicées de caudas pesadas, tal como a
distribuicao ¢ de Student, tem sido apresentada recentemente por Li et al. (2007) e Zhou and Tan (2010). Dife-
rentemente da metodologia utilizada por esses autores, propomos novos mecanismos de anélise, sob perspectiva
classica, utilizando distribui¢oes multivariadas t de Student usual e ¢ de Student truncada. Para tanto, a seguir

sera feita uma breve descrigao dessas distribuicoes.

1.1.1 Distribuicoes multivariada t de Student usual e truncada

Uma variavel aleatéria com distribuigdo ¢ de Student p-variada com vetor de locagdo w, matriz de escala 3 e v

graus de liberdade, denotada por t,(p, X, v), apresenta a seguinte representacao (Lachos et al., 2013a):
Y =p+UY?Z, Z~ Ny(0,%), U~ Gamma(v/2,v/2), (1.1.2)

em que Z e U sao independentes e Gamma(a,b) denota uma distribuigdo Gama com média a/b. A densidade
de probabilidade de Y é dada por:
r(%5)

tp(y|p, X, v) = WV_WQ\E’_VQ <1 +
2

9

5\ ~ptr)/2
’)

em que I'(.) é a funcdo gamma padrio e § = (y — pu) "3 (y — p), a distancia de Mahalanobis. A funcao de
distribui¢do acumulada ¢ denotada por T,(.|u, E,v). Se v > 1, p é a média de Y, ese v > 2, v(v —2)7!'%
seréd sua matriz de covaridncia. Quando v tende ao infinito, U converge para 1 com probabilidade igual a um, e

entao Y tende marginalmente para uma normal multivariada com média @ e matriz de covaridncia 3.



Denotando T't,(p, X, v; A) uma distribuicao ¢ de Student truncada de dimensao p para t,(p, 3, v) em um

hiperplano truncado & direita representado por
A={x=(21,...,7p) |21 < a1,...,7p < ap}. (1.1.3)

Especificamente, pode-se dizer que um vetor p-dimensional X segue distribuicao T't,(u, X, v; A) se sua densi-

13 3
dade & dada por f(x|p, 33, v; A) = W
p 3

cujos valores sao iguais a um se x € A e zero, caso contrario.

T4 (x), em que a = (a1,...,a,)" el,(x) é uma fungdo indicadora

Utilizando resultados de Matos et al. (2013b), os momentos de uma distribuigao multivariada ¢ truncada
a direita serao tteis para o desenvolvimento da teoria proposta neste trabalho e serao descritos na seguinte

Proposigao.

Proposigao 1.1.1. Se X ~ Tt,(pu, X, v;A) com A como definida em (1.1.3), entao o k-ésimo momento de X,
k=0,1,2, é dado por:

v+p\ wm | _ Ty(alp, X", v +2r) (k)
p{(155) X} = BRI B

W ~ Tt,(p, X%, v + 2r; A),
+r\ (L(p+v)/2)L((v+2r)/2)
v
1

R

— Ty _ _ T
e <p+u+2r>/2>>’5‘(x WIETHX - p)a = (ana)
7X @) =XXTev+2r>0.

em que ¢,(v,7) = <

% 14

v+ 2r

Diferentemente de Tan et al. (2007), Meza et al. (2009), An and Bentler (2012) que propuseram métodos
que utilizam o algoritmo EM (Dempster et al., 1977) conjuntamente & amostragem via Monte Carlo para se
obter estimativas de méxima verossimilhanca dos pardmetros de modelo de varidveis latentes, neste trabalho
desenvolvemos uma nova abordagem para esse problema, via algoritmo EM, em que hé expressoes fechadas para
implementacao do algoritmo, gracas a formulas para E[W] e E[WW '], que tém sido recentemente desenvolvidas
por Ho et al. (2012) e podem ser facilmente obtidas utilizando os pacotes pmvt() e mvtnorm (Genz et al., 2008)
disponibilizados no software R.

A seguir, serd apresentada uma breve descrigao do algoritmo EM que sera utilizado nos capitulos seguintes.
Também serd apresentada uma breve descricdo do amostrador de Gibbs utilizado para se fazer inferéncias sob

perspectiva Bayesiana para o modelo TCFA.

1.1.2 Algoritmo EM

Para se obter estimativas de maxima verossimilhanga (MV) dos modelos propostos, o algoritmo EM sera uti-
lizado. O algoritmo EM (Dempster et al., 1977) consiste em um processo iterativo para se obter estimativas
MV de um vetor de parametros na presenga de variaveis nao observaveis (variaveis latentes). Esse algoritmo se
torna bastante ttil, pois permite utilizar uma formula¢ao de dados aumentados (também chamados de dados
completos) que simplifica o processo de estimagao dos parametros do modelo. Para melhor entendimento, esse

procedimento sera descrito brevemente.



Considere Y s 0s dados observados, Y,,;s os dados faltantes € Yeom = {Yobs, Ymis} 0os dados completos.
Denote também L(0|Y o) a fungdo de verossimilhanga dos dados completos, £(0|Y com) = log L(0|Y com), a
funcao log-verossimilhanca, em que 8 € ©. Um importante elemento para implementagao do algoritmo EM é

)

~(k
dado pela esperanca da log-verossimilhanga dos dados completos, Q(0|0(
)
].

Um resumo sobre os passos do processo iterativo sao apresentados a seguir:

), dada por:

Q618" = E[t(6]Y oom)[Y, 0"

Passo E Calcula-se Q(Ola(k)) como fungao de 6;
Passo M Encontra-se 81 tal que Q(G(kﬂ)\@(k)) = maxgegQ(m@(k))

Cada iteragao do algoritmo EM incrementa o logaritmo da fungao de verossimilhanga observada £(0|Y gps)
de modo que E(B(R)]Yobs) < e(e(’““)\Y,,bs), convergindo, assim, para um ponto de maximo local ou global da
fungao de verossimilhanga avaliada.

Quando a maximizacao simultinea de todas as componentes do vetor de parametros é de dificil implemen-
tagdo, uma alternativa muito utilizada é a de se substituir este por uma sequéncia de passos de maximizacao
restrita. Esse procedimento leva a uma extensao simples do algoritmo EM, denominado algoritmo de maximi-

zagao condicional (ECM) (Meng and van Dyk, 1998).

1.1.3 Amostrador de Gibbs

Neste trabalho propomos também uma abordagem via analise Bayesiana para o modelo TCFA quando a distri-
bui¢ao Normal é assumida. Para tanto, uma breve descrigdo do amostrador de Gibbs sera realizada.

O amostrador de Gibbs, introduzido por Geman and Geman (1984), ¢ uma das técnicas de Monte Carlo
via cadeias de Markov (MCMC) muito utilizadas para se fazer inferéncias acerca dos parametros do modelo a
partir de amostras geradas da distribuicao a posteriori. O método consiste no uso de distribui¢ées condicionais
completas associadas aos pardmetros como distribui¢oes de transicao da cadeia de Markov.

Assumindo que a distribuigao a posteriori ¢ dada por (8), com 8 = (61,...,07) ", a distribuigdo condicional
completa do parametro 0; é dada por 7;(6;) = m(6;)/7(0(_;)), i = (1,...,I), em que 6_;y corresponde ao vetor
0 sem a i-ésima componente. Sendo assim, o algoritmo do amostrador de Gibbs se sintetiza da seguinte maneira:

1. Inicialize o contador de iteragdes k = 1 e o conjunto arbitrério de valores iniciais 8(°) = (950), VN 0}0))T
(k)

2. Obtenha um novo valor do vetor de parametros o) = (ng), N )T através de geracoes sucessivas de

valores amostrados de
o)~ oY, oY)
05~ w00, 08 )

k k k
o~ w016, o)

3. Incremente o contador k para k-+1 e refaca o item 2 até que algum critério de convergéncia seja alcancado.



1.2 Objetivos e organizacao do trabalho

Nesta tese, pretendemos fazer um estudo de inferéncia estatistica robusta para o modelo linear generalizado misto
para respostas binarias (GLMM) e para o modelo de anélise fatorial Tobit (TCFA). O objetivo principal deste
trabalho é o de propor, apresentar e desenvolver métodos de estimacao utilizando a distribui¢gao multivariada ¢

de Student para esses modelos. Para tanto, foram estruturados os seguintes capitulos como objetivos especificos:

Capitulo 1: Nesse capitulo foram apresentados os aspectos gerais que motivaram o estudo. Uma breve descrigao
da distribui¢ao t de Student usual e truncada foi apresentada, bem como a apresentacao dos algoritmos

EM e do amostrador de Gibbs que serao utilizados ao longo do texto.

Capitulo 2: Discutiremos uma generalizagdo do trabalho de Tan et al. (2010) para estimac@o robusta de pa-
rametros em modelos lineares generalizados mistos (GLMM) para dados binérios correlacionados. Nesse
capitulo apresentamos a metodologia proposta bem como a aplicacao dos métodos estudados para dados

simulados e dados reais.

Capitulo 3: Nesse capitulo serao apresentados os métodos desenvolvidos para estimacao por méxima veros-
similhanga, via algoritmo EM, e pela analise Bayesiana para inferéncia no modelo de anélise fatorial
confirmatoria Tobit com covaridveis. Derivamos também medidas de diagnostico para deteccao de ob-
servagoes discrepantes e desenvolvemos também um estudo de estimagao para esse modelo utilizando a

distribuigao t de Student.

Capitulo 4: Serao apresentadas algumas consideracoes finais, além de apresentar sugestoes para pesquisa fu-

tura.



CAPITULO2

Modelos Lineares Generalizados Mistos para

dados binarios correlacionados

Neste capitulo apresentaremos um resumo dos resultados apresentados no artigo intitulado “Generalized linear
mixed models for correlated binary data with ¢-link” descrito no Apéndice A. Este trabalho foi aceito para
publicagao na revista Statistics and Computing e contou com a colaboragao do Prof. Dr. Marcos Prates da
Universidade Federal de Minas Gerais (UFMG).

2.1 Introducao

Modelos Lineares Generalizados Mistos (GLMM) sao extensoes naturais de modelos lineares generalizados para
analise de dados coletados de diferentes clusters ou de estudos longitudionais (Breslow and Clayton, 1993). Em
geral, as caracteristicas populacionais sao modeladas como efeitos fixos e as variagoes individuais como efeitos
aleatorios. Uma popular classe desses modelos é a de fungao de ligagao probito-normal para anélise de dados bi-
narios ou em escala ordinal. Apesar dos métodos baseados na verossimilhanga para modelos GLMM de respostas
continuas serem bem desenvolvidos (Meng and van Dyk, 1998), a estimagdo de Maxima Verossimilhanga de mo-
delos GLMM para dados binarios correlacionados ainda apresenta desafios devido & complexidade de sua fungao
de verossimilhancga. Dessa maneira, observa-se na literatura crescente interesse no desenvolvimento de métodos
via méxima verossimilhanga para essa classe de modelos. Por exemplo, McCulloch (1994) propos um algoritmo
Monte Carlo EM (MCEM) utilizando o amostrador de Gibbs no passo E para se modelar respostas binarias
com funcao de ligagao probito. Mais tarde, esse mesmo autor implementou passos de Metropolis—Hastings no
algoritmo MCEM para se ajustar uma classe maior de modelos GLMM. Tan et al. (2007), por sua vez, propuse-
ram uma abordagem nao iterativa via fungao de importancia (importance sampling) em que o algoritmo MCEM
utiliza os dois primeiros momentos de uma distribui¢ao Normal multivariada truncada. Ja& Meza et al. (2009)
utilizaram uma aproximagao estocastica do algoritmo EM (SAEM), apresentado por Delyon et al. (1999), para

se obter estimativas via método de Méaxima Verossimilhanga. Lee and Nelder (2006), no entanto, desenvolveram



um procedimento com o uso de uma verossimilhanca do tipo hierarquica (ou verossimilhanga-h) para se fazer

inferéncia para esses modelos.

Apesar do avanco do desenvolvimento de métodos para estimacao via méxima verossimilhanca de modelos
GLMM para dados binarios correlacionados, observa-se ainda que grande parte dos métodos desenvolvidos
utilizam alguma combinagdo de métodos de Monte Carlo com o algoritmo EM, que demandam grande esforgo
computacional. Além disso, a maioria dos trabalhos nesta érea utilizam como fungao de ligagao a probito-normal,
que nem sempre se ajusta adequadamente aos dados. No entanto, fungdes de ligagdo mal especificadas podem
levar a um significativo vicio nas estimativas que comprometem seriamente as inferéncias (Czado and Santner,

1992).

Uma maneira de se prevenir a ma especificacao da funcao de ligagdo é utilizar uma classe de fungoes pa-
ramétricas mais gerais em que as fungdes probito e logito sdo casos particulares. Seguindo Liu (2004), neste
capitulo propomos uma modelagem paramétrica robusta para o modelo GLMM para dados binarios tendo por
base a fungao de ligacao t, denominado t-GLMM. Uma abordagem via maxima verossimilhanca foi desenvolvida,
incluindo a implementagao de um algoritmo ECM exato. Sob nossa abordagem, as fungoes de ligagao probito
e logito podem sem consideradas como casos especiais. Tal como apresentado por Matos et al. (2013b), sera
mostrado que os passos E do algoritmo EM se reduz ao céalculo dos dois primeiros momentos de uma distribuicao
multivariada ¢ de Student truncada. As férmulas para se obter esses momentos sdo derivadas do trabalho de Ho
et al. (2012) (eq. 12 e 13) que dependem da fungao de distribui¢ao acumulada de uma distribuigao multivariada
t. Para se obter essas estimativas, o pacote mvtnorm (Genz et al., 2008) do R (R Core Team, 2012) foi utilizado.
Por meio dessa abordagem, a funcao de verossimilhanga pode ser facilmente calculada tornando, assim, possivel
sua utilizacao para analise da convergencia do algoritmo, bem como para se calcular medidas de comparagao de
modelos, tais como o critério de informagao de Akaike (AIC) (Akaike, 1974), o critério de informacgao Bayesiano
(BIC) (Schwarz, 1978) e o teste da razao de verossimilhanca (LRT). Por meio dessas medidas, os resultados nu-
méricos deste trabalho indicam que a funcao de ligagao ¢ de Student apresenta melhor desempenho com relagao

ao probito no modelo GLMM para dados binarios em diferentes cenarios.

Este capitulo esté estruturado da seguinte maneira: na Segao 2.2, o modelo de ligagao probito para o modelo
GLMM (probito-GLMM) para dados binarios é formulado. O modelo t-GLMM é apresentado na Sec¢ao 2.3.
O novo algoritmo do tipo EM é desenvolvido na Secao 2.4, bem a descricdo de alguns métodos inferencias
desenvolvidos (estimagao dos erros-padrao e dos efeitos aleatorios). Na Secao 2.5, sera apresentado um resumo

dos resultados encontrados nos estudos simulados e da aplicacao a um banco de dados reais.

2.2 Modelo probito-GLMM para dados binarios

Sejam Yj; a variavel resposta que assume os valores 0 ou 1 da j—ésima medida e Y; = (Yjq,... ,ani)T uma
colegdo de respostas para o individuo ¢, em que ¢ =1,...,me j=1,...,n;. O modelo linear generalizado misto

com fungao de ligagao probito (McCulloch, 1994) assume que, dadas as variaveis latentes (efeitos aleatorios) by,



as respostas {Y}; };“Zl sao condicionalmente independentes com probabilidade:

Pr(Yy = 1[b;) = ®(uij), pij = %58 + w;bi, b; ~ Ny(0,D), (2.2.1)
em que ®(-) denota a fungao de distribuigdo acumulada da N (0, 1), XZ-Tj = (Tij1,- - Tijp) | © wiTj = (wij1,- - -,

wjjq) " sdo covaridveis, B ¢ um vetor (p x 1) dos efeitos fixos, {b;}™; ¢ um vetor (¢ x 1) das variaveis la-
tentes (efeitos aleatorios), D é uma matriz desconhecida (¢ x ¢) relacionada com a estrutura de correlacao
de Y;. Esse modelo pode ser alternativamente escrito em termos de uma varidvel continua nao-observavel
Z,=Za,..., Zmi)—r, tal que

Yij = L0,00)(Zij), Zi|b; ~ Npi(p;,1n,), b; ~ N,(0,D),

em que I,; denota uma matriz identidade (n; X n;) e p; = (w1, - .- ,,uim.)—r = X;8 + W;b;, com X; =
(Xi1 -+, Xin,) |, Wi = (Wi1...,Wip,) | sendo matrizes de dimensdo (n; x p) e (n; X q), respectivamente.

Sob normalidade, varios métodos tém sido propostos na literatura estatistica que eficientemente estima via
método de maxima verossimilhanga os parametros associados & matriz de variancia (D), bem como os parametros
associados aos efeitos fixos (3). Por exemplo, um algoritmo Monte Carlo EM (MCEM) com amostrador de Gibbs
a cada passo E foi proposto por McCulloch (1994). Para ajustar modelos mais gerais, McCulloch (1997) utilizou
um algoritmo com passos de Metropolis-Hastings a cada etapa E do MCEM. Um procedimento aproximado que se
baseia na verossimilhanga h foi proposto por Lee and Nelder (2006). Mais tarde, Tan et al. (2007) desenvolveram
uma abordagem nao iterativa via amostragem por importancia que se baseia na formula inversa de Bayes (IBF),
em que os dois primeiros momentos de uma distribuicdo normal multivariada truncada podem ser avaliados e
associados ao algoritmo MCEM. Meza et al. (2009), por sua vez, propuseram o uso de um algoritmo EM com
aproximagao estocéstica (SAEM). Alternativamente, inferéncias Bayesianas podem ser encontradas na literatura
que utilizam cadeias de Markov Monte Carlo (MCMC) e implementadas via amostrador de Gibbs (Albert and
Chib, 1993). Na proxima segao, sera apresentada uma proposta robusta de anélise de modelo GLMM com fungao

de ligacao t de Student.

2.3 Modelo --GLMM para dados binarios

Pinheiro et al. (2001) propuseram um modelo hierarquico linear de efeitos mistos robusto em que os efeitos
aleatorios e os erros seguem uma distribuicao multivariada ¢ de Student. Na formulagao deles, assumem-se que
as distribuic¢oes de misturas para as duas fontes de variabilidade no modelo tem o mesmo formato e compartilham
dos mesmos parametros. Nossa formulagdo também esta alinhada ao trabalho de Pinheiro et al. (2001) (veja
também Matos et al., 2013b) por considerar uma generalizagao do modelo classico probito-GLMM para dados

binérios (2.2.1), segundo as seguintes caracteristicas:
Yij =N0.00)(Zij), Zilbi, Ui = u; ~ Npi(pi,u;'L,),

bi|Ui =u; ~ Ny(0,u;'D), (2.3.1)
Ui ~ Gamma(r/2,v/2).



Utilizando o Lema 1 apresentado no Apéndice A, o modelo definido em (2.3.1) é equivalente a seguinte

representagao:
Pr(Yi; = 1|bs) = Ti(pi;(0,1,v),  bi ~4(0,D,v),

T T
em que p;; = X;;8 + w,;;b;.

Inferéncias classicas para o vetor de parametros 0 se baseiam na func¢ao de verosimilhancga de 0 condicionada

as observacoes y = (y1,...,¥n), que nesse caso ¢ dada por
m
£(6) = ][ [ ta(b:10.D.0)!(8. by, (232
i=1

em que t4(.|p, X, v) foi definida no Capitulo 1 e

n;
i (8,17) = [T (g0, 1) [1 = T (1ai5)0, 1, )] Y5, (2.3.3)
j=1

Vale notar que a func¢do de verossimilhanca (2.3.2) ndo apresenta uma expressao analitica fechada uma
vez que a fungao de ligacdo do modelo é nao linear no efeito aleatério. Para se obter estimativas de méxima
verossimilhanca dos pardmetros associados ao modelo, um algoritmo do tipo EM é proposto neste trabalho. Esse
algoritmo baseia-se nas formulas da média e varidncia de uma distribuigdo multivariada ¢ de Student truncada,
que pode ser calculada analiticamente.

Diversos autores tém sugerido a estimagdo paramétrica do pardmetro v (veja, por exemplo, Lange and
Sinsheimer, 1993; Jamshidian, 1999) tendo por base o algoritmo EM e suas variantes. Fernandez and Steel
(1999), por sua vez, discutiram os problemas potenciais que surgem com a estimagao dos graus de liberdade,
em particular para a distribuicao ¢ de Student. Isso acontece devido & ilimitacao da fungao de verossimilhanca
perto do limite do espago dos parametros e, portanto, o método de estimagdo MV desenvolvido por Lange
and Sinsheimer (1993) é questionavel. Essa metodologia nao fornece informagao suficiente se essas estimativas
correspondem a pontos de maximos locais ou globais. Lucas (1997) notou que somente sob a fixagdo dos graus
de liberdade a estimacao dos parametros torna-se robusta a observagoes extremas. A alternativa plausivel (e
simples) adotada neste trabalho foi a de se assumir que o pardmetro v associado as variaveis de mistura U é
conhecido. Recentes trabalhos no contexto de distribuigoes elipticas também tém considerado o parametro v

como conhecido. Veja, por exemplo, Meza et al. (2009) e Matos et al. (2013b).

2.4 O algoritmo EM

Nesta secdo, serao apresentados os passos E e M do algoritmo EM proposto, em que sdo demonstrados como se
utilizar formulas exatas no passo E em vez de se fazer uso de métodos de amostragem via Monte Carlo (MC).
Para o modelo probito, um algoritmo EM foi proposto por McCulloch (1994), e recentemente melhorado gragas
aos trabalhos realizados por Meza et al. (2009) e Tan et al. (2007). Seguindo a notagao deste ultimo, vamos
tratar b = {b;}[",, Z = {Z;}", ¢ U = {U;}"; como dados faltantes e Y = {Y;}"; como os dados observados.
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Entao, a func¢ao de densidade conjunta para os dados completos Y oom = {Y,Z, b, U} sera
m
L(OY com) = | ] [#4(bil0. u; "D) o, (Zilpss, w; 10, ) G (uilv/2,1/2)] .
=1

O objetivo do passo M do algoritmo EM ¢é obter estimativas de 8 = (3, D) via méxima verossimilhanga dos
dados completos pela otimizagao da fungao esperada condicional do log da verossimilhanca dos dados completos

0(0)Y com) = log L(B]Y com) dadas as observagoes Y e o valor atual de 8%). Essa fun¢o ¢ denotada por

(%)

QOI8"™) = B0 eom)Y.8"] = 10g|D\—thr( L E[Ubb] Y1)

m

+ > (/@TXIXiBE[UﬂYi]) - Qi [BTXI (EIUZi|Y ] - WiE[Uibi|Yi])}
i=1 i=1

em que C é uma constante que independe dos pardmetros do modelo. Dessa forma, no passo M obtém-se

estimativas atualizadas de 8 e D por meio das seguintes expressoes fechadas:

B = (Z E[U[Y:]X] X;) ™! Z(X;I—E[Uizi|Yi] - W, E[Ub;[Y]) e (2.4.1)
=1 i=1

~ 1 & T

D = =S EUbD, Y, 2.4.2
- ; [ i Y] (2.4.2)

em que E[U;|Y;], E[U:Z:|Y;], E[Ub;|[Y;] e E[U;b;b] [Y;] sdo os valores esperados de (U;, b;, Z;) condicional a
Y, levando em consideracao o atual valor das estimativas dos parametros k) = (B(k),D(k)). Logo, pode ser

mostrado (veja o Apéndice A) que

E[U1|Y1] == Z?, E[UZZZ‘Yl] = ZZI,
ElUb|Yi] = Ai(Z; - Z{X,B),
E[UDD] Y] = A+ Ai(Z2 +v] Z0 - Zv] — 21 A,
Zi|Yi ~ tni(vi,ﬂi,y)HBi(Zi), (2.4.3)
_ V+n; V+n; V+n;
70 =F ’Yl Z1 E ' 7Y Z2 E ’ZZTYZ 0; = (4; — TQ Z;—~;
emaue 20 = B[220y 2 < 0 [0y 2 < [T 6 8- T ),

A;=DW/Q ' A, =D -DW,Q;'W,D, Q; = W,DW, +1,, v, = X;3, e B; = Bi1 X ..., xBjp,, em que

Bi; pertence ao intervalo (0,00) se y;; = 1 ou pertence ao intervalo (—oo, 0] se y;; = 0.

Por meio das equagdes (2.4.1)-(2.4.2), o passo E se reduz ao célculo de Z?, Z! e Z?. Diretamente nao
se pode utilizar a Proposigao 1 apresentada no Apéndice A com as expressoes dadas em (2.4.3), ja que as
componentes associadas ao vetor aleatorio Z;|Y; sdo truncadas a direita ou a esquerda, dependendo dos valores
de y;5,7 = 1,...,n;. Contudo, essas quantidades podem ser determinadas, em forma fechada, utilizando-se uma

sequencia de transformagoes como as seguintes:
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(i) O primeiro passo é a padronizacao das componentes de B;, como truncadas a direita ou a esquerda.
Seja A; uma matriz diagonal com elementos iguais a —1 ou 1 dependendo do intervalo B;; = (0,00) ou
B;j = (—00,0], respectivamente. Entdo, U; = A;Z;[Y; ~ Ttp, (A, AiA;,1v;Cy), C; = (—o0,0]™,

ou seja, U; segue uma distribui¢do multivariada ¢ de Student ¢, (A;7v;, AiQ;A;,v) truncada a direita

v+ n; 1 v+ n;
|YZ], U =F [V+5?Ui|Yi],

em (—o00,0]™. Essa padronizagdo facilita o cilculo de UY = E [

UZ2=F

2

V+n;
+ 07
as formulas dos primeiros dois momentos de uma distribui¢ao multivariada ¢ de Student, em que ;' =

(Ui — Aryy) T (A A) 71 (U; — Ay,).

UZ-U;-F |Yi], por meio dos resultados apresentados na Proposicdo 1 do Apéndice A sobre

(ii) Para o segundo passo basta notar que ZY = UY, Z! = A;lﬂ% e Z? = A;lﬂ?Ai_l, pois 8 = §; =
(Z; - 7i)TQi_l(Z7l — Vi)

Quando v tende ao infinito, obtém-se um interessante algoritmo EM para o modelo probito como definido

m (2.2.1).

2.4.1 Estimagao da funcao de verossimilhanca

A fungdo de verossimilhanca dos dados observados para 8 = (3,D) é dada por (2.3.2)-(2.3.3). A integral
associada a ela pode ser convenientemente calculada via amostragem por importancia relacionada & qualquer
distribui¢ao continua 7 (cujo suporte é maior que aquele associado a m(b;, 8) = t,(b;|0, D, v)). Entao, a Equacao

(2.3.2) pode ser representada por

H / (8. T g (b, O)a,

em que (8, b;) foi definido em (2.3.3). Consequentemente, £(0) = log L(6) pode ser estimada sem nenhum
custo computacional por
TR : 0,70, 6)
)—;bg[ Ezjw@ B,b; n(bfl),e)]
em que by,..., by, ..., bg sd@o amostradas de 7(b;,0). Uma escolha eficiente para 7 consiste na distribui¢ao
condicional de b; dadas as observagoes y;, i = 1,...,m (Robert et al., 1999).

Outra abordagem para se calcular a verossimilhanca é a de se considerar a fungao adaptIntegrate do pacote
cubature (Johnson and Narasimhan, 2011) disponivel no software R. Essa fungao ¢ apropriada para se calcular
integrais multivariadas numericamente e foi utilizada para se obter os valores da funcao log-verossimilhanca
aplicados aos estudos empiricos apresentados neste trabalho.

A funcao log-verossimilhanca pode ser utilizada para se monitorar a convergéncia do algoritmo EM. Na

pratica, as iterac¢oes do algoritmo EM devem ser repetidas até que o valor associado a alguma fungao de distancia

. . ~ .. k+1 ~(k
envolvendo duas sucessivas avaliagoes da fungao log-verossimilhanga ¢(0), tais como ||¢(0 ( )) - E(B( ))|| ou
k+1) . . . . ~
1€(0 ( ) /00 ") —1||, k = 0,2,..., seja suficientemente pequeno. Adicionalmente, os critérios de sele¢ao de

modelos baseados na fun¢ao de verossimilhanca observada, tais como o AIC e BIC, podem ser obtidos.
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2.4.2 Estimacgao dos erros-padrao

Denote as estimativas MV do algoritmo EM por 0= (B, f)) Sob certas condicGes gerais de regularidade, pode-se
obter um método baseado na fungao de informacao, seguindo McLachlan and Krishnan (1997), para se compu-

tar a matriz de covaridncia assintotica das estimativas do modelo --GLMM para dados correlacionados. Defina
8&(9!Ycomp)’ ' ‘A B
80 yZ 0 -

I,(0]Y) = > 4;4; como sendo a matriz de informagio observada, em que U; = F [

0Q;(0 0
Qi ( | ‘ g com a funcao de verossimilhanga dos dados completos 4;(0|Y comp) avaliada para uma tnica obser-

vagao yi, t=1,...,m.

Expressoes explicitas para os elementos de u; sao dadas por:

Qi (9|0) _ T TN ™G3
95 \0 = X, (UiZ; — W;Ub;) — (X; X, )U; 3
9Q;(616), 1 L 0D~ o
9. \9 = —5|tr|D aer (D — b;b;U;)

em que U; = E[U;| Y] =25 U,Z; = ElUZi|Yi]|5 = 2|5, Ub; = E[Ubi[Yil[5, bibU; = Elbib] Ui|Y |5,
d, sao os elementos distintos da matriz quadrada D. Os erros-padrao sao obtidos pela raiz quadrada dos ele-

mentos diagonais da inversa da matriz de informagao estimada IO(§|Y).

2.4.3 Estimacao dos efeitos aleatoérios

Nesta segao, consideramos uma formulagao via estimagao Bayesiana empirica para os efeitos aleatorios. Da

distribui¢ao condicional de b; dada (Y, Z;, U;) (veja o Apéndice A), tem-se:
F0il Y3, Zi, ui, 0) = f(bs|Zi,us, 0) = dg(bs| Ai(Z; — X B),u; ' Ay),

em que A; = DW,/ Q1 A, =D -DW/Q'W,De Q; = WDW/ + 1, i=1,...,m.
Dessa forma, o menor erro quadratico médio (MSE) do preditor de b;, obtido pela média condicional de by

dado Yl =Y é
b; = E [b;|Y;,0] = E [E(b;|Y;, Z;,0)[Y;, 0] = A;[E(Z;]Y;,0) — X[ 3],

em que E[Z;|Y;, 0] é o valor esperado de uma distribuigado multivariada truncada ¢ de Student apresentada em

(2.4.3).

2.5 Aplicacoes

Nesta secao sera apresentado um resumo da aplicacao dos métodos desenvolvidos. Para tanto, um estudo com
dados simulados e um banco de dados reais referente a um estudo de coorte de doengas respiratérias em 111

pacientes serao utilizados.
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Estudo de simulagao

O objetivo principal do estudo de dados simulados foi o de avaliar o desempenho dos métodos propostos,
investigando os efeitos na inferéncia dos pardmetros quando a suposicao de normalidade é violada na funcao de
ligagdo do modelo, bem como para os efeitos aleatérios. Adicionalmente, esse estudo tem como proposito de
analisar se os critérios de comparagao de modelos (AIC e BIC) conseguem selecionar corretamente o modelos
para os dados simulados.

Para tanto, definiu-se um estudo balanceado com seis variaveis respostas, j = 1,...,6 e o seguinte modelo

GLMM para dados binérios:

}/Z] = ]I(Zij>0)7 Zl‘b’ba Uz =U; an(ll'muz_llnz)v
bi|Uz’ =u; ~ Nq(O, ui_lD), (2.5.1)
U ~ F(v),
)T

em que p; = (Mi1, - -, fie) , com f; = Bo + F1 X1 + b1y + b2 X2 para todo j. Uma covaridvel binaria X; foi

gerada para os efeitos fixos e uma covariavel normal padrao Xy, para os efeitos aleatorios; F'(v) é uma fungao

2 1
de distribuicdo positiva. Finalmente, foram fixados 5y = 1, $1 = 0.8 e uma matriz D dada por D = ( )
1 1

para representar a estrutura de correlagao entre as observacoes associadas ao i-ésimo individuo.

Neste estudo, trés tamanhos de amostras foram gerados (n=100, 250 e 500), 1000 réplicas de cada estudo
foram avaliadas e ajustou-se, concomitantemente, os modelos probito-GLMM (Subsecao 2.2) e o t--GLMM com 4
graus de liberdade (Subsegao 2.3). Esse estudo foi divido em trés cenarios e, a seguir, um resumo dos resultados

obtidos seré feito.

Cenario 1: Nesse cenéario, os dados foram simulados da fungao de ligagao probito (modelo probito-GLMM) e
assumiu-se também a normalidade para os efeitos aleatorios. Ou seja, no modelo (2.5.1) U = 1 seguiu
uma distribuigdo degenerada com P(U = 1) = 1. Pela analise das estimativas dos efeitos fixos (5 e
B1) (Tabela 2.1), verificou-se que os modelos probito-GLMM e t-GLMM conseguiram recuperar bem os
valores verdadeiros desses parametros. As estimativas das medidas de erro-padréao foram adequadas, uma
vez que a abordagem via matriz de informagao observada (Subsecao 2.4.2) foi proxima as estimativas
encontradas via Monte Carlo. Quanto maior foi o tamanho da amostra, melhor foram as estimativas
dos pardmetros segundo os dois modelos avaliados, bem como menores medidas de erro-padrao, como era
esperado. Segundo os critérios de comparagdo de modelos (AIC e BIC), o modelo probito-GLMM foi

corretamente escolhido.

Cenario 2: Para esse cenério, os dados foram simulados da funcao de ligacao t de Student e assumiu-se a
distribui¢ao t de Student para os efeitos aleatorios com v = 4. Ou seja, em (2.5.1), tem-se: U ~
Gamma(v/2,v/2). Observando as estimativas dos modelos probito-GLMM e ¢-GLMM para esses da-

dos (Tabela 2.2), verificou-se que as menores diferengas entre os valores estimados e os verdadeiros foram
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Tabela 2.1: Cenéario 1. MC mean, MC Sd (em parénteses) e MC Coverage sdo, respectivamente, as estimativas médias

via Monte Carlo, os desvios-padrao e as medidas médias da proporgao de cobertura ao se ajustar os modelos probito-

GLMM e t-GLMM. IM SE sao os valores médios das estimativas de erro-padrao aproximados obtidos pelo método baseado

na funcao de informagao. MC AIC e MC BIC sao os valores médios das respectivos critérios de comparacao de modelos.

Dados simulados probito-GLMM

n Modelo Bo 51 MC AIC MC BIC
100  probito-GLMM MC Mean 1.006 0.843 554.59 570.22
IM SE 0.202 0.478
MC Sd (0.171) (0.399)
MC Coverage 98% 98%
t-GLMM MC Mean 1.062 0.933 556.23 571.89
IM SE 0.217 0.612
MC Sd (0.179) (0.428)
MC Coverage 99% 99%
250  probito-GLMM MC Mean 1.007 0.815 1371.69 1392.81
IM SE 0.127 0.280
MC Sd (0.125) (0.246)
MC Coverage 97% 97%
t-GLMM MC Mean 1.061 0.899 1375.99 1397.12
IM SE 0.136 0.363
MC Sd (0.133) (0.272)
MC Coverage 96% 99%
500 probito-GLMM MC Mean 1.005 0.820 2734.52 2742.98
IM Sd 0.090 0.195
MC SE (0.106) (0.172)
MC Coverage 91% 97%
t-GLMM MC Mean 1.060 0.902 2759.80 2768.27
IM SE 0.096 0.253
MC Sd (0.114) (0.196)
MC Coverage 88% 98%
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Tabela 2.2: Cenario 2. MC mean, MC Sd (em parénteses) e MC Coverage sdo, respectivamente, as estimativas médias
via Monte Carlo, os desvios-padrao e as medidas médias da proporgao de cobertura ao se ajustar os modelos probito-
GLMM e t-GLMM. IM SE sao os valores médios das estimativas de erro-padrao aproximados obtidos pelo método baseado

na fungao de informagao. MC AIC e MC BIC sao os valores médios das respectivos critérios de comparagao de modelos.

Dados simulados t-GLMM

n Modelo Bo 51 MC AIC MC BIC
100  probito-GLMM MC Mean 0.952 0.740 576.46 592.10
IM SE 0.207 0.467
MC Sd (0.183) (0.423)

MC Coverage 96% 97%
t-GLMM MC Mean 1.004 0.831 574.23 589.86
IM SE 0.221 0.580
MC Sd (0.192) (0.452)
MC Coverage 98% 98%
250  probito-GLMM MC Mean 0.955 0.723 1426.14 1447.27
IM SE 0.131 0.276
MC Sd (0.119) (0.239)
MC Coverage 94% 96%
t-GLMM MC Mean 1.004 0.813 1420.96 1442.09
IM SE 0.140 0.345
MC Sd (0.126) (0.261)
MC Coverage 97% 99%
500  probito-GLMM MC Mean 0.956 0.717 2846.13 2871.42
IM SE 0.092 0.191
MC Sd (0.106) (0.177)
MC Coverage 88% 95%
t-GLMM MC Mean 1.004 0.809 2836.01 2861.30
IM SE 0.098 0.240
MC Sd (0.117) (0.200)
MC Coverage 91% 99%

encontradas quando o ajuste foi feito pelo modelo --GLMM. Como no cenéario anterior, AIC e BIC corre-

tamente selecionam o modelo em que os dados foram gerados.

Cenario 3: Aqui, os dados foram simulados da fungéo de ligagdo Normal Contaminada e os efeitos aleatorios
seguiram uma distribui¢do Normal Contaminada com v = (v1,12)" = (0.1,0.1)T. Ou seja, em (2.5.1),
V9 com prob 1

U= . Com base na Tabela 2.3, o modelo que apresentou melhor performance foi
1 com prob 1—1,

o t-GLMM. Menores valores de AIC e BIC, além de melhores estimativas, foram obtidos para o modelo
t-GLMM e esses resultados reafirmam que esta fungao de ligagao é mais robusta a desvios da suposigao
de normalidade do modelo que a probito e também fornecem fortes indicios de que o algoritmo proposto

é eficiente na estimacao dos parametros do modelo.
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Tabela 2.3: Cenario 3. MC mean, MC Sd (em parénteses) e MC Coverage sdo, respectivamente, as estimativas médias

via Monte Carlo, os desvios-padrao e as medidas médias da proporgao de cobertura ao se ajustar os modelos probito-

GLMM e t-GLMM. IM SE sao os valores médios das estimativas de erro-padrao aproximados obtidos pelo método baseado

na funcao de informagao. MC AIC e MC BIC sao os valores médios das respectivos critérios de comparacao de modelos.

Dados simulados da Normal Contaminada

n Modelo Bo 51 MC AIC MC BIC
100  probito-GLMM MC Mean 0.880 0.699 592.13 607.77
IM SE 0.192 0.430
MC Sd (0.164) (0.365)
MC Coverage 92% 96%
t-GLMM MC Mean 0.931 0.785 589.86 605.49
IM SE 0.206 0.535
MC Sd (0.172) (0.393)
MC Coverage 96% 98%
250  probito-GLMM MC Mean 0.886 0.683 1463.82 1484.95
IM SE 0.121 0.257
MC Sd (0.116) (0.241)
MC Coverage 84% 93%
t-GLMM MC Mean 0.936 0.774 1458.92 1480.05
IM SE 0.130 0.323
MC Sd (0.124) (0.264)
MC Coverage 93% 97%
500  probito-GLMM MC Mean 0.879 0.687 2921.92 2947.20
IM SE 0.085 0.179
MC Sd (0.095) (0.171)
MC Coverage 68% 90%
t-GLMM MC Mean 0.931 0.780 2911.85 2937.13
IM SE 0.092 0.226
MC Sd (0.105) (0.197)
MC Coverage 84% 97%
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Tabela 2.4: Dados reais. Estimativas MV e erros-padrao para os dados reais segundo os modelos com fungao de

ligagao probito e t-GLMM.

probito-GLMM t-GLMM

Variavel Parametro MV EP MV EP

intercept Bo -1.0992 0.5151 -1.1126 0.5965
treat b1 -0.9153 0.2524 -1.0589 0.2944
gender 5o 0.1278 0.2970 0.0873 0.3447
center B3 0.5700 0.2415 0.6175 0.2751
baseline B4 1.6202 0.2650 1.7613 0.3061
covariance di1 0.0163 0.0061 0.0134 0.0053
AIC 575.5527 562.9703

BIC 606.9342 594.3517

Aplicagao a dados reais

Esta base foi apresentada por Halekoh et al. (2006) e se refere a um estudo de coorte sobre uma doenga
respiratoria em 111 pacientes de dois centros clinicos em 4 visitas. Para cada visita, o estado respiratério de
cada paciente era classificado como bom (= 1) ou ruim (= 0). Os pacientes foram selecionados aleatoriamente
para receber tratamento ativo ou o placebo. Para tanto, assume-se que a probabilidade Pr(Y;; = 1]b;) de

infecgao respiratoria do i-ésimo paciente na j-ésima visita, ¢ = 1,...,111, j =1,...,4, é dada por:
F(Bp + treat 81 + gender B2 + center S5 + baseline 34 + age b;),

em que “F” é a funcao de ligagdo probito-GLMM ou t-GLMM; “treat” é o tratamento do paciente, 1 se o
tratamento for ativo e 0 se for placebo; “gender = 0” para sexo feminino e 1 para masculino; “center = 0” para o
primeiro centro e 1 para o segundo; e “baseline” é a resposta na primeira visita. Os elementos da matriz W sao
w;j = age, em que, a idade do paciente incluido no estudo foi centralizada em torno de 31 anos (valor mediano).
Essa definicao para os efeitos aleatoérios indica que o efeito da idade estd intrinsecamente associado ao paciente
(d11).

Uma avaliacao prévia do impacto dos graus de liberdade na funcao log-verossimilhanca foi feita para se
obter a melhor estimativa para esse parametro. Por meio dessa anélise, verificou-se que o valor de v que melhor
maximiza a verossimilhanca era 4 e, portanto, esse valor foi fixado para as analises subsequentes.

Por meio da Tabela 2.4, verificou-se que as estimativas via maxima verossimilhanca para ambos os mode-
los avaliados foram préximas. Contudo, o que obteve melhor desempenho segundo os critério AIC e BIC foi
o t-GLMM. Segundo esse modelo, a probabilidade de se ter a doenga respiratoria esta associada ao tipo de
tratamento, tipo de centro médico e a resposta do paciente na primeira visita (baseline). Com rela¢ao a conver-
géncia do algoritmo, observou-se que ambas as abordagens atingiram a convergéncia e, para todos as iteragoes

do algoritmo EM proposto, a performance do modelo t--GLMM foi melhor que a do modelo probito.
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CApPITULO3

Modelos de Analise de Fatorial Confirmatoria Tobit

Neste capitulo apresentaremos um resumo dos resultados de dois artigos relacionados ao modelo de Analise de
Fatorial Confirmatoéria Tobit. O primeiro, intitulado “Estimation Methods for Multivariate Tobit Confirmatory
Factor Analysis”, foi submetido & apreciacao da revista Computational Statistics and Data Analysis e esta
descrito no Apéndice B. Ja o segundo, denominado “Likelihood-Based Inference for Tobit Confirmatory Factor
Analysis Using the Multivariate t-Distribution”, apresentado no Apéndice C, foi submetido para publicagdo no
Statistics and Computing. Vale ainda destacar que o primeiro trabalho contou com a colaboragao dos professores

Dr. Jorge L. Bazan da Universidade de Sao Paulo/Sao Carlos e Dr. Caio L. N. Azevedo da Unicamp.

3.1 Introducao

A Anéalise Fatorial (AF) é um dos métodos mais populares de analise estatistica multivariada. Ela tem por
objetivo fazer inferéncias sobre um conjunto de varidveis em termo de um ntmero menor de variaveis latentes,
chamadas de fatores. Os primeiros trabalhos de AF sdo dados a Spearman (1904), mas foram Lawley and
Maxwell (1971) que definiram uma abordagem mais tedrica e estatistica para a area. A partir de entdo, diversos
trabalhos tém sido publicados sobre o tema, Mulaik (1972) e Bartholomew et al. (2011) sao alguns exemplos.
Nessa area é comum a definigdo de modelos de analise fatorial exploratoria (EFA) e modelos de analise fatorial
confirmatoéria (CFA). Enquanto o primeiro procura identificar a quantidade ideal de fatores latentes, avaliar a
relacdo entre as variaveis observadas e os fatores, nos modelos CFA essas defini¢oes sao feitas previamente e a
analise preocupa-se essencialmente em confirmar a estrutura proposta (Joreskog, 1969). Neste trabalho o foco
serd nos modelos CFA.

Inicialmente, os modelos de AF foram desenvolvidos para dados continuos e normalmente distribuidos. Toda-
via, em algumas situagoes faz-se necessaria a analise de dados censurados. Ignorando a informagao associada aos
casos censurados, a analise produzira uma representagao viesada dos dados, uma vez que o mecanismo que gera
essess dados pode conter informagao sobre a estrutura do fator (Kamakura and Wedel, 2001). Adicionalmente,

os resultados obtidos pela analise fatorial classica serao viesados, ja que a suposicao de normalidade nao sera
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mais atendida (Muthén, 1989). Desta forma, modelos Tobit tém recebido recentemente interesse nessa area.

O modelo Tobit desenvolvido por Tobin (1958) para dados censurados em zero tem a vantagem de oferecer
uma ligacao explicita entre o mecanismo de geracao dos dados censurados e nao censurados por permitir uma
gama de especificagbes sobre as varidveis latentes e restringindo a distribuicao dos dados nao censurados a
uma distribui¢do com suporte positivo. Por causa da sua flexibilidade na modelagem de dados mistos, os
modelos Tobit tém recebido recentemente muita atengdo na literatura estatistica. O primeiro a introduzir os
modelos Tobit na analise fatorial foi Muthén (1989). Mais tarde, Waller and Muthén (1992), Huang (1999),
Kamakura and Wedel (2001), Zhou and Liu (2009) desenvolveram diferentes procedimentos de analise de dados
multivariados através da Analise Fatorial Confirmatoria Tobit (TCFA). Diferentemente da abordagem desses
autores, neste capitulo apresentamos métodos de estimagao classica do modelo TCFA sob distribuigdo Normal
e t de Student, além de apresentar uma modelagem via andlise Bayesiana para o modelo TCFA Gaussiano.
Desta forma, este capitulo esta dividido basicamente em dois blocos: o primeiro que retrata o desenvolvimento
de métodos (frequentistas e Bayesianos) para o modelo TCFA sob normalidade e o segundo, que propoe um

método frequentista para o modelo TCFA supondo distribuigao ¢ de Student para os dados.

A principal motivagdo para o estudo do modelo TCFA sob distribuicao Normal se baseia na proposta de
se apresentar métodos alternativos de analise, além de fornecer instrumentos adicionais para anéalise de diag-
nostico de dados influentes nesta abordagem. Como no capitulo 2, a primeira abordagem a ser apresentada é
o desenvolvimento de um algoritmo ECM exato, em que ambos os passos E e M sdo obtidos de forma direta.
Diferentemente dos trabalhos de Huang (1999) e de Zhou and Liu (2009) que implementaram um algoritmo
MCEM, aqui derivamos férmulas fechadas para as expressoes do passo E que se reduzem ao célculo dos pri-
meiros dois momentos de uma distribuicao multivariada Normal truncadas que podem ser obtidos utilizando
pacotes especificos do software R. Por meio dessa perspectiva, faz-se possivel avaliar numericamente a funcao de
verossimilhanca, o que possibilita sua utilizacdo no monitoramento da convergéncia do algoritmo ou no auxilio

do célculo de critérios de comparagao de modelos, tais como AIC, BIC e CAlc (Bozdogan, 1987).

A segunda abordagem do estudo do modelo Gaussiano TCFA est4 relacionada ao desenvolvimento de proce-
dimento completamente Bayesiano. Recentes desenvolvimentos de métodos de Monte Carlo Cadeia de Markov
(MCMC) permitem uma implementagao facil e direta de uma analise Bayesiana por meio de softwares, tais como
o OpenBugs, desde que uma estrutura hierarquica do modelo esteja disponivel. Esta persepectiva permite uma
grande flexibilidade para ajuste de modelos a dados de diferentes graus de complexidade (Dunson, 2001), fazendo
o uso de toda informagao disponivel no estudo, acomodando na estimacao paramétrica a incerteza associados
aos parametros por meio de uso de distribuicoes a priori apropriadas, fornecendo afirmagoes probabilisticas
diretas a respeito dos pardmetros por meio de intervalos de crebilidade, nao dependendo assim de resultados as-
sintoticos. Adicionalmente, propomos medidas de diagnéstico de dados influentes para o modelo TCFA por esta

abordagem. Esta anélise permite avaliar o impacto de certas observagoes amostrais na estimacao paramétrica.

Por entender que modelos Gaussianos sao sensiveis a pontos discrepantes, neste trabalho também propomos
uma abordagem robusta utilizando uma distribuicao de caudas mais pesadas que a Normal, a distribuigao ¢ de

Student. Zhang et al. (2013) propuseram a utilizagao dessa distribuicao no modelo de anélise fatorial cléssica,
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denominado aqui por modelo ¢-CFA. Na presenga de dados censurados, por outro lado, Zhou and Liu (2009)
desenvolveram um algoritmo Monte Carlo EM (MCEM) para o modelo TCFA sob a suposi¢ao de que a variavel
latente segue uma distribuigao multivariada ¢ de Student. Diferentemente desse autores, propomos neste trabalho
um algoritmo ECM exato por meio da adaptacao da estrutura do algoritmo desenvolvido para o modelo TCFA
Gaussiano.

Este capitulo esta organizado da seguinte forma: na Sec@o 3.2, descrevemos o modelo de Anélise Fatorial
Confirmatoério Tobit Gaussiano, além disso, apresentamos os métodos de estimagao via maxima verossimilhanca
e via anéalise Bayesiana. Ainda nessa secdo apresentamos métodos de diagnostico sob perspectiva Bayesiana
para analise de dados influentes. Os métodos propostos foram avaliados empiricamente por meio de um estudo
simulado e uma aplicagdo a dados reais que, resumidamente, sao descritos na Subsegao 3.2.3. Ja o modelo de
Analise Fatorial Confirmatorio Tobit com distribuicao ¢ (t-TCFA), bem como os métodos inferenciais propostos

para esse modelo e sua aplicagao, serao apresentados na Segao 3.3

3.2 Modelo Gaussiano TCFA

Seja y; = (Yi1,--->¥Yin;) um vetor (p x 1) de respostas continuas para o sujeito 4, i = 1,...,n em que cada
resposta y;; toma valores nao-negativos. O modelo de Analise Fatorial Gaussiano com covariaveis (CFA) é dado

por (Zhou and Liu, 2009):

v = X8+ Az; + €, (3.2.1)

em que z; o N,y(0,€2) é independente de ¢; - N,(0,%¥), i=1,...,m; o subscrito ¢ refere-se ao individuo;

Vi = (Yi1, - - ,yip)—r é um vetor de dimensao (p x 1) de respostas continuas para o individuo i; X; é a matriz de

delineamento de dimensao (p X k) que possui a seguinte caracterizagao:

com x;; sendo um vetor de dimensao (k x 1); B3, sao os efeitos fixos de dimensao (k x 1); A é a matriz de cargas
fatoriais de dimensao (p x ¢); z; € um vetor (¢ x 1) (¢ < p) dos fatores aleatorios ; €; ¢ um vetor (p x 1) dos
erros aleatorios, €2 é a matriz de covariancia/correla¢ao dos fatores, geralmente fixada previamente na andlise
confirmatéria e ¥ uma matriz diagnoal de covariancia dos erros.

Na presente formulacao, considera-se ainda que a resposta Y;; nao é completamente observada para todo i, j.
Seguindo Vaida and Liu (2009) e Matos et al. (2013a), considere os dados observados para o i-ésimo individuo
por (V;,C;), em que V; representa o vetor de casos nao censurados (ou seja, quando a observagao y;; nao
¢ censurada, Vj; serd exatamente ao valor observado) ou sera o nivel de censura (quando a observacao y;; €

censurada, V;; serd uma constante associada ao nivel de censura) e C; é o vetor indicador de censura com
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componentes C;;. Dessa forma, pode-se resumir os dados observados da seguinte forma:
yij < Vij se Cy =1,
yz-j = Vl Se Cij =0. (3.2.2)

Com a combinagao de (3.2.1) e (3.2.2), o modelo Gaussiano de Analise de Fatorial Tobit com covariaveis
(TCFA) esté caracterizado. Essa formulagao do modelo com (3.2.2) é uma generalizagao da proposta de Zhou
and Liu (2009), uma vez que em nosso caso o nivel de censura V;; pode assumir qualquer valor e o nivel de
censura igual a zero representa um caso particular. Cabe ainda notar que o tipo de censura aqui definido refere-se
A censura a esquerda. Extensao para um nivel de censura a direita ou arbitraria é imediata.

Em geral, modelos de analise fatorial ndo sio identificados, ja que se for considerado A* = AT ! e z; = I'z;,
para qualquer matriz nao singular T', sera obtido o mesmo modelo apresentado na equagao (3.2.1). Para resolugao
desse problema, Zhou and Liu (2009), por exemplo, indicam a fixagdo de alguns elemententos da matriz A e/ou
Q. Dada a natureza confirmatoéria da analise, a matriz €2 serd considerada conhecida em todo desenvolvimento

do trabalho, a fim de se evitar a nao identificabilidade do modelo.

3.2.1 Estimacgao por Maxima Verossimilhanca

Dado o vetor de pardmetros 8 = (,BT, A, \I/)T, métodos de inferéncia cléssica se baseiam na distribui¢do marginal
dey;, i =1,...,m. Quando os dados néo sao censurados, y; - Ny(X;B,%), em que X = AQAT+W. Todavia,
para respostas censuradas, tal como definido em (3.2.2), tem-se que y; ~ T'Np(X;3,3;;A), em que TN,(.;A)
denota uma distribui¢cdo Normal truncada no intervalo A, em que A; = A;; X ..., x Ay, com A;; pertencente
ao intervalo (—o0, 00), se Cj; = 0 ou pertencente a (—o0, 0], se Cj; = 1.

Para se obter a fungao de verossimilhanga associada ao modelo TCFA, primeiramente, serao tratadas sepa-
radamente as componentes censuradas e observadas do vetor y;. Seguindo Vaida and Liu (2009), sejam y? o
vetor das respostas observadas de dimensao p® e yi o vetor das observagoes censuradas p°~-dimensional para o
individuo i em que (p = p° + p°), tal que, C;; = 0 para todos os elementos em y¢ e 1 para todos elementos em
y§. Apos esta ordenagao, y;, Vi, X; e X; podem ser particionadas como

300 3¢

yi = vee(y?,y5), Vi = vee(V§, Vi), X[ = (X?,Xf) ¢ B = ( 210 21@ > :

i i
em que vec(.) denota a transformagao linear que converte uma matriz em um vetor coluna. Desta forma,
tem-se que y9 ~ Npo(X98, ), y¢ly? ~ Npe(u;, Si), em que u; = X8 + E2(B2°)~1(y? — X98) e S; =
e — B(290)7Im. Agora, seja @,(u;a, A) e ¢p(usa, A) a fungao de distribuigao acumulada e a fungao de
densidade, respectivamente, de Np(a, A) avaliada em u. De Vaida and Liu (2009) e Matos et al. (2013a), a
fungao de verossimilhanga associada a observagao ¢ (utilizando as propriedades de probabilidade condicional) é

dada por
Li(0) = f(y:l0) = P(Vi|C;,0) = P(y; < Vily; =V7,0)P(y; = V/|0),
= P(y; < Vily?,0)f(y710)
= Gpe(yi; X7B, B7%)@pe (Vi ui, Si) = vy (3.2.3)
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que pode ser obtida sem muito esfor¢o computacional, por meio, por exemplo, do pacote mvtnorm disponivel no
software R (veja, por exemplo, Genz et al., 2008; R Core Team, 2012). A funcao log-verossimilhanga para os
dados observados ¢, entdo, dada por £(8]y) = > ;" {log a;}. As estimativas obtidas pela maximizagao de ¢(6|y)
sao, portanto, as estimativas de Méaxima Verossimilhanga para o modelo TCFA definido por (3.2.1) e (3.2.2).
Por meio da equacao 3.2.3, critérios de selecdo de modelos podem ser desenvolvidos e aplicados para se
comparar o desempenho de diferentes modelos. Os critérios mais utilizados na literatura sao AIC = —24(0]y) +
2T, BIC = —2((0|y) + Tin(n) e CAIc = —2((0|y) + T(In(n) + 1), em que T denota o nimero de pardmetros

livres do modelo.

O algoritmo EM

Como a fungao de log-verossimilhanga envolve expressdes complexas, torna-se bastante drdua a tarefa de avalia-
la analiticamente. Para modelos lineares (ou nao lineares) de efeitos mistos, um algoritmo do tipo EM foi
desenvolvido por Matos et al. (2013a) para se obter estimativas de méaxima verossimilhanga. Neste trabalho, foi
proposto um algoritmo similar aplicado ao modelo TCFA, considerando y; e z; como dados faltantes para se
obter estimativas atualizadas (passo M) para todos os parametros envolvidos no modelo.

Sejamy = (y{,...,y0)", z = (z{,..,2,)", V. = vec(Vy,...,V,) e C = vec(Cy,...,C,) tal que se
observa (V;, C;) para o i-ésimo individuo. Para procedimento de estimagao, z, Q e C sao tratados como dados

faltantes e, portanto, o conjunto de dados completos ¢ dado por y. = (CT, VT, y . z")T. Assim, a funcao de

log-verossimilhanca dos dados completos sera £.(0]y.) = > £i(0]yc), em que
1
G(0lye) = cte— 3 [log ||+ (vi — X;8 — Az)) U (yi — X;8 — Az,) + log |

n % [z;rﬂ_lzz} , (3.2.4)

~(k
e cte ¢ uma constante que independe do vetor de pardmetros 6. Dada a atual estimativa de 8 = 0( ), o passo E

do algoritmo resume-se ao calculo da esperanga condicional da fun¢ao de log-verossimilhanga dada por

Q(010™W) = E(L(6ly.)[V,C.0%)) =3 Qi(6]6™) Z Q1:(016™) + > Qai(2/0™)),
i=1 =1
em que
1 . . . _ _
Q1:(0]0%)) = -3 log | 0| + &% — 2(3% — Az;)BTX v + X887 X, U 1]
e

— (k)
Q2i(02]0%)) = —% [log Q| + tr (Q_lzizj( )} + cte,

com @;® = ¢r ﬁ(k)q[—l(’f) - 2y/,»z7(k)AT<k>\If 1) 4 AR 7T AT g~ >,z7z\T(k) - F [zizj\vi,cl-,mk)] -

2

AR L A )AT(k)\p—l(k)Z(’f)\Iﬁ K ATE) AR

(k)
bk = <yzyl yPaTOXT —x,8y® 4 X,805T® ) AP = (@71 + ATWEIA), 5 = B 5|V, C;,0%)] =

*®) B

ABAW GO (yF X80, yial = B [yl [Vi,C, 00| = (viy] —y P BTOXT )@ 1AW AD,

)
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o —

. (k)
E evidente que o passo E se simplifica por se fazer necessario somente o calculo de yiy;r =F yiyiT Vi, Ci, ok

e fi(k) = F |yi| Vi, C;, ok , que representam a média e o segundo momento de uma distribuicao Normal multi-
variada truncada. Essas expressoes podem ser determinadas de forma fechada, como fungoes de probabilidades
associadas a distribui¢do multivariada Normal, utilizando-se uma sequéncia simples de transformacoes. Para
mais detalhes sobre o calculo desses momentos, veja Vaida and Liu (2009).

Sendo assim, dadas as esperangas condicionais, disponiveis no passo E, o passo M pode ser obtido pela

maximizagao condicional (CM) do seguinte sistema de equagoes:

B+ = (Z X/ X))t ZXz‘T(fi(k) — APZ)

=1 =1
N Ny
k _
AF = mal )Y (el )] - m(Xip M),
=1 =1
n T
T — digg <Zz:1(";l + A, )> ’
n

em que AjT é a j-ésima linhade A, j=1,...,p,e A; = y/Z;'— — Q;E;)BT(IC)XZT — Qyi/Z\ZTAT + 2A(k)ziBT(k)X;-r +
Xiﬁ(k)BT(k)XiT + A(k)zjz\;r(k)AT(k). Esse processo é repetido iterativamente até que algum critério de parada
seja satisfeito. Usualmente, utiliza-se alguma medida de distancia entre os tdltimos dois valores sucessivos da
é(k“)) - z(é(k))| ou |€(a(k+1))/£(§(k)) — 1/, de forma que esta

seja a menor possivel. Seguindo, Hughes (1999), Matos et al. (2013a) e Vaida and Liu (2009), a variancia dos

fungao log-verossimilhanca ¢(8|y), tais como |¢(

efeitos fixos do modelo TCFA pode ser obtida por
m -1
Var(B) = (Z X!s1X; - ij;lvar(yi\vi,ci)z;lxi> . (3.2.5)
i=1
Na proxima se¢ao, seré proposta a modelagem via inferéncia Bayesiana para o modelo TCFA.

3.2.2 Estimagao Bayesiana

Nesta secao, propomos uma modelagem hierarquica Bayesiana para o modelo TCFA, métodos de selecao de
modelos via inferéncia Bayesiana, bem como métodos de diagnéstico de dados influentes baseados na medida
de divergéncia ¢ (Peng and Dey, 1995). Primeiro, serao definidas as distribuigbes para os parametros e, entao,
serao apresentadas as distribui¢oes condicionais completas, que possibilitam o uso de técnicas MCMC, tal como

o amostrador de Gibbs.

Distribuigoes a priori e a posteriori

Considerando as especificagoes do modelo dadas em (3.2.1) e (3.2.2), o modelo de anélise confirmatoria Tobit

pode ser facilmente representado como:

yilzi,Ci, Vi,0 ~ TN(x;8+ ALz, Vjj; (=00, q)) (3.2.6)
ZZ"CZ‘,VZ' ~ Nq(O,Q),
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em que A = (Aq,...,Ay)pxq € A, representa a r-ésima colunade A, r =1,...,¢,i=1,...,n,j=1,...,pe
TN (u,02;a) denota a distribuicio normal truncada no ponto a e ¢ij = 0 se C; = 1 (caso censurado) ou g;; = 00
se Cjj = 0 (caso nao censurado).

Para especificagao completa sob ponto de vista Bayesiano, faz-se necessario obter as distribuicoes a priori dos
parametros 8 = (,BT, A, ). Vale ressaltar que, tal como na andlise frequentista, serd assumindo aqui também
que € é uma matriz conhecida. Em modelos lineares mistos, é comum a escolha de distribuig¢oes a priori
condicionalmente conjugadas para se assegurar que a distribuicao a posteriori seja propria, veja Hobert and
Casella (1996). Para o modelo TCFA, foram utilizadas também distribui¢ées a priori proprias condicionalmente

conjugadas tal que

B ~ Np(Bo, Sp), (3.2.7)
A ~ Np(Ao, Sa),r=1,...,q, (3.2.8)
U, ~ IGamma(ko/2,v0/2), (3.2.9)

em que IGammal(a,b) é a distribuicdo Gama inversa com média b/(a — 1), a > 1, e ¥;; é o j-ésimo elemento

da matriz diagonal ¥, j = 1,...,p. Assim, o nucleo da densidade a posteriori é dado por:

7(0)y,z,C, V) o [[in; TN(yilzi, Ci, Vi, 0) [11_; Np(Ar|Ao, Sa) X (3.2.10)
[T [Np(B51B0, Sp) I Gamma(¥ j;]ko, vo)].

De (3.2.6), tem-se que z|yi,Ci, Vi, 0 ~ Ny(z;,A), em que z; = AAT TN (y; - X;8) e A = (@7 +
AT\IlflA)_l. Como a distribuigao a posteriori apresentada na (3.2.10), ndo é tratavel analiticamente, algoritmos
do tipo MCMC podem ser empregados para se obter aproximagoes numéricas para as distribui¢gdes marginais a
posteriori. Sejam 01|y, C, 'V, 9(791) a densidade condicional completa de 87 e 81|y, C, V, 0(791) =01y, 0(701).

Assim, tem-se:

ﬂ‘y:z)e(_ﬁ) ~ N(Aﬁuﬂv Aﬂ)a

qg+n vo+s
\I/jj|y,Z,0(_\I/jj) ~ IGamma(T, T),

Ar|y7Z50(_AT,) ~ N(AAIIA, AA)7 r= ]-7 - q
em que Ag = (SEI"‘Z;L X/ X)) ug = (ﬁg)rs,gl+2?;1(Yi—X;r:80)T‘I’_1X;r)a s= i (yi—XiB—
Azi), Ay = (S0 2] U+ AGH T ua = S AL 2 + AG ST A = i - XaB - YU Mza,
r=1,...,q.

Na subsecao subsequente, serao discutidos os critérios de comparagao de modelos. Para maiores detalhes,

veja Lachos et al. (2013b).

Critérios Bayesianos de selecao de modelos

Neste trabalho sera utilizada a medida de predigdo condicional ordinal (em inglés, conditional predictive or-

dinate - CPO), um dos critérios de comparagdo de modelos mais difundidas no contexto Bayesiano. Essa

25



medida é derivada da distribuigdo preditiva a posteriori (veja Carlin and Louis, 2008). Seja D o conjunto
completo de dados e D= o conjunto de dados sem a i-ésima observacdo. Denote a densidade a poste-
riori de 6 dado D9 por 7T(l9|D(_i ). Para a i-ésima observagao, a medida C'PO; pode ser escrita por
CPO; = [g fyil@)m (0|D)do = {f@ 9|D)d0} 1. Para o modelo TCFA, uma forma fechada de CPO;

f(yil0)
nao é possivel analiticamente. Contudo, uma estimativa via Monte Carlo de C'PO; pode ser obtida ao se uti-

lizar uma tnica amostra MCMC da distribui¢do a posteriori w(8|D) sob a aproximacao utilizando uma média

-1
Q
harmonica, veja, por exemplo, Dey et al. (1997), tal que C’PO { > e |9 )} , em que Oq,...,0¢ ¢
g=1-"vrre
uma amostra MCMC valida de tamanho @ (ou seja, apds o descarte das primeiras estimativas - burn-in - e

selecionando sistematicamente observagoes de forma espagadas) de m(6|D). Um resumo da medida CPO; é a
fungao de log-verossimilhan¢a pseudo-marginal (LPML), definida por LPM L = Z log(C’PO ). Quanto maior
é o valor de LPM L, melhor a qualidade do ajuste do modelo. =

Outros critérios de comparagao de modelos que também podem ser utilizados sdo: o de informacao dos
desvios (DIC) proposto por Spiegelhalter et al. (2002), o critério de Akaike esperado (EAIC) e o da informagao

Bayesiana esperada (EBIC) tal como apresentados em Carlin and Louis (2001). Essas medidas se baseiam

_ Q
na média a posteriori da funcdo desvio, que pode ser aproximada por D = ) D(6,)/Q, em que D(0) =
q=1

-2 Z log [f(yil6)]. O critério DIC pode ser estimado utilizando os resultados via MCMC como DIC = D+pp,

em que pp = E{D(0)} — D{E(0)} é o namero efetivo de parametros e D{F(0)} é a fungao desvio avaliada na
média a posteriori. De forma parecida, os critérios EAIC e EBIC podem ser estimados como: EAIC = D+24(9)
e EBIC =D+ #(9)log(n), em que # () é o nimero de parametros do modelo. Observe que para todos esses
critérios, a estimagao da fun¢ao de verossimilhanca dada em (3.2.3) é imprescindivel. Contudo, ela pode ser
facilmente obtida segundo a abordagem proposta, tratando separadamente as componentes associadas aos dados

observados e censurados de y; como apresentado na Subsegao 3.2.1.

Medidas de diagnéstico Bayesiano para dados influentes

Inferéncias em modelos de anélise fatorial com covaridveis, assim como em modelos de regressao, sao fortemente
afetadas pela inclusao ou exclusao de um conjunto de observacoes. Para se estudar os efeitos de observacoes
influentes na analise, esquemas de perturbagao do modelo tém sido desenvolvidos na literatura estatistica (veja
Cook (1986)). Os esquemas mais comuns se baseiam no método de exclusdo de casos (Cook and Weisberg,
1982), em que o efeito de se retirar todos os casos influentes da analise é avaliado. Para o modelo TCFA,
utilizou-se também um esquema de exclusao de casos sob perspectiva Bayesiana tendo por base o uso de fungoes
de perturbagcao.

Fungoes de perturbagao foram introduzidas por Kass et al. (1989) e Weiss (1996). Por meio dessas fungoes,
faz-se possivel a avalia¢ao da sensibilidade dos pressupostos do modelo M na distribuicao a posteriori 7 (8]y, M).
Suponha que 7 (8|y, M) seja a distribuigdo a posteriori de 6 sob o modelo M; e 7 (8|y, M2) é sua distribuigao

a posteriori sob o modelo Mj. Assim, a func¢do de perturbagao por exclusdo de casos ¢ definida por p(0) =
7r(0|y,M2)
7"(0|}’7M1) )
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Considerando um subconjunto I com k elementos do conjunto {1,...,n}. Quando o subconjunto I ¢ deletado
dos dados y, denote esses dados eliminados por y; e y(_) os dados restantes. Logo, a funcao de perturbagao por
exclusao de casos é p(0) = 7 (9| V(- I)) /7 (0)y). Apos algumas manipulagoes algébricas, a func¢ao de perturbagao
pode ser definida por

o) — — Mlier FEl0)
E0|y { [Hie[ f(}’zw)} _1}

em que f(y;|@) representa a fun¢ao de verossimilhanga dada na Equacgao (3.2.3).

(3.2.11)

A funcao de perturbagdo dos pardmetros do modelo TCFA por exclusdo de casos pode ser aproximada pelo
uso da distribui¢ao marginal de y e técnicas de MCMC pela amostragem da distribuigdo a posteriori. De fato,
quando o subconjunto I = {i} é considerado na analise e 01,...,0¢ ¢ uma amostra MCMC valida de tamanho

Q@ de 7(0 | y), a aproximacao via Monte Carlo da funcao de perturbagao p(€) ¢ dada por

O\ — PO -1
p(0) = CPO; [ppe (y7; X7B, X7°)Dpe (V5 1iSi)] (3.2.12)
Outra abordagem usual para se quantificar as observacoes influentes é utilizar medidas de divergéncia entre
distribuicbes a posteriori com e sem um determinado subconjunto de dados. A medida de divergéncia ¢ entre

duas densidades 7 e w2 para 6 foi definida por Csiszar (1967) como

dg(m1, m2) = /q <2Ez§) m2(6)do, (3.2.13)

em que ¢(.) é uma fungdo convexa tal que ¢(1) = 0. Medidas especificas de divergéncia sao obtidas ao se
considerar certas fungdes ¢(-). Por exemplo, a medida de divergéncia Kullback-Leibler ¢ obtida quando ¢(z) =
—log(z), a medida de distancia J (uma versao simétria da divergéncia de Kullback-Leibler) é obtida quando
q(z) = (z — 1) log(z) e a distancia L se define por ¢(z) = |z — 1] (Lachos et al., 2013b).

A medida de influéncia ¢ dos dados y; na distribuicdo a posteriori de 0, dy(I) = dy(m,m2), € obtida ao

considerar 1 (0) = 71(0]y(_r)) e m2(0) = 7(0]y) na Equagao (3.2.13), e pode ser escrita como

dy(I) = Eg\y [a(p(8))], (3.2.14)

em que os valores esperados sao obtidos com relacao a distribuicao a posteriori dos dados nao perturbados.
Essas medidas de influéncia tém sido utilizadas por Peng and Dey (1995), Weiss (1996) e mais recentemente por
Vidal and Castro (2010).

Cabe ressaltar que a medida de influéncia d, (I) por si mesma nao determina se uma observagao ¢ influente
ou nao. Para tanto, faz-se necessaria a definicao de um ponto de corte que possibilita determinar se um pequeno
subconjunto de observagoes ¢é influente. Nesse contexto, a proposta dada por Peng and Dey (1995) foi utilizada.

Considere a funcdo de probabilidade de uma moeda viesada, que é dada por mi(z | p) = p*(1 — p)'~=,

com
x =0, 1, enquanto a fungao de probabilidade de uma moeda nao viciada é dada por ma(z | p) = 0.5. De (3.2.13),

a medida de divergéncia q entre uma moeda viciada e outra nao viciada é dada por

dy(p) = q(2p) + q;2(1 —r)
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em que dy(p) cresce quando p se afasta de 0.5, é simétrica em torno de p = 0.5 e atinge seu valor minimo em
p = 0.5. Adicionalmente, se d,;(0.5) = 0 entdo m; = m2. Consequentemente, se for considerado que p > 0.85
(ou p < 0.15) representa um forte viés de uma moeda, entao, dr,(0.85) = 0.70 e, portanto, pode-se dizer que
uma observagao ¢ influente se dr, (i) > 0.70, ¢ = 1,...,m. De forma similar, para a medida de divergéncia de
Kullback-Leibler, tem-se dx,(0.85) = 0.33 e para a medida de distancia J, d;(0.85) = 0.61. Esses pontos de

corte foram utilizados nos estudos empiricos.

3.2.3 Aplicagoes

Estudos de simulacdo e uma aplicagdo a dados reais foram utilizados para avaliar os métodos propostos. A

seguir, sera apresentado um resumo dos resultados encontrados.

Estudos de simulagao

Na parte da aplicagao, dois estudos de simulacao foram realizados. O primeiro teve por objetivo comparar as
estimativas obtidas de um modelo de analise fatorial confirmatoria classica (CFA) e de um modelo de analise
fatorial confirmatoria Tobit (TCFA) para diferentes percentuais de censura na amostra e diferentes abordagens
(classica ou Bayesiana). J& o segundo estudo, a finalidade principal era avaliar se as estimativas obtidas via o
algoritmo EM proposto apresentam boas propriedades assintéticas.

Para tanto, os dados foram simulados do modelo TCFA definido em (3.2.1) e (3.2.2), com p =5, k =3 e

q = 2. Os valores verdadeiros dos paradmetros 3, A e ¥ foram:

B’ (0.5,0.8, —0.5),

- —06 —0.6 —06 0 0

AT = ,
0 0 0 0.5 0.5

U = diag(0.2,0.2,0.2,0.2,0.2).

Como uma analise confirmatéria, a matriz €2 foi fixada previamente em 0.6I 4+ 0.4J, em que I é uma matriz
identidade (2 x 2) e J é uma matriz (2 x 2) de uns. Os valores iniciais fixados para ambas abordagens, classica

e Bayesiana, foram:

BOT = (-0.4,-0.4,0.5),

AOT (—0.1 0.1 —01 0 0 )
0 0 0 01 0.1

O = diag(0.4,0.4,0.4,0.4,0.4).

A matriz de covaridveis X; foi gerada pelo produto Kronecker de duas matrizes A e B, em que A é uma matriz
(1 x p) de uns e B é um vetor transposto associado ao x;;, j = 1,2,3. A covariavel z;; foi igual a um para todo
i=1,...,n (intercepto); x;2 foi gerada de uma distribui¢do Normal com média 6 e variancia 1 e x;3 foi gerada

independentemente de uma distribuigao Bernoulli(0.5).
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Todos os programas foram implementados no software R. Em todas as situagoes, foram comparadas as

consequéncias na inferéncia sobre os pardmetros quando o mecanismo de censura é levado em consideracao

(modelo TCFA) ou ignorado (modelo CFA).

Estudo 1: Este estudo teve por objetivo a investigacao do impacto nas estimativas dos modelos TCFA e CFA
para diferentes percentuais de censura na amostra. Para tanto, o algoritmo do tipo EM proposto foi utili-
zado para se obter estimativas por méxima verossimilhanca e duas cadeias MCMC independentes de tama-
nho 20.000 foram geradas na abordagem Bayesiana e as seguintes distribuigoes a priori foram designadas
para os parametros do modelo: 3; ~ Ni(1,10%), A1y ~ N1(—0.8,1),k =1,2,3, Ay, ~ N1(0,1076), k = 3, 4,
Aop ~ N1(0,1079), k =1,2,3, Aop ~ N1(0.8,1) k = 3,4 ¢ ¥; ~ IGamma(2,1). Por meio da Tabela 3.1, os
resultados para ambas abordagens (classica e Bayesiana) indicaram que o modelo TCFA foi o que melhor se
ajustou aos dados independente da quantidade de casos censurados na amostra. Dado que as observagoes
foram geradas deste modelo, este estudo evidenciou ainda mais a necessidade de se considerar a informagao
sobre o procedimento de censura na anélise, uma vez que as estimativas obtidas pelo modelo CFA foram
as que mais se distanciaram dos seus valores verdadeiros. Ao compararmos as abordagens frequentistas e
Bayesianas, verificou-se que ambas obtiveram resultados similares. A convergéncia das cadeias MCMC foi
alcangada segundo as andlises dos graficos das trajetorias das amostras da cadeia (trace plots), graficos de

auto correlacao e das medidas de diagnostico Gelman-Rubin R.

Estudo 2: Para se estudar algumas propriedades assintéticas associadas as estimativas por méaxima verossi-
milhanga, cinco tamanhos de amostras foram fixados (n = 30,50, 150,350 e 600) e medidas de vicio e
erro quadratico médio (EQM) foram avaliadas. Para cada tamanho de amostra, 100 réplicas de dados
simulados do modelo TCFA foram geradas e, utilizando o algoritmo do tipo EM proposto, estimativas sob
a modelagem via CFA e TCFA foram obtidas. Para este estudo, o percentual de censura da amostra foi
de 20%. Os resultados indicaram que para ambos modelos as estimativas obtidas pelo algoritmo proposto
apresentaram boas propriedades assintoticas. Como esperado, as medidas de vicio e EQM se aproximaram
de zero & medida que o tamanho da amostra crescia. Observou-se também que o modelo TCFA foi mais

estavel e apresentou melhor desempenho que o modelo que ignora censura.

Aplicagao a dados reais

O banco de dados utilizado nesta aplicagao refere-se ao desempenho de 502 alunos no teste de leitura EGRA
(Early Grade Reading Assessment) desenvolvido pela agéncia norte-americana USAID (U.S. Agency for Inter-
national Development). Este exame ¢ um instrumento para medir o progresso de aprendizado em leitura de
alunos em séries iniciais (RTI International, 2009). Mais especificamente, o teste EGRA avalia quao bem as
criangas nas séries iniciais estao evoluindo no aprendizado de leitura e também determina em quais areas desse
processo de desenvolvimento precisa ser melhorado. Este teste é aplicado a alunos da América Latina e no
Caribe e é administrado oralmente, um estudante por vez. Para este estudo, foram utilizados os resultados de

quatro tarefas/subtestes do teste EGRA de lingua Espanhola aplicados em 2007 para estudantes do Peru. Esses
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Tabela 3.1: Estudo 1. MC mean e MC Sd s&0, respectivamente, as estimativas médias e os desvios-padrao via Monte Carlo de 100 réplicas.

Os valores em parénteses sdo as medidas de erro-padrao segundo a Equagao 3.2.5.

Estimativas EM Estimativas bayesianas

Percentual de censura  Parametros TCFA CFA TCFA CFA
MC Mean MC Sd MC Mean MC Sd | MC Mean MC Sd MC Mean MC Sd
5% b1 0.491 (0.214) 0.189 0.671 (0.205) 0.182 0.475 0.198 0.708 0.187
B2 0.802 (0.035) 0.031 0.774 (0.034) 0.030 0.804 0.033 0.767 0.031
B3 -0.507 (0.073) 0.063  -0.494 (0.071) 0.060 -0.498 0.061 -0.483 0.059
A1l -0.577 0.052 -0.555 0.049 -0.609 0.058 -0.581 0.054
A21 -0.577 0.057 -0.556 0.055 -0.608 0.058 -0.584 0.055
A31 -0.582 0.055 -0.560 0.051 -0.606 0.058 -0.579 0.055
A2 0.463 0.049 0.451 0.045 0.495 0.065 0.479 0.062
As2 0.462 0.043 0.449 0.042 0.495 0.064 0.477 0.061
P11 0.199 0.036 0.185 0.033 0.215 0.037 0.200 0.034
)29 0.196 0.033 0.182 0.030 0.212 0.037 0.197 0.033
33 0.203 0.035 0.188 0.033 0.220 0.037 0.204 0.034
haa 0.215 0.033 0.201 0.031 0.222 0.048 0.209 0.044
V55 0.213 0.027 0.199 0.024 0.217 0.047 0.205 0.043
10% b1 0.489 (0.217) 0.193 0.876 (0.200) 0.182 0.472 0.203 0.959 0.181
B2 0.802 (0.035) 0.032 0.742 (0.033) 0.03 0.804 0.034 0.727 0.030
B3  -0.507 (0.074) 0.062  -0.479 (0.069) 0.058 -0.499 0.061 -0.464 0.057
A11 -0.576 0.053 -0.538 0.048 -0.605 0.059 -0.559 0.053
A21 -0.577 0.059 -0.540 0.053 -0.610 0.059 -0.564 0.053
A1 -0.581 0.054 -0.542 0.049 -0.605 0.060 -0.559 0.053
A2 0.463 0.049 0.442 0.044 0.498 0.066 0.465 0.060
As2 0.461 0.046 0.438 0.042 0.495 0.066 0.463 0.059
P11 0.200 0.036 0.173 0.031 0.216 0.038 0.189 0.031
P22 0.196 0.033 0.170 0.029 0.212 0.038 0.185 0.031
)33 0.204 0.037 0.176 0.032 0.221 0.039 0.193 0.032
Yaq 0.216 0.034 0.188 0.029 0.222 0.049 0.197 0.041
V55 0.214 0.026 0.185 0.022 0.220 0.048 0.195 0.040
50% b1 0.209 (0.270) 0.31 3.040 (0.157) 0.157 0.382 0.299 3.172 0.139
B2 0.843 (0.043) 0.046 0.432 (0.026) 0.024 0.817 0.047 0.401 0.023
B3 -0.518 (0.086) 0.08 -0.310 (0.054) 0.042 -0.508 0.075 -0.279 0.044
A1 -0.618 0.081 -0.421 0.048 -0.612 0.077 -0.390 0.058
A21 -0.625 0.082 -0.424 0.042 -0.619 0.077 -0.393 0.057
A31 -0.623 0.074 -0.423 0.042 -0.617 0.078 -0.390 0.059
A42 0.498 0.069 0.368 0.038 0.425 0.137 0.291 0.059
As52 0.493 0.067 0.362 0.038 0.429 0.134 0.293 0.058
P11 0.204 0.043 0.088 0.019 0.232 0.051 0.106 0.017
22 0.195 0.043 0.086 0.019 0.226 0.050 0.103 0.016
33 0.209 0.047 0.091 0.020 0.237 0.052 0.107 0.017
Yaa 0.220 0.044 0.097 0.018 0.240 0.061 0.115 0.021
P55 0.217 0.039 0.093 0.017 0.234 0.060 0.113 0.020

subtestes se referem a: (1) habilidade de reconhecer letras do alfabeto; (2) habilidade de reconhecer palavras
simples; (3) simples decodificagdo de palavras sem sentido; e (4) leitura de uma passagem.

O desempenho dos estudantes em cada subteste foi calculado por uma medida de velocidade dada por:
Velocidade;; =

segundos e T'empo;j= tempo (em segundos) gasto pelo estudante i na tarefa j (menor ou igual a 60). Essa

ﬁ;oij, em que: Yjj=ntmero de letras/palavras lidas pelo estudante ¢ na tarefa j em até 60

2

medida indica que, quanto maior é a fluéncia do estudante em Lingua Espanhola, maior seréd sua medida de
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velocidade com relacdo as tarefas avaliadas. A aplicacdo de técnicas de analise fatorial para este estudo tem por
objetivo verificar que, dada a alta associacao entre essas medidas de velocidade, a reducao da dimensionalidade
pode ser justificada e uma medida geral de habilidade (interpretada como Fluéncia em Lingua Espanhola) pode
melhor representar os dados. Contudo, devido & natureza do teste que apresenta restricbes quanto ao tempo
de resposta em cada tarefa, baixos escores nos subtestes nao representam necessariamente baixas medidas de
fluéncia na lingua avaliada. Sob a suposicao de que o tempo associado as tarefas avaliadas nao foi suficiente
para estimar bem a fluéncia para individuos com baixos escores, as 10% menores medidas de velocidade foram
consideradas como casos censurados. Utilizando esta definicdo de observagoes censuradas, o modelo TCFA foi

definido por:

Velocidade,, = X;8 + AZ; + ¢;, (3.2.15)
em que Velocidade,, = (Velocidad,,, ..., Velocidad,,,)" é um vetor de dimensdo (4 x 1) das medidas de
velocidade do estudante ¢ nas quatros tarefas, i = 1,...,502; X; é a matriz de delineamento de dimensao (4 x 5)

correspondendo aos seguintes efeitos fixos: 1 =sexo (0=Feminino, 1=Masculino); B2 =série escolar (0=Segundo
ano; 1=Terceiro ano); f3 =zona de residéncia (0=Rural, 1=Urbana);54 =idade; A é um vetor (4 x 1) das cargas
fatoriais; Z; é o fator latente associado a habilidade geral (fluéncia em Espanhol); €; é um vetor (4 x 1) dos erros
aleatorios e €2 é um escalar, fixado em 1.

Na base de dados, observa-se que 157 estudantes sdo do sexo feminino e 345 do sexo masculino; 354 sao da
segunda série e 148, da terceira; 250 sao provenientes da zona urbana e 252 da zona rural; 51% dos estudantes
tinha até sete anos de idade. Como nos estudos simulados, foram obtidas estimativas via maxima verossimilhanca
e analise Bayesiana incluindo ou nao a informacao sobre censura. As varidveis respostas foram padronizadas
para se evitar o impacto nas estimativas devido a diferenga nas escalas dessas variaveis.

Para analise Bayesiana, duas cadeias MCMC paralelas e independentes de tamanho 50 000 foram geradas,
as primeiras 5 000 iteragoes de cada foram descartadas (procedimento conhecido como burn-in) e para eliminar
problemas associados as auto correlagoes das amostras, as estimativas consideradas foram obtidas considerando
um sistema de amostragem sistematica (lag igual a 20). Seguindo Lopes and West (2004), foram consideradas as
seguintes distribuicoes a priori independentes: 5 ~ N(0,10),A ~ N(0,1)1(\; > 0) e ¥ ~ IGamma(1.1,0.05).
A convergéncia das cadeias MCMC foi monitorada utilizando graficos das trajetorias (trace plots), das auto
correlacoes (ACF) e as medidas de diagnostico de Gelman-Rubin R.

Por meio da Tabela 3.2, verificou-se que ambas abordagens (frequentista e Bayesiana) apresentaram esti-
mativas proximas. Apesar da padronizagdo das variaveis, observou-se que garotos mais jovens da terceira série
provenientes da zona urbana s@o os estudantes com medidas de velocidade mais altas. Todas as variaveis ex-
plicativas incluidas nos modelos foram significativas. Com relagdo ao desempenho dos modelos CFA e TCFA,
verificou-se que as estimativas do vetor de cargas fatoriais, bem como as variancias especificas (matriz W), foram
levemente maiores para o modelo em que a informagao sobre os dados censurados é levada em consideragao.
Altos valores para as cargas fatoriais confirmam nossa hipotese inicial de que um fator latente geral associado
a fluéncia em Lingua Espanhola é adequada. A variével resposta de menor impacto na estimagao desse fator

latente e alta variabilidade (V44 = 0.788) foi o subteste 1 (reconhecer letras do alfabeto). Segundo os critérios
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Tabela 3.2: Dados EGRA. Estimativas dos parametros via algoritmo EM e pela analise Bayesiana para os

modelos TCFA e CFA.

Algoritmo EM Analise Bayesiana

Parametros TCFA CFA TCFA CFA

Estimativas Estimativas Média Sd IC(95%) Meédia Sd IC(95%)
51 0.251 (0.093) 0.295 (0.087) 0.199 0.074 (0.054;0.344) 0.244  0.067 (0.113;0.374)
B2 0.765 (0.119) 0.736 (0.112) 1.108  0.095 (0.922;1.294) 1.097  0.086 (0.929;1.266)
B3 0.931 (0.079) 0.938 (0.074) 0.863  0.062 (0.742;0.985) 0.894  0.056 (0.783;1.004)
Ba -0.123 (0.060)  -0.122 (0.056) -0.215  0.047  (-0.308;-0.123)  -0.208 0.042  (-0.292;-0.125)
A11 0.565 0.540 0.580  0.047 (0.489;0.674) 0.544  0.044 (0.459;0.631)
A21 0.967 0.884 0.985  0.040 (0.909;1.065) 0.879  0.033 (0.816;0.946)
A31 0.915 0.837 0.925  0.040 (0.850;1.006) 0.828 0.034 (0.763;0.897)
Ad1 0.961 0.885 0.973 0.041 (0.896;1.056) 0.876  0.035 (0.810;0.946)
P11 0.788 0.721 0.806  0.055 (0.706;0.920) 0.734  0.048 (0.646;0.834)
P22 0.161 0.140 0.157  0.019 (0.122;0.196) 0.139 0.016 (0.109;0.171)
33 0.224 0.201 0.228  0.021 (0.188;0.273) 0.203  0.018 (0.169;0.240)
a4 0.206 0.179 0.207  0.020 (0.168;0.249) 0.179  0.017 (0.148;0.215)
Critérios de comparagao de modelos
Loglik -2103.952 -2121.841 | LPML -2111.687 -2128.43
AIC 4231.904 4267.682 DIC 4170.288 4200.523
BIC 4282.527 4318.305 EAIC 4219.165 4249.831
CAlc 4294.527 4330.305 EBIC 4286.423 4317.089

de comparacdo de modelos, a abordagem via TCFA é a preferida. Este fato corrobora os estudos simulados

sobre a importancia de se incluir a informagao sobre as observagoes censuradas na analise dos dados.

Para esse banco de dados também foi feita uma analise de diagnéstico via medidas de divergéncia d, para a
deteccao de observagoes influentes. Trés observagoes foram apontadas como atipicas: #244, #316 e #289. Essas
observagoes se referem a estudantes do sexo feminino, zona urbana que apresentaram desempenho incoerente
com o esperado. A estudante codificada como #244, por exemplo, teve bom desempenho nas tarefas mais
complicadas para a grande maioria dos estudantes (Subtestes 1 e 3, que correspondem, respectivamente, a
habilidade de reconhecer letras do alfabeto e a habilidade simples decodifica¢ao de palavras sem sentido) e baixo
desempenho nas tarefas consideradas mais faceis para os estudantes. Retirando as observagoes mais atipicas
(#244 e #316), realizaram-se novas anélises sob o modelo TCFA para se avaliar o impacto da retirada desses
dados na inferéncia sobre os parametros do modelo, contudo, observou-se que para ambas perspectivas (classica

e Bayesiana) a significincia dos parametros, bem como o sinal dos coeficientes estimados, permaneceram os

mesmos ap0s a eliminicao desses dados.

Motivados pela preocupagao da sensibilidade das inferéncias sob presenga de potenciais pontos discrepantes
ou com dados provenientes de distribui¢oes de caudas mais pesadas que a Normal, a modelagem da analise
fatorial confirmatoéria com covaridveis utilizando a distribuicao ¢ de Student foi proposta e sera apresentada a

seguir.
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3.3 Modelo t-TCFA

Zhou and Tan (2010) desenvolveram uma andlise hierarquica robusta para modelos de anéalise fatorial na qual
os efeitos aleatorios e os erros associados aos individuos tem distribuigao multivariada ¢ de Student (t-CFA). Na
formulagao deles, é assumido que a variavel aleatéria de mistura U compartilha os mesmos pardmetros para as
duas fontes de variabilidade do modelo, ou seja, eles possuem os mesmos graus de liberdade, v. Para se obter
estimativas robustas para os parametros, neste trabalho procedemos como Zhou and Tan (2010) (veja também,
Matos et al., 2013b) por considerar uma generaliza¢ao do modelo Gaussiano TCFA definido em (3.2.1) e (3.2.2),

com

(zi, €)' ~ tp14{0, Diag(Q, ®), v}, i=1,...,m, (3.3.1)

ou equivalente a: z; id t4(0,92,v) e € id tp(0,V,v), em que Diag(A,B) é uma matriz bloco diagonal cu-

jos elementos pertencem as matrizes quadradas A e B. Note que z; e €; sdo nao correlacionados dado que
Cov(z;, €;) = Elz;€] | = E[E(z;€] |U;)] = 0, em que U; é a variével de mistura gerada de Gamma(v/2,v/2).

Como no caso Gaussiano, inferéncias classicas para o vetor de parametros 8 = (BT, A, \II)T se baseiam na
distribuicdo marginal de y; que, para os dados completos é y; - t(X;B,%8,v),i=1,...,m,com X = AQAT +
¥. E bem conhecido na literatura estatistica que estimativas obtidas de modelos utilizando a distribuicio t
de Student sao mais robustas a observagoes discrepantes que aquelas de modelos que utilizam a distribugao
Gaussiana. Em um estudo simulado, Zhang et al. (2013) mostraram que um modelo ¢-CFA sem covariaveis
teve desempenho substancialmente superior a andlise fatorial classica quando outliers estao presentes nos dados.
Essa probleméatica também foi discutida por Wu (2010) e Matos et al. (2013b) no contexto de dados censurados
em modelos lineares de efeito misto.

Como no caso normal (Se¢ao 3.2), a fungao de verossimilhanga pode ser avaliada tratando separamente
uma componente associada aos dados observados e outras, aos dados censurados do vetor y;. Por meio da
Proposigdo 1 apresentada no Apéndice C, tem-se que u° = X$8 + X(X°) " Hy? —X9B) e S; = (Zif)i;) 35,
com X0 = B — BP(BP)TIN® o §¢ = (y? — X28) T (X°) " Hy? — X?3). Assim, a fungdo de verossimilhanca

associada ao individuo ¢ é dada por

Lz(g) = tp;’ (thov Xfijﬁa 2307 V)Tpf (Vzc7 “2?07 ngv v+ sz) (332)

A fungao log-verossimilhanga para os dados observados (£(@y) = > i~ {log L;(@)}) pode ser obtida para
cada passo do algoritmo ECM sem nenhum custo computacional, ja que a cada passo E estimativas de L; sao
calculadas. Nesse contexto pode-se também utilizar a funcao log-verossimilhanca para se avaliar a convergéncia
do algoritmo, bem como para se calcular medidas de comparagao de modelos tais como o AIC, BIC e CAlc.

Com relagao a estimagao dos graus de liberdade, Lucas (1997) realizou um estudo sobre aspectos robustos
associados ao estimador M com distribui¢ao ¢ de Student no caso univariado fazendo uso de fungoes de influéncia
e apontou que a robustez do modelo contra observagoes discrepantes s6 é preservada se os graus de liberdade sao
fixados previamente. Desta forma, neste trabalho assumimos o pardmetro v como conhecido e, para o estudo

empirico, obtemo-no avaliando o valor que atinge o méximo da fungéo log-verossimilhanga para diferentes valores
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de graus de liberdade e, consequentemente, o valor de ¥ em que o modelo apresenta melhor ajuste segundo

critérios AIC ou BIC (veja Lange et al., 1989; Meza et al., 2012).

3.3.1 O algoritmo EM

Sejamy = (y{,...,y;) ", z=(z],...,2,)", V=vec(Vy,...,V,) e C =vec(Cy,...,C,), tal que se observe

1 n

(V;, C;) para o i-ésimo individuo. Tratando z, Q e C como dados faltantes e o conjunto de dados completos como
ye = (CT, VT, yT 2T a funcio de verossimilhanca para os dados completos sera £.(0]y.) = S i(Olye),

em que

1
i(Blye) =C — 3 log || + u;(y; — XiB — Az;) ¥ (y; — X8 — Az;) + log |Q|]

1
— §uizl—-rﬂflzi + h(u;|v),

~(k
e C é uma constante independente do vetor de pardmetros 8. Dada a estimativa atual 8 = 0( ), o passo E se

resume ao calculo da esperanca condicional da fungao log-verossimilhanca completa dada por

Q(0]0™) = E(L(By.)[V,C,0%)) = > " Qi(016™) = >~ Qui(6]6") + > Qui(2/6™),
1=1

=1 =1
em que
1 _ _— N _

Qui(86") = —3 [tog|¥| + & — 2y, ") — AwzP)BTX] W + A xB8 X v

€
1 — (k)
Q2:(02]0)) = -3 [log Q| + tr <Q_1uiziz2— >] :
com
PR (ui/y;;(’“)@—uk) oyl AT AW AT(k)\I;—1> ,

(k)

uiziz;r = F [uiziz?]Vi, Ci,B(k)}
— AB 4§ AWATE G10) (mﬂk) _ mgw)g) ETOTUCING
L ABATE G-1k) (_Xiﬂw)@(k) +x,80 Bﬂmxj) TR ATE AR
AR <Q—1<k> 1+ AT g—1(k) A(k)) :
am® = B [uizﬂvijcijg(k)} — AR ATE)p—1(R) (uﬁ-?i(’“) _Xi/j(k)),

—— (k)

wyiz = E[uiyizﬂVi,Ci,e(k)}:(mT(k)—@(k),BT(k)XZ)\II’l(k)A(k)A(k).

34



O passo de maximizagao condicional(CM) de Q(Ola(k)) ¢ dado por:

ﬂ('““)—(z MXTX;) 1ZX Gy ¥ — AW gz ) (3.3.3)

k+1) z:uzzZ 12 [ uzyZ R uﬂz (X I6} k)) (3.3.4)

\Ij(k+1) = Diag <ZZ 1( 2n+ 7 ) ’ (335)

em que AT é a j-ésima linha de A para j=1,...,pe A(k) = ui;;r(k) — szi}\fi(k)BT(k)X;-r — 22@—(k)AT(k) +
2A ) A(k ,BT k)X—r + X;0 k)ﬁT XT + AR)yg,; ZT( )AT( K. 0 passos E e M do algoritmo sao processados
de forma iterativa até que algum critério de parada seja estabelecido. Como ja descrito, medidas de distancia
que envolvam duas avaliagdes sucessivas da funcao de verossimilhanca sdao comumente utilizadas, tais como
0@ ) = @™ ou 6@ ) @™ 1.

Das Equagoes (3.3.3) a (3.3.5), verifica-se que o passo E esta associado basicamente ao célculo de u/i}\fi(k)
ey e m®

apresentadas no Apéndice C:

)

. Esses valores esperados podem ser obtidos de forma fechada, utilizando as Proposicoes 1-3

e Da Proposigao 1 (Apéndice C), se o i-ésimo individuo tiver somente respostas censuradas:

TP(Vl’//'l’\za 2:7 v+ 2)

—

wyiy; =FE Uiyz'yiT\Vz‘,Cz‘,a] = ——— E [WZWJ—:| ;
) TP(Vi“l'ivzivy)
__ r TVl v+ 2
uy; = E uiYi’Vi7Ci70:| _ Bl ZWZA 5 )E[Wz‘],
B TP(Vi’Niaziay)
- S T(Vili, S, v+ 2
i = B [V, ©;,0] = T Vilke Zy T 2)
) Tp(Vi|p‘i72i7V)
% R ~ % = =~ -~ ~~T
em que W; ~ Tt,(p;, ;v +2r,A;), p, = X;8, 8, = y—Vszi’ X, =P+ AQA e A = {W, =

(wl,...,wp)T]wl S V:L‘l,.. . ,pr S Vzp}

e Se 0 i-ésimo individuo tiver todas as respostas observadas (isto é, ndo censuradas), entao:

V—l—p 'TU\'_V_'_p 'ea'_y'*'p
I/—}—diYZyZ’ Yi 1/+5in i U+ o

em que &; = (y; — XiB) "=, H(y: — XiB).

uy;y, =

)

e Se 0 i-ésimo individuo tiver respostas censuradas e ndo censuradas, dada a Proposi¢ao 2 do Apéndice C e

o fato de que y;| Vi, C;, yi| Vi, Ci, ¥ € y§| Vi, Ci, y¢ sao equivalentes, tem-se:

~ 0,01 ~ 0T C
Uiy, y; Uiy; W;

cT

uyiy; = E Uz’yz'yiT|Y§7,Vz‘,Ci,9} =1 _—~ —
- uiwfyz‘»’T UWiWS

Y

W = E [uiyily?, Vi, i, 8] = vec(iy?, we),

- R o V co SCO V+ O+2
W =E uiy;?,Vi’Ci’g}_<V+pz> T( e, Py +2)

v+ 07) T (Vilu, S0, v 7))
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3 50 _ — 3
em que S° = <1/—T—;—|—p> 500, Wi = E[Wi] e wiwe | = E[W, W], com W, ~ Tty (e, §, v+ p¢ +
K3

2,A%) e pu§°, 354 e S° como definido anteriormente.

3.3.2 Estimacgao da variancia dos efeitos fixos

Medidas de erro-padrao para estimativas por méxima verossimilhanca podem ser aproximadas pela inversa da
matriz de informacao observada, mas, geralmente, esta nao possui uma expressao fechada. Vaida et al. (2007,
Sec. 2) sugeriram uma adaptacao da formula de Louis (Louis, 1982) para se obter uma matriz de varidncia
ajustada para B na presenca de dados censurados. Esse procedimento seré utilizado aqui e também foi adotado
por Vaida and Liu (2009, Sec.2) e Matos et al. (2013b, Sec.3). A estimativa da matriz de varidncia-covariancia

de ,@ ¢é dada pela matriz

~

JI@B = Var(ﬁ) —
m n N o
i T ,_1 R T ‘—1 v p L ) ) A ‘_1 A
(; <V+P+2> X’L 21 XZ XZ 21 Var |:<l/+52> (yl XZ'B)|V1701:| 21 XZ) ,

vV+p
V‘i‘(si

em que y; ~ T't,(X;8,%,v;A). Dado que Var [(

vV+p 2 vV+p 2
iyi [Vi,Ci, 0 iIVi,Ci, 0
<V+5i> yiyi [Vi; Ci, <V+5i> yilVi, Ci,

apo6s algumas manipulagoes algébricas (veja Apéndice C), tem-se

) (vi — XiB)| Vi, CZ} depende de

2
<V+p> |Vzaczaé
v+ 0;

—

uz'yl2 =F

, uiy] = E ewy] = E

)

e Se o individuo ¢ tem somente respostas censuradas, entao pela Proposi¢ao 1 (Apéndice C)

*x

. TP(V’L“/]“L?iz 7V+4)

2 T
wiy? = cp(v, 2) = P g [WiW» } ,
' Tp(Vi|Nivzi,V) '

— T,(Vili, & v+4
Uzyl =c (V, 2) p( Z‘uw zAa*V_'_ )E[WZ],
7 P ~
Tp(Vi“l‘i’Ei?V)
7 T,(Vilp;, 3; ,v+4)

0 —
wiy; = cp(v;2) o
Z TP(Vi|p’i72i7V)

1% ~

3.
v+4 ¢

(,2) = <V+p>2 T (V—QHJ> r (;/;4)

HNONES.

em que W; ~ T't,(p;, f];k, v+4,A), f}:* =

e Se o i-ésimo individuo tem somente componentes nao censurados, entao

—  (v+p 2 T —— (v+p 2 5 _(Vv+Dp 2
Uy; = m Yiyi » wWy; = I/—|—(51; yi ¢ Uiy; = m ’

em que §; = (y; — XiB8) ", ' (y; — XiB).
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e Se 0 i-ésimo individuo tiver componentes censurados e nao censurados, entéo, pela Proposi¢do 2 do Apén-

dice C, tem-se:

— — T
— 0 x 00T 0,0
5 Uy; ¥V, ¥; uy; y; wi
—_— —_— —_—

uU;yV: =
i cT

0ol 0 €
WiY; Wiy uy; Wi Wy

— —

T 0 =
uy; = vec(uy; yi, wg),

uy? = ( L ) T (Vilp®, 8%, v + pf + 4)
' (v+09)2)  Tpe(Vilpso, S50 v +p9)

L((p+v)/2)T((p1 +v+4)/2)\ & V69 - —
d, = 2 scoz( zo>2¢0-0 ¢ — E[W, ewel =
em e dy = (49 (L v 0 ) e ) P Wi = BWi e wiw,
E[W,;W/], com W; ~ Ttpe (s, S5%, v + pf + 2, A7) e p?,37? e S{° como definido anteriormente.

Intervalos de confianca assintéticos e testes de hipoteses para os efeitos fixos podem ser obtidos assumindo
que as estimativas de méxima verossimilhanca [Ai seguem aproximadamente uma distribuigdo N,(3,J Bb) Na
pratica, J 83 é comumente desconhecida e precisa ser substituida por sua estimativa de maxima verossimilhanca
J55.

BB

3.3.3 Estimacgao dos fatores latentes

Da mesma forma que apresentado no Capitulo 2, para estimacao dos fatores latentes associados ao modelo TCFA
foi considerada uma abordagem condicional tal como descrito por (Matos et al., 2013b). Dadas as estimativas

de 8 = (,BT, A, ¥) " e considerando v conhecido, a média de z; condicionada a V; e C; é:

z;(0) = E[z|Vi,Ci] = E[E[E(zi|uw)|y:, w][Vi, Ci] = E{AAT ¥ (y; — X;8)|V;, C;}
= AANT (7 - XB),

em que A = (Q_l + AT\II_IA) ey, = E{yi|Vi, C;} é o primeiro momento de uma distribui¢ado multivariada t de
Student truncada T't,(X;8, 3;, v; A;). Na pratica, estimativas dos fatores latentes, z;, sdo obtidas substituindo
as estimativas de maxima verossimilhancga 5, implicando em z; = Zz(b\)

A matriz de varidncia-covaridncia condicional de z; dados V; e C; é

Elz;z] |V;,Ci] — 2:(0)z:(0)"

v4+p\ Vi, C;
]/—’—51 (2] (2

Var|z;|V;, C;]

= AE + AN War((y; — X;8)| Vi, C;] P AAT.

Esses valores esperados sao facilmente obtidos por meio do passo E do algoritmo ECM proposto.

3.3.4 Abplicacoes

Nesta secao sera apresentado um resumo do estudo de simulacao e da analise de dados reais aplicados para

avaliagao dos métodos desenvolvidos.

37



Estudo de simulagao

O estudo de simulagao desenvolvido aqui se assemelha a configuracao do estudo de simulagao apresentado no
Capitulo 2. O objetivo principal é avaliar o impacto das inferéncias sobre os pardmetros do modelo quando a

suposicao de normalidade é violada. Para tanto, trés cenarios foram definidos:
Cenario 1 (TCFA): Os dados e os fatores latentes foram gerados de uma distribuicdo Normal;

Cenario 2 (t-TCFA): Os dados e os fatores latentes foram gerados de uma distribuigdo ¢ de Student com 4
graus de liberdade;

Cenario 3 (Normal contaminada): Os dados e os fatores latentes foram gerados de uma distribui¢ao Normal

Contaminada com parametros v = (v1,15)" = (0.1,0.1) .

Para todos os cenarios, trés tamanhos de amostra foram considerados, n = 50, 150 e 300. Os modelos
Gaussiano TCFA (Secao 3.2) e o t-TCFA com v = 4 (Secao 3.3) foram ajustados para cada cenario. Para os 9

diferentes estudos, 100 réplicas dos dados foram geradas considerando a seguinte estrutura:

YZ‘Z’HUZ = U Np(p’hui_l‘]:l)?
Zi\Ui =u; ~ Ng(0,u;'Q),
U ~ F(v),

em que p; = X;B+ Az;, comp=>5k=3,¢g=2¢ 8 =(3.525,—1.5),

AT_ [ 06 06 —06 0 0
0 0 0 05 05 /)

¥ = diag(0.3,0.4,0.6,0.2,0.7), e U; = 1 para todo ¢ para o cendrio 1 (distribuigado Normal), U; ~ Gamma(2, 2)
vy com prob v

para todo i do cenério 2 (distribuigao ¢ de Student) e U; = para todo ¢ do cenario 3
1 com prob 1-—14

(distribuigdo Normal contaminada).

Como no estudo anterior, os elementos da matriz €2 foram fixados em 0.61 + 0.4J, em que I é uma matriz
identidade de dimensao (2 x 2) e J é uma matriz de uns de dimensao (2 x 2). A matriz de delineamento X;
foi gerada pelo produto Kronecker de uma matriz de uns com dimensao (1 X p) e um vetor transposto cujos
elementos eram x;;, j = 1,2,3. A covariavel z;; foi fixada em 1 para todo ¢ = 1, ..., n representando o intercepto;
x;9 foi gerada de uma distribuicao Uniforme discreta com pontos 6, 7, 8, 9, 10 e probabilidades 0.05, 0.4, 0.45,
0.05, 0.05, imitando a variavel idade presente na analise dos dados EGRA. Para estabilidade computacional, x;o
foi centralizada em 8. A ultima covariavel x;3, por sua vez, foi gerada de uma distribui¢do de Bernoulli com
pardmetro p = 0.5, imitando a varidvel sexo da base de dados reais. Todos os valores Y menores ou iguais a

zero foram considerados como casos censurados.

Cenario 1: Por meio da Tabela 3.3, verifica-se que o modelo sob normalidade (modelo TCFA) obteve melhor

desempenho comparado ao t-TCFA quando os dados foram gerados da distribuigdo Normal. Os critérios
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de comparagdo de modelos AIC e BIC apontaram essa preferéncia, contudo, as estimativas obtidas pelo
modelo ¢-TCFA n&o destoaram muito de seus valores verdadeiros. Verifica-se também que as medidas
de erros-padrao menores sao e, consequentemente, as estimativas de ambos modelos sao mais precisa a

medida que o tamanho de amostra cresce.

Cenério 2: Quando os dados foram gerados da distribuigao ¢t de Student, o modelo t-TCFA teve melhor de-
sempenho segundo os critérios de sele¢ao de modelos AIC e BIC (Tabela 3.4). O modelo Gaussiano, por
sua vez, superestimou as variancias especificas (¥) do modelo para qualquer um dos tamanhos amostrais
avaliados. Esse fato fornece indicios da falta de robustez do modelo TCFA. Com relagdo as medidas de
erro-padrao, verificou-se que os erros associados as estimativas obtidas por ambas abordagem diminuiram

& medida que se aumentou o tamanho da amostra, tal como observado no cenério 1.

Cenario 3: Nesse cenario, verificou-se o desempenho dos modelos TCFA e t-TCFA quando os dados foram
gerados de uma distribuicdo de caudas mais pesadas que elas. Por meio da Tabela 3.5, os critérios AIC
e BIC claramente apontaram a indicagdo do modelo t-TCFA como o melhor modelo. Mais uma vez, o
modelo TCFA apresentou estimativas altas para os elementos da matriz ¥. Observando as medidas de
vicio e erro quadratico médio associados as estimativas obtidas nesse cenario, é evidente que o modelo
t-TCFA estimou melhor os pardmetros do modelo e apresenta-se como uma 6tima alternativa para anélise

robusta de dados que nao advém da distribui¢ao Gaussiana usual.
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Tabela 3.3: Cenario 1. MC mean e MC Sd (em parénteses) sdo, respectivamente, as estimativas médias via Monte
Carlo e os desvios-padrao ao se ajustar os modelos TCFA e t-TCFA. Os valores em parénteses sdo as estimativas médias
do erro-padrao aproximado obtidas pelo método baseado na funcao de informagao. MC AIC e MC BIC sao os valores

médios das respectivos critérios de comparagao de modelos.

TCFA t-TCFA
Tamanho da amostra  Parametros Mc mean MC Sd Mc mean MC Sd
n=>50 b1 3.495 (0.097) 0.102 3.48 (0.088) 0.104
B2 2.507 (0.067) 0.062 2.494 (0.063) 0.062
Bs -1.495 (0.135)  0.141  -1.476 (0.124)  0.138
A1 -0.546 0.104 -0.512 0.106
A21 -0.562 0.127 -0.531 0.128
A3zl -0.573 0.165 -0.548 0.159
A2 0.290 0.147 0.326 0.102
As52 0.437 0.216 0.537 0.144
P11 0.317 0.090 0.274 0.082
22 0.369 0.099 0.319 0.088
P33 0.581 0.167 0.495 0.149
P44 0.335 0.106 0.260 0.077
P55 0.688 0.170 0.493 0.105
MC AIC 530.745 552.484
MC BIC 555.601 577.340
n=150 51 3.493 (0.053) 0.049 3.483 (0.048) 0.050
B2 2.500 (0.043)  0.043  2.492 (0.040)  0.046
B3 -1.484 (0.079) 0.076 -1.476 (0.070) 0.076
A1 -0.563 0.064 -0.531 0.062
A21 -0.579 0.081 -0.551 0.080
A31 -0.590 0.089 -0.566 0.084
A2 0.332 0.088 0.340 0.061
As2 0.496 0.118 0.555 0.062
P11 0.312 0.054 0.270 0.050
P22 0.382 0.061 0.328 0.052
P33 0.589 0.089 0.503 0.080
Paq 0.312 0.061 0.248 0.044
P55 0.667 0.110 0.494 0.071
MC AIC 1620.169 1691.247
MC BIC 1659.307 1730.386
n=300 51 3.499 (0.039) 0.038 3.488 (0.035) 0.037
B2 2.501 (0.032) 0.033 2.491 (0.030) 0.034
B3 -1.500 (0.056) 0.050 -1.488 (0.050) 0.049
A1 -0.570 0.047 -0.540 0.045
A21 -0.580 0.057 -0.554 0.057
A31 -0.587 0.062 -0.566 0.060
a2 0.339 0.046 0.343 0.034
As52 0.511 0.068 0.558 0.044
P11 0.313 0.039 0.274 0.034
a2 0.390 0.051 0.337 0.044
P33 0.589 0.065 0.503 0.059
Yaa 0.314 0.037 0.254 0.027
P55 0.676 0.068 0.511 0.047
MC AIC 3228.259 3378.058
MC BIC 3276.408 3426.207
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Tabela 3.4: Cenario 2. MC mean e MC Sd (em parénteses) sdo, respectivamente, as estimativas médias via Monte
Carlo e os desvios-padrao ao se ajustar os modelos TCFA e t-TCFA. Os valores em parénteses sdo as estimativas médias
do erro-padrao aproximado obtidas pelo método baseado na fungao de informagao. MC AIC e MC BIC sao os valores

médios das respectivos critérios de comparagao de modelos.

TCFA t-TCFA
Tamanho da amostra  Parametros Mc mean MC Sd Mc mean MC Sd
n=>50 b1 3.500 (0.133) 0.136 3.481 (0.102) 0.106
B2 2.514 (0.091) 0.096 2.480 (0.072) 0.073
Bs -1.523 (0.185)  0.190  -1.505 (0.143)  0.149
A1 -0.762 0.268 -0.610 0.134
A21 -0.786 0.275 -0.621 0.158
A3zl -0.788 0.332 -0.628 0.196
A2 0.416 0.264 0.391 0.143
As2 0.607 0.357 0.638 0.170
P11 0.574 0.262 0.358 0.112
P22 0.661 0.300 0.433 0.151
P33 1.037 0.336 0.694 0.209
Paa 0.659 0.326 0.339 0.105
P55 1.315 0.685 0.661 0.199
MC AIC 648.072 639.362
MC BIC 672.929 664.218
n=150 51 3.511 (0.073) 0.070 3.485 (0.055) 0.060
B2 2.507 (0.059)  0.059  2.484 (0.046)  0.046
B3 -1.522 (0.109) 0.100 -1.497 (0.082) 0.082
A1 -0.780 0.155 -0.619 0.067
A21 -0.821 0.179 -0.647 0.088
A31 -0.823 0.225 -0.645 0.115
A42 0.484 0.156 0.408 0.078
As2 0.731 0.228 0.666 0.088
P11 0.590 0.235 0.349 0.056
a2 0.719 0.219 0.442 0.086
P33 1.024 0.218 0.644 0.105
aa 0.586 0.149 0.324 0.049
P55 1.283 0.319 0.664 0.107
MC AIC 2004.130 1950.676
MC BIC 2043.269 1989.815
n=300 51 3.509 (0.053) 0.054 3.487 (0.040) 0.043
B2 2.499 (0.044) 0.046 2.483 (0.034) 0.034
B3 -1.507 (0.077) 0.072 -1.492 (0.057) 0.058
A11 -0.785 0.110 -0.615 0.053
A21 -0.821 0.112 -0.648 0.060
A3l -0.824 0.143 -0.652 0.083
A2 0.483 0.117 0.404 0.055
A52 0.734 0.173 0.657 0.069
P11 0.583 0.143 0.353 0.044
a2 0.724 0.132 0.446 0.059
P33 1.055 0.203 0.649 0.080
Yaa 0.584 0.115 0.326 0.040
P55 1.283 0.263 0.663 0.077
MC AIC 3999.002 3885.252
MC BIC 4047.151 3933.401
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Tabela 3.5: Cenario 3. MC mean e MC Sd (em parénteses) sdo, respectivamente, as estimativas médias via Monte
Carlo e os desvios-padrao ao se ajustar os modelos TCFA e t-TCFA. Os valores em parénteses sdo as estimativas médias
do erro-padrao aproximado obtidas pelo método baseado na funcao de informagao. MC AIC e MC BIC sao os valores

médios das respectivos critérios de comparagao de modelos.

TCFA t-TCFA
Tamanho da amostra  Parametros Mc mean MC Sd Mc mean MC Sd
n=>50 b1 3.499 (0.127) 0.126 3.479 (0.098) 0.100
B2 2.487 (0.087) 0.096 2.477 (0.070) 0.071
Bs -1.500 (0.177)  0.200  -1.465 (0.137)  0.158
A1 -0.734 0.266 -0.580 0.128
A21 -0.766 0.300 -0.608 0.141
As1 -0.742 0.328 -0.597 0.173
A2 0.436 0.262 0.383 0.106
As2 0.628 0.371 0.601 0.137
P11 0.533 0.244 0.330 0.098
P22 0.624 0.294 0.394 0.108
P33 0.993 0.505 0.594 0.190
P44 0.609 0.274 0.323 0.094
P55 1.255 0.638 0.614 0.186
MC AIC 638.215 620.283
MC BIC 663.071 645.139
n=150 51 3.512 (0.072) 0.068 3.484 (0.053) 0.055
B2 2.483 (0.058)  0.061  2.478 (0.044)  0.045
B3 -1.509 (0.106) 0.106 -1.481 (0.079) 0.087
A1 -0.772 0.150 -0.588 0.076
A21 -0.788 0.158 -0.612 0.077
A31 -0.773 0.188 -0.628 0.104
A42 0.462 0.173 0.391 0.069
As2 0.664 0.221 0.617 0.072
P11 0.551 0.170 0.335 0.064
a2 0.667 0.187 0.405 0.077
P33 1.044 0.270 0.609 0.103
aa 0.604 0.152 0.313 0.043
P55 1.212 0.369 0.602 0.095
MC AIC 1983.951 1903.606
MC BIC 2023.089 1942.744
n=300 51 3.505 (0.052) 0.049 3.484 (0.038) 0.039
B2 2.492 (0.043) 0.042 2.485 (0.033) 0.032
B3 -1.505 (0.075) 0.070 -1.492 (0.055) 0.054
A11 -0.762 0.116 -0.590 0.057
A21 -0.775 0.112 -0.611 0.058
A3l -0.781 0.138 -0.622 0.072
A2 0.464 0.119 0.389 0.045
As52 0.688 0.165 0.624 0.049
P11 0.568 0.127 0.340 0.042
a2 0.691 0.143 0.410 0.047
33 1.042 0.204 0.613 0.073
Yaa 0.577 0.112 0.305 0.033
P55 1.212 0.266 0.610 0.067
MC AIC 3944.315 3779.822
MC BIC 3992.464 3827.971

42



Aplicagao a dados reais

Nesta parte do trabalho foram utilizados os mesmos dados reais, bem como as mesmas especificacoes, do estudo
apresentado na Secao 3.2. Essa base se refere ao desempenho de 502 estudantes do Peru em quatro subtestes
do exame EGRA. O objetivo principal dessa aplicacao é de avaliar se o modelo t-TCFA se adequa melhor aos
dados em comparacao com o modelo TCFA.

Primeiramente, foi realizada uma avaliacdo do valor dos graus de liberdade mais adequado a analise. Para
tanto, o modelo t-TCFA foi ajustado para diferentes valores de v e, tal como recomendado por Lange et al.
(1989), verificou-se que a fungao log-verossimilhanga atingiu seu maximo quando v foi igual a 5. Dessa forma,

esse valor foi fixado para as analises subsequentes.

Tabela 3.6: Dados EGRA. Estimativas MV sob os modelos TCFA e t-TCFA. Em parénteses, as medidas de

erro-padrao.

Parametros t-TCFA TCFA
51 0.276 (0.068) 0.251 (0.093)
B2 0.655 (0.086) 0.765 (0.119)
B3 0.785 (0.057) 0.931 (0.079)
B4 -0.111 (0.044) -0.123 (0.06)
A1 0.479 0.565
A2t 0.880 0.967
A31 0.815 0.915
A1 0.885 0.961
Y11 0.457 0.788
P90 0.114 0.161
33 0.172 0.224
Y44 0.138 0.206
AIC 4165.902 4231.904
BIC 4216.525 4282.527
CAlc 4228.525 4294.527

Verifica-se pela Tabela 3.6 que, em geral, as estimativas dos parametros segundo o modelo t-TCFA foram
menores as obtidas pelo modelo TCFA. Sob as duas abordagem, todas as variaveis incluidas no modelo foram
significativas. Apesar de baixa carga fatorial da tarefa 1 (habilidade de reconhecer letras do alfabeto), a existéncia
de um fator comum associada a uma habilidade geral (interpretada como “fluéncia em Lingua Espanhola”) pode
ser também identificada para o modelo t-TCFA. Segundo os critérios de comparacao de modelos avaliados, esse
modelo se destaca como o preferido.

Pela anélise da log-verossimilhanga perfilada, observou-se que o algoritmo ECM proposto obteve convergéncia

e pode-se observar que o modelo t-TCFA obteve melhor desempenho em relaggo ao modelo TCFA.
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CApriTULO4

Consideracoes Finais

Nesta tese discutimos varios aspectos inferenciais envolvendo dois tipos de modelos de varidveis latentes: o
modelo linear generalizado misto para respostas binarias (GLMM) e o modelo de analise fatorial Tobit (TCFA)
com covaridveis. Os capitulos que compoem este documento foram estruturados como um resumo dos principais
pontos abordados nos trés artigos desenvolvidos durante essa pesquisa. Para o leitor, no entanto, é fortemente
recomendada a leitura dos apéndices, pois estes apresentam de forma mais detalhada os métodos propostos, bem
como toda configuracao dos estudos de simulagéo e das aplicagoes aos bancos de dados reais, além de apresentar
as conclusoes de cada trabalho.

Varias propostas de pesquisa poderao ser ainda investigadas a partir dos resultados desta tese, entre eles

podemos sugerir:

e Extensao para outros tipos de modelos que envolvam varidveis latentes, tais como os modelos da Teoria
de Resposta, modelos espaciais, entre outros. Uma prévia do desenvolvimento de métodos robustos para
modelagem de dados binarios no modelo unidimensional de dois pardmetros da Teoria de Resposta ao Item

pode ser vista no Apéndice D.

e Algumas dire¢ées envolvendo os modelos GLMM e TCFA podem ser exploradas na sequéncia desse tra-
balho, entre elas o utilizacao de distribuicoes que além de realizar uma analise robusta & observacoes
discrepantes possa incorporar caracteristicas como assimetria dos dados. As distribui¢oes de misturas de
escala skew — normal (SMSN) tém sido trabalhadas em modelos lineares e nao lineares [veja, por exem-
plo, (Zeller, 2009) and (Lachos et al., 2013a)| e podem contribuir ainda mais no contexto de modelos de

varidveis latentes.

e Por fim, outros topicos de pesquisa ainda poderiam ser desenvolvidos, tais como: a anéalise de diagnéstico do
modelo t-TCFA, extensao para o modelo de analise fatorial exploratéria com dados censurados, explorando
o problema de identificabilidade desses modelos, melhoria computacional dos algoritmos propostos, bem

como a estimagao via anélise bayesiana para o modelo t-TCFA.
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APENDICEA

Generalized linear mixed models for

correlated binary data with ¢-link
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Generalized linear mixed models for correlated
binary data with t¢-link

Accepted manuscript - Statistics and Computing

Abstract

A critical issue in modeling binary response data is the choice of the links.
We introduce a new link based on the Student’s ¢-distribution (¢-link) for
correlated binary data. The t-link relates to the common probit-normal link
adding one additional parameter which controls the heaviness of the tails of the
link. We propose an interesting EM algorithm for computing the maximum
likelihood for generalized linear mixed t-link models for correlated binary data.
In contrast with recent developments (Tan et al., 2007; Meza et al., 2009), this
algorithm uses closed-form expressions at the E-step, as opposed to Monte
Carlo simulation. Our proposed algorithm relies on available formulas for the
mean and variance of a truncated multivariate ¢t-distribution. To illustrate
the new method, a real data set on respiratory infection in children and a
simulation study are presented.

Keywords: Correlated binary data, EM-algorithm, Generalized linear mixed

models, Truncated multivariate t-distribution

1 Introduction

Generalized linear mixed models (GLMM) (Breslow and Clayton, 1993) are natural
extensions of generalized linear models (GLM) when analyzing non-Gaussian data
collected from different clusters or from longitudinal studies, in which, population
characteristics can be modeled as fixed effects and individual variations as random
effects. GLMM apply to either continuous or discrete data. Regarding the latter, a
popular class of GLMM is the probit-normal (hereafter probit) model for analyzing
binary as well as ordinal data. Although likelihood-based methods for GLMM for
Gaussian responses are well developed (Meng and van Dyk, 1998), maximum like-
lihood (ML) for fitting GLMM for correlated binary responses remains a challenge
because of the complexity of the likelihood function. In this context, a great deal of
recent attention has focused on the development of efficient methods to maximize
the likelihood of GLMM for correlated binary outcomes. For instance, McCulloch
(1994) proposed a Monte Carlo EM (MCEM) algorithm with a Gibbs sampler at

49



each E-step. Later, McCulloch (1997) used a Metropolis—Hastings algorithm at
each E-step in the MCEM to fit more general models. Tan et al. (2007) proposed
a non-iterative importance sampling approach to evaluate the first and the second
order moments of a truncated multivariate normal distribution associated with the
MCEM algorithm. Meza et al. (2009) proposed to use the stochastic approximation
version of EM (SAEM), proposed by Delyon et al. (1999), to obtain the ML esti-
mates. Lee and Nelder (2006) proposed an approximated procedure based on the
h-likelihood. However, by their nature, MCEM methods are expensive propositions,
due to a combination of Monte Carlo simulation with iterative procedures. In ad-
dition, this popular link does not always provide the best fit for a given dataset. In
this case, the link could be misspecified, which can yield a substantial bias in the
mean response estimates (Czado and Santner, 1992).

One popular way of guarding against the misspecification of links is to embed the
probit and logit links, into a more general parametric class of links. Following Liu
(2004), in this paper we propose a robust parametric model of GLMM for binary data
based on the symmetric ¢-link, so that the t-GLMM is defined. A full likelihood based
approach is carried out, including the implementation of an exact ECM algorithm
for maximum likelihood (ML) estimation. Under our proposition, the probit and
logit links can be considered as special cases. As in Matos et al. (2013), we show
that the E-step reduces to computing the first two moments of certain truncated
multivariate t-distributions. The general formulas for these moments were derived
by Ho et al. (2012) (eq. 12 and 13). They require the multivariate ¢ cumulative
density function (cdf), for which we use the mvtnorm package (Genz et al., 2008) in
R (R Core Team, 2013). The likelihood function is easily computed as a by-product
of the E-step and is used for monitoring convergence and for model selection, such
as, the Akaike information criterion (AIC), the Bayesian information criterion (BIC)
and the likelihood ratio test (LRT). To monitor the convergence of the proposed EM,
we follow Tan et al. (2007) and directly calculate the log-likelihood values and then
plot the difference of the consecutive log-likelihood values against the EM iteration.
The numerical results show that the ¢-link outperforms the probit link in GLMM
for correlated binary data under different scenarios.

The rest of this article is organized as follows. In Section 2, we introduce some
notation and outline the main results related to the multivariate and truncated t¢-
distributions. The t-GLMM for correlated binary data is formulated in Section 3.

The new proposed EM algorithm is developed in Section 4, as well as some inferential
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results. In Section 5, we present a simulation study and analyze a real data set from a
cohort study of Indonesian preschool children for the presence of respiratory infection

to illustrate the proposed methods. We conclude with a discussion in Section 6.

2 The multivariate ¢t and truncated t-distribution

A random variable Y is said to follow a p-variate t-distribution with location vector
p, scale matrix ¥ and degrees of freedom v, denoted by t,(w, 3, v), if it can be
represented by

Y =p+U?Z, Z~ N,(0,%), U~ Gamma(v/2,v/2),

where Z and U are independent and Gamma(a, b) stands for a gamma distribution
with mean a/b and density denoted by G(.|a,b). We then obtain the probability
density function (pdf) of Y, given by

_(ptv)
2

22y, —p/2 5
byl B, v) = L2 sy (1 n —) ,
T vV

where T'(.) is the standard gamma function and § = (y — pu)"Z 7 (y — ) is the
Mahalanobis distance. The cdf will be denoted by T,(.|p, X, v). If v > 1, p is the
mean of Y, and if v > 2, v(v—2)7'3 is its covariance matrix. As v tends to infinity,
U converges to one with probability one, and so Y becomes marginally multivariate
normal with mean p and covariance matrix 3. Now, let Tt,(u, X, v; A) represent

a p-variate truncated t-distribution for ¢,(u,X,v) lying within a right-truncated

hyperplane
A={x=(r1,...,7) " |z1 <ay,...,z, < ap}. (1)
Specifically, we say that the p-dimensional vector X ~ T't,(p, 3, v; A) if its density
t b))
is given by f(x|p, 3, v;A) = %HA(X), where a = (ay,...,a,)" and I4(x)

is the indicator function, whose value equals one if x € A and zero otherwise.
The following result is related to the moments of the right-truncated multivariate
t-distribution and will be useful in the implementation of the EM algorithm in t-

GLMM for correlated binary data. The proof is given in the Appendix.

Proposition 2.1. If X ~ Tt,(pu, X, v;A) with A as defined in (1), then the kth
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moment of X, k=0,1,2, is given by

e|(555) 1] = ot
Tp(a“'l’v 2*7 v + QT)

Ty(alp, 2, v)

~ Tt (p, X%, v+ 2r; A),
)/2) 2r)/2

where c,(v,r) = V+p Lp+v / (v +21)/2) o= (X —p)'2 X —
1//2 p+l/+2r)/2)

2 XO — 1, X0 = X, XO = XXT and

Ew [W®],

,u),a:(al,...,ap) =
v+2r>0.

v+ 2r

Formulas for E[W] and E[WW ]| where W ~ Tt,(u, X, v; A), have been re-
cently developed in closed form by Ho et al. (2012), which depend on the multivariate
t cdf. The computation uses existing functions for the cumulative ¢-distribution, for
which the pmuot() function of the mvtnorm library (Genz et al., 2008) from R can

be used.

3 The model

3.1 The probit-GLMM for binary data

Let Y;; denote the binary outcome 0 or 1 of the jth measurement and Y, =
(Yi1,...,Yin.)" be the collection of responses from subject i, where i = 1,...,m
and 7 = 1,...,n;. The generalized linear mixed probit model (McCulloch, 1994)
assumes that given the random effects b;, the responses {Yij}?;1 are conditionally

independent with probability

Pr(Yy = 1[b) = (), py = x,8+wb,
bi ~ Nq(07 D)7 (2)

where ®(-) denotes the cdf of the standard normal distribution, N(0,1), x/; =
(Zij1, - - igp) T and W, = (wij1, ..., wijq)' are covariates, B is the p x 1 fixed
effects, {b;}!", are the ¢ x 1 random effects, D is a ¢ x ¢ unknown matrix relating
to the correlation structure of Y;. This model can be alternatively written in terms

of an underlying latent continuous variable Z; = (Z;1, .. ., Zm)T7 such that

Yij = Lo,00)(Zi5), Zi|b; ~ Npi(pg, 1),
b, ~ N,(0,D),
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where I,,; denotes the n; x n; identity matrix and
i = (Nﬂ? s nuini)—r = Xz,@ + Wibi,

with X; = (Xi1 -+, Xin,) ", Wi = (Wi ..., Wp,)| being n; x p and n; X ¢ matrices,
respectively. The observed-data likelihood for 8 = (3, D) is

o) =] / $4(b:]0, D) (3. b, )db,

where ¢,(.|p, X) stands for the pdf of the ¢-variate normal distribution with mean
vector p and covariate matrix 3 and

ng

U (B8 bi) = [ [I® ()P [1 = @ (paig)]
j=1
and y; = (Y1, .-, Yin,) | denotes a realization of Y.

Under normality, several methods have been proposed to efficiently compute
ML estimates of the unknown variance parameters (D), as well as ML estimates
of the fixed effects (3). For instance, a Monte Carlo EM (MCEM) algorithm with
a Gibbs sampler at each E-step was proposed by McCulloch (1994). To fit more
general models, McCulloch (1997) used a Metropolis - Hastings algorithm at each
E-step in the MCEM. An approximated procedure based on the h-likelihood was
proposed by Lee and Nelder (2006). Later, Tan et al. (2007) proposed a non-iterative
importance sampling approach based on the inverse Bayes formula (IBF), where the
first- and second-order moments of a truncated multivariate normal distribution were
evaluated and associated with the MCEM algorithm. Another approach, proposed
to use the SAEM algorithm (Delyon et al., 1999), was introduced by Meza et al.
(2009). Alternatively, Bayesian inference can be carried out with Markov Chain
Monte Carlo (MCMC) and implemented via Gibbs sampling (Albert and Chib,
1993). In the next section we present the proposed robust t-link for GLMM.

3.2 The t-GLMM for binary data

Pinheiro et al. (2001) proposed a robust hierarchical linear mixed-effects model in
which the random effects and the within-subject errors have multivariate Student’s
t-distributions. In its formulation it is assumed that the mixture distributions for
the two sources of variability in the model have the same shape and share the same

parameters. We proceed as in Pinheiro et al. (2001) (see also Matos et al., 2013) by
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considering a generalization of the classic probit-GLMM for binary data defined in
(2), as follows:

Vij = Tio,00)(Zij), Zilbi, Us = u; ~ Npi(p, u;'L,),
b;|Ui =u; ~ N,(0,u;'D),
Ui ~ Gamma(v/2,v/2).
(3)

Using Lemma 1, given in the Appendix, the model defined in (3) is equivalent to

the following representation
PT(Y;J' - 1‘bl) :Tl(ﬂiﬂovlﬂ)? bl th(O,D,V),

where p;; = X;;,@ + W;;bi.
The classic inference on the parameter vector € is based on the (observed-data)

likelihood of @ given the observed sample y = (yi,...,¥n) , which in this case is

given by
£(0) =TT [ (010 D). bi)ab. (W
i=1
where t,(.|p, X, v) is as defined in Section 2 and
Vi(B,b;) = H (T (1310, 1, 0)]% [1 — Ty (pi0, 1, )] 9 (5)
j=1

Note that the likelihood (4) does not have a closed form expression because the
model function is not linear in the random effect. To compute ML estimates of the
unknown variance parameters, the EM algorithm is proposed. This algorithm relies
on formulas for the mean and variance of a truncated multivariate t-distribution,
which can be computed using available formulas.

On the other hand, although several authors have addressed parameter esti-
mation of mixing variables in modeled regressions (see, for instance, Lange and
Sinsheimer, 1993; Jamshidian, 1999) based on the EM algorithm and its variants.
Fernandez and Steel (1999) discussed potential problems that may arise in the es-
timation of degrees of freedom, in particular for the Student’s ¢-distribution. This
is due to the apparent unboundedness of the likelihood function near the boundary
of the parameter space, and hence the ML scheme as developed in Lange and Sin-

sheimer (1993) are questionable because they do not provide sufficient information
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on whether these estimates correspond to local, or global maxima. Interestingly,
Lucas (1997) noted that only under fixed degrees of freedom do the parameter es-
timates behave robustly against extreme observations. A plausible (and simple)
alternative is to assume that the parameter v associated with the mixture variables
U is known, which has been adopted in this work. Recent works in the context
of elliptical distributions have considered the parameter v to be known. See for
instance, Meza et al. (2009) and Matos et al. (2013).

4 The EM algorithm

In this section, we first derive the M- and E- step for the proposed EM algorithm, and
then we show how to use exact formulas instead of Monte Carlo (MC) sampling at
each E-step. For the probit model, a MCEM algorithm was proposed by McCulloch
(1994), with computational improvements given recently by Meza et al. (2009) and
Tan et al. (2007). Following the notation of the former article, we treat both b =
{b;},, Z = {Z;}, and U = {U;}, as missing data and Y = {Y,;}", as the
observed data. Then, the joint density for the complete-data Y .om = {Y,Z,b, U}

is
L(O]Y com) = [ [ [¢4(0:]0, u; " D), (Zi| gty 1 'L, ) G (wi| /2, 1/2)] (6)
i=1

The purpose of the M-step of the EM algorithm is to find the complete-data MLE
of @ = (B,D) by maximizing the conditional expectation of the complete-data log-
likelihood £(0]Y com) = log L(0]Y com) given the observed data Y and the current

estimate 8%, given by

- 1 &
QO18") = EIU(OYeon)Y] = C = ZlogID| = > tr (D7 E[U;bib] [Y))
i=1

+>  (BTXIXBE[UI[Y]) — 2 Z [B"X] (E[UZ:[Y ) = WE[U;b,[Y])]

=1
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where C is a constant that is independent of the parameters. Thus, in the M-step

we update 8, D through the following closed form expressions

B = (f:E[UJYz]XzTXz)_I f:(XiTE[UiZz"Yi] -
i=1 i=1
D = — Y E[UbD] Y], (8)

i=1
where E[U;|Y;], E[U;Z;|Y;], E[Ub;|Y;] and E[U;b;b]|Y;] are expected values in
(U;, b, Z;) conditional on Y;, taken at the current parameter value 8% = (3% D®).
It can be shown (see Appendix) that

EUIY)] = Zj, BElUZ|Y)] =Z,
ElUbY)] = AiZ; —Z7X.B), (9)
E[UDD![Y)] = Ai+ A2 +v7] 20— Zlv] 72 A,
ZilY; ~ to,(vi Qi v)ls,(Z),

where 20 = E XMy, |, 2t = B [X N7y, 22 = B | z27 )Y,
v+ 51 v+ 51 v+ (51
W.DW/ +1,., v, = X;3,and B; = B;; X ..., X By,,,, where B;; is the interval (0, o)

if y;; = 1 and the interval (—oo, 0] if y;; = 0.

From (7)-(8), the E-step reduces to computation of Z?, Z! and Z2. From (9)
it is clear that Proposition 1 cannot be used, since the components of the random
vector Z;|Y; are right or left truncated depending on y;;,7 = 1,...,n;. However,
these quantities can be determined in closed form using a sequence of simple trans-

formations, as follows.

(i) The first step is to standardize the components of B;, either as left- or right
truncated. Let A; be a diagonal matrix with diagonal elements equal to
—1 or 1 depending on B;; = (0,00) or B;; = (—00,0], respectively. Then,
U, =AZ|Y,; ~Tt,,(Ary,;, AiQA;,1v;C;), C; = (—o0,0]™, that is, U; follows

a multivariate t-distribution ¢,, (A;v;, A;§2%;A;, v) right truncated at (—oo, 0]™.
V+n; ’
v —"_ 5;,6 ]

This standardization facilitates the computation of UY = E [

V+n;
v+

U - e | X Nyy|, 02—
(2 I/—I-é;t (2

U, U/ |Yz}, through the result given
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in Proposition 1 along with the computation of the first two moments of a
truncated multivariate ¢-distribution with specific parameters, where ;' =
(Ui — Ary,) T (A2A:) (U — Agy,).
(ii) The second step is to note that Z) = UY, Z! = A;7'U} and Z? = A;'U?A
since 0% = 0; = (Z; — ;) " (Z; — ;).
When v goes to co, we have an interesting EM-type algorithm for the probit
model defined in (2).

4.1 Estimation of the likelihood

The observed-data likelihood for @ = (8, D) is given by (4)-(5). This integral can
be conveniently computed via an importance sampling scheme for any continuous
distribution 7 (with a support larger than that of 7(b;, 8) = t,(b;|0,D,v)). Thus,
Eq. (4) can be represented as

0)-
H / (B, b) T g (b 0)db

where 1!(3,b;) as in (5). Therefore,((0) = log L(0) can be estimated without

additional computational by

@)
Zlog [KZ% (8, b0 0) 1

#(b".0)

where by, ..., by, ..., by are draws from 7(b;, 0). An efficient choice for 7 consists
of the conditional distribution of b; given the data y;, i = 1,...,m (Robert et al.,
1999).

Another approach to calculate the likelihood is to consider the adaptIntegrate
function of the cubature package (Johnson and Narasimhan, 2011) available in R.
This function is appropriate for numerical multivariate integration and will be used
to calculate the log-likelihood in the application section.

The log-likelihood can be used to monitor the convergence of the EM-algorithm.
In practice, the iterations are repeated until some distance involving two successive
evaluations of the actual log-likelihood ¢(8), like Hf(b\o€+ )) 00 (k))H r||¢(6 "
—1]|, k = 0,2,..., is small enough. In addition, model selections based on the ob-
served likelihood can be done using appropriate likelihood ratio tests (AIC and
BIC).
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4.2 Standard error approximation

Denote the ML estimates from the EM-algorithm by 0= (B, ]5) Under some gen-
eral regularity conditions, we follow McLachlan and Krishnan (1997) to provide an
information-based method to obtain the asymptotic covariance of the ML estimates
for t-GLMM for correlated binary data. We define Io(§|Y) =Y, u;u; to be the
8&(0|Ycomp) ] ’0 8@1 0|9

00 ‘9’
with £;(0]Y comp) being the complete - data log-likelihood formed from the single

observed information matrix, where u;, = F

observation y;, i =1,...,m.

Explicit expressions for the elements of u; are

8Qz(9!9 _ T(7.7 TEN T\7T7.73

3 }0 = X, (UZ; — W;Ub;) — (X; X, )U;B8
8Ql(9’0) _ 1 18D N N NG
TZT‘O = 3| (P D P -bb)

bz—b,-Ui = E[blb;UZ\YZ ‘9, d, are the distinct elements of the square matrix D.
Standard errors are equal to the square roots of the diagonal elements of the inverse

of the estimated information matrix I,(8]Y).

4.3 Estimation of the random effects

In this section, we consider an empirical Bayes inference for the random effects, which
is useful for examining subject-specific quantities of interest. From the conditional
distribution of b, given (Y}, Z;, U;) (see the Appendix), we have:
fiYi,Zi,u;,0) = f(bilZi,u;,0)
= ¢g(bi|A(Zi — X B), u; ' A),
where, A; = DW/Q; ', A; = D - DW,/Q;'W,D and Q; = W,DW/ + 1, ,
1=1,....m
Thus, the minimum mean-squared error (MSE) predictor of b;, obtained by the
conditional mean of b; given Y; =y;, is
b= Ebi|Y,,0] = E[E(bi|Y;, Z;,0)|Y;,0]
= AJE(Z]Y:,0) - X/ 8],
where E[Z;|Y;, 0] is the expected value of the multivariate truncated ¢-distribution

given in (9).
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5 Applications

5.1 Simulation study

Here we present a simulation to study the performance of our proposed method.
The main goal of this simulation study is to investigate the effects on the parameters
inference when the common normality assumption is violated for the link, as well as,
for the random effects. Moreover, the simulation has the purpose of investigating if
the metric used for model comparison (AIC and BIC) determines the correct model
for the simulated data.

The simulation study mimics the structure of the real data analysis presented in
Subsection 5.2. We define a balanced design for the response, with j =1,...,6, to
represent the number of repeated measurements. We consider the following GLMM

for binary data:
Yij = liz,500 Zilbi, Uy = u; ~ Nyi(pg, uy'Ly,),
bz‘UvZ = U; ~ Nq(O,ui_lD)7
Ui ~ F(V),
where K = (,u“, C ,/Liﬁ)—r, with Hij = /80 + 51X¢1 + bli -+ bQiXZ'Q for all ] A dichoto-
mous covariate X; mimicking genderis generated for the fixed effects and a standard

normal random covariate X5 is created to mimic a scaled continuous variables, e.g.

age, in the random effects; F'(v) is a positive distribution. Finally, we set 5, = 1,
/1 = 0.8 and define the matrix D = to represent the correlation structure

between the observation associates with the ¢-th individual.
To fulfill our objectives, we present three simulation scenarios with different
choices for F(v):

1. Probit: The data have a probit link and normal random effects. So, U =1 is
a degenerate distribution with P(U = 1) = 1.

2. T-link: The data have a Student’s ¢-link and Student’s ¢ random effects with
degrees of freedom v = 4. So, U ~ Gamma(r/2,v/2).

3. Contaminated-link: The data have a contaminated normal link and con-

taminated normal random effects with degrees of freedom v = (vy,15)" =
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(0.1,0.1). So, U:{ vz withprob v,
1 with prob 1—14

For all scenarios, sample sizes of 100, 250 and 500 were generated. Under the
three scenarios, we fitted the probit-GLMM (Subsection 3.1) and the --GLMM with
4 degrees of freedom (Subsection 3.2) models to analyze the characteristics of each
fitting model when the true model is one of them and when none is the true gener-
ating model. This way, we have 9 different simulation settings with 1000 simulated
datasets under each setting. For each simulation, the parameter estimates as well
as the AIC and BIC were recorded.

Table 1 presents the summary statistics for fy and f; (the fixed-effects parame-
ters) assuming that the true model is the probit-GLMM for the 3 proposed sample
sizes. In this table, MC Mean denotes the arithmetic average of the 1000 estimates
given by Z;OZOP 4;/1000 and MC Sd is the arithmetic average of the 1000 standard
deviations of the estimates of the parameters given by 2;0:010 sd(%;)/1000, where
v = By or B;. In addition, we also estimate the MC coverage of 5y and [, i.e., the
proportion of times the 95% confidence interval includes the true value of the fixed
effects.

From Table 1, we can see that the probit model outperforms the ¢-link model
parameter estimation at all levels, as expected. It is clear that the probit-GLMM
and the t-GLMM are able to recover the true parameter values and the estima-
tion improves as the sample size increases. Moreover, Table 1 also provides the
average values of the approximate standard errors of the EM estimates obtained
through the information-based method, described in Subsection 4.2 (IM Sd), and
the Monte Carlo standard deviation (MC Sd) for the parameters. As can be seen,
the theoretically estimated standard errors are relatively close to the Monte Carlo
standard deviation estimates obtained empirically. This result shows that the pro-
posed asymptotic approximation for the variances of the fixed effects is reliable for
both probit-GLMM and t-GLMM models. We also present the arithmetic averages
(MC AIC and MC BIC) of the model comparison criteria mentioned earlier. As
can be seen, the MC AIC and MC BIC correctly select the probit-GLMM as the
preferred model.

We continue to investigate the performance of our proposed methods under sce-
nario 2, in which the t-~-GLMM is the true model. Table 2 shows that the t-GLMM
fits the data better, as expected, since the true generating model was a t-GLMM.
However, when the data are not generated from a probit, the probit-GLMM does
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Table 1: Results based on 1000 simulated probit samples. MC mean, MC Sd (in parentheses) and MC Coverage
are the respective mean estimates, standard deviations and coverage proportion average from fitting the probit-
GLMM and the t-GLMM. IM SE are the average values of the approximate standard errors obtained through the
information-based method. MC AIC and MC BIC are the arithmetic averages of the respective model comparison

measures.

Simulated probit data

Sample Size  Fit Bo b1 MC AIC MC BIC
100 probit MC Mean 1.006 0.843 554.59 570.22
IM SE 0.202 0.478
MCSd  (0.171)  (0.399)
MC Coverage  98% 98%
t-link MC Mean 1.062 0.933 556.23 571.89
IM SE 0.217 0.612
MCSd  (0.179)  (0.428)
MC Coverage  99% 99%
250 probit MC Mean 1.007 0.815 1371.69  1392.81
IM SE 0.127 0.280
MCSd (0125  (0.246)
MC Coverage  97% 97%
t-link MC Mean 1.061 0.899 1375.99  1397.12
IM SE 0.136 0.363
MCSd  (0.133)  (0.272)
MC Coverage  96% 99%
500 probit MC Mean 1.005 0.820 2734.52  2742.98
IM Sd 0.090 0.195
MCSE  (0.106)  (0.172)
MC Coverage  91% 97%
t-link MC Mean 1.060 0.902 2759.80  2768.27
IM SE 0.096 0.253
MCSd  (0.114)  (0.196)
MC Coverage  88% 98%
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Figure 1: Simulation study. Comparison between the probit-GLMM and ¢-GLMM
under the scenario 3. (Left panel) represents the bias of 5y. (Right panel) represents
the bias of 3.

not adjust to the t-GLMM as well as the t-link model did in the previous scenario.
This is a clear indication of the robustness of the t--GLMM. Equivalent to the re-
sults obtained in Table 1, we can conclude that the standard errors are adequately
calculated. Like to what occurred with the probit scenario, the MC AIC and MC
BIC still select the correct generating model.

Now we introduce scenario 3, where the main objective is to study how the probit-
GLMM and the t-GLMM behave when neither of them are the true generating
model. Table 3 indicates that the --GLMM adjusts better to the contaminated
normal data. This finding is more evident in Figure 1. Another verification of
the robustness of the t~-GLMM is that both MC AIC and MC BIC select it as
the preferred model. Therefore, the ¢-link is more robust to deviations from the
model assumptions and fits better than the probit-GLMM when neither is the true
generating model. As seen in the previous scenarios the IM SE estimates are close
to the MC Sd.

Finally, one of our main goals of this simulation study is to show is the ability of
the model to recover the variance-covariance structure of the random effects b, that
is, the components of the matrix D. Table 4 presents the analysis of the elements
of the matrix D of all 9 scenarios. From Table 4, it is possible to see that both

the probit and ¢-link models appropriately estimate the true values, improving their
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Table 2: Results based on 1000 simulated t-link samples. MC mean, MC Sd (in parentheses) and MC Coverage
are the respective mean estimates, standard deviations and coverage proportion average from fitting probit-GLMM
and the t-GLMM models. IM SE are the average values of the approximate standard errors obtained through the
information-based method. MC AIC and MC BIC are the arithmetic averages of the respective model comparison

measures.

Simulated ¢-link data

Sample Size  Fit Bo 51 MC AIC MC BIC
100 probit MC Mean 0.952 0.740 576.46 592.10
IM SE 0.207 0.467
MCSd  (0.183)  (0.423)
MC Coverage  96% 9%
t-link MC Mean 1.004 0.831 574.23 589.86
IM SE 0.221 0.580
MCSd  (0.192)  (0.452)
MC Coverage  98% 98%
250 probit MC Mean 0.955 0.723 1426.14  1447.27
IM SE 0.131 0.276
MCSd  (0.119)  (0.239)
MC Coverage  94% 96%
t-link MC Mean 1.004 0.813 1420.96  1442.09
IM SE 0.140 0.345
MCSd  (0.126)  (0.261)
MC Coverage  97% 99%
500 probit MC Mean 0.956 0.717 2846.13  2871.42
IM SE 0.092 0.191
MCSd  (0.106)  (0.177)
MC Coverage  88% 95%
t-link MC Mean 1.004 0.809 2836.01  2861.30
IM SE 0.098 0.240
MCSd  (0.117)  (0.200)
MC Coverage  91% 99%
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Table 3: Results based on 1000 simulated probit-contaminated normal samples. MC mean, MC Sd (in paren-
theses) and MC Coverage are the respective mean estimates, standard deviations and coverage proportion average
from fitting probit and the t-link models. IM SE are the average values of the approximate standard errors obtained
through the information-based method. MC AIC and MC BIC are the arithmetic averages of the respective model

comparison measures.

Simulated contaminated-link data

Sample Size Fit Bo it MC AIC MC BIC
100 probit MC Mean 0.880 0.699 592.13 607.77
IM SE 0.192 0.430
MCSd  (0.164) (0.365)
MC Coverage  92% 96%
t-link MC Mean 0.931 0.785 589.86 605.49
IM SE 0.206 0.535
MCSd  (0.172) (0.393)
MC Coverage  96% 98%
250 probit MC Mean 0.886 0.683 1463.82  1484.95
IM SE 0.121 0.257
MCSd  (0.116) (0.241)
MC Coverage  84% 93%
t-link MC Mean 0.936 0.774 1458.92  1480.05
IM SE 0.130 0.323
MCSd  (0.124) (0.264)
MC Coverage  93% 97%
500 probit MC Mean 0.879 0.687 2921.92  2947.20
IM SE 0.085 0.179
MCSd  (0.095) (0.171)
MC Coverage  68% 90%
t-link MC Mean 0.931 0.780 2911.85  2937.13
IM SE 0.092 0.226
MCSd  (0.105) (0.197)
MC Coverage  84% 97%
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performance as the sample size increases. Moreover, as observed for the estimates
of the fixed effects, the theoretically estimated standard errors for the dependence
components are close to the Monte Carlo standard deviation estimates. This obser-
vation supports the ability of the method to properly estimate the standard errors

for all parameters.

5.2 Analysis of real data

In this section, we analyze the dataset presented by Hjsgaard et al. (2005). The
data come from a study of respiratory illness in 111 patients in a balanced design
with 4 visits for each patient from two clinical centers. For each of the examination
visits, the respiratory state of a patient was classified as good (= 1) or poor (= 0).
The patients were randomized to receive either active treatment or placebo. Here,
we assume that the probability Pr(Y;; = 1|b;) of respiratory infection of the i-th
patient at the j-th visit, ¢ =1,...,111, 5 =1,...,4, is assumed to be equal to:

F(By + treat(; + gender 35 + center 53 + baseline 8, + age b;), (10)

where “F” is the probit or t-link; “treat” is the treatment of patient, 1 for active
treatment and 0 for placebo; “gender = 07 for female gender and of 1 for male;
“center = 07 for the first center and of 1 for the second; and “baseline” is the
response at the first visit. The values of the covariates were constant for the visits.
The element of the matrix W is w;; = age, that is, the age of the patients included
in the study centered around 31 years old (the median value). The random effects
imply that the age effects are patient-specific (di1).

In Figure 2, we plot the log-likelihood of the t-link model for different degrees
of freedom. We notice that the smaller the degrees of freedom, the better is the fit.

Using this result, we fixed v = 4 for our analysis.
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Table 4: Monte Carlos estimates of the variance components based on 1000 simulated samples. The true elements
are di1 = 2, di2 = 1 and d22 = 1. MC mean, MC Sd (in parentheses) and MC Coverage are the respective mean
estimates, standard deviations and coverage proportion average from fitting probit and the ¢-link models. IM SE

are the average values of the approximate standard errors obtained through the information-based method.

probit t-link
Scenario D 100 250 500 100 250 500
diy MC Mean 2.095 2.054 2.060 1.942 1.896 1.903
IM SE 0.664 0.476 0.335 0.750 0.453 0.320
MCSd  (0.786) (0.386) (0.303) (0.641) (0.368) (0.285)
MC Coverage  97% 98% 98% 94% 95% 94%
(3212 MC Mean 1.025 0.997 0.993 1.051 1.023 1.021
probit IM SE 0.556 0.334 0.234 0.538 0.326 0.229
MCSd  (0.448) (0.262) (0.203) (0.443) (0.258) (0.200)
MC Coverage  98% 98% 97% 97% 98% 97%
(122 MC Mean 1.074 1.065 1.046 1.060 1.052 1.035
IM SE 0.486 0.298 0.206 0.487 0.299 0.207
MCSd  (0.412) (0.254) (0.192) (0.406) (0.251) (0.192)
MC Coverage  97% 98% 97% 96% 97% 97%
dAll MC Mean 2.245 2.244 2.228 2.094 2.092 2.079
IM SE 0.830 0.514 0.358 0.793 0.491 0.343
MC S (0.685) (0.449) (0.320) (0.664) (0.432) (0.308)
MC Coverage  98% 99% 97% 97% 97% 98%
&12 MC Mean 0.989 0.978 0.970 1.016 1.007 1.000
t-link IM SE 0.583 0.348 0.241 0.567 0.339 0.236
MCSd  (0.448) (0.294) (0.212) (0.443) (0.289) (0.210)
MC Coverage  98% 97% 96% 98% 98% 97%
doo MC Mean 1.106 1.076 1.061 1.090 1.064 1.053
IM SE 0.493 0.300 0.208 0.491 0.300 0.208
MCSd  (0.428) (0.279) (0.200) (0.422) (0.276) (0.202)
MC Coverage  97% 98% 98% 97% 97% 97%
dy  MCMean 1922 1902 1908 1804 1785  1.793
IM SE 0.693 0.426 0.300 0.667 0.410 0.289
MCSd  (0.599) (0.365) (0.264) (0.583) (0.357) (0.256)
MC Coverage  98% 99% 97% 97% 97% 98%
dio MC Mean 0.882 0.855 0.865 0.907 0.883 0.893
contaminated IM SE 0.497 0.298 0.209 0.479 0.291 0.206
normal MCSd  (0.403) (0.251) (0.172) (0.398) (0.251) (0.171)
MC Coverage  98% 97% 96% 98% 98% 97%
(222 MC Mean 0.995 0.963 0.965 0.988 0.959 0.963
IM SE 0.438 0.265 0.186 0.439 0.266 0.188
MCSd  (0.389) (0.242) (0.166) (0.386) (0.242) (0.167)
MC Coverage  97% 98% 98% 97% 97% 97%
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Figure 2: Plot of the profile log-likelihood ranging the degrees of freedom, v.

Table 5: ML estimates for fitting the respiratory infection data with probit and ¢-link models.

probit t-link

Variable Parameter MLE SE MLE SE

intercept Bo -1.0992 0.5151 -1.1126 0.5965
treat B -0.9153 0.2524 -1.0589 0.2944
gender Ba 0.1278 0.2970 0.0873 0.3447
center B3 0.5700 0.2415 0.6175 0.2751
baseline B4 1.6202 0.2650 1.7613 0.3061
covariance di1 0.0163 0.0061 0.0134 0.0053
AlIC 575.5527 562.9703

BIC 606.9342 594.3517

Table 5 shows the ML estimates where the probit and t-link models were consid-
ered. At the E-step of the EM algorithm, we fixed 3% = (0,0,0,0,0)T and D@ =1
as the initial values. The maximum likelihood estimates for both models are rela-
tively close. From the ¢-link column we can see that respiratory illness is related to
treatment, center and baseline. Based on AIC and BIC, presented on Table 5, the

t-link model is clearly the preferred one.
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Figure 3: The comparison of convergence between two EM-type algorithms by plot-

ting the log-likelihood values against the EM iteration.

To assess the convergence of the proposed EM, we compare the performance
of the probit and ¢-link log-likelihood values with respect to the iterations of the
algorithm. The results are illustrated in Figure 3. It shows that both models
succeed in the convergence of the EM-type algorithm and that the #-link model
clearly presents the best result for this dataset.

To obtain a sense of variation by the age random effect, we compute the empirical
Bayes estimates of b;, as defined in Section 4.3. The results are shown in Figure 4.
Among those who received the active treatment, the greatest effect of age occurs
for female patients in both models. For those who received placebos, the difference
in gender is not substantial. It is worth noting, nonetheless, that in order to make
strong conclusions about these effects across sex, new studies need to be carried out

because of the highly unbalanced proportion of males and females in the study.
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Figure 4: Empirical Bayes estimates of the random effects from both models across
type of treatment and sex. The labels are: A=active treatment; P=placebo treat-

ment; F=female; M=male.

6 Conclusions

In this article we developed an exact EM algorithm for correlated binary data with
t-link. The algorithm has a closed-form expression for the E- step, based on for-
mulas for the mean and variance of the truncated multivariate ¢-distribution. The
computation uses existing functions for the multivariate ¢ cumulative distribution
function. Our applications showed that the ¢-link outperforms the typical probit-link
in GLMM for binary data. The likelihood function is derived at no additional com-
putational cost, paving the way for model selection procedures. As an additional
benefit, the EM likelihood sequence is monotonic and the difficulties in assessing
convergence which face MCMC algorithms are avoided. We believe this paper intro-
duces a novel method and should also yield satisfactory results in other areas where
truncated multivariate distributions appear frequently, for instance, Tobit models,
item response theory models, among others. These extensions are currently under
investigation. Finally, the proposed EM algorithm has been coded and implemented

in an R script and is available from us on request.
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Appendix

Proof of Proposition 1: First note that if X ~ ¢,(u, X, v), then we can write

v+p\ .
(1/+5> to(x|p, B, v) = ¢, (v, r)t, (x|, X, v+ 2r).

It follows that

v+p\ Ty(alp, X", v+ 2r)
E X® = u
(25) x] = awn ™Gl
xE [X®|X < a],

which concludes the proof.

Lemma 6.1. IfU ~ Gamma(a, ), then for any vector B € RP and a p x p positive
definite matriz X,

E[0,(BVT]0, )] = Tp<\/%B|o, 5 20)
Proof. If V.~ N,(0, X); then

E[®,(BVU[0,X)] = FEy[P(V <BVu|U =u)]
A% «
= EU[P(i(uﬁ/a)l/Q < \gBlU = u)]

- P(T< \/gB)7

A%
has a multivariate Student’s t-distribution, which

(UB/a)/?

concludes the proof. O

where, clearly T =

Details of the EM Algorithm:

Treat b = {b;}*,, Z = {Z;}", and U = {U;}", as missing data. From the
definition of the latent variable Z, we have {Y,Z} = Z. Then, the joint density for
the complete-data Yeom = {Y,Z,b, U} is

s

f(Yeom|0) = f(bilui, D) f(Zs[ by, w;, B)h(u|v)

1

<.
Il

I
s

(bq(bi’()y uz‘_lD)(bm(Zi‘/*"ia uz_lIm) X

(us|lv/2,v/2). (11)

~

X
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To complete the demonstration about how to employ the EM-type algorithm for
ML estimation of the t--GLMM, it is necessary to derive the four conditional expec-
tations of the complete-data sufficient statistics: E[U;|Y,], E[U;Z;|Y;], E[U;b;|Y}]
and
E[Ub;b/ |Y;]. To calculate them, we first derive the conditional predictive distri-

bution of the missing data, which is given by:
f(b,Z,U|Y,0) = f(Z|Y,b,u,0)f(b|Y,u,8) x

f(ulY,0) = f(b]Y,Z,u,D) x
f(u|Y,Z,0)f(Z]Y,0). (12)

X

X

Since f(b|Y,Z,u, ) is proportional to (11), we obtain the following result:

f®IY,Z,u,0) = []f(bi[Y:,Ziu;,0)

=1
= | LR
=1
= [l oubilaz - X78).u" A,
=1
where A, = DW/Q; ' A;, = D - DW/Q;'W,D and Q; = W,DW, + 1.,

i =1,...,m. To derive the second term on the right-hand side of (12), we use the
following result from Chib and Greenberg (1998)

—'D(Yi = Y

bi, Zi, u;, 0) = Liz,cB,) (13)
= [T{z,50ly,=1 + Lz, <oly,=0},
j=1
which indicates that given Z;, the conditional probability of Y; is independent of
b; and u;. Hence, expression (13) implies P(Y; = y;|Z;,0) = Lz,es,). Since the
conditional probability Z;|u;, @ is normally distributed and U; ~ Gamma(v/2,v/2),
the marginal distribution of Z;|@ follows t,,(X;3, €;, v). Furthermore, from

f(Zi|Y:,0) o f(Zi,Y:]0)
= f(zi|9)P(Yz’ = Yi’Zia 9)
= t"i(zi’XiTﬁa Qi;V)H(Zie]B%i)
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we obtain

m

f(Z‘Yobsaa) = Hf(ZuYz|0>

J=1

= Tt,(Z:;|X,'B8,Q,v,B,).

Using the prior results and the property that, if Z|@ follows ¢,(p, %, v) and
U ~ Gamma(v/2,v/2), we have E[U|Z] = yi? (Lachos et al., 2011), where ¢
v

represents the Mahalanobis distance. It follows that:

E[UY,) = E[E[U,Y: Z:,0]Y. 6]
_— wm,a] — 70
_V—F(si
E[UZ|Y)| = E|ZE[U,|Y, Z:,0]|Y:,0]
- E (”*”i) Zim,e} ~ 7!
\v+0d;
E[UDY,] = E[E[UEb|Y:,Z:,Us,6)|Y;,Zs,6] Y, 0]
= A(Z] - Z{X:B),
BUbb! Y] = E[E[UEDbD] Y2 U, 0Yi,%:,6] |
Y, 6]

= A+ A2 4y 20 - Ziy] -2 A,
ZZ|YZ ~ tni (727 in V)H]Bi(zi)7

where Z} = E [VigiZiZﬂYi], 0 = (Zi — 7)) QN (Zi — v,), Ay = DW] QY
V04

Al’ = D—DWZTQZ_IWZD, Qz = WZDWZT—’—InZ, Yi = XZ,@, and Bi = Bil X, XBinz-v
where B;; is the interval (0, 00) if y;; = 1 and the interval (—oo, 0] if y;; = 0.
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Abstract

We propose two methods for estimating multivariate Tobit Confirmatory
Factor Analysis (TCFA) with covariates, one from Bayesian and another from
likelihood based perspectives. TCFA is particularly useful in analysis of mul-
tivariate data with censored information. In contrast with previous develop-
ments that utilize Monte Carlo simulations for maximum likelihood estima-
tion, an exact EM-type algorithm is proposed, which uses closed form expres-
sions at the E-step that rely on the mean and variance of a truncated multi-
normal distribution and can be computed using available software. Through
simulation studies, we compare the performance of the proposed algorithm
when the censored pattern is ignored for different levels of censoring. Our re-
sults suggest that this algorithm has excellent performance, since it recovered
the true parameters of the TCFA model much better than did the traditional
CFA model. In addition, by considering a hierarchical formulation of the mod-
els, we also explore the estimation of the parameters via MCMC techniques
by using proper priors. A Bayesian case deletion influence diagnostic based on
the g-divergence measure and model selection criteria is also developed and
applied to analyze a real dataset from an education assessment. In addition,
a simulation study is conducted to compare the performance of the proposed
method with the traditional CFA model.

Keywords: Multivariate Tobit model, Factor analysis, Latent variable, Bayesian

analysis, Censored data.

1 Introduction

Confirmatory factor analysis (CFA) is a type of structural equation modeling (SEM)
and has received much attention in recent years (Ullman, 2006). CFA is one of the
most powerful and flexible tools to reduce dimensionality, to describe variability
and to model dependency structures in multivariate analysis. Unlike exploratory
factor analysis (EFA), CFA provides a more explicit framework for confirming a

prior structure of the model (Jreskog, 1969). This technique has been widely used
7



in psychology (Pilati and Laros, 2007), econometrics (Geweke and Singleton, 1981),
education testing (Kember and Leung, 1998) and other areas.

CFA models were initially developed for continuous and normally distributed
variables. However, some situations require analysis of non-negative data with a
large proportion of zeros. By ignoring the information about theses zeros, the anal-
ysis will produce a biased representation of the data, since the censoring mechanism
that generates the zeros may contain information about the factor structure (Ka-
makura and Wedel, 2001). Moreover, the results (estimates) obtained by analyzing
these kind of data considering standard factor models are biased, since the normal-
ity assumption for the response is no longer reasonable (Muthén, 1989). Therefore,
Tobit models have been receiving considerable attention lately.

The Tobit model developed by Tobin (1958) has the advantage of providing an
explicit link between the data-generating mechanism of both zero and non-zero data
by offering a variety of specifications of latent variables and censoring mechanisms
and restricting the distribution of the non-censored data to have positive support.
Because of its flexibility in modeling this kind of mixed data, the Tobit model has
recently attracted much attention in the statistical literature. It was first introduced
in the context of factor analysis models by Muthén (1989). Later, Waller and Muthn
(1992), Huang (1999), Kamakura and Wedel (2001), Zhou and Liu (2009) developed
various procedures to analyze multivariate data through Tobit confirmatory factor
analysis (TCFA). Different from these authors, in this article we propose a frequen-
tist estimation methods that does not need Monte Carlo simulation and we also
propose a Bayesian framework. Here, the traditional CFA model is a special case
(when the information about the censoring threshold is ignored).

The main motivation of the proposed approaches is to present alternative meth-
ods of analysis, as well as to provide some additional tools, including influence
diagnostic analysis in the TCFA context. The first approach is an exact EM algo-
rithm, where both the E and M steps are performed straightforwardly. In contrast
to previous works that implement a type of EM algorithm with techniques of Monte
Carlo (see, for example, Huang, 1999; Zhou and Liu, 2009), here we derive closed
form expressions at the E step that reduce to computing the first two moments
of a truncated multinormal distribution and can be computed using available soft-
ware, like R (R Core Team, 2012). From this perspective, it is easy to evaluate the
likelihood function numerically and, therefore to use it for monitoring convergence

and for model selection, such as the Akaike information criterion (AIC), Bayesian
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information criterion (BIC) and the consistent Akaike information criterion (CAlc).

The second approach is a full Bayesian procedure developed through a MCMC
algorithm. Recent developments in Markov chain Monte Carlo (MCMC) meth-
ods allow for easy and straightforward implementation of the Bayesian paradigm
through conventional software like OpenBugs, since suitable hierarchical structures
of the model are available. The Bayesian approach allows extreme flexibility in fit-
ting realistic models to datasets of varying complexity (Dunson, 2001), makes use
of all information available in the study, accommodates full parameter uncertainty
through appropriate prior choices strengthened with proper sensitivity investiga-
tions, provides direct probability statements about a parameter through credible
intervals, and does not depend on asymptotic results. Additionally, we propose
measures of influence diagnostics under the Bayesian paradigm.

The remainder of this paper is organized as follows: in Section 2, the multivari-
ate Tobit latent variable model in confirmatory factor analysis is defined. Section 3
describes the maximum likelihood approach and develops of the exact EM-type al-
gorithm. In Section 4, the Bayesian analysis for this model is defined. The Bayesian
case influence diagnostics are presented in Section 5. Both methods are illustrated
with the analysis of simulation studies in Section 6 and one example of a real dataset
related to educational assessment is presented in Section 7. Finally, Section 8 con-

tains our concluding remarks.

2 The model

The Gaussian confirmatory factor analysis (CFA) model with covariates is specified
as follows:
yvi = X8+ Az; + €, (1)

where z; & N,(0, ) is independent of ¢, iy N,(0,¥), i=1,...,n; the subscript
i is the subject index; y; = (i1,-..,¥ip) ' is a p x 1 vector of observed continuous
responses for subject i; X; is the p x k design matrix corresponding to the fixed

effects represented by:
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with x;; a vector of dimension £ x 1; 3, of dimension k£ x 1; A is a p x ¢ loading
matrix of factor coefficients; z; is a ¢ x 1 (¢ < p) vector of latent factors ; €; of
dimension (p x 1) is the vector of random errors, € is the covariance/correlation
matrix of the factors, usually defined beforehand (as a confirmatory analysis), and
¥ is a diagonal covariance matrix of the unobserved errors.

In the present formulation, we consider the case where the response Yj; is not
fully observed for all 4, j. Following Vaida and Liu (2009) and Matos et al. (2013),
let the observed data for the i-th subject be (V;, C;), where V; represents the vector
of uncensored reading (i.e., when the observation y;; is not censored, V;; is equal to
this observation) or censoring level (when the observation y;; is censored, V;; is a
constant), and C; is the vector of censoring indicators with components C;;. Then,

we have

yi; < Vi it Gy =1,
yi; = Vi if C;;=0. (2)

By combining (1) and (2), the multivariate Tobit confirmatory factor analysis
(TCFA) model is formulated. Then, the observed value y;; is less than or equal to
the censoring level if it is a (left) censored case; otherwise the observed value is not
censored. The structure presented in (2) is a generalization of the one discussed in
Zhou and Liu (2009), since in our case the censoring level in V;; can assume any value
(that is, zero is a special case). The extensions to right or arbitrary censoring are
immediate. In general, FA models are not identified, since if we consider A* = AT
and z! = I'z;, for any nonsingular matrix I, in equation (1), we will obtain the same
model. To solve this identification problem, Zhou and Liu (2009), for example, fixed
some elements of A and/or €2. This is related to the factor rotation issue and it can

be helpful to obtain simpler structures in terms of interpretation.

3 Maximum likelihood estimation

The classic inference for the parameter vector 8 = (,BT,A,\I/)T is based on the
marginal distribution of y;, ¢ = 1,...,n. When the data are not censored, y; gy

N,(X;3,%), where & = AQA" + ¥. However, for censored responses, as in (2),
we have that y; ~ T'N,(X;3, 2;; A), where T'N,(.; A) denotes the truncated normal
distribution on the interval A, where A; = A;; X ..., xA;,;, with A;; as the interval

(—00,00), if Cj; = 0 and (—o00,0], if Cy; = 1.
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To compute the likelihood function associated with the TCFA model, the first
step is to treat separately the observed and censored components of y;. Following
Vaida and Liu (2009) , let y? be the p® vector of observed responses and y§ be the p*
vector of censored observations for subject i with (p = p® + p°), such that, C;; =0
for all elements in y?, and 1 for all elements in y§. After reordering, y;, V;, X;, and

3., can be partitioned as

yi = veey?, ¥9), Vi = vee(VE, V), X] = (X2, X5) and 3 = ( i ) ,
DI s
where vec(.) denotes the function which stacks vectors or matrices with the same
number of columns. Then we have y§ ~ Ny (X938, 3¢°), y5|y? ~ Npe(u;, S;), where
u; = X0 + E2(29°) " Hy? — X98) and S; = X — X°(X¢°) 1. Now, let
®,(u;a,A) and ¢,(u;a, A) be the cdf and pdf, respectively, of N,(a, A) computed
at u. From Vaida and Liu (2009) and Matos et al. (2013), the likelihood function

for cluster i (using conditional probability arguments) is given by

Li(0) = f(yil®) = P(Vi[Ci,0) = P(y; < Vily] = V7,0)P(y] = V7|6),

= P(y; < Vilyi,0)f(y7]0)
= Gpo(yi; XIB, B7°)Ppe (Vi ui, Si) = (3)

which can be evaluated without much computational burden through the mvtnorm()
routine available in R (see, for example, Genz et al., 2008; R, Core Team, 2012). The
log-likelihood function for the observed data is thus given by ¢(0]y) = > {log o }.
The estimates obtained by maximizing the log-likelihood function ¢(6|y) are thus
the maximum likelihood estimates (MLEs) for the TCFA model defined in (1) and
(2).

From equation 3, model selection criteria can be developed to evaluate and com-
pare the performance of the different models. The most used criteria are AIC =
—20(0ly) + 2T, BIC = —=2((8]y) + Tin(n) and CAIc = —2((8|y) + T(In(n) + 1),

where T' denotes the number of parameters in the model.

3.1 The EM algorithm

Since the observed log-likelihood function involves complex expressions, it is very
difficult to work directly with it. For linear and nonlinear mixed effects models,

an EM-type algorithm was developed by Matos et al. (2013) to perform the ML
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estimation. In this article, we propose a similar EM algorithm for the TCFA model
by considering y; and z; as missing data to update (M-step) all the parameters
involved in the model.

Let y = (y/,....,y)", z = (z],..,2])", V = vec(Vy,...,V,) and C =
vec(Cy, ..., C,) such that we observe (V;, C;) for the i-th subject. In their estima-
tion procedure, z, Q and C are treated as hypothetical missing data, and augmented
with the observed data set y, = (CT, V" y",z")". Hence, the EM-type algorithm
is applied to the complete-data log-likelihood function £.(0ly.) = > i, t:i(0]y.),

where
1
t;(Oly.) = cte— 2 [log @]+ (vi — XiB — Az;) "V (y; — XiB — Az;) + log ’QH

1
+ 3 [z;rﬂflzi] , (4)

and cte is a constant that is independent of the parameter vector 6. Given the
~(k
current estimate 8 = 9( ), the E step calculates the conditional expectation of the

complete log-likelihood function, given by
Q010 = E(L.(01y V. C.00) = 3" 0.(6010%) = 3" Qu(66%)+> " 0 (206%),
i—1 i=1 i=1
where
Qu(016") = —é log [ ] + & - 25" — AZM)8TX W+ X,887X ] 0|

and . "
—(k
Q2:(02]0%)) = -5 {log || + tr (leiziT )] + cte,

with @™ = tr (yin( g1 _ 2yizT(k)AT<’f>\p*1<’f> + AW gz] (k)AWf)\I:l) 7z =

2

E [Zizzlvi’chg(k)] — AB L ABATE G EFE g1 A TR A B,

—=0F 5 e

b = (yiyj —yMBTEXT - X8y + XM BTHXT ) A = (@7 + ATWwIA),

%= B |2V, C.0"| = AWAWw O (yE - X80, yiaT = B [yia] Vi, C;, 09| =

—=® 5

(yiy]  —yBTOX)TIHABAL,
—=(k)
It is clear that the E-step reduces only to the computation of y;y,] = F [yiy;r 'V, C,, H(k)]
and }?Z»(k) =F [yi|Vi, Ci. 0(’“)} , that is, the mean and second moment of a truncated

multinormal distribution. These can be determined in closed form, as functions of

multinormal probabilities, using a sequence of simple transformations. For more
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details on the computation of these moments, see Vaida and Liu (2009) and Matos
et al. (2013).
Therefore, given the conditional expectations, available from E step, the condi-

tional maximization (CM) steps are described below:

B+ — (Z X/ X)) ZXz’T(f’\i(k) — AWZ)
i=1 i=1

el )Y [ - m(xi8%),

i=1 =1

gkt — diag (Z?:1<Ai + AI))
2n ’

(k+1)
AJ’

—_—

where AjT is the j-th row of A, 7 = 1,...,p, and A; = y/,y\zT — 2y§k)6T(k)XiT -
2y/,~z?AT + 2AWg,3TXT + X,8HW 3 THXT + A(k)zi/z\:(k)AT(k). This process is
iterated until some distance involving two successive evaluations of the actual log-
likelihood ¢(8|y), like ]8(5(k+1)) - 12(5('“))| or |£(§(k+1))/€(§(k)) — 1|, is small enough.
Following Hughes (1999), Matos et al. (2013) and Vaida and Liu (2009), the variance

of the fixed effects can be calculated as
" -1
Var(B) = (Z X/ 27X = X 2 Var(y| Vi, Ci>zz’_1Xi> : (5)
i=1

In the next section we present the Bayesian inference for the TCFA model.

4 Bayesian estimation

In this section, we propose a Bayesian full modeling of the TCFA, the related case
deletion Bayesian influence diagnostics based on the g-divergence measure (Peng and
Dey, 1995) and Bayesian model selection criteria. First, we specify distributions for
the parameters, and then we obtain the full conditional distributions, which make it
possible to use Gibbs sampling. Then, we develop diagnostic measures to evaluate

influential observations using a Bayesian framework.
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4.1 Prior and posterior distributions

By considering the model specification given in (1)-(2), the Tobit confirmatory factor

analysis model can be easily represented as follows:
yilzi, Ci, Vi, 0~ TN(xjB + Alz, Ujji (—00,q:)) (6)
Zl‘CHVZ ~ Nq(07 Q)v

where A = (Ay, ..., Ay)pxq and A, isthe r-th columnof A, r=1,...,q,i=1,...,n,
j=1,...,pand TN(u,c? a) denotes the truncated normal distribution at the point
a and ¢;; = 0 if C;; = 1 (censored case), and ¢;; = oo if C;; = 0 (non-censored case).

In order to completely specify the Bayesian model, we need to consider prior dis-
tributions for all parameters @ = (BT, A, W), assuming 2 known to fix the model’s
identification problem. A popular choice to ensure posterior propriety in linear
mixed models is to consider proper (but diffuse) conditionally conjugated priors, see
Hobert and Casella (1996). For the specific TCFA model, the prior distributions

chosen are:

B ~ Np(Bo, Sp), (7)
A, ~ Ny(Ao,Sp),r=1,....q, (8)
U, ~ IGamma(ke/2,v0/2), 9)

where IGamma(a, b) is the inverse gamma distribution with mean b/(a — 1), a > 1,
and density /Gamma(.|a,b). ¥;; is the j-th element of the diagonal of ¥, j =

1,...,p. Hence, the kernel of the posteriori distribution is given by:
7T(0|y,Z,C,V) X H?:l TN(yZ|Z27CZaV7,70) gzl Nq(A’/‘|A07SA) X (1())
1[Ny (Bj1Bo, Sp) 1 Gamma(V j;1ko, vo)],

From (6), we have that z;|y;,C;, V;,0 ~ N,(z;,A), where z; = AAT\II(_I)(yi -
X;3) and A = (7' + AT®¥'A)"'. Since the posterior distribution, given by
equation (10), is not analytically tractable, MCMC algorithms can be employed
to obtain numerical approximation for all marginal posterior distributions. Let
0.]y,C,V, 0(791) be the full conditional density of 8, and, with 8]y, C, V, 0(791) =
01|y,0(791). Then, we have:

,6|y,Z,9(_B) ~ N(Aﬁuﬁ> A5)7

o +n vg+s
Viily,z,0w,;) ~ IGamma( 5 g ),

Ar|YaZ70(,AT) ~ N(AAuAa AA)? r=1,...,q
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where Ay = (85 +50, XT0'X,) ™ ug = (87 S5 420, (vi— X[ Bo) T TX]),
S = Z?:1(Yi_Xiﬁ_A:Zi)7 Ay= (01, Zizz’T‘Il_l"’Aal)_lv UA = Z?:l Az;\P_lzir+
AS—SZI, A, =y, — X3 — Zg;} MNzyg, r=1,..,q.

Therefore, the MCMC algorithm simulates iteratively from the above full con-
ditional distributions. In the next subsection we present some discussion on model

comparison criteria. For further details we refer to Lachos et al. (2013).

4.2 Bayesian model comparison criteria

We use the conditional predictive ordinate (CPO) statistic, one of the most widely
used model selection/assessment criteria available in the Bayesian toolbox, which
is derived from the posterior predictive distribution (see Carlin and Louis, 2008).
Let D be the full dataset and D% stand for the dataset with the ith observation
deleted. We denote the posterior density of  given D by 7(0|D?). For the i-
th observation, the C'PO; can be written as CPO; = [, f( f(yi|@)m(0|D")do =

-1
{ o fz||1; dO} . For our proposed model, a closed form of the C'PO; is not
available. However, a Monte Carlo estimate of C'PO; can be obtained by using

a single MCMC sample from the posterior distribution 7(@|D) using a harmonic-

0 -1
mean approximation, see Dey et al. (1997), that is C’PO { > o |9 } ,
1 1

where 0,...,0¢ is a valid MCMC sample of size @ (i.e., disregardmg the simu-
lated values before the burn-in and taking spaced observations) from = (0|D). A

summary of the CPO;s is the log pseudo-marginal likelihood (LPML), defined by
LPML = Z log(CPO ). The larger the value of LPM L, the better the quality

of model ﬁt Other measures, such as the deviance information criterion (DIC)
proposed by Spiegelhalter et al. (2002), the expected Akaike information criterion
(EAIC) and the expected Bayesian (or Schwarz) information criterion (EBIC) as

given in Carlin and Louis (2001), can also be used. These measures are based on the

_ Q
posterior mean of the deviance, which can be approximated by D = > D(0,)/Q,
q=1

where D(6) = =23 log [f(y;|#)]. The DIC can be estimated using the MCMC
i=1

output as DIC =D+ pp, where pp = E{D(0)} — D{E(0)} is the effective num-

ber of parameters and D{F(0)} is the deviance evaluated at the posterior mean.

Similarly, the EAIC and EBIC can be estimated as EAIC = D + 24(9) and

EBIC =D + # () log(n), where #(¥) is the number of parameters in the model.
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Note that for all these criteria, the evaluation of the likelihood function given in
(3) is a key aspect. However, it can be easily computed from our proposed meth-
ods, treating separately the observed and censored components of y; as presented

in Subsection 3.

5 Bayesian case influence diagnostics

Inferences in a factor analysis model with covariates, as in any regression model, can
be strongly affected by the inclusion or deletion of a small set of observations. To
study the effects of an influential observation on the analysis, pertubation schemes
have been developed in the literature (see Cook (1986)). The most commonly used
schemes are based on case deletion (Cook and Weisberg, 1982), in which the ef-
fects of completely removing cases from the analysis are studied. For our model,
we will consider a case-deletion scheme for Bayesian analysis based on the use of
perturbation functions.

Perturbation functions were introduced by Kass et al. (1989) and Weiss (1996).
From these functions it is possible to evaluate the influence of the assumptions
of model M on the posterior distribution 7 (8|y, M). Suppose that = (@|y, M;)
is the posterior distribution of @ under model M; and 7 (0|y, Ms) is its posterior
distribution under model M. Therefore, the perturbation function for case deletion

is defined by p(0) = %

Let us consider a subset I with k elements of the set {1,...,n}. When the
subset [ is deleted from the dataset y, we denote the eliminated data as y; and
y(—r the remaining data. Then, the perturbation function for deletion cases is
p(0) = 7 (0ly(_p) /7 (8]y). After some straightforward algebraic manipulations,

the perturbation function can be defined as

_ [Hie[ f(}’iw)] -
E0|y { [Hie[ f(Yz|0)] _1}

p(0) (11)

where f(y;|@) represents the likelihood given in Equation 3.
The perturbation function for the parameters of the TCFA model for the deleted
cases can be approximated by using the marginal distribution of y and MCMC

techniques by sampling from the posterior distribution. In fact, when subset I = {i}
is considered and 61, ..., 0 is a valid MCMC sample of size () of 7(@ | y), the MC
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approximation of the perturbation function p(8) is given by
p(0) = CPO; [y (y7; X8, B9°) 0 e (Vi 15, S:)] (12)
Another common approach to quantifying influential observations is using diver-
gence measures between posterior distributions with and without a given subset of

the data. The g-divergence measure between two densities 71 and 7y for 6 is defined
by Csiszér (1967) as

dy(my, ) = /q (::Eg;) ()6, (13)

where ¢ is a convex function such that ¢(1) = 0. Specific divergence measures are
obtained by considering particular ¢(-) functions. For example, the Kullback-Leibler
divergence is obtained when ¢(z) = —log(z), the J-distance (symmetric version of
Kullback-Leibler divergence) is obtained when ¢(z) = (z — 1)log(z) and the L;-
distance arises by taking ¢(z) = |z — 1| (Lachos et al., 2013).

The g-influence of the data y; on the posterior distribution of 8, d,(I) =
dg(m1,72), is obtained by considering m(0) = m(0]y(—p)) and 7 (0) = 7(f]y) in

Equation (13), and can be written as

do(I) = Eg,,, [a(p(0))], (14)

where the expected value is taken with respect to the unperturbed posterior distri-
bution. These influence measures have already been used by Peng and Dey (1995)
and Weiss (1996) and more recently by Vidal and Castro (2010).

Note that the influence measure d, (1) itself does not determine when an obser-
vation is influential. It is necessary to define a cutoff point to determine whether a
small subset of observations is influential. In this context, we will use the proposal
given by Peng and Dey (1995).

Thus, we consider the probability function of a biased coin, which is given by
mi(z | p) = p*(1—p)=%, with z = 0, 1, while the probability function of an unbiased
coin is given by my(x | p) = 0.5. From (13), the g-divergence between a biased and

an unbiased coin is given by

~q(2p) +q(2(1 - p))
dq(p) = 9 )

where d,(p) increases as p moves away from 0.5, is symmetric around p = 0.5

and achieves its minimum value at p = 0.5. Also, if d,(0.5) = 0 then m = .
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Consequently, if we consider p > 0.85 (or p < 0.15) as a strong bias in a coin, then,
dr,(0.85) = 0.70 and we can indicate an influential observation when dy,, (i) > 0.70,
i = 1,...,n. Similarly, for the Kullback-Leibler divergence we have dg(0.85) =
0.33, and for the J-distance d;(0.85) = 0.61. These cutoff values will be used in this
work.

In the next sections, we illustrate the performance of the proposed methods with

the analysis of artificial examples and the analysis of a real dataset.

6 Simulated data

In order to examine the performance of the proposed methods, here we report two
simulation studies. The first part is devoted to comparing the estimates obtained
from both TCFA and CFA models in datasets with different levels of censoring
from both frequentist and Bayesian perspectives. The goal of the second part is to
show that ML estimates based on the proposed EM algorithm have good asymptotic
properties.

We performed simulations from the model defined in (1) and (2), with p = 5,
k =3 and ¢ = 2. The true parameters of 3, A and ¥ are set at:

B = (0.5,0.8,—-0.5)
AT 06 —06 —06 0 0O

0 0 0 05 0.5 )
U = diag(0.2,0.2,0.2,0.2,0.2)

As in a confirmatory analysis, the €2 was fixed at pre-assigned values 0.61+ 0.4J,
where I is a 2 x 2 identity matrix and J is a 2 x 2 matrix of ones. The initial values

for both studies were:

BOT = (-0.4,-0.4,0.5)

A0 _ (01 01 -010 0 |
0 0 0 0.1 0.1

O = diag(0.4,0.4,0.4,0.4,0.4)

The matrix of covariates X; was generated by the Kronecker product of A and

B, where A is a 1 x p matrix of ones and B is a vector of the transposed x;;,

j =1,2,3. The covariate z;; was equal to 1 for all i = 1,... n (intercept); x;» was
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generated from a normal distribution with mean 6 and variance 1 and finally x;3
was independently generated from a Bernoulli(0.5) distribution. All programs were
implemented in the R software (R Core Team, 2012). In all situations, we compared
the consequences on parameter inference when the mechanism of censorship is taken

into consideration (TCFA model) or ignored (CFA model).

6.1 Parameter recovery under the TCFA and CFA models

The main focus of this simulation study is to investigate the effect of the level of
censoring on the estimation using the proposed EM and Bayesian MCMC methods.
We chose three values of censoring proportions (5%, 10% and 50%) and we estimated
the parameters of both TCFA and CFA models from a sample size equal to 150. For
all scenarios, we simulated 100 datasets (replicas) and calculated the Monte Carlo
mean (MC mean) and standard deviations (MC Sd) from these simulated samples.

From a Bayesian perspective, we used the following prior distributions for the
parameters: 8; ~ Ni(1,10%), Ayp ~ N3(—=0.8,1),k = 1,2,3, Ay, ~ No(0,107%) k =
3,4, Aoy, ~ N3(0,107%), k = 1,2,3, Agp ~ No(0.8,1) k = 3,4 and ¥; ~ [Gamma(2,1).
The use of informative priors was necessary to identify the model. For each sample,
we generated two parallel independent MCMC runs of size 20,000, where the first
2,000 iterations (burn-in samples) were discarded, to compute posterior estimates.
To eliminate potential problems due to autocorrelation, we considered a lag of size
20. The convergence of the MCMC chains was monitored using trace plots, auto-
correlation (ACF) plots and Gelman-Rubin R diagnostics. We fit the models using
the R20penBUGS package available in the R system.

Table 1 gives some summary statistics of the parameters from all scenarios. We
observe that for all levels of censoring patterns and type of analysis (classic or
Bayesian), the TCFA model outperforms the CFA one. Since the datasets were
generated from a TCFA model, this study shows that TCFA is robust even with
a higher percentage of censored cases, providing more accurate estimates than the
CFA model. Also, the results show that the proposed methods, under frequentist

and Bayesian perspectives, performance well in order to recover the true parameters.
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Table 1: Simulated data. Comparison of the estimates from the proposed EM algorithm and Bayesian analysis

for different levels of censoring. MC mean and MC Sd are the respective Monte Carlo mean and standard deviations

from the 100 replicas. The values in parentheses are the standard errors of the fixed effects using Equation 5. MC

mean and MC Sd are the Monte Carlo mean and standard deviations, respectively, from the 100 replicas.

EM results Bayesian results

Censoring  Parameters TCFA CFA TCFA CFA
MC Mean MC Sd MC Mean MC Sd | MC Mean MC Sd MC Mean MC Sd
5% 51 0.491 (0.214) 0.189 0.671 (0.205) 0.182 0.475 0.198 0.708 0.187
B2 0.802 (0.035) 0.031 0.774 (0.034) 0.030 0.804 0.033 0.767 0.031
B3 -0.507 (0.073) 0.063  -0.494 (0.071) 0.060 -0.498 0.061 -0.483 0.059
A1 -0.577 0.052 -0.555 0.049 -0.609 0.058 -0.581 0.054
A21 -0.577 0.057 -0.556 0.055 -0.608 0.058 -0.584 0.055
A31 -0.582 0.055 -0.560 0.051 -0.606 0.058 -0.579 0.055
A2 0.463 0.049 0.451 0.045 0.495 0.065 0.479 0.062
A52 0.462 0.043 0.449 0.042 0.495 0.064 0.477 0.061
P11 0.199 0.036 0.185 0.033 0.215 0.037 0.200 0.034
P22 0.196 0.033 0.182 0.030 0.212 0.037 0.197 0.033
P33 0.203 0.035 0.188 0.033 0.220 0.037 0.204 0.034
a4 0.215 0.033 0.201 0.031 0.222 0.048 0.209 0.044
P55 0.213 0.027 0.199 0.024 0.217 0.047 0.205 0.043
10% 51 0.489 (0.217) 0.193 0.876 (0.200) 0.182 0.472 0.203 0.959 0.181
B2 0.802 (0.035) 0.032 0.742 (0.033) 0.03 0.804 0.034 0.727 0.030
B3 -0.507 (0.074) 0.062 -0.479 (0.069) 0.058 -0.499 0.061 -0.464 0.057
A11 -0.576 0.053 -0.538 0.048 -0.605 0.059 -0.559 0.053
A21 -0.577 0.059 -0.540 0.053 -0.610 0.059 -0.564 0.053
A31 -0.581 0.054 -0.542 0.049 -0.605 0.060 -0.559 0.053
A2 0.463 0.049 0.442 0.044 0.498 0.066 0.465 0.060
M52 0.461 0.046 0.438 0.042 0.495 0.066 0.463 0.059
P11 0.200 0.036 0.173 0.031 0.216 0.038 0.189 0.031
P22 0.196 0.033 0.170 0.029 0.212 0.038 0.185 0.031
P33 0.204 0.037 0.176 0.032 0.221 0.039 0.193 0.032
om 0.216 0.034 0.188 0.029 0.222 0.049 0.197 0.041
P55 0.214 0.026 0.185 0.022 0.220 0.048 0.195 0.040
50% B1 0.209 (0.270) 0.31 3.040 (0.157) 0.157 0.382 0.299 3.172 0.139
B2 0.843 (0.043) 0.046 0.432 (0.026) 0.024 0.817 0.047 0.401 0.023
B3 -0.518 (0.086) 0.08 -0.310 (0.054) 0.042 -0.508 0.075 -0.279 0.044
Al1 -0.618 0.081 -0.421 0.048 -0.612 0.077 -0.390 0.058
A21 -0.625 0.082 -0.424 0.042 -0.619 0.077 -0.393 0.057
A31 -0.623 0.074 -0.423 0.042 -0.617 0.078 -0.390 0.059
A2 0.498 0.069 0.368 0.038 0.425 0.137 0.291 0.059
As2 0.493 0.067 0.362 0.038 0.429 0.134 0.293 0.058
P11 0.204 0.043 0.088 0.019 0.232 0.051 0.106 0.017
P22 0.195 0.043 0.086 0.019 0.226 0.050 0.103 0.016
33 0.209 0.047 0.091 0.020 0.237 0.052 0.107 0.017
om 0.220 0.044 0.097 0.018 0.240 0.061 0.115 0.021
Y55 0.217 0.039 0.093 0.017 0.234 0.060 0.113 0.020

90



6.2 Large sample properties of ML estimates

In order to study some large sample proprieties of ML estimates, we fixed the sample
size at n = 30,50, 150,350 and 600. For each sample size, 100 samples from the
TCFA model were generated and estimated from the frequentist framework based
on the proposed EM algorithm. For this example, the censoring level was fixed at
20%. Comparing the results of CFA with covariates (excluding censorship) and the
TCFA for the same dataset, we obtained the estimates presented in Figures 1 to
6. As general rule, we can say that bias and MSE tend to approach zero when the
sample size increases, indicating that the ML estimates based on the proposed EM-
type algorithm present good large sample properties. We can also highlight that
the TCFA model was more stable and yielded more accurate estimation in relation
to the analysis that ignores censorship, since the two statistics tended to decrease

monotonically with increasing sample size.
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Figure 1: Simulated data. Bias from the parameter 3.
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Figure 2: Simulated data. Bias from the parameter A.

7 Real data analysis

In this section we present an application of the TCFA model in an education assess-
ment. The data refer to the Early Grade Reading Assessment (EGRA), which is a
tool used to measure students’ reading progress (RTT International, 2009). Specif-
ically, the EGRA assesses how well children in the early grades of primary school
are acquiring key reading skills and also determines which areas of instruction need
improvement. This test is applied in Latin America and the Caribbean and is admin-
istered orally, one student at a time. In about 15 minutes, it examines a student’s
ability to perform fundamental prereading and reading skills. For our study, we used
the EGRA results for Peruvian students in four out of ten subtests/tasks. This base
refers to the evaluation carried out in 2007. The four analyzed tasks are described
in Table 2.

Using this dataset, the main objective is to investigate whether these four sub-

tests can better represent a more general ability: fluency in Spanish. Since the nature
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Figure 4: Simulated data. MSE from the parameter 3.

of these tasks that take into account a specific time, the scores of the students were
transformed in a scale of velocity in the following way: Velocity,;; = %, where:
ij

Y;;=number of letters/words read by student ¢ in task j within 60 seconds or less

and Time;;= time (in seconds) spent by student 7 in test j (less than or equal to 60).
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Figure 5: Simulated data. MSE from the parameter A.

This transformation indicates that students with high score in fluency in Spanish
will be faster than a student with average or low fluency.

It is important to stress that students with slower velocity measure (inferior to
the 10% of the total lower scores) are set equal to zero in that measure (censored
outcome). We considered this type of censoring under the assumption that the
time of that specific task was not sufficient to better estimate the responses of
these students. Using this definition of censored observations, the TCFA model was
defined by

Velocity, = X,8 + Az; + €, (15)

where Velocity, = (Velocity;y, ..., Velocityy)' is a 4 x 1 vector of the velocity
responses for student i on the four tasks, ¢« = 1,...,502; X, is the 4 x 5 de-
sign matrix corresponding to the fixed effects defined by ; =gender(0=Female,
1=Male); 3, =grade (0=Second year; 1=Third year); 53 =residence zone (0=Rural,
1=Urban);5,; =age; A is a (4 x 1) vector of factor loadings; z; is a latent factor

associated with the general ability (fluency in Spanish); €; of dimension (4 x 1) is
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Figure 6: Simulated data. MSE from the parameter W.

the vector of random errors, and (2 is a scalar (in our case, fixed at 1).

The data apply to 502 students (157 girls and 345 boys; 354 second graders and
148 third graders; 250 from urban zones and 252 from rural ones; 51% seven years
old or less). As expected for models under factor analysis, we observe moderate to
high correlations among response variables from this dataset. Like in the simulation
studies, we compared the analysis including and excluding censorship. The ML
estimates for B (with respective standard error), A and ¥, fixed Q =1, p=4,¢=1
and k& = 4, are summarized in Table 3. The response variables were standardized.

We also estimated the TCFA model through the Bayesian framework for this
dataset. Following Lopes and West (2004), we considered the following indepen-
dent prior distributions in R: f ~ N(0,10),A ~ N(0,1)1(\; > 0) and ¥ ~
IGamma(1.1,0.05).

The results of 50,000 iterations in two parallel independent MCMC chains are
summarized in Table 3. We discarded first 5,000 iterations (burn-in samples) for

computing posterior estimates and, to eliminate potential problems due to auto-
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Table 2: EGRA data. Descriptions of the tasks.

Task Ability measured

Variable

Task 1 | Recognizing letters of the alphabet

Yi=number of correct letters in 1 minute

Task 2 | Recognizing simple words

minute

Yo=number of correct readings of simple words in 1

Task 3 | Simple decodification of meaningless

words

1 minute

Ys=number of correct readings of meaningless words in

Task 4 | Reading of a passage

passage in 1 minute

Yy=number of correct readings of simple words in the

correlation, we considered a lag of size 20. The convergence of the MCMC chains

was monitored using trace plots, auto-correlation (ACF) plots and Gelman-Rubin

R diagnostics.

Table 3: EGRA data. Comparison of estimates of the parameters from the proposed
EM algorithm and Bayesian analysis and from both TCFA and CFA models.

EM results Bayesian results

Parameters TCFA CFA TCFA CFA

Estimates Estimates Mean Sd CI(95%) Mean Sd CI1(95%)
B1 0.251 (0.093) 0.295 (0.087) 0.199 0.074 (0.054;0.344) 0.244 0.067 (0.113;0.374)
B2 0.765 (0.119) 0.736 (0.112) 1.108 0.095 (0.922;1.294) 1.097  0.086 (0.929;1.266)
B3 0.931 (0.079) 0.938 (0.074) 0.863  0.062 (0.742;0.985) 0.894 0.056 (0.783;1.004)
B4 -0.123 (0.060)  -0.122 (0.056) -0.215  0.047  (-0.308;-0.123)  -0.208 0.042  (-0.292;-0.125)
A1 0.565 0.540 0.580  0.047 (0.489;0.674) 0.544  0.044 (0.459;0.631)
A2l 0.967 0.884 0.985  0.040 (0.909;1.065) 0.879  0.033 (0.816;0.946)
A31 0.915 0.837 0.925 0.040 (0.850;1.006) 0.828 0.034 (0.763;0.897)
A41 0.961 0.885 0.973 0.041 (0.896;1.056) 0.876  0.035 (0.810;0.946)
P11 0.788 0.721 0.806  0.055 (0.706;0.920) 0.734  0.048 (0.646;0.834)
22 0.161 0.140 0.157  0.019 (0.122;0.196) 0.139 0.016 (0.109;0.171)
P33 0.224 0.201 0.228 0.021 (0.188;0.273) 0.203 0.018 (0.169;0.240)
Paa 0.206 0.179 0.207  0.020 (0.168;0.249) 0.179  0.017 (0.148;0.215)
Model comparison criteria
Loglik -2103.952 -2121.841 | LPML -2111.687 -2128.43
AIC 4231.904 4267.682 DIC 4170.288 4200.523
BIC 4282.527 4318.305 EAIC 4219.165 4249.831
CAlc 4294.527 4330.305 EBIC 4286.423 4317.089

Table 3 shows the difference of the estimates for both analyses (CFA and TCFA

models) and from both methods (frequentist and Bayesian). The regression coeffi-

cients 3 are used to analyze the effect of covariates x; on the velocity response. Com-

paring the frequentist and Bayesian perspectives, in general, the posterior means of

parameters are close to the respective ML estimates. From Bayesian point of view,
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we also added in Table 3 the 95% credibility intervals. Despite the standardization
of the response variables, the estimates show that younger third-grade boys from
urban zone were faster than other students. We can see that all the variables were
significantly different from zero in any scenario.

From an inspection of the results presented in Table 3, we can see that the es-
timates of the factor loadings and the specific variances (matrix W) are relatively
higher for the model that includes censorship. Large values of the factor loadings
confirm our initial hypothesis of a general latent factor. This main factor was in-
terpreted as “factor of fluency in Spanish”. The variable with less impact on the
estimation of this general factor and higher variability (V4 = 0.788) was the Task
1 (Recognizing letters of the alphabet). Although obtain similar results, we could
have different conclusions in terms of number of underlying latent factors from CFA
and TCFA models. When we compare the models, all analysed criteria select the
TCFA model. These results reinforce the importance of including the information
about censorship in the data analysis.

We also analyzed Bayesian case influence diagnostics using the d, divergence.
The results are shown in Figure 7. The first three plots present the measures K-L
divergence, J-distance and L;-distance when the information about the censorship
is ignored and the remaining three when the censored cases are taken into consider-
ation.

From Figure 7, the performance of two students (#316,#244) were indicated
as atypical cases in the dataset according to the majority of the influence measures
studied. Student #289 was also flagged as influential cases in accordance with
J—distance. Table 4 shows the characteristics of these students in the dataset.

The three observations indicated as most influential under the analyzed measures
were girls from urban zone. While students #289 and #316 were in the second year
of school, the other one was in third year. The youngest age was student #244, 7
years old. With respect to the four tasks in the test, these students had unusual
behavior in relation to the other students. Student #244 had good performance
on tasks 1 and 3 (in the top 25 % of scores in this task) and medium to weak
performance in other tasks. Student #316 had high performance in tasks 2 and 3
and weak velocity measure in tasks 1 and 4. Student #289, on the other hand, had
lower performance on Task 3, but his velocity measurements are still configured in
the 25% higher scores.

Figure 8 shows the individual profiles of all students in each task in the EGRA
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Figure 7: Index plots of d, measure for the EGRA data. The first three plots (a-c)
refer to the CFA model and the last three (d-f) to the TCFA.

data. The three observations that stood out according to the analysis of influence
diagnostic measures are highlighted.

In order to reveal the impact of the two highest influential measure cases (obser-
vations #244 and #316) as potentially influential on the estimates of the parameters
of the TCFA model, we refitted this model dropping each of these cases. Table 5
presents the relative changes (RC) in percentage of these estimates defined by

06

~

RC@ = X 100,

where 6 = (B, A, \il) and é( 1) denotes the estimate of parameters after the set I of
observations has been removed for both analysis (frequentist and Bayesian).

From Table 5, we note that the most impact on the estimates, when observa-
tions #244 and #316 were dropped, were at: £, (age), B (gender), Uy and 0.
The frequentist and Bayesian analysis were coherent, with close estimates. Besides
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Table 4: EGRA data. Performance of the four observations indicated as atypical
cases according to the influence measures. The first, second and third quantiles of

the velocity responses (in second) are also presented.

Velocity scores (in seconds)

Observations Gender Grade  Zone Age
Task 1 Task 2 Task 3 Task 4

244 Female 3rd year Urban 7T 2767 1.724  2.381 1.449
289 Female 2nd year Urban 8§ 1.667 3333 1.367 1.971
316 Female 2nd year Urban 8§ 1.500 3.333  2.222  1.818
Quantiles

25 % 0.700  1.167  0.767  1.190
50 % 0.967 1.533 1.033  1.667
75 % 1.300  1.887 1.358  2.128

- #244 — - #289 — #316

Velocity measures (in seconds)

Task

Figure 8: EGRA data. Individual velocity measures for each task. The trajectories

for the influential individuals are numbered.

some large RC values, from both perspectives, the parameter significance and sign

of the coefficients remained the same when the observation set (#244,#316) was
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Table 5: Relative changes (in percentage) in TCFA model for EGRA’s data.

) EM algorithm Bayesian analysis

RC (in %)
A—{244} A—{316} A—{244,316} | A—{244} A—{316} A—{244,316}
RC, 7.190 3.860 11.366 3.695 4.117 8.331
RCy 3.644 0.534 4.349 0.577 0.498 0.092
RCy 1.275 0.597 1.902 0.263 1.088 0.847
RCy 13.719 0.904 13.283 1.804 1.534 0.068
RC 0.827 0.749 0.109 1.210 0.748 0.421
RCY, 0.394 0.414 0.810 0.023 0.541 0.554
RCY, 0.691 0.674 0.039 1.253 0.762 0.490
RCY, 0.105 0.607 0.492 0.207 0.724 0.914
RCy, 0.302 0.438 0.718 0.391 0.527 0.886
RCy, 1.793 0.838 1.090 1.988 0.450 1.588
RCy, 5.040 1.953 3.236 4.910 1.832 3.105
RCy, 2.067 6.351 8.414 2.225 6.570 8.851

eliminated.

8 Conclusions

In this article we proposed a frequentist and also a Bayesian framework for esti-
mating multivariate Tobit confirmatory factor analysis with covariates. These ap-
proaches are good alternatives to better estimate parameters from a multivariate
dataset with large percentage of censoring in the data. From the classic approach,
we obtained the ML estimates of the model by applying an exact EM algorithm,
with its E step made feasible by formulas for the mean and variance of a truncated
multinormal distribution. This algorithm circumvents direct evaluation of the in-
tractable observed likelihood function and, as expected, it was numerically stable
with increasing likelihood as the number the iterations grew. From a Bayesian stand-
point, we proposed a hierarchical formulation of the TCFA for censored responses.
These approaches were applied in simulation studies and to a real dataset. We also
developed tools for detecting influential observations using ¢-divergence measures,

and quantified their effects on the posterior estimates of model parameters. Un-
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der censored data, the results show that the proposed method is efficient and it is
encouraging that the use of both methods offer more precise inferences than the tra-
ditional CFA, which ignores the information about the censoring threshold. Finally,
the proposed algorithms were coded and implemented in R software (R Core Team,
2012) and are available from us upon request.

There are a number of possible extensions of the current work. For instance, it is
of interest to generalize the TCFA model by incorporating the multivariate Student-
t distribution (see Matos et al., 2013) and to make allowance for missing data. An
in-depth investigation of such extensions is beyond the scope of the present paper,

but is an interesting topic for further research.
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Abstract

Factor analysis models have been one of the most popular multivariate
methods for data analysis among psychometricians and behavioral researchers.
These models, originally developed for normally distributed observed vari-
ables, can be seriously affected by the presence of influential observations
and censored data. Motivated by this situation, in this paper we propose a
likelihood-based estimation for a multivariate tobit confirmatory factor anal-
ysis model using the Student-¢ distribution (¢-TCFA model). An EM-type
algorithm is developed for computing the maximum likelihood estimates, ob-
taining as a byproduct the standard errors of the fixed effects and the exact
likelihood value. Unlike other approaches proposed in the literature, our exact
EM-type algorithm uses closed form expressions at the E-step based on the
first two moments of a truncated multivariate Student-¢ distribution with the
advantage that these expressions can be computed using standard statisti-
cal software. The performance of the proposed method is illustrated through
a simulation study and a real dataset of Early Grade Reading Assessment

(EGRA) test scores.

Keywords: Factor analysis; Latent variable; Multivariate tobit model; Student-

t distribution.

1 Introduction

Confirmatory and exploratory factor analysis (CFA and EFA) are popular multivari-
ate techniques used for the analysis of interdependencies among observed variables
and underlying theoretical constructs or latent variables, called factors. The main
difference between CFA and EFA is that while in CFA the researcher has to specify
the number of factors, the correlations between these factors and the variables that

load the factors previously, the EFA is used when there is no information about
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the latent variables and the researcher has to identify the underlying relationship
between the measured variables.

Originally, CFA and EFA models were developed for continuous and normally
distributed observed variables because of their mathematical tractability. However,
when a departure from normality is observed, the normality assumption can generate
biased and misleading inferences. In order to overcome this problem, some robust-
ness strategies based on the Student-t distribution are proposed in the statistical
literature related principally to CFA. For example, Zhang et al. (2013) introduce the
Student-¢ factor analysis (t-CFA) and propose an EM-type algorithm for maximum
likelihood (ML) estimation. They demonstrate the robustness for the parameter es-
timation in t-CFA through extensive simulations. McLachlan et al. (2007) and Wang
and Lin (2013) propose finite mixtures of factor analyzers based on the Student-¢
distribution. Lin et al. (2013) advocate the use of the skew-t distribution (Azzalini
and Genton, 2008) for robust estimation in the context of CFA models.

In some studies, the measures can be subjected to some upper and lower thresh-
olds below or above which they are not quantifiable. For example, in education
measurement, there are some tests in which the students have to carry out some
tasks within a maximum period of time. As a consequence of this type of evaluation,
the responses (or specifically the scores) are censored because of the time limit. As
was noted by Muthén (1989) and Kamakura and Wedel (2001), to ignore the censor-
ing scheme in this case may produce biased estimates of the factor pattern. Thus.
many solutions have been proposed to deal with the problem of censored responses
in factor analysis. Muthén (1989) proposed a CFA model for censored data develop-
ing a three-stage estimation procedure and Kamakura and Wedel (2001) extended
that work considering a framework for both CFA and EFA modeling for censored
data. Zhou and Liu (2009) proposed a Monte Carlo EM (MCEM) algorithm for the
estimation of the CFA under the assumption that the latent variable follows a mul-
tivariate Tobit model and Zhou and Tan (2010) extended that work by considering
a Student-t Tobit model. Alternatively, Bayesian inference can be carried out with
Markov chain Monte Carlo (MCMC) and implemented via Gibbs sampling (see, for
example Costa et al., 2013). However, by their nature MCEM and MCMC methods
are expensive propositions, due to a combination of Monte Carlo simulation with
iterative procedures.

In this paper, we propose a robust CFA model based on the multivariate Student-
t distribution for censored data so that the t-TCFA model is defined and a fully
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likelihood-based approach is carried out, including the implementation of an exact
EM-type algorithm for the ML estimation. Like Matos et al. (2013b) (see also Prates
et al., 2013), we show that the E-step reduces to computing the first two moments
of a truncated multivariate Student-¢ distribution. The likelihood function is easily
computed as a byproduct of the E-step and is used for monitoring convergence and
for model selection using the Akaike information criterion (AIC) (Akaike, 1974),
the Bayesian information criterion (BIC) (Schwarz, 1978) or the consistent Akaike
information criterion (CAlc) (Bozdogan, 1987). Thus, our proposal extends the
work of Zhou and Tan (2010) in two ways. First, we consider a general censoring
scheme and second we provide an exact EM-type algorithm for robust estimation in
t-TCFA models.

The plan of the paper is as follows. In Section 2, we introduce some basic notation
and an outline of the main results related to the multivariate and truncated Student-
t distributions. After that, the multivariate tobit confirmatory factor analysis model
under the Student-t distribution is defined in Section 3. Section 4 describes the steps
of the EM-type algorithm for obtaining the ML estimates. In Section 5 we apply our
proposed method to a real educational data set corresponding to the Early Grade
Reading Assessment (EGRA) test scores from Peruvian students. Finally, some

concluding remarks are provided in Section 6.

2 Preliminaries

In this section we provide some useful results related to the multivariate Student-¢
distribution. We start with the definition of a Student-t random vector.

A random vector Y is said to follow a p-variate Student-¢ distribution with
location vector p, scale matrix 3 and degrees of freedom v, denoted by t,(u, 2, v),
if it can be represented by

Y = p+U 2, (1)

where Z ~ N,(0,%) and U ~ Gamma(r/2,v/2) are independent random objects
and Gamma(a, b) stands for a gamma distribution with mean a/b and density de-
noted by G(-la,b). Then, we obtain the probability density function (pdf) of Y,
given by

_ (p+v)
2

G LA 5
tp(ylp, X, v) = WIE\ 1+; ;
2
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where T'(+) is the standard gamma function and § = (y — u)"Z 7 (y — ) is the
Mahalanobis distance. The cumulative distribution function (cdf) of the Student-t
distribution is denoted by T,(-|p, 3, v). If v > 1, then p is the mean of Y, and if
v > 2 then v(v —2)7X is its covariance matrix. As v tends to infinity, U converges
almost surely to one and, marginally, Y converges in distribution to a multivariate
normal distribution with mean g and covariance matrix 3.

The following result, taken from Matos et al. (2013b), presents the marginal-

conditional decomposition of the multivariate Student-¢ distribution.
Proposition 1. Let Y ~ t,(u, X, v). If Y is partitioned as Y = (Y{,Y,)", with

Y1 X
dim(Y{) = p1 and dim(Yy ) = py where p = p; + po, and X = TR and
Yo Xy

w=(u!, )" are the corresponding partitions of ¥ and p, then:
i YI ~ tpl(l'l’lv 2117 V)'

e The conditional cdf of Yo |Y,| =1y is given by

P(YQT < YQ\YlT = Y1) = sz (Y2|M2,1, 2A322.1, v +p1) )

ie, Yy [Y] =y ~tp, (N2.1’ 2A322.1’ 4 —I—p1> , where Yooy = (ZIE&) Yoo, 01 =

(yi— 1) " S0 (v — 1), Do = Zop — T X1 o, oy = o+ 1 27 (v —
/J’l)'

Now, T't,(p, X, v; A) denotes a p-variate truncated Student-t distribution whose
pdf is defined as the density t,(p, 3, v) lying within a right-truncated hyperplane

A={x=(x1,...,2,) |21 < ar,..., 72, < ap}. (2)

Specifically, we say that the p-dimensional vector X ~ T't,(p, 3, v; A) if its pdf is
tp (X’l% Ea V)
Tp(a“"l’? 27 V)
the indicator function, whose value is equal to one if x € A and zero otherwise. The

given by f(x|p, X, v;A) = [a(x), where a = (ay,...,a,)" and [4(x) is

following results provide the moments of the right-truncated multivariate Student-¢
distribution. These results are useful in the implementation of the EM algorithm

for our t-TCFA model. Their proofs are given in Appendix A.
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Proposition 2. If X ~ Tt,(p, 3, v;A) with A as defined in (2), then the kth
moment of X for k =0,1,2, is given by

vV+p "
E[<u+6> X(’“)} = cv,1) X
Ty(a|p, X", v+ 2r)

Tp(a‘l“l’a Ea V)

~ Tt (p, X% v+ 2r; A),
v+p\" (T(( p+V/2 L((v +2r)/2) Ts-1
_ — (X —p)TE (X —
where c,(v,T) ( ) < 1//2 v+ 2r)/2) , 0= ( w) (
¥, X0 = 1, X0 = X, X® = XXT and

Ew [W®],

u),a:(al,...,ap) =
v+ 2r > 0.

v+ 2r

Proposition 3. Let X ~ Tt,(pu, X, v;A) with A as defined in (2). Consider the
partition X = (X|,X4)7, with dim(X]) = py, dim(X]) =pa, p =p1 +p2, T =

31 X
the notation given in Proposition 2, we have:

vV+p " (k) dp(pl, v, T)
Fll— ] X3”IX — »prHh )
{(u—i—é) 2 | 1] (u+51)7' %
( 2|y, 221a’/+p1+27")
T, (a%2 |ty 4, 221>V+p1)

Y X
( . % ) sand p=(p), puy)" 2= (2",2) and A = (A", A®%). Then, under

Ew [W®]

W~ Tty (a1 ZAgz‘p v+ pr 4 2r; AT?),
T 2)I' 2r)/2
((p+ ) /20T ((p1 + v +2r) >) S (X TE (X
I((pr +v)/2)T((p+ v +2r)/2) 5
_ " v+
/‘l’)f 51 = (Xl - p’l)Tzlll(Xl - H1); Az, = ((11, cee >ap2)T7 222‘1 = m
XO =1, X0 =X, XO=XX", v+p,+2r>0and k=0,1,2.

where dy(p1,v,1) = (v+p)" <

22.15

Expressions for E[W] and E[WW | where W ~ Tt,(u, %, v;A) have been
recently developed in closed form by Ho et al. (2012). These expressions depend on
the multivariate Student-t cdf. They can be computated by using functions for the
numerical evaluation of the Student-t cdf such as pmuvt() function of the muvtnorm
package (Genz et al., 2008) from R.
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3 The model

3.1 The Gaussian tobit confirmatory factor analysis model

The Gaussian (or normal) multivariate tobit CFA model (TCFA) with covariates
described by Zhou and Liu (2009), is specified as follows:

yvi = XsB+ Az; + €, (3)

where z; w N,(0,€2) is independent of €; g N,(0,%), for i = 1,...,n. The sub-
script 7 denotes the subject index; y; = (y;1,. . -, yip)T is a p x 1 vector of observed
continuous responses for subject i; X; is the p x k design matrix corresponding to

the fixed effects represented by:

with x;; a vector of dimension £ x 1; @ is the vector of fixed effects of dimension £ x 1,
A is a p X ¢ loading matrix of factor coefficients; z; is a ¢ x 1 (¢ < p) vector of latent
factors; €; of dimension p x 1 is the vector of random errors, the dispersion matrix
2 is an arbitrary covariance or correlation matrix and W is a diagonal covariance
matrix.

In the present formulation, we consider the case where the response y;; is not
fully observed for all 4,5, i =1,...,n, j =1,...,p. Following Vaida and Liu (2009)
and Matos et al. (2013a), let (V;, C;) be the observed data for the i-th subject,
where V; represents the vector of uncensored reading or censoring level and C; is

the vector of censoring indicators with components C;;. Then, we have

vij < Vi it Cy =1,

By combining (3) and (4), the TCFA model is formulated. In this work, we
will use a left censoring pattern, but extensions to right or arbitrary censoring are
immediate.

As is well known, factor analysis models are not identified because if one considers

A* = AT and z; = T'z;, for any nonsingular matrix T, the same model (3) is
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obtained. To solve this identification problem, Zhou and Liu (2009) recommended
to fix elements of A and/or Q. As a confirmatory analysis, we will assume  as
known in this work and, as a consequence, avoid the analysis for not identifiable
models.

The classic inference about the parameter vector 8 = (,BT, A, ¥)T is based on
the marginal distribution of y;. For complete data, we have that marginally y; g
N,(X;8,%), i = 1,...,n, where ¥ = AQA" + ¥. For responses a censoring
pattern as in (4), we have that y; ~ T'N,(X;3, £;; A), where T'N,(-; A) denotes the
truncated normal distribution on the interval A, where A; = A;; x ... x A;,,, with
A;; as the interval (—oo,00) if Cj; = 0 and (—o0,0] if C;; = 1. To compute the
likelihood function associated with TCFA model, the first step is to treat separately
the observed and censored components of y;. Let y¢ be the p® vector of observed
outcomes and y{ be the p® vector of censored observations for subject ¢ with (p =
p°+p°), such that, C;; = 0 for all elements in y?, and 1 for all elements in y{. After

reordering, y;, V;, X;, and X; can be partitioned as:

yi = vec(y?, ¥, Vi = vee(V?, VE), X = (X2, X?) and % = ( R ) ,
DI Frey

where vec(-) denotes the function which stacks vectors or matrices of the same
number of columns. Then, we have y? ~ Ny (X783, 37), yily? ~ Npe(pt;, S;), where
By = X5B + BU(E7) 7 (y? — X2B) and 8, = T — B2(5) 1

Now, let ®,(u;a, A) and ¢,(u;a, A) be the cdf (left tail) and pdf, respectively, of
an N,(a, A) computed at u. From Vaida and Liu (2009) (see also, Jacqmin-Gadda
et al., 2000), the likelihood function for cluster i (using conditional probability ar-

guments) is given by

Li(0) = f(yil®) = P(Vi|Cy,0) = P(y; < Vily{ = V{,0)P(y; = V{|6),
= P(y; < Vilyi,0)f(y{0)
= Ope(y?; X7B, 37°) Ppe (V§5 1y, Si), (5)

which can be evaluated without much computational burden through the routine
mutnorm() available in R (see Genz et al., 2008; R Development Core Team, 2009).
The log-likelihood function for the observed data is given by £(0]y) = > {log L;}.
The estimates obtained by maximizing the log-likelihood function ¢(8]y) are thus
the ML estimates for the TCFA model defined in (3) and (4). In the next section,
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we propose the multivariate tobit factor analysis model by assuming a multivariate
Student-¢ distribution in the random terms (¢-TCFA model).

3.2 The Student-t tobit confirmatory factor analysis model

Zhou and Tan (2010) proposed a robust hierarchical tobit factor analysis model in
which the random effects and the within-subject errors have multivariate Student-t
distributions (t-CFA) and assumed that the mixing random variable U for the two
sources of variability in the model has the same parameters, i.e. the same degrees
of freedom v. Thus, to obtain robust estimates of the parameters, we proceed as in
Zhou and Tan (2010) (see also, Matos et al., 2013b) by considering censored data
and a generalization of the Gaussian TCFA model defined in (3) and (4), with

(2i,€)" ~ty1,{0,Diag(Q, ¥), v}, i=1,...,n, (6)

w t,(0, ¥, v) where Diag(A,B)

is a block diagonal matrix whose elements are the square matrices A and B. Note

that z; and €; are uncorrelated since Cov(z;, €;) = E|z€]] = E[E(z¢€, |U;)] = 0,

or equivalently by defining z; P t,(0,9,v) and ¢

where U; is a scalar generated from Gamma(v/2,v/2).

Like the Gaussian case, classic inference on the parameter vector @ = (BT, AO)T
is based on the marginal distribution of y;, which, for the complete data (t-CFA),
is y; kS t,(XiB3,%,v), i = 1,...,n, where ¥ = AQA" + . The estimates from
the multivariate t-CFA are more robust against outliers than those based on the
standard CFA. In a simulation study, Zhang et al. (2013) showed that the t-CFA
substantially outperforms the normal or standard CFA when outliers are present in
the data. This issue has also been discussed by Wu (2010) and Matos et al. (2013b)
in the context of censored mixed-effects models.

As in the censored normal case (Subsection 3.1), the likelihood function can
also be computed treating separately the observed and censored components of y;.
Then, under the notation introduced in Section 2, we have that puf® = X8 +
S(57) 7 (v~ XoB) and 8, = (L20) B, with B0 = B - B(20) 5

and 67 = (y? — X28)T(2°)"1(y? — X¢3). Thus, the likelihood function for cluster

1 is given by

Li(0) = tpo(y7: X378, 7%, v) e (Vi %, 877, v + 7). (7)

The log-likelihood function for the observed data (¢(@]y) = > {log L;(0)})
can be computed at each step of the EM-type algorithm without additional com-
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putational difficulties, because the L; functions have already been computed at the
E-step. In addition, the log-likelihood function can be used to monitor the conver-
gence of the EM algorithm and for the model selection by AIC = —2¢(0|y) + 2T,
BIC = —2((0y) + Tln(n), or CAlc = —2((8|y) + T'(In(n) + 1), where T denotes
the number of parameters in the model and n denotes the sample size.

Lucas (1997) carried out an interesting study of the robust aspects of the Student-
t M-estimator in the univariate case using influence functions. He showed that the
protection against outliers is preserved only if the degrees of freedom parameter is
fixed. In this paper, we consider this assumption using a model selection procedure
based on AIC or BIC to choose the most appropriate value of v (see Lange et al.,
1989; Meza et al., 2012). Thus, hereafter we consider that the parameter vector is
0= (B", AT

4 Efficient EM algorithm for ML estimation

The EM algorithm originally proposed by Dempster et al. (1977) has several appeal-
ing features such as stability of monotone convergence with each iteration increasing
the likelihood and simplicity of implementation. However, ML estimation in model
(3)-(4) and (6) is complicated and the EM algorithm is less advisable due to the
computational difficulty in the M-step. To cope with this problem, we apply an
extension of the EM algorithm, called the ECM algorithm (Meng and Rubin, 1993),
which shares the appealing features of the EM and typically has a faster convergence
rate than the EM.

Lety = (y{,....,y0)", z = (2z{,...,2))", V = vec(Vy,...,V,) and C =
vec(Cy, ..., C,), such that we observe (V;, C;) for the ith subject. In their estima-
tion procedure, z, V and C are treated as hypothetical missing data, and augmented
with the observed data set y. = (CT, VT, y" z")T. Hence, the EM-type algorithm
is applied to the complete-data log-likelihood function ¢.(8|y.) = > i, (;(0]y.),

where

i(0ly.) =C — [log || 4 ui(y: — X8 — AZi)T‘I’_l(Yz' — X8 — Az;) + log |QH

N =N -

uizjﬂflzi + h(u;|v),

and C is a constant that is independent of the parameter vector 8. Given the current

~(k
estimate 8 = 0( ), the E-step calculates the conditional expectation of the complete
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log-likelihood function given by

n

Q(016")) = E(L(0]y.)|V,C,00) =>"Q;(6]6™) Z@ (6]6™) +ZQ2 (Q[eW),

i=1

where
1
Qii(6]6") = —3 log 1@] + &®) — 2(i5: ") — Az ®)BTX] e+ 7PXB8TX] W

and

——=(k)
Q2:(22]0%)) = ; [log Q| +tr <Q W27, ﬂ ,

YR (@(’“)\p—m) Sy AT g1 A(k)@(“AT(k)\I,—l) ,
U Z;Z; = F [uizizﬂvi,C“H(k)}
— A® L AR ATE G-k ( TR Tk _ Zylk)ﬂT(k)XT> gLk A T(R) A (F)
+ ABATE G- <_Xi,6 0y v P L X .3 k)BT(k)XT> T LRATE AR
AR — (gl(k) L ATENp-1(k) A(k)) 7
az® — B [uizi\Vi, Ci, 9<k>] — AR ATE g1k (@Tyz(’“) Xﬁ(/«)) ,

——= (k) o o
uiyiz; = B [uiYiziT’Vm Ci,e(k)} - (uiiniT(k) - Uiyz'(k)ﬁT(k)XiT)‘I’fl(k)A(k)A(k)~

~(k
The conditional maximization (CM) steps then conditionally maximize Q(0|0( )

~(k+1
with respect to @ and obtain a new estimate 0( ) as described below:

gl = Z@(k)XTX ZXT (i, ~ AO Tz ) (8)
AG _ - " T _ g (x,80
= Zulzz [ zy@ i — UiZ; (XzIB )]] (9)
i=1
mAY LAl
\Il(k+1) _ D@ag <Zz 1( 5 )> , (10)
n

where AT isthe j-throwof A forj =1,...,pand A( ) = = WYy ( ) 20y Y (k),BT(k)XT—
— ( —=(k)
2uyz, ATR L oA® g7 (k),@T(k)XT—i-X BgHr 3T X;%—A(k)uzizj AT® The al-
gorithm is iterated until the distance involving two successive evaluations of the log-
~ ~(k ~(k
likelihood ¢(6]y), like [¢@" ) = ¢@")] or 1¢@"™")/¢(8") — 1, is small enough.
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(k)

7

From (8)-(10), it is easy to see that the E-step reduces to the computation of u;y;

— (k)
Uin‘sz
Propositions 1-3, as follows (see Appendix B for details):

and @;®. These expected values can be determined in closed form, using

e From Proposition 2, if individual i has only censored components:

— - 1 T (Vi v+ 2
Uz’YiyiT =E UiYiyg—’ViaCiaa} = p( |NZA ZA*V+ )E [WZWIT]a
. T,(Vilp;, X5, v)
o S TV, S v+ 2
uy; = FE Uz‘}’z‘|Vz‘,Ci79} _ Tl ‘HA EA*V—F )E[Wz]»
) TP(Vl“‘Lsz?V)
- S T(Vilf, v+ 2
u=F U1‘|Vi,Ci,0:| = it ’MZA lA*V_F )
) TP(VZ“LNZNV)
where W; ~ Tt,(G;, S0, v + 2r, A, fi; = Xif, 3 = V:Qi, So= U+

ZA\SAIJAXT and A; = {W,; = (wy,...,wpy) Twy < Vip,...,w, < Vi }.

e If individual ¢ has only non-censored components, then:

——  v4p_ ¢ . v+p

T ~ _VEDp
uyiy; = V+5'Yz‘yi y WYi = myz' and u; =

V"‘(Si’

where §; = (y; — Xi8) "2y — Xi8).

e Ifindividual ¢ has censored and uncensored components, then from Proposition
3 and the fact that y;|V;, C;, y;|Vi, Ci,y? and y¢|V;, C;,y? are equivalent

processes, we have:

—T
- N 0,0 Ok C

= T o - UY; Y Uy; W;

wy:y; = E |uyy; |yi , Vi, Gy, 0| = B N S S I
- WGWEY? UWEWS

@i =FK UiYi|Y;‘J>Vi> G, 9} = vec(@yfvv/v\f),
v+ p?) Te (Vilpeo, S, v + p? + 2)

ﬂi =F _ui\yf,Vi,Ci,é} = <

v+07 ) Toe(Vilp, 55% v +p7)
Q V+6z(') cc.o ¢ /\T T :
where S° = | ———— | ¥/*?, w¢ = E[W,] and wiw¢' = E[W,W,'], with
v+24p]

Wi~ Ty (p®, 8%, v+ pf + 2, A7) and p?, 377 and S{° as defined earlier.

4.1 The variance of the fixed effects

Standard errors of the ML estimates can be approximated by the inverse of the ob-

served information matrix, but there is generally no closed form. Vaida et al. (2007,
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Sec. 2) suggested using Louis’ formula (Louis, 1982) to obtain an adjusted variance-
covariance matrix of B in the presence of censored information. This method has
been also adopted by Vaida and Liu (2009, Sec.2) and Matos et al. (2013b, Sec.3).

The estimate of the variance-covariance matrix of B is given by the matrix

~

JBI@ =Var(B) =

n —1
vV+Dp Ty—1 Ts—1 v+p —1
— ) X3 X, - X XV i — X V..C;| X, ,
<§:<;~+p+2) i S i i ar[<u4—@)(y Bl ] )

i=1

where y; ~ Tt,(X;3, 2, v; A) and since Var vp yv: — X;08)|V;, C;| depends
P
v

5
2 2
V+p T s I/+p P
1Y g Vi7Ci70 iVi7Ci70
<V+&>yym <V+&>y\

2
<V+p> ’Vqué
v+9

—

on uy? = E ,u/i;}:E and

uy) =FE , after some algebraic manipulations (see Appendix

(3

B), we have

e If individual ¢ has only censored components then from Proposition 2

— T,(Vilf,, 3 v +4

uy? = cp(v,2) o |H’A ’A*V + )E [WZWH ,
Tp(Vi|p’i72i7V)

— T,(Vi|i, S vt4

quzl = Cp(yv 2) P( |I'l’l/\ ZA*V * )E [Wz] )
TP(VZ|H’17 Ez ) ’/)

— T,(Vilfi,, & v +4

UZY? = Cp(ya 2) P( |MZA zA*V i )7
TP(Vi|ui72i7V)

where W, ~ T't, (1, f);k, v+4,A), f]:* = Liz and

e [f individual ¢ has only non-censored components, then

2 2 2
uy? = viy,, wyl= y;, and w;y? = ,
! v+ ! ' v+ ! v+

where §; = (y; — X;8) "% (y: — Xi).
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e Ifindividual ¢ has censored and uncensored components, then from Proposition
3 and the fact that y;|V;, C;, y;|Vi, Ci,y? and y¢|V;, C;,y? are equivalent
processes, we have:

— — T
— wyy yiyy uylyiwi
uy; = | — — )

cT

0 ¢~0T /\O c
Uy; Wiy,  uy; Wy wy

uy! = vec(uy?y{, wp),
oyl — ( dy ) T (Vi p®, S5, v + pf 4 4)
CNWw )2 Toe(Vilpe, B v +p7)

_ s (T(p+)20(01 + v +4)/2)\ oo [ 1400 e
where dp - (V+p)/<\r((p+ V)/Q)F((p—l— V—|—4)/2) >7 i T (z/+2+pg) Ei )

we = E[W,] and wew¢| = E[W, W], with W; ~ Ttpe (1§, S v4p?+2, AS)

and ps° 37 and S§° as defined earlier.

Asymptotic confidence intervals and hypothesis tests for the fixed effects are
obtained assuming that the ML estimates ,@ has approximately an N, (3, J EB) dis-
tribution. In practice, J Il is usually unknown and needs to be replaced by its ML

estimates J 5 5

BB -
4.2 The estimation of the latent factors

In this subsection, we consider the conditional approach by using the conditional
mean to estimate the latent factors (Matos et al., 2013b). Thus, if the values of

the parameter vector 8 = (,BT, A, ¥)" and v are known, the conditional mean of z;

given V; and C; is:

7:,(0) = FE[z|V,,C] = E[E[E(zi|w)|yi,u]|Vi, Ci] = E{AAT ¥ (y; — X;8) |V, C;}

= AATT (7 - XB),

where A = (@ '+AT¥'A) and y; = E{yi|V;,C;} is the first moment of a
truncated multivariate Student-¢ distribution T't,(X;8, X;,v; A;). In practice, the
estimators of z; can be obtained by substituting the ML estimate 5, which leads to
7, = 7:(0).

The conditional covariance matrix of z; given V; and C; is
Var(z;|V;, Ci] = Elziz, |Vi, Ci] — 2:(0)Z:(0) "

v+ -1
— AE ( p) IV, C;
v+ 6

+ AN War [(y; — XiB) Vi, C] ¥ 'AAT.

119



These expected values can be easily calculated as a byproduct of our proposed
ECM algorithm (E-step).

5 Application

In this section we illustrate the performance of the proposed method first with the
analysis of a simulated data set. After that we consider the analysis of the EGRA

dataset from Peru.

5.1 Simulation study

The main goal of this simulation study is to evaluate the performance of our pro-
posed method, investigating the effects on the parameter inference when the tra-
ditional normality assumption does not hold. In addition, we analyze if the model
comparison criteria (AIC and BIC) determine the correct model.

To accomplish our objectives, we present three simulation scenarios under dif-

ferent distributions for the observed data and latent factors as follows:
1. Scenario 1 (TCFA): The data and latent factors have a normal distribution.

2. Scenario 2 (t-TCFA): The data and the latent factors have a Student-¢ distri-

bution with v = 4.

3. Scenario 3 (contaminated normal): The data and the latent factors follow a

contaminated normal distribution with parameter v = (v,v5)" = (0.1,0.1)7.

For all scenarios, sample of sizes n = 50, 150 and 300 were considered. Under
each setting, we fitted the Gaussian TCFA (Subsection 3.1) and the ¢-TCFA with
4 degrees of freedom (Subsection 3.2) models. Consequently, we have 9 different
simulation scenarios with 100 simulated datasets for each one. The MLEs estimates,
their associate standard error measures, as well as the AIC and BIC were recorded.

The simulated data are generated as follows:

Y1|Z1)UZ =Uu; Np(ll’ivui_lql)v
Zi|lUi=u; ~ Ng(0,u;'Q),
UZ‘ ~ F(l/),
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where pu; = X;,8 + Az;, with p =5, k=3, ¢=2and 8' = (3.5,2.5, —1.5),

AT —06 —06 —0.6 0 0
0 0 0 05 05 /)

¥ = diag(0.3,0.4,0.6,0.2,0.7), and U; = 1 for all ¢ for the Scenario 1 (normal
case), U; ~ Gamma(2,2) for all ¢ for the Scenario 2 (Student-t case) and U; =
{ vy with prob 14

1 with prob 1—u1
In order to assure the model identifiability, {2 was considered fixed at 0.6I1+0.4J,

, for all 4, for the Scenario 3 (contaminated normal case).

where I is a 2 x 2 identity matrix and J is a 2 x 2 matrix of ones. All generated
values of Y lower than 0 were fixed at this threshold, ¢.e., the censored values are
equal to 0.

The covariate matrices X; were generated by the Kronecker product of A and B,
where A is a 1 X p matrix of ones and B is a vector of the transposed z;;, 7 = 1,2, 3.
The covariate x;; was equal to 1 for all © = 1,... n representing the intercept;
T;s was generated from a discrete uniform distribution with points 6, 7, 8, 9, 10
and probabilities 0.05, 0.4, 0.45, 0.05, 0.05 respectively, mimicking the variable age
presented in the real data analysis. Note that for numerical stability, this variable
was centered at 8. Finally, the last covariate z;3, was generated from a Bernoulli
distribution with paremeter p = 0.5, mimicking the variable gender in the EGRA
data set.

Table 1 presents the summary statistics for parameter estimation assuming that
the true model is the Gaussian TCFA for the three considered sample sizes. As is
expected, the TCFA model had better performance than the ¢-TCFA for recovering
the true parameter values. Moreover, Table 1 also provides the mean values of
the approximate standard errors of the fixed effects estimates obtained through
Equation 11 (in parentheses) and the Monte Carlo standard deviation (MC Sd).
As can be seen, the theoretically estimated standard errors are relatively close to
the Monte Carlo approximations. This result shows that the proposed asymptotic
approximation for the variances of the fixed effects is reliable for both TCFA and
t-TCFA models. Note that the standard errors decrease as the sample size increases.
We also report the Monte Carlo mean of the model comparison criteria mentioned
earlier (MC AIC and MC BIC). Note that the MC AIC and MC BIC indicate that
the TCFA is the best model.

Table 2 shows the results obtained under the Student-¢ datasets. Note that the t-
TCFA model outperforms the TCFA model as expected. Moreover, the TCFA model
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Table 1: Results based on 100 simulated normal datasets. MC mean and MC Sd are the respective Monte Carlo
mean and standard deviations of the parameter estimates from fitting the TCFA and the ¢-TCFA. The numbers in
parentheses are the mean values of the approximate standard errors obtained through the information-based method.

MC AIC and MC BIC are the Monte Carlo mean of the model comparison measures AIC and BIC respectively.

Sample size Parameters TCFA t-TCFA
Mc mean MC Sd Mc mean MC sd
n=50 B1 3.495 (0.097) 0.102 3.48 (0.088) 0.104
Bo 2.507 (0.067) 0.062 2.494 (0.063) 0.062
B3 -1.495 (0.135) 0.141 -1.476 (0.124) 0.138
A11 -0.546 0.104 -0.512 0.106
Ao1 -0.562 0.127 -0.531 0.128
A31 -0.573 0.165 -0.548 0.159
Ag2 0.290 0.147 0.326 0.102
A2 0.437 0.216 0.537 0.144
P11 0.317 0.090 0.274 0.082
Yoo 0.369 0.099 0.319 0.088
b3 0.581 0.167 0.495 0.149
bag 0.335 0.106 0.260 0.077
. 0.688 0.170 0.493 0.105
MC AIC 530.745 552.484
MC BIC 555.601 577.340
n=150 B1 3.493 (0.053) 0.049 3.483 (0.048) 0.050
Bo 2.500 (0.043) 0.043 2.492 (0.040) 0.046
B3 -1.484 (0.079) 0.076  -1.476 (0.070) 0.076
A11 -0.563 0.064 -0.531 0.062
Ao1 -0.579 0.081 -0.551 0.080
A31 -0.590 0.089 -0.566 0.084
Ag2 0.332 0.088 0.340 0.061
A52 0.496 0.118 0.555 0.062
P11 0.312 0.054 0.270 0.050
Yoo 0.382 0.061 0.328 0.052
Y33 0.589 0.089 0.503 0.080
Yaq 0.312 0.061 0.248 0.044
P55 0.667 0.110 0.494 0.071
MC AIC 1620.169 1691.247
MC BIC 1659.307 1730.386
n=300 B1 3.499 (0.039) 0.038 3.488 (0.035) 0.037
Bo 2.501 (0.032) 0.033 2.491 (0.030) 0.034
B3 -1.500 (0.056) 0.050 -1.488 (0.050) 0.049
A11 -0.570 0.047 -0.540 0.045
A21 -0.580 0.057 -0.554 0.057
A31 -0.587 0.062 -0.566 0.060
Aq2 0.339 0.046 0.343 0.034
A52 0.511 0.068 0.558 0.044
P11 0.313 0.039 0.274 0.034
P29 0.390 0.051 0.337 0.044
P33 0.589 0.065 0.503 0.059
bag 0.314 0.037 0.254 0.027
Y55 0.676 0.068 0.511 0.047
MC AIC 3228.259 3378.058
MC BIC 3276.408 3426.207
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generates larger estimates for the specific variances (¥) than the ¢-TCFA model for
all considered sample sizes. Note that as in the normal case, the standard errors are
adequately calculated and they decrease as the sample size increases. Finally, the
model comparison criteria select the true model (£-TCFA) for all considered sample
sizes.

As was mentioned above, in scenario 3 we study the behaviour of the TCFA
and t-TCFA models when neither of them are the true generating model. Table 3
indicates that the t-TCFA model fits the contaminated normal datasets better than
the TCFA one. The reported values of the MC AIC and MC BIC also confirm this.
Figures 1 -5 present the estimates of bias and mean square error (MSE) of each
model parameter for the 100 datasets under different sample sizes when the data
were generated from scenario 3. Note that, in general, the --TCFA model presents
smaller biases and MSE measures than the TCFA one. This fact assures that the
t-TCFA model is more robust to deviations from the model assumptions and fits

better than the Gaussian model when neither is the true generating model.

— TCFA
TCFA

— TCFA
TCFA

— TCFA
TCFA

Absolute bias
Absolute bias.
Absolute bias.

000 005 010 015 020 025
000 005 010 015 020 025
000 005 010 015 020 025

Sample size Sample size Sample size

— LTCFA — LTCFA — LTCFA
TCFA TCFA TCFA

[N

50 150 300 50 150 300 50 150 300

004

0010

003

MSE
0000 0005 0010 0015 0020
L L L L
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001 002

0.00

Sample size Sample size Sample size

Figure 1: Simulated data. Bias and MSE for the parameter 3 under scenario 3.
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Table 2: Results based on 100 simulated Student-¢ datasets. MC mean and MC Sd are the respective Monte Carlo
mean and standard deviations of the parameter estimates from fitting the TCFA and the ¢-TCFA. The numbers in
parentheses are the mean values of the approximate standard errors obtained through the information-based method.
MC AIC and MC BIC are the Monte Carlo mean of the model comparison measures AIC and BIC respectively.

Sample size Parameters TCFA t-TCFA
Mc mean MC Sd Mc mean MC sd
n=50 B1 3.500 (0.133) 0.136 3.481 (0.102) 0.106
Bo 2.514 (0.091) 0.096 2.480 (0.072) 0.073
B3 -1.523 (0.185) 0.190 -1.505 (0.143) 0.149
A11 -0.762 0.268 -0.610 0.134
Ao1 -0.786 0.275 -0.621 0.158
A31 -0.788 0.332 -0.628 0.196
Ag2 0.416 0.264 0.391 0.143
A2 0.607 0.357 0.638 0.170
P11 0.574 0.262 0.358 0.112
Pao 0.661 0.300 0.433 0.151
b3 1.037 0.336 0.694 0.209
bag 0.659 0.326 0.339 0.105
Y55 1.315 0.685 0.661 0.199
MC AIC 648.072 639.362
MC BIC 672.929 664.218
n=150 B1 3.511 (0.073) 0.070 3.485 (0.055) 0.060
Bao 2.507 (0.059) 0.059 2.484 (0.046) 0.046
B3 -1.522 (0.109) 0.100  -1.497 (0.082) 0.082
A11 -0.780 0.155 -0.619 0.067
Ao1 -0.821 0.179 -0.647 0.088
A31 -0.823 0.225 -0.645 0.115
42 0.484 0.156 0.408 0.078
A52 0.731 0.228 0.666 0.088
P11 0.590 0.235 0.349 0.056
Yoo 0.719 0.219 0.442 0.086
Y33 1.024 0.218 0.644 0.105
Yaq 0.586 0.149 0.324 0.049
P55 1.283 0.319 0.664 0.107
MC AIC 2004.130 1950.676
MC BIC 2043.269 1989.815
n=300 B1 3.509 (0.053) 0.054 3.487 (0.040) 0.043
Bo 2.499 (0.044) 0.046 2.483 (0.034) 0.034
B3 -1.507 (0.077) 0.072 -1.492 (0.057) 0.058
A11 -0.785 0.110 -0.615 0.053
A21 -0.821 0.112 -0.648 0.060
A31 -0.824 0.143 -0.652 0.083
a2 0.483 0.117 0.404 0.055
A52 0.734 0.173 0.657 0.069
P11 0.583 0.143 0.353 0.044
Yoo 0.724 0.132 0.446 0.059
P33 1.055 0.203 0.649 0.080
bag 0.584 0.115 0.326 0.040
. 1.283 0.263 0.663 0.077
MC AIC 3999.002 3885.252
MC BIC 4047.151 3933.401
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Table 3: Results based on 100 simulated contaminated normal datasets. MC mean and MC Sd are the respective
Monte Carlo mean and standard deviations of the parameter estimates from fitting the TCFA and the t-TCFA. The
numbers in parentheses are the mean values of the approximate standard errors obtained through the information-
based method. MC AIC and MC BIC are the Monte Carlo mean of the model comparison measures AIC and BIC

respectively.

Sample size Parameters TCFA t-TCFA
Mc mean MC Sd Mc mean MC sd
n=>50 B1 3.499 (0.127) 0.126 3.479 (0.098) 0.100
B2 2.487 (0.087) 0.096 2.477 (0.070) 0.071
B3 -1.500 (0.177) 0.200 -1.465 (0.137) 0.158
A11 -0.734 0.266 -0.580 0.128
Ao1 -0.766 0.300 -0.608 0.141
As31 -0.742 0.328 -0.597 0.173
Ag2 0.436 0.262 0.383 0.106
A52 0.628 0.371 0.601 0.137
P11 0.533 0.244 0.330 0.098
Yoo 0.624 0.294 0.394 0.108
b3 0.993 0.505 0.594 0.190
Paq 0.609 0.274 0.323 0.094
Y55 1.255 0.638 0.614 0.186

MC AIC 638.215 620.283

MC BIC 663.071 645.139
n=150 B1 3.512 (0.072) 0.068 3.484 (0.053) 0.055
Bao 2.483 (0.058) 0.061 2.478 (0.044) 0.045
B3 -1.509 (0.106) 0.106 -1.481 (0.079) 0.087
A11 -0.772 0.150 -0.588 0.076
Ao1 -0.788 0.158 -0.612 0.077
A31 -0.773 0.188 -0.628 0.104
Aq2 0.462 0.173 0.391 0.069
A52 0.664 0.221 0.617 0.072
P11 0.551 0.170 0.335 0.064
P 0.667 0.187 0.405 0.077
P33 1.044 0.270 0.609 0.103
Yaq 0.604 0.152 0.313 0.043
P55 1.212 0.369 0.602 0.095

MC AIC 1983.951 1903.606

MC BIC 2023.089 1942.744
n=300 B1 3.505 (0.052) 0.049 3.484 (0.038) 0.039
Bo 2.492 (0.043) 0.042 2.485 (0.033) 0.032
B3 -1.505 (0.075) 0.070 -1.492 (0.055) 0.054
A11 -0.762 0.116 -0.590 0.057
A21 -0.775 0.112 -0.611 0.058
A31 -0.781 0.138 -0.622 0.072
g2 0.464 0.119 0.389 0.045
A2 0.688 0.165 0.624 0.049
P11 0.568 0.127 0.340 0.042
Yoo 0.691 0.143 0.410 0.047
P33 1.042 0.204 0.613 0.073
baa 0.577 0.112 0.305 0.033
bss 1.212 0.266 0.610 0.067

MC AIC 3944.315 3779.822
MC BIC 3992.464 3827.971
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Figure 2: Simulated data. Bias for the parameter A under scenario 3.
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Figure 3: Simulated data. MSE for the parameter A under scenario 3.

5.2 Real data

In this section, we analyse the dataset presented in Costa et al. (2013). The data
come from a study held in 2007 of Early Grade Reading Assessment (EGRA) test
results of 502 Peruvian students. The EGRA test is a simple instrument that reports
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Figure 4: Simulated data. Bias for the parameter ¥ under scenario 3.
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Figure 5: Simulated data. MSE for the parameter ¥ under scenario 3.

levels of student learning, including assessment of the first steps students take in
learning to read, namely, recognizing letters of the alphabet, reading simple words,
and understanding sentences and paragraphs. Consequently, this exam evaluates
how children in the early grades are acquiring key reading skills. It is an oral test

and the time of the responses of each student is recorded. For four out of ten
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tasks, the required speed to perform these tasks was computed. By taking only one
minute in each task, some students present low scores that possibly could have been
much better without the time restriction. Like in Costa et al. (2013), we considered
the velocity measures of the 10% slowest scores as censored outcomes. Using this

definition of censored observations, the TCFA model was defined by
yi = XiB+ Az; + €,
where y; is a 4 X 1 vector of the velocity responses given by

y;1: ratio between the number of letters of the alphabet recognized by student ¢ and

the time spent on this task (under 60 seconds);

Yzt ratio between the number of simple words recognized by student ¢ and the time

spent on this task (under 60 seconds);

¥;3: ratio between the number of meaningless words correctly read by student ¢ and

the time spent on this task (under 60 seconds);

Yis: ratio between the number of correct simple words read in a passage by student

i and the time spent on this task (under 60 seconds).

The matrix X; corresponds to the 4 x 5 design matrix of the covariates. The
fixed effects vector is B = (B,...,01)", where 3, represents the gender(O=female,
I1=male); f, represents the grade (0=second year; 1=third year); /33 represents the
residence zone (O=rural, 1=urban) and /3, represents the age. A is a 4 x 1 vector of
factor loadings; z; is a latent factor associated with a general ability; €; is the vector
of random errors of dimension 4 x 1 and €2 was set equal to 1.

The total sample size is 502 students and it is divided as follows: 157 are girls and
345 boys; 354 and 148 students come from the second and third grade respectively,
and the number of students coming from urban and rural zone are 250 and 252
respectively. Also, 51% of students from the sample were seven years old or less.
The performance of these students in each task is presented in Figure 6. As can
be seen, these variables have from moderate to high correlations. Since the sample
presents censored outcomes, the use of a tobit CFA model is well justified.

Similarly to the empirical studies, we conducted an analysis comparing the Gaus-
sian TCFA and t-TCFA models. In Figure 7, we plot the log-likelihood of the t-
TCFA model for different values of v. Note that the maximum of the likelihood was
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Figure 6: Scatterplots of EGRA velocity measures.

at v = 5. Consequently and as recommended by Lange et al. (1989), we fixed the
parameter v at this value. In Table 4, we summarize the MLEs for 3 with their
standard errors in parentheses, A and ¥ for both models. The response variables

were standardized to avoid differences in the measurement scales.

Log-likelihood
-2085  -2080 2075  -2070  -2065
L L L
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T T T T T
4 6 8 10 12

teration

Figure 7: EGRA dataset. Profile likelihood for different values of v

Table 4 shows that, in general, the estimates corresponding to the -TCFA model
are smaller than those obtained under the Gaussian TCFA. Both models indicate
that all variables (gender, grade, zone residence and age) are significantly different
from zero and aside from the small value of factor loading in the velocity scores

in Task 1 (“recognizing letters of the alphabet”), the factor loadings confirm our
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Table 4: EGRA dataset. ML estimates under TCFA and ¢-TCFA models. Standard

errors for the fixed effects are in parentheses.

Parameters t-TCFA TCFA
B4 0.276 (0.068) 0.251 (0.093)
Ba 0.655 (0.086) 0.765 (0.119)
Bs 0.785 (0.057) 0.931 (0.079)
Ba -0.111 (0.044) -0.123 (0.06)
A1 0.479 0.565
A2t 0.880 0.967
A3l 0.815 0.915
Aa1 0.885 0.961
Y11 0.457 0.788
oo 0.114 0.161
Y33 0.172 0.224
(o 0.138 0.206
AIC 4165.902 4231.904
BIC 4216.525 4282.527
CAlc 4228.525 4294.527

initial hypothesis of a general latent factor. This factor was interpreted as “fluency
in Spanish” and, as expected, students with high velocity measures have high scores
in this factor. It is also interesting to point out that the specific variance associated
with Task 1 was smaller for the -TCFA model. This fact can indicate better fit
of this measure to this model compared to the classic TCFA. The model selection

criteria also indicate that the t-TCFA model outperforms the Gaussian one.
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In order to assess the convergence of the proposed ECM algorithm, we compare
the performance of the t-TCFA and TCFA loglikelihood values with respect to the
iterations of that algorithm. The results shown in Figure 8. As expected, the
likelihood values stabilize as the number of iteration increases and both models
reach convergence. Note that the t~-TCFA model has better performance than the

Gaussian one for a higher number of iterations.
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log-likelihood
-2200
|

-2400

-2600
I

— TCFA
1 tTCFA

-2800
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Figure 8: EGRA dataset. Convergence of the log-likelihoods between the two ECM

algorithms for each iteration.

6 Conclusions

In this paper we proposed an exact EM-type algorithm for estimating a multivariate
tobit confirmatory factor analysis with covariates based on the Student-t distribu-
tion. The proposed robust model is particularly useful in analysis of multivariate
censored data with presence of outliers. The exact EM-type algorithm uses closed
form expressions at the E-step, as opposed to the Monte Carlo EM algorithm pro-
posed by Zhou and Liu (2009). These expressions rely on formulas of the mean and
variance of a truncated multivariate Student-¢ distribution. Analytical expressions
for these moments were derived by Ho et al. (2012) and they require the compu-
tation of the multivariate Student-t cdf. This task can be done efficiently by using

the muvtnorm package available in R. The simulation study and the analysis of the

131



EGRA data set showed that the ¢-TCFA outperforms the traditional Gaussian tobit
CFA model under the presence of data coming from a heavy-tailed distribution. The
likelihood function is derived with no additional computational cost, allowing prac-
titioners to implement different model selection procedures. Since the EM likelihood
sequence is monotonic, the difficulties in assessing convergence, typically present in
many MCMC algorithms, are avoided.

We believe this paper introduces a novel method for the analysis of CFA mod-
els that can be easily implemented by practitioners in other areas where censored
information appears frequently, for example, multivariate measurement error mod-
els, spatial models, space state models, among many others. In this context, the
proposed EM algorithm has been coded and implemented completely in R and the
script is available from us upon request.

Finally, our model can be extended by assuming that the latent factors and
unobservable errors follow a jointly skewed distribution, as was considered by Lin
et al. (2013). This extension is currently under investigation and will be part of a

future communication.

Appendix A: Proofs of Propositions

Proof of Proposition 1: The proof of (i) is straightforward from Equation (1).
The proof of (i) follows from Proposition 4 given in Arellano-Valle and Genton
(2010) by setting A =7 = 0.

Proof of Proposition 2: First note that if X ~ ¢,(u, X, v), then we can write

v+p\ .
(V—|—5> tP(X“J'uE?V) = CP(Vv r)tp(X“l’uE 7V+2T)'

It follows that

" T ¥ 2
E v+p X(k) — Cp(y7 7,,) p(a|“’7 , UV + T)E {X(k)|X < a} ,
v+9 Ty(a|p, X, v)

I W(k)tp(w\u,E*,y+2)dW _ T,(alp, E*,V—f—Q)/ tp(w\u72:,1/+2)
wea ™ T a3, 0) L@ D) Juca D@50+ 2)
concludes the proof.

dw, which

Proof of Proposition 3: First note that if X ~ ¢,(p, 3, v). Then using the result

given in Proposition 1-(i7), we have

v+p\’ S dy(p1,v,7) ~
<—V+5> tp, <X2|N2‘1’222.17V+p1> = mtm(xﬂum Y1,V 1+ 2r)
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and the proof concludes by noting that

E{<V+p> ng)|X1} _ d (pl?y T) ( |I’l’2 1> 2217V+p1 +QT)E{XS€)\X2 S al’2}’
v+4 (v+61)r T,, (a2 |N2.1,222.1>V+P1)

where Xy ~ t,, (ug_l, 232_1, v+p+ 2r> .

Appendix B: Details of the EM algorithm

First, we establish the following Lemma, which will be useful in our procedures. Its
proof can be found in Arellano-Valle et al. (2005).

Lemma 1. Let Y % Ny(p, %) and x 7S N,(n, ). So,

Gp(ylp+2,8)0,(2,92) = ¢(ylp+nZ+Q")
Xpg(zln+ ATEy —p—n), D),
where A = (Q 7' 4+ 271!

Lety =(y{,....,y ), z=(z{,....2))T,u=(us,...,u,)", V=vec(Vy,..., V)
and C = vec(Cy,...,C,), such that we observe (V;, C;) for the ith subject. In the
estimation procedure, z, u and y are treated as hypothetical missing data and aug-
mented with the observed data set y. = (CT, VT, y" z" u")". Thus, we have

yc|9 Hf y“ZuUz = H (Yi|Vi;Ciaziaui)f(zi’ui)f(ui)'

i=1

The complete data log-likelihood is given by

le(Bly.) =C — —Z log [ W]+ u;(yi — XiB — Azi) "7 (y; — X;B — Az;) + log |9

-3 Z [uizjﬂ_lzi + h(ul|1/)] ,

i=1

The Q(+) function is given by
Q(016W) = E[((0]y.)[V.C,0Y).

So we have

Q@16®) = 0® 25" L1og| @] + log || + tr (Blumz] V., G, 60]0")

1=

+tr (E |:Ui‘Il_1(Yi - X;8 - Az)(y; — XiB — Az;)"|V;, C;, 9“”]) },
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where C®) is a constant that is independent of the parameter vector 6.

Thus, to compute the expectation term above, note first that,

ind.

Yi ~ Ttp(Xz,B, E,‘,I/),
V+Dp
E(uily:) = — =+,

where 0; = (y; — X;8)"E; (y; — X;8), and using the Lemma 1, we have
Zi|yi, Wi S N, (AAT‘I’A(}% - XiB), Au; '),

with A = (7' + AT ¥ 'A)~'. Using Propositions 1-3, we compute the following

expectation terms:

uy; = E{uiyi|viacia§}:E{E[E(uiYi|ymui7ViaCi7§)|Yi7Viaci7§HViuCiab\}
v+
(v+p) v,
(1/—}—(52)

= F [E(uiYi|Yi7Vz’7Cia/é)|ViaCi;/é} =k <

Viu C’Lva)

Tp(a“‘l’v E*v v + 2)
Tp(a“‘l’vzay) { }

uiYiy;r = E{UiYiyiT’VuCiﬁ}
= E{E[E(Uz‘}’z‘y;’yz‘,umvnCiaa)’yz‘avuCiﬁHVi,Ci,b\}

(v+p)
(I/ 4+ 51)

= F [E(UiYiYiT|Yi7VivCivb\)’ViaCiab\jl = E( N Vn@ﬁ)

_ T(ap, X", v+2) E{W, W},
Tp(alp, %, v) o

u = E{Ui|Vi,Ci,§}:E{E[E(Uib’z‘yui,vi,Ci,b\)b’qu"Ci,aﬂvucua}

~ ~ (1/—|—p> ~
— E\E(ulv:. V.. C, . C. 0|l =F Ne!
|E(uly:, Vi, C;,0)|V;, €. 0] <(V+5i) Vi,C.,8
Ty(alp, X%, v+ 2) Tp(a|p, X%, v +2)

B{WY} =

T,(a|lp, X, v) Ty(alp, X, v)
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Ui 2Z;Z;

B{uz,|V;, C;, 0%}

E{E[E(uizi|yi, ui, Vi, Cy, a(k))b% Vi, G, e(k)”Vz', Ci, e(k)}
E{EuwE(zy:,ui, Vi, Ci, 0M)|y;, Vi, C;, 0| V,, C;, 60}
E{E [u,ANT® (y; = XiB)lys, Vi, Ci, 07| [V, C,, 0}

FE [AATlIl_l(yi — XZB)E(UZb’“ Vi, Ci, H(k))|V“ Ci, G(k)]

o | () X0 (G| ooty
AT {E(( D)y )—XzﬂE( v+ p) ‘VZ,CZ,G(’“”

(V"‘(S) 15 2
AAT D! [Tp(alu, 22 powy - x, g @k z: v+ 2)]
Ty(alp, 2, v) Ty(alp, 3, v)

AN a7y, — X B0

E{uiziz:]Vi, C,, O(k)}

E{E[E(u;z:z] |y:, ui, Vi, Ci, 0")|y:, Vi, C;, 0W] | V;, C;, 00}
E{E[u;E(z:z] |y:, us, Vi, Ci, 00)|y;, V;, C;, W[V, C;, 00}

E{E [u (u7'A + AN Ty, — X,8)(y: — X;8) T AAT) ‘yZ,VZ,CZ,O(k)} V,,C;, 0%

A+ ANOTE | B(ulyi, Vi, C, 69)(y: — X,8)(yi - X,8) |V, Ci, 0%

A+ AATT! {E <(V+p>ylyj <’f>> —E <<”+p)yz ““) BTX]
(v+90)

(v +9)
Rt

-XiB [E ((V +p)}’z
Tp(a“l’v 2*7 v+ 2)

(v +9)
Ty(alp, 2, v)

T,(alp, =% v + Q)E{W}] T Ty(alp, T v +2)
Ty(a|p, X, v) ’ Ty(alp, X, v)

A+ AN (wyy] - G7B X] - XiBEy, +@X.887X] ) UTIAAT.

iy iy [

iy iy

14 +p ’V“ Cua(k)) X, ,B,BTXT} ‘IlflAAT

Ty(alp, X", v +2)
Tp(a“'l’? 27 V)

A+AANT { E{W,W/} - E{W;}B"X]

-X.3 [ X;88" X } TIAAT
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m = E{Uz‘Yz‘Zsz',Ci;e(k)}
= FE{E[E(uwy:z |y ui, Vi, C;i,0")|y:, Vi, C;, 0W]|V;, C;, 001
= E{y:E[wE(z] lyi,ui, Vi, Ci, )|y, Vi, Ci, 0|V, C;, 6%}
_F {yiE [ui(yi ~X,8)T ¢! |yi, Vi, Cs, 0““)} V.. C. 0<k>}

= B [yiB(uilyi, Vi, i, 09)(yi — XiB) ] |V, C:, 0

{2 o]
p

Vi7 Ci7 O(k)}

(v + ) (k)) <(V+P) > T T:| C1AAT
= E Yiy VZ7CZ70 E ) 1y iy Xz U AA
= (e CEDM 7
— Tp(a‘ﬂv X Vvt 2) E{Wl} o T:D(a“l'a 3 VA 2) E{WZW;F}BTX;I'] \IlflAAT
Ty(alp, X, v) Ty(alp, X, v)
= Juyy! - @y8TX] | wAAT

Then, the conditional expectation of the complete log-likelihood Q(8]6*)) gives

1« . _ _ % ~

_ _Z{log\QH-tr (Q iz, ()ﬂ’

where

RO <@“€)@—1<k> iyt AT A(k)@(’“)AT(m@—l) ,

Taking the derivatives with respect to 3, A and ¥ leads to

(k) n
%}f) = = (—uy X + @Y BXTX; + Awz Y X,),
=1
k) —— () —— (k)
WOOT) —z OTXT — iyl + Az )

0Q(6/6™) _ - o' _g2g®
-

where
. —— (k) /\T(’f) T T— (k) T T~ (k)
Bi = tr(uiyiyi ) - uzy1 X /3 - tI‘( U;YiZ,; A) :6 X Uiy + /6 Xi Uy Xz/B
—— (k) —— (k)
+,8TXTAuZzZ —tr(usyiz;  A') + Uz MAT X8 + tr(uziz] ATA).

The solution of these derivatives at zero gives the estimates of the MLE presented

1 (8)-(10).
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Two-parameter Item Response
Theory model with ¢-link
distribution

1 Introduction

This is a work in progress. We have developed a new approach to IRT models with
t-link distribution that it is an extension of the previous papers in this thesis. The
empirical studies are still being implemented.

Item response theory (IRT) is a set of measurement models which has gained
high visibility in recent years due to its large applicability. In broader terms, IRT
associates, stochastically, a latent trait and item parameters. In IRT context, it is
very common to assume normality of the link function, as well as of the latent trait
[see: Albert (1992), Baker and Kim (2004), Bock and Aitkin (1981)]. However, in
many situations, these conjectures do not fit the data properly.

Using a more general parametric class of links is one popular way of preventing
misspecification of links, such as the probit and logit links. In this work, we propose
a robust parametric modeling of the unidimensional two-parameter IRT model for
binary data based on the symmetric t-link function. Under our proposition, the
probit and logit links can be considered special cases. Due to the complexity of the
likelihood function, the use of an appropriate estimation method plays a crucial role.
Generalizing the approach of Azevedo and Andrade (2013), a fully likelihood-based
approach is carried out, including the implementation of an exact ECM algorithm
for maximum likelihood (ML) estimation. We show that the E-step reduces the
problem to computing the first two moments of certain truncated multivariate-t
distributions. The general formulas for these moments were derived by Ho et al.
(2012) (eq. 12 and 13). They require the multivariate-t cumulative density function
(cdf), for which we use the mutnorm package Genz et al. (2008) in R (R Development
Core Team, 2009). The likelihood function is easily computed as a by-product of
the E-step and is used for monitoring convergence and for model selection, such as
the Akaike Information Criterion (AIC), the Bayesian Information Criterion (BIC)
and the Likelihood Ratio Test (LRT). To monitor the convergence of the proposed
EM, we follow Tan et al. (2007) to directly calculate the log-likelihood values and
then to plot the difference of the consecutive log-likelihood values against the EM
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iteration.
The rest of this chapter is organized as follows: in Section 2, we introduce the
two-parameter IRT model with t-link. The proposed ECM algorithm is developed

in Section 3.

2 The two-parameter t-link IRT model

Consider the situation where m subjects are submitted to an instrument composed
of k items. Let Y;; denote the binary outcome 0 or 1 of the i-th item and Y; =
(Y, ... ,anj)T be the collection of responses from subject j, where j = 1,...,m
and i = 1,...,n; (n; < k). The proposed unidimensional two-parameter IRT with
t-link model is defined by

Yij = Vooo)(Zij), Z;105,U; = uj ~ Ny (mj,u; L)),
0;1U; = uj ~ Ny(0,u;t), (1)
U, ~ Gamma(v/2,v/2),

where p;; = a;0; — 35, oy is the discrimination parameter for the item 4, j3; is the
difficulty parameter for the item ¢, 6; is the latent trait of the subject 7. When the
a parameters are equal to 1, we have the one-parameter IRT model, as known as
Rasch model (Andrade et al., 2000). Using Lemma 1, given in Appendix A, the

model defined in (1) is equivalent to the following representation
PT’(Y;‘]' = 1’¢9J) :T1<,uij|0,1,l/), 6]' Nt1<0,1,V).

The observed-data likelihood of parameter vector ¢ = («, 3, 0) is given by
£ =[] [ @0 Lotc)as, @)
j=1

where ¢;(.|p, 3, v) is as defined in Chapter 1 and

i(¢) = TTIT1(uigl0, L, )P [L = T (paig0, 1,w)] 00

i=1

Note that the likelihood function (2) does not have a closed-form expression
because the model function is not linear in the random effect. To compute ML
estimates of the unknown variance parameters, the EM algorithm is proposed. This
algorithm relies on formulas for the mean and variance of a truncated multivariate

t-distribution, which can be computed using available formula.
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3 The EM algorithm

In this section, we derive the M- and E- step for the proposed ECM algorithm.
For the probit IRT model several algorithms have been proposed [Baker and Kim
(2004), Azevedo and Andrade (2013)]. Here we will present the methodology for
the two-parameter ¢-link model.

Let 6 = {0;}",, Z = {Z;}}L, and U = {U;}7., as missing data and Y =
{Y;}L, the observed data. From the definition of the latent variable Z, we have
{Y,Z} = Z. Then, the joint density for the complete-data Y .o, = {Y,Z,0,U} is

FXeoml€) = [T F(03105)F (251055, o B)(uslv)

= [ 0106,00, 05 by (Z5 15, 05 T, V(g ). (3)

j=1
The M-step of the ECM algorithm is to find the complete-data MLE of ¢ by max-

imizing the conditional expectation of the complete-data log-likelihood ¢({|Y com) =
108 f(Yeom|¢) given the observed data Y and the current estimate ¢, given by

(k) 1 —
QEICT) = C—5 > tr (BIUSZ] Z,1Y,] — 20T E[U;Z,6,|Y )] + 2E[U,Z,|Y 18] )
+ Y tr (E[U;6;]Y,]a’ 8, + E[U63|Y e’ o+ E[U;|Y,18] B; + E[U;63]Y]) .
j=1

where C is a constant that is independent of the parameters. Thus, in the M-step

we update a, B, 8 through the following closed form expressions:
71 m
& = (Z E[U;631Y ) > (E[U,Z,0,]Y,] + E[U0,]Y,18) (4)
j=1

B = ( E[Uj|Yj]) Z(QE[Uj9j|Yj]_E[szj|Yj]) and (5)

’ L+ Ef:l a?
where E[U;|Y;], E[U0,1Y;], E[U;Z;|Y;], E[U,Z;6;]Y;], E[U;67Y;] and E[0;|Y]
are expected values in (U;, 0;, Z;) conditional on Y, taken at the current parameters

value ¢ = (%) a® 3",
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For the E-step, we first derive the conditional predictive distribution of the miss-

ing data, which is given by:

f(6,2,U1Y) = [f(Z|]Y,0,u,0,8)f(0]Y,u,c,8)f(u]Y,, 3)
= fOIY,Z,uj, e, B)f(0|Y, Z, v, B) f(Z]Y, @, B). (7)

Since f(0|Y,Z,u, a, B) is proportional to (3), we obtain the following result:

m

f<0’Y7zau7a7/8) = Hf(6|Yj7Zj7uj7aw6) = Hf(e‘zﬁuj?a?ﬁ)

i ey
B 1o (Z;+B) u; !
B H¢1< 1+Zzl 2 1+Zz 1CY>7

To derive the second term on the right-hand side of (7), we use the following
result from Chib and Greenberg (1998):

P(Y; = y;l0;,Zj, 05,0, 8) = [ [{z50 Lviy=1) + Lizy<on Loviy=00 (8)

i=1
which indicates that given Z;, the conditional probability of Y; is independent of 0,
and u;. Hence, expression (8) implies P(Y; = y;|Z;, o, B) = I(z,eB;). Since the con-
ditional probability Z;;|u;, o, B is normally distributed and U; ~ Gamma(v/2,v/2),
the marginal distribution of Zj;|a;, B; follows t,,(—=8,%,v), with ¥ = uj_l(Inj +

aa')). Furthermore, from

f(Zj’Yj>aw6) X f(zijjlanB)
= [(Zjlo, B)P(Y; =y,|Z;, o, B)
tnj(zj| — ,3, E, V)I(Zjij)

we obtain

f@Y.p) = [[£(2.Y;18) = Tt.,(Z;| - B.5.v.B)).
j=1
Using the prior results and the property that if Z|3 follows t,(u, 0,v) and U ~

Gamma(v/2,v/2) we have E(U|Z) = lf:;; [see, Lachos et al. (2011)], where d? is
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the Mahalanobis distance, the estimates are:

V+n; —
BUIY,) = BIEWIY, 2% = £ |, | -2
V+n
BUZIY] = EGEUN, 2 - £ |(F5) 1| -2
.
o _ _
ElU;0,|Y;] = E{E[U;E0;|Y;,Z;,U)|Y;,Z5]|Y;} = T(Zjl — BZY),
T
(0%
EW;1Y;] = E{E[E(0;Y;,2;,Up)|Y;, 2] Y} = ———— (M1 + 8),
L+ qf
T
o _ _
ElU,Z;0;|Y;] = E{E[E(6,[Y;,Z;,U)|Y;, Z]|Y;} = ——— (27 + Z;B"),
1+
1
E[U62Y:| = E{E[E6,[Y:Z: U)Y:Z]|Y} = ———
[U;051Y 5] {E[E(0;]Y;,Z;,U;)[Y;, Z;] Y} RS
aT 72 71 2T 70 T

1/+nj

where M1 =F [Zj|Yj], 232 =k |:V T 5]‘
B;; is the interval (0, 00) if y;; = 1 and the interval (—oo, 0] if y;; = 0.

ZJZ;—|Y]:| s and [Bj = le X, XBjnju where

From (4)-(6), the E-step reduces to computation of M;, Z%, Z! and Z2. Tt is
clear that Proposition 1 of the Appendix A cannot be used, since the components of
the random vector Z;|Y; are right or left-truncated depending in y;;,7 = 1,...,n;.
However, these quantities can be determined in closed form using a sequence of

simple transformations, as follows:

(i) The first step is to standardize the components of Bj, either as left- or right-
truncated. Let A; be a diagonal matrix with diagonal elements equal to —1
or 1 depending on B;; = (0,00) or B;; = (—00, 0], respectively. Then, U; =
AZ|Y ~ Tty (Ajv;, AjA 5, v;Cj), C; = (—o0,0]™, that is, U; follows a
multivariate t-distribution ¢, (A;7v;, A;€2;A;, v) right truncated at (—oc, 0]"

v+n; |Yj:| |

v+ 5}‘
U; UT Y |, through the result given
j

This standardization facilitates the computation of U’? = F [

Ul=F

{1/+nj v+ n,
j

+ o + 6%
J
in Proposition 1 along with the computatlon of the first two moments of a

Uj‘Yj:| y I_J? =F |:

truncated multivariate-t distribution with specific parameters, where ¢} =
(U — Ajyy) (A A) (U — Ayy;).
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(ii) The second step is to note that Z? = U9, Z} = Aj_lﬁjl- and Z3 = A;'UZAT!
since 0§ = 0; = (Z; — 'yj)TQj_l(Zj - ;)
When v goes to oo, we have an interesting EM-type algorithm to the two-

parameter probit IRT model.
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