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❆❜str❛❝t
■♥ t❤✐s t❤❡s✐s ✇❡ st❛t❡ ❛ ♥❡✇ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❙t✉r♠ ❝♦♠♣❛r✐s♦♥ ❚❤❡♦r❡♠ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s

t♦ t❤❡ ③❡r♦s ♦❢ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ❞❡❛❧ ✇✐t❤ t❤❡ ♠♦♥♦t♦♥✐❝✐t②
♦❢ ③❡r♦s ♦❢ X1✲❏❛❝♦❜✐ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✱ ●❛✉ts❝❤✐✬s ❝♦♥❥❡❝t✉r❡s ❛❜♦✉t ✐♥❡q✉❛❧✐t✐❡s ♦❢ ③❡r♦s ♦❢
❏❛❝♦❜✐ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ ③❡r♦s ♦❢ ✉❧tr❛s♣❤r✐❝❛❧s ♣♦❧②♥♦♠✐❛❧s✳

❑❡②✇♦r❞s✿ ❛s②♠♣t♦t✐❝ ♦❢ ③❡r♦s✱ ❡①❝❡♣t✐♦♥❛❧ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s X1✲❏❛❝♦❜✐✱ ●❛✉ts❝❤✐✬s
❝♦♥❥❡❝t✉r❡s✱ ♦rt❤♦❣♦♥❛❧ ♣♦❧②♥♦♠✐❛❧s✱ ❙t✉r♠✬s ❚❤❡♦r❡♠ ❝♦♠♣❛r✐s♦♥✱ ③❡r♦s✳

❘❡s✉♠♦
❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛r ✉♠❛ ♥♦✈❛ ❢♦r♠✉❧❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡

❙t✉r♠ ❡ s✉❛s ❛♣❧✐❝❛çõ❡s ♥❛ t❡♦r✐❛ ❞♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱ q✉❡ sã♦✿ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s
③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐sX1✲❏❛❝♦❜✐✱ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●❛✉ts❝❤✐ s♦❜r❡ ♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s
♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ✉❧tr❛s❢ér✐❝♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❛ss✐♥tót✐❝❛ ❞❡ ③❡r♦s✱ ❝♦♥❥❡❝t✉r❛s ❞❡ ●❛✉ts❝❤✐✱ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱ ♣♦❧✐♥ô✲
♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐✱ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✳

✈✐✐



✈✐✐✐



❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ①✐✐✐

▲✐st❛ ❞❡ ❋✐❣✉r❛s ①✈

▲✐st❛ ❞❡ ❚❛❜❡❧❛s ①✈✐✐

❙í♠❜♦❧♦s ①✐①

●❧♦ssár✐♦ ①①✐

✶ ■♥tr♦❞✉çã♦ ✶

✷ Pr❡❧✐♠✐♥❛r❡s ✺
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✸ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ✶✾

✸✳✶ Pr♦♣r✐❡❞❛❞❡s ❞♦s P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✸✳✷ ❩❡r♦s ❞♦s P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✸✳✸ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❈❧áss✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
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✸✳✸✳✸ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❞❡ ▲❛❣✉❡rr❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ❡ ❘❡✜♥❛♠❡♥t♦s ✸✶
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✺ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ ✹✺
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✻ ❈♦♥❥❡❝t✉r❛s ❞❡ ●❛✉ts❝❤✐ ✻✺
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✼ ❆ss✐♥tót✐❝❛ ❞♦s ❩❡r♦s ❞♦s P♦❧✐♥ô♠✐♦s ❞❡ ●❡❣❡♥❜❛✉❡r ✼✼
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✽✾



➚q✉❡❧❡s q✉❡ ♣❡rs❡❣✉❡♠ ❛s ❡str❡❧❛s
♥♦ ❛q✉ár✐♦ ❞❡ ♣❡✐①❡s✲✈❡r♠❡❧❤♦s ❡
àq✉❡❧❡s q✉❡ ❝♦rr❡♠ ❝♦♠♦ ❆q✉✐❧❡s

❛trás ❞❛ t❛rt❛r✉❣❛✱
❞❡❞✐❝♦✳

①✐



①✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s ♣❡❧❛ ❝r✐❛çã♦ ❡ ♣❡❧❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ♣❡ss♦❛❧✳ ❊❧❡s
♠♦str❛r❛♠✲♠❡ ♦s ✈❛❧♦r❡s ❡ ♣r✐♥❝í♣✐♦s ❞❡ ✉♠ s❡r ❤✉♠❛♥♦✳ ❊ ❛✐♥❞❛ ❡stã♦ ♠❡ ❝♦♥❞✉③✐♥❞♦✳

➚ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛✱ ❛s ♦r✐❡♥t❛çõ❡s ❞♦ ♣r♦❢❡ss♦r ❉✐♠✐t❛r ❑♦❧❡✈ ❉✐♠✐tr♦✈ ❢♦r❛♠ ❡ss❡♥✲
❝✐❛✐s✳ ❆✐♥❞❛ ❧❡♠❜r♦ ❞❛ ♠✐♥❤❛ ♣r✐♠❡✐r❛ ❜r♦♥❝❛✱ ❡ ú❧t✐♠❛ ❛té ❛❣♦r❛✱ ❞♦ ♣r♦❢❡ss♦r ❉✐♠✐t❛r✳ ❆♣❡s❛r
❞❡ s❡♥t✐r✲♠❡ ❝❤❛t❡❛❞♦ ❡ ❡♥✈❡r❣♦♥❤❛❞♦ ♥♦ ♠♦♠❡♥t♦✱ s❡♥t✐ t❛♠❜é♠ ✉♠ ❧❛ç♦ ❢❛♠✐❧✐❛r✱ ❛❧❣♦ ❞❡ ♣❛✐
♣❛r❛ ✜❧❤♦✳ ❙❡♠ ♠❡♥❝✐♦♥❛r ♦s ✐♥ú♠❡r♦s ❡stí♠✉❧♦s ❞❡ s✉❛ ♣❛✐①ã♦ ♣❡❧❛ ♣❡sq✉✐s❛ ♠❛t❡♠át✐❝❛ ❡ ❞❡
❛♣r❡ç♦ ♣❡❧♦s ❧❛ç♦s ❡♥tr❡ ♦s ♠❛t❡♠át✐❝♦s✱ ❞♦ ♣r❡s❡♥t❡ ❡ ❞♦ ♣❛ss❛❞♦✳

◆ã♦ ♣♦ss♦ ❡sq✉❡❝❡r ❛ ❣r❛♥❞❡ ❝♦♠♣❛♥❤❡✐r❛ ❞❡ ❧♦♥❣❛ ❞❛t❛✱ ❱❛♥❡ss❛ ●♦♥ç❛❧✈❡s P❛s❝❤♦❛ ❋❡rr❛③✳
❚r✐❧❤❛♠♦s ❡ss❡ ❝❛♠✐♥❤♦ ❞❡ ♠❛t❡♠át✐❝❛ ❞❡s❞❡ ❛ é♣♦❝❛ ❞❡ ❣r❛❞✉❛çã♦ ❛té ♦ ❞♦✉t♦r❛❞♦✳

❖ ❛♣♦✐♦ ❞♦ ❣r✉♣♦ ❞❡ ♣❡sq✉✐s❛ ❡♠ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❡ ❙✐♠✐❧❛r❡s ❢♦✐ ✐♥❞✐s♣❡♥sá✈❡❧ ♥❛ ♠✐♥❤❛
❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛✳ ❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❆❧❛❣❛❝♦♥❡ ❙r✐ ❘❛♥❣❛✱ ❈❧❡♦♥✐❝❡ ❋át✐♠❛ ❇r❛❝❝✐❛❧✐✱
❊❧✐❛♥❛ ❳❛✈✐❡r ▲✐♥❤❛r❡s ❞❡ ❆♥❞r❛❞❡ ❡ ❋❡r♥❛♥❞♦ ❘♦❞r✐❣♦ ❘❛❢❛❡❧✐ ♣❡❧❛s ♦r✐❡♥t❛çõ❡s ❡ ❛♣♦✐♦ ❞✉r❛♥t❡
t♦❞♦ ❡ss❡ ♣❡rí♦❞♦✳ ❖ ❣r✉♣♦ é ♠✐♥❤❛ ♦✉tr❛ ❢❛♠í❧✐❛✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ❉❛♥✐❡❧❧❛ P♦rt♦✱ ❉✐❡❣♦ ❏❛❝✐♥t♦ ❋✐♦r♦tt♦✱ ❊❧✐❡❧ ❏♦sé ❈❛♠❛r❣♦ ❞♦s ❙❛♥t♦s✱ ●✐s✲
❧❛✐♥❡ ▼❛r❛ ▼❡❧❡❣❛✱ ❍❡❝t♦r ❋❧♦r❡s ❈❛❧❧✐s❛②❛✱ ❍❡r♦♥ ▼❛rt✐♥s ❋é❧✐①✱ ▼✐❝❤❡❧❧✐ ▼❛❧❞♦♥❛❞♦ ❈❛rr❡t❡r♦✱
▼✐r❡❧❛ ❱❛♥✐♥❛ ❞❡ ▼❡❧❧♦ ❡ ❲✐❧❧✐❛♥ ❉✐❡❣♦ ❖❧✐✈❡✐r❛✱ ❛❞♦r❡✐ ❛ ❝♦♠♣❛♥❤✐❛ ❞❡ ✈♦❝ês ❞✉r❛♥t❡ ❡ss❡ ♣❡r✲
❝✉rs♦ ❛❝❛❞ê♠✐❝♦✳ ◆♦ss❛s ❝♦♥✈❡rs❛s ❡ r✐s❛❞❛s ❢♦r❛♠ ✉♠❛ ♦✉tr❛ t❡r❛♣✐❛✳ ❱♦❝ês ❛❝r❡s❝❡♥t❛r❛♠ ♠❛✐s
❛❧❡❣r✐❛ ❛ t♦❞♦ ❡ss❡ t❡♠♣♦✳

❆❣r❛❞❡ç♦ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯◆■❈❆▼P✳ ❊♠
❡s♣❡❝✐❛❧ ❛♦ ♠❡✉ ❝♦✲♦r✐❡♥t❛❞♦r ♣r♦❢❡ss♦r ❘♦❜❡rt♦ ❆♥❞r❡❛♥✐ ❡ ❛♦ ♣r♦❢❡ss♦r ❆✉r❡❧✐♦ ❘✐❜❡✐r♦ ▲❡✐t❡ ❞❡
❖❧✐✈❡✐r❛ ♣♦r ❛✉①✐❧✐❛r ♥❛ ♣❛rt❡ ❜✉r♦❝rát✐❝❛ ❡ ♣❡❧♦ ❛♣♦✐♦✳

❋✐♥❛❧♠❡♥t❡✱ ♠❡✉ ❛❣r❛❞❡❝✐♠❡♥t♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

①✐✐✐



①✐✈



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ■❧✉str❛çã♦ ❞❡ s✐st❡♠❛ ❞❡ ❝❛r❣❛s✳ ▲✐♥❤❛s ✈❡r♠❡❧❤❛s s✐♠❜♦❧✐③❛♠ ❛s ❝❛r❣❛s ✜①❛s ❡ ❛s
❛③✉✐s s✐♠❜♦❧✐③❛♠ ❛s ❝❛r❣❛s ❧✐✈r❡s✳ ◆❡st❡ ❝❛s♦✱ m = 4 ❡ n = 6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✺✳✶ ▼♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❡♠ r❡❧❛çã♦ ❛ α ♥♦ ❝❛s♦ n = β = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✺✳✷ ▼♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❡♠ r❡❧❛çã♦ ❛ β ♥♦ ❝❛s♦ n = 5 ❡ α = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✺✳✸ ❙✐st❡♠❛ ❞❡ ✸ ❝❛r❣❛s ✜①❛s ❡ ✺ ❝❛r❣❛s ❧✐✈r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✺✳✹ ❙✐st❡♠❛ ❞❡ ✸ ❝❛r❣❛s ✜①❛s ❡ ✺ ❝❛r❣❛s ❧✐✈r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✺✳✺ ❋✉♥çã♦ exp(−L(x)) ♣❛r❛ n = 2✱ α = 2 ❡ β = 9✳ ❖s ③❡r♦s sã♦ x̂1 = 0.5573 ❡

x̂2 = 1.7943✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✺✳✻ ❋✉♥çã♦ exp(−L(x)) ♣❛r❛ n = 2✱ α = 2 ❡ β = 9✳ ❖s ③❡r♦s sã♦ x̂1 = 0.5573 ❡

x̂2 = 1.7943✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✻✳✶ ❆ s✉♣♦st❛ r❡❣✐ã♦ ♦♥❞❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ ✜❝❛ ❛♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✉♥✐ã♦ ❞❛
❝✉r✈❛ Bn✱ ♣❛rt❡ ❞❛ r❡t❛ ✈❡rt✐❝❛❧ α = −1✱ ♣❛rt❡ ❞❛ r❡t❛ β = −α− 1 ❡ ❛ ❝✉r✈❛ Cn✳ ✳ ✳ ✻✻

✻✳✷ ❆ s✉♣♦st❛ r❡❣✐ã♦ ♦♥❞❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ q✉❛♥❞♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱
❞❡♥♦t❡♠♦s ♣♦r ❢❛✐①❛ S✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✻✳✸ Ω é ❢♦r♠❛❞♦ ♣❡❧❛s r❡❣✐õ❡s ❝♦❧♦r✐❞❛s✱ t✐r❛♥❞♦ ♦s ♣♦♥t♦s (−1/2, −1/2)✱ (−1/2, 1/2)✱
(1/2, −1/2) ❡ (1/2, 1/2)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✻✳✹ ❆ r❡❣✐ã♦ Ω1 ♣❛r❛ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❞❡ ❣r❛✉ n = 5, 50✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
✻✳✺ ❆ ❢❛✐①❛ S1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✼✳✶ ❊①❡♠♣❧♦ ❞♦ ♠❛✐♦r ③❡r♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ ❞❡ ●❡❣❡♥❜❛✉❡r ❞❡ ❣r❛✉ 5✳ ✳ ✳ ✳ ✳ ✳ ✽✶

①✈



①✈✐



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ■❧✉str❛ ♦s s✐♥❛✐s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❋♦✉r✐❡r ❞❡ P (x) ♥♦s r❡s♣❡❝t✐✈♦s ♣♦♥t♦s✱ ❝❛s♦ c s❡❥❛
③❡r♦ ❞❡ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✷ ▼♦str❛ ♦s s✐♥❛✐s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❋♦✉r✐❡r ❞❡ P (x) ♥♦s r❡s♣❡❝t✐✈♦s ♣♦♥t♦s✱ ❝❛s♦ c ♥ã♦
s❡❥❛ ③❡r♦ ❞❡ P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

①✈✐✐



①✈✐✐✐



❙í♠❜♦❧♦s

R ❈♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳

S
d ❊s❢❡r❛ ✉♥✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ d✳

❈
k ❈❧❛ss❡ ❞❡ ❢✉♥çõ❡s q✉❡ tê♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❛té ♦r❞❡♠ k✳

NP I ◆ú♠❡r♦ ❞❡ ③❡r♦s r❡❛✐s ❞♦ ♣♦❧✐♥ô♠✐♦ P ♥♦ ✐♥t❡r✈❛❧♦ I✳

sign(∗) ❙✐♥❛❧ ❞❛ ❡①♣r❡ssã♦✳

span{∗} ❙✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s✳

Πn ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛❧❣é❜r✐❝♦s ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ n✳

Π ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❛❧❣é❜r✐❝♦s✳

δn,m ❉❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✳

P
(α,β)
n P♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳

C
(λ)
n P♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r✳

Hn P♦❧✐♥ô♠✐♦ ❞❡ ❍❡r♠✐t❡✳

L
(α)
n P♦❧✐♥ô♠✐♦ ❞❡ ▲❛❣✉❡rr❡✳

Jα ❋✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡✳

P̂
(α,β)
n P♦❧✐♥ô♠✐♦ X1✲❏❛❝♦❜✐✳

x
(α,β)
n,k ❩❡r♦ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳

xn,k(λ) ❩❡r♦ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r✳

hn,k ❩❡r♦ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❡r♠✐t❡✳

j
(α)
k ❩❡r♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡✳

x̂n,k(α, β) ❩❡r♦ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ X1✲❏❛❝♦❜✐✳

①✐①



①①



●❧♦ssár✐♦

P♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ P♦❧✐♥ô♠✐♦ ❝♦♠ t♦❞♦s ♦s s❡✉s ❝♦❡✜❝✐❡♥t❡s r❡❛✐s✳

Pr♦♣r✐❡❞❛❞❡ ❛ss✐♥tót✐❝❛ ❖✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✳ ➱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ s❡r ♦❜s❡r✈❛❞♦
❡♠ ✉♠❛ ❢✉♥çã♦ q✉❛♥❞♦ s❡✉ ❛r❣✉♠❡♥t♦ t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦✳

❊❧❡tr♦stát✐❝❛ ➱ ♦ r❛♠♦ ❞❛ ❡❧❡tr✐❝✐❞❛❞❡ q✉❡ ❡st✉❞❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝❛r❣❛s
❡❧étr✐❝❛s ❡♠ r❡♣♦✉s♦✱ ♦✉ q✉❡ ❡st✉❞❛ ♦s ❢❡♥ô♠❡♥♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ❝❛r❣❛s ❡❧étr✐❝❛s✳

①①✐



①①✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✏❆ ♠❡♥t❡ q✉❡ s❡ ❛❜r❡ ❛ ✉♠❛ ♥♦✈❛ ✐❞é✐❛

❥❛♠❛✐s ✈♦❧t❛rá ❛♦ s❡✉ t❛♠❛♥❤♦ ♦r✐❣✐♥❛❧✳✑

❆❧❜❡rt ❊✐♥st❡✐♥

❙❡❥❛♠
y′′(x) + f(x)y(x) = 0 ✭✶✳✵✳✶✮

❡
Y ′′(x) + F (x)Y (x) = 0 ✭✶✳✵✳✷✮

❞✉❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❢♦r♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❝♦♠ f(x) < F (x)
♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣❛r❛çã♦ (a, b)✳ ❆ ♣❛rt✐r ❞❡st❛ ✐♥❢♦r♠❛çã♦✱ ♦ q✉❡ ♣♦❞❡♠♦s ❛✜r♠❛r s♦❜r❡ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ③❡r♦s ❞❛s s♦❧✉çõ❡s y ❡ Y ❄ ❖ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ♥♦s ❣❛r❛♥t❡
q✉❡ Y tr♦❝❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♥tr❡ ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ y ❡♠ (a, b)✳ ❊♠ ♦✉tr❛s
♣❛❧❛✈r❛s✱ ♦ ❣rá✜❝♦ ❞❡ Y ♦s❝✐❧❛ ♠❛✐s ❞♦ q✉❡ ♦ ❞❡ y ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣❛r❛çã♦✳ P♦r ❡①❡♠♣❧♦✱ s❡❥❛♠

y′′(x) + y(x) = 0 ✭✶✳✵✳✸✮

❡
Y ′′(x) + 16Y (x) = 0 ✭✶✳✵✳✹✮

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❙❛❜❡♠♦s q✉❡ y(x) = sin(x) ❡ Y (x) = sin(4x) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s♦❧✉çõ❡s
❞❛s ❊q✉❛çõ❡s ✭✶✳✵✳✸✮ ❡ ✭✶✳✵✳✹✮✳ ➱ ❡✈✐❞❡♥t❡ q✉❡ ♦ ❣rá✜❝♦ ❞❛ s♦❧✉çã♦ Y ♦s❝✐❧❛ ♠❛✐s q✉❡ ♦ ❞❡ y
❡♠ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛ r❡❛❧✳ ❊st❡ é ✉♠ ❡①❡♠♣❧♦ ❝❧áss✐❝♦ q✉❡ ✐❧✉str❛ ❜❡♠ ♦ ❚❡♦r❡♠❛ ❞❡
❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✳ ❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ t❡♦r❡♠❛ é ♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦s ③❡r♦s ❞❛ s♦❧✉çã♦
❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛♠❡tr✐③❛❞❛ q✉❡ ❡♥✉♥❝✐❛♠♦s ❛ s❡❣✉✐r✳ ❙❡❥❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

y′′(x; τ) + f(x; τ)y(x; τ) = 0

❝♦♠ x ∈ (a, b)✱ τ ∈ (c, d)✱ f ∈ ❈
(
(a, b) × (c, d)

)
❡ y(x; τ) ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡ τ ∈ (c, d)

♣♦ss✉✐♥❞♦ n ③❡r♦s ❞✐st✐♥t♦s ❡♠ (a, b)✳ ❖❜s❡r✈❡ q✉❡ ♦s ③❡r♦s ❞❡ y(x; τ) sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡
τ ✳ ❙❡ ∂f(x; τ)/∂τ > 0 ❡ y(x; τ) s❛t✐s❢❛③ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❡♥tã♦ ♣♦r ✉♠ ❝♦r♦❧ár✐♦ ❞♦

✶
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❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✱ q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ♦s ③❡r♦s ❞❡
y(x; τ) sã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s ♦✉ ❝r❡s❝❡♥t❡s ❞❡ τ ✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ t✐♣♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✳

❆♣❡s❛r ❞❛ ❛✜r♠❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ s❡r s✐♠♣❧❡s ❡✱ à ♣r✐♠❡✐r❛ ✈✐st❛✱ ♠✉✐t♦
♥❛t✉r❛❧✱ ❡❧❡ ♣♦ss✉✐ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ♥❛ ❛♥á❧✐s❡ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ③❡r♦s ❞❡ ❞✐✈❡rs❛s ❢✉♥çõ❡s
❡s♣❡❝✐❛✐s✳ ■❧✉str❛r❡♠♦s ❝♦♠ ✉♠ s✐♠♣❧❡s ❡①❡♠♣❧♦✳ ◆❛ ❙✉❜s❡çã♦ ✸✳✸✳✶✱ s❛❜❡♠♦s q✉❡ ❛ ❢✉♥çã♦

un(x;α, β) = (1− x)(1+α)/2(1 + x)(1+β)/2P (α,β)
n (x),

❝♦♠ P
(α,β)
n (x) ♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✱ é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

u′′
n(x;α, β) + fn(x;α, β)un(x;α, β) = 0,

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ r❡❢❡r❡✲s❡ ❛ x ❡

fn(x;α, β) =
1− α2

4(1− x)2
+

1− β2

4(1 + x)2
+

n(n+ α + β + 1) + (1 + α)(1 + β)/2

1− x2
.

❖❜s❡r✈❡ q✉❡✱ ❞❛❞♦s α, β > −1 ✜①♦s ❡ x ∈ (−1, 1)✱ ♣♦r s✐♠♣❧❡s ❝á❧❝✉❧♦s✱ t❡♠♦s fn(x;α, β) <

fn+1(x;α, β)✳ ❙❡❥❛♠ x
(α,β)
n,k ✱ k = 1, ..., n sã♦ ♦s ③❡r♦s ❞❡ ♦r❞❡♠ ❝r❡s❝❡♥t❡ ❞❡ P

(α,β)
n (x)✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱
x
(α,β)
n,1 < x

(α,β)
n,2 < · · · < x

(α,β)
n,n−1 < x(α,β)

n,n .

❊♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✱ P (α,β)
n+1 (x) ♠✉❞❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠

(−1, x
(α,β)
n,1 )✱ (x(α,β)

n,1 , x
(α,β)
n,2 )✱ ✳ ✳ ✳ ✱ (x(α,β)

n,n−1, x
(α,β)
n,n )✱ (x(α,β)

n,n , 1)✱ ♦✉ s❡❥❛✱

−1 < x
(α,β)
n+1,1 < x

(α,β)
n,1 < x

(α,β)
n+1,2 < x

(α,β)
n,2 < · · · < x(α,β)

n,n < x
(α,β)
n+1,n+1 < 1.

❊ ❛ss✐♠ ♣r♦✈❛♠♦s ♦ ❡♥tr❡❧❛ç❛♠❡♥t♦ ❞♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐✳
❖❜s❡r✈❡ q✉❡ ❛ ♣r✐♥❝✐♣❛❧ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ é f < F q✉❡✱ ♥♦ ❡①❡♠♣❧♦

❛♥t❡r✐♦r✱ ❝♦rr❡s♣♦♥❞❡ ❛ fn(x;α, β) < fn+1(x;α, β)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ f −F t❡♠ s✐♥❛❧ ❝♦♥st❛♥t❡
♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣❛r❛çã♦ (a, b)✳ ❙❡✱ ❛❣♦r❛✱ ❡①✐st❡ η ∈ (a, b) t❛❧ q✉❡ f − F < 0 ❡♠ (a, η) ❡
f − F > 0 ❡♠ (η, b)✱ q✉❡ r❡❧❛çã♦ ♣♦❞❡♠♦s ❛✜r♠❛r s♦❜r❡ ♦s ③❡r♦s ❞❛s s♦❧✉çõ❡s y ❡ Y ❞❛s ❊q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ✭✶✳✵✳✶✮ ❡ ✭✶✳✵✳✷✮❄ ◆❡ss❡ tr❛❜❛❧❤♦✱ ❢♦r♠✉❧❛r❡♠♦s ✉♠❛ ♥♦✈❛ ✈❡rsã♦ ❞♦ t❡♦r❡♠❛ ❝♦♠ ❡st❛
♥♦✈❛ ❤✐♣ót❡s❡✳

❈♦♥❢♦r♠❡ ♦ tít✉❧♦ ❞❡st❛ t❡s❡ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣r♦♣♦♠♦✲♥♦s ❛ ❢❛③❡r ✉♠❛ ❜r❡✈❡ ❛♣r❡s❡♥t❛çã♦✱
♣♦ré♠ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❡ r✐❣♦r✱ s♦❜r❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✱ s❡✉s r❡✜♥❛♠❡♥t♦s ❡
❛♣❧✐❝❛çõ❡s✳ ❊♠ sí♥t❡s❡✱

❼ ❖ ❈❛♣ít✉❧♦ ✷ ❝♦♥té♠ r❡s✉❧t❛❞♦s ❛✉①✐❧✐❛r❡s q✉❡ ✉t✐❧✐③❛r❡♠♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✱ t❛✐s
❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r ❡ ❛ ❘❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✱ ✈✐❞❡ ❬✷✽❪✳ ◆❡st❡ ♠❡s♠♦
❝❛♣ít✉❧♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♥♦çõ❡s s♦❜r❡ ✐♥t❡r♣r❡t❛çã♦ ❡❧❡tr♦stát✐❝❛✱ ✈✐❞❡ ❬✷✻✱ ✸✹❪✳

❼ ❖ ❈❛♣ít✉❧♦ ✸ ❝♦♥té♠ ♦s r❡s✉❧t❛❞♦s ❡❧❡♠❡♥t❛r❡s ❞❛ t❡♦r✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱ sã♦ r❡✲
s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ❝✉❥❛s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s sã♦ ❬✸✱ ✸✹❪✳



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖ ✸

❼ ◆♦ ❈❛♣ít✉❧♦ ✹✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡
❙t✉r♠✱ s❡✉s r❡✜♥❛♠❡♥t♦s ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❞❡♠♦♥str❛çõ❡s✳ ❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✲
✜❝❛ é ❬✷✾❪✳

❼ ◆♦ ❈❛♣ít✉❧♦ ✺✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡♥♦♠✐♥❛❞❛ ❝❧❛ss❡ ❞♦s
♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ ♦✉ ♣♦❧✐♥ô♠✐♦s ❡①❝❡♣❝✐♦♥❛✐s ❞❡ ❏❛❝♦❜✐✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛s
♣r♦♣r✐❡❞❛❞❡s ❡❧❡♠❡♥t❛r❡s s♦❜r❡ ❡ss❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡ ❢❛r❡♠♦s ❛ ♣r✐♠❡✐r❛ ❛♣❧✐❝❛çã♦
❞♦ r❡✜♥❛♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✿ ❡st❛❜❡❧❡❝❡r ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s
❞❡ss❡s ♣♦❧✐♥ô♠✐♦s✳

❼ ◆♦ ❈❛♣ít✉❧♦ ✻✱ ❢❛r❡♠♦s ❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛✱ ❢♦r♥❡❝❡♥❞♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❝✐❛❧ ❞❛s
❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●❛✉ts❝❤✐ q✉❡ t❛♠❜é♠ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❝♦♥❥❡❝t✉r❛s ❞❡ ●❛✉ts❝❤✐✳

❼ ◆♦ ❈❛♣ít✉❧♦ ✼✱ ❢❛r❡♠♦s ❛ ♥♦ss❛ ú❧t✐♠❛ ❛♣❧✐❝❛çã♦✱ ❡st❛❜❡❧❡❝❡♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦
❞♦s ③❡r♦s ♣♦s✐t✐✈♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ●❡❣❡♥❜❛✉❡r✳
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❈❛♣ít✉❧♦ ✷

Pr❡❧✐♠✐♥❛r❡s

✏❆ ❢é ❡ ❛s ❞❡♠♦♥str❛çõ❡s ♠❛t❡♠át✐❝❛s sã♦

❞✉❛s ❝♦✐s❛s ✐♥❝♦♥❝✐❧✐á✈❡✐s✳✑

❋✐♦❞♦r ❉♦st♦✐❡✈s❦✐

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s té❝♥✐❝♦s q✉❡ s❡rã♦ ❞❡ ❣r❛♥❞❡
✉t✐❧✐❞❛❞❡ ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳

✷✳✶ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❙❡❥❛ a0, a1, ..., an ✉♠❛ ❧✐st❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❉❡✜♥❛♠♦s V (a0, ... , an) ❝♦♠♦ ♦
♥ú♠❡r♦ ❞❡ ✈❛r✐❛çõ❡s ❞❡ s✐♥❛✐s ❞❛ s❡q✉ê♥❝✐❛ r❡❞✉③✐❞❛ q✉❡ s❡ ♦❜té♠ ✐❣♥♦r❛♥❞♦✲s❡ ♦s t❡r♠♦s ♥✉❧♦s✳
P♦r ❞❡✜♥✐çã♦✱ V (a0) = 0 ❡

V (a0, ... , an) =

{
V (a1, ... , an) + 1 s❡ a0a1 < 0,
V (a1, ... , an) s❡ a0a1 > 0.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✷✳✶✳✶✱ t❡♠♦s q✉❡

V (5, 6, 0, 2) = V (5, 6, 2) = 0 ❡ V (−1, 0, 5,−6, 0, 2) = V (−1, 5,−6, 2) = 3.

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❙❡❥❛♠ P ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ ❞❡ ❣r❛✉ n ❡ I ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ ♦✉ ✐♥✜✲
♥✐t♦✱ ❛❜❡rt♦✱ s❡♠✐✲❛❜❡rt♦ ♦✉ ❢❡❝❤❛❞♦✳ NP I ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❡ P ❡♠ I✱ ❝♦♥t❛♥❞♦ s✉❛s
♠✉❧t✐♣❧✐❝✐❞❛❞❡s✱ ❡

VP (x) := V
(
P (x), P ′(x), ..., P (n)(x)

)
. ✭✷✳✶✳✶✮

❆ s❡q✉ê♥❝✐❛ P (x), P ′(x), ..., P (n)(x) é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s❡q✉ê♥❝✐❛ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ P ✳

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r✱ ❛ ❢❡rr❛♠❡♥t❛ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ ❝♦t❛
s✉♣❡r✐♦r ❞♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ ❡♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛ r❡❛❧✳
P❛r❛ ❡st❡ ♣r♦♣ós✐t♦✱ ✈❛♠♦s ♣r❡❝✐s❛r ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛ ❝✉❥❛ ❛✜r♠❛çã♦ ❞✐③ q✉❡ ❛♥t❡s ❞❡ q✉❛❧q✉❡r r❛✐③
c ❞❛ ❡q✉❛çã♦ f(x) = 0✱ ❛ ❢✉♥çã♦ f ❡ s✉❛ ❞❡r✐✈❛❞❛ tê♠ s✐♥❛✐s ♦♣♦st♦s ❛♥t❡s ❞❛ r❛✐③ ❡ ♠❡s♠♦ s✐♥❛❧
❞❡♣♦✐s ❞❛ r❛✐③✳

✺
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▲❡♠❛ ✷✳✶✳✸✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❛té ♦r❞❡♠ k ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞♦
♣♦♥t♦ c✳ ❙✉♣♦♥❤❛♠♦s q✉❡

f(c) = f ′(c) = · · · = f (k−1)(c) = 0 ❡ f (k)(c) 6= 0.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

f(c+ ε)f ′(c+ ε) > 0 ❡ f(c− ε)f ′(c− ε) < 0.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ❜❛s❡❛❞❛ ♥❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✳ P❛r❛ t♦❞♦ h s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡♥♦ t❛❧ q✉❡ c− h, c+ h ∈ U ✱ t❡♠♦s

f(c+ h) = f(c) +
f ′(c)

1!
h+

f ′′

2!
h2 + · · ·+ f (k−1)(c)

(k − 1)!
hk−1 +

f (k)(c+ θh)

k!
hk,

♦♥❞❡ θ ∈ (0, 1)✳
❆♥❛❧♦❣❛♠❡♥t❡✱

f ′(c+ h) = f ′(c) +
f ′′(c)

1!
h+ · · ·+ f (k−1)(c)

(k − 2)!
hk−2 +

f (k)(c+ θ1h)

(k − 1)!
hk−1,

♦♥❞❡ θ1 ∈ (0, 1)✳ ❈♦♠♦ f (j)(c) = 0 ♣❛r❛ j = 0, . . . , k − 1✱ ❡♥tã♦

f(c+ h)

f ′(c+ h)
=

f (k)(c+ θh)

f (k)(c+ θ1h)

h

k
.

▼❛s✱ f (k)(c) 6= 0✳ ❈♦♠♦ f (k)(x) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U1 ❞❡ c t❛❧ q✉❡
f (k)(x) 6= 0 ♣❛r❛ t♦❞♦ x ∈ U1✳ ❆❧é♠ ❞✐ss♦✱ sign

(
f (k)(x)

)
= sign

(
f (k)(c)

)
♣❛r❛ t♦❞♦ x ∈ U1✱ ♦♥❞❡ ❛

❢✉♥çã♦ sign(x) é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡❣✉❡✿

sign(x) =





1 s❡ x > 0,
0 s❡ = 0,
−1 s❡ x < 0.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ h s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

sign
(
f (k)(c+ θh)

)
= sign

(
f (k)(c+ θ1h)

)
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

sign
( f(c+ h)

f ′(c+ h)

)
= sign(h).

❆ss✐♠✱ t♦♠❛♥❞♦ h = ε ❡ h = −ε✱ ♦❜t❡♠♦s ❛ ❛✜r♠❛çã♦ ❞♦ ❧❡♠❛✳

❚❡♦r❡♠❛ ✷✳✶✳✹ ✭❇✉❞❛♥✲❋♦✉r✐❡r✮✳ ❙❡❥❛ P ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ ❞❡ ❣r❛✉ n✳ ❉❛❞♦ ✐♥t❡r✈❛❧♦ ❝♦♠
❡①tr❡♠♦s a ❡ b ❝♦♠ a < b✱ s✉♣♦♥❤❛♠♦s q✉❡ P (a) 6= 0 ❡ P (b) 6= 0✳ ❊♥tã♦

NP (a, b) = VP (a)− VP (b)− 2ν, ♣❛r❛ ❛❧❣✉♠ ν ∈ N ∪ {0}. ✭✷✳✶✳✷✮
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❛❝♦♠♣❛♥❤❛r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♠✉❞❛♥ç❛s ❞❡ s✐♥❛❧ ♥❛ s❡q✉ê♥✲
❝✐❛ VP (x) q✉❛♥❞♦ x s❡ ♠♦✈❡ ❞❡ a ❛té b✳ ➱ ❝❧❛r♦ q✉❡ ✉♠❛ ♠✉❞❛♥ç❛ ❡♠ VP (x) ♣♦❞❡ ♦❝♦rr❡r s♦♠❡♥t❡
q✉❛♥❞♦ x ♣❛ss❛ ♣♦r ✉♠❛ r❛✐③ ❞❡ ✉♠❛ ❞❛s ❢✉♥çõ❡s P (x)✱ P ′(x), . . . , P (n−1)(x)✱ ✉♠❛ ✈❡③ q✉❡ P (n)(x)
é ✉♠❛ ❝♦♥st❛♥t❡✳

❙❡❥❛ c ✉♠❛ r❛✐③ ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ k ❞❡ P (x) ❡♠ (a, b)✱ ♦✉ s❡❥❛✱

P (c) = P ′(c) = · · · = P (k−1)(c) = 0 ❡ P (k)(c) 6= 0.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛♠♦s P (k)(c) > 0✳ ❈♦♠♦ P (k)(x) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱
P (k)(x) > 0 ♣❛r❛ t♦❞♦ x ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ c✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✸ ❡ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡♥♦✱ ♦❜t❡♠♦s ❡♥tã♦ ❛ ❚❛❜❡❧❛ 2.1✳

x c− ε c c+ ε

P (k) + + +

P (k−1) − ✵ +

P (k−2) + ✵ +
✳✳✳

✳✳✳
✳✳✳

✳✳✳
P ′′ + ✵ +
P ′ − ✵ +
P + ✵ +

❚❛❜❡❧❛ ✷✳✶✿ ■❧✉str❛ ♦s s✐♥❛✐s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❋♦✉r✐❡r ❞❡ P (x) ♥♦s r❡s♣❡❝t✐✈♦s ♣♦♥t♦s✱ ❝❛s♦ c s❡❥❛
③❡r♦ ❞❡ P ✳

❉❡ss❛ ❢♦r♠❛✱
V
(
P (c− ε), P ′(c− ε), ..., P (k)(c− ε)

)
= k

❡
V
(
P (c), P ′(c), ..., P (k)(c)

)
= V

(
P (c+ ε), P ′(c+ ε), ..., P (k)(c+ ε)

)
= 0.

❊♥tã♦✱ s❡ x ♣❛ss❛r ♣♦r ✉♠ ③❡r♦ ❞❡ P ✱ ❛ ❢✉♥çã♦

V
(
P (x), P ′(x), ..., P (k−1)(x), P (k)(x)

)

❞✐♠✐♥✉✐rá ❡①❛t❛♠❡♥t❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡st❡ ③❡r♦✳
❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ c é ✉♠ ③❡r♦ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ k ❞❛ ❞❡r✐✈❛❞❛ ❞❡ ❛❧❣✉♠❛ ♦r❞❡♠✳ ❙❡❥❛♠

P (i−1)(c) 6= 0, P (i)(c) = P (i+1)(c) = · · · = P (i+k−1)(c) = 0 ❡ P (i+k)(c) 6= 0

♣❛r❛ ❛❧❣✉♠ 1 ≤ i ≤ n − k✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛♠♦s P (i+k)(c) > 0✳ ❊♥tã♦✱
❡s❝♦❧❤❡♥❞♦ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✸✱ ♦❜t❡♠♦s ❛ ❚❛❜❡❧❛ 2.2✳

❉❡✜♥❛♠♦s

R1 := V
(
P (i−1)(c− ε), P (i)(c− ε), . . . , P (i+k)(c− ε)

)

= k + V
(
P (i−1)(c− ε), P (i)(c− ε)

)
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x c− ε c c+ ε

P (i+k) + + +

P (i+k−1) − ✵ +
✳✳✳

✳✳✳
✳✳✳

✳✳✳
P (i+1) + ✵ +

P (i) − ✵ +

P (i−1) sign
(
P (i−1)(c)

)
sign

(
P (i−1)(c)

)
sign

(
P (i−1)(c)

)

❚❛❜❡❧❛ ✷✳✷✿ ▼♦str❛ ♦s s✐♥❛✐s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❋♦✉r✐❡r ❞❡ P (x) ♥♦s r❡s♣❡❝t✐✈♦s ♣♦♥t♦s✱ ❝❛s♦ c ♥ã♦
s❡❥❛ ③❡r♦ ❞❡ P ✳

❡

R2 := V
(
P (i−1)(c+ ε), P (i)(c+ ε), . . . , P (i+k)(c+ ε)

)

= V
(
P (i−1)(c+ ε), P (i)(c+ ε)

)
.

❈♦♠♦ P (i−1) ❡ P (i) sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✱ P (i−1)(x) ❡ P (i)(x) ♥ã♦ s❡ ❛♥✉❧❛♠ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U
❞❡ c✳ ▲♦❣♦✱

V
(
P (i−1)(x), P (i)(x)

)
= δconst

♣❛r❛ t♦❞♦ x ❞❡ U ✱ s❡♥❞♦ δconst = 1 ♦✉ δconst = 0✱ ♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦ ❞❡ ❤♦✉✈❡r ♦✉ ♥ã♦ ♠✉❞❛♥ç❛
❞❡ s✐♥❛❧✳ ■♥✈❡st✐❣❛r❡♠♦s q✉❛tr♦ ❝❛s♦s ❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦r ❞❡ δconst ❡ ❞❛ ♣❛r✐❞❛❞❡ ❞❡ k✳

❼ ❙❡ δconst = 1 ❡ k ♣❛r✳ ❊♥tã♦✱ R1 −R2 = k + 1− 1 = k;

❼ ❙❡ δconst = 1 ❡ k í♠♣❛r✳ ❊♥tã♦✱ R1 −R2 = R1 −R2 = k − 1;

❼ ❙❡ δconst = 0 ❡ k ♣❛r✳ ❊♥tã♦✱ R1 −R2 = R1 −R2 = k;

❼ ❙❡ δconst = 0 ❡ k í♠♣❛r✳ ❊♥tã♦✱ R1 −R2 = R1 −R2 = k + 1.

P♦rt❛♥t♦✱ q✉❛♥❞♦ x ♣❛ss❛ ♣♦r ✉♠ ③❡r♦ ❞❡ P (i)✱ V
(
P (i−1)(x), P (i)(x), . . . , P (i+k)(x)

)
s❡♠♣r❡ ❞✐♠✐♥✉✐

❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r✳ ▲❡♠❜r❡♠♦s q✉❡✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ P (a) 6= 0 ❡ P (b) 6= 0✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

VP (a) = VP (a+ ε) ❡ VP (b) = VP (b− ε)− 2ν1, ν1 ∈ N ∪ {0},

❝❛s♦ b s❡❥❛ ③❡r♦ ❞❡ P (i) ♣❛r❛ i ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ 1 ≤ i ≤ n✳
P♦rt❛♥t♦✱ q✉❛♥❞♦ x ♠♦✈❡✲s❡ ❞❡ a ❛té b✱ ❛ ❢✉♥çã♦ VP (x) ❛❧é♠ ❞❡ ❞✐♠✐♥✉✐r ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦

③❡r♦ ❞❡ P q✉❛♥❞♦ x ♣❛ss❛ ♣♦r ❛❧❣✉♠ ③❡r♦ ❞❡ P ✱ ❡❧❛ ❞✐♠✐♥✉✐rá ✉♠ ♥ú♠❡r♦ ♣❛r ❝❛s♦ x ♣❛ss❡ ♣♦r
✉♠ ③❡r♦ ❞❡ P (i)(x)✱ ♣❛r❛ ❛❧❣✉♠ i, 1 ≤ i ≤ n✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ VP (a)− VP (b) é ✉♠ ♥ú♠❡r♦ ♣❛r
♠❛✐♦r ❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❡①❛t♦ ❞♦s ③❡r♦s ❞❡ P ♥♦ ✐♥t❡r✈❛❧♦ (a, b)✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r é ❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✳
❙❡❣✉♥❞♦ ❛ r❡❣r❛✱ s❡ ♦s t❡r♠♦s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s r❡❛✐s sã♦ ❝♦❧♦❝❛❞♦s ❡♠ ♦r❞❡♠
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❞❡❝r❡s❝❡♥t❡ ❞❡ ❣r❛✉✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s ❞♦ ♣♦❧✐♥ô♠✐♦ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ♠✉❞❛♥ç❛
❞❡ s✐♥❛✐s ♦✉ ♠❡♥♦r q✉❡ ✐ss♦ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛

P (x) = anx
n + an−1x

n−1 + ...+ a1x+ a0

✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s r❡❛✐s✳ ❊♥tã♦✱ t❡♠♦s

VP (0) = V (a0, a1, 2! a2, ..., (n− 1)! an−1, n! an) = V (a0, a1, a2, ..., an−1, an)

❡
VP (∞) = V (an, n an, n(n− 1) an, ..., n! an) = V (an, an, an, ..., an) = 0.

❈♦r♦❧ár✐♦ ✷✳✶✳✺ ✭❘❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✮✳ ❙❡❥❛ P ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ ❞❡ ❣r❛✉ n✳ ❊♥tã♦✱
♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s ❞❡ P é ❞❛❞♦ ♣♦r✿

NP (0,∞) = V (a0, a1, ..., an−1, an)− 2κ para algum κ ∈ N ∪ {0}.

P❛r❛ s❡ ♦❜t❡r ❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ♥❡❣❛t✐✈♦s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦
P (x)✱ ❜❛st❛ ❛♣❧✐❝❛r ❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s ♣❛r❛ P (−x)✳

✷✳✷ ❚r❛♥s❢♦r♠❛❞❛ ❞❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧

◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛r❡♠♦s ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ tr❛♥s❢♦r♠❛❞❛ q✉❡ r❡❞✉③ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
❤♦♠♦❣ê♥❡❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❛ ✉♠❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳ ▲❡♠❜r❡♠♦s q✉❡ ✉♠❛
❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ é ❞❛ ❢♦r♠❛

u′′ + λ(x)u′ = 0. ✭✷✳✷✳✶✮

❙❡❥❛♠ K(x), M(x) ❡ N(x) ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ (a, b)✱ ♦♥❞❡ K ❡ M ♣♦ss✉❡♠
❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❡ K(x) 6= 0 ♥❡ss❡ ✐♥t❡r✈❛❧♦✳ ❙❡ ✜③❡r♠♦s y(x) = s(x)u(x) ♥❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
❧✐♥❡❛r ❤♦♠♦❣ê♥❡❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

K(x)y′′ +M(x)y′ +N(x)y = 0, ✭✷✳✷✳✷✮

♦♥❞❡ u(x) é ✉♠❛ ❢✉♥çã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ s(x) ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ t❛❧ q✉❡ u(x) s❛t✐s❢❛ç❛ ✉♠❛
❡q✉❛çã♦ ❞❛ ❢♦r♠❛ ✭✷✳✷✳✶✮✳ ❈♦♠ ❡❢❡✐t♦✱ s✉❜st✐t✉✐♥❞♦ y(x) = s(x)u(x) ❡♠ ✭✷✳✷✳✷✮✱ ♦❜t❡♠♦s

u′′ + λu+
2Ks′ +Ms

Ks
u′ = 0,

♦♥❞❡

λ =
Ks′′ +Ms′ +Ns

Ks
.

▼❛s✱ ✭✷✳✷✳✶✮ ✐♠♣❧✐❝❛ ❡♠ 2Ks′ +Ms = 0✳ ❈❛❧❝✉❧❛♥❞♦ ❞✐r❡t❛♠❡♥t❡✱ s❡❣✉❡ q✉❡

s(x) = exp

(
−
∫

M

2K
dx

)
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❡

λ(x) = − d

dx

(
M

2K

)
−

(
M

2K

)2

+
N

K
.

❙❡ ✐♥tr♦❞✉③✐r♠♦s ❡♠ ✭✷✳✷✳✷✮ ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡✜♥✐❞❛ ♣♦r x = σ(θ)✱ ♦❜t❡♠♦s

dy

dθ
=

dy

dx
σ′(θ)

❡q✉✐✈❛❧❡♥t❡ ❛
dy

dx
=

dy

dθ

1

σ′(θ)
❡

d2y

dθ2
=

dy

dx

σ′′(θ)

σ′(θ)
+

d2y

dx2
[σ′(θ)]2

❡q✉✐✈❛❧❡♥t❡ ❛
d2y

dx2
=

1

[σ′(θ)]2

(
d2y

dθ2
− σ′′(θ)

σ′(θ)

dy

dθ

)
.

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✳✷✮✱ s❡❣✉❡ q✉❡

K
1

[σ′(θ)]2

(
d2y

dθ2
− σ′′(θ)

σ′(θ)

dy

dθ

)
+M

1

σ′(θ)

dy

dθ
+Ny = 0

❡✱ s✐♠♣❧✐✜❝❛♥❞♦✱ ❝❤❡❣❛♠♦s ❛

Kσ′(θ)
d2y

dθ2
+
[
M [σ′(θ)]2 −Kσ′′(θ)

]dy
dθ

+N [σ′(θ)]3y = 0. ✭✷✳✷✳✸✮

❆♣❧✐❝❛♥❞♦ ♦ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✱ ❡s❝r❡✈❡♠♦s y = s∗u✱ ♦♥❞❡ s∗ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ❞❡ t❛❧ ❢♦r♠❛
q✉❡ u s❛t✐s❢❛ç❛

d2u

dθ2
+ λ∗u = 0. ✭✷✳✷✳✹✮

▲♦❣♦
dy

dθ
= s∗

du

dθ
+

ds∗

dθ
u ❡

d2y

dθ2
= s∗

d2u

dθ2
+ 2

ds∗

dθ

du

dθ
+ u

d2s∗

dθ2
.

❊♥tã♦✱ ✭✷✳✷✳✸✮ s❡ r❡❞✉③ ❛

Kσ′(θ)

[
s∗
d2u

dθ2
+ 2

ds∗

dθ

du

dθ
+ u

d2s∗

dθ2

]
+

[
s∗
du

dθ
+

ds∗

dθ
u

][
M [σ′(θ)]2 −Kσ′′(θ)

]
+N [σ′(θ)]3y = 0,

♦✉ s❡❥❛✱

d2u

dθ2
+ λ∗u+

1

Kσ′(θ)s∗

{
2Kσ′(θ)

ds∗

dθ
+
[
M [σ′(θ)]2 −Kσ′′(θ)

]
s∗
}

du

dθ
= 0, ✭✷✳✷✳✺✮

♦♥❞❡

λ∗ =
1

s∗
d2s∗

dθ2
+

[
M [σ′(θ)]2 −Kσ′′(θ)

]

Kσ′(θ)s∗
ds∗

dθ
+

N [σ′(θ)]2

K
. ✭✷✳✷✳✻✮
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❉❡ ✭✷✳✷✳✹✮✱ s❡❣✉❡ q✉❡

2Kσ′(θ)
ds∗

dθ
+
[
M [σ′(θ)]2 −Kσ′′(θ)

]
s∗ = 0

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

−
[
M [σ′(θ)]2 −Kσ′′(θ)

]

2Kσ′(θ)
dθ =

1

s∗
ds∗.

❯♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ❧❡✈❛ ❛ s∗ = s(σ′)1/2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

ds∗

dθ
= − [M [σ′(θ)]2 −Kσ′′(θ)]

2Kσ′(θ)
s∗,

d2s∗

dθ2
=

[
M [σ′(θ)]2 −Kσ′′(θ)

2Kσ′(θ)

]2
s∗ − d

dθ

[
M [σ′(θ)]2 −Kσ′′(θ)

2Kσ′(θ)

]
s∗,

❡♥tã♦ ✭✷✳✷✳✻✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

λ∗ = − d

dθ

[
M [σ′(θ)]2 −Kσ′′(θ)

2Kσ′(θ)

]
−

[
M [σ′(θ)]2 −Kσ′′(θ)

2Kσ′(θ)

]2
+

N

K
[σ′(θ)]2. ✭✷✳✷✳✼✮

✷✳✸ ■♥t❡r♣r❡t❛çã♦ ❊❧❡tr♦stát✐❝❛ ❡ ❛ ❊q✉❛çã♦ ❞❡ ▲❛♠é

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ❝❛♠♣♦ ❡❧❡tr♦stát✐❝♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❝❛r❣❛s rj ♣♦s✐t✐✈❛s ✜①❛s s❡❥❛♠
❞✐str✐❜✉í❞❛s ✉♥✐❢♦r♠❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ r❡t❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦ ❡✐①♦ r❡❛❧ ♣❡❧♦s ♣♦♥t♦s aj, j =
0, 1, ...,m✱ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ s❡❥❛♠ n ❝❛r❣❛s ✉♥✐tár✐❛s ♣♦s✐t✐✈❛s ♠ó✈❡✐s ❞✐str✐✲
❜✉í❞❛s ✉♥✐❢♦r♠❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ r❡t❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦ ❡✐①♦ r❡❛❧ ♣❡❧♦s ♣♦♥t♦s x1, x2, ..., xn

♣❡rt❡♥❝❡♥t❡s ❛♦ ✐♥t❡r✈❛❧♦ (a0, am)✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❡❧❡tr♦stát✐❝❛✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ ❛s ❝❛r❣❛s
❡stã♦ ❞✐str✐❜✉í❞❛s ❛♦ ❧♦♥❣♦ ❞❡ ✜♦s ✐♥✜♥✐t♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s à r❡t❛ r❡❛❧✱ ❝♦♠♦ ✐❧✉str❛ ❛ ✜❣✉r❛ ❛
s❡❣✉✐r✳

❋✐❣✉r❛ ✷✳✶✿ ■❧✉str❛çã♦ ❞❡ s✐st❡♠❛ ❞❡ ❝❛r❣❛s✳ ▲✐♥❤❛s ✈❡r♠❡❧❤❛s s✐♠❜♦❧✐③❛♠ ❛s ❝❛r❣❛s ✜①❛s ❡ ❛s ❛③✉✐s
s✐♠❜♦❧✐③❛♠ ❛s ❝❛r❣❛s ❧✐✈r❡s✳ ◆❡st❡ ❝❛s♦✱ m = 4 ❡ n = 6✳
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◗✉❡r❡♠♦s q✉❡ ❛s ❝❛r❣❛s ❧✐✈r❡s s❡ ♠♦✈❛♠ ❛♣❡♥❛s ❡♥tr❡ ❝❛r❣❛s ✜①❛s ♣♦s✐t✐✈❛s ❝♦♥s❡❝✉t✐✈❛s✳ P♦r✲
t❛♥t♦✱ s❡ ❛s ❝❛r❣❛s ❧✐✈r❡s ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ❡♠ x1, x2, ..., xn✱ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❧♦❣❛rít♠✐❝❛ ❞♦
❝❛♠♣♦ é✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ ❞❛❞❛ ♣♦r

L(X) =
m∑

j=0

rj

n∑

k=1

log
1

|xk − aj|
+

∑

1≤k<j≤n

log
1

|xk − xj|
. ✭✷✳✸✳✶✮

◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ♣♦♥t♦✭s✮ X = (x1, ..., xn) ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s sã♦ ♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡
n ❝❛r❣❛s ❧✐✈r❡s ✉♥✐tár✐❛s✱ ♦✉✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦♥❞❡ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❛t✐♥❣❡ s❡✉ ♠í♥✐♠♦ ❧♦❝❛❧✳
❯♠❛ ❡①✐❣ê♥❝✐❛ ♥❛t✉r❛❧ ♣❛r❛ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❛s ❝❛r❣❛s ❧✐✈r❡s é q✉❡ ❡❧❛s ♣❡rt❡♥ç❛♠ ❛ ❛❧❣✉♠ s✐♠♣❧❡①

Ξ :=
s⋂

k=1

{ajk < xµk
< ... < xµk+1−1 < ajk+1

: rjk , rjk+1 > 0}, ✭✷✳✸✳✷✮

♦♥❞❡ 1 = µ1 ≤ µ2 ≤ ... ≤ µs ≤ µs+1 − 1 = n ❡ s é ♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡r✈❛❧♦s [ajk , ajk+1]✳ P♦❞❡♠♦s
✐♥t❡r♣r❡t❛r ♦ s✐♠♣❧❡① ✭✷✳✸✳✷✮ ❝♦♠♦ s❡♥❞♦ ✉♠❛ r❡str✐çã♦ ❞♦ ♥ú♠❡r♦✱ ♦❜✈✐❛♠❡♥t❡✱ t❛❧ ♥ú♠❡r♦ ❡stá
❡♥tr❡ 0 ❡ n✱ ❞❡ ❝❛r❣❛s ❧✐✈r❡s ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❝❛r❣❛s ✜①❛s✳

❉❡✜♥❛♠♦s

T (X) := e−L(X) =
m∏

j=0

n∏

k=1

|xk − aj|rj
∏

1≤k<j≤n

|xk − xj|. ✭✷✳✸✳✸✮

❊♥tã♦✱ X é ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❧♦❝❛❧✭♦✉ ❣❧♦❜❛❧✮ ❞❡ L(X) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❧♦❝❛❧✭♦✉
❣❧♦❜❛❧✮ ❞❡ T (X)✳ ❖❜s❡r✈❡♠♦s q✉❡ ❡ss❡ ♣♦♥t♦ ❧♦❝❛❧✐③❛✲s❡ ♥♦ ✐♥t❡r✐♦r ❞♦ s✐♠♣❧❡① Ξ ❡ ∂T (X)/∂xk = 0
♣❛r❛ k = 1, ..., n✳ ▼❛s✱

T (X) =
m∏

j=0

{
|x1 − aj|rj |x2 − aj|rj |x2 − x1||x3 − aj|rj |x3 − x1||x3 − x2| . . .

×|xn − aj|rj |xn − x1||xn − x2| . . . |xn − xn−1|
}

=
m∏

j=0

{
|x1 − aj|rj |x2 − aj|rj |x2 − x1| . . . |xk−1 − aj|rj |xk−1 − x1| . . .

×|xk−1 − xk−2||xk+1 − aj|rj |xk+1 − x1| . . . |xk+1 − xk−1| . . . |xn − aj|rj |xn − x1| . . .

×|xn − xk−1||xn − xk+1| . . . |xn − xn−1||xk − aj|rj
} n∏

i=1

i 6=k

|xk − xi|.

P♦rt❛♥t♦✱

T (X) = τ(x̄\xk)|yk(xk)|
m∏

j=0

|xk − aj|rj , ✭✷✳✸✳✹✮

♦♥❞❡ τ(x̄\xk) é ✉♠❛ ❢✉♥çã♦ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ xk✱ y(x) :=
∏n

i=1(x− xi) ❡

yk(x) := (x− x1)(x− x2) · · · (x− xk−1)(x− xk+1) · · · (x− xn−1)(x− xn).
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❈♦♠♦ [y(x)](l+1) = [(x− xk)yk(x)]
(l+1), ❛♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐t③✱ ♦❜t❡♠♦s

[y(x)](l+1) = (x− xk)y
(l+1)
k (x) + (l + 1)y

(l)
k (x).

▲♦❣♦✱ ♣❛r❛ x = xk✱ (l+1)y
(l)
k (xk) = y(l+1)(xk)✱ ♣❛r❛ l ≥ 0✳ ❖❜s❡r✈❡ q✉❡ ♦ sign

(
yk(xk)

)
= (−1)n−k.

▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r |yk(xk)| = (−1)n−kyk(xk). P♦rt❛♥t♦✱ (2.3.4) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

T (X) = (−1)n−kτ(x̄\xk)yk(xk)
m∏

j=0

|xk − aj|rj . ✭✷✳✸✳✺✮

❉❡r✐✈❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠ r❡❧❛çã♦ ❛ xk, ♦❜t❡♠♦s

∂T (X)

∂xk

= (−1)n−kτ(x̄\xk)
∂

∂xk

{
ωk(xk)

m∏

j=0

|xk − aj|rj
}

= (−1)n−kτ(x̄\xk)
m∏

j=0

|xk − aj|rj
{
r0ωk(xk)

|xk − a0|
+ · · ·+ rmωk(xk)

|xk − am|
+ ω′

k(xk)

}

= (−1)n−kτ(x̄\xk)
m∏

j=0

|xk − aj|rj
{[

m∑

j=0

rj
|xk − aj|

]
ωk(xk) + ω′

k(xk)

}

= (−1)n−kτ(x̄\xk)
m∏

j=0

|xk − aj|rj
{
B(xk)

A(xk)
ωk(xk) + ω′

k(xk)

}

= (−1)n−kτ(x̄\xk)
m∏

j=0

|xk − aj|rj
{
B(xk)

A(xk)
+

ω′
k(xk)

ωk(xk)

}
ωk(xk), ✭✷✳✸✳✻✮

♣❛r❛ k = 1, 2, . . . , n✱ ♦♥❞❡ A(x) = (x− a0)...(x− am)✱ B(x) ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ m ❡

B(x)

A(x)
=

m∑

j=0

rj
x− aj

. ✭✷✳✸✳✼✮

❉❡ (2.3.6), ❝♦♥❝❧✉í♠♦s q✉❡

∂T (X)

∂xk

= (−1)n−kτ(x̄\xk)yk(xk)
m∏

j=0

|xk − aj|rj
{
B(xk)

A(xk)
+

1

2

y′′(xk)

y′(xk)

}
. ✭✷✳✸✳✽✮

❖ ♠á①✐♠♦ ❞❡ T (X) é ❛t✐♥❣✐❞♦ q✉❛♥❞♦ ∂T (x)/∂xk = 0✱ ♦✉ s❡❥❛✱ ♦♥❞❡

A(xk)y
′′(xk) + 2B(xk)y

′(xk) = 0,

♣♦r (2.3.8)✳ ❈♦♠♦ A(x) é ❞❡ ❣r❛✉ m + 1, B(x) é ❞❡ ❣r❛✉ m ❡ y(x) é ❞❡ ❣r❛✉ n, ❛ ❡①♣r❡ssã♦
A(x)y′′(x) + 2B(x)y′(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ m + n − 1. ◆♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❞❡ T (x) ❡st❡
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ú❧t✐♠♦ ♣♦❧✐♥ô♠✐♦ ❛♥✉❧❛✲s❡ ♥♦s ③❡r♦s ❞❡ y(x). ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ➪❧❣❡❜r❛✱ ❡①✐st❡
✉♠ ♣♦❧✐♥ô♠✐♦ C(x) ❞❡ ❣r❛✉ m− 1 t❛❧ q✉❡

A(x)y′′(x) + 2B(x)y′(x) + C(x)y(x) = 0. ✭✷✳✸✳✾✮

❆ ❡q✉❛çã♦ ✭✷✳✸✳✾✮ é ❝❤❛♠❛❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ▲❛♠é ♥❛ ❢♦r♠❛ ❛❧❣é❜r✐❝❛✱ C(x) é ♦ ♣♦❧✐♥ô♠✐♦
❞❡ ❱❛♥ ❱❧❡❝❦ ❡ y(x) é ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❙t✐❡❧t❥❡s✳ ▼♦str❛♠♦s✱ ❡♥tã♦✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✸✳✶✳ ❙❡❥❛ T : Rn → R ❞❡✜♥✐❞❛ ❡♠ (2.3.3). ❊♥tã♦✱ ∂T (X)/∂xk = 0, k = 1, . . . , n, s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r X sã♦ ♦s ③❡r♦s ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n✱ y(x)✱ q✉❡ é s♦❧✉çã♦
❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♠é (2.3.9).

❚❡♦r❡♠❛ ✷✳✸✳✷ ✭❙t✐❡❧t❥❡s✱ ❬✸✶❪✮✳ ❙❡❥❛♠ A(x) ❡ B(x) ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉s m + 1 ❡ m✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❙❡ A(x) ❡ B(x) s❛t✐s❢❛③❡♠ ✭✷✳✸✳✼✮✱ ❡♥tã♦ ❡①✐st❡♠

σn :=

(
n+m− 1

n

)

♣♦❧✐♥ô♠✐♦s C(x) ❞❡ ❣r❛✉ m− 1 t❛✐s q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✳✸✳✾✮ ♣♦ss✉✐ s♦❧✉çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡
❣r❛✉ n✳

❚❡♦r❡♠❛ ✷✳✸✳✸ ✭❙③❡❣➤✱❬✸✹❪✮✳ ❙❡ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❡❧❡tr♦stát✐❝♦ ❡♠ q✉❡stã♦ t❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦
❞❡ ♠í♥✐♠♦ ❡♠ ✭✷✳✸✳✷✮✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r

(
C(x), y(x)

)
✱ ❝♦♠ C(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❱❛♥

❱❧❡❝❦ ❡ y(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❙t✐❡❧t❥❡s✱ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ▲❛♠é ✭✷✳✸✳✾✮✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ❡①✐st❡
✉♠ ú♥✐❝♦ ♣❛r

(
C(x), y(x)

)
❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❱❛♥ ❱❧❡❝❦ ❡ ❙t✐❡❧t❥❡s ♣❛r❛ ✭✷✳✸✳✾✮✱ t❛❧ q✉❡ ♦s ③❡r♦s ❞♦

♣♦❧✐♥ô♠✐♦ ❞❡ ❙t✐❡❧t❥❡s ♣❡rt❡♥ç❛♠ ❛ ✭✷✳✸✳✷✮✱ ❡♥tã♦ ❛ ❡♥❡r❣✐❛ ❞♦ ❝❛♠♣♦ ❞❡s❝r✐t♦ t❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦
❞❡ ♠í♥✐♠♦✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❡❧❡tr♦stát✐❝❛✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❙t✐❡❧t❥❡s ✷✳✸✳✷ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❙③❡❣➤ ✷✳✸✳✸
❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ σn r❡str✐çõ❡s✭♦✉ ❡s❝♦❧❤❛s ❞❡ s✐♠♣❧❡①✮ ❞❡ ♣♦s✐çõ❡s ❞❡ n ❝❛r❣❛s ❧✐✈r❡s ♣❛r❛
❛s q✉❛✐s ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❧♦❣❛rít♠✐❝❛ ❞♦ s✐st❡♠❛ ❞❡ ❝❛r❣❛s ❛t✐♥❣❡ ♠í♥✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛❞❛
r❡str✐çã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✈❡t♦r X ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s sã♦ ♣♦s✐çõ❡s ❞❡ n ❝❛r❣❛s ❧✐✈r❡s✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❡❧❡tr♦stát✐❝❛ q✉❡ ❡♥✈♦❧✈❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❝❛r❣❛s ✜①❛s ♥❡❣❛t✐✈❛s
❡ ♣♦s✐t✐✈❛s é ✐♥t❡r❡ss❛♥t❡ ❞❡ s❡ ✐♥✈❡st✐❣❛r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡st❛❜❡❧❡❝❡r ❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡
❱❛♥ ❱❧❡❝❦✳

❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❲✳ ❱✳ ❆ss❝❤❡ ❢♦r❛♠ ♦s ♣✐♦♥❡✐r♦s ❛ ❞❡♠♦♥str❛r ❛ ✉♥✐❝✐❞❛❞❡ ❞♦s ♣♦❧✐♥ô♠✐♦s
❞❡ ❱❛♥ ❱❧❡❝❦ ♥♦ ❝❛s♦ q✉❡ ❡♥✈♦❧✈❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ❝♦❡✜❝✐❡♥t❡s rj ♥❡❣❛t✐✈♦s ❡ ♣♦s✐t✐✈♦s✱ ♦ q✉❡
✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ y(x) ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✳✸✳✾✮✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡
❙t✐❡❧t❥❡s✳ ▲❡♠❜r❡♠♦s q✉❡ rj é ♦ ✈❛❧♦r ❞❛ ❝❛r❣❛ ✜①❛ ♥♦ ♣♦♥t♦ aj✳ ❊st❡ r❡s✉❧t❛❞♦ ❡q✉✐✈❛❧❡ à
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❛ ❡♥❡r❣✐❛ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❝❛r❣❛s ✜①❛s ♥❡❣❛t✐✈❛s ❡
♣♦s✐t✐✈❛s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✷✳✸✳✹ ✭❲✳ ❱✳ ❆ss❝❤❡ ❡ ❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❬✾❪✮✳ ❙❡❥❛♠ A(x) =
∏3

j=0(x − aj)✱ a0 < a1 <
a2 < a3✱ ❡ B(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❝ú❜✐❝♦ ♣❛r❛ ♦ q✉❛❧ ♦s ❝♦❡✜❝✐❡♥t❡s rj−1 ❡ rj✱ ♥❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠
❢r❛çõ❡s ♣❛r❝✐❛✐s ✭✷✳✸✳✼✮✱ sã♦ ♣♦s✐t✐✈♦s ❡ ♦s ❞♦✐s ❝♦❡✜❝✐❡♥t❡s r❡st❛♥t❡s sã♦ ♥❡❣❛t✐✈♦s✳ ❙❡



❈❆P❮❚❯▲❖ ✷✳ P❘❊▲■▼■◆❆❘❊❙ ✶✺

❼ ❛ s❡q✉ê♥❝✐❛ r0, r1, r2, r3 ❛❞♠✐t❡ ❞✉❛s ♠✉❞❛♥ç❛s ❞❡ s✐♥❛❧✱ ❝♦♠ n > 1− (r0 + r1 + r2 + r3)

♦✉

❼ ❛ s❡q✉ê♥❝✐❛ r0, r1, r2, r3 ❛❞♠✐t❡ s♦♠❡♥t❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ s✐♥❛❧✱ ✐st♦ é✱ s❡ j = 1 ♦✉ j = 3✱

❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r
(
C(x), y(x)

)
✱ ❝♦♠ C(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ❞♦✐s ❡ y(x) = (x −

x1)(x− x2) · · · (x− xn) ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✳✸✳✾✮ t❛❧ q✉❡ aj−1 < x1 < ... < xn < aj✳

❖ ▲❡♠❛ ❛ s❡❣✉✐r ❡stá ♥✉♠ tr❛❜❛❧❤♦ ❝♦♥❥✉♥t♦ ❝♦♠ s❡✉ ♦r✐❡♥t❛❞♦r✳ ❊st❛❜❡❧❡❝❡♠♦s ❛ ✉♥✐❝✐❞❛❞❡
❞♦ ♣❛r

(
C(x), y(x)

)
❞❡ ✉♠❛ ♥♦✈❛ r❡str✐çã♦✭❞✐str✐❜✉✐çã♦✮ ❞♦s ③❡r♦s ❞❡ y(x) ❡♥tr❡ ❛s ❝❛r❣❛s ✜①❛s ♦✉

♦s ③❡r♦s ❞❡ A(x)✱ ♣❡r♠✐t✐♥❞♦ ❛ ✉♠❛ ❝❛r❣❛ ❧✐✈r❡ s✐t✉❛r✲s❡ ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦ (a0, am)✳

▲❡♠❛ ✷✳✸✳✺ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❙❡❥❛♠ A(x) = (x−a0)(x−a1)(x−a2)✱ a0 < a1 < a2✱
✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ três ❡ B(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ❞♦✐s ♣❛r❛ ♦s q✉❛✐s ♦s ❝♦❡✜❝✐❡♥t❡s rj−1 ❡
rj ♥❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❢✉♥çõ❡s ♣❛r❝✐❛✐s

B(x)

A(x)
=

2∑

j=0

rj
x− aj

sã♦ ♣♦s✐t✐✈♦s ❡ ♦ r❡st❛♥t❡ ♥❡❣❛t✐✈♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r
(
C(x), y(x)

)
✱ ❝♦♠ C(x) ✉♠ ♣♦✲

❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✉♠ ❡ y(x) = (x− x1) · ... · (x− xn) ✉♠❛ s♦❧✉çã♦ ❞❡

A(x)y′′ + 2B(x)y′ + C(x)y = 0 ✭✷✳✸✳✶✵✮

t❛❧ q✉❡ x1, x2, ..., xn−1 ∈ (a0, a1) ✭♦✉ (a1, a2)✮ ❡ xn ∈ (a2,∞) ✭♦✉ (−∞, a0))✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ é s❡♠❡❧❤❛♥t❡ à ❞♦ t❡♦r❡♠❛ ❡♠ §6.83 ❞❡ ❬✸✹❪✳
❙❛❜❡♠♦s ❞❛ ❡①✐stê♥❝✐❛ ❞♦ ♣♦❧✐♥ô♠✐♦ C(x) ♥♦ ❞❡❝♦rr❡r ❞❡st❛ ❙❡çã♦✳ ❆ ♠❡s♠❛ ❝♦♥❝❧✉sã♦✱ ❞❛

❡①✐stê♥❝✐❛ ❞♦ ♣♦❧✐♥ô♠✐♦ C(x)✱ é ✈á❧✐❞❛ ❝♦♠ rj ♥❡❣❛t✐✈♦ ♣❛r❛ ❛❧❣✉♠ j✳ ❊st❛❜❡❧❡❝❡r❡♠♦s✱ ❛❣♦r❛✱ ❛
✉♥✐❝✐❞❛❞❡✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ aj−1 = a0 ❡ aj = a1✳ ❙✉♣♦♥❤❛♠♦s
D(x) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✉♠ ❡ D(x) 6≡ C(x) t❛❧ q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✳✸✳✶✵✮ ❛❞♠✐t❛ ✉♠❛
♦✉tr❛ s♦❧✉çã♦ z(x) ❝♦♠ ③❡r♦s ξ1, ..., ξn−1 ∈ (a0, a1) ❡ ξn ∈ (a2,∞) ❞✐st✐♥t♦s✳ P❡❧♦ ❛r❣✉♠❡♥t♦ ❞❡
❙③❡❣➤ ❡♠ §6.83 ❞❡ ❬✸✹❪✱ t❡♠♦s

d

dx

{
H(x)

[
y′(x)z(x)− y(x)z′(x)

]}
= H(x)

D(x)− C(x)

A(x)
y(x)z(x), ✭✷✳✸✳✶✶✮

♦♥❞❡

H(x) =
2∏

j=0

|x− aj|2rj .

P❛r❛ ✈❡r✐✜❝❛r ✭✷✳✸✳✶✶✮✱ ❜❛st❛ ❞❡s❡♥✈♦❧✈❡r ❛ ❞❡r✐✈❛❞❛ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡ ✉t✐❧✐③❛r ♦
❢❛t♦ ❞❡ q✉❡ y(x) ❡ z(x) s❛t✐s❢❛③❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ▲❛♠é ❝♦♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ♣♦❧✐♥ô♠✐♦s
❞❡ ❱❛♥ ❱❧❡❝❦ C(x) ❡ D(x)✳ ❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♠ §6.83 ❞❡ ❬✸✹❪✱ t❡♠♦s✿
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❼ s❡
[
D(x) − C(x)

]
/A(x) > 0 ❡♠ (xj−1✱ xj)✱ ❡♥tã♦ z(x) ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (xj−1, xj)✱ j =

2, ..., n− 1❀

❼ s❡
[
D(x) − C(x)

]
/A(x) < 0 ❡♠ (ξj−1✱ ξj)✱ ❡♥tã♦ y(x) ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (ξj−1, ξj)✱ j =

2, ..., n− 1✳

❉❡♠♦♥str❛r❡♠♦s ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦✐s ❛ ♣r♦✈❛ ❞♦ s❡❣✉♥❞♦ é s❡♠❡❧❤❛♥t❡✳
➱ ❡✈✐❞❡♥t❡ q✉❡ y(x) = (x−x1)(x−x2) · · · (x−xn) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (xi, xi+1). ❙✉♣♦♥❤❛♠♦s

q✉❡ z(x) ♥ã♦ ♠✉❞❡ ❞❡ s✐♥❛❧ ❡♠ (xi, xi+1) ❡✱ ❡♥tã♦✱ ❞❡ ✭✷✳✸✳✶✶✮✱

d

dx

{
H(x)[y′(x)z(x)− y(x)z′(x)]

}

t❛♠❜é♠ ♥ã♦ ♠✉❞❡ ❞❡ s✐♥❛❧ ❡♠ (xi, xi+1).
❈♦♥s✐❞❡r❡♠♦s ♦s ♣♦♥t♦s x̃ = xi + ǫ ❡ x̂ = xi+1 − ǫ, ǫ > 0.

1) ❙❡ y(x)z(x) > 0, ❡♥tã♦ H(x)[y′(x)z(x)− y(x)z′(x)] é ❝r❡s❝❡♥t❡✳ ❆ss✐♠✱

• s❡ y(x) > 0 ⇒ z(x) > 0 ⇒ y′(x̃)z(x̃) > 0 ❡ y′(x̂)z(x̂) < 0;

• s❡ y(x) < 0 ⇒ z(x) < 0 ⇒ y′(x̃)z(x̃) > 0 ❡ y′(x̂)z(x̂) < 0.

2) ❙❡ y(x)z(x) < 0, ❡♥tã♦ H(x)[y′(x)z(x)− y(x)z′(x)] é ❞❡❝r❡s❝❡♥t❡✳ ▲♦❣♦✱

• s❡ y(x) > 0 ⇒ z(x) < 0 ⇒ y′(x̃)z(x̃) < 0 ❡ y′(x̂)z(x̂) > 0;

• s❡ y(x) < 0 ⇒ z(x) > 0 ⇒ y′(x̃)z(x̃) < 0 ❡ y′(x̂)z(x̂) > 0.

P♦rt❛♥t♦✱ sign(yz) = sign(y′z) ❡♠ x̃ ❡ sign(yz) = −sign(y′z) ❡♠ x̂.
❖❜s❡r✈❡♠♦s q✉❡ sign

(
H(y′z − yz′)

)
= sign(y′z) ❡♠ x̃ ❡ ❡♠ x̂, ✐st♦ é✱

❼ s❡ y(x)z(x) > 0, ❡♥tã♦ sign
(
H(y′z − yz′)

)
> 0 ❡♠ x̃ ❡ sign

(
H(y′z − yz′)

)
< 0 ❡♠ x̂;

❼ s❡ y(x)z(x) < 0, ❡♥tã♦ sign
(
H(y′z − yz′)

)
< 0 ❡♠ x̃ ❡ sign

(
H(y′z − yz′)

)
> 0 ❡♠ x̂.

▲♦❣♦✱ ❞❛s ❞✉❛s ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛✱ H(x)[y′(x)z(x)− y(x)z′(x)] ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (xi, xi+1) ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

❼ s❡ y(x)z(x) > 0, H(x̃)[y′(x̃)z(x̃)− y(x̃)z′(x̃)] > 0 ❡ H(x̂)[y′(x̂)z(x̂)− y(x̂)z′(x̂)] < 0.
❊♥tã♦✱ H(x)[y′(x)z(x)− y(x)z′(x)] ♥ã♦ ♣♦❞❡ s❡r ❝r❡s❝❡♥t❡✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦r 1);

❼ s❡ y(x)z(x) < 0, H(x̃)[y′(x̃)z(x̃)− y(x̃)z′(x̃)] < 0 ❡ H(x̂)[y′(x̂)z(x̂)− y(x̂)z′(x̂)] > 0.
▲♦❣♦✱ H(x)[y′(x)z(x)− y(x)z′(x)] ♥ã♦ ♣♦❞❡ s❡r ❞❡❝r❡s❝❡♥t❡✳ P♦r 2), ❝❤❡❣❛♠♦s ♥♦✈❛♠❡♥t❡ ❛
✉♠❛ ❝♦♥tr❛❞✐çã♦✳

P♦rt❛♥t♦✱ y(x)z(x) ❞❡✈❡ ♠✉❞❛r ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠ (xi, xi+1). ❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱
q✉❡ z(x) t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❛✐③ ❡♠ (xi, xi+1).

❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡
[
D(x)−C(x)

]
/A(x) > 0 ❡♠ (a0, a1)✳ ❙❡❥❛♠ x1 ❡ xn−1 ♦ ♣r✐♠❡✐r♦

❡ ♣❡♥ú❧t✐♠♦ ③❡r♦s ❞❡ y(x) ❡♠ (a0, a1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▼♦str❡♠♦s✱ ❛❣♦r❛✱ q✉❡ z(x) ❞❡✈❡ ♠✉❞❛r
❞❡ s✐♥❛❧ t❛♠❜é♠ ❡♠ (a0, x1) ❡ (xn−1, a1)✳ ❙✉♣♦♥❤❛♠♦s q✉❡ z(x) ♥ã♦ ♠✉❞❡ ❞❡ s✐♥❛❧ ♥❡ss❡s ❞♦✐s
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✐♥t❡r✈❛❧♦s✳ ❊♥tã♦✱ z(x) ❡ y(x) ❞❡✈❡♠ t❡r s✐♥❛✐s ❝♦♥st❛♥t❡s ♥❡❧❡s✳ ❈♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s✱ ❛♠❜♦s tê♠
❝♦❡✜❝✐❡♥t❡s ❞♦♠✐♥❛♥t❡s ♣♦s✐t✐✈♦s ❡ ♣♦ss✉❡♠ ✉♠ ú♥✐❝♦ ③❡r♦ ♠❛✐♦r q✉❡ a2✱ ❡♥tã♦ ❡❧❡s tê♠ ♠❡s♠♦
s✐♥❛❧ ♥❡ss❡s ❞♦✐s ✐♥t❡r✈❛❧♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡♠♦s q✉❡

lim
x→a+

0

H(x)
[
y′(x)z(x)− y(x)z′(x)

]
= 0 = lim

x→a−
1

H(x)
[
y′(x)z(x)− y(x)z′(x)

]
.

❊♥tã♦✱ H(x)[y′(x)z(x)−y(x)z′(x)] é ♣♦s✐t✐✈♦ ❡♠ (a0, x1) ❡ ♥❡❣❛t✐✈♦ ❡♠ (xn−1, a1)✳ ▼❛s✱ ♦❜s❡r✈❡♠♦s
q✉❡ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡✱ ♣❛r❛ x̂ := x1 − ǫ ❡ x̃ := xn−1 + ǫ✱

sign
(
H(x̂)

[
y′(x̂)z(x̂)− y(x̂)z′(x̂)

])
= sign

(
H(x̂)y′(x̂)z(x̂)

)
= sign

(
y′(x̂)y(x̂)

)
< 0

❡
sign

(
H(x̃)

[
y′(x̃)z(x̃)− y(x̃)z′(x̃)

])
= sign

(
H(x̃)y′(x̃)z(x̃)

)
= sign

(
y′(x̃)y(x̃)

)
> 0,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
▲♦❣♦✱ z(x) ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (a0, x1) ❡ (xn−1, a1)✱ ♦✉ s❡❥❛✱ z(x) ♣♦ss✉✐ n ③❡r♦s ♥♦ ✐♥t❡r✈❛❧♦

(a0, a1)✳ ❆❧é♠ ❞✐ss♦✱ z(x) ♣♦ss✉✐ ✉♠ ③❡r♦ ♠❛✐♦r q✉❡ a2✱ ❡♥tã♦ z(x) ♣♦ss✉✐ n+1 ③❡r♦s✱ ❝♦♥tr❛❞✐③❡♥❞♦
❛ s✉♣♦s✐çã♦ ✐♥✐❝✐❛❧✳

❯s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❡ s✉♣♦♥❞♦
[
D(x) − C(x)

]
/A(x) < 0✱ ❝❤❡❣❛r❡♠♦s à ♠❡s♠❛ ❝♦♥✲

tr❛❞✐çã♦ ❞❡ q✉❡ y(x) é ❞❡ ❣r❛✉ n + 1✳ ▲♦❣♦ C(x) − D(x) ❞❡✈❡ ♠✉❞❛r ❞❡ s✐♥❛❧ ❡♠ (a0, a1)✳ ▼❛s✱
♦❜s❡r✈❡♠♦s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦♠✐♥❛♥t❡s ❞❡ D(x) ❡ C(x) sã♦ ✐❣✉❛✐s✳ ❉❡ ❢❛t♦✱ t♦♠❡♠♦s y(x) ❡
z(x) ♣♦❧✐♥ô♠✐♦s ♠ô♥✐❝♦s✳ ❈♦♠♣❛r❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ C(x) ❡ D(x) ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❞✐❢❡✲
r❡♥❝✐❛❧ ❞❡ ▲❛♠é✱ s❡❣✉❡✲s❡ ❛ ❛✜r♠❛çã♦✳ ❊♥tã♦✱ D(x) − C(x) = cte✳ P♦rt❛♥t♦✱ ❥✉♥t❛♥❞♦ ❡ss❡s ❞♦✐s
❛r❣✉♠❡♥t♦s✱ ❝♦♥❝❧✉í♠♦s q✉❡ C(x) ≡ D(x)✳
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❈❛♣ít✉❧♦ ✸

P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s

✏❉❡✐①❡✐ ❞❡ ❣♦st❛r ❞❛ ♠❛t❡♠át✐❝❛ ❞❡♣♦✐s

q✉❡ × ❞❡✐①♦✉ ❞❡ s❡r s✐♥❛❧ ❞❡

♠✉❧t✐♣❧✐❝❛çã♦✳✑

❲✐❧❧✐❛♠ ❙❤❛❦❡s♣❡❛r❡

❯♠ ♣♦❧✐♥ô♠✐♦ ❛❧❣é❜r✐❝♦ ❞❡ ❣r❛✉ n é ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛

p(x) = anx
n + an−1x

n−1 + · · ·+ a2x
2 + a1x+ a0,

❝♦♠ a0, a1, . . . , an ♥ú♠❡r♦s r❡❛✐s✳ P♦r Πn ❞❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛❧❣é❜r✐❝♦s
❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ n✱ ✐st♦ é✱

Πn := {p(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n | a0, a1, . . . , an ∈ R}.
❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ p é ❞❡ ❣r❛✉ ❡①❛t❛♠❡♥t❡ n s❡ p(x) = a0+a1x+a2x

2 · · ·+anx
n ❡ an 6= 0✳

❉❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❛❧❣é❜r✐❝♦s ♣♦r Π✱ ♦✉ s❡❥❛✱

Π :=
∞⋃

k=0

Πk.

❙❡❥❛ φ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ ♥ã♦✲❝♦♥st❛♥t❡ ❡ ❧✐♠✐t❛❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ (a, b)✱ ✜♥✐t♦ ♦✉
♥ã♦✱ q✉❡ ❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ dφ ❡♠ (a, b)✳ ❉❡✜♥❛♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉φ : Π × Π 7→ R

♣♦r

〈p, q〉φ =

∫ b

a

p(x)q(x)dφ(x), p, q ∈ Π ✭✸✳✵✳✶✮

❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥♦r♠❛ ‖ · ‖φ : Π 7→ [ 0,∞) ♣♦r

‖p‖φ =

√∫ b

a

|p(x)|2dφ(x), p ∈ Π. ✭✸✳✵✳✷✮

❙❡ ❛ ❢✉♥çã♦ φ ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡♥tã♦ t❡♠♦s ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❞✐str✐❜✉✐çã♦ t❛❧ q✉❡ dφ(x) =
w(x)dx ❡ ω(x) ≥ 0 ❡♠ (a, b) ♥ã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳ ❆ ❢✉♥çã♦ ω(x) é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ♣❡s♦✳

❈♦♥s✐❞❡r❛r❡♠♦s✱ ❞❛q✉✐ ♣♦r ❞✐❛♥t❡✱ ❛♣❡♥❛s ♦ ❝❛s♦ ❡♠ q✉❡ dφ(x) = ω(x)dx.

✶✾
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❉❡✜♥✐çã♦ ✸✳✵✳✻✳ ❉❛❞♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 ❡♠ Π✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦✲
♥❛✐s é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s P0(x), P1(x), P2(x), . . . ❝♦♠ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ Pn(x) ❞❡ ❣r❛✉
❡①❛t❛♠❡♥t❡ n✱ q✉❡ s❛t✐s❢❛③

〈Pn, Pm〉 =
{

0, s❡ n 6= m,
ρn > 0, s❡ n = m.

■♥✐❝✐❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❛tr❛✈és ❞♦ ❝♦♥❤❡❝✐❞♦
♠ét♦❞♦ ❞❡ ♦rt♦❣♦♥❛❧✐③❛çã♦ ❞❡ ●r❛♠✕❙❝❤♠✐❞t✳

✸✳✶ Pr♦♣r✐❡❞❛❞❡s ❞♦s P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s

❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❚♦❞❛ s✉❜s❡q✉ê♥❝✐❛ Pi1(x), Pi2(x) . . . ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s
{Pn(x)}∞n=0 ❢♦r♠❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♦ ❝♦♥trár✐♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ Pi1(x), Pi2(x), . . . , Pim(x)
❡ ❝♦❡✜❝✐❡♥t❡s a1, a2 . . . , am✱ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡❧❡s ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ t❛✐s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

p(x) = a1Pi1(x) + a2Pi2(x) + · · ·+ amPim(x)

é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳ ▲♦❣♦✱

〈p(x), Pj(x)〉 = 0 ♣❛r❛ t♦❞♦ j. ✭✸✳✶✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ k✱ 1 ≤ k ≤ m✱ t❛❧ q✉❡ ak é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❊♥tã♦✱

〈p(x), Pik(x)〉 =
m∑

j=1

aj〈Pij(x), Pjk(x)〉 = ak〈Pik(x), Pik(x)〉. ✭✸✳✶✳✷✮

❈♦♠♦ 〈Pik(x), Pik(x)〉 6= 0✱ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✸✳✶✳✶✮ ❡ ✭✸✳✶✳✷✮✳ P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦
❡stá ♣r♦✈❛❞❛✳

❈♦r♦❧ár✐♦ ✸✳✶✳✷✳ ❙❡ ♦ ♣♦❧✐♥ô♠✐♦ p(x) é ❞❡ ❣r❛✉ ♠❡♥♦r q✉❡ m ♦✉ ✐❣✉❛❧ ❛ m✱ ❡♥tã♦ p ♣♦❞❡ s❡r
✉♥✐❝❛♠❡♥t❡ r❡♣r❡s❡♥t❛❞♦ ♣♦r

p(x) = a0P0(x) + · · ·+ amPm(x)

❝♦♠ ❝♦❡✜❝✐❡♥t❡s r❡❛✐s a0, . . . , am ❞❛❞♦s ♣♦r

ak =
〈p(x), Pk(x)〉
〈Pk(x), Pk(x)〉

, k = 0, ...,m.
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❉❡♠♦♥str❛çã♦✳ ■st♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ s✐♠♣❧❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❈♦♠♦ Πm é ✉♠ ❡s♣❛ç♦ ❧✐♥❡❛r
❞❡ ❞✐♠❡♥sã♦ m+1 ❡ {P0, . . . , Pm} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ m+1 ❡❧❡♠❡♥t♦s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡
Πm✱ ❡❧❡s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❡ Πm✳ ❊♥tã♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ Πm ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ r❡♣r❡s❡♥t❛❞♦
❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡❧❡s✳

➱ ❢á❝✐❧ ♦❜t❡r ❛s ❡①♣r❡ssõ❡s ❡①♣❧í❝✐t❛s ♣❛r❛ ak✱ k = 0, . . . ,m✳ ❉❡ ❢❛t♦✱ t❡♠♦s

〈p(x), Pk(x)〉 = a0〈P0(x), Pk(x)〉+ · · ·+ ak〈Pk(x), Pk(x)〉+ · · ·+ am〈Pm(x), Pk(x)〉
= ak〈Pk(x), Pk(x)〉.

P♦rt❛♥t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱

ak =
〈p(x), Pk(x)〉
〈Pk(x), Pk(x)〉

.

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 ❡♠ Π✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✭❛✮ {Pn(x)}∞n=0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ r❡s♣❡✐t♦ ❛ 〈·, ·〉❀

✭❜✮ 〈p(x), Pm(x)〉 = 0 ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ p(x) ❞❡ ❣r❛✉ ♠❡♥♦r q✉❡ m ❡ 〈p(x), Pm(x)〉 6= 0 ♣❛r❛
t♦❞♦ ♣♦❧✐♥ô♠✐♦ p(x) ❞❡ ❣r❛✉ ❡①❛t❛♠❡♥t❡ m❀

✭❝✮ 〈xm, Pl(x)〉 = 0 ♣❛r❛ m < l ❡ 〈xl, Pl(x)〉 6= 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {Pn(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ r❡s♣❡✐t♦ ❛ 〈·, ·〉✳ ❙❡
p(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ l✱ ❡♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s cl,k t❛✐s q✉❡

p(x) =
l∑

k=0

cl,kPk(x), cl,l 6= 0.

P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱

〈p(x), Pm(x)〉 =
l∑

k=0

cl,k〈Pk(x), Pm(x)〉 =
{

0, se l < m,
cm,m〈Pm(x), Pm(x)〉 6= 0, se m = l.

❉❡st❡ ♠♦❞♦ (a) ⇒ (b)✳ ❈❧❛r❛♠❡♥t❡ (b) ⇒ (c) ❡ t❛♠❜é♠ é ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ (c) ⇒ (a)✳

❚❡♦r❡♠❛ ✸✳✶✳✹✳ ❆ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô✲
♠✐♦s ♦rt♦❣♦♥❛✐s ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 é

∆n :=

∣∣∣∣∣∣∣∣∣∣∣

〈1, 1〉 〈1, x〉 〈1, x2〉 . . . 〈1, xn〉
〈x, 1〉 〈x, x〉 〈x, x2〉 . . . 〈x, xn〉
〈x2, 1〉 〈x2, x〉 〈x2, x2〉 . . . 〈x2, xn〉

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
〈xn, 1〉 〈xn, x〉 〈xn, x2〉 . . . 〈xn, xn〉

∣∣∣∣∣∣∣∣∣∣∣

6= 0 ✭✸✳✶✳✸✮
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♣❛r❛ n = 0, 1, 2, . . .✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐✲
♥❛❞❛ ♣❡❧❛ ❡s❝♦❧❤❛ ❞♦s ✈❛❧♦r❡s Kn = 〈xn, Pn(x)〉 6= 0✳ ❆✐♥❞❛✱ s❡ ❞✉❛s s❡q✉ê♥❝✐❛s ❞❡ ♣♦❧✐♥ô♠✐♦s✱
{Pn(x)}∞n=0 ❡ {Qn(x)}∞n=0✱ sã♦ ♦rt♦❣♦♥❛✐s ❝♦♠ r❡❧❛çã♦ ❛♦ ♠❡s♠♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛
n ≥ 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ cn t❛❧ q✉❡ Qn(x) = cnPn(x)✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ n ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡s❝r❡✈❡♠♦s

Pn(x) = an,0 + an,1x+ ...+ an,n−1x
n−1 + an,nx

n.

❙✉♣♦♥❞♦ ∆n 6= 0✱ ✈❛♠♦s ❞❡t❡r♠✐♥❛r ♦s ✈❛❧♦r❡s ak,n ❞❡ ♠♦❞♦ q✉❡ {Pn(x)}∞n=0 s❡❥❛ ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✳ ❚❡♠♦s

〈xm, Pn(x)〉 =
n∑

k=0

an,k〈xm, xk〉. ✭✸✳✶✳✹✮

❋❛③❡♥❞♦ m = 0, 1, . . . , n ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ (c) ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✸ t❡♠♦s
n+1 ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱ q✉❡ ❡s❝r❡✈❡♠♦s ❞❛ ❢♦r♠❛
♠❛tr✐❝✐❛❧




〈1, 1〉 〈1, x〉 〈1, x2〉 . . . 〈1, xn〉
〈x, 1〉 〈x, x〉 〈x, x2〉 . . . 〈x, xn〉
〈x2, 1〉 〈x2, x〉 〈x2, x2〉 . . . 〈x2, xn〉

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
〈xn, 1〉 〈xn, x〉 〈xn, x2〉 . . . 〈xn, xn〉







a0,n
a1,n
a2,n
✳✳✳

an,n




=




0
0
0
✳✳✳

〈xn, Pn(x)〉




. ✭✸✳✶✳✺✮

❈♦♠♦ ∆n 6= 0✱ ♣❛r❛ ❝❛❞❛ ❡s❝♦❧❤❛ ❞♦ ✈❛❧♦r 〈xn, Pn(x)〉 6= 0 ✜❝❛♠ ❞❡t❡r♠✐♥❛❞♦s ♦s ❝♦❡✜❝✐❡♥t❡s
ak,n ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦ s✐st❡♠❛ ❛❝✐♠❛ é s❛t✐s❢❡✐t♦✳ ❖❧❤❛♥❞♦ ♣❛r❛ ✭✸✳✶✳✹✮✱ ❡ss❡s ❝♦❡✜❝✐❡♥t❡s ✐♠♣❧✐❝❛♠
q✉❡

〈xm, Pn(x)〉 =
{

0, se m < n,
✈❛❧♦r ❡s❝♦❧❤✐❞♦, se m = n.

P♦rt❛♥t♦✱ {Pn(x)}∞n=0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✳
❆❣♦r❛✱ s❡❥❛ {Pn(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ 〈xn, Pn(x)〉 = Kn✳ P❡❧❛

♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞❡ {Pn(x)}∞n=0 ❡ ✭✸✳✶✳✹✮✱ ( an,0, . . . , an,n)
T é s♦❧✉çã♦ ❞❡ ✭✸✳✶✳✺✮✳ ❙❡❥❛ ( bn,0, . . . , bn,n)

T

♦✉tr❛ s♦❧✉çã♦ ♣❛r❛ ✭✸✳✶✳✺✮✳ ❊s❝r❡✈❡♥❞♦

Qn(x) = bn,0 + bn,1x+ ...+ bn,n−1x
n−1 + bn,nx

n,

♦❜t❡♠♦s

〈xm, Qn(x)〉 =
n∑

k=0

bn,k〈xm, xk〉.

❈♦♠♦ (bn,0, bn,1, . . . , bn,n)
T é s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ✭✸✳✶✳✺✮✱ ❡♥tã♦

〈xm, Qn(x)〉 =
{

0, se m < n,
〈xn, Pn(x)〉 = Kn, se m = n.
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▲♦❣♦✱ {Qn(x)}∞n=0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ r❡❧❛çã♦ ❛ 〈·, ·〉 ❝♦♠ 〈xn, Qn(x)〉 =
Kn✳

P♦❞❡♠♦s ❡s❝r❡✈❡r

Qn(x) = cn,0P0(x) + cn,1P1(x) + ...+ cn,n−1Pn−1(x) + cn,nPn(x)

❡✱ ♣❡❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞❡ {Pn(x)}∞n=0 ❡ {Qn(x)}∞n=0✱ ♦❜t❡♠♦s

0 = 〈Pm(x), Qn(x)〉 = cn,m〈Pm(x), Pm(x)〉,m = 0, 1, . . . , n− 1.

P♦rt❛♥t♦✱ cn,m = 0 ♣❛r❛ m = 0, 1, . . . , n− 1✳ ❆ss✐♠✱ Qn(x) = cn,nPn(x)✳ ▼❛s

〈xn, Qn(x)〉 = cn,n〈xn, Pn(x)〉.

▲♦❣♦✱ cn,n = 1✱ ♣♦✐s 〈xn, Qn(x)〉 = 〈xn, Pn(x)〉 = Kn✳ ❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ Qn ≡ Pn ♣❛r❛ t♦❞♦
n✳ ❉❡st❡ ♠♦❞♦ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✳✺✮ é ú♥✐❝❛ ❡✱ ♣♦rt❛♥t♦✱ ∆n 6= 0✳

P♦r ✜♠✱ s❡❥❛♠ {Pn(x)}∞n=0 ❡ {Qn(x)}∞n=0 s❡q✉ê♥❝✐❛s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ r❡❧❛çã♦ ❛
〈·, ·〉 ❝♦♠ 〈xn, Qn(x)〉 6= 〈xn, Pn(x)〉✳ ❊s❝r❡✈❡♠♦s Qn(x) ❝♦♠♦ Qn(x) =

∑n
k=0 cn,kPk(x)✳ P❛r❛

m < n ❡ ♣❡❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞❡ ❛♠❜❛s ❛s s❡q✉ê♥❝✐❛s✱ t❡♠♦s

0 = 〈Qm(x), Qn(x)〉 = cn,m〈Qm(x), Pm(x)〉.

▲♦❣♦✱ cn,m = 0 ♣❛r❛ m < n✱ ♣♦✐s 〈Qm(x), Pm(x)〉 6= 0✳ P♦rt❛♥t♦✱ Qn(x) = cn,nPn(x)✳ ❖ ✈❛❧♦r ❞❡
cn,n é ❞❛❞♦ ♣♦r

〈Qn(x), Qn(x)〉 = cn,n〈Qn(x), Pn(x)〉 ⇔ cn,n =
〈Qn(x), Qn(x)〉
〈Qn(x), Pn(x)〉

.

❉❡✜♥✐çã♦ ✸✳✶✳✺✳ ❆ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s {P ∗
n(x)}∞n=0 é ❝❤❛♠❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s

♦rt♦♥♦r♠❛✐s s❡
〈P ∗

l (x), P
∗
m(x)〉 = δl,m, l,m = 0, 1, . . .

s❡♥❞♦ δl,m ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r q✉❡ é ❞❡✜♥✐❞♦ ♣♦r

δl,m =

{
0 s❡ l 6= m,
1 s❡ l = m.

❖❜s❡r✈❡♠♦s q✉❡✱ ❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s {Pn(x)}∞n=0 r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠❛
♠❡❞✐❞❛ φ(x)✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦♥♦r♠❛✐s {P ∗

n(x)}∞n=0 ❞❡✜♥✐♥❞♦
P ∗
n(x) := Pn(x)/‖Pn(x)‖φ ♣❛r❛ t♦❞♦ n ∈ N✳ ➱ ❡✈✐❞❡♥t❡ q✉❡ P ∗

n(x) ❡ Pn(x) ♣♦ss✉❡♠ ♦s ♠❡s♠♦s
③❡r♦s✳

❯♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s é q✉❡ q✉❛✐sq✉❡r três ♣♦❧✐♥ô♠✐♦s ❝♦♥s❡✲
❝✉t✐✈♦s ❡stã♦ ❝♦♥❡❝t❛❞♦s ❛tr❛✈és ❞❡ ✉♠❛ s✐♠♣❧❡s r❡❧❛çã♦ q✉❡ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛
❞❡ três t❡r♠♦s✳
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❚❡♦r❡♠❛ ✸✳✶✳✻✳ ❙❡❥❛ {Pn(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❡♠ (a, b) r❡❧❛t✐✈❛♠❡♥t❡
à ❢✉♥çã♦ ♣❡s♦ ω(x)✳ ❊♥tã♦

Pn+1(x) = (γn+1x− βn+1)Pn(x)− αn+1Pn−1(x), n ≥ 0, ✭✸✳✶✳✻✮

❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s P−1(x) := 0✱ P0(x) = 1✱ αn+1, βn, γn ∈ R✱ n ≥ 1✱ ❡

γn+1 =
an+1,n+1

an,n
6= 0, βn+1 = γn+1

〈xPn, Pn〉
〈Pn, Pn〉

, αn+1 =
γn+1

γn

〈Pn, Pn〉
〈Pn−1, Pn−1〉

. ✭✸✳✶✳✼✮

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Pn(x) = an,nx
n + ... + an,1x + an,0✳ ❈♦♠♦ xPn(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉

n+ 1✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

xPn(x) =
n+1∑

i=0

biPi(x).

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦s t❡r♠♦s ❞❡ ♠❛✐♦r ❣r❛✉ ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱
t❡♠♦s an,n = bn+1an+1,n+1✳ ❊♥tã♦✱

bn+1 =
an,n

an+1,n+1

.

P♦ré♠✱ ❞❛s r❡❧❛çõ❡s ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱

〈xPn, Pj〉 =
∫ b

a

Pn(x)xPj(x)ω(x)dx = 0, j ≤ n− 2.

❆ss✐♠✱

〈xPn, Pj〉 =
n+1∑

i=0

bi〈Pi, Pj〉 = bj〈Pj, Pj〉 = 0, j ≤ n− 2.

▲♦❣♦✱ bj = 0 s❡ j ≤ n− 2 ❡ t❡♠♦s ❛ ❡①♣r❡ssã♦

Pn+1(x) =
1

bn+1

xPn(x)−
bn−1

bn+1

Pn−1(x)−
bn
bn+1

Pn(x),

❝♦♠

γn+1 =
1

bn+1

, βn+1 =
bn
bn+1

, αn+1 =
bn−1

bn+1

.

❈❛❧❝✉❧❡♠♦s ❛❣♦r❛ ♦s ✈❛❧♦r❡s ❞❡ γn+1✱ βn+1 ❡ αn+1✳ ❈♦♠♦ bn+1 = an,n/an+1,n+1✱ t❡♠♦s γn+1 =
an+1,n+1/an,n✳ ❉❡

Pn+1(x) = (γn+1x− βn+1)Pn(x)− αn+1Pn−1(x),

♦❜t❡♠♦s
0 = 〈Pn+1, Pn〉 = γn+1〈xPn, Pn〉 − βn+1〈Pn, Pn〉 − αn+1〈Pn−1, Pn〉.

❊♥tã♦✱

βn+1 = γn+1
〈xPn, Pn〉
〈Pn, Pn〉

.
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❆♥❛❧♦❣❛♠❡♥t❡✱

0 = 〈Pn+1, Pn−1〉 = γn+1〈xPn, Pn−1〉 − βn+1〈Pn, Pn−1〉 − αn+1〈Pn−1, Pn−1〉.

▲♦❣♦✱

αn+1 = γn+1
〈xPn, Pn−1〉
〈Pn−1, Pn−1〉

.

▼❛s✱ ❝♦♠♦
Pn(x) = (γnx− βn)Pn−1(x)− αnPn−2(x),

♦❜t❡♠♦s

xPn−1(x) =
1

γn
Pn(x) +

βn

γn
Pn−1(x) +

αn

γn
Pn−2(x).

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

〈xPn, Pn−1〉 =
∫ b

a

xPn(x)Pn−1(x)ω(x)dx = 〈Pn, xPn−1〉.

❊♥tã♦✱

〈Pn, xPn−1〉 =
1

γn
〈Pn, Pn〉+

βn

γn
〈Pn, Pn−1〉+

αn

γn
〈Pn, Pn−2〉 =

1

γn
〈Pn, Pn〉.

P♦rt❛♥t♦✱

αn+1 =
γn+1

γn

〈Pn, Pn〉
〈Pn−1, Pn−1〉

.

❚❡♦r❡♠❛ ✸✳✶✳✼✳ ❙❡❥❛ {P ∗
n(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦♥♦r♠❛✐s✳ ❊♥tã♦✱ ❡❧❡s s❛t✐s❢❛✲

③❡♠ à s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡

n∑

k=0

P ∗
k (x)P

∗
k (y) =

1

γ∗
n+1

P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y)

x− y
. ✭✸✳✶✳✽✮

❆ ❡q✉❛çã♦ ✭✸✳✶✳✽✮ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ■❞❡♥t✐❞❛❞❡ ❞❡ ❈❤r✐st♦✛❡❧✲❉❛r❜♦✉①✳

❉❡♠♦♥str❛çã♦✳ ❉❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❡ três t❡r♠♦s✱ t❡♠♦s

P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y) =

[
(γ∗

n+1x− β∗
n+1)P

∗
n(x)− α∗

n+1P
∗
n−1(x)

]
P ∗
n(y)

− P ∗
n(x)

[
(γ∗

n+1y − β∗
n+1)P

∗
n(y)− α∗

n+1P
∗
n−1(y)

]

= (x− y)γ∗
n+1P

∗
n(x)P

∗
n(y) + α∗

n+1

[
P ∗
n(x)P

∗
n−1(y)− P ∗

n−1(x)P
∗
n(y)

]
.

▼❛s✱

α∗
n+1 =

γ∗
n+1

γ∗
n

〈P ∗
n , P

∗
n〉

〈P ∗
n−1, P

∗
n−1〉

=
γ∗
n+1

γ∗
n

.
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❆ss✐♠

P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y)

x− y
= γ∗

n+1P
∗
n(x)P

∗
n(y)

+
γ∗
n+1

γ∗
n

P ∗
n(x)P

∗
n−1(y)− P ∗

n−1(x)P
∗
n(y)

x− y
.

❆♥❛❧♦❣❛♠❡♥t❡✱

P ∗
n(x)P

∗
n−1(y)− P ∗

n−1(x)P
∗
n(y)

x− y
= γ∗

nP
∗
n−1(x)P

∗
n−1(y)

+
γ∗
n

γ∗
n−1

P ∗
n−1(x)P

∗
n−2(y)− P ∗

n−2(x)P
∗
n−1(y)

x− y
.

❙✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♥❛ ♣❡♥ú❧t✐♠❛ ❡q✉❛çã♦✱ ♦❜t❡♠♦s

P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y)

x− y
=

γ∗
n+1

γ∗
n−1

P ∗
n−1(x)P

∗
n−2(y)− P ∗

n−2(x)P
∗
n−1(y)

x− y

+ γ∗
n+1

[
P ∗
n(x)P

∗
n(y) + P ∗

n−1(x)P
∗
n−1(y)

]
.

❘❡♣❡t✐♥❞♦ ❡ss❡ ♣r♦❝❡ss♦ n ✈❡③❡s✱ ♦❜t❡♠♦s

P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y)

x− y
=

γ∗
n+1

γ∗
1

P ∗
1 (x)P

∗
0 (y)− P ∗

0 (x)P
∗
1 (y)

x− y
+ γ∗

n+1

n∑

k=1

P ∗
k (x)P

∗
k (y).

❖❜s❡r✈❡ q✉❡

P ∗
1 (x)P

∗
0 (y)− P ∗

0 (x)P
∗
1 (y) = a∗0,0a

∗
1,1(x− y) =

a∗1,1
a∗0,0

[
a∗0,0

]2
(x− y) = γ∗

1P
∗
0 (x)P

∗
0 (y)(x− y).

P♦rt❛♥t♦✱ t❡♠♦s
P ∗
n+1(x)P

∗
n(y)− P ∗

n(x)P
∗
n+1(y)

x− y
= γ∗

n+1

n∑

k=0

P ∗
k (x)P

∗
k (y).

❙❡ s♦♠❛r♠♦s P ∗
n+1(x)P

∗
n(x) ❛♦ ♥✉♠❡r❛❞♦r ❞❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ❈❤r✐st♦✛❡❧✲❉❛r❜♦✉① ✭✸✳✶✳✽✮ ❡✱ ❡♠

s❡❣✉✐❞❛✱ s✉❜tr❛✐r♠♦s P ∗
n+1(x)P

∗
n(x) ❞❡❧❡✱ ♦❜t❡♠♦s

n∑

k=0

P ∗
k (x)P

∗
k (y) =

1

γ∗
n+1

P ∗
n(x)

[
P ∗
n+1(x)− P ∗

n+1(y)
]
− P ∗

n+1(x)
[
P ∗
n(x)− P ∗

n(y)
]

x− y
.

❋❛③❡♥❞♦ y −→ x ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❝❤❡❣❛♠♦s à s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡
n∑

k=0

[
P ∗
k (x)

]2
=

1

γ∗
n+1

[
P ∗
n(x)

(
P ∗
n+1(x)

)′

− P ∗
n+1(x)

(
P ∗
n(x)

)′
]
> 0, ∀x ∈ R. ✭✸✳✶✳✾✮
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✸✳✷ ❩❡r♦s ❞♦s P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s

❈❤❛♠❛♠♦s x0 ❞❡ ③❡r♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ p(x) s❡ p(x0) = 0✳ ❩❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❡♠ ❣❡r❛❧✱
♥ã♦ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ❖s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ♣♦ss✉❡♠ ❝❛r❛❝t❡ríst✐❝❛s
♣ró♣r✐❛s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛ {Pn(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝♦♠ r❡❧❛çã♦ à ♠❡❞✐❞❛
dφ(x) ♥♦ ✐♥t❡r✈❛❧♦ (a, b)✳ ❖s ③❡r♦s ❞❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ sã♦ r❡❛✐s✱ ❞✐st✐♥t♦s ❡ ❡stã♦ ♥♦
✐♥t❡r✈❛❧♦ (a, b)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛♠ j ③❡r♦s z1, . . . , zj ❞❡ Pn(x) ❢♦r❛ ❞❡ (a, b)✱ ✐♥❝❧✉s✐✈❡ ♦s
③❡r♦s ❝♦♠♣❧❡①♦s✳ ❊♥tã♦✱ Pn(x)/(x − z1) · · · (x − zj) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n − j ❝♦♠ t♦❞♦s ♦s
③❡r♦s ❡♠ (a, b)✳ ❙❡ j > 0✱ ❡♥tã♦✱ ♣❡❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱

∫ b

a

Pn(x)
Pn(x)

(x− z1) · · · (x− zj)
dφ(x) = 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ P 2
n(x)/(x − z1) · · · (x − zj) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (a, b) ❡✱ ♣♦rt❛♥t♦✱ ❡ss❛ ✐♥t❡❣r❛❧

♥ã♦ ♣♦❞❡ s❡ ❛♥✉❧❛r✳ ▲♦❣♦✱ j = 0 ❡✱ ❛ss✐♠✱ t♦❞♦s ♦s ③❡r♦s ❞❡ Pn(x) ❡stã♦ ❡♠ (a, b)✱ ♦✉ s❡❥❛✱ sã♦
r❡❛✐s✳ ❙❡ z0 é ✉♠ ③❡r♦ ❞❡ Pn(x) ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ♠❛✐♦r ❞♦ q✉❡ ✶✱ ❡♥tã♦ Pn(x)/(x − z0)

2 é ✉♠
♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n− 2 ❡✱ ♣❡❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱

∫ b

a

Pn(x)
Pn(x)

(x− z0)2
dφ(x) = 0.

▼❛s P 2
n(x)/(x− z0)

2 é ♣♦s✐t✐✈♦ ❡♠ (a, b) ❡✱ ♣♦rt❛♥t♦✱ ❡ss❛ ✐♥t❡❣r❛❧ ♥ã♦ ♣♦❞❡ s❡ ❛♥✉❧❛r✳ ▲♦❣♦✱ t♦❞♦s
♦s ③❡r♦s ❞❡ (a, b) sã♦ s✐♠♣❧❡s✳

❚❡♦r❡♠❛ ✸✳✷✳✷✳ ❙❡❥❛ {P ∗
n(x)}∞n=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦♥♦r♠❛✐s✳ ❖s ③❡r♦s ❞❡ P ∗

n(x)
s❡ ❡♥tr❡❧❛ç❛♠ ❝♦♠ ♦s ③❡r♦s ❞❡ P ∗

n+1(x)✱ n ≥ 1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡

xn,1 < xn,2 < · · · < xn,n

sã♦ ♦s ③❡r♦s ❞❡ P ∗
n(x) ❡

xn+1,1 < xn+1,2 < · · · < xn+1,n+1

sã♦ ♦s ③❡r♦s ❞❡ P ∗
n+1(x)✱ ❛rr❛♥❥❛❞♦s ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✱ ❡♥tã♦

xn+1,1 < xn,1 < xn+1,2 < xn,2 . . . < xn+1,n < xn,n < xn+1,n+1.

❉❡♠♦♥str❛çã♦✳ ❆♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ✭✸✳✶✳✾✮ ❛♦s ③❡r♦s ❞❡ P ∗
n+1(x) ♦❜t❡♠♦s

1

γ∗
n

P ∗ ′
n+1(xn+1,j)P

∗
n(xn+1,j) > 0, j = 1, . . . , n+ 1. ✭✸✳✷✳✶✮

❈♦♠♦ ♦s ③❡r♦s ❞❡ P ∗
n+1(x) sã♦ r❡❛✐s ❡ ❞✐st✐♥t♦s✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❧❧❡✱ ❛ ❞❡r✐✈❛❞❛ ❞❡

P ∗
n+1(x) t❡♠ ✉♠ ③❡r♦ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ (xn+1,j−1, xn+1,j)✱ j = 2, . . . , n + 1✳ ❆ss✐♠✱ P ∗ ′

n+1(xn+1,j) ❡
P ∗ ′
n+1(xn+1,j−1) tê♠ s✐♥❛✐s ♦♣♦st♦s✳
P♦r ✭✸✳✷✳✶✮✱ P ∗

n(xn+1,j) ❡ P ∗
n(xn+1,j−1) t❛♠❜é♠ ❞❡✈❡♠ t❡r s✐♥❛✐s ♦♣♦st♦s ♣♦✐s tê♠ ♦s ♠❡s♠♦s

s✐♥❛✐s ❞❡ P ∗ ′
n+1 ♥❡ss❡s ♣♦♥t♦s✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ P ∗

n(x) t❡♠ ✉♠ ③❡r♦ ❡♠
❝❛❞❛ ✐♥t❡r✈❛❧♦ (xn+1,j−1, xn+1,j)✱ j = 2, . . . , n+ 1✳
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✸✳✸ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❈❧áss✐❝♦s

❖s ❝♦♥t❡ú❞♦s ❞❡st❛ s✉❜s❡çã♦ ❡♥❝♦♥tr❛♠✲s❡ ♥♦s ❝❛♣ít✉❧♦s ■❱ ❡ ❱ ❞♦ ❧✐✈r♦ ❬✸✹❪✳

✸✳✸✳✶ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐

❉❛❞♦s α, β > −1✱ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐✱ ❞❡♥♦t❛❞♦s ♣♦r P (α,β)
n (x)✱ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ❛tr❛✈és

❞❛ ❢ór♠✉❧❛ ❞❡ ❘♦❞r✐❣✉❡s ❞❛❞❛ ♣♦r

P (α,β)
n (x) =

(−1)n

2nn!
(1− x)−α(1 + x)−β dn

dxn
[(1− x)α+n(1 + x)β+n]

♦✉ ❡♠ r❡♣r❡s❡♥t❛çã♦ ❡♠ s♦♠❛s

P (α,β)
n (x) =

1

2n

n∑

k=0

(
n+ α

n− k

)(
n+ β

k

)
(x− 1)k(x+ 1)n−k. ✭✸✳✸✳✶✮

❆♣r❡s❡♥t❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❼ ❆ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐ é ❞❛❞❛ ♣♦r

〈
P (α,β)
n , P (α,β)

m

〉
=

∫ 1

−1

P (α,β)
n , P (α,β)

m (1− x)α(1 + x)βdx

=





0, s❡ m 6= n,
2α+β+1Γ(α + n+ 1)Γ(β + n+ 1)

(α + β + 2n+ 1)n!Γ(α + β + n+ 1)
, s❡ m = n.

❼ ❱❛❧♦r ♥♦ ♣♦♥t♦ x = 1✿

P (α,β)
n (1) =

(
n+ α

n

)
.

❼ ❘❡❧❛çã♦ ❞❡ s✐♠❡tr✐❛✿
P (α,β)
n (−x) = (−1)nP (β,α)

n (x). ✭✸✳✸✳✷✮

❼ ❘❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❡ três t❡r♠♦s✿

P (α,β)
n (x) = (γnx− βn)P

(α,β)
n−1 (x)− αnP

(α,β)
n−2 (x), n ≥ 1,

❝♦♠

αn =
2(n+ α− 1)(n+ β − 1)(2n+ α + β)

2n(n+ α + β)(2n+ α + β − 2)
,

βn =
(2n+ α + β − 1)(β2 − α2)

2n(n+ α + β)(2n+ α + β − 2)
,

γn =
(2n+ α + β − 1)(2n+ α + β)

2n(n+ α + β)
,

P
(α,β)
−1 (x) := 0 ❡ P

(α,β)
0 (x) = 1✳
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❼ ❋ór♠✉❧❛ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛✿

d

dx

[
P (α,β)
n (x)

]
=

1

2
(n+ α + β + 1)P

(α+1,β+1)
n−1 (x).

❼ P
(α,β)
n (x) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

(1− x2)y′′n +
[
β − α− (α + β + 2)x

]
y′n + n(n+ α + β + 1)yn = 0. ✭✸✳✸✳✸✮

❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❛ ❙❡çã♦ ✷✳✷ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ♦❜t❡♠♦s

u′′
n +

[ 1− α2

4(1− x)2
+

1− β2

4(1 + x)2
+

n(n+ α + β + 1) + (1 + α)(1 + β)/2

1− x2

]
un = 0, ✭✸✳✸✳✹✮

♦♥❞❡ un(x;α, β) = (1− x)(1+α)/2(1 + x)(1+β)/2P
(α,β)
n (x)✳

❼ ❖s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ●❡❣❡♥❜❛✉❡r✱ ♦✉ ♣♦❧✐♥ô♠✐♦s ✉❧tr❛s❢ér✐❝♦s✱ sã♦ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧
❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐✱ ❝♦♠ α = β = λ − 1/2✳ ❆ ♥♦t❛çã♦ ✉s✉❛❧ ♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡
●❡❣❡♥❜❛✉❡r é C

(λ)
n (x) ❡ sã♦ ❞❛❞♦s ♣♦r

C(λ)
n (x) =

(
2α

α

)−1(
n+ 2α

α

)
P (α,α)
n (x),

♦♥❞❡ P
(α,α)
n (x) sã♦ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐ ❝♦♠ β = α✳

P❡❧❛ s✐♠❡tr✐❛ ✭✸✳✸✳✷✮ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐✱ ♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ●❡❣❡♥❜❛✉❡r sã♦
s✐♠étr✐❝♦s✳

✸✳✸✳✷ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❞❡ ❍❡r♠✐t❡

❖s ♣♦❧✐♥ô♠✐♦s ❞❡ ❍❡r♠✐t❡✱ ❞❡♥♦t❛❞♦s ♣♦rHn(x)✱ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❘♦❞r✐❣✉❡s
❞❛❞❛ ♣♦r

Hn(x) = (−1)nex
2 dn

dxn
[e−x2

].

❆♣r❡s❡♥t❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❼ ❆ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❍❡r♠✐t❡ é ❞❛❞❛ ♣♦r

〈Hn, Hm〉 =
∫ ∞

−∞

Hn(x)Hm(x)e
−x2

dx =

{
0, se m 6= n,

2nn!
√
π, se m = n.

❼ ❘❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❡ três t❡r♠♦s✿

Hn+1(x) = 2xHn(x)− 2nHn−1(x), n ≥ 1,

❝♦♠ H0(x) = 1 ❡ H1(x) = 2x✳

❼ Hn(x) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

y′′ − 2xy′ + 2ny = 0. ✭✸✳✸✳✺✮
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✸✳✸✳✸ P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s ❞❡ ▲❛❣✉❡rr❡

❖s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛❣✉❡rr❡✱ ❞❡♥♦t❛❞♦s ♣♦r L(α)
n (x)✱ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❘♦❞r✐✲

❣✉❡s ❞❛❞❛ ♣♦r

L(α)
n (x) = (−1)nx−αex

dn

dxn
[xα+ne−x]

♦✉ ❡♠ r❡♣r❡s❡♥t❛çã♦ ♣♦r sér✐❡s

L(α)
n (x) = (−1)n

n∑

j=0

(
n
j

)
(α + n)(α + n− 1) . . . (α + j + 1)(−x)j.

❆♣r❡s❡♥t❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❼ ❆ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛❣✉❡rr❡ é ❞❛❞❛ ♣♦r

〈
L(α)
n , L(α)

m

〉
=

∫ ∞

0

L(α)
n (x)L(α)

m (x)xαe−xdx =

{
0, s❡ m 6= n,
n!Γ(n+ α + 1), s❡ m = n.

❼ ❘❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛ ❞❡ três t❡r♠♦s✿

L
(α)
n+1(x) = (x− (2n+ α + 1))L(α)

n (x)− n(n+ α)L
(α)
n−1(x), n ≥ 1,

❝♦♠ L
(α)
0 (x) = 1 ❡ L

(α)
1 (x) = x− α− 1✳

❼ L
(α)
n (x) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

xy′′ + (α + 1− x)y′ + (n− α)y = 0. ✭✸✳✸✳✻✮



❈❛♣ít✉❧♦ ✹

❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ❡

❘❡✜♥❛♠❡♥t♦s

✏❆ss✐♠ ♣❡r❣✉♥t❛♠♦s✱ s❡♠ ♣❛r❛r✱ ❛té ✉♠

♣✉♥❤❛❞♦ ❞❡ t❡rr❛ ❝♦❜r✐r ❛ ♥♦ss❛ ❜♦❝❛✳

▼❛s ✐st♦ s❡rá ✉♠❛ r❡s♣♦st❛❄✑

❍❡✐♥r✐❝❤ ❍❡✐♥❡

◆♦ ❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ♠❛✐s ❡❧❡♠❡♥t❛r❡s✱ ✉♠ ❞♦s ♠❛✐s ❛♥t✐❣♦s ♠ét♦❞♦s
s✐st❡♠át✐❝♦s ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡ t❛✐s ❡q✉❛çõ❡s✱ ♦ q✉❛❧ ♣❡r♠❛♥❡❝❡ ❝♦♠♦ ✉♠ ♠ét♦❞♦ ❞❡ ❣r❛♥❞❡ ✐♠✲
♣♦rtâ♥❝✐❛ ❛t✉❛❧♠❡♥t❡✱ s❡♥❞♦ ✉♠❛ ❞❛s té❝♥✐❝❛s ❝❧áss✐❝❛s ❡♠ ♠✉✐t♦s r❛♠♦s ❞❛ ❢ís✐❝❛ ♠❛t❡♠át✐❝❛✱
é ♦ ♠ét♦❞♦ ❞❛ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♦s ♣r♦❜❧❡♠❛s ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ❛♣❛r❡❝❡♠
♥❛t✉r❛❧♠❡♥t❡ q✉❛♥❞♦ s❡ ❛♣❧✐❝❛ ❡ss❡ ♠ét♦❞♦ ❛♦ ❡st✉❞♦ ❞❡ ❝❡rt❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❧✐♥❡✲
❛r❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❈❤❛✐♠ ❙✳ ❍ö♥✐❣ ❬✶✾❪✳ Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♣♦r ❆❤♠❡❞
■✳ ❩❛②❡❞ ❬✸✺❪✱ ♦♥❞❡ ♦ ♥ú❝❧❡♦ ❞❡ ♠✉✐t❛s tr❛♥s❢♦r♠❛çõ❡s ✐♥t❡❣r❛✐s é s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳ ❉❡s❞❡ ❡♥tã♦✱ ❛ t❡♦r✐❛ ❡s♣❡❝tr❛❧ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ é ♠✉✐t♦ ❜❡♠
❞❡s❡♥✈♦❧✈✐❞❛✱ ♦ q✉❡ t♦r♥❛ ♥❛t✉r❛❧ ✉sá✲❧♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ♠✉✐t❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❢✉♥çõ❡s ❞❡
✉♠ ♠♦❞♦ ✉♥✐✜❝❛❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♦❜tê♠✲s❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❡ ❛ s✉❛ ❢ór♠✉❧❛ ❞❡ ✐♥✈❡rsã♦✱ q✉❡ sã♦
❝❤❛♠❛❞❛s ❞❡ ♣❛r ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ s✐st❡♠❛





utt(x, t) = uxx(x, t)
u(0, t) = u(π, t) = 0
u(x, 0) = f(x), ut(x, 0) = 0,

s✉♣♦♥❤❛♠♦s q✉❡ u ♣♦ss❛ s❡r ❡s❝r✐t❛ ❝♦♠♦ u(x, t) = X(x)T (t)✳ P♦r s✐♠♣❧❡s ❝á❧❝✉❧♦s✱ ❝❤❡❣❛♠♦s às
❡q✉❛çõ❡s





X ′′ + λX = 0, T ′′ + λT = 0
X(0) = X(π) = 0
T ′(0) = 0.

✸✶
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❆s s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♦r❞✐♥ár✐❛s ❛❝✐♠❛ sã♦ ❝♦♠♣❛tí✈❡✐s ❝♦♠ ✉♠❛ ♣❡q✉❡♥❛
❝❧❛ss❡ ❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s f ✳ ❚❡♠♦s✱ ♥❛ ✈❡r❞❛❞❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ✉♠ λn = n2 ❡ ❛ s♦❧✉çã♦ é
✉♠ ♠ú❧t✐♣❧♦ ❞❡ un = sen(nx)cos(nt)✳ ❖ q✉❡ ❛ t❡♦r✐❛ ❞❡ sér✐❡s ❞❡ ❋♦✉r✐❡r ♥♦s ❣❛r❛♥t❡ é q✉❡ s❡
f ∈ C2[0, π] s❛t✐s❢❛③ às ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ f(0) = f(π) = 0✱ ❡♥tã♦ ♦ s✐st❡♠❛ t❡♠ s♦❧✉çã♦ ❞❛❞❛
♣♦r

u(x, t) =
∑

n∈N

ansen(nx)cos(nt),

♦♥❞❡

an =
2

π

∫ π

0

f(x)sen(nx)dx

❡ ❛ sér✐❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ {sen(nx)}∞n=0 é ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ ✉♠
❡s♣❛ç♦ ❢✉♥❝✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥t❡✱ ❞❡ ❢♦r♠❛ q✉❡ ❛❧❣✉♠❛s ❡q✉❛çõ❡s sã♦ ❢❛❝✐❧♠❡♥t❡ r❡s♦❧✈✐❞❛s ♥❡st❛ ❜❛s❡✳
❆❧é♠ ❞✐ss♦✱ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♠❛✐s ❣❡r❛✐s sã♦ r❡♣r❡s❡♥t❛❞❛s ❞❡ ❢♦r♠❛ s✐♠♣❧❡s ♥❡ss❛ ♠❡s♠❛ ❜❛s❡✳

❯♠❛ ❛♣❧✐❝❛çã♦ ❞❡ss❡ ♠ét♦❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ é ♦❜t❡r ✉♠ ♠♦❞❡❧♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❞❛ ❝♦r❞❛ ✈✐❜r❛♥t❡✳ ❙❛❜❡♠♦s✱ ♣❡❧❛ s❡❣✉♥❞❛ ❧❡✐ ❞❡ ◆❡✇t♦♥✱ q✉❡ ❛ r❡s✉❧t❛♥t❡ ❞❛s ❢♦rç❛s é
❞❛❞♦ ♣♦r

F = ρ(x)∆x
∂2y

∂t2
,

♦♥❞❡ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❧✐♥❡❛r ❞❛ ❝♦r❞❛✳ ❙✉♣♦♥❞♦ q✉❡ ❛ ❝♦r❞❛ ❢❛ç❛ ✉♠ ♣❡q✉❡♥♦ ♠♦✈✐♠❡♥t♦ ✈❡rt✐❝❛❧
❡✱ ❝♦♠♦ ❛ t❡♥sã♦ ♥❛ ❝♦r❞❛ é t❛♥❣❡♥t❡ à ♠❡s♠❛✱ ❛ r❡s✉❧t❛♥t❡ ❞❡✈❡ s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✈❡rt✐❝❛❧ ❡
❞❛❞❛ ♣♦r

F = T sin(θ2)− T sin(θ1).

❈♦♠♦ ♦ ♠♦✈✐♠❡♥t♦ é ♣❛r❛ ♣❡q✉❡♥❛s ✈✐❜r❛çõ❡s✱ t❡♠♦s q✉❡ θ ≪ 1 ❡ sin(θ) ≈ tan(θ) = ∂y(x)/∂x✳
❆ss✐♠✱ t❡♠♦s

F = T
[∂y
∂x

]x+∆x

x
≈ T∆x

∂2y

∂x2
, q✉❛♥❞♦ ∆x → 0.

P♦rt❛♥t♦✱ ♥❡ss❡ ♠♦❞❡❧♦✱ ❛ ❡q✉❛çã♦ s❛t✐s❢❡✐t❛ ♣❡❧❛ ❝♦r❞❛ é ❞❛❞❛ ♣♦r

∂2y

∂x2
=

ρ(x)

T

∂2y

∂t2
.

❆♦ t❡♥t❛r♠♦s ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❛ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ✉♠
♣r♦❜❧❡♠❛ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧✱ ❞❛❞♦ ♣♦r X ′′ + λρ(x)X = 0✳ ❈❤❛♠❛♠♦s ❞❡ ❡q✉❛çã♦ ❞❡ ❙t✉r♠✲
▲✐♦✉✈✐❧❧❡ ✉♠❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛

− d

dx

[
p(x)

du

dx

]
+ q(x)u = λω(x)u, ✭✹✳✵✳✶✮

♦♥❞❡ λ é ✉♠ ♣❛râ♠❡tr♦ r❡❛❧ ❡ ❛s ❢✉♥çõ❡s p ❡ ω sã♦ ♣♦s✐t✐✈❛s✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❡q✉❛çã♦ é ❞❡✜♥✐❞❛ ❡♠
✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ [a, b] ❡ p✱ ρ ❡ q sã♦ s✉❛✈❡s✱ ❞✐③❡♠♦s q✉❡ ❡st❛ é ✉♠❛ ❡q✉❛çã♦ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡
r❡❣✉❧❛r ❡♠ [a, b]✳

❯♠ ♣r♦❜❧❡♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ r❡❣✉❧❛r ❡♠ [a, b] ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡
r❡❣✉❧❛r ❡♠ [a, b] ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❝♦♥✈❡♥✐❡♥t❡s✳
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❖s ✈❛❧♦r❡s ❞❡ λ ♣❛r❛ ♦s q✉❛✐s ♦ ♣r♦❜❧❡♠❛ ❛❞♠✐t❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ♣r♦✲
❜❧❡♠❛✳ ❆s s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ✉♠ ❛✉t♦✈❛❧♦r λ sã♦ ❛s ❛✉t♦❢✉♥çõ❡s ❞♦ ♣r♦❜❧❡♠❛
❛ss♦❝✐❛❞❛s ❛ λ✳

Pr♦❜❧❡♠❛s ❞❡ss❛ ♥❛t✉r❡③❛ ✐♥❝❡♥t✐✈❛r❛♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ q✉❡
r❡s✉❧t♦✉ ❡♠ ✈ár✐♦s t❡♦r❡♠❛s ❡ s✉❛s ❝♦♥s❡q✉ê♥❝✐❛s✳ ❆♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❡ss❡s t✐♣♦s ❞❡
r❡s✉❧t❛❞♦s sã♦ ❡✈✐❞❡♥t❡s ♥❛ ár❡❛ ❞❡ ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❡ ❢✉♥çõ❡s ❡s♣❡❝✐❛✐s✳ ❙❛❜❡♠♦s
q✉❡ ✉♠ ❞♦s ❣r❛♥❞❡s ❞❡s❛✜♦s ♥❛ ár❡❛ ❞❡ ❛♥á❧✐s❡ é ❞❡t❡r♠✐♥❛r ✉♠❛ r❡❣✐ã♦ ♣❡q✉❡♥❛ q✉❡ ❧✐♠✐t❛ ③❡r♦s
❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❥á q✉❡ s✉❛ ❧♦❝❛❧✐③❛çã♦ ❡①❛t❛ é ✉♠❛ t❛r❡❢❛ q✉❛s❡ ✐♠♣♦ssí✈❡❧✳ ◆❛ ❧✐t❡r❛t✉r❛✱ ❡①✐st❡
✉♠ ❛♠♣❧♦ ❧❡q✉❡ ❞❡ ❛rt✐❣♦s q✉❡ tr❛t❛ ❞❡ss❡ ❛ss✉♥t♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦s ❝❛♣ít✉❧♦s
✹✱ ✺ ❡ ✻✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣❧✐❝❛çõ❡s ❞❛ t❡♦r✐❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❢❛③❡r ✉♠❛ ❜r❡✈❡ ❛♣r❡s❡♥t❛çã♦ s♦❜r❡ ♦ t❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❝♦♠♣❛✲
r❛çã♦ ❞❡ ❙t✉r♠ ❡ s❡✉s r❡✜♥❛♠❡♥t♦s✳

✹✳✶ ❚❡♦r❡♠❛s ❈❧áss✐❝♦s ❞❡ ❙t✉r♠

❊st✉❞❛♠♦s✱ ❛q✉✐✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❛❧❣✉♠❛s ❡q✉❛çõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❖ ♣r✐♠❡✐r♦ t❡♦r❡♠❛
tr❛t❛ ❞❛ ❧♦❝❛❧✐③❛çã♦ r❡❧❛t✐✈❛ ❡♥tr❡ ③❡r♦s ❞❡ ❞✉❛s s♦❧✉çõ❡s ❞❡ ✉♠❛ ♠❡s♠❛ ❡q✉❛çã♦ ❞❡ s❡❣✉♥❞❛
♦r❞❡♠✳ ❖ s❡❣✉♥❞♦ ❝♦♠♣❛r❛ ❡q✉❛çõ❡s ❞✐st✐♥t❛s✳ ❆s ♣r♦♣♦s✐çõ❡s q✉❡ s❡❣✉❡♠ ❡st❛❜❡❧❡❝❡♠ ❝♦t❛s
q✉❡ r❡❧❛❝✐♦♥❛♠ ♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❡ ✉♠❛ s♦❧✉çã♦ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠ s❡✉ ❝♦♠♣r✐♠❡♥t♦✳ ❖s
r❡s✉❧t❛❞♦s ❞❡ss❛ s✉❜s❡çã♦ ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❝❛♣ít✉❧♦ ■❱ ❞❡ ❬✷✾❪✳

❚❡♦r❡♠❛ ✹✳✶✳✶ ✭❚❡♦r❡♠❛ ❞❡ s❡♣❛r❛çã♦ ❞❡ ❙t✉r♠✮✳ ❙❡❥❛♠ u ❡ v s♦❧✉çõ❡s r❡❛✐s ❡ ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s ❞❡

y′′ + a(x)y′ + b(x)y = 0,

♦♥❞❡ a(x) ❡ b(x) sã♦ ❝♦♥tí♥✉❛s✳ ❊♥tã♦✱ ♦s ③❡r♦s ❞❡ u ❡ v s❡ ❡♥tr❡❧❛ç❛♠✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♠♦str❛r q✉❡✱ s❡ x1 < x2 sã♦ ③❡r♦s ❞❡ u✱ ❡①✐st❡ ξ ∈ (x1, x2) ③❡r♦ ❞❡ v✳
❆♣❧✐❝❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣❛r❛ v✱ t❡♠♦s q✉❡ ♦s ③❡r♦s ❞❡ u ❡ v s❡ ❡♥tr❡❧❛ç❛♠✳ ❙❡❥❛♠✱ ❡♥tã♦✱
t❛✐s x1 ❡ x2 ❡ ❝♦♥s✐❞❡r❡♠♦s

W (x) = det

[
v u
v′ u′

]
.

❈♦♠♦ u ❡ v sã♦ s♦❧✉çõ❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ t❡♠♦s q✉❡W (x) 6= 0 ♣❛r❛ q✉❛❧q✉❡r x ∈ [x1, x2]✳
■ss♦ s✐❣♥✐✜❝❛ q✉❡ W ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ [x1, x2] ❡✱ ♣♦rt❛♥t♦✱ W (x1)W (x2) > 0✳ P♦❞❡♠♦s
t❛♠❜é♠ s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ x1 ❡ x2 sã♦ ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ u✳ ▲♦❣♦ u
♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (x1, x2) ❡ s✉❛ ❞❡r✐✈❛❞❛ t❡♠ q✉❡ t❡r s✐♥❛✐s ♦♣♦st♦s ♥❡ss❡s ♣♦♥t♦s✱ ♦✉ s❡❥❛✱
u′(x1)u

′(x2) < 0✳ ▼❛s✱ W (x1)W (x2) = v(x1)v(x2)u
′(x1)u

′(x2)✱ ✉♠❛ ✈❡③ q✉❡ x1 ❡ x2 sã♦ ③❡r♦s ❞❡
u✳ ❆ss✐♠✱ v(x1)v(x2) < 0✳ P❛r❛ q✉❡ v ♠✉❞❡ ❞❡ s✐♥❛❧ ❡♥tr❡ x1 ❡ x2✱ v t❡♠ q✉❡ s❡ ❛♥✉❧❛r ❡♠ ❛❧❣✉♠
♣♦♥t♦ ❞❡♥tr♦ ❞❡ss❡ ✐♥t❡r✈❛❧♦✳
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❚❡♦r❡♠❛ ✹✳✶✳✷ ✭❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✲P✐❝♦♥❡✮✳ ❙❡❥❛♠ u ❡ v s♦❧✉çõ❡s r❡❛✐s ❡ ♥ã♦
tr✐✈✐❛✐s ❞❡

{ (
p(x)u′

)′
+ q1(x)u = 0(

p(x)v′
)′
+ q2(x)v = 0

❡♠ (a, b)✱ ♦♥❞❡ p✱ p′✱ q1 ❡ q2 sã♦ ❝♦♥tí♥✉❛s✱ p(x) > 0 ❡ q1(x) ≤ q2(x) ♣❛r❛ t♦❞♦ x ∈ (a, b)✳ ❙❡ x1 < x2

❡ u(x1) = u(x2) = 0✱ ❡♥tã♦ v s❡ ❛♥✉❧❛ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠ (x1, x2)✱ ❛ ♠❡♥♦s q✉❡ ♥❡ss❡ ✐♥t❡r✈❛❧♦
t❡♥❤❛♠♦s q1 ≡ q2 ❡ v ≡ ku✱ k ∈ R✳ ❆ ❛✜r♠❛çã♦ ❛❝✐♠❛ é ✈á❧✐❞❛ ♣❛r❛ ✐♥t❡r✈❛❧♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❼ (a, x1)✱ s❡
u(a+ 0) = 0 ♦✉ lim

x→a+
{u′(x)v(x)− u(x)v′(x)} = 0; ✭✹✳✶✳✶✮

❼ (x2, b)✱ s❡
u(b− 0) = 0 ♦✉ lim

x→b−
{u′(x)v(x)− u(x)v′(x)} = 0. ✭✹✳✶✳✷✮

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r v ❡ u✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❡q✉❛çõ❡s s❛t✐s❢❡✐t❛s ♣♦r u ❡ v ❡
s✉❜tr❛✐♥❞♦ ❛ s❡❣✉♥❞❛ ❞❛ ♣r✐♠❡✐r❛✱ t❡♠♦s

(
p(x)u′

)′
v −

(
p(x)v′

)′
u− (q2 − q1)uv = 0.

▼❛s✱
(
pu′

)′
v −

(
pv′

)′
u = [pu′v − pv′u]′ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ x1 ❛ x2✱ t❡♠♦s

∫ x2

x1

(q2 − q1)uvdx = [pu′v − pv′u]x2

x1
= [pu′v]x2

x1
.

❱❛♠♦s s✉♣♦r q✉❡ v ♥ã♦ s❡ ❛♥✉❧❡ ❡♠ (x1, x2)✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ x1 ❡
x2 sã♦ ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ u ❡ q✉❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r −1 s❡ ♥❡❝❡ssár✐♦✱ u(x) > 0 ❡ v(x) > 0 ❡♠
(x1, x2)✳ ◆❡ss❡ ❝❛s♦✱ t❡r❡♠♦s u′(x2) < 0 < u′(x1)✳ ❈♦♠♦ q2 ≥ q1 ❡ p ≥ 0✱ ❡♥tã♦

0 ≤
∫ x2

x1

(q2 − q1)uvdx = [pu′v]x2

x1
≤ 0.

P❛r❛ ♦ ❝❛s♦ ✭✹✳✶✳✶✮✱ s✉♣♦♥❤❛♠♦s q✉❡ v ♥ã♦ s❡ ❛♥✉❧❡ ❡♠ (a, x1)✳ ❊♥tã♦✱

0 ≤
∫ x1

a

(q2 − q1)uvdx = [pu′v]x1

a ≤ 0

♦✉

0 ≤
∫ x1

a

(q2 − q1)uvdx = p(x1)u
′(x1)v(x1) ≤ 0.

❆ ♠❡s♠❛ ❛♥á❧✐s❡ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛r❛ ♦ ❝❛s♦ ✭✹✳✶✳✷✮✳
P♦rt❛♥t♦✱ q1 ≡ q2 ❡✱ ❝♦♠ ✐ss♦✱ u ❡ v s❛t✐s❢❛③❡♠ à ♠❡s♠❛ ❡q✉❛çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ P❡❧♦

❚❡♦r❡♠❛ ❞❡ s❡♣❛r❛çã♦ ❞❡ ❙t✉r♠ ✹✳✶✳✶✱ u ❡ v sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳ ❈❛s♦ ❝♦♥trár✐♦✱ q1(x) 6≡
q2(x)✱ ❝❤❡❣❛r❡♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ v s❡ ❛♥✉❧❛ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠ (a, x1) ❡
(x1, x2)✳
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Pr♦♣♦s✐çã♦ ✹✳✶✳✸✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦
(
p(x)u′

)′
+ q(x)u = 0

❞❡✜♥✐❞❛ ❡♠ [a, b] ❝♦♠ p✱ p′ ❡ q ❝♦♥tí♥✉❛s ❡ p > 0✳ ❙❡ q(x) ≤ 0 ❡♠ [a, b]✱ ❡♥tã♦ ❛s s♦❧✉çõ❡s ❞❛
❡q✉❛çã♦ tê♠ ♥♦ ♠á①✐♠♦ ✉♠ ③❡r♦ ♥❡ss❡ ✐♥t❡r✈❛❧♦✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡♠♦s v(x) =
∫ x

a
dt
p(t)

s♦❧✉çã♦ ❞❡
(
p(x)v′

)′
= 0✳ ❈♦♠♦ v s❡ ❛♥✉❧❛ ❛♣❡♥❛s ❡♠

x = a✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✱ u ♥ã♦ ♣♦❞❡ t❡r ❞♦✐s ③❡r♦s ❡♠ [a, b]✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✹ ✭❈♦t❛s ♣❛r❛ ✐♥t❡r✈❛❧♦s ❡♥tr❡ ③❡r♦s✮✳ ❙❡❥❛♠ c, K > 0 t❛✐s q✉❡ c2 ≤ q(x) ≤ K2 ❡
s❡❥❛ u : [a, b] → R ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡

u′′ + q(x)u = 0.

❙❡ x1 ∈ [a, b] é r❛✐③ ❞❡ u ❡ A = [x1 +
π
K
, x1 +

π
c
] ❡stá ❝♦♥t✐❞♦ ❡♠ [a, b]✱ ❡♥tã♦ u t❡♠ r❛í③❡s ♠❛✐♦r❡s

q✉❡ x1✳ ❆❧é♠ ❞✐ss♦✱ s❡ x1 < x2 sã♦ r❛í③❡s ❝♦♥s❡❝✉t✐✈❛s ❞❡ u✱ ❡♥tã♦ x2 ∈ A✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s z(x) = sen
(
c(x − x1)

)
s♦❧✉çã♦ ❞❡ z′′ + c2z = 0✳ ❚❡♠♦s q✉❡ x1

❡ x1 + π/c sã♦ ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ z✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ 1✱ ❡①✐st❡ x2 ∈
(x1, x1 + π/c] r❛✐③ ❞❡ u✳ ❚♦♠❛♥❞♦ x2 ❝♦♠♦ ❛ ♠❡♥♦r r❛✐③ ❞❡ u ♠❛✐♦r q✉❡ x1✱ ♦❜t❡♠♦s x2 ≥ π/K s❡
❝♦♥s✐❞❡r❛r♠♦s v(x) = sen

(
K(x− x1)

)
❡ ❛♣❧✐❝❛r♠♦s ♦ ♠❡s♠♦ t❡♦r❡♠❛✳

❈♦r♦❧ár✐♦ ✹✳✶✳✺ ✭❈♦t❛s ♣❛r❛ ③❡r♦s ❡♠ ✐♥t❡r✈❛❧♦s✮✳ ◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ s❡ u(a) = 0 ❡ u t❡♠ n
r❛í③❡s ❡♠ (a, b]✱ ❡♥tã♦

c(b− a)

π
≤ n ≤ K(b− a)

π
.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ a = x0 < x1 < ... < xn ≤ b✱ ♦♥❞❡ x1, ..., xn sã♦ ❛s n r❛í③❡s ❞❡ u ❡♠
(a, b]✳ ❚❡♠♦s q✉❡ b < xn + π/c ✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✱ u t❡r✐❛ ♦✉tr❛ r❛✐③
xn+1 ∈ (xn, b]✳ ❚❛♠❜é♠ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✱ t❡♠♦s π/K ≤ xi − xi−1 ≤ π/c ♣❛r❛ i = 1, ..., n✳
❙♦♠❛♥❞♦ ❡♠ i✱ ♦❜t❡♠♦s nπ/K ≤ xn−a ≤ nπ/c✳ ❈♦♠♦ b−π/c < xn ≤ b✱ t❡♠♦s q✉❡ n ≤ K(b−a)/π
❡ n+ 1 > c(b− a)/π✳ ▲♦❣♦✱ n ≥ c(b− a)/π✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ♣r♦✈❛✳

✹✳✷ ❘❡✜♥❛♠❡♥t♦s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠

◆❡st❛ s❡çã♦✱ ❢❛r❡♠♦s ✉♠ r❡✜♥❛♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✳ ❊ss❡ r❡✜♥❛♠❡♥t♦
é ♥♦ s❡♥t✐❞♦ ❞❡ ❞✐♠✐♥✉✐r ❛ ♣r✐♥❝✐♣❛❧ r❡str✐çã♦ ❞❛ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛✱ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❢✉♥çõ❡s
❝♦❡✜❝✐❡♥t❡s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❢♦r♠✉❧❛r❡♠♦s ❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ♣❛r❛ ✉♠ ❝❛s♦
❡s♣❡❝✐❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✱ p(x) = 1 ♥♦ ❚❡♦r❡♠❛ ✹✳✶✳✷✳ ❊st❛ é ✉♠❛ ✈❡rsã♦ ❞❡ ❛♠♣❧❛
✉t✐❧✐❞❛❞❡ ♣❛r❛ s❡ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❡ ❢✉♥çõ❡s ❡s♣❡❝✐❛✐s
❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧✱ ♣♦✐s ❡❧❡s s❛t✐s❢❛③❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡ q✉❡ ❛tr❛✈és
❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ✭✈✐❞❡ ❙✉❜s❡çã♦ ✷✳✷✮✱ t♦r♥❛♠✲s❡ ❡q✉❛çõ❡s ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳
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❚❡♦r❡♠❛ ✹✳✷✳✶ ✭❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠✮✳ ❙❡❥❛♠ y(x) ❡ Y (x) ❛s r❡s♣❡❝t✐✈❛s s♦❧✉çõ❡s
❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s

y′′(x) + f(x)y(x) = 0 ✭✹✳✷✳✶✮

❡
Y ′′(x) + F (x)Y (x) = 0, ✭✹✳✷✳✷✮

♦♥❞❡ f, F ∈ C(a, b)✳ ❙❡❥❛♠ {xj}nj=1 ❡ {Xj}nj=1 ③❡r♦s ❞✐st✐♥t♦s ❞❡ y(x) ❡ Y (x) ❡♠ (a, b)✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❙❡

❼ f(x) < F (x) ❡
y(a+ 0) = 0 ♦✉ lim

x→a+
{y′(x)Y (x)− y(x)Y ′(x)} = 0 ✭✹✳✷✳✸✮

♦✉

❼ F (x) < f(x) ❡
Y (b− 0) = 0 ♦✉ lim

x→b−
{y′(x)Y (x)− y(x)Y ′(x)} = 0, ✭✹✳✷✳✹✮

❡♥tã♦ xj > Xj ♣❛r❛ j = 1, ..., n✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ f(x) < F (x) ❡ q✉❡ ✭✹✳✷✳✸✮ s❡❥❛ ✈❡r❞❛❞❡✐r♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✷✳✶✮
♣♦r Y (x) ❡ ✭✹✳✷✳✷✮ ♣♦r y(x) ❡ s✉❜tr❛✐♥❞♦ ❛s ❞✉❛s ❡q✉❛çõ❡s r❡s✉❧t❛♥t❡s✱ ♦❜t❡♠♦s

d

dx

[
y′(x)Y (x)− Y ′(x)y(x)

]
=

[
F (x)− f(x)

]
y(x)Y (x).

❙❡❥❛ x1 ♦ ♣r✐♠❡✐r♦ ③❡r♦ ❞❡ y(x) ❡♠ (a, b) ❡ s✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ Y (x) ♥ã♦
♠✉❞❡ ❞❡ s✐♥❛❧ ♥♦ ✐♥t❡r✈❛❧♦ (a, x1) ❡ q✉❡ y(x)✱ Y (x) s❡❥❛♠ ♣♦s✐t✐✈♦s ♥❡ss❡ ✐♥t❡r✈❛❧♦✳ ❊♥tã♦✱ t❡♠♦s

d

dx

[
y′(x)Y (x)− Y ′(x)y(x)

]
=

(
F (x)− f(x)

)
y(x)Y (x) > 0

❡♠ (a, x1)✱ ♦✉ s❡❥❛✱ y′(x)Y (x)− Y ′(x)y(x) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ♥❡ss❡ ✐♥t❡r✈❛❧♦✳
❖❜s❡r✈❡♠♦s q✉❡

lim
x→x1−

{y′(x)Y (x)− y(x)Y ′(x)} = y′(x1)Y (x1) ≤ 0.

❊♥tã♦✱ t❛♥t♦ ❛ ❝♦♥❞✐çã♦ y(a+ 0) = 0 q✉❛♥t♦

lim
x→a+

{y′(x)Y (x)− y(x)Y ′(x)} = 0,

♥♦s ❧❡✈❛♠ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ Y (x) ♠✉❞❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ♥♦ ✐♥t❡r✈❛❧♦ (a, x1)✳
❆ ❝♦♥❝❧✉sã♦ ❞♦ ❚❡♦r❡♠❛ s❡❣✉❡ ♣♦r ❡ss❡ ❢❛t♦ ❡ ♦ ❚❡♦r❡♠❛ ✹✳✶✳✷✳

P❛r❛ ♦ ♦✉tr♦ ❝❛s♦✱ ♦ r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣♦✳
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❈♦r♦❧ár✐♦ ✹✳✷✳✷✳ ❙❡❥❛♠ y(x) ❡ Y (x) ❛s r❡s♣❡❝t✐✈❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✭✹✳✷✳✶✮ ❡
✭✹✳✷✳✷✮ ♦♥❞❡ f, F ∈ C(a, b)✳ ❙❡❥❛♠ {xj}nj=1 ❡ {Xj}nj=1 ③❡r♦s ❞✐st✐♥t♦s ❞❡ y(x) ❡ Y (x) ❡♠ (a, b)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡

❼ f(x) > F (x) ❡
Y (a+ 0) = 0 ♦✉ lim

x→a+
{y′(x)Y (x)− y(x)Y ′(x)} = 0 ✭✹✳✷✳✺✮

♦✉

❼ F (x) > f(x) ❡
y(b− 0) = 0 ♦✉ lim

x→b−
{y′(x)Y (x)− y(x)Y ′(x)} = 0, ✭✹✳✷✳✻✮

❡♥tã♦ xj < Xj ♣❛r❛ j = 1, ..., n✳

❖ ❚❡♦r❡♠❛ ✹✳✷✳✶ ❡ s❡✉ ❈♦r♦❧ár✐♦ ✹✳✷✳✷ é ✉♠❛ tr❛♥s❝r✐çã♦ ❞♦s r❡s✉❧t❛❞♦s ❞♦ ❛rt✐❣♦ ❬✶❪✳
❖❜s❡r✈❡♠♦s q✉❡ ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❣❛r❛♥t✐r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ♦s r❡s♣❡❝t✐✈♦s ③❡r♦s ❞❛s

s♦❧✉çõ❡s✱ xk ❡ Xk✱ é ♦ s✐♥❛❧ ❝♦♥st❛♥t❡ ❞❛ ❢✉♥çã♦ F (x) − f(x) ❡♠ (a, b)✳ ◆♦ ❛♥♦ ❞❡ 2010✱ ❉✐♠✐t❛r
❑✳ ❉✐♠✐tr♦✈ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♥♦✈❛ ✈❡rsã♦ ❞❡ss❡ ❚❡♦r❡♠❛ ♥❛ q✉❛❧ ❡ss❛ ❤✐♣ót❡s❡ é ❛t❡♥✉❛❞❛✳

❚❡♦r❡♠❛ ✹✳✷✳✸ ✭❉✐♠✐t❛r ❑✳ ❉✐♠✐tr♦✈✱ ❬✹❪✮✳ ❙❡❥❛♠ y(x) ❡ Y (x) ❛s r❡s♣❡❝t✐✈❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✷✮ ♦♥❞❡ f, F ∈ C(a, b)✳ ❙❡❥❛♠ {xj}nj=1 ❡ {Xj}nj=1 ♦s ③❡r♦s ❞✐st✐♥t♦s ❞❡
y(x) ❡ Y (x) ❡♠ (a, b)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ η ∈ (a, b) t❛❧ q✉❡ f(η) = F (η)✳

❼ ❙❡ y(x) ❡ Y (x) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ✭✹✳✷✳✸✮ ❡ ✭✹✳✷✳✹✮✱ F (x) − f(x) > 0 ♣❛r❛ x ∈ (a, η) ❡
F (x)− f(x) < 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦ xk > Xk✱ k = 1, . . . , n✳

❼ ❙❡ y(x) ❡ Y (x) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ✭✹✳✷✳✺✮ ❡ ✭✹✳✷✳✻✮✱ F (x) − f(x) < 0 ♣❛r❛ x ∈ (a, η) ❡
F (x)− f(x) > 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦ xk < Xk✱ k = 1, . . . , n✳

❊ss❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ♣❛r❛ s❡ ❡st❛❜❡❧❡❝❡r ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s
♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐✳ P♦r ✭✸✳✸✳✹✮ ❞❛ ❙❡çã♦ 3.3.1✱ s❛❜❡♠♦s q✉❡

un(x;α, β) = (1− x)(α+1)/2 (1 + x)(β+1)/2 P (α,β)
n (x)

é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

u′′
n(x;α, β) + fn(x;α, β) un(x;α, β) = 0,

♦♥❞❡

fn(x;α, β) =
1− α2

4(1− x)2
+

1− β2

4(1 + x)2
+

n(n+ α + β + 1) + (α + 1)(β + 1)/2

1− x2
.

❉❛❞♦ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✜①❡♠♦s β > 0 ❡ ❛♣❧✐q✉❡♠♦s ♦ ❚❡♦r❡♠❛ ✹✳✷✳✸ ♥❛s ❡q✉❛çõ❡s ❞✐❢❡✲
r❡♥❝✐❛✐s

u′′
n(x;α, β) + fn(x;α, β) un(x;α, β) = 0

❡
u′′
n(x;α + ε, β) + fn(x;α + ε, β) un(x;α + ε, β) = 0,
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❛❞❛♣t❛♥❞♦ ❛s ❡①♣r❡ssõ❡s y = un(x;α, β)✱ Y = un(x;α+ ε, β)✱ f = fn(x;α, β) ❡ F = fn(x;α+ ε, β)
♣❛r❛ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛s s♦❧✉çõ❡s un(x;α, β) ❡ un(x;α + ε, β) s❛t✐s❢❛③❡♠
✭✹✳✷✳✸✮ ❡ ✭✹✳✷✳✹✮ ♣❛r❛ α, β > −1✳ P♦r ♦✉tr♦ ❧❛❞♦✱

fn(x;α + ε, β)− fn(x;α, β) =
ε
[
2n+ 1− α + β − ε− (2n+ 1 + α + β + ε)x

]

(1− x)2(1 + x)
.

▲♦❣♦✱ ♣❛r❛ ε > 0✱ t❡♠♦s fn(η;α + ε, β) = fn(η;α, β)✱ ♦♥❞❡

η =
2n+ 1− α + β − ε

2n+ 1 + α + β + ε
∈ (−1, 1),

❡

fn(x;α + ε, β)− fn(x;α, β) > 0 para x ∈ (−1, η),

fn(x;α + ε, β)− fn(x;α, β) < 0 para x ∈ (η, 1).

P♦rt❛♥t♦✱ ♦s ③❡r♦s xn,k(α, β) ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ sã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s ❞❡ α ♣❛r❛
α > −1✳ ❆ ❛♥á❧✐s❡ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ ♦s ③❡r♦s xn,k(α, β) sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ β✱ ♣❛r❛ β > −1✱
é ❛♥á❧♦❣❛✳

❘❡❝❡♥t❡♠❡♥t❡✱ ❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋❡r♥❛♥❞♦ ❘✳ ❘❛❢❛❡❧✐ ♣r♦✈❛r❛♠ ✉♠❛ ♥♦✈❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛
✹✳✷✳✸✱ t✐r❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❛s s♦❧✉çõ❡s y(x) ❡ Y (x) ♥♦ ✐♥t❡r✈❛❧♦ (a, b)✱
♦ q✉❡✱ ❛♣❡s❛r ❞❡ s❡r ✉♠❛ ❧✐❣❡✐r❛ ♠♦❞✐✜❝❛çã♦✱ ❛❜r❛♥❣❡ ♦ ❚❡♦r❡♠❛ ✹✳✷✳✸ ❝♦♠♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳

❈♦r♦❧ár✐♦ ✹✳✷✳✹ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋❡r♥❛♥❞♦ ❘✳ ❘❛❢❛❡❧✐✮✳ ❙❡❥❛♠ y(x) ❡ Y (x) ❛s r❡s♣❡❝t✐✈❛s s♦❧✉çõ❡s
❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✷✮ ♦♥❞❡ f, F ∈ C(a, b)✳ ❙❡❥❛♠ {xj}nj=1 ❡ {Xj}mj=1 ♦s ③❡r♦s
❞✐st✐♥t♦s ❞❡ y(x) ❡ Y (x) ❡♠ (a, b)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ η ∈ (a, b) t❛❧ q✉❡
f(η) = F (η)✳

❼ ❙❡ y(x) ❡ Y (x) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ✭✹✳✷✳✸✮ ❡ ✭✹✳✷✳✹✮✱ m ≥ n✱ F (x) − f(x) > 0 ♣❛r❛
x ∈ (a, η) ❡ F (x)− f(x) < 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦ xk > Xk✱ k = 1, . . . , n✳

❼ ❙❡ y(x) ❡ Y (x) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ✭✹✳✷✳✺✮ ❡ ✭✹✳✷✳✻✮✱ m ≤ n✱ F (x) − f(x) < 0 ♣❛r❛
x ∈ (a, η) ❡ F (x)− f(x) > 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦ xk < Xk✱ k = 1, . . . , n✳

❉❡♠♦♥str❛çã♦✳ ❉❡♠♦♥str❛♠♦s ❛♣❡♥❛s ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦✐s ❛ ♣r♦✈❛ ❞♦ s❡❣✉♥❞♦ é ❛♥á❧♦❣❛✳ ❙❡♠
♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛♠♦s q✉❡ y(x) ♣♦ss✉✐ k ③❡r♦s ❡♠ (a, η) ❝♦♠ k 6= 0 ❡ k 6= n✳ ❙❡❥❛♠
{xj}nj=1 ❡ {Xj}mj=1 ③❡r♦s ❞❡ y(x) ❡ Y (x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡

a < x1 < ... < xk < η ≤ xk+1 < ... < xn < b

❡
a < X1 < ... < Xm < b.

❆ss✐♠✱ xj < Xj ♣❛r❛ j = 1, ...,min{k,m}✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ j0✱ 1 ≤ j0 ≤
min{k,m}✱ t❛❧ q✉❡ Xj0 < xj0 ✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✶ ❡ ♦ ❢❛t♦ ❞❡ F (x) < f(x) ❡♠ (a, η)✱ t❡♠♦s
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q✉❡ y(x) ♠✉❞❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠ (a,X1)✱ (X1, X2)✱✳✳✳✱(Xj0−1, Xj0)✱ ♦ q✉❡ ✐♠♣❧✐❝❛
q✉❡ xj0 < Xj0 ✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ xj < Xj ♣❛r❛ j = 1, ...,min{k,m}✳

❖❜s❡r✈❡♠♦s q✉❡ s❡min{k,m} = m✱ ❛ ❞❡♠♦♥str❛çã♦ ❡stá ❝♦♥❝❧✉í❞❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡min{k,m} =
k < m✳ ▲♦❣♦✱ xj < Xj ♣❛r❛ j = k + 1, ...,m✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✶ ❡ ♦ ❢❛t♦ ❞❡ f(x) < F (x)
❡♠ (η, b)✱ t❡♠♦s q✉❡ Y (x) ♠✉❞❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ❡♠ (xn, b)✱ (xn−1, xn)✱✳✳✳✱(xk+1, xk+2)✱
♦✉ s❡❥❛✱ Y (x) tr♦❝❛ ❞❡ s✐♥❛❧ ♣❡❧♦ ♠❡♥♦s n−k✱ n−k ≥ m−k✱ ✈❡③❡s ❡♠ (xk+1, b)✳ P♦rt❛♥t♦✱ ❡①✐st❡♠

Xm ∈ (xn, b) ⇒ Xm > xn > xm,

Xm−1 ∈ (xn−1, b) ⇒ Xm−1 > xn−1 > xm−1,
✳✳✳

Xk+1 ∈ (xk+1, b) ⇒ Xk+1 > xk+1.

❖❜s❡r✈❡♠♦s q✉❡✱ ♥♦s ❝❛s♦s ❞❡ k = 0 ❡ k = n✱ ❛ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ✐♠❡❞✐❛t❛ ❞❡ ✉♠ ❞♦s ❞♦✐s
❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✹ s❡❣✉❡ ♦ r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✸✳
P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ❝❤❛♠❛♠♦s ♦s ❚❡♦r❡♠❛ ✹✳✷✳✶✱ ❈♦r♦❧ár✐♦ ✹✳✷✳✷✱ ❚❡♦r❡♠❛ ✹✳✷✳✸ ❡ ❚❡♦r❡♠❛ ✹✳✷✳✹

❞❡ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ❝❛s♦ ❞✐s❝r❡t♦✳ ❈❛s♦ ❞✐s❝r❡t♦ ♣♦rq✉❡ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
❞❛ ❢♦r♠❛ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✷✮ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ ♣❛râ♠❡tr♦✳ ❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s
♦ r❡✜♥❛♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ❝❛s♦ ❝♦♥tí♥✉♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ❡q✉❛çã♦
❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛♠❡tr✐③❛❞♦✳ ❊ss❛ ❢♦r♠✉❧❛çã♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❝❛s♦ ❞✐s❝r❡t♦✳

❈♦r♦❧ár✐♦ ✹✳✷✳✺ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❙❡❥❛ y(x; τ) ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

y′′(x; τ) + f(x; τ)y(x; τ) = 0 ✭✹✳✷✳✼✮

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ é ❡♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ x ❡ f ∈ C[(a, b) × (c, d)] q✉❡ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦
♣❛râ♠❡tr♦ τ ❡ ♣♦ss✉✐ ③❡r♦s ❞✐st✐♥t♦s xk(τ) ∈ (a, b)✳ ❉❛❞♦s τ1, τ2 ❛r❜✐trár✐♦s ❡♠ (c, d)✱ s✉♣♦♥❤❛♠♦s
q✉❡ ❡①✐st❡ η ∈ (a, b) t❛❧ q✉❡ f(η; τ1) = f(η; τ2)✳ ❈♦♥s✐❞❡r❡♠♦s ❞♦✐s ❝❛s♦s✳ ❙❡❥❛♠ {xj(τ1)}nj=1 ❡
{xj(τ2)}mj=1 ③❡r♦s ❞✐st✐♥t♦s ❞❡ y(x; τ1) ❡ y(x; τ2) ❡♠ (a, b)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❼ ❙❡ ❛s s♦❧✉çõ❡s y(x; τ1) ❡ y(x; τ2) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s

y(a+ 0, τ2) = 0 ♦✉ lim
x→a+

{y′(x; τ1) · y(x; τ2)− y′(x; τ2) · y(x; τ1)} = 0 ✭✹✳✷✳✽✮

❡
y(b+ 0, τ1) = 0 ♦✉ lim

x→b−
{y′(x; τ1) · y(x; τ2)− y′(x; τ2) · y(x; τ1)} = 0, ✭✹✳✷✳✾✮

m ≤ n✱ f(x; τ2)− f(x; τ1) < 0 ♣❛r❛ x ∈ (a, η) ❡ f(x; τ2)− f(x; τ1) > 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦
xk(τ1) < xk(τ2) ♣❛r❛ k = 1, . . . ,m✳

❼ ❙❡ ❛s s♦❧✉çõ❡s y(x; τ1) ❡ y(x; τ2) s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s

y(a+ 0, τ1) = 0 ♦✉ lim
x→a+

{y′(x; τ1) · y(x; τ2)− y′(x; τ2) · y(x; τ1)} = 0, ✭✹✳✷✳✶✵✮
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❡
y(b+ 0, τ2) = 0 ♦✉ lim

x→b−
{y′(x; τ1) · y(x; τ2)− y′(x; τ2) · y(x; τ1)} = 0 ✭✹✳✷✳✶✶✮

m ≥ n✱ f(x; τ2)− f(x; τ1) > 0 ♣❛r❛ x ∈ (a, η) ❡ f(x; τ2)− f(x; τ1) < 0 ♣❛r❛ x ∈ (η, b)✱ ❡♥tã♦
xk(τ1) > xk(τ2) ♣❛r❛ k = 1, . . . , n✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✻✳ ❙❡ ∂f(x; τ)/∂τ tr♦❝❛r ❞❡ s✐♥❛❧ ✉♠❛ ú♥✐❝❛ ✈❡③ ❡♠ (a, b) ♣❛r❛ q✉❛❧q✉❡r τ ∈ (c, d)
❡ s✉♣♦♥❤❛♠♦s q✉❡ ❡st❛ ♠✉❞❛♥ç❛ ❞❡ s✐♥❛❧ é ❞❡ ♣♦s✐t✐✈♦ ♣❛r❛ ♥❡❣❛t✐✈♦✱ ❡♥tã♦ ❞❛❞♦s τ1, τ2 ∈ (c, d)✱
τ1 < τ2✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ τ ∈ (τ2, τ2) t❛❧ q✉❡

∂f(x; τ)

∂τ
=

f(x; τ2)− f(x; τ1)

τ2 − τ1
.

P♦rt❛♥t♦✱ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❡①✐st❡ η ∈ (a, b) t❛❧ q✉❡ f(x; τ2) − f(x; τ1) > 0 ♣❛r❛ x ∈ (a, η) ❡
f(x; τ2)− f(x; τ1) < 0 ♣❛r❛ x ∈ (η, b)✱ ❜❛st❛ ❛♥❛❧✐s❛r s❡ ∂f(x; τ)/∂τ tr♦❝❛ ❞❡ s✐♥❛❧ ✉♠❛ ú♥✐❝❛ ✈❡③
❡♠ (a, b) ♣❛r❛ q✉❛❧q✉❡r τ ∈ (c, d)✳

◆♦s r❡s✉❧t❛❞♦s ❡st❛❜❡❧❡❝✐❞♦s ❛té ❛❣♦r❛✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣❛r❛çã♦ (a, b) é ♦ ♠❡s♠♦ ♣❛r❛ ❛s
❞✉❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ P❛r❛ ♦ ❝❛s♦ ❝♦♥tí♥✉♦✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦ ♥ã♦
❞❡♣❡♥❞❡♠ ❞♦ ♣❛râ♠❡tr♦✳ ❆ s❡❣✉✐r✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙t✉r♠ ♥❛ q✉❛❧ ♦s
✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣❛r❛çã♦ sã♦ ❞✐❢❡r❡♥t❡s✳ ❆ ✐❞❡✐❛ ♣❛r❛ ❡st❛ ♠♦❞✐✜❝❛çã♦✱ ♦✉ ❛❞❛♣t❛çã♦ s❡ ♣r❡❢❡r✐r✱
é s✐♠♣❧❡s✳

❙❡❥❛♠ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✷✮ ♣❛r❛ x ∈ (a1, b1) ❡ x ∈ (a2, b2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❋❛r❡♠♦s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦s ❞♦✐s ✐♥t❡r✈❛❧♦s ❝♦✐♥❝✐❞❛♠ ❡ ❞❡♣♦✐s ❛♣❧✐❝❛✲
r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ♣❛r❛ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s ③❡r♦s ❞❛s s♦❧✉çõ❡s y ❡
Y ✳ P❛r❛ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ❜❛st❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r ❛ s❡❣✉✐r

{
γ1a2 + γ2 = a1
γ1b2 + γ2 = b1.

❖❜s❡r✈❡♠♦s q✉❡ ♦s r❡✜♥❛♠❡♥t♦s ❞♦ ❚❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❙t✉r♠ ✐♥✐❝✐❛✈❛♠✲s❡ ❝♦♠ ♦ ❝❛s♦ ❞✐s❝r❡t♦
❡ ❞❡♣♦✐s ❡st❡♥❞✐❛♠✲s❡ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥tí♥✉♦✱ ♦ ❡①❡♠♣❧♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✹ ❡ ❈♦r♦❧ár✐♦ ✹✳✷✳✺✳ ◆❡ss❡
❝❛s♦✱ ❞❡ ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣❛r❛çã♦ ❞✐st✐♥t♦s✱ ❢❛r❡♠♦s ❞✐r❡t❛♠❡♥t❡ ❛ ♥♦ss❛ ❛❞❛♣t❛çã♦ ♣❛r❛ ♦ ❝❛s♦
❝♦♥tí♥✉♦✳ ❉❛r❡♠♦s ❛ ❡①♣❧✐❝❛çã♦ ❞❡♣♦✐s ❞❡ ❡♥✉♥❝✐❛r ❛ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✼ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❙❡❥❛ y(x; τ) ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦
❞✐❢❡r❡♥❝✐❛❧ ✭✹✳✷✳✼✮ ♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ é ❡♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ x ❡ f(x; τ) ∈ C

(
(a(τ), b(τ)) × (c, d)

)

q✉❡ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦ ♣❛râ♠❡tr♦ τ ❡ ♣♦ss✉✐ ③❡r♦s ❞✐st✐♥t♦s xk(τ) ∈ (a(τ), b(τ))✳ ❉❛❞♦s
τ1, τ2 ∈ (c, d)✱ s✉♣♦♥❤❛♠♦s

lim
x→a(τ1)

{
y′(x; τ1)y

(x− γ2
γ1

; τ2

)
−

[
y
(x− γ2

γ1
; τ2

)]′
y(x; τ1)

}
= 0, ✭✹✳✷✳✶✷✮
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♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ r❡❢❡r❡✲s❡ ❛ x ❡

γ1 :=
b(τ1)− a(τ1)

b(τ2)− a(τ2)
,

γ2 := b(τ1)−
b(τ1)− a(τ1)

b(τ2)− a(τ2)
b(τ2)

= a(τ1)−
b(τ1)− a(τ1)

b(τ2)− a(τ2)
a(τ2).

❼ ❙❡
∂f(x; τ)

∂τ
+

∂f(x; τ)

∂x
< 0 ♣❛r❛ x ∈

(
a(τ), b(τ)

)
❡ b′(τ) − a′(τ) < 0 ♣❛r❛ τ ∈ (c, d)✱ ❡♥tã♦

b(τ)− xk(τ) é ❞❡❝r❡s❝❡♥t❡ ❞❡ µ✱ ♣❛r❛ k = 1, ...,m✳

❼ ❙❡
∂f(x; τ)

∂τ
+

∂f(x; τ)

∂x
> 0 ♣❛r❛ x ∈

(
a(τ), b(τ)

)
❡ b′(τ) − a′(τ) > 0 ♣❛r❛ τ ∈ (c, d)✱ ❡♥tã♦

b(τ)− xk(τ) é ❝r❡s❝❡♥t❡ ❞❡ τ ✱ ♣❛r❛ k = 1, ...,m✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✼✱

∂f(x;µ)

∂µ
+

∂f(x;µ)

∂x
≷ 0,

❡stã♦ r❛③♦❛✈❡❧♠❡♥t❡ s✉❝✐♥t❛s✱ ♦ q✉❡ ♥ã♦ ❛❝♦♥t❡❝❡ ♥♦ ❝❛s♦ ❞✐s❝r❡t♦✳ ❊st❡ é ♦ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧
❢♦r♠✉❧❛♠♦s ❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥tí♥✉♦ q✉❛♥❞♦ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣❛r❛çã♦ sã♦ ❞✐❢❡r❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s µ1, µ2 ∈ (c, d)✱ s❡❥❛♠ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s

y′′(z; τ1) + f(z; τ1)y(z; τ1) = 0, ✭✹✳✷✳✶✸✮

y′′(x; τ2) + f(x; τ2)y(x; τ2) = 0,

♦♥❞❡ z ∈
(
a(τ1), b(τ1)

)
✱ x ∈

(
a(τ2), b(τ2)

)
❡

a(τ1) < x1(τ1) < . . . < xm(τ1) < b(τ1) ❡ a(τ2) < x1(τ2) < . . . < xm(τ2) < b(τ2)

sã♦ ♦s ③❡r♦s ❞❛s s♦❧✉çõ❡s y(z; τ1) ❡ y(x; τ2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r
z = γ1x+ γ2 ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❡♠ ✭✹✳✷✳✶✸✮✱ ♦❜t❡♠♦s

y′′(z; τ1) + f(z; τ1)y(z; τ1) = 0 ✭✹✳✷✳✶✹✮

Y ′′(z; τ2) +
1

γ2
1

f
(z − γ2

γ1
;µ2

)
Y (z; τ2) = 0,

♦♥❞❡
Y (z; τ2) := y

(z − γ2
γ1

; τ2

)

❝✉❥♦s ③❡r♦s ζk(τ2)✱ k = 1, ...,m s❛t✐s❢❛③❡♠

a(τ1) < ζ1(τ2) < · · · < ζm(τ2) < b(τ1).
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❙✉♣♦♥❤❛♠♦s q✉❡
∂f(x; τ)

∂τ
+

∂f(x; τ)

∂x
> 0 ♣❛r❛ x ∈

(
a(τ), b(τ)

)
❡ b′(τ)− a′(τ) > 0✳ ❊s❝r❡✈❡♥❞♦

τ2 = τ1 + ǫ✱ t❡♠♦s

lim
ǫ→0+

f
(

z−γ2
γ1

; τ1 + ǫ
)
− f(z; τ1)

ǫ
=

= lim
ǫ→0+




f
(

z−γ2
γ1

; τ1 + ǫ
)
− f

(
z−γ2
γ1

; τ1

)

ǫ
+

f
(

z−γ2
γ1

; τ1

)
− f(z; τ1)

ǫ





=
∂f(z; τ)

∂τ
|τ=τ1 +

∂f(x; τ1)

∂x
|x=z> 0.

▲♦❣♦ ❡①✐t❡ ǫ0 > 0 t❛❧ q✉❡

f
(z − γ2

γ1
; τ1 + ǫ0

)
− f(z; τ1) > 0

❡
1

γ2
1

f
(z − γ2

γ1
; τ1 + ǫ0

)
− f(z; τ1) > 0.

▲❡♠❜r❡♠♦s q✉❡ 1/γ2
1 ց 1 ❡ γ2 −→ 0 q✉❛♥❞♦ ε → 0✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✶✱ t❡♠♦s

ζk(τ1 + ǫ0) < xk(τ1) ⇔
γ1xk(τ1 + ǫ0) + γ2 < xk(τ1) ⇔

γ1xk(τ1 + ǫ0)− γ1b(τ1 + ǫ0) < xk(τ1)− b(τ1) ⇔
γ1
[
b(τ1 + ǫ0)− xk(τ1 + ǫ0)

]
> b(τ1)− xk(τ1).

P♦r ❤✐♣ót❡s❡✱ b′(τ)− a′(τ) > 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ γ1 < 1✳ P♦rt❛♥t♦✱

[
b(τ1 + ǫ0)− x(τ1 + ǫ0)

]
> b(τ1)− x(τ1).

❖ ♦✉tr♦ ❝❛s♦ s❡❣✉❡ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✽✳ ❆ ❝♦♥❞✐çã♦ ❞♦ ❧✐♠✐t❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✼✱

lim
x→a(τ1)

{
y′(x; τ1)y

(x− γ2
γ1

; τ2

)
−

[
y
(x− γ2

γ1
; τ2

)]′
y(x; τ1)

}
= 0,

é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❧✐♠✐t❡

lim

{
y′(x; τ1)y(z; τ2)−

y′(z; τ2)

γ1
y(x; τ1)

}
= 0

♣❛r❛ x → a(τ1) ❡ z → a(τ2)✳
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❈♦r♦❧ár✐♦ ✹✳✷✳✾ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❙❡❥❛

y′′(x; τ) + f(x;µ)y(x; τ) = 0

✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s q✉❡ s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✼✳

❼ ❙❡
∂f(x; τ)

∂τ
+
∂f(x; τ)

∂x
< 0 ♣❛r❛ x ∈

(
a(τ), b(τ)

)
✱ b′(τ)−a′(τ) < 0 ❡ b′(τ) > 0 ♣❛r❛ τ ∈ (c, d)✱

❡♥tã♦ xk(τ) é ❝r❡s❝❡♥t❡ ❞❡ τ ✱ ♣❛r❛ k = 1, ...,m✳

❼ ❙❡
∂f(x; τ)

∂τ
+
∂f(x; τ)

∂x
> 0 ♣❛r❛ x ∈

(
a(τ), b(τ)

)
✱ b′(τ)−a′(τ) > 0 ❡ b′(τ) < 0 ♣❛r❛ τ ∈ (c, d)✱

❡♥tã♦ xk(τ) é ❞❡❝r❡s❝❡♥t❡ ❞❡ τ ✱ ♣❛r❛ k = 1, ...,m✳
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❈❛♣ít✉❧♦ ✺

P♦❧✐♥ô♠✐♦s ❖rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐

✏❖ ♠❛✐♦r ✐♥✐♠✐❣♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♥ã♦ é ❛

✐❣♥♦râ♥❝✐❛✱ ♠❛s s✐♠ ❛ ✐❧✉sã♦ ❞❛ ✈❡r❞❛❞❡✑

❙t❡♣❤❡♥ ❲✐❧❧✐❛♠ ❍❛✇❦✐♥❣

❆ ❞❡s❝♦❜❡rt❛ ❞❡ ♥♦✈❛s ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✱ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s Xm✲❏❛❝♦❜✐
❡ Xm✲▲❛❣✉❡rr❡ ♦✉✱ ❞❡ ♠♦❞♦ ❣❡r❛❧✱ ♦s ♣♦❧✐♥ô♠✐♦s ❡①❝❡♣❝✐♦♥❛✐s✱ tê♠ s✐❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛✐s
✐♥t❡r❡ss❛♥t❡ ♥❛ ár❡❛ ❞❡ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♥♦s ú❧t✐♠♦s ❛♥♦s✳ ◆❛ ❧✐t❡r❛t✉r❛✱ t❡♠♦s ♦s tr❛❜❛❧❤♦s
♣✐♦♥❡✐r♦s ❬✶✼❪ ❡ ❬✶✽❪ ❞♦s ❝✐❡♥t✐st❛s ❉✳ ●ó♠❡③✲❯❧❧❛t❡✱ ◆✳ ❑❛♠r❛♥ ❡ ❘✳ ▼✐❧s♦♥ ♣❛r❛ m = 1✳ ❊ss❛s
❞✉❛s ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s s✉r❣✐r❛♠ ❝♦♠♦ ❛✉t♦❢✉♥çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡
r❡❣✉❧❛r✳

◆❛ t❡♦r✐❛ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ r❡❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠
é ❞❛ ❢♦r♠❛

− d

dx

[
p(x)

dy

dx

]
+ q(x)y = λω(x)y. ✭✺✳✵✳✶✮

❆s ❢✉♥çõ❡s p(x) ❡ ω(x) sã♦ ♣♦s✐t✐✈❛s ❡✱ ♥♦ ❝❛s♦ r❡❣✉❧❛r✱ sã♦ ❝♦♥tí♥✉❛s ♥♦ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❧✐♠✐t❛❞♦
[a, b]✳ ❖ ♣r♦❜❧❡♠❛ é ♥♦r♠❛❧♠❡♥t❡ ❝♦♠♣❧❡♠❡♥t❛❞♦ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡s♣❡❝í✜❝❛s✳ ❆ ❢✉♥çã♦
ω(x) é ❝♦st✉♠❡✐r❛♠❡♥t❡ ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ✏♣❡s♦✑ ♦✉ ❢✉♥çã♦ ✏❞❡♥s✐❞❛❞❡✑✳ ❖ ✈❛❧♦r ❞❡ λ ♣♦❞❡ ♥ã♦
s❡r ❡s♣❡❝✐✜❝❛❞♦ ♥❛ ❡q✉❛çã♦✳ ❊♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ λ ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧
❞❡ ✭✺✳✵✳✶✮ s❛t✐s❢❛③❡♥❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❝♦♥st✐t✉✐ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡✳ ❚❛✐s λ
sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❛❧♦r❡s ♣ró♣r✐♦s ♦✉ ❛✉t♦✈❛❧♦r❡s ❡ y(x) ❛s ❛✉t♦❢✉♥çõ❡s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✺✳✵✳✶✮ ❞❡✜♥✐❞❛ ♥✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ ❡ ❢❡❝❤❛❞♦ I ❡ s❡❥❛♠ λ1✱ λ2

✈❛❧♦r❡s ❞✐st✐♥t♦s ❞♦ ♣❛râ♠❡tr♦ λ ♣❛r❛ ♦s q✉❛✐s ✭✺✳✵✳✶✮ ❛❞♠✐t❡ ❡♠ I s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s y1 ❡ y2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛♠ ❝♦♥❞✐çõ❡s q✉❡ ✐♠♣❧✐❝❛♠

∫

I

y1(x)y2(x)ω(x)dx = 0.

❚❛✐s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ sã♦ ❞✐t❛s ❛✉t♦✲❛❞❥✉♥t❛s✳ ❯♠ ♣r♦❜❧❡♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ r❡❣✉❧❛r I
❝♦♥s✐st❡ ❡♠ ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ✭✺✳✵✳✶✮ ❡♠ I ❥✉♥t♦ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛✉t♦✲❛❞❥✉♥t❛s✳

✹✺
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❖s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝❧áss✐❝♦s sã♦ ❛✉t♦❢✉♥çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ r❡❣✉❧❛r
♥♦s r❡s♣❡❝t✐✈♦s ✐♥t❡r✈❛❧♦s ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ▲❡❣❡♥❞r❡✱
✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐ q✉❛♥❞♦ α = β = 0✱ s❛t✐s❢❛③❡♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙t✉r♠✲
▲✐♦✉✈✐❧❧❡ r❡❣✉❧❛r ❡♠ (−1, 1)

− d

dx

[
(1− x2)

dy

dx

]
= n(n+ 1)y,

❝♦♠ y = Ln(x)✱ λn = n(n+ 1) ❡ ω(x) = 1✳
❆♦ ❝♦♥trár✐♦ ❞♦s s✐st❡♠❛s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝❧áss✐❝♦s✱ ❛s ❞✉❛s ♥♦✈❛s ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô♠✐♦s

♦rt♦❣♦♥❛✐s ✐♥✐❝✐❛♠✲s❡ ❝♦♠ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✉♠ ❡ ❛s ❞❡♥♦♠✐♥❛♠♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲
❏❛❝♦❜✐ ❡ X1✲▲❛❣✉❡rr❡✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s s♦❜r❡ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐
❡ s♦❜r❡ s❡✉s ③❡r♦s✱ t❛✐s ❝♦♠♦ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❡ ❛ ✐♥t❡r♣r❡t❛çã♦ ❡❧❡tr♦stát✐❝❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡✜♥❛♠♦s ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐✳
❉❛❞♦s α, β > −1✱ ❝♦♠ α 6= β ❡ sign(α) = sign(β)✱ s❡❥❛♠

a =
1

2
(β − α), b =

β + α

β − α
❡ c = b+

1

a
.

❉❡✜♥❛♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐✱
{
P̂

(α,β)
k (x)

}n

k=1
✱ ❛tr❛✈és ❞♦ ♣r♦❝❡ss♦

❞❡ ♦rt♦❣♦♥❛❧✐③❛çã♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t s♦❜r❡ ❛ ❜❛s❡

(x− c), (x− b)2, (x− b)3, . . . , (x− b)n

r❡❧❛t✐✈♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈P,Q〉α,β :=

∫ 1

−1

P (x)Q(x)ω(x)dx, ❝♦♠ ω(x) =
(1− x)α(1 + x)β

(x− b)2
✭✺✳✵✳✷✮

♦♥❞❡ ω(x) é ❛ ❢✉♥çã♦ ♣❡s♦✱ ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♥♦r♠❛❧✐③❛çã♦

P̂
(α,β)
k (1) =

n+ α

β − α

(
n+ α− 2

n− 1

)
. ✭✺✳✵✳✸✮

✺✳✶ Pr♦♣r✐❡❞❛❞❡s ❋✉♥❞❛♠❡♥t❛✐s

Pr✐♠❡✐r❛♠❡♥t❡✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s té❝♥✐❝♦s q✉❡ ♥♦s ❛✉①✐❧✐❛rã♦ ♥♦ ❞❡❝♦rr❡r ❞❡st❡
❛ss✉♥t♦✳

▲❡♠❜r❡♠♦s q✉❡ ♣♦r Πn ❞❡♥♦t❛♠♦s ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❛❧❣é❜r✐❝♦s ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧
❛ n✳ ❙❡❥❛♠

Π̃n := span{(x− c), (x− b)2, (x− b)3, . . . (x− b)n}.
❈♦♠♦

P̂
(α,β)
k (x) = γk(x− b)k + . . .+ γ2(x− b)2 + γ1(x− c),
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❝♦♠ γk 6= 0✱ ♦❜t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ ❛ ✐❣✉❛❧❞❛❞❡

−aP̂
(α,β)
k (b) =

d

dx
P̂

(α,β)
k (b). ✭✺✳✶✳✶✮

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❝❛r❛❝t❡r✐③❛ ♦ ❡s♣❛ç♦ Π̃n✳

❆✜r♠❛çã♦ ✺✳✶✳✶✳ ❙❡❥❛ Π̂n := {P (x) ∈ Πn : −aP (b) = P ′(b)}✱ ❡♥tã♦ Π̂n = Π̃n✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡

P (x) = d0 + d1(x− b) + . . .+ dn(x− b)n ∈ Π̂n,

t❡♠♦s
−ad0 = −aP (b) = P ′(b) = d1.

▲♦❣♦✱

P (x) = d1

(
x− 1

a
− b

)
+ . . .+ dn(x− b)n ∈ Π̃n.

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡

P (x) = d1(x− c) + . . .+ dn(x− b)n ∈ Π̃n.

❊♥tã♦
P (b) = d1(b− c) = a−1d1 = a−1P ′(b)

♦ q✉❡ ✐♠♣❧✐❝❛ P (x) ∈ Π̂n✳ P♦rt❛♥t♦✱ Π̃n = Π̂n✳

❆✜r♠❛çã♦ ✺✳✶✳✷✳ ❖ ♣♦❧✐♥ô♠✐♦ Qn é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ P̂
(α,β)
n s❡✱ ❡ s♦♠❡♥t❡ s❡✱

〈Qn, q〉α,β = 0 para todo q ∈ Π̂n−1.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡ P̂
(α,β)
n é ♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❛ s❡q✉ê♥❝✐❛✱ ❡♥tã♦

〈P̂ (α,β)
n , P̂ (α,β)

m 〉α,β = 0, m = 1, 2, ..., n− 1.

❙❡❥❛ q ∈ Π̃n−1✱ ❡♥tã♦

q(x) =
n−1∑

j=1

αjP̂
(α,β)
j (x),

♣♦✐s {P̂ (α,β)
j (x)}n−1

j=1 sã♦ n − 1 ♣♦❧✐♥ô♠✐♦s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ Π̃n−1✱ ❧♦❣♦ ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ❡♠ Π̃n−1✳ P♦rt❛♥t♦✱

〈P̂ (α,β)
n , q〉α,β =

n−1∑

j=1

αj〈P̂ (α,β)
n , P̂

(α,β)
j 〉α,β = 0.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ 〈P̂ (α,β)
n , q〉α,β = 0 ♣❛r❛ q✉❛❧q✉❡r q ∈ Π̂n−1✱ ❡♥tã♦✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛

q(x) = P̂
(α,β)
j (x)✱ j = 1, ..., n − 1✳ ▲♦❣♦✱ t❡♠♦s q✉❡ P̂

(α,β)
n é ♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ ❞❛

s❡q✉ê♥❝✐❛✳



❈❆P❮❚❯▲❖ ✺✳ P❖▲■◆Ô▼■❖❙ ❖❘❚❖●❖◆❆■❙ X1✲❏❆❈❖❇■ ✹✽

❙❛❜❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝❧áss✐❝♦s✱ t❛✐s ❝♦♠♦ ❏❛❝♦❜✐✱ ❍❡r♠✐t❡ ❡ ▲❛❣✉❡rr❡✱ s❛t✐s✲
❢❛③❡♠ ❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❖s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ t❛♠❜é♠
♣♦ss✉❡♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✸ ✭❉✳ ●ó♠❡③✲❯❧❧❛t❡✱ ◆✳ ❑❛♠r❛♥ ❡ ❘✳ ▼✐❧s♦♥✱ ❬✶✽❪✮✳ ❖s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s
X1✲❏❛❝♦❜✐ s❛t✐s❢❛③❡♠ à ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

(1− x2)y′′ + 2a
(1− bx)

(x− b)

[
(x− c)y′ − y

]
= −(n− 1)(n+ 2ab)y, ✭✺✳✶✳✷✮

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

d

dx

{
ω(x)(1− x2)y′

}
+ ω(x)

{
2a

(1− bx)

(b− x)
+ (n− 1)(n+ 2ab)

}
y = 0, ✭✺✳✶✳✸✮

♦♥❞❡ ω(x) é ❛ ❢✉♥çã♦ ♣❡s♦ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡♠ ✭✺✳✵✳✷✮✱ ❡♥tã♦ t♦❞❛ s♦❧✉çã♦ ♣♦❧✐♥♦♠✐❛❧ é ❞❛
❢♦r♠❛ CP̂

(α,β)
n (x)✱ ♦♥❞❡ C é ✉♠ ❝♦♥st❛♥t❡ q✉❛❧q✉❡r✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❛rt✐❣♦ ❬✶✽❪ ♣á❣✐♥❛ 992✱ s❛❜❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ s❛t✐s✲
❢❛③❡♠ à ❡q✉❛çã♦ ✭✺✳✶✳✷✮✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✭✺✳✶✳✷✮ ❡ ✭✺✳✶✳✸✮✳ ❆❣♦r❛✱ s❡❥❛ z(x) ✉♠❛
♦✉tr❛ s♦❧✉çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✭✺✳✶✳✷✮✳ ❊♥tã♦✱ ❝♦♠♦ ❛s ❡q✉❛çõ❡s ✭✺✳✶✳✷✮ ❡ ✭✺✳✶✳✸✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱
♣♦r ✭✺✳✶✳✸✮ t❡♠♦s

d

dx

{
ω(x)(1− x2) · y′

}
+ ω(x)

{
2a

1− bx

b− x
+ (n− 1)(n+ 2ab)

}
· y = 0 ✭✺✳✶✳✹✮

❡
d

dx

{
ω(x)(1− x2) · z′

}
+ ω(x)

{
2a

1− bx

b− x
+ (n− 1)(n+ 2ab)

}
· z = 0. ✭✺✳✶✳✺✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✺✳✶✳✹✮ ❡ ✭✺✳✶✳✺✮ ♣♦r z(x) ❡ y(x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ s✉❜tr❛✐♥❞♦ ❛s ❡q✉❛çõ❡s
r❡s✉❧t❛♥t❡s✱ ♦❜t❡♠♦s

0 =
d

dx

{
(1− x)α+1(1 + x)β+1

(b− x)2
· y′

}
z − d

dx

{
(1− x)α+1(1 + x)β+1

(b− x)2
· z′

}
y

=
d

dx

{
(1− x)α+1(1 + x)β+1

(b− x)2

}
{y′(x)z(x)− y(x)z′(x)}

+
(1− x)α+1(1 + x)β+1

(b− x)2
{y′′(x)z(x)− y(x)z′′(x)}

=
d

dx

{
(1− x)α+1(1 + x)β+1

(b− x)2
·
[
y′(x)z(x)− y(x)z′(x)

]}
,

♦✉ s❡❥❛✱
(1− x)α+1(1 + x)β+1

(b− x)2
· {y′(x)z(x)− y(x)z′(x)} = cte.
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❋❛③❡♥❞♦ x → ±1✱ t❡♠♦s q✉❡ cte = 0✳ ▲♦❣♦

(1− x)α+1(1 + x)β+1

(b− x)2
· {y′(x)z(x)− y(x)z′(x)} = 0

❡✱ ❡♥tã♦✱
{y′(x)z(x)− y(x)z′(x)} = 0.

❈♦♠♦ y(x) ❡ z(x) sã♦ ❛♠❜♦s ♣♦❧✐♥ô♠✐♦s✱ y(x) ❡ z(x) sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✹✳ ❉❡r✐✈❛♥❞♦ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✳✷✮✱ ♦❜t❡♠♦s

(x2 − 1)y′′′ +
[
2x+ 2a

(1− bx)(x− c)

(b− x)

]
y′′ ✭✺✳✶✳✻✮

+
[
2a

(1− b2)(x− c)

(b− x)2
− (n− 1)(n+ 2ab)

]
y′ − 2a

(1− b2)

(b− x)2
y = 0

❉❛q✉✐ ♣♦r ❞✐❛♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡ 0 ≤ α < β✳ ❊♥tã♦✱ ♣♦r ❞❡✜♥✐çã♦✱ 0 < a, 1 ≤ b < c✳
◆♦ ❛rt✐❣♦ ❬✶✼❪✱ t❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦s ♣♦❧✐♥ô♠✐♦s

♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐ ♣❡❧❛ ❡q✉❛çã♦

P̂ (α,β)
n (x) = −1

2
(x− b)P

(α,β)
n−1 (x) +

bP
(α,β)
n−1 (x)− P

(α,β)
n−2 (x)

2n+ 2ab− 2
. ✭✺✳✶✳✼✮

P❡❧❛ ❢ór♠✉❧❛ ✭✺✳✶✳✼✮ ❡ ❛ ❝♦♥❞✐çã♦ 0 ≤ α < β✱ t❡♠♦s q✉❡ ❝♦❡✜❝✐❡♥t❡s ❞♦♠✐♥❛♥t❡s ❞♦s ♣♦❧✐♥ô♠✐♦s
♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ sã♦ ♥❡❣❛t✐✈♦s✳

❚r❛ç❛♥❞♦ ✉♠❛ ❛♥❛❧♦❣✐❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❝❧áss✐❝♦s✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦s
♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐✱ ❛s ♣❡r❣✉♥t❛s q✉❡ s✉r❣❡♠ sã♦✿

❼ ❖s ♣♦❧✐♥ô♠✐♦s ❞❡st❛ ♥♦✈❛ ❝❧❛ss❡✱ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❡①❝❡♣❝✐♦♥❛✐s✱ tê♠ t♦❞♦s ♦s s❡✉s ③❡r♦s
♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ (−1, 1)❄ ❊♠ ❝❛s♦ ♣♦s✐t✐✈♦✱ ❡❧❡s sã♦ s✐♠♣❧❡s❄

❼ ❖s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉s ❝♦♥s❡❝✉t✐✈♦s ♣♦ss✉❡♠ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❡♥tr❡❧❛ç❛♠❡♥t♦❄

❼ ❖s ③❡r♦s✱ q✉❡ sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ s❡✉s ♣❛râ♠❡tr♦s α ❡ β✱ sã♦ ♠♦♥ót♦♥❛s ❡♠ r❡❧❛çã♦ ❛♦s
s❡✉s ♣❛râ♠❡tr♦s❄

❼ ❖s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐ ♣♦ss✉❡♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❡❧❡tr♦stát✐❝❛✳ P❛r❛
♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐✱ s❡✉s ③❡r♦s t❛♠❜é♠ ♣♦ss✉❡♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡❄

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ♦❢❡r❡❝❡r❡♠♦s r❡s♣♦st❛s ♣❛r❝✐❛✐s s♦❜r❡ ❡st❛ ❧✐st❛ ❞❡ ♣❡r❣✉♥t❛s✳
❆ Pr♦♣♦s✐çã♦ ✺✳✶ ❞♦ ❛rt✐❣♦ ❬✶✼❪ ❡st❛❜❡❧❡❝❡✱ ♣❛r❛ n✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ X1✲❏❛❝♦❜✐✱ ❛

❡①✐stê♥❝✐❛ ❞❡ n − 1 ③❡r♦s s✐♠♣❧❡s ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❡ ♦ ③❡r♦ r❡st❛♥t❡ ❝❤❛♠❛❞♦ ③❡r♦
❡①❝❡♣❝✐♦♥❛❧ ♠❛✐♦r q✉❡ b✱ q✉❛♥❞♦ 0 ≤ α < β✳ ❋♦r♥❡❝❡r❡♠♦s ✉♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❞❡♠♦♥str❛r
❛ Pr♦♣♦s✐çã♦ ✺✳✶ r❡❢❡r✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡✱ ❛❧é♠ ❞✐ss♦✱ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❡st❡ ③❡r♦ ❡①❝❡♣❝✐♦♥❛❧✳
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Pr♦♣♦s✐çã♦ ✺✳✶✳✺ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ 0 ≤ α < β✱ P̂ (α,β)
n (x)

t❡♠ ❡①❛t❛♠❡♥t❡ (n− 1) ③❡r♦s s✐♠♣❧❡s ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1) ❡ ✉♠ ③❡r♦ ♥♦ ✐♥t❡r✈❛❧♦ (b, c]✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮✱ t❡♠♦s q✉❡ −aP̂
(α,β)
k (b) = P̂

′(α,β)
k (b)✱ ♦✉ s❡❥❛✱ P̂

(α,β)
k (b) ❡

P̂
′(α,β)
k (b) tê♠ s✐♥❛✐s ♦♣♦st♦s✳ ❙❡ P̂

(α,β)
k (b) > 0✱ ❡♥tã♦ ❡❧❡ é ❞❡❝r❡s❝❡♥t❡ ♥♦ ♣♦♥t♦ b✳ ▲♦❣♦✱ P̂ (α,β)

k (x)

t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ③❡r♦ ♠❛✐♦r q✉❡ b✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ s❡ P̂
(α,β)
k (b) < 0✳ ▲♦❣♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

P̂
(α,β)
k (x) t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ③❡r♦ ❝♦♠ ♣❛rt❡ r❡❛❧ ♠❛✐♦r q✉❡ b✱ 1 < b✳ ❊♥tã♦✱ ♦ ✐♥t❡r✈❛❧♦ (−1, 1)

♥ã♦ ❝♦♥té♠ t♦❞♦s ♦s ③❡r♦s ❞❡ P̂
(α,β)
n (x)✳

❙✉♣♦♥❤❛♠♦s q✉❡ (−1, 1) ❝♦♥té♠ ♥♦ ♠á①✐♠♦ (n − 2) ③❡r♦s ❞❡ P̂
(α,β)
n (x) ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡s

í♠♣❛r❡s✳ ❊♥tã♦✱
P̂ (α,β)
n (x) = (x− xn,1)

m1 · . . . · (x− xn,j)
mjQ(x),

♦♥❞❡ j ≤ (n − 2)✱ {xn,i}ji=1 sã♦ ♣♦♥t♦s ❞✐st✐♥t♦s ❞♦ ✐♥t❡r✈❛❧♦ (−1, 1)✱ m1, . . . ,mj sã♦ ♥ú♠❡r♦s
♥❛t✉r❛✐s í♠♣❛r❡s ❡ Q(x) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ (−1, 1)✳

❙❡❥❛
R(x) := (x− xn,1) · . . . · (x− xn,j) · (x− ζ),

R ∈ Πj+1✳ ❙✉♣♦♥❤❛♠♦s q✉❡ R′(b) = −aR(b) ❡✱ ❡♥tã♦✱

−a =
−aR(b)

R(b)
=

R′(b)

R(b)
=

1

b− ζ
+

j∑

i=1

1

b− xn,i

.

❆ss✐♠✱

ζ = b+
1

a+
∑j

i=1(b− xn,i)−1
> b > 1,

♣♦✐s b > xn,i✱ i = 1, ..., j✱ ❡ a > 0✳
▲♦❣♦✱ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ζ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ R ∈ Π̂j+1 ❡ 1 < ζ✳ P♦rt❛♥t♦✱

R(x) · P̂ (α,β)
n (x) = (x− ζ) ·Q(x) · (x− xn,1)

m1+1 · . . . · (x− xn,j)
mj+1

♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ♥♦ ✐♥t❡r✈❛❧♦ ✭✲✶✱✶✮ ❡✱ ❡♥tã♦

∫ 1

−1

R(x)P̂ (α,β)
n (x)ω(x)dx 6= 0. ✭✺✳✶✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ R ∈ Π̂j+1 = Π̃j+1 = span
{
P̂

(α,β)
i (x)

}j+1

i=1
✳ ❈♦♠♦ ❛ ❞✐♠❡♥sã♦ ❞❡ Π̃j+1 é (j+1) ❡

{P̂ (α,β)
i (x)}j+1

i=1 é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ (j+1) ♣♦❧✐♥ô♠✐♦s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tã♦ {P̂ (α,β)
i (x)}j+1

i=1

é ✉♠❛ ❜❛s❡ ❞❡ Π̂j+1 ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

R(x) =

j+1∑

i=1

biP̂
(α,β)
i (x), bj+1 6= 0.
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❊♥tã♦✱

∫ 1

−1

R(x)P̂ (α,β)
n (x)ω(x)dx =

j+1∑

i=1

bi

∫ 1

−1

P̂ (α,β)
n (x)P̂

(α,β)
i (x)ω(x)dx = 0, ✭✺✳✶✳✾✮

♣♦✐s (j + 1) ≤ (n− 1)✳
❉❡ ✭✺✳✶✳✽✮ ❡ ✭✺✳✶✳✾✮✱ ❝❤❡❣❛♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ j ≥ n − 1✳ ▼❛s✱ ❝♦♠ ❛ ♦❜s❡r✈❛çã♦

❞❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✱ s❛❜❡♠♦s q✉❡ P̂ (α,β)
n (x) t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ③❡r♦ ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦

(−1, 1)✳ ▲♦❣♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ j = n− 1 ❡ ♦s ③❡r♦s {xn,i}ji=1 sã♦ s✐♠♣❧❡s✳
❆❣♦r❛ ♠♦str❡♠♦s q✉❡ P̂

(α,β)
n (x) ♣♦ss✉✐ ✉♠ ③❡r♦ ❡♠ (b, c]✳

▲❡♠❜r❡♠♦s q✉❡ P̂
(α,β)
n (x) é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

(x2 − 1)y′′ + 2a
(1− bx)

b− x

[
(x− c)y′ − y

]
= (n− 1)(n+ 2ab)]y

❡ ❛ss✉♠❡ ✈❛❧♦r ♣♦s✐t✐✈♦ ♥♦ ♣♦♥t♦ x = 1✳ ❈♦♠♦ ❡❧❡ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ③❡r♦ r❡❛❧ ♠❛✐♦r q✉❡ b✱ t❡♠♦s
q✉❡ P̂

(α,β)
n (b) > 0 ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✭✺✳✶✳✶✮✱ P̂ (α,β)′

n (b) < 0✳ ❋❛③❡♥❞♦ x = c ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱
❝♦♠ y = P̂

(α,β)
n ✱ ♦❜t❡♠♦s

(c2 − 1)P̂
′′(α,β)
n (c) =

{
2a

1− bc

b− c
+ (n− 1)(n+ 2ab)

}
P̂ (α,β)
n (c).

❖❜s❡r✈❡♠♦s q✉❡ P̂
′′(α,β)
n (c) ❡ P̂ (α,β)

n (c) tê♠ ♦ ♠❡s♠♦ s✐♥❛❧✱ ♣♦✐s ❛s ❞✉❛s ❝♦♥st❛♥t❡s q✉❡ ♦s ♠✉❧t✐♣❧✐✲
❝❛♠ sã♦ ♣♦s✐t✐✈❛s✳

❙✉♣♦♥❤❛♠♦s q✉❡ P̂ (α,β)
n (c) > 0✱ ❡♥tã♦ P̂ (α,β)′′

n (c) > 0✳ ❈♦♠♦ P̂ (α,β)
n (x) t❡♠ ❝♦❡✜❝✐❡♥t❡ ❞♦♠✐♥❛♥t❡

♥❡❣❛t✐✈♦✱ t❡♠♦s q✉❡ P̂ (α,β)′′
n (x) ♣♦ss✉✐ ✉♠ ③❡r♦ η ♠❛✐♦r q✉❡ c✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❧❧❡✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ ξ✱ ♦ ♠❛✐♦r ③❡r♦ ❞❡ P̂
(α,β)′
n (x)✱ é ♠❛✐♦r q✉❡ c✳ ❊♠ r❡s✉♠♦✱ t❡♠♦s

P̂ (α,β)′
n (b) < 0, P̂ (α,β)′

n (ξ−) > 0 e P̂ (α,β)′
n (ξ+) < 0,

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ P̂
(α,β)′
n (x) t❡♠ ❞♦✐s ③❡r♦s ♠❛✐♦r❡s q✉❡ b ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ P̂ (α,β)′

n (b) ♣♦ss✉✐ n
③❡r♦s✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ P̂

(α,β)
n (c) ≤ 0✳

P❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦✱ s❡r✐❛ ♥❛t✉r❛❧ ✐♥✈❡st✐❣❛r ♦ ❡♥tr❡❧❛ç❛♠❡♥t♦ ❞♦s ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ❞♦s
♣♦❧✐♥ô♠✐♦s ❞❡st❛ s❡q✉ê♥❝✐❛✳

❙❛❜❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ s❛t✐s❢❛③❡♠ à ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞❛
♦r❞❡♠ ✭✺✳✶✳✷✮✳ ❯s❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❛ ❙❡çã♦ ✷✳✷✱ ♣♦❞❡♠♦s tr❛♥s❢♦r♠á✲❧❛ ❡♠ ✉♠❛ ❡q✉❛çã♦
❞✐❢❡r❡♥❝✐❛❧ ❞♦ t✐♣♦ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡

y′′(x)−
∑4

j=0 κj(α, β) · xj

(b− x)2
(
1− x2

)2 · y(x) = 0, ✭✺✳✶✳✶✵✮



❈❆P❮❚❯▲❖ ✺✳ P❖▲■◆Ô▼■❖❙ ❖❘❚❖●❖◆❆■❙ X1✲❏❆❈❖❇■ ✺✷

♦♥❞❡

κn,0(α, β) = 2 + ab3(1− 2n) + b2(−1 + a2 + n− n2),

κn,1(α, β) = −2b
[
a2(1 + b2)− n(n− 1) + ab(1− 2n)

]
,

κn,2(α, β) = −3 + a2(1 + 4b2 + b4) + n(1− b2) + n2(b2 − 1) + ab(b2 − 1)(2n− 1),

κn.3(α, β) = −2b
[
− 1 + a2(1 + b2)− n+ n2 + ab(−1 + 2n)

]
,

κn,4(α, β) = a2b2 + (−1 + n)n+ ab(−1 + 2n)

❡ ❛ s♦❧✉çã♦ ❞❡ ✭✺✳✶✳✶✵✮ é ❞❛❞❛ ♣♦r

y(α,β)n (x) =
(1− x)(α+1)/2(1 + x)(β+1)/2

2a(b− x)
· P̂ (α,β)

n (x).

❉❡✜♥❛♠♦s

λn(x;α, β) := −
∑4

j=0 κj(α, β) · xj

(b− x)2
(
1− x2

)2 .

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ♦s ③❡r♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ✐♥t❡r✈❛❧♦ (−1, 1)✳

❚❡♦r❡♠❛ ✺✳✶✳✻ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❙❡❥❛ {P̂ (α,β)
n (x)}∞n=1 ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s

♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐✳ ❊♥tã♦✱ ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♥s❡❝✉t✐✈♦s ❞❛ s❡q✉ê♥❝✐❛ s❡ ❡♥tr❡❧❛ç❛♠ ❡♠
(−1, 1)✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s y(α,β)n ❡ y
(α,β)
n+1 s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠✲

♣❛r❛çã♦ ❞❡ ❙t✉r♠ ✭✹✳✶✳✶✮ ❡ ✭✹✳✶✳✷✮ ♣❛r❛ (a, b) = (−1, 1)✳ ❆❧é♠ ❞✐ss♦

λn+1(x;α, β)− λn(x;α, β) =
n+ ab(
1− x2

) > 0.

P♦rt❛♥t♦✱ ♦ ❡♥tr❡❧❛ç❛♠❡♥t♦ ❞♦s ③❡r♦s ❞❡ yn ❡ yn+1 ❡♠ (−1, 1) é ❣❛r❛♥t✐❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✷✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s 0 ≤ β < α✱ ❡♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ a < 0 e c < b ≤ −1 ♦ q✉❡ ✐♠♣❧✐❝❛
0 < −a e 1 ≤ −b < −c. P❡❧❛ ✐❞❡♥t✐❞❛❞❡ P

(α,β)
n (x) = (−1)nP

(β,α)
n (−x) ❡ ❛ ❢ór♠✉❧❛ ✭✺✳✶✳✼✮✱ t❡♠♦s

q✉❡
P̂ (α,β)
n (x) = (−1)nP̂ (β,α)

n (−x).

▲♦❣♦✱ ♣❡❧❛ ❛♥á❧✐s❡ q✉❡ ✜③❡♠♦s ❛té ♦ ♠♦♠❡♥t♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦s ③❡r♦s ❞❡
{
P̂

(α,β)
n (x)

}∞

k=1
s❛t✐s❢❛③❡♠ ❛ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s t❛♠❜é♠ q✉❛♥❞♦ 0 ≤ β < α✳
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✺✳✷ ▼♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ❩❡r♦s

❙❛❜❡♠♦s q✉❡ ♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐ sã♦ ❢✉♥çõ❡s ❡str✐t❛♠❡♥t❡s ❝r❡s❝❡♥t❡s
❞♦ ♣❛râ♠❡tr♦ β ❡ ❞❡❝r❡s❝❡♥t❡s ❞♦ ♣❛râ♠❡tr♦s α✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡❥❛♠ xn,k(α, β)✱ k = 1, ..., n✱
♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳ ❊♥tã♦✱

∂xn,k(α, β)

∂α
< 0 e

∂xn,k(α, β)

∂β
> 0.

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❢❛t♦ ♥❛ ❧✐t❡r❛t✉r❛ ❢❛③ ✉s♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛r❦♦✛✱ ❬✷✼❪✳ ◆♦ ❛rt✐❣♦ ❬✹❪ ❞❡ ❉✳
❑✳ ❉✐♠✐tr♦✈✱ ✉♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡♠♦♥str❛r ♦ ♠❡s♠♦ ❢❛t♦✳

◆❡st❛ s❡çã♦✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐
✉t✐❧✐s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ❡♠ s✉❛ ✈❡rsã♦ r❡✜♥❛❞❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st❛✲
❜❡❧❡❝❡r❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✺✳✷✳✶ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❙❡❥❛♠ 0 ≤ α < β ❡ P̂ (α,β)
n (x) ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦

♦rt♦❣♦♥❛❧ X1✲❏❛❝♦❜✐✳ ❉❡♥♦t❡♠♦s ♣♦r x̂n,k(α, β)✱ k = 1, ..., n✱ s❡✉s ③❡r♦s✳

❼ P❛r❛ 2 ≤ β ✜①♦✱ x̂n,k(α, β)✱ k = 1, ..., n− 1✱ sã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s ❞❡ α ♣❛r❛

max

{
−(2n− 1) +

√
(2n− 1)2 + 16

4
,

β

2n

}
≤ α ≤ (2n− 1)β

2n
.

❼ P❛r❛
−3(2n− 1) +

√
9(2n− 1)2 + 48

4
< α

✜①♦✱ x̂n,k(α, β)✱ k = 1, ..., n− 1✱ sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ β ♣❛r❛

max

{
2α · 2(2n− 1) + 2α

3(2n− 1) + 2α− 6/α
, 2α

(
1 +

α

2n− 1

)}
< β.

❉❡♠♦♥str❛çã♦✳ ❙♦❜ ❛ ❝♦♥❞✐çã♦ 0 ≤ α < β✱ t❡♠♦s q✉❡ y
(α,β)
n (x) = 0 ♣❛r❛ x = ±1✳ ▲♦❣♦✱ ❛ s♦❧✉çã♦

❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✳✶✵✮ s❛t✐s❢❛③ às ❝♦♥❞✐çõ❡s ✭✹✳✷✳✽✮✱ ✭✹✳✷✳✾✮✱ ✭✹✳✷✳✶✶✮ ❡ ✭✹✳✷✳✶✵✮✳
❆♥❛❧✐s❛r❡♠♦s ♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❡ ∂λn(x;α, β)/∂α ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✳ ❋❛③❡♥❞♦ ❛ ❞❡r✐✈❛❞❛

♣❛r❝✐❛❧ ❡♠ r❡❧❛çã♦ ❛ α✱ t❡♠♦s

∂λn(x;α, β)

∂α
=

pn,4(x)

4a(b− x)(1− x)2(1 + x)
,

♦♥❞❡ pn,4(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✹✳ P❛r❛ ❛♣❧✐❝❛r♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r ❡♠ ❛♥á❧✐s❡ ❞❡
♥ú♠❡r♦ ❞❡ ③❡r♦s ❞♦ pn,4(x) ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✱ ❛♥❛❧✐s❛r❡♠♦s ♦s s✐♥❛✐s ❞❡ p

(k)
n,4(x) ♣❛r❛ k = 0, ..., 4

❡ x = ±1✳
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P❛r❛ x = −1 ❡ β = α + ǫ✱ ❝♦♠ ǫ > 0✱ t❡♠♦s

pn,4(−1) = 16β2
[
2 + (−1 + 2n)β + β2

]
> 0,

p′n,4(−1) = (α + ǫ)
{[

− 6α + α2(1− 2n)− 2α3
]
+
[
5(1− 2n)− 8α

]
αǫ

+
[
4(1− 2n)− 10α

]
ǫ2 − 4ǫ3

}
< 0,

p′′n,4(−1) = 4(α + ǫ)
{
4α + 3

[
− 2 + (2n− 1)α + 2α2

]
ǫ+

[
− 6 + 12n+ 12α

]
ǫ2 + 6ǫ3

}
,

p′′′n,4(−1) = 2(β − α)

×
{
α2

[
1− 2n+ 2β

]
+ αβ

[
− 5 + 10n+ 2β

]
+ 4β

[
1 + β(1− 2n)− β2

]}
,

p
(4)
n,4(−1) = (β − α)3(−1 + 2n+ α + β) > 0.

❖❜s❡r✈❡♠♦s q✉❡
p′′n,4(−1) > 0 s❡ − 2 + (2n− 1)α + 2α2 > 0,

♦✉ s❡❥❛✱

α ≥ −(2n− 1) +
√
(2n− 1)2 + 16

4
.

P❛r❛ x = 1✱ t❡♠♦s

pn,4(1) = −16α4 < 0,

p′n,4(1) = 8α
[
− 4α3 + 2β + α2(1− 2n+ 2β)

]
,

p′′n,4(1) = 4
{
4α2 + α

[
10 + 3α(2n− 1) + 6α2

]
ǫ+ 6ǫ2

}
> 0,

p′′′n,4(1) = 2(β − α)
{
4α3 +

[
3(2n− 1)− 2β

]
α2 − β

[
3(2n− 1) + 2β

]
α + 4β

}
,

p
(4)
4 (1) = (β − α)3(−1 + 2n+ α + β) > 0.

❖❜s❡r✈❡♠♦s q✉❡

p′′′n,4(1)− p′′′n,4(−1) = 8(β − α)3(−1 + 2n+ α + β) > 0,

♦✉ s❡❥❛✱ p′′′4 (1) > p′′′n,4(−1)✳ ❆♥❛❧✐③❛r❡♠♦s ♦ s✐♥❛❧ ❞❡ p′′′4 (1)✳ ❈♦♥s✐❞❡r❡♠♦s

f(α) = 4α3 +
[
3(2n− 1)− 2β

]
α2 − β

[
3(2n− 1) + 2β

]
α + 4β = 0

✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ α✳ P❡❧❛ ❘❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ t❡♠ ✵
♦✉ ✷ ③❡r♦s ♣♦s✐t✐✈♦s✳ ❖❜s❡r✈❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ f(0) = f(β) = 4β✳

❉❡✜♥❛♠♦s✱ ❛❣♦r❛✱

g1(β) := f
( β

2n

)
=

16n3 + 3(−n+ 4n2 − 4n3)β + 2(1− n− 2n2)β2

4n3
,

g2(β) := f
(2n− 1

2n
β
)
=

16n3 + 3(−n+ 4n2 − 4n3)β + 2(−1 + 5n− 6n2)β2

4n3
.
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P❡❧❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✱ t❡♠♦s q✉❡ ♦s ♥✉♠❡r❛❞♦r❡s ❞❡ g1 ❡ g2✱ ❝♦♠♦ ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s
❡♠ β ❡ ❛♠❜♦s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❞♦♠✐♥❛♥t❡s ♥❡❣❛t✐✈♦s✱ ♣♦ss✉❡♠ ❛♣❡♥❛s ✉♠ ③❡r♦ ♣♦s✐t✐✈♦✳ ❈♦♠♦✱
♣❛r❛ n > 1✱ t❡♠♦s

g1(0) = 16n3 > 0,

g1(2) = 8− 14n+ 8n2 − 8n3 < 0,

g2(0) = 16n3 > 0,

g2(2) = −8 + 34n− 24n2 − 8n3 < 0,

♦✉ s❡❥❛✱ ♦s ③❡r♦s ♣♦s✐t✐✈♦s ❞❡ g1 ❡ g2 sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ 2 ❡✱ ♣♦rt❛♥t♦✱ g1 ❡ g2 sã♦ ♥❡❣❛t✐✈♦s ♣❛r❛
β ≥ 2✳ ▲♦❣♦ f(α) < 0 ♣❛r❛

β/2n ≤ α ≤ (2n− 1)β/2n ❡ β ≥ 2.

P♦rt❛♥t♦✱ p′′′n,4(1) é ♥❡❣❛t✐✈♦ ♣❛r❛ α ♥❡st❡ ✐♥t❡r✈❛❧♦✳ ❈♦♠♦ p′′′4 (1) > p′′′n,4(−1)✱ ❝♦♥❝❧✉í♠♦s q✉❡
p′′′n,4(−1) t❛♠❜é♠ é ♥❡❣❛t✐✈♦ ♥❡st❡ ✐♥t❡r✈❛❧♦✳

❉✐❛♥t❡ ❞❛ ❝♦♥❞✐çã♦ 2 ≤ β ✜①♦ ❡

max

{
−(2n− 1) +

√
(2n− 1)2 + 16

4
,
β

2n

}
≤ α ≤ (2n− 1)β

2n
✭✺✳✷✳✶✮

t❡♠♦s q✉❡ ♦s s✐♥❛✐s ❞♦s t❡r♠♦s ❞❛ s❡q✉ê♥❝✐❛ pn,4(x), p
′
n,4(x), p

′′
n,4(x), p

′′′
n,4(x), p

(4)
n,4(x) ❡♠ x = ±1

s❛t✐s❢❛③❡♠

sign
(
pn,4(−1), p′n,4(−1), p′′n,4(−1), p′′′n,4(−1), p

(4)
n,4(−1)

)
= sign(1,−1, 1,−1, 1)

❡
sign

(
pn,4(1), p

′
n,4(1), p

′′
n,4(1), p

′′′
n,4(1), p

(4)
n,4(1)

)
= sign(−1, p′4(1), 1,−1, 1).

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r✱ t❡♠♦s q✉❡ ∂λn(x;α, β)/∂α✱ s♦❜ ❛ ❝♦♥❞✐çã♦ ✭✺✳✷✳✶✮✱ ♣♦ss✉✐ ❛♣❡♥❛s
✉♠ ③❡r♦ ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✺ ❡ s✉❛ ♦❜s❡r✈❛çã♦✱ t❡♠♦s q✉❡ ♦s ③❡r♦s
❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ ❡♠ (−1, 1) sã♦ ❞❡❝r❡s❝❡♥t❡s ❞❡ α✱ ❝♦♠ α s❛t✐s❢❛③❡♥❞♦ ✭✺✳✷✳✶✮✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❛♥❛❧✐s❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ③❡r♦s ❡♠ r❡❧❛çã♦ ❛ β✳ ❙❡❥❛

∂λ(x;α, β)

∂β
=

qn,4(x)

4a(b− x)(x+ 1)2(x− 1)
,

♦♥❞❡ qn,4(x) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✹✳ P❛r❛ x = −1✱ t❡♠♦s

qn,4(−1) = 16β4 > 0,

q′n,4(−1) = 8β
[
− (2n− 1)β2 − 4β3 + 2α + 2αβ2

]
< 0,

q′′n,4(−1) = −4
[
6α2 − 2αβ + 3α(2n− 1)β2 + 3(1− 2n+ 2α)β3 − 6β4

]
,

q′′′n,4(−1) = 2(β − α)
[
3β(2n− 1)(α− β)− 4β3 + 2αβ2 + 2α2β − 4α

]
< 0,

q
(4)
n,4(−1) = (β − α)3(−1 + 2n+ α + β) > 0.
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P❛r❛ x = 1✱ t❡♠♦s

qn,4(1) = −16α2
[
α2 + (2n− 1)α + 2

]
< 0,

q′n,4(1) = −8α
[
4α2

(
α + 2n− 1

)
−

(
2α2 + 3(2n− 1)α− 6

)
β
]
,

q′′n,4(1) = −4α
{
3(α− β)

[
2(2n− 1)α + 2α2 − (2n− 1)β

]
+ 2(5β − 3α)

}
,

q′′′n,4(1) = 2(β − α)
[
(2n− 1)(β − 4α)(β − α) + 2α2(2α− β)− 2α(2 + β2)

]
,

q
(4)
n,4(1) = (β − α)3(−1 + 2n+ α + β) > 0.

❖❜s❡r✈❡♠♦s q✉❡ Vqn,4
(−1) é ✐❣✉❛❧ ✷ ♦✉ ✹✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐♥❛❧ ❞❡ q′′4(−1)✳ ➱ ❡✈✐❞❡♥t❡ q✉❡

q′n,4(1) > 0 s❡

2α · 2(2n− 1) + 2α

3(2n− 1) + 2α− 6/α
=

4α2(2n− 1 + α)

α
[
2α + 3(2n− 1)

]
− 6

< β

❡
−3(2n− 1) +

√
9(2n− 1)2 + 24

24
< α. ✭✺✳✷✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ q′′n,4(1) < 0 s❡

2(2n− 1)α + 2α2 − (2n− 1)β < 0

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

2α
(
1 +

α

2n− 1

)
< β.

P♦rt❛♥t♦✱

V
(
qn,4(1), q

′
n,4(1), q

′′
n,4(1), q

′′′
n,4(1), q

(4)
n,4(1)

)
= V (−1, 1,−1, q′′′n,4(1), 1) = 3 ✭✺✳✷✳✸✮

s❡ ❢♦r❡♠ s❛t✐s❢❡✐t❛s ✭✺✳✷✳✷✮ ❡

max

{
2α · 2(2n− 1)α + 2α2

3(2n− 1)α + 2α2 − 6/α
, 2α

(
1 +

α

2n− 1

)}
< β. ✭✺✳✷✳✹✮

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r✱ t❡♠♦s q✉❡

V
(
qn,4(−1), q′n,4(−1), q′′n,4(−1), q′′′n,4(−1), q

(4)
n,4(−1)

)
= 4 ✭✺✳✷✳✺✮

❡ ∂λn(x;α, β)/∂β ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ③❡r♦ ❡♠ (−1, 1)✳ ▲♦❣♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✺ ❡ s✉❛ ♦❜s❡r✈❛çã♦✱
t❡♠♦s q✉❡ ♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s X1✲❏❛❝♦❜✐ ❡♠ (−1, 1) sã♦ ❝r❡s❝❡♥t❡s ❞❡ β✱ ❝♦♠ α✱ β
s❛t✐s❢❛③❡♥❞♦ ✭✺✳✷✳✷✮✱✭✺✳✷✳✹✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❋✐❣✉r❛ ✺✳✶✿ ▼♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❡♠ r❡❧❛çã♦ ❛ α ♥♦ ❝❛s♦ n = β = 5✳

❋✐❣✉r❛ ✺✳✷✿ ▼♦♥♦t♦♥✐❝✐❞❛❞❡ ❞♦s ③❡r♦s ❡♠ r❡❧❛çã♦ ❛ β ♥♦ ❝❛s♦ n = 5 ❡ α = 1✳

✺✳✸ ■♥t❡r♣r❡t❛çã♦ ❊❧❡tr♦stát✐❝❛ ❞♦s ❩❡r♦s

◆❛ ❙❡çã♦ ✻✳✼ ❞♦ ❧✐✈r♦ ❬✸✹❪✱ ❙③❡❣➤ ❛♣r❡s❡♥t♦✉ ❛ ✐♥t❡r♣r❡t❛çã♦ ❡❧❡tr♦stát✐❝❛ ❞♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô✲
♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛♠♣♦ ❡❧❡tr♦stát✐❝♦ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✷✳✸ ❝♦♠ m = 1 ❡
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❞❛ ❡♥❡r❣✐❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

∂L(X)/∂xn,j|X=X̂ = 0, j = 1, . . . , n,

∂2L(X)/∂x2
n,j|X=X̂ > 0, j = 1, . . . , n− 1, ✭✺✳✸✳✶✮

∂2L(X)/∂x2
n,n|X=X̂ < 0. ✭✺✳✸✳✷✮

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛♠♦s ❛ ❢✉♥çã♦

T (X) = e−L(X) =
n∏

j=1

|1− xj|Q · |1 + xj|P |b− xj|R
∏

1≤i<j≤n

|xi − xj|. ✭✺✳✸✳✸✮

❚❡♠♦s q✉❡ ♦ s✐st❡♠❛ ❞❡ três ❝❛r❣❛s ✜①❛s✱ P✱ ◗ ❡ ❘✱ ❡ n ❝❛r❣❛s ♠ó✈❡✐s ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡
s❡ ❡st❛❜✐❧✐③❛ q✉❛♥❞♦ ♥ã♦ ❤á ✈❛r✐❛çã♦ ❞❡ ❡♥❡r❣✐❛✱ ♦✉ s❡❥❛✱ ∂T (x)/∂xj = 0✱ j = 1, ..., n✳

❖❜s❡r✈❡♠♦s q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ tr❛t❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✸✳✹✳
▲♦❣♦✱ t❡♠♦s

1

2

y′′(xj)

y′(xj)
+

P

xj + 1
+

Q

xj − 1
+

R

xj − b
= 0, y(x) =

n∏

j=1

(x− xj),

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛
(x2

j − 1)(xj − b)y′′(xj) + 2B(xj)y
′(xj) = 0,

♦♥❞❡
B(x) = (P +Q+R)x2 +

[
(1− b)Q− (1 + b)P

]
x+ Pb−Qb−R.

❈♦♠♦
(x2 − 1)(x− b)y′′(x) + 2B(x)y′(x)

é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n+1 ❡ s❡ ❛♥✉❧❛ ♥♦s ③❡r♦s ❞❡ y(x)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ➪❧❣❡❜r❛✱
❡①✐st❡ C(x) = (c1x+ c2) t❛❧ q✉❡

(x2 − 1)(x− b)y′′(x) + 2B(x)y′(x) + C(x)y(x) = 0. ✭✺✳✸✳✹✮

❈♦♠♣❛r❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ xn+1 ❡ xn ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ ✭✺✳✸✳✹✮✱ ♦❜t❡♠♦s

c1 = −n(n− 1)− 2n(P +Q+R)

c2 = −2n
{
(1− b)Q− (1 + b)P

}
+ n(n− 1)b+ 2

(
n− 1 + P +Q+R

)
· an−1

an
,

♦♥❞❡ y(x) = anx
n + ...+ a1x+ a0✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❡q✉❛çõ❡s ✭✺✳✶✳✷✮ ❡ ✭✺✳✸✳✹✮ s❡rã♦ ✐❣✉❛✐s s❡

P =
1 + β

2
, Q =

1 + α

2
, R = −1 ❡

an−1

an
=

an,n−1

an,n
=

a
[
(n− 1)(b2 − 1)− nbc

]

ab+ (n− 1)
, ✭✺✳✸✳✺✮

♦♥❞❡
P̂ (α,β)
n (x) = an,nx

n + · · ·+ an,1x+ an,0.
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❡

∂2

∂x2
k

[
(1− x2

k)ω(xk)y
2
k(xk)

]
=

[
ω(xk)y

′(xk)
]′
·
[
(1− x2

k)y
′′(xk) + 2a

(1− bxk)(xk − c)

(xk − b)
y′(xk)

]

+ω(xk)y
′(xk) ·

{
− (x2

k − 1)y′′′(xk)− 2
[
xk + a

(1− bxk)(xk − c)

(b− xk)

]
y′′(xk)

−2a
bx2 − 2b2x+ b2c+ b− c

(b− xk)2
y′(xk)

}
,

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ é ❡♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ xk ❡ y(x) é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✳✷✮ ❡ ✭✺✳✶✳✸✮✳
❋❛③❡♥❞♦ ❛s s✉❜st✐t✉✐çõ❡s ❞❡ y′′′ ❡ y′′✱ q✉❡ ♣r♦✈ê♠ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ t❡r❝❡✐r❛ ❡ s❡❣✉♥❞❛

♦r❞❡♠ ✭✺✳✶✳✷✮ ❡ ✭✺✳✶✳✻✮✱ ♦❜t❡♠♦s

∂2

∂x2
k

T 2(X) = τ 2k sign
(
(1− xk)

α+1(1 + xk)
β+1

) ∂2

∂x2
k

[
(1− x2

k)ω(xk)y
2
k(xk)

]

= −τ 2k sign
(
(1− xk)

α+1(1 + xk)
β+1

)[
y′(xk)

]2
ω(xk)

×
{
2a

1− bxk

b− xk

+ (n− 1)(n+ α + β)
}

= −τ 2k

[
y′(xk)

]2

1− x2
k

|1− xk|α+1|1 + xk|β+1

(xk − b)2
×
{
2a

1− bxk

b− xk

+ (n− 1)(n+ α + β)
}
.

▲♦❣♦✱ ♣❛r❛ −1 < xk < 1✱ ∂2T 2(X)/∂x2
k|X=X̂ < 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

xk <
(n− 1)(n+ 2ab)b+ 2a

(n− 1)(n+ 2ab) + 2ab

❡✱ ♣❛r❛ xk > b✱ ∂2T 2(X)/∂x2
k|X=X̂ > 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

xk >
(n− 1)(n+ 2ab)b+ 2a

(n− 1)(n+ 2ab) + 2ab
.

P♦r s✐♠♣❧❡s ❝á❧❝✉❧♦s✱ ✈❡r✐✜❝❛♠♦s q✉❡

1 <
(n− 1)(n+ 2ab)b+ 2a

(n− 1)(n+ 2ab) + 2ab
≤ b.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

∂2T 2(X)

∂x2
k

= 2e−2L(X)
(
− ∂2L(X)

∂x2
k

+ 2
[∂L(X)

∂xk

]2)

❡✱ ❡♥tã♦✱
∂2T 2(X)

∂x2
k

|X=X̂ = −2e−2L(X̂)∂
2L(X)

∂x2
k

|X=X̂ ,
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♦✉ s❡❥❛✱
∂2T 2(X)

∂x2
k

|X=X̂ ❡
∂2L2(X)

∂x2
k

|X=X̂

tê♠ s✐♥❛✐s ♦♣♦st♦s✳
P♦rt❛♥t♦✱ ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ T 2 ❡♠ r❡❧❛çã♦ ❛ xk é ♣♦s✐t✐✈❛✭♥❡❣❛t✐✈❛✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❛ q✉❛♥t✐❞❛❞❡ 1−x2
k ♥❛s ❡①♣r❡ssõ❡s é ♥❡❣❛t✐✈❛✭♣♦s✐t✐✈❛✮✳ ❈♦♠♦ −1 < x1, < ... < xn−1 < 1 < b < xn✱

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡
∂2L(X)

∂x2
k

|X=X̂ > 0, para k = 1, . . . , n− 1,

❡
∂2L(X)

∂x2
n

|X=X̂ < 0.

❋✐❣✉r❛ ✺✳✺✿ ❋✉♥çã♦ exp(−L(x)) ♣❛r❛ n = 2✱ α = 2 ❡ β = 9✳ ❖s ③❡r♦s sã♦ x̂1 = 0.5573 ❡
x̂2 = 1.7943✳
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❋✐❣✉r❛ ✺✳✻✿ ❋✉♥çã♦ exp(−L(x)) ♣❛r❛ n = 2✱ α = 2 ❡ β = 9✳ ❖s ③❡r♦s sã♦ x̂1 = 0.5573 ❡ x̂2 = 1.7943✳
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❈❛♣ít✉❧♦ ✻

❈♦♥❥❡❝t✉r❛s ❞❡ ●❛✉ts❝❤✐

✏◆❡♥❤✉♠❛ ❣r❛♥❞❡ ❞❡s❝♦❜❡rt❛ ❢♦✐ ❢❡✐t❛

❥❛♠❛✐s s❡♠ ✉♠ ♣❛❧♣✐t❡ ♦✉s❛❞♦✳✑

■s❛❛❝ ◆❡✇t♦♥

❆s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●❛✉ts❝❤✐✱ ♦✉ ❛s ❝♦♥❥❡❝t✉r❛s ❞❡ ●❛✉ts❝❤✐✱ ♦r✐❣✐♥❛r❛♠✲s❡ ❞♦ ❛rt✐❣♦ ❬✷✺❪ ❞❡ P✳
❈✳ ▲❡♦♣❛r❞✐ q✉❡ tr❛t❛ ❞❛ ❢ór♠✉❧❛ ❞❡ q✉❛❞r❛t✉r❛ ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛ S

d ⊂ R
d+1✱ 2 ≤ d✳ ◆♦ ❞❡❝♦rr❡r

❞❡ t❛❧ tr❛❜❛❧❤♦✱ ❢♦✐✲❧❤❡ ♥❡❝❡ssár✐♦ ♣r♦✈❛r ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

P̃ (α,α−1)
n

(
cos

θ

n

)
< P̃

(α,α−1)
n+1

(
cos

θ

n+ 1

)
, ✭✻✳✵✳✶✮

♣❛r❛ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ 1/2 ≤ α ❡ 0 < θ < θ
(α,α−1)
n,1 ✱ ♦♥❞❡ P̃

(α,β)
n (x) := P

(α,β)
n (x)/P

(α,β)
n (1)

❡ x
(α,α−1)
n,k = cos

(
θ
(α,α−1)
n,k

)
✱ k = 1, ..., n✱ sã♦ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ ❞❡ ❏❛❝♦❜✐

P
(α,β)
n (x) ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱

θ
(α,α−1)
n,1 < θ

(α,α−1)
n,2 < · · · < θ

(α,α−1)
n,n−1 < θ(α,α−1)

n,n .

❆ t❡♥t❛t✐✈❛ ♠❛✐s ♥❛t✉r❛❧ ❞❡ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✶✮ é ❞❡♠♦♥str❛r q✉❡

nθ
(α,α−1)
n,1 < (n+ 1)θ

(α,α−1)
n+1,1 , ✭✻✳✵✳✷✮

♣❛r❛ 1/2 ≤ α✱ 1 ≤ n ❡ 0 < θ < θ
(α,α−1)
n,1 ✱ ♦ q✉❡ t♦r♥❛ ✭✻✳✵✳✶✮ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡st❡ ❢❛t♦✳

▼❛s✱ s❡rá q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ q✉❛✐sq✉❡r α ❡ β❄ ❋♦✐ ❡①❛t❛♠❡♥t❡ ✐ss♦ q✉❡ ❲✳ ●❛✉ts❝❤✐ ❡
P✳ ❈✳ ▲❡♦♣❛r❞✐ ♦❜s❡r✈❛r❛♠ ❡ ❢♦r♠✉❧❛r❛♠ ♥♦ ❛rt✐❣♦ ❬✶✻❪✱ ♦ ♣r♦tót✐♣♦ ❞❛s ❝♦♥❥❡❝t✉r❛s✳

❈♦♥❥❡❝t✉r❛ ✻✳✵✳✷✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱ k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦

♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

nθ
(α,β)
n,1 > (n+ 1)θ

(α,β)
n+1,1, ✭✻✳✵✳✸✮

♣❛r❛ −1 < α, β✳

✻✺
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❖❜s❡r✈❡♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✸✮ ❡♥✈♦❧✈❡ ❛♣❡♥❛s ♦ ♠❛✐♦r ③❡r♦✱ x(α,β)
n,1 = cos

(
θ
(α,β)
n,1

)
✱ ❞♦

♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳ ❆s ♣❡r❣✉♥t❛s ♥❛t✉r❛✐s ❛ ❢❛③❡r sã♦✿ s❡rá q✉❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡st❛
♥❛t✉r❡③❛ ✈❛❧❡ ♣❛r❛ ♦s ❞❡♠❛✐s ③❡r♦s❄ ❙❡rá q✉❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈❛❧❡♠ ♣❛r❛ t♦❞♦ ♣❧❛♥♦✲(α, β) ❝♦♠
−1 < α, β❄ ❋♦✐ ✐ss♦ q✉❡ ❲✳ ●❛✉ts❝❤✐ ❢♦r♠✉❧♦✉ ♥♦ ❛rt✐❣♦ ❬✶✹❪✳

Pr♦❜❧❡♠❛ ✻✳✵✳✸✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱ k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲

és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❉❡t❡r♠✐♥❡ r❡❣✐ã♦ ♥♦ ♣❧❛♥♦✲(α, β) ♦♥❞❡ ✈❛❧❡ ❛
❞❡s✐❣✉❛❧❞❛❞❡

nθ
(α,β)
n,k < (n+ 1)θ

(α,β)
n+1,k. ✭✻✳✵✳✹✮

❋✐❣✉r❛ ✻✳✶✿ ❆ s✉♣♦st❛ r❡❣✐ã♦ ♦♥❞❡ ✈❛❧❡ ❛ ❞❡s✐✲
❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ ✜❝❛ ❛♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✉♥✐ã♦
❞❛ ❝✉r✈❛ Bn✱ ♣❛rt❡ ❞❛ r❡t❛ ✈❡rt✐❝❛❧ α = −1✱
♣❛rt❡ ❞❛ r❡t❛ β = −α− 1 ❡ ❛ ❝✉r✈❛ Cn✳

◆♦ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ❲✳ ●❛✉ts❝❤✐ ❝r✐♦✉ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❞❡s❝♦❜r✐r r❡❣✐õ❡s ♥♦ ♣❧❛♥♦✲(α, β)
♦♥❞❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮✳ ❆ ❡str❛té❣✐❛ ❝♦♥s✐st❡ ❡♠✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥st❛t❛r q✉❡ ❛ ❞❡s✐✲
❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ é ✈á❧✐❞❛ ♥♦ s❡❣♠❡♥t♦ ❞✐❛❣♦♥❛❧ K := {(α, β) : −1 < α ≤ −1/2, β = −α− 1} ❡ ♥❛
r❡t❛ ❤♦r✐③♦♥t❛❧ H := {(α, β) : −1/2 < α, β = −1/2}✳ ❉❡✜♥❛♠♦s ♦ ♣❛ss♦ ❡♠ α✱ ∆α = 0.02✱ ❡ Lα ❛
❧✐♥❤❛ ✈❡rt✐❝❛❧ ❝♦♠ ❛❜❝✐ss❛ ✐❣✉❛❧ −1 +m ·∆α✱ ♦♥❞❡ m é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♥ã♦ ♥✉❧♦✳ ❉❡♥♦t❛♠♦s
♣♦r L+

α ✭L−
α ✮ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ✈❡rt✐❝❛❧ ❞❡ Lα q✉❡ ✜❝❛ s♦❜r❡✭s♦❜✮ ❛ ✉♥✐ã♦ ❞♦ s❡❣♠❡♥t♦ ❞✐❛❣♦♥❛❧

K ❝♦♠ ❛ r❡t❛ ❤♦r✐③♦♥t❛❧ H✳ P❛r❛ ❝❛❞❛ Lα✱ L+
α t❡♠ ✐♥í❝✐♦ ♥✉♠ ♣♦♥t♦ ❡♠ K ♦✉ H ❡ ♠♦✈❡✲s❡ ♣❛r❛

❝✐♠❛ ❝♦♠ ♣❛ss♦ ∆β = 0.1 ❛té ❛t✐♥❣✐r ✉♠ ♣♦♥t♦ (α, β∗) ♦♥❞❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ ♥ã♦ é ✈á❧✐❞❛✳ ❖
♣ró①✐♠♦ ♣❛ss♦ é ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❛ ❜✐s❡❝çã♦ ♥♦ ✐♥t❡r✈❛❧♦ [β∗−∆β, β∗] ♣❛r❛ ❞❡t❡r♠✐♥❛r ❝♦♠ ♠❛✐s
♣r❡❝✐sã♦ ♦ ♣♦♥t♦ ❡①tr❡♠♦ s✉♣❡r✐♦r β0 ❞♦ s❡❣♠❡♥t♦ L+

α ✳ ❆ ✉♥✐ã♦ ❞♦s ♣♦♥t♦s β0 ❢♦r♠❛♠ ✉♠❛ ❝✉r✈❛
❧✐❣❡✐r❛♠❡♥t❡ ❝ô♥❝❛✈❛ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Bn✱ ♦♥❞❡ n é ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳ ❯s❛♥❞♦ ♦
♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ ❡♥❝♦♥tr❛♠♦s ♣♦♥t♦s ✐♥❢❡r✐♦r❡s ❞♦ s❡❣♠❡♥t♦ L−

α ✳ ❊st❡s ♣♦♥t♦s ❢♦r♠❛♠ ✉♠❛ ❝✉r✈❛
q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Cn✳ ❆ ❋✐❣✉r❛ 6.1 ✐❧✉str❛ ❛ s✉♣♦st❛ r❡❣✐ã♦ ♦♥❞❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮✳ P♦r
❡①❡♠♣❧♦✱ ♣❛r❛ n = 50✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ é ✈á❧✐❞❛ ♥❛ r❡❣✐ã♦ ✐♥❢❡r✐♦r ❞❛ ❝✉r✈❛ B50✱ r❡❣✐ã♦ ❛♦ ❧❛❞♦
❞❛ r❡t❛ ✈❡rt✐❝❛❧ α = −1✱ r❡❣✐ã♦ s✉♣❡r✐♦r ❞❛ r❡t❛ −α− 1 = 0 ❡ r❡❣✐ã♦ s✉♣❡r✐♦r ❞❛ ❝✉r✈❛ C50✳ ❆✐♥❞❛✱
●❛✉ts❝❤✐ ♦❜s❡r✈♦✉ q✉❡ ❛s ❝✉r✈❛s Bn ❡ Cn sã♦ ❞❡❝r❡s❝❡♥t❡s ❡ ❝r❡s❝❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ r❡❧❛çã♦
❛ n ❡ ❝♦♥✈❡r❣❡♠✱ ♣♦♥t✉❛❧♠❡♥t❡✱ ❛s s❡♠✐✲r❡t❛s ❤♦r✐③♦♥t❛✐s β = 1/2 ❡ β = −1/2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
♣❛r❛ −1/2 < α✳

◆♦ ♠❡s♠♦ ❛♥♦ ❞❛ ♣✉❜❧✐❝❛çã♦ ❞♦ Pr♦❜❧❡♠❛ ✻✳✵✳✸✱ ❘✳ ❆s❦❡② ❡s❝r❡✈❡✉ ✉♠❛ ♠❡♥s❛❣❡♠ ❛ ❲✳
●❛✉ts❝❤✐ s✉❣❡r✐♥❞♦ ✉♠❛ ✐♥✈❡st✐❣❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮✱ ♣♦ré♠ ❝♦♠ ❛ s✉❜st✐t✉✐çã♦ ❞♦ ❢❛t♦r n
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❋✐❣✉r❛ ✻✳✷✿ ❆ s✉♣♦st❛ r❡❣✐ã♦ ♦♥❞❡ ✈❛❧❡ ❛ ❞❡✲
s✐❣✉❛❧❞❛❞❡ ✭✻✳✵✳✹✮ q✉❛♥❞♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡✱ ❞❡♥♦t❡♠♦s ♣♦r ❢❛✐①❛ S✳

♣♦r n+(α+β+1)/2 q✉❡✱ s❡❣✉♥❞♦ ❛ ♦♣✐♥✐ã♦ ❞❡ ❆s❦❡②✱ s❡r✐❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❡ ♥❛t✉r❛❧ ♣❛r❛ ♦ ❝❛s♦
❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐✳ ◆♦ ❛rt✐❣♦ ❬✶✸❪✱ ❲✳ ●❛✉ts❝❤✐ ❢♦r♠✉❧♦✉ ❛ s❡❣✉✐♥t❡ ❝♦♥❥❡❝t✉r❛✿

❈♦♥❥❡❝t✉r❛ ✻✳✵✳✹✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱ k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦

♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
(
n+

α + β + 1

2

)
θ
(α,β)
n,k >

(
n+

α + β + 3

2

)
θ
(α,β)
n+1,k ✭✻✳✵✳✺✮

✈❛❧❡ ❡♠

Ω :=

{
(α, β) : −1 < α, β, α 6∈

(
− 1

2
,
1

2

)
❡ β 6∈

(
− 1

2
,
1

2

)}
\
{(

± 1

2
,±1

2

)}
. ✭✻✳✵✳✻✮

❋✐❣✉r❛ ✻✳✸✿ Ω é ❢♦r♠❛❞♦ ♣❡❧❛s r❡❣✐õ❡s ❝♦✲
❧♦r✐❞❛s✱ t✐r❛♥❞♦ ♦s ♣♦♥t♦s (−1/2, −1/2)✱
(−1/2, 1/2)✱ (1/2, −1/2) ❡ (1/2, 1/2)✳

◆♦ ❛rt✐❣♦ ❬✶❪✱ ❙✳ ❆❤♠❡❞✱ ❆✳ ▲❛❢♦r❣✐❛ ❡ ▼✳ ❊✳ ▼✉❧❞♦♦♥ ♣r♦✈❛r❛♠ ✭✻✳✵✳✺✮✱ ♣♦ré♠ ❝♦♠ ♦ s✐♥❛❧ ❞❡
❞❡s✐❣✉❛❧❞❛❞❡ ✐♥✈❡rt✐❞❛✱ ♥♦ q✉❛❞r❛❞♦ {(α, β) : −1/2 ≤ α, β ≤ 1/2}✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✻✳✵✳✹✮ ❡ ✭✻✳✵✳✺✮ ❢♦r♥❡❝❡♠ ✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛

n

n+ 1
<

θ
(α,β)
n+1,k

θ
(α,β)
n,k

<
n+ (α + β + 1)/2

n+ (α + β + 3)/2
,
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♣❛r❛ α, β ♣❡rt❡♥❝❡♥t❡s às ❞❡✈✐❞❛s r❡❣✐õ❡s ♥♦ ♣❧❛♥♦✲(α, β)✳
◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st❛❜❡❧❡❝❡r❡♠♦s r❡s♣♦st❛s ♣❛r❝✐❛✐s ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✻✳✵✳✸ ❡ ❛ ❈♦♥❥❡❝t✉r❛ ✻✳✵✳✹✳

❆s ❢❡rr❛♠❡♥t❛s ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛s ❞❡♠♦♥str❛çõ❡s sã♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛çã♦ ❞❡ ❙t✉r♠ ✹✳✶✳✷✱
✹✳✷✳✶ ❡ s✉❛ ✈❡rsã♦ r❡✜♥❛❞❛✱ ❚❡♦r❡♠❛ ✹✳✷✳✹✳

✻✳✶ ▲❡♠❛ ❚é❝♥✐❝♦

▲❡♠❛ ✻✳✶✳✶✳ ❙❡❥❛ ❛ ❢✉♥çã♦

f̃n(θ;h, α, β) :=
1/4− α2

4h2 sin2(θ/2h)
+

1/4− β2

4h2 cos2(θ/2h)
+

(
n

h
+

α + β + 1

2h

)2

. ✭✻✳✶✳✶✮

✭✐✮ ❙❡ α ≥ 1/2 ❡ β > 1/2✱ ❡♥tã♦ f̃n+1(θ;n+1, α, β)− f̃n(θ;n, α, β) ♠✉❞❛ ❞❡ s✐♥❛❧ ✉♠❛ ú♥✐❝❛ ✈❡③
❡♠ (0, nπ) ❡ ❡st❛ ♠✉❞❛♥ç❛ é ❞❡ ♥❡❣❛t✐✈♦ ♣❛r❛ ♣♦s✐t✐✈♦✱

✭✐✐✮ ❙❡ α ≥ 1/2 ❡ −1/2 < β ≤ 1/2✱ ❡♥tã♦ f̃n+1(θ;n+ 1, α, β)− f̃n(θ;n, α, β) < 0 ❡♠ (0, nπ)✱

✭✐✐✐✮ ❙❡ (α, β) ∈ Ω✱ ❝♦♠ Ω ❞❡✜♥✐❞❛ ❡♠ ✭✻✳✵✳✻✮✱ ❡♥tã♦ f̃n+1(θ; γn+1, α, β) − f̃n(θ; γn, α, β) > 0 ❡♠
(0, γnπ)✱ ♦♥❞❡ γn = n+ (α + β + 1)/2✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛♠♦s

R(θ) := f̃n+1(θ;n+ 1, α, β)− f̃n(θ;n, α, β)

= Rα(n, θ) +Rβ(n, θ)−
(α + β + 1)(4n2 + 2n(α + β + 3) + α + β + 1)

4n2(n+ 1)2
,

♦♥❞❡

Rα(n, θ) :=
4α2 − 1

16

{
1

n2

[
sin

(
θ

2n

)]−2

− 1

(n+ 1)2

[
sin

(
θ

2n+ 2

)]−2
}

✭✻✳✶✳✷✮

Rβ(n, θ) :=
4β2 − 1

16

{
1

n2

[
cos

(
θ

2n

)]−2

− 1

(n+ 1)2

[
cos

(
θ

2n+ 2

)]−2
}
. ✭✻✳✶✳✸✮

P❛r❛ ♣r✐♠❡✐r♦ ❝❛s♦✱ α ≥ 1/2 ❡ β > 1/2✱ t❡♠♦s

lim
θ→0+

R(θ) = −9α + 12n2 + 15

4n2(n+ 1)2

(
β +

(α + 1) [α + 4 (n2 + 1)]

3α + 4n2 + 5

)
< 0

❡
lim

θ→nπ−

R(θ) = +∞.

Pr♦✈❛r❡♠♦s q✉❡ R(θ) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ (0, nπ)✳
❙❡❥❛♠ s(u) ❡ r(u) ❞❡✜♥✐❞❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

s(u) =
u3 cosu

sin3 u
❡ r(u) =

u3 sin u

cos3 u
. ✭✻✳✶✳✹✮
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❈❛❧❝✉❧❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ R(θ) ❡♠ r❡❧❛çã♦ ❛ θ✱ ♦❜t❡♠♦s

dR(θ)

dθ
=

4α2 − 1

2θ3
[s(u2)− s(u1)] +

4β2 − 1

2θ3
[r(u1)− r(u2)], ✭✻✳✶✳✺✮

♦♥❞❡ u2 = θ/2n ❡ u1 = θ/2(n + 1)✳ ❖❜s❡r✈❡♠♦s q✉❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ ✭✻✳✶✳✺✮ é ❝♦♥s❡q✉ê♥❝✐❛
✐♠❡❞✐❛t❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s

s(u1) < s(u2)

❡
r(u2) < r(u1).

Pr♦✈❛r❡♠♦s q✉❡ s(u) é ❝r❡s❝❡♥t❡ ❡ r(u) ❞❡❝r❡s❝❡♥t❡ q✉❛♥❞♦ u ❝r❡s❝❡ ❡♠ (0, π/2)✳ ▼❛✐s ♣r❡❝✐s❛✲
♠❡♥t❡✱ ✈❡r✐✜❝❛r❡♠♦s q✉❡ s✉❛s ❞❡r✐✈❛❞❛s sã♦ ♥❡❣❛t✐✈❛s ❡ ♣♦s✐t✐✈❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

ds(u)

du
=

u2
[
3 sin u cosu− u sin2 u− 3u cos2 u

]

sin4 u
✭✻✳✶✳✻✮

❡

dr(u)

du
=

u2
[
3 sin u cosu− 2u cos2 u+ 3u

]

cos4 u
. ✭✻✳✶✳✼✮

❉❛ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r ❞❡ cosu ❡ sin u ❡♠ u = 0✱ 0 < u < π/2✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿

cosu < 1, 1− u2

2
< cosu ❡ cosu < 1− u2

2
+

u4

24
,

❡

u− u3

6
< sin u ❡ sin u < u− u3

6
+

u5

120
.

▲♦❣♦✱ ♣❛r❛ 0 < u < π/2✱ t❡♠♦s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s s♦❜r❡ ❡①♣r❡ssõ❡s ♥♦s ♥✉♠❡r❛❞♦r❡s ❞❡
✭✻✳✶✳✻✮ ❡ ✭✻✳✶✳✼✮✿

❼ 3 sin u cosu− u sin2 u− 3u cos2 u <

3

(
u− u3

6
+

u5

120

)(
1− u2

2
+

u4

24

)
− u

(
u− u3

6

)2

− 3u

(
1− u2

2

)2

=
u5p(u2)

2880
< 0,

♦♥❞❡ p(u) = −48 − 176u + 3u2 ❡ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ③❡r♦ ♣♦s✐t✐✈♦ u+ = 4(22 +
√
493)/3 ≈

58.9381 > π2/4✱

❼

3 sin u cosu− 2u cos2 u+ 3u > 3

(
u− u3

6

)(
1− u2

2

)
− 2u+ 3u =

u(u2 − 4)2

4
> 0.
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❊♥tã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ds(u)/du < 0 ❡ dr(u)/du > 0 ♣❛r❛ u ∈ (0, π/2)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s
❞❡s✐❣✉❛❧❞❛❞❡s s(u1) < s(u2) ❡ r(u1) > r(u2) sã♦ ✈á❧✐❞❛s✳ P♦rt❛♥t♦✱ ✭✻✳✶✳✺✮ é ♣♦s✐t✐✈❛ ♣❛r❛ α ≥ 1/2
❡ β > 1/2✳

P❛r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦✱ α ≥ 1/2 ❡ −1/2 < β ≤ 1/2✱ ♣r♦✈❛r❡♠♦s q✉❡ R(θ) < 0 ❡♠ (0, nπ)✳
❉❡ ❢❛t♦✱ Rβ(0) = (4β2 − 1)(2n+ 1)/n2(n+ 1)2 ≤ 0 ❡ s✉❛ ❞❡r✐✈❛❞❛

dRβ(θ)

dθ
=

4β2 − 1

2θ3
[r(u1)− r(u2)] ≤ 0

❡♠ (0, nπ)✱ ♦♥❞❡ r(u) é ❞❡✜♥✐❞❛ ❡♠ ✭✻✳✶✳✹✮✱ u1 = θ/2(n+1) ❡ u2 = θ/2n✳ P♦rt❛♥t♦✱ Rβ(θ) ≤ 0 ❡♠
(0, nπ)✱ ♣❛r❛ α ≥ 1/2 ❡ −1/2 < β ≤ 1/2✳

P♦r ♦✉tr♦ ❧❛❞♦✱

d

dθ

[
Rα(θ)−

(α + β + 1)(4n2 + 2n(α + β + 3) + α + β + 1)

4n2(n+ 1)2

]
=

4α2 − 1

2θ3
[s(u2)− s(u1)] > 0

❡♠ (0, nπ)✱ ♦♥❞❡ s(u) é ❞❡✜♥✐❞❛ ❡♠ ✭✻✳✶✳✹✮✱ ❡

Rα(nπ)−
(α + β + 1)(4n2 + 2n(α + β + 3) + α + β + 1)

4n2(n+ 1)2
=

a2(n, α)
(
β +

1

2

)2

+ a1(n, α)
(
β +

1

2

)
+ a0(n, α), ✭✻✳✶✳✽✮

♦♥❞❡

a2(n, α) = − 3n+ 1

2n(n+ 1)2
< 0

a1(n, α) = −2α + 6nα + 5n+ 3

2n(n+ 1)2
< 0

a0(n, α) = b2(n)

(
α− 1

2

)2

+ b1(n)

(
α− 1

2

)
+ b0(n),

❝♦♠

b2(n) = −
5n2 − 1 + n2

(
csc2

(
πn

2n+2

))

4n2(n+ 1)2
< 0

b1(n) = −
15n2 + n2

(
csc2

(
πn

2n+2

))
+ 6n− 1

4n2(n+ 1)2
< 0

b0(n) = − 5n+ 3

2n(n+ 1)2
< 0.

P❡❧❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✱ a0(n, α)✱ ❝♦♠♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ α✱ ♥ã♦ ♣♦ss✉✐ ③❡r♦ r❡❛❧ ♠❛✐♦r
q✉❡ 1/2 ❡✱ ♣♦rt❛♥t♦✱ a0(n, α) < 0✱ ♣❛r❛ α ≥ 1/2✳ ❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦
♣♦❧✐♥ô♠✐♦ ❞❡ β ✭✻✳✶✳✽✮ ♥ã♦ ♣♦ss✉✐ ③❡r♦ r❡❛❧ ♠❛✐♦r q✉❡ −1/2 ❡✱ ♣♦rt❛♥t♦✱ ❡❧❡ ❛ss✉♠❡ ✈❛❧♦r ♥❡❣❛t✐✈♦
♣❛r❛ β > −1/2✳ P♦rt❛♥t♦✱ ❛ ❡①♣r❡ssã♦

Rα(θ)−
(α + β + 1)(4n2 + 2n(α + β + 3) + α + β + 1)

4n2(n+ 1)2
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é ♥❡❣❛t✐✈❛ ❡♠ (0, nπ)✱ ♣❛r❛ α ≥ 1/2 ❡ −1/2 < β ≤ 1/2✳
P❛r❛ ♣r♦✈❛r ♦ t❡r❝❡✐r♦ ❝❛s♦✱ q✉❛♥❞♦ (α, β) ∈ Ω✱ ♦❜s❡r✈❡♠♦s

f̃n+1(θ; γn+1, α, β)− f̃n(θ; γn, α, β) =
1/4− α2

4

{
1

γ2
n+1

[
sin

θ

2γn+1

]−2

− 1

γ2
n

[
sin

θ

2γn

]−2
}

+

1/4− β2

4

{
1

γ2
n+1

[
cos

θ

2γn+1

]−2

− 1

γ2
n

[
cos

θ

2γn

]−2
}
,

♦♥❞❡ f̃n(θ; γn, α, β) é ❞❡✜♥✐❞❛ ❡♠ ✭✻✳✶✳✶✮✳ ▲♦❣♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ f̃n+1(θ; γn+1, α, β) > f̃n(θ; γn, α, β)
é ✈á❧✐❞❛ ❡♠ (0, γnπ) ♣❛r❛ α, β ∈ Ω s❡✱ ❡ s♦♠❡♥t❡ s❡✱

1

γ2
n+1

[
sin

θ

2γn+1

]−2

− 1

γ2
n

[
sin

θ

2γn

]−2

< 0 ✭✻✳✶✳✾✮

❡
1

γ2
n+1

[
cos

θ

2γn+1

]−2

− 1

γ2
n

[
cos

θ

2γn

]−2

< 0. ✭✻✳✶✳✶✵✮

❈♦♠♦ θ/2γn, θ/2γn+1 ∈ (0, π/2) ❡ cosu ❡ sin u sã♦ ♣♦s✐t✐✈♦s ❡♠ (0, π/2)✱ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✻✳✶✳✾✮
❡ ✭✻✳✶✳✶✵✮ ❡q✉✐✈❛❧❡♠ às s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s

γn sin
θ

2γn
< γn+1 sin

θ

2γn+1

✭✻✳✶✳✶✶✮

❡

γn cos
θ

2γn
< γn+1 cos

θ

2γn+1

. ✭✻✳✶✳✶✷✮

❈♦♠♦ 0 < γn < γn+1 ❡ cosu é ♣♦s✐t✐✈❛ ❡ ❞❡❝r❡s❝❡♥t❡ ❡♠ (0, π/2)✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✶✳✶✷✮ é
✈á❧✐❞❛✳ P❛r❛ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✶✳✶✶✮✱ ❞❡✜♥❛♠♦s

g(θ) := γn+1 sin
θ

2γn+1

− γn sin
θ

2γn
.

❖❜s❡r✈❡♠♦s q✉❡ g(0) = 0 ❡

g′(θ) =
1

2

[
cos

θ

2γn+1

− cos
θ

2γn

]
> 0

❡♠ (0, γnπ)✳ P♦rt❛♥t♦✱ 0 = g(0) < g(θ) ♦ q✉❡ ✐♠♣❧✐❝❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✶✳✶✶✮✳

✻✳✷ ❚❡♦r❡♠❛s ❡ Pr♦✈❛s

❚❡♦r❡♠❛ ✻✳✷✳✶ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱

k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

nθ
(α,β)
n,k < (n+ 1)θ

(α,β)
n+1,k ✭✻✳✷✳✶✮
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✈❛❧❡ ❡♠

Ω1 := {(α, β) : −1/2 ≤ α, β ≤ 1/2} ∪
{
(α, β) : β > −1/2, α ≥ max{1/2, γn(β)}

}
, ✭✻✳✷✳✷✮

❝♦♠

γn(β) =
2(β + 1)(β + 3)−

[
2n(n+ β + 3) + (β + 2)(β + 3)

][
1 + cos

(
nπ/(n+ 1)

)]

(2n+ β + 3)
[
1 + cos

(
nπ/(n+ 1)

)] .

❋✐❣✉r❛ ✻✳✹✿ ❆ r❡❣✐ã♦ Ω1 ♣❛r❛ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡
❏❛❝♦❜✐ ❞❡ ❣r❛✉ n = 5, 50✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜t❡r❡♠♦s✱ ❞❡ ❢♦r♠❛ ❝♦♥str✉t✐✈❛✱ ✉♠❛ ❢✉♥çã♦ ❝✉❥♦s ③❡r♦s sã♦
h θ

(α,β)
n,k ✱ ❝♦♠ h ✉♠ ♣❛râ♠❡tr♦✳ ❙❛❜❡♠♦s ♣❡❧❛ ✭✸✳✸✳✹✮ q✉❡ ❛ ❢✉♥çã♦

yn(θ;α, β) =

(
sin

θ

2

)α+1/2 (
cos

θ

2

)β+1/2

P (α,β)
n (cos θ), ✭✻✳✷✳✸✮

❝♦♠ α, β > −1✱ é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❢♦r♠❛ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡

y′′n(θ;α, β) + fn(θ;α, β) yn(θ;α, β) = 0,

♦♥❞❡

fn(θ;α, β) =
1/4− α2

4 sin2(θ/2)
+

1/4− β2

4 cos2(θ/2)
+

(
n+

α + β + 1

2

)2

.

❋❛③❡♥❞♦ ✉♠❛ s✐♠♣❧❡s ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❡♠ ✭✻✳✷✳✸✮✱ r❡s✉❧t❛ ❡♠

zn(θ;h, α, β) := yn(θ/h;α, β) =

(
sin

θ

2h

)α+1/2 (
cos

θ

2h

)β+1/2

P (α,β)
n

(
cos

θ

h

)
,

❝✉❥♦s ③❡r♦s✱ hθ(α,β)n,1 < hθ
(α,β)
n,2 < . . . < hθ

(α,β)
n,n ✱ ♣❡rt❡♥❝❡♠ ❛ (0, hπ)✱ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

z′′n(θ;h, α, β) + f̃n(θ;h, α, β) zn(θ;h, α, β) = 0,
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♦♥❞❡

f̃n(θ;h, α, β) =
fn(θ/h;α, β)

h2
=

1/4− α2

4h2 sin2(θ/2h)
+

1/4− β2

4h2 cos2(θ/2h)
+

(
n

h
+

α + β + 1

2h

)2

.

P❛r❛ ♣r♦✈❛r♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✷✳✶✮✱ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✹✳✷✳✹ ❝♦♠ y = zn(θ;n, α, β) ❡
Y = zn+1(θ;n+1, α, β) ♥♦ ✐♥t❡r✈❛❧♦ (a, b) = (0, nπ)✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ y ❡ Y s❛t✐s❢❛③❡♠ às ❝♦♥❞✐çõ❡s
✭✹✳✷✳✺✮ ❡ ✭✹✳✷✳✻✮ ♣❛r❛ q✉❛✐sq✉❡r α > 1/2 ❡ β > −1/2 ✜①♦s✳

◆♦ ❛rt✐❣♦ ❬✶✵❪✱ ❑✳ ❉r✐✈❡r ❡ ❑✳ ❏♦r❞❛❛♥ ♣r♦✈❛r❛♠ q✉❡

cos
(
θ
(α,β)
n+1,n+1

)
= x

(α,β)
n+1,n+1 < −1 +

2(β + 1)(β + 3)

2n(2n+ α + β + 3) + (β + 3)(α + β + 2)
.

❊♥tã♦✱ ♣❛r❛ α ≥ γn(β)✱ t❡♠♦s

x
(α,β)
n+1,n+1 < −1 +

2(β + 1)(β + 3)

2n(2n+ α + β + 3) + (β + 3)(α + β + 2)
< cos

( nπ

n+ 1

)
,

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ nπ < (n + 1)θ
(α,β)
n+1,n+1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Y = zn+1(θ;n + 1, α, β) ♣♦ss✉✐ ♥♦

♠á①✐♠♦ n ③❡r♦s ♥♦ ✐♥t❡r✈❛❧♦ (0, nπ)✳
❉✐✈✐❞✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s ♣❛r❛ α ❡ β✳
❈❛s♦ α ≥ 1/2 ❡ −1/2 < β ≤ 1/2✱ ♣❡❧♦ s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ▲❡♠❛ ✻✳✶✳✶✱ F (θ) < f(θ) ❡♠ (0, nπ)✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✷✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ③❡r♦ ❞❡ y = zn(θ;n, α, β) ❡♥tr❡ ③❡r♦s ❝♦♥s❡❝✉✲
t✐✈♦s ❞❡ Y = zn+1(θ;n, α, β) ❡ ♥♦s ✐♥t❡r✈❛❧♦s (0, ξ1) ❡ (ξk, nπ)✱ ♦♥❞❡ ξ1 ❡ ξk ❞❡♥♦t❛♠ ♠❡♥♦r ❡ ♠❛✐♦r
③❡r♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ Y ♥♦ ✐♥t❡r✈❛❧♦ (0, nπ)✳ ❖❜s❡r✈❡♠♦s q✉❡ k ≤ n− 1✱ s❡♥ã♦ ✐♠♣❧✐❝❛r✐❛ q✉❡
y ♣♦ss✉✐ ♠❛✐s q✉❡ n ③❡r♦s ♥♦ ✐♥t❡r✈❛❧♦ (0, nπ) ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❖❜✈✐❛♠❡♥t❡✱ ♦s ❞❡♠❛✐s
③❡r♦s ❞❡ Y ♣❡rt❡♥❝❡♠ ❛♦ ✐♥t❡r✈❛❧♦

(
nπ, (n+ 1)π

)
❡✱ ♣♦rt❛♥t♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✷✳✶✮ é ✈á❧✐❞❛✳

❈❛s♦ α ≥ 1/2 ❡ β > 1/2✱ ♣❡❧♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞♦ ▲❡♠❛ ✻✳✶✳✶✱ F (θ) − f(θ) ♠✉❞❛ ❞❡ s✐♥❛❧ ✉♠❛
ú♥✐❝❛ ✈❡③ ❡♠ (0, nπ) ❡ ❡st❛ ♠✉❞❛♥ç❛ é ❞❡ ♥❡❣❛t✐✈♦ ♣❛r❛ ♣♦s✐t✐✈♦✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✹✱ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✷✳✶✮ é ✈á❧✐❞❛✳

❈❛s♦ −1/2 ≤ α, β ≤ 1/2✱ ✉s❛r❡♠♦s ❛ ♣❛rt❡ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ❞❡ ❙✳ ❆❤♠❡❞✱ ❆✳ ▲❛❢♦r❣✐❛ ❡ ▼✳
❊✳ ▼✉❧❞♦♦♥ ❬✶❪✱ q✉❡ ❞✐③ ♦ s❡❣✉✐♥t❡✿ ❙❡ 0 ≤ α2 ≤ 1/4 ❡ 0 ≤ β2 ≤ 1/4✱ ❡♥tã♦

(
n+

α + β + 1

2

)
θ
(α,β)
n,k <

(
n+

α + β + 3

2

)
θ
(α,β)
n+1,k,

♣❛r❛ q✉❛❧q✉❡r n ≥ 1 ❡ k = 1, . . . , n✳ ❆ ❝♦♥❝❧✉sã♦ ❞♦ ❚❡♦r❡♠❛ ♣❛r❛ ❡st❡ ❝❛s♦ s❡❣✉❡✲s❡ ♣❡❧❛s
❞❡s✐❣✉❛❧❞❛❞❡s

θ
(α,β)
n,k

θ
(α,β)
n+1,k

<
n+ (α + β + 3)/2

n+ (α + β + 1)/2
≤ 1 +

1

n
.

❆ss✐♠✱ ❝♦♠♣❧❡t❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳
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❖❜s❡r✈❛çã♦ ✻✳✷✳✷✳ ❆ r❡❣✐ã♦ Ω1 ❛♣r♦①✐♠❛ ❛ ❢❛✐①❛

S1 := {(α, β) : −1/2 ≤ α, β ≤ 1/2} ∪ {(α, β) : α ≥ 1/2,−1/2 < β ≤ l},

q✉❛♥❞♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♥♦t❡♠♦s l := −2 +
√

1
2
(2 + π2) ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♦❜s❡r✈❛çã♦

❝♦♥s✐st❡ ❡♠ ♣r♦✈❛r ❛s ❞✉❛s ❛✜r♠❛çõ❡s ❛ s❡❣✉✐r❡♠✳

✭✐✮ ❆ ❢✉♥çã♦ γn(β) − l é s❡♠♣r❡ ♣♦s✐t✐✈❛ ♣❛r❛ β > l ❡ ❝♦♥✈❡r❣❡ ♣♦♥t✉❛❧♠❡♥t❡ ♣❛r❛ ❛ s❡♠✐✲r❡t❛
β = 0 ❡♠ 1/2 < α✱

✭✐✐✮ γn(−1/2) < 0 ♣❛r❛ q✉❛❧q✉❡r n ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳

❋✐❣✉r❛ ✻✳✺✿ ❆ ❢❛✐①❛ S1✳

❉❡ ❢❛t♦✱ ♦ ♥✉♠❡r❛❞♦r ❞❛ ❢✉♥çã♦ γn(β) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ β ❞❡ ❣r❛✉ 2 ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞♦♠✐♥❛♥t❡
♣♦s✐t✐✈♦✳ ❯s❛♥❞♦ ❛ ❘❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s✱ t❛❧ ♣♦❧✐♥ô♠✐♦ ♣♦ss✉✐ ③❡r♦s r❡❛✐s ❝♦♠ s✐♥❛✐s ♦♣♦st♦s✳
❖ ❞❡♥♦♠✐♥❛❞♦r ❞❡ γn(β) é ✉♠❛ ❡①♣r❡ssã♦ s❡♠♣r❡ ♣♦s✐t✐✈❛✳

❈♦♠♦ cot(x) < 1/x ♣❛r❛ x ∈ (0, π/4)✱ t❡♠♦s

γn(l) = −
2n (2n+ 2) + (2n+ 1)

√
2 (2 + π2) + 2− π2 cot2

(
π

2n+2

)

4n+
√

2 (2 + π2) + 2

< −
(2n+ 1)

(
−2 +

√
2 (2 + π2)

)

4n+ 2 +
√

2 (2 + π2)
.

P♦r ♦✉tr♦ ❧❛❞♦✱

−
(2n+ 1)

(
−2 +

√
2 (2 + π2)

)

4n+ 2 +
√
2 (2 + π2)

|n=1 ≈ −0.792553 <
−1

2
,

❡

d

dx

[
−

(2x+ 1)
(
−2 +

√
2 (2 + π2)

)

4x+ 2 +
√

2 (2 + π2)

]
= −

4
(
2 + π2 −

√
2 (2 + π2)

)

(
4x+

√
2 (2 + π2) + 2

)2 < 0.
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❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❛ss✉♠❡ ✈❛❧♦r ♥❡❣❛t✐✈♦ ♠❡♥♦r q✉❡ −1/2 ♥♦ ♣♦♥t♦ n = 1 ❡
é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❞❡ n✳ ▲♦❣♦✱ γn(l) < −1/2✱ ♦✉ s❡❥❛✱ ♦ ③❡r♦ ♣♦s✐t✐✈♦ ❞❡ γn(β) é s❡♠♣r❡
♠❛✐♦r q✉❡ l ♣❛r❛ q✉❛❧q✉❡r n ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❆❣♦r❛✱ ♣r♦✈❛r❡♠♦s q✉❡ t❛❧ ③❡r♦ ♣♦s✐t✐✈♦ ❝♦♥✈❡r❣❡
♣❛r❛ l q✉❛♥❞♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♥♦t❡♠♦s ♣♦r

β+(n) :=
8− (2n+ 5)κ(n)−

√
4 + (4n2 + 4n− 1)κ(n) [6− κ(n)]

2 (−2 + κ(n))
,

♦♥❞❡ κ(n) := 1 + cos
(
nπ/(n+ 1)

)
✱ ♦ ③❡r♦ ♣♦s✐t✐✈♦ ❞❡ γn(β)✳ ❱❡r✐✜q✉❡✲s❡ q✉❡ β+(n) ❝♦♥✈❡r❣❡ ♣❛r❛

l := −2 +
√

1
2
(2 + π2) q✉❛♥❞♦ n → ∞✳ P❛r❛ ❝❛❧❝✉❧❛r ♦ ❧✐♠✐t❡ limn→∞ β+(n)✱ ✉s❛♠♦s ♦s ❢❛t♦s

lim
n→∞

n
[
1 + cos

( nπ

n+ 1

)]
= 0+

❡

lim
n→∞

n2
[
1 + cos

( nπ

n+ 1

)]
=

π2

2
.

❊♠ r❡s✉♠♦✱ γn(β) ♣❛r❛ β > l é ✉♠ r❛♠♦ ❞❛ ♣❛rá❜♦❧❛ ❝✉❥♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❝♦♠ ❡✐①♦ β é
s❡♠♣r❡ ♠❛✐♦r q✉❡ l ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ l q✉❛♥❞♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ γn(l) < −1/2✳ ▲♦❣♦✱
♣❛r❛ β > l✱ ❛ ❢✉♥çã♦ γn(β) ❝♦♥✈❡r❣❡ ♣♦♥t✉❛❧♠❡♥t❡ ♣❛r❛ ❛ s❡♠✐✲r❡t❛ β = l ❡♠ 1/2 < α✳

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ γn(−1/2) < 0 ♣❛r❛ q✉❛❧q✉❡r n ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳
■st♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

γn(−1) = −2n(n+ 2) + 2

2n+ 2
< 0

❡ ♦ ♥✉♠❡r❛❞♦r ❞❡ γn(β) s❡r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ 2 ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞♦♠✐♥❛♥t❡ ♣♦s✐t✐✈♦ ❡ ♣♦ss✉✐
♦s ❞♦✐s ③❡r♦s r❡❛✐s ❝♦♠ s✐♥❛✐s ♦♣♦st♦s✳

❈♦r♦❧ár✐♦ ✻✳✷✳✸ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱

k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

P̃ (α,β)
n

(
cos

θ

n

)
< P̃

(α,β)
n+1

(
cos

θ

n+ 1

)

✈❛❧❡ ♣❛r❛ 0 < θ < θ
(α,β)
n,1 ❡ (α, β) ∈ Ω1, ❝♦♠ Ω1 ❞❡✜♥✐❞❛ ❡♠ ✭✻✳✷✳✷✮✳

❚❡♦r❡♠❛ ✻✳✷✳✹ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱

k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

(
n+

α + β + 1

2

)
θ
(α,β)
n,k >

(
n+

α + β + 3

2

)
θ
(α,β)
n+1,k ✭✻✳✷✳✹✮

✈❛❧❡ ❡♠ Ω✳
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❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✳✷✳✹✮✱ ✉s❛r❡♠♦s ❛ ♠❡s♠❛ té❝♥✐❝❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦
❚❡♦r❡♠❛ ✻✳✷✳✶ ❞❡✜♥✐♥❞♦ y = zn(θ; γn, α, β) ❡ Y = zn+1(θ; γn+1, α, β)✱ ♦♥❞❡ γn = n+ (α+ β + 1)/2✳
❊✈✐❞❡♥t❡♠❡♥t❡✱ y = zn(θ; γn, α, β) ❡ Y = zn+1(θ; γn+1, α, β) s❛t✐s❢❛③❡♠ à ❝♦♥❞✐çã♦ ✭✹✳✷✳✸✮ ♥♦ ♣♦♥t♦
a = 0 q✉❛♥❞♦ α > 1/2✳ P❛r❛ ❝❛s♦ −1 < α < −1/2✱ ♣r❡❝✐s❛r❡♠♦s ✈❡r✐✜❝❛r ❛ ❝♦♥❞✐çã♦

lim
θ→0

[
zn(θ; γn, α, β)z

′
n+1(θ; γn+1, α, β)− z′n(θ; γn, α, β)zn+1(θ; γn+1, α, β)

]
= 0.

P❛r❛ ❢❛❝✐❧✐t❛r ♦ ❝á❧❝✉❧♦ ❞♦ ❧✐♠✐t❡ ❛♥t❡r✐♦r✱ ♦❜s❡r✈❡♠♦s q✉❡

(
sin(θ/2γn)

)α+1/2 ∼
(
θ/2γn

)α+1/2
❡

(
cos(θ/2γn)

)β+1/2 ∼ 1,

♣❛r❛ θ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❡ ♣♦s✐t✐✈❛✳
▲♦❣♦✱ ♣❡❧♦ t❡r❝❡✐r♦ ✐t❡♠ ❞♦ ▲❡♠❛ ✻✳✶✳✶ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✶✱

❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳

❯♠❛ ♦✉tr❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s ❚❡♦r❡♠❛s ✻✳✷✳✶ ❡ ✻✳✷✳✹ ❡ ♦ ❢❛t♦ ✭✈✐❞❡ ♣á❣✐♥❛ ✶✾✸ ❞♦ ❬✸✹❪✮

lim
n→+∞

nθ
(α,β)
n,k = j

(α)
k , ✭✻✳✷✳✺✮

♦♥❞❡ j
(α)
k é ♦ k✲és✐♠♦ ♣♦s✐t✐✈♦ ③❡r♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ Jα(z)✱ é ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✻✳✷✳✺ ✭❨❡♥ ❈❤✐ ▲✉♥ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✮✳ ❉❛❞♦ n ∈ N✱ 1 ≤ n✱ s❡❥❛♠ x
(α,β)
n,k = cos

(
θ
(α,β)
n,k

)
✱

k = 1, ..., n✱ ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

j
(α)
k

n+ (α + β + 1)/2
< θ

(α,β)
n,k <

j
(α)
k

n

é ✈á❧✐❞❛ ♣❛r❛ α, β ∈ Ω ∩ Ω1✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦s ❚❡♦r❡♠❛s ✻✳✷✳✶✱ ✻✳✷✳✹ ❡ ✭✻✳✷✳✺✮✱ s❛❜❡♠♦s q✉❡ {nθ(α,β)n,k }∞n=1 é ✉♠❛ s❡q✉ê♥❝✐❛

❝r❡s❝❡♥t❡ ❡ {
(
n+ (n+ α+ β)/2)

)
θ
(α,β)
n,k }∞n ❞❡❝r❡s❝❡♥t❡✱ ❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ j

(α)
k ✱ ♣❛r❛ α, β ∈ Ω1 ∩Ω2

❡ 1 ≤ k ≤ n✳ ❖ q✉❡ s❡❣✉❡✱ ✐♠❡❞✐❛t❛♠❡♥t❡✱ ♦ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞♦ ❈♦r♦❧ár✐♦ ✻✳✷✳✺ sã♦ ✈á❧✐❞❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❛s
r❡❣✐õ❡s Ω ❡ Ω1 é ♥ã♦ ✈❛③✐♦✳



❈❛♣ít✉❧♦ ✼

❆ss✐♥tót✐❝❛ ❞♦s ❩❡r♦s ❞♦s P♦❧✐♥ô♠✐♦s ❞❡

●❡❣❡♥❜❛✉❡r

✏❆ ✐♠❛❣✐♥❛çã♦ é ♠❛✐s ✐♠♣♦rt❛♥t❡ q✉❡ ❛

❝✐ê♥❝✐❛✱ ♣♦rq✉❡ ❛ ❝✐ê♥❝✐❛ é ❧✐♠✐t❛❞❛✱ ❛♦

♣❛ss♦ q✉❡ ❛ ✐♠❛❣✐♥❛çã♦ ❛❜r❛♥❣❡ ♦ ♠✉♥❞♦

✐♥t❡✐r♦✳✑

❆❧❜❡rt ❊✐♥st❡✐♥

▼❡♥❝✐♦♥❛♠♦s ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s q✉❡ ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ♣❛r❛♠❡tr✐③❛❞♦s
sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ s❡✉s ♣❛râ♠❡tr♦s✱ t❛✐s ❝♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ❏❛❝♦❜✐✳ ▼❛s✱
s❡rá q✉❡ ❡❧❡s ♣♦ss✉❡♠ ❝♦♠♣♦rt❛♠❡♥t♦s ♠♦♥ót♦♥♦s ♦✉ sã♦ ❝♦♥✈❡r❣❡♥t❡s q✉❛♥❞♦ s❡✉s ♣❛râ♠❡tr♦s
t❡♥❞❡♠ ❛♦ ✐♥✜♥✐t♦❄ ❖s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❛ q✉❡stã♦ ❢♦r❛♠ ❞❛❞♦s ♣❛r❛ ♦s ③❡r♦s ❞♦s
♣♦❧✐♥ô♠✐♦s ❞❡ ●❡❣❡♥❜❛✉❡r C(λ)

n (x)✳ ❆ s♦❧✉çã♦ ✈❡✐♦ ❞❡♣♦✐s ❞❡ ✉♠❛ sér✐❡ ❞❡ ❛rt✐❣♦s ♣✉❜❧✐❝❛❞♦s ❛♦
❧♦♥❣♦ ❞❡ 25 ❛♥♦s✱ ♥♦s q✉❛✐s ✈❡r✐✜❝❛♠✲s❡ ✈ár✐❛s ❝♦♥❥❡❝t✉r❛s ❡ ❝♦♥tr✐❜✉✐çõ❡s✳

❍✐st♦r✐❝❛♠❡♥t❡✱ ♦ ♣r✐♠❡✐r♦ ❛ ❝♦❧♦❝❛r t❛❧ q✉❡stã♦ ♣❛r❛ ♦s ③❡r♦s ♣♦s✐t✐✈♦s ❞❡ C
(λ)
n (x) ❢♦✐ ❆✳

▲❛❢♦r❣✐❛✳ ❊❧❡ ❝♦♥❥❡❝t✉r♦✉ q✉❡ λxn,k(λ) ❝r❡s❝❡ ♣❛r❛ λ > 0✳ ❖ ♣ró♣r✐♦ ❆✳ ▲❛❢♦r❣✐❛ ❡st❛❜❡❧❡❝❡✉ ❡st❡
r❡s✉❧t❛❞♦ ♣❛r❛ λ ∈ (0, 1)✱ ♦♥❞❡ xn,k(λ) sã♦ ♦s ③❡r♦s ❞❡ C

(λ)
n (x) ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳

❈♦♥❥❡❝t✉r❛ ✼✳✵✳✻ ✭❆✳ ▲❛❢♦r❣✐❛✱ ❬✷✸❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛♠ xn,k(λ) ♦s
③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ λxn,k(λ) sã♦ ❢✉♥çõ❡s
❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ > 0✳

❚❡♦r❡♠❛ ✼✳✵✳✼ ✭❆✳ ▲❛❢♦r❣✐❛✱ ❬✷✸❪✮✳ ❉❛❞♦ n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛♠ xn,k(λ) ♦s
③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ λxn,k(λ) sã♦ ❢✉♥çõ❡s
❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ ∈ (0, 1)✳

❙✳ ❆❤♠❡❞✱ ▼✳ ❊✳ ▼✉❧❞♦♦♥ ❡ ❘✳ ❙♣✐❣❧❡r✱ ❡♠ ✶✾✽✻✱ r❡✜♥❛r❛♠ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❙♣✐❣❧❡r ❞❡ ✶✾✽✹
❬✸✵❪✱ ❞❡♠♦♥str❛♥❞♦ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

✼✼
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❚❡♦r❡♠❛ ✼✳✵✳✽ ✭❙✳ ❆❤♠❡❞✱ ▼✳ ❊✳ ▼✉❧❞♦♦♥ ❡ ❘✳ ❙♣✐❣❧❡r✱ ❬✷❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k =
1, . . . , [n/2]✱ s❡❥❛♠ xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳
❊♥tã♦✱ √

λ+
2n2 + 1

4n+ 2
xn,k(λ) ✭✼✳✵✳✶✮

sã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡s ♣❛r❛ λ ∈ (−1/2, 3/2]✳

▼❛✐s t❛r❞❡✱ ▼✳ ❊✳ ❍✳ ■s♠❛✐❧ ❡ ❏✳ ▲❡t❡ss✐❡r r❡✜♥❛r❛♠ ❛ ❝♦♥❥❡❝t✉r❛ ❝♦♠ ❛ ❢✉♥çã♦ q✉❡ ♣♦ss✉✐ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ♣r❡❝✐s♦✱ f(λ) =

√
λ✳

❈♦♥❥❡❝t✉r❛ ✼✳✵✳✾ ✭▼✳ ❊✳ ❍✳ ■s♠❛✐❧ ❡ ❏✳ ▲❡t❡ss✐❡r✱ ❬✷✶❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡✲
❥❛♠ xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱

√
λxn,k(λ)

sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ > 0✳

❋✐♥❛❧♠❡♥t❡✱ ❘✳ ❆✳ ❆s❦❡② s✉❣❡r✐✉ q✉❡ ❛ ❢✉♥çã♦ ❡①tr❡♠❛ ❡ ✉♥✐✈❡rs❛❧✱ ✐st♦ é✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡
n✱ s❡❥❛ f(λ) =

√
λ+ 1✳ ❆ s✉❣❡stã♦ ❞❡ ❘✳ ❆✳ ❆s❦❡② ❢♦✐ r❡❢♦r♠✉❧❛❞❛ ❝♦♠♦ ❝♦♥❥❡❝t✉r❛ ♣♦r ▼✳ ❊✳ ❍✳

■s♠❛✐❧ ❡♠ ✶✾✽✾✳

❈♦♥❥❡❝t✉r❛ ✼✳✵✳✶✵ ✭▼✳ ❊✳ ❍✳ ■s♠❛✐❧✱ ❬✷✷❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛♠ xn,k(λ)
♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱

√
λ+ 1xn,k(λ) sã♦

❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ > −1/2✳

◆♦ ♠❡s♠♦ ❛♥♦ ❞❛ ♣✉❜❧✐❝❛çã♦ ❞❛ ❈♦♥❥❡❝t✉r❛ ✼✳✵✳✶✵✱ ❊✳ ❑✳ ■❢❛♥t✐s ❡ P✳ ❉✳ ❙✐❛❢❛r✐❦❛s ❛ ♣r♦✈❛r❛♠
♣❛r❛ ♦ ♠❛✐♦r ③❡r♦ ♣♦s✐t✐✈♦ xn,1(λ)✱ ✉s❛♥❞♦ ✉♠❛ té❝♥✐❝❛ ❞❡ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✳

❚❡♦r❡♠❛ ✼✳✵✳✶✶ ✭❊✳ ❑✳ ■❢❛♥t✐s ❡ P✳ ❉✳ ❙✐❛❢❛r✐❦❛s✱ ❬✷✵❪✮✳ ❉❛❞♦ n ∈ N✱ n ≥ 2✱ s❡❥❛ xn,1(λ) ♦ ♠❛✐♦r
③❡r♦ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r✳ ❊♥tã♦✱

√
λ+ 1xn,1(λ) sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛

λ > −1/2✳

❊♠ ✶✾✾✻✱ ❉✳ ❑✳ ❉✐♠✐tr♦✈ ♣r♦✈♦✉ ❛ ❈♦♥❥❡❝t✉r❛ ✼✳✵✳✶✵ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆❧é♠
❞✐ss♦✱ ❡❧❡ ♣r♦✈♦✉ ❡ss❛ ❝♦♥❥❡❝t✉r❛ ♣❛r❛ ♦ ♠❛✐♦r ③❡r♦ xn,1 ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ✼✳✵✳✶✶✱ ♠❛s ✉s❛♥❞♦ ✉♠
♠ét♦❞♦ ❞✐❢❡r❡♥t❡✳

❚❡♦r❡♠❛ ✼✳✵✳✶✷ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❬✺❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛ ν ✉♠ ✐♥t❡✐r♦
♥ã♦✲♥❡❣❛t✐✈♦✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ n > 1 +

√
ν2 + 3ν + 3/2✱ ❛ ❡①♣r❡ssã♦

√
λ+ 1xn,k(λ) é ❢✉♥çã♦

❝r❡s❝❡♥t❡ ❞❡ λ ♣❛r❛ λ ∈ (−1/2, 3/2 + ν]✳

❈♦r♦❧ár✐♦ ✼✳✵✳✶✸ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❬✺❪✮✳ ❙❡❥❛♠ n ∈ N✱ n ≥ 3✱ ❡ k = 1, . . . , [n/2]✳ ❊♥tã♦✱√
λ+ 1xn,k(λ) é ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❞❡ λ ♣❛r❛ λ ∈ (−1/2, 9/2]✳

❚❡♦r❡♠❛ ✼✳✵✳✶✹ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❬✺❪✮✳ ❙❡❥❛ λ > −1/2✳ ❊♥tã♦✱

❼ ♣❛r❛ t♦❞♦ n ♣❛r✱
√
λ+ 1xn,k(λ) é ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❞❡ λ❀
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❼ ♣❛r❛ t♦❞♦ n ≥ 3 í♠♣❛r✱
√
λ+ 2xn,k(λ) é ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❞❡ λ✳

❊♠ ✶✾✾✾✱ ❆✳ ❊❧❜❡rt ❡ P✳ ❉✳ ❙✐❛❢❛r✐❦❛s ♣r♦✈❛r❛♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✼✳✵✳✶✺ ✭❆✳ ❊❧❜❡rt ❡ P✳ ❉✳ ❙✐❛❢❛r✐❦❛s✱ ❬✶✷❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱
s❡❥❛♠ xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱

√
λ+

2n2 + 1

4n+ 2
xn,k(λ) ✭✼✳✵✳✷✮

sã♦ ❢✉♥çõ❡s ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡s ♣❛r❛ λ > −1/2✳

❖ ❚❡♦r❡♠❛ ✼✳✵✳✶✺ ❡st❡♥❞❡✉ ♦ r❡s✉❧t❛❞♦ ❞❡ ❙✳ ❆❤♠❡❞✱ ▼✳ ❊✳ ▼✉❧❞♦♦♥ ❡ ❘✳ ❙♣✐❣❧❡r✱ q✉❡ é ♦
❚❡♦r❡♠❛ ✼✳✵✳✽✳ ❆ss✐♠✱ ♣r♦✈❛r❛♠ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ▼✳ ❊✳ ❍✳ ■s♠❛✐❧✱ ❏✳ ▲❡t❡ss✐❡r ❡ ❘✳ ❆✳ ❆s❦❡②
❬✷✷✱ ✷✶❪✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♠ ✷✵✵✷✱ ❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❘✳ ❖✳ ❘♦❞r✐❣✉❡s ♣r♦✈❛r❛♠ q✉❡ ❛ ❢✉♥çã♦

fn(λ) =

√
λ+

2n2 + 1

4n+ 2
✭✼✳✵✳✸✮

é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡①tr❡♠❛ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛ ♦✉tr❛ ❢✉♥çã♦ q✉❡ ❝r❡s❝❡ ♠❛✐s
❧❡♥t❛♠❡♥t❡ ❞♦ q✉❡ ❡ss❛ ❡ ♦❜❧✐❣❛ ♦s ♣r♦❞✉t♦s fn(λ)xn,k(λ) ❛ ❝r❡s❝❡r❡♠ ❝♦♠ λ✳

❚❡♦r❡♠❛ ✼✳✵✳✶✻ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❘✳ ❖✳ ❘♦❞r✐❣✉❡s✱ ❬✽❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱
s❡❥❛♠ xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❙❡ hn(λ)xn,k(λ)
sã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ > −1/2✱ ❡♥tã♦

h′
2n(λ)

h2n(λ)
>

1

2(n+ λ)

❡
h′
2n+1(λ)

h2n+1(λ)
>

1

2(n+ λ+ 1)
.

❆❧é♠ ❞✐ss♦✱ s❡ hn(λ) =
√
λ+ cn✱ ❡♥tã♦

c2n <
4n2 + n+ 1

4n+ 2

❡

c2n+1 <
4n2 + 7n+ 1

4n+ 6
.

❆ss✐♠✱ ❡♥❝❡rr♦✉✲s❡ ❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ❡s❝♦❧❤❛ ❞❛ ❢✉♥çã♦
√
λ+ cn t❛❧ q✉❡

√
λ+ cnxn,k(λ) s❡❥❛

✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡ ❛ ❢❛③ ❝r❡s❝❡r ♠❛✐s rá♣✐❞♦ ❞♦ q✉❡ q✉❛❧q✉❡r ♦✉tr❛ ❡s❝♦❧❤❛ ❞❡
cn✳

❖ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❢✉♥çã♦ fn(α, β) t❛❧ q✉❡ ❛ ❡①♣r❡ssã♦ fn(α, β)xn,k(α, β)

t❡♥❤❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♠♦♥ót♦♥♦ ♦♥❞❡ xn,k(α, β) sã♦ ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐ P (α,β)
n (x)
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♣❡r♠❛♥❡❝❡✉ ❡♠ ❛❜❡rt♦ ❛té r❡❝❡♥t❡♠❡♥t❡✱ ❛♣❡s❛r ❞♦ ✐♥t❡r❡ss❡ ❞♦s ❡s♣❡❝✐❛❧✐st❛s ❡♠ ❋✉♥çõ❡s ❊s♣❡✲
❝✐❛✐s✳ ❯♠❛ ❞❛s ♣♦ssí✈❡✐s r❛③õ❡s ♣❛r❛ ❛ ❢❛❧t❛ ❞❡ r❡s✉❧t❛❞♦s ♥❡st❛ ❞✐r❡çã♦ é q✉❡ ♦s ③❡r♦s xn,k(α, β)

♠✉❞❛♠ ❞❡ s✐♥❛❧✳ ■ss♦ ✐♥❞✐❝❛ q✉❡✱ ❛♦ ✐♥✈és ❞❡ ❝♦♥s✐❞❡r❛r♠♦s ♦s ③❡r♦s ❞❡ P
(α,β)
n (x)✱ s❡r✐❛ ♠❛✐s

r❛③♦á✈❡❧ ✐♥✈❡st✐❣❛r ❛s q✉❛♥t✐❞❛❞❡s 1− xn,k(α, β) ♦✉ 1 + xn,k(α, β) q✉❡ ♥ã♦ ♠✉❞❛♠ ❞❡ s✐♥❛❧✳
▲❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ♦s ③❡r♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❏❛❝♦❜✐ s❛t✐s❢❛③❡♠ à r❡❧❛çã♦

lim
β→∞

β
[
1− xn,k(α, β)

]
= 2ln,n−k+1(α),

❝♦♠ ln,j(α) s❡♥❞♦ ♦s ③❡r♦s ❞♦ n✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲❛❣✉❡rr❡ L
(α)
n (x)✱ ❡ r❡❢♦r♠✉❧❛♥❞♦ ♦ ♣r♦❜❧❡♠❛

❝♦♠ ❛ ❝♦rr❡t❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞♦s ③❡r♦s ❞❡ ❏❛❝♦❜✐✱ ❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐
♣r♦✈❛r❛♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ✼✳✵✳✶✼ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈ ❡ ❋✳ ❘✳ ❘❛❢❛❡❧✐✱ ❬✼❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , n✱ s❡❥❛♠
xn,k(α, β) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏❛❝♦❜✐✳ ❊♥tã♦✱ ❛s ❡①♣r❡ssõ❡s

fn(α, β)
(
1− xn,k(α, β)

)

❝♦♠
fn(α, β) = 2n2 + 2n(α + β + 1) + (α + 1)(β + 1),

sã♦ ❢✉♥çõ❡s ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡s ❞❡ β ♣❛r❛ −1 < β✳

❱♦❧t❡♠♦s ❛♦ ❝❛s♦ ❞♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ●❡❣❡♥❜❛✉❡r✳ ❊♠ ✶✾✾✷✱ ❆✳ ❊❧❜❡rt ❡ ❆✳ ▲❛❢♦r❣✐❛
❡st❛❜❡❧❡❝❡r❛♠ ✉♠❛ ❢ór♠✉❧❛ ❛ss✐♥tót✐❝❛ ♣❛r❛ ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ●❡❣❡♥❜❛✉❡r✳

❚❡♦r❡♠❛ ✼✳✵✳✶✽ ✭❆✳ ❊❧❜❡rt ❡ ❆✳ ▲❛❢♦r❣✐❛✱ ❬✶✶❪✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛♠
xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱

xn,k(λ) = hn,kλ
−1/2 − hn,k

8
(2n− 1 + 2h2

n,k)λ
−3/2

+hn,k

(12n2 − 12n+ 1

128
+

5n− 2

24
h2
n,k +

5

96
h4
n,k

)
λ−5/2 ✭✼✳✵✳✹✮

+O(λ−7/2), λ → ∞,

♦♥❞❡ hn,k sã♦ ♦s ③❡r♦s ❞♦ n✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❡r♠✐t❡✳

P❡❧❛ ❢ór♠✉❧❛ ❛ss✐♥tót✐❝❛ ✭✼✳✵✳✹✮✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡

lim
λ→∞

√
λ+ cnxn,k(λ) = hn,k

♣❛r❛ q✉❛❧q✉❡r ❝♦♥st❛♥t❡ cn✳ P♦rt❛♥t♦✱ ❛s ❡①♣r❡ssõ❡s fn(λ)xn,k✱ ❝♦♠ fn(λ) ❞❡✜♥✐❞❛ ❡♠ ✭✼✳✵✳✸✮ ❛❧é♠
❞❡ s❡r❡♠ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡s✱ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ③❡r♦s ❞♦ n✲és✐♠♦ ♣♦❧✐♥ô♠✐♦
❞❡ ❍❡r♠✐t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✼✳✵✳✶✻✱ fn(λ) é ❛ ❢✉♥çã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡①tr❡♠❛✳
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❖ ♥♦ss♦ ♣r♦♣ós✐t♦ é ❝♦♥t✐♥✉❛r ❡st❛ ❞✐s❝✉ssã♦✳ ▼❛s✱ ❞❡ q✉❡ ❢♦r♠❛❄ ❙❡ ♠✉❧t✐♣❧✐❝❛r♠♦s ♣♦r
√
λ

❛ ❢ór♠✉❧❛ ❛ss✐♥tót✐❝❛ ✭✼✳✵✳✹✮ ❡ ♣❛ss❛r♠♦s ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ♣❛r❛ ♦ ❧❛❞♦ ❡sq✉❡r❞♦✱
♦❜t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡

√
λxn,k(λ) +

hn,k

8
(2n− 1 + 2h2

n,k)

λ
= hn,k +O(λ−2), λ → ∞.

P♦rt❛♥t♦✱ ♣❡❧❛ ❢ór♠✉❧❛ ❛ss✐♥tót✐❝❛ ❛❝✐♠❛✱ ♣❛r❛ q✉❛✐sq✉❡r ❝♦♥st❛♥t❡s cn✱ dn ❡ en✱

lim
λ→∞

[√
λ+ cnxn,k(λ) +

dn
λ+ en

]
= hn,k.

P♦❞❡♠♦s✱ ❡♥tã♦✱ ❢♦r♠✉❧❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

Pr♦❜❧❡♠❛ ✼✳✵✳✶✾✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k = 1, . . . , [n/2]✱ s❡❥❛♠ xn,k(λ) ♦s ③❡r♦s ❞♦ ♥✲és✐♠♦
♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✳ P❛r❛ q✉❛✐s ❡s❝♦❧❤❛s ❞❛s s❡q✉ê♥❝✐❛s ❞❡ ❝♦♥st❛♥t❡s
{cn}✱ {dn} ❡ {en} ❛ ❡①♣r❡ssã♦

√
λ+ cnxn,k(λ) +

dn
λ+ en

✭✼✳✵✳✺✮

t♦r♥❛✲s❡ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❛ ❢❛ç❛ ❞❡❝r❡s❝❡r ♠❛✐s rá♣✐❞♦ q✉❡ q✉❛❧q✉❡r ♦✉tr❛s ❡s❝♦❧❤❛s ❞❡
s❡q✉ê♥❝✐❛s ❞❡ ❝♦♥st❛♥t❡s❄

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢♦r♥❡❝❡r❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ qn(λ) = dn/(λ + en) t❛❧ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s
❡①♣r❡ssõ❡s ✭✼✳✵✳✺✮ sã♦ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡s ❞❡ λ ❡♠ (−1/2, 3/2]✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ❡st❛❜❡❧❡❝❡✲
r❡♠♦s ❧✐♠✐t❡s s✉♣❡r✐♦r❡s ❡ ✐♥❢❡r✐♦r❡s ♣❛r❛ ♦s ③❡r♦s ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❡r♠✐t❡ ❡♠ t❡r♠♦s ❞♦s ③❡r♦s
❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r✳

❋✐❣✉r❛ ✼✳✶✿ ❊①❡♠♣❧♦ ❞♦ ♠❛✐♦r ③❡r♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ♦rt♦❣♦♥❛❧ ❞❡ ●❡❣❡♥❜❛✉❡r ❞❡ ❣r❛✉ 5✳
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✼✳✶ ▲❡♠❛s ❚é❝♥✐❝♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s té❝♥✐❝♦s q✉❡ ❢❛❝✐❧✐t❛rã♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦
r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✳

▲❡♠❛ ✼✳✶✳✶ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❋✳ ❘✳ ❘❛❢❛❡❧✐ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❙❡❥❛ n ∈ N✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦

√
λ+

1 + 2n2

2 + 4n
+

3+2n
2+4n

·
(

n2+3n+2
1+2n

)3/2

λ+ 1+2n2

2+4n

✭✼✳✶✳✶✮

♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❝rít✐❝♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡ −1/2 ❡ ♣❡rt❡♥❝❡ ❛♦ ✐♥t❡r✈❛❧♦ (3/2, 9/2)✳ ❆❧é♠
❞✐ss♦✱ ❡❧❛ é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ (−1/2, 3/2]✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛♠♦s

qn(λ) =

3+2n
2+4n

·
(

n2+3n+2
1+2n

)3/2

λ+ 1+2n2

2+4n

. ✭✼✳✶✳✷✮

❚❡♠♦s q✉❡
∂
[
fn(λ) + qn(λ)

]

∂λ
= 0 ✭✼✳✶✳✸✮

s❡✱ ❡ s♦♠❡♥t❡ s❡✱

η0(n) + η1(n)
(
λ+

1

2

)
+ η2(n)

(
λ+

1

2

)2

+ η3(n)
(
λ+

1

2

)3

= 0, ✭✼✳✶✳✹✮

♦♥❞❡

η0(n) =
(−n+ n2)3

(1 + 2n)3
− (3 + 2n)2(2 + 3n+ n2)3

(1 + 2n)5
< 0,

η1(n) =
3(−n+ n2)2

(1 + 2n)2
> 0,

η2(n) =
3(−n+ n2)

(1 + 2n)
> 0,

η3(n) = 1 > 0,

♣♦✐s ♦ ♣♦❧✐♥ô♠✐♦ ✭✼✳✶✳✹✮ é ♦ ♥✉♠❡r❛❞♦r ❞❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ✭✼✳✶✳✸✮✳ ➱ ❡✈✐❞❡♥t❡ q✉❡ η1(n) > 0 ❡
η2(n) > 0✳ ▼♦str❡♠♦s q✉❡ η0(n) < 0✳ ❉❡ ❢❛t♦✱ η0(n) < 0 é ❡q✉✐✈❛❧❡♥t❡ à ❞❡s✐❣✉❛❧❞❛❞❡

(−n+ n2)3 <
(3 + 2n)2

(1 + 2n)2
(2 + 3n+ n2)3

❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é s❡♠♣r❡ ✈á❧✐❞❛✳ ▲♦❣♦✱ ♣❡❧❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s ✷✳✶✳✺✱ t❡♠♦s q✉❡
✭✼✳✶✳✹✮ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ③❡r♦ r❡❛❧ ♠❛✐♦r q✉❡ −1/2✳
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P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡

∂[fn(λ) + qn(λ)]

∂λ
|λ=3/2 =

−1

(1 + 2n)
√

2+3n+n2

1+2n

< 0

❡
∂[fn(λ) + qn(λ)]

∂λ
|λ=9/2 > 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (n2 + 9n+ 5

n2 + 3n+ 2

)3

>
(2n+ 3

2n+ 1

)2

❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
8

2
n+ n+

5

2
>

7

2
n+ 3

q✉❡ é s❡♠♣r❡ ✈á❧✐❞❛✳
P♦rt❛♥t♦✱ fn(λ) + qn(λ) ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ (3/2, 9/2) ❡ é ❞❡❝r❡s❝❡♥t❡ ❡♠

(−1/2, 3/2]✳

▲❡♠❛ ✼✳✶✳✷ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❋✳ ❘✳ ❘❛❢❛❡❧✐ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❉❛❞♦ n ≥ 2✱ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

ρ(λ) :=
−3 + 8n3 + 24n2λ+ 12λ2 + n(−2 + 24λ2)

(1 + 2n)(−1 + 4n2 + 8nλ+ 4λ2)
✭✼✳✶✳✺✮

é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ♣❛r❛ λ > −1/2✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ✈❡r✐✜❝❛r ✐st♦✱ ❞❡r✐✈❛♠♦s ❛ ❢✉♥çã♦ ρ(λ) ♣❛r❛ ♦❜t❡r

ρ′(λ) =
8n(1 + n)

[
3 + 4n2 − 4λ+ 12λ2 + 4n(−1 + 4λ)

]

(1 + 2n)(−1 + 4n2 + 8nλ+ 4λ2)2
.

❖s ③❡r♦s ❞❡ ρ′(λ) sã♦
(
− 4n+ 1± 2

√
n2 + n− 2

)
/6✱ ♦♥❞❡

❼ (−4n+ 1 + 2
√
n2 + n− 2)/6 = −1/2 q✉❛♥❞♦ n = 2✱

❼ (−4n+ 1 + 2
√
n2 + n− 2)/6 é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❞❡ n✳

❉❡ ❢❛t♦✱
∂

∂n

(−4n+ 1 + 2
√
n2 + n− 2

6

)
=

1

6

(
− 4 +

2n+ 1√
n2 + n− 2

)
< 0,

♣❛r❛ n ≥ 2✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡ ρ′(λ) > 0 ♣❛r❛ λ > −1/2 ❡ n ≥ 2✳
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▲❡♠❛ ✼✳✶✳✸ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❋✳ ❘✳ ❘❛❢❛❡❧✐ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ λ ∈
(−1/2, 3/2]✱ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

Λn(x;λ) :=
(n+ λ)2

1− x2
+

−λ2 + λ+ 1/2 + x2/4

(1− x2)2
✭✼✳✶✳✻✮

é ❝r❡s❝❡♥t❡ ♣❛r❛ x ∈ (0, 1)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

∂Λn(x;λ)

∂x
≥ 0,

♣❛r❛ x ∈ (0, 1)✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ✈❡r✐✜❝❛r ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✱ ❜❛st❛ ❛♥❛❧✐s❛r ❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛ x ❞❛
❡①♣r❡ssã♦ ✭✼✳✶✳✻✮✳ ❚❡♠♦s q✉❡

∂Λn(x;λ)

∂x
= x

[
4(n+ λ)2 − 1

]
x2 − 5− 4n2 − 8λ− 8nλ+ 4λ2

2(−1 + x2)3

❡
∂Λn(x;λ)

∂x
≥ 0 ⇔

[
4(n+ λ)2 − 1

]
x2 − 5− 4n2 − 8λ− 8nλ+ 4λ2 ≤ 0,

♣❛r❛ x ∈ (0, 1)✳ ❖❜s❡r✈❡♠♦s q✉❡✿

❼ 4(n+ λ)2 − 1 > 0 ♣❛r❛ λ ∈ (−1/2, 3/2] ❡ n ≥ 2✱

❼ ♦ ♣♦❧✐♥ô♠✐♦
[
4(n+ λ)2 − 1

]
x2 − 5− 4n2 − 8λ− 8nλ+ 4λ2 = 0✱ ❡♠ r❡❧❛çã♦ ❛ x✱ ♣♦ss✉✐ ③❡r♦s

x1,2 = ±
√

5 + 4n2 + 8λ+ 8nλ− 4λ2

4(n+ λ)2 − 1

❡
5 + 4n2 + 8λ+ 8nλ− 4λ2

4(n+ λ)2 − 1
≥ 1 ⇔ λ ∈ [−1/2, 3/2].

P♦rt❛♥t♦✱ ♦ ♥✉♠❡r❛❞♦r ❞❡ ∂Λn(x;λ)/∂x é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✷✱ ❞❡ ❝♦♥❝❛✈✐❞❛❞❡ ♣❛r❛ ❝✐♠❛ ❡
❞♦✐s ③❡r♦s ❝♦♠ ✈❛❧♦r❡s ❛❜s♦❧✉t♦s ♠❛✐♦r❡s q✉❡ 1✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳

✼✳✷ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❚❡♦r❡♠❛ ✼✳✷✳✶ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❋✳ ❘✳ ❘❛❢❛❡❧✐ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡ k =
1, ..., [n/2]✱ s❡❥❛♠ xn,k(λ) ♦s ③❡r♦s ♣♦s✐t✐✈♦s ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r✳ ❊♥tã♦✱

√
λ+

1 + 2n2

2 + 4n
xn,k(λ) +

3+2n
2+4n

·
(

n2+3n+2
1+2n

)3/2

λ+ 1+2n2

2+4n

, ✭✼✳✷✳✶✮

sã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s ❞❡ λ ♣❛r❛ λ ∈ (−1/2, 3/2]✳
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❉❡♠♦♥str❛çã♦✳ ❖s ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s ❞❡ ●❡❣❡♥❜❛✉❡r s❛t✐s❢❛③❡♠ à s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
❞❛ ❢♦r♠❛ ❙t✉r♠ ✲ ▲✐♦✉✈✐❧❧❡ ✿

d2u(x)

dx2
+ Λn(x;λ)u(x) = 0, ✭✼✳✷✳✷✮

♦♥❞❡ Λn(x;λ) é ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✼✳✶✳✻✮ ❞♦ ▲❡♠❛ ✼✳✶✳✸ ❡ ♣♦ss✉✐ ❛ s♦❧✉çã♦

un(x;λ) = (1− x2)λ/2+1/4 · C(λ)
n (x). ✭✼✳✷✳✸✮

❱❛♠♦s ✐♥✈❡st✐❣❛r ❛♣❡♥❛s ♦s ③❡r♦s ♣♦s✐t✐✈♦s ❞❡ un✱ ♣♦✐s ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦ ❞❡ ●❡❣❡♥❜❛✉❡r sã♦
s✐♠étr✐❝♦s✱ ♦✉ s❡❥❛✱ ♣❛r❛ x ∈ (−1, 1)✳

❋❛③❡♥❞♦ ❛ tr❛♥s❢♦r♠❛çã♦ x =
(
z − qn(λ)

)
/fn(λ)✱ ♦♥❞❡ qn(λ) ❡ fn(λ) sã♦ ❛s ❢✉♥çõ❡s ❞❡✜♥✐❞❛s

❛♥t❡r✐♦r♠❡♥t❡ ❡♠ ✭✼✳✵✳✸✮ ❡ ✭✼✳✶✳✷✮✱ t❡♠♦s

d2U(z;λ)

dz2
+ Λ̃n(z;λ) · U(z;λ) = 0, ✭✼✳✷✳✹✮

❝♦♠

Λ̃n(z;λ) :=
(n+ λ)2

f 2
n −

(
z − qn

)2 +
(−λ2 + λ+ 1/2)f 2

n + (z − qn)
2/4

(
f 2
n − (z − qn)2

)2 ✭✼✳✷✳✺✮

= f 2
n(λ) · Λn

(z − qn(λ)

fn(λ)
;λ

)

✭✼✳✷✳✻✮

❡ s✉❛ s♦❧✉çã♦

Un(z;λ) =
[
1−

(z − qn(λ)

fn(λ)

)2]λ/2+1/4

· C(λ)
n

(z − qn(λ)

fn(λ)

)
, ✭✼✳✷✳✼✮

U ′
n(z;λ) =

[
1−

(z − qn(λ)

fn(λ)

)2]λ/2−3/4

·
[ d

dz
C(λ)

n

(z − qn
fn

)
✭✼✳✷✳✽✮

−2
(λ
2
+

1

4

)z − qn
f 2
n

C(λ)
n

(z − qn
fn

)]
.

❆❣♦r❛✱ ❞❡♣♦✐s ❞❛ tr❛♥s❢♦r♠❛❞❛✱ ✐♥✈❡st✐❣❛r❡♠♦s ❛ s♦❧✉çã♦ Un ♥♦ ✐♥t❡r✈❛❧♦
(
qn(λ), qn(λ) + fn(λ)

)
✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛ s♦❧✉çã♦ ✭✼✳✷✳✼✮ s❛t✐s❢❛③ à ❝♦♥❞✐çã♦ ✭✹✳✷✳✶✷✮ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✼✳ ❉❡ ❢❛t♦✱
❞❛❞♦s λk, λj q✉❛✐sq✉❡r✱

limU(zj;λj)U
′(zk;λk) = C(λj)

n (0)
d

dzk

[
C(λk)

n (zk)
]
|zk=0= 0

♣❛r❛ zk → qn(λk) ❡ zj → qn(λj)✳ ▲♦❣♦✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡✲s❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✽✳
❋❛③❡♥❞♦ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ r❡❧❛çã♦ ❛ λ ♥❛ ❢✉♥çã♦ Λ̃n(z;λ)✱ t❡♠♦s

∂Λ̃n(z;λ)

∂λ
=

(z − qn)
[
An · (z − qn)

3 +Bn · (z − qn)
2 + Cn · (z − qn) +Dn

]

[
f 2
n − (z − qn)2

]3 , ✭✼✳✷✳✾✮
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♦♥❞❡

An = An(λ) = 2(n+ λ),

Bn = Bn(λ) = −∂qn(λ)

∂λ

[1
2
− (n+ λ)2

]
,

Cn = Cn(λ) =
−3− 8n− 4n3 − 6λ− 12nλ− 12n2λ

2(1 + 2n)
,

Dn = Dn(λ) = −∂qn(λ)

∂λ
(−16n)

(
λ+ fn(0)

2
)
(λ− δ−)(λ− δ+),

❝♦♠

δ± =
1

2

(
2 + 2n±

√
9 + 8n+ 8n2

)
.

❖❜s❡r✈❡♠♦s q✉❡

❼ An(λ)✱ −Bn(λ) ❡ −Cn(λ) sã♦ ♣♦s✐t✐✈♦s ♣❛r❛ 2 ≤ n ❡ −1/2 < λ✳ ❉❡ ❢❛t♦✱ ♦ ♥✉♠❡r❛❞♦r
❞❡ Cn(λ) é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❞❡ λ ❡ ♥✳ ❊♥tã♦✱ ❡s❝♦❧❤❡♥❞♦ λ = −1/2✱ t❡♠♦s q✉❡ ♦
♥✉♠❡r❛❞♦r é ✐❣✉❛❧ ❛ (−2n+6n2 − 4n3) q✉❡ t❡♠ n = 1/2✱ n = 0 ❡ n = 1 ❝♦♠♦ ③❡r♦s✱ ♦✉ s❡❥❛✱
(−2n + 6n2 − 4n3) é ♥ã♦ ♣♦s✐t✐✈♦ ♥♦ ✐♥t❡r✈❛❧♦ [1,∞)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Cn(λ) é
♥ã♦ ♣♦s✐t✐✈♦ ♣❛r❛ 1 ≤ n ❡ −1/2 < λ✳ ❆ ❛♥á❧✐s❡ ❞♦s s✐♥❛✐s ❞❡ An(λ) ❡ Bn(λ) é s✐♠♣❧❡s✳

❼ δ− ≤ −1/2✳ ❉❡ ❢❛t♦✱

√
9 + 8n+ 8n2 =

√
(2n+ 3)2 + 4n(n− 1) ≥ 2n+ 3

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

−
√
9 + 8n+ 8n2 ≤ −2n− 3 ⇔ 2 + 2n−

√
9 + 8n+ 8n2

2
≤ −1

2
.

❊♥tã♦✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ♦s ③❡r♦s ❞❡ Dn(λ)✿

−fn(0)
2, δ− ≤ −1

2
<

9

2
≤ δ+.

▲♦❣♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Dn(λ) é ♣♦s✐t✐✈♦ ♣❛r❛

λ ∈
(
− 1/2, δ+

)
. ✭✼✳✷✳✶✵✮

❉❡✜♥❛♠♦s

Pn(z;λ) := An(λ)(z − qn)
3 +Bn(λ)(z − qn)

2 + Cn(λ)(z − qn) +Dn(λ). ✭✼✳✷✳✶✶✮

❊♥tã♦✱ t❡♠♦s
P ′
n(z;λ) := 3An(λ)(z − qn)

2 + 2Bn(λ)(z − qn) + Cn(λ). ✭✼✳✷✳✶✷✮
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P♦rt❛♥t♦✱
Pn(qn(λ);λ) = Dn(λ) > 0,

♣❛r❛ λ s❛t✐s❢❛③❡♥❞♦ ❛ ✭✼✳✷✳✶✵✮✳
❙♦❜ ❛ ❝♦♥❞✐çã♦ ✭✼✳✷✳✶✵✮ ❡ ❛ r❡❣r❛ ❞❡ s✐♥❛✐s ❞❡ ❉❡s❝❛rt❡s ✷✳✶✳✺✱ ♦ ♣♦❧✐♥ô♠✐♦ ✭✼✳✷✳✶✶✮ ♣♦ss✉✐ ❞♦✐s

♦✉ ♥❡♥❤✉♠ ③❡r♦s r❡❛✐s ♥♦ ✐♥t❡r✈❛❧♦
(
qn(λ),∞

)
❡ s✉❛ ❞❡r✐✈❛❞❛ ✭✼✳✷✳✶✷✮ ♣♦ss✉✐ ✉♠ ③❡r♦ ♠❛✐♦r q✉❡

qn(λ)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s
Pn(qn(λ) + fn(λ);λ) > 0 ✭✼✳✷✳✶✸✮

❡
P ′
n(qn(λ) + fn(λ);λ) ≤ 0 ✭✼✳✷✳✶✹✮

❉❡ ❢❛t♦✱ s❡❥❛ qn(λ) = dn/f
2
n(λ)✱ ♦♥❞❡

dn = ρ(3/2)
1

2

(1 + 2n2

2 + 4n
+

3

2

)3/2

=
3 + 2n

1 + 2n
· 1
2

(n2 + 3n+ 2

1 + 2n

)3/2

✭✼✳✷✳✶✺✮

❝♦♠ ρ(λ) ❞❡✜♥✐❞❛ ♥♦ ▲❡♠❛ ✼✳✶✳✺✳ ❆ss✐♠✱

0 < Pn(qn(λ) + fn(λ);λ) = 2(n+ λ)
(1 + 2n2

2 + 4n
+ λ

)3/2

+

√
1+2n2

2+4n
+ λ

(
− 3− 8n− 4n3 − 6λ− 12nλ− 12n2λ

)

2 + 4n

− q′n(λ)(−4)
(
λ+

1

2

)(
λ− 3

2

)(
λ+

1 + 2n2

2 + 4n

)

♣❛r❛ λ ∈ (−1/2, 3/2)✳ ▼❛s✱ ✐ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛

1

2

(1 + 2n2

2 + 4n
+ λ

)3/2

< dn. ✭✼✳✷✳✶✻✮

P❛r❛ λ = 3/2✱ t❡♠♦s q✉❡ Pn(λ; qn(λ) + fn(λ)) = 0. P❛r❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✼✳✷✳✶✹✮✱ t❡♠♦s

0 ≥ P ′
n(qn(λ) + fn(λ);λ) = 6(n+ λ)

(1 + 2n2

2 + 4n
+ λ

)

+
−3− 8n− 4n3 − 6λ− 12nλ− 12n2λ

2 + 4n

+2

√
1 + 2n2

2 + 4n
+ λ

(1
2
− 2(n+ λ)2

)
(−q′n(λ)),

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

ρ(λ)
1

2

(1 + 2n2

2 + 4n
+ λ

)3/2

≤ dn. ✭✼✳✷✳✶✼✮

❈♦♠♦ ρ(λ) é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❡

ρ(3/2) > ρ(1) =
8n3 + 24n2 + 22n+ 9

8n3 + 20n2 + 12n+ 3
> 1,
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❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ ✭✼✳✷✳✶✸✮ sã♦ s❛t✐s❢❡✐t❛s✳
❊♠ r❡s✉♠♦✱

Pn(qn(λ);λ) = Dn(λ) > 0,

Pn(qn(λ) + fn(λ);λ) ≥ 0,

P ′
n(qn(λ) + fn(λ);λ) ≤ 0.

▲♦❣♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ✭✼✳✷✳✶✶✮ ♥ã♦ ♣♦ss✉✐ ③❡r♦s ♥♦ ✐♥t❡r✈❛❧♦
(
qn(λ), qn(λ) + fn(λ)

)
✱ ♦✉ s❡❥❛✱

∂Λ̃n(z, λ)

∂λ
> 0

♥❡st❡ ✐♥t❡r✈❛❧♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ Λ̃n(z;λ) ❡♠ ✭✼✳✷✳✺✮ ❡ ▲❡♠❛ ✼✳✶✳✸✱ t❡♠♦s

∂Λ̃n(z, λ)

∂z
=

1

f 3
n(λ)

∂Λn(x, λ)

∂x
≥ 0,

♣❛r❛ z ∈
(
qn(λ), qn(λ)+fn(λ)

)
✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✼✳✶✳✶ ❡ ❈♦r♦❧ár✐♦ ✹✳✷✳✾✱ ♦s ③❡r♦s z = xfn(λ)+qn(λ)

sã♦ ❞❡❝r❡s❝❡♥t❡s✳ ▲❡♠❜r❡♠♦s q✉❡✱ ♣❛r❛ ❡st❡ ❝❛s♦✱ ❛ ❝♦♥❞✐çã♦ ❞♦ ❧✐♠✐t❡ ✭✹✳✷✳✶✷✮ é s❛t✐s❢❡✐t❛✳

❈♦r♦❧ár✐♦ ✼✳✷✳✷ ✭❉✳ ❑✳ ❉✐♠✐tr♦✈✱ ❋✳ ❘✳ ❘❛❢❛❡❧✐ ❡ ❨❡♥ ❈❤✐ ▲✉♥✮✳ ❉❛❞♦s n ∈ N✱ n ≥ 2✱ ❡
k = 1, ..., [n/2]✱ s❡❥❛♠ xn,k(λ) ❡ hn,k ♦s ③❡r♦s✱ ❡♠ ♦r❞❡♠ ❞❡❝r❡s❝❡♥t❡✱ ❞♦ ♥✲és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❞❡
●❡❣❡♥❜❛✉❡r ❡ ❞❡ ❍❡r♠✐t❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱

√
λ+

1 + 2n2

2 + 4n
xn,k(λ) +

3+2n
2+4n

·
(

n2+3n+2
1+2n

)3/2

λ+ 1+2n2

2+4n

> hn,k, ✭✼✳✷✳✶✽✮

♣❛r❛ λ ∈ (−1/2, 3/2]✳
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n (x)
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r✐❝❛❧ ♣♦❧②♥♦♠✐❛❧s✳ ❏✳ ❆♣♣r♦①✳ ❚❤❡♦r②✱ ✾✼✭✶✮✿✸✶✕✸✾✱ ✶✾✾✾✳
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