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❆❜str❛❝t

■♥ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❧❛♥❣✉❛❣❡ ♠♦❞❡❧ ✭P▲▼✮✱ ❛ ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♣❛rt✐❝✉❧❛r str✐♥❣ ♦❝✉rr✐♥❣ ✇✐t❤✐♥ ❛ ❧❛♥❣✉❛❣❡✳ ❚❤❡s❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ t❤❡
P▲▼ ♣❛r❛♠❡t❡rs ❛♥❞ ❛r❡ ❧❡❛r♥❡❞ ❢r♦♠ ❛ ❝♦r♣✉s ✭str✐♥❣ s❛♠♣❧❡s✮✱ ❜❡✐♥❣ ♣❛rt ♦❢ ❛ ❧❛♥❣✉❛❣❡✳
❲❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞✱ ✇✐t❤ ❛ ❧❛♥❣✉❛❣❡ ♠♦❞❡❧ ❛s ❛ r❡s✉❧t✱ ❛ ❝♦♠♣❛r✐s♦♥ ❝❛♥
❜❡ r❡❛❧✐③❡❞ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧ r❡♣r❡s❡♥ts t❤❡ ❧❛♥❣✉❛❣❡ ❜❡✐♥❣
st✉❞✐❡❞✳ ❚❤✐s ✇❛② ♦❢ ❡✈❛❧✉❛t✐♦♥ ✐s ❝❛❧❧❡❞ ♣❡r♣❧❡①✐t② ♣❡r ✇♦r❞✳ ❚❤❡ P▲▼ ♣r♦♣♦s❡❞ ✐♥ t❤✐s
✇♦r❦ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝
♠❡t❤♦❞ ✐♥s✐❞❡✲♦✉ts✐❞❡ t❤❛t ❝❛♥ ❜❡❝♦♠❡ q✉✐t❡ t✐♠❡✲❝♦♥s✉♠✐♥❣✱ ❜❡✐♥❣ ✉♥✈✐❛❜❧❡ ❢♦r ❝♦♠♣❧❡①
❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ♣r♦♣♦s❛❧ ✐s ❛♥ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ t❤❡ P▲▼ ♣❛r❛♠❡t❡rs ✉s✐♥❣ ✐♥t❡r✐♦r
♣♦✐♥t ♠❡t❤♦❞s ✇✐t❤ ❣♦♦❞ r❡s✉❧ts ❜❡✐♥❣ ♦❜t❛✐♥❡❞ ✐♥ ♣r♦❝❡ss✐♥❣ t✐♠❡✱ ✐t❡r❛t✐♦♥s ♥✉♠❜❡r ✉♥t✐❧
❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ♣❡r♣❧❡①✐t② ♣❡r ✇♦r❞✳

❑❡②✇♦r❞s✿ ❙t♦❝❤❛st✐❝ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs✱ ❋♦r♠❛❧ ❧❛♥❣✉❛❣❡✱ ▲❛♥❣✉❛❣❡ ♠♦❞❡❧✐♥❣✱ ■♥t❡r✐♦r✲
♣♦✐♥t ♠❡t❤♦❞s

❘❡s✉♠♦

❖s ♠♦❞❡❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ✭▼P▲✮ sã♦ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ♦♥❞❡ é ❞❡✜✲
♥✐❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❝❛❧❝✉❧❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❝❛❞❡✐❛
❡♠ ✉♠❛ ❧✐♥❣✉❛❣❡♠✳ ❖s ♣❛râ♠❡tr♦s ❞❡ ✉♠ ▼P▲✱ q✉❡ sã♦ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ✉♠❛ ❝❛❞❡✐❛✱ sã♦
❛♣r❡♥❞✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❞❛❞♦s ✭❛♠♦str❛s ❞❡ ❝❛❞❡✐❛s✮ ♣❡rt❡♥❝❡♥t❡s à ❧✐♥❣✉❛❣❡♠✳
❯♠❛ ✈❡③ ♦❜t✐❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ♦✉ s❡❥❛✱ ✉♠ ♠♦❞❡❧♦ ❞❛ ❧✐♥❣✉❛❣❡♠✱ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛
♣❛r❛ ❝♦♠♣❛r❛r q✉❛♥t♦ ♦ ♠♦❞❡❧♦ ♦❜t✐❞♦ r❡♣r❡s❡♥t❛ ❛ ❧✐♥❣✉❛❣❡♠ ❡♠ ❡st✉❞♦✳ ❊st❛ ♠❡❞✐❞❛ é
❞❡♥♦♠✐♥❛❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✳ ❖ ♠♦❞❡❧♦ ❞❡ ❧✐♥❣✉❛❣❡♠ ♣r♦❜❛❜✐❧íst✐❝♦ q✉❡ ♣r♦♣♦♠♦s
❡st✐♠❛r✱ ❡stá ❜❛s❡❛❞♦ ♥❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳ ❖ ♠ét♦❞♦ ❝❧áss✐❝♦
♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠ ▼P▲ ✭■♥s✐❞❡✲❖✉ts✐❞❡✮ ❞❡♠❛♥❞❛ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡
❞❡ t❡♠♣♦✱ t♦r♥❛♥❞♦✲♦ ✐♥✈✐á✈❡❧ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❝♦♠♣❧❡①❛s✳ ❆ ♣r♦♣♦st❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❝♦♥✲
s✐st❡ ❡♠ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠ ▼P▲ ✉s❛♥❞♦ ♠ét♦❞♦s ❞❡
♣♦♥t♦s ✐♥t❡r✐♦r❡s✱ ♦❜t❡♥❞♦ ❜♦♥s r❡s✉❧t❛❞♦s ❡♠ t❡r♠♦s ❞❡ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱ ♥ú♠❡r♦
❞❡ ✐t❡r❛çõ❡s ❛té ♦❜t❡r ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✳
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✸✳✻ Pr♦❜❧❡♠❛ ❈❛♥❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✻✳✶ ▼ét♦❞♦ ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✈✐✐



❙❯▼➪❘■❖ ✈✐✐✐

✸✳✻✳✷ ▼ét♦❞♦ ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr✐♠❛❧✲❉✉❛❧ ✳ ✳ ✳ ✳ ✹✻
✸✳✼ ❈♦♥tr♦❧❡ ❞♦ ❚❛♠❛♥❤♦ ❞♦ P❛ss♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹ ❊①♣❡r✐♠❡♥t♦s ◆✉♠ér✐❝♦s ✺✵

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✹✳✶✳✶ Pr♦❜❧❡♠❛s ❚❡st❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✹✳✶✳✷ ❊str❛té❣✐❛s ❯t✐❧✐③❛❞❛s ♥❛ ■♠♣❧❡♠❡♥t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✷ ❘❡s✉❧t❛❞♦s ◆✉♠ér✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✺ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ✻✷

✺✳✶ ❈♦♥❝❧✉sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✺✳✷ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

❘❡❢❡rê♥❝✐❛ ❇✐❜❧✐♦❣rá✜❝❛ ✻✽

❆♣ê♥❞✐❝❡ ✻✾



❆❣r❛❞❡❝✐♠❡♥t♦s

❊st❛ ❞✐ss❡rt❛çã♦ ♥ã♦ t❡r✐❛ s✐❞♦ ♣♦ssí✈❡❧ s❡♠ ❛ ♦r✐❡♥t❛çã♦✱ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦✱ ❞♦ ♣r♦❢❡ss♦r

❉♦✉t♦r ❆✉r❡❧✐♦ ❘✐❜❡✐r♦ ▲❡✐t❡ ❞❡ ❖❧✐✈❡✐r❛ ❡ ❞♦ ♣r♦❢❡ss♦r ❉♦✉t♦r ❋r❡❞② ❆♥❣❡❧ ❆♠❛②❛ ❘♦❜❛②♦✳

❚♦❞♦ ♠❡✉ ❛❢❡t♦ ❡ ❛❣r❛❞❡❝✐♠❡♥t♦✳

P❛rt✐❝✉❧❛r♠❡♥t❡✱ é ♦ r❡s✉❧t❛❞♦ ❞❡ ❆②❞é❡ ▲ó♣❡③ ❡ ❊♠✐r♦ ▼❛♠✐á♥✱ ❢♦r❛♠ ❛ ♣r✐♠❡✐r❛ ❢♦rç❛

❛♠♦r♦s❛ ❡ ✐♥❝❡♥t✐✈❛ ♣❡❧❛ ♣r♦❝✉r❛ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♦ q✉❛❧ ❝♦♥stró✐ ❤♦♠❡♥s ❡ ♠✉❧❤❡r❡s ♣❛r❛

❛ s♦❝✐❡❞❛❞❡✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛s ✐r♠ãs ▼ó♥✐❝❛✱ ▲❛✉r❛ ❡ ❆♥❣❡❧✐❝❛ ▼❛♠✐á♥✱ ❛♦ ♠❡✉ ✐r♠ã♦ ❏✉❛♥ ❙❡❜❛st✐❛♥✱

♣❡❧♦ ❛♠♦r ❞❡ s❡♠♣r❡✳

❏✉❛♥ ❈❛r❧♦s✱ ♣❡❧♦ ❝♦♥st❛♥t❡ ❛♣♦✐♦✱ ❛♠♦r ❡ ♣❛r❝❡r✐❛ ♥❡st❡s ❛♥♦s✳

❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s✱ ❝♦❧❡❣❛s✱ ♣r♦❢❡ss♦r❡s ❞♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉✲

t❛çã♦ ❈✐❡♥tí✜❝❛✱ ❛ ❝♦♥str✉çã♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ s❡♠♣r❡ é ✉♠ tr❛❜❛❧❤♦ ❝♦❧❡t✐✈♦✳

➚ ❈❆P❊❙ ✲ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆✐✈❡❧ ❙✉♣❡r✐♦r✱ ♣❡❧♦ ❛♣♦✐♦ ✜✲

♥❛♥❝❡✐r♦✳

✐①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ➪r✈♦r❡s ❞❡ ❞❡r✐✈❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Ω ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✷ ➪r✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ dχ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✹✳✶ ◆ú♠❡r♦ ❞❡ ■t❡r❛çõ❡s × t❛♠❛♥❤♦ ❛♠♦str❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✷ P❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ × t❛♠❛♥❤♦ ❛♠♦str❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✸ ❚❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ × t❛♠❛♥❤♦ ❛♠♦str❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✶ ➪r✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ ❞❛ ❝❛❞❡✐❛ χ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳✷ ❈á❧❝✉❧♦ ❞♦ t❡r♠♦ ❡✭❆❁✶✱❦❃✮❡✭❇❁❦✰✶✱⑤χ⑤❃✮✱ ♦♥❞❡ k = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✸ ❈á❧❝✉❧♦ ❞♦ t❡r♠♦ ❡✭❆❁✶✱❦❃✮❡✭❇❁❦✰✶✱⑤χ⑤❃✮✱ ♦♥❞❡ k = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✹ ❈á❧❝✉❧♦ ❞♦ t❡r♠♦ ❡✭❆❁✶✱❦❃✮❡✭❇❁❦✰✶✱⑤χ⑤❃✮✱ ♦♥❞❡ k = 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺✳✺ ❈á❧❝✉❧♦ ❞♦ t❡r♠♦ ❡✭❆❁✶✱❦❃✮❡✭❇❁❦✰✶✱⑤χ⑤❃✮✱ ♦♥❞❡ k = 4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺✳✻ ❈á❧❝✉❧♦ ❞❡ p(A → a) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✼ ❈á❧❝✉❧♦ ❞❡ f(A < i, i >)✱ ♦♥❞❡ i = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✽ ❈á❧❝✉❧♦ ❞❡ f(A < 1, 2 >) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

①



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ◆ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❡stá s❡♥❞♦ ✉s❛❞❛ ❝❛❞❛ r❡❣r❛ ♥❛s ❞❡r✐✈❛çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✹✳✶ P❛râ♠❡tr♦s ✉s❛❞♦s ♥❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✷ ❈❛r❛❝t❡ríst✐❝❛s ❞❛s ❣r❛♠át✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✸ ❈❛r❛t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ✲ ●r❛♠át✐❝❛ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✹ ❈❛r❛t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ✲ ●r❛♠át✐❝❛ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✺ ❘❡s✉❧t❛❞♦s ●r❛♠át✐❝❛ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✻ ❘❡s✉❧t❛❞♦s ●r❛♠át✐❝❛ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

①✐



▲✐st❛ ❞❡ ▼ét♦❞♦s

✸✳✸✳✶ Pr✐♠❛❧✲❉✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✺✳✶ ❇❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✻✳✶ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ❈❛♥❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✻✳✷ Pr✐♠❛❧✲❉✉❛❧ ❈❛♥❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✸✳✼✳✶ ❈♦♥tr♦❧❡ ❞❡ P❛ss♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✼✳✷ ❈♦♥tr♦❧❡ ❞❡ P❛ss♦ ❢❛❝t✐❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

①✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❯♠ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ é ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦✱ ♦♥❞❡ é ❞❡✜♥✐❞❛ ✉♠❛

❢✉♥çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❝❛❧❝✉❧❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❡♠ ✉♠❛ ❧✐♥✲

❣✉❛❣❡♠ ❬✶✸❪✳ ❖s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ✭❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❛s ❝❛❞❡✐❛s✮ sã♦ ❛♣r❡♥❞✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❞❛❞♦s ✭❛♠♦str❛ ❞❡ ❝❛❞❡✐❛s✮ ♣❡rt❡♥❝❡♥✲

t❡s à ❧✐♥❣✉❛❣❡♠ ❬✶✾❪✳ ●❡r❛❧♠❡♥t❡ sã♦ ✉s❛❞❛s ❞✉❛s ❛♠♦str❛s✱ ❛ ♣r✐♠❡✐r❛ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡

❛♣r❡♥❞✐③❛❣❡♠ ❡ ❛ s❡❣✉♥❞❛ é ✉s❛❞❛ ♣❛r❛ ✈❛❧✐❞❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♦❜t✐❞♦✳ ❆♠❜❛s sã♦

❢❡✐t❛s ❛✉t♦♠❛t✐❝❛♠❡♥t❡✳

❖ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❞❛ ❧✐♥❣✉❛❣❡♠ ♠❛✐s ✉s❛❞♦ é ♦ ♠♦❞❡❧♦ ❞❡ ♥✲❣r❛♠❛s ❬✶❪✱ q✉❡ ❡stá ❜❛✲

s❡❛❞♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❡♠ ✉♠❛ ❛♠♦str❛ ❞❛ ❧✐♥❣✉❛❣❡♠✳ ❊♠❜♦r❛

♦ ♠♦❞❡❧♦ ❞❡ ♥✲❣r❛♠❛s s❡❥❛ ❢á❝✐❧ ❞❡ ✐♠♣❧❡♠❡♥t❛r ❡ t❛♠❜é♠ s❡❥❛ ✉♠ ❜♦♠ ♠♦❞❡❧♦✱ q✉❛♥❞♦

❛♣❧✐❝❛❞♦ ❛ ❧✐♥❣✉❛❣❡♥s ♥❛t✉r❛✐s ♦✉ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✱ ❛♣r❡s❡♥t❛ ♣r♦❜❧❡✲

♠❛s ❞❡ ✐♥t❡r♣r❡t❛çã♦✱ ♣♦rq✉❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♣❛❧❛✈r❛ ✉t✐❧✐③❛ s♦♠❡♥t❡

✐♥❢♦r♠❛çã♦ ❧♦❝❛❧ ✭❞❛❞❛ ♣❡❧❛s ♥✲✶ ❛♥t❡r✐♦r❡s✮✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✐♠♣♦rt❛♥t❡

❞❡ ✐♥❢♦r♠❛çã♦ ♥ã♦ é ❝♦♥s✐❞❡r❛❞❛ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ s❡❥❛

❛tr✐❜✉í❞♦ ✈❛❧♦r ③❡r♦ ❡♠ ❢r❛s❡s ❝♦♠ ❛❧t❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

✶
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❯♠❛ ❛❧t❡r♥❛t✐✈❛✱ q✉❡ ♠❡❧❤♦r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ♥✲❣r❛♠❛s✱ sã♦ ♦s

♠♦❞❡❧♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❜❛s❡❛❞♦s ❡♠ ❣r❛♠át✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳

❯♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞❡ ❝♦♥t❡①t♦ é ✉♠❛ ❣r❛♠át✐❝❛ ❢♦r♠❛❧✱ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s

♣❛rt❡s✿ ❡str✉t✉r❛❧ ❡ ❡st♦❝ást✐❝❛✳ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❢♦r♠❛♠ ❛ ❝♦♠♣♦♥❡♥t❡ ❡str✉t✉r❛❧ ❞❛

❣r❛♠át✐❝❛✱ ❡ ❛s ❢✉♥çõ❡s ❞❡ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ss♦❝✐❛❞❛s ❝♦♠ ❛s r❡❣r❛s✱ sã♦ s✉❛

❝♦♠♣♦♥❡♥t❡ ❡st♦❝ást✐❝❛ ❬✶✸❪✳

◆♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞❡ ❝♦♥t❡①t♦ é ✉s❛❞❛ ✉♠❛

❛♠♦str❛ ❞❛ ❣r❛♠át✐❝❛ ❞❛ q✉❛❧ ❡s♣❡r❛✲s❡ r❡❝♦❧❤❡r ✐♥❢♦r♠❛çõ❡s t❛♥t♦ ❞❛ ♣❛rt❡ ❡str✉t✉r❛❧ ❝♦♠♦

❞❡ s✉❛ ♣❛rt❡ ❡st♦❝ást✐❝❛✳

P❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❡♠ ✉♠❛ ❞❛s ❛❜♦r❞❛❣❡♥s✱ é ♥❡❝❡ssár✐♦

❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ❝r✐tér✐♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❛♠♦str❛ ♣❛r❛ ♦t✐♠✐③❛r✳ ❆s ❛♠♦str❛s ♣♦❞❡♠ ❡st❛r

❢♦r♠❛❞❛s ♣♦r ❝❛❞❡✐❛s q✉❡ s❡❥❛♠ ♣❛rt❡ ♦✉ ♥ã♦ ❞❛ ❧✐♥❣✉❛❣❡♠✳ ◆❡st❡ ❡st✉❞♦ ❛s ❛♠♦str❛s sã♦

❢♦r♠❛❞❛s ♣♦r ❝❛❞❡✐❛s q✉❡ ♣❡rt❡♥❝❡♠ à ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧✳ ❯♠❛ ✈❡③ ❞❡✜♥✐❞❛ ❛ ❢✉♥çã♦ ❝r✐tér✐♦✱

♣♦r ❡①❡♠♣❧♦ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ é ❡s❝♦❧❤✐❞♦ ✉♠ ♠ét♦❞♦ ❞❡ ♦t✐♠✐③❛çã♦ ♣❛r❛ r❡s♦❧✈❡r

♦ ♣r♦❜❧❡♠❛✳ ❚❛✐s ♠♦❞❡❧♦s ❛♣r❡s❡♥t❛♠ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ❝♦♠♣❧❡①✐❞❛❞❡

❞❡✈✐❞♦ ❛♦ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛s ❣r❛♠át✐❝❛s✳

❆ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞❡ ❝♦♥t❡①t♦ é ✉♠ ♣♦✲

❧✐♥ô♠✐♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✱ ❡ ♦ ❛❧❣♦r✐t♠♦ ❜❛s❡❛❞♦ ♥♦ t❡♦r❡♠❛ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❝r❡s❝❡♥t❡s✱

❛❧❣♦r✐t♠♦ ❝❧áss✐❝♦ ❞❡ ❡st✐♠❛çã♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♠á①✐♠♦ ❞❡st❛ ❢✉♥çã♦✱ t❡♠ ✉♠ ❝✉st♦ ❝♦♠✲

♣✉t❛❝✐♦♥❛❧ ❛❧t♦ ❬✷✷✱ ✹❪✳ ❉❡st❛ ❢♦r♠❛✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s

✐♥t❡r✐♦r❡s ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳
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❖ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✱ ❛ ✈❛r✐❛♥t❡ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ sã♦ ❛♥❛❧✐s❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♥tr❡

❛s ❞✐❢❡r❡♥t❡s ✐♠♣❧❡♠❡♥t❛çõ❡s ❡st✉❞❛❞❛s sã♦ ❝♦♠♣❛r❛❞❛s ❡♥tr❡ s✐✳ ❖ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠

r❡❞✉③✐r ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❛ss✐♠ ❝♦♠♦ ♣r♦♣♦r❝✐♦♥❛r ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♠❛✐s r♦❜✉st❛ ♣❛r❛

❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳

❖ r❡st❛♥t❡ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞❛ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s❀ ♦ ❈❛♣ít✉❧♦ ✷ r❡❢❡r❡✲s❡ ❛ ✉♠❛ r❡✲

✈✐sã♦ ❣❡r❛❧ ❞♦ ❝♦♥❝❡✐t♦ ❞❛s ❣r❛♠át✐❝❛s ❧✐✈r❡s ❞❡ ❝♦♥t❡①t♦ ❡ ❧✐♥❣✉❛❣❡♥s✳ ❖s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s

✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✱ ❛ ✈❛r✐❛♥t❡ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳ ◆♦ q✉❛rt♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s

r❡❛❧✐③❛❞♦s✳ ❖ ❝❛♣ít✉❧♦ ✺ ❝♦♥té♠ ❛s ❝♦♥❝❧✉sõ❡s ❡ ❛s ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s✳
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●r❛♠át✐❝❛s ▲✐✈r❡s ❞♦ ❈♦♥t❡①t♦ ❡

▲✐♥❣✉❛❣❡♠

✷✳✶ ■♥tr♦❞✉çã♦

❆ ♦r✐❣❡♠ ❞❛ t❡♦r✐❛ ❞❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ ♦❝♦rr❡✉ ♥❛ ♠❡t❛❞❡ ❞❛ ❞é❝❛❞❛ ❞❡ ✺✵✱ ❝♦♠ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❣r❛♠át✐❝❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ✉♠ tr❛❜❛❧❤♦ ❜❛s❡❛❞♦

❡♠ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧✱ ❢❡✐t♦ ♣♦r ◆♦❛♠ ❈❤♦♠s❦② ❬✼❪✳ ❯♠ ❞♦s ♣r♦♣ós✐t♦s ♥❡st❛ ár❡❛ ❢♦✐ ❞❡s❡♥✲

✈♦❧✈❡r ♠♦❞❡❧♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❡ ❣r❛♠át✐❝❛s ❝❛♣❛③❡s ❞❡ ❞❡s❝r❡✈❡r ❧✐♥❣✉❛❣❡♥s ♥❛t✉r❛✐s✱ t❛✐s

❝♦♠♦ ■♥❣❧ês✱ P♦rt✉❣✉ês✱ ❡t❝✳ ❋❛③❡♥❞♦ ✐ss♦✱ t✐♥❤❛✲s❡ ❛ ❡s♣❡r❛♥ç❛ q✉❡ s❡r✐❛ ♣♦ssí✈❡❧ ✏❡♥s✐♥❛r✑

❛s ♠áq✉✐♥❛s ❛ ✐♥t❡r♣r❡t❛r ❧✐♥❣✉❛❣❡♥s ♥❛t✉r❛✐s✳

❆s ♣❡sq✉✐s❛s ♥❡st❛ ár❡❛✱ ♦❜t✐✈❡r❛♠ r❡s✉❧t❛❞♦s ❞❡ ✐♠♣❛❝t♦ s✐❣♥✐✜❝❛t✐✈♦ ❡♠ ♦✉tr♦s ❝❛♠♣♦s t❛✐s

❝♦♠♦✿ ♣r♦❥❡t♦ ❞❡ ❝♦♠♣✐❧❛❞♦r❡s✱ ❧✐♥❣✉❛❣❡♥s ❞❡ ♣r♦❣r❛♠❛çã♦✱ t❡♦r✐❛ ❞♦s ❛✉tô♠❛t♦s✱ r❡❝♦♥❤❡❝✐✲

♠❡♥t♦ ❞❡ ♣❛❞rõ❡s✱ ❡t❝✳ ❊♠ ❛♥♦s ♣♦st❡r✐♦r❡s✱ ❛ ✉t✐❧✐③❛çã♦ ❞❛s ❧✐♥❣✉❛❣❡♥s ❢♦r♠❛✐s ♥❡st❛ ú❧t✐♠❛

ár❡❛✱ ♣r♦♣♦r❝✐♦♥❛r❛♠ s✉❛ ❛♣❧✐❝❛çã♦ ♥❛ ❛♥á❧✐s❡ ❛✉t♦♠át✐❝❛ ❞❡ ❝❛r❛❝t❡r❡s ❛❧❢❛♥✉♠ér✐❝♦s ❡ ❞❛

❡str✉t✉r❛ ❞❡ ❝r♦♠♦ss♦♠♦s ❬✷✻✱ ✸✵❪✳

✹
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P❛rt✐❝✉❧❛r♠❡♥t❡✱ ♥❛ ár❡❛ ❞❡ tr❛❞✉çã♦ ❛✉t♦♠át✐❝❛ ❡①✐st❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❛♣❧✐❝❛çã♦✿ ♥♦s ❛♥♦s

✻✵✱ ❤❛✈✐❛ ✉♠❛ ❣r❛♥❞❡ ❡s♣❡r❛♥ç❛ ❞❡ q✉❡ ♦s ❝♦♠♣✉t❛❞♦r❡s s❡r✐❛♠ ❝❛♣❛③❡s ❞❡ ❢❛③❡r ❛ tr❛❞✉çã♦

❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ♣❛r❛ ♦✉tr❛✳ ◆❛ ú❧t✐♠❛ ❞é❝❛❞❛✱ s✉r❣✐✉ ✉♠ ♠♦✈✐♠❡♥t♦ ❡♠ ❞✐r❡çã♦

❛ s✐st❡♠❛s ❞❡ tr❛❞✉çã♦ ❛✉t♦♠át✐❝❛ ❜❛s❡❛❞♦s ❡♠ ❡st✉❞♦s ❡st❛tíst✐❝♦s✳ ❊st❛ ♣❛ss♦✉ ❛ ❞❡♥♦t❛r

✉♠❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ t♦❞♦ ♣r♦❜❧❡♠❛ ❞❡ tr❛❞✉çã♦ q✉❡ s❡ ❜❛s❡✐❛ ♥❛ ❞❡s❝♦❜❡rt❛ ❞❛ tr❛❞✉çã♦

♠❛✐s ♣r♦✈á✈❡❧ ❞❡ ✉♠❛ s❡♥t❡♥ç❛✱ ✉t✐❧✐③❛♥❞♦ ❞❛❞♦s ❡s❝♦❧❤✐❞♦s ❡♠ ✉♠ ❝♦r♣✉s ❜✐❧í♥❣✉❡✳

P♦❞❡♠♦s ❡①♣r❡ss❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ tr❛❞✉③✐r ✉♠❛ s❡♥t❡♥ç❛ ❊ ❡♠ ✐♥❣❧ês✱ ♣❛r❛ ✉♠❛ s❡♥t❡♥ç❛ ❋

❡♠ ❢r❛♥❝ês ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❇❛②❡s ❛ s❡❣✉✐r ❬✺✱ ✷✹❪✿

❛r❣♠❛①FP (F |E) = ❛r❣♠❛①F
P (E|F )P (F )

P (E)

= ❛r❣♠❛①FP (E|F )P (F )✳
✭✷✳✶✳✶✮

❊ss❛ r❡❣r❛ ❞✐③ q✉❡ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r t♦❞❛s ❛ s❡♥t❡♥ç❛s ♣♦ssí✈❡✐s ❡♠ ❢r❛♥❝ês ❋ ❡ ❡s❝♦❧❤❡r

❛q✉❡❧❛ q✉❡ ♠❛①✐♠✐③❛ ♦ ♣r♦❞✉t♦ P (E|F )P (F )✳ ❖ ❢❛t♦r P (F ) é ♦ ♠♦❞❡❧♦ ❞❡ ❧✐♥❣✉❛❣❡♠ ♣❛r❛ ♦

❢r❛♥❝ês❀ ❡❧❡ ✐♥❢♦r♠❛ q✉❛❧ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❞❛❞❛ s❡♥t❡♥ç❛ ❡st❛r ❡♠ ❢r❛♥❝ês✳ P (E|F )

é ♦ ♠♦❞❡❧♦ ❞❡ tr❛❞✉çã♦❀ ❡❧❡ ✐♥❢♦r♠❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ s❡♥t❡♥ç❛ ❡♠ ✐♥❣❧ês s❡r ✉♠❛

tr❛❞✉çã♦✱ ❞❛❞❛ ✉♠❛ s❡♥t❡♥ç❛ ❡♠ ❢r❛♥❝ês✳

❖ ♠♦❞❡❧♦ ❞❡ ❧✐♥❣✉❛❣❡♠ P (F ) ♣♦❞❡ s❡r q✉❛❧q✉❡r ♠♦❞❡❧♦ q✉❡ ❢♦r♥❡ç❛ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛

✉♠❛ s❡♥t❡♥ç❛✳ ❈♦♠ ✉♠ ❝♦r♣✉s ♠✉✐t♦ ❣r❛♥❞❡✱ ♣♦❞❡rí❛♠♦s ❡st✐♠❛r P (F ) ❞✐r❡t❛♠❡♥t❡✱ ❝♦♥✲

t❛♥❞♦ q✉❛♥t❛s ✈❡③❡s ❝❛❞❛ s❡♥t❡♥ç❛ ❛♣❛r❡❝❡ ♥♦ ❝♦r♣✉s✱ ♠❛s s✉r❣❡♠ ♣r♦❜❧❡♠❛s ♦♥❞❡ ❣r❛♥❞❡

♣❛rt❡ ❞❛s ❝♦♥t❛❣❡♥s ♣♦❞❡♠ s❡r ③❡r♦✳ P♦rt❛♥t♦✱ ✉♠❛ ❞❛s ♦♣çõ❡s é ✉s❛r ♦ ♠♦❞❡❧♦ ❞❡ ❧✐♥❣✉❛❣❡♠

❜❛s❡❛❞♦ ♥❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳ ❖ ♠♦❞❡❧♦ ❞❡ tr❛❞✉çã♦ P (E|F )

é ♠❛✐s ❞✐❢í❝✐❧ ❞❡ ♦❜t❡r✳ P♦r ✉♠ ❧❛❞♦✱ ♥ã♦ t❡♠♦s ✉♠❛ ❝♦❧❡çã♦ ♣r♦♥t❛ ❞❡ ♣❛r❡s ❞❡ s❡♥t❡♥ç❛s

✭✐♥❣❧ês✱ ❢r❛♥❝ês✮ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♣♦ss❛♠♦s tr❡✐♥❛r✱ ♣♦r ♦✉tr♦ ❧❛❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦
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é ♠❛✐♦r✳ ❈♦♠♦ ♦ ❡st✉❞♦ ❞♦ ♠♦❞❡❧♦ ❞❡ tr❛❞✉çã♦ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ t❡♠❛ ❞❡st❛ ❞✐ss❡rt❛çã♦✱

s✉❣❡r✐♠♦s ❛s s❡❣✉✐♥t❡s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st✉❞❛r s♦❜r❡ ❡st❡ tó♣✐❝♦ ❬✷✹✱ ✺❪✳

✷✳✷ ●r❛♠át✐❝❛s ❡ ●r❛♠át✐❝❛s ▲✐✈r❡s ❞♦ ❈♦♥t❡①t♦

❊♥tr❡ ❛s ❧✐♥❣✉❛❣❡♥s ❢♦r♠❛✐s ♣❛r❛ ♣r♦❝❡ss❛r ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ✭♦✉ ❢♦r♠❛❧✮ ❡stã♦ ❛q✉❡❧❛s ❣❡✲

r❛❞❛s ♣♦r ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳ ❆s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s

❞❡ ❝♦♥t❡①t♦ ❣❡r❛♠ ♠♦❞❡❧♦s ❞❛ ❧✐♥❣✉❛❣❡♠ ❝♦♠ ❜♦❛ ❡①♣r❡ss✐✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ r❡❝♦♥❤❡❝❡♠ ❝♦♠

❜♦❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝❛❞❡✐❛s q✉❡ ♥ã♦ ❡st❡❥❛♠ ♥❛s ❛♠♦str❛s ✉s❛❞❛s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐✲

③❛❣❡♠✳ ❉❡st❛ ❢♦r♠❛✱ ❡st❛s ❣r❛♠át✐❝❛s ❝♦♠❡t❡♠ ♠❡♥♦s ❡rr♦s ♥❡st❛ t❛r❡❢❛ ❡♠ ❝♦♠♣❛r❛çã♦ ❛

♦✉tr❛s ❣r❛♠át✐❝❛s ❬✷✷✱ ✷✺❪✳

❖s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s ❡ ✉s❛❞♦s ♥❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧ís✲

t✐❝❛s ❧✐✈r❡s ❞❡ ❝♦♥t❡①t♦ ❞❡♠❛♥❞❛♠ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❡♠ór✐❛ ❡ ♦ t❡♠♣♦ ❞❡ ♣r♦✲

❝❡ss❛♠❡♥t♦ é ❛❧t♦✳ ❙✉r❣❡♠ ❡♥tã♦ ♣r♦♣♦st❛s ♣❛r❛ ❡st✉❞❛r ♦✉tr♦s ♠ét♦❞♦s ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞❡ ❝♦♥t❡①t♦✳

❖s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐✲

❝❛s ❧✐✈r❡s ❞❡ ❝♦♥t❡①t♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r ❬✶✹❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳

✭❛✮ ❯♠ ❛❧❢❛❜❡t♦ ♦✉ ✈♦❝❛❜✉❧ár✐♦✱ ❞❡♥♦t❛❞♦ ♣♦r Σ✱ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ sí♠❜♦❧♦s✳

✭❜✮ ❯♠❛ ❝❛❞❡✐❛ ♦✉ ♣❛❧❛✈r❛ é ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ sí♠❜♦❧♦s✱ ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ❛❧❢❛❜❡t♦

Σ✳
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✭❝✮ ❖ t❛♠❛♥❤♦ ❞❡ ✉♠❛ ❝❛❞❡✐❛ χ é ❞❛❞♦ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ sí♠❜♦❧♦s q✉❡ ❛ ❝♦♠♣õ❡♠✱ ❞❡♥♦t❛❞♦

♣♦r |χ|✳

✭❞✮ ❯♠❛ ❝❛❞❡✐❛ ǫ é ❞✐t❛ ✈❛③✐❛ q✉❛♥❞♦ ❡stá ❝♦♥st✐t✉í❞❛ ♣♦r ♥❡♥❤✉♠ sí♠❜♦❧♦✱ ♥❡st❡ ❝❛s♦ |ǫ| = 0✳

✭❡✮ Σ∗ ❛♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❛❞❡✐❛s ❞❡ ✉♠ ❛❧❢❛❜❡t♦ Σ✳

✭❢✮ Σ+ ❛♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❛❞❡✐❛s ❞❡ Σ✱ t❛❧ q✉❡ s❡✉ t❛♠❛♥❤♦ é ♠❛✐♦r ♦ ✐❣✉❛❧

❛ ✉♠✳

✭❣✮ ❯♠❛ ▲✐♥❣✉❛❣❡♠ ▲ s♦❜r❡ Σ é ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❝♦♥❥✉♥t♦ Σ∗✳

P❛r❛ ❞❡s❝r❡✈❡r ❛ ❣r❛♠át✐❝❛ ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠✱ ❡①✐st❡♠ q✉❛tr♦ ❝♦♠♣♦♥❡♥t❡s ✐♠♣♦rt❛♥t❡s✿

❼ ❯♠ ❛❧❢❛❜❡t♦ Σ ❝✉❥♦s sí♠❜♦❧♦s sã♦ ❞❡♥♦♠✐♥❛❞♦s sí♠❜♦❧♦s t❡r♠✐♥❛✐s✳ ❱❛♠♦s ✉s❛r ❧❡tr❛s

♠✐♥ús❝✉❧❛s ❝♦♠♦ a, b, c ❡ d ♣❛r❛ r❡♣r❡s❡♥tá✲❧♦s✳

❼ ❯♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✈❛r✐á✈❡✐s ♦✉ sí♠❜♦❧♦s ♥ã♦ t❡r♠✐♥❛✐s✱ ❞❡♥♦t❛❞♦ ♣♦rN ❝♦♠N∩Σ =

∅✳ ❆s ❧❡tr❛s ♠❛✐ús❝✉❧❛s A,B,C ❡ D r❡♣r❡s❡♥t❛♠ ♦s sí♠❜♦❧♦s ♥ã♦ t❡r♠✐♥❛✐s✳

❼ ❯♠❛ ✈❛r✐á✈❡❧ S✱ ❞❡♥♦♠✐♥❛❞❛ ✈❛r✐á✈❡❧ ❞❡ ♣❛rt✐❞❛✳ S ∈ N ✳

❼ ❯♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ P ❞❡ r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦✳ ❈❛❞❛ ❞❡r✐✈❛çã♦ t❡♠ ❛ ❢♦r♠❛ α −→ γ✱

♦♥❞❡ α ❡ γ sã♦ ❝❛❞❡✐❛s ❞❡ sí♠❜♦❧♦s ❞❡ (N ∪ Σ)∗✳ ❆ ❡①♣r❡ssã♦ α −→ γ s✐❣♥✐✜❝❛ q✉❡ ❛

❝❛❞❡✐❛ α é s✉❜st✐t✉í❞❛ ♣♦r γ✳ ❙❡❣✉❡ ✉♠ ❡①❡♠♣❧♦ ❞❡ r❡❣r❛✿

aAB → baA.

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❯♠❛ ❣r❛♠át✐❝❛ ❢♦r♠❛❧ é ✉♠❛ ✹✲t✉♣❧❛ G = (N,Σ, P, S)✱ ♦♥❞❡ N,Σ, P ❡ S

❡stã♦ ❛❝♦r❞♦ ❝♦♠ ♦s ✐t❡♥s ❛❝✐♠❛✳
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❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛♠ γ1, γ2 ∈ (N ∪ Σ)∗✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡❣r❛s ❞❡

❞❡r✐✈❛çã♦ q1, q2, ..., qm−1 ∈ P ❡ ❝❛❞❡✐❛s α1, α2, ..., αm ∈ (N ∪ Σ)∗✱ m ≥ 1 t❛❧ q✉❡

γ1 = α1
q1
⇒ α2

q2
⇒ ...

qm−1

⇒ αm = γ2

♦♥❞❡ αi
qi⇒ αi+1 s✐❣♥✐✜❝❛ q✉❡ αi+1 é ❞❡r✐✈❛❞♦ ❞❡ αi ✉s❛♥❞♦ ❛ r❡❣r❛ qi ✉♠❛ ú♥✐❝❛ ✈❡③✳ ❙❡ ❞✐③

q✉❡ ❤á ✉♠❛ ❞❡r✐✈❛çã♦ ❞❡ γ1 ❡♠ γ2✱ ❞❡♥♦t❛❞❛ ♣♦r γ1
∗
⇒ γ2✳

❉❡✜♥✐çã♦ ✷✳✷✳✹✳ ❯♠❛ ❞❡r✐✈❛çã♦ à ❡sq✉❡r❞❛ ❞❡ ✉♠❛ ❝❛❞❡✐❛ χ ∈ Σ+ ❡♠ G é ✉♠❛ s✉❝❡ssã♦ ❞❡

r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦ ❞❡ dx = (q1, q2, . . . , qm)✱ m ≥ 1✱ t❛❧ q✉❡✿ S = α1
q1
⇒ α2 . . .

qm−1

⇒ αm = χ✱

♦♥❞❡ αi ∈ (N ∪ Σ)+✱ ❝♦♠ 1 ≤ i ≤ m ❡ qi s✉❜st✐t✉✐ ♦ sí♠❜♦❧♦ ♥ã♦ t❡r♠✐♥❛❧ ♠❛✐s à ❡sq✉❡r❞❛

❞❡ αi✳

❆ ❞❡✜♥✐çã♦ à ❞✐r❡✐t❛ ❞❡ ✉♠❛ ❝❛❞❡✐❛ é ❡q✉✐✈❛❧❡♥t❡✳ ◆❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ✉s❛r ❞❡r✐✈❛çã♦ à

❡sq✉❡r❞❛✱ s♦♠❡♥t❡✳ ▲♦❣♦✱ ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ♣♦r ❞❡r✐✈❛çã♦ ❡♥t❡♥❞❛✲s❡ ❝♦♠♦ ❞❡r✐✈❛çã♦ à

❡sq✉❡r❞❛✳

❉❡✜♥✐çã♦ ✷✳✷✳✺✳ ❯♠❛ ❣r❛♠át✐❝❛ ❢♦r♠❛❧ G✱ ♥❛ q✉❛❧ ♦ ❝♦♥❥✉♥t♦ P ❞❡ r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦

❡stá ❝♦♥st✐t✉í❞♦ ♣♦r r❡❣r❛s ❞❛ ❢♦r♠❛ A −→ α✱ ♦♥❞❡ A ∈ N ❡ α ∈ (N ∪ Σ)+✱ ❞❡♥♦♠✐♥❛✲s❡

❣r❛♠át✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✻✳ ❯♠❛ ❣r❛♠át✐❝❛✶ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ G ❡stá ❡♠ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ ❈❤♦♠s❦②

✭❋◆❈✮✱ q✉❛♥❞♦ ❛s r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦ ❡stã♦ ♥❛ ❢♦r♠❛✿ A −→ BC ❡ A −→ a✱ ♦♥❞❡ A,B,C ∈

N ❡ a ∈ Σ✳

❉❡✜♥✐çã♦ ✷✳✷✳✼✳ ❆ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ L(G) ❣❡r❛❞❛ ♣❡❧❛ ❣r❛♠át✐❝❛ ❢♦r♠❛❧ G ❝♦♥s✐st❡ ♥♦

❝♦♥❥✉♥t♦

L(G) = {χ ∈ Σ+ : S
∗
⇒ χ}.

✶◆♦ r❡st❛♥t❡ ❞❡st❛ ❞✐s❡rt❛çã♦✱ q✉❛♥❞♦ ❢❛❧❛♠♦s ❞❡ ❣r❛♠át✐❝❛ ♥♦s r❡❢❡r✐♠♦s ❛ ❣r❛♠át✐❝❛ ❢♦r♠❛❧✳
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❉❡✜♥✐çã♦ ✷✳✷✳✽✳ ❉✉❛s ❣r❛♠át✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦ G1 ❡ G2 sã♦ ❡q✉✐✈❛❧❡♥t❡s q✉❛♥❞♦

L(G1) = L(G2)✳

❚♦❞❛ ❣r❛♠át✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❣r❛♠át✐❝❛ ♥❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ ❈❤♦♠s❦②

❬✶✸❪✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♥❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ✉s❛r ❣r❛♠át✐❝❛s ♥❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡

❈❤♦♠s❦②✳

❉❡✜♥✐çã♦ ✷✳✷✳✾✳ ❯♠❛ ❧✐♥❣✉❛❣❡♠ ♣r♦❜❛❜✐❧íst✐❝❛ ❡♠ ✉♠ ❛❧❢❛❜❡t♦ Σ é ✉♠ ♣❛r (L, φ)✱ ❝♦♠ L

✉♠❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧ ❡ φ : Σ∗ −→ ℜ é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ♥❛s ❝❛❞❡✐❛s ❞❡ Σ∗✳ ❆ ❢✉♥çã♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ φ s❛t✐s❢❛③✿

✶✳ χ /∈ L✱ ❡♥tã♦ φ(χ) = 0 ♣❛r❛ t♦❞♦ χ ∈ Σ∗✳

✷✳ χ ∈ L✱ ❡♥tã♦ 0 < φ(χ) ≤ 1 ♣❛r❛ t♦❞♦ χ ∈ Σ∗✳

✸✳
∑

χ∈L
φ(χ) = 1✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✵✳ ❯♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ Gp é ✉♠ ♣❛r (G, p) t❛❧

q✉❡ G é ❣r❛♠át✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ ❡ p : P −→ (0, 1] ✉♠❛ ❢✉♥çã♦ ♥❛s r❡❣r❛s ❞❛ ❣r❛♠át✐❝❛

t❛❧ q✉❡✿

∀A ∈ N,
∑

(A−→α)∈ΓA

p(A −→ α) = 1 ✭✷✳✷✳✶✮

♦♥❞❡ ΓA ⊂ P r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦ ❝✉❥♦ ❛♥t❡❝❡❞❡♥t❡ é ❆✳

▼❛✐s ❛❞✐❛♥t❡✱ ♥♦ ❊①❡♠♣❧♦ ✷✳✺✳✶ ✐❧✉str❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥❝❡✐t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛s s❡çõ❡s

✷✳✷ ❡ ✷✳✸✳
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✷✳✸ Pr♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❈❛❞❡✐❛ ❞❡ ✉♠❛ ●r❛♠át✐❝❛ Pr♦✲

❜❛❜✐❧íst✐❝❛ ▲✐✈r❡ ❞♦ ❈♦♥t❡①t♦

❙❡❥❛ Gp ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞❡ ❝♦♥t❡①t♦✱ ♣❛r❛ ❝❛❞❛ χ ∈ L(G) ❞❡♥♦♠✐♥❛✲s❡

Dχ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s ❞❡r✐✈❛çõ❡s dχ ❞❛ ❝❛❞❡✐❛ χ✳ P♦r Nr(qi, dχ) ❞❡s✐❣♥❛✲s❡ ♦

♥ú♠❡r♦ ❞❡ ✈❡③❡s ❡♠ q✉❡ ❛ r❡❣r❛ qi ❢♦✐ ✉s❛❞❛ ♥❛ ❞❡r✐✈❛çã♦ dχ✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❉❛❞❛ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ Gp✱ ❞❡✜♥❡✲s❡ ❛ ♣r♦✲

❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❞❡r✐✈❛çã♦ dχ ❞❛ ❝❛❞❡✐❛ χ ∈ Σ∗ ❝♦♠♦✿

Pr(χ, dχ|Gp) =

|P |
∏

i=1

p(qi)
Nr(qi,dχ). ✭✷✳✸✳✶✮

❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❉❛❞❛ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ Gp✱ ❞❡✜♥❡✲s❡ ❛ ♣r♦✲

❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❝❛❞❡✐❛ χ ∈ Σ∗ ❝♦♠♦✿

Pr(χ|Gp) =
∑

dχ∈Dχ

Pr(χ, dχ|Gp). ✭✷✳✸✳✷✮

❉❡✜♥✐çã♦ ✷✳✸✳✸✳ ❉❡✜♥❡✲s❡ ❛ ❧✐♥❣✉❛❣❡♠ ❣❡r❛❞❛ ♣♦r ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦

❝♦♥t❡①t♦ Gp = (G, p)✱ ❝♦♠♦ L(Gp) = {χ ∈ L(G)|Pr(χ|Gp) > 0}✳

❉❡✜♥✐çã♦ ✷✳✸✳✹✳ ❯♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ Gp ❞❡♥♦♠✐♥❛✲s❡ ❝♦♥s✐s✲

t❡♥t❡✱ s❡ ❛ ❧✐♥❣✉❛❣❡♠ ❣❡r❛❞❛ ♣♦r Gp é ❡st♦❝ást✐❝❛✱ ♦✉ s❡❥❛✿

∑

χ∈L(Gp)

φ(x) = 1. ✭✷✳✸✳✸✮
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✷✳✹ ❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠❛ ●r❛♠át✐❝❛

Pr♦❜❛❜✐❧íst✐❝❛ ▲✐✈r❡ ❞♦ ❈♦♥t❡①t♦

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛ ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❛ ❧✐♥❣✉❛❣❡♠ é ❝♦♥s❡❣✉✐r r❡♣r❡s❡♥t❛r ✉♠❛ ❧✐♥✲

❣✉❛❣❡♠ ❢♦r♠❛❧ ♦✉ ♥❛t✉r❛❧ ✉s❛♥❞♦ ❛s ❣r❛♠át✐❝❛s✳

◆♦ ❡st✉❞♦ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦ sã♦ ❞♦✐s ♦s ❣r❛♥❞❡s ♣r♦❜❧❡♠❛s

♣❛r❛ ❝♦♥s✐❞❡r❛r✿ ❛ ❛♣r❡♥❞✐③❛❣❡♠✱ ♦✉ s❡❥❛✱ ♦❜t❡r ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥✲

t❡①t♦ q✉❡ r❡♣r❡s❡♥t❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❡ s✉❛ ✐♥t❡❣r❛çã♦ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡ ✐♥t❡r♣r❡t❛çã♦ ❡♠

t❛r❡❢❛s ❞❡ ❣r❛♥❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✳

◆❡st❡ tr❛❜❛❧❤♦✱ s♦♠❡♥t❡ ✈❛♠♦s ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛✲

❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳ P❛r❛ ❡st✉❞❛r s✉❛ ✐♥t❡❣r❛çã♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❛

❧✐♥❣✉❛❣❡♠✱ ✈❡r ❬✷✷✱ ✷✹❪✳ ◆❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✱

❣❡r❛❧♠❡♥t❡✱ sã♦ ✉s❛❞♦s ❞✉❛s ❢♦r♠❛s✿ ❞❡❞✉t✐✈❛ ❡ ✐♥❞✉t✐✈❛✳ ❆ ♣r✐♠❡✐r❛✱ é ❢❡✐t❛ ♣♦r ✉♠ ❡s♣❡✲

❝✐❛❧✐st❛ ❤✉♠❛♥♦✱ q✉❡ ❝♦♥❤❡❝❡ ♠✉✐t♦ ❜❡♠ ❛ ❧✐♥❣✉❛❣❡♠ q✉❡ ✈❛✐ s❡r r❡♣r❡s❡♥t❛❞❛✱ s❡♥❞♦ ✉♠

tr❛❜❛❧❤♦ ♠✉✐t♦ ❝♦♠♣❧❡①♦ ❡ ✐♥✈✐á✈❡❧ ❡♠ t❛r❡❢❛s r❡❛✐s✳ ◆❛ ❢♦r♠❛ ✐♥❞✉t✐✈❛ ❛ ❣r❛♠át✐❝❛ ♣r♦❜❛✲

❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ é ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❝♦♥str✉í❞❛✱ ✉s❛♥❞♦ ✉♠❛ ❛♠♦str❛ q✉❡ ❝♦♥té♠

❡❧❡♠❡♥t♦s ♦✉ ♥ã♦ ❞❛ ❧✐♥❣✉❛❣❡♠ ❛ r❡♣r❡s❡♥t❛r✱ ❞❡st❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ♦❜t❡r r❡♣r❡s❡♥t❛çõ❡s

s✉✜❝✐❡♥t❡♠❡♥t❡ ❛♣r♦♣r✐❛❞❛s ❞❛s ❧✐♥❣✉❛❣❡♥s ❞❡s❞❡ q✉❡ ❡①✐st❛♠ ❛❧❣♦r✐t♠♦s r♦❜✉st♦s ❡ ❛♠♦str❛s

s✉✜❝✐❡♥t❡♠❡♥t❡ r❡♣r❡s❡♥t❛t✐✈❛s✱ ❡♠❜♦r❛ ♦ ✈♦❧✉♠❡ ❞❡ ❞❛❞♦s s❡❥❛ ♠✉✐t♦ ❣r❛♥❞❡✳

❊①✐st❡♠ tr❛❜❛❧❤♦s ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s q✉❡ ♦❜t✐✈❡r❛♠ ❜♦♥s r❡s✉❧t❛❞♦s ✉s❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦

✐♥❞✉t✐✈❛✿ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❛✉t♦♠át✐❝♦ ❞❡ ❢❛❧❛ ❬✶✺❪✱ tr❛❞✉çã♦ ❛✉t♦♠át✐❝❛ ❬✻❪ ❡ ♠♦❞❡❧❛çã♦ ❞❡

s❡q✉ê♥❝✐❛s ❞❡ ❉◆❆ ❬✾❪✳
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P❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✱ ❛❧❣✉♥s

♣❡sq✉✐s❛❞♦r❡s ♣r♦♣õ❡♠ ❞❡❝♦♠♣♦r ♦ ♣r♦❝❡ss♦✿ ♥❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ❣r❛♠át✐❝❛ ❝❛r❛❝t❡ríst✐❝❛

✭❛s r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦✮ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s ❬✷✽❪✳

◆ós ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s✱ ♣❛r❛

✐ss♦✱ ✈❛♠♦s ❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ❝r✐tér✐♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ❛♠♦str❛ ❞❛ ❧✐♥❣✉❛❣❡♠✳ ❊st❛

❢✉♥çã♦ ❝r✐tér✐♦ é ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛ ❛♠♦str❛✳

✷✳✺ ❋✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

❯s❛♥❞♦ ❛ t❡♦r✐❛ ❞❛ ✐♥❢❡rê♥❝✐❛ ❡st❛tíst✐❝❛ ✉s❛♠♦s ❛ té❝♥✐❝❛ ❞❛ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛

❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s ❬✶❪✳

◆❛s ❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ ✉♠❛ ❛♠♦str❛

Ω ❞❡ L(G) é ❞❡✜♥✐❞❛ ❛ss✐♠✿

Pr(Ω|Gp) =
∏

χ∈Ω
Pr(χ|Gp). ✭✷✳✺✳✶✮

◆♦t❡ q✉❡ q✉❛♥❞♦ ♦r❞❡♥❛♠♦s ❛s r❡❣r❛s ❡ ❞❡✜♥✐♠♦s ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ✐✲és✐♠❛ r❡❣r❛ ❝♦♠♦

✉♠❛ ✈❛r✐á✈❡❧ xi = p(qi)✱ i = 1, 2, . . . |P |✱ ♦❜t❡♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s ❡♠ x✳

◆♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ♦❜s❡r✈❛♠♦s ❝♦♠♦ ❝♦♥str✉✐r ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ✉♠❛ ❣r❛✲

♠át✐❝❛ ❞❛❞❛✿

❊①❡♠♣❧♦ ✷✳✺✳✶✳ ❙❡❥❛ G = (N,Σ, P, S)✱ ♦♥❞❡ N = {A,B,C, S}✱ Σ = {a, b}✱ S r❡♣r❡s❡♥t❛ ♦

sí♠❜♦❧♦ ✐♥✐❝✐❛❧ ❡ P é ♦ ❝♦♥❥✉♥t♦ ❞❛s r❡❣r❛s ❛ss✐♠ ❞❡✜♥✐❞❛s✿
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✶✮ q1 = S → AB ✹✮ q4 = A → a ✼✮ q7 = C → AB

✷✮ q2 = S → BC ✺✮ q5 = B → CC ✽✮ q8 = C → a✳

✸✮ q3 = A → BA ✻✮ q6 = B → b

❆ ❝❛❞❛ r❡❣r❛ ❛ss♦❝✐❛♠♦s ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✿

x1 = p(S → AB) x4 = p(A → a) x7 = p(C → AB)

x2 = p(S → BC) x5 = p(B → CC) x8 = p(C → a)✳

x3 = p(A → BA) x6 = p(B → b)

❙❡❥❛ Ω = {baaba, baaa} ⊂ L(G) ✉♠❛ ❛♠♦str❛ ❞❛ ▲✐♥❣✉❛❣❡♠ ▲✳ ❙❡❥❛♠ χ = baaba ❡ η = baaa✳

❆s ár✈♦r❡s ❞❡ ❞❡r✐✈❛çã♦ ♣❛r❛ ❛s ❝❛❞❡✐❛s ❞❛ ❛♠♦str❛ ❡stã♦ ❞❛❞❛s ♣❡❧❛ ❋✐❣✉r❛ ✷✳✶ ❡ ❛ ❚❛❜❡❧❛

✷✳✶ r❡❧❛❝✐♦♥❛ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s Nr(qi, dj) q✉❡ ❛ r❡❣r❛ qi ❡stá s❡♥❞♦ ✉s❛❞❛ ❡♠ ❝❛❞❛ ❞❡r✐✈❛çã♦

dj✳

Derivação d1χ

S

A B

B A C C

A B

b a a b a

Derivação d2χ

S

B C

A B

C C

A B

b a a b a

Derivação d1η

S

A B

B A C C

b a a a

Derivação d2η

S

B C

A B

C C

b a a a

❋✐❣✉r❛ ✷✳✶✿ ➪r✈♦r❡s ❞❡ ❞❡r✐✈❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Ω

❉❛ ❡q✉❛çã♦ ✭✷✳✸✳✶✮ t❡♠♦s q✉❡✿

Pr(χ, d1χ|Gp) = x1x3x
2
4x5x

2
6x7x8 Pr(η, d1η|Gp) = x1x3x4x5x6x

2
8

Pr(χ, d2χ|Gp) = x2x
2
4x5x

2
6x

2
7x8 Pr(η, d2η|Gp) = x2x4x5x6x7x

2
8,
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❘❡❣r❛ Dχ Dη Pr♦❜❛❜✐❧✐❞❛❞❡
Nr(qi, d1χ) Nr(qi, d2χ) Nr(qi, d1η) Nr(qi, d2η) ❛ss♦❝✐❛❞❛

q1 = S → AB ✶ ✵ ✶ ✵ x1

q2 = S → BC ✵ ✶ ✵ ✶ x2

q3 = A → BA ✶ ✵ ✶ ✵ x3

q4 = A → a ✷ ✷ ✶ ✶ x4

q5 = B → CC ✶ ✶ ✶ ✶ x5

q6 = B → b ✷ ✷ ✶ ✶ x6

q7 = C → AB ✶ ✷ ✵ ✶ x7

q8 = C → a ✶ ✶ ✷ ✷ x8

❚❛❜❡❧❛ ✷✳✶✿ ◆ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❡stá s❡♥❞♦ ✉s❛❞❛ ❝❛❞❛ r❡❣r❛ ♥❛s ❞❡r✐✈❛çõ❡s✳

❛❣♦r❛✱ ✉s❛♥❞♦ ✭✷✳✸✳✷✮✱ ♦❜t❡♠♦s q✉❡✿

Pr(χ|Gp) = Pr(χ, d1χ|Gp) + Pr(χ, d2χ|Gp) = x1x3x
2
4x5x

2
6x7x8 + x2x

2
4x5x

2
6x

2
7x8

Pr(η|Gp) = Pr(η, d1η|Gp) + Pr(η, d2η|Gp) = x1x3x4x5x6x
2
8 + x2x4x5x6x7x

2
8.

❋✐♥❛❧♠❡♥t❡✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✺✳✶✮ t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛ ❛♠♦str❛ Ω✿

Pr(Ω|Gp) = Pr(χ|Gp) ∗ Pr(η|Gp)

= (x1x3x
2
4x5x

2
6x7x8 + x2x

2
4x5x

2
6x

2
7x8)(x1x3x4x5x6x

2
8 + x2x4x5x6x7x

2
8)

= x2
1x

2
3x

3
4x

2
5x

3
6x7x

3
8 + x1x2x3x

3
4x

2
5x

3
6x

2
7x

3
8

+x1x2x3x
3
4x

2
5x

3
6x

2
7x

3
8 + x2

2x
3
4x

2
5x

3
6x

3
7x

3
8.

❆ss✐♠✱ ❝♦♥❢♦r♠❡ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡ ❧❡♠❜r❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✷✳✺✳✶✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛

❢✉♥çã♦ Pr(Ω|Gp) ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ ✈ár✐❛s ✈❛r✐á✈❡✐s✱ ♥ã♦ ❧✐♥❡❛r ❡ q✉❡ ♦ ♣r♦❜❧❡♠❛

❞❡ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s é ❡q✉✐✈❛❧❡♥t❡ ❛ ♦t✐♠✐③❛r ✉♠ ♣♦❧✐♥ô♠✐♦ s✉❥❡✐t♦ ❛ r❡str✐çõ❡s
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❧✐♥❡❛r❡s✿

♠❛①✐♠✐③❛r Pr(Ω|Gp)

s✉❥❡✐t♦ ❛
∑

xi∈ΨA

xi = 1✱ ∀ ΨA : A ∈ N

✵ ≤ xi ≤ 1✱ i = 1, ..., |P |,

✭✷✳✺✳✷✮

♦♥❞❡ ΨA r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ r❡❣r❛s ❝✉❥♦ ❛♥t❡❝❡❞❡♥t❡ é ❆✳

◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❡①❡♠♣❧♦ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠✿

♠❛①✐♠✐③❛r x2
1x

2
3x

3
4x

2
5x

3
6x7x

3
8 + x1x2x3x

3
4x

2
5x

3
6x

2
7x

3
8

+x1x2x3x
3
4x

2
5x

3
6x

2
7x

3
8 + x2

2x
3
4x

2
5x

3
6x

3
7x

3
8

s✉❥❡✐t♦ ❛ x1 + x2 = 1

x3 + x4 = 1

x5 + x6 = 1

x7 + x8 = 1

✵ ≤ xi ≤ 1✱ i = 1, ..., 8

✭✷✳✺✳✸✮

❖❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ ❞❛s r❡str✐çõ❡s Em×n é s❡♠♣r❡ ✉♠❛ ♠❛tr✐③ ♥❛ ❢♦r♠❛ ❞❡ ❡s❝❛❞❛✱ ♦♥❞❡

m ≤ |P | ❡ n = |P |✱ ♥♦ ❡①❡♠♣❧♦ n = 8✳ P♦rt❛♥t♦✱ ❛s ❞✐♠❡♥sõ❡s ❞❛ ♠❛tr✐③ E ♥ã♦ ✈❛r✐❛♠

q✉❛♥❞♦ ♠♦❞✐✜❝❛♠♦s ❛ ❛♠♦str❛ ❞❛ ❧✐♥❣✉❛❣❡♠✳

✷✳✻ ❆❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡

❱❛♠♦s ❛♣r❡s❡♥t❛r ✉♠ ❛❧❣♦r✐t♠♦ ❝❧áss✐❝♦ ❞❡ ❡st✐♠❛çã♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛s

❣r❛♠át✐❝❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❧✐✈r❡s ❞♦ ❝♦♥t❡①t♦✳ ❖ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡ ❬✶✼❪ ❡stá ❜❛s❡❛❞♦

♥♦ t❡♦r❡♠❛ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❝r❡s❝❡♥t❡s ❬✷❪ ❡ ♥♦s ❛❧❣♦r✐t♠♦s ■♥s✐❞❡ ❡ ❖✉ts✐❞❡ ❞❡s❝r✐t♦s ❛

s❡❣✉✐r✳
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✷✳✻✳✶ ❚❡♦r❡♠❛ ❞❛s ❚r❛♥s❢♦r♠❛çõ❡s ❈r❡s❝❡♥t❡s

❱❛♠♦s ✐♥✐❝✐❛r ❝♦♠ ♦ t❡♦r❡♠❛ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❝r❡s❝❡♥t❡s q✉❡✱ ❝♦♠♦ ❢♦✐ ❞✐t♦✱ é ❛ ❜❛s❡

♣r✐♥❝✐♣❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡✳

❚❡♦r❡♠❛ ✷✳✻✳✶✳ ❙❡❥❛ F (x) = F ({xij}) ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♥ã♦

♥❡❣❛t✐✈♦s ❡ ❞❡ ❣r❛✉ d ❡♠ s✉❛s ✈❛r✐á✈❡✐s {xij}✳ ❙❡❥❛ x = {xij} ✉♠ ♣♦♥t♦ ❞♦ ❞♦♠í♥✐♦

D = {xij ≥ 0
∣

∣

∣

qi
∑

j=1

xij = 1, i = 1, . . . , p, j = 1, . . . , qi}✳ P❛r❛ ✉♠ ❞❛❞♦ x = {xij} ∈ D✱ ♦

♣♦♥t♦ J(x) = J({xij}) ❡♠ D✱ ❡stá ❞❡✜♥✐❞♦ ❡♠ ❝❛❞❛ i, j ❝♦♠♦✿

J(x)ij =

(

xij
∂F
∂xij

∣

∣

(x)

)

qi
∑

j=1

xij

∂F

∂xij

∣

∣

∣

(x)

. ✭✷✳✻✳✶✮

❊♥tã♦ F (J(x)) > F (x)✱ ❡①❝❡t♦ s❡ J(x) = x✳

❙❡ F (x) ♣♦ss✉✐ ✉♠❛ ✈❛❧♦r ♠á①✐♠♦ ✜♥✐t♦✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡

♣♦♥t♦s ❣❡r❛❞♦s ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ✭✷✳✻✳✶✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❞❡ F (x)✳ ❊st❡

r❡s✉❧t❛❞♦ ❡ ❛ ❞❡♠♦str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✷❪✳

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✻✳✶ ❡♠ ✉♠ ♣♦❧✐♥ô♠✐♦ F ❝✉❥♦ ❞♦♠í♥✐♦ s❡❥❛ D ❡ ✉s❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡

♠á①✐♠❛ s✉❜✐❞❛✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❞❡ F ✳

✷✳✻✳✷ ❊str❛té❣✐❛ ■♥s✐❞❡

❖ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡ é ✉s❛❞♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❛♥á❧✐s❡s s✐♥tát✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❞❡ ❝❛❞❡✐❛s✱ ♦✉

s❡❥❛✱ ❞❡t❡r♠✐♥❛r Pr(χ|Gp) > 0✳ P❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ é s✉✜❝✐❡♥t❡ ❡♥❝♦♥tr❛r ✉♠❛ ❞❡✲

r✐✈❛çã♦ dχ ❝✉❥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❡❥❛ ♠❛✐♦r q✉❡ ③❡r♦ ❡ q✉❡ ✉s❛♥❞♦ dχ s❡❥❛ ♣♦ssí✈❡❧ ❞❡r✐✈❛r ❛

❝❛❞❡✐❛ χ ❛ ♣❛rt✐r ❞♦ sí♠❜♦❧♦ ✐♥✐❝✐❛❧ S ✭S
∗
⇒ χ✮✳
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❊st❡ ❛❧❣♦r✐t♠♦ ❞❡t❡r♠✐♥❛ s❡ Pr(χ|Gp) > 0 ❝❛❧❝✉❧❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ❝❛❞❡✐❛ ❛ ♣❛rt✐r ❞❡

t♦❞❛s ❛s ♣♦ssí✈❡✐s ❞❡r✐✈❛çõ❡s✳ P❛r❛ ✐ss♦✱ ❞❡✜♥❡✿ e(A < i, j >) = Pr(A
∗
⇒ χi, . . . , χj|Gp)✱ q✉❡

é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡ ❛ s✉❜✲❝❛❞❡✐❛ χi, . . . , χj s❡❥❛ ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞❡ A ∈ N ✳ P❛r❛ ❝❛❧❝✉❧❛r

e(A < i, j >) sã♦ ✉s❛❞❛s ❛s ❢ór♠✉❧❛s ❛ s❡❣✉✐r✿

e(A < i, i >) = p(A −→ χi), 1 ≤ i ≤ |χ| ✭✷✳✻✳✷❛✮

e(A < i, j >) =
∑

B,C∈N
p(A −→ BC)

j−1
∑

k=i

e(B < i, k >)e(C < k + 1, j >), ✭✷✳✻✳✷❜✮

1 ≤ i < j ≤ |χ|,

♦♥❞❡ A −→ χi✱ A −→ BC ∈ P ✳

❋✐♥❛❧♠❡♥t❡✱ Pr(χ|Gp) = e(S < 1, |χ| >)✳ ❖ ❛❧❣♦r✐t♠♦ t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(|χ|3|P |)✳

✷✳✻✳✸ ❊str❛té❣✐❛ ❖✉ts✐❞❡

❉❛ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✱ ❡st❡ ❛❧❣♦r✐t♠♦ ❞❡t❡r♠✐♥❛ s❡ Pr(χ|Gp) > 0 ❛ ♣❛rt✐r

❞❡ t♦❞❛s ❛s ♣♦ssí✈❡✐s ❞❡r✐✈❛çõ❡s✳

❉❡✜♥❡✲s❡ f(A < i, j >) = Pr(S
∗
⇒ χ1 . . . χi−1Aχj+1 . . . χ|χ||Gp), ❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ q✉❡

❛ ♣❛rt✐r ❞♦ sí♠❜♦❧♦ ✐♥✐❝✐❛❧ s❡❥❛ ❣❡r❛❞❛ ❛ s✉❜✲❝❛❞❡✐❛ χ1 . . . χi−1✱ ❞❡♣♦✐s ♦ sí♠❜♦❧♦ ♥ã♦ t❡r♠✐♥❛❧

A ❡ ❡♠ s❡❣✉✐❞❛ ❛ s✉❜✲❝❛❞❡✐❛ χj+1 . . . χ|χ|✳ ◆♦t❡ q✉❡ ♦ sí♠❜♦❧♦ ♥ã♦ t❡r♠✐♥❛❧ A t❡♠ q✉❡ ❣❡r❛r
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❛ s✉❜✲❝❛❞❡✐❛ χi . . . χj✳ P❛r❛ ❝❛❧❝✉❧❛r f(A < i, j >)✱ sã♦ ✉s❛❞❛s ❛ s❡❣✉✐♥t❡s ❢ór♠✉❧❛s✿

∀A ∈ N

f(A < 1, |χ| >) =











1 s❡ A = S

0 s❡ A 6= S
✭✷✳✻✳✸❛✮

f(A < i, j >) =
∑

B,C∈N

(

p(B −→ CA)
i−1
∑

k=1

f(B < k, j >)e(C < k, i− 1 >)

+ p(B −→ AC)

|χ|
∑

k=j+1

f(B < i, k >)e(C < j + 1, k >)



 ✭✷✳✻✳✸❜✮

1 ≤ i < j ≤ |χ|.

▲♦❣♦✱ Pr(χ|Gp) =
∑

A∈N
f(A < i, i >)p(A −→ χi)✱ 1 ≤ i ≤ |χ|✳ ❖ ❝á❧❝✉❧♦ ❞❛s ❢ór♠✉❧❛s ❛❝✐♠❛

t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(|χ|3|P |)✳

❯♠ ❡①❡♠♣❧♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❝❛❞❡✐❛ ✉t✐❧✐③❛♥❞♦ ❛s ❡str❛té❣✐❛s ■♥s✐❞❡ ❡

❖✉ts✐❞❡ é ❞❛❞♦ ♥♦ ❆♣ê♥❞✐❝❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

✷✳✻✳✹ ❆❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡

❖ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡ ♠❛①✐♠✐③❛ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡✜♥✐❞❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✺✳✶✮✳

❱❛♠♦s ✐♥✐❝✐❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ♥♦t❛♥❞♦ q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s ❞❡

✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦✱ sã♦ ♣♦♥t♦s ❞♦ ❞♦♠í♥✐♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✳✶✳

P❛r❛ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ Gp ❞❛❞❛ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡♠ ❢♦r♠❛

♥♦r♠❛❧ ❞❡ ❈❤♦♠s❦②✮✿

p(Ai −→ αj) = {xij}✱ i = 1, . . . , |N | j = 1, . . . , |ΓA|
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♦♥❞❡ ΓAi
r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❞❛ ❣r❛♠át✐❝❛ Gp ❝✉❥♦ ❛♥t❡❝❡❞❡♥t❡ é Ai✳ P♦r✲

t❛♥t♦✱ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ q✉❡ ❡stá ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❡st❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ♣♦❞❡

s❡r ♠❛①✐♠✐③❛❞❛ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✻✳✶✳ ➱ ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♣❛r❛ ❝❛❞❛

(A −→ α) ∈ P ❝♦♠♦✿

p(A −→ α) =
p(A −→ α)

(

∂logPr(Ω|Gp)

∂p(A−→α)

)

∑

(A−→α)∈ΓA

p(A −→ α)

(

∂logPr(Ω|Gp)

∂p(A −→ α)

) , ✭✷✳✻✳✹✮

❞❡s❡♥✈♦❧✈❡♥❞♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r ❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ♦ ❧♦❣❛r✐t♠♦

❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛ ❛♠♦str❛ Ω✱ ❞❛❞❛ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦

❝♦♥t❡①t♦ Gp✱ é ❞❡✜♥✐❞♦ ❝♦♠♦✿

log (Pr(Ω|Gp)) = log

(

∏

x∈Ω
Pr(χ|Gp)

)

,

❧♦❣♦ ♣❛r❛ ❝❛❞❛ (A −→ α) ∈ P ✿

p(A −→ α) =

∑

χ∈Ω

1

Pr(χ|Gp)
p(A −→ α)

(

∂Pr(χ|Gp)

∂p(A −→ α)

)

∑

χ∈Ω

1

Pr(χ|Gp)

∑

(A−→α)∈ΓA

p(A −→ α)

(

∂Pr(χ|Gp)

∂Pr(A −→ α)

) . ✭✷✳✻✳✺✮

❱❛♠♦s ❞❡s❡♥✈♦❧✈❡r ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ♥✉♠❡r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✷✳✻✳✺✮ ✉t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s

✭✷✳✸✳✶✮ ❡ ✭✷✳✸✳✷✮ ♦❜t❡♠♦s✿

p(A −→ α)
(

∂Pr(χ|Gp)

∂Pr(A−→α)

)

= p(A −→ α)
∑

dχ∈Dχ

(

∂Pr(χ,dχ|Gp)

∂Pr(A−→α)

)

=
∑

dχ∈Dχ

Nr(A −→ α, dχ)Pr(χ, dχ|Gp)✳
✭✷✳✻✳✻✮

P❛r❛ r❡s♦❧✈❡r ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❡ ✭✷✳✻✳✺✮ ✉s❛♠♦s ❛ ❡①♣r❡ssã♦ ✭✷✳✻✳✻✮ ❡ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s

q✉❡ ♦ sí♠❜♦❧♦ ♥ã♦ t❡r♠✐♥❛❧ A ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ r❡❣r❛ ❞❛ ❞❡r✐✈❛çã♦ dχ ❞❛❞♦ ♣♦r Nr(A, dχ) =
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∑

(A−→α)∈ΓA

Nr(A −→ α, dχ)✱ ♣♦rt❛♥t♦

∑

(A−→α)∈ΓA

p(A −→ α)
(

∂Pr(χ|Gp)

∂Pr(A−→α)

)

=
∑

(A−→α)∈ΓA

∑

dχ∈Dχ

Nr(A −→ α, dχ)Pr(χ, dχ|Gp)

=
∑

dχ∈Dχ

∑

(A−→α)∈ΓA

Nr(A −→ α, dχ)Pr(χ, dχ|Gp)

=
∑

dχ∈Dχ

Nr(A, dχ)Pr(χ, dχ|Gp)✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❡①♣r❡ssã♦ ✭✷✳✻✳✺✮ ✜❝❛✿

p(A −→ α) =

∑

χ∈Ω

1

Pr(χ|Gp)

∑

dχ∈Dχ

Nr(A −→ α, dχ)Pr(χ, dχ|Gp)

∑

χ∈Ω

1

Pr(χ|Gp)

∑

dχ∈Dχ

Nr(A, dχ)Pr(χ, dχ|Gp)
, ✭✷✳✻✳✼✮

♣❛r❛ ❝❛❞❛ (A −→ α) ∈ P ✳

❖ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡ ❛♣❧✐❝❛ ✐t❡r❛t✐✈❛♠❡♥t❡ ❡ss❛ tr❛♥s❢♦r♠❛çã♦ ❛té ♠❛①✐♠✐③❛r ❧♦❝❛❧✲

♠❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❖ ♣♦♥t♦ ót✐♠♦ ❛t✐♥❣✐❞♦ ❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s✳ ❆

❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✻✳✶ ❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛s ♣r♦❜❛❜✐❧✐❞❛✲

❞❡s ❞❛ ❣r❛♠át✐❝❛ ♥ã♦ ♠✉❞❛♠ ❞❡ ✐t❡r❛çã♦ ♣❛r❛ ✐t❡r❛çã♦✳

P❛r❛ ❢❛③❡r ♦s ❝á❧❝✉❧♦s ❞❡ ✉♠❛ ❢♦r♠❛ ❡✜❝✐❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ❣r❛♠át✐❝❛ ❡♠ ❢♦r♠❛

♥♦r♠❛❧ ❞❡ ❈❤♦♠s❦② ❡ ✉♠❛ r❡❣r❛ ❞❛ ❣r❛♠át✐❝❛ A −→ BC✱ ♦♥❞❡ A,B,C ∈ N ✳ ❱❛♠♦s s✉♣♦r

q✉❡ dχ s❡❥❛ ✉♠❛ ❞❡r✐✈❛çã♦ ❞❛ ❝❛❞❡✐❛ χ ❡ q✉❡ ❛ r❡❣r❛ A −→ BC ❢❛③ ♣❛rt❡ ❞❛ s❡q✉ê♥❝✐❛ ❞❛s

r❡❣r❛s ❞❛ ❞❡r✐✈❛çã♦ dχ✳ ❋✐❣✉r❛ ✷✳✷✳

❆ss✐♠✱ ❛ ♣❛rt✐r ❞♦ sí♠❜♦❧♦ ✐♥✐❝✐❛❧ S é ❣❡r❛❞❛ ❛ ❝❛❞❡✐❛ χ1, . . . , χi−1Aχj+1, . . . , χ|χ|✱ ♦ sí♠❜♦❧♦

♥ã♦ t❡r♠✐♥❛❧ A ❣❡r❛ BC✱ ❞❡st❡ ♠♦❞♦ B t❡♠ q✉❡ ❣❡r❛r χi, . . . , χk ❡ C ❞❡✈❡ ❣❡r❛r χk+1, . . . , χj✱
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S

A

B C

χi χjχ1 χ|χ|
. . . . . . . . .

❋✐❣✉r❛ ✷✳✷✿ ➪r✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ dχ

♣❛r❛ ❛❧❣✉♠ i < k < j✳

❙♦♠❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t♦❞❛s ❛s ❞❡r✐✈❛çõ❡s ❡♠ q✉❡ ❛ r❡❣r❛ A −→ BC ❡stá ❧✐♠✐t❛❞❛

♣❛r❛ ✈❛❧♦r❡s ❞❡ i ❡ j ♦❜t❡♠♦s✿

Pr(S
∗
⇒ χ1 . . . χi−1Aχj+1 . . . χ|χ|)p(A −→ BC)×

Pr(B
∗
⇒ χi . . . χk|Gp)Pr(C

∗
⇒ χk+1 . . . χj|Gp) ❂ f(A < i, j >)p(A −→ BC)×

e(B < i, k >)e(C < k + 1, j >)✳

✭✷✳✻✳✽✮

❈♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞♦s ❧✐♠✐t❡s ✭i, j ❡ k✮ ❡ r❛❝✐♦❝✐♥❛♥❞♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛

♣❛r❛ ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❡ ✭✷✳✻✳✼✮ ❡ ♣❛r❛ ❛s r❡❣r❛s t✐♣♦ (A −→ a) ❝♦♠ A ∈ N ❡ a ∈ Σ✱ ♦❜t❡♠♦s✿

p(A −→ a) =

∑

χ∈Ω

1

Pr(χ|Gp)

|χ|
∑

i=1

f(A < i, i >)p(A −→ χi)

∑

χ∈Ω

1

Pr(χ|Gp)

|χ|
∑

i=1

|χ|
∑

j=i

f(A < i, j >)e(A < i, j >)

. ✭✷✳✻✳✾✮



❈❆P❮❚❯▲❖ ✷✳ ●❘❆▼➪❚■❈❆❙ ▲■❱❘❊❙ ❉❖ ❈❖◆❚❊❳❚❖ ❊ ▲■◆●❯❆●❊▼ ✷✷

❊ ♣❛r❛ t♦❞❛ r❡❣r❛ ❞❛ ❢♦r♠❛ (A −→ BC) ∈ P ✿

p(A −→ BC) =

∑

χ∈Ω

P (A −→ BC)

Pr(χ|Gp)

∑

1≤i≤k<j≤|χ|
f(A < i, j >)e(B < i, k >)e(C < k + 1, j >)

∑

χ∈Ω

1

Pr(χ|Gp)

|χ|
∑

i=1

|χ|
∑

j=i

f(A < i, j >)e(A < i, j >)

.

✭✷✳✻✳✶✵✮

❖❜s❡r✈❛♠♦s q✉❡ ❡st❛s ❡①♣r❡ssõ❡s ♥❡❝❡ss✐t❛♠ ❞♦s ♠❡s♠♦s ❝á❧❝✉❧♦s q✉❡ ♦s ❛❧❣♦r✐t♠♦s ■♥s✐❞❡ ❡

❖✉ts✐❞❡ ✉t✐❧✐③❛♠✳

❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s ❞❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛

❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦✱ ❛♣❧✐❝❛♠♦s ❛s ❢ór♠✉❧❛s ✭✷✳✻✳✶✵✮ ❡ ✭✷✳✻✳✾✮✱ r❡♣❡t✐❞❛♠❡♥t❡ ❛té q✉❡ ♦s ✈❛❧♦r❡s

❞❡ ❞✉❛s ✐t❡r❛çõ❡s ❝♦♥s❡❝✉t✐✈❛s ❛❧❝❛♥❝❡♠ ✉♠❛ t♦❧❡râ♥❝✐❛ ❞❡t❡r♠✐♥❛❞❛✳ ❖s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❛s

r❡❣r❛s ❝♦♥❞✐❝✐♦♥❛♠ ♦ ót✐♠♦ ❛t✐♥❣✐❞♦ ❬✷❪✳

P❛r❛ ❝❛❞❛ r❡❣r❛ ❞❡ ❞❡r✐✈❛çã♦ ♦ ❛❧❣♦r✐t♠♦ ■♥s✐❞❡✲❖✉ts✐❞❡ ♥❡❝❡ss✐t❛ ✉s❛r ❛ ❡str❛té❣✐❛ ■♥s✐❞❡✱

❞❡♣♦✐s ❛ ❡str❛té❣✐❛ ❖✉ts✐❞❡ ❡ ✜♥❛❧♠❡♥t❡ ✉t✐❧✐③❛ ❛ tr❛♥s❢♦r♠❛çã♦ ✭✷✳✻✳✶✮ ❛té ❝♦♥✈❡r❣✐r✳ ❆

❝♦♠♣❧❡①✐❞❛❞❡ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ é O(3|Ω|l3m|P |)✱ ♦♥❞❡ lm = maxx∈Ω|x|✳ ❖❜s❡r✈❡ q✉❡ ♥❛

♣rát✐❝❛ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✱ ❞❡ss❡ ♠ét♦❞♦✱ é ❡❧❡✈❛❞♦ ❬✷✷✱ ✷✺❪✳

✷✳✼ ◗✉❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♦❜t✐❞♦

❯♠❛ ✈❡③✱ ❡♥❝♦♥tr❛❞❛ ✉♠❛ s♦❧✉çã♦✱ ♦✉ s❡❥❛✱ ❡st✐♠❛❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s ❞❛ ❣r❛♠á✲

t✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦✱ é ♣r❡❝✐s♦ ✈❡r✐✜❝❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦

♦❜t✐❞♦✳ ❆ ♣❡r♣❧❡①✐❞❛❞❡ é ✉♠❛ ♠❡❞✐❞❛ ✉s❛❞❛ ♣❛r❛ ♠❡❞✐r ❡ ❝♦♠♣❛r❛r ♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ✐♥✲
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❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ✉s❛❞♦✳ ❊st❛ ♠❡❞✐❞❛ é ❝❛❧❝✉❧❛❞❛ ✉s❛♥❞♦ ♦✉tr❛ ❛♠♦str❛ ❝♦♠ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s q✉❡ ♥ã♦ ❢♦r❛♠ ✉s❛❞♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ ✈❛♠♦s ❞❡♥♦♠✐♥á✲❧♦

❝♦♥❥✉♥t♦ ❞❡ t❡st❡ ❚s✳ ◗✉❛♥❞♦ ♦ ♠♦❞❡❧♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠❛ ❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡

❞♦ ❝♦♥t❡①t♦✱ ❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ ✭PP✮ é ❞❡✜♥✐❞❛ ✉s❛♥❞♦ ❛ t❡♦r✐❛ ❞❛ ❡♥tr♦♣✐❛ ❬✷✸❪✿

PP (Ts,Gp) = exp















−

∑

χ∈Ts

log(Pr(χ|Gp))

∑

χ∈Ts

|χ|















. ✭✷✳✼✳✶✮

■♥t✉✐t✐✈❛♠❡♥t❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❡r♣❧❡①✐❞❛❞❡ é ✉♠❛ ♠❡❞✐❞❛ ❞♦ t❛♠❛♥❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛❧❛✲

✈r❛s ❛ ♣❛rt✐r ❞♦ q✉❛❧ ❛ ♣ró①✐♠❛ ♣❛❧❛✈r❛ é ❡s❝♦❧❤✐❞❛ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❛♥t❡r✐♦r❡s✳

◗✉❛♥t♦ ♠❡♥♦r ❛ ♣❡r♣❧❡①✐❞❛❞❡ ♠❡❧❤♦r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❬✷✸✱ ✷✹❪✳



❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ♦ ♣r♦♣ós✐t♦ ❝♦♥s✐st❡ ❡♠ ❞❡s❡♥✈♦❧✈❡r ♦s ♠ét♦❞♦s q✉❡ ✈❛♠♦s ✐♠♣❧❡♠❡♥t❛r ♣❛r❛

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❛ ❣r❛♠át✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦ ❢♦r♠✉❧❛❞♦

♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

✸✳✶ ❖ Pr♦❜❧❡♠❛

♠❛①✐♠✐③❛r fp(Ω)

s✉❥❡✐t♦ ❛
∑

x∈ΨA

xi = 1✱ ∀ ΨA : A ∈ Σ

0 ≤ xi ≤ 1✳ i = 1, ..., |P |.

✭✸✳✶✳✶✮

❱❛♠♦s ❛♣r❡s❡♥t❛r ✉♠ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧✱ s✉❛ ✈❛r✐✲

❛♥t❡ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡

♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✳ ◆❛ ♣❛rt❡ ✜♥❛❧ ❞❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧✱ ❞❡s❡♥✈♦❧✈✐❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠

❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥ã♦ ❧✐♥❡❛r✱ ❡ ❝✉❥❛s r❡str✐çõ❡s s❡❥❛♠ ❝❛♥❛❧✐③❛❞❛s ❡ ❧✐♥❡❛r❡s✳

✷✹
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✸✳✷ ❖s Pr♦❜❧❡♠❛s Pr✐♠❛❧ ❡ ❉✉❛❧ ♥❛ ❋♦r♠❛ P❛❞rã♦

❊♠ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r s❡ ❞✐③ q✉❡ ✉♠ ♣r♦❜❧❡♠❛ ❡stá ♥❛ ❢♦r♠❛ ♣❛❞rã♦ q✉❛♥❞♦ s✉❛ ❢♦r♠✉❧❛çã♦

♠❛t❡♠át✐❝❛ é✿

♠✐♥✐♠✐③❛r ctx

s✉❥❡✐t♦ ❛ Ax = b

x ≥ 0✱

✭✸✳✷✳✶✮

♦♥❞❡ c, x ∈ ℜn✱ b ∈ ℜm ❡ A ∈ ℜm×n✳ ❱❛♠♦s s✉♣♦r q✉❡ m < n ❡ ♣♦st♦(A) = m✳

❚♦❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❧✐♥❡❛r ♣♦❞❡ s❡r tr❛♥s❢♦r♠❛❞♦ ♥❛ ❢♦r♠❛ ♣❛❞rã♦ ✉t✐❧✐③❛♥❞♦ ✈❛✲

r✐á✈❡✐s ❞❡ ❢♦❧❣❛ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ s❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s q✉❡

♠❛①✐♠✐③❛♠ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ♦ ♠❡s♠♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛✲

çã♦✳

❉❛ t❡♦r✐❛ ❞❛ ❞✉❛❧✐❞❛❞❡ s❛❜❡♠♦s q✉❡ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮ ❡①✐st❡ ✉♠ ♦✉tr♦ ♣r♦❜❧❡♠❛

❞❡♥♦♠✐♥❛❞♦ ❞✉❛❧ ❬✸❪✿

♠❛①✐♠✐③❛r bty

s✉❥❡✐t♦ ❛ ATy + z = c

z ≥ 0✱

✭✸✳✷✳✷✮

♦♥❞❡ y ∈ ℜm ❡ z ∈ ℜn.

❆s s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ✭✸✳✷✳✶✮ ❡ ✭✸✳✷✳✷✮ ❞❡✈❡♠ s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡
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♣r✐♠❡✐r❛ ♦r❞❡♠ ♦✉ ❝♦♥❞✐çõ❡s ❞❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ✭❑❑❚✮ ❬✷✾❪✿

ATy + z = c ✭✸✳✷✳✸❛✮

Ax = b ✭✸✳✷✳✸❜✮

xizi = 0 i = 1...n ✭✸✳✷✳✸❝✮

(x, z) ≥ 0. ✭✸✳✷✳✸❞✮

❆ ❡q✉❛çã♦ ✭✸✳✷✳✸❝✮ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ ❝❛❞❛ i = 1...n✱ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s xi ♦✉

zi ❞❡✈❡ s❡r ③❡r♦✳ ❊st❛ ❝♦♥❞✐çã♦ é ❞❡♥♦♠✐♥❛❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♠♣❧❡♠❡♥t❛r✐❞❛❞❡✳ ❊st❡ s✐st❡♠❛

é ❝❤❛♠❛❞♦ ❞❡ s✐st❡♠❛ ❑❑❚ ❡ ✉♠ ✈❡t♦r (x, y, z)T q✉❡ r❡s♦❧✈❛ ♦ s✐st❡♠❛ ❑❑❚ é ❝❤❛♠❛❞♦ ❞❡

♣♦♥t♦ ❑❑❚✳

❖s ✈❛❧♦r❡s x∗, (y∗, z∗) q✉❡ r❡s♦❧✈❡♠ ♦ s✐st❡♠❛ ✭✸✳✷✳✸✮ sã♦ s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ♣r✐♠❛❧ ❡

❞✉❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s r❡str✐çõ❡s ❛t✐✈❛s Λ(x) ❡♠ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ x✱ é ♦ ❝♦♥❥✉♥t♦

❞❡ í♥❞✐❝❡s ❞❛s r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ q✉❡ ❡stã♦ s❡♥❞♦ s❛t✐s❢❡✐t❛s✿

Λ(x) = {i : aTi x− bi = 0}, ✭✸✳✷✳✹✮

❝♦♠ aTi ❛ i✲és✐♠❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ A✱ bi ♦ i✲és✐♠♦ ❝♦♠♣♦♥❡♥t❡ ❞♦ ✈❡t♦r b ❡ 1 ≤ i ≤ m✳

❚❡♦r❡♠❛ ✸✳✷✳✷✳ ❉❛❞♦ ✉♠ ♣♦♥t♦ x ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❡str✐çõ❡s ❛t✐✈❛s Λ(x)✱ s❡ ❞✐③ q✉❡ ❛

❝♦♥❞✐çã♦ ❞❡ q✉❛❧✐✜❝❛çã♦ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r é s❛t✐s❢❡✐t❛ s❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❣r❛❞✐❡♥t❡s ❞❛s
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r❡str✐çõ❡s ❛t✐✈❛s {∇aTi (x), i ∈ Λ(x)} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❖❜s❡r✈❡ q✉❡ q✉❛♥❞♦ t♦❞❛s ❛s r❡str✐çõ❡s aTi x sã♦ ❢✉♥çõ❡s ❧✐♥❡❛r❡s ❡ ❛ ♠❛tr✐③ ❆ é ❞❡ ♣♦st♦

❝♦♠♣❧❡t♦ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❛❧✐✜❝❛çã♦ é s❛t✐s❢❡✐t❛✱ ❡ ♣♦rt❛♥t♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ q✉❛❧✐✜❝❛çã♦ ❞♦

t❡♦r❡♠❛ ❑❑❚ sã♦ s❛t✐s❢❡✐t❛s ❬✷✼❪✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡✜♥❡ ❛ r❡❧❛çã♦ ✐♠♣♦rt❛♥t❡ ❡♥tr❡ ♦s ♣r♦❜❧❡♠❛s ♣r✐♠❛❧ ❡ ❞✉❛❧✳

❚❡♦r❡♠❛ ✸✳✷✳✸✳ ❚❡♦r❡♠❛ ❞❛ ❞✉❛❧✐❞❛❞❡ ♣❛r❛ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ❬✷✶❪

❼ ❙❡ ♦ ♣r♦❜❧❡♠❛ ♣r✐♠❛❧ t❡♠ ✉♠❛ s♦❧✉çã♦ ❝♦♠ ✈❛❧♦r ♦❜❥❡t✐✈♦ ✜♥✐t♦✱ ❡♥tã♦ ❣❛r❛♥t❡✲s❡ q✉❡

♦ ♣r♦❜❧❡♠❛ ❞✉❛❧ t❛♠❜é♠ ♣♦ss✉✐ s♦❧✉çã♦ ✜♥✐t❛✱ ❡ ✈✐❝❡✲✈❡rs❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ ✈❛❧♦r ót✐♠♦

❞❛s ❢✉♥çõ❡s ♦❜❥❡t✐✈♦s é ♦ ♠❡s♠♦✳

❼ ❙❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛ ♣r✐♠❛❧ ✭♦✉ ❞✉❛❧✮ é ✐❧✐♠✐t❛❞❛✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞✉❛❧

✭♦✉ ♣r✐♠❛❧✮ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❢❛❝tí✈❡✐s✳

❆ss✐♠✱ ✉♠ ✈❡t♦r (x∗, y∗, z∗) r❡s♦❧✈❡ ♦ s✐st❡♠❛ ❑❑❚ ✭✸✳✷✳✸✮✱ s❡ s♦♠❡♥t❡ s❡✱ x∗ r❡s♦❧✈❡ ♦ ♣r♦✲

❜❧❡♠❛ ♣r✐♠❛❧ ✭✸✳✷✳✶✮ ❡ (y∗, z∗) r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❞✉❛❧ ✭✸✳✷✳✷✮✳ ❖ ✈❡t♦r (x∗, y∗, z∗) é ❞✐t♦

s♦❧✉çã♦ ót✐♠❛ ♣r✐♠❛❧✲❞✉❛❧✳

✸✳✷✳✶ ●❛♣ ❞❡ ❉✉❛❧✐❞❛❞❡

❆ ♣❛rt✐r ❞❛s ❝♦♥❞✐çõ❡s ❑❑❚ ✭✸✳✷✳✸✮✱ ♣❛r❛ ✉♠ x✱ y ❡ z ❢❛❝tí✈❡✐s✱ ♦ ✈❛❧♦r cTx − bTy = zTx é

❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣r✐♠❛❧ ❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞✉❛❧✳ ❊st❡

✈❛❧♦r✱ s❡♠♣r❡ ♥ã♦ ♥❡❣❛t✐✈♦✱ é ❞❡♥♦♠✐♥❛❞♦ ♦ ❣❛♣ ❞❡ ❞✉❛❧✐❞❛❞❡✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✸ ♦s ✈❛❧♦r❡s ót✐♠♦s ❞❛s ❢✉♥çõ❡s ♣r✐♠❛❧ ❡ ❞✉❛❧ sã♦ ✐❣✉❛✐s ✭cTx∗ = bTy∗✮✱ ✐st♦

s✉❣❡r❡ q✉❡ ♦ ❣❛♣ ❞❡ ❞✉❛❧✐❞❛❞❡ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ q✉ã♦ ♣❡rt♦ ❡st❛♠♦s ❞❡ ✉♠❛ s♦❧✉çã♦ ót✐♠❛

❬✶✽❪✳
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❖s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣❡rt❡♥❝❡♠ ❛♦ ❣r✉♣♦ ❞❡ ♠ét♦❞♦s ✐t❡r❛t✐✈♦s t❛✐s q✉❡ ❛ ❝❛❞❛

✐t❡r❛çã♦ ❝❛❧❝✉❧❛♠ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❡ ❞❡t❡r♠✐♥❛♠ ✉♠ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ♣❛r❛ ✏❝❛♠✐✲

♥❤❛r✑ ♥❡ss❛ ❞✐r❡çã♦✳ ❊s♣❡r❛✲s❡ q✉❡ ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❡st❡❥❛♠♦s ♠❛✐s ♣ró①✐♠♦s ❞❡ ✉♠❛ s♦❧✉çã♦✳

❆❧é♠ ❞✐ss♦✱ ♦s ♣♦♥t♦s ❝❛❧❝✉❧❛❞♦s ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❞❡✈❡♠ s❡r ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❖ ❝á❧❝✉❧♦ ❞❛

❞✐r❡çã♦ ❡ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❝❛r❛❝t❡r✐③❛♠ ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✳

❊st❡ ♠ét♦❞♦ ♣r♦❝✉r❛ s♦❧✉çõ❡s ♣r✐♠❛❧✲❞✉❛❧✱ ✉s❛♥❞♦ ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛

r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❑❑❚ ✭✸✳✷✳✸✮✱ ♠♦❞✐✜❝❛♥❞♦ ❛s ❞✐r❡çõ❡s ❡ ♦ t❛♠❛♥❤♦ ❞♦s ♣❛ss♦s✱ ❡ ❣❛r❛♥t✐♥❞♦

q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (x, z) > 0✱ s❡❥❛ ❡str✐t❛♠❡♥t❡ s❛t✐s❢❡✐t❛ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✳

❆s ❡q✉❛çõ❡s ✭✸✳✷✳✸✮ ♣♦❞❡♠ s❡r r❡❡s❝r✐t❛s ❝♦♠♦✿

F (x, y, z) :













ATy + z − c

Ax− b

XZe













= 0

(x, z) ≥ 0✱

✭✸✳✸✳✶✮

♦♥❞❡ F : ℜ2n+m −→ ℜ2n+m é ♥ã♦ ❧✐♥❡❛r ❡ X = diag(x1...xn)✱ Z = diag(z1...zn) ❡ e = (1...1)T ✱

❝♦♠ e ∈ ℜn✳

❯s❛♥❞♦ ❛ sér✐❡ ❞❡ ❚❛②❧♦r ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣r♦①✐♠❛ F ❛ ✉♠ ♠♦❞❡❧♦

❧✐♥❡❛r ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (x, y, z)✿

F (x, y, z) ≈ F (x0, y0, z0) + J(x0, y0, z0)((x, y, z)− (x0, y0, z0)), ✭✸✳✸✳✷✮

♦♥❞❡ (x, y, z) ∈ Br(x
0, y0, z0)✱ ❡ J é ♦ ❏❛❝♦❜✐❛♥♦ ❞❡ F ✳
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❱❛♠♦s ❡♥❝♦♥tr❛r ♦ ③❡r♦ ❞♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❧♦❝❛❧ ✸✳✸✳✷✿

0 = F (x, y, z) ≈ F (x0, y0, z0) + J(x0, y0, z0)((x, y, z)− (x0, y0, z0)),

❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✿

J(x0, y0, z0)((x, y, z)− (x0, y0, z0)) = −F (x0, y0, z0),

❧♦❣♦✱

(x, y, z) = (x0, y0, z0)− J(x0, y0, z0)−1F (x0, y0, z0).

❙❡❥❛ (∆x,∆y,∆z) = (x, y, z)− (x0, y0, z0)✱ ❛ss✐♠ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ (∆x,∆y,∆z)

r❡s♦❧✈❡♠♦s ♦ s✐st❡♠❛ ❧✐♥❡❛r✿

J(x, y, z)













∆x

∆y

∆z













= −F (x, y, z). ✭✸✳✸✳✸✮

❉❡st❛ ❢♦r♠❛ ♦❜t❡♠♦s ❛s ❞✐r❡çõ❡s ❞❡ ◆❡✇t♦♥✱ ❡ ✉♠❛ ♥♦✈❛ ✐t❡r❛çã♦ s❡rá ❞❛❞❛ ♣♦r✿

(xk+1, yk+1, zk+1) = (xk, yk, zk) + αk(∆kx,∆ky,∆kz),

♦♥❞❡ αk ∈ (0, 1] ❡ k r❡♣r❡s❡♥t❛ ❛ ✐t❡r❛çã♦ ❛t✉❛❧✳

❉❛❞♦ q✉❡✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ♣❛ss♦ ♣♦❞❡ s❡r ♣❡q✉❡♥♦ (αk << 1) ♣❛r❛ ❡✈✐t❛r

✈✐♦❧❛r ❛ ❝♦♥❞✐çã♦ (xk, zk) > 0✱ ♦ ♣r♦❣r❡ss♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦✱ ♣♦❞❡ s❡r

❧❡♥t♦✳ P❛r❛ ✐ss♦✱ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧ ♠♦❞✐✜❝❛ ♦ s✐st❡♠❛ ✭✸✳✸✳✸✮ ♣❛r❛
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q✉❡ ♦ ♥♦✈♦ ♣♦♥t♦ s❡❥❛ ♠❛✐s ❝❡♥tr❛❧✐③❛❞♦ ♥♦ ✐♥t❡r✐♦r ❞♦ ♦rt❛♥t❡ ♣♦s✐t✐✈♦ (xk, zk) > 0✱ ❡ ❛ss✐♠

♣♦❞❡r ❞❛r ♣❛ss♦s ♠❛✐s ❧♦♥❣♦s ❛♥t❡s q✉❡ xk ♦✉ zk ✜q✉❡♠ ♥❡❣❛t✐✈❛s✳

❆ss✐♠✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ tr❛❥❡tór✐❛ ❝❡♥tr❛❧ ❬✷✾❪✱ é ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳

❚r❛❥❡tór✐❛ ❈❡♥tr❛❧

❆ tr❛❥❡tór✐❛ ❝❡♥tr❛❧ C é ❢♦r♠❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s (x, y, z) ∈ C ❝♦♠ µ > 0 t❛❧ q✉❡

r❡s♦❧✈❡ ♦ s✐st❡♠❛✿

ATy + z = c ✭✸✳✸✳✹❛✮

Ax = b ✭✸✳✸✳✹❜✮

XZe = µe ✭✸✳✸✳✹❝✮

(x, z) > 0. ✭✸✳✸✳✹❞✮

❖✉tr❛ ❢♦r♠❛ ❞❡ ❡s❝r❡✈❡r ❛ tr❛❥❡tór✐❛ ❝❡♥tr❛❧ é

F (x, y, z) = [0 , 0 , µe]t ✭✸✳✸✳✺✮

(x, z) > 0.

❆ tr❛❥❡tór✐❛ ❝❡♥tr❛❧ é ✉♠ ❛r❝♦ ❞❡ ♣♦♥t♦s ❡str✐t❛♠❡♥t❡ ❢❛❝tí✈❡✐s✱ q✉❡ s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s

✭✸✳✸✳✹✮✳ ◆♦t❡ q✉❡ q✉❛♥❞♦ µ −→ 0✱ ❛ s♦❧✉çã♦ (x, y, z) ❞❡ ✭✸✳✸✳✹✮ ❛♣r♦①✐♠❛✲s❡ ❞❡ ✉♠❛ s♦❧✉çã♦

❞♦ s✐st❡♠❛ ❑❑❚ ✭✸✳✷✳✸✮✳
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❯s❛♥❞♦ ❛ tr❛❥❡tór✐❛ ❝❡♥tr❛❧ ♣❛r❛ r❡❧❛①❛r ❛s r❡str✐çõ❡s ❞❡ ❝♦♠♣❧❡♠❡♥t❛r✐❞❛❞❡✿

J(xk, yk, zk)













∆xk

∆yk

∆zk













= −F (xk, yk, zk) +













0

0

µke













, ✭✸✳✸✳✻✮

♦❜t❡♠♦s q✉❡ (xk, yk, zk) −→ (x∗, y∗, z∗) q✉❛♥❞♦ µ −→ 0✳

❱❛♠♦s ❛♣r❡s❡♥t❛r ✉♠ r❡s✉♠♦ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✿

▼ét♦❞♦ ✸✳✸✳✶✿ Pr✐♠❛❧✲❉✉❛❧
❉❛❞♦s✿ (x0, z0) > 0✱ y0✱ k = 0✳

✐♥í❝✐♦✶

❈❛❧❝✉❧❡ µk > 0❀✷

❘❡s♦❧✈❛✸

J(xk, yk, zk)













∆xk

∆yk

∆zk













= −F (xk, yk, zk) +













0

0

µke













; ✭✸✳✸✳✼✮

❆t✉❛❧✐③❡✹

(xk+1, yk+1, zk+1) = (xk, yk, zk) + αk(∆xk,∆yk,∆zk)

♦♥❞❡ αk é ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❡❢❡t✉❛r ✉♠ ✏❜♦♠ ♣❛ss♦✧✱ t❛❧ q✉❡ (xk+1, zk+1) > 0.✺

s❡ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ é s❛t✐s❢❡✐t♦ ❡♥tã♦✻

♣❛r❛r❀✼

s❡♥ã♦✽

❢❛ç❛ k = k + 1 ❛t✉❛❧✐③❡ µk ❡ ✈♦❧t❡ ❛♦ P❛ss♦ ✸✳✾

✜♠ s❡✶✵

✜♠✶✶
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P❛r❛ ✜♥❛❧✐③❛r ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦✱ ✈❛♠♦s ❝♦♠❡♥t❛r três ❛s♣❡❝t♦s ✐♠♣♦rt❛♥t❡s✿

❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✸✳✼✮✱ ♦ ❝á❧❝✉❧♦ ❞❡ µk✱ ♦ ❝á❧❝✉❧♦ ❞❡ αk ❡ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳ ❊ss❡s

❞♦✐s ú❧t✐♠♦s ❝❛r❛❝t❡r✐③❛♠ ❛s ✈❛r✐❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✳

❘❡s♦❧✉çã♦ ❞♦ ❙✐st❡♠❛ ▲✐♥❡❛r

❖ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✸✳✼✮ é ❡q✉✐✈❛❧❡♥t❡ ❛✿













0 I AT

A 0 0

Zk Xk 0

























∆xk

∆zk

∆yk













=













c− ATyk − zk

b− Axk

µke−XkZke













✭✸✳✸✳✽✮

❡❧✐♠✐♥❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ∆zk ♦ s✐st❡♠❛ é r❡❞✉③✐❞♦ ❛✿







−Dk AT

A 0













∆xk

∆yk






=







rkd − (Xk)−1rkc

rkp






✭✸✳✸✳✾✮

♦♥❞❡ Dk = (Xk)−1Zk✱ rkp = b−Axk✱ rkd = c−ATyk − zk ❡ rkc = µke−XkZke✳ ◆♦t❡ q✉❡ ∆zk

♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♣♦r✿

∆zk = (Xk)−1(rkc − Zk∆xk), ✭✸✳✸✳✶✵✮

❞✐③❡♠♦s q✉❡ ✭✸✳✸✳✾✮ é ♦ s✐st❡♠❛ ❛✉♠❡♥t❛❞♦ ❬✽❪✳

❊❧✐♠✐♥❛♥❞♦ ∆xk ❡♠ ✭✸✳✸✳✾✮ ♦❜t❡♠♦s✿

Mk∆yk = rkp + A((Dk)−1rkd − (Zk)−1rkc ), ✭✸✳✸✳✶✶✮

♦♥❞❡ Mk = A(Dk)−1AT é ❝❤❛♠❛❞♦ ❞❡ ❈♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r ❬✶✷❪✳
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❈♦♠♦ ❆ é ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦ ❡ Dk é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❛♦

r❡s♦❧✈❡r ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r é ♣♦ssí✈❡❧ ❛♣r♦✈❡✐t❛r ♦ ❢❛t♦ q✉❡ Mk é s✐♠étr✐❝❛ ❡ ❞❡✜♥✐❞❛

♣♦s✐t✐✈❛✳ ◆♦ ❡♥t❛♥t♦ Mk ♣♦❞❡ s❡r ♠❡♥♦s ❡s♣❛rs❛ ❡ ✜❝❛r ♠❛✐s ♠❛❧ ❝♦♥❞✐❝✐♦♥❛❞❛ q✉❡ ❛ ♠❛tr✐③

❞♦ s✐st❡♠❛ ❛✉♠❡♥t❛❞♦ ✭✸✳✸✳✾✮✳ ❖ ♣✐♦r ❝❛s♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ♠❛tr✐③ A t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛

❝♦❧✉♥❛ ❝♦♠ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✱ ♣♦✐s ♣❡r❞❡✲s❡ t♦❞❛ ❛ ❡str✉t✉r❛ ❡s♣❛rs❛ ❞❛

♠❛tr✐③ ❬✽❪ ✳

❆ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❝♦♠✉♠ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ❞✐r❡çõ❡s ❞❡ ◆❡✇t♦♥ ♥♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥✲

t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧ ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❙❝❤✉r ✉s❛♥❞♦ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

❈❤♦❧❡s❦② ❬✶✷❪✳

❈á❧❝✉❧♦ ❞❡ µ

❯♠❛ ❡s❝♦❧❤❛ ♣❛r❛ ❛t✉❛❧✐③❛r ♦ ✈❛❧♦r ❞❡ µ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ é ❬✷✾❪✿

µk = σ
γk

n
,

♦♥❞❡

γk =
n
∑

i=1

xk
i z

k
i ❡ 0 < σ < 1, ✭✸✳✸✳✶✷✮

◆♦t❡ q✉❡ s❡ xk ❡ zk ❢♦r❡♠ ❢❛❝tí✈❡✐s✱ γk é ♦ ❣❛♣ ♥❛ ✐t❡r❛çã♦ ❦✳

❈♦♠♦ ♦ ♣r♦♣ós✐t♦ ❞❛ ♣❡rt✉r❜❛çã♦ ❝♦♥s✐st❡ ❡♠ ❝❡♥tr❛❧✐③❛r ♦s ✐t❡r❛♥❞♦s ❡ ❛❞✐❝✐♦♥❛❧♠❡♥t❡ q✉❡r❡✲

♠♦s q✉❡ µk −→ 0 q✉❛♥❞♦ k −→ ∞✱ ✉s❛♠♦s ✉♠ ✈❛❧♦r ♥♦ ✐♥t❡r✈❛❧♦ (0, 1) ♣❛r❛ σ✳ ◆♦r♠❛❧♠❡♥t❡

σ = 1√
n
❬✷✾❪✳
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❉❡st❛ ❢♦r♠❛ ❣❛r❛♥t❡✲s❡ q✉❡ ♦s ✐t❡r❛♥❞♦s ❡stã♦ ❝❡♥tr❛❧✐③❛❞♦s ❡ q✉❡ ❛ ❝❛❞❛ ✐t❡r❛çã♦ ♦ ✈❛❧♦r ❞❡

µ ❡stá s❡♥❞♦ r❡❞✉③✐❞♦✳

❈á❧❝✉❧♦ ❞❡ α

P❛r❛ ♦ ✈❛❧♦r ❞❡ αk ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ▼ét♦❞♦ ✸✳✸✳✶✱ ✉s❛♠♦s ♦ t❡st❡ ❞❛ r❛③ã♦✿

ρkp =
−1

mini

(

∆xk
i

xk
i

) ❡ ρkd =
−1

mini

(

∆zk
i

zk
i

) ✳ ✭✸✳✸✳✶✸✮

❖❜s❡r✈❡ q✉❡ ρkp ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❛❧♦r q✉❡ ❛♥✉❧❛ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ xk✱ ❞❡s❞❡ q✉❡ ❡①✐st❛♠

❝♦♠♣♦♥❡♥t❡s ♥❡❣❛t✐✈❛s ❡♠ ∆xk✱ ❝❛s♦ ♥ã♦ ❡①✐st❛♠ ❛tr✐❜✉í♠♦s ρkp = 1✳ ❯♠ ♣r♦❝❡❞✐♠❡♥t♦

s✐♠✐❧❛r ♦❝♦rr❡ ♣❛r❛ ρkd✳

❋✐♥❛❧♠❡♥t❡ ❝❛❧❝✉❧❛♠♦s

αk = min{1, τρkp, τρ
k
d}, ✭✸✳✸✳✶✹✮

0 < τ < 1✳ ❉❡st❛ ❢♦r♠❛✱ (xk+1, zk+1) > 0✳

❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ♣♦❞❡ s❡r t❡st❛❞❛ ♣❛r❛ ♦ ✈❛❧♦r ❞❡ ||F (xk+1, yk+1, zk+1)||✱ ♦✉ s❡❥❛✱ q✉❡ ♦s ✈❛❧♦r❡s

❞♦s r❡sí❞✉♦s ❝♦♥✈❡r❣❡♠ ♣❛r❛ ③❡r♦ ♥❛ ♠❡❞✐❞❛ q✉❡ k ❛✉♠❡♥t❛✳

✸✳✹ ❱❛r✐❛♥t❡ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❊st❡ ♠ét♦❞♦ é ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✱ q✉❡ ♠♦❞✐✜❝❛ ♦

❛❧❣♦r✐t♠♦ ❡♠ três ❛s♣❡❝t♦s✿
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❼ ❈❛❧❝✉❧❛ ✉♠❛ ❞✐r❡çã♦ ♣r❡❞✐t♦r❛✳

❼ ❖ ❝á❧❝✉❧♦ ❞♦ ♣❛râ♠❡tr♦ σ ✭❞✐r❡çã♦ ❞❡ ❝❡♥tr❛❣❡♠✮✳

❼ ❈❛❧❝✉❧❛ ✉♠❛ ❞✐r❡çã♦ ❝♦rr❡t♦r❛ ✭t❡♥t❛ ❝♦♠♣❡♥s❛r ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❡ ◆❡✇t♦♥✮✳

❆ ✐❞❡✐❛ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ❛ ❞✐r❡çã♦ ❞❡♥♦♠✐♥❛❞❛ ♣r❡❞✐t♦r❛ ❡ ❡st✉❞❛r ♦ ♣r♦❣r❡ss♦ ❛♦

❧♦♥❣♦ ❞❡st❛ ❞✐r❡çã♦ ❛t✉❛♥❞♦ ♥❛ ♣❡rt✉r❜❛çã♦ µ ❡ ♥❛ ❝♦rr❡çã♦ ♥ã♦ ❧✐♥❡❛r✳

❆ ❞✐r❡çã♦ ♣r❡❞✐t♦r❛ é ♦❜t✐❞❛ r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ✭✸✳✸✳✸✮✿













A 0 0

0 AT I

Zk 0 Xk

























∆x̃

∆ỹ

∆z̃













=













rkp

rkd

rkc













✭✸✳✹✳✶✮

s❡♥❞♦ rkp = b− Axk, rkd = c− ATyk − zk ❡ rkc = −XkZke✳

❯♠❛ ✈❡③ ♦❜t✐❞❛s ❛s ❞✐r❡çõ❡s (∆x̃,∆ỹ,∆z̃)T ✱ ❞❡t❡r♠✐♥❛♠♦s ♦ ♣r♦❣r❡ss♦ ❛♦ ❧♦♥❣♦ ❞❛s ♠❡s♠❛s

❝❛❧❝✉❧❛♥❞♦✿

γ̃ = (xk + α̃k∆x̃)T (zk + α̃k∆z̃)

♦♥❞❡ α̃k = min{1, τ ρ̃kp, τ ρ̃
k
d}, ❡ ❛s r❛③õ❡s ρ̃kp✱ ρ̃

k
d sã♦ ❝❛❧❝✉❧❛❞❛s ❝♦♠♦ ❡♠ ✭✸✳✸✳✶✸✮✳

❙❡ ❛ ❞✐r❡çã♦ ♣r❡❞✐t♦r❛ ♦❜té♠ ✉♠❛ ❜♦❛ r❡❞✉çã♦ ❞♦ ✈❛❧♦r γk✱ ❣❛r❛♥t✐♥❞♦ q✉❡ ❛ ❝♦♥❞✐çã♦

(xk, zk) > 0 s❡❥❛ s❛t✐s❢❡✐t❛✱ ♦ ✈❛❧♦r ❞❡ σ ♣♦❞❡rá s❡r ♠❛✐s ♣ró①✐♠♦ ❞❡ ③❡r♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡

❛ r❡❞✉çã♦ ❞♦ ✈❛❧♦r γk é ♣❡q✉❡♥❛✱ ♣❛r❛ ♥ã♦ ✈✐♦❧❛r ❛ ❝♦♥❞✐çã♦ (xk, zk) > 0✱ ✈❛♠♦s ♥❡❝❡ss✐t❛r

q✉❡ ♦ ✈❛❧♦r ❞❡ σ s❡❥❛ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✶✱ ♣♦r ❡①❡♠♣❧♦ ❬✷✾❪✿
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σk =











(

γ̃

γk

)3

, s❡ γk > 1

γk
√
n
, s❡ γk ≤ 1

❯♠❛ ✈❡③ ♦❜t✐❞♦ ♦ ✈❛❧♦r ❞❡ σk ♦❜t❡♠♦s ❛s ❞✐r❡çõ❡s ❝♦rr❡t♦r❛s ❞❡ ❝❡♥tr❛❣❡♠ r❡s♦❧✈❡♥❞♦ ♦

s✐st❡♠❛ ♣❡rt✉r❜❛❞♦ ✭✸✳✸✳✻✮ ❝♦♠ µk = σk γk

n
✿

J(xk, yk, zk)













∆x̂

∆ŷ

∆ẑ













= −F (x̃, ỹ, z̃) +













0

0

µke













✭✸✳✹✳✷✮

♦♥❞❡ x̃ = xk +∆x̃✱ ỹ = yk +∆ỹ✱ z̃ = zk +∆z̃✳

❖❜s❡r✈❡ q✉❡ s❡ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✸✳✹✳✷ ♦❜t❡♠♦s✿













b− Ax̃

c− AT ỹ − z̃

µke− X̃Z̃e













=













b− Axk − A∆x̃

c− ATyk − AT∆ỹ − zk −∆z̃

µke− (Xk +∆X̃)(Zk +∆Z̃)e













✭✸✳✹✳✸✮

♦✉ s❡❥❛













b− Ax̃

c− AT ỹ − z̃

µke− X̃Z̃e













=













rkp − A∆x̃

rkd − AT∆ỹ −∆z̃

µke+ rkc − Zk∆X̃e−Xk∆Z̃e−∆X̃∆Z̃e













✭✸✳✹✳✹✮

❝♦♠♦ (∆x̃,∆ỹ,∆z̃)T sã♦ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✹✳✶✮ ❡♥tã♦✿













b− Ax̃

c− AT ỹ − z̃

µke− X̃Z̃e













=













rkp − rkp

rkd − rkd

µke+ rkc − rkc −∆X̃∆Z̃e













. ✭✸✳✹✳✺✮
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❆ss✐♠✱ ♣❛r❛ ♦❜t❡r ❛s ❞✐r❡çõ❡s ❝♦rr❡t♦r❛s (∆x̂,∆ŷ,∆ẑ)T ✱ r❡s♦❧✈❡♠♦s ♦ s✐st❡♠❛ ♣❡rt✉r❜❛❞♦✿













A 0 0

0 AT I

Zk 0 Xk

























∆x̂

∆ŷ

∆ẑ













=













0

0

µke−∆X̃∆Z̃e













✭✸✳✹✳✻✮

❡ ♣♦r ✜♠ ❢❛③❡♠♦s✿












∆xk

∆yk

∆zk













=













∆x̃+∆x̂

∆ỹ +∆ŷ

∆z̃ +∆ẑ













✭✸✳✹✳✼✮

❉❡st❛ ♠❛♥❡✐r❛ ❡♥❝♦♥tr❛♠♦s ❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❡ ❞❡t❡r♠✐♥❛♠♦s ✉♠ ♥♦✈♦ ♣♦♥t♦ ❝♦♠♦✿













xk+1

yk+1

zk+1













=













xk + αk∆xk

yk + αk∆yk

zk + αk∆zk













✭✸✳✹✳✽✮

♦♥❞❡ αk é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✸✳✸✳✶✹✮✳

❖ r❡s✉♠♦ ❞♦ ♠ét♦❞♦ ❞❛ ✈❛r✐❛♥t❡ ♣r❡❞✐t♦r✲❝♦rr❡t♦r s❡r✐❛ ❢❡✐t♦✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ ❝♦♠♦ ♥♦ r❡s✉♠♦

❞♦ ▼ét♦❞♦ ✸✳✸✳✶✱ ❝♦♠ ❛ ❛❧t❡r❛çã♦ q✉❡ ♥♦ P❛ss♦ ✸ ♥❡❝❡ss✐t❛✲s❡ ❞❛ s♦❧✉çã♦ ❞❡ ❞♦✐s s✐st❡♠❛s

❧✐♥❡❛r❡s✳

❆✐♥❞❛ q✉❡ s❡❥❛ ♥❡❝❡ssár✐♦ r❡s♦❧✈❡r ✉♠ s❡❣✉♥❞♦ s✐st❡♠❛ ❧✐♥❡❛r ♣♦r ✐t❡r❛çã♦ ❝♦♠ ❛ ♠❡s♠❛

♠❛tr✐③✱ ❡s♣❡r❛✲s❡ q✉❡ ❛ ✈❛r✐❛♥t❡ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ♦❜t❡♥❤❛ ✉♠❛ r❡❞✉çã♦ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ ♥ú✲

♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❞♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧✳ ◆❛ ♣rát✐❝❛ ♦ ❡s❢♦rç♦ ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r

❛❞✐❝✐♦♥❛❧ é ❝♦♠♣❡♥s❛❞♦ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s q✉❡ sã♦ r❡❛❧✐③❛❞❛s ❬✷✵❪✳
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✸✳✺ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❊st❡ ♠ét♦❞♦ ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ♠ét♦❞♦s ❝❤❛♠❛❞♦ ❞❡ ❢✉♥çã♦ ❜❛rr❡✐r❛ ❬✷✼❪✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✱ ♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡♥✲

❝♦♥tr❛ s♦❧✉çõ❡s ♣r✐♠❛✐s x∗✱ ♦✉ s❡❥❛✱ ❡♥❝♦♥tr❛ ❛❧❣✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮✳

❊st❡ ♠ét♦❞♦ tr❛♥s❢♦r♠❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❡q✉✐✈❛❧❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ ❞❡ ✉♠❛

❢✉♥çã♦ ❜❛rr❡✐r❛✿

♠✐♥✐♠✐③❛r cTx− µ

n
∑

i=1

log(xi)

s✉❥❡✐t♦ ❛ Ax = b✱

✭✸✳✺✳✶✮

♦♥❞❡ µ > 0✳

❖ t❡r♠♦
n
∑

i=1

log(xi) é ❝❤❛♠❛❞♦ ❞❡ ✏❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✑ ♣♦rq✉❡ ✐♠♣❡❞❡ q✉❡ ❛s ✈❛r✐á✈❡✐s xi

s❡❥❛♠ ♥❡❣❛t✐✈❛s✳ ❖❜t❡♠♦s s♦❧✉çõ❡s ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠❛s ❞❡ x∗ q✉❛♥❞♦ µ −→ 0✳

❯♠❛ ❞❛s ❛❜♦r❞❛❣❡♥s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✸✳✺✳✶✮✱ ❝♦♥s✐st❡ ❡♠ ✉t✐❧✐③❛r ❛ ❢✉♥çã♦ ❞❡ ▲❛✲

❣r❛♥❣❡ ♣❛r❛ ♦❜t❡r ✉♠ ♣r♦❜❧❡♠❛ ❡q✉✐✈❛❧❡♥t❡ ✐rr❡str✐t♦✿

♠✐♥✐♠✐③❛r L(x, y) ✭✸✳✺✳✷✮

❝♦♠ L(x, y) = cTx− µ

n
∑

i=1

log(xi) + yT (b− Ax) ♣❛r❛ ❝❛❞❛ µ > 0✱ ♦♥❞❡ y ∈ ℜm✳

❉❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s ♣r♦❝✉r❛r s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ✭✸✳✺✳✶✮

♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ❞❛ ❢✉♥çã♦ ❞❡ ▲❛❣r❛♥❣❡ ❛ss♦❝✐❛❞❛✳ ❖ ✈❡t♦r y é ❞❡♥♦♠✐♥❛❞♦
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♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡ ❞❛ r❡str✐çã♦ ❞❡ ✐❣✉❛❧❞❛❞❡ Ax = b✳

∇xL := c− µX−1e− ATy ❂ ✵

∇yL := b− Ax ❂ ✵
✭✸✳✺✳✸✮

❖❜s❡r✈❡ q✉❡ ♦ s✐st❡♠❛ ✭✸✳✺✳✸✮ é ♥ã♦ ❧✐♥❡❛r✳ ❯♠❛ ❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛

❝♦♥s✐st❡ ❡♠ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ◆❡✇t♦♥ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❝♦♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✸✳✸✮✱

♦❜t❡♥❞♦ ✉♠ s✐st❡♠❛✿







µX−2 AT

A 0













∆x

∆y






= −







µc− µX−1e− ATy

b− Ax






, ✭✸✳✺✳✹✮

❛ s❡r r❡s♦❧✈✐❞♦ ❛ ❝❛❞❛ ✐t❡r❛çã♦✳

❯♠ ❛❧❣♦r✐t♠♦ r❡s✉♠✐❞♦ ❞♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ é✿
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▼ét♦❞♦ ✸✳✺✳✶✿ ❇❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛
❉❛❞♦s✿ x0 > 0✱ y0✱ k = 0

✐♥í❝✐♦✶

❈❛❧❝✉❧❛ µk > 0❀✷

❘❡s♦❧✈❛ ♦ s✐st❡♠❛ ✭✸✳✺✳✹✮ ♣❛r❛ ❛s ❞✐r❡çõ❡s (∆xk,∆yk)❀✸

❆t✉❛❧✐③❡✹

(xk+1, yk+1) = (xk, yk) + α(∆xk,∆yk);

♦♥❞❡ α é ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❡❢❡t✉❛r ✉♠ ✏❜♦♠ ♣❛ss♦✧✱ t❛❧ q✉❡ xk > 0. s❡ ♦ ❝r✐tér✐♦ ❞❡✺

♣❛r❛❞❛ é s❛t✐s❢❡✐t♦ ❡♥tã♦

♣❛r❛r❀✻

s❡♥ã♦✼

❢❛ç❛ k = k + 1 ❛t✉❛❧✐③❡ µk ❡ ✈♦❧t❡ ❛♦ P❛ss♦ ✸✳✽

✜♠ s❡✾

✜♠✶✵

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥❛ ❙❡çã♦ ✸✳✸ ♦ s✐st❡♠❛ ✭✸✳✺✳✹✮ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❝♦♠♦ ✭✸✳✸✳✾✮✳ ❖ ✈❛❧♦r

❞❡ α é ♦❜t✐❞♦ ✉s❛♥❞♦ ✉♠ t❡st❡ ❞❛ r❛③ã♦✿

α = min{1, τρk} ❝♦♠ 0 < τ < 1, ✭✸✳✺✳✺✮

♦♥❞❡

ρk =
−1

mini

(

∆xk
i

xk
i

) .

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ✈❛❧♦r ❞❡ µ ❞❡✈❡ ❞✐♠✐♥✉✐r ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✱ ✉♠❛ ❞❛s ❢ór♠✉❧❛s ✉s❛❞❛s ♣❛r❛ ♦

❝á❧❝✉❧♦ ❞♦ ♠❡s♠♦ é µk+1 = µk

2
✳ ❋ór♠✉❧❛s ♠❛✐s r♦❜✉st❛s µk+1 = ϕ(µk, cT (|xk−xk−1|)) ♣♦❞❡♠
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s❡r ❡♥❝♦♥tr❛❞♦s ♣♦r ❡①❡♠♣❧♦ ❡♠ ❬✷✾✱ ✶✶❪✳

❖ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ♣❛r❛ ❡st❡ ♠ét♦❞♦ ♣♦❞❡ s❡r ❢❡✐t♦ s♦❜r❡ ♦ ✈❛❧♦r ❞❡ cTx ✭|cTxk−cTxk−1| < ǫ✮

♦✉ s♦❜r❡ ♦ ✈❛❧♦r ❞❡ xk ✭||xk − xk−1|| < ǫ✮✳

✸✳✻ Pr♦❜❧❡♠❛ ❈❛♥❛❧✐③❛❞♦

❈♦♠♦ ♥♦ss❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡♠ ✭✸✳✶✳✶✮ é ♥ã♦ ❧✐♥❡❛r ❛ ♣❛rt✐r ❞❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

♣r♦❜❧❡♠❛s ❝✉❥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ t❡♠ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛✳

❯♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é ❞✐t♦ ❝❛♥❛❧✐③❛❞♦ q✉❛♥❞♦ ❡①✐st❡♠ ✈❛r✐á✈❡✐s ❝♦♠ ❧✐♠✐t❡ s✉♣❡r✐♦r

❡ ✐♥❢❡r✐♦r✿

♠✐♥✐♠✐③❛r f(x)

s✉❥❡✐t♦ ❛ Ax = b

l ≤ x ≤ u

✭✸✳✻✳✶✮

♦♥❞❡ f : ℜn −→ ℜ✱ x ∈ ℜn✱ A ∈ ℜm×n✱ b ∈ ℜm ❡ l, u ∈ ℜn✳

◆♦t❡ q✉❡ é ♣♦ssí✈❡❧✱ ✉s❛♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ tr❛♥s❢♦r♠❛r ♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✳✶✮ ❡♠ ✉♠

❡q✉✐✈❛❧❡♥t❡ ❝♦♠ l = 0 ❬✶✽❪✳ ❉❡st❛ ❢♦r♠❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♥♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✳✶✮ q✉❡ l é

♦ ✈❡t♦r ❞❡ ③❡r♦s✳

❯s❛♥❞♦ ❛s ✈❛r✐á✈❡✐s v ❞❡♥♦♠✐♥❛❞❛s ❞❡ ❢♦❧❣❛✱ ♦❜t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛
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✭✸✳✻✳✶✮

♠✐♥✐♠✐③❛r f(x)

s✉❥❡✐t♦ ❛ Ax = b

x+ v = u

v, x ≥ 0✳

✭✸✳✻✳✷✮

P❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✳✷✮✱ ✈❛♠♦s ❡①♣❛♥❞✐r ❛ t❡♦r✐❛ ♣❛r❛ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✱ ❞❡s❡♥✲

✈♦❧✈✐❞❛ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✳

❆♦ ✐♥✈és ❞❛ ♦r❣❛♥✐③❛çã♦ ❞♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ✐♥✐❝✐❛r ❝♦♠ ♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛✲

rít♠✐❝❛✱ ♣❛r❛ q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ❛ ❛✜♥✐❞❛❞❡ ❡♥tr❡ ♦ ♠❡s♠♦ ❡ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s

♣r✐♠❛❧✲❞✉❛❧ s❡❥❛ ♠❛✐s ❝❧❛r❛✳

✸✳✻✳✶ ▼ét♦❞♦ ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ t❡♦r✐❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✱ ❡st❡ ♠ét♦❞♦ ❛♣r♦✲

①✐♠❛ ♦ ♣r♦❜❧❡♠❛ ❛ ✉♠ ♦✉tr♦✿

♠✐♥✐♠✐③❛r f(x)− µ

(

n
∑

i=1

log(xi) +
n
∑

i=1

log(vi)

)

s✉❥❡✐t♦ ❛ Ax = b

x+ v = u✱

✭✸✳✻✳✸✮

♦♥❞❡ µ > 0✳

P❛r❛ ❝❛❞❛ ✈❛❧♦r ✜①♦ ❞❡ µ ❡ ✉s❛♥❞♦ ♦ ▲❛❣r❛♥❣✐❛♥♦ ❛ss♦❝✐❛❞♦✿

L(x, v, y, w) = f(x)− µ

(

n
∑

i=1

log(xi) +
n
∑

i=1

log(vi)

)

+ yT (Ax− b) + wT (u− v − x)
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t❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ x∗ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✳✸✮✱ ❞❡✈❡ s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡

❬✷✾❪✿



















∇f(x)− µX−1e+ ATy − w

w − µV −1e

Ax− b

u− v − x



















= 0. ✭✸✳✻✳✹✮

❖s ✈❡t♦r❡s y ∈ ℜm ❡ w ∈ ℜn sã♦ ♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✳

❉❛❞♦ q✉❡ ✭✸✳✻✳✹✮ é ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r✱ ✉s❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ ❛♣r♦①✐♠á✲❧♦ ❛

✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (x, v, y, w) ❬✶✽❪✿



















H(x) + µX−2 0 AT −I

0 µV −2 0 I

A 0 0 0

I I 0 0





































∆x

∆v

∆y

∆w



















=



















rd

rb

rp

ru



















, ✭✸✳✻✳✺✮

♦♥❞❡ H(x) = ∇2f(x)✱ rd = µX−1 − ATy − w − ∇f(x)✱ rb = µV −1e − w✱ rp = b − Ax ❡

ru = u− x− v✳

❆ ♣❛rt✐r ❞❡st❡ ♣♦♥t♦ ✈❛♠♦s ♦♠✐t✐r ♦ s✉♣❡r❡s❝r✐t♦ k ♣❛r❛ ❡✈✐t❛r ✉♠❛ ♥♦t❛çã♦ s♦❜r❡ ❝❛rr❡❣❛❞❛✳

◆♦t❡ q✉❡ ❡♠ ✭✸✳✻✳✹✮✱ ❛ s❡❣✉♥❞❛ ❧✐♥❤❛ w−µV −1e = 0 ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦ VWe−µe = 0✱
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❛ss✐♠✱ r❡❞❡✜♥✐♠♦s rb = µe− VWe ♦❜t❡♠♦s ♦ s✐st❡♠❛✿



















H(x) + µX−2 0 AT −I

0 W 0 V

A 0 0 0

I I 0 0





































∆x

∆v

∆y

∆w



















=



















rd

rb

rp

ru



















. ✭✸✳✻✳✻✮

❊❧✐♠✐♥❛♥❞♦ ❛ ✈❛r✐á✈❡❧ ∆v ♦❜t❡♠♦s ✉♠ ♥♦✈♦ s✐st❡♠❛ r❡❞✉③✐❞♦✿













H(x) + µX−2 AT −I

A 0 0

I 0 W−1V

























∆x

∆y

∆w













=













rd

rp

ru −W−1rb













, ✭✸✳✻✳✼✮

♦♥❞❡ ∆v = W−1(rb − V∆w)✳

❋❛③❡♥❞♦ ∆w = V −1W (∆x− ru +W−1rb) r❡❞✉③✐♠♦s ♦ s✐st❡♠❛ ✭✸✳✻✳✼✮ ♣❛r❛✿







Ĥ AT

A 0













∆x

∆y






=







rd + V −1W (ru −W−1rb)

rp






, ✭✸✳✻✳✽✮

♦♥❞❡ Ĥ = H(x) + µX−2 + V −1W ✳

❘❡s♦❧✈❡♥❞♦ ❡st❡ ú❧t✐♠♦ s✐st❡♠❛ ♦❜t❡♠♦s ❛s ❞✐r❡çõ❡s ❞❡ ◆❡✇t♦♥ (∆x,∆y)✳ ❊ ❛s ❞✐r❡çõ❡s ∆v

❡ ∆w✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ s✐st❡♠❛ ✭✸✳✻✳✻✮✳

❆ ❛t✉❛❧✐③❛çã♦ ❞❛s ✈❛r✐á✈❡✐s é ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(xk+1, vk+1, yk+1, wk+1) = (xk, vk, yk, wk) + α(∆x,∆v,∆y,∆w).
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P❛r❛ ❞❡t❡r♠✐♥❛r ♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ α ∈ (0, 1] ❣❛r❛♥t✐♥❞♦ q✉❡ ♦s ✈❛❧♦r❡s ❞❡ xk+1 ❡ vk+1

♥ã♦ s❡❥❛♠ ♥❡❣❛t✐✈♦s ✉s❛♠♦s ♦ t❡st❡ ❞❛ r❛③ã♦✱ ❞❛ ❢♦r♠❛ s✐♠✐❧❛r q✉❡ ❡♠ ✭✸✳✸✳✶✸✮ ❬✷✾❪✿ α =

min(1, τρ)✱ ❝♦♠ τ ∈ (0, 1)✱ ♦♥❞❡ ρ = −1

mini(
∆xi
xi

,
∆vi
vi

)
✳

❆ s❡❣✉✐r ✈❛♠♦s r❡s✉♠✐r ♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❝❛♥❛❧✐③❛❞♦✿

▼ét♦❞♦ ✸✳✻✳✶✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ❈❛♥❛❧✐③❛❞♦

❉❛❞♦s✿ (x0, v0) > 0✱ y0✱ w0✱ σ = 1√
n
k = 1

✐♥í❝✐♦✶

❈❛❧❝✉❧❛r ♦ ✈❛❧♦r ♣❛r❛ µ = σ γ

n
✱ ♦♥❞❡ γ = (vk)twk❀✷

❈❛❧❝✉❧❛r ❛s ❞✐r❡çõ❡s ∆x,∆v,∆y,∆w r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✻✳✽✮❀✸

❉❡t❡r♠✐♥❛r α ✉s❛♥❞♦ ♦ t❡st❡ ❞❛ r❛③ã♦❀✹

❆t✉❛❧✐③❛r ♦ ♣❛ss♦✿✺

(xk+1, vk+1, yk+1, wk+1) = (xk, vk, yk, wk) + α(∆x,∆v,∆y,∆w);

s❡ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ✭✸✳✻✳✾✮ é s❛t✐s❢❡✐t♦ ❡♥tã♦

♣❛r❛r❀✻

s❡♥ã♦✼

❢❛ç❛ k = k + 1 ❡ ✈♦❧t❡ ❛♦ P❛ss♦ ✷❀✽

✜♠ s❡✾

✜♠✶✵

❖ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ q✉❡ ✈❛♠♦s ✉s❛r ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❡stá ❜❛s❡❛❞♦ ♥❛s ❝♦♥❞✐çõ❡s
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❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✸✳✻✳✹✮✿



















‖rd‖
‖y‖+1

γ

n

‖rp‖
‖b‖+1

‖ru‖
‖u‖+1



















≤ ǫ. ✭✸✳✻✳✾✮

✸✳✻✳✷ ▼ét♦❞♦ ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr✐♠❛❧✲

❉✉❛❧

❆ss✐♠ ❝♦♠♦ ♥♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ ❡st❡ ♠ét♦❞♦ ❡♥❝♦♥tr❛ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦✲

❜❧❡♠❛ ✭✸✳✻✳✶✮✳

❱❛♠♦s ❞❡s❡♥✈♦❧✈❡r ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ ❛ ♣❛rt✐r

❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ✭✸✳✻✳✺✮ ❞♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❧❡✐t✉r❛ ✈❛♠♦s

❞❡♥♦♠✐♥á✲❧♦✱ ♥♦ r❡st❛♥t❡ ❞♦ t❡①t♦✱ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧✳

❙❡❥❛ µX−1e = z✱ ♦✉ s❡❥❛✱ XZe = µe ❡ ❡s❝r❡✈❡♥❞♦ ♥♦✈❛♠❡♥t❡ µV −1e = w ⇔ VWe = µe ❡♠

✭✸✳✻✳✹✮✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r r❡❧❛①❛❞♦ ❬✶✵❪✿

























∇f(x)− z + ATy − w

VWe− µe

XZe− µe

Ax− b

x+ v − u

























= 0✱ (x, v, w, z) ≥ 0✱ µ > 0. ✭✸✳✻✳✶✵✮
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❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ✭✸✳✻✳✶✵✮ ♦❜t❡♠♦s✿

























H(x) 0 −I AT −I

0 W 0 0 V

Z 0 X 0 0

A 0 0 0 0

I I 0 0 0

















































∆x

∆v

∆z

∆y

∆w

























=

























rd

rb

rc

rp

ru

























, ✭✸✳✻✳✶✶✮

♦♥❞❡ rd = z − ∇f(x) − ATy − w✱ rc = µe − XZe ❡ rb✱ rp✱ ru ❝♦♠♦ ♥♦ ♠ét♦❞♦ ❜❛rr❡✐r❛

❧♦❣❛rít♠✐❝❛✳

❊❧✐♠✐♥❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ∆v✱ ∆z ❡ ∆w ❞♦ s✐st❡♠❛ ✭✸✳✻✳✶✶✮ ♦❜t❡♠♦s✿







Ĥ AT

A 0













∆x

∆y






=







rd −X−1rc + V −1(rb − wru)

rp






, ✭✸✳✻✳✶✷✮

♦♥❞❡ Ĥ = H(x) +X−1Z + V −1W ✳ ❖s ✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ∆v✱ ∆z ❡ ∆w sã♦✿

∆v = W−1(rb − V∆w) ✭✸✳✻✳✶✸✮

∆z = X−1(rc − Z∆x) ✭✸✳✻✳✶✹✮

∆w = V −1(W (ru −∆x)− rb). ✭✸✳✻✳✶✺✮

❋✐♥❛❧♠❡♥t❡✱ r❡s♦❧✈❡♠♦s ❡st❡ ú❧t✐♠♦ s✐st❡♠❛ ✭✸✳✻✳✶✷✮ ♣❛r❛ (∆x,∆y✮✳ ❈♦♠♦ Ĥ ♥ã♦ é ✉♠❛

♠❛tr✐③ ❞✐❛❣♦♥❛❧ ♥ã♦ ❢❛③❡♠♦s ❡❧✐♠✐♥❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ♥♦ s✐st❡♠❛ ✭✸✳✻✳✶✷✮✳

❯♠❛ ✈❡③ ♦❜t✐❞❛s ❛s ❞✐r❡çõ❡s ❞❡ ◆❡✇t♦♥ (∆x,∆v,∆z,∆y,∆w)✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❛s ✈❛r✐á✈❡✐s

xk+1, vk+1, wk+1, zk+1 ♥ã♦ s❡ t♦r♥❡♠ ♥❡❣❛t✐✈❛s q✉❛♥❞♦ ♦ ♣♦♥t♦ é ❛t✉❛❧✐③❛❞♦ ✉s❛♠♦s ♦ t❡st❡
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❞❛ r❛③ã♦✿

α = min(1, τρp, τρd), τ ∈ (0, 1],

♦♥❞❡✱ ρp =
−1

mini(
∆xi

xi
, ∆vi

vi
)

e ρd =
−1

mini(
∆zi
zi
, ∆wi

wi
)
. ✭✸✳✻✳✶✻✮

❆ s❡❣✉✐r ✈❛♠♦s r❡s✉♠✐r ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛❧✲❞✉❛❧ ❝❛♥❛❧✐③❛❞♦✿

▼ét♦❞♦ ✸✳✻✳✷✿ Pr✐♠❛❧✲❉✉❛❧ ❈❛♥❛❧✐③❛❞♦
❉❛❞♦s✿ y0✱ (x0, v0, w0, z0) > 0✱ σ = 1

2n
✱ k = 1

✐♥í❝✐♦✶

❈❛❧❝✉❧❛r µ = ( γ

2n
)✱ ♦♥❞❡ γ = (x)tz + (v)tw❀✷

❈❛❧❝✉❧❛r ❛s ❞✐r❡çõ❡s ∆x,∆v,∆y,∆w ❡ ∆z r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✸✳✻✳✶✷✮ ❀✸

❉❡t❡r♠✐♥❛r α ✉s❛♥❞♦ ♦ t❡st❡ ❞❛ r❛③ã♦❀✹

❆t✉❛❧✐③❛r ♦ ♣❛ss♦✺

(xk+1, vk+1, yk+1, wk+1, zk+1) = (xk, vk, yk, wk, zk) + α(∆x,∆v,∆y,∆w,∆z);

s❡ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ✭✸✳✻✳✾✮ é s❛t✐s❢❡✐t♦ ❡♥tã♦

♣❛r❛r❀✻

s❡♥ã♦✼

❢❛ç❛ k = k + 1 ❡ ✈♦❧t❡ ❛♦ P❛ss♦ ✷❀✽

✜♠ s❡✾

✜♠✶✵
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✸✳✼ ❈♦♥tr♦❧❡ ❞♦ ❚❛♠❛♥❤♦ ❞♦ P❛ss♦

❈♦♠♦ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✳✶✮ ♣♦❞❡ s❡r ♦✉ ♥ã♦ ❝♦♥✈❡①♦✱ ❛s ❞✐r❡çõ❡s ❞❛❞❛s ♣❡❧♦ s✐st❡♠❛ ✭✸✳✻✳✺✮ ❡

✭✸✳✻✳✶✶✮ ♥❡♠ s❡♠♣r❡ ❣❛r❛♥t❡♠ ♣r♦❣r❡ss♦ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❞❛❞♦ ♣♦r α q✉❡ é ❝❛❧❝✉❧❛❞♦

✉s❛♥❞♦ ♦ t❡st❡ ❞❛ r❛③ã♦✳

P❛r❛ ❛❜♦r❞❛r ❡st❛ ❞✐✜❝✉❧❞❛❞❡ ✉s❛♠♦s ✉♠ ❝♦♥tr♦❧❡ ❞❡ ♣❛ss♦ s✐♠♣❧❡s ✭❜❛❝❦tr❛❝❦✐♥❣✮ ♣❛r❛ ❛

❞✐r❡çã♦ ∆x✿

▼ét♦❞♦ ✸✳✼✳✶✿ ❈♦♥tr♦❧❡ ❞❡ P❛ss♦
❉❛❞♦s✿ 0 < ρ < 1✱ α > 0

❡♥q✉❛♥t♦ f(xk + α∆x) > f(xk)✶

α = ρα❀✷

✜♠ ❡♥q✉❛♥t♦✸

❆❧é♠ ❞✐ss♦ ❡①✐❣✐♠♦s q✉❡ ♦ ✈❛❧♦r ❞♦s r❡sí❞✉♦s ❡ ❞♦ ❣❛♣ s❡❥❛ r❡❞✉③✐❞♦ ♣❛r❛ s❛t✐s❢❛③❡r ❛ ❢❛❝t✐❜✐❧✐✲

❞❛❞❡ ❞❛ s♦❧✉çã♦✱ ♣❛r❛ ✐ss♦ ✉s❛♠♦s ❞❡ ♥♦✈❛♠❡♥t❡ ✉♠ ❝♦♥tr♦❧❡ ❞❡ ♣❛ss♦ s✐♠♣❧❡s ✭❜❛❝❦tr❛❝❦✐♥❣✮

♣❛r❛ ♦ ✈❛❧♦r ❞♦s r❡sí❞✉♦s ❡ ❞♦ ❣❛♣ ✿

▼ét♦❞♦ ✸✳✼✳✷✿ ❈♦♥tr♦❧❡ ❞❡ P❛ss♦ ❢❛❝t✐❜✐❧✐❞❛❞❡
❉❛❞♦s✿ 0 < ρ < 1✱ α > 0 ❡ (∆x,∆v,∆y,∆w)

❡♥q✉❛♥t♦ (||rkp || > ||rk+1
p ||) ❡ (||rkd || > ||rk+1

d ||) ❡ (||rku|| > ||rk+1
u ||) ❡ (||γk|| > ||γk+1||)✶

α = ρα❀✷

✜♠ ❡♥q✉❛♥t♦✸

❆❝r❡s❝❡♥t❛♥❞♦ ♦ ▼ét♦❞♦ ✸✳✼✳✶ ❡ ▼ét♦❞♦ ✸✳✼✳✷ ❛♥t❡s ❞❡ ❝♦♥t✐♥✉❛r ❝♦♠ ♦ P❛ss♦ ✺ ♥♦s ▼ét♦❞♦s

✸✳✻✳✶ ❡ ✸✳✻✳✷ ❜✉s❝❛♠♦s ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❢❛❝tí✈❡❧ ❞♦ ♣r♦❜❧❡♠❛✳



❈❛♣ít✉❧♦ ✹

❊①♣❡r✐♠❡♥t♦s ◆✉♠ér✐❝♦s

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡s❝r❡✈❡♠♦s ♦s ♠ét♦❞♦s q✉❡ ❡♠♣r❡❣❛❞♦s ♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞❛

❣r❛♠át✐❝❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❧✐✈r❡ ❞♦ ❝♦♥t❡①t♦✳ ❯♠❛ ✈❡③ ✐♠♣❧❡♠❡♥t❛❞♦s ♦s ❛❧❣♦r✐t♠♦s ✜③❡♠♦s

t❡st❡s ♣❛r❛ ✈❛❧✐❞❛r ❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❢❛③❡r ❛ ❛♥á❧✐s❡ ❞♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱ ❛ ❛♥á❧✐s❡

❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s✱ ❡ ❛ q✉❛❧✐❞❛❞❡ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s✳

✹✳✶ ■♥tr♦❞✉çã♦

■♠♣❧❡♠❡♥t❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣r✐♠❛❧✲❞✉❛❧ ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ✉s❛♥❞♦ ♦ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ▼❛t▲❛❜➤✱ ✈❡rsã♦

✼✳✽✳✵✱ ❡♠ ✉♠❛ ♠áq✉✐♥❛ ❝♦♠ ♣r♦❝❡ss❛❞♦r ■♥t❡❧ ❈❖❘❊ ✐✸ ❡ ♠❡♠ór✐❛ ❘❆▼ ❞❡ ✸✳✼●❜✱ ❝♦♠ ♦

s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ▲✐♥✉① ✸✳✵✳✵✲✷✸✲❣❡♥❡r✐❝✳

❖s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ✉s❛❞♦s ♥❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛r✲

r❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧ ❡stã♦ ♥❛

❚❛❜❡❧❛ ✹✳✶✳ ❊st❡s ✈❛❧♦r❡s ❢♦r❛♠ ❡st❛❜❡❧❡❝✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡♠ t❡st❡s ♥❛s ✐♠♣❧❡♠❡♥t❛✲

çõ❡s ❢❡✐t❛s ♥❡st❛ ❞✐s❡rt❛çã♦✳

✺✵
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▼ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ▼ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s
❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

P
❛r
â♠

❡t
r♦
s

ǫ = 10−8 ǫ = 10−8

τ = 0, 99995 τ = 0, 99995

µ = σ γ

2n
✱ σ = 1√

2n
µ = vTw

n2

γ = xT z + vTw

❚❛❜❡❧❛ ✹✳✶✿ P❛râ♠❡tr♦s ✉s❛❞♦s ♥❛s ✐♠♣❧❡♠❡♥t❛çõ❡s

❖ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞♦ ♣❛râ♠❡tr♦ µ ♥♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❢♦✐ ✐❣✉❛❧ ❛ ✶✵✵✳

✹✳✶✳✶ Pr♦❜❧❡♠❛s ❚❡st❛❞♦s

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ t❡st❛r ♦s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s✱ ✉s❛♠♦s ❞✉❛s ❣r❛♠át✐❝❛s✱ ❛s q✉❛✐s ❡stã♦

♥❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ ❈❤♦♠s❦②✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✱ ✉s❛♠♦s ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s

♣❛r❛ ❝♦♥str✉✐r ♦s ♣r♦❜❧❡♠❛s✳ ❆s ❝❛r❛❝t❡ríst✐❝❛s ❞❛s ❣r❛♠át✐❝❛s ✉s❛❞❛s ❡stã♦ ❡s♣❡❝✐✜❝❛❞❛s ♥❛

❚❛❜❡❧❛ ✹✳✷✳

●r❛♠át✐❝❛ ◆ú♠❡r♦ ❞❡ ◆ú♠❡r♦ ❞❡ ◆ú♠❡r♦ ❞❡
t❡r♠✐♥❛✐s |Σ| ♥ã♦ t❡r♠✐♥❛✐s |N | r❡❣r❛s |P |

●r❛♠át✐❝❛ ✶ ✺ ✶✷ ✷✺
●r❛♠át✐❝❛ ✷ ✶✹ ✶✸ ✹✼

❚❛❜❡❧❛ ✹✳✷✿ ❈❛r❛❝t❡ríst✐❝❛s ❞❛s ❣r❛♠át✐❝❛s

❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ✭♣♦❧✐♥ô♠✐♦ ❡♠ ✈ár✐❛s ✈❛r✐á✈❡✐s✮ ❞♦s ♣r♦❜❧❡♠❛s é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡

✉♠❛ ❛♠♦str❛ ❞❛ ❣r❛♠át✐❝❛✳ ❯s❛♠♦s ♦ s♦❢t✇❛r❡ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❆❧✈❛r❡③ ❡ ■❜❛rr❛ ❬✶✻❪ q✉❡

♥♦s ♣r♦♣♦r❝✐♦♥❛ ❛s ✐♥❢♦r♠❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ t❛♥t♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦

❝♦♠♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡ ❍❡ss✐❛♥❛✳ ❖ ❝ó❞✐❣♦ ❞❡st❡ s♦❢t✇❛r❡ ❢♦✐ ♠♦❞✐✜❝❛❞♦ ♣❛r❛ q✉❡ ♦s ❞❛❞♦s q✉❡
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♦❜t❡♠♦s ❛ ♣❛rt✐r ❞❡❧❡ ❡st❡❥❛♠ ♥♦ ❢♦r♠❛t♦ q✉❡ ♣r❡❝✐s❛♠♦s✳

❚❛♠❛♥❤♦ ●r❛✉ ❞♦ ❘❡str✐çõ❡s
❞❛ ❛♠♦str❛ ♣♦❧✐♥ô♠✐♦ f(x) g(x)

●r❛♠át✐❝❛ ✶

✷✵ ✷✼✵
✺✵ ✼✼✵

(

8
∑

i=1

xi

)

− 1
✼✵ ✶✶✶✹

✶✵✵ ✶✻✺✻
(

13
∑

i=9

xi

)

− 1
✶✸✵ ✷✸✻✻
✷✵✵ ✸✾✾✷

(

16
∑

i=14

xi

)

− 1
✷✷✵ ✹✹✼✹
✸✶✻ ✻✵✸✵ x17 − 1
✸✺✵ ✻✻✾✽ x18 − 1
✹✸✹ ✽✻✻✹ x19 − 1
✺✵✵ ✾✼✾✹ x20 − 1
✺✺✵ ✶✵✽✺✵ x21 − 1
✻✵✵ ✶✷✵✺✽ x22 − 1
✼✵✵ ✶✸✼✾✷ x23 − 1
✽✵✵ ✶✻✵✾✷ x24 − 1

✶✵✵✵ ✷✵✶✵✹ x25 − 1
✷✵✵✵ ✹✵✷✵✽
✹✵✵✵ ✽✵✹✶✻

❚❛❜❡❧❛ ✹✳✸✿ ❈❛r❛t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ✲ ●r❛♠át✐❝❛ ✶

❖s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❛s ❛♠♦str❛s ❞❛s ❣r❛♠át✐❝❛s✱ ❡stã♦ ❞❡t❛✲

❧❤❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✸ ❡ ♥❛ ❚❛❜❡❧❛ ✹✳✹✳ ◆❡❧❛s r❡❧❛❝✐♦♥❛♠♦s ❝❛❞❛ ✉♠❛ ❞❛s ❣r❛♠át✐❝❛s q✉❡

❢♦r❛♠ ✉s❛❞❛s✱ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞❡ s✉❛s ❛♠♦str❛s✱ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡

❝❛❞❛ ✉♠❛ ❞❛s ❛♠♦str❛s ❡ ♥❛ ú❧t✐♠❛ ❝♦❧✉♥❛ ❞❛s t❛❜❡❧❛s ❛s r❡str✐çõ❡s ❧✐♥❡❛r❡s ❞♦s ♣r♦❜❧❡♠❛s✳

◆♦t❡ q✉❡ ❡st❛s r❡str✐çõ❡s ♥ã♦ ✈❛r✐❛♠ ❞❡ ❛♠♦str❛ ♣❛r❛ ❛♠♦str❛ ♥✉♠❛ ♠❡s♠❛ ❣r❛♠át✐❝❛✱ ♣♦✐s

❡❧❛s ❞❡♣❡♥❞❡♠ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦ ❞❛ ❣r❛♠át✐❝❛✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ xi✱

i = 1...|P | r❡♣r❡s❡♥t❛♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❛s r❡❣r❛s q✉❡ ❡stã♦ ❡♥✉♠❡r❛❞❛s ❡♠ ❛❧❣✉♠❛ ♦r❞❡♠

♣ré✲❡st❛❜❡❧❡❝✐❞❛✳

◆♦ ❝❛s♦ ❞❛ ●r❛♠át✐❝❛ ✶✱ ♣❡❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ ❛❧❣✉♠❛s ❞❛s r❡str✐çõ❡s ✭xi = 1✱ ❝♦♠ i =
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❚❛♠❛♥❤♦ ●r❛✉ ❞♦ ❘❡str✐çõ❡s
❞❛ ❛♠♦str❛ ♣♦❧✐♥ô♠✐♦ f(x) g(x)

●r❛♠át✐❝❛ ✷

✷✵ ✷✺✹

(

4
∑

i=1

xi

)

− 1

✺✵ ✻✼✷

(

12
∑

i=5

xi

)

− 1

✶✵✵ ✶✸✻✹

(

15
∑

i=13

xi

)

− 1

✶✻✵ ✷✶✾✵

(

18
∑

i=16

xi

)

− 1

✷✵✵ ✷✼✷✵

(

20
∑

i=19

xi

)

− 1

✷✻✵ ✸✺✺✻

(

29
∑

i=21

xi

)

− 1

✸✵✵ ✹✵✾✹

(

37
∑

i=30

xi

)

− 1

✹✵✵ ✺✸✾✷ x38 − 1

✺✵✵ ✻✼✸✷

(

41
∑

i=39

xi

)

− 1

✶✵✵✵ ✶✸✹✽✽

(

44
∑

i=42

xi

)

− 1

✹✵✵✵ ✺✹✹✸✵
x45 − 1
x46 − 1
x47 − 1

❚❛❜❡❧❛ ✹✳✹✿ ❈❛r❛t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ✲ ●r❛♠át✐❝❛ ✷

17...25✮ ❢♦✐ ♣♦ssí✈❡❧ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛✱ ❞❡ ✷✺ ♣❛r❛ ✶✻✳ ❊ ♥❛ ●r❛♠át✐❝❛

✷ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ❢♦✐ r❡❞✉③✐❞♦ ❞❡ ✹✼ ♣❛r❛ ✹✸✳

✹✳✶✳✷ ❊str❛té❣✐❛s ❯t✐❧✐③❛❞❛s ♥❛ ■♠♣❧❡♠❡♥t❛çã♦

❯♠❛ ✈❡③ t❡st❛❞❛s ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❝♦♠ ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦ ♣❡q✉❡♥♦ ✭✶✵✱ ✷✵✱ ✺✵✮✱ ✉s❛♠♦s

❛♠♦str❛s ♠❛✐♦r❡s ✭✹✵✵✵✮ ♣❛r❛ ❢❛③❡r ♦s t❡st❡s ✜♥❛✐s✳ ❉✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s t❡st❡s

❛✉♠❡♥t❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✱ ♣❡r❝❡❜❡♠♦s ❛❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ ✈❛♠♦s ❝♦♠❡♥t❛r

❡ ❞❡s❝r❡✈❡r ❝♦♠♦ ❢♦r❛♠ s✉♣❡r❛❞❛s ♥♦s ♣❛rá❣r❛❢♦s ❛ s❡❣✉✐r✳
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❉❛❞♦ q✉❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞❡♣❡♥❞❡ ❞❛ ❛♠♦str❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦

❛✉♠❡♥t❛ ♥❛ ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦ ❞❡st❛ ❛✉♠❡♥t❛✱ ♣❛r❛ ❛♠♦str❛s ♠❛✐♦r❡s ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s

♣r♦❜❧❡♠❛s sã♦ ♦s ❡rr♦s ♥✉♠ér✐❝♦s ✭✈❛❧♦r❡s ♠✉✐t♦ ♣❡q✉❡♥♦s ♦✉ ❣r❛♥❞❡s✮ q✉❡ s✉r❣❡♠ ♥♦ ❝á❧❝✉❧♦

❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡ ♣♦rt❛♥t♦ ♥♦ ❝á❧❝✉❧♦ ❞♦ ❣r❛❞✐❡♥t❡ ❡ ❍❡ss✐❛♥❛✳ P❛r❛ r❡♠♦✈❡r ❡st❡ ✐♥❝♦♥✲

✈❡♥✐❡♥t❡ ✉s❛♠♦s ✉♠❛ ❝♦♥st❛♥t❡ c ❡ r❡s♦❧✈❡♠♦s ♦s ♣r♦❜❧❡♠❛s ❝♦♠ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ cf(x)✱

❞❡t❡r♠✐♥❛♠♦s ❛ ❝♦♥st❛♥t❡ c✱ ✉t✐❧✐③❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ t❡r♠♦s ✭♣♦❧✐♥ô♠✐♦s✮ q✉❡ ❡stã♦ s❡♥❞♦

♠✉❧t✐♣❧✐❝❛❞♦s ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❧❡♠❜r❡✲s❡ q✉❡ ❡st❛ é ✉♠ ♣r♦❞✉tór✐♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❡ ♥♦t❡

t❛♠❜é♠ q✉❡ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ❛♠♦str❛ t❛♠❛♥❤♦ ✷✵✱ ♦ ♥ú♠❡r♦ ❞❡ t❡r♠♦s ❞♦ ♣r♦❞✉tór✐♦

❞❡ ❢❛t♦ é ✷✵✳ ❈♦♠ ❡ss❛ ✐♥❢♦r♠❛çã♦ ❡s❝♦❧❤❡♠♦s c = r|Ω|✱ ♦♥❞❡ r é ✉♠ ✈❛❧♦r ♠ú❧t✐♣❧♦ ❞❡ ✶✵✱

❡st❡ ✈❛❧♦r é ❡s❝♦❧❤✐❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ♦♥❞❡ |Ω| r❡♣r❡s❡♥t❛ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✳

❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❞✐✜❝✉❧❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ♣❡❧♦s ♣r♦❜❧❡♠❛s é ❛ ♣r♦❝✉r❛ ❞❡ ✉♠ ✏❜♦♠✑ ♣♦♥t♦

✐♥✐❝✐❛❧ ❞❡ ♠♦❞♦ ❛ ❣❛r❛♥t✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s✳ ❊st❡s ♣♦♥t♦s ❢♦r❛♠ ♣r♦❝✉r❛❞♦s ❛❧❡❛✲

t♦r✐❛♠❡♥t❡ ♣❛r❛ ❛♠♦str❛s ♣❡q✉❡♥❛s ❡ ❡s❝♦❧❤✐❞♦s ❛q✉❡❧❡s q✉❡ ❢♦r♥❡❝❡r❛♠ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s

❡♠ t❡r♠♦s ❞❛ ♣❡r♣❧❡①✐❞❛❞❡✱ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳ ❆♣❧✐❝❛♠♦s ♦s ♠é✲

t♦❞♦s às ❛♠♦str❛s ♣❡q✉❡♥❛s ❡ ✉♠❛ ✈❡③ q✉❡ ❝♦♥✈❡r❣✐r❛♠✱ ❡s❝♦❧❤❡♠♦s ♣♦♥t♦s ✐♥t❡r♠❡❞✐ár✐♦s ❞❛

s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡ ♦s ✉s❛♠♦s ❝♦♠♦ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ ❛♠♦str❛s ♠❛✐♦✲

r❡s✳ ❘❡♣❡t✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ❛té ♦❜t❡r ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❛ ❛♠♦str❛

❞❡ ♠❛✐♦r t❛♠❛♥❤♦ ❝♦♠ q✉❡ tr❛❜❛❧❤❛♠♦s ✭✹✵✵✵✮✳

❊♠ t❡r♠♦s ❞❡ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✱ ♥❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦s ♠ét♦❞♦s ♣♦♥t♦s ✐♥t❡r✐♦r❡s

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧✱ ♦ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ t❡♠

✉♠ ❝✉st♦ ❡❧❡✈❛❞♦✳ ❋♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s ❞✉❛s r♦t✐♥❛s✱ ✉♠❛ ❞❡❧❛s ❝❛❧❝✉❧❛ ❛ ❍❡ss✐❛♥❛ ❡①❛t❛

❡ ❛ ♦✉tr❛ ❝❛❧❝✉❧❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❍❡ss✐❛♥❛ ✉s❛♥❞♦ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ ❘❡❛❧✐③❛♠♦s ✈ár✐♦s

❡①♣❡r✐♠❡♥t♦s ♥♦s ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✱ t❡st❛♥❞♦ ❛s ❞✉❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ♦♥❞❡ ♦ ❡rr♦ r❡❧❛t✐✈♦

❡♥tr❡ ❛s ❞✉❛s ❍❡ss✐❛♥❛s é ❞❛ ♦r❞❡♠ ❞❡ 10−8✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ✉s❛♥❞♦ ✉♠ ♠ét♦❞♦ ♦✉
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♦✉tr♦ ♥ã♦ ❛♣r❡s❡♥t❛♠ ♠❛✐♦r ✈❛r✐❛çã♦ ♥♦ ♣♦♥t♦ ót✐♠♦ ❧♦❝❛❧ ❡♥❝♦♥tr❛❞♦✱ ♥❡♠ ♥♦ ✈❛❧♦r ❞❛

♣❡r♣❧❡①✐❞❛❞❡✱ ❡♠❜♦r❛ ♦ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ s❡❥❛ ♠❡♥♦r ♥♦ ❝❛s♦ ❞❛ ❍❡ss✐❛♥❛ ❛♣r♦①✐♠❛❞❛✳

❆ss✐♠✱ r❡❞✉③✐♠♦s ♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ ♦

❝á❧❝✉❧♦ ❞❛ ❍❡ss✐❛♥❛✳

◆❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦s ♠ét♦❞♦s✱ ♥❛ r♦t✐♥❛ ❞♦ ❜❛❝❦tr❛❝❦✐♥❣ ❡stá s❡♥❞♦ ✉t✐❧✐③❛❞❛ ✉♠ ✈❛❧♦r

♠á①✐♠♦ ❞❡ ✹✵ ✐t❡r❛çõ❡s ❞♦ ❜❛❝❦tr❛❝❦✐♥❣ ❜✉s❝❛♥❞♦ r❡❞✉③✐r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡ ♠á✲

①✐♠♦ ❞❡ ✸✵ ✐t❡r❛çõ❡s ♣❛r❛ t❡♥t❛r ❞✐♠✐♥✉✐r ♦ ✈❛❧♦r ❞♦s r❡sí❞✉♦s✳ ❊st❡s ✈❛❧♦r❡s sã♦ ✜①♦s ♣❛r❛

t♦❞♦s ♦s t❡st❡s✳

✹✳✷ ❘❡s✉❧t❛❞♦s ◆✉♠ér✐❝♦s

Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t✐❞♦s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠á✲

t✐❝❛ ✶ ❡ ●r❛♠át✐❝❛ ✷✳ ❈♦♠ ❝❛❞❛ ✉♠❛ ❞❛s ❛♠♦str❛s ❞❛s ❞✉❛s t❛❜❡❧❛s ❝♦♥str✉í♠♦s ♦s ♣r♦❜❧❡♠❛s

❡ ❛♣❧✐❝❛♠♦s ♦s ❞♦✐s ♠ét♦❞♦s✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✱ ❡♠ t♦❞♦s

♦s ❝❛s♦s✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ✷✵✵✵✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❛s

❛♠♦str❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝♦♥str✉✐r ♦s ♣r♦❜❧❡♠❛s ❡ ❛ ❛♠♦str❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r

❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ é ✈❛③✐❛✳

❆❧❣✉♥s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✶ ❡stã♦ ❞❡t❛❧❤❛❞♦s ♥❛ ❚❛✲

❜❡❧❛ ✹✳✺✱ ❡ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✷ ❛♣r❡s❡♥t❛♠♦s três r❡s✉❧t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✻✳

◆❡st❛s t❛❜❡❧❛s ❞❡t❛❧❤❛♠♦s ♦s t❛♠❛♥❤♦s ❞❛s ❛♠♦str❛s✱ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦✱ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s

❡ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡♠ s❡❣✉♥❞♦s ❛té ❝♦♥✈❡r❣✐r✱ ❛ss✐♠ ❝♦♠♦ ❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✳

◆♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✶✱ t❛♥t♦ ♣❛r❛ ♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛
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❝♦♠♦ ♣❛r❛ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ✉♠ ♠❡s♠♦

♣♦♥t♦ ✐♥✐❝✐❛❧✳ ❆ ❡str❛té❣✐❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❢♦✐ ❛ s❡❣✉✐♥t❡✿ ❝♦♠❡ç❛♠♦s

❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♠♦str❛ t❛♠❛♥❤♦ ✷✵✱ ♣❛r❛ ♦ q✉❛❧ ❞❡t❡r♠✐♥❛♠♦s s❡✉ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❛tr❛✲

✈és ❞❡ t❡st❡s ❝♦♠ ✈❛❧♦r❡s ❛❧❡❛tór✐♦s ❡♥tr❡ ✭✵✱✶✮ ♣❛r❛ t♦❞❛s ❛s ✈❛r✐á✈❡✐s✳ ❊♥tr❡ t♦❞♦s ♦s q✉❡

❝♦♥✈❡r❣✐r❛♠✱ s❡❧❡❝✐♦♥❛♠♦s ❛q✉❡❧❡ q✉❡ ♦❜t❡✈❡ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ ♣❡r♣❧❡①✐❞❛❞❡✳ ❊♠ s❡❣✉✐❞❛

❡s❝♦❧❤❡♠♦s ♦ ♣♦♥t♦ ❞❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✳ ◆❡st❡ ❝❛s♦

♣❛rt✐❝✉❧❛r ♦s ✈❛❧♦r❡s ❞❛ ✐t❡r❛çã♦ ✷✸ ✭ú❧t✐♠❛ ✐t❡r❛çã♦✮✱ ❝♦♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ ♦s ♣r♦❜❧❡✲

♠❛s ❞❡ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ ♥♦ ✐♥t❡r✈❛❧♦ [50, 2000]✳ ❊ ♣♦r ✜♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❛♠♦str❛

✹✵✵✵✱ ✉s❛♠♦s ❝♦♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ✉♠ ❞♦s ú❧t✐♠♦s ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞♦ ♠ét♦❞♦

♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❝♦♠ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ✺✵✵✳

P❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✷ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r✱ ❝♦♠ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦

❛❝✐♠❛✱ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❞❡ ♠♦❞♦ q✉❡ ♦s ❞♦✐s ♠ét♦❞♦s ❝♦♥✈❡r❣✐ss❡♠✳ ◆♦ ❝❛s♦ ❞♦ ♠ét♦❞♦

♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ✉t✐❧✐③❛♠♦s ❛ ❡str❛té❣✐❛ ❞❡ ❡s❝♦❧❤❡r ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡ ✭❡str❛té❣✐❛ ❞❡s❝r✐t❛ ❛❝✐♠❛✮ ❡ ♣❛r❛ ♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣r✐♠❛❧✲❞✉❛❧ ✉s❛♠♦s ❝♦♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❝❛❧❝✉❧❛❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ♥♦ ♣r♦❜❧❡♠❛

❞❛ ❛♠♦str❛ ♠❡♥♦r ✭✷✵✮✱ ♦✉ s❡❥❛ ✉♠ ♠❡s♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s✳

❚❛♠❛♥❤♦
▼ét♦❞♦

◆ú♠❡r♦ ❚❡♠♣♦ P❡r♣❧❡①✐❞❛❞❡
❛♠♦str❛ ✐t❡r❛çõ❡s ✭s❡❣✮ ♣♦r P❛❧❛✈r❛

✷✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✷✸ ✶✹✱✻✻✾✷ ✸✱✸✹✷✷
Pr✐♠❛❧ ❞✉❛❧ ✾ ✽✱✷✹✷✻ ✸✱✺✶✼✶

✺✵✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✶✾ 670, 4786 ✸✱✹✸✽✷
Pr✐♠❛❧ ❞✉❛❧ ✶ 8, 2426 ✸✱✹✹✷✷

✹✵✵✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✷✵ 12448, 4759 ✸✱✹✸✽✷
Pr✐♠❛❧ ❞✉❛❧ ✶ 8, 2426 ✸✱✹✸✽✷

❚❛❜❡❧❛ ✹✳✺✿ ❘❡s✉❧t❛❞♦s ●r❛♠át✐❝❛ ✶

❯♠❛ ✈❡③ q✉❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ ❛♠♦str❛s ♠❛✐♦r❡s ❞❡♣❡♥❞❡ ❞❛ s♦❧✉çã♦ ❞❡
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❚❛♠❛♥❤♦
▼ét♦❞♦

◆ú♠❡r♦ ❚❡♠♣♦ P❡r♣❧❡①✐❞❛❞❡
❛♠♦str❛ ✐t❡r❛çõ❡s ✭s❡❣✮ ♣♦r P❛❧❛✈r❛

✷✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✽ ✷✼✱✻✻✼✽ ✶✾✱✹✷✼✼
Pr✐♠❛❧ ❞✉❛❧ ✽ ✷✽✱✹✾✺✷ ✷✷✱✾✽✶✶

✺✵✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✽ 379, 3173 ✶✾✱✺✽✵✹
Pr✐♠❛❧ ❞✉❛❧ ✽ 314, 8892 ✷✷✱✾✽✶✶

✹✵✵✵
❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✶✼ 28498, 3234 ✶✾✱✸✸✶✵
Pr✐♠❛❧ ❞✉❛❧ ✽ 9031, 0355 ✷✸✱✵✻✹✹

❚❛❜❡❧❛ ✹✳✻✿ ❘❡s✉❧t❛❞♦s ●r❛♠át✐❝❛ ✷

♣r♦❜❧❡♠❛s ♠❡♥♦r❡s✱ ♦ t❡♠♣♦ ❞❛ s♦❧✉çõ❡s ❞❡ss❡s é ❛❝r❡s❝✐❞♦ ❛♦ t❡♠♣♦ ❞❡ s♦❧✉çã♦ ❞♦s ♠❛✐♦r❡s✳

❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❝♦♠♣❛r❛r ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❞♦✐s ♠ét♦❞♦s ♥❛ ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦

❞❛ ❛♠♦str❛ ❛✉♠❡♥t❛✱ ❛♣r❡s❡♥t❛♠♦s ❡♠ três ❣rá✜❝♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ t❛♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡

✐t❡r❛çõ❡s✱ ❝♦♠♦ ❞♦ t❡♠♣♦ ❡ ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✳

P❛r❛ ❡st❡s ❣rá✜❝♦s ✉s❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✶ ✭❚❛❜❡❧❛ ✹✳✸✮✳ ❯s❛♠♦s

❛ ❡str❛té❣✐❛s ❥á ❞❡s❝r✐t❛s✱ ♦❜t❡♥❞♦ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿ ❛ ♣❛rt✐r ❞❛ ❋✐❣✉r❛ ✹✳✶ ♣♦❞❡♠♦s

✈❡r q✉❡✱ ♥♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s s❡

❝♦♥s❡r✈❛ ✐❣✉❛❧ ❡♠ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ♦♥❞❡ ♥ã♦ ❢♦✐ ♠✉❞❛❞♦ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡ ♣❛r❛ ❛♠♦str❛

t❛♠❛♥❤♦ ✹✵✵✵✱ q✉❛♥❞♦ é ♣r❡❝✐s♦ ❛❧t❡r❛r ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ♣❡q✉❡♥❛ ✈❛r✐❛çã♦✳

▼✉❞❛♠♦s ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣✐♦r❛ ♦✉ q✉❛♥❞♦ ❛❝♦♥t❡❝❡♠ ❡rr♦s

♥✉♠ér✐❝♦s s✐❣♥✐✜❝❛t✐✈♦s ✭✈❛❧♦r❡s ♠✉✐t♦ ❣r❛♥❞❡s ❡✴♦✉ ♠✉✐t♦ ♣❡q✉❡♥♦s✮ ♥♦ ❝á❧❝✉❧♦ ❞♦ ❣r❛❞✐❡♥t❡

♦✉ ❍❡ss✐❛♥❛✳ P❛r❛ ♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧ ❡ ♣❛r❛

t♦❞♦s ♦s t❛♠❛♥❤♦s ❞❛s ❛♠♦str❛s ✉t✐❧✐③❛❞❛s✱ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❛❞♦t❛❞♦ ❥á é ✉♠ ♣♦♥t♦ ót✐♠♦ ❞♦s

♣r♦❜❧❡♠❛s ♠❛✐♦r❡s✳

◆❛ ❋✐❣✉r❛ ✹✳✷ ♦❜s❡r✈❛♠♦s q✉❡✱ ♦ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ❛✉♠❡♥t❛ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦s✲

tr❛ ❞♦ ♣r♦❜❧❡♠❛ ✜❝❛ ♠✉✐t♦ ♠❛✐♦r q✉❡ ❛q✉❡❧❛ q✉❡ ❢♦✐ ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳
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Metodo Barreira Logaritmica

Metodo Primal Dual
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Metodo Barreira Logaritmica

Metodo Primal Dual

❋✐❣✉r❛ ✹✳✷✿ P❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ × t❛♠❛♥❤♦ ❛♠♦str❛
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❈♦♠♦ ❢♦✐ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ ♠✉❞❛♠♦s ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛

✹✵✵✵ ❡ ✈❡♠♦s q✉❡ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♠❡❧❤♦r❛✳

❆ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛ ♦ t❛♠❛♥❤♦ ❞❛s ❛♠♦str❛s✱ ❛❝r❡s❝❡♥t❛✲s❡ ♥♦✈♦s ♠♦♥ô♠✐♦s ♥♦ ♣♦❧✐♥ô♠✐♦

❡ ♣♦rt❛♥t♦ ❛✉♠❡♥t❛ ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ ❡ ❝♦♠♦ ♦

♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥ã♦ ❛♣r❡s❡♥t❛ ❣r❛♥❞❡s ✈❛r✐❛çõ❡s ❞❡ ✉♠❛ ❛♠♦str❛ ♣❛r❛ ♦✉tr❛✱ ❡s♣❡r❛✲s❡

q✉❡ ♦ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❛✉♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞❛ ❍❡ss✐❛♥❛✳

◆❛ ❋✐❣✉r❛ ✹✳✸ ♦❜s❡r✈❛♠♦s ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦✱ ♠❛s ♦❜s❡r✈❛✲s❡ t❛♠❜é♠ q✉❡✱ ♣❛r❛ ❛❧❣✉♥s

t❛♠❛♥❤♦s ❞❡ ❛♠♦str❛s ♣ró①✐♠♦s✱ ❡st❡ ❢❛t♦ ♥❡♠ s❡♠♣r❡ ♦❝♦rr❡ ✲ ♦ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛

❛♠♦str❛ ✸✶✻ ❞✐♠✐♥✉✐✉ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♠♦str❛ ✷✷✵ ✲ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦❞❡

s❡r ❡①♣❧✐❝❛❞♦ ♣❡❧♦ ❢❛t♦ ❞❡ ✉s❛r ❜❛❝❦tr❛❝❦✐♥❣ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣♦✐s ♦ ♥ú♠❡r♦ ❞❡ ❜❛❝tr❛❦✐♥❣s

♣♦❞❡ ✈❛r✐❛r ♠✉✐t♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦✉tr♦✳
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Metodo Barreira Logaritmica

Metodo Primal Dual

❋✐❣✉r❛ ✹✳✸✿ ❚❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ × t❛♠❛♥❤♦ ❛♠♦str❛
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❈♦♠❡♥tár✐♦s

❋♦✐ ✉s❛❞❛ ❛ ❡str❛té❣✐❛ ❞❡ ♣r♦❝✉r❛r ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ❡♠ ♣r♦❜❧❡♠❛s ❞❡

❛♠♦str❛s ♠❛✐♦r❡s ✭> 500✮✱ ♥ã♦ ♦❜t❡♥❞♦ ❜♦♥s r❡s✉❧t❛❞♦s✿ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❜✉s❝❛ ❞❡ ✉♠

♣♦♥t♦ ✐♥✐❝✐❛❧ q✉❡ ❝♦♥✈✐r❥❛ ❡ ❝✉❥♦ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ s❡❥❛ ❜❛✐①♦✱ ❝♦♥s✐st❡ ❡♠

✉♠ ❡s♣❡❝tr♦ ♠✉✐t♦ ❛♠♣❧♦ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞✐♠❡♥sã♦ ❞♦s ♣r♦❜❧❡♠❛s✱

♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ t❛♠❜é♠ ❛✉♠❡♥t❛✱ t♦r♥❛♥❞♦ ♣♦✉❝♦ ✈✐á✈❡❧ ♦ ✉s♦ ❞❡st❛ ❡str❛té❣✐❛✳

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ q✉❡✱ ❛ ❝♦♥st❛♥t❡ c ❞❡✈❡ s❡r ❝❛❧✐❜r❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s ✐♥✐❝✐❛✐s

♣❛r❛ ♥ã♦ ❛t✐♥❣✐r ♦ ❧✐♠✐t❡ ❞❛ ♣r❡❝✐sã♦ ❞❛ ♠áq✉✐♥❛✱ ❛ ♣r♦❝✉r❛ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ t♦r♥❛✲s❡ ♠❛✐s

❝♦♠♣❧❡①❛ ❡ ❞❡♠♦r❛❞❛✳

❖s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✶ ❢♦r❛♠ r❡s♦❧✈✐❞♦s ♥♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡✲

r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧✳ ◆❡st❡s ♣r♦❜❧❡♠❛s ❛ t♦❧❡râ♥❝✐❛ ❞❡ ♣❛r❛❞❛ ❢♦✐ r❡❞✉③✐❞❛

❛té 10−60 ❡♠ ❛❧❣✉♥s ❝❛s♦s✳ ❖s ♠ét♦❞♦s ❝♦♥✈❡r❣✐r❛♠ ♦❜t❡♥❞♦ ✉♠ ❡rr♦ r❡❧❛t✐✈♦ ❞❛ ♦r❞❡♠ ❞❡

10−15✱ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ❞❛s t♦❧❡râ♥❝✐❛s 10−8 ❡ 10−60✳ ❖❜s❡r✈❡✲s❡ t❛♠❜é♠

✉♠ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛té ❝♦♥✈❡r❣✐r✱ ❛✉♠❡♥t❛♥❞♦ ❛ss✐♠ ♦ t❡♠♣♦ ❞❡ ♣r♦✲

❝❡ss❛♠❡♥t♦✳ ▲♦❣♦✱ ♣❛r❛ ❛♥❛❧✐s❛r ❡st❡s ♣r♦❜❧❡♠❛s✱ tr❛❜❛❧❤❛r ❝♦♠ ✉♠❛ t♦❧❡râ♥❝✐❛ ❞❡ 10−8 é

s✉✜❝✐❡♥t❡✳

❆❧t❡r❛♥❞♦ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❜❛❝❦tr❛❝❦✐♥❣✱ ❡♠ ❛❧❣✉♥s ❝❛✲

s♦s r❡❞✉③ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛té ❝♦♥✈❡r❣✐r✱ ♦✉ s❡❥❛✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ♣♦❞❡ s❡r

♠❡❧❤♦r❛❞❛ ♥❡st❡ ♣❛ss♦✳

❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❡s❝♦❧❤❡♥❞♦ ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦

♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ ❝♦♠♦ ♣♦♥t♦s ✐♥❝✐❛✐s ❞♦ ♠ét♦❞♦ ♣♦♥t♦s ✐♥t❡✲

r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧ ♦❜t❡♠♦s ❜♦♥s r❡s✉❧t❛❞♦s ❡♠ t❡r♠♦s ❞❡ t❡♠♣♦✱ ♥ú♠❡r♦

❞❡ ✐t❡r❛çõ❡s ❡ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✳ ❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ■♥s✐❞❡✲❖✉ts✐❞❡✱ ❛ ♣❡r✲



❈❆P❮❚❯▲❖ ✹✳ ❊❳P❊❘■▼❊◆❚❖❙ ◆❯▼➱❘■❈❖❙ ✻✶

♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ ♦❜t✐❞❛ ♣❛r❛ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ✹✵✵✵ ❞❛ ●r❛♠át✐❝❛ ✶✱ ❢♦✐ ❞❡ ✷✺✱✹✷✹

❬✶✻❪✳ ❖❜s❡r✈❡ q✉❡ ❡st❡ ✈❛❧♦r é ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦❜t✐❞♦ ♣❡❧♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s

♣❛r❛ ♦ ♠❡s♠❛ ❛♠♦str❛✿ ✸✱✹✸✽✷ ✭✈✐❞❡ ❚❛❜❡❧❛ ✹✳✺✮✳

❆ ❛♥á❧✐s❡ ❢♦✐ r❡❛❧✐③❛❞❛ t❛♠❜é♠ ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❞♦s ♣r♦❜❧❡♠❛s ❞❛ ●r❛♠át✐❝❛ ✷✱ ♦❜t❡♥❞♦

❝♦♠♣♦rt❛♠❡♥t♦ s✐♠✐❧❛r à ●r❛♠át✐❝❛ ✶✳ ▲♦❣♦✱ ❛s ❝♦♥❝❧✉sõ❡s ♣❛r❛ ❛ ●r❛♠át✐❝❛ ✷ sã♦ ❛♥á❧♦❣❛s

às ♦❜t✐❞❛s ♣❛r❛ ❛ ●r❛♠át✐❝❛ ✶✳



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s

◆❡st❛ ú❧t✐♠❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ❛ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡ ❞❛ ❛♥á❧✐s❡

❞❛s ✐♠♣❧❡♠❡♥t❛çõ❡s✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ ♣r♦♣♦♠♦s tr❛❜❛❧❤♦s ❢✉t✉r♦s ♣❛r❛ ♠❡❧❤♦r❛r ❛s ✐♠♣❧❡✲

♠❡♥t❛çõ❡s ❡ t❡st❛r ❣r❛♠át✐❝❛s ❝♦♠ ❛♠♦str❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳

✺✳✶ ❈♦♥❝❧✉sõ❡s

❯♠❛ ✈❡③ ♦❜t✐❞♦s ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❡ ❛♥❛❧✐s❛❞♦ ♦s ♠❡s♠♦s✱ ♣♦❞❡✲

♠♦s ❝♦♥❝❧✉✐r ♦ s❡❣✉✐♥t❡✿

❼ ❝♦♠ ❛ ❡str❛té❣✐❛ q✉❡ ✉t✐❧✐③❛ ♣♦♥t♦s ✐♥✐❝✐❛s ✐♥t❡r♠❡❞✐ár✐♦s✱ ♦s ♣r♦❜❧❡♠❛s ❝♦♥✈❡r❣❡♠ ❝♦♠

t❡♠♣♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♠❡❧❤♦r❡s ❡ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ ♣♦r ♣❛❧❛✈r❛ ♠❡♥♦r✱ q✉❡

❛q✉❡❧❡s q✉❡ ❝♦♥✈❡r❣✐r❛♠ ❝♦♠ ♣♦♥t♦s ♣r♦❝✉r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡❀

❼ t❛♥t♦ ♦s ❛❥✉st❡s ❞♦s ♠ét♦❞♦s✱ ❝♦♠♦ ♦s ❡st✉❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❞♦s ✈❛❧♦r❡s ❞❛ ♣❡r♣❧❡①✐✲

❞❛❞❡ ♣♦r ♣❛❧❛✈r❛✱ ♣♦❞❡♠ s❡r ❢❡✐t♦s ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ❛♠♦str❛s ♠❡♥♦r❡s q✉❡ ♥❡❝❡ss✐t❛♠

♠❡♥♦r t❡♠♣♦✳ ❈♦♠ ❛ ❡str❛té❣✐❛ ✉s❛❞❛ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ é ♣♦ssí✈❡❧ ♦❜t❡r

s♦❧✉çõ❡s ♠✉✐t♦ ♣ró①✐♠❛s ❡♠ ❛♠♦str❛s ♠❛✐♦r❡s✳ ■st♦ s✐❣♥✐✜❝♦✉ ✉♠❛ ✈❛♥t❛❣❡♠ ♣♦✐s ♣♦✲

✻✷



❈❆P❮❚❯▲❖ ✺✳ ❈❖◆❈▲❯❙Õ❊❙ ❊ P❊❘❙P❊❈❚■❱❆❙ ❋❯❚❯❘❆❙ ✻✸

❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s ♠❡♥♦r❡s✱ ♣❛r❛ ❞❡♣♦✐s ❣❡♥❡r❛❧✐③❛r ❡st❡s r❡s✉❧t❛❞♦s ♣❛r❛

♦s ♣r♦❜❧❡♠❛s ♠❛✐♦r❡s❀

❼ ❛ ❛❜♦r❞❛❣❡♠ ❞♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s é ♠✉✐t♦ r♦❜✉st❛✱ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ t♦❧❡✲

râ♥❝✐❛s ❡①tr❡♠❛♠❡♥t❡ ♣❡q✉❡♥❛s❀

❼ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡ ♣❡r♣❧❡①✐❞❛❞❡

♣♦r ♣❛❧❛✈r❛✱ ✐♥❞✐❝❛♠ q✉❡ ❡①✐st❡♠ ❜♦❛s ♣❡rs♣❡❝t✐✈❛s ♣❛r❛ ❛♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞♦s ♠ét♦❞♦s

❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❡♠ ❣r❛♠át✐❝❛s ❞❡ ♠❛✐♦r ♣♦rt❡ t♦r♥❛♥❞♦ ♣♦ssí✈❡❧

❡st✉❞❛r ❧✐♥❣✉❛❣❡♥s ♥❛t✉r❛✐s ♦✉ ❞❡ ♠❛✐♦r ❝♦♠♣❧❡①✐❞❛❞❡✳

✺✳✷ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s

❼ ■♠♣❧❡♠❡♥t❛r ❡✜❝✐❡♥t❡♠❡♥t❡ ♦s ♠ét♦❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ❈✰✰✱ ♣❛r❛ ♠❡❧❤♦r❛r ♦s t❡♠♣♦s

❞❡ ♣r♦❝❡ss❛♠❡♥t♦✳

❼ ■♠♣❧❡♠❡♥t❛r ❡ ❛♣❧✐❝❛r ♥♦s ♣r♦❜❧❡♠❛s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛✲

rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r✐♠❛❧✲❞✉❛❧ ♣r❡❞✐t♦r✲

❝♦rr❡t♦r ❡ ❢❛③❡r ♦ ❡st✉❞♦ r❡s♣❡❝t✐✈♦✳ ❊s♣❡r❛♠♦s ❞✐♠✐♥✉✐r ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛té

♦❜t❡r ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♠ ❡ss❡s ♠ét♦❞♦s✳

❼ Pr♦❝✉r❛r ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❍❡ss✐❛♥❛✱ ♣♦✐s ♦ ❝á❧❝✉❧♦ ❞❛ ♠❡s♠❛ é ♦ q✉❡

❝♦♥s♦♠❡ ♠❛✐♦r t❡♠♣♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❥✉♥t♦ ❝♦♠ ❛ ❡str❛té❣✐❛ ❞♦ ❜❛❝❦tr❛❝❦✐♥❣✳

❼ ❊st✉❞❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❡str❛té❣✐❛s r♦❜✉st❛s ❞❡ ❜❛❝❦tr❛❦✐♥❣✳

❼ ❊st✉❞❛r ❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞♦s ♠ét♦❞♦s ❡♠ ❧✐♥❣✉❛❣❡♥s ♥❛t✉r❛✐s✳

❼ ❊st✉❞❛r ❛ ✈❛r✐❛çã♦ ❞♦ ✈❛❧♦r ❞❛ ♣❡r♣❧❡①✐❞❛❞❡ q✉❛♥❞♦ ❛ t♦❧❡râ♥❝✐❛ é r❡❞✉③✐❞❛✳

❼ ❊①♣❡r✐♠❡♥t❛r ✉♠❛ ❛❜♦r❞❛❣❡♠ ❤í❜r✐❞❛✱ ✉t✐❧✐③❛♥❞♦ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ♣♦♥t♦s

✐♥t❡r✐♦r❡s✱ ♣❛r❛ ❛❝❡❧❡r❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ■♥s✐❞❡✲❖✉ts✐❞❡✳



❈❆P❮❚❯▲❖ ✺✳ ❈❖◆❈▲❯❙Õ❊❙ ❊ P❊❘❙P❊❈❚■❱❆❙ ❋❯❚❯❘❆❙ ✻✹
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♣♦❞❡ s❡r ❜❡♠ ♠❛✐♦r✳ P♦rt❛♥t♦✱ s❡r✐❛ ♣r❡❝✐s♦ ❡st✉❞❛r ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛

❧✐♥❡❛r q✉❡ ❡♥✈♦❧✈❡ ❡st❛ ♠❛tr✐③✱ ❡ q✉❡ ❛❧é♠ ❞✐ss♦✱ ❡①♣❧♦r❡ s✉❛ ❡str✉t✉r❛ ♠❛tr✐❝✐❛❧✳
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❏❡❧✐♥❡❦✱ ❏♦❤♥ ❉ ▲❛✛❡rt②✱ ❘♦❜❡rt ▲ ▼❡r❝❡r✱ ❛♥❞ P❛✉❧ ❙ ❘♦♦ss✐♥✱ ❆ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤

t♦ ♠❛❝❤✐♥❡ tr❛♥s❧❛t✐♦♥✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❧✐♥❣✉✐st✐❝s ✶✻ ✭✶✾✾✵✮✱ ♥♦✳ ✷✱ ✼✾✕✽✺✳
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❚❤❡ ♠❛t❤❡♠❛t✐❝s ♦❢ st❛t✐st✐❝❛❧ ♠❛❝❤✐♥❡ tr❛♥s❧❛t✐♦♥✿ P❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✱ ❈♦♠♣✉t❛t✐✲

♦♥❛❧ ▲✐♥❣✉✐st✐❝s ✶✾ ✭✶✾✾✸✮✱ ✷✻✸✕✸✶✶✳
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q✉❡♥❝❡ ❛♥❛❧②s✐s✿ Pr♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧s ♦❢ ♣r♦t❡✐♥s ❛♥❞ ♥✉❝❧❡✐❝ ❛❝✐❞s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
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❬✶✵❪ ❆❙ ❊❧✲❇❛❦r②✱ ❘✐❝❤❛r❞ ❆ ❚❛♣✐❛✱ ❚ ❚s✉❝❤✐②❛✱ ❛♥❞ ❨✐♥ ❩❤❛♥❣✱ ❖♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞

t❤❡♦r② ♦❢ t❤❡ ♥❡✇t♦♥ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞ ❢♦r ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ❏♦✉r♥❛❧ ♦❢ ❖♣t✐✲
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❬✶✹❪ ❏♦❤♥ ❊ ❍♦♣❝r♦❢t ❛♥❞ ❏❡✛r❡② ❉ ❯❧❧♠❛♥✱ ❋♦r♠❛❧ ❧❛♥❣✉❛❣❡s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥ t♦ ❛✉t♦♠❛t❛✱
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❛♥♥♦t❛t❡❞ ❝♦r♣✉s ♦❢ ❊♥❣❧✐s❤✿ ❚❤❡ ♣❡♥♥ tr❡❡❜❛♥❦✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ▲✐♥❣✉✐st✐❝s ✶✾ ✭✶✾✾✸✮✱

♥♦✳ ✷✱ ✸✶✸✕✸✸✵✳

❬✷✵❪ ❙❛♥❥❛② ▼❡❤r♦tr❛✱ ❖♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ♣r✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞✱ ❙✐❛♠

❏♦r♥✉❛❧ ♦♥ ❖♣t✐♠✐③❛t✐♦♥ ✷ ✭✶✾✾✷✮✱ ♥♦✳ ✹✱ ✺✼✺✕✻✵✶✳

❬✷✶❪ ❏♦r❣❡ ◆♦❝❡❞❛❧ ❛♥❞ ❙t❡♣❤❡♥ ❏ ❲r✐❣❤t✱ ◆✉♠❡r✐❝❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ✷❛ ❡❞✳✱ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡✱

✷✵✵✻✳

❬✷✷❪ ❏♦❛♥ ❆♥❞r❡✉ ❙á♥❝❤❡③ P❡✐ró✱ ❊st✐♠❛❝✐ó♥ ❞❡ ❣r❛♠át✐❝❛s ✐♥❝♦♥t❡①t✉❛❧❡s ♣r♦❜❛❜✐❧íst✐❝❛s ② s✉

❛♣❧✐❝❛❝✐ó♥ ❡♥ ♠♦❞❡❧❛❝✐ó♥ ❞❡❧ ❧❡♥❣✉❛❥❡✱ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞ P♦❧✐té❝♥✐❝❛ ❞❡ ❱❛❧❡♥❝✐❛✳

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❙✐st❡♠❛s ■♥❢♦r♠át✐❝♦s ② ❝♦♠♣✉t❛❝✐ó♥✱ ✶✾✾✾✳

❬✷✸❪ ❙❛❧✐♠ ❘♦✉❦♦s✱ ▲❛♥❣✉❛❣❡ r❡♣r❡s❡♥t❛t✐♦♥✱ ❙✉r✈❡② ♦❢ t❤❡ ❙t❛t❡ ♦❢ t❤❡ ❆rt ✐♥ ❍✉♠❛♥ ▲❛♥✲

❣✉❛❣❡ ❚❡❝❤♥♦❧♦❣②✱ ✶✾✾✻✱ ♣♣✳ ✷✽✕✸✸✳

❬✷✹❪ ❙t✉❛rt ❘✉ss❡❧❧ ❛♥❞ P❡t❡r ◆♦r✈✐❣✱ ■♥t❡❧✐❣ê♥❝✐❛ ❛rt✐✜❝✐❛❧✱ ❊❧s❡✈✐❡r✱ ✷✵✵✹✳

❬✷✺❪ ❏♦❛♥✲❆♥❞r❡✉ ❙❛♥❝❤❡③ ❛♥❞ ❏♦sé✲▼✐❣✉❡❧ ❇❡♥❡❞✐✱ ❊st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐✲

♦♥s ♦❢ st♦❝❤❛st✐❝ ❝♦♥t❡①t✲❢r❡❡ ❣r❛♠♠❛rs ❢r♦♠ t❤❡ ❦✲❜❡st ❞❡r✐✈❛t✐♦♥s✱ ❋✐❢t❤ ■♥t❡r♥❛t✐♦♥❛❧

❈♦♥❢❡r❡♥❝❡ ♦♥ ❙♣♦❦❡♥ ▲❛♥❣✉❛❣❡ Pr♦❝❡ss✐♥❣✱ ✶✾✾✽✳

❬✷✻❪ ❉❛✈✐❞ ❇ ❙❡❛r❧s✱ ❚❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❣❡♥❡s✱ ◆❛t✉r❡ ✹✷✵ ✭✷✵✵✷✮✱ ♥♦✳ ✻✾✶✷✱ ✷✶✶✕✷✶✼✳

❬✷✼❪ ❲❡♥②✉ ❙✉♥ ❛♥❞ ❨❛✲❳✐❛♥❣ ❨✉❛♥✱ ❖♣t✐♠✐③❛t✐♦♥ t❤❡♦r② ❛♥❞ ♠❡t❤♦❞s ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠✲

♠✐♥❣✱ ✶❛ ❡❞✳✱ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡✱ ✷✵✵✻✳
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❬✷✽❪ ❊♥r✐q✉❡ ❱✐❞❛❧✱ ●r❛♠♠❛t✐❝❛❧ ✐♥❢❡r❡♥❝❡✿ ❛♥ ✐♥tr♦❞✉❝t♦r② s✉r✈❡②✱ ●r❛♠♠❛t✐❝❛❧ ■♥❢❡r❡♥❝❡

❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ❙♣r✐♥❣❡r✱ ✶✾✾✹✱ ♣♣✳ ✶✕✹✳

❬✷✾❪ ❙t❡♣❤❡♥ ❏✳ ❲r✐❣❤t✱ Pr✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r✲♣♦✐♥t ♠❡t❤♦❞s✱ ❙■❆▼✱ ✶✾✾✼✳

❬✸✵❪ ❚❛❦❛s❤✐ ❨♦❦♦♠♦r✐ ❛♥❞ ❙❛t♦s❤✐ ❑♦❜❛②❛s❤✐✱ ❉◆❆ ❡✈♦❧✉t✐♦♥❛r② ❧✐♥❣✉✐st✐❝s ❛♥❞ ❘◆❆ str✉❝✲

t✉r❡ ♠♦❞❡❧✐♥❣✿ ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✱ ■♥t❡❧❧✐❣❡♥❝❡ ✐♥ ◆❡✉r❛❧ ❛♥❞ ❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱

✶✾✾✺✳ ■◆❇❙✬✾✺✱ Pr♦❝❡❡❞✐♥❣s✳✱ ❋✐rst ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥✱ ■❊❊❊✱ ✶✾✾✺✱ ♣♣✳ ✸✽✕✹✺✳



❆♣ê♥❞✐❝❡

❊str❛té❣✐❛ ■♥s✐❞❡

❈♦♥s✐❞❡r❡ ♦ ❊①❡♠♣❧♦ ✷✳✺✳✶ ❡ ❛ ❝❛❞❡✐❛ χ = baaba ∈ Ω✳ ❉❡♥tr❡ s✉❛s ár✈♦r❡s ❞❡ ❞❡r✐✈❛çã♦

❋✐❣✉r❛ ✷✳✶✱ ✈❛♠♦s ❡s❝♦❧❤❡r ❛ ❉❡r✐✈❛çã♦ d1χ

Derivação d1χ

S

A B

B A C C

A B

b a a b a

❋✐❣✉r❛ ✺✳✶✿ ➪r✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ ❞❛ ❝❛❞❡✐❛ χ

✻✾
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❱❛♠♦s ❝❛❧❝✉❧❛r✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡str❛té❣✐❛ ■♥s✐❞❡✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ❝❛❞❡✐❛ χ✱ ♦✉ s❡❥❛

e(S < 1, |χ| >) =
∑

A,B∈N
p(S → AB)

|χ|−1
∑

k=1

e(A < 1, k >)e(B < k + 1, |χ| >). ✭✺✳✷✳✶✮

❱❛♠♦s s✉♣♦r q✉❡ ❛ ❝❛❞❡✐❛ χ s♦♠❡♥t❡ ♣♦ss✉✐ ✉♠❛ ár✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ d1χ✱ ♥♦t❡ q✉❡ ❝♦♠ ❡st❛

s✉♣♦s✐çã♦ ♦ ♣r✐♠❡✐r♦ s♦♠❛tór✐♦ ❞❛ ❡q✉❛çã♦ ✭✺✳✷✳✶✮ s❡ r❡❞✉③ ❛ ✉♠ ú♥✐❝♦ t❡r♠♦✿

e(S < 1, |χ| >) = p(S → AB)

|χ|−1
∑

k=1

e(A < 1, k >)e(B < k + 1, |χ| >). ✭✺✳✷✳✷✮

❈♦♠♦ x1 = p(S → AB)✱ t❡♠♦s✿

e(S < 1, |χ| >) = x1

|χ|
∑

k=1

e(A < 1, k >)e(B < k + 1, |χ| >). ✭✺✳✷✳✸✮

❱❛♠♦s ❛♥❛❧✐s❛r ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ s♦♠❛tór✐♦ ✭k = 1✮✿

e(A < 1, 1 >)e(B < 2, 5 >), ✭✺✳✷✳✹✮

♦✉ s❡❥❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❛ ♣❛rt✐r ❞♦ ♥ã♦ t❡r♠✐♥❛❧ A ♣♦❞❡✲s❡ ❣❡r❛r ❛ s✉❜❝❛❞❡✐❛ b ♣❡❧❛

♣r♦❜❛❜✐❧✐❞❛❞❡ q✉❡ ❛ ♣❛rt✐r ❞♦ ♥ã♦ t❡r♠✐♥❛❧ B ♦ r❡st❛♥t❡ ❞❛ ❝❛❞❡✐❛ s❡❥❛ ❣❡r❛❞♦✱ ✐st♦ é aaba✳

◆❛ ❋✐❣✉r❛ ✺✳✷✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ♣❛rt✐r ❞♦ ♥ã♦ t❡r♠✐♥❛❧ B✱ ♥ã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡✲

❣r❛s ❞❡ ❞❡r✐✈❛çã♦ t❛❧ q✉❡ ❣❡r❡ ❛ s✉❜❝❛❞❡✐❛ aaba✱ ♣♦rt❛♥t♦ (B < 2, 5 >) = 0✱ ❛ss✐♠ ♦ ♣r✐♠❡✐r♦

t❡r♠♦ ❞♦ s♦♠❛tór✐♦ é ✐❣✉❛❧ ❛ ③❡r♦✳

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ♥♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ s♦♠❛tór✐♦✱ ❞❡t❡r♠✐♥❛♠♦s ♦ s❡❣✉♥❞♦

t❡r♠♦✿ e(A < 1, 2 >)e(B < 3, 5 >) 6= 0✳ ❱❡r ❋✐❣✉r❛ ✺✳✸✳

❉❛ ❋✐❣✉r❛ ✺✳✹ ❡ ❋✐❣✉r❛ ✺✳✺ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ t❡r❝❡✐r♦ ❡ ♦ ú❧t✐♠♦ t❡r♠♦ ❞♦ s♦♠❛tór✐♦

sã♦ ✐❣✉❛✐s ❛ ③❡r♦✳
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■♥s✐❞❡✿

e(A < 1, 2 >) = p(A → BA)e(B < 1, 1 >)e(A < 2, 2 >)

e(B < 3, 5 >) = p(B → CC) (e(C < 3, 3 >)e(C < 4, 5 >) + e(C < 3, 4 >)e(C < 5, 5 >))

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✻✳✷❛✮ ❡ ❞❛❞♦ q✉❡ ♣❛r❛ ❝❛❞❛ r❡❣r❛ ❞❛ ❣r❛♠át✐❝❛ ❢♦✐ ❛ss♦❝✐❛❞❛ ✉♠❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ✭✈❡r ❚❛❜❡❧❛ ✷✳✶✮✱ t❡♠♦s q✉❡✿

e(A < 1, 2 >) = x3x6x4

e(B < 3, 5 >) = x5 (x8e(C < 4, 5 >) + e(C < 3, 4 >)x8) ,

♠❛s ♦❜s❡r✈❡ q✉❡ e(C < 4, 5 >) = 0 ❡ q✉❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❡str❛té❣✐❛ ■♥s✐❞❡ ❛♦ t❡r♠♦

e(C < 3, 4 >)✱ ♦❜t❡♠♦s✿

e(A < 1, 2 >) = x3x6x4 ✭✺✳✷✳✻✮

e(B < 3, 5 >) = x5x7x4x6x8. ✭✺✳✷✳✼✮

P♦rt❛♥t♦✿

Pr(χ|Gp) = e(S < 1, |χ| >) = x1x3x
2
4x5x

2
6x7x8. ✭✺✳✷✳✽✮
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❊str❛té❣✐❛ ❖✉ts✐❞❡

❈♦♠ ❛s ♠❡s♠❛s ❝♦♥s✐❞❡r❛çõ❡s ❞❡ ❛♥t❡s✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ❝❛❞❡✐❛ χ ❛♣❧✐❝❛♥❞♦

❛ ❡str❛té❣✐❛ ❖✉ts✐❞❡✱ ♦✉ s❡❥❛✿

Pr(χ|Gp) =
∑

A∈N
f(A < i, i >)p(A −→ χi), ✭✺✳✷✳✾✮

❝♦♠ 1 ≤ i ≤ |χ|✳

❈♦♥s✐❞❡r❡ i = 2✱ ♦ s♦♠❛tór✐♦ ❞❛ ❡q✉❛çã♦ ✭✺✳✷✳✾✮ ✐♥❞✐❝❛ q✉❡ ❞❡✈❡♠♦s ♣r♦❝✉r❛r ❞❡♥tr❡ t♦❞♦s

♦s sí♠❜♦❧♦s ♥ã♦ t❡r♠✐♥❛✐s✱ ❛q✉❡❧❡ q✉❡ ❞❡r✐✈❡ ♥♦ sí♠❜♦❧♦ t❡r♠✐♥❛❧ χ2 = a✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❛

❛ r❡❣r❛ ❞❡ ❞❡r✐✈❛çã♦ A −→ a✱ ♦♥❞❡ A ♣♦❞❡ s❡r q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ N ✳ ❉❛❞♦ q✉❡ ❡st❛♠♦s

s✉♣♦♥❞♦ q✉❡ χ ♣♦ss✉✐ ✉♠❛ ár✈♦r❡ ❞❡ ❞❡r✐✈❛çã♦ ✭✈❡r ❋✐❣✉r❛ ✺✳✻✮✱ ❡♥tã♦✿

Pr(χ|Gp) = f(A < 2, 2 >)p(A −→ a)

Pr(χ|Gp) = f(A < 2, 2 >)x4.

❆♣❧✐❝❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❡str❛té❣✐❛ ❖✉ts✐❞❡ ❛♦ t❡r♠♦ f(A < 2, 2 >) ✭✈❡r ❋✐❣✉r❛ ✺✳✼✮✱ ♦✉

s❡❥❛ ♣r♦❝✉r❛♠♦s ❞❡♥tr❡ t♦❞❛s ❛s r❡❣r❛s ❞❡ ❞❡r✐✈❛çã♦ ❛q✉❡❧❛ q✉❡ s❡❥❛ ❞❛ ❢♦r♠❛ B → CA

♦✉ B → AC ♦♥❞❡ B ❡ C ❝♦rr❡s♣♦♥❞❡♠ ❛ q✉❛❧q✉❡r sí♠❜♦❧♦ ♥ã♦ t❡r♠✐♥❛❧✳ ❖❜s❡r✈❡ q✉❡ ♥❛

❡q✉❛çã♦ ✭✷✳✻✳✸❜✮ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛ ❡str❛té❣✐❛ ■♥s✐❞❡✿

f(A < 2, 2 >) = p(A → BA)

(

1
∑

k=1

f(A < k, 2 >)e(B < k, 1 >)

)

f(A < 2, 2 >) = x3f(A < 1, 2 >)e(B < 1, 1 >)

f(A < 2, 2 >) = x3f(A < 1, 2 >)x6







❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✼✼

f(A < 1, 2 >) = x1x5x7x4x6x8

❡♥tã♦✿

f(A < 2, 2 >) = x3x1x5x7x4x6x8x6,

✜♥❛❧♠❡♥t❡✿

Pr(χ|Gp) = f(A < 2, 2 >)x4 = x3x1x5x7x4x6x8x6x4 = x1x3x
2
4x5x

2
6x7x8.

❖❜s❡r✈❡ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛ ❝❛❞❡✐❛ χ ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❛s ❞✉❛s ❡str❛té❣✐❛s ❝♦rr❡s♣♦♥❞❡

❛♦ ♠❡s♠♦ ♣♦❧✐♥ô♠✐♦✳
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