
❋❘❆◆❈■❙▼❆❘ ❋❊❘❘❊■❘❆ ▲■▼❆

P❖◆❚❖❙ ❋■❳❖❙ P❖❘ ●❘❯P❖❙ ❋■◆■❚❖❙ ❆●■◆❉❖
❙❖❇❘❊ ●❘❯P❖❙ ❙❖▲Ú❱❊■❙ ❉❊ ❚■P❖ FP ✐♥❢✐♥✐t♦

❈❆▼P■◆❆❙
✷✵✶✸

✐



✐✐









✈✐



❆❇❙❚❘❆❈❚

❚❤✐s ✇♦r❦ ❞✐s❝✉ss❡s t❤❡ ❚❤❡♦r② ♦❢ ●r♦✉♣s ❛♥❞ ✐t s♣❡❝✐✜❝❛❧❧② ❞✐s❝✉ss❡s ❛ ❡s♣❡❝✐❛❧ ❝❧❛ss ♦❢
❣r♦✉♣s✱ t❤❛t ✐s✱ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✳ ❆ ❣r♦✉♣ G ✐s ♦❢ t②♣❡ FP∞ ✐❢ ✐t ✐s ♦❢ t②♣❡ FPm ❢♦r ❛❧❧
m ∈ Z+ ∪ {0} ❛♥❞ ✐t ✐s ♦❢ t②♣❡ FPm ✐❢ t❤❡r❡ ✐s ❛ ♣❛rt✐❛❧ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧
ZG✲♠♦❞✉❧❡ Z ✇❤❡r❡ ❡❛❝❤ ♣r♦❥❡❝t✐✈❡ ✐♥ ❞✐♠❡♥s✐♦♥ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦m ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳
❚❤❡ ♠❛✐♥ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ✜①❡❞ ♣♦✐♥ts ❜② ✜♥✐t❡ ❣r♦✉♣s ❛❝t✐♥❣ ♦♥ s♦❧✉❜❧❡
❣r♦✉♣s ♦❢ t②♣❡ FP∞ ❢♦r♠ ❛ s✉❜❣r♦✉♣ ♦❢ t②♣❡ FP∞ ❛s ✇❡❧❧ ❛s ♣r♦✈❡❞ ✐♥ ❈✳ ▼❛rt✐♥❡③✲P❡r❡③✱
❇✳ ❊✳ ❆✳ ◆✉❝✐♥❦✐s✳ ❱✐rt✉❛❧❧② s♦❧✉❜❧❡ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✳ ❈♦♠♠❡♥t✳ ▼❛t❤✳ ❍❡❧✈✳✱ ✷✵✶✵✳ ♥♦

✶ ✈✳ ✽✺✳ ♣✳ ✶✸✺✲✶✺✵✳ ❖♥❡ ♦❢ t❤❡ ❡ss❡♥t✐❛❧s t♦♦❧s t❤❛t ✇❛s ✉s❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤✐s ❢❛❝t ✇❛s
t❤❡ ❇✐❡r✐✲❙tr❡❜❡❧ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t Σ ❛s ✇❡❧❧ ❛s s♦♠❡ r❡s✉❧ts ❛❜♦✉t s♦❧✉❜❧❡ ❣r♦✉♣s ♦❢ t②♣❡
FP∞✳

❑❡②✇♦r❞s✿ ✜♥✐t❡♥❡ss ❝♦♥❞✐t✐♦♥s✱ s♦❧✉❜❧❡ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✱ ❇✐❡r✐✲❙tr❡❜❡❧ ❣❡♦♠❡tr✐❝
✐♥✈❛r✐❛♥t Σ✱ ♥✐❧♣♦t❡♥t✲❜②✲❛❜❡❧✐❛♥✲❜②✲✜♥✐t❡ ❣r♦✉♣s✱ ❝♦♥str✉❝t✐❜❧❡ ❣r♦✉♣s

❘❊❙❯▼❖

❊st❡ tr❛❜❛❧❤♦ ❛❜♦r❞❛ ❛ ❚❡♦r✐❛ ❞❡ ●r✉♣♦s ❡✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❣r✉♣♦s✿
❣r✉♣♦s ❞❡ t✐♣♦ FP∞✳ ❯♠ ❣r✉♣♦ G é ❞❡ t✐♣♦ FP∞ s❡ é ❞❡ t✐♣♦ FPm ♣❛r❛ ❝❛❞❛ m ∈ Z+ ∪{0}
❡ é ❞❡ t✐♣♦ FPm s❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞♦ ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧ Z ♦♥❞❡ ❝❛❞❛
♣r♦❥❡t✐✈♦ ❡♠ ❞✐♠❡♥sã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ m é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡
tr❛❜❛❧❤♦ é ♠♦str❛r q✉❡ ♦s ♣♦♥t♦s ✜①♦s ♣♦r ❣r✉♣♦s ✜♥✐t♦s ❛❣✐♥❞♦ s♦❜r❡ ❣r✉♣♦s s♦❧ú✈❡✐s ❞❡
t✐♣♦ FP∞ ❢♦r♠❛♠ s✉❜❣r✉♣♦ t❛♠❜é♠ ❞❡ t✐♣♦ FP∞ ❝♦♠♦ ♠♦str❛❞♦ ❡♠ ❈✳ ▼❛rt✐♥❡③✲P❡r❡③✱
❇✳ ❊✳ ❆✳ ◆✉❝✐♥❦✐s✳ ❱✐rt✉❛❧❧② s♦❧✉❜❧❡ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✳ ❈♦♠♠❡♥t✳ ▼❛t❤✳ ❍❡❧✈✳✱ ✷✵✶✵✳
♥♦ ✶ ✈✳ ✽✺✳ ♣✳ ✶✸✺✲✶✺✵✳ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦✱ ✉♠❛ ❞❛s ❢❡rr❛♠❡♥t❛s ❡ss❡♥❝✐❛✐s
✉t✐❧✐③❛❞❛s ❢♦✐ ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✱ ❜❡♠ ❝♦♠♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡
❣r✉♣♦s s♦❧ú✈❡✐s ❞❡ t✐♣♦ FP∞✳

P❛❧❛✈r❛s✲❝❤❛✈❡s✿ ❝♦♥❞✐çõ❡s ❞❡ ✜♥✐t✉❞❡✱ ❣r✉♣♦s s♦❧ú✈❡✐s ❞❡ t✐♣♦ FP∞✱ ✐♥✈❛r✐❛♥t❡ ❣❡♦✲
♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✱ ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s✱ ❣r✉♣♦s ❝♦♥str✉tí✈❡✐s
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❊♣í❣r❛❢❡ ①✐

❆❣r❛❞❡❝✐♠❡♥t♦s ①✐✐✐

❚❛❜❡❧❛ ❞❡ ❙í♠❜♦❧♦s ❊s♣❡❝✐❛✐s ①✈

Pr❡❢á❝✐♦ ①✈✐✐

■♥tr♦❞✉çã♦ ✶

✶ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s ✸
✶✳✶ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✶ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❆r❜✐trár✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✶✳✷ ❈á❧❝✉❧♦s ❝♦♠ ❈♦♠✉t❛❞♦r❡s✱ ❙ér✐❡ ❈❡♥tr❛❧ ❉❡s❝❡♥❞❡♥t❡ ❡ ●r✉♣♦s ◆✐❧✲

♣♦t❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✶✳✶✳✸ ❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ❈♦♥❥✉♥t♦s ❡ s♦❜r❡ ●r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✶✳✶✳✹ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❋✐♥✐t❛♠❡♥t❡ ●❡r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✶✳✶✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❆❜❡❧✐❛♥♦s ❋✐♥✐t❛♠❡♥t❡ ●❡r❛❞♦s ✳ ✳ ✳ ✷✺
✶✳✶✳✻ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❋✐♥✐t❛♠❡♥t❡ ❆♣r❡s❡♥tá✈❡✐s ✳ ✳ ✳ ✳ ✳ ✷✼
✶✳✶✳✼ ❊①t❡♥sõ❡s ❍◆◆ ❡ ●r✉♣♦s ❙♦❧ú✈❡✐s ❈♦♥str✉tí✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✶✳✷ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
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✶✳✷✳✷ ❆♥❡❧ ❞❡ ●r✉♣♦ ❡ ❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ❆♥❡✐s ❡ ▼ó❞✉❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✶✳✷✳✸ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ▼ó❞✉❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✶✳✷✳✹ ❆♥❡✐s ❡ ▼ó❞✉❧♦s ◆♦❡t❤❡r✐❛♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
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✷ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ ✽✶
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✸ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞ ✾✼

✹ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞ ✶✶✼
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❈❤♦r❛ ❞❡ ♠❛♥s♦ ❡ ♥♦ í♥t✐♠♦✳✳✳ ♣r♦❝✉r❛
❚❡♥t❛r ❝✉rt✐r s❡♠ q✉❡✐①❛ ♦ ♠❛❧ q✉❡ t❡ ❝r✉❝✐❛✿

❖ ♠✉♥❞♦ é s❡♠ ♣✐❡❞❛❞❡ ❡ ❛té r✐r✐❛
❉❛ t✉❛ ✐♥❝♦♥s♦❧á✈❡❧ ❛♠❛r❣✉r❛✳

❙ó ❛ ❞♦r ❡♥♦❜r❡❝❡ ❡ é ❣r❛♥❞❡ ❡ é ♣✉r❛✳
❆♣r❡♥❞❡ ❛ ❛♠á✲❧❛ q✉❡ ❛ ❛♠❛rás ✉♠ ❞✐❛✳

❊♥tã♦ ❡❧❛ s❡rá t✉❛ ❛❧❡❣r✐❛✱
❊ s❡rá ❡❧❛ só t✉❛ ✈❡♥t✉r❛✳✳✳

❆ ✈✐❞❛ é ✈ã ❝♦♠♦ ❛ s♦♠❜r❛ q✉❡ ♣❛ss❛
❙♦❢r❡ s❡r❡♥♦ ❡ ❞❡ ❛❧♠❛ s♦♠❜r❛♥❝❡✐r❛
❙❡♠ ✉♠ ❣r✐t♦ s❡q✉❡r t✉❛ ❞❡s❣r❛ç❛✳

❊♥❝❡rr❛ ❡♠ t✐ t✉❛ tr✐st❡③❛ ✐♥t❡✐r❛
❊ ♣❡❞❡ ❤✉♠✐❧❞❡♠❡♥t❡ ❛ ❉❡✉s q✉❡ ❛ ❢❛ç❛

❚✉❛ ❞♦❝❡ ❡ ❝♦♥st❛♥t❡ ❝♦♠♣❛♥❤❡✐r❛✳✳✳

▼❛♥✉❡❧ ❇❛♥❞❡✐r❛

①✐
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❆●❘❆❉❊❈■▼❊◆❚❖❙

❆q✉✐ ❝♦♠❡t❡r❡✐ ✐♥❥✉st✐ç❛s✱ ✉♠❛ ✈❡③ q✉❡ ❢♦r❛♠ t❛♥t❛s ♣❡ss♦❛s✱ ♠♦♠❡♥t♦s✱ s✐t✉❛çõ❡s✱ ❡①✲
♣❡r✐ê♥❝✐❛s q✉❡✱ ❞❡ ✉♠❛ ❢♦r♠❛ ♦✉ ♦✉tr❛✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❝♦♥tr✐❜✉ír❛♠ ❡ ❛❥✉❞❛r❛♠
♣❛r❛ q✉❡ ❡st❡ tr❛❜❛❧❤♦ ❡①✐st✐ss❡ q✉❡ ✜❝❛ ❞✐❢í❝✐❧ ♠❡♥❝✐♦♥❛r t♦❞♦s✱ ❞♦ ❝♦♥trár✐♦✱ ❡✉ ♣r❡❝✐s❛r✐❛
❞❡ ❝❛♣ít✉❧♦s ❡ ♥ã♦ só ❞❡ ❞✉❛s ♣á❣✐♥❛s✳ ❈♦♠❡t❡r❡✐ ❛ ✐♥❥✉st✐ç❛✱ ❡♥tã♦✱ ❞❡ ♠❡♥❝✐♦♥❛r s♦♠❡♥t❡
❛❧❣✉♥s✳

●♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r✱ ❡ ♠✉✐t♦✱ à ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛✱ ♣r♦❢❡ss♦r❛ ❉❡ss✐s❧❛✈❛✱ ♣❡❧❛ ❛t❡♥çã♦
❛❣✉ç❛❞❛✱ ❛ ♣r❡st❛t✐✈✐❞❛❞❡✱ ❛s ✐♥ú♠❡r❛s ❞✐❝❛s ❡ ❝♦♥s❡❧❤♦s ✈❛❧✐♦s♦s✱ ♦ ❝♦♠♣r♦♠✐ss♦✱ ❛ s❡r✐❡✲
❞❛❞❡✱ ❛ ♣❛❝✐ê♥❝✐❛ ❡♥♦r♠❡ ❡ ❛ ❞❡❞✐❝❛çã♦ ✐♥❝❛♥sá✈❡❧✳ P♦ss♦ ❞✐③❡r q✉❡ ❝♦♠ ❡❧❛ ❛♣r❡♥❞✐ ❜❛st❛♥t❡
▼❛t❡♠át✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r♦❢❡ss♦r❛ ❉❡ss✐s❧❛✈❛ t❡✈❡ ✉♠❛ ♣❛rt✐❝✐♣❛çã♦ ❞❡❝✐s✐✈❛ ♥❡st❛ ❉✐s✲
s❡rt❛çã♦✳ ❙✉❛ ♣❛❝✐ê♥❝✐❛ ♣❛r❛ ❛❜r✐r ✐♥ú♠❡r❛s ❝♦♥t❛s ♥♦ ♣❛♣❡❧ ❡ s✉❛ ❞❡❞✐❝❛çã♦ ❡♠ ♠❡ ♠♦str❛r
♦s ❝❛♠✐♥❤♦s ❢♦r❛♠ ✐♥❡st✐♠á✈❡✐s ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✳ P♦r ✐ss♦ t✉❞♦ ❛ ❡❧❛ s♦✉ r❡❛❧♠❡♥t❡ ♠✉✐t♦
❣r❛t♦✳

❆❣r❛❞❡ç♦ à ❈❆P❊❙ ✭❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r✮ ❡ ❛♦
❈◆Pq ✭❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦✮ q✉❡ ♣♦ss✐❜✐❧✐t❛r❛♠
❛ ♠✐♥❤❛ ❞❡❞✐❝❛çã♦ ❛ ❡st❡ tr❛❜❛❧❤♦ ♣♦r ♠❡✐♦ ❞♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✱ à ❯◆■❈❆▼P ✭❯♥✐✈❡rs✐❞❛❞❡
❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✮ ❡ ❛♦ ■▼❊❈❈ ✭■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦
❈✐❡♥tí✜❝❛✮ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st❛r ❛q✉✐✱ ❛♦ ❙❆❊ ✭❙❡r✈✐ç♦ ❞❡ ❆♣♦✐♦ ❛♦ ❊st✉❞❛♥t❡✮ ❡ ❛♦
P▼❊ ✭Pr♦❣r❛♠❛ ❞❡ ▼♦r❛❞✐❛ ❊st✉❞❛♥t✐❧✮ ♣❡❧❛ ❛❥✉❞❛ ✐♥❝♦♠❡♥s✉rá✈❡❧✳

❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ✭♦✉ ❡①✲♣r♦❢❡ss♦r❡s✮ ❞♦ ■▼❊❈❈ ♣❡❧❛ ❞❡❞✐❝❛çã♦ ❡ ♣❡❧❛ ♠✐♥❤❛
❢♦r♠❛çã♦✳ ▼✉✐t♦s ❞❡❧❡s ❛❥✉❞❛r❛♠ ♠✉✐t♦ ❛ ❛♠❛✐♥❛r ❛ ❛s♣❡r❡③❛ ❞❛s t❡❝♥✐❝✐❞❛❞❡s ♠❛t❡♠át✐❝❛s ❡
❝♦♥s❡❣✉✐r❛♠ ♠❡ ❢❛③❡r ✈❡r ❛ ❜❡❧❡③❛ s✉t✐❧ ❞❛ ▼❛t❡♠át✐❝❛✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s
❆❞r✐❛♥♦✱ ❈❤r✐st✐♥❛✱ ❉❛♥✐❡❧❛✱ ❉❡ss✐s❧❛✈❛✱ P❧❛♠❡♥✱ ❙ér❣✐♦ ♣❡❧❛ ❝❛♠✐♥❤❛❞❛ ❞❡ ❛♥♦s ❡ ♣❡❧♦s
❡♥s✐♥❛♠❡♥t♦s ❞❡ ✈✐❞❛✳

❆❣r❛❞❡ç♦ ❛♦s ❝♦❧❡❣❛s ❞❡ ▼❡str❛❞♦ ❡ ❞❡ ❉♦✉t♦r❛❞♦ ❞♦ ■▼❊❈❈ ♣♦r ✉♠❛ ♦✉ ♦✉tr❛ ❛❥✉❞❛
❝♦♠ ♠❛t❡r✐❛✐s✱ ✐♥❢♦r♠❛çõ❡s✱ ❛❧❣✉♠❛ ❝♦♥t✐♥❤❛ ♦✉ ❡①❡r❝í❝✐♦✱ ♦✉ ♠❡s♠♦ ❛ ❝♦♠♣❛♥❤✐❛ ❡♠ ❛❧❣✉♠
❛❧♠♦ç♦ ♦✉ ❥❛♥t❛r✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛♦ ◆✉♥♦ ♣♦r ❝♦♥tr✐❜✉✐çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ❡♠ ♠❡✉ ❛♣r❡♥❞✐③❛❞♦
❡♠ ▼❛t❡♠át✐❝❛ ❛♦ ❧♦♥❣♦ ❞❡st❡s ❛♥♦s✳

❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s ❡♠ ▼✐♥❛s ●❡r❛✐s ❡ ❡♠ ❙ã♦ P❛✉❧♦ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❝♦♥✈❡rs❛ ✭q✉❡
❝♦♠ ❛❧❣✉♥s ❞✉r❛✈❛♠ ❤♦r❛s ❛ ✜♦✳✳✳✮✱ ❞❡ r❡✢❡①ã♦✱ ❞❡ ❛❝♦❧❤✐❞❛✱ ♦✉ ❞❡ ♣✉r♦ ❡①tr❛✈❛s❛♠❡♥t♦ q✉❡✱
♠❡s♠♦ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❛❥✉❞❛r❛♠ ♥❛ ❝♦♥❝❧✉sã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ à ■③❛ ❡ ❛♦ ▼ár❝✐♦
♣❡❧❛s ❛❝♦❧❤✐❞❛s ❝❛r✐♥❤♦s❛s ❡♠ ❙ã♦ P❛✉❧♦ ✭❡ ♣❡❧♦ ❝♦♠♣✉t❛❞♦r✱ q✉❡ ♠❡ ❛❥✉❞♦✉ ♠✉✐t♦ ❝♦♠
♣❛rt❡ ❞❛ ❞✐❣✐t❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✮ ❡✱ ❡♠ ❡s♣❡❝✐❛❧ t❛♠❜é♠✱ ❛♦s ❛♠✐❣♦s ❞❡ ❡s❝❛❧❛❞❛ ♣♦r ♠❡
♣r♦♣✐❝✐❛r❡♠ ♠♦♠❡♥t♦s í♠♣❛r❡s ❡♠ ❝❛❞❛ r♦❝❤❛✱ ♦✉ ❡♠ ❝❛❞❛ ❜❛♥❞❡❥ã♦✳✳✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ♠ã❡ ♣❡❧♦ ❛♠♦r ✐♥❝♦♥❞✐❝✐♦♥❛❧✱ ♣❡❧❛ ❢♦rç❛ ❤❡r❝ú❧❡❛✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡
♣♦st✉r❛ ♣❡r❛♥t❡ ❛ ✈✐❞❛✱ ♣❡❧❛ ❛❧❡❣r✐❛ ❡ ♦ ❜♦♠ ❤✉♠♦r s❡♠♣r❡✱ s❡♠♣r❡ ♣r❡s❡♥t❡s✱ ♣❡❧♦ ❝❛r✐♥❤♦✱

①✐✐✐



q✉❡ ❢♦r❛♠ ❡ sã♦ ❛❣❡♥t❡s ✐♥s♣✐r❛❞♦r❡s ♣❛r❛ ♠✐♠ ♣❛r❛ ♣♦❞❡r ❝♦♥t✐♥✉❛r ❛ ✈✐❞❛ ♠❡s♠♦ ❡♠
s✐t✉❛çõ❡s ❤♦st✐s✳ ❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♣❛✐ ♣❡❧❛ s❛❜❡❞♦r✐❛✱ ♣❡❧❛ ❝❛❧♠❛r✐❛✱ ♣❡❧❛ ❞♦ç✉r❛ ♥♦ tr❛t♦✱
♣❡❧❛ ❜♦♥❞❛❞❡ ♥❛ ❛❧♠❛✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ❤✉♠✐❧❞❛❞❡✱ ❝♦✐s❛s ❡ss❛s q✉❡ s❡♠♣r❡ ♠❡ ❢♦r❛♠ ❢♦♥t❡
❞❡ ❢♦rç❛ ❡ ✈♦♥t❛❞❡✳

❆❣r❛❞❡ç♦ à ❱✐❞❛ ♣❡❧♦s s❛❜♦r❡s ❡ ❞✐ss❛❜♦r❡s✳✳✳ P♦r ❝❛❞❛ ▲❡ã♦ q✉❡ ♠❡ ❢♦✐ ❞❛❞♦ ❡✱ ♠✉✐t♦s
❞♦s q✉❛✐s✱ ✈❡♥❤♦ ❝♦♥s❡❣✉✐♥❞♦ ♠❛t❛r✳ P♦✐s✱ ❞❡ ❢❛t♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✈✐tór✐❛ só ❢❛③ s❡♥t✐❞♦ s❡
❡①✐st✐✉ ❜❛t❛❧❤❛✳ ❊ ♣❡❧❛ ❜❛t❛❧❤❛ q✉❡ ❢♦✐ ❡st❡ tr❛❜❛❧❤♦ ❡ ♠✉✐t❛s ♦✉tr❛s✱ ♠❡♥♦r❡s ♦✉ ♠❛✐♦r❡s✱
s♦✉ r❡❛❧ ❡ ♣r♦❢✉♥❞❛♠❡♥t❡ ❣r❛t♦✳

➚ ❇✐❛✿ ♠❡✉ ❉❡✉s✦ ◗✉❡ s♦rt❡ ❛ ♠✐♥❤❛ t❡ ❡♥❝♦♥tr❛r✦ ❆❣r❛❞❡ç♦ ♣❡❧♦ ❛♠♦r✱ ♣❡❧❛ ❞❡❞✐❝❛çã♦
✜r♠❡✱ ♣❡❧♦ ❝✉✐❞❛❞♦ s❡♠♣r❡ ♣r❡s❡♥t❡✳ ❆❣r❛❞❡ç♦ ♣♦r t❡r ❞✐✈✐❞✐❞♦ ❝♦♠✐❣♦ ♠♦♠❡♥t♦s tã♦ s❡♠✲
♣❛❧❛✈r❛s✳✳✳ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❡❧♦ tã♦ ✈✐❜r❛♥t❡ ❡ ❣♦st♦s♦ s♦rr✐s♦✳✳✳
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❚❆❇❊▲❆ ❉❊ ❙❮▼❇❖▲❖❙ ❊❙P❊❈■❆■❙

R ✲ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡

Z ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s

Z+ ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s

Q ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s

R ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s

R+ ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s

Sn ✲ ❡s❢❡r❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐❞❛ ❡♠ Rn+1

Z ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✉s✉❛❧ ❞♦s ✐♥t❡✐r♦s✱ ♦✉ ❛♥❡❧ ✉s✉❛❧ ❞♦s ✐♥t❡✐r♦s

Q ✲ ❝♦r♣♦ ✉s✉❛❧ ❞♦s r❛❝✐♦♥❛✐s✱ ♦✉ ◗✲❡s♣❛ç♦ ✈❡t♦r✐❛❧

R ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s R ❡ ❛
♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ R

Zn ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞❡ n✲✉♣❧❛s ❞❡ ♥ú♠❡r♦s
✐♥t❡✐r♦s Zn ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ Zn

Rn ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞❡ n✲✉♣❧❛s ❞❡ ♥ú♠❡r♦s
r❡❛✐s Rn ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ Rn

0 ✲ s✉❜❣r✉♣♦ tr✐✈✐❛❧ ❞❡ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❝♦♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✱ ♦✉ s✉❜♠ó❞✉❧♦ tr✐✈✐❛❧
❞❡ ♠ó❞✉❧♦

1 ✲ s✉❜❣r✉♣♦ tr✐✈✐❛❧ ❞❡ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❝♦♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛

1G ♦✉ 1 ✲ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G ❝♦♠ ♦♣❡r❛çã♦ ❝♦♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛

0A ♦✉ 0 ✲ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ A ❝♦♠ ♦♣❡r❛çã♦ ❝♦♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✱ ♦✉ ❡❧❡♠❡♥t♦
♥❡✉tr♦ ❞♦ ♠ó❞✉❧♦ A

Hom(G,H) ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ G ❡♠
✉♠ ❣r✉♣♦ H ✶

✶❆ ♦♣❡r❛çã♦ + ❞❡ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦ ❡♠ Hom(G,H) é t♦♠❛❞❛ ❝♦♠♦ s❡♥❞♦✱ ∀ϕ1, ϕ2 ∈ Hom(G,H) ❡
∀g ∈ G, (ϕ1 + ϕ2)(g) := ϕ1(g) + ϕ2(g)✱ ❝✉❥❛ ❜♦❛ ❞❡✜♥✐çã♦ é ✐♠❡❞✐❛t❛✳

①✈



A ≤ B ✲ s✐❣♥✐✜❝❛ q✉❡ ♦ ❣r✉♣♦ A é s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦B✱ ♦✉ q✉❡ ♦ ♠ó❞✉❧♦ A é s✉❜♠ó❞✉❧♦
❞♦ ♠ó❞✉❧♦ B

A ≥ B ✲ s✐❣♥✐✜❝❛ q✉❡ ♦ ❣r✉♣♦ B é s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ A✱ ♦✉ q✉❡ ♦ ♠ó❞✉❧♦ B é
s✉❜♠ó❞✉❧♦ ❞♦ ♠ó❞✉❧♦ A

|X| ✲ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ X

|g| ✲ ♦r❞❡♠ ❞♦ ❡❧❡♠❡♥t♦ g ♣❡rt❡♥❝❡♥t❡ ❛ ❛❧❣✉♠ ❣r✉♣♦

G1 ×G2 ✲ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞♦s ❣r✉♣♦s G1 ❡ G2

∤ ✲ sí♠❜♦❧♦ q✉❡ s✐❣♥✐✜❝❛ ✧♥ã♦ ❞✐✈✐❞❡✧

⊳ ✲ sí♠❜♦❧♦ q✉❡ ❞❡♥♦t❛ s✉❜❣r✉♣♦ ♥♦r♠❛❧

⊳car ✲ sí♠❜♦❧♦ q✉❡ ❞❡♥♦t❛ s✉❜❣r✉♣♦ ❝❛r❛❝t❡ríst✐❝♦

∼= ✲ sí♠❜♦❧♦ q✉❡ s✐❣♥✐✜❝❛ ✧✐s♦♠♦r❢♦ ❛✧

։ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ s♦❜r❡❥❡t✐✈❛s

 ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ ✐♥❥❡t✐✈❛s

→֒ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ ✐♥❝❧✉sõ❡s

↔ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❜✐❥❡çã♦ ❡♥tr❡ ❝♦♥❥✉♥t♦s

[G : H] ✲ sí♠❜♦❧♦ q✉❡ ❞❡♥♦t❛ ♦ í♥❞✐❝❡ ❞♦ s✉❜❣r✉♣♦ H ♥♦ ❣r✉♣♦ G

MR ✲ ❝❧❛ss❡ ❞♦s R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

RM ✲ ❝❧❛ss❡ ❞♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛

RMS ✲ ❝❧❛ss❡ ❞♦s (R− S)✲❜✐♠ó❞✉❧♦s✱ s❡♥❞♦ S ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡

•⋃

✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

⊗s
Z
A ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ✐♥❞✐❝❛r A⊗Z . . .⊗Z A

︸ ︷︷ ︸

s ✈❡③❡s

✱ ♦♥❞❡ A é ✉♠ Z✲♠ó❞✉❧♦

①✈✐



P❘❊❋➪❈■❖

◗✉❛♥❞♦ ❡s❝r❡✈✐ ❡st❡ tr❛❜❛❧❤♦✱ ♦ ♠❡✉ ❝♦♠♣r♦♠✐ss♦ ♣❛r❛ ❝♦♠ ♦ ❧❡✐t♦r ❡r❛ ❝r✐❛r ✉♠ t❡①t♦
q✉❡ ❢♦ss❡ ♦ ♠❛✐s ❛✉t♦❝♦♥t✐❞♦ ♣♦ssí✈❡❧✱ ❢❛③❡♥❞♦ ♣r❡ss✉♣♦st♦s ❛♣❡♥❛s ❞❡ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❜ás✐❝❛
❡ ❞❡ ♥♦çõ❡s ❜ás✐❝❛s ❞❡ t❡♦r✐❛ ❞❡ ♠ó❞✉❧♦s✳ ❖ ♠♦t✐✈♦ ❞❡ss❡ ❝♦♠♣r♦♠✐ss♦ ❡r❛ ❝r✐❛r ✉♠ t❡①t♦
q✉❡ ❢♦ss❡ ❛❝❡ssí✈❡❧✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛♦s ❛❧✉♥♦s ❞❡ ❣r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ q✉❡ t✐✈❡ss❡♠
❝✉r✐♦s✐❞❛❞❡ ❡♠ r❡❧❛çã♦ à ➪❧❣❡❜r❛ ❡✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ à ❚❡♦r✐❛ ❞❡ ●r✉♣♦s✳ ❯♠ t❡①t♦ q✉❡
♥ã♦ ❛❢✉❣❡♥t❛ss❡ ♦s ❣r❛❞✉❛♥❞♦s✱ ♣❡❧♦ ❝♦♥trár✐♦✱ ❛tr❛íss❡✲♦s✳ ❯♠ t❡①t♦ q✉❡ ❞❡ss❡✱ ♣r✐♥❝✐♣❛❧✲
♠❡♥t❡✱ ❛♦ ❡st✉❞❛♥t❡ ❞❡ ❣r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✉♠ ♣♦✉❝♦ ❞❡ ♥♦çã♦ ❞❡ss❛ ár❡❛ ❞❡ ❡st✉❞♦
❛♥t❡s ♠❡s♠♦ ❞❡❧❡ ✐♥❣r❡ss❛r ♥♦ ▼❡str❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠❛ ❛✉t♦❝♦♥t✐♥ê♥❝✐❛ ❛❜s♦❧✉t❛ ❡♠ ✉♠❛
❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ é✱ ♥♦ ♠í♥✐♠♦✱ ❞✐❢í❝✐❧ ♥❛ ♠✐♥❤❛ ♦♣✐♥✐ã♦✱ ❤❛❥❛♠ ✈✐st❛ ❛ ❧✐♠✐t❛çã♦ ❞❡
t❡♠♣♦ ♣❛r❛ s❡ ❝♦♥❝❧✉✐r ♦ tr❛❜❛❧❤♦✱ ❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♣á❣✐♥❛s q✉❡ ❛ ♠❡s♠❛ t❡r✐❛ ❡ ♦ ❢❛t♦
❞❡ t❛❧✈❡③ ♥ã♦ s❡r ❡ss❡ ♦ ❡s♣ír✐t♦ ❞❛ ❝♦✐s❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❡♠❜♦r❛ ❛ ❛✉t♦❝♦♥t✐♥ê♥❝✐❛ ❞❡ t❡♦r✐❛
♥ã♦ ❢♦r❛ ❛❜s♦❧✉t❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ❡ss❛ ♠♦t✐✈❛çã♦ ❞❡ ❡s❝r❡✈❡r ✉♠ tr❛❜❛❧❤♦ q✉❡ ❢♦ss❡ t❛♠❜é♠
út✐❧ ❛♦s ❡st✉❞❛♥t❡s ❞❡ ❣r❛❞✉❛çã♦ ❡①♣❧✐❝❛ ♦ ♣♦rq✉ê ❞♦ ❣r❛♥❞❡ ✈♦❧✉♠❡ ❞❡ ♣á❣✐♥❛s ❞❡st❛ ❉✐ss❡r✲
t❛çã♦✱ ❜❡♠ ❝♦♠♦ ❛ ✐♥s✐stê♥❝✐❛ ❡♠ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r r❡s✉❧t❛❞♦s ó❜✈✐♦s ✭♣r✐♥❝✐♣❛❧♠❡♥t❡
♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✮ ❡ ❛ ❞❡❧♦♥❣❛ ❡♠ ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s✳

❈♦♠ r❡❧❛çã♦ à ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❢❛t♦s ♠❛t❡♠át✐❝♦s ❡♠ ▲❡♠❛s✱ Pr♦♣♦s✐çõ❡s ❡ ❚❡♦r❡♠❛s✱
❝♦♠♦ t❛❧ ❝❧❛ss✐✜❝❛çã♦ é ❞❡ ❝❡rt❛ ❢♦r♠❛ s✉❜❥❡t✐✈❛✱ ♥❡st❛ ❉✐ss❡rt❛çã♦ ❝❧❛ss✐✜q✉❡✐ ❝♦♠♦ ▲❡♠❛s
r❡s✉❧t❛❞♦s ♠❡♥♦r❡s✱ ♦✉ té❝♥✐❝♦s✱ ♦✉ ♠❡s♠♦ r❡s✉❧t❛❞♦s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ✐♠❡❞✐❛t❛♠❡♥t❡ ❡♠
s❡❣✉✐❞❛ ❞❡ s❡r❡♠ ❡♥✉♥❝✐❛❞♦s ❡ ❞❡♠♦♥str❛❞♦s✱ ❝❧❛ss✐✜q✉❡✐ ❝♦♠♦ Pr♦♣♦s✐çõ❡s r❡s✉❧t❛❞♦s ♠❛✐s
r❡❧❡✈❛♥t❡s ♥♦ tr❛❜❛❧❤♦✱ ♦✉ r❡s✉❧t❛❞♦s ❞❡ ✐♥t❡r❡ss❡ ♠❛✐s ❣❡r❛❧ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ♦✉ ♠ó❞✉✲
❧♦s ❡ ❝♦♠♦ ❚❡♦r❡♠❛s ♦s r❡s✉❧t❛❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥♦ tr❛❜❛❧❤♦✱ ♦✉ r❡s✉❧t❛❞♦s ❝♦♥s❛❣r❛❞♦s
❝♦♠♦ t❡♦r❡♠❛s✱ ♦✉ ❛✐♥❞❛ r❡s✉❧t❛❞♦s ❞❡ ❞❡♠♦♥str❛çõ❡s ♠❛✐s ❞❡❧✐❝❛❞❛s ❡ ✐♥tr✐♥❝❛❞❛s✳

❊s♣❡r♦ q✉❡ ❡ss❡ ♠❛t❡r✐❛❧ ❛t❡♥❞❛✱ ♣❡❧♦ ♠❡♥♦s ❡♠ ♣❛rt❡✱ ❡ss❛s ♠✐♥❤❛s ❡①♣❡❝t❛t✐✈❛s ❡✱ ♦①❛❧á✱
s❡❥❛ t❛♠❜é♠ út✐❧ ❛ ♦✉tr❡♠ q✉❡ ♦ ❧❡✐❛ ❝♦♠♦ t❛♠❜é♠ ♠❡ ❢♦r❛ ❡s❝r❡✈ê✲❧♦✳

❋r❛♥❝✐s♠❛r ❋❡rr❡✐r❛ ▲✐♠❛
❆❣♦st♦ ❞❡ ✷✵✶✸
❈❛♠♣✐♥❛s✱ ❙P

①✈✐✐



①✈✐✐✐
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❙❡❥❛ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❛r❜✐trár✐♦✳ ❉✐③❡♠♦s q✉❡ ✉♠ R✲♠ó❞✉❧♦ M é
❞❡ t✐♣♦ FPn✱ ❝♦♠ n ∈ Z+ ∪ {0}✱ s❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞♦ R✲♠ó❞✉❧♦ M

Pn → . . .→ P0 →M → ✵

♦♥❞❡✱ ♣❛r❛ 0 ≤ i ≤ n✱ ❝❛❞❛ R✲♠ó❞✉❧♦ Pi é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❚❡♠♦s✱ ❛ss✐♠✱ q✉❡ ✉♠
♠ó❞✉❧♦ é ❞❡ t✐♣♦ FP0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ✉♠ ♠ó❞✉❧♦ s❡r ❞❡ t✐♣♦ FP1

é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♠❡s♠♦ s❡r ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳ ❙❡ ✉♠ ♠ó❞✉❧♦ é ❞❡ t✐♣♦ FPn✱ ❡♥tã♦✱
♦❜✈✐❛♠❡♥t❡✱ ♦ ♠❡s♠♦ é ❞❡ t✐♣♦ FPi ♣❛r❛ 0 ≤ i ≤ n✱ ❞❛í q✉❡ ♦s t✐♣♦s FP2, FP3✱ ❡t❝ sã♦
r❡str✐çõ❡s s✉❝❡ss✐✈❛♠❡♥t❡ ♠❛✐s ❢♦rt❡s ✐♠♣♦st❛s ❛♦ ♠ó❞✉❧♦✳ ❯♠ ♠ó❞✉❧♦ é ❞❡ t✐♣♦ FP∞ s❡ é
❞❡ t✐♣♦ FPn ♣❛r❛ ❝❛❞❛ n ∈ Z+ ∪ {0}✳

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ♦s ♣♦♥t♦s ✜①♦s ♣♦r ❣r✉♣♦s ✜♥✐t♦s q✉❡ ❛❣❡♠ s♦❜r❡ ❣r✉♣♦s
s♦❧ú✈❡✐s ❞❡ t✐♣♦ FP∞✳ ❯♠ ❣r✉♣♦ é ❞❡ t✐♣♦ FP∞ s❡ é ❞❡ t✐♣♦ FPn ♣❛r❛ ❝❛❞❛ n ∈ Z+ ∪ {0} ❡
s❡r ❞❡ t✐♣♦ FPn s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞♦ ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧ Z ♦♥❞❡
❝❛❞❛ ♣r♦❥❡t✐✈♦ ❡♠ ❞✐♠❡♥sã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ n é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❞❡st❛ ❉✐ss❡rt❛çã♦✱ ❡st✉❞❛♠♦s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ ❣r✉♣♦s q✉❡
❢♦r❛♠ ✉s❛❞❛s ♠❛✐s t❛r❞❡✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❡ss❡ ♣r✐♠❡✐r♦ ❈❛♣ít✉❧♦ sã♦ ❜❛s✐❝❛✲
♠❡♥t❡ ✧❧❡♠❛s✧ ♣❛r❛ ♦ r❡st❛♥t❡ ❞♦ tr❛❜❛❧❤♦✳ ❊♠ ❬✶✷❪✱ t❡♠♦s r❡s✉❧t❛❞♦ q✉❡ ❝❧❛ss✐✜❝❛ ♦s ❣r✉♣♦s
s♦❧ú✈❡✐s ❞❡ t✐♣♦ FP∞ ❝♦♠♦ ❣r✉♣♦s ♦❜t✐❞♦s ❞♦ ❣r✉♣♦ tr✐✈✐❛❧ ♣♦r ♠❡✐♦ ❞❡ ❡①t❡♥sõ❡s ✜♥✐t❛s✱
♦✉ ❡①t❡♥sõ❡s ❍◆◆✱ ✐st♦ é✱ ❝♦♠♦ ❣r✉♣♦s s♦❧ú✈❡✐s ❝♦♥str✉tí✈❡✐s✳ P♦r ❝❛✉s❛ ❞✐ss♦✱ ❡st✉❞❛♠♦s
t❛♠❜é♠✱ ♥❡ss❡ ♣r✐♠❡✐r♦ ❈❛♣ít✉❧♦✱ ❣r✉♣♦s ❧✐✈r❡s✱ ❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡✐s ❡ ❡①t❡♥✲
sõ❡s ❍◆◆✳ ❊①✐st❡♠ ♦✉tr❛s ❝♦♥str✉çõ❡s ✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ ♣r♦❞✉t♦s ❧✐✈r❡s ❛♠❛❧❣❛♠❛❞♦s✱ ♠❛s
❝♦♠♦ ❡ss❡s✱ ❡♠ ❣❡r❛❧✱ ♥ã♦ ❣❡r❛♠ ❣r✉♣♦s s♦❧ú✈❡✐s✱ ♥ã♦ ♦s ♠❡♥❝✐♦♥❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦✳

❆ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ❞❛ ❉✐ss❡rt❛çã♦ é ❡st✉❞❛r ♦ ❛rt✐❣♦ ❬✶✹❪✳ ❯♠❛ ❞❛s ❢❡rr❛♠❡♥t❛s ♣r✐♥❝✐♣❛✐s
✉s❛❞❛s é ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ ❞❡✜♥✐❞♦ ♣❛r❛ ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡✲♣♦r✲
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s ♥♦ ❛rt✐❣♦ ❬✼❪✳ ❊st❡ ✐♥✈❛r✐❛♥t❡ ❣❡♥❡r❛❧✐③❛ ♦ ♣r✐♠❡✐r♦ ✐♥✈❛r✐❛♥t❡ Σ ❞❡✜♥✐❞♦
❡♠ ❬✽❪✳ ❖❜s❡r✈❛♠♦s ❛✐♥❞❛ ❡♠ ❬✼❪ q✉❡ ♦s ❣r✉♣♦s s♦❧ú✈❡✐s ❝♦♥str✉tí✈❡✐s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s sã♦
♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s ❡ q✉❡ ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ ❢♦✐ ❝r✉❝✐❛❧
♣❛r❛ ❝❛r❛❝t❡r✐③❛r ♦s ❣r✉♣♦s ♠❡t❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡✐s ♥♦ ❛rt✐❣♦ ❬✽❪✳ ❚á♠❜❡♠
❡①✐st❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s ❞❡ t✐♣♦ FP∞ ♣♦r ♠❡✐♦ ❞♦
✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✱ ♦ q✉❡ é ❡♥✉♥❝✐❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳

❊st✉❞❛♠♦s ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ ♥♦ ❈❛♣ít✉❧♦ ✷ ❞❡st❡ tr❛❜❛❧❤♦✳ ❈♦♠♦
❡st❡ ✐♥✈❛r✐❛♥t❡ é ❞❡✜♥✐❞♦ ✉s❛♥❞♦ ♠ó❞✉❧♦s✱ ❡st✉❞❛♠♦s✱ ♥❛ ♣❛rt❡ ♣r❡❧✐♠✐♥❛r✱ t❡♦r✐❛ ❞❡ ♠ó❞✉✲
❧♦s ♥♦❡t❤❡r✐❛♥♦s ❡ ❧♦❝❛❧✐③❛çã♦ ❡♠ ❛♥❡✐s ❝♦♠✉t❛t✐✈♦s✳ ❊♠❜♦r❛ ❡①✐st❛ ❝♦♥❡①ã♦ ❡♥tr❡ t❡♦r✐❛
❞❡ ✈❛❧♦r✐③❛çõ❡s ❡ ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✱ ♥ã♦ ❛❜♦r❞❛♠♦s ❡ss❡ ❢❛t♦ ♥❛
❉✐ss❡rt❛çã♦✳ ❊♥tr❡t❛♥t♦✱ ♦ ❡st✉❞♦ ❞❡st❡ ✐♥✈❛r✐❛♥t❡✱ ❡♠ ❣❡r❛❧✱ é ❜❛s❡❛❞♦ ❡♠ ♠ét♦❞♦s ❞❡ ➪❧❣❡✲
❜r❛ ❈♦♠✉t❛t✐✈❛✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ✉s❛ té❝♥✐❝❛s ❞❡ ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡s✱

✶
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❝♦♠♦ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❡ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❢❛t♦r❡s ❞❡st❛ sér✐❡ ❝♦♠♦
q✉♦❝✐❡♥t❡s ❞❡ ♣♦tê♥❝✐❛s t❡♥s♦r✐❛✐s ❞❛ ❛❜❡❧✐❛♥✐③❛çã♦ ❞♦ ❣r✉♣♦ ❡♠ q✉❡stã♦✳ ❆ss✐♠✱ ✐♥❝❧✉í♠♦s✱
♥❛ ♣❛rt❡ ♣r❡❧✐♠✐♥❛r✱ r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✳

❖ ❈❛♣ít✉❧♦ ✸ ✜❝♦✉ ❞❡❞✐❝❛❞♦ ❛ ❞❡✜♥✐çõ❡s ♣r❡❧✐♠✐♥❛r❡s ❡ ❛ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❣r✉♣♦s
❞❡ t✐♣♦ FP∞✳

❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ q✉❡ ❞✐③ q✉❡ s❡ G ❢♦r ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❝♦♠ ❣r✉♣♦ ✜♥✐t♦
F ❛❣✐♥❞♦ s♦❜r❡ G✱ ❡♥tã♦ ♦ s✉❜❣r✉♣♦ ❞❡ ♣♦♥t♦s ✜①♦s CG(F ) = {g ∈ G : gf = g, ∀f ∈ F} é
t❛♠❜é♠ ❞❡ t✐♣♦ FP∞✱ é ❞❡♠♦♥str❛❞♦ ♥♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❞❡st❛ ❉✐ss❡rt❛çã♦✳ ❊ss❡ r❡s✉❧t❛❞♦ é ♦
♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥♦ ❛rt✐❣♦ ❬✶✹❪✳ ❯♠❛ ✈❡③ q✉❡ CG(F ) é ❞❡ t✐♣♦ FP∞✱ t❡♠♦s ❝♦♠♦ ✐♠♣❧✐❝❛çã♦
q✉❡ NG(F ) = {g ∈ G : F g = F} é t❛♠❜é♠ ❞❡ t✐♣♦ FP∞✱ ♣♦✐s [NG(F ) : CG(F )] < ∞✳ ❊♠
❬✶✹❪ é ♠♦str❛❞♦ t❛♠❜é♠ q✉❡ ❝❛❞❛ ❡①t❡♥sã♦ H ❞❡ G ♣♦r F t❡♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❧❛ss❡s ❞❡
❝♦♥❥✉❣❛çã♦ ❞❡ s✉❜❣r✉♣♦s ✜♥✐t♦s✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ✉♠ t❡♦r❡♠❛ ❞❡ ❲✳ ▲ü❝❦ ✭❬✶✹✱ ❚❤❡♦r❡♠
✶✳✷✱ ♣✳ ✶✸✻❪✮✱ ❝❛❞❛ ❡①t❡♥sã♦ H ❞❡ G ♣♦r F t❡♠ ♠♦❞❡❧♦ ❞❡ t✐♣♦ ✜♥✐t♦ ♣❛r❛ EH✱ ✐st♦ é✱
❡①✐st❡ ✉♠ H✲CW ✲❝♦♠♣❧❡①♦ X✱ ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛çã♦ ♣ró♣r✐❛✱ t❛❧
q✉❡ XS = {x ∈ X : xs = x, ∀s ∈ S} é ❝♦♥trá❝t✐❧ s❡ S é s✉❜❣r✉♣♦ ✜♥✐t♦ ❞❡ H ❡ XS = ∅ s❡ S
♥ã♦ ❢♦r s✉❜❣r✉♣♦ ✜♥✐t♦ ❞❡ H ❡ X t❡♠ t✐♣♦ ✜♥✐t♦✱ ✐st♦ é✱ X/H t❡♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝é❧✉❧❛s✳

✷



❈❛♣ít✉❧♦ ✶

Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡
▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

✶✳✶ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐✲

♠✐♥❛r❡s

✶✳✶✳✶ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❆r❜✐trár✐♦s

❚❡♦r❡♠❛ ✶✳✶ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G→ H
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱

ker(ϕ)⊳G ❡ G/ker(ϕ) ∼= Im(ϕ).

❚❛❧ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s é ❞❛❞♦ ♣♦r

gker(ϕ) 7→ ϕ(g).

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✻✱ ❚❤❡♦r❡♠ ✶✳✼✻ ✭❋✐rst ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✱ ♣✳ ✺✵❪✳✮

❚❡♦r❡♠❛ ✶✳✷ ✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G ❡ K
✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❊♥tã♦✱ HK é s✉❜❣r✉♣♦ ❞❡ G✱ H ∩K ⊳K ❡

K/(H ∩K) ∼= HK/H.

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✻✱ ❚❤❡♦r❡♠ ✶✳✽✵ ✭❙❡❝♦♥❞ ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✱ ♣✳ ✺✷❪✳✮

❚❡♦r❡♠❛ ✶✳✸ ✭✸♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H,K ⊳ G
t❛✐s q✉❡ K ⊆ H✳ ❊♥tã♦✱ H/K ⊳G/K ❡

(G/K)/(H/K) ∼= G/H.

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✻✱ ❚❤❡♦r❡♠ ✶✳✽✶ ✭❚❤✐r❞ ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✱ ♣✳ ✺✷❪✳✮

✸



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❚❡♦r❡♠❛ ✶✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G✱
π : G։ G/H ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ A ❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s ❞❡ G ♦s q✉❛✐s ❝♦♥tê♠ H ❡ B ❛
❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s ❞❡ G/H✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❜✐❥❡t✐✈❛ θ : A → B ❞❛❞❛ ♣♦r

A 7→ π(A) = A/H, ♣❛r❛ t♦❞♦ A ∈ A,

♦♥❞❡ θ−1 : B → A é ❞❛❞❛ ♣♦r

B 7→ π−1(B), ♣❛r❛ t♦❞♦ B ∈ B.

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s A1, A2 ∈ A✱ A1 ⊆ A2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A1/H ⊆ A2/H ❡ A1 ⊳ A2 s❡✱ ❡
s♦♠❡♥t❡ s❡✱ A1/H ⊳ A2/H✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✶✳✽✷ ✭❈♦rr❡s♣♦♥❞❡♥❝❡ ❚❤❡♦r❡♠✱ ♣✳ ✺✸❪✳✮

▲❡♠❛ ✶✳✶✳ ❙❡❥❛♠ I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✱ G ✉♠ ❣r✉♣♦ ❡ {Gi : i ∈ I} ✉♠❛ ❢❛♠í❧✐❛ ❞❡

s✉❜❣r✉♣♦s ❞❡ G✳ ❚❡♠♦s q✉❡
⋂

i∈I

Gi é s✉❜❣r✉♣♦ ❞❡ Gi, ∀i ∈ I✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ g1, g2 ∈
⋂

i∈I

Gi✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ g1, g2 ∈ Gi, ∀i ∈ I✳ ❈♦♠♦ Gi é

❣r✉♣♦✱ ∀i ∈ I✱ s❡❣✉❡ q✉❡ g1g
−1
2 ∈ Gi, ∀i ∈ I✱ ❧♦❣♦ g1g

−1
2 ∈

⋂

i∈I

Gi✳

▲❡♠❛ ✶✳✷✳ ❙❡❥❛♠ G ❣r✉♣♦ ❡ F = {Hi ⊳G : i ∈ I} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ G

✭♦♥❞❡ I é ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✮✳ ❊♥tã♦✱
⋂

i∈I

Hi ⊳G✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✶✳✶ ✭♣✳ ✹✮✱ t❡♠♦s q✉❡
⋂

i∈I

Hi é s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡❥❛ x ∈
⋂

i∈I

Hi✳

❊♥tã♦✱ x ∈ Hi, ∀i ∈ I✳ ❈♦♠♦ Hi ⊳ G, ∀i ∈ I✱ s❡❣✉❡ q✉❡✱ gxg−1 ∈ Hi, ∀g ∈ G ❡ ∀i ∈ I✳ ❉❛í
q✉❡✱ ∀g ∈ G, gxg−1 ∈

⋂

i∈I

Hi✳ ❈♦♠♦ x ∈
⋂

i∈I

Hi ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ g(
⋂

i∈I

Hi)g
−1 ⊆

⋂

i∈I

Hi, ∀g ∈ G ❡✱ ♣♦rt❛♥t♦✱
⋂

i∈I

Hi ⊳G✳

▲❡♠❛ ✶✳✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ S ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ H ⊳G✳ ❊♥tã♦✱ H ∩ S ⊳ S✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ s ∈ S✱ s❡❥❛ x ∈ s(H ∩S)s−1✳ ❊♥tã♦✱ x = sys−1✱ ♣❛r❛ ❛❧❣✉♠ y ∈ H ∩S✳
P♦r ✉♠ ❧❛❞♦✱ y ∈ S ✐♠♣❧✐❝❛ q✉❡ x = sys−1 ∈ S✳ P♦r ♦✉tr♦ ❧❛❞♦✱ y ∈ H ❡ H ⊳ G ❛❝❛rr❡t❛♠
q✉❡ x = sys−1 ∈ H✳ ❉❛í q✉❡ x ∈ H ∩ S ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠♦ x ∈ s(H ∩ S)s−1 ❢♦✐ t♦♠❛❞♦
❛r❜✐trár✐♦✱ t❡♠♦s q✉❡ s(H ∩ S)s−1 ⊆ H ∩ S, ∀s ∈ S✳ ❙❡❣✉❡✱ ❛ss✐♠✱ q✉❡ H ∩ S ⊳ S✳

▲❡♠❛ ✶✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ S,A,B s✉❜❣r✉♣♦s ❞❡ G✳ ❙❡ B ⊳ A✱ ❡♥tã♦ B ∩ S ⊳ A ∩ S✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ a ∈ A ∩ S✱ s❡❥❛ x ∈ a(B ∩ S)a−1✳ ❊♥tã♦✱ x = aya−1✱ ♣❛r❛ ❛❧❣✉♠
y ∈ B ∩ S✱ ❡ ❝♦♠♦ a, a−1, y ∈ S✱ s❡❣✉❡ q✉❡ x ∈ S✳ ❆❣♦r❛✱ y ∈ B ❡ B ⊳A✱ ❧♦❣♦ aya−1 ∈ B✱ ♦
q✉❡ ❛❝❛rr❡t❛ q✉❡ x ∈ B ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ x ∈ B ∩ S✱ ❞❛í q✉❡✱ ❝♦♠♦ x ∈ a(B ∩ S)a−1 ❢♦✐
t♦♠❛❞♦ ❛r❜✐trár✐♦✱ a(B∩S)a−1 ⊆ B∩S✱ ♣❛r❛ t♦❞♦ a ∈ A∩S ❡✱ ♣♦rt❛♥t♦✱ (B∩S)⊳(A∩S)✳

✹



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

▲❡♠❛ ✶✳✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ [G : H] < ∞✱ ❡♥tã♦ ❡①✐st❡ ✉♠
s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ T ❞❡ G t❛❧ q✉❡

⋂

g∈G

g−1Hg =
⋂

t∈T

t−1Ht.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ [G : H] <∞✱ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ T ❞❡ G t❛❧ q✉❡ G =
•⋃

t∈T

Ht

✭T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ H ❡♠ G✮✳ ❆ss✐♠✱ ❞❛❞♦ g ∈ G✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ú♥✐❝♦ t ∈ T
t❛❧ q✉❡ g ∈ Ht ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ ú♥✐❝♦ h ∈ H t❛❧ q✉❡ g = ht✱ ❧♦❣♦

g−1Hg = (t−1h−1)H(ht) = t−1Ht.

❉❛í q✉❡
⋂

g∈G

g−1Hg =
⋂

t∈T

t−1Ht, ♦♥❞❡ T é ✜♥✐t♦.

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G→ H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

❛✮ ❙❡ A é s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ ϕ−1(ϕ(A)) = Aker(ϕ)✳

❜✮ ❙❡ B é s✉❜❣r✉♣♦ ❞❡ H✱ ❡♥tã♦ ϕ(ϕ−1(B)) = B ∩ Im(ϕ)✱ ♦♥❞❡ ♣❛r❛ ✉♠ s✉❜❣r✉♣♦ C ❞❡
H✱ t❡♠♦s q✉❡ ϕ−1(C) = {g ∈ G : ϕ(g) ∈ C} é s✉❜❣r✉♣♦ ❞❡ G✳

❉❡♠♦♥str❛çã♦✳ ❛✮ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ Aker(ϕ) ⊆ ϕ−1(ϕ(A))✳ ❚❡♠♦s q✉❡
ker(ϕ) = ϕ−1({1H}) ⊆ ϕ−1(ϕ(A)) ❡ A ⊆ ϕ−1(ϕ(A))✳ ❈♦♠♦ ϕ−1(ϕ(A)) é s✉❜❣r✉♣♦ ❞❡ G✱
s❡❣✉❡ q✉❡ Aker(ϕ) ⊆ ϕ−1(ϕ(A))✳ P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✱ s❡❥❛ g ∈ ϕ−1(ϕ(A))✳ ▲♦❣♦✱
ϕ(g) ∈ ϕ(A)✱ ✐st♦ é✱ ❡①✐st❡ a ∈ A t❛❧ q✉❡ ϕ(g) = ϕ(a)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ϕ(a)−1ϕ(g) = 1H ✱
♦✉ s❡❥❛✱ ϕ(a−1g) = 1H ✱ ♦ q✉❡ ❛❝❛rr❡t❛ q✉❡ a−1g ∈ ker(ϕ)✳ P♦rt❛♥t♦✱ ❡①✐st❡ g0 ∈ ker(ϕ)
t❛❧ q✉❡ g = ag0 ∈ Aker(ϕ)✳ ❈♦♠♦ g ∈ ϕ−1(ϕ(A)) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡
ϕ−1(ϕ(A)) ⊆ Aker(ϕ)✳

❜✮ ❉❛s ❞❡✜♥✐çõ❡s ❞❡ ✐♠❛❣❡♠ ❡ ♣ré✲✐♠❛❣❡♠ ❞❡ ✉♠❛ ❢✉♥çã♦ s❡❣✉❡ q✉❡ ϕ(ϕ−1(B)) ⊆ B ∩
Im(ϕ)✳ ❆ ✜♠ ❞❡ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✱ s❡❥❛ b ∈ B ∩ Im(ϕ)✳ ❈♦♠♦ b ∈ Im(ϕ)✱
❡①✐st❡ g ∈ G t❛❧ q✉❡ b = ϕ(g)✳ ❈♦♠♦ b ∈ B✱ b = ϕ(g) ∈ B✱ ❞❛í q✉❡ g ∈ ϕ−1(B) ❡✱
♣♦rt❛♥t♦✱ b = ϕ(g) ∈ ϕ(ϕ−1(B))✳ ❈♦♠♦ b ∈ B ∩ Im(ϕ) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡
B ∩ Im(ϕ) ⊆ ϕ(ϕ−1(B))✳

▲❡♠❛ ✶✳✻✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A,B s✉❜❣r✉♣♦s ❞❡ G t❛✐s q✉❡ A⊳G ♦✉ B ⊳G ❡ N ⊳G t❛❧
q✉❡ N ⊆ A,B✳ ❊♥tã♦✱ A/N · B/N = (AB)/N ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ N ⊳ G✱ r❡s✉❧t❛ q✉❡ A/N,B/N sã♦ ❣r✉♣♦s ❡ s❡ A ⊳ G ♦✉ B ⊳ G✱
❡♥tã♦ AB é s✉❜❣r✉♣♦ ❞❡ G✱ ❞❛í q✉❡ AB/N t❛♠❜é♠ é ❣r✉♣♦✳ ❆ss✐♠✱ ❞❛❞❛s ❛s ❝❧❛ss❡s
❧❛t❡r❛✐s aN ∈ A/N ❡ bN ∈ B/N ✱ s❡❣✉❡ q✉❡ aN · bN = abN ✳ ❈♦♥❝❧✉í♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡
A/N · B/N = (AB)/N ✳

✺
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▲❡♠❛ ✶✳✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳G ❡ π : G։ G/H ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✳ ❙❡❥❛♠ t❛♠❜é♠ C ✉♠ s✉❜❣r✉♣♦ ❞❡ G/H ❡ B ⊳G/H✳ ❊♥tã♦✱

π−1(BC) = π−1(B)π−1(C).

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ C é s✉❜❣r✉♣♦ ❞❡ G/H ❡ B⊳G/H✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛
❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ s❡❣✉❡ q✉❡

π−1(C) é s✉❜❣r✉♣♦ ❞❡ G ❡ π−1(B)⊳G

❝♦♠ B = π(π−1(B)) = π−1(B)/H ❡ C = π(π−1(C)) = π−1(C)/H.

❆ss✐♠✱ BC = (π−1(B)/H) ·(π−1(C)/H) ❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✻ ✭♣✳ ✺✮✱ (π−1(B)/H) ·(π−1(C)/H) =
(π−1(B)π−1(C))/H✱ ✐st♦ é✱

BC = (π−1(B)π−1(C))/H

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡
π−1(BC) = π−1(B)π−1(C).

▲❡♠❛ ✶✳✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ N ⊳ G ❡ K,H s✉❜❣r✉♣♦s ❞❡ G t❛✐s q✉❡ K ⊆ H✳ ❙❡ [H :
K] <∞✱ ❡♥tã♦ [NH : NK] <∞✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ N ⊳ G✱ t❡♠♦s q✉❡ NH,NK sã♦ s✉❜❣r✉♣♦s ❞❡ G✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦
K ⊆ H✱ s❡❣✉❡ q✉❡ NK ⊆ NH ❡✱ ♣♦r ❤✐♣ót❡s❡✱

H =
•⋃

t∈T

Kt,

♦♥❞❡ T é s✉❜❝♦♥❥✉♥t♦ ❞❡ H ❡ |T | < ∞ ✭T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ K ❡♠ H✮✳ ❖❜s❡r✲
✈❛♠♦s✱ ❛ss✐♠✱ q✉❡

NH = N(
•⋃

t∈T

Kt) =
⋃

t∈T

NKt.

P♦rt❛♥t♦✱ [NH : NK] ≤ |T | <∞✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ π : G։ H ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

❛✮ ❙❡ B ❡ A sã♦ s✉❜❣r✉♣♦s ❞❡ H t❛✐s q✉❡ B ⊆ A✱ ❡♥tã♦ [π−1(A) : π−1(B)] = [A : B]✳

❜✮ ❙❡ B ⊳ A⊳H✱ ❡♥tã♦ π−1(B)⊳ π−1(A)⊳G ❡ π−1(A)/π−1(B) ∼= A/B✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❈♦♠♦ B é s✉❜❣r✉♣♦ ❞❡ A✱ t❡♠♦s q✉❡ π−1(B) é s✉❜❣r✉♣♦ ❞❡ π−1(A)✱ ❞❛í
q✉❡

π−1(A) =
•⋃

t∈T

π−1(B)t, ✭✶✳✶✮

✻
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♣❛r❛ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ T ❞❡ π−1(A)✱ ♦♥❞❡ π−1(B)t é ❝❧❛ss❡ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ❞❡ π−1(B) ❡♠
π−1(A), ∀t ∈ T ✭T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ π−1(B) ❡♠ π−1(A)✮✳ ▲♦❣♦✱

A = π(π−1(A)) = π(
•⋃

t∈T

π−1(B)t) =
⋃

t∈T

π(π−1(B))π(t) =
⋃

t∈T

Bπ(t) =
⋃

π(t)∈π(T )

Bπ(t) =

=
•⋃

π(t)∈π(T )

Bπ(t), ✭✶✳✷✮

♦♥❞❡ ❡ss❛ ú❧t✐♠❛ ✉♥✐ã♦ é✱ ❞❡ ❢❛t♦✱ ❞✐s❥✉♥t❛✱ ♣♦✐s✱ ❞♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛♠ π(t1), π(t2) ∈ π(T )
t❛✐s q✉❡ π(t1) 6= π(t2) ❡ Bπ(t1) = Bπ(t2)✳ ▲♦❣♦✱ π(t1)π(t2)−1 = π(t1t

−1
2 ) ∈ B✱ ♦ q✉❡ ✐♠♣❧✐❝❛r✐❛

q✉❡ t1t
−1
2 ∈ π−1(B) ❡✱ ♣♦rt❛♥t♦✱ π−1(B)t1 = π−1(B)t2✳ ▼❛s✱ t1 6= t2✱ ♣♦✐s π(t1) 6= π(t2)✳

❆ss✐♠✱ t❡rí❛♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❡♠ ✭✶✳✶✮ ✭♣✳ ✻✮✳
❚❡♠♦s t❛♠❜é♠ q✉❡ |T | = |π(T )|✱ ♣♦✐s✱ ❞❛❞♦s t1, t2 ∈ T ✱ s❡ t1 6= t2✱ ❡♥tã♦ ♣♦r ✭✶✳✶✮ ✭♣✳ ✻✮

π−1(B)t1 6= π−1(B)t2✱ ❧♦❣♦ t1t
−1
2 /∈ π−1(B)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ π(t1t

−1
2 ) /∈ B ❡✱ ♣♦rt❛♥t♦✱ ♣♦r

✭✶✳✷✮ ✭♣✳ ✼✮ π(t1) 6= π(t2)✳ P♦r ✭✶✳✶✮ ✭♣✳ ✻✮ ❡ ✭✶✳✷✮ ✭♣✳ ✼✮✱ s❡❣✉❡ q✉❡

[π−1(A) : π−1(B)] = |T | = |π(T )| = [A : B].

❜✮ ❈♦♠♦ B⊳A⊳H✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱
t❡♠♦s q✉❡ π−1(B)⊳ π−1(A)⊳G✳ ❙❡❥❛♠ ρ : A ։ A/B ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛ ❡ ψ : π−1(A)→ A ❞❡✜♥✐❞❛ ♣♦r ψ(x) = π(x), ∀x ∈ π−1(A)✳ ❉❡✜♥❛♠♦s

θ : π−1(A)→ A/B ♣♦r θ := ρψ.

❈♦♠♦ ψ ❡ ρ sã♦ ❡♣✐♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✱ s❡❣✉❡ q✉❡ θ t❛♠❜é♠ ♦ é✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮
✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ π−1(A)/ker(θ) ∼= Im(θ) = A/B ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱
ker(θ) = θ−1(✶) = (ρψ)−1(✶) = ψ−1ρ−1(✶) = π−1(B)✳ ❉❛í q✉❡ π−1(A)/π−1(B) ∼= A/B✳

❈♦r♦❧ár✐♦ ✶✳✶✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G→ H ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ A1, B1 s✉❜❣r✉♣♦s
❞❡ G t❛✐s q✉❡ B1 ⊳ A1✳ ❊♥tã♦✱ A1/B1

∼= ϕ(A1)/ϕ(B1)✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉s❛r ♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮
❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❜✮ ✭♣✳ ✻✮✳

Pr♦♣♦s✐çã♦ ✶✳✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ A,B s✉❜❣r✉♣♦s ❞❡ G✳ ❙❡ [G : A] < ∞✱ ❡♥tã♦
[B : A ∩B] <∞✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ [G : A] < ∞✱ ❧♦❣♦ G/A = {Ag : g ∈ G} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱
♦♥❞❡✱ ∀g ∈ G,Ag ❞❡♥♦t❛ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ❞❡ A ❡♠ G✳ ❚❡♠♦s q✉❡ ∆ = {Ab : b ∈ B}
é t❛♠❜é♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ♣♦✐s B ⊆ G✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦s
❝♦♥❥✉♥t♦s ∆ ❡ B/(A ∩ B) = {(A ∩B)b : b ∈ B}✳ ❙❡❥❛ ϕ : B/(A ∩B)→ ∆ ❞❛❞❛ ♣♦r

ϕ((A ∩ B)b = Ab

❊♥tã♦✱ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s✱ ❞❛❞♦s (A∩B)b1, (A∩B)b2 ∈ B/(A∩B) t❛✐s q✉❡ (A∩B)b1 =
(A∩B)b2✱ s❡❣✉❡ q✉❡ b1b

−1
2 ∈ A∩B ⊆ A✱ ❧♦❣♦ Ab1 = Ab2✱ ✐st♦ é✱ ϕ((A∩B)b1) = ϕ((A∩B)b2)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ϕ é ❢✉♥çã♦ ✐♥❥❡t✐✈❛✱ ✉♠❛ ✈❡③ q✉❡✱ ❞❛❞♦s (A∩B)b1, (A∩B)b2 ∈ B/(A∩B)✱ s❡

✼
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ϕ((A∩B)b1) = ϕ((A∩B)b2)✱ ❡♥tã♦ Ab1 = Ab2✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ b1b
−1
2 ∈ A✳ ❈♦♠♦ b1, b2 ∈ B✱

t❡♠♦s t❛♠❜é♠ q✉❡ b1b
−1
2 ∈ B✳ ❉❛í q✉❡ b1b

−1
2 ∈ A ∩ B✱ ♦✉ s❡❥❛✱ (A ∩ B)b1 = (A ∩ B)b2✳

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡✱ ♣♦r ❝♦♥str✉çã♦✱ ϕ é s♦❜r❡❥❡t✐✈❛✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡
|∆| = |B/(A∩B)| ❡✱ ♣♦rt❛♥t♦✱ B/(A∩B) é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❆ss✐♠✱ [B : A∩B] <∞✳

Pr♦♣♦s✐çã♦ ✶✳✹✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ A,B
s✉❜❣r✉♣♦s ❞❡ G t❛✐s q✉❡ B ⊆ A✳ ❙❡ [A : B] <∞✱ ❡♥tã♦ [ϕ(A) : ϕ(B)] <∞✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ T ❞❡ A t❛❧ q✉❡

A =
•⋃

t∈T

Bt ❡ |T | <∞,

✭T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ B ❡♠ A✮✳ ❉❛í q✉❡

ϕ(A) = ϕ(
•⋃

t∈T

Bt) =
⋃

t∈T

ϕ(B)ϕ(t) =
⋃

ϕ(t)∈ϕ(T )

ϕ(B)ϕ(t).

❱✐st♦ q✉❡ ϕ(B)ϕ(t) é ❝❧❛ss❡ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ❞❡ ϕ(B) ❡♠ ϕ(A) ♣❛r❛ t♦❞♦ ϕ(t) ∈ ϕ(T )✱
♣♦❞❡♠♦s t♦♠❛r ❡ss❛ ú❧t✐♠❛ ✉♥✐ã♦ ❝♦♠♦ s❡♥❞♦ t❛♠❜é♠ ❞✐s❥✉♥t❛✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ q✉❡
❡❧✐♠✐♥❡♠♦s ❞❛ ✉♥✐ã♦ ❛s ❝❧❛ss❡s ❧❛t❡r✐❛s r❡♣❡t✐❞❛s✳ ❆ss✐♠✱ t❡r❡♠♦s q✉❡

ϕ(A) =
•⋃

y∈Y

ϕ(B)y, ♦♥❞❡ Y ⊆ ϕ(T ).

❉❛í q✉❡ [ϕ(B) : ϕ(A)] = |Y | ≤ |ϕ(T )| ≤ |T | <∞✳

◆♦t❛çã♦ ✶✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉❡♥♦t❡♠♦s ♣♦r G′ ♦ ❣r✉♣♦ ❝♦♠✉t❛❞♦r ❞❡ G✱ ✐st♦ é✱

G′ = 〈{[g1, g2] ∈ G : g1, g2 ∈ G}〉, ♦♥❞❡ [g1, g2] = g−1
1 g−1

2 g1g2 ∈ G.

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ⊳G✳ ❊♥tã♦✱ G/H é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ G′ ⊆ H✳ ❊♠ ♣❛rt✐❝✉❧❛r G/G′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ s❡ G/H é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ G′ ⊆ H✳ ❙❡❥❛ x ∈ G′✳
❊♥tã♦✱ x = [y1, z1]

ε1 · . . . · [yn, zn]
εn ✱ ❝♦♠ n ∈ Z+✱ yi, zi ∈ G ❡ εi ∈ {−1, 1}✱ ♦♥❞❡ 1 ≤

i ≤ n✳ ❆❣♦r❛✱ ∀i ∈ {1, . . . , n}✱ s❡❥❛♠ yiH, ziH ❝❧❛ss❡s ❧❛t❡r❛✐s ❡♠ G/H✳ ❈♦♠♦ G/H é
❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ t❡♠♦s q✉❡ yiH · ziH = ziH · yiH ❡✱ ♣♦rt❛♥t♦✱ y−1

i z−1
i yiziH = H✳ ❙❡❣✉❡ q✉❡

[yi, zi] ∈ H✳ ❈♦♠♦ H é ❣r✉♣♦✱ ♦❜t❡♠♦s q✉❡ x ∈ H✳ ❉❛í q✉❡✱ ♣♦r x ∈ G′ t❡r s✐❞♦ t♦♠❛❞♦
❛r❜✐trár✐♦✱ G′ ⊆ H✳

▼♦str❛r❡♠♦s ❛❣♦r❛ ❛ ❛✜r♠❛çã♦ r❡❝í♣r♦❝❛✳ ❙❡❥❛♠ xH, yH ❝❧❛ss❡s ❧❛t❡r❛✐s ❡♠ G/H✱ ♦♥❞❡
x, y ∈ G✳ ❈♦♠♦ G′ ⊆ H✱ t❡♠♦s q✉❡ [x, y] ∈ H ❡✱ ♣♦rt❛♥t♦✱ x−1y−1xy ∈ H✳ ❉❛í q✉❡
x−1y−1xyH = H ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ xyH = yxH✱ ✐st♦ é✱ xH ·yH = yH ·xH✳ ❆ss✐♠✱ G/H
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❈♦r♦❧ár✐♦ ✶✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G′ = ✶ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

✽



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡♠♦♥str❛çã♦✳ ❙❡ G′ = ✶✱ ❡♥tã♦ G ∼= G/✶ = G/G′✱ ❧♦❣♦ G é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✺ ✭♣✳ ✽✮✳ ❈❛s♦ G s❡❥❛ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ G/✶ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡✱ ♣♦rt❛♥t♦✱ G′ ⊆ ✶
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺ ✭♣✳ ✽✮✳

Pr♦♣♦s✐çã♦ ✶✳✻✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡ G é
✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ ϕ(G) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ H ⊳ G ❡ G é ❣r✉♣♦
❛❜❡❧✐❛♥♦✱ ❡♥tã♦ G/H é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ∀ϕ(g1), ϕ(g2) ∈ ϕ(G), ϕ(g1)ϕ(g2) = ϕ(g1g2) = ϕ(g2g1) = ϕ(g2)ϕ(g1)✳
❙❡ H ⊳G ❡ G ❢♦r ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣❛r❛ ♦ ❤♦♠♦♠♦r✜s♠♦

❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : G։ G/H✱ q✉❡ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

Pr♦♣♦s✐çã♦ ✶✳✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A,B ⊳ G t❛✐s q✉❡ B ⊆ A✳ ❊♥tã♦✱ ϕ : G/B → G/A
❞❛❞❛ ♣♦r

ϕ(gB) = gA,

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gB ∈ G/B✱ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❆❧é♠ ❞✐ss♦✱ ker(ϕ) = A/B✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❉❛❞♦s g1B, g2B ∈
G/B✱ s❡ g1B = g2B✱ ❡♥tã♦ g1g

−1
2 ∈ B✳ ❈♦♠♦ B ⊆ A✱ s❡❣✉❡ q✉❡ g1g

−1
2 ∈ A ❡✱ ♣♦rt❛♥t♦✱

g1A = g2A✱ ✐st♦ é✱ ϕ(g1B) = ϕ(g2B)✳
❆❣♦r❛✱ ϕ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s✱ ❞❛❞♦s g1B, g2B ∈ G/B✱ t❡♠♦s q✉❡

ϕ(g1B · g2B) = ϕ(g1g2B) = g1g2A = g1A · g2A = ϕ(g1B)ϕ(g2B)

❡ é s♦❜r❡❥❡t✐✈♦✱ ♣♦✐s✱ ♣❛r❛ t♦❞♦ z ∈ G/A✱ s❡❣✉❡ q✉❡ z = gA✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✱ ♦✉ s❡❥❛✱
z = ϕ(gB)✳

P❛r❛ ✈❡r♠♦s q✉❡ ker(ϕ) = A/B✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ xB ∈ G/B✱ t❡♠♦s q✉❡ xB ∈
ker(ϕ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(xB) = 1G/A = A✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ x ∈ A ❡ q✉❡✱ ♣♦r s✉❛ ✈❡③✱
é ❡q✉✐✈❛❧❡♥t❡ ❛ xB ∈ A/B✳

▲❡♠❛ ✶✳✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ G1, G2, G3 ⊳G t❛✐s q✉❡ G2 ⊆ G1✳ ❊♥tã♦✱

❛✮ G2G3 ⊳G1G3 ❡✱ ♣♦rt❛♥t♦✱
G1G3

G2G3

é ❣r✉♣♦ q✉♦❝✐❡♥t❡✳

❜✮ G1 ∩ (G2G3) = G2(G1 ∩G3)✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❖❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ G2 ⊳ G ❡ G3 ⊳ G✱ s❡❣✉❡ q✉❡ G2G3 ⊳ G✳ ❱✐st♦

q✉❡ G2 ⊆ G1✱ t❡♠♦s q✉❡ G2G3 ⊆ G1G3✳ ❉❛í q✉❡ G2G3 ⊳ G1G3 ❡✱ ♣♦rt❛♥t♦✱
G1G3

G2G3

é ❣r✉♣♦

q✉♦❝✐❡♥t❡✳
❜✮ ❱❛♠♦s ♠♦str❛r q✉❡ G1 ∩ (G2G3) ⊆ G2(G1 ∩ G3)✳ ❙❡❥❛ x ∈ G1 ∩ (G2G3)✳ ▲♦❣♦✱

x = g1 ❡ x = g2g3✱ ❝♦♠ g1 ∈ G1✱ g2 ∈ G2 ❡ g3 ∈ G3✳ ❉❛í q✉❡ g1 = g2g3✱ ♦ q✉❡ ✐♠♣❧✐❝❛
q✉❡ g−1

2 g1 = g3✳ ❈♦♠♦ G2 ⊆ G1✱ s❡❣✉❡ q✉❡ g3 ∈ G1 ❡✱ ♣♦rt❛♥t♦✱ x = g2g3 ∈ G2(G1 ∩ G3)✳
❈♦♠♦ x ∈ G1 ∩ (G2G3) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ G1 ∩ (G2G3) ⊆ G2(G1 ∩G3)✳ P❛r❛
♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✱ s❡❥❛ x ∈ G2(G1 ∩ G3)✳ ▲♦❣♦✱ x = g2g✱ ❝♦♠ g2 ∈ G2 ❡
g ∈ G1 ∩G3✳ ❉❛í q✉❡ x ∈ G2G3✳ ❈♦♠♦ G2 ⊆ G1 ❡ g ∈ G1✱ s❡❣✉❡ q✉❡ x = g2g ∈ G1✳ ❚❡♠♦s✱
❛ss✐♠✱ q✉❡ x ∈ G1 ∩ (G2G3)✳ ❈♦♠♦ x ∈ G2(G1 ∩ G3) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡
G1 ∩ (G2G3) ⊇ G2(G1 ∩G3)✳

✾



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

▲❡♠❛ ✶✳✶✵✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ G1, G2, G3 ⊳G t❛✐s q✉❡ G2 ⊆ G1✳ ❊♥tã♦

G1G3

G2G3

∼=
G1

G2(G1 ∩G3)
.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✶✳✾ ❛✮ ✭♣✳ ✾✮
G1G3

G2G3

é ❣r✉♣♦ q✉♦❝✐❡♥t❡✳ ❙❡❥❛ µ : G1 →
G1G3

G2G3
❞❛❞❛ ♣♦r µ(g1) = g1G2G3, ∀g1 ∈ G1✳ ❚❡♠♦s q✉❡ µ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s✱ ❞❛❞♦s
g1, g

′
1 ∈ G1✱ t❡♠♦s q✉❡ µ(g1g′1) = g1g

′
1G2G3 = g1G2G3 · g

′
1G2G3 = µ(g1)µ(g

′
1)✳ ❆❧é♠ ❞✐ss♦✱ µ

é s♦❜r❡❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ ∀x ∈
G1G3

G2G3

✱ x = g1g3G2G3✱ ❝♦♠ g1 ∈ G1 ❡ g3 ∈ G3✳ ❆ss✐♠✱

x = g1g3G2G3 = g1G2G3 · g3G2G3 =

= g1G2G3 · g3G3G2 = g1G2G3 ·G3G2 = g1G2G3 ·G2G3 = µ(g1).

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ ker(µ) = G1∩ (G2G3)✳ ❙❡❥❛ g1 ∈ ker(µ)✳ ▲♦❣♦✱ µ(g1) = G2G3✱
✐st♦ é✱ g1G2G3 = G2G3✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ g1 ∈ G2G3✱ ✐st♦ é✱ g1 ∈ G1 ∩ (G2G3)✳ ❈♦♠♦
g1 ∈ ker(µ) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ t❡♠♦s q✉❡ ker(µ) ⊆ G1∩ (G2G3)✳ P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦
✐♥✈❡rs❛✱ s❡❥❛ x ∈ G1 ∩ (G2G3)✳ ❊♥tã♦✱ µ(x) = xG2G3 = G2G3✳ ▲♦❣♦✱ x ∈ ker(µ)✳ ❈♦♠♦
x ∈ G1 ∩ (G2G3) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ker(µ) ⊇ G1 ∩ (G2G3)✳ P❡❧♦ ▲❡♠❛
✶✳✾ ❜✮ ✭♣✳ ✾✮✱ s❡❣✉❡ q✉❡

ker(µ) = G2(G1 ∩G3).

P❡❧♦ ✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✱ G1/ker(µ) ∼= Im(µ)✳ ▲♦❣♦✱

G1

G2(G1 ∩G3)
∼=
G1G3

G2G3

.

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛♠ P1, P2, · · · , Pn ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❣r✉♣♦s q✉❡ sã♦ ♣r❡s❡r✈❛❞❛s ♣♦r ✐s♦♠♦r✲
✜s♠♦s ❞❡ ❣r✉♣♦s✱ ♦♥❞❡ n ∈ Z+✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❣r✉♣♦ G é P1✲♣♦r✲P2✲♣♦r✲. . .✲♣♦r✲Pn s❡
❡①✐st❡♠ A1, A2 . . . , An−1 ⊳G t❛✐s q✉❡ A1 ⊆ A2 ⊆ . . . ⊆ An−1 ⊆ G ❡ A1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡
P1✱ A2/A1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ P2✱ . . . ✱ An−1/An−2 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn−1 ❡ G/An−1

♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn✳

◆♦t❛çã♦ ✶✳✷✳ ❆ ❝❧❛ss❡ ❞♦s ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s é ❞❡♥♦t❛❞❛ ♣♦r NAF✳
❆ss✐♠✱ s❡ G é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✱ ❡s❝r❡✈❡♠♦s G ∈ NAF✳

Pr♦♣♦s✐çã♦ ✶✳✽✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G → H ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡ G é
P1✲♣♦r✲P2✲♣♦r✲. . .✲♣♦r✲Pn✱ ❡♥tã♦ H é P1✲♣♦r✲P2✲♣♦r✲. . .✲♣♦r✲Pn✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ G é P1✲♣♦r✲P2✲♣♦r✲. . .✲♣♦r✲Pn✱ ❧♦❣♦ ❡①✐st❡♠ A1, A2 . . . , An−1⊳G
t❛✐s q✉❡ A1 ⊆ A2 ⊆ . . . ⊆ An−1 ⊆ G ❡ A1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ P1✱ A2/A1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡
P2✱ . . . ✱ An−1/An−2 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn−1 ❡ G/An−1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn✳ ❚❡♠♦s q✉❡
ϕ(A1), ϕ(A2), . . . ϕ(An−1) ⊳ H ❡ ϕ(A1) ⊆ ϕ(A2) ⊆ . . . ⊆ ϕ(An−1) ⊆ H✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s
q✉❡ A1

∼= ϕ(A1) ❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶ ✭♣✳ ✼✮✱ Ai+1/Ai ∼= ϕ(Ai+1)/ϕ(Ai)✱ ❝♦♠ 1 ≤ i ≤ n − 2✱
❡ G/An−1

∼= H/ϕ(An−1)✳ ❙❡❣✉❡ q✉❡ ϕ(A1) t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ P1✱ ϕ(A2)/ϕ(A1)
t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ P2✱ . . . ✱ ϕ(An−1)/ϕ(An−2) t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn−1

❡ H/ϕ(An−1) t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ Pn✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ H é t❛♠❜é♠ P1✲♣♦r✲
P2✲♣♦r✲. . .✲♣♦r✲Pn✳
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Pr♦♣♦s✐çã♦ ✶✳✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ G é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲
✜♥✐t♦✱ ❡♥tã♦ H t❛♠❜é♠ ♦ é✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✱ ❡①✐st❡ A⊳G t❛❧ q✉❡ A é ❣r✉♣♦ ❛❜❡❧✐❛♥♦
❡ G/A é ❣r✉♣♦ ✜♥✐t♦✳ ❚❡♠♦s q✉❡ A ∩ H ⊳ H ♣❡❧♦ ▲❡♠❛ ✶✳✸ ✭♣✳ ✹✮✳ ❆❧é♠ ❞✐ss♦✱ A ∩ H é
❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ♣♦✐s A é ❛❜❡❧✐❛♥♦✱ ❡ H/(A∩H) é ❣r✉♣♦ ✜♥t♦✱ ❥á q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷ ✭♣✳ ✸✮
✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ H/(A ∩H) ∼= HA/A ≤ G/A✱ s❡♥❞♦ ❡st❡ ú❧t✐♠♦
❣r✉♣♦ ✜♥✐t♦✳ P♦rt❛♥t♦✱ H é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳

▲❡♠❛ ✶✳✶✶✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✼✱ ♣✳ ✶✹✸❪ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ N1, . . . , Ns⊳G✱ ♦♥❞❡ s ∈ Z+✳ ❙❡

G/N1, . . . , G/Ns−1 ❡ G/Ns sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦s✱ ❡♥tã♦ G/(
s⋂

i=1

Ni) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲

♣♦r✲✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ π : G → G/N1 × . . . × G/Ns ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❛❞♦ ♣♦r

π(g) = (gN1, . . . , gNs)✳ ❊♥tã♦✱ ker(π) =
s⋂

i=1

Ni ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡

■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ G/
s⋂

i=1

Ni
∼= Im(π) ≤ G/N1 × . . . × G/Ns✱ q✉❡ é ❛❜❡❧✐❛♥♦✲♣♦r✲

✜♥✐t♦✱ ❡✱ ♣♦rt❛♥t♦✱ Im(π) é t❛♠❜é♠ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✾ ✭♣✳ ✶✶✮✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✽ ✭♣✳ ✶✵✮✱ s❡❣✉❡ q✉❡ G/(
s⋂

i=1

Ni) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳

▲❡♠❛ ✶✳✶✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ A1, . . . , An s✉❜❣r✉♣♦s ❞❡ G✱ ♦♥❞❡ n ∈ Z+✳ ❙❡ [G : Ai] <∞✱

♣❛r❛ 1 ≤ i ≤ n✱ ❡♥tã♦ [G :
n⋂

i=1

Ai] <∞✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡

[G :
n⋂

i=1

Ai] = [G : (
n−1⋂

i=1

Ai) ∩ An] = [G : An][An : (
n−1⋂

i=1

Ai) ∩ An].

P♦r ❤✐♣ót❡s❡ [G : An] <∞ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸ ✭♣✳ ✼✮✱ [An : (
n−1⋂

i=1

Ai) ∩ An] <∞✳

▲❡♠❛ ✶✳✶✸✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ S ⊳G ❡ ϕ : G→ H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡ S ⊆
ker(ϕ)✱ ❡♥tã♦ ϕ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : G/S → H ❞❛❞♦ ♣♦r θ(gS) = ϕ(g)✱
♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gS ∈ G/S✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ θ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡❥❛♠ g1S, g2S ∈ G/S t❛✐s q✉❡
g1S = g2S✳ ▲♦❣♦✱ g1g

−1
2 ∈ S✳ ❈♦♠♦ S ⊆ ker(ϕ)✱ t❡♠♦s q✉❡ ϕ(g1g

−1
2 ) = 1H ✱ ❧♦❣♦ ϕ(g1) =

ϕ(g2) ❡✱ ♣♦rt❛♥t♦✱ θ(g1S) = θ(g2S)✱ ✐st♦ é✱ θ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ θ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡❥❛♠ g1S, g2S ∈ G/S✳ ❊♥tã♦✱

θ(g1S · g2S) = θ(g1g2S) = ϕ(g1g2) = ϕ(g1)ϕ(g2) = θ(g1s)θ(g2S)✳
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▲❡♠❛ ✶✳✶✹✳ ❙❡❥❛♠ G1, G2, H ❣r✉♣♦s✱ ϕ1 : G1 → H,ϕ2 : G2 → H ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s
❡ θ : G1 ։ G2 ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛✐s q✉❡ ϕ2θ = ϕ1✳ ❊♥tã♦✱

θ(ker(ϕ1)) = ker(ϕ2).

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

G1

θ
����

ϕ1 // H

G2

ϕ2

>>

❱❛♠♦s ♠♦str❛r ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ θ(ker(ϕ1)) ⊆ ker(ϕ2)✳ ❙❡❥❛ g2 ∈ θ(ker(ϕ1))✳ ❊♥tã♦✱
❡①✐st❡ g1 ∈ ker(ϕ1) t❛❧ q✉❡ g2 = θ(g1)✳ ❉❛í q✉❡✱ ϕ2(g2) = ϕ2θ(g1) = ϕ1(g1) = 1H ✳ ▲♦❣♦✱
g2 ∈ ker(ϕ2)✳ ❈♦♠♦ g2 ∈ θ(ker(ϕ1)) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ θ(ker(ϕ1)) ⊆ ker(ϕ2)✳
P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✱ s❡❥❛ g2 ∈ ker(ϕ2)✳ ❊♥tã♦✱ ϕ2(g2) = 1H ✳ ▼❛s✱ ❝♦♠♦ θ é
s♦❜r❡❥❡t✐✈♦✱ ❡①✐st❡ g1 ∈ G1 t❛❧ q✉❡ g2 = θ(g1)✳ ❉❛í q✉❡ 1H = ϕ2(g2) = ϕ2(θ(g1)) = ϕ1(g1) ❡✱
♣♦rt❛♥t♦✱ g1 ∈ ker(ϕ1)✱ ♦✉ s❡❥❛✱ g2 ∈ θ(ker(ϕ1))✳ ❈♦♠♦ g2 ∈ ker(ϕ2) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱
s❡❣✉❡ q✉❡ θ(ker(ϕ1)) ⊇ ker(ϕ2)✳

▲❡♠❛ ✶✳✶✺✳ ❙❡❥❛♠ G,G1, G2 ❣r✉♣♦s ❡ ϕ1 : G։ G1, ϕ2 : G։ G2, θ : G1 ։ G2 ❡♣✐♠♦r✜s♠♦s
❞❡ ❣r✉♣♦s t❛✐s q✉❡ ϕ1 = θϕ2✳ ❊♥tã♦✱ θ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ker(ϕ1) =
ker(ϕ2)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ θ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ P❡❧♦ ▲❡♠❛ ✶✳✶✹
✭♣✳ ✶✷✮✱ s❡❣✉❡ q✉❡

ϕ2(ker(ϕ1)) = ker(θ) = 1G1 ,

❧♦❣♦ ker(ϕ1) ⊆ ker(ϕ2)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♠♦ θ−1ϕ1 = ϕ2✱ ❝♦♥❝❧✉í♠♦s q✉❡

ϕ1(ker(ϕ2)) = ker(θ−1) = 1G2 ,

❧♦❣♦ ker(ϕ2) ⊆ ker(ϕ1)✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ker(ϕ1) = ker(ϕ2)✳ P❡❧♦ ▲❡♠❛ ✶✳✶✹ ✭♣✳
✶✷✮✱ t❡♠♦s q✉❡ ϕ2(ker(ϕ1)) = ker(θ)✱ ❧♦❣♦ ϕ2(ker(ϕ2)) = ker(θ)✱ ♦✉ s❡❥❛✱ 1G1 = ker(θ)
❡✱ ♣♦rt❛♥t♦✱ θ é ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❈♦♠♦ θ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣♦r ❤✐♣ót❡s❡✱
❝♦♥❝❧✉í♠♦s q✉❡ θ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

▲❡♠❛ ✶✳✶✻✳ ❙❡❥❛♠ G1, G2, G3 ❣r✉♣♦s ❡ ϕ : G1 → G2, ψ : G2 → G3 ❤♦♠♦♠♦r✜s♠♦s ❞❡
❣r✉♣♦s✳ ❊♥tã♦✱

ker(ψϕ) = ϕ−1(ker(ψ)).

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ ker(ψϕ) ⊆ ϕ−1(ker(ψ))✳ ❚♦♠❡♠♦s x ∈
ker(ψϕ) ❛r❜✐trár✐♦✳ ❊♥tã♦✱ ψϕ(x) = 1G3 ✳ ❙❡❣✉❡ q✉❡ ϕ(x) ∈ ker(ψ)✱ ♦✉ s❡❥❛✱ x ∈ ϕ−1(ker(ψ))✳
❉❛í q✉❡ ker(ψϕ) ⊆ ϕ−1(ker(ψ))✳ P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✱ s❡❥❛ x ∈ ϕ−1(ker(ψ))✳ ❊♥✲
tã♦✱ ϕ(x) ∈ ker(ψ) ❡✱ ♣♦rt❛♥t♦✱ ψϕ(x) = 1G3 ✱ ♦✉ s❡❥❛✱ x ∈ ker(ψϕ)✳ ❈♦♠♦ x ∈ ϕ−1(ker(ψ))
❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ker(ψϕ) ⊇ ϕ−1(ker(ψ))✳

▲❡♠❛ ✶✳✶✼✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ A⊳G ❡ ϕ : G։ H ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✿

✶✷
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❛✮ ϕ∗ : G/A → H/ϕ(A) ❞❡✜♥✐❞❛ ♣♦r ϕ∗(gA) = ϕ(g)ϕ(A)✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gA ∈
G/A✱ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s❀

❜✮ ❙❡ ϕ∗ ❡ ϕ|A ✭r❡str✐çã♦ ❞❡ ϕ s♦❜r❡ A✮ sã♦ ✐s♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ ϕ é ✐s♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❈♦♠♦ A⊳G✱ t❡♠♦s q✉❡ ϕ(A)⊳H✱ ❞❛í q✉❡ H/ϕ(A) é ❣r✉♣♦ q✉♦❝✐❡♥t❡✳
P❛r❛ ✈❡r♠♦s q✉❡ ϕ∗ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ s❡❥❛♠ g1A, g2A ∈ G/A t❛✐s q✉❡ g1A = g2A✳

▲♦❣♦✱ g1g
−1
2 ∈ A✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ϕ(g1g

−1
2 ) ∈ ϕ(A)✱ ♦✉ s❡❥❛✱ ϕ(g1)ϕ(g2)−1 ∈ ϕ(A)✱ ❧♦❣♦

ϕ(g1)ϕ(A) = ϕ(g2)ϕ(A) ❡✱ ♣♦rt❛♥t♦✱ ϕ∗(g1A) = ϕ∗(g2A)✳ ❊ ♣❛r❛ ✈❡r♠♦s q✉❡ ϕ∗ é ❤♦✲
♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❞❛❞♦s g1A, g2A ∈ G/A✱ t❡♠♦s q✉❡ ϕ∗(g1A · g2A) = ϕ∗(g1g2A) =
ϕ(g1g2)ϕ(A) = ϕ(g1)ϕ(g2)ϕ(A) = ϕ(g1)ϕ(A) · ϕ(g2)ϕ(A) = ϕ∗(g1A)ϕ∗(g2A)✳ P♦r ✜♠✱ t❡♠♦s
q✉❡ ϕ∗ é s♦❜r❡❥❡t✐✈♦✱ ♣♦✐s✱ ❞❛❞♦ z ∈ H/ϕ(A)✱ t❡♠♦s q✉❡ z = hϕ(A)✱ ♣❛r❛ ❛❧❣✉♠ h ∈ H✳ ❈♦♠♦
ϕ é s♦❜r❡❥❡t✐✈♦✱ s❡❣✉❡ q✉❡ h = ϕ(g)✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❉❛í q✉❡ z = ϕ(g)ϕ(A) = ϕ∗(gA)✳

❜✮ ❇❛st❛ ♠♦str❛r♠♦s q✉❡ ker(ϕ) = ✶✳
❙❡❥❛ g ∈ ker(ϕ)✳ ❚❡♠♦s q✉❡ ϕ(g) = 1H ✳ ▲♦❣♦✱ ϕ∗(gA) = ϕ(g)ϕ(A) = ϕ(A) = 1H/ϕ(A)✳

❉❛í q✉❡ gA ∈ ker(ϕ∗)✳ ▼❛s✱ ker(ϕ∗) = ✶ = {A}✱ ♣♦✐s ϕ∗ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣♦r
❤✐♣ót❡s❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡ gA = A✱ ✐st♦ é✱ g ∈ A✳ ❈♦♠♦ t❛♠❜é♠ g ∈ ker(ϕ)✱ t❡♠♦s q✉❡ g ∈
ker(ϕ|A)✳ ▼❛s✱ ker(ϕ|A) = ✶ = {1G}✱ ♣♦✐s ϕ|A t❛♠❜é♠ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦rt❛♥t♦
g = 1G✳ ❈♦♠♦ g ∈ ker(ϕ) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ker(ϕ) = {1G} = ✶✳

✶✳✶✳✷ ❈á❧❝✉❧♦s ❝♦♠ ❈♦♠✉t❛❞♦r❡s✱ ❙ér✐❡ ❈❡♥tr❛❧ ❉❡s❝❡♥❞❡♥t❡ ❡ ●r✉✲

♣♦s ◆✐❧♣♦t❡♥t❡s

◆♦t❛çã♦ ✶✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉❛❞♦ i ∈ Z+✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

[g1, . . . , gi] := [[g1, . . . , gi−1], gi],

♦♥❞❡ [g1] := g1✱ [g1, g2] := g−1
1 g−1

2 g1g2 ❡ gi ∈ G, ∀i ∈ Z+✳ ❉❡♥♦♠✐♥❛♠♦s [g1, . . . , gi] ❞❡
❝♦♠✉t❛❞♦r ♥♦r♠❛❞♦ à ❡sq✉❡r❞❛ ❞❡ t❛♠❛♥❤♦ i✳

◆♦t❛çã♦ ✶✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ A1, . . . , Ai s✉❜❣r✉♣♦s ❞❡ G✱ ♦♥❞❡ i ∈ Z+✳ ❚❡♠♦s✱ ❡♥tã♦✱
❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

[A1, . . . , Ai] := [[A1, . . . , Ai−1], Ai],

♦♥❞❡
[A1] := A1,

[A1, A2] =
〈{

[a1, a2] ∈ G : a1 ∈ A1, a2 ∈ A2

}〉

=
〈

{[a1, a2]}a1∈A1,a2∈A2

〉

.

▲❡♠❛ ✶✳✶✽✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G→ H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ A,B s✉❜❣r✉♣♦s
❞❡ G✳ ❊♥tã♦✱

ϕ([A,B]) = [ϕ(A), ϕ(B)].

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s a ∈ A ❡ b ∈ B✱ t❡♠♦s q✉❡

ϕ([a, b]) = ϕ(a−1b−1ab) = ϕ(a)−1ϕ(b)−1ϕ(a)ϕ(b) = [ϕ(a), ϕ(b)].

✶✸



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❙❡❣✉❡ ❞❛í q✉❡

ϕ([A,B]) = ϕ(〈{[a, b]}a∈A,b∈B〉) = 〈ϕ({[a, b]}a∈A,b∈B)〉 =

= 〈{ϕ([a, b])}a∈A,b∈B〉 = 〈{[ϕ(a), ϕ(b)]}a∈A,b∈B〉 = [ϕ(A), ϕ(B)].

❉❡✜♥✐çã♦ ✶✳✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ A ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❉❡✜♥✐♠♦s ❡ ❞❡♥♦t❛♠♦s ♦ ❝❡♥✲
tr❛❧✐③❛❞♦r ❞❡ A ❡♠ G ♣♦r

CG(A) = {g ∈ G : ag = ga, ∀a ∈ A}

❡ ♦ ❝❡♥tr♦ ❞❡ G ♣♦r
Z(G) = {g ∈ G : xg = gx, ∀x ∈ G}.

▲❡♠❛ ✶✳✶✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ B ⊳ G ❡ A ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛✐s q✉❡ B ⊆ A✳ ❊♥tã♦✱
[A,G] ⊆ B s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A/B ⊆ Z(G/B)✳

❉❡♠♦♥str❛çã♦✳

[A,G] ⊆ B ⇔ [a, g] ∈ B, ∀a ∈ A, g ∈ G⇔ a−1g−1agB = B, ∀a ∈ A, g ∈ G⇔

⇔ agB = gaB, ∀a ∈ A, g ∈ G⇔ aB · gB = gB · aB, ∀a ∈ A, g ∈ G⇔ A/B ⊆ Z(G/B).

❉❡✜♥✐çã♦ ✶✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ P❛r❛ t♦❞♦ i ∈ Z+✱ ❞❡✜♥✐♠♦s ✐♥❞✉t✐✈❛♠❡♥t❡

γ1(G) := G ❡ γi+1(G) = [γi(G), G].

▲❡♠❛ ✶✳✷✵✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ P❛r❛ t♦❞♦ i ∈ Z+✱ ❞❡✜♥❛♠♦s

Ci := {[g1, . . . , gi] : g1, . . . , gi ∈ G},

❝♦♥❥✉♥t♦ ❞♦s ❝♦♠✉t❛❞♦r❡s ♥♦r♠❛❞♦s à ❡sq✉❡r❞❛ ❞❡ t❛♠❛♥❤♦ i✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

γi(G) = 〈Ci〉.

❉❡♠♦♥str❛çã♦✳ ❋❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i✳ ❈❛s♦ i = 1✱ t❡♠♦s γ1(G) =
G = 〈G〉 = 〈{[g1] : g1 ∈ G}〉 = 〈C1〉✳ ❈❛s♦ i > 1✱ s❡❣✉❡ q✉❡ γi+1(G) = [γi(G), G]✳ P❡❧❛
❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ γi(G) = 〈Ci〉✱ ❞❛í q✉❡✱ ❡s❝r❡✈❡♥❞♦ C1 = {gi+1 : gi+1 ∈ G}✱

γi+1(G) = [〈Ci〉, G] = [〈Ci〉, 〈C1〉] =
〈{

[[g1, . . . , gi], gi+1] : g1, . . . , gi+1 ∈ G
}〉

=

=
〈{

[g1, . . . , gi, gi+1] : g1, . . . , gi+1 ∈ G
}〉

= 〈Ci+1〉.

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱

✶✹



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❛✮ γi(G)⊳car G, ∀i ∈ Z+❀

❜✮ γi+1(G)⊳ γi(G), ∀i ∈ Z+✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❙❡❥❛ ϕ : G→ G ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛
❛tr❛✈és ❞❡ ✐♥❞✉çã♦ s♦❜r❡ i ∈ Z+✳

❈❛s♦ i = 1✱ t❡♠♦s q✉❡ ϕ(γ1(G)) = ϕ(G) ⊆ G = γ1(G)✳ ▲♦❣♦✱ γ1(G)⊳car G✳
❈❛s♦ i > 1✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✽ ✭♣✳ ✶✸✮ ❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ s❡❣✉❡ q✉❡ ϕ(γi+1(G)) =

ϕ([γi(G), G]) = [ϕ(γi(G)), ϕ(G)] ⊆ [γi(G), G] = γi+1(G)✳ P♦rt❛♥t♦✱ γi(G)⊳car G✳
❜✮ ❈♦♠♦ γi(G) ⊳car G, ∀i ∈ Z+✱ t❡♠♦s q✉❡ γi(G) ⊳ G, ∀i ∈ Z+✳ ❙❡♥❞♦ ❛ss✐♠✱ ❜❛st❛

♠♦str❛r♠♦s q✉❡ γi+1(G) ⊆ γi(G), ∀i ∈ Z+✳ ❙❡❥❛♠ x ∈ γi(G) ❡ g ∈ G✳ ❈♦♠♦ γi(G) ⊳
G, ∀i ∈ Z+✱ s❡❣✉❡ q✉❡ gx−1g−1 ∈ γi(G)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ (gx−1g−1)x ∈ γi(G)✳ ❯s❛♥❞♦
♥♦✈❛♠❡♥t❡ ❛ ♥♦r♠❛❧✐❞❛❞❡ ❞❡ γi(G) ❡♠ G✱ ❝♦♥❝❧✉í♠♦s q✉❡ g−1(gx−1g−1x)g ∈ γi(G)✱ ✐st♦ é✱
g−1gx−1g−1xg = x−1g−1xg = [x, g] ∈ γi(G)✳ P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ [γi(G), G] ⊆ γi(G)✱ ♦✉
s❡❥❛✱ γi+1(G) ⊆ γi(G)✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❡ F =
{Gi}i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s ❞❡ G✳ ❉✐③❡♠♦s q✉❡ F é ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ❞♦ ❣r✉♣♦
G s❡ Gi ⊆ Gj✱ s❡♠♣r❡ q✉❡ i ≤ j✱ ♣❛r❛ t♦❞♦s i, j ∈ I✳ ❊✱ ❞✐③❡♠♦s q✉❡ F é ✉♠❛ ✜❧tr❛çã♦
❞❡s❝❡♥❞❡♥t❡ ✭♦✉ sér✐❡ ❞❡s❝❡♥❞❡♥t❡✮ ❞♦ ❣r✉♣♦ G s❡ Gi ⊆ Gj✱ s❡♠♣r❡ q✉❡ j ≤ i✱ ♣❛r❛
t♦❞♦s i, j ∈ I✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F = {Gi}i∈Z+ ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ❞❡ G✳ ❉✐③❡✲
♠♦s q✉❡ F é ✉♠❛ ✜❧tr❛çã♦ ♥♦r♠❛❧ ✭♦✉ sér✐❡ ♥♦r♠❛❧✮ ❞❡ G s❡✱ ∀i ∈ Z+✱ Gi ⊳ Gi+1✳
◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ✜❧tr❛çã♦ ♥♦r♠❛❧ ✭♦✉ sér✐❡ ♥♦r♠❛❧✮
❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❣r✉♣♦s q✉♦❝✐❡♥t❡s ♥ã♦✲tr✐✈✐❛✐s ❞❛ ❢♦r♠❛ Gi+1/Gi, ∀i ∈ Z+✳ ❉❡♥♦✲
♠✐♥❛♠♦s t❛✐s ❣r✉♣♦s q✉♦❝✐❡♥t❡s ❞❡ ❣r✉♣♦s ❢❛t♦r❡s✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❞❡✜♥✐♠♦s ✜❧tr❛çã♦
✭♦✉ sér✐❡✮ ♥♦r♠❛❧ ❞❡s❝❡♥❞❡♥t❡ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ♥♦r♠❛❧
❞❡s❝❡♥❞❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❆ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ G é ❛ s❡❣✉✐♥t❡ ✜❧tr❛çã♦
❞❡s❝❡♥❞❡♥t❡✿

G = γ1(G) ≥ γ2(G) ≥ . . . ✶

❉❡✜♥✐çã♦ ✶✳✼✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❣r✉♣♦ G é ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ c ∈ Z+ t❛❧ q✉❡ γc+1(G) = ✶✳
❖ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ c ♣❛r❛ ♦ q✉❛❧ t❛❧ ♣r♦♣r✐❡❞❛❞❡ ✈❛❧❡ é ❝❤❛♠❛❞♦ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛
❞❡ G✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ A ✉♠
s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ A = γ1(A) ≥ γ2(A) ≥ · · · ≥ γk(A) ≥ · · · é ❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡
A✱ ❡♥tã♦ ϕ(A) = ϕ(γ1(A)) ≥ ϕ(γ2(A)) ≥ · · · ≥ ϕ(γk(A)) ≥ · · · é ❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡
❞❡ ϕ(A)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ A é ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ ϕ(A) é ♥✐❧♣♦t❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ q✉❡ ♠♦str❡♠♦s q✉❡ γk(ϕ(A)) = ϕ(γk(A)), ∀k ∈ Z+✳ ❋❛ç❛♠♦s ❛ ❞❡✲
♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k ∈ Z+✳

P❛r❛ k = 1✱ ϕ(γ1(A)) = ϕ(A) = γ1(ϕ(A))✳

✶❆ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ♣♦❞❡ t❡r♠✐♥❛r ♥♦ s✉❜❣r✉♣♦ tr✐✈✐❛❧ ✶ ❞❡ G✱ ♦✉ ♣♦❞❡ ♥ã♦ t❡r♠✐♥❛r✳

✶✺
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P❛r❛ k > 1✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✽ ✭♣✳ ✶✸✮ ❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

ϕ(γk(A)) = ϕ([γk−1(A), A]) = [ϕ(γk−1(A)), ϕ(A)] = [γk−1(ϕ(A)), ϕ(A)] = γk(ϕ(A)).

❆❣♦r❛✱ s❡ A é ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ ❡①✐st❡ s ∈ Z+ t❛❧ q✉❡ γs+1(A) = ✶✳ ❉❛í q✉❡ γs+1(ϕ(A)) =
ϕ(γs+1(A)) = ϕ(✶) = ✶ ❡✱ ♣♦rt❛♥t♦✱ ϕ(A) é ♥✐❧♣♦t❡♥t❡✳

▲❡♠❛ ✶✳✷✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❝♦♠ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s✱

G = γ1(G) ≥ . . . ≥ γs(G) ≥ ✶

❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ G✱ H ⊳G t❛❧ q✉❡ H ⊆ γs(G) ❡

G/H = γ1(G/H) ≥ γ2(G/H) ≥ . . .

sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ G/H✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ s✱

γi(G/H) = γi(G)/H.

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✶ ✭♣✳ ✶✺✮✱ G/H é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❝♦♠
❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s✳ ❋❛ç❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i✳

P❛r❛ ♦ ❝❛s♦ i = 1 t❡♠♦s q✉❡ γ1(G/H) = G/H = γ1(G)/H✳
P❛r❛ ♦ ❝❛s♦ 1 < i ≤ s✱ s❡♥❞♦ π : G։ G/H ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱

s❡❣✉❡ q✉❡✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✽ ✭♣✳ ✶✸✮ ❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

γi(G/H) = [γi−1(G/H), G/H] = [γi−1(G)/H,G/H] = [π(γi−1(G)), π(G)] =

= π([γi−1(G), G]) = [γi−1(G), G]/H = γi(G)/H.

▲❡♠❛ ✶✳✷✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H,S s✉❜❣r✉♣♦s ❞❡ G✱ H = γ1(H) ≥ γ2(H) ≥ . . . sér✐❡
❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ H ❡ H ∩ S = γ1(H ∩ S) ≥ γ2(H ∩ S) ≥ . . . sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡
❞❡ H ∩ S✳ ❊♥tã♦✱ ∀i ∈ Z+✱

γi(H ∩ S) ⊆ γi(H).

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ H é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ H ∩ S é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❋❛ç❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i ∈ Z+✳
❈❛s♦ i = 1, γ1(H ∩ S) = H ∩ S ⊆ H = γ1(H)✳
P❛r❛ ♦ ❝❛s♦ i > 1✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

γi+1(H ∩ S) = [γi(H ∩ S), H ∩ S] ⊆ [γi(H), H] = γi+1(H).

❈❛s♦ H s❡❥❛ s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ❡①✐st❡ s ∈ Z+ t❛❧ q✉❡ γs+1(H) = ✶✳ P❡❧♦ q✉❡ ❢♦✐ ✈✐st♦
❛❝✐♠❛✱ γs+1(H ∩ S) ⊆ γs+1(H) = ✶✱ ❞❛í q✉❡ H ∩ S é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✳

▲❡♠❛ ✶✳✷✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ N,S s✉❜❣r✉♣♦s ❞❡ G ❡ N = γ1(N) ≥ γ2(N) . . . sér✐❡ ❝❡♥tr❛❧
❞❡s❝❡♥❞❡♥t❡ ❞❡ N ✳ ❊♥tã♦✱

✶✻



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❛✮
γi(N)

γi+1(N)
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ∀i ∈ Z+❀

❜✮
γi(N) ∩ S

γi+1(N) ∩ S
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ∀i ∈ Z+✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❚❡♠♦s✱ ∀i ∈ Z+✱ q✉❡ γi+1(N) = [γi(N), N ]✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✾ ✭♣✳

✶✹✮✱ s❡❣✉❡ q✉❡
γi(N)

γi+1(N)
⊆ Z(N/γi(N))✱ ∀i ∈ Z+✱ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

γi(N)

γi+1(N)
é ❛❜❡❧✐❛♥♦

∀i ∈ Z+✳
❜✮ ❖❜s❡r✈❡♠♦s q✉❡

[γi(N) ∩ S, γi(N) ∩ S] ⊆ [γi(N) ∩ S,N ∩ S] ⊆ [γi(N), N ] ∩ S = γi+1(N) ∩ S,

❧♦❣♦
γi(N) ∩ S

γi+1(N) ∩ S
t❡♠ ❣r✉♣♦ ❝♦♠✉t❛❞♦r

[γi(N) ∩ S, γi(N) ∩ S]

γi+1(N) ∩ S
✱ q✉❡ ❣r✉♣♦ é tr✐✈✐❛❧✳ P♦rt❛♥t♦✱

♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷ ✭♣✳ ✽✮✱
γi(N) ∩ S

γi+1(N) ∩ S
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ∀i ∈ Z+✳

▲❡♠❛ ✶✳✷✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ ❞❛❞♦s a, b, c ∈ G✱ t❡♠♦s q✉❡

❛✮
[c, ab] = [c, b][c, a][c, a, b].

❜✮
[ab, c] = [a, c][a, c, b][b, c].

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦str❛r ♦ ✐t❡♠ ❛✮ ❞♦ ❡♥✉♥❝✐❛❞♦✱ t❡♠♦s q✉❡

[c, ab] = c−1b−1a−1cab = c−1b−1cbb−1c−1a−1cab =

= [c, b]b−1[c, a]b = [c, b][c, a][c, a]−1b−1[c, a]b = [c, b][c, a][[c, a], b].

❊✱ ♣❛r❛ ♠♦str❛r ♦ ✐t❡♠ ❜✮ ❞♦ ❡♥✉♥❝✐❛❞♦✱ t❡♠♦s q✉❡

[ab, c] = b−1a−1c−1abc = b−1a−1c−1acbb−1c−1bc = b−1a−1c−1acb[b, c] =

= b−1[a, c]b[b, c] = [a, c][a, c]−1b−1[a, c]b[b, c] = [a, c][[a, c], b][b, c].

❈♦r♦❧ár✐♦ ✶✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ ❞❛❞♦s n ∈ Z+✱ a, b, c1, . . . , cn ∈ G✱ t❡♠♦s q✉❡

❛✮ [c1, . . . , cn, ab] = [c1, . . . , cn, b][c1, . . . , cn, a][c1, . . . , cn, a, b]✳

❜✮ [ab, [c1, . . . , cn]] = [a, [c1, . . . , cn]] · [a, [c1, . . . , cn], b] · [b, [c1, . . . , cn]]✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉s❛r♠♦s ♦ ▲❡♠❛ ✶✳✷✹ ✭♣✳ ✶✼✮ ♣❛r❛ c = [c1, . . . , cn]✳

▲❡♠❛ ✶✳✷✺ ✭■❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✲❲✐tt✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ ❞❛❞♦s a, b, c ∈ G✱ t❡♠♦s
q✉❡

(
b−1[a, b−1, c]b

)(
c−1[b, c−1, a]c

)(
a−1[c, a−1, b]a

)
= 1G

✶✼
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❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡

b−1[a, b−1, c]b = b−1[a, b−1]−1c−1[a, b−1]cb = b−1[b−1, a]c−1a−1bab−1cb =

= b−1ba−1b−1ac−1a−1bab−1cb = a−1b−1ac−1a−1bab−1cb.

❉❡✜♥❛♠♦s

g1 := a−1b−1ac−1a−1, g2 := b−1c−1ba−1b−1 ❡ g3 := c−1a−1cb−1c−1.

❙❡❣✉❡ q✉❡
g−1
2 = bab−1cb.

▲♦❣♦✱
b−1[a, b−1, c]b = g1g

−1
2 .

❆tr❛✈és ❞❡ ❝á❧❝✉❧♦s ❛♥á❧♦❣♦s✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

c−1[b, c−1, a]c = g2g
−1
3 ❡ a−1[c, a−1, b]a = g3g

−1
1 .

❉❡st❛ ❢♦r♠❛✱ s❡❣✉❡ q✉❡

b−1[a, b−1, c]bc−1[b, c−1, a]ca−1[c, a−1, b]a = g1g
−1
2 g2g

−1
3 g3g

−1
1 = 1G.

▲❡♠❛ ✶✳✷✻ ✭▲❡♠❛ ❞♦s ❚rês ❙✉❜❣r✉♣♦s✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ N ⊳G ❡ A,B,C s✉❜❣r✉♣♦s ❞❡
G✳ ❙❡ [A,B,C], [B,C,A] ⊆ N ✱ ❡♥tã♦ [C,A,B] ⊆ N ✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ❛ ❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✷✵ ✭♣✳ ✶✹✮ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❛✜r♠❛r
q✉❡ [C,A,B] é s✉❜❣r✉♣♦ ❞❡ G ❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ [c, a−1, b]✱ ❝♦♠ c ∈ C, a ∈ A ❡
b ∈ B✳ ❆❣♦r❛✱ ❝♦♠♦ [A,B,C], [B,C,A] ⊆ N ❡ N ⊳G✱ ❝♦♥❝❧✉í♠♦s q✉❡

b−1[a, b−1, c]b ∈ N ❡ c−1[b, c−1, a]c ∈ N.

P❡❧♦ ▲❡♠❛ ✶✳✷✺ ✭♣✳ ✶✼✮ ✭■❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✲❲✐tt✮✱ t❡♠♦s t❛♠❜é♠ q✉❡ a−1[c, a−1, b]a ∈ N ✱
❞❛í q✉❡✱ ❝♦♠♦ N ⊳G✱ [c, a−1, b] = a(a−1[c, a−1, b]a)a−1 ∈ N ✳ ❱✐st♦ q✉❡ [C,A,B] é s✉❜❣r✉♣♦
❞❡ G ❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ [c, a−1, b]✱ ❝♦♠ c ∈ C, a ∈ A ❡ b ∈ B✱ ❝♦♥❝❧✉í♠♦s ❛ss✐♠
q✉❡ [C,A,B] ⊆ N ✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ G = γ1(G) ≥ γ2(G) ≥ . . . ❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡
❞❡ G✳ ❊♥tã♦✱ ❞❛❞♦s i, j ∈ Z+✱ t❡♠♦s q✉❡

[γi(G), γj(G)] ⊆ γi+j(G)

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❛♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ j✳ ❈❛s♦ j = 1 ❡ i ∈ Z+✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡
❞❛ ❞❡✜♥✐çã♦ ❞❡ γi+1(G)✳ ❈❛s♦ j > 1 ❡ i ∈ Z+✱ s✉♣♦♥❤❛♠♦s✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡
[γi(G), γj(G)] ⊆ γi+j(G), ∀i ∈ Z+✱ ♦❜s❡r✈❡♠♦s q✉❡ [γi(G), γj+1(G)] = [γj+1(G), γi(G)] =
[γj(G), G, γi(G)]✳ P❡❧♦ ▲❡♠❛ ✶✳✷✻ ✭♣✳ ✶✽✮ ✭▲❡♠❛ ❞♦s ❚rês ❙✉❜❣r✉♣♦s✮✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡

✶✽
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[γj(G), G, γi(G)] ⊆ γi+j+1(G)✱ ❝♦♠♦ γi+j+1(G) ⊳ G ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✵ ❛✮ ✭♣✳ ✶✹✮✱ ❜❛st❛
♠♦str❛r♠♦s q✉❡

[G, γi(G), γj(G)] ⊆ γi+j+1(G) ❡ [γi(G), γj(G), G] ⊆ γi+j+1(G).

P♦r ✉♠ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡

[γi(G), γj(G), G] = [[γi(G), γj(G)], G] = [γi+j(G), G] = γi+j+1(G).

❊✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ s❡❣✉❡ q✉❡

[G, γi(G), γj(G)] = [[G, γi(G)], γj(G)] = [[γi(G), G], γj(G)] = [γi+1(G), γj(G)] ⊆ γi+j+1(G).

▲❡♠❛ ✶✳✷✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ G = γ1(G) ≥ γ2(G) ≥ . . . ❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡
G✳ ❉❛❞♦s n, s ∈ Z+ ∪ {0} ❡ c1, . . . , cn, d1, . . . , ds, a, b ∈ G✱ t❡♠♦s q✉❡

[c1, . . . , cn, ab, d1, . . . , ds] ∈ [c1, . . . , cn, a, d1, . . . , ds] · [c1, . . . , cn, b, d1, . . . , ds]γs+n+2(G).

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ s✳
❈❛s♦ s = 0✱ ♣❛r❛ t♦❞♦ n ∈ Z+ ∪ {0}✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸ ❛✮ ✭♣✳ ✶✼✮✱ s❡❣✉❡ q✉❡

[c1, . . . , cn, ab] =

[c1, . . . , cn, b][c1, . . . , cn, a][c1, . . . , cn, a, b] ∈ [c1, . . . , cn, b][c1, . . . , cn, a]γn+2(G),

❧♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✸ ❛✮ ✭♣✳ ✶✻✮✱

[c1, . . . , cn, ab] ∈ [c1, . . . , cn, a][c1, . . . , cn, b]γn+2(G).

P❛r❛ ♦ ❝❛s♦ s > 0 ❡ ♣❛r❛ t♦❞♦ n ∈ Z+ ∪ {0}✱ ❞❡✜♥❛♠♦s

ω := [c1, . . . , cn, ab, d1, . . . , ds], ω1 := [c1, . . . , cn, a, d1, . . . , ds−1],

ω2 := [c1, . . . , cn, b, d1, . . . , ds−1]. ✭✶✳✸✮

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

[c1, . . . , cn, ab, d1, . . . , ds−1] = [c1, . . . , cn, a, d1, . . . , ds−1][c1, . . . , cn, b, d1, . . . , ds−1]β,

♦♥❞❡ β ∈ γs+n+1(G)✳ ❉❛í q✉❡ ω = [ω1ω2β, ds]✳ P❡❧♦ ▲❡♠❛ ✶✳✷✹ ❜✮ ✭♣✳ ✶✼✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✶✷ ✭♣✳ ✶✽✮✱ t❡♠♦s q✉❡

ω = [ω1ω2β, ds] = [ω1ω2, ds][ω1ω2, ds, β][β, ds] ∈

[ω1ω2, ds][γn+s(G), G, γn+s+1(G)][γn+s+1(G), G] ⊆ [ω1ω2, ds]γ2(n+s+1)(G)γn+s+2(G) ⊆

[ω1ω2, ds]γn+s+2(G).

◆♦✈❛♠❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✶✳✷✹ ❜✮ ✭♣✳ ✶✼✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

[ω1ω2, ds] = [ω1, ds][ω1, ds, ω2][ω2, ds],

♦♥❞❡ [ω1, ds, ω2] ∈ [γn+s(G), G, γn+s(G)] ⊆ γ2(n+s)+1(G) ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✷ ✭♣✳ ✶✽✮✳ ❉❛í
q✉❡

[ω1ω2, ds] ∈ [ω1, ds][ω2, ds]γ2(n+s)+1(G),

♣♦✐s γ2(n+s)+1(G)⊳G ❡✱ ♣♦rt❛♥t♦✱

ω ∈ [ω1ω2, ds]γn+s+2(G) ⊆ [ω1, ds][ω2, ds]γ2(n+s)+1(G)γn+s+2(G) ⊆ [ω1, ds][ω2, ds]γn+s+2(G).

❙✉❜st✐t✉✐♥❞♦ ω, ω1, ω2 ❝♦♠♦ ❡♠ ✭✶✳✸✮ ✭♣✳ ✶✾✮✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

✶✾



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

✶✳✶✳✸ ❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ❈♦♥❥✉♥t♦s ❡ s♦❜r❡ ●r✉♣♦s

❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ❈♦♥❥✉♥t♦s

◆♦t❛çã♦ ✶✳✺✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Perm(X) ♦ ❣r✉♣♦ ❞❡
♣❡r♠✉t❛çõ❡s✷ ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✳ ❯♠ ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ G ❡♠ H é ✉♠❛ ❢✉♥çã♦
ϕ : G→ H t❛❧ q✉❡ ϕ(g1g2) = ϕ(g2)ϕ(g1)✱ ♣❛r❛ t♦❞♦s g1, g2 ∈ G✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ F ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ F ❛❣❡ à
❞✐r❡✐t❛ s♦❜r❡ X s❡ ❡①✐st❡ ✉♠ ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s α : F → Perm(X)✱ ❞❡♥♦♠✐♥❛❞♦
❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ X ✭♦❜s❡r✈❡ q✉❡ α(f) é ✉♠❛ ❜✐❥❡çã♦ ❞❡ X✮✳ ❉❡♥♦t❛r❡♠♦s α(f)(x)
♣♦r xf ✱ ∀f ∈ F ❡ ∀x ∈ X✳

❖❜s❡r✈❛çã♦ ✶✳✶✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ X✳
❚❡♠♦s✱ ❡♥tã♦✱ ❛s s❡❣✉✐♥t❡s r❡❣r❛s✿

x1F = x, (xf1)f2 = xf1f2 ❡ (xf )f
−1

= (xf
−1

)f = x,

♣❛r❛ t♦❞♦s f1, f2, f ∈ F, x ∈ X✳

❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ F ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ F ❛❣❡ à ❡sq✉❡r❞❛
s♦❜r❡ X s❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s β : F → Perm(X)✱ ❞❡♥♦♠✐♥❛❞♦ ❛çã♦ à
❡sq✉❡r❞❛ ❞❡ F s♦❜r❡ X✳ ❉❡♥♦t❛♠♦s β(f)(x) ♣♦r fx✱ ∀f ∈ F ❡ ∀x ∈ X✳

◆❡st❡ ❝❛s♦✱ ❝♦♠ r❡❧❛çã♦ às r❡❣r❛s ❞❡s❝r✐t❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✶ ✭♣✳ ✷✵✮✱ ❞❛❞♦s f1, f2 ∈ F
❡ x ∈ X✱ t❡♠♦s q✉❡ f1f2x = f1(f2x)✳ ❆s ❞❡♠❛✐s r❡❣r❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✶ ✭♣✳ ✷✵✮ ✈❛❧❡♠ ❞❡
❢♦r♠❛ ✐❞ê♥t✐❝❛ ♣❛r❛ ❛ ❛çã♦ à ❡sq✉❡r❞❛✳

❖✉tr♦ ❢❛t♦ ❛ s❡ ♦❜s❡r✈❛r é q✉❡✱ s❡♥❞♦ β : F → Perm(X) ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ F s♦❜r❡
X✱ ♣♦❞❡♠♦s ♦❜t❡r α : F → Perm(X)✱ q✉❡ é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ X✱ ❜❛st❛♥❞♦
♣❛r❛ ✐ss♦ q✉❡ ❞❡✜♥❛♠♦s

α(f)(x) := β(f−1)(x), ✐st♦ é✱ xf := f−1

x.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ❞❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ✉♠❛ ♦✉tr❛ ❛çã♦ à ❡sq✉❡r❞❛✳
◆❡st❛ ❉✐ss❡rt❛çã♦✱

t♦❞❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ s❡rá à ❞✐r❡✐t❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✸✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ F ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ F ❛❣❡ à ❞✐r❡✐t❛
s♦❜r❡ X s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❛ : X ×F → X t❛❧ q✉❡✱ ∀x ∈ X ❡ f, f1, f2 ∈ F ✱

✐✮ ❛(x, 1F ) = x❀

✐✐✮ ❛(x, f1f2) = ❛(❛(x, f1), f2)✳

✷❯♠❛ ♣❡r♠✉t❛çã♦ ❞❡ X é ✉♠❛ ❜✐❥❡çã♦ α : X → X✳

✷✵



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡♠♦♥str❛çã♦✳ ❈❛s♦ F ❛❥❛ à ❞✐r❡✐t❛ s♦❜r❡ X✱ ❞❡✜♥❛♠♦s ❛ : X × F → X ♣♦r ❛(x, f) := xf ✳
P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶ ✭♣✳ ✷✵✮✱ t❡♠♦s q✉❡ a s❛t✐s❢❛③ ✐✮ ❡ ✐✐✮ ❞♦ ❡♥✉♥❝✐❛❞♦✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱
❝❛s♦ ❡①✐st❛ ✉♠❛ ❢✉♥çã♦ ❛ : X × F → X s❛t✐s❢❛③❡♥❞♦ ✐✮ ❡ ✐✐✮ ❞♦ ❡♥✉♥❝✐❛❞♦✱ ❞❡✜♥❛♠♦s
α : F → Perm(X) ♣♦r α(f)(x) := ❛(x, f)✳ ❱❛♠♦s ♠♦str❛r ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ α(f) ∈
Perm(X), ∀f ∈ F ✳ ❖ q✉❡ ❡q✉✐✈❛❧❡ ❛ ♠♦str❛r q✉❡ α(f) é ✉♠❛ ❜✐❥❡çã♦ ❞❡ X✱ ∀f ∈ F ✳ ❉❛❞♦
x ∈ X✱

α(f−1)α(f)(x) = α(f−1)(❛(x, f)) = ❛(❛(x, f), f−1) = ❛(x, ff−1) = ❛(x, 1F ) = x =

= ❛(x, 1F ) = ❛(x, f−1f) = ❛(❛(x, f−1), f) = α(f)(❛(x, f−1)) = α(f)α(f−1)(x),

❧♦❣♦ α(f−1) é ❛ ✐♥✈❡rs❛ ❞❡ α(f)✱ ✐st♦ é✱ α(f)−1 = α(f−1)✳ ❆❣♦r❛✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ α
é ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❛❞♦s f1, f2 ∈ F ❡ x ∈ X✱ s❡❣✉❡ q✉❡

α(f1f2)(x) = ❛(x, f1f2) = ❛(❛(x, f1), f2) = α(f2)(❛(x, f1)) = α(f2)α(f1)(x).

❆ss✐♠✱ α✱ ❞❡ ❢❛t♦✱ é ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡✱ ♣♦r ❞❡✜♥✐çã♦✱ F ❛❣❡ s♦❜r❡ X✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ X✳
❉✐③❡♠♦s q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ X s❡ xf = x, ∀x ∈ X, f ∈ F ✳

◆♦t❛çã♦ ✶✳✻✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✱ Y ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ❡ F ✉♠ ❣r✉♣♦
❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ X✳ ❊♥tã♦✱ ❞❛❞♦ f ∈ F ✱

Y f := {yf ∈ X : y ∈ Y }.

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✱ Y ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ❡ F ✉♠ ❣r✉♣♦
❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ X✳ ❉✐③❡♠♦s q✉❡ ♦ s✉❜❝♦♥❥✉♥t♦ Y é F ✲✐♥✈❛r✐❛♥t❡ s❡ Y ❢♦r ✐♥✈❛r✐❛♥t❡
♣❡❧❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ X✱ ✐st♦ é✱ Y f ⊆ Y ✱ ♣❛r❛ t♦❞♦ f ∈ F ✳

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✱ Y ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ❡ F ✉♠ ❣r✉♣♦
❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ X✳ ❙❡ ♦ s✉❜❝♦♥❥✉♥t♦ Y é F ✲✐♥✈❛r✐❛♥t❡✱ ❡♥tã♦ Y = Y f ✱ ♣❛r❛ t♦❞♦
f ∈ F ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ Y é F ✲✐♥✈❛r✐❛♥t❡✱ t❡♠♦s q✉❡ Y f ⊆ Y, ∀f ∈ F ✱ ❧♦❣♦ Y f−1
⊆ Y ✱ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ Y = Y f−1f = (Y f−1
)f ⊆ Y f ✱ ♦✉ s❡❥❛✱ Y = Y f , ∀f ∈ F ✳

❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ●r✉♣♦s

◆♦t❛çã♦ ✶✳✼✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Aut(G) ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ G✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❙❡❥❛♠ G,F ❣r✉♣♦s✳ ❉✐③❡♠♦s q✉❡ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ G s❡ ❡①✐st❡ ✉♠
❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s α : F → Aut(G)✱ ❞❡♥♦♠✐♥❛❞♦ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G
✭♦❜s❡r✈❡ q✉❡ α(f) é ❛✉t♦♠♦r✜s♠♦ ❞❡ G✮✳ ❉❡♥♦t❛r❡♠♦s α(f)(g) ♣♦r gf ✱ ∀f ∈ F ❡ ∀g ∈ G✳

❖❜s❡r✈❛çã♦ ✶✳✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❚❡♠♦s✱ ❡♥tã♦✱
❛s s❡❣✉✐♥t❡s r❡❣r❛s✿

g1F = g, (gf1)f2 = gf1f2 , (g1g2)
f = (gf1 )(g

f
2 ), (gf )f

−1

= (gf
−1

)f = g, ❡ (g−1)f = (gf )−1,

♣❛r❛ t♦❞♦s f1, f2, f ∈ F, g, g1, g2 ∈ G✳

✷✶



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❙❡❥❛♠ G,F ❣r✉♣♦s✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ F ❛❣❡ à ❡sq✉❡r❞❛ s♦❜r❡ G s❡ ❡①✐st❡ ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s β : F → Aut(G)✱ ❞❡♥♦♠✐♥❛❞♦ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ F s♦❜r❡ G✳ ❉❡♥♦t❛♠♦s
β(f)(g) ♣♦r fg✱ ∀f ∈ F ❡ ∀g ∈ G✳

◆❡st❡ ❝❛s♦✱ ❝♦♠ r❡❧❛çã♦ às r❡❣r❛s ❞❡s❝r✐t❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✷ ✭♣✳ ✷✶✮✱ ❞❛❞♦s f1, f2 ∈ F
❡ g ∈ G✱ t❡♠♦s q✉❡ f1f2g = f1(f2g)✳ ❆s ❞❡♠❛✐s r❡❣r❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✷ ✭♣✳ ✷✶✮ ✈❛❧❡♠ ❞❡
❢♦r♠❛ ✐❞ê♥t✐❝❛ ♣❛r❛ ❛ ❛çã♦ à ❡sq✉❡r❞❛✳

❖✉tr♦ ❢❛t♦ ❛ s❡ ♦❜s❡r✈❛r é q✉❡✱ s❡♥❞♦ β : F → Aut(G) ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ F s♦❜r❡
G✱ ♣♦❞❡♠♦s ♦❜t❡r α : F → Aut(G)✱ q✉❡ é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G✱ ❜❛st❛♥❞♦ ♣❛r❛
✐ss♦ q✉❡ ❞❡✜♥❛♠♦s

α(f)(g) := β(f−1)(g), ✐st♦ é✱ gf := f−1

g.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ❞❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ✉♠❛ ♦✉tr❛ ❛çã♦ à ❡sq✉❡r❞❛✳
◆❡st❛ ❉✐ss❡rt❛çã♦✱

t♦❞❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ s♦❜r❡ ♦✉tr♦ ❣r✉♣♦ s❡rá à ❞✐r❡✐t❛✳

❊①❡♠♣❧♦ ✶✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❆ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ❞❡
❡❧❡♠❡♥t♦s ❞❡ G ♣♦r ❡❧❡♠❡♥t♦s ❞❡ F ✱ ✐st♦ é✱ gf := f−1gf, ∀f ∈ F, g ∈ G é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛
❞❡ F s♦❜r❡ G✳ ❉✐③❡♠♦s q✉❡ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ G ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❙❡❥❛♠ G,F ❣r✉♣♦s✳ ❊♥tã♦✱ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ G s❡✱ ❡ s♦♠❡♥t❡ s❡✱
❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❛ : G× F → G t❛❧ q✉❡✱ ∀g, g1, g2 ∈ G ❡ f, f1, f2 ∈ F ✱

✐✮ ❛(g, 1F ) = g

✐✐✮ ❛(g, f1f2) = ❛(❛(g, f1), f2)❀

✐✐✐✮ ❛(g1g2, f) = ❛(g1, f)a(g2, f)❀

❉❡♠♦♥str❛çã♦✳ ❈❛s♦ F ❛❥❛ à ❞✐r❡✐t❛ s♦❜r❡ G✱ ❞❡✜♥❛♠♦s ❛ : G × F → G ♣♦r ❛(g, f) := gf ✳
P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✷ ✭♣✳ ✷✶✮✱ t❡♠♦s q✉❡ ❛ s❛t✐s❢❛③ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❞♦ ❡♥✉♥❝✐❛❞♦✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱
❝❛s♦ ❡①✐st❛ ✉♠❛ ❢✉♥çã♦ ❛ : G × F → G s❛t✐s❢❛③❡♥❞♦ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❞♦ ❡♥✉♥❝✐❛❞♦✱ ❞❡✜♥❛♠♦s
α : F → Aut(G) ♣♦r α(f)(g) = ❛(g, f)✳ P❛r❛ ♠♦str❛r♠♦s q✉❡ α é ✉♠ ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s✱ ♣❡❧❛ ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✸ ✭♣✳ ✷✵✮✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡✱ ∀f ∈ F ✱
α(f) é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❛❞♦s f1, f2 ∈ F ❡ g ∈ G✱ s❡❣✉❡ q✉❡

α(f1f2)(g) = ❛(g, f1f2) = ❛(❛(g, f1), f2) = α(f2)(❛(g, f1)) = α(f2)α(f1)(g).

P♦rt❛♥t♦✱ α✱ ❞❡ ❢❛t♦✱ é ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡✱ ♣♦r ❞❡✜♥✐çã♦✱ F ❛❣❡ s♦❜r❡ G✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❉✐③❡♠♦s q✉❡
F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ G s❡ gf = g, ∀g ∈ G, f ∈ F ✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ F1 ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ❡ F2 ✉♠ ❣r✉♣♦
❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ F1 ❡ s♦❜r❡ G✳ ❉✐③❡♠♦s q✉❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F2 é ❝♦♠♣❛tí✈❡❧
❝♦♠ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F1 s♦❜r❡ G s❡✱ ❞❛❞♦s g ∈ G, f1 ∈ F1 ❡ f2 ∈ F2✱

(gf1)f2 = (gf2)f
f2
1 .

✷✷



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❊①❡♠♣❧♦ ✶✳✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ F1 ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ✈✐❛ ❝♦♥❥✉❣❛çã♦ à
❞✐r❡✐t❛ ❡ F2 ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ F1 ❡ s♦❜r❡ G ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛✳ ❚❡♠♦s✱
❡♥tã♦✱ q✉❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F2 é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F1 s♦❜r❡ G✳

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ Hom(G,R) ✈✐st♦ ❝♦♠♦ ❣r✉♣♦ ♠✉♥✐❞♦ ❞❛ ♦♣❡r❛çã♦
(v1+v2)(g) = v1(g)+v2(g), ∀g ∈ G, v1, v2 ∈ Hom(G,R) ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡
G✳ ❊♥tã♦✱ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ Hom(G,R) ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❛çã♦✿

vf (g) = v(gf
−1

),

♣❛r❛ t♦❞♦ g ∈ G, f ∈ F, v ∈ Hom(G,R)✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♥❞♦✲s❡ ❛ : Hom(G,R) × F → Hom(G,R) ♣♦r ❛(v, f)(g) = vf (g) =
v(gf

−1
)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ✭♣✳ ✷✷✮✱ ❜❛st❛ ♠♦str❛r ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

✐✮ v1F = v, ∀v ∈ Hom(G,R)❀

✐✐✮ (vf1)f2 = vf1f2 , ∀f1, f2 ∈ F, v ∈ Hom(G,R)❀

✐✐✐✮ (v1 + v2)
f = vf1 + vf2 , ∀f ∈ F, v1, v2 ∈ Hom(G,R)✳

❋❛ç❛♠♦s✱ ❡♥tã♦✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❛ s❡❣✉✐r✳

✐✮ ❉❛❞♦s v ∈ Hom(G,R) ❡ g ∈ G✱ v1F (g) = v(g1
−1
F ) = v(g)✳ ▲♦❣♦✱ v1F = v✳

✐✐✮ ❉❛❞♦s v ∈ Hom(G,R)✱ f1, f2 ∈ F ❡ g ∈ G✱ t❡♠♦s q✉❡ (vf1)f2(g) = (vf1)(gf
−1
2 ) =

v((gf
−1
2 )f

−1
1 ) = v(gf

−1
2 f−1

1 ) = v(g(f1f2)
−1
) = vf1f2(g)✳ ▲♦❣♦✱ (vf1)f2 = vf1f2 ✳

✐✐✐✮ ❉❛❞♦s v1, v2 ∈ Hom(G,R), f ∈ F ❡ g ∈ G✱ s❡❣✉❡ q✉❡ (v1 + v2)
f (g) = (v1 + v2)(g

f−1
) =

v1(g
f−1

) + v2(g
f−1

) = vf1 (g) + vf2 (g) = (vf1 + vf2 )(g)✳ P♦rt❛♥t♦✱ (v1 + v2)
f = vf1 + vf2 ✳

▲❡♠❛ ✶✳✷✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❊♥tã♦✱
Hf ⊳G, ∀f ∈ F ✳

❉❡♠♦♥str❛çã♦✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q✉❡✱ ♣❛r❛ t♦❞♦ f ∈ F ✱ ❛ ❛çã♦ ❞❡ f s♦❜r❡ G é
✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

▲❡♠❛ ✶✳✷✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡
G✳ ❙❡ [G : H] <∞✱ ❡♥tã♦ [G : Hf ] <∞, ∀f ∈ F ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ α : F → Aut(G) ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡✱
❞❛❞♦ f ∈ F ✱ α(f)(G) = G✱ ✐st♦ é✱ Gf = G, ∀f ∈ F ✳ P♦r ❤✐♣ót❡s❡✱ [G : H] < ∞✱ ❧♦❣♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✹ ✭♣✳ ✽✮✱ t❡♠♦s q✉❡ [α(f)(G) : α(f)(H)] < ∞, ∀f ∈ F ✱ ✐st♦ é✱ [G : Hf ] <
∞, ∀f ∈ F ✳

▲❡♠❛ ✶✳✸✵✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡

G✳ ❊♥tã♦✱ H0 :=
⋂

f∈F

Hf é F ✲✐♥✈❛r✐❛♥t❡✳

✷✸



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ f0 ∈ F,Hf0
0 = (

⋂

f∈F

Hf )f0 =
⋂

f∈F

Hff0 =
⋂

ff0∈F

Hff0 =
⋂

γ∈F

Hγ = H0✱

♦♥❞❡ γ = ff0✳ P♦rt❛♥t♦✱ H0 é F ✲✐♥✈❛r✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❙❡
H é F ✲✐♥✈❛r✐❛♥t❡✱ ❡♥tã♦ ❡①✐st❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G/H✱ ❞❡✜♥✐❞❛ ♣♦r

(gH)f := gfH, ✭✶✳✹✮

♣❛r❛ t♦❞♦ f ∈ F ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gH ∈ G/H✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❛ ❛çã♦ ❞❡✜♥✐❞❛ ❡♠ ✭✶✳✹✮ ✭♣✳ ✷✹✮ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳
Pr✐♠❡✐r❛♠❡♥t❡✱ t❡♠♦s q✉❡ gfH ∈ G/H✱ ✉♠❛ ✈❡③ q✉❡ q✉❡ gf ∈ G✱ ♣♦✐s F ❛❣❡ à ❞✐r❡✐t❛
s♦❜r❡ G✳ ❆❣♦r❛✱ ❞❛❞♦s g1H, g2H ∈ G/H✱ s❡ g1H = g2H✱ ❡♥tã♦ g−1

2 g1 ∈ H ❡✱ ❝♦♠♦ H é
F ✲✐♥✈❛r✐❛♥t❡✱ (g−1

2 g1)
f ∈ H, ∀f ∈ F ✱ ♣♦rt❛♥t♦ (g−1

2 g1)
f = (g−1

2 )fgf1 = (gf2 )
−1gf1 ∈ H ❡✱ ❛ss✐♠✱

gf1H = gf2H✳ ❘❡st❛ ♠♦str❛r q✉❡ ❡♠ ✭✶✳✹✮ ✭♣✳ ✷✹✮ t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ ❛çã♦✳ ❉❡✜♥❛♠♦s
❛ : G/H × F → G/H ♣♦r ❛(gH, f) = (gH)f ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gH ∈ G/H✳ P❡❧❛
Pr♦♣♦s✐ç❛♦ ✶✳✶✺ ✭♣✳ ✷✷✮ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ ❛ s❛t✐s❢❛③ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❞❡ss❛ ♠❡s♠❛ Pr♦♣♦s✐çã♦✳
➱ ♦ q✉❡ ❢❛r❡♠♦s ❛ s❡❣✉✐r✱ ❞❛❞♦s f1, f2, f ∈ F ❡ g1, g2, g ∈ G✳

✐✮ ❛(gH, 1F ) = (gH)1F = g1FH = gH✳

✐✐✮ ❛(gH, f1f2) = (gH)f1f2 = gf1f2H = (gf1)f2H = (gf1H)f2 = ((gH)f1)f2 =
❛((gH)f1 , f2) = ❛(❛(gH, f1), f2)✳

✐✐✐✮ ❛(g1H · g2H, f) = ❛(g1g2H, f) = (g1g2H)f = (g1g2)
fH = gf1g

f
2H = gf1H · g

f
2H =

❛(g1H, f)❛(g2H, f)✳

✶✳✶✳✹ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❋✐♥✐t❛♠❡♥t❡ ●❡r❛❞♦s

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡
❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X ❞❡ G t❛❧ q✉❡ G = 〈X〉✱ ✐st♦ é✱

G = {xε11 . . . xεnn ∈ G : n ♣❡r❝♦rr❡ ♦ ❝♦♥❥✉♥t♦ Z+, xj ∈ X ❡ εj ∈ {−1, 0, 1}, ❝♦♠ 1 ≤ j ≤ n}.

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣♦r X✱ ♦✉ q✉❡ ♦ s✉❜❝♦♥❥✉♥t♦
✜♥✐t♦ X ❣❡r❛ ♦ ❣r✉♣♦ G✱ ♦✉ ❛✐♥❞❛ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦
❣r✉♣♦ G✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡ G é
❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ ϕ(G) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ H ⊳G
❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ G/H é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ n ∈ Z+ ❡ X = {g1, . . . , gn} ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦
G✳ ❊♥tã♦✱ G = 〈g1, . . . , gn〉 ❡✱ ♣♦rt❛♥t♦✱ ϕ(G) = ϕ(〈g1, . . . , gn〉) = 〈ϕ(g1), . . . , ϕ(gn)〉✳ ❉❡
❢❛t♦✱ ❞❛❞♦ h ∈ ϕ(G)✱ t❡♠♦s q✉❡ h = ϕ(g)✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❈♦♠♦ G é ❣r✉♣♦ ❣❡r❛❞♦
♣❡❧♦ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X✱ s❡❣✉❡ q✉❡ g = gε1i1 . . . g

εs
is
✱ ♦♥❞❡ s ∈ Z+✱ εj ∈ {−1, 0, 1} ❡ ij ∈

✷✹



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

{1, . . . , n}✱ ❝♦♠ 1 ≤ j ≤ s✳ ❉❛í q✉❡✱ h = ϕ(g) = ϕ(gε1i1 . . . g
εs
is
) = ϕ(gi1)

ε1 . . . ϕ(gis)
εs ✳ ❆ss✐♠✱

{ϕ(g1), . . . , ϕ(gn)} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ ϕ(G) ❡✱ ♣♦rt❛♥t♦✱ ϕ(G) é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳

❙❡ H ⊳ G ❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣❛r❛ ♦
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : G։ G/H✱ q✉❡ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

▲❡♠❛ ✶✳✸✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G ❡ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G✳ ❙❡ G/H = 〈{xH ∈
G/H : x ∈ X}〉✱ ❡♥tã♦ G = 〈X ∪H〉✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ π : G ։ G/H ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❉❛❞♦
g ∈ G✱ t❡♠♦s q✉❡ π(g) = gH = (x1H)ε1 · . . . · (xrH)εr = xε11 . . . xεrr H✱ ♦♥❞❡ r ∈ Z+, εj ∈
{−1, 0, 1}, xj ∈ X ❡ 1 ≤ j ≤ r✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ g−1xε11 . . . xεrr ∈ H✱ ❧♦❣♦ ❡①✐st❡ h0 ∈ H t❛❧
q✉❡ g−1xε11 . . . xεrr = h0 ❡✱ ♣♦rt❛♥t♦✱ g = xε11 . . . xεrr h

−1
0 ∈ 〈X ∪ H〉✳ ❈♦♠♦ g ∈ G ❢♦✐ t♦♠❛❞♦

❛r❜✐trár✐♦ ❡ 〈X ∪H〉 ⊆ G✱ s❡❣✉❡ q✉❡ G = 〈X ∪H〉✳

❈♦r♦❧ár✐♦ ✶✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ⊳ G✱ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G ❡ π : G ։ G/H ♦
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❊♥tã♦✱ G/H = 〈{xH ∈ G/H : x ∈ X}〉 =
〈π(X)〉 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G = 〈X〉H✳

❉❡♠♦♥str❛çã♦✳ ❈❛s♦ G/H = 〈{xH ∈ G/H : x ∈ X}〉 = 〈π(X)〉✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✶ ✭♣✳ ✷✺✮✱
s❡❣✉❡ q✉❡ G = 〈X ∪H〉 = 〈〈X〉 ∪H〉✳ ❈♦♠♦ H ⊳G✱ t❡♠♦s q✉❡ 〈X〉H é s✉❜❣r✉♣♦ ❞❡ G✱ ❧♦❣♦
〈X〉H = 〈〈X〉 ∪H〉✳ P♦rt❛♥t♦✱ G = 〈X〉H✳

❆❣♦r❛✱ s❡ G = 〈X〉H✱ ❡♥tã♦ G/H = π(G) = π(〈X〉H) = 〈π(X)〉π(H) = 〈π(X)〉✶ =
〈π(X)〉✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ [G : H] <∞✳ ❙❡ H é
✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ H s❡❥❛ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠

s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ Y ❞❡ H t❛❧ q✉❡ H = 〈Y 〉✳ P♦r ❤✐♣ót❡s❡✱ [G : H] < ∞✱ ❧♦❣♦ G =
•⋃

t∈T

Ht✱

♦♥❞❡ T é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G ❡ |T | <∞ ✭T é tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ H ❡♠ G✮✳ ❉❛í q✉❡✱
G = 〈Y ∪ T 〉✱ ♣♦✐s✱ ❞❛❞♦ g ∈ G✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ t0 ∈ T t❛❧ q✉❡ g ∈ Ht0✱ ❧♦❣♦
g = ht0✱ ♣❛r❛ ❛❧❣✉♠ h ∈ H✱ ❡ ❝♦♠♦ H = 〈Y 〉✱ t❡♠♦s q✉❡ h = yε11 . . . yεss ✱ ♦♥❞❡ s ∈ Z+✱
εj ∈ {−1, 0, 1} ❡ yj ∈ Y ✱ ❝♦♠ 1 ≤ j ≤ s✱ ♦✉ s❡❥❛✱ g = yε11 . . . yεss t0 ❡✱ ♣♦rt❛♥t♦✱ g ∈ 〈Y ∪ T 〉✳
❈♦♠♦ g ∈ G ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ G ⊆ 〈Y ∪ T 〉✳ ❊ ❝♦♠♦ Y, T ⊆ G✱ t❡♠♦s q✉❡
G = 〈Y ∪T 〉✳ ▼❛s✱ Y ❡ T sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✱ ❞❛í q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

✶✳✶✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❆❜❡❧✐❛♥♦s ❋✐♥✐t❛♠❡♥t❡ ●❡✲

r❛❞♦s

◆❡st❛ ❙✉❜s❡çã♦ Q ❞❡♥♦t❛rá ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ F ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❉✐③❡♠♦s q✉❡ F é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ s❡
❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X ❞❡ F ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛✱ ❞❡♥♦♠✐♥❛❞♦ ❜❛s❡ ❞❡ F t❛❧
q✉❡

F =
⊕

x∈X

〈x〉.

✷✺
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❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ F ∼=
⊕

x∈X

Zx✱ ♦♥❞❡ Zx ∼= Z, ∀x ∈ X✳ ❯♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X

♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✵ ✭♣✳ ✷✼✮✱ ♦♥❞❡ G ❡ H
❞❡st❛ ❞❡✜♥✐çã♦ sã♦ ❛❜❡❧✐❛♥♦s✳

❚❡♦r❡♠❛ ✶✳✺ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ❚❡♦r✐❛ ❞❡ ●r✉♣♦s ❆❜❡❧✐❛♥♦s ❋✐♥✐t❛♠❡♥t❡ ●❡r❛❞♦s✮✳
❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ K := {q ∈ Q : |q| < ∞} é ✉♠ ❣r✉♣♦
✜♥✐t♦ ❡ Q = F ⊕K✱ ♦♥❞❡ F é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ t❛❧ q✉❡ F ∼= Zn✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z+✱
❡ F ∼= Q/K✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✾✱ ❚❤❡♦r❡♠ ✶✵✳✷✵ ✭❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠✮✱ ♣✳ ✸✶✾❪✳✮

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮✱
s❛❜❡♠♦s q✉❡ Q ∼= Zn ⊕ K✱ ♦♥❞❡ K = {q ∈ Q : |q| < ∞}✳ ❖ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n é
❝❤❛♠❛❞♦ ❞❡ ♣♦st♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❞❡ Q✳

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ t♦❞♦ s✉❜❣r✉♣♦ ❞❡
Q é ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Q0 ✉♠ s✉❜❣r✉♣♦ ❞❡ Q✳ ❈♦♠♦ Q é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ é ó❜✈✐♦ q✉❡ Q0

é t❛♠❜é♠ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❘❡st❛ ♠♦str❛r q✉❡ Q0 é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❈♦♠♦ Q é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X ❞❡ Q t❛❧ q✉❡ Q =

〈X〉✳ ❱❛♠♦s ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ❛tr❛✈és ❞❡ ✐♥❞✉çã♦ ♣❡❧❛ ❝❛r❞✐♥❛❧✐❞❛❞❡
❞❡ X✳ ❙❡❥❛ Q1 = 〈x1〉✱ ♦♥❞❡ x1 ∈ X✳ ❙❡❣✉❡ q✉❡ Q0∩Q1 é s✉❜❣r✉♣♦ ❞❡ Q1✱ ❡ ❝♦♠♦ Q1 é ❣r✉♣♦
❝í❝❧✐❝♦✱ t❡♠♦s q✉❡ Q0 ∩Q1 é t❛♠❜é♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❡✱ ♣♦rt❛♥t♦✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❈♦♠♦ Q
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ s❡❣✉❡ q✉❡ Q1⊳Q✳ ❙❡❥❛ π : Q։ Q/Q1 ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✳ ❚❡♠♦s q✉❡ Q/Q1 =

〈
{xQ1 ∈ Q/Q1 : x ∈ X\{x1}}

〉
✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸

✭♣✳ ✹✮✱ Q0 ∩Q1 ⊳Q0 ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷ ✭♣✳ ✸✮ ✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱
Q0/Q0 ∩Q1

∼= Q0Q1/Q1 ≤ Q/Q1✳ ❈♦♠♦ Q/Q1 é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✻ ✭♣✳ ✾✮
❡ t❡♠ |X| − 1 ❣❡r❛❞♦r❡s✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❝❛❞❛ s✉❜❣r✉♣♦ ❞❡ Q/Q1 é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ ❧♦❣♦ Q0Q1/Q1 é s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳
✷✹✮✱ Q0/Q0 ∩ Q1 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❈♦♠♦ Q0 ∩ Q1 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱
❝♦♥❝❧✉í♠♦s✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✶ ✭♣✳ ✷✺✮✱ q✉❡ Q0 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠ ❣r✉♣♦ G é ❞✐t♦ ❧✐♠✐t❛❞♦ s❡ ❡①✐st❡ s ∈ Z+ t❛❧ q✉❡ Gs = {gs : g ∈ G} =
✶✱ ✐st♦ é✱ ∀g ∈ G, |g| | s✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❯♠❛ s❡çã♦ ❞❡ G é ✉♠ ❣r✉♣♦ q✉♦❝✐❡♥t❡ G1/G2✱ ♦♥❞❡
G1, G2 sã♦ s✉❜❣r✉♣♦s ❞❡ G ❡ G2 ⊳G1✳

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ t♦❞❛ s❡çã♦ ❧✐♠✐t❛❞❛
❞❡ Q é ✜♥✐t❛✱ ✐st♦ é✱ é ✉♠ ❣r✉♣♦ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Q1/Q2 ✉♠❛ s❡çã♦ ❞❡ Q✳ ❈♦♠♦ Q é ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✷✵ ✭♣✳ ✷✻✮✱ s❡❣✉❡ q✉❡ Q1 é ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❞❛í q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✶✽ ✭♣✳ ✷✹✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✻ ✭♣✳ ✾✮✱ Q1/Q2 t❛♠❜é♠ é ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P❡❧♦
❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮✱ Q1/Q2 = F ⊕K✱ ♦♥❞❡ K = {x ∈ Q1/Q2 : |x| <∞} é ✉♠ ❣r✉♣♦ ✜♥✐t♦✱
F é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❡ F ∼= Q/K✳ ❈♦♠♦ Q1/Q2 é s❡çã♦ ❧✐♠✐t❛❞❛ ♣♦r ❤✐♣ót❡s❡✱ s❡❣✉❡
q✉❡ Q1/Q2 ⊆ K✱ ❧♦❣♦ Q1/Q2 = K✳ ❉❛í q✉❡ Q1/Q2 é s❡çã♦ ✜♥✐t❛✳

✷✻
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✶✳✶✳✻ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ●r✉♣♦s ❋✐♥✐t❛♠❡♥t❡ ❆♣r❡s❡♥tá✈❡✐s

●r✉♣♦s ▲✐✈r❡s

❆ ♥♦çã♦ ❞❡ ●r✉♣♦ ▲✐✈r❡ é ✐♠♣♦rt❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ♣♦✐s é ❛ ❜❛s❡ ♣❛r❛ ❡①♣❧✐❝❛r ♦
❝♦♥❝❡✐t♦ ❞❡ ❊①t❡♥sã♦ ❍◆◆✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ❢❛③ ♣❛rt❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ●r✉♣♦ ❈♦♥str✉tí✈❡❧✳
❆❞✐❛♥t❡ ♥❡st❛ ❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ r❡❧❛❝✐♦♥❛ ❣r✉♣♦s ❝♦♥str✉tí✈❡✐s ❡
♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✳ ❚❛❧ r❡s✉❧t❛❞♦ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡
♣❛r❛ ♦❜t❡♥çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ ❉✐ss❡rt❛çã♦✱ ♦❜t✐❞♦ ❞♦ ❛rt✐❣♦ ❬✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✳ ❯♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X é ✉♠ ♣❛r ♦r❞❡♥❛❞♦
(G, i)✱ ♦♥❞❡ G é ✉♠ ❣r✉♣♦ ❡ i : X → G é ✉♠❛ ❢✉♥çã♦✱ s❡♥❞♦ ❡ss❡ ♣❛r s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ H ❡ ❢✉♥çã♦ f : X → H✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s θ : G→ H t❛❧ q✉❡ θi(x) = f(x), ∀x ∈ X✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

X
i //

f
��

G

θ~~
H

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ❡ (G1, i1), (G2, i2) ❞♦✐s ❣r✉♣♦s ❧✐✈r❡s ❝♦♠ ❛ ♠❡s♠❛
❜❛s❡ X✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s η ❡♥tr❡ G1 ❡ G2 t❛❧ q✉❡ ηi1 = i2✳
❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡♥❞♦ ❛✐♥❞❛ X ✉♠ ❝♦♥❥✉♥t♦✱ s❡❥❛♠ (G, i) ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X ❡ H ✉♠
❣r✉♣♦✳ ❙❡ η : G→ H é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ (H, ηi) é ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ ❧✐✈r❡ t❡♠♦s ♦s s❡❣✉✐♥t❡s
❞✐❛❣r❛♠❛s ❝♦♠✉t❛t✐✈♦s✿

X
i1 //

i2
��

G1

θ1~~
G2

X
i2 //

i1
��

G2

θ2~~
G1

✐st♦ é✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s θ1 : G1 → G2 ❡ θ2 : G2 → G1 t❛✐s q✉❡
θ1i1 = i2 ❡ θ2i2 = i1✳ ▲♦❣♦✱ (θ2θ1)i1 = θ2(θ1i1) = θ2i2 = i1✱ ♦✉ s❡❥❛✱ θ2θ1 t♦r♥❛ ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

X
i1 //

i1
��

G1

θ2θ1~~
G1

▼❛s✱ idG1 : G1 → G1 é t❛♠❜é♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s q✉❡ t♦r♥❛ ❡ss❡ ♠❡s♠♦ ❞✐❛❣r❛♠❛
❝♦♠✉t❛t✐✈♦✱ ♣♦✐s idG1i1 = i1✱ ✐st♦ é✱

X
i1 //

i1
��

G1

idG1~~
G1

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ♥❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❧✐✈r❡ (G1, i1) t❡♠♦s q✉❡ θ2θ1 = idG1 ✳ ❊✱
❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛✱ s❡❣✉❡ q✉❡ θ1θ2 = idG2 ✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦✲s❡ η := θ1✱
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✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

r❡s✉❧t❛ q✉❡ G1 ❡ G2 sã♦ ✐s♦♠♦r❢♦s ❝♦♠♦ ❣r✉♣♦s✱ s❡♥❞♦ η = θ1 ♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❡s✱ ❡
ηi1 = i2✳ ❈♦♥❝❧✉í♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ ♦s ❣r✉♣♦s ❧✐✈r❡s (G1, i1) ❡ (G2, i2) sã♦ ✐s♦♠♦r❢♦s✳

P❛r❛ ❞❡♠♦♥str❛r ❛ ❛✜r♠❛çã♦ r❡❝í♣r♦❝❛✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡✱ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ H̃ ❡
✉♠❛ ❢✉♥çã♦ f : X → H̃✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s µ : H → H̃ t❛❧ q✉❡
µ(ηi) = f ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

X
ηi //

f
��

H

µ
��

H̃

❈♦♠♦ (G, i) é ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
θ : G→ H̃ t❛❧ q✉❡ θi = f ✱ ♦✉ s❡❥❛✱ ♦ s✉❜s❡q✉❡♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

X i //

f
��

G

θ��
H̃

❆❣♦r❛✱ t♦♠❛♥❞♦✲s❡ µ := θη−1✱ t❡♠♦s q✉❡ θη−1 : H → H̃ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧
q✉❡ (θη−1)(ηi) = θi = f ✱ ✐st♦ é✱ θη−1 s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ r❡q✉❡r✐❞❛✳ Pr❡❝✐s❛♠♦s
♠♦str❛r✱ ❡♥tã♦✱ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ✉♠ t❛❧ ❤♦♠♦♠♦r✜s♠♦ s❛t✐s❢❛③❡♥❞♦ t❛❧ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳
❙❡❥❛✱ ❡♥tã♦✱ µ′ : H → H̃ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧ q✉❡ µ′(ηi) = (µ′η)i = f ✱ s❡❣✉❡✱ ♣❡❧❛
✉♥✐❝✐❞❛❞❡ ❞❡ θ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ q✉❡ µ′η = θ ❡✱ ♣♦rt❛♥t♦✱ µ′ = (µ′η)η−1 =
θη−1 = µ✳

Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦ ❡ (G, i) ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳ ❊♥tã♦✱ i é
✉♠❛ ❢✉♥çã♦ ✐♥❥❡t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G = {f : X → Z | f é ✉♠❛ ❢✉♥çã♦}✳ ▼✉♥✐♥❞♦ G ❝♦♠ ❛ ♦♣❡r❛çã♦ +
♦♥❞❡✱ ❞❛❞♦s f, g ∈ G✱ ❞❡✜♥✐♠♦s (f + g)(x) := f(x)+ g(x)✱ t❡♠♦s✱ ❝❧❛r❛♠❡♥t❡✱ q✉❡ G é ❣r✉♣♦✳
❉❡✜♥❛♠♦s✱ ∀x ∈ X✱ fx ∈ G ♣♦r fx(y) = 0✱ s❡ y 6= x ❡ fx(y) = 1✱ s❡ y = x✱ ∀y ∈ X✳
❆❣♦r❛✱ s❡❥❛ f : X → G ❞❡✜♥✐❞❛ ♣♦r f(x) = fx✳ ❖❜s❡r✈❡♠♦s q✉❡ f é ❢✉♥çã♦ ✐♥❥❡t✐✈❛✱ ♣♦✐s✱
❞❛❞♦s x1, x2 ∈ X✱ s❡ f(x1) = f(x2)✱ ❡♥tã♦ fx1 = fx2 ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ x1 = x2✳ P❡❧❛
♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ♣❛r❛ ♦ ❣r✉♣♦ ❧✐✈r❡ (G, i) t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❣r✉♣♦s θ : G→ G t❛❧ q✉❡ θi = f ✱ ♦✉ s❡❥❛✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

X i //

f
��

G

θ��
G

❈♦♠♦ f é ❢✉♥çã♦ ✐♥❥❡t✐✈❛ ❡ θi = f ✱ s❡❣✉❡ q✉❡ i é t❛♠❜é♠ ❢✉♥çã♦ ✐♥❥❡t✐✈❛✳

❙❡♥❞♦ X ✉♠ ❝♦♥❥✉♥t♦✱ ❢❛r❡♠♦s ❛❞✐❛♥t❡ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳
▼♦str❛♥❞♦✱ ❛ss✐♠✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❣r✉♣♦s ❧✐✈r❡s✳
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❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✳ ❉❡✜♥✐♠♦s ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❡rs♦✸ ❞❡ X ❝♦♠♦ s❡♥❞♦
✉♠ ❝♦♥❥✉♥t♦ X−1 t❛❧ q✉❡ X−1 ∩X = ∅ ❡ t❛❧ q✉❡ ❡①✐st❛ ✉♠❛ ❜✐❥❡çã♦ X → X−1 ❞❡♥♦t❛❞❛ ♣♦r
x 7→ x−1✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛♠ X ✉♠ ❝♦♥❥✉♥t♦✱ X−1 ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❡rs♦ ❞❡ X ❡ {1} ✉♠ ❝♦♥❥✉♥t♦
✉♥✐tár✐♦ ❞✐s❥✉♥t♦ ❞❡ X ❡ ❞❡ X−1✳ ❈❤❛♠❛♠♦s ❞❡ ❛❧❢❛❜❡t♦ ♦ ♣❛r ♦r❞❡♥❛❞♦ (X∪X−1, 1)✱ ♦♥❞❡
X ∪X−1 r❡♣r❡s❡♥t❛ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞♦s ❝♦♥❥✉♥t♦s X ❡ X−1✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❙❡❥❛ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❈❤❛♠❛♠♦s ❞❡ ❧❡tr❛s ♦s ❡❧❡♠❡♥t♦s y ∈
X ∪X−1 ❡ ♦ ❡❧❡♠❡♥t♦ 1 ♣❡rt❡♥❝❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦ ✉♥✐tár✐♦ {1}✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ n ∈ Z+ ∪ {0}✳ ❯♠❛ ♣❛❧❛✈r❛ ♥ã♦✲✈❛③✐❛
w ❡♠ (X ∪X−1, 1) ❞❡ ❝♦♠♣r✐♠❡♥t♦ n é ✉♠❛ n✲✉♣❧❛ w = (x1, . . . , xn) ∈ (X ∪X−1)n✱ ♥❡ss❡
❝❛s♦ n ∈ Z+❀ ❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ❡♠ (X ∪ X−1, 1) é ❛ ❧❡tr❛ 1✱ ❝✉❥♦ ❝♦♠♣r✐♠❡♥t♦ é ❞❡✜♥✐❞♦
❝♦♠♦ s❡♥❞♦ 0✱ ❡ ✉♠❛ ♣❛❧❛✈r❛ w ❡♠ (X∪X−1, 1) ❞❡ ❝♦♠♣r✐♠❡♥t♦ n é ✉♠❛ ♣❛❧❛✈r❛ ♥ã♦✲✈❛③✐❛✱
♥❡ss❡ ❝❛s♦ n ∈ Z+✱ ♦✉ é ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✱ ♥❡st❡ ❝❛s♦ n = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ y ∈ X ∪X−1 é
✉♠❛ ❧❡tr❛✱ ❡♥tã♦ y é ✉♠❛ ♣❛❧❛✈r❛ ♥ã♦✲✈❛③✐❛ ❡♠ X ∪X−1✳

◆♦t❛çã♦ ✶✳✽✳ ❙❡❥❛♠ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ n ∈ Z+✳

• ❉❡♥♦t❛r❡♠♦s ♦ ❢❛t♦ ❞❡ ✉♠❛ ♣❛❧❛✈r❛ w ❡♠ (X ∪X−1, 1) t❡r ❝♦♠♣r✐♠❡♥t♦ n ♣♦r |w| = n
❡ ❞❡♥♦t❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ 0 ❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ♣♦r |1| = 0❀

• ❯♠❛ ♣❛❧❛✈r❛ ♥ã♦✲✈❛③✐❛ w ❡♠ (X ∪X−1, 1)✱ ♦♥❞❡ w = (x1, . . . , xn) ∈ (X ∪X−1)n✱ s❡rá
❞❡♥♦t❛❞❛ ♣❡❧❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ X ∪X−1✱ ✐st♦ é✱ w = x1x2 . . . xn❀

• ∀x ∈ X✱ ❞❡✜♥✐r❡♠♦s x1 := x ❡ x0 := 1✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❡♥♦t❛♠♦s ♣♦r M(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s
❛s ♣❛❧❛✈r❛s ✭♥ã♦✲✈❛③✐❛s ❡ ✈❛③✐❛✮ ❡♠ (X ∪X−1, 1)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ X,X−1, {1} ⊆M(X)✳

❖❜s❡r✈❛çã♦ ✶✳✸✳ ❙❡❥❛♠ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ n,m ∈ Z+✳

• ❉❛❞❛s w1 = x1x2 . . . xn ❡ w2 = y1y2 . . . ym ❞✉❛s ♣❛❧❛✈r❛s ♥ã♦✲✈❛③✐❛s ❡♠ (X ∪ X−1, 1)✱
❛ ❝♦♥❝❛t❡♥❛çã♦ w1w2 ❢♦r♠❛ ✉♠❛ ♥♦✈❛ ♣❛❧❛✈r❛ ❡♠ (X ∪ X−1, 1) ❝✉❥❛ ❢♦r♠❛ é w1w2 =
x1x2 . . . xny1y2 . . . ym✱ ♦♥❞❡✱ ❡♥tã♦✱ |w1w2| = |w1| + |w2|✳ ❉❡✜♥✐♠♦s ❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❛
♣❛❧❛✈r❛ ✈❛③✐❛ 1 ❝♦♠ q✉❛❧q✉❡r ♦✉tr❛ ♣❛❧❛✈r❛ w ❡♠ (X ∪X−1, 1) ♣♦r w1 = w ❡ 1w = w✳
❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ w = 1✱ ❡♥tã♦ 11 = 1✳ ❉❡✜♥✐♥❞♦✲s❡ ❞❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱
|w1| = |w|+ |1| = |w|+ 0 = |w| ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ |1w| = |w|❀

• ❯♠❛ ♣❛❧❛✈r❛ w ❡♠ (X ∪ X−1, 1) ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ♣♦r ✉♠❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❧❡tr❛s
❞♦ ❛❧❢❛❜❡t♦ (X ∪ X−1, 1)✱ ✐st♦ é✱ w = xε11 x

ε2
2 . . . xεnn ✱ ♦♥❞❡ εj ∈ {−1, 0, 1}✱ xj ∈ X ❡

1 ≤ j ≤ n✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ♣❛❧❛✈r❛ ✈❛③✐❛ 1 t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ❞❡ss❛ ❢♦r♠❛✱
s❡♥❞♦ 1 = x01x

0
2 . . . x

0
n✱ ♣❛r❛ q✉❛✐sq✉❡r xj ∈ X ❡ n ∈ Z+✱ ♦♥❞❡ 1 ≤ j ≤ n❀

❉♦r❛✈❛♥t❡✱ ✉s❛r❡♠♦s ❡ss❛ ♥♦t❛çã♦ ♣❛r❛ ✉♠❛ ♣❛❧❛✈r❛ w ❡♠ (X ∪X−1, 1)✳

✸❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ t❛❧ ❝♦♥❥✉♥t♦ é ❞❡♠♦♥str❛❞❛ ❡♠ ❚❡♦r✐❛ ❞❡ ❈♦♥❥✉♥t♦s ❡ ❡♠ ▲ó❣✐❝❛ ▼❛t❡♠át✐❝❛✳
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• ❉❛❞❛s w1 = xε11 x
ε2
2 . . . xεnn ❡ w2 = yδ11 y

δ2
2 . . . yδmm ❞✉❛s ♣❛❧❛✈r❛s ❡♠ (X ∪ X−1, 1)✱ ♦♥❞❡

εj, δk ∈ {−1, 0, 1}✱ xj, yk ∈ X✱ 1 ≤ j ≤ n ❡ 1 ≤ k ≤ m✱ ❡♥tã♦ w1 = w2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱
n = m✱ xj = yj ❡ εj = δj✱ ❝♦♠ 1 ≤ j ≤ n✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛♠ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ n ∈ Z+✳ ❆ ✐♥✈❡rs❛ ❞❡ ✉♠❛ ♣❛❧❛✈r❛
w = xε11 x

ε2
2 . . . xεnn ∈ M(X)✱ ♦♥❞❡ εj ∈ {−1, 0, 1}✱ xj ∈ X ❡ 1 ≤ j ≤ n✱ é ❛ ♣❛❧❛✈r❛

w−1 = x−εnn . . . x−ε22 x−ε11 ✳

❖❜s❡r✈❛çã♦ ✶✳✹✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳

• ❉❛❞❛ ✉♠❛ ♣❛❧❛✈r❛ w ∈M(X)✱ (w−1)−1 = w❀

• ❆ ✐♥✈❡rs❛ ❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛ 1 é ❡❧❛ ♠❡s♠❛✱ ❡♠ sí♠❜♦❧♦s✱ 1−1 = 1✱ ♣♦✐s✱ ❞❛❞♦ x ∈ X✱
1−1 = (x0)−1 = x−0 = x0 = 1✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛♠ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ n ∈ Z+✳ ❯♠❛ s✉❜♣❛❧❛✈r❛ ❞❡ ✉♠❛
♣❛❧❛✈r❛ w = xε11 x

ε2
2 . . . xεnn ∈ M(X)✱ ♦♥❞❡ εj ∈ {−1, 0, 1}✱ xj ∈ X ❡ 1 ≤ j ≤ n✱ é ❛ ♣❛❧❛✈r❛

✈❛③✐❛ 1✱ ♦✉ é ✉♠❛ ♣❛❧❛✈r❛ u = xεrr . . . x
εs
s ✱ ♦♥❞❡ 1 ≤ r ≤ s ≤ n✳ ❖❜s❡r✈❡ q✉❡ ✉♠❛ s✉❜♣❛❧❛✈r❛

❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛ 1 é ❛ ♣ró♣r✐❛ ♣❛❧❛✈r❛ ✈❛③✐❛ 1✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❛❞❛s w1, w2 ∈ M(X)✱ ❞✐③❡♠♦s q✉❡ w1 é
❡❧❡♠❡♥t❛r♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ w2 ✭♦ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r w1 ∼0 w2✮ s❡

w1 = αβ ❡ w2 = αxx−1β ♦✉ w1 = αβ ❡ w2 = αx−1xβ

♦✉

w2 = αβ ❡ w1 = αxx−1β ♦✉ w2 = αβ ❡ w1 = αx−1xβ,

♦♥❞❡ α, β ∈M(X) ✭♣♦❞❡♥❞♦ s❡r ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✮ ❡ x ∈ X✳
❆ r❡❧❛çã♦ ∼0 é ❝❤❛♠❛❞❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡❧❡♠❡♥t❛r✱ ❛ q✉❛❧ ♥ã♦ é ✉♠❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛✳

❖❜s❡r✈❛çã♦ ✶✳✺✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳

• ❉❛❞❛s w1, w2 ∈M(X)✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✽ ✭♣✳ ✸✵✮ w1 ∼0 w2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ w2 ∼0 w1✳

• ❉❛❞❛s w1, w2, w ∈M(X)✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✽ ✭♣✳ ✸✵✮✱ s❡ w1 ∼0 w2✱ ❡♥tã♦ ww1 ∼0 ww2

❡ w1w ∼0 w2w✳

❊①❡♠♣❧♦ ✶✳✸✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❛❞♦s x1, x2 ∈ X✱ t❡♠♦s q✉❡

x1x2x
−1
2 x−1

1 ∼0 x1x
−1
1 = 1x1x

−1
1 ∼0 1.

❉❡✜♥✐çã♦ ✶✳✷✾✳ ❙❡❥❛ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❛❞❛s w1, w2 ∈ M(X)✱ ❞✐③❡♠♦s q✉❡ w1

é ❡q✉✐✈❛❧❡♥t❡ ❛ w2 ✭♦ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r w1 ∼ w2✮ s❡✱ ❞❛❞♦ n ∈ Z+✱ ❡①✐st✐r❡♠ ♣❛❧❛✈r❛s
α1, . . . , αn ∈M(X) t❛✐s q✉❡

w1 ∼0 α1 ∼0 . . . ∼0 αn ∼0 w2.

▲❡♠❛ ✶✳✸✷✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❆ r❡❧❛çã♦ ∼ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✾ ✭♣✳ ✸✵✮ é ✉♠❛
r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳
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❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s w1, w2, w3 ∈M(X) ❡ x ∈ X✱ t❡♠♦s q✉❡✿

✐✮ w1 ∼ w1✱ ♣♦✐s w1 = 1w1 ∼0 1xx
−1w1 ∼0 1w1 = w1✳

✐✐✮ ❙❡ w1 ∼ w2✱ ❡♥tã♦ w2 ∼ w1✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ w1 ∼ w2✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ α1, . . . , αn ∈
M(X)✱ ♦♥❞❡ n ∈ Z+✱ t❛✐s q✉❡ w1 ∼0 α1 ∼0 . . . ∼0 αn ∼0 w2✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✺ ✭♣✳
✸✵✮✱ t❡♠♦s q✉❡ w2 ∼0 αn ∼0 . . . ∼0 α1 ∼0 w1✳

✐✐✐✮ ❙❡ w1 ∼ w2 ❡ w2 ∼ w3✱ ❡♥tã♦ w1 ∼ w3✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ w1 ∼ w2 ❡ w2 ∼ w3✱ s❡❣✉❡ q✉❡
❡①✐st❡♠ α1, . . . , αn, β1, . . . , βm ∈M(X)✱ ♦♥❞❡ n,m ∈ Z+✱ t❛✐s q✉❡

w1 ∼0 α1 ∼0 . . . ∼0 αn ∼0 w2 ❡ w2 ∼0 β1 ∼0 . . . ∼0 βm ∼0 w3,

❧♦❣♦ w1 ∼0 α1 ∼0 . . . ∼0 αn ∼0 w2 ∼0 β1 ∼0 . . . ∼0 βm ∼0 w3 ❡✱ ♣♦rt❛♥t♦✱ w1 ∼ w3✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❙❡❥❛ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉✐③❡♠♦s q✉❡ w ∈ M(X) é ✉♠❛ ♣❛❧❛✈r❛
r❡❞✉③✐❞❛ s❡ w ♥ã♦ ♣♦ss✉✐ s✉❜♣❛❧❛✈r❛ ❞♦s t✐♣♦s xx−1✱ ♦✉ x−1x✱ ♦♥❞❡ x ∈ X✳

❚❡♦r❡♠❛ ✶✳✼ ✭❋♦r♠❛ ◆♦r♠❛❧ ♣❛r❛ ●r✉♣♦s ▲✐✈r❡s✮✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❊♥tã♦✱
∀w ∈M(X)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♣❛❧❛✈r❛ r❡❞✉③✐❞❛ w0 ∈M(X) t❛❧ q✉❡ w ∼ w0✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✵✱ ❚❤❡♦r❡♠ ✹ ✭◆♦r♠❛❧ ❢♦r♠ t❤❡♦r❡♠ ❢♦r ❢r❡❡ ❣r♦✉♣s✮✱ ♣✳ ✺❪ ❡ ❬✶✻✱
▲❡♠♠❛ ✹✳✼✹✱ ♣✳ ✷✼✹❪✳✮

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❙❡❥❛ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❡✜♥✐♠♦s F (X) ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦
❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s❡❣✉♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✾ ✭♣✳
✸✵✮✱ ✐st♦ é✱ F (X) =M(X)/ ∼✳ ❉❡♥♦t❛r❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ F (X) ♣♦r [w] = {v ∈M(X) :
w ∼ v}✳

◆♦t❛çã♦ ✶✳✾✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳

• ❉❛❞❛ [w] ∈ F (X)✱ ❞❡✜♥✐♠♦s [w]1 := [w] ❡ [w]0 := [1]✳

Pr♦♣♦s✐çã♦ ✶✳✷✸✳ ❙❡❥❛ (X ∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❊♥tã♦✱ ❞❡✜♥✐♥❞♦✲s❡ ❛ s❡❣✉✐♥t❡ ♦♣❡r❛çã♦✿
∀[w1], [w2] ∈ F (X), [w1][w2] := [w1w2]✱ t❡♠♦s q✉❡ F (X) ♠✉♥✐❞♦ ❞❡ t❛❧ ♦♣❡r❛çã♦ é ✉♠ ❣r✉♣♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ❞❛❞❛s w1, w2 ∈ M(X)✱ t❡♠♦s q✉❡ ❛ ❝♦♥❝❛✲
t❡♥❛çã♦ w1w2 é t❛♠❜é♠ ✉♠❛ ♣❛❧❛✈r❛ ❡♠ X✱ ✐st♦ é✱ w1w2 ∈M(X)✳

❱❛♠♦s ♠♦str❛r q✉❡ ❛ ♦♣❡r❛çã♦ ❝♦♥s✐❞❡r❛❞❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡❥❛♠ [w1], [v1], [w2], [v2] ∈
F (X) t❛✐s q✉❡ [w1] = [v1] ❡ [w2] = [v2]✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ w1 ∼ v1 ❡ w2 ∼ v2✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠
α1, . . . , αn, β1, . . . , βm ∈M(X)✱ ♦♥❞❡ n,m ∈ Z+✱ t❛✐s q✉❡

w1 ∼0 α1 ∼0 . . . ∼0 αn ∼0 v1 ❡ w2 ∼0 β1 ∼0 . . . ∼0 βm ∼0 v2.

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✺ ✭♣✳ ✸✵✮ s❡❣✉❡ q✉❡

w1w2 ∼0 w1β1 ∼0 . . . ∼0 w1βm ∼0 w1v2 ❡ w1v2 ∼0 α1v2 ∼0 . . . ∼0 αnv2 ∼0 v1v2,
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❧♦❣♦ w1w2 ∼ w1v2 ❡ w1v2 ∼ v1v2✱ ❞❛í q✉❡ w1w2 ∼ v1v2 ❡✱ ♣♦rt❛♥t♦✱ [w1w2] = [v1v2]✱ ✐st♦ é✱
[w1][w2] = [v1][v2]✳

❉❛❞❛s [w1], [w2], [w3] ∈ F (X)✱ t❡♠♦s q✉❡ [w1]
(
[w2][w3]

)
= [w1][w2w3] = [w1(w2w3)] =

[(w1w2)w3] = [w1w2][w3] =
(
[w1][w2]

)
[w3]✳ ▲♦❣♦✱ ❛ ♦♣❡r❛çã♦ ❝♦♥s✐❞❡r❛❞❛ é ❛ss♦❝✐❛t✐✈❛✳

❉❛❞❛ [w] ∈ F (X)✱ t❡♠♦s q✉❡ [w][1] = [w1] = [w] ❡ [1][w] = [1w] = [w]✳ P♦rt❛♥t♦✱ [1] é ♦
❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❡♠ r❡❧❛çã♦ à ♦♣❡r❛çã♦ ❝♦♥s✐❞❡r❛❞❛✳

❉❛❞❛ [w] ∈ F (X)✱ t❡♠♦s q✉❡ w = xε11 x
ε2
2 . . . xεnn ✱ ♦♥❞❡ εj ∈ {−1, 0, 1}✱ xj ∈ X ❡ 1 ≤ j ≤ n✱

s❡❣✉❡ q✉❡
[w][w−1] = [ww−1] = [xε11 x

ε2
2 . . . xεnn x

−εn
n . . . x−ε22 x−ε11 ] = [1]

❡

[w−1][w] = [w−1w] = [x−εnn . . . x−ε22 x−ε11 xε11 x
ε2
2 . . . xεnn ] = [1].

❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ [w]−1 := [w−1]✳

❚❡♦r❡♠❛ ✶✳✽ ✭❊①✐stê♥❝✐❛ ❞❡ ●r✉♣♦ ▲✐✈r❡✮✳ ❙❡❥❛♠ (X∪X−1, 1) ✉♠ ❛❧❢❛❜❡t♦ ❡ i : X → F (X)
✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r i(x) = [x]✳ ❊♥tã♦✱ (F (X), i) é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ H ✉♠ ❣r✉♣♦ ❡ f : X → H ✉♠❛ ❢✉♥çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡
❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : F (X)→ H t❛❧ q✉❡ θi = f ✱ ♦✉ s❡❥❛✱ ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

X
i //

f
��

F (X)

θ||
H

▼♦str❛r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ✉♠ t❛❧ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ✳ ❙✉♣♦✲
♥❤❛♠♦s✱ ❡♥tã♦✱ q✉❡ θ s❛t✐s❢❛ç❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ s✉♣r❛❝✐t❛❞❛ ❡ s❡❥❛ ψ : F (X) → H
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s q✉❡ t❛♠❜é♠ s❛t✐s❢❛ç❛ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ✐st♦ é✱
ψi = f ✳ ❙❡❥❛ [w] ∈ F (X)✳ ❊♥tã♦✱ w = xε11 x

ε2
2 . . . xεnn ✱ ♦♥❞❡ n ∈ Z+, xj ∈ X, εj ∈ {−1, 0, 1}✱

❝♦♠ 1 ≤ j ≤ n✳ ❚❡♠♦s q✉❡

ψ([w]) = ψ([xε11 x
ε2
2 . . . xεnn ]) = ψ([x1]

ε1 [x2]
ε2 . . . [xn]

εn) =

= ψ([x1]
ε1)ψ([x2]

ε2) . . . ψ([xn]
εn) = ψ([x1])

ε1ψ([x2])
ε2 . . . ψ([xn])

εn =

= ψ(i(x1))
ε1ψ(i(x2))

ε2 . . . ψ(i(xn))
εn = f(x1)

ε1f(x2)
ε2 . . . f(xn)

εn .

❊✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱

θ([w]) = θ([xε11 x
ε2
2 . . . xεnn ]) = θ([x1]

ε1 [x2]
ε2 . . . [xn]

εn) =

= θ([x1]
ε1)θ([x2]

ε2) . . . θ([xn]
εn) = θ([x1])

ε1θ([x2])
ε2 . . . θ([xn])

εn =

= θ(i(x1))
ε1θ(i(x2))

ε2 . . . θ(i(xn))
εn = f(x1)

ε1f(x2)
ε2 . . . f(xn)

εn .

❉❛í q✉❡ ψ = θ✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ t❛❧ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : F (X) → H✳

❙❡❥❛ [w] ∈ F (X) t❛❧ q✉❡ w = xε11 x
ε2
2 . . . xεnn ✱ ♦♥❞❡ n ∈ Z+, xj ∈ X, εj ∈ {−1, 0, 1}✱ ❝♦♠

1 ≤ j ≤ n✳ ❉❡✜♥❛♠♦s

θ([w]) := θ([xε11 ])θ([xε22 ]) . . . θ([xεnn ]) ❡ θ([x
εj
j ]) := f(xj)

εj .

✸✷



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❱❛♠♦s ♥♦s ❝❡rt✐✜❝❛r ❞❡ q✉❡ θ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ❞❛❞❛s
w, v ∈M(X)✱ s❡ w ∼0 v✱ ❡♥tã♦ θ([w]) = θ([v])✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ w ∼0 v✱ s❡❣✉❡ q✉❡

w = αβ ❡ v = αxx−1β, ✭✶✳✺✮

♦✉ w = αβ ❡ v = αx−1xβ, ✭✶✳✻✮

♦✉ v = αβ ❡ w = αxx−1β, ✭✶✳✼✮

♦✉ v = αβ ❡ w = αx−1xβ ✭✶✳✽✮

♦♥❞❡ x ∈ X ❡ α, β ∈ M(X)✱ ❝♦♠ α = yδ11 y
δ2
2 . . . yδmm ❡ β = zγ11 z

γ2
2 . . . zγss ✱ ♦♥❞❡ m, s ∈

Z+, yk, zl ∈ X ❡ δk, γl ∈ {−1, 0, 1}✱ ❝♦♠ 1 ≤ k ≤ m ❡ 1 ≤ l ≤ s✳ ❈❛s♦ t❡♥❤❛♠♦s ✭✶✳✺✮ ✭♣✳
✸✸✮✱ s❡❣✉❡ ♣♦r ❞❡✜♥✐çã♦ ❞❡ θ q✉❡

θ([v]) = θ([yδ11 ]) . . . θ([yδmm ])θ([x])θ([x−1])θ([zγ11 ]) . . . θ([zγss ]) =

= θ([yδ11 ]) . . . θ([yδmm ])f(x)f(x)−1θ([zγ11 ]) . . . θ([zγss ]) =

= θ([yδ11 ]) . . . θ([yδmm ])θ([zγ11 ]) . . . θ([zγss ]) = θ([αβ]) = θ([w]).

❆♥❛❧♦❣❛♠❡♥t❡✱ t❡r❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ θ([v]) = θ([w])✱ ❝❛s♦ t❡♥❤❛♠♦s ✭✶✳✻✮✱ ✭✶✳✼✮✱ ♦✉ ✭✶✳✽✮ ✭♣
✳✸✸✮✳ ❆❣♦r❛✱ ❞❛❞♦s [w], [v] ∈ F (X)✱ s❡ [w] = [v]✱ ❡♥tã♦ w ∼ v✱ ❧♦❣♦ ❡①✐st❡♠ α1, . . . , αr ∈
M(X)✱ ♦♥❞❡ r ∈ Z+✱ t❛✐s q✉❡ w ∼0 α1 ∼0 . . . ∼0 αr ∼0 v✱ ❞❛í q✉❡

θ([w]) = θ([α1]) = . . . = θ([αr]) = θ([v])

❡✱ ♣♦rt❛♥t♦✱ θ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳
θ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s✱ ❞❛❞♦s [w], [v] ∈ F (X) t❛✐s q✉❡ w = xε11 x

ε2
2 . . . xεnn

❡ v = yδ11 y
δ2
2 . . . yδmm ✱ ♦♥❞❡ n,m ∈ Z+, xj, yk ∈ X ❡ εj, δk ∈ {−1, 0, 1}✱ ❝♦♠ 1 ≤ j ≤ n ❡

1 ≤ k ≤ m✱ t❡♠♦s q✉❡

θ([w][v]) = θ([wv]) = θ([xε11 ]) . . . θ([xεnn ])θ([yδ11 ]) . . . θ([yδmm ]) = θ([w])θ([v]).

❖❜s❡r✈❛çã♦ ✶✳✻✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✷ ✭♣✳ ✷✽✮✱ t❡♠♦s q✉❡ i : X → F (X) ❞♦ ❚❡♦r❡♠❛ ✶✳✽ ✭♣✳
✸✷✮ é ✐♥❥❡t✐✈❛✱ ❧♦❣♦✱ s❡♥❞♦ [X] = {[x] ∈ F (X) : x ∈ X}✱ t❡♠♦s ✉♠❛ ❜✐❥❡çã♦ X → [X]✱ ❞❡✜♥✐❞❛
♣♦r x↔ [x]✳ ■❞❡♥t✐✜❝❛♠♦s✱ ♣♦rt❛♥t♦✱ X ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ F (X)✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❡
F (X) ✈❡♠♦s q✉❡ F (X) é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ [X] ⊆ F (X)✱ ✐st♦ é✱ F (X) =

〈
[X]

〉
✳ ❆ss✐♠✱

❝♦♠ t❛❧ ✐❞❡♥t✐✜❝❛çã♦ ❢❡✐t❛ ♣❡❧❛ ❜✐❥❡çã♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡ F (X) é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳
❉❡st❛ ❢♦r♠❛✱ ✉♠❛ ♣❛❧❛✈r❛ [w] ∈ F (X) s❡rá ❡s❝r✐t❛ s❡♠ ♦s ❝♦❧❝❤❡t❡s✱ ✐st♦ é✱ ❡s❝r❡✈❡r❡♠♦s
w ∈ F (X)✱ ♦♥❞❡ w = xε11 x

ε2
2 . . . xεnn ✱ ❝♦♠ εj ∈ {−1, 0, 1}✱ xj ∈ X ❡ 1 ≤ j ≤ n✳ ❈❛❞❛ ❡❧❡♠❡♥t♦

w ∈ F (X) t❡♠ ú♥✐❝❛ ❢♦r♠❛ w = xε11 x
ε2
2 . . . xεnn ❝♦♠♦ ♣❛❧❛✈r❛ r❡❞✉③✐❞❛✳

◆♦t❛çã♦ ✶✳✶✵✳ ❙❡❥❛ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r F (X) s✐♠♣❧❡s♠❡♥t❡ ♦
❣r✉♣♦ ❧✐✈r❡ (F (X), i) ❝♦♠ ❜❛s❡ X✱ ♦♥❞❡ i : X → F (X) é ❞❛❞❛ ♣♦r i(x) = [x]✱ ❝♦♥❢♦r♠❡ ♥♦
❚❡♦r❡♠❛ ✶✳✽ ✭♣✳ ✸✷✮✳

❉❡✜♥✐çã♦ ✶✳✸✷✳ ❙❡❥❛ F (X) ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ X é ❝❤❛♠❛❞❛
❞❡ ♣♦st♦ ❞♦ ❣r✉♣♦ F (X)✳

✸✸



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

Pr♦♣♦s✐çã♦ ✶✳✷✹✳ ❙❡❥❛♠ F (X), F (Y ) ❣r✉♣♦s ❧✐✈r❡s ❝♦♠ ❜❛s❡s X ❡ Y r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡
❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ϕ : X → Y ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : F (X)→ F (Y ) t❛❧
q✉❡ θ|X = ϕ✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✹✳✼✼✱ ♣✳ ✷✼✼❪✳✮

❚❡♦r❡♠❛ ✶✳✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G é q✉♦❝✐❡♥t❡ ❞❡ ❛❧❣✉♠ ❣r✉♣♦ ❧✐✈r❡✳ ❉✐t♦ ❞❡ ♦✉tr❛
❢♦r♠❛✱ ❡①✐st❡♠ ✉♠ ❣r✉♣♦ ❧✐✈r❡ F (X) ❝♦♠ ❜❛s❡ X✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦✱ ❡ H ✉♠ s✉❜❣r✉♣♦
♥♦r♠❛❧ ❞❡ F (X) t❛❧ q✉❡ G ∼= F (X)/H ✭✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G t❛❧ q✉❡ G = 〈S〉 ❡ f : S → G ❛ ❢✉♥çã♦ ✐♥❝❧✉sã♦
❝❛♥ô♥✐❝❛✹✳ ❊♥tã♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ♣❛r❛ ❣r✉♣♦s ❧✐✈r❡s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

S
i //

f
��

F (S)

θ||
G

♦♥❞❡ i : S → F (S) é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❣r✉♣♦ ❧✐✈r❡ ❡ θ é ♦ ú♥✐❝♦ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧ q✉❡ θi(s) = f(s) = s, ∀s ∈ S✳ ❉❛í q✉❡ θ : F (S) → G é s♦❜r❡❥❡t✐✈♦✱
♣♦✐s✱ ❞❛❞♦ g ∈ G✱ t❡♠♦s q✉❡ g = sε11 . . . sεnn ✱ ♦♥❞❡ n ∈ Z+, sj ∈ S ❡ εj ∈ {−1, 0, 1}✱ ❝♦♠
1 ≤ j ≤ n✳ ❉❛í q✉❡ g = sε11 . . . sεnn = (f(s1))

ε1 . . . (f(sn))
εn = (θi(s1))

ε1 . . . (θi(sn))
εn =

(θ([s1]))
ε1 . . . (θ([sn]))

εn = θ([sε11 . . . sεnn ]) = θ([g])✱ ♦♥❞❡ [g] ∈ F (S)✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳
✸✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ s❡❣✉❡ q✉❡ F (S)/ker(θ) ∼= Im(θ) = G✱ ♦♥❞❡
ker(θ)⊳ F (S)✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ H := ker(θ)✳

●r✉♣♦s ❋✐♥✐t❛♠❡♥t❡ ❆♣r❡s❡♥tá✈❡✐s

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G✳ ❙❡♥❞♦ RG = {g−1rg ∈ G :
r ∈ R, g ∈ G}✱ ❞❡✜♥✐♠♦s ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ R ❡♠ G ✭♦✉ ♦ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G
❣❡r❛❞♦ ♣♦r R✮ ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❣r✉♣♦ ❞❡ G ❣❡r❛❞♦ ♣♦r RG✱ ✐st♦ é✱ 〈RG〉✳ ❉❡♥♦t❛♠♦s ♦
❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ R ❡♠ G ♣♦r 〈R〉G✳

▲❡♠❛ ✶✳✸✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G✳ ❊♥tã♦✱ ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ R ❡♠
G é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G q✉❡ ❝♦♥té♠ R✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ R ⊆ 〈R〉G✱ ♣♦✐s✱ ∀r ∈ R✱ r = 1−1
G r1G ∈ R

G ⊆
〈RG〉 = 〈R〉G✳

❱❛♠♦s ♠♦str❛r q✉❡ 〈R〉G ⊳G✳ P❛r❛ ✐ss♦✱ ❜❛st❛ ♠♦str❛r q✉❡✱ ∀g ∈ G✱ g〈R〉Gg−1 ⊆ 〈R〉G✳
❉❛❞♦ g ∈ G✱ s❡❥❛ x ∈ gRGg−1✳ ▲♦❣♦✱ x = g(h−1rh)g−1✱ ♦♥❞❡ r ∈ R ❡ h ∈ G✳ ❉❛í q✉❡
x = (hg−1)−1r(hg−1) ∈ RG✳ ❈♦♠♦ g ∈ gRGg−1 ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ gRGg−1 ⊆
RG✱ ❧♦❣♦ 〈gRGg−1〉 ⊆ 〈RG〉, ∀g ∈ G✳ ▼❛s✱ 〈gRGg−1〉 = g〈RG〉g−1✱ ♣❛r❛ t♦❞♦ g ∈ G ✜①❛❞♦✳
P♦rt❛♥t♦✱ g〈R〉Gg−1 = g〈RG〉g−1 ⊆ 〈RG〉 = 〈R〉G, ∀g ∈ G✳

P♦r ✜♠✱ ✈❛♠♦s ♠♦str❛r q✉❡ 〈R〉G é ♦ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G q✉❡ ❝♦♥té♠ R✳ ❙❡❥❛
B ⊳ G t❛❧ q✉❡ R ⊆ B ❡ B ⊆ 〈R〉G✳ ❙❡❥❛ x ∈ RG✳ ▲♦❣♦✱ x = g−1rg✱ ♦♥❞❡ g ∈ G ❡ r ∈ R✳

✹❚♦❞♦ ❣r✉♣♦ G ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ t❛❧ ❢♦r♠❛✱ ♣♦✐s ♣♦❞❡♠♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛r ♦ s✉❜❝♦♥❥✉♥t♦ S ❝♦♠♦
♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ G✳ ❈❛s♦ ♦ s✉❜❝♦♥❥✉♥t♦ S s❡❥❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s
❞❡ G✱ f = idS ✳
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❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❛í q✉❡ x = (g−1)r(g−1)−1 ∈ (g−1)R(g−1)−1 ⊆ g−1B(g−1)−1 = B✱ ♣♦✐s B⊳G✳ ❈♦♠♦ x ∈ RG

❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ RG ⊆ B ❡✱ ♣♦rt❛♥t♦✱ 〈R〉G = 〈RG〉 ⊆ 〈B〉 = B✳ ❆ss✐♠✱
B = 〈R〉G✳

▲❡♠❛ ✶✳✸✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G✳ ❙❡❥❛ t❛♠❜é♠ F = {Hi ⊳ G :
R ⊆ Hi, i ∈ I} ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s s✉❜❣r✉♣♦s ♥♦r♠❛✐s ❞❡ G q✉❡ ❝♦♥tê♠ R ✭♦♥❞❡ I é ✉♠

❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✮✳ ❊♥tã♦✱
⋂

i∈I

Hi = 〈R〉
G✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ 〈R〉G ⊳ G ❡ R ⊆ 〈R〉G✱ s❡❣✉❡ q✉❡ 〈R〉G ∈ F ✱ ❧♦❣♦
⋂

i∈I

Hi ⊆ 〈R〉
G✳

❆❣♦r❛✱
⋂

i∈I

Hi⊳G ♣❡❧♦ ▲❡♠❛ ✶✳✷ ✭♣✳ ✹✮ ❡ R ⊆
⋂

i∈I

Hi✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✸ ✭♣✳ ✸✹✮✱ s❡❣✉❡

q✉❡ 〈R〉G ⊆
⋂

i∈I

Hi✳ ❆ss✐♠✱ 〈R〉G =
⋂

i∈I

Hi✳

❉❡✜♥✐çã♦ ✶✳✸✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ (X ∪ X−1, 1) ✉♠ ❛❧❢❛❜❡t♦✱ F (X) ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠
❜❛s❡ X ❡ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ F (X)✱ ✐st♦ é✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ♣❛❧❛✈r❛s r❡❞✉③✐❞❛s ❡♠
(X ∪X−1, 1)✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ❛♣r❡s❡♥tá✈❡❧ s❡ G ∼= F (X)/〈R〉F (X)✳ ◆❡st❡ ❝❛s♦✱
❞✐③❡♠♦s q✉❡ G t❡♠ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❡ ❡s❝r❡✈❡♠♦s G = 〈X|R〉✳

❉❡♥♦♠✐♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ X ❞❡ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✺ ✭♦✉ ❣❡r❛❞♦r✮ ❞❡ G ❡ ♦ ❝♦♥✲
❥✉♥t♦ R ❞❡ r❡❧❛çõ❡s ❡♠ G✳

❚❡♦r❡♠❛ ✶✳✶✵✳ ❚♦❞♦ ❣r✉♣♦ G ♣♦ss✉✐ ✉♠❛ ❛♣r❡s❡♥t❛çã♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✾ ✭♣✳ ✸✹✮✱ t❡♠♦s q✉❡ G ∼= F (S)/ker(θ)✱
♦♥❞❡ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G t❛❧ q✉❡ G = 〈S〉✱ F (S) é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ S ❡
θ : F (S)→ G é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s q✉❡ ❢❛③ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✿

S i //

f
��

F (S)

θ||
G

♦♥❞❡ i : S → F (S) é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❣r✉♣♦ ❧✐✈r❡ ❡ f : S → G é ❛ ❢✉♥çã♦
✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳ ❉❛ r❡❢❡r✐❞❛ ❉❡♠♦♥str❛çã♦ s❡❣✉❡ q✉❡ θ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❆❣♦r❛✱
〈ker(θ)〉F (S) = 〈ker(θ)F (S)〉 = ker(θ)✱ ♣♦✐s ker(θ)⊳ F (S)✱ ❞❛í q✉❡

G ∼= F (S)/〈ker(θ)〉F (S)

❡✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✸✹ ✭♣✳ ✸✺✮✱ t❡♠♦s q✉❡ G = 〈S| ker(θ)〉 é ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ G✳

▲❡♠❛ ✶✳✸✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
❡①✐st❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G t❛❧ q✉❡ X é ✜♥✐t♦✳

✺❖ t❡r♠♦ ✧❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✧✱ ❛ ♣r✐♥❝í♣✐♦✱ ♥ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ t❡r♠♦ ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✺ ✭♣✳ ✷✹✮✳ ◆♦
▲❡♠❛ ✶✳✸✺ ✭♣✳ ✸✺✮ ✈❡r❡♠♦s ♦ ♣♦rq✉ê ❞♦ ✉s♦ ❞❡ t❛❧ t❡r♠♦✳
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✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ G s❡❥❛ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠
s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ S ❞❡ G t❛❧ q✉❡ G = 〈S〉✳ P❡❧❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵ ✭♣✳ ✸✺✮
s❡❣✉❡ q✉❡ 〈S|ker(θ)〉 é ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ G t❛❧ q✉❡ S é ✜♥✐t♦✱ ♦♥❞❡ θ é ♦ ♠❡s♠♦ ❞❛ r❡❢❡r✐❞❛
❉❡♠♦♥str❛çã♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ❡①✐st❛ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G t❛❧ q✉❡ X s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦✳ P♦r ❝♦♥str✉çã♦ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✻ ✭♣✳ ✸✸✮✱ F (X) é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✱ t❡♠♦s✱
❡♥tã♦✱ q✉❡ F (X) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❧♦❣♦ F (X)/〈R〉F (X) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✳ ❈♦♠♦ G = 〈X|R〉✱ s❡❣✉❡ q✉❡ G ∼= F (X)/〈R〉F (X) ❡✱ ♣♦rt❛♥t♦✱
G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✸✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧
s❡ ❡①✐st❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G t❛❧ q✉❡ t❛♥t♦ X✱ q✉❛♥t♦ R sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ó❜✈✐♦ ♣❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ❛té ❡♥tã♦✱ ♥♦ ❡♥t❛♥t♦ ✈❛♠♦s ❡♥✉♥❝✐á✲❧♦
♠❡r❛♠❡♥t❡ ♣♦r r❡❣✐str♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❙❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ❡♥tã♦ G é
✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ❡①✐st❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G
t❛❧ q✉❡ X ❡ R sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✳ P❡❧♦ ▲❡♠❛ ✶✳✸✺ ✭♣✳ ✸✺✮✱ t❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✻✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ 〈X|S〉 ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ G t❛❧ q✉❡ X é ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❙❡ G é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ S1 ⊆ S
t❛❧ q✉❡ G = 〈X|S1〉✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✶✼✱ ♣✳ ✷✸❪✳✮

Pr♦♣♦s✐çã♦ ✶✳✷✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ [G : H] <∞✳ ❊♥tã♦✱
G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ H é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ H s❡❥❛ ✉♠ s✉❜❣r✉♣♦ ❞❡ G ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✶✾ ✭♣✳ ✷✺✮✱ s❡❣✉❡ q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ G s❡❥❛ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✺
✭♣✳ ✸✺✮✱ ❡①✐st❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G t❛❧ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ✐st♦ é✱ G ∼=
F (X)/〈R〉F (X)✱ ♦♥❞❡ F (X) é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✱ ❡ ✈✐st♦ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱
F (X) é ❣r✉♣♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ π : F (X) ։ F (X)/〈R〉F (X) ♦ ❤♦♠♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❡ ϕ : F (X)/〈R〉F (X) → G ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡✜♥❛♠♦s✱
❡♥tã♦✱ ψ : F (X) ։ G ♣♦r ψ := ϕπ✱ ❛ q✉❛❧ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s π ❡ ϕ ♦ sã♦✳ ❉❛í
q✉❡ ψ−1(H) = π−1ϕ−1(H) é s✉❜❣r✉♣♦ ❞❡ F (X) ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠♦ ψ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❛✮ ✭♣✳ ✻✮✱ [F (X) : ψ−1(H)] = [G : H] <∞✳ P❡❧♦ ❚❡♦r❡♠❛ ✭❋♦r♠❛ ❋r❛❝❛
❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❝❤r❡✐❡r✮✻ ❡♠ ❬✶✵✱ ❚❤❡♦r❡♠ ✶ ✭✇❡❛❦ ❢♦r♠ ♦❢ ❙❝❤r❡✐❡r✬s ❚❤❡♦r❡♠✮✱ ♣✳ ✶✻✼❪✱
s❡❣✉❡ q✉❡ ψ−1(H) é s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ F (X)✳ ❈♦♠♦ ψ(ψ−1(H)) = H✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✱ s❡❣✉❡ q✉❡ H é s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G✳

✻❆ ❉❡♠♦♥str❛çã♦ ❞❡ss❡ ❚❡♦r❡♠❛ ✉s❛ ❛s ♥♦çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ ❣r❛❢♦s ❞❡ ❣r✉♣♦s ❡ ❣r✉♣♦s ❢✉♥❞❛♠❡♥✲
t❛✐s✱ ♦s q✉❛✐s ♥ã♦ sã♦ ❛❜♦r❞❛❞♦s ♥❡st❛ ❉✐ss❡rt❛çã♦✳
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❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

Pr♦♣♦s✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲
♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ H t❛♠❜é♠ ♦ é✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✱ ❡①✐st❡ A ⊳ G t❛❧ q✉❡ A é ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❡ G/A é ❣r✉♣♦ ✜♥✐t♦✳ ❚❛♠❜é♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✾ ✭♣✳ ✶✶✮✱ t❡♠♦s q✉❡ H é ❣r✉♣♦
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳ P♦r ❤✐♣ót❡s❡✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ❝♦♠♦ [G : A] =
|G/A| <∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮✱ s❡❣✉❡ q✉❡ A é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❈♦♥s✐❞❡r❛♥❞♦ A ∩ H ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ❞❡ A✱ ❝♦♠♦ A é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ t❡♠♦s q✉❡ A∩H t❛♠❜é♠ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵
✭♣✳ ✷✻✮✳ ❆❣♦r❛✱ ❝♦♠♦ A ⊳ G✱ s❡❣✉❡ q✉❡ A ∩H ⊳H ♣❡❧♦ ▲❡♠❛ ✶✳✸ ✭♣✳ ✹✮✱ ❧♦❣♦ H/(A ∩H)
é ❣r✉♣♦ q✉♦❝✐❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ H/(A ∩ H) é ❣r✉♣♦ ✜♥✐t♦✱ ❥á q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷ ✭♣✳ ✸✮
✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦r♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ H/(A ∩H) ∼= HA/A ≤ G/A✱ s❡♥❞♦ ❡st❡ ú❧t✐♠♦
❣r✉♣♦ ✜♥✐t♦✳ ❆ss✐♠✱ A ∩ H é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ [H : A ∩ H] < ∞✱ ♣♦rt❛♥t♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮✱ H é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❚♦❞♦ ❣r✉♣♦ ✜♥✐t♦ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ t❡♠♦s q✉❡ G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦✐s
G = 〈G〉✳ ❉❛í q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✺ ✭♣✳ ✸✺✮✱ ❡①✐st❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ G t❛❧ q✉❡
X é ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ❧♦❣♦ G ∼= F (X)/ker(θ) ✭♦♥❞❡ F (X) é ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X ❡ ♦
❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : F (X) ։ G é ❝♦♠♦ ♥❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵ ✭♣✳ ✸✺✮✮
❡ F (X) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❆ss✐♠✱ ❝♦♠♦ G é ❣r✉♣♦ ✜♥✐t♦✱ s❡❣✉❡ q✉❡ F (X)/ker(θ)
é ❣r✉♣♦ ✜♥✐t♦✱ ✐st♦ é✱ [F (X) : ker(θ)] < ∞✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ker(θ) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮✱ ♦✉ s❡❥❛✱ ❡①✐st❡ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ Y ⊆ ker(θ) t❛❧ q✉❡
ker(θ) = 〈Y 〉✳ ❆ss✐♠✱ ❝♦♠♦ Y ⊆ 〈Y 〉F (X) ♣❡❧♦ ▲❡♠❛ ✶✳✸✸ ✭♣✳ ✸✹✮✱ s❡❣✉❡ q✉❡ ker(θ) ⊆ 〈Y 〉 ⊆
〈Y 〉F (X) = ker(θ)F (X) = ker(θ)✱ ✐st♦ é✱ ker(θ) = 〈Y 〉F (X)✳ P♦rt❛♥t♦✱ G ∼= F (X)/〈Y 〉F (X) ❡✱
❛ss✐♠✱ 〈X|Y 〉 é ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ G ♦♥❞❡ X ❡ Y sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✱ ❞❛í q✉❡ G é ✉♠
❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ⊳G✳ ❙❡ H ❡ G/H sã♦ ❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥✲
tá✈❡✐s✱ ❡♥tã♦ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ H ❡ G/H sã♦ ❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡✐s✱ t❡♠♦s q✉❡ ❡①✐st❡♠
〈X|R〉 ❡ 〈Y |S〉 ❛♣r❡s❡♥t❛çõ❡s ❞❡ H ❡ G/H✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡ X,R, Y ❡ S sã♦ ❝♦♥✲
❥✉♥t♦s ✜♥✐t♦s✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❡①✐st❡♠ ❡♣✐♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s

π1 : F (X) ։ H, ♦♥❞❡ ker(π1) = 〈R〉
F (X)

π2 : F (Y ) ։ G/H, ♦♥❞❡ ker(π2) = 〈S〉
F (Y )

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉♣♦r✱ ❝♦♥❢♦r♠❡ ❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✵ ✭♣✳ ✸✺✮✱ q✉❡ X ⊆ H
❡ Y ⊆ G/H✳ ❆ss✐♠✱

π1|X = id|X ❡ π2|Y = id|Y .

P♦❞❡♠♦s s✉♣♦r t❛♠❜é♠ q✉❡ 1G/H /∈ Y ❡ 1H /∈ X✳
❙❡❥❛

ρ : G։ G/H

♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ P❛r❛ t♦❞♦ y ∈ Y ⊆ G/H✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠
y0 ∈ G t❛❧ q✉❡ ρ(y0) = y✳ ❙❡❥❛✱ ❡♥tã♦✱ Y0 ⊆ G ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t❛✐s ❡❧❡♠❡♥t♦s y0 ∈ G✳

✸✼



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❖❜s❡r✈❡ q✉❡ Y0 é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❆❣♦r❛✱ ♣♦❞❡♠♦s s✉♣♦r ❛✐♥❞❛ q✉❡ Y0 ∩ X = ∅✱ ♣♦✐s✱
❝♦♠♦ 1G/H /∈ Y ✱ s❡❣✉❡ q✉❡ ρ(y0) 6= 1G/H , ∀y0 ∈ Y0 ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ρ(X) ⊆ ρ(H) = 1G/H ✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

X ∪ Y0
i1 //

ι

��

F (X ∪ Y0)

π
xx

G

♦♥❞❡ i1 é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ ❧✐✈r❡✱ ι é ❛ ❢✉♥çã♦ ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❡ π
é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s q✉❡ ❢❛③ t❛❧ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✱ ❝✉❥❛ ❡①✐stê♥❝✐❛ s❡ ❞❡✈❡ à
♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (X ∪ Y0)✳ ❚❡♠♦s✱ ❛ss✐♠✱ q✉❡

π|X = id|X = π1|X ❡ π|Y0 = id|Y0 .

❚❡♠♦s ❛✐♥❞❛ q✉❡ π é s♦❜r❡❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ Im(π) ⊇ 〈π(X)〉 = 〈X〉 = H ❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹
✭♣✳ ✷✺✮✱ ♦ ❢❛t♦ ❞❡ q✉❡ G/H = 〈Y 〉 = 〈ρ(Y0)〉 ✐♠♣❧✐❝❛ q✉❡ G = 〈Y0〉H✳ ❈♦♠♦ H, 〈Y0〉 ⊆ Im(π)✱
s❡❣✉❡ q✉❡ G ⊆ Im(π) ❡✱ ♣♦rt❛♥t♦✱ G = Im(π)✳

❉❛❞♦ s ∈ S ⊆ F (Y )✱ ❞❡✜♥❛♠♦s s̃ ∈ F (Y0) ⊆ F (X ∪ Y0) ❝♦♠♦ s❡♥❞♦ ❛ ♣❛❧❛✈r❛ ♦❜t✐❞❛ ❞❡
s s✉❜st✐t✉✐♥❞♦ y ∈ Y ♣♦r y0 ∈ Y0 ❡ y−1 ∈ Y −1 ✭❝♦♥❥✉♥t♦ ✐♥✈❡rs♦✮ ♣♦r y−1

0 ∈ Y −1
0 ✳ ❚❡♠♦s✱

❡♥tã♦✱ q✉❡ ρ(π(s̃)) = s = 1G/H ✱ ❧♦❣♦ π(s̃) ∈ ker(ρ) = H = 〈X〉 = 〈π(X)〉 = π(〈X〉) ❡✱ ❞❛í
q✉❡✱ ❡①✐st❡ ws ∈ F (X) t❛❧ q✉❡ π(s̃) = π(ws)✳ ❆ss✐♠✱

s̃w−1
s ∈ ker(π). ✭✶✳✾✮

❆❣♦r❛✱ 〈X〉 = H ⊳ G✳ ❆ss✐♠✱ ∀x ∈ X ❡ ∀z ∈ X ∪ Y0✱ π(zxz−1) ∈ π(z)Hπ(z)−1 =
H = 〈X〉 = 〈π(X)〉 = π(〈X〉)✱ ❧♦❣♦ ❡①✐st❡ α(x, z) ∈ F (X) t❛❧ q✉❡ π(zxz−1) = π(α(x, z))✳
❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s q✉❡ ❡①✐st❡ β(x, z) ∈ F (X) t❛❧ q✉❡ π(z−1xz) = π(β(x, z))✳ ❆ss✐♠✱

zxz−1α(x, z)−1 ∈ ker(π) ❡ z−1xzβ(x, z)−1 ∈ ker(π). ✭✶✳✶✵✮

❉❡✜♥❛♠♦s✱
T := R ∪∆ ∪ Ω.

❖♥❞❡

∆ := {s̃w−1
s }s∈S ❡ Ω := {zxz−1α(x, z)−1, z−1xzβ(x, z)−1}x∈X, z∈X∪Y0

❱❡❥❛ q✉❡ T é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❙❡❥❛ G0 :=
F (X ∪ Y0)

〈T 〉F (X∪Y0)
✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡

G0
∼= G.

❙❡ ❛ss✐♠ ♦ ✜③❡r♠♦s✱ G t❡rá ❛♣r❡s❡♥t❛çã♦ 〈X ∪ Y0|T 〉✳ ❈♦♠♦ X, Y0 ❡ T sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✱
❝♦♥❝❧✉ír❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ R ⊆ F (X) ⊆ F (X ∪ Y0)✱ ❧♦❣♦ π(R) = π1(R) = 1H = 1G✱
♦✉ s❡❥❛✱ R ⊆ ker(π)✳ ❊ss❡ ú❧t✐♠♦ ❢❛t♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✶✳✾✮ ✭♣✳ ✸✽✮ ❡ ✭✶✳✶✵✮ ✭♣✳ ✸✽✮ ♠♦str❛♠
q✉❡ T ⊆ ker(π)✱ ❧♦❣♦ 〈T 〉F (X∪Y0) ⊆ 〈ker(π)〉F (X∪Y0) = ker(π) ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✸ ✭♣✳
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✶✶✮✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ψ : G0 → G ❞❛❞♦ ♣♦r ψ(z〈T 〉F (X∪Y0)) = π(z)✱ ♣❛r❛
t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ z〈T 〉F (X∪Y0) ∈ G0✳

❆ ✜♠ ❞❡ q✉❡ ♠♦str❡♠♦s q✉❡ G0
∼= G✱ ❜❛st❛ q✉❡ ♠♦str❡♠♦s q✉❡ ψ é ✐s♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s✳ P❛r❛ ✐ss♦ ✉s❛r❡♠♦s ♦ ▲❡♠❛ ✶✳✶✼ ✭♣✳ ✶✷✮✳ ❆ s❡❣✉✐r ❢❛r❡♠♦s ❛s ❝♦♥str✉çõ❡s ♥❡❝❡ssár✐❛s
♣❛r❛ ❛♣❧✐❝❛çã♦ ❞❡ t❛❧ ▲❡♠❛✳

❙❡❥❛ ρ1 : F (X ∪ Y0) ։ G0 ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡
ψ✱ s❡❣✉❡ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

F (X ∪ Y0)
π // //

ρ1
����

G

G0

ψ

::

❈♦♠♦ π é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ t❛❧ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✱ t❡♠♦s q✉❡ ψ é t❛♠❜é♠
❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

❉❡✜♥❛♠♦s
H0 := 〈ρ1(X)〉.

❚❡♠♦s q✉❡ ψ(H0) = ψ(〈ρ1(X)〉) = 〈ψρ1(X)〉 = 〈π(X)〉 = 〈X〉 = H✳ ❉❡st❛ ❢♦r♠❛✱ ❛ r❡str✐çã♦
ψ|H0 : H0 → H é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ψ|H0 é t❛♠❜é♠
♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ P❛r❛ ✐ss♦ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ ker(ψ|H0) = {1G0}✳ ❙❡❥❛✱ ❡♥tã♦✱
h0 ∈ ker(ψ|H0) = ker(ψ) ∩ H0✳ P♦r ✉♠ ❧❛❞♦✱ h0 = ρ1(f)✱ ♦♥❞❡ f ∈ F (X)✳ P♦r ♦✉tr♦ ❧❛❞♦✱
1G = ψ(h0) = ψρ1(f) = π(f) = π1(f)✳ ▲♦❣♦✱ f ∈ 〈R〉F (X)✳ ▼❛s✱ ❝♦♠♦ R ⊆ T ✱ t❡♠♦s q✉❡
〈R〉F (X) ⊆ 〈T 〉F (X∪Y0) = ker(ρ1)✳ ❆ss✐♠✱ h0 = ρ1(f) = 1G0 ✳ ❈♦♠♦ h0 ∈ ker(ψ|H0) ❢♦✐ t♦♠❛❞♦
❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ ker(ψ|H0) = {1G0}✳ ❈♦♥❝❧✉í♠♦s q✉❡

ψ|H0 é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s.

◗✉❡r❡♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ H0 ⊳G0✳ ■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛

ρ1(z)H0ρ1(z)
−1 ⊆ H0 ❡ ρ1(z)

−1H0ρ1(z) ⊆ H0, ♣❛r❛ t♦❞♦ z ∈ F (X ∪ Y0).

❈♦♠♦ H0 é ❣❡r❛❞♦ ♣♦r ρ1(X) ❡ F (X ∪ Y0) é ❣❡r❛❞♦ ♣♦r X ∪ Y0✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡

ρ1(z)ρ1(x)ρ1(z)
−1 ∈ H0 ❡ ρ1(z)

−1ρ1(x)ρ1(z) ∈ H0, ♣❛r❛ t♦❞♦s z ∈ X ∪ Y0 ❡ x ∈ X.

❈♦♠♦ Ω ⊆ T ✱ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦s z ∈ X ∪ Y0 ❡ x ∈ X✱

ρ1(z)ρ1(x)ρ1(z)
−1 = ρ1(zxz

−1) = ρ1(zxz
−1α(x, z)−1α(x, z)) =

= ρ1(zxz
−1α(x, z)−1)ρ1(α(x, z)) = 1G0ρ1(α(x, z)) = ρ1(α(x, z)) ∈ H0.

❆♥❛❧♦❣❛♠❡♥t❡✱
ρ1(z)

−1ρ1(x)ρ1(z) = ρ1(β(x, z)) ∈ H0.

❈♦♠♦ H0⊳G0✱ ψ : G0 ։ G é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ψ(H0) = H✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✼ ❛✮ ✭♣✳
✶✷✮✱ s❡❣✉❡ q✉❡ ψ∗ : G0/H0 → G/H ❞❡✜♥✐❞❛ ♣♦r ψ∗(ξH0) = ψ(ξ)H✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧
ξ ∈ G0✱ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ P❡❧♦ ♣❡❧♦ ▲❡♠❛ ✶✳✶✼ ❜✮ ✭♣✳ ✶✷✮✱ ✐♥❢❡r✐♠♦s q✉❡✱ s❡ ψ|H0

❡ ψ∗ sã♦ ✐s♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ ψ é t❛♠❜é♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡♥❞♦ ❛ss✐♠✱
❝♦♥s❡❣✉✐r❡♠♦s ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦ s❡ ♠♦str❛r♠♦s q✉❡ ψ∗ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳
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❙❡❥❛ π̃1 : F (Y0)→ G/H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❡✜♥✐❞♦ ♣♦r

π̃1 := ρπι1,

♦♥❞❡ ι1 : F (Y0) →֒ F (X ∪ Y0) é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳ ❖❜s❡r✈❡ q✉❡

π̃1(y0) = y0H = y ∈ Y, ∀y0 ∈ F (Y0).

❆❧é♠ ❞✐ss♦✱ π̃1 é s♦❜r❡❥❡t✐✈♦✱ ♣♦✐s G/H = 〈Y 〉✳
❈♦♠♦ |Y0| = |Y |✱ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ϕ : Y → Y0 ❞❛❞❛ ♣♦r ϕ(y) = y0✳ ▲♦❣♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✷✹ ✭♣✳ ✸✹✮✱ ❡①✐st❡ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ : F (Y ) → F (Y0) t❛❧ q✉❡ θ(y) =
y0, ∀y ∈ Y ✳ ❚❡♠♦s✱ ❡♥tã♦✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✱ ♣♦✐s π̃1 = pπι1✿

F (Y )
π2 //

θ
��

G/H

F (Y0)

π̃1

;;

✐st♦ é✱
π2 = π̃1θ.

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✹ ✭♣✳ ✶✷✮✱

θ(ker(π2)) = ker(π̃1).

❉❡✜♥✐♥❞♦✲s❡ S̃ := θ(S)✱ ❝♦♠♦ ker(π2) = 〈S〉F (Y )✱ t❡♠♦s q✉❡

ker(π̃1) = θ(〈S〉F (Y )) = 〈θ(S)〉θ(F (Y )) = 〈S̃〉F (Y0). ✭✶✳✶✶✮

❙❡❥❛ ❛❣♦r❛ f : X ∪ Y0 → F (Y0) ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

f(x) = 1F (Y0), ∀x ∈ X ❡ f(y0) = y0, ∀y0 ∈ Y0.

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (X ∪ Y0)✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❣r✉♣♦s p : F (X ∪ Y0)→ F (Y0) t❛❧ q✉❡

p(x) = 1F (Y0), ∀x ∈ X ❡ p(y0) = y0, ∀y0 ∈ Y0.

❖❜s❡r✈❡♠♦s q✉❡ p é s♦❜r❡❥❡t✐✈♦✳
❙❡❥❛ ρ0 : G0 ։ G0/H0 ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❉❡✜♥❛♠♦s δ :

F (X ∪ Y0)→ G0/H0 ♣♦r
δ := ρ0ρ1.

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (Y0)✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
π̃2 : F (Y0)→ G0/H0 t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

Y0
i2 //

δ|Y0
��

F (Y0)

π̃2zz
G0/H0
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♦♥❞❡ i2 é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ♥❛ ❞❡✜♥✐çã♦ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (Y0) ❡ δ|Y0 é ❛ r❡str✐çã♦ ❞❡ δ s♦❜r❡
Y0✳ ❱❡❥❛ q✉❡

π̃2p = δ,

♣♦✐s

π̃2p(X ∪ Y0) = π̃2(p(X) ∪ p(Y0)) = π̃2({1F (Y0)} ∪ Y0) = π̃2(Y0) = δ|Y0(Y0) = δ(Y0)

❡✱ r❡❝♦r❞❛♥❞♦ q✉❡ H0 = 〈ρ1(X)〉✱ t❡♠♦s q✉❡

δ(X ∪ Y0) = ρ0ρ1(X ∪ Y0) = ρ0(ρ1(X) ∪ ρ1(Y0)) =

ρ0ρ1(X) ∪ ρ0ρ1(Y0) = {1G0/H0} ∪ ρ0ρ1(Y0) = δ(Y0).

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ π̃2 é s♦❜r❡❥❡t✐✈♦✱ ♣♦✐s π̃2p = δ é s♦❜r❡❥❡t✐✈♦✳ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛
q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

F (Y0)
π̃1 // //

π̃2
����

G/H

G0/H0

ψ∗

::

P♦r ✉♠ ❧❛❞♦✱ π̃1(y0) = y0H, ∀y0 ∈ Y0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ∀y0 ∈ Y0✱

ψ∗π̃2(y0) = ψ∗π̃2p(y0) = ψ∗δ(y0) =

= ψ∗ρ0ρ1(y0) = ψ∗(ρ1(y0)H0) = ψ(ρ1(y0))H = π(y0)H = y0H.

❆ss✐♠✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ π̃1 ♥❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (Y0)✱ s❡q✉❡ q✉❡

π̃1 = ψ∗π̃2. ✭✶✳✶✷✮

P❡❧♦ ▲❡♠❛ ✶✳✶✺ ✭♣✳ ✶✷✮✱

ψ∗ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ⇔ ker(π̃1) = ker(π̃2). ✭✶✳✶✸✮

❈♦♠♦ H0 = 〈ρ1(X)〉⊳G0✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✻ ✭♣✳ ✶✷✮✱ t❡♠♦s q✉❡

ker(δ) = ker(ρ0ρ1) = ρ−1
1 (ker(ρ0)) = ρ−1

1 (H0) = ρ−1
1 ρ1(〈X〉)

❡✱ ❝♦♠♦ ker(ρ1) = 〈T 〉F (X∪Y0)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶ ❛✮ ✭♣✳ ✺✮✱

ρ−1
1 ρ1(〈X〉) = 〈X〉ker(ρ1) = 〈X〉〈T 〉

F (X∪Y0) = 〈X ∪ T F (X∪Y0)〉.

▲♦❣♦✱
ker(δ) = 〈X ∪ T F (X∪Y0)〉

❡✱ ♣♦rt❛♥t♦✱

ker(δ) = 〈ker(δ)〉F (X∪Y0) = 〈〈X ∪ T F (X∪Y0)〉〉F (X∪Y0) = 〈T ∪X〉F (X∪Y0).

✹✶



✶✳✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❚❡♠♦s t❛♠❜é♠ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✱ ♦♥❞❡ ♦s três ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s
❡♥✈♦❧✈✐❞♦s sã♦ ❡♣✐♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✿

F (X ∪ Y0)
δ // //

p
����

G0/H0

F (Y0)

π̃2

88 88

❉❛í q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✹ ✭♣✳ ✶✷✮✱

ker(π̃2) = p(ker(δ)) = p(〈T ∪X〉F (X∪Y0)) = 〈p(T ∪X)〉F (Y0).

❈♦♠♦ p(X) = {1F (Y0)}✱ ❝♦♥❝❧✉í♠♦s q✉❡

p(T ) = p(R) ∪ p(∆) ∪ p(Ω) = {1F (Y0)} ∪ {s̃}s∈S ∪ {1F (Y0)}.

❖❜s❡r✈❛♥❞♦ q✉❡ {s̃}s∈S = θ(S) = S̃✱ ❝♦♥❝❧✉í♠♦s q✉❡

ker(π̃2) = 〈S̃〉
F (Y0).

P♦r ✭✶✳✶✶✮ ✭♣✳ ✹✵✮✱ s❡❣✉❡ q✉❡ ker(π̃1) = ker(π̃2)✳ ❊✱ ♣♦rt❛♥t♦✱ ♣♦r ✭✶✳✶✸✮ ✭♣✳ ✹✶✮✱ ψ∗ é
✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✵✳ ❚♦❞♦ ❣r✉♣♦ Q ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡✲
s❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ Q é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮
t❡♠♦s q✉❡ Q = F ⊕ K✱ ♦♥❞❡ F é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❡ K = {q ∈ Q : |q| < ∞} é
✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❣✉❡ q✉❡ F ∼= Q/K ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷ ✭♣✳ ✸✮ ✭✷♦ ❚❡♦r❡♠❛
❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ ❧♦❣♦ Q/K é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❡ t❛♠❜é♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✶✽ ✭♣✳ ✷✹✮✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ♣♦✐s Q/K ∼= Zn✱ q✉❡
é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ K é ❣r✉♣♦ ✜♥✐t♦✱ ❝♦♥❝❧✉í♠♦s t❛♠❜é♠ q✉❡
K é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✾ ✭♣✳ ✸✼✮✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✶
✭♣✳ ✸✼✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ Q é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✸✶✳ ❙❡❥❛♠ H ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ M ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥✲
tá✈❡❧ ❡ ρ : H ։M ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱ ❡①✐st❡♠ s ∈ Z+ ❡ h1, · · · , hs ∈ ker(ρ)
t❛✐s q✉❡

ker(ρ) = 〈hH1 , · · · , h
H
s 〉,

♦♥❞❡ hHj = {h−1hjh ∈ H : h ∈ H} ♣❛r❛ 1 ≤ j ≤ s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ H é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✺ ✭♣✳ ✸✺✮✱ t❡♠♦s q✉❡ ❡①✐st❡
❛♣r❡s❡♥t❛çã♦ 〈X|R〉 ❞❡ H t❛❧ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ✐st♦ é✱ H ∼= F (X)/〈R〉F (X)✳
❚❡♠♦s✱ ❡♥tã♦✱ ♦s s❡❣✉✐♥t❡s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✿

X
i
→֒ F (X)

π
։

F (X)

〈R〉F (X)

ϕ
→ H

ρ
։M

✹✷



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

♦♥❞❡ i é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ♥❛ ❝♦♥str✉çã♦ ❞♦ ❣r✉♣♦ ❧✐✈r❡ F (X)✱ π é ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡✜♥❛♠♦s τ : F (X) → M ♣♦r τ :=
ρϕπ✳ ❙❡❣✉❡ q✉❡ τ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s ρ, ϕ, π ♦ sã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮
✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ M ∼= F (X)/ker(τ)✱ ❧♦❣♦ M ∼=
F (X)/〈ker(τ)〉F (X)✱ ♣♦rt❛♥t♦ 〈X|ker(τ)〉 é ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡M ✱ ♦♥❞❡X é ❝♦♥❥✉♥t♦ ✜♥✐t♦✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✻ ✭♣✳ ✸✻✮✱ ❡①✐st❡ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ S ⊆ ker(τ) t❛❧ q✉❡ M = 〈X|S〉 ❝♦♠
ker(τ) = 〈S〉F (X)✳

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ker(ρ) = ϕπ(ker(τ))✳ ❉❡ ❢❛t♦✱ s❡ h ∈ ker(ρ)✱ ❝♦♠♦ ϕπ : F (X) ։ H
é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❡①✐st❡ w ∈ F (X) t❛❧ q✉❡ h = ϕπ(w)✳ ❆❣♦r❛✱ τ(w) = ρϕπ(w) =
ρ(h) = 1✳ ❉❛í q✉❡ w ∈ ker(τ) ❡✱ ♣♦rt❛♥t♦✱ h ∈ ϕπ(ker(τ))✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ h ∈
ϕπ(ker(τ)) ⊆ H✱ t❡♠♦s q✉❡ h = ϕπ(w) t❛❧ q✉❡ w ∈ ker(τ)✱ ❧♦❣♦ ρ(h) = ρϕπ(w) = τ(w) = 1✱
✐st♦ é✱ h ∈ ker(ρ)✳

❉❡st❛ ❢♦r♠❛✱ ker(ρ) = ϕπ(ker(τ)) = ϕπ(〈S〉F (X)) = ϕπ(〈SF (X)〉) = 〈ϕπ(SF (X))〉 =
〈ϕπ(S)ϕπ(F (X))〉 = 〈ϕπ(S)H〉 = 〈ϕπ(S)〉H ✳ ❈♦♠♦ S ⊆ ker(τ)✱ ❡♥tã♦ τ(S) = ✶✱ ♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ ρϕπ(S) = ✶✱ ✐st♦ é✱ ϕπ(S) ⊆ ker(ρ)✳ ❊ ❝♦♠♦ S é s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ker(τ)✱
s❡❣✉❡ q✉❡ ϕπ(S) é ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ker(ρ)✳ ❉✐❣❛♠♦s q✉❡ ϕπ(S) = {h1, . . . , hs}✱ ♦♥❞❡
s ∈ Z+ ❡ hj ∈ ker(ρ)✱ ❝♦♠ 1 ≤ j ≤ s✳ ❊♥tã♦✱ ker(ρ) = 〈ϕπ(S)〉H = 〈{h1, . . . , hs}〉

H =
〈{h1, . . . , hs}

H〉 = 〈hH1 , . . . , h
H
s 〉✱ ♦♥❞❡ h1 . . . , hs ∈ ker(ρ)✳

✶✳✶✳✼ ❊①t❡♥sõ❡s ❍◆◆ ❡ ●r✉♣♦s ❙♦❧ú✈❡✐s ❈♦♥str✉tí✈❡✐s

❉❡✜♥✐çã♦ ✶✳✸✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ s❡ ❡①✐st❡ ✉♠❛ ✜❧tr❛çã♦
♥♦r♠❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦ ❞❡ G t❛✐s q✉❡ ♦s ❣r✉♣♦s ❢❛t♦r❡s sã♦ ❛❜❡❧✐❛♥♦s✳

❉❡✜♥✐çã♦ ✶✳✸✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ p ✉♠ sí♠❜♦❧♦ q✉❡ ♥ã♦ ♣❡rt❡♥❝❡ ❛ G ✭♦❜s❡r✈❡ q✉❡
〈p〉 ∼= Z✮ ❡ A,B s✉❜❣r✉♣♦s ❞❡ G t❛✐s q✉❡ ϕ : A→ B é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡✜♥✐♠♦s
❝♦♠♦ ❡①t❡♥sã♦ ❍◆◆ ❝♦♠ ❣r✉♣♦ ❜❛s❡ G ❡ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s A ❡ B ♦ ❣r✉♣♦ H q✉❡ ♣♦ss✉✐ ❛
s❡❣✉✐♥t❡ ❛♣r❡s❡♥t❛çã♦✿

H = 〈X, p|R ∪ {p−1a0pϕ(a)
−1
0 ∈ F (X ∪ {p}) : a ∈ A}〉,

♦♥❞❡ G t❡♠ ❛♣r❡s❡♥t❛çã♦ 〈X|R〉, p /∈ X ❡✱ ♣❛r❛ ❝❛❞❛ g ∈ A∪ϕ(A)✱ ✜①❛♠♦s ✉♠❛ ♣❛❧❛✈r❛ g0 ∈

F (X) ❝✉❥❛ ✐♠❛❣❡♠ ❡♠ G ∼=
F (X)

〈R〉F (X)
é g✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❛♣r❡s❡♥t❛çõ❡s

♣❛r❛ H✿
H = 〈G, p|{p−1apϕ(a)−1 : a ∈ A}〉,

H = 〈G, p|Ap = B〉.

❉✐③❡♠♦s q✉❡ H é ❡①t❡♥sã♦ ❍◆◆ ❝♦♠ ❣r✉♣♦ ❜❛s❡ G✱ ❧❡tr❛ ❡stá✈❡❧ p ❡ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s A ❡
B✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ⊳ G✳ ❉✐③❡♠♦s q✉❡ G é ✉♠❛ ❡①t❡♥sã♦ ❞❡ H ♣♦r
G/H✳ ❉✐③❡♠♦s ❛✐♥❞❛ q✉❡ G é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ H ♣♦r G/H s❡ ♦ í♥❞✐❝❡ ❞❡ H ❡♠ G
é ✜♥✐t♦✱ ✐st♦ é✱ [G : H] <∞✳

❉❡✜♥✐çã♦ ✶✳✸✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧
s❡ ♦ ♠❡s♠♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞♦ ❣r✉♣♦ tr✐✈✐❛❧ ✶ ❝♦♠ ❛s ❞✉❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s✿
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✐✮ ❡①t❡♥sã♦ ❍◆◆ ❝♦♠ ❜❛s❡ ❡ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s ❝♦♥str✉tí✈❡✐s❀

✐✐✮ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❣r✉♣♦s ❝♦♥str✉tí✈❡✐s✳

❉✐t♦ ❞❡ ♦✉tr❛ ❢♦r♠❛✱ s❡❥❛ C ❛ ♠❡♥♦r ❝♦❧❡çã♦ ❞❡ ❣r✉♣♦s q✉❡ s❛t✐s❢❛③ ♦s três ✐t❡♥s ❛❜❛✐①♦✿

✐✮ ✶ ∈ C❀

✐✐✮ ❙❡ G0, A,B ∈ C ❡ p é ✉♠ sí♠❜♦❧♦ ♥ã♦ ♣❡rt❡♥❝❡♥t❡ ❛ G0✱ ❡♥tã♦ ❛ ❡①t❡♥sã♦ ❍◆◆ H
❝♦♠ ❣r✉♣♦ ❜❛s❡ G0✱ ❧❡tr❛ ❡stá✈❡❧ p ❡ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s A ❡ B ♣❡rt❡♥❝❡ ❛ C✱ ✐st♦ é✱
H = 〈G0, p|{p

−1apϕ(a)−1 : a ∈ A}〉 ∈ C✱ ♦♥❞❡ ϕ : A→ B é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s❀

✐✐✐✮ ❙❡ H ∈ C ❡ H ⊳G t❛❧ q✉❡ [G : H] <∞✱ ❡♥tã♦ G ∈ C✳

❊♥tã♦✱ ❞✐③❡♠♦s q✉❡ ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧ s❡ G ∈ C✳

❊①❡♠♣❧♦ ✶✳✹✳ ❖ ❣r✉♣♦ s♦❧ú✈❡❧ tr✐✈✐❛❧ ✶ é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✺✳ ❈♦♠♦ t♦❞❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧ é ✉♠ ❣r✉♣♦
s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧✱ s❡❣✉❡ q✉❡ t♦❞♦ ❣r✉♣♦ s♦❧ú✈❡❧ ✜♥✐t♦ é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✻✳ ❖❜s❡r✈❡♠♦s q✉❡ Z é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❡ q✉❡ Z é ❛ ❡①t❡♥sã♦ ❍◆◆ ❝♦♠ ❜❛s❡
♦ ❣r✉♣♦ tr✐✈✐❛❧ ✶✳ ❙❡❣✉❡ q✉❡ Z é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧✳

✶✳✷ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐✲

♠✐♥❛r❡s

◆❡st❛ s❡çã♦ R ❞❡♥♦t❛rá ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡✱ ❛ ♠❡♥♦s q✉❡ s❡ ❞✐❣❛
❛♦ ❝♦♥trár✐♦✱ t♦❞♦s ♦s ♠ó❞✉❧♦s s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♠ó❞✉❧♦s à ❞✐r❡✐t❛✳

✶✳✷✳✶ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s s♦❜r❡ ▼ó❞✉❧♦s ❆r❜✐trár✐♦s

❚❡♦r❡♠❛ ✶✳✶✷ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✳ ❙❡❥❛♠M,N R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛
❡ ϕ :M → N ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❊♥tã♦✱

M/ker(ϕ) ∼= Im(ϕ).

❚❛❧ ✐s♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ é ❞❛❞♦ ♣♦r

m+ ker(ϕ) 7→ ϕ(m),

♣❛r❛ t♦❞♦ m ∈M ✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✶✶ ✭❋✐rst ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✮✱ ♣✳ ✹✸❪✳✮

❚❡♦r❡♠❛ ✶✳✶✸ ✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✳ ❙❡❥❛♠M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❡ N1, N2 R✲s✉❜♠ó❞✉❧♦s ❞❡ M ✳ ❊♥tã♦✱

N1/(N1 ∩N2) ∼= (N1 +N2)/N2.

✹✹
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❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✶✷ ✭❙❡❝♦♥❞ ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✮✱ ♣✳ ✹✹❪✳✮

❚❡♦r❡♠❛ ✶✳✶✹ ✭✸♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✳ ❙❡❥❛♠M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❡ N1, N2 R✲s✉❜♠ó❞✉❧♦s ❞❡ M t❛✐s q✉❡ N2 ⊆ N1✳ ❊♥tã♦✱

(M/N2)/(N1/N2) ∼= M/N1.

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✶✸ ✭❚❤✐r❞ ■s♦♠♦r♣❤✐s♠ ❚❤❡♦r❡♠✮✱ ♣✳ ✹✹❪✳✮

❚❡♦r❡♠❛ ✶✳✶✺ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ▼ó❞✉❧♦s✮✳ ❙❡❥❛♠ M ✉♠ R✲♠ó❞✉❧♦ à
❞✐r❡✐t❛✱ N ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ M ✱ π : M ։ M/N ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛
♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ A ❛ ❢❛♠í❧✐❛ ❞❡ R✲s✉❜♠ó❞✉❧♦s ❞❡ M ♦s q✉❛✐s ❝♦♥tê♠ N ❡ B ❛ ❢❛♠í❧✐❛ ❞❡
R✲s✉❜♠ó❞✉❧♦s ❞❡ M/N ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❜✐❥❡t✐✈❛ θ : A → B ❞❛❞❛ ♣♦r

A 7→ π(A) = A/N, ♣❛r❛ t♦❞♦ A ∈ A,

♦♥❞❡ θ−1 : B → A é ❞❛❞❛ ♣♦r

B 7→ π−1(B), ♣❛r❛ t♦❞♦ B ∈ B.

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s A1, A2 ∈ A✱ A1 ⊆ A2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A1/N ⊆ A2/N ✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✶✹ ✭❈♦rr❡s♣♦♥❞❡♥❝❡ ❚❤❡♦r❡♠✮✱ ♣✳ ✹✺❪✳✮

❉❡✜♥✐çã♦ ✶✳✹✵✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❉❛❞♦s N1, N2 R✲s✉❜♠ó❞✉❧♦s
❞❡ M t❛✐s q✉❡ N2 ⊆ N1✱ ❞✐③❡♠♦s q✉❡ ♦ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ N1/N2 é ✉♠❛ s❡çã♦ ❞❡ M ✳

▲❡♠❛ ✶✳✸✻✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ M,N R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ M1,M2 R✲s✉❜♠ó❞✉❧♦s ❞❡ M ❡
N1, N2 R✲s✉❜♠ó❞✉❧♦s ❞❡ N t❛✐s q✉❡ M2 ⊆ M1✱ N2 ⊆ N1✳ ❙❡ ϕ1 : M1 → N1 ❡ ϕ2 = ϕ1|M2 :
M2 → N2 sã♦ ✐s♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ❡♥tã♦

M1/M2
∼= N1/N2.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ψ :M1/M2 → N1/N2 ❞❡✜♥✐❞❛ ♣♦r

ψ(m1 +M2) = ϕ1(m1) +N2.

❱❛♠♦s ♠♦str❛r q✉❡ ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❉❛❞♦s m1 + M2, x1 + M2 ∈ M1/M2 t❛✐s q✉❡
m1 + M2 = x1 + M2✱ s❡❣✉❡ q✉❡ m1 − x1 ∈ M2 = ϕ−1

2 (N2)✱ ❞❛í q✉❡ ϕ2(m1 − x1) ∈ N2✱
✐st♦ é✱ ϕ1(m1 − x1) ∈ N2✱ ♣♦✐s ϕ2 = ϕ1|M2 ✳ ❆ss✐♠✱ ϕ1(m1) − ϕ1(x1) ∈ N2 ❡✱ ♣♦rt❛♥t♦✱
ϕ1(m1) +N2 = ϕ1(x1) +N2✱ ✐st♦ é✱ ψ(m1 +M2) = ψ(x1 +M2)✳

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ψ é ✐♥❥❡t✐✈❛✳ ❉❛❞♦s m1 + M2, x1 + M2 ∈ M1/M2 t❛✐s q✉❡
ϕ1(m1) + N2 = ϕ1(x1) + N2✱ t❡♠♦s q✉❡ ϕ1(m1 − x1) ∈ N2✱ ❧♦❣♦ m1 − x1 ∈ ϕ−1

1 (N2) =
ϕ−1
2 (N2)✱ ♣♦✐s ϕ2 = ϕ1|M2 ✳ ❈♦♠♦ ϕ−1

2 (N2) = M2✱ s❡❣✉❡ q✉❡ m1 − x1 ∈ M2 ❡✱ ♣♦rt❛♥t♦✱
m1 +M2 = x1 +M2✳

P♦r ❝♦♥str✉çã♦ é ❝❧❛r♦ q✉❡ ψ é s♦❜r❡❥❡t✐✈❛✳ ❈♦♠♦ t❛♠❜é♠ é ❝❧❛r♦ q✉❡ ψ é ❤♦♠♦♠♦r✜s♠♦
❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳
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✶✳✷✳✷ ❆♥❡❧ ❞❡ ●r✉♣♦ ❡ ❆çõ❡s ❞❡ ●r✉♣♦s s♦❜r❡ ❆♥❡✐s ❡ ▼ó❞✉❧♦s

❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ G ✉♠ ❣r✉♣♦✳ ◆❡st❛ ❉✐ss❡rt❛çã♦✱ q✉❛♥❞♦ ❡st✐✈❡r♠♦s
❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ M ✱ ♥❛ ✈❡r❞❛❞❡✱ ❡st❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛çã♦ à
❞✐r❡✐t❛ ❞❡ G s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ s✉❜❥❛❝❡♥t❡ M ✳

❉❡✜♥✐çã♦ ✶✳✹✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳ ❖ ❛♥❡❧ ❞❡ ❣r✉♣♦ ❝♦♠
❝♦❡✜❝✐❡♥t❡s ❡♠ K✱ ❞❡♥♦t❛❞♦ ♣♦r KG✱ é ♦ K✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ G ✭❛ ❞❡✜♥✐çã♦ ❞❡
♠ó❞✉❧♦s ❧✐✈r❡ s❡ ❡♥❝♦♥tr❛ ♥❛ ❉❡✜♥✐çã♦ ✸✳✶ ✭♣✳ ✾✼✮✳ ❆ss✐♠✱

KG :=
⊕

g∈G

Kg = {
∑

g∈G

xgg : xg ∈ K},

♦♥❞❡ xg = 0 ❡①❝❡t♦ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ xg ∈ K✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s s♦♠❛ ✭❞❡♥♦t❛❞❛ ♣♦r

+✮ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✭❞❡♥♦t❛❞❛ ♣♦r ·✮ ❞❛❞❛s ❛ s❡❣✉✐r✱ ♣❛r❛ t♦❞♦s
∑

g∈G

xgg,
∑

g∈G

ygg,
∑

h∈G

xhh ∈ KG✿

(
∑

g∈G

xgg) + (
∑

g∈G

ygg) :=
∑

g∈G

(xg + yg)g,

(
∑

g∈G

xgg) · (
∑

h∈G

xhh) :=
∑

g∈G

∑

h∈G

(xgxh)gh.

❆ ✐❣✉❛❧❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ KG é ❞❛❞❛ ♣♦r
∑

g∈G

xgg =
∑

g∈G

ygg ⇔ xg = yg, ∀g ∈ G,

♣❛r❛ t♦❞♦s
∑

g∈G

xgg,
∑

g∈G

ygg ∈ KG✳

❈♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡✜♥✐❞❛s ❛❝✐♠❛✱ s❡❣✉❡ q✉❡ KG é ❞❡ ❢❛t♦ ✉♠ ❛♥❡❧✳

❖❜s❡r✈❛çã♦ ✶✳✼✳ ❖❜s❡r✈❡ q✉❡ KG é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦✳

◆♦t❛çã♦ ✶✳✶✶✳ ❙❡❥❛ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Aut(R) ♦
❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ R✳

❉❡✜♥✐çã♦ ✶✳✹✷✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ G ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ R
s❡ ❡①✐st❡ ✉♠ ❛♥t✐✲❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s α : G → Aut(R)✱ ❞❡♥♦♠✐♥❛❞♦ ❛çã♦ à ❞✐r❡✐t❛ ❞❡
G s♦❜r❡ R ✭♦❜s❡r✈❡ q✉❡ α(g) é ❛✉t♦♠♦r✜s♠♦ ❞❡ R✮✳ ❉❡♥♦t❛r❡♠♦s α(g)(r) ♣♦r rg✱ ∀g ∈ G ❡
∀r ∈ R✳

❖❜s❡r✈❛çã♦ ✶✳✽✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ G ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ R✳ ❚❡♠♦s✱ ❡♥tã♦✱
❛s s❡❣✉✐♥t❡s r❡❣r❛s✿

r1G = r, (rg1)g2 = rg1g2 , (r1 + r2)
g = rg1 + rg2, (r1r2)

g = rg1r
g
2

1gR = 1R, (rg)g
−1

= (rg
−1

)g = r, ❡ (r−1)g = (rg)−1,

♣❛r❛ t♦❞♦s g1, g2, g ∈ G, r, r1, r2 ∈ R✳

✹✻



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ G ❛❣❡ à ❡sq✉❡r❞❛ s♦❜r❡ R s❡ ❡①✐st❡
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s β : G → Aut(R)✱ ❞❡♥♦♠✐♥❛❞♦ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ G s♦❜r❡ R✳
❉❡♥♦t❛♠♦s β(g)(r) ♣♦r gr✱ ∀g ∈ G ❡ ∀r ∈ R✳

◆❡st❡ ❝❛s♦✱ ❝♦♠ r❡❧❛çã♦ às r❡❣r❛s ❞❡s❝r✐t❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✽ ✭♣✳ ✹✻✮✱ ❞❛❞♦s g1, g2 ∈ G
❡ r ∈ R✱ t❡♠♦s q✉❡ g1g2r = g1(g2r)✳ ❆s ❞❡♠❛✐s r❡❣r❛s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✽ ✭♣✳ ✹✻✮ ✈❛❧❡♠ ❞❡
❢♦r♠❛ ✐❞ê♥t✐❝❛ ♣❛r❛ ❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ G s♦❜r❡ R✳

❖✉tr♦ ❢❛t♦ ❛ s❡ ♦❜s❡r✈❛r é q✉❡✱ s❡♥❞♦ β : G → Aut(R) ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ G s♦❜r❡
R✱ ♣♦❞❡♠♦s ♦❜t❡r α : G → Aut(R)✱ q✉❡ é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ R✱ ❜❛st❛♥❞♦ ♣❛r❛
✐ss♦ q✉❡ ❞❡✜♥❛♠♦s

α(g)(r) := β(g−1)(r), ✐st♦ é✱ rg := g−1

r.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ❞❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ✉♠❛ ♦✉tr❛ ❛çã♦ à ❡sq✉❡r❞❛✳
◆❡st❛ ❉✐ss❡rt❛çã♦✱

t♦❞❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ s♦❜r❡ ✉♠ ❛♥❡❧ s❡rá à ❞✐r❡✐t❛✳

❉❡✜♥✐çã♦ ✶✳✹✸✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ G ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ R✳ ❉✐③❡♠♦s q✉❡ G
❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ R s❡ rg = r, ∀r ∈ R ❡ ∀g ∈ G✳

Pr♦♣♦s✐çã♦ ✶✳✸✷✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ R s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❛ : R×G→ R t❛❧ q✉❡✱ ∀r, r1, r2 ∈ R ❡ g, g1, g2 ∈ G✱

✐✮ ❛(r, 1G) = r;

✐✐✮ ❛(r, g1g2) = ❛(❛(r, g1), g2)❀

✐✐✐✮ ❛(r1 + r2, g) = ❛(r1, g) + ❛(r2, g)❀

✐✈✮ ❛(r1r2, g) = ❛(r1, g)❛(r2, g)❀

✈✮ ❛(1R, g) = 1R✳

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ à ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ✭♣✳ ✷✷✮✳

Pr♦♣♦s✐çã♦ ✶✳✸✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ M ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❙❡ M é ✉♠ ZG✲♠ó❞✉❧♦ à
❞✐r❡✐t❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ M ❞❛❞❛ ♣♦r✱ ∀g ∈ G ❡
∀m ∈M ✱

mg := m(1g) ∈ ZG.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ❡①✐st❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ M ✱ ❡♥tã♦ M é ✉♠
ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♦♥❞❡ ♦ ♣r♦❞✉t♦ ❞♦ ❛♥❡❧ ZG s♦❜r❡ M é ❞❛❞♦ ♣♦r✱ ∀m ∈ M ❡ ♣❛r❛ t♦❞♦
∑

g∈G

xgg ∈ ZG✱ ❝♦♠ xg ∈ Z✱

m(
∑

g∈G

xgg) :=
∑

g∈G

xgm
g,

♦♥❞❡ ❛ s♦♠❛ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ ZG sã♦ ❞❛❞❛s ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✹✶ ✭♣✳ ✹✻✮✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉s❛r ❛s ❞❡✜♥✐çõ❡s ❞❡ ♠ó❞✉❧♦✱ ❛♥❡❧ ❞❡ ❣r✉♣♦ ❡ ❛çã♦ ❞❡ ❣r✉♣♦s s♦❜r❡
❣r✉♣♦ ✭❛❜❡❧✐❛♥♦✮✳

✹✼



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❆ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮ ❥✉st✐✜❝❛ ♦ ❢❛t♦ ❞❡ ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ M s❡r ❝❤❛♠❛❞♦ ❞❡
G✲♠ó❞✉❧♦ M ✱ ♦♥❞❡ G é ✉♠ ❣r✉♣♦ q✉❛❧q✉❡r✱ ✉♠❛ ✈❡③ q✉❡ t❡♠♦s ❛çã♦ ❞♦ ❣r✉♣♦ G s♦❜r❡ ♦
❣r✉♣♦ ❛❜❡❧✐❛♥♦ M ✳

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❙❡❥❛♠ G,H ❣r✉♣♦s q✉❛✐sq✉❡r✱ A ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ ϕ : G → H ✉♠
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱

❛✮ ❙❡ A é ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ❡♥tã♦ A é ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♦♥❞❡ ❛ ❛çã♦ ❞❡
G s♦❜r❡ A é ❞❛❞❛✱ ∀a ∈ A ❡ ∀g ∈ G✱ ♣♦r

ag := aϕ(g).

❜✮ ❙❡ A é ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ϕ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ♦ s✉❜❣r✉♣♦ ker(ϕ) ❛❣❡
tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✱ ❡♥tã♦ A é ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱
♦♥❞❡ ❛ ❛çã♦ ❞❡ H s♦❜r❡ A é ❞❛❞❛✱ ∀a ∈ A✱ ∀h ∈ H ❡ ♣❛r❛ ❛❧❣✉♠ g ∈ ϕ−1({h})✱ ♣♦r

ah := ag.

❉❡♠♦♥str❛çã♦✳ ❛✮ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ ❞❡✜♥❛♠♦s ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞♦ ❣r✉♣♦ G
s♦❜r❡ ♦ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A ♣♦r

ag := aϕ(g), ✭✶✳✶✹✮

∀g ∈ G ❡ ∀a ∈ A✳ Pr❡❝✐s❛♠♦s ♠♦str❛r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ✭♣✳ ✷✷✮✱ q✉❡✿

✐✮ ❡♠ ✭✶✳✶✹✮ ✭♣✳ ✹✽✮ t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ ❛çã♦ ❜❡♠ ❞❡✜♥✐❞❛❀

✐✐✮ a1G = a, ∀a ∈ A❀

✐✐✐✮ ag1g2 = (ag1)g2 ✱ ∀g1, g2 ∈ G ❡ ∀a ∈ A❀

✐✈✮ (a1 + a2)
g = ag1 + ag2✱ ∀g ∈ G ❡ ∀a1, a2 ∈ A✱ ♦♥❞❡ + é ❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✳

❋❛ç❛♠♦s ❛ s❡❣✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✐✮✱ ✐✐✮✱ ✐✐✐✮ ❡ ✐✈✮✳

✐✮ ❙❡❥❛♠ g1, g2 ∈ G t❛✐s q✉❡ g1 = g2✳ ❊♥tã♦✱ ϕ(g1) = ϕ(g2)✱ ❧♦❣♦✱ ∀a ∈ A, aϕ(g1) = aϕ(g2)✱
♣♦✐s H ❛❣❡ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A ❡✱ ♣♦rt❛♥t♦✱ ag1 = ag2 ✳

✐✐✮ ∀a ∈ A, a1G = aϕ(1G) = a1H = a✳

✐✐✐✮ ∀g1, g2 ∈ G ❡ ∀a ∈ A, ag1g2 = aϕ(g1g2) = aϕ(g1)ϕ(g2) = (aϕ(g1))ϕ(g2) = (ag1)g2 ✳

✐✈✮ ∀g ∈ G ❡ ∀a1, a2 ∈ A, (a1 + a2)
g = (a1 + a2)

ϕ(g) = a
ϕ(g)
1 + a

ϕ(g)
2 = ag1 + ag2✳

❜✮ ❈♦♠♦ ♥❡st❡ ✐t❡♠ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ϕ s♦❜r❡❥❡t✐✈♦✱ t❡♠♦s q✉❡✱ ∀h ∈ H✱ ❡①✐st❡ g ∈ G
t❛❧ q✉❡ h = ϕ(g)✱ ✐st♦ é✱ ϕ−1({h}) 6= ∅✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ ❞❡✜♥❛♠♦s✱ ❡♥tã♦✱
❛ ❛çã♦ à ❞✐r❡✐t❛ ❞♦ ❣r✉♣♦ H s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A ♣♦r

ah := ag, ✭✶✳✶✺✮

∀a ∈ A, ∀h ∈ H ❡ ♣❛r❛ ❛❧❣✉♠ g ∈ ϕ−1({h})✳ Pr❡❝✐s❛♠♦s ♠♦str❛r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ✭♣✳
✷✷✮✱ q✉❡✿

✹✽
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✐✮ ❡♠ ✭✶✳✶✺✮ ✭♣✳ ✹✽✮ t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ ❛çã♦ ❜❡♠ ❞❡✜♥✐❞❛❀

✐✐✮ a1H = a, ∀a ∈ A❀

✐✐✐✮ ah1h2 = (ah1)h2 ✱ ∀h1, h2 ∈ H ❡ ∀a ∈ A❀

✐✈✮ (a1 + a2)
h = ah1 + ah2 ✱ ∀h ∈ H ❡ ∀a1, a2 ∈ A✱ ♦♥❞❡ + é ❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✳

❋❛ç❛♠♦s ❛ s❡❣✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✐✮✱ ✐✐✮✱ ✐✐✐✮ ❡ ✐✈✮✳

✐✮ ❙❡❥❛♠ h1, h2 ∈ H t❛✐s q✉❡ h1 = h2✳ ❈♦♠♦ ϕ é s♦❜r❡❥❡t✐✈♦✱ h1 = ϕ(g1) ❡ h2 = ϕ(g2) ♣❛r❛
❛❧❣✉♥s g1, g2 ∈ G✱ ❧♦❣♦ ϕ(g1) = ϕ(g2)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ g1g

−1
2 ∈ ker(ϕ) ❡✱ ♣♦rt❛♥t♦✱

∀a ∈ A, ag1g
−1
2 = a✱ ♣♦✐s ker(ϕ) ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✳

❉❛í q✉❡ ag2 = (ag1g
−1
2 )g2 = a(g1g

−1
2 )g2 = ag1(g

−1
2 g2) = ag11G = ag1 ✳ ❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡

ag1 = ag2 ✱ ✐st♦ é✱ ah1 = ah2 ✳

✐✐✮ ∀a ∈ A, a1H = a1G = a✳

✐✐✐✮ ∀h1, h2 ∈ H✱ ❝♦♠♦ ϕ é s♦❜r❡❥❡t✐✈♦✱ t❡♠♦s q✉❡ h1 = ϕ(g1) ❡ h2 = ϕ(g2) ♣❛r❛ ❛❧❣✉♥s
g1, g2 ∈ G✳ ❆ss✐♠✱ ∀a ∈ A, ah1h2 = ag1g2 = (ag1)g2 = (ah1)h2 ✳

✐✈✮ ∀h ∈ H✱ ❞❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❡ ϕ✱ t❡♠♦s q✉❡ h = ϕ(g) ♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❆ss✐♠✱
∀a1, a2 ∈ A, (a1 + a2)

h = (a1 + a2)
g = ag1 + ag2 = ah1 + ah2 ✳

❈♦r♦❧ár✐♦ ✶✳✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ H⊳G ❛❣✐♥❞♦ tr✐✈✐❛❧♠❡♥t❡
à ❞✐r❡✐t❛ s♦❜r❡ A✳ ❊♥tã♦✱ ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡ G/H ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ A ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡
❛çã♦✿

agH := ag,

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gH ∈ G/H ❡ ∀a ∈ A✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ π : G ։ G/H ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❚❡♠♦s q✉❡
ker(π) = H✱ ♦ q✉❛❧ ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✳ P❡❧❛ Pr♦♣♦s✐çã♦
✶✳✸✹ ❜✮ ✭♣ ✹✽✮✱ t❡♠♦s ❛ ❛✜r♠❛çã♦ ❞♦ ❈♦r♦❧ár✐♦✳

❆ Pr♦♣♦s✐çã♦ ✶✳✸✹ ✭♣✳ ✹✽✮ ❣❛r❛♥t❡ ❛ s❡❣✉✐♥t❡ ❉❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✹✹✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G→ H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ A ✉♠
❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❛✮ ❙❡ A é ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ q✉❛♥❞♦ ❛ ❛çã♦ ❞❡ G s♦❜r❡ A é ❞❛❞❛ ♣♦r

ag := aϕ(g),

∀g ∈ G ❡ ∀a ∈ A❀

✹✾
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❜✮ ❙❡ A é ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ϕ é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ker(ϕ) ❛❣❡ tr✐✈✐✲
❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ A✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ q✉❛♥❞♦ ❛ ❛çã♦ ❞❡ H s♦❜r❡ A é ❞❛❞❛ ♣♦r

ah := ag,

∀a ∈ A, ∀h ∈ H ❡ ♣❛r❛ ❛❧❣✉♠ g ∈ ϕ−1({h})✳

◆❡st❛ ❉✐ss❡rt❛çã♦✱ s❡♥❞♦ G ✉♠ ❣r✉♣♦✱ A ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ H ⊳G ❛❣✐♥❞♦ tr✐✈✐❛❧✲
♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A ❡ π : G։ G/H ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✱ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G/H s♦❜r❡ A s❡rá ❛ ❛çã♦ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s π✱ ✐st♦
é✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gH ∈ G/H ❡ ∀a ∈ A,

agH = ag.

❉❡✜♥✐çã♦ ✶✳✹✺✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳
❉❡✜♥✐♠♦s ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ M ❡♠ R ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

CR(M) := {r ∈ R : mr = m, ∀m ∈M}.

❖❜s❡r✈❡♠♦s q✉❡✱ ❝❛s♦ M 6= ✵✱ ❡♥tã♦ CR(M) ♥ã♦ é s✉❜❛♥❡❧ ❞❡ R✱ ❥á q✉❡ CR(M) ♥ã♦ é
❢❡❝❤❛❞♦ ❝♦♠ r❡❧❛çã♦ à ❛❞✐çã♦ ❡♠ R✳

❉❡✜♥✐çã♦ ✶✳✹✻✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳
❉❡✜♥✐♠♦s ♦ ❛♥✉❧❛❞♦r ❞❡ M ❡♠ R ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

AnnR(M) := {r ∈ R : mr = 0, ∀m ∈M}.

❖❜s❡r✈❡♠♦s q✉❡ AnnR(M) é ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❡♠ R✳

❖❜s❡r✈❛çã♦ ✶✳✾✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳
❚❡♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ CR(M) ❡ AnnR(M)✳

P❛r❛ t♦❞♦ m ∈M ✱ ❞❛❞♦ r ∈ R✱

r ∈ CR(M)⇔ mr = m⇔ m(r − 1R) = 0M ⇔ r − 1R ∈ AnnR(M)⇔ r ∈ 1R + AnnR(M).

❈♦♠♦ m ∈M ❡ r ∈ R ❢♦r❛♠ t♦♠❛❞♦s ❛r❜✐trár✐♦s✱ ✐ss♦ ♠♦str❛ q✉❡

CR(M) = 1R + AnnR(M).

Pr♦♣♦s✐çã♦ ✶✳✸✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❊♥tã♦✱ ❡①✐st❡
❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZG ❞❛❞❛✱ ∀f ∈ F ✱ ♣♦r

λf :=
∑

g∈G

xgg
f ,

♣❛r❛ t♦❞♦ λ =
∑

g∈G

xgg ∈ ZG✱ ❝♦♠ xg ∈ Z✳

✺✵
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❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s f ∈ F ❡ λ =
∑

g∈G

xgg ∈ ZG✱ ❝♦♠ xg ∈ Z✱ ❞❡✜♥✐♥❞♦✲s❡ ❛ : ZG × F →

ZG ♣♦r ❛(λ, f) := λf =
∑

g∈G

xgg
f ✱ t❡♠♦s q✉❡ ❝❧❛r❛♠❡♥t❡ ❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❣♦r❛✱ ✉s❛♥❞♦

❛ Pr♦♣♦s✐çã♦ ✶✳✸✷ ✭♣✳ ✹✼✮✱ ❜❛st❛ ♠♦str❛r♠♦s ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

✐✮ λ1F = λ, ∀λ ∈ ZG❀

✐✐✮ λf1f2 = (λf1)f2 , ∀f1, f2 ∈ F, λ ∈ ZG❀

✐✐✐✮ (λ1 + λ2)
f = λf1 + λf2 , ∀f ∈ F, λ1, λ2 ∈ ZG❀

✐✈✮ (λ1λ2)
f = λf1λ

f
2 , ∀f ∈ F, λ1, λ2 ∈ ZG❀

✈✮ 1f
ZG = 1ZG, ∀f ∈ F ✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦s ✐t❡♥s ❛❝✐♠❛ é ❢❡✐t❛ ❛tr❛✈és ❞♦s ❝á❧❝✉❧♦s ❞❡ r♦t✐♥❛✳

▲❡♠❛ ✶✳✸✼✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮
G ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ A✮ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ❡ à ❞✐r❡✐t❛ s♦❜r❡ A ❝✉❥❛ ❛çã♦

s❡❥❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ A✳ ❉❛❞♦s a ∈ A ❡ λ =
∑

g∈G

xgg ∈ ZG✱ ❝♦♠

xg ∈ G✱ t❡♠♦s q✉❡✱ ∀f ∈ F ✱
(aλ)f = afλf .

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s Pr♦♣♦s✐çõ❡s ✶✳✸✸ ✭♣✳ ✹✼✮ ❡ ✶✳✸✺ ✭♣✳ ✺✵✮✱ t❡♠♦s q✉❡

(aλ)f = (a(
∑

g∈G

xgg))
f = (

∑

g∈G

xg(a
g))f =

∑

g∈G

xg(a
g)f =

∑

g∈G

xg(a
f )g

f

= af (
∑

g∈G

xgg
f ) = afλf .

▲❡♠❛ ✶✳✸✽✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮
G ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ A✮ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ❡ à ❞✐r❡✐t❛ s♦❜r❡ A ❝✉❥❛
❛çã♦ s❡❥❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ A✳ ❊♥tã♦✱ ♦ s✉❜❝♦♥❥✉♥t♦ CZG(A) é
F ✲✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ λ ∈ CZG(A)✳ ❊♥tã♦✱ aλ = a, ∀a ∈ A✳ ❉❛í q✉❡✱ ∀a ∈ A ❡ ∀f ∈ F, af
−1
λ =

af
−1

❡✱ ♣♦rt❛♥t♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸✼ ✭♣✳ ✺✶✮✱ a = (af
−1
)f = (af

−1
λ)f = aλf ✳ ❉❡❞✉③✐♠♦s✱

❛ss✐♠✱ q✉❡ CZG(A) é F ✲✐♥✈❛r✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❙❡❥❛♠ G,H ❣r✉♣♦s ❡ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱
ϕ ✐♥❞✉③ ✉♠❛ ❢✉♥çã♦ ϕ# : ZG→ ZH ❞❡✜♥✐❞❛ ♣♦r

ϕ#(
∑

g∈G

xgg) =
∑

g∈G

xgϕ(g),

♣❛r❛ t♦❞♦
∑

g∈G

xgg ∈ ZG✱ ♦♥❞❡ xg ∈ Z✳

✺✶



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡♠♦♥str❛çã♦✳ P♦r ✈❡r✐✜❝❛çã♦ ✐♠❡❞✐❛t❛✱ t❡♠♦s q✉❡ ϕ# é ✉♠❛ ❢✉♥çã♦ ❜❡♠ ❞❡✜♥✐❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ϕ# :
ZG→ ZH ❞❡✜♥✐❞❛ ❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✸✻ ✭♣✳ ✺✶✮✳ ❖❜s❡r✈❡ q✉❡

ϕ#(
∑

g∈G

xgg) =
∑

g∈G

xgϕ(g) =
∑

ϕ(g)∈H

xϕ(g)ϕ(g),

♦♥❞❡ xg, xϕ(g) ∈ Z✳ ◆❡st❡ ú❧t✐♠♦ s♦♠❛tór✐♦✱ ♦ q✉❡ ✜③❡♠♦s ❢♦✐ ❛❣r✉♣❛r ❛s ♣❛r❝❡❧❛s ❡♠ q✉❡ ♦s
ϕ(g) sã♦ ✐❣✉❛✐s✳ ❉❛í q✉❡✱

xϕ(g) =
∑

g′∈ϕ−1({ϕ(g)})

x′g.

❖❜s❡r✈❡ q✉❡✱ s❡ ϕ é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ xϕ(g) = xg ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦

❢❛③❡♠♦s ♥❡♥❤✉♠ ❛❣r✉♣❛♠❡♥t♦ ♥♦ s♦♠❛tór✐♦
∑

g∈G

xgϕ(g)✳

Pr♦♣♦s✐çã♦ ✶✳✸✼✳ ❙❡❥❛♠ G,H ❣r✉♣♦s✱ ϕ : G → H ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ϕ# :
ZG→ ZH ❛ ❢✉♥çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻ ✭♣✳ ✺✶✮✳

❛✮ ϕ# é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s❀

❜✮ ❙❡ ϕ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ ϕ# é ❡♣✐♠♦r✜s♠♦ ❞❡ ❛♥❡✐s❀

❝✮ ❙❡❥❛ A ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❊♥tã♦✱ ϕ#(CZG(A)) ⊆ CZH(A)❀

❞✮ ❙❡❥❛ A ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❙❡ ϕ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ker(ϕ) ❛❣❡ tr✐✈✐❛❧✲
♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ A✱ ❡♥tã♦ ϕ#(CZG(A)) = CZH(A)✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ✐✮ ❉❛❞♦s
∑

g∈G

xgg,
∑

g∈G

x′gg ∈ ZG✱

ϕ#((
∑

g∈G

xgg) + (
∑

g∈G

x′gg)) = ϕ#(
∑

g∈G

(xg + x′g)g) =
∑

g∈G

(xg + x′g)ϕ(g) =

= (
∑

g∈G

xgϕ(g)) + (
∑

g∈G

x′gϕ(g)) = ϕ#(
∑

g∈G

xgg) + ϕ#(
∑

g∈G

x′gg).

✐✐✮ ❉❛❞♦s
∑

g∈G

xgg,
∑

g′∈G

yg′g
′ ∈ ZG✱

ϕ#((
∑

g∈G

xgg) · (
∑

g′∈G

yg′g
′)) = ϕ#(

∑

g,g′∈G

(xgyg′)gg
′) =

=
∑

g,g′∈G

(xgyg′)ϕ(gg
′) =

∑

g,g′∈G

(xgyg′)ϕ(g)ϕ(g
′) =

= (
∑

g∈G

xgϕ(g)) · (
∑

g′∈G

yg′ϕ(g
′)) = ϕ#(

∑

g∈G

xgg) · ϕ#(
∑

g′∈G

yg′g
′).

✺✷



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

✐✐✐✮ ϕ#(1ZG) = ϕ#(1Z1G) = 1Zϕ(1G) = 1Z1H = 1ZH ✳

❜✮ P❡❧♦ ✐t❡♠ ❛✮ s❛❜❡♠♦s q✉❡ ϕ# é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s✳ ❇❛st❛✱ ❡♥tã♦✱ ♠♦str❛r♠♦s q✉❡
ϕ# é s♦❜r❡❥❡t✐✈♦✳

❙❡❥❛ µ =
∑

h∈H

xhh ∈ ZH✱ ❝♦♠ xh ∈ Z✳ ❈♦♠♦ ϕ é s♦❜r❡❥❡t✐✈♦✱ ❞❛❞♦ h ∈ H✱ t❡♠♦s

q✉❡ ϕ−1({h}) 6= ∅✳ P♦❞❡♠♦s✱ ❡♥tã♦✱ ❡s❝r❡✈❡r µ =
∑

g∈G

xgϕ(g)✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ q✉❡

❡s❝♦❧❤❛♠♦s✱ ♣❛r❛ ❝❛❞❛ h ∈ H✱ ✉♠ ❡❧❡♠❡♥t♦ gh ∈ ϕ−1({h})✱ ✐st♦ é✱ ϕ(gh) = h✱ ❡
❞❡✜♥❛♠♦s xg := xh✱ s❡ g = gh ❡ xg := 0✱ s❡ g ∈ ϕ−1({h})\{gh}✳ ❙❡❣✉❡✱ ❡♥tã♦✱ q✉❡

µ =
∑

g∈G

xgϕ(g) = ϕ#(
∑

g∈G

xgg)✱ ♦♥❞❡
∑

g∈G

xgg ∈ ZG✳ ❈♦♠♦ µ ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦ ❡♠

ZH✱ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ# é s♦❜r❡❥❡t✐✈♦✳

❝✮ ❈♦♠♦ A é ✉♠ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹ ❛✮ ✭♣ ✹✽✮✱ A é ✉♠ ZG✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ϕ✳

❙❡❥❛ λ =
∑

g∈G

xgg ∈ CZG(A)✱ ✐st♦ é✱ aλ = a(
∑

g∈G

xgg) = a, ∀a ∈ A✳ ❚❡♠♦s✱ ❡♥tã♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹ ❛✮ ✭♣✳ ✹✽✮ q✉❡✱ ∀a ∈ A✱

aϕ#(λ) = aϕ#(
∑

g∈G

xgg) = a(
∑

g∈G

xgϕ(g)) =

=
∑

g∈G

xga
ϕ(g) =

∑

g∈G

xga
g = a(

∑

g∈G

xgg) = a.

❙❡❣✉❡ q✉❡ ϕ#(λ) ∈ CZH(A)✳ ❈♦♠♦ λ ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦ ❡♠ CZG(A)✱ ❝♦♥❝❧✉í♠♦s
q✉❡ ϕ#(CZG(A)) ⊆ CZH(A)✳

❞✮ ❈♦♠♦ ϕ é s♦❜r❡❥❡t✐✈♦ ❡ ker(ϕ) ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ A✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹
❜✮ ✭♣✳ ✹✽✮✱ s❡❣✉❡ q✉❡ A é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ϕ✱ ♣♦rt❛♥t♦✱ ❞♦
✐t❡♠ ❝✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ#(CZG(A)) ⊆ CZH(A)✳ ❇❛st❛✱ ❡♥tã♦✱ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦
✐♥✈❡rs❛✳

❙❡❥❛ µ ∈ CZH(A) ⊆ ZH✳ ❈♦♠♦ ϕ é s♦❜r❡❥❡t✐✈♦✱ ❞♦ ✐t❡♠ ❜✮✱ t❡♠♦s q✉❡ ϕ# t❛♠❜é♠

é s♦❜r❡❥❡t✐✈♦✱ ❞❛í q✉❡ µ = ϕ#(λ)✱ ❝♦♠ λ =
∑

g∈G

xgg ∈ ZG✳ ❱❛♠♦s ♠♦str❛r q✉❡ λ ∈

CZG(A)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹ ❜✮ ✭♣✳ ✹✽✮✱ t❡♠♦s q✉❡✱
∀a ∈ A✱

a = aµ = aϕ#(λ) = aϕ#(
∑

g∈G

xgg) = a(
∑

g∈G

xgϕ(g)) =

=
∑

g∈G

xga
ϕ(g) =

∑

g∈G

xga
g = a(

∑

g∈G

xgg) = aλ.

▲♦❣♦✱ λ ∈ CZG(A)✳

❈♦♠♦ µ ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦ ❡♠ CZH(A)✱ s❡❣✉❡ q✉❡ CZH(A) ⊆ ϕ#(CZG(A))✱ ♦ q✉❡
❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳

✺✸



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✹✼✳ ❙❡❥❛♠ {Gn}n∈Z ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❣r✉♣♦s ❡ {ϕn : Gn → Gn−1}n∈Z ✉♠❛ ❢❛✲
♠í❧✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✳ ❉✐③❡♠♦s q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡
❣r✉♣♦s✿

. . . −→ Gn+1
ϕn+1
−→ Gn

ϕn
−→ Gn−1 −→ . . . .

❉❡✜♥✐çã♦ ✶✳✹✽✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❣r✉♣♦s

. . . −→ Gn+1
ϕn+1
−→ Gn

ϕn
−→ Gn−1 −→ . . .

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ❣r✉♣♦s s❡ ker(ϕn) = Im(ϕn+1), ∀n ∈ Z✳

❉❡✜♥✐çã♦ ✶✳✹✾✳ ❉✐③❡♠♦s q✉❡ q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ❣r✉♣♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

✶ −→ A
i
−→ B

p
−→ C −→ ✶.

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✳

❖❜s❡r✈❛çã♦ ✶✳✶✶✳ ◆✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s

✶ −→ A
i
−→ B

p
−→ C −→ ✶

♦s ❤♦♠♦♠♦r✜s♠♦s ✶ → A ❡ C → ✶ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ 1 7→ 1A ❡ c 7→ 1, ∀c ∈ C✳ ❈♦♠♦ t❛❧
s❡q✉ê♥❝✐❛ é ❡①❛t❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ker(i) = {1A} ❡ Im(p) = C✱ ♦✉ s❡❥❛✱ i é ♠♦♥♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s ❡ p é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡st❛ ❢♦r♠❛✱ A ∼= i(A) = ker(p)⊳B✱ ❧♦❣♦ ♣♦❞❡♠♦s
❡♥①❡r❣❛r A ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ B✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮ ✭✶♦

❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ B/ker(p) ∼= Im(p) = C✱ ❞❛í q✉❡

B/A ∼= C.

Pr♦♣♦s✐çã♦ ✶✳✸✽✳ ❙❡❥❛

✶ −→ A
i
−→ B

p
−→ C −→ ✶

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✳ ❙❡ A é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❡♥tã♦ A é ✉♠ ZC✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ ❡①✐st❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ C s♦❜r❡
A✮✳

❉❡♠♦♥str❛çã♦✳ ▼♦str❛r❡♠♦s q✉❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A é ✉♠ ZC✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❝♦♠ ❛ ♦♣❡✲
r❛çã♦ ❛❞✐çã♦ ✭❞❡♥♦t❛❞❛ ♣♦r +✮ s❡♥❞♦ ❛ r❡str✐çã♦ ❞❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ B s♦❜r❡ ♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ A ❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ C s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A s❡♥❞♦✱ ∀a ∈ A, c ∈ C✱

ac := b−1ab, ♣❛r❛ ❛❧❣✉♠ b ∈ B t❛❧ q✉❡ p(b) = c. ✭✶✳✶✻✮

❇❛st❛✱ ❡♥tã♦✱ ♠♦str❛r♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ❡♠ ✭✶✳✶✻✮ ✭♣✳ ✺✹✮ ❞❡ ❢❛t♦ é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞♦
❣r✉♣♦ C s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ C s♦❜r❡ A ❞❛❞❛ ❡♠ ✭✶✳✶✻✮ ✭♣✳ ✺✹✮
❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❛❞♦s a ∈ A ❡ c ∈ C✱ t❡♠♦s q✉❡ ac ∈ A✱ ♣♦✐s ac = b−1ab ∈ A✱
❥á q✉❡ A ⊳ B✱ ❝♦♥❢♦r♠❡ ❛ ❖❜s❡r✈❛çã♦ ✶✳✶✶ ✭♣✳ ✺✹✮✳ Pr❡❝✐s❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡✱ ❞❛❞♦s
a ∈ A ❡ c ∈ C✱ s❡ ac = b−1ab✱ ♣❛r❛ ❛❧❣✉♠ b ∈ B t❛❧ q✉❡ p(b) = c✱ ❡ ac = b−1

1 ab1✱ ♣❛r❛ ❛❧❣✉♠
b1 ∈ B t❛❧ q✉❡ p(b1) = c✱ ❡♥tã♦ b−1ab = b−1

1 ab1✳ ❆❣♦r❛✱ p(bb−1
1 ) = p(b)p(b1)

−1 = cc−1 = 1C ✱

✺✹
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♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ bb−1
1 ∈ ker(p) = Im(i) = A✳ ❈♦♠♦ A é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ t❡♠♦s q✉❡

a(bb−1
1 ) = (bb−1

1 )a✱ ❧♦❣♦ a = (bb−1
1 )a(bb−1

1 )−1✱ ♦ q✉❡ ❛❝❛rr❡t❛ q✉❡ a = bb−1
1 ab1b

−1 ❡✱ ♣♦rt❛♥t♦✱
b−1ab = b−1

1 ab1✳
❆❣♦r❛ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ ❛ ❡①♣r❡ssã♦ ❞❡✜♥✐❞❛ ❡♠ ✭✶✳✶✻✮ ✭♣✳ ✺✹✮ ❞❡✜♥❡ ❞❡ ❢❛t♦ ✉♠❛ ❛çã♦

à ❞✐r❡✐t❛ ❞♦ ❣r✉♣♦ C s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ✭♣✳ ✷✷✮✱ s❡ ❞❡✜♥✐r♠♦s
f : A× C → A ♣♦r f(a, c) := ac, ∀a ∈ A, c ∈ C✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡✿

✐✮ ∀a ∈ A, a1C = a❀

✐✐✮ ∀a ∈ A, c1, c2 ∈ C, ac1c2 = (ac1)c2 ❀

✐✐✐✮ ∀a1, a2 ∈ A, c ∈ C, (a1 + a2)
c = ac1 + ac2✳

▼♦str❛r❡♠♦s✱ ❡♥tã♦✱ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❛ s❡❣✉✐r✳

✐✮ ❙❡❥❛ a ∈ A✳ ❚❡♠♦s q✉❡ a1C = 1−1
B a1B = a✳

✐✐✮ ❙❡❥❛♠ a ∈ A ❡ c1, c2 ∈ C✳ ❈♦♠♦ p é s♦❜r❡❥❡t✐✈♦✱ ❡①✐st❡♠ b1, b2 ∈ B t❛✐s q✉❡ p(b1) = c1
❡ p(b2) = c2✳ ❊♥tã♦✱ c1c2 = p(b1)p(b2) = p(b1b2)✳ ▲♦❣♦✱

ac1c2 = (b1b2)
−1a(b1b2).

P♦r ♦✉tr♦ ❧❛❞♦✱ ac1 = b−1
1 ab1 ❡ a′c2 = b−1

2 a′b2, ∀a
′ ∈ A✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

(ac1)c2 = (b−1
1 ab1)

c2 = b−1
2 (b−1

1 ab1)b2 = (b1b2)
−1a(b1b2).

❆ss✐♠✱ ac1c2 = (ac1)c2 ✳

✐✐✐✮ ❙❡❥❛♠ a1, a2 ∈ A ❡ c ∈ C✳ ❈♦♠♦ p é s♦❜r❡❥❡t✐✈♦✱ ❡①✐st❡ b ∈ B t❛❧ q✉❡ p(b) = c✳ ❊♥tã♦✱

(a1 + a2)
c = b−1(a1 + a2)b =

✼ b−1(a1a1)b = b−1a1bb
−1a2b = ac1a

c
2 = ac1 + ac2.

✶✳✷✳✸ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ▼ó❞✉❧♦s

❉❡♥♦t❛r❡♠♦s ♥❡st❛ ❙✉❜s❡çã♦ R ❡ S ❝♦♠♦ s❡♥❞♦ ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ K ❛♥❡❧
❝♦♠✉t❛t✐✈♦✱ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ RM ❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛
❡MR ❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞♦s R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳

▲❡♠❛ ✶✳✸✾✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ A ∈ KM✳ ❊♥tã♦✱ A ♣♦❞❡ s❡r ✈✐st♦ t❛♠❜é♠
❝♦♠♦ ❡❧❡♠❡♥t♦ ❞❡ MK ❞❡✜♥✐♥❞♦✲s❡ ♦ ♣r♦❞✉t♦ à ❞✐r❡✐t❛ ❞❡ K s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A ♣♦r
ak := ka, ∀k ∈ K, a ∈ A✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ A ∈ MK✱ ❡♥tã♦ A ♣♦❞❡ s❡r ✈✐st♦ t❛♠❜é♠
❝♦♠♦ ❡❧❡♠❡♥t♦ ❞❡ KM ❞❡✜♥✐♥❞♦✲s❡ ♦ ♣r♦❞✉t♦ à ❡sq✉❡r❞❛ ❞❡ K s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A ♣♦r
ka := ak, ∀k ∈ K, a ∈ A✳

✼❆q✉✐ ✉s❛♠♦s q✉❡ ❛ ♦♣❡r❛çã♦ ✰ ❞❡ ❆ é ✈✐st❛ ❡♠ ❇ ❝♦♠♦ ❛ ❥✉st❛♣♦s✐çã♦ ❞❡ ❡❧❡♠❡♥t♦s✱ ♦✉ s❡❥❛ a1 + a2 ∈ A
é ❞❡♥♦t❛❞♦ ❡♠ B ❝♦♠♦ a1a2

✺✺
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❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A ∈ KM✳ ❱❛♠♦s ♠♦str❛r q✉❡ A ∈ MK ✳ Pr❡❝✐s❛♠♦s
✈❡r✐✜❝❛r q✉❡✱ ❞❛❞♦s a, a′ ∈ A ❡ k, k′ ∈ K✱

✐✮ a(k + k′) = ak + ak′❀

✐✐✮ (a+ a′)k = ak + a′k❀

✐✐✐✮ a(kk′) = (ak)k′❀

✐✈✮ a1K = a✳

❚❡♠♦s q✉❡ ✐✮✱ ✐✐✮ ❡ ✐✈✮ s❡❣✉❡♠ ♥❛t✉r❛❧♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦ ♣r♦❞✉t♦ à ❞✐r❡✐r❛ ❞❡ K s♦❜r❡ A
❡ ♥ã♦ ❡①✐❣❡♠ q✉❡ K s❡❥❛ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳

❱❛♠♦s ♠♦str❛r ✐✐✐✮✳ ❚❡♠♦s q✉❡ a(kk′) = (kk′)a = (k′k)a = k′(ka) = (ka)k′ = (ak)k′✳
❆♥❛❧♦❣❛♠❡♥t❡✱ ❢❛③❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❝❛s♦ A ∈ MK ✳

❆ss✐♠✱ s❡♥❞♦ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ♦s K✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ sã♦ t❛♠❜é♠ K✲♠ó❞✉❧♦s à
❡sq✉❡r❞❛ ❡ ✈✐❝❡✲✈❡rs❛✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦♠✐♥❛r❡♠♦s t❛✐s ♠ó❞✉❧♦s s✐♠♣❧❡s♠❡♥t❡ ❞❡ K✲♠ó❞✉❧♦s✳

❉❡✜♥✐çã♦ ✶✳✺✵✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR, B ∈ RM ❡ G
✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥❛ ♦♣❡r❛çã♦ s❡❥❛ ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦
f : A× B → G é ✉♠❛ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛ s❡✱ ❞❛❞♦s a, a′ ∈ A, b, b′ ∈ B ❡ r ∈ R✱

✐✮ f(a+ a′, b) = f(a, b) + f(a′, b)❀

✐✐✮ f(a, b+ b′) = f(a, b) + f(a, b′)❀

✐✐✐✮ f(ar, b) = f(a, rb)✳

❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ A,B,M K✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f : A×B →
M é ✉♠❛ ❢✉♥çã♦ K✲❜✐❧✐♥❡❛r s❡ f é K✲❜✐❛❞✐t✐✈❛ ❡✱ ❞❛❞♦s a ∈ A, b ∈ B ❡ k ∈ K✱

f(ka, b) = f(a, kb) = kf(a, b).

❉❡✜♥✐çã♦ ✶✳✺✶✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR ❡ B ∈ RM✳ ❯♠
♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ♣♦r B s♦❜r❡ ♦ ❛♥❡❧ R é ✉♠ ♣❛r ♦r❞❡♥❛❞♦ (G, i)✱ ♦♥❞❡ G é ✉♠
❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ i : A×B → G é ✉♠❛ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛✱ s❡♥❞♦ ❡ss❡ ♣❛r s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ H ❡ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛ f : A×B → H✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ : G → H t❛❧ q✉❡ θi = f ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

A× B i //

f
��

G

θ{{
H

❚❡♦r❡♠❛ ✶✳✶✻ ✭❯♥✐❝✐❞❛❞❡ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧✮✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥✲
t✐❞❛❞❡✱ A ∈ MR ❡ B ∈ RM✳ ❊♥tã♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ♣♦r B s♦❜r❡ ♦ ❛♥❡❧ R é ú♥✐❝♦
❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ✐st♦ é✱ s❡ (G1, i1) ❡ (G2, i2) sã♦ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❞❡ A ♣♦r B
s♦❜r❡ ♦ ❛♥❡❧ R✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s η : G1 → G2 t❛❧ q✉❡
ηi1 = i2✳

✺✻
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❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G1, G2 sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❡ i1, i2 sã♦ ❢✉♥çõ❡s R✲❜✐❛❞✐t✐✈❛s✱ ♣❡❧❛
❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❞✐❛✲
❣r❛♠❛s✿

A× B
i1 //

i2
��

G1

θ1{{
G2

A× B
i2 //

i1
��

G2

θ2{{
G1

✐st♦ é✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ1 : G1 → G2 ❡ θ2 : G2 → G1 t❛✐s
q✉❡ θ1i1 = i2 ❡ θ2i2 = i1✳ ▲♦❣♦✱ (θ2θ1)i1 = θ2(θ1i1) = θ2i2 = i1✱ ♦✉ s❡❥❛✱ θ2θ1 t♦r♥❛ ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

A× B
i1 //

i1
��

G1

θ2θ1{{
G1

▼❛s✱ idG1 : G1 → G1 é t❛♠❜é♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s q✉❡ t❛♠❜é♠ t♦r♥❛ ❡ss❡
♠❡s♠♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✱ ♣♦✐s idG1i1 = i1✱ ♦✉ s❡❥❛✿

A× B
i1 //

i1
��

G1

idG1{{
G1

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ♥❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ t❡♠♦s q✉❡ θ2θ1 = idG1 ✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ❢♦✐
❢❡✐t♦ ❛❝✐♠❛✱ s❡❣✉❡ q✉❡ θ1θ2 = idG2 ✳ P♦rt❛♥t♦✱ θ1 : G1 → G2 é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s
❝♦♠ ✐♥✈❡rs❛ θ2✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦✲s❡ η : G1 → G2 ♣♦r η := θ1 ❝♦♥❝❧✉í♠♦s q✉❡ G1 ❡ G2 sã♦
✐s♦♠♦r❢♦s ❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ s❡♥❞♦ η = θ1 ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❡s✱ ❡ ηi1 = i2✳

❚❡♦r❡♠❛ ✶✳✶✼ ✭❊①✐stê♥❝✐❛ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧✮✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥✲
t✐❞❛❞❡✱ A ∈MR ❡ B ∈ RM✳ ❊♥tã♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ♣♦r B s♦❜r❡ R ❡①✐st❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ V ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ A×B✳ ❉❡✜♥❛♠♦s T ❝♦♠♦ ♦ s✉❜❣r✉♣♦
❞❡ V ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ V ❞❛s s❡❣✉✐♥t❡s três ❢♦r♠❛s

(a+ a′, b)− (a, b)− (a′, b), (a, b+ b′)− (a, b)− (a, b′), (ar, b)− (a, rb),

♦♥❞❡ a, a′ ∈ A, b, b′ ∈ B, r ∈ R✳ ❈♦♠♦ V é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ s❡❣✉❡ q✉❡ T ⊳ V ✱ ❧♦❣♦ V/T
é ❣r✉♣♦✳ ❆❧é♠ ❞✐ss♦✱ V/T é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✻ ✭♣✳ ✾✮✳ ❙❡❥❛ π : V ։

V/T ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❈♦♠♦ V é ❣❡r❛❞♦ ♣♦r A × B✱ ✐st♦ é✱
V = 〈A × B〉✱ s❡❣✉❡✱ ❝♦♥❢♦r♠❡ ❛ ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✱ q✉❡ V/T =
π(V ) = π(〈A × B〉) = 〈π(A × B)〉 =

〈
{(a, b) + T : a ∈ A, b ∈ B}

〉
✳ ❙❡❥❛ i : A × B → V/T

❞❡✜♥✐❞❛ ♣♦r i(a, b) = (a, b) + T ✱ ♦✉ s❡❥❛✱ i = π|A×B✳ ❖❜s❡r✈❡♠♦s q✉❡ i é R✲❜✐❛❞✐t✐✈❛✱
♣♦✐s✱ ❞❛❞♦s a, a′ ∈ A, b, b′ ∈ B ❡ r ∈ R✱ t❡♠♦s q✉❡ (a + a′, b) − (a, b) − (a′, b) ∈ T ✱ ❧♦❣♦
(a+a′, b)+T = ((a, b)+(a′, b))+T ❡✱ ♣♦rt❛♥t♦✱ i(a+a′, b) = i(a, b)+ i(a′, b)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱
♠♦str❛♠♦s q✉❡ i(a, b + b′) = i(a, b) + i(a, b′) ❡ q✉❡ i(ar, b) = i(a, rb)✳ ❱❛♠♦s ♠♦str❛r q✉❡
(V/T, i) é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ♣♦r B s♦❜r❡ R✳
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P❛r❛ ❝❛❞❛ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ H ❡ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛ f : A × B → H✱ ♣r❡❝✐s❛♠♦s✱ ❡♥tã♦✱
❞❡♠♦♥str❛r q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ : V/T → H q✉❡ ❢❛③ ♦
s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✿

A× B i //

f
��

V/T

θ
zz

H

❆❣♦r❛✱ ❝♦♠♦ V é ❣r✉♣♦ ❧✐✈r❡ ❛❜❡❧✐❛♥♦ ❝♦♠ ❜❛s❡ A × B✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ1 : V → H t❛❧ q✉❡ θ1ι = f ✱ ♦♥❞❡ ι : A × B → V é ❛ ❢✉♥çã♦
✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳ ❆ss✐♠✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

A× B ι //

f
��

V

θ1{{
H

❖❜s❡r✈❡♠♦s q✉❡ T ⊆ ker(θ1)✱ ✉♠❛ ✈❡③ q✉❡ f é R✲❜✐❛❞✐t✐✈❛✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✸ ✭♣✳ ✶✶✮✱ θ1
✐♥❞✉③ ✉♠ ❤♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ2 : V/T → H t❛❧ q✉❡ θ2((a, b)+T ) = θ1((a, b)) =
f(a, b)✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ θ := θ2✳ ❉❛í q✉❡ θi = f ✳

❙✉♣♦♥❤❛♠♦s q✉❡ θ′ : V/T → H s❡❥❛ ✉♠ ♦✉tr♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s t❛❧ q✉❡
θ′i = f ✳ ❚❡♠♦s q✉❡✱ ❞❛❞♦ v ∈ V ✱ ❡♥tã♦ v =

∑

(a,b)∈A×B

z(a,b)(a, b)✱ ♦♥❞❡ z(a,b) ∈ Z, ∀(a, b) ∈ A×B

❡ q✉❛s❡ t♦❞♦s z(a,b) sã♦ ♥✉❧♦s✳ ❆❣♦r❛✱ ❞❛❞♦ w ∈ V/T ✱ t❡♠♦s q✉❡ w = v + T ✱ ❞❛í q✉❡ θ′(w) =

θ′(v + T ) = θ′(
∑

(a,b)∈A×B

z(a,b)((a, b) + T )) =
∑

(a,b)∈A×B

z(a,b)θ
′i(a, b) =

∑

(a,b)∈A×B

z(a,b)f(a, b) =

∑

(a,b)∈A×B

z(a,b)θi(a, b) = θ(
∑

(a,b)∈A×B

z(a,b)((a, b) + T ) = θ(v + T ) = θ(w)✳ P♦rt❛♥t♦✱ t❡♠♦s q✉❡

θ é ú♥✐❝♦✳
❉❡st❛ ❢♦r♠❛✱ ✈❡♠♦s q✉❡ (V/T, i) s❛t✐s❢❛③ ♦s r❡q✉✐s✐t♦s ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❞❡ A ♣♦r B s♦❜r❡ R✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ A⊗R B := V/T ✳

◆♦t❛çã♦ ✶✳✶✷✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ❛ ✉♥✐❝✐❞❛❞❡ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧
♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✻ ✭♣✳ ✺✻✮✱ s❡♥❞♦ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR ❡ B ∈
RM✱ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ♣♦r B s♦❜r❡ ♦ ❛♥❡❧ R ♣♦r (A ⊗R B, i)✱ ♦♥❞❡
i : A×B → A⊗RB é ❛ ♠❡s♠❛ ❞❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✼ ✭♣✳ ✺✼✮✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡
♣♦r A⊗R B✱ ❞❡✐①❛♥❞♦ i ✐♠♣❧í❝✐t❛✳

◆♦t❛çã♦ ✶✳✶✸✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR ❡ B ∈ RM✳ ❉❛
❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✼ ✭♣✳ ✺✼✮✱ s❡♥❞♦ i : A × B → V/T ✱ ♦♥❞❡ V é ♦ ❣r✉♣♦ ❧✐✈r❡
❛❜❡❧✐❛♥♦ ❝♦♠ ❜❛s❡ A×B ❡ T é ♦ s✉❜❣r✉♣♦ ❞❡ V ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ V ❞❛s s❡❣✉✐♥t❡s
três ❢♦r♠❛s

(a+ a′, b)− (a, b)− (a′, b), (a, b+ b′)− (a, b)− (a, b′), (ar, b)− (a, rb),

♦♥❞❡ a, a′ ∈ A, b, b′ ∈ B, r ∈ R✱ ❞❡♥♦t❛r❡♠♦s ❛s ✐♠❛❣❡♥s i(a, b) ∈ V/T ♣♦r a⊗ b✱ ♦♥❞❡ a ∈ A
❡ b ∈ B✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♠♦ V/T = 〈i(A×B)〉✱ s❡❣✉❡ q✉❡ V/T =

〈
{a⊗ b ∈ V/T : a ∈ A, b ∈

B}
〉
✳ ❯♠ ❡❧❡♠❡♥t♦ ❞❛ ❢♦r♠❛ a⊗ b✱ ❝♦♠ a ∈ A, b ∈ B✱ é ❝❤❛♠❛❞♦ ❞❡ t❡♥s♦r ♣✉r♦✳
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❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✺✷✳ ❙❡❥❛♠ R✱ S ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡ A ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳
❉✐③❡♠♦s q✉❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A é ✉♠ (R✲S)✲❜✐♠ó❞✉❧♦ s❡ A ∈ RM ❡ A ∈ MS ❡ s❡ ♦s
♣r♦❞✉t♦s ❞❡ R ❡ ❞❡ S s♦❜r❡ A ♦❜❡❞❡❝❡♠ à s❡❣✉✐♥t❡ r❡❧❛çã♦✱ ❞❛❞♦s r ∈ R, s ∈ S ❡ a ∈ A✿

r(as) = (ra)s.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ R = S✱ ❞✐r❡♠♦s q✉❡ A é ✉♠ R✲❜✐♠ó❞✉❧♦✳ ❯♠ (R✲S)✲❜✐♠ó❞✉❧♦ A é
❞❡♥♦t❛❞♦ ♣♦r RAS✳

◆♦t❛çã♦ ✶✳✶✹✳ ❙❡❥❛♠ R✱ S ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❉❡♥♦t❛r❡♠♦s✱ ❡♥tã♦✱ RMS

❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞♦s (R✲S)✲❜✐♠ó❞✉❧♦s✳

❊①❡♠♣❧♦ ✶✳✼✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ A ∈MK ❡ B ∈ KM✳ P❡❧♦ ▲❡♠❛ ✶✳✸✾ ✭♣✳ ✺✺✮✱
s❡❣✉❡ q✉❡ A,B ∈ KMK ✳

❚❡♦r❡♠❛ ✶✳✶✽✳ ❙❡❥❛♠ R✱ S ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❙❡ A ∈ MR ❡ B ∈ RMS✱
❡♥tã♦ A⊗R B ∈MS✱ ♦♥❞❡ ♦ ♣r♦❞✉t♦ ❞❡ S s♦❜r❡ A⊗R B é ❞❡✜♥✐❞♦ ♣♦r✿

(a⊗ b)s = a⊗ (bs),

♣❛r❛ t♦❞♦s a ∈ A, b ∈ B ❡ s ∈ S✳
❙❡♠❡❧❤❛♥t❡♠❡♥t❡✱ s❡ A ∈ SMR ❡ B ∈ RM✱ ❡♥tã♦ A ⊗R B ∈ SM✱ ♦♥❞❡ ♦ ♣r♦❞✉t♦ ❞❡ S

s♦❜r❡ A⊗R B é ❞❡✜♥✐❞♦ ♣♦r✿
s(a⊗ b) = (sa)⊗ b,

♣❛r❛ t♦❞♦s a ∈ A, b ∈ B ❡ s ∈ S✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ A ∈MR ❡ B ∈ RMS✳ ❙❡❥❛ i : A×B → A⊗RB
❞❛❞❛ ♣♦r i(a, b) = a⊗ b ✭i é ❛ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡✜♥✐❞❛
♥❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✼ ✭♣✳ ✺✼✮✮✳ P❛r❛ t♦❞♦ s ∈ S ✜①❛❞♦✱ ❞❡✜♥❛♠♦s fs : A×B →
A⊗RB ♣♦r fs(a, b) = a⊗ (bs)✳ ❖❜s❡r✈❡♠♦s q✉❡ fs é ✉♠❛ ❢✉♥çã♦ R✲❜✐❛❞✐t✐✈❛✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s
a, a′ ∈ A, b, b′ ∈ B ❡ r ∈ R✱ t❡♠♦s q✉❡

fs(a+ a′, b) = (a+ a′)⊗ (bs) = a⊗ (bs) + a′ ⊗ (bs) = fs(a, b) + fs(a
′, b);

fs(a, b+ b′) = a⊗ ((b+ b′)s) = a⊗ (bs+ b′s) = a⊗ (bs) + a⊗ (b′s) = fs(a, b) + fs(a, b
′);

fs(ar, b) = (ar)⊗ (bs) = a⊗ (r(bs)) = a⊗ ((rb)s) = fs(a, rb).

❉❛í q✉❡ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ t❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ s ∈ S ✜①❛❞♦✱
❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θs : A⊗R B → A⊗R B t❛❧ q✉❡ θsi = fs✱
✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

A× B i //

fs
��

A⊗R B

θsxx
A⊗R B

❱❛♠♦s ♠♦str❛r ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

✺✾
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✐✮ ❉❛❞♦s s1, s2 ∈ S✱ θs1θs2 = θs2s1 ❀

✐✐✮ ❉❛❞♦s s1, s2 ∈ S✱ θs1+s2 = θs1 + θs2 ❀

✐✐✐✮ θ1S = idA⊗RB✳

P❛r❛ ❞❡♠♦♥str❛r t❛✐s ✐❣✉❛❧❞❛❞❡s ❞❡ t❛✐s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❞❡ A⊗R B
❡♠ A⊗R B✱ ❜❛st❛ q✉❡ ♠♦str❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ♦s ♠❡s♠♦s s♦❜r❡ ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ A⊗R B✱ q✉❡ é ♦ ❝♦♥❥✉♥t♦ {a⊗ b ∈ A⊗R B : a ∈ A, b ∈ B}✳ ❙❡♥❞♦ ❛ss✐♠✱ ❢❛ç❛♠♦s
❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮✳

✐✮ θs1θs2(a⊗ b) = θs1(a⊗ (bs2)) = a⊗ ((bs2)s1) = a⊗ (b(s2s1)) = θs2s1(a⊗ b)✳

✐✐✮ θs1+s2(a⊗ b) = a⊗ (b(s1 + s2)) = a⊗ (bs1 + bs2) = a⊗ (bs1) + a⊗ (bs2) = θs1(a⊗ b) +
θs2(a⊗ b)✳

✐✐✐✮ θ1S(a⊗ b) = a⊗ (b1S) = a⊗ b = idA⊗RB(a⊗ b)✳

❉❡✜♥✐♥❞♦✲s❡ (a ⊗ b)s := θs(a ⊗ b) = a ⊗ (bs)✱ ♣♦r ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ θs s❡r
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❖ ❝❛s♦ ❡♠ q✉❡ A ∈ SMR ❡ B ∈RM t❡♠ ❞❡♠♦♥str❛çã♦ ❛♥á❧♦❣❛✳

❈♦r♦❧ár✐♦ ✶✳✻✳ ❙❡❥❛ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳ ❙❡ A ❡ B sã♦ K✲♠ó❞✉❧♦s✱ ❡♥tã♦ A ⊗K B é
t❛♠❜é♠ ✉♠ K✲♠ó❞✉❧♦✱ ♦♥❞❡ ♦ ♣r♦❞✉t♦ ❞❡ K s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A⊗K B é ❞❛❞♦ ♣♦r✿

k(a⊗ b) = (ka)⊗ b = a⊗ (kb),

♣❛r❛ t♦❞♦s a ∈ A, b ∈ B ❡ k ∈ K✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❊①❡♠♣❧♦ ✶✳✼ ✭♣✳ ✺✾✮✱ t❡♠♦s q✉❡ A,B ∈ KMK ✱ ❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✽
✭♣✳ ✺✾✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ A⊗K B ∈ KMK ❡✱ ♣❛r❛ t♦❞♦s a ∈ A, b ∈ B ❡ k ∈ K✱ ♦ ♣r♦❞✉t♦ ❞❡
K s♦❜r❡ A⊗K B✱ ♣♦r ✉♠ ❧❛❞♦✱ é ❞❛❞♦ ♣♦r

k(a⊗ b) = (ka)⊗ b

❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ é ❞❛❞♦ ♣♦r
(a⊗ b)k = a⊗ (kb).

P❡❧♦ ▲❡♠❛ ✶✳✸✾ ✭♣✳ ✺✺✮✱ t❡♠♦s
(a⊗ b)k = k(a⊗ b).

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR, B ∈ RMS, C ∈

SM ❡ G ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥❛ ♦♣❡r❛çã♦ s❡❥❛ ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛
❢✉♥çã♦ f : A×B×C → G é ✉♠❛ ❢✉♥çã♦ R✲tr✐❛❞✐t✐✈❛ s❡✱ ❞❛❞♦s a, a′ ∈ A, b, b′ ∈ B, c, c′ ∈ C
❡ r ∈ R✱

✐✮ f(a+ a′, b, c) = f(a, b, c) + f(a′, b, c)❀

✻✵
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✐✐✮ f(a, b+ b′, c) = f(a, b, c) + f(a, b′, c)❀

✐✐✐✮ f(a, b, c+ c′) = f(a, b, c) + f(a, b, c′)❀

✐✈✮ f(ar, b, c) = f(a, rb, c) ❡ f(a, bs, c) = f(a, b, sc)✳

❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ A,B,C,M K✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f :
A×B×C →M é ✉♠❛ ❢✉♥çã♦ K✲tr✐❧✐♥❡❛r s❡ f é K✲tr✐❛❞✐t✐✈❛ ❡✱ ❞❛❞♦s a ∈ A, b ∈ B, c ∈ C
❡ k ∈ K✱

f(ka, b, c) = f(a, kb, c) = f(a, b, kc) = kf(a, b, c).

❚❡♦r❡♠❛ ✶✳✶✾✳ ❙❡❥❛♠ R✱ S ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❙❡ A ∈ MR✱ B ∈ RMS ❡
C ∈ SM✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

Θ : A⊗R (B ⊗S C) −→ (A⊗R B)⊗S C
a⊗ (b⊗ c) 7→ (a⊗ b)⊗ c

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✺✼ ✭❆ss♦❝✐❛t✐✈✐t②✮✱ ♣✳ ✽✵❪✳✮

◆♦t❛çã♦ ✶✳✶✺✳ ❙❡❥❛♠ R✱ S ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ∈ MR✱ B ∈ RMS ❡ C ∈
SM✳ ❖ ❚❡♦r❡♠❛ ✶✳✶✾ ✭♣✳ ✻✶✮✱ ❡♠ ❝❡rt♦ s❡♥t✐❞♦✽✱ ♠♦str❛ ❛ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡♠ ♣r♦❞✉t♦s
t❡♥s♦r✐❛✐s✳ ❉❡st❛ ❢♦r♠❛✱ ❞❡♥♦t❛r❡♠♦s A ⊗R (B ⊗S C) ❡ (A ⊗R B) ⊗S C ♣♦r A ⊗R B ⊗S C✱
❡sq✉❡❝❡♥❞♦✱ ❛ss✐♠✱ ♦s ♣❛rê♥t❡s❡s✳

❖❜s❡r✈❛çã♦ ✶✳✶✷✳ ❈♦♠ ♦ r❛❝✐♦❝í♥✐♦ ❡ ❛ ❝♦♥str✉çã♦ ❢❡✐t♦s ♥♦ ❚❡♦r❡♠❛ ✶✳✶✾ ✭♣✳ ✻✶✮ ♣♦❞❡✲
♠♦s ❣❡♥❡r❛❧✐③❛r ❛ ✐❞❡✐❛ ❞❡ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡♠ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s✳ ❙❡♥❞♦✱ ❡♥tã♦✱ n ∈ Z+✱
R1, . . . , Rn ❛♥❡✐s ❛ss♦❝✐❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡ A1 ∈ MR1 , A2 ∈ R1MR2 , . . . , An+1 ∈ RnM✱
♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡♠ ♦s ♣❛rê♥t❡s❡s A1⊗R1A2⊗R2⊗ . . .⊗RnAn+1✳

❆♣❧✐❝❛çõ❡s ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧

Pr♦♣♦s✐çã♦ ✶✳✸✾✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ G′ ♦ ❣r✉♣♦ ❝♦♠✉t❛❞♦r ❞❡ G✳ ❊♥tã♦✱ ❞❛❞♦ i ∈ Z+✱
❡①✐st❡ ✉♠ ú♥✐❝♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s

θ̂ : ⊗i
Z
(G/G′) ։

γi(G)

γi+1(G)
,

❞❛❞♦ ♣♦r
θ̂(g1G

′ ⊗ . . .⊗ giG
′) = [g1, . . . , gi]γi+1(G),

♣❛r❛ t♦❞♦ g1G
′ ⊗ . . .⊗ giG

′ ∈ ⊗i
Z
G/G′✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✸ ❛✮ ✭♣✳ ✶✻✮✱ t❡♠♦s q✉❡
γi(G)

γi+1(G)
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦

❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺ ✭♣✳ ✽✮✱ s❡❣✉❡ q✉❡ G/G′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❉❡✜♥❛♠♦s

θ : G/G′ × . . .×G/G′

︸ ︷︷ ︸

i ✈❡③❡s

→
γi(G)

γi+1(G)

✽❉❡ ❢❛t♦✱ ♥ã♦ ❢♦✐ ♠♦str❛❞♦ q✉❡ A⊗R(B⊗SC) = (A⊗RB)⊗SC✱ ♠❛s s✐♠ q✉❡ A⊗R(B⊗SC) ∼= (A⊗RB)⊗SC
✭❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✮✳

✻✶
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♣♦r
θ(g1G

′, . . . , giG
′) = [g1, . . . , gi]γi+1(G),

♣❛r❛ t♦❞♦ g1G′, . . . , giG
′ ∈ G/G′ × . . .×G/G′

︸ ︷︷ ︸

i ✈❡③❡s

✳ P❛r❛ ♠♦str❛r q✉❡ θ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣r♦✲

❝❡❞❛♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i✳
❈❛s♦ i = 1✱ s❡❣✉❡ q✉❡ θ : G/G′ → G/G′ é ❞❡✜♥✐❞❛ ♣♦r θ(g1G′) = g1G

′✱ ♣❛r❛ t♦❞♦
g1G

′ ∈ G/G′✳ ❉❛í q✉❡✱ ❞❛❞♦s g1G′, h1G
′ ∈ G/G′ t❛✐s q✉❡ g1G′ = h1G

′✱ s❡❣✉❡ q✉❡ θ(g1G′) =
g1G

′ = h1G
′ = θ(h1G

′)✳
❈❛s♦ i > 1✱ ❞❛❞♦s (g1G′, . . . , giG

′), (a1G
′, . . . , aiG

′) ∈ G/G′ × . . .×G/G′

︸ ︷︷ ︸

i ✈❡③❡s

t❛✐s q✉❡

(g1G
′, . . . , giG

′) = (a1G
′, . . . , aiG

′),

t❡♠♦s q✉❡ gjG′ = ajG
′ ♣❛r❛ 1 ≤ j ≤ i✱ ❧♦❣♦ gia

−1
i G′ = G′✱ ♦✉ s❡❥❛✱ ❡①✐st❡ h ∈ G′ t❛❧ q✉❡

gi = hai.

Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡

[g1, . . . , gi]γi+1(G) = [a1, . . . , ai]γi+1(G),

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛
[g1, . . . , gi] ∈ [a1, . . . , ai]γi+1(G).

❱❛♠♦s✱ ❡♥tã♦✱ ♠♦str❛r ❡st❡ ú❧t✐♠♦ ❢❛t♦✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦

[g1, . . . , gi−1] ∈ [a1, . . . , ai−1]γi(G),

❧♦❣♦ ❡①✐st❡ t ∈ γi(G) t❛❧ q✉❡

[g1, . . . , gi−1] = [a1, . . . , ai−1]t.

❆❣♦r❛✱
[g1, . . . , gi] = [[g1, . . . , gi−1], gi] = [[a1, . . . , ai−1]t, gi].

❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✹ ❜✮ ✭♣✳ ✶✼✮✱ s❡❣✉❡ q✉❡

[[a1, . . . , ai−1]t, gi] = [[a1, . . . , ai−1], gi] · [[a1, . . . , ai−1], gi, t] · [t, gi] =

= [a1, . . . , ai−1, gi] · [a1, . . . , ai−1, gi, t] · [t, gi] = [a1, . . . , ai−1, hai] · [a1, . . . , ai−1, gi, t] · [t, gi].

❆ss✐♠✱
[g1, . . . , gi] = [a1, . . . , ai−1, hai] · [a1, . . . , ai−1, gi, t] · [t, gi],

♦♥❞❡ [a1, . . . , ai−1, gi, t], [t, gi] ∈ γi+1(G)✳ ❆❣♦r❛✱ [a1, . . . , ai−1, hai] = [[a1, . . . , ai−1], hai]✳ ❊✱
♣❡❧♦ ▲❡♠❛ ✶✳✷✹ ❛✮ ✭♣✳ ✶✼✮✱

[[a1, . . . , ai−1], hai] = [a1, . . . , ai−1, ai] · [a1, . . . , ai−1, h] · [a1, . . . , ai−1, h, ai],

✻✷
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♦♥❞❡ [a1, . . . , ai−1, h] ∈ γi+1(G) ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✷ ✭♣✳ ✶✽✮ ❡ [a1, . . . , ai−1, h, ai] ∈ γi+1(G)✳
❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡

[g1, . . . , gi] = [a1, . . . , ai]β,

♦♥❞❡

β = [a1, . . . , ai−1, h] · [a1, . . . , ai−1, h, ai] · [a1, . . . , ai−1, gi, t] · [t, gi] ∈ γi+1(G),

♦✉ s❡❥❛✱ [g1, . . . , gi] ∈ [a1, . . . , ai]γi+1(G)✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ θ é i✲❛❞✐t✐✈❛✳
❙❡❥❛♠ g1, . . . , gj−1, gj, gj+1, . . . , gi, b ∈ G✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✼ ✭♣✳ ✶✾✮✱ t❡♠♦s q✉❡

θ(g1, . . . , gj−1, gjb, gj+1, . . . , gi) = [g1, . . . , gj−1, gjb, gj+1, . . . , gi]γi+1(G) =

= [g1, . . . , gj−1, gj, gj+1, . . . , gi][g1, . . . , gj−1, b, gj+1, . . . , gi]γi+1(G) =

= θ(g1, . . . , gj−1, gj, gj+1, . . . , gi)θ(g1, . . . , gj−1, b, gj+1, . . . , gi).

❆❣♦r❛✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ♣❛r❛ Z✲♠ó❞✉❧♦s ✭❣r✉♣♦s ❛❜❡❧✐❛♥♦s✮
t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

G/G′ × . . .×G/G′

︸ ︷︷ ︸

i ✈❡③❡s

p //

θ
��

⊗i
Z
G/G′

θ̂
xx

γi(G)

γi+1(G)

♦♥❞❡ p é ❛ ❢✉♥çã♦ i✲❛❞✐t✐✈❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱
⊗i

Z
G/G′ é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❞❡ i ❝ó♣✐❛s ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ G/G′ s♦❜r❡ Z ❡ θ̂ é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s
q✉❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✱ ✐st♦ é✱

θ̂p = θ. ✭✶✳✶✼✮

❈♦♠♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✵ ✭♣✳ ✶✹✮✱ Im(θ) ❣❡r❛
γi(G)

γi+1(G)
❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ✉s❛♥❞♦ ✭✶✳✶✼✮ ✭♣✳

✻✸✮✱ s❡❣✉❡ q✉❡ θ̂ é s♦❜r❡❥❡t✐✈♦✳

Pr♦♣♦s✐çã♦ ✶✳✹✵✳ ❙❡❥❛♠ N ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ N ′ ♦ ❣r✉♣♦ ❝♦♠✉t❛❞♦r ❞❡ N ✱ X ✉♠ s✉❜✲
❝♦♥❥✉♥t♦ ❞❡ N ❡ π : N ։ N/N ′ ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❊♥tã♦✱ N = 〈X〉
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ N/N ′ = 〈π(X)〉✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ N = 〈X〉✳ ❈♦♥❢♦r♠❡ ❛ ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✽
✭♣✳ ✷✹✮✱ s❡❣✉❡ q✉❡ N/N ′ = π(N) = π(〈X〉) = 〈π(X)〉✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ N/N ′ = 〈π(X)〉✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹ ✭♣✳ ✷✺✮✱ t❡♠♦s q✉❡

N = 〈X〉N ′. ✭✶✳✶✽✮

❱❛♠♦s ❢❛③❡r ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s ∈ Z+ ❞❡ N ✱ ✐st♦ é✱
γs(N) 6= ✶ ❡ γs+1(N) = ✶✳

❈❛s♦ s = 1✱ ❡♥tã♦ N ′ = [N,N ] = γ2(N) = ✶✳ P♦r ✭✶✳✶✽✮ ✭♣✳ ✻✸✮ s❡❣✉❡ q✉❡ N = 〈X〉✳

✻✸
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❈❛s♦ s > 1✱ ♦❜s❡r✈❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ N/γs(N) é ♥✐❧♣♦t❡♥t❡ ❝♦♠ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥✲
❝✐❛ s− 1✱ ♣♦✐s✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✶ ✭♣✳ ✶✻✮✱ γs(N/γs(N)) = γs(N)/γs(N) = ✶ ❡ γs−1(N/γs(N)) =
γs−1(N)/γs(N) 6= ✶✱ ❞♦ ❝♦♥trár✐♦ t❡rí❛♠♦s

γs−1(N) = γs(N) = [γs−1(N), N ] = [γs(N), N ] = γs+1(N) = ✶,

q✉❡ é ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N ✱ q✉❡ é s✳ ❙❡❥❛ ψ : N ։ N/γs(N) ♦ ❡♣✐♠♦r✲
✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ P♦r ✭✶✳✶✽✮ ✭♣✳ ✻✸✮ ❡ ♣❡❧♦ ▲❡♠❛ ✶✳✶✽ ✭♣✳ ✶✸✮✱ ❝♦♥❝❧✉í♠♦s
q✉❡ N/γs(N) = ψ(N) = ψ(〈X〉N ′) = ψ(〈X〉)ψ(N ′) = 〈ψ(X)〉ψ(N)′ = 〈ψ(X)〉(N/γs(N))′✱
✐st♦ é✱

N/γs(N) = 〈ψ(X)〉(N/γs(N))′.

❊✱ s❡♥❞♦ ϕ : N/γs(N) ։
N/γs(N)

(N/γs(N))′
♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ ♣❡❧♦

❈♦r♦❧ár✐♦ ✶✳✹ ✭♣✳ ✷✺✮✱ r❡s✉❧t❛ q✉❡

N/γs(N)

(N/γs(N))′
= 〈ϕ(ψ(X))〉. ✭✶✳✶✾✮

❉❛í q✉❡✱ ❝♦♠♦ ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N/γs(N) é s − 1✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡ ♣♦r
✭✶✳✶✾✮ ✭♣✳ ✻✹✮✱ t❡♠♦s q✉❡

N/γs(N) = 〈ψ(X)〉.

P♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹ ✭♣✳ ✷✺✮✱

N = 〈X〉γs(N). ✭✶✳✷✵✮

❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✾ ✭♣✳ ✻✶✮✱ ❡①✐st❡ ú♥✐❝♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s θ̂ :
⊗s

Z
N/N ′ ։ γs(N) ❞❡✜♥✐❞♦ ♣♦r

θ̂(n1N
′ ⊗ . . .⊗ nsN

′) = [n1, . . . , ns],

♦♥❞❡ ni ∈ N ✱ ❝♦♠ 1 ≤ i ≤ s✳ ▼❛s✱ N/N ′ = 〈π(X)〉 = π(〈X〉) ♣♦r ❤✐♣ót❡s❡✱ ❧♦❣♦✱ ♣❛r❛
t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ nN ′ ∈ N/N ′✱ ❡①✐st❡ w ∈ 〈X〉 t❛❧ q✉❡ nN ′ = π(w) = wN ′✳ ❉❛í q✉❡✱
niN

′ = wiN
′✱ ♦♥❞❡ wi ∈ 〈X〉✱ ❝♦♠ 1 ≤ i ≤ s✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ t❡♥s♦r ♣✉r♦ ❛r❜✐trár✐♦

n1N
′⊗ . . .⊗nsN

′ ❡♠
⊗s

Z
N/N ′✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ w1N

′⊗ . . .⊗wsN
′✱ ♦♥❞❡ wi ∈ 〈X〉✱

❝♦♠ 1 ≤ i ≤ s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡✱ ❞❛❞♦ [n1, . . . , ns] ∈ γs(N)✱ ❝♦♠♦ θ̂ é s♦❜r❡❥❡t✐✈♦✱ t❡♠♦s q✉❡
[n1, . . . , ns] = θ̂(n1N

′ ⊗ . . . ⊗ nsN
′) = θ̂(w1N

′ ⊗ . . . ⊗ wsN
′) = [w1, . . . , ws]✱ ♦♥❞❡ wi ∈ 〈X〉✱

❝♦♠ 1 ≤ i ≤ s✳ ❖❜s❡r✈❡ q✉❡ [w1, . . . , ws] ∈ 〈X〉✳ ❱✐st♦ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✵ ✭♣✳ ✶✹✮✱
γs(N) =

〈
{[n1, . . . , ns] ∈ N : n1, . . . , ns ∈ N}

〉
✱ s❡❣✉❡ q✉❡ γs(N) =

〈
{[w1, . . . , ws] ∈ 〈X〉 :

w1, . . . , ws ∈ 〈X〉}
〉
✱ ♦✉ s❡❥❛✱ γs(N) ⊆ 〈X〉✳ ❆❣♦r❛✱ ♣♦r ✭✶✳✷✵✮ ✭♣✳ ✻✹✮✱ N = 〈X〉γs(N)✱

❝♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ N = 〈X〉✳

❖❜s❡r✈❛çã♦ ✶✳✶✸✳ ❙❡❥❛♠ C ✉♠ ❣r✉♣♦✱ N ⊳ C ❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❣r✉♣♦s

1→ N/N ′ ι
→֒ C/N ′

ρ
։ C/N → 1,

♦♥❞❡ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❡ ❛ ❢✉♥çã♦ ρ : C/N ′ → C/N ❡stá
❞❡✜♥✐❞❛ ❝♦♠♦

ρ(cN ′) = cN,

✻✹
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♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ cN ′ ∈ C/N ′✳ ❖❜s❡r✈❡ q✉❡ ρ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s N ′ ⊆ N ✱ ❡ ρ é ✉♠
❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧ q✉❡ ker(ρ) = N/N ′ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼ ✭♣✳ ✾✮✳ ❙❡❣✉❡ ❛ss✐♠ q✉❡
t❛❧ s❡q✉ê♥❝✐❛ é ❡①❛t❛ ❝✉rt❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ N/N ′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✽
✭♣✳ ✺✹✮✱ t❡♠♦s q✉❡ ♦ ❣r✉♣♦ C/N ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ N/N ′ ✈✐❛ ❝♦♥❥✉❣❛çã♦
à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ C/N ′✱ ✐st♦ é✱

(nN ′)cN := (cN ′)−1(nN ′)(cN ′), ♦♥❞❡ cN = ρ(cN ′), ✭✶✳✷✶✮

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ nN ′ ∈ N/N ′ ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ cN ∈ C/N ✱ ♦♥❞❡ cN ′ ∈ C/N ′✱
♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r t❛♠❜é♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ q✉❡ N/N ′ é ✉♠ Z(C/N)✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C/N ′ ✭♦♥❞❡ ❛ ♦♣❡r❛çã♦ + ❞♦ Z(C/N)✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ N/N ′ é ❛ r❡str✐çã♦ ❞❛ ♦♣❡r❛çã♦ · ❞♦ ❣r✉♣♦ C/N ′ s♦❜r❡ ♦ s✉❜❣r✉♣♦ ❛❜❡❧✐❛♥♦
N/N ′✮✳ ◆ã♦ ❢❛r❡♠♦s ❞✐st✐♥çã♦ ❡♥tr❡ ❛ ♥♦t❛çã♦ ❞❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ C/N s♦❜r❡ ♦
❣r✉♣♦ ❛❜❡❧✐❛♥♦ N/N ′ ❡ ❛ ♥♦t❛çã♦ ❞♦ ♣r♦❞✉t♦ ❞❡ Z(C/N) s♦❜r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
N/N ′✳

Pr♦♣♦s✐çã♦ ✶✳✹✶✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✽✱ ♣✳ ✶✹✸❪ ❙❡❥❛♠ C ✉♠ ❣r✉♣♦ ❡ N ⊳ C t❛✐s q✉❡ N é ✉♠
s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❡ C/N s❡❥❛ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ C é
❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(C/N)✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C/N ′ ✭❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✶✸ ✭♣✳ ✻✹✮✮✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ C s❡❥❛ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ▲♦❣♦✱ C/N ′ t❛♠❜é♠
é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✳ ❈♦♠♦ C/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲
✜♥✐t♦✱ ❡①✐st❡ H/N ⊳ C/N t❛❧ q✉❡ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ (C/N)/(H/N) é ❣r✉♣♦ ✜♥✐t♦✳
❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ H ⊳ C ❡✱
♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸ ✭♣✳ ✸✮ ✭✸♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ (C/N)/(H/N) ∼= C/H✱
❞♦♥❞❡ C/H é t❛♠❜é♠ ❣r✉♣♦ ✜♥✐t♦✳

❈♦♠♦ (C/N)/(H/N) é ❣r✉♣♦ ✜♥✐t♦✱ t❡♠♦s q✉❡ (C/N)/(H/N) é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡✲
s❡♥tá✈❡❧ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✾ ✭♣✳ ✸✼✮✳ ❆❣♦r❛✱ ❝♦♠♦ C/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡

[C/N : H/N ] = |(C/N)/(H/N)| <∞,

s❡❣✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮✱ q✉❡ H/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊✱ ❝♦♠♦ H/N
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❝♦♥❝❧✉í♠♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✵ ✭♣✳ ✹✷✮✱ q✉❡ H/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡
❛♣r❡s❡♥tá✈❡❧✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✶ ✭♣✳ ✸✼✮✱ C/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❉❡st❛ ❢♦r♠❛✱ t❡♠♦s ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ρ : C/N ′ ։ C/N ❞❡✜♥✐❞♦ ♣♦r

ρ(cN ′) = cN,

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ cN ′ ∈ C/N ′✱ ♦♥❞❡ C/N ′ é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ C/N é
❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✶ ✭♣✳ ✹✷✮ q✉❡ ❡①✐st❡♠ s ∈ Z+ ❡
n1N

′ . . . nsN
′ ∈ N/N ′ t❛✐s q✉❡

N/N ′ = ker(ρ) = 〈(n1N
′)C/N

′

, . . . , (nsN
′)C/N

′

〉. ✭✶✳✷✷✮

❆ss✐♠✱ ❞❛❞♦ nN ′ ∈ N/N ′✱ ♣♦r ✭✶✳✷✷✮ ✭♣✳ ✻✺✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

nN ′ =
r∏

j=1

(

(γjN
′)−1(nijN

′)(γjN
′)
)εj

,

✻✺



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

♦♥❞❡ r ∈ Z+, ij ∈ {1, . . . , s}, γjN
′ ∈ C/N ′ ❡ εj ∈ {−1, 0, 1}✱ ❧♦❣♦✱ ♣♦r ✭✶✳✷✶✮ ✭♣✳ ✻✺✮✱

nN ′ =
r∏

j=1

(

(nijN
′)γjN

)εj
. ✭✶✳✷✸✮

❆té ❡♥tã♦✱ ❡st❛♠♦s ✈❡♥❞♦ N/N ′ ❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ s♦❜r❡ ♦ q✉❛❧ ❛❣❡ à ❞✐r❡✐t❛ ♦ ❣r✉♣♦ C/N ✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ ♣♦❞❡♠♦s ❡♥①❡r❣❛r N/N ′ ❝♦♠♦ Z(C/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ ❞❛í
q✉❡✱ ♣♦r ✭✶✳✷✸✮ ✭♣✳ ✻✻✮✱ ✉s❛♥❞♦ ♥♦t❛çã♦ ♣❛r❛ ♠ó❞✉❧♦s ❝♦♥❢♦r♠❡ ❖❜s❡r✈❛çã♦ ✶✳✶✸ ✭♣✳ ✻✹✮✱

nN ′ =
r∑

j=1

εj(nijN
′)γjN .

❈♦♠♦ nN ′ ∈ N/N ′ ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦
Z(C/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s n1N

′, . . . , nsN
′ ∈ C/N ′✳

❖ q✉❡ ❣❛r❛♥t❡ ✉♠❛ ❞❛s ❛✜r♠❛çõ❡s ❞❛ Pr♦♣♦s✐çã♦✳
❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ N/N ′ s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(C/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛

❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C/N ′✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦

Y = {n1N
′, . . . , nsN

′} ⊆ N/N ′

t❛❧ q✉❡

N/N ′ = {
r∑

j=1

(nijN
′)zj : r ∈ Z+, ij ∈ {1, . . . , s} ❡ zj ∈ Z(C/N)}, ✭✶✳✷✹✮

♦♥❞❡
zj =

∑

γN∈C/N

xjγNγN,

❝♦♠ xjγN ∈ Z✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ γN ∈ C/N ✳ ❉❛í q✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱
❝♦♥s✐❞❡r❛♥❞♦ N/N ′ ❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ s♦❜ ❛çã♦ à ❞✐r❡✐t❛ ❞♦ ❣r✉♣♦ C/N ✱ t❡♠♦s q✉❡

N/N ′ = {
r∏

j=1

∏

γN∈C/N

((nijN
′)γN)x

j
γN : r ∈ Z+, ij ∈ {1, . . . , s} ❡ x

j
γN ∈ Z}. ✭✶✳✷✺✮

❯s❛♥❞♦ ✭✶✳✷✶✮ ✭♣✳ ✻✺✮ ❡ s❡♥❞♦ ρ : C/N ′ ։ C/N t❛❧ q✉❡ ρ(cN ′) = cN ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧
cN ′ ∈ C/N ′✱ ♦❜t❡♠♦s q✉❡

N/N ′ = {
r∏

j=1

∏

γN ′∈D1

(
(γN ′)−1(nijN

′)(γN ′)
)xj

γN′ : r ∈ Z+, ij ∈ {1, . . . , s} ❡ x
j
γN ′ ∈ Z}, ✭✶✳✷✻✮

♦♥❞❡ D1 é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❛ ♣ré✲✐♠❛❣❡♠ γN ′ ∈ C/N ′ ❞❡ ρ ♣❛r❛ ❝❛❞❛
γN ∈ C/N ❡ xjγN ′ := xjγN ✳ ❊ ❝♦♠♦ ❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C/N ′ s♦❜r❡
N/N ′ é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ C/N ′ s♦❜r❡ N/N ′✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮ ❡ ♣♦r ✭✶✳✷✻✮ ✭♣✳
✻✻✮✱ s❡❣✉❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ N/N ′ é t❛♠❜é♠ Z(C/N ′)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦
à ❞✐r❡✐t❛ ❡

N/N ′ = {
r∑

j=1

∑

γN ′∈D1

xjγN(nijN
′)γN

′

: r ∈ Z+, ij ∈ {1, . . . , s} ❡ x
j
γN ∈ Z}.

✻✻



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

P♦rt❛♥t♦✱ N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(C/N ′)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐✲
r❡✐t❛✳

❆❣♦r❛✱ ❝♦♠♦ C/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡①✐st❡♠ m ∈ Z+ ❡ c1N, . . . , cmN ∈ C/N
t❛✐s q✉❡

C/N = 〈c1N, . . . , cmN〉.

❉❡✜♥❛♠♦s ♦ ❣r✉♣♦
B := 〈c1, . . . , cm〉 ⊆ C.

❙❡❥❛
X := {nB1 , . . . , n

B
s }.

❚❡♠♦s q✉❡ X ⊆ N ✱ ♣♦✐s N ⊳ C✳ ❙❡❥❛♠ t❛♠❜é♠ ψ : C ։ C/N ′ ❡ π : N ։ N/N ′ ♦s
❡♣✐♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s✳ ❖❜s❡r✈❡♠♦s q✉❡

ψ|N = π. ✭✶✳✷✼✮

❉❡✜♥❛♠♦s ♦ ❣r✉♣♦
B := 〈c1N

′, . . . , cmN
′〉.

❙❡❥❛
X := {(n1N

′)B, . . . , (nsN
′)B}.

❚❡♠♦s q✉❡ X ⊆ N/N ′✱ ♣♦✐s N/N ′ ⊳ C/N ′ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥✲
❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✳ ❉❛í q✉❡ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥t✐♥ê♥❝✐❛ ❞❡ ❣r✉♣♦s

〈X〉 ⊆ N/N ′.

❘❡❝♦r❞❡♠♦s q✉❡ ρ : C/N ′ ։ C/N t❛❧ q✉❡ ρ(cN ′) = cN ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ cN ′ ∈
C/N ′✳ ❚❡♠♦s q✉❡

ρ(B) = C/N, ✭✶✳✷✽✮

♣♦✐s

ρ(B) = ρ(〈c1N
′, . . . , cmN

′〉) = 〈ρ(c1N
′), . . . , ρ(cmN

′)〉 = 〈c1N, . . . , cmN〉 = C/N.

❉❛í q✉❡ ♦❜t❡♠♦s ❛ ❝♦♥t✐♥ê♥❝✐❛ ❞❡ ❣r✉♣♦s ❛ s❡❣✉✐r

N/N ′ ⊆ 〈X〉.

❉❡ ❢❛t♦✱ ❞❛❞♦ nN ′ ∈ N/N ′✱ ♣♦r ✭✶✳✷✺✮ ✭♣✳ ✻✻✮✱ t❡♠♦s q✉❡ nN ′ =
r∏

j=1

∏

γN∈C/N

(
(nijN

′)γN
)xjγN ✱

❝♦♠ r ∈ Z+, ij ∈ {1, . . . , s} ❡ xjγN ∈ Z✳ ❯s❛♥❞♦ ✭✶✳✷✽✮ ✭♣✳ ✻✼✮✱ ♣❛r❛ ❝❛❞❛ γN ∈ C/N ✱
❡s❝♦❧❤❛♠♦s bN ′ ∈ B t❛❧ q✉❡ ρ(bN ′) = γN ❡ ❞❡✜♥❛♠♦s D2 ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s
❡❧❡♠❡♥t♦s bN ′ ❡s❝♦❧❤✐❞♦s✳ ❉❛í q✉❡✱

nN ′ =
r∏

j=1

∏

bN ′∈D2

(
(nijN

′)ρ(bN
′)
)xj

bN′ ,

✻✼



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❝♦♠ bN ′ ∈ B ❡ xjbN ′ := xjγN ✳ ❙❡❣✉❡✱ ♣♦r ✭✶✳✷✶✮ ✭♣✳ ✻✺✮✱ q✉❡

nN ′ =
r∏

j=1

∏

bN ′∈D2

(
(bN ′)−1(nijN

′)(bN ′)
)xj

bN′ .

❈♦♠♦ bN ′ ∈ B✱ ♣❛r❛ t♦❞♦ bN ′ ∈ D2✱ s❡❣✉❡ q✉❡ nN ′ ∈ 〈X〉✳ ❈♦♥❝❧✉í♠♦s q✉❡

N/N ′ = 〈X〉. ✭✶✳✷✾✮

❆❣♦r❛✱

π(X)
(∗)
= ψ(X) = ψ({nB1 , . . . , n

B
s }) = {ψ(n

B
1 ), . . . , ψ(n

B
s )} =

= {ψ(B−1n1B), . . . , ψ(B−1nsB)} = {ψ(B)−1ψ(n1)ψ(B), . . . , ψ(B)−1ψ(ns)ψ(B)}
(∗)
=

(∗)
= {B

−1
π(n1)B, . . . , B

−1
π(ns)B} = {(n1N

′)B, . . . , (nsN
′)B} = X,

♦♥❞❡ ❡♠ (∗) ✉s❛♠♦s ✭✶✳✷✼✮ ✭♣✳ ✻✼✮✳ ❆ss✐♠✱ X = π(X)✳ ❈♦♠♦ N/N ′ = 〈X〉 = 〈π(X)〉✱ ✉s❛♥❞♦
❛ Pr♦♣♦s✐çã♦ ✶✳✹✵ ✭♣✳ ✻✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

N = 〈X〉. ✭✶✳✸✵✮

❉♦ ❢❛t♦ ❞❡ q✉❡ C/N = 〈c1N, . . . , cmN〉✱ t❡♠♦s q✉❡ C = 〈c1, . . . , cm, N〉 ♣❡❧♦ ▲❡♠❛ ✶✳✸✶ ✭♣✳
✷✺✮✳ ❘❡s✉❧t❛✱ ❛ss✐♠✱ ❞❡ ✭✶✳✸✵✮ ✭♣✳ ✻✽✮ ❡ ❝♦♠♦ B = 〈c1, . . . , cm〉✱ q✉❡

C = 〈c1, . . . , cm, X〉 = 〈c1, . . . , cm, n
B
1 , . . . , n

B
s 〉 = 〈c1, . . . , cm, n1, . . . , ns〉.

P♦rt❛♥t♦✱ C é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❖❜s❡r✈❛çã♦ ✶✳✶✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡G✳ ❚❡♠♦s✱
❡♥tã♦✱ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡

⊗i
Z
G ❞❛❞❛ ♣♦r

(
n∑

j=1

gj1 ⊗ . . .⊗ gji)
f :=

n∑

j=1

gfj1 ⊗ . . .⊗ g
f
ji
,

♣❛r❛ t♦❞♦s f ∈ F, gjk ∈ G✱ ❝♦♠ 1 ≤ j ≤ n ❡ 1 ≤ k ≤ i✱ ♦♥❞❡ n ∈ Z+✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✶✳✶✺ ✭♣✳ ✷✷✮✱ é ✐♠❡❞✐❛t♦ ♠♦str❛r q✉❡ ❞❡ ❢❛t♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❞❡✜♥❡ ✉♠❛ ❛çã♦✳ ❚❛❧ ❛çã♦
é ❞❡♥♦♠✐♥❛❞❛ ❛çã♦ ❞✐❛❣♦♥❛❧ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡

⊗i
Z
G✳ ❉✐③❡♠♦s✱ ❡♥tã♦✱ q✉❡ F ❛❣❡

❞✐❛❣♦♥❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡
⊗i

Z
G✳

✶✳✷✳✹ ❆♥❡✐s ❡ ▼ó❞✉❧♦s ◆♦❡t❤❡r✐❛♥♦s

◆❡st❛ ❙✉❜s❡çã♦ R ❞❡♥♦t❛rá ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
❝♦♠✉t❛t✐✈♦ ❡✱ ❞❛❞♦ n ∈ Z+✱ R[X1, . . . , Xn] ❞❡♥♦t❛rá ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦ q✉❛❧ ❛s ✐♥✲
❝ó❣♥✐t❛s X1, . . . , Xn ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ R ✭♥♦ ❝❛s♦ ❡♠ q✉❡ n = 1✱
❞❡♥♦t❛r❡♠♦s X1 ♣♦r X✱ ✐st♦ é✱ ❞❡♥♦t❛r❡♠♦s R[X1] ♣♦r R[X]✮✳

❚♦❞❛s ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡st❛ ❙✉❜s❡çã♦ ❡♥✈♦❧✈❡♥❞♦ ♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣♦❞❡♠ s❡r
❢❡✐t❛s ❡ ♦❜t✐❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ ♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳

✻✽



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✺✹✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✳ ❯♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ X é ✉♠❛
r❡❧❛çã♦ ❡♠ X ✱ ❞❡♥♦t❛❞❛ ♣♦r �✱ q✉❡ s❛t✐s❢❛③✱ ♣❛r❛ t♦❞♦s x, y, z ∈ X ✱ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✐✮ x � x ✭✐st♦ é✱ � é r❡✢❡①✐✈❛✮❀

✐✐✮ s❡ x � y ❡ y � x✱ ❡♥tã♦ x = y ✭✐st♦ é✱ � é ❛♥t✐ss✐♠étr✐❝❛✮❀

✐✐✐✮ s❡ x � y ❡ y � z✱ ❡♥tã♦ x � z ✭✐st♦ é✱ � é tr❛♥s✐t✐✈❛✮✳

◗✉❛♥❞♦ X é ♠✉♥✐❞♦ ❞❡ ✉♠❛ t❛❧ r❡❧❛çã♦✱ ❞✐③❡♠♦s q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡
♦r❞❡♥❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✺✺✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛ r❡❧❛çã♦ �✳
❉✐③❡♠♦s q✉❡ x0 ∈ X é ✉♠ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ❡♠ X s❡ ♥ã♦ ❡①✐st❡ x ∈ X t❛❧ q✉❡ x0 � x
❡ x0 6= x✳ ❊ ❞✐③❡♠♦s q✉❡ x0 ∈ X é ✉♠ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❡♠ X s❡ ♥ã♦ ❡①✐st❡ x ∈ X t❛❧
q✉❡ x � x0 ❡ x0 6= x✳

❉❡✜♥✐çã♦ ✶✳✺✻✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛ r❡❧❛çã♦ �✳
❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xi)i∈Z+ ❡♠ X é ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❡♠ X s❡ x1 � x2 �
. . . ❡ é ✉♠❛ ❝❛❞❡✐❛ ❞❡s❝❡♥❞❡♥t❡ ❡♠ X s❡ x1 � x2 � . . .✾✳

❉❡✜♥✐çã♦ ✶✳✺✼✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛ r❡❧❛çã♦ �✳
❉✐③❡♠♦s q✉❡ ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ♦✉ ❞❡s❝❡♥❞❡♥t❡ (xi)i∈Z+ ❡♠ X é ❡st❛❝✐♦♥ár✐❛ s❡ ❡①✐st❡
n ∈ Z+ t❛❧ q✉❡ xn = xn+1 = . . .✳

Pr♦♣♦s✐çã♦ ✶✳✹✷✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❡ ✉♠❛ r❡❧❛çã♦ �✳
❙ã♦ ❡q✉✐✈❛❧❡♥t❡s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✐✮ ❚♦❞❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ (xi)i∈Z+ ❡♠ X é ❡st❛❝✐♦♥ár✐❛❀

✐✐✮ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❞❡ X t❡♠ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ✐✮ ✐♠♣❧✐❝❛ ✐✐✮ ♣♦r ❝♦♥tr❛♣♦s✐t✐✈❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛
✉♠ s✉❜❝♦♥❥✉♥t♦ Y ⊆ X t❛❧ q✉❡ Y 6= ∅ ❡ Y ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮✳ ❚♦♠❡♠♦s
y1 ∈ Y ✳ ❈♦♠♦ Y ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮✱ ❡①✐st❡ y2 ∈ Y t❛❧ q✉❡ y1 � y2
✭y1 � y2✮ ❡ y1 6= y2✱ ♠❛s y2 t❛♠❜é♠ ♥ã♦ é ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮ ❞❡ Y ✱ ❧♦❣♦ ❡①✐st❡
y3 ∈ Y t❛❧ q✉❡ y1 � y2 � y3 ✭y1 � y2 � y3✮ ❡ y3 6= y2✳ Pr♦❝❡❞❡♥❞♦ ❞❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s
✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ (yi)i∈Z+ ❡♠ Y ✱ ❝♦♠ yi 6= yi+1✱ ✐st♦ é✱ ♥ã♦ ❡st❛❝✐♦♥ár✐❛✳
❈♦♠♦ t❛❧ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ t❛♠❜é♠ é ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮
❡♠ X ✱ ♦❜t❡♠♦s ❛ ♥❡❣❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✐✮✳

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ✐✐✮ ✐♠♣❧✐❝❛ ✐✮✳ ❙❡❥❛ (xi)i∈Z+ ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥✲
❞❡♥t❡✮ ❡♠ X ❡ ❝♦♥s✐❞❡r❡♠♦s Y = {x1, x2, . . .} ⊆ X ✳ ▲♦❣♦✱ s✉♣♦♥❞♦ ✐✐✮✱ t❡♠♦s q✉❡ Y ♣♦ss✉✐
❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ✭♠✐♥✐♠❛❧✮ xn ∈ Y ✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z+✱ ❞❛í q✉❡ xn = xn+1 = . . .✱ ♦✉ s❡❥❛✱
❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ (xi)i∈Z+ é ❡st❛❝✐♦♥ár✐❛✳

❉❡✜♥✐çã♦ ✶✳✺✽✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ X ♦ ❝♦♥❥✉♥t♦ ❞❡ R✲s✉❜♠ó❞✉❧♦s
❞❡ A ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❛ r❡❧❛çã♦ ⊆✳ ❉✐③❡♠♦s q✉❡ A é ♥♦❡t❤❡r✐❛♥♦ s❡ X s❛✲
t✐s✜③❡r ✉♠❛ ✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮ ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✷ ✭♣✳ ✻✾✮ ❡ ❞✐③❡♠♦s q✉❡ A é
❛rt✐♥✐❛♥♦ s❡ X s❛t✐s✜③❡r ✉♠❛ ✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮ ❝♦♥❞✐çõ❡s ❡♥tr❡ ♣❛rê♥t❡s❡s ❞❛ Pr♦♣♦s✐çã♦
✶✳✹✷ ✭♣✳ ✻✾✮✳

✾❉❛❞♦s x, y ∈ X ✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ x � y ♣❛r❛ ✐♥❞✐❝❛r q✉❡ y � x✳

✻✾



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✺✾✳ ❙❡❥❛ R ✉♠ ❛♥❡❧✳ R é ❞✐t♦ ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ ✭❛rt✐♥✐❛♥♦ à
❞✐r❡✐t❛✮ s❡ R ✈✐st♦ ❝♦♠♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ é ♥♦❡t❤❡r✐❛♥♦ ✭❛rt✐♥✐❛♥♦✮✳

❖❜s❡r✈❛çã♦ ✶✳✶✺✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ X ♦ ❝♦♥❥✉♥t♦ ❞❡ R✲s✉❜♠ó❞✉❧♦s ❞❡ R ✭♦♥❞❡ R é ✈✐st♦
❝♦♠♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✮ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❛ r❡❧❛çã♦ ⊆ ❡ X ′ ♦ ❝♦♥❥✉♥t♦ ❞♦s
✐❞❡❛✐s à ❞✐r❡✐t❛ ❞❡ R ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♠✉♥✐❞♦ ❞❛ r❡❧❛çã♦ ⊆✳ ◆♦t❡♠♦s q✉❡ I ⊆ R é
✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R s❡✱ ❡ s♦♠❡♥t❡ s❡✱ I é R✲s✉❜♠ó❞✉❧♦ ❞❡ R ✭♦♥❞❡ R é ✈✐st♦ ❝♦♠♦ R✲♠ó❞✉❧♦
à ❞✐r❡✐t❛✮✱ ♦✉ s❡❥❛✱ X = X ′✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✺✾ ✭♣✳ ✼✵✮✱ t❡♠♦s q✉❡ R é ❞✐t♦
❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ s❡ X ′ s❛t✐s✜③❡r ✉♠❛ ✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮ ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦
✶✳✹✷ ✭♣✳ ✻✾✮ ❡ ❞✐③❡♠♦s q✉❡ R é ❛rt✐♥✐❛♥♦ à ❞✐r❡✐t❛ s❡ X ′ s❛t✐s✜③❡r ✉♠❛ ✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮
❝♦♥❞✐çõ❡s ❡♥tr❡ ♣❛rê♥t❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✷ ✭♣✳ ✻✾✮✳

▲❡♠❛ ✶✳✹✵✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❡ {Bi : i ∈ I} ✉♠❛ ❢❛♠í❧✐❛ ❞❡

R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❚❡♠♦s q✉❡
⋂

i∈I

Bi é R✲s✉❜♠ó❞✉❧♦ ❞❡ Bi, ∀i ∈ I✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ b1, b2 ∈
⋂

i∈I

Bi ❡ r ∈ R✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ b1, b2 ∈ Bi, ∀i ∈ I✳ ❈♦♠♦

Bi é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ∀i ∈ I✱ s❡❣✉❡ q✉❡ b1r − b2 ∈ Bi, ∀i ∈ I✱ ❧♦❣♦ b1r − b2 ∈
⋂

i∈I

Bi✳

❉❡✜♥✐çã♦ ✶✳✻✵✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ X
✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A ❡ {Bi : i ∈ I} ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s R✲s✉❜♠ó❞✉❧♦s ❞❡ A q✉❡ ❝♦♥tê♠ X✳

❉❡✜♥✐♠♦s ♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ A ❣❡r❛❞♦ ♣♦r X ♣♦r
⋂

i∈I

Bi✳ ❉❡♥♦t❛♠♦s t❛❧ R✲s✉❜♠ó❞✉❧♦

♣♦r
∑

x∈X

xR✱ ♦✉ 〈X〉✳

Pr♦♣♦s✐çã♦ ✶✳✹✸✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A✳

❛✮ ❙❡ X = ∅✱ ❡♥tã♦
∑

x∈X

xR = ✵✳

❜✮ ❙❡ X 6= ∅✱ ❡♥tã♦
∑

x∈X

xR =
{∑

✜♥✐t❛

xiri : ri ∈ R, xi ∈ X
}

✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✶✱ ♣✳ ✷✺❪✳✮

❉❡✜♥✐çã♦ ✶✳✻✶✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❉✐③❡♠♦s q✉❡ A é ✉♠ R✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X = {x1, . . . , xn}
❞❡ A✱ ♦♥❞❡ n ∈ Z+✱ t❛❧ q✉❡

A = x1R + . . .+ xnR.

P♦❞❡r❡♠♦s t❛♠❜é♠ ✉t✐❧✐③❛r ❛ ♥♦t❛çã♦

A = 〈x1, . . . , xn〉,

❛♦ ✐♥✈és ❞❡
〈
{x1, . . . , xn}

〉
✳

✼✵



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

Pr♦♣♦s✐çã♦ ✶✳✹✹✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ A,B R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ ϕ : A → B ✉♠ ❤♦✲
♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❙❡ A é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
❝♦♠ A = x1R + . . . + xnR✱ ❡♥tã♦ φ(A) é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠
ϕ(A) = ϕ(x1)R + . . . + ϕ(xn)R✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ B é ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ A ❡ A é R✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠ A = x1R + . . . + xnR✱ ❡♥tã♦ A/B é ✉♠ R✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠ A/B = (x1 +B)R + . . .+ (xn +B)R✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡①✐st❡♠ n ∈ Z+ ❡ x1, . . . ,
xn ∈ A t❛✐s q✉❡ A = x1R + . . . + xnR✳ ❙❡❥❛ z ∈ ϕ(A)✱ t❡♠♦s q✉❡ z = ϕ(x)✱ ❝♦♠ x ∈ A✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✸ ❜✮ ✭♣✳ ✼✵✮✱ s❡❣✉❡ q✉❡ x =
n∑

i=1

xiri✱ ♦♥❞❡ ri ∈ R✱ ❧♦❣♦ z = ϕ(x) =

ϕ(
n∑

i=1

xiri) =
n∑

i=1

ϕ(xi)ri ∈ ϕ(x1)R + . . . + ϕ(xn)R✳ ❈♦♠♦ z ∈ ϕ(A) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱

s❡❣✉❡ q✉❡ ϕ(A) = ϕ(x1)R + . . . + ϕ(xn)R✱ ✐st♦ é✱ ϕ(A) é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳

❙❡ B é ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ A ❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❜❛st❛ ❛♣❧✐❝❛r
♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣❛r❛ ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

▲❡♠❛ ✶✳✹✶✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ B ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ A ❡ X ✉♠
s✉❜❝♦♥❥✉♥t♦ ❞❡ A✳ ❙❡ A/B =

〈
{x+B ∈ A/B : x ∈ X}

〉
✱ ❡♥tã♦ A = 〈X ∪ B〉✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p : A։ A/B ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳
❉❛❞♦ a ∈ A✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✸ ❜✮ ✭♣✳ ✼✵✮✱ t❡♠♦s q✉❡ p(a) =

∑

✜♥✐t❛

(x+B)rx✱ ❝♦♠ rx ∈ R ❡

x ∈ X✱ ❧♦❣♦ p(a) = (
∑

✜♥✐t❛

xrx)+B✳ P♦r ♦✉tr♦ ❧❛❞♦✱ p(a) = a+B✳ ❆ss✐♠✱ a+B = (
∑

✜♥✐t❛

xrx)+B✱

✐st♦ é✱ a = b0 +
∑

✜♥✐t❛

xrx✱ ♣❛r❛ ❛❧❣✉♠ b0 ∈ B ❡✱ ♣♦rt❛♥t♦✱ a ∈ 〈X ∪ B〉✳ ❈♦♠♦ a ∈ A ❢♦✐

t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ A = 〈X ∪ B〉✳

Pr♦♣♦s✐çã♦ ✶✳✹✺✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
♥♦❡t❤❡r✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A s❡❥❛ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦✳ ❙❡❥❛ B ✉♠ R✲
s✉❜♠ó❞✉❧♦ ❞❡ A ❛r❜✐trár✐♦ ❡ s❡❥❛ X ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s R✲s✉❜♠ó❞✉❧♦s ❞❡ B ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦s✳ ❖❜s❡r✈❡♠♦s q✉❡ X 6= ∅✱ ♣♦✐s ♦ R✲s✉❜♠ó❞✉❧♦ ✵ ♣❡rt❡♥❝❡ ❛ X ✳ ❈♦♠♦ A é ♥♦❡t❤❡r✐❛♥♦✱
s❡❣✉❡ q✉❡ X ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ B0 ∈ X ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ B 6= B0✳ ▲♦❣♦✱ ❡①✐st❡ b ∈ B
t❛❧ q✉❡ b /∈ B0✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❡♥tã♦✱ ♦ R✲s✉❜♠ó❞✉❧♦ B0 + bR✳ ❙❡❣✉❡ q✉❡ B0 $ B0 + bR
❡ B0 + bR é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ B0✳ ❆ss✐♠✱
❝♦♥❝❧✉í♠♦s q✉❡ B = B0 ❡✱ ♣♦rt❛♥t♦✱ B é R✲s✉❜♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ t♦❞♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ A s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛ B1 ⊆ B2 ⊆

. . . ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ R✲s✉❜♠ó❞✉❧♦s ❞❡ A✳ ❉❡✜♥❛♠♦s B :=
∞⋃

i=1

Bi✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

B é R✲s✉❜♠ó❞✉❧♦ ❞❡ A✱ ♣♦rt❛♥t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ x1, . . . , xs ♦s ❣❡r❛❞♦r❡s ❞❡ B✱
♦♥❞❡ s ∈ Z+✱ ♦✉ s❡❥❛✱ B = x1R+. . .+xsR✳ ▲♦❣♦✱ ❡①✐st❡ n ∈ Z+ t❛❧ q✉❡ x1, . . . , xs ∈ Bn✳ ❈♦♠♦
x1, . . . , xs ❣❡r❛♠ Bj✱ ❝♦♠ j ∈ Z+ ❡ j ≥ n + 1✱ s❡❣✉❡ q✉❡ Bn = Bn+1 = . . .✳ ❆ss✐♠✱ ❛ ❝❛❞❡✐❛
❛s❝❡♥❞❡♥t❡ (Bi)i∈Z+ é ❡st❛❝✐♦♥ár✐❛ ❡✱ ♣♦rt❛♥t♦✱ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦✳
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✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

Pr♦♣♦s✐çã♦ ✶✳✹✻✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡ R
é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱ ❡♥tã♦ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ B ✉♠ R✲s✉❜♠ó❞✉❧♦ ❛r❜✐trár✐♦ ❞❡ A ❡✱ ❝♦♠♦ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ A = x1R + . . . + xnR✱ ♦♥❞❡ n ∈ Z+ ❡ xi ∈ A✱ ❝♦♠
1 ≤ i ≤ n✳ ❱❛♠♦s ♠♦str❛r q✉❡ B é R✲s✉❜♠ó❞✉❧♦ ❞❡ A ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ✉s❛♥❞♦ ✐♥❞✉çã♦
s♦❜r❡ n ∈ Z+✱ ✐st♦ é✱ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ A✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮
t❡r❡♠♦s q✉❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦✳

P❛r❛ ♦ ❝❛s♦ n = 1✱ t❡♠♦s q✉❡ A = x1R✳ ❈♦♥s✐❞❡r❛♥❞♦ R ❝♦♠♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ s❡❣✉❡
q✉❡ ϕ : R → A ❞❡✜♥✐❞❛ ♣♦r ϕ(r) = x1r é ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❈♦♠♦ B
é R✲s✉❜♠ó❞✉❧♦ ❞❡ A✱ t❡♠♦s q✉❡ ϕ−1(B) é R✲s✉❜♠ó❞✉❧♦ ❞❡ R✳ ❱✐st♦ q✉❡ R é R✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ−1(B) é R✲s✉❜♠ó❞✉❧♦ ❞❡
R ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ✐st♦ é✱ ϕ−1(B) = r1R+ . . .+rsR✱ ♦♥❞❡ s ∈ Z+ ❡ ri ∈ R✱ ❝♦♠ 1 ≤ i ≤ s✳
P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✹ ✭♣✳ ✼✶✮✱ B = ϕ(ϕ−1(B)) = ϕ(r1)R + . . . + ϕ(rs)R✱ ♦✉
s❡❥❛✱ B é R✲s✉❜♠ó❞✉❧♦ ❞❡ A ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

P❛r❛ ♦ ❝❛s♦ n > 1✱ s❡❥❛ p : A։ A/x1R ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✳ ❈♦♠♦ A = x1R + . . .+ xnR✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✹ ✭♣✳ ✼✶✮✱ s❡❣✉❡ q✉❡

A/x1R = (x2 + x1R)R + . . .+ (xn + x1R)R,

✐st♦ é✱ A/x1R é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠ n − 1 ❣❡r❛❞♦r❡s✳ P❡❧❛ ❤✐♣ót❡s❡
❞❡ ✐♥❞✉çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ p(B) é R✲s✉❜♠ó❞✉❧♦ ❞❡ p(A) = A/x1R ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❙✉♣♦♥❤❛♠♦s✱ ❡♥tã♦✱ q✉❡ p(B) = (y1+x1R)R+ . . .+(ys+x1R)R✱ ♦♥❞❡ s ∈ Z+ ❡ yj ∈ B✱ ❝♦♠
1 ≤ j ≤ s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ x1R é R✲s✉❜♠ó❞✉❧♦ ❞❡ A ❝♦♠ ❛♣❡♥❛s ✉♠ ❣❡r❛❞♦r ✭x1 ∈ A✮✱
♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ B ∩ x1R✱ q✉❡ é R✲s✉❜♠ó❞✉❧♦ ❞❡ x1R✱ é
t❛♠❜é♠ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♦✉ s❡❥❛✱ B∩x1R = z1R+ . . .+ztR✱ ♦♥❞❡ t ∈ Z+ ❡ zk ∈ B∩x1R✱
❝♦♠ 1 ≤ k ≤ t✳ ❱❛♠♦s ♠♦str❛r✱ ❡♥tã♦✱ q✉❡ B = y1R + . . .+ ysR + z1R + . . .+ ztR✳

❉❛❞♦ b ∈ B✱ t❡♠♦s q✉❡ b+ x1R = p(b) =
s∑

j=1

(yj + x1R)rj✱ ♦♥❞❡ rj ∈ R✳ ▲♦❣♦✱ b+ x1R =

(
s∑

j=1

yjrj)+x1R✱ ✐st♦ é✱ b−
s∑

j=1

yjrj ∈ B∩x1R✳ ❆❣♦r❛✱ ❝♦♠♦ B∩x1R = z1R+ . . .+ztR✱ s❡❣✉❡

q✉❡ b−
s∑

j=1

yjrj =
t∑

k=1

zksk✱ ♦♥❞❡ sk ∈ R✱ ❡✱ ♣♦rt❛♥t♦✱ b = (
s∑

j=1

yjrj)+(
t∑

k=1

zksk)✳ ❈♦♠♦ b ∈ B

❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ B = y1R+ . . .+ ysR+ z1R+ . . .+ ztR ❡✱ ♣♦rt❛♥t♦✱ B
é R✲s✉❜♠ó❞✉❧♦ ❞❡ A ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✹✼✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ B
✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ A✳ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ B ❡
A/B sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A s❡❥❛ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✹✹ ✭♣✳ ✼✶✮✱ A/B é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❆❣♦r❛✱ ❝♦♠♦ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ R é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐✲
r❡✐t❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✻ ✭♣✳ ✼✷✮✱ t❡♠♦s q✉❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♥♦❡t❤❡r✐❛♥♦ ❡✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮✱ s❡❣✉❡ q✉❡ B é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
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❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ B ❡ A/B sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❊♥tã♦✱
♣❡❧♦ ▲❡♠❛ ✶✳✹✶ ✭♣✳ ✼✶✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❖❜s❡r✈❛çã♦ ✶✳✶✻✳ ❖❜s❡r✈❡♠♦s q✉❡ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ R é
♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛♣❡♥❛s ♣❛r❛ ♠♦str❛r q✉❡B é R✲s✉❜♠ó❞✉❧♦ ❞❡ A ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ q✉❛♥❞♦ A é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

◆♦t❛çã♦ ✶✳✶✻✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ I ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R✳ ❉❡♥♦t❛r❡♠♦s

I = (x1, . . . , xn) = x1R + . . .+ xnR

♥♦ ❝❛s♦ ❡♠ q✉❡ I é ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R ❣❡r❛❞♦ ♣♦r x1, . . . , xn ∈ I✱ ♦♥❞❡ n ∈ Z+✳

▲❡♠❛ ✶✳✹✷✳ ❙❡❥❛ R ✉♠ ❛♥❡❧✳ ❊♥tã♦✱ R é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞❛

s❡q✉ê♥❝✐❛ (xj)j∈Z+ ❡♠ R✱ ❡①✐st❡♠ n ∈ Z+ ❡ r1, . . . , rn ∈ R t❛✐s q✉❡ xn+1 =
n∑

j=1

xjrj✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ R s❡❥❛ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✳ ❙❡❥❛ (xj)j∈Z+ ✉♠❛ s❡q✉ê♥❝✐❛
❡♠ R✳ ❉❡✜♥❛♠♦s✱ ∀n ∈ Z+✱ ✐❞❡❛✐s à ❞✐r❡✐t❛ In := (x1, . . . , xn)✱ ✐st♦ é✱ In é ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R
❣❡r❛❞♦ ♣♦r x1, . . . , xn ∈ In✳ ❙❡❣✉❡ q✉❡ I1 ⊆ I2 ⊆ . . .✱ ♦✉ s❡❥❛✱ (Ij)j∈Z+ é ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡
❞❡ ✐❞❡❛✐s à ❞✐r❡✐t❛ ❞❡ R✱ ❡ ❝♦♠♦ R é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱ t❡♠♦s q✉❡ t❛❧ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ é
❡st❛❝✐♦♥ár✐❛✱ ❧♦❣♦ ❡①✐st❡ n ∈ Z+ t❛❧ q✉❡ In = In+1 = . . .✱ ♣♦rt❛♥t♦ xn+1 ∈ In+1 = In ❡✱ ❛ss✐♠✱

❡①✐st❡♠ r1, . . . , rn ∈ R t❛✐s q✉❡ xn+1 =
n∑

j=1

xjrj✳

❉❡♠♦♥str❡♠♦s ❛ ❛✜r♠❛çã♦ r❡❝í♣r♦❝❛ ♣♦r ❝♦♥tr❛♣♦s✐t✐✈❛✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ R ♥ã♦
s❡❥❛ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✳ ▲♦❣♦✱ ❡①✐st❡ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ (Ij)j∈Z+ ❞❡ ✐❞❡❛✐s à ❞✐r❡✐t❛ ❞❡ R
♥ã♦✲❡st❛❝✐♦♥ár✐❛✱ ✐st♦ é✱ I1 $ I2 $ . . .✳ ❆❣♦r❛✱ ∀n ∈ Z+✱ t♦♠❡♠♦s xn+1 ∈ In+1 t❛❧ q✉❡

xn+1 /∈ In✱ ♦✉ s❡❥❛✱ (xj)j∈Z+ é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ R t❛❧ q✉❡ xn+1 6=
n∑

j=1

xjrj✱ ♣❛r❛ t♦❞♦ rj ∈ R✱

❞♦ ❝♦♥trár✐♦ xn+1 ∈ In✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ (xj)j∈Z+ ✳

❚❡♦r❡♠❛ ✶✳✷✵ ✭❚❡♦r❡♠❛ ❞❛ ❇❛s❡ ❞❡ ❍✐❧❜❡rt✮✳ ❙❡❥❛ R ✉♠ ❛♥❡❧✳ ❙❡ R é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱
❡♥tã♦ R[X] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ ✭❆q✉✐ R[X] ❞❡♥♦t❛ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦ q✉❛❧ ❛
✐♥❝ó❣♥✐t❛ X ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ R✮✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✺ ✭♣✳ ✼✵✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮ ❜❛st❛ ♠♦str❛r♠♦s
q✉❡ t♦❞♦ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R[X] é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❋❛ç❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ❛❜s✉r❞♦✳
❙❡♥❞♦ ❛ss✐♠✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ I ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ R[X] q✉❡ ♥ã♦ s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
◆♦t❡♠♦s q✉❡✱ ❝♦♠♦ I ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ I 6= (0) ✭✐❞❡❛❧ à ❞✐r❡✐t❛ tr✐✈✐❛❧✮✳ ❙❡❥❛ p1 ∈ I
t❛❧ q✉❡ grau(p1) s❡❥❛ ♠í♥✐♠♦✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ pn+1 ∈ I − (p1, . . . , pn) t❛❧ q✉❡ grau(pn+1)
s❡❥❛ ♠í♥✐♠♦✳ ❖❜s❡r✈❡♠♦s q✉❡✱ ∀n ∈ Z+✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠ t❛❧ pn+1 ∈ I− (p1, . . . , pn)✱ ✉♠❛
✈❡③ q✉❡ I − (p1, . . . , pn) 6= ∅, ∀n ∈ Z+✱ ❞♦ ❝♦♥trár✐♦ I = (p1, . . . , pm)✱ ♣❛r❛ ❛❧❣✉♠ m ∈ Z+ ❡✱
♣♦rt❛♥t♦✱ I s❡r✐❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❘❡♣❛r❡♠♦s q✉❡

grau(p1) ≤ grau(p2) ≤ . . . .

❙❡❥❛ a1n ∈ R ♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ❞❡ pn ∈ I ✭✐st♦ é✱ ♦ ❝♦❡✜❝✐❡♥t❡ q✉❡ ❢❛③ ♣❛rt❡ ❞♦ ♠♦♥ô♠✐♦
q✉❡ ❞á ♦ ❣r❛✉ ❞❡ pn✮✳ ❚❡♠♦s✱ ❡♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ (a1j)j∈Z+ ❡♠ R✳ ❈♦♠♦ R é ♥♦❡t❤❡r✐❛♥♦ à
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✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❞✐r❡✐t❛ ♣♦r ❤✐♣ót❡s❡ ❡ ♣❡❧♦ ▲❡♠❛ ✶✳✹✷ ✭♣✳ ✼✸✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ s ∈ Z+ ❡ r1, . . . , rs ∈ R t❛✐s

q✉❡ a1s+1 =
s∑

j=1

a1jrj✱ ✐st♦ é✱

a1s+1 −
s∑

j=1

a1jrj = 0. ✭✶✳✸✶✮

❉❡✜♥❛♠♦s

p := ps+1 −
s∑

j=1

pjrjx
grau(ps+1)−grau(pj).

❈❧❛r❛♠❡♥t❡✱ t❡♠♦s q✉❡ p ∈ I ❡ t❛♠❜é♠ q✉❡ p /∈ (p1, . . . , ps)✱ ❞♦ ❝♦♥trár✐♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ p✱
t❡rí❛♠♦s q✉❡ ps+1 ∈ (p1, . . . , ps)✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ (pj)j∈Z+ ❡♠ R[x]✳
❉❛í q✉❡ p ∈ I − (p1, . . . , ps)✳ ❆❣♦r❛✱ grau(p) < grau(ps+1)✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦✈❛♠❡♥t❡ ❛
❝♦♥str✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ (pj)j∈Z+ ❡♠ R[X]✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❞❡ ❢❛t♦ grau(p) < grau(ps+1)✳

❙❡ pj = a1jx
nj + a2jx

nj−1 + . . .+ a
nj+1
j ✱ ♦♥❞❡ grau(pj) = nj✱ ❡♥tã♦

p = ps+1 −
s∑

j=1

pjrjx
ns+1−nj =

(a1s+1x
ns+1 + a2s+1x

ns+1−1 + . . .+ a
ns+1+1
s+1 )−

s∑

j=1

(a1jx
nj + a2jx

nj−1 + . . .+ a
nj+1
j )rjx

ns+1−nj =

(a1s+1x
ns+1 + a2s+1x

ns+1−1 + . . .+ a
ns+1+1
s+1 )−

s∑

j=1

(a1jx
ns+1 + a2jx

ns+1−1 + . . .+ a
nj+1
j xns+1−nj)rj =

(a1s+1x
ns+1 + a2s+1x

ns+1−1 + . . .+ a
ns+1+1
s+1 )− (

s∑

j=1

a1jrjx
ns+1)−

s∑

j=1

(a2jx
ns+1−1 + . . .+ a

nj+1
j xns+1−nj)rj

(1.31)
=

(a2s+1x
ns+1−1 + . . .+ a

ns+1+1
s+1 )−

s∑

j=1

(a2jx
ns+1−1 + . . .+ a

nj+1
j xns+1−nj)rj.

❆ss✐♠✱
grau(p) ≤ ns+1 − 1 = grau(ps+1)− 1 < grau(ps+1),

❧♦❣♦ grau(p) < grau(ps+1)✳ ❈♦♠♦ ♦❜t❡♠♦s t❛❧ ❝♦♥tr❛❞✐çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ t♦❞♦ ✐❞❡❛❧ à
❞✐r❡✐t❛ ❞❡ R[X] é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❈♦r♦❧ár✐♦ ✶✳✼✳ ❙❡❥❛ R ✉♠ ❛♥❡❧✳ ❙❡ R é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱ ❡♥tã♦✱ ❞❛❞♦ n ∈ Z+✱
R[X1, . . . , Xn] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ ✭❆q✉✐ R[X1, . . . , Xn] ❞❡♥♦t❛ ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s
♥♦ q✉❛❧ ❛s ✐♥❝ó❣♥✐t❛s X1, . . . , Xn ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ R✮✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❛♥❞♦ q✉❡ ♣♦r ❞❡✜♥✐çã♦

R[X1, . . . , Xn] := (R[X1, . . . , Xn−1])[Xn]

❝♦♠ R[X1, . . . , Xn−1] := R s❡ n = 1✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣♦r ✐♥❞✉çã♦ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ ♦ ❝❛s♦
n = 1✱ ✐st♦ é✱ ♣❛r❛ R[X] ♦ ❚❡♦r❡♠❛ ✶✳✷✵ ✭♣✳ ✼✸✮✳
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✶✳✷✳✺ ❆♥❡❧ ❞❡ ❋r❛çã♦ ❡ ▲♦❝❛❧✐③❛çã♦

◆❡st❛ ❙✉❜s❡çã♦ K ❞❡♥♦t❛rá ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡✱ ❞❛❞♦
n ∈ Z+✱ K[X1, . . . , Xn] ❞❡♥♦t❛rá ♦ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦ q✉❛❧ ❛s ✐♥❝ó❣♥✐t❛s
X1, . . . , Xn ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ K ✭♥♦ ❝❛s♦ ❡♠ q✉❡ n = 1✱ ❞❡♥♦t❛r❡♠♦s
X1 ♣♦r X✱ ✐st♦ é✱ ❞❡♥♦t❛r❡♠♦s K[X1] ♣♦r K[X]✮✳

❖❜s❡r✈❡♠♦s q✉❡✱ s❡♥❞♦ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ ❡♥tã♦ ♦s ✐❞❡❛✐s à ❞✐r❡✐t❛ ❞❡ K ❡ ♦s ✐❞❡❛✐s
à ❡sq✉❡r❞❛ ❞❡ K ❝♦✐♥❝✐❞❡♠✱ ❞❛í q✉❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✺ ✭♣✳ ✼✵✮✱ t❡♠♦s q✉❡ K é ✉♠ ❛♥❡❧
♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ K é ✉♠ ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❡sq✉❡r❞❛✳ ❆ss✐♠✱ ❝❛s♦ K
♣♦ss✉❛ ✉♠❛ ❞❡ss❛s ♣r♦♣r✐❡❞❛❞❡s ✭❡✱ ♣♦rt❛♥t♦✱ ♣♦ss✉❛ ❛s ❞✉❛s✮ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡ q✉❡ K
é ✉♠ ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳

❉❡✜♥✐çã♦ ✶✳✻✷✳ ❙❡❥❛ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✳ ❯♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ S ⊆ K é ✉♠
❝♦♥❥✉♥t♦ t❛❧ q✉❡ 1 ∈ S✱ 0 /∈ S ❡ q✉❡ é ❢❡❝❤❛❞♦ ❡♠ r❡❧❛çã♦ à ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ K✱ ♦✉ s❡❥❛✱
∀s1, s2 ∈ S, s1s2 ∈ S✳ ❉✐t♦ ❞❡ ♦✉tr❛ ❢♦r♠❛✱ S ⊆ K é ✉♠ ♠♦♥ó✐❞❡ ♥ã♦ ❝♦♥t❡♥❞♦ ♦ ❡❧❡♠❡♥t♦
0 ∈ K✳

❉❡✜♥✐çã♦ ✶✳✻✸✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❉❡✜✲
♥❛♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ∼ ❡♠ K × S✿

(x1, s1) ∼ (x2, s2)⇔ ∃t ∈ S t❛❧ q✉❡ (x1s2 − x2s1)t = 0.

▲❡♠❛ ✶✳✹✸✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❆ r❡❧❛çã♦
∼ ❡♠ K × S ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✻✸ ✭♣✳ ✼✺✮ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡♠♦♥str❛çã♦✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ∼ é r❡✢❡①✐✈❛ ❡ s✐♠étr✐❝❛✳ P❛r❛ ♠♦str❛r♠♦s q✉❡ ∼ é tr❛♥s✐t✐✈❛✱
s❡❥❛♠ (x1, s1), (x2, s2), (x3, s3) ∈ K×S t❛✐s q✉❡ (x1, s1) ∼ (x2, s2) ❡ (x2, s2) ∼ (x3, s3)✳ ❊♥tã♦✱
❡①✐st❡♠ t1, t2 ∈ S t❛✐s q✉❡ (x1s2 − x2s1)t1 = 0 ❡ (x2s3 − x3s2)t2 = 0✱ ❞❛í q✉❡ ❞❡st❛ ú❧t✐♠❛
❡q✉❛çã♦ x2s3t2 = x3s2t2✳ ❆❣♦r❛✱ (x1s2 − x2s1)t1t2s3 = 0✱ ❧♦❣♦ x1s2t1t2s3 − x2s1t1t2s3 = 0✱
s✉❜st✐t✉✐♥❞♦ t❡♠♦s q✉❡ x1s2t1t2s3 − x3s2t2s1t1 = 0✱ ✐st♦ é✱ (x1s3 − x3s1)s2t1t2 = 0✱ ❝♦♠♦ S é
❢❡❝❤❛❞♦ ♣❡❧❛ ♠✉❧t✐♣❧✐çã♦ ❞❡ K✱ t❡♠♦s q✉❡ s2t1t2 ∈ S ❡✱ ♣♦rt❛♥t♦✱ (x1, s1) ∼ (x3, s3)✳

◆♦t❛çã♦ ✶✳✶✼✳ ❙❡♥❞♦ K,S ❡ ∼ ❝♦♠♦ ❛❝✐♠❛✱ ❞❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛✲
❧ê♥❝✐❛ ❝♦♠ r❡❧❛çã♦ ❛ ∼ ♣♦r S−1K ❡✱ ❞❛❞♦ (x, s) ∈ K×S✱ ❞❡♥♦t❛r❡♠♦s ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
❞❡ (x, s) ♣♦r x/s✳

❚❡♦r❡♠❛ ✶✳✷✶✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❚❡✲
♠♦s q✉❡ S−1K é ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ ♦♥❞❡✱ ❞❛❞❛s ❛s ❝❧❛ss❡s ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ x1/s1, x2/s2 ∈ S

−1K✱ ❛ s♦♠❛ ✭❞❡♥♦t❛❞❛ ♣♦r +✮ é ❞❡✜♥✐❞❛ ♣♦r x1/s1 + x2/s2 :=
(x1s2+x2s1)/s1s2 ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✭❞❡♥♦t❛❞❛ ♣♦r ·✮ é ❞❡✜♥✐❞❛ ♣♦r x1/s1 ·x2/s2 = x1x2/s1s2✳

S−1K ♠✉♥✐❞♦ ❞❡ t❛✐s ♦♣❡r❛çõ❡s é ❞❡♥♦♠✐♥❛❞♦ ❛♥❡❧ ❞❡ ❢r❛çõ❡s ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛
S✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❛s ♦♣❡r❛çõ❡s + ❡ · ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s✳
❙❡❥❛♠ x1/s1, x2/s2, y1/t1, y2/t2 ∈ S

−1K t❛✐s q✉❡ x1/s1 = y1/t1 ❡ x2/s2 = y2/t2✳ ❊♥tã♦✱
❡①✐st❡♠ u, v ∈ S t❛✐s q✉❡

(x1t1 − y1s1)u = 0 ❡ (x2t2 − y2s2)v = 0. ✭✶✳✸✷✮
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❚❡♠♦s✱ ❡♥tã♦✱ ♣♦r ✭✶✳✸✷✮ q✉❡ (x1t1 − y1s1)uvt2s2 = 0 ❡ (x2t2 − y2s2)vut1s1 = 0✱ ❧♦❣♦ (x1t1 −
y1s1)uvt2s2 +(x2t2− y2s2)vut1s1 = 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ (x1t1t2s2− y1s1t2s2)uv+(x2t2t1s1−
y2s2t1s1)uv = 0✱ r❡s✉❧t❛♥❞♦ q✉❡ [(x1s2 + x2s1)t1t2 − (y1t2 + y2t1)s1s2]uv = 0✳ ❈♦♠♦ S é
❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ s❡❣✉❡ q✉❡ uv ∈ S ❡✱ ♣♦rt❛♥t♦✱ (x1s2+x2s1)/s1s2 = (y1t2+y2t1)/t1t2✱
✐st♦ é✱ x1/s1 + x2/s2 = y1/t1 + y2/t2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✶✳✸✷✮ t❡♠♦s t❛♠❜é♠ q✉❡ (x1t1 −
y1s1)uvx2t2 = 0 ❡ (x2t2−y2s2)vuy1s1 = 0✱ ❧♦❣♦ (x1t1−y1s1)uvx2t2+(x2t2−y2s2)vuy1s1 = 0✱
♦ q✉❡ ❛❝❛rr❡t❛ q✉❡ (x1x2t1t2 − y1s1x2t2 + x2t2y1s1 − y1y2s1s2)uv = 0✱ ✐st♦ é✱ (x1x2t1t2 +
y1y2s1s2)uv = 0✱ ♣♦rt❛♥t♦✱ x1x2/s1s2 = y1y2/t1t2 ❡✱ ❛ss✐♠✱ x1/s1 · x2/s2 = y1/t1 · y2/t2✳

➱ ❢á❝✐❧ ✈❡r q✉❡ + ❡ · s❛t✐s❢❛③❡♠ ♦s ❛①✐♦♠❛s ♥❡❝❡ssár✐♦ ♣❛r❛ t♦r♥❛r S−1K ✉♠ ❛♥❡❧ ❛ss♦❝✐✲
❛t✐✈♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳

◆♦t❡♠♦s q✉❡ 0/1 ∈ S−1K é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❛❞✐t✐✈♦ ❞❡ S−1K✱ ♦♥❞❡ 0/1 = 0/s, ∀s ∈ S✱
❡ 1/1 ∈ S−1K é ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ S−1K✱ ♦♥❞❡ 1/1 = s/s, ∀s ∈ S✳

Pr♦♣♦s✐çã♦ ✶✳✹✽✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳
❊♥tã♦✱ λ : K → S−1K ❞❡✜♥✐❞❛ ♣♦r λ(x) = x/1, ∀x ∈ K✱ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s ❡ λ(s) é
✐♥✈❡rtí✈❡❧ ❡♠ S−1K, ∀s ∈ S✳

❉❡♥♦♠✐♥❛♠♦s λ ❞❡ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❧♦❝❛❧✐③❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ λ(1) = 1/1✱ q✉❡ é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ S−1K✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s
x1, x2 ∈ K✱ λ(x1 + x2) = (x1 + x2)/1 = x1/1 + x2/1 = λ(x1) + λ(x2) ❡ λ(x1x2) = x1x2/1 =
x1/1 · x2/1 = λ(x1)λ(x2)✳ ▲♦❣♦✱ λ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s✳

❆❣♦r❛✱ ❞❛❞♦ s ∈ S✱ λ(s) = s/1✳ ▼❛s✱ s/1 · 1/s = s/s = 1/1✱ ✐st♦ é✱ λ(s) é ✐♥✈❡rtí✈❡❧ ❡♠
S−1K✳

Pr♦♣♦s✐çã♦ ✶✳✹✾✳ ❙❡❥❛♠ K ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ K✳ ❙❡
K é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✱ ❡♥tã♦ ♦ ❛♥❡❧ ❞❡ ❢r❛çõ❡s S−1K ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S é t❛♠❜é♠ ❛♥❡❧
♥♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ λ : K → S−1K ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ ✭♣✳
✼✻✮ ❞❛❞♦ ♣♦r λ(x) = x/1, ∀x ∈ K✳ ❙❡❥❛ t❛♠❜é♠ J ✉♠ ✐❞❡❛❧ ❛r❜✐trár✐♦ ❞❡ S−1K✱ ❧♦❣♦ λ−1(J)
é ✐❞❡❛❧ ❞❡ K✳ ❱❛♠♦s ♠♦str❛r q✉❡

J = S−1λ−1(J),

♦♥❞❡ S−1λ−1(J) = {x/s ∈ S−1K : s ∈ S ❡ x ∈ λ−1(J)}✳ ❙❡ x/s ∈ J ✱ ❝♦♠ x ∈ K ❡ s ∈ S✱
❡♥tã♦ s/1 ·x/s = s/s ·x/1 = x/1 = λ(x) ∈ J ✱ ♣♦✐s J é ✐❞❡❛❧ ❞❡ S−1K ❡✱ ♣♦rt❛♥t♦✱ x ∈ λ−1(J)✳
■ss♦ ♠♦str❛ q✉❡ J ⊆ S−1λ−1(J)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ λ−1(J)✱ ❡♥tã♦ λ(x) = x/1 ∈ J ❡✱
♣♦rt❛♥t♦✱ ❝♦♠♦ J é ✐❞❡❛❧ ❞❡ S−1K✱ ❞❛❞♦ s ∈ S✱ 1/s · x/1 = x/s ∈ J ✱ ♦ q✉❡ ♠♦str❛ q✉❡
S−1λ−1(J) ⊆ J ✳

❆❣♦r❛✱ s❡ K é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✱ ❡♥tã♦ λ−1(J)✱ q✉❡ é ✐❞❡❛❧ ❞❡ K✱ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✺ ✭♣✳ ✼✵✮✱ ♦✉ s❡❥❛✱ λ−1(J) = (x1, . . . , xn)✱ ♦♥❞❡

n ∈ Z+ ❡ xi ∈ K✱ ❝♦♠ 1 ≤ i ≤ n✳ ❆ss✐♠✱ ❞❛❞♦ x/s ∈ S−1λ−1(J)✱ t❡♠♦s q✉❡ x =
n∑

i=1

yixi✱ ❝♦♠

yi ∈ K✱ ❧♦❣♦ x/s = (
n∑

i=1

yixi)/s =
n∑

i=1

(yi/s · xi/1)✱ ♦✉ s❡❥❛✱ S−1λ−1(J) = (x1/1, . . . , xn/1)✳

❈♦♠♦ J = S−1λ−1(J)✱ s❡❣✉❡ q✉❡ J = (x1/1, . . . , xn/1)✳ P♦rt❛♥t♦✱ t♦❞♦ ✐❞❡❛❧ J ❞❡ S−1K é
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✺ ✭♣✳ ✼✵✮✱
s❡❣✉❡ q✉❡ S−1K é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳
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❉❡✜♥✐çã♦ ✶✳✻✹✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ K[X1, . . . , Xn] ♦ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❞❡ ♣♦❧✐♥ô✲
♠✐♦s ❝♦♠ n ∈ Z+ ❡ S = {Xj1

1 X
j2
2 . . . Xjn

n ∈ K[X1, . . . , Xn] : jl ∈ Z+ ∪ {0} ❡ 1 ≤ l ≤ n}✱
q✉❡ é ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ K[X1, . . . , Xn]✳ ❖ ❛♥❡❧ ❞❡ ❢r❛çõ❡s S−1K[X1, . . . , Xn] ❞❡
K[X1, . . . , Xn] ❝♦♠ r❡s♣❡✐t♦ ❛ S é ❞❡♥♦t❛❞♦ ♣♦r K[X1, X

−1
1 , . . . , Xn, X

−1
n ] ❡ é ❝❤❛♠❛❞♦ ❞❡

❛♥❡❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t✳

Pr♦♣♦s✐çã♦ ✶✳✺✵✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ K[X1, . . . , Xn] ♦ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❞❡ ♣♦✲
❧✐♥ô♠✐♦s ❝♦♠ n ∈ Z+ ❡

S = {Xj1
1 X

j2
2 . . . Xjn

n ∈ K[X1, . . . , Xn] : jl ∈ Z+ ∪ {0} ❡ 1 ≤ l ≤ n},

q✉❡ é ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ K[X1, . . . , Xn]✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ ❢❛t♦✿ s❡ K é ♥♦❡t❤❡r✐❛♥♦✱
❡♥tã♦ K[X1, X

−1
1 , . . . , Xn, X

−1
n ] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✼ ✭♣✳ ✼✹✮✱ s❡❣✉❡ q✉❡ K[X1, . . . , Xn] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✱ ❧♦❣♦✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✾ ✭♣✳ ✼✻✮✱ ♦ ❛♥❡❧ ❞❡ ❢r❛çõ❡s S−1K[X1, . . . , Xn] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✱ ✐st♦ é✱
K[X1, X

−1
1 , . . . , Xn, X

−1
n ] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳

Pr♦♣♦s✐çã♦ ✶✳✺✶✳ ❙❡❥❛♠ Q ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❞❡ ♣♦st♦ ❧✐✈r❡ ❞❡ t♦rçã♦ n (n ∈ Z+) ❝✉❥❛
♦♣❡r❛çã♦ ❜✐♥ár✐❛ é ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱ ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZQ ❡ ♦ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦
❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t Z[X1, X

−1
1 , . . . , Xn, X

−1
n ]✳ ❊♥tã♦✱

ZQ ∼= Z[X1, X
−1
1 , . . . , Xn, X

−1
n ] ✭❝♦♠♦ ❛♥❡✐s✮.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ Q é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❞❡ ♣♦st♦ ❧✐✈r❡ ❞❡ t♦rçã♦ n✱ ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✺ ✭♣✳ ✷✻✮✱ s❡❣✉❡ q✉❡ Q ∼= Zn✳ ❆ss✐♠✱ ❡①✐st❡♠ q1, . . . , qn ∈ Q t❛✐s q✉❡ Q = 〈q1, . . . , qn〉✳
❙❡❣✉❡ q✉❡✱ ❞❛❞♦ q ∈ Q✱ q = qz11 . . . qznn ✱ ♦♥❞❡ zj ∈ Z✱ ❝♦♠ 1 ≤ j ≤ n ✭❧❡♠❜r❡♠♦s q✉❡ ❛
♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ Q é ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛✮✳ ❈♦♠♦ Q é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡✱
❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♣❛r❛ q ∈ Q é ú♥✐❝❛✱ ✐st♦ é✱ zj sã♦ ú♥✐❝♦s✱ ❝♦♠ 1 ≤ j ≤ n✳ ❙❡❥❛✱ ❡♥tã♦✱

ψ : Q→ Z[X1, X
−1
1 , . . . , Xn, X

−1
n ]

❞❡✜♥✐❞❛✶✵ ♣♦r ψ(q) = X
z1,q
1 . . . Xzn,q

n ,

♦♥❞❡ q = q
z1,q
1 . . . q

zn,q
n ✳ ❚❡♠♦s q✉❡ ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s zj,q sã♦ ú♥✐❝♦s✱ ❝♦♠ 1 ≤

j ≤ n✳ ❆❣♦r❛✱ ✉♠ ❡❧❡♠❡♥t♦ ❛r❜✐trár✐♦ λ ∈ ZQ t❡♠ ❛ ❢♦r♠❛ λ =
∑

q∈Q

zqq✱ ♦♥❞❡ zq ∈ Z✳

❉❡st❛ ❢♦r♠❛✱ ❡①t❡♥❞❡♥❞♦ ψ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✱ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s ❡♥tr❡ ZQ ❡
Z[X1, X

−1
1 , . . . , Xn, X

−1
n ]✱ ♦✉ s❡❥❛✱ ❞❡✜♥✐♥❞♦✲s❡

Ψ : ZQ→ Z[X1, X
−1
1 , . . . , Xn, X

−1
n ]

♣♦r Ψ(λ) =
∑

q∈Q

zqψ(q),

♦♥❞❡ λ =
∑

q∈Q

zqq t❛❧ q✉❡ zq ∈ Z ❡ q = q
z1,q
1 . . . q

zn,q
n ✱ ❝♦♠ zj,q ∈ Z✱ ♣❛r❛ 1 ≤ j ≤ n✱

t❡♠♦s q✉❡ Ψ é ✐s♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ 1Q ∈ Q✱ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ Q q✉❡

✶✵❖❜s❡r✈❡♠♦s q✉❡ ❡st❛♠♦s ❝♦♠❡t❡♥❞♦ ✉♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ♥❛ ❞❡✜♥✐çã♦ ❞❡ ψ✱ ✉♠❛ ✈❡③ q✉❡ ❛q✉✐ X
zj,q
j =

X
zj,q
j /1 s❡ zj,q > 0 ❡ X

zj,q
j = 1/X

−zj,q
j s❡ zj,q < 0✱ ♦♥❞❡ 1 ≤ j ≤ n✳

✼✼



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

t❛♠❜é♠ é ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ ZQ✱ s❡❣✉❡ q✉❡ Ψ(1Q) = X0
1 . . . X

0
n = 1✱ q✉❡ é ♦ ❡❧❡♠❡♥t♦

✐❞❡♥t✐❞❛❞❡ ❡♠ Z[X1, X
−1
1 , . . . , Xn, X

−1
n ]✳ ❆❣♦r❛✱ ❞❛❞♦s λ =

∑

q∈Q

zqq✱ µ =
∑

q∈Q

yqq ∈ ZQ✱ ♦♥❞❡

zq, yq ∈ Z✱ t❡♠♦s q✉❡ Ψ(λ + µ) = Ψ(
∑

q∈Q

(zq + yq)q) =
∑

q∈Q

(zq + yq)X
z1,q
1 . . . Xzn,q

n ✱ ♦♥❞❡ q =

q
z1,q
1 . . . q

zn,q
n ✳ ❊✱

∑

q∈Q

(zq + yq)X
z1,q
1 . . . Xzn,q

n = (
∑

q∈Q

zqX
z1,q
1 . . . Xzn,q

n ) + (
∑

q∈Q

yqX
z1,q
1 . . . Xzn,q

n ) =

Ψ(λ) + Ψ(µ)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦s λ =
∑

q∈Q

zqq✱ µ =
∑

r∈Q

yrr ∈ ZQ✱ ♦♥❞❡ zq, yr ∈ Z✱ s❡❣✉❡

q✉❡ Ψ(λµ) = Ψ(
∑

q∈Q

∑

r∈Q

zqyrqr) =
∑

q∈Q

∑

r∈Q

zqyrX
z1,q+y1,r
1 . . . Xzn,q+yn,r

n ✱ ♦♥❞❡ q = q
z1,q
1 . . . q

zn,q
n ❡

r = q
y1,r
1 . . . q

yn,r
n ✱ ✐st♦ é✱ qr = q

z1,q+y1,r
1 . . . q

zn,q+yn,r
n ✳ ❉❛í q✉❡✱

Ψ(λµ) =
∑

q∈Q

∑

r∈Q

zqyrX
z1,q+y1,r
1 . . . Xzn,q+yn,r

n =
∑

q∈Q

∑

r∈Q

zqX
z1,q
1 . . . Xzn,q

n yrX
y1,r
1 . . . Xyn,r

n =

=
∑

q∈Q

zqX
z1,q
1 . . . Xzn,q

n ·
∑

r∈Q

yrX
y1,r
1 . . . Xyn,r

n = Ψ(λ)Ψ(µ).

P♦r ✜♠✱ é ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ ker(Ψ) = ✵ ❡ q✉❡ Ψ é s♦❜r❡❥❡t✐✈❛✳ P♦rt❛♥t♦✱ Ψ é ✐s♦♠♦r✜s♠♦
❞❡ ❛♥❡✐s✳

❈♦r♦❧ár✐♦ ✶✳✽✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZQ é
♥♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮✱ Q = F ⊕ T ✱ ♦♥❞❡ F ∼= Zn = 〈x1, . . . , xn〉✱ ♣❛r❛

❛❧❣✉♠ n ∈ Z+ ∪ {0} ❡ T é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t♦✳ ❖❜s❡r✈❛♠♦s q✉❡ T ∼=
s⊕

i=1

〈yi〉✱ ♣❛r❛

❛❧❣✉♠ s ∈ Z+✱ ♦♥❞❡ yi t❡♠ ♦r❞❡♠ mi ∈ Z+✳ ❆ss✐♠✱

ZT ∼=
Z[Y1, . . . , Ys]

(Y m1
1 − 1, . . . , Y ms

s − 1)
.

❏✉♥t❛♥❞♦ ❝♦♠ ♦ ✐s♦♠♦r✜s♠♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✶ ✭♣✳ ✼✼✮✱ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s

ZQ ∼= Z[X1, X
−1
1 , . . . , Xn, X

−1
n , Y1, . . . , Ys]/I,

❡♥✈✐❛♥❞♦ xj ♣❛r❛ Xj + I ❡ yi ♣❛r❛ Yi + I✱ ❝♦♠ 1 ≤ j ≤ n ❡ 1 ≤ i ≤ s✱ ♦♥❞❡✱ ❞❡✜♥✐♥❞♦✲s❡

U = Z[X1, X
−1
1 , . . . , Xn, X

−1
n , Y1, . . . , Ys],

I é ♦ ✐❞❡❛❧ ❞♦ ❛♥❡❧ U ❣❡r❛❞♦ ♣♦r Y m1
1 −1, . . . , Y

ms
s −1 ❡ U é ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s

Z[X1, . . . , Xn, Y1, . . . , Ys] ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦

S = {Xj1
1 X

j2
2 . . . Xjn

n ∈ K[X1, . . . , Xn] : jl ∈ Z+ ∪ {0} ❡ 1 ≤ l ≤ n}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✵ ✭♣✳ ✼✸✮✱ Z[X1, . . . , Xn, Y1, . . . , Ys] é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✱ ❧♦❣♦ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✹✾ ✭♣✳ ✼✻✮ ❛ s✉❛ ❧♦❝❛❧✐③❛çã♦ U é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✹✺ ✭♣✳ ✼✶✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✹ ✭♣✳ ✼✶✮✱ U/I é ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳

✼✽



❈❛♣ít✉❧♦ ✶✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ●r✉♣♦s ❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

➱ ❢á❝✐❧ ✈❡r q✉❡ U é ✐s♦♠♦r❢♦ ❝♦♠♦ ❛♥❡❧ ❛♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

Z[X1, X
−1
1 , . . . , Xn, X

−1
n ]⊗Z Z[Y1, . . . , Ys],

♠❛s ♥ã♦ ✈❛♠♦s ✉s❛r ❡ss❡ ❢❛t♦✦

❙❡♥❞♦ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ❞❡✜♥✐r❡♠♦s ❛❜❛✐①♦
♦ ❝♦♥❝❡✐t♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S✳ ❱❡r❡♠♦s ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❡ss❡
❝♦♥❝❡✐t♦ ❡ ♦ ❛♥❡❧ ❞❡ ❢r❛çõ❡s S−1K✳

❉❡✜♥✐çã♦ ✶✳✻✺✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❯♠❛
❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S é ✉♠ ♣❛r ♦r❞❡♥❛❞♦ (K̃, ϕ)✱ ♦♥❞❡ K̃ é ✉♠ ❛♥❡❧ ❝♦♠✉✲
t❛t✐✈♦ ❡ ϕ : K → K̃ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s t❛❧ q✉❡ ϕ(s) é ✐♥✈❡rtí✈❡❧ ❡♠ K̃, ∀s ∈ S✱
s❡♥❞♦ ❡ss❡ ♣❛r s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ ❝❛❞❛ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ K0 ❡ ❤♦✲
♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s ψ : K → K0 t❛❧ q✉❡ ψ(s) é ✐♥✈❡rtí✈❡❧ ❡♠ K0, ∀s ∈ S✱ ❡①✐st❡ ✉♠
ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s θ′ : K̃ → K0 t❛❧ q✉❡ θ′ϕ = ψ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é
❝♦♠✉t❛t✐✈♦✿

K
ϕ //

ψ

��

K̃

θ′~~
K0

❚❡♦r❡♠❛ ✶✳✷✷✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❊♥tã♦✱
(S−1K,λ) é ✉♠❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S✱ ♦♥❞❡ λ é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❧♦❝❛❧✐③❛çã♦
❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ ✭♣✳ ✼✻✮✳

❉❡♠♦♥str❛çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡✱ ♣❛r❛ ❝❛❞❛ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ K0 ❡ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❛♥❡✐s ψ : K → K0 t❛❧ q✉❡ ψ(s) é ✐♥✈❡rtí✈❡❧ ❡♠ K0, ∀s ∈ S✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦
❞❡ ❛♥❡✐s θ : S−1K → K0 t❛❧ q✉❡ θλ = ψ✳

❱❡r✐✜q✉❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ θ✳
❉❡✜♥❛♠♦s θ : S−1K → K0 ♣♦r θ(x/s) = ψ(x)ψ(s)−1✳ θ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ♣♦✐s✱ ❞❛❞♦s

x1/s1, x2/s2 ∈ S−1K t❛✐s q✉❡ x1/s1 = x2/s2✱ ❡♥tã♦ ❡①✐st❡ u ∈ S ❝♦♠ (x1s2 − x2s1)u = 0✱
❧♦❣♦ ψ((x1s2− x2s1)u) = ψ(0) = 0✱ ✐st♦ é✱ (ψ(x1)ψ(s2)−ψ(x2)ψ(s1))ψ(u) = 0✳ ❈♦♠♦ ψ(u) é
✐♥✈❡rtí✈❡❧ ❡♠ K0✱ s❡❣✉❡ q✉❡ ψ(x1)ψ(s2) = ψ(x2)ψ(s1)✱ ♦✉ s❡❥❛✱ ψ(x1)ψ(s1)−1 = ψ(x2)ψ(s2)

−1

❡✱ ♣♦rt❛♥t♦✱ θ(x1/s1) = θ(x2/s2)✳
❆❣♦r❛✱ θ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s✱ ✉♠❛ ✈❡③ q✉❡ θ(1/1) = ψ(1)ψ(1)−1 = 1 ❡✱ ❞❛❞♦s

x1/s1, x2/s2 ∈ S−1K✱ t❡♠♦s q✉❡ θ(x1/s1 + x2/s2) = θ((x1s2 + x2s1)/s1s2) = ψ(x1s2 +
x2s1)ψ(s1s2)

−1 = ψ(x1)ψ(s1)
−1 + ψ(x2)ψ(s2)

−1 = θ(x1/s1) + θ(x2/s2) ❡ θ(x1/s1 · x2/s2) =
θ(x1x2/s1s2) = ψ(x1x2)ψ(s1s2)

−1 = ψ(x1)ψ(s1)
−1ψ(x2)ψ(s2)

−1 = θ(x1/s1)θ(x2/s2)✳
❙❡❣✉❡ t❛♠❜é♠ q✉❡ ∀x ∈ K, θλ(x) = θ(x/1) = ψ(x)ψ(1)−1 = ψ(x)✱ ✐st♦ é✱ θλ = ψ✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ θ é ú♥✐❝❛✳
❙❡❥❛ θ′ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳ ❊♥tã♦✱ ❞❛❞♦ x ∈ K, θ′(x/1) = θ′λ(x) = ψ(x)✳

❆❣♦r❛✱ ❞❛❞♦ s ∈ S✱ θ′(1/s) = θ′((s/1)−1) = θ′(s/1)−1 = (θ′λ(s))−1 = ψ(s)−1✳ ❆ss✐♠✱ ❞❛❞♦s
x ∈ K ❡ s ∈ S✱ θ′(x/s) = θ′(x/1)θ′(1/s) = ψ(x)ψ(s)−1 = θ(x/s)✳

✼✾



✶✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❇ás✐❝❛s ❞❡ ▼ó❞✉❧♦s ❡ ❉❡✜♥✐çõ❡s Pr❡❧✐♠✐♥❛r❡s

❚❡♦r❡♠❛ ✶✳✷✸✳ ❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❊♥tã♦✱
❛ ❧♦❝❛❧✐③❛çã♦ (S−1K,λ) ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S é ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ✭♦♥❞❡ λ é
♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ ✭♣✳ ✼✻✮✮✱ ✐st♦ é✱ s❡ (K̃, ϕ) é ✉♠❛ ♦✉tr❛
❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S✱ ❡♥tã♦ ❡①✐st❡ ✐s♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s η ❡♥tr❡ K̃ ❡ S−1K t❛❧
q✉❡ ηλ = ϕ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (K̃, ϕ) s❡❥❛ ✉♠❛ ♦✉tr❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S✳
❘❡❝♦r❞❡♠♦s q✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ ✭♣✳ ✼✻✮✱ ∀s ∈ S, λ(s) é ✐♥✈❡rtí✈❡❧ ♥♦ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦
S−1K✳ ❊♥tã♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s✿

K
ϕ //

λ
��

K̃

θ′||
S−1K

K λ //

ϕ

��

S−1K

θ
||

K̃

,

✐st♦ é✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❛♥❡✐s θ′ : K̃ → S−1K ❡ θ : S−1K → K̃ t❛✐s θ′ϕ = λ ❡
θλ = ϕ✳ ▲♦❣♦✱ (θθ′)ϕ = θ(θ′ϕ) = θλ = ϕ✱ ♦✉ s❡❥❛✱ θθ′ t♦r♥❛ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

K
ϕ //

ϕ

��

K̃

θθ′��
K̃

▼❛s✱ idK̃ : K̃ → K̃ é t❛♠❜é♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥❡✐s q✉❡ t♦r♥❛ ❡ss❡ ♠❡s♠♦ ❞✐❛❣r❛♠❛
❝♦♠✉t❛t✐✈♦✱ ♣♦✐s idK̃ϕ = ϕ✱ ✐st♦ é✿

K
ϕ //

ϕ

��

K̃

idK̃��
K̃

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ♥❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ t❡♠♦s q✉❡ θθ′ = idK̃ ✳ ❊✱ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡
❢♦✐ ❢❡✐t♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ θ′θ = idS−1K ✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦✲s❡ η := θ✱ t❡♠♦s q✉❡ K̃ ❡
S−1K sã♦ ✐s♦♠♦r❢♦s ❝♦♠♦ ❛♥❡✐s ❝♦♠✉t❛t✐✈♦s✱ s❡♥❞♦ η = θ ♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❡s ❡ t❡♠♦s
q✉❡ ηλ = ϕ✳

❙❡❥❛♠ K ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❡ S ⊆ K ✉♠ ❝♦♥❥✉♥t♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❖ ❚❡♦r❡♠❛ ✶✳✷✸ ✭♣✳
✽✵✮ ♠♦str❛ q✉❡ ✉♠❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S ♣♦❞❡ s❡r ❝❤❛♠❛❞❛ ❞❡ ✧❛✧ ❧♦❝❛❧✐③❛çã♦
❞❡ K ❝♦♠ r❡s♣❡✐t♦ ❛ S✳

✽✵



❈❛♣ít✉❧♦ ✷

■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

❘❡❝♦r❞❡♠♦s✱ ❝♦♥❢♦r♠❡ ❚❛❜❡❧❛ ❞❡ ❙í♠❜♦❧♦s ❊s♣❡❝✐❛✐s✱ q✉❡ Z ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡✲
r♦s ✐♥t❡✐r♦s✱ Z+ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ R ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s
♥ú♠❡r♦s r❡❛✐s✱ R+ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s✱ Z ❞❡♥♦t❛ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s Z ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧
❡♠ Z✱ R ❞❡♥♦t❛ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s
R ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ R✱ Zn ❞❡♥♦t❛ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s
é ♦ ❝♦♥❥✉♥t♦ ❞❡ n✲✉♣❧❛s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s Zn ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ Zn ❡ Rn

❞❡♥♦t❛ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞❡ n✲✉♣❧❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s
Rn ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ Rn✳

❙❡❥❛♠ G,H ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♥❡st❡ ❈❛♣ít✉❧♦ Hom(G,H) ❝♦♠♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦✱ ❝✉❥❛ ♦♣❡r❛çã♦ é ❞❛❞❛ ♣♦r

(ϕ1 + ϕ2)(g) := ϕ1(g) + ϕ2(g), ∀ϕ1, ϕ2 ∈ Hom(G,H) ❡ ∀g ∈ G.

◆❡st❡ ❈❛♣ít✉❧♦✱ Q ❞❡♥♦t❛rá ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ❛

♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ Q s❡rá ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛.

❆♣❡s❛r ❞❡ ❝♦♥s✐❞❡r❛r♠♦s ZQ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♥❡st❡ ❈❛♣ít✉❧♦✱ ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s
❢❡✐t❛s ❡ ♦❜t✐❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛♠❜é♠ ✈❛❧❡♠ ♣❛r❛ ZQ✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳

❆q✉✐ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ Σ✲t❡♦r✐❛✱ ❞❡✜♥✐❞❛ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ❇✐❡r✐ ❡
❙tr❡❜❡❧✱ ♣♦✐s ❡❧❛ é ✉s❛❞❛ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧
❞❛ ❉✐ss❡rt❛çã♦✳

✷✳✶ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
v : Q→ R é ❝❤❛♠❛❞♦ ❞❡ ❝❛rát❡r ❞❡ Q✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ r ∈ R ❡ v : Q→ R ✉♠ ❝❛rát❡r✳
❊♥tã♦✱ ❛ ❢✉♥çã♦ rv : Q → R ❞❛❞❛ ♣♦r (rv)(q) = rv(q) é ✉♠ ❝❛rát❡r✳ ❆q✉✐ ❛ ❥✉st❛♣♦s✐çã♦
rv(q) ❞♦s ❡❧❡♠❡♥t♦s r ❡ v(q) é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❡♠ R✳
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✷✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s q1, q2 ∈ Q✱ t❡♠♦s q✉❡ (rv)(q1q2) = rv(q1q2) = r[v(q1) + v(q2)] =
rv(q1) + rv(q2) = (rv)(q1) + (rv)(q2)✳ P♦rt❛♥t♦✱ rv é ✉♠ ❝❛rát❡r✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ v1, v2 ∈ Hom(Q,R)✳ ❉✐✲
③❡♠♦s q✉❡ v1 é ❡q✉✐✈❛❧❡♥t❡ ❛ v2 ✭♦ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r v1 ∼ v2✮ s❡ ❡①✐st❡ r ∈ R+ t❛❧ q✉❡
v1 = rv2✳

▲❡♠❛ ✷✳✷✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ ∼ ✭❞❛ ❉❡✜♥✐çã♦ ✷✳✷✮ é
✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ Hom(Q,R)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ v1, v2, v3 ∈ Hom(Q,R)✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡

✐✮ v1 ∼ v1❀

✐✐✮ v1 ∼ v2 ⇒ v2 ∼ v1❀

✐✐✐✮ v1 ∼ v2 ❡ v2 ∼ v3 ⇒ v1 ∼ v3✳

❱❛♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐r✱ ❢❛③❡r ❛ ❞❡♠♦♥str❛çã♦ ❞♦s ✐t❡♥s ✐✮✱ ✐✐✮ ❡ ✐✐✐✮✳

✐✮ ❉❡ ❢❛t♦✱ v1 = 1v1✱ ❝♦♠ 1 ∈ R+✳

✐✐✮ ❚❡♠♦s q✉❡ v1 ∼ v2 ✐♠♣❧✐❝❛ q✉❡ v1 = rv2✱ ❝♦♠ r ∈ R+✳ ▲♦❣♦✱ r 6= 0 ❡ 1
r
∈ R+✳ ❙❡❣✉❡

q✉❡ v2 = 1
r
v1 ❡✱ ♣♦rt❛♥t♦✱ v2 ∼ v1✳

✐✐✐✮ Pr✐♠❡✐r❛♠❡♥t❡✱ t❡♠♦s q✉❡✱ ∀q ∈ Q ❡ ∀r, s ∈ R+, (r(sv3))(q) = r(sv3)(q) = r(sv3(q)) =
(rs)v3(q) = ((rs)v3)(q)✱ ✐st♦ é✱ r(sv3) = (rs)v3✳

❆❣♦r❛✱ ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ v1 = rv2 ❡ v2 = sv3✱ ❝♦♠ r, s ∈ R+✳ ▲♦❣♦✱ v1 = r(sv3) =
(rs)v3 ❡ rs ∈ R+ ❡✱ ♣♦rt❛♥t♦✱ v1 ∼ v3✳

◆♦t❛çã♦ ✷✳✶✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡♥❞♦ v ∈ Hom(Q,R)✱ ❞❡♥♦✲
t❛r❡♠♦s ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ v s❡❣✉♥❞♦ ∼ ♣♦r [v]✱ ♦♥❞❡

[v] = {v′ ∈ Hom(Q,R) : v′ ∼ v}.

❉❡✜♥✐çã♦ ✷✳✸✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❡✜♥✐♠♦s ❛ ❡s❢❡r❛ ❞❡ ❝❛✲
r❛❝t❡r❡s S(Q) ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s ❝❛r❛❝t❡r❡s ♥ã♦✲♥✉❧♦s
❞❡ Q ❝♦♠ r❡s♣❡✐t♦ à r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷ ✭♣✳ ✽✷✮✱ ♦✉ s❡❥❛✱

S(Q) :=
Hom(Q,R)\{0}

∼

♦♥❞❡ 0 ❞❡♥♦t❛ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♥✉❧♦✱ ✐st♦ é✱ 0 : Q → R é ❞❡✜♥✐❞♦ ♣♦r 0(q) =
0R, ∀q ∈ Q✳

▲❡♠❛ ✷✳✸✳ Hom(Zn,R) ∼= Rn ❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ ♦♥❞❡ n ∈ Z+✳
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❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦ Rn ❝♦♠♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❝♦♠
♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧✱ ❡st❡ ú❧t✐♠♦ ❞❡♥♦t❛❞♦ ♣♦r 〈·, ·〉✱ ❡ s❡❥❛✱ ∀x ∈ Rn✱ ϕx : Zn → R ❞❡✜♥✐❞❛
♣♦r ϕx(z) = 〈z, x〉✳ ❊♥tã♦✱ ϕx é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❉❡ ❢❛t♦✱ ✐ss♦ s❡❣✉❡
❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ 〈·, ·〉 ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛✳ ❆❣♦r❛✱ s❡❥❛ ϕ : Rn → Hom(Zn,R) ❞❛❞❛ ♣♦r
ϕ(x) = ϕx✳ ❚❡♠♦s q✉❡ ϕ é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❖ q✉❡ ♠♦str❛r❡♠♦s ♥♦s ✐t❡♥s
✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❛ s❡❣✉✐r✳

✐✮ ϕ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✿

∀x, y ∈ Rn ❡ ∀z ∈ Zn, ϕ(x + y)(z) = ϕx+y(z) = 〈z, x + y〉 = 〈z, x〉 + 〈z, y〉 = ϕx(z) +
ϕy(z) = (ϕx + ϕy)(z) = (ϕ(x) + ϕ(y))(z)✳ ▲♦❣♦✱ ϕ(x+ y) = ϕ(x) + ϕ(y)✳

✐✐✮ ϕ é ✐♥❥❡t✐✈❛✿

∀x, y ∈ Rn✱ s❡ ϕ(x) = ϕ(y)✱ ❡♥tã♦ ϕx(z) = ϕy(z), ∀z ∈ Zn✳ ▲♦❣♦✱ 〈z, x〉 = 〈z, y〉 ♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ 〈z, x − y〉 = 0, ∀z ∈ Zn✳ ❙❡♥❞♦ z = (z1, . . . , zn), x = (x1, . . . , xn) ❡ y =

(y1, . . . , yn)✱ t❡♠♦s q✉❡ 〈z, x − y〉 =
n∑

j=1

zj(xj − yj) = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ z = ei✱

❝♦♠ i ∈ {1, . . . , n}✱ ♦♥❞❡ ei = (0, . . . , 1, . . . , 0) ❝♦♠ 1 s❡♥❞♦ ❛ i✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ ei✱
t❡♠♦s q✉❡ (xi − yi) = 0, ∀i ∈ {1, . . . , n}✱ ✐st♦ é✱ xi = yi, ∀i ∈ {1, . . . , n}✳ ❆ss✐♠✱ x = y✳

✐✐✐✮ ϕ é s♦❜r❡❥❡t✐✈❛✿

❙❡❥❛♠ f ∈ Hom(Zn,R) ❡ β = {e1, . . . , en}✱ q✉❡ é ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Rn ❝♦♠ r❡s✲

♣❡✐t♦ ❛ 〈·, ·〉✳ ❖❜s❡r✈❡ q✉❡ β ⊆ Zn✳ ❉❡✜♥❛♠♦s x :=
n∑

j=1

f(ej)ej✳ ❊♥tã♦✱ x ∈ Rn✳

❆❣♦r❛✱ 〈ei, x〉 = 〈ei,
n∑

j=1

f(ej)ej〉 =
n∑

j=1

f(ej)〈ei, ej〉 = f(ei)✳ ▲♦❣♦✱ ∀z ∈ Zn, 〈z, x〉 =

〈
n∑

i=1

ziei,

n∑

j=1

f(ej)ej〉 =
n∑

i,j=1

zif(ej)〈ei, ej〉 =
n∑

i=1

zif(ei)
(1)
= f(

n∑

i=1

ziei) = f(z)✱ ♦♥❞❡ ❡♠

✭✶✮ ✉s❛♠♦s q✉❡ f é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ P♦rt❛♥t♦✱ f = ϕx = ϕ(x)✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱

Hom(Q,R) ∼= Rn,

❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ ♦♥❞❡ n ∈ Z+ ∪ {0} é ♦ ♣♦st♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❞❡ Q ✭R0 := ✵✮✳

❉❡♠♦♥str❛çã♦✳ ◆❡st❛ ❞❡♠♦♥str❛çã♦ t♦❞♦s ♦s sí♠❜♦❧♦s ❞❡ ✐s♦♠♦r✜s♠♦ ✭∼=✮ sã♦ r❡❢❡r❡♥t❡s ❛
✐s♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮✱ s❛❜❡♠♦s q✉❡✱ ❝♦♠♦ Q é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱
Q ∼= Zn ⊕ K✱ ♦♥❞❡ K = {q ∈ Q : |q| < ∞} é s✉❜❣✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t♦ ❞❡ Q✳ ❆ss✐♠✱
Hom(Q,R) ∼= Hom(Zn ⊕K,R)✳

❆❣♦r❛✱ ❞❛❞♦ ϕ ∈ Hom(Zn ⊕ K,R)✱ ❛✜r♠❛♠♦s q✉❡ ϕ(K) = ✵✳ ❉❡ ❢❛t♦✱ s❡❥❛ q ∈ K✳
▲♦❣♦✱ ❡①✐st❡ n ∈ Z+ t❛❧ q✉❡ qn = 1✳ ❉❛í q✉❡ 0 = ϕ(1) = ϕ(qn) = nϕ(q)✳ ❈♦♠♦ R ♥ã♦
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✷✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

♣♦ss✉✐ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦✱ s❡❣✉❡ q✉❡ ϕ(q) = 0✳ P♦rt❛♥t♦✱ ❝♦♠♦ q ∈ K ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱
❝♦♥❝❧✉í♠♦s q✉❡ ϕ(K) = ✵✳

❉❡✜♥❛♠♦s Ψ : Hom(Zn ⊕ K,R) → Hom(Zn,R) ♣♦r Ψ(ϕ) = ϕ|Zn ✳ ❖❜s❡r✈❡ q✉❡✱ ❝❧❛✲
r❛♠❡♥t❡✱ Ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❆ ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ Ψ é
❞❡✈✐❞❛ ❛♦ ♣❛rá❣r❛❢♦ ♣r❡❝❡❞❡♥t❡✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸ ✭♣✳ ✽✷✮✱ t❡♠♦s q✉❡

Hom(Q,R) ∼= Hom(Zn ⊕K,R) ∼= Hom(Zn,R) ∼= Rn.

❆ Pr♦♣♦s✐çã♦ ✷✳✶ ✭♣✳ ✽✸✮ ❥✉st✐✜❝❛ ❛ ❞❡♥♦♠✐♥❛çã♦ ✧❡s❢❡r❛✧ ♣❛r❛ S(Q)✱ ✉♠❛ ✈❡③ q✉❡ ❝❛❞❛
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❞❡ Q ❡♠ R é ✈✐st♦ ❝♦♠♦ ✉♠ ♣♦♥t♦ ♥♦ Rn ❡ ❝❛❞❛ ❝❧❛ss❡
❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ S(Q) é ✈✐st❛ ❝♦♠♦ ✉♠ r❛✐♦ ❡♠ Rn ♣❛rt✐♥❞♦ ❞❡ 0 ∈ Rn✱ ♠❛s ♥ã♦ ♦
✐♥❝❧✉✐♥❞♦✳ ❚♦♠❛♠♦s✱ ❡♥tã♦✱ ♣❛r❛ r❡♣r❡s❡♥t❛♥t❡ ❞❡ t❛❧ ❝❧❛ss❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ t❛❧ r❛✐♦ ❝♦♠ ❛
❡s❢❡r❛ (n− 1)✲❞✐♠❡♥s✐♦♥❛❧ Sn−1 ⊆ Rn✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❛❞♦ q ∈ Q✱ ❞❡✜♥✐♠♦s ❛
s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s r❡❧❛t✐✈❛ ❛ q ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Hq =
{
[v] ∈ S(Q) : v(q) > 0

}
.

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❛❞♦ q ∈ Q✱ s❡ |q| < ∞✱
❡♥tã♦ Hq = ∅✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ q ∈ Q t❛❧ q✉❡ |q| = n ❝♦♠ n ∈ Z+✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Hq 6= ∅✳ ❚♦♠❡♠♦s✱
❡♥tã♦✱ [v] ∈ Hq✳ ▲♦❣♦✱ v(q) > 0✳ ▼❛s✱ 0 = v(1) = v(qn) = nv(q)✳ ❈♦♠♦ R ♥ã♦ ♣♦ss✉✐
❞✐✈✐s♦r❡s ❞❡ ③❡r♦✱ v(q) = 0✳ ❖ q✉❡ é ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s v(q) > 0✳ ❙❡❣✉❡ q✉❡ Hq = ∅✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZG✱ ❞❛❞♦ λ =
∑

g∈G

xgg ∈

ZG✱ ❝♦♠ xg ∈ Z✱ ❞❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ λ✱ ❞❡♥♦t❛❞♦ ♣♦r supp(λ)✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

supp(λ) = supp(
∑

g∈G

xgg) := {g ∈ G : xg 6= 0}.

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳
❉❡✜♥✐♠♦s ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

ΣA(Q) :=
⋃

λ∈CZQ(A)

{[v] ∈ S(Q) : v(q) > 0, ∀q ∈ supp(λ)}.

◆❡st❛ ❉✐ss❡rt❛çã♦✱ s❡♠♣r❡ q✉❡ ❡s❝r❡✈❡r♠♦s ΣA(Q) ✜❝❛rá s✉❜❡♥t❡♥❞✐❞♦ q✉❡ Q é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A é ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à
❞✐r❡✐t❛✳ ❖ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ ΣA(Q) ❝♦♠♦ ❝♦♥❥✉♥t♦✱ ✐st♦ é✱ S(Q)\ΣA(Q)✱ é ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

Σc
A(Q) =

⋂

λ∈CZQ(A)

{[v] ∈ S(Q) : v(q) ≤ 0, ♣❛r❛ ❛❧❣✉♠ q ∈ supp(λ)}.

✽✹



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

❖❜s❡r✈❛çã♦ ✷✳✷✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛ t❛♠❜é♠ v ✉♠ ❝❛rát❡r ❞❡ Q✳ ❉❡✜♥✐♠♦s ♦ ♠♦♥♦✐❞❡ r❡❧❛t✐✈♦
❛♦ ❝❛rát❡r v ❞❡ Q ❝♦♠♦ s❡♥❞♦

Qv = {q ∈ Q : v(q) ≥ 0R}.

❖❜s❡r✈❡ q✉❡ Qv é✱ ❞❡ ❢❛t♦✱ ✉♠ ♠♦♥♦✐❞❡ ❡ ZQv é ✉♠ s✉❜❛♥❡❧ ❞❡ ZQ✳
❖r✐❣✐♥❛❧♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❞♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ é ❞❛❞❛ ❡♠ ❬✽✱ ✷✳✹✱

♣✳ ✹✹✹❪ ♣❛r❛ ❛♣❡♥❛s ZQ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❝♦♠♦ s❡♥❞♦

ΣA(Q) = {[v] ∈ S(Q) : A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQv✲♠ó❞✉❧♦ à ❞✐r❡✐t❛}.

➱ ♠♦str❛❞♦ ❡♠ ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ♣✳ ✹✹✸❪ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ ❞❡✜♥✐çã♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦
q✉❡ ❞❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✳

Pr♦♣♦s✐çã♦ ✷✳✸✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à
❞✐r❡✐t❛✳ ❚❡♠♦s q✉❡

ΣA(Q) = ΣZQ/AnnZQ(A)(Q).

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✱ ❜❛st❛ q✉❡ ♠♦s✲
tr❡♠♦s q✉❡ CZQ(A) = CZQ(ZQ/AnnZQ(A))✳

❱❛♠♦s ♠♦str❛r q✉❡ CZQ(A) ⊆ CZQ(ZQ/AnnZQ(A))✳ ❙❡❥❛♠ λ ∈ CZQ(A) ❡ µ = µ +
AnnZQ(A) ∈ ZQ/AnnZQ(A)✳ ❙❡❣✉❡ q✉❡✱ ∀a ∈ A✱ aλ = a✱ ❧♦❣♦ a(λµ− µ) = aλµ− aµ = 0A✳
❉❛í q✉❡✱ λµ− µ ∈ AnnZQ(A)✱ ❞♦♥❞❡ λµ+AnnZQ(A) = µ+AnnZQ(A) ❡✱ ♣♦rt❛♥t♦✱ µλ = µ✱
✐st♦ é✱ λ ∈ CZQ(ZQ/AnnZQ(A))✳

P❛r❛ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ r❡❝í♣r♦❝❛✱ s❡❥❛♠ 1Q = 1Q + AnnZQ(A) ∈ ZQ/AnnZQ(A)
❡ λ ∈ CZQ(ZQ/AnnZQ(A))✳ ❚❡♠♦s q✉❡ (1Q + AnnZQ(A))λ = 1Q + AnnZQ(A)✳ ▲♦❣♦✱
λ − 1Q ∈ AnnZQ(A)✱ ❞♦♥❞❡ a(λ − 1Q) = 0A, ∀a ∈ A ❡✱ ♣♦rt❛♥t♦✱ aλ = a, ∀a ∈ A✱ ♦✉ s❡❥❛✱
λ ∈ CZQ(A)✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❙❡❥❛ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❯♠ ❝❛rát❡r v : Q→ R é ❞✐t♦
s❡r ❞✐s❝r❡t♦ s❡ v(Q) ∼= Z✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❡ Ω ⊆ Σc

A(Q) ✉♠ s✉❜❝♦♥❥✉♥t♦✳ ❉❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

disΩ := {[v] ∈ Ω : v é ❝❛rát❡r ❞✐s❝r❡t♦}.

❉❡✜♥✐çã♦ ✷✳✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊①✐s✲
t❡♠✱ ❡♥tã♦✱ N,H ⊳ G ❝♦♠ N ⊆ H ⊆ G ❡ t❛✐s q✉❡ N é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ H/N é ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❡ G/H é ❣r✉♣♦ ✜♥✐t♦✳ ❉❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

σ(G) := Σc
N/N ′(H/N)

♦♥❞❡ N/N ′ é ❛ ❛❜❡❧✐❛♥✐③❛çã♦ ❞❡ N ✳

➱ ♠♦str❛❞♦ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✷✳✸✱ ♣✳ ✶✶❪ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ σ(G) ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡
N ❡ H t❛✐s q✉❡ N ⊆ H ⊆ G ❡ N é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ G/H é
❣r✉♣♦ ✜♥✐t♦✳

✽✺



✷✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

❖❜s❡r✈❛çã♦ ✷✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❊①✐st❡♠✱ ❡♥tã♦✱ N,H ⊳ G ❝♦♠ N ⊆ H ⊆ G ❡ t❛✐s q✉❡ N é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ H/N
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ G/H é ❣r✉♣♦ ✜♥✐t♦✳ ❊♥tã♦✱ ♣❛r❛ ✈❡r♠♦s q✉❡ σ(G) ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱
♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡✿

✐✮ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦❀

✐✐✮ N/N ′ é ✉♠ Z(H/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❱❛♠♦s ♠♦str❛r✱ ❡♥tã♦✱ ✐✮ ❡ ✐✐✮✳

✐✮ P♦r ❤✐♣ót❡s❡✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ G ❝♦♠♦ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❈♦♠♦ [G :
H] <∞✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮ q✉❡ H é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❛í q✉❡✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✱ H/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

✐✐✮ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✽ ✭♣✳ ✺✹✮✱ ❝♦♠♦ N/N ′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡

✶ −→ N/N ′ j
−→ H/N ′ ρ

−→ H/N −→ ✶

é s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✱ ♦♥❞❡ j é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛
❡ ρ é ❞❛❞❛ ♣♦r✱

ρ(hN ′) = hN, ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ hN ′ ∈ H/N ′.

❆❣♦r❛✱ j é ♦❜✈✐❛♠❡♥t❡ ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ Im(j) = N/N ′✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✼ ✭♣ ✾✮✱ ρ é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧ q✉❡ ker(ρ) = N/N ′✳

❖ ❝♦♥❥✉♥t♦ Σc
N/N ′(H/N) ❢r❡q✉❡♥t❡♠❡♥t❡ ❛♣❛r❡❝❡ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠ ❛ ♥♦t❛çã♦ σ(G) ❡ é

♣♦r ❡ss❡ ♠♦t✐✈♦ q✉❡ ❞❡♠♦s ❛ ❉❡✜♥✐çã♦ ✷✳✾ ✭♣✳ ✽✺✮✱ ♥♦ ❡♥t❛♥t♦ ❞♦r❛✈❛♥t❡ ♥❡st❛ ❉✐ss❡rt❛çã♦✱
q✉❛♥❞♦ ❢♦r♠♦s ♥♦s r❡❢❡r✐r ❛♦ ❝♦♥❥✉♥t♦ σ(G)✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ♠❛✐s ❡①♣❧í❝✐t❛ Σc

N/N ′(H/N)✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ P ✉♠ s✉❜❣r✉♣♦ ❞❡ Q✳
❉❡✜♥❛♠♦s ❛ s✉❜❡s❢❡r❛ ❣r❛♥❞❡ ❞❡ S(Q) ❝♦♠ r❡s♣❡✐t♦ ❛ P ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

S(Q,P ) := {[v] ∈ S(Q) : v(P ) = ✵}.

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❡ P ✉♠ s✉❜❣r✉♣♦ ❞❡ Q ❛❣✐♥❞♦ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ A✳ ❊♥tã♦✱

Σc
A(Q) ⊆ S(Q,P ).

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡♠♦s q✉❡ P ⊆ Q ⊆ ZQ✳ ❈♦♠♦ P ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡
A✱ ✐st♦ é✱ as = a, ∀a ∈ A ❡ ∀s ∈ P ✱ t❡♠♦s q✉❡ P ⊆ CZQ(A)✳ ❈♦♠♦ P é s✉❜❣r✉♣♦✱
∀s ∈ P, s−1 ∈ P ⊆ CZQ(A)✳

❆❣♦r❛✱ s❡❥❛ [v] ∈ Σc
A(Q)✳ ❊♥tã♦✱ ∀λ ∈ CZQ(A)✱ ❡①✐st❡ qλ ∈ supp(λ) t❛❧ q✉❡ v(qλ) ≤ 0✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ s ∈ P ⊆ CZQ(A), v(s) ≤ 0✱ ♣♦✐s supp(s) = {s}✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱
v(s−1) ≤ 0✳ ❈♦♠♦ v é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ t❡♠♦s q✉❡ 0 ≥ v(s−1) = −v(s)✳ ▲♦❣♦✱
v(s) ≥ 0✳ P♦rt❛♥t♦✱ v(s) = 0, ∀s ∈ P ✳ ❙❡❣✉❡ q✉❡ Σc

A(Q) ⊆ S(Q,P )✳

✽✻



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❡ ϕ : Q1 → Q2 ✉♠
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱ ϕ ✐♥❞✉③ ✉♠❛ ❢✉♥çã♦ ϕ∗ : S(Q2, Im(ϕ))c → S(Q1) ❞❡✜♥✐❞❛
♣♦r

ϕ∗([v]) = [vϕ],

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ [v] ∈ S(Q2, Im(ϕ))c = S(Q2)\S(Q2, Im(φ))✳

❉❡♠♦♥str❛çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ϕ∗ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s
q✉❡ [vϕ] ∈ S(Q1)✱ ♣♦✐s ❛ ❝♦♠♣♦s✐çã♦ vϕ ♣❡rt❡♥❝❡ ❛ Hom(Q1,R) ❡ v(Im(ϕ)) 6= 0✱ ✐st♦ é✱
vϕ 6= 0✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s [v], [v′] ∈ S(Q2, Im(ϕ))c t❛✐s q✉❡ [v] = [v′]✱ t❡♠♦s q✉❡ v = rv′✱
❝♦♠ r ∈ R+✱ ❧♦❣♦✱ ∀q1 ∈ Q1, vϕ(q1) = v(ϕ(q1)) = (rv′)(ϕ(q1)) = rv′(ϕ(q1)) = r(v′ϕ)(q1) ❡✱
♣♦rt❛♥t♦✱ [vϕ] = [v′ϕ]✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ∗ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❖❜s❡r✈❛çã♦ ✷✳✹✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❡ ϕ : Q1 ։ Q2 ✉♠
❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱ S(Q2, Im(ϕ))c = S(Q2, Q2)

c = S(Q2)✳ ❉❛í q✉❡ ϕ∗ ✜❝❛
❞❡✜♥✐❞❛ ❡♠ t♦❞♦ ❞♦♠í♥✐♦ S(Q2) ❡✱ ♣♦rt❛♥t♦✱ ϕ∗ ❡stá ❞❡✜♥✐❞❛ ❡♠ Σc

A(Q2) ⊆ S(Q2)✳

❖s ❞♦✐s ▲❡♠❛s ❛ s❡❣✉✐r sã♦ ♥❛t✉r❛✐s✱ ♥♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ❛ss✐♠✱ ❡♥✉♥❝✐❛r❡♠♦✲❧♦s✱ ♣♦✐s ♦s
✉s❛r❡♠♦s ❛❞✐❛♥t❡✳

▲❡♠❛ ✷✳✹✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ψ : Q1 → Q2 ✉♠ ✐s♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s✱ A ✉♠ ZQ1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ ψ∗ : S(Q2, Im(ψ))c → S(Q1) ❞❛❞❛ ♣♦r ψ∗([v]) = [vψ]
❛ ❢✉♥çã♦ ✐♥❞✉③✐❞❛ ♣♦r ψ ❝♦♥❢♦r♠❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✺ ✭♣✳ ✽✼✮✳ ❚❡♠♦s q✉❡

ψ∗(Σc
A(Q2)) = Σc

A(Q1) ❡ ψ∗(disΣc
A(Q2)) = disΣc

A(Q1).

▲❡♠❛ ✷✳✺✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ψ : Q1 → Q2 ✉♠ ✐s♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s ❡ A ✉♠ ZQ1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❛✮ Σc
A(Q1) ⊆ Hg0✱ ♣❛r❛ ❛❧❣✉♠ g0 ∈ Q1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Σc

A(Q2) ⊆ Hh0✱ ♣❛r❛ ❛❧❣✉♠
h0 ∈ Q2✳

❜✮ disΣc
A(Q1) ⊆ Hg′0

✱ ♣❛r❛ ❛❧❣✉♠ g′0 ∈ Q1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ disΣc
A(Q2) ⊆ Hh′0

✱ ♣❛r❛ ❛❧❣✉♠
h′0 ∈ Q2✳

❙❡❥❛♠ G1, G2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❝✉❥❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ❡s❝r✐t❛s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛
❡ G = G1×G2 ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ G1 ❡ G2✳ ■❞❡♥t✐✜❝❛r❡♠♦s✱ ❡♥tã♦✱ G1×{1G2} ❡ {1G1}×G2✱
q✉❡ sã♦ s✉❜❣r✉♣♦s ❞❡ G✱ ❝♦♠ G1 ❡ G2 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❛r❡♠♦s✱ ♣♦rt❛♥t♦✱ G1 ❡ G2

❝♦♠♦ s✉❜❣r✉♣♦s ❞❡ G✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❝✉❥❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ❡s❝r✐t❛s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛✲
t✐✈❛ ❡ Q = Q1×Q2 ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ Q1 ❡ Q2✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Q s❡❥❛ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ t❛♠❜é♠ u1 : Q1 → R, u2 : Q2 → R ❝❛r❛❝t❡r❡s✳ ❉❡✜♥❛♠♦s
(u1, u2) : Q→ R ♣♦r

(u1, u2)(q1, q2) = u1(q1) + u2(q2),

♦♥❞❡ q1 ∈ Q1 ❡ q2 ∈ Q2✳ ❖❜s❡r✈❡♠♦s q✉❡ (u1, u2) é ✉♠ ❝❛rát❡r ❡✱ ∀r ∈ R✱ r(u1, u2) =
(ru1, ru2)✳

✽✼



✷✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

❖❜s❡r✈❛çã♦ ✷✳✺✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❝✉❥❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ❡s❝r✐t❛s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐✲
♣❧✐❝❛t✐✈❛ ❡ Q = Q1 × Q2 ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ Q1 ❡ Q2✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Q s❡❥❛ ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ t❛♠❜é♠ j1 : Q1 → Q, j2 : Q2 → Q ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡
❣r✉♣♦s ✐♥❝❧✉sõ❡s ❝❛♥ô♥✐❝❛s ❡ v : Q→ R ✉♠ ❝❛rát❡r✳ ❋❛ç❛♠♦s ❛s ❝♦♠♣♦s✐çõ❡s vj1 : Q1 → R

❡ vj2 : Q2 → R ❡ s❡❥❛♠ v1 := vj1 ❡ v2 := vj2✳ Pr✐♠❡✐r❛♠❡♥t❡✱ t❡♠♦s q✉❡ (v1, v2) é ✉♠ ❝❛rát❡r
❡✱ ❞❛❞♦ r ∈ R+✱ r(v1, v2) = (rv1, rv2)✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ✉♠ ❝❛rát❡r w : Q → R✱ ♣♦❞❡♠♦s
❡s❝r❡✈❡r w = (w1, w2)✱ ♦♥❞❡ w1 = wj1 ❡ w2 = wj2✳ ❉❡ ❢❛t♦✱ ∀q ∈ Q✱ ❡①✐st❡♠ q1 ∈ Q1 ❡
q2 ∈ Q2 t❛✐s q✉❡ q = (q1, q2)✳ ▲♦❣♦✱

w(q) = w((q1, q2)) = w((q1, 1)(1, q2)) = w(q1, 1) + w(1, q2) =

= wj1(q1) + wj2(q2) = w1(q1) + w2(q2) = (w1, w2)((q1, q2)) = (w1, w2)(q).

▲❡♠❛ ✷✳✻✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ϕ : Q1 → Q2 ✉♠ ❤♦♠♦♠♦r✲
✜s♠♦ ❞❡ ❣r✉♣♦s ❡ A ✉♠ ZQ2✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹ ❛✮ ✭♣✳ ✹✽✮✱
A é ✉♠ ZQ1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ✮✳ ❊♥tã♦✱ s❡♥❞♦

ϕ∗ : S(Q2, Im(ϕ))c → S(Q1)

❞❛❞❛ ♣♦r ϕ∗([v]) = [vϕ]✱ t❡♠♦s q✉❡

ϕ∗(Σc
A(Q2) ∩ S(Q2, Im(ϕ))c) ⊆ Σc

A(Q1)

ϕ∗((disΣc
A(Q2)) ∩ S(Q2, Im(ϕ))c) = disΣc

A(Q1).

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷✱ ♣✳ ✻❪✳✮

Pr♦♣♦s✐çã♦ ✷✳✻✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✸✱ ♣✳ ✶✹✵❪ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❝✉❥❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ❡s✲
❝r✐t❛s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ Q = Q1 × Q2 ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ Q1 ❡ Q2✳ ❙✉♣♦♥❤❛♠♦s
q✉❡ Q s❡❥❛ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ t❛♠❜é♠ j1 : Q1 → Q, j2 : Q2 → Q
♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ✐♥❝❧✉sõ❡s ❝❛♥ô♥✐❝❛s ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❈♦♥❢♦r♠❡ ❛
Pr♦♣♦s✐çã♦ ✶✳✸✹ ❛✮ ✭♣✳ ✹✽✮✱ A é ✉♠ ZQ1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ j1 ❡ A é ✉♠ ZQ2✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ✈✐❛ j2✳

❛✮ ❙❡❥❛ [v] ∈ disΣc
A(Q)✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✭✷✳✺✮ ✭♣✳ ✽✽✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r v = (v1, v2)✳ ❙❡

vi 6= 0✱ ❡♥tã♦ [vi] ∈ disΣ
c
A(Q1)✱ ♦♥❞❡ i ∈ {1, 2}❀

❜✮ ❙❡❥❛ [ṽ] ∈ disΣc
A(Q1)✳ ❊♥tã♦✱ ❡①✐st❡ w̃ ∈ Hom(Q2,R) t❛❧ q✉❡ [(ṽ, w̃)] ∈ disΣc

A(Q)✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❙❡❥❛ [v] ∈ disΣc
A(Q)✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ v = (v1, v2)✱ ♦♥❞❡ v1 = vj1 ❡ v2 =

vj2✳ ❙❡❥❛ t❛♠❜é♠ λ1 ∈ CZQ1(A)✳ ❊♥tã♦✱ ❝♦♠♦ ZQ1 ⊆ ZQ✱ t❡♠♦s q✉❡ CZQ1(A) ⊆ CZQ(A)✳
❉❛í q✉❡ λ1 ∈ CZQ(A)✳ ❆❣♦r❛✱ ❝♦♠♦ [v] ∈ disΣc

A(Q)✱ ❡①✐st❡ qλ1 ∈ supp(λ1) t❛❧ q✉❡ v(qλ1) ≤ 0✳
▼❛s✱ supp(λ1) ⊆ Q1✱ ❞❛í q✉❡ qλ1 ∈ Q1✱ ✐st♦ é✱ qλ1 = j1(qλ1)✳ ❆ss✐♠✱ v1(qλ1) = vj1(qλ1) =
v(qλ1) ≤ 0 ❡✱ ❝♦♠♦ v1 6= 0✱ s❡❣✉❡ q✉❡ [v1] ∈ Σc

A(Q1)✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ [v2] ∈ Σc
A(Q2)✳ ❆❧é♠

❞✐ss♦✱ v é ❝❛rát❡r ❞✐s❝r❡t♦✱ ❧♦❣♦✱ ♣♦r ✉♠ ❧❛❞♦✱ v(Q1 × Q2) = v(Q) ∼= Z ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱
v1(Q1) = vj1(Q1) = v(Q1) ≤ v(Q1 × Q2) ∼= Z✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v1(Q1) ∼= nZ✱ ♣❛r❛ ❛❧❣✉♠
n ∈ Z\{0}✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡ v1(Q1) ∼= Z✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ v2(Q2) ∼= Z✳ ❙❡❣✉❡✱ ❛ss✐♠✱ q✉❡
v1, v2 sã♦ ❝❛r❛❝t❡r❡s ❞✐s❝r❡t♦s✳ ❉❛í q✉❡ [v1] ∈ disΣ

c
A(Q1) ❡ [v2] ∈ disΣ

c
A(Q2)✳

✽✽



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

❜✮ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✺ ✭♣✳ ✽✼✮✱ ❛ ❢✉♥çã♦

j∗1 : S(Q,Q1)
c → S(Q1)

❞❛❞❛ ♣♦r
j∗1([w]) = [wj1],

✐♥❞✉③✐❞❛ ♣♦r j1✱ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡❥❛✱ ❡♥tã♦✱ [ṽ] ∈ disΣc
A(Q1)✳ P❡❧♦ ▲❡♠❛ ✷✳✻ ✭♣✳ ✽✽✮✱

t❡♠♦s q✉❡
j∗1((disΣ

c
A(Q)) ∩ S(Q,Q1)

c) = disΣc
A(Q1).

❉❛í q✉❡ ❡①✐st❡ [w] ∈ (disΣc
A(Q)) ∩ S(Q,Q1)

c t❛❧ q✉❡ [ṽ] = j∗1([w]) = [wj1]✱ ♦ q✉❡ ❛❝❛rr❡t❛
q✉❡ ṽ = r(wj1)✱ ❝♦♠ r ∈ R+✳ ❆❣♦r❛✱ ❡s❝r❡✈❡♥❞♦ w = (w1, w2) ♦♥❞❡ w1 = wj1 ❡ w2 = wj2
❝♦♥❢♦r♠❡ ❖❜s❡r✈❛çã♦ ✷✳✺ ✭♣✳ ✽✽✮✱ ❝♦♠♦ [w] ∈ (disΣc

A(Q))∩S(Q,Q1)
c✱ ✐st♦ é✱ [w] ∈ disΣc

A(Q)
❡ w(Q1) 6= 0✱ t❡♠♦s q✉❡✱ w1(Q1) = wj1(Q1) = w(Q1) 6= 0✱ ❞❛í q✉❡✱ ♣❡❧♦ ✐t❡♠ ❛✮✱ [w1] ∈
disΣc

A(Q1) ❡ t❡♠♦s t❛♠❜é♠ q✉❡ w2 ∈ Hom(Q2,R)✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱

w̃ := rw2 ∈ Hom(Q2,R).

❆ss✐♠✱ (ṽ, w̃) = (rw1, rw2) = r(w1, w2) = rw✳ P♦rt❛♥t♦✱ [(ṽ, w̃)] = [w] ∈ disΣc
A(Q)✳

Pr♦♣♦s✐çã♦ ✷✳✼✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à
❞✐r❡✐t❛ s♦❜r❡ Q✳ ❊♥tã♦✱ ❡①✐st❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ ❛ ❡s❢❡r❛ ❞❡ ❝❛r❛❝t❡r❡s S(Q) ❞❛❞❛ ♣♦r

[v]f := [vf ],

♣❛r❛ t♦❞♦ v ∈ Hom(Q,R) ❡ ∀f ∈ F ✳ ❖♥❞❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ Hom(Q,R) é ❞❛❞❛
❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♥❞♦✲s❡ ❛ : S(Q)×F → S(Q) ♣♦r ❛([v], f) = [v]f ❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✶✳✶✸ ✭♣✳ ✷✵✮✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡✿

✐✮ ❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛❀

✐✐✮ [v]1F = [v]✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ [v] ∈ S(Q)❀

✐✐✐✮ ([v]f1)f2 = [v]f1f2 ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ [v] ∈ S(Q) ❡ ∀f1, f2 ∈ F ✳

❋❛ç❛♠♦s✱ ❡♥tã♦✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✐✮✱ ✐✐✮ ❡ ✐✐✐✮ ❛ s❡❣✉✐r✳

✐✮ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❛❞♦s [v] ∈ S(Q) ❡ f ∈ F ✱ ♦❜s❡r✈❡♠♦s q✉❡ [v]f ∈ S(Q)✳ ❉❡ ❢❛t♦✱ ❝♦♠♦
[v] ∈ S(Q)✱ ❡♥tã♦ ❡①✐st❡ q ∈ Q t❛❧ q✉❡ v(q) 6= 0 ❡✱ ❝♦♠♦ qf ∈ Q✱ t❡♠♦s q✉❡ vf (qf ) =
v((qf )f

−1
) = v(q) 6= 0✱ ❞❛í q✉❡ vf 6= 0✳ ❆❣♦r❛✱ ❞❛❞♦s f1, f2 ∈ F ❡ [v1], [v2] ∈ S(Q) t❛✐s

q✉❡ f1 = f2 ❡ [v1] = [v2]✱ s❡❣✉❡ q✉❡ v1 = rv2✱ ❝♦♠ r ∈ R+✳ ▲♦❣♦✱ ❞❛❞♦ q ∈ Q✱

vf11 (q) = v1(q
f−1
1 ) = (rv2)(q

f−1
2 ) = rv2(q

f−1
2 ) = rvf22 (q) = (rvf22 )(q)

❡✱ ♣♦rt❛♥t♦✱ [v1]f1 = [v2]
f2 ✳

✐✐✮ ❉❛❞❛ [v] ∈ S(Q)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✱ [v]1F = [v1F ] = [v]✳

✽✾



✷✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s

✐✐✐✮ ❉❛❞❛ [v] ∈ S(Q) ❡ ❞❛❞♦s f1, f2 ∈ F ✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✱ ([v]f1)f2 = [vf1 ]f2 =
[(vf1)f2 ] = [vf1f2 ] = [v]f1f2 .

❖❜s❡r✈❛çã♦ ✷✳✻✳ ❙❡❥❛♠ Q1, Q2 ❣r✉♣♦s ❝✉❥❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ❡s❝r✐t❛s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐✲
♣❧✐❝❛t✐✈❛ ❡ Q = Q1 × Q2 ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ Q1 ❡ Q2✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Q s❡❥❛ ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛ t❛♠❜é♠ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ Q t❛❧ q✉❡ Q1

❡ Q2 s❡❥❛♠ F ✲✐♥✈❛r✐❛♥t❡s✱ j1 : Q1 → Q, j2 : Q2 → Q ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ✐♥❝❧✉sõ❡s
❝❛♥ô♥✐❝❛s ❡ v : Q→ R ✉♠ ❝❛rát❡r✳ ❋❛ç❛♠♦s ❛s ❝♦♠♣♦s✐çõ❡s vj1 : Q1 → R ❡ vj2 : Q2 → R ❡
s❡❥❛♠ v1 := vj1 ❡ v2 := vj2✳ ❉❛❞♦s f ∈ F ❡ q ∈ Q✱ ♦♥❞❡ q = (q1, q2)✱ ❝♦♠ q1 ∈ Q1 ❡ q2 ∈ Q2✱
❝♦♠♦ Q1 ❡ Q2 sã♦ F ✲✐♥✈❛r✐❛♥t❡s ❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✱ t❡♠♦s q✉❡

(v1, v2)
f (q) = (v1, v2)

f ((q1, q2)) = (v1, v2)((q1, q2)
f−1

) = (v1, v2)((q
f−1

1 , qf
−1

2 )) =

= v1(q
f−1

1 ) + v2(q
f−1

2 ) = vf1 (q1) + vf2 (q2) = (vf1 , v
f
2 )((q1, q2)) = (vf1 , v

f
2 )(q).

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ (v1, v2)
f = (vf1 , v

f
2 ), ∀f ∈ F ✳

Pr♦♣♦s✐çã♦ ✷✳✽✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✹✱ ♣✳ ✶✹✶❪ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱
A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮ Q ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ A✮ ❡ F ✉♠
❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ Q ❡ à ❞✐r❡✐t❛ s♦❜r❡ A ❝✉❥❛ ❛çã♦ s❡❥❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❛çã♦ à
❞✐r❡✐t❛ ❞❡ Q s♦❜r❡ A✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ Σc

A(Q) é F ✲✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ [v] ∈ Σc
A(Q)✳ P♦r ❞❡✜♥✐çã♦✱

Σc
A(Q) =

⋂

λ∈CZQ(A)

{[v] ∈ S(Q) : v(q) ≤ 0, ♣❛r❛ ❛❧❣✉♠ q ∈ supp(λ)}.

❙❡❥❛ λ ∈ CZQ(A)✳ ❊♥tã♦✱ λ =
∑

q∈Q

xqq✱ ❝♦♠ xq ∈ Z✳ P❡❧♦ ▲❡♠❛ ✶✳✸✽ ✭♣✳ ✺✶✮✱ ∀f ∈ F, λf
−1
∈

CZQ(A)✳ P♦r ❞❡✜♥✐çã♦ ✭Pr♦♣♦s✐çã♦ ✶✳✸✺ ✭♣✳ ✺✵✮✮✱ λf
−1

=
∑

q∈Q

xqq
f−1

✳ ❈♦♠♦ [v] ∈ Σc
A(Q)✱

s❡❣✉❡ q✉❡ ❡①✐st❡ qf
−1
∈ supp(λf

−1
) t❛❧ q✉❡ v(qf

−1
) ≤ 0✳ ▼❛s✱ vf (q) = v(qf

−1
)✳ ▲♦❣♦✱

vf (q) ≤ 0✱ ❝♦♠ q ∈ supp(λ)✳ ❆ss✐♠✱ [v]f = [vf ] ∈ Σc
A(Q)✳ ❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ Σc

A(Q) é
F ✲✐♥✈❛r✐❛♥t❡✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ Q0 ✉♠ s✉❜❣r✉♣♦ ❞❡ Q ❡ A
✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱ A é ZQ0✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S(Q,Q0) ⊆ ΣA(Q)✳

❉❡♠♦♥str❛çã♦✳ ❆ ❉❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦ s❡❣✉❡ ❞❡ ❬✻✱ ❚❤❡♦r❡♠ ✺✳✶✱ ♣✳ ✹✽✹❪ t♦♠❛♥❞♦✲s❡
m = 0 ❡ ♦❜s❡r✈❛♥❞♦✲s❡ q✉❡ q✉❛♥❞♦ A é ZQ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ Σ0(Q;A) := ΣA(Q) =
{[v] ∈ S(Q) : A é ZQ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ }✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✱ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱
I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❡ F = {Ai}i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲s✉❜♠ó❞✉❧♦s
❞❡ A✳ ❉✐③❡♠♦s q✉❡ F é ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A s❡ Ai ⊆ Aj✱
s❡♠♣r❡ q✉❡ i ≤ j✱ ♣❛r❛ t♦❞♦s i, j ∈ I✳ ❊✱ ❞✐③❡♠♦s q✉❡ F é ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ✜♥✐t❛
❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A s❡ F é ✉♠❛ ✜❧tr❛çã♦ ✭♦✉ sér✐❡✮ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A ❡ I é ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦✳

✾✵



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

Pr♦♣♦s✐çã♦ ✷✳✾✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✮ ❡ A0 ✉♠ ZQ✲s✉❜♠ó❞✉❧♦ ❞❡ A✳ ❊♥tã♦✱

Σc
A(Q) = Σc

A0
(Q) ∪ Σc

A/A0
(Q).

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✭✐✐✐✮✱ ♣✳✹✹✹❪ ❡ ❬✼✱ ▲❡♠♠❛ ✶✳✶ ✭❝✮✱ ♣♣✳ ✸ ❡ ✹❪✳✮

❈♦r♦❧ár✐♦ ✷✳✶✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✮ ❡ F = {A0 = ✵, A1, . . . , Am−1, Am = A} ✉♠❛
✜❧tr❛çã♦ ✜♥✐t❛ ❞❡ A✱ ♦♥❞❡ m ∈ Z+ ∪ {0}✳ ❉❡✜♥❛♠♦s Bi := Ai/Ai−1✱ ❝♦♠ 1 ≤ i ≤ m✳ ❊♥tã♦✱

Σc
A(Q) =

m⋃

i=1

Σc
Bi
(Q).

❉❡♠♦♥str❛çã♦✳ ❋❛ç❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ m✳ ❈❛s♦ m = 0✱ ❛ ❛✜r♠❛çã♦ é
tr✐✈✐❛❧✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❡♥tã♦✱ ♦ ❝❛s♦ ❡♠ q✉❡ m > 0✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

Σc
Am−1

(Q) =
m−1⋃

i=1

Σc
Bi
(Q).

❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✾ ✭♣✳ ✾✶✮✱

Σc
A(Q) = Σc

Am−1
(Q) ∪ Σc

A/Am−1
(Q).

▼❛s✱

Σc
Am−1

(Q) ∪ Σc
A/Am−1

(Q) =
(m−1⋃

i=1

Σc
Bi
(Q)

)

∪Σc
Bm

(Q) =
m⋃

i=1

Σc
Bi
(Q).

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐✲
r❡✐t❛✳ ❙❡❥❛♠ t❛♠❜é♠ S(Q) ❛ ❡s❢❡r❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ Q ❡ Σ1,Σ2 s✉❜❝♦♥❥✉♥t♦s ❞❡ S(Q)✳
❉❡✜♥✐♠♦s ❛ s♦♠❛ ❝♦♥✈❡①❛ ❞❡ Σ1 ❡ Σ2✱ ❞❡♥♦t❛❞❛ ♣♦r Σ1 + Σ2✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Σ1 + Σ2 := {[v] ∈ S(Q) : v = r1v1 + r2v2 ❡ [v1] ∈ Σ1, [v2] ∈ Σ2, r1, r2 ∈ R+ ∪ {0}}.

❖❜s❡r✈❡ q✉❡ v, v1, v2 6= 0✱ ♣♦✐s [v], [v1], [v2] ∈ S(Q)✳ ❉❛í q✉❡ r1 ❡ r2 ♥ã♦ ♣♦❞❡♠ s❡r s✐♠✉❧t❛✲
♥❡❛♠❡♥t❡ ✐❣✉❛✐s ❛ 0✳

Pr♦♣♦s✐çã♦ ✷✳✶✵✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ❡✱ s❡♥❞♦ i ∈ Z+✱ ❝♦♥s✐❞❡r❡♠♦s

⊗i
Z
A ❝♦♠♦ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♦♥❞❡ Q ❛❣❡ ❞✐❛❣♦✲

♥❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡
⊗i

Z
A✳ ❊♥tã♦

disΣc⊗i
Z
A
(Q) ⊆ disΣc

A(Q) + . . .+ disΣc
A(Q)

︸ ︷︷ ︸

i ✈❡③❡s

,

♦♥❞❡ ❛ s♦♠❛ q✉❡ ❛q✉✐ ❛♣❛r❡❝❡ é ❛ s♦♠❛ ❝♦♥✈❡①❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ i ❞♦ r❡s✉❧t❛❞♦ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✶✳✸✱ ♣✳✼❪✳

✾✶



✷✳✷✳ ❆❧❣✉♥s ❊①❡♠♣❧♦s

❚❡♦r❡♠❛ ✷✳✷✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ i ∈ Z+✳ ❙❡✱ ♣❛r❛ q✉❛✐sq✉❡r [v1], . . . , [vi] ∈ Σc
A(Q)✱ t❡♠♦s q✉❡

i∑

j=1

vj 6= 0✱

❡♥tã♦
⊗i

Z
A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♦♥❞❡ Q ❛❣❡ ❞✐❛❣♦♥❛❧♠❡♥t❡ à

❞✐r❡✐t❛ s♦❜r❡
⊗i

Z
A✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✹✱ ❚❤❡♦r❡♠ ✺✳✷✱ ♣✳ ✼✼❪✳✮

✷✳✷ ❆❧❣✉♥s ❊①❡♠♣❧♦s

❊①❡♠♣❧♦ ✷✳✶✳ ❙❡❥❛♠ Q = 〈x〉 ∼= Z ❝✉❥❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡ Q s❡❥❛ ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦

♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ A = Z[1/2] =

{
z

2n
: n ∈ Z+∪{0}, z ∈ Z

}

✱ q✉❡ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❉❡✜♥❛♠♦s

❛ s❡❣✉✐♥t❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ Q s♦❜r❡ A✿

ax = 2a ❡ ax
−1

=
a

2
, ∀a ∈ A

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶ ✭♣✳ ✽✸✮✱ t❡♠♦s q✉❡ Hom(Q,R) ∼= R ✭❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✮✳ ❈♦♥s❡✲
q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❜✐❥❡çã♦✿

{−1, 1} ∼=
R\{0}

∼
↔

Hom(Q,R)\{0}

∼
= S(Q),

♦♥❞❡ ∼ é ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✷ ✭♣✳ ✽✷✮✳ P❡❧❛s ❉❡♠♦♥str❛çõ❡s ❞❛
Pr♦♣♦s✐çã♦ ✷✳✶ ✭♣✳ ✽✸✮ ❡ ❞♦ ▲❡♠❛ ✷✳✸ ✭♣✳ ✽✷✮ ❡ s❡♥❞♦ θ : x 7→ 1 ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
❡♥tr❡ Q ❡ Z✱ ❛ ❜✐❥❡çã♦ ❛❝✐♠❛ é ❞❛❞❛ ♣♦r

1 7→ [v1], ♦♥❞❡ v1(x) = v1(θ
−1(1)) = 〈1, 1〉 = 1

❡ − 1 7→ [v−1], ♦♥❞❡ v−1(x) = v−1(θ
−1(1)) = 〈1,−1〉 = −1 = −v1(x).

▲♦❣♦✱
S(Q) = {[v1], [−v1]}.

❖❜s❡r✈❡ q✉❡ A é ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❣❡r❛❞♦ ♣♦r 1Z ∈ Z✱ ♣♦✐s A = 1Z ·ZQ✳ ▲♦❣♦✱ A
é ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❛í q✉❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷ ✭♣✳ ✽✺✮✱

ΣA(Q) = {[v] ∈ S(Q) : ❆ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQv✲♠ó❞✉❧♦ à ❞✐r❡✐t❛}.

❖❜s❡r✈❡♠♦s ❛❣♦r❛ q✉❡

Q−v1 = {q ∈ Q : −v1(q) ≥ 0} = {q ∈ Q : v1(q) ≤ 0} = {x−n ∈ Q : n ∈ Z+ ∪ {0}}.

❈♦♥❝❧✉í♠♦s q✉❡ A = 1Z · ZQ−v1 ✱ ✐st♦ é✱ A é (ZQ−v1)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❣❡r❛❞♦ ♣♦r {1Z}✱
♣♦rt❛♥t♦ A é (ZQ−v1)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ a ∈ A✱ t❡♠♦s q✉❡

a =
zn
2n

✱ ♦♥❞❡ n ∈ Z+ ∪ {0} ❡ zn ∈ Z✳ ▲♦❣♦✱

a =
z

2n
= z(1Z)

x−n

= 1Z(zx
−n) ∈ 1Z · ZQ−v1 .

✾✷



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

P♦r ♦✉tr♦ ❧❛❞♦✱

Qv1 = {q ∈ Q : v1(q) ≥ 0} = {xn ∈ Q : n ∈ Z+ ∪ {0}}.

❈♦♠♦✱ ∀a ∈ A✱ ax
n
= 2na✱ ❝♦♠ n ∈ Z+ ∪ {0}✱ ❝♦♥❝❧✉í♠♦s q✉❡ A ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

❝♦♠♦ ZQv1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ❞♦ ❝♦♥trár✐♦ ❡①✐st✐r✐❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

X =

{

a1 =
z1
2n1

, . . . , as =
zs
2ns

}

⊆ A,

♦♥❞❡ s ∈ Z+, nj ∈ Z+∪{0}✱ zj ∈ Z ❡ 2 ∤ zj ♣❛r❛ 1 ≤ j ≤ s✱ q✉❡ ❣❡r❛r✐❛ A ❝♦♠♦ ZQv1✲♠ó❞✉❧♦
à ❞✐r❡✐t❛✳ ◆♦ ❡♥t❛♥t♦✱ s❡♥❞♦

n0 = ♠❛①{n1, . . . , ns},

t❡♠♦s q✉❡
1

2n0+1
♥ã♦ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ❡❧❡♠❡♥t♦s ❞❡ X✳ ❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡

ΣA(Q) = {[−v1]}.

❊①❡♠♣❧♦ ✷✳✷✳ ❙❡❥❛♠ Q = 〈x〉 ∼= Z ❝✉❥❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡ Q s❡❥❛ ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦

♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ A = Z[1/6] =

{
z

6n
: n ∈ Z+∪{0}, z ∈ Z

}

✱ q✉❡ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❉❡✜♥❛♠♦s

❛ s❡❣✉✐♥t❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ Q s♦❜r❡ A✿

ax =
2a

3
❡ ax

−1

=
3a

2

P♦r r❛❝✐♦❝í♥✐♦ ✐❞ê♥t✐❝♦ ❛♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✶ ✭♣✳ ✾✷✮✱ s❡❣✉❡ q✉❡

S(Q) = {[v1], [−v1]},

♦♥❞❡ v1(x) = 1✳
❱❛♠♦s ♠♦str❛r q✉❡ A é ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❣❡r❛❞♦ ♣♦r 1Z ∈ Z✱ ✐st♦ é✱ A = 1Z ·ZQ✳

❱❡❥❛ q✉❡

(
2

3

)n

=
2n

3n
,

(
3

2

)n

=
3n

2n
∈ 1Z · ZQ✳ ❈♦♠♦ ♦ ♠á①✐♠♦ ❞✐✈✐s♦r ❝♦♠✉♠ ❡♥tr❡ 22n ❡

32n é 1✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇❡③♦✉t✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡♠ α, β ∈ Z t❛✐s q✉❡ α22n + β32n = 1✳
❉❛í q✉❡✱

1

6n
=
α22n + β32n

6n
= α

2n

3n
+ β

3n

2n
= 1Z(αx

n) + 1Z(βx
−n) ∈ 1Z · ZQ.

▲♦❣♦✱ A ⊆ 1Z ·ZQ ❡✱ ♣♦rt❛♥t♦✱ A = 1Z ·ZQ✳ ❆ss✐♠✱ A é ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷ ✭♣✳ ✽✺✮✱

ΣA(Q) = {[v] ∈ S(Q) : ❆ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQv✲♠ó❞✉❧♦ à ❞✐r❡✐t❛}.

❖❜s❡r✈❡♠♦s ❛❣♦r❛ q✉❡

Qv1 = {q ∈ Q : v1(q) ≥ 0} = {xn ∈ Q : n ∈ Z+ ∪ {0}},

Q−v1 = {q ∈ Q : −v1(q) ≥ 0} = {q ∈ Q : v1(q) ≤ 0} = {x−n ∈ Q : n ∈ Z+ ∪ {0}}.

✾✸



✷✳✷✳ ❆❧❣✉♥s ❊①❡♠♣❧♦s

❙✉♣♦♥❤❛♠♦s q✉❡ A s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQv1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ▲♦❣♦✱ ❡①✐st❡
✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

X =

{

a1 =
z1
6n1

, . . . , as =
zs
6ns

}

⊆ A,

♦♥❞❡ s ∈ Z+, nj ∈ Z+ ∪ {0}✱ zj ∈ Z ❡ 6 ∤ zj ♣❛r❛ 1 ≤ j ≤ s✱ t❛❧ q✉❡

A = a1ZQv1 + . . .+ asZQv1 .

❉❛❞♦ xn ∈ Qv1 ❡ j ∈ {1, . . . , s}✱ t❡♠♦s q✉❡

ax
n

j =

(
zj
6nj

)xn

=
zj
6nj

(
2

3

)n

=
zj2

n

3nj+n · 2nj
∈ Z[1/3] ·

1

2nj
.

❙❡❥❛ n0 = ♠❛①{n1, . . . , ns}✳ ❊♥tã♦✱

Xxn := {ax
n

1 , . . . , a
xn

s } ⊆ Z[1/3] ·
1

2n0
⊆ A,

♦♥❞❡ Z[1/3] ·
1

2n0
é s✉❜❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❞❡ A✱ ❧♦❣♦

A = a1ZQv1 + . . .+ asZQv1 ⊆ Z[1/3] ·
1

2n0
,

✐st♦ é✱

A = Z[1/3] ·
1

2n0
. ✭✷✳✶✮

▼❛s✱
1

2n0+1
=

3n0+1

6n0+1
∈ A ❡

1

2n0+1
/∈ Z[1/3] ·

1

2n0
✱ ❞♦ ❝♦♥trár✐♦

1

2
♣❡rt❡♥❝❡r✐❛ ❛ Z[1/3] =

{
z

3m
:

m ∈ Z+ ∪ {0}, z ∈ Z
}

✱ ♦ q✉❡ é ❛❜s✉r❞♦✳ ❚❡♠♦s✱ ❡♥tã♦✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✷✳✶✮ ✭♣✳ ✾✹✮✳

❈♦♥❝❧✉í♠♦s q✉❡ A ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQv1✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱
♠♦str❛♠♦s q✉❡ A ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ (ZQ−v1)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❉❡st❛ ❢♦r♠❛✱
t❡♠♦s q✉❡

ΣA(Q) = ∅.

❉❡✜♥✐çã♦ ✷✳✶✹✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ AnnZQ(A) = µZQ✱ ✐st♦ é✱ ♦ ❛♥✉❧❛❞♦r ❞❡ A ❡♠ ZQ é ✉♠ ✐❞❡❛❧
♣r✐♥❝✐♣❛❧ ❣❡r❛❞♦ ♣♦r µ ∈ ZQ✳ ❉❡♥♦♠✐♥❛♠♦s q ∈ supp(µ) ❞❡ ✧❝♦r♥❡r✧ ❞❡ µ s❡ ❡①✐st❡
v ∈ Hom(Q,R)\{0} t❛❧ q✉❡ v(q) < v(x), ∀x ∈ supp(µ)\{q}✳

❉❡✜♥✐çã♦ ✷✳✶✺✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ AnnZQ(A) = µZQ✱ ✐st♦ é✱ ♦ ❛♥✉❧❛❞♦r ❞❡ A ❡♠ ZQ é ✉♠ ✐❞❡❛❧
♣r✐♥❝✐♣❛❧ ❣❡r❛❞♦ ♣♦r µ ∈ ZQ✳ ❈❛❞❛ ✧❝♦r♥❡r✧ q ❞❡ µ ❞á ♦r✐❣❡♠ ❛ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦

Cq = {[v] ∈ S(Q) : v(q) < v(x), ∀x ∈ supp(µ)\{q}}

=
⋂

x∈supp(µ)\{q}

Hxq−1 ,

♦♥❞❡ r❡❝♦r❞❛♠♦s q✉❡✱ ❞❛❞♦ y ∈ Q✱ Hy = {[v] ∈ S(Q) : v(y) > 0}✳

✾✹



❈❛♣ít✉❧♦ ✷✳ ■♥✈❛r✐❛♥t❡ ●❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧

❖❜s❡r✈❡ q✉❡ S(Q) =
⋃

{Cq : q é ✉♠ ✧❝♦r♥❡r✧ ❞❡ µ}✳

Pr♦♣♦s✐çã♦ ✷✳✶✶✳ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ A ✉♠ ZQ✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ AnnZQ(A) = µZQ✱ ✐st♦ é✱ ♦ ❛♥✉❧❛❞♦r ❞❡ A ❡♠ ZQ é ✉♠ ✐❞❡❛❧

♣r✐♥❝✐♣❛❧ ❣❡r❛❞♦ ♣♦r µ ∈ ZQ✱ ♦♥❞❡ µ =
∑

x∈Q

zxx ❝♦♠ zx ∈ Z✳

❛✮ ❙❡ µ = 0✱ ❡♥tã♦ ΣA(Q) = ∅✳

❜✮ ❙❡ µ 6= 0✱ ❡♥tã♦ ΣA(Q) =
⋃

{Cq : q é ✉♠ ✧❝♦r♥❡r✧ ❞❡ µ ❡ zq ∈ {−1, 1}}✳

❉❡♠♦♥str❛çã♦✳ ❛✮ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸ ✭♣✳ ✽✺✮✱ t❡♠♦s q✉❡ ΣA(Q) = ΣZQ/AnnZQ(A)(Q)✳ ❈❛s♦
µ = 0✱ ❡♥tã♦ ZQ/AnnZQ(A) ∼= ZQ✳ ▼❛s✱ ΣZQ(Q) = ∅✱ ♣♦✐s CZQ(ZQ) = 1Q✳

❜✮ ✭❱❡r ❬✶✶✱ ▲❡♠♠❛ ✷✸ ✭✐✮✱ ♣✳ ✷✽✾❪✳✮

❊①❡♠♣❧♦ ✷✳✸✳ ❙❡❥❛♠ Q ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {s, t}✱ A ✉♠ ZQ✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ AnnZQ(A) = µZQ✱ s❡♥❞♦

µ = ms−1t−1 + s−1 + t−1 + n+ st ∈ ZQ,

♦♥❞❡ m,n ∈ Z ❡ |m| > 1✳ ❚❡♠♦s q✉❡ ♦s ✧❝♦r♥❡rs✧ ❞❡ µ sã♦ s−1t−1, s−1, t−1 ❡ st✱ ♣♦✐s✱
t♦♠❛♥❞♦✲s❡ v1, v2, v3, v4 : Q→ R t❛✐s q✉❡

v1(s) = 1 ❡ v1(t) = 1

v2(s) = 1 ❡ v2(t) = −1

v3(s) = −1 ❡ v3(t) = 1

v4(s) = −1 ❡ v4(t) = −1

♦❜s❡r✈❛♠♦s q✉❡ v1, v2, v3, v4 ∈ Hom(Q,R)\{0} ❡

v1(s
−1t−1) < v1(s

−1), v1(t
−1), v1(st), v1(1)

v2(s
−1) < v2(s

−1t−1), v2(t
−1), v2(st), v2(1)

v3(t
−1) < v3(s

−1t−1), v3(s
−1), v3(st), v3(1)

v4(st) < v4(s
−1t−1), v4(s

−1), v4(t
−1), v4(1)

❱❡❥❛ q✉❡ 1Q ♥ã♦ ♣♦❞❡ s❡r ✧❝♦r♥❡r✧ ❞❡ µ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s♦♠❡♥t❡ s−1, t−1 ❡ st t❡♠ ❝♦❡✜❝✐❡♥t❡s
−1 ♦✉ 1✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✶ ❜✮ ✭♣✳ ✾✺✮✱ s❡❣✉❡ q✉❡

ΣA(Q) = Cs−1 ∪ Ct−1 ∪ Cst.

✾✺
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❈❛♣ít✉❧♦ ✸

Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

◆❡st❡ ❝❛♣ít✉❧♦ R ❞❡♥♦t❛rá ✉♠ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❛r❜✐trár✐♦✳

◆❡st❡ ❈❛♣ít✉❧♦ ❞❡s❝r❡✈❡r❡♠♦s ♣r♦♣r✐❡❞❛❞❡s ❡ ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ♥❡❝❡ssár✐❛s ♥♦ ❞❡s❡♥✈♦❧✲
✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❞❡ t✐♣♦ FP∞✱ ❛❧é♠ ❞❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s t❡♦r❡♠❛s q✉❡ ❢♦r❛♠
❢❡rr❛♠❡♥t❛s ✐♠♣♦t❛♥t❡s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ ❉✐ss❡rt❛çã♦✳ ❚❛✐s t❡✲
♦r❡♠❛s r❛❧❛❝✐♦♥❛♠ ❣r✉♣♦s ❞❡ t✐♣♦ FP∞ ❡ ♦ ✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❙❡❥❛ I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✳ ❯♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ F é ❞✐t♦ ❧✐✈r❡ s❡

❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ B = {ai ∈ F : i ∈ I} t❛❧ q✉❡ F ∼=
⊕

i∈I

aiR✱ ♦♥❞❡ aiR ∼= R ✭❝♦♠♦

R✲♠ó❞✉❧♦s✮✱ ♣❛r❛ t♦❞♦ i ∈ I✳ ❆ss✐♠✱ t❡♠♦s q✉❡ F é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ❝ó♣✐❛s ❞❡ R✳
❉❡♥♦♠✐♥❛♠♦s B ❞❡ ❜❛s❡ ❞❡ F ✳

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❙❡❥❛ F ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳ ❊♥tã♦✱ ❞❛❞♦s M ✉♠
R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ f : X →M ✉♠❛ ❢✉♥çã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s
à ❞✐r❡✐t❛ θ : F → M t❛❧ q✉❡ θι = f ✱ ♦♥❞❡ ι : X →֒ F é ❛ ❢✉♥çã♦ ❝❛♥ô♥✐❝❛ ✐♥❝❧✉sã♦✱ ♦✉ s❡❥❛✱
♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

F
θ

  
X

ι

OO

f
//M

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸✹ ✭❊①t❡♥❞✐♥❣ ❜② ▲✐♥❡❛r✐t②✮✱ ♣✳ ✺✼❪✳✮

Pr♦♣♦s✐çã♦ ✸✳✷✳ ❙❡❥❛ F ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✳ ❊♥tã♦✱ ❞❛❞♦s A,A′ R✲♠ó❞✉❧♦s à
❞✐r❡✐t❛✱ h : F → A′ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ p : A։ A′ ✉♠ ❡♣✐♠♦r✜s♠♦
❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ g : F → A t❛❧ q✉❡
pg = h✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✿

F
g

~~
h
��

A p
// // A′ // ✵

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✸✳✶✱ ♣✳✾✾❪✳✮

✾✼



❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❊♥tã♦✱ M é q✉♦❝✐❡♥t❡ ❞❡ ❛❧❣✉♠ R✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ❧✐✈r❡✳ ❉✐t♦ ❞❡ ♦✉tr❛ ❢♦r♠❛✱ ❡①✐st❡♠ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ F ❡ ✉♠ R✲s✉❜♠ó❞✉❧♦
A ❞❡ F t❛❧ q✉❡ M ∼= F/A ✭✐s♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s✮✳ ❆❧é♠ ❞✐ss♦✱ M é ✉♠ R✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣✉❞❡r♠♦s ❡s❝♦❧❤❡r✱ ❞❛ ❢♦r♠❛ ❛❝✐♠❛✱ ✉♠ R✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ F ❝♦♠♦ s❡♥❞♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✸✺✱ ♣✳✺✽❪✳✮

❉❡✜♥✐çã♦ ✸✳✷✳ ❙❡❥❛♠ {An}n∈Z ✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ {ϕn : An → An−1}n∈Z
✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é
✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✿

. . . −→ An+1
ϕn+1
−→ An

ϕn
−→ An−1 −→ . . . .

❊✱ s❡❥❛♠ n ∈ Z+∪{0}✱ {Ak} k∈Z

k≤n
✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ {ϕk : Ak → Ak−1} k∈Z

k≤n

✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é
✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✿

An
ϕn
−→ An−1

ϕn−1
−→ An−2 −→ . . . .

❉❡✜♥✐çã♦ ✸✳✸✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

. . . −→ An+1
ϕn+1
−→ An

ϕn
−→ An−1 −→ . . .

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ s❡ ker(ϕn) = Im(ϕn+1), ∀n ∈ Z✳ ❊
❞✐③❡♠♦s q✉❡ ❛ ♠❡s♠❛ é ✉♠ ❝♦♠♣❧❡①♦ s❡ ker(ϕn) ⊇ Im(ϕn+1), ∀n ∈ Z✳ ❉✐③❡♠♦s t❛♠❜é♠
q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

An
ϕn
−→ An−1

ϕn−1
−→ An−2 −→ . . .

é ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ s❡ ker(ϕk) = Im(ϕk+1), ∀k < n✳

❉❡✜♥✐çã♦ ✸✳✹✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵ −→ A′ i
−→ A

p
−→ A′′ −→ ✵.

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❙❡❥❛♠ I, J ❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s✱ F ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ❝♦♠ ❜❛s❡

X = {xi ∈ F : i ∈ I} ❡ Y = {
∑

i∈I

xirji ∈ F : j ∈ J} ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ F ✳ ❙❡ K é ✉♠ R✲

s✉❜♠ó❞✉❧♦ ❞❡ F ❣❡r❛❞♦ ♣♦r Y ✱ ❞✐③❡♠♦s q✉❡ ♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ M ∼= F/K t❡♠ ❣❡r❛❞♦r❡s
X ❡ r❡❧❛çõ❡s Y ✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ 〈X|Y 〉 é ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ M ✳ ❉✐③❡♠♦s ❛✐♥❞❛
q✉❡ M é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ s❡ ❡①✐st✐r ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧
❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

Rm → Rn →M → ✵,

♣❛r❛ ❛❧❣✉♥s m,n ∈ Z+✳

✾✽



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❖❜s❡r✈❛çã♦ ✸✳✶✳ ❯♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡ ❡①✐st✐r ❛❧❣✉♠❛ ❛♣r❡s❡♥✲
t❛çã♦ 〈X|Y 〉 ❞❡ M t❛❧ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡ M é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ s❡ ❡①✐st✐r
❛❧❣✉♠❛ ❛♣r❡s❡♥t❛çã♦ 〈X ′|Y ′〉 ❞❡ M t❛❧ q✉❡ X ′ ❡ Y ′ sã♦ ✜♥✐t♦s✳

❉❡✜♥✐çã♦ ✸✳✻✳ ❯♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ P é ❞✐t♦ ♣r♦❥❡t✐✈♦ s❡✱ ♣❛r❛ ❝❛❞❛ A,A′ R✲♠ó❞✉❧♦s à
❞✐r❡✐t❛✱ f : P → A′ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ p : A։ A′ ✉♠ ❡♣✐♠♦r✜s♠♦
❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ s❡♠♣r❡ ❡①✐st✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ g : P → A
t❛❧ q✉❡ pg = f ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ s❡❥❛ ❝♦♠✉t❛t✐✈♦✿

P
g

~~
f
��

A p
// // A′ // ✵

❖❜s❡r✈❛çã♦ ✸✳✷✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷ ✭♣✳ ✾✼✮ ❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✻ ✭♣✳ ✾✾✮✱ s❡❣✉❡ q✉❡ t♦❞♦
R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦✳

❉❡✜♥✐çã♦ ✸✳✼✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵ −→ A′ i
−→ A

p
−→ A′′ −→ ✵

❝✐♥❞❡ s❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ j : A′′ → A t❛❧ q✉❡ pj = idA′′✳

Pr♦♣♦s✐çã♦ ✸✳✸✳ ❯♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ P é ♣r♦❥❡t✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❝❛❞❛ s❡q✉ê♥❝✐❛

❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✵ −→ A
i
−→ B

p
−→ P −→ ✵ ❝✐♥❞❡✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ♣✳ ✶✵✵❪✳✮

Pr♦♣♦s✐çã♦ ✸✳✹✳ ❙❡❥❛ P ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❊♥tã♦✱ P é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P é ✉♠❛ ♣❛r❝❡❧❛ ❞✐r❡t❛ ❞❡ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✱ ✐st♦ é✱ ❡①✐st❡ ✉♠
R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ F t❛❧ q✉❡ F = P ⊕ A✱ ♦♥❞❡ A é ❛❧❣✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ F ✳ ❆❧é♠
❞✐ss♦✱ ❡①✐st❡ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s ϕ : F ։ P ✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✸✳✺✱ ♣✳ ✶✵✶❪✳✮

❉❡✜♥✐çã♦ ✸✳✽✳ ❙❡❥❛ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❯♠❛ r❡s♦❧✉çã♦ ❞❡ t✐♣♦ ✜♥✐t♦ ❞♦ R✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

. . . −→ An
dn−→ An−1 −→ . . . −→ A1

d1−→ A0
d0−→ A −→ ✵

♦♥❞❡ An é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀n ∈ Z+ ∪ {0}✳ ❊✱❞❛❞♦ n ∈ Z+ ∪ {0}✱
✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ❞❡ t✐♣♦ ✜♥✐t♦ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧
❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

An
dn−→ An−1 −→ . . . −→ A1

d1−→ A0
d0−→ A −→ ✵

♦♥❞❡ Ak é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀k ≤ n✳

✾✾



❉❡✜♥✐çã♦ ✸✳✾✳ ❙❡❥❛ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❯♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞♦ R✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

. . . −→ Pn
dn−→ Pn−1 −→ . . . −→ P1

d1−→ P0
d0−→ A −→ ✵

♦♥❞❡ Pn é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦✱ ∀n ∈ Z+ ∪ {0}✳ ❊✱❞❛❞♦ n ∈ Z+ ∪ {0}✱ ✉♠❛
r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡
R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

Pn
dn−→ Pn−1 −→ . . . −→ P1

d1−→ P0
d0−→ A −→ ✵

♦♥❞❡ Pk é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦✱ ∀k ≤ n✳

❉❡✜♥✐çã♦ ✸✳✶✵✳ ❙❡❥❛ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❯♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞♦ R✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

. . . −→ Fn
dn−→ Fn−1 −→ . . . −→ F1

d1−→ F0
d0−→ A −→ ✵

♦♥❞❡ Fn é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✱ ∀n ∈ Z+∪{0}✳ ❊✱❞❛❞♦ n ∈ Z+∪{0}✱ ✉♠❛ r❡s♦❧✉çã♦
♣❛r❝✐❛❧ ❧✐✈r❡ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à
❞✐r❡✐t❛

Fn
dn−→ Fn−1 −→ . . . −→ F1

d1−→ F0
d0−→ A −→ ✵

♦♥❞❡ Fk é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✱ ∀k ≤ n✳

❉❡✜♥✐çã♦ ✸✳✶✶✳ ❉❛❞♦ n ∈ Z+ ∪ {0}✱ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ❞❡ t✐♣♦ FPn s❡ ❡①✐st❡
✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A

Pn
dn−→ Pn−1 −→ . . . −→ P1

d1−→ P0
d0−→ A −→ ✵.

❊✱ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ❞❡ t✐♣♦ FP∞ s❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦
✜♥✐t♦ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A

. . . −→ Pn
dn−→ Pn−1 −→ . . . −→ P1

d1−→ P0
d0−→ A −→ ✵.

❖❜s❡r✈❡♠♦s q✉❡ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A ❞❡ t✐♣♦ FPn é ❞❡ t✐♣♦ FPk ♣❛r❛ t♦❞♦ k ∈
{0, 1, . . . , n} ❡ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A ❞❡ t✐♣♦ FP∞ é ❞❡ t✐♣♦ FPk ♣❛r❛ t♦❞♦ k ∈ Z+∪{0}✳

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❯♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ❞✐t♦ tr✐✈✐❛❧ s❡ G ❛❣❡
tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ A✶✳

❉❡✜♥✐çã♦ ✸✳✶✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉❛❞♦ n ∈ Z+∪{0}✱ ❞✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦
FPn s❡ ♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ Z é ❞❡ t✐♣♦ FPn✳ ❊ ❞✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ❞❡
t✐♣♦ FP∞ s❡ ♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ Z é ❞❡ t✐♣♦ FP∞✳

✶◆❡st❛ ❞❡✜♥✐çã♦ ❡st❛♠♦s ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✳

✶✵✵



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❉❡✜♥✐çã♦ ✸✳✶✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉❡♥♦♠✐♥❛♠♦s ❛ ❢✉♥çã♦ ε : ZG→ Z ❞❛❞❛ ♣♦r

ε(
∑

g∈G

xgg) =
∑

g∈G

xg,

♦♥❞❡ xg ∈ Z✱ ❞❡ ❛✉❣♠❡♥t❛çã♦ ❡✱ ❞❡♥♦t❛♥❞♦ ker(ε) ♣♦r Aug(ZG)✱ ❞❡♥♦♠✐♥❛♠♦✲❧♦ ❞❡ ✐❞❡❛❧
❛✉❣♠❡♥t❛❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❖❜s❡r✈❡ q✉❡✱ s❡ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✱ ❛
❛✉❣♠❡♥t❛çã♦ ε : ZG→ Z é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡
♦ ✐❞❡❛❧ ❛✉❣♠❡♥t❛❞♦ Aug(ZG) := ker(ε) é✱ ❞❡ ❢❛t♦✱ ✉♠ ✐❞❡❛❧ ❞♦ ❛♥❡❧ ZG✳

Pr♦♣♦s✐çã♦ ✸✳✺✳ ❚♦❞♦ ❣r✉♣♦ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP0✳

❉❡♠♦♥str❛çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ Z é ❞❡ t✐♣♦ FP0✱ ✐st♦
é✱ q✉❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦

P0
d0−→ Z −→ ✵.

❈♦♠♦ ε : ZG։ Z é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✸ ✭♣✳ ✶✵✶✮✱
♦❜t❡♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

ZG
ε
−→ Z −→ ✵ ✭✸✳✶✮

❈♦♠♦ ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✱ s❡❣✉❡ q✉❡ ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦ ♣❡❧❛
❖❜s❡r✈❛çã♦ ✸✳✷ ✭♣✳ ✾✾✮✳ ❊✱ ♦❜✈✐❛♠❡♥t❡✱ ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
P♦rt❛♥t♦✱ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❡♠ ✭✸✳✶✮ ✭♣✳ ✶✵✶✮ é✱ ❞❡ ❢❛t♦✱ ✉♠❛ r❡s♦❧✉çã♦
♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦✳

Pr♦♣♦s✐çã♦ ✸✳✻✳ ❚♦❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ Q é ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ε : ZQ։ Z ❛ ❛✉❣♠❡♥t❛çã♦✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✽ ✭♣✳ ✼✽✮ ❡ ♣❡❧❛ ❖❜s❡r✈❛✲
çã♦ ✶✳✼ ✭♣✳ ✹✻✮✱ t❡♠♦s q✉❡ ZQ é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ♥♦❡t❤❡r✐❛♥♦✱ ❧♦❣♦ Aug(ZQ) = ker(ε)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZQ✲s✉❜♠ó❞✉❧♦ ❞❡ ZQ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮✱ ❞❛í q✉❡✱
♣❡❧❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ✭♣✳ ✾✽✮✱ ❡①✐st❡♠ ZQ✲♠ó❞✉❧♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
F1 ❡ ϕ1 : F1 ։ ker(ε) ❡♣✐♠♦r✜s♠♦ ❞❡ ZQ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❉❡✜♥❛♠♦s d1 := ι1ϕ1✱ ♦♥❞❡
ι1 : ker(ε) →֒ ZQ é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ZQ✲♠ó❞✉❧♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳ ❙❡❣✉❡ q✉❡

Im(d1) = d1(F1) = ι1ϕ1(F1) = ι1(ker(ε)) = ker(ε).

❚❡♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ ZQ✲♠ó❞✉❧♦s

F1
d1−→ ZQ

ε
−→ Z −→ ✵.

❈♦♠♦ F1 é ZQ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ s❡❣✉❡ q✉❡ F1 é ZQ✲♠ó❞✉❧♦ ♥♦❡t❤❡r✐❛♥♦ ♣❡❧❛ Pr♦✲
♣♦s✐çã♦ ✶✳✹✻ ✭♣✳ ✼✷✮✱ ♣♦rt❛♥t♦ ker(d1) é ZQ✲s✉❜♠ó❞✉❧♦ ❞❡ F1 ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P♦❞❡♠♦s✱
❡♥tã♦✱ r❡♣❡t✐r ♦ ♣r♦❝❡ss♦ ❛❝✐♠❛ ♣❛r❛ ❝♦♥str✉✐r ✉♠ ZQ✲♠ó❞✉❧♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ F2

t❛❧ q✉❡ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ é ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦

F2
d2−→ F1

d1−→ ZQ
ε
−→ Z −→ ✵,

♦♥❞❡ d2 é ❞❡✜♥✐❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛ d1✳ P♦❞❡♠♦s r❡♣❡t✐r t❛❧ ♣r♦❝❡ss♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✱
♦❜t❡♥❞♦✱ ❛ss✐♠✱ ✉♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦ ♣❛r❛ ♦ ZQ✲♠ó❞✉❧♦ tr✐✈✐❛❧ Z✳ ❯s❛♥❞♦ ❛
❖❜s❡r✈❛çã♦ ✸✳✷ ✭♣✳ ✾✾✮ ❝♦♥❝❧✉í♠♦s q✉❡ Q é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

✶✵✶



▲❡♠❛ ✸✳✶✳ ❙❡❥❛

✵ −→ A′ i
−→ A

p
−→ A′′ −→ ✵

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s✳ ❙❡ t❛❧ s❡q✉ê♥❝✐❛ ❝✐♥❞❡✱ ❡♥tã♦ A ∼= A′ ⊕ A′′✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷✽✱ ♣✳ ✺✷❪✳✮

▲❡♠❛ ✸✳✷ ✭▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧✮✳ ❙❡❥❛♠

✵ −→ K
i
−→ P

p
−→M −→ ✵ ❡ ✵ −→ K ′ i′

−→ P ′ p′

−→M −→ ✵

s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❙❡ P ❡ P ′ sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡t✐✲
✈♦s✱ ❡♥tã♦ P ⊕K ′ ∼= P ′ ⊕K✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Q = {(x, x′) ∈ P × P ′ : p(x) = p′(x′)}✳ ❖❜s❡r✈❡ q✉❡ Q é R✲s✉❜♠ó❞✉❧♦
❞❡ P ×P ′✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦ ❡ ♣♦ss✉✐ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s
❡①❛t❛s

✵

��

✵

��
K ′ idK′ //

ϕ′

��
	

K ′

i′

��
✵ // K

ϕ //

idK
��

	

Q
π′

//

π
��

	

P ′ //

p′

��

✵

✵ // K
i

// P p
//

��

M //

��

✵

✵ ✵

♦♥❞❡ ϕ′ : K ′ → Q ❡stá ❞❡✜♥✐❞❛ ♣♦r ϕ′(k′) = (0, i′(k′))✱ ϕ : K → Q ❡stá ❞❡✜♥✐❞❛ ♣♦r
ϕ(k) = (i(k), 0)✱ π′ : Q → P ′ ❡stá ❞❡✜♥✐❞❛ ♣♦r π(x, x′) = x′ ❡ π : Q → P ❡stá ❞❡✜♥✐❞❛ ♣♦r
π(x, x′) = x✳ ❈♦♠♦ P ❡ P ′ sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸ ✭♣✳ ✾✾✮✱
t❡♠♦s q✉❡ ❛s s❡❣✉✐♥t❡s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

✵ −→ K ′ ϕ′

−→ Q
π
−→ P −→ ✵ ❡ ✵ −→ K

ϕ
−→ Q

π′

−→ P ′ −→ ✵

❝✐♥❞❡♠ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶ ✭♣✳ ✶✵✷✮✱ P ⊕K ′ ∼= Q ∼= P ′ ⊕K✳

Pr♦♣♦s✐çã♦ ✸✳✼✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ Rm → Rn →M → ✵ ♣❛r❛ ❛❧❣✉♥s m,n ∈ Z+✳

✐✐✮ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ P1 → P0 → M → ✵ ♣❛r❛ ❛❧❣✉♥s R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛
♣r♦❥❡t✐✈♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s P0 ❡ P1✳

✐✐✐✮ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣❛r❛ ❝❛❞❛ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ P ❡ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ϕ : P ։ M ✱ t❡♠♦s q✉❡
ker(ϕ) é R✲s✉❜♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

✶✵✷



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✾✱ ✭✹✳✶✮ Pr♦♣♦s✐t✐♦♥✱ ♣✳ ✶✾✷❪✳✮

Pr♦♣♦s✐çã♦ ✸✳✽✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❛✮ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❞❡ t✐♣♦ FP0✳

❜✮ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ M é R✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ❞❡ t✐♣♦ FP1✳

❉❡♠♦♥str❛çã♦✳ ❛✮ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶ ✭♣✳ ✾✽✮✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡
R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✿

F0 →M → ✵, ✭✸✳✷✮

♦♥❞❡ F0 é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✳ ❉❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ✭♣✳ ✾✽✮✱ s❡❣✉❡
q✉❡ s❡ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥tr✉✐r F0 ❝♦♠♦
s❡♥❞♦ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❯s❛♥❞♦ ✭✸✳✷✮ ✭♣✳ ✶✵✸✮ t❡♠♦s
q✉❡ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FP0✳

❈❛s♦ M s❡❥❛ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FP0✱ ❡♥tã♦ t❡♠♦s ❛ s❡q✉✐♥t❡ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧
♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦

P0
d0−→M −→ ✵

❉❛í q✉❡M ∼= P0/ker(d0)✱ s❡♥❞♦ ❡st❡ ú❧t✐♠♦ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱
✈✐st♦ q✉❡ P0 ♦ é✳ P♦rt❛♥t♦✱ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❜✮ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✼ ✭♣✳ ✶✵✷✮✳

▲❡♠❛ ✸✳✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❊♥tã♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡
❞❡ ZH✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✿

ZG =
⊕

t∈T

tZH,

♦♥❞❡ T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❡sq✉❡r❞❛ ❞❡ H ❡♠ G✱ ✐st♦ é✱ G =
•⋃

t∈T

tH ❡ T ⊆ G✳ ❉✐t♦ ❞❡ ♦✉tr❛

❢♦r♠❛✱ ZG é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ t ∈ T ✱ t❡♠♦s q✉❡ tZH ⊆ ZG✱ ❧♦❣♦
∑

t∈T

tZH ⊆ ZG✳ P❛r❛ ♠♦str❛r✲

♠♦s ❛ ✐♥❝❧✉sã♦ r❡❝í♣r♦❝❛✱ ❞❛❞♦ λ =
∑

g∈G

xgg ∈ ZG✱ ❝♦♠ xg ∈ Z✱ s❡❣✉❡ q✉❡ ❡①✐st❡ n ∈ Z+

t❛❧ q✉❡ λ =
n∑

i=1

xgigi =
n∑

i=1

xgi(tihi) =
n∑

i=1

ti(xgihi)✱ ♦♥❞❡ gi ∈ G✱ ti ∈ T ❡ hi ∈ H✱ ♣♦✐s

G =
•⋃

t∈T

tH✳ ❚❡♠♦s q✉❡ ti(xgihi) ∈ tiZH ♣❛r❛ 1 ≤ i ≤ n✱ ❧♦❣♦ λ ∈
s∑

j=1

tijZH✱ ♦♥❞❡

tij ∈ {t1, . . . , tn} ♣❛r❛ 1 ≤ j ≤ s✱ ♦♥❞❡ s ≤ n ✭◆❡st❡ ú❧t✐♠♦ s♦♠❛tór✐♦ ♦ q✉❡ ✜③❡♠♦s ❢♦✐✱

✶✵✸



❡✈❡♥t✉❛❧♠❡♥t❡✱ ❡❧✐♠✐♥❛r ♣❛r❝❡❧❛s tiZH ✐❣✉❛✐s✮✳ ❙❡ ♠♦str❛r♠♦s q✉❡
s∑

j=1

tijZH =
s⊕

j=1

tijZH✱

t❡r❡♠♦s q✉❡ λ ∈
s⊕

j=1

tijZH ⊆
⊕

t∈T

tZH ❡✱ ♣♦rt❛♥t♦✱ ZG ⊆
⊕

t∈T

tZH✳ ❱❛♠♦s ♠♦str❛r✱ ❡♥tã♦✱

q✉❡
s∑

j=1

tijZH =
s⊕

j=1

tijZH✳ P❛r❛ ✐ss♦ ❜❛st❛ ♠♦str❛r♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ k ∈ {1, . . . , s}✱

tikZH ∩ (
s∑

j=1
j 6=k

tijZH) = ✵✳ ❉❛❞♦ k ∈ {1, . . . , s}✱ s❡❥❛ α ∈ tikZH ∩ (
s∑

j=1
j 6=k

tijZH)✳ ❊♥tã♦✱

α = tik
∑

h∈H

xkhh =
∑

h∈H

xkh(tikh) ❡ α =
s∑

j=1
j 6=k

tij(
∑

h∈H

xjhh) =
s∑

j=1
j 6=k

∑

h∈H

xjh(tijh)✳ ❙❡❣✉❡ q✉❡

s∑

j=1
j 6=k

∑

h∈H

xjh(tijh) +
∑

h∈H

(−xkh)(tikh) = 0ZG. ✭✸✳✸✮

❈♦♠♦ G é ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s tH✱ ❝♦♥❝❧✉í♠♦s q✉❡ tij1h 6= tij2h
′✱ ♣❛r❛ t♦❞♦s

j1, j2 ∈ {1, . . . , s} t❛✐s q✉❡ j1 6= j2 ❡ ♣❛r❛ t♦❞♦ h, h′ ∈ H✱ ❞❛í q✉❡ ♣♦r ✭✸✳✸✮ ✭♣✳ ✶✵✹✮ xlh = 0✱
♣❛r❛ t♦❞♦ l ∈ {1, . . . , s} ❡ ♣❛r❛ t♦❞♦ h ∈ H ❡✱ ♣♦rt❛♥t♦✱ α = 0ZG✳

▲❡♠❛ ✸✳✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ Aug(ZG) é Z✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡

B = {g − 1 ∈ ZG : g ∈ G ❡ g 6= 1G}.

❉❡♠♦♥str❛çã♦✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ B é ✉♠ ❝♦♥❥✉♥t♦ Z✲❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❇❛st❛✱ ❡♥tã♦✱
♠♦str❛r♠♦s q✉❡ B ❣❡r❛ Aug(ZG)✳ ❉❛❞♦ λ =

∑

g∈G

xgg ∈ Aug(ZG)✱ s❡❣✉❡ q✉❡
∑

g∈G

xg = 0✱ ❞❛í

q✉❡ λ =
∑

g∈G

xgg −
∑

g∈G

xg =
∑

g∈G

xg(g − 1)✳ P♦rt❛♥t♦✱ B ❣❡r❛ Aug(ZG)✳ ❆ss✐♠✱ Aug(ZG) =

⊕

g∈G
g 6=1G

Z(g − 1)✳

❉❡✜♥✐çã♦ ✸✳✶✺✳ ❯♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ A é ❞✐t♦ ♣❧❛♥♦ s❡ ♦ ❢✉♥t♦r A⊗R− é ❡①❛t♦✱ ✐st♦ é✱
❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛

✵ −→ B′ i
−→ B

p
−→ B′′ −→ ✵,

❡♥tã♦ ❛ s❡q✉ê♥❝✐❛

✵ −→ A⊗R B
′ idA⊗i
−→ A⊗R B

idA⊗p
−→ A⊗R B

′′ −→ ✵

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳
❊ ✉♠ R✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ B é ❞✐t♦ ♣❧❛♥♦ s❡ ♦ ❢✉♥t♦r −⊗R B é ❡①❛t♦✱ ✐st♦ é✱ ❞❛❞❛ ✉♠❛

s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵ −→ A′ i
−→ A

p
−→ A′′ −→ ✵,

✶✵✹



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❡♥tã♦ ❛ s❡q✉ê♥❝✐❛

✵ −→ A′ ⊗R B
i⊗idB−→ A⊗R B

p⊗idB−→ A′′ ⊗R B −→ ✵

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✷✳

▲❡♠❛ ✸✳✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
Aug(ZG) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZG✱ ✐st♦ é✱ Aug(ZG) é
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ♠♦str❛r q✉❡ s❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦
Aug(ZG) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG✳ ❙❡❥❛
G = 〈X〉✱ ♦♥❞❡ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ G✱ ✈❛♠♦s ❞❡♠♦♥str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦

X = {x− 1 ∈ ZG : x ∈ X}

❣❡r❛ Aug(ZG) ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ZG✲
s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG ❣❡r❛❞♦ ♣♦r X ❡stá ❝♦♥t✐❞♦ ❡♠ Aug(ZG)✱ ♦✉ s❡❥❛✱

∑

x∈X

(x− 1)ZG ⊆ Aug(ZG),

✉♠❛ ✈❡③ q✉❡ x−1 ∈ Aug(ZG), ∀x ∈ X ❡ Aug(ZG) é ✐❞❡❛❧ ❞❡ ZG✳ ❆❣♦r❛✱ ❞❛❞♦ g ∈ G✱ t❡♠♦s
q✉❡ g = xε11 . . . xεnn ✱ ♦♥❞❡ n ∈ Z+, xj ∈ X✱ εj ∈ {−1, 1} ❡ 1 ≤ j ≤ n✳ ❱❛♠♦s ♠♦str❛r ♣♦r

✐♥❞✉çã♦ s♦❜r❡ n q✉❡ g − 1 ∈
∑

x∈X

(x− 1)ZG✳

P❛r❛ n = 1✱ t❡♠♦s q✉❡ x1−1 ∈ (x1−1)ZG ⊆
∑

x∈X

(x−1)ZG ❡ x−1
1 −1 = (x1−1)(−x−1

1 ) ∈

(x1 − 1)ZG ⊆
∑

x∈X

(x− 1)ZG✳

P❛r❛ n > 1✱ s❡❣✉❡✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡

g−1 = (xε11 −1)x
ε2
2 x

ε3
3 . . . xεnn +(xε22 x

ε3
3 . . . xεnn −1) ∈ (x1−1)ZG+

∑

x∈X

(x−1)ZG ⊆
∑

x∈X

(x−1)ZG.

P❡❧♦ ▲❡♠❛ ✸✳✹ ✭♣✳ ✶✵✹✮ ❡ ♣❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ Aug(ZG) ⊆
∑

x∈X

(x−1)ZG✳

❆ss✐♠✱ Aug(ZG) =
∑

x∈X

(x − 1)ZG✳ ❙❡ G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠

s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X ❞❡ G t❛❧ q✉❡ G = 〈X〉✱ ❧♦❣♦ X ❝♦♠♦ ❛❝✐♠❛ é t❛♠❜é♠ ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦ ❡✱ ♣♦rt❛♥t♦✱ Aug(ZG) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ZG✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ Aug(ZG) s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG✳ ❊♥tã♦✱

Aug(ZG) =
n∑

i=1

λiZG,

✷❆s ❞❡✜♥✐çõ❡s ❞❡ idA⊗i✱ idA⊗p✱ i⊗idB ❡ p⊗idB ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹✻✱ ♣✳ ✼✹ ❡ ❚❤❡♦r❡♠
✷✳✹✽✱ ♣✳✼✹❪✳

✶✵✺



♦♥❞❡ n ∈ Z+ ❡ λi ∈ Aug(ZG) ♣❛r❛ 1 ≤ i ≤ n ✭❈❛s♦ Aug(ZG) = ✵✱ ❡♥tã♦ G = ✶✱ ♣♦✐s
g − 1 ∈ Aug(ZG), ∀g ∈ G✮✳ P♦❞❡♠♦s ❡s❝r❡✈❡r✱ ❡♥tã♦✱ λi =

∑

g∈G

xgig ❝♦♠
∑

g∈G

xgi = 0✱ ♦♥❞❡

xgi ∈ Z✳ ❆❣♦r❛

λi =
∑

g∈G

xgig −
∑

g∈G

xgi =
∑

g∈G

xgi(g − 1) =
∑

g∈G

(g − 1)xgi,

❞❛í q✉❡ λi ∈
∑

g∈supp(λi)

(g − 1)Z ⊆
∑

g∈supp(λi)

(g − 1)ZG✱ ♣♦✐s Z ⊆ ZG✳ ❆ss✐♠✱

Aug(ZG) =
n∑

i=1

λiZG ⊆
n∑

i=1

∑

g∈supp(λi)

(g − 1)ZG ⊆ Aug(ZG),

♦♥❞❡ ❡st❛ ú❧t✐♠❛ ❝♦♥t✐♥ê♥❝✐❛ ❛❝♦♥t❡❝❡✱ ♣♦✐s Aug(ZG) é ✐❞❡❛❧ ❞❡ ZG✳ P♦rt❛♥t♦✱

Aug(ZG) =
n∑

i=1
g∈supp(λi)

(g − 1)ZG.

❙❡❥❛

X = {g1, . . . , gm} =
n⋃

i=1

supp(λi).

❊♥tã♦✱

Aug(ZG) =
m∑

j=1

(gj − 1)ZG. ✭✸✳✹✮

❉❡✜♥❛♠♦s
S := 〈X〉,

q✉❡ é s✉❜❣r✉♣♦ ❞❡ G✳ P❡❧♦s ♣❛rá❣r❛❢♦s ♣r❡❝❡❞❡♥t❡s✱ ❝♦♠♦ S é ❣❡r❛❞♦ ♣♦r X✱ s❡❣✉❡ q✉❡
Aug(ZS) é ❣❡r❛❞♦✱ ❝♦♠♦ ZS✲s✉❜♠ó❞✉❧♦ ❞♦ ZS✲♠ó❞✉❧♦ ZS✱ ♣♦r {gj − 1 ∈ ZS : 1 ≤ j ≤ m}✱

✐st♦ é✱ Aug(ZS) =
m∑

j=1

(gj − 1)ZS✳ ▲♦❣♦✱

Aug(ZS) · ZG = (
m∑

j=1

(gj − 1)ZS) · ZG =
m∑

j=1

(gj − 1)ZG = Aug(ZG),

♦✉ s❡❥❛✱
Aug(ZG) = Aug(ZS) · ZG. ✭✸✳✺✮

❱❡❥❛ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r G =
•⋃

t∈T

St✱ ♦♥❞❡ T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ S ❡♠ G✳ ▲♦❣♦✱

♣♦r ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ▲❡♠❛ ✸✳✸ ✭♣✳ ✶✵✸✮✱ ZG =
⊕

t∈T

ZSt✱ ❞❛í q✉❡ ZG é ZS✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛

✶✵✻



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❧✐✈r❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ZG é ZS✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ♣❧❛♥♦ ♣♦r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹✻ ✭✐✐✐✮✱
♣✳ ✶✸✷❪ ❡ ❛ ❖❜s❡r✈❛çã♦ ✸✳✷ ✭♣✳ ✾✾✮ ❡✱ ♣♦rt❛♥t♦✱ ♦ ❢✉♥t♦r − ⊗ZS ZG é ❡①❛t♦✳ ❈♦♥s✐❞❡r❛♥❞♦✱
❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ZS✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵ −→ Aug(ZS)
ι
−→ ZS

ε
−→ Z −→ ✵,

♦♥❞❡ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ZS✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✱ ε é ❛ ❛✉❣♠❡♥t❛çã♦ ❡ Z
é ZS✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✱ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ Z✲♠ó❞✉❧♦s

✵ −→ Aug(ZS)⊗ZS ZG
ι∗−→ ZS ⊗ZS ZG

ε∗−→ Z⊗ZS ZG −→ ✵ ✭✸✳✻✮

t❛♠❜é♠ é ❡①❛t❛ ❝✉rt❛✱ ♦♥❞❡ ι∗ = ι⊗ idZG ❡ ε∗ = ε⊗ idZG✳ ❖❜s❡r✈❡ ❛❣♦r❛ q✉❡

ZS ⊗ZS ZG ∼= ZG ❝♦♠♦ Z✲♠ó❞✉❧♦s,

♦♥❞❡ ♦ ✐s♦♠♦r✜s♠♦ é ❞❛❞♦ ♣♦r
ψ : µ⊗ λ 7→ µλ,

❝♦♠ µ ∈ ZS ❡ λ ∈ ZG✳ ❯s❛♥❞♦ ❛✐♥❞❛ ♦ ✐s♦♠♦r✜s♠♦ ψ ❡ ✭✸✳✺✮ ✭♣✳ ✶✵✻✮✱ s❡❣✉❡ q✉❡

Aug(ZS)⊗ZS ZG ∼= Aug(ZS) · ZG = Aug(ZG),

♦♥❞❡ t❛❧ ✐s♦♠♦r✜s♠♦ é t❛♠❜é♠ ❞❡ Z✲♠ó❞✉❧♦s✳ ❆❣♦r❛✱ ♣♦r ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ▲❡♠❛ ✸✳✸ ✭♣✳
✶✵✸✮ ❡ ♣♦r ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✽✱ ♣✳ ✸✸❪✱ ❝♦♥❝❧✉í♠♦s q✉❡

Z⊗ZS ZG = Z⊗ZS (
⊕

t∈T

ZSt) ∼=
⊕

t∈T

(Z⊗ZS ZSt) ∼= (Z⊗ZS ZS)⊕ . . .⊕ (Z⊗ZS ZS)
︸ ︷︷ ︸

|T | ✈❡③❡s

∼=

∼= Z⊕ . . .⊕ Z
︸ ︷︷ ︸

|T | ✈❡③❡s

∼=
⊕

t∈T

Zt,

♦♥❞❡ t❛✐s ✐s♦♠♦r✜s♠♦s ❛❝✐♠❛ t❛♠❜é♠ sã♦ ❞❡ Z✲♠ó❞✉❧♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛ ✭✸✳✻✮ ✭♣✳ ✶✵✼✮ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ Z✲♠ó❞✉❧♦s✿

✵ −→ Aug(ZG)
α
−→ ZG

β
−→

⊕

t∈T

Zt −→ ✵,

♦♥❞❡ α é ✐♥❞✉③✐❞❛ ♣♦r ι∗ ❡ β é ✐♥❞✉③✐❞❛ ♣♦r ε∗✳ ❈♦♠♦ ❛ ❛✉❣♠❡♥t❛çã♦ ε : ZG ։ Z é
❡♣✐♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ✐s♦♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à
❡sq✉❡r❞❛✿

ZG/Aug(ZG) ∼= Z.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s ❡ ✐s♦♠♦r✜s♠♦s ❞❡ Z✲♠ó❞✉❧♦s✿
⊕

t∈T

Zt = Im(β) ∼= ZG/ker(β) = ZG/Im(α) ∼= ZG/Aug(ZG) ∼= Z.

❙❡❣✉❡✱ ❡♥tã♦✱ q✉❡
Z ∼=

⊕

t∈T

Zt ❝♦♠♦ Z✲♠ó❞✉❧♦s. ✭✸✳✼✮

✶✵✼



❆❞❡♠❛✐s✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ (Z,◗)✲❜✐♠ó❞✉❧♦ ◗✱ ♣♦r ✉♠ ❧❛❞♦✱

Z⊗Z ◗ ∼= ◗ ❝♦♠♦ ◗✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s.

❊✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦s r❡s✉❧t❛❞♦s ❡♠ ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✽✱ ♣✳ ✸✸ ❡ ❊①❡r❝✐s❡ ✷✳✷✺✱ ♣✳✸✹❪✱

(
⊕

t∈T

Zt)⊗Z ◗ ∼= (Z⊗Z ◗)⊕ . . .⊕ (Z⊗Z ◗)
︸ ︷︷ ︸

|T | ✈❡③❡s

∼= ◗⊕ . . .⊕◗
︸ ︷︷ ︸

|T | ✈❡③❡s

❝♦♠♦ ◗✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s.

▲♦❣♦✱ ✉s❛♥❞♦ ✭✸✳✼✮ ✭♣✳ ✶✵✼✮✱ s❡❣✉❡ q✉❡

◗⊕ . . .⊕◗
︸ ︷︷ ︸

|T | ✈❡③❡s

∼= ◗ ✭✐s♦♠♦r✜s♠♦ ❞❡ ◗✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✮.

▼❛s✱ ❞✐♠◗◗ = 1 ❡ ❞✐♠◗(◗⊕ . . .⊕◗
︸ ︷︷ ︸

|T | ✈❡③❡s

) = |T |✱ ❧♦❣♦ |T | = 1 ❡✱ ♣♦rt❛♥t♦✱ [G : S] = 1✱ ♦✉

s❡❥❛✱ G = S✳ ❉❛í q✉❡ G = 〈X〉✱ ♦♥❞❡ X = {g1, . . . , gm}✱ ✐st♦ é✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳

▲❡♠❛ ✸✳✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Z
é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✺ ✭♣✳ ✶✵✺✮✱ Aug(ZG)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZG✱ ✐st♦ é✱ Aug(ZG) é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ ❝♦♠♦ ZG✲s✉❜♠ó❞✉❧♦ ❞♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ZG✳ ❈♦♠♦ ❛ ❛✉❣♠❡♥t❛çã♦ ε : ZG։ Z

é ❡♣✐♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ✐s♦♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à
❞✐r❡✐t❛✿

ZG/Aug(ZG) ∼= Z.

❆❣♦r❛✱ ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡ ❝♦♠♦ Aug(ZG) é ZG✲s✉❜♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ Z é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ Z s❡❥❛ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✳
❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ZGm → ZGn → Z → ✵ ♣❛r❛
❛❧❣✉♥s m,n ∈ Z+✱ ❧♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✼ ✭♣✳ ✶✵✷✮✱ ❝♦♠♦ ε : ZG ։ Z é ❡♣✐♠♦r✜s♠♦
❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦rt❛♥t♦
♣r♦❥❡t✐✈♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ t❡♠♦s q✉❡ ker(ε) = Aug(ZG) é ZG✲s✉❜♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ ♦✉ s❡❥❛✱ Aug(ZG) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZG✳
❙❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✺ ✭♣✳ ✶✵✺✮ q✉❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✾✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G
é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✻ ✭♣✳ ✶✵✽✮✱ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Z
é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à ❡①✐stê♥❝✐❛
❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♣❛r❝✐❛❧ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

ZGm → ZGn → Z→ ✵

♣❛r❛ ❛❧❣✉♥s m,n ∈ Z+✳ ❊st❛ ú❧t✐♠❛ ❛✜r♠❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❢❛t♦ ❞❡ G s❡r ❣r✉♣♦ ❞❡ t✐♣♦
FP1✱ ✉♠❛ ✈❡③ q✉❡ ZGm,ZGn sã♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ❥á
q✉❡ sã♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❧✐✈r❡s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ♦♥❞❡ ❡st❛♠♦s ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✸✳✼ ✭♣✳ ✶✵✷✮✳

✶✵✽



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

▲❡♠❛ ✸✳✼✳ ❙❡❥❛♠

✵→ Pn → . . .→ P0 →M → ✵ ❡ ✵→ P ′
n → . . .→ P ′

0 →M → ✵

s❡q✉ê♥❝✐❛s ❡①❛t❛s ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❙❡ Pi, P
′
i sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦s ♣❛r❛

0 ≤ i ≤ n− 1✱ ❡♥tã♦

P0 ⊕ P
′
1 ⊕ P2 ⊕ P

′
3 ⊕ . . .

∼= P ′
0 ⊕ P1 ⊕ P

′
2 ⊕ P3 ⊕ . . .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ Pi, P
′
i sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ♣❛r❛ 0 ≤ i ≤ n−1✱

❡♥tã♦ Pn é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P ′
n é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✾✱ ✭✹✳✹✮ ▲❡♠♠❛✱ ♣✳ ✶✾✸❪✳✮

Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❙❡❥❛♠ M ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ n ∈ Z+∪{0}✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s
sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ ❊①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ Fn −→ . . . −→ F0 −→M −→ 0 ♦♥❞❡ ❝❛❞❛ Fi é R✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ 0 ≤ i ≤ n❀

✐✐✮ M é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn❀

✐✐✐✮ M é ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣❛r❛ t♦❞❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛

❞❡ t✐♣♦ ✜♥✐t♦ Pk
dk−→ . . . −→ P0 −→ M −→ ✵ ❝♦♠ k < n✱ ker(dk) é R✲s✉❜♠ó❞✉❧♦

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✷ ✭♣✳ ✾✾✮✱ ✐✮ ✐♠♣❧✐❝❛ ✐✐✮ tr✐✈✐❛❧♠❡♥t❡✳
❱❛♠♦s ♠♦str❛r q✉❡ ✐✐✮ ✐♠♣❧✐❝❛ ✐✐✐✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ M s❡❥❛ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛

❞❡ t✐♣♦ FPn✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ M é✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❞❡ t✐♣♦ FP0✱ ❧♦❣♦ ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✽ ❛✮ ✭♣✳

✶✵✸✮✳ ❆❣♦r❛✱ ♣❛r❛ t♦❞♦ k < n✱ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ P ′
k

d′k−→
. . . −→ P ′

0 −→ M −→ ✵ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ M ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s q✉❡ ker(d′k) é ✉♠
R✲s✉❜♠ó❞✉❧♦ ❞❡ P ′

k ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ ker(d′k) = Im(d′k+1) = d′k+1(P
′
k+1)✱

s❡♥❞♦ ❡st❡ ú❧t✐♠♦ ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ P ′
k ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦✐s P ′

k+1 é ✉♠ R✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P❡❧♦ ▲❡♠❛ ✸✳✼ ✭♣✳ ✶✵✾✮✱ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛

❞❡ t✐♣♦ ✜♥✐t♦ Pk
dk−→ . . . −→ P0 −→ M −→ ✵ ❞♦ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ M ✱ t❡♠♦s q✉❡ ker(dk)

é R✲s✉❜♠ó❞✉❧♦ ❞❡ Pk ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✐✐✐✮✳
▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ ✐✐✐✮ ✐♠♣❧✐❝❛ ✐✮✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉✐rá ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n ≥ 0✳
❈❛s♦ n = 0✱ ❝♦♠♦ M é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡①✐st❡♠ R✲♠ó❞✉❧♦ à

❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ F0 ❡ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ d0 : F0 ։M ✳ ▲♦❣♦✱
♦❜t❡♠♦s r❡s♦❧✉çã♦ ♣❛r❝✐❛❧

F0
d0−→M −→ ✵,

♦♥❞❡ F0 é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❈❛s♦ n > 1✱ s✉♣♦♥❤❛♠♦s q✉❡ t❡♠♦s r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦ Fn−1
dn−1
−→ . . . −→

F0 −→M −→ ✵✳ ❚❛❧ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ é t❛♠❜é♠ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦✱ ❧♦❣♦✱ ♣❡❧❛ ❤✐♣ót❡s❡✱

✶✵✾



ker(dn−1) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡♠ Fn ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ❡♣✐♠♦r✜s♠♦
πn : Fn ։ ker(dn−1)✳ ❆ss✐♠✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦✿

Fn

πn $$ $$

ιπn // Fn−1
// . . . // F0

//M // ✵

ker(dn−1)

ι

99

♦♥❞❡ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳

◆♦s ❞♦✐s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ✭▲❡♠❛ ✸✳✽ ✭♣✳ ✶✶✵✮ ❡ Pr♦♣♦s✐çã♦ ✸✳✶✶ ✭♣✳ ✶✶✵✮✮✱ ♠❡♥❝✐♦♥❛✲
r❡♠♦s ❡ ✉s❛r❡♠♦s ♦ ❢✉♥t♦r ❞❡r✐✈❛❞♦ Tor✳ ❆ ❞❡✜♥✐çã♦ ❞❡ t❛❧ ❢✉♥t♦r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠
❬✶✽✱ ❉❡✜♥✐t✐♦♥✱ ♣✳ ✸✹✻❪✳

▲❡♠❛ ✸✳✽ ✭▲❡♠❛ ❞❡ ❊❝❦♠❛♥♥✲❙❤❛♣✐r♦✮✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ A ✉♠
ZH✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳ ❊♥tã♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ✐s♦♠♦r✜s♠♦ ❞❡ Z✲♠ó❞✉❧♦s✿

TorZHn (Z, A) ∼= TorZGn (Z,ZG⊗ZH A).

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✾✳✼✻✱ ♣✳ ✺✻✶❪✳✮

Pr♦♣♦s✐çã♦ ✸✳✶✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ t❛❧ q✉❡ G ∼= F/R ✭✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✮✱ ♦♥❞❡ F é
✉♠ ❣r✉♣♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ R é ✉♠ s✉❜❣r✉♣♦ ❞❡ F ✳ ❊♥tã♦✱ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦
FP2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❛❜❡❧✐❛♥✐③❛çã♦ R/R′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ZF ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵→ Aug(ZF )→ ZF → Z→ ✵

♦♥❞❡ Z é ZF ✲❜✐♠ó❞✉❧♦ tr✐✈✐❛❧✳ ▲♦❣♦✱ t❡♠♦s s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❞❡ Z✲♠ó❞✉❧♦s ❡♠ ❍♦✲
♠♦❧♦❣✐❛ ♣❛r❛ TorZF∗ (−,ZG)✱ ♦♥❞❡ ZG é ZF ✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ π✱ ♦♥❞❡
π : F ։ F/R = G é ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❚❛❧ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛
❞❡ Z✲♠ó❞✉❧♦s é ❛ s❡❣✉✐♥t❡✿

. . .→ TorZF1 (ZF,ZG)→ TorZF1 (Z,ZG)→ TorZF0 (Aug(ZF ),ZG)→

→ TorZF0 (ZF,ZG)→ TorZF0 (Z,ZG)→ ✵. ✭✸✳✽✮

❖❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ ZF é ZF ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡✱ TorZF1 (ZF,ZG) = ✵ ✭❱❡r ❬✶✽✱
❚❤❡♦r❡♠ ✼✳✷✱ ♣✳✹✵✺❪✮✳

❱❛♠♦s ♠♦str❛r q✉❡ ZG ∼= ZF ⊗ZR Z ✭✐s♦♠♦r✜s♠♦ ❞❡ Z✲♠ó❞✉❧♦s✮✳ P♦❞❡♠♦s ❡s❝r❡✈❡r

F =
•⋃

t∈T

tR✱ ♦♥❞❡ T é ✉♠❛ tr❛♥s✈❡rs❛❧ à ❡sq✉❡r❞❛ ❞❡ R ❡♠ F ✭T é s✉❜❝♦♥❥✉♥t♦ ❞❡ F ✮✳ P❡❧♦

▲❡♠❛ ✸✳✸ ✭♣✳ ✶✵✸✮✱ s❡❣✉❡ q✉❡ ZF =
⊕

t∈T

tZR✳ ❉❛í q✉❡✱ ♣♦r ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✽✱ ♣✳✸✸❪✱

ZF ⊗ZR Z = (
⊕

t∈T

tZR)⊗ZR Z ∼=
⊕

t∈T

(tZR⊗ZR Z) ∼= (ZR⊗ZR Z)⊕ . . .⊕ (ZR⊗ZR Z)
︸ ︷︷ ︸

|T | ✈❡③❡s

∼=

✶✶✵



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

∼= Z⊕ . . .⊕ Z
︸ ︷︷ ︸

|T | ✈❡③❡s

∼=
⊕

t∈T

tZ.

▲♦❣♦✱
ZF ⊗ZR Z ∼=

⊕

t∈T

tZ ❝♦♠♦ Z✲♠ó❞✉❧♦s.

❈♦♠♦ G = {tR ∈ F/R : t ∈ T}✱ ❡①✐st❡ ❜✐❥❡çã♦ ❡♥tr❡ T ❡ G ❡♥✈✐❛♥❞♦ t ♣❛r❛ tR✱ ❧♦❣♦ |T | = |G|
❡✱ ♣♦rt❛♥t♦✱

⊕

t∈T

tZ ∼=
⊕

g∈G

gZ✳ ▼❛s✱ ZG ∼=
⊕

g∈G

gZ ✭❝♦♠♦ Z✲♠ó❞✉❧♦s✮✱ ❞❛í q✉❡

ZG ∼= ZF ⊗ZR Z ✭✐s♦♠♦r✜s♠♦ ❞❡ Z✲♠ó❞✉❧♦s✮

❉❡ ❢❛t♦✱ ❡st❡ ú❧t✐♠♦ ✐s♦♠♦r✜s♠♦ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ZF ✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✱ ♦♥❞❡ ZF é
❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ZF ✲❜✐♠ó❞✉❧♦ ✈✐❛ ♣r♦❞✉t♦✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

TorZF1 (Z,ZG) ∼= TorZF1 (Z,ZF ⊗ZR Z) ❝♦♠♦ Z✲♠ó❞✉❧♦s.

P❡❧♦ ▲❡♠❛ ✸✳✽ ✭♣✳ ✶✶✵✮ ✭▲❡♠❛ ❞❡ ❊❝❦♠❛♥♥✲❙❤❛♣✐r♦✮✱ s❡❣✉❡ q✉❡

TorZF1 (Z,ZF ⊗ZR Z) ∼= TorZR1 (Z,Z) ❝♦♠♦ Z✲♠ó❞✉❧♦s.

❊ t❡♠♦s t❛♠❜é♠ q✉❡
TorZR1 (Z,Z) ∼= R/R′ ❝♦♠♦ Z✲♠ó❞✉❧♦s

✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✾✳✺✷✱ ♣✳ ✺✸✾❪✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

TorZF1 (Z,ZG) ∼= R/R′ ❝♦♠♦ Z✲♠ó❞✉❧♦s.

❖❜s❡r✈❡♠♦s q✉❡
TorZF0 (Aug(ZF ),ZG) ∼= Aug(ZF )⊗ZF ZG,

TorZF0 (ZF,ZG) ∼= ZF ⊗ZF ZG,

TorZF0 (Z,ZG) ∼= Z⊗ZF ZG

❝♦♠♦ Z✲♠ó❞✉❧♦s ✭❱❡r ❬✶✽✱ ❚❤❡♦r❡♠ ✻✳✷✾ ✭✐✐✮✱ ♣✳ ✸✺✸❪✮✳ ❚❡♠♦s t❛♠❜é♠ q✉❡

ZF ⊗ZF ZG ∼= ZG ❝♦♠♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛,

♦♥❞❡ ZG é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ZF ✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s π ❡ é
❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ♣r♦❞✉t♦✳ ❉❛ ❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✺ ✭♣✳
✶✵✺✮✱ s❡❣✉❡ q✉❡ Aug(ZF ) =

⊕

y∈Y

(y − 1)ZF ✱ ♦♥❞❡ |Y | < ∞✳ ▲♦❣♦✱ ♣♦r ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✽✱ ♣✳

✸✸ ❡ ❊①❡r❝✐s❡ ✷✳✷✺✱ ♣✳ ✸✹❪✱

Aug(ZF )⊗ZF ZG = (
⊕

y∈Y

(y − 1)ZF )⊗ZF ZG ∼=
⊕

y∈Y

((y − 1)ZF ⊗ZF ZG) ∼=

∼= (ZF ⊗ZF ZG)⊕ . . .⊕ (ZF ⊗ZF ZG)
︸ ︷︷ ︸

|Y | ✈❡③❡s

∼= ZG⊕ . . .⊕ ZG
︸ ︷︷ ︸

|Y | ✈❡③❡s

,

✶✶✶



✐st♦ é✱
Aug(ZF )⊗ZF ZG ∼= ZG⊕ . . .⊕ ZG

︸ ︷︷ ︸

|Y | ✈❡③❡s

❝♦♠♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛.

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ Z ⊗ZF ZG ∼= Z ❝♦♠♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ♦♥❞❡ G ❛❣❡
tr✐✈✐❛❧♠❡♥t❡ s♦❜r❡ Z✳ ❚❡♠♦s s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

✵ −→ Aug(ZG)
ι
−→ ZG

ε
−→ Z −→ ✵,

♦♥❞❡ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ π✱ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ZG✲
♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❡ ε é ❛ ❛✉❣♠❡♥t❛çã♦✳ P♦r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✷✳✼✽ ✭❘✐❣❤t
❊①❛❝t♥❡ss✮✱ ♣✳ ✾✸❪✱ t❡♠♦s q✉❡ ♦ ❢✉♥t♦r Z⊗ZF − é ❡①❛t♦ à ❞✐r❡✐t❛ ✭♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s Z ❝♦♠♦
ZF ✲❜✐♠ó❞✉❧♦ tr✐✈✐❛❧✮✱ ❧♦❣♦✱ ❧❡♠❜r❛♥❞♦ q✉❡ ZG é ZF ✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s π✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

Z⊗ZF Aug(ZG)
idZ⊗ι−→ Z⊗ZF ZG

idZ⊗ε−→ Z⊗ZF Z −→ ✵.

❖❜s❡r✈❡♠♦s q✉❡ Z⊗ZF Z ∼= Z ✭❝♦♠♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✮ ❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦ z1⊗z2 7→
z1z2✱ ❝♦♠ z1, z2 ∈ Z✳ ❉❛í q✉❡✱ ❝♦♠♦ idZ⊗ε é s♦❜r❡❥❡t✐✈♦✱ s❡ ♠♦str❛r♠♦s q✉❡ idZ⊗ε é t❛♠❜é♠
✐♥❥❡t✐✈♦✱ t❡r❡♠♦s q✉❡ Z⊗ZF ZG ∼= Z ❝♦♠♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ▼❛s✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡
idZ⊗ε é ✐♥❥❡t✐✈♦✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ Im(idZ⊗ ι) = ✵✳ ❙❡❥❛ z⊗λ ∈ Z⊗ZF Aug(ZG)✳ P❡❧♦
▲❡♠❛ ✸✳✹ ✭♣✳ ✶✵✹✮✱ s❡❣✉❡ q✉❡ λ =

∑

g∈G
g 6=1G

zg(g−1)✱ ♦♥❞❡ zg ∈ Z✳ ▲♦❣♦✱ z⊗λ =
∑

g∈G
g 6=1G

zg(z⊗(g−1))

❡✱ ♣♦rt❛♥t♦✱ (idZ ⊗ ι)(z ⊗ λ) =
∑

g∈G
g 6=1G

zg(z ⊗ (g − 1)) ❡♠ Z ⊗ZF ZG✳ ❖❜s❡r✈❡ ❛❣♦r❛ q✉❡✱ ♥♦

ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ Z ⊗ZF ZG✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿ ❞❛❞♦ g ∈ G t❛❧ q✉❡ g = π(f)✱
❝♦♠ f ∈ F ✱

z ⊗ (g − 1G) = z ⊗ g − z ⊗ 1G = z ⊗ π(f)− z ⊗ 1G = z ⊗ (π(f) · 1G)− z ⊗ 1G =

z ⊗ (f · 1G)− z ⊗ 1G = (zf)⊗ 1G − z ⊗ 1G = z ⊗ 1G − z ⊗ 1G = 0.

❉❛í q✉❡✱ Im(idZ ⊗ ι) = ✵✳
❉❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ❞❡ ✭✸✳✽✮ ✭♣✳ ✶✶✵✮ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ Z✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✿

✵→ R/R′ α
→ ZG⊕ . . .⊕ ZG

︸ ︷︷ ︸

|Y | ✈❡③❡s

→ ZG→ Z→ ✵, ✭✸✳✾✮

❚❛❧ s❡q✉ê♥❝✐❛ é t❛♠❜é♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ♦♥❞❡ α é ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ ❡ R/R′ é ZG✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ✭✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✮ ❝♦♠ ❛ ❛çã♦ ❞❡ G s♦❜r❡ R/R′ ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐✲
çã♦ ✶✳✸✽ ✭♣✳ ✺✹✮ s❡♥❞♦ ❛ ♠❡s♠❛ ❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ F/R′✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s ❛
s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s ♣❛r❛ s❡ ✉s❛r ❛ Pr♦♣♦s✐çã♦ ✶✳✸✽ ✭♣✳ ✺✹✮

✶→ R/R′ ι
→֒ F/R′

ρ
։ F/R = G→ ✶,

♦♥❞❡ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❡ ρ é ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❛❞♦
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼ ✭♣✳ ✾✮✳ ❖✉tr♦ ❥❡✐t♦ ❞❡ s❡ ❝❤❡❣❛r à s❡q✉ê♥❝✐❛ ✸✳✾ ✭♣✳ ✶✶✷✮ é ✉s❛♥❞♦✲s❡
❉❡r✐✈❛❞❛s ❞❡ ❋♦① ❬✾✱ ✭✺✳✹✮ Pr♦♣♦s✐t✐♦♥✱ ♣✳✹✸❪✳

✶✶✷



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ t❛♥t♦ ZG✱ q✉❛♥t♦ ZG⊕ . . .⊕ ZG
︸ ︷︷ ︸

|Y | ✈❡③❡s

sã♦ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❧✐✈r❡s

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ❧♦❣♦ ♣r♦❥❡t✐✈♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶ ✭♣✳ ✾✽✮✱ ❡①✐st❡♠
✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ F ❡ ❡♣✐♠♦r✜s♠♦ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ϕ : F ։ R/R′ ♦
q✉❡ ❞á ♦r✐❣❡♠ à s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

F

ϕ !! !!

αϕ // ZG|Y | // ZG // Z // ✵

R/R′

α

::

♦♥❞❡ ZG|Y | = ZG⊕ . . .⊕ ZG
︸ ︷︷ ︸

|Y | ✈❡③❡s

✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ✭♣✳ ✶✵✾✮ ❡ ♦ ❢❛t♦ ❞❡ α s❡r

✐♥❥❡t✐✈♦ ♠❛✐s ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ✐✐✐✮ ✭♣✳ ✶✵✾✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP2 s❡✱ ❡
s♦♠❡♥t❡ s❡✱ F é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡✱ ♣♦r s✉❛ ✈❡③✱
♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶ ✭♣✳ ✾✽✮✱ ❛ R/R′ s❡r ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❈♦r♦❧ár✐♦ ✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❙❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ❡♥tã♦ G é ✉♠
❣r✉♣♦ ❞❡ t✐♣♦ FP2✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ❡①✐st❡ ❛♣r❡s❡♥t❛çã♦ 〈X|S〉 ❞❡
G t❛❧ q✉❡ X ❡ S sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✳ ❉❛í q✉❡✱ G ∼= F/R✱ ♦♥❞❡ F := F (X)✱ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠
❜❛s❡ X✱ ❡ R := 〈S〉F (X)✳ ▲♦❣♦✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✶ ✭♣✳
✻✺✮✱ R/R′ é ❣❡r❛❞♦ ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ {sR′}s∈S✱ q✉❡ é ✜♥✐t♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ [G : H] <∞✳ ❊♥tã♦✱
G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ✐♥í❝✐♦ ♦❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ [G : H] <∞✱ ❡♥tã♦ ❡①✐st❡ s✉❜❝♦♥❥✉♥t♦ T ❞❡

G t❛❧ q✉❡ |T | <∞ ❡ G =
•⋃

t∈T

tH ✭T é tr❛♥s✈❡rs❛❧ à ❡sq✉❡r❞❛ ❞❡ H ❡♠ G✮✳ P❡❧♦ ▲❡♠❛ ✸✳✸ ✭♣✳

✶✵✸✮✱ t❡♠♦s q✉❡

ZG =
⊕

t∈T

tZH ∼= ZH ⊕ . . .⊕ ZH
︸ ︷︷ ︸

|T | ✈❡③❡s

✭✸✳✶✵✮

q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ZH✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ♦♥❞❡ T é ❝♦♥❥✉♥t♦ ✜♥✐t♦✳
❙✉♣♦♥❤❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ G s❡❥❛ ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ n ∈

Z+ ∪ {0}✱ ❡①✐st❡ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ Z ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
tr✐✈✐❛❧

Pn : Pn → . . .→ P0 → Z→ ✵.

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ Pi é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ 0 ≤ i ≤ n✳
P❡❧❛ ❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹ ✭♣✳ ✾✾✮✱ ❡①✐st❡ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ Fi ✭♣♦✐s Pi é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✮ t❛❧ q✉❡

Fi = Pi ⊕ Ai, ✭✸✳✶✶✮

✶✶✸



♦♥❞❡ Ai é ❛❧❣✉♠ ZG✲s✉❜♠ó❞✉❧♦ ❞❡ Fi✳ ▲♦❣♦✱ ❡①✐st❡ s ∈ Z+ t❛❧ q✉❡ Fi ∼= ZG⊕ . . .⊕ ZG
︸ ︷︷ ︸

s ✈❡③❡s

❡✱

♣♦r ✭✸✳✶✵✮ ✭♣✳ ✶✶✸✮✱ Fi ∼= ZH ⊕ . . .⊕ ZH
︸ ︷︷ ︸

s|T | ✈❡③❡s

✭✐s♦♠♦r❢♦s ❝♦♠♦ ZH✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✮✳ ▲♦❣♦✱ Fi

é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❯s❛♥❞♦ ✭✸✳✶✶✮ ✭♣✳ ✶✶✸✮✱ ❛ Pr♦♣♦s✐çã♦ ✸✳✹ ✭♣✳
✾✾✮✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮ ❡ ❛ ❖❜s❡r✈❛çã♦ ✶✳✶✻ ✭♣✳ ✼✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ Pi é ZH✲♠ó❞✉❧♦
à ❞✐r❡✐t❛ ♣r♦❥❡t✐✈♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ 0 ≤ i ≤ n ❡ ♣❛r❛ t♦❞♦ n ∈ Z+ ∪ {0}✳ P♦rt❛♥t♦✱
H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ H s❡❥❛ ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳ ❱❛♠♦s ♠♦str❛r q✉❡ Z ❝♦♠♦
ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ s❛t✐s❢❛③ ❛ ❛✜r♠❛çã♦ ✐✐✐✮ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ✭♣✳ ✶✵✾✮✱ ♣❛r❛ t♦❞♦
n ∈ Z+∪{0}✱ ❡✱ ♣♦rt❛♥t♦✱ G s❡rá ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳ ❉❛❞♦ n ∈ Z+∪{0}✱ s❡❥❛♠ k ∈ Z+∪{0}

t❛❧ q✉❡ k < n ❡ Pk : Pk
dk−→ . . . −→ P0 −→ Z −→ ✵ ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡

t✐♣♦ ✜♥✐t♦ ❞❡ Z ❝♦♠♦ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✳ P❡❧♦ q✉❡ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♥♦ ♣❛rá❣r❛❢♦
♣r❡❝❡❞❡♥t❡ t❡♠♦s q✉❡ Pk é ✉♠❛ r❡s♦❧✉çã♦ ♣❛r❝✐❛❧ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ Z ❝♦♠♦ ZH✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ✐✐✐✮ ✭♣✳ ✶✵✾✮ ❡ ♦ ❢❛t♦ ❞❡ H s❡r ❞❡ t✐♣♦
FP∞✱ ❝♦♥❝❧✉í♠♦s q✉❡ Z é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ t♦♠❛♥❞♦✲s❡ Pk✱
q✉❡ ker(dk) é ZH✲s✉❜♠ó❞✉❧♦ ❞❡ Pk ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P♦rt❛♥t♦✱ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
tr✐✈✐❛❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ker(dk) é ZG✲s✉❜♠ó❞✉❧♦ ❞❡ Pk ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✸✳ ❙❡❥❛♠ n ∈ Z+ ∪ {0} ❡

✵→ A′ → A→ A′′ → ✵

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❊♥tã♦✱ ✈❛❧❡♠✲s❡ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

❛✮ ❙❡ A′ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn−1 ❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn✱ ❡♥tã♦
A′′ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn✳

❜✮ ❙❡ A é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn−1 ❡ A′′ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn✱ ❡♥tã♦
A′ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn−1✳

❝✮ ❙❡ A′ ❡ A′′ sã♦ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FPn✱ ❡♥tã♦ A t❛♠❜é♠ é R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
❞❡ t✐♣♦ FPn✳

❉❡♠♦♥str❛çã♦✳ ✭❱❡r ❬✸✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹✱ ♣✳ ✶✷❪✳✮

❚❡♦r❡♠❛ ✸✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

✐✐✮ G é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✳

❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ✐✮ ♦✉ ✐✐✮ ✈❛❧❤❛♠✱ G é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ ▼♦str❛r q✉❡ G é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✱ s✉♣♦♥❞♦ q✉❡ G s❡❥❛ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱
r❡q✉❡r r❡s✉❧t❛❞♦s ♠❛✐s s♦✜st✐❝❛❞♦s✳ ❆ ❉❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✷✱ ❈♦r♦❧❧❛r②✱
♣✳ ✺✼❪✳

❆ ❉❡♠♦♥str❛çã♦ ❞❡ q✉❡ G é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ♣♦❞❡ s❡r ❡♥❝♦♥✲
tr❛❞❛ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✺✳✷✱ ♣✳✶✼❪✳

✶✶✹



❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ❞❡ ❚✐♣♦ FP∞

❆q✉✐ ✈❛♠♦s ♠♦str❛r s♦♠❡♥t❡ ❛ ♣❛rt❡ ❢á❝✐❧ ❞❛ ❛✜r♠❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ G s❡❥❛ ❣r✉♣♦
❝♦♥str✉tí✈❡❧✳ ▼♦str❛r❡♠♦s q✉❡ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❞❡ t✐♣♦ FP∞✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ s♦❧ú✈❡❧ ❝♦♥str✉tí✈❡❧✱ ❜❛st❛
♠♦str❛r♠♦s ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

✐✮ ❙❡ [G : H] <∞✱ ❡♥tã♦ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞❀

✐✐✮ ❙❡ G é ❡①t❡♥sã♦ ❍◆◆ ❝♦♠ ❜❛s❡ H✱ ❧❡tr❛ ❡stá✈❡❧ p ❡ s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s✸ H ❡ H1 t❛✐s
q✉❡ H ∼= H1✱ ❡♥tã♦ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❈❛s♦ [G : H] <∞✱ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮ s❡❣✉❡ q✉❡ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳
❈❛s♦ G = 〈H, p|Hp = H1〉✱ ♣♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❛ ❢♦r♠❛ ♥♦r♠❛❧ ❡♠

❡①t❡♥sã♦ ❍◆◆ é ❡q✉✐✈❛❧❡♥t❡ à ❡①✐stê♥❝✐❛ ❞❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ZG✲♠ó❞✉❧♦s
à ❞✐r❡✐t❛

✵ −→ Z⊗ZH ZG
d
−→ Z⊗ZH ZG

ε
−→ Z −→ ✵. ✭✸✳✶✷✮

❆q✉✐✱ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ ❡✱ ♣❡❧❛ ❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✺ ✭♣✳ ✶✵✺✮✱ t❡♠♦s

q✉❡ Z⊗ZH ZG ∼= Z⊕ . . .⊕ Z
︸ ︷︷ ︸

|T | ✈❡③❡s

∼=
⊕

t∈T

Zt✱ ♦♥❞❡ G =
•⋃

t∈T

Ht s❡♥❞♦ T tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ H

❡♠ G ✭T ⊆ G✮✳ ❈♦♠♦ ❡①✐st❡ ❜✐❥❡çã♦ ❡♥tr❡ ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s à ❞✐r❡✐t❛ ❞❡ H ❡♠ G ❡ T ❞❛❞❛
♣♦r Ht 7→ t✱ s❡❣✉❡ q✉❡ Z ⊗ZH ZG ∼=

⊕

Ht∈G/H
t∈T

Z(Ht) ∼= Z(G/H)✱ ❞❛í q✉❡✱ ❡♠ ✭✸✳✶✷✮ ✭♣✳ ✶✶✺✮✱

Z⊗ZH ZG é Z✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ {Ht}t∈T ✭❝❧❛ss❡s ❧❛t❡r❛✐s à ❞✐r❡✐t❛ ❞❡ H ❡♠ G✮ ❡✱ ❛❧é♠
❞✐ss♦✱ d(Ht) = Hp−1t ❡ ε(Ht) = 1 ✭❛✉❣♠❡♥t❛çã♦✮✳

❆❣♦r❛✱ ❝♦♠♦ H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✵ ✭♣✳ ✶✵✾✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡
❛ s❡❣✉✐♥t❡ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ ZH✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ♣❛r❛ ♦ ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛
tr✐✈✐❛❧ Z✿

. . .→ F2 → F1 → F0 → Z→ ✵, ✭✸✳✶✸✮

♦♥❞❡ Fi é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀i ∈ Z+ ∪ {0}✳ P♦r ✉♠❛ ✈❛r✐❛çã♦
❞♦ ▲❡♠❛ ✸✳✸ ✭♣✳ ✶✵✸✮✱ t❡♠♦s q✉❡ ZG é ZH✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ❧✐✈r❡ ❡✱ ♣♦rt❛♥t♦✱ ZG é ZH✲
♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ♣❧❛♥♦ ✭♣♦r ❬✶✽✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹✻ ✐✐✐✮✱ ♣✳ ✶✸✷❪ ❡ ❖❜s❡r✈❛çã♦ ✸✳✷ ✭♣✳ ✾✾✮✱
❞❛í q✉❡ ♦ ❢✉♥t♦r − ⊗ZH ZG é ❡①❛t♦✱ ❧♦❣♦ ♦❜t❡♠♦s ❞❡ ✭✸✳✶✸✮ ✭♣✳ ✶✶✺✮ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛
❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛

. . .→ F2 ⊗ZH ZG→ F1 ⊗ZH ZG→ F0 ⊗ZH ZG→ Z⊗ZH ZG→ ✵.

❈♦♠♦ Fi é ZH✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀i ∈ Z+∪{0}✱ s❡❣✉❡ q✉❡ Fi⊗ZHZG
é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀i ∈ Z+ ∪ {0}✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✵
✭♣✳ ✶✵✾✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ Z ⊗ZH ZG é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❞❡ t✐♣♦ FP∞✳ ❆ss✐♠✱ ✉s❛♥❞♦
❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ZG✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✭✸✳✶✷✮ ✭♣✳ ✶✶✺✮ ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✸ ❛✮ ✭♣✳
✶✶✹✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ Z é ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ tr✐✈✐❛❧ ❞❡ t✐♣♦ FP∞ ❡✱ ♣♦rt❛♥t♦✱ G é ❣r✉♣♦
❞❡ t✐♣♦ FP∞✳

✸❙❡ G = 〈H, p|Hp
1
= H2〉 ❝♦♠ H 6= H1 ❡ H 6= H2✱ ❡♥tã♦ ♣♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ ❡①✐st❡ s✉❜❣r✉♣♦ ❧✐✈r❡ ❞❡

♣♦st♦ ✷ ❡♠ G ❡✱ ♣♦rt❛♥t♦✱ G ♥ã♦ s❡r✐❛ s♦❧ú✈❡❧✳ ❖ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✳

✶✶✺



❚❡♦r❡♠❛ ✸✳✸✳ ❙❡❥❛
N  G։ H

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s t❛❧ q✉❡ N é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ H é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

✐✐✮ σ(G) = Σc
N/N ′(H) ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ H✳

✐✐✐✮ disσ(G) = disΣc
N/N ′(H) ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ H✳

❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ✐✮✱ ✐✐✮ ♦✉ ✐✐✐✮ ✈❛❧❤❛♠✱ Σc
N/N ′(H) = disΣc

N/N ′(H)✱ ♦ q✉❛❧ é t❛♠❜é♠ ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❊ss❡ ❚❡♦r❡♠❛ é ✉♠❛ r❡❢♦r♠✉❧❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✺✳✷✱ ♣✳✶✼❪
❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮✳ ◆ã♦ ❢❛r❡♠♦s ❉❡♠♦♥str❛çã♦ ❞♦ ♠❡s♠♦ ♥❡st❛
❉✐ss❡rt❛çã♦✱ ❛♣❡♥❛s ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✳

❱❡❥❛ q✉❡ G/N ∼= H✱ ❧♦❣♦ G/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡✱ ♣♦rt❛♥t♦✱ G é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲
♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱ N ❡ G/N s❡r❡♠ ❣r✉♣♦s s♦❧ú✈❡✐s ❛❝❛rr❡t❛ q✉❡ G é ❣r✉♣♦
s♦❧ú✈❡❧✳ ❆❣♦r❛✱ ❝❛s♦ G s❡❥❛ ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ❡♥tã♦✱ ❝♦♠♦ G é ❣r✉♣♦ s♦❧ú✈❡❧✱ s❡❣✉❡
❞♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮✱ q✉❡ G é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✷ ❡♠ ❬✼✱
❚❤❡♦r❡♠ ✺✳✷✱ ♣✳✶✼❪✱ t❡♠♦s q✉❡ Σc

N/N ′(H) ❡✱ ♣♦rt❛♥t♦✱ disΣc
N/N ′(H) ❡stã♦ ❝♦♥t✐❞♦s ❡♠ ❛❧❣✉♠❛

s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ H✳ ❈❛s♦ Σc
N/N ′(H)✱ ♦✉ disΣc

N/N ′(H)✮ ❡st❡❥❛♠ ❝♦♥t✐❞♦s ❡♠
❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ H✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✷ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✺✳✷✱ ♣✳✶✼❪✱
s❡❣✉❡ q✉❡ G é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✱ ❡ ❝♦♠♦ t❛♠❜é♠ G é ❣r✉♣♦ s♦❧ú✈❡❧✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳
✶✶✹✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

P❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ❛❝✐♠❛ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✷ ❡♠ ❬✼✱ ❚❤❡♦r❡♠ ✺✳✷✱ ♣✳✶✼❪✱ ❝❛s♦ ✐✮✱ ✐✐✮✱ ♦✉ ✐✐✐✮
✈❛❧❤❛♠✱ ❡♥tã♦ Σc

N/N ′(H) = disΣc
N/N ′(H)✱ ♦ q✉❛❧ é t❛♠❜é♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ⊳G✳ ❙❡ G é ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ ❡♥tã♦ G/H
t❛♠❜é♠ ♦ é✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮✱ t❡♠♦s q✉❡ G é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✱ ❧♦❣♦✱ ❝♦♠♦
é ♠♦str❛❞♦ ❡♠ ❬✷✱ ❚❤❡♦r❡♠ ✹✱ ♣✳ ✷✺✷❪✱ G/H é ❣r✉♣♦ ❝♦♥str✉tí✈❡❧✱ ❡ ❝♦♠♦ G/H é t❛♠❜é♠
❣r✉♣♦ s♦❧ú✈❡❧✱ ❝♦♥❝❧✉í♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮✱ q✉❡ G/H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

✶✶✻



❈❛♣ít✉❧♦ ✹

❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠
●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ M ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ◆❡st❡ ❈❛♣ít✉❧♦✱ ❞❛❞♦s λ ∈ ZG ❡
m ∈M ✱ ❛♦ ✐♥✈és ❞❡ ❞❡♥♦t❛r♠♦s ♦ ♣r♦❞✉t♦ ❞❡ λ ❡ m ♣♦r mλ✱ ❞❡♥♦t❛r❡♠♦s ♦ ♠❡s♠♦ ♣♦r

mλ.

❖❜s❡r✈❡ q✉❡✱ ❞❛❞♦ g ∈ G✱ t❡♠♦s q✉❡ g ∈ ZG✳ ❆ss✐♠✱ ♥ã♦ ❢❛r❡♠♦s ❞✐st✐♥çã♦ ❡♥tr❡ ❛ ♥♦t❛çã♦
❞❛ ❛çã♦ ❞❡ g ∈ G s♦❜r❡ ✉♠ ❞❛❞♦ ❡❧❡♠❡♥t♦ m ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ M ❡ ❛ ♥♦t❛çã♦ ❞♦ ♣r♦❞✉t♦
❞❡ g ∈ ZG s♦❜r❡ ✉♠ ❞❛❞♦ ❡❧❡♠❡♥t♦ m ❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ M ✳

❙❡❥❛♠ G,H ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♥❡st❡ ❈❛♣ít✉❧♦ Hom(G,H) ❝♦♠♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦✱ ❝✉❥❛ ♦♣❡r❛çã♦ é ❞❛❞❛ ♣♦r

(ϕ1 + ϕ2)(g) := ϕ1(g) + ϕ2(g), ∀ϕ1, ϕ2 ∈ Hom(G,H) ❡ ∀g ∈ G.

✹✳✶ ❉❡✜♥✐çõ❡s ❡ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ ❙✉❜s❡çã♦ ❡s❝r❡✈❡r❡♠♦s ❡♠ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡ ❣r✉♣♦s
❛❜❡❧✐❛♥♦s✳

❉❡✜♥✐çã♦ ✹✳✶✳ ❙❡❥❛ F ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❉❡✜♥❛♠♦s

e :=
∑

f∈F

f ∈ ZF.

❉❡✜♥✐çã♦ ✹✳✷✳ ❙❡❥❛♠ V ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ V ✳
❯s❛♥❞♦ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❝♦♠ r❡❧❛çã♦ à ♦♣❡r❛çã♦ ❡♠ V ❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳
✹✼✮✱ ❞❡✜♥✐♠♦s

AnnV (e) := {v ∈ V : ve =
∏

f∈F

vf = 1V }.

▲❡♠❛ ✹✳✶✳ ❙❡❥❛ F ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❊♥tã♦✱

❛✮ f ′ef ′′ =✶ ❡✱ ∀f ′, f ′′ ∈ F ✳

✶❖ ♣r♦❞✉t♦ f ′ef ′′ ❢❡✐t♦ ❛q✉✐ é ♦ ♣r♦❞✉t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ZF ✳

✶✶✼



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

❜✮ (|F | − e)e = 0ZF ✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❉❛❞♦s f ′, f ′′ ∈ F ⊆ ZF ✱ t❡♠♦s q✉❡

f ′ef ′′ = f ′(
∑

f∈F

f)f ′′ =
∑

f∈F

f ′ff ′′ =
∑

f ′ff ′′∈F

f ′ff ′′ =
∑

γ∈F

γ = e, ♦♥❞❡ γ = f ′ff ′′.

❜✮ e2 = (
∑

f ′∈F

f ′) ·(
∑

f∈F

f) =
∑

f ′∈F

∑

f∈F

f ′f =
∑

f ′∈F

∑

f ′f∈F

f ′f =
∑

f ′∈F

∑

µ∈F

µ =
∑

f ′∈F

e = |F |e, ♦♥❞❡

µ = f ′f ✳ ❉❛í q✉❡
(|F | − e)e = 0ZF .

▲❡♠❛ ✹✳✷✳ ❙❡❥❛♠ V ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ V ✳ ❊♥tã♦✱
AnnV (e) é ✉♠ s✉❜❣r✉♣♦ F ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱ ♦✉ s❡❥❛✱ ✉♠ F ✲s✉❜♠ó❞✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ AnnV (e) é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳ ❚♦♠❡♠♦s v ∈
AnnV (e) ❡ f ∈ F ❛r❜✐trár✐♦s✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶ ❛✮ ✭♣✳ ✶✶✼✮✱ (vf )e = vfe = ve = 1V ✳
P♦rt❛♥t♦✱ vf ∈ AnnV (e)✳ ❉❛í q✉❡ AnnV (e) é F ✲✐♥✈❛r✐❛♥t❡✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ AnnV (e) é s✉❜❣r✉♣♦ ❞❡ V ✳ ❉❛❞♦s v1, v2 ∈ AnnV (e)✱

(v1v2)
e =

∏

f∈F

(v1v2)
f =

∏

f∈F

vf1v
f
2 =

∏

f∈F

vf1 ·
∏

f∈F

vf2 = 1V · 1V = 1V .

▲♦❣♦✱ v1v2 ∈ AnnV (e)✳ ❚❡♠♦s t❛♠❜é♠ q✉❡✱ ❞❛❞♦ v ∈ AnnV (e)✱

(v−1)e =
∏

f∈F

(v−1)f =
∏

f∈F

(vf )−1 = (
∏

f∈F

vf )−1 = 1−1
V = 1V .

▲♦❣♦✱ v−1 ∈ AnnV (e)✳

❉❡✜♥✐çã♦ ✹✳✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❉❡✜♥✐♠♦s ♦
❝❡♥tr❛❧✐③❛❞♦r ❞♦ ❣r✉♣♦ F ❡♠ G ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

CG(F ) := {g ∈ G : gf = g, ∀f ∈ F}.

❖ ❝❡♥tr❛❧✐③❛❞♦r ❞♦ ❣r✉♣♦ G ❡♠ F é t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦s ✜①♦s ♣♦r F ❛❣✐♥❞♦ s♦❜r❡
G✳

▲❡♠❛ ✹✳✸✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳ ❊♥tã♦✱ CG(F ) é ✉♠
s✉❜❣r✉♣♦ F ✲✐♥✈❛r✐❛♥t❡ ❞❡ G✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡♠♦s q✉❡ CG(F ) é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡ ♣❡❧❛ s✉❛ ♣ró♣r✐❛ ❞❡✲
✜♥✐çã♦✳ ❱❛♠♦s ♠♦str❛r✱ ❡♥tã♦✱ q✉❡ CG(F ) é s✉❜❣r✉♣♦ ❞❡ G✳ ❉❛❞♦s g1, g2 ∈ CG(F ) ❡
f ∈ F, (g1g

−1
2 )f = gf1 (g

−1
2 )f = g1(g

f
2 )

−1 = g1g
−1
2 ✳ ▲♦❣♦✱ g1g

−1
2 ∈ CG(F )✳

✶✶✽



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❖❜s❡r✈❛çã♦ ✹✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ❡ H⊳G t❛❧ q✉❡
H é F ✲✐♥✈❛r✐❛♥t❡✳ ❚❡♠♦s q✉❡

CG/H(F ) = {gH ∈ G/H : (gH)f = gH, ∀f ∈ F}.

▲❡♠❜r❡♠♦s q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ t❡♠♦s ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G/H✳ ❆❧é♠
❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸ ✭♣✳ ✶✶✽✮✱ t❡♠♦s q✉❡ CG/H(F ) é s✉❜❣r✉♣♦ ❞❡ G/H✱ s❡❣✉❡✱ ❡♥tã♦✱ ❞♦
❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ q✉❡ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦ C
❞❡ G t❛❧ q✉❡ H ⊆ C ❡

CG/H(F ) = C/H.

▲❡♠❛ ✹✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ F ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G ❡ H1, H2 ⊳G t❛✐s q✉❡
H2 ⊆ H1 ❝♦♠ H1 ❡ H2 ❣r✉♣♦s F ✲✐♥✈❛r✐❛♥t❡s✳ ❙❡❥❛♠ ❛✐♥❞❛ C1, C2 s✉❜❣r✉♣♦s ❞❡ G t❛✐s q✉❡
CG/H1(F ) = C1/H1 ❡ C(G/H2)/(H1/H2)(F ) = (C2/H2)/(H1/H2) ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶ ✭♣✳
✶✶✾✮✳ ❊♥tã♦✱ C1 = C2✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ H2 ⊆ H1✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼ ✭♣✳ ✾✮✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ϕ : G/H2 ։

G/H1✱ ❞❛❞❛ ♣♦r ϕ(gH2) = gH1✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gH2 ∈ G/H2✱ ♦♥❞❡ gH1 ∈ G/H1✱
é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ ker(ϕ) = H1/H2✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡
■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ ϕ ✐♥❞✉③ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ̄ : (G/H2)/(H1/H2) → G/H1✱
❞❛❞♦ ♣♦r

ϕ̄((gH2)(H1/H2)) = gH1,

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ (gH2)(H1/H2) ∈ (G/H2)/(H1/H2)✱ ♦♥❞❡ gH1 ∈ G/H1✳ ❉❛í q✉❡✱ s❡
c2 ∈ C2✱ ❡♥tã♦ (c2H2)(H1/H2) ∈ (C2/H2)/(H1/H2) = C(G/H2)/(H1/H2)(F )✱ ❧♦❣♦✱ ❞❛❞♦ f ∈ F ✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ ❝♦♠♦ H2 ❡ H1/H2 sã♦ ❣r✉♣♦s F ✲✐♥✈❛r✐❛♥t❡s✱ (c2H2)(H1/H2) =
((c2H2)(H1/H2))

f = (cf2H2)(H1/H2)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

c2H1 = ϕ̄((c2H2)(H1/H2)) = ϕ̄((cf2H2)(H1/H2)) = cf2H1 = (c2H1)
f ,

r❡s✉❧t❛♥❞♦ q✉❡ c2H1 ∈ CG/H1(F ) = C1/H1✱ ✐st♦ é✱ c2 ∈ C1✳ ❆ss✐♠✱ C2 ⊆ C1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱
t♦♠❛♥❞♦✲s❡ ✉♠ ❡❧❡♠❡♥t♦ ❛r❜✐trár✐♦ c1 ∈ C1 ❡ ✉s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦
✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ̄−1✱ ❝♦♥❝❧✉í♠♦s q✉❡ C1 ⊆ C2✳ ❉❡st❛ ❢♦r♠❛✱ C1 = C2✳

Pr♦♣♦s✐çã♦ ✹✳✶✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✺✱ ♣✳ ✶✹✷❪ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡
F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ Q✳ ❉❡✜♥✐♥❞♦✲s❡ Q|F | := {q|F | : q ∈ Q}✱ t❡♠♦s q✉❡✿

❛✮ ❊①✐st❡♠ s✉❜❣r✉♣♦ C ❞❡ CQ(F ) ❡ s✉❜❣r✉♣♦ T ❞❡ AnnQ(e) q✉❡ sã♦ F ✲✐♥✈❛r✐❛♥t❡s t❛✐s q✉❡
CT é s✉❜❣r✉♣♦ ❞❡ Q ❡ Q|F | é s✉❜❣r✉♣♦ ❞❡ CT ❀

❜✮ ❖s ❣r✉♣♦s Q/Q|F |, CQ(F )/C ❡ CQ(F ) ∩ T sã♦ ✜♥✐t♦s✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❉❡✜♥❛♠♦s
C := Qe = {qe : q ∈ Q}.

❱❛♠♦s ♠♦str❛r q✉❡ C é s✉❜❣r✉♣♦ ❞❡ CQ(F )✳ ❉❛❞♦s f ′ ∈ F ❡ qe ∈ C✱

(qe)f
′

= (
∏

f∈F

qf )f
′

=
∏

f∈F

qff
′

=
∏

ff ′∈F

qff
′

=
∏

γ∈F

qγ = qe,

✶✶✾
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♦♥❞❡ γ = ff ′✳ ▲♦❣♦✱ C ⊆ CQ(F ) ❡ C é F ✲✐♥✈❛r✐❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s qe1, q
e
2 ∈ C✱

qe1q
e
2 =

∏

f∈F

qf1 ·
∏

f∈F

qf2 =
∏

f∈F

qf1 q
f
2 =

∏

f∈F

(q1q2)
f = (q1q2)

e ∈ C.

❊✱ ❞❛❞♦ qe ∈ C✱

(qe)−1 = (
∏

f∈F

qf )−1 =
∏

f∈F

(qf )−1 =
∏

f∈F

(q−1)f = (q−1)e ∈ C.

❙❡❣✉❡ q✉❡ C é s✉❜❣r✉♣♦ ❞❡ CQ(F )✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥❛♠♦s

T := Q|F |−e = {q|F |−e : q ∈ Q} = {
∏

f∈F

q(q−1)f : q ∈ Q}.

✭❖❜s❡r✈❡ q✉❡ q|F |−e = q|F |q−e = q|F |(
∏

f∈F

qf )−1 = q|F |
∏

f∈F

(q−1)f =
∏

f∈F

q(q−1)f ✮✳ ❱❛♠♦s

♠♦str❛r q✉❡ T é s✉❜❣r✉♣♦ ❞❡ AnnQ(e)✳ ❉❛❞♦ q|F |−e ∈ T ✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶ ❜✮ ✭♣✳
✶✶✼✮✱ t❡♠♦s q✉❡

(q|F |−e)e = q(|F |−e)e = q0 = 1Q.

▲♦❣♦✱ T ⊆ AnnQ(e)✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s q|F |−e
1 , q

|F |−e
2 ∈ T ✱

q
|F |−e
1 q

|F |−e
2 = q

|F |
1 q−e1 q

|F |
2 q−e2 = q

|F |
1 q

|F |
2 q−e1 q−e2 = (q1q2)

|F | ·
∏

f∈F

(q−1
1 )f ·

∏

f∈F

(q−1
2 )f =

= (q1q2)
|F |

∏

f∈F

(q−1
1 )f (q−1

2 )f = (q1q2)
|F |

∏

f∈F

((q1q2)
−1)f = (q1q2)

|F |(q1q2)
−e =

= (q1q2)
|F |−e ∈ T.

❊✱ ❞❛❞♦ q|F |−e ∈ T ✱

(q(|F |−e))−1 = (
∏

f∈F

q(q−1)f )−1 =
∏

f∈F

q−1((q−1)f )−1 =
∏

f∈F

(q−1)((q−1)−1)f =

= (q−1)|F |−e ∈ T.

❙❡❣✉❡ q✉❡ T é s✉❜❣r✉♣♦ ❞❡ AnnQ(e)✳

❖❜s❡r✈❡♠♦s q✉❡ T é F ✲✐♥✈❛r✐❛♥t❡✱ ♣♦✐s✱ ❞❛❞♦s q|F |−e ∈ T ❡ f ∈ F ✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶
❛✮ ✭♣✳ ✶✶✼✮✱

(q|F |−e)f = (qf )|F |−f−1ef = (qf )|F |−e ∈ T.

❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ Q|F | é s✉❜❣r✉♣♦ ❞❡ CT ✳ ❉❛❞♦ q|F | ∈ Q|F |✱

q|F | = qe+|F |−e = qeq|F |−e ∈ CT.

✶✷✵



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

▲♦❣♦✱ Q|F | ⊆ CT ✳ ❆❧é♠ ❞✐ss♦✱ Q|F | é s✉❜❣r✉♣♦ ❞❡ Q✱ ♣♦✐s✱ ❞❛❞♦s q|F |
1 , q

|F |
2 ∈ Q|F |✱

q
|F |
1 (q

|F |
2 )−1 = q

|F |
1 (q−1

2 )|F | = (q1q
−1
2 )|F | ∈ Q|F |✳

❚❡♠♦s t❛♠❜é♠ q✉❡ C ⊳ Q✱ ♣♦✐s Q é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ P♦rt❛♥t♦ CT é s✉❜❣r✉♣♦ ❞❡ Q✳
❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ CT ❡ Q|F | sã♦ s✉❜❣r✉♣♦s ❞❡ Q ❡ Q|F | ⊆ CT ✱ t❡♠♦s q✉❡ Q|F | é
s✉❜❣r✉♣♦ ❞❡ CT ✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ✐t❡♠ ❛✮ ♥ã♦ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ Q s❡r ❣r✉♣♦ ✜♥✐t❛✲
♠❡♥t❡ ❣❡r❛❞♦✳

❜✮ P❡❧♦ ▲❡♠❛ ✹✳✸ ✭♣✳ ✶✶✽✮✱ CQ(F ) é s✉❜❣r✉♣♦ ❞❡ Q✱ ❡ ❝♦♠♦ Q é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ s❡❣✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵ ✭♣✳ ✷✻✮✱ q✉❡ CQ(F ) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✶ ✭♣✳ ✷✻✮✱ t♦❞❛ s❡çã♦ ❧✐♠✐t❛❞❛ ❞❡ Q ❡ ❞❡ CQ(F )
é ✜♥✐t❛✳ P❛r❛ ♠♦str❛r♠♦s✱ ❡♥tã♦✱ q✉❡ Q/Q|F | ❡ CQ(F )/C sã♦ ❣r✉♣♦s ✜♥✐t♦s✱ ❜❛st❛
♠♦str❛r♠♦s q✉❡ Q/Q|F | ❡ CQ(F )/C sã♦ s❡çõ❡s ❧✐♠✐t❛❞❛s✳ ❋❛ç❛♠♦s ✐ss♦ ❛ s❡❣✉✐r✳

P❛r❛ ❝❛❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ qQ|F | ∈ Q/Q|F |, (qQ|F |)|F | = q|F |Q|F | = Q|F |✳ ▲♦❣♦✱ (Q/Q|F |)|F | =
✶✱ ✐st♦ é✱ Q/Q|F | é s❡çã♦ ❧✐♠✐t❛❞❛✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ xC ∈
CQ(F )/C✱

(xC)|F | = x|F |C = (x · . . . · x
︸ ︷︷ ︸

|F |✈❡③❡s

)C
(∗)
= (

∏

f∈F

xf )C = xeC = C,

♦♥❞❡✱ ❡♠ (∗)✱ ✉s❛♠♦s q✉❡ x ∈ CQ(F )✳ P♦rt❛♥t♦✱ (CQ(F )/C)|F | = ✶✱ ✐st♦ é✱ CQ(F )/C é
s❡çã♦ ❧✐♠✐t❛❞❛✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ CQ(F ) ∩ T é ❣r✉♣♦ ✜♥✐t♦✳ ❙❡❥❛ x ∈ CQ(F ) ∩ T ✳ ❊♥tã♦✱
∀f ∈ F, xf = x✱ ♣♦✐s x ∈ CQ(F )✱ ❡ x = q|F |−e, ♣❛r❛ ❛❧❣✉♠ q ∈ Q✱ ♣♦✐s x ∈ T ✳ ❙❡❣✉❡
q✉❡

x|F | = x · . . . · x
︸ ︷︷ ︸

|F |✈❡③❡s

(∗)
=

∏

f∈F

xf = xe,

♦♥❞❡✱ ❡♠ (∗)✱ ✉s❛♠♦s q✉❡ x ∈ CQ(F )✳ ❆ss✐♠✱ x|F | = xe✳ ▼❛s✱ x = q|F |−e✱ ❞❛í q✉❡✱
✉s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶ ❜✮ ✭♣✳ ✶✶✼✮✱

x|F | = xe = (q|F |−e)e = q(|F |−e)e = q0 = 1Q.

P♦rt❛♥t♦✱ (CQ(F ) ∩ C)|F | = ✶✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ CQ(F ) ∩ C é ❣r✉♣♦ ❧✐♠✐t❛❞♦ ❡✱
♣♦rt❛♥t♦✱ ❛ s❡çã♦ (CQ(F )∩C)/{1Q} é ❧✐♠✐t❛❞❛✱ ❥á q✉❡ (CQ(F )∩C) ∼= (CQ(F )∩C)/{1Q}✳
❈♦♠♦ CQ(F ) ∩ C é s✉❜❣r✉♣♦ ❞❡ CQ(F ) ❡ CQ(F ) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵ ✭♣✳ ✷✻✮✱ s❡❣✉❡ q✉❡ CQ(F )∩C t❛♠❜é♠ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✶ ✭♣✳ ✷✻✮✱ ❛ s❡çã♦ (CQ(F )∩C)/{1Q} é ✜♥✐t❛✳ ❙❡❣✉❡
q✉❡ CQ(F ) ∩ C é ❣r✉♣♦ ✜♥✐t♦✳

Pr♦♣♦s✐çã♦ ✹✳✷✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✻✱ ♣✳ ✶✹✷❪ ❙❡❥❛♠ Q ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡
F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ Q✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Q = C × T ✭♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡
❣r✉♣♦s✮✱ q✉❡ F ❛❥❛ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ C ❡ q✉❡ T s❡❥❛ ✉♠ s✉❜❣r✉♣♦ F ✲✐♥✈❛r✐❛♥t❡ ❞❡
AnnQ(e)✳ ❙❡❥❛ t❛♠❜é♠ A ✉♠ ZQ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹ ❛✮ ✭♣✳ ✹✽✮✱ A é ✉♠
ZC✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✮✳ ❙❡ disΣc

A(Q) ⊆ Hq✱

✶✷✶
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♣❛r❛ ❛❧❣✉♠ q ∈ Q✱ ❡♥tã♦ disΣc
A(C) ⊆ Hc✱ ♣❛r❛ ❛❧❣✉♠ c ∈ C✱ ♦♥❞❡ Hq, Hc sã♦ s❡♠✐❡s❢❡r❛s

❛❜❡rt❛s ❞❡ ❝❛r❛❝t❡r❡s r❡❧❛t✐✈❛s ❛ q ❡ ❛ c r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❘❡❝♦r❞❡♠♦s q✉❡Hom(Q,R) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✭❝✉❥❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ é ❡s❝r✐t❛
❡♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✮✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛❞♦ ❡♠ ❬✶✽✱ ❚❤❡♦r❡♠ ✷✳✸✶ ✭✐✮✱ ♣✳ ✺✺❪✱ t❡♠♦s ♦ s❡❣✉✐♥t❡
✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✿

Hom(Q,R) = Hom(C × T,R) ∼= Hom(C,R)⊕Hom(T,R).

❉❛í q✉❡ Hom(C,R) ❡ Hom(T,R) sã♦ s✉❜❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❞❡ Hom(Q,R)✳ ❈♦♠♦ C ❡ T sã♦
s✉❜❣r✉♣♦s F ✲✐♥✈❛r✐❛♥t❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ Hom(C,R) ❡ Hom(T,R) sã♦ t❛♠❜é♠ s✉❜❣r✉♣♦s
F ✲✐♥✈❛r✐❛♥t❡s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✳

❱❛♠♦s ♠♦str❛r q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ Hom(C,R) ❛tr❛✈és ❞❛ ❛çã♦ à
❞✐r❡✐t❛ ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ✭♣✳ ✷✸✮✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s u ∈ Hom(C,R) ❡ c ∈ C✱ ∀f ∈
F, uf (c) = u(cf

−1
) = u(c)✱ ♣♦✐s ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ C é tr✐✈✐❛❧✳ ❉❛í q✉❡ uf = u✳

❈♦♥❝❧✉í♠♦s✱ ❛ss✐♠✱ q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ s♦❜r❡ Hom(C,R)✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ Hom(T,R) é s✉❜❣r✉♣♦ ❞❡ AnnHom(Q,R)(e)✳ ❉❛❞♦s t ∈ T ❡

w ∈ Hom(T,R)✱ ✉s❛♥❞♦ ♥♦t❛çã♦ ❛❞✐t✐✈❛ ❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱

we(t) = (
∑

f∈F

wf )(t) =
∑

f∈F

wf (t) =
∑

f∈F

w(tf
−1

) =

= w(
∏

f∈F

tf
−1

) = w(
∏

f ′∈F

tf
′

) = w(te) = w(1Q) = 0R,

♦♥❞❡ f ′ = f−1✳ ❉❛í q✉❡✱ we = 0Hom(T,R) ❡✱ ♣♦rt❛♥t♦✱ w ∈ AnnHom(Q,R)(e)✳ ❈♦♠♦ w ❢♦✐
t♦♠❛❞♦ ❛r❜✐trár✐♦ ❡♠ Hom(T,R)✱ s❡❣✉❡ q✉❡ Hom(T,R) ⊆ AnnHom(Q,R)(e)✳ ❈♦♠♦ ❛✐♥❞❛
Hom(T,R) é s✉❜❣r✉♣♦ ❞❡Hom(Q,R)✱ t❡♠♦s q✉❡Hom(T,R) é s✉❜❣r✉♣♦ ❞❡ AnnHom(Q,R)(e)✳

P❡r❝❡❜❛♠♦s q✉❡✱ s❡ disΣc
A(Q) = ∅✱ ❡♥tã♦ disΣc

A(C) = ∅✱ ❞♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ u ∈
disΣc

A(C) ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✻ ❜✮ ✭♣✳ ✽✽✮✱ ❡①✐st✐r✐❛ w ∈ Hom(T,R) t❛❧ q✉❡ [(u, w)] ∈
disΣc

A(Q)✱ ♦ q✉❡ é ❛❜s✉r❞♦✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ disΣc
A(Q) = ∅✳

❙✉♣♦♥❤❛♠♦s✱ ❡♥tã♦✱ q✉❡ disΣc
A(Q) 6= ∅ ❡ q✉❡ disΣc

A(Q) ⊆ Hq ♣❛r❛ ❛❧❣✉♠ q ∈ Q✳ ▲♦❣♦✱
v(q) > 0R✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [v] ∈ disΣc

A(Q)✳ ❊s❝r❡✈❛♠♦s q = (c0, t0) ❝♦♠
c0 ∈ C ❡ t0 ∈ T ✳ ❈❛s♦ disΣc

A(C) = ∅✱ ❡♥tã♦ disΣ
c
A(C) ⊆ Hc, ∀c ∈ C ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ♦

r❡s✉❧t❛❞♦✳ ❈❛s♦ disΣc
A(C) 6= ∅✱ s❡❥❛ [u] ∈ disΣc

A(C)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✻ ❜✮ ✭♣✳ ✽✽✮✱ ❡①✐st❡
w ∈ Hom(T,R) t❛❧ q✉❡ [(u, w)] ∈ disΣc

A(Q)✳ ❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✽ ✭♣✳ ✾✵✮✱ disΣc
A(Q)

é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✱ ❧♦❣♦✱ ✉s❛♥❞♦ ❛ ❖❜s❡r✈❛çã♦ ✷✳✻ ✭♣✳ ✾✵✮✱

[(u, w)]f = [(u, w)f ] = [(uf , wf )]
(∗)
= [(u, wf )] ∈ disΣc

A(Q), ∀f ∈ F,

♦♥❞❡✱ ❡♠ (∗)✱ ✉s❛♠♦s q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ Hom(C,R)✳ ❆ss✐♠✱ t❡♠♦s q✉❡✱
∀f ∈ F ✱

0R < (u, wf )(q) = (u, wf )(c0, t0) = u(c0) + wf (t0),

❛q✉✐ wf ∈ Hom(T,R)✱ ♣♦✐s Hom(T,R) é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳ ❆❣♦r❛✱ s❡ wf (t0) ≤
0R ♣❛r❛ ❛❧❣✉♠ f ∈ F\{1F}✱ ❡♥tã♦ u(c0) > 0R✱ ❡ ❝♦♠♦ u ∈ disΣc

A(C) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱
s❡❣✉❡ q✉❡ disΣc

A(C) ⊆ Hc0 ✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ s❡ wf (t0) > 0R, ∀f ∈ F\{1F}✱ ❡♥tã♦

0R
(∗∗)
= we(t0) =

∑

f∈F

wf (t0),

✶✷✷



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

♦♥❞❡✱ ❡♠ (∗∗)✱ ✉s❛♠♦s q✉❡ Hom(T,R) ⊆ AnnHom(Q,R)(e)✳ ❉❛í q✉❡

w(t0) = −
∑

f∈F\{1F }

wf (t0) < 0R

❡✱ ♣♦rt❛♥t♦✱ u(c0) > 0R✳ ❙❡❣✉❡ ❛ss✐♠ q✉❡ disΣc
A(C) ⊆ Hc0 ✳

❉❡✜♥✐çã♦ ✹✳✹✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ XG ♦ ❝♦♥❥✉♥t♦ ❞❡ s✉❜❣r✉♣♦s ❞❡ G ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦
♠✉♥✐❞♦ ❞❛ r❡❧❛çã♦ ⊆✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦ s❡ XG s❛t✐s✜③❡r ✉♠❛
✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮ ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✷ ✭♣✳ ✻✾✮ ❡ ❞✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦
❛rt✐♥✐❛♥♦ s❡ XG s❛t✐s✜③❡r ✉♠❛ ✭♣♦rt❛♥t♦ ❛s ❞✉❛s✮ ❝♦♥❞✐çõ❡s ❡♥tr❡ ♣❛rê♥t❡s❡s ❞❛ Pr♦♣♦s✐çã♦
✶✳✹✷ ✭♣✳ ✻✾✮✳

❉❡✜♥✐çã♦ ✹✳✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ ♠✐♥✐♠❛① s❡ G ♣♦ss✉✐ ✉♠❛
✜❧tr❛çã♦ ♥♦r♠❛❧ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦ t❛❧ q✉❡ ❝❛❞❛ ❣r✉♣♦ ❢❛t♦r é ✉♠ ❣r✉♣♦ ❛rt✐♥✐❛♥♦✱ ♦✉ ✉♠
❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦✳

❊①❡♠♣❧♦ ✹✳✶✳ ❈♦♥s✐❞❡r❛♥❞♦ Z ❡ G := Z[1/p] =

{
z

pi
: i ∈ Z+ ∪ {0}, z ∈ Z

}

✱ ♦♥❞❡ p é ✉♠

♥ú♠❡r♦ ♣r✐♠♦✱ ❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❝✉❥❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ s❡❥❛ ❡s❝r✐t❛ ❡♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✳
❚❡♠♦s ✜❧tr❛çã♦ ♥♦r♠❛❧

0⊳ Z⊳G

♦♥❞❡ Z é ✉♠ ❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦✱ ♠❛s ♥ã♦ ❛rt✐♥✐❛♥♦ ❡ G1 := (Z[1/p])
/
Z é ✉♠ ❣r✉♣♦ ❛rt✐♥✐❛♥♦✱

♠❛s ♥ã♦ ♥♦❡t❤❡r✐❛♥♦✳ ▲♦❣♦✱ G = Z[1/p] é ✉♠ ❣r✉♣♦ ♠✐♥✐♠❛①✳
❱❛♠♦s ♠♦str❛r q✉❡ G1 é ✉♠ ❣r✉♣♦ ❛rt✐♥✐❛♥♦✳ P❛r❛ ✐ss♦ ♠♦str❛r❡♠♦s q✉❡ ♦s s✉❜❣r✉♣♦s

❞❡ G1 sã♦ ✵✱ ♦ ♣ró♣r✐♦ G1✱ ♦✉ ❞❛ ❢♦r♠❛
〈

1

pz0
+ Z

〉

♣❛r❛ ❛❧❣✉♠ z0 ∈ Z+. ✭✹✳✶✮

P♦rt❛♥t♦✱ t♦❞❛ ❝❛❞❡✐❛ ❞❡s❝❡♥❞❡♥t❡ ❞❡ s✉❜❣r✉♣♦s ❞❡ G1 é ❡st❛❝✐♦♥ár✐❛✳
▼♦str❛r❡♠♦s ❛❣♦r❛✱ ❡♥tã♦✱ q✉❡✱ ❞❛❞♦ ✉♠ s✉❜❣r✉♣♦ H ❞❡ G1 ❞✐❢❡r❡♥t❡ ❞❡ G1 ❡ ❞❡ ✵✱ H é

❞❛ ❢♦r♠❛ ❡♠ ✭✹✳✶✮ ✭♣✳ ✶✷✸✮✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ Z[1/p] =
⋃

i≥0

(
Z
pi

)

✳ ❙❡❥❛♠ π : Z[1/p] ։ G1 ♦ ❤♦♠♦♠♦r✜s♠♦

❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❡ S := π−1(H)✳ ❚❡♠♦s q✉❡ S = S ∩ Z[1/p] =
⋃

i≥0

(S ∩

(
Z
pi

)

)✳

❉❡✜♥❛♠♦s Si := S∩

(
Z
pi

)

✱ ♦♥❞❡ i ≥ 0✳ ❉❛í q✉❡✱ S =
⋃

i≥0

Si ❡✱ ♣♦rt❛♥t♦✱ H = π(S) =
⋃

i≥1

π(Si)✳

❉❡✜♥❛♠♦s Hi := π(Si)✱ ♦♥❞❡ i ≥ 1✳ ❈♦♠♦
Z
pi

é ❣r✉♣♦ ❝í❝❧✐❝♦✱ t❡♠♦s q✉❡ Si t❛♠❜é♠ ♦ é✱

♣♦✐s é s✉❜❣r✉♣♦ ❞❡
Z
pi
✱ ❧♦❣♦ Hi é t❛♠❜é♠ ❣r✉♣♦ ❝í❝❧✐❝♦✱ ✈✐st♦ q✉❡ é ✐♠❛❣❡♠ ❤♦♠♦♠♦r❢❛ ❞❡

Si✳ ❆ss✐♠✱ Hi =

〈
xi
pαi

+ Z

〉

✱ ♦♥❞❡ i ≥ 1✱ p ∤ xi✱ xi ∈ Z ❡ αi ∈ Z+✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇❡③♦✉t✱

✶✷✸



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❡①✐st❡♠ β, γ ∈ Z t❛✐s q✉❡ βxi+γpαi = 1✳ ▲♦❣♦✱
1

pαi
=
βxi
pαi

+γ ∈

〈
xi
pαi

+Z

〉

= Hi ❡✱ ♣♦rt❛♥t♦✱

Hi =

〈
1

pαi
+ Z

〉

✳ ❆❣♦r❛✱ s❡ ♠❛①{αi : i ≥ 1} = ∞✱ ❡♥tã♦ H =
⋃

i≥1

Hi = G✳ ❈❛s♦ ❝♦♥trár✐♦✱

✐st♦ é✱ ♠❛①{αi : i ≥ 1} = z0 ∈ Z+✱ ❡♥tã♦ H =

〈
1

pz0
+ Z

〉

✳

▲❡♠❛ ✹✳✺✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ H ⊳G✳ ❙❡ G é ❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦ ✭❛rt✐♥✐❛♥♦✮✱ ❡♥tã♦ H ❡
G/H sã♦ ❣r✉♣♦s ♥♦❡t❤❡r✐❛♥♦s ✭❛rt✐♥✐❛♥♦s✮✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ t♦❞♦ s✉❜❣r✉♣♦ ❞❡ H é t❛♠❜é♠ s✉❜❣r✉♣♦ ❞❡ G✱ t❡♠♦s q✉❡ t♦❞❛ ❝❛❞❡✐❛
❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ ❡♠ XH é t❛♠❜é♠ ✉♠❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✭❞❡s❝❡♥❞❡♥t❡✮ ❡♠ XG ❡✱
♣♦rt❛♥t♦✱ ❡st❛❝✐♦♥ár✐❛✳ ❉❛í q✉❡ H é ❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦ ✭❛rt✐♥✐❛♥♦✮✳

❆❣♦r❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ t♦❞♦ s✉❜✲
❣r✉♣♦ ❞❡G/H t❡♠ ❛ ❢♦r♠❛ A/H✱ ♦♥❞❡ A é s✉❜❣r✉♣♦ ❞❡G ❡H ⊆ A✱ ❝♦♥❝❧✉í♠♦s ♣♦r r❛❝✐♦❝í♥✐♦
s❡♠❡❧❤❛♥t❡ ❛♦ ❛❝✐♠❛ q✉❡ G/H é ❣r✉♣♦ ♥♦❡t❤❡r✐❛♥♦ ✭❛rt✐♥✐❛♥♦✮✳

✹✳✷ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❉♦r❛✈❛♥t❡✱ ✜①❛r❡♠♦s G ❝♦♠♦ s❡♥❞♦ ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ F ❝♦♠♦
s❡♥❞♦ ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳

❚❡♦r❡♠❛ ✹✳✶✳ ❊①✐st❡ N ⊳ G t❛❧ q✉❡ N é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ F ✲✐♥✈❛r✐❛♥t❡ ❡ G/N é ❣r✉♣♦
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮✱ G é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✲♣♦r✲❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✱
❧♦❣♦ ❡①✐st❡N0⊳G✱ N0 é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ t❛❧ q✉❡ G/N0 é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❖ q✉❡ q✉❡r❡♠♦s é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ N ❞❡ G q✉❡ ♣♦ss✉❛
❡ss❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ N0 ❡ q✉❡ ❛✐♥❞❛ s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❛çã♦ ❞❡ ❣r✉♣♦ s♦❜r❡ ❣r✉♣♦✱ s❡❣✉❡ q✉❡ N0
∼= N f

0 ✱ ❝♦♠♦ ❣r✉♣♦s✱ ∀f ∈ F ✳
❉❛í q✉❡✱ ❝♦♠♦ N0 é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ N f

0 t❛♠❜é♠ ♦ é✳ ❖❜s❡r✈❡♠♦s q✉❡✱ ♣❡❧♦
▲❡♠❛ ✶✳✷✽ ✭♣✳ ✷✸✮✱ ♦❜t❡♠♦s q✉❡ N f

0 ⊳G, ∀f ∈ F ✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡✱ ∀f ∈ F ✱ G/N0

∼= G/N f
0 ✳ ❉❛❞♦ f ∈ F ✱ s❡❥❛ ϕ∗

f : G/N0 → G/N f
0

✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r
ϕ∗
f (gN0) = gfN f

0 ,

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gN0 ∈ G/N0✳ ❱❛♠♦s ❞❡♠♦♥str❛r ♦s s❡❣✉✐♥t❡s ✐t❡♥s ❛❜❛✐①♦✳

✐✮ ϕ∗
f ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿

❙❡❥❛♠ g1N0, g2N0 ∈ G/N0✳ ❙❡ g1N0 = g2N0✱ ❡♥tã♦ g−1
2 g1 ∈ N0✱ ❧♦❣♦ (g−1

2 g1)
f ∈

N f
0 ✱ ♣♦rt❛♥t♦ (g−1

2 )fgf1 = (gf2 )
−1gf1 ∈ N f

0 ✱ ❞❛í q✉❡ g
f
1N

f
0 = gf2N

f
0 ✱ ✐st♦ é✱ ϕ∗

f (g1N0) =
ϕ∗
f (g2N0)✳

✐✐✮ ϕ∗
f é s♦❜r❡❥❡t✐✈❛✿

❙❡❥❛ gN f
0 ∈ G/N

f
0 ✳ ❚❡♠♦s q✉❡ gN f

0 = (gf
−1
)fN f

0 = ϕ∗
f (g

f−1
N0)✱ ♦♥❞❡ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧

gf
−1
N0 ∈ G/N0✱ ♣♦✐s gf

−1
∈ G✱ ❥á q✉❡ G é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳

✶✷✹



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

✐✐✐✮ ϕ∗
f é ✐♥❥❡t✐✈❛✿

❙❡❥❛♠ g1N0, g2N0 ∈ G/N0✳ ❙❡ ϕ∗
f (g1N0) = ϕ∗

f (g2N0)✱ ❡♥tã♦ gf1N
f
0 = gf2N

f
0 ✱ ❧♦❣♦

(gf2 )
−1gf1 ∈ N

f
0 ✱ ♣♦rt❛♥t♦ (g

−1
2 g1)

f ∈ N f
0 ✱ ❞❛í q✉❡ g

−1
2 g1 = ((g−1

2 g1)
f )f

−1
∈ (N f

0 )
f−1

= N0

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ g1N0 = g2N0✳

✐✈✮ ϕ∗
f é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✿

❙❡❥❛♠ g1N0, g2N0 ∈ G/N0✳ ❊♥tã♦✱

ϕ∗
f (g1N0 · g2N0) = ϕ∗

f (g1g2N0) = (g1g2)
fN f

0 = gf1g
f
2N

f
0 =

= gf1N
f
0 · g

f
2N

f
0 = ϕ∗

f (g1N0)ϕ
∗
f (g2N0).

❙❡❣✉❡✱ ❛ss✐♠✱ q✉❡ ϕ∗
f é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❞❛í q✉❡ G/N f

0 é t❛♠❜é♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲
✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀f ∈ F ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ∀f ∈ F,N f
0 ❤❡r❞❛ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ N0✱ ✉♠❛ ✈❡③ q✉❡ N f

0 ⊳G✱ N f
0 é

✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❡ G/N f
0 é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱

N f
0 ❛✐♥❞❛ ♥ã♦ é✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳ ❙❡❥❛

N :=
⋂

f∈F

N f
0 .

❚❛❧ ✐♥t❡rs❡❝çã♦ é ✜♥✐t❛✱ ✉♠❛ ✈❡③ q✉❡ F é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❈♦♠♦ N f
0 ⊳G, ∀f ∈ F ✱ t❡♠♦s✱

♣❡❧♦ ▲❡♠❛ ✶✳✷ ✭♣ ✹✮✱ q✉❡ N ⊳ G✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ N é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ✉♠❛ ✈❡③
q✉❡✱ ❞❛❞♦ f ∈ F ✱ N é s✉❜❣r✉♣♦ ❞❡ N f

0 ❡ N f
0 é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛

✶✳✶✶ ✭♣✳ ✶✶✮✱ s❡❣✉❡ q✉❡ G/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦✳ ❊✱ ❛✐♥❞❛✱ ❝♦♠♦ G é ❣r✉♣♦ ❞❡ t✐♣♦
FP∞✱ t❡♠♦s q✉❡ G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✾ ✭♣✳ ✶✵✽✮✱ ❞❛í q✉❡✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✱ G/N t❛♠❜é♠ é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊✱ ✜♥❛❧♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛
✶✳✸✵ ✭♣✳ ✷✸✮✱ t❡♠♦s q✉❡ N é ✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ❝♦♥s✐❞❡r❛r❡♠♦s N ❝♦♠♦ s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ♥♦r♠❛❧ ❡♠ G✱
F ✲✐♥✈❛r✐❛♥t❡ ❡ G/N ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♦♥❞❡ G ❝♦♥t✐♥✉❛
s❡♥❞♦ ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛ s♦❜r❡ G✳

▲❡♠❛ ✹✳✻✳ ❊①✐st❡ H ⊳ G t❛❧ q✉❡ [G : H] < ∞✱ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ ❡ H é F ✲✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡①✐st❡ H0⊳G t❛❧
q✉❡ H0/N ⊳G/N,H0/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ (G/N)/(H0/N) ∼= G/H0 é ❣r✉♣♦ ✜♥✐t♦✱ ✐st♦ é✱

[G : H0] <∞.

❉♦ ❢❛t♦ ❞❡ G s❡r ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ✭♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✾ ✭♣✳ ✶✵✽✮✱ ♣♦✐s G é ❣r✉♣♦
❞❡ t✐♣♦ FP∞✮ ❡ [G : H0] <∞✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮ q✉❡ H0 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ ❡✱ ❞❛í q✉❡✱ H0/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✳ ❈♦♠♦
H0/N é t❛♠❜é♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ ✭♣✳ ✷✻✮✱ q✉❡

H0/N ∼= Zn ⊕K,

✶✷✺



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

♦♥❞❡ K = {x ∈ H0/N : |x| <∞} é ✉♠ s✉❜❣r✉♣♦ ✜♥✐t♦ ❞❡ H0/N ❡ n ∈ Z+ é ♦ ♣♦st♦ ❧✐✈r❡ ❞❡
t♦rçã♦ ❞❡ H0/N ✳

❙❡❥❛ π : H0 ։ H0/N ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❉❡✜♥❛♠♦s

H1 := π−1(Zn).

❉♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱

H1 é s✉❜❣r✉♣♦ ❞❡ H0 ❡ N ⊆ H1 ✭✹✳✷✮

❡✱ ❝♦♠♦ H0/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ s❡❣✉❡ q✉❡ Zn ⊳H0/N ❡✱ ♣♦rt❛♥t♦✱ H1 ⊳H0 ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✳ ❚❡♠♦s t❛♠❜é♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹
✭♣✳ ✽✮✱ q✉❡

[H0 : H1] = [π(H0) : π(H1)] = [Zn ⊕K : Zn] = |K| <∞.

❆ss✐♠✱ ❝♦♠♦ [G : H0], [H0 : H1] <∞✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✱

[G : H1] = [G : H0] · [H0 : H1] <∞. ✭✹✳✸✮

❉❡✜♥❛♠♦s
H2 :=

⋂

g∈G

g−1H1g.

❈♦♠♦ N ⊳G ❡ ♣♦r ✭✹✳✷✮ ✭♣✳ ✶✷✻✮✱ s❡❣✉❡ q✉❡ N ⊆ g−1Ng ⊆ g−1H1g, ∀g ∈ G✱ ❧♦❣♦

N ⊆
⋂

g∈G

g−1H1g = H2. ✭✹✳✹✮

P♦r ✭✹✳✸✮ ✭♣✳ ✶✷✻✮ ❡ ♣❡❧♦ ▲❡♠❛ ✶✳✺ ✭♣✳ ✺✮✱ H2 =
⋂

t∈T

t−1H1t✱ ♦♥❞❡ T é ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦

❞❡ G✳ ❈♦♠♦ ❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ G é ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ s✐
♠❡s♠♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✷✽ ✭♣✳ ✷✸✮ ❡ ❞♦ ▲❡♠❛ ✶✳✷✾ ✭♣✳ ✷✸✮ q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ T ✱ t−1H1t⊳G
❡ [G : t−1H1t] <∞✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❛ss✐♠✱ ❝♦♠♦ T é ✜♥✐t♦✱ ♣❡❧♦s ▲❡♠❛s ✶✳✷ ✭♣✳ ✹✮ ❡ ✶✳✶✷
✭♣✳ ✶✶✮✱ t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡

H2 ⊳G ❡ [G : H2] <∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ H2/N
é s✉❜❣r✉♣♦ ❞❡ H1/N = Zn✱ ❧♦❣♦ H2/N é ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦✳

❉❡✜♥❛♠♦s ❛❣♦r❛
H3 :=

⋂

f∈F

Hf
2 ,

♦♥❞❡ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G✳ ❈♦♠♦ N é F ✲✐♥✈❛r✐❛♥t❡✱ ♣❡❧❛ Pr♦✲
♣♦s✐çã♦ ✶✳✶✹ ✭♣✳ ✷✶✮✱ t❡♠♦s q✉❡✱ ∀f ∈ F,N = N f ✳ P♦r ✭✹✳✹✮ ✭♣✳ ✶✷✻✮✱ t❡♠♦s t❛♠❜é♠
N f ⊆ Hf

2 , ∀f ∈ F ✱ s❡❣✉❡ q✉❡

N ⊆
⋂

f∈F

Hf
2 = H3.

✶✷✻



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❚❡♠♦s ❛✐♥❞❛✱ ♣❡❧♦ ▲❡♠❛ ✶✳✸✵ ✭♣✳ ✷✸✮✱ q✉❡

H3 é F ✲✐♥✈❛r✐❛♥t❡.

P❡❧♦ ▲❡♠❛ ✶✳✷✽ ✭♣✳ ✷✸✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ▲❡♠❛ ✶✳✷ ✭♣✳ ✹✮✱ t❡♠♦s q✉❡

H3 ⊳G.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ [G : H2] <∞✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✾ ✭♣✳ ✷✸✮✱ s❡❣✉❡ q✉❡ [G : Hf
2 ] <∞✱ ♣♦rt❛♥t♦✱

❝♦♠♦ F é ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✷ ✭♣✳ ✶✶✮✱ t❡♠♦s q✉❡

[G : H3] <∞.

❖❜s❡r✈❡♠♦s q✉❡ H1 = π−1(Zn) é ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ ❛❜❡❧✐❛♥♦✱ ❧♦❣♦✱ H2 t❛♠❜é♠ ♦
é✱ ♣♦✐s H2 é s✉❜❣r✉♣♦ ❞❡ H1✳ ❉❛í q✉❡ Hf

2 t❡♠ t❛♠❜é♠ ❡ss❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡✱ ❥á q✉❡
Hf

2
∼= H2✳ ❊✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❛♠❜é♠ H3 =

⋂

f∈F

Hf
2 ✱ ♦ q✉❡ ❣❛r❛♥t❡✱ ♣♦r ✜♠✱ q✉❡ H3/N é

❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ ❛❜❡❧✐❛♥♦✳
P♦r ♦✉tr♦ ❧❛❞♦✱ H3 é s✉❜❣r✉♣♦ ❞❡ G ❡ [G : H3] <∞✳ ❈♦♠♦ G é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✾ ✭♣✳ ✶✵✽✮✱ s❡❣✉❡ q✉❡ H3 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ H3/N
é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❆ss✐♠✱ H3/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ❧✐✈r❡ ❞❡
t♦rçã♦✱ ❧♦❣♦ H3/N ∼= Zm, ♣❛r❛ ❛❧❣✉♠ m ∈ Z+✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱

H := H3.

❘❡❝♦r❞❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ F é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à
❞✐r❡✐t❛ s♦❜r❡ G✱ N é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G✱ ♥✐❧♣♦t❡♥t❡✱ F ✲✐♥✈❛r✐❛♥t❡ ❡ G/N é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✸✳ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✾✱ ♣✳ ✶✹✸❪ ❙❡❥❛ C ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ CG/N(F ) =
C/N ✱ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶ ✭♣✳ ✶✶✾✮✳ ❊♥tã♦✱ C é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s H ❝♦♠♦ s❡♥❞♦ ♦ ♠❡s♠♦ ❣r✉♣♦ ❞♦ ▲❡♠❛ ✹✳✻ ✭♣✳ ✶✷✺✮✳ ❈♦♠♦
H ❡ N sã♦ F ✲✐♥✈❛r✐❛♥t❡s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ t❡♠♦s ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ ♦
❣r✉♣♦ H/N ❞❡✜♥✐❞❛ ♣♦r (hN)f := hfN ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ hN ∈ H/N ❡ ∀f ∈ F ✳ ❈♦♠♦
t❛♠❜é♠ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶ ✭♣✳ ✶✶✾✮✱

❡①✐st❡♠ C1 ≤ CH/N(F ) ❡ T1 ≤ AnnH/N(e) q✉❡ sã♦ F ✲✐♥✈❛r✐❛♥t❡s t❛✐s q✉❡ (H/N)|F | ≤ C1T1,

♦♥❞❡ C1T1 é s✉❜❣r✉♣♦ ❞❡ H/N ❡

[CH/N(F ) : C1] <∞; ✭✹✳✺✮

[H/N : (H/N)|F |] <∞; ✭✹✳✻✮

CH/N(F ) ∩ T1 é ❣r✉♣♦ ✜♥✐t♦. ✭✹✳✼✮

✶✷✼



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❈♦♠♦ H/N é ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦✱ ♣♦r ✭✹✳✼✮ ✭♣✳ ✶✷✼✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ CH/N(F ) ∩ T1 = ✶✱
♣♦rt❛♥t♦

C1 ∩ T1 = ✶.

❚❡♠♦s✱ ❛ss✐♠✱ q✉❡ C1T1 é s✉❜❣r✉♣♦ ❞❡ H/N ❡ C1 ∩ T1 = ✶✱ ❧♦❣♦ C1T1 = C1 × T1 ✭♣r♦❞✉t♦
❞✐r❡t♦ ❞❡ ❣r✉♣♦s✮✳

❙❡❥❛ ψ : G ։ G/N ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ▲♦❣♦✱ ψ(H) = H/N ✳
❉❡✜♥❛♠♦s

H1 := ψ−1(C1 × T1) ≤ H,

T0 := ψ−1(T1) ❡ C0 := ψ−1(C1).

❊♥tã♦✱
H1/N = C0/N × T0/N.

❆❣♦r❛✱ ❝♦♠♦ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ CH/N(F ) ❡ C0/N = C1 ⊆ CH/N(F )✱ s❡❣✉❡
q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ C0/N ✳ ▲❡♠❜r❡♠♦s q✉❡ T0/N = T1 é F ✲✐♥✈❛r✐❛♥t❡✳

❖❜s❡r✈❡♠♦s q✉❡ H1/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵ ✭♣✳ ✷✻✮✱
♣♦✐s H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ H1/N é s✉❜❣r✉♣♦ ❞❡ H/N ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✹✳✻✮ ✭♣✳ ✶✷✼✮✱
[H/N : (H/N)|F |] <∞✱ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✱

[H/N : (H/N)|F |] = [H/N : C1 × T1] · [C1 × T1 : (H/N)|F |],

❧♦❣♦ [H/N : C1 × T1] <∞✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❛✮ ✭♣✳ ✻✮✱

[ψ−1(H/N) : ψ−1(C1 × T1)] = [H/N : C1 × T1] <∞.

▼❛s✱ ψ−1(H/N) = H ❡ ψ−1(C1 × T1) = H1✱ ♣♦rt❛♥t♦

[H : H1] <∞.

❯s❛♥❞♦ q✉❡ [G : H] < ∞✱ G é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱ t❡♠♦s q✉❡
H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ❞❛í q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱

H1 t❛♠❜é♠ é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞.

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✸ ✭♣✳ ✻✹✮✱ t❡♠♦s q✉❡ N/N ′ ❛❞♠✐t❡ ❡str✉t✉r❛ ❞❡ Z(H1/N)✲♠ó❞✉❧♦ à
❞✐r❡✐t❛ ❡ t❛♠❜é♠ ❛❞♠✐t❡ ❡str✉t✉r❛ ❞❡ Z(C0/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛
✸✳✸ ✭♣✳ ✶✶✻✮✱ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s

✶→ N →֒ H1

ψ
։ H1/N → ✶,

s❡❣✉❡ q✉❡ Σc
N/N ′(H1/N)✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ disΣc

N/N ′(H1/N)✱ ❡stã♦ ❝♦♥t✐❞♦s ❡♠ ❛❧❣✉♠❛
s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ H1/N ✱ ❡ ❝♦♠♦ t❡♠♦s t❛♠❜é♠ ♦s q✉❛tr♦ s❡❣✉✐♥t❡s ❢❛t♦s✿

✐✮ H1/N = C0/N × T0/N ❀

✐✐✮ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ C0/N ❀

✶✷✽



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

✐✐✐✮ T0/N é F ✲✐♥✈❛r✐❛♥t❡❀

✐✈✮ T0/N ⊆ AnnH1/N(ε)✱

❡st❛♠♦s✱ ❡♥tã♦✱ ♥❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷ ✭♣✳ ✶✷✶✮✳ ❉❛í q✉❡ disΣc
N/N ′(C0/N) ❡stá

❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ C0/N ✳
❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s

✶→ N →֒ C0 ։ C0/N → ✶,

❝♦♠♦ H1/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ C0/N é s✉❜❣r✉♣♦ ❞❡ H1/N ✱ s❡❣✉❡✱ ❞❛
Pr♦♣♦s✐çã♦ ✶✳✷✵ ✭♣✳ ✷✻✮✱ q✉❡ C0/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❱✐st♦ ❛✐♥❞❛ q✉❡
disΣN/N ′(C0/N) ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ C0/N ✱ ♣❡❧♦ ❚❡✲
♦r❡♠❛ ✸✳✸ ✭♣✳ ✶✶✻✮✱

C0 é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ s❡ C0 ❢♦r ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦. ✭✹✳✽✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✶ ✭♣✳ ✻✺✮✱ C0 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ N/N ′ é
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(C0/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s
❞❡ C0/N

′✳ ❊✱ ♣❛r❛ ♠♦str❛r♠♦s ❡st❡ ú❧t✐♠♦ ❢❛t♦✱ ❝♦♠♦ C0/N é s✉❜❣r✉♣♦ ❞❡ H1/N ✱ ❜❛st❛
♠♦str❛r♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶ ✭♣✳ ✾✵✮✱ q✉❡

N/N ′ é Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

❡

S(H1/N,C0/N) ⊆ ΣN/N ′(H1/N).

❱❛♠♦s ♠♦str❛r ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ N/N ′ é Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❆q✉✐ t❡♠♦s ❛ ♠❡s♠❛ s✐t✉❛çã♦ ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✶✸ ✭♣✳ ✻✹✮✱ s❡♥❞♦ N ≤ H1 ≤ G ❡ s❡♥❞♦

✶→ N/N ′ ι
→֒ H1/N

′
ρ
։ H1/N → ✶

s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✱ ♦♥❞❡ N/N ′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ι é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s
✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛ ❡ ρ ❡stá ❞❡✜♥✐❞❛ ♣♦r ρ(h1N ′) = h1N ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ h1N ′ ∈ H1/N

′✳
❆✐♥❞❛ ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✶✸ ✭♣✳ ✻✹✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❣r✉♣♦ H1/N ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ ♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ N/N ′ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ H1/N

′✱ ✐st♦ é✱

(nN ′)h1N := (h1N
′)−1(nN ′)(h1N

′), ♦♥❞❡ h1N = ρ(h1N
′), ✭✹✳✾✮

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ nN ′ ∈ N/N ′ ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ h1N ∈ H1/N ✱ ♦♥❞❡ h1N ′ ∈
H1/N

′✱ ♦✉ s❡❥❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✸ ✭♣✳ ✹✼✮✱ N/N ′ é Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛✲
çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ H1/N

′ ✭♦♥❞❡ ❛ ♦♣❡r❛çã♦ + ❞♦ Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ N/N ′

é ❛ r❡str✐çã♦ ❞❛ ♦♣❡r❛çã♦ · ❞♦ ❣r✉♣♦ H1/N
′ s♦❜r❡ N/N ′✱ ❥á q✉❡ ❝♦♥s✐❞❡r❛♠♦s✱ ♥❛ s❡q✉ê♥❝✐❛

❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✱ N/N ′ ❝♦♠♦ s✉❜❣r✉♣♦ ❞❡ H1/N✮✳
❆❣♦r❛✱ ❝♦♠♦ H1 é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✾ ✭♣✳ ✶✵✽✮✱ H1 é ❣r✉♣♦ ✜♥✐t❛✲

♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ ✭♣✳ ✷✹✮✱ H1/N
′ é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ [H : H1] <∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹ ✭♣✳ ✽✮✱ t❡♠♦s q✉❡ [H/N : H1/N ] <
∞✱ ❧♦❣♦✱ ❝♦♠♦ H/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ H1/N t❛♠❜é♠ é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

✶✷✾



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✼ ✭♣✳ ✸✻✮ ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠♦ H1/N ❛✐♥❞❛ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❝♦♥❝❧✉í♠♦s
q✉❡ H1/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✵ ✭♣✳ ✹✷✮✳

❉❡st❛ ❢♦r♠❛✱ t❡♠♦s ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ρ : H1/N
′ ։ H1/N ✱ ♦♥❞❡ H1/N

′ é ❣r✉♣♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ H1/N é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✶ ✭♣✳
✹✷✮✱ q✉❡ ❡①✐st❡♠ s ∈ Z+ ❡ n1N

′, . . . , nsN
′ ∈ N/N ′ t❛✐s q✉❡

N/N ′ = ker(ρ) = 〈(n1N
′)H1/N ′

, . . . , (nsN
′)H1/N ′

〉. ✭✹✳✶✵✮

❆ss✐♠✱ ❞❛❞♦ nN ′ ∈ N/N ′✱ ♣♦r ✭✹✳✶✵✮ ✭♣✳ ✶✸✵✮ ❡ ✈❡♥❞♦ N/N ′ ❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ♣♦❞❡♠♦s

❡s❝r❡✈❡r nN ′ =
r∏

j=1

(

(γjN
′)−1(nijN

′)(γjN
′)
)εj

✱ ♦♥❞❡ r ∈ Z+, ij ∈ {1, . . . , s}, γjN
′ ∈ H1/N

′

❡ εj ∈ {−1, 1}✱ ❧♦❣♦✱ ♣♦r ✭✹✳✾✮ ✭♣✳ ✶✷✾✮✱ nN ′ =
r∏

j=1

(

(nijN
′)γjN

)εj
✳ ❆ss✐♠✱ ✈❡♥❞♦ ❛❣♦r❛

N/N ′ ❝♦♠♦ Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ H1/N
′✱

t❡♠♦s q✉❡ nN ′ =
r∑

j=1

εj(nijN
′)γjN ✳ ❈♦♠♦ nN ′ ∈ N/N ′ ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡

N/N ′ é ❣❡r❛❞♦ ❝♦♠♦ Z(H1/N)✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s
n1N

′, . . . , nsN
′ ∈ H1/N

′ ❡✱ ♣♦rt❛♥t♦✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡

S(H1/N,C0/N) ∩ Σc
N/N ′(H1/N) = ∅.

❙❡❥❛ [w] ∈ S(H1/N,C0/N) ∩ Σc
N/N ′(H1/N)✳ ❊♥tã♦✱ ♣♦r ✉♠ ❧❛❞♦✱ w(C0/N) = ✵ ❡✱ ♣♦r

♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ Σc
N/N ′(H1/N) ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡

H1/N ✱ ❞✐❣❛♠♦s ✉♠ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ Hx✱ ♦♥❞❡ x ∈ H1/N ✱ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ [v] ∈ Σc

N/N ′(H1/N)✱ v(x) > 0R✱ ❞❛í q✉❡

w(x) > 0R.

❈♦♠♦ x ∈ H1/N = C0/N × T0/N ✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r x = x1x2✱ ❝♦♠ x1 ∈ C0/N ❡ x2 ∈
T0/N ✳ P♦❞❡♠♦s ❡s❝r❡✈❡r t❛♠❜é♠ w = (w1, w2)✱ ♦♥❞❡ w1 = wj1 ∈ Hom(C0/N,R) ❡ w2 =
wj2 ∈ Hom(T0/N,R)✱ s❡♥❞♦ j1 : C0/N → H1/N ❡ j2 : T0/N → H1/N ♦s ❤♦♠♦♠♦r✜s♠♦s
❞❡ ❣r✉♣♦s ✐♥❝❧✉sõ❡s ❝❛♥ô♥✐❝❛s✱ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✺ ✭♣✳ ✽✽✮✳ ❉❛ ❉❡♠♦♥str❛çã♦ ❞❛
Pr♦♣♦s✐çã♦ ✹✳✷ ✭♣✳ ✶✷✶✮✱ s❡❣✉❡ q✉❡ Hom(C0/N,R) ❡ Hom(T0/N,R) sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱
F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ Hom(C0/N,R) ✭❝♦♥s❡q✉❡♥t❡♠❡♥t❡ Hom(C0/N,R) é F ✲
✐♥✈❛r✐❛♥t❡✮✱ Hom(T0/N,R) é s✉❜❣r✉♣♦ ❞❡ AnnHom(H1/N,R)(e) ❡ Hom(T0/N,R) é t❛♠❜é♠
F ✲✐♥✈❛r✐❛♥t❡✱ ♣♦✐s T0/N é F ✲✐♥✈❛r✐❛♥t❡✳ ❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✽ ✭♣✳ ✾✵✮✱ Σc

N/N ′(H1/N) é
✉♠ ❝♦♥❥✉♥t♦ F ✲✐♥✈❛r✐❛♥t❡✱ ❧♦❣♦

[w]f = [(w1, w2)]
f = [(w1, w2)

f ] = [(wf1 , w
f
2 )]

(∗)
= [(w1, w

f
2 )] ∈ Σc

N/N ′(H1/N), ∀f ∈ F,

♦♥❞❡✱ ❡♠ (∗)✱ ✉s❛♠♦s q✉❡ F ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ Hom(C0/N,R)✳ ❆ss✐♠✱ t❡♠♦s
q✉❡✱

0R < wf (x) = (w1, w2)
f (x) = (w1, w

f
2 )(x1x2) = w1(x1) + wf2 (x2), ∀f ∈ F.

✶✸✵



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❆q✉✐ wf2 ∈ Hom(T0/N,R)✱ ♣♦✐s Hom(T0/N,R) é F ✲✐♥✈❛r✐❛♥t❡✳ ❆❣♦r❛✱ s❡ wf2 (x2) ≤ 0R✱ ♣❛r❛
❛❧❣✉♠ f ∈ F\{1}✱ ❡♥tã♦ w1(x1) > 0R✳ ❈❛s♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ s❡ wf2 (x2) > 0R, ∀f ∈ F\{1}✱
❡♥tã♦

0R
(∗∗)
= we2(x2) =

∑

f∈F

wf2 (x2),

♦♥❞❡✱ ❡♠ (∗∗)✱ ✉s❛♠♦s q✉❡ Hom(T0/N,R) ⊆ AnnHom(H1/N,R)(e)✳ ❉❛í q✉❡

w2(x2) = −
∑

f∈F\{1}

wf2 (x2) < 0R

❡✱ ♣♦rt❛♥t♦✱ w1(x1) > 0R✳ ❆ss✐♠✱ ❞❡ q✉❛❧q✉❡r ❢♦r♠❛✱ t❡♠♦s q✉❡ w1(x1) 6= 0R✱ ❝♦♥tr❛❞✐③❡♥❞♦
♦ ❢❛t♦ ❞❡ q✉❡ w(C0/N) = ✵✳ P♦rt❛♥t♦✱ S(H1/N,C0/N) ∩ Σc

N/N ′(H1/N) = ∅✱ ♦ q✉❡ ✐♠♣❧✐❝❛
q✉❡ S(H1/N,C0/N) ⊆ ΣN/N ′(H1/N)✳ ❉❡st❛rt❡✱ N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(C0/N)✲
♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✈✐❛ ❝♦♥❥✉❣❛çã♦ à ❞✐r❡✐t❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C0/N

′✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ C0 é
❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ♣♦r ✭✹✳✽✮ ✭♣✳ ✶✷✾✮✱ C0 é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡✜♥❛♠♦s ❛❣♦r❛ C̃ := ψ−1(CH/N(F ))✱ ✐st♦ é✱ C̃/N = CH/N(F )✳
P♦r ✭✹✳✺✮ ✭♣✳ ✶✷✼✮✱ t❡♠♦s q✉❡ [CH/N(F ) : C1] < ∞✱ ♣♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❛✮ ✭♣✳

✻✮✱ [ψ−1(CH/N(F )) : ψ
−1(C1)] < ∞ ❡✱ ❛ss✐♠✱ [C̃ : C0] < ∞✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♠♦ C0 é ❣r✉♣♦

❞❡ t✐♣♦ FP∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱ s❡❣✉❡ q✉❡ C̃ é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳
❆❣♦r❛✱ H/N,CG/N(F ) sã♦ s✉❜❣r✉♣♦s ❞❡ G/N ❡ [G/N : H/N ] = [G : H] < ∞✱ s❡❣✉❡ ❞❛

Pr♦♣♦s✐çã♦ ✶✳✸ ✭♣✳ ✼✮ q✉❡

[CG/N(F ) : (H/N) ∩ CG/N(F )] = [CG/N(F ) : CH/N(F )] <∞.

▼❛s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❛✮ ✭♣✳ ✻✮✱ t❡♠♦s q✉❡

[CG/N(F ) : CH/N(F )] = [ψ−1(CG/N(F )) : ψ
−1(CH/N(F ))] = [C : C̃].

❉❛í q✉❡ [C : C̃] <∞ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱ C é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❘❡r❝♦r❞❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ F é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à
❞✐r❡✐t❛ s♦❜r❡ G✳

▲❡♠❛ ✹✳✼✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✶✵✱ ♣✳ ✶✹✹❪ ❙❡❥❛♠ V ✉♠ s✉❜❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ F ✲✐♥✈❛r✐❛♥t❡✱ ♥♦r♠❛❧
❡♠ G ❡ C ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛✐s q✉❡ CG/V (F ) = C/V ✱ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶ ✭♣✳ ✶✶✾✮✳ ❙❡
V é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ ❞❡ ❣r✉♣♦s V CG(F ) é s✉❜❣r✉♣♦ ❞❡ C ❡ [C : V CG(F )] <∞✳

❉❡♠♦♥str❛çã♦✳ ❆ ❉❡♠♦♥str❛çã♦ ❞❡st❡ ▲❡♠❛ é ❢❡✐t❛ ❡♠ ❬✶✹✱ ▲❡♠♠❛ ✸✳✶✵✱ ♣✳ ✶✹✹❪✳ ❆ ♠❡s♠❛
✉s❛ ❉❡r✐✈❛çõ❡s ❡ ❈♦❤♦♠♦❧♦❣✐❛ ❞❡ ●r✉♣♦s✱ q✉❡ ♥ã♦ ❢♦r❛♠ ❛❜♦r❞❛❞♦s ♥❡st❛ ❉✐ss❡rt❛çã♦✳

❘❡❝♦r❞❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ F é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à
❞✐r❡✐t❛ s♦❜r❡ G✱ N é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G✱ ♥✐❧♣♦t❡♥t❡✱ F ✲✐♥✈❛r✐❛♥t❡ ❡ G/N é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✹✳ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✱ ♣✳ ✶✹✺❪ ❙❡❥❛ C ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ CG/N(F ) =
C/N ✱ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶ ✭♣✳ ✶✶✾✮✳ ❊♥tã♦✱ ♦ ♣r♦❞✉t♦ NCG(F ) é s✉❜❣r✉♣♦ ❞❡ C ❡ é ❞❡
t✐♣♦ FP∞✳

✶✸✶



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❉❡♠♦♥str❛çã♦✳ ❆♥t❡s ❞❡ ♠❛✐s ♥❛❞❛✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ N é s✉❜❣r✉♣♦ F ✲✐♥✈❛r✐❛♥t❡✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ t❡♠♦s ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ G/N ✱ ❞❛❞❛ ♣♦r (gN)f = gfN, ∀f ∈
F ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gN ∈ G/N ✳

❱❛♠♦s ♠♦str❛r q✉❡ NCG(F ) é s✉❜❣r✉♣♦ ❞❡ C✳ P❛r❛ ✐ss♦✱ ❝♦♠♦ N ⊳ C✱ ♣♦✐s N ⊳ G✱ ❡
CG(F ) é s✉❜❣r✉♣♦ ❞❡ G ♣❡❧♦ ▲❡♠❛ ✹✳✸ ✭♣✳ ✶✶✽✮✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ CG(F ) ⊆ C✳

❈♦♠♦ C/N = CG/N(F )✱ t❡♠♦s q✉❡✱ ❞❛❞♦ g ∈ G✱

g ∈ C ⇔ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ gN ∈ CG/N(F ). ✭✹✳✶✶✮

❙❡❥❛ x ∈ CG(F )✳ ❉❛❞♦ f ∈ F ✱ t❡♠♦s q✉❡ xf = x✳ ▲♦❣♦✱ (xN)f = xfN = xN ❡✱ ♣♦rt❛♥t♦✱
xN ∈ CG/N(F )✳ ❉❛í q✉❡✱ ♣♦r ✭✹✳✶✶✮ ✭♣✳ ✶✸✷✮✱ x ∈ C ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ x ∈ CG(F )
❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱ CG(F ) ⊆ C✳

❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸ ✭♣✳ ✶✷✼✮✱ t❡♠♦s q✉❡ C é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳ ❊✱ ❝♦♠♦ NCG(F )
é s✉❜❣r✉♣♦ ❞❡ C✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮ q✉❡ NCG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ s❡
[C : NCG(F )] <∞✳ ◆♦ss♦ ♦❜❥❡t✐✈♦✱ ♣♦rt❛♥t♦✱ é ♠♦str❛r q✉❡ [C : NCG(F )] <∞✳

❙❡❥❛ N = γ1(N) ≥ γ2(N) ≥ · · · ❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ N ✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡
γi+1(N) = [γi(N), N ] ♣♦r ❞❡✜♥✐çã♦ ❡ q✉❡ γi(N) ⊳car N ✱ ❝♦♠ i ∈ Z+✳ ❈♦♠♦ N é s✉❜❣r✉♣♦
♥✐❧♣♦t❡♥t❡✱ ❡①✐st❡ s ∈ Z+ t❛❧ q✉❡ γs+1(N) = ✶✱ ✐st♦ é✱ N t❡♠ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ✐❣✉❛❧ ❛ s✳
❉❡✜♥❛♠♦s

V := γs(N) 6= ✶.

❊♥tã♦✱ V ⊳car N ✱ ❡ ❝♦♠♦ N ⊳G✱ s❡❣✉❡ q✉❡

V ⊳G.

❈♦♠♦ G é ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✷ ✭♣✳ ✶✶✹✮ q✉❡ G é ❣r✉♣♦
❝♦♥str✉tí✈❡❧✳ ❉❡ss❡ ❢❛t♦ ♣♦❞❡♠ s❡r ♠♦str❛❞♦s ♦✉tr♦s ❞♦✐s s❡❣✉✐♥t❡s✿

✐✮ N/N ′ é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ✉s❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛ss♦s ♣❛r❛ s❡ ❝♦♥str✉✐r G
❛ ♣❛rt✐r ❞♦ ❣r✉♣♦ tr✐✈✐❛❧ ✶✱ ❝♦♥❢♦r♠❡ ❉❡✜♥✐çã♦ ✶✳✸✾ ✭♣✳ ✹✸✮❀

✐✐✮
⊗s

Z
N/N ′ é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ✉s❛♥❞♦ q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s♦❜r❡ Z ❞❡ ❞♦✐s ❣r✉♣♦s

❛❜❡❧✐❛♥♦s ♠✐♥✐♠❛① é ❣r✉♣♦ ♠✐♥✐♠❛① ❡ ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s ♥♦ ♣r♦❞✉t♦
t❡♥s♦r✐❛❧✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✾ ✭♣✳ ✻✶✮✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s θ̂ :
⊗s

Z
N/N ′ ։

γs(N) ❞❡✜♥✐❞♦ ♣♦r
θ̂(n1N

′ ⊗ . . .⊗ nsN
′) = [n1, . . . , ns],

♦♥❞❡ niN ′ ∈ N/N ′✱ ❝♦♠ 1 ≤ i ≤ s✱ ❡ s ∈ Z+ é ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N ✳ P❡❧♦ ▲❡♠❛ ✹✳✺
✭♣✳ ✶✷✹✮ ❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ✐s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱ s❡❣✉❡ q✉❡
γs(N) = V é ❣r✉♣♦ ♠✐♥✐♠❛①✳

❈♦♠♦ V ⊳car N ❡ ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ N é ❛✉t♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✭N é F ✲
✐♥✈❛r✐❛♥t❡✮✱ r❡s✉❧t❛ q✉❡ V f ⊆ V ✱ ✐st♦ é✱ V é F ✲✐♥✈❛r✐❛♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✶ = γs+1(N) =
[γs(N), N ] = [V,N ]✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ V ′ = [V, V ] = ✶✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷ ✭♣✳ ✽✮✱ V é ❣r✉♣♦
❛❜❡❧✐❛♥♦✳ ❆ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡

V é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ♥♦r♠❛❧ ❡♠ G✱ ❛❜❡❧✐❛♥♦ ❡ F ✲✐♥✈❛r✐❛♥t❡.

✶✸✷



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ V ⊳car N ❡ V ⊳ G✱ s❡❣✉❡ q✉❡ G/V ❡ N/V sã♦ ❣r✉♣♦s q✉♦❝✐❡♥t❡s✳
❖❜s❡r✈❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✶ ✭♣✳ ✶✻✮ q✉❡✱ ♣❛r❛ 1 ≤ i ≤ s✱ γi(N/V ) = γi(N)/V ✱ ❧♦❣♦ γs(N/V ) =
γs(N)/V = V/V = ✶✱ ♣♦rt❛♥t♦ N/V é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❡ ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N/V
é s − 1✱ ♦♥❞❡ s é ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N ✳ P❛r❛ ♠♦str❛r♠♦s q✉❡ [C : NCG(F )] < ∞✱
♣r♦❝❡❞❛♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N ✳

❙❡ N t❡♠ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s = 1✱ ❡♥tã♦ γ2(N) = ✶✳ ❉❛í q✉❡ V = γ1(N) = N ✳ ❈♦♠♦
V é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ♥♦r♠❛❧ ❡♠ G✱ ❛❜❡❧✐❛♥♦ ❡ F ✲✐♥✈❛r✐❛♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✼ ✭♣✳ ✶✸✶✮✱ s❡❣✉❡
q✉❡

[C : NCG(F )] = [C : V CG(F )] <∞.

P❛r❛ ♦ ❝❛s♦ ❞❡ N t❡r ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s > 1✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❢❛ç❛♠♦s ❛s s❡❣✉✐♥t❡s ♦❜s❡r✲
✈❛çõ❡s✿

✐✮ G/V é ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹ ✭♣✳ ✶✶✻✮✱ ✉♠❛ ✈❡③ q✉❡ G é ❣r✉♣♦
s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞❀

✐✐✮ N/V é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ ♣♦✐s N é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡❀

✐✐✐✮ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ N/V ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ ❥á q✉❡ N ❡ V sã♦ F ✲✐♥✈❛r✐❛♥t❡s✳
❆ ❛çã♦ é ❞❛❞❛ ♣♦r (nV )f = nfV, ∀f ∈ F ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ nV ∈ N/V ❀

✐✈✮ N/V é F ✲✐♥✈❛r✐❛♥t❡✱ ♣♦✐s N é F ✲✐♥✈❛r✐❛♥t❡❀

✈✮ N/V ⊳G/V ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ ♣♦✐s
N ⊳G❀

✈✐✮ (G/V )/(N/V ) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦✐s (G/V )/(N/V ) ∼=
G/N ✱ ♦ q✉❛❧ ♣♦ss✉✐ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡❀

✈✐✐✮ C(G/V )/(N/V )(F ) = (C1/V )/(N/V )✱ ♦♥❞❡ C1/V é s✉❜❣r✉♣♦ ❞❡ G/V ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶
✭♣✳ ✶✶✾✮✳ P❡❧♦ ▲❡♠❛ ✹✳✹ ✭♣✳ ✶✶✾✮✱

C1 = C,

✉♠❛ ✈❡③ q✉❡ C/N = CG/N(F )✳ ◆❡st❡ ✐t❡♠✱ ✈❡♠♦s q✉❡ ❢❛③ s❡♥t✐❞♦ ❝♦♥s✐❞❡r❛r ♦ ❝♦♥❥✉♥t♦
C(G/V )/(N/V )(F )✱ ♣♦✐s✱ ❝♦♠♦ V é F ✲✐♥✈❛r✐❛♥t❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ t❡♠♦s q✉❡
F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ G/V ✱ ❡♥tã♦✱ ❝♦♠♦ t❛♠❜é♠ N/V é F ✲✐♥✈❛r✐❛♥t❡✱ ♣❡❧❛ ♠❡s♠❛
Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭♣✳ ✷✹✮✱ ❡①✐st❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ (G/V )/(N/V )✳ ❚❛❧ ❛çã♦ é
❞❛❞❛ ♣♦r✿

((gV )(N/V ))f = (gV )f (N/V ) = (gfV )(N/V ),

∀f ∈ F ❡ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ (gV )(N/V ) ∈ (G/V )/(N/V )✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ (N/V )CG/V (F ) é s✉❜❣r✉♣♦ ❞❡ C1/V ✳ P❛r❛ ✐ss♦✱ ❝♦♠♦N/V ⊳C1/V
✭♣♦✐s N/V ⊳G/V ✮ ❡ CG/V (F ) é s✉❜❣r✉♣♦ ❞❡ G/V ✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ CG/V (F ) ⊆ C1/V ✳

❈♦♠♦ (C1/V )/(N/V ) = C(G/V )/(N/V )(F )✱ t❡♠♦s q✉❡✱ ❞❛❞♦ gV ∈ G/V ✱

gV ∈ C1/V ⇔ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ (gV )(N/V ) ∈ C(G/V )/(N/V )(F ). ✭✹✳✶✷✮

❙❡❥❛ xV ∈ CG/V (F )✳ ❉❛❞♦ f ∈ F ✱ t❡♠♦s q✉❡ (xV )f = xV ✳ ▲♦❣♦✱ ((xV )(N/V ))f =
(xV )f (N/V ) = (xV )(N/V ) ❡✱ ♣♦rt❛♥t♦✱ (xV )(N/V ) ∈ C(G/V )/(N/V )(F )✳ ❉❛í q✉❡✱ ♣♦r ✭✹✳✶✷✮

✶✸✸
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✭♣✳ ✶✸✸✮✱ xV ∈ C1/V ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ xV ∈ CG/V (F ) ❢♦✐ t♦♠❛❞♦ ❛r❜✐trár✐♦✱
CG/V (F ) ⊆ C1/V ✳

❘❡❝♦r❞❡♠♦s q✉❡ N/V t❡♠ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ s−1 ❡♠ G/V ✱ ❞❛í q✉❡✱ ♣❡❧❛s ♦❜s❡r✈❛çõ❡s
✐✮✱ ✐✐✮✱ ✐✐✐✮✱ ✐✈✮✱ ✈✮✱ ✈✐✮✱ ✈✐✐✮ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ (N/V )CG/V (F ) s❡r s✉❜❣r✉♣♦ ❞❡ C1/V ✱ ♣♦❞❡♠♦s
✉s❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♣❛r❛ N/V ✱ ♣♦rt❛♥t♦

[C1/V : (N/V )CG/V (F )] <∞. ✭✹✳✶✸✮

❈♦♠♦ ❥á ❞✐t♦ ♥❛ ♦❜s❡r✈❛çã♦ ✈✐✐✮ ❛❝✐♠❛✱ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ G/V ✱ ✐ss♦ ♠♦str❛ q✉❡ ❢❛③ s❡♥t✐❞♦
❝♦♥s✐❞❡r❛r ♦ ❝♦♥❥✉♥t♦ CG/V (F )✳

❙❡❥❛ π : G։ G/V ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❱❡❥❛ q✉❡ π−1(C1/V ) = C1

❡ π−1(N/V ) = N ✳ ❈♦♠♦ (N/V )CG/V (F ) é s✉❜❣r✉♣♦ ❞❡ C1/V ✱ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳
✹✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ q✉❡

π−1((N/V )CG/V (F )) ≤ π−1(C1/V ) = C1.

❆❣♦r❛✱ ❝♦♠♦ N/V ⊳ G/V ❡ CG/V (F ) é s✉❜❣r✉♣♦ ❞❡ G/V ✱ s❡❣✉❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✼ ✭♣✳ ✻✮✱ q✉❡
π−1((N/V )CG/V (F )) = π−1(N/V )π−1(CG/V (F )) = Nπ−1(CG/V (F ))✱ ✐st♦ é✱

Nπ−1(CG/V (F )) = π−1((N/V )CG/V (F )) ≤ C1. ✭✹✳✶✹✮

❚❡♠♦s q✉❡ π−1(CG/V (F ))/V = CG/V (F )✳ ❈♦♠♦ V é ❣r✉♣♦ ♠✐♥✐♠❛①✱ ♥♦r♠❛❧ ❡♠ G✱ F ✲
✐♥✈❛r✐❛♥t❡ ❡ ❛❜❡❧✐❛♥♦✱ s❡❣✉❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✼ ✭♣✳ ✶✸✶✮✱ q✉❡

[π−1(CG/V (F )) : V CG(F )] <∞.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✽ ✭♣✳ ✻✮✱ t❡♠♦s q✉❡

[Nπ−1(CG/V (F )) : NV CG(F )] <∞.

❈♦♠♦ V ⊆ N ✱ ❡♥tã♦ NV = N ✳ ❆ss✐♠✱

[Nπ−1(CG/V (F )) : NCG(F )] <∞. ✭✹✳✶✺✮

❆❣♦r❛✱ ♣♦r ✭✹✳✶✹✮ ✭♣✳ ✶✸✹✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹ ✭♣✳ ✽✮✱

[C1 : Nπ
−1(CG/V (F ))] = [C1 : π

−1((N/V )CG/V (F ))] =

= [π(C1) : (N/V )CG/V (F )] = [C1/V : (N/V )CG/V (F )].

P♦r ✭✹✳✶✸✮ ✭♣✳ ✶✸✹✮✱ [C1/V : (N/V )CG/V (F )] <∞✱ ❧♦❣♦

[C1 : Nπ
−1(CG/V (F ))] <∞. ✭✹✳✶✻✮

❊✱ ♣♦r ✭✹✳✶✺✮ ✭♣✳ ✶✸✹✮✱ ♣♦r ✭✹✳✶✻✮ ✭♣✳ ✶✸✹✮ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✱

[C1 : NCG(F )] = [C1 : Nπ
−1(CG/V (F ))]

︸ ︷︷ ︸

<∞

· [Nπ−1(CG/V (F )) : NCG(F )]
︸ ︷︷ ︸

<∞

,

✐st♦ é✱ [C1 : NCG(F )] <∞✳ ❊✱ ❝♦♠♦ C1 = C ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✈✐✐✮ ✭♣✳ ✶✺✶✮✱ t❡♠♦s q✉❡

[C : NCG(F )] <∞.

✶✸✹



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❘❡❝♦r❞❡♠♦s q✉❡ G é ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ F é ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à
❞✐r❡✐t❛ s♦❜r❡ G✱ N é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❡♠ G✱ ♥✐❧♣♦t❡♥t❡✱ F ✲✐♥✈❛r✐❛♥t❡ ❡ G/N é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✺✳ ❬✶✹✱ ▲❡♠♠❛ ✸✳✶✷✱ ♣✳ ✶✹✺❪ ❙❡❥❛ S ✉♠ s✉❜❣r✉♣♦ ❞❡ G t❛❧ q✉❡ G = NS✳
❊♥tã♦✱ S é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✷ ✭♣✳ ✶✻✮✱ ♦ ❢❛t♦ ❞❡ q✉❡ N é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❡ ♦ ❢❛t♦ ❞❡
q✉❡ S é s✉❜❣r✉♣♦ ❞❡ G✱ s❡❣✉❡ q✉❡

N ∩ S é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡.

P❡❧♦ ▲❡♠❛ ✶✳✸ ✭♣✳ ✹✮✱ N ∩ S ⊳ S✳ ❆ss✐♠✱
S

N ∩ S
é ❣r✉♣♦ q✉♦❝✐❡♥t❡ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷

✭♣✳ ✸✮ ✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s✮✱

G/N = (NS)/N ∼=
S

N ∩ S
.

❙❡❥❛✱ ❡♥tã♦✱

ψ : G/N →
S

N ∩ S

♦ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷ ✭♣✳ ✸✮ ✭✷♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛
●r✉♣♦s✮✳ ❈♦♥s✐❞❡r❛♥❞♦ H ❝♦♠♦ s❡♥❞♦ ♦ ♠❡s♠♦ ❞♦ ▲❡♠❛ ✹✳✻ ✭♣✳ ✶✷✺✮✱ ✐st♦ é✱

H ⊳G, [G : H] <∞, H é F ✲✐♥✈❛r✐❛♥t❡ ❡ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦,

❞❡✜♥❛♠♦s
W := ψ(H/N).

❙❡❣✉❡ q✉❡
W é t❛♠❜é♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ t❡♠♦s q✉❡

W =
W0

N ∩ S
, ❝♦♠ N ∩ S ⊳W0 ❡ W0 ⊳ S.

❙❡❥❛ s − 1 ❛ ❝❧❛ss❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ N ✱ ✐st♦ é✱ γs(N) = ✶✳ ❚❡♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡
✜❧tr❛çã♦ ❞❡ ❣r✉♣♦s✿

N ∩ S = γ1(N) ∩ S ≥ γ2(N) ∩ S ≥ · · · ≥ γi(N) ∩ S ≥ · · · ≥ γs(N) ∩ S = ✶.

❉❡✜♥❛♠♦s

B :=
N ∩ S

(N ∩ S)′

❙❡❥❛

π : N ∩ S ։
N ∩ S

(N ∩ S)′
♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛.

✶✸✺
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P❛r❛ t♦❞♦ i ∈ Z+✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✵ ✭♣✳ ✶✹✮✱ t❡♠♦s q✉❡ γi(N) ⊳ N ❡ γi+1(N) ⊳ γi(N)✱
♣♦rt❛♥t♦ γi+1(N) ∩ S ⊳ γi(N) ∩ S ♣❡❧♦ ▲❡♠❛ ✶✳✹ ✭♣✳✹✮✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ✭♣✳ ✹✮ ✭❚♦✲
r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛ ●r✉♣♦s✮✱ r❡s✉❧t❛ q✉❡ π(γi+1(N) ∩ S)⊳ π(γi(N) ∩ S)✱ ❞❛í q✉❡
π(γi(N) ∩ S)

π(γi+1(N) ∩ S)
é ❣r✉♣♦ q✉♦❝✐❡♥t❡✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱

Bi :=
π(γi(N) ∩ S)

π(γi+1(N) ∩ S)
, ❝♦♠ 1 ≤ i ≤ s.

❖❜s❡r✈❡ q✉❡✱ s❡ i = s✱ ❡♥tã♦ Bs =
π(γs(N) ∩ S)

π(γs+1(N) ∩ S)
= ✶✳

P❛r❛ 1 ≤ i ≤ s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❜✮ ✭♣✳ ✻✮✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶ ❛✮ ✭♣✳ ✺✮ ❡ ♦❜s❡r✈❛♥❞♦
q✉❡ ker(π) = (N ∩ S)′ = γ2(N ∩ S)✱ t❡♠♦s q✉❡

Bi =
π(γi(N) ∩ S)

π(γi+1(N) ∩ S)
∼=

π−1(π(γi(N) ∩ S))

π−1(π(γi+1(N) ∩ S))
=

(γi(N) ∩ S)γ2(N ∩ S)

(γi+1(N) ∩ S)γ2(N ∩ S)
,

♦✉ s❡❥❛✱

Bi
∼=

(γi(N) ∩ S)γ2(N ∩ S)

(γi+1(N) ∩ S)γ2(N ∩ S)
(✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s). ✭✹✳✶✼✮

❘❡❝♦r❞❡♠♦s q✉❡ [n1, · · · , ni] := [[n1, · · · , ni−1], ni]✱ ♦♥❞❡ [n1, n2] = n−1
1 n−1

2 n1n2 ❡ [n1] :=

n1✱ ❝♦♠ i ∈ Z+✳ P❡❧♦ ▲❡♠❛ ✶✳✷✸ ❛✮ ✭♣✳ ✶✻✮✱
γi(N)

γi+1(N)
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✶✳✸✾ ✭♣✳ ✻✶✮✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s

θ̂ : ⊗i
Z
N/N ′

։
γi(N)

γi+1(N)
,

❞❛❞♦ ♣♦r
θ̂(n1N

′ ⊗ . . .⊗ niN
′) = [n1, . . . , ni]γi+1(N),

♣❛r❛ t♦❞♦ n1N
′ ⊗ . . .⊗ niN

′ ∈ ⊗i
Z
N/N ′ = N/N ′ ⊗Z . . .⊗Z N/N

′

︸ ︷︷ ︸

i ✈❡③❡s

✳

P❡❧♦ ▲❡♠❛ ✶✳✹ ✭♣✳ ✹✮✱ t❡♠♦s q✉❡ γi(N) ∩ S ⊳ N ∩ S, ∀i ∈ Z+✳ ❋✐①❡♠♦s i ∈ {1, . . . , s}✳
❉❡✜♥✐♥❞♦✲s❡

G1 := γi(N) ∩ S, G2 := γi+1(N) ∩ S ❡ G3 := γ2(N ∩ S),

❝♦♥❢♦r♠❡ ✭✹✳✶✼✮ ✭♣✳ ✶✸✻✮✱ s❡❣✉❡ q✉❡ Bi
∼=
G1G3

G2G3

✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✵ ✭♣✳ ✶✵✮✱

Bi
∼=

G1

G2(G1 ∩G3)
.

❉❡✜♥❛♠♦s

α :
G1

G2

→
G1

G2(G1 ∩G3)

♣♦r
α(g1G2) = g1G2(G1 ∩G3),

✶✸✻



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ g1G2 ∈
G1

G2

✳ ❈♦♠♦ G2 ⊆ G2(G1 ∩ G3)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼ ✭♣✳ ✾✮✱

s❡❣✉❡ q✉❡ α é ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❉❡✜♥❛♠♦s t❛♠❜é♠ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

ϕ : G1 →
γi(N)

γi+1(N)
,

❞❛❞♦ ♣♦r ϕ(x) = xγi+1(N), ∀x ∈ G1✱ q✉❡ ♥ã♦ é s♦❜r❡❥❡t✐✈♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡✳ ❖❜s❡r✈❡♠♦s q✉❡

x ∈ ker(ϕ)⇔ x ∈ G1 ❡ xγi+1(N) = γi+1(N)⇔ x ∈ G2.

▲♦❣♦ ker(ϕ) = G2✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ✭♣✳ ✸✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛
●r✉♣♦s✮✱

G1

G2

∼= Im(ϕ) ≤
γi(N)

γi+1(N)
.

❙❡❥❛♠✱ ❡♥tã♦✱

ϕ1 :
G1

G2

→ Im(ϕ) ♦ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

❞❛❞♦ ♣♦r t❛❧ ❚❡♦r❡♠❛ ❡

ϕ2 : Im(ϕ) →֒
γi(N)

γi+1(N)
♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛.

P♦r ✜♠✱ ❞❡✜♥❛♠♦s ❛✐♥❞❛ ❛ ❝♦♠♣♦s✐çã♦

ϕ3 := ϕ2ϕ1,

q✉❡ é ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❚❡♠♦s✱ ❡♥tã♦✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

⊗i
Z
N/N ′ θ̂

։
γi(N)

γi+1(N)

ϕ3
←֓

G1

G2

α
։

G1

G2(G1 ∩G3)

η
→ Bi, ✭✹✳✶✽✮

♦♥❞❡ η é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡♥tr❡
G1

G2(G1 ∩G3)
❡ Bi✳

▼❛♥t❡♥❤❛♠♦s ❛✐♥❞❛ ✜①♦ i ∈ {1, . . . , s}✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✻ ✭♣✳ ✾✮✱ ♦ ▲❡♠❛ ✶✳✷✸ ❜✮
✭♣✳ ✶✻✮ ❡ ♦ ❢❛t♦ ❞❡ ηα s❡r ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ t❡♠♦s q✉❡ Bi é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❘❡❝♦r❞❡♠♦s

q✉❡
γi(N)

γi+1(N)
t❛♠❜é♠ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ♦ é

⊗i
Z
N/N ′✳ ❖❜s❡r✈❡♠♦s

t❛♠❜é♠ q✉❡
⊗i

Z
N/N ′,

γi(N)

γi+1(N)
,
γi(N) ∩ S

γi+1(N) ∩ S
❡ Bi sã♦ Z(G/N)✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ θ̂, ϕ3, α ❡

η sã♦ Z(G/N)✲❤♦♠♦♠♦r✜s♠♦s ❞❡ Z(G/N)✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❝♦♠ G/N ❛❣✐♥❞♦ ❞✐❛❣♦♥❛❧♠❡♥t❡
à ❞✐r❡✐t❛ s♦❜r❡

⊗i
Z
N/N ′ ❝♦♥❢♦r♠❡ ❖❜s❡r✈❛çã♦ ✶✳✶✹ ✭♣✳ ✻✽✮✳ ❈♦♠♦ G/N ∼= S/(N ∩ S) ❡ W

é s✉❜❣r✉♣♦ ❞❡ S/(N ∩ S)✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r
⊗i

Z
N/N ′,

γi(N)

γi+1(N)
,
γi(N) ∩ S

γi+1(N) ∩ S
❡ Bi ❝♦♠♦

ZW ✲♠ó❞✉❧♦s ❡ θ̂, ϕ3, α ❡ η ❝♦♠♦ ZW ✲❤♦♠♦♠♦r✜s♠♦s ❞❡ ZW ✲♠ó❞✉❧♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✹
❛✮ ❡ ❜✮ ✭♣✳ ✹✽✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❱❛♠♦s ♠♦str❛r q✉❡ Bi é s❡çã♦ ❞♦ ZW ✲♠ó❞✉❧♦
⊗i

Z
N/N ′✳ ❯s❛♥❞♦ ✭✹✳✶✽✮ ✭♣✳ ✶✸✼✮✱ ♣❡❧♦

❚❡♦r❡♠❛ ✶✳✶✷ ✭♣✳ ✹✹✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✱ ϕ3(G1/G2) ∼= Xi/ker(θ̂)✱

✶✸✼



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

♦♥❞❡ Xi é ZW ✲s✉❜♠ó❞✉❧♦ ❞❡
⊗i

Z
N/N ′ t❛❧ q✉❡ ker(θ̂) ⊆ Xi ❡ ϕ3(ker(α)) ∼= Yi/ker(θ̂)✱ ♦♥❞❡

Yi é ZW ✲s✉❜♠ó❞✉❧♦ ❞❡
⊗i

Z
N/N ′ t❛❧ q✉❡ ker(θ̂) ⊆ Yi✳ ❈♦♠♦ ϕ3(ker(α)) ⊆ ϕ3(G1/G2)✱ s❡❣✉❡✱

✉t✐❧✐③❛♥❞♦ ♦ ✐s♦♠♦r✜s♠♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✷ ✭♣✳ ✹✹✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✱
q✉❡ Yi/ker(θ̂) ⊆ Xi/ker(θ̂) ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✺ ✭♣✳ ✹✺✮ ✭❚❡♦r❡♠❛ ❞❡ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❛r❛
▼ó❞✉❧♦s✮ q✉❡ Yi ⊆ Xi✳ ❆❣♦r❛✱ ❝♦♠♦ η é ✐s♦♠♦r✜s♠♦ ❞❡ ZW ✲♠ó❞✉❧♦s✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✻
✭♣✳ ✶✷✮✱ t❡♠♦s q✉❡ ker(ηα) = ker(α)✱ ❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✷ ✭♣✳ ✹✹✮ ✭✶♦ ❚❡♦r❡♠❛ ❞❡
■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮✱ Bi

∼= (G1/G2)/ker(α)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ϕ3 é ♠♦♥♦♠♦r✜s♠♦
❞❡ ZW ✲♠ó❞✉❧♦s✱ s❡❣✉❡ q✉❡ G1/G2

∼= ϕ3(G1/G2) ❡ ker(α) ∼= ϕ3(ker(α))✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦
❚❡♦r❡♠❛ ✶✳✶✹ ✭♣✳ ✹✺✮ ✭✸♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ▼ó❞✉❧♦s✮ ❡ ♦ ▲❡♠❛ ✶✳✸✻ ✭♣✳ ✹✺✮✱

Bi
∼= (G1/G2)/ker(α) ∼= ϕ3(G1/G2)/ϕ3(ker(α)) ∼= (Xi/ker(θ̂))/(Yi/ker(θ̂)) ∼= Xi/Yi.

▲♦❣♦✱
Bi
∼= Xi/Yi, ❝♦♠ Yi, Xi ZW ✲s✉❜♠ó❞✉❧♦s ❞❡ ⊗i

Z
N/N ′ ❡ Yi ⊆ Xi,

✐st♦ é, Bi é s❡çã♦ ❞❡ ⊗i
Z
N/N ′. ✭✹✳✶✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s

N/N ′ ι
→֒ H/N ′

ρ
։ H/N,

♦♥❞❡ ι é ♦ ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✱ ρ é ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❛❞♦
♣♦r ρ(hN ′) = hN ✱ ♣❛r❛ t♦❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ hN ′ ∈ H/N ′ ❡ ker(ρ) = N/N ′ = Im(ι)✱ ❡ ❝♦♠♦
N/N ′ é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ t❡♠♦s q✉❡ N/N ′ é Z(H/N)✲♠ó❞✉❧♦ ✈✐❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s
❞❡ H/N ′ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✽ ✭♣✳ ✺✹✮✳ P♦❞❡♠♦s✱ ❡♥tã♦✱ ❝♦♥s✐❞❡r❛r ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦
✐♥✈❛r✐❛♥t❡ ❣❡♦♠étr✐❝♦ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ Σc

N/N ′(H/N)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✶ ✭♣✳
✻✺✮✱ ♦❜s❡r✈❛♥❞♦ q✉❡ H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ s❡❣✉❡ q✉❡

N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z(H/N)✲♠ó❞✉❧♦

✈✐❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ H/N ′. ✭✹✳✷✵✮

❈♦♠♦ ψ : H/N → W é ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ t❡♠♦s q✉❡ W ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ N/N ′ ✈✐❛
✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ψ✱ ❞❛í q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ✐♥✈❛r✐❛♥t❡ Σ ❞❡
❇✐❡r✐✲❙tr❡❜❡❧ Σc

N/N ′(W )✳
❈♦♥s✐❞❡r❛♥❞♦✱ ❡♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s ❝♦♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s

ó❜✈✐♦s
N →֒ H ։ H/N,

♦♥❞❡ N é s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ H é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ ✭❧♦❣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛ Pr♦✲
♣♦s✐çã♦ ✸✳✾ ✭♣✳ ✶✵✽✮✮ ❡ H/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸ ✭♣✳ ✶✶✻✮✱

Σc
N/N ′(H/N) = disΣc

N/N ′(H/N) ❡stá ❝♦♥t✐❞♦

❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(H/N), ✭✹✳✷✶✮

♣♦rt❛♥t♦

Σc
N/N ′(H/N) + . . .+ Σc

N/N ′(H/N)
︸ ︷︷ ︸

i ✈❡③❡s

= disΣc
N/N ′(H/N) + . . .+ disΣc

N/N ′(H/N)
︸ ︷︷ ︸

i ✈❡③❡s

✶✸✽



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

❝♦♠ 1 ≤ i ≤ s✱ ❡stã♦ ❝♦♥t✐❞♦s ♥❡ss❛ ♠❡s♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(H/N)✱ ✉♠❛
✈❡③ q✉❡ ❛ s♦♠❛ ❝♦♥s✐❞❡r❛❞❛ é ❛ s♦♠❛ ❝♦♥✈❡①❛✳ ❈♦♠♦ H/N ❡ W sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❧✐✈r❡s
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❡ H/N ∼= W ✱ ♣♦r ✭✹✳✷✶✮ ✭♣✳ ✶✸✽✮✱ ♣❡❧♦ ▲❡♠❛ ✷✳✹ ✭♣✳ ✽✼✮ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✺
✭♣✳ ✽✼✮✱ s❡❣✉❡ q✉❡

Σc
N/N ′(W ) = disΣc

N/N ′(W ) ❡stá ❝♦♥t✐❞♦

❡♠ ❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(W ). ✭✹✳✷✷✮

❚❡♠♦s t❛♠❜é♠ q✉❡

Σc
N/N ′(W ) + . . .+ Σc

N/N ′(W )
︸ ︷︷ ︸

i ✈❡③❡s

= disΣc
N/N ′(W ) + . . .+ disΣc

N/N ′(W )
︸ ︷︷ ︸

i ✈❡③❡s

,

❝♦♠ 1 ≤ i ≤ s✱ ❡stã♦ ❝♦♥t✐❞♦s ♥❡ss❛ ♠❡s♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(W )✱ ✉♠❛
✈❡③ q✉❡ ❛ s♦♠❛ ❝♦♥s✐❞❡r❛❞❛ é ❛ s♦♠❛ ❝♦♥✈❡①❛✳

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ B é ZW ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P♦r ✭✹✳✷✵✮ ✭♣✳ ✶✸✽✮
❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ H/N ∼= W ❝♦♠♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❧✐✈r❡s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ t❡♠♦s
q✉❡ N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦✳ ❖❜s❡r✈❡ q✉❡ ✭✹✳✷✷✮ ✭♣✳ ✶✸✾✮ ✐♠♣❧✐❝❛

q✉❡✱ ∀i ∈ {1, . . . , s}✱ ♣❛r❛ q✉❛✐sq✉❡r [v1], . . . , [vi] ∈ Σc
N/N ′(W )✱ t❡♠♦s q✉❡

i∑

j=1

vj 6= 0 ❡✱

♣♦rt❛♥t♦✱
⊗i

Z
N/N ′ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦ ✈✐❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ W ♣❡❧♦

❚❡♦r❡♠❛ ✷✳✷ ✭♣✳ ✾✷✮✱ ∀i ∈ {1, . . . , s}✳ ❆❣♦r❛✱ ❝♦♠♦ W é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✶ ✭♣✳ ✼✼✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✵ ✭♣✳ ✼✼✮✱ s❡❣✉❡ q✉❡ ZW é
❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✻ ✭♣✳ ✼✷✮✱

⊗i
Z
N/N ′ é ZW ✲♠ó❞✉❧♦ ♥♦❡t❤❡✲

r✐❛♥♦✱ ∀i ∈ {1, . . . , s}✳ P♦r ✭✹✳✶✾✮ ✭♣✳ ✶✸✽✮✱ t❡♠♦s q✉❡ Bi
∼= Xi/Yi✱ ♦♥❞❡ Yi, Xi sã♦

ZW ✲s✉❜♠ó❞✉❧♦s ❞❡
⊗i

Z
N/N ′ ❡ 1 ≤ i ≤ s✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✺ ✭♣✳ ✼✶✮ q✉❡ Xi é

ZW ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡ ❝♦♠♦ Yi ⊆ Xi✱ ✐st♦ é✱ Yi é ZW ✲s✉❜♠ó❞✉❧♦ ❞❡ Xi✱ ❞❛
Pr♦♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮✱ t❡♠♦s q✉❡ Xi/Yi é ZW ✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣♦rt❛♥t♦✱
Bi é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦ ✈✐❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ W0/(N ∩ S)

′

♣❛r❛ 1 ≤ i ≤ s✳ ❖❜s❡r✈❡ q✉❡ Bs−1 =
π(γs−1(N) ∩ S)

π(γs(N) ∩ S)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲

♠ó❞✉❧♦✱ ♦♥❞❡ π(γs(N) ∩ S) é ❣r✉♣♦ tr✐✈✐❛❧ ❡✱ ♣♦rt❛♥t♦✱ ♦❜✈✐❛♠❡♥t❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
❝♦♠♦ ZW ✲♠ó❞✉❧♦✱ ❧♦❣♦ π(γs−1(N) ∩ S) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦ ♣❡❧❛ Pr♦✲

♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮✳ ❆❣♦r❛✱ Bs−2 =
π(γs−2(N) ∩ S)

π(γs−1(N) ∩ S)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲

♠ó❞✉❧♦✱ ♦♥❞❡ π(γs−1(N) ∩ S) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦✱ ❧♦❣♦ π(γs−2(N) ∩ S)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮✳ Pr♦❝❡✲
❞❡♥❞♦ ❞❡st❛ ❢♦r♠❛ t❡♠♦s q✉❡ π(γ2(N) ∩ S) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦✱ ❡ ❝♦♠♦

B1 =
π(γ1(N) ∩ S)

π(γ2(N) ∩ S)
=

B

π(γ2(N) ∩ S)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦✱ ✉s❛♥❞♦ ♠❛✐s

✉♠❛ ✈❡③ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✼ ✭♣✳ ✼✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ B é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦
✈✐❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ W0/(N ∩ S)

′✳

❉❡st❛ ❢♦r♠❛✱ ❝♦♠♦ N ∩ S ⊳W0, N ∩ S é ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡✱ W =
W0

N ∩ S
é ❣r✉♣♦ ❛❜❡❧✐✲

❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ B =
N ∩ S

(N ∩ S)′
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ZW ✲♠ó❞✉❧♦✱ s❡❣✉❡ ❞❛

Pr♦♣♦s✐çã♦ ✶✳✹✶ ✭♣✳ ✻✺✮ q✉❡ W0 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

✶✸✾



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

❈♦♠♦ W é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ B é ZW ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ✐♥✈❛r✐❛♥t❡ Σ ❞❡ ❇✐❡r✐✲❙tr❡❜❡❧ Σc

B(W )✳ ❆♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦
✷✳✶ ✭♣✳ ✾✶✮ ♣❛r❛ B✱ s❡❣✉❡ q✉❡

Σc
B(W ) =

s⋃

i=1

Σc
Bi
(W ).

❊✱ ♣♦rt❛♥t♦✱

disΣc
B(W ) =

s⋃

i=1

disΣc
Bi
(W ).

❆❣♦r❛✱ Bi
∼= Xi/Yi✱ ♦♥❞❡ Yi, Xi sã♦ ZW ✲s✉❜♠ó❞✉❧♦s ❞❡

⊗i
Z
N/N ′✱ ✐st♦ é✱ Bi é s❡çã♦ ❞❡

⊗i
Z
N/N ′✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✾ ✭♣✳ ✾✶✮✱ Σc

Xi
(W ) = Σc

Yi
(W ) ∪ Σc

Bi
(W )✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

Σc
Bi
(W ) ⊆ Σc

Xi
(W ) ⊆ Σc⊗i

Z
N/N ′(W ), ❝♦♠ 1 ≤ i ≤ s.

❆ Pr♦♣♦s✐çã♦ ✷✳✶✵ ✭♣✳ ✾✶✮✱ ♣♦r s✉❛ ✈❡③✱ ♣❛r❛ 1 ≤ i ≤ s✱ ❛❝❛rr❡t❛ q✉❡

disΣc
Bi
(W ) ⊆ disΣc⊗i

Z
N/N ′(W ) ⊆ disΣc

N/N ′(W ) + . . .+ disΣc
N/N ′(W )

︸ ︷︷ ︸

i ✈❡③❡s

.

P♦rt❛♥t♦✱ disΣc
B(W ) ⊆

s⋃

i=1

disΣc
N/N ′(W ) + . . .+ disΣc

N/N ′(W )
︸ ︷︷ ︸

i ✈❡③❡s

✱ ❡ ❝♦♠♦

disΣc
N/N ′(W ) ⊆ disΣc

N/N ′(W ) + disΣc
N/N ′(W ) ⊆ . . . ⊆ disΣc

N/N ′(W ) + . . .+ disΣc
N/N ′(W )

︸ ︷︷ ︸

s ✈❡③❡s

,

❝♦♥❝❧✉í♠♦s q✉❡
disΣc

B(W ) ⊆ disΣc
N/N ′(W ) + . . .+ disΣc

N/N ′(W )
︸ ︷︷ ︸

s ✈❡③❡s

.

❙❡❣✉❡ ❛ss✐♠ q✉❡
disΣc

B(W ) ❡stá ❝♦♥t✐❞♦ ❡♠

❛❧❣✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(W ). ✭✹✳✷✸✮

❙❡❥❛ π0 : S ։ S/(N ∩ S) ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❘❡❝♦r❞❡♠♦s q✉❡

W =
W0

N ∩ S
é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ♦♥❞❡ N ∩S é s✉❜❣r✉♣♦ ❞❡W0 ❡W0⊳S✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❡♥tã♦✱

❛ s❡q✉ê♥❝✐❛ ❞❡ ❣r✉♣♦s

N ∩ S
ι0
→֒ W0

π0
։

W0

N ∩ S
= W,

♦♥❞❡ ι0 é ♦ ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✐♥❝❧✉sã♦ ❝❛♥ô♥✐❝❛✳ ❈♦♠♦ ker(π0) = N ∩ S = Im(ι0)
❡ π0 é s♦❜r❡❥❡t✐✈♦✱ s❡❣✉❡ q✉❡ t❛❧ s❡q✉ê♥❝✐❛ ❞❡ ❣r✉♣♦s é ❡①❛t❛ ❝✉rt❛✳ ❆❣♦r❛✱ N ∩ S é ❣r✉♣♦
♥✐❧♣♦t❡♥t❡✱ W0 é ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ W é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❉❛í q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸
✭♣✳ ✶✶✻✮ ❝♦♥❝❧✉í♠♦s q✉❡W0 é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ disΣc

B(W ) ❡st✐✈❡r ❝♦♥t✐❞❛
❡♠ ✉♠❛ s❡♠✐❡s❢❡r❛ ❛❜❡rt❛ ❞❡ ❝❛r❛❝t❡r❡s ❞❡ S(W )✱ ♦ q✉❡ ❞❡ ❢❛t♦ ❛❝♦♥t❡❝❡ ❝♦♠♦ ❝♦♥❝❧✉í❞♦ ❡♠
✭✹✳✷✸✮ ✭♣✳ ✶✹✵✮✳ ❆ss✐♠✱

W0 é ❣r✉♣♦ ❞❡ t✐♣♦ ❋P∞.

✶✹✵



❈❛♣ít✉❧♦ ✹✳ ❈❡♥tr❛❧✐③❛❞♦r❡s ❞❡ ●r✉♣♦s ❋✐♥✐t♦s ❡♠ ●r✉♣♦s ❙♦❧ú✈❡✐s ❞❡ ❚✐♣♦ FP∞

P❡❧♦ ✸♦ ❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ♣❛r❛ ●r✉♣♦s ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❛✮ ✭♣✳ ✻✮✱

[S : W0] = [
S

N ∩ S
:

W0

N ∩ S
] = [ψ−1(

S

N ∩ S
) : ψ−1(

W0

N ∩ S
)] =

= [G/N : H/N ] = [G : H] <∞,

❡ ❝♦♠♦ W0 é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱ s❡❣✉❡ q✉❡ S é ❣r✉♣♦ ❞❡ t✐♣♦
FP∞✳

❚❡♦r❡♠❛ ✹✳✷✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ F ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❛❣✐♥❞♦ à ❞✐r❡✐t❛
s♦❜r❡ G✳ ❊♥tã♦✱ ♦ s✉❜❣r✉♣♦ CG(F ) é ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶ ✭♣✳ ✶✷✹✮✱ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦ N ♥♦r♠❛❧ ❡♠ G✱ ♥✐❧♣♦t❡♥t❡✱
F ✲✐♥✈❛r✐❛♥t❡ t❛❧ q✉❡ G/N é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❈♦♠♦ NCG(F )
é s✉❜❣r✉♣♦ ❞❡ G✱ s❡❣✉❡ q✉❡ NCG(F ) é t❛♠❜é♠ ❣r✉♣♦ s♦❧ú✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ (NCG(F ))/N
é s✉❜❣r✉♣♦ ❞❡ G/N ✱ ♣♦rt❛♥t♦ (NCG(F ))/N é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✲♣♦r✲✜♥✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✽ ✭♣✳ ✸✼✮✳ ❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✹ ✭♣✳ ✶✸✶✮✱ NCG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦
FP∞✳ ❆ss✐♠✱ ❡st❛♠♦s ♥❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✹✳✺ ✭♣✳ ✶✸✺✮✱ ♦♥❞❡ ❡st❛♠♦s t♦♠❛♥❞♦ G
❞❡st❛ Pr♦♣♦s✐çã♦ ❝♦♠♦ s❡♥❞♦ NCG(F )✳ ❙❡❣✉❡ q✉❡ CG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡✜♥✐çã♦ ✹✳✻✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ P ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❛❧q✉❡r✳ ❉✐③❡♠♦s q✉❡ G é ✈✐rt✉❛❧✲
♠❡♥t❡ P s❡ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦ G1 ❞❡ G t❛❧ q✉❡ G1 ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ P ❡ [G : G1] <∞✳

❈♦r♦❧ár✐♦ ✹✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✈✐rt✉❛❧♠❡♥t❡ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ F ✉♠ ❣r✉♣♦ ✜♥✐t♦
❛❣✐♥❞♦ s♦❜r❡ G✳ ❊♥tã♦✱ CG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ G é ✉♠ ❣r✉♣♦ ✈✐rt✉❛❧♠❡♥t❡ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞✱ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦
G ❞❡ G t❛❧ q✉❡ G é ❣r✉♣♦ s♦❧ú✈❡❧ ❞❡ t✐♣♦ FP∞ ❡ [G : G] <∞✳ ❆❣♦r❛✱ CG(F ) = CG(F ) ∩G✱
❞❛í q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸ ✭♣✳ ✼✮✱ [CG(F ) : CG(F )] = [CG(F ) : CG(F ) ∩ G] < ∞✳ ❆❣♦r❛
CG(F ) é s✉❜❣r✉♣♦ ❞❡ CG(F )✱ ♣♦✐s CG(F ) = CG(F ) ∩ G✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✷ ✭♣✳ ✶✹✶✮✱
t❡♠♦s q✉❡ CG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✱ ❧♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✷ ✭♣✳ ✶✶✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡
CG(F ) é ❣r✉♣♦ ❞❡ t✐♣♦ FP∞✳

✶✹✶



✹✳✷✳ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ▼✳ ❋✳ ❆t✐②❛❤✱ ■✳●✳ ▼❛❝❞♦♥❛❧❞✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✳●r❡❛t ❇r✐t❛✐♥✿
❆❞❞✐s♦♥✲❲❡s❧❡② P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ✶✾✻✾✳

❬✷❪ ●✳ ❇❛✉♠s❧❛❣✱ ❘✳ ❇✐❡r✐✳ ❈♦♥str✉❝t❛❜❧❡ ❙♦❧✈❛❜❧❡ ●r♦✉♣s✳ ▼❛t❤❡♠❛t✐s❝❤❡ ❩❡✐ts❝❤✐r✐❢t✱
✶✾✼✻✳ ✈✳ ✶✺✶✳ ♣✳ ✷✹✾✲✷✺✼✳

❬✸❪ ❘✳ ❇✐❡r✐✳ ❍♦♠♦❧♦❣✐❝❛❧ ❉✐♠❡♥s✐♦♥ ♦❢ ❉✐s❝r❡t❡ ●r♦✉♣s✳ ✷❛ ❡❞✳✳ ▲♦♥❞♦♥✿ ◗✉❡❡♥ ▼❛r②
❈♦❧❧❡❣❡ ▼❛t❤❡♠❛t✐❝s ◆♦t❡s ✭◗✉❡❡♥ ▼❛r② ❈♦❧❧❡❣❡✮✱ ✶✾✽✶✳

❬✹❪ ❘✳ ❇✐❡r✐✱ ❏✳ ❘✳ ❏✳ ●r♦✈❡s✳ ❚❡♥s♦r P♦✇❡rs ♦❢ ▼♦❞✉❧❡s ♦✈❡r ❋✐♥✐t❡❧② ●❡♥❡r❛t❡❞ ❆❜❡❧✐❛♥
●r♦✉♣s✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛✱ ✶✾✽✺✳ ✈✳ ✾✼✳ ♣✳ ✻✽✲✼✽✳

❬✺❪ ❘✳ ❇✐❡r✐✱ ❏✳ ❘✳ ❏✳ ●r♦✈❡s✳ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s❡t ♦❢ ❝❤❛r❛❝t❡rs ✐♥❞✉❝❡❞ ❜② ✈❛❧✉❛t✐♦♥s✳
❏♦✉r♥❛❧ ❢ür ❞✐❡ ❘❡✐♥❡ ✉♥❞ ❆♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦✳ ❬❈r❡❧❧❡✬s ❏♦✉r♥❛❧❪✱ ✶✾✽✹✳ ✈✳ ✸✹✼✳ ♣✳
✶✻✽✲✶✾✺✳

❬✻❪ ❘✳ ❇✐❡r✐✱ ❇✳ ❘❡♥③✳ ❱❛❧✉❛t✐♦♥s ♦♥ ❢r❡❡ r❡s♦❧✉t✐♦♥s ❛♥❞ ❤✐❣❤❡r ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥ts ♦❢
❣r♦✉♣s✳ ❈♦♠♠❡♥t❛r✐✐ ▼❛t❤❡♠❛t✐❝✐ ❍❡❧✈❡t✐❝✐✱ ✶✾✽✽✳ ♥♦ ✸ ✈✳ ✻✸✳ ♣✳ ✹✻✹✲✹✾✼✳

❬✼❪ ❘✳ ❇✐❡r✐✱ ❘✳ ❙tr❡❜❡❧✳ ❆ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t ❢♦r ♥✐❧♣♦t❡♥t✲❜②✲❛❜❡❧✐❛♥✲❜②✲✜♥✐t❡ ❣r♦✉♣s✳
❏♦✉r♥❛❧ ♦❢ P✉r❡ ❆♣♣❧✐❡❞ ❆❧❣❡❜r❛✱ ✶✾✽✷✳ ✈✳ ✷✺✳ ♣✳ ✶✲✷✵✳

❬✽❪ ❘✳ ❇✐❡r✐✱ ❘✳ ❙tr❡❜❡❧✳ ❱❛❧✉❛t✐♦♥s ❛♥❞ ❋✐♥✐t❡❧② Pr❡s❡♥t❡❞ ▼❡t❛❜❡❧✐❛♥ ●r♦✉♣s✳ Pr♦❝❡❡✲
❞✐♥❣s ♦❢ t❤❡ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✳ ❚❤✐r❞ ❙❡r✐❡s✱ ✶✾✽✵✳ ♥♦ ✸ ✈✳ ✹✶✳ ♣✳ ✹✸✾✲✹✻✹✳

❬✾❪ ❑✳ ❙✳ ❇r♦✇♥✳ ❈♦❤♦♠♦❧♦❣② ♦❢ ●r♦✉♣s✳ ❆♥♥ ❆r❜♦r✱ ▼✐❝❤✐❣❛♥✿ ❙♣r✐♥❣❡r✱ ✶✾✽✷✳

❬✶✵❪ ❉✳ ❊✳ ❈♦❤❡♥✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ●r♦✉♣ ❚❤❡♦r②✿ ❛ t♦♣♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✽✾✳

❬✶✶❪ ❋✳ ❏✳ ●r✉♥❡✇❛❧❞ ❡t ❛❧✳ ❊❞✐t❡❞ ❜② ❑✳ ❲✳ ●r✉❡♥❜❡r❣ ❛♥❞ ❏✳ ❊✳ ❘♦s❡❜❧❛❞❡✳ ●r♦✉♣
❚❤❡♦r②✿ ❊ss❛②s ❢♦r P❤✐❧✐♣ ❍❛❧❧✳ ❊❛st ❑✐❧❜r✐❞❣❡✿ ▲♦♥❞♦♥ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✶✾✽✹✳

❬✶✷❪ P✳ ❍✳ ❑r♦♣❤♦❧❧❡r✳ ❖♥ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✳ ❏♦✉r♥❛❧ ♦❢ P✉r❡ ❆♣♣❧✐❡❞ ❆❧❣❡❜r❛✱ ✶✾✾✸✳
✈✳ ✾✵✳ ♣✳ ✺✺✲✻✼✳

❬✶✸❪ ❏✳ ▲❛♠❜❡❦✳ ▲❡❝t✉r❡s ♦♥ ❘✐♥❣s ❛♥❞ ▼♦❞✉❧❡s✳ ✸❛ ❡❞✳✳ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛✿ ❆▼❙
❈❤❡❧s❡❛ P✉❜❧✐s❤✐♥❣✱ ✶✾✽✻✳
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❬✶✹❪ ❈✳ ▼❛rt✐♥❡③✲P❡r❡③✱ ❇✳ ❊✳ ❆✳ ◆✉❝✐♥❦✐s✳ ❱✐rt✉❛❧❧② s♦❧✉❜❧❡ ❣r♦✉♣s ♦❢ t②♣❡ FP∞✳ ❈♦♠✲
♠❡♥t❛r✐✐ ▼❛t❤❡♠❛t✐❝✐ ❍❡❧✈❡t✐❝✐✳ ❆ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❙✇✐ss ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✶✵✳ ♥♦

✶ ✈✳ ✽✺✳ ♣✳ ✶✸✺✲✶✺✵✳

❬✶✺❪ ❙✳ ▼❝❦❛②✳ ❋✐♥✐t❡ p✲❣r♦✉♣s✳ ◗✉❡❡♥ ▼❛r② ▼❛t❤s ◆♦t❡s✱ ✷✵✵✵✳

❬✶✻❪ ❏✳ ❏✳ ❘♦t♠❛♥✳ ❆❞✈❛♥❝❡❞ ▼♦❞❡r♥ ❆❧❣❡❜r❛✳ ✷❛ ❡❞✳✳ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛✿ ❆♠❡r✐❝❛♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✶✵✳
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