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❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦
✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦r✲
r✐❣✐❞❛ ❡ ❞❡❢❡♥❞✐❞❛ ♣♦r ❘♦❞r✐❣♦ ❋r❛♥✲
❝✐s❝♦ ▲♦♣❡s ❡ ❛♣r♦✈❛❞❛ ♣❡❧❛ ❝♦♠✐ssã♦
❥✉❧❣❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ 23 ❞❡ ❋❡✈❡r❡✐r♦ ❞❡ 2004✳
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✷✳ Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ ❏♦sé ❊♥❣❧❡r
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r P❛✉❧♦ ❘♦❜❡rt♦ ❇r✉♠❛tt✐✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ♦r✐❡♥t❛çã♦✳
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❆♦ ♠❡✉ ❢❛❧❡❝✐❞♦ ♣❛✐✱ ♦ q✉❛❧ ❡✉ ❣✉❛r❞♦ ❛ ❝❡rt❡③❛ ❞❡ t❡r s✐❞♦ ✉♠ ❣r❛♥❞❡
❤♦♠❡♠✳

❆♦s ♠❡✉ ❢❛❧❡❝✐❞♦s ❛✈ós✱ ❛♦s q✉❛✐s ❡✉ ❣✉❛r❞♦ ❛s ♠❡❧❤♦r❡s ❧❡♠❜r❛♥ç❛s✳

❆♦s ♠❡✉s ❣r❛♥❞❡s ❛♠✐❣♦s ❡ à t♦❞♦s ❛q✉❡❧❡s q✉❡ ❢❛③❡♠ ♥♦ss❛ ♣❛ss❛❣❡♠
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■♥tr♦❞✉çã♦

◆❡st❛ ♠♦♥♦❣r❛✜❛ t❡♠♦s ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❞❡
❣r❛✉s 2✱ 3 ❡ 4 ✭❝❛♣ít✉❧♦ ✺✮✱ ❜❡♠ ❝♦♠♦ ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛✐s ❞❡ ❣r❛✉s
3 ❡ 4 ✭❝❛♣ít✉❧♦ ✻✮ ❞❡✈✐❞❛s à ✈♦♥ ▲✐❡♥❡♥ ❬✼❪ ❡ ❇✉r❞❡ ❬✶❪✳ P❛r❛ t❛❧✱ ❞❛r❡♠♦s
✉♠❛ s✉❝✐♥t❛ ✐♥tr♦❞✉çã♦ ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ❆❧❣é❜r✐❝♦s ❡ ❞❛ ❚❡♦r✐❛ ❞♦s
❈♦r♣♦s ❈✐❝❧♦tô♠✐❝♦s ♥♦ ❝❛♣ít✉❧♦ ✷ s❡çõ❡s ✷✳✶ ❡ ✷✳✷ ❡✱ ❞❡ t❛❧ ❢♦r♠❛✱ ❡st❛r❡♠♦s
❡♠ ❝♦♥❞✐çõ❡s ♥♦ ❝❛♣ít✉❧♦ ✸ ❞❡ ❞❡✜♥✐r♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m✲és✐♠♦s✱ ♦
q✉❛❧ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✳ P♦❞❡rí❛♠♦s t❡r ♦♣t❛❞♦ ♣♦r ✉♠
❝❛♠✐♥❤♦ ❞✐❢❡r❡♥t❡ q✉❡ ❡♥✈♦❧✈❡r✐❛ ♠❡♥♦s t❡♦r✐❛✱ q✉❛❧ s❡❥❛✱ ♦ ❞❡ ❞❡✜♥✐r ❛♣❡♥❛s
♦s sí♠❜♦❧♦s ❞❡ r❡sí❞✉♦s ❞❡ ❣r❛✉s 2✱ 3 ❡ 4✱ ❡♠ ✈❡③ ❞❡ ♥♦s ♣r❡♦❝✉♣❛r♠♦s
❝♦♠ ♦ ❝❛s♦ ❣❡r❛❧✳ ■st♦ s❡r✐❛ r❛③♦á✈❡❧✱ ✈✐st♦ q✉❡ ♦s ú♥✐❝♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s
q✉❡ ❡st✉❞❛r❡♠♦s sã♦ ❡st❡s✱ ♠❛s ♣❛r❛ ❞❡❞✉③✐r♠♦s ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
r❛❝✐♦♥❛✐s ❛❝✐♠❛ ❝✐t❛❞❛s ✉s❛r❡♠♦s ✉♠ t❡♦r❡♠❛ ❞❡✈✐❞♦ à ❈❤❛r❧❡s ❍❡❧♦✉ ❬✹❪ q✉❡
♥♦s ♣❡r♠✐t❡✱ ❞❛❞❛ ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❡♠ Z[ζm]✱ ζm ✉♠❛ r❛í③ m✲és✐♠❛
♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✱ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ q✉❛❧q✉❡r✱ ♦❜t❡r♠♦s ✉♠❛ ❧❡✐ ❞❡
r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛❧ m✲és✐♠❛✳ ❙❡ ♦♣táss❡♠♦s ♣❡❧♦ ❝❛♠✐♥❤♦ ♠❛✐s s✐♠♣❧❡s
♣❡r❞❡rí❛♠♦s ❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❞❡st❡ ❡❧❡❣❛♥t❡ t❡♦r❡♠❛✳

P❛r❛ ❞❡♠♦♥str❛r♠♦s ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❞❡ ❣r❛✉s 2✱ 3 ❡ 4 ✉s❛r❡♠♦s
❛s s♦♠❛s ❞❡ ●❛✉ss ❡ ❛s s♦♠❛s ❞❡ ❏❛❝♦❜✐✱ ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s
s❡rã♦ ❞❡♠♦♥str❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✹✳ ■♥✐❝✐❛♠♦s ❡st❛ ♠♦♥♦❣r❛✜❛ ❝♦♠ ✉♠❛ ❜r❡✈❡
✐♥tr♦❞✉çã♦ ❤✐stór✐❝❛✳
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❈❛♣ít✉❧♦ ✶

❇r❡✈❡ ✐♥tr♦❞✉çã♦ ❤✐stór✐❝❛

❉♦s r❡❣✐str♦s q✉❡ t❡♠♦s ❞❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ♥❛ ❛♥t✐❣✉✐❞❛❞❡ s❡ ❞❡st❛✲
❝❛♠ ♦s ❊❧❡♠❡♥t♦s ❞❡ ❊✉❝❧✐❞❡s✱ q✉❡ ❞❛t❛♠ ♣♦r ✈♦❧t❛ ❞❡ 300 ❛✳❈✳✱ ❡ ❛ ❆r✐t✲
♠ét✐❝❛ ❞❡ ❉✐♦♣❤❛♥t♦✱ q✉❡ ❞❛t❛ ♣♦r ✈♦❧t❛ ❞❡ ✷✵✵ ❞✳❈✭❞❡ 13 ❧✐✈r♦s q✉❡ ❝♦♥✲
st✐t✉❡♠ ♦ ❆r✐t♠ét✐❝❛ ❛♣❡♥❛s 6 ❝❤❡❣❛r❛♠ ❛♦s ♥♦ss♦s ❞✐❛s✮✳ ❊♥tã♦ ❛té ♦ sé❝✉❧♦
❞❡③❡ss❡t❡ ❛ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s ✲ ❜❡♠ ❝♦♠♦ ❛ ♠❛✐♦r✐❛ ❞❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✲
✐♠❡♥t♦ ✲ ✜❝❛r❛♠ ♣r❛t✐❝❛♠❡♥t❡ ❡st❛❝✐♦♥❛❞❛s✳ ❈♦♠ ❛ ❝❤❡❣❛❞❛ ❞♦ ■❧✉♠✐♥✐s♠♦
✉♠❛ r❡✐♠♣r❡ssã♦ ❞♦ ❧✐✈r♦ ❞❡ ❉✐♦♣❤❛♥t♦ ❝❤❡❣❛ às ♠ã♦s ❞♦ ♠❛t❡♠át✐❝♦ ❛♠❛❞♦r
P✐❡rr❡ ❞❡ ❋❡r♠❛t✳ ❖ tít✉❧♦ ❞❡ ❛♠❛❞♦r s❡ ❞❡✈❡ ✉♥✐❝❛♠❡♥t❡ ❛ ❋❡r♠❛t s❡r ❥✉✐③
❞❡ ♣r♦✜ssã♦ ❡ ♥ã♦ ❞❡✈✐❞♦ à q✉❛❧✐❞❛❞❡ ❞♦ s❡✉ tr❛❜❛❧❤♦❀ ❞❡ ❢❛t♦✱ ♠✉✐t♦ ❞❛ ❚❡♦✲
r✐❛ ❞♦s ◆ú♠❡r♦s q✉❡ s❡ ❢❛③ ❤♦❥❡ ❡♠ ❞✐❛ é ✐♥s♣✐r❛❞❛ ♥❛s ❛♥♦t❛çõ❡s q✉❡ ❋❡r♠❛t
❞❡✐①♦✉ ♥❛s ♠❛r❣❡♥s ❞❡ s✉❛ ❝ó♣✐❛ ❞❡ ❉✐♦♣❤❛♥t♦ ❡ q✉❡ ❢♦r❛♠ ♣✉❜❧✐❝❛❞❛s ♣♦s✲
t❡r✐♦r♠❡♥t❡ ♣♦r s❡✉ ✜❧❤♦✳ ❆❧é♠ ❞✐ss♦✱ ◆❡✇t♦♥ s❡ ✐♥s♣✐r♦✉ ♥♦s tr❛❜❛❧❤♦s ❞❡
❋❡r♠❛t ♣❛r❛ ❝r✐❛r ♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✳

❊♠ ❬✽❪ ❆✳ ❲❡✐❧ ❞✐③ q✉❡ ❛q✉❡❧❡s ❡r❛♠ t❡♠♣♦s ❝♦♥❢♦rtá✈❡✐s ♣❛r❛ ✉♠ t❡ór✐❝♦
❞♦s ♥ú♠❡r♦s ❞❡✈✐❞♦ à ♣♦✉❝❛ ❝♦♠♣❡t✐çã♦ q✉❡ ❡❧❡s ❡♥❢r❡♥t❛✈❛♠✳ ❖ q✉❡ ♥ã♦
❡r❛ ♦ ❝❛s♦ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧❀ ❝♦♠ ❡❢❡✐t♦✱ ❥á ♥❛q✉❡❧❛ é♣♦❝❛
❤♦✉✈❡r❛♠ ❞✐s♣✉t❛s ❡♥tr❡ ❋❡r♠❛t ❡ ❉❡s❝❛rt❡s ♥❡st❛ ár❡❛✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦
à ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ ❋❡r♠❛t ❡st❡✈❡ ♣r❛t✐❝❛♠❡♥t❡ ✐s♦❧❛❞♦ ❞✉r❛♥t❡ t♦❞♦ ♦
sé❝✉❧♦ ❞❡③❡ss❡t❡ ❡ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡✉ ❝♦♠ ❊✉❧❡r ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ❞♦ sé❝✉❧♦
s❡❣✉✐♥t❡✱ ❛té q✉❡ ▲❛❣r❛♥❣❡ s❡ ❥✉♥t♦✉ à ❡❧❡✳ ▼❛✐s t❛r❞❡ ♥♦ sé❝✉❧♦ ❞❡③♦✐t♦
❛♣❛r❡❝❡✉ ▲❡❣❡♥❞r❡ ❡ ❥á ♥♦ sé❝✉❧♦ ❞❡③❡♥♦✈❡ ❛♣❛r❡❝❡✉ ●❛✉ss✳ ❖ ❧❛❞♦ ❜♦♠
❞❡ss❡ ✐s♦❧❛♠❡♥t♦ ✲ ❝♦♥t✐♥✉❛ ❲❡✐❧ ✲ é q✉❡ ♦ ♠❛t❡♠át✐❝♦ ♣♦❞✐❛ s❡ ❞❡❞✐❝❛r ❛
♣r♦❜❧❡♠❛s ♣r♦❢✉♥❞♦s s❡♠ s❡ ♣r❡♦❝✉♣❛r q✉❡ ♦✉tr♦ ♠❛t❡♠át✐❝♦ ❝❤❡❣❛ss❡ ❛♦s
r❡s✉❧t❛❞♦s ❛♥t❡s ❞❡❧❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❋❡r♠❛t ❡ ❊✉❧❡r ❝❤❡❣❛r❛♠ ❛ r❡❝❧❛♠❛r ❞❡
❢❛❧t❛ ❞❡ ❝♦♠♣❛♥❤✐❛ ♥❡st❡ ❝❛♠♣♦✳ ❚❛❧✈❡③ s❡❥❛ ♣♦r ✐ss♦ q✉❡ ❋❡r♠❛t ♥ã♦ ❞❡✐①♦✉
♠✉✐t♦s r❡❣✐str♦s ❞❡ s❡✉s ♠ét♦❞♦s ❡ ❞❛s ❞❡♠♦♥str❛çõ❡s ❞❡ s✉❛s ❛✜r♠❛çõ❡s✱
❞❡✐①❛♥❞♦ ❛ss✐♠ ♣❛r❛ q✉❡ ❊✉❧❡r ❡ ♦✉tr♦s ♦ ✜③❡ss❡♠✳

✸
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❊✉❧❡r ✜❝♦✉ ❢❛s❝✐♥❛❞♦ ❝♦♠ ❛✜r♠❛çõ❡s q✉❡ ❋❡r♠❛t ✜③❡r❛ ♣❛r❛ ✉♠ ♣r✐♠♦
í♠♣❛r p t❛✐s ❝♦♠♦✿

p = x2 + y2, x, y ∈ Z ⇔ p ≡ 1 (mod 4)
p = x2 + 2y2, x, y ∈ Z ⇔ p ≡ 1, 3 (mod 8)
p = x2 + 3y2, x, y ∈ Z ⇔ p = 3 ou p ≡ 1 (mod 3)

◆♦ ❡♥t❛♥t♦✱ ❋❡r♠❛t ❞❡✐①♦✉ ❛ ♠❛✐♦r✐❛ ❞❡ s❡✉s r❡s✉❧t❛❞♦s s❡♠ ❞❡♠♦♥s✲
tr❛çã♦✳ ❆ ❜✉s❝❛ ❞❡ ❊✉❧❡r ♣❡❧❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡ s❡r ❛❝♦♠♣❛♥❤❛❞❛ ❡♠ s✉❛
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ●♦❧❞❜❛❝❤✳ ●♦❧❞❜❛❝❤ ❡r❛ ✉♠ ♠❛t❡♠át✐❝♦ ❛♠❛❞♦r ♠✉✐t♦
✐♥t❡r❡ss❛❞♦ ❡♠ ❚❡♦r✐❛ ❞♦s ◆ú♠❡r♦s✱ ♠❛s t❛❧✈❡③ s✉❛s ♠❛✐♦r❡s ❝♦♥tr✐❜✉✐çõ❡s
❢♦r❛♠ ❛ ❞❡ s❡r ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ ❊✉❧❡r✱ ❡✱ ❝❧❛r♦✱ ❛ ❝♦♥❥❡❝t✉r❛ q✉❡ ❧❡✈❛ s❡✉
♥♦♠❡✱ ❛ s❛❜❡r q✉❡ t♦❞♦ ♥ú♠❡r♦ ♣❛r é ❛ s♦♠❛ ❞❡ ❞♦✐s ♥ú♠❡r♦s ♣r✐♠♦s✳ ❈♦♠♦
❝♦rr❡s♣♦♥❞❡♥t❡✱ ●♦❧❞❜❛❝❤ ❢♦✐ ✉♠❛ ❣r❛♥❞❡ ♠♦t✐✈❛çã♦ ♣❛r❛ ❊✉❧❡r✳ ❈♦♠♦ ❊✉❧❡r
♣♦❞❡ ❝♦♠✉♥✐❝❛r ❛ ❛❧❣✉é♠ s✉❛s ❞❡s❝♦❜❡rt❛s✱ ❛ss✐♠ ❝♦♠♦ s✉❛s ❞✐✜❝✉❧❞❛❞❡s✱ ♥ã♦
✜❝♦✉ tã♦ ✐s♦❧❛❞♦ q✉❛♥t♦ ❋❡r♠❛t✳

❆ ✐♥✈❡st✐❣❛çã♦ ❞❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ❧❡✈❛r❛♠ ❊✉❧❡r ♥❛t✉r❛❧♠❡♥t❡ ❛♦ ❡st✉❞♦
❞♦s ♥ú♠❡r♦s q✉❡ sã♦ ❝♦♥❣r✉❡♥t❡s à ✉♠ q✉❛❞r❛❞♦ ♠ó❞✉❧♦ ✉♠ ♣r✐♠♦ p ✭♦s
r❡sí❞✉♦s q✉❛❞rát✐❝♦s ♠♦❞ p✮ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ s❡ p é ❞❛ ❢♦r♠❛ x2 ±Ny2✱
x✱ y✱ N ∈ Z ❡♥tã♦ p✱ ♣❛r❛ ❛❧❣✉♠ ♣❛r ❞❡ ✐♥t❡✐r♦s x0✱ y0✱ ❞❡✈❡ ❞✐✈✐❞✐r x2

0±Ny2
0✱

♦♥❞❡ x0 ❡ y0 ♥ã♦ sã♦ ❞✐✈✐sí✈❡✐s ♣♦r p✳ ❖ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à ±N ≡ (x0/y0)
2

(mod p)✳
P❛r❛ ✉♠ ❞❛❞♦ ♣r✐♠♦ p ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐❞✐r q✉❛✐s sã♦ s❡✉s r❡sí❞✉♦s

q✉❛❞rát✐❝♦s é ❞❡ ❢á❝✐❧ tr❛t❛♠❡♥t♦ ✭❜❛st❛ t❡st❛r t♦❞♦s ♦s r❡sí❞✉♦s✮✳ ▼❛s ♦
♣r♦❜❧❡♠❛ ♠❛✐s ✐♥t❡r❡ss❛♥t❡ é ❞❡❝✐❞✐r ♣❛r❛ q✉❛✐s ♣r✐♠♦s s❡r✐❛ ✉♠ ❞❛❞♦ N
✉♠ r❡sí❞✉♦ q✉❛❞rát✐❝♦✳ ❊st❡ ♣r♦❜❧❡♠❛ ❧❡✈♦✉ ❊✉❧❡r ❛ ❞❡s❝♦❜❡rt❛ ❞❛ ▲❡✐ ❞❡
❘❡❝✐♣r♦❝✐❞❛❞❡ ◗✉❛❞rát✐❝❛ ✭P❛r❛ ❞❡t❛❧❤❡s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ r❛❝✐♦❝í♥✐♦s q✉❡
❧❡✈❛r❛♠ ❊✉❧❡r ❞❡ ✉♠ ♣r♦❜❧❡♠❛ à ♦✉tr♦ ❛té à r❡❢❡r✐❞❛ ❧❡✐ ✈❡r ❬✸❪ ✮✳

❆ ▲❡✐ ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ◗✉❛❞rát✐❝❛ ✲ ♣♦r ❜r❡✈✐❞❛❞❡ ❞❡♥♦t❛r❡♠♦s ▲❘◗ ✲
❞✐③ q✉❡ ♣❛r❛ ♣r✐♠♦s í♠♣❛r❡s ❞✐st✐♥t♦s p ❡ q ✈❛❧❡

(

p

q

)

·
(

q

p

)

= (−1)
1
2
(p−1) 1

2
(q−1).

❖♥❞❡
( )

é ♦ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡ ✭❞❡✜♥✐çã♦ ✸✳✷✳✸✮✳

❊✉❧❡r ♥ã♦ ❝❤❡❣♦✉ ❛ ❞❡♠♦♥str❛r ❛ ▲❘◗✳ ▲❡❣❡♥❞r❡✱ q✉❡ ❛ ❞❡s❝♦❜r✐✉ ✐♥❞❡✲
♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ ❊✉❧❡r✱ ❞❡✉ ✉♠❛ ❞❡♠♦♥str❛çã♦ ✐♥❝♦♠♣❧❡t❛ ❡ ●❛✉ss✱ q✉❡
t❛♠❜é♠ ❛ ❞❡s❝♦❜r✐✉ s♦③✐♥❤♦ ✭❝♦♠ ❛♣❡♥❛s ❞❡③❡ss❡t❡ ❛♥♦s✮✱ ❞❡♣♦✐s ❞❡ ♠❛✐s ❞❡
✉♠ ❛♥♦ t❡♥t❛♥❞♦ ❞❡♠♦♥strá✲❧❛✱ ♦❜t❡✈❡ s✉❝❡ss♦✳

❆♦ ❧♦♥❣♦ ❞❛ ✈✐❞❛ ●❛✉ss ❞❛r✐❛ ♦✉tr❛s ❝✐♥❝♦ ❞❡♠♦♥str❛çõ❡s✳ ❆ ♠♦t✐✈❛çã♦
♣❛r❛ ❛ ❜✉s❝❛ ❞❡ ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ❢♦✐ q✉❡ ❧♦❣♦ q✉❡ ❞❡♠♦♥str♦✉ ❛ ▲❘◗
●❛✉ss ❝♦♠❡ç♦✉ ❛ ❡♥❝♦♥tr❛r ❡✈✐❞ê♥❝✐❛s ❞❡ ▲❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ♣❛r❛ r❡sí❞✉♦s
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❞❡ ♣♦tê♥❝✐❛s ❞❡ ❣r❛✉s ♠❛✐s ❛❧t♦s✳ ❈♦♥t✉❞♦✱ s❡✉s ♣r✐♠❡✐r♦s ❡s❢♦rç♦s ♣❛r❛
❞❡♠♦♥strá✲❧❛s ♥ã♦ ❢♦r❛♠ ❜❡♠ s✉❝❡❞✐❞♦s ❡ ✐ss♦ ♦ ♠♦t✐✈♦✉ ❛ ❡♥❝♦♥tr❛r ✉♠❛
❞❡♠♦♥str❛çã♦ ❞❛ ▲❘◗ ❝✉❥♦s ♠ét♦❞♦s ❡❧✉❝✐❞❛ss❡♠ ❛❧❣✉♠ ❛r❣✉♠❡♥t♦ ♣❛r❛
♦s ❣r❛✉s ♠❛✐s ❡❧❡✈❛❞♦s✳ ❊♠ s✉❛ s❡①t❛ ❞❡♠♦♥str❛çã♦✱ q✉❡ ❞❛t❛ ❞❡ 1817✱
●❛✉ss ❛❧❝❛♥ç♦✉ s❡✉s ♦❜❥❡t✐✈♦s ❡ ❧♦❣♦ s❡r✐❛♠ ♣✉❜❧✐❝❛❞❛s s❡✉s ❞♦✐s ❡♥s❛✐♦s
s♦❜r❡ r❡sí❞✉♦s ❜✐q✉❛❞rát✐❝♦s✳

❊♠ s❡✉ ♣r✐♠❡✐r♦ ❡♥s❛✐♦✱ q✉❡ ❞❛t❛ ❞❡ 1828✱ ●❛✉ss ❞❡s❡♥✈♦❧✈❡✉ ♦s t❡♦✲
r❡♠❛s ❡❧❡♠❡♥t❛r❡s ❞❛ t❡♦r✐❛ ❡ ❞❡✉ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❝❛r❛❝t❡r
❜✐q✉❛❞rát✐❝♦ ❞♦ ♥ú♠❡r♦ 2✳ ❏á ❡♠ s❡✉ s❡❣✉♥❞♦ ❡♥s❛✐♦✱ 1832✱ ❡❧❡ ❞❡s❡♥✈♦❧✈❡✉
❛ t❡♦r✐❛ ❞♦s ✐♥t❡✐r♦s ❣❛✉ss✐❛♥♦s✱ ♦s q✉❛✐s s❡r✐❛♠ ♥❡❝❡ssár✐♦s ♣❛r❛ ❢♦r♠✉❧❛r ❡
♣❛r❛ ❞❡♠♦♥str❛r ♦ ♣r♦❜❧❡♠❛✱ ❡ ❡♥✉♥❝✐♦✉ ❛ ▲❡✐ ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ❇✐q✉❛❞rát✐❝❛✱
♠❛s ❞❡✐①♦✉ ❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ✉♠ t❡r❝❡✐r♦ ❡♥s❛✐♦ ✭P❛r❛ ✉♠ ❜r❡✈❡ ❛♣❛♥✲
❤❛❞♦ ❤✐stór✐❝♦ ❞♦ s✉r❣✐♠❡♥t♦ ❞❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ❡ ❜✐q✉❛❞rát✐❝❛
✈❡r ❬✷❪✮✳

●❛✉ss ♥ã♦ ❝❤❡❣♦✉ ❛ ♣✉❜❧✐❝❛r s❡✉ t❡r❝❡✐r♦ ❡♥s❛✐♦✱ ♣r♦✈❛✈❡❧♠❡♥t❡ ❞❡s❡♥❝♦✲
r❛❥❛❞♦ ♣❡❧❛ ❝✉rt❛ ❞❡♠♦♥str❛çã♦ q✉❡ ❏❛❝♦❜✐ ♦ ❡♥✈✐♦✉ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
❜✐q✉❛❞rát✐❝❛✳

❊♠ 1844✱ ❝♦♠ 21 ❛♥♦s✱ ❊✐s❡♥st❡✐♥ ♣✉❜❧✐❝♦✉ 25 ❛rt✐❣♦s✱ ❡♥tr❡ ❡❧❡s ❡stã♦ ❛s
♣r✐♠❡✐r❛s ❞❡♠♦♥str❛çõ❡s ❞❛s ▲❡✐s ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ❈ú❜✐❝❛ ❡ ❇✐q✉❛❞rát✐❝❛
q✉❡ ❢♦r❛♠ ♣✉❜❧✐❝❛❞❛s✳ ◗✉❛♥t♦ à ▲❡✐ ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ❈ú❜✐❝❛ ❤♦✉✈❡ ✉♠❛
❛♠❛r❣❛ ❞✐s♣✉t❛ ♣❡❧❛ ♣r✐♦r✐❞❛❞❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❡♥tr❡ ❏❛❝♦❜✐ ❡ ❊♥s❡♥st❡✐♥✳
❊♠ ✉♠ ❛rt✐❣♦ ❞❡ 1846 ❏❛❝♦❜✐ ❛❝✉s♦✉ ❊✐s❡♥st❡✐♥ ❞❡ ♣❧á❣✐♦ ❛❧❡❣❛♥❞♦ q✉❡ ❥á
❤❛✈✐❛ ❞❡♠♦♥str❛❞♦ ❛ ▲❡✐ ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ❡♠ s✉❛s ❛✉❧❛s ❞❡ 1837✳

❑✉♠♠❡r ❝♦♥s✐❞❡r♦✉ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠✉❧❛r ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
❞❡ ❣r❛✉ ✉♠ ♣r✐♠♦ k ❡ ❞❡s❡♥✈♦❧✈❡✉ ❛ t❡♦r✐❛ ❞♦s ❝♦r♣♦s ❝✐❝❧♦tô♠✐❝♦s ♣❛r❛
❞❡♠♦♥str❛r ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❡♠ t❛✐s ❝♦r♣♦s✳ ❍✐❧❜❡rt ❣❡♥❡r❛❧✐③♦✉ ❛s
❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ♣❛r❛ ❝♦r♣♦s ❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s q✉❛✐sq✉❡r ❡ ❡♠ s❡✉
♥♦♥♦ ♣r♦❜❧❡♠❛ ❍✐❧❜❡rt ♣❡r❣✉♥t♦✉ q✉❛❧ s❡r✐❛ ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ♠❛✐s ❣❡r❛❧
❡♠ ✉♠ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s✳

❆ ♠❡❧❤♦r r❡s♣♦st❛ q✉❡ t❡♠♦s ♣❛r❛ ♦ ♥♦♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❍✐❧❜❡rt ❤♦❥❡ ❡♠
❞✐❛ é ❛ ▲❡✐ ❞❡ ❘❡❝✐♣r♦❝✐❞❛❞❡ ❞❡ ❆rt✐♥✱ q✉❡✱ ❛♣❡s❛r ❞❡ ❝♦♥t❡r ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦✲
❝✐❞❛❞❡ ❝ú❜✐❝❛ ❡ ❜✐q✉❛❞rát✐❝❛ ❝♦♠♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ❡♠ ♣♦✉❝♦ ❛s ❧❡♠❜r❛✳

❖ ♣r♦❜❧❡♠❛ ❞❡ q✉❡ ❢♦r♠❛ ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❞❡✈❡ t❡r é ❛❜♦r❞❛❞♦
❡♠ ❬✾❪ ♦♥❞❡ ❲②♠❛♥ ❢❛③ ♦ s❡❣✉✐♥t❡ ❝♦♠❡♥tár✐♦

✏❋✐♥❛❧❧②✱ ■ ❤❛✈❡ t♦ ❝♦♥❢❡ss t❤❛t ■ st✐❧❧ ❞♦ ♥♦t ❦♥♦✇ ✇❤❛t ❛ r❡❝✐✲
♣r♦❝✐t② ❧❛✇ ✐s✱ ♦r ✇❤❛t ♦♥❡ s❤♦✉❧❞ ❜❡✳ ❚❤❡ r❡❝✐♣r♦❝✐t② ♣r♦❜❧❡♠✱
❧✐❦❡ s♦ ♠❛♥② ♦t❤❡r ♥✉♠❜❡r t❤❡♦r② ♣r♦❜❧❡♠s✱ ❝❛♥ ❜❡ st❛t❡❞ ✐♥ ❛
✈❡r② s✐♠♣❧❡ ❛♥❞ ❝♦♥❝r❡t❡ ✇❛②✳ ❍♦✇❡✈❡r✱ t❤❡ s✐♠♣❧② st❛t❡❞ ♣r♦✲
❜❧❡♠s ❛r❡ ♦❢t❡♥ t❤❡ ❤❛r❞❡st✱ ❛♥❞ ❛ ❝♦♠♣❧❡t❡ s♦❧✉t✐♦♥ s❡❡♠s t♦ ❜❡
t❤❡ ❢❛r ♦✉t ♦❢ r❡❛❝❤✳ ■♥ ❢❛❝t✱ ✇❡ ♣r♦❜❛❜❧② ✇✐❧❧ ♥♦t ❦♥♦✇ ✇❤❛t ✇❡
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❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✉♥t✐❧ ✇❡ ❢♦✉♥❞ ✐t✳✑

❆❝♦♥t❡❝❡ q✉❡ ♥❛ ❞é❝❛❞❛ ❞❡ 70 ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
r❛❝✐♦♥❛✐s ♣❛r❛ r❡sí❞✉♦s ❞❡ ♣♦tê♥❝✐❛s ❞❡ ❣r❛✉s ♠❛✐s ❛❧t♦s q✉❡ sã♦ ♠❛✐s ❢❛❝✐❧✲
♠❡♥t❡ r❡❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛✳
❈♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❞❡ ❇✉r❞❡ q✉❡ ❞✐③ q✉❡ s❡ p ❡ q sã♦

♣r✐♠♦s t❛✐s q✉❡ p = a2+b2 ❡ q = A2+B2 ❝♦♠ a ≡ A ≡ 1 (mod 4) ❡
(

p
q

)

= 1✱
❡♥tã♦

(

p

q

)

4

·
(

q

p

)

4

= (−1)
(q−1)

4

(

aB − bA

q

)

4

,

♦♥❞❡
( )

4
é ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s ❜✐q✉❛❞rát✐❝♦s✭❞❡✜♥✐çã♦ ✸✳✷✳✸✮✳

❊♠ ❬✻❪✱ ▲❡❤♠❡r ❡①♣õ❡ ♦ q✉❡ ❤❛✈✐❛ s✐❞♦ ❢❡✐t♦ ♥❡st❡ ❛ss✉♥t♦ ❛té ❡♥tã♦ ❡
❝♦♠♦ r❡s♣♦st❛ ❛ q✉❡stã♦ ❧❡✈❛♥t❛❞❛ ♣♦r ❲②♠❛♥ ❬✾❪ ❞✐③ q✉❡ s❡✉ ❛rt✐❣♦ é ♣❛r❛
❛q✉❡❧❡s t❡ór✐❝♦s ❞♦s ♥ú♠❡r♦s q✉❡✳ ✳ ✳

✏✳ ✳ ✳ ❜❡❧✐❡✈❡ t❤❛t t❤❡② ❦♥♦✇ ✇❤❛t ❛ r❡❝✐♣r♦❝✐t② ❧❛✇ ✐s ❛♥❞ ♥♦t ♦♥❧②
❦♥♦✇ ✇❤❛t t❤❡② ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❜✉t ❤❛✈❡ ❛❝t✉❛❧❧② ❜❡❡♥ ❞✐s❝♦✈❡r✐♥❣
♥❡✇ r❛t✐♦♥❛❧ r❡❝✐♣r♦❝✐t② ❧❛✇s✳ ✳ ✳ ✑

❆t✉❛❧♠❡♥t❡✱ ♠✉✐t♦s ♣❡sq✉✐s❛❞♦r❡s tê♠ ❝♦♥tr✐❜✉í❞♦ ♣❛r❛ ♦ s✉r❣✐♠❡♥t♦ ❞❡
♥♦✈❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛✐s✳ ❈✐t❛♠♦s ❡♠ ♣❛rt✐❝✉❧❛r ❬✹❪ ♦♥❞❡ ♦ ❛✉t♦r
❝♦♥tr✐❜✉✐ ❝♦♠ ♠ét♦❞♦s ♣❛r❛ q✉❡ ❞❛❞❛ ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❣❡r❛❧✱ ✉♠❛
r❛❝✐♦♥❛❧ s❡❥❛ ♦❜t✐❞❛✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ ♥♦t❛ ❝♦♠ ❛s ♣❛❧❛✈r❛s ❞❡ ❲❡✐❧ ❬✽❪✿

✏◆✉♠❜❡r t❤❡♦r② ✐s ♥♦t st❛♥❞✐♥❣ st✐❧❧✳✑



❈❛♣ít✉❧♦ ✷

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ♦s ❛s♣❡❝t♦s ❜ás✐❝♦s ❞❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s
❛❧❣é❜r✐❝♦s ❡ ❞❛ t❡♦r✐❛ ❞♦s ❝♦r♣♦s ❝✐❝❧ôt♦♠✐❝♦s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ é ❞❡s❡♥✲
✈♦❧✈❡r ❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❡st✉❞❛r♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦sm ✲ és✐♠♦s ❡
❛❧❣✉♠❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡✳ ❈♦♠♦ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛✲
❞♦s ❡♠ ❧✐✈r♦s ✐♥tr♦❞✉tór✐♦s ❞❛ ár❡❛✱ ❝♦♠♦ ❬✺❪✱ ♦♠✐t✐r❡♠♦s ❛s ❞❡♠♦♥str❛çõ❡s✳

✷✳✶ ❚❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s

❙❡❥❛ L/K ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❝♦r♣♦s✳ ❆ ❞✐♠❡♥sã♦ ❞❡ L/K✱ [L : K]✱
s❡rá ❞❡♥♦t❛❞❛ ♣♦r n✳

❙✉♣♦♥❤❛ q✉❡ {α1, . . . , αn} é ✉♠❛ ❜❛s❡ ❞❡ L/K ❡ α ∈ L✳ ❊♥tã♦ ααi =
∑

j aijαj✱ ❝♦♠ aij ∈ K✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❆ ♥♦r♠❛ ❞❡ α✱ NL/K(α)✱ é ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ (aij)✳

❖ tr❛ç♦ ❞❡ α✱ TL/K(α)✱ é a11 + · · · + ann✳

❙❛❜❡♠♦s q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❜❛s❡ ❡ s❡♠♣r❡
q✉❡ ♦ ❝♦♥t❡①t♦ ♣❡r♠✐t✐r ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ N(α) = NL/K(α)✳

❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ tr❛ç♦s ❡ ♥♦r♠❛s sã♦ ❡♥✉♥❝✐❛❞♦s ♥❛s ❞✉❛s
♣r♦♣♦s✐çõ❡s q✉❡ s❡❣✉❡♠✳

✼
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Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ❙❡ α, β ∈ L ❡ a ∈ K ❡♥tã♦

(a) N(αβ) = N(α)N(β)✳

(b) N(aα) = anN(α)✳

(c) T (α+ β) = T (α) + T (β)✳

(d) T (aα) = aT (α)✳

(e) ❙❡ α 6= 0✱ ❡♥tã♦ N(α−1) = N(α)−1✳

(f) ❙❡ L/K é s❡♣❛rá✈❡❧✱ ❡♥tã♦ T ♥ã♦ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳

❙❡❥❛♠ L/K s❡♣❛rá✈❡❧ ❡ σ1, . . . , σn ♦s ♠♦♥♦♠♦r✜s♠♦s ❞✐st✐♥t♦s ❞❡ L s♦❜r❡
✉♠ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ K q✉❡ ❞❡✐①❛♠ K ✜①♦✳ P❛r❛ α ∈ L ❞❡♥♦t❛r❡♠♦s σj(α)
♣♦r α(j)✳ ❖s ❡❧❡♠❡♥t♦s α(j) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♥❥✉❣❛❞♦s ❞❡ α ❡ α(1) = α✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸ ❙❡ α ∈ L✱ ❡♥tã♦ T (α) = α(1) + · · · + α(n) ❡ N(α) =

α(1) · · ·α(n)✳

❉❡✜♥✐çã♦ ✷✳✶✳✹ ❙❡ α1, . . . , αn é ✉♠❛ ♥✲✉♣❧❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ L ❡♥tã♦ ♦

❞✐s❝r✐♠✐♥❛♥t❡ D(α1, . . . , αn) é ❞❡✜♥✐❞♦ ♣♦r D(α1, . . . , αn) = det(T (αiαj))✳

❚❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❛❝❡r❝❛ ❞♦ ❝á❧❝✉❧♦ ❞❡ ❞❡t❡r♠✐♥❛♥t❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✺ ❙✉♣♦♥❤❛ q✉❡ α1, . . . , αn ❡ β1, . . . , βn sã♦ ❜❛s❡s ❞❡ L/K✳

❙❡❥❛ αi =
∑

j aijβj, aij ∈ K✳ ❊♥tã♦ D(α1, . . . , αn) = det(aij)
2D(β1, . . . , βn)✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✻ P❛r❛ α1, . . . , αn ∈ L ❡ L/K s❡♣❛rá✈❡❧ t❡♠♦s

D(α1, . . . , αn) = det(α
(j)
i )2.

❉❡✜♥✐çã♦ ✷✳✶✳✼ ❯♠ s✉❜❝♦r♣♦ F ❞♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C é ❝❤❛✲

♠❛❞♦ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦ ❛❧❣é❜r✐❝♦s s❡ [F : Q] é ✜♥✐t♦✳ ❙❡ F é ✉♠ ❝♦r♣♦

❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s✱ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ F ❢♦r♠❛❞♦ ♣❡❧♦s ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s

❞❡ F é ✉♠ ❛♥❡❧ D ❝❤❛♠❛❞♦ ❞❡ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s ❞❡ F ✳
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Pr♦♣♦s✐çã♦ ✷✳✶✳✽ ❙❡❥❛ Ω ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s ❞❡ C✳ ❊♥✲

tã♦ Ω é ✉♠ ❛♥❡❧✳

❚❡♠♦s ♦ ✐♠♣♦rt❛♥t❡ ❡ út✐❧ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ D/I✱
♦♥❞❡ I é ✉♠ ✐❞❡❛❧ q✉❛❧q✉❡r ❞❡ D ❡ D é ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ ✉♠ ❝♦r♣♦ ❞❡
♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s F ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✾ P❛r❛ q✉❛❧q✉❡r ✐❞❡❛❧ I ♥ã♦ ♥✉❧♦✱ D/I é ✜♥✐t♦✳

❉❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❡ ❞♦ ❢❛t♦ q✉❡ t♦❞♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡ ✜♥✐t♦ é
❝♦r♣♦ s❡❣✉❡ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✷✳✶✳✶✵ ❚♦❞♦ ✐❞❡❛❧ ♣r✐♠♦ ♥ã♦ ♥✉❧♦ ❞❡ D é ♠❛①✐♠❛❧✳

❖❜s❡r✈❛♠♦s q✉❡ ❡♠ ❣❡r❛❧ D ♥ã♦ é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❢❛t♦r❛çã♦ ú♥✐❝❛✳ ❊♥tr❡✲
t❛♥t♦✱ D t❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ é q✉❛s❡ tã♦ ❜♦❛✱ ❛ s❛❜❡r q✉❡ t♦❞♦ ✐❞❡❛❧
♥ã♦ ♥✉❧♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ♣r♦❞✉t♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s
♣r✐♠♦s✳ ❖ q✉❡ ♥♦s ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✶ ❙❡❥❛ A ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✳ ❙❡ t♦❞♦ ✐❞❡❛❧ ♥ã♦ ♥✉❧♦

❞❡ A ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ♣r♦❞✉t♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s ♣r✐♠♦s

❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉❡❞❡❦✐♥❞✳

▼✉✐t♦s ❛♥é✐s ✐♠♣♦rt❛♥t❡s sã♦ ❞♦♠í♥✐♦s ❞❡ ❉❡❞❡❦✐♥❞✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷ D é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉❡❞❡❦✐♥❞✳

❙❡❥❛ P ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ♥ã♦ ♥✉❧♦ ❞❡ D✳ ❖❜s❡r✈❛♠♦s q✉❡ P ∩ Z é ♥ã♦
♥✉❧♦✳ ❉❡ ❢❛t♦✱ ♣❛r❛ α ∈ P ✱ t♦♠❡ a0, . . . , am−1 ∈ Z t❛✐s q✉❡ a0 + a1α + · · · +
am−1α

m−1 + αm = 0✱ ♦♥❞❡ ai ∈ Z ❡ a0 6= 0✳ ❙❡❣✉❡ q✉❡ a0 = −(a1α + · · · +
am−1α

m−1 + αm) ∈ P ∩ Z✳
❈♦♠♦ P ∩ Z é ♥ã♦ ♥✉❧♦ ❡ ❝❧❛r❛♠❡♥t❡ é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ Z s❡❣✉❡ q✉❡

é ❣❡r❛❞♦ ♣♦r ✉♠ ♣r✐♠♦ p✳ ❱✐♠♦s q✉❡ (p) ✭❛❣♦r❛ ✈✐st♦ ❝♦♠♦ ✐❞❡❛❧ ❡♠ D✮
♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ✐❞❡❛✐s ♣r✐♠♦s ❞❡ D✳
❙✉♣♦♥❤❛ (p) = P e1

1 P
e2
2 · · ·P eg

g ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✸ ◆❛ s✐t✉❛çã♦ ❛❝✐♠❛ ♦s Pis sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s ❞❡

D t❛✐s q✉❡ Pi ∩ Z = pZ✳
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❱❡♠♦s q✉❡ D/Pi é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❝♦♥t❡♥❞♦ Z/pZ✳ P♦rt❛♥t♦ ♦ ♥ú♠❡r♦
❞❡ ❡❧❡♠❡♥t♦s ❞❡ D/Pi ❞❡✈❡ s❡r ❞❛ ❢♦r♠❛ pfi ✱ fi ≥ 1✳

❉❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✹ ❖ ♥ú♠❡r♦ ei é ❝❤❛♠❛❞♦ í♥❞✐❝❡ ❞❡ r❛♠✐✜❝❛çã♦ ❞❡ Pi✳

❖ ♥ú♠❡r♦ fi é ❝❤❛♠❛❞♦ ❣r❛✉ ❞❡ ✐♥ér❝✐❛ ❞❡ Pi✳ ❙❡ ❡①✐st❡ i t❛❧ q✉❡ ei > 1✱

❡♥tã♦ ❞✐③❡♠♦s q✉❡ (p) s❡ r❛♠✐✜❝❛ ❡♠ D✳ ❙❡ g = 1 ❡ e1 = 1✱ ❡♥tã♦ ❞✐③❡♠♦s

q✉❡ (p) é ✐♥❡rt❡ ❡♠ D✳

❊①✐st❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ ♦s ♥ú♠❡r♦s ei✱ fi ❡ n✱ i = 1, . . . , g✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✺
∑g

i=1 eifi = n✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡rá ✉s❛❞♦ ♠❛✐s ❛❞✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✻ ❙❡❥❛ P ⊂ D ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❡ s❡❥❛ pf ♦ ♥ú♠❡r♦ ❞❡

❡❧❡♠❡♥t♦s ❡♠ D/P ✳ ❙❡ m ∈ N∗✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ D/Pm é

pmf ✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ F/Q é ✉♠❛ ❡①t❡♥sã♦ ❣❛❧♦✐s✐❛♥❛✱ ✐st♦ é✱ q✉❡ t♦❞♦s
♠♦♥♦♠♦r✜s♠♦s ❞❡ F ❡♠ C t❡♠ F ❝♦♠♦ ✐♠❛❣❡♠✳ ❙✉♣♦♥❤❛ q✉❡ G é ♦ ❣r✉♣♦
❞❡ ●❛❧♦✐s ❞❡ F/Q✳ ❙❡ D é ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s ❞❡ F ✱ I é ✉♠ ✐❞❡❛❧
q✉❛❧q✉❡r ❞❡ D ❡ σ ∈ G✱ ❡♥tã♦ σI = {σ(α);α ∈ I} t❛♠❜é♠ é ✉♠ ✐❞❡❛❧✳
❚❡♠♦s t❛♠❜é♠ q✉❡ σD = D✱ ❡✱ ♣♦rt❛♥t♦✱ D/σI = σD/σI ≈ D/I✳ ❊♠
♣❛rt✐❝✉❧❛r ✈❡♠♦s q✉❡ s❡ P é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❡♥tã♦ σP t❛♠❜é♠ é ✉♠ ✐❞❡❛❧
♣r✐♠♦✳ ◆❡st❛s ❝♦♥❞✐çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✼ ❙❡❥❛ p ∈ Z ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳ ❙✉♣♦♥❤❛ q✉❡ Pi ❡ Pj

s❡❥❛♠ ✐❞❡❛✐s ♣r✐♠♦s ❞❡ D ❝♦♥t❡♥❞♦ p✳ ❊♥tã♦ ❡①✐st❡ σ ∈ G t❛❧ q✉❡ σPi = Pj✳

❉❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ s❡❣✉❡ q✉❡ ❞❛❞♦s Pi ❡ Pj ❝♦♥t❡♥❞♦ p ❡①✐st❡ σ t❛❧ q✉❡
D/Pi ≈ D/σPi ≈ D/Pj✳ ❙❡❣✉❡ q✉❡ fi = fj ❡✱ ♣♦rt❛♥t♦✱ t♦❞♦s fi✬s sã♦ ✐❣✉❛✐s✳

❙✉♣♦♥❤❛ (p) = P e1
1 P

e2
2 · · ·P eg

g ✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ σ ∈ G é t❛❧ q✉❡
σP1 = Pi✱ ❛♣❧✐❝❛♥❞♦ σ ♥♦s ❞♦✐s ❧❛❞♦s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ (p) ♦❜t❡♠♦s

(p) = (σP1)
e1(σP2)

e2 · · · (σPg)
eg .

❱❡♠♦s q✉❡ e1 é ❡①♣♦❡♥t❡ ❞❡ P1 ❡ ❞❡ σP1 = Pi✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡✲
❝♦♠♣♦s✐çã♦ ❡♠ ✐❞❡❛✐s ♣r✐♠♦s t❡♠♦s q✉❡ e1 = ei ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t♦❞♦s
ei✬s sã♦ ✐❣✉❛✐s✳ ❋♦r♠❛❧✐③❛♠♦s ❛ ❞✐s❝✉ssã♦ ❛❝✐♠❛ ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ q✉❡
é ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢♦rt❡ ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶✺✳
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Pr♦♣♦s✐çã♦ ✷✳✶✳✶✽ ❙✉♣♦♥❤❛ q✉❡ F/Q é ✉♠❛ ❡①t❡♥sã♦ ❣❛❧♦✐s✐❛♥❛✳ ❙❡❥❛ p ∈
Z ✉♠ ♣r✐♠♦ ❡ s✉♣♦♥❤❛ (p) = P e1

1 P
e2
2 · · ·P eg

g ✳ ❊♥tã♦ e1 = e2 = . . . = eg

❡ f1 = f2 = . . . = fg✳ ❙❡ e ❡ f ❞❡♥♦t❛♠ ❡ss❡s ✈❛❧♦r❡s ❡♠ ❝♦♠✉♠✱ ❡♥tã♦

efg = n✳

❙❡ ♥❛s ❝♦♥s✐❞❡r❛çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ t❡♠♦s e = 1 ❡ f = 1✱ ❡♥tã♦
g = n✳ ❙❡ t✐✈❡r♠♦s e = n✱ ❡♥tã♦ f = g = 1✳ ❊st❛s s✐t✉❛çõ❡s ♥♦s ♠♦t✐✈❛♠ ❛
s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✾ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❛❝✐♠❛ ❞✐③❡♠♦s q✉❡ (p) s❡ ❞❡❝♦♠♣õ❡♠

❝♦♠♣❧❡t❛♠❡♥t❡ ❡♠ D✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦ ❞✐③❡♠♦s q✉❡ p s❡ r❛♠✐✜❝❛ ❝♦♠✲

♣❧❡t❛♠❡♥t❡✳

✷✳✷ ❈♦r♣♦s ❝✐❝❧♦tô♠✐❝♦s

❙❡❥❛♠ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ ζm = e(2iπ)/m✳ ❖ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ζm
é ✉♠❛ r❛í③ ♣r✐♠✐t✐✈❛ m ✲ és✐♠❛ ❞❛ ✉♥✐❞❛❞❡✱ ✐st♦ é✱ ζm✱ ❜❡♠ ❝♦♠♦ t♦❞❛s ❛s
s✉❛s ♣♦tê♥❝✐❛s✱ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ xm − 1 = 0✳ ❈♦♠♦ ♣❛r❛ a, a′ ∈ Z✱
a ≡ a′ (mod m) t❡♠♦s q✉❡ ζa

m = ζa′

m ✱ ♦❜s❡r✈❛♠♦s q✉❡ xm − 1 = (x− 1)(x−
ζm) · · · (x − ζm−1

m )✳ ❙❡♥❞♦ ❛ss✐♠ ♦ ❝♦r♣♦ Q(ζm) é ❝♦r♣♦ ❞❡ r❛í③❡s ❞❡ xm − 1
❡✱ ♣♦rt❛♥t♦✱ ❛ ❡①t❡♥sã♦ Q(ζm)/Q é ❣❛❧♦✐s✐❛♥❛✳

❉❡✜♥✐çã♦ ✷✳✷✳✶ ❖ ♣♦❧✐♥ô♠✐♦ Φm(x) =
∏

(a,m)=1(x − ζa
m) é ❝❤❛♠❛❞♦ ♦ m ✲

és✐♠♦ ♣♦❧✐♥ô♠✐♦ ❝✐❝❧♦tô♠✐❝♦✳

❆s r❛í③❡s ❞❡ Φm(x) sã♦ ♣r❡❝✐s❛♠❡♥t❡ ❛s m ✲ és✐♠❛s r❛í③❡s ♣r✐♠✐t✐✈❛s ❞❛
✉♥✐❞❛❞❡✳

❈♦♠♦ Φm(x) é ♦ ♣r♦❞✉t♦ ❞❡ φ(m) ❢❛t♦r❡s ❧✐♥❡❛r❡s ✭♦♥❞❡ φ é ❢✉♥çã♦ ❞❡
❊✉❧❡r✱ φ(m) é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡✐r♦s ❡♥tr❡ 1 ❡ m q✉❡ sã♦ ♣r✐♠♦s ❝♦♠
m✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❣r❛✉ ❞❡ Φm(x) é ✐❣✉❛❧ à φ(m)✳

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ Φm(x) sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s
❞❡ r❛í③❡s m ✲ és✐♠❛s ❞❛ ✉♥✐❞❛❞❡ ❡ ♣♦rt❛♥t♦ sã♦ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s✳ ❙❡ G
é ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❡ Q(ζm)/Q✱ ❡♥tã♦ ♣❛r❛ σ ∈ G q✉❛❧q✉❡r s❡❣✉❡ q✉❡
σΦm(x) =

∏

(x− σ(ζa
m)) = Φm(x)✳ P♦rt❛♥t♦ Φm(x) ∈ Z[x]✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ r❡❧❛❝✐♦♥❛ ♣♦❧✐♥ô♠✐♦s ❝✐❝❧ôt♦♠✐❝♦s ❝♦♠ xm − 1✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷ xm − 1 =
∏

d|m Φd(x)✳
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❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ Dm ♣❛r❛ ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡
Q(ζm)✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✸ ❙✉♣♦♥❤❛ q✉❡ p s❡❥❛ ✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧ ❡ q✉❡ p ∤ m✳ ❙❡❥❛

P ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ Dm ❝♦♥t❡♥❞♦ p✳ ❊♥tã♦ ❛s ❝❧❛ss❡s ❞❡ 1, ζm, . . . , ζ
m−1
m ❡♠

Dm/P sã♦ t♦❞❛s ❞✐st✐♥t❛s✳ ❙❡ f ❞❡♥♦t❛ ♦ ❣r❛✉ ❞❡ ✐♥ér❝✐❛ ❞❡ P ❡♥tã♦ pf ≡ 1

(mod m)✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣♦s✐çã♦ ❡ s✉❛s ✐♠♣♦rt❛♥t❡s
❝♦♥s❡q✉ê♥❝✐❛s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹ ❖ ♣♦❧✐♥ô♠✐♦ Φm(x) é ✐rr❡❞✉tí✈❡❧ ❡♠ Z[x]✳

❈♦r♦❧ár✐♦ ✷✳✷✳✺ [Q(ζm) : Q] = φ(m)✳

❈♦r♦❧ár✐♦ ✷✳✷✳✻ ❙❡❥❛ G ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❡ Q(ζm)/Q✳ ❙✉♣♦♥❤❛ q✉❡ σ ∈ G

❡ q✉❡ σζm = ζ
θ(σ)
m ✳ ❆ ❛♣❧✐❝❛çã♦ θ : G → U(Z/mZ) ❞❡✜♥✐❞❛ ♣♦r σ 7→ θ(σ) é

✉♠ ✐s♦♠♦r✜s♠♦✳

❉❛r❡♠♦s ❛ s❡❣✉✐r ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ♣r✐♠♦s q✉❡ ♥ã♦
❞✐✈✐❞❡♠ m✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ❙❡❥❛ p ✉♠ ♣r✐♠♦✱ p ∤ m✳ ❙❡❥❛ f ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

t❛❧ q✉❡ pf ≡ 1 (mod m)✳ ❊♥tã♦ ❡♠ Dm ⊂ Q(ζm) t❡♠♦s q✉❡

(p) = P1P2 · · ·Pg,

♦♥❞❡ ♣❛r❛ t♦❞♦ i✱ Pi é ♣r✐♠♦✱ Pi 6= Pj s❡ i 6= j ❡ Pi t❡♠ ❣r❛✉ ❞❡ ✐♥ér❝✐❛

f ✱ ♣❛r❛ i, j = 1, . . . , g✳ ❆❧é♠ ❞✐ss♦✱ g = φ(m)/f ✳

❉❡✜♥✐♠♦s ♣❛r❛ p ♣r✐♠♦ t❛❧ q✉❡ p ∤ m✱ ♦ ❛✉t♦♠♦r✜s♠♦ σp ❞❡ Q(ζm)
❞❡✜♥✐❞♦ ♣♦r σp(ζm) = ζp

m✳
❯s❛♥❞♦ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳✽ ❙❡❥❛ P = Pi✳ ❈♦♥s✐❞❡r❡ ♦ s✉❜❣r✉♣♦ ❞❡ G ❞❛❞♦ ♣♦r G(P ) =

{σ ∈ G;σ(P ) = P}✳ ❊♥tã♦ G(P ) é ✉♠ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r σp✳

◗✉❛♥t♦ ❛♦s ♣r✐♠♦s q✉❡ ❞✐✈✐❞❡♠m ❛♣r❡s❡♥t❛r❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳
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Pr♦♣♦s✐çã♦ ✷✳✷✳✾ ❙❡❥❛ l ✉♠ ♣r✐♠♦ ❡♠ Z✳ ❊♥tã♦✱ ❡♠ Q(ζl)✱ l s❡ r❛♠✐✜❝❛

❝♦♠♣❧❡t❛♠❡♥t❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛ L = (1 − ζl)✳ ❊♥tã♦ L é ✉♠ ✐❞❡❛❧

♣r✐♠♦ ❡ (l) = Ll−1✳ P♦rt❛♥t♦ L t❡♠ ❣r❛✉ ❞❡ ✐♥ér❝✐❛ 1✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵ ❙❡❥❛♠ P ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ Dm ❡ P ∩ Z = pZ✳ ❙❡ p é

í♠♣❛r✱ ❡♥tã♦ P s❡ r❛♠✐✜❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p | m✳ ❙❡ p = 2✱ ❡♥tã♦ P s❡

r❛♠✐✜❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 4 | m✳

❖ ❛♥❡❧ Dm é ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✶ Dm = Z[ζm]✳



❈❛♣ít✉❧♦ ✸

❖ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✉s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝♦r♣♦s ❝✐❝❧ôt♦♠✐❝♦s✱ ✈❛♠♦s
❞❡✜♥✐r ✉♠ ❞♦s ♦❜❥❡t♦s ❝❡♥tr❛✐s ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❛ s❛❜❡r✱ ♦ sí♠❜♦❧♦ ❞❡ r❡sí✲
❞✉♦s ❞❡ ♣♦tê♥❝✐❛s m ✲ és✐♠❛s✱ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲
és✐♠♦s✳ ❚❛♠❜é♠ ✈❛♠♦s ❞❡♠♦♥str❛r s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳

✸✳✶ ❆ ♥♦r♠❛ ❞❡ ✉♠ ✐❞❡❛❧

Pr❡❝✐s❛r❡♠♦s ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛❞✐❝✐♦♥❛✐s ❞❛ t❡♦r✐❛ ❞❡ ❝♦r♣♦s ❞❡ ♥ú✲
♠❡r♦s ❛❧❣é❜r✐❝♦s✳

❙❡❥❛♠ K/Q ✉♠ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s✱ D ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ K✱
❡ I ✉♠ ✐❞❡❛❧✳ ❆ss✉♠✐♠♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦ q✉❡ ♦s ✐❞❡❛✐s sã♦ ♥ã♦ ♥✉❧♦s✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❉❡✜♥✐♠♦s ❛ ♥♦r♠❛ ❞❡ I✱ N(I)✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡

❡❧❡♠❡♥t♦s ❡♠ D/I✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷ ❙❡ I✱ J ⊂ D sã♦ ✐❞❡❛✐s✱ ❡♥tã♦ N(IJ) = N(I)N(J)✳

❉❡♠♦♥str❛çã♦✿ ❙❡ I ❡ J sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ ❡♥tã♦ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ r❡st♦
❝❤✐♥ês D/IJ ≈ D/I ⊕D/J ✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♥❡st❡ ❝❛s♦✳

❙❡❥❛ I = P a1
1 P a2

2 · · ·P at

t ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣r✐♠❛ ❞❡ I✳ ❆✜r♠❛♠♦s q✉❡
N(I) = (N(P1))

a1(N(P2))
a2 · · · (N(Pt))

at ✳ ❈♦♠♦ Pi ❡ Pj sã♦ ♣r✐♠♦s ❡♥tr❡ s✐
♣❛r❛ i 6= j✱ ♣❡❧♦ q✉❡ ✈✐♠♦s ❛❝✐♠❛ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ N(P a) = (N(P ))a

✶✹
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♣❛r❛ ✉♠ ✐❞❡❛❧ ♣r✐♠♦ P q✉❛❧q✉❡r✳ ▼❛s✱ ✐ss♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ♣r♦♣♦s✐çã♦
✷✳✶✳✶✻✳

❆❣♦r❛✱ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❜❛st❛ ❞❡❝♦♠♣♦r♠♦s I ❡ J ✱ ♠✉❧t✐♣❧✐❝❛r♠♦s ❡
✉s❛r ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✳ ❘❡♦r❣❛♥✐③❛♥❞♦ ♦s t❡r♠♦s ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡
❝♦♥❝❧✉í♠♦s ❛ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ❙✉♣♦♥❤❛ q✉❡K/Q s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ❣❛❧♦✐s✐❛♥❛ ❝♦♠ ❣r✉♣♦

❞❡ ●❛❧♦✐s G✳ ❊♥tã♦

∏

σ∈G

σ(I) = (N(I)).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ sã♦ ♠✉❧t✐♣❧✐❝❛✲
t✐✈♦s ❡♠ I✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ ✉♠ ✐❞❡❛❧ ♣r✐♠♦
P ✳

❙❡❥❛♠ P1, P2, . . . , Pg ♦s ✐❞❡❛✐s ♣r✐♠♦s ❞✐st✐♥t♦s ♥♦ ❝♦♥❥✉♥t♦ {σ(P );σ ∈ G}✳
❈♦♥s✐❞❡r❛♥❞♦ ♦ s✉❜❣r✉♣♦ ❞❡ G✱ G(P ) = {σ ∈ G;σ(P ) = P}✱ ❡ ♦❜s❡r✈❛♥❞♦
q✉❡ G(P ) t❡♠ g ❝❧❛ss❡s ❧❛t❡r❛✐s✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❧❛❣r❛♥❣❡ s❡❣✉❡ q✉❡ |G| =
g|G(P )|✳

❖❜s❡r✈❛♠♦s q✉❡ P1, P2, . . . , Pg sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s ♣r✐♠♦s ❞❛ ❞❡✲
❝♦♠♣♦s✐çã♦ ❞❡ (p) = P ∩ Z ❡♠ D✳ ❆ss✐♠✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶✽ t❡♠♦s q✉❡
efg = n = [K : Q] = |G|✳ ❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡ |G(P )| = ef ✳

❯s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶✼ ❡ ♥♦✈❛♠❡♥t❡ ❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶✽ t❡♠♦s q✉❡

∏

σ∈G

σ(P ) = (P1P2 · · ·Pg)
ef = (p)f = (pf ).

❊ ❛ ❞❡♠♦♥str❛çã♦ ❡stá ❝♦♠♣❧❡t❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✹ ❙✉♣♦♥❤❛ q✉❡K/Q s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ❣❛❧♦✐s✐❛♥❛ ❝♦♠ ❣r✉♣♦

❞❡ ●❛❧♦✐s G✳ ❙❡❥❛♠ α ∈ D ❡ I = (α) ♦ ✐❞❡❛❧ ♣r✐♥❝✐♣❛❧ ❣❡r❛❞♦ ♣♦r α✳ ❊♥tã♦

N(I) = |N(α)|✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❡ ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✸ s❡❣✉❡ q✉❡

(N(I)) =
∏

σ∈G

σ(I) =
∏

σ((α)) =
∏

(σ(α)) = (
∏

σ(α)) = (N(α)).



❈❆P❮❚❯▲❖ ✸✳ ❖ ❙❮▼❇❖▲❖ ❉❊ ❘❊❙❮❉❯❖❙ M ✲ ➱❙■▼❖❙ ✶✻

P♦rt❛♥t♦ N(I) ❡ N(α) ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ✉♥✐❞❛❞❡✳ ❈♦♠♦ ❛♠❜❛s ♣❡rt❡♥❝❡♠
à Z ❡✱ ♣♦r ❞❡✜♥✐çã♦✱ N(I) é s❡♠♣r❡ ♣♦s✐t✐✈❛✱ s❡❣✉❡ q✉❡ N(I) = |N(α)|✳

✸✳✷ ❖ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s

❙❡❥❛♠ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ Dm ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ Q(ζm)✳ ❙❡❥❛♠ P
✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ Dm q✉❡ ♥ã♦ ❝♦♥t❡♥❤❛ m ❡ q = N(P ) = |Dm/P |✳ P❡❧❛
♣r♦♣♦s✐çã♦ ✷✳✷✳✸ s❛❜❡♠♦s q✉❡ ❛s ❝❧❛ss❡s ❞❡ 1, ζm, . . . , ζ

m−1
m sã♦ t♦❞❛s ❞✐st✐♥t❛s

❡♠ Dm/P ❡ q✉❡ q ≡ 1 (mod m)✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶ ❙❡❥❛ α ∈ Dm✱ t❛❧ q✉❡ α /∈ P ✳ ❊①✐st❡ ✉♠ ✐♥t❡✐r♦ i✱ ú♥✐❝♦

♠ó❞✉❧♦ m✱ t❛❧ q✉❡

α(q−1)/m ≡ ζ i
m (mod P ).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ Dm/P t❡♠ q−1 ❡❧❡♠❡♥✲
t♦s t❡♠♦s q✉❡ αq−1 ≡ 1 (mod P )✳ P♦rt❛♥t♦

m−1
∏

i=0

(α(q−1)/m − ζ i
m) ≡ 0 (mod P ).

❈♦♠♦ P é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ s❡❣✉❡ q✉❡ Dm/P é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡
❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ i✱ 0 ≤ i ≤ m−1 t❛❧ q✉❡ α(q−1)/m ≡ ζ i

m (mod P )✳ ❙❛❜❡♠♦s
q✉❡ s❡ i≡/ j (mod m) ❡♥tã♦ ζ i

m 6= ζj
m ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✸ s❡❣✉❡ q✉❡ ζ i

m ≡/
ζj
m (mod P )✳ P♦rt❛♥t♦ i é ú♥✐❝♦ ♠ó❞✉❧♦ m✳

❉❡✜♥✐çã♦ ✸✳✷✳✷ ❙❡❥❛♠ α ∈ Dm ❡ P ✉♠ ✐❞❡❛❧ ♣r✐♠♦ q✉❡ ♥ã♦ ❝♦♥té♠ m✳

❉❡✜♥✐♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s ✱
(

α
P

)

m
✱ ❝♦♠♦ s❡❣✉❡✿

(a)
(

α
P

)

m
= 0 s❡ α ∈ P ✳

(b) ❙❡ α ♥ã♦ ♣❡rt❡♥❝❡ à P ✱ ❡♥tã♦
(

α
P

)

m
é ❛ ú♥✐❝❛ r❛í③ m ✲ és✐♠❛ ❞❛ ✉♥✐❞❛❞❡

t❛❧ q✉❡ α(N(P )−1)/m ≡
(

α
P

)

m
(mod P )✳
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❚r❛❜❛❧❤❛r❡♠♦s ❡ss❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ♦s s❡❣✉✐♥t❡s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛ ❞❡✜♥✐✲
çã♦ ❛❝✐♠❛✳

❉❡✜♥✐çã♦ ✸✳✷✳✸ ◗✉❛♥❞♦ m = 2 ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦
(

a
b

)

2
=
(

a
b

)

❡ ♥❡st❡

❝❛s♦ ❝❤❛♠❛r❡♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s 2 ✲ és✐♠♦s ❞❡ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥✲

❞r❡✳ ◗✉❛♥❞♦ m = 3 ❝❤❛♠❛r❡♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s 3 ✲ és✐♠♦s ❞❡ sí♠✲

❜♦❧♦ ❞❡ r❡sí❞✉♦s ❝ú❜✐❝♦s✳ ◗✉❛♥❞♦ m = 4 ❞✐r❡♠♦s sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s

❜✐q✉❛❞rát✐❝♦s✳

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦ sí♠❜♦❧♦ ❞❡ r❡sí✲
❞✉♦s m ✲ és✐♠♦s ♣r❡❝✐s❛r❡♠♦s ❞♦s s❡❣✉✐♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✷✳✹ ❙❡❥❛♠ a, b ✐♥t❡✐r♦s ❡ d = (a,m)✳ ❆ ❝♦♥❣r✉ê♥❝✐❛ ax ≡ b (mod m)

t❡♠ s♦❧✉çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ d | b✳ ❙❡ d | b✱ ❡♥tã♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ d

s♦❧✉çõ❡s ♠ó❞✉❧♦ m✳

❉❡♠♦♥str❛çã♦✿ ❙❡ x0 é ✉♠❛ s♦❧✉çã♦✱ ❡♥tã♦ ax0 − b = my0 ♣❛r❛ ❛❧❣✉♠
y0 ∈ Z✳ P♦rt❛♥t♦ ax0 −my0 = b✳ ❈♦♠♦ d | (ax0 −my0) s❡❣✉❡ q✉❡ d | b✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ d | b✳ ❙❡❥❛ c = b/d✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡♠
✐♥t❡✐r♦s x′0 ❡ y′0 t❛✐s q✉❡ ax′0 − my′0 = d✳ ▼✉❧t✐♣❧✐q✉❡ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛
ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦r c✳ ❊♥tã♦ a(x′0c) − m(y′0c) = b✳ ❚♦♠❡ x0 = x′0c✳ ❙❡❣✉❡
q✉❡ ax0 ≡ b (mod m) ❡ ♠♦str❛♠♦s q✉❡ ax0 ≡ b (mod m) t❡♠ s♦❧✉çã♦ s❡✱ ❡
s♦♠❡♥t❡ s❡ d | b✳

❙✉♣♦♥❤❛ q✉❡ ax0 ≡ b (mod m) ❡ ax1 ≡ b (mod m)✳ ❙❡❣✉❡ q✉❡ a(x1 −
x0) ≡ 0 (mod m)✳ ❚♦♠❡ a′ = a/d ❡ m′ = m/d✳ ❱✐♠♦s q✉❡ m | a(x1 − x0)
❡ ♣♦rt❛♥t♦ m′ | a′(x1 − x0)✳ ❈♦♠♦ m′ ❡ a′ sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ s❡❣✉❡ q✉❡
m′ | (x1 − x0)✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ x1 = x0 + km′ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ k✳
❱✐♠♦s q✉❡ ❞❛❞❛ ✉♠❛ s♦❧✉çã♦ x0 t❡♠✲s❡ q✉❡ q✉❛❧q✉❡r ♦✉tr❛ s♦❧✉çã♦ x1 ❞❡✈❡
s❡r ❞❛ ❢♦r♠❛ x1 = x0 + km′✱ ♣❛r❛ ❛❧❣✉♠ k✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛ ✉♠❛ s♦❧✉çã♦ x0 ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ t♦❞♦ ♥ú♠❡r♦
❞❛ ❢♦r♠❛ x0 + km′✱ k ∈ Z ❞❡✈❡ s❡r s♦❧✉çã♦✳

❱❛♠♦s ♠♦str❛r q✉❡ ❞❛❞❛ ✉♠❛ s♦❧✉çã♦ x0✱ ♦ ❝♦♥❥✉♥t♦ x0, x0 +m′, . . . , x0 +
(d − 1)m′ ❝♦♥té♠ t♦❞❛s ❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s ♠ó❞✉❧♦ m✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛
i, j ∈ {1, 2, . . . , d−1} ✈❛❧❡ q✉❡ x0 + im′ ≡ x0 +jm′ (mod m)✳ ❈♦♠♦ m/m′ =
d✱ s❡❣✉❡ q✉❡ i ≡ j (mod d) ❡✱ ♣♦rt❛♥t♦✱ i = j✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ s♦❧✉çã♦ x1 = x0 + km′ t❛❧ q✉❡ x1 ♥ã♦
♣❡rt❡♥❝❡ à x0, x0 +m′, . . . , x0 +(d−1)m′✳ P❡❧♦ ❛❧❣♦r✐t♠♦ ❡✉❝❧✐❞❡❛♥♦ s❛❜❡♠♦s
q✉❡ ❡①✐st❡♠ ✐♥t❡✐r♦s r, s✱ 0 ≤ s < d✱ t❛✐s q✉❡ k = rd + s✳ P♦rt❛♥t♦✱ x1 =
x0 +sm′+rm ❡ x1 é ❡q✉✐✈❛❧❡♥t❡ à x0 +sm′✳ ❖ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳
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▲❡♠❛ ✸✳✷✳✺ ❙❡❥❛♠ F ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❝♦♠ q ❡❧❡♠❡♥t♦s ❡ α ∈ F ∗✳ ❊♥tã♦

xm = α t❡♠ s♦❧✉çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α(q−1)/d = 1✱ ♦♥❞❡ d = (m, q − 1)✳ ❙❡

❡①✐st❡♠ s♦❧✉çõ❡s✱ ❡♥tã♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ d s♦❧✉çõ❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ γ ✉♠ ❣❡r❛❞♦r ❞❡ F ∗ ❡ s✉♣♦♥❤❛ q✉❡ α = γa ❡ x = γb✳
❊♥tã♦ xm = α é ❡q✉✐✈❛❧❡♥t❡ à γbm = γa✱ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à✱ mb ≡ a
(mod q − 1)✳ ❆❣♦r❛✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r ✭s✉❜st✐t✉✐♥❞♦ ❡♠ s✉❛ ♥♦t❛çã♦ x ♣♦r
b✱ a ♣♦r m✱ b ♣♦r a ❡ ❧❡♠❜r❛♥❞♦ q✉❡ d = (m, q − 1)✮✱ t❡♠♦s q✉❡ mb ≡ a
(mod q − 1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (m, q − 1) = d | a✳ ❊✱ ❝♦♠♦ ❛ ♦r❞❡♠ ❞❡ γ é
q − 1✱ ✐ss♦ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α(q−1)/d = γa(q−1/d) = 1✳

❆s ♣r✐♠❡✐r❛s ♣r♦♣r✐❡❞❛❞❡s ❡❧❡♠❡♥t❛r❡s s♦❜r❡ ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲
és✐♠♦s sã♦✿

Pr♦♣♦s✐çã♦ ✸✳✷✳✻

(a)
(

α
P

)

m
= 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ xm ≡ α (mod P ) é s♦❧ú✈❡❧ ❡♠ Dm✳

(b) ❈r✐tér✐♦ ❞❡ ❊✉❧❡r✿ P❛r❛ t♦❞♦ α ∈ Dm✱ α(N(P )−1)/m ≡
(

α
P

)

m
(mod P )✳

(c)
(

αβ
P

)

m
=
(

α
P

)

m

(

β
P

)

m
✳

(d) ❙❡ α ≡ β (mod P )✱ ❡♥tã♦
(

α
P

)

m
=
(

β
P

)

m
✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣❛rt❡ (a) s❡❣✉❡ ❞♦ ❧❡♠❛ ✸✳✷✳✺ t♦♠❛♥❞♦ F = Dm/P
❡ q = N(P )✳ ❆ ♣❛rt❡ (b) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦✳ ◗✉❛♥t♦ à ♣❛rt❡

(c) ❜❛st❛ ♦❜s❡r✈❛r q✉❡
(

αβ
P

)

m
≡ (αβ)(N(P )−1)/m ≡ α(N(P )−1)/mβ(N(P )−1)/m ≡

(

α
P

)

m

(

β
P

)

m
(mod P )✳ P❛r❛ ❛ ♣❛rt❡ (d) t❡♠♦s q✉❡ s❡ α ≡ β (mod P )✱ ❡♥tã♦

(

α
P

)

m
≡ α(N(P )−1)/m ≡ β(N(P )−1)/m ≡

(

β
P

)

m
(mod P )✳ P❡❧❛ ♣r♦♣♦s✐çã♦

✷✳✷✳✸ s❡❣✉❡ q✉❡
(

α
P

)

m
=
(

β
P

)

m
✳
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❈♦r♦❧ár✐♦ ✸✳✷✳✼ ❙❡❥❛ P ✉♠ ✐❞❡❛❧ ♣r✐♠♦ q✉❡ ♥ã♦ ❝♦♥t❡♥❤❛ m✳ ❊♥tã♦

(

ζm
P

)

m

= ζ(N(P )−1)/m
m .

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣❛rt❡ (b) ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ✈❡♠♦s q✉❡
(

ζm

P

)

m
❡

ζ
(N(P )−1)/m
m sã♦ ❝♦♥❣r✉❡♥t❡s ♠ó❞✉❧♦ P ✳ ❈♦♠♦ ❛♠❜♦s sã♦ r❛í③❡s m ✲ és✐♠❛s
❞❛ ✉♥✐❞❛❞❡ ❡ m ♥ã♦ ♣❡rt❡♥❝❡ à P s❡❣✉❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✸✱ q✉❡ sã♦ ✐❣✉❛✐s✳

➱ ✐♠♣♦rt❛♥t❡ q✉❡ ❡st❡♥❞❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡
(

α
P

)

m
❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♦

sí♠❜♦❧♦
(

α
β

)

m
❢❛ç❛ s❡♥t✐❞♦ ♣❛r❛ β ∈ Dm ❡ ♣r✐♠♦ ❝♦♠ m✳

❉❡✜♥✐çã♦ ✸✳✷✳✽ ❙❡❥❛ I ⊂ Dm ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❝♦♠ (m)✳ ❙❡❥❛ I = P1P2 · · ·Pn

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♣r✐♠❛ ❞❡ I✳ P❛r❛ α ∈ Dm ❞❡✜♥✐♠♦s
(

α
I

)

m
=
∏

i

(

α
Pi

)

m
✳

❙❡ β ∈ Dm é ♣r✐♠♦ ❝♦♠ m ❞❡✜♥✐♠♦s
(

α
β

)

m
=
(

α
(β)

)

m
✳

❆ ❣❡♥❡r❛❧✐③❛çã♦ ❢❡✐t❛ ❛❝✐♠❛ t❡♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❡❧❛s sã♦ ❞❛❞❛s
♥♦ r❡s✉❧t❛❞♦ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✾ ❙❡❥❛♠ I ❡ J ✐❞❡❛✐s ❝♦✲♣r✐♠♦s ❝♦♠ (m)✳ ❊♥tã♦

(a)
(

αβ
I

)

m
=
(

α
I

)

m

(

β
I

)

m
✳

(b)
(

α
IJ

)

m
=
(

α
I

)

m

(

α
J

)

m
✳

(c) ❙❡ α é ♣r✐♠♦ ❝♦♠ I ❡ xm ≡ α (mod I) é s♦❧ú✈❡❧ ❡♠ Dm✱ ❡♥tã♦
(

α
I

)

m
=

1✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦ ✐t❡♠ (a) ❜❛st❛ ❞❡❝♦♠♣♦r♠♦s I ❡♠ ✐❞❡❛✐s ♣r✐♠♦s✱
✉s❛r♠♦s ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❛♣❧✐❝❛r ♦ ✐t❡♠ (c) ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✻ ❡ r❡❛❣r✉✲
♣❛r♠♦s ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦✳ ❖ ✐t❡♠ (b) é ❞❡♠♦♥str❛❞♦
❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ❜❛st❛ ❞❡❝♦♠♣♦r♠♦s IJ ✱ ❛♣❧✐❝❛r♠♦s ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱
r❡❛❣r✉♣❛r♠♦s ❞❡ ♠❛♥❡✐r❛ ❝♦♥✈❡♥✐❡♥t❡ ❡ ✉s❛r♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❞❡✜♥✐çã♦✳ ❖
✐t❡♠ (c) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❡ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✻ ✐t❡♠ (b)✳ ❖❜✲

s❡r✈❛♠♦s q✉❡ ❛ r❡❝í♣r♦❝❛ ❞❡ (c) é ❢❛❧s❛✳ ❉❡ ❢❛t♦✱
(

3
5

)

2
=
(

3
7

)

2
= −1✱ ❡✱ ♥♦

❡♥t❛♥t♦✱
(

3
35

)

2
= 1✳
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❙❡❥❛ σ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s G ❞❡ Q(ζm)/Q✳ ◆♦s s❡rá út✐❧

♦❜s❡r✈❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ sí♠❜♦❧♦
(

α
I

)

m
s♦❜ ❛ ❛çã♦ ❞❡ σ✳ ◆♦ q✉❡

s❡❣✉❡ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ❛✉t♦♠♦r✜s♠♦s✱ ✐st♦ é✱ s❡ α ∈ Dm

❡ I é ✉♠ ✐❞❡❛❧ ❞❡ Dm✱ ✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ σ(α) = ασ ❡ σI = Iσ✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✵ ❙❡❥❛♠ I ✉♠ ✐❞❡❛❧ ❝♦✲♣r✐♠♦ ❝♦♠ (m) ❡ σ ∈ G✳ ❊♥tã♦

(

α

I

)σ

=

(

ασ

Iσ

)

.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ sã♦ ♠✉❧t✐♣❧✐❝❛✲
t✐✈♦s ❡♠ I✱ s❡rá s✉✜❝✐❡♥t❡ s❡ ❞❡♠♦♥str❛r♠♦s ❛ ♣r♦♣♦s✐çã♦ ❛♣❡♥❛s ♣❛r❛ ♦ ❝❛s♦
I = P ✱ P ✉♠ ✐❞❡❛❧ ♣r✐♠♦✳

P❡❧❛ ❞❡✜♥✐çã♦ ✸✳✷✳✷ s❡❣✉❡ q✉❡

α(N(P )−1)m ≡
(α

P

)

m
(mod P ).

❆♣❧✐❝❛♥❞♦ σ à ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♦❜t❡♠♦s

(ασ)(N(P )−1)/m ≡
(α

P

)σ

m
(mod P σ).

❈♦♠♦ ♣♦r ❞❡✜♥✐çã♦ (ασ)(N(P )−1)/m ≡
(

ασ

P σ

)

m
(mod P σ)✱ s❡❣✉❡ q✉❡

(

α
P

)σ

m
≡

(

ασ

P σ

)

m
(mod P σ)✳ ❙❡♥❞♦

(

α
P

)σ

m
❡
(

ασ

P σ

)

m
r❛í③❡s m ✲ és✐♠❛s ❞❛ ✉♥✐❞❛❞❡✱

s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡✳
❖❜s❡r✈❛♠♦s q✉❡ ✉s❛♠♦s ❛❝✐♠❛ ♦ ❢❛t♦ q✉❡ N(P ) = N(P σ)✳



❈❛♣ít✉❧♦ ✹

❙♦♠❛s ❞❡ ●❛✉ss ❡ ❞❡ ❏❛❝♦❜✐

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛s ♥♦çõ❡s ❞❡ s♦♠❛s ❞❡ ●❛✉ss ❡ ❞❡ ❏❛❝♦❜✐✳
❊❧❛s s❡rã♦ ✉s❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✺ ♣❛r❛ ❞❡♠♦♥str❛r ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
q✉❛❞rát✐❝❛✱ ❝ú❜✐❝❛ ❡ ❜✐q✉❛❞rát✐❝❛✳ ❉✉r❛♥t❡ ❡st❡ ❝❛♣ít✉❧♦ p ❞❡♥♦t❛rá ✉♠
♥ú♠❡r♦ ♣r✐♠♦✱ Fp = Z/pZ ♦ ❝♦r♣♦ ✜♥✐t♦ ❝♦♠ p ❡❧❡♠❡♥t♦s ❡ F ∗

p ♦ s❡✉ ❣r✉♣♦
♠✉❧t✐♣❧✐❝❛t✐✈♦✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r ζ ✉♠❛ r❛í③ ♣r✐♠✐t✐✈❛ p ✲ és✐♠❛ ❞❛
✉♥✐❞❛❞❡

✹✳✶ ❈❛r❛❝t❡r❡s ♠✉❧t✐♣❧✐❝❛t✐✈♦s

❈♦♠❡ç❛♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✹✳✶✳✶ ❯♠ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ♠✉❧t✐✲

♣❧✐❝❛t✐✈♦ χ ❞❡ F ∗
p ♥♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C✳

❊①❡♠♣❧♦ ✹✳✶✳✷

(a) ❖ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ tr✐✈✐❛❧ ε q✉❡ é ❞❡✜♥✐❞♦ ♣♦r ε(a) = 1 ∀a ∈ F ∗
p ✳

(b) ❖ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s ❞❡✜♥✐❞♦ ❡♠ ✸✳✷✳✷✳

◗✉❛♥❞♦ ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ ❞❡✈❡r❡♠♦s ❞✐③❡r ❛♣❡♥❛s ❝❛r❛❝t❡r ❛♦
✐♥✈és ❞❡ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦✳

✷✶
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❯♠ ❝❛r❛❝t❡r χ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ à ✉♠❛ ❢✉♥çã♦ ❞❡ Fp ❞❡✜♥✐♥❞♦ χ(0) = 0
❡ ε(0) = 1✳

❆s ❞✉❛s ♣r♦♣♦s✐çõ❡s q✉❡ s❡❣✉❡♠ ❛♣r❡s❡♥t❛♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥✲
❞❛♠❡♥t❛✐s ❞♦s ❝❛r❛❝t❡r❡s✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✸ ❙❡❥❛ χ ✉♠ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❡ a ∈ F ∗
p ✳ ❊♥tã♦

(a) χ(1) = 1

(b) χ(a) é ✉♠❛ (p− 1) ✲ és✐♠❛ r❛✐③ ❞❛ ✉♥✐❞❛❞❡

(c) χ(a−1) = χ(a)−1 = χ(a)✳

❖♥❞❡ ♦ 1 ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ (a) ♣❡rt❡♥❝❡ à Fp✱ ❡♥q✉❛♥t♦ ♦ 1 ❞♦ ❧❛❞♦ ❞✐r❡✐t♦

♣❡rt❡♥❝❡ à C ❡ ❛ ❜❛rr❛ s♦❜r❡ χ(a) ❡♠ (c) ❞❡♥♦t❛ ❛ ❝♦♥❥✉❣❛çã♦ ❝♦♠♣❧❡①❛ ❞❡

χ(a)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❞❡♠♦♥str❛r♠♦s (a) ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ χ(1) =
χ(1 · 1) = χ(1)χ(1) ❡ ❛ss✐♠ χ(1) = 1✳ (b) s❡❣✉❡ ❞♦ P❡q✉❡♥♦ ❚❡♦r❡♠❛ ❞❡
❋❡r♠❛t✱ ❞❡ ❢❛t♦✱ ap−1 = 1 ❡ ♣♦rt❛♥t♦ χ(ap−1) = χ(a)p−1 = 1✳ P❛r❛ ❛ ♣r✐♠❡✐r❛
✐❣✉❛❧❞❛❞❡ ❞❡ (c)✱ ✉t✐❧✐③❛♥❞♦ (a)✱ ♦❜s❡r✈❛♠♦s q✉❡✿

aa−1 = 1 ⇒ 1 = χ(aa−1) = χ(a)χ(a−1) ⇒ χ(a−1) = χ(a)−1.

P❛r❛ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❞❡ (c)✱ ✉t✐❧✐③❛♥❞♦ (b) ❡ ❛ ♥♦r♠❛ ❝♦♠♣❧❡①❛ |·|✱
s❡❣✉❡ q✉❡ |χ(a)| = 1✱ ❧♦❣♦ χ(a)χ(a) = χ(a)χ(a)−1 ❡ ❡♥tã♦ χ(a) = χ(a)−1✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✹ ❙❡❥❛ χ ✉♠ ❝❛r❛❝t❡r✳ ❙❡ χ 6= ε✱ ❡♥tã♦
∑

t∈Fp
χ(t) = 0✳ ❙❡

χ = ε ❡♥tã♦
∑

t∈Fp
χ(t) = p✳

❉❡♠♦♥str❛çã♦✿ ❆ ú❧t✐♠❛ ❛✜r♠❛çã♦ é ❝❧❛r❛✳ ❙✉♣♦♥❤❛ χ 6= ε✳ ◆❡ss❡
❝❛s♦ ❡①✐st❡ a ∈ Fp t❛❧ q✉❡ χ(a) 6= 1✳ ❙❡❥❛ T =

∑

f∈Fp
χ(f)✳ ❚❡♠♦s q✉❡

χ(a)T =
∑

t∈Fp
χ(at) = T ❡ ❛ss✐♠ T = 0✱ ✉♠❛ ✈❡③ q✉❡ χ(a) 6= 1✳ ❯s❛♠♦s

q✉❡ at ♣❡r❝♦rr❡ t♦❞♦ Fp ❝♦♥❢♦r♠❡ t ♦ ❢❛③✳

❖s ❝❛r❛❝t❡r❡s ❢♦r♠❛♠ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ✐❣✉❛❧ à ε✱ ♦♥❞❡
♦ ♣r♦❞✉t♦ ❡ ♦ ✐♥✈❡rs♦ sã♦ ❞❡✜♥✐❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
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χ · λ : F ∗
p → C χ−1 : F ∗

p → C
a 7→ χ(a)λ(a) a 7→ χ(a)−1✳

❱❛♠♦s ♠♦str❛r q✉❡ ❡st❡ ❣r✉♣♦ é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠ p− 1✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✺ ❖ ❣r✉♣♦ ❞♦s ❝❛r❛❝t❡r❡s é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠ p−1✳

❙❡ a 6= 1 ∈ F ∗
p ✱ ❡♥tã♦ ❡①✐st❡ χ t❛❧ q✉❡ χ(a) 6= 1✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ F ∗
p é ❝í❝❧✐❝♦✳ ❚♦♠❡ g ✉♠ ❣❡r❛❞♦r ❞❡ F ∗

p ✳ ❙❡
a = gl✱ ❡♥tã♦ χ(a) = χ(g)l✱ ♦ q✉❡ ♠♦str❛ q✉❡ χ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦
♣❡❧♦ ✈❛❧♦r ❞❡ χ(g)✳ ❈♦♠♦ χ(g) é ✉♠❛ p− 1 és✐♠❛ r❛✐③ ❞❛ ✉♥✐❞❛❞❡ ❡ s❛❜❡♠♦s
q✉❡ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ p − 1 ❞❡❧❛s✱ s❡❣✉❡ q✉❡ ♦ ❣r✉♣♦ ❞❡ ❝❛r❛❝t❡r❡s t❡♠
♦r❞❡♠ ♥♦ ♠á①✐♠♦ p− 1✳

❉❡✜♥❛ ♦ ❝❛r❛❝t❡r λ ♣♦r λ(gk) = e(2πik)/p−1✳ ❆✜r♠❛♠♦s q✉❡ p−1 é ♦ ♠❡♥♦r
✐♥t❡✐r♦ n t❛❧ q✉❡ λn = ε✳ ❉❡ ❢❛t♦✱ s❡ λn = ε ❡♥tã♦ λ(g)n = ε(g) = 1 ♦ q✉❡
✐♠♣❧✐❝❛ e(2πin)/p−1 = 1 ❡ ♣♦rt❛♥t♦ p−1|n✳ ❈♦♠♦ λp−1(a) = λ(ap−1) = λ(1)✱ ❛
❛✜r♠❛çã♦ s❡❣✉❡ ❡ ♦s ❝❛r❛❝t❡r❡s ε, λ, . . . , λp−2 sã♦ t♦❞♦s ❞✐st✐♥t♦s ❡✱ ♣❡❧♦ q✉❡
✈✐♠♦s ❛❝✐♠❛✱ sã♦ t♦❞♦s ♦s ❝❛r❛❝t❡r❡s✳

❆❣♦r❛✱ s❡ a ∈ F ∗
p ❡ a 6= 1✱ ❡♥tã♦ a = gl ♣❛r❛ ❛❧❣✉♠ l ∈ {1, . . . , p − 2} ❡

❛ss✐♠ λ(a) = λ(gl) = e(2πil)/p−1 6= 1✳

❚❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✳

❈♦r♦❧ár✐♦ ✹✳✶✳✻ ❙❡ a ∈ F ∗
p ❡ a 6= 1✱ ❡♥tã♦

∑

χ χ(a) = 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ S =
∑

χ χ(a)✳ ❈♦♠♦ a 6= 1✱ ❡①✐st❡ λ t❛❧ q✉❡ λ(a) 6= 1✳
❉❛í✱ ❝♦♠♦ λχ ♣❡r❝♦rr❡ t♦❞♦s ❝❛r❛❝t❡r❡s ❝♦♥❢♦r♠❡ χ ♦ ❢❛③✱ s❡❣✉❡ q✉❡ λ(a)S =
∑

χ λ(a)χ(a) =
∑

χ λχ(a) = S ⇒ (λ(a) − 1)S = 0 ⇒ S = 0✳

✹✳✷ ❙♦♠❛s ❞❡ ●❛✉ss

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❡✐t♦ ❞❡ s♦♠❛s ❞❡ ●❛✉ss ❜❡♠
❝♦♠♦ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳
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❉❡✜♥✐çã♦ ✹✳✷✳✶ ❙❡❥❛♠ χ ✉♠ ❝❛r❛❝t❡r s♦❜r❡ Fp ❡ a ∈ Fp✳ ❆ s♦♠❛ ❞❡

●❛✉ss s♦❜r❡ Fp ♣❡rt❡♥❝❡♥t❡ ❛♦ ❝❛r❛❝t❡r χ✱ ga(χ)✱ é ❞❡✜♥✐❞❛ ♣♦r

ga(χ) =
∑

t∈Fp

χ(t)ζat.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❝❛r❛❝t❡r✐③❛ ❛ s♦♠❛ ❞❡ ❣❛✉ss ga(χ) ❡♠ t❡r♠♦s ❞❡ a ❡
❞♦ ❝❛r❛❝t❡r χ✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✷ ❙❡❥❛♠ χ ✉♠ ❝❛r❛❝t❡r s♦❜r❡ Fp ❡ a ∈ Fp✳ ❙❡ a 6= 0 ❡

χ 6= ε✱ ❡♥tã♦ ga(χ) = χ(a−1)g1(χ)✳ ❙❡ a 6= 0 ❡ χ = ε✱ ❡♥tã♦ ga(ε) = 0✳ ❙❡

a = 0 ❡ χ 6= ε✱ ❡♥tã♦ ga(χ) = 0✳ ❙❡ a = 0 ❡ χ = ε✱ ❡♥tã♦ ga(ε) = p✳

❉❡♠♦♥str❛çã♦✿ ❙❡ a 6= 0 ❡ χ 6= ε✱ ❡♥tã♦ χ(a)ga(χ) = χ(a)
∑

t∈Fp
χ(t)ζat =

∑

t∈Fp
χ(at)ζat = g1(χ)✳ ❙❡ a 6= 0 ❡ χ = (ε)✱ ❡♥tã♦ ga(ε) =

∑

t∈Fp
ε(t)ζat =

∑

t∈Fp
ζat =

∑

t∈Fp
ζt = 0✭ζ é r❛í③ ❞❡ 1 + x+ · · · + xp−1✮✳ ❊✱ s❡ a = 0✱ ❡♥tã♦

g0(χ) =
∑

t∈Fp
χ(t)ζ0·t =

∑

t∈Fp
χ(t) = p ♦✉ 0✱ ❞❡♣❡♥❞❡♥❞♦ s❡ χ = ε ♦✉ χ 6= ε

♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✹✳

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♥♦s ❧❡✈❛ ❛ tr❛t❛r g1(χ) ❞❡ ♠❛♥❡✐r❛ ❡s♣❡❝✐❛❧ ❡ ♣♦r✲
t❛♥t♦ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❞❡♥♦t❛r❡♠♦s g1(χ) ♣♦r g(χ)✳ ❊ ♠❛✐s ❛✐♥❞❛✱ ❛ ♣❛rt✐r
❞❡❧❛ t❡♠♦s q✉❡ s❡ a 6= 0 ❡ χ 6= ε✱ ❡♥tã♦ |ga(χ)| = |g|✳ ◆❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦
✈❛♠♦s ❝❛❧❝✉❧❛r ❡ss❡ ✈❛❧♦r ❝♦♠✉♠ ❡ ♣❛r❛ ✐st♦ ♣r❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ r❡s✉❧✲
t❛❞♦✳

▲❡♠❛ ✹✳✷✳✸ ❉❛❞♦s x, y ∈ Z t❡♠✲s❡ q✉❡ p−1
∑p−1

t=0 ζ
t(x−y) = δ(x, y)✱ ♦♥❞❡

δ(x, y) = 1 s❡ x ≡ y (mod p) ❡ δ(x, y) = 0 s❡ x≡/ y (mod p)✳

❉❡♠♦♥str❛çã♦✿ ❙❡ x − y ≡ 0 (mod p)✱ ❡♥tã♦ ζx−y = 1✱ ❡ ♣♦rt❛♥t♦
∑p−1

t=0 ζ
(x−y)t = p✳ ❙❡ a = x−y≡/ 0 (mod p) ✱ ❡♥tã♦ ζx−y 6= 1 ❡

∑p−1
t=0 ζ

(x−y)t =
∑p−1

t=0 ζ
t = 0✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✹ ❙❡ χ 6= ε✱ ❡♥tã♦ |g(χ)| =
√
p✳
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❉❡♠♦♥str❛çã♦✿ ❙❡ a 6= 0✱ ❡♥tã♦ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✷ t❡♠♦s ga(χ) =

χ(a−1)g(χ)✱ ❛ss✐♠✱ ga(χ) = χ(a−1)g(χ) = χ(a−1) g(χ)
4.1.3
= χ(a)g(χ) ❡ ♣♦r✲

t❛♥t♦✱
ga(χ)ga(χ) = χ(a−1)χ(a)g(χ)g(χ) = |g(χ)|2.

❈♦♠♦ g0(χ) = 0✱ s♦♠❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡♠ a ♦❜t❡♠♦s

∑

a∈Fp

ga(χ)ga(χ) = (p− 1)|g(χ)|. ✭✹✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱

ga(χ)ga(χ) =
∑

x

∑

y

χ(x)χ(y)ζax−ay.

❙♦♠❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❡♠ a ❡ ✉s❛♥❞♦ ♦ ❧❡♠❛ 4.2.3 t❡♠♦s

∑

a∈Fp

ga(χ)ga(χ) =
∑

x

∑

y

χ(x)χ(y)δ(x, y)p = (p− 1)p.

❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❛❝✐♠❛ ❡♠ ✹✳✶ t❡♠♦s (p−1)|g(χ)|2 = (p−1)p ❡ ❡♥tã♦
|g(χ)|2 = p✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ t❡♠✲s❡✿

❈♦r♦❧ár✐♦ ✹✳✷✳✺ ❙❡ χ é ✉♠ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ q✉❛❧q✉❡r ❡♥tã♦✿

g(χ)g(χ) = χ(−1)p.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ χ ✉♠ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ q✉❛❧q✉❡r✳ ❈♦♠♦ χ(−1)2 =
χ((−1)2) = χ(1) = 1✱ s❡❣✉❡ q✉❡ χ(−1) = ±1 ❡ ♣♦rt❛♥t♦ χ(−1) = χ(−1) =
χ(−1)−1✳ ❊♥tã♦ t❡♠♦s q✉❡

g(χ) =
∑

t∈Fp

χ(t)ζ−t = χ(−1)
∑

t∈Fp

χ(−t)ζ−t = χ(−1)g(χ).

❆❣♦r❛✱ ♦ ❢❛t♦ q✉❡ |g(χ)|2 = p✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

g(χ)g(χ) = χ(−1)p.
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✹✳✸ ❙♦♠❛s ❞❡ ❏❛❝♦❜✐

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❡✐t♦ ❞❡ s♦♠❛s ❞❡ ❏❛❝♦❜✐
❜❡♠ ❝♦♠♦ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✹✳✸✳✶ ❙❡❥❛♠ χ ❡ λ ❝❛r❛❝t❡r❡s ❞❡ Fp✳ ❆ s♦♠❛ ❞❡ ❏❛❝♦❜✐✱ J(χ, λ)✱

é ❞❡✜♥✐❞❛ ♣♦r✿

J(χ, λ) =
∑

a+b=1

χ(a)λ(b).

❊♥✉♥❝✐❛r❡♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛s s♦♠❛s
❞❡ ❏❛❝♦❜✐✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✷ ❙❡❥❛♠ χ ❡ λ ❝❛r❛❝t❡r❡s ♥ã♦ tr✐✈✐❛✐s✳ ❊♥tã♦

(a) J(ε, ε) = p

(b) J(ε, χ) = 0

(c) J(χ, χ−1) = −χ(−1)

(d) ❙❡ χλ 6= ε ❡♥tã♦

J(χ, λ) =
g(χ)g(λ)

g(χλ)
.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❞❡♠♦♥str❛♠♦s (a) ❜❛st❛ ✉s❛r♠♦s ❛ ❞❡✜♥✐çã♦✳ ❉❡
❢❛t♦✱ J(ε, ε) =

∑

a+b=1 ε(a)ε(b) =
∑

a+b=1 1 = p✳ P❛r❛ (b)✱ ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦
✹✳✶✳✹✱ t❡♠♦s J(ε, χ) =

∑

a+b=1 ε(a)χ(b) =
∑

a+b=1 χ(b) = 0✳
P❛r❛ ❞❡♠♦♥str❛r♠♦s ❛ ♣❛rt❡ (c) ♦❜s❡r✈❛♠♦s q✉❡

J(χ, χ−1) =
∑

a+b=1

χ(a)χ−1(b) =
∑

a+b=1
b6=0

χ
(a

b

)

=
∑

a 6=1

χ

(

a

1 − a

)

.

❚♦♠❡ c = a/(1 − a)✳ ❙❡ c 6= −1 ❡♥tã♦ a = c/(1 + c)✳ ❖❜s❡r✈❡ q✉❡ s❡ a
✈❛r✐❛ s♦❜r❡ Fp \ {1} ❡♥tã♦ c ✈❛r✐❛ s♦❜r❡ Fp \ {−1}✳ ❉❡ ❢❛t♦✱ s❡ c = a/(1− a)
❡ c′ = a′/(1 − a′)✱ ❡♥tã♦

a 6= a′ ⇒ a− aa′ 6= a′ − aa′ ⇒ a/(1 − a) 6= a′/(1 − a′) ⇒ c 6= c′.
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P♦rt❛♥t♦✱
J(χ, χ−1) =

∑

c 6=−1

χ(c)
4.1.4
= −χ(−1).

P❛r❛ ❛ ♣❛rt❡ (d) r❡♣❛r❡ q✉❡

g(χ)g(λ) =





∑

x∈Fp

χ(x)ζx









∑

x∈Fp

λ(y)ζy



 =
∑

x,y∈Fp

χ(x)λ(y)ζx+y =

=
∑

t∈Fp

(

∑

x+y=t

χ(x)λ(y)ζt

)

. ✭✹✳✷✮

❙❡ t = 0✱ ❡♥tã♦
∑

x+y=0 χ(x)λ(y) =
∑

x χ(x)λ(−x) = λ(−1)
∑

x χλ(x) =
0 ✭♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✹ ❡ ♦ ❢❛t♦ ❞❡ χλ 6= ε✮✳

❙❡ t 6= 0✱ ❞❡✜♥❛ x′ ❡ y′ t❛✐s q✉❡ x = tx′ ❡ y = ty′✱ ❞❛í✱ s❡ x+ y = t✱ ❡♥tã♦
x′ + y′ = 1✳ ❙❡❣✉❡ q✉❡

∑

x+y=t

χ(x)λ(y) =
∑

x′+y′=1

χ(tx′)λ(ty′) = χλ(t)J(χ, λ).

❊ s✉❜st✐t✉✐♥❞♦ ❡♠ ✹✳✷ ♦❜t❡♠♦s

g(χ)g(λ) =
∑

t∈Fp

χλ(t)J(χ, λ)ζt = g(χλ)J(χ, λ).

❈♦r♦❧ár✐♦ ✹✳✸✳✸ ❙❡ χ✱ λ ❡ χλ sã♦ ❞✐❢❡r❡♥t❡s ❞❡ ε✱ ❡♥tã♦ |J(χ, λ)| =
√
p

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣❛rt❡ (d) ❛❝✐♠❛ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✹ t❡♠♦s

|J(χ, λ)| =
|g(χ)||g(λ)|
|g(χλ)| =

√
p
√
p

√
p

=
√
p.

P❛r❛ ❞❡♠♦♥str❛r♠♦s ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ❡ ❜✐q✉❛❞rát✐❝❛ ♥♦s
s❡rá ♠✉✐t♦ út✐❧ ♦❜t❡r r❡❧❛çõ❡s ❡♥tr❡ s♦♠❛s ❞❡ ●❛✉ss ❡ ❞❡ ❏❛❝♦❜✐✱ ♦ q✉❡ s❡rá
❢❡✐t♦ ♥❛s s❡❣✉✐♥t❡s ♣r♦♣♦s✐çõ❡s✳
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Pr♦♣♦s✐çã♦ ✹✳✸✳✹ ❙✉♣♦♥❤❛ q✉❡ n > 2, p ≡ 1 (mod n) ❡ q✉❡ χ é ✉♠ ❝❛r❛❝t❡r

❞❡ ♦r❞❡♠ n✳ ❊♥tã♦

g(χ)n = χ(−1)pJ(χ, χ)J(χ, χ2) · · · J(χ, χn−2).

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣❛rt❡ (d) ❞❛ ♣r♦♣♦s✐çã♦ ✹✳✸✳✷ t❡♠♦s q✉❡ g(χ)2 =
J(χχ)g(χ2)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r g(χ) ♦❜t❡♠♦s

g(χ)3 = J(χ, χ)g(χ2)g(χ). ✭✹✳✸✮

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✹✳✸✳✷ ♣❛rt❡ (d) t❡♠♦s q✉❡

J(χ, χ2)g(χ3) = g(χ2)g(χ).

❊ s✉❜st✐t✉✐♥❞♦ ❡♠ ✹✳✸ ♦❜t❡♠♦s

g(χ)3 = J(χ, χ)J(χ, χ2)g(χ3).

❈♦♥t✐♥✉❛♥❞♦ ❡ss❡ ♣r♦❝❡ss♦ ♦❜t❡♠♦s

g(χ)n−1 = J(χ, χ)J(χ, χ2) · · · J(χ, χn−2)g(χn−1).

❆❣♦r❛✱ ❝♦♠♦ χn−1 = χ−1 = χ✱ ❡ ✈✐♠♦s ♥♦ ❝♦r♦❧ár✐♦ ✹✳✷✳✺ q✉❡ g(χ)g(χn−1) =
g(χ)g(χ) = χ(−1)p✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r
g(χ) ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❱✐♠♦s q✉❡ ♦ ❣r✉♣♦ ❞♦s ❝❛r❛❝t❡r❡s s♦❜r❡ Fp é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠
p − 1✳ ❙✉♣♦♥❤❛ q✉❡ λ s❡❥❛ ✉♠ ❣❡r❛❞♦r ❡ q✉❡ p ≡ 1 (mod 3)✳ ❙❡ χ é ✉♠
❝❛r❛❝t❡r ❞❡ ♦r❞❡♠ 3 ❡♥tã♦ χ = λ(p−1)/3✱ ♦✉ χ = λ2(p−1)/3✳ ❉✐③❡♠♦s q✉❡ ✉♠
❝❛r❛❝t❡r χ ❞❡ ♦r❞❡♠ 3 é ✉♠ ❝❛r❛❝t❡r ❝ú❜✐❝♦✳

❚❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✿

❈♦r♦❧ár✐♦ ✹✳✸✳✺ ❙❡ χ é ✉♠ ❝❛r❛❝t❡r ❝ú❜✐❝♦ ❞❡ Fp✱ ❡♥tã♦

g(χ)3 = pJ(χ, χ).

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✉s❛r ❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❡ ♦ ❢❛t♦ q✉❡ χ(−1) =
χ((−1)3) = χ(−1)3 = 1✳
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❙❡❥❛ χ ✉♠ ❝❛r❛❝t❡r ❝ú❜✐❝♦ ❡ a ∈ F ∗
p q✉❛❧q✉❡r✳ ❈♦♠♦ χ(a)3 = χ3(a) = 1✱

❡♥tã♦ χ(a) é ✉♠❛ r❛í③ ❝ú❜✐❝❛ ❞❛ ✉♥✐❞❛❞❡✳ ❙❡❣✉❡ q✉❡✱ J(χ, χ) ∈ Z[ω]✱ ♦♥❞❡
ω = e(2πi)/3 = (1 +

√
−3)/2 é ✉♠❛ r❛í③ ♣r✐♠✐t✐✈❛ ❝ú❜✐❝❛ ❞❛ ✉♥✐❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✻ ❙✉♣♦♥❤❛ p ≡ 1 (mod 3) ❡ q✉❡ χ s❡❥❛ ✉♠ ❝❛r❛❝t❡r ❝ú❜✐❝♦

❞❛ ✉♥✐❞❛❞❡✳ ❙❡❥❛ J(χ, χ) = a+ bω✳ ❊♥tã♦✱

(a) b ≡ 0 (mod 3)✳

(b) a ≡ −1 (mod 3)✳

❉❡♠♦♥str❛çã♦✿ ■r❡♠♦s ✉s❛r ❝♦♥❣r✉ê♥❝✐❛s ♥♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s✳
❯s❛♥❞♦ ❛♣❡♥❛s t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ❡❧❡♠❡♥t❛r t❡♠♦s q✉❡

g(χ)3 =





∑

t∈Fp

χ(t)ζt





3

≡
∑

t∈Fp

χ(t)3ζ3t (mod 3).

❈♦♠♦ χ(0) = 0 ❡ χ(t)3 = 1 s❡ t 6= 0✱ t❡♠♦s q✉❡
∑

t∈Fp
χ(t)3ζ3t =

∑

t6=0 ζ
3t ≡∑t6=0 ζ

t = −1 (mod 3)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✹✳✸✱ s❡❣✉❡ q✉❡

g(χ)3 = pJ(χ, χ) ≡ a+ bω ≡ −1 (mod 3).

❆❣♦r❛✱ r❡♣❡t✐♥❞♦ ❡st❡ ♣r♦❝❡ss♦ ♣❛r❛ χ ❡ r❡♣❛r❛♥❞♦ q✉❡ ❞❛ ❞❡♠♦♥str❛çã♦
❞♦ ❝♦r♦❧ár✐♦ ✹✳✷✳✺ s❡❣✉❡ q✉❡ g(χ) = g(χ) t❡♠♦s

g(χ)3 = pJ(χ, χ) ≡ a+ bω ≡ −1 (mod 3).

❙✉❜tr❛✐♥❞♦ ❛s ❞✉❛s ❡q✉❛çõ❡s ❛❝✐♠❛ t❡♠♦s b(ω−ω) = b
√
−3 ≡ 0 (mod 3)✳

P♦rt❛♥t♦✱ −3b2 ≡ 0 (mod 9) ❡ 3b2 ∈ N✱ ♦ q✉❡ ✐♠♣❧✐❝❛ 3|b ❡♠ Z✳ ❈♦♠♦
a+ bω ≡ −1 (mod 3)✱ s❡❣✉❡ q✉❡ a ≡ −1 (mod 3)✳



❈❛♣ít✉❧♦ ✺

▲❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡

◆❡st❡ ❝❛♣ít✉❧♦ ✉s❛r❡♠♦s ❛s s♦♠❛s ❞❡ ●❛✉ss ❡ ❞❡ ❏❛❝♦❜✐ ♣❛r❛ ❞❡♠♦♥str❛r✲
♠♦s ❛s ❧❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛✱ ❝ú❜✐❝❛ ❡ ❜✐q✉❛❞rát✐❝❛✳ ❈♦♠♦ ✉s✉❛❧
✭✈❡r ❞❡✜♥✐çõ❡s ✸✳✷✳✷ ❡ ❄❄✮❞❡♥♦t❛r❡♠♦s ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s ♣♦r
( )

m
❡ r❡s❡r✈❛♠♦s ❛ ♥♦t❛çã♦

( )

♣❛r❛ ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s q✉❛❞rát✐❝♦s✱ ♦✉

sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡✳ ❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ✭❜✐✲
q✉❛❞rát✐❝❛✮ s❡rá ♥❡❝❡ssár✐♦ ❞❡s❡♥✈♦❧✈❡r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❛♥❡❧ Z[ω]✱
ω s❡♥❞♦ ✉♠❛ r❛í③ ♣r✐♠✐t✐✈❛ ❞❡ 1 ✭Z[i]✱ ♦ ❛♥❡❧ ❞❡ ●❛✉ss✮✳

✺✳✶ ❆ ▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛

❉❛❞♦ ✉♠ ♣r✐♠♦ í♠♣❛r p ♦ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡
(

a
p

)

✱ ❛ss✉♠❡ ♦ ✈❛❧♦r 1

s❡ a é ✉♠ r❡sí❞✉♦ q✉❛❞rát✐❝♦ ♠ó❞✉❧♦ p✱ −1 s❡ a ♥ã♦ é r❡sí❞✉♦ q✉❛❞rát✐❝♦
♠ó❞✉❧♦ p ❡ 0 s❡ p | a✳

❉✉r❛♥t❡ ❡st❛ s❡çã♦✱ s❡♠♣r❡ q✉❡ ♦ ❝♦♥t❡①t♦ ♣❡r♠✐t✐r✱ ❞✐r❡♠♦s ❛♣❡♥❛s r❡sí✲
❞✉♦ ❛♦ ✐♥✈és ❞❡ r❡sí❞✉♦ q✉❛❞rát✐❝♦✳

❆ ▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛ ❞✐③ q✉❡✿

❚❡♦r❡♠❛ ✺✳✶✳✶ ✭▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛✮ ❙❡ p ❡ q sã♦ ♣r✐♠♦s

í♠♣❛r❡s ❞✐st✐♥t♦s✱ ❡♥tã♦

✸✵
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(

p

q

)

·
(

q

p

)

= (−1)
1
2
(p−1) 1

2
(q−1).

❱❛♠♦s ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♠❛✐s ❛❞✐❛♥t❡✳ ❆ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
q✉❛❞rát✐❝❛ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞❛ ♣♦r ❊✉❧❡r ❡ ♣♦r ▲❡❣❡♥❞r❡ ❡ ❢♦✐ ❞❡♠♦♥str❛❞❛ ♣❡❧❛
♣r✐♠❡✐r❛ ✈❡③ ♣♦r ●❛✉ss✳ ❖s s❡❣✉✐♥t❡s ❝♦♠♣❧❡♠❡♥t♦s ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
q✉❛❞rát✐❝❛ ❢♦r❛♠ ❞❡♠♦♥str❛❞♦s ♣♦r ❊✉❧❡r✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✷ ❙❡ p é ✉♠ ♣r✐♠♦ í♠♣❛r✱ ❡♥tã♦

(a)
(

−1
p

)

= (−1)
p−1
2

(b)
(

2
p

)

= (−1)
p2−1

8 .

❉❡♠♦♥str❛çã♦✿ ❆ ♣❛rt❡ (a) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r✱ ♣r♦♣♦s✐çã♦

✸✳✷✳✻ (b)✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r t❡♠♦s (−1)
p−1
2 ≡

(

−1
p

)

(mod p) ❡

❛ss✐♠ (−1)
p−1
2 =

(

−1
p

)

✳

P❛r❛ ❛ ♣❛rt❡ (b) s❡❥❛ ζ = e2πi/8 ✉♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ ♦✐t❛✈❛ ❞❛ ✉♥✐❞❛❞❡✳
❚❡♠♦s q✉❡ ζ8 − 1 = 0✱ ✐st♦ é (ζ4 − 1)(ζ4 + 1) = 0✳ ❈♦♠♦ ζ4 6= 1 t❡♠♦s

ζ4 + 1 = 0
×ζ−2

⇒ ζ2 + ζ−2 = 0 ⇒ (ζ + ζ−1)2 = ζ2 + 2 + ζ−2 = 2.

❙❡❥❛ τ = ζ+ζ−1✳ ❈♦♠♦ ζ é ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦✱ ζ−1 é ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦
❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ τ é ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦✳

◆♦ q✉❡ s❡❣✉❡ ✉s❛r❡♠♦s ❝♦♥❣r✉ê♥❝✐❛s ♥♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s✳
❙❡❥❛ p ✉♠ ♣r✐♠♦ í♠♣❛r ❡♠ Z ❡ r❡♣❛r❡ q✉❡

τ p−1 = (τ 2)(p−1)/2 = 2(p−1)/2 ≡
(

2

p

)

(mod p).

❙❡❣✉❡ q✉❡

τ p ≡
(

2

p

)

τ (mod p) ✭✺✳✶✮

❈♦♠♦ τ p = (ζ + ζ−1)p ≡ ζp + ζ−p (mod p) ❡ ζ8 = 1✱ s❡❣✉❡ q✉❡ s❡ p ≡ ±1
(mod 8)✱ ❡♥tã♦ τ p ≡ ζp + ζ−p = ζ + ζ−1 = τ (mod p) ❡ s❡ p ≡ ±3 (mod 8)✱
❡♥tã♦ τ p ≡ ζp + ζ−p = ζ3 + ζ−3 = −(ζ + ζ−1) ≡ −τ (mod p)✭✉s❛♠♦s q✉❡
ζ3 = −ζ−1✮✳

❯s❛♥❞♦ ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛ ❡♠ ✺✳✶ ♦❜t❡♠♦s
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(−1)ατ ≡
(

2

p

)

τ (mod p),

♦♥❞❡ α = (p2 − 1)/8✭r❡♣❛r❡ q✉❡ (−1)α = 1 s❡ p ≡ ±1 (mod 8) ❡ (−1)α =
−1 s❡ ♣ ≡ ±3 (mod 8)✮✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r τ ♦❜t❡♠♦s

(−1)α2 ≡
(

2

p

)

2 (mod p) ⇒

⇒ (−1)α =

(

2

p

)

.

❉❡♥♦t❡♠♦s ❛ s♦♠❛ ❞❡ ●❛✉ss g
((

a
p

))

❛♣❡♥❛s ♣♦r g ❡ ga

((

a
p

))

♣♦r ga✳

❆ r❡❧❛çã♦ (ζ+ζ−1)2 = 2 ♥♦s ♠♦t✐✈❛ ❛ ❡♥❝♦♥tr❛r ✉♠❛ r❡❧❛çã♦ ♦♥❞❡ 2 ♣♦ss❛
s❡r s✉❜st✐t✉í❞♦ ♣♦r ✉♠ ♣r✐♠♦ í♠♣❛r p q✉❛❧q✉❡r✳ ❊ss❛ ♥♦✈❛ r❡❧❛çã♦ s❡❣✉❡ ❞♦
❝♦r♦❧ár✐♦ ✹✳✷✳✺✳ ❉❡ ❢❛t♦✱ ❡❧❡ ♥♦s ❞✐③ q✉❡

g(χ)g(χ) = χ(−1)p.

❙❡ χ é ♦ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡ ❡♥tã♦ χ = χ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✷ (a) ❛
❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

g2 = (−1)(p−1)/2p. ✭✺✳✷✮

❆❣♦r❛ ✈❛♠♦s ❞❡♠♦♥str❛r ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ p∗ = (−1(p−1)/2)p✳ ❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✺✳✷ t❡♠♦s
g2 = p∗ q✉❡ é ♦ ❛♥á❧♦❣♦ ❞❛ ❡q✉❛çã♦ τ 2 = 2 q✉❡ ❡stá✈❛♠♦s ♣r♦❝✉r❛♥❞♦✳ ❙❡❥❛
q 6= p ✉♠ ♣r✐♠♦ í♠♣❛r✳ ❯s❛r❡♠♦s ❝♦♥❣r✉ê♥❝✐❛s ♥♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s✳

P❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r ✭♣r♦♣♦s✐çã♦ ✸✳✷✳✻ (b)✮ t❡♠♦s q✉❡

gq−1 = (g2)(q−1)/2 = (p∗)(q−1)/2 ≡
(

p∗

q

)

(mod q).

❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡

gq ≡
(

p∗

q

)

g (mod q). ✭✺✳✸✮
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▼❛s✱

gq =

(

p−1
∑

t=0

(

t

p

)

ζt

)q

≡
p−1
∑

t=0

(

t

p

)q

ζtq = gq (mod q).

❊✱ ❝♦♠♦ gq =
(

q
p

)

g ✭♣r♦♣♦s✐çã♦ ✹✳✷✳✷✮✱ s❡❣✉❡ q✉❡

gq ≡ gq =

(

q

p

)

g (mod q). ✭✺✳✹✮

❉❡ ✺✳✸ ❡ ✺✳✹ t❡♠♦s
(

p∗

q

)

g ≡
(

q

p

)

g (mod q).

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ♣♦r g✱ ❡ ✉s❛♥❞♦ q✉❡ g2 = p∗✿
(

p∗

q

)

p∗ ≡
(

q

p

)

p∗ (mod q)

❈♦♠♦ (p, q) = 1 ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✐♠♣❧✐❝❛ q✉❡
(

p∗

q

)

≡
(

q

p

)

(mod q) ⇒
(

p∗

q

)

=

(

q

p

)

.

❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ♣❡❧❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡
❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✷ (a) s❡❣✉❡ q✉❡

(

p∗

q

)

=

(−1

q

)(p−1)/2(
p

q

)

= (−1)(p−1/2)(q−1)/2

(

p

q

)

=

(

q

p

)

.

❊ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡
(

p
q

)−1

=
(

p
q

)

.

✺✳✷ ❖ ❛♥❡❧ Z[ω]

❆s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ✉s✉❛✐s ❞♦ ❛♥❡❧ Z[ω] s❡rã♦ ❡♥✉♥❝✐❛❞❛s s❡♠ ❞❡♠♦♥s✲
tr❛çã♦✳ ❆s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❧✐✈r♦s ✐♥tr♦❞✉tór✐♦s
❝♦♠♦ ❬✺❪✳
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❱✐♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✶✶ q✉❡ s❡ ω é ✉♠❛ r❛✐③ ❝ú❜✐❝❛ ♣r✐♠✐t✐✈❛ ❞❛
✉♥✐❞❛❞❡ ❡♥tã♦ ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ Q[ω] é ✐❣✉❛❧ à Z[ω]✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ Z[ω]
sã♦ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s q✉❡ s❡ ❡s❝r❡✈❡♠✱ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✱ ♥❛ ❢♦r♠❛ a+ bω✱
a, b ∈ Z✳ ❙❡ α = a + bω ∈ Z[ω]✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛ ❞❡ α✱ N(α)✱ ♣♦r
N(α) = αα = a2 − ab + b2✱ ♦♥❞❡ α é ♦ ❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡①♦ ❞❡ α✳ ❙❛❜❡♠♦s
q✉❡ Z[ω] é ✉♠ ❞♦♠í♥✐♦ ❡✉❝❧✐❞❡❛♥♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Z[ω] é ✉♠ ❞♦♠í♥✐♦
❢❛t♦r✐❛❧✳

❙❡ α é ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦ q✉❛❧q✉❡r✱ ❡♥tã♦ α é ✉♠❛ ✉♥✐❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ N(α) = ±1✳ ❯s❛♥❞♦ ✐ss♦ ♣♦❞❡✲s❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✺✳✷✳✶ ❆s ✉♥✐❞❛❞❡s ❞❡ Z[ω] sã♦ 1,−1, ω,−ω, ω2✱ ❡ −ω2✳

■r❡♠♦s ❛❣♦r❛ ❝❧❛ss✐✜❝❛r ♦s ♥ú♠❡r♦s ♣r✐♠♦s ❞❡ Z[ω]✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✷ ❙✉♣♦♥❤❛ q✉❡ p ❡ q s❡❥❛♠ ♣r✐♠♦s r❛❝✐♦♥❛✐s✳ ❙❡ q ≡ 2

(mod 3)✱ ❡♥tã♦ q é ♣r✐♠♦ ❡♠ Z[ω]✳ ❙❡ p ≡ 1 (mod 3)✱ ❡♥tã♦ p = ππ✱ ♦♥❞❡

π é ♣r✐♠♦ ❡♠ Z[ω]✳ ❊ 3 = −ω2(1 − ω)2✱ ♦♥❞❡ 1 − ω é ♣r✐♠♦ ❡♠ Z[ω]✳

❯s❛r❡♠♦s ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✳ ❯♠ ♣r✐♠♦ r❛❝✐♦♥❛❧ ❝♦♥✲
❣r✉❡♥t❡ à 2 ♠ó❞✉❧♦ 3 s❡rá ❞❡♥♦t❛❞♦ ♣♦r q ❡ π ❞❡♥♦t❛rá ✉♠ ♣r✐♠♦ ❝♦♠♣❧❡①♦
t❛❧ q✉❡ N(π) = p✱ p ✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧✳ ❖❝❛s✐♦♥❛❧♠❡♥t❡ π ❞❡♥♦t❛rá ✉♠
♣r✐♠♦ q✉❛❧q✉❡r ❞❡ Z[ω]✱ ❝♦♥❢♦r♠❡ ♦ ❝♦♥t❡①t♦ ♣❡r♠✐t✐r✳

◆♦s s❡rá ❡①tr❡♠❛♠❡♥t❡ út✐❧ ❛ ♥♦çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛s ❡♠ Z[ω]✳ ❙❡ α, β, γ ∈
Z[ω] ❡♥tã♦ ❞✐③❡♠♦s q✉❡ α ≡ β (mod γ) s❡ γ ❞✐✈✐❞❡ α − β✳ ❈♦♠♦ ❡♠ Z ❛s
❝❧❛ss❡s ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ γ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ ✉♠ ❛♥❡❧✱
❝❤❛♠❛❞♦ ♦ ❛♥❡❧ ❞❡ ❝❧❛ss❡s r❡s✐❞✉❛✐s ♠ó❞✉❧♦ γ ❡ ❞❡♥♦t❛❞♦ ♣♦r Z[ω]/γZ[ω]✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✸ ❙❡❥❛ π ∈ Z[ω] ✉♠ ♣r✐♠♦✳ ❊♥tã♦ Z[ω]/πZ[ω] é ✉♠ ❝♦r♣♦

❝♦♠ N(π) ❡❧❡♠❡♥t♦s✳

❉❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ s❡❣✉❡ ♦ ♣❡q✉❡♥♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ♣❛r❛ Z[ω]/πZ[ω]✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✹ ❙❡ π ∤ α✱ ❡♥tã♦ αN(π)−1 ≡ 1 (mod π)✳

P❛r❛ ❡♥✉♥❝✐❛r♠♦s ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ♣r❡❝✐s❛r❡♠♦s ❛♥t❡s ❞❡✜♥✐r
♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r✐♠♦ ♣r✐♠ár✐♦ ❡♠ Z[ω]✳

❉❡✜♥✐çã♦ ✺✳✷✳✺ ❙❡ π é ✉♠ ♣r✐♠♦ ❡♠ Z[ω]✱ ❞✐③❡♠♦s q✉❡ π é ♣r✐♠ár✐♦ s❡

π ≡ 2 (mod 3).
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❊st❛ ❞❡✜♥✐çã♦ ❞❡ ♣r✐♠ár✐♦ t❡♠ ❛ ❢✉♥çã♦ ❞❡ ❡❧✐♠✐♥❛r ❛ ❛♠❜✐❣✉✐❞❛❞❡ ❝❛✉✲
s❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❞❡ Z[ω] t❡r s❡✐s ❛ss♦❝✐❛❞♦s✳
■st♦ é s❡♠❡❧❤❛♥t❡ à ❝♦♥s✐❞❡r❛r♠♦s ❛♣❡♥❛s ♣r✐♠♦s ♣♦s✐t✐✈♦s ❡♠ Z✳

❙❡ π = q✱ π 6= 3✱ é ✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧ ❡ π ♥ã♦ é ♣r✐♠ár✐♦✱ ❡♥tã♦ −π é
♣r✐♠ár✐♦✳ ❙❡ π = a+bω é ✉♠ ♣r✐♠♦ ❝♦♠♣❧❡①♦✱ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡
❛ ❞✐③❡r q✉❡ a ≡ 2 (mod 3) ❡ b ≡ 0 (mod 3)✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✻ ❙✉♣♦♥❤❛ q✉❡ N(π) = p ≡ 1 (mod 3)✳ ❊♥tr❡ ♦s ❛ss♦❝✐❛✲

❞♦s ❞❡ π ❡①❛t❛♠❡♥t❡ ✉♠ é ♣r✐♠ár✐♦✳

❉❡♠♦♥str❛çã♦✿ ❖s ❛ss♦❝✐❛❞♦s ❞❡ π = a+ bω sã♦✿

(a) π = a+ bω.

(b) ωπ = −b+ (a− b)ω.

(c) ω2π = (b− a) − aω.

(d) − π = a− bω.

(e) − ωπ = b+ (b− a)ω.

(f) − ω2π = (a− b) + aω.

❈♦♠♦ p = a2 − ab+ b2✱ ♥ã♦ ♣♦❞❡♠♦s t❡r a ❡ b s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❞✐✈✐sí✈❡✐s
♣♦r 3✳ ❙❡❣✉❡ ❞❛s ♣❛rt❡s a ❡ b q✉❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ 3 ∤ a✳ ❉❛s ♣❛rt❡s a ❡ d
s❡❣✉❡ q✉❡ a ≡ 2 (mod 3)✳ ❉❡st❛s ❝♦♥s✐❞❡r❛çõ❡s ❡ ❞♦ ❢❛t♦ q✉❡ p = a2−ab+b2✱
s❡❣✉❡ q✉❡ 1 ≡ 4 − 2b+ b2 (mod 3)✱ ♦✉ b(b− 2) ≡ 0 (mod 3)✳ ❙❡ 3 | b✱ ❡♥tã♦
a+ bω é ♣r✐♠ár✐♦✳ ❙❡ b ≡ 2 (mod 3)✱ ❡♥tã♦ b+ (b− a)ω é ♣r✐♠ár✐♦✳

P❛r❛ ♠♦str❛r ❛ ✉♥✐❝✐❞❛❞❡ ❜❛st❛ ❛ss✉♠✐r q✉❡ a+ bω é ♣r✐♠ár✐♦ ❡ ✈❡r✐✜❝❛r
q✉❡ ❞♦ ✐t❡♠ b ❛♦ f ♥❡♥❤✉♠ ♥ú♠❡r♦ é ♣r✐♠ár✐♦✳

✺✳✸ ❆ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛

❉✉r❛♥t❡ ❡st❛ s❡çã♦ ♥♦s s❡rá út✐❧ ❛ ♥♦t❛çã♦ χπ(α) =
(

α
π

)

3
✱ ♦♥❞❡ π é ✉♠

♣r✐♠♦ ❡ α é ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❡ Z[ω]✳
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❚❡♦r❡♠❛ ✺✳✸✳✶ ✭▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛✮ ❙❡❥❛♠ π1 ❡ π2 ♣r✐♠ár✐♦s✱

N(π1), N(π2) 6= 3✱ ❡ N(π1) 6= N(π2)✳ ❊♥tã♦

χπ1(π2) = χπ2(π1).

❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ s❡rá ❞❛❞❛ ♠❛✐s ❛❞✐❛♥t❡✱ ♥♦ ❡♥t❛♥t♦
♦❜s❡r✈❛♠♦s q✉❡ t❡♠♦s três ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✳ ❖ ♣r✐♠❡✐r♦ q✉❛♥❞♦ π1 ❡ π2

sã♦ ❛♠❜♦s r❛❝✐♦♥❛✐s✱ ♦ s❡❣✉♥❞♦ q✉❛♥❞♦ π1 é r❛❝✐♦♥❛❧ ❡ π2 é ❝♦♠♣❧❡①♦✱ ❡ ♦
t❡r❝❡✐r♦ q✉❛♥❞♦ ❛♠❜♦s π1 ❡ π2 sã♦ ❝♦♠♣❧❡①♦s✳ ❖ ♣r✐♠❡✐r♦ ❝❛s♦ é ♦ ♠❛✐s ❢á❝✐❧
❞❡ s❡r tr❛t❛❞♦ ❡ s❡❣✉❡ ❝♦♠♦ ❝♦r♦❧ár✐♦ ❞❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✺✳✸✳✷ ❙❡ π é ✉♠ ♣r✐♠♦ ❡ α é ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❡ Z[ω]✱

❡♥tã♦

(a) χπ(α) = χπ(α)2 = χπ(α2)✳

(b) χπ(α) = χπ(α)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛ ♣❛rt❡ (a)✱ s❡ π | α ♦ r❡s✉❧t❛❞♦ é tr✐✈✐❛❧✳ ❙❡ π ∤ α✱
❡♥tã♦ ❜❛st❛ r❡♣❛r❛r♠♦s q✉❡ χπ(α) = 1, ω, ♦✉ ω2 ❡ 12 = 1, ω2 = ω ❡ (ω2)2 =
ω = ω2✳

P❛r❛ ❛ ♣❛rt❡ (b)✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r ✭♣r♦♣♦s✐çã♦ ✸✳✷✳✻✮ t❡♠♦s q✉❡

α(N(π−1))/3 ≡ χπ(α) (mod π)

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

α(N(π−1))/3 ≡ χπ(α) (mod π)

✳
❯s❛♠♦s ♦ ❢❛t♦ q✉❡ N(π) = N(π)✳ ❆ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡

❊✉❧❡r✱ ✐♠♣❧✐❝❛ q✉❡ χπ(α) = χπ(α)✳

❈♦r♦❧ár✐♦ ✺✳✸✳✸ ❙❡ q é ✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧✱ q ≡ 2 (mod 3)✱ ❡♥tã♦ χq(α) =

χq(α
2)✳ ❙❡ n é ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ ♣r✐♠♦ ❝♦♠ q✱ ❡♥tã♦ χq(n) = 1✳ ❙❡ p é

✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧ ❡ p ❡ q sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ ❡♥tã♦ χp(q) = χq(p)✳
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❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ q = q t❡♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ q✉❡ χq(α) =

χq(α) = χq(α) = χq(α
2)✳

❈♦♠♦ n = n t❡♠♦s q✉❡ χq(n) = χq(n) = χq(n)2✱ ❡ ✉♠❛ ✈❡③ q✉❡ χq(n) 6= 0
s❡❣✉❡ q✉❡ χq(n) = 1✳ ❆❣♦r❛✱ t❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ s❡ p 6= q ❡♥tã♦ χp(q) =
χq(p)✳

❖s s❡❣✉✐♥t❡ ❝♦♠♣❧❡♠❡♥t♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ❞❡t❡r♠✐♥❛ ♦ ❝❛r✲
❛❝t❡r ❝ú❜✐❝♦ ❞❛s ✉♥✐❞❛❞❡s✳

Pr♦♣♦s✐çã♦ ✺✳✸✳✹ ❙❡❥❛ π ✉♠ ♣r✐♠♦ ❞❡ Z[ω]✳ ❊♥tã♦✿

(a) χπ(−1) = 1✱ ♣❛r❛ t♦❞♦ ♣r✐♠♦ π✳

(b) χπ(ω) = ω(N(π)−1)/3✱ s❡ N(π) 6= 3✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣❛rt❡ (a) s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ −1 = (−1)3✱ ❧♦❣♦ χπ(−1) =
1✱ ♣❛r❛ t♦❞♦ ♣r✐♠♦ π ❞❡ Z[ω]✳ ❆ ♣❛rt❡ (b) s❡❣✉❡ ❞♦ ❝r✐tér✐♦ ❞♦ ❊✉❧❡r✳ ❉❡
❢❛t♦✱ χπ(ω) ≡ ω(N(π)−1)/3 (mod π)✱ ❧♦❣♦ χπ(ω) = ω(N(π)−1)/3✳ ❆❣♦r❛✱ ♦❜s❡r✈❡
q✉❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✷✳✷✱ N(π) ≡ 1 (mod 3) ♣❛r❛ t♦❞♦ ♣r✐♠♦ ❞❡ Z[ω] t❛❧
q✉❡ N(π) 6= 3✳ ❙❡❣✉❡ q✉❡ N(π) ≡ 1, 4, 7 (mod 9) ❡✱ ❝♦♠♦ ωn = ωn′

s❡ n ≡ n′

(mod 3)✱ ❡♥tã♦ χπ(ω) = 1, ω, ω2 ❞❡♣❡♥❞❡♥❞♦ s❡ N(π) é ❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦ 9
à 1, 4, ♦✉ 7 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✺✳✹ ❉❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛

❙❡❥❛ π ✉♠ ♣r✐♠♦ ❝♦♠♣❧❡①♦ t❛❧ q✉❡ N(π) = p ≡ 1 (mod 3)✳ ❈♦♠♦
Z[ω]/πZ[ω] é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p ✭♣r♦♣♦s✐çã♦ ✺✳✷✳✸✮✱ ❡❧❡ ❝♦♥té♠
✉♠❛ ❝ó♣✐❛ ❞❡ Fp✳ ❊ ❝♦♠♦ Z[ω]/πZ[ω] t❡♠ ❡①❛t❛♠❡♥t❡ p ❡❧❡♠❡♥t♦s ❡❧❡ é ✐s♦✲
♠♦r❢♦ à Fp✳ ❊st❡ ✐s♦♠♦r✜s♠♦ ♣♦❞❡ s❡r t♦♠❛❞♦ ❝♦♠♦ ❛ ❢✉♥çã♦ q✉❡ ✐❞❡♥t✐✜❝❛
❛ ❝❧❛ss❡ ❞❡ n ❡♠ Fp à ❝❧❛ss❡ ❞❡ n ❡♠ Z[ω]/πZ[ω]✳

❊st❛ ✐❞❡♥t✐✜❝❛çã♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥s✐❞❡r❛r χπ ❝♦♠♦ ✉♠ ❝❛r❛❝t❡r ❝ú❜✐❝♦
s♦❜r❡ Fp✱ ♥♦ s❡♥t✐❞♦ ❞❛ ♣á❣✐♥❛ ✷✽ ✳ ❙❡♥❞♦ ❛ss✐♠ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❛s
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s♦♠❛s ❞❡ ●❛✉ss ga(χπ) ❡ ❛s s♦♠❛s ❞❡ ❏❛❝♦❜✐ J(χπ, χπ) ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❧❡✐
❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛✳

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ q✉❡ ❞❛r❡♠♦s ❢♦✐ ❞❛❞❛
♣♦r ❊✐s❡♥st❡✐♥ ❡ é ♠✉✐t♦ s✐♠✐❧❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
q✉❛❞rát✐❝❛ q✉❡ ❞❡♠♦s ♥❛ s❡çã♦ ✺✳✶✳

❆♥t❡s ♣r❡❝✐s❛r❡♠♦s ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s✳
❱✐♠♦s ♥♦ ❝♦r♦❧ár✐♦ ✹✳✸✳✺ ❡ ♥❛ ♣r♦♣♦s✐çã♦ ✹✳✸✳✹ q✉❡

(a) g(χ)3 = pJ(χ, χ)✳

(b) ❙❡ J(χ, χ) = a+ bω✱ ❡♥tã♦ a ≡ −1 (mod 3) ❡ b ≡ 0 (mod 3)✳

❈♦♠♦ J(χ, χ)J(χ, χ) = p ✭♣r♦♣♦s✐çã♦ ✹✳✸✳✸✮✱ ❛ ♣❛rt❡ (b) ❛❝✐♠❛ ♥♦s ❞✐③
q✉❡ J(χ, χ) é ✉♠ ♣r✐♠♦ ♣r✐♠ár✐♦ ❡♠ Z[ω] ❞❡ ♥♦r♠❛ p✳

▲❡♠❛ ✺✳✹✳✶ ❙❡ k ♥ã♦ ❞✐✈✐❞❡ p−1✱ ❡♥tã♦ 1k+2k+· · ·+(p−1)k ≡ 0 (mod p)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ S = 1k + 2k + · · ·+ (p− 1)k✳ ❚♦♠❡ λ ✉♠ ❣❡r❛❞♦r ❞❡
F ∗

p ✳ ❈♦♠♦ k ∤ p− 1✱ s❡❣✉❡ q✉❡ λk 6= 1✳ P♦rt❛♥t♦✱ λkS ≡ S (mod p) ❡ ❛ss✐♠
S ≡ 0 (mod p)✳

◆♦ q✉❡ s❡❣✉❡ ❛ss✉♠❛ q✉❡ π é ♣r✐♠ár✐♦ ❡ q✉❡ N(π) = p✳

▲❡♠❛ ✺✳✹✳✷ ❙❡ π é ✉♠ ♣r✐♠♦ ♣r✐♠ár✐♦ t❛❧ q✉❡ N(π) = p✱ ❡♥tã♦ J(χπ, χπ) =

π✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ J(χπ, χπ) = π′✱ ♦♥❞❡ π′ é ♣r✐♠ár✐♦ ♣❡❧❛s

❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✳ ❈♦♠♦ J(χπ, χπ)J(χπ, χπ) = π′π′ 4.3.2
= p = ππ✳ ❙❡❣✉❡

q✉❡ π|π′✱ ♦✉ π|π′✳
❈♦♠♦ t♦❞♦s ♦s ♣r✐♠♦s ❡♥✈♦❧✈✐❞♦s sã♦ ♣r✐♠ár✐♦s s❡❣✉❡ q✉❡ π = π′✱ ♦✉

π = π′✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ s♦♠❛ ❞❡ ❏❛❝♦❜✐ ❡ ♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r t❡♠♦s q✉❡
J(χπ, χπ) =

∑

x∈Fp
χπ(x)χπ(1 − x) ≡∑x∈Fp

x(p−1)/3(1 − x)(p−1)/3 (mod π).

❆❣♦r❛✱ r❡♣❛r❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ x(p−1)/3(1−x)(p−1)/3 é ❞❡ ❣r❛✉ 2/3(p−1) <
p− 1✳ ❙❡❣✉❡ ♣❡❧♦ ❧❡♠❛ ❛❝✐♠❛ q✉❡

∑

x(p−1)/3(1−x)(p−1)/3 ≡ 0 (mod p) ♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ J(χπ, χπ) = π′ ≡ 0 (mod π) ❡ ♣♦rt❛♥t♦ π = π′.

❯s❛♥❞♦ q✉❡ g(χ)3 = pJ(χ, χ) t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✺✳✹✳✸ g(χπ)3 = pπ✳
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❆❣♦r❛✱ ✈❛♠♦s ❞❡♠♦♥str❛r ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛✳

❚❡♦r❡♠❛ ✺✳✹✳✹ ✭▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛✮ ❙❡❥❛♠ π1 ❡ π2 ♣r✐♠ár✐♦s✱

N(π1), N(π2) 6= 3✱ ❡ N(π1) 6= N(π2)✳ ❊♥tã♦

χπ1(π2) = χπ2(π1).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ✈✐♠♦s t❡♠♦s três ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✳ ◗✉❛♥❞♦ π1 é
r❛❝✐♦♥❛❧ ❡ π2 é ❝♦♠♣❧❡①♦✱ π1 ❡ π2 sã♦ ❝♦♠♣❧❡①♦s ❡ π1 ❡ π2 sã♦ r❛❝✐♦♥❛✐s✳ ❖
ú❧t✐♠♦ ❝❛s♦ ❞❡♠♦♥str❛♠♦s ♥❛ ♣á❣✐♥❛ ✸✼✳ ❱❛♠♦s ❛❣♦r❛ ❞❡♠♦♥str❛r ♦ ♣r✐♠❡✐r♦
❝❛s♦✳

❙❡❥❛♠ π1 = q ≡ 2 (mod 3) ❡ π2 = π✱ ondeN(π) = p✳
P❡❧♦ ❝♦r♦❧ár✐♦ ✺✳✹✳✸ t❡♠♦s q✉❡ g(χπ)3 = pπ✳ ❊❧❡✈❛♥❞♦ ♦s ❞♦✐s ❧❛❞♦s ❞❡st❛

✐❣✉❛❧❞❛❞❡ à (q2−1)/3 ♦❜t❡♠♦s g(χπ)(q2−1) = (pπ)(q2−1)/3✳ ❖ q✉❡✱ ♣❡❧♦ ❝r✐tér✐♦
❞❡ ❊✉❧❡r ✐♠♣❧✐❝❛ q✉❡ g(χπ)q2−1 ≡ χq(pπ) (mod q)✳ ❈♦♠♦ ❥á ✈✐♠♦s q✉❡ s❡
(p, q) = 1✱ ❡♥tã♦ χp(q) = 1 s❡❣✉❡ q✉❡

g(χπ)q2 ≡ χq(π)g(χπ) (mod q). ✭✺✳✺✮

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ s♦♠❛s ❞❡ ●❛✉ss ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛
❡q✉❛çã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s

g(χπ)q2

=





∑

t∈Fp

χπ(t)ζt





q2

≡
∑

t∈Fp

χπ(t)q2

ζq2t (mod q).

❈♦♠♦ χπ(t) é ✉♠❛ r❛í③ ❝ú❜✐❝❛ ❞❛ ✉♥✐❞❛❞❡ ❡ q2 ≡ 1 (mod 3) t❡♠♦s q✉❡
χπ(t)q2

= χπ(t)✳ ❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡ g(χπ)q2 ≡ gq2(χπ) (mod q)✳ ▼❛s✱ ♣❡❧❛
♣r♦♣♦s✐çã♦ ✹✳✷✳✷✱ t❡♠♦s q✉❡ gq2(χπ) = χπ(q−2)g(χπ)✱ ❧♦❣♦

g(χπ)q2 ≡ χπ(q−2)g(χπ) (mod q) ✭✺✳✻✮

❈♦♠❜✐♥❛♥❞♦ ❛s ❡q✉❛çõ❡s ✺✳✺ ❡ ✺✳✻ t❡♠♦s χπ(q−2)g(χπ) ≡ χq(π)g(χπ)

(mod q)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r g(χπ) t❡♠♦s q✉❡ χπ(q−2)p ≡ χq(π)p (mod q) ❡
❡♥tã♦ χπ(q−2) ≡ χq(π) (mod q)✳ ❈♦♠♦ −2 ≡ 1 (mod 3) ❡✱ χπ(q) ❡ χq(π) sã♦
r❛í③❡s ❝ú❜✐❝❛s ❞❛ ✉♥✐❞❛❞❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✸✱s❡❣✉❡ q✉❡

χπ(q) = χq(π)

❆❣♦r❛✱ ✈❛♠♦s ❞❡♠♦♥str❛r ♦ s❡❣✉♥❞♦ ❝❛s♦✳
❙❡❥❛♠ π1 ❡ π2 sã♦ ❞♦✐s ♣r✐♠♦s ❝♦♠♣❧❡①♦s t❛✐s q✉❡N(πi) = pi ≡ 1 (mod 3)✱

♣❛r❛ i = 1, 2✳
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❙❡❥❛♠ γi = πi, i = 1, 2✳ ❈♦♠♦ πi é ♣r✐♠ár✐♦✱ é ❢á❝✐❧ ✈❡r q✉❡ γi é ♣r✐♠ár✐♦✳
❚❡♠♦s t❛♠❜é♠ q✉❡ pi = πiγi, i = 1, 2✳

P❡❧♦ ❝♦r♦❧ár✐♦ ✺✳✹✳✸ t❡♠♦s q✉❡ g(χγ1)
3 = p1γ1✳ ❊❧❡✈❛♥❞♦ à (N(π2)−1)/3 =

(p2−1)/3 ❡ t♦♠❛♥❞♦ ❝♦♥❣r✉ê♥❝✐❛s ♠ó❞✉❧♦ π2✱ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ✜③❡♠♦s
♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♦❜t❡♠♦s

χγ1(p
2
2) = χπ2(p1γ1). ✭✺✳✼✮

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✺✳✹✳✸ t❡♠♦s q✉❡ g(χπ2)
3 = p2π2✳ ❊❧❡✈❛♥❞♦

à (N(π1) − 1)/3 = (p1 − 1)/3 ❡ t♦♠❛♥❞♦ ❝♦♥❣r✉ê♥❝✐❛s ♠ó❞✉❧♦ π1 ♦❜t❡♠♦s

χπ2(p
2
1) = χπ1(p2π2). ✭✺✳✽✮

❊♠ ✺✳✸✳✷ ✈✐♠♦s q✉❡ χπ(α) = χπ(α)2 = χπ(α2) ❡ q✉❡ χπ(α) = χπ(α)✱ ♦
q✉❡ ✐♠♣❧✐❝❛ q✉❡

χγ1(p
2
2) = χπ1(p2) ✭✺✳✾✮

❆❣♦r❛✱ r❡♣❛r❡ q✉❡
χπ1(π2)χπ2(p1γ1) = χπ1(π2)χγ1(p

2
2) ✭❡q✳ ✺✳✼ ✈❡③❡s χπ1(π2)✮

= χπ1(π2)χπ1(p2) = χπ1(π2p2) ✭❡q✳ ✺✳✾✮
= χπ2(p

2
1) = χπ2(π1p1γ1) ✭❡q✳ ✺✳✽✮

= χπ2(π1)χπ2(p1γ1)✳
❈❛♥❝❡❧❛♥❞♦ χπ2(p1γ1) ♦❜t❡♠♦s

χπ1(π2) = χπ2(π1).

✺✳✺ ❖ ❛♥❡❧ Z[i]

❊♥✉♥❝✐❛r❡♠♦s✱ s❡♠ ❞❡♠♦♥str❛çã♦✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ✉s✉❛✐s ❞♦ ❛♥❡❧ ❞❡
●❛✉ss Z[i]✳ ❆s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ t❡①t♦s ✐♥tr♦❞✉tór✐♦s
❝♦♠♦ ❬✺❪✳

❖s ❡❧❡♠❡♥t♦s ❞❡ Z[i] sã♦ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s q✉❡ s❡ ❡s❝r❡✈❡♠✱ ❞❡ ♠❛♥❡✐r❛
ú♥✐❝❛✱ ♥❛ ❢♦r♠❛ a+bi, a, b ∈ Z✳ ❙❡ α = a+bi ∈ Z[i]✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛
❞❡ α✱ N(α) = αα = a2 +b2✱ ♦♥❞❡ α é ♦ ❝♦♥❥✉❣❛❞♦ ❝♦♠♣❧❡①♦ ❞❡ α✳ ❖ ❛♥❡❧ Z[i]
❝♦♠ ❛ ♥♦r♠❛ ❝♦♠♣❧❡①❛ é ✉♠ ❞♦♠í♥✐♦ ❡✉❝❧✐❞❡❛♥♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠
❞♦♠í♥✐♦ ❢❛t♦r✐❛❧✳ ❉♦ ❢❛t♦ q✉❡ N(α) = 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α é ✉♠❛ ✉♥✐❞❛❞❡✱
s❡❣✉❡ q✉❡ ❛s ✉♥✐❞❛❞❡s ❞❡ Z[i] sã♦ ±1,±i✳
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❖s ✐rr❡❞✉tí✈❡✐s ❞❡ Z[i] sã♦ ❞❡s❝r✐t♦s ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✶ ❙❡❥❛♠ p ❡ q ♣r✐♠♦s r❛❝✐♦♥❛✐s✳ ❙❡ p ≡ 1 (mod 4)✱ ❡♥tã♦

❡①✐st❡ ✉♠ ✐rr❡❞✉tí✈❡❧ π ∈ Z[i] t❛❧ q✉❡ p = ππ✳ ❙❡ q ≡ 3 (mod 4)✱ ❡♥tã♦ q é

✐rr❡❞✉tí✈❡❧ ❡♠ Z[i]✳ ❖ ❡❧❡♠❡♥t♦ 1 + i é ✐rr❡❞✉tí✈❡❧ ❡ 2 = −i(1 + i)2✳

❆ss✐♠ ❝♦♠♦ ✜③❡♠♦s ❡♠ Z[ω]✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡❧❡♠❡♥t♦ ♣r✐♠ár✐♦
❞❡ Z[i]✳

❉❡✜♥✐çã♦ ✺✳✺✳✷ ❙❡ α ∈ Z[i] é t❛❧ q✉❡ N(α) 6= 1 ❡ α ≡ 1 (mod (1 + i)3)✱

❡♥tã♦ ❞✐③❡♠♦s q✉❡ α é ♣r✐♠ár✐♦✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞á ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ♣r✐♠ár✐♦s ❞❡
Z[i]✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✸ ❙❡ α = a + bi ❡ N(α) 6= 1✱ ❡♥tã♦ α é ♣r✐♠ár✐♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ a ≡ 1 (mod 4) ❡ b ≡ 0 (mod 4)✱ ♦✉✱ a ≡ 3 (mod 4) ❡ b ≡ 2

(mod 4)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ (1 + i)3 = −2 + 2i✱ s❡❣✉❡ q✉❡ a+ bi é ♣r✐♠ár✐♦ s❡✱
❡ s♦♠❡♥t❡ s❡✱

(a− 1) + bi

−2 + 2i
=
b− a+ 1

4
+

−b− a+ 1

4
i ∈ Z[i].

❖ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à ❞✐③❡r q✉❡ a− b ≡ 1 (mod 4) ❡ a+ b ≡ 1 (mod 4)✳
❘❡s♦❧✈❡♥❞♦ ❡ss❡ s✐st❡♠❛ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❙❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ q✉❡ s❡ α é t❛❧ q✉❡ N(α) 6= 1 ❡ α ≡ 1 (mod 4)✱
❡♥tã♦ α é ♣r✐♠ár✐♦✳ ❆✐♥❞❛✱ s❡ α é ♣r✐♠ár✐♦✱ ❡♥tã♦ (1+i) ∤ α✳ ❙❡ q é ✉♠ ♣r✐♠♦
r❡❛❧ t❛❧ q✉❡ q ≡ 3 (mod 4)✱ ❡♥tã♦ −q é ✉♠ ✐rr❡❞✉tí✈❡❧ ♣r✐♠ár✐♦✳ ◗✉❛♥t♦ ❛♦s
✐rr❡❞✉tí✈❡✐s q✉❡ ❞✐✈✐❞❡♠ ♦s ♣r✐♠♦s r❛❝✐♦♥❛✐s ❞❛ ❢♦r♠❛ p ≡ 1 (mod 4) t❡♠♦s
♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✹ ❙❡❥❛ α ∈ Z[i] t❛❧ q✉❡ N(α) 6= 1 ❡ (1+i) ∤ α✳ ❊♥tã♦ ❡①✐st❡

✉♠❛ ú♥✐❝❛ ✉♥✐❞❛❞❡ u t❛❧ q✉❡ uα é ♣r✐♠ár✐♦✳
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❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ α = a + bi✳ ❈♦♠♦ (1 + i) ∤ α✱ s❡❣✉❡ q✉❡ 2 ∤
N(α) = a2 + b2 ❧♦❣♦ a ❡ b ♥ã♦ sã♦ ♥❡♠ ❛♠❜♦s ♣❛r❡s✱ ♥❡♠ ❛♠❜♦s í♠♣❛r❡s✳

❙✉♣♦♥❤❛ a í♠♣❛r ❡ b ♣❛r✳ ❙❡ a ≡ 1 (mod 4)✱ ❡♥tã♦ α é ♣r✐♠ár✐♦✳ ❙❡
a ≡ 3 (mod 4)✱ ❡♥tã♦ −α é ♣r✐♠ár✐♦✳ ❈❛s♦ a s❡❥❛ ♣❛r ❡ b í♠♣❛r✱ t❡♠♦s q✉❡
iα✱ ♦✉ −iα✱ ❞❡✈❡♠ s❡r ♣r✐♠ár✐♦s✱ ❞❡♣❡♥❞❡♥❞♦ s❡ b ≡ 1✱ ♦✉ 3 (mod 4)✳

❙❡ t✐✈éss❡♠♦s u1α ❡ u2α ♣r✐♠ár✐♦s✱ ♦♥❞❡ u1 ❡ u2 sã♦ ✉♥✐❞❛❞❡s ❞❡ Z[i]✱
❡♥tã♦ ❝♦♠♦ (1 + i) ∤ α t❡♠♦s q✉❡ u1 ≡ u2 (mod (1 + i)3)✳ ❆♥❛❧✐s❛♥❞♦ t♦❞♦s
♦s ❝❛s♦s ❝♦♥❝❧✉í♠♦s q✉❡ u1 = u2✳

❆❣♦r❛ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡♥✉♥❝✐❛r ❡st❡ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡
❡❧❡♠❡♥t♦s ♣r✐♠ár✐♦s✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✺ ❯♠ ❡❧❡♠❡♥t♦ ♣r✐♠ár✐♦ α ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ♣r♦❞✉t♦

❞❡ ♣r✐♠ár✐♦s ✐rr❡❞✉tí✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ α = uπ1π2 · · ·πmqm+1qm+2 · · · qm+n ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦
❡♠ ✐rr❡❞✉tí✈❡✐s ❞❡ α✱ ♦♥❞❡ N(πi) ≡ 1 (mod 4)✱ i = 1, . . . ,m✱ ❡ qi ≡ 3
(mod 4)✱ i = m+ 1, . . . ,m+ n ❡✱ N(u) = 1✳

❚♦♠❡ ui ✉♠❛ ✉♥✐❞❛❞❡ t❛❧ q✉❡ uiπi s❡❥❛ ♣r✐♠ár✐♦ ❡ ε ✉♠❛ ✉♥✐❞❛❞❡ t❛❧ q✉❡
ε(−1n)

∏m
i=1 ui = u✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ α = ε

∏m
i=1 uiπi

∏m+n
i=m+1(−1)qi ❡ q✉❡

α ≡ 1 (mod (1+i)3) ⇒ ε
∏m

i=1 uiπi

∏m+n
i=m+1(−1)qi ≡ 1 (mod (1+i)3)✳ ❈♦♠♦

uiπi ❡ −qi sã♦ ♣r✐♠ár✐♦s✱ t❡♠♦s q✉❡ ε ≡ 1 (mod (1+ i)3) ⇒ ε = 1✳ P♦rt❛♥t♦✱
α =

∏m
i=1 uiπi

∏m+n
i=m+1(−1)qi é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✐rr❡❞✉tí✈❡✐s ♣r✐♠ár✐♦s✳

❙❡❥❛ π ✉♠ ❡❧❡♠❡♥t♦ ✐rr❡❞✉tí✈❡❧ ❞❡ Z[i]✳ ❈♦♠♦ ❡♠ Z[ω] t❡♠♦s ♦ s❡❣✉✐♥t❡
r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ❛♥❡❧ Z[i]/πZ[i] ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♠ó❞✉❧♦ π✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✻ ❖ ❛♥❡❧ Z[i]/πZ[i] é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❝♦♠ N(π) ❡❧❡♠❡♥t♦s✳

❉❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ s❡❣✉❡ ♦ ♣❡q✉❡♥♦ t❡♦r❡♠❛ ❞❡ ❋❡r♠❛t ♣❛r❛ Z[i]/πZ[i]✳

Pr♦♣♦s✐çã♦ ✺✳✺✳✼ ❙❡ π ∤ α✱ ❡♥tã♦ αN(π)−1 ≡ 1 (mod π)✳

✺✳✻ ❆ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛

P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ❞✉r❛♥t❡ ❡st❛ s❡çã♦ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦
(

α
β

)

4
=

χβ(α)✳
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❆ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛ ❞✐③ q✉❡✿

❚❡♦r❡♠❛ ✺✳✻✳✶ ✭▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛✮ ❙❡❥❛♠ λ ❡ π ❡❧❡✲

♠❡♥t♦s ♣r✐♠ár✐♦s r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ❞❡ Z[i]✳ ❊♥tã♦✱

χπ(λ) = χλ(π)(−1)(N(λ−1)/4)(N(π)−1)/4.

❱❛♠♦s ❞❡♠♦♥str❛r ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛ ♠❛✐s ❛❞✐❛♥t❡ ♥❡st❛
s❡çã♦✳

❙❡❥❛ α ✉♠ ❡❧❡♠❡♥t♦ ♣r✐♠ár✐♦ ❞❡ Z[i]✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦
♠✉✐t♦ út✐❧ ❛ r❡s♣❡✐t♦ ❞❛ ♣❛r✐❞❛❞❡ ❞❛ N(α)✳

▲❡♠❛ ✺✳✻✳✷ ❙❡❥❛ α = a+ bi ♣r✐♠ár✐♦✳ ❊♥tã♦ (N(α)− 1)/4 ❡ (a− 1)/2 t❡♠

❛ ♠❡s♠❛ ♣❛r✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ♣r♦♣♦s✐çã♦ ✺✳✺✳✸ s❡❣✉❡ q✉❡ s❡ α = a + bi é ♣r✐♠ár✐♦✱
❡♥tã♦ a ≡ 1 (mod 4) ❡ b ≡ 0 (mod 4)✱ ♦✉ a ≡ 3 (mod 4) ❡ b ≡ 2 (mod 4)✳
◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ t❡♠♦s (a2 − 1)/4 ≡ 0 ≡ (a − 1)/2 (mod 2) ❡ b2/4 ≡ 0
(mod 2)✱ ♣♦rt❛♥t♦ (N(α) − 1)/4 ≡ (a − 1)/2 (mod 2)✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦
t❡♠♦s (a2 − 1)/4 ≡ 0 (mod 2) ❡ b2/4 ≡ 1 ≡ (a − 1)/2 (mod 2)✱ ♣♦rt❛♥t♦
(N(α) − 1)/4 ≡ (a− 1)/2 (mod 2)✳

❙✉♣♦♥❤❛ λ = a + bi ❡ π = c + di✳ ❉❡✈✐❞♦ ❛♦ ❧❡♠❛ ❛❝✐♠❛ ♣♦❞❡♠♦s
r❡❡s❝r❡✈❡r ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

χπ(λ) = χλ(π)(−1)(a−1)/2(c−1)/2.

❉❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ❢á❝✐❧ ✈❡r q✉❡ s❡ π ♦✉ λ é ❝♦♥❣r✉❡♥t❡ à 1 ♠ó❞✉❧♦ 4✱
❡♥tã♦ χπ(λ) = χλ(π)✳ ❊♥tr❡t❛♥t♦✱ s❡ ❛♠❜♦s sã♦ ❝♦♥❣r✉❡♥t❡s à 3 + 2i ♠ó❞✉❧♦
4 ✭✐✳❡✳✱ a, c ≡ 3 (mod 4) ❡ b, d ≡ 2 (mod 4)✮✱ ❡♥tã♦ χπ(λ) = −χλ(π)✳

❆❣♦r❛ ❞❡♠♦♥str❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝❛r❛❝t❡r ❜✐q✉❛❞rát✐❝♦ ❞❛s
✉♥✐❞❛❞❡s✳

Pr♦♣♦s✐çã♦ ✺✳✻✳✸ ❙❡ π = a+ bi é ✉♠ ♣r✐♠ár✐♦ ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ χπ(−1) =

(−1)(a−1)/2✳

❉❡♠♦♥str❛çã♦✿ ❯s❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r ❡ ♦ ❧❡♠❛ ✺✳✻✳✷ t❡♠♦s q✉❡
χπ(−1) ≡ (−1)(N(π)−1)/4 (mod π) ⇒ χπ(−1) = (−1)(N(π)−1)/4 = (−1)(a−1)/2✳
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Pr♦♣♦s✐çã♦ ✺✳✻✳✹ ❙❡ n 6= 1 é ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧✱ n ≡ 1 (mod 4)✱ ❡♥tã♦

χn(i) = (−1)(n−1)/4✳

❉❡♠♦♥str❛çã♦✿ ❘❡♣❛r❡ q✉❡ n ♣♦❞❡ s❡r ♥❡❣❛t✐✈♦✳ ❙❡ n = p é ✉♠ ♣r✐♠♦
♣♦s✐t✐✈♦ ❝♦♠ p ≡ 1 (mod 4)✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r p = ππ✱ π ✐rr❡❞✉tí✈❡❧
❡♠ Z[i]✳ P❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r s❡❣✉❡ q✉❡

χp(i) = χπ(i)χπ(i) ≡ (i(p−1)/4)2 = (−1)(p−1)/4 (mod p).

❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡ χp(i) = (−1)(p−1)/4✳
❙❡ n = −q✱ q ≡ 3 (mod 4) ♣r✐♠♦✱ ❡♥tã♦✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r✱ χ−q(i) =

i(q
2−1)/4 = ((i)q−1)(q+1)/4 = (−1)(−q−1)/4✳ ❙❡ n ≡ 1 (mod 4) é ✉♠ ✐♥t❡✐r♦

r❛❝✐♦♥❛❧ ❛r❜✐trár✐♦✱ ❡♥tã♦ n = p1 · · · prq1 · · · qs✱ ♦♥❞❡ pi ≡ 1 (mod 4)✱ i =
1, . . . , r✱ qj ≡ 3 (mod 4)✱ j = 1, . . . , s✱ ❡ s é ♣❛r✭❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s
n ≡ 3 (mod 4)✮✳ ❈♦♠♦ s é ♣❛r ♣♦❞❡♠♦s ❡s❝r❡✈❡r

n = p1 · · · pr(−q1) · · · (−qs). ✭✺✳✶✵✮

❯s❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s ❜✐q✉❛❞rát✐❝♦s ❡ ♦ q✉❡
❛♥❛❧✐s❛♠♦s ❛❝✐♠❛ t❡♠♦s q✉❡

χn(i) = i
P

(pi−1)/4
P

(−qi−1)/4.

❉❡♠♦♥str❛r❡♠♦s ❧♦❣♦ ❛❜❛✐①♦ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦✿ ❙❡ ui ≡ 1 (mod 4)✱ i = 1, . . . , v✱ ❡♥tã♦ (
∏v

i=1 ui − 1)/4 ≡
∑v

i=1(ui − 1)/4 (mod 4)✳

❉❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ ❡ ❞❡ ✺✳✶✵ s❡❣✉❡ q✉❡

(n− 1)/4 ≡
r
∑

i=1

(pi − 1)/4
s
∑

j=1

(−qj − 1)/4 (mod 4).

❙❡♥❞♦ ❛ss✐♠✱

χn(i) = (−1)
Pr

i=1(pi−1)/4
Ps

j=1(−qj−1)/4 = (−1)(n−1)/4.

❆❣♦r❛✱ ♣❛r❛ ❞❡♠♦♥str❛r♠♦s ❛ ❛✜r♠❛çã♦ ♦❜s❡r✈❡ q✉❡ s❡ u = 4k + 1 ❡
t = 4l + 1 sã♦ ❞♦✐s ✐♥t❡✐r♦s✱ ❡♥tã♦ (ut− 1)/4 = (16kl + 4k + 4l + 1 − 1)/4 =
4kl+ k+ l ≡ k+ l (mod 4)✳ ❈♦♠♦ (u− 1)/4 + (t− 1)/4 = k+ l✱ ❝♦♥❝❧✉í♠♦s
q✉❡ (ut−1)/4 ≡ (u−1)/4+(t−1)/4 (mod 4)✳ ❈♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡ ♥ú♠❡r♦s
❝ô♥❣r✉♦s à 1 ♠ó❞✉❧♦ 4 ❝♦♥t✐♥✉❛ ❝ô♥❣r✉♦ à 1 ♠ó❞✉❧♦ 4✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣♦r
✐♥❞✉çã♦✳
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❖❜s❡r✈❛♠♦s q✉❡ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♠ ✺✳✸✳✷ (b) ♣♦❞❡♠♦s
❞❡♠♦♥str❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✺✳✻✳✺ ❙❡ π é ✉♠ ♣r✐♠♦ ❡ α é ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❡ Z[i]✱

❡♥tã♦

χπ(α) = χπ(α).

◆❛s ❞✉❛s ♣r♦♣♦s✐çõ❡s q✉❡ s❡❣✉❡♠ ✐r❡♠♦s ❝❛❧❝✉❧❛r ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛✲
r❡s ❞♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s ❜✐q✉❛❞rát✐❝♦s✳

Pr♦♣♦s✐çã♦ ✺✳✻✳✻ ❙❡❥❛ q ≡ 3 (mod 4) ✉♠ ♣r✐♠♦✳ ❙❡ a ∈ Z ❡ q ∤ a✱ ❡♥tã♦

χq(a) = 1✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ N(q) = q2✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r ❡ ♣❡❧♦ P❡q✉❡♥♦
❚❡♦r❡♠❛ ❞❡ ❋❡r♠❛t✱ s❡❣✉❡ q✉❡

χq(a) ≡ a(q2−1)/4 = (a(q−1))(q+1)/4 ≡ 1 (mod q).

Pr♦♣♦s✐çã♦ ✺✳✻✳✼ ❙❡❥❛♠ a, b ∈ Z t❛✐s q✉❡ a é í♠♣❛r✱ a 6= 1✱ ❡ b 6= 0✳ ❙❡

(a, b) = 1✱ ❡♥tã♦

χa(b) = 1.

❉❡♠♦♥str❛çã♦✿ ❆ss✉♠❛ a > 0✳ ❊s❝r❡✈❛ a =
∏

pi

∏

qi✱ ♦♥❞❡✱ pi ❡ qi
sã♦ ♣r✐♠♦s✱ pi ≡ 1 (mod 4) ❡ qi ≡ 3 (mod 4)✳ ❉❡✈✐❞♦ à ♣r♦♣♦s✐çã♦ ✺✳✻✳✻
❛♣❡♥❛s r❡st❛ ✈❡r✐✜❝❛r q✉❡ χpi

(b) = 1✳ ❙❡ pi = ππ✱ π ✐rr❡❞✉tí✈❡❧ ❞❡ Z[i]✱ ❡♥tã♦
χpi

(b) = χπ(b)χπ(b) = χπ(b)χπ(b) = 1 ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✺✳

◆❛ ♣ró①✐♠❛ s❡çã♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ✉♠❛ sér✐❡ ❞❡ r❡s✉❧t❛❞♦s q✉❡ ❝✉❧♠✐✲
♥❛rã♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛✳
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✺✳✼ ❉❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐✲

q✉❛❞rát✐❝❛

◆❡st❛ s❡çã♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ✉♠❛ sér✐❡ ❞❡ r❡s✉❧t❛❞♦s q✉❡ ❝✉❧♠✐♥❛rã♦ ♥❛
❞❡♠♦♥str❛çã♦ ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛✳ P❛r❛ ✐st♦ r❡s❡r✈❛♠♦s ❛ ♥♦t❛çã♦
π ❡ λ ♣❛r❛ ❡❧❡♠❡♥t♦s ♣r✐♠ár✐♦s ❞❡ Z[i]✳ ❆ ♠❡♥♦s q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦ π
❞❡♥♦t❛ ✉♠ ❡❧❡♠❡♥t♦ ✐rr❡❞✉tí✈❡❧✳

❙✉♣♦♥❤❛ N(π) = p ≡ 1 (mod 4) ❡ s❡❥❛ χπ ♦ ❝❛r❛❝t❡r ❞❡ r❡sí❞✉♦s ❜✐✲
q✉❛❞rát✐❝♦s ❛ss♦❝✐❛❞♦✳ ❈♦♠♦ Z[i]/πZ[i] é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❝♦♠ p ❡❧❡♠❡♥t♦s
❡❧❡ é ✐s♦♠♦r❢♦ à Z/pZ = Fp ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r χπ ❝♦♠♦ ✉♠ ❝❛r❛❝t❡r ♠✉❧✲
t✐♣❧✐❝❛t✐✈♦ s♦❜r❡ Fp✳ ❙❡ ζ = e(2iπ)/p s❡❥❛ g(χπ) =

∑

j∈Fp
χπ(j)ζj ❛ s♦♠❛ ❞❡

●❛✉ss ❛ss♦❝✐❛❞❛ à χπ✳ ❙❡ ψ = χ2
π ❡♥tã♦ ψ é ♦ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♥ã♦

tr✐✈✐❛❧ ❞❡ ♦r❞❡♠ 2 s♦❜r❡ Fp ❡ ♣♦rt❛♥t♦ é ♦ sí♠❜♦❧♦ ❞❡ ▲❡❣❡♥❞r❡✳ ▲❡♠❜r❛♠♦s
❛✐♥❞❛ q✉❡ J(χπ, χπ) é ❛ s♦♠❛ ❞❡ ❏❛❝♦❜✐ ❞❡t❡r♠✐♥❛❞❛ ♣♦r χπ✳

Pr♦♣♦s✐çã♦ ✺✳✼✳✶ ❯s❛♥❞♦ ❛s ♥♦t❛çõ❡s ❞❡s❝r✐t❛s ❛❝✐♠❛ t❡♠✲s❡

J(χπ, χπ) = χπ(−1)J(χπ, ψ).

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✸✳✷ t❡♠♦s q✉❡ J(χπ, χπ) = g(χπ)2/g(ψ)✳
P♦rt❛♥t♦✱

J(χπ, χπ)2 =
g(χπ)4

g(ψ)2
.

P❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✸✳✹ t❡♠♦s q✉❡ g(χπ)4 = χπ(−1)pJ(χπ, χπ)J(χπ, ψ) ❡
♣❡❧♦ ❝♦r♦❧ár♦ ✹✳✷✳✺ g(ψ)2 = (−1)(p−1)/2p = p✳ ❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✐♠♣❧✐❝❛
q✉❡

J(χπ, χπ)2 = χπ(−1)J(χπ, χπ)J(χπ, ψ).

❊ ❝❛♥❝❡❧❛♥❞♦ J(χπ, χπ) ♦❜t❡♠♦s

J(χπ, χπ) = χπ(−1)J(χπ, ψ).

Pr♦♣♦s✐çã♦ ✺✳✼✳✷ ❊♠ r❡❧❛çã♦ à s♦♠❛ ❞❡ ●❛✉ss t❡♠✲s❡
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g(χπ)4 = pJ(χπ, χπ).

❉❡♠♦♥str❛çã♦✿ ◆❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ✈✐♠♦s q✉❡

g(χπ)4 = J(χπ, χπ)2g(ψ)2.

P❡❧♦ ❝♦r♦❧ár✐♦ ✹✳✷✳✺ g(ψ)2 = (−1)(p−1)/2p = p✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦
❛❝✐♠❛ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

Pr♦♣♦s✐çã♦ ✺✳✼✳✸ ❖ ❡❧❡♠❡♥t♦ −χπ(−1)J(χπ, χπ) é ♣r✐♠ár✐♦✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❛r❡♠♦s q✉❡ −χπ(−1)J(χπ, χπ) ≡ 1 (mod 2 + 2i)✱ ♦
q✉❡ é s✉✜❝✐❡♥t❡ ✉♠❛ ✈❡③ q✉❡ 2 + 2i = (1 + i)3(−i)✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s♦♠❛s ❞❡ ❏❛❝♦❜✐ ✭ ✹✳✸✳✶ ✮ t❡♠♦s q✉❡ J(χπ, χπ) =
∑p−1

t=2 χπ(t)
χπ(1− t)✳ ❖❜s❡r✈❛♠♦s q✉❡ ♦ t❡r♠♦ ❞♦ s♦♠❛tór✐♦ ❛ss♦❝✐❛❞♦ à t = (p+ 1)/2 é
χπ((p + 1)/2)χπ(1 − (p + 1)/2) = χπ((p + 1)/2)2✳ ❚❛♠❜é♠ ♦❜s❡r✈❛♠♦s q✉❡
♣❛r❛ t♦❞♦ t 6= (p+1)/2✱ ♦ t❡r♠♦ ❞♦ s♦♠❛tór✐♦ r❡❢❡r❡♥t❡ ❛♦ í♥❞✐❝❡ t ❡ ❛♦ í♥❞✐❝❡
p+(1− t) sã♦ ✐❣✉❛✐s✱ ✐✳❡✳✱ χπ(t)χπ(1− t) = χπ(p+(1− t))χπ(1− (p+(1− t)))✳
❙❡♥❞♦ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

J(χπ, χπ) = 2

(p−1)/2
∑

t=2

χπ(t)χπ(1 − t) + χπ

(

p+ 1

2

)2

.

❆❣♦r❛✱ ❢❛r❡♠♦s três ♦❜s❡r✈❛çõ❡s ❛❝❡r❝❛ ❞❡ r❡sí❞✉♦s ♠ó❞✉❧♦ 2 + 2i✳

(1) 2ε ≡ 2 (mod 2 + 2i)✱ ♦♥❞❡ ε é ✉♠❛ ✉♥✐❞❛❞❡ q✉❛❧q✉❡r ❞❡ Z[i]✳

❉❡ ❢❛t♦✱ s❡ ε = 1 ♥❛❞❛ t❡♠♦s ❛ ❢❛③❡r❀ s❡ ε = −1✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡
(2 + 2i)(1 − i) = 4❀ s❡ ε = i✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ (2 + 2i)i = 2i − 2❀ ❡ s❡
ε = −i ♥❛❞❛ t❡♠♦s ❛ ❢❛③❡r✳

(2) p ≡ 1 (mod 2 + 2i)✳

❈♦♠♦ p ≡ 1 (mod 4) ❡ (2 + 2i) | 4 ❛ ♦❜s❡r✈❛çã♦ s❡❣✉❡✳

(3) χπ((p+ 1)/2)2 = χπ(−1)✳

❈♦♠♦ (p+1)/2 ≡ 1/2 (mod p)✱ t❡♠♦s q✉❡ χπ((p+1)/2)2 = χπ((2)−1)2 =
χπ(2)−2. ❯♠❛ ✈❡③ q✉❡ χπ(2) = 1,−1, i, ou− i✱ t❡♠♦s q✉❡ χπ(2)2 = 1, ou−1✱ ❡
♣♦rt❛♥t♦✱ χπ((p+1)/2)2 = χπ(2)−2 = χπ(2)2✳ ❈♦♠♦ 2 = −i(1+i)2✱ t❡♠♦s q✉❡
χπ((p+1)/2)2 = χπ(−i(1+i)2)2 = χπ(−i)2χπ((1+i)2)2 = χπ(−i)2 = χπ(−1)✳
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❉❡ (1) ❡ (2) s❡❣✉❡ q✉❡ 2
∑(p−1)/2

t=2 χπ(t)χπ(1 − t) ≡ 2(p − 3)/2 ≡ −2
(mod 2 + 2i)✳ P♦rt❛♥t♦✱ ✉s❛♥❞♦ (3) t❡♠♦s

J(χπ, χπ) ≡ −2 + χπ(−1) (mod 2 + 2i).

❉❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✸ t❡♠♦s q✉❡ χπ(−1) = ±1✳ ▲♦❣♦✱

χπ(−1)J(χπ, χπ) ≡ −2 + χπ(−1) (mod 2 + 2i).

◆♦✈❛♠❡♥t❡ ♣♦r (1) ❛❝✐♠❛ t❡♠♦s q✉❡

χπ(−1)J(χπ, χπ) ≡ 1 (mod 2 + 2i).

❱❛♠♦s ❛❣♦r❛ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❞❡ −χπ(−1)J(χπ, χπ)✳

Pr♦♣♦s✐çã♦ ✺✳✼✳✹ ❉❛❞♦ ♦ ❡❧❡♠❡♥t♦ ✐rr❡❞✉tí✈❡❧ π t❡♠✲s❡ q✉❡

−χπ(−1)J(χπ, χπ) = π.

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✺✳✹ ✈❡♠♦s q✉❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡
J(χπ, χπ) ❡ π ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ✉♥✐❞❛❞❡ ✉♠❛ ✈❡③ q✉❡ ❛♠❜♦s sã♦ ♣r✐♠ár✐♦s✳

P❡❧♦ ❝♦r♦❧ár✐♦ ✹✳✸✳✸✱ t❡♠♦s q✉❡ N(J(χπ, χπ)) = p✱ ❡ ♣♦rt❛♥t♦ J(χπ, χπ)
é ✐rr❡❞✉tí✈❡❧✳ ▼❛s✱ J(χπ, χπ) ≡

∑p−1
t=1 t

(p−1)/4(1 − t)(p−1)/4 (mod π) ✭♣❡❧♦
❝r✐tér✐♦ ❞❡ ❊✉❧❡r✮ ❡ ❛ss✐♠ ❞❛ ♣r♦♣♦s✐çã♦ ✺✳✺✳✹ s❡❣✉❡ q✉❡ J(χπ, χπ) ≡ 0
(mod π)✳ ▲♦❣♦ J(χπ, χπ) ❡ π ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ✉♥✐❞❛❞❡ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❊st❛♠♦s ❛❣♦r❛ ❡♠ ♣♦s✐çã♦ ❞❡ ❡①✐❜✐r ❛ ❢❛t♦r❛çã♦ ❞❡ g(χπ)4✳

Pr♦♣♦s✐çã♦ ✺✳✼✳✺ ❆ ❢❛t♦r❛çã♦ ❞❡ g(χπ)4 é ❞❛❞❛ ♣♦r g(χπ)4 = π3π✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✷ t❡♠♦s q✉❡ g(χπ)4 = pJ(χπ, χπ)2✳
❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ χπ(−1) = ±✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✹ s❡❣✉❡ q✉❡ g(χπ)4 =
πππ2✳

❆❣♦r❛ ✈❛♠♦s ❞❡♠♦♥str❛r ❞♦✐s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡
❜✐q✉❛❞rát✐❝❛✳
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Pr♦♣♦s✐çã♦ ✺✳✼✳✻ ❙❡❥❛ q > 0 ✉♠ ✐rr❡❞✉tí✈❡❧ r❛❝✐♦♥❛❧ ❡♠ Z[i]✳ ❊♥tã♦

χπ(−q) = χq(π).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ q ≡ 3 (mod 4) ❡ χπ t❡♠ ♦r❞❡♠ 4 t❡♠♦s q✉❡ χq
π =

χ3
π = χ−1

π = χπ✳ ❙❡❣✉❡ q✉❡

g(χπ)q ≡
p−1
∑

j=1

χπ(j)qζqj ≡
p−1
∑

j=1

χπ(j)ζqj = gq(χπ) (mod q).

P❡❧♦ ❝♦r♦❧ár✐♦ ✹✳✷✳✺ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✷ t❡♠♦s q✉❡ gq(χπ) = χπ(q−1)g(χπ)✳
▼❛s✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✸ χπ(q)−1 = χπ(q)✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ ❛❝✐♠❛
✐♠♣❧✐❝❛ q✉❡

g(χπ)q ≡ χπ(q)g(χπ) (mod q).

P♦r ✉♠ ❧❛❞♦ t❡♠♦s q✉❡

(g(χπ)4)(q+1)/4 = g(χπ)q+1 ≡ χπ(q)g(χπ)g(χπ) (mod q).

P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✺ t❡♠♦s q✉❡ (g(χπ)4)(q+1)/4 = (π3π)(q+1)/4✳ ❆ss✐♠✱

(π3π)(q+1)/4 ≡ χπ(q)g(χπ)g(χπ) (mod q).

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ πq = (a + bi)q ≡ aq + bqiq ≡ a − bi = π (mod q)✳
P♦rt❛♥t♦✱

π[(q+3)(q+1)]/4 ≡ χπ(q)g(χπ)g(χπ) (mod q).

P❡❧♦ ❝♦r♦❧ár✐♦ ✹✳✷✳✺ g(χπ) = χπ(−1)g(χπ) ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✹N(g(χπ)) =
p = ππ✳ ❈♦♠ ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ❡ ❝♦♠ ❛ ♦❜s❡r✈❛çã♦ q✉❡ ✜③❡♠♦s ❛❝✐♠❛ q✉❡
πq ≡ π (mod q)✱ t❡♠♦s q✉❡

π[(q+3)(q+1)]/4 ≡ χπ(−1)χπ(q)πq+1 (mod q).

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

π(q2−1)/4 ≡ χπ(−q) (mod q).

▼❛s✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r✱ π(q2−1)/4 ≡ χq(π) (mod q)✱ ❧♦❣♦

χq(π) ≡ χπ(−q) (mod q).

❊✱ ✜♥❛❧♠❡♥t❡✱ ❝♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s sã♦ r❛í③❡s ❜✐q✉❛❞rát✐❝❛s ❞❛ ✉♥✐❞❛❞❡✱
♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✸✱ t❡♠♦s q✉❡
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χq(π) = χπ(−q).

❈♦♠♦ −q é ♣r✐♠ár✐♦ ❡ (N(q) − 1)/4 ❂ (q2 − 1)/4 é ♣❛r✱ s❡❣✉❡ q✉❡ ❛
♣r♦♣♦s✐çã♦ ❛❝✐♠❛ é ❞❡ ❢❛t♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐✲
q✉❛❞rát✐❝❛✳

Pr♦♣♦s✐çã♦ ✺✳✼✳✼ ❙❡❥❛ q ✉♠ ♣r✐♠♦✱ q ≡ 1 (mod 4)✳ ❊♥tã♦

χπ(q) = χq(π).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ q ≡ 1 (mod 4) ❡ χπ t❡♠ ♦r❞❡♠ 4✱ s❡❣✉❡ q✉❡
χq

π = χπ✳ ❈♦♠♦ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✷ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✸ gq(χπ) =

χπ(q−1)g(χπ) = χπ(q)g(χπ) s❡❣✉❡ q✉❡

g(χπ)q ≡
p−1
∑

j=1

χπ(j)qζqj ≡
p−1
∑

j=1

χπ(j)ζqj ≡ χπ(q)g(χπ) (mod q).

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r g(χπ)3 t❡♠♦s

g(χπ)q+3 ≡ χπ(q)g(χ)4 (mod q).

❆❣♦r❛✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✺✱ s❡❣✉❡ q✉❡

(π3π)(q+3)/4 ≡ χπ(q)π3π (mod q).

❈♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ ❛❝✐♠❛ ♣❡rt❡♥❝❡♠ à Z[i] ❡ (q, π) =
(q, π) = 1✱ ❞✐✈✐❞✐♥❞♦ ♣♦r π3π✱ ♦❜t❡♠♦s

(π3π)(q−1)/4 ≡ χπ(q) (mod q).

❙❡ q = λλ✱ λ ✐rr❡❞✉tí✈❡❧ ❡♠ Z[i]✱ ❡♥tã♦ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r s❡❣✉❡ q✉❡

χλ(π
3)χλ(π) ≡ χπ(q) (mod (λ)).

❈♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s sã♦ r❛í③❡s ❜✐q✉❛❞rát✐❝❛s ❞❛ ✉♥✐❞❛❞❡ s❡❣✉❡ q✉❡

χλ(π
3)χλ(π) = χπ(q)

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ χλ(π
3) = χλ(π)3 = χλ(π)−1 = χλ(π) ❡ ❛ ♣r♦♣♦s✐çã♦

✺✳✻✳✺✱ t❡♠♦s
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χπ(q) = χλ(π)χλ(π) = χλ(π)χλ(π) = χq(π).

❚♦♠❛♥❞♦ ♦s ❝♦♥❥✉❣❛❞♦s ❞♦s ❞♦✐s ❧❛❞♦s ❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ♣r♦♣♦s✐çã♦
✺✳✻✳✺ s❡❣✉❡ q✉❡

χπ(q) = χq(π).

Pr♦♣♦s✐çã♦ ✺✳✼✳✽ ❙❡❥❛ a ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ t❛❧ q✉❡ a ≡ 1 (mod 4) ❡ λ

♣r✐♠ár✐♦ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐rr❡❞✉tí✈❡❧✮ t❛❧ q✉❡ (a, λ) = 1✳ ❊♥tã♦

χa(λ) = χλ(a).

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ a =
∏

pi

∏

qi✱ ♦♥❞❡ pi ❡ qi sã♦ ♣r✐♠♦s r❛❝✐♦♥❛✐s
t❛✐s q✉❡ pi ≡ 1 (mod 4) ❡ qi ≡ 3 (mod 4)✳ ❙❛❜❡♠♦s q✉❡ ❝♦♠♦ a ≡ 1 (mod 4)
♦s qis ❞❡✈❡♠ ❛♣❛r❡❝❡r ❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r✳

P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✺✳✺ ❡ ♣❡❧❛ ❜✐♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s ❜✐✲
q✉❛❞rát✐❝♦s ♣♦❞❡♠♦s s✉♣♦r λ ✐rr❡❞✉tí✈❡❧✳

P♦r s✉❝❡ss✐✈❛s ❛♣❧✐❝❛çõ❡s ❞❛s ♣r♦♣♦s✐çõ❡s ✺✳✼✳✻ ❡ ✺✳✼✳✼ t❡♠♦s q✉❡

∏

χpi
(λ)
∏

χqi
(λ) =

∏

χλ(pi)
∏

χλ(−qi).
◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞✉♣❧❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s ❜✐q✉❛❞rát✐✲

❝♦s ❡ ♣❡❧♦ ❢❛t♦ ❞❡ t❡r♠♦s ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡ qis s❡❣✉❡ q✉❡

χa(λ) = χλ(a).

Pr♦♣♦s✐çã♦ ✺✳✼✳✾ ❙✉♣♦♥❤❛ q✉❡ π = a + bi ❡ λ = c + di s❡❥❛♠ ❡❧❡♠❡♥t♦s

♣r✐♠ár✐♦s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐rr❡❞✉tí✈❡✐s✱ ♣r✐♠♦s ❡♥tr❡ s✐✳ ❙❡ (a, b) = 1 ❡

(c, d) = 1✱ ❡♥tã♦

χπ(λ) = χλ(π)(−1)(a−1)/2(c−1)/2.
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❉❡♠♦♥str❛çã♦✿ ❉❛s ❤✐♣ót❡s❡s s❡❣✉❡ q✉❡ (a, π) = (b, π) = (c, λ) = (d, λ) =
1✳ ❈♦♠♦ (c, λ) = 1 t❡♠♦s q✉❡ λbi = bci−bd⇒ bi ≡ bdc−1 (mod λ) ⇒ a+b ≡
a+ bdc−1 (mod λ) ⇒ cπ ≡ ca+ bd (mod λ)✳

❆ r❡❧❛çã♦ cπ ≡ ca+bd (mod λ) ✐♠♣❧✐❝❛ q✉❡ (ac+bd, λ) = (ac+bd, π) = 1✳
P♦rt❛♥t♦✱

χλ(c)χλ(π) = χλ(ac− bd). ✭✺✳✶✶✮

❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛

χπ(a)χπ(λ) = χπ(ac− bd). ✭✺✳✶✷✮

❚♦♠❛♥❞♦ ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ ✺✳✶✷✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ✺✳✶✶ ❡ ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦
✺✳✻✳✺ ♦❜t❡♠♦s

χλ(c)χπ(a)χλ(π)χπ(λ) = χλπ(ac+ bd).

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ χ−1 = χ ♣❛r❛ ✉♠ ❝❛r❛❝t❡r ♠✉❧t✐♣❧✐❝❛t✐✈♦ χ q✉❛❧q✉❡r
❡✱ ♥♦✈❛♠❡♥t❡✱ ❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✺ ♦❜t❡♠♦s

χλ(π)χπ(λ) = χλχπ(a)χλπ(ac+ bd). ✭✺✳✶✸✮

❆ss✉♠❛ q✉❡ c, a✱ ❡ ac+ bd ♥ã♦ s❡❥❛♠ ✉♥✐❞❛❞❡s✳ P❛r❛ ✉♠ ✐♥t❡✐r♦ í♠♣❛r n
❞❡✜♥❛ ε(n) = (−1)(n− 1)/2✳ ❊♥tã♦✱ ε(n)n ≡ 1 (mod 4)✳ ❉❡ ❢❛t♦✱ s❡ n ≡ 1
(mod 4)✱ ❡♥tã♦ ε(n) = 1✱ ❡✱ s❡ n ≡ −1 (mod 4)✱ ❡♥tã♦ ε(n) = −1 ❡✱ ♣♦rt❛♥t♦✱
ε(n)n ≡ (−1)(−1) = 1 (mod 4)✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ε(ac + bd) = ε(a)ε(c)✳
❉❡ ❢❛t♦✱ ❝♦♠♦ λ ❡ π sã♦ ♣r✐♠ár✐♦s t❡♠♦s q✉❡ b ❡ d ≡ 0✱ ♦✉ 2 (mod 4)✱ ❡✱
♣♦rt❛♥t♦✱ bd ≡ 0 (mod 4)✳ ❊♥tã♦✱ ♥♦s r❡st❛ ✈❡r✐✜❝❛r q✉❡ ε(ac) = ε(a)ε(c)✱ ♦
q✉❡ s❡❣✉❡ s❡ ✈❡r✐✜❝❛r♠♦s ♦s três ❝❛s♦s ♣♦ssí✈❡✐s✱ q✉❛✐s s❡❥❛♠✱ a ≡ 1 (mod 4)
❡ c ≡ 1 (mod 4)✱ a ≡ 1 (mod 4) ❡ c ≡ 3 (mod 4)✱ ❡✱ a ≡ 3 (mod 4) ❡ c ≡ 3
(mod 4)✳

❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ χα(x) = χα(ε(x))χα(ε(x)x)✱ ❡ q✉❡✱ ❝♦♠♦ ε(x) =
±1✱ ♣❡❧♦ ❝r✐tér✐♦ ❞❡ ❊✉❧❡r✱ χα(ε(x)) = ±1✱ ♦ q✉❡ ✐♠♣✐❝❛ q✉❡ χα(ε(x)) =
χα(ε(x)) = χα(ε(x))✳

❆❣♦r❛✱ ✉s❛♥❞♦ ❛s ♣r♦♣♦s✐çõ❡s ✺✳✼✳✽ ❡ ✺✳✻✳✸✱ ❡ ♦ ❢❛t♦ q✉❡ ε(x)2 = 1 ♣♦❞❡♠♦s
❝❛❧❝✉❧❛r ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ✺✳✶✸✳

χλ(π)χπ(λ) = ε(a)2ε(c)2χλ(ε(c)c)χπ(ε(a)a)χλπ(ε(ac+ bd)ac+ bd)

= χλ(ε(c)
2)χπ(ε(a)2)χλ(ε(a))χπ(ε(a))χc(λ)χa(π)χac+bd(λπ)

= (−1)((a−1)/2(c−1)/2)2χc(λ)χa(π)χac+bd(λπ)

= χc(λ)χa(π)χac+bd(λπ). ✭✺✳✶✹✮
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❯s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✼ ❡ ♦ ❢❛t♦ q✉❡ χα(x) = χα(y) s❡ x ≡ y (mod α)
✭s❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✻ ✮ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦s três t❡r♠♦s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦
❞❛ ❡q✉❛çã♦ ✺✳✶✹✳

χc(λ) = χc(c− di) = χc(−di) = χc(i),
χa(π) = χa(a+ bi) = χa(bi) = χa(i),

χac+bd(πλ) = χac+bd((ad− bc)i) = χac+bd(i).

P♦rt❛♥t♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

χλ(π)χπ(λ) = χ(ac+bd)ac(i).

❈♦♠♦ ac ≡ 1✱ ♦✉✱ 3 (mod 4) ❡ bd ≡ 0 (mod 4) t❡♠♦s q✉❡ (ac+ bd)ac ≡ 1
(mod 4)✳ ❙❡♥❞♦ ❛ss✐♠ ♣♦❞❡♠♦s ✉s❛r ❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✹ ♦❜t❡♥❞♦

χλ(π)χπ(λ) = (−1)((ac+bd)ac−1)/4.

❙❡ ✈❡r✐✜❝❛r♠♦s t♦❞♦s ♦s ❝❛s♦s ♣♦ssí✈❡✐s ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ a, b, c ❡ d ❡①♣❧✐❝✐✲
t❛❞♦s ♥❛ ♣r♦♣♦s✐çã♦ ✺✳✺✳✸ ❝♦♥❝❧✉í♠♦s q✉❡ (−1)((ac+bd)ac−1)/4 = (−1)(a−1)/2(c−1)/2✳
P♦rt❛♥t♦

χλ(π)χπ(λ) = (−1)(a−1)/2(c−1)/2.

❈♦♠♦ q✉❡rí❛♠♦s✳
◗✉❛♥❞♦ a, c, ♦✉ ac+bd sã♦ ✉♥✐❞❛❞❡s ❜❛st❛ ❛❞❛♣t❛r♠♦s ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦

✉s❛❞♦ ❛❝✐♠❛✳

❊st❛♠♦s ❛❣♦r❛ ❡♠ ♣♦s✐çã♦ ❞❡ ❞❡♠♦♥str❛r ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛✳
❱❛♠♦s ❡♥✉♥❝✐❛r ♥♦✈❛♠❡♥t❡ ♦ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✺✳✼✳✶✵ ✭▲❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❜✐q✉❛❞rát✐❝❛✮ ❙❡❥❛♠ λ ❡ π ❡❧✲

❡♠❡♥t♦s ♣r✐♠ár✐♦s r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ❞❡ Z[i]✳ ❊♥tã♦✱

χπ(λ) = χλ(π)(−1)(N(λ−1)/4)(N(π)−1)/4.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ✉s❛r♠♦s ❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✾ ❝♦♥s✐❞❡r❡ π = m(a+ bi)
❡ λ = n(c+ di)✱ ♦♥❞❡ (a, b) = 1✱ (c, d) = 1 ❡ m,n ≡ 1 (mod 4)✳ ❖❜s❡r✈❡ q✉❡
❝♦♠♦ π ❡ λ sã♦ ♣r✐♠ár✐♦s s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ t❛❧ q✉❡ m ❡ n
sã♦ ♣r✐♠ár✐♦s✱ ❛ss✐♠ m,n ≡ 1 (mod 2(−1 + i)3)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ m,n ≡ 1
(mod 4)✳
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P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✼✳✽ t❡♠♦s q✉❡ χπ(n) = χn(π) ❡ χλ(m) = χm(λ)✳ ❚❡♠♦s
t❛♠❜é♠ q✉❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✼ χm(n) = χn(m) = 1✳ ❈♦♠♦✱ a+ bi ❡ c+di
sã♦ ♣r✐♠ár✐♦s s❡❣✉❡ q✉❡

χλ(π) = χλ(a+ bi)

= χm(λ)χn(a+ bi)χc+di(a+ bi)

= χm(λ)χa+bi(n)χa+bi(c+ di)(−1)(a−1)/2(c−1)/2

= χπ(λ)(−1)(a−1)/2(c−1)/2.

❈♦♠♦ m,n ≡ 1 (mod 4)✱ s❡❣✉❡ q✉❡ (N(π) − 1)/4 = (N(m)N(a + bi) −
1)/4 ≡ (N(a + bi) − 1)/4 (mod 4)✱ ❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ (N(λ) − 1)/4 ≡
(N(c+ di) − 1)/4 (mod 4)✳ P❡❧♦ ❧❡♠❛ ✺✳✻✳✷ t❡♠♦s (−1)(N(π)−1)/4(N(λ−1))/4 =
(−1)(a−1)/2(b−1)/2✳ ❙❡♥❞♦ ❛ss✐♠ s❡❣✉❡ q✉❡

χλ(π) = χπ(λ)(−1)(N(π)−1)/4(N(λ−1))/4



❈❛♣ít✉❧♦ ✻

▲❡✐s ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛✐s

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ❡①♣♦r ✉♠ ♠ét♦❞♦ ❞❡✈✐❞♦ à ❈❤❛r❧❡s ❍❡❧♦✉
❬✹❪ q✉❡ ❞❡❞✉③ ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛❧ m ✲ és✐♠❛ s❡♠♣r❡ q✉❡ ✉♠❛ ❧❡✐
❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ m ✲ és✐♠❛ ❡♠ Z[ζm] é ❞❛❞❛✱ ♦♥❞❡ ζm é ✉♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ m
✲ és✐♠❛ ❞❛ ✉♥✐❞❛❞❡✳ ❆♣❧✐❝❛r❡♠♦s ❡st❡ ♠ét♦❞♦ ❛♦s ❝❛s♦s m = 3 ❡ 4 ♦❜t❡♥❞♦
r❡s✉❧t❛❞♦s ❞❡✈✐❞♦s à ✈♦♥ ▲✐❡♥❡♥ ❬✼❪ ❡ ❇✉r❞❡ ❬✶❪✳

✻✳✶ ❖ ❢❛t♦r ❞❡ ✐♥✈❡rsã♦ r❛❝✐♦♥❛❧

❙❡❥❛m > 1 ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧✳ ❙❡❥❛♠ p ❡ q ♣r✐♠♦s r❛❝✐♦♥❛✐s ❞✐st✐♥t♦s t❛✐s
q✉❡ p, q ≡ 1 (mod m)✳ ❙❡❥❛♠ ζm ❛m ✲ és✐♠❛ r❛í③ ❞❛ ✉♥✐❞❛❞❡ ❡ Dm = Z[ζm] ♦
❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ Q(ζm)✳ ❙❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✼ q✉❡ s❡ p ≡ 1 (mod m)✱
❡♥tã♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣r✐♠ár✐❛ ❞❡ (p) é ❞❛ ❢♦r♠❛ (p) = P1P2 · · ·Pφ(m)✱ ♦♥❞❡
φ é ❛ ❢✉♥çã♦ ❞❡ ❊✉❧❡r ❡ ♦s ♣r✐♠♦s Pi✱ i = 1, . . . , φ(m) sã♦ t♦❞♦s ❞✐st✐♥t♦s ❡
❞❡ ❣r❛✉ ❞❡ ✐♥ér❝✐❛ 1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ (p) s❡ ❞❡❝♦♠♣õ❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡
✭✈❡r ❞❡✜♥✐çã♦ ✷✳✶✳✶✾✮ ❡♠ Dm✳

❚♦♠❡ P = Pi ♣❛r❛ ❛❧❣✉♠ i✳ ❈♦♠♦ P t❡♠ ❣r❛✉ ❞❡ ✐♥ér❝✐❛ 1✱ s❡❣✉❡ q✉❡
N(P ) = p✳ ❙✉♣♦♥❤❛ q✉❡ π ❡ υ s❡❥❛♠ ❡❧❡♠❡♥t♦s ♣r✐♠♦s ❞❡ Dm t❛✐s q✉❡
N(π) = p ❡ N(υ) = q✳ ❆ss✐♠✱ Dm/(π) ≈ Zp✳ ❉❡✈✐❞♦ à ❡st❡ ✐s♦♠♦r✜s♠♦
❡①✐st❡ ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ z s❛t✐s❢❛③❡♥❞♦ z ≡ ζm (mod π)✱ ❡ z é ú♥✐❝♦ ♠ó❞✉❧♦
♣✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❞❡✜♥✐çã♦✳

✺✺
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❉❡✜♥✐çã♦ ✻✳✶✳✶ ❖ m ✲ és✐♠♦ ❢❛t♦r ❞❡ ✐♥✈❡rsã♦ r❛❝✐♦♥❛❧ ❞❡ p ❡ q✱

ρm(p, q)✱ é ❞❡✜♥✐❞♦ ♣♦r

ρm(p, q) =

(

p

υ

)

m

(

q

π

)−1

m

.

❊♥t❡♥❞❡♠♦s ♣♦r ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛❧ ✉♠❛ r❡❧❛çã♦ ❞❡ r❡❝✐♣r♦❝✐✲
❞❛❞❡ ❡♥tr❡ ❝❛r❛❝t❡r❡s ❞❡ ❞♦✐s ♣r✐♠♦s í♠♣❛r❡s r❛❝✐♦♥❛✐s q✉❡ ❞❡♣❡♥❞❛ ✉♥✐❝❛✲
♠❡♥t❡ ❞❡ t❛✐s ♣r✐♠♦s✳ ◆♦ss❛ ❞❡✜♥✐çã♦ é ❛ ♠❡s♠❛ ✉s❛❞❛ ❡♠ ❬✹❪✳ ❊st❛ ❞❡✜♥✐çã♦
é ♠❛✐s ❣❡r❛❧ ❞♦ q✉❡ ❛ ✉s❛❞❛ ❡♠ ❬✻❪✱ ♦♥❞❡ ❛ ❛✉t♦r❛ ❡①✐❣❡ t❛♠❜é♠ q✉❡ ♦ ♣r♦❞✉t♦
❞♦s ❝❛r❛❝t❡r❡s s❡❥❛ ±1✳ ◆❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♠♦str❛r❡♠♦s q✉❡ ♦ ✈❛❧♦r ❞❡
(

p
υ

)

m
✭r❡s♣❡❝t✐✈❛♠❡♥t❡

(

q
π

)

m
✮ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ p ❡ q✱ ❡ ♥ã♦ ❞❛ ❡s❝♦❧❤❛ ❞♦

✐rr❡❞✉tí✈❡❧ υ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ π✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ρm(p, q)
♣♦❞❡ s❡r ❝❤❛♠❛❞❛ ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ r❛❝✐♦♥❛❧ m ✲ és✐♠❛✳

Pr♦♣♦s✐çã♦ ✻✳✶✳✷ ❈♦♠ p ❡ υ ♥❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ t❡♠♦s q✉❡

(

p
υ

)

m

= 1

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ xm ≡ p (mod q) ♣❛r❛ ❛❧❣✉♠ x ∈ Z✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ Dm/(υ) ≈ Zq✱ t❡♠♦s q✉❡ ♦s ✐♥t❡✐r♦s 0, 1, . . . , q − 1
❢♦r♠❛♠ ✉♠ s✐st❡♠❛ ❝♦♠♣❧❡t♦ ❞❡ r❡sí❞✉♦s ♣❛r❛ ❛s ❝❧❛ss❡s ❞❡ r❡sí❞✉♦s ❞❡ Dm

♠ó❞✉❧♦ υ✳ P♦rt❛♥t♦
(

p
υ

)

m
= 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ xm ≡ p (mod υ) ♣❛r❛ ❛❧❣✉♠

x ∈ Z✳ ❈♦♠♦ ♣❛r❛ t♦❞♦ σ ♥♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s✱ G✱ ❞❡ Q(ζm)/Q t❡♠✲s❡ q✉❡
σ(x) = x ❡ σ(p) = p✱ s❡❣✉❡ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r t❛❧ σ✱ xm ≡ p (mod σ(υ))✳
❯♠❛ ✈❡③ q✉❡ ♦s ❝♦♥❥✉❣❛❞♦s ❞❡ υ sã♦ ❡❧❡♠❡♥t♦s ♣r✐♠♦s ❞❡ Dm ❡ ♥ã♦ sã♦
❛ss♦❝✐❛❞♦s ❞♦✐s ❛ ❞♦✐s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ q = N(υ) | xm − p✳

❙❡ ❝♦♥❤❡❝❡♠♦s ✉♠❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ m ✲ és✐♠❛ ❡♠ Dm✱ ❡♥tã♦ t❡♠♦s

✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛
(

a
b

)

m

(

b
a

)−1

m
✱ ♦♥❞❡ a, b ∈ Dm✱ a, b /∈ (m)✱ a /∈ (b) ❡

b /∈ (a)✳

❉❡✜♥✐çã♦ ✻✳✶✳✸ ◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ❞❡✜♥✐♠♦s ♦ sí♠❜♦❧♦ em(a, b) ♣❡❧❛ ❡①✲

♣r❡ssã♦

em(a, b) =

(

a

b

)

m

(

b

a

)−1

m

.

❉❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ρm(p, q) q✉❡ ✉s❛ em(p, υ)✳
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❚❡♦r❡♠❛ ✻✳✶✳✹ ❙❡❥❛ f(x) ∈ Z[x] ✉♠ ♣♦❧✐♥ô♠✐♦ t❛❧ q✉❡ f(ζm) = υ✳ ❙❡❥❛ z

✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ t❛❧ q✉❡ z ≡ ζm (mod π)✳ ❊♥tã♦

ρm(p, q) = em(p, υ)

(

s

π

)

m

,

♦♥❞❡✱ s é ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ t❛❧ q✉❡

s ≡
∏

k

f(ζk
m)k′−1 (mod p),

❝♦♠ k ♣❡r❝♦rr❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ♣♦s✐t✐✈♦ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❡ Zm
∗✱ ❡ k′

✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ kk′ ≡ 1 (mod m)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠❡ç❛r❡♠♦s ❢❛③❡♥❞♦ ✉♠❛ sér✐❡ ❞❡ ♦❜s❡r✈❛çõ❡s✳
❙❡❥❛ G ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❡ Q(ζm)/Q✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✸ t❡♠♦s q✉❡

p =
∏

σ∈G σ(π) ❡ q✉❡ q =
∏

σ∈G σ(υ)✳ ❆ss✐♠✱ s❡❣✉❡ q✉❡

ρm(p, q) =

(

p

υ

)

m

(

q

π

)−1

m

=
∏

σ∈G

(

σ(π)

υ

)

m

(

σ(υ)

π

)−1

m

. ✭✻✳✶✮

❚❡♠♦s t❛♠❜é♠ q✉❡

(

σ(π)

υ

)

m

(

σ(υ)

π

)−1

m

= em(σ(π), υ)

(

υ

σ(π)

)

m

(

σ(υ)

π

)−1

m

. ✭✻✳✷✮

❆❣♦r❛✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✵✱ t❡♠♦s q✉❡
(

υ

σ(π)

)

m

= σ

(

σ−1(υ)

π

)

m

❊✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✻✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ σ ∈ G ❡①✐st❡ k ∈ Zm
∗ t❛❧

q✉❡ σ(ζm) = σk(ζm) = ζk
m✳ ❙❡❣✉❡ q✉❡ σk(υ) = σk(f(ζm)) = f(ζk

m) ≡ f(zk)
(mod π)✳ ❈♦♠♦ σ−1

k = σk′ ✱ t❡♠♦s q✉❡ σ−1
k (υ) ≡ f(zk′

) (mod π)✳ ❯s❛♥❞♦
❡st❛s ❝♦♥s✐❞❡r❛çõ❡s ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♠❛✐s ♦ ❢❛t♦ q✉❡ a ≡ b (mod π) ✐♠♣❧✐❝❛

❡♠
(

a
π

)

m
=
(

b
π

)

m
✱ ♦❜t❡♠♦s

(

υ

σk(π)

)

m

= σk

(

σk′(υ)

π

)

m

= σk

(

f(zk′

)

π

)

m

=

(

f(zk′

)

π

)k

m

,

❡ t❛♠❜é♠

(

σk(υ)

π

)−1

m

=

(

f(zk)

π

)−1

m

.
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▲♦❣♦✱

(

υ

σk(π)

)

m

(

σk(υ)

π

)−1

m

=

(

f(zk′

)

π

)k

m

(

f(zk)

π

)−1

m

.

❙✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♥❛ ❡q✉❛çã♦ ✻✳✷ ♦❜t❡♠♦s

(

σk(π)

υ

)

m

(

σk(υ)

π

)−1

m

= em(σk(π), υ)

(

f(zk′

)

π

)k

m

(

f(zk)

π

)−1

m

.

❯s❛♥❞♦ ❛ ❜✐♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ em(, ) ❡ s✉❜st✐t✉✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♥❛
❡q✉❛çã♦ ✻✳✶ t❡♠♦s

(

p

υ

)

m

(

q

π

)−1

m

= em(p, υ)
∏

k

(

f(zk′

)k

π

)

m

∏

k

(

f(zk)m−1

π

)

m

,

♦♥❞❡ k ∈ Zm
∗✳ ❖❜s❡r✈❡ q✉❡

∏

k(f(zk′

)k/π)m =
∏

k(f(zk)k′

/π)m✱ ♦ q✉❡
✐♠♣❧✐❝❛

(

p

υ

)

m

(

q

π

)−1

m

= em(p, υ)
∏

k

(

f(zk)k′+m−1

π

)

m

.

❊ ❝♦rt❛♥❞♦ m ❞♦ ❡①♣♦❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♦ sí♠❜♦❧♦ ❞❡ r❡sí❞✉♦s m ✲ és✐♠♦s
é ✉♠❛ r❛í③ m ✲ és✐♠❛ ❞❛ ✉♥✐❞❛❞❡✱ ♦❜t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

✻✳✷ ❆♣❧✐❝❛çõ❡s

❆❣♦r❛ ❛♣❧✐❝❛r❡♠♦s ♦ t❡♦r❡♠❛ ✻✳✶✳✹ ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ♦s ❝❛s♦s ❡♠ q✉❡
m = 3 ❡ m = 4✱ ♦❜t❡♥❞♦ t❡♦r❡♠❛s ❞❡✈✐❞♦ à ✈♦♥ ▲✐❡♥❡♥ ❬✼❪ ❡ ❇✉r❞❡ ❬✶❪✳
◆♦ q✉❡ s❡❣✉❡✱ ✉s❛r❡♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞♦ t❡♦r❡♠❛ ✻✳✶✳✹✱ ❛ s❛❜❡r✱ ζm é
✉♠❛ r❛í③ m ✲ és✐♠❛ ♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✱ f(x) ∈ Z[x] é ✉♠ ♣♦❧✐♥ô♠✐♦ t❛❧
q✉❡ f(ζm) = υ✱ z é ✉♠ ✐♥t❡✐r♦ r❛❝✐♦♥❛❧ t❛❧ q✉❡ z ≡ ζm (mod π)✱ ❡ s é ✉♠
✐♥t❡✐r♦ r❛❝✐♦♥❛❧ t❛❧ q✉❡ s ≡ ∏

k f(ζk
m)k′−1 (mod p)✱ ❝♦♠ k ♣❡r❝♦rr❡♥❞♦ ✉♠

❝♦♥❥✉♥t♦ ♣♦s✐t✐✈♦ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❡ Zm
∗✱ ❡ k′ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

kk′ ≡ 1 (mod m)✳ P❛r❛ s❡r♠♦s ❝♦❡r❡♥t❡s ❝♦♠ ❛ ♥♦t❛çã♦ q✉❡ ✉s❛♠♦s ❛té
❛❣♦r❛ ✉s❛r❡♠♦s ζ3 = ω ❡ ζ4 = i✳
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Pr♦♣♦s✐çã♦ ✻✳✷✳✶ ✭✈♦♥ ▲✐❡♥❡♥✮ ❙❡❥❛ ω ✉♠❛ r❛í③ ❝ú❜✐❝❛ ♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✳

❙❡❥❛♠ p, q ≡ 1 (mod 3) ♣r✐♠♦s r❛❝✐♦♥❛✐s✳ ❙❡❥❛♠ π = a + bω ❡ υ = c + dω

♣r✐♠♦s ♣r✐♠ár✐♦s ❞❡ Z[ω] t❛✐s q✉❡ N(π) = p ❡ N(υ) = q✱ ♦♥❞❡ a, b, c ❡ d ∈ Z✳

❊♥tã♦

ρ3(p, q) =

(

a2(ac− bd)

π

)

3

.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❛♠♦s q✉❡ p = a2 − ab + b2 ✐♠♣❧✐❝❛ q✉❡ (p, a) =
(p, b) = 1✳ ❙❡❥❛ b′ ♦ ✐♥✈❡rs♦ ❞❡ b ♠ó❞✉❧♦ p✳ ❈♦♠♦ π = a + bω ≡ 0 (mod π)✱
t❡♠♦s q✉❡ z ≡ −ab′ (mod p) ✭❞❡✈✐❞♦ ❛♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ Dm/πDm ❡ Zp✮✳

P❡❧❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ ❝ú❜✐❝❛ ✭♣á❣✐♥❛ ✸✾✮ t❡♠♦s q✉❡
(

π
υ

)

3

(

υ
π

)−1

3
= 1✱

❧♦❣♦ em(p, υ) = em(π, υ)em(π, υ) = 1✳
❈❛❧❝✉❧❛♥❞♦ s✱ ❝♦♠ k ∈ Z∗

3✱ ♦❜t❡♠♦s s ≡ f(z2) (mod p)✳ ❙❡❥❛ f(ω) =
c + dω = υ✳ ❖❜s❡r✈❡ q✉❡ ω2 ≡ z2 (mod p) ✐♠♣❧✐❝❛ q✉❡ z2 ≡ z′ (mod p) ❡✱
♣♦rt❛♥t♦✱ z2 ≡ −a′b (mod p)✳ ❆ss✐♠✱ f(z2) ≡ c − da′b (mod π)✳ P♦rt❛♥t♦✱
❛♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ✻✳✶✳✹✱ ♦❜t❡♠♦s

ρ3(p, q) =

(

c− da′b

π

)

3

.

❆❣♦r❛✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ ♣❡❧❛s ♣r♦♣♦s✐çõ❡s ✹✳✶✳✸ (c) ❡ ✺✳✸✳✷ (a) s❡❣✉❡

q✉❡
(

a′

π

)

3
=
(

a2

π

)

3
✳ P♦rt❛♥t♦

ρ3(p, q) =

(

a2(ac− db)

π

)

3

.

P❛r❛ ❛♣❧✐❝❛r♠♦s ♦ t❡♦r❡♠❛ ✻✳✶✳✹ ♣❛r❛ ♦ ❝❛s♦ m = 4 ♣r❡❝✐s❛r❡♠♦s ❞♦ ❧❡♠❛
q✉❡ ✈❡♠ ❛ s❡❣✉✐r✱ ♠❛s ❛♥t❡s ✜①❛r❡♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳ ❉❛❞♦ ✉♠ ❞✐✈✐s♦r n
❞❡ m✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Nn ❛ ♥♦r♠❛ r❡❧❛t✐✈❛ à ❡①t❡♥sã♦ Q(ζm)/Q(ζn) ❡ N ❛
♥♦r♠❛ r❡❧❛t✐✈❛ à ❡①t❡♥sã♦ Q(ζn)/Q✱ ♦♥❞❡ ζm é ✉♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ m ✲ és✐♠❛
❞❛ ✉♥✐❞❛❞❡ ❡ ζn é ✉♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ n ✲ és✐♠❛ ❞❛ ✉♥✐❞❛❞❡✳

▲❡♠❛ ✻✳✷✳✷ ❙❡❥❛♠ p ≡ 1 (mod m) ✉♠ ♣r✐♠♦ r❛❝✐♦♥❛❧ ❡ π ✉♠ ♣r✐♠♦ ❞❡

Dm = Z[ζm] t❛❧ q✉❡ N(π) = p✳ ❙✉♣♦♥❤❛ q✉❡ d | m✳ ❙❡❥❛♠ n = m/d ❡

Dn = Z[ζn]✳ ❙❡ a ∈ Dn✱ ❡♥tã♦

(

a

π

)d

m

=

(

a

Nn(π)

)

n

.
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❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ G ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❛ ❡①t❡♥sã♦ Q(ζm)/Q(ζn)✳ ❙❡
π | a✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r σ ∈ G t❡♠♦s q✉❡ σ(π) | σ(a) = a✱ ❛❣♦r❛ ❝♦♠♦
♦s ❝♦♥❥✉❣❛❞♦s ❞❡ π sã♦ ❡❧❡♠❡♥t♦s ♣r✐♠♦s ❞❡ Dm ❡ ♥ã♦ sã♦ ❛ss♦❝✐❛❞♦s ❞♦✐s ❛
❞♦✐s✱ t❡♠✲s❡ q✉❡ Nn(π) =

∏

σ∈G σ(π) ❞✐✈✐❞❡ a✳ ❊ ❡♥tã♦

(

a

π

)d

m

=

(

a

Nn(π)

)

n

= 0.

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ π ∤ a✳ P♦r ❞❡✜♥✐çã♦ ✭✸✳✷✳✷✮ t❡♠♦s q✉❡

(a

π

)d

m
≡ ad(p−1)/m = a(p−1)/n (mod π).

❆✜r♠❛♠♦s q✉❡ N(Nn(π)) = p✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❛♥é✐s ϕ : Dn/Nn(π)Dn → Dm/πDm✱ ❞❡✜♥✐❞♦ ♣♦r ϕ(x + (Nn(π))) = x +
(π)✳ ❖❜s❡r✈❡ q✉❡ s❡ ϕ(x + (Nn(π))) = x + (π) = 0 + (π)✱ ❡♥tã♦ π | x
❡✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❛❝✐♠❛ t❡♠✲s❡ q✉❡✱ Nn(π) | x✱ ❧♦❣♦
x + (N(π)) = 0 + (N(π)) ❡ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✳
P♦rt❛♥t♦ Dn/Nn(π)Dn é ✐s♦♠♦r❢♦ à ✉♠ s✉❜❛♥❡❧ ❞❡ Dm/πDm✳ ❯s❛♥❞♦ ♦
♠❡s♠♦ ❛r❣✉♠❡♥t♦ t❡♠♦s q✉❡ Z/pZ é ✐s♦♠♦r❢♦ à ✉♠ s✉❜❛♥❡❧ ❞❡ Dn/N(π)Dn✳
❈♦♠♦ Dm/πDm ≈ Z/pZ✱ s❡❣✉❡ q✉❡ Dn/N(π)Dn é ✉♠ ❝♦r♣♦ ❞❡ p ❡❧❡♠❡♥t♦s✳
P♦rt❛♥t♦✱ N(Nn(π)) = p✳

❈♦♠♦✱ ♣♦r ❞❡✜♥✐çã♦✱

a(p−1)/n = a(N(Nn(π))−1)/n ≡
(

a

Nn(π)

)

n

(mod Nn(π)),

❡ π | Nn(π)✱ s❡❣✉❡ q✉❡

a(p−1)/n ≡
(

a

Nn(π)

)

n

(mod π).

P♦rt❛♥t♦✱

(

a

π

)d

m

≡
(

a

Nn(π)

)

n

(mod π).

❈♦♠♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❝♦♥❣r✉ê♥❝✐❛ ❛❝✐♠❛ sã♦ r❛í③❡s n ✲ és✐♠❛s ❞❛
✉♥✐❞❛❞❡✱ ♣❡❧♦ t❡♦r❡♠❛ ✷✳✷✳✸✱ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ q✉❡ q✉❡rí❛♠♦s✳

Pr♦♣♦s✐çã♦ ✻✳✷✳✸ ❙❡❥❛ i ♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ t❛❧ q✉❡ i2 = −1✳ ❙❡❥❛♠ p, q ≡
1 (mod 4) ♣r✐♠♦s r❛❝✐♦♥❛✐s✳ ❙❡❥❛♠ π = a+ bi ❡ υ = c+di ♣r✐♠♦s ♣r✐♠ár✐♦s

❞❡ Z[i] t❛✐s q✉❡ N(π) = p ❡ N(υ) = q✱ ♦♥❞❡ a, b, c ❡ d ∈ Z✳ ❊♥tã♦
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ρ4(p, q) = (−1)(p−1)/4

(

ad+ bc

p

)

2

.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❛♠♦s q✉❡ p = a2 + b2 ✐♠♣❧✐❝❛ q✉❡ (p, a) = (p, b) =
1✳ ❙❡❥❛♠ a′ ❡ b′ ♦s ✐♥✈❡rs♦s ❞❡ a ❡ b ♠ó❞✉❧♦ p r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ π =
a + bi ≡ 0 (mod π)✱ t❡♠♦s q✉❡ i = z ≡ −ab′ (mod p)✳ ❘❡♣❛r❡ t❛♠❜é♠ q✉❡
p | (−ab′−a′b)✳ ❉❡ ❢❛t♦✱ (−ab′−a′b) = −a′(a2b′+b) = −a′b′(a2+b2) = −a′b′p✳
❊✱ ♣♦rt❛♥t♦✱ z ≡ −ab′ ≡ a′b (mod p)✳

P❡❧♦ t❡♦r❡♠❛ ✺✳✼✳✼ t❡♠♦s q✉❡ em(p, υ) =
(

p
υ

)

4

(

υ
p

)

4
= 1✳

❈❛❧❝✉❧❛♥❞♦ s✱ ❝♦♠ k ∈ Z∗
4✱ ♦❜t❡♠♦s s ≡ f(z3)2 (mod p)✳ ❙❡❥❛ f(i) =

c + di = υ✳ ❖❜s❡r✈❡ q✉❡ ß3 ≡ z3 (mod p) ✐♠♣❧✐❝❛ q✉❡ z3 ≡ z′ (mod p) ❡✱
♣♦rt❛♥t♦✱ z3 ≡ ab′ (mod p)✳ ❆ss✐♠✱ f(z3) ≡ c+dab′ (mod π)✳ ▲♦❣♦ ✱✉s❛♥❞♦

q✉❡
(

(b′)2

π

)

4
= ±1 ❡ q✉❡

(

b−1

π

)

4
=
(

b
π

)−1

4
t❡♠♦s

(

(b′)2

π

)

4
=
(

b2

π

)

4
✱ ♦❜t❡♠♦s

ρ4(p, q) =

(

c+ dab′

π

)2

4

=

(

b2

π

)

4

(

bc+ ad

π

)2

4

.

❆❣♦r❛✱ ❝♦♠♦ a2+b2 ≡ 0 (mod π)✱ s❡❣✉❡ q✉❡
(

b2

π

)

4
=
(

−a2

π

)

4
=
(

−1
π

)

4

(

a2

π

)

4
✳

P❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✻✳✸ t❡♠♦s q✉❡
(

−1
π

)

4
= (−1)(p−1)/4✳ P❡❧♦ ❧❡♠❛ ❛❝✐♠❛ s❡❣✉❡

q✉❡
(

a2

π

)

4
=
(

a
p

)

2
✳ ❉❡❝♦♠♣♦♥❞♦ a ❡♠ ❢❛t♦r❡s ♣r✐♠♦s✱ ❛♣❧✐❝❛♥❞♦ s✉❝❡ss✐✈❛s

✈❡③❡s ❛ ❧❡✐ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ q✉❛❞rát✐❝❛ ❡ ✉s❛♥❞♦ q✉❡ p ≡ 1 (mod 4)✱ ♦❜t❡♠♦s
(

a
p

)

2
=
(

p
a

)

2
=
(

b2

a

)

2
= 1✳ ▲♦❣♦✱ ✉s❛♥❞♦ ❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛ ❡ ❛♣❧✐❝❛♥❞♦

♦ ❧❡♠❛ ♥❛ ❡①♣r❡ssã♦
(

bc+ad
π

)2

4
✱ ♦❜t❡♠♦s

ρ4(p, q) = (−1)(p−1)/4

(

bc+ ad

p

)

2

.

Pr♦♣♦s✐çã♦ ✻✳✷✳✹ ✭❇✉r❞❡✮ ❙❡❥❛ i ♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ t❛❧ q✉❡ i2 = −1✳

❙❡❥❛♠ p, q ≡ 1 (mod 4) ♣r✐♠♦s r❛❝✐♦♥❛✐s✳ ❙❡❥❛♠ π = a + bi ❡ υ = c + di

♣r✐♠♦s ♣r✐♠ár✐♦s ❞❡ Z[i] t❛✐s q✉❡ N(π) = p ❡ N(υ) = q✱ ♦♥❞❡ a, b, c ❡ d ∈ Z✳

❊♥tã♦

(

p

q

)

4

(

q

p

)

4

= (−1)(p−1)/4

(

ad− bc

p

)

2

.
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❉❡♠♦♥str❛çã♦✿ P❛r❛ ♦❜t❡r♠♦s ♦ t❡♦r❡♠❛ ❞❡ ❇✉r❞❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱

❜❛st❛ s✉❜st✐t✉✐r♠♦s π ♣♦r π ❡ ♦❜s❡r✈❛r♠♦s q✉❡
(

q
π

)

4
=
(

q
π

)−1

4
✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s
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❆♥❣❡✇✳ ▼❛t❤✳✱ ✷✸✺✱ ✭1969✮✱ 175✲184✳
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✭1990✮✱ 861✲866✳
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❬✻❪ ❊✳ ▲❡❤♠❡r✳ ❘❛t✐♦♥❛❧ r❡❝✐♣r♦❝✐t② ❧❛✇s✳ ❆♠❡r✳ ▼❛t❤✳ ▼♦♥t❤❧②✱ ✽✺✱ ♥♦✳ 6✱
✭✶✾✼✽✮✱ 467✲472
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1979✳
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