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➏➋➎ÿ➈ùú✹➄➌➆✹➄➇➀✛û➉➁➅❿❻➈ù➂✎➎ø➄î➆✮➈ù➀✛ú✿➓✮➊î❿❻➂✎➈ù➀❃❡

η(τ)
❿
ϑ(τ)

✫✷➔✵➂➃➄➮➁ ➄✑➁✝➀➅❿✜➆✌❿♣★✮➊✸➁➅❿→õ☞➁➃➈③➎➐ú➝➁➃➂➅➈☞➆✏★✌➁ ➃ ➂➅➎➐➈ ✁ ú✮➈❳⑨✿★✹➄➇÷➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌➊✤➈ù➀➩➆✌➎✆✂ù❿➋➂➅➀✎➈ù➀➩➏❻➈ùú✌➏❻❿❻➎ ➁➃➈ù➀➩❿③➂✎❿❻➀✩★✮÷➐➁➃➄➇➆✮➈ù➀✿❿➬õ☞➁➃➂➅❿➋➊➉➄➌➊✤❿➋ú✘➁➅❿③➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁➅❿❻➀✑➆✹➄◆➁➃❿❻➈➇➂➅➎ø➄ ✁ ➁ ➄➇➎➐➀➏➋➈ù➊✤➈✖➄➇➀✿➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü✢➎➙❿➋➀✜➆✮❿→⑨✿★✮❿➫➄➇➀✿➆✏★✹➄➌➀❆✝❊★✮ú✮ü✢➎➙❿➋➀✿➀✻★✮ö✌➂➃➄➇➏➋➎➐➁ ➄➌➆✹➄➇➀✜➀➅ý➇➈➣✝➚➈ù➂✎➊➉➄➌➀✑➊î➈➙➆④★✮÷ø➄➇➂✎❿❻➀❈❿③➄
➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌ü➑ý➇➈✤➆✮❿✽★✮➊➉➄❆✝ ➃ ➂➅➊①★✮÷ÿ➄✿❿→õ➙ö✮÷✆♠ÿ➏❻➎ ➁ ➄✿ö✹➄➌➂➃➄➩➀➅❿✢★✮➀✾➀✎➎ÿ➀✻➁➃❿❻➊✤➄➇➀Ñ➊①★✌÷➐➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇➆✌➈ù➂➅❿➋➀❃✫

❦ ↔♠❞s❾❨❵✖❝✦♦↕❾

②❭ú➸➄➌úñ❿❻÷➐❿❻➊î➊✤❿➋ú➝➁ ➄➇➂➇➙❫➛✟➄➆➙ ✁ ➛❲❿➒➉✹➄➆✂ù❿➉➆✌❿➑➄➇÷ ➁✰➛P➎ ➁❝➉à➁❝➉✮❿➉➄➇÷✪☎ù❿✢⑩✮➂➃➄➌➎ÿ➏î➄➇ú✮➆ ➁➃➈ùö➺➈ù÷ÿ➈✲☎ù➎ÿ➏❻➄➇÷★➀✻➁➃➂✻★✌➏➋➁❝★✌➂➅❿❻➀✜➎ÿú➛➂➉✮➎➐➏➋➉➭➁✻➉✮❿❶➊✤➈☞➆✏★✮÷ÿ➄➇➂✰✝➚➈➇➂➅➊î➀❽➄➇➂➅❿❶➏❻➈➇ú✮➀✎➁➅➂✻★✮➏→➁➃❿❻➆❁✫➜✇✟✝ ➁➃❿➋➂❽➁✻➉✮❿❶➆✮❿➋þ✮ú✮➎➐➁➅➎ÿ➈ùú➸➈✲✝➲➁❝➉✌➎ÿ➀❽➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁✑➁➃➈☞➈ù÷ ✁➛❍❿①➉✹➄➆✂ù❿✜➊➉➄➇➆✌❿✜➄➉ö✮➄➇➂✎➁➅➎ÿ➏❃★✌÷ø➄➇➂Ñ➀✻➁❝★✮➆④➙✖➄✲⑩➺➈✳★✌➁✾➁➄➛❲➈➫➀✎ö✙❿➋➏❻➎ þ✹➏✰✝❊★✮ú✌➏➋➁➃➎➐➈ùú✮➀✾➂➅❿❻÷ÿ➄➌➁➃❿➋➆❜➁➅➈➫ú✿★✮➊①⑩➺❿❻➂✾➁✻➉✮❿❻➈➇➂✩➙✹❡
η(τ)

➄➇ú✮➆
ϑ(τ)

✫✕②✝➁❽➎ÿ➀❽➄➇ú♣➎➐ú✘➁➅➂➅➈☞➆✏★✮➏→➁➃➈ù➂➇➙❸➁➅❿→õ☞➁ ✁ ➎ÿú●➛➂➉✮➎➐➏➋➉➜➛❍❿✾➉✹➄➆✂ù❿❨ö✮➂➅❿➋➀➅❿❻ú➝➁➅❿❻➆s➊✤➄➇ú➝➙❁➏➋➈ùú✮➏➋❿❻ö✌➁➅➀
➄➇ú✌➆❁➂➅❿➋➀✻★✮÷ ➁➃➀✜❿➬õ☞➁➃➂➅❿➋➊✤❿➋÷✆➙ ➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃➀☎➈✲✝✟➁✻➉✮❿✤➁✻➉✮❿❻➈ù➂➇➙ ✁ ➀✩★✮➏➋➉♣➄➇➀❈➁❝➉✮❿✤ö✮➂➅➈☞➈✲✝➚➀❈➈✲✝✟➁❝➉✌❿➞✝ ➄➇➏→➁✜➁❝➉✮➄➌➁✑➁✻➉✮❿✝❊★✮ú✌➏➋➁➃➎➐➈ùú✮➀

η(τ)
➄➇ú✮➆

ϑ(τ)
➄➌➂➅❿③➊î➈➙➆✏★✌÷ø➄➇➂✷✝➚➈ù➂➅➊î➀➩➄➇ú✮➆➸➁✻➉✮❿❶ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➌➁➃➎➐➈ùú♣➈✲✝✯❿➬õ✌➄➇➏➋➁♣✝➚➈ù➂✎➊①★✮÷ÿ➄➇➀❆✝➚➈ù➂

➁✻➉✮❿❻➎➐➂Ñ➊①★✮÷➐➁➅➎ÿö✮÷➐➎ÿ❿➋➂❍➀➇➙➙➀✻➁➃❿➋➊✤➀✢✫

➐ ✗✙✗



➟ ❼❿❾❨❵❜❫✱❡❣❢➡➠➜➢➧❫

♥✕➁➃❿➋➊➉➄❄➤✓➥✑➦➨➧s➩✑➫❆➧➒➥❃➭✲➯P➲✈➩✲➦❝➳➋➫✚❧♣⑩✹➄➇➀✻➁ ➄➇ú➝➁➅❿❽➄➇➊✤ö✌÷ÿ➈➉❿①✂➇❿❻➊➵☎➝➄➇ú✏➉✹➄➌ú✮➆✮➈❶➏➑➄➇➆✮➄➒✂ù❿❃✉❽➊✤➄➇➎ÿ➀✯➄➇ö✮÷➐➎ÿ➏➑➄➌ü❃➎☞❿❻➀ ✁➆✮❿➋ú➝➁➃➂➅❿❈➄➇➀➅⑨P★✮➄➇➎ÿ➀Pû✜➁➅❿❻➈ù➂✎➎ø➄✜➆✮➈➇➀ÑúP➓✌➊✤❿➋➂➅➈ù➀✢✫❵⑦✾❿❻➀✻➁➃❿✓➁➃➂➅➄✲⑩✹➄➇÷✆➉✮➈ ✁ ➁➃➈☞➆✹➄➆✂☞➎ø➄ ✁ ❿❻➀➅➀➅➄➇➀➲➄➇ö✮÷➐➎ÿ➏➑➄➌ü❃➎☞❿❻➀❲ú✮ý➇➈➩➀➅❿➋➂➃ý➇➈➆✮➎➐➀➅➏✢★✌➁➃➎➐➆✹➄➇➀ ✁ ➂➅❿❻➀✎❿❻➂➇✂➇➄➌ú✮➆✮➈➀➁✝➀➅❿✄➁❭➄➇➀➲➄➇➈➩÷ÿ❿➋➎➐➁➅➈ù➂➅⑨✿★✮❿☎➆✮❿➋➀➅❿✐✦✎❿❈➄➇ö✌➂➅➈✲✝❊★✮ú✌➆✹➄➇➂➇➁✝➀➅❿✓ú✮➈î➄➇➀✎➀✻★✮ú➝➁➅➈✏✫❵✇✯➀➅➀✎➎ÿ➊ ✁ ö✮➂✎➈➙➏✢★✬➁➂➅➄➇➊✤➈➇➀✛➄➇ö✮➂✎❿❻➀✎❿❻ú➝➁ ➄➇➂✛★✌➊❴➊✤➄➌➁➃❿➋➂➅➎ÿ➄➇÷✍⑨P★✌❿➩ö✙➈ù➀✎➀➃➄→✝➚➈ù➂✎ú✮❿❻➏➋❿❻➂✛➈❶➄➇➂✎➏➑➄✲⑩➺➈✳★✮ü➋➈➉➁➃❿ ➃ ➂➅➎➐➏❻➈➫ú✌❿❻➏❻❿➋➀➅➀➅➍➇➂➅➎➐➈❜û➫➏➋➈ù➊♣➁
ö✮➂✎❿❻❿➋ú✮➀➃ý➇➈❽➆✮❿➋➀➅➀➅➄➇➀P➄➇ö✮÷➐➎ÿ➏➑➄➌ü❃➎☞❿❻➀❃✫★ô✣➊①⑩✙➈➇➂➃➄✜➈➩❿➋ú✘➁➅❿❻ú✮➆✌➎ÿ➊î❿❻ú➝➁➃➈✿➆✌❿❻➀✎➁➅❿✛➁➃➂➅➄✲⑩✹➄➇÷✆➉✮➈✜❿➬õ✌➎➸✦➅➄ ✁ ➏➋➈ù➊î➈✿❿✢✂☞➎ÿ➆✌❿❻ú✮➏➋➎ø➄➈ ✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈ ❼ ✁ ú✮➈➙ü✢➎➙❿➋➀Ñ➆✮➈ù➀Ñ➊✤➄➇➎ÿ➀✖✂➌➄➇➂➅➎ÿ➄➇➆✮➈ù➀❍➏➑➄➇➊îö✙➈➇➀✟➆✹➄➩➊➉➄➮➁➃❿❻➊✤➍➌➁➅➎ÿ➏➑➄ ✁ ➆✌❿❻ú➝➁➃➂✎❿✑➄➌➀➺⑨P★✮➄➇➎ÿ➀✟➏➋➈ùú✮➏➋❿❻➎➐➁➅➈ù➀➁➅➈ùö✙➈➇÷ ➃ ☎ù➎➐➏❻➈ù➀ ✁ ✂➌➄➇➂➅➎ÿ➍✣✂➇❿❻➎➐➀❍➏➋➈ù➊✤ö✌÷ÿ❿→õ✌➄➇➀ ✁ ➁➅❿❻➈ù➂✎➎ø➄❈➆✮➈ù➀❲ú✿➓✮➊î❿❻➂✎➈ù➀❲❿➲➁➃❿➋➈ù➂➅➎ÿ➄✑➆✮❿⑧☎ù➂✻★✮ö➺➈ù➀ ✁ ➄➇➀✎➀✻★✮➊î➎ÿ➊î➈ù➀❵⑨✿★✮❿✛➈÷➐❿❻➎➐➁➅➈ù➂✟ú✹ý➌➈❽➁➅❿❻ú✏➉✮➄îú✮❿➋ú✏➉✿★✮➊ ➏❻➈➇ú✏➉✮❿❻➏➋➎ÿ➊î❿❻ú➝➁➃➈❽ö✮➂✩❧✢✂☞➎ÿ➈✤➄➇➏➋❿❻➂➅➏❻➄î➆✌❿✽✝➚➈➇➂➅➊✤➄➇➀✟➊î➈➙➆✏★✌÷ø➄➇➂✎❿❻➀❃✫

♥ ✭ ➄➌ö✏♠➐➁✻★✮÷ÿ➈ ❼ ✁ ❿❻ú➝➁ ý➌➈ ✁ ➆✮❿❻➀✻➁➃➎➐ú✹➄✑➁❭➀✎❿☎➄➩➂➅❿✢✂☞➎➐➀➃➄➇➂P➄➇÷✆☎✳★✮ú✮➀✟➄➇➀➅➀✩★✮ú➝➁➃➈ù➀P➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿❻➀❲ö✹➄➇➂➃➄➩➈➩❿➋ú✘➁➅❿❻ú✮➆✌➎✈➁➊î❿❻ú➝➁➃➈❜➆✮➈❶➁➃❿→õ☞➁➅➈ ✁ ⑩➺❿❻➊♠➏❻➈➇➊✤➈❜➄❜➄➌ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇➂✿➄➇÷✆☎✳★✮ú✮➀✓➁➅❿❻➈ù➂✎❿❻➊✤➄➇➀✑❿î➆✮❿→þ✹ú✮➎ÿü✢➎➙❿➋➀❆⑨✿★✮❿✤ú✹ý➇➈❨ö✙➈ù➀✎➀✻★✮❿➋➊
★✮➊✤➄❆➓✮ú✌➎ÿ➏➑➄✷✂ù❿❻➂✎➀➃ý➇➈❽ú✹➄✑÷ÿ➎➐➁➅❿❻➂➅➄➌➁❝★✮➂➅➄ ✁ ➄✜þ✹➊ ➆✮❿✓➄➇➆✮❿✢⑨✿★✹➍✑➁❭÷➐➈ù➀✟➄➌➈ù➀✟ú✮➈ù➀✎➀➅➈ù➀Ñ➈✲⑩P✦✎❿➋➁➅➎✆✂ù➈➇➀❃✫➡ô★õ➙❿❻➊îö✮÷ÿ➈ù➀❲➆✮➎ÿ➀✎➀➅➈
➀➅ý➇➈❋➈➼➻■➳➋➥✑➦❝➳✄➧s➩➽➭➝➩➍➾❈➭P➳✄➚✥➪✙➾❈➭➝➩➝➭P➳→➭P➳⑧➶➨➯✬➚❚➹➀➘✣➳➋➫❳➩✲➚✹➩✲➲➷➴➬➪✙➾❱➮✻➩✑➫ ✁ ➈↕➱❬➦✄➾➬➚❁➮✄➴❐✃✹➾❱➥❫➭P➥➣➧➒❒❃➭✲➯✬➲✪➥➣➧s❮➆❰✳➾➬➧➒➥❜❿③➄
✝ ➃ ➂✎➊①★✮÷ÿ➄✖➆✮➈ ➂➅❿❻➀✻➁➃➈àú✹➄●Ï❲Ð✄➦➨➾❱➳❄➭P➳●➻✥➩✲Ñ➀➲✪➥✑➦➨✫●➔✼➄➇➊①⑩✹❧❻➊✴ú✮❿❻➀✻➁➃❿❨➏➑➄➇ö④♠➐➁❝★✌÷ÿ➈❋➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌➊✤➈ù➀❽➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈ù➀
➏✢★✑✦✎➈ù➀➩❿❻ú✿★✮ú✌➏❻➎ø➄➌➆✮➈ù➀❽➀➃ý➇➈➍✝ ➄➇➏➋➎ÿ÷➐➊✤❿➋ú✘➁➅❿➉➏➋➈ù➊✤ö✌➂➅❿❻❿➋ú✮➀✻♠✈✂ù❿➋➎ÿ➀ ✁ ➊✤➄➇➀➩➏❃★✑✦➅➄➌➀➩➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü❃➎☞❿❻➀♣✝❊★✏☎ù➎➐➂➅➎ø➄➌➊✴➄➌➈ù➀
ú✮➈➇➀➅➀➅➈➇➀Ñö✮➂➅➈ùö ➃ ➀✎➎➐➁➃➈➇➀ ✁ ➁➃➄➇➎ÿ➀❍➏❻➈ù➊î➈❽➄✜❿➬õ✌ö✮➄➇ú✮➀➃ý➌➈✤➆✮❿✧★✮➊➉➄❆✝❊★✌ú✮ü➑ý➇➈➩➏➋➈ù➊îö✮÷ÿ❿➬õ✮➄✑❿❻➊➵Ï❲Ð✄➦➨➾❱➳✽➭P➳✧Ò❲➩✲➯✬➦❝➳✄➚✥➪ ✁ ➄➤❤❒✑➦➨➧♣➯P➲✈➩❄➭P➳❆➪❈➦✻➩✲➚④➫❊➶➆➥✑➦➨➧s➩✳➹✤ÓP➥➞➪➬Ô✥➳✄➪➈➩❶❿✿➄▲Ò✍➳✄➾➺➭➝➩❳➦❝➳➋➮✄➾❐✃✹➦❝➥✣➮✄➾❈➭➝➩➝➭P➳❆Õ❃➯✏➩➝➭✲➦✩❮✲➪❈➾❱➮✻➩✲✫✛❥✯❿❻➆✌➎ÿ➏➑➄➌➊✤➈ù➀ ✁ ➄➌➎ÿú✮➆✹➄ ✁★✮➊✤➄➩➀➅❿➋ü➑ý➇➈✤û✿➁➃❿❻➈➇➂➅➎ø➄✿➆✌❿✚➱❬➦❝➥❃➭✲➯✬➪➄➥✣➫✷➾➬➚➆Ö❵➚✥➾➬➪➄➥✣➫ ✁ ➁➃❿➋➊➉➄➩➆✮❿☎➆✮➎✈✝❊♠ÿ➏➋➎ÿ÷➺➈✳⑩✌➁➃❿➋ú✮ü➑ý➌➈✤ú✹➄❽÷ÿ➎ ➁➃❿➋➂➃➄➌➁✻★✮➂➃➄④✫

♥✛➀➫➆✮➈ù➎➐➀✤➏❻➄➇ö✏♠ ➁❝★✮÷➐➈ù➀✤➀✎❿❃☎✳★✌➎ÿú➝➁➃❿➋➀➫➀➃ý➇➈➸➎➐ú➝➁➃❿❻➂✎➆✮❿❻ö➺❿❻ú✌➆✮❿❻ú➝➁➃❿➋➀ ✁ ö✙➈➇➎ÿ➀➒⑨✿★✮❿ ✁ ❿❻ú✏⑨✿★✹➄➇ú➝➁➅➈➸➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈×✯
➁➅❿❻➊❣ö➺➈ù➂☎➈✳⑩P✦✎❿➋➁➅➎✆✂➇➈❜➈❨❿❻➀✻➁❝★✮➆✮➈✖➆✹➄❨❿➋➀✎➁➅➂✻★✌➁✻★✮➂➃➄❨➀➅➈✳⑩✮➂✎❿➉➄✾⑨✿★✹➄➇÷➡➀➅❿î➏❻➈➇ú✮➀✎➁➅➂ ➃ ➎❵★✮➊✤➄✾✝➚➈➇➂➅➊✤➄❶➊î➈☞➆✏★✮÷ø➄➌➂ ✁ ➈✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈ t ➄➇➀➲➏❻➈➇ú✮➀✎➁➅➂ ➃ ➎✵➆✮❿❻ú➝➁➅➂➅➈➉➆✌❿✑➁ ➄➌÷✡❿❻➀✎➁➅➂✻★✌➁✻★✮➂➃➄✬✫✟✇✾➀➅➀✎➎ÿ➊ ✁ ú✌➈ ✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈➒✯ ✁ ➆✮❿➋þ✹ú✌➎ÿ➊î➈ù➀P➈●Ø❤➦➨➯✤✃✥➥
➧➒➥❃➭✲➯P➲✈➩✲➦

Γ(1) ✁ ö✹➄➇➂➅➄✓➈✷⑨✿★✹➄➌÷✹❿→õ➙➎✪⑩✮➎➐➊✤➈➇➀Ù★✮➊✕➏➋➈ùú✑✦✩★✮ú➝➁➃➈✷☎ù❿➋➂➃➄➇➆✮➈➇➂➊⑩✹➄➇➀✎➁➃➄➇ú➝➁➃❿P➀➅➎➐➊✤ö✌÷ÿ❿❻➀ ✁ ❿✟➁➃➂➅➄✲⑩✹➄➇÷✆➉✹➄➇➊î➈ù➀➏➋➈ù➊ ➄➌÷✪☎✳★✮ú✌➀✑➆✮❿➉➀➅❿❃★✌➀➩➀✻★✏⑩✏☎➇➂✻★✮ö➺➈ù➀ ✁ ➆✌❿❻ú➝➁➃➂✎❿➫➈ù➀①⑨✿★✹➄➇➎➐➀ Γϑ ✁ ➈✳⑩✌➁➅❿❻ú✮➆✮➈✖➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü❃➎☞❿❻➀✑➆✹➄✲⑨✿★✮❿➋÷ÿ❿➫❿➋➊➏➋÷ø➄➇➀✎➀➅❿❻➀✑➆✮❿î❿❃⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄③➆✮❿➋➀✎➁➃❿➋➀❃✫❨ô✣➊①⑩➺➈ù➂➃➄❆✦➅➍❨➁➅❿❻ú✏➉✹➄❨➀➅➎➐➆✮➈❜➆✌➎➐➁➃➈❨ú✮➈❶➁➃❿➬õ➙➁➅➈ ✁ ❿➋ú④✝ ➄➌➁➅➎✪✉➑➄➌➊✤➈ù➀✽⑨✿★✮❿î➈ù➀➀✩★✏⑩✏☎ù➂✩★✮ö✙➈➇➀➉➏❻➈➇➊Û⑨P★✌❿❜➁➃➂➅➄✲⑩✹➄➇÷✆➉✹➄➇➊î➈ù➀➩ú✮❿➋➀✎➁➃❿❜➏➑➄➇ö④♠➐➁❝★✌÷ÿ➈à❿✖ú✮➈➇➀✤➆✮❿➋➊➉➄➌➎ÿ➀❽ö✙➈➇➀➅➀✻★✌❿❻➊ ♠ÿú✮➆✌➎ÿ➏❻❿③þ✹ú✌➎➐➁➃➈❸ú✮➈
☎ù➂✩★✮ö➺➈ñ➊î➈➙➆✏★✌÷ø➄➇➂✢✫Ü➔✼➈ùö➺➈ù÷➐➈✳☎ù➎ÿ➏❻➄➇➊î❿❻ú➝➁➃❿ ✁ ➄➇➀s✝➚➈ù➂➅➊✤➄➇➀î➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀î➄➇ö✮➂➅❿➋➀➅❿➋ú✘➁➃➄➇➊ ✁ ➏❻➈ù➊î➈ñ➆✮➈➇➊➞♠➐ú✮➎ÿ➈ ✁ ➈

✗➬Ý



Ý

➀➅❿➋➊✤➎➐ö✮÷ø➄➇ú✌➈✤➏➋➈ù➊✤ö✌÷ÿ❿→õ➙➈✤➀✻★✮ö➺❿❻➂✎➎ÿ➈ù➂➲❿❻➀✻➁➃❿❻ú✌➆✮➎ÿ➆✮➈
H ✁ ➆✮❿✿➀✎➈ù➂✎➁➅❿❆⑨✿★✮❿ ✁ ö✹➄➇➂➅➄➉➏❻➈ù➊îö✮÷➐❿➋➁ ➄➌➂✾➄✤❿❻➀✎➁➅➂✻★✌➁✻★✮➂➃➄➉➄➇÷✈➁☎✳❧❃⑩✌➂➅➎ÿ➏❻➄✓ú✮❿❻➏➋❿❻➀➅➀➅➍➇➂➅➎ÿ➄✜û➇➀➊✝➚➈ù➂✎➊➉➄➌➀✣➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀ ✁ ➆✮❿→þ✹ú✮➎ÿ➊î➈ù➀ ✁ ❿❻ú➝➁➃➂✎❿✾➈ù➀❂❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀❂➆✌❿ H ✁ ★✮➊✤➄❈➂✎❿❻÷ÿ➄➇ü➑ý➇➈➆✮❿î❿❃⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄③➀➅❿✢☎✳★✮ú✮➆✌➈✖➈❨➀✻★✏⑩✏☎➇➂✻★✮ö➺➈❜➆✌❿
Γ(1)

➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✌➈✏✫➒❥✾❿❻➀➅➀✎❿➫➊î➈➙➆✮➈ ✁ ➆✮❿➋þ✹ú✌➎ÿ➊î➈ù➀☎➈❜➎➐➊✚➁ö✙➈➇➂✎➁ ➄➌ú✘➁➅❿☎➏❻➈ùú✮➏➋❿❻➎ ➁➃➈❽➆✮❿①Þ➂➳❱ß✲➾❈ÓP➥➺➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✵➀➅❿❃☎✲★✮ú✮➆✮➈✤➀✻★✏⑩✏☎➇➂✻★✮ö➺➈ù➀ ✁ ➄➌ö✮➂➅➈✣✂ù❿➋➎➐➁➃➄➇ú✮➆✮➈îö✹➄➇➂➅➄❽❿➬õ➙➎✪⑩✮➎➐➂P➄➂➅❿✢☎ù➎øý➇➈✽✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷
R(Γ(1))

➀✎❿❃☎✳★✮ú✌➆✮➈
Γ(1) ✁ ⑨P★✌❿✧❧✧★➙➁➃➎ÿ÷➐➎✪✉❻➄➇➆✹➄✓➄➇➈✑÷ÿ➈ùú✏☎➇➈✑➆✮➈❈➁➃❿➬õ➙➁➅➈✏✫➊✇✯÷✆❧❻➊✕➆✌➎ÿ➀➅➀✎➈ ✁➊✤❿➋➆✮➎ø➄➌ú✘➁➅❿P➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü❃➎☞❿❻➀❂➆✮➈✰☎ù➂✻★✮ö➺➈✜➊î➈☞➆✏★✮÷ø➄➌➂✣❿❻➊❯➏❻÷ÿ➄➇➀➅➀✎❿❻➀❲÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀ ✁ ➁➃➄➇➊①⑩✹❧❻➊➓➆✮❿→þ✹ú✮➎ÿ➊î➈ù➀➡➂➅❿✢☎ù➎✪➎☞❿❻➀
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Γ(1)
❿

Γϑ ✁ ➂✎❿❻➀➅ö➺❿❻➏→➁➃➎✈✂➇➄➌➊✤❿➋ú✘➁➅❿ ✁ ❿➩➀➅❿❽➂✎❿❻÷ø➄➌➏❻➎ÿ➈➇ú✹➄➇➊✸û➫➁➃❿❻➈➇➂➅➎ø➄
➆✮➈ù➀Pú✿➓✮➊î❿❻➂➅➈➇➀❃✫✟ô✣ú✏⑨✿★✹➄➌ú✘➁➅➈➫➄❽ö✮➂➅➎➐➊✤❿➋➎ÿ➂➅➄✜ö✙➈➇➀➅➀✻★✌➎✵➂✎❿❻÷ÿ➄➇ü➑ý➇➈❽➏➋➈ù➊ ➄♣✝❊★✮ú✮ü➑ý➌➈

p(n) ✁ ⑨✿★✮❿✜➄➌➀➅➀➅➈☞➏❻➎ÿ➄✤➄➩➏❻➄➇➆✹➄➎ÿú➝➁➃❿➋➎ÿ➂✎➈➩ú✹ý➇➈➩ú✮❿✢☎➝➄➌➁➃➎✈✂ù➈
n
➈❽ú✿➓✮➊✤❿➋➂➅➈❽➆✮❿✓ö✹➄➌➂✎➁➃➎➐ü❃➎☞❿❻➀Ñ➆✮❿➋➀➅➀✎❿✑➎➐ú✘➁➅❿❻➎➐➂➅➈ ✁ ➄✿➀➅❿❃☎✲★✮ú✮➆✹➄❽ö✙➈➇➀➅➀✻★✌➎✡➂➅❿❻÷ÿ➄➇ü➑ý➌➈➩➏❻➈ù➊

rs(m) ✁ ✝❊★✮ú✮ü➑ý➌➈➞⑨✿★✮❿✑➄➇➀➅➀✎➈➙➏➋➎ø➄î➄î➏❻➄➇➆✹➄❽➎ÿú➝➁➃❿➋➎ÿ➂✎➈➩ö✙➈ù➀✎➎➐➁➅➎✆✂ù➈
m
➈îú✿➓✮➊î❿❻➂➅➈î➆✮❿☎➊✤➄➇ú✮❿❻➎➐➂➃➄➇➀Ñ➆✌❿✑➀✎❿❈❿➋➀➅➏➋➂➅❿✢✂✲Ú✄➁

÷ÿ➈❸➏❻➈ù➊î➈ñ➀✎➈ù➊➉➄ ➆✮❿◆❿➬õ✮➄➮➁ ➄➇➊î❿❻ú➝➁➃❿
s
⑨P★✮➄➇➆✮➂➃➄➌➆✮➈ù➀❃✫ì⑦✯➄↕✂➇❿❻➂➅➆✮➄➇➆✮❿ ✁ ❿❻➀✎➀➃➄➇➀➉➂➅❿❻÷ÿ➄➇ü❃➎☞❿❻➀✤➀➃ý➇➈↕✝ ➄➇➏❻➎➐÷ÿ➊î❿❻ú➝➁➃❿



Ýç✗

✂➇❿❻➂➅➎ þ✹➏➑➍➆✂➇❿❻➎ÿ➀ ✁ ➆✮❿➲➊î➈➙➆✮➈✽⑨✿★✮❿✾❿❻➀✎➁➅❿✯➏❻➄➇ö✏♠➐➁✻★✮÷ÿ➈☎➀✎❿✾➆✮❿➋➆✮➎ÿ➏❻➄✜û➇➀❂➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü❃➎☞❿❻➀❂➆✮❿✟⑨✿★✮❿✛➄➇➀➡➆✏★✮➄➇➀❬✝❊★✮ú✌ü❃➎☞❿❻➀❿➬õ✌➎✆⑩✮➎ÿ➆✮➄➇➀✯➀➅ý➇➈ ✁ ➆✮❿✰✝ ➄➌➁➃➈ ✁ ✝➚➈ù➂✎➊➉➄➇➀✾➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀❃✫ ❣ ➄➇➂➅➄➉➁ ➄➇ú➝➁➃➈ ✁ ➀➅❿➋➂➃➍➫ú✮❿➋➏❻❿➋➀➅➀➃➍➌➂➅➎ÿ➈❨➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌➂✛➆✮➎✆✂➇❿❻➂✎➀➅➈ù➀➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈ù➀✣➄✲★☞õ✌➎➐÷ÿ➎ÿ➄➇➂➅❿➋➀ ✁ ➏❻➈ù➊î➈✛➄✧✝ ➃ ➂✎➊①★✮÷ÿ➄➲➆✮➈❆➱❬➦❝➥❃➭✲➯P➪✐➥✡➪✙➦➨➾❐✃✹➲✪➥✷➭P➳➅í④➩P➮➋➥✲á❃➾➬✫Ùr★➎➐ú✹➄➇÷ÿ➎✆✉➑➄➇ú✌➆✮➈ ✁ ➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈â✖➁➃➂➅➄➌➁ ➄❋➆✮➈➇➀î➀✎➎ÿ➀✻➁➃❿❻➊✤➄➇➀➩➊①★✌÷➐➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇➆✌➈ù➂➅❿➋➀
υη

❿
υϑ ✁ ➄➇➀✎➀➅➈☞➏❻➎ÿ➄➇➆✮➈ù➀❽û➇➀♣✝➚➈ù➂✎➊➉➄➌➀➩➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀✜➁➃➂➅➄➌➁ ➄➇➆✮➄➇➀ú✮➈❨➏➑➄➌ö✏♠➐➁✻★✮÷ÿ➈❨➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂❃✫s⑦✾❿➋➀✎➁➅❿➉➏➑➄➌ö✏♠➐➁✻★✮÷ÿ➈ ✁ ❿➬õ➙➎✪⑩✮➎➐➊✤➈ù➀✡✝ ➃ ➂➅➊①★✮÷ÿ➄➇➀✛❿➬õ✌ö✌÷✪♠ÿ➏➋➎➐➁➃➄➇➀✓ö✹➄➇➂➅➄❨➈❨➏➑➍➇÷➐➏❃★✮÷➐➈❶➆✮❿❻➀✎➀➃➄➇➀✝❊★✮ú✌ü❃➎☞❿❻➀ ✁ ➏✢★✑✦✎➈ù➀➩ö✹➄➌➂❝î➇➊î❿➋➁➅➂➅➈ù➀✑➀➃ý➇➈◆➈➇➀✿➏❻➈☞❿➋þ✹➏➋➎ÿ❿➋ú✘➁➅❿❻➀➩➆✹➄➌➀✿➊➉➄➮➁➃➂➅➎✆✉❻❿➋➀✜➆✮➈ù➀✜➀✻★✏⑩✏☎➇➂✻★✮ö➺➈ù➀✿➏➋➈ùú✮➀➅➎➐➆✮❿❻➂➅➄➇➆✮➈ù➀✢✫

❣ ➄➇➂➃➄✛➀✎❿➲ö✌➂➅➈✣✂➌➄➇➂★➁ ➄➌➎ÿ➀❪✝ ➃ ➂✎➊①★✮÷ÿ➄➇➀ ✁ ❿❻➊①⑩➺➈ù➂➃➄✾➈ù➀✣➏➑➍➇÷➐➏❃★✮÷➐➈ù➀✒❿➋ú✿✂➇➈ù÷✆✂☞➎➐➆✮➈ù➀✒➀✎❿✐✦➅➄➇➊✦❿❻÷ÿ❿➋➊✤❿➋ú➝➁ ➄➇➂✎❿❻➀ ✁ ★➙➁➃➎ÿ÷➐➎✪✉❻➄➇ú✮➆✮➈➀➁➀✎❿✤➊①★✌➎➐➁➃➈❶➏➋➈ùú✏☎ù➂✩★✏Ú❻ú✮➏➋➎ø➄❶❿❻ú➝➁➃➂✎❿➉➎➐ú✘➁➅❿❻➎➐➂➅➈ù➀✓❿îö✮➂➅➈➇ö✮➂➅➎➐❿❻➆✹➄➇➆✌❿❻➀☎➆✮➈✖➀✩♠ÿ➊①⑩➺➈ù÷➐➈➫➆✮❿➞è▲❿✢☎ù❿❻ú✌➆✮➂➅❿➆ï✳❦ù➄➇➏❻➈✲⑩✮➎ ✁ ❿❻÷➐❿❻➀➀➅ý➇➈✚⑩✹➄➇➀✎➁➃➄➇ú➝➁➃❿☎➁➃➂➅➄✲⑩✹➄➇÷✆➉✮➈ù➀➅➈➇➀❃✫



ð ❢❣❛ ñ✦❵❜♥✶❫

ò→ó ✎✤✌✥✠✍❨✬❺➝✗❈❷❹❨P❉■✜✣✒✹✘ ➐
❭→❨P✘➆☛✓❷❹✒❲ô ò→õ ✘✄✜✣✎✤✌✥❺✲✜ ➐ ✗✙✗

❩✢❉■✜✣✎✤✒ç✠✓☛☞ö✳÷④✒ ✗➬Ý

ø ✶✷✎✑❂✳ù✻✎✤❨✬ú❁☛☞✗❈✘➆✗➬✜✣✒✹✘ ø
❼ ✫ ❼ ✇✯ú✮➍➇÷ÿ➎➐➀➅❿✚✫✰✫✷✫✷✫✰✫✷✫✽✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ❼

❼ ✫ ❼ ✫ ❼ û ➄➇➂➅➎ÿ➍✣✂➇❿❻➎➐➀Ñ➏❻➈ù➊îö✮÷ÿ❿➬õ✌➄➇➀➂✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ❼
❼ ✫ ❼ ✫❐✯ ♦✬❧❻➂✎➎ÿ❿✓➆✮❿✷è▲➄✲★✮➂✎❿❻ú➝➁ ✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ t
❼ ✫ ❼ ✫ t ❣ ➂✎➈➙➆④★✌➁➃➈ù➀Ñ➎➐ú✌þ✹ú✮➎ ➁➃➈ù➀s✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ë
❼ ✫ ❼ ✫üë ♦✬❧❻➂✎➎ÿ❿✓➆✮❿✽➔✼➄✣➙☞÷➐➈ù➂ ✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ â
❼ ✫ ❼ ✫❐â r ➃ ➂➅➊❆★✮÷ø➄✜➆✌❿☎➁➅➂➃➄➇ú✌➀✩✝➚➈ù➂✎➊➉➄➇ü❻ý➇➈✿➁❝➉✌❿➋➁ ➄➽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ✴

❼ ✫❐✯ ý✯÷✆☎ù❿❃⑩✌➂➃➄ ✫✷✫✷✫✰✫✷✫✽✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ✴
❼ ✫❐✯✬✫ ❼ ➔✼❿➋➈ù➂➅➎ÿ➄✿➆✮❿✽☎ù➂✻★✮ö➺➈ù➀ ✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ✴

❼ ✫ t ➔✵➈ùö✙➈➇÷ÿ➈✳☎ù➎ÿ➄ ✫✷✫✰✫✷✫✽✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ þ
❼ ✫ t ✫ ❼ ✭ ➈ùú✮➏❻❿➋➎➐➁➅➈ù➀➺⑩✹➍➇➀✎➎ÿ➏❻➈➇➀➼✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ þ
❼ ✫ t ✫❐✯ ô➡➀➇✝➚❿❻➂➅➄î➆✮❿✷➌P➎ÿ❿➋➊➉➄➇ú✌ú ✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ❼ ✱

❼ ✫üë ➔✵❿❻➈ù➂✎➎ø➄✿➆✮➈ù➀Pú✿➓✮➊î❿❻➂✎➈ù➀ÿ✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ❼ ✱
� ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎s❨➍❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘ ø✆☎

✯✬✫ ❼ ♥ ☎➇➂✻★✮ö➺➈❽➊✤➈☞➆✏★✮÷ÿ➄➇➂ ✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ ❼ t
✯✬✫❐✯ ⑤✾➊✤➄✿➂➅❿✢☎ù➎øý➌➈①✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✡➀➅❿✢☎✳★✮ú✮➆✮➈

Γ(1)
✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫ ❼✞✝

✯✬✫ t ✇✯÷✆☎✳★✮ú✮➀Ñ➀✩★✏⑩✏☎ù➂✩★✮ö➺➈ù➀P➆✮❿
Γ(1)

✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫ ✯ ❼
✯✬✫üë ➌P❿❃☎ù➎✆➎➙❿➋➀➅✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇➎ÿ➀Ñ➀✎❿❃☎✳★✌ú✮➆✮➈➉➀✩★✏⑩✏☎ù➂✩★✮ö➺➈ù➀✾✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✽✫ t ✯

Ý✍✗✙✗❈✗



Ý✍✗ ➐ ❍✠✟✾❶☛✡→❭→❩✣❋

☎ ☞ ✒❚✎✑❷❹✌✥✘✚❨➣✸➈☛☞❉✓ö✍✌❲❨P✘➞❷↕✒ç✠☞☛✓❅❊✌✏✎✤❨✬✘ ☎✏✎
t ✫ ❼ ♦➙➎ÿ➀✻➁➃❿❻➊✤➄✿➊①★✮÷ ➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇➆✮➈➇➂✟✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ t ✮t ✫ ✯ ❣ ➈ùú➝➁➃➈➇➀➲ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈➇➀ ✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ë✳✱
t ✫ t ô✒õ➙ö✹➄➌ú✮➀✻➎☞❿❻➀➲➆✮❿✷r✹➈✳★✮➂➅➎➐❿❻➂❫✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ë ✮t ✫ ë ❥✯❿➋þ✹ú✌➎ÿü➑ý➌➈î➆✌❿✽✝➚➈➇➂➅➊✤➄✿❿✽✝❊★✌ú✮ü➑ý➇➈î➊î➈➙➆✏★✌÷ø➄➇➂ ✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ✴ ❼
t ✫ â û ➍➇➂✎➎ÿ➈ù➀❲➁➅❿❻➈ù➂✎❿❻➊✤➄➇➀P➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁➅❿❻➀s✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ✴✳✯

✑ ò ✘✚✸❱✒✹✎✑❷❹✌✏✘➞❷❹✒❲✠☞☛✓❅❈✌④✎✑❨P✘
η(τ)

❨
ϑ(τ)

✎✓✒
ë✏✫ ❼ ✇ì✝❊★✮ú✮ü➑ý➌➈

η(τ)
✫✷✫✷✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✽✫ ✮ âë✏✫ ✯ û ➍➇➂✎➎ø➄➇➀✟➎➐➆✮❿❻ú➝➁➅➎ÿ➆✹➄➇➆✌❿❻➀➺✝ ➄➇➊î➈ù➀➃➄➇➀✚✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ✮ þë✏✫ t r ➃ ➂➅➊❆★✮÷ø➄➇➀❲➆✮❿✓➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü➑ý➇➈➩ö✹➄➌➂➃➄

η(τ)
✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✽✫ þ ✮ë✏✫ ë ✇ì✝❊★✮ú✮ü➑ý➌➈

ϑ(τ)
✫✷✫✷✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✽✫ ✝ ë

✒ ❋s✘➞✘❃✗✙✘✢✜➆❨✬❷↕✌✥✘✚❷ ☛✓❅➬✜✤✗✔✁☞❅❈✗✙❺✳✌✥✠✍✒❚✎✤❨✬✘
υη

❨
υϑ

ø✆✕✖☎
â✬✫ ❼ r ➃ ➂➅➊❆★✮÷ø➄✜❿➬õ➙ö✮÷✪♠➐➏❻➎➐➁➃➄✿ö✹➄➇➂➅➄ υη

✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ❼ ✱➀ë
â✬✫ ✯ r ➃ ➂➅➊❆★✮÷ø➄✜❿➬õ➙ö✮÷✪♠➐➏❻➎➐➁➃➄✿ö✹➄➇➂➅➄ υϑ

✫✷✫✰✫✷✫✷✫✰✫✽✫✷✫✰✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✽✫✷✫✰✫✷✫✷✫✰✫✷✫✰✫✷✫✷✫✷✫ ❼ù❼ ✮
❭→❨✿✸➈❨✿✎✘✗✬❉✓❺➝✗❊✌✥✘✚✙♣✗ õ ❅✙✗❊✒ ó ✎✑❸✜✛Ù❺✳✌✥✘ ø✜�✢☎
✣ ❉✓✠✓✗✙❺✳❨❄❭→❨P❷●✗✙✘❃✘➆✗ ➐ ✒ ø✜�✢✤



✥ ❝✦❧✧✦✹❾❨❢❣❤✶❫ ★

✩ ❵✫✪✭✬❈❵❨✐✯✮✱❢❣♥✡❞③♥✹❾❶❫✕❞

✰✲✱✳✰ ✇❴➣✵✴✷✶➋❹➋❺✡➔
✸✺✹✻✸✼✹✻✸ ✽✿✾❁❀✓❂❄❃✂❅✺❆✠❂❄❇❉❈✏❊●❋■❍❑❏❄❆▼▲◆✾✺❇
❖ ✎✤✌✥❉✓✘❃✸➈✒❚✎✑❷❹✌✥ö✍✌❁❨✬✘s❅❈✗✙❉✍❨✿✌✏✎✤❨✬✘①✸❱✎✑✌✏❺➝✗❈✒✹❉✍❸✏✎✑✗❈✌✥✘
❥✯❿➋ú✮➈ù➊î➎ÿú✹➄➌➊✤➈ù➀❍➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü❃➎☞❿❻➀Ñ÷ÿ➎➐ú✮❿➑➄➌➂➅❿❻➀❤✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄➇➀❲➄➇➀➺✝❊★✮ú✮ü✢➎➙❿➋➀➲➏➋➈ù➊îö✮÷ÿ❿➬õ✮➄➌➀

V : C → C

τ 7→ aτ + b

cτ + d
,

➀✎❿❻ú✮➆✮➈
a, b, c, d ∈ C ✁ ➏➋➈ù➊ ad − bc 6= 0

✫❯ô✣➀➅➀➅➄➇➀❶➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü❃➎☞❿❻➀➫➁ ➄➌➊①⑩■❧➋➊ ➀➅ý➇➈♣➏➋➉✹➄➇➊✤➄➇➆✹➄➇➀
➪❈➦✩➩✲➚④➫❊➶➆➥✑➦✄➧s➩✳➹➀➘✣➳➋➫✽➭P➳◗P❙❘✲á❃➾➬➯➝➫✄✫

♦➙❿
V ✁ ➏➋➈ù➊î➈✤➄➌➏❻➎ÿ➊✤➄ ✁ ❧✷★✌➊➉➄✿➁➃➂➅➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü➑ý➌➈➩➆✮❿✑❾✫❚✳⑩✮➎✆★✮➀ ✁ ❿➋ú➝➁ ý➇➈s❧☎➏❻÷ø➄➌➂➅➈♣⑨✿★✮❿

V −1 : C → C

τ 7→ dτ − b

−cτ + a❧❽➁ ➄➇➊❆⑩■❧➋➊➡★✮➊➉➄③➁➃➂➅➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü➑ý➌➈❨➆✌❿➫❾✫❚✲⑩✮➎✪★✮➀✢✫→✇✯÷✆❧❻➊❣➆✮➎➐➀➅➀✎➈ ✁ V ◦ V −1 = V −1 ◦ V = I ✁ ➀✎❿❻ú✮➆✮➈
I
➄✤➄➇ö✮÷ÿ➎➐➏➑➄➇ü❻ý➇➈❽➎ÿ➆✮❿➋ú➝➁➃➎ÿ➆✮➄➇➆✮❿ ✁ ⑨✿★✮❿❆❧❈➁ ➄➇➊❆⑩■❧➋➊✱➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü➑ý➇➈❽÷ÿ➎➐ú✮❿➑➄➌➂➂✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄④✫➅è✡➈✳☎ù➈ ✁ V −1 ❧✿➄

➄➇ö✌÷ÿ➎ÿ➏❻➄➇ü➑ý➌➈➉➎ÿú➝✂➇❿❻➂➅➀➅➄❨➆✌❿
V ✁ ➆✮➈ùú✌➆✮❿ V ❧①★✮➊✤➄→⑩✮➎ ✦✎❿➋ü➑ý➇➈④✫✷✇✾÷✪❧➋➊❴➆✮➎➐➀➅➀✎➈ ✁ V ❧✿➏❻➈➇ú✘➁✻♠ÿú✿★✹➄ ✁ ➏➋➈ù➊ ➎➐ú➝✂ù❿❻➂✎➀➃➄

➁➃➄➇➊①⑩✹❧❻➊ ➏❻➈ùú➝➁✻♠ÿú✿★✹➄ ✁ ➈✳★➟➀✎❿✐✦➅➄ ✁ V ❧❫★✌➊ ➉✮➈➇➊✤❿➋➈ù➊✤➈➇➂✎þ✹➀✎➊✤➈✏✫ ❣ ➄➇➂➅➄❹⑨✿★✮❿❋➈●⑨✿★✮❿❋➆✮➎➐➀➅➀✎❿❻➊î➈ù➀➫➄➇➏➋➎ÿ➊✤➄
➀✎❿✐✦➅➄❆✂ù❿➋➂➅➆✹➄➌➆✮❿ ✁ ❧✓➎➐➊✤ö➺➈ù➂✎➁➃➄➇ú➝➁➃❿➲➂➅❿➋➀➅➀➃➄➌÷➐➁ ➄➌➂❤⑨✿★✮❿✓➈➩ö✮÷ø➄➌ú✮➈✿➏❻➈➇➊✤ö✮÷➐❿→õ➙➈✿➈ù➂➅➄✿➏❻➈ùú✌➀➅➎ÿ➆✌❿❻➂➃➄➌➆✮➈♣❧✛➈➩❿❻➀✻➁➃❿➋ú✮➆✮➎ÿ➆✌➈ ✁➈✳★➸➀✎❿✐✦➅➄ ✁ ➈❋➏➋➈ùú✑✦✩★✮ú➝➁➅➈❋➆✮➈ù➀✿ö➺➈ùú➝➁➃➈ù➀✑þ✹ú✮➎➐➁➅➈ù➀①★✮ú✌➎ÿ➆✮➈❋➄➌➈◆ö✙➈➇ú✘➁➅➈ ∞ ✫ ❣ ➈ù➂✜➎ÿ➀➅➀✎➈ ✁ ➁➃➄➇➊①⑩✹❧❻➊❙➆✮❿➋þ✮ú✮➎ÿ➊î➈ù➀
V (∞) = a

c

❿
V
(−d

c

)
= ∞ ❯ ú✮➈➇➁➃❿s⑨✿★✮❿➉ú✮ý➇➈❜ö➺➈☞➆✮❿❻➊î➈ù➀☎➁➃❿❻➂ a = 0 = c

ú✮❿❻➊
d = 0 = c ✁ ö✙➈➇➎ÿ➀

ø



� ✶✰✎✤❂✳ù✻✎✑❨Pú❲☛✓✗❈✘➆✗❊✜➆✒■✘

➎ÿ➀✎➀➅➈➉➏➋➈ùú➝➁➃➂➅➄➇➆✮➎✪✉✑➄➞➉✌➎ÿö ➃ ➁➃❿➋➀➅❿❈➆✮❿❆⑨✿★✮❿ ad − bc 6= 0 ✁ ➆✮❿✑➊î➈☞➆✮➈➞⑨✿★✮❿✜➈ù➀⑧⑨✿★✮➈☞➏❻➎➐❿❻ú➝➁➃❿➋➀ a/c ❿ −d/c ➀➅ý➇➈➀➅❿➋➊✤ö✮➂✎❿✽⑩✙❿➋➊✱➆✮❿➋þ✮ú✮➎ÿ➆✮➈➇➀➲➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇ú✮➆✌➈➀➁❭➀✎❿ ✁ ➄➇➎➐ú✮➆✹➄ ✁ 1/0 = ∞ ❢ ✫

☞ ☛☞❉✓ö✍✌❲❨P✘s✌✏❉✓✌✥❅❈❇➬✜✤✗✙❺✳✌✏✘
♦➙❿✐✦➅➄

f : U → C
★✮➊✤➄➞✝❊★✮ú✮ü❻ý➇➈❶➏❻➈ù➊îö✮÷ÿ❿➬õ✌➄ ✁ ö✹➄➇➂➅➄ U ⊂ C

✫①❥✾➎✪✉❻❿➋➊✤➈➇➀✡⑨✿★✮❿
f
❧▲➭✲➾ ➶➆➳✄➦➋➳✄➚❁➮✄➾❈❮✲ê✲➳✄➲✣❿➋➊

z0 ∈ U
➀➅❿☎❿→õ➙➎➐➀✎➁➃❿☎➈❽➀➅❿✢☎✳★✮➎➐ú✘➁➅❿✑÷➐➎ÿ➊î➎➐➁➅❿

lim
z→z0

f(z) − f(z0)

z − z0
.

⑦✾❿➋➀✎➁➃❿Ñ➏❻➄➇➀➅➈ ✁ ➁ ➄➇÷➙÷ÿ➎ÿ➊î➎➐➁➅❿❵❧Ñ➆✮➎➐➁➅➈✛➆✮❿❻➂✎➎✆✂➌➄➇➆✹➄✛➈✲★➩➆✮➎✆✝➚❿➋➂➅❿❻ú✌➏❻➎ø➄➌÷➙➆✮❿ f ❿❻➊ z0 ✁ ❿❲➆✮❿❻ú✮➈➌➁ ➄➇➆✮➈ f ′(z0)
✫✺❱✡★✹➄➇ú✮➆✌➈

f
❧❈➆✌➎✆✝➚❿❻➂✎❿❻ú✮➏➋➎ø➍➆✂ù❿➋÷✡❿❻➊✱➏❻➄➇➆✹➄

z0 ∈ U ✁ ➆✌➎✪✉❻❿➋➊✤➈➇➀➺⑨P★✌❿ f ❧☎➆✮➎✈✝➚❿❻➂➅❿➋ú✮➏❻➎ÿ➍➆✂ù❿❻÷✡❿➋➊
U
✫

❱✛★✮➄➇ú✮➆✮➈ ✁ ➄➇÷✪❧➋➊ ➆✮❿
f
➀➅❿➋➂➉➆✮➎✈✝➚❿❻➂➅❿➋ú✮➏➋➎ø➍➆✂ù❿➋÷✾❿➋➊

z0 ✁ ö✏★✮➆✮❿➋➂➅➊î➈ù➀✤➈✲⑩✌➁➃❿➋➂➒★✮➊✤➄➽✂☞➎✆✉❻➎ÿú④➉✹➄➇ú✮ü❻➄ ➆✮❿
z0❿❻➊t➏✢★✑✦✎➈ù➀❈ö✙➈➇ú✘➁➅➈ù➀

f
❧î➆✌➎✆✝➚❿❻➂✎❿❻ú✮➏➋➎ø➍➆✂➇❿❻÷ ✁ ➆✮➎➐➂➅❿➋➊✤➈ù➀✛⑨✿★✮❿ f ❧❄➩✲➚✹➩✲➲➷➴➬➪✙➾❱➮✻➩❜❿➋➊

z0
✫sr★➎ÿú✹➄➌÷ÿ➊î❿❻ú➝➁➃❿ ✁ ➀➅❿ f ❧

➄➇ú✹➄➇÷✆♠➐➁➅➎ÿ➏➑➄P❿❻➊❱➁➃➈☞➆✮➈ù➀★➈ù➀✒ö➺➈ùú➝➁➃➈ù➀✒➆✌➈✓➆✮➈ù➊s♠ÿú✮➎➐➈
U ✁ ➆✮➎➐➂➅❿❻➊î➈ù➀☞⑨P★✌❿ f ❧Ñ➄➇ú✮➄➇÷✪♠ ➁➃➎ÿ➏❻➄➲❿➋➊

U
✫➡❾❄★✌➎➐➁ ➄➌➀☞✂ù❿✢✉❻❿➋➀ ✁➈ù➀Ñ➁➃❿➋➂➅➊î➈ù➀❤✝❊★✮ú✮ü❻ý➇➈✾➦➋➳❱ß✲➯P➲✈➩✲➦✿❿✛✝❊★✮ú✮ü❻ý➇➈→Ô✥➥✑➲✪➥✑➧➒➥✑➦➬➶✢➩î➀➃ý➌➈➞★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈ù➀❲❿➋➊✱÷✪★④☎➝➄➇➂✟➆✮❿✛✝❊★✮ú✌ü➑ý➇➈î➄➇ú✹➄➌÷✪♠➐➁➅➎ÿ➏❻➄④✫

♦➙❿✡★✮➊✤➄✷✝❊★✌ú✮ü➑ý➇➈❆❧✓➄➇ú✹➄➇÷✆♠➐➁➅➎ÿ➏➑➄✓❿➋➊ ➁➅➈➙➆✮➈✑➈✿ö✮÷ÿ➄➇ú✮➈✜➏➋➈ù➊îö✮÷ÿ❿➬õ✌➈
C ✁ ➆✮➎✪✉➋❿❻➊î➈ù➀➅⑨✿★✮❿✾➁ ➄➇÷❚✝❊★✮ú✮ü❻ý➇➈①❧❆➾➬➚✥➪➄➳✄➾➬➦✩➩❚✫

⑦✯➄❽➀➅❿❃⑨❳❲✏Ú➋ú✮➏❻➎ÿ➄ ✁ ★✮➊✪➎➐➊✤ö➺➈ù➂✻➁ ➄➇ú➝➁➃❿✾➁➃❿❻➈➇➂➅❿❻➊✤➄ ✁ ⑨✿★✮❿❈➀➅❿➋➂➃➍✚⑩✹➄➇➀✻➁ ➄➇ú➝➁➃❿✽★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈✿ú✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈♣ë✏❡

❖ ❨✿✒❚✎✑❨P❷❹✌ ø❩❨ ❖ ❨P✒❚✎✤❨P❷❹✌Ü✠✍✌ ❩❃✠✍❨P❉■✜✤✗❈✠✓✌✥✠✍❨ ✠✓❨ ☞ ☛☞❉✓ö✍✌❲❨P✘ ò ❉✓✌✥❅❈❇➬✜✤✗✙❺✳✌✏✘❭❬✤✺✧Ï❚➯✣✃✥➥✑➚④Ô④➩➽Õ❃➯❚➳
f(x)➳

g(x)
➫✣➳❫❪✢➩✲➧ ➭✲➯✏➩✑➫✟➶➨➯P➚❚➹➀➘✣➳➋➫→➩✲➚✹➩✲➲➷➴➬➪✙➾❱➮✻➩✑➫➞➚❁➥✣➫→➭P➥✑➧♣➴➬➚✥➾❱➥✣➫

D1

➳
D2 ❴ ➦❝➳➋➫➄✃✥➳➋➮✄➪✙➾➬ê✑➩✲➧➒➳✄➚✥➪➄➳✳❵ Ï❲➳

D =

D1 ∩ D2

➳➞➳✩❰✳➾✪➫✄➪✐➳♣➯✬➧s➩→➫✣➳✻Õ✳❛✢❜✄➚❁➮✄➾❈➩❄➭P➳✡✃✥➥✑➚✥➪✐➥✣➫✚➭✲➾✪➫✄➪✙➾➬➚✥➪➄➥✣➫
(xk)

∞
k=1 ⊂ D ❴ ➪✐➳✄➚✹➭P➥✰✃✥➳✄➲✪➥✾➧➒➳✄➚❁➥✣➫♣➯P➧

➲➷➾➬➧♣➾➬➪✐➳✽➳✄➧
D ❴ ➳✡➪❱➩✲➲❁Õ❃➯❚➳ ❴ ✃④➩✲➦✩➩➒➮✻➩➝➭➝➩①➾➬➚✥➪➄➳✄➾➬➦❝➥⑧✃✥➥✣➫✄➾➬➪❈➾➬ê✲➥

k ❴ f(xk) = g(xk) ❴ ➳✄➚✥➪❱ÓP➥ f(x) = g(x)
➳✄➧

D
❵
✇✯ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➊î➈ù➀✟➊✤➄➇➎ÿ➀✖★✮➊❯➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✌➈✿➂➅❿➋÷ø➄➇➏➋➎ÿ➈ùú✹➄➌➆✮➈✜û✷✝❊★✮ú✮ü❃➎☞❿❻➀❲➄➇ú✹➄➇÷✆♠➐➁➅➎ÿ➏➑➄➌➀ ✁ ➈ù➂➃➄✑➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➆✮➈➩➆✌❿★✮➊✤➄❽➊✤➄➇ú✮❿➋➎ÿ➂➅➄①⑩✹➄➇➀✎➁➃➄➇ú➝➁➃❿✽☎ù❿➋➂➃➄➇÷✙❡

❖ ❨✿✒❚✎✑❨P❷❹✌ �❉❨ ✶✰✎✑✗❈❉☞❺➝❇❫✁☞✗❈✒➽✠✍✒×❶❞❝ç✠✓☛☞❅❊✒●❶⑥❸④Ý✍✗❈❷❹✒❡❬✤✺ ❢❣❵✷Ï❲➳
f(z)

Ð✧➩✲➚✹➩✲➲➷➴➬➪❈➾❱➮✻➩✚➳✄➧③➯P➧ ➭P➥✑➧♣➴➬ã
➚✥➾❱➥

D ❴ ➳✄➚✥➪➈ÓP➥ |f(z)| ➚✹ÓP➥✰✃✥➥❃➭P➳s➩✑➫➋➫✄➯P➧♣➾➬➦✰➫✣➳✄➯➍ê✑➩✲➲✪➥✑➦①➧s❮➆❰✳➾➬➧➒➥▲➳✄➧
D ❴ ➩✾➧➒➳✄➚❁➥✣➫sÕ❃➯✥➳

f(z)➫✣➳❫❪✢➩✾➮➋➥✑➚④➫✄➪❱➩✲➚✥➪✐➳✐❤
❥ ❵✷Ï❲➳

f(z)
Ð❆➩✲➚✹➩✲➲➷➴➬➪❈➾❱➮✻➩✾➳✄➧ ➯P➧ ➭P➥✑➧♣➴➬➚✥➾❱➥♣➲➷➾➬➧♣➾➬➪➈➩➝➭P➥

D
➳ |f(z)| Ð✚➮➋➥✑➚✥➪✙➴➬➚✥➯④➩▲➳✄➧

D ❦ ➶➆➳➋➮➋Ô✥➥➞➭P➳
D ❧ ❴ ➳✄➚✥➪❱ÓP➥ |f(z)| ➩✑➫➋➫➨➯✬➧➒➳✡➫✣➳✄➯▲ê✑➩✲➲✪➥✑➦✛➧s❮➆❰✳➾➬➧➒➥→➳✄➧

∂D ❦ ➶➨➦❝➥✑➚✥➪➄➳✄➾➬➦✻➩➒➭P➳
D ❧ ❵



ø ✺ ø ò ❉✍❸✥❅✙✗❈✘❃❨ ☎
✸✺✹✻✸✼✹♥♠ ♦q♣❡❀r❂✻❆❩s❑❆✉t✈✾✺✇①❀✓❆✠②●③
♦➙❿❬★✮➊✤➄✟✝❊★✮ú✮ü❻ý➇➈✧❧❲➄➇ú✹➄➇÷✆♠➐➁➅➎ÿ➏➑➄Ñ❿➋➊❱➁➅➈➙➆✌➈✧★✮➊❱➆✮➈ù➊s♠ÿú✌➎ÿ➈P➀➅➎➐➊✤ö✮÷➐❿❻➀✎➊✤❿➋ú✘➁➅❿❍➏➋➈ùú✮❿➬õ✌➈

D ✁ ★✮➊✤➄✾➆✮➄➇➀★➊✤➄➇ú✮❿➋➎ÿ➂➃➄➌➀➊✤➄➇➎ÿ➀✯❿➋þ✹➏➋➎ÿ❿❻ú➝➁➅❿❻➀❈➆✮❿➩➀➅❿❽➂➅❿➋ö✮➂➅❿➋➀➅❿➋ú✘➁➃➍✑➁❭÷ÿ➄❨➏➋➈ù➊î➈③➀✻❧❻➂✎➎ÿ❿➩➆✮❿❽ö➺➈➇➁❝Ú➋ú✮➏❻➎ÿ➄➇➀✓❿❻➊❴➁➃➈ù➂✎ú✮➈❶➆✮❿♣★✮➊tö➺➈ùú➝➁➃➈❶➆✮❿
D➏➋➈ùú✮➀➅➎➐➀✎➁➅❿✑ú✮➈î❿❻➊îö✮➂✎❿❃☎ù➈î➆✹➄➇➀P➏➋➉✹➄➇➊✤➄➇➆✹➄➌➀➲➀✩❧❻➂✎➎ÿ❿❻➀➲➆✮❿✷➔★➄➆➙☞÷ÿ➈➇➂❃✫✖➔✼➈☞➆✹➄➆✂☞➎ø➄ ✁ ú✮❿➋➊ ➀➅❿➋➊✤ö✮➂✎❿☎➈✤➆✮➈➇➊➞♠➐ú✮➎ÿ➈➩❿➋➊

⑨✿★✮❿❶➀➅❿❨➄➇ö✌÷ÿ➎ÿ➏❻➄❋➄➣✝❊★✮ú✮ü❻ý➇➈❸➈✲⑩✙❿➋➆✮❿❻➏➋❿❜û➀⑨P★✌❿❻÷ø➄❋ö✮➂✎➈ùö✮➂✎➎ÿ❿❻➆✮➄➇➆✮❿➫➁➃➈➇ö✙➈ù÷ ➃ ☎ù➎➐➏➑➄④✫ ❣ ➈➇➂î❿➬õ➙❿❻➊îö✮÷ÿ➈ ✁ ö➺➈➙➆✌❿❻➊î➈ù➀➆✮❿➋➀➅❿➄✦➅➄➇➂✯➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➂⑧★✮➊➉➄❽➆✹➄➇➆✮➄s✝❊★✮ú✮ü❻ý➇➈➉ú✿★✮➊✸➄➇ú✌❿❻÷ ✁ ➈✲★✖ú✿★✮➊✤➄✤➂➅❿✢☎ù➎øý➌➈î➆✮➄➞⑨✿★✹➄➇÷▲➀➅❿✑❿→õ➙➏❻÷✆★✮➎✍★✮➊❆➈✳★
➊✤➄➇➎ÿ➀✼ö✙➈➇ú✘➁➅➈ù➀✒➎➐➀➅➈ù÷ÿ➄➇➆✮➈ù➀✢✫❪⑦➲❿❻➀✎➁➅❿❻➀➡➏➑➄➌➀➅➈ù➀ ✁ ★✮➊➉➄✾➆✹➄➇➀✣❿→õ➙ö✹➄➌ú✮➀✻➎☞❿❻➀➡ö✹➄➇➂➅➄✛➄➇➀➊⑨✿★✹➄➇➎➐➀✒➀➅❿Ñ❿➋ú✮➏❻➈➇ú✘➁➅➂➃➄✛★✌➁➅➎ÿ÷ÿ➎➐➆✹➄➇➆✮❿➀➅ý➇➈î➄➇➀P➏➋➉✹➄➇➊✤➄➇➆✹➄➇➀P➀✻❧➋➂➅➎➐❿❻➀P➆✮❿✷è▲➄✲★✮➂➅❿➋ú➝➁ ✁ ❿→õ➙ö✮➂✎❿❻➀✎➀➃➄➇➀✾ú✮➈✤➀✎❿❃☎✳★✌➎ÿú➝➁➃❿✓➁➃❿➋➈ù➂➅❿➋➊➉➄✬❡
❖ ❨✿✒❚✎✤❨P❷❹✌ ☎ ✺➂Ï❲➳

f(z)
Ð❆➩✲➚✹➩✲➲➷➴➬➪❈➾❱➮✻➩➞➚❁➥➞➩✲➚❁➳✄➲

0 ≤ R1 < |z − a| < R2 ≤ ∞,

➳✄➚✥➪❱ÓP➥
f(z) =

∞∑

n=−∞
an(z − a)n, an =

1

2πi

∫

C

f(t)

(t− a)n+1
dt,

➥✑➚✹➭P➳
C = {t ∈ C | |t − a| = r, R1 < r < R2} ❴ ➳✚➩❳➫✣Ð✄➦➨➾❱➳sÐs➩➝á✄➫✣➥✑➲➷➯P➪➈➩✲➧➒➳✄➚✥➪➄➳➞➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪➄➳①➚❁➥

➩✲➚❁➳✄➲④❵✺⑤✟➭P➳✄➧s➩✲➾✪➫ ❴ ➫✣➳ f(z)
Ð➅➩✲➚✹➩✲➲➷➴➬➪✙➾❱➮✻➩✟➚❁➥✟➾➬➚✥➪✐➳✄➦➨➾❱➥✑➦❬➭P➥✛➮✄➴➬➦❝➮✄➯✬➲✪➥⑧➭P➳✖➦✩➩✲➾❱➥

R2

➳Ù➫✣➥✲á❃➦❝➳➺➳✄➲✪➳ ❴ ➳✩❰✬➮➋➳✄➪❈➯✏➩✲➚✹➭P➥✑ã➫✣➳✚➩✄✃✥➳✄➚✹➩✑➫➒➥➣➮➋➳✄➚✥➪❈➦❝➥
a ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫❆➪✐➥✑➧s➩✲➦

R1

➩✲➦✢á❃➾➬➪✙➦✩➩✲➦➨➾❈➩✲➧➒➳✄➚✥➪✐➳✟✃✥➳✻Õ❃➯✥➳✄➚❁➥ ❴ ➭P➳♣➪❱➩✲➲Ù➧s➩✲➚❁➳✄➾➬➦✩➩❄Õ❃➯✥➳→➥
➭P➳➋➫✣➳✄➚✥ê✲➥✑➲➷ê✣➾➬➧➒➳✄➚✥➪➄➥s➩✲➚✥➪➄➳✄➦➨➾❱➥✑➦✧➫✣➳✷➪✐➥✑➦➨➚✹➩➞ê✑❮✲➲➷➾❈➭P➥✡✃④➩✲➦✩➩

0 < |z − a| < R2

❵
⑦✾➈➩➏❻➄➇➀➅➈❽ö✮➂✎❿✢✂☞➎ÿ➀✻➁➃➈❽➄➇➈✿þ✮ú✹➄➇÷Ø➆✌➈➩❿❻ú✿★✮ú✮➏➋➎ø➄➇➆✮➈❽➆✮❿➋➀➅➀✎❿☎➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ ➆✮➎✪✉➋❿❻➊î➈ù➀❤⑨✿★✮❿ a ❧✡★✮➊✤➄✜➀➅➎➐ú✏☎✳★✮÷ÿ➄➇➂➅➎ ➁

➆✹➄➌➆✮❿✚➾✪➫✣➥✑➲✈➩➝➭➝➩✤➆✮❿
f(z) ✁ ❿☎ö➺➈➙➆✮❿➋➊✤➈➇➀✟➀✻★✏⑩✌➊✤❿→➁❝Ú✄➁✝÷ø➄❽û➩➀➅❿✢☎✳★✮➎ÿú➝➁➅❿❈➏➋÷ø➄➇➀✎➀➅➎ þ✹➏➑➄➇ü❻ý➇➈✏❡

✶⑥❝✹❅❊✒⑥♦➙❿❈❿→õ➙➎➐➀✎➁➃❿
m > 0

➁ ➄➇÷ç⑨✿★✮❿
a−m 6= 0

❿
a−n = 0

ö✮➄➇➂➃➄❽➏➑➄➇➆✮➄
n > m ✁ ➆✮➎✪✉➋❿❻➊î➈ù➀➂⑨P★✌❿ a ❧✷★✮➊

ö ➃ ÷➐➈➫➆✮❿➩➈ù➂✎➆✮❿❻➊ m
➆✌❿

f(z)
ú✹➄➫➂➅❿✢☎ù➎øý➌➈➫➏❻➈ùú✌➀➅➎ÿ➆✌❿❻➂➃➄➌➆✹➄④✫ ❣ ➈ù➂✓❿➬õ✌❿➋➊✤ö✌÷ÿ➈ ✁ f(z) = 1/(z − 1)2 ✁➆✌❿➋þ✹ú✮➎➐➆✹➄➩❿❻➊

C ✁ ö➺➈ù➀➅➀✩★✮➎ç★✮➊✱ö ➃ ÷ÿ➈➩➆✌❿❈➈➇➂➅➆✮❿➋➊ ✯❽❿➋➊
z = 1

q
❍❲✗✙❉ ó ☛☞❅❊✌✏✎✑✗❈✠✓✌✥✠✍❨➣❨P✘➆✘✢❨✬❉✓❺➝✗❊✌✥❅ ✭ ➈ùú➝➁➃➂➅➄➇➂➅➎ÿ➄➇➊✤❿➋ú➝➁➃❿➩û③➆✮❿→þ✹ú✮➎ÿü❻ý➇➈❨➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂ ✁ ➀✎❿î❿➬õ➙➎ÿ➀✎➁➅❿❻➊t➎➐ú✌þ✹ú✮➎ ➁➃➈ù➀✾➁➃❿❻➂✐➁

➊î➈ù➀
a−n

ú✹ý➌➈❈ú✿★✮÷➐➈ù➀ ✁ ö✹➄➌➂➃➄ n > 0 ✁ ➆✮➎✆✉❻❿➋➊✤➈ù➀➊⑨✿★✮❿ a ❧✟★✌➊➉➄✛➀✎➎ÿú✏☎✳★✌÷ø➄➇➂✎➎ÿ➆✹➄➇➆✌❿✟❿❻➀✎➀➅❿❻ú✌➏❻➎ø➄➌÷✹➆✮❿ f(z)ú✮➄◆➂➅❿❃☎➇➎øý➇➈◆➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✹➄✬✫ ❣ ➈ù➂➩❿→õ➙❿❻➊îö✮÷➐➈ ✁ f(z) = e1/z ✁ ➆✌❿➋þ✹ú✮➎➐➆✹➄◆❿❻➊ C ✁ ➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➍★✮➊✤➄
➀✎➎ÿú✏☎✲★✮÷ø➄➇➂✎➎ÿ➆✹➄➌➆✮❿✯❿➋➀➅➀➅❿➋ú✮➏❻➎ÿ➄➇÷▲❿❻➊

z = 0
q

❍❲✗✙❉ ó ☛☞❅❊✌✏✎✑✗❈✠✓✌✥✠✍❨➣✎✤❨P❷❹✒ ➐ ❇ ➐ ❨P❅①♥✛➏➋➈ù➂➅➂✎❿➺⑨P★✮➄➇ú✮➆✮➈✽➉✹➍✛★✮➊✤➄✛➀➅➎➐ú✏☎✳★✮÷ÿ➄➇➂➅➎➐➆✹➄➇➆✮❿❬⑨P★✌❿Ñö✙➈☞➆✮❿Ñ➀➅❿➋➂✣➂➅❿➋➊✤➈✣✂☞➎ÿ➆✹➄✬✫
❣ ➈ù➂✛❿➬õ✌❿➋➊✤ö✌÷ÿ➈ ✁ f(z) = z2/z ✁ ➆✮❿➋þ✮ú✮➎ÿ➆✹➄➫❿➋➊ C ✁ ö➺➈ù➀➅➀✩★✮➎Ù★✮➊✤➄➉➀➅➎➐ú✏☎✳★✮÷ÿ➄➇➂➅➎➐➆✹➄➇➆✮❿❈➂➅❿➋➊✤➈✣✂P♠✆✂➇❿❻÷✒❿➋➊
z = 0

✫
❥✯➎✆✉❻❿➋➊✤➈ù➀ ✁ ➄➌➎ÿú✮➆✹➄ ✁ ⑨✿★✮❿⑧★✮➊✤➄✽✝❊★✮ú✌ü➑ý➇➈✰❧❆➧➒➳✄➦❝➥✑➧➒➥✑➦➬➶✢➩✜úP★✌➊ ➏➋❿❻➂✻➁➃➈✿➆✮➈➇➊➞♠➐ú✮➎ÿ➈☎➀➅❿✾❿❻÷ÿ➄❈ú✹ý➌➈✜ö➺➈ù➀➅➀✩★✮➎ ✁ ú✮❿❻➀✎➀➅❿➆✮➈➇➊➞♠➐ú✮➎ÿ➈ ✁ ➀➅➎➐ú✏☎✳★✮÷ÿ➄➇➂➅➎➐➆✹➄➇➆✮❿➋➀❤⑨✿★✮❿☎ú✹ý➇➈îö ➃ ÷ÿ➈ù➀✢✫



✑ ✶✰✎✤❂✳ù✻✎✑❨Pú❲☛✓✗❈✘➆✗❊✜➆✒■✘

✸✺✹⑦✸✺✹✔⑧ ⑨✿❀r❊qs❑✇◆③r❊✺❇⑩❂❄②❷❶❑②❑❂❸③✜❊✺❇
⑦✾➈❄⑨P★✌❿➞✂➌➄➇➊î➈ù➀☎❿❻➀✎➁✻★✮➆✹➄➇➂ ✁ ö✹➄➇➂✻➁➃➎➐➏❃★✮÷ÿ➄➇➂➅➊î❿❻ú➝➁➃❿➩ú✌➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈✾ë ✁ ➀✎❿❻➂➃ý➌➈✖➏❻➈➇➊①★✮ú✮➀❈ö✮➂➅➈☞➆✏★✌➁➅➈ù➀✜❿î➀➅➈➇➊➉➄➇➀➎ÿú✌þ✮ú✮➎➐➁➅➈ù➀❃✫❹❱✡★✹➄➇ú➝➁➅➈❜➄③➀✎➈ù➊➉➄➌➀❈➎➐ú✌þ✹ú✮➎ ➁ ➄➇➀ ✁ ➆✮❿❻ú✌➈ù➊✤➎➐ú✹➄➇➆✹➄➌➀✰➫✣Ð✄➦➨➾❱➳➋➫ ✁ ú✮ý➇➈❳✝ ➄➇➂➅❿➋➊✤➈ù➀☎➄➀⑨P★✌➎✣ú✮❿❻ú✏➉✿★✮➊✤➄❶➂➅❿✄➁
✂☞➎ÿ➀➃ý➌➈ ✁ ö➺➈ù➎ÿ➀✖✦✩★✌÷✪☎➝➄➇➊î➈ù➀✾➀➅❿❻➂✽★✮➊ ➄➇➀➅➀✩★✮ú➝➁➃➈❨➊➉➄➌➎ÿ➀⑧✝ ➄➌➊✤➎➐÷ÿ➎ø➄➌➂➲➆✌❿❻ú➝➁➃➂✎➈❨➆✮➄❶➊✤➄➌➁➅❿❻➊✤➍➌➁➃➎➐➏➑➄✤❿ ✁ ➄➇➆✮❿➋➊➉➄➇➎➐➀ ✁ ➆✌❿✝ ➍➇➏❻➎➐÷✹➈✳⑩✌➁➅❿❻ú✮ü❻ý➇➈✜➆✮❿➂✝➚➈ùú➝➁➃❿➋➀❃✫❵❥✯❿✟⑨✿★✹➄➇÷✆⑨P★✌❿❻➂❂➊✤➈☞➆✮➈ ✁ ➎ÿú✌➆✮➎ÿ➏❻➄➇➊✤➈➇➀➡➄❈➂✎❿✢✝➚❿❻➂✩Ú❻ú✮➏➋➎ø➄✷⑩✮➎✪⑩✮÷➐➎ÿ➈✳☎➇➂➃➍➌þ✹➏❻➄♣ä ❼ ✴ å ö✹➄➇➂➅➄➈ù➀P➎ÿú➝➁➃❿➋➂➅❿➋➀➅➀➃➄➌➆✮➈ù➀❃✫

♥❙➆✮❿➋➀➅❿❻ú➝✂➇➈ù÷✆✂☞➎ÿ➊î❿❻ú➝➁➅➈ ⑨✿★✮❿ ➄✲⑨✿★✮➎✡✝ ➄➇➂✎❿❻➊î➈ù➀➫➀✎➈✳⑩✮➂➅❿à➈♣➄➇➀✎➀✻★✮ú➝➁➅➈s➆✮❿➋➀✎➁ ➄➸➀✩★✏⑩✮➀➅❿➋ü➑ý➇➈✂ö✙➈☞➆✮❿❋➀✎❿❻➂❶❿❻ú✬➁
➏❻➈ùú➝➁➅➂➃➄➇➆✮➈➸➏➋➈ù➊ ➊➉➄➇➎➐➀✤➆✌❿➋➁ ➄➌÷✪➉✮❿➋➀➉❿❻➊ ä ❼ ✱ å ✫ ❥✛➄➇➆✹➄❹★✌➊➉➄ñ➀✎❿❃⑨❳❲✏Ú➋ú✮➏❻➎ÿ➄♣➆✌❿◆ú✿➓✮➊✤❿➋➂➅➈ù➀➉➂➅❿➑➄➌➎ÿ➀

(un)
∞
n=1

✁➆✮❿❻ú✌➈➇➁ ➄➇➊î➈ù➀Ñ➈❽ö✮➂✎➈➙➆✏★➙➁➃➈î➎ÿú✌þ✹ú✌➎➐➁➃➈➩➆✌❿❈➀✎❿❃★✮➀P➁➃❿➋➂➅➊î➈ù➀Ñö➺➈ù➂

U =

∞∏

n=1

un. ❯ ❼ ✫ ❼✤❢
❥✯➎✪✉➋❿❻➊î➈ù➀①⑨✿★✮❿✾★✮➊✤➄✖➀✻❧➋➂➅➎➐❿❳❧③➏❻➈ùú➝✂ù❿➋➂✻☎ù❿➋ú➝➁➃❿❨➀➅❿ ✁ ❿③➀✎➈ù➊✤❿➋ú➝➁➃❿③➀➅❿ ✁ ➀✩★✹➄➇➀➩➀✎➈ù➊➉➄➌➀✿ö✹➄➇➂✎➏❻➎ø➄➌➎ÿ➀✿➏➋➈ùú➝✂ù❿❻➂✩☎ù❿❻➊ö✹➄➇➂➅➄❄★✮➊❙ú✿➓✮➊✤❿➋➂➅➈✖þ✮ú✮➎➐➁➅➈✏✫❄♦➙❿❻➂✎➎ø➄❜➂➅➄✲✉❻➈ù➍✣✂➇❿❻÷ ✁ ❿❻ú➝➁ ý➌➈ ✁ ➄➇➆✮➈➌➁ ➄➇➂❈❿❻➀✎➀➃➄◆➊î❿❻➀➅➊✤➄❜➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈✖❿❻ú➝✂ù➈ù÷✈✂ù❿➋ú✮➆✮➈ö✮➂➅➈☞➆✏★✌➁➅➈ù➀➩➎ÿú➙þ✹ú✮➎➐➁➅➈ù➀✜❿③ö✮➄➇➂➅➏➋➎ø➄➇➎➐➀❃✫❸ô➡ú➝➁➅➂➅❿➋➁➃➄➇ú➝➁➃➈ ✁ ➎ÿ➀✎➀➅➈à➀➅❿➋➂➅➎ÿ➄◆➎ÿú✹➄➇➆✌❿❃⑨✿★✹➄➇➆✮➈ ✁ ➆✌❿③➊✤➈☞➆✮➈➍⑨✿★✮❿➫➁➃❿➋➊✤➈➇➀❽➄
➀➅❿✢☎✳★✮➎ÿú➝➁➅❿❈➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈④❡
✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ ø ✺✈❺❽✃✹➦❝➥❃➭✲➯✬➪➄➥➞➾➬➚➆Ö❵➚✥➾➬➪✐➥

U
➳✩❰✳➾❈á❃➾❈➭P➥❳➳✄➧ ❦ ❢❣❵❻❢ ❧ ➫✣➳✄➦✩❮▲➭✲➾➬➪➄➥③➏➋➈ùú➝✂ù❿➋➂✻☎ù❿➋ú✘➁➅❿✾➫✣➳✚➳✩❰✳➾✪➫✄➪❈➾➬➦❆➯P➧

➾➬➚✥➪✐➳✄➾➬➦❝➥✷✃✥➥✣➫✄➾➬➪✙➾➬ê✲➥
m

➪❱➩✲➲➊Õ❃➯✥➳ ❴ ✃④➩✲➦✩➩❫➮✻➩➝➭➝➩
n > m ❴ un 6= 0 ❴ ➳s➥✣➫✟✃✹➦➋➥❃➭✲➯P➪➄➥✣➫✧✃④➩✲➦❝➮✄➾❈➩✲➾✪➫ pn = um+1 ·

um+2 · · ·un

➮➋➥✑➚✥ê✣➾➬➦❫❪✢➩✲➧ÿ✃④➩✲➦✩➩✛➯✬➧ ➚✥éP➧➒➳✄➦❝➥❪Ö❵➚✥➾➬➪➄➥✽➳➂➭✲➾ ➶➆➳✄➦❝➳✄➚✥➪➄➳➺➭P➳❽❼✑➳✄➦❝➥❾❵➀❿✰➳➋➫✄➪➄➳⑧➮✻➩✑➫✣➥ ❴ ➭P➳✄➚❁➥✑➪❱➩✲➚✹➭P➥✑ã❱➫✣➳
limn→∞ pn = Um ❴ ➪✐➳✄➧➒➥✣➫✷Õ❃➯❚➳

U = u1 · u2 · · ·um · Um

❵
⑦✯ý➇➈❳❧✿➆✌➎✆✝❊♠ÿ➏➋➎ÿ÷ç✂ù❿➋➂ ✁ ➏➋➈ù➊ ⑩✮➄➇➀➅❿✿ú✮➄➫➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈❶➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂ ✁ ⑨✿★✮❿ ✁ ❿❻➊①⑩➺➈ù➂➃➄✤➈➒✂➌➄➇÷ÿ➈ù➂

U
➀✎❿✐✦➅➄➫❿➬õ✌➎✆⑩✮➎ÿ➆✌➈

❿❻➊ ➁➃❿➋➂➅➊î➈ù➀✯➆✌❿
m ✁ ❿❻÷ÿ❿✑ú✹ý➇➈✤➆✮❿❻ö➺❿❻ú✮➆✌❿✿➆✮❿❻➀✻➁➃❿✿➎➐ú➝➁➃❿❻➎➐➂➅➈✏✫➺✇✾÷✪❧➋➊ ➆✮➎ÿ➀✎➀➅➈ ✁ ❧✜➏❻➈➇ú✮➀➅❿✢⑨✆❲④Ú❻ú✮➏➋➎ø➄➫➎ÿ➊î❿❻➆✌➎ø➄➌➁➃➄❽➆✮➄➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈❽➈✤➀✎❿❃☎✳★✮➎➐ú➝➁➃❿

❖ ❨✿✒❚✎✑❨P❷❹✌ ✑ ✺①➁❬➧ ❦ ❢❣❵❻❢ ❧ ❴ U = 0
➫✣➳ ❴ ➳✛➫✣➥✑➧➒➳✄➚✥➪✐➳✡➫✣➳ ❴ ➳✩❰✳➾✪➫✄➪✐➳ n ≥ 1

➪➈➩✲➲✓Õ❃➯✥➳
un = 0

❵
❞✟➄➇➀➅➎➐➏➑➄➇➊î❿❻ú➝➁➅❿ ✁ ➎ÿ➀✻➁➃➈↕❧❜➆✮❿➋➏❻➈ù➂✎➂✻Ú➋ú✮➏❻➎ÿ➄ñ➆✮➈❹✝ ➄➌➁➅➈❸➆✌❿❫⑨✿★✮❿

Um 6= 0
✫➼♥ ➁➅❿❻➈ù➂✎❿❻➊✤➄❸❿❜➄ñ➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈

➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂➅❿❻➀✾ú✮➈ù➀✡☎ù➄➇➂➃➄➇ú➝➁➅❿❻➊ ✁ ö➺➈ù➂✯❿➬õ✌❿➋➊✤ö✌÷ÿ➈ ✁ ⑨✿★✮❿ ✁ ➀✎❿✿➁➃➈ù➊✤➄➇➂✎➊✤➈ù➀ un = 1
n

❿❻➊ ❯ ❼ ✫ ❼✤❢ ✁ ➁➅❿❻➊î➈ù➀✡⑨✿★✮❿ U➭✲➾➬ê✲➳✄➦✙ßP➳☎ö✹➄➇➂➅➄s✱✬✫✖♥✛★➙➁➃➂➅➈î➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✌➈s⑨✿★✮❿☎❿➬õ✌➎✆⑩✮➎ÿ➊î➈ù➀❤❧☎➈î➀➅❿✢☎✳★✮➎ÿú➝➁➅❿
❖ ❨✿✒❚✎✑❨P❷❹✌ ✒ ✺⑧Ï❲➳ ❴ ➳✄➧ ❦ ❢❣❵❻❢ ❧ ❴ U Ð①➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪✐➳ ❴ ➳✄➚✥➪❱ÓP➥ un → 1 ➂ ➧➒➳✻➭✲➾❈➭➝➩→Õ❃➯✥➳

n→ ∞ ❵
✇✦ö✹➄➌➂✎➁➃➎➐➂P➆✮❿❻➀✻➁➃❿☎➁➃❿❻➈➇➂➅❿❻➊✤➄ ✁ ➎ÿú➝➁➅➂➅➈☞➆✏★✏✉❻➎➐ú✮➆✮➈î➄✤ú✌➈➇➁ ➄➇ü❻ý➇➈ un = 1 + an ✁ ö✹➄➌➂➃➄❽➏➑➄➇➆✹➄ n ≥ 1 ✁ ➁➃❿➋➊✤➈➇➀⑨✿★✮❿

U =
∞∏

n=1

(1 + an),



ø ✺ ø ò ❉✍❸✥❅✙✗❈✘❃❨ ✒
➆✮➈➇ú✮➆✮❿

an → 0
➏❻➈ùú✬✝➚➈ù➂➅➊î❿

n → ∞ ❧✤➏➋➈ùú✮➆✮➎➐ü➑ý➇➈❜ú✮❿❻➏➋❿❻➀✎➀➃➍➇➂✎➎ø➄◆û❨➏❻➈ùú➝✂ù❿➋➂✻☎✳Ú➋ú✮➏❻➎ÿ➄✖➆✮❿
U ✁ ❿✤➁➅❿❻➊î➈ù➀✑➈➀✎❿❃☎✳★✮➎➐ú➝➁➃❿✛✝ ➄➌➁➃➈ ✁ ➏❃★✑✦➅➄❽➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈î➈➇➊✤➎ ➁➃➎ÿ➂✎❿❻➊î➈ù➀❃❡

❖ ❨✿✒❚✎✤❨P❷❹✌ ✤ ✺➄➃✍➧③✃✹➦❝➥❃➭✲➯✬➪➄➥→➾➬➚➆Ö❵➚✥➾➬➪➄➥➒➭➝➩✧➶➆➥✑➦➨➧s➩ ∏∞
n=1(1 + an)

➥✑➯ ∏∞
n=1(1 − an) ❴ ➮➋➥✑➧ an ≥ 0✃④➩✲➦✩➩➞➪➄➥❃➭P➥

n ❴ Ð♣➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪➄➳✧➫✣➳ ❴ ➳✡➫✣➥✑➧➒➳✄➚✥➪➄➳✡➫✣➳ ❴ ➩✚➫✣Ð✄➦➨➾❱➳ ∑∞
n=1 an

Ð①➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪✐➳✳❵
r★➎➐ú✹➄➇÷ÿ➎✆✉➑➄➇➊î➈ù➀î➏❻➈ù➊ ★✮➊➉➄❁➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈♣❿à➆✮➈ù➎➐➀➫➁➃❿➋➈ù➂➅❿➋➊➉➄➇➀❳⑨✿★✮❿ ✁ ❿❻➊ ➏❻➈ùú✑✦✩★✌ú✘➁➅➈ ✁ ➀✎❿❻➂➅ý➇➈ ⑩✮➄➇➀✎➁➃➄➇ú➝➁➃❿

★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈ù➀➲❿❻➊✸➀➅➎➐➁✻★✹➄➇ü✢➎➙❿➋➀✛ö✙➈➇➀✎➁➃❿➋➂➅➎➐➈ù➂➅❿➋➀❃✫✛⑦✾ý➇➈③➀➃ý➇➈➉➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈ù➀✯➆✮❿✿➆✮➎✈✝❊♠ÿ➏❻➎➐÷▲➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü➑ý➇➈ ✁ ✂➌➄➇÷ÿ❿➋ú✮➆✮➈➎➐ú✮➏❻÷✆★✮➀➅➎✈✂ù❿➫ö✹➄➌➂➃➄❋ú✿➓✮➊✤❿➋➂➅➈ù➀➩➏➋➈ù➊îö✮÷ÿ❿➬õ✌➈➇➀➩ú✮➈ù➀➩÷✪★④☎➝➄➇➂➅❿➋➀✿➆✮➈ù➀✿➁➅❿❻➂✎➊✤➈ù➀
un

❿
an ✁ ➀➅❿❃☎✲★✮➎ÿú✮➆✌➈à➄àú✌➈➇➁ ➄➇ü❻ý➇➈➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂❃✫

✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ � ✺➄❺ ✃✹➦❝➥❃➭✲➯P➪✐➥ ➾➬➚➆Ö❵➚✥➾➬➪➄➥ ∏∞
n=1(1 + an)

Ð❄➭✲➾➬➪✐➥❸➄➀⑩✮➀➅➈ù÷✆★✌➁ ➄➌➊✤❿➋ú✘➁➅❿❶➏❻➈ùú➝✂ù❿➋➂✻☎ù❿➋ú➝➁➃❿❹➫✣➳❫➥
✃✹➦❝➥❃➭✲➯P➪✐➥ ∏∞

n=1(1 + |an|) ❴ ➮➋➥✑➧ ➪✐➳✄➦➨➧➒➥✣➫✷➚✹ÓP➥✚➚❁➳❱ß➝➩✲➪❈➾➬ê✲➥✣➫ |an| ❴ Ð♣➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪➄➳✳❵❖ ❨✿✒❚✎✤❨P❷❹✌ ✎ ✺✼⑤❿➮➋➥✑➚✥ê✲➳✄➦❱ß✆❜✄➚❁➮✄➾❈➩❆➭P➳ ∏∞
n=1(1+ |an|)

➾➬➧✧✃✹➲➷➾❱➮✻➩❆➚✹➩➞➮➋➥✑➚✥ê✲➳✄➦✙ß✆❜✄➚❁➮✄➾❈➩①➭P➳ ∏∞
n=1(1+an)

❵
❖ ❨✿✒❚✎✤❨P❷❹✌➆➅❲✺➇❺❿✃✹➦❝➥❃➭✲➯✬➪➄➥ ∏∞

n=1(1 + an)
Ð➍➩➝á✄➫✣➥✑➲➷➯✬➪❱➩✲➧➒➳✄➚✥➪➄➳ ➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪➄➳❄➫✣➳ ❴ ➳▲➫✣➥✑➧➒➳✄➚✥➪➄➳❄➫✣➳ ❴

∑∞
n=1 an

Ð❆➩➝á✄➫✣➥✑➲➷➯✬➪❱➩✲➧➒➳✄➚✥➪➄➳①➮➋➥✑➚✥ê✲➳✄➦✙ßP➳✄➚✥➪✐➳✳❵
✸✺✹✻✸✼✹❫➈ ♦q♣❡❀r❂✻❆❩s❑❆❞➉✈✾✂➊q❏❄❊❁❀
♦✬★✌ö✙➈ùú④➉✹➄✰⑨✿★✮❿

f(x)
➀➅❿➄✦➅➄❆★✮➊✤➄✽✝❊★✮ú✌ü➑ý➇➈✑➂➅❿➑➄➌÷✙➆✮❿✟★✮➊✤➄✷✂➌➄➇➂✎➎ø➍➆✂ù❿➋÷➺➂✎❿➑➄➇÷ ✁ ➏❻➈ùú➝➁➃➎➐ú✿★✹➄➇➊î❿❻ú➝➁➃❿✾➆✮➎✆✝➚❿➋➂➅❿❻ú✌➏❻➎ø➍➆✂➇❿❻÷➄➌➁✻❧❈➄

n
➁➄❧➋➀➅➎ÿ➊✤➄✿➈ù➂✎➆✮❿❻➊ ✁ ö✹➄➇➂➅➄ x ∈ [a, a+ h]

✫✖♦➙❿
0 ≤ t ≤ 1 ✁ ❿❻ú➝➁ ý➌➈ f(a+ h)

❧☎❿→õ➙ö✮➂✎❿❻➀➅➀✎➈➉ö➺➈ù➂

f(a+ h) = f(a) +
f ′(a)h

1!
+ · · ·+ f (n−1)(a)hn−1

(n− 1)!
+

hn

(n− 1)!

∫ 1

0

(1 − t)n−1f (n)(a+ th)dt

︸ ︷︷ ︸

Rn

.

✇❥❿➬õ➙ö✮➂➅❿➋➀➅➀➃ý➌➈✑➄➌➏❻➎ÿ➊✤➄⑧❧❍➆✮❿❻ú✌➈ù➊✤➎➐ú✹➄➇➆✹➄✚➳✩❰✢✃④➩✲➚④➫❃ÓP➥✛➭P➳①➻❚➩✲Ñ✑➲✪➥✑➦➺➭P➳
f(x)

➳✄➧
x = a ❴ ➮➋➥✑➧ ➦❝➳➋➫✄➪➄➥✛➾➬➚✥➪➄➳❱ß✲➦✩➩✲➲

Rn

✫ ✭ ➈ù➊î➈
f (n)(a + th)

❧➫➏➋➈ùú➝➁❝♠➐úP★✮➄✖ö✹➄➇➂➅➄
0 ≤ t ≤ 1 ✁ ➈➣➔✼❿➋➈ù➂➅❿➋➊➉➄◆➆✮➈ û ➄➇÷ÿ➈ù➂✷②❭ú➝➁➃❿➋➂➅➊î❿❻➆✮➎ÿ➍➇➂➅➎➐➈

➎➐➊✤ö✮÷➐➎ÿ➏❻➄✰⑨✿★✮❿❈❿→õ➙➎ÿ➀✻➁➃❿
θ ∈ [0, 1]

➁ ➄➇÷❲⑨✿★✮❿
∫ 1

0

(1 − t)n−1f (n)(a+ th)dt = f (n)(a+ θh)

∫ 1

0

(1 − t)n−1dt =
1

n
f (n)(a+ θh).

è✡➈✳☎ù➈ ✁ ➀➅❿✢☎✳★✮❿✽⑨✿★✮❿
Rn =

hn

(n− 1)!
· 1

n
f (n)(a+ θh) =

hn

n!
f (n)(a+ θh),

⑨✿★✮❿✽❧❈➄î➆✌❿❻ú✮➈ù➊î➎ÿú✮➄➇➆✹➄✧➶➆➥✑➦➨➧s➩→➭P➳✡Ò❲➩✣ß✲➦✩➩✲➚PßP➳✰➭P➥s➦❝➳➋➫✄➪✐➥
Rn

✫❵r★➎➐ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁ ö✙➈☞➆✮❿❻➊î➈ù➀Ñ❿➋➀➅➏❻➂✎❿✢✂➇❿❻➂

f(a+ h) = f(a) +
f ′(a)h

1!
+ · · ·+ f (n−1)(a)hn−1

(n− 1)!
+
hn

n!
f (n)(a+ θh), ❯ ❼ ✫❐✯ ❢

ö✹➄➌➂➃➄❽➄➇÷✪☎✲★✮➊
θ
➏➋➈ù➊✤ö✌➂➅❿❻❿➋ú✮➆✮➎➐➆✮➈❽❿❻ú➝➁➃➂✎❿❆✱➩❿ ❼ ✫



✤ ✶✰✎✤❂✳ù✻✎✑❨Pú❲☛✓✗❈✘➆✗❊✜➆✒■✘

✸✺✹⑦✸✺✹♥➋ ➌➎➍❁❀➏❋❞✇❑❏❄✾➐s❑❆➑③✆❀✓✾✺②❑❇✆➒✐❊❁❀➏❋➆✾✺➓▼➔✺❊■③✜→❑❆▼③✜✾
⑦✾❿➋➀✎➁ ➄➫➀✩★✏⑩✮➀✎❿❻ü➑ý➌➈ ✁ ➄➇ö✮➂✎❿❻➀✎❿❻ú➝➁ ➄➇➂✎❿❻➊î➈ù➀✡★✮➊✤➄✤➎➐➊✤ö➺➈ù➂✻➁ ➄➇ú➝➁➃❿✽✝ ➃ ➂✎➊①★✮÷ø➄❽➆✮❿✜➁➅➂➃➄➇ú✌➀✩✝➚➈ù➂✎➊➉➄➇ü❻ý➇➈î➆✮❿❆✂➌➄➇➂➅➎ÿ➍➆✂ù❿❻➎➐➀ ✁⑨✿★✮❿✟✝ ➄➀✉➲ö✮➄➇➂✎➁➅❿✾➆✹➄✽✇✯ú✮➍➇÷ÿ➎➐➀➅❿✲✫❪⑦✯ý➇➈❈➀➅❿➋➂➃➍☎ú✮➈ù➀✎➀➅➈✜➈✲⑩P✦✎❿➋➁➅➎✆✂ù➈ ✁ ➄➀⑨P★✌➎ ✁ ➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➂✖★✮➊✤➄❈➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈✑➆✮➄➊✤❿➋➀➅➊✤➄ ✁ ö➺➈ù➎ÿ➀✧⑨P★✌❿îö✮➄➇➂➃➄③❿❻÷ÿ➄➫➀➅❿➋➂➅➎ø➄➫ú✌❿❻➏❻❿➋➀➅➀➅➍➇➂➅➎➐➈❜➈❶➆✮❿➋➀➅❿❻ú➝✂➇➈ù÷✆✂☞➎ÿ➊î❿❻ú➝➁➅➈❨ö✌➂✻❧✢✂☞➎➐➈❨➆✌❿❽➁➅❿❻➊✤➄➇➀✯➁➃➄➇➎ÿ➀✛➏➋➈ù➊î➈➀✻❧➋➂➅➎ÿ❿➋➀ ✭➀➣ ➀➅➄➇➂➅➈➀➁✝➀➅➈ù➊✤➍➆✂ù❿➋➎ÿ➀ ✁ ➔✼❿➋➈ù➂➅❿➋➊➉➄✿➆✮❿✽r✹❿➄✦✩❧❻➂ ✁ r ➃ ➂➅➊❆★✮÷ø➄❈➆✹➄✿➀➅➈ù➊✤➄✿➆✮❿ ❣ ➈ù➎ÿ➀✎➀➅➈ùú ✁ ➀✻❧❻➂✎➎ÿ❿➋➀Ñ➆✮❿✽r✹➈✳★✮➂➅➎➐❿❻➂❿♣➔✼❿➋➈ù➂➅❿➋➊➉➄➫➆✌❿ ✭ ➄✲★✮➏➋➉➝➙ ❯ ✂➌➄➇➂✎➎ø➍➆✂ù❿➋➎ÿ➀✛➏➋➈ù➊✤ö✌÷ÿ❿→õ✌➄➇➀ ❢ ✁ ➈☞➏❻➈ù➂✎➂➅❿➋ú✮➆✮➈❳★✮➊✤➄➫➆✮➎✪☎➇➂➅❿❻➀✎➀➃ý➇➈③➆✌❿❻➀➅ú✌❿❻➏❻❿➋➀➅➀➅➍➇➂➅➎ÿ➄✖➄➇➈ù➀
➈✳⑩P✦✎❿→➁➃➎✆✂➇➈ù➀➡➆✮❿❻➀✻➁ ➄☎➆✮➎ÿ➀✎➀➅❿➋➂✎➁ ➄➌ü➑ý➇➈✏✫Ù♦➙❿❻ú✌➆✮➈✜➄➌➀➅➀➅➎➐➊ ✁ ➈➇ö✌➁ ➄➇➊î➈ù➀✒ö➺➈ù➂✣➀✎➈ù➊✤❿➋ú➝➁➃❿➲➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➂➡➀➅❿✢★✤❿➋ú✿★✮ú✮➏❻➎ÿ➄➇➆✮➈ ✁⑨✿★✮❿✰❧✛⑩✮➄➇➀✎➁➃➄➇ú➝➁➃❿❈➏❻÷ø➄➌➂➅➈ ✁ ❿❈➎➐ú✮➆✮➎➐➏➑➄➇➂Ñ➄➌➈î÷➐❿❻➎ ➁➃➈ù➂✟➎➐ú➝➁➃❿❻➂✎❿❻➀✎➀➃➄➇➆✮➈✤➄➇➀P➂➅❿✄✝➚❿❻➂✩Ú❻ú✮➏➋➎ø➄➇➀✷ä ❼ù❼❃å ❿sä ✯ ✮ å ✫
❖ ❨✿✒❚✎✑❨P❷❹✌⑩↔ ❨↕☞ ❝❚✎✑❷➽☛☞❅❊✌×✠✍❨↕✜✣✎✤✌✥❉✓✘❃✸➈✒❚✎✑❷❹✌✥ö✳÷④✒➜✜✘➙✍❨➝✜✣✌✏❬✤✺✟➱➺➩✲➦✩➩❳➪✐➥❃➭P➥❄➮➋➥✑➧✧✃✹➲✪➳✩❰✬➥

z
➳①➪✐➥❃➭P➥▲➮➋➥✑➧♣ã

✃✹➲✪➳✩❰✬➥
t
➪❱➩✲➲✓Õ❃➯❚➳

Re(t) > 0 ❴ ➪➄➳✄➧♣ã❱➫✣➳✰Õ❃➯❚➳
∞∑

n=−∞
e−πt(n+z)2 =

1√
t

∞∑

n=−∞
e−πn2/t+2πinz,

➥✑➚✹➭P➳ √
t
Ð❆➭P➳✄➪➄➳✄➦➨➧♣➾➬➚✹➩➝➭P➥s➭P➳❆➩P➮➋➥✑➦✩➭P➥→➮➋➥✑➧ ➩▲➮➋➥✑➚✥ê✲➳✄➚❚➹✤ÓP➥ | arg(t)| < π/2.

✰➛✱↕➜ ➝ ✶➟➞❈➔q➠③⑤✒⑩
✸✺✹❸♠➡✹✻✸ ➉✈❆✠❊❁❀r❂✻✾➐s❷❆✉➢❁❀✓✇①❍➤❊✺❇
❴✰✒■❉✓❺✳❨P✗❊✜➆✒■✘➥✙①❸✏✘➆✗✙❺✳✒✹✘
⑤✾➊ ß✲➦➨➯✣✃✥➥✾❧ ✁ ö✙➈➇➂❈➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈ ✁ ★✌➊❣➏❻➈ùú✑✦✩★✌ú✘➁➅➈

G
➀✎➈✳⑩✮➂✎❿✤➈▲⑨✿★✹➄➇÷➡➆✮❿➋þ✮ú✮➎ÿ➊î➈ù➀✛★✮➊✤➄❨➈➇ö✙❿➋➂➃➄➇ü❻ý➇➈ ∗ ⑨✿★✮❿

➀➃➄➌➁➅➎ÿ➀➇✝ ➄✲✉☎➄➇➀P➀➅❿✢☎✳★✮➎ÿú➝➁➅❿❻➀Pö✮➂➅➈➇ö✮➂➅➎➐❿❻➆✹➄➇➆✌❿❻➀❃❡
❼ ✫⑧♦➙❿ g1, g2 ∈ G ✁ ❿➋ú➝➁ ý➇➈ g1 ∗ g2 ∈ G ❯ ✝➚❿❻➏➋➉✹➄➇➊î❿❻ú➝➁➅➈ ❢ q
✯✬✫⑧♦➙❿

g1, g2, g3 ∈ G ✁ ❿➋ú➝➁ ý➇➈ (g1 ∗ g2) ∗ g3 = g1 ∗ (g2 ∗ g3) ❯ ➄➇➀✎➀➅➈☞➏❻➎ÿ➄➌➁➃➎✈✂➇➄ ❢ q
t ✫⑧♦➙❿

g ∈ G
❿❻ú➝➁➃ý➇➈✤❿➬õ➙➎ÿ➀✎➁➅❿

1G ∈ G
➁ ➄➇÷❲⑨✿★✮❿

g ∗ 1G = 1G ∗ g = g ❯ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈❽ú✮❿✢★✌➁➃➂✎➈ ❢ q
ë✏✫⑧♦➙❿

g ∈ G
❿❻ú➝➁➃ý➇➈✤❿➬õ➙➎ÿ➀✎➁➅❿

h ∈ G
➁➃➄➇÷❲⑨✿★✮❿

g ∗ h = h ∗ g = 1G ❯ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈❽➎➐ú✿✂➇❿❻➂✎➀➅➈ ❢ ✫
♥ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈

h
➆✹➄➇➆✮➈ ö➺❿❻÷ÿ➈ ➎➐➁➅❿❻➊ ëñ➄➇➏❻➎➐➊➉➄➍❧▲★✮➀✻★✮➄➇÷ÿ➊î❿❻ú➝➁➃❿❨➆✮❿➋ú✮➈➇➁ ➄➌➆✮➈❸ö➺➈ù➂

g−1 ✁ ❿❨➆✮❿❻ú✌➈ù➊✤➎➐ú✹➄➇➆✮➈➎ÿú➝✂ù❿➋➂➅➀✎➈✤➆✮❿
g
✫❵r★➎➐ú✹➄➇÷ÿ➊î❿❻ú➝➁➅❿ ✁ ➆✌❿❻ú✮➈➇➁➃➄➇➊î➈ù➀ (G, ∗) ➈✚☎ù➂✩★✮ö➺➈ G ➀➅❿❃☎✲★✮ú✮➆✮➈✤➄➩➈ùö✙❿➋➂➃➄➇ü❻ý➇➈ ∗ ✫♦➙❿✐✦➅➄

G
★✮➊❿☎ù➂✻★✌ö✙➈❈➀➅❿✢☎✳★✮ú✮➆✮➈✿➄❈➈ùö➺❿❻➂➅➄➇ü➑ý➌➈ ∗ ❿ H ★✮➊➓➀✻★✏⑩➺➏❻➈➇ú✑✦✩★✮ú➝➁➃➈✑ú✹ý➇➈✰✂➌➄✲✉➋➎ÿ➈❈➆✮❿

G
✫Ù❥✯➎✪✉➋❿❻➊î➈ù➀

⑨✿★✮❿
H

❧❳➫✄➯④á➄ß✲➦✄➯✣✃✥➥❜➆✮❿
G ✁ ➆✮❿❻ú✮➈➌➁ ➄➇ú✮➆✌➈ H 6 G ✁ ➀➅❿ H ❧➒★✌➊ ☎➇➂✻★✮ö➺➈✖➀✎❿❃☎✳★✮ú✌➆✮➈ ∗ ✫▲➔✼➈☞➆✹➄➆✂☞➎ø➄ ✁ ➄➇➀



ø ✺ � ✡❳❅ ó ❨ õ ✎✤✌ ✎
➀✎❿❃☎✳★✮➎➐ú➝➁➃❿❻➀✑➆✏★✹➄➇➀❈ö✮➂✎➈ùö✮➂➅➎➐❿❻➆✹➄➌➆✮❿❻➀☎➀➃ý➌➈✖❿❃⑨✿★✮➎✈✂➌➄➇÷ÿ❿➋ú✘➁➅❿❻➀✑û❨➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈❨➆✮❿î➀✻★✏⑩④☎ù➂✻★✮ö➺➈ ✁ ✝ ➄✲✉❻❿➋ú✮➆✮➈➀➁✝➀➅❿î➊①★✮➎➐➁➅➈➓✌➁➅❿❻➎➐➀⑧⑨✿★✹➄➇ú✌➆✮➈➫➀➅❿❆⑨P★✌❿❻➂✯ö✌➂➅➈✣✂➌➄➇➂⑧⑨✿★✮❿❆★✮➊❆➏❻❿❻➂✻➁➃➈✤➀✻★✏⑩➺➏❻➈ùú✤✦✩★✮ú➝➁➃➈③ú✹ý➇➈s✂➌➄✲✉❻➎➐➈

H
➆✮❿

G
❧✑➀✻★✏⑩✏☎➇➂✻★✮ö➺➈➫➆✮❿

(G, ∗) ❡
❼ ✫✧♦☞❿ g1, g2 ∈ H

❿❻ú➝➁ ý➇➈
g1 ∗ g2 ∈ H

q
✯P✫✧♦☞❿

g ∈ H
❿❻ú➝➁➃ý➇➈

g−1 ∈ H
✫

♦➙❿➄✦➅➄
G

★✮➊ ☎ù➂✩★✮ö✙➈❽❿
S
★✮➊❃➀✻★✏⑩➺➏❻➈➇ú✑✦✩★✮ú➝➁➃➈✤ú✹ý➇➈♣✂➌➄✲✉❻➎➐➈î➆✌❿

G
✫➡ô✣ú➝➁ ý➇➈î➆✮❿➋þ✮ú✮❿✄➁✝➀➅❿

〈S〉 = {gε1
1 g

ε2
2 · · · gεk

k | k > 0 ✁ gi ∈ S ✁ εi = ±1 ✁ 1 ≤ i ≤ k},
⑨✿★✮❿①❧✜➈➫➊✤❿➋ú✮➈ù➂✾➀✻★✏⑩✏☎➇➂✻★✮ö➺➈③➆✮❿

G
⑨✿★✮❿✿➏➋➈ùú➝➁❝❧❻➊

S ✁ ➀➅❿➋ú✮➆✮➈③ö➺➈ù➂✯➎➐➀➅➀✎➈➫➆✮❿❻ú✌➈ù➊✤➎➐ú✹➄➇➆✮➈✾➫✄➯✏á➄ß✲➦➨➯✣✃✥➥✾➭P➳
GßP➳✄➦✩➩➝➭P➥✖✃✥➥✑➦

S
✫❪❥✯➎✆✉❻❿➋➊✤➈ù➀☞⑨✿★✮❿❤★✮➊ ☎ù➂✩★✮ö✙➈✧❧✷➮✄➴❱➮✄➲➷➾❱➮➋➥❵⑨✿★✹➄➇ú✌➆✮➈✛❿❻÷➐❿➅❧❬☎ù❿❻➂➅➄➇➆✮➈✛ö➺➈ù➂✓★✮➊ ➓✮ú✮➎ÿ➏➋➈✛❿❻÷➐❿❻➊î❿❻ú➝➁➃➈④✫

❣ ➈ù➂★❿➬õ✌❿➋➊✤ö✌÷ÿ➈ ✁ (Z,+)
❧❲➏❃♠➐➏❻÷➐➎ÿ➏❻➈➲➏❻➈➇➊ ☎➇❿❻➂➃➄➌➆✮➈ù➂★➎✆☎✳★✹➄➇÷✘➄ ❼ ✫Ù♦☞❿❃☎✳★✮➎➐ú✮➆✮➈✓➄➲ú✮➈➇➁➃➄➇ü➑ý➇➈✛➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀❿➋➀➅➏❻➂✎❿✢✂➇❿❻➂

Z = 〈1〉 ✫
❣ ➄➌➂➃➄➉➏❻➄➇➆✹➄➞☎➇➂✻★✮ö➺➈ G ✁ ➆✮❿➋þ✮ú✮➎ÿ➊î➈ù➀✾➄➽➥✑➦✩➭P➳✄➧ ➭P➳

G
➏➋➈ù➊✤➈î➈➉ú✿➓✮➊î❿❻➂✎➈➉➆✮❿✑❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ù➀➲➆✮❿

G ✁ ➎➐➀✎➁➃➈❧ ✁ ➄❋➏➑➄➌➂➅➆✮➎➐ú✹➄➇÷ÿ➎➐➆✹➄➇➆✮❿➉➆✮❿ G ➏❻➈➇➊✤➈à➏❻➈➇ú✑✦✩★✮ú➝➁➃➈✏✫✕❥✾❿➋þ✹ú✮➎➐➊✤➈➇➀ ✁ ➄➇➎ÿú✮➆✮➄ ✁ ö✹➄➇➂➃➄ g ∈ G ✁ ➄❽➥✑➦✩➭P➳✄➧ ➭P➳
g➏➋➈ù➊✤➈✑➀➅❿➋ú✮➆✮➈❽➄✜➏❻➄➇➂➅➆✮➎➐ú✹➄➇÷➐➎ÿ➆✹➄➇➆✌❿➲➆✌➈❆☎ù➂✩★✮ö✙➈❆☎ù❿❻➂➅➄➇➆✮➈✿ö➺➈ù➂

g
✫Ù✇✯➀✎➀➅➎ÿ➊ ✁ ★✌➁➃➎➐÷ÿ➎✪✉❻➄➇ú✮➆✮➈☎➈✿➀✩♠ÿ➊①⑩➺➈ù÷➐➈ |X| ö✮➄➇➂➃➄➆✮❿➋ú✮➈➇➁➃➄➇➂✟➄✿➏❻➄➇➂➅➆✮➎➐ú✹➄➇÷➐➎ÿ➆✹➄➇➆✌❿➲➆✌➈✿➏❻➈ùú✤✦✩★✮ú➝➁➃➈

X ✁ ➁➃❿➋➊✤➈ù➀➅⑨P★✌❿✓➄✜➈ù➂✎➆✮❿❻➊ ➆✮❿
G
❧✛➎✆☎✳★✹➄➇÷➺➄ |G| ✁ ❿✓➄✑➈ù➂➅➆✮❿➋➊➆✮❿

g
❧❈➆✮➄➇➆✹➄➩ö✙➈➇➂ |〈g〉| ✫

❴❆❅❊✌✥✘➆✘❃❨P✘s❅❈✌④✜➆❨P✎✤✌✥✗❈✘
♦➙❿➄✦➅➄

G
★✮➊ ☎➇➂✻★✮ö➺➈✿❿

H 6 G
✫➊❥✛➄➇➆✌➈ù➀✟➆✮➈ù➎➐➀❲❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀

x ✁ y ➆✮❿ G ✁ ➆✮❿➋þ✮ú✮➎ÿ➊î➈ù➀✟➄✿➀✎❿❃☎✳★✌➎ÿú➝➁➃❿✛➂✎❿❻÷ÿ➄➇ü➑ý➇➈❿➋ú✘➁➅➂➅❿❈❿❻÷➐❿❻➀❃❡
x ∼ y ⇔ xy−1 ∈ H.➦ ➊①★✮➎ ➁➃➈✖➀✎➎ÿ➊îö✮÷ÿ❿➋➀✿➄✖ö✌➂➅➈✣✂➌➄✖➆✮❿❳⑨✿★✮❿③➄◆➂✎❿❻÷ø➄➌ü➑ý➇➈ ∼ ➄➇➀✎➀➅➎➐➊✴➆✮❿→þ✹ú✮➎➐➆✹➄➣❧ ✁ ➆✌❿→✝ ➄➌➁➃➈ ✁ ★✮➊➉➄❨➂➅❿➋÷ø➄➇ü❻ý➇➈◆➆✮❿❿✢⑨P★✌➎✆✂➌➄➇÷✪Ú➋ú✮➏❻➎ÿ➄ ✁ ➎➐➀✎➁➅➈✡❧ ✁ ✂➇❿❻➂➅➎ þ✹➏➑➄☎➄➇➀★ö✮➂➅➈ùö✌➂➅➎ÿ❿➋➆✹➄➇➆✮❿➋➀✒➂➅❿➨➧✹❿→õ➙➎✈✂➇➄ ✁ ➀➅➎ÿ➊s❧➋➁➅➂➅➎➐➏➑➄✾❿❍➁➃➂➃➄➌ú✮➀➅➎ ➁➃➎✆✂➌➄④✫ ➦ ➎ÿ➊îö✙➈ù➂✻➁ ➄➇ú➝➁➅❿➈✳⑩✌➀➅❿❻➂➇✂➌➄➇➂ ✁ ➁➃➄➇➊①⑩✹❧❻➊ ✁ ⑨✿★✮❿✟❿➋➀✎➁➃➄✛➂➅❿❻÷ÿ➄➇ü➑ý➌➈✯➆✮❿➋ö✙❿➋ú✮➆✮❿✟➆✮❿ H ✫ ✭ ➈ù➊❱➎➐➀➅➀➅➈ ✁ ö✙➈☞➆✮❿➋➊✤➈ù➀✼➄✲☎ù➂✩★✮ö✹➄➇➂✼➈ù➀★❿➋÷ÿ❿➋➊✤❿➋ú✬➁➁➅➈ù➀▲➆✮❿

G
❿❻➊➵➏❻÷ø➄➌➀➅➀➅❿➋➀✼➆✌❿❂❿✢⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄✟➆✹➄➇➆✮➄➇➀▲ö✙➈ù➂

C = {y ∈ G | y ∼ x} = {hx | h ∈ H} = Hx
✫

❥✯❿✛✝ ➄➌➁➅➈ ✁
y ∈ C ⇔ y ∼ x⇔ yx−1 ∈ H ⇔ ∃h ∈ H : yx−1 = h⇔ y = hx⇔ y ∈ Hx.

⑦➲❿❻➀✎➁➅❿✤➏❻➄➇➀➅➈ ✁ ➈ù➀☎❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀ x ➀➃ý➇➈❨➏➋➉✹➄➇➊✤➄➇➆✮➈➇➀❈➂✎❿❻ö✮➂✎❿❻➀✎❿❻ú➝➁ ➄➇ú➝➁➅❿❻➀✿➆✹➄➌➀❈➏➋÷ø➄➇➀✎➀➅❿➋➀✑➆✮❿❽❿✢⑨P★✌➎✆✂➌➄➇÷✪Ú➋ú✮➏❻➎ÿ➄ ✁ ➈✳★➏➋÷ø➄➇➀✎➀➅❿❻➀✜÷ø➄➌➁➅❿❻➂➃➄➌➎ÿ➀✑û✖➆✮➎ÿ➂✎❿❻➎ ➁ ➄❜➆✌❿
H
❿❻➊

G
✫➍♦➙❿➋➊✤ö✌➂➅❿➫ö➺➈➙➆✌❿❻➊î➈ù➀✿➄✲☎➇➂✻★✮ö✹➄➌➂✜➈ù➀✑❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ù➀✿➆✌❿

G
❿➋➊



➅ ✶✰✎✤❂✳ù✻✎✑❨Pú❲☛✓✗❈✘➆✗❊✜➆✒■✘

➏❻÷ÿ➄➇➀➅➀✎❿❻➀❲÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀✣➆✮➎ÿ➀➬✦✩★✮ú➝➁ ➄➇➀❂➆✮❿
H
❿➋➊

G ✁ ➁➅➈ù➊➉➄➌ú✮➆✮➈☎➈ù➀❂➂➅❿❻ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌ú✘➁➅❿❻➀✟➆✌➎ÿ➀✎➁➅➎ÿú➝➁➃➈➇➀✖⑨✿★✮❿✯➄➇➀❂➆✮❿➋þ✹ú✌❿❻➊▲✫
♥✡★✖➀➅❿➄✦➅➄ ✁ ➀✎❿ T ✝➚➈ù➂✟★✮➊ ➏➋➈ùú✑✦✩★✮ú➝➁➃➈➉➆✮❿✜➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇ú➝➁➃❿➋➀✓➆✮❿✜➏➋÷ø➄➇➀✎➀➅❿➋➀✯÷ø➄➮➁➃❿❻➂➅➄➇➎ÿ➀P➆✮➎➐➀✎➁➅➎ÿú➝➁ ➄➇➀➲➆✮❿

H
❿❻➊

G

❯ ➈✳★❶➀✎❿✐✦➅➄ ✁ ❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀P➆✮➎ÿ➀✻➁➃➎ÿú➝➁➅➈ù➀Ñ➆✮❿ G ➊ ➃ ➆④★✮÷ÿ➈ H ❢ ✁ ❿❻ú➝➁➃ý➇➈✤ö➺➈☞➆✮❿❻➊î➈ù➀Ñ➀➅❿➋➊✤ö✌➂➅❿☎❿❻➀✎➏❻➂➅❿✄✂ù❿➋➂

G =
⋃

x∈T

Hx,

➁ ➄➇÷☞⑨✿★✮❿
Hx1 ∩ Hx2 = ∅ ➀✎❿❻➊îö✮➂➅❿♣⑨✿★✮❿ x1 6= x2 ✁ ➀✎❿❻ú✮➆✮➈ x1, x2 ∈ T

✫❆♥❯ú✿➓✮➊î❿❻➂✎➈❶➆✮❿➩❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ù➀
➆✮❿

T ✁ ➎ÿ➀✻➁➃➈➒❧ ✁ ➈✤úP➓✌➊✤❿➋➂➅➈➫➆✮❿✑➏❻÷ÿ➄➇➀➅➀✎❿❻➀✯÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀P➆✮➎ÿ➀✻➁➃➎ÿú➝➁➃➄➇➀✾➆✌❿➋➁➃❿➋➂➅➊î➎ÿú✹➄➌➆✹➄➇➀➲ö✙❿➋÷ÿ➈➉➀✩★✏⑩✏☎ù➂✩★✮ö➺➈ H ➆✮❿
G ✁❧✚★✮➀✻★✹➄➌÷ÿ➊î❿❻ú➝➁➃❿➩➆✮❿➋ú✮➈ù➊î➎ÿú✹➄➌➆✮➈❳♠ÿú✮➆✌➎ÿ➏❻❿✜➆✮➈❶➀✻★✏⑩✏☎➇➂✻★✮ö➺➈

H
❿➋➊

G ✁ ❿î➆✌❿❻ú✮➈➇➁➃➄➇➆✮➈ [G : H ]
✫❽ô✣➀✻➁➃❿♣✂➌➄➇÷ÿ➈ù➂

❧✤➎➐ú➝✂➇➄➌➂➅➎ø➄➌ú✘➁➅❿✤ú✌➈✖➀➅❿➋ú➝➁➃➎ÿ➆✌➈✖➆✮❿➞⑨P★✌❿➉ú✹ý➇➈❜➆✮❿❻ö➺❿❻ú✌➆✮❿➉➆✹➄❨➆✮❿❻➏➋➈ù➊îö✙➈ù➀✎➎ÿü❻ý➇➈❜➂✎❿➑➄➇÷➐➎✪✉❻➄➇➆✹➄ ✁ ➊✤➄➇➀✜➄➌ö✙❿➋ú✹➄➇➀✜➆✌➈➀✻★✏⑩④☎ù➂✻★✮ö➺➈➫❿➋➊ ⑨P★✌❿❻➀✎➁➃ý➇➈✏✫ ➦ ➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁➅❿✓➈✳⑩✮➀✎❿❻➂✩✂➌➄➇➂ ✁ ➄➌➎ÿú✮➆✹➄ ✁ ⑨✿★✮❿✑➈➉➆✮❿➋➀➅❿➋ú✿✂➇➈ù÷✆✂☞➎➐➊✤❿➋ú✘➁➅➈→⑨✿★✮❿✿➄➀⑨P★✌➎✼➀✎❿
❿❻ú✮➏➋➈ùú➝➁➃➂➅➄îö➺➈➙➆✌❿❻➂➅➎ÿ➄✜➁ ➄➇➊❆⑩■❧➋➊✪➁➃❿➋➂Ñ➀➅➎ÿ➆✌➈✚✝➚❿➋➎➐➁➅➈îö✮➄➇➂➃➄➩➏❻÷ÿ➄➇➀➅➀✎❿❻➀P÷ø➄➮➁➃❿❻➂➅➄➇➎ÿ➀✟ûî❿➋➀✻⑨✿★✮❿❻➂✎➆✹➄✤➆✌❿

H
❿➋➊

G
✫

✇➓ö✹➄➇➂✎➁➅➎ÿ➂✾➆✹➄➫➊✤❿➋➀➅➊✤➄➉ú✮➈➇➁➃➄➇ü➑ý➌➈❶➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂ ✁ ➆✮❿➋➀➅❿✐✦➅➄➌➊✤➈ù➀✛➄✲☎ù➈ù➂➅➄➉➆✮❿➋þ✮ú✮➎ÿ➂✛★✮➊✤➄➉➈ùö➺❿❻➂➅➄➇ü➑ý➌➈③ö✮➂➅➈☞➆✏★✌➁➅➈❿❻ú➝➁➃➂✎❿☎➆✏★✹➄➇➀Ñ➏➋÷ø➄➇➀✎➀➅❿❻➀P÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀
Hg1

❿
Hg2

ö✙➈ù➂
(Hg1)(Hg2) = Hg1g2

✫✖♦➙❿
x1 6= y1

❿
x2 6= y2

➀➃ý➌➈
➁ ➄➇➎➐➀❤⑨✿★✮❿

Hx1 = Hy1

❿
Hx2 = Hy2 ✁ ú✮❿❻➊❃➀➅❿➋➊✤ö✮➂✎❿✓➈➙➏➋➈ù➂➅➂✎❿✡⑨✿★✮❿

Hx1x2 = Hy1y2

✫✖♦☞❿ ✁ ö✹➄➌➂➃➄①★✮➊➏❻❿➋➂✎➁➃➈
H 6 G ✁ ➎ÿ➀✎➀➅➈➩➀✎❿❻➊îö✮➂➅❿✓➈☞➏❻➈ù➂✎➂➅❿ ✁ ➆✮➎✆✉❻❿❻➊î➈ù➀❤⑨✿★✮❿☎➄✿➈➇ö✙❿➋➂➃➄➇ü❻ý➇➈➩ö✮➂➅➈☞➆✏★✌➁➅➈➩❿❻ú➝➁➃➂✎❿✓➏❻÷ÿ➄➇➀➅➀✎❿❻➀P÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀✖❧⑩✙❿➋➊ ➆✮❿→þ✹ú✮➎➐➆✹➄ ✁ ❿ H ❧♣★✌➊ ➀✻★④⑩✏☎ù➂✻★✌ö✙➈➍➚❁➥✑➦➨➧s➩✲➲➡❿❻➊

G ✁ ➆✮❿❻ú✮➈➌➁ ➄➇ú✮➆✌➈➀➁❭➀✎❿ H ⊳ G
✫✽✇ ✂ù❿➋➂➅➎ þ✹➏➑➄➇ü❻ý➇➈❶➆✮❿

⑨✿★✮❿✿➄î➈ùö✙❿➋➂➃➄➇ü❻ý➇➈îö✮➂➅➈☞➆✏★✌➁➅➈➉❿❻ú➝➁➅➂➅❿✜➏➋÷ø➄➇➀✎➀➅❿➋➀✯÷ø➄➮➁➃❿❻➂➅➄➇➎ÿ➀➂❧✷⑩✙❿➋➊ ➆✮❿➋þ✮ú✮➎ÿ➆✹➄ ✁ ➁➅➈➙➆✹➄➆✂☞➎ø➄ ✁ ú✮❿❻➊❆➀➅❿➋➊✤ö✌➂➅❿❆❧☎➁ ý➌➈
ö✮➂➃➍➮➁➃➎ÿ➏❻➄③ö✹➄➇➂➃➄❶➀➅❿î➏❻➈➇ú✮➏❻÷✆★✮➎ÿ➂✛⑨✿★✮❿s★✮➊❣➆✹➄➇➆✌➈❜➀✩★✏⑩✏☎ù➂✩★✮ö✙➈❄❧❽ú✮➈ù➂➅➊✤➄➇÷✒❿➋➊❣➈✳★✌➁➅➂➅➈✏✫s✇✯➀✎➀➅➎ÿ➊ ✁ ❿→õ➙➎ÿ➀✻➁➃❿s★✮➊✤➄➀✻❧➋➂➅➎ÿ❿❈➆✮❿✑❿❃⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄➇➀Pú✮❿➋➀➅➀✎❿✿➀➅❿➋ú✘➁➅➎ÿ➆✮➈④✫⑧⑦➲❿❻➀✻➁➃❿✜➊✤➄➌➁➅❿❻➂➅➎ÿ➄➇÷ ✁ ★✌➁➃➎➐÷ÿ➎✪✉❻➄➇➂➅❿➋➊✤➈➇➀Ñ➈➞✝ ➄➌➁➅➈✤➆✮❿✰⑨✿★✮❿ H ⊳ G

➀✎❿
gHg−1 ⊂ H ✁ ö✹➄➇➂➅➄❜➁➃➈☞➆✮➈ g ∈ G ❯ ❧➉ö➺➈ù➀✎➀✻♠✆✂➇❿❻÷❍ö✮➂➅➈✣✂➌➄➇➂❆⑨✿★✮❿ ✁ ➀➅❿➫➎➐➀✎➁➅➈◆➈➙➏➋➈ù➂➅➂✎❿ ✁ ❿➋ú➝➁ ý➇➈❋➄❜➈ùö✙❿➋➂➃➄➇ü❻ý➇➈ö✮➂➅➈☞➆✏★✌➁➅➈❽❿❻ú➝➁➃➂✎❿✑➏➋÷ø➄➇➀✎➀➅❿❻➀P÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀❤❧✽⑩✙❿➋➊✱➆✮❿➋þ✮ú✮➎ÿ➆✹➄ ❢ ✫

✰➛✱✻➩ ➫ ④✲➭❋④➛✶→④✲➞✑❹➋⑩
✸✺✹➯⑧◆✹✻✸ ➲➳❊✺②❷❈▼❆✠❂❸③✜❊✼❇⑩➵❑❃✼❇✆❂❄❈▼❊✺❇
♦➙❿✐✦➅➄

X
★✮➊❯➏❻➈ùú✤✦✩★✮ú➝➁➃➈✏✫ ✭ ➉✹➄➌➊➉➄➇➊î➈ù➀❂➆✮❿①➪➄➥➋✃✥➥✑➲✪➥✻ß✲➾❈➩✾❿❻➊

X
★✌➊➉➄✽✝ ➄➇➊➞♠➐÷ÿ➎ÿ➄

τ
➆✮❿✛➀✩★✏⑩➺➏❻➈ùú✑✦✩★✌ú✘➁➅➈ù➀✟➆✮❿

X➏❻➈ù➊✱➄➇➀P➀➅❿❃☎✲★✮➎ÿú➝➁➃❿➋➀Pö✮➂➅➈ùö✌➂➅➎ÿ❿➋➆✹➄➇➆✮❿➋➀❃❡
❼ ✫ ∅ ❿ X ö➺❿❻➂✻➁➃❿➋ú✮➏❻❿➋➊❆➄

τ
q

✯✬✫➲➄♣★✮ú✮➎ÿý➇➈❽➆✮❿✽★✮➊➉➄❆✝ ➄➌➊➞♠➐÷ÿ➎ø➄✑➄➇➂✻⑩✌➎➐➁➃➂➅➍➇➂➅➎ÿ➄✜➆✮❿☎➊î❿❻➊①⑩✮➂✎➈ù➀Ñ➆✮❿
τ
ö✙❿➋➂✎➁➅❿❻ú✮➏➋❿✜➄

τ
q

t ✫➲➄➩➎ÿú➝➁➃❿➋➂➅➀✎❿❻➏❻ü❻ý➇➈î➆✮❿✰⑨✿★✹➄➌÷✪⑨✿★✮❿❻➂❤✝ ➄➌➊➞♠➐÷ÿ➎ø➄☎þ✹ú✮➎ ➁ ➄✿➆✮❿❈➊✤❿➋➊①⑩✮➂✎➈ù➀Ñ➆✮❿
τ
ö✙❿➋➂✎➁➃❿➋ú✮➏❻❿❈➄

τ
✫



ø ✺ ☎ ❖ ✒✢✁➊✒✹❅❈✒ ó ✗❊✌ ↔
❥✯❿➋ú✮➈ù➊î➎ÿú✹➄➌➊✤➈ù➀ ➩➝á✄➳✄➦➨➪➄➥✣➫❸➈ù➀❶➊✤❿➋➊①⑩✮➂➅➈➇➀③➆✮❿

τ
✫ ✇⑧☎ù➈ù➂➃➄ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀❨➆✌❿➋þ✹ú✮➎➐➂❶➏❻➈ùú✑✦✩★✌ú✘➁➅➈ù➀✚➶➆➳➋➮➋Ô④➩➝➭P➥✣➫➏➋➈ù➊✤➈✑➀➅❿➋ú✮➆✮➈❽➄✲⑨✿★✮❿➋÷ÿ❿❻➀❍➏❃★✑✦✎➈✜➏❻➈ù➊îö✮÷ÿ❿➋➊✤❿➋ú➝➁➃➈✷❧✧★✮➊ ➏❻➈ùú✤✦✩★✮ú➝➁➃➈➩➄✲⑩➺❿❻➂✻➁➃➈✏✫➊♥❽➶➆➳➋➮➋Ô✥➥❈➆✌❿✧★✮➊❯➏❻➈➇ú✑✦✩★✮ú➝➁➃➈

A ✁➆✮❿➋ú✮➈➇➁➃➄➇➆✮➈îö✙➈ù➂
A ✁ ❿☎➆✮❿➋þ✮ú✮➎ÿ➆✮➈îö➺➈ù➂

A =
⋂

{F ⊂ X | F ❧✛✝➚❿➋➏➋➉✹➄➇➆✮➈î❿☎➏❻➈ùú➝➁❝❧➋➊
A}.

♥❽✝➚❿❻➏➋➉✮➈☎➆✮❿➺★✌➊✦➏➋➈ùú✑✦✩★✮ú➝➁➃➈✽❧ ✁ ö✙❿➋÷ø➄✯ö✮➂ ➃ ö✮➂✎➎ø➄✯➆✮❿→þ✹ú✮➎➐ü➑ý➇➈ ✁ ➈✓➊î❿❻ú✌➈ù➂✒➏❻➈➇ú✑✦✩★✮ú➝➁➃➈✡✝➚❿➋➏➋➉✹➄➇➆✮➈✽⑨✿★✮❿Ñ➈✓➏❻➈➇ú✘➁✻❧❻➊▲✫
✇✾ú✹➄➇÷ÿ➈✲☎➝➄➇➊î❿❻ú➝➁➃❿ ✁ ➆✮❿→þ✹ú✮➎ÿ➊î➈ù➀Ñ➈▲➾➬➚✥➪✐➳✄➦➨➾❱➥✑➦✿➆✌❿✷★✌➊✱➏❻➈ùú✤✦✩★✮ú➝➁➃➈

A ✁ ➆✮❿➋ú✮➈➇➁➃➄➇➆✮➈îö✙➈ù➂ int(A) ✁ ➏❻➈ù➊î➈
➎➐ú➝➁

(A) =
⋃

{U ⊂ X | U ❧❈➄✲⑩➺❿❻➂✻➁➃➈❽❿☎❿❻➀✎➁➃➍î➏➋➈ùú➝➁➃➎➐➆✮➈
A},

➀✎❿❻ú✮➆✮➈î➈î➊➉➄➇➎➐➈ù➂❲➀✩★✏⑩➺➏❻➈ùú✑✦✩★✌ú✘➁➅➈➫➄✲⑩➺❿❻➂✻➁➃➈❽➆✮❿
A
✫

♦➙❿➄✦➅➄
f : A→ B

★✮➊➉➄✷✝❊★✮ú✮ü➑ý➌➈✜❿❻ú➝➁➅➂➅❿✛➈ù➀❍❿❻➀✎ö✹➄➇ü❻➈➇➀✟➁➃➈ùö➺➈ù÷ ➃ ☎ù➎ÿ➏➋➈ù➀ A ❿
B
✫✼❱✡★✹➄➇ú✮➆✌➈

f
❧✾➏❻➈ùú➝➁❝♠➐ú✿★✹➄

❿➲ö✙➈➇➀➅➀✻★✌➎✙➎➐ú✿✂➇❿❻➂✎➀➃➄❈➁➃➄➇➊①⑩✹❧❻➊✕➏➋➈ùú➝➁❝♠➐úP★✮➄ ✁ ➆✌➎✪✉❻❿➋➊✤➈➇➀✖⑨✿★✮❿ f ❧⑧★✮➊ Ô✥➥✑➧➒➳➋➥✑➧➒➥✑➦➬ÖÙ➫✄➧➒➥✬✫☞⑦✾❿❻➀✻➁➃❿✾➏➑➄➇➀✎➈ ✁ ö✮➄➇➂➃➄➏❻➄➇➆✹➄
A0 ⊂ A ✁ ✂➇➄➌÷ÿ❿✡⑨✿★✮❿ f (A0

)
= f(A0)

✫✖♥✡★✌➁➅➂➃➄✿ö✮➂✎➈ùö✮➂✎➎ÿ❿❻➆✮➄➇➆✮❿✡⑨✿★✮❿☎➀➅❿➋➂➃➍♣★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇➆✮➄✑❿❻ú➝✂➇➈ù÷✆✂➇❿❻ú✮➆✮➈
➈✡✝➚❿➋➏➋➉✮➈☎➆✮❿✟➏❻➈➇ú✑✦✩★✮ú➝➁➃➈ù➀➊❧Ñ➈✡✝ ➄➮➁➃➈✛➆✮❿➺⑨✿★✮❿Ñ➈✡✝➚❿➋➏➋➉✮➈☎➆✮❿❤★✮➊✤➄✡★✮ú✮➎ÿý➇➈✯þ✹ú✌➎➐➁ ➄✾➆✮❿Ñ➀✻★✏⑩➺❿❻➀✎ö✹➄➇ü➋➈ù➀➡➆✮❿➺★✮➊➧➏❻❿❻➂✻➁➃➈
❿➋➀➅ö✹➄➇ü➋➈î➁➅➈ùö➺➈ù÷ ➃ ☎➇➎ÿ➏❻➈ X ❧☎➎✆☎✳★✹➄➇÷✡û♣★✮ú✌➎øý➇➈➩➆✮➈➇➀➂✝➚❿➋➏➋➉✮➈ù➀➲➆✮❿☎➏➑➄➇➆✮➄s★✮➊✪➆✮➈ù➀Ñ➀✻★④⑩✙❿➋➀➅ö✹➄➇ü➋➈ù➀✯❿➋➊ ⑨✿★✮❿❻➀✻➁ ý➇➈④✫

♦➙❿➄✦➅➄
x ∈ X

✫✛❥✾➎✪✉❻❿➋➊✤➈➇➀✡⑨✿★✮❿
U ⊂ X

❧✰★✮➊➉➄❄ê✣➾④❼❃➾➬➚④Ô④➩✲➚❚➹✤➩❶➆✮❿
x
➀✎❿
x ∈ int(U)

✫✷❥✯❿➋ú✮➈➇➁ ➄➌➊✤➈ù➀
Ux

➈❨➏➋➈ùú✑✦✩★✮ú➝➁➅➈❨➆✌❿✿➁➃➈☞➆✹➄➇➀☎➄➇➀✡✂☞➎✪✉➋➎ÿú✏➉✮➄➇ú✮ü➑➄➌➀✓➆✮❿
x
✫①✇➓➀➅❿✢☎✳★✮➎➐ú✘➁➅❿❽ö✮➂➅➈ùö➺➈ù➀✎➎ÿü➑ý➌➈→❧❽➎ÿ➊îö✙➈ù➂✻➁ ➄➇ú➝➁➅❿✜❿➩➀➅❿➋➂➃➍

ö➺➈ù➂Ñú ➃ ➀➂★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✹➄✜❿❻➊✪➈➙➏❻➄➇➀➅➎✆➎➙❿➋➀❤✝❊★✌➁❝★✮➂➅➄➇➀❃❡
✶✷✎✤✒✖✁➊✒✹✘➆✗❈ö✳÷✏✒ ø✆✕ ✺➺➸✥➩✲➲✪➳✄➧➵➥✣➫✛➫✣➳❱ß✲➯P➾➬➚✥➪✐➳➋➫✽➦❝➳➋➫✄➯P➲➷➪➈➩➝➭P➥✣➫✳➻

❢❣❵
A

Ð❆➩➝á✄➳✄➦➨➪✐➥①➫✣➳ ❴ ➳✧➫✣➥✑➧➒➳✄➚✥➪✐➳✡➫✣➳ ❴ ✃④➩✲➦✩➩✾➮✻➩➝➭➝➩
x ∈ A ❴ ➳✩❰✳➾✪➫✄➪✐➳ U ∈ Ux

➪❱➩✲➲✓Õ❃➯✥➳
U ⊂ A

❤
❥ ❵
A

Ð❵➶➆➳➋➮➋Ô④➩➝➭P➥❆➫✣➳ ❴ ➳✡➫✣➥✑➧➒➳✄➚✥➪➄➳✡➫✣➳ ❴ ✃④➩✲➦✩➩✾➮✻➩➝➭➝➩
x /∈ A ❴ ➳✩❰✳➾✪➫✄➪✐➳ U ∈ Ux

➪❱➩✲➲✓Õ❃➯❚➳
U ∩A = ∅ ❤

➼ ❵
A = {x ∈ X | U ∩A 6= ∅ ✃④➩✲➦✩➩▲➮✻➩➝➭➝➩

U ∈ Ux}
❤

➽ ❵
int(A) = {x ∈ X | U ⊂ A

✃④➩✲➦✻➩➒➩✲➲üß✲➯✬➧
U ∈ Ux}

❵
♦➙❿➋ú✮➆✮➈

X
★✮➊ ➏➋➈ùú✑✦✩★✮ú➝➁➅➈✾❿

τ
★✮➊➉➄✟➁➅➈ùö✙➈➇÷ÿ➈✳☎ù➎ÿ➄❲❿❻➊

X ✁ ö➺➈☞➆✮❿❻➊î➈ù➀▲➆✮❿➋þ✮ú✮➎ÿ➂ ✁ ö✹➄➌➂➃➄➺★✮➊ ➏❻❿➋➂✎➁➅➈
S ⊂ X ✁➄✿➁➃➈➇ö✙➈ù÷➐➈✳☎ù➎ÿ➄✜➆✮❿

S
➎➐ú✮➆✏★✏✉➋➎ÿ➆✹➄✿ö➺❿❻÷ÿ➄❽➆✌❿

X
ö➺➈ù➂

τS = {S ∩ U | U ∈ τ}.
⑦➲❿❻➀✎➁➅❿✖➏❻➄➇➀➅➈ ✁ ➆✮➎✪✉➋❿❻➊î➈ù➀✚⑨✿★✮❿ S ❧▲★✮➊ ➀✩★✏⑩✙❿➋➀➅ö✹➄➌ü❻➈❁➆✮❿

X
✫ÿ⑦✾❿❻➀✎➀➃➄➇➀✤➏❻➈ùú✌➆✮➎ÿü✢➎➙❿➋➀ ✁ ➀✎❿❃☎✳★✮❿❨➊✤➄➇➎ÿ➀♣★✮➊✤➄ö✮➂✎➈ùö➺➈ù➀➅➎➐ü➑ý➇➈ ✁ ➁ ➄➇➊①⑩✹❧❻➊❃➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁➅❿✲❡

✶✷✎✤✒✖✁➊✒✹✘➆✗❈ö✳÷✏✒ ø✹ø ✺➺➸✥➩✲➲✪➳✄➧➵➥✣➫✛➫✣➳❱ß✲➯P➾➬➚✥➪✐➳➋➫✽➦❝➳➋➫✄➯P➲➷➪➈➩➝➭P➥✣➫✳➻
❢❣❵
U

Ð❆➩➝á✄➳✄➦➨➪➄➥❳➳✄➧
S
➫✣➳ ❴ ➳✛➫✣➥✑➧➒➳✄➚✥➪✐➳✧➫✣➳ ❴ U = S ∩ U1 ❴ ➫✣➳✄➚✹➭P➥ U1

➩➝á✄➳✄➦➨➪✐➥❳➳✄➧
X
❤

❥ ❵
F

Ð❵➶➆➳➋➮➋Ô④➩➝➭P➥→➳✄➧
S
➫✣➳ ❴ ➳✛➫✣➥✑➧➒➳✄➚✥➪✐➳✡➫✣➳ ❴ F = S ∩ F1 ❴ ➫✣➳✄➚✹➭P➥ F1

➶➆➳➋➮➋Ô④➩➝➭P➥→➳✄➧
X
❵
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C ✁ ➄➮➁➃➂➃➄➆✂✲❧❻➀✛➆✹➄➉➄➇➆✮➎ÿü❻ý➇➈➉➆✌➈➫ö✙➈➇ú✘➁➅➈ ∞ ✁ ➀➅❿➋ú✮➆✮➈ö✙➈➇➂✯➎ÿ➀✎➀➅➈③➆✮❿➋ú✮➈➇➁➃➄➇➆✹➄
C ∪ {∞} = C∗ ❯ ö✮÷ÿ➄➇ú✮➈➫➏➋➈ù➊îö✮÷ÿ❿➬õ✌➈➉❿❻➀✎➁➅❿❻ú✮➆✌➎ÿ➆✮➈ ❢ ✫✷⑦✾❿❻➀✻➁➃❿➩➏❻➄➇➀➅➈ ✁ ➈③➀➅➎ÿ➀✻➁➃❿➋➊➉➄➉➆✌❿✂☞➎✪✉❻➎➐ú✏➉✹➄➇ú✌ü➑➄➇➀Ñ➆✮➈➇➀Ñö✙➈ùú➝➁➅➈ù➀Ñ➆✮❿

C
➀➅ý➇➈♣➉✮❿❻➂✎➆✹➄➇➆✮➈➇➀➲➆✮➄➩➁➅➈ùö➺➈ù÷ÿ➈✳☎➇➎ø➄☎➎ÿú✮➆✏★④✉❻➎ÿ➆✮➄✿ö✙❿➋÷ø➄✿➊s❧➋➁➃➂✎➎ÿ➏❻➄✜❿❃★✮➏➋÷ÿ➎➐➆✮❿➑➄➇ú✮➄

❿❻➊
R2 ✁ ❿☎➈✤➀✎➎ÿ➀✎➁➅❿❻➊✤➄➩➆✮❿✷✂☞➎✆✉❻➎ÿú④➉✹➄➇ú✮ü❻➄➇➀P➆✮❿ ∞ ➀➅❿❈➆✮❿→þ✹ú✮❿✜➏➋➈ù➊î➈î➈î➏❻➈➇ú✑✦✩★✮ú➝➁➃➈î➆✹➄➇➀➂✝ ➄➇➎ õ✮➄➌➀

Im(z) > r★✮ú✮➎➐➆✹➄➇➀P➄ ∞ ✁ ö✹➄➇➂➅➄ r ∈ R
✫

♦➙❿❻ú✮➆✌➈
S2 = {(x, y, z) ∈ R3 | x2 + y2 + z2 = 1} ❯ ➏❻➄➇➀➅➏❻➄❨❿➋➀✩✝❊❧➋➂➅➎ÿ➏❻➄③➏❻❿❻ú➝➁➅➂➃➄➇➆✹➄❶ú✹➄❶➈ù➂➅➎✆☎ù❿❻➊✸❿

➆✮❿✛➂➅➄➇➎ÿ➈❈➎✪☎✳★✮➄➇÷➺➄ ❼✤❢ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀❍➈✳⑩➙➁➃❿❻➂➅★✮➊ ➉✮➈ù➊î❿❻➈ù➊î➈ù➂✎þ✮➀➅➊î➈✑❿➋ú✘➁➅➂➅❿
S2 \ {(0, 0, 1)} ❿ C ❯ ö✮➂➅➈✤✦✎❿❻ü❃➎☞❿❻➀❿❻➀✻➁➃❿❻➂✎❿❻➈✳☎➇➂➃➍➌þ✹➏❻➄➇➀ ❢ ✫✛✇Ñ➆✮❿❻➊✤➄➇➎➐➀ ✁ ➈➫ö✙➈➇ú✘➁➅➈ (0, 0, 1)

ö➺➈☞➆✮❿✜➀✎❿❻➂✛➎➐➆✮❿❻ú➝➁➃➎ þ✹➏➑➄➌➆✮➈➉➏➋➈ù➊ ∞ ✁ ➆✮❿❈➁ ➄➇÷✵➊➉➄➌ú✮❿❻➎➐➂➃➄⑨✿★✮❿✤ö➺➈☞➆✮❿❻➊î➈ù➀☎❿❻ú➝➁➃❿➋ú✮➆✮❿➋➂❆⑨✿★✮❿s➉✹➍▲★✌➊➉➄③➎ÿ➆✌❿❻ú➝➁➃➎ þ✹➏➑➄➇ü❻ý➇➈▲➉✮➈ù➊î❿❻➈ù➊ ➃ ➂✎þ✮➏➑➄③❿❻ú➝➁➃➂✎❿ S2 ❿ C∗ ✁ ➆✮➈ùú✮➆✌❿✤➀✎❿✦✩★✮➀✎➁➅➎➐þ✹➏❻➄❽➄î➆✮❿➋ú✮➈ù➊î➎ÿú✹➄➌ü➑ý➇➈♣★✮➀✩★✹➄➇÷✡➆✮❿➋➀✎➁➅❿✑➏➋➈ùú✑✦✩★✮ú➝➁➃➈î➏❻➈➇➊✤➈➛➶❭❿❻➀✩✝➚❿➋➂➃➄❭➹✓➆✮❿✷➌➲➎➐❿❻➊✤➄➇ú✮ú❲✫
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C∗ \ {∞} = C
❿

C
❿ ✁ ö✹➄➇➂➅➄❜➈◆ö➺➈ùú➝➁➃➈ ∞ ✁ ➄❜➏❻➄➇➂✎➁➃➄➣❧➫➆✹➄➇➆✮➄❜ö➺❿❻÷ø➄

➄➇ö✮÷➐➎ÿ➏➑➄➌ü➑ý➇➈➩❿➋ú✘➁➅➂➅❿
C∗ \ {0} ❿ C

⑨✿★✮❿☎❿❻ú➝✂☞➎ø➄ ∞ ö✹➄➇➂➃➄
0
❿✛➁➃➈☞➆✮➈ù➀P➈ù➀P➈✳★✌➁➅➂➅➈ù➀Ñö➺➈ùú➝➁➃➈➇➀

z
ö✹➄➌➂➃➄

1/z
✫

✰➛✱❸➘ ➫ ➔Ñ④☎⑤★❹➋⑩ ⑧③④✜❺❃➣➎➴✵➷ ➔✟⑤✼④✜❺
✭ ➈ù➊î❿❻ü➑➄➌➊✤➈ù➀Ñ➏➋➈ù➊ ★✮➊✤➄➩➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈✏❡
✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ ☎ ✺ ❢❣❵✷Ï❲➳

p
Ð❬➯✬➧ ➚✥éP➧➒➳✄➦➋➥❵✃✹➦➨➾➬➧➒➥✽➳

a
Ð➅➯✬➧ ➾➬➚✥➪➄➳✄➾➬➦➋➥ ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫❤Õ❃➯❚➳

a
Ð❤➯P➧✕➂➅❿➋➀✻♠➐➆✏★✮➈

⑨✿★✹➄➇➆✮➂➅➍➌➁➃➎➐➏❻➈➩➊ ➃ ➆④★✮÷ÿ➈ p ➫✣➳①➳✩❰✳➾✪➫✄➪➄➳✛➯P➧ ➾➬➚✥➪✐➳✄➾➬➦❝➥
x
➪➈➩✲➲✍Õ❃➯✥➳

x2 ≡ a ❦ ➧➒➥❃➭
p ❧ ❵◆➁❬➧æ✃④➩✲➦➨➪❈➾❱➮✄➯✬➲✈➩✲➦ ❴➫✣➳

p 6= 2
➳

(a, p) = 1 ❴ ➭P➳❊Ö❵➚✥➾➬➧➒➥✣➫❆➥î➀✻♠ÿ➊❆⑩✙➈ù÷➐➈➩➆✮❿✷è✡❿❃☎ù❿➋ú✮➆✮➂➅❿ (a
p

) ✃✥➥✑➦

(
a

p

)

=

{

1,
➫✣➳
a
Ð✷➯P➧ ➦❝➳➋➫✄➴❈➭✲➯❚➥sÕ❃➯✏➩➝➭✲➦✩❮✲➪❈➾❱➮➋➥s➧➒❒❃➭✲➯✬➲✪➥

p ❴
−1,

➮✻➩✑➫✣➥➒➮➋➥✑➚✥➪✙➦✩❮✲➦➨➾❱➥❾❵
❥ ❵✷Ï❲➳❫❪✢➩✲➧

b
➯P➧æ➾➬➚✥➪➄➳✄➾➬➦❝➥❬✃✥➥✣➫✄➾➬➪❈➾➬ê✲➥✡➴➬➧✧✃④➩✲➦➺➳

a
➯P➧æ➾➬➚✥➪➄➳✄➾➬➦❝➥✡➪❱➩✲➲✥Õ❃➯✥➳

(a, b) = 1
❵❤Ï❲➳

b 6= 1 ❴ ➳➋➫✣➮✄➦❝➳✄ê✑➩
b = p1p2 · · ·ps ❴ ➥✑➚✹➭P➳❄➥✣➫➒➚✥é✬➧➒➳✄➦❝➥✣➫

pi ❴ 1 ≤ i ≤ s ❴ ➫❃ÓP➥➞✃✹➦➨➾➬➧➒➥✣➫➒➚✹ÓP➥❫➚❁➳➋➮➋➳➋➫➋➫❃➩✲➦➨➾❈➩✲➧➒➳✄➚✥➪➄➳
➭✲➾✪➫✄➪❈➾➬➚✥➪✐➥✣➫✳❵◆➁❬➚✥➪❱ÓP➥➒➭P➳❊Ö❵➚✥➾➬➧➒➥✣➫❆➥✤➀✻♠➐➊①⑩➺➈ù÷ÿ➈✿➆✌❿❆❦ù➄➌➏❻➈✳⑩✮➎ (a

b

) ✃✥➥✑➦
(a

b

)

=

(
a

p1

)(
a

p2

)

· · ·
(
a

ps

)

,

➫✣➳✄➚✹➭P➥s➥✣➫Ù➶✢➩✲➪➄➥✑➦➋➳➋➫✽➭P➥♣➧➒➳✄➧sá❃➦❝➥♣➭✲➾➬➦➋➳✄➾➬➪➄➥❆➫✄➴➬➧sá✄➥✑➲✪➥✣➫✛➭P➳✧Ò✍➳❱ßP➳✄➚✹➭✲➦❝➳✳❵➡⑤✟➭P➳✄➧s➩✲➾✪➫ ❴ ✃✥➥✑➦✷➮➋➥✑➚✥ê✲➳✄➚❚➹✤ÓP➥ ❴
(

a
1

)
= 1 ❴ ➳ (p

p

)

= 0 ❴ ✃④➩✲➦✩➩▲➮✻➩➝➭➝➩
a
➾➬➚✥➪✐➳✄➾➬➦❝➥→➳

p
✃✹➦✄➾➬➧➒➥❾❵



ø ✺ ✑ ❖ ❨✿✒❚✎✑✗❈✌➽✠✍✒✹✘➞❉❡➬✓❷❹❨✿✎✤✒✹✘ ø❚ø
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➻❭Ù✮➴→➹➶➴❲ÐÑ➴➬Ó ➽✶➪✎➽➶❮✫➱ ➴➬➹➶➪✎❮✻Ó❐Ð✟➪✎❰➋➾➶❒➋➽⑦Ð❻❮✻❒→❰➮➽➘Ï✭➱❐➾➘➪✣❒➲ÖØ➴➬Ò❭Ñ ➾➶Ï✭➱❐❒⑥Ò➋Ü
ø✆☎
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✭ ➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿➋➊✤➈ù➀

V1(τ) = a1τ+b1
c1τ+d1

∈ Γ(1)
❿
V2(τ) = a2τ+b2

c2τ+d2
∈ Γ(1)

✫❵è✡➈✳☎ù➈

V1 ◦ V2(τ) = V1(V2(τ))

= V1

(
a2τ + b2
c2τ + d2

)

=
a1

(
a2τ+b2
c2τ+d2

)

+ b1

c1

(
a2τ+b2
c2τ+d2

)

+ d1

=

(a1a2+b1c2)τ+(a1b2+b1d2)
c2τ+d2

(c1a2+d1c2)τ+(c1b2+d1d2)
c2τ+d2

=
(a1a2 + b1c2)τ + (a1b2 + b1d2)

(c1a2 + d1c2)τ + (c1b2 + d1d2)

✇✧☎➇➈ù➂➃➄ ✁ ➏❻➈ù➊îö✹➄➇➂➅➄➇ú✮➆✮➈➀➁✝➀➅❿✓➏➋➈ù➊ ❯ ✯P✫ ❼✤❢ ✁ ⑩✹➄➇➀✻➁ ➄➩➈✳⑩✮➀✎❿❻➂➇✂➇➄➌➂➅➊î➈ù➀➂⑨P★✌❿

(a1a2 + b1c2)(c1b2 + d1d2) − (a1b2 + b1d2)(c1a2 + d1c2) =

= a1a2c1b2 + a1a2d1d2 + b1c2c1b2 + b1c2d1d2

− a1b2c1a2 − a1b2d1c2 − b1d2c1a2 − b1d2d1c2

= a1a2d1d2 + b1c2c1b2 − a1b2d1c2 − b1d2c1a2

= a1d1(a2d2 − b2c2) − b1c1(a2d2 − b2c2)

= (a1d1 − b1c1)(a2d2 − b2c2) = 1 · 1 = 1,

★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇ú✌➆✮➈➀➁❭➀✎❿✯➈✚✝ ➄➌➁➃➈➩➆✌❿✷⑨✿★✮❿
V1

❿
V2

➀➅ý➇➈î❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ù➀Ñ➆✮❿
Γ(1)

✫

✯✬✫⑧♦➙❿
V1, V2, V3 ∈ Γ(1) ✁ ❿❻ú➝➁ ý➇➈ (V1 ◦ V2) ◦ V3 = V1 ◦ (V2 ◦ V3) ❯ ➄➇➀✎➀➅➈☞➏❻➎ÿ➄➌➁➃➎✈✂➇➄ ❢ qô✣➀✎➁➃➄➉ö✮➂➅➈➇ö✮➂➅➎➐❿❻➆✹➄➇➆✌❿✑➀✎❿❃☎✳★✮❿✜➆✮➎ÿ➂✎❿➋➁ ➄➌➊✤❿➋ú✘➁➅❿✑➆✌➈➒✝ ➄➌➁➃➈î➆✮❿✰⑨P★✌❿➩➄✤➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈✤➆✮❿✷✝❊★✮ú✮ü✢➎➙❿➋➀✧❧ ✁ ❿❻➊☎ù❿➋➂➃➄➇÷ ✁ ➄➇➀✎➀➅➈☞➏❻➎ø➄➮➁➃➎✆✂➌➄④✫

t ✫⑧♦➙❿
V ∈ Γ(1)

❿❻ú➝➁ ý➌➈③❿→õ➙➎ÿ➀✻➁➃❿
1Γ(1) ∈ Γ(1)

➁➃➄➇÷❪⑨✿★✮❿
V ◦ 1Γ(1) = 1Γ(1) ◦ V = V ❯ ❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈ú✮❿✢★✌➁➃➂✎➈ ❢ q

❣ ➄➌➂➃➄❸➏❻➄➇➆✹➄
V ∈ Γ(1) ✁ ➆✮❿→þ✹ú✹➄➇➊î➈ù➀ 1Γ(1)(τ) = τ = 1τ+0

0τ+1

✫ ⑦✾➈➌➁➃❿▲⑨P★✌❿
1Γ(1)

➂➅❿❻➄➇÷ÿ➊î❿❻ú➝➁➃❿
ö➺❿❻➂✎➁➅❿❻ú✮➏➋❿✜➄

Γ(1) ✁ ö➺➈ù➎➐➀ 1 · 1 − 0 · 0 = 1 ✁ ➀✎❿❻ú✮➆✌➈ 0
❿

1
➎ÿú➝➁➃❿➋➎ÿ➂➅➈➇➀❃✫➊✇✯÷✆❧❻➊❃➆✮➎ÿ➀✎➀➅➈ ✁

(V ◦ 1Γ(1))(τ) = V (1Γ(1)(τ)) = V (τ) = 1Γ(1)(V (τ)) = (1Γ(1) ◦ V )(τ),

➆✮➈ùú✌➆✮❿☎➀➅❿❃☎✲★✮❿✑➈✚⑨✿★✮❿✽⑨✿★✮❿❻➂✩♠ø➄➇➊î➈ù➀Ñ➊î➈ù➀✎➁➅➂➃➄➇➂✢✫
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ë④✫✧♦☞❿

V ∈ Γ(1)
❿➋ú✘➁➃ý➇➈➉❿➬õ➙➎ÿ➀✎➁➅❿

V −1 ∈ Γ(1)
➁ ➄➇÷ç⑨✿★✮❿

V ◦ V −1 = V −1 ◦ V = 1Γ(1) ❯ ❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈➎➐ú➝✂ù❿❻➂✎➀➅➈ ❢ ✫
❣ ➄➇➂➃➄☎➏➑➄➌➆✹➄ V (τ) = aτ+b

cτ+d
∈ Γ(1) ✁ ➆✮❿→þ✹ú✹➄➇➊î➈ù➀ V −1(τ) = dτ−b

−cτ+a

✫ ➦ ➏❻÷ÿ➄➇➂➅➈✛⑨✿★✮❿
V −1 ∈ Γ(1) ✁ö➺➈ù➎➐➀

d ✁ −b ✁ −c ❿ a ➀➃ý➌➈✤➎➐ú✘➁➅❿❻➎➐➂➅➈ù➀Ñ❿ da− (−b)(−c) = ad− bc = 1
✫➊✇✯÷✆❧❻➊✱➆✮➎➐➀➅➀✎➈ ✁ ö✙➈➇➂➺★✮➊÷ÿ➄➇➆✮➈ ✁

V ◦ V −1(τ) = V (V −1(τ)) = V

(
dτ − b

−cτ + a

)

=
a
(

dτ−b
−cτ+a

)
+ b

c
(

dτ−b
−cτ+a

)
+ d

=

(ad−bc)τ+(ab−ab)
−cτ+a

(cd−cd)τ+(ad−bc))
−cτ+a

=
τ

−cτ + a
· −cτ + a

1
= 1Γ(1)(τ)

❿ ✁ ö✙➈➇➂Ñ➈✳★✌➁➃➂✎➈ ✁

V −1 ◦ V (τ) = V −1(V (τ)) = V −1

(
aτ + b

cτ + d

)

=
d
(

aτ+b
cτ+d

)
− b

−c
(

aτ+b
cτ+d

)
+ a

=

(ad−bc)τ+(bd−bd)
cτ+d

(ac−ac)τ+(ad−bc))
cτ+d

=
τ

cτ + d
· cτ + d

1
= 1Γ(1)(τ),

➆✮➈➇ú✮➆✮❿☎➀➅❿✢☎✳★✮❿✷⑨P★✌❿
Γ(1)

❧ ✁ ➆✌❿✽✝ ➄➮➁➃➈ ✁ ★✌➊ ☎ù➂✻★✌ö✙➈♣✂☞➎ø➄➩➏❻➈➇➊✤ö➺➈ù➀➅➎➐ü➑ý➇➈➩➆✌❿✽✝❊★✌ú✮ü❃➎☞❿❻➀✢✫
♥✡★✌➁➃➂➅➄❸ö✮➂✎➈ùö✮➂✎➎ÿ❿❻➆✮➄➇➆✮❿❶➎ÿú➝➁➃❿➋➂➅❿➋➀➅➀➃➄➌ú✘➁➅❿✖➂✎❿❻÷ø➄➮➁➃➎✆✂➌➄à➄➇➈ù➀î❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀î➆✌❿

Γ(1)
❧❨➈➽✝ ➄➌➁➃➈ ➆✮❿➣⑨✿★✮❿❨❿❻÷➐❿❻➀

ö✮➂✎❿❻➀✎❿❻➂✩✂➌➄➇➊ ➈ù➀à➀➅❿❻➊î➎ÿö✌÷ø➄➇ú✮➈➇➀◆➏❻➈ù➊îö✮÷➐❿→õ➙➈ù➀◆➀✩★✮ö✙❿➋➂➅➎➐➈ù➂❋❿♣➎ÿú④✝➚❿➋➂➅➎ÿ➈➇➂✖❿❁➁ ➄➌➊①⑩■❧➋➊ ➈ ❿❻➎ õ➙➈⑨➂✎❿➑➄➇÷✙✫ ❣ ➄➇➂➃➄
➏➋➈ùú✮➀✎➁➃➄➌➁ ➍✤➁❭÷ÿ➈ ✁ ➆✹➄➇➆✌➈❫★✮➊♠ú✿➓✮➊✤❿➋➂➅➈❋➏➋➈ù➊✤ö✌÷ÿ❿→õ➙➈

τ ✁ ➆✮❿➋ú✮➈➇➁➃❿➋➊✤➈➇➀ Re(τ)
❿

Im(τ) ✁ ➂✎❿❻➀✎ö✙❿➋➏➋➁➃➎✈✂➌➄➇➊✤❿➋ú➝➁➃❿ ✁➀✩★✹➄➇➀Pö✹➄➇➂✻➁➃❿❻➀➲➂➅❿❻➄➇÷✶❿☎➎ÿ➊✤➄✲☎ù➎➐ú✹➍➇➂✎➎ø➄④✫☞❥✯❿❻➀✎➀➅❿✑➊✤➈☞➆✮➈ ✁ ➁➃❿❻➊î➈ù➀➺⑨✿★✮❿ ✁ ➀✎❿ V ∈ Γ(1)
✝➚➈ù➂P➆✮❿→þ✹ú✮➎➐➆✹➄➩➏❻➈ù➊î➈❽❿❻➊

❯ ✯✬✫ ❼✣❢ ✁ ❿➋ú✘➁➃ý➇➈

V (τ) =
aτ + b

cτ + d
=
aτ + b

cτ + d
· cτ + d

cτ + d
=
ac|τ |2 + bd+ adτ + bcτ

|cτ + d|2 ,

➀✎❿❻ú✮➆✮➈
τ
➈✓➏➋➈ù➊✤ö✌÷ÿ❿→õ➙➈✓➏➋➈ùú✑✦✩★✏☎➝➄➌➆✮➈✓➆✮❿

τ ✁ ➈✳★➩➀➅❿➄✦➅➄ ✁ ➀➅❿ τ = x+iy ✁ ❿❻ú➝➁ ý➌➈ τ = x−iy ✁ ö✹➄➇➂➅➄ x, y ∈ R
✫

⑦➲❿❻➀➅➀✎❿✑➏❻➄➇➀➅➈ ✁ ➏❻➈ùú➝➁➃➎➐ú✿★✹➄➇ú✮➆✮➈✤➄➩ö✹➄➇➂✻➁➃➎ÿ➂❲➆✹➄î❿➬õ➙ö✮➂➅❿➋➀➅➀➃ý➌➈➫➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅➊î❿❻ú➝➁➃❿✓➈✲⑩✌➁➃➎➐➆✹➄ ✁ ➁➅❿❻➊î➈ù➀

V (τ) =
ac|τ |2 + bd+ ad(x+ iy) + bc(x− iy)

|cτ + d|2

=
ac|τ |2 + bd+ (ad+ bc)x

|cτ + d|2 + i
y

|cτ + d|2 ,

➆✮❿✛✝➚➈ù➂✎➊➉➄①⑨✿★✮❿

Im

(
aτ + b

cτ + d

)

= Im(V (τ)) =
y

|cτ + d|2 =
Im(τ)

|cτ + d|2 . ❯ ✯✬✫❐✯ ❢
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✇✧☎ù➈➇➂➃➄ ✁ ➏❻➈ù➊î➈ |cτ + d|2 > 0

➀➅❿❻➊îö✮➂✎❿➣⑨✿★✮❿
ad − bc = 1 ✁ ➀➅❿✢☎✳★✮❿❜➈❹⑨✿★✮❿➣⑨✿★✮❿➋➂✻♠ÿ➄➇➊✤➈➇➀î➊î➈ù➀✻➁➃➂➃➄➌➂❃✫

✇Ñ➈➫÷ÿ➈➇ú✏☎ù➈î➆✮❿❻➀✻➁➃❿✜➁➅❿→õ☞➁➃➈ ✁ ➊✤❿➋➂➅❿➋➏❻❿❻➂➅➍➉❿❻➀✎ö✙❿➋➏❻➎ÿ➄➇÷✼➆✌❿❻➀✎➁➃➄✲⑨✿★✮❿✿➈➫➀✎❿❻➊î➎ÿö✮÷ÿ➄➇ú✮➈î➏❻➈ù➊îö✮÷➐❿→õ➙➈➉➀✩★✮ö✙❿➋➂➅➎➐➈ù➂ ✁ ➈➒⑨✿★✹➄➇÷
➆✮❿❻ú✌➈➇➁ ➄➇➂✎❿❻➊î➈ù➀

H
✫

❱✛★✮➄➇ú✮➆✮➈❨➆✹➄❜➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❨➆✮❿✚⑨P★✌❿
Γ(1)

❧➞☎ù➂✩★✮ö➺➈▲✂☞➎ø➄③➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈❨➆✌❿s✝❊★✮ú✌ü❃➎☞❿❻➀ ✁ ö✏★✮➆✌❿❻➊î➈ù➀➈✳⑩✮➀✎❿❻➂✩✂➌➄➇➂✷⑨✿★✮❿îú✮❿❻➊❣➀✎❿❻➊îö✮➂➅❿s❧➩➁ ý➇➈❨➏❻➈ùú➝✂➇❿❻ú✮➎➐❿❻ú➝➁➃❿✤➊➉➄➇ú✌➎ÿö✏★✮÷ÿ➄➇➂✛➈ù➀☎❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀✑➆✌➈❄☎ù➂✩★✮ö➺➈❜➊î➈➙➆④★✮÷ø➄➇➂ ✁★✮➊✤➄➂✂➇❿❃✉➅⑨✿★✮❿❍➄➇➀✵➏❻➈ùú➝➁➃➄➇➀✼ö➺➈☞➆✮❿❻➊ ➀✎❿❍❿➋➀✎➁➃❿➋ú✮➆✮❿➋➂✒➆✮❿❻➊✤➄➇➎➐➀❃✫✓❥✯❿❻➀✻➁➃❿❍➊✤➈☞➆✮➈ ✁ ➁➃➈➇➂➅ú✹➄✑➁✝➀➅❿❂➊①★✮➎ ➁➃➈P➎ÿú➝➁➃❿➋➂➅❿➋➀➅➀➃➄➌ú✘➁➅❿➈①✝ ➄➌➁➃➈➩➆✌❿✓ö✙➈☞➆✮❿❻➂✎➊✤➈➇➀Ñ➄➇➀➅➀✎➈➙➏➋➎ø➄➇➂❲➏➑➄➇➆✹➄➩❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈➩➆✮❿
Γ(1)

➏❻➈ù➊ ★✮➊➉➄✿➊✤➄➌➁➅➂➅➎✪✉
2× 2

➆✮❿✓➏❻➈☞❿➋þ✮➏❻➎ÿ❿➋ú➝➁➃❿❻➀
➎ÿú➝➁➃❿➋➎ÿ➂✎➈ù➀✡❿➡➆✮❿➋➁➅❿❻➂➅➊î➎ÿú✮➄➇ú➝➁➃❿✣➎✪☎✲★✹➄➇÷➝➄ ❼ ✁ ➎ÿ➀✻➁➃➈➂❧ ✁ ★✮➊ ❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈✾➆✌❿

SL2(Z)
✫✒ô★õ➙ö✮÷➐➎ÿ➏❻➎ ➁ ➄➇➊î❿❻ú➝➁➅❿ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀

➄➇➀➅➀✎➈➙➏➋➎ø➄➇➂✷★✮➊♠➆✹➄➇➆✌➈
V (τ) = aτ+b

cτ+d
∈ Γ(1)

➄ ( a b

c d

)

∈ SL2(Z),
÷ÿ❿❻➊❆⑩✮➂➃➄➇ú✌➆✮➈ ✁ ➈✲⑩✿✂☞➎ÿ➄➇➊✤❿➋ú➝➁➃❿ ✁

➆✮❿ ➎ÿ➆✮❿➋ú✘➁➅➎➐þ✹➏❻➄➇➂❶➊➉➄➮➁➃➂➅➎✆✉❻❿➋➀❨➈➇ö✙➈ù➀✻➁ ➄➇➀ ✁ ★✮➊✤➄✕✂➇❿❃✉●⑨✿★✮❿ ( a b

c d

) ❿ ( −a −b
−c −d

) ➀➅ý➇➈➭➊➉➄➌➁➅➂➅➎✆✉❻❿❻➀
⑨✿★✮❿➉➀✎❿➉➂➅❿✄✝➚❿❻➂✎❿❻➊❙û❜➊î❿❻➀✎➊➉➄❶➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü➑ý➇➈❶÷ÿ➎➐ú✮❿➑➄➌➂✽✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄④✫➞✇✯➀✎➀➅➎ÿ➊ ✁ ➂➅➎✪☎➇➈ù➂➅➈ù➀➅➄➇➊î❿❻ú➝➁➃❿ ✁ ❿➬õ✌➎➐➀✎➁➅❿★✮➊ ➎ÿ➀✎➈ù➊î➈ù➂✎þ✹➀✎➊✤➈➸❿➋ú➝➁➃➂➅❿

Γ(1)
❿
SL2(Z)/{±I} ✁ ➀✎❿❻ú✮➆✌➈ I ➄♣➊✤➄➌➁➃➂✎➎✪✉❋➎ÿ➆✌❿❻ú➝➁➃➎➐➆✹➄➇➆✮❿à➆✮❿

SL2(Z)
✫

❥✯❿❻ö➺❿❻ú✌➆✮❿❻ú✮➆✌➈➉➆✹➄❽➏❻➈ùú➝✂➇❿❻ú✮➎✆Ú❻ú✮➏➋➎ø➄ ✁ ★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➂➅❿❻➊î➈ù➀❍❿❻➀➅➀✎❿✷✝ ➄➮➁➃➈î➄➇➈❽÷ÿ➈ùú④☎ù➈➩➆✮❿❻➀✻➁➃❿☎➁➃❿➬õ➙➁➅➈✏✫♦✬★✮ö➺➈ùú✏➉✹➄à➄✲☎ù➈➇➂➃➄➣⑨✿★✮❿
Γ
➀➅❿➄✦➅➄à➀✩★✏⑩✏☎ù➂✩★✮ö➺➈❋➆✮❿

Γ(1) ❯ Γ 6 Γ(1) ❢ ✫ ❥✯➎✪✉➋❿❻➊î➈ù➀①⑨✿★✮❿③➈ù➀✜úP➓✌➊✤❿➋➂➅➈ù➀
➏❻➈ù➊îö✮÷➐❿→õ➙➈ù➀

τ1
❿
τ2
➀➅ý➇➈●➳✻Õ❃➯✬➾➬ê✑➩✲➲✪➳✄➚✥➪➄➳➋➫î➏❻➈➇➊ ➂➅❿➋÷ø➄➇ü❻ý➇➈❨➄

Γ
➀➅❿❽❿➬õ✌➎➐➀✎➁➅➎ÿ➂

V ∈ Γ
➁ ➄➇÷Ù⑨✿★✮❿

V (τ1) = τ2❿ ✁ ú✮❿❻➀✻➁➃❿➩➏➑➄➌➀➅➈ ✁ ➆✮❿❻ú✮➈➌➁ ➄➇➊î➈ù➀ τ1 ∼Γ τ2
✫✓ô✣➀✎➁ ➄➫➂✎❿❻÷ÿ➄➇ü➑ý➇➈➞❧ ✁ ➆✮❿❆✝ ➄➌➁➅➈ ✁ ★✌➊➉➄➉➂✎❿❻÷ÿ➄➇ü➑ý➇➈✤➆✮❿✿❿✢⑨P★✌➎✆✂➌➄➇÷✪Ú➋ú✮➏❻➎ÿ➄ ✁➎ÿ➀✻➁➃➈✛❧ ✁ ➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉Ñ➄➌➀❂ö✌➂➅➈ùö✮➂✎➎ÿ❿➋➆✹➄➇➆✮❿➋➀✣➂➅❿➟➧✮❿→õ➙➎✆✂➌➄ ✁ ➀✎➎ÿ➊s❧➋➁➃➂✎➎ÿ➏❻➄✛❿✟➁➃➂➃➄➌ú✮➀➅➎ ➁➃➎✆✂➌➄④✫❪♦➙❿✢☎✳★✮❿➲➄✲☎ù➈ù➂➅➄✧★✮➊✤➄✓➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈➊①★✮➎ ➁➃➈➩➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿ ✁ ⑨✿★✮❿✑➀✎❿❻➂➅➍s★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✹➄✜➏❻➈➇➊ ✝➚➂➅❿✢⑨❳❲✏Ú❻ú✮➏➋➎ø➄❽❿❻➊✱➈✲★✌➁➃➂➅➄➇➀Pö✹➄➇➂✎➁➅❿❻➀P➆✮➈❽➁➃❿➬õ➙➁➅➈✏❡

✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ ø ✺❆Ï❲➳❫❪✢➩
Γ 6 Γ(1)

❵Ó➃✍➧s➩✂➂➅❿✢☎ù➎øý➇➈➽✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷P➀➅❿✢☎✳★✮ú✮➆✌➈
Γ

Ð▲➯P➧Û➫✄➯④á✄➮➋➥✑➚Ô❪➨➯P➚✥➪✐➥
➩➝á✄➳✄➦➨➪✐➥

R
➭P➳

H
Õ❃➯✥➳✛➫❃➩✲➪✙➾✪➫❊➶✢➩✞❼

❢❣❵✷Ï❲➳
τ1, τ2 ∈ R

➳
τ1 6= τ2

➳✄➚✥➪❱ÓP➥
τ1 ≁Γ τ2

❤
❥ ❵✷Ï❲➳

τ ∈ H
➳✄➚✥➪❱ÓP➥→➳✩❰✳➾✪➫✄➪✐➳

τ ′ ∈ R
➪❱➩✲➲✓Õ❃➯✥➳

τ ∼Γ τ
′ ❵

⑦✯➄✓➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈❈➄➇➏❻➎➐➊➉➄ ✁ R ➆✌❿❻ú✮➈➇➁➃➄✓➈✽✝➚❿➋➏➋➉✮➈☎➆✮➈☎➏❻➈ùú✤✦✩★✮ú➝➁➃➈❈➄✲⑩➺❿❻➂✎➁➅➈
R
➀✎❿❃☎✳★✮ú✌➆✮➈✜➄✯➁➅➈ùö➺➈ù÷ÿ➈✳☎➇➎ø➄⑧★✌➀✻★✹➄➇÷

➆✹➄➫❿❻➀➇✝➚❿❻➂➅➄➫➆✮❿♣➌P➎ÿ❿❻➊✤➄➇ú✮ú ❯ ➏➋➈ùú✮➀✻★✌÷➐➁➃❿✜➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈ ❼✤❢ ✫ ➦ ➎➐ú✘➁➅❿❻➂✎❿❻➀➅➀➅➄➇ú➝➁➃❿➩➈✳⑩✌➀➅❿❻➂➇✂➌➄➇➂ ✁ ➁➃➄➇➊①⑩✹❧❻➊ ✁ ⑨✿★✮❿ Γ ✁➏❻➈ù➊î➈❨➀✻★✏⑩✏☎➇➂✻★✮ö➺➈✖➆✮❿
Γ(1) ✁ ❧✤❿➋➀➅➀✎❿❻ú✮➏➋➎ø➄➇÷❂ú✹➄❶➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈❜➆✮❿î➂➅❿✢☎ù➎øý➌➈▲✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷ ✁ ★✮➊➉➄→✂➇❿❃✉➒⑨✿★✮❿➉➄

➂➅❿➋÷ø➄➇ü❻ý➇➈❽➆✮❿☎❿❃⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄①⑨✿★✮❿❈➄❽➆✮❿➋þ✹ú✌❿❈➆✌❿❻ö➺❿❻ú✮➆✮❿❈➆✮➈î➀✻★✏⑩④☎ù➂✻★✮ö➺➈✏✫
♦➙❿❃☎✳★✌ú✮➆✮➈❨➄→❥✯❿→þ✹ú✮➎ÿü❻ý➇➈ ❼ ✁ ú✮ý➇➈→➉✹➍→★✮ú✌➎ÿ➏❻➎➐➆✹➄➇➆✮❿✑❿❻➊❴➂➅❿❻÷ÿ➄➇ü➑ý➌➈③û➉❿→õ➙➎➐➀✎➁❝Ú➋ú✮➏❻➎ÿ➄➫➆✮❿①★✮➊✤➄➉➂✎❿❃☎ù➎ÿý➇➈➒✝❊★✮ú✬➁

➆✹➄➇➊î❿❻ú➝➁ ➄➌÷❱✫➜❥✯❿✾✝ ➄➌➁➃➈ ✁ ➀✻★✌ö✙➈ùú✌➆✮➈❹⑨✿★✮❿
R

➀➅❿➄✦➅➄↕★✮➊✤➄❋➂➅❿✢☎ù➎øý➇➈➍✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷Ñ➀✎❿❃☎✳★✌ú✮➆✮➈
Γ
➏❻➈ù➊î➈❸ú✮➄

❥✯❿➋þ✮ú✮➎ÿü❻ý➇➈ ❼ ✁ ➁➃➈ù➊î❿❻➊î➈ù➀ F ⊂ R
➁ ➄➌÷☞⑨✿★✮❿

F = F
❿

int(F ) = ∅ ❯ F ❧❆✝➚❿➋➏➋➉✹➄➇➆✮➈➫❿➋➊
H

❿✿ö➺➈ù➀✎➀✻★✮➎
➎ÿú➝➁➃❿➋➂➅➎➐➈ù➂➺✂➇➄➀✉❻➎ÿ➈ ❢ ✫ ✭ ➈ù➊î➈ F = R ∩ F ✁ ✂➇❿❻➊ ⑨✿★✮❿

F
❧✰✝➚❿➋➏➋➉✹➄➇➆✮➈➫➁➃➄➇➊①⑩✹❧❻➊ ❿➋➊

R ✁ ➆✮➈ùú✮➆✮❿ R \ F ❧



� ✺ ø ❋ ó ✎➀☛✂✁➊✒×❷❹✒❲✠☞☛✓❅❈✌④✎ ør✎
➄✲⑩➺❿❻➂✻➁➃➈✑❿❻➊

R
✫Ùè▲➈✲☎ù➈✜❿➬õ✌➎➐➀✎➁➅❿✧★✮➊❯➏❻➈➇ú✑✦✩★✮ú➝➁➃➈

A ✁ ➄➀⑩✙❿➋➂✎➁➃➈✑❿❻➊ H ✁ ➁➃➄➇÷❚⑨P★✌❿ R \F = R ∩A ❿ ✁ ➏➋➈ù➊î➈
R

❧➩➄✲⑩➺❿❻➂✻➁➃➈➫❿➋➊
H ✁ ➀➅❿✢☎✳★✮❿①⑨✿★✮❿ R \ F ❧➩➄➀⑩✙❿➋➂✎➁➃➈➉❿❻➊

H
✫✡✇✯÷✆❧❻➊❆➆✮➎ÿ➀✎➀➅➈ ✁ ➀➅❿ x ∈ R \ F ✁ ❿➋ú➝➁ ý➇➈ ✁➆✹➄➌➆✮➈

U ∈ Ux ✁ ➁➅❿❻➊♣➁❭➀➅❿➂⑨✿★✮❿ U ∩ (R \F ) 6= ∅ ✁ ➆✮➈ùú✌➆✮❿ (U ∩R)\F 6= ∅ ❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ U ∩R 6= ∅ ✫è✡➈✳☎ù➈
x ∈ R ✁ ➆✮➈ùú✮➆✌❿ R \ F ⊂ R

✫➅➌➲❿➋➏❻➎ÿö✌➂➅➈☞➏➑➄➇➊î❿❻ú➝➁➃❿ ✁ ➀➅❿ x ∈ R ✁ ❿❻ú➝➁ ý➇➈ ✁ ➆✮➄➇➆✮➈ U ∈ Ux ✁ ➁➃❿❻➊♣➁❭➀✎❿⑨✿★✮❿
U ∩ R 6= ∅ ✫❆✇✧☎➇➈ù➂➃➄ ✁ ➀➅❿❽❿→õ➙➎ÿ➀✻➁➃➎➐➂ U ∈ Ux

➁➃➄➇÷❪⑨✿★✮❿
(U ∩ R) \ F = ∅ ✁ ❿➋ú✘➁➃ý➇➈ U ∩ R ⊂ F ✁➆✮➈➇ú✮➆✮❿

int(U) ∩R = int(U ∩R) = ∅ ✫➡ô➡ú➝➁➅➂➅❿➋➁➃➄➇ú➝➁➃➈ ✁ int(U) ∈ Ux ✁ ☎➇❿❻➂➃➄➌ú✮➆✮➈♣★✮➊✤➄✿➏❻➈ùú➝➁➅➂➃➄➇➆✮➎➐ü➑ý➇➈④✫è✡➈✳☎ù➈ ✁ ö✹➄➇➂➅➄î➏❻➄➇➆✹➄ U ∈ Ux ✁ ✂➇➄➌÷ÿ❿✛⑨✿★✮❿ U ∩ (R \ F ) = (U ∩ R) \ F 6= ∅ ✁ ➆✌➈ùú✮➆✮❿ x ∈ R \ F ✁ ➈✳★➀✎❿✐✦➅➄ ✁ R ⊂ R \ F ✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ R = R \ F ✫①✇✾➀➅➀✎➎ÿ➊ ✁ R \ F ⊂ R
❧✚★✮➊❴➀✻★✏⑩➺➏➋➈ùú✑✦✩★✮ú➝➁➃➈❜➄✲⑩➺❿❻➂✻➁➃➈

➆✮❿
H

⑨✿★✮❿❽ö✙➈➇➀➅➀✻★✌➎❪✝➚❿❻➏➋➉✮➈❶➎✆☎✳★✹➄➇÷✼➄➇➈③➆✮❿
R
✫✷✇✧☎ù➈➇➂➃➄ ✁ ❧➩➎ÿ➊î❿❻➆✮➎ÿ➄➌➁➃➈✤➈→✝ ➄➌➁➃➈➫➆✌❿♣⑨P★✌❿ R \ F ➁ ➄➇➊❆⑩■❧➋➊

➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉P➄☎➏❻➈ùú✌➆✮➎ÿü❻ý➇➈☎➆✮❿✾➀✎❿❻➂❂➂➅❿✢☎ù➎øý➇➈✡✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷✹➀➅❿❃☎✲★✮ú✮➆✮➈
Γ
✫❪②❭➀➅➀➅➈❈➊î➈ù➀✎➁➅➂➃➄✛⑨✿★✮❿⑧★✌➊➉➄✓➂➅❿✢☎ù➎øý➌➈✽✝❊★✌ú✬➁

➆✹➄➌➊✤❿➋ú✘➁➃➄➇÷✌➀✎❿❃☎✳★✌ú✮➆✮➈✽★✮➊✳➏➋❿❻➂✻➁➃➈✓➀✻★④⑩✮➂✻★✮ö➺➈
Γ
➆✌❿

Γ(1) ✁ ö✙❿➋÷ø➄✡❥✾❿➋þ✹ú✮➎➐ü➑ý➇➈ ❼ ✁ ú✹ý➇➈✛❧➺➓✮ú✌➎ÿ➏➑➄✬✫ ✭ ➈ù➊î➈✛➈✳★✌➁➅➂➃➄❿✄✂➙➎➐➆✏Ú❻ú✌➏❻➎ø➄③➄✤❿❻➀➅➀✎❿❽➂➅❿❻➀✎ö✙❿➋➎➐➁➅➈ ✁ ➄➇➎➐ú✮➆✹➄➒★➙➁➃➎ÿ÷➐➎✪✉❻➄➇ú✮➆✮➈✤➄➫➊✤❿➋➀➅➊✤➄➉ú✮➈➇➁➃➄➇ü➑ý➌➈➫➆✹➄➫➆✮❿→þ✹ú✮➎ÿü❻ý➇➈ ✁ ➀✎❿✐✦➅➄➇➊ A ⊂ R❿
V ′ ∈ Γ

✫①♦➙❿➋➊t➊✤➄➇➎ÿ➈ù➂✎❿❻➀✾➆✮➎➐þ✹➏✢★✮÷ÿ➆✮➄➇➆✮❿❻➀ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀✛ö✮➂➅➈✣✂➌➄➇➂✛⑨✿★✮❿ R ′ = int(R \ A) ∪ int(V ′(A))❧✿➁➃➄➇➊①⑩✹❧❻➊ ★✮➊➉➄✤➂➅❿❃☎➇➎øý➇➈→✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷✼➀➅❿✢☎✳★✮ú✮➆✮➈
Γ
✫❆♥✛★➙➁➃➂➃➄➫➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ü➑ý➌➈▲⑨✿★✮❿①✝ ➄➀✉❻❿❻➊î➈ù➀✛❧①⑨✿★✮❿ ✁ ➀➅❿

Γ2 6 Γ1 6 Γ(1)
❿

R1

❿
R2

➀➅ý➇➈③➂➅❿✢☎ù➎✪➎☞❿❻➀✟✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇➎ÿ➀ ✁ ➂➅❿➋➀➅ö➺❿❻➏→➁➃➎✆✂➌➄➇➊î❿❻ú➝➁➅❿ ✁ ➀✎❿❃☎✳★✮ú✌➆✮➈ Γ1

❿
Γ2 ✁❿➋ú✘➁➃ý➇➈

R1 ⊂ R2 ✁ ➈✳★➩➀✎❿✐✦➅➄ ✁ ➈✛➀✩★✏⑩✏☎ù➂✩★✮ö➺➈✓➊➉➄➇➎➐➈ù➂✵ö✙➈ù➀✎➀✻★✮➎✮➄✯➂➅❿✢☎ù➎øý➇➈⑧✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✌➊î❿❻ú✮➈➇➂❃✫✼ô➡➀✻➁➃❿❤✝ ➄➌➁➅➈✡❧➏➋➈ùú✮➀➅❿✢⑨❳❲✏Ú❻ú✮➏➋➎ø➄✿➆✮➎➐➂➅❿→➁ ➄ ✁ ❿❻➊❯ö✹➄➇➂✻➁➃➎➐➏❃★✮÷ÿ➄➇➂ ✁ ➆✹➄ ❣ ➂✎➈ùö✮➂➅➎➐❿❻➆✹➄➌➆✮❿ ❼ ➆✹➄✜➆✮❿→þ✹ú✮➎ÿü❻ý➇➈✿➆✮❿✾➂➅❿✢☎ù➎øý➇➈✽✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✙❡➀✎❿❈➈s☎ù➂✩★✮ö✙➈✚❧❷➶❭➊✤❿➋ú✮➈ù➂✻➹ ✁ ➈❽ú✿➓✮➊✤❿➋➂➅➈❽➆✮❿☎ö➺➈ùú➝➁➃➈ù➀Pú✹ý➇➈❽❿✢⑨P★✌➎✆✂➌➄➇÷ÿ❿➋ú➝➁➃❿❻➀P➆✮❿✄✂ù❿◗➶✻➄✲★✮➊î❿❻ú➝➁➃➄➇➂✻➹❝✫❦ù➍ñ➀➅➄✲⑩✙❿➋➊✤➈➇➀➒⑨✿★✮❿◆➆✮➈➇➎ÿ➀î❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ù➀✤➆✮❿
H

➀➃ý➌➈❁❿❃⑨✿★✮➎✈✂➇➄➌÷ÿ❿❻ú➝➁➅❿❻➀➉➀✎❿❫★✮➊ ö✏★✮➆✌❿❻➂➉➀✎❿❻➂➫÷➐❿✢✂➌➄➇➆✮➈ñ➄➇➈
➈✳★➙➁➃➂➅➈îö➺➈ù➂P➊✤❿➋➎ÿ➈❽➆✮❿✷★✮➊➉➄➩➁➃➂➅➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü➑ý➌➈î➆✌❿

Γ ✁ ➄➇➆✮➈➇➁➃➄➇ú✮➆✮➈✑➁❭➀➅❿✑➄❽➊✤❿➋➀➅➊✤➄îú✮➈➌➁ ➄➇ü❻ý➇➈➉➄➌ú✘➁➅❿❻➂✎➎ÿ➈ù➂✢✫❬✇✾➀➇➁➀✎➎ÿ➊ ✁ ➂➅❿➋➀✻★✮÷ ➁ ➄→⑨✿★✮❿❽➈ù➀✓❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀✓➆✮❿ H
ö➺➈➙➆✌❿❻➊ ➀✎❿❻➂❈➄✲☎ù➂✩★✮ö✹➄➇➆✌➈ù➀✓❿❻➊❴➏❻÷ø➄➌➀➅➀➅❿➋➀☎➆✮❿❽❿❃⑨✿★✮➎✆✂➌➄➇÷✆Ú❻ú✮➏➋➎ø➄➉❿ ✁➆✮❿➋➀✎➁➃➄ñ➊➉➄➌ú✮❿❻➎➐➂➃➄ ✁ ★✮➊➉➄à➂➅❿✢☎ù➎øý➌➈ ✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷Pö➺➈➙➆✌❿❜➀✎❿❻➂➞✂☞➎➐➀✎➁ ➄ ➏❻➈ù➊î➈❹★✌➊ ➀➅➎ÿ➀✻➁➃❿➋➊➉➄ ➏❻➈ù➊îö✮÷ÿ❿→➁➃➈ ➆✮❿

➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇ú➝➁➃❿➋➀✯➆✮❿☎➏➋÷ø➄➇➀✎➀➅❿❻➀➲➆✮❿☎❿❃⑨✿★✮➎✈✂➌➄➇÷✪Ú➋ú✮➏❻➎ÿ➄✿➆✮❿
H

➀➅❿✢☎✳★✮ú✮➆✮➈
Γ
✫

⑦✾❿➋➀✎➁➅❿✛➊➉➄➮➁➃❿❻➂✎➎ø➄➇÷ ✁ ú✹ý➇➈✜➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➂✎❿❻➊î➈ù➀✖⑨P★✌❿❻➀✎➁✻➎➙❿➋➀✟➀➅➈✲⑩✮➂➅❿✾❿→õ➙➎ÿ➀✻➁❝Ú❻ú✌➏❻➎ø➄✑➆✮❿✯➂✎❿❃☎ù➎✆➎➙❿➋➀✖✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇➎➐➀➆✮❿❈➀✻★④⑩✏☎ù➂✻★✌ö✙➈ù➀
Γ
➄➇➂✩⑩✮➎➐➁➅➂➃➍➇➂✎➎ÿ➈ù➀ ✁ ➂➅❿➋➀✎➁➅➂➅➎ÿú④☎ù➎ÿú✮➆✌➈➀➁❭ú✮➈➇➀P➄î➀✩★✏⑩✏☎ù➂✩★✮ö✙➈➇➀ Γ

➆✌❿✰♠➐ú✮➆✮➎ÿ➏➋❿✓þ✹ú✮➎➐➁➅➈❽❿❻➊
Γ(1) ✁ ➎➐➀✎➁➃➈❧ ✁ ➁➃➄➇➎ÿ➀➺⑨✿★✮❿ [Γ : Γ(1)] < ∞ ✫❬②❭➀✎➁➅➈✤➂✎❿❻➀✻★✌÷➐➁ ➄➌➂➃➍ ✁ ➏➋➈ù➊✤➈✚✂ù❿➋➂➅❿➋➊✤➈ù➀ ✁ ú✹➄î➏➋➈ùú✮➀✻➁➃➂✻★✌ü➑ý➇➈✤➆✮❿✑➏➋❿❻➂✻➁ ➄➇➀➲➂➅❿✢☎ù➎✪➎☞❿❻➀✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇➎➐➀☎❿❻➊t➁➃❿➋➂➅➊î➈ù➀☎➆✹➄❶➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈❨➆✌➈ù➀✰☎➇➂✻★✮ö➺➈ù➀☎❿❻➊❣➏➋÷ø➄➇➀✎➀➅❿❻➀✑÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀✢✫➒♥✛➀❈❿→õ➙❿❻➊îö✮÷➐➈ù➀

➀✎❿❃☎✳★✮➎➐ú➝➁➃❿❻➀Ù✂☞➎➐➀➃➄➇➊➧➄✯➁➃➈➇➂➅ú✹➄➇➂☞★✮➊➧ö✙➈✳★✌➏❻➈✛➊✤➄➇➎ÿ➀✼➏❻➈ùú✌➏❻➂➅❿→➁ ➄✓➄✯ú✌➈ù➀➅➀➅➄☎➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈✯➆✮❿✟➂➅❿✢☎ù➎øý➌➈⑧✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷ ✁❿☎➆✮❿✄✂ù❿❻➊ ➀✎❿❻➂➂⑩➺❿❻➊ ➏❻➈➇➊✤ö✮➂✎❿❻❿➋ú✮➆✮➎ÿ➆✌➈ù➀Ñö✹➄➇➂➅➄✚⑨✿★✮❿❈➀➅❿☎➆✏Ú☎➏➋➈ùú➝➁➃➎ÿú✿★✮➎➐➆✹➄➇➆✮❿☎➄➌➈î❿➋➀✎➁✻★✮➆✮➈➉➈➇➂➃➄➩➎ÿú✮➎➐➏❻➎ÿ➄➇➆✮➈✏✫

➾➄▲◆❆✂❋■❍❑❏✻❊✺❇
❼ ✫ ✭ ➈➇ú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀ ➄➇➀ ➁➃➂➅➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü❃➎☞❿❻➀ ÷ÿ➎ÿú✌❿➑➄➇➂✎❿❻➀ ✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄➇➀

S
➆✹➄➌➆✹➄➇➀ ö➺➈ù➂

S(τ) = τ + 1
✫✕➔✼➄➇➊①⑩✹❧❻➊ ö➺➈➙➆✌❿❻➊î➈ù➀❽❿❻➀➅➏➋➂➅❿✄✂ù❿❻➂

S
❿❻➊ ➀✻★✹➄➽✝➚➈ù➂➅➊✤➄◆➊➉➄➮➁➃➂➅➎➐➏❻➎ÿ➄➇÷❍➏➋➈ù➊î➈

S =



ø ➅ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘
(

1 1

0 1

) ✫➂♦➙❿➄✦➅➄
Γ = 〈S〉 ➈➉➀✩★✏⑩✏☎ù➂✩★✮ö➺➈✤➆✮❿ Γ(1)

☎ù❿❻➂➅➄➇➆✮➈➉ö➺➈ù➂P❿❻➀✎➀➃➄➇➀➲➁➃➂➅➄➇ú✮➀✩✝➚➈➇➂➅➊✤➄➇ü❃➎☞❿❻➀✢✫✟ô✣ú✬➁
➁ ý➌➈

Γ
➏➋➈ùú✮➀➅➎➐➀✎➁➅❿Ñ❿❻➊✦➁➅➈➙➆✮➄➇➀✣➄➇➀✒➁➅➂➃➄➇ú✮➀✎÷ø➄➇ü✢➎➙❿➋➀

Sn(τ) = τ+n ✁ n ∈ Z
✫Ù⑤✾➊✤➄✛❿❻➀➅➏➋➈ù÷✪➉✮➄✛ö✹➄➇➂➃➄✡★✌➊➉➄

➂➅❿✢☎ù➎øý➌➈→✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✒➀➅❿✢☎✳★✮ú✮➆✌➈
Γ
❧î➈❶➏➋➈ùú✑✦✩★✮ú➝➁➃➈❶➆✹➄➌➆✮➈❶ö✙➈ù➂

Im(τ) > 0
❿ |Re(τ)| < 1/2

✫
♥✡★✌➁➃➂➅➄✛➈ùö➺ü➑ý➇➈✛❧Ñ➈✓➏➋➈ùú✑✦✩★✮ú➝➁➃➈✓➆✌➈ù➀✣❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ù➀

τ ∈ H
➁➃➄➇➎ÿ➀Ù⑨✿★✮❿

0 < Re(τ) < 1 ✁ ➏❃★✑✦✎➈✓❿➋➀✻⑩➺➈➙ü➋➈➀➅❿✢☎✳★✮❿✑➄✲⑩✹➄➇➎ õ➙➈✏❡

ÕÖÕÖÕÖÕÖÕ×Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö××Ö×Ö×

ØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØØÖØÖØ

ÙÖÙÖÙÚÖÚÖÚÖÚ
0 1

✇✟➁➃➂➅➄➆✂✳❧❻➀☎➆✹➄✤➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈③➆✮❿
Γ
❿✿➆✹➄❳❥✯❿→þ✹ú✮➎ÿü❻ý➇➈ ❼ ✁ ❧❆✝ ➍➇➏❻➎➐÷✼➏➋➈ùú✮➏➋÷✪★✮➎➐➂✧⑨✿★✮❿➩➄➇➀✯➂➅❿❃☎➇➎✪➎☞❿❻➀✛➏➋➈ùú✮➀➅➎➐➆✮❿✄➁➂➃➄➌➆✹➄➇➀î➀➃ý➇➈ ✁ ➆✌❿❄✝ ➄➌➁➅➈ ✁ ➂➅❿✢☎ù➎✪➎☞❿❻➀♣✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇➎➐➀❃✫ ⑦✯➄➽✂ù❿➋➂➅➆✹➄➇➆✌❿ ✁ ö✙➈☞➆✮❿➋➊✤➈ù➀î➏❻➈➇ú✮➏❻÷✆★✮➎ÿ➂ ✁ ➄➇➎➐ú✮➆✹➄ ✁⑨✿★✮❿✷⑨P★✮➄➇÷✪⑨✿★✮❿➋➂✟✝ ➄➇➎ õ✌➄❽➆✌❿❈÷ÿ➄➇➂✻☎✲★✮➂➃➄ ❼ ➏❻➈ù➊î➈î➄➇➀➊✦➅➍➩➏➋➎➐➁ ➄➌➆✹➄➇➀P➀➃➄➌➁➅➎ÿ➀➇✝ ➄✲✉❻❿➋➊ ➄î➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈î➆✮❿❈➂➅❿✢☎ù➎øý➇➈

✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✙✫❳✇✯ö ➃ ➀✿➄❄❥✯❿➋þ✹ú✌➎ÿü➑ý➌➈ ❼ ✁ ➏➋➈ù➊î❿❻ú➝➁ ➄➇➊î➈ù➀✷⑨✿★✮❿ ✁ ➂✎❿➋➁➃➎➐➂➃➄➇ú✌➆✮➈➀➁❭➀✎❿➞★✌➊❙➀✩★✏⑩➺➏❻➈ùú✑✦✩★✌ú✘➁➅➈
✝➚❿❻➏➋➉✮➄➇➆✮➈❽➆✮❿✡★✮➊✤➄✜➂✎❿❃☎ù➎ÿý➇➈❆✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✙➈✳★➫➁➃➂➅➄➇ú✮➀✩✝➚➈➇➂➅➊✤➄➇ú✮➆✮➈ ✁ ö➺➈ù➂❤★✮➊ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➩➆✮❿

Γ ✁ ★✮➊✤➄ö✹➄➇➂✻➁➃❿✑➆✹➄➉➂➅❿✢☎ù➎øý➌➈✤➈ù➂✎➎✪☎ù➎➐ú✹➄➇÷ ✁ ➈✳⑩✌➁➅❿❻➊î➈ù➀ ✁ ú✮➈✣✂➇➄➌➊✤❿➋ú✘➁➅❿ ✁ ★✮➊✤➄✤➂➅❿✢☎ù➎øý➌➈➞✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✵➀➅❿✢☎✳★✮ú✮➆✮➈ Γ
✫

✭ ➈ù➊î➈➫❿→õ➙❿➋➊✤ö✮÷➐➈ù➀ ✁ ➄➉ö✹➄➇➂✻➁➃➎ÿ➂✾➆✮❿ R = {τ ∈ H | 0 < Re(τ) < 1} ✁ ➁➅❿❻➊î➈ù➀ ✁ ➏❻➈ù➊î➈➫➂✎❿❃☎ù➎✆➎➙❿➋➀✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇➎➐➀P➄➇÷➐➁➅❿❻➂➅ú✮➄➌➁➃➎✈✂➇➄➌➀✟➀➅❿✢☎✳★✮ú✮➆✮➈
Γ ✁ ➈ù➀Ñ➏❻➈➇ú✑✦✩★✮ú➝➁➃➈ù➀

{τ ∈ H | 0 < Re(τ) < 1/2} ∪ {τ ∈ H | 1/2 < Re(τ) < 1},
➁➃➈➇➊➉➄➇ú✌➆✮➈➀➁❭➀✎❿

F = {τ ∈ H | Re(τ) = 1/2} ✁ ❿

{τ ∈ H | 0 < Re(τ) < 1/2} ∪ {τ ∈ H | 7/2 < Re(τ) < 4},
➁➃➈➇➊➉➄➇ú✌➆✮➈➀➁❭➀✎❿

A = {τ ∈ H | 1/2 < Re(τ) < 1} ❿ V ′ = S3 ✫
✯✬✫ ✭ ➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿➋➊✤➈ù➀☎➄➌➀☎➁➅➂➃➄➇ú✌➀✩✝➚➈ù➂✎➊➉➄➇ü✢➎➙❿➋➀✛÷ÿ➎➐ú✮❿➑➄➌➂➅❿❻➀✡✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄➇➀

T ✁ ➆✹➄➇➆✹➄➇➀☎ö➺➈ù➂ T (τ) = −1
τ
✁ ➈✲★

T =

(

0 −1

1 0

)

✁ ❿➋➊❙➀✩★✹➄➣✝➚➈ù➂✎➊➉➄❶➊➉➄➮➁➃➂➅➎➐➏❻➎ÿ➄➇÷❱✫→♦➙❿✐✦➅➄
Γ = 〈T 〉 ✫➣♥✡⑩✮➀➅❿➋➂✩✂➇❿❻➊î➈ù➀①⑨✿★✮❿

T 2 =



� ✺ � ✟✾❷❹✌➽✎✤❨ ó ✗❊÷✏✒❹✸➈☛☞❉✓✠✓✌✏❷❹❨P❉■✜✣✌✥❅❤✘✢❨ ó ☛✓❉☞✠✍✒
Γ(1)

ø ↔
(

−1 0

0 −1

)

= −I ✁ ➆✮➈ùú✮➆✌❿ T 2(τ) = −τ
−1

= τ
✫❫è✡➈✳☎➇➈

Γ
❧→★✮➊♠➀✩★✏⑩✏☎ù➂✩★✮ö✙➈✖➆✮❿

Γ(1)
➆✮❿

➈➇➂➅➆✮❿➋➊ ✯✬✫ ⑦✾❿❻➀✻➁➃❿❨➏➑➄➇➀✎➈ ✁ ➆✌❿❻ú➝➁➃➂✎❿✖➄➇➀♣✂➌➍➇➂✎➎ø➄➇➀➩➂✎❿❃☎ù➎✆➎➙❿➋➀✚✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌➎ÿ➀➩ö➺➈ù➀➅➀✩♠✆✂ù❿➋➎ÿ➀ ✁ ❿❻÷➐❿❻ú✮➏❻➄➇➊î➈ù➀
{τ ∈ H | |τ | < 1} ✁ {τ ∈ H | |τ | > 1} ❿ {τ ∈ H | |Re(τ)| > 0} ✁ ➆✮➄➇➀➞⑨✿★✹➄➌➎ÿ➀
❿➋➀✻⑩➺➈➙ü❻➄➇➊î➈ù➀P➄➩ö✮➂➅➎➐➊✤❿➋➎ÿ➂➃➄✬❡

ÛÖÛÖÛÖÛÖÛÖÛÛÖÛÖÛÖÛÖÛÖÛÛÖÛÖÛÖÛÖÛÖÛÛÖÛÖÛÖÛÖÛÖÛÛÖÛÖÛÖÛÖÛÖÛÛÖÛÖÛÖÛÖÛÖÛ
ÜÖÜÖÜÖÜÖÜÖÜÜÖÜÖÜÖÜÖÜÖÜÜÖÜÖÜÖÜÖÜÖÜÜÖÜÖÜÖÜÖÜÖÜÜÖÜÖÜÖÜÖÜÖÜÜÖÜÖÜÖÜÖÜÖÜ

ÝÖÝÖÝÖÝÖÝ ÞÖÞÖÞßÖßÖßÖß
1

−1 1

♥✡⑩✮➀✎❿❻➂➇✂ù❿✡⑨✿★✮❿➲➀➅❿➋➊✤ö✮➂✎❿✧⑨✿★✮❿P➁➃➈ù➊✤➄➇➊î➈ù➀➊★✮➊❯ö➺➈ùú➝➁➃➈❈➎ÿú➝➁➃❿➋➂➅➎ÿ➈➇➂❍➄➌➈✑➀✎❿❻➊î➎✈➁❭➏✢♠ÿ➂✎➏❃★✮÷➐➈✓❿❻➀✻⑩➺➈☞ü➑➄➇➆✮➈ ✁ ➄➇ö✌÷ÿ➎✈➁➏❻➄➇ú✮➆✮➈ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀➩➆✮❿
Γ ✁ ➈✳⑩✌➁➅❿❻➊î➈ù➀❽➏❻➈ù➊î➈❋➎ÿ➊✤➄✲☎ù❿➋➊ ★✌➊ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈à➆✮❿❶➀➅❿✢★s❿➬õ➙➁➅❿❻➂✎➎ÿ➈ù➂➩➈✳★➭➈

ö✌➂ ➃ ö✮➂✎➎ÿ➈❈ö✙➈➇ú✘➁➅➈✜➆✮❿✾ö✹➄➇➂✻➁➃➎ÿ➆✮➄ ❯ ú✮➈✿➏➑➄➌➀➅➈✜➆✌❿✾➁➃➈➇➊➉➄➇➂✎➊✤➈➇➀ I ∈ Γ ❢ ✫➊✇✾÷✪❧➋➊➓➆✮➎ÿ➀✎➀➅➈ ✁ ⑨✿★✹➄➇÷✪⑨✿★✮❿➋➂❲ö➺➈ùú➝➁➃➈➆✌❿
H ✁ ✂☞➎ø➄➩➄➌ü➑ý➇➈î➆✮❿❈➄➇÷✪☎✲★✮➊❃❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈❽➆✮❿

Γ ✁ ❧❈÷➐❿✢✂➌➄➇➆✮➈❽➄➌➈✚✝➚❿➋➏➋➉✮➈➉➆✮➄❽➂✎❿❃☎ù➎ÿý➇➈➩➆✮❿➋÷ÿ➎ÿ➊î➎➐➁➃➄➇➆✹➄④✫
✇❱ö✹➄➇➂✻➁➃➎➐➂✟➆✮❿❈➄✲☎ù➈ù➂➅➄ ✁ ★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➂➅❿❻➊î➈ù➀ S ❿ T ➀✎❿❃☎✳★✮ú✌➆✮➈➉➄➌➀➲➆✌❿➋þ✹ú✮➎➐ü❃➎☞❿❻➀P➆✮❿➋➀➅➀➅❿➋➀✯➆✮➈➇➎ÿ➀Ñ❿→õ➙❿➋➊✤ö✮÷➐➈ù➀❃✫

➜✚✱à➜ á ➷ ⑩ ⑤✼➔q➞❈❹✳â☎④ ã➌①❶➣❶⑧❨⑩✲➷ ➔P➣➩②✵⑩✲✶➸❺✡➔q➞✑①❶➣❨⑧③④
Γ(1)

✇✾ú✘➁➅❿❻➀✓➆✮❿✜❿❻ú✿★✮ú✮➏➋➎ø➄➇➂✾❿✿➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇➂✯➈➉➁➅❿❻➈ù➂✎❿❻➊✤➄➉➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿❈➆✮❿❻➀✻➁ ➄➫➀➅❿➋ü➑ý➇➈ ✁ ö✮➂➅➈✣✂➇❿❻➊î➈ù➀✛➈➫➀✎❿❃☎✳★✮➎➐ú➝➁➃❿÷➐❿❻➊✤➄④❡
✔❵❨P❷❹✌ ø ✺✛➱❤➩✲➦✩➩

τ ∈ H
➳
N ∈ N

Ö✓❰✬➥✣➫ ❴ Ô④❮❄➫✣➥✑➧➒➳✄➚✥➪➄➳s➯✬➧ ➚✥éP➧➒➳✄➦➋➥✷Ö❵➚✥➾➬➪➄➥❫➭P➳✛✃④➩✲➦➋➳➋➫➞➾➬➚✥➪➄➳✄➾➬➦❝➥✣➫
c, d ∈ Z

➪➈➩✲➾✪➫❆Õ❃➯✥➳ |cτ + d| ≤ N.

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵⑧♦☞❿✐✦➅➄
τ = x + iy ∈ H

✫ ♦➙❿ |cτ + d| ≤ N ✁ ❿➋ú✘➁➃ý➇➈ |cτ + d|2 ≤ n ✁ ➈✳★
|(cx+ d) + i(cy)|2 ≤ n ✁ ➆✮➈ùú✮➆✌❿ (cx+ d)2 + (cy)2 ≤ n

✫✖è✡➈✳☎ù➈ ✁ c2y2 ≤ (cx+ d)2 + (cy)2 ≤ n ✁➆✮➈➇ú✮➆✮❿
c2 ≤ n

y2

❿ ✁ ö➺➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ |c| ≤ √
n

y
✁ ★✮➊✤➄➞✂ù❿✢✉♣⑨✿★✮❿ y > 0

✫✛è✡➈✳☎ù➈ ✁ ➉✹➍➉➀✎➈ù➊î❿❻ú➝➁➃❿♣★✮➊✸ú✿➓✮➊î❿❻➂➅➈
þ✹ú✌➎➐➁➃➈❨➆✮❿✤ö✙➈ù➀✎➀✻♠✈✂ù❿❻➎➐➀✑➀✎➈ù÷✪★✌ü❃➎☞❿❻➀❈ö✹➄➇➂➃➄

c ∈ Z
✫ ❣ ➈ù➂❈➈✳★✌➁➅➂➅➈❜÷ø➄➇➆✮➈ ✁ ö✮➄➇➂➃➄❨➏➑➄➇➆✹➄▲★✮➊✤➄❨➆✹➄➌➀✑➀✎➈ù÷✪★✮ü✢➎➙❿➋➀

c ✁➉✹➍➉➁➃➄➇➊①⑩✹❧❻➊❆þ✹ú✮➎ ➁ ➄➇➀✛ö➺➈ù➀✎➀➅➎✪⑩✌➎ÿ÷ÿ➎➐➆✹➄➇➆✮❿➋➀✾ö✮➄➇➂➃➄
d ∈ Z ✁ ★✌➊➉➄➒✂➇❿❃✉♣⑨✿★✮❿ |cτ + d| ≤ N

✫✷②❭➀➅➀✎➈❶➏❻➈ùú✮➏➋÷✪★✮➎★➄
ö✮➂✎➈✣✂➇➄✬✫



�➏✕ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘
♥❙➀➅❿✢☎✳★✮➎➐ú✘➁➅❿➽➔✼❿➋➈ù➂➅❿➋➊➉➄➸❿❻➀✻➁ ➄✲⑩➺❿❻÷➐❿❻➏➋❿ ★✌➊➉➄➸➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿◆➂✎❿❃☎ù➎ÿý➇➈❹✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✓➀✎❿❃☎✳★✮ú✌➆✮➈

Γ(1) ✁➄➇➊îö✮÷ø➄➇➊î❿❻ú➝➁➅❿✡★✌➁➃➎➐÷ÿ➎✆✉➑➄➇➆✹➄✑❿❻➊✱❿➋➀✎➁❝★✌➆✮➈ù➀✟⑨P★✌❿❈❿➋ú➝✂ù➈ù÷✈✂ù❿❻➊ ✝➚➈ù➂✎➊➉➄➌➀✟➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀❃❡
❖ ❨✿✒❚✎✑❨P❷❹✌ � ✺➛❺❽➫✣➳❱ß✲➯P➾➬➚✥➪✐➳✷➮➋➥✑➚Ô❪➨➯✬➚✥➪➄➥ ❴ ê✣➾✪➫✄➯④➩✲➲➷➧➒➳✄➚✥➪➄➳✧➦❝➳➄✃✹➦❝➳➋➫✣➳✄➚✥➪❱➩➝➭P➥⑧✃✥➳✄➲✈➩❤Ö☞ß✲➯✬➦✩➩❆➫✣➳❱ß✲➯✬➾➬➚✥➪➄➳ ❴ Ð✧➦❝➳❱ß✲➾❈ÓP➥➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲■➫✣➳❱ß✲➯P➚✹➭P➥

Γ(1)
➻

R = R(Γ(1)) = {τ ∈ H | |τ | > 1
➳ |Re(τ)| < 1/2} .

-

-

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿➄✦➅➄

R∗ = {τ ∈ H | |Re(τ)| < 1/2
❿ |cτ + d| > 1

ö✹➄➇➂➃➄✿➁➅➈➙➆✮➈❽ö✹➄➌➂
c, d ∈ Z

➁ ➄➇÷❲⑨✿★✮❿
(c, d) = 1

❿
c 6= 0}

❣ ➂✎➈✣✂➇➄➌➂➅❿❻➊î➈ù➀➂⑨✿★✮❿
R∗ = R

✫ ❣ ➄➇➂➃➄ τ ∈ R∗ ✁ ➁➃➈ù➊✤➄➇ú✮➆✌➈ c = 1
❿
d = 0 ✁ ➁➅❿❻➊î➈ù➀➂⑨✿★✮❿ |τ | > 1

❿ ✁ö✙➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ τ ∈ R
✫✖è✡➈✳☎ù➈ ✁ R∗ ⊂ R

✫❵➌➲❿➋➏❻➎➐ö✮➂➅➈☞➏➑➄➇➊î❿❻ú➝➁➅❿ ✁ ➀➅❿➄✦➅➄ τ = x+ iy ∈ R ✁ ❿☎➀✎❿✐✦➅➄➇➊ c, d ∈ Z➁ ➄➇➎➐➀➺⑨✿★✮❿
(c, d) = 1

❿
c 6= 0

✫❵⑦✾❿➋➀✎➁➃❿❈➏➑➄➌➀➅➈ ✁ ➁➅❿❻➊î➈ù➀

|cτ + d|2 = |(cx+ d) + i(cy)|2 = (cx+ d)2 + (cy)2

= c2(x2 + y2) + 2cdx+ d2 = c2|τ |2 + 2cdRe(τ) + d2

> c2 − 2|cd||Re(τ)| + d2 > c2 − |cd| + d2

= (|c| − |d|)2 + |cd| ≥ 1,

★✮➊✤➄♣✂➇❿❃✉✰⑨P★✌❿
c 6= 0

✫❬è✡➈✳☎ù➈ ✁ τ ∈ R∗ ✁ ➆✮➈ùú✮➆✮❿ R ⊂ R∗ ✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ R∗ = R
✫✖✇✧☎ù➈➇➂➃➄ ✁ ➁➅❿❻➊î➈ù➀P➆✮❿ö✮➂➅➈✣✂➌➄➇➂❵⑨✿★✮❿

R
❧✾➂✎❿❃☎ù➎ÿý➇➈✛✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✹➀➅❿✢☎✳★✮ú✮➆✮➈

Γ(1)
✫✣ô✣➊➓ö✮➂➅➎➐➊✤❿➋➎ÿ➂✎➈✓÷✪★✏☎➝➄➌➂ ✁ ❧➲➏❻÷ø➄➌➂➅➈✽⑨✿★✮❿ R

❧⑧★✮➊
➀✻★✏⑩➺➏❻➈➇ú✑✦✩★✮ú➝➁➃➈î➄✲⑩➺❿❻➂✻➁➃➈❽➆✮❿

H
✫❵❥✯➎✆✂☞➎➐➆✹➄➇➊î➈ù➀✟➄✿ö✮➂✎➈✣✂➇➄➩ú✮➈➇➀Ñ➆✮➈ù➎ÿ➀❲➎➐➁➃❿➋ú✮➀➅✝➚➈ù➂✎ú✮❿❻➏➋➎ÿ➆✮➈➇➀✟ö✙❿➋÷ø➄♣❥✯❿→þ✹ú✮➎➐ü➑ý➇➈ ❼ ❡



� ✺ ☎ ò ❅ ó ☛✓❉✓✘♣✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘➒✠✍❨
Γ(1)

�çø
❼ ✫✧♦☞❿ τ1, τ2 ∈ R

❿
τ1 6= τ2

❿➋ú✘➁➃ý➇➈
τ1 ≁Γ(1) τ2

q
❣ ➄➇➂➃➄◆❿➋➀✎➁➅❿③➎➐➁➃❿➋➊ ✁ ★✌➁➃➎➐÷ÿ➎✆✉➑➄➇➂✎❿❻➊î➈ù➀☎➈❫✝ ➄➌➁➃➈◆➆✌❿❳⑨P★✌❿

R∗ = R ✁ ö✮➂➅➈✣✂➌➄➇ú✮➆✌➈❋➈❋➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈❋➄➌➏❻➎ÿ➊✤➄
ö✮➄➇➂➃➄❨➈◆ö✮➂➅➎➐➊✤❿➋➎ÿ➂✎➈❨➏➋➈ùú✑✦✩★✮ú➝➁➅➈✏✫❫♦☞❿✐✦➅➄

τ1 ∈ R∗ ❿➉➏❻➈➇ú✮➀➅➎➐➆✮❿❻➂✎❿ V =

(

a b

c d

)

∈ Γ(1) ✁ ➏➋➈ù➊

τ2 = aτ1+b
cτ1+d

✁ ➎➐➀✎➁➃➈✚❧ ✁ ➀✻★✮ö➺➈ùú✏➉✹➄➌➊✤➈ù➀➺⑨✿★✮❿ τ1 ∼Γ(1) τ2
✫✖⑦✾❿➋➀✎➁➅❿❈➏❻➄➇➀➅➈ ✁

| − cτ2 + a| =

∣
∣
∣
∣
−c
(
aτ1 + b

cτ1 + d

)

+ a

∣
∣
∣
∣
=

|ad− bc|
|cτ1 + d| =

1

|cτ1 + d| < 1,

ö➺➈ù➎➐➀ |cτ1 + d| > 1
✫➡ô✣ú✘➁➅➂➅❿→➁ ➄➇ú➝➁➃➈ ✁ (−c, a) = 1 ✁ ö✙➈ù➎➐➀ ad− bc = 1

✫➊✇✯➀✎➀➅➎ÿ➊ ✁ ➀➅❿ c 6= 0 ✁ ❿➋ú➝➁ ý➇➈
τ2 /∈ R∗ ✫ ❣ ➈➇➂❈➈✲★✌➁➃➂✎➈❜÷ÿ➄➇➆✮➈ ✁ ➀✎❿ c = 0 ✁ ❿➋ú➝➁ ý➇➈ ✁ ➏➋➈ù➊✤➈ ad − bc = 1 ✁ ➁➅❿❻➊î➈ù➀ a = d = ±1 ✁➆✌➈ùú✮➆✮❿

τ2 = ±τ1+b
±1

= τ1 ± b
✫✕✇✧☎➇➈ù➂➃➄ ✁ ➏➋➈ù➊✤➈ b ∈ Z

❿
τ1 ∼Γ(1) τ2 ✁ ➀➅❿✢☎✳★✮❿▲⑨P★✌❿

b = 0

❯ τ2 ∈ R∗ ❢ ✁ ➎ÿ➀✎➁➅➈✚❧ ✁ τ2 = τ1 ✁ ➏➋➈ùú✮➏❻÷✆★✮➎ÿú✌➆✮➈î➄❽➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❽➆✮❿❻➀✻➁➃❿❈➎➐➁➅❿❻➊▲✫
✯P✫✧♦☞❿

τ ∈ H
❿❻ú➝➁ ý➌➈✤❿➬õ✌➎➐➀✎➁➅❿

τ ′ ∈ R
➁ ➄➇÷❁⑨P★✌❿

τ ∼Γ(1) τ
′ ✫

♦☞❿✐✦➅➄
τ ∈ H

✫ ❣ ❿➋÷ÿ➈❳è✡❿➋➊➉➄ ❼ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀✾➁➅➈ù➊✤➄➇➂ c, d ∈ Z
➁➃➄➇➎ÿ➀✟⑨✿★✮❿ |cτ + d| ➀➅❿✐✦➅➄➫➊s♠ÿú✌➎ÿ➊î➈✏✫

❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ➀➅❿ V =

(

a b

c d

)

∈ Γ(1) ✁ ❿➋ú✘➁➃ý➇➈ ✁ ö✙❿➋÷ø➄Ñ➎✪☎✳★✮➄➇÷ÿ➆✹➄➌➆✮❿ ❯ ✯✬✫❐✯ ❢ ✁ Im(V (τ))
❧❂➊➉➍➮õ➙➎➐➊✤➈

➆✌❿❻ú➝➁➃➂✎❿❍➈ù➀▲❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀✡❿❃⑨✿★✮➎✈✂➇➄➌÷ÿ❿❻ú➝➁➅❿❻➀✼➄
τ
✫❪✇⑧☎ù➈ù➂➃➄ ✁ ➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿❻➊î➈ù➀ τ ′ = V (τ)+m ✁ ❿✣➁➃➈ù➊î❿❻➊î➈ù➀

m ∈ Z
➁➃➄➇÷✥⑨✿★✮❿ |Re(τ ′)| ≤ 1/2

✫ ❣ ➄➌➂➃➄✰⑨✿★✮❿ τ ′ ➏❻➈ù➂✎➂➅❿❻➀✎ö✙➈➇ú✮➆✹➄✜➄➌➈❈ú✿➓✮➊î❿❻➂✎➈✑ö✌➂➅➈☞➏❃★✮➂➅➄➇➆✮➈ ✁ ⑩✹➄➇➀✻➁ ➄➊î➈ù➀✻➁➃➂➃➄➌➂➅➊î➈ù➀❤⑨✿★✮❿ |τ ′| ≥ 1
✫✖❥✯❿✛✝ ➄➌➁➅➈ ✁ ➀➅❿ |τ ′| < 1 ✁ ❿❻ú➝➁ ý➌➈ ✁ ➁➃➈ù➊✤➄➇ú✮➆✌➈ T ∈ Γ(1) ✁ ➁➅❿❻➊î➈ù➀

Im(T (τ ′)) = Im

(−1

τ ′

)

=
Im(τ ′)

|τ ′|2 > Im(τ ′) = Im(V (τ)),

➏➋➈ùú➝➁➃➂➅➄➇➆✮➎✪✉➋❿❻ú✮➆✌➈➉➄➩➊✤➄➮õ➙➎ÿ➊✤➄➇÷ÿ➎➐➆✹➄➇➆✮❿➲➆✮❿
Im(V (τ))

✫❵✇✯➀✎➀➅➎➐➊ ✁ τ ′ ∈ R ✁ ➀✎❿❻ú✮➆✮➈ τ ∼Γ(1) τ
′ ✫

✇Ñ➈✯÷➐➈ùú✏☎ù➈Ñ➆✌❿❻➀✎➁➅❿❍➁➅❿→õ☞➁➃➈ ✁ ➀➅❿➋➊✤ö✌➂➅❿❂➆✮❿❻ú✮➈➌➁ ➄➇➂✎❿❻➊î➈ù➀✵➄➲➂✎❿❃☎ù➎ÿý➇➈❤✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇÷✘➆✮➈P➁➃❿❻➈➇➂➅❿❻➊✤➄Ñö✮➂➅❿➋➏❻❿➋➆✮❿❻ú➝➁➃❿ö➺➈ù➂
R(Γ(1))

✫

➜✚✱⑦➩ ✇Ö✶➨➞✜①❶➣❶❺✪❺▲①➇➠✵➞❈⑤★①➇➭❋④✜❺ ⑧③➔
Γ(1)

✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ � ✺✧Ï❲➳❫❪✢➩
n ∈ N

❵➥❒①➳❊Ö❵➚❁➳✄ã❱➫✣➳♣➥③➀✻★✏⑩✏☎➇➂✻★✮ö➺➈③ö✮➂➅➎➐ú✮➏❻➎➐ö✹➄➇÷▲➆✮❿✿➏➋➈ùú✏☎ù➂✩★✏Ú❻ú✌➏❻➎ø➄✤➆✮❿✿ú✏♠✈✂ù❿❻÷
n
➆✮❿

Γ(1) ❴ Õ❃➯✥➳①➫✣➳➞➭P➳✄➚❁➥✑➪❱➩✚✃✥➥✑➦ Γ(n) ❴ ➮➋➥✑➧➒➥❫➥➒➫✄➯✏á✄➮➋➥✑➚Ô❪➨➯P➚✥➪✐➥▲➭P➥✣➫→➳✄➲✪➳✄➧➒➳✄➚✥➪✐➥✣➫ ( a b

c d

)

∈ Γ(1)
➪➈➩✲➾✪➫

Õ❃➯✥➳
a ≡ d ≡ ±1 ❦ ➧➒➥❃➭

n ❧ ➳
b ≡ c ≡ 0 ❦ ➧➒➥❃➭

n ❧ ❵✲➁❬➧ ➚❁➥✑➪❱➩✳➹✤ÓP➥➒➧s➩✲➪❈➦➨➾❱➮✄➾❈➩✲➲ ❴ ✃④➩✲➦✻➩❄➮✻➩➝➭➝➩→➧s➩✲➪❈➦✄➾④❼



�✢� ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘

M ∈ Γ(1) ❴ ➪➄➳✄➧♣ã❱➫✣➳❆Õ❃➯✥➳ M ∈ Γ(n)
➫✣➳
M ≡ ±I ❦ ➧➒➥❃➭

n ❧ ❴ ➫✣➳✄➚✹➭P➥➒➩➣➮➋➥✑➚Pß✲➦➨➯➏❜✄➚❁➮✄➾❈➩▲➮➋➥✑➚④➫✄➾❈➭P➳✄➦✩➩➝➭➝➩
➳✄➧ ➦❝➳✄➲✈➩✳➹✤ÓP➥①➩➒➮✻➩➝➭➝➩✚➯P➧ ➭P➥✣➫⑧➪➄➳✄➦➨➧➒➥✣➫✰➮➋➥✑➦➨➦❝➳➋➫➄✃✥➥✑➚✹➭P➳✄➚✥➪✐➳➋➫✡➭➝➩✑➫⑧➧s➩✲➪❈➦✄➾④❼✑➳➋➫✳❵➀⑤✧➲✪Ð✄➧ ➭✲➾✪➫➋➫✣➥ ❴ Γ0(n)

Ð✡➪❈➾❈➭P➥
➮➋➥✑➧➒➥➍➥✾➫✄➯✏á➄ß✲➦➨➯✣✃✥➥➍➭P➳

Γ(1)
➫✄➯ä❪➆➳✄➾➬➪✐➥❫➩

b ≡ 0 ❦ ➧➒➥❃➭
n ❧ ❴ ➳ Γ0(n)

➥▲➫✄➯④á➄ß✲➦➨➯✤✃✥➥❫➭P➳
Γ(1)

➩P➥❫Õ❃➯✏➩✲➲
➾➬➧✧✃✥➥✑➧➒➥✣➫

c ≡ 0 ❦ ➧➒➥❃➭
n ❧ ❵✽➤❵➾➬➚✹➩✲➲➷➧➒➳✄➚✥➪➄➳ ❴ Γϑ

Ð①➭P➳❊Ö❵➚✥➾❈➭P➥❳➮➋➥✑➧➒➥❳➥✚➫✄➯✏á➄ß✲➦➨➯✣✃✥➥➒➭P➳
Γ(1)

ßP➳✄➦✩➩➝➭P➥✛✃✥➥✑➦
S2 ➳

T ❴ ➾✪➫✄➪✐➥❳Ð
Γϑ = 〈S2, T 〉 ❦ ϑ ➻✧ê✑➩✲➦➨➾❈➩✲➚✥➪✐➳✷➭➝➩➒➲✪➳✄➪✙➦✩➩♣ß✲➦❝➳❱ß➝➩

θ ❧ ❵
♦✌ý➇➈➫➊①★✌➎➐➁➃➈î➀➅➎➐➊✤ö✌÷ÿ❿❻➀✾➄➇➀✛➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü✢➎➙❿➋➀✯➆✮❿✰⑨✿★✮❿✿➈ù➀✛➀✩★✏⑩➺➏❻➈ùú✑✦✩★✌ú✘➁➅➈ù➀✛➆✮❿

Γ(1)
➆✮❿➋þ✮ú✮➎ÿ➆✮➈➇➀✛➄➇➏➋➎ÿ➊✤➄

➀➃ý➇➈ ✁ ➆✌❿✟✝ ➄➌➁➅➈ ✁ ➀✻★✏⑩④☎ù➂✻★✮ö➺➈ù➀❂➆✮❿ Γ(1)
✫❵♥✡⑩✮➀➅❿➋➂✩✂ù❿➋➊✤➈➇➀❍➁ ➄➌➊①⑩■❧➋➊③⑨✿★✮❿ ✁ ö✹➄➇➂➅➄ n = 1 ✁ Γ(n)

➏➋➈ù➎ÿú✮➏➋➎ÿ➆✮❿P➏➋➈ù➊
➈✚☎ù➂✻★✮ö➺➈❽➊✤➈☞➆✏★✮÷ÿ➄➇➂❃✫

❾❜❿❻➂✎❿❻➏❻❿❜➆✮❿❻➀✻➁ ➄✲⑨✿★✮❿ ✁ ➄➇➎➐ú✮➆✹➄ ✁ ➈➍✝ ➄➌➁➃➈à➆✮❿✾⑨✿★✮❿
Γ(n)

❧❨➀✩★✏⑩✏☎ù➂✩★✮ö➺➈❸ú✮➈➇➂➅➊✤➄➇÷✟❿❻➊
Γ(1) ✁ ➈à➊î❿❻➀➅➊î➈

ú✹ý➇➈➫➈☞➏❻➈➇➂➅➂➅❿➋ú✮➆✮➈✤➏❻➈ù➊✸➈ù➀✯➈✲★✌➁➃➂✎➈ù➀✯➀✩★✏⑩✏☎ù➂✩★✮ö✙➈➇➀✯➆✹➄➉➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈④✫✡❥✯❿✷✝ ➄➌➁➃➈ ✁ ➆✹➄➇➆✌➈
(

a0 b0

c0 d0

)

∈ Γ(n)

❯ a0 ≡ d0 ≡ ±1 ❯ ➊î➈➙➆ n ❢ ❿ b0 ≡ c0 ≡ 0 ❯ ➊✤➈☞➆ n ❢✻❢ ❿
(

a b

c d

)

∈ Γ(1) ✁ ➁➃❿❻➊î➈ù➀

(

a b

c d

)(

a0 b0

c0 d0

)(

a b

c d

)−1

=

=

(

a b

c d

)(

a0 b0

c0 d0

)(

d −b
−c a

)

=

(

ada0 + bdc0 − acb0 − bcd0 −aba0 − b2c0 + a2b0 + abd0

cda0 + d2c0 − c2b0 − cdd0 −bca0 − bdc0 + acb0 + add0

)

≡
(

ad(±1) − bc(±1) −ab(±1) + ab(±1)

cd(±1) − cd(±1) −bc(±1) + ad(±1)

)

=

(

±(ad− bc) 0

0 ±(−bc + ad)

)

=

(

±1 0

0 ±1

)

= ±I ❯ ➊✤➈☞➆ n ❢ .
è✡➈✳☎ù➈ ✁ ö✹➄➇➂➅➄✤➏➑➄➌➆✹➄ V ∈ Γ(1) ✁ ➁➃❿➋➊✚➁✝➀➅❿✰⑨P★✌❿ V Γ(n)V −1 ⊂ Γ(n) ✁ ➆✮➈ùú✮➆✮❿ Γ(n) ⊳ Γ(1)

✫ ❣ ➈ù➂✯➈✳★➙➁➃➂➅➈
÷ø➄➇➆✌➈ ✁ ➆✹➄➌➆✮➈

(

a b

c d

)

∈ Γ0(n) ❯ c ≡ 0 ❯ ➊✤➈☞➆ n ❢✻❢ ✁ ➁➃❿➋➊✤➈➇➀✟⑨✿★✮❿

T

(

a b

c d

)

T−1 =

(

0 −1

1 0

)(

a b

c d

)(

0 1

−1 0

)

=

(

d −c
−b a

)

∈ Γ0(n),
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Γ(1)

�✢☎

➈→⑨✿★✮❿✑ö✮➂➅➈✣✂➌➄➒⑨✿★✮❿
TΓ0(n)T−1 ⊂ Γ0(n)

✫✟✇✯ú✮➄➇÷ÿ➈✳☎ù➄➇➊✤❿➋ú➝➁➃❿ ✁ ➆✹➄➇➆✌➈
(

a b

c d

)

∈ Γ0(n) ✁ ö➺➈☞➆✮❿❻➊î➈ù➀

➁➅➈ù➊➉➄➌➂ ( d −c
−b a

)

∈ Γ0(n)
❿➉❿➋➀➅➏➋➂➅❿✢✂➇❿❻➂ ( a b

c d

)

= T

(

d −c
−b a

)

T−1 ✁ ➆✮❿➉➊î➈➙➆✌➈➣⑨✿★✮❿
Γ0(n) ⊂ TΓ0(n)T−1 ✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ TΓ0(n)T−1 = Γ0(n) ✁ þ✹➏➑➄➇ú✌➆✮➈➫ö✮➂✎➈✤✂➌➄➇➆✌➈➒⑨✿★✮❿✜ú✌❿❻ú✏➉✿★✮➊✸➆✮❿❻➀✎➀➅❿➋➀
➆✮➈➇➎ÿ➀P➀✻★✏⑩④☎ù➂✻★✮ö➺➈ù➀➲➀➃ý➇➈îú✮➈ù➂✎➊➉➄➌➎ÿ➀✟❿➋➊

Γ(1)
✫❬✇❱➎ÿ➆✌❿❻ú➝➁➃➎➐➆✹➄➇➆✮❿❈➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ ❿➋ú➝✂ù➈ù÷✈✂ù❿❻ú✌➆✮➈ Γ0(n)

❿
Γ0(n) ✁ ❧➎➐➊✤ö➺➈ù➂✎➁➃➄➇ú➝➁➃❿ ✁ ❿➩➀➅❿➋➂➃➍❳★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇➆✮➄✤❿❻➊ ➈➙➏❻➄➇➀➅➎✆➎➙❿➋➀✧✝❊★✌➁❝★✌➂➃➄➇➀✢✫❆➔✼➄➇➊①⑩✹❧❻➊ ö✌➂➅➈✣✂➌➄➇➂➅❿➋➊✤➈ù➀ ✁ ú✮➈▲è✡❿❻➊✤➄ ✝ ✁ ⑨✿★✮❿

SΓϑS
−1 = Γ0(2) ✁ ➆✮➈ùú✮➆✮❿ Γϑ

➁ ➄➌➊✤ö➺➈✳★✮➏➋➈♣❧❈ú✌➈ù➂➅➊✤➄➇÷Ø❿➋➊
Γ(1)

✫
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Γ(1) ✁ ✂➌➄➇➊î➈ù➀✤❿❻➀✎➁✻★✮➆✹➄➇➂➉➆✮❿✄➁➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü❃➎☞❿❻➀✯➆✮➈❳☎ù➂✻★✌ö✙➈❶➊î➈➙➆✏★✌÷ø➄➇➂➲❿❻➊t➏➋÷ø➄➇➀✎➀➅❿➋➀✓÷ø➄➌➁➅❿❻➂➃➄➌➎ÿ➀✯➆✌❿❻➀➅➀✎❿❻➀❈➀✻★✏⑩④☎ù➂✻★✮ö➺➈ù➀✢✫①✇✯ú➝➁➃❿➋➀ ✁ ö➺➈ù➂✻❧➋➊ ✁ ★✌➊➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈✚⑨P★✌❿✑➀✎❿❻➂➃➍❽➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿✛ú✮❿➋➀➅➀✎❿✑➀✎❿❻ú➝➁➃➎➐➆✮➈
❖ ❨✿✒❚✎✤❨P❷❹✌ ☎ ✺✽Ï❲➳❫❪✢➩

n ∈ {1, 2, 3, 4} ❴ ➳➣➮➋➥✑➚④➫✄➾❈➭P➳✄➦❝➳
Γ1

➥❄ß✲➦➨➯✣✃✥➥▲ßP➳✄➦✩➩➝➭P➥➒✃✥➳✄➲✈➩✑➫→➪✙➦✩➩✲➚④➫❊➶➆➥✑➦➨➧s➩✳➹➀➘✣➳➋➫
➲➷➾➬➚❁➳✻➩✲➦❝➳➋➫❤➶➨➦✩➩P➮✄➾❱➥✑➚✹❮✲➦➨➾❈➩✑➫♣➭➝➩✽➶➆➥✑➦➨➧s➩

τ 7→ τ +
√
n
➳
τ 7→ −1/τ

➥✑➯ ❴ ➳✄➧ ➚❁➥✑➪❱➩✳➹✤ÓP➥❳➧s➩✲➪❈➦➨➾❱➮✄➾❈➩✲➲ ❴ ✃✥➥✑➦(

1
√
n

0 1

) ➳ ( 0 1

−1 0

)

= T
❵①Ï❲➳❫❪✢➩

Γ2

➥➣➮➋➥✑➚Ô❪➨➯P➚✥➪✐➥❳➭P➳❆➪✐➥❃➭➝➩✑➫♣➩✑➫①➪❈➦✩➩✲➚④➫❊➶➆➥✑➦➨➧s➩✳➹➀➘✣➳➋➫①➲➷➾➬➚❁➳✻➩✲➦❝➳➋➫
➶➨➦✩➩P➮✄➾❱➥✑➚✹❮✲➦➨➾❈➩✑➫✷➭P➥✣➫❆➭P➥✑➾✪➫✡➫✣➳❱ß✲➯P➾➬➚✥➪➄➳➋➫✽➪✙➾❐✃✥➥✣➫✳➻

❢❣❵
τ 7→ aτ+b

√
n

c
√

nτ+d ❴ ➪❱➩✲➲✓Õ❃➯❚➳ a, b, c, d ∈ Z
➳
ad− nbc = 1

❤
❥ ❵
τ 7→ a

√
nτ+b

cτ+d
√

n ❴ ➪❱➩✲➲✓Õ❃➯❚➳ a, b, c, d ∈ Z
➳
nad− bc = 1

❵
➁❬➚✥➪❱ÓP➥

Γ2

Ð✧ß✲➦✄➯✣✃✥➥✚➾❈➭✆❜✄➚✥➪❈➾❱➮➋➥➞➩
Γ1

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ➂✎➎ÿ➊î❿❻➎ÿ➂➅➄➇➊î❿❻ú➝➁➃❿ ✁ ú✮➈➇➁➅❿❻➊î➈ù➀❵⑨P★✌❿✾➈ù➀➡❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀❍➆✌❿ Γ1

❿
Γ2

ö✙❿➋➂✎➁➃❿➋ú✮➏❻❿➋➊❯➄➇➈✷☎ù➂✻★✮ö➺➈
SL2(R)/{±I} ✁ ➆✮❿❂➊✤➈☞➆✮➈➂⑨✿★✮❿ Γ1

❧❵★✮➊ ➀✻★④⑩✏☎ù➂✻★✌ö✙➈✾➆✮❿❻➀✎➀➅❿❤☎ù➂✩★✮ö➺➈ ✁ ❿❂ú✹ý➇➈➲➆✮❿ Γ(1) = SL2(Z)/{±I}
❯ ➏➑➄➇➀✎➈ n = 1 ❢ ✫

⑤✾➊ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈↕☎ù❿❻ú④❧❻➂➅➎➐➏❻➈❁➆✌❿
Γ2

ö✙➈☞➆✮❿❜➀➅❿❻➂✤❿→õ➙ö✮➂✎❿❻➀➅➀✎➈♣ö✙➈ù➂ ( a b
√
n

c
√
n d

)

❯ ➁➅➎ÿö➺➈❸❿➋➀➅ö➺❿❻➏❻➎ þ④➁
➏❻➄➇➆✮➈➭❿❻➊ ❼ ✫ ❢ ➈✳★ ( a

√
n b

c d
√
n

)

❯ ➁➃➎➐ö✙➈➸❿➋➀➅ö➺❿❻➏❻➎ þ✹➏➑➄➌➆✮➈✂❿➋➊ ✯✬✫ ❢ ✫❿✇♠➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈♣➆✮❿ ⑨✿★✮❿
❿➋➀✎➁➃❿î➏❻➈➇ú✑✦✩★✮ú➝➁➃➈▲❧➞★✌➊ ☎ù➂✻★✌ö✙➈▲❧❽➊①★✮➎➐➁➅➈❶➀➅➎ÿ➊îö✮÷➐❿❻➀ ✁ ➏➋➈ùú✮➀✎➎ÿ➀✎➁➅➎ÿú✮➆✌➈❜➄➌ö✙❿➋ú✹➄➇➀❈ú✹➄✾✂➇❿❻➂✎➎➐þ✹➏❻➄➇ü➑ý➇➈❨➆✮➎➐➂➅❿➋➁➃➄③➆✹➄➇➀
ö✮➂✎➈ùö✮➂✎➎ÿ❿❻➆✮➄➇➆✮❿❻➀➉➆✮❿➋þ✹ú✌➎ÿ➆✮➈ù➂➅➄➇➀③➆✮❿◆➀✩★✏⑩✏☎ù➂✩★✮ö➺➈➭❿➋➀✎➁➃➄✲⑩✙❿➋÷ÿ❿➋➏❻➎ÿ➆✮➄➇➀➫ú✮➈ ✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈ ❼ ✁ ⑨✿★✹➄➌➎ÿ➀➫➀✎❿✐✦➅➄➇➊ ✁ ➄➌➀➫➆✮❿⑨✿★✮❿ ✁ ➆✮➄➇➆✮➈ù➀✤➆✮➈ù➎ÿ➀✤❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ù➀✤➆✮❿ Γ2 ✁ ➀✩★✹➄ñ➏❻➈➇➊✤ö➺➈ù➀➅➎➐ü➑ý➇➈ ➁ ➄➇➊❆⑩■❧➋➊ ➀✎❿✖❿➋ú✮➏❻➈ùú➝➁➅➂➃➄❁❿❻➊

Γ2 ✁ ❿✖➏❻➄➇➆✹➄❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈◆➆✮❿
Γ2
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➆✮❿➒⑨P★✌❿

SL2(R)/{±I} ❧→☎ù➂✩★✮ö✙➈ ❢ ✫❋ô✣ú➝➁➃➂✎❿➋➁ ➄➌ú✘➁➅➈ ✁ ➊î➈ù➀✎➁➅➂➃➄➇ú✮➆✌➈➀➁❭➀✎❿➫➆✮➎ÿ➂✎❿➋➁➃➄➇➊✤❿➋ú➝➁➃❿➒⑨✿★✮❿
Γ1 = Γ2 ✁ ➄
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Γ1 = Γ2

✫➟ô✣➊ ö✌➂➅➎ÿ➊î❿❻➎➐➂➅➈❋÷✆★✏☎➝➄➇➂ ✁ ➈✳⑩✮➀✎❿❻➂➇✂ù❿❫⑨✿★✮❿❨➈ù➀➒☎➇❿❻➂➃➄➌➆✮➈ù➂➅❿➋➀✤➆✌❿ Γ1

ö➺❿❻➂✻➁➃❿❻ú✌➏❻❿❻➊ ➄
Γ2 ✁ ➆✮➈ùú✮➆✌❿

Γ1 ⊂ Γ2

✫
➌➲❿➋➀✎➁ ➄✤➁❭ú✮➈ù➀ ✁ ö✙➈ù➎➐➀ ✁ ö✮➂✎➈✣✂➇➄➌➂ ✁ ⑨✿★✮❿ Γ2 ⊂ Γ1

✫ ❣ ➄➇➂➃➄✓➁ ➄➌ú✘➁➅➈ ✁ ➏❻➈➇ú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀
(

a b
√
n

c
√
n d

)

∈ Γ2
✫

♦➙❿
a = 0

❿➋ú➝➁ ý➇➈ ✁ ➏❻➈➇➊✤➈ ad− nbc = 1 ✁ ➈✳★ −nbc = 1 ✁ ✂ù❿❻➊ ⑨✿★✮❿
n = 1

❿
b
❿
c
ö✙➈ù➀✎➀✻★✮❿➋➊❆➀➅➎ÿú✮➄➇➎ÿ➀

➏❻➈ùú➝➁➅➂➃➍➇➂✎➎ÿ➈ù➀ ✁ ➀➅❿➋ú✮➆✮➈➫➄➌➊①⑩✙➈➇➀✟➎✪☎✳★✮➄➇➎ÿ➀Ñ➄❽➊✤➄➇➎ÿ➀✟➈✲★❨➊î❿❻ú✌➈ù➀ ❼ ✫❵è✡➈✳☎ù➈ ✁ ➄➩➊✤➄➌➁➃➂✎➎✪✉✛➈➇➂➅➎✪☎➇➎ÿú✹➄➇÷➺➀➅❿☎➂✎❿❻➆✏★✏✉✑➄

±
(

0 −1

1 d

)

= ±
(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

(

1 d

0 1

)

︸ ︷︷ ︸

∈ Γ1

∈ Γ1,

★✮➊✤➄⑧✂ù❿✢✉➺⑨P★✌❿➺❧✟➎✪☎✳★✮➄➇÷✌➄➌➈✛ö✮➂➅➈☞➆✏★✌➁➅➈✛➆✮❿✟➆✌➈ù➎ÿ➀✒❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈ù➀★➆✌❿
Γ1 ✁ ⑨✿★✮❿➺❧✟➀✻★④⑩✏☎ù➂✻★✌ö✙➈✓➆✮❿ SL2(R)/{±I} ✫✭ ➈ù➊î➈①✂ù❿❻➂✎❿❻➊î➈ù➀➲➄➩➀➅❿❃☎✲★✮➎ÿ➂ ✁ ❿❻➀✻➁➃❿❈➄➇➂✩☎✳★✮➊î❿❻ú➝➁➃➈❽➀➅❿➋➂➃➍①✝➚➂➅❿✢⑨❳❲✮❿❻ú➝➁➃❿❈ú✹➄➩➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈✏✫❵♦➙❿ b = 0

❿❻ú➝➁ ý➇➈ ✁➏❻➈ù➊î➈
ad− nbc = 1 ✁ ➈✲★ ad = 1 ✁ ➁➃❿❻➊î➈ù➀➺⑨✿★✮❿ a = d = ±1 ✁ ❿☎➄❽➊✤➄➌➁➃➂✎➎✪✉✛➈ù➂✎➎✪☎ù➎➐ú✹➄➇÷➺➀➅❿☎➂➅❿➋➆✏★✏✉✑➄

±
(

1 0

c
√
n 1

)

= ∓
(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

(

1 −c√n
0 1

)

︸ ︷︷ ︸

∈ Γ1

(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

∈ Γ1.

✇✯➀✎➀➅➎ÿ➊ ✁ ö➺➈➙➆✌❿❻➊î➈ù➀Ñ➀✻★✮ö➺➈ù➂ a 6= 0
❿
b 6= 0

✫ ❣ ➄➇➂➃➄ t ∈ Z ✁ ➁➃❿❻➊î➈ù➀
(

a b
√
n

c
√
n d

)(

1 t
√
n

0 1

)

︸ ︷︷ ︸

∈ Γ1

=

(

a b′
√
n

c
√
n d′

)

,

➈ùú✮➆✮❿
b′ = at+ b

❿
d′ = ctn + d

✫❤⑦✾➈➇➀➅➀➅➈✤➈✳⑩P✦✎❿→➁➃➎✆✂➇➈ ✁ ❿❻ú➝➁➃ý➇➈ ✁ ö✙➈☞➆✮❿❈➀➅❿➋➂➲➁➅➂➃➄➇ú✮➀➇✝➚❿❻➂✎➎ÿ➆✮➈❽ö✹➄➇➂➅➄✤➄îö✮➂➅➈✣✂➌➄
➆✮❿♣⑨✿★✮❿ ( a b′

√
n

c
√
n d′

)

∈ Γ1

✫✷✇➲þ✹➂➅➊✤➄➇➊î➈ù➀ ✁ ➄✲☎ù➈ù➂➅➄ ✁ ⑨✿★✮❿➩❿➬õ➙➎ÿ➀✎➁➅❿ t ∈ Z
➁ ➄➇÷☞⑨✿★✮❿ |b′√n| < |a| ✫

②❭➀✎➁➅➈❄❧❽❿❃⑨✿★✮➎✈✂➌➄➇÷ÿ❿➋ú✘➁➅❿î➄❶❿➬õ➙➎ÿ➀✎➁➅➎ÿ➂
t ∈ Z

➁ ➄➇÷Ù⑨✿★✮❿ −|a| < b′
√
n < |a| ✁ ➈✳★ −|a| − at

√
n < b

√
n <

|a| − at
√
n
✫æ♦➙❿

a > 0
❿❻ú➝➁ ý➇➈

a = |a| ✁ ➆✮➈ùú✌➆✮❿ −|a|(1 +
√
nt) < b

√
n < |a|(1 − √

nt) ✁➈✳★ |a|(√nt − 1) < b
√
n < |a|(√nt + 1) ✁ ➀✩★✏⑩✮➀✻➁➃➎➐➁✻★✮➎ÿú✌➆✮➈ t ö✙➈➇➂ −t ✁ ★✮➊➉➄➍✂ù❿✢✉❄⑨✿★✮❿❜❿❻➀✻➁ ➄➇➊î➈ù➀➎ÿú➝➁➃❿➋➂➅❿➋➀➅➀➃➄➌➆✮➈ù➀❈➄➇ö➺❿❻ú✹➄➇➀☎❿➋➊❣➄➇➀➅➀✎❿❃☎✳★✌➂➃➄➇➂☎➄③❿→õ➙➎➐➀✎➁❝Ú➋ú✮➏❻➎ÿ➄③➆✮➈❶➎ÿú➝➁➃❿➋➎ÿ➂➅➈③❿➋➊ ⑨✿★✮❿❻➀✻➁ ý➇➈④✫♣✇✯ú✹➄➇÷➐➈✳☎➝➄➇➊î❿❻ú➝➁➅❿ ✁ ➀✎❿

a < 0
❿❻ú➝➁ ý➌➈

a = −|a| ✁ ➆✌➈ùú✮➆✮❿ |a|(√nt− 1) < b
√
n < |a|(√nt+ 1)

✫✖✇✯➀✎➀➅➎ÿ➊ ✁ ➄î❿➬õ➙➎ÿ➀✎➁✻Ú❻ú✮➏➋➎ø➄❽➆✮❿
t ∈ Z

➁ ➄➇÷❁⑨P★✌❿ |b′√n| < |a| ❧☎❿❃⑨✿★✮➎✈✂➇➄➌÷ÿ❿❻ú➝➁➅❿✑û➩❿➬õ✌➎➐➀✎➁✻Ú❻ú✮➏➋➎ø➄❽➆✮❿ t ∈ Z
➁ ➄➇÷❲⑨✿★✮❿

|a|(
√
nt− 1) < b

√
n < |a|(

√
nt+ 1). ❯ ✯✬✫ t ❢



� ✺ ☎ ò ❅ ó ☛✓❉✓✘♣✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘➒✠✍❨
Γ(1)

�✢✒
✇⑧☎ù➈ù➂➃➄ ✁ ➄➌þ✮➂➅➊✤➄➇➊✤➈➇➀♣⑨P★✌❿❜➀✎❿❻➊îö✮➂➅❿❨➀➅❿❨ö✙➈☞➆✮❿❨❿❻➀✎➏❻➈ù÷✆➉✮❿❻➂✚★✮➊ ➎➐ú✘➁➅❿❻➎➐➂➅➈

t
⑨✿★✮❿❜➀➃➄➌➁➅➎ÿ➀✩✝ ➄➌ü➑➄ ❯ ✯✬✫ t ❢ ✁ ➆✮❿➋➀➅➆✮❿⑨✿★✮❿

1 ≤ n ≤ 4
✫ ❣ ➄➇➂➅➄➉➁ ➄➇ú➝➁➅➈ ✁ ú✮➈➌➁➃❿❻➊î➈ù➀✡⑨✿★✮❿ ✁ ö✹➄➇➂➅➄✤➁ ➄➇➎➐➀⑧✂➌➄➇÷➐➈ù➂➅❿➋➀✯➆✮❿ n ✁ ➈ù➀✛➎➐ú✘➁➅❿❻➂➇✂➇➄➌÷ÿ➈ù➀➲➆✹➄➒✝➚➈ù➂✎➊➉➄

[|a|(√nt− 1), |a|(√nt+ 1)]
➏➋➈✳⑩✮➂➅❿➋➊✪➁➃➈☞➆✹➄➩➄➩➂➅❿→➁ ➄❽û➩➊✤❿➋➆✮➎ÿ➆✮➄①⑨P★✌❿

t
ö➺❿❻➂➅➏➋➈ù➂➅➂✎❿

Z
✫❬❥✾❿✡✝ ➄➌➁➃➈ ✁ ö✹➄➇➂➃➄

1 ≤ n ≤ 3 ✁ ➈ù➀✵➎ÿú➝➁➃❿➋➂➅➎ÿ➈➇➂➅❿❻➀▲➆✮❿➋➀➅➀✎❿❻➀✒➎➐ú✘➁➅❿❻➂➇✂➇➄➌÷ÿ➈ù➀④✦➅➍P➏❻➈✳⑩✮➂✎❿❻➊ R
✫ ❣ ➄➇➂➃➄➲ö✮➂➅➈✣✂➌➍✑➁❭÷➐➈ ✁ ➈✳⑩✮➀✎❿❻➂✩✂➇❿❻➊î➈ù➀❪⑨✿★✮❿❂➏➑➄➌➆✹➄➎➐ú✘➁➅❿❻➂➇✂➇➄➌÷ÿ➈Ñ➆✮➈Ñ➁➃➎➐ö✙➈

(|a|(√nt−1), |a|(√nt+1))
ö➺➈ù➀✎➀✻★✮➎➝➏➋➈ù➊✤ö✌➂➅➎ÿ➊î❿❻ú➝➁➅➈

2|a| ✁ ⑨P★✌❿ |a|(√nt−1)
❧✣➁ ý➇➈

ö➺❿❃⑨✿★✮❿➋ú✮➈✡⑨✿★✹➄➇ú➝➁➃➈➲➀➅❿❬⑨✿★✮❿❻➎➐➂➃➄ ✁ ⑨✿★✮❿ |a|(√nt+1)
❧✣➁ ý➇➈✟☎ù➂➅➄➇ú✮➆✮❿✖⑨✿★✹➄➇ú➝➁➃➈✾➀➅❿✖⑨P★✌❿❻➎ÿ➂➅➄➲❿ ✁ þ✹ú✮➄➇÷ÿ➊î❿❻ú➝➁➃❿ ✁ ⑨✿★✮❿➏❻➄➇➆✹➄➩➆✮➈ù➎➐➀✟➎ÿú➝➁➃❿➋➂✩✂➌➄➇÷➐➈ù➀✟➏❻➈➇➂➅➂➅❿➋➀➅ö➺➈ùú✮➆✮❿➋ú➝➁➃❿❻➀✾➄①✂➌➄➇÷ÿ➈ù➂✎❿❻➀✟➏➋➈ùú✮➀✎❿❻➏❃★➙➁➃➎✆✂➇➈ù➀➲➆✮❿

t
ö➺➈ù➀✎➀✻★✮❿➋➊ ➎ÿú➝➁➃❿➋➂➅➀➅❿➋➏❻ü❻ý➇➈✏✫✖❥✯❿

✝ ➄➌➁➅➈ ✁ ➈✳⑩✮➀➅❿➋➂✩✂➇❿➺⑨P★✌❿ ✁ ➆✹➄➌➆✮➈ t ∈ Z ✁ |a|(√n(t+1)−1) < |a|(√nt+(
√
n−1)) < |a|(√nt+1) ✁ ö✹➄➇➂➃➄

n = 1, 2, 3
✫❪è✡➈✳☎➇➈ ✁ ❿→õ➙➎➐➀✎➁➃❿ t ∈ Z

➀➃➄➮➁➃➎ÿ➀➇✝ ➄✲✉❻❿➋ú✮➆✮➈ ❯ ✯✬✫ t ❢ ú✮❿➋➀➅➀➅❿➋➀➡➏➑➄➇➀✎➈ù➀❃✫ ❣ ➄➇➂➃➄ n = 4 ✁ ➄✛➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❧❈➄➇ú✹➍➌÷ÿ➈✳☎➝➄ ✁ ❿➬õ✌➏➋❿➋➁➅➈➞⑨✿★✮❿❈➄➩➀➅❿✢☎✳★✮ú✮➆✹➄î➆✹➄➇➀Ñ➆✮❿➋➀➅➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿➋➀Ñ➆✹➄➩➀➅❿❃☎✲★✮ú✮➆✹➄❽÷ÿ➎➐ú✏➉✹➄➩➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂✟➀➅❿✓➁➅➈ù➂➅ú✹➄ ≤ ✁☎➝➄➌➂➃➄➇ú➝➁➃➎➐ú✮➆✮➈➀➁✝ú✮➈ù➀P➄➇ö➺❿❻ú✮➄➇➀✯➄❽❿→õ➙➎➐➀✎➁❝Ú➋ú✮➏❻➎ÿ➄î➆✌❿
t ∈ Z

➁➃➄➇÷ç⑨✿★✮❿ |a|(√nt− 1) ≤ b
√
n ≤ |a|(√nt+ 1) ✁➈✳★

|a|(2t− 1) ≤ 2b ≤ |a|(2t+ 1).

ô✣ú➝➁➃➂✎❿➋➁ ➄➌ú✘➁➅➈ ✁ ➏➋➈ù➊✤➈ ad − nbc = 1 ✁ ➈✳★ ad − 4bc = 1 ✁ ✂ù❿➋➊ ⑨P★✌❿
ad

❧▲♠ÿ➊îö✹➄➇➂ ✁ ➆✮➈➇ú✮➆✮❿ a ❿
d➁➃➄➇➊①⑩✹❧❻➊❯➀➃ý➇➈❆♠ÿ➊îö✹➄➇➂➅❿➋➀❃✫➊è✡➈✳☎➇➈ |a| ❿ 2t± 1

➀➅ý➇➈①♠➐➊✤ö✹➄➌➂➅❿❻➀ ✁ ❿➋ú✏⑨✿★✹➄➇ú➝➁➃➈ 2b
❧✾ö✹➄➇➂✢✫❵è▲➈✲☎ù➈ ✁ ú✹ý➇➈✜ö➺➈☞➆✮❿❻➊➈☞➏❻➈ù➂✎➂➅❿➋➂✾➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿➋➀✾ú✹➄✤❿→õ➙ö✮➂➅❿➋➀➅➀➅ý➇➈❶➄➇➏❻➎➐➊➉➄✬✫⑧❥✾❿❻➀➅➀✎❿➩➊✤➈☞➆✮➈ ✁ ➁➃➄➇➊①⑩✹❧❻➊❆ö✹➄➇➂➅➄

n = 4 ✁ ➀✎❿❻➊îö✮➂➅❿✑❿→õ➙➎ÿ➀✻➁➃❿
★✮➊➓➎➐ú➝➁➃❿❻➎➐➂➅➈

t
➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉➋❿❻ú✮➆✮➈ ❯ ✯✬✫ t ❢ ✫ û ➈ù÷➐➁➅❿❻➊î➈ù➀➡û✑ö✌➂➅➈✣✂➌➄❈➆✮❿✟⑨✿★✮❿

(

a b′
√
n

c
√
n d′

)

∈ Γ1

✫✖♦☞❿
b′ = 0

❿➋ú✘➁➃ý➇➈✾⑩✹➄➇➀✻➁ ➄③➂➅❿➋ö✙❿→➁➃➎ÿ➂✯➈❨➂➅➄➇➏❻➎➐➈➙➏✢♠ÿú✮➎➐➈➒⑨✿★✮❿❽➄➇ö✌÷ÿ➎ÿ➏❻➄➇➊î➈ù➀✯ú✮➈❶➎➐ú✏♠ÿ➏➋➎ÿ➈➉➆✮➄❶➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈③ö✹➄➇➂➅➄❶➄➫➊➉➄➌➁➅➂➅➎✆✉
➈ù➂✎➎✪☎ù➎➐ú✹➄➇÷✙✫ ✭ ➄➇➀✎➈❋➏❻➈ùú➝➁➃➂➅➍➇➂➅➎➐➈ ✁ ➎➐➀✎➁➃➈➣❧ ✁ ➀➅❿ b′ 6= 0 ✁ ❿❻ú➝➁ ý➇➈◆➁➅➈ù➊î❿❻➊î➈ù➀ t ∈ Z

⑨✿★✮❿→✂ù❿➋➂➅➎➐þ✏⑨P★✌❿ ❯ ✯✬✫ t ❢ ✁ ❿➏➋➈ùú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀➂★✮➊✱ú✮➈✣✂➇➈s✂➌➄➇÷➐➈ù➂
q ∈ Z

➀➃➄➌➁➅➎ÿ➀✩✝ ➄➀✉❻❿❻ú✌➆✮➈
(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

(

a b′
√
n

c
√
n d′

)(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

(

1 q
√
n

0 1

)

︸ ︷︷ ︸

∈ Γ1

=

(

−d′ −c′√n
b′
√
n −a′

)

,

➈ùú✌➆✮❿
c′ = c− d′q

❿
a′ = a− nb′q

✫
❥✯❿✓➊✤➄➇ú✮❿➋➎ÿ➂➃➄✑➄➇ú✹➍➇÷➐➈✳☎➝➄✑û✿ö✮➂➅➈✣✂➌➄✿➆✹➄✿❿→õ➙➎➐➀✎➁❝Ú➋ú✮➏❻➎ÿ➄✿➆✮❿

t ∈ Z
⑨✿★✮❿✡✂➇❿❻➂✎➎➐þ✹➏❻➄ ❯ ✯✬✫ t ❢ ✁ ö✙➈☞➆✮❿➋➊✤➈ù➀❲ö✮➂➅➈✣✂➌➄➇➂⑨✿★✮❿☎❿→õ➙➎➐➀✎➁➃❿

q ∈ Z
⑨✿★✮❿✷✂➇❿❻➂✎➎➐þ✹➏❻➄✤➄➩➂➅❿➋÷ø➄➇ü❻ý➇➈ |a′| < |b′√n| ✁ ➈✲★

|b′√n|(√nq − 1) < a < |b′√n|(√nq + 1).

⑤➲➊➉➄❆✂➇❿❃✉✓ö✮➂✎➈✤✂➌➄➇➆✌➈î❿➋➀✎➁➅❿✡✝ ➄➌➁➃➈ ✁ ➁➃➈ù➊î❿❻➊î➈ù➀❬★✮➊✪➎➐ú✘➁➅❿❻➎➐➂➅➈
q
✂ù❿❻➂✎➎➐þ✹➏❻➄➇ú✮➆✮➈ |a′| < |b′√n| ✫ ❣ ➄➇➂➅➄✿❿❻➀✎➁➅❿ q ❿



�✢✤ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘
➄✲⑨✿★✮❿❻÷➐❿

t
⑨✿★✮❿☎➁➃➈ù➊✤➄➇➊î➈ù➀Ñ➄➇➏➋➎ÿ➊✤➄ ✁ ➀✎❿❃☎✳★✌❿✷⑨✿★✮❿ |a′| < |a| ✫➊✇✯÷✪❧➋➊✪➆✮➎➐➀➅➀✎➈ ✁ ➁➃❿➋➊✤➈ù➀✢❡
(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

(

−d′ −c′√n
b′
√
n −a′

)(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

=

(

a′ b′
√
n

c′
√
n d′

)

∈ Γ2. ❯ ✯P✫ ë ❢

✇✧☎ù➈➇➂➃➄ ✁ ➀➅❿ a′ = 0 ✁ ❿❻ú➝➁ ý➇➈➩➂✎❿❻ö➺❿➋➁➅➎ÿ➊î➈ù➀❲➈➩➂➅➄➇➏❻➎➐➈➙➏✢♠ÿú✮➎➐➈✜➎ÿú✌➎ÿ➏❻➎ÿ➄➇÷ ✁ ➏➋➈ùú✮➏➋÷✪★✮➎➐ú✮➆✮➈①⑨✿★✮❿
(

a′ b′
√
n

c′
√
n d′

)

∈

Γ1 ✁ ➆✮➈ùú✮➆✌❿
(

−d′ −c′√n
b′
√
n −a′

)

∈ Γ1

❿ ✁ þ✹ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁
(

a b′
√
n

c
√
n d′

)

∈ Γ1

✫ ❣ ➈ù➂P➈✳★➙➁➃➂➅➈î÷ø➄➌➆✮➈ ✁
➀➅❿
a′ 6= 0 ✁ ❿❻ú➝➁➃ý➇➈à➂➅❿❻ö➺❿➋➁➅➎ÿ➊î➈ù➀✿➁➃➈☞➆✮➈à➈àö✮➂➅➈☞➏❻❿➋➀➅➀✎➈❸➆✹➄à➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈ ✁ ➈✳⑩✌➁➃❿➋ú✮➆✮➈ ✁ ❿❻➊ ❯ ✯✬✫üë ❢ ✁ ★✮➊✤➄

➊➉➄➮➁➃➂➅➎✆✉ ( a′′ b′′
√
n

c′′
√
n d′′

)

∈ Γ2

➁ ➄➇÷⑧⑨✿★✮❿ |a′′| < |a′| < |a| ➈✲★ b′′ = 0
✫✕ô✣➀✻➁➃❿❋➂➃➄➌➏❻➎ÿ➈☞➏❃♠➐ú✮➎ÿ➈

ö✙➈☞➆✮❿✓ö✮➂✎➈ù➀➅➀✎❿❃☎✳★✌➎ÿ➂ ✁ ➊✤➄➇➀➺❧✓þ✹ú✮➎ ➁➃➈ ✁ ★✮➊➉➄①✂➇❿❃✉✷⑨P★✌❿ a, a′, a′′ ➀➅ý➇➈❽➎ÿú➝➁➃❿➋➎ÿ➂✎➈ù➀Ñ❿☎➆✮❿❻➏➋➂➅❿❻➀✎➏❻❿➋➊❴➄➩➏❻➄➇➆✹➄❽ö✹➄➇➀➅➀✎➈
➂➅❿❻➄➇÷ÿ➎✆✉➑➄➇➆✮➈④✫↕✇✾➀➅➀➅➎➐➊ ✁ ➈✲⑩✌➁➃❿➋➊✤➈ù➀➩❿➋➊ ❯ ✯✬✫ ë ❢ ✁ ➄➇ö ➃ ➀♣★✮➊ ú✿➓✮➊î❿❻➂✎➈❋þ✹ú✮➎➐➁➅➈❋➆✮❿③➂➅❿➋ö✙❿→➁➃➎➐ü❃➎☞❿❻➀➩➆✮➈àö✮➂✎➈➙➏➋❿❻➀➅➀✎➈
➏❻➈ùú✌➀➅➎ÿ➆✌❿❻➂➃➄➌➆✮➈ ✁ ★✮➊✤➄◆➊➉➄➌➁➅➂➅➎✆✉➉➆✮❿❳★✮➊✤➄◆➆✹➄➇➀➩➆④★✹➄➇➀♣✝➚➈ù➂➅➊✤➄➇➀✢❡ ( 0 β

√
n

γ
√
n δ

) ➈✳★ ( α 0

γ
√
n δ

)

✁

⑨✿★✮❿❸ö➺❿❻➂✻➁➃❿➋ú✮➏❻❿➋➊ ➄
Γ1

✫ ✇✯➀✎➀➅➎➐➊ ✁ ➈ù➀❶❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ù➀❶➆✮❿ Γ2

➆✮➄✕✝➚➈ù➂✎➊➉➄ ( a b
√
n

c
√
n d

)

❯ ➁➅➎ÿö➺➈ ❼ ✫ ❢
ö✙❿➋➂✎➁➅❿❻ú✮➏➋❿❻➊❆➄

Γ1

✫
❣ ➄➇➂➅➄✤➊î➈ù➀✎➁➅➂➃➄➇➂➺⑨✿★✮❿❈➈ù➀➲❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ù➀P❿❻➀✎ö✙❿➋➏❻➎ þ✹➏➑➄➇➆✌➈ù➀✾❿➋➊ ✯✬✫✮➁ ➄➌➊①⑩■❧➋➊ ✝ ➄✲✉➋❿❻➊ ö✹➄➇➂✻➁➃❿☎➆✮❿

Γ1 ✁ ö✙➈☞➆✮❿✄➁➂✻♠ÿ➄➇➊✤➈➇➀✯➄➇➆✌➈➇➁ ➄➇➂⑧★✮➊✤➄✤❿❻➀✻➁➃➂➅➄➌➁❝❧✢☎ù➎ø➄➉➀✎❿❻➊î❿❻÷✆➉✹➄➇ú➝➁➃❿ ✁ ➊➉➄➌➀✧➉✹➍➒★✌➊➉➄➉➊✤➄➇ú✮❿➋➎ÿ➂➅➄✤➊✤➄➇➎ÿ➀➲➀➅➎➐➊✤ö✮÷➐❿❻➀ ✁ ⑨✿★✮❿➩➄➌ö✮➂➅➈➀➁
✂ù❿➋➎➐➁ ➄✓➄➌➀✣➏❻➈ùú✮➏➋÷✪★✮➀✩➎➙❿➋➀✣➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅❿➋➀❃✫➊❥✛➄➌➆✮➈✛★✮➊✳❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈✓➆✮❿

Γ2
➆✹➄✧✝➚➈ù➂✎➊➉➄ ( a

√
n b

c d
√
n

)

✁ ➁➃❿➋➊✤➈ù➀

(

a
√
n b

c d
√
n

)(

0 −1

1 0

)

︸ ︷︷ ︸

∈ Γ1

=

(

b −a√n
d
√
n −c

)

︸ ︷︷ ︸

∈ Γ1 ❯ ➁➅➎ÿö➺➈ ❼ ✫ ❢
,

➆✮➈ùú✮➆✌❿ ( a
√
n b

c d
√
n

)

∈ Γ1

✫➊✇✾➀➅➀➅➎➐➊ ✁ Γ2 ⊂ Γ1 ✁ ➏❻➈➇ú✮➏❻÷✆★✮➎ÿú✮➆✌➈✤➄➩➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈✏✫

❴✰✒✹✎✤✒✹❅❊❸✏✎✑✗❈✒ ✑ ✺➤❺ ß✲➦➨➯✣✃✥➥s➧➒➥❃➭✲➯✬➲✈➩✲➦❆Ð⑧ßP➳✄➦✩➩➝➭P➥✡✃✥➥✑➦
S

➳
T ❴ ➥✑➯❳➫✣➳❫❪✢➩ ❴ Γ(1) = 〈S, T 〉 ❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵➺➔✵➈ù➊➉➄➌ú✮➆✮➈
n = 1

ú✌➈❄➔✵❿❻➈ù➂✎❿❻➊✤➄ t ✁ ➁➃❿❻➊î➈ù➀ ✁ ö➺➈ù➂✛★✮➊ ÷ø➄➇➆✮➈ ✁ Γ1 = 〈S, T 〉 ❿ ✁ ö✙➈➇➂➈✳★✌➁➅➂➅➈ ✁ Γ2 = Γ(1)
✫ ✭ ➈ù➊î➈♣✝➚➈ù➎✶ö✮➂✎➈✣✂➇➄➌➆✮➈❽ú✮➈î➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ Γ1 = Γ2 ✁ ➆✮➈ùú✮➆✮❿☎➀✎❿❃☎✳★✮❿❈➈❽➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✮➈④✫
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Γ(1)

�✏✎
❴✰✒❚✎✤✒■❅❊❸✏✎✑✗❊✒ ✒ ✺

Γϑ
➮➋➥✑➚④➫✄➾✪➫✄➪➄➳➞➚❁➥➽➮➋➥✑➚Ô❪➨➯✬➚✥➪➄➥❫➭P➳➒➪➄➥❃➭➝➩✑➫→➩✑➫➞➪✙➦✩➩✲➚④➫❊➶➆➥✑➦➨➧s➩✳➹➀➘✣➳➋➫s➲➷➾➬➚❁➳✻➩✲➦❝➳➋➫⑧➶➨➦✩➩P➮✄➾❱➥✑➚✹❮✲➦➨➾❈➩✑➫

➭P➳
Γ(1)

➭➝➩♣➶➆➥✑➦✄➧s➩
τ 7→ aτ+b

cτ+d

➪❱➩✲➾✪➫▲Õ❃➯✥➳ ( a b

c d

)

≡
(

1 0

0 1

)

❦ ➧➒➥❃➭ ❥ ❧ ➥✑➯ ( a b

c d

)

≡
(

0 −1

1 0

)

❦ ➧➒➥❃➭ ❥ ❧ ❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵➲ô✣➀✻➁➃❿❶➏➑➄➇➀✎➈à➏❻➈ù➂✎➂➅❿❻➀✎ö✙➈➇ú✮➆✮❿❨➄❋➀➅❿➫➁➃➈➇➊➉➄➇➂

n = 4
ú✌➈➍➔✼❿➋➈ù➂➅❿➋➊➉➄ t ✫ ❣ ➈ù➂♣★✮➊ ÷ø➄➇➆✮➈ ✁

Γ1 = 〈S2, T 〉 = Γϑ

❿ ✁ ö➺➈ù➂✑➈✳★✌➁➃➂✎➈ ✁ Γ2

➏❻➈➇➂➅➂➅❿➋➀➅ö➺➈ùú✮➆✮❿✰✦✩★✌➀✎➁ ➄➌➊✤❿➋ú✘➁➅❿③û➇➀❈➁➃➂➃➄➌ú✮➀✩✝➚➈ù➂✎➊➉➄➌ü❃➎☞❿❻➀✜÷➐➎ÿú✮❿❻➄➇➂➅❿➋➀
✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄➇➀✓➆✹➄✾✝➚➈ù➂➅➊✤➄❶❿❻➀➅ö➺❿❻➏➋➎➐þ✹➏❻➄➇➆✹➄❨ú✮➈✖❿➋úP★✌ú✮➏❻➎ÿ➄➇➆✮➈◆➆✮➈❜➏❻➈ù➂✎➈ù÷ø➍➌➂➅➎ÿ➈④✫➞✇✾➀➅➀➅➎➐➊ ✁ ö✙❿➋÷ÿ➈❨➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✮➈❜➆✮➈➁➅❿❻➈ù➂✎❿❻➊✤➄❽ö✌➂➅❿❻➏➋❿❻➆✮❿➋ú➝➁➃❿ ✁ ➀➅❿✢☎✳★✮❿☎➈î➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈✏✫

✇➧ö✹➄➇➂✎➁➅➎ÿ➂P➆✮❿✑➄✲☎ù➈ù➂➅➄ ✁ ú✮❿➋➀✎➁ ➄✤➀➅❿❻ü❻ý➇➈ ✁ ➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➂✎❿❻➊î➈ù➀✛➄➇÷✆☎✳★✮ú✮➀P➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈ù➀➲➂➅❿✢✝➚❿➋➂➅❿➋ú✘➁➅❿❻➀✓➄❽➆✮❿➋➏❻➈ù➊♣➁ö➺➈ù➀➅➎➐ü❃➎☞❿❻➀î➆✮❿
Γ(1)

❿❻➊ ➏❻÷ÿ➄➇➀➅➀✎❿❻➀✤÷ø➄➌➁➅❿❻➂➃➄➌➎ÿ➀ ❯ û ➆✮➎ÿ➂✎❿❻➎ ➁ ➄ ❢ ➆✮❿❜➄➇÷✆☎✳★✮ú✮➀î➆✮❿❨➀➅❿❃★✌➀➫➀✻★✏⑩④☎ù➂✻★✮ö➺➈ù➀✤➆✮❿❄♠➐ú✮➆✮➎➐➏❻❿
þ✹ú✌➎➐➁➃➈④✫✕♥❴➀➅❿✢☎✳★✮➎➐ú✘➁➅❿③➁➃❿❻➈➇➂➅❿❻➊✤➄❋❿→õ➙➎✪⑩➺❿❳★✮➊✤➄❋➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈❋❿❻➊ ➏➋÷ø➄➇➀✎➀➅❿❻➀î÷ø➄➮➁➃❿❻➂➅➄➇➎ÿ➀✜➊ ➃ ➆✏★✮÷➐➈ Γ0(p) ✁ö✹➄➌➂➃➄

p
ö✮➂➅➎➐➊✤➈✏❡

❖ ❨✿✒❚✎✤❨P❷❹✌ ✤ ✺
Γ(1)

✃✥➥❃➭P➳❆➫✣➳✄➦s➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➪➄➥→➚✥➯P➧s➩❄➯P➚✥➾❈ÓP➥▲➭P➳
p + 1

➮✄➲✈➩✑➫➋➫✣➳➋➫♣➲✈➩✲➪➄➳✄➦✩➩✲➾✪➫ ❦❄➂ ➭✲➾➬➦❝➳✄➾➬➪❱➩ ❧➭P➳
Γ0(p) ❴ ✃④➩✲➦✩➩ p ✃✹➦➨➾➬➧➒➥❾❵q➁❵➫➄✃✥➳➋➮✄➾ Ö❤➮✻➩✲➧➒➳✄➚✥➪➄➳ ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫✟➪➄➥✑➧s➩✲➦✧➩✑➫✛➮✄➲✈➩✑➫➋➫✣➳➋➫✟➲✈➩✲➪➄➳✄➦✩➩✲➾✪➫✧➭P➥✣➫✛➳✄➲✪➳✄➧➒➳✄➚✥➪✐➥✣➫

Sj ❦ 0 ≤ j ≤ p− 1 ❧ ➳✷➩❳➭P➳
T ❴ ➭P➳✽➧➒➥❃➭P➥➞Õ❃➯✥➳

Γ(1) =

(
p−1
⋃

j=0

Γ0(p)Sj

)

∪ Γ0(p)T.

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ➦ ➏➋÷ø➄➇➂✎➈✚⑨P★✌❿✿➄➇➀➲➏❻÷ÿ➄➇➀➅➀✎❿❻➀
Γ0(p)Sj ➀➅ý➇➈➉➆✮➎➐➀✎➁➅➎ÿú➝➁ ➄➇➀P❿➋ú✘➁➅➂➅❿✑➀➅➎ ✁ ö✮➄➇➂➃➄ 0 ≤ j ≤ p− 1

✫
✇✾÷✪❧❻➊❃➆✮➎ÿ➀✎➀➅➈ ✁ ö✮➄➇➂➃➄➩➏➑➄➌➆✹➄ j ✁ ➁➅❿❻➊î➈ù➀➺⑨✿★✮❿ Γ0(p)Sj 6= Γ0(p)T

✫❵❥✯❿✛✝ ➄➌➁➃➈ ✁ ➈✳⑩✮➀✎❿❻➂✩✂➇❿❆⑨✿★✮❿

SjT−1 =

(

1 j

0 1

)(

0 1

−1 0

)

=

(

−j 1

−1 0

)

/∈ Γ0(p).

❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ➄➇➀ p+1
➏❻÷ø➄➌➀➅➀➅❿➋➀✣÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀✵➀➃ý➇➈✓➆✌➎ÿ➀✎➁➅➎ÿú➝➁ ➄➌➀ ✁ ➂✎❿❻➀✎➁➃➄➇ú✮➆✮➈✑➁❭ú✮➈ù➀★ö✮➂➅➈✣✂➌➄➇➂✣➄✛➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿❂➆✮➈✓❿❻ú✿★✮ú✌➏❻➎✈➁➄➇➆✌➈✾➆✮➈P➁➃❿➋➈ù➂➅❿➋➊➉➄✬✫ ❣ ➄➇➂➃➄P➁ ➄➇ú➝➁➃➈ ✁ ➄P➎ÿú✮➏➋÷✪★✮➀➅ý➇➈Pú✹ý➇➈ ➃ ⑩➝✂➙➎ÿ➄✾➄P➀➅❿➋➂✼ö✌➂➅➈✣✂➌➄➇➆✹➄➂❧ Γ(1) ⊂

(
⋃p−1

j=0 Γ0(p)Sj
)

∪

Γ0(p)T
✫➊✇✾➀➅➀➅➎➐➊ ✁ ➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿➋➊✤➈ù➀

(

a b

c d

)

∈ Γ(1)
✫✖➔✵❿❻➊î➈ù➀Ñ➆✮➈➇➎ÿ➀Ñ➏➑➄➌➀➅➈ù➀✢❡

❼ ✫ p | a q♦☞❿
p | a ❿➋ú➝➁ ý➇➈ a ≡ 0 ❯ ➊✤➈☞➆ p ❢ ✁ ❿✓ö➺➈☞➆✮❿❻➊î➈ù➀Ñ❿❻➀✎➏❻➂✎❿✢✂ù❿➋➂

(

a b

c d

)

=

(

−b a

−d c

)

︸ ︷︷ ︸

∈ Γ0(p)

(

0 −1

1 0

)

︸ ︷︷ ︸

T

∈ Γ0(p)T.



� ➅ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘
✯✬✫
p ∤ a

✫
⑦✾❿➋➀✎➁➅❿✑➏❻➄➇➀➅➈ ✁ ❿➬õ➙➎ÿ➀✎➁➅❿✑➀✎➈ù÷✪★✌ü➑ý➇➈ j ❯ 0 ≤ j ≤ p− 1 ❢ ö✹➄➇➂➅➄❽➄î➏➋➈ùú✏☎ù➂✩★✏Ú❻ú✮➏➋➎ø➄➩÷ÿ➎➐ú✮❿➑➄➌➂ aj ≡ b ❯ ➊î➈➙➆
p ❢ ✁ ★✮➊➉➄➒✂➇❿❃✉s⑨✿★✮❿

(a, p) = 1 | b ✁ ö✹➄➇➂➅➄③➁➅➈➙➆✌➈ b ∈ Z
✫sè✡➈✳☎ù➈ ✁ ö✹➄➇➂➃➄③➁ ➄➌÷✒➀➅➈ù÷✆★✮ü➑ý➌➈ j ✁ ➁➅❿❻➊♣➁❭➀➅❿⑨✿★✮❿

b− aj ≡ 0 ❯ ➊✤➈☞➆ p ❢ ✁ ➆✮➈ùú✮➆✮❿
(

a b

c d

)

=

(

a b− aj

c d− cj

)

︸ ︷︷ ︸

∈ Γ0(p)

(

1 j

0 1

)

︸ ︷︷ ︸

Sj

∈ Γ0(p)Sj.

✇✯➀✎➀➅➎ÿ➊ ✁ ➆✮❿ ❼ ✫✌❿❆✯P✫ ✁ ✂➌➄➇÷➐❿☎➄❽➎➐ú✮➏❻÷✆★✮➀➃ý➌➈➩❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ➈➩➁➅❿❻➈ù➂✎❿❻➊✤➄④✫
✇✦➀✎❿❃☎✳★✮➎➐➂ ✁ ★✮➊ ÷➐❿❻➊✤➄✜➁❝❧➋➏❻ú✮➎➐➏❻➈î➆✹➄î➁➅❿❻➈ù➂✎➎ø➄➩➆✮❿✽☎ù➂✻★✌ö✙➈ù➀ ✁ ⑨P★✌❿❈➁➅❿❻➂➃➍❽➏❻➈➇➊✤➈î➏❻➈ù➂✎➈ù÷ø➍➌➂➅➎ÿ➈ ❯ ✭ ➈ù➂✎➈ù÷ø➍➇➂✎➎ÿ➈✚þ ❢★✮➊✱➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈î➄➇ú✹➍➇÷➐➈✳☎ù➈❽➄➇➈❽➆✮➈✚➔✵❿❻➈ù➂✎❿❻➊✤➄s✴❽ö✹➄➇➂➅➄

Γ0(p) ✁ ➀➅❿➋ú✮➆✮➈ p ★✌➊✱ú✿➓✮➊✤❿➋➂➅➈❽ö✮➂✎➎ÿ➊î➈✏❡
✔✖❨P❷❹✌ ✎ ✺✡Ï❲➳

Γ1

➳
Γ2

➫❃ÓP➥➞➫✄➯✏á➄ß✲➦➨➯✣✃✥➥✣➫➒➮➋➥✑➚Ô❪➨➯✲ß➝➩➝➭P➥✣➫✚➭P➳
Γ(1) ❦ ➾✔❵❈➳✳❵ ❴ ➫✣➳➒➳✩❰✳➾✪➫✄➪➄➳

B ∈ Γ(1)
➪❱➩✲➲❵Õ❃➯❚➳

BΓ1B
−1 = Γ2 ❧ ❴ ➳✄➚✥➪❱ÓP➥ [Γ(1) : Γ1] = [Γ(1) : Γ2] ❴ ➥✑➯↕➫✣➳❫❪✢➩ ❴ ➫✄➯④á➄ß✲➦➨➯✤✃✥➥✣➫▲➮➋➥✑➚Ô❪➨➯✳ß➝➩➝➭P➥✣➫➒➭P➳

Γ(1)✃✥➥✣➫➋➫✄➯❚➳✄➧ ➥s➧➒➳➋➫✄➧➒➥♣➴➬➚✹➭✲➾❱➮➋➳✽➚❁➳➋➫➋➫✣➳⑧ß✲➦➨➯✣✃✥➥❾❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿➄✦➅➄

Γ(1) = Γ1A1 ∪ . . . ∪ Γ1Aµ
★✌➊➉➄➫➆✮❿➋➏❻➈ù➊îö➺➈ù➀➅➎➐ü➑ý➇➈③➆✮❿

Γ(1)
❿➋➊

µ
➏❻÷ø➄➌➀➅➀➅❿➋➀

÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀P➆✮➎➐➀❊✦✩★✮ú➝➁ ➄➌➀✾➆✮❿
Γ1 ✁ ➆✌❿❈➁➃➄➇÷▲➊✤➈☞➆✮➈s⑨P★✌❿ [Γ(1) : Γ1] = µ

✫ ✭ ➈➇➊✤➈
Γ1

❿
Γ2

➀➅ý➇➈➉➏➋➈ùú✑✦✩★✏☎➝➄➌➆✮➈ù➀ ✁ö✙➈☞➆✮❿➋➊✤➈ù➀✾➄➇➀✎➀➅❿❃☎✲★✮➂➃➄➇➂✛➄➉❿→õ➙➎ÿ➀✻➁❝Ú➋ú✮➏❻➎ÿ➄➉➆✮➈➫❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈
B ∈ Γ(1)

➆✌➈➫❿❻ú✿★✮ú✮➏➋➎ø➄➇➆✌➈✏✫✡✇✾þ✮➂➅➊✤➄➇➊✤➈➇➀ ✁ ❿❻ú➝➁ ý➌➈ ✁⑨✿★✮❿
BA1, . . . , BAµ

❧➞★✌➊❣➏❻➈ùú✑✦✩★✌ú✘➁➅➈❜➏➋➈ù➊îö✮÷ÿ❿→➁➃➈❨➆✮❿❽➂➅❿❻ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌ú✘➁➅❿❻➀➩➆✮➎➐➀✎➁➅➎ÿú➝➁➃➈ù➀☎➆✮❿
Γ(1)

➊ ➃ ➆✏★✮÷ÿ➈
Γ2

✫✖❥✯❿✛✝ ➄➌➁➃➈ ✁ ö✮➂➅➎➐➊✤❿➋➎ÿ➂➃➄➌➊✤❿➋ú✘➁➅❿✛➈✳⑩✮➀✎❿❻➂➇✂ù❿❻➊î➈ù➀➂⑨✿★✮❿

Γ(1) = Γ1A1 ∪ . . . ∪ Γ1Aµ

= B−1Γ2BA1 ∪ . . . ∪ B−1Γ2BAµ

= B−1(Γ2BA1 ∪ . . . ∪ Γ2BAµ),

➆✮➈ùú✮➆✌❿ ✁ ➊①★✮÷ ➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇ú✮➆✌➈✿➄➇➊①⑩➺➈ù➀Ñ➈ù➀P➊î❿❻➊①⑩✌➂➅➈ù➀Ñö➺➈ù➂ B ∈ Γ(1) ✁ ➁➅❿❻➊î➈ù➀

Γ(1) = Γ2BA1 ∪ . . . ∪ Γ2BAµ.

➌➲❿➋➀✎➁➃➄✑➁❭ú✮➈➇➀ ✁ ➄✲☎ù➈➇➂➃➄ ✁ ö✮➂✎➈✣✂➇➄➌➂✡⑨✿★✮❿❽❿❻➀✎➁➃➄➇➀ µ ➏❻÷ø➄➌➀➅➀➅❿➋➀☎÷ø➄➌➁➅❿❻➂➃➄➌➎ÿ➀✯➆✌❿
Γ2

➀➃ý➌➈❨➆✌➎ÿ➀✎➁➅➎ÿú➝➁ ➄➌➀❃✫①❥✾❿✚✝ ➄➮➁➃➈ ✁ ➀✎❿ i ❿
j
❿❻➀✻➁ ý➇➈❜❿❻ú➝➁➃➂✎❿ ❼ ❿ µ ❿

BAi(BAj)
−1 = BAiA

−1
j B−1 ∈ Γ2 ✁ ❿❻ú➝➁ ý➇➈ AiA

−1
j ∈ B−1Γ2B = Γ1 ✁➆✮➈ùú✮➆✌❿

i = j ✁ ★✮➊✤➄➣✂ù❿❃✉✾⑨✿★✮❿❨➄➇➀❽➏❻÷ÿ➄➇➀➅➀✎❿❻➀➩÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀✿➆✮❿
Γ1

➀➅ý➇➈à➆✮➎ÿ➀✻➁➃➎ÿú➝➁➃➄➇➀❃✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ ➄➌➀î➏➋÷ø➄➇➀✎➀➅❿➋➀÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀✟➆✌❿
Γ2

➁ ➄➇➊❆⑩■❧➋➊✪➀➃ý➌➈✤➆✮➎➐➀✎➁➅➎ÿú➝➁ ➄➇➀ ✁ ➆✮➈ùú✌➆✮❿ [Γ(1) : Γ2] = µ = [Γ(1) : Γ1]
✫



� ✺ ☎ ò ❅ ó ☛✓❉✓✘♣✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘➒✠✍❨
Γ(1)

� ↔
❣ ❿➋÷ø➄➫➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈ ✁ þ✮➏➑➄➫➏❻÷ÿ➄➇➂➅➈➞⑨✿★✮❿➩➈➫➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✌➈➫➆✮❿❻➀✻➁➃❿➩÷➐❿❻➊✤➄➞❧❆✂➌➍➇÷➐➎ÿ➆✮➈✤❿❻➊ ☎ù❿❻➂➅➄➇÷❱✫✛❥✾❿❆✝ ➄➌➁➃➈ ✁ö✹➄➌➂➃➄➫ö✮➂✎➈✤✂➌➍✑➁✝÷ÿ➈ ✁ ú✹ý➇➈③ú✮➈➇➀✛★✌➁➃➎➐÷ÿ➎✪✉❻➄➇➊î➈ù➀ ✁ ❿❻➊❴ú✮❿❻ú✏➉✿★✮➊ ➊✤➈ù➊î❿❻ú➝➁➅➈ ✁ ➆✮❿➩ö✌➂➅➈ùö✮➂✎➎ÿ❿➋➆✹➄➇➆✮❿➋➀✓❿❻➀➅ö➺❿❻➏✢♠➐þ✹➏❻➄➇➀☎➆✮➈☎ù➂✩★✮ö➺➈î➊î➈☞➆✏★✮÷ø➄➌➂❲❿☎➆✮❿☎➀➅❿✢★✮➀✾➀✩★✏⑩✏☎ù➂✩★✮ö➺➈ù➀❃✫

❴✰✒❚✎✤✒■❅❊❸✏✎✑✗❊✒å➅❲✺
Γ(1)

✃✥➥❃➭P➳♣➫✣➳✄➦➞➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➪✐➥→➚✥➯✬➧s➩➣➯P➚✥➾❈ÓP➥➣➭P➳
p + 1

➮✄➲✈➩✑➫➋➫✣➳➋➫✚➲✈➩✲➪➄➳✄➦✩➩✲➾✪➫➒➭P➳
Γ0(p) ❴✃④➩✲➦✩➩

p
✃✹➦✄➾➬➧➒➥❾❵æ➁❵➫➄✃✥➳➋➮✄➾ Ö❤➮✻➩✲➧➒➳✄➚✥➪➄➳ ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫❄➪✐➥✑➧s➩✲➦❫➩✑➫↕➮✄➲✈➩✑➫➋➫✣➳➋➫❄➲✈➩✲➪➄➳✄➦✻➩✲➾✪➫➍➭P➥✣➫➽➳✄➲✪➳✄➧➒➳✄➚✥➪✐➥✣➫

TSj

❦ 0 ≤ j ≤ p− 1 ❧ ➳❆➩❳➭P➳
I
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ û ➎ÿ➊î➈ù➀❽➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅➊î❿❻ú➝➁➃❿✾⑨✿★✮❿
Γ0(n) = TΓ0(n)T−1 ✁ ö✹➄➌➂➃➄❋➁➃➈☞➆✮➈ n ∈ N

✫➟ô✣➊
ö✹➄➌➂✎➁➃➎➐➏❃★✮÷ÿ➄➇➂ ✁ ➁➃➈ù➊î❿❻➊î➈ù➀ n = p

✫➡ô✣ú✘➁➃ý➇➈ ✁ ö➺❿❻÷➐➈♣➔✼❿➋➈ù➂➅❿➋➊➉➄s✴ ✁ ✂➇❿❻➊▲❡

Γ(1) =

p−1
⋃

j=0

Γ0(p)Sj ∪ Γ0(p)T

=

p−1
⋃

j=0

TΓ0(p)T
−1Sj ∪ TΓ0(p)T

−1T

= T

(
p−1
⋃

j=0

Γ0(p)T
−1Sj ∪ Γ0(p)I

)

.

❾❄★✌÷➐➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇ú✌➆✮➈❽➄➇➊①⑩➺➈ù➀P➈ù➀➲➊✤❿➋➊①⑩✮➂➅➈➇➀✾➆✹➄❽➎✪☎✲★✹➄➇÷ÿ➆✮➄➇➆✮❿❈➄➇➏❻➎➐➊➉➄➩ö➺➈ù➂
T−1 ∈ Γ(1) ✁ ❿❈➈✳⑩✮➀✎❿❻➂➇✂➇➄➌ú✮➆✮➈→⑨✿★✮❿

T−1 = T ✁ ➁➃❿➋➊✤➈➇➀

Γ(1) =

p−1
⋃

j=0

Γ0(p)TS
j ∪ Γ0(p)I. ❯ ✯✬✫❐â ❢

✇⑧☎ù➈ù➂➃➄ ✁ ➏❻➈ù➊î➈ Γ0(p) = TΓ0(p)T
−1 ✁ ✂➇❿❻➊ ⑨P★✌❿

Γ0(p)
❿

Γ0(p)
➀➃ý➇➈❋➀✩★✏⑩✏☎ù➂✩★✮ö➺➈ù➀✿➏❻➈➇ú✑✦✩★✏☎➝➄➇➆✌➈ù➀✿➆✮❿

Γ(1) ✁ ➆✌➈ùú✮➆✮❿ ✁ ö➺❿❻÷➐➈❫è✡❿❻➊✤➄ ✮✬✁ ö➺➈ù➀✎➀✻★✮❿➋➊ ➈◆➊î❿❻➀✎➊✤➈❫♠➐ú✮➆✮➎➐➏❻❿➉❿➋➊
Γ(1)

✫ ❣ ❿❻÷➐➈❫➔✵❿❻➈ù➂✎❿❻➊✤➄➍✴ ✁ [Γ(1) :

Γ0(p)] = p+ 1 ✁ ➆✮➈ùú✮➆✮❿☎➀✎❿❃☎✳★✮❿✷⑨✿★✮❿ ❯ ✯✬✫❐â ❢ ❧❈➄➩➆✮❿❻➏➋➈ù➊îö✙➈ù➀✎➎ÿü❻ý➇➈❽ö✮➂➅➈☞➏❃★✮➂➅➄➇➆✹➄④✫
⑦✯➄❽➀➅❿✢⑨❳❲✏Ú❻ú✮➏➋➎ø➄ ✁ ➈î÷ÿ❿➋➊➉➄①⑨✿★✮❿➅✦✩★✮➀✻➁➃➎ þ✹➏➑➄❽➈♣✝ ➄➌➁➃➈❽➆✮❿ Γϑ

ú✹ý➌➈î➀✎❿❻➂➲ú✮➈ù➂✎➊➉➄➇÷✙❿❻➊
Γ(1)

❡
✔❵❨P❷❹✌ç↔❲✺

Γϑ = S−1Γ0(2)S
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ➄➇➂➃➄❜ö✮➂➅➈✣✂➌➄➇➂✷⑨P★✌❿ Γϑ ⊂ S−1Γ0(2)S ✁ ➈✳★ñ➀➅❿✐✦➅➄ ✁ ⑨✿★✮❿ SΓϑS
−1 ⊂ Γ0(2) ✁ ⑩✹➄➌➀✎➁ ➄ö✮➂✎➈✣✂➇➄➌➂⑧⑨✿★✮❿

STS−1 ∈ Γ0(2)
❿✰⑨✿★✮❿

SS2S−1 ∈ Γ0(2) ✁ ➎➐➀✎➁➃➈s❧ ✁ ⑨✿★✮❿✜➄î➎➐ú✮➏❻÷✆★✮➀➃ý➇➈s❧❈➀➃➄➌➁➅➎ÿ➀✩✝➚❿➋➎➐➁➃➄❽ö✮➄➇➂➃➄ö✹➄➌➂➃➄➩➈ù➀➂☎ù❿❻➂➅➄➇➆✮➈ù➂✎❿❻➀P➆✮❿
Γϑ

✫✖♥✓➂➅➄ ✁ ➆✮❿✛✝ ➄➌➁➅➈ ✁

STS−1 =

(

1 1

0 1

)(

0 −1

1 0

)(

1 −1

0 1

)

=

(

1 −2

1 −1

)

∈ Γ0(2),



☎➏✕ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘
❿

SS2S−1 = S2 =

(

1 2

0 1

)

∈ Γ0(2).

✇✧☎ù➈➇➂➃➄ ✁ ö✹➄➇➂➅➄✜ö✮➂➅➈✣✂➌➄➇➂❬⑨P★✌❿ S−1Γ0(2)S ⊂ Γϑ ✁ ➀➅❿➄✦➅➄
(

a b

c d

)

∈ Γ0(2)
✫Ù⑦✾❿❻➀✻➁➃❿✓➏❻➄➇➀➅➈ ✁ ad− bc = 1

❿
b ≡ 0 ❯ ➊✤➈☞➆❄✯ ❢ ✁ ➏❻➈➇➊ a, b, c, d ∈ Z ✁ ➆✮➈ùú✌➆✮❿ ad ≡ 1 ❯ ➊✤➈☞➆➣✯ ❢ ✁ ➈✳★❨➀➅❿➄✦➅➄ ✁ a ≡ d ≡ 1 ❯ ➊✤➈☞➆❫✯ ❢ ❿

c ≡ 0 ❯ ➊î➈➙➆▲✯ ❢ ➈✲★ c ≡ 1 ❯ ➊î➈➙➆❄✯ ❢ ✫➊✇✯➀➅➀✎➎ÿ➊ ✁

S−1

(

a b

c d

)

S =

(

1 −1

0 1

)(

a b

c d

)(

1 1

0 1

)

=

(

a− c a− c+ b− d

c c+ d

)

= M.

♦➙❿
c ≡ 0 ❯ ➊✤➈☞➆❽✯ ❢ ✁ ❿➋ú✘➁➃ý➇➈ M ≡

(

1 0

0 1

)

❯ ➊î➈➙➆ÿ✯ ❢ ❿ ✁ ➀✎❿ c ≡ 1 ❯ ➊î➈➙➆ÿ✯ ❢ ✁ ❿❻ú➝➁➃ý➇➈ M ≡
(

0 −1

1 0

)

❯ ➊î➈➙➆s✯ ❢ ✫✒ô✣➊➧➁➃➈☞➆✮➈✓➈✓➏➑➄➇➀✎➈ ✁ ö➺❿❻÷ÿ➈ ✭ ➈➇➂➅➈ù÷ÿ➍➇➂➅➎➐➈✛â ✁ M ∈ Γϑ ✁ ➆✮➈ùú✮➆✮❿Ñ➀✎❿❃☎✳★✌❿➲➈✓➂✎❿❻➀✩★✮÷➐➁➃➄➇➆✮➈✏✫

⑤➲➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈➀➁❭➀✎❿✛➈❽÷ÿ❿❻➊✤➄➩➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀Ñ➈✳⑩✌➁➅❿❻➂Ñ➈î➀➅❿✢☎✳★✮➎ÿú➝➁➅❿❈➂✎❿❻➀✩★✮÷➐➁➃➄➇➆✮➈✏❡
❴✰✒✹✎✤✒✹❅❊❸✏✎✑✗❈✒ ø❳✕ ✺

Γ(1)
✃✥➥❃➭P➳✡➫✣➳✄➦✰➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➪➄➥♣➚✥➯P➧s➩➞➯✬➚✥➾❈ÓP➥➒➭✲➾✪➫❫❪➨➯P➚✥➪❱➩→➭P➳✷➪✙➦à❜➋➫♣➮✄➲✈➩✑➫➋➫✣➳➋➫✽➲✈➩✲➪➄➳✄➦✩➩✲➾✪➫✰➭P➳

Γϑ ❴ ➩s➫❃➩➝á✄➳✄➦ ❴ ➩✑➫❆➮✄➲✈➩✑➫➋➫✣➳➋➫✰➭P➳ I ❴ S−1 ➳
S−1T

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ❣ ❿➋÷ÿ➈❳è✡❿➋➊➉➄ ✝ ✁ ➀➅➄✲⑩➺❿❻➊î➈ù➀✧⑨✿★✮❿ Γ0(2) = SΓϑS

−1 ✫⑧✇✾➀➅➀✎➎ÿ➊ ✁ ➄➇ö✌÷ÿ➎ÿ➏❻➄➇ú✮➆✮➈✑➁❭➀➅❿❈➈→➔✵❿❻➈➀➁
➂➅❿➋➊➉➄✚✴➩ö✹➄➇➂➅➄

p = 2 ✁ ➀➅❿✢☎✳★✮❿✽⑨✿★✮❿✲❡

Γ(1) =
2−1⋃

j=0

Γ0(2)Sj ∪ Γ0(2)T

= Γ0(2)I ∪ Γ0(2)S ∪ Γ0(2)T

= SΓϑS
−1 ∪ SΓϑS

−1S ∪ SΓϑS
−1T

= S(ΓϑS
−1 ∪ ΓϑI ∪ ΓϑS

−1T )

✇✧☎ù➈➇➂➃➄ ✁ ➊①★✌÷➐➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇ú✌➆✮➈➀➁❭➀✎❿✟➄➇➊❆⑩✙➈ù➀✣➈➇➀❂➊î❿❻➊❆⑩✮➂➅➈ù➀➡➆✹➄✽➓✮÷ ➁➃➎ÿ➊✤➄✯➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿✟ö➺➈ù➂ S−1 ∈ Γ(1) ✁ ➈✳⑩✌➁➃❿➋➊✤➈➇➀⑨✿★✮❿
Γ(1) = ΓϑI ∪ ΓϑS

−1 ∪ ΓϑS
−1T.
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Γ(1)

☎çø
r★➎➐ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁ ➏➋➈ù➊✤➈ [Γ(1) : Γ0(2)] = 2 + 1 = 3 ✁ ❿ Γ0(2)

❿
Γϑ

➀➃ý➇➈à➏➋➈ùú✑✦✩★✏☎➝➄➌➆✮➈ù➀ ❯ è✡❿➋➊➉➄ ✝➝❢ ✁➀✎❿❃☎✳★✮❿ ✁ ö✙❿➋÷ÿ➈ è✡❿❻➊✤➄ ✮P✁ ⑨✿★✮❿ I ✁ S−1 ❿
S−1T

➏❻➈ù➊îö■➎☞❿❻➊ ✁ ➆✮❿▲✝ ➄➮➁➃➈ ✁ ★✮➊ ➏❻➈ùú✤✦✩★✮ú➝➁➃➈ñ➏➋➈ù➊îö✮÷ÿ❿→➁➃➈à➆✮❿
➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇ú➝➁➃❿➋➀✯➆✮➎➐➀✎➁➅➎ÿú➝➁➃➈ù➀Ñ➆✌❿

Γ(1)
➊ ➃ ➆✏★✌÷ÿ➈ Γϑ

✫
➦ ➎➐ú✘➁➅❿❻➂✎❿❻➀➅➀➅➄➇ú➝➁➃❿ ➈✳⑩✮➀✎❿❻➂✩✂➌➄➇➂❳⑨✿★✮❿ ✁ ö➺❿❻÷ÿ➈♣➏➋➈ù➂➅➈ù÷ÿ➍➇➂➅➎➐➈➸➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ ➀➅❿✢☎✳★✮❿➽⑨✿★✮❿

Γϑ
❧➍★✮➊ ➀✻★④⑩✏☎ù➂✻★✌ö✙➈

➆✮❿➒♠ÿú✮➆✮➎➐➏❻❿ t ❿❻➊
Γ(1)

✫❫♥ ➀✩★✏⑩✏☎ù➂✩★✮ö➺➈
Γϑ

➀✎❿❻➂➃➍❫➓➙➁➃➎ÿ÷➡ú✮➈✖❿❻➀✎➁✻★✮➆✮➈❋➆✹➄➌➀✰✝➚➈ù➂✎➊➉➄➇➀❈➊î➈➙➆✏★✌÷ø➄➇➂✎❿❻➀❈➆✮❿→⑨✿★✮❿
➁➅➂➃➄➌➁➃➄➇➂➅❿➋➊✤➈ù➀Ñú✌❿❻➀✎➁➅❿☎➊➉➄➌➁➅❿❻➂✎➎ø➄➇÷✙✫Ùr★➎➐ú✹➄➇÷ÿ➎✆✉➑➄➇➊î➈ù➀❂❿❻➀✻➁ ➄❽➀➅❿❻ü❻ý➇➈î➏❻➈ù➊✱➈❽➀✎❿❃☎✳★✮➎➐ú➝➁➃❿☎➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✮➈④❡
❖ ❨✿✒❚✎✤❨P❷❹✌ ø❚ø ✺✖Ï❲➳❫❪✢➩

p
➯✬➧③➚✥éP➧➒➳✄➦❝➥➅✃✹➦➨➾➬➧➒➥❾❵●➁❬➚✥➪➈ÓP➥

[Γ0(p) : Γ0(p
2)] = p

➳ ❴ ➮➋➥✑➧➒➥✷➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➾❊➹✤ÓP➥
➭P➳

Γ0(p)
➧➒❒❃➭✲➯P➲✪➥

Γ0(p
2) ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫✽➪➄➥✑➧s➩✲➦

Γ0(p) =

p−1
⋃

k=0

Γ0(p
2)

(

1 0

−pk 1

)

.

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ➂✎➎ÿ➊î❿❻➎ÿ➂➅➄➇➊î❿❻ú➝➁➃❿ ✁ ú✮➈➇➁➅❿❻➊î➈ù➀➺⑨✿★✮❿ ✁ ➀✎❿ 0 ≤ k1 < k2 ≤ p− 1 ✁ ❿❻ú➝➁ ý➌➈
(

1 0

−pk1 1

)(

1 0

−pk2 1

)−1

=

(

1 0

−pk1 1

)(

1 0

pk2 1

)

=

(

1 0

p(k2 − k1) 1

)

/∈ Γ0(p
2),

ö➺➈ù➎ÿ➀
p2 ∤ p(k2 − k1)

✫ è✡➈✳☎ù➈ ✁ ➄➇➀ p ➏➋÷ø➄➇➀✎➀➅❿❻➀➩÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀✑➆✌❿ Γ0(p
2)
➀➅ý➇➈❋➆✮➎➐➀✎➁➃➎➐ú➝➁ ➄➇➀ ✁ ➆✮➈ùú✮➆✮❿ [Γ0(p) :

Γ0(p
2)] ≥ p

✫→❥✯❿❻➀✻➁➃❿➉➊î➈☞➆✮➈ ✁ ö✹➄➇➂➅➄❨ö✮➂✎➈✣✂➇➄➌➂✜➄❨➎✪☎✳★✹➄➌÷ÿ➆✹➄➇➆✌❿➩❿❻➊➡⑨✿★✮❿❻➀✻➁ ý➇➈ ✁ ➂➅❿➋➀✎➁➃➄✑➁❭ú✮➈➇➀✷✝ ➄✲✉✢Ú✄➁✝÷ÿ➈❨➏❻➈ù➊♠➄
➎➐ú✮➏❻÷✆★✮➀➃ý➇➈

Γ0(p) ⊂
⋃p−1

k=0 Γ0(p
2)

(

1 0

−pk 1

)

✁ ★✮➊✤➄s✂ù❿✢✉①⑨✿★✮❿➩➄➉➎➐ú✮➏❻÷✆★✮➀➃ý➌➈✤➏➋➈ùú➝➁➃➂➃➍➌➂➅➎ø➄s❧✜❿✄✂➙➎➐➆✮❿❻ú➝➁➅❿✲✫

✇✾➀➅➀➅➎➐➊ ✁ ➀✎❿✐✦➅➄
(

a b

c d

)

∈ Γ0(p) ✁ ➆✮❿❽➊✤➈☞➆✮➈✾⑨✿★✮❿
p | c ✫sè✡➈✳☎ù➈ ✁ ❿➬õ➙➎ÿ➀✎➁➅❿ α ∈ Z

➁➃➄➇÷Ù⑨✿★✮❿
c = αp

✫
❥✯➎✈✂☞➎ÿ➆✮➎➐ú✮➆✮➈➀➁✝➀➅❿

α
ö➺➈ù➂

p ✁ ➈✳⑩➙➁➃❿❻➊î➈ù➀ α = pt + u ✁ ➏❻➈➇➊ 0 ≤ u ≤ |p| − 1 = p − 1 ✁ ➄➇ö✮÷➐➎ÿ➏➑➄➌ú✮➆✮➈➀➁✝➀➅❿❈➈➄➇÷✆☎ù➈ù➂✎➎➐➁➃➊î➈❈➆✮❿☎ô➊★✮➏❻÷➐➎ÿ➆✮❿➋➀❃✫➊✇✯➀✎➀➅➎➐➊ ✁ c = p(pt+ u) ✁ ➏➋➈ù➊ 0 ≤ u ≤ p− 1
✫ ✭ ➈ù➊î➈

ad− bc = 1 ✁ ✂ù❿➋➊⑨✿★✮❿
(c, d) = 1 ❯ ➔✼❿➋➈ù➂➅❿➋➊➉➄❽➆✮❿✰❞ ➣ ✉➋➈✳★✌➁ ❢ ✁ ➆✮➈ùú✮➆✮❿ (p, d) = 1 ✁ ★✮➊✤➄♣✂➇❿❃✉✰⑨P★✌❿ p | c ✫❤✇✧☎➇➈ù➂➃➄ ✁ ➈✲⑩✮➀➅❿➋➂✩✂ù❿⑨✿★✮❿

(

a b

c d

)(

1 0

−pk 1

)−1

=

(

a b

p(pt+ u) d

)(

1 0

pk 1

)

=

(

∗ ∗
p(pt+ u+ dk) ∗

)

.
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♦✌➄✲⑩➺❿❻➊î➈ù➀➊⑨✿★✮❿Ñ❿→õ➙➎➐➀✎➁➃❿

k
➏➋➈ù➊✤ö✌➂➅❿❻❿➋ú✮➆✮➎➐➆✮➈✓❿❻ú➝➁➃➂✎❿✟✱☎❿

p−1
➁ ➄➌÷✏⑨✿★✮❿

dk ≡ −u ❯ ➊î➈➙➆ p ❢ ✁ ö➺➈ù➎ÿ➀ (p, d) =

1|(−u) ✁ ⑨✿★✹➄➇÷✆⑨P★✌❿❻➂✟⑨P★✌❿✑➀✎❿✐✦➅➄ u ✫❬è✡➈✳☎ù➈ p | u+ dk ✁ ➆✮➈ùú✮➆✌❿ p(pt+ u+ dk) ≡ 0 ❯ ➊✤➈☞➆ p2 ❢ ✫➅⑦➲❿❻➀✎➁➅❿
➏➑➄➇➀✎➈ ✁

(

a b

c d

)(

1 0

−pk 1

)−1

∈ Γ0(p
2) ✁ ➆✌➈ùú✮➆✮❿

(

a b

c d

)

∈ Γ0(p
2)

(

1 0

−pk 1

)−1

⊂

⋃p−1
k=0 Γ0(p

2)

(

1 0

−pk 1

)

✁ þ✹➏➑➄➇ú✌➆✮➈✤ö✌➂➅➈✣✂➌➄➇➆✮➈î➈❽➁➅❿❻➈ù➂✎❿❻➊✤➄④✫
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V ∈ Γ(1)
❵➂Ï❲➳♣➳✩❰✳➾✪➫✄➪✐➳

τ0 ∈ R(Γ(1))
➪❱➩✲➲✓Õ❃➯❚➳

V (τ0) = τ0 ❴ ➳✄➚✥➪❱ÓP➥ V = I
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ✭ ➈ù➊î➈
V

❧➫➏➋➈ùú➝➁❝♠ÿú✿★✹➄◆❿➋➊
H ✁ ➁➃❿➋➊✤➈➇➀①⑨✿★✮❿ V ❧③➏❻➈➇ú✘➁✻♠ÿú✿★✹➄◆❿➋➊

τ0
✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁➆✹➄➇➆✹➄✰★✮➊➉➄✷✂➙➎✆✉❻➎➐ú✏➉✹➄➇ú✮ü❻➄

N2

➆✌❿
V (τ0) = τ0

➏❻➈ùú➝➁➅➎ÿ➆✹➄✜❿➋➊
R(Γ(1)) ❯ ➀✻★✏⑩➺➏❻➈ùú✤✦✩★✮ú➝➁➃➈❽➄✲⑩➺❿❻➂✻➁➃➈✿➆✮❿ H

❢ ✁❿→õ➙➎ÿ➀✻➁➃❿①★✌➊➉➄✚✂➙➎✆✉❻➎➐ú✏➉✹➄➇ú✮ü❻➄
N ′

1

➆✮❿
τ0
➁ ➄➇÷✓⑨✿★✮❿

V (N ′
1) ⊂ N2 ⊂ R(Γ(1))

✫ ❣ ➈ù➂✯➊î❿❻➂➅➄s✝➚➈ù➂✎➊➉➄➇÷➐➎ÿ➆✹➄➌➆✮❿ ✁ö✙➈☞➆✮❿➋➊✤➈ù➀✾➁➃➈ù➊✤➄➇➂
N1 ⊂ N ′

1
✁ ➀✎❿❻ú✮➆✮➈ N1

➁➃➄➇➊①⑩✹❧❻➊ ✂➙➎✆✉❻➎➐ú✏➉✹➄➇ú✮ü❻➄➫➆✮❿
τ0
➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉➋❿❻ú✮➆✌➈❜û➌➀✛➏❻➈ùú✌➆✮➎ÿü✢➎➙❿➋➀

N1 ⊂ N2 ⊂ R(Γ(1))
❿
V (N1) ⊂ N2 ⊂ R(Γ(1))

✫➅⑦✾❿➋➀✎➁➃❿✑➏➑➄➇➀✎➈ ✁ V (τ) = τ
ö✹➄➇➂➅➄✤➏❻➄➇➆✹➄

τ ∈ N1 ✁★✮➊✤➄↕✂ù❿✢✉❫⑨✿★✮❿
R(Γ(1))

❧◆➂➅❿✢☎ù➎øý➌➈↕✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷➲➀➅❿✢☎✳★✮ú✮➆✮➈
Γ(1) ✁ ➈✳★s➀➅❿✐✦➅➄ ✁ V = I

ö✹➄➇➂➃➄ ➏➑➄➇➆✮➄
❿❻÷➐❿❻➊î❿❻ú➝➁➃➈❶➆✹➄→✂☞➎✪✉➋➎ÿú✏➉✹➄➌ú✮ü➑➄

N1
✫ ✭ ➈ù➊✤➈

V
❧❽➂➅❿✢☎✳★✮÷ÿ➄➇➂✛❿❻➊

H ✁ ➀✎❿❃☎✳★✌❿➞⑨✿★✮❿❽➈❶➊✤❿➋➀➅➊î➈❳❧♣✂➇➍➌÷ÿ➎ÿ➆✌➈➫❿❻➊
➁➃➈☞➆✮➈❽❿❻➀✎➀➅❿❈➆✮➈ù➊s♠ÿú✮➎➐➈✏✫

⑤➲➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈➀➁❭➀✎❿✜➈❶÷ÿ❿➋➊➉➄③➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂ ✁ ö✙➈☞➆✮❿❻➊î➈ù➀✓ö✮➂✎➈✣✂➇➄➌➂✓➈❨➀✎❿❃☎✳★✌➎ÿú➝➁➃❿✿➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ ★✮➊ ➆✌➈ù➀☎➊➉➄➇➎➐➀✛➎ÿ➊♣➁
ö✙➈➇➂✎➁ ➄➌ú✘➁➅❿❻➀P➆✮❿➋➀✎➁➃❿❈➏➑➄➌ö✏♠➐➁✻★✮÷ÿ➈✏❡
❖ ❨✿✒❚✎✑❨P❷❹✌ ø✆☎ ✺✡Ï❲➳❫❪✢➩

Γ 6 Γ(1)
➪❱➩✲➲❵Õ❃➯✥➳

Γ(1) =
⋃µ

i=1 ΓAi

Ð✚➯P➧s➩❫➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➾❊➹✤ÓP➥❳➭P➳
Γ(1)

➳✄➧
➮✄➲✈➩✑➫➋➫✣➳➋➫❤➲✈➩✲➪➄➳✄➦✩➩✲➾✪➫ ➂ ➭✲➾➬➦❝➳✄➾➬➪➈➩✷➭P➳ Γ

❵➀➁❬➚✥➪➈ÓP➥ ❴ ➮➋➥✑➧➒➥⑧➦❝➳❱ß✲➾❈ÓP➥☞➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✿➫✣➳❱ß✲➯P➚✹➭P➥
Γ ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫➅➪➄➥✑➧s➩✲➦

R =
⋃µ

i=1Ai{R(Γ(1))} ❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ❣ ➂➅➎➐➊✤❿➋➎ÿ➂➅➈↕✂➇➄➌➊✤➈ù➀❶ö✮➂✎➈✣✂➇➄➌➂❳⑨P★✌❿ ✁ ❿❻➊ R ✁ ú✹ý➇➈➭❿→õ➙➎ÿ➀✻➁➃❿❻➊ ➆✌➈ù➎ÿ➀③ö➺➈ùú➝➁➃➈ù➀❶➆✮➎➐➀✎➁➅➎ÿú➝➁➃➈ù➀
❿❃⑨✿★✮➎✈✂➇➄➌÷ÿ❿❻ú➝➁➅❿❻➀➡❿❻➊✦➂➅❿❻÷ÿ➄➇ü➑ý➌➈☎➄

Γ
✫ ❣ ➄➇➂➃➄✛➁➃➄➇ú➝➁➃➈ ✁ ➏➋➈ùú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀ τ1, τ2 ∈ R

➁➃➄➇➎ÿ➀❪⑨P★✌❿
τ1 ∼Γ τ2

✫ ✭ ➈ù➊î➈
τ1, τ2 ∈ R ✁ ö✙➈☞➆✮❿❻➊î➈ù➀✣➁➃➈➇➊➉➄➇➂ τ1 = Aix

❿
τ2 = Ajy ✁ ➏➋➈ù➊ x, y ∈ R(Γ(1))

❿
1 ≤ i, j ≤ µ

✫Ù✇✯÷✆❧❻➊
➆✮➎ÿ➀✎➀➅➈ ✁ ➏➋➈ù➊✤➈ τ1 ❿ τ2 ➀➅ý➇➈❜❿✢⑨✿★✮➎✆✂➌➄➇÷➐❿❻ú➝➁➃❿➋➀✑➏➋➈ù➊t➂➅❿➋➀➅ö➺❿❻➎ ➁➃➈❨➄

Γ ✁ ❿→õ➙➎➐➀✎➁➃❿ M ∈ Γ
➁ ➄➇÷Ù⑨✿★✮❿

τ2 = Mτ1 ✁➆✮➈ùú✮➆✌❿
Ajy = M(Aix) ✁ ➈✳★ y = (A−1

j MAi)x
✫ ✭ ➈ù➊î➈

A−1
j MAi ∈ Γ(1)

❿
x, y ∈ R(Γ(1)) ✁ ⑨✿★✮❿❧➉➂✎❿❃☎ù➎ÿý➇➈▲✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷❂➆✌❿

Γ(1) ✁ ➆✌❿✢✂ù❿➋➊✤➈➇➀✜➁➃❿➋➂ x = y
➆✮➈➇ú✮➆✮❿ ✁ ö✙❿➋÷ÿ➈❫è✡❿➋➊➉➄ ❼ ✯ ✁ A−1

j MAi = I ✁➈✳★
AjA

−1
i = M ∈ Γ

✫✰r✼➎ÿú✹➄➇÷➐➊✤❿➋ú➝➁➃❿ ✁ ➏❻➈➇➊✤➈➫➈➇➀ A ë ➀✛➀➅ý➇➈③➆✮➎ÿ➀✻➁➃➎➐ú✘➁➅➈ù➀✯➊ ➃ ➆✏★✮÷ÿ➈ Γ ✁ ➀➅❿✢☎✳★✮❿♣⑨✿★✮❿ i = j ✁➆✮➈ùú✮➆✌❿
τ1 = Aix = Ajy = τ2

✫



� ✺ ✑ ❭→❨ ó ✗✔✌❁❨✬✘①✸➈☛☞❉✓✠✓✌✏❷❹❨P❉■✜✣✌✥✗❈✘➞✘✢❨ ó ☛✓❉☞✠✍✒×✘➆☛ õ✓ó ✎✑☛✂✁➊✒✹✘ ☎✢☎
✇✧☎➇➈ù➂➃➄ ✁ ➆✮➄➇➆✮➈ τ ∈ H ✁ ➆✮❿❻➀✎❿✐✦➅➄➇➊î➈ù➀✓ö✮➂✎➈✣✂➇➄➌➂☎➄➫❿→õ➙➎ÿ➀✻➁❝Ú❻ú✌➏❻➎ø➄③➆✮❿ τ ′ ∈ R

➀➃➄➮➁➃➎ÿ➀➇✝ ➄✲✉❻❿➋ú✮➆✮➈
τ ∼Γ τ

′ ✫
♦➙❿

τ ∈ H ✁ ❿➋ú✘➁➃ý➇➈❶❿→õ➙➎ÿ➀✻➁➃❿ x ∈ R(Γ(1))
➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉➋❿❻ú✮➆✌➈

τ ∼Γ(1) x ✁ ➎ÿ➀✻➁➃➈❳❧ ✁ ❿➬õ✌➎➐➀✎➁➅❿ V ∈ Γ(1)
➁➃➄➇÷

⑨✿★✮❿
τ = V x

✫❳✇✯÷✆❧❻➊t➆✌➎ÿ➀➅➀✎➈ ✁ ➏❻➈ù➊î➈ Γ(1) =
⋃µ

i=1 ΓAi ✁ ❿→õ➙➎➐➀✎➁➃❿➋➊ M ∈ Γ
❿
i ❯ 1 ≤ i ≤ µ ❢ ➁➃➄➇➎ÿ➀⑨✿★✮❿

V = MAi

✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ τ = (MAi)x ✁ ➈✳★ M−1τ = Aix ∈ Ai

{

R(Γ(1))
} ✫①✇⑧☎ù➈ù➂➃➄ ✁ ➏❻➈ù➊î➈

➈ù➀
Ai ë ➀➲➀➃ý➇➈➞➉✮➈ù➊î❿❻➈ù➊î➈ù➂✻þ✹➀➅➊î➈ù➀ ✁ ➀✎❿❃☎✳★✮❿✰⑨✿★✮❿ M−1τ = Aix ∈ Ai

{

R(Γ(1))
}

= Ai{R(Γ(1))} ⊂
⋃µ

i=1Ai{R(Γ(1))} =
⋃µ

i=1Ai{R(Γ(1))} = R
✫❳è✡➈✳☎➇➈ ✁ ❿→õ➙➎ÿ➀✻➁➃❿ τ ′ ∈ R

➁ ➄➌÷➊⑨P★✌❿
M−1τ = τ ′ ✁➆✮➈➇ú✮➆✮❿

τ = Mτ ′ ✁ ➏❻➈ù➊ M ∈ Γ
✫❵②❭➀✎➁➅➈✤ö✌➂➅➈✣✂➌➄✚⑨✿★✮❿

τ ∼Γ τ
′ ✁ ➁➃❿❻➂✎➊✤➎➐ú✹➄➇ú✮➆✌➈❽➄❽➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈✏✫

✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ☎ ✺ì➃✓➧s➩✕➦➋➳❱ß✲➾❈ÓP➥➒➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲
R

➫✣➳❱ß✲➯✬➚✹➭P➥
Γ

➮➋➥✑➧➒➥✕➩Ü➳➋➫✄➪❱➩➝á✄➳✄➲✪➳➋➮✄➾❈➭➝➩×➚❁➥●➪✐➳➋➥✑➦❝➳✄➧s➩
✃✹➦❝➳➋➮➋➳✻➭P➳✄➚✥➪➄➳ ❴ ➭P➳✄➪➄➳✄➦➨➧♣➾➬➚✹➩➝➭➝➩▲➩①✃④➩✲➦➨➪✙➾➬➦①➭P➳

R(Γ(1))
➳s➭P➥✣➫❆➦➋➳➄✃✹➦❝➳➋➫✣➳✄➚✥➪❱➩✲➚✥➪✐➳➋➫♣➭➝➩✑➫s➮✄➲✈➩✑➫➋➫✣➳➋➫♣➭P➳s➳✻Õ❃➯P➾➬ê✑➩✲ã

➲í❜✄➚❁➮✄➾❈➩▲➭➝➩❄➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➾❊➹✤ÓP➥➒➭P➳
Γ(1)

➧➒❒❃➭✲➯P➲✪➥
Γ ❴ ➦❝➳➋➮➋➳❃á✄➳✚➩▲➭P➳✄➚❁➥✑➧♣➾➬➚✹➩✳➹✤ÓP➥→➭P➳❽➂➅❿✢☎ù➎øý➇➈➞✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷

ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄✾➫✣➳❱ß✲➯P➚✹➭P➥
Γ
❵

➦ ➎ÿú➝➁➅❿❻➂➅❿➋➀➅➀➅➄➇ú➝➁➃❿✯➈✲⑩✮➀➅❿➋➂✩✂➌➄➇➂✖⑨P★✌❿ ✁ ➆✌❿✯➄➇➏➋➈ù➂➅➆✌➈✑➏➋➈ù➊❯➄✑➆✮❿→þ✹ú✮➎➐ü➑ý➇➈ ✁ ➂✎❿❃☎ù➎✆➎➙❿➋➀❵✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌➎ÿ➀➡ö✹➄➇➆✮➂✎➈ùú✮➎ ➁✉❻➄➇➆✹➄➇➀❽➀➅❿✢☎✳★✮ú✮➆✌➈↕★✮➊ ➆✮❿➋➁➅❿❻➂➅➊î➎ÿú✮➄➇➆✮➈❋➀✻★④⑩✏☎ù➂✻★✌ö✙➈
Γ
➆✮❿

Γ(1)
➁ ➄➇➊❆⑩■❧➋➊ ú✹ý➇➈à➀➅ý➇➈↕➓✌ú✮➎ÿ➏❻➄➇➀ ✁ ★✮➊✤➄❫✂ù❿❃✉

⑨✿★✮❿à➆✮❿➋ö✙❿➋ú✮➆✮❿❻➊ ➆✌➈ù➀③➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀❜❿❻➀✎➏❻➈ù÷✆➉✮➎ÿ➆✮➈➇➀③ö✹➄➇➂➃➄♣➄❁➆✮❿➋➏❻➈ù➊îö➺➈ù➀➅➎➐ü➑ý➇➈➸➆✮❿
Γ(1)

➊ ➃ ➆✏★✌÷ÿ➈ Γ
✫

♦➙❿➋ú✮➆✮➈î➄➇➀✎➀➅➎ÿ➊ ✁ ➄✿➁➅❿❻➂➅➊î➎ÿú✌➈ù÷ÿ➈✳☎➇➎ø➄✧✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩î➂➅❿✄✝➚❿❻➂✎❿✄➁❭➀✎❿❈➄➇ö✙❿➋ú✹➄➇➀Pû❆✝➚➈ù➂✎➊➉➄✑➏❻➈ù➊î➈➩❿❻➀✎➀➃➄➇➀P➂➅❿✢☎ù➎✪➎☞❿❻➀Ñ➀➅ý➇➈➏➋➈ùú✮➀✎➁➅➂✻★✏♠➐➆✹➄➇➀✢✫
♥✛➀③➁➃➂✻Ú➋➀❶➏❻➈ù➂✎➈ù÷ø➍➇➂✎➎ÿ➈ù➀➒⑨P★✌❿ ✂✲Ú❻➊ ➄♣➀➅❿✢☎✳★✮➎ÿ➂③➀➅ý➇➈➭➎ÿú➝➁➃❿➋➂➅❿❻➀✎➀➃➄➇ú➝➁➅❿❻➀❜➄➇ö✮÷ÿ➎➐➏➑➄➇ü✢➎➙❿➋➀③➆✮➈✕➔✼❿➋➈ù➂➅❿➋➊➉➄ ❼ t ➄

➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈ù➀➲➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂➅➊î❿❻ú➝➁➃❿✓➈✳⑩➙➁➃➎ÿ➆✌➈ù➀❃❡
❴✰✒❚✎✤✒■❅❊❸✏✎✑✗❊✒ ø❣✑ ✺➤î❬➥✑➧➒➥♣➦➋➳❱ß✲➾❈ÓP➥❤➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✍➭P➳

Γ0(p) ❴ p ✃✹➦➨➾➬➧➒➥ ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫✽➪➄➥✑➧s➩✲➦
p−1
⋃

j=0

Sj{R(Γ(1))} ∪ T{R(Γ(1))}.

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ❿❻÷➐➈s➔✵❿❻➈➇➂➅❿❻➊✤➄✚✴ ✁ ➀➃➄➀⑩✙❿➋➊✤➈ù➀➺⑨✿★✮❿

Γ(1) =

(
p−1
⋃

j=0

Γ0(p)Sj

)

∪ Γ0(p)T.

è✡➈✳☎ù➈ ✁ ➈❽➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈❽➆✮❿➋➀➅❿✐✦➅➄➌➆✮➈➉➀✎❿❃☎✳★✮❿☎➆✮➎➐➂➅❿→➁ ➄➇➊î❿❻ú➝➁➃❿✓➆✌➈➞➔✵❿❻➈ù➂✎❿❻➊✤➄ ❼ t ✫
❴✰✒❚✎✤✒■❅❊❸✏✎✑✗❊✒ ø✆✒ ✺➤î❬➥✑➧➒➥♣➦➋➳❱ß✲➾❈ÓP➥❤➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲■➫✣➳❱ß✲➯P➚✹➭P➥

Γϑ ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫✡➪✐➥✑➧s➩✲➦

R(Γ(1)) ∪ S−1{R(Γ(1))} ∪ S−1T{R(Γ(1))},
➦❝➳➄✃✹➦❝➳➋➫✣➳✄➚✥➪➈➩➝➭➝➩✛✃✥➥✑➦✳➻



☎✓✑ ❋ ó ✎✑☛✂✁➊✒×❷❹✒ç✠✓☛✓❅❈✌✏✎➞❨❫❺✳❨✿✎✣✜✣✒✹✘✚✘➆☛ õ✓ó ✎✑☛✄✁➊✒✹✘

I

S
-1

T

S
-1

➥✑➚✹➭P➳
I ❴ S−1 ➳

S−1T
➦❝➳➄✃✹➦❝➳➋➫✣➳✄➚✥➪➈➩✲➧ ➩✑➫➊➦➋➳❱ß✲➾❱➘✣➳➋➫➺➥✲á❃➪❈➾❈➭➝➩✑➫❬➩P➥➺➫✣➳➅➩✄✃✹➲➷➾❱➮✻➩✲➦➊➪❱➩✲➾✪➫➺➳✄➲✪➳✄➧➒➳✄➚✥➪✐➥✣➫➊➚❁➥✛➮➋➥✑➚Ô❪➨➯✬➚✥➪➄➥

R(Γ(1))
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ❣ ❿➋÷ÿ➈ ✭ ➈ù➂➅➈➇÷ø➍➇➂✎➎ÿ➈ ❼ ✱ ✁ I ✁ S−1 ❿ S−1T
➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➊ ➁➃➂✩Ú❻➀✵➏❻÷ÿ➄➇➀➅➀✎❿❻➀✵÷ø➄➌➁➅❿❻➂➃➄➌➎ÿ➀✶➆✮➎➐➀✎➁➅➎ÿú➝➁ ➄➇➀

➆✮❿
Γϑ

➏❃★✑✦➅➄♣★✮ú✌➎øý➇➈❽➂➅❿➋➀✻★✮÷ ➁ ➄
Γ(1)

✫❵è✡➈✳☎ù➈ ✁ ➈î➂✎❿❻➀✩★✮÷➐➁➃➄➇➆✮➈❽➀➅❿✢☎✳★✮❿❈➆✮➈✚➔✼❿➋➈ù➂➅❿➋➊➉➄ ❼ t ✫
❴✰✒✹✎✤✒✹❅❊❸✏✎✑✗❈✒ ø✆✤ ✺✛Ï❲➳❫❪✢➩✲➧

Γ1

➳
Γ2

➫✄➯✏á➄ß✲➦➨➯✣✃✥➥✣➫▲➮➋➥✑➚Ô❪➨➯✲ß➝➩➝➭P➥✣➫➞➭P➳
Γ(1) ❴ ➮➋➥✑➧ BΓ1B

−1 = Γ2 ❴ B ∈
Γ(1)

❵×Ï❲➳
R1

Ð➒➯P➧s➩➽➦❝➳❱ß✲➾❈ÓP➥✰➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲❲✃④➩➝➭✲➦➋➥✑➚✥➾④❼✣➩➝➭➝➩❄➫✣➳❱ß✲➯P➚✹➭P➥
Γ1 ❴ ➳✄➚✥➪➈ÓP➥ R2 = B(R1)

Ð
➦❝➳❱ß✲➾❈ÓP➥➺➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✬✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩♣➫✣➳❱ß✲➯P➚✹➭P➥

Γ2
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵➂⑦✯➄✾➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü➑ý➇➈✓➆✮➈✽è✡❿➋➊➉➄ ✮P✁ ➏❻➈ùú✌➏❻÷✪★④♠ÿ➊î➈ù➀☞⑨✿★✮❿ ✁ ➀➅❿ A1, A2, . . . , Aµ

❧➺★✮➊➧➏❻➈ùú✬➁
✦✩★✮ú➝➁➃➈✿➏➋➈ù➊îö✮÷ÿ❿→➁➃➈✜➆✌❿✛➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀➲➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀❂➆✮❿

Γ(1)
➊ ➃ ➆④★✮÷ÿ➈ Γ1 ✁ ❿❻ú➝➁➃ý➇➈ BA1, BA2, . . . , BAµ❧❫★✮➊ ➏❻➈ùú✤✦✩★✮ú➝➁➃➈➸➏❻➈➇➊✤ö✮÷➐❿➋➁➅➈❁➆✮❿◆➂✎❿❻ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇ú➝➁➃❿➋➀❜➆✌➎ÿ➀✎➁➅➎ÿú➝➁➃➈➇➀➉➆✮❿

Γ(1)
➊ ➃ ➆④★✮÷ÿ➈ Γ2 ✁ ➆✹➄➌➆✮➈●⑨✿★✮❿

Γ1❿
Γ2

➀➃ý➌➈❁➏❻➈ùú✤✦✩★✏☎➝➄➇➆✮➈➇➀❃✫à❥✯❿❻➀✻➁ ➄❁➊✤➄➇ú✮❿❻➎➐➂➃➄ ✁ ➀✻★✮ö➺➈ùú✏➉✹➄➌➊✤➈ù➀➞⑨✿★✮❿◆➈ù➀✤➂➅❿❻ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌ú✘➁➅❿❻➀❨➄➇➏➋➎ÿ➊✤➄ ➀✎❿✐✦➅➄➇➊➄✲⑨✿★✮❿❻÷➐❿❻➀✛ö✮➄➇➂➃➄➉➈➇➀✧⑨✿★✹➄➇➎➐➀
R1 =

⋃µ
i=1Ai{R(Γ(1))} ✫✯ô➡ú➝➁➃ý➇➈ ✁ ★✌➊➉➄➉ö➺➈ù➀✎➀✻♠✆✂➇❿❻÷✼➂➅❿❃☎➇➎øý➇➈s✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄➩➀✎❿❃☎✳★✮ú✌➆✮➈

Γ2
❧

µ
⋃

i=1

(BAi){R(Γ(1))} = B

(
µ
⋃

i=1

Ai{R(Γ(1))}
)

= B(R1) = R2,

➏❻➈ù➊î➈✚⑨✿★✮❿❻➂✩♠ø➄➇➊î➈ù➀✟➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇➂✢✫
r★➎ÿú✹➄➌÷ÿ➎✪✉❻➄➇➊î➈ù➀✟❿❻➀✻➁➃❿✑➏➑➄➇ö✏♠ ➁❝★✮÷➐➈❽➏❻➈ù➊ ★✮➊ ➎➐➊✤ö➺➈ù➂✎➁➃➄➇ú➝➁➃❿✓➁➃❿➋➈ù➂➅❿➋➊➉➄ ✁ ➈s⑨✿★✹➄➇÷ ✁ ➆✌❿✜➏❻❿➋➂✎➁➃➄s✝➚➈ù➂✎➊➉➄ ✁ ☎➇❿❻ú✮❿➨➁➂➃➄➇÷➐➎✪✉❻➄➩➄❽➎➐➆✏❧❻➎ÿ➄✿➆✮❿☎➂➅❿✢☎ù➎øý➇➈①✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷✶ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄➩➀✎❿❃☎✳★✮ú✌➆✮➈➉➀✩★✏⑩✏☎ù➂✩★✮ö✙➈➇➀❃❡

❖ ❨✿✒❚✎✑❨P❷❹✌ ør✎ ✺✽Ï❲➳❫❪✢➩✲➧
Γ2 6 Γ1 6 Γ(1)

❵ÜÏ❲➳
R1

Ð✾➯P➧s➩↕➦❝➳❱ß✲➾❈ÓP➥①➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪➈➩✲➲✍✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩
➫✣➳❱ß✲➯✬➚✹➭P➥

Γ1
➳✰➫✣➳

Γ1 =
⋃µ

i=1 Γ2Ai
Ð①➯✬➧s➩▲➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➾❊➹✤ÓP➥→➭P➳

Γ1
➳✄➧ ➮✄➲✈➩✑➫➋➫✣➳➋➫❆➲✈➩✲➪✐➳✄➦✩➩✲➾✪➫♣➭✲➾✪➫✄➪✙➾➬➚✥➪❱➩✑➫

➭P➳
Γ2 ❴ ➳✄➚✥➪➈ÓP➥ R2 =

⋃µ
i=1Ai(R1)

Ð✽➯✬➧s➩➒➦❝➳❱ß✲➾❈ÓP➥➺➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✬✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩♣➫✣➳❱ß✲➯P➚✹➭P➥
Γ2

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵➂➌P❿❻ö➺❿➋➁➃➎➐ú✮➆✮➈➀➁✝➀➅❿❽➈ù➀❈➄➇➂✩☎✳★✮➊î❿❻ú➝➁➃➈ù➀✽★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈ù➀✛ú✹➄❶➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈❨➆✌➈❄➔✵❿❻➈ù➂✎❿❻➊✤➄ ❼ t
ö✹➄➇➂➅➄

Γ1

ú✌➈❋÷✪★✏☎➝➄➌➂✜➆✮❿
Γ(1)

❿
Γ2

ú✮➈❋÷✪★✏☎ù➄➇➂✑➆✌❿
Γ ✁ ➏➋➈ùú✮➏➋÷✪★✮➎➐➊✤➈ù➀✰⑨✿★✮❿ R2

❧❳★✮➊✤➄✖➂➅❿✢☎ù➎øý➇➈❄✝❊★✮ú✮➆✹➄✑➁
➊✤❿➋ú➝➁ ➄➇÷❂➀➅❿✢☎✳★✮ú✮➆✮➈

Γ2

✫➣➌➲❿➋➀✎➁ ➄✤➁❭ú✮➈ù➀ ✁ ö✙➈➇➎ÿ➀ ✁ ö✮➂➅➈✣✂➌➄➇➂✰⑨P★✌❿③❿❻÷ø➄▲❧➫ö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄④✫ ✭ ➈➇➊✤➈
R1

❧➫➂➅❿✢☎ù➎øý➇➈



� ✺ ✑ ❭→❨ ó ✗✔✌❁❨✬✘①✸➈☛☞❉✓✠✓✌✏❷❹❨P❉■✜✣✌✥✗❈✘➞✘✢❨ ó ☛✓❉☞✠✍✒×✘➆☛ õ✓ó ✎✑☛✂✁➊✒✹✘ ☎✢✒
✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷Ñö✮➄➇➆✮➂➅➈➇ú✮➎✪✉❻➄➇➆✹➄◆➀➅❿✢☎✳★✮ú✮➆✌➈

Γ1 ✁ ö➺➈☞➆✮❿❻➊î➈ù➀➩➀✻★✌ö✙➈ù➂ R1 =
⋃ν

j=1Bj{R(Γ(1))} ✁ ➀➅❿❻ú✌➆✮➈
Γ(1) =

⋃ν
j=1 Γ1Bj

➄➩➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈♣⑨P★✌❿❈➁➅➈ù➂➅ú✹➄
R1

ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄✬✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ ➁➃❿➋➊✤➈ù➀

R2 =

µ
⋃

i=1

Ai(R1) =

µ
⋃

i=1

Ai

(
ν⋃

j=1

Bj{R(Γ(1))}
)

=

µ
⋃

i=1

ν⋃

j=1

(AiBj){R(Γ(1))}.

✇⑧☎ù➈ù➂➃➄ ✁ ➄➌þ✹➂✎➊➉➄➌➊✤➈ù➀✽⑨✿★✮❿ Γ(1) =
⋃µ

i=1

⋃ν
j=1 Γ2(AiBj)

❧➞★✮➊✤➄❜➆✮❿➋➏❻➈ù➊îö✙➈➇➀➅➎ÿü❻ý➇➈✖➆✌❿
Γ(1)

❿❻➊
µν➏➋÷ø➄➇➀✎➀➅❿❻➀P÷ÿ➄➌➁➃❿➋➂➃➄➇➎➐➀✟➆✮➎ÿ➀✻➁➃➎➐ú✘➁➃➄➇➀Ñ➊ ➃ ➆✏★✌÷ÿ➈ Γ2

✫✖❥✯❿✛✝ ➄➌➁➃➈ ✁

Γ(1) =

ν⋃

j=1

Γ1Bj =

ν⋃

j=1

(
µ
⋃

i=1

Γ2Ai

)

Bj =

µ
⋃

i=1

ν⋃

j=1

Γ2(AiBj),

➆✮❿ ➊î➈➙➆✮➈✕⑨✿★✮❿➽✂➌➄➇÷ÿ❿à➄♣➎✪☎✳★✮➄➇÷ÿ➆✹➄➌➆✮❿✲✫ ❥✯❿➋➀✎➁➃❿❸➊✤➈☞➆✮➈ ✁ ➀ ➃ ú✮➈ù➀❨➂➅❿➋➀✎➁ ➄♣ö✮➂✎➈✤✂➌➄➇➂✾⑨✿★✮❿❸➈ù➀
µν

❿❻÷ÿ❿➋➊✤❿➋ú✬➁
➁➅➈ù➀✖➆✮➈✂➏❻➈ùú✤✦✩★✮ú➝➁➃➈

C = {AiBj | 1 ≤ i ≤ µ ✁ 1 ≤ j ≤ ν} ➀➅ý➇➈❥➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀❨➊ ➃ ➆✏★✮÷➐➈ Γ2

✫ ❣ ➄➇➂➃➄
➁➃➄➇ú➝➁➃➈ ✁ ➀✻★✌ö✙➈ùú④➉✹➄➇➊î➈ù➀⑧⑨✿★✮❿ AiBj

❿
AkBl

❿➋➀✎➁➅❿✐✦➅➄➇➊❆ú✹➄❽➊✤❿➋➀➅➊✤➄î➏➋÷ø➄➇➀✎➀➅❿✑÷ø➄➌➁➅❿❻➂➃➄➌÷✶➆✮❿
Γ2
✫❤⑦✾❿❻➀✻➁➃❿✑➏➑➄➇➀✎➈ ✁

AiBj(AkBl)
−1 = AiBjB

−1
l A−1

k ∈ Γ2 ✁ ➆✮➈ùú✮➆✮❿ BjB
−1
l ∈ A−1

i Γ2Ak ⊂ Γ1

✫ ✭ ➈ù➊✤➈❨➈ù➀
B ë ➀✑➀➅ý➇➈➆✮➎➐➀✎➁➅➎ÿú➝➁➃➈ù➀✼➊ ➃ ➆✏★✮÷➐➈ Γ1 ✁ ➀✎❿❃☎✳★✮❿➂⑨✿★✮❿ j = l ✁ ➆✮➈ùú✮➆✌❿ AiA

−1
k ∈ Γ2

✫❪✇✧☎ù➈ù➂➅➄ ✁ ➏➋➈ù➊✤➈✯➈ù➀ A ë ➀✣➀➃ý➌➈✓➆✮➎ÿ➀✻➁➃➎ÿú➝➁➅➈ù➀➊ ➃ ➆④★✮÷ÿ➈ Γ2 ✁ ➁➃❿❻➊♣➁❭➀✎❿①⑨✿★✮❿ i = k
✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ AiBj = AkBl ✁ ➆✮➈ùú✌➆✮❿➩➈ù➀✛❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀✓➆✮➈③➏❻➈➇ú✑✦✩★✮ú➝➁➃➈

C
➀➅ý➇➈î➆✮➎ÿ➀✻➁➃➎ÿú➝➁➅➈ù➀Ñ➊ ➃ ➆✏★✮÷➐➈ Γ2 ✁ þ✹➏❻➄➇ú✮➆✮➈îö✮➂➅➈✣✂➌➄➇➆✮➈î➈➩➁➃❿➋➈ù➂➅❿➋➊➉➄④✫





✥ ❝✦❧✧✦✹❾❨❢❣❤✶❫ ï

❪❴❫✳❵❜❛ ❝✦❞ ✐ ð❍❢➡❼➡➠⑩ñ✱✐s❞ ❛ ❫ ❡❣❢❣❤✡❝➧❵❜✐s❞

➩➎✱✳✰ ò ❹➋❺✶②▲➔◆➷ ⑩ ➷ ①➇✶→②▲❹➨➭✵✶➋❹➟ó✟⑩❈⑧❶④☎⑤
❣ ➄➇➂➃➄→⑩➺❿❻➊✸➏❻➈ù➊îö✮➂✎❿❻❿❻ú✌➆✮❿❻➂✎➊✤➈ù➀✛➄➇➀✛➆✮❿→þ✹ú✮➎ÿü✢➎➙❿➋➀✛ú✹ý➇➈✤➁➃➂➅➎✈✂☞➎ø➄➇➎➐➀✾➆✮❿✰✝➚➈ù➂➅➊✤➄✤➊î➈➙➆④★✮÷ø➄➇➂P❿✿➆✌❿❆✝❊★✮ú✮ü❻ý➇➈③➊✤➈✑➁
➆✏★✌÷ø➄➇➂ ❯ ➁➅➎ÿö➺➈P❿❻➀➅ö➺❿❻➏✢♠➐þ✹➏➋➈✯➆✮❿✖✝➚➈ù➂➅➊✤➄Ñ➊✤➈☞➆✏★✮÷ÿ➄➇➂ ❢ ✁ ➄➇÷✪☎✲★✮ú✮➀▲➏❻➈ùú✌➏❻❿❻➎ ➁➃➈ù➀✵ö✮➂✩❧✢✂☞➎ÿ➈ù➀✵➆✮❿✄✂ù❿❻➂➅ý➇➈✛➀✎❿❻➂✵❿❻➀➅➏➋÷ø➄➇➂✎❿❻➏➋➎ÿ➆✮➈ù➀✢✫
❣ ➄➇➂➃➄③➈③➆✮❿➋➀➅❿❻ú➝✂➇➈ù÷✆✂☞➎ÿ➊î❿❻ú➝➁➅➈▲⑨✿★✮❿➩➀✎❿❃☎✳★✌❿ ✁ Γ

➆✌❿❻ú✮➈➇➁➃➄➇➂➃➍❳★✮➊❴➀✻★✏⑩④☎ù➂✻★✮ö➺➈③➆✮❿♣♠➐ú✮➆✮➎ÿ➏➋❿✜þ✹ú✮➎ ➁➃➈③❿➋➊
Γ(1) ✁ ➈☎ù➂✩★✮ö➺➈î➊î➈☞➆✏★✮÷ø➄➌➂❃✫

❣ ➄➌➂➃➄➒⑨✿★✮❿①★✌➊➉➄♣✝❊★✮ú✮ü❻ý➇➈ F ➀➅❿➄✦➅➄➉➏❻➈ùú✌➀➅➎ÿ➆✌❿❻➂➃➄➌➆✹➄➞✝➚➈ù➂✎➊➉➄❽➊✤➈☞➆✏★✮÷ÿ➄➇➂P➆✮❿❆☎➇➂➃➄✲★ −r ❯ ➈✲★✖➆✮❿✑ö✙❿➋➀➅➈✿ï➌➆✌➎✈➁➊î❿❻ú✮➀➅ý➇➈
r ✁ r ∈ R ❢ ✁ ➏➋➈ù➊➓➂➅❿➋➀➅ö➺❿❻➎ ➁➃➈✿➄

Γ ✁ ❿❻÷ø➄☎➆✮❿✄✂ù❿✛➀✎❿❻➂❂➆✮❿➋þ✹ú✌➎ÿ➆✹➄☎❿✾➊î❿❻➂✎➈ù➊î➈ù➂✩✝ ➄✓❿❻➊ H ✁ ❿✾➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉➋❿❻➂➄➩➀➅❿✢☎✳★✮➎➐ú✘➁➅❿☎❿❃⑨✿★✹➄➇ü❻ý➇➈s✝❊★✌ú✮➏❻➎➐➈ùú✹➄➇÷

F (Mτ) = υ(M)(cτ + d)rF (τ), τ ∈ H , ❯ t ✫ ❼✤❢
ö✹➄➌➂➃➄➫➏➑➄➌➆✹➄

M =

(

∗ ∗
c d

)

∈ Γ ✁ ➀✎❿❻ú✮➆✮➈ υ ★✮➊➉➄➒✝❊★✌ú✮ü➑ý➇➈✾⑨✿★✮❿î➄➇➀✎➀➅➈☞➏❻➎ø➄③➄➫➏❻➄➇➆✹➄
M ❯ ✂☞➎ÿ➀✻➁➃➈③➏❻➈➇➊✤➈

➊✤➄➌➁➃➂✎➎✪✉ ❢ ★✮➊ ú✿➓✮➊î❿❻➂➅➈ ➏❻➈➇➊✤ö✮÷➐❿→õ➙➈➽⑨✿★✮❿✖ö➺➈ù➀➅➀✩★✮➎Ñ➊ ➃ ➆✏★✌÷ÿ➈à➎✪☎✳★✮➄➇÷Ñ➄ ❼ ✁ ➈✲★✂➀✎❿✐✦➅➄ ✁ |υ(M)| = 1
ö✹➄➇➂➅➄

➏❻➄➇➆✹➄
M ∈ Γ ❯ ➈➇➀✯➏❻➈☞❿➋þ✮➏❻➎ÿ❿➋ú➝➁➃❿❻➀✾➆✮❿ M ➎ÿú✮➆✮➎➐➏➑➄➇➆✌➈ù➀Pö✙➈ù➂◗ô➩➀➅ý➇➈➉➎➐➂➅➂✎❿❻÷ÿ❿✄✂➌➄➇ú➝➁➃❿❻➀✾ö✹➄➇➂➅➄î➈ù➀✾ú✮➈ù➀✎➀➅➈ù➀✯➄➌➁❝★✹➄➌➎ÿ➀

➈✳⑩✿✦✎❿➋➁➃➎✈✂ù➈ù➀ ❢ ✫ ⑦✾➄♣❿✢⑨✿★✹➄➇ü➑ý➌➈ ❯ t ✫ ❼✣❢ ✁ ➄➌ö✹➄➇➂➅❿➋➏❻❿à➈➸➁➃❿➋➂➅➊î➈➸➏❻➈ù➊îö✮÷ÿ❿➬õ➙➈ (cτ + d)r ✫ ✭ ➈ù➊✤➈✕★✮➀✩★✹➄➇÷✓❿➋➊
✂➌➄➇➂✎➎ø➍➆✂ù❿➋➎ÿ➀Ñ➏❻➈➇➊✤ö✮÷➐❿→õ✌➄➇➀ ✁ ö✹➄➇➂➅➄ z ∈ C ✁ ➄➇➆✮➈➇➁➃➄➇➂➅❿➋➊✤➈➇➀Ñ➄î➏➋➈ùú➝✂ù❿➋ú✮ü➑ý➇➈✤➆✮❿✽⑨✿★✮❿

zr = |z|reir arg(z), −π ≤ arg(z) < π. ❯ t ✫ ✯ ❢
✇⑧☎ù➈ù➂➃➄ ✁ ❿➋➀✎➁➃➄✲⑩✙❿➋÷ÿ❿➋➏❻❿❻➂✎❿❻➊î➈ù➀✧★✌➊➉➄î➎ÿ➊îö✙➈ù➂✻➁ ➄➇ú➝➁➅❿❈➏➋➈ùú✮➆✮➎➐ü➑ý➇➈î➆✮❿✑➏❻➈ùú✮➀✎➎ÿ➀✻➁❝Ú❻ú✌➏❻➎ø➄✤ö✹➄➇➂➃➄✤➄s✝❊★✮ú✌ü➑ý➇➈ υ ✫ ❣ ➄➇➂➃➄
➁➃➄➇ú➝➁➃➈ ✁ ➀✩★✮ö✙➈➇ú✏➉✹➄➇➊î➈ù➀➂⑨✿★✮❿✑❿➬õ➙➎ÿ➀✎➁➃➄ τ ∈ H

➁ ➄➇÷ç⑨✿★✮❿
F (τ) 6= 0 ✁ ❿✑➆✌❿➋þ✹ú✹➄➌➊✤➈ù➀ Mi =

(

ai bi

ci di

)

∈

☎✏✎



☎ ➅ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

Γ ✁ ö✹➄➇➂➃➄ i = 1, 2, 3
❿
M3 = M1M2

✫❵❥✾❿❻➀➅➀✎❿✜➊î➈➙➆✌➈ ✁
υ(M3)(c3τ + d3)

rF (τ) = F (M3τ)

= F (M1(M2τ))

= υ(M1)(c1(M2τ) + d1)
rF (M2τ)

= υ(M1)(c1M2τ + d1)
rυ(M2)(c2τ + d2)

rF (τ),

➆✮❿✓➁ ➄➇÷Ø➊➉➄➇ú✌❿❻➎ÿ➂➅➄①⑨✿★✮❿ ✁ ➀➅❿ F (τ) 6= 0 ✁ ➁➅❿❻➊♣➁❭➀✎❿✛⑨P★✌❿

υ(M3)(c3τ + d3)
r = υ(M1)υ(M2)(c1M2τ + d1)

r(c2τ + d2)
r. ❯ t ✫ t ❢

⑦✾➈➇➁➅❿ ✁ ➄➇➎➐ú✮➆✹➄ ✁ ⑨✿★✮❿

M3 = M1M2 =

(

a1 b1

c1 d1

)(

a2 b2

c2 d2

)

=

(

a1a2 + b1c2 a1b2 + b1d2

c1a2 + d1c2 c1b2 + d1d2

)

,

➆✮❿☎➊✤➈☞➆✮➈♣⑨✿★✮❿
c3 = c1a2 + d1c2

❿
d3 = c1b2 + d1d2

✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁
c3τ + d3 = (c1a2 + d1c2)τ + c1b2 + d1d2,

➆✮➈ùú✮➆✌❿ ✁ ➏➑➄➌➀➅➈ r ➀➅❿➄✦➅➄î➎➐ú✘➁➅❿❻➎➐➂➅➈ ✁
(c1M2τ + d1)

r(c2τ + d2)
r =

(

c1

(
a2τ + b2
c2τ + d2

)

+ d1

)r

(c2τ + d2)
r

=

(
(c1a2 + d1c2)τ + c1b2 + d1d2

c2τ + d2

)r

(c2τ + d2)
r

=
((c1a2 + d1c2)τ + c1b2 + d1d2)

r

(c2τ + d2)r
(c2τ + d2)

r

= (c3τ + d3)
r.

ô✣➊ ☎ù❿❻➂➅➄➇÷ ✁
(
z1
z2

)r

=
zr
1

zr
2

e2πinr,

ö✹➄➇➂➅➄✜➄➇÷✆☎✳★✮➊✕➎➐ú✘➁➅❿❻➎➐➂➅➈
n
✫Ù➔✵➈ù➂➅ú✮➄✑➁❭➀✎❿✾❿✄✂➙➎➐➆✮❿❻ú➝➁➅❿ ✁ ➆✌❿❻➀✎➁➃➄✰✝➚➈ù➂✎➊➉➄ ✁ ⑨✿★✮❿ ✁ ⑨✿★✹➄➇ú✌➆✮➈ r ❧➲➎ÿú➝➁➃❿➋➎ÿ➂➅➈ ✁ ➈✜❿→õ➙ö➺➈➙❿➋ú➝➁➃❿➆✹➄➣✝➚➂➃➄➌ü➑ý➇➈➍❧➫➎✆☎✳★✹➄➇÷❍û➣✝➚➂➃➄➌ü➑ý➇➈◆➆✌➈ù➀➩❿→õ➙ö➺➈➙❿➋ú✘➁➅❿❻➀ ✁ ➈✳★➸➀✎❿✐✦➅➄ ✁ (z1

z2

)r

= z1
r

z2
r
✁ ✝ ➄➌➁➃➈➣⑨P★✌❿❳★✌➁➃➎➐÷ÿ➎✪✉❻➄➇➊î➈ù➀✑ú✮➄ö✙❿➋ú✿➓✮÷➐➁➅➎ÿ➊✤➄✛➆✹➄➇➀❂ö✹➄➇➀➅➀➅➄✲☎ù❿➋ú✮➀❲➄➌➏❻➎ÿ➊✤➄④✫☞è✡➈✳☎ù➈ ✁ ú✮❿➋➀➅➀➅❿✾➏➑➄➇➀✎➈ ✁ ➈✑➏❻➄➇ú✮➏➋❿❻÷ø➄➌➊✤❿➋ú✘➁➅➈✑ú✮➄❈➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿ ❯ t ✫ t ❢ ➏❻➈ùú✬➁➆✏★✏✉➩û➫➎➐➆✮❿❻ú➝➁➅➎ÿ➆✹➄➇➆✌❿

υ(M1M2) = υ(M1)υ(M2) ❯ ➈ù➀✯➁➃❿➋➂➅➊î➈ù➀✯➏❻➄➇ú✮➏➋❿❻÷ø➄➌➆✮➈ù➀✛➀✎❿❻➂➅❿➋➊ ú✹ý➌➈③úP★✌÷ÿ➈ù➀✾➀➅❿❃☎✲★✮❿
➆✮➈①✝ ➄➌➁➅➈✿➆✮❿✛⑨✿★✮❿☎➄➇➀✟➊✤➄➌➁➅➂➅➎✪✉➋❿❻➀✟➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✹➄➌➀✟➀➃ý➇➈➩❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈ù➀✟➆✮❿

Γ(1) ❢ ✫➡ô✣ú✘➁➅➂➅❿✓➈✳★➙➁➃➂➃➄➌➀✟➏❻➈ùú✌➀➅❿❃⑨❳❲✏Ú➋ú✬➁➏❻➎ÿ➄➇➀Ñ➆✮➎ÿ➀✎➀➅➈ ✁ ➁➅❿❻➊î➈ù➀➺⑨✿★✮❿ ✁ ⑨✿★✹➄➌ú✮➆✮➈ r ❧☎➎ÿú➝➁➃❿➋➎ÿ➂➅➈ ✁ ❿❻ú➝➁➃ý➇➈ υ ❧✽★✮➊✱➏❻➄➇➂➃➍➌➁➅❿❻➂P➄➇➀✎➀➅➈☞➏❻➎ÿ➄➇➆✮➈î➄➇➈❽➀✻★✏⑩④☎ù➂✻★✮ö➺➈
Γ
✫



☎ ✺ ø ❍❲✗✙✘✢✜➆❨✬❷↕✌➽❷ ☛✓❅➬✜✤✗✔✁☞❅❈✗✙❺✳✌✥✠✍✒❚✎ ☎ ↔
ô★õ➙➎ÿ➀✻➁➃❿❻➊➧➆✮➎✈✂ù❿❻➂✎➀➅➈ù➀★❿❻➀✎➁✻★✮➆✮➈ù➀✣➀✎➈✳⑩✮➂✎❿➅✝➚➈ù➂➅➊✤➄➇➀✵➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀✼➆✌❿❤☎ù➂➃➄➀★✜➎ÿú➝➁➅❿❻➎ÿ➂✎➈✯❿ ✁ ➊✤❿➋➀➅➊î➈✛ú✮❿➋➀➅➀➅❿Ñ➏❻➄➇➀➅➈ ✁ ❿❻÷ÿ➄➇➀➀➅ý➇➈③➀✻★✏⑩➺➆✮➎✈✂➙➎➐➆✮➎ÿ➆✮➄➇➀✛ú✮➈ù➀✧☎ù➂➃➄✲★✌➀✓ö✹➄➇➂✛❿①♠➐➊✤ö✮➄➇➂❃✫✷♥✡⑩➝✂☞➎ø➄➇➊î❿❻ú➝➁➃❿ ✁ ú✮❿❻➀✎➀➅❿➋➀❈➏❻➄➇➀➅➈➇➀✓ö✹➄➇➂✎➁➅➎ÿ➏✢★✮÷ø➄➇➂✎❿❻➀ ✁ ❿→õ➙➎ÿ➀✻➁➃❿➋➊➊✤➄➇➎ÿ➀❂ö✮➂✎➈ùö✮➂➅➎➐❿❻➆✹➄➌➆✮❿❻➀✟➆✌➈♣⑨P★✌❿✓ú✮➈✿➏➑➄➌➀➅➈✚☎ù❿❻➂➅➄➇÷❱✫★ô✣ú✘➁➅➂➅❿→➁ ➄➇ú➝➁➃➈ ✁ ö✙❿➋÷ÿ➈ù➀❲ú✮➈ù➀➅➀✎➈ù➀Ñ➈✳⑩P✦✎❿→➁➃➎✈✂ù➈ù➀ ✁ ✝ ➄➇➂✎❿❻➊î➈ù➀➅★✮➊✤➄➄✲⑩➺➈ù➂✎➆✹➄✲☎ù❿➋➊❃➁ ý➌➈s☎➇❿❻➂➃➄➌÷ç⑨P★✮➄➇ú➝➁➃➈îö✙➈ù➀✎➀✻♠✈✂ù❿❻÷✡➆✌❿✽✝➚➈➇➂➅➊✤➄➇➀Ñ➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀❃✫

û ➈ù÷ ➁ ➄➇ú✮➆✌➈✖➄➇➈✖➄➇➀➅➀✩★✮ú➝➁➃➈◆ö✌➂➅➎ÿú✌➏❻➎ÿö✮➄➇÷✣➆✮❿❻➀✻➁ ➄✖➀✎❿❻ü❻ý➇➈ ✁ ❿➋➀✎➁ ➄➌➊✤➈ù➀❈❿❻➊♠➏➋➈ùú✮➆✮➎➐ü❃➎☞❿❻➀❈➆✮❿➉➏➋➈ù➊✤ö✌➂➅❿❻❿➋ú✮➆✮❿➋➂✿➄
➀✎❿❃☎✳★✮➎➐ú➝➁➃❿☎➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈✏❡

✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ø ✺❑⑤⑥➶➨➯✬➚❚➹✤ÓP➥➍➮➋➥✑➧✧✃✹➲✪➳✩❰✿➩
υ
Õ❃➯✥➳→➩✄✃④➩✲➦❝➳➋➮➋➳→➳✄➧ ❦ ➼ ❵❻❢ ❧ ➳✚➫❃➩✲➪✙➾✪➫❊➶✢➩✞❼→➩↕➮➋➥✑➚✹➭✲➾❊➹✤ÓP➥❄➭P➳❳➮➋➥✑➚✥ã

➫✄➾✪➫✄➪õ❜✄➚❁➮✄➾❈➩❳➳✩❰✢✃✹➲➷➾❱➮✄➾➬➪❱➩➝➭➝➩✛✃✥➥✑➦ ❦ ➼ ❵ ➼ ❧ ➦❝➳➋➮➋➳❃á✄➳✰➥s➚❁➥✑➧➒➳✷➭P➳✑➀➅➎➐➀✎➁➃❿➋➊➉➄➩➊①★✌÷➐➁➃➎➐ö✮÷ÿ➎➐➏➑➄➇➆✌➈ù➂✛➭P➳⑧ß✲➦✩➩✲➯ −r ✃④➩✲➦✩➩✾➥
➫✄➯④á➄ß✲➦➨➯✤✃✥➥

Γ
❵

❋ õ ✘❃❨✿✎ ➐ ✌✥ö✍✌❲❨P✘❾ö
❼ ✫✟✇✾ö ➃ ➀✾➄➩❿✢⑨P★✮➄➇ü➑ý➇➈ ❯ t ✫ ❼✤❢ ✁ ➏❻➈➇➊✤❿➋ú✘➁➃➄➇➊î➈ù➀➺⑨✿★✮❿ υ ❧✽★✮➊➉➄❆✝❊★✌ú✮ü➑ý➇➈î➆✮➈s☎ù➂✻★✌ö✙➈❽➆✮❿☎➊✤➄➌➁➃➂✎➎✪✉❻❿➋➀P➄➇➀➅➀✎➈➀➁
➏➋➎ø➄➇➆✌➈❶➄

Γ
✫ ✭ ➈ù➊t➎ÿ➀✎➀➅➈ ✁ ⑨✿★✮❿➋➂➅❿➋➊✤➈ù➀☎➆✮➎✆✉❻❿➋➂✛⑨P★✌❿ ✁ ❿❻➊①⑩➺➈ù➂➅➄③➄➇➀✓➊➉➄➮➁➃➂➅➎✆✉❻❿➋➀ M ∈ Γ

❿ −M ∈ Γ ✁➏➋➈ù➊î➈❨➁➅➂➃➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü✢➎➙❿➋➀❈÷➐➎ÿú✮❿❻➄➇➂➅❿➋➀✷✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄➇➀ ✁ ➀➅❿➄✦➅➄➇➊♠➈✖➊î❿❻➀➅➊î➈❨❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈ ✁ ö✙➈☞➆✮❿➋➊✤➈ù➀✓➁➅❿❻➂
υ(M) 6= υ(−M)

✫❹②❭➀✻➁➃➈àö✙➈☞➆✮❿➫➀✎❿❻➂①✝ ➄➇➏➋➎ÿ÷➐➊✤❿➋ú✘➁➅❿➞✂➇❿❻➂➅➎ þ✹➏➑➄➌➆✮➈ ➄➇ö✮÷ÿ➎➐➏➑➄➇ú✌➆✮➈➀➁❭➀✎❿➫➄❋➂➅❿➋÷ø➄➇ü❻ý➇➈ ❯ t ✫ t ❢ö✮➄➇➂➃➄
M1 = M2 = I

❿ ✁ ❿❻➊✪➀➅❿❃☎✲★✮➎ÿ➆✹➄ ✁ ö✹➄➇➂➃➄ M1 = M2 = −I ✫❬⑦➲➈❽ö✮➂➅➎➐➊✤❿➋➎ÿ➂➅➈✜➏➑➄➇➀✎➈ ✁ ➁➃❿➋➊✤➈ù➀

υ(I · I)(0τ + 1)r = υ(I)υ(I)(0τ + 1)r(0τ + 1)r,

➆✌➈ùú✮➆✮❿
υ(I) = [υ(I)]2

❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ υ(I) = 1 ✁ ★✮➊✤➄✾✂➇❿❃✉→⑨✿★✮❿
υ(I) 6= 0

✫✾⑦➲➈✖➀➅❿✢☎✳★✮ú✮➆✌➈ ✁➁➅❿❻➊î➈ù➀
υ((−I) · (−I))(0τ + 1)r = υ(−I)υ(−I)(0τ − 1)r(0τ − 1)r,

➆✌➈ùú✮➆✮❿
υ(I) = (−1)2r[υ(−I)]2 = (e−πi)2r[υ(−I)]2 ✁ ➈✳★ [υ(−I)]2 = e2πir ✫➣è✡➈✳☎ù➈ ✁ ➀➅❿ rú✮ý➇➈♣✝➚➈ù➂Ñ➎ÿú➝➁➃❿➋➎ÿ➂✎➈ ✁ ❿➋ú✘➁➃ý➇➈ υ(−I) 6= 1 = υ(I)

✫

✯P✫✧♦☞❿✾❿➬õ✌➎➐➀✎➁➅➎ÿ➂
τ
➁➃➄➇÷❚⑨✿★✮❿

F (τ) 6= 0 ✁ ö✹➄➌➂➃➄❈➄➇÷✪☎✳★✌➊➉➄✡✝❊★✮ú✮ü❻ý➇➈ F ➏❻➈ù➊î➈✜➄☎❿→õ➙➎✆⑩✮➎ÿ➆✹➄☎❿❻➊ ❯ t ✫ ❼✤❢ ✁ ❿❻ú➝➁➃ý➇➈
υ(I) = 1

❿
υ(−I) = eπir ✫Ù❥✯❿❤✝ ➄➌➁➃➈ ✁ ⑩✹➄➇➀✻➁ ➄✡⑨✿★✮❿P➄➇ö✮÷➐➎✪⑨✿★✮❿➋➊✤➈ù➀ ❯ t ✫ ❼✤❢ ö✮➄➇➂➃➄ M = I

❿✟➁ ➄➇➊❆⑩■❧➋➊
ö✮➄➇➂➃➄

M = −I ✁ ➀✩★✮ö✙➈➇ú✮➆✮➈✡⑨✿★✮❿ F (τ) 6= 0
✫☞⑦✾➈✯ö✮➂➅➎➐➊✤❿➋➎ÿ➂➅➈➲➏➑➄➌➀➅➈ ✁ F (τ) = F (Iτ) = υ(I)(0τ+

1)rF (τ) ✁ ➆✮➈ùú✮➆✮❿ υ(I) = 1
❿ ✁ ú✮➈◆➀✎❿❃☎✳★✌ú✮➆✮➈ ✁ F (τ) = F (−Iτ) = υ(−I)(0τ − 1)rF (τ) ✁➆✌➈ùú✮➆✮❿

υ(−I) = eπir ✫
✇⑧☎ù➈ù➂➅➄ ✁ ★✌➁➃➎➐÷ÿ➎✪✉❻➄➇ú✮➆✮➈✑➁❭➀➅❿ ❯ t ✫ t ❢ ö✹➄➇➂➃➄ M1 = −I ❿

M2 = M ∈ Γ ✁ ➈✳⑩➙➁➃❿❻➊î➈ù➀③➄❁➀✎❿❃☎✳★✌➎ÿú➝➁➃❿



✑✖✕ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

➂➅❿➋÷ø➄➇ü❻ý➇➈✏❡

υ(−M)(−cτ − d)r = υ(−IM)(−cτ − d)r

= υ(−I)υ(M)(0τ − 1)r(cτ + d)r

= eπirυ(M)e−πir(cτ + d)r

= υ(M)(cτ + d)r.

➩➺✱↕➜ ÷ ④✜➣➩②▲④✑❺ø➭❨⑩✓⑤✒⑩✷➠úù➛✶→❹➟ó❲④✜❺
②❭ú✮➎ÿ➏➋➎ø➄➇➊î➈ù➀✟➏➋➈ù➊ ➄➩➆✮❿→þ✹ú✮➎ÿü❻ý➇➈❽➆✮➈î➎ÿ➊îö✙➈ù➂✻➁ ➄➇ú➝➁➅❿✛➏❻➈ùú✌➏❻❿❻➎ ➁➃➈✚⑨✿★✮❿☎➆✹➍❽ú✮➈ù➊î❿☎➄❽❿➋➀✎➁➃➄î➀✎❿❻ü➑ý➌➈✏❡
✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ � ✺❤Ï❲➳❫❪✢➩

R
➯✬➧s➩♣➦❝➳❱ß✲➾❈ÓP➥➅➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲❚➫✣➳❱ß✲➯P➚✹➭P➥

Γ
❵➺➃✍➧ ö➺➈ùú➝➁➃➈✿ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ ❦ ➥✑➯❳ê✲Ð✄➦➨ã

➪✙➾❱➮➋➳☞✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥ ❴ ➥✑➯➒➮✄é➝➫➄✃✹➾❈➭P➳☞✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮✻➩ ❧ ➭P➳ Γ
➳✄➧

R
Ð➂Õ❃➯✏➩✲➲✈Õ❃➯✥➳✄➦☞✃✥➥✑➚✥➪➄➥✽➭P➳

R∪{∞} ✃✥➳✄➦➨➪➄➳✄➚❁➮➋➳✄➚✥➪✐➳➩
R
❵
❋ õ ✘✢❨P✎ ➐ ✌✥ö✍✌❲❨P✘❾ö
❼ ✫✟⑦✯➄❨➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈◆➄➇➏➋➎ÿ➊✤➄ ✁ R

❧➉➈✖❿➋➎ õ➙➈✖➂✎❿➑➄➇÷ ✁ ➎➐➀✎➁➅➈❄❧ ✁ ➈✖➏➋➈ùú✑✦✩★✮ú➝➁➃➈❜➆✮➈ù➀✑➏❻➈ù➊îö✮÷ÿ❿➬õ➙➈ù➀ z = x + iy➁ ➄➌➎ÿ➀✛⑨✿★✮❿
y = 0 ✁ ❿ ∞ ➆✌❿✢✂ù❿î➀➅❿➋➂✛✂➙➎➐➀✎➁➅➈❜➏➋➈ù➊✤➈❳★✌➊❣ö✙➈ùú➝➁➅➈❨ú✌➈❜➎➐ú✌þ✹ú✮➎ ➁➃➈③❿❻➊ ➂➅❿❻÷ÿ➄➇ü➑ý➌➈❜➄➌➈❨❿➋➎ õ➙➈

➎ÿ➊✤➄✲☎ù➎➐ú✹➍➇➂✎➎ÿ➈❈ö✙➈ù➀✎➎➐➁➅➎✆✂ù➈ ✁ ➀➅❿➋ú✮➆✮➈➞★✮➀✻★✹➄➌÷ÿ➊î❿❻ú➝➁➃❿✓➆✮❿➋ú✮➈➇➁➃➄➇➆✮➈îö✙➈ù➂ i∞ ✫
✯✬✫➂✇❥ö✹➄➌➂✎➁➃➎➐➂✒➆✮❿P➄✲☎➇➈ù➂➃➄ ✁ ➄➇➆✮➈➇➁➃➄➇➂➅❿➋➊✤➈➇➀✣➄✛➏❻➈ùú➝✂➇❿❻ú✮ü❻ý➇➈✜➆✮❿➺⑨✿★✮❿ ∞ = 1/0

❧❤★✌➊✳ö➺➈ùú➝➁➃➈☎➂➃➄➇➏➋➎ÿ➈ùú✮➄➇÷❱✫☞♦➙❿
R

✝➚➈ù➂❵★✮➊✤➄☎➂➅❿❃☎➇➎øý➇➈✛✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✹ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄❈➆✌❿
Γ ✁ ➏❻➈ù➊î➈✑➄❈➏➋➈ùú✮➀✎➁➅➂✻★✏♠➐➆✹➄☎ú✮➈❆➔✵❿❻➈ù➂✎❿❻➊✤➄ ❼ t➆✮➈ ✭ ➄➇ö✏♠➐➁✻★✮÷ÿ➈❆✯ ✁ ❿❻ú➝➁ ý➌➈✑➁➃➈☞➆✮➈ù➀❂➈ù➀❍ö✙➈ùú➝➁➅➈ù➀❍ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈➇➀❂➆✌❿ Γ

❿❻➊
R
➀➅ý➇➈✜ú✿➓✮➊î❿❻➂✎➈ù➀❲➂➅➄➇➏❻➎➐➈ùú✹➄➇➎➐➀❃✫

❥✯❿✧✝ ➄➮➁➃➈ ✁ ö✙❿➋÷ø➄✑➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ü➑ý➌➈❽➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂❍❿✛ö➺❿❻÷ÿ➈✰➔✼❿➋➈ù➂➅❿➋➊➉➄✚✯❈➆✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈♣✯ ✁ ➈♣➓✮ú✮➎➐➏❻➈✿ö➺➈ùú➝➁➃➈✿➆✌❿
R ∪ {∞} ö✙❿➋➂✎➁➃❿➋ú✮➏❻❿➋ú➝➁➃❿✿➄ R(Γ(1))

❧❈➈❽ö➺➈ùú➝➁➃➈ ∞ ✫❵✇✯÷✆❧❻➊✪➆✌➎ÿ➀➅➀✎➈ ✁

R =

µ
⋃

i=1

Ai{R(Γ(1))} =

µ
⋃

i=1

Ai

{

R(Γ(1))
}

.

⑦✾➈ ✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈✽✯ ✁ ö➺❿❻÷ÿ➄✓➎✪☎✳★✹➄➌÷ÿ➆✹➄➇➆✌❿ ❯ ✯P✫ ✯ ❢ ✁ ➏❻➈ùú✌➏❻÷✪★✌➎ÿ➊î➈ù➀❪⑨✿★✮❿P➈ù➀➡❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀✣➆✮❿ Γ(1)
ö✌➂➅❿❻➀✎❿❻➂➇✂➇➄➌➊

➈ù➀✛➀✎❿❻➊î➎ÿö✮÷ÿ➄➇ú✮➈ù➀✾➀✻★✮ö➺❿❻➂✎➎ÿ➈ù➂✯❿➩➎ÿú④✝➚❿➋➂➅➎ÿ➈➇➂✾❿✿➈③❿➋➎ õ➙➈③➂➅❿❻➄➇÷
R
✫ ❣ ❿❻÷ÿ➄➫➊✤❿➋➀➅➊✤➄➫➎✪☎✳★✮➄➇÷ÿ➆✹➄➌➆✮❿ ✁ ö✙➈☞➆✮❿➋➊✤➈ù➀➏❻➈➇ú✮➏❻÷✆★✮➎ÿ➂✓⑨✿★✮❿Ñ➈ù➀★❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈ù➀✒➆✮❿

Γ(1)
➁ ➄➇➊①⑩✹❧❻➊❱ö✮➂✎❿❻➀✎❿❻➂✩✂➌➄➇➊✦➈✛❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ ∞ ✫Ùè✡➈✳☎ù➈ ✁ ➈ù➀Ù➓✌ú✮➎ÿ➏➋➈ù➀ö➺➈ùú➝➁➃➈ù➀▲ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✶➆✌❿ Γ

❿➋➊
R
➀➅ý➇➈✯➈ù➀▲ö➺➈ùú➝➁➃➈ù➀

Ai(∞) ✁ ö✹➄➇➂➃➄ 1 ≤ i ≤ µ ✁ ⑨✿★✮❿❍➀➅ý➇➈➲úP➓✌➊✤❿➋➂➅➈ù➀➂➃➄➌➏❻➎ÿ➈➇ú✹➄➇➎ÿ➀ ✁ ➆✹➄➇➆✮➈❄⑨P★✌❿➉➈ù➀
A ë ➀✑➀➅ý➇➈❜➁➅➂➃➄➇ú✌➀✩✝➚➈ù➂✎➊➉➄➇ü✢➎➙❿➋➀✑÷➐➎ÿú✮❿❻➄➇➂➅❿➋➀✛✝➚➂➃➄➇➏➋➎ÿ➈ùú✹➍➌➂➅➎ø➄➌➀✓➆✮❿î➏❻➈☞❿➋þ✹➏➋➎ÿ❿❻ú➝➁➅❿❻➀➎ÿú➝➁➅❿❻➎ÿ➂✎➈ù➀❃✫çôÙ✂☞➎ÿ➆✮❿➋ú✮➏❻➎ÿ➄✑➁❭➀✎❿✖ú✮❿➋➀✎➁ ➄❸ö✮➂➅➈ùö✌➂➅➎ÿ❿➋➆✹➄➇➆✮❿❄★✮➊ ⑩✙➈➇➊ ➊î➈➇➁➅➎✆✂ù➈❸ö✹➄➇➂➅➄❸➀➅❿❜➁➃➂➃➄➀⑩✹➄➇÷✪➉✮➄➇➂❽➏❻➈ù➊

➂➅❿✢☎ù➎✪➎☞❿❻➀❤✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌➎ÿ➀Ñö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄➇➀❃✫



☎ ✺ � ✶✡✒✹❉■✜✣✒✹✘✈✁✓✌✏✎✤✌ õ ❝✹❅✙✗❈❺✳✒✹✘ ✑✓ø
t ✫⑧⑦✾➄❸➈✳⑩✌➀➅❿❻➂➇✂➌➄➇ü➑ý➇➈ñ➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂ ✁ ✂☞➎➐➊✤➈ù➀✚⑨✿★✮❿❜➈ù➀➞➓✌ú✮➎ÿ➏➋➈ù➀✤ö➺➈ùú➝➁➃➈➇➀✤ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀➩➆✌❿ Γ

❿➋➊
R

➀➅ý➇➈
➈➇➀➉ö➺➈ùú➝➁➃➈ù➀

A1(∞), A2(∞), . . . , Aµ(∞) ✁ ➈ù➀➞⑨✿★✹➄➇➎ÿ➀î➆✮❿➋ú✮➈➇➁ ➄➌➂➅❿❻➊î➈ù➀s✝➚➂➅❿❃⑨❳❲✮❿➋ú➝➁➃❿❻➊î❿❻ú➝➁➅❿ qi =

Ai(∞) ✁ ö✹➄➇➂➅➄ 1 ≤ i ≤ µ
✫ ✭ ➈ù➊✤➈s✂ù❿➋➂➅❿❻➊î➈ù➀✾❿❻➊❆❿→õ➙❿❻➊îö✮÷➐➈ù➀✟✝❊★➙➁❝★✮➂✎➈ù➀ ✁ ❿❻➀✻➁➃❿❻➀✯ö✙➈ùú➝➁➅➈ù➀✾ú✮ý➇➈➫➀➃ý➌➈ú✌❿❻➏❻❿➋➀➅➀➅➄➇➂➅➎ÿ➄➇➊✤❿➋ú➝➁➃❿☎➆✮➎ÿ➀✻➁➃➎➐ú✘➁➅➈ù➀ ✁ ➎ÿ➀✎➁➅➈✚❧ ✁ ö➺➈➙➆✮❿✓➈☞➏❻➈➇➂➅➂➅❿➋➂➂⑨P★✌❿❈❿➬õ➙➎ÿ➀✎➁➃➄➇➊ i 6= j ❯ 1 ≤ i, j ≤ µ ❢ ➁➃➄➇➎ÿ➀⑨✿★✮❿

qi = qj
✫✰⑦➲❿❻➀✻➁➃❿➩➏➑➄➌➀➅➈ ✁ Ai(∞) = Aj(∞) ✁ ➈✳★ A−1

j Ai(∞) = ∞ ✫ ✭ ➈ù➊î➈✷✦➅➍➒✂☞➎ÿ➊î➈ù➀✯ú✮➈
✭ ➄➌ö✏♠➐➁✻★✮÷ÿ➈→✯ ✁ Γ(1)

❧①☎ù❿➋➂➃➄➇➆✌➈➫ö✙➈➇➂
S
❿
T ✁ ➆✮➈ùú✌➆✮❿ A−1

j Ai ∈ Γ(1)
➆✌❿✢✂ù❿➩➀✎❿➩❿→õ➙ö✮➂✎❿❻➀➅➀➅➄➇➂✓➏❻➈➇➊✤➈

★✌➊ ö✮➂➅➈☞➆✏★✌➁➅➈ þ✮ú✮➎➐➁➅➈ ➆✌❿❶➁➅❿❻➂✎➊✤➈ù➀❽➆✹➄➍✝➚➈ù➂✎➊➉➄
T ε ❿ Sδ ✁ ➀✎❿❻ú✮➆✌➈ ε = ±1

❿
δ = ±1

✫ ❣ ➄➌➂➃➄
⑨✿★✮❿

A−1
j Ai(∞) = ∞ ✁ ú✹ý➇➈î➆✮❿✄✂ù❿✿➄➌ö✹➄➇➂➅❿➋➏❻❿➋➂ ✁ ú✹➄❽❿→õ➙ö✮➂➅❿➋➀➅➀➅ý➇➈➫➆✮❿ A−1

j Ai ✁ ú✮❿❻ú④➉P★✌➊❆➁➅❿❻➂✎➊✤➈î➆✹➄
✝➚➈➇➂➅➊✤➄

T ε ✁ ö➺➈ù➎ÿ➀ T (∞) = −1/∞ = 0
❿
T−1(∞) = 1/(−∞) = 0

✫⑧è✡➈✳☎ù➈ ✁ A−1
j Ai = Sn ✁ö✮➄➇➂➃➄③➄➇÷✆☎✳★✮➊✸➎ÿú➝➁➃❿➋➎ÿ➂✎➈

n ✁ ➆✮➈➇ú✮➆✮❿➩➀➅❿✢☎✳★✮❿✚⑨✿★✮❿ Ai = AjS
n ✫✜ô➡➊❆⑩✙➈ù➂➅➄➉➁➃➂✎➎✆✂☞➎ø➄➇÷ ✁ ❿➋➀✎➁➅❿î➂✎❿❻➀✩★✮÷➐➁➃➄➇➆✮➈➀✎❿❻➂➅➍s★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈✿ö✹➄➇➂➅➄➩➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌➂Ñ➈➞è✡❿➋➊➉➄ ❼ ✁ ⑨✿★✮❿☎ú✮➈ù➀P➀✎❿❻➂➃➍❽➆✮❿✽☎ù➂➅➄➇ú✮➆✮❿✽★✌➁➅➎ÿ÷ÿ➎➐➆✹➄➇➆✮❿➀✫

❣ ➄➇➂➃➄❽➀➅❿✓þ✌õ✌➄➇➂P➈❽➀➅❿✢☎✳★✮➎ÿú➝➁➅❿❈÷➐❿❻➊✤➄ ✁ ö✌➂➅➈☞➏❃★✮➂✎❿❈➎➐ú➝➁➃❿❻➂✎ö✮➂➅❿→➁ ➍✑➁✝÷ÿ➈♣☎ù❿➋➈ù➊î❿➋➁➃➂✎➎ÿ➏❻➄➇➊✤❿➋ú➝➁➃❿✲❡

✔❵❨P❷❹✌ ø ✺✽Ï❲➳❫❪✢➩
R =

⋃µ
i=1Ai{R(Γ(1))} ➯P➧s➩❫➦❝➳❱ß✲➾❈ÓP➥✰➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲❁✃④➩➝➭✲➦➋➥✑➚✥➾④❼✣➩➝➭➝➩❳➫✣➳❱ß✲➯✬➚✹➭P➥

Γ➳
qi = Ai(∞) ❦ 1 ≤ i ≤ µ ❧ ➥✣➫✧✃✥➥✑➚✥➪➄➥✣➫✧✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫s➭P➳

Γ
➳✄➧ ➪❱➩✲➲Ù➦❝➳❱ß✲➾❈ÓP➥❾❵➞Ï❲➳

τ → qi

➩♣✃④➩✲➦➨➪❈➾➬➦
➭P➳✛✃✥➥✑➚✥➪➄➥✣➫➞➭P➳

R ❴ ➳✄➚✥➪➈ÓP➥ A−1
i (τ) → ∞ ➩s✃④➩✲➦➨➪❈➾➬➦➞➭P➳✛✃✥➥✑➚✥➪✐➥✣➫➞➭P➳s➯P➧s➩✰➶✢➩✲➾ ❰✿➩❄ê✲➳✄➦➨➪❈➾❱➮✻➩✲➲✖➭➝➩✷➶➆➥✑➦➨➧s➩

Im(z) > 0 ❴ ai < Re(z) < bi ❴ ➥✑➚✹➭P➳ ai, bi ∈ R
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ✭ ➈➇➊✤➈
τ → qi = Ai(∞) ✁ ❿❻ú➝➁ ý➌➈ A−1

i (τ) → A−1
i (Ai(∞)) = ∞ ✁ ★✮➊✤➄❫✂ù❿✢✉

⑨✿★✮❿
Ai

❧à➏❻➈➇ú✘➁✻♠ÿú✿★✹➄④✫ ➌P❿❻➀✻➁ ➄✑➁✝ú✮➈ù➀ ✁ ❿❻ú➝➁ ý➌➈ ✁ ö✮➂✎➈✣✂➇➄➌➂❳⑨P★✌❿ ➁➃➄➇÷✛➏❻➈➇ú✿✂➇❿❻➂✩☎✳Ú❻ú✮➏➋➎ø➄➭➈➙➏➋➈ù➂➅➂✎❿❋➆✹➄➸➊➉➄➇ú✌❿❻➎ÿ➂➅➄
➆✮❿→➁➃❿➋➂➅➊î➎ÿú✹➄➇➆✮➄✤ö➺❿❻÷ÿ➈✤❿❻ú✿★✮ú✮➏➋➎ø➄➇➆✌➈➫➆✮➈➫÷➐❿❻➊✤➄④✫ ❣ ➄➇➂➅➄✤➁ ➄➇ú➝➁➅➈ ✁ ➀✩★✮ö✙➈➇ú✏➉✹➄➇➊î➈ù➀✧⑨✿★✮❿ τ → qi

➆✮❿✑➆✮❿❻ú➝➁➃➂✎➈③➆✮❿
R
❿ ✁ ú✿★✮➊♠ö✮➂➅➎➐➊✤❿➋➎ÿ➂➅➈❶➊î➈ù➊î❿❻ú➝➁➃➈ ✁ ➀✻★✌ö✙➈ùú④➉✹➄➇➊î➈ù➀ qi 6= ∞ ✫▲⑦✯➄❶➁➃➈ùö➺➈ù÷➐➈✳☎ù➎ø➄→⑨✿★✮❿➉➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➊î➈ù➀ ❯ ➄➀➅➄✲⑩✙❿➋➂ ✁ ➄③➁➃➈ùö➺➈ù÷ÿ➈✲☎ù➎ø➄î➆✹➄③❿❻➀✩✝➚❿➋➂➃➄❶➆✮❿➞➌➲➎➐❿❻➊✤➄➇ú✮ú ❢ ✁ ➄➇➀✛✂☞➎✪✉❻➎➐ú✏➉✹➄➇ú✌ü➑➄➇➀✓➆✮➈➇➀❈ö➺➈ùú➝➁➃➈➇➀ qi 6= ∞ ➀➅ý➇➈❶➆✮➎ÿ➀✎➏❻➈ù➀

➄✲⑩➺❿❻➂✻➁➃➈ù➀
D
➏➋❿❻ú➝➁➃➂➅➄➇➆✮➈ù➀☎❿➋➊

qi
✫ ✭ ➈ù➊î➈

τ → qi
➆✮❿➩➆✮❿❻ú➝➁➅➂➅➈❨➆✮❿

R
❿
qi ∈ R ✁ ö✙➈☞➆✮❿❻➊î➈ù➀✯➁➅➈ù➊✤➄➇➂ Dö➺❿❃⑨✿★✮❿➋ú✮➈➉➈✚⑩✹➄➇➀✻➁ ➄➇ú➝➁➅❿❈➆✌❿❈➊î➈☞➆✮➈✚⑨P★✌❿

D ∩ R = D ∩




⋃

ν∈σ(i)

Aν{R(Γ(1))}



 ,

➀✎❿❻ú✮➆✮➈
σ(i) = {ν | 1 ≤ ν ≤ µ

❿
Aν(∞) = Ai(∞),

➎✙✫❐❿➀✫ ✁ qν = qi}
✫✖✇✧☎ù➈ù➂➅➄ ✁ ö➺❿❻÷ø➄➞♥✡⑩✮➀➅❿➋➂✩✂➌➄➇ü❻ý➇➈ t⑨✿★✮❿✿ö✌➂➅❿❻➏➋❿❻➆✮❿➩❿➋➀✎➁➅❿➩÷ÿ❿❻➊✤➄ ✁ ö✹➄➇➂➅➄➉➏➑➄➌➆✹➄ ν ∈ σ(i) ✁ ❿→õ➙➎ÿ➀✻➁➃❿❆★✌➊❴➎➐ú✘➁➅❿❻➎➐➂➅➈
n(ν)

➁ ➄➌÷☞⑨✿★✮❿
Aν = AiS

n(ν) ✁➆✮➈➇ú✮➆✮❿ ✁ ➄àö✮➄➇➂✎➁➅➎ÿ➂➩➆✮➈ ➊✤➈➇➊✤❿➋ú✘➁➅➈➽⑨P★✌❿✖➈ù➀❽❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀
τ
➀➅❿❨❿❻ú✌➏❻➈ùú➝➁➃➂➅➄➇➂➅❿➋➊ ➆✮❿❻ú➝➁➅➂➅➈ñ➆✌❿

D ∩ R ✁ ➈ù➀



✑✏� ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ù➀
A−1

i (τ)
➀➅❿☎❿❻ú✮➏➋➈ùú➝➁➃➂➅➄➇➂➃ý➇➈î❿❻➊

A−1
i (D ∩ R) = A−1

i (D) ∩A−1
i




⋃

ν∈σ(i)

AiS
n(ν){R(Γ(1))}





= A−1
i (D) ∩




⋃

ν∈σ(i)

Sn(ν){R(Γ(1))}



 ,

➏❻➈ùú✤✦✩★✮ú➝➁➃➈➩❿❻➀✻➁➃❿✛⑨✿★✮❿✛ö➺➈☞➆✮❿✯➀✎❿❻➂Ñ➀➅❿➋➊✤ö✌➂➅❿✛➆✮❿➋÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➈☎ú✿★✮➊✤➄✰✝ ➄➇➎ õ✮➄❈➆✹➄❆✝➚➈ù➂✎➊➉➄❈➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✮➄✜ú✮➈➩❿❻ú✿★✮úP➁
➏❻➎ÿ➄➇➆✮➈✏✫ ♥ ➏➑➄➇➀✎➈

qi = ∞ ö✙➈ù➀✎➀✻★✮➎❍➁➃➂➃➄➮➁ ➄➇➊î❿❻ú➝➁➃➈◆➄➇ú✹➍➇÷➐➈✳☎ù➈ ✁ ➀✎❿❻ú✮➆✌➈à➄❫➓✮ú✮➎ÿ➏❻➄◆➆✮➎✆✝➚❿➋➂➅❿➋ú✮ü➑➄◆➈ù➀✑➁➃➎ÿö➺➈ù➀✑➆✮❿
✂☞➎✪✉❻➎➐ú✏➉✹➄➇ú✌ü➑➄➉➏➋➈ùú✮➀➅➎➐➆✮❿❻➂➅➄➇➆✮➈ù➀✢✫❆⑦➲❿❻➀✻➁➃❿➩➏➑➄➌➀➅➈ ✁ ➆✌❿❽➄➇➏❻➈ù➂✎➆✮➈➫➏➋➈ù➊t➄✤➁➅➈ùö➺➈ù÷ÿ➈✳☎➇➎ø➄✚★✮➀✻★✹➄➌÷✒➆✹➄➫❿❻➀➇✝➚❿❻➂➅➄➫➆✮❿✚➌➲➎➐❿✄➁
➊➉➄➌ú✮ú ✁ ➄➇➀➺✂☞➎✪✉➋➎ÿú✏➉✮➄➇ú✮ü➑➄➌➀ D ➀➅❿➋➂➃ý➇➈î➀➅❿➋➊✤➎➐ö✮÷ø➄➌ú✮➈ù➀✟➆✹➄♣✝➚➈ù➂✎➊➉➄

Im(z) > y0

★✌ú✮➎ÿ➆✮➈➇➀✾➄ ∞ ✁ ➏➋➈ù➊ y0 > 0 ✁❿❈➄❽ö✌➂➅➈✣✂➌➄î➀✎❿❃☎✳★✮❿☎➆✹➄❽➊î❿❻➀➅➊✤➄❆✝➚➈ù➂✎➊➉➄④✫
✞✧Ýç❨P❷✭✁☞❅❈✒✹✘
⑦✾➈ù➀✼➀➅❿❃☎✲★✮➎ÿú➝➁➃❿➋➀✒❿→õ➙❿➋➊✤ö✮÷➐➈ù➀ ✁ ✂ù❿❻➂✎❿❻➊î➈ù➀★➏➋➈ù➊î➈✯➀➅❿❲❿❻ú✮➏➋➈ùú➝➁➃➂➃➄➌➊ ✁ ú✹➄✯ö✮➂➅➍➌➁➃➎➐➏➑➄ ✁ ➈ù➀★ö➺➈ùú➝➁➃➈➇➀✒ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ù➀➄➇➀➅➀✎➈➙➏➋➎ø➄➇➆✌➈ù➀P➄s★✌➊➉➄✿➏➋❿❻➂✎➁➃➄î➂✎❿❃☎ù➎ÿý➇➈①✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✡ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄④✫
❼ ✫ ❣ ❿➋÷ÿ➈ ✭ ➈ù➂✎➈ù÷ø➍➌➂➅➎ÿ➈ ❼ ✱➫➆✮➈ ✭ ➄➇ö✏♠➐➁✻★✮÷ÿ➈❳✯ ✁ I ✁ S−1 ❿ S−1T

➀➃ý➇➈③➈➇➀✛➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀❈➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀✛➆✮➄
➆✮❿➋➏❻➈ù➊îö✙➈➇➀➅➎ÿü❻ý➇➈❽➆✮❿

Γ(1)
❿➋➊ ➏❻÷ÿ➄➇➀➅➀✎❿❻➀P÷ø➄➌➁➅❿❻➂➅➄➇➎ÿ➀Ñ➆✮❿

Γϑ

✫❬è✡➈✳☎➇➈ ✁ ➈ù➀Pö➺➈ùú➝➁➃➈ù➀Pö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✟➆✌❿ Γϑú✹➄✖➂✎❿❃☎ù➎ÿý➇➈❄✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷❍ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄✖➂➅❿➋÷ø➄➌➁➅➎✆✂➌➄❨➄✖❿❻➀✎➀➃➄◆➆✮❿➋➏❻➈ù➊îö✙➈➇➀➅➎ÿü❻ý➇➈◆➀➅ý➇➈
I(∞) = ∞ ✁

S−1(∞) = ∞−1 = ∞ ❿
S−1T (∞) = S−1(−1/∞) = S−1(0) = 0−1 = −1

✫➊è✡➈✳☎ù➈ ✁ ➈➇➀ö➺➈ùú➝➁➃➈ù➀✡ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✙➀➃ý➇➈ ∞ ❿ −1
✫✼ô✣➀✎➁➃❿➡❿➬õ✌❿➋➊✤ö✌÷ÿ➈✟➁ ➄➌➊①⑩■❧➋➊➵➎➐÷✪★✮➀✻➁➃➂➃➄❍➈❤✝ ➄➌➁➃➈➺⑨✿★✮❿➡➏❻➈➇➊✤❿➋ú✘➁➃➄➇➊î➈ù➀

ú✹➄✷♥✡⑩✮➀➅❿➋➂✩✂➌➄➇ü❻ý➇➈ t ö✮➂✎❿❻➏➋❿❻➆✮❿➋ú✘➁➅❿✛➄➇➈✷è✡❿❻➊✤➄ ❼ ✁ ⑨✿★✹➄➇÷✹➀✎❿✐✦➅➄ ✁ ➈☎➆✮❿P❿→õ➙➎ÿ➀✻➁➃➎➐➂➅❿❻➊✳➆✮➈ù➎ÿ➀✣➂✎❿❻ö✮➂✎❿❻➀✎❿❻ú➝➁ ➄➇ú➝➁➅❿❻➀
➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀➲ú✹➄➉➆✮❿➋➏❻➈ù➊îö➺➈ù➀➅➎➐ü➑ý➇➈➞⑨P★✌❿✿➏❻➈ùú✌➆✏★✏✉➑➄➌➊ ➄➇➈➉➊✤❿➋➀➅➊î➈➉ö➺➈ùú➝➁➃➈➫ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈✏✫➂⑦➲❿❻➀✻➁➃❿✿➏❻➄➇➀➅➈ ✁
I(∞) = S−1(∞)

✫
✯✬✫ ❣ ❿➋÷ÿ➈ ✭ ➈ù➂✎➈ù÷ø➍➌➂➅➎ÿ➈→þ➫➆✮➈ ✭ ➄➇ö✏♠➐➁✻★✮÷ÿ➈❳✯ ✁ ➈ù➀✓ö➺➈ùú➝➁➃➈ù➀✓ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✾➆✮❿ Γ0(p)

➂➅❿✄✝➚❿❻➂➅❿➋ú➝➁➃❿❻➀❈û③➂➅❿✢☎ù➎øý➌➈
✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✣ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄❶➄➇➀➅➀✎➈➙➏➋➎ø➄➇➆✹➄❨û③➁ ➄➇÷✣➆✮❿➋➏❻➈ù➊îö➺➈ù➀➅➎➐ü➑ý➇➈ ✁ ➀➅ý➇➈❜➈➇➀❈ö➺➈ùú➝➁➃➈➇➀ TSj(∞) =

T (∞) = 0
❿
I(∞) = ∞ ✫

♥ ö✌➂ ➃ õ➙➎ÿ➊î➈✯÷ÿ❿➋➊➉➄⑧❧✟➎ÿ➊îö✙➈➇➂✎➁ ➄➌ú✘➁➅❿❍ö➺➈ù➂✩⑨P★✌❿✟➆✹➍✛➀➅❿➋ú➝➁➃➎ÿ➆✌➈☎û✛➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈✓➆✮❿✡➲✈➩✲➦✙ß✲➯✬➦✩➩☎➆✮❿✟ö➺➈ùú➝➁➃➈ù➀✣ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎ ➁
➏❻➈ù➀✢❡
✔✖❨P❷❹✌ � ✺①Ï❲➳❫❪✢➩

q
➯P➧ ✃✥➥✑➚✥➪➄➥●➦✩➩P➮✄➾❱➥✑➚✹➩✲➲✛➳❹➮➋➥✑➚④➫✄➾❈➭P➳✄➦❝➳

Γq = {M ∈ Γ | M(q) = q} ❴ ➫✣➳✄➚✹➭P➥
Γ 6 Γ(1)

❵✭➁❬➚✥➪❱ÓP➥
Γq

Ð→➯P➧ ➫✄➯④á➄ß✲➦➨➯✤✃✥➥ ➮✄➴❱➮✄➲➷➾❱➮➋➥➣➚✹ÓP➥➣➪❈➦➨➾➬ê✣➾❈➩✲➲➺➭P➳
Γ

➳ ❴ ➩➝➭P➳✄➧s➩✲➾✪➫ ❴ ➪➄➥❃➭P➥❹➳✄➲✪➳✄➧➒➳✄➚✥➪➄➥

M =

(

α β

γ δ

)

∈ Γq
Ð✽➪❱➩✲➲✓Õ❃➯❚➳

α + δ = 2
❵



☎ ✺ � ✶✡✒✹❉■✜✣✒✹✘✈✁✓✌✏✎✤✌ õ ❝✹❅✙✗❈❺✳✒✹✘ ✑✏☎
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ➄➇➂➃➄❶➊î➈ù➀✎➁➅➂➃➄➇➂✎➊✤➈ù➀✧⑨P★✌❿ Γq 6 Γ ✁ ⑩✹➄➇➀✻➁ ➄❶➊✤➈ù➀✻➁➃➂➅➄➇➂➅➊î➈ù➀✓➄➇➀❈➆✏★✹➄➌➀❈➀✎❿❃☎✳★✌➎ÿú➝➁➃❿➋➀✑ö✮➂✎➈➀➁ö✮➂✎➎ÿ❿➋➆✹➄➇➆✮❿➋➀❃❡
❼ ✫✧♦☞❿ M1,M2 ∈ Γq ✁ ❿❻ú➝➁➃ý➇➈ M1 ◦M2 ∈ Γq

q
♦☞❿
M1,M2 ∈ Γq ✁ ❧✯➏➋÷ø➄➇➂✎➈✰⑨✿★✮❿ M1 ◦M2 ∈ Γ

❿ ✁ ➄➇÷✆❧❻➊➓➆✮➎➐➀➅➀➅➈ ✁ M1 ◦M2(q) = M1(M2(q)) =

M1(q) = q ✁ ➆✮➈ùú✌➆✮❿ M1 ◦M2 ∈ Γq
✫

✯P✫✧♦☞❿
M ∈ Γq ✁ ❿➋ú➝➁ ý➇➈ M−1 ∈ Γq

✫
♦☞❿

M ∈ Γq ✁ ❧✤➏❻÷ÿ➄➇➂➅➈✾⑨✿★✮❿ M−1 ∈ Γ
❿ ✁ ➄➇÷✪❧➋➊t➆✮➎➐➀➅➀➅➈ ✁ M(q) = q ✁ ➆✮➈ùú✌➆✮❿ M−1(M(q)) =

M−1(q)
✫❵è✡➈✳☎ù➈ ✁ M−1(q) = M−1 ◦M(q) = I(q) = q ✁ ➆✮➈➇ú✮➆✮❿ M−1 ∈ Γq

✫
❦ù➍à➀➃➄✲⑩➺❿❻➊î➈ù➀ ✁ ❿❻ú➝➁➃ý➇➈ ✁ ⑨✿★✮❿ Γq

❧❨➀✻★④⑩✏☎ù➂✻★✌ö✙➈ ➆✮❿
Γ
✫ ✇✧☎ù➈➇➂➃➄ ✁ ➄➌þ✹➂✎➊➉➄➇➊î➈ù➀♣⑨✿★✮❿❨❿→õ➙➎ÿ➀✻➁➃❿▲★✮➊ ➎ÿú➝➁➅❿❻➎ÿ➂✎➈

ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈
n
➁➃➄➇÷✍⑨✿★✮❿

Sn ∈ Γ
✫❤❥✯❿✰✝ ➄➌➁➅➈ ✁ ➏➑➄➌➀➅➈➉➎➐➀➅➀✎➈➉ú✹ý➇➈î➈☞➏❻➈ù➂✎➂➅❿❻➀✎➀➅❿✑ö✹➄➇➂➃➄❽ú✮❿➋ú✏➉✿★✮➊❆➎ÿú➝➁➃❿➋➎ÿ➂✎➈✤ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈

n ✁ ➈ù➀✟❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈ù➀ S, S2, S3, . . . ✁ ➏➋➈ùú✮➀✻➁➃➎➐➁✻★✮➎ÿ➂✎➎ø➄➇➊➓➎➐ú✌þ✹ú✮➎ ➁➃➈ù➀❂❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀❲➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀❍➊ ➃ ➆✏★✮÷➐➈ Γ ✁ ➆✮➈➇ú✮➆✮❿
Γ
ö✙➈ù➀✎➀✻★✮➎➐➂➅➎ÿ➄✚♠➐ú✮➆✮➎➐➏❻❿✛➎➐ú✌þ✹ú✮➎ ➁➃➈➩❿❻➊

Γ(1) ✁ ➏❻➈ùú➝➁➃➂➅➄➇➆✮➎✆✉❻❿❻ú✌➆✮➈❽ú✮➈ù➀➅➀➅➄✤➏➋➈ùú➝✂ù❿❻ú✌ü➑ý➇➈✏✫
❣ ➄➌➂➃➄ q = ∞ ✁ ➁➃❿❻➊î➈ù➀❂➆✮❿✯➊î➈ù➀✻➁➃➂➃➄➌➂❬⑨✿★✮❿ Γ∞

❧✾➏❃♠➐➏❻÷ÿ➎➐➏❻➈☎ú✹ý➇➈❈➁➃➂✎➎✆✂☞➎ø➄➇÷✙✫ ✭ ➈➇➊✤➈✽✂☞➎ÿ➊î➈ù➀❍ú✌➈✜ö✹➄➇➂➅➍✲☎ù➂➅➄➀✝➚➈
➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂ ✁ ❿→õ➙➎ÿ➀✻➁➃❿❳★✮➊❙➎ÿú➝➁➃❿➋➎ÿ➂✎➈✖ö➺➈ù➀➅➎ ➁➃➎✆✂➇➈

n
➁➃➄➇÷❬⑨✿★✮❿

Sn ∈ Γ
✫➍✇✾þ✹➂✎➊➉➄➇➊î➈ù➀✷⑨✿★✮❿

Sn ∈ Γ∞
❿❳⑨✿★✮❿

Γ∞ = 〈Sn〉 ✫✡❥✾❿❆✝ ➄➌➁➃➈ ✁ ❿➋➊❴ö✮➂✎➎ÿ➊î❿❻➎➐➂➅➈❽÷✪★✏☎ù➄➇➂ ✁ Sn(∞) = ∞ + n = ∞ ✁ ➆✮➈ùú✌➆✮❿ Γ∞
❧✑ú✹ý➇➈➉➁➅➂➅➎✆✂☞➎ÿ➄➇÷❱✫

ô✣➊ ➀➅❿✢☎✳★✮ú✮➆✌➈❁÷✪★✏☎ù➄➇➂ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀ M ∈ Γ∞
✫Ü⑦➲❿❻➀✎➁➅❿✖➏❻➄➇➀➅➈ ✁ M(∞) = ∞ ✁ ➆✌➈ùú✮➆✮❿ M = Sλ

❯ ➂➅❿✢✂➇❿✐✦➅➄➫➄➒♥✡⑩✮➀➅❿➋➂✩✂➌➄➇ü➑ý➌➈ t ⑨✿★✮❿✑ö✮➂➅❿➋➏❻❿➋➆✮❿✜➈➒è▲❿➋➊➉➄ ❼✤❢ ✫✟♦➙❿ λ = 0 ✁ ❿❻ú➝➁ ý➌➈ M = S0 = I ∈ 〈Sn〉 ✫✟♦➙❿
λ > 0 ✁ ❿➋ú➝➁ ý➇➈✤ö✙➈☞➆✮❿❻➊î➈ù➀➲➆✮➎✆✂☞➎➐➆✮➎ÿ➂ λ ö➺➈ù➂ n ✁ ➈✲⑩✌➁➃❿➋ú✮➆✮➈ λ = nt+ r ✁ ➀➅❿➋ú✮➆✮➈ 0 ≤ r < n ❯ ✇✾÷✪☎ù➈➇➂➅➎➐➁➅➊✤➈➆✮❿❈ô➊★✮➏➋÷ÿ➎ÿ➆✌❿❻➀ ❢ ✫❵⑦✾❿➋➀✎➁➃❿❈➏➑➄➌➀➅➈ ✁

Sλ = Snt+r = (Sn)tSr.
✭ ➈ù➊î➈

Sλ, Sn ∈ Γ∞ ✁ ➀➅❿✢☎✳★✮❿✚⑨✿★✮❿ Sr ∈ Γ∞ 6 Γ
❿ ✁ ö✙❿➋÷ø➄➉➆✌❿➋þ✹ú✮➎➐ü➑ý➇➈③➆✌❿ n ✁ ➁➅❿❻➊î➈ù➀ r = 0 ✁ ➆✮➈ùú✮➆✮❿

Sλ = (Sn)t ∈ 〈Sn〉 ✫❤✇✧☎ù➈➇➂➃➄ ✁ ➀➅❿ λ < 0 ✁ ❿➋ú➝➁ ý➇➈ M−1 = S−λ ✁ ➏❻➈ù➊ −λ > 0
❿
M−1 ∈ Γ∞

✫ ❣ ❿➋÷ÿ➈
➏❻➄➇➀➅➈

λ > 0 ✁ ➁➃❿➋➊✤➈➇➀ M−1 = (Sn)t ✁ ➈✳★ M = (Sn)−t ✁ ➏❻➈ù➊î➈➒⑨✿★✮❿➋➂✻♠ø➄➌➊✤➈ù➀✢✫✧è✡➈✳☎➇➈ ✁ Γ∞
❧ ✁ ➆✮❿✷✝ ➄➌➁➃➈ ✁➏✢♠ÿ➏❻÷➐➎ÿ➏➋➈✏✫

✇✧☎➇➈ù➂➃➄ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀ q 6= ∞ ✁ ➈✲★ñ➀➅❿➄✦➅➄ ✁ q = a/b ✁ ➏❻➈ù➊ a
❿
b
➎➐ú✘➁➅❿❻➎➐➂➅➈ù➀☎➏❻➈➇ö✮➂➅➎➐➊✤➈ù➀❈❿

b 6= 0
✫

❣ ❿❻÷ÿ➈↕➔✼❿➋➈ù➂➅❿➋➊➉➄❸➆✮❿❫❞ ➣ ✉❻➈✳★➙➁ ✁ ❿→õ➙➎ÿ➀✻➁➃❿➋➊ x, y ∈ Z
➁ ➄➇➎➐➀➞⑨✿★✮❿ −ax − by = 1

❿ ✁ ö✙➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ V =
(

x y

b −a

)

∈ Γ(1)
❧✓➁ ➄➇÷❲⑨✿★✮❿

V (q) = V (a/b) =
x(a/b) + y

b(a/b) − a
=

(ax+ by)/b

0
=

−1/b

0
= ∞.

✇⑧☎ù➈ù➂➃➄ ✁ ➁➃❿➋➊✤➈ù➀ V ΓqV
−1 = {VMV −1 ∈ V ΓV −1 |M(q) = q} ❿ ✁ ➏❻➈ù➊î➈ V (q) = ∞ ✁

VMV −1(∞) = V (M(V −1(∞))) = V (M(q)) = V (q) = ∞,



✑✢✑ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

➆✮➈ùú✮➆✌❿
V ΓqV

−1 = {VMV −1 ∈ V ΓV −1 | VMV −1(∞) = ∞},
➈✳★ñ➀✎❿✐✦➅➄ ✁ V ΓqV

−1 ❧î➈✖➀✻★④⑩✏☎ù➂✻★✌ö✙➈❜➆✮❿ V ΓV −1 ⑨✿★✮❿✤ö✙➈ù➀✎➀✻★✮➎ ∞ ➏➋➈ù➊î➈❜ö➺➈ùú➝➁➃➈❨þ✌õ➙➈✏✫ ❣ ❿➋÷ÿ➈❨➊✤❿➋➀➅➊î➈
➂➃➄➇➏➋➎ÿ➈☞➏❃♠➐ú✮➎ÿ➈î➆✮➈③➏➑➄➌➀➅➈

Γ∞ ✁ ➀✎❿❃☎✳★✮❿♣⑨✿★✮❿ V ΓqV
−1 ❧✿➀✩★✏⑩✏☎ù➂✩★✮ö➺➈③➏❃♠ÿ➏➋÷ÿ➎➐➏❻➈➉ú✮ý➇➈➫➁➃➂✎➎✆✂☞➎ø➄➇÷▲➆✮❿ V ΓV −1 ✁ ➎➐➀✎➁➅➈❧ ✁ ❿→õ➙➎ÿ➀✻➁➃❿➽★✮➊ ➎➐ú✘➁➅❿❻➎➐➂➅➈➸ö➺➈ù➀➅➎ ➁➃➎✆✂➇➈

n(q)
➁➃➄➇÷✡⑨✿★✮❿

V ΓqV
−1 =

〈
Sn(q)

〉 ❯ ➄➸ú✮➈➌➁ ➄➇ü❻ý➇➈ n(q)
ö✹➄➌➂➃➄➸➈

➆✮❿➋➁➅❿❻➂✎➊✤➎➐ú✹➄➇➆✮➈❨➎ÿú➝➁➃❿➋➎ÿ➂✎➈❨➀✎❿✛✦✩★✌➀✎➁➃➎ þ✹➏➑➄❨ö✙❿➋÷ÿ➈✾✝ ➄➌➁➃➈❶➆✮❿➋÷ÿ❿✚✂➌➄➇➂➅➎ÿ➄➇➂✓➆✮❿✤➄➇➏❻➈ù➂✎➆✮➈✖➏➋➈ù➊❣➈❨➂➃➄➇➏➋➎ÿ➈ùú✹➄➌÷
q 6= ∞ ❢ ✫

✇✧☎ù➈➇➂➃➄ ✁ ➈✲⑩✮➀➅❿➋➂✩✂➌➄➇➊î➈ù➀Ù⑨✿★✮❿ Γq

❧❲➁ ➄➌➊①⑩■❧➋➊✦ú✮ý➇➈✛➁➃➂✎➎✆✂☞➎ø➄➇÷☞ö➺➈ù➎ÿ➀ ✁ ➏➑➄➇➀✎➈✓➏❻➈ùú➝➁➅➂➃➍➇➂✎➎ÿ➈ ✁ V ΓqV
−1 ➀✎❿❻➂➅➎ÿ➄✯➁➃➂✎➎✆✂☞➎ø➄➇÷✙✫

r★➎ÿú✮➄➇÷ÿ➊î❿❻ú➝➁➃❿ ✁ ö✹➄➌➂➃➄➩➏➑➄➇➆✮➄ M ∈ Γq ✁ ❿➬õ✌➎➐➀✎➁➅❿ t ∈ Z
➁➃➄➇÷❲⑨✿★✮❿

VMV −1 =
(
Sn(q)

)t ✫✖è▲➈✲☎ù➈ ✁
M = V −1

(
Sn(q)

)t
V =

(
V −1Sn(q)V

)t
,

➈✳★❶➀➅❿➄✦➅➄ ✁ Γq =
〈
V −1Sn(q)V

〉 ❧☎➏❃♠ÿ➏➋÷ÿ➎➐➏❻➈✏✫
✭ ➈ù➊❣➂➅❿➋÷ø➄➇ü❻ý➇➈✖û❨➄➇➀✎➀➅❿❻➂✎ü➑ý➇➈✖➆✮➈❜÷➐❿❻➊✤➄③➀➅❿❃☎✲★✮ú✮➆✮➈❋➄✾⑨✿★✹➄➇÷➡➏➑➄➌➆✹➄❜❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈❜➆✮❿

Γq ✁ ➏❻➈ù➊î➈❨➊➉➄➌➁➅➂➅➎✆✉ ✁ö✙➈➇➀➅➀✻★✌➎✶➁➃➂➃➄➌ü❻➈î➎✪☎✳★✹➄➌÷✶➄s✯ ✁ ➀➅❿ q = ∞ ✁ ❿❻ú➝➁➃ý➇➈✤➏❻➄➇➆✹➄❽❿❻÷➐❿❻➊î❿❻ú➝➁➃➈❽➆✮❿ Γ∞
❧☎➆✹➄①✝➚➈ù➂✎➊➉➄

M = (Sn)t = Snt =

(

1 nt

0 1

)

,

❿
1 + 1 = 2

✫ ❣ ➈ù➂P➈✳★✌➁➅➂➅➈❽÷ø➄➌➆✮➈ ✁ ➀✎❿ q 6= ∞ ✁ ➏❻➄➇➆✹➄➩❿❻÷➐❿❻➊î❿❻ú➝➁➃➈î➆✮❿ Γq

❧☎➆✹➄①✝➚➈ù➂➅➊✤➄
M = V −1Sn(q)tV

=

(

−a −y
−b x

)(

1 n(q)t

0 1

)(

x y

b −a

)

=

(

−a −an(q)t− y

−b −bn(q)t + x

)(

x y

b −a

)

=

(

−ax− abn(q)t− by −ay + a2n(q)t+ ay

−bx− b2n(q)t+ bx −by + abn(q)t− ax

)

=

(

1 − abn(q)t a2n(q)t

−b2n(q)t 1 + abn(q)t

)

,

❿
(1 − abn(q)t) + (1 + abn(q)t) = 2 ✁ þ✹ú✹➄➇÷➐➎✪✉➑➄➌ú✮➆✮➈❽➄➩➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈④✫❥✯❿❲➊î➈➙➆✌➈➲➊✤➄➇➎➐➀✡➀➅➎ÿ➊îö✮÷➐❿❻➀ ✁ ➄➂➓✮÷➐➁➅➎ÿ➊✤➄✟➏❻➈ùú✌➏❻÷✪★✌➀➃ý➇➈➲ö✙➈☞➆✮❿➋➂➅➎ø➄✟➁➃➄➇➊①⑩✹❧❻➊ ➁➃❿➋➂▲➀➅➎ÿ➆✌➈✾➈✳⑩➙➁➃➎ÿ➆✮➄P➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ú✮➆✮➈✑➁

➀➅❿✽⑨✿★✮❿
tr(V −1Sn(q)tV ) = tr(Sn(q)tV V −1) = tr(Sn(q)t) = 1 + 1 = 2,

➈ùú✮➆✮❿
tr(A)

➆✮❿❻ú✌➈➇➁ ➄➫➈❫➪❈➦✩➩✳➹➀➥➫➆✮➄➉➊➉➄➮➁➃➂➅➎✆✉✰⑨✿★✹➄➌➆✮➂➃➄➇➆✮➄
A ✁ ➈✳★❋➀➅❿➄✦➅➄ ✁ ➄➉➀✎➈ù➊➉➄✤➆✮➈ù➀✛❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀✯➆✮❿✜➀✻★✹➄➆✮➎ø➄➀☎ù➈ùú✹➄➇÷✼ö✮➂➅➎➐ú✮➏❻➎➐ö✹➄➇÷ ✁ ➈ùö➺❿❻➂➃➄➌➆✮➈ù➂✓❿❻➀✻➁➃❿✚⑨✿★✮❿î➈✳⑩✙❿➋➆✮❿❻➏➋❿îû❶➀✎❿❃☎✳★✌➎ÿú➝➁➃❿îö✮➂➅➈➇ö✮➂➅➎➐❿❻➆✹➄➇➆✌❿ ✁ ö✹➄➇➂➅➄③➏➑➄➇➆✹➄❶ö✹➄➇➂✓➆✌❿➊➉➄➮➁➃➂➅➎✆✉❻❿➋➀

A
❿
B
❡
tr(AB) = tr(BA)

✫



☎ ✺ � ✶✡✒✹❉■✜✣✒✹✘✈✁✓✌✏✎✤✌ õ ❝✹❅✙✗❈❺✳✒✹✘ ✑✏✒
❋ õ ✘❃❨✿✎ ➐ ✌✥ö✍✌❲❨P✘❾ö
❼ ✫⑧⑤➲➊➉➄Ñ➊✤➄➌➁➃➂✎➎✪✉✣➈✳★☎➁➃➂➅➄➇ú✮➀➇✝➚➈ù➂➅➊✤➄➇ü➑ý➌➈Ñ÷ÿ➎ÿú✌❿➑➄➇➂❲✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄

(

α β

γ δ

) ➁➃➄➇÷➝⑨✿★✮❿
α+δ = ±2

➂➅❿❻➏➋❿❃⑩➺❿
➈➲ú✮➈ù➊î❿➡➆✮❿❂ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏❻➄④✫ç⑦✯➄✧♥✡⑩✮➀➅❿➋➂✩✂➌➄➇ü➑ý➌➈✡✯Ñö✮➂➅❿➋➏❻❿➋➆✮❿❻ú➝➁➃❿✟➄➇➈✧è✡❿➋➊➉➄ ❼ ✁ ✂☞➎ÿ➊î➈ù➀✍⑨P★✌❿❂➁➅➈➙➆✮➈➲ö➺➈ùú➝➁➃➈ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈✤➆✮❿ Γ

❿❻➊
R ✁ ➀✎❿❻ú✮➆✌➈ Γ 6 Γ(1)

❿
R

★✮➊➉➄➫➂✎❿❃☎ù➎ÿý➇➈➒✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷✼ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄
➀✎❿❃☎✳★✌ú✮➆✮➈

Γ ✁ ❧✑ö✙➈➇ú✘➁➅➈➉➂➅➄➇➏❻➎➐➈ùú✹➄➇÷▲❿ ✁ ö➺❿❻÷ÿ➈✤÷ÿ❿➋➊➉➄î➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂ ✁ ➄➇➀➅➀✎➈➙➏➋➎ø➄➇➆✮➈➉➄✤➏❻➄➇➆✹➄➉ö➺➈ùú➝➁➃➈➫➂➅➄➇➏❻➎➐➈ùú✹➄➇÷
q ✁ ➁➅❿❻➊î➈ù➀✧★✌➊❴➀✩★✏⑩✏☎ù➂✩★✮ö✙➈③➏✢♠ÿ➏➋÷ÿ➎ÿ➏➋➈✤➎➐ú✌þ✹ú✮➎ ➁➃➈

Γq ❯ ➎➐ú✌þ✹ú✮➎ ➁➃➈➉ö➺➈ù➂✩⑨P★✌❿ Sλ 6= I
ö✮➄➇➂➃➄➉➏❻➄➇➆✹➄➫➎➐ú✘➁➅❿❻➎➐➂➅➈

ú✮ý➇➈❽úP★✌÷ÿ➈
λ ❢ ✫❵✇✯➀➅➀✎➎ÿ➊ ✁ ➁➃➈☞➆✮➈❽ö➺➈ùú➝➁➃➈❽ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈✿➆✮❿ Γ

➀✎❿❃☎✳★✮ú✌➆✮➈
R

❧❈➊✤➄➇ú➝➁➃➎➐➆✮➈✿þ✌õ➙➈îö✙➈ù➂➺★✌➊
➀✩★✏⑩✏☎ù➂✩★✮ö➺➈✤➏✢♠ÿ➏❻÷➐➎ÿ➏➋➈✿➎ÿú✌þ✮ú✮➎➐➁➅➈➩➏❃★✑✦✎➈ù➀P❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀P➀➃ý➇➈➩➁ ➄➌➊①⑩■❧➋➊✱ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✢✫

✯P✫⑧⑦✾➄✜➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈✿➆✮➈✿÷➐❿❻➊✤➄✜➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ ★✌➁➃➎➐÷ÿ➎✆✉➑➄➇➊î➈ù➀❂➄✜ú✮➈➇➁➃➄➇ü➑ý➌➈ n(q) ❯ q 6= ∞ ❢ ö✹➄➌➂➃➄✜➎➐ú✮➆✮➎ÿ➏❻➄➇➂
➈✤➊✤❿➋ú✮➈ù➂➲➎ÿú➝➁➃❿➋➎ÿ➂✎➈✤ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈❽➁ ➄➇÷✍⑨✿★✮❿

Sn(q) ∈ V ΓV −1 ✁ ❿ n = n(∞)
ö✹➄➇➂➃➄î➎ÿú✮➆✌➎ÿ➏➑➄➌➂➲➈✤➊✤❿➋ú✮➈ù➂

➎➐ú➝➁➃❿❻➎➐➂➅➈♣ö➺➈ù➀➅➎ ➁➃➎✆✂➇➈➸➁ ➄➇÷✽⑨✿★✮❿
Sn(∞) ∈ Γ

✫ ⑦✾➈s➏❻➄➇➀➅➈
n(∞) ✁ þ✹➏➑➄➭❿✢✂☞➎ÿ➆✮❿➋ú➝➁➃❿❹⑨✿★✮❿à➁ ➄➌÷✽✂➌➄➇÷➐➈ù➂

➆✌❿❻ö➺❿❻ú✮➆✮❿✿➄➇ö✙❿➋ú✹➄➇➀✾➆✮❿
Γ ✁ ➊➉➄➇➀➲ú✮➈➫➏❻➄➇➀➅➈ n(q) ✁ q 6= ∞ ✁ ö➺➈➙➆✌❿❻➂➇➁✝➀➅❿➨➁❭➎ø➄❽ö➺❿❻➂✻☎✲★✮ú➝➁ ➄➇➂✾➀➅❿✜➁➃➄➇÷ç✂➇➄➌÷ÿ➈ù➂ú✮ý➇➈❜➆✌❿❻ö➺❿❻ú✮➆✮❿✤➆✮➈✖❿➋÷ÿ❿➋➊✤❿➋ú✘➁➅➈

V ∈ Γ(1)
➀➃➄➌➁➅➎ÿ➀✩✝ ➄➀✉❻❿❻ú✌➆✮➈

V (q) = ∞ ✫ ❣ ➄➇➂➃➄❨➂➅❿❻➀✎ö✙➈➇ú✮➆✮❿❻➂✑❿❻➀✻➁ ➄
⑨✿★✮❿➋➀✎➁➃ý➇➈ ✁ ➀✻★✌ö✙➈ùú④➉✹➄➇➊î➈ù➀ V1, V2 ∈ Γ(1)

➁➃➄➇➎ÿ➀❳⑨✿★✮❿
V1(q) = ∞ = V2(q)

✫ ⑦✾❿❻➀✻➁➃❿ ➏➑➄➇➀✎➈ ✁
V2V

−1
1 (∞) = V2(q) = ∞ ✁ ➆✮➈ùú✮➆✮❿ V2V

−1
1 = Sλ ✁ ➈✳★ V2 = SλV1 ✁ ö✹➄➇➂➅➄➫➄➇÷✪☎✲★✮➊ ➎ÿú➝➁➃❿➋➎ÿ➂✎➈

λ
✫

è✡➈✳☎➇➈ ✁ V2ΓV
−1
2 = SλV1ΓV

−1
1 S−λ ✁ ➆✮➈ùú✮➆✮❿ ✁ ➀➅❿ M ∈ Γq ✁ V1MV −1

1 (∞) = ∞ ➀➅❿ ✁ ❿❲➀➅➈ù➊î❿❻ú➝➁➃❿➀✎❿ ✁ V2MV −1
2 (∞) = ∞ ✫❳è✡➈✳☎ù➈ ✁ V1ΓqV

−1
1 = V2ΓqV

−1
2

✁ ➆✮➈➇ú✮➆✮❿ ✁ ö✙❿➋÷ø➄❶➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈❜➆✮➈÷➐❿❻➊✤➄ ✁ n(q)
➎ÿú✌➆✮❿❻ö➺❿❻ú✮➆✌❿✑➆✮❿

V ∈ Γ(1) ✁ ➆✮❿❻➀✎➆✮❿✰⑨✿★✮❿ V (q) = ∞ ✫
❣ ❿❻÷➐➈ ⑨✿★✮❿③➏➋➈ù➊î❿❻ú➝➁ ➄➇➊î➈ù➀➩ú✮➈❋ö✮➄➇➂➃➍✲☎➇➂➃➄➀✝➚➈à➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀➩➆✮❿→þ✹ú✮➎ÿ➂ ✁ ö✹➄➇➂➃➄✖➁➅➈➙➆✌➈ ➂➅➄➇➏❻➎➐➈ùú✹➄➇÷
q ❯ ➎➐ú✮➏❻÷✆★✮➎ÿú✌➆✮➈➀➁❭➀✎❿❽➈◆➏➑➄➇➀✎➈ q = ∞ ❢ ✁ n(q)

➏➋➈ù➊✤➈❜➀➅❿➋ú✮➆✮➈à➈✖➊î❿❻ú✮➈➇➂✜➎ÿú➝➁➅❿❻➎ÿ➂✎➈✖ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈❜➁➃➄➇÷✖⑨P★✌❿
Sn(q) ∈ V ΓV −1 ✁ ö✮➄➇➂➃➄ V (q) = q ❯ ú✌➈➭➏❻➄➇➀➅➈ q = ∞ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀➉➁➃➈ù➊✤➄➇➂ V = I ✁ ö✙➈➇➂❿➬õ➙❿❻➊îö✮÷ÿ➈ ❢ ✫

t ✫✧♦☞❿
Γ(1) =

⋃µ
j=1 ΓAj

❧❶➄❋➆✮❿❻➏➋➈ù➊✤ö➺➈ù➀✎➎ÿü➑ý➌➈❋➆✮❿
Γ(1)

❿➋➊
µ
➏❻÷ÿ➄➇➀➅➀✎❿❻➀❽÷ø➄➮➁➃❿❻➂➅➄➇➎ÿ➀✜➆✮➎ÿ➀✻➁➃➎ÿú➝➁➃➄➇➀✿➆✮❿

Γ ✁ ➀➃➄✲⑩➺❿❻➊î➈ù➀✾⑨✿★✮❿à➈ù➀❶ö✙➈ùú➝➁➅➈ù➀③ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ù➀➫➆✮❿ Γ
ú✹➄➭➂✎❿❃☎ù➎ÿý➇➈●✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✛ö✮➄➇➆✮➂➅➈➇ú✮➎✪✉❻➄➇➆✹➄

➄➌➀➅➀➅➈☞➏❻➎ÿ➄➇➆✹➄☎➄☎❿❻➀➅➀➅➄✜➆✮❿➋➏❻➈ù➊îö✙➈➇➀➅➎ÿü❻ý➇➈☎➀➃ý➇➈❈➈ù➀➡ö➺➈ùú➝➁➃➈ù➀❂➂➃➄➇➏➋➎ÿ➈ùú✮➄➇➎ÿ➀
qj = Aj(∞) ✁ 1 ≤ j ≤ µ

✫❵♥✛➂➃➄ ✁ú✌❿❻➀✎➁➅❿✑➏❻➄➇➀➅➈ ✁ A−1
j ∈ Γ(1)

❧✓➁➃➄➇÷❲⑨✿★✮❿
A−1

j (qj) = ∞ ✫
✇✾➀➲➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ü❃➎☞❿❻➀✾➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅❿➋➀Ñ➊✤➈➇➁➅➎✆✂➌➄➇➊❃➄➩➀➅❿❃☎✲★✮➎ÿú➝➁➃❿☎➆✮❿→þ✹ú✮➎➐ü➑ý➇➈✏❡
✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ☎ ✺✛Ï❲➳

qj = Aj(∞) ❴ 1 ≤ j ≤ µ ❴ ➫❃ÓP➥ ➥✣➫✛✃✥➥✑➚✥➪➄➥✣➫✛✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫➒➭P➳
Γ
➚✥➯P➧s➩➣➦❝➳❱ß✲➾❈ÓP➥

➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪➈➩✲➲✥✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩➞➫✣➳❱ß✲➯✬➚✹➭P➥
Γ ❴ ➮➋➥✑➚④➫✄➾❈➭P➳✄➦➋➳✄➧➒➥✣➫

n(qj) = λj

➮➋➥✑➧➒➥▲➥✣➫♣➧➒➳✄➚❁➥✑➦❝➳➋➫❆➾➬➚✥➪✐➳✄➾➬➦❝➥✣➫
✃✥➥✣➫✄➾➬➪❈➾➬ê✲➥✣➫✽➪❱➩✲➾✪➫❆Õ❃➯❚➳

Sλj ∈ A−1
j ΓAj

❵①❒①➳✄➚❁➥✑➧♣➾➬➚✹➩✲➧➒➥✣➫
λj

➩❶÷ÿ➄➇➂✻☎✲★✮➂➃➄➣➭P➥✡✃✥➥✑➚✥➪✐➥✧✃④➩✲➦✻➩➝á✄❒✑➲➷➾❱➮➋➥
qj
❵



✑✏✤ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❥✯❿î➄➇➏❻➈ù➂✎➆✮➈③➏❻➈➇➊t➄➇➀✛➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ü❃➎☞❿❻➀☎ö✮➂✎❿❻➏➋❿❻➆✮❿➋ú✘➁➅❿❻➀✑➄③❿❻➀➅➀➅➄③➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈ ✁ ➈③➏❻➈ùú✌➏❻❿❻➎ ➁➃➈③➆✮❿➩÷ÿ➄➇➂✻☎✲★✮➂➃➄➉➆✌❿★✮➊♠ö✙➈➇ú✘➁➅➈✖ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈③❿➋➀✎➁ ➍❄⑩✙❿➋➊❙➆✌❿➋þ✹ú✮➎➐➆✮➈ ✁ ➆✮❿❻ö➺❿❻ú✮➆✌❿❻ú✮➆✮➈➣★✮ú✮➎ÿ➏❻➄➇➊î❿❻ú➝➁➃❿✤➆✮➈✖ö➺➈ùú➝➁➃➈❜❿❻➊ ⑨✿★✮❿❻➀✻➁ ý➇➈ ✁➆✮❿✓➁ ➄➇÷Ø➊➉➄➇ú✌❿❻➎ÿ➂➅➄①⑨✿★✮❿ ✁ ➀➅❿ qi = qj ✁ ❿❻ú➝➁ ý➌➈ λi = λj

✫

✞✧Ýç❨P❷✭✁☞❅❈✒✂ö ✭ ➈➇➊✤➈❽❿→õ➙❿➋➊✤ö✮÷➐➈❽➆✮❿❈➄➇ö✮÷ÿ➎➐➏➑➄➇ü❻ý➇➈✿➆✹➄❽➆✮❿→þ✹ú✮➎ÿü❻ý➇➈î➄➇➏❻➎➐➊➉➄ ✁ ➏❻➈➇ú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀Ñ➈❽➀✻★✏⑩✏☎➇➂✻★✮ö➺➈
Γϑ

➆✌❿
Γ(1)

✫ ❣ ❿❻÷ÿ➈✛ô✒õ➙❿➋➊✤ö✮÷➐➈✽✯⑧⑨✿★✮❿➅✂➇❿❻➊✳➄➇ö ➃ ➀★➈✛è✡❿❻➊✤➄ ❼ ✁ ➈ù➀✒ö➺➈ùú➝➁➃➈ù➀✼ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ù➀▲➆✮❿ Γϑ

ú✮➄✯➂➅❿✢☎ù➎øý➇➈
✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇÷✵ö✹➄➇➆✮➂✎➈ùú✮➎✪✉❻➄➇➆✹➄î÷ø➍✤➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✹➄✤➀➃ý➇➈

q1 = q2 = ∞ ❿
q3 = −1

✫✡♥✛➀✛➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀
➄➇➀➅➀✎➈➙➏➋➎ø➄➇➆✌➈ù➀☎➄➇➈ù➀☎ö➺➈ùú➝➁➃➈ù➀

q1
❿
q2
➀➃ý➇➈ ✁ ➂✎❿❻➀✎ö✙❿➋➏➋➁➃➎✈✂➌➄➇➊✤❿➋ú➝➁➃❿ ✁ I ❿ S−1 ✫ ❣ ❿❻÷ø➄③➆✮❿→þ✹ú✮➎➐ü➑ý➇➈❨➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ λ1❧➩➈❶➊✤❿➋ú✮➈ù➂✛➎➐ú✘➁➅❿❻➎➐➂➅➈➫ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈➉➁➃➄➇÷Ù⑨✿★✮❿

Sλ1 ∈ I−1ΓϑI = Γϑ

✫ ✭ ➈ù➊î➈
S /∈ Γϑ

❿
S2 ∈ Γϑ ✁ ➁➃❿➋➊✤➈ù➀

λ1 = 2
✫ ❣ ❿➋÷ÿ➈➣⑨✿★✮❿✤➏❻➈ù➊î❿❻ú➝➁➃➄➇➊✤➈➇➀✑➄➌ú✘➁➅❿❻➀✑➆✮❿❻➀✻➁➃❿➉❿➬õ➙❿❻➊îö✮÷ÿ➈ ✁ λ2 = λ1 = 2

✫→r★➎➐ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁ ➏❻➈➇➊✤➈❨➈➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❽➄➇➀✎➀➅➈☞➏❻➎ø➄➌➆✮➈➉➄➌➈➉ö➺➈ùú➝➁➃➈
q3

❧
S−1T ✁ ➁➅❿❻➊î➈ù➀⑧⑨✿★✮❿ λ3

❧✜➈✤➊✤❿➋ú✮➈ù➂P➎ÿú➝➁➃❿➋➎ÿ➂✎➈✤ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈❽➁ ➄➇÷
⑨✿★✮❿

Sλ3 ∈ (S−1T )−1Γϑ(S
−1T ) = T−1(SΓϑS

−1)T

= T−1Γ0(2)T

= Γ0(2),

★✌➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈ ✁ ➂✎❿❻➀✎ö✙❿➋➏➋➁➃➎✈✂➌➄➇➊✤❿➋ú➝➁➃❿ ✁ ➈✾è▲❿➋➊➉➄ ✝ ➆✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈❳✯➉❿➩➄➫➂✎❿❻÷ø➄➌ü➑ý➇➈→⑨✿★✮❿✿➁➃➄➇➊①⑩✹❧❻➊❆÷ø➍✤➏❻➈ù➊î❿❻ú✬➁
➁ ➄➇➊î➈ù➀P➄➇ö ➃ ➀✾➄✚❥✯❿➋þ✹ú✌➎ÿü➑ý➌➈❳✯ ✁ ⑨✿★✹➄➇÷▲➀✎❿✐✦➅➄ ✁ ➈✚✝ ➄➌➁➃➈❽➆✮❿✷⑨✿★✮❿ ✁ ö✹➄➇➂➅➄ n ➎ÿú➝➁➅❿❻➎ÿ➂✎➈➩ö✙➈➇➀➅➎➐➁➅➎✆✂➇➈ ✁ T−1Γ0(n)T =

Γ0(n)
✫❵✇✧☎➇➈ù➂➃➄ ✁ ➏❻➈ù➊î➈ S ∈ Γ0(2) ✁ ✂➇❿❻➊ ⑨✿★✮❿

λ3 = 1
✫

⑦✯➄➫➀➅❿✢⑨❳❲✏Ú❻ú✮➏➋➎ø➄ ✁ ➁➅❿❻➊î➈ù➀✡★✮➊✤➄➉➎ÿú➝➁➅❿❻➂➅❿➋➀➅➀➅➄➇ú➝➁➃❿❽ö✮➂➅➈➇ö✙➈ù➀✎➎ÿü❻ý➇➈ ✁ ⑨✿★✮❿➩❿➋➀✎➁➃➄✲⑩✙❿➋÷ÿ❿➋➏❻❿✚★✮➊✤➄➉❿❻➀✎ö■❧➋➏❻➎ÿ❿➩➆✌❿➩➎ÿú✬➁✂➌➄➇➂➅➎✪î➇ú✮➏❻➎ÿ➄✿➆✹➄➩÷ø➄➇➂✩☎✳★✮➂➅➄✿➆✮❿☎ö✙➈ùú➝➁➅➈ù➀Pö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈ù➀❃❡
✶✰✎✤✒✢✁➊✒✹✘➆✗❈ö✳÷✏✒ ☎ ✺➂Ï❚➯✤✃✥➥✑➚④Ô④➩→Õ❃➯✥➳

R =

µ
⋃

j=1

Aj{R(Γ(1))} ➳
R

′ =

µ
⋃

j=1

A′
j{R(Γ(1))}

➫✣➳❫❪✢➩✲➧ ➭✲➯✏➩✑➫❆➦❝➳❱ß✲➾❱➘✣➳➋➫❵➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➾✪➫➺✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩✑➫✛➫✣➳❱ß✲➯✬➚✹➭P➥
Γ 6 Γ(1) ❴ ➥✑➚✹➭P➳ Aj

➳
A′

j

➫❃ÓP➥➞➦❝➳➄✃✹ã
➦❝➳➋➫✣➳✄➚✥➪➈➩✲➚✥➪➄➳➋➫➣➭➝➩❹➧➒➳➋➫✄➧s➩✕➮✄➲✈➩✑➫➋➫✣➳❄➭P➳➍➳✻Õ❃➯P➾➬ê✑➩✲➲í❜✄➚❁➮✄➾❈➩●➭P➳

Γ
➳✄➧

Γ(1) ❴ ✃④➩✲➦✩➩✕➮✻➩➝➭➝➩
j ❴ 1 ≤ j ≤ µ

❵
Ï❲➳❫❪✢➩✲➧

qj
➥✣➫✧✃✥➥✑➚✥➪➄➥✣➫⑧✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫♣➭P➳

Γ
➳✄➧

R ❴ ➮✻➩➝➭➝➩▲➯P➧ ➮➋➥✑➧ ➲✈➩✲➦✙ß✲➯P➦✩➩
λj

❵➞Ï❲➳✚➭P➳✄➚❁➥✑➪➈➩✲➦➨➧➒➥✣➫
λ′j➩✑➫✡➲✈➩✲➦✙ß✲➯P➦✩➩✑➫✛➭P➥✣➫✖✃✥➥✑➚✥➪➄➥✣➫✖✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫

q′j ❴ ➭P➳ Γ
➳✄➧

R ′ ❴ ➳✄➚✥➪❱ÓP➥ λj = λ′j ❴ ✃④➩✲➦✩➩➒➮✻➩➝➭➝➩
j ❴ 1 ≤ j ≤ µ

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ❣ ➄➌➂➃➄❽➏➑➄➇➆✹➄ j ✁ ➏❻➈ù➊î➈ A′

j ∈ ΓAj ✁ ❿→õ➙➎➐➀✎➁➃❿ W ∈ Γ
➁ ➄➇÷❲⑨✿★✮❿

A′
j = WAj ✁ ➆✮❿❈➊î➈➙➆✮➈⑨✿★✮❿

(A′
j)

−1Γ(A′
j) = (WAj)

−1Γ(WAj) = A−1
j (W−1ΓW )Aj = A−1

j ΓAj

✫❪✇✾➀➅➀✎➎ÿ➊ ✁ ö➺❿❻÷ø➄✾ö✮➂ ➃ ö✌➂➅➎ø➄➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈❽➆✮❿☎÷ø➄➇➂✩☎✳★✮➂➃➄✿➆✌❿✷★✌➊✱ö✙➈➇ú✘➁➅➈✤ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈ ✁ ➁➅❿❻➊î➈ù➀ ✁ ➎➐➊✤❿➋➆✮➎ø➄➮➁ ➄➇➊î❿❻ú➝➁➃❿ ✁ ⑨✿★✮❿ λj = λ′j
✫



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✑❡✎
✇tö✮➂✎➈ùö➺➈ù➀➅➎➐ü➑ý➇➈➸➄➌➏❻➎ÿ➊✤➄❸➎➐➊✤ö✌÷ÿ➎ÿ➏❻➄ ⑨✿★✮❿à➄❁÷ÿ➄➇➂✻☎✲★✮➂➃➄ ➆✮❿❋ö✙➈➇ú✘➁➅➈ù➀➫ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀s❧◆➎➐ú✿✂➌➄➇➂✎➎ø➄➇ú➝➁➅❿✖➏❻➈➇➊

➂✎❿❻÷ø➄➌ü➑ý➇➈ñ➄ñ➏❻÷ÿ➄➇➀➅➀✎❿❻➀➫➆✮❿❜❿❃⑨✿★✮➎✈✂➇➄➌÷✪Ú❻ú✌➏❻➎ø➄ ✁ ➎❱✫ ❿✲✫ ✁ ✂➌➄➇÷ÿ❿➋ú✮➆✮➈➀➁✝ú✮➈ù➀➉➆✮➄ñ➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈ñ➄➇➏❻➎➐➊➉➄ ✁ ➀➅❿ q ❧➣★✌➊
ö➺➈ùú➝➁➃➈◆ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈❜➆✮❿ Γ

❿❻➊
R ✁ ❿❻ú➝➁ ý➌➈ q′ = W (q)

❧➉ö✙➈ùú➝➁➅➈◆ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈✖➆✮❿ Γ
❿➋➊

R ′ ✁ ➀➅❿➋ú✮➆✮➈➎✆☎✳★✹➄➇➎➐➀Ñ➄➇➀P÷ø➄➇➂✩☎✳★✮➂➅➄➇➀✟➆✮❿
q
❿
q′
✫

➩➎✱⑦➩ ⑦åû➺➭❨⑩✑➣❶❺✠é❽➔P❺✪⑧③➔ýü➉④✜①➫⑤✼❹➋➔✟⑤
❥✯❿❍➄✲☎ù➈➇➂➃➄P❿❻➊ ➆✮➎ÿ➄➇ú➝➁➃❿ ✁ þ✌õ➙❿❻➊î➈ù➀✓★✮➊✤➄➲➂✎❿❃☎ù➎ÿý➇➈➺✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷➝ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄ R =

⋃µ
i=1Ai{R(Γ(1))}➀✎❿❃☎✳★✮ú✌➆✮➈

Γ ✁ ➂➅❿✄✝➚❿❻➂➅❿➋ú➝➁➃❿✤û❨➆✮❿➋➏❻➈ù➊îö➺➈ù➀➅➎➐ü➑ý➇➈ Γ(1) =
⋃µ

i=1 ΓAi
✫s✇✯÷✪❧➋➊ ➆✮➎➐➀➅➀✎➈ ✁ ➀✎❿✐✦➅➄➇➊ qj = Aj(∞) ✁

1 ≤ j ≤ µ ✁ ➈ù➀✾ö✙➈ùú➝➁➅➈ù➀✯ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀Ñ➆✌❿ Γ
❿❻➊

R
✫⑧♥✳ö✮➂➅➎➐ú✮➏❻➎➐ö✹➄➇÷✡➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈➒⑨✿★✮❿➩➄➌ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇➂➅❿➋➊✤➈ù➀

ú✮❿➋➀✎➁➃➄î➀✎❿❻ü➑ý➌➈➞❧✽⑨✿★✮❿ ✁ ➀✎❿ F (τ)
❧☎➊✤❿➋➂➅➈ù➊î➈ù➂➇✝ ➄✜❿❻➊

H ✁ ➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉☎➄➩➂➅❿➋÷ø➄➇ü❻ý➇➈ ❯ t ✫ ❼✣❢ ö✹➄➇➂➃➄✿➁➅➈➙➆✮➈ M ∈ Γ❿☎ö➺➈ù➀➅➀✩★✮➎ç★✮➊✪ú✿➓✮➊î❿❻➂✎➈➩þ✹ú✮➎➐➁➅➈❽➆✮❿✓ö ➃ ÷ÿ➈ù➀Ñ❿➋➊
R ∩ H ✁ ❿❻ú➝➁➃ý➇➈ F (τ)

➄➇ö✮➂✎❿❻➀✎❿❻ú➝➁ ➄✑➁✝➀➅❿❈➏❻➈ù➊î➈♣★✮➊✤➄✿➀✻❧➋➂➅➎ÿ❿
➎➐ú✌þ✹ú✮➎ ➁ ➄✓ú✮➈ù➀❂ö✙➈➇ú✘➁➅➈ù➀❂ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈ù➀✒➆✮❿ Γ

❿❻➊
R
✫Ù➔✼➄➇➎ÿ➀➡❿➬õ✌ö✮➄➇ú✮➀✻➎☞❿❻➀❲➀➅❿❻➂➅ý➇➈✜➏➋➉✮➄➇➊➉➄➌➆✹➄➇➀þ➶✫❿➬õ✌ö✮➄➇ú✮➀✻➎☞❿❻➀❍➆✮❿

r✹➈✳★✮➂✎➎ÿ❿➋➂✻➹➊⑨✿★✮❿ ✁ ➏❻➈➇➊✤➈➂✂ù❿➋➂➅❿❻➊î➈ù➀ ✁ ö➺➈ù➀➅➀✩★✮❿❻➊❱❿❻➀✻➁➃➂✎❿❻➎➐➁➃➄✾➂✎❿❻÷ø➄➌ü➑ý➇➈➲➏❻➈ù➊❱➄➌➀✼➏➋➈ùú✏➉✮❿➋➏❻➎ÿ➆✮➄➇➀✼➀✩❧❻➂✎➎ÿ❿❻➀✼➆✮❿❬è✵➄➀★✮➂➅❿➋ú✘➁❃✫
✇✾ú✘➁➅❿❻➀➡➆✮❿Ñ❿➋úP★✌ú✮➏❻➎ÿ➄➇➂✒❿Ñ➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇➂✒❿➋➀➅➀➅❿P➎➐➊✤ö➺➈ù➂✎➁➃➄➇ú➝➁➃❿❍➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈ ✁ ö✙➈ù➂✩❧❻➊ ✁ ➆✹➄➇➂✎❿❻➊î➈ù➀Ù★✮➊✤➄✛➆✮❿→þ✹ú✮➎ÿü❻ý➇➈❿☎ö✮➂✎➈✤✂➌➄➇➂✎❿❻➊î➈ù➀➺★✮➊✱÷➐❿❻➊✤➄ ✁ ➄➌➊①⑩✙➈➇➀Ñ➎ÿ➊îö✮➂➅❿➋➀➅➏❻➎➐ú✮➆✏♠✈✂ù❿❻➎➐➀Ñ➄➇➈ù➀Pú✮➈➇➀➅➀➅➈➇➀✾➈✳⑩✿✦✎❿➋➁➃➎✈✂ù➈ù➀✢❡
✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ✑ ✺✽Ï❲➳❫❪✢➩

υ
➯✬➧➡➫✄➾✪➫✄➪✐➳✄➧s➩➣➧♣➯P➲➷➪❈➾❐✃✹➲➷➾❱➮✻➩➝➭P➥✑➦✟Ö✓❰✬➥➣➭P➳♣ß✲➦✩➩✲➯ −r ✃④➩✲➦✩➩↕➥❳ß✲➦➨➯✣✃✥➥

Γ ❦ ➾✔❵❈➳✳❵ ❴ ➥➫✄➾✪➫✄➪➄➳✄➧s➩s➧♣➯P➲➷➪✙➾❐✃✹➲➷➾❱➮✻➩➝➭P➥✑➦✛➩✑➫➋➫✣➥✣➮✄➾❈➩➝➭P➥✚➩➞➯P➧s➩→➭P➳✄➪➄➳✄➦➨➧♣➾➬➚✹➩➝➭➝➩➺➶➆➥✑➦➨➧s➩s➧➒➥❃➭✲➯P➲✈➩✲➦
F (τ) ❧ ❵➂➱❤➩✲➦✩➩ 1 ≤ j ≤

µ = [Γ(1) : Γ] ❴ ➭P➳❊Ö❵➚✥➾➬➧➒➥✣➫
κj

➮➋➥✑➧➒➥❆➫✣➳✄➚✹➭P➥➒➥séP➚✥➾❱➮➋➥s➚✥é✬➧➒➳✄➦❝➥✚➦❝➳✻➩✲➲✍Õ❃➯✥➳✛➫❃➩✲➪✙➾✪➫❊➶✢➩✞❼
υ
(
AjS

λjA−1
j

)
= e2πiκj , 0 ≤ κj < 1. ❯ t ✫üë ❢

✭ ➈ù➊î➈
λj

❧✤➈◆➊✤❿➋ú✮➈ù➂✑➎ÿú➝➁➃❿➋➎ÿ➂➅➈❄⑨✿★✮❿➫➀➃➄➮➁➃➎ÿ➀➇✝ ➄✲✉
Sλj ∈ A−1

j ΓAj ✁ ❧➫➏❻÷ÿ➄➇➂➅➈❄⑨P★✌❿
AjS

λjA−1
j ∈ Γ

✫
✇✾÷✪❧❻➊✦➆✮➎ÿ➀✎➀➅➈ ✁ e2πiκj ✁ ➏➋➈ùú④✝➚➈ù➂✎➊✤❿ κj

✂➌➄➇➂✎➎ø➄✛❿➋ú✘➁➅➂➅❿✟✱✓❿ ❼ ✁ ö➺❿❻➂➅➏➋➈ù➂➅➂✎❿➂⑩✮➎ ✦✎❿→➁➃➎✆✂➌➄➇➊î❿❻ú➝➁➅❿✟➈☎➏❃♠ÿ➂✎➏❃★✮÷➐➈✡★✮ú✮➎ ➁ ➍➇➂✎➎ÿ➈✏✫✇✾➀➅➀➅➎➐➊ ✁ ➏❻➈ù➊î➈ AjS
λjA−1

j ∈ Γ ✁ ➀✎❿❃☎✳★✮❿✷⑨✿★✮❿ ∣∣υ (AjS
λjA−1

j

)∣
∣ = 1 ✁ ➈✳★❶➀➅❿➄✦➅➄ ✁ υ (AjS

λjA−1
j

) ➀➅➎ ➁❝★✹➄✤➁
➀✎❿❋ú✮➈❁➏❃♠➐➂➅➏✢★✮÷ÿ➈●★✌ú✮➎➐➁➃➍➇➂➅➎➐➈ ✁ ➆✮➈ùú✌➆✮❿❋➀➅❿à➄➇➀✎➀➅❿✢☎✳★✮➂➃➄➌➊ ❿➬õ✌➎➐➀✎➁✻Ú❻ú✮➏➋➎ø➄❁❿❫★✮ú✌➎ÿ➏❻➎➐➆✹➄➇➆✮❿✖➆✮❿

κj

✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ➄❥✯❿→þ✹ú✮➎➐ü➑ý➇➈→ës✝ ➄✲✉❈➀➅❿❻ú➝➁➅➎ÿ➆✮➈✏✫➂✇✾÷✪❧❻➊ ➆✌➎ÿ➀➅➀✎➈ ✁ ö✙❿➋÷ÿ➈➒⑨✿★✮❿✑➏❻➈ù➊î❿❻ú➝➁➃➄➇➊✤➈➇➀✯➄➇ö ➃ ➀✾➄➒❥✯❿→þ✹ú✮➎➐ü➑ý➇➈ t ✁ ➀✎❿ qi = qj

❯ i 6= j ❢ ✁ ❿❻ú➝➁➃ý➇➈ λi = λj
✫①✇Ñ➆✌❿❻➊✤➄➇➎ÿ➀ ✁ ➁ ➄➇➊①⑩✹❧❻➊❿✦➅➍③➏❻➈ùú✮➏➋÷✪★✏♠➐➊✤➈➇➀✛➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅➊î❿❻ú➝➁➃❿♣⑨✿★✮❿ ✁ ú✮❿❻➀✎➀➅❿î➏➑➄➇➀✎➈ ✁

Aj = AiS
t ✁ ö✹➄➇➂➅➄à➄➇÷✪☎✳★✌➊ ➎ÿú➝➁➅❿❻➎ÿ➂✎➈

t
✫ÿè✡➈✳☎ù➈ ✁ AjS

λjA−1
j = (AiS

t)Sλi(AiS
t)−1 = AiS

λiA−1
i
✁➆✮➈➇ú✮➆✮❿

κi = κj ✁ ➈✳★◆➀✎❿✐✦➅➄ ✁ κj ✁ ➄➇➀✎➀➅➎➐➊✸➏➋➈ù➊î➈
λj ✁ ❧✰★✮➊✤➄➒☎ù➂➃➄➌ú✮➆✮❿❃✉❻➄→⑨✿★✮❿✿➆✮❿➋ö✙❿➋ú✮➆✮❿♣★✮ú✮➎➐➏➑➄➇➊î❿❻ú➝➁➅❿✿➆✮➈

ö➺➈ùú➝➁➃➈❽ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈✿❿➋➊ ⑨P★✌❿❻➀✎➁➃ý➇➈ ✁ ➈✚⑨✿★✮❿✷❧❈➊❆★✮➎➐➁➅➈➩➏❻➈ùú➝✂ù❿➋ú✮➎ÿ❿➋ú➝➁➃❿✲✫
✔❵❨P❷❹✌ ✑ ✺✰Ï❲➳❫❪✢➩

q 6= ∞ ➯P➧ ✃✥➥✑➚✥➪✐➥➍➦✻➩P➮✄➾❱➥✑➚✹➩✲➲➂➳
M =

(

∗ ∗
γ δ

)

∈ Γ(1)
➪❱➩✲➲✟Õ❃➯❚➳

Mq = q
❵

➁❬➚✥➪❱ÓP➥ ❴ ✃④➩✲➦✻➩❳➮✻➩➝➭➝➩➞➚✥é✬➧➒➳✄➦❝➥✚➦❝➳✻➩✲➲
r ❴ (Mτ − q)r = (γτ + δ)−r(τ − q)r ❵



✑ ➅ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ ✭ ➈ù➊î➈
q 6= ∞ ✁ ö➺➈➙➆✌❿❻➊î➈ù➀❍➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➂ q = a/b ✁ ➏❻➈ù➊ a, b ∈ Z

➁➃➄➇➎ÿ➀❬⑨✿★✮❿
(a, b) =

1
❿
b 6= 0

✫ ➌P❿❻ö➺❿➋➁➅➎ÿú✮➆✌➈➀➁❭➀✎❿✖➈ù➀③➄➌➂✻☎✳★✮➊î❿❻ú➝➁➅➈ù➀➒★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➆✮➈ù➀îú✹➄ñö✮➂✎➈✤✂➌➄❁➆✮➈●è▲❿➋➊➉➄●✯ ✁ M ö✙➈☞➆✮❿◆➀✎❿❻➂
❿→õ➙ö✮➂✎❿❻➀➅➀✎➈➫➆✹➄➩➀➅❿✢☎✳★✮➎➐ú✘➁➅❿☎➊➉➄➇ú✌❿❻➎ÿ➂➅➄④❡

M =

(

1 − abλ a2λ

−b2λ 1 + abλ

)

,

➀➅❿➋ú✮➆✮➈
λ
➈➩➎➐ú➝➁➃❿❻➎➐➂➅➈✑➎✪☎✳★✹➄➌÷Ø➄➇➈✜ö✮➂➅➈☞➆✏★✌➁➅➈

n(q)t
➆✹➄✲⑨✿★✮❿❻÷➐❿✛÷ÿ❿➋➊➉➄✬✫✒ô✣ú➝➁ ý➇➈ ✁ ➄✜➎✪☎✳★✮➄➇÷ÿ➆✹➄➌➆✮❿⑧⑨✿★✮❿✓➆✌❿❻➀➅❿➄✦➅➄➇➊î➈ù➀➊✤➈➇➀✎➁➃➂➅➄➇➂Ñ❿❃⑨✿★✮➎✈✂➌➄➇÷ÿ❿✓➄

(
(1 − abλ)τ + a2λ

(−b2λ)τ + (1 + abλ)
− a

b

)r

= ((−b2λ)τ + (1 + abλ))−r(τ − a/b)r.

❣ ➈ù➂P➈✳★➙➁➃➂➅➈❽÷ÿ➄➇➆✮➈ ✁
(

(1 − abλ)τ + a2λ

(−b2λ)τ + (1 + abλ)
− a

b

)r

=

(
b[(1 − abλ)τ + a2λ] − a[(−b2λ)τ + (1 + abλ)]

b[(−b2λ)τ + (1 + abλ)]

)r

=

(
bτ − ab2λτ + a2bλ + ab2λτ − a− a2bλ

b[(−b2λ)τ + (1 + abλ)]

)r

=

(
bτ − a

b[(−b2λ)τ + (1 + abλ)]

)r

=

(
τ − a/b

(−b2λ)τ + (1 + abλ)

)r

,

➆✮❿☎➊✤➈☞➆✮➈♣⑨✿★✮❿✑➄➩➎✪☎✳★✹➄➌÷ÿ➆✹➄➇➆✌❿✡⑨✿★✮❿☎➆✮❿❻➀✎❿✐✦➅➄➇➊î➈ù➀P➊✤➈➇➀✎➁➃➂➅➄➇➂➺❧❈➄➩➀➅❿❃☎✲★✮➎ÿú➝➁➃❿➀❡
(

τ − a/b

−b2λτ + 1 + abλ

)r

= (−b2λτ + 1 + abλ)−r(τ − a/b)r. ❯ t ✫ â ❢
➦ ➏➋÷ø➄➇➂✎➈×⑨P★✌❿ ➈➇➀→✂➇➄➌÷ÿ➈ù➂✎❿❻➀③➄✲⑩✌➀➅➈ù÷✆★✌➁➃➈ù➀➉➆✮❿à➄➇➊①⑩➺➈ù➀③➈ù➀③➊î❿❻➊①⑩✌➂➅➈ù➀③➄➌➏❻➎ÿ➊✤➄ñ➀➅ý➇➈♣➎✪☎✳★✹➄➌➎ÿ➀❃✫ ➌P❿❻➀✻➁ ➄✑➁✝ú✮➈ù➀ ✁ö✙➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ ö✮➂✎➈✣✂➇➄➌➂➺⑨P★✌❿✑➈ù➀P➆✮➈➇➎ÿ➀Ñ➊î❿❻➊①⑩✮➂✎➈ù➀Ñö➺➈ù➀➅➀✩★✮❿❻➊ ➈❽➊î❿❻➀➅➊î➈î➄➇➂✻☎✲★✮➊✤❿➋ú➝➁➃➈✏✫❵♦➙➄✲⑩✙❿➋ú✮➆✮➈s⑨✿★✮❿

arg

(
τ − a/b

−b2λτ + 1 + abλ

)

︸ ︷︷ ︸

Mτ−q

= arg(τ − a/b) − arg(−b2λτ + 1 + abλ) + 2nπ, ❯ t ✫ ✴ ❢

✂➌➄➇➊✤➈➇➀Ñö✮➂➅➈✣✂➌➄➇➂➺⑨✿★✮❿
n = 0

✫ ✭ ➈ù➊î➈
Mτ − q ∈ H ❯ τ ∈ H

❿
M ∈ Γ(1) ❢ ✁ ✂ù❿➋➊ ⑨P★✌❿

0 < arg

(
τ − a/b

−b2λτ + 1 + abλ

)

< π.

✇✯÷✆❧❻➊✪➆✌➎ÿ➀➅➀✎➈ ✁ 0 < arg(τ − a/b) < π ✁ ❿ −π ≤ arg(−b2λτ + 1 + abλ) < π ✁ ➆✮❿☎➊î➈➙➆✮➈♣⑨✿★✮❿

2π|n| =

∣
∣
∣
∣
arg

(
τ − a/b

−b2λτ + 1 + abλ

)

− arg(τ − a/b) + arg(−b2λτ + 1 + abλ)

∣
∣
∣
∣
< 2π,



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✑ ↔
➆✮➈➇ú✮➆✮❿

n = 0
❿❻➊ ❯ t ✫ ✴ ❢ ❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁

r arg

(
τ − a/b

−b2λτ + 1 + abλ

)

= r arg(τ − a/b) − r arg(−b2λτ + 1 + abλ),

➈✳★❶➀✎❿✐✦➅➄ ✁
arg

(
τ − a/b

−b2λτ + 1 + abλ

)r

= arg[(τ − a/b)r(−b2λτ + 1 + abλ)−r],

➈✚⑨✿★✮❿❈➏❻➈ù➊îö✮÷ÿ❿→➁ ➄➩➄➩ö✮➂✎➈✤✂➌➄④✫
⑦✯➄➸➀✎❿❃⑨❳❲✏Ú❻ú✌➏❻➎ø➄ ✁ ➈➸➎ÿ➊îö➺➈ù➂✎➁➃➄➇ú➝➁➃❿❜➁➅❿❻➈ù➂✎❿❻➊✤➄➸➄●⑨✿★✮❿➞✦➅➍❁ú✮➈ù➀③➂✎❿✢✝➚❿❻➂✎➎ÿ➊î➈ù➀❃✫æ♦✬★✮➄♣➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈×❧

⑩✹➄➌➀✎➁ ➄➌ú✘➁➅❿✿➁❝❧➋➏❻ú✮➎➐➏➑➄➫❿ ✁ ➁ ➄➇÷✈✂ù❿❃✉➩ö➺➈ù➂✾❿❻➀➅➀✎❿❽➊✤➈➇➁➅➎✆✂➇➈ ✁ ➆✮➎✈✝❊♠ÿ➏➋➎ÿ÷❱✫⑧➔✼➈☞➆✹➄➆✂☞➎ø➄ ✁ ➏➑➄➇ö➙➁ ➄➇➂✓➄➌➈➫➊✤❿➋ú✮➈ù➀✓➀✩★✹➄➇➀✓➎ÿ➆④❧❻➎ø➄➌➀➏➋❿❻ú➝➁➃➂➅➄➇➎ÿ➀➂❧✛✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇÷✶ö✹➄➌➂➃➄➩➈✤➆✌❿❻➀➅❿➋ú➝✂ù➈ù÷✈✂➙➎➐➊✤❿➋ú➝➁➃➈î➆✮➈î➄➇➀➅➀✩★✮ú➝➁➃➈➉➆✌❿✷⑨✿★✮❿✓➁➅➂➃➄➌➁➃➄➇➊✤➈➇➀❃✫
❖ ❨✿✒❚✎✤❨P❷❹✌ ✒ ✺❤Ï❚➯✣✃✥➥✑➚④Ô④➩➞Õ❃➯✥➳

F (τ)
➫✣➳❫❪✢➩♣➧➒➳✄➦➋➥✑➧➒➥✑➦➬➶✢➩➞➳✄➧

H ❴ ➫❃➩✲➪✙➾✪➫❊➶✢➩✳➹✤➩ ❦ ➼ ❵❻❢ ❧ ✃④➩✲➦✩➩➞➮✻➩➝➭➝➩ M ∈ Γ➳ ❴ ➩➝➭P➳✄➧s➩✲➾✪➫ ❴ Õ❃➯❚➳✰✃✥➥✣➫➋➫✄➯✏➩➍➯P➧ ➚✥éP➧➒➳✄➦➋➥✰Ö❵➚✥➾➬➪➄➥➽➭P➳✷✃✥❒✑➲✪➥✣➫❄➳✄➧
R ∩ H

❵ç➁❬➚✥➪➈ÓP➥ ❴ ✃④➩✲➦✩➩❹➮✻➩➝➭➝➩
j =

1, 2, . . . , µ ❴ ➳✩❰✳➾✪➫✄➪✐➳✷➯P➧ ➚✥éP➧➒➳✄➦❝➥s➦➋➳✻➩✲➲❁➚✹ÓP➥s➚❁➳❱ß➝➩✲➪✙➾➬ê✲➥
yj

➪➈➩✲➲✓Õ❃➯✥➳

F (τ) = σj(τ)
∞∑

n=−∞
an(j)e2πi(n+κj)(A

−1
j τ)/λj , ❯ t ✫ ✮ ❢

➳✩❰✢✃✹➦❝➳➋➫➋➫❃ÓP➥✾ê✑❮✲➲➷➾❈➭➝➩▲➫✣➳✄➧✧✃✹➦❝➳➞Õ❃➯✥➳
Im
(
A−1

j τ
)
> yj

❵ÿ❿✽➩↕➳✩❰✢✃④➩✲➚④➫❃ÓP➥ ❦ ➼ ❵ ❐ ❧ ❴ ➪❱➩✲➧sá✄Ð✄➧ ➭P➳✄➚❁➥✑➧♣➾➬➚✹➩➝➭➝➩
� ➳✩❰✢✃④➩✲➚④➫❃ÓP➥❄➭P➳✚➤✓➥✑➯✬➦➨➾❱➳✄➦➞➭P➳

F (τ)
➳✄➧

qj
✁ ❴ ➥✣➫➞➪✐➳✄➦➨➧➒➥✣➫✚➫❃ÓP➥▲➦❝➳✄➲✈➩✲➪✙➾➬ê✲➥✣➫→➩P➥♣✃✥➥✑➚✥➪➄➥s✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥

qj =

Aj(∞)
❵◆⑤✧➫➋➫✄➾➬➧ ❴ κj

Ðs➮➋➥✑➧➒➥♣➚✹➩➺❒❆➳❊Ö❵➚✥➾❊➹✤ÓP➥ ➽ ❴ λj
Ð①➩➒➲✈➩✲➦✙ß✲➯✬➦✩➩✾➭P➳

qj ❴ ➥✣➫♣➮➋➥✣➳❊Ö❤➮✄➾❱➳✄➚✥➪✐➳➋➫ an(j)
➫❃ÓP➥

➚✥éP➧➒➳✄➦❝➥✣➫①➮➋➥✑➧✧✃✹➲✪➳✩❰✬➥✣➫✷Õ❃➯✥➳❆➭P➳➄✃✥➳✄➚✹➭P➳✄➧ ➭P➳
qj ❴ ➳

σj(τ) =

{

1,
➫✣➳
qj = ∞

(τ − qj)
−r,

➫✣➳
qj <∞

⑤✧➲✪Ð✄➧ ➭✲➾✪➫➋➫✣➥ ❴ Õ❃➯✏➩✲➚✹➭P➥ F (τ)
Ð➞➦❝➳❱ß✲➯✬➲✈➩✲➦❳➳✄➧

H ❴ ✃✥➥❃➭P➳✄➧➒➥✣➫✚➪➄➥✑➧s➩✲➦
yj = 0

✃④➩✲➦✩➩
1 ≤ j ≤ µ ❴ ➭P➳➧➒➥❃➭P➥↕Õ❃➯✥➳❫➩➜➳✩❰✢✃④➩✲➚④➫❃ÓP➥ ❦ ➼ ❵ ❐ ❧ ➫✣➳▲➪➄➥✑➦➨➚✹➩❹ê✑❮✲➲➷➾❈➭➝➩➜➳✄➧Û➪✐➥❃➭P➥×➥➍➫✣➳✄➧♣➾❐✃✹➲✈➩✲➚❁➥

H ❴ ✃④➩✲➦✩➩➜➮✻➩➝➭➝➩▲✃✥➥✑➚✥➪✐➥
✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥➒➮➋➥✑➚④➫✄➾❈➭P➳✄➦✩➩➝➭P➥❾❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ❣ ➄➇➂➃➄❜➀➅➎ÿ➊îö✮÷➐➎➐þ✹➏❻➄➇➂❈➄◆ú✮➈➇➁ ➄➌ü➑ý➇➈◆➆✮➄✖ö✮➂➅➈✣✂➌➄ ✁ ✂➌➄➇➊î➈ù➀✜➏➋➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➂ qj = q ✁ λj = λ ✁
κj = κ

❿
Aj = A

✫
♥✡⑩✮➀➅❿➋➂✩✂➇❿❻➊î➈ù➀★➄➀☎ù➈ù➂➃➄➺⑨✿★✮❿❂➄Ñ➏❻➈ùú✌➆✮➎ÿü❻ý➇➈P➆✮❿

F (τ)
ö➺➈ù➀➅➀✩★✮➎ÿ➂ç★✮➊➵úP➓✌➊✤❿➋➂➅➈Pþ✹ú✮➎➐➁➅➈Ñ➆✮❿➡ö ➃ ÷ÿ➈ù➀✡❿➋➊

R∩H➎➐ú✮➆✮❿❻ö➺❿❻ú✌➆✮❿✿➆✹➄➫➂✎❿❃☎ù➎ÿý➇➈➒✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✵ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄
R
✫✽❥✾❿①✝ ➄➌➁➃➈ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀✧⑨✿★✮❿ α ∈ C

➀➅❿✐✦➅➄
★✮➊ ö ➃ ÷➐➈❋➆✮❿ F (τ)

❿➋➊
R ∩ H

✫×✇Ñ➆✮❿➋➊➉➄➇➎➐➀ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀♣⑨P★✌❿ R
❿

R ′ ➀➅❿➄✦➅➄➇➊ ➆✏★✹➄➌➀î➂✎❿❃☎ù➎✆➎➙❿➋➀



✒➏✕ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇➎ÿ➀❍ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄➌➀❲➀➅❿✢☎✳★✮ú✮➆✌➈
Γ ✁ ❿→õ✌➄➌➁ ➄➌➊✤❿➋ú✘➁➅❿✛➏❻➈➇➊✤➈➩➄➌➀❤⑨✿★✮❿✓➄➇ö✹➄➌➂➅❿❻➏➋❿❻➊❃ú✹➄ ❣ ➂➅➈ùö➺➈ù➀✎➎ÿü➑ý➌➈

t ✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ ➄➩❿→õ➙ö✹➄➇ú✌➀➃ý➇➈✤❿❻➊✱➀✩❧❻➂➅➎➐❿☎➆✮❿✷è✵➄➀★✮➂➅❿➋ú✘➁➲➆✮❿
F (τ)

❿❻➊
α
➏➋➈ù➂➅➂✎❿❻➀➅ö➺➈ùú✮➆✌❿✑➄

F (τ) =
∞∑

n=−k

tn(τ − α)n,

➀➅❿➋ú✮➆✮➈
k
★✌➊❙➎➐ú➝➁➃❿❻➎➐➂➅➈❜ö✙➈ù➀✎➎➐➁➅➎✆✂ù➈ ✁ ➎✆☎✳★✹➄➇÷❂û✖➈ù➂✎➆✮❿❻➊♠➆✮➈✖ö ➃ ÷➐➈ α ✫➣✇⑧☎ù➈ù➂➃➄ ✁ ö✹➄➇➂➅➄❜➏❻➄➇➆✹➄ τ ∈ R ∩ H ✁

❿→õ➙➎ÿ➀✻➁➃❿➋➊
τ ′ ∈ R ′ ∩ H

❿
M =

(

∗ ∗
c d

)

∈ Γ
➁ ➄➇➎➐➀✧⑨✿★✮❿

τ = Mτ ′ ✁ ö➺➈ù➎ÿ➀ R
❿

R ′ ➀➅ý➇➈③➂➅❿✢☎ù➎✪➎☞❿❻➀
✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇➎ÿ➀Ñ➀✎❿❃☎✳★✌ú✮➆✮➈

Γ
✫✖❥✯❿➋➀➅➀✎❿✑➊î➈➙➆✌➈ ✁ ★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇ú✌➆✮➈➀➁❭➀✎❿✛➄➩➂➅❿➋÷ø➄➇ü❻ý➇➈ ❯ t ✫ ❼✤❢ ✁ ➁➃❿➋➊✤➈ù➀

∞∑

n=−k

tn(τ − α)n = F (τ) = F (Mτ ′) = υ(M)(cτ ′ + d)rF (τ ′),

➆✮➈ùú✮➆✌❿

F (τ ′) = [υ(M)]−1(cτ ′ + d)−r

∞∑

n=−k

tn(τ − α)n

= [υ(M)]−1(cτ ′ + d)−r
∞∑

n=−k

tn(Mτ ′ − α)n

= [υ(M)]−1(cτ ′ + d
︸ ︷︷ ︸

6=0

)−r
∞∑

n=−k

tnM
n(τ ′ −M−1α)n,

è✡➈✳☎ù➈ ✁ M−1α
❧✷★✮➊ ö ➃ ÷ÿ➈❽➆✮❿❈➈ù➂➅➆✌❿❻➊✱➊î❿❻ú✮➈➇➂➲➆✌➈➒⑨✿★✮❿❈➈✳★❜➎✆☎✳★✹➄➇÷▲➄

k
➆✮❿

F (τ ′)
❿❻➊

R ′ ∩ H
✫✟ô✣➀✻➁➃❿

➊✤❿➋➀➅➊î➈✿➂➃➄➌➏❻➎ÿ➈☞➏❃♠➐ú✮➎ÿ➈✑➊✤➈➇➀✎➁➃➂➅➄❆⑨✿★✮❿ ✁ ➄✿➏➑➄➇➆✹➄➩ö ➃ ÷ÿ➈✑➆✮❿ F (τ ′)
❿❻➊

R ′ ∩H ✁ ➏➋➈ù➂➅➂✎❿❻➀➅ö➺➈ùú✮➆✌❿✷★✌➊❃ö ➃ ÷ÿ➈✜➆✮❿
F (τ)

❿❻➊
R ∩ H

✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ ➄✖➄➌➀➅➀➅❿➋➂➅ü❻ý➇➈◆➆✮❿➞⑨P★✌❿ F (τ)
ö➺➈ù➀➅➀✩★✮➎❬★✌➊❙ú✿➓✮➊î❿❻➂✎➈❜þ✹ú✌➎➐➁➃➈❜➆✮❿➉ö ➃ ÷➐➈ù➀

❿❻➊
R ∩H

❧✓➎ÿú✮➆✮❿➋ö✙❿➋ú✮➆✮❿➋ú✘➁➅❿☎➆✹➄➩➂➅❿❃☎➇➎øý➇➈❆✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷✶ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄
R ✁ ➀✎❿❻ú✮➆✌➈î❿➋➀➅➀✎❿❈ú✿➓✮➊î❿❻➂✎➈❽➆✮❿ö ➃ ÷ÿ➈ù➀ ✁ ➁ ➄➇➊❆⑩■❧➋➊ ✁ ➏❻➈ùú✮➀✻➁ ➄➇ú➝➁➅❿✲✫

❣ ❿❻÷➐➈❽➊✤❿➋➀➅➊î➈❽➄➇➂✻☎✳★✌➊✤❿➋ú✘➁➅➈♣★✌➁➃➎➐÷ÿ➎✆✉➑➄➇➆✮➈✑ú✹➄✿➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈î➆✌➈✚è▲❿➋➊➉➄✚✯ ✁ ❿→õ➙➎ÿ➀✻➁➃❿✛★✮➊✪➎ÿú➝➁➃❿➋➎ÿ➂➅➈✜ö✙➈ù➀✎➎✈➁
➁➃➎✈✂ù➈

λ
➁ ➄➌÷✓⑨✿★✮❿

Sλ ∈ Γ
❿
Sn /∈ Γ ✁ ö✹➄➌➂➃➄ 1 ≤ n ≤ λ− 1

✫ ❣ ❿❻÷ÿ➈➞⑨✿★✮❿✿➈✳⑩✮➀✎❿❻➂➇✂➇➄➌➊✤➈ù➀➲ú✮➈➫ö✮➄➇➂➃➍✲☎➇➂➃➄➀✝➚➈
➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀✵➀✻★✮ö➺➈ù➂Ù⑨✿★✮❿ R

➀✎❿✐✦➅➄✛➄✯➂✎❿❃☎ù➎ÿý➇➈⑧✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷➙ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄✯➄➇➀✎➀➅➈☞➏❻➎ÿ➄➇➆✹➄✯û✾➆✮❿❻➏➋➈ù➊✚➁
ö✙➈➇➀➅➎ÿü❻ý➇➈

Γ(1) =
⋃µ

i=1 ΓAi
⑨✿★✮❿☎➀➃➄➌➁➅➎ÿ➀✩✝ ➄➌ü➑➄

Ai = Si−1 ✁ ö✮➄➇➂➃➄ 1 ≤ i ≤ λ
✫❂ô✣➀✎➁➅❿❻➀

λ
➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀

➆✮❿
Γ(1)

➀✎❿❻➂➅ý➇➈✿➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀❂➊ ➃ ➆✏★✮÷➐➈ Γ ✁ ö✙❿➋÷ÿ➈✰⑨P★✌❿✛➏❻➈ù➊î❿❻ú➝➁➃➄➇➊✤➈➇➀❍ú✮➈✑➎ÿú✏♠➐➏❻➎➐➈✑➆✮❿➋➀✎➁➅❿✛ö✹➄➇➂➅➍✲☎ù➂➃➄✑✝➚➈✏✫❪✇✾➀➅➀➅➎➐➊ ✁ú✮➈➇➁➃➄➇ú✮➆✮➈➀➁✝➀➅❿➂⑨✿★✮❿
R(Γ(1))

➏❻➈ùú➝➁✻❧❻➊ ➄✽✝ ➄➌➎ õ✌➄ −1/2 ≤ Re(τ) ≤ 1/2 ✁ Im(τ) ≥ 1 ✁ ➏❻➈ùú✮➏➋÷✪★✮➎➐➊✤➈➇➀➊⑨P★✌❿
R ∩ H

➏❻➈➇ú✘➁✻❧❻➊❙➄▲✝ ➄➌➎ õ✌➄ −1/2 ≤ Re(τ) ≤ 1/2 + (λ − 1) ✁ ➈✳★ −1/2 ≤ Re(τ) ≤ λ − 1/2 ✁
Im(τ) ≥ 1

✫ ❣ ➈ù➂❤➉✌➎ÿö ➃ ➁➃❿➋➀➅❿ ✁ F (τ)
➆✮❿✢✂➇❿☎➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄➇➂➺★✮➊❃ú✿➓✮➊✤❿➋➂➅➈✜þ✮ú✮➎➐➁➅➈✿➆✮❿✓ö ➃ ÷ÿ➈ù➀❂➁ ➄➇➊❆⑩■❧➋➊ ú✌❿❻➀➅➀➅➄

✝ ➄➇➎ õ✌➄④✫



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✒çø
✭ ➎ÿ❿➋ú➝➁➃❿❻➀P➆✮➈♣⑨✿★✮❿➅✦➅➍✿❿➬õ✌ö✌÷ÿ➎ÿ➏❻➄➇➊î➈ù➀❲ú✮➈➇➀Ñö✹➄➇➂➃➍➀☎ù➂➃➄➀✝➚➈➇➀✟➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂➅❿➋➀ ✁ ➀✩★✮ö✙➈➇ú✏➉✹➄➇➊î➈ù➀Ñ➎ÿú✌➎ÿ➏❻➎ÿ➄➇÷ÿ➊î❿❻ú➝➁➅❿ q =

∞ ✫ ⑦➲❿❻➀✎➁➅❿✖➏❻➄➇➀➅➈ ✁ A(∞) = ∞ ❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ A = St ✁ ö✮➄➇➂➃➄❸➄➇÷✪☎✳★✌➊ ➎ÿú➝➁➃❿➋➎ÿ➂✎➈
t
✫ è✡➈✳☎ù➈ ✁ M =

ASλA−1 = Sλ ∈ Γ ✁ ❿☎ö✙➈☞➆✮❿➋➊✤➈ù➀P➄➌ö✮÷ÿ➎➐➏➑➄➇➂Ñ➄➩➂✎❿❻÷ø➄➌ü➑ý➇➈ ❯ t ✫ ❼✤❢ ➄ M ✁ ➈✳⑩✌➁➃❿➋ú✮➆✮➈

F (τ + λ) = F (Sλτ) = υ(Sλ)(0τ + 1)rF (τ) = e2πiκF (τ),

★✌➁➅➎ÿ÷➐➎✪✉➑➄➌ú✮➆✮➈✜➁➃➄➇➊①⑩✹❧❻➊✱➄s❥✯❿→þ✹ú✮➎ÿü❻ý➇➈✚ë✏✫❵✇✟➁➃➂✎➎✪⑩✏★✮➎➐ú✮➆✮➈
g(τ) = e−2πiκτ/λF (τ) ✁ ✂ù❿❻➊

g(τ + λ) = e−2πiκ(τ+λ)/λF (τ + λ)

= e−2πiκτ/λe−2πiκe2πiκF (τ)

= e−2πiκτ/λF (τ) = g(τ),

ö✹➄➌➂➃➄✿➁➃➈☞➆✮➈
τ ∈ H

✫❵✇✧☎ù➈ù➂➅➄ ✁ ➆✮❿➋ú✮➈➇➁➃➄➇ú✮➆✮➈ w = e2πiτ/λ ✁ ➏❻➈ù➊ τ = x+ iy ✁ ➁➃❿➋➊✤➈➇➀

w = e2πi(x+iy)/λ = e−2πy/λei(2πx/λ).

❥✯❿→þ✹ú✹➄➇➊î➈ù➀ ✁ ❿➋ú✘➁➃ý➇➈ ✁ ➄✷✝❊★✮ú✌ü➑ý➇➈ h(w) = h(e2πiτ/λ) = g(τ) ✁ ⑨P★✌❿✯❿❻➀✻➁ ➍✷⑩✙❿➋➊➓➆✮❿➋þ✹ú✌➎ÿ➆✹➄ ✁ ★✮➊✤➄✽✂➇❿❃✉✡⑨✿★✮❿
g(τ + λ) = g(τ) ✁ ö✹➄➇➂➅➄❶➏❻➄➇➆✹➄ τ ∈ H

✫ ✭ ➈ù➊î➈ |w| = e−2πy/λ ✁ ➀➅❿ 0 < |w| < 1 ❯ ➆✮➎ÿ➀✎➏❻➈③➆✮❿➩➂➅➄➇➎ÿ➈❼ ➀➅❿❻➊❴➄➉➈ù➂✎➎✪☎ù❿➋➊ ❢ ✁ ❿❻ú➝➁ ý➌➈ 0 < e−2πy/λ < 1 ✁ ➆✌➈ùú✮➆✮❿ y > 0 ✁ ➈✳★ τ ∈ H
✫✧è✡➈✳☎ù➈ ✁ ➀✎❿ 0 < |w| < 1 ✁❿➋ú✘➁➃ý➇➈

τ ∈ H ✁ ➈ùú✮➆✮❿ F (τ)
❧➉➊✤❿➋➂➅➈ù➊î➈ù➂✩✝ ➄❶❿ ✁ ö➺❿❻÷ÿ➄❜➏➋➈ùú✮➀✎➁➅➂✻★✮ü❻ý➇➈à➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ h(w)

❧➫➊✤❿➋➂➅➈ù➊î➈ù➂➇✝ ➄④✫
♦✌➄➀⑩✙❿➋➊✤➈ù➀✟⑨✿★✮❿

F (τ)
ö➺➈ù➀✎➀✻★✮➎✓★✮➊❆ú✿➓✮➊✤❿➋➂➅➈➉þ✮ú✮➎➐➁➅➈✤➆✮❿✑ö ➃ ÷ÿ➈ù➀➲ú✹➄s✝ ➄➌➎ õ✌➄ −1/2 ≤ Re(τ) ≤ λ− 1/2 ✁

Im(τ) ≥ 1
✫➊è✡➈✳☎ù➈ ✁ ➀✎❿ y = Im(τ) ≥ 1 ✁ ❿❻ú➝➁ ý➇➈ |w| = e−2πy/λ ≤ e−2π/λ ✁ ➆✮➈ùú✮➆✮❿ h(w)

ö➺➈ù➀➅➀✩★✮➎✹★✮➊
ú✿➓✮➊î❿❻➂✎➈❽þ✮ú✮➎➐➁➅➈î➆✌❿❈ö ➃ ÷➐➈ù➀Ñ❿❻➊ 0 < |w| ≤ e−2π/λ ❿ ✁ ö✙➈ù➂P➏➋➈ùú✮➀➅❿✢☎✳★✮➎➐ú✘➁➅❿ ✁ h(w)

❧☎➂➅❿✢☎✳★✮÷ø➄➌➂✟ú✿★✮➊ ➆✮➎ÿ➀✎➏❻➈
➆✹➄♣✝➚➈ù➂✎➊➉➄

0 < |w| < ρ ✁ ö✹➄➇➂➃➄✚★✮➊ ➏➋❿❻➂✻➁➃➈
ρ ≤ e−2π/λ ✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ h(w)

➀➅❿❈❿→õ➙ö✮➂✎❿❻➀✎➀➃➄➉❿➋➊ ➀✻❧❻➂✎➎ÿ❿☎➆✮❿
è▲➄✲★✮➂✎❿❻ú➝➁➲❿❻➊✪➁➅➈ù➂➅ú✌➈î➆✮➄î➈ù➂✎➎✪☎ù❿➋➊❃➏➋➈ù➊î➈

h(w) =

n=∞∑

n=−∞
bnw

n,

ö✹➄➌➂➃➄
0 < |w| < ρ

✫ ⑦➲❿❻➀✎➁➅❿③➏➑➄➇➀✎➈ ✁ 0 < e−2πy/λ < ρ ✁ ➆✮➈ùú✌➆✮❿ y > (λ/2π) ln(1/ρ) = yj ≥ 0
✫

✇✾➀➅➀➅➎➐➊ ✁ ö✹➄➇➂➃➄ y = Im(τ) > yj ✁ ➁➃❿❻➊î➈ù➀ h(w) =
∑∞

n=−∞ bnw
n ➈✳★ ✁ ❿❻➊✪➁➅❿❻➂➅➊î➈ù➀P➆✮❿

τ ✁

g(τ) =
∞∑

n=−∞
bn
(
e2πiτ/λ

)n
,

➈✳★
e−2πiκτ/λF (τ) =

∞∑

n=−∞
bne

2πinτ/λ,

➆✮➈➇ú✮➆✮❿
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F (τ) =
∑∞

n=−∞ bne
2πi(n+κ)τ/λ.

✇✯÷✆❧❻➊❣➆✮➎➐➀➅➀➅➈ ✁ A−1τ = (St)−1(τ) = τ − t ✁ ➆✮❿✤➊✤➈☞➆✮➈▲⑨P★✌❿ τ = A−1τ + t
✫❄♦✬★✏⑩✌➀✎➁➃➎ ➁❝★✮➎➐ú✮➆✮➈❨❿❻➀✻➁➃❿

✂➌➄➇÷ÿ➈ù➂❲ú✹➄î❿➬õ➙ö✮➂➅❿➋➀➅➀➃ý➌➈➫➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂ ✁ ✂➇❿❻➊ ⑨✿★✮❿

F (τ) =

∞∑

n=−∞
bne

2πi(n+κ)(A−1τ+t)/λ

=

∞∑

n=−∞
bne

2πi(n+κ)t/λ

︸ ︷︷ ︸

an(j)

e2πi(n+κ)(A−1τ)/λ,

ö✹➄➇➂➅➄
Im(A−1τ) = Im(τ) > yj ✁ ➏➋➈ùú④✝➚➈ù➂✎➊✤❿❍➄P❿→õ➙ö✮➂➅❿➋➀➅➀➅ý➇➈ ❯ t ✫ ✮ ❢ ö✹➄➇➂➅➄✾➈✾➏➑➄➇➀✎➈ q = ∞ ✫❪r★➎➐ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁➀➅❿

F (τ)
❧✜➂➅❿✢☎✳★✮÷ÿ➄➇➂✾❿➋➊

H ✁ ❿❻ú➝➁ ý➌➈ h(w)
❧❈➂➅❿✢☎✳★✮÷ø➄➌➂✾ö✹➄➌➂➃➄

0 < |w| < 1 ✁ ➆✮❿✑➊✤➈☞➆✮➈➒⑨✿★✮❿✑ö✙➈☞➆✮❿➋➊✤➈ù➀➁➃➈ù➊✤➄➇➂
ρ = 1

ú✹➄➩➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈➉➄➌ú✘➁➅❿❻➂✎➎ÿ➈ù➂ ✁ ➆✮➈ùú✌➆✮❿ yj = 0
✫

♦✬★✮ö➺➈ùú✏➉✹➄➇➊î➈ù➀③➄➀☎ù➈ù➂➃➄
q 6= ∞ ✫ ❥✛➄➸➊î❿❻➀✎➊➉➄↕✝➚➈➇➂➅➊✤➄ ✁ ➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿➋➊✤➈ù➀ M = ASλA−1 ∈ Γ

✫
♥✡⑩✮➀➅❿➋➂✩✂ù❿✷⑨✿★✮❿

M(q) = ASλA−1(q) = A(Sλ(A−1(q))) = A(Sλ(∞)) = A(∞) = q.

è✡➈✳☎ù➈ ✁ ö✙❿➋÷ÿ➈✟è✡❿❻➊✤➄✧✯Ñ❿❂ö✙❿➋÷ø➄⑧♥✛⑩✌➀➅❿❻➂➇✂➌➄➇ü➑ý➇➈ ❼ ⑨✿★✮❿❍➈✾➀✩★✮➏❻❿➋➆✮❿ ✁ M =

(

∗ ∗
γ δ

) ❧❬★✌➊➉➄Ñ➁➃➂➅➄➇ú✮➀✩✝➚➈➇➂➅➊✤➄➇ü➑ý➇➈
÷ÿ➎➐ú✮❿➑➄➇➂✡✝➚➂➅➄➇➏❻➎➐➈ùú✹➍➇➂✎➎ø➄③ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏➑➄➉➁ ➄➌÷✖⑨✿★✮❿ M(q) = q

✫❳❥✯❿➋þ✮ú✮➎ÿú✮➆✌➈➀➁❭➀✎❿
ϕ(τ) = (τ − q)rF (τ) ✁ ö✙➈➇➂

❯ t ✫ ❼✤❢ ❿☎ö➺❿❻÷ÿ➈✚è✡❿➋➊➉➄♣ë ✁ ➁➅❿❻➊î➈ù➀

ϕ(Mτ) = (Mτ − q)rF (Mτ)

= (Mτ − q)r(γτ + δ)rυ(M)F (τ)

= (τ − q)re2πiκF (τ)

= e2πiκϕ(τ),

➈✳★
ϕ(ASλA−1τ) = e2πiκϕ(τ),

❿→õ➙ö✮➂✎❿❻➀➅➀➅ý➇➈➞✂➌➍➇÷➐➎ÿ➆✹➄✿ö✮➄➇➂➃➄✿➁➃➈☞➆✮➈
τ ∈ H

✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ ➁➃➈➇➊➉➄➇ú✌➆✮➈➀➁❭➀✎❿ Aτ ∈ H
ú✮➈î÷✪★✏☎ù➄➇➂✟➆✮❿

τ ✁ ➁➅❿❻➊î➈ù➀

ϕ(ASλτ) = e2πiκϕ(Aτ).



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✒✢☎
✇⑧☎ù➈ù➂➃➄ ✁ ➆✮❿➋þ✮ú✮➎ÿú✮➆✌➈ g(τ) = e−2πiκτ/λϕ(Aτ) ✁ ➁➃❿➋➊✤➈ù➀➺⑨✿★✮❿

g(τ + λ) = g(Sλτ)

= e−2πiκ(τ+λ)/λϕ(ASλτ)

= e−2πiκτ/λe−2πiκe2πiκϕ(Aτ)

= e−2πiκτ/λϕ(Aτ) = g(τ).

❥✯❿ ➄✲☎➇➈ù➂➃➄➸❿❻➊ ➆✮➎ø➄➇ú➝➁➅❿ ✁ ➄➸➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈➭ö✌➂➅➈ù➀✎➀➅❿❃☎✲★✮❿❸➆✌❿ ➊✤➄➇ú✮❿➋➎ÿ➂➅➄➸➄➇ú✹➍➇÷➐➈✳☎➝➄➸➄➇➈♣➏➑➄➌➀➅➈ q = ∞ ✫
❥✯❿→þ✹ú✮➎➐➊✤➈ù➀

w = e2πiτ/λ ❿ h(w) = h(e2πiτ/λ) = g(τ) ❯ ➏❻➈➇➊✤➈ g(τ+λ) = g(τ) ✁ ➁➃❿➋➊✤➈ù➀✵ú✮➈✣✂➌➄➇➊î❿❻ú➝➁➃❿⑨✿★✮❿
h(w)

❿❻➀✻➁ ➍✚⑩✙❿➋➊✱➆✮❿➋þ✮ú✮➎ÿ➆✹➄ ❢ ✫❂ô✣➊✪➁➃❿➋➂➅➊î➈ù➀Ñ➆✹➄♣✝❊★✮ú✮ü➑ý➌➈î➈➇➂➅➎✪☎➇➎ÿú✹➄➇÷
F (τ) ✁ ➁➃❿➋➊✤➈➇➀

g(τ) = e−2πiκτ/λϕ(Aτ) = e−2πiκτ/λ(Aτ − q)rF (Aτ),

➆✮➈➇ú✮➆✮❿❽➈❳✝ ➄➌➁➃➈❶➆✮❿
F (τ)

➀➅❿❻➂☎➊î❿❻➂✎➈ù➊✤➈➇➂✩✝ ➄➉ö✹➄➌➂➃➄
τ ∈ H

➎ÿ➊îö✮÷ÿ➎➐➏➑➄s⑨P★✌❿î➈❨➊î❿❻➀➅➊î➈→✂➌➄➇÷ÿ❿➩ö✮➄➇➂➃➄
g(τ) ✁➆✮➈➇ú✮➆✮❿

h(w)
❧✜➊î❿❻➂➅➈➇➊✤➈ù➂➇✝ ➄îö✮➄➇➂➃➄

0 < |w| < 1
✫✧✇✾÷✪❧❻➊ ➆✌➎ÿ➀➅➀✎➈ ✁ ❿➋➀➅➀➅➄➫➊✤❿➋➀➅➊✤➄✤➂➅❿➋÷ø➄➇ü❻ý➇➈➉➊î➈ù➀✻➁➃➂➃➄➞⑨P★✌❿

g(τ)
ö➺➈ù➀➅➀✩★✮➎❪★✌➊ ú✿➓✮➊î❿❻➂➅➈➫þ✮ú✮➎➐➁➅➈➫➆✮❿➩ö ➃ ÷ÿ➈ù➀✾❿❻➊ A−1

(
R
)
∩ H = A−1(R) ∩ H ✁ ★✮➊➉➄s✂ù❿❃✉✚⑨✿★✮❿

F (τ)
ö✙➈ù➀✎➀✻★✮➎ç★✌➊✱ú✿➓✮➊✤❿➋➂➅➈➩þ✹ú✮➎ ➁➃➈❽➆✮❿☎ö ➃ ÷ÿ➈ù➀Ñ❿➋➊

R ∩ H
✫

✇✧☎➇➈ù➂➃➄ ✁ ➈✳⑩✮➀✎❿❻➂➇✂ù❿❻➊î➈ù➀①⑨✿★✮❿➉➄❨➂✎❿❻÷ÿ➄➇ü➑ý➇➈ ❯ t ✫ ❼✤❢ ✁ ✂➌➍➇÷➐➎ÿ➆✹➄③ö✹➄➌➂➃➄ F (τ)
❿❻➊♠➂➅❿➋÷ø➄➇ü❻ý➇➈❨➄

Γ ✁ ❧s➉✮❿❻➂✎➆✹➄➇➆✹➄
ö➺➈ù➂

g(τ)
❿➋➊ ➂➅❿➋÷ø➄➇ü❻ý➇➈î➄

A−1ΓA
✫❤❥✾❿✷✝ ➄➌➁➅➈ ✁ ➁➃➈➇➊➉➄➇ú✌➆✮➈➀➁❭➀✎❿ A−1V A ∈ A−1ΓA ✁ V =

(

∗ ∗
c d

)

✁ ❿
★✌➁➅➎ÿ÷➐➎✪✉➑➄➌ú✮➆✮➈➀➁✝➀➅❿✛➄❽➂➅❿➋÷ø➄➇ü❻ý➇➈➩❿❻ú➝➁➅➂➅❿

g(τ)
❿
F (τ) ✁ ➁➅❿❻➊î➈ù➀

g(A−1V Aτ) = e−2πiκ(A−1V Aτ)/λ(A(A−1V Aτ) − q)rF (A(A−1V Aτ))

= e−2πiκ(A−1V Aτ)/λ(V Aτ − q)rF (V Aτ)

= e−2πiκ(A−1V Aτ)/λ(V Aτ − q)rυ(V )(cAτ + d)rF (Aτ)

= e−2πiκ(A−1V Aτ)/λ(V Aτ − q)rυ(V )(cAτ + d)r g(τ)e
2πiκτ/λ

(Aτ − q)r

= α(τ)g(τ), ❯ t ✫❐þ ❢
➈ùú✌➆✮❿

α(τ) =
e2πiκτ/λe−2πiκ(A−1V Aτ)/λυ(V )(cAτ + d)r(V Aτ − q)r

(Aτ − q)r
.

✇⑧☎ù➈ù➂➃➄ ✁ ö✙❿➋÷ÿ➈ ✭ ➈➇➂➅➈ù÷ÿ➍➇➂➅➎➐➈ ❼ ✴❜➆✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈➍✯ ✁ ➁➅❿❻➊î➈ù➀①⑨✿★✮❿ A−1(R)
❧→★✮➊✤➄✖➂➅❿✢☎ù➎øý➇➈❄✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷

ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄❈➀✎❿❃☎✳★✌ú✮➆✮➈
A−1ΓA

✫ ✭ ➈ù➊î➈
g(τ)

ö✙➈➇➀➅➀✻★✌➎■★✮➊➓ú✿➓✮➊î❿❻➂✎➈✑þ✹ú✌➎➐➁➃➈✑➆✮❿➲ö ➃ ÷➐➈ù➀❂❿❻➊ A−1(R)∩
H ✁ ➀✎❿❃☎✳★✮❿ ✁ ö✙❿➋÷ø➄✜➂✎❿❻÷ÿ➄➇ü➑ý➇➈ ❯ t ✫ þ ❢ ➄➇ö✮÷➐➎ÿ➏❻➄➇➆✹➄✿➄➇➈➩➊î❿❻➀✎➊✤➈✜➂➃➄➇➏➋➎ÿ➈☞➏❃♠ÿú✌➎ÿ➈✜➆✌➈➩➎ÿú✏♠➐➏❻➎ÿ➈✜➆✮❿❻➀✻➁ ➄➩➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈ ✁⑨✿★✮❿

g(τ)
ö✙➈➇➀➅➀✻★✌➎❬★✮➊♠ú✿➓✮➊î❿❻➂✎➈❜þ✹ú✮➎ ➁➃➈❜➆✮❿➉ö ➃ ÷ÿ➈➇➀❈❿➋➊

R ′ ∩ H ✁ ö✹➄➇➂➅➄❜➁➃➈☞➆✹➄❶➂➅❿❃☎➇➎øý➇➈▲✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷
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ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄
R ′ ➀➅❿❃☎✲★✮ú✮➆✮➈ A−1ΓA

✫ ✭ ➈ù➊î➈
λ
❧➲➈❈➊✤❿➋ú✮➈ù➂✣➎ÿú➝➁➅❿❻➎ÿ➂✎➈☎ö✙➈ù➀✎➎➐➁➅➎✆✂ù➈✓➁➃➄➇÷✥⑨✿★✮❿

Sλ ∈ A−1ΓA ✁ö✙➈☞➆✮❿➋➊✤➈ù➀☎➁➃➈➇➊➉➄➇➂☎➈ù➀✑➂➅❿➋ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄➇ú➝➁➃❿❻➀➩➆✌➎ÿ➀✎➁➅➎ÿú➝➁➃➈➇➀
I ✁ S ✁ S2 ✁ . . . ✁ Sλ−1 ➆✮❿ Γ(1)

➊ ➃ ➆✏★✌÷ÿ➈ A−1ΓA
✫

è✡➈✳☎ù➈ ✁ g(τ) ö➺➈ù➀➅➀✩★✮➎④★✌➊ úP➓✌➊✤❿➋➂➅➈✯þ✹ú✌➎➐➁➃➈➲➆✮❿❍ö ➃ ÷➐➈ù➀▲ú✹➄⑧✝ ➄➇➎ õ✌➄ −1/2 ≤ Re(τ) ≤ λ−1/2 ✁ Im(τ) ≥ 1 ✁➆✮❿❶➊✤➈☞➆✮➈❫⑨✿★✮❿
h(w)

❧③➂➅❿✢☎✳★✮÷ÿ➄➇➂①⑨✿★✹➄➇ú✮➆✌➈
0 < |w| < ρ ✁ ö✹➄➇➂➃➄à➄➇÷✆☎✳★✮➊ ρ ≤ 1

✫❁ô➡ú➝➁➃ý➇➈
h(w)

➀✎❿
❿→õ➙ö✮➂✎❿❻➀➅➀➅➄➉❿❻➊✪➀✻❧❻➂✎➎ÿ❿✓➆✮❿✷è▲➄✲★✮➂✎❿❻ú➝➁➲❿❻➊✱➁➅➈ù➂➅ú✮➈❽➆✹➄➩➈ù➂✎➎✪☎ù❿➋➊ ✁ ú✮❿❻➀✎➀➅❿❈➆✮➎ÿ➀✎➏❻➈ ✁ ➏➋➈ù➊î➈

h(w) =

∞∑

n=−∞
bnw

n.

✇✧☎ù➈➇➂➃➄ ✁ ✂➌➄➇➊î➈ù➀✜➈✲⑩✌➁➃❿➋➂➩➄◆❿→õ➙ö✮➂✎❿❻➀➅➀➅ý➇➈ ➏❻➈ù➂✎➂➅❿❻➀✎ö✙➈➇ú✮➆✮❿❻ú➝➁➅❿❨❿➋➊❙➁➅❿❻➂✎➊✤➈ù➀✜➆✮❿
τ ✁ ö✮➂✎➎ÿ➊î❿❻➎➐➂➃➄➇➊î❿❻ú➝➁➃❿î➈✳⑩✮➀✎❿❻➂✐➁✂➌➄➇ú✮➆✮➈✚⑨✿★✮❿

F (τ) = (τ − q)−rϕ(τ) = (τ − q)−re−2πiκϕ(Mτ). ❯ t ✫ ✝✳❢
✇✯÷✆❧❻➊✪➆✌➎ÿ➀➅➀✎➈ ✁ ➀➃➄➀⑩✙❿➋➊✤➈ù➀➺⑨✿★✮❿

ϕ(Aτ) = e2πiκτ/λg(τ)

✂➌➄➇÷ÿ❿✓ö✹➄➌➂➃➄✿➁➃➈☞➆✮➈
τ ∈ H

✫✖è▲➈✲☎ù➈ ✁ ➁➅➈ù➊✤➄➇ú✮➆✮➈ A−1Mτ ∈ H ✁ ➁➅❿❻➊î➈ù➀

ϕ(Mτ) = e2πiκ(A−1Mτ)/λg(A−1Mτ)

❿ ✁ ➏➋➈ù➊✤➈ M = ASλA−1 ✁ ✂ù❿➋➊ ⑨P★✌❿

ϕ(Mτ) = e2πiκ(SλA−1τ)/λg(SλA−1τ)

= e2πiκ(A−1τ+λ)/λg(A−1τ + λ)

= e2πiκ(A−1τ)/λe2πiκg(A−1τ)

= e2πiκ(A−1τ)/λe2πiκh(e2πi(A−1τ)/λ)

= e2πiκ(A−1τ)/λe2πiκ
∞∑

n=−∞
bne

2πin(A−1τ)/λ, ❯ t ✫ ❼ ✱ ❢

➀➅❿➋ú✮➆✮➈♣➄❹➓✮÷ ➁➃➎➐➊➉➄❋ö✹➄➇➀✎➀➃➄✲☎➇❿❻➊ ✂➇➍➌÷ÿ➎ÿ➆✮➄❸➄➇ö➺❿❻ú✮➄➇➀➉ö✹➄➌➂➃➄
0 <

∣
∣
∣e2πi(A−1τ)/λ

∣
∣
∣ < ρ

✫ ✭ ➈ù➊î➈❹✂☞➎ÿ➊î➈ù➀îú✮➈
➏➑➄➇➀✎➈

q = ∞ ✁
∣
∣
∣e2πi(A−1τ)/λ

∣
∣
∣ = e−2πIm(A−1τ)/λ ✫➂è✡➈✳☎➇➈ ✁ ❿❻➀➅➀➅➄➉ö✹➄➇➀✎➀➃➄✲☎➇❿❻➊ ❧✰✂➌➍➇÷➐➎ÿ➆✹➄❽➄➇ö➺❿❻ú✹➄➌➀⑧⑨✿★✹➄➇ú✌➆✮➈

e−2πIm(A−1τ)/λ < ρ ✁ ➈✳★◆➀✎❿✐✦➅➄ ✁ ⑨✿★✹➄➌ú✮➆✮➈ Im(A−1τ) > (λ/2π) ln(1/ρ) = yj ≥ 0
✫✷♥✛➏❻➈ù➂✎➂➅❿✿❿➋ú✘➁➃ý➇➈

⑨✿★✮❿ ✁ ö✹➄➇➂➅➄ Im(A−1τ) ≥ yj ✁ ö✙➈☞➆✮❿❻➊î➈ù➀Ñ➀✩★✏⑩✮➀✎➁➅➎➐➁✻★✮➎ÿ➂ ❯ t ✫ ❼ ✱ ❢ ❿❻➊ ❯ t ✫ ✝➝❢ ➄➩þ✹➊✱➆✮❿☎➈✳⑩✌➁➅❿❻➂

F (τ) = (τ − q)−r
∞∑

n=−∞
bn
︸︷︷︸

an(j)

e2πi(n+κ)(A−1τ)/λ,



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✒✢✒
⑨✿★✮❿♣❧✿ö✌➂➅❿❻➏➋➎ÿ➀➅➄➇➊✤❿➋ú➝➁➃❿❽➄➫❿→õ➙ö✹➄➌ú✮➀➃ý➇➈③➆✮➄➇➆✹➄➫ö➺➈ù➂ ❯ t ✫ ✮ ❢ ö✹➄➇➂➅➄➫➈③➏➑➄➇➀✎➈ q 6= ∞ ✫✷r★➎ÿú✹➄➌÷ÿ➊î❿❻ú➝➁➃❿ ✁ ➀✎❿ F (τ)❧❈➂➅❿✢☎✳★✮÷ø➄➌➂✾❿➋➊

H ✁ ❿❻ú➝➁➃ý➇➈ h(w)
❧✜➂➅❿✢☎✳★✮÷ÿ➄➇➂Pö✹➄➇➂➃➄

0 < |w| < 1 ✁ ➆✌➈ùú✮➆✮❿✑ö✙➈☞➆✮❿❻➊î➈ù➀Ñ➁➃➈➇➊➉➄➇➂ ρ = 1
❿ ✁ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ yj = 0

✫
❋ õ ✘❃❨✿✎ ➐ ✌✥ö✍✌❲❨P✘❾ö
❼ ✫✾ô★õ➙➎ÿ➀✻➁➃❿✖★✮➊✤➄➲❿➋➀➅ö✹❧❻➏❻➎➐❿❍➆✌❿❍➂✎❿❻➏❃♠➐ö✮➂➅➈☞➏➑➄Ñ➆✮➈⑧➔✼❿➋➈ù➂➅❿➋➊➉➄⑧â✬❡▼➶✩♦☞❿ F (τ)

❧❍➊î❿❻➂✎➈ù➊î➈ù➂✩✝ ➄✟❿➋➊
H

❿❍ö➺➈ù➀✎➀✻★✮➎
★✌➊➉➄✛❿➬õ✌ö✮➄➇ú✮➀➃ý➌➈✜➆✹➄✡✝➚➈ù➂✎➊➉➄ ❯ t ✫ ✮ ❢ ❿❻➊✕➏❻➄➇➆✹➄✓ö➺➈ùú➝➁➃➈☎ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ qj ✁ ✂➌➍➇÷ÿ➎➐➆✹➄✛ö✹➄➇➂➅➄ Im(A−1

j τ) >

yj ≥ 0 ✁ ❿❻ú➝➁➃ý➇➈ F (τ)
ö➺➈ù➀✎➀✻★✮➎Ù★✌➊ ú✿➓✮➊î❿❻➂➅➈➫þ✮ú✮➎➐➁➅➈➫➆✮❿➩ö ➃ ÷ÿ➈ù➀✾❿❻➊

R ∩ H
➹❝✫ ➦ ➎ÿú➝➁➃❿➋➂➅❿➋➀➅➀➃➄➌ú✘➁➅❿

ú✌➈➇➁ ➄➇➂➂⑨✿★✮❿ ✁ ö✹➄➇➂➅➄✤ö✮➂✎➈✣✂➇➄➌➂✾❿➋➀✎➁ ➄î➂➅❿➋➏❃♠ÿö✌➂➅➈☞➏➑➄ ✁ ú✹ý➇➈✤➀➅❿✰★✌➁➃➎➐÷ÿ➎✪✉❻➄✿➈➞✝ ➄➌➁➅➈✤➆✌❿ F (τ)
➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉➋❿❻➂ ❯ t ✫ ❼✤❢❿➋➊

Γ
✫➡ô✣➊ ➀✻★✮➊✤➄ ✁ ➄✜ö✹➄➇➂✻➁➃➎➐➂❂➆✮➄✜❿→õ➙➎ÿ➀✻➁❝Ú➋ú✮➏❻➎ÿ➄✜➆✮❿❻➀✻➁ ➄✿➂✎❿❻➏❃♠➐ö✮➂➅➈☞➏➑➄ ✁ ö➺➈➙➆✌❿❻➊î➈ù➀❍➆✌➎✪✉❻❿➋➂➅⑨✿★✮❿ ✁ ➀➅❿ F (τ)❧✑➊✤❿➋➂➅➈ù➊î➈ù➂➇✝ ➄î❿➋➊

H
❿✜➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉ ❯ t ✫ ❼✤❢ ➏❻➈ù➊❆➂➅❿➋÷ø➄➇ü❻ý➇➈➫➄

Γ ✁ ❿➋ú✘➁➃ý➇➈③➀➃ý➌➈➫❿❃⑨✿★✮➎✈✂➇➄➌÷ÿ❿❻ú➝➁➅❿❻➀✯➈➞✝ ➄➌➁➃➈
➆✌❿✓❿→õ➙➎ÿ➀✻➁➃➎ÿ➂❲➄✿❿→õ➙ö✹➄➇ú✌➀➃ý➇➈❽➆✮❿✽r✹➈✳★✮➂✎➎ÿ❿➋➂❲➆✮❿

F (τ)
❿❻➊ ➏➑➄➌➆✹➄➩ö✙➈ùú➝➁➅➈➩ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈ qj ➆✮❿ Γ

❿❻➊
R
❿

➈♣✝ ➄➌➁➅➈❽➆✮❿
F (τ)

ö➺➈ù➀➅➀✩★✮➎ÿ➂➂★✮➊✪úP➓✌➊✤❿➋➂➅➈➩þ✹ú✮➎ ➁➃➈❽➆✮❿☎ö ➃ ÷ÿ➈ù➀✟❿➋➊
R ∩ H

✫
✯P✫✧♦☞❿

qk = qj ✁ k 6= j ✁ ❿❻ú➝➁➃ý➇➈ F (τ)
ö✙➈ù➀✎➀✻★✮➎▲➆✏★✮➄➇➀✾❿➬õ➙ö✹➄➇ú✮➀✩➎➙❿➋➀✾➆✹➄✚✝➚➈ù➂➅➊✤➄ ❯ t ✫ ✮ ❢ ❿➋➊ qj

❿✑❿➋➊
qk ✁➄➩➀➅➄✲⑩✙❿➋➂ ✁

F (τ) = σj(τ)

∞∑

n=−∞
an(j)e2πi(n+κj)(A

−1
j τ)/λj = σk(τ)

∞∑

n=−∞
an(k)e2πi(n+κk)(A−1

k
τ)/λk .

✭ ➈➇➊✤➈
qk = qj ✁ ➀✎❿❃☎✳★✌❿✜➆✮❿✿➈✲⑩✮➀➅❿➋➂✩✂➌➄➇ü❃➎☞❿❻➀✯➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂➅❿❻➀⑧⑨✿★✮❿ κk = κj

❿
λk = λj

✫✧♦➙❿✢☎✳★✮❿✑➁➃➄➇➊♣➁
⑩✹❧❻➊ ✁ ➁➃➂✎➎✆✂☞➎ø➄➌÷ÿ➊î❿❻ú➝➁➃❿ ✁ ⑨✿★✮❿ σk(τ) = σj(τ)

✫ ✇✯÷✆❧❻➊❙➆✮➎ÿ➀✎➀➅➈ ✁ ö➺➈ù➂✿➂➅➄➇➏❻➎➐➈➙➏✢♠ÿú✮➎➐➈❄⑨✿★✮❿✾★✌➁➅➎ÿ÷➐➎✪✉➑➄➌➊✤➈ù➀
✝➚➂✎❿❃⑨❳❲✮❿➋ú✘➁➅❿❻➊î❿❻ú➝➁➃❿ ✁ A−1

k = StA−1
j
✁ ö✮➄➇➂➃➄î➄➇÷✪☎✲★✮➊✱➎ÿú➝➁➅❿❻➎ÿ➂✎➈

t ❯ ➀➅❿✑ú✮❿❻➏➋❿❻➀✎➀➃➍➇➂✎➎ÿ➈ ✁ ➂➅❿✄✂ù❿✐✦➅➄➉➄➇➀✾➈✲⑩✮➀➅❿➋➂➇➁✂➌➄➇ü✢➎➙❿➋➀➲➄➇ö ➃ ➀Ñ➈➞è✡❿➋➊➉➄ ❼✤❢ ✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ ➄❽❿➬õ➙ö✹➄➇ú✮➀➅ý➇➈➉➆✮❿ F (τ)
❿❻➊

qk
➏➋➈ù➂➅➂✎❿❻➀✎ö✙➈ùú✌➆✮❿✜➄

F (τ) = σj(τ)
∞∑

n=−∞
an(k)e2πi(n+κj)(S

tA−1
j τ)/λj

= σj(τ)

∞∑

n=−∞
an(k)e2πi(n+κj)(A

−1
j τ+t)/λj

= σj(τ)

∞∑

n=−∞
e2πi(n+κj)t/λjan(k)e2πi(n+κj)(A

−1
j τ)/λj .

✭ ➈➇➊✤ö✹➄➌➂➃➄➇ú✮➆✌➈☎➄✲☎ù➈ù➂➅➄✛❿❻➀✎➁➃➄✓❿→õ➙ö✮➂➅❿➋➀➅➀➅ý➇➈✜➏➋➈ù➊➓➄✛➆✹➄✓❿→õ➙ö✹➄➌ú✮➀➃ý➇➈❈➆✮❿
F (τ)

❿❻➊
qj ✁ ö➺❿❻÷ÿ➄✡★✮ú✮➎ÿ➏➋➎ÿ➆✹➄➌➆✮❿➆✮➄✤➂➅❿➋ö✮➂➅❿➋➀➅❿➋ú✘➁➃➄➇ü➑ý➌➈❨➆✌❿❆★✮➊✤➄s✝❊★✮ú✌ü➑ý➇➈➫❿➋➊❆➀✻❧❻➂✎➎ÿ❿✑➆✮❿①è▲➄✲★✮➂✎❿❻ú➝➁✛❿➋➊ ➁➃➈ù➂✎ú✮➈➫➆✮❿✰★✮➊❆➆✹➄➇➆✮➈➫ö➺➈ùú➝➁➃➈ ✁➁➅❿❻➊î➈ù➀P➄➩➂➅❿➋÷ø➄➇ü❻ý➇➈

an(j) = e2πi(n+κj)t/λjan(k).
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R
❿

R ′ ➀✎❿✐✦➅➄➇➊✸➂➅❿✢☎ù➎✪➎☞❿❻➀
✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇➎ÿ➀✑ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄➌➀✜➀➅❿✢☎✳★✮ú✮➆✌➈

Γ ✁ ➏➋➈ù➊î➈◆ú✹➄ ❣ ➂➅➈ùö➺➈ù➀✎➎ÿü➑ý➌➈ t ✫ ❣ ➈ù➂✿❿❻➀✎➀➃➄◆ö✮➂✎➈ùö➺➈ù➀➅➎➐ü➑ý➇➈ ✁ ✦➅➍➀➃➄✲⑩➺❿❻➊î➈ù➀➂⑨✿★✮❿✿➄❽÷ø➄➌➂✻☎✳★✮➂➅➄➩➆✮➈✤ö➺➈ùú➝➁➃➈îö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ q′j = A′
j(∞)

➆✮❿
Γ
❿❻➊

R ′ ❧❈➎✪☎✲★✹➄➇÷✡û❽÷ø➄➇➂✩☎✳★✮➂➅➄❽➆✌➈
ö✙➈➇ú✘➁➅➈✤ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈ qj = Aj(∞)

➆✌❿
Γ
❿➋➊

R
✫➅❥✯❿→þ✹ú✮➎➐ú✮➆✮➈

κ′j
➏➋➈ù➊✤➈➩þ✥✉➋❿❻➊î➈ù➀➲ö✹➄➇➂➃➄

κj ✁ ➎✙✫✮❿✲✫ ✁ ö✹➄➇➂➅➄
1 ≤ j ≤ µ ✁ κ′j ❧☎➈✚➓✮ú✮➎ÿ➏➋➈❽úP➓✌➊✤❿➋➂➅➈î➂➅❿➑➄➌÷❲⑨✿★✮❿✑➀➅➄➌➁➃➎➐➀✩✝ ➄✲✉

υ(A′
jS

λjA′−1
j ) = e2πiκ′

j , 0 ≤ κ′j < 1,

ö✙➈☞➆✮❿➋➊✤➈ù➀Ñú✌➈ù➀Pö✙❿➋➂✻☎✳★✮ú➝➁➃➄➇➂P➀➅❿☎❿→õ➙➎ÿ➀✻➁➃❿❈➄➇÷✆☎✳★✮➊✤➄✜➂➅❿➋÷ø➄➇ü❻ý➇➈❽❿❻ú➝➁➃➂✎❿
κj

❿
κ′j
✫

✇✯÷✪❧➋➊✱➆✮➎➐➀➅➀➅➈ ✁ ➀✻★✮ö➺➈ùú✮➆✮➈s⑨✿★✮❿ F (τ) ✁ ú✹ý➇➈î➎ÿ➆✮❿➋ú✘➁➅➎ÿ➏❻➄➇➊✤❿➋ú➝➁➃❿✓ú✿★✮÷ø➄ ✁ ❧❈➊î❿❻➂✎➈ù➊î➈ù➂✩✝ ➄✜❿➋➊ H ✁ ➀➃➄➌➁➅➎ÿ➀➇✝ ➄✲✉
❯ t ✫ ❼✤❢ ö✹➄➇➂➅➄☎➁➅➈➙➆✮➈ M ∈ Γ ✁ ❿✾ö✙➈ù➀✎➀✻★✮➎✹★✮➊➓ú✿➓✮➊î❿❻➂✎➈✜þ✹ú✮➎ ➁➃➈❈➆✮❿✾ö ➃ ÷➐➈ù➀❍❿➋➊

R ∩H ✁ ➏❻➈ù➊î➈✜➈✲⑩✮➀➅❿➋➂✩✂➌➄➇➊î➈ù➀ú✮➈ñ➎➐ú✏♠ÿ➏➋➎ÿ➈❋➆✹➄à➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈ñ➆✮➈ ➔✼❿➋➈ù➂➅❿➋➊➉➄↕â ✁ ➀✎❿❃☎✳★✌❿❄⑨✿★✮❿
F (τ)

➁ ➄➇➊❆⑩■❧➋➊ ö✙➈➇➀➅➀✻★✌➎⑧★✮➊ ú✿➓✮➊î❿❻➂✎➈
þ✹ú✮➎ ➁➃➈✿➆✮❿✓ö ➃ ÷➐➈ù➀❲❿➋➊

R ′ ∩H
✫➊✇✾➀➅➀➅➎➐➊ ✁ ö✙➈➇➂✟❿❻➀✎➀➅❿☎➊✤❿➋➀➅➊î➈✜➁➃❿➋➈ù➂➅❿➋➊➉➄ ✁ F (τ)

➄➇ö✮➂✎❿❻➀➅❿➋ú➝➁ ➄✑➁✝➀➅❿☎➏❻➈ù➊î➈✿❿➋➊
❯ t ✫ ✮ ❢ ❿➋➊ qj

❿ ✁ ❿❻➊ q′j ✁ ö✮➄➇➂➃➄ Im(A′−1
j τ) > y′j ≥ 0 ✁ ➄➌ö✮➂➅❿➋➀➅❿❻ú➝➁➃➄✑➁❭➀✎❿✑➏➋➈ù➊✤➈

F (τ) = σ′
j(τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′

j)(A
′−1
j τ)/λj , ❯ t ✫ ❼ù❼✤❢

➈ùú✮➆✮❿
σ′

j(τ) =

{

1,
➀➅❿
q′j = ∞

(τ − q′j)
−r,

➀➅❿
q′j <∞ô✣➊ ❯ t ✫ ❼ù❼✤❢ ✁ ✦➅➍➞★➙➁➃➎ÿ÷➐➎✪✉❻➄➇➊✤➈➇➀❤⑨✿★✮❿

λ′j = λj

✫⑧♦✬★✮➂✩☎ù❿ ✁ ❿❻ú➝➁ ý➇➈ ✁ ➄➉➀✎❿❃☎✳★✌➎ÿú➝➁➃❿✰⑨P★✌❿❻➀✎➁➃ý➇➈✏❡Ñ➏➋➈ù➊✤➈✤➈ù➀✾➁➅❿❻➂✎➊✤➈ù➀➆✹➄➇➀✤❿→õ➙ö✹➄➇ú✮➀✩➎➙❿➋➀ ❯ t ✫ ✮ ❢ ❿ ❯ t ✫ ❼➇❼✤❢ ➀✎❿✖➂✎❿❻÷ø➄➌➏❻➎ÿ➈➇ú✹➄➇➊✄✂✴ô✣➊ ⑩➺➈➝➄ ➊✤❿➋➆✮➎ÿ➆✹➄ ✁ ➈❁➀✎❿❃☎✳★✮➎➐ú➝➁➃❿❜➁➅❿❻➈ù➂✎❿❻➊✤➄❸ú✮➈➇➀➂➅❿➋➀➅ö➺➈ùú✮➆✮❿❈❿❻➀✎➀➃➄✚⑨P★✌❿❻➀✎➁➃ý➇➈✏❡
❖ ❨✿✒❚✎✑❨P❷❹✌ ✤ ✺✟➱➺➩✲➦✩➩

1 ≤ j ≤ µ ❴ ➪➄➳✄➧➒➥✣➫ ❴ ➳✄➧ ❦ ➼ ❵❻❢❣❢ ❧ ❴ κ′j = κj

➳
a′n(j) = β(j)an(j)

✃④➩✲➦✩➩✾➪➄➥❃➭P➥
n ❴ ➫✣➳✄➚✹➭P➥ β(j)

➯P➧s➩▲➮➋➥✑➚④➫✄➪➈➩✲➚✥➪➄➳①➮➋➥✑➧✧✃✹➲✪➳✩❰✿➩✚➚✹ÓP➥s➚✥➯✬➲✈➩➞➾➬➚✹➭P➳➄✃✥➳✄➚✹➭P➳✄➚✥➪➄➳✷➭P➳
n
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵ û ➄➇➊î➈ù➀✓þ✌õ✌➄➇➂ j ✁ ❿➉➀➅➎➐➊✤ö✌÷ÿ➎➐þ✮➏➑➄➇➂✓➄❨ú✮➈➇➁➃➄➇ü➑ý➇➈❜❿❻➀✎➏❻➂➅❿✄✂ù❿➋ú✮➆✮➈ A ✁ A′ ✁ λ ✁ q ✁ q′ ✁ κ ✁ κ′ ✁
σ(τ)

❿
σ′(τ)

❿➋➊ ÷✪★✏☎ù➄➇➂➩➆✮➈ù➀î➏❻➈ù➂✎➂➅❿➋➀➅ö➺➈ùú✮➆✮❿➋ú✘➁➅❿❻➀➫➎➐ú✮➆✮❿➬õ✮➄➌➆✮➈ù➀îö✙➈ù➂
j
✫➜✇✯÷✪❧➋➊ ➆✮➎ÿ➀✎➀➅➈ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀

y = max{yj, y
′
j}
✫

✭ ➈ù➊✤➈❶❿➋➀✎➁ ➄➌➊✤➈ù➀✛★➙➁➃➎ÿ÷➐➎✪✉❻➄➇ú✮➆✮➈ ✁ ö✹➄➇➂➅➄ R
❿

R ′ ✁ ➄③➊✤❿➋➀➅➊✤➄➫➎ÿú✮➆✌❿→õ✌➄➇ü➑ý➌➈❨➆✮➄ ❣ ➂✎➈ùö✙➈➇➀➅➎ÿü❻ý➇➈ t ✁ ❿➬õ✌➎➐➀✎➁➅❿
M =

(

a b

c d

)

∈ Γ
➁ ➄➇÷❤⑨✿★✮❿

A′ = MA ✁ ➆✮❿③➊✤➈☞➆✮➈➍⑨✿★✮❿
q′ = A′(∞) = MA(∞) = Mq

✫
✇✯÷✆❧❻➊❙➆✮➎ÿ➀✎➀➅➈ ✁ ➀➅❿ V = ASλA−1 ✁ ❿❻ú➝➁ ý➇➈ V ∈ Γ ❯ ➏❻➈➇➊✤❿➋ú✘➁➃➍➇➂➅➎➐➈❋➄➇ö ➃ ➀❽➄➍❥✯❿→þ✹ú✮➎ÿü❻ý➇➈

4 ❢ ❿ V (q) =

A(Sλ(A−1(q))) = A(Sλ(∞)) = A(∞) = q
✫ ❣ ➂✎➈✣✂➇➄➌➂➅❿❻➊î➈ù➀ ✁ ❿➋ú✘➁➃ý➇➈ ✁ ⑨P★✌❿✰✂➌➄➇÷ÿ❿❈➈➫➀✎❿❃☎✳★✮➎➐ú➝➁➃❿✜➂✎❿❻➀✩★✮÷✈➁➁ ➄➇➆✌➈ ✁ ➄➇ú✹➍➌÷ÿ➈✳☎ù➈❽➄➌➈s⑨✿★✮❿✛✝➚➈ù➎✡ö✌➂➅➈✣✂➌➄➇➆✮➈❽ú✮➈sè✡❿❻➊✤➄✚ë④❡

(cτ + d)−rσ′(Mτ) = Kσ(τ), ❯ t ✫ ❼ ✯ ❢
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K 6= 0
★✮➊ ú✿➓✮➊î❿❻➂✎➈③➏❻➈ù➊îö✮÷➐❿→õ➙➈➫➎ÿú✌➆✮❿❻ö➺❿❻ú✮➆✌❿❻ú➝➁➃❿❽➆✮❿

τ
✫ ❣ ➄➇➂➃➄➫ö✌➂➅➈✣✂➌➄➇➂✓❿❻➀✎➀➃➄③➂➅❿➋÷ø➄➇ü❻ý➇➈ ✁ ➁➅❿❻➊î➈ù➀⑨✿★✹➄➌➁➅➂➅➈î➏➑➄➇➀✎➈ù➀➲➄➩➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➂✢❡

❼ ✫ q = q′ = ∞ q
⑦➲❿❻➀✻➁➃❿❈➏➑➄➇➀✎➈ ✁ ➏❻➈ù➊î➈ Mq = q′ ✁ ➁➅❿❻➊î➈ù➀ a

c
= ∞ ✁ ➆✌➈ùú✮➆✮❿ c = 0

❿ ✁ ö✙➈ù➂P➏➋➈ùú✮➀➅❿✢☎✳★✮➎➐ú✘➁➅❿ ✁ a = d =

±1
✫❵✇✾÷✪❧❻➊❃➆✮➎ÿ➀✎➀➅➈ ✁ ö✙➈ù➂P➆✮❿→þ✹ú✮➎➐ü➑ý➇➈ ✁ σ(τ)

❿
σ′(Mτ)

➀➅ý➇➈❽➎✪☎✳★✮➄➇➎ÿ➀Ñ➄ ❼ ✁ ➆✌❿❈➊î➈☞➆✮➈♣⑨✿★✮❿

(cτ + d)−rσ′(Mτ) = (±1)−r

︸ ︷︷ ︸

K

·1 = Kσ(τ).

✯P✫
q, q′ <∞ q
⑦➲❿❻➀✻➁➃❿❈➏➑➄➇➀✎➈ ✁

(cτ + d)−rσ′(Mτ) = (cτ + d)−r(Mτ − q′)−r

= (cτ + d)−r(Mτ −Mq)−r

= (cτ + d)−r

(
aτ + b

cτ + d
− aq + b

cq + d

)−r

= (cτ + d)−r

(
(aτ + b)(cq + d) − (cτ + d)(aq + b)

(cτ + d)(cq + d)

)−r

= (cτ + d)−r

(
(ad− bc)(τ − q)

(cτ + d)(cq + d)

)−r

= (cτ + d)−r

(
τ − q

(cτ + d)(cq + d)

)−r

= (cτ + d)−r (τ − q)−r

(cτ + d)−r(cq + d)−r
e−2πinr,

ö✮➄➇➂➃➄❽➄➇÷✆☎✳★✮➊✪➎➐ú➝➁➃❿❻➎➐➂➅➈
n
✫❵❥✯❿❻➀✎➀➅❿✜➊î➈☞➆✮➈ ✁

(cτ + d)−rσ′(Mτ) =
(cq + d)r

e2πinr
︸ ︷︷ ︸

K

(τ − q)−r = Kσ(τ),

➈➇ú✮➆✮❿
K 6= 0

❧✷★✌➊✱ú✿➓✮➊✤❿➋➂➅➈î➏❻➈ù➊îö✮÷➐❿→õ➙➈❽➎ÿú✮➆✮❿➋ö✙❿➋ú✮➆✮❿➋ú✘➁➅❿✑➆✌❿
τ
✫

t ✫
q′ <∞ ❿

q = ∞ q



✒ ➅ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

✇✧☎➇➈ù➂➃➄ ✁
(cτ + d)−rσ′(Mτ) = (cτ + d)−r(Mτ − q′)−r

= (cτ + d)−r(Mτ −Mq)−r

= (cτ + d)−r

(
aτ + b

cτ + d
− a

c

)−r

= (cτ + d)−r

(
c(aτ + b) − a(cτ + d)

c(cτ + d)

)−r

= (cτ + d)−r

(−(ad− bc)

c(cτ + d)

)−r

= (cτ + d)−r

( −1

c(cτ + d)

)−r

= (cτ + d)−r (−1)−r

c−r(cτ + d)−r
e−2πinr

= eπir(1−2n)cr = K = K · 1 = Kσ(τ),

➈ùú✮➆✌❿
K 6= 0

❧✛★✮➊✱ú✿➓✮➊î❿❻➂✎➈✤➏➋➈ù➊îö✮÷ÿ❿➬õ✌➈❽➎➐ú✮➆✮❿❻ö➺❿❻ú✌➆✮❿❻ú➝➁➃❿❈➆✮❿
τ
❿
n
❧✽★✮➊✱➎ÿú➝➁➅❿❻➎ÿ➂✎➈✏✫

ë✏✫
q′ = ∞ ❿

q 6= ∞ q
⑦✾❿➋➀✎➁➅❿✜➏➑➄➌➀➅➈ ✁ Mq = q′

➎ÿ➊îö✮÷ÿ➎➐➏➑➄①⑨✿★✮❿ aq+b
cq+d

= ∞ ✁ ➆✮➈ùú✌➆✮❿ cq + d = 0 ✁ ➈✳★ q = −d/c ✫➺✇✾÷✪❧❻➊➆✮➎➐➀➅➀➅➈ ✁ σ′(Mτ) = 1 ✁ ➆✮➈ùú✮➆✌❿

(cτ + d)−rσ′(Mτ) = (cτ + d)−r

=

(

c

(

τ +
d

c

))−r

= c−r
︸︷︷︸

K

(τ − q)−r = Kσ(τ),

➈ùú✮➆✌❿
K 6= 0 ✁ ú✮➈✣✂➌➄➇➊î❿❻ú➝➁➃❿ ✁ ❧→★✮➊❙úP➓✌➊✤❿➋➂➅➈❋➏❻➈➇➊✤ö✮÷➐❿→õ➙➈❋➎ÿú✌➆✮❿❻ö➺❿❻ú✮➆✌❿❻ú➝➁➃❿③➆✮❿

τ
✫↕⑤➲➁➃➎➐÷ÿ➎✆✉➑➄➇➊î➈ù➀

➄➇➏➋➎ÿ➊✤➄❆⑨✿★✮❿
(c(τ − q))−r = c−r(τ − q)−r ✁ ✝ ➄➌➁➅➈♣⑨✿★✮❿☎ö✙➈☞➆✮❿✓➀➅❿➋➂Ñö✮➂➅➈✣✂➌➄➇➆✮➈❽➆✮❿✓➊î➈☞➆✮➈➩➄➇ú✹➍➌÷ÿ➈✳☎ù➈➄➇➈✚⑨✿★✮❿✓þ✥✉❻❿➋➊✤➈➇➀➲ö✮➄➇➂➃➄❽➄❽➎ÿ➆✮❿➋ú✘➁➅➎ÿ➆✹➄➌➆✮❿ ❯ t ✫❐â ❢ ➆✮➈sè✡❿❻➊✤➄♣ë✏✫

❥✯❿❻➀✻➁➃❿î➊✤➈☞➆✮➈ ✁ ✦➅➍❶ö➺➈☞➆✮❿❻➊î➈ù➀✛★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇➂✯➄③➂➅❿❻÷ÿ➄➇ü➑ý➌➈ ❯ t ✫ ❼ ✯ ❢ ✫ ✭ ➈ùú✮➀➅➎➐➆✮❿❻➂✎❿➉➄➀☎ù➈ù➂➃➄③➄③❿➬õ✌ö✮➄➇ú✮➀➃ý➌➈✖➆✮❿ F (τ)❿❻➊
q′ ✁ ✂➌➍➇÷➐➎ÿ➆✹➄✑ö✹➄➇➂➃➄ Im(A′−1τ) > y ≥ 0 ✁

F (τ) = σ′(τ)
∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A′−1τ)/λ = σ′(τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1M−1τ)/λ.



☎ ✺ ☎ ✞✧Ý✠✁✓✌✥❉✓✘✳✌❲❨P✘s✠✓❨ ☞ ✒✹☛✍✎➀✗❊❨✿✎ ✒ ↔
✇⑧☎ù➈ù➂➃➄ ✁ ö✹➄➇➂➃➄ Im(A−1τ) > y ≥ 0 ✁ ö➺➈➙➆✌❿❻➊î➈ù➀➡➄➇ö✮÷➐➎ÿ➏➑➄➌➂✒➄☎❿→õ➙ö✹➄➇ú✮➀➅ý➇➈✑➄➇➏❻➎➐➊➉➄✛❿➋➊ Mτ ✁ ★✮➊✤➄✧✂ù❿✢✉⑧⑨✿★✮❿ ✁ú✮❿➋➀✎➁➅❿✑➏❻➄➇➀➅➈ ✁ Im(A′−1Mτ) = Im(A−1M−1Mτ) = Im(A−1τ) > y ≥ 0 ✁ ➆✮➈➇ú✮➆✮❿

F (Mτ) = σ′(Mτ)
∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λ,

➆✮❿☎➊î➈➙➆✌➈♣⑨P★✌❿ ✁ ★✌➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈ ❯ t ✫ ❼✤❢ ✁ ➁➃❿➋➊✤➈ù➀➺⑨✿★✮❿

υ(M)(cτ + d)rF (τ) = σ′(Mτ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λ,

➈✳★
F (τ) = υ(M)(cτ + d)−rσ′(Mτ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λ,

➈ùú✌➆✮❿
υ(M)

❧➫➈❋ú✿➓✮➊î❿❻➂➅➈✖➏❻➈ù➊îö✮÷ÿ❿➬õ➙➈◆➏❻➈ùú✤✦✩★✏☎➝➄➇➆✮➈✖➆✮❿
υ(M)

✫❫✇✾ö✮÷ÿ➎➐➏➑➄➇ú✮➆✌➈ ✁ ➄✲☎ù➈➇➂➃➄ ✁ ❯ t ✫ ❼ ✯ ❢ ➄✖❿❻➀✎➀➃➄➓✮÷ ➁➃➎➐➊➉➄✜➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿ ✁ ➁➅❿❻➊î➈ù➀❃❡

F (τ) = υ(M)Kσ(τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λ. ❯ t ✫ ❼ t ❢

⑦➲➈➇➁➃❿✓➄➀☎ù➈ù➂➃➄①⑨✿★✮❿
Im(A−1V τ) = Im(A−1ASλA−1τ) = Im(A−1τ + λ) = Im(A−1τ) > y ≥ 0 ✁➆✮❿✛✝➚➈ù➂✎➊➉➄①⑨✿★✮❿❈ö➺➈➙➆✮❿➋➊✤➈➇➀Ñ➄➇ö✮÷➐➎ÿ➏➑➄➌➂Ñ➄➩❿→õ➙ö✮➂➅❿➋➀➅➀➅ý➇➈③➄➇ú➝➁➃❿➋➂➅➎➐➈ù➂✟❿❻➊

V τ
❡

F (V τ) = υ(M)Kσ(V τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1V τ)/λ

= υ(M)Kσ(V τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ+λ)/λ

= υ(M)Kσ(V τ)

∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λe2πi(n+κ′)

= υ(M)Kσ(V τ)e2πiκ′
∞∑

n=−∞
a′n(j)e2πi(n+κ′)(A−1τ)/λ

= σ(V τ)e2πiκ′F (τ)

σ(τ)
= e2πiκ′ σ(V τ)

σ(τ)
F (τ). ❯ t ✫ ❼ ë ❢

✇✾÷✪❧❻➊❃➆✮➎ÿ➀✎➀➅➈ ✁ ➄✿❿→õ➙ö✹➄➇ú✮➀➅ý➇➈î➆✮❿ F (τ)
❿➋➊

q ✁ ➏❻➈ù➊î➈❽➄➩❿→õ➙➎✪⑩✌➎ÿ➆✹➄✿❿➋➊ ❯ t ✫ ✮ ❢ ✁ ✂➌➍➇÷ÿ➎➐➆✹➄✜ö✹➄➌➂➃➄ Im(A−1τ) >
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y ≥ 0 ✁ ö✙➈☞➆✮❿✓➁ ➄➌➊①⑩■❧➋➊✪➀✎❿❻➂➲➄➇ö✮÷➐➎ÿ➏➑➄➌➆✹➄✿❿❻➊
V τ ✁ ÷ÿ❿✄✂➌➄➇ú✮➆✮➈➀➁✝ú✮➈ù➀P➄

F (V τ) = σ(V τ)

∞∑

n=−∞
an(j)e2πi(n+κ)(A−1V τ)/λ

= σ(V τ)e2πiκ

∞∑

n=−∞
an(j)e2πi(n+κ)(A−1τ)/λ

= σ(V τ)e2πiκF (τ)

σ(τ)
= e2πiκσ(V τ)

σ(τ)
F (τ), ❯ t ✫ ❼ â ❢

❿✢✝➚❿→➁❝★✹➄➇ú✌➆✮➈ñ➏❻➍➇÷ÿ➏✢★✮÷ÿ➈ù➀➩➀✎➎ÿ➊î➎ÿ÷ÿ➄➇➂➅❿➋➀✿➄➇➈ù➀✚⑨✿★✮❿❶þ✥✉❻❿➋➊✤➈➇➀✤ö✹➄➌➂➃➄à➏➋➉✮❿❃☎➝➄➌➂✤➄ ❯ t ✫ ❼ ë ❢ ✫➜❥✛➄➇➆✮➈↕⑨✿★✮❿
F
ú✹ý➇➈ ❧

➎ÿ➆✮❿➋ú➝➁➃➎ÿ➏❻➄➇➊î❿❻ú➝➁➃❿✣ú✿★✮÷ÿ➄ ✁ ➎✪☎✳★✹➄➌÷ø➄➇ú✮➆✌➈➀➁❭➀✎❿ ❯ t ✫ ❼ ë ❢ ➄ ❯ t ✫ ❼ â ❢ ✁ ➀➅❿✢☎✳★✮❿❵⑨✿★✮❿ κ′ = κ
✫Ùr★➎➐ú✹➄➇÷ÿ➊î❿❻ú➝➁➅❿ ✁ ★✌➁➅➎ÿ÷➐➎✪✉➑➄➌ú✮➆✮➈➀➁➀➅❿✓➁ ➄➌÷✡➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈❽❿❻➊ ❯ t ✫ ❼ t ❢ ✁ ➁➃❿➋➊✤➈ù➀➺⑨✿★✮❿

F (τ) = σ(τ)

∞∑

n=−∞
υ(M)Ka′n(j)e2πi(n+κ)(A−1τ)/λ.

✭ ➈ù➊îö✹➄➇➂➃➄➌ú✮➆✮➈➀➁✝➀➅❿✛➏➋➈ù➊ ❯ t ✫ ✮ ❢ ✁ ➄①★✮ú✌➎ÿ➏❻➎➐➆✹➄➇➆✮❿✯➆✹➄➩➂➅❿❻ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌ü➑ý➇➈î➆✮❿✛★✮➊✤➄❆✝❊★✮ú✮ü❻ý➇➈❽❿❻➊✪➀✩❧❻➂✎➎ÿ❿✓➆✮❿✽è▲➄✲★✬➁
➂➅❿➋ú✘➁➲➎➐➊✤ö✮÷➐➎ÿ➏❻➄❆⑨✿★✮❿

an(j) = υ(M)Ka′n(j) ✁ ➈✳★

a′n(j) = υ(M)K−1

︸ ︷︷ ︸

β(j)

an(j),

➀➅❿➋ú✮➆✮➈
β(j)

➏❻➈ù➊î➈❽ú✮➈î❿❻ú✿★✮ú✮➏➋➎ø➄➇➆✮➈④✫
❋ õ ✘✢❨P✎ ➐ ✌✥ö✳÷✏✒✂ö➂⑦✯➄❈➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü➑ý➇➈✿➆✌➈❆➓✮÷ ➁➃➎ÿ➊î➈☎➁➃❿❻➈➇➂➅❿❻➊✤➄ ✁ V q = q ✁ ➆✮❿✾➊✤➈☞➆✮➈❆⑨✿★✮❿ ✁ ö➺❿❻÷➐➈①è✡❿❻➊✤➄ë ✁ ➀✎❿ q 6= ∞ ✁ ❿❻ú➝➁➃ý➇➈

σ(V τ)

σ(τ)
=

(V τ − q)−r

(τ − q)−r
= (γτ + δ)r,

ö✹➄➇➂➅➄
V =

(

α β

γ δ

) ✫ ❣ ➈ù➂➉➈✳★➙➁➃➂➅➈ñ÷ø➄➇➆✮➈ ✁ ➀➅❿ q = ∞ ✁ ❿➋ú➝➁ ý➇➈ V q = q = ∞ ✫ì⑦➲❿❻➀✎➁➅❿◆➏➑➄➌➀➅➈ ✁
α/γ = ∞ ✁ ➈✳★ γ = 0 ✁ ➆✮➈➇ú✮➆✮❿ α = δ = ±1

✫✽✇✯÷✪❧➋➊❴➆✌➎ÿ➀➅➀✎➈ ✁ ➈✾è✡❿❻➊✤➄❳✯➉➎ÿ➊îö✮÷➐➎ÿ➏➑➄✚⑨✿★✮❿
α + δ = 2 ✁➆✮➈ùú✮➆✌❿

α = δ = 1
✫✽è✡➈✳☎➇➈ ✁ (γτ + δ)r = 1

❿
σ(V τ)/σ(τ) = 1/1 = 1

✫☎ô✣➊✸➁➅➈➙➆✮➈➉➈③➏➑➄➇➀✎➈ ✁ ö✹➄➇➂➅➄
q ≤ ∞ ✁

σ(V τ)

σ(τ)
= (γτ + δ)r,

➆✮➈ùú✮➆✌❿ ✁ ★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇ú✌➆✮➈✜➁ ➄➌➊①⑩■❧➋➊ ➄➩➂➅❿➋÷ø➄➇ü❻ý➇➈ ❯ t ✫ ❼ â ❢ ✁
F (V τ) = e2πiκσ(V τ)

σ(τ)
F (τ) = e2πiκ(γτ + δ)rF (τ) = υ(V )(γτ + δ)rF (τ),

➈✚⑨P★✌❿✰❧☎➏❻➈➇ú✮➀➅➎➐➀✎➁➃❿➋ú➝➁➃❿❈➏❻➈ù➊❃➂➅❿❻÷ÿ➄➇ü➑ý➌➈✤➄ ❯ t ✫ ❼✣❢ ✫



☎ ✺ ✑ ✼❳❨❣✛Ù❉✓✗✙ö✳÷④✒●✠✍❨❫✸➈✒❚✎✑❷❹✌➽❨➣✸➄☛✓❉☞ö✳÷④✒✕❷❹✒ç✠✓☛☞❅❊✌✏✎ ✤çø
➩➎✱õ➘ ☎ ➔✝✆❜➣❶❹✟✞➡â☎④ ⑧③➔ ã➮④☎⑤❽➷ ⑩ ➔ýã➌①❨➣✠✞➡â☎④ ➷ ④î⑧❶①✵✶➋⑩✓⑤
♦✬★✌ö✙➈ùú④➉✹➄➇➊î➈ù➀➂⑨P★✌❿

F (τ)
➀➅❿✐✦➅➄s★✮➊✤➄♣✝❊★✌ú✮ü➑ý➇➈î❿❻➊

H
⑨P★✌❿✑➀➅➄➌➁➃➎➐➀✩✝ ➄➇ü❻➄✤➄➇➀P➏➋➈ùú✮➆✮➎➐ü❃➎☞❿❻➀➲➆✮➈s➔✼❿➋➈ù➂➅❿➋➊➉➄➞â ✁➆✮❿✯➊✤➈☞➆✮➈❆⑨✿★✮❿✓❿➋÷ø➄✜➀✎❿✛❿→õ➙ö✮➂✎❿❻➀✎➀➅❿☎➏❻➈ù➊î➈✿❿➋➊ ❯ t ✫ ✮ ❢ ❿❻➊❃➏➑➄➇➆✮➄✜ö✙➈➇ú✘➁➅➈➩ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈✑➆✌❿ Γ

❿➋➊ ★✌➊➉➄✜➆✮➄➇➆✹➄
➂✎❿❃☎ù➎ÿý➇➈①✝❊★✮ú✮➆✹➄➌➊✤❿➋ú✘➁➃➄➇÷✡ö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄

R
✫❵➔✵❿❻➊î➈ù➀P➄❽➀➅❿❃☎✲★✮➎ÿú➝➁➃❿☎➆✮❿→þ✹ú✮➎➐ü➑ý➇➈✏❡

✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ✒ ✺❵Ï❲➳❤➫✣➥✑➧➒➳✄➚✥➪➄➳❲Ö❵➚✥➾➬➪➄➥✣➫➺➪➄➳✄➦➨➧➒➥✣➫➂➚✹ÓP➥✛➚✥➯P➲✪➥✣➫✡➮➋➥✑➧
n < 0

➩✄✃④➩✲➦❝➳➋➮➋➳✄➧ ➚✹➩✚➳✩❰✢✃④➩✲➚④➫❃ÓP➥ ❦ ➼ ❵ ❐ ❧➳✄➧
qj ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫✷Õ❃➯✥➳

F (τ)
Ð✜➊✤❿➋➂➅➈ù➊î➈ù➂✩✝ ➄➣➳✄➧

qj
❵◆❿✷➳➋➫✄➪➄➳♣➮✻➩✑➫✣➥ ❴ ➫✣➳①➥✡✃✹➦➨➾➬➧➒➳✄➾➬➦❝➥➒➮➋➥✣➳❊Ö❤➮✄➾❱➳✄➚✥➪➄➳

an(j)➚✹ÓP➥✽➚✥➯P➲✪➥♣➥✣➮➋➥✑➦➨➦❝➳➊✃④➩✲➦✻➩
n = −n0 < 0 ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫⑧Õ❃➯❚➳

F (τ)
✃✥➥✣➫➋➫✄➯P➾ç➯P➧➼✃✥❒✑➲✪➥✰➭P➳✛➥✑➦✩➭P➳✄➧

n0−κj

➳✄➧
qj
❵⑧Ï❲➳♣➥✛✃✹➦➨➾➬➧➒➳✄➾➬➦❝➥→➮➋➥✣➳❊Ö❤➮✄➾❱➳✄➚✥➪➄➳

an(j)
➚✹ÓP➥s➚✥➯P➲✪➥❳➥✣➮➋➥✑➦✄➦❝➳➺✃④➩✲➦✩➩

n = n0 ≥ 0 ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫✷Õ❃➯✥➳
F (τ)

Ð
➂✎❿❃☎✳★✮÷ÿ➄➇➂♣➳✄➧

qj ❴ ➮➋➥✑➧ ❼✑➳✄➦❝➥➞➭P➳♣➥✑➦✩➭P➳✄➧
n0 + κj

➚❁➳➋➫➋➫✣➳❤✃✥➥✑➚✥➪➄➥❾❵
❋ õ ✘❃❨✿✎ ➐ ✌✥ö✍✌❲❨P✘❾ö
❼ ✫✟✇❯➁➃❿➋➂➅➊î➎ÿú✮➈➇÷ÿ➈✳☎ù➎ÿ➄✤➆✹➄❨➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈❄❧✡✦✩★✮➀✻➁➃➎➐þ✮➏➑➄➇➆✹➄ ✁ ❿➋➊❣ö✹➄➇➂✎➁➅❿ ✁ ö✙❿➋÷ÿ➈❄è✡❿❻➊✤➄ ❼ ❡❈➀➅❿✢☎✳★✮ú✮➆✌➈◆❿❻÷➐❿ ✁ ➀➅❿
τ → qj

➄◆ö✹➄➌➂✎➁➃➎➐➂✿➆✮❿③ö➺➈ùú➝➁➃➈ù➀➩➆✌❿
R ✁ A−1τ → ∞ ➆✮❿❻ú➝➁➃➂✎➈à➆✮❿❳★✮➊✤➄➣✝ ➄➇➎ õ✌➄✖➆✮❿→➁➃❿➋➂➅➊î➎ÿú✹➄➇➆✮➄④✫

✇✾➀➅➀✎➎ÿ➊ ✁ ➀➅❿ n + κ < 0
❿
τ → qj ✁ ❿❻ú➝➁➃ý➇➈

∣
∣
∣e2πi(n+κ)(A−1

j τ)/λj

∣
∣
∣ → ∞ ❿ ✁ ➀➅❿ n + κ > 0

❿
τ → qj ✁ ❿❻ú➝➁ ý➌➈ e2πi(n+κ)(A−1

j τ)/λj → 0
✫

✯P✫✟✇✾➀✤➆✌❿➋þ✹ú✮➎➐ü❃➎☞❿❻➀✤➄➇➏❻➎➐➊➉➄◆➆✌❿❻ö➺❿❻ú✮➆✮❿➋➊ ➄➇ö✙❿➋ú✹➄➇➀î➆✮➈ ö✙➈ùú➝➁➅➈ñö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ qj ✫ÿ❥✯❿▲✝ ➄➮➁➃➈ ✁ ➀➅❿ qj =

Aj(∞) = Ak(∞) = qk ✁ j 6= k ✁ ❿❻ú➝➁ ý➌➈ ✁ ö➺❿❻÷ÿ➄s♥✛⑩✌➀➅❿❻➂➇✂➌➄➇ü➑ý➇➈❳✯î➄➇ö ➃ ➀P➈➒➔✵❿❻➈➇➂➅❿❻➊✤➄➞â ✁ an(j) =

e2πi(n+κj)t/λjan(k) ✁ ö✹➄➌➂➃➄î➁➅➈➙➆✌➈➉➎ÿú➝➁➅❿❻➎ÿ➂✎➈ n ✫ ✭ ➈ù➊î➈ e2πi(n+κj)t/λj 6= 0
ö✹➄➇➂➅➄î➁➃➈☞➆✮➈

n ✁ ➁➅❿❻➊î➈ù➀⑨✿★✮❿
an(j) = 0

➀✎❿ ✁ ❿❈➀➅➈ù➊î❿❻ú➝➁➃❿☎➀✎❿ ✁ an(k) = 0
✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ F (τ)

❧✑➊î❿❻➂✎➈ù➊✤➈➇➂✩✝ ➄✜❿➋➊
qj

➀✎❿ ✁ ❿➀✎➈ù➊î❿❻ú➝➁➃❿✿➀✎❿ ✁ F (τ)
❧➩➊î❿❻➂➅➈➇➊✤➈ù➂➇✝ ➄✤❿➋➊

qk ✁ ➀➅❿➋ú✮➆✮➈❨➄➫➈ù➂✎➆✮❿❻➊❴➆✮➈③ö ➃ ÷ÿ➈➉➈✲★❋➆✮➈❳✉❻❿➋➂➅➈❨➄➉➊î❿❻➀➅➊✤➄
ö✮➄➇➂➃➄

qj
❿
qk
✫

t ✫✧♦P★✮ö✙➈➇ú✏➉✹➄↕⑨✿★✮❿
R

❿
R ′ ➀➅❿➄✦➅➄➇➊ ➆✏★✹➄➇➀î➂➅❿✢☎ù➎✪➎☞❿❻➀♣✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇➎➐➀❽ö✹➄➇➆✮➂✎➈ùú✮➎✪✉❻➄➇➆✹➄➇➀î➀➅❿✢☎✳★✮ú✮➆✌➈

Γ ✁➏➋➈ù➊î➈✾➄➌➀✵➆✮➄ ❣ ➂➅➈➇ö✙➈ù➀✎➎ÿü❻ý➇➈ t ✫★ô✣ú➝➁ ý➌➈ ✁ ö➺❿❻÷➐➈➂➔✼❿➋➈ù➂➅❿➋➊➉➄✟✴ ✁ a′n(j) = β(j)an(j) ✁ ➀➅❿➋ú✮➆✮➈ β(j) 6= 0 ✁➆✌➈ùú✮➆✮❿➩➀✎❿❃☎✳★✮❿✚⑨✿★✮❿
F (τ)

❧➩➊✤❿➋➂➅➈ù➊î➈ù➂✩✝ ➄✤❿❻➊
qj
➀➅❿ ✁ ❿➩➀✎➈ù➊î❿❻ú➝➁➃❿➩➀✎❿ ✁ F (τ)

❧➩➊î❿❻➂✎➈ù➊î➈ù➂✩✝ ➄➉❿➋➊
q′j ✁ ➀➅❿➋ú✮➆✮➈✖➁➃➄➇➊①⑩✹❧❻➊❣➎ÿ➆④Ú❻ú➝➁➃➎➐➏➑➄➇➀✑➄➇➀✜➈➇➂➅➆✮❿➋ú✮➀✜➆✮❿

F (τ)
ú✮❿❻➀✎➀➅❿➋➀✿➆✮➈ù➎➐➀✑ö➺➈ùú➝➁➃➈ù➀ ❯ ➏➋➈ù➊✤➈❨ö ➃ ÷ÿ➈ù➀❈➈✳★➏➋➈ù➊î➈s✉➋❿❻➂✎➈ù➀ ❢ ✫

✇⑧☎ù➈ù➂➃➄ ✁ þ✹ú✹➄➇÷➐➊✤❿➋ú➝➁➃❿ ✁ ö✙➈☞➆✮❿❻➊î➈ù➀Ñ➆✮❿→þ✹ú✮➎➐➂Ñ➈➞⑨✿★✮❿✽❧✽★✮➊✤➄♣✝➚➈➇➂➅➊✤➄✿➊✤➈☞➆✏★✮÷ÿ➄➇➂❃❡
✼❳❨❣✛Ù❉✓✗❈ö✳÷✏✒ ✤ ✺⑧Ï❲➳❫❪✢➩

r ∈ R
➳
υ
➯P➧ ➫✄➾✪➫✄➪✐➳✄➧s➩➞➧♣➯P➲➷➪❈➾❐✃✹➲➷➾❱➮✻➩➝➭P➥✑➦✽➭P➳✧ß✲➦✩➩✲➯ −r ✃④➩✲➦✩➩✾➥♣➫✄➯✏á➄ß✲➦➨➯✣✃✥➥

Γ
➭P➳

Γ(1)
❵❹➃✓➧s➩➅➶➨➯P➚❚➹✤ÓP➥

F (τ) ❴ ➭P➳❊Ö❵➚✥➾❈➭➝➩✚➳⑧➧➒➳✄➦❝➥✑➧➒➥✑➦➬➶✢➩s➳✄➧
H ❴ Ð✡➭✲➾➬➪➈➩✚✝➚➈ù➂➅➊✤➄✓➊✤➈☞➆✏★✮÷ÿ➄➇➂✒➆✮❿✟☎ù➂➃➄➀★ −r ✁➏➋➈ù➊✱➀➅➎➐➀✎➁➅❿❻➊✤➄❽➊❆★✮÷➐➁➅➎ÿö✮÷➐➎ÿ➏➑➄➌➆✮➈ù➂

υ ✁ ➏❻➈ù➊✪➂➅❿❻➀✎ö✙❿➋➎➐➁➅➈✤➄
Γ ❴ ➫✣➳



✤✢� ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❢❣❵
F (τ)

➫❃➩✲➪❈➾✪➫❊➶✢➩✞❼ ❦ ➼ ❵❻❢ ❧ ✃④➩✲➦✩➩➞➪➄➥❃➭P➥ M ∈ Γ
❤

❥ ❵✷➁❪❰✳➾✪➫✄➪✐➳❤➯✬➧s➩✷➦➋➳❱ß✲➾❈ÓP➥❪➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲✑✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩
R

➪❱➩✲➲❚Õ❃➯❚➳
F (τ)

✃✥➥✣➫➋➫✄➯✬➾■➯✬➧ ➚✥é✬➧➒➳✄➦❝➥ÙÖ❵➚✥➾➬➪➄➥
➭P➳✖✃✥❒✑➲✪➥✣➫✷➳✄➧

R ∩H ❦ ➫✣➳❱ß✲➯P➚✹➭P➥①➩ ❺➂á✄➫✣➳✄➦➨ê✑➩✳➹✤ÓP➥✈❢sÕ❃➯❚➳✟➫✄➯❚➮➋➳✻➭P➳✷➥❄➻■➳➋➥✑➦❝➳✄➧s➩ ➮ ❴ ➾✪➫✄➪➄➥➞➳✻Õ❃➯P➾➬ê✑➩✲➲✪➳➩
F (τ)

✃✥➥✣➫➋➫✄➯✬➾➬➦✟➯P➧s➩s➳✩❰✢✃④➩✲➚④➫❃ÓP➥❆➭➝➩❬➶➆➥✑➦✄➧s➩ ❦ ➼ ❵ ❐ ❧ ➳✄➧ ➮✻➩➝➭➝➩⑧✃✥➥✑➚✥➪➄➥➺✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✰➭P➳
Γ
➳✄➧

R ❧ ❤
➼ ❵
F (τ)

Ð✽➧➒➳✄➦❝➥✑➧➒➥✑➦➬➶✢➩✾➳✄➧➵➮✻➩➝➭➝➩✽✃✥➥✑➚✥➪➄➥✛✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥s➭P➳
Γ
➳✄➧

R
❵

ô➡➊❆⑩✙➈ù➂➅➄✿➄➇➀✟➏➋➈ùú✮➆✮➎➐ü❃➎☞❿❻➀➂✯P✫✌❿ t ✫➙➀➅❿✓➂✎❿➋þ✹➂➅➄➇➊✪➄✰★✮➊➉➄✑➂➅❿❃☎➇➎øý➇➈❆✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷Øö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄✜❿❻➀✎ö✙❿➋➏❃♠✈➁
þ✹➏➑➄ ✁ ➀✎❿✜➁ ➄➇➎➐➀✾➏➋➈ùú✮➆✮➎➐ü❃➎☞❿❻➀➂✂➌➄➇÷ÿ❿➋➊ ö✹➄➇➂➃➄➞★✮➊➉➄❽➏❻❿➋➂✎➁➃➄➉➂➅❿✢☎ù➎øý➇➈✚✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✵ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄ ✁ ❿➋ú➝➁ ý➇➈➫❿➋÷ø➄➇➀✂➌➄➇÷ÿ❿➋➊✕ö✹➄➇➂➅➄✷⑨✿★✹➄➇÷✆⑨✿★✮❿❻➂❂➂➅❿✢☎ù➎øý➇➈✽✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✹ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄④✫Ù②❭➀✻➁➃➈✷❧✾➏➋➈ùú✮➀➅❿✢⑨❳❲✏Ú❻ú✮➏➋➎ø➄✿➆✹➄✰♥✡⑩✮➀➅❿➋➂✩✂➌➄➇ü❻ý➇➈
t ö✮➂✎❿❻➏➋❿❻➆✮❿➋ú✘➁➅❿❽➄✤❿➋➀✎➁ ➄✤➆✮❿➋þ✹ú✌➎ÿü➑ý➌➈➫❿✑➆✮➄➉➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈✤➆✮➈➒➔✵❿❻➈➇➂➅❿❻➊✤➄❳â✬✫➲ô✣➀✎➁➅❿✜➊î❿❻➀✎➊✤➈✤➏❻➈ù➊î❿❻ú➝➁ ➍➌➂➅➎ÿ➈
❧✛✂➇➍➌÷ÿ➎ÿ➆✌➈✿ö✹➄➇➂➅➄î➄➌➀P➁➅➂✻Ú➋➀➲➆✌❿➋þ✹ú✮➎➐ü❃➎☞❿❻➀✟⑨✿★✮❿☎➀➅❿❃☎✲★✮❿❻➊▲❡
✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ ✎ ✺✡Ï❲➳

F (τ)
Ðs➯✬➧s➩✰➶➆➥✑➦➨➧s➩➣➧➒➥❃➭✲➯P➲✈➩✲➦❳➮➋➥✑➧➡➦❝➳➋➫➄✃✥➳✄➾➬➪➄➥❫➩

Γ ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫➞Õ❃➯✥➳✾➳✄➲✈➩ Ð➒➯P➧s➩
✝➚➈ù➂➅➊✤➄✿➊î➈➙➆✏★✌÷ø➄➇➂❍➎ÿú➝➁➃❿➋➎ÿ➂➃➄❳➫✣➳
❢❣❵
F (τ)

Ð✽➦❝➳❱ß✲➯P➲✈➩✲➦♣➳✄➧
H

❤
❥ ❵
F (τ)

Ð✡➦❝➳❱ß✲➯P➲✈➩✲➦✷➳✄➧ ➮✻➩➝➭➝➩⑧✃✥➥✑➚✥➪✐➥✟✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥♣➭P➳
Γ
➳✄➧ ➩✲➲üß✲➯P➧s➩①➦➋➳❱ß✲➾❈ÓP➥✖➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪➈➩✲➲✳✃④➩➝➭✲➦❝➥✑ã

➚✥➾④❼✣➩➝➭➝➩
R
❵

✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒ç➅❲✺⑧Ï❲➳
F (τ)

Ð✽➯P➧s➩⑧➶➆➥✑➦➨➧s➩➞➧➒➥❃➭✲➯P➲✈➩✲➦❆➮➋➥✑➧ ➦❝➳➋➫➄✃✥➳✄➾➬➪✐➥➞➩
Γ
➪❱➩✲➲✓Õ❃➯✥➳

F (τ)
Ð✷➦❝➳❱ß✲➯✬➲✈➩✲➦❆➳✄➧

H
➳➂✃✥➥✣➫➋➫✄➯P➾✖➯P➧ ❼✑➳✄➦❝➥❳➭P➳✚➥✑➦✩➭P➳✄➧ ✃✥➥✣➫✄➾➬➪❈➾➬ê✑➩➣➳✄➧ ➮✻➩➝➭➝➩✰✃✥➥✑➚✥➪➄➥✛✃④➩✲➦✻➩➝á✄❒✑➲➷➾❱➮➋➥➒➭P➳

Γ
➳✄➧➵➩✲➲üß✲➯✬➧s➩➒➦❝➳❱ß✲➾❈ÓP➥

➶➨➯✬➚✹➭➝➩✲➧➒➳✄➚✥➪❱➩✲➲❁✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩
R ❴ ➾✪➫✄➪➄➥➽Ð ❴ ➫✣➳ F (τ)

Ð➞➯✬➧s➩❆➶➆➥✑➦➨➧s➩❫➧➒➥❃➭✲➯✬➲✈➩✲➦✚➾➬➚✥➪➄➳✄➾➬➦✻➩❫➪❱➩✲➲❬Õ❃➯❚➳✾➮✻➩➝➭➝➩
✃✥➥✑➚✥➪✐➥✧✃④➩✲➦✻➩➝á✄❒✑➲➷➾❱➮➋➥➒Ð✷➯✬➧ ❼✑➳✄➦❝➥➒➭P➳①➥✑➦✩➭P➳✄➧æ✃✥➥✣➫✄➾➬➪❈➾➬ê✑➩ ❴ ➭✲➾④❼✑➳✄➧➒➥✣➫✰Õ❃➯✥➳

F (τ)
Ð✽➯P➧s➩❳✝➚➈➇➂➅➊✤➄✿➏❃➓✮➀✎ö✮➎ÿ➆✮❿✍❵

✼❳❨❳✛❪❉✓✗✙ö✳÷✏✒✭↔❲✺➺Ï❲➳
F (τ)

Ð✡➯✬➧s➩➺➶➆➥✑➦✄➧s➩✚➧➒➥❃➭✲➯✬➲✈➩✲➦✷➮➋➥✑➧ ➦❝➳➋➫➄✃✥➳✄➾➬➪✐➥✚➩
Γ
➪❱➩✲➲✍Õ❃➯✥➳

r = 0
➳
υ(M) = 1 ❴✃④➩✲➦✩➩➽➪➄➥❃➭P➥

M ∈ Γ ❴ ➳✄➚✥➪❱ÓP➥ F (τ)
Ð✾➭✲➾➬➪❱➩↕✝❊★✮ú✮ü❻ý➇➈◆➊î➈➙➆④★✮÷ø➄➇➂☎➏➋➈ù➊✴➂✎❿❻➀✎ö✙❿➋➎➐➁➃➈◆➄

Γ
❵❙❿✷➳➋➫✄➪✐➳❄➮✻➩✑➫✣➥ ❴ ➩➮➋➥✑➚✹➭✲➾❊➹✤ÓP➥❹❢❣❵Ù➭➝➩➒➭P➳❊Ö❵➚✥➾❊➹✤ÓP➥s➭P➳➊➶➆➥✑➦➨➧s➩➞➧➒➥❃➭✲➯P➲✈➩✲➦✧➫✣➳✽➦❝➳✻➭✲➯✍❼♣➩

F (Mτ) = F (τ) ❴ ✃④➩✲➦✩➩✾➮✻➩➝➭➝➩
M ∈ Γ

❵

➩➺✱☛✡ ☞ ✴☎⑤✼❹→④✜❺❃②▲➔Ñ④☎⑤✼➔◆➷ ⑩✑❺✪❹➟➷ ➭❋④☎⑤✼②✵⑩❈➣❽②▲➔P❺
♥✛➀➲➁➅❿❻➈ù➂✎❿❻➊✤➄➇➀⑧⑨✿★✮❿❈ö✮➂✎➈✤✂➌➄➇➂✎❿❻➊î➈ù➀➲ú✮❿❻➀✻➁ ➄✤➀✎❿❻ü❻ý➇➈➉➁❝Ú➋➊ ➂➅❿➋÷ø➄➇ü❻ý➇➈✤➏➋➈ù➊❆➄❽➈✳⑩✌➁➃❿➋ú✮ü➑ý➌➈➉➆✮❿✑÷ÿ➎ÿ➊î➎➐➁➃➄➇ú➝➁➃❿➋➀✟ö✹➄➇➂➅➄
➈ù➀❳✂➌➄➇÷ÿ➈ù➂✎❿❻➀❶➄➇➀✎➀✻★✮➊î➎ÿ➆✌➈ù➀③ö✙➈➇➂▲★✌➊➉➄●✝➚➈ù➂✎➊➉➄❁➊î➈➙➆④★✮÷ø➄➇➂

F (τ) ❯ ➈✳★à★✌➊ ➏➑➄➇➀✎➈✂ö✮➄➇➂✎➁➅➎ÿ➏❃★✌÷ø➄➇➂➫➆✌❿➽✝➚➈➇➂➅➊✤➄
➊✤➈☞➆✏★✮÷ÿ➄➇➂ ✁ ➀✎❿❃☎✳★✌ú✮➆✮➈❋➄➇➀❈➆✮❿→þ✹ú✮➎ÿü✢➎➙❿➋➀✑➆✮➄❨➀✎❿❻ü➑ý➌➈❋➄➇ú➝➁➃❿➋➂➅➎ÿ➈➇➂ ❢ ❿ ✁ ❿❻➊♠ö✹➄➇➂✻➁➃➎➐➏❃★✮÷ÿ➄➇➂ ✁ ö✹➄➌➂➃➄❶➈ù➀✑➏➋➈➙❿→þ✹➏❻➎➐❿❻ú➝➁➃❿➋➀
an(j)

⑨✿★✮❿☎➄➇ö✹➄➇➂✎❿❻➏➋❿❻➊ ú✹➄✿❿→õ➙ö✹➄➇ú✌➀➃ý➇➈❽➆✮❿
F (τ)

❿➋➊❃➀✎❿❃★❶ö✙➈➇ú✘➁➅➈✿ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ qj ✫➡ô✣➊①⑩➺➈ù➂➃➄✑❿❻➀✎➁➅❿✛➁➃❿➬õ➙➁➅➈



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✤✢☎
ú✹ý➌➈✯➏➋➉✮❿✢☎✳★✮❿Ñ➄P➁➃➂➃➄➮➁ ➄➇➂▲➆✮❿❲➄➇ö✮÷ÿ➎➐➏➑➄➇ü✢➎➙❿➋➀▲➆✹➄➇➀✍✝➚➈ù➂➅➊✤➄➇➀✵➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀✼ûP➁➃❿➋➈ù➂➅➎ÿ➄➲➆✮➈➇➀✼ú✿➓✮➊î❿❻➂✎➈ù➀ ✁ ➈➇ö✌➁ ➄➇➊î➈ù➀▲ö➺➈ù➂➄➇ö✌➂➅❿❻➀✎❿❻ú➝➁ ➄➌➂Ñ❿❻➀➅➀✎❿❻➀➲➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✮➈➇➀Ñ➄✜þ✹➊✪➆✌❿✓➂➅❿➑➄➌÷ÿ➎✪✉❻➄➇➂➅★✌➊❃❿➋➀✎➁❝★✌➆✮➈✤➀✎➈✳⑩✮➂✎❿✓➏❻➈ù➊î➈ ✁ ú✹➄➩ö✮➂➃➍➌➁➅➎ÿ➏❻➄ ✁ ➁➅➂➃➄✲⑩✮➄➇÷✪➉✹➄✤➁➀✎❿➩➏❻➈ù➊ ✝➚➈ù➂➅➊✤➄➇➀✯➊î➈☞➆✏★✮÷ø➄➌➂➅❿❻➀✾❿➩➀✻★✹➄➌➀✓❿→õ➙ö✹➄➇ú✮➀✩➎➙❿➋➀❃✫①✇✾÷✪❧➋➊❴➆✮➎➐➀➅➀✎➈ ✁ ➈③÷ÿ❿➋➎➐➁➃➈➇➂✯➄➌➁➅❿❻ú➝➁➃➈❶➈✳⑩✌➀➅❿❻➂➇✂➌➄➇➂➃➍→⑨✿★✮❿❽➈
➔✵❿❻➈ù➂✎❿❻➊✤➄➒þ➉❿✑➈➉➏➋➈ù➂➅➈ù÷ÿ➍➇➂➅➎➐➈➞⑨✿★✮❿✑➈➫➀✻★✌➏❻❿❻➆✌❿ ✁ ö➺➈ù➂➲❿→õ➙❿❻➊îö✮÷ÿ➈ ✁ ö➺➈ù➀➅➀✩★✮❿❻➊✸❿❻ú✿★✮ú✌➏❻➎ø➄➌➆✮➈ù➀✛➀✎❿❻➊î❿❻÷✪➉✮➄➇ú➝➁➃❿❻➀✯➄➇➈
➆✮➈✷✝ ➄➇➊î➈ù➀➅➈✽➔✵❿❻➈ù➂✎❿❻➊✤➄✑➆✮❿⑧è✡➎ÿ➈✳★④✂☞➎➐÷ÿ÷ÿ❿ ❯ ✂☞➎ÿ➆✮❿➲➂➅❿✄✝➚❿❻➂✩Ú❻ú✮➏➋➎ø➄➒ä ë å ❢ ✁ ➆✮❿➲➊✤➈☞➆✮➈✷⑨P★✌❿✯➈❈➏❻➈ùú➝➁➃❿✢➓✮➆✮➈✿➈➇➂➃➄☎❿→õ➙➎✪⑩✮➎➐➆✮➈ú✹ý➌➈❨➆✌❿✢✂ù❿î➀➅❿➋➂✛✂➙➎➐➀✎➁➅➈❨➏➋➈ù➊î➈③❿→õ➙➏❻÷✆★✮➀➅➎✈✂➙➎➐➆✹➄➇➆✮❿❽➆✹➄➫➁➅❿❻➈ù➂✎➎ø➄➫➆✮❿♣✝➚➈ù➂✎➊➉➄➇➀✯➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀ ✁ ➊✤➄➇➀✓➀➅➎➐➊ ❿➋➀➅ö✹❧❻➏❻➎➐❿❻➀
➆✮❿➛➶➈✂ù❿➋➂➅➀✻➎☞❿❻➀☎➊î➈➙➆④★✮÷ø➄➇➂✎❿❻➀❄➹✜➆✌➈ù➀❬✦➅➍➫➏❻➈ùú④➉✮❿❻➏➋➎ÿ➆✮➈ù➀✓➁➅❿❻➈ù➂✎❿❻➊✤➄➇➀✛➆✮❿①✂➌➄➇➂✎➎ø➍➆✂ù❿➋➎ÿ➀✓➏❻➈➇➊✤ö✮÷➐❿→õ✌➄➇➀✢✫ ✭ ➈ù➊î❿❻ü❻➄➇➊î➈ù➀
ö➺❿❻÷➐➈î➀✎❿❃☎✳★✌➎ÿú➝➁➃❿☎÷ÿ❿➋➊➉➄ ✁ ⑨✿★✮❿☎➀➅❿➋➂➃➍✚★✌➁➃➎➐÷ÿ➎✪✉❻➄➇➆✮➈✿ú✮➄î➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❽➆✮➈✚➔✼❿➋➈ù➂➅❿➋➊➉➄sþ④❡
✔❵❨P❷❹✌ ✎ ✺⑧Ï❲➳

f(τ)
Ð✰➯P➧s➩✡➶➨➯P➚❚➹✤ÓP➥➞➧➒➥❃➭✲➯✬➲✈➩✲➦♣➮➋➥✑➧ ➦❝➳➋➫➄✃✥➳✄➾➬➪✐➥→➩

Γ
➪➈➩✲➲☞Õ❃➯✥➳

f(τ)
Ð❆➦❝➳❱ß✲➯P➲✈➩✲➦✚➳✄➧

H➳s➳✄➧➵➪➄➥❃➭P➥✣➫s➥✣➫⑧✃✥➥✑➚✥➪➄➥✣➫⑧✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫①➭P➳♣➩✲➲üß✲➯✬➧s➩❳➦❝➳❱ß✲➾❈ÓP➥✧➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪➈➩✲➲✏✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩
R ❴ ➥✑➯❄➫✣➳❫❪✢➩ ❴➫✣➳

f(τ)
Ð✷➯✬➧s➩⑧➶➨➯P➚❚➹✤ÓP➥✚➧➒➥❃➭✲➯P➲✈➩✲➦✽➾➬➚✥➪✐➳✄➾➬➦✩➩ ❴ ➳✄➚✥➪❱ÓP➥ f(τ) → a0(j) ➂ ➧➒➳✻➭✲➾❈➭➝➩➒Õ❃➯❚➳

τ → qj
➩✽✃④➩✲➦➨➪❈➾➬➦

➭P➳✖✃✥➥✑➚✥➪✐➥✣➫✡➭P➳
R ❴ ✃④➩✲➦✩➩➞➮✻➩➝➭➝➩✡✃✥➥✑➚✥➪➄➥⑧✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥ qj ➭P➳

Γ
➳✄➧

R
❵➡⑤✟Õ❃➯P➾ ❴ a0(j)

Ð✷➥➞➮➋➥✣➳❊Ö❤➮✄➾❱➳✄➚✥➪➄➳✡Õ❃➯❚➳
➥✣➮➋➥✑➦➨➦❝➳✽➚✹➩▲➳✩❰✢✃④➩✲➚④➫❃ÓP➥ ❦ ➼ ❵ ❐ ❧ ➭P➳ f(τ)

➳✄➧
qj
❵➡⑤✧➲✪Ð✄➧ ➭✲➾✪➫➋➫✣➥ ❴ f(τ)

Ð✷➲➷➾➬➧♣➾➬➪❱➩➝➭➝➩✾➳✄➧
H

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ✭ ➈➇➊✤➈

υ(M) = 1
ö✹➄➇➂➅➄❈➁➅➈➙➆✮➈

M ∈ Γ ✁ ➄✰❥✯❿➋þ✹ú✌➎ÿü➑ý➌➈❆ë✜➎➐➊✤ö✌÷ÿ➎ÿ➏❻➄✡⑨✿★✮❿ κj = 0
ö✮➄➇➂➃➄

1 ≤ j ≤ µ
❿ ✁ ➏❻➈ù➊î➈ r = 0 ✁ ➁➃❿➋➊✤➈ù➀✖⑨✿★✮❿ σj(τ) = 1

ö✹➄➇➂➅➄
qj ≤ ∞ ✫Ù⑤➲➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈➀➁❭➀✎❿P➁➃➄➇➊①⑩✹❧❻➊➓➈✷✝ ➄➌➁➃➈

➆✮❿✽⑨✿★✮❿
f(τ)

❧☎➂➅❿✢☎✳★✮÷ø➄➌➂✟❿❻➊
qj ✁ ➄➩❿→õ➙ö✹➄➌ú✮➀➃ý➇➈✤➆✮❿✷r✹➈✳★✮➂➅➎➐❿❻➂✟➆✌❿ f(τ)

❿➋➊
qj
➀✎❿✓➁➃➈ù➂✎ú✹➄

f(τ) =
∞∑

n=0

an(j)e2πin(A−1
j τ)/λj , ❯ t ✫ ❼ ✴ ❢

✂➌➍➇÷➐➎ÿ➆✹➄❽❿❻➊ ➁➃➈☞➆✮➈➫➈✤➀➅❿➋➊✤➎➐ö✮÷ø➄➇ú✌➈
H ✁ ★✌➊➉➄✚✂ù❿❃✉♣⑨✿★✮❿ f(τ)

❧✑➂➅❿✢☎✳★✮÷ø➄➌➂✾ú✮❿➋➀➅➀✎❿➩➆✮➈ù➊s♠ÿú✮➎➐➈✏✫➺✇✳❿➬õ✌ö✮➄➇ú✮➀➃ý➌➈
❯ t ✫ ❼ ✴ ❢ ú✮➈ù➀✓➊î➈ù➀✻➁➃➂➃➄➞⑨P★✌❿ f(τ)

ö✙➈☞➆✮❿✿➀✎❿❻➂✡✂☞➎ÿ➀✻➁ ➄③➏❻➈ù➊î➈→★✮➊✤➄➫➀✻❧➋➂➅➎➐❿➩➆✮❿➩ö✙➈➌➁❝Ú❻ú✌➏❻➎ø➄➌➀✛ú✹➄→✂➌➄➇➂➅➎ÿ➍✣✂➇❿❻÷
z =

e2πi(A−1
j τ)/λj ✁ ➆✌❿☎➁➃➄➇÷✡➊î➈➙➆✮➈♣⑨✿★✮❿☎➀✎❿❈➁➅❿❻➊

f(τ) =

∞∑

n=0

an(j)zn = a0(j) + a1(j)z + a2(j)z
2 + · · · ,

➏➋➈ùú➝✂ù❿❻➂✩☎ù❿❻ú➝➁➅❿❨ö✮➄➇➂➃➄ |z| < 1
✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ û◆➊✤❿➋➆✮➎ÿ➆✹➄❄⑨P★✌❿

τ → qj
➆✮❿➫➆✮❿➋ú✘➁➅➂➅➈à➆✮❿

R ✁ ➈➍è✡❿❻➊✤➄ ❼
➎➐➊✤ö✮÷➐➎ÿ➏❻➄s⑨✿★✮❿

A−1
j τ → ∞ ➆✮❿✿➆✮❿➋ú➝➁➃➂➅➈③➆✌❿♣★✮➊➉➄s✝ ➄➇➎ õ✌➄➉➆✹➄➒✝➚➈➇➂➅➊✤➄

Im(w) > 0 ✁ ai < Re(w) < bi
✫

♦➙❿➋ú✮➆✮➈
A−1

j τ = x+ iy ✁ ➎ÿ➀✎➀➅➈❽➎ÿ➊îö✮÷ÿ➎➐➏➑➄❆⑨✿★✮❿ y → ∞ ❿
ai < x < bi ✁ ➆✮❿☎➊✤➈☞➆✮➈♣⑨✿★✮❿

z = e2πi(A−1
j τ)/λj = e2πi(x+iy)/λj =

e2πix/λj

e2πy/λj
→ 0.

♥✛➂➃➄ ✁ ú✮❿❻➀✻➁➃❿❈➏➑➄➇➀✎➈ ✁ f(τ) → a0(j) ✁ þ✹➏❻➄➇ú✮➆✮➈îö✮➂✎➈✤✂➌➄➇➆✮➄✚★✌➊➉➄➩➆✹➄➇➀➲➄➇➀✎➀➅❿➋➂➅ü❃➎☞❿❻➀➲➆✮➈î❿❻ú✿★✮ú✮➏➋➎ø➄➇➆✌➈✏✫❣ ❿➋÷ÿ➈s⑨✿★✮❿✛✝➚➈ù➎✶ö✮➂✎➈✤✂➌➄➇➆✌➈ ✁ ➆✹➄➇➆✮➈ ε > 0 ✁ ❿➬õ➙➎ÿ➀✎➁➅❿ δ > 0
➁ ➄➌÷❲⑨✿★✮❿ |τ − qj | < δ

➎ÿ➊îö✮÷ÿ➎➐➏➑➄

|f(τ)| = |f(τ) − a0(j) + a0(j)| ≤ |f(τ) − a0(j)| + |a0(j)| < ε+ |a0(j)|,



✤✓✑ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

★✌➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈P➁➃➄➇➊①⑩✹❧❻➊❱➄➲➆✮❿❻➀✎➎✪☎✳★✹➄➌÷ÿ➆✹➄➇➆✌❿❂➁➅➂➅➎ø➄➌ú✏☎✳★✮÷ÿ➄➇➂❃✫ ✭ ➈ù➊î➈✾➄✾➏❻➈➇ú✿✂➇❿❻➂✩☎✳Ú❻ú✮➏➋➎ø➄✛ö✹➄➌➂➃➄
qj
➈➙➏➋➈ù➂➅➂✎❿❲➄➲ö✹➄➇➂✎➁➅➎ÿ➂

➆✮❿➩ö➺➈ùú➝➁➃➈ù➀✓➆✮❿
R ✁ ➄➫➆✌❿❻➀➅➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿✿➄➇➏❻➎➐➊➉➄➉➎➐➊✤ö✌÷ÿ➎ÿ➏❻➄s⑨✿★✮❿ f(τ)

❧➩÷ÿ➎ÿ➊î➎➐➁➃➄➇➆✹➄➩ú✹➄➫➎➐ú✘➁➅❿❻➂✎➀➅❿❻➏➋ü➑ý➇➈❨➆✮❿
R➏❻➈ù➊❃➄➇÷✆☎✳★✮➊✤➄✽✂☞➎✪✉➋➎ÿú✏➉✮➄➇ú✮ü➑➄

Dj

➆✮❿✛➏❻➄➇➆✹➄✜ö➺➈ùú➝➁➃➈✜ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈ qj ✫✖♦➙❿ qj <∞ ✁ ❿➋ú✘➁➃ý➇➈ Dj

❧✡★✌➊❃➆✮➎➐➀➅➏➋➈
➄✲⑩➺❿❻➂✎➁➅➈✓➏❻❿➋ú✘➁➅➂➃➄➇➆✌➈✑❿➋➊

qj
❿ ✁ ➀➅❿ qj = ∞ ✁ Dj

❧➺★✌➊✳➀➅❿➋➊✤➎➐ö✮÷ø➄➌ú✮➈✛➆✹➄✧✝➚➈ù➂✎➊➉➄
Im(τ) > y0 ✁ ➏❻➈ù➊ y0 > 0

✫
❥✯❿➋þ✮ú✹➄➇➊î➈ù➀ ✁ ❿➋ú✘➁➃ý➇➈ ✁

R
∗ = R \

µ
⋃

i=1

Dj . ❯ t ✫ ❼ ✮ ❢
♥✡⑩✮➀➅❿➋➂✩✂ù❿➋➊✤➈➇➀✾➄➀☎ù➈ù➂➃➄①⑨✿★✮❿

R∗ ❧✛★✮➊✱➀✩★✏⑩✙➏➋➈ùú✑✦✩★✮ú➝➁➅➈î➏➋➈ù➊îö✹➄➇➏➋➁➅➈❽➆✮❿
H ✁ ö✙➈➇➎ÿ➀❤❧✛✝➚❿❻➏➋➉✮➄➇➆✮➈❽❿✓÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➈④✫✭ ➄✲⑩➺❿✯➄✲⑨✿★✮➎✥★✌➊➉➄➅✦✩★✮➀✎➁➅➎➐þ✹➏❻➄➌➁➃➎✈✂➌➄✛➊➉➄➇➎➐➀✣➆✮❿➋➁➃➄➇÷✪➉✮➄➇➆✹➄☎➄➇➏❻❿➋➂➅➏❻➄✑➆✮❿➋➀✎➁ ➄❈➀➅❿✢☎✳★✮ú✮➆✹➄❈ö✮➂➅➈➇ö✮➂➅➎➐❿❻➆✹➄➇➆✌❿➲➆✌❿

R∗ ✫✣ô✣➊ö✮➂➅➎➐➊✤❿➋➎ÿ➂✎➈î÷✆★✏☎➝➄➇➂ ✁ ➀➃➄✲⑩➺❿❻➊î➈ù➀✟⑨✿★✮❿ R =
⋃µ

i=1Ai{R(Γ(1))} ✫➺✇✯÷✆❧❻➊ ➆✮➎➐➀➅➀➅➈ ✁ Γ(1)
❧❆☎ù❿➋➂➃➄➇➆✮➈✤ö✙➈➇➂

S
❿

T ❯ ✭ ➈➇➂➅➈ù÷ÿ➍➇➂➅➎➐➈✡ë✑➆✌➈ ✭ ➄➇ö④♠➐➁❝★✌÷ÿ➈✷✯ ❢ ✁ ➈➇➀ A ë ➀❍➀➅ý➇➈✑➏➋➈ù➊①⑩✮➎➐ú✹➄➇ü✢➎➙❿➋➀✒þ✹ú✮➎➐➁➃➄➇➀➡➆✮❿❻➀✎➀➅❿➋➀❲❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀ ✁ ❿ R(Γ(1))ö✙➈➇➀➅➀✻★✌➎✡➄❆✝➚➈ù➂➅➊✤➄❆⑨✿★✮❿✛➁➃➄➇➊①⑩✹❧❻➊ ✝➚➈ù➎Ø❿➋➀✎➁ ➄➀⑩✙❿➋÷ÿ❿❻➏➋➎ÿ➆✹➄✑ú✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈✚✯✬✫✼❱✡★✹➄➇ú✮➆✌➈
T
➄✲☎➇❿✛ú✿★✮➊✪❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈

➆✮❿
R(Γ(1)) ✁ ❿❻÷ÿ➄ ➄➌ö✙❿➋ú✹➄➇➀î÷ÿ❿✢✂➌➄à❿❻➀✻➁➃❿❨❿❻÷ÿ❿➋➊✤❿➋ú➝➁➃➈❸➄➇➈❸➎➐ú➝➁➃❿❻➂✎➎ÿ➈ù➂➩➆✌➈❸➀✎❿❻➊î➎ÿ➏❃♠➐➂➅➏✢★✮÷ÿ➈➽★✮ú✮➎ ➁ ➍➇➂✎➎ÿ➈❋➀✩★✮ö✙❿➋➂➅➎➐➈ù➂

❿ ✁ ⑨✿★✹➄➌ú✮➆✮➈ S ➄✲☎ù❿❶ú✿★✮➊ ❿❻÷➐❿❻➊î❿❻ú➝➁➃➈ ➆✮❿❻➀✎➀➃➄ñ➂✎❿❃☎ù➎ÿý➇➈ ✁ ➈☞➏❻➈ù➂✎➂➅❿❜➄➇ö✙❿➋ú✹➄➇➀✚★✮➊✤➄à➁➅➂➃➄➇ú✌➀➅÷ø➄➌ü➑ý➇➈➽➉✮➈ù➂✎➎✪✉➋➈ùú➝➁ ➄➇÷
➆✮➈③➊î❿❻➀➅➊î➈✏✫✷❥✯❿➋➀✎➁➃❿➩➊î➈☞➆✮➈ ✁ R

❧➩÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➄ ✁ û➫❿❻➀✩⑨P★✌❿❻➂➅➆✮➄❨❿➩û➫➆✌➎ÿ➂➅❿➋➎➐➁➃➄ ✁ ö➺➈ù➂✯➆④★✹➄➇➀✡✝ ➄➇➎ õ✮➄➌➀✧✂ù❿➋➂✎➁➃➎➐➏➑➄➇➎➐➀ ✁ö✙➈☞➆✮❿➋ú✮➆✮➈ ✁ ➁➃➈☞➆✹➄➆✂☞➎ø➄ ✁ ➀✎❿❻➂✵➎ÿ÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➄❂❿➋➊ ➆✮➎ÿ➂✎❿❻ü❻ý➇➈➲➄ ∞ ✫ ✭ ➄➇➀✎➈✾➎➐➀✎➁➃➈P➈☞➏❻➈ù➂✎➂➃➄ ✁ ∞ ❧➡ö✙➈➇ú✘➁➅➈✾ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈❲➆✮❿
Γ
❿❻➊

R ✁ ➆✮❿➡➊î➈➙➆✮➈➺⑨✿★✮❿ R
∗ ❿➬õ➙➏❻÷✪★✌➎➝➆✮❿

R
➄➂✂☞➎✆✉❻➎ÿú④➉✹➄➇ú✮ü❻➄P➂✎❿❻÷ÿ➄➌➁➃➎✈✂➇➄Ñ➄Ñ❿➋➀➅➀➅❿❂ö➺➈ùú➝➁➃➈ ✁ ➁➃➈ù➂✎ú✹➄➇ú✮➆✌➈➲÷➐➎ÿ➊î➎➐➁➃➄➇➆✹➄➄③➂➅❿❃☎➇➎øý➇➈

R∗ ✫①✇✕þ✏☎✳★✮➂➃➄❶➄✲⑩✮➄➇➎ õ➙➈③ö➺➈➙➆✮❿①✝ ➄➌➏❻➎ÿ÷➐➎➐➁➃➄➇➂✯➄③➏➋➈ù➊✤ö✌➂➅❿❻❿➋ú✮➀➃ý➌➈✏✫♣⑦✾❿➋÷ø➄ ✁ ➄③ö✹➄➌➂✎➁➃❿♣➉✮➄➇➏➋➉✿★✮➂➃➄➇➆✮➄❨➀✎❿➂➅❿✄✝➚❿❻➂➅❿îû
R

∗ ✁ ➈✳⑩✌➁➅➎ÿ➆✹➄➫➆✌❿ R
ö✙➈➇➂✓➊✤❿➋➎ÿ➈➫➆✹➄③➂✎❿➋➁➃➎➐➂➃➄➇➆✮➄➫➆✮➈ù➀☎➀➅❿➋➊✤➎➐➏❃♠ÿ➂✎➏❃★✮÷➐➈ù➀✾➁➅➂➃➄➇➏➋❿✐✦➅➄➇➆✌➈ù➀ ❯ ✂☞➎✪✉➋➎ÿú✏➉✹➄➌ú✮ü➑➄➇➀➆✮❿➉ö➺➈ùú➝➁➃➈➇➀✜ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✓þ✹ú✮➎ ➁➃➈ù➀ ❢ ❿ ✁ ❿✢✂➇❿❻ú➝➁❝★✮➄➇÷ÿ➊î❿❻ú➝➁➃❿ ✁ ➆✹➄✖➂✎❿➋➁➃➎➐➂➃➄➇➆✮➄❜➆✹➄✾✂➙➎✆✉❻➎➐ú✏➉✹➄➇ú✮ü❻➄❜➀✩★✮ö✙❿➋➂➅➎➐➈ù➂ ✁ ➆✌➈ö✙➈➇ú✘➁➅➈ ∞ ❡

✭ ➈ù➊✤➈
f(τ)

❧☎➂✎❿❃☎✳★✮÷ÿ➄➇➂✟❿➋➊
H ✁ ✂ù❿➋➊ ⑨✿★✮❿

f(τ)
❧☎➏❻➈ùú➝➁❝♠➐ú✿★✹➄➩❿❻➊✱ú✮❿➋➀➅➀✎❿✑➏➋➈ùú✑✦✩★✮ú➝➁➃➈❽❿ ✁ ö✙➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁

f
(
R∗
) ❧✯➏❻➈ù➊îö✹➄➇➏→➁➃➈✿❿➋➊

H ✁ ➆✌➈ùú✮➆✮❿ f(τ)
❧✯➁➃➄➇➊①⑩✹❧❻➊❯÷ÿ➎➐➊✤➎ ➁ ➄➇➆✹➄✓❿➋➊

R∗ ✫❵è✡➈✳☎ù➈ ✁ f(τ)
❧✾÷ÿ➎ÿ➊î➎➐➁➃➄➇➆✹➄



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✤✢✒
❿➋➊

(
µ
⋃

j=1

R ∩Dj

)

∪ R
∗ = R.

✇✾÷✪❧❻➊❴➆✮➎ÿ➀✎➀➅➈ ✁ ➁➃➄➇➊①⑩✹❧❻➊ ö➺❿❻÷➐➈❳✝ ➄➌➁➃➈③➆✮❿
f(τ)

➀✎❿❻➂☎➏❻➈ùú➝➁✻♠ÿú✿★✹➄ ✁ f (R ∩ H
)
⊂ f (R) ∩ H

❿ ✁ ➏➋➈ù➊✤➈
f (R) ∩ H

❧❽➏❻➈ù➊îö✹➄➇➏→➁➃➈③❿➋➊
H ✁ ✂➇❿❻➊➡⑨✿★✮❿

f
(
R ∩ H

) ❧❽÷ÿ➎➐➊✤➎ ➁ ➄➇➆✌➈✏✫✷è▲➈✲☎ù➈ ✁ f(τ)
❧➩÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➄

❿➋➊
R ∩ H

✫❆r★➎➐ú✹➄➇÷➐➊✤❿➋ú✘➁➅❿ ✁ ➏❻➈ù➊î➈ R
❧➩➂✎❿❃☎ù➎ÿý➇➈➒✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷✼➀➅❿✢☎✳★✮ú✮➆✮➈

Γ ✁ ➆✹➄➇➆✌➈ τ ∈ H ✁ ➁➃➈➇➊✤❿
M ∈ Γ

➁ ➄➇÷✓⑨✿★✮❿
Mτ ∈ R ∩ H

✫✽è✡➈✳☎ù➈ ✁ ➏➋➈ù➊✤➈ f(Mτ) = f(τ)
ö✹➄➇➂➅➄✤➁➃➈☞➆✮➈

M ∈ Γ ✁ ➀✎❿❃☎✳★✮❿♣⑨✿★✮❿
f(τ)

❧✓÷➐➎ÿ➊î➎➐➁ ➄➌➆✹➄✑❿➋➊
H

✫
❖ ❨✿✒❚✎✤❨P❷❹✌❙➅ç✺✚➻■➥❃➭➝➩➂➶➨➯✬➚❚➹✤ÓP➥✚➧➒➥❃➭✲➯P➲✈➩✲➦✛➾➬➚✥➪➄➳✄➾➬➦✻➩▲Ð♣➮➋➥✑➚④➫✄➪❱➩✲➚✥➪➄➳✳❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵ ✭ ➈➇ú✮➀➅➎➐➆✮❿❻➂✎❿❻➊î➈ù➀ ✁ ö✹➄➇➂➅➄✓❿❻➀✎➁➃➄✑➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈ ✁ ➄✛✝❊★✮ú✮ü➑ý➌➈ f(τ)

❿✾➄✓➊✤❿➋➀➅➊✤➄✓ú✮➈➇➁ ➄➌ü➑ý➇➈
➆✮➈➞è✡❿❻➊✤➄ ✮ ✫❤❥✯❿→þ✹ú✮➎ÿú✌➆✮➈➀➁❭➀✎❿ F (τ) =

∏µ
j=1{f(τ) − a0(j)} ✁ ➁➅❿❻➊î➈ù➀➂⑨✿★✮❿ F (τ)

❧✷✝❊★✮ú✌ü➑ý➇➈✤➊✤➈☞➆✏★✮÷ÿ➄➇➂
➏➋➈ù➊❆➂➅❿❻➀✎ö✙❿➋➎➐➁➅➈➫➄

Γ ✁ ➆✮❿✜➊î➈➙➆✌➈➒⑨✿★✮❿ ✁ ➄➇ö✮÷➐➎ÿ➏➑➄➌ú✮➆✮➈➀➁✝➀➅❿☎➈❳è✡❿❻➊✤➄ ✮ ➄ f(τ) ✁ ✂➇❿❻➊ ⑨P★✌❿
F (τ)

❧✑➁➃➄➇➊①⑩✹❧❻➊
÷➐➎ÿ➊î➎➐➁ ➄➌➆✹➄❨❿➋➊

H
✫✕♦➙❿➄✦➅➄

C
➈à➀✻★✮ö✌➂➅❿❻➊î➈à➆✮❿ |F (τ)| ❿➋➊ H

✫❹✇➲þ✹➂➅➊✤➄➇➊î➈ù➀①⑨✿★✮❿
C = 0

❿ ✁ ö✹➄➇➂➅➄ö✮➂✎➈✣✂➇➍✤➁❭÷ÿ➈ ✁ ➀✻★✮ö➺➈ùú✏➉✮➄➇➊✤➈➇➀ ✁ ö✙➈➇➂✾➄➀⑩✮➀✻★✮➂✎➆✮➈ ✁ ⑨✿★✮❿ C > 0
✫❤⑦✾❿❻➀✻➁➃❿❈➏➑➄➇➀✎➈ ✁ ➈➒è✡❿❻➊✤➄ ✮ ➎➐➊✤ö✮÷➐➎ÿ➏❻➄①⑨P★✌❿ ✁ ➆✹➄➇➆✮➈

εj > 0 ✁ ❿➬õ✌➎➐➀✎➁➅❿ δj > 0
➁ ➄➇÷✓⑨✿★✮❿ |τ − qj | < δj

➎ÿ➊îö✮÷ÿ➎➐➏➑➄ |f(τ) − a0(j)| < εj ✁ ö✹➄➇➂➅➄ 1 ≤ j ≤ µ
❿

τ ∈ R
✫✖➔✼➈ù➊✤➄➇ú✮➆✌➈ ✁ ❿❻ú➝➁ ý➌➈ ✁ ö✹➄➇➂➅➄î➏❻➄➇➆✹➄ j ✁ εj = µ

√

C/2 ✁ ❿→õ➙➎➐➀✎➁➃❿➋➊ ➈ù➀➲úP➓✌➊✤❿➋➂➅➈ù➀P➂➅❿❻➄➇➎ÿ➀
δj > 0

➁ ➄➌➎ÿ➀
⑨✿★✮❿ |τ − qj | < δj

➎➐➊✤ö✮÷➐➎ÿ➏❻➄❆⑨✿★✮❿

|F (τ)| =

∣
∣
∣
∣
∣

µ
∏

j=1

{f(τ) − a0(j)}
∣
∣
∣
∣
∣
=

µ
∏

j=1

|f(τ) − a0(j)| <
(

µ
√

C/2
)µ

= C/2,

➏➋➈ùú✮➀➅➎➐➆✮❿❻➂➅➄➇ú✮➆✮➈❶➀✎❿❻➊îö✮➂➅❿❽➄➉➁➅➈ùö✙➈➇÷ÿ➈✳☎ù➎ÿ➄î➆✮➄➫❿❻➀✩✝➚❿➋➂➃➄③➆✮❿✚➌P➎ÿ❿➋➊➉➄➇ú✌ú❲✫✽✇➓❿→õ➙➎ÿ➀✻➁❝Ú❻ú✌➏❻➎ø➄➫➆✌➈ù➀✓ú✿➓✮➊✤❿➋➂➅➈ù➀✓➂✎❿➑➄➇➎➐➀
δj
➏❻➈ù➂✎➂➅❿❻➀✎ö✙➈➇ú✮➆✮❿✾û❈❿➬õ✌➎➐➀✎➁✻Ú❻ú✮➏➋➎ø➄☎➆✹➄➇➀❵✂➙➎✆✉❻➎➐ú✏➉✹➄➇ú✮ü❻➄➇➀

Dj

➆✹➄❈➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❈➆✮➈❆è✡❿➋➊➉➄ ✮✬✁ ➆✮❿➲➊✤➈☞➆✮➈✽⑨✿★✮❿ö➺➈➙➆✌❿❻➊î➈ù➀P➄➇➀➅➀✎❿❃☎✳★✌➂➃➄➇➂✾➄➩❿→õ➙➎ÿ➀✻➁❝Ú❻ú✌➏❻➎ø➄❽➆✮❿✽★✮➊ ➏➋➈ùú✑✦✩★✮ú➝➁➃➈
R∗ ➏➋➈ù➊î➈î❿➋➊ ❯ t ✫ ❼ ✮ ❢ ➁➃➄➇÷❲⑨✿★✮❿ ✁ ❿➋➊ R \ R∗ ✁

|F (τ)| < C/2
✫ ✭ ➈➇➊✤➈

C
❧✤➈◆➀✻★✮ö✌➂➅❿❻➊î➈◆➆✮❿

F (τ)
❿❻➊

H ✁ ➀➅❿✢☎✳★✮❿→⑨✿★✮❿➉➈◆➊ ➃ ➆✏★✮÷➐➈❶➊➉➍➮õ➙➎➐➊✤➈❨➆✮❿
F (τ)

❿➋➊
R ∩H ✁ ❿✯ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈✑❿❻➊ H ✁ ➆✹➄➇➆✌➈①⑨✿★✮❿ R

❧✛➂✎❿❃☎ù➎ÿý➇➈✷✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷✙➀✎❿❃☎✳★✮ú✌➆✮➈
Γ ✁ ➈☞➏❻➈➇➂➅➂➅❿❿➋➊

R
∗ ⊂ H

✫ ✭ ➄➀⑩✙❿➉➄✲⑨✿★✮➎➅★✮➊✤➄✚✦✩★✮➀✻➁➃➎ þ✹➏➑➄➌➁➅➎✆✂➌➄❜➊✤➄➇➎➐➀✑➆✮❿→➁ ➄➇÷✆➉✹➄➇➆✹➄❨➆✮❿❻➀✎➀➅❿→✝ ➄➌➁➅➈✏✫ ❣ ➂✎➎ÿ➊î❿❻➎ÿ➂➅➄➇➊î❿❻ú➝➁➃❿ ✁➈✳⑩✌➀➅❿❻➂➇✂ù❿✷⑨✿★✮❿
R ∩ H = (R ∪ ∂R) ∩ H ✁ ➈ùú✮➆✮❿ ∂R ➀✎❿❈➂✎❿✢✝➚❿➋➂➅❿✑û♣✝➚➂✎➈ùú➝➁➃❿➋➎ÿ➂➃➄➩➆✮➈❽➏➋➈ùú✑✦✩★✮ú➝➁➃➈

R
✫❬♦➙❿

➈❽➊✤➍➮õ➙➎ÿ➊î➈✿➆✮❿ |F (τ)| ❿➋➊ H
➈☞➏❻➈➇➂➅➂➅❿➋➂Ñ❿❻➊

∂R ∩ H ✁ ❿❻ú➝➁ ý➌➈✤➆✮❿✄✂ù❿❈❿→õ➙➎ÿ➀✻➁➃➎➐➂ τ ′ ú✮❿➋➀➅➀✎❿✑➏➋➈ùú✑✦✩★✮ú➝➁➃➈❽➁ ➄➌÷⑨✿★✮❿ |F (τ ′)| = C
✫✡♥✛➂➃➄ ✁ ➎ÿ➀✻➁➃➈➒❧✰★✮➊✤➄✤➏❻➈➇ú✘➁➅➂➃➄➇➆✌➎ÿü➑ý➌➈➉➏❻➈➇➊❴➈s✝ ➄➌➁➃➈➫➆✌❿

F (τ)
➀➅❿➋➂✛➏❻➈➇ú✘➁✻♠ÿú✿★✹➄➉❿➋➊

H
❿

ö➺➈ù➀➅➀✩★✮➎ÿ➂➲➊ ➃ ➆✏★✌÷ÿ➈❽➊✤❿➋ú✮➈ù➂➲➆✮➈➒⑨✿★✮❿
C/2

ú✹➄➇➀➲ö✮➂➅➈➑õ➙➎ÿ➊î➎ÿ➆✮➄➇➆✮❿❻➀P➆✮❿
τ ′
✫ ❣ ➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ➈➉➊ ➃ ➆④★✮÷ÿ➈❽➊✤➍➮õ➙➎ÿ➊î➈➆✮❿

F (τ)
❿❻➊

H
➈➙➏➋➈ù➂➅➂✎❿ ✁ ➆✮❿➺✝ ➄➌➁➅➈ ✁ ❿❻➊ R∗ ⊂ H

❿ ✁ ➏➋➈ù➊î➈ F (τ)
❧Ñ➂➅❿✢☎✳★✮÷ÿ➄➇➂✣❿❻➊

H ✁ ➎➐➀✎➁➃➈☎➏➋➈ùú➝➁➃➂➃➄➌➆✮➎✪✉➈ ❣ ➂➅➎➐ú✮➏❃♠➐ö✮➎ÿ➈➫➆✌➈✖❾ ➃ ➆✏★✌÷ÿ➈❜❾✖➍➮õ➙➎ÿ➊î➈ ❯ ✭ ➄➌ö✏♠➐➁✻★✮÷ÿ➈ ❼✣❢ ✁ ➀➅❿✢☎✳★✮ú✮➆✮➈❨➈✾⑨✿★✹➄➇÷✣➈❳✂➌➄➇÷ÿ➈ù➂✾➊➉➍✭õ✌➎➐➊✤➈➉➆✮❿ |F (τ)|ú✹ý➌➈î➈☞➏❻➈➇➂➅➂➅❿✓❿➋➊
H

✫



✤✢✤ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❣ ➈ù➂✻➁ ➄➇ú➝➁➃➈ C = 0 ✁ ➆✮➈➇ú✮➆✮❿ F (τ)
❧➉➎➐➆✮❿❻ú➝➁➅➎ÿ➏➑➄➌➊✤❿➋ú✘➁➅❿➉ú✿★✮÷ÿ➄✖❿❻➊

H ✁ ➆✮❿➫➊î➈☞➆✮➈➣⑨✿★✮❿ ✁ ö✙❿➋÷ø➄✖➏➋➈ùú✬➁➁➃➎➐úP★✌➎ÿ➆✹➄➇➆✌❿❈➆✌❿
f(τ)

❿❻➊
H ✁ ö✹➄➇➂➅➄s★✌➊ j

þ➙õ✌➈ ✁ f(τ) = a0(j) ✁ ö✹➄➇➂➃➄➩➁➃➈☞➆✮➈ τ ∈ H ✁ ➈✳★✖➀✎❿✐✦➅➄ ✁ f(τ)❧☎➏❻➈ùú✮➀✻➁ ➄➇ú➝➁➅❿✲✫
⑤ ➶➆➥✑➦➨➪✙➾❱➥✑➦➨➾ ✁ ➁➅❿❻➊î➈ù➀Ñ➈î➀➅❿❃☎✲★✮➎ÿú➝➁➃❿

❴✰✒✹✎✤✒✹❅❊❸✏✎✑✗❈✒✭↔❲✺s➻✹➥❃➭➝➩✟➶➨➯✬➚❚➹✤ÓP➥♣➧➒➥❃➭✲➯✬➲✈➩✲➦✛➲➷➾➬➧♣➾➬➪❱➩➝➭➝➩✾➳✄➧
H

Ð①➮➋➥✑➚④➫✄➪❱➩✲➚✥➪✐➳✳❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿➄✦➅➄

f(τ)
★✮➊✤➄❹✝❊★✮ú✮ü❻ý➇➈➭➊✤➈☞➆✏★✮÷ÿ➄➇➂➫➏❻➈➇➊ ➂➅❿➋➀➅ö➺❿❻➎➐➁➅➈s➄

Γ
✫ ✭ ➈ù➊î➈

f(τ)
❧ ✁ ö➺➈ù➂➆✮❿➋þ✮ú✮➎ÿü❻ý➇➈ ✁ ➊î❿❻➂✎➈ù➊î➈ù➂✩✝ ➄☎❿❻➊ H

❿ ✁ ö➺❿❻÷➐➈✜❿❻ú✿★✮ú✌➏❻➎ø➄➌➆✮➈ ✁ ÷➐➎ÿ➊î➎➐➁ ➄➌➆✹➄✛ú✮❿❻➀✎➀➅❿✓➏➋➈ùú✑✦✩★✮ú➝➁➃➈ ✁ ➀➅❿✢☎✳★✮❿✡⑨✿★✮❿ f(τ)
❧

➂➅❿✢☎✳★✮÷ø➄➌➂❍❿➋➊
H

✫➊✇✯÷✆❧❻➊❯➆✮➎➐➀➅➀➅➈ ✁ ➄✜❿➬õ✌ö✮➄➇ú✮➀➃ý➌➈➩➆✹➄❆✝➚➈ù➂➅➊✤➄ ❯ t ✫ ✮ ❢ ➆✌❿ f(τ)
❿➋➊❯➏➑➄➇➆✹➄✿ö➺➈ùú➝➁➃➈✜ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈

qj
❧

f(τ) =
∞∑

n=−n0(j)

an(j)e2πin(A−1
j τ)/λj ,

✂➌➍➇÷ÿ➎➐➆✹➄➉❿❻➊
H ✁ ö➺➈ù➎ÿ➀ f(τ)

❧❽➊✤❿➋➂➅➈ù➊î➈ù➂✩✝ ➄✤❿❻➊
qj
✫♣✇✯÷✆❧❻➊t➆✮➎➐➀➅➀✎➈ ✁ ➏❻➈ù➊î➈ f(τ)

❧♣✝❊★✮ú✮ü❻ý➇➈❜➊î➈☞➆✏★✮÷ø➄➌➂ ✁★✌➁➃➎➐÷ÿ➎✆✉➑➄➇➊î➈ù➀❤⑨✿★✮❿
σj(τ) = 1

❿✷⑨P★✌❿
κj = 0 ✁ ➏❻➈➇➊✤➈îú✹➄✤➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈î➆✮➈→è✡❿❻➊✤➄ ✮ ✫➺➔★➄➌➊①⑩■❧➋➊ ö✙➈➇➂

➄✲⑨✿★✮❿❻÷ÿ➄➫➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈ ✁ ➀➃➄✲⑩➺❿❻➊î➈ù➀✛⑨✿★✮❿❽➄③❿→õ➙ö✹➄➇ú✌➀➃ý➇➈❜➄➇➏❻➎➐➊➉➄✤ö✙➈☞➆✮❿✿➀✎❿❻➂✛✂☞➎ÿ➀✎➁➃➄➫➏❻➈ù➊î➈❳★✮➊✤➄➫➀✻❧➋➂➅➎ÿ❿➩➆✌❿
ö✙➈➌➁❝Ú❻ú✌➏❻➎ø➄➌➀✟ú✹➄❆✂➌➄➇➂➅➎ÿ➍➆✂ù❿❻÷

z = e2πi(A−1
j τ)/λj ✁ ➏❻➈➇ú✿✂➇❿❻➂✩☎ù❿❻ú➝➁➃❿❈ö✹➄➇➂➅➄ |z| < 1

✫➊è✡➈✳☎➇➈ ✁ ➏❻➄➇➀➅➈ ✁ ú✹➄✿❿→õ➙ö✹➄➇ú✌➀➃ý➇➈➄➇➏❻➎➐➊➉➄ ✁ ➄➇ö✮➄➇➂➅❿➋ü➑➄ ✁ ö✹➄➌➂➃➄ n < 0 ✁ ★✌➊✸➁➅❿❻➂➅➊î➈
an(j)

ú✹ý➇➈③ú✿★✮÷➐➈ ✁ ✝ ➄✲✉➋❿❻ú✮➆✌➈ τ → qj
➆✮❿✿➆✮❿➋ú➝➁➃➂➅➈❶➆✮❿

R ✁➁➃❿➋➂✻♠ø➄➌➊✤➈ù➀
z → 0

❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ f(τ)
ú✹ý➇➈✤➀➅❿➋➂➅➎ø➄❽÷ÿ➎➐➊✤➎ ➁ ➄➇➆✮➄✜❿❻➊

H
✫➂❥✯❿❻➀✎➀➅❿✿➊î➈☞➆✮➈ ✁ ➄✤❿➬õ➙ö✹➄➇ú✮➀➅ý➇➈➫➆✮❿

f(τ)
❿❻➊✦➏➑➄➇➆✮➄✛ö✙➈ùú➝➁➅➈❈ö✮➄➇➂➃➄✲⑩ ➃ ÷➐➎ÿ➏❻➈ qj ö➺➈ù➀✎➀✻★✮➎✹➄✡✝➚➈ù➂✎➊➉➄ ❯ t ✫ ❼ ✴ ❢ ✁ ➆✮➈ùú✮➆✌❿ f(τ)

❧Ñ➂➅❿✢☎✳★✮÷ÿ➄➇➂★➁ ➄➌➊①⑩■❧➋➊✦ú✌➈ù➀
ö✙➈➇ú✘➁➅➈ù➀✵ö✹➄➇➂➃➄➀⑩ ➃ ÷➐➎ÿ➏➋➈ù➀✶➆✮❿ Γ

❿❻➊
R ✁ ➆✮❿➡➁ ➄➇÷➝➊✤➄➇ú✮❿➋➎ÿ➂➃➄➺⑨✿★✮❿❂➈⑧➔✵❿❻➈➇➂➅❿❻➊✤➄✟þ✾ú✮➈ù➀✍☎➝➄➌➂➃➄➇ú➝➁➃❿❂➈➲➏❻➈ù➂✎➈ù÷ø➍➇➂✎➎ÿ➈✏✫

♥ ÷ÿ❿➋➊➉➄➞⑨P★✌❿✚✂➇❿❻➊❣➄③➀✎❿❃☎✳★✮➎➐➂✛➀➅❿➋➂➃➍❳★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇➆✌➈➫ú✹➄➫➆✮❿➋➊✤➈ùú✌➀✎➁➃➂➅➄➇ü➑ý➌➈❨➆✌➈▲➔✵❿❻➈➇➂➅❿❻➊✤➄ ❼ ✯✬✫✰✇✯➊①⑩➺➈ù➀✛➈➇➀
➂➅❿➋➀✻★✮÷ ➁ ➄➇➆✮➈➇➀❍➀➅ý➇➈✿➆✮❿✄✂➙➎➐➆✮➈ù➀❲➄✏✎✾❿➋➏➋➏➇❿ ❯ ➩✄✃✹➯✏➭❫ä ❼ù❼✄å ✁ ➏❻➈ùú✌➀✻★✮÷ ➁➃❿✒✑s➳✄➦✔✓➝➳ ❯✖✕ ❚➇➁✎➁➃➎ÿú④☎ù❿❻ú❲❡ û ➄➇ú✮➆✮❿➋ú✏➉✮➈☞❿❻➏➋➉③➄➌ú✮➆➌✟★✌ö✮➂➅❿➋➏➋➉✘➁ ✁ ❼✞✝ â ✝➝❢ ✁ ö✮ö❲✫✥ë✳✴ ❼ ➁➄ë✳þ✳✴ ✁ ❿❻➀➅ö❁✫➺ö❁✫✥ë➝þ✲ë ❢ ✫
✔✖❨P❷❹✌ ø❳✕ ✺✡Ï❲➳

F (τ)
Ð✚➯P➧s➩✷➶➆➥✑➦➨➧s➩➍➮✄é➝➫➄✃✹➾❈➭P➳➞➭P➳✰ß✲➦✩➩✲➯ −r ➮➋➥✑➧ ➦➋➳➋➫➄✃✥➳✄➾➬➪➄➥▲➩

Γ ❴ ➳✄➚✥➪❱ÓP➥ |F (τ)| ≤
C[Im(τ)]−r/2 ❴ ✃④➩✲➦✩➩➒➪✐➥❃➭P➥

τ ∈ H ❴ ➥✑➚✹➭P➳ C Ð✷➯P➧s➩▲➮➋➥✑➚④➫✄➪➈➩✲➚✥➪➄➳❤✃✥➥✣➫✄➾➬➪❈➾➬ê✑➩➞➾➬➚✹➭P➳➄✃✥➳✄➚✹➭P➳✄➚✥➪➄➳✷➭P➳
τ
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿➋ú✮➆✮➈
τ = x + iy ∈ H ❯ y > 0 ❢ ✁ ➆✮❿✢✂➇❿❻➊î➈ù➀✓➊✤➈➇➀✎➁➃➂➅➄➇➂✧⑨✿★✮❿ |F (τ)| ≤ Cy−r/2 ✫

✭ ➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿
ϕ(τ) = ϕ(x+ iy) = |yr/2F (x+ iy)| ❿✯➁➅➈ù➊✤❿ M =

(

∗ ∗
γ δ

)

∈ Γ
✫❵♦✌➄✲⑩➺❿❻➊î➈ù➀ ✁ ö➺❿❻÷ÿ➄

➂➅❿➋÷ø➄➇ü❻ý➇➈ ❯ ✯✬✫❐✯ ❢ ➆✮➈ ✭ ➄➇ö✏♠ ➁❝★✮÷➐➈s✯ ✁ ⑨✿★✮❿

Im(Mτ) =
Im(τ)

|γτ + δ|2 =
y

|γτ + δ|2 ,



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✤✏✎
➆✮➈➇ú✮➆✮❿

ϕ(Mτ) =
∣
∣[Im(Mτ)]r/2F (Mτ)

∣
∣

=

∣
∣
∣
∣

yr/2

|γτ + δ|r υ(M)(γτ + δ)rF (τ)

∣
∣
∣
∣

=
∣
∣yr/2F (τ)

∣
∣ = ϕ(τ),

★✌➁➅➎ÿ÷➐➎✪✉➑➄➌ú✮➆✮➈➀➁✝➀➅❿✑➁➃➄➇➊①⑩✹❧❻➊ ❯ t ✫ ❼✤❢ ö✹➄➇➂➅➄ F (τ)
❿❽➈❳✝ ➄➌➁➃➈③➆✌❿s⑨✿★✮❿ |υ(M)| = 1

✫✚❥✯❿➋➀✎➁➃❿❽➊î➈➙➆✌➈ ✁ ϕ(τ)
❧

➎➐ú✿✂➌➄➇➂✎➎ø➄➇ú➝➁➅❿✾➏➋➈ù➊❯➂➅❿❻➀✎ö✙❿➋➎➐➁➅➈✿➄
Γ
✫ ❣ ➂➅➈✣✂➌➄➇➂✎❿❻➊î➈ù➀ ✁ ➄✜➀➅❿✢☎✳★✮➎➐➂ ✁ ⑨P★✌❿ ϕ(τ) → 0

û✜➊î❿❻➆✮➎➐➆✹➄✽⑨P★✌❿
τ → qj

➆✮❿
➆✮❿➋ú➝➁➃➂➅➈➩➆✌❿

R ✁ ö✹➄➇➂➅➄ 1 ≤ j ≤ µ ✁ ➀➅➎➐➊✤➎➐÷ø➄➇➂✎➊✤❿➋ú✘➁➅❿➲û✜➊➉➄➌ú✮❿❻➎➐➂➃➄✰⑨✿★✮❿✓ö✌➂➅➈☞➏❻❿❻➆✌❿❻➊î➈ù➀✟ú✮➈✚è✡❿❻➊✤➄ ✮ ✫ ✭ ➈ù➊✤➈
F (τ)

❧①★✌➊➉➄✚✝➚➈ù➂➅➊✤➄✤➏✢➓✮➀➅ö✮➎➐➆✮❿ ✁ ➄➉❿→õ➙ö✹➄➇ú✌➀➃ý➇➈③➆✮❿①rÚ➈✲★✮➂➅➎➐❿❻➂➲➆✮❿ F (τ)
❿❻➊✸➏➑➄➌➆✹➄➫ö✙➈➇ú✘➁➅➈➫ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ qj➁➅❿❻➊ ➄①✝➚➈ù➂✎➊➉➄

F (τ) = σj(τ)
∑

n+κj>0

an(j)e2πi(n+κj)(A
−1
j τ)/λj ,

ö✹➄➌➂➃➄❁➁➃➈☞➆✮➈
τ ∈ H

✫ ✭ ➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿
A−1

j τ = x′ + iy′ ✁ ➀✎❿❻ú✮➆✌➈ Aj =

(

a ∗
c ∗

) ❿ ✁ ö➺➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁

A−1
j =

(

∗ ∗
−c a

) ✫❵⑦✾❿❻➀✻➁➃❿☎➏➑➄➌➀➅➈ ✁ qj = Aj(∞) = a/c <∞ ➀➅❿ ✁ ❿✓➀➅➈ù➊î❿❻ú➝➁➃❿✓➀✎❿ ✁ c 6= 0 ✁ ➆✮❿✓➊î➈☞➆✮➈
⑨✿★✮❿ ✁ ➀✎❿ c 6= 0 ✁

yr/2 = [Im(τ)]r/2

=
[
Im(A−1

j τ)| − cτ + a|2
]r/2

= (y′)r/2| − cτ + a|r

= (y′)r/2
∣
∣
∣−c

(

τ − a

c

)∣
∣
∣

r

= (y′)r/2|c|r|τ − qj |r = (y′)r/2|σj(τ)|−1|c|r

❿ ✁ ➀➅❿ c = 0 ✁ ❿❻ú➝➁ ý➇➈ a = ±1 ✁ ➆✮➈ùú✮➆✌❿

yr/2 =
[
Im(A−1

j τ)| − cτ + a|2
]r/2

= (y′)r/2 = (y′)r/2 |σj(τ)|−1

︸ ︷︷ ︸

1

·1.

ô✣➊✱➂✎❿❻➀✻★✌➊✤➈ ✁
yr/2 = (y′)r/2|σj(τ)|−1β(c),

➈ùú✌➆✮❿
β(c) =

{

|c|r, ➀✎❿
c 6= 0

1,
➀➅❿
c = 0



✤ ➅ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

✇✯➀✎➀➅➎ÿ➊ ✁ ö✹➄➌➂➃➄ τ ∈ H ✁

ϕ(τ) = |yr/2F (τ)|
= yr/2|F (τ)|

= (y′)r/2|σj(τ)|−1β(c)

∣
∣
∣
∣
∣
∣

σj(τ)
∑

n+κj>0

an(j)e2πi(n+κj)(A
−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)

∣
∣
∣
∣
∣
∣

∑

n+κj>0

an(j)e2πi(n−n0+n0+κj)(A
−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)

∣
∣
∣
∣
∣
∣

∑

n+κj>0

an(j)e2πi(n−n0)(A−1
j τ)/λje2πi(n0+κj)(A

−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)

∣
∣
∣
∣
∣
∣

e2πi(n0+κj)(A
−1
j τ)/λj

∑

n+κj>0

an(j)e2πi(n−n0)(A−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)

∣
∣
∣
∣
∣
∣

e2πi(n0+κj)x
′/λje2πi(n0+κj)iy

′/λj

∑

n+κj>0

an(j)e2πi(n−n0)(A−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)e−2π(n0+κj)y′/λj

∣
∣
∣
∣
∣
∣

∑

n+κj>0

an(j)e2πi(n−n0)(A−1
j τ)/λj

∣
∣
∣
∣
∣
∣

= (y′)r/2β(c)e−2π(n0+κj)y′/λj

∣
∣
∣
∣
∣

∑

n≥n0

an(j)e2πi(n−n0)(A−1
j τ)/λj

∣
∣
∣
∣
∣
,

➀✻★✮ö➺➈ùú✮➆✌➈➀➁❭➀✎❿ ✁ ú✹➄▲➓✌÷➐➁➃➎➐➊➉➄✤ö✹➄➇➀➅➀➅➄✲☎ù❿➋➊ ✁ ⑨✿★✮❿ n0

❧î➈❨➎ÿú➝➁➅❿❻➎ÿ➂✎➈③ú✹ý➇➈❶ú✮❿✢☎➝➄➌➁➃➎✈✂ù➈❶➁ ➄➇÷❪⑨P★✌❿
n0 + κj > 0

❧
➄③➈ù➂➅➆✮❿➋➊❣➆✮➈✾✉❻❿➋➂➅➈❨➆✮❿

F (τ)
❿❻➊

qj
✫➞♥❯➀➅➈ù➊✤➄➌➁ ➃ ➂➅➎ÿ➈③➆✮➄✾➓✌÷➐➁➃➎➐➊➉➄✤➎✪☎✳★✹➄➌÷ÿ➆✹➄➇➆✌❿✿ö✙➈☞➆✮❿❽➀➅❿➋➂✛✂➙➎➐➀✎➁➅➈❨➏➋➈ù➊î➈

★✮➊✤➄î➀✩❧❻➂➅➎➐❿✜➆✮❿✑ö✙➈➌➁❝Ú❻ú✌➏❻➎ø➄➌➀✾ú✹➄✚✂➌➄➇➂➅➎ÿ➍✣✂➇❿❻÷
z = e2πi(A−1

j τ)/λj ✁ ➏➋➈ùú➝✂ù❿➋➂✻☎ù❿➋ú✘➁➅❿➩ö✹➄➇➂➅➄ |z| < 1
✫ ✭ ➈ùú✬✝➚➈ù➂➅➊î❿

τ → qj
➄➉ö✹➄➌➂✎➁➃➎➐➂✯➆✮❿✜ö✙➈ùú➝➁➅➈ù➀✛➆✮❿

R ✁ ➈❳è✡❿❻➊✤➄ ❼ ú✮➈ù➀✯➆✮➎✪✉✰⑨P★✌❿ y′ = Im
(
A−1

j τ
)
→ ∞ ➆✌❿✿➆✮❿❻ú➝➁➅➂➅➈

➆✮❿s★✮➊➉➄→✝ ➄➇➎ õ✌➄❳✂➇❿❻➂✻➁➃➎ÿ➏❻➄➇÷✣➏❻➈➇ú✘➁➅➎ÿ➆✹➄❶❿❻➊
H ✁ ➆✮➈ùú✮➆✌❿ z → 0

❿ ✁ ö✙➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ ➄❨➀✩❧❻➂➅➎➐❿➉➄➌➏❻➎ÿ➊✤➄➉➁➃❿➋ú✮➆✮❿✤➄➇➈✂➌➄➇÷ÿ➈ù➂➲þ✌õ➙➈
an0(j)

✫ ❣ ➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ ➏❻➈ù➊î➈ e−2π(n0+κj)y′/λj → 0 ✁ ✂ù❿➋➊ ⑨✿★✮❿
ϕ(τ) → 0

û➫➊î❿❻➆✮➎➐➆✹➄➒⑨✿★✮❿
τ → qj

➆✌❿➉➆✮❿➋ú✘➁➅➂➅➈❋➆✮❿
R
✫❄✇➺⑨✿★✮➎ ✁ ★✌➁➅➎ÿ÷ÿ➎✆✉➑➄➇➊î➈ù➀✛➁➃➄➇➊①⑩✹❧❻➊➡⑨✿★✮❿ ✁ ➀✎❿ r < 0 ✁ ❿❻ú➝➁ ý➇➈ (y′)r/2 → 0

❿ ✁➀➅❿
r > 0 ✁ ❿❻ú➝➁ ý➇➈ (y′)r/2 ö➺➈ù➀➅➀✩★✮➎Ñ➏❻➂✎❿❻➀➅➏➋➎ÿ➊î❿❻ú➝➁➃➈à➎➐÷ÿ➎ÿ➊î➎➐➁➃➄➇➆✮➈ ✁ ö➺➈ù➂✻❧➋➊ ➎➐ú✮➎✪⑩✮➎➐➆✮➈✖ö➺❿❻÷➐➈◆➆✮❿➋➏❻➂✻❧➋➀➅➏➋➎ÿ➊î➈ ➆✌❿

e−2π(n0+κj)y′/λj
✫✖✇✾➀➅➀✎➎ÿ➊ ✁ ★✌➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈➀➁❭➀✎❿✯➈❽➊✤❿➋➀➅➊î➈❽➂➃➄➇➏➋➎ÿ➈☞➏❃♠ÿú✌➎ÿ➈✜➆✮➄❽➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❽➆✮➈s➔✼❿➋➈ù➂➅❿➋➊➉➄✚þ ✁➏❻➈ù➊î➈✿➎➐➀➅➀➅➈✜➈➙➏➋➈ù➂➅➂✎❿✯ö✹➄➇➂➅➄✿➏➑➄➇➆✮➄✜ö✙➈➇ú✘➁➅➈➩ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ qj ✁ ➀➅❿✢☎✳★✮❿✡⑨✿★✮❿ ϕ(τ)

➄➇➀➅➀✩★✮➊✤❿✯➀➅❿❃★③➊✤➍➮õ➙➎ÿ➊î➈✜ú✿★✮➊
➏❻➈ùú✤✦✩★✮ú➝➁➃➈

R
∗ ➆✹➄➒✝➚➈ù➂✎➊➉➄î❿→õ➙➎✪⑩✮➎➐➆✹➄➉❿➋➊ ❯ t ✫ ❼ ✮ ❢ ✫ ✭ ➈ù➊î➈ R∗ ❧①★✮➊✸➀✻★④⑩✙➏➋➈ùú✑✦✩★✮ú➝➁➃➈❶➏➋➈ù➊✤ö✮➄➇➏➋➁➅➈➫➆✮❿

H❿
ϕ(τ)

❧➩➏➋➈ùú➝➁❝♠➐úP★✮➄➉ú✮❿❻➀✎➀➅❿❽➏❻➈➇ú✑✦✩★✮ú➝➁➃➈ ✁ ➁➃❿❻➊î➈ù➀✡⑨✿★✮❿ ϕ (R∗
) ❧✿➏❻➈ù➊îö✹➄➇➏→➁➃➈➫❿➋➊

[0,∞)
✫✽⑦✾❿➋➀➅➀➅❿➩➏❻➄➇➀➅➈ ✁



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✤ ↔

ϕ(τ)
❧❈÷ÿ➎➐➊✤➎ ➁ ➄➇➆✹➄❈❿❻➊

R∗ ✁ ❿☎ö✙➈➇➂✎➁ ➄➌ú✘➁➅➈✤❿➋➊ R∗ ✁ ➈✳★❨➀➅❿✐✦➅➄ ✁ ϕ(τ) ≤ C ✁ C > 0 ✁ ö✮➄➇➂➃➄✿➁➃➈☞➆✮➈ τ ∈ H ✁ö➺➈ù➂P➄➇➂✩☎✳★✮➊î❿❻ú➝➁➃➈❽➀➅➎➐➊✤➎➐÷ø➄➇➂❍➄➇➈❽➆✹➄❽➆✮❿❻➊î➈ùú✮➀✻➁➃➂➅➄➇ü➑ý➇➈❽➆✮➈sè✡❿❻➊✤➄ ✮ ✫❵è✡➈✳☎ù➈ ✁
|F (τ)| =

ϕ(τ)

yr/2
≤ Cy−r/2,

ö✹➄➌➂➃➄✿➁➃➈☞➆✮➈
τ ∈ H

✫
✇✟➁➃➂➅➄➆✂✳❧❻➀✓➆✌❿❆★✮➊❆➂➃➄➌➏❻➎ÿ➈☞➏❃♠➐ú✮➎ÿ➈❽➀✎❿❻➊î❿❻÷✪➉✮➄➇ú➝➁➃❿✿➄➌➈➉➆✹➄➉➆✌❿❻➊î➈ùú✮➀✎➁➅➂➃➄➇ü❻ý➇➈➫➄➌ú✘➁➅❿❻➂✎➎ÿ➈ù➂ ✁ ö➺➈☞➆✮❿❻➊î➈ù➀➲➊✤➈ù➀✻➁➃➂➅➄➇➂➁➃➄➇➊①⑩✹❧❻➊✪➈î➀➅❿✢☎✳★✮➎➐ú✘➁➅❿☎➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈❽➊✤➄➇➎ÿ➀➅✝➚➂➅➄➇➏❻➈ ✁ ö✙➈➇➂✻❧❻➊✪➊➉➄➇➎➐➀❤☎ù❿➋➂➃➄➇÷ ✁ ➄➇➏➋❿❻➂➅➏❻➄î➆✌❿✽✝➚➈➇➂➅➊✤➄➇➀Ñ➊✤➈☞➆✏★✮÷ÿ➄➇➂➅❿➋➀❃❡

✶✷✎✤✒✖✁➊✒✹✘➆✗❈ö✳÷✏✒ ø❚ø ✺✛Ï❚➯✤✃✥➥✑➚④Ô④➩➍Õ❃➯✥➳
F (τ)

➫✣➳❫❪✢➩❫➯P➧s➩✰➶➆➥✑➦➨➧s➩➣➧➒➥❃➭✲➯✬➲✈➩✲➦❳➮➋➥✑➧➡➦❝➳➋➫➄✃✥➳✄➾➬➪✐➥➣➩
Γ

➳❳Õ❃➯✥➳
q➫✣➳❫❪✢➩➽➯✬➧ ➭P➥✣➫✰✃✥➥✑➚✥➪✐➥✣➫✰✃④➩✲➦✩➩➝á✄❒✑➲➷➾❱➮➋➥✣➫✾➭P➳

Γ
➳✄➧

R
❵➪➁❬➚✥➪❱ÓP➥ ❴ ➫✣➳ F (τ)

✃✥➥✣➫➋➫✄➯P➾✧➯P➧✧❼✑➳✄➦❝➥ ➭P➳❄➥✑➦✻➭P➳✄➧
✃✥➥✣➫✄➾➬➪❈➾➬ê✑➩✾➳✄➧

q ❴ ➫✣➳❱ß✲➯❚➳✷Õ❃➯❚➳ F (τ) → 0 ➂ ➧➒➳✻➭✲➾❈➭➝➩➒Õ❃➯✥➳
τ → q

➭P➳❆➭P➳✄➚✥➪❈➦➋➥s➭P➳
R
❵

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵✟❥✾➎✆✝➚❿❻➂✎❿❻ú➝➁➃❿➋➊✤❿➋ú➝➁➃❿❶➆✮➈ ÷ÿ❿❻➊✤➄◆➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂ ✁ ú✮❿➋➀✎➁➃❿❶➏❻➄➇➀➅➈ ✁ ❧✄➁✝ú✮➈ù➀✚☎➝➄➇➂➅➄➇ú➝➁➃➎➐➆✮➈➍⑨✿★✮❿
F (τ)ö➺➈ù➀➅➀✩★✮➎✹★✮➊❿✉❻❿➋➂➅➈✜➆✌❿✾➈ù➂✎➆✮❿❻➊➓ö➺➈ù➀✎➎➐➁➃➎✈✂➌➄❈➄➌ö✙❿➋ú✹➄➇➀❂ú✮➈✜ö➺➈ùú➝➁➃➈❈ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎ÿ➏➋➈ q ✫➊⑦➲❿❻➀✻➁➃❿✯ö➺➈ùú➝➁➃➈ ✁ ➄❈❿→õ➙ö✹➄➇ú✌➀➃ý➇➈➆✹➄①✝➚➈ù➂✎➊➉➄ ❯ t ✫ ✮ ❢ ➆✮❿ F (τ)

❧

F (τ) = σ(τ)
∑

n+κ>0

ane
2πi(n+κ)(A−1τ)/λ, τ ∈ H ,

➆✮❿➋➀➅➏➋➈ùú✮➀➅➎➐➆✮❿❻➂➅➄➇ú✮➆✮➈✑➁❭➀➅❿❽➈ù➀✛♠➐ú✮➆✮➎➐➏❻❿❻➀✢✫✿ôÙ✝➚❿➋➁✻★✹➄➇ú✮➆✌➈➀➁❭➀✎❿➩➏➑➍➇÷➐➏❃★✮÷➐➈ù➀✛ö✹➄➇➂✎❿❻➏➋➎ÿ➆✮➈ù➀✓➏➋➈ù➊ ➈➇➀✛⑨P★✌❿❽þ✏✉❻❿❻➊î➈ù➀✓ö✹➄➌➂➃➄
ϕ(τ)

ú✮➈❽÷➐❿❻➊✤➄➩➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂ ✁ ➁➃❿➋➊✤➈➇➀

|F (τ)| = |σ(τ)|e−2π(n0+κ)Im(A−1τ)/λ

∣
∣
∣
∣
∣

∑

n≥n0

ane
2πi(n−n0)(A−1τ)/λ

∣
∣
∣
∣
∣
,

➀✎❿❻ú✮➆✮➈
n0

➈✑➎ÿú➝➁➃❿➋➎ÿ➂✎➈☎➁➃➄➇÷✥⑨✿★✮❿
n0 +κ > 0

❧✾➄✑➈➇➂➅➆✮❿➋➊➓➆✮➈❆✉➋❿❻➂➅➈✑➆✮❿
F (τ)

❿❻➊
q
✫❵♦➙❿

τ → q
➆✮❿➲➆✮❿❻ú➝➁➅➂➅➈

➆✮❿
R ✁ ➄➫➀✩❧❻➂✎➎ÿ❿➩➄➇➏➋➎ÿ➊✤➄✤➏➋➈ùú➝✂ù❿❻➂✩☎ù❿❽ö✹➄➇➂➅➄ an0

❿
e−2π(n0+κ)Im(A−1τ)/λ → ∞ ✫✽✇Ñ➆✮❿➋➊➉➄➇➎➐➀ ✁ ➀➅❿ q = ∞ ✁❿➋ú✘➁➃ý➇➈

σ(τ) = 1
❿ ✁ ➀✎❿ q 6= ∞ ✁ σ(τ) → ∞ ✁ ö➺➈ù➂✻❧➋➊ e−2π(n0+κ)Im(A−1τ)/λ ö✮➂✎❿❻➆✮➈ù➊î➎ÿú✮➄✑❿❻➊❃➂➅❿➋÷ø➄➇ü❻ý➇➈

➄
σ(τ) ✁ ➆✮➈ùú✮➆✮❿ |F (τ)| → 0 ✁ ➈✳★ F (τ) → 0

✫
❖ ❨✿✒❚✎✤❨P❷❹✌ ø✆� ✺✧Ï❚➯✤✃✥➥✑➚④Ô④➩▲Õ❃➯✥➳

F (τ)
➫✣➳❫❪✢➩✾➯P➧s➩✡➶➆➥✑➦✄➧s➩➣➮✄é➝➫➄✃✹➾❈➭P➳✚➭P➳✛ß✲➦✩➩✲➯ −r ➮➋➥✑➧➵➦❝➳➋➫➄✃✥➳✄➾➬➪➄➥❳➩

Γ
❵

Ï❲➳❫❪✢➩
R

➯P➧s➩✡➦❝➳❱ß✲➾❈ÓP➥❪➶➨➯P➚✹➭➝➩✲➧➒➳✄➚✥➪➈➩✲➲❃✃④➩➝➭✲➦❝➥✑➚✥➾④❼✣➩➝➭➝➩✟➫✣➳❱ß✲➯P➚✹➭P➥
Γ ❴ ➚❁➥✑➦✄➧s➩✲➲➷➾④❼✣➩➝➭➝➩✛➭P➳❬➧➒➥❃➭P➥✡Õ❃➯✥➳

A1 = I ❴➳➊✃✥➥✑➦➨➪❱➩✲➚✥➪✐➥
q1 = ∞ ❵➂Ï❲➳❫❪✢➩

κ = κ1 ❴ λ = λ1

➳
an = an(1) ❴ ➭P➳✟➧➒➥❃➭P➥✰Õ❃➯✥➳✧➩✚➳✩❰✢✃④➩✲➚④➫❃ÓP➥✰➭P➳➅➤☞➥✑➯P➦➨➾❱➳✄➦

➭P➳
F (τ)

➳✄➧
q1

➩✑➫➋➫✄➯✬➧➒➳✷➩⑧➶➆➥✑➦✄➧s➩

F (τ) =
∑

n+κ>0

ane
2πi(n+κ)τ/λ, τ ∈ H . ❯ t ✫ ❼ þ ❢

➁❬➚✥➪❱ÓP➥ |an| ≤ C ′nr/2 ❴ ✃④➩✲➦✩➩✚➪✐➥❃➭P➥ n ≥ 1 ❴ ➥✑➚✹➭P➳ C ′ Ð✽➯P➧s➩❳➮➋➥✑➚④➫✄➪❱➩✲➚✥➪➄➳❤✃✥➥✣➫✄➾➬➪✙➾➬ê✑➩➞Õ❃➯❚➳✛➚✹ÓP➥s➭P➳➄✃✥➳✄➚✹➭P➳
➭P➳
n
❵



✎r✕ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿➄✦➅➄
z = x+ iy ∈ H ✁ ➆✮❿☎➊î➈➙➆✌➈♣⑨P★✌❿ ✁ ö✹➄➇➂➅➄ n ≥ 1

þ✌õ➙➈ ✁ ö➺➈ù➂✩❧❻➊ ➄➇➂✩⑩✮➎➐➁➅➂➃➍➇➂✎➎ÿ➈ ✁
∫ z+λ

z

F (ζ)e−2πi(n+κ)ζ/λdζ =

∫ z+λ

z

(
∑

m+κ>0

ame
2πi(m+κ)ζ/λ

)

e−2πi(n+κ)ζ/λdζ

=

∫ z+λ

z

(
∑

m+κ>0

ame
2πi(m−n)ζ/λ

)

dζ

=
∑

m+κ>0

(∫ z+λ

z

ame
2πi(m−n)ζ/λdζ

)

,

➀➅❿➋ú✮➆✮➈ ➄◆ö✙❿➋➂➅➊①★➙➁ ➄➇ü❻ý➇➈❋➆✮➈ù➀✿➀✩♠ÿ➊①⑩➺➈ù÷➐➈ù➀✜➆✮❿➉➎ÿú➝➁➃❿✢☎ù➂➃➄➇÷❍❿③➀➅➈ù➊✤➄➌➁ ➃ ➂➅➎➐➈✚✦✩★✮➀✻➁➃➎➐þ✮➏➑➄➇➆✹➄❜ö✙❿➋÷ÿ➈❫✝ ➄➌➁➅➈◆➆✹➄◆➀✻❧➋➂➅➎➐❿
➄➇➏❻➎➐➊➉➄✤➀➅❿❻➂☎➀✎➎ÿ➊îö✮÷ÿ❿➋➀➅➊î❿❻ú➝➁➃❿①★✌➊➉➄➫➀✩❧❻➂➅➎➐❿➩➆✮❿➩ö➺➈➇➁❝Ú➋ú✮➏❻➎ÿ➄➇➀✓ú✹➄→✂➌➄➇➂➅➎ÿ➍✣✂➇❿❻÷

e2πiζ/λ ✫①✇✧☎➇➈ù➂➃➄ ✁ ö✹➄➇➂➃➄ m 6= n ✁ö✙➈☞➆✮❿➋➊✤➈ù➀✾➏➑➄➇÷➐➏❃★✮÷ÿ➄➇➂➲➏➑➄➇➆✹➄➫➎➐ú➝➁➃❿❃☎➇➂➃➄➇÷✵➆✮➈➫➀✎➈ù➊➉➄➮➁ ➃ ➂✎➎ÿ➈➫➄➌➏❻➎ÿ➊✤➄➉➄➌➈➫÷ÿ➈ùú④☎ù➈➉➆✮➈➉➏➑➄➇➊î➎ÿú✏➉✌➈→➉✮➈ù➂✎➎✪✉❻➈➇ú✘➁➃➄➇÷✓⑨P★✌❿
★✮ú✮❿

z
➄
z+λ

✫➊❥✯❿❻ú✌➈➇➁ ➄➇ú✌➆✮➈
ζ = φ(t)+ iψ(t) ✁ ➁➃❿❻➊î➈ù➀ φ(t) = t

❿
ψ(t) = y ✁ ö✹➄➇➂➅➄ x ≤ t ≤ x+λ ✁❿

dζ = dφ(t) + idψ(t) = dt+ i · 0 = dt
✫✖è✡➈✳☎ù➈ ✁ ú✌❿❻➀➅➀✎❿✑➏❻➄➇➀➅➈ ✁

∫ z+λ

z

ame
2πi(m−n)ζ/λdζ =

= am

∫ x+λ

x

e2πi(m−n)(t+iy)/λdt

= ame
−2π(m−n)y/λ

∫ x+λ

x

e2πi(m−n)t/λdt

= ame
−2π(m−n)y/λ

[∫ x+λ

x

cos

(
2π(m− n)t

λ

)

dt+ i

∫ x+λ

x

sen

(
2π(m− n)t

λ

)

dt

]

= ame
−2π(m−n)y/λ λ

2π(m− n)

[

sen

(
2π(m− n)t

λ

)

− i cos

(
2π(m− n)t

λ

)]x+λ

x
︸ ︷︷ ︸

0

= 0.

❣ ➈ù➂➡➈✳★➙➁➃➂➅➈☎÷ÿ➄➇➆✮➈ ✁ ö✮➄➇➂➃➄ m = n ✁ ➏❻➈➇ú✮➀➅➎➐➆✮❿❻➂➅➄➇ú✮➆✮➈❈ú✮➈✣✂➌➄➇➊✤❿➋ú➝➁➃❿ ζ = t+ iy ✁ x ≤ t ≤ x+λ ✁ ❿ dζ = dt ✁✂ù❿➋➊
∫ z+λ

z

ame
2πi(m−n)ζ/λdζ = an

∫ x+λ

x

dζ = λan,

➆✮➈ùú✮➆✌❿
∫ z+λ

z

F (ζ)e−2πi(n+κ)ζ/λdζ = λan,

➈✳★

an = 1
λ

∫ z+λ

z
F (ζ)e−2πi(n+κ)ζ/λdζ,



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✎❁ø
ö✹➄➌➂➃➄✟➁➃➈☞➆✮➈

n ≥ 1 ✁ ➀➅❿❻ú✌➆✮➈ z ∈ H
➄➌➂✻⑩✮➎ ➁➃➂➃➍➌➂➅➎ÿ➈④✫ç⑤➲➁➅➎ÿ÷ÿ➎✆✉➑➄➇ú✌➆✮➈➀➁❭➀✎❿✒➈✟è✡❿❻➊✤➄ ❼ ✱P❿❂➄➇÷✆☎✳★✮➊✤➄➇➀✶ö✮➂✎➈ùö✮➂✎➎ÿ❿❻➆✮➄➇➆✮❿❻➀

➆✮❿☎➎➐ú✘➁➅❿❃☎ù➂➅➄➇➎ÿ➀ ✁ ✂➇❿❻➊

|an| =
1

λ

∣
∣
∣
∣

∫ z+λ

z

F (ζ)e−2πi(n+κ)ζ/λdζ

∣
∣
∣
∣

≤ 1

λ

∫ z+λ

z

∣
∣F (ζ)e−2πi(n+κ)ζ/λ

∣
∣ dζ

=
1

λ

∫ x+λ

x

|F (ζ)|
∣
∣e−2πi(n+κ)(t+iy)/λ

∣
∣ dt

=
e2π(n+κ)y/λ

λ

∫ x+λ

x

|F (ζ)|dt

≤ e2π(n+κ)y/λ

λ

∫ x+λ

x

Cy−r/2dt

= Cy−r/2e2π(n+κ)y/λ,

★✮➊✤➄✡✂ù❿✢✉⑧⑨✿★✮❿
y
❧Ñ➏➋➈ùú✮➀✎➁➃➄➇ú➝➁➃❿➲ú✮➈☎➏➑➄➌➊✤➎➐ú✏➉✮➈✽➉✮➈ù➂✎➎✪✉❻➈➇ú✘➁➃➄➇÷④⑨✿★✮❿✟★✮ú✮❿

z
➄
z+λ

✫ ✭ ➈ù➊î➈✑➄✓➆✮❿➋➀➅➎✆☎✳★✹➄➇÷➐➆✹➄➇➆✮❿
➄➇➏➋➎ÿ➊✤➄❆✂➌➄➇÷ÿ❿✛ö✮➄➇➂➃➄➩➁➃➈☞➆✮➈

z ∈ H ✁ ö✙➈☞➆✮❿❻➊î➈ù➀✟➁➅➈ù➊➉➄➌➂ y = Im(z) = 1/n ✁ ➆✌➈ùú✮➆✮❿ ✁ ö✹➄➇➂➃➄ n ≥ 1 ✁

|an| ≤ C

(
1

n

)−r/2

e2π(n+κ)/nλ ≤ Cnr/2e2π(2n)/nλ = Ce4π/λ
︸ ︷︷ ︸

C′

nr/2,

➈ùú✌➆✮❿
C ′ ❧✽★✮➊✤➄✿➏❻➈ùú✮➀✻➁ ➄➇ú➝➁➅❿✑ö➺➈ù➀➅➎ ➁➃➎✈✂➇➄✿➎➐ú✮➆✮❿➋ö✙❿➋ú✮➆✮❿❻ú➝➁➅❿✑➆✮❿ n ✫

❴✰✒❚✎✤✒■❅❊❸✏✎✑✗❊✒ ø✆☎ ✺s➻✹➥❃➭➝➩✟➶➆➥✑➦➨➧s➩✾➮✄é➝➫➄✃✹➾❈➭P➳✰➭P➳✧ß✲➦✩➩✲➯♣✃✥➥✣➫✄➾➬➪❈➾➬ê✲➥→Ð✷➾❈➭P➳✄➚✥➪❈➾❱➮✻➩✲➧➒➳✄➚✥➪✐➳✛➚✥➯✬➲✈➩❣❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✩➩✳➹✤ÓP➥❾❵⑧♦P★✮ö✙➈➇ú✏➉✹➄➇➊î➈ù➀

F (τ)
➏➋➈ù➊î➈ñú✮➈×➔✵❿❻➈ù➂✎❿❻➊✤➄ ❼ ✯ ✁ ➏➋➈ù➊ r < 0

✫ì⑦➲➈➸➆✮❿❻➏➋➈ù➂➅➂✎❿❻➂➫➆✮➄
➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈s➆✮❿➋➀➅➀✎❿❁➁➃❿❻➈➇➂➅❿❻➊✤➄ ✁ ✂☞➎ÿ➊î➈ù➀▲⑨✿★✮❿ |an| ≤ Cy−r/2e2π(n+κ)y/λ ✁ ö✹➄➇➂➃➄♣➁➃➈☞➆✮➈

n ≥ 1 ✁➀✎❿❻ú✮➆✮➈
y
★✌➊ ú✿➓✮➊î❿❻➂✎➈ñ➂✎❿➑➄➇÷Pö➺➈ù➀➅➎ ➁➃➎✈✂ù➈❁➄➌➂✻⑩✮➎ ➁➃➂➃➍➌➂➅➎ÿ➈④✫❽rÚ➄✲✉❻❿➋ú✮➆✮➈

y → 0+ ✁ ➁➃❿❻➊î➈ù➀s⑨✿★✮❿ y−r/2 → 0❿
e2π(n+κ)y/λ → 1

✫⑧è✡➈✳☎ù➈ ✁ ➏❻➈➇➊✤➈ limy→0+ |an| = |an| ❯ = 0 ❢ ✁ ➁➅❿❻➊î➈ù➀✧⑨✿★✮❿ |an| = 0 ✁ ➈✳★ an = 0 ✁ö✹➄➌➂➃➄❜➁➅➈➙➆✮➈
n
✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ ÷ÿ❿➋➊①⑩✮➂➅➄➇ú✮➆✮➈➀➁✝➀➅❿✤➆✹➄◆❿→õ➙ö✮➂✎❿❻➀➅➀➅ý➇➈ ➆✮❿ F (τ) ✁ ➆✹➄➇➆✮➄✖ö✙➈➇➂ ❯ t ✫ ❼ þ ❢ ✁ ✂➇❿❻➊ ⑨✿★✮❿

F (τ)
❧✓➎ÿ➆✮❿➋ú✘➁➅➎ÿ➏❻➄➇➊✤❿➋ú➝➁➃❿✓ú✿★✮÷ø➄✬✫

❾✖➄➇➎➐➀✷✝➚➈➇➂✎➁➃❿❽➆✮➈❄⑨✿★✮❿➉➈❄➓✮÷➐➁➅➎ÿ➊î➈③➏❻➈ù➂✎➈ù÷ø➍➇➂✎➎ÿ➈ ✁ ➁➅❿❻➊î➈ù➀❈➈❜➀✎❿❃☎✳★✮➎➐ú➝➁➃❿✤➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ ⑩✹➄➇➀✎➁➃➄➇ú➝➁➃❿î➏❻➈ùú④➉✮❿❻➏➋➎ÿ➆✮➈➆✮❿➋ú➝➁➃➂➅➈î➆✹➄➩➁➃❿➋➈ù➂➅➎ÿ➄①⑨P★✌❿❈❿➋➀✎➁✻★✮➆✹➄➇➊î➈ù➀❃✫
❖ ❨✿✒❚✎✤❨P❷❹✌ ø❣✑ ✺✡Ï❲➳

F (τ)
Ð①➯✬➧s➩✛➶➆➥✑➦✄➧s➩❳➧➒➥❃➭✲➯P➲✈➩✲➦①➾➬➚✥➪✐➳✄➾➬➦✩➩❄➭P➳✷ß✲➦✩➩✲➯➒✃✥➥✣➫✄➾➬➪✙➾➬ê✲➥▲➮➋➥✑➧ ➦❝➳➋➫➄✃✥➳✄➾➬➪➄➥▲➩

Γ ❴➳✄➚✥➪❱ÓP➥
F (τ)

Ð✷➾❈➭P➳✄➚✥➪❈➾❱➮✻➩✲➧➒➳✄➚✥➪✐➳✽➚✥➯P➲✈➩❣❵
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❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵➺✇✾þ✮➂➅➊✤➄➇➊✤➈➇➀ ✁ ö✮➂➅➎➐➊✤❿➋➎ÿ➂➅➄➇➊✤❿➋ú➝➁➃❿ ✁ ⑨✿★✮❿❨➀➅❿➋➊✤ö✌➂➅❿❶❿→õ➙➎ÿ➀✻➁➃❿✾★✮➊✤➄❋➂➅❿❃☎➇➎øý➇➈➍✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷ö✹➄➇➆✮➂✎➈ùú✮➎✆✉➑➄➇➆✹➄
R ′ ➀✎❿❃☎✳★✮ú✌➆✮➈ Γ

➁ ➄➌÷✟⑨✿★✮❿ ∞ ú✹ý➌➈❹❧▲★✮➊ ö✙➈ùú➝➁➅➈ñö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈❋➆✮❿ Γ
❿❻➊

R ′ ✫ ❣ ➄➇➂➅➄
➏❻➈ùú✌➀✎➁ ➄➮➁ ➍✑➁✝÷ÿ➈ ✁ ➈✳⑩✮➀➅❿➋➂✩✂➇❿⑧⑨✿★✮❿Ñ➀✎❿❻➊îö✮➂➅❿Ñ❿➬õ✌➎➐➀✎➁➅❿✟★✌➊✳➎ÿú➝➁➅❿❻➎ÿ➂✎➈✛ö➺➈ù➀➅➎ ➁➃➎✆✂➇➈

n
➁ ➄➌÷✏⑨✿★✮❿

W n =

(

1 0

n 1

)

∈ Γ ✁

➀➅❿➋ú✮➆✮➈
W =

(

1 0

1 1

)

∈ Γ(1)
✫→❥✯❿➞✝ ➄➌➁➅➈ ✁ ➏➑➄➇➀✎➈✖➏❻➈➇ú✘➁➅➂➃➍➇➂✎➎ÿ➈ ✁ W ✁ W 2 ✁ W 3 ✁ . . . ✁ ➏❻➈ùú✮➀✻➁➃➎ ➁❝★✮➎➐➂➅➎ø➄➌➊

★✮➊✤➄✾✝ ➄➇➊s♠ÿ÷➐➎ø➄î➎ÿú✌þ✹ú✌➎➐➁ ➄③➆✮❿î❿❻÷➐❿❻➊î❿❻ú➝➁➃➈➇➀❈➆✌➎ÿ➀✎➁➅➎ÿú➝➁➃➈➇➀❈➊ ➃ ➆✏★✮÷ÿ➈ Γ ✁ ➏❻➈ùú➝➁➃➂➅➄➇➆✮➎✆✉❻❿❻ú✌➆✮➈❜➈▲✝ ➄➌➁➃➈❶➆✮❿ Γ
➀➅❿➋➂✑➆✌❿

♠ÿú✮➆✌➎ÿ➏❻❿✛þ✮ú✮➎➐➁➅➈➩❿❻➊
Γ(1)

✫
♦✬★✮ö➺➈ùú✏➉✹➄➇➊î➈ù➀ ✁ ❿➋ú➝➁ ý➇➈ ✁ ⑨✿★✮❿ R =

⋃µ
j=1Aj{R(Γ(1))} ➀✎❿✐✦➅➄➺★✮➊✤➄✟➂➅❿❃☎➇➎øý➇➈➅✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷ùö✹➄➇➆✮➂✎➈ùú✮➎ ➁

✉➑➄➇➆✮➄✤➄➇➂✩⑩✮➎➐➁➅➂➃➍➇➂✎➎ø➄❈➀➅❿❃☎✲★✮ú✮➆✮➈
Γ
✫➡ôÙ✝➚❿→➁❝★✹➄➇ú✌➆✮➈➀➁❭➀✎❿✜➄➩➀✩★✏⑩✮➀✎➁➅➎➐➁✻★✮➎ÿü❻ý➇➈
{

Bj = Aj,
➀➅❿
Aj(∞) 6= ∞

Bj = W nAj ,
➀➅❿
Aj(∞) = ∞

,

ö✹➄➇➂➅➄
1 ≤ j ≤ µ ✁ ➏❻➈ù➊î➈ W n ∈ Γ ✁ ö➺➈➙➆✌❿❻➊î➈ù➀✿➏❻➈➇ú✮➀➅➎➐➆✮❿❻➂➅➄➇➂♣★✮➊✤➄àú✌➈✤✂➌➄❋➆✮❿➋➏❻➈ù➊îö✙➈➇➀➅➎ÿü❻ý➇➈ Γ(1) =

⋃µ
j=1 ΓBj

❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ★✮➊➉➄➩ú✮➈✣✂➌➄❽➂➅❿❃☎➇➎øý➇➈①✝❊★✮ú✌➆✹➄➇➊î❿❻ú➝➁ ➄➇÷Øö✹➄➇➆✮➂✎➈ùú✮➎✪✉❻➄➇➆✹➄

R
′ =

µ
⋃

j=1

Bj{R(Γ(1))},

➏❃★✑✦✎➈➇➀✣ö✙➈ùú➝➁➅➈ù➀✒ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✵➀➃ý➇➈✛➁➅➈➙➆✌➈ù➀✒➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈ù➀✒➆✌❿ ∞ ✫Ù❥✯❿❤✝ ➄➮➁➃➈ ✁ ➀✎❿❻ú✮➆✌➈ qj = Bj(∞) ✁ 1 ≤ j ≤ µ ✁➈ù➀➡ö✙➈➇ú✘➁➅➈ù➀✣ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀✼➆✮❿ Γ
ú✮❿❻➀✎➀➃➄☎ú✮➈✣✂➌➄☎➂✎❿❃☎ù➎ÿý➇➈✡✝❊★✮ú✮➆✮➄➇➊✤❿➋ú➝➁ ➄➇÷✹ö✹➄➌➆✮➂➅➈ùú✌➎✪✉➑➄➌➆✹➄ ✁ ➀✎❿ Bj = Aj ✁ ❿❻ú➝➁➃ý➇➈

qj = Aj(∞) 6= ∞ ❿ ✁ ➀➅❿ Bj = W nAj ✁ ❿❻ú➝➁ ý➌➈ qj = W nAj(∞) = W n(∞) = 1/n 6= ∞ ✫
❣ ➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ ➄❽❿➬õ➙ö✹➄➇ú✮➀➅ý➇➈➉➆✮❿✷r✹➈✳★✮➂✎➎ÿ❿➋➂✟➆✮❿ F (τ)

❿➋➊✱➏➑➄➇➆✮➄❽ö➺➈ùú➝➁➃➈îö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ qj ➆✮❿ Γ
❿❻➊

R ′ ❧

F (τ) = (τ − qj)
−r

∑

n+κj≥0

an(j)e2πi(n+κj)(B
−1
j τ)/λj , τ ∈ H .

⑦✯➄ñ❿➬õ➙ö✮➂➅❿➋➀➅➀➃ý➌➈♣➄➇➏❻➎➐➊➉➄ ✁ r < 0
❿✖➈ñ➀➅➈ù➊✤➄➌➁ ➃ ➂➅➎ÿ➈à❿➋ú✿✂➇➈ù÷✆✂➇❿à➄➇ö➺❿❻ú✹➄➇➀ n + κj ≥ 0

ö➺➈ù➂✩⑨P★✌❿
F (τ)

❧
★✮➊✤➄➞✝➚➈ù➂➅➊✤➄❽➊✤➈☞➆✏★✮÷ÿ➄➇➂✾➎➐ú➝➁➃❿❻➎➐➂➃➄î➆✮❿❆☎ù➂➅➄✲★◆ö➺➈ù➀➅➎ ➁➃➎✈✂ù➈✏✫⑧✇✯÷✪❧➋➊❆➆✮➎ÿ➀✎➀➅➈ ✁ ➈➒✝ ➄➌➁➃➈➉➆✮❿ qj ➀➅❿➋➂✛➆✮➎➐➀✎➁➃➎➐ú➝➁➃➈➉➆✌❿ ∞➎ÿ➊îö✮÷ÿ➎➐➏➑➄✡⑨✿★✮❿

σj(τ) = (τ − qj)
−r ✫ ✭ ➈ù➊✤➈✑ú✹➄✜ö✮➂✎➈✣✂➇➄❈➆✮➈♣è✡❿❻➊✤➄ ❼ ✱ ✁ ➄✰✝❊★✮ú✮ü❻ý➇➈ ϕ(τ) = ϕ(x+ iy) =

∣
∣yr/2F (x+ iy)

∣
∣
➁➃❿❻➊t➄❶ö✌➂➅➈ùö✮➂✎➎ÿ❿➋➆✹➄➇➆✮❿❽➆✮❿✚⑨✿★✮❿

ϕ(V τ) = ϕ(τ) ✁ ö✹➄➇➂➃➄➫➁➅➈➙➆✮➈ V ∈ Γ
✫ ❣ ❿❻÷➐➈❄è✡❿➋➊➉➄

❼ ✁ ➀➅❿ τ → qj
➆✮❿❶➆✮❿➋ú➝➁➃➂➅➈❸➆✮❿

R ′ ✁ B−1
j τ → ∞ ➆✮❿❶➆✮❿❻ú➝➁➃➂✎➈ñ➆✮❿✾★✮➊✤➄❫✝ ➄➇➎ õ✌➄❫✂ù❿➋➂✎➁➅➎ÿ➏➑➄➌÷Ñ➆✹➄➽✝➚➈➇➂➅➊✤➄

aj < x < bj ✁ y > 0 ✁ ö✹➄➇➂➅➄ z = x + iy
✫✡❥✯❿➋ú✮➈➇➁ ➄➌ú✮➆✮➈

B−1
j τ = x′ + iy′ ✁ ➏❻➈➇➊ Bj =

(

∗ ∗
c ∗

)

✁
➂➅❿➋ö✙❿→➁➃➎ÿú✌➆✮➈❽➈ù➀P➏➑➍➇÷➐➏❃★✮÷➐➈ù➀✟➆✹➄❽ö✮➂➅➈✣✂➌➄➩➆✮➈➞è▲❿➋➊➉➄ ❼ ✱ ✁ ➁➃❿➋➊✤➈ù➀

yr/2 = (y′)r/2|τ − qj |r|c|r,



☎ ✺ ✒✍✌ ❸✏✎✑✗❊✒■✘❆✜➆❨P✒❚✎✤❨P❷❹✌✥✘✚✗❈❷✭✁➊✒❚✎✤✜➆✌✥❉■✜✣❨P✘ ✎✓☎
➆✮➈➇ú✮➆✮❿

ϕ(τ) =
∣
∣yr/2F (τ)

∣
∣ = |c|r(y′)r/2

∣
∣
∣
∣
∣
∣

∑

n+κj≥0

an(j)e2πi(n+κj)(B
−1
j τ)/λj

∣
∣
∣
∣
∣
∣

,

✇✾➀➅➀➅➎➐➊ ✁ ➀➅❿ τ → qj
➄✜ö✹➄➌➂✎➁➃➎➐➂❍➆✌❿✯ö➺➈ùú➝➁➃➈ù➀✟➆✌❿

R ′ ✁ y′ = Im(B−1
j τ) → ∞ ✁ ➆✮➈ùú✮➆✮❿ (y′)r/2 → 0 ✁ ★✌➊➉➄✂➇❿❃✉✚⑨✿★✮❿

r < 0
✫①è✡➈✳☎ù➈ ✁ ϕ(τ) → 0

✫ ✭ ➈ù➊î➈③ú✹➄➫➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈❶➆✮➈✾è✡❿❻➊✤➄ ❼ ✱ ✁ ➏➋➈ù➊✤➈③➎➐➀➅➀✎➈❨➈☞➏❻➈➇➂➅➂➅❿ö✹➄➌➂➃➄✤➏❻➄➇➆✹➄îö✙➈ùú➝➁➅➈➉ö✹➄➇➂➅➄✲⑩ ➃ ÷ÿ➎➐➏❻➈❽➆✮❿ Γ
❿➋➊

R ′ ✁ ➀✎❿❃☎✳★✌❿❆⑨✿★✮❿✿❿➬õ✌➎➐➀✎➁➅❿ C > 0
➁ ➄➇÷✍⑨✿★✮❿

ϕ(τ) ≤ C ✁ ö✹➄➇➂➅➄➁➅➈➙➆✮➈
τ ∈ H ✁ ❿ ✁ ö✙➈ù➂✻➁ ➄➇ú➝➁➅➈ ✁ |F (τ)| ≤ Cy−r/2 ✁ τ ∈ H

✫
♥ ➓✮÷➐➁➅➎ÿ➊î➈à➂➅❿❻➀✩★✮÷➐➁➃➄➇➆✮➈➸➄ ⑨✿★✮❿◆➏➋➉✮❿✢☎➝➄➇➊î➈ù➀➉➎➐ú✮➆✮❿❻ö➺❿❻ú✌➆✮❿◆➆✹➄ñ➂✎❿❃☎ù➎ÿý➇➈➽✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✾ö✮➄➇➆✮➂➅➈➇ú✮➎✪✉❻➄➇➆✹➄

➏➋➈ùú✮➀➅➎➐➆✮❿❻➂➅➄➇➆✹➄④✫✽✇✾➀➅➀➅➎➐➊ ✁ ➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➅❿➋➊✤➈ù➀✧★✮➊➉➄✤➂➅❿❃☎➇➎øý➇➈➒✝❊★✌ú✮➆✹➄➇➊î❿❻ú➝➁ ➄➌÷★ö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄
R
ú✌➈ù➂➅➊✤➄➇÷ÿ➎✆✉➑➄➇➆✮➄

➏➋➈ù➊✤➈î➄➩➆✮➈❽❿❻ú✿★✮ú✌➏❻➎ø➄➌➆✮➈✤➆✌➈➞➔✵❿❻➈ù➂✎❿❻➊✤➄ ❼ ✯ ✁ ❿✓➁➃➈➇➊✤❿➋➊✤➈ù➀✟➄❽❿➬õ➙ö✹➄➇ú✮➀➅ý➇➈➉➆✮❿✷r✹➈✳★✮➂✎➎ÿ❿➋➂✟➆✮❿ F (τ)
❿➋➊ ∞

F (τ) =
∑

n+κ≥0

ane
2πi(n+κ)τ/λ, τ ∈ H .

✭ ➈ù➊î➈➩ú✹➄✿➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈➩➆✹➄✲⑨✿★✮❿➋÷ÿ❿✛➁➃❿➋➈ù➂➅❿➋➊➉➄ ✁ ö➺➈➙➆✮❿➋➊✤➈➇➀✟➏❻➈ùú✌➏❻÷✪★✌➎ÿ➂❤⑨✿★✮❿ |an| ≤ Cy−r/2e2π(n+κ)y/λ ✁ö✹➄➌➂➃➄
n ≥ 0

❿
y > 0

➄➌➂✻⑩✮➎ ➁➃➂➃➍➌➂➅➎ÿ➈④✫✚❥✛➄✲⑨✿★✮➎❂❿❻➊t➆✮➎ÿ➄➇ú➝➁➃❿ ✁ ➄❶ö✮➂➅➈✣✂➌➄❜➀✎❿❃☎✳★✌❿✤❿➬õ✮➄➮➁ ➄➇➊î❿❻ú➝➁➃❿î➏❻➈➇➊✤➈❨➄❜➆✌➈➏➋➈ù➂➅➈ù÷ÿ➍➇➂➅➎➐➈➉➄➌ú✘➁➅❿❻➂✎➎ÿ➈ù➂✢❡✟✝ ➄✲✉➋❿❻ú✮➆✌➈
y → 0+ ✁ ➏❻➈ùú✮➏➋÷✪★✮➎➐➊✤➈➇➀✧⑨✿★✮❿ an = 0

ö✹➄➇➂➅➄
n ≥ 0

❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ ⑨✿★✮❿
F (τ)

❧✓➎ÿ➆✮❿➋ú✘➁➅➎ÿ➏❻➄➇➊✤❿➋ú➝➁➃❿✓ú✿★✮÷ø➄✬✫
❋ õ ✘❃❨✿✎ ➐ ✌✥ö✳÷✏✒✂ö✚✇❯➊➉➄➌➎ÿ➈ù➂✛➆✌➎➐þ✹➏✢★✮÷ÿ➆✹➄➌➆✮❿➩➆✮❿❻➀✎➀➃➄❨➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü➑ý➇➈❳✝➚➈ù➎✒➏➋➉✌❿❃☎➝➄➇➂✐➁❭➀✎❿➉➄➇➈❳✝ ➄➌➁➅➈❶➆✮❿✚⑨P★✌❿ ✁ö✹➄➌➂➃➄
τ ∈ H ✁ |F (τ)| ≤ Cy−r/2 ✫ ✇ ö✹➄➇➂✻➁➃➎➐➂✤➆✮❿➋➀➅➀✎❿◆ö✙➈➇ú✘➁➅➈ ✁ ➀➅❿✢☎✳★✮➎➐➂➃➄➇➊♣➁❭➀✎❿✖➄➇ö➺❿❻ú✮➄➇➀➉➂✎❿❻➀✻★✌÷➐➁ ➄➌➆✮➈ù➀➄➇ú➝➁➅❿❻➂➅➎➐➈ù➂➅❿➋➀❃✫ ❣ ➈➙➆✮❿➋➂✻♠ÿ➄➇➊✤➈➇➀ ✁ ú✮❿❻➀✎➀➃➄➭➆✮❿❻➊î➈ùú✮➀✻➁➃➂➃➄➌ü➑ý➇➈ ✁ ➁➃❿➋➂❳★✌➁➃➎➐÷ÿ➎✪✉❻➄➇➆✮➈❁➈♣➊î❿❻➀✎➊✤➈➸ö✮➂✎➈➙➏➋❿❻➆✮➎➐➊✤❿➋ú➝➁➃➈♣➆✹➄

➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈✯➆✮➈✡è▲❿➋➊➉➄ ❼ ✱ ❯ ★✮➊❱➆✮➈ù➀✼➊✤➈➇➁➅➎✆✂➇➈ù➀▲ö✙❿➋÷ÿ➈ù➀☞⑨P★✮➄➇➎ÿ➀✵ú✹ý➇➈➲þ✥✉❻❿➋➊✤➈ù➀✼➎ÿ➀✎➀➅➈✧✝➚➈ù➎☞➄➲➈ùö✙➈➇➂✎➁❝★✌ú✮➎ÿ➆✹➄➌➆✮❿
➆✮❿❽❿➬õ✌➎✆⑩✮➎ÿ➂✛➄➫➏❻➈ùú✮➀✻➁➃➂✩★✮ü➑ý➇➈❨➆✹➄③➂➅❿✢☎ù➎øý➌➈→✝❊★✮ú✮➆✹➄➇➊î❿❻ú➝➁➃➄➇÷✒ö✹➄➇➆✌➂➅➈ùú✮➎✆✉➑➄➇➆✮➄

R
′ ➆✌➈❶➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ ➏❃★✤✦✎➈ù➀✓ö✙➈➇ú✘➁➅➈ù➀ö✹➄➌➂➃➄✲⑩ ➃ ÷ÿ➎➐➏❻➈ù➀❲➀➃ý➇➈➩➁➃➈☞➆✮➈ù➀✟þ✮ú✮➎➐➁➅➈ù➀ ❢ ✫❵⑦✾❿❻➀✻➁➃❿❈➏➑➄➇➀✎➈ ✁ ➏❻➈➇ú✮➏❻÷✆★✮➎ÿ➂✩♠ø➄➇➊î➈ù➀ ✁ ➄➩➏❻❿➋➂✎➁ ➄î➄➇÷ ➁❝★✮➂➅➄ ✁ ⑨✿★✮❿

ϕ(τ) = (y′)r/2β(c)e−2π(n0+κj)y′/λj

∣
∣
∣
∣
∣

∑

n≥n0

an(j)e2πi(n−n0)(A−1
j τ)/λj

∣
∣
∣
∣
∣
,

ö✹➄➌➂➃➄
τ ∈ H

✫✽⑤P➁➃➎ÿ÷➐➎✪✉❻➄➇ú✮➆✮➈➀➁✝➀➅❿☎➈➫➊î❿❻➀✎➊✤➈➫➂➅➄➇➏❻➎➐➈➙➏✢♠ÿú✮➎➐➈❽÷ø➍✤❿➋➊✤ö✌➂➅❿❃☎ù➄➇➆✮➈ ✁ ➀➅➈ù➊î➈ù➀✾➁➅❿❻ú➝➁ ➄➌➆✮➈ù➀✓➄③➄➌þ✮➂➅➊✤➄➇➂⑨✿★✮❿ ✁ û❸➊î❿❻➆✮➎➐➆✹➄ ⑨✿★✮❿
τ → qj

➆✮❿❜➆✮❿❻ú➝➁➅➂➅➈❁➆✮❿
R ✁ ϕ(τ) → 0

❿ ✁ ➂✎❿❻ö➺❿➋➁➅➎ÿú✮➆✮➈ ➁➃➈☞➆✹➄ñ➄❸➄➇➂✻☎✲★✮➊✤❿➋ú✬➁➁➃➄➇ü➑ý➇➈❜➆✹➄✖ö✮➂✎➈✣✂➇➄❨➆✮➈✖➁➅❿❻➈ù➂✎❿❻➊✤➄ ✁ F (τ)
❧✤➎ÿ➆✮❿➋ú✘➁➅➎ÿ➏❻➄➇➊✤❿➋ú➝➁➃❿îúP★✌÷ø➄ ✁ ➊✤❿➋➀➅➊î➈✖➀➅❿➋ú✮➆✮➈◆➆✌❿→☎ù➂➃➄➀★ñú✮❿✢☎➝➄➌➁➃➎✈✂ù➈

❯ r > 0 ❢ ✫✑ô✣ú➝➁➃➂➅❿→➁ ➄➇ú➝➁➅➈ ✁ ➈→✝ ➄➌➁➃➈➉➆✮❿
r
➀✎❿❻➂✓ú✮❿✢☎➝➄➌➁➅➎✆✂ù➈❳❧✜➏❻➈ùú✮➆✌➎ÿü➑ý➌➈➣➫✄➾➬➚❁➳sÕ❃➯④➩▲➚❁➥✑➚ñ➊î❿❻➀✎➊✤➈➉ö✹➄➇➂➃➄➫❿➋➀✎➁➃➄

➆✮❿➋➊✤➈➇ú✮➀✎➁➅➂➃➄➇ü❻ý➇➈✏✫➍❥✯❿→✝ ➄➮➁➃➈ ✁ ➏➋➈ù➊î➈ F (τ)
ú✹ý➇➈❫❧➞✝➚➈ù➂➅➊✤➄❜➏✢➓✮➀➅ö✮➎➐➆✮❿ ✁ ú✹ý➌➈✖➁➃❿➋➊✤➈ù➀✜➄➣☎➝➄➇➂➅➄➇ú➝➁➃➎ÿ➄❜➆✮❿❳⑨✿★✮❿

n0 + κj > 0
✫✧♦➙➄✲⑩✙❿➋➊✤➈➇➀✯➄➇ö➺❿❻ú✮➄➇➀✧⑨✿★✮❿

n0 + κj ≥ 0 ✁ ➆✮➈➇ú✮➆✮❿ e−2π(n0+κj)y
′/λj

ö➺➈➙➆✮❿❈➀➅❿➋➂✯➎✆☎✳★✹➄➇÷✵➄ ❼ ✁ú✹ý➌➈î➏➋➈ùú➝✂ù❿➋➂✻☎ù➎➐ú✮➆✮➈îö✹➄➇➂➃➄
0
✫

♥✦➀✎❿❃☎✳★✮➎➐ú➝➁➃❿✓➁➃❿➋➈ù➂➅❿➋➊➉➄✿þ✹ú✹➄➌÷ÿ➎✪✉❻➄✿❿❻➀✻➁➃❿☎➏➑➄➇ö④♠➐➁❝★✌÷ÿ➈ ✁ ❿❈➀✎❿❻➂➅➍î➆✮❿✽★✌➁➅➎ÿ÷➐➎ÿ➆✹➄➇➆✌❿✯❿❻➊✪➀➅➎➐➁✻★✹➄➇ü✢➎➙❿➋➀➂✝❊★➙➁❝★✮➂➅➄➇➀❃❡



✎✜✑ ☞ ✒✹✎✑❷❹✌✏✘✚❨❄✸➄☛✓❉☞ö✍✌❲❨P✘➞❷❹✒ç✠✓☛☞❅❊✌✏✎✤❨P✘

❖ ❨✿✒❚✎✑❨P❷❹✌ ø✆✒ ✺❤Ï❲➳❫❪✢➩✲➧
Γ1

➳
Γ2

➫✄➯④á➄ß✲➦✄➯✣✃✥➥✣➫✡➭P➳✡➴➬➚✹➭✲➾❱➮➋➳✓Ö❵➚✥➾➬➪➄➥✚➳✄➧
Γ(1)

➪❱➩✲➾✪➫✽Õ❃➯✥➳
Γ2 6 Γ1 6 Γ(1)

❵
Ï❚➯✤✃✥➥✑➚④Ô④➩✲➧➒➥✣➫ ❴ ➩✲➾➬➚✹➭➝➩ ❴ Õ❃➯✥➳

Γ1 =
⋃µ

i=1 Γ2Ai

➫✣➳❫❪✢➩➜➯P➧s➩ÿ➭P➳➋➮➋➥✑➧✧✃✥➥✣➫✄➾❊➹✤ÓP➥●➭P➳
Γ1

➳✄➧
µ

➮✄➲✈➩✑➫➋➫✣➳➋➫
➲✈➩✲➪✐➳✄➦✩➩✲➾✪➫✡➭✲➾✪➫✄➪❈➾➬➚✥➪➈➩✑➫✡➭P➳

Γ2

❵✟Ï❲➳❫❪✢➩
g(τ)

➯✬➧s➩➅➶➨➯P➚❚➹✤ÓP➥✰➾➬➚✥ê✑➩✲➦✄➾❈➩✲➚✥➪➄➳✛➮➋➥✑➧ ➦❝➳✄➲✈➩✳➹✤ÓP➥♣➩
Γ2 ❴ ➚❁➥✷➫✣➳✄➚✥➪❈➾❈➭P➥①➭P➳Õ❃➯❚➳

g(V τ) = g(τ) ❴ ✃④➩✲➦✩➩♣➪➄➥❃➭P➥ V ∈ Γ2

❵➡➁➅➚✥➪❱ÓP➥ ❴ ➫✣➳ F (x1, x2, . . . , xµ)
Ð➂➫✄➾➬➧➒Ð✄➪❈➦✄➾❱➮✻➩s➮➋➥✑➧❿➦❝➳➋➫➄✃✥➳✄➾➬➪➄➥

➩❫➫✣➳✄➯➝➫
µ
✃④➩✲➦☛✗✲➧➒➳✄➪❈➦❝➥✣➫ ❴ ➩①➶➨➯✬➚❚➹✤ÓP➥ f(τ) = F (g(A1τ), g(A2τ), . . . , g(Aµτ))

Ð➒➾➬➚✥ê✑➩✲➦➨➾❈➩✲➚✥➪✐➳✾➮➋➥✑➧
➦❝➳✄➲✈➩✳➹✤ÓP➥➞➩

Γ1

❵
❒①➳✄➧➒➥✑➚④➫✄➪❈➦✻➩✳➹✤ÓP➥❾❵✟♦➙❿

M ∈ Γ1 ✁ ❿❻ú➝➁ ý➇➈ ✁ ö✹➄➇➂➃➄➫➏❻➄➇➆✹➄ i ✁ AiM ∈ Γ1

✫ ✭ ➈ù➊î➈
Γ1 =

⋃µ
i=1 Γ2Ai ✁ ✂ù❿❻➊⑨✿★✮❿

AiM = MiA
′
i
✁ ➈ùú✮➆✮❿ Mi ∈ Γ2

❿
A′

i ∈ {A1, A2, . . . , Aµ} = C
✫➊✇✾þ✮➂➅➊✤➄➇➊✤➈➇➀➅⑨✿★✮❿ ✁ ➏❻➈ùú④✝➚➈➇➂➅➊î❿➀➅❿î➄➌➁➅➂➅➎✪⑩④★✮❿❻➊ ➄➇➀

µ
ö➺➈ù➀✎➀➅➎✪⑩✌➎ÿ÷ÿ➎➐➆✹➄➇➆✮❿➋➀✯ö✹➄➌➂➃➄

Ai ✁ ➄➌➀ µ ö➺➈ù➀➅➀✎➎✪⑩✮➎➐÷ÿ➎➐➆✹➄➇➆✮❿➋➀✛➆✮❿
A′

i

➏➋➈ù➂➅➂✎❿❻➀➅ö➺➈ùú✮➆✌❿❻ú➝➁➃❿➋➀✜ö➺❿❻➂➇➁
➏❻➈ù➂✎➂➅❿➋➊✸➁➅➈➙➆✮➈✤➈➫➏❻➈➇ú✑✦✩★✮ú➝➁➃➈

C
✫✡❥✾❿❆✝ ➄➌➁➃➈ ✁ ➀✩★✮ö➺➈ùú✮➆✮➈➀➁✝➀➅❿①⑨✿★✮❿ AiM = MiA

′
i

❿
AjM = MjA

′
j
✁ ➏❻➈ù➊

A′
i = A′

j
✁ ➁➅❿❻➊î➈ù➀

AiA
−1
j = (AiM)(AjM)−1 = (MiA

′
i)(MjA

′
j)

−1 = MiM
−1
j ∈ Γ2,

➆✮➈ùú✮➆✌❿
i = j

❿ ✁ ö➺➈ù➂✻➁ ➄➇ú➝➁➃➈ ✁ Ai = Aj
✫ ❣ ➈➇➂✎➁ ➄➌ú✘➁➅➈ ✁ ➁➃❿➋➊✤➈➇➀➺⑨P★✌❿

f(Mτ) = F (g(A1Mτ), g(A2Mτ), . . . , g(AµMτ))

= F (g(M1A
′
1τ), g(M2A

′
2τ), . . . , g(MµA

′
µτ))

= F (g(A′
1τ), g(A

′
2τ), . . . , g(A

′
µτ))

= F (g(A1τ), g(A2τ), . . . , g(Aµτ)) = f(τ),

★✌➁➃➎➐÷ÿ➎✆✉➑➄➇ú✮➆✌➈➀➁❭➀✎❿✟⑨✿★✮❿
g(τ)

❧
Γ2

➁❭➎ÿú➝✂➌➄➇➂✎➎ø➄➇ú➝➁➃❿ ✁ ⑨P★✌❿✓➈ù➀❲❿➋÷ÿ❿❻➊î❿❻ú➝➁➅➈ù➀ A′ ö✙❿➋➂➅➏➋➈ù➂➅➂✎❿❻➊✪➈✜➏❻➈ùú✑✦✩★✌ú✘➁➅➈
C
❿✧⑨P★✌❿

F
❧✓➀✎➎ÿ➊s❧➋➁➃➂✎➎ÿ➏❻➄④✫ ✭ ➈ù➊î➈➩➎ÿ➀✎➀➅➈♣❧✡✂➌➍➇÷➐➎ÿ➆✮➈✑ö✹➄➇➂➃➄✜➁➅➈➙➆✌➈

M ∈ Γ1 ✁ ➀✎❿❃☎✳★✌❿✷⑨✿★✮❿ f(τ)
❧

Γ1

➁✝➎ÿú➝✂➌➄➇➂➅➎ÿ➄➇ú➝➁➃❿➀✫
❋ õ ✘✢❨P✎ ➐ ✌✥ö✳÷✏✒✂ö✛♦➙❿ g(τ) ❧✰★✮➊✤➄①✝❊★✮ú✮ü❻ý➇➈➉➊î➈➙➆④★✮÷ø➄➇➂❲➏❻➈ù➊ ➂✎❿❻➀➅ö➺❿❻➎ ➁➃➈✤➄

Γ2 ✁ ❿❻ú➝➁ ý➌➈ r = 0
❿
υ ≡ 1❿❻➊

Γ2

❿ ✁ ö➺➈ù➂✎➁➃➄➇ú➝➁➃➈ ✁ g(V τ) = g(τ)
ö✹➄➇➂➅➄❋➏➑➄➇➆✹➄

V ∈ Γ2

✫×è✡➈✳☎ù➈ ✁ ➀➅❿ F (x1, x2, . . . , xµ)
❧❳★✮➊

ö✙➈➇÷ÿ➎ÿú✙✘ù➊✤➎➐➈❶➀➅➎ÿ➊s❧➋➁➅➂➅➎➐➏❻➈ ✁ ❿❻ú➝➁ ý➇➈ ✁ ö➺❿❻÷➐➈✖➁➃❿➋➈ù➂➅❿➋➊➉➄✖➄➇ú➝➁➃❿❻➂✎➎ÿ➈ù➂ ✁ f(Mτ) = f(τ) ✁ ö✹➄➇➂➃➄◆➏❻➄➇➆✹➄ M ∈ Γ1

✫
✇✯÷✆❧❻➊ ➆✌➎ÿ➀➅➀✎➈ ✁ ➏➋➈ù➊î➈ f(τ) = F (g(A1τ), g(A2τ), . . . , g(Aµτ)) ✁ ➆✹➄➇➆✮➈ ⑨✿★✮❿

F
❧✾★✮➊ ö➺➈ù÷ÿ➎➐ú✚✘ù➊î➎ÿ➈

➀➅➎➐➊➞❧→➁➃➂➅➎➐➏❻➈ ✁ ➄➇➀Pö✮➂✎➈ùö✮➂➅➎➐❿❻➆✹➄➌➆✮❿❻➀Ñú✮❿➋➏❻❿➋➀➅➀➃➍➌➂➅➎ø➄➌➀➲ö✮➄➇➂➃➄♣⑨✿★✮❿ f(τ)
➀➅❿➄✦➅➄➩➏❻➈ùú✮➀✎➎ÿ➆✮❿➋➂➃➄➇➆✮➄♣✝➚➈➇➂➅➊✤➄✿➊✤➈☞➆✏★✮÷ÿ➄➇➂❲➀➅ý➇➈

➀➃➄➌➁➅➎ÿ➀➇✝➚❿❻➎➐➁➃➄➇➀ ✁ ➆✮➈ùú✮➆✮❿☎➀✎❿❈➏➋➈ùú✮➏➋÷✪★✮➎ç⑨✿★✮❿ f(τ)
❧✽★✮➊✤➄❆✝❊★✮ú✮ü➑ý➌➈✤➊î➈➙➆④★✮÷ø➄➇➂❍➏❻➈ù➊✪➂➅❿❻➀✎ö✙❿➋➎➐➁➅➈➉➄

Γ1

✫



✥ ✛✢✜ ✦✤✣✦✥★✧✪✩ ✫

✬ ✭ ð✮✩✰✯✲✱ ✛ ✭ ✱ ✩✴✳★✥★✧ ✛ ✯✦✵ ✭
η(τ )

✵
ϑ(τ )

✶✸✷✺✹ ✻ ✼✾✽✦✿ ✞✝❀❂❁
η(τ )

❃❅❄❇❆✔❄
τ ∈ H ❈❊❉✚❋✟●✚❍✚■❑❏▼▲❖◆

η(τ) = eπiτ/12

∞∏

m=1

(
1 − e2πimτ

)
.

P ❏◗❉✚▲❖◆❂❘ ❆☛❄ ❍✚❉✚❋✟◆❙▲❖❚ ✦ ❋❱❯✔■❳❲❇▲❖◆❙❉✚❋✟◆❨❯✔❋▼❩ ❄✾❬✚❭ ❯☛❪✚❫❑▲❵❴❛❏▼▲❖◆❜❯ ❆✔❄✾❆❞❝ ❪✚❋ η(τ) ❝ ❪✚❋✾❈❡❩✟▲❖❏▼▲❵❲❖❋ ❆ ❋✺❏▼▲❖◆✺❈ ❬ ▲❖◆☛◆❨❪✚■❆ ❋✺❫ ❄✾❢❤❣ ▲✐❩✟▲❖❏ ❯✔❋✺▲ ❆ ■ ❄ ❉✚▲❖◆❵❍❦❥✚❏▼❋ ❆ ▲❖◆✺❈❧❴✒❪✚❏ ❄♥♠ ▲ ❆ ❏ ❄ ❏♦▲♣❉✚❪✚❫ ❄❇❆ ❉✙❋q❘ ❆✔❄ ❪ −1/2 ❩✟▲❖❏ ❆ ❋✺◆ ❬ ❋✟■❳❯✔▲ ❄
Γ(1) r ❃❅❄❇❆✔❄✏❄ ❫❑❩ ❄ ❍ ❢❤s✉t ❫❑▲✙❈ ❬✚❆ ❋✟❩✺■❑◆ ❄ ❏▼▲❖◆ ❬✚❆ ▲✈❲ ❄✾❆✇❝ ❪✚❋ η(τ) ◆ ❄ ❯✔■❳◆ ♠①❄❇②③❄ ◆✝❩✟▲❖❍✚❉✚■ ❢✺④ ❋✺◆⑤❉ ❄⑦⑥ ❋❱●❊❍✚■ ❢✺❣ ▲❛⑧✏❉✙▲⑨ ❄❇❬✙❭ ❯✔❪✙❫❑▲▼⑩✙❈❶▲ ❝ ❪✚❋❷❍ ❣ ▲▼❴❸❯ ❄❇❆ ❋ ♠①❄ ❉ ❄ ◆③❏ ❄ ■❳◆✝❯ ❆ ■❹❲♣■ ❄ ■❳◆✺r❻❺③● ❆ ❏ ❄ ❏▼▲❖◆ ❬✚❆ ■❑❏▼❋✺■ ❆ ▲ ❝ ❪✚❋ η(τ) 6= 0 ❈ ❬❊❄❇❆✔❄
❯☛▲❼❉✚▲ τ = x+ iy ∈ H r ⑥ ❋ ♠①❄ ❯✔▲✚❈✙❩✺▲❖❏▼▲ eπiτ/12 6= 0 ❈✙❲❇❋✺❏ ❝ ❪✚❋ ❝ ❪✚❋ η(τ) = 0 ◆❨❋❇❈❊❋❂◆☛▲❇❏♦❋✟❍❦❯☛❋❂◆☛❋❇❈
❋❾❽✙■❳◆❨❯☛❋⑦❪✚❏❿■❑❍➀❯✔❋✟■ ❆ ▲ ❬ ▲❖◆☛■❹❯✔■❳❲❇▲ m ❯ ❄ ❫ ❝ ❪✚❋ 1 − e2πimτ = 0 r❙➁ ❆✔❄ ❈➂❍✚❋✺◆❨◆☛❋❛❩ ❄ ◆☛▲✚❈ e2πimx = e2πmy ❈➂▲❖❪
cos(2πmx) + isen(2πmx) = e2πmy ❈❊❉✚▲❖❍✚❉✙❋

{

cos(2πmx) = e2πmy

sen(2πmx) = 0

❋✾❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ 2πmx = 0 ▲❖❪ 2πmx = −π r✠❺ ❬✚❆ ■❳❏♦❋✟■ ❆✔❄✸❬ ▲❖◆❨◆☛■❑❚✙■❑❫❑■❳❉ ❄ ❉✚❋❛■❳❏ ❬ ❫❑■❑❩ ❄❵❝ ❪✚❋ x = 0 ❋
e2πmy = cos 0 = 1 ❈✤▲❖❪ y = 0 r❧❺✰◆❨❋✺❘❖❪✚❍✙❉ ❄ ■❑❏ ❬ ❫❳■❑❩ ❄❛❝ ❪✚❋ x = −1/(2m) ❋ e2πmy = cos(−π) =

−1 r✒❺③❏⑦❚ ❄ ◆⑦◆ ❣ ▲✒❩✺▲❇❍❦❯ ❆✔❄ ❉✙■ ❢✺④ ❋✺◆✟❈➃▲ ❆☛❄ ❩✺▲❖❏➄▲ ♠①❄ ❯☛▲q❉✚❋ y ◆☛❋ ❆⑦❬ ▲❖◆☛■❹❯✔■❳❲❇▲✚❈➃▲ ❆☛❄ ❩✺▲❇❏➅▲ ♠①❄ ❯✔▲q❉✚❋ ❝ ❪✚❋
e2πmy ❴❂◆☛❋✟❏ ❬✙❆ ❋❂❏ ❄ ■❑▲ ❆ ❉✚▲ ❝ ❪✙❋✏➆✙❈ ❬❊❄❇❆✔❄❛❝ ❪ ❄ ❫ ❝ ❪✚❋ ❆ y ❆ ❋ ❄ ❫➇r

❺➈◆❨❋✺❘❖❪✚■ ❆ ❈ ❄✾❬✚❆ ❋✟◆☛❋✺❍➀❯ ❄ ❏♦▲❇◆⑦❪✚❏ ❄ ❉✚❋❱●❊❍✚■ ❢✺❣ ▲✒❚ ❄ ◆❜❯ ❄ ❍➀❯☛❋❵❩✺▲❖❍✙➉✚❋✺❩✟■❑❉ ❄ ❈➊❩✺❪ ✦ ▲✒▲❖❚ ✦ ❋✟❯✔▲➋◆☛❋ ❆☛s✒❄➋❬ ▲❖❍➀❯✔❋
❋✟❍❦❯ ❆ ❋ ❄⑦♠ ❪✚❍ ❢❤❣ ▲ η(τ) ❋ ❄ ❯☛❋✺▲ ❆ ■ ❄ ❉✚▲❇◆➌❍❦❥✚❏▼❋ ❆ ▲❖◆✺➍
➎✸➏➀➐➃➑✓✗①➒❖➓✚➔➣→❊↔③↕⑦➙➜➛✮➝❊➞➠➟✄➡✈➢

p(n) ➤ ➡➥➟✄➡❵➦➨➧❾➩♣➝❶➫✉➭♣➡✸➯✺➩❊➙⑦➦➥➢➲➢✈➡ ➤ ➞①➦✸➦ ➤ ➦➀➳➀➦✄➝❊➵♣➟✄➙❱➸✔➡♦➞➠➝❊➺➻➙❱➞➠➸✔➡❂➼❊➡✈➢❱➞➠➺➇➞➠➽❇➡
n
➡✠➝❊➵♣➟✄➙❱➸➲➡✠➳♣➙➨➼✙➦❇➸❾➺①➞➜➫✾➾✈➙➲➢♦➳♣➙

n
➙❱➟➚➼✙➦❇➸❾➺➪➙➲➢➶➞➠➝❊➺➻➙❱➞➠➸❨➦➥➢⑦➺➹➦❇➟▼➘❱➴❱➟➷➼❊➡✈➢❱➞➠➺➇➞➠➽➥➦➥➢✺➬✚⑤➌➯✺➩❼➞❑➮➨➦➥➢❞➼✙➦❇➸❾➺➪➙➲➢❛➝✤➭♣➡

➱✚✃



➱✚❐ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

➢✺➭♣➡✐➝Ö➙ ➤ ➙➲➢➲➢✺➦❇➸❾➞①➦❇➟✄➙❱➝❊➺➪➙➋➳❇➞❑➢❱➺➇➞➠➝❊➺✖➦➥➢➲➮✸➙✦➢❱➩✚➦×➡➥➸☛➳♣➙❱➟ ➝✤➦➋➼✙➦❇➸❾➺➇➞➜➫✉➭♣➡Ñ➝✤➭♣➡Ø➴➋➸✔➙❱Ù❑➙❱➽➥➦❇➝❊➺➻➙✺➬ ⑤➨Ù❑➴❱➟ ➳❇➞❑➢➲➢✈➡✈➮
➤ ➡➥➝❊➽❇➙❱➝ ➤ ➞✖➡➥➝✤➦❇➟✄➡✈➢❂➯✺➩❊➙ p(0) = 1

➬
Ú➨ÛÓ➏♣ÏÑÜ❅Õ①➔ÞÝ❞ß ❋✺❏▼▲❖◆ ❝ ❪✚❋ p(6) = 11 ❈ ❬ ▲❇■❑◆③⑧ ❬ ▲♣❉✚❋✏◆❨❋ ❆❞❬✚❄❇❆ ❯☛■❑❩✺■❳▲❖❍ ❄ ❉✙▲♦❩✟▲❖❏♦▲❵⑧✙❈ 5 + 1 ❈ 4 + 2 ❈

4 + 1 + 1 ❈ 3 + 3 ❈ 3 + 2 + 1 ❈ 3 + 1 + 1 + 1 ❈ 2 + 2 + 2 ❈ 2 + 2 + 1 + 1 ❈ 2 + 1 + 1 + 1 + 1 ❋
1 + 1 + 1 + 1 + 1 + 1 rà ❪✙❫❑❋ ❆á♠ ▲❖■Ö▲ ❬✙❆ ■❑❏▼❋✺■ ❆ ▲ ❄ ▲❖❚✚◆❨❋ ❆ ❲ ❄✾❆③❄ ◆❨❋✺❘❖❪✚■❳❍➀❯✔❋❂■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋❇➍

∞∏

n=1

(1 − xn)−1 =

∞∑

m=0

p(m)xm. â①ã✙r❳ä✉å
à ◆☛◆ ❄ ■❑❉✙❋✺❍➀❯✔■❳❉ ❄ ❉✚❋ ❄ ❉✙❏♦■❹❯✔❋❞❪✚❏ ❄ ❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢❤❣ ▲▼❩✟▲❖❏⑦❚✚■❳❍ ❄ ❯☛æ ❆ ■ ❄ ❏⑦❪✚■❹❯✔▲❛◆❨■❑❏ ❬ ❫❑❋✟◆✺r✮➁ç❩✺▲♣❋✟●❊❩✟■❑❋✺❍➀❯☛❋❸❉✙❋
xm ❋✺❏✰◆☛❋✺❪▼❏▼❋✺❏⑦❚ ❆ ▲❙❉✚■ ❆ ❋✺■❹❯✔▲❙❩✺▲ ❆☛❆ ❋✟◆ ❬ ▲❖❍✚❉✚❋ ❄ p(m) r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲❙❫ ❄ ❉✚▲✚❈➀❋✺❏✢◆☛❋✟❪✄❏▼❋✺❏⑦❚ ❆ ▲❙❋✺◆ ❝ ❪✙❋ ❆ ❉✙▲✚❈❬❊❄❇❆☛❄

n ❲ ❄❇❆ ■ ❄ ❍✚❉✙▲❛❉✚❋♦ä ❄ m ❈ (1 − xn)−1 ❩✺▲❖❍➀❯ ❆ ▲❖❫ ❄ ▲➶❍❦❥✚❏▼❋ ❆ ▲♦❉✚❋ ❬❊❄✾❆ ❯✔❋✟◆❧■❑❘❖❪ ❄ ■❑◆ ❄ n ❍❦❪✚❏ ❄ ❉ ❄ ❉ ❄❬❊❄❇❆ ❯✔■ ❢✺❣ ▲❛❉✚❋ m r ❃ ▲ ❆ ❋❾❽✙❋✟❏ ❬ ❫❑▲✚❈
(1 − x3)−1 =

1

1 − x3
= 1 + x3 + x6 + x9 + · · · = 1 + x3 + x3+3 + x3+3+3 + · · · .

è ■❑❩ ❄ ❩✺❫ ❄✾❆ ▲✚❈ ❬ ▲ ❆ ❯ ❄ ❍❦❯☛▲✚❈ ❝ ❪✚❋✍▲é❩✺▲♣❋✟●❊❩✟■❑❋✺❍➀❯☛❋♥❉✚❋ xm ❍✚▲ê❏▼❋✺❏⑦❚ ❆ ▲é❋✺◆ ❝ ❪✚❋ ❆ ❉✚▲Ø❉✚❋ëâ①ã✚r❹ä✉å✄◆☛❋ ❆ ❋ ♠ ❋ ❆ ❋
❯ ❄ ❏✏❚➂❴✟❏ ❄ ▲➶❍❦❥✚❏▼❋ ❆ ▲▼❉✚❋ ❬❊❄❇❆ ❯✔■ ❢✺④ ❋✺◆á❉✚❋ m ❈❊❋✺◆❜❯ ❄ ❚✤❋✺❫❳❋✺❩✟❋✺❍✚❉✚▲ t ◆☛❋ ❄ ■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋❇rì➨❄✐❄❇❆ ❘❖❪✚❏▼❋✺❍➀❯ ❄✾❢❤❣ ▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈✝❪✙❯☛■❑❫❑■ ②❤❄ ❏▼▲❖◆❛▲ ♠①❄ ❯✔▲Ñ❉✙❋ ❝ ❪✚❋ (1 − xn)−1 = 1 + xn + x2n +

· · · ❈❶◆☛❋✟❏✴❍✚▲❖◆ ❬✚❆ ❋✟▲❼❩✟❪ ❬❊❄❇❆ ❏♦▲❇◆➌❩✟▲❖❏ ❝ ❪✚❋✺◆❜❯ ④ ❋✺◆③❉✚❋❷❩✟▲❖❍➀❲❖❋ ❆ ❘❖í✟❍✚❩✺■ ❄ r ⑨ ▲❖❏✴❋ ♠ ❋✺■❳❯☛▲✚❈❊❋✺◆❨◆ ❄ ◆③■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋✺◆❬ ▲❇◆☛◆☛❪✙❋✺❏✴❲ ❄ ❫❑■❳❉ ❄ ❉✚❋❂❋✺◆❜❯ ❆ ■❳❯ ❄ ❏♦❋✟❍❦❯☛❋ ❄ ◆☛◆☛❋✟❘❖❪ ❆☛❄ ❉ ❄✄❄✾❬ ❋✟❍ ❄ ◆ ❬✚❄❇❆✔❄ |x| < 1 r à ❍❦❯ ❆ ❋❱❯ ❄ ❍➀❯✔▲✙❈Ö❍✚▲♦❩✺▲❖❍➀❯✔❋❾❽♣❯✔▲
❉✚❋ ♠ ❪✚❍ ❢✺④ ❋✺◆❞❘❖❋ ❆✔❄ ❉✙▲ ❆✔❄ ◆❛â①❋✺❏ ⑨ ▲❖❏⑦❚✙■❑❍ ❄ ❯☛æ ❆ ■ ❄ ❈❊❩✺▲❇◆❨❯✔❪✙❏ ❄ ❏▼▲❖◆③❉✚❋✺❍✚▲❇❏♦■❳❍ ❄❇❆ ▲❵❏♦❋✟❏⑦❚ ❆ ▲❵❋✺◆ ❝ ❪✙❋ ❆ ❉✙▲✦❉✙❋
â①ã✚r❹ä✉å ❄✲➧❾➩❼➝❶➫✉➭♣➡✒î♣➙❱➸❨➦➀➳♣➡➥➸❨➦é❬❊❄✾❆✔❄ ▲✐❍❦❥✚❏▼❋ ❆ ▲ï❉✚❋ ❬❊❄✾❆ ❯✔■ ❢✺④ ❋✺◆♦❉✚❋ m å❱❈➌■❑❍➀❯☛❋ ❆ ❋✟◆☛◆ ❄ ❏ t ❍✚▲❖◆ ❄❇❬ ❋✟❍ ❄ ◆❵▲❇◆
❩✺▲♣❋✟●❊❩✟■❑❋✟❍❦❯☛❋✺◆❞❉✙❋✺◆☛◆ ❄ ◆ ♠ ❪✚❍ ❢✟④ ❋✟◆✺❈➂❪✚❏ ❄ ❲❖❋ ②✏❝ ❪✙❋⑦❍ ❣ ▲ ❄ ❯ ❆ ■❳❚✚❪✚■❳❏♦▲❖◆✝❲ ❄ ❫❳▲ ❆③ð ❲ ❄❇❆ ■ s ❲❇❋✺❫ x r③ñ➨■❑◆❨❯ ❄ ◆➨❉✙❋✺◆❨❯ ❄♠ ▲ ❆ ❏ ❄ ❈Þ❯ ❄ ■❳◆❷◆❨❴ ❆ ■❑❋✺◆❷◆ ❣ ▲✲❩➲➉ ❄ ❏ ❄ ❉ ❄ ◆ ➢✈➴❱➸❾➞✖➙➲➢❧➧❤➡➥➸❱➟▼➦❇➞❑➢ r ⑨ ❄ ◆☛▲q➉ ❄✣✦☛❄ ■❑❍➀❯✔❋ ❆ ❋✟◆☛◆☛❋ ❬ ▲ ❆❷❬❊❄✾❆ ❯✔❋♦❉✚▲➋❫❳❋✺■❹❯✔▲ ❆
❍✚❋✺◆❨◆☛❋ ❄ ◆ ❬ ❋✺❩❱❯✔▲✚❈➥◆☛❪✚❘❇❋ ❆ ■❳❏♦▲❇◆✺❈ ➦❱➼✤➩✚➳▼òôó ⑩➥õ➇❈ ❄ ❫❑❋✟■❳❯✔❪ ❆✔❄ ❉✚▲ ❄❇❆ ❯☛■❑❘❖▲ òöó ➆✉õ✖r ⑥ ❋✺◆❜❯ ❄ ❏ ❄ ❍✙❋✺■ ❆☛❄ ❈✉▲ ❝ ❪✙❋⑤❋❾❽✙■❳❚✚■❑❏▼▲❖◆❄ ❩✺■❳❏ ❄ ❴❂❪✚❏ ❄ ❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢❤❣ ▲ ♠ ▲ ❆ ❏ ❄ ❫Ö❉✚❋ ❝ ❪✚❋♦â①ã✚r❹ä✉å✇❴❙❲❖❋ ❆ ❉ ❄ ❉✚❋✺■ ❆✔❄ rì ▲✦❩ ❄ ◆❨▲ ❝ ❪✚❋ ❄❇❝ ❪✚■✮❍✚▲❖◆❂■❑❍➀❯☛❋ ❆ ❋✟◆☛◆ ❄ ❈❡❯☛▲❼❉ ❄ ❲♣■ ❄ ❈Ó❲ ❄ ❏♦▲❖◆ ❄ ❯ ❆ ■❳❚✚❪✚■ ❆ ❲ ❄ ❫❑▲ ❆❂ð ❲ ❄❇❆ ■ s ❲❖❋✟❫ x ❈Þ❉✚❋▼❏▼▲❼❉✚▲❝ ❪✚❋ ❬✙❆ ❋✺❩✟■❑◆ ❄ ❏♦▲❇◆á❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❆❧❄ ❍ ❄ ❫❳■❳❯✔■❳❩ ❄ ❏▼❋✺❍➀❯☛❋ ❄ ■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋❙❋✺❏ ❝ ❪✙❋✺◆❨❯ ❣ ▲✚r
÷❷❰✉➔❶Üø➔✹✘➆✗①➒❖➓✚➔×→❊↔❧ù✪➙ |x| < 1

➮✝➙❱➝❊➺➹➭♣➡✄➦❇➟▼➘❱➡✈➢✏➡✈➢❂➟✄➙❱➟▼➘✺➸✔➡✈➢❷➳♣➙▼úüû✤➬➠ý❱þ ➤ ➡➥➝❊➽❇➙❱➸➇î♣➙❱➟ÿ➙❞➢✺➭♣➡▼➞❹î❇➩✙➦❇➞❑➢✺➬
↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸☛➦❖➫✉➭♣➡❇➬✁� ❋ |x| < 1 ❈✾❋✟❍❦❯ ❣ ▲ ∑∞

n=1 x
n ❩✺▲❇❍❦❲❇❋ ❆ ❘❖❋ ❄ ❚✚◆❨▲❖❫❑❪❼❯ ❄ ❏▼❋✺❍➀❯✔❋✾❈❇❉✚▲❇❍✚❉✚❋❻▲➨❏▼❋✺◆☛❏▼▲➨▲♣❩✺▲ ❆☛❆ ❋❬❊❄❇❆☛❄ ∏∞

n=1(1 − xn) â➜❩✺▲❖❍✙◆☛❪✚❫❹❯✔❋⑦▲ ⑨ ❄❇❬✚❭ ❯☛❪✚❫❑▲✦ä✉å❾r✄✂Ó▲❖❘❖▲✙❈➂❋✟◆❨❯✔❋ ❬✚❆ ▲♣❉✚❪✙❯☛▲♦❯ ❄ ❏⑦❚➂❴✟❏❿❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋✾r❞❺á❉✚❋ t
❏ ❄ ■❑◆✺❈❦❩✟▲❖❏♦▲ 1− xn 6= 0

❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ ■❑❍➀❯☛❋✺■ ❆ ▲ ❬ ▲❖◆☛■❹❯✔■❹❲❖▲ n ❈✙❲❖❋✟❏ ❝ ❪✚❋ ∏∞
n=1(1− xn) ❩✺▲❇❍❦❲❇❋ ❆ ❘❖❋ ❬❊❄❇❆☛❄



☎ ↔①→ ❒ ❮➪Ô❡➑❅➒❖➓✚➔
η(τ)

➱❶➱

❪✚❏ ❄✄♠ ❪✚❍ ❢✺❣ ▲ ❄ ❍ ❄ ❫ ❭ ❯☛■❑❩ ❄ ◆☛❋✟❏ ② ❋ ❆ ▲❖◆❙❋✟❏ |x| < 1 r✆✂Ó▲❖❘❖▲✚❈ ∏∞
n=1(1 − xn)−1 = (

∏∞
n=1(1 − xn))

−1

❯ ❄ ❏⑦❚✤❴✺❏ ❬ ▲❖◆❨◆☛❪✚■Ó❯ ❄ ❫ ❬✚❆ ▲ ❬✚❆ ■❳❋✺❉ ❄ ❉✙❋❇r
❺➨❘❇▲ ❆✔❄ ❈ ❬✚❆ ▲✈❲ ❄❇❆ ❋✺❏▼▲❖◆ ❝ ❪✚❋ ∑∞

m=0 p(m)xm ❯ ❄ ❏✏❚➂❴✟❏★❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋ ❝ ❪ ❄ ❍✚❉✚▲ |x| < 1 r ❃ø❆ ■❳❏♦❋✟■ ❆✔❄✉t
❏▼❋✺❍➀❯✔❋✾❈✚❯✔▲♣❉ ❄ ❲♣■ ❄ ❈✚❩✟▲❖❍✚◆❨■❑❉✚❋ ❆ ❋✺❏▼▲❖◆ 0 ≤ x < 1 r � ❋✟❍✚❉✚▲ N ❪✚❏➈■❑❍➀❯☛❋✺■ ❆ ▲ ❬ ▲❇◆☛■❳❯☛■❳❲❇▲✚❈❼❯☛❋✺❏▼▲❖◆

N∏

n=1

(1 − xn)−1 =

N∏

n=1

( ∞∑

j=0

xnj

)

.

❃ ❋✺❫❑▲Ñ❏♦❋✟◆☛❏▼▲ ❄❇❆ ❘❖❪✚❏▼❋✺❍➀❯✔▲ ❝ ❪✚❋ ❄❇❬✚❆ ❋✟◆☛❋✟❍❦❯ ❄ ❏▼▲❖◆ ❄ ❍➀❯✔❋✟◆❵❉✚❋✟◆❨❯ ❄✐❬✙❆ ▲ ❬ ▲❖◆☛■ ❢❤❣ ▲✙❈✝▲✐❩✺▲♣❋✟●✚❩✺■❑❋✟❍➀❯✔❋q❉✚❋ xm

â 0 ≤ m ≤ N å➨❋✟❏ ∏N
n=1

(
∑∞

j=0 x
nj
) ❴❛■❳❘❖❪ ❄ ❫ ❄ p(m) â①❍✚❋✟◆❨❯✔❋❛❩ ❄ ◆☛▲✙❈ ❄ ❏ ❄ ■❳▲ ❆➨❬✚❄❇❆ ❯☛❋ ❝ ❪✚❋ ❬ ▲♣❉✚❋

▲♣❩✺▲ ❆❨❆ ❋ ❆ ❍♣❪✙❏ ❄❛❬❊❄❇❆ ❯✔■ ❢❤❣ ▲➶❉✚❋ m ❴✾❈✚❉✚❋ ♠①❄ ❯✔▲✙❈ N å❱❈❊❋ ❬ ▲♣❉✚❋✟❏♦▲❖◆á❋✟◆☛❩ ❆ ❋✟❲❇❋ ❆
N∏

n=1

(1 − xn)−1 =
N∑

m=0

p(m)xm +
∞∑

m=N+1

amx
m, â➜ã✚r ó å

▲❖❍✙❉✚❋ 0 ≤ am ≤ p(m) r à ❏◗◆❨❪✚❏ ❄ ❈✮â①ã✙r ó å➌❴⑦❲❖❋ ❆ ❉ ❄ ❉✚❋✟■ ❆☛❄❵❬ ▲ ❆❨❝ ❪✚❋❛◆☛❋✟❪✍❏▼❋✺❏✏❚ ❆ ▲✸❋✟◆ ❝ ❪✚❋ ❆ ❉✚▲✦❴ ✦ ❪✚◆ t
❯ ❄ ❏♦❋✟❍➀❯✔❋ ❄❷♠ ❪✙❍ ❢❤❣ ▲✏❘❖❋ ❆☛❄ ❉✚▲ ❆☛❄✏❬❊❄❇❆☛❄ ▲❛❍❦❥✚❏♦❋ ❆ ▲⑦❉✙❋ ❬❊❄❇❆ ❯✔■ ❢✟④ ❋✟◆✇❋✟❏ ❬❊❄✾❆ ❯✔❋✟◆ ❝ ❪✚❋❞❲ ❄ ❫❑❋✟❏✲❈❦❍✚▲❛❏ s ❽❼■❑❏▼▲✚❈
N r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✙❈❊◆☛❋✺❘❇❪✚❋❇❈ ❬❊❄✾❆✔❄ 0 ≤ x < 1 ❈ ❝ ❪✚❋

N∑

m=0

p(m)xm ≤
N∏

n=1

(1 − xn)−1 ≤
∞∏

n=1

(1 − xn)−1,

◆❨❋✺❍✚❉✚▲ ❄ ❥✚❫❳❯☛■❑❏ ❄ ❉✚❋✺◆❨■❑❘❖❪ ❄ ❫❑❉ ❄ ❉✚❋ ✦ ❪✚◆❜❯✔■❳●✚❩ ❄ ❉ ❄➶❬ ❋✺❫❑▲ ♠①❄ ❯✔▲➶❉✚❋ ❝ ❪✚❋❇❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ n ❈
(1 − xn)−1 = 1 + xn + x2n + · · · ≥ 1.

⑨ ▲❖❏▼▲ p(m)xm ≥ 0 ❈ ❬❊❄❇❆✔❄ ❩ ❄ ❉ ❄ m ❈❧❯✔❋✟❏♦▲❇◆ ❝ ❪✚❋ ∑N
m=0 p(m)xm ❴q❪✚❏ ❄♥♠ ❪✚❍ ❢✺❣ ▲ï❏♦▲❇❍✚æ❇❯✔▲❇❍ ❄

❩ ❆ ❋✺◆❨❩✺❋✟❍❦❯☛❋✝❉✚❋ N ❈✾❫❑■❳❏♦■❹❯ ❄ ❉ ❄⑤❬ ▲ ❆ ∏∞
n=1(1−xn)−1 ❈ ❝ ❪✚❋✇◆ ❄ ❚➂❋✟❏♦▲❇◆❡❩✟▲❖❍➀❲❖❋ ❆ ❘❖■ ❆ r✝✂Ó▲❖❘❇▲✚❈ ∑N

m=0 p(m)xm

❴③❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋✟❍➀❯✔❋❇❈❊❩✟▲❖❏ ∑∞
m=0 p(m)xm ≤∏∞

n=1(1−xn)−1 r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲✏❫ ❄ ❉✚▲✚❈❦❯ ❄ ❏⑦❚➂❴✟❏ ❪✙❯✔■❳❫❑■ ②❤❄ ❍✚❉✙▲❄❛❆ ❋✟❫ ❄❇❢✺❣ ▲✲â①ã✚r ó å❾❈✙❯✔❋✟❏♦▲❖◆
N∏

n=1

(1 − xn)−1 ≤
N∑

m=0

p(m)xm +
∞∑

m=N+1

p(m)xm =
∞∑

m=0

p(m)xm,

❬❊❄✾❆✔❄ ❩ ❄ ❉ ❄ ■❑❍➀❯☛❋✺■ ❆ ▲ ❬ ▲❖◆☛■❹❯✔■❳❲❇▲ N ❈✮❉✚▲❖❍✚❉✚❋✾❈➃❯✔▲❖❏ ❄ ❍✚❉✙▲ N → ∞ ❈➊❯✔❋✟❏♦▲❖◆ ❝ ❪✙❋ ∏∞
n=1(1 − xn)−1 ≤

∑∞
m=0 p(m)xm r✞✂Þ▲❇❘❖▲✚❈ ❬❊❄❇❆☛❄ 0 ≤ x < 1 ❈ ∏∞

n=1(1 − xn)−1 =
∑∞

m=0 p(m)xm ❈➂❋ ❄✄❬✚❆ ▲ ❬ ▲❖◆❨■ ❢✺❣ ▲
❴❙❲ s ❫❑■❳❉ ❄ r

❺➨❘❇▲ ❆✔❄ ❈Þ◆❨❪ ❬ ▲❇❍✚➉ ❄ ❏▼▲❖◆ ❄❇❬ ❋✟❍ ❄ ◆ ❝ ❪✚❋ |x| < 1 r✠✟ s ◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋❇❈❅❍✚❋✺◆❨◆☛❋✄❩ ❄ ◆☛▲✙❈❅▲✦❏♦❋✟❏⑦❚ ❆ ▲✦❋✟◆ t❝ ❪✚❋ ❆ ❉✚▲➶❉✚❋♦â①ã✙r❳ä✉å❻❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋✾r✮❺➨❫❑❴✟❏ ❉✚■❳◆☛◆❨▲✚❈ ∑∞
m=0 |p(m)xm| =

∑∞
m=0 p(m)|x|m ❈ ❬ ❋✟❫❑▲ ❆☛❄ ❩✺■❳▲❼❩ ❭ ❍✚■❳▲



➱☛✡ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈➨❩✟▲❖❏▼▲ 0 ≤ |x| < 1 ❈➨❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋ ❬❊❄❇❆☛❄ ∏∞
n=1(1 − |x|n)−1 r ⑥❞❄ ❉✚▲ ❝ ❪✚❋♥❩✟▲❖❍➀❲❖❋ ❆ ❘❖í✟❍ t

❩✺■ ❄✒❄ ❚✚◆☛▲❇❫❑❪✙❯ ❄ ■❑❏ ❬ ❫❑■❳❩ ❄ ❩✟▲❖❍➀❲❖❋ ❆ ❘❖í✟❍✚❩✺■ ❄ ❈⑤◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋ ∑∞
m=0 p(m)xm ❩✺▲❖❍➀❲❇❋ ❆ ❘❇❋ ❬❊❄✾❆✔❄ ❪✚❏ ❄q♠ ❪✚❍ ❢❤❣ ▲❄ ❍ ❄ ❫ ❭ ❯☛■❑❩ ❄❙❝ ❪ ❄ ❍✙❉✚▲ |x| < 1 r ❃ ❋✟❫❑▲ ❆☛❄ ❩✺■❳▲❼❩ ❭ ❍✚■❳▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈ ❬ ▲♣❉✚❋✺❏▼▲❖◆ ❄✾❬ ❫❑■❳❩ ❄❇❆ ▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ä❞❉✚▲ ⑨ ❄❇❬✚❭❹t

❯✔❪✚❫❳▲✐ä❖❈ø❩✟▲❖❍✚◆☛■❳❉✚❋ ❆☛❄ ❍✚❉✚▲ t ◆☛❋ D = D1 = D2 = {x ∈ C | |x| < 1} ❈ f(x) =
∏∞

n=1(1 − xn)−1 ❈
g(x) =

∑∞
m=0 p(m)xm ❋❇❈ ❬ ▲ ❆ ❋❱❽❼❋✟❏ ❬ ❫❳▲✚❈ xk = 1/(k+ 1) ❈✙❉✙▲❖❍✚❉✚❋ f(xk) = g(xk) â①■❳◆☛◆❨▲⑦❴❞❘ ❄❇❆☛❄ ❍ t

❯✔■❳❉✚▲ ❬ ❋✺❫❳▲ ❝ ❪✚❋ ❬✚❆ ▲✈❲ ❄ ❏▼▲❖◆ ❬❊❄❇❆✔❄ 0 ≤ x < 1 å❱❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ ■❳❍❦❯☛❋✺■ ❆ ▲ ❬ ▲❖◆❨■❳❯☛■❳❲❖▲ k ❈❅❋ xk → 0 ∈ D r⑨ ▲❖❏▼▲▼❩✟▲❖❍✚❩✟❫❑❪✚◆ ❣ ▲➶❉✚▲▼❯☛❋✺▲ ❆ ❋✺❏ ❄ ❈✙❯☛❋✺❏▼▲❖◆ ❝ ❪✚❋ f(x) = g(x) ❋✺❏ D ❈✚❩✺▲❇❏ ❬ ❫❳❋✟❯ ❄ ❍✚❉✚▲ ❄➶❬✚❆ ▲✈❲ ❄ r
❺ ❆ ❋✺❫ ❄❇❢❤❣ ▲❛❋✟❍➀❯ ❆ ❋ η(τ) ❋ p(m) ❋✺◆❜❯ s ❩✺▲❖❍➀❯☛■❑❉ ❄ ❍✚▲▼◆☛❋✟❘❖❪✚■❑❍➀❯☛❋❸❩✟▲ ❆ ▲❇❫ s❇❆ ■❑▲✚➍

☞ ➔✤❰✉➔✤Õ✍✌✚❰✑✗①➔✏✎✪↔✒✑✝➦❇➸❨➦
τ ∈ H

➮

[η(τ)]−1 =

∞∑

m=0

p(m)e2πi(m−1/24)τ =

∞∑

m=−1

p(m+ 1)e2πi(m+23/24)τ .

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸☛➦❖➫✉➭♣➡❇➬✁� ❋ τ = x + iy ∈ H ❈❡❋✺❍➀❯ ❣ ▲ |e2πiτ | = e−2πy < 1 ❈ ❬ ▲❖■❑◆ y > 0 r✓✂Þ▲❇❘❖▲✚❈ ❬ ❋✟❫ ❄❃ø❆ ▲ ❬ ▲❖◆☛■ ❢❤❣ ▲✠ä❂❋ ❬ ❋✟❫ ❄ ❉✚❋❱●❊❍✚■ ❢❤❣ ▲▼❉✚❋ η(τ) ❈✙❲❖❋✟❏ ❝ ❪✚❋
[η(τ)]−1 =

[

eπiτ/12
∞∏

m=1

(
1 −

(
e2πiτ

)m)

]−1

= e−πiτ/12

∞∏

m=1

(
1 −

(
e2πiτ

)m)−1

= e−πiτ/12

∞∑

m=0

p(m)
(
e2πiτ

)m

=

∞∑

m=0

p(m)e2πi(m−1/24)τ =

∞∑

m=−1

p(m+ 1)e2πi(m+23/24)τ ,

❩✺▲❖❏▼▲ ❝ ❪✚❋ ❆❨❭ü❄ ❏▼▲❖◆✝❉✚❋✟❏♦▲❇❍✚◆❨❯ ❆✔❄❇❆ r
è ■❑❍ ❄ ❫❑■ ②✺❄ ❏▼▲❖◆③❋✟◆❨❯ ❄ ◆❨❋ ❢✺❣ ▲✲▲❇❚✚◆☛❋ ❆ ❲ ❄ ❍✚❉✚▲ ❝ ❪✚❋ η(τ) ❈ ❬ ❋✺❫ ❄✸❃ø❆ ▲ ❬ ▲❇◆☛■ ❢✺❣ ▲✒ä➶❋ ❬ ❋✟❫ ❄ ❉✚❋✟❏♦▲❇❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲

❉✚▲➶❩✺▲ ❆ ▲❖❫ s✾❆ ■❑▲ ❬✚❆ ❋✟❩✺❋✺❉✙❋✺❍➀❯✔❋✾❈➂❴ ❆ ❋✟❘❖❪✚❫ ❄❇❆ ❋✺❏ H r
✶✠✷✕✔ ✖✘✗✚✙✜✛✣✢✆✤✥✛✣✦✠✧❧✿✩★✪✛✣✦✫✢✆✦✠✧✒✤✴✼✬✢✆✭ ❁ ✤✪✢✆✤
ì ❋✟◆❨❯ ❄ ◆❨❋ ❢✺❣ ▲✚❈ ❄❇❬✚❆ ❋✺◆☛❋✟❍➀❯ ❄❇❆ ❋✺❏▼▲❖◆ ❄ ❫❳❘❖❪✚❏ ❄ ◆ ♠①❄ ❏♦▲❖◆ ❄ ◆✏■❳❉✚❋✺❍➀❯☛■❑❉ ❄ ❉✙❋✺◆✺❈ø❉✙❋✺❍➀❯ ❆ ❋ ❄ ◆ ❝ ❪ ❄ ■❳◆ ❄ ❉✚❋✫✟ ❄ ❩✺▲❖❚✚■
â ❬✚❆ ▲❼❉✙❪✙❯✔▲✠❯ ❆ ■ ❬ ❫❳▲❦å➨❋ ❄ ❉✚❋ à ❪✙❫❑❋ ❆ r❵❺ ❬✚❆ ■❳❏♦❋✟■ ❆✔❄ ❉✙❋✺❫ ❄ ◆ ❬ ▲❖◆☛◆❨❪✚■✮❲ s✾❆ ■ ❄ ◆❙❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢✺④ ❋✺◆✺❈❅❉✚❋✺❍➀❯ ❆ ❋ ❄ ◆❝ ❪ ❄ ■❑◆❛◆❨❋✺❫❳❋✺❩✺■❳▲❖❍ ❄ ❏▼▲❖◆❷❪✚❏ ❄ ❉✙❋✟❲♣■❑❉ ❄ ❄ ❺③❍✚❉ ❆ ❋✯✮❧◆qâ ➦❱➼✤➩✚➳ ò ä❖ä✺õ➇❈✮❩✺▲❖❍✚◆❨❪✚❫❳❯☛❋ ❄✒❆ ❋ ♠ ❋ ❆ í✟❍✚❩✺■ ❄êòöó õüå❱r ❃➊❄❇❆☛❄
❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛s➥t ❫ ❄ ❈✙❩✟▲❖❍➀❯✔❪✚❉✚▲✙❈ ❬✚❆ ❋✟❩✺■❑◆ ❄❇❆ ❋✟❏♦▲❇◆á❉✚▲



☎ ↔✰✎✲✱✫✌✚❰✑✗➜Ð✥✘✚✗➇ÒÞ➏♣➑■✜✤✗①Ò❡Ð❊ÒÞ➏P✘⑦❮➹Ð❊ÏÑ➔✹✘✺Ð✏✘ ➱☛✳
✴✮➏♣ÏÑÐ✶✵✸✷❨Ú❙Ô❡Õ①➏❦❰✺✹✉↔ ý➀➬✻✑✝➦❇➸❨➦ |x| < 1

➙❷➯✺➩✙➦❇Ù❹➯✺➩❶➙❱➸❂➝❊➵♣➟✄➙❱➸✔➡ ➤ ➡➥➟➨➼✤Ù❑➙✽✼❼➡ z ➮
∞∏

n=0

(1 + xnz) =

∞∑

m=0

xm(m−1)/2zm

(1 − x)(1 − x2) · · · (1 − xm)
.

✾ ➬✚✑✝➦❇➸❨➦ |x| < 1
➙ |z| < 1

➮
∞∏

n=0

(1 + xnz)−1 =

∞∑

m=0

(−1)mzm

(1 − x)(1 − x2) · · · (1 − xm)
.

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬ ä❖r ⑥ ❋✟●❊❍ ❄ ❏♦▲❇◆ f(x, z) =
∏∞

n=0(1 + xnz) r ì ▲✾❯✔❋✺❏▼▲❖◆ ❝ ❪✚❋ ∑∞
n=0 |xnz| =

|z|∑∞
n=0 |x|n ❈ ❬❊❄✾❆✔❄ z ❩✟▲❖❏ ❬ ❫❑❋❱❽❼▲❵❋ |x| < 1 ❈Ö❩✟▲❖❍➀❲❖❋ ❆ ❘❖❋✾r✆✂Ó▲❖❘❇▲✚❈ ∏∞

n=0(1 + xnz) ❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋❄ ❚✚◆☛▲❖❫❳❪✙❯ ❄ ❏♦❋✟❍❦❯☛❋❞❋❇❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯☛▲✚❈✙❩✟▲❖❍➀❲❖❋ ❆ ❘❖❋❇r ⑥ ❋✟◆❨❯✔❋❂❏▼▲❼❉✙▲✚❈ ❬ ▲♣❉✚❋✺❏▼▲❖◆✝❩✟▲❖❍✚◆☛■❳❉✚❋ ❆☛❄❇❆ ❈ ❬❊❄❇❆☛❄ x ●✙❽❼▲
❋ z ❄❇❆ ❚✚■❳❯ ❆✔s❇❆ ■❑▲✚❈ f(x, z) =

∑∞
m=0 am(x)zm ❈✚▲❇❍✚❉✚❋ am(x) ❈ ❬❊❄❇❆✔❄ ❩ ❄ ❉ ❄ m ❈✚❴❙❪✚❏ ❬ ▲❖❫❳■❑❍☛✿❖❏▼■❑▲

❍ ❄ ❲ ❄❇❆ ■ s ❲❖❋✟❫ x â |x| < 1 å❱r � ❋✟❘❖❪✚❋❂❉ ❄ ❉✚❋✟●❊❍✙■ ❢❤❣ ▲▼❉✙❋ f(x, z)
❝ ❪✙❋

f(x, z) =

∞∏

n=0

(1 + xnz)

= (1 + z)
∞∏

n=1

(1 + xnz)

= (1 + z)
∞∏

n=0

(1 + xn(zx)) = (1 + z)f(x, zx),

❉✙▲❖❍✚❉✚❋
∞∑

m=0

am(x)zm = (1 + z)

∞∑

m=0

am(x)(zx)m

=
∞∑

m=0

am(x)xmzm +
∞∑

m=0

am(x)xmzm+1

=
∞∑

m=0

am(x)xmzm +
∞∑

m=1

am−1(x)x
m−1zm.

❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ ❬❊❄✾❆✔❄ m ≥ 1 ❈❊■❑❘❖❪ ❄ ❫ ❄ ❍✙❉✚▲ t ◆❨❋❙▲❖◆❧❩✺▲♣❋✟●❊❩✟■❑❋✟❍❦❯☛❋✺◆③❉✚❋ zm ❉✙❋ ❄ ❏✏❚➂▲❖◆❧▲❖◆➌❏▼❋✺❏⑦❚ ❆ ▲❖◆❧❉ ❄
■❳❘❖❪ ❄ ❫❳❉ ❄ ❉✚❋ ❄ ❩✺■❳❏ ❄ ❈♣❲❖❋✟❏ ❝ ❪✚❋ am(x) = am(x)xm + am−1(x)x

m−1 ❈❊▲❖❪
am(x) =

am−1(x)x
m−1

1 − xm
. â➜ã✚rö⑩➀å



✡❁❀ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❺➨❫❳❴✺❏ ❉✙■❑◆☛◆❨▲✚❈ ❬ ❋✟❫ ❄ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲❷■❑❍✚■❳❩✺■ ❄ ❫✙❉✚❋ f(x, z) ❈❦❴❧❩✺❫ ❄❇❆ ▲ ❝ ❪✚❋ a0(x) = 1 ❈♣❉✙▲❖❍✚❉✚❋✾❈❼■❹❯✔❋ ❆☛❄ ❍✚❉✚▲ t
◆☛❋ ❆ ❋ ❬ ❋✟❯✔■❳❉ ❄ ❏▼❋✺❍➀❯✔❋ ❄❛❆ ❋✟❫ ❄❇❢✺❣ ▲✦â①ã✙rô⑩➀å❾❈✙❲❖❋✟❏ ❝ ❪✚❋

am(x) =
xm−1

1 − xm
· am−1(x)

=
xm−1

1 − xm
· xm−2

1 − xm−1
· am−2(x)

= · · ·
=

xm−1

1 − xm
· xm−2

1 − xm−1
· · · x0

1 − x
· a0(x)

=
xm(m−1)/2

(1 − x)(1 − x2) · · · (1 − xm)
,

❉✚▲❖❍✙❉✚❋❷◆❨❋✺❘❖❪✙❋❷▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲▼❉✚❋✺◆❨❋ ✦☛❄ ❉✙▲✚r❃❂❧■❑❘❖▲ ❆ ▲❖◆ ❄ ❏♦❋✟❍❦❯☛❋❇❈✚❴❸❩✺❫ ❄❇❆ ▲✙❈ ❄ ❋❾❽ ❬✚❆ ❋✟◆☛◆ ❣ ▲✸▲❖❚✙❯✔■❳❉ ❄❛❬❊❄❇❆☛❄
am(x) ❉✚❋✟❲❇❋➨◆☛❋ ❆⑤❬✙❆ ▲✈❲ ❄ ❉ ❄❷❬ ▲ ❆ ■❑❍✙❉✚❪ ❢❤❣ ▲❷◆❨▲❖❚ ❆ ❋ m ❈❼❏ ❄ ◆✮▲❸❏♦❴❱❯✔▲♣❉✚▲❷■❹❯✔❋ ❆✔❄ ❯☛■❳❲❖▲ ❝ ❪✚❋ ❄❇❬ ❫❑■❳❩ ❄ ❏▼▲❖◆❬ ▲❼❉✚❋ ◆❨❋ ❆ ❩✺▲❖❍✙◆☛■❑❉✙❋ ❆✔❄ ❉✚▲Ø❪✙❏ ❄ ◆☛■❳❏ ❬ ❫❑■❳●✚❩ ❄❇❢✺❣ ▲✐❉✚▲ ❆✔❄ ❩✟■❑▲♣❩ ❭ ❍✚■❑▲✐■❳❍✚❉✚❪✙❯☛■❳❲❇▲✚❈ ❝ ❪✚❋✍◆☛❋ ❆ ■ ❄ ❏▼❋✺❍✚▲❖◆
■❑❫❳❪✚◆❨❯ ❆✔❄ ❯☛■❳❲❇▲✚r

ó r ì ❋✟◆❨❯☛❋❵❩ ❄ ◆❨▲✚❈ø❩✺▲❇❍✚◆☛■❳❉✚❋ ❆ ❋✺❏▼▲❖◆ g(x, z) =
∏∞

n=0(1 + xnz)−1 rq❺➨❍ ❄ ❫❑▲❖❘ ❄ ❏♦❋✟❍➀❯✔❋ ❄ ▲q■❳❯☛❋✺❏ ❄ ❍ t
❯✔❋ ❆ ■❳▲ ❆ ❈ ∏∞

n=0(1 + xnz) ❩✺▲❖❍➀❲❇❋ ❆ ❘❇❋❇❈❂◆☛❋ |x|, |z| < 1 ❈ ❬❊❄❇❆☛❄ ❪✙❏ ❄ï♠ ❪✚❍ ❢✺❣ ▲ ❄ ❍ ❄ ❫ ❭ ❯✔■❑❩ ❄ ◆☛❋✟❏② ❋ ❆ ▲❖◆✟❈❧❪✚❏ ❄ ❲❖❋ ②✒❝ ❪✙❋❇❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ n ❈ 1 + xnz 6= 0 â➜❍✚■❑◆❜❯✔▲Ñ◆❨❋ ✦ ❪✚◆❜❯✔■❳●✚❩ ❄✐❄ ■❳❏ ❬ ▲ ❆ ❯❅❄❇❍✚❩✟■ ❄
❉ ❄✍❆ ❋✺◆❜❯ ❆ ■ ❢❤❣ ▲ |z| < 1 å❱r❆✂Ó▲❖❘❖▲✙❈✇▲✍❏♦❋✟◆☛❏▼▲♥▲♣❩✺▲ ❆☛❆ ❋✦❩✺▲❇❏ g(x, z) r ⑥ ❋✟◆❨❯ ❄ ❏ ❄ ❍✙❋✺■ ❆☛❄ ❈✮❯ ❄ ❏ t
❚✤❴✺❏ ❄❇❝ ❪✚■ ❬ ▲♣❉✚❋✟❏♦▲❖◆❧❩✟▲❖❍✚◆☛■❳❉✚❋ ❆☛❄❇❆ ❈ ❬❊❄✾❆✔❄ x ●✙❽❼▲✄❋ z ❄❇❆ ❚✙■❳❯ ❆☛s❇❆ ■❳▲✚❈ g(x, z) =

∑∞
m=0 bm(x)zm ❈

◆☛❋✟❍✚❉✚▲ bm(x) ❪✚❏ ❬ ▲❖❫❳■❑❍☛✿❖❏▼■❑▲✲❍ ❄ ❲ ❄❇❆ ■ s ❲❖❋✟❫ x ❈✝❩✺▲❇❏ b0(x) = 1 r ⑨ ▲❇❏♦▲ ❬✚❆ ▲♣❩✺❋✟❉✚❋✺❏▼▲❖◆▼❍✚▲
■❳❯☛❋✺❏ ❬✚❆ ❋✺❩✺❋✟❉✚❋✺❍➀❯☛❋❇❈ ❬ ▲♣❉✚❋✟❏♦▲❖◆❸❩✺▲❇❍✚❩✺❫❳❪✚■ ❆❸❝ ❪✚❋ g(x, zx) = (1 + z)g(x, z) ❋❇❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ ❝ ❪✙❋
∑∞

m=0 bm(x)xmzm =
∑∞

m=0 bm(x)zm +
∑∞

m=1 bm−1(x)z
m ❈❊❉✚▲❖❍✚❉✙❋

bm(x) =
−bm−1(x)

(1 − xm)
, â①ã✙röã❦å

❬❊❄❇❆☛❄
m ≥ 1 r❇✂Ó▲❖❘❇▲✚❈✚■❳❯☛❋ ❆☛❄ ❍✚❉✚▲ t ◆☛❋ ❆ ❋ ❬ ❋✟❯✔■❳❉ ❄ ❏▼❋✺❍➀❯✔❋♦â➜ã✚röã➀å❱❈✚◆❨❋✺❘❖❪✚❋ ❝ ❪✚❋

bm(x) =
−1

1 − xm
· bm−1(x)

=
−1

1 − xm
· −1

1 − xm−1
· bm−2(x)

= · · ·
=

−1

1 − xm
· −1

1 − xm−1
· · · −1

1 − x
· b0(x)

=
(−1)m

(1 − x)(1 − x2) · · · (1 − xm)
,



☎ ↔✰✎✲✱✫✌✚❰✑✗➜Ð✥✘✚✗➇ÒÞ➏♣➑■✜✤✗①Ò❡Ð❊ÒÞ➏P✘⑦❮➹Ð❊ÏÑ➔✹✘✺Ð✏✘ ✡ →

❩✟▲❖❍✚❩✟❫❑❪✚■❳❍✚❉✚▲ ❄➶❬✚❆ ▲✈❲ ❄ ❉ ❄ ■❳❉✚❋✺❍➀❯☛■❑❉ ❄ ❉✙❋❇r

❺➨❘❇▲ ❆✔❄ ❈✙◆☛■❑❏✦❈✚❋✟◆❨❯ ❄ ❏♦▲❖◆á❋✟❏➈❩✺▲❇❍✚❉✚■ ❢✟④ ❋✟◆❧❉✚❋❂❋✺❍❦❪✚❍✚❩✟■ ❄❇❆ ❋❂❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛❄❇❆ ▲
❈ ➏❦➔❶❰✉➏♣ÏÑÐ ☎ ✷❨÷❸❰✉➔ÓÒ❅Ôç✜✈➔ ❈ ❰✑✗➜Ü➊Õ➜➔✸ÒÞ➏✩❉ÖÐ❁❊❖➔●❋☞✗❍✹✉↔øù❶➩✈➼❊➡➥➝❏■✙➦✏➯✺➩❊➙

x
➙
z
➢✈➙✍❑✟➦❇➟✰➝❊➵♣➟✄➙❱➸✔➡✈➢ ➤ ➡➥➟➨➼✤Ù❑➙✽✼❼➡✈➢➺✖➦❇➞❑➢✏➯✺➩❶➙ |x| < 1

➙
z 6= 0

➬✒▲⑤➝❊➺✖➭♣➡
∞∏

n=0

(
1 − x2n+2

) (
1 + x2n+1z

) (
1 + x2n+1z−1

)
=

∞∑

m=−∞
xm2

zm.

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬ ⑨ ▲❇❏♦▲ |x| < 1 ❋ z 6= 0 ❈ ❄ ■❳❉✚❋✺❍➀❯✔■❳❉ ❄ ❉✚❋➨ä❖r❇❉✚▲▼✂Ó❋✺❏ ❄ ⑩✙❈ ❬❊❄✾❆✔❄ x2 ❋ xz ❍✚▲❖◆ø❫❑❪✙❘ ❄❇❆ ❋✟◆
❉✚❋ x ❋ z ❈ ❆ ❋✺◆ ❬ ❋✟❩✟❯☛■❳❲ ❄ ❏▼❋✺❍➀❯✔❋✾❈❊■❑❏ ❬ ❫❑■❳❩ ❄✏❝ ❪✚❋

∞∏

n=0

(
1 + x2n+1z

)
=

∞∏

n=0

(
1 +

(
x2
)n

(xz)
)

=

∞∑

m=0

xm(m−1)(xz)m

(1 − x2)(1 − x4) · · · (1 − x2m)

=

∞∑

m=0

xm2
zm

(1 − x2)(1 − x4) · · · (1 − x2m)

=

∞∑

m=0

xm2

zm

{∏∞
j=0 (1 − x2j+2+2m)
∏∞

j=0 (1 − x2j+2)

}

=

∞∏

j=0

(
1 − x2j+2

)−1
∞∑

m=0

xm2

zm

∞∏

j=0

(
1 − x2j+2+2m

)
. â➜ã✚r❖◆❖å

ì ▲❇❯✔❋ ❄ ❘❖▲ ❆✔❄❙❝ ❪✚❋❇❈♣◆☛❋ m < 0 ❈❦❋✺❍➀❯ ❣ ▲✚❈➀❯✔▲❖❏ ❄ ❍✚❉✚▲ t ◆☛❋ j = −m−1 ≥ 0 ❈➀◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋ 2j+2+2m = 0 ❈
❉✚▲❇❍✚❉✚❋ 1 − x2j+2+2m = 0 r ⑥ ❋✺◆❜❯✔❋❷❏♦▲♣❉✚▲✚❈ ❬✚❄❇❆✔❄ m < 0 ❈ ∏∞

j=0 (1 − x2j+2+2m) = 0 ❈❶❉✚❋❸❏ ❄ ❍✚❋✺■ ❆✔❄❝ ❪✚❋ ❬ ▲❼❉✚❋✟❏♦▲❇◆ ❆ ❋✺❋✟◆☛❩ ❆ ❋✟❲❇❋ ❆❙❄ ❋❾❽ ❬✙❆ ❋✺◆❨◆ ❣ ▲qâ①ã✚r❖◆❖å✇❩✟▲❖❏♦▲
∞∏

j=0

(
1 − x2j+2

)−1
∞∑

m=−∞
xm2

zm
∞∏

j=0

(
1 − x2j+2+2m

)
.

❺ ❬ ❫❑■❳❩ ❄ ❍✚❉✙▲ t ◆❨❋❞❍✚▲✈❲ ❄ ❏♦❋✟❍➀❯✔❋ ❄ ■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋❛ä❖r✚❉✙▲P✂Ó❋✟❏ ❄ ⑩✙❈ ❬✚❄❇❆✔❄ x2 ❋ −x2+2m ❍✚▲❇◆á❫❑❪✚❘ ❄✾❆ ❋✺◆á❉✙❋ x ❋



✡ ✎ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

z ❈ ❆ ❋✟◆ ❬ ❋✺❩❱❯✔■❳❲ ❄ ❏▼❋✺❍➀❯☛❋❇❈✚❯✔❋✟❏♦▲❇◆❧❯ ❄ ❏⑦❚✤❴✺❏
∞∏

j=0

(
1 − x2j+2+2m

)
=

∞∏

j=0

(

1 +
(
x2
)j (−x2+2m

))

=

∞∑

k=0

xk(k−1) (−x2+2m)
k

(1 − x2)(1 − x4) · · · (1 − x2k)

=
∞∑

k=0

(−1)kxk2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)
â①ã✙rô⑧➀å

� ❪✚❚✚◆❜❯✔■❹❯✔❪✚■❳❍✚❉✚▲ t ◆☛❋❇❈ ❬ ▲❖■❳◆✺❈Þâ➜ã✚rö⑧➀å✇❋✺❏ â➜ã✚r❖◆❖å❱❈✙❲❇❋✺❏ ❝ ❪✚❋
∞∏

n=0

(
1 + x2n+1z

)
=

∞∏

j=0

(
1 − x2j+2

)−1
∞∑

m=−∞
xm2

zm

∞∑

k=0

(−1)kxk2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)

=
∞∏

j=0

(
1 − x2j+2

)−1
∞∑

m=−∞

∞∑

k=0

(−1)kzmxk2+m2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)
. â①ã✙r❘◗❖å

❃ ❋✟❫❑▲ ❆✔❄ ❩✟■❑▲♣❩ ❭ ❍✙■❑▲❞❋✟❏ ❬✚❆ ❋✺❘ ❄ ❉✚▲ ❄ ❯✔❴ ❄❇❝ ❪✚■❊❋ ❬ ❋✟❫❑▲▼✂Ó❋✺❏ ❄ ⑩✙❈ ❄ ■❳❉✚❋✺❍➀❯☛■❑❉ ❄ ❉✙❋➌❋❾❽ ❬✚❆ ❋✟◆☛◆ ❄ ❋✺❏❿â➜ã✚r❘◗❇å➊❴➌❲ s ❫❳■❑❉ ❄❬❊❄❇❆☛❄ |x| < 1 ❋ z ❄✾❆ ❚✚■❹❯ ❆✔s✾❆ ■❑▲✙r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈➀❍✙❋✺◆☛◆❨❋❧❩ ❄ ◆❨▲✚❈➀▲❙◆☛▲❖❏ ❄ ❯☛æ ❆ ■❳▲❞❉✚❪ ❬ ❫❳▲❞❉✚❋á◆❨❋✺❪▼❏♦❋✟❏⑦❚ ❆ ▲➨❉✚■ ❆ ❋✺■❳❯☛▲
❴❧❩✺▲❖❍➀❲❖❋ ❆ ❘❖❋✟❍➀❯✔❋❇r ß ▲❼❉ ❄ ❲♣■ ❄ ❈ ❬❊❄❇❆☛❄❂❝ ❪✚❋ ❬ ▲❖◆☛◆ ❄ ❏♦▲❇◆➃❯ ❆ ▲♣❩ ❄✾❆✮❄ ▲ ❆ ❉✚❋✟❏ ❉✚❋❧❯ ❄ ■❳◆➃◆☛▲❖❏ ❄ ❯☛æ ❆ ■❳▲❖◆✺❈❖❏ ❄ ❍➀❯✔❋✟❍✚❉✚▲ t
◆☛❋♦▲❖◆✏❏▼❋✺◆❨❏♦▲❖◆❸■❑❍➀❯☛❋ ❆ ❲ ❄ ❫❳▲❖◆❂❉✚▲❖◆ ❭ ❍✚❉✚■❳❩✺❋✟◆✺❈➊❉✙❋✟❲❖❋✟❏♦▲❇◆✏❋✺❍✙❩✺▲❖❍➀❯ ❆☛❄❇❆⑦❄ ❩✺▲❖❍✚❉✙■ ❢❤❣ ▲✲❍✚❋✟❩✺❋✟◆☛◆ s✾❆ ■ ❄q❬✚❄❇❆✔❄✦❝ ❪✙❋❄ ◆❨❴ ❆ ■❑❋ ❬ ▲ ❆ ❋✺❫❑❋✟◆❂❉✚❋✟●❊❍✙■❑❉ ❄ ❩✺▲❖❍➀❲♣■ ❆➬✦☛❄✲❄ ❚✚◆☛▲❖❫❳❪✙❯ ❄ ❏♦❋✟❍❦❯☛❋❇r➶❺➨❘❇▲ ❆✔❄ ❈Þ❍✚▲✾❯✔❋✺❏▼▲❖◆ ❝ ❪✚❋✾❈➊◆☛❋ |x| < |z| < 1 ❈
❋✺❍➀❯ ❣ ▲

∣
∣
∣
∣
∣

(−1)kzmxk2+m2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)

∣
∣
∣
∣
∣

=
|z|m|x|k2+m2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)

< |z|m+k2+m2+k+2mk < 1,

❉✚❋✄❯ ❄ ❫⑤❏ ❄ ❍✚❋✟■ ❆☛❄✲❝ ❪✚❋❇❈ø❍✙❋✺◆☛◆❨❋✸❩ ❄ ◆❨▲✚❈ø▲q◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲✦❉✚❪ ❬ ❫❳▲ ❄ ❩✺■❳❏ ❄ ❴ ❄ ❚✙◆☛▲❖❫❳❪✙❯ ❄ ❏▼❋✺❍➀❯☛❋✄❩✺▲❇❍❦❲❇❋ ❆ ❘❖❋✺❍➀❯✔❋✾r
❺➨◆❨◆☛■❑❏✦❈ ❬❊❄✾❆✔❄ |x| < |z| < 1 ❈ ❬ ▲♣❉✚❋✟❏♦▲❖◆✝❯ ❆ ▲♣❩ ❄❇❆❧❄ ▲ ❆ ❉✚❋✺❏ ❉✚❋❂◆☛❋✺❪✙◆③❏▼❋✺❏⑦❚ ❆ ▲❖◆✟➍

∞∑

m=−∞

∞∑

k=0

(−1)kzmxk2+m2+k+2mk

(1 − x2)(1 − x4) · · · (1 − x2k)
=

=

∞∑

k=0

(−1)kxk

(1 − x2)(1 − x4) · · · (1 − x2k)

∞∑

m=−∞
x(m+k)2zm

=

∞∑

k=0

(−1)k (xz−1)
k

(1 − x2)(1 − x4) · · · (1 − x2k)

∞∑

m=−∞
x(m+k)2zm+k

=
∞∑

k=0

(−1)k(xz−1)k

(1 − x2)(1 − x4) · · · (1 − x2k)

∞∑

m=−∞
xm2

zm.



☎ ↔✰✎✲✱✫✌✚❰✑✗➜Ð✥✘✚✗➇ÒÞ➏♣➑■✜✤✗①Ò❡Ð❊ÒÞ➏P✘⑦❮➹Ð❊ÏÑ➔✹✘✺Ð✏✘ ✡ ✵

❺ ❬ ❫❑■❳❩ ❄ ❍✚❉✙▲ t ◆❨❋❙❋✺◆❨❯☛❋ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲ ❄ â①ã✚r❖◗❖å❱❈❼❲❖❋✺❏
∞∏

n=0

(
1 + x2n+1z

)
=

∞∏

j=0

(
1 − x2j+2

)−1
∞∑

k=0

(−1)k(xz−1)k

(1 − x2)(1 − x4) · · · (1 − x2k)

∞∑

m=−∞
xm2

zm

=

∞∑

m=−∞
xm2

zm

∞∏

j=0

(
1 − x2j+2

)−1
∞∑

k=0

(−1)k (xz−1)
k

(1 − x2)(1 − x4) · · · (1 − x2k)

=
∞∑

m=−∞
xm2

zm
∞∏

j=0

(
1 − x2j+2

)−1
∞∏

n=0

(
1 +

(
x2
)n (

xz−1
))−1

=

∞∑

m=−∞
xm2

zm

∞∏

j=0

(
1 − x2j+2

)−1
∞∏

n=0

(
1 + x2n+1z−1

)−1
, â➜ã✚r❚❙➀å

❪✙❯☛■❑❫❳■ ②❤❄ ❍✚❉✚▲ t ◆☛❋❇❈ø❍ ❄✍❬ ❋✺❍❦❥✚❫❹❯✔■❑❏ ❄q❬❊❄ ◆❨◆ ❄ ❘❇❋✺❏✦❈ ❄ ■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋ ó r➃❉✚▲❯✂Ó❋✺❏ ❄ ⑩✙❈ ❬✚❄❇❆✔❄ x2 ❋ xz−1 ❍✚▲❖◆
❫❳❪✚❘ ❄❇❆ ❋✺◆ø❉✚❋ x ❋ z ❈ ❆ ❋✺◆ ❬ ❋✟❩✟❯☛■❳❲ ❄ ❏▼❋✺❍➀❯✔❋❷â①❍✙▲❇❯✔❋ ❝ ❪✚❋✾❈❼❩✟▲❖❏♦▲ |x| < |z| ❈➀◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋ |xz−1| < 1 å❱r❅❺➨◆☛◆❨■❑❏✦❈❆ ❋✺◆☛❪✙❫❳❯ ❄ ❉✚❋♦â➜ã✚r❖❙❖å ❝ ❪✙❋

∞∏

n=0

(
1 − x2n+2

) (
1 + x2n+1z

) (
1 + x2n+1z−1

)
=

∞∑

m=−∞
xm2

zm.

❺③❏⑦❚➂▲❇◆▼▲❇◆▼❏▼❋✺❏✏❚ ❆ ▲❖◆➶❉ ❄ ■❳❉✚❋✺❍➀❯✔■❳❉ ❄ ❉✚❋ ❄ ❩✟■❑❏ ❄ ◆ ❣ ▲ ♠ ❪✚❍ ❢✟④ ❋✟◆ ❄ ❍ ❄ ❫ ❭ ❯✔■❳❩ ❄ ◆ ❬✚❄❇❆✔❄ |x| < 1 ❋ z 6= 0 r
❺á❉✚❋✟❏ ❄ ■❑◆✺❈❇◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋ ❄ ■❑❉✚❋✟❍❦❯☛■❑❉ ❄ ❉✚❋⑤❲ ❄ ❫❳❋✇❍ ❄➨❆ ❋✺❘❖■ ❣ ▲ |x| < |z| < 1 ❈❖❉✙▲❖❍✚❉✚❋ ❬ ▲♣❉✚❋✺❏▼▲❖◆➊❋✟❍✚❩✺▲❇❍❦❯ ❆✔❄❇❆
❪✚❏ ❄ ◆❨❋ ❝❲❱ í✺❍✙❩✺■ ❄ ■❑❍❼●❊❍✚■❳❯ ❄ ❉✚❋ ❬ ▲❖❍➀❯✔▲❇◆✝❍✚❋✺❫ ❄ ❩✺▲❖❍➀❲❇❋ ❆ ❘❇❋✺❍➀❯✔❋✟◆✺❈❶❋❞❯ ❄ ■❳◆ ❝ ❪✚❋❙❲ ❄ ❫❑❋ ❄ ■❑❘❖❪ ❄ ❫❑❉ ❄ ❉✚❋③❉✙❋ ❄ ❏⑦❚✤▲❖◆
▲❖◆✮❏▼❋✺❏⑦❚ ❆ ▲❖◆ ❄ ❩✟■❑❏ ❄ r❳✂Ó▲❖❘❇▲✚❈ ❬ ❋✟❫❑▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ä➌❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲➶ä❖❈❦◆☛❋✟❘❖❪✚❋ ❝ ❪✚❋ ❄ ■❑❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋✝❲ ❄ ❫❑❋ ❬❊❄✾❆✔❄
|x| < 1 ❋ z 6= 0 ❈✚❩✟▲❖❏♦▲ ❝ ❪✚❋ ❆☛❭ü❄ ❏♦▲❖◆á❉✙❋✺❏▼▲❖❍✚◆❨❯ ❆✔❄❇❆ r

❺◗◆❨❋✺❘❖❪✙■ ❆ ❈ ❄✾❬✚❆ ❋✟◆☛❋✺❍➀❯ ❄ ❏♦▲❇◆❵❉✚▲❖■❳◆✄❩✺▲ ❆ ▲❖❫ s❇❆ ■❳▲❖◆➶❉✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ã✚❈á❪✚❏ ❉✚❋❱❲❼■❳❉✚▲ ❄✐à ❪✚❫❳❋ ❆ ❈á▲❖❪✙❯ ❆ ▲ ❄
✟ ❄ ❩✟▲❖❚✚■➇r✴➁ ❬✚❆ ■❑❏▼❋✺■ ❆ ▲ ❬ ▲❇◆☛◆☛❪✙■❷❪✚❏ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲ê❚ ❄ ◆❜❯ ❄ ❍➀❯✔❋♥◆☛■❳❏ ❬ ❫❳❋✺◆✟❈➨❋✺❍ ❝ ❪ ❄ ❍➀❯✔▲×▲Ø◆☛❋✺❘❇❪✚❍✚❉✚▲❄❇❬✙❆ ❋✺◆❨❋✺❍➀❯ ❄♦❄ ❫❑❘❇❪✚❍✚◆á❉✚❋❱❯ ❄ ❫❳➉✚❋✺◆ ❆ ❋✺❫ ❄ ❯✔■❳❲ ❄ ❏▼❋✺❍➀❯☛❋❞❋✺❫ ❄ ❚➂▲ ❆✔❄ ❉✚▲❇◆✺r
☞ ➔❶❰✉➔➂Õ✍✌✚❰✑✗➜➔ ✃ ✷✽❨✺ÒÞ➏♣➑■✜✤✗①Ò❡Ð✚Ò❡➏➋Ò❡➏qÚ❞Ô❅Õ➜➏❦❰❩✹✈↔❃✑✝➦❇➸❨➦ |x| < 1

➮❻➺➪➙❱➟❭❬✖➢✈➙❷➯✺➩❊➙
∞∏

n=1

(1 − xn) =
∞∑

m=−∞
(−1)mxm(3m+1)/2.

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬✁❪✇❄ ◆❨❯ ❄✲❝ ❪✚❋✄◆❨❋✄◆❨❪✚❚✚◆❨❯☛■❳❯☛❪ ❄ ❈➃❍✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ã✚❈ x ❬ ▲ ❆ x3/2 ❋ z ❬ ▲ ❆ −x1/2 ❈➊❉✚❋✟◆☛❉✚❋❝ ❪✚❋ |x3/2| < 1 ❋ −x1/2 6= 0 ❈✚▲❖❪✦◆☛❋ ✦☛❄ ❈ 0 < |x| < 1 ❈
∞∏

n=0

(

1 −
(
x3/2

)2n+2
)(

1 +
(
x3/2

)2n+1 (−x1/2
))(

1 +
(
x3/2

)2n+1 (−x1/2
)−1
)

=

∞∑

m=−∞

(
x3/2

)m2 (
−x1/2

)m
,



✡ ☎ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❉✚▲❖❍✚❉✙❋ ∞∏

n=0

(
1 − x3n+3

) (
1 − x3n+2

) (
1 − x3n+1

)
=

∞∑

m=−∞
(−1)mxm(3m+1)/2,

▲❖❪ ∞∏

n=1

(1 − xn) =
∞∑

m=−∞
(−1)mxm(3m+1)/2,

❬❊❄❇❆☛❄
0 < |x| < 1 rá❺③❫❑❴✺❏✴❉✙■❑◆☛◆❨▲✚❈ ❬❊❄❇❆☛❄ x = 0 ❈❶◆☛❋✟❪q❏♦❋✟❏⑦❚ ❆ ▲✄❋✺◆ ❝ ❪✚❋ ❆ ❉✚▲ ❆ ❋✟◆☛❪✚❫❹❯ ❄ ä❖❈❶❋✺❍ ❝ ❪ ❄ ❍➀❯☛▲✸◆☛❋✺❪

❏♦❋✟❏⑦❚ ❆ ▲▼❉✙■ ❆ ❋✟■❳❯☛▲ ❬ ▲♣❉✚❋❂◆☛❋ ❆ ❋❱❽ ❬✚❆ ❋✟◆☛◆❨▲ ❬ ▲ ❆
∞∑

m=−∞
(−1)mxm(3m+1)/2 = · · ·+ x−5 − x+ 1 − x2 + x7 − · · · ,

❉✚▲❖❍✚❉✙❋ x = 0 ❯ ❄ ❏⑦❚✤❴✺❏ ■❑❏ ❬ ❫❑■❳❩ ❄✏❝ ❪✚❋❸▲▼◆☛❋✺❪✦❏▼❋✺❏⑦❚ ❆ ▲➶❉✚■ ❆ ❋✺■❳❯☛▲❛❴❷■❳❘❖❪ ❄ ❫ ❄ ä❇r❫✂Ó▲❖❘❇▲✚❈ ❄ ■❑❉✚❋✟❍❦❯☛■❑❉ ❄ ❉✚❋❙❴
❲ s ❫❑■❳❉ ❄✏❬❊❄❇❆☛❄ |x| < 1 ❈✙❩✺▲❖❏▼▲ ❝ ❪✙❋ ❆☛❭❑❄ ❏▼▲❖◆✝❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❆ r
☞ ➔✤❰✉➔✤Õ✍✌✚❰✑✗①➔ ❐ ✷✽❨✟ÒÞ➏❼➑✹✜✤✗➇ÒÞÐ❊ÒÞ➏qÒÞ➏❴❉ÖÐ☛❊❖➔❵❋☞✗❛✹✉↔❜✑á➦❇➸❨➦ |x| < 1

➮❻➺➪➙❱➟✄➡✈➢❷➯✺➩❊➙
∞∏

n=1

(1 − xn)3 =
∞∑

m=0

(2m+ 1)xm(m+1)/2.

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸☛➦❖➫✉➭♣➡❇➬ ✂Ó❋✺❏⑦❚ ❆✔❄ ❍✚❉✙▲ t ◆❨❋❞❉✚▲⑦❏▼❴✟❯☛▲❼❉✚▲✏❋✺❏ ❬✚❆ ❋✟❘ ❄ ❉✚▲⑦❍ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲❛❉✚▲✏❩✺▲ ❆ ▲❖❫ s❇❆ ■❑▲ ❄ ❍➀❯✔❋ t❆ ■❳▲ ❆ ❈ ❬ ▲❼❉✙❋ ❆☛❭❑❄ ❏▼▲❖◆❞◆☛❪✙❚✚◆❨❯☛■❳❯✔❪✙■ ❆ ❈Þ❍✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ã✚❈ x ❬ ▲ ❆ x1/2 ❋ z ❬ ▲ ❆ −x1/2 ❈ ❬✚❄❇❆✔❄ 0 < |x| < 1 ❈
❉✚▲❖❍✚❉✙❋
∞∏

n=0

(

1 −
(
x1/2

)2n+2
)(

1 +
(
x1/2

)2n+1 (−x1/2
))(

1 +
(
x1/2

)2n+1 (−x1/2
)−1
)

=

∞∑

m=−∞

(
x1/2

)m2 (
−x1/2

)m
.

❝➋❄ ◆❧■❑◆❨◆☛▲➶❩✺▲❇❍✚❉✚❪ ② ■ ❆ ■ ❄➶❄
∞∏

n=0

(
1 − xn+1

) (
1 − xn+1

)
(1 − xn) =

∞∑

m=−∞
(−1)mxm(m+1)/2.

➁❞❩✺▲ ❆❨❆ ❋ ❝ ❪✚❋✾❈ ❬❊❄❇❆☛❄ n = 0 ❈ 1 − xn = 0 ❈➊❉✙▲❖❍✚❉✚❋♦▲ ❬✚❆ ■❑❏▼❋✺■ ❆ ▲✠❏♦❋✟❏⑦❚ ❆ ▲✲❉ ❄ ■❳❘❖❪ ❄ ❫❳❉ ❄ ❉✚❋ ❄ ❩✟■❑❏ ❄ ◆❨❋❆ ❋✟❉✚❪ ② ■ ❆ ■ ❄➌❄➌② ❋ ❆ ▲✚r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲➌❫ ❄ ❉✚▲✙❈➥❍✙▲➨❏▼❋✺❏⑦❚ ❆ ▲❧❉✚■ ❆ ❋✺■❳❯☛▲✚❈✉❩ ❄ ❉ ❄ ■❑❍➀❯☛❋✺■ ❆ ▲ m ❩✺▲❖❍➀❯ ❆ ■❑❚✙❪✚■✖❈ ❬❊❄❇❆☛❄③❄ ◆☛▲❖❏ ❄ ❈
❩✺▲❖❏ (−1)mxm(m+1)/2 ❈✚❋✟❍ ❝ ❪ ❄ ❍➀❯✔▲ ❝ ❪✚❋ −m− 1 ❩✺▲❖❍➀❯ ❆ ■❑❚✚❪✙■✪❩✺▲❖❏ (−1)−m−1x(−m−1)(−m−1+1)/2 =

−(−1)mxm(m+1)/2 ❈✚❉✚❋❂❏♦▲♣❉✚▲ ❝ ❪✚❋❂▲❖◆✝❯☛❋ ❆ ❏▼▲❖◆á❉✚▲➶◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲ ❄ ❍♣❪✙❫ ❄ ❏ t ◆❨❋❞❋✺❍➀❯ ❆ ❋❂◆☛■✖r ⑥ ❋✺◆❨❯☛❋❷❏▼▲♣❉✚▲✚❈❄✏❄❇❬ ❫❑■❑❩ ❄❇❢❤❣ ▲❸❉✙■ ❆ ❋❱❯ ❄ ❉✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ã✙❈❼❍✚❋✟◆❨❯☛❋➨❩ ❄ ◆☛▲✚❈ ❆ ❋✟❉✚❪ ②❙❄ ❏✏❚➂▲❖◆✮▲❖◆❻❏▼❋✺❏⑦❚ ❆ ▲❖◆❻❉ ❄❇❝ ❪✚❋✺❫ ❄ ■❳❉✚❋✺❍➀❯✔■❳❉ ❄ ❉✚❋❄❛② ❋ ❆ ▲✚r



☎ ↔✰✎✲✱✫✌✚❰✑✗➜Ð✥✘✚✗➇ÒÞ➏♣➑■✜✤✗①Ò❡Ð❊ÒÞ➏P✘⑦❮➹Ð❊ÏÑ➔✹✘✺Ð✏✘ ✡❶✃

❺➷■❑❉✚❴✟■ ❄ ❉✚❋✟◆❨❯ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛❄❇❢❤❣ ▲✙❈❡❋✟❍➀❯ ❣ ▲✚❈Þ❴▼❋✺❏ ❬✚❆ ❋✟❘ ❄❇❆ ❪✚❏★❏▼❴✟❯☛▲❼❉✙▲✦❏ ❄ ■❳◆❞◆☛❪✙❯☛■❑❫➇r ì ▲ ß ❋✺▲ ❆ ❋✺❏ ❄
ã✚❈➂◆☛❪✚❚✙◆❨❯✔■❹❯✔❪✚■❳❍✚❉✚▲ t ◆☛❋ x ❬ ▲ ❆ x1/2 ❋ z ❬ ▲ ❆ x1/2(−1 + ε) ❈➂❩✺▲❖❏ 0 < ε < 1 ❈➂❯☛▲❖❏ ❄✾❆ ❋✺❏▼▲❖◆✟❈ ❄ ▲♦●❊❍ ❄ ❫➇❈
ε→ 0+ ❈✙❉✚❋❞❏▼▲♣❉✚▲ ❝ ❪✚❋❙▲⑦❋ ♠ ❋✺■❹❯✔▲ ❬✚❆ ▲❼❉✙❪ ② ■❳❉✚▲✏◆❨❋ ❆✔s⑦❬✚❄❇❆ ❋✟❩✺■❑❉✙▲⑦❩✺▲❖❏➚▲⑦❉✚❋➨◆☛❋ ❆ ❋ ❄ ❫❳■ ②❤❄✾❆✇❄ ◆❨❪✚❚✚◆❜❯✔■❳❯☛❪✚■ ❢✺❣ ▲❬✚❆ ▲ ❬ ▲❖◆❨❯ ❄ ■❳❍✚■❑❩✟■ ❄ ❫❳❏♦❋✟❍➀❯✔❋❇r ì ❋✟◆❨❯✔❋❂❩ ❄ ◆☛▲✚❈❊❩✟▲❖❍➀❯ ❄ ❍➀❯☛▲ ❝ ❪✚❋ |x| < 1 ❈✙❯✔❋ ❆ ❋✟❏♦▲❖◆
∞∏

n=0

(

1 −
(
x1/2

)2n+2
)(

1 +
(
x1/2

)2n+1 (
x1/2(−1 + ε)

))(

1 +
(
x1/2

)2n+1 (
x1/2(−1 + ε)

)−1
)

=
∞∑

m=−∞

(
x1/2

)m2 (
x1/2(−1 + ε)

)m
.

❺③❘❖▲ ❆✔❄ ❈✚▲➶❏♦❋✟❏⑦❚ ❆ ▲➶❋✟◆ ❝ ❪✚❋ ❆ ❉✚▲✄❉ ❄ ■❳❘❖❪ ❄ ❫❳❉ ❄ ❉✚❋ ❄ ❩✺■❳❏ ❄ ◆❨❋ ❆ ❋✺❉✚❪ ②✏❄
∞∏

n=0

(
1 − xn+1

) (
1 + xn+1(−1 + ε)

) (
1 + xn(−1 + ε)−1

)
=

=
∞∏

n=1

(1 − xn) (1 + xn(−1 + ε))
(
1 + xn−1(−1 + ε)−1

)

=
(
1 + (−1 + ε)−1

)
∞∏

n=1

(1 − xn) (1 + xn(−1 + ε))
(
1 + xn(−1 + ε)−1

)

=
ε

−1 + ε

∞∏

n=1

(1 − xn) (1 + xn(−1 + ε))
(
1 + xn(−1 + ε)−1

)
,

❉✚❋❙❯ ❄ ❫✪❏ ❄ ❍✚❋✺■ ❆✔❄⑦❝ ❪✚❋
1

−1 + ε

∞∏

n=1

(1 − xn) (1 + xn(−1 + ε))
(
1 + xn(−1 + ε)−1

)

︸ ︷︷ ︸

f(ε)

=
1

ε

∞∑

m=−∞
xm(m+1)/2(−1 + ε)m

︸ ︷︷ ︸

g(ε)

,

❬❊❄✾❆✔❄
x ●✙❽❼▲q❯ ❄ ❫ ❝ ❪✚❋ |x| < 1 r ➁❞❚✚◆☛❋ ❆ ❲❇❋✺❏▼▲❖◆✺❈✮❋✺❍➀❯ ❣ ▲✚❈ ❝ ❪✚❋ f(ε) ❴✄❩✺▲❖❍➀❯ ❭ ❍❦❪ ❄q❬❊❄❇❆☛❄ ε 6= 1 r à ❏❬❊❄✾❆ ❯✔■❳❩✺❪✚❫ ❄❇❆ ❈ f(ε) ❴❙❩✟▲❖❍➀❯ ❭ ❍♣❪ ❄ ❋✟❏ ε = 0 ❈✚❉✚▲❇❍✚❉✚❋

lim
ǫ→0+

g(ε) = lim
ǫ→0+

f(ε) = f(0) = −
∞∏

n=1

(1 − xn)3.

❺③❘❖▲ ❆✔❄ ❈ ❄ ❍ ❄ ❫❑■❳◆☛❋✟❏♦▲❖◆ limε→0+ g(ε) ■❑❍✚❉✚❋ ❬ ❋✟❍✚❉✚❋✟❍❦❯☛❋✺❏▼❋✺❍➀❯✔❋⑤❉✚❋ f(ε) r ❃✮❆ ■❑❏▼❋✺■ ❆✔❄ ❏▼❋✺❍➀❯✔❋✾❈✈❩✺▲❖❍✙◆☛■❑❉✙❋ ❆ ❋✟❏♦▲❇◆
(−1 + ε)m = (−1)m(1 − ε)m = (−1)m(1 −mε − ρ), â①ã✙r❖❞➀å

▲❖❍✙❉✚❋ ρ = 1− (1− ε)m −mε rø❺③❘❖▲ ❆✔❄ ❈❼❩✟▲❖❍✚◆☛■❳❉✚❋ ❆ ❋✺❏▼▲❖◆ ϕ(x) = (1− x)m ❈ ❬❊❄❇❆☛❄ 0 ≤ x ≤ ε r ❃ ❋✺❫❑▲ß ❋✺▲ ❆ ❋✺❏ ❄ ❉✚❋ ß➊❄❢❡ ❫❑▲ ❆ ❈✚❋❱❽ ❬✚❆ ❋✺◆❨◆☛▲❵❍ ❄❛❆ ❋✺❫ ❄✾❢❤❣ ▲✲â❜ä❇r ó å✇❉✙▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲✸ä❖❈✚❯☛❋✺❏▼▲❖◆ ❝ ❪✚❋
(1 − ε)m = ϕ(ε) = ϕ(0) +

ϕ′(0)ε

1!
+
ε2

2!
ϕ′′(θε) = 1 −mε+

m(m− 1)

2
(1 − θε
︸ ︷︷ ︸

α

)m−2ε2,



✡❶❐ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

◆☛❋✟❍✚❉✚▲ 0 ≤ θ ≤ 1 ❋✾❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯☛▲✚❈ 1 − ε ≤ α ≤ 1 rø❺➨◆❨◆☛■❳❏✲❈ ❬✚❄❇❆✔❄ ❩ ❄ ❉ ❄ ■❳❍➀❯✔❋✺■ ❆ ▲ m ❈✚❯☛❋✺❏ t ◆☛❋ ❝ ❪✚❋
|ρ| =

|m(m− 1)|
2

αm−2ε2 <
1

2
(|m| + 1)2 ε2.

❃ ▲ ❆ ❯ ❄ ❍➀❯☛▲✚❈❊❪✙❯✔■❳❫❑■ ②❤❄ ❍✚❉✙▲ t ◆❨❋❛â①ã✙r❖❞➀å❾❈✙❲❖❋✟❏ ❝ ❪✚❋

g(ε) =
1

ε

∞∑

m=−∞
xm(m+1)/2(−1)m(1 −mε − ρ)

=
1

ε

∞∑

m=−∞
(−1)mxm(m+1)/2 +

∞∑

m=−∞
(−1)m+1mxm(m+1)/2 +R,

▲❖❍✚❉✚❋ R = 1
ε

∑∞
m=−∞(−1)m+1ρxm(m+1)/2 r❣✂Ó▲❖❘❖▲✙❈

|R| =

∣
∣
∣
∣
∣

1

ε

∞∑

m=−∞
(−1)m+1ρxm(m+1)/2

∣
∣
∣
∣
∣

≤ 1

ε

∞∑

m=−∞
|ρ||x|m(m+1)/2

<
ε

2

∞∑

m=−∞
(|m| + 1)2|x|m(m+1)/2 = Kε,

◆☛❋✟❍✚❉✚▲ K ■❳❍✚❉✚❋ ❬ ❋✟❍✚❉✚❋✺❍➀❯☛❋➨❉✚❋ ε ❋❇❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ limε→0+ R = 0 r➊❺③❫❑❴✺❏ ❉✙■❑◆☛◆❨▲✚❈ ✦☛s❷❄❇❆ ❘❖❪✚❏▼❋✺❍➀❯ ❄ ❏♦▲❖◆✟❈❦❍✚▲
■❑❍ ❭ ❩✺■❳▲⑦❉✚❋✺◆❜❯ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛❄❇❢❤❣ ▲✙❈ ❝ ❪✙❋ ∑∞

m=−∞(−1)mxm(m+1)/2 = 0 ❈❊❉✙▲❖❍✚❉✚❋

lim
ε→0+

g(ε) =
∞∑

m=−∞
(−1)m+1mxm(m+1)/2.

è ■❑❍ ❄ ❫❑❏▼❋✺❍➀❯✔❋✾❈✾❩ ❄ ❉ ❄ m ≥ 0 ❩✟▲❖❍➀❯ ❆ ■❑❚✚❪✚■♣❩✺▲❇❏ (−1)m+1mxm(m+1)/2 ❍✙▲➨◆☛▲❇❏ ❄ ❯☛æ ❆ ■❳▲ ❄ ❩✺■❑❏ ❄ ❈✉❋✺❍ ❝ ❪ ❄ ❍➀❯✔▲❄ ❩✺▲❖❍➀❯ ❆ ■❑❚✚❪✙■ ❢❤❣ ▲▼❉✙❋ −m− 1 ❴❙■❑❘❖❪ ❄ ❫ ❄

(−1)−m−1+1(−m− 1)x(−m−1)(−m−1+1)/2 = (−1)m+1(m+ 1)xm(m+1)/2,

❉✚❋❙❯ ❄ ❫Ö❏ ❄ ❍✙❋✺■ ❆☛❄⑦❝ ❪✚❋❷▲➶❩✟▲❼❋❱●❊❩✺■❳❋✺❍➀❯✔❋❂❉✚❋ xm(m+1)/2 ❴ (−1)m+1(2m+ 1) ❈✚❋ ❬ ▲❼❉✚❋✟❏♦▲❇◆á❋✺◆☛❩ ❆ ❋❱❲❖❋ ❆

lim
ε→0+

g(ε) = −
∞∑

m=0

(−1)m(2m+ 1)xm(m+1)/2,

▲ ❝ ❪✙❋❸❯☛❋ ❆ ❏▼■❑❍ ❄❛❄➶❬✙❆ ▲✈❲ ❄ r



☎ ↔✰✵✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✥✘❛Ò❡➏❄✜✈❰✉Ð❊➑☞✘✟❮➹➔❶❰✾Ï♥Ð❊➒❖➓✚➔✐Ü❡Ð✚❰✉Ð
η(τ)

✡➂➱
✶✸✷✽❥ ❦♠❧✚✙✝✭ ✽✠♥✣✢✆✤♦✦✫✧♣★q✙❳✢❷✿✫✤Ó✼ ❁ ✙❳✭ ✢✆r ❀❂❁ s ✢✚✙❳✢

η(τ )

ì ❋✺◆❨❯ ❄ ◆☛❋ ❢❤❣ ▲✙❈ ❬✚❆ ▲✈❲ ❄❇❆ ❋✺❏▼▲❖◆ ❝ ❪✚❋ η(τ) ❴➋❪✙❏ ❄✒♠ ▲ ❆ ❏ ❄ ❩✺❥✚◆ ❬ ■❑❉✚❋✦❉✚❋✲❘ ❆✔❄ ❪ −1/2 ❩✺▲❖❏ ❆ ❋✺◆ ❬ ❋✺■❹❯✔▲ ❄
Γ(1) r à ◆☛◆ ❄✦❬✙❆ ▲✈❲ ❄ ❈Þ❩✺▲❖❏▼▲✸❉✚■❑◆❨◆☛❋✟❏♦▲❖◆❂❍✚▲✠■❳❍ ❭ ❩✟■❑▲❵❉✚❋✟◆❨❯☛❋♦❩ ❄❇❬✚❭ ❯☛❪✚❫❑▲✙❈✪❍ ❣ ▲✠❴➶◆☛■❳❏ ❬ ❫❳❋✺◆✟❈Ó❋ ❄ ■❑❍✚❉ ❄ ❯☛❋✺❏▼▲❖◆
❪✚❏ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲ ❝ ❪✚❋ ❬✚❆ ▲✈❲ ❄❇❆❧❄ ❍➀❯✔❋✟◆③❉✙❋❸❋❾❽❼■❑❚✚■ ❆ ❏▼▲ t ❫ ❄ r

❈ ➏❦➔❶❰✉➏♣ÏÑÐ ➱ ↔❃✑✝➦❇➸❨➦
τ ∈ H

➮ø➺➻➙❱➟✄➡✈➢

η

(

−1

τ

)

= (−i)1/2τ 1/2η(τ),

➡➥➝✤➳♣➙✸➦➥➢❵➸❨➦✉t✇✈➥➙➲➢♦➢✺➭♣➡ ➤ ➦❇Ù ➤ ➩♣Ù❹➦➀➳➀➦➥➢✠➳♣➙✸➦ ➤ ➡➥➸❨➳♣➡ ➤ ➡➥➟ ➦ ➤ ➡➥➝❊➽❇➙❱➝❶➫✉➭♣➡ ➙✽✼✟➼✤➸✔➙➲➢➲➢✺➦✒➝✤➦ ➸✔➙❱Ù❹➦❖➫✉➭♣➡✐ú❍①❦➬ ✾ þ ➳♣➡
② ➦❱➼❵t➠➺①➩❼Ù❑➡✩①✾➮✇➯✺➩✚➦❇ÙÖ➢✈➙✍❑✟➦➥➮ −π ≤ arg(z) < π

➮✪➼✙➦❇➸❨➦
z ∈ C

➬

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬➌❃ ▲ ❆ ❉✚❋✟●✚❍✚■ ❢✺❣ ▲✚❈

η(τ) = eπiτ/12
∞∏

m=1

(
1 − e2πimτ

)
, τ ∈ H .

� ❋ τ = x+ iy ∈ H ❈❊❋✺❍➀❯ ❣ ▲ |e2πiτ | = e−2πy < e0 = 1 ❈❊❉✚▲❇❍✚❉✚❋ ❬ ▲♣❉✚❋✟❏♦▲❖◆ ❄❇❬ ❫❑■❑❩ ❄❇❆ ▲ ⑨ ▲ ❆ ▲❖❫ s❇❆ ■❑▲③◆❬❊❄✾❆✔❄
x = e2πiτ ❈❊▲❇❚✙❯✔❋✟❍✚❉✚▲

η(τ) = eπiτ/12

∞∑

n=−∞
(−1)n

(
e2πiτ

)n(3n+1)/2
= eπiτ/12

∞∑

n=−∞
(−1)neπiτn(3n+1).

❺③❘❖▲ ❆✔❄ ❈➂▲❖❚✙◆☛❋ ❆ ❲❖❋ ❝ ❪✚❋ eπiτn(3n+1) = e3πiτn2
eπiτn ❋✾❈Ö❩✟▲❖❏♦▲ n ❬ ❋ ❆ ❩✺▲ ❆❨❆ ❋✏❯☛▲❼❉✚▲❇◆③▲❖◆➌❲ ❄ ❫❑▲ ❆ ❋✺◆➌■❑❍➀❯✔❋✟■ ❆ ▲❖◆

â ❬ ▲❖◆❨■❳❯☛■❳❲❖▲❇◆⑦❋❵❍✚❋✟❘ ❄ ❯✔■❹❲❖▲❖◆✔å❱❈✮◆☛❋✟❘❖❪✚❋ ❝ ❪✚❋❇❈✮❍✚▲ ◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲ ❄ ❩✺■❑❏ ❄ ❈ ❬ ▲♣❉✚❋✺❏▼▲❖◆⑦❩✟▲❖❍✚◆☛■❳❉✚❋ ❆☛❄❇❆ 3n − 1 ❍✚▲
❫❳❪✚❘ ❄❇❆ ❉✙❋ 3n+ 1 ❈❊▲❖❪✠◆☛❋ ✦☛❄ ❈

η(τ) = eπiτ/12
∞∑

n=−∞
(−1)neπiτn(3n−1),

❉✚❋❸❏▼▲❼❉✚▲ ❝ ❪✚❋❇❈ ❄ ❩ ❄ ❉ ❄ n ❍✚▲♦◆☛▲❖❏ ❄ ❯☛æ ❆ ■❳▲▼▲ ❆ ■❑❘❇■❑❍ ❄ ❫➇❈✙❩✟▲ ❆☛❆ ❋✺◆ ❬ ▲❖❍✚❉✙❋ −n ❍✚❋✟◆❨❯☛❋✏❥✚❫❹❯✔■❑❏▼▲❛◆☛▲❇❏ ❄ ❯☛æ ❆ ■❳▲✚❈✚❋



✡●✡ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❲♣■❑❩✺❋ t ❲❇❋ ❆ ◆ ❄ r ⑥ ❋✺◆❨❋✺❍➀❲❖▲❇❫❳❲❖❋✟❍✚❉✚▲ t ◆☛❋✏❯ ❄ ❫Ó❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲✚❈❊❯☛❋✺❏▼▲❖◆

η(τ) = eπiτ/12
∞∑

n=−∞

(
eπi
)n
e3πiτn2−πiτn

= eπiτ/12

∞∑

n=−∞
e3πiτn2−πiτn(1−1/τ)

= eπiτ/12

∞∑

n=−∞
e3πiτ [n2−(n/3)(1−1/τ)]

= eπiτ/12
∞∑

n=−∞
e3πiτ [n2−(n/3)(1−1/τ)+(1/6)2 (1−1/τ)2−(1/6)2(1−1/τ)2]

= eπiτ/12
∞∑

n=−∞
e3πiτ [n−(1/6)(1−1/τ)]2e−(πiτ/12)(1−1/τ)2

= eπiτ/12e−(πiτ/12)(1−1/τ)2
∞∑

n=−∞
e3πiτ [n−(1/6)(1−1/τ)]2

= e(πiτ/12)(2/τ−1/τ2)

∞∑

n=−∞
e3πiτ [n−(1/6)(1−1/τ)]2

= e−πi/12τeπi/6
∞∑

n=−∞
e3πiτ [n−(1/6)(1−1/τ)]2 .

❺➨❘❖▲ ❆✔❄ ❈❶❲ ❄ ❏♦▲❇◆ ❄❇❬ ❫❳■❑❩ ❄❇❆ ▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❞♦❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲✲ä❖❈ ❬❊❄✾❆✔❄ t = −3iτ ❋ z = −(1/6)(1 − 1/τ)

â①❍✚▲✾❯✔❋ ❝ ❪✚❋ Re(t) = 3y > 0 å❾❈✚❉✚▲❖❍✙❉✚❋

η(τ) = e−πi/12τeπi/6 1√
−3iτ

∞∑

n=−∞
e−πn2/(−3iτ)+2πin[−(1/6)(1−1/τ)]

= e−πi/12τeπi/6 1√
−3iτ

∞∑

n=−∞
e−πin2/3τ−πin(1−1/τ)/3 â①ã✚r❹ä✈➆➀å

⑥ ❋✺❍✙▲❇❯ ❄ ❍✙❉✚▲ t ◆❨❋
gk(τ) =

∞∑

µ=−∞
e−πi(3µ+k)2/3τ−πi(3µ+k)(1−1/τ)/3 ,

❬❊❄❇❆☛❄
k = 0, 1, 2 ❈✚◆❨❋✺❘❖❪✚❋✾❈❊❋✺❏➄â➜ã✚r❳ä❤➆➀å❱❈ ❝ ❪✙❋

∞∑

n=−∞
e−πin2/3τ−πin(1−1/τ)/3 = g0(τ) + g1(τ) + g2(τ).



☎ ↔✰✵✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✥✘❛Ò❡➏❄✜✈❰✉Ð❊➑☞✘✟❮➹➔❶❰✾Ï♥Ð❊➒❖➓✚➔✐Ü❡Ð✚❰✉Ð
η(τ)

✡●✳

❺③◆☛◆☛■❳❏✲❈❼❯✔❋✺❏▼▲❖◆
g0(τ) =

∞∑

µ=−∞
e−πi(3µ)2/3τ−πi(3µ)(1−1/τ)/3

=

∞∑

µ=−∞
e−πi(3µ2)/τ−πiµ+πiµ/τ

=
∞∑

µ=−∞

(
e−πi

)µ
e(−πi/τ)(3µ2−µ)

=
∞∑

µ=−∞
(−1)µe−(πi/τ)(3µ2−µ);

g1(τ) =
∞∑

µ=−∞
e−πi(3µ+1)2/3τ−πi(3µ+1)(1−1/τ)/3

=
∞∑

µ=−∞
e−3πiµ2/τ−2πiµ/τ−πi/3τ−πiµ+πiµ/τ−πi/3+πi/3τ

= e−πi/3

∞∑

µ=−∞

(
e−πi

)µ (
e−2πiµ

)1/τ
e(−πi/τ)(3µ2+µ)

= e−πi/3

∞∑

µ=−∞
(−1)µe−(πi/τ)(3µ2−µ) = e−πi/3g0(τ);

g2(τ) =

∞∑

µ=−∞
e−πi(3µ+2)2/3τ−πi(3µ+2)(1−1/τ)/3

=

∞∑

µ=−∞
e−3πiµ2/τ−4πiµ/τ−4πi/3τ−πiµ+πiµ/τ−2πi/3+2πi/3τ

= e−2πi/3
∞∑

µ=−∞

(
e−πi

)µ (
e−2πi

)1/3τ
e−3πiµ2/τ−3πiµ/τ

= e−2πi/3
∞∑

µ=−∞
(−1)µe−(3πi/τ)µ(µ+1).

ì ❋✺◆❨❯ ❄ ❥✙❫❳❯✔■❳❏ ❄ ❋❱❽ ❬✚❆ ❋✺◆☛◆ ❣ ▲✚❈❙◆❨❋ µ ≥ 0 ❈③❋✺❍➀❯ ❣ ▲Ø➉ s ❪✚❏ ❄ ❩✺▲❇❍❦❯ ❆ ■❳❚✚❪✚■ ❢✺❣ ▲✚❈ ❬❊❄❇❆☛❄ ▲é◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲✚❈❧❉✚❋
(−1)µe−(3πi/τ)µ(µ+1) r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲➶❫ ❄ ❉✚▲✙❈ −µ− 1 < 0 ❩✺▲❖❍➀❯ ❆ ■❑❚✙❪✚■Ó❩✺▲❖❏

(−1)−µ−1e−(3πi/τ)(−µ−1)(−µ−1+1) = −(−1)µe−(3πi/τ)µ(µ+1),



✳❁❀ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❉✚▲❖❍✚❉✙❋❵▲q◆☛▲❇❏ ❄ ❯☛æ ❆ ■❳▲✲❋✟❏ ❝ ❪✚❋✟◆❨❯ ❣ ▲✒◆☛❋ ❄ ❍♣❪✙❫ ❄ r④✂Ó▲❖❘❖▲✚❈ g2(τ) = 0 ❋✾❈ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈➃◆❨❪✚❚✙❯☛■❳❯✔■❳❍✚❉✚▲ t ◆☛❋▼▲❖◆
❲ ❄ ❫❑▲ ❆ ❋✺◆á❋✟❍✚❩✺▲❖❍➀❯ ❆✔❄ ❉✚▲❇◆③❋✟❏ â①ã✚r❹ä✈➆➀å❾❈✙❲❖❋✟❏ ❝ ❪✚❋

η(τ) = e−πi/12τeπi/6 1√
−3iτ

(
g0(τ) + e−πi/3g0(τ)

)

= e−πi/12τ g0(τ)√
3
√
−iτ

(eπi/6 + e−πi/6

︸ ︷︷ ︸√
3

)

= e−πi/12τ 1√
−iτ

∞∑

µ=−∞
(−1)µe−(πi/τ)(3µ2−µ)

=
1√
−iτ e

πi(−1/τ)/12
∞∑

µ=−∞
(−1)µ

(
e2πi(−1/τ)

)µ(3µ+1)/2
,

❪✙❯✔■❳❫❑■ ②❤❄ ❍✚❉✙▲ t ◆❨❋❇❈❂❍ ❄ ❥✚❫❹❯✔■❑❏ ❄Ø❬✚❄ ◆☛◆ ❄ ❘❖❋✺❏✦❈ ❄✾❆ ❘❖❪✚❏▼❋✺❍➀❯☛▲ ◆☛■❑❏▼■❑❫ ❄❇❆✦❄ ▲ ❉✚▲ ■❳❍ ❭ ❩✟■❑▲ë❉ ❄ ❉✙❋✺❏▼▲❖❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲✚r
❺➨❘❖▲ ❆✔❄ ❈❊❩✟▲❖❏♦▲ ∣∣e2πi(−1/τ)

∣
∣ = e−2πy/(x2+y2) < e0 = 1 ❈ ❬ ▲❼❉✚❋✟❏♦▲❇◆ ❄✾❬ ❫❑■❳❩ ❄❇❆ ❈✚❍✚▲✈❲ ❄ ❏♦❋✟❍➀❯✔❋❇❈❊▲ ⑨ ▲ ❆ ▲❖❫ s➥t❆ ■❳▲③◆ ❬❊❄✾❆✔❄ x = e2πi(−1/τ) ❈❊▲❇❚✙❯✔❋✟❍✚❉✚▲

η(τ) =
1√
−iτ e

πi(−1/τ)/12
∞∏

n=1

(

1 −
(
e2πi(−1/τ)

)n
)

=
1√
−iτ η(−1/τ),

❉✚▲❖❍✚❉✙❋❸◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋
η

(

−1

τ

)

=
√
−iτη(τ).

❂➌❋✟◆❨❯ ❄➥t ❍✚▲❇◆ ❬✚❆ ▲✈❲ ❄❇❆❙❝ ❪✚❋ (−iτ)1/2 = (−i)1/2τ 1/2 r⑥⑤ ❩✟❫ ❄❇❆ ▲ ❝ ❪✚❋❇❈Þ❋✺❏◗❏♦æ♣❉✚❪✚❫❳▲✚❈Ö❋✟◆❨❯ ❄ ■❳❘❖❪ ❄ ❫❳❉ ❄ ❉✚❋❷❴
❲ s ❫❑■❳❉ ❄ r➃❺á❉✚❋✟❏ ❄ ■❑◆✺❈ arg(−i) = −π/2 ❋✾❈❊❩✺▲❖❏▼▲ τ ∈ H ❈ 0 < arg(τ) < π ❋ −π/2 < arg(−iτ) <
π/2 r❇✂Þ▲❇❘❖▲✚❈✚▲❖❚✙◆☛❋ ❆ ❲ ❄ ❍✚❉✚▲ ❝ ❪✚❋

arg(−iτ) = arg(−i) + arg(τ) + 2nπ,

❬❊❄❇❆☛❄
n ■❳❍❦❯☛❋✺■ ❆ ▲✚❈❼◆☛❋✺❘❇❪✚❋ ❝ ❪✚❋

2|n|π = | arg(−iτ) − arg(−i) − arg(τ)| < 2π,

❉✚▲❖❍✚❉✙❋ n = 0 ❋✾❈ ❬ ▲ ❆ ❯ ❄ ❍❦❯☛▲✚❈
(1/2) arg(−iτ) = (1/2) arg(−i) + (1/2) arg(τ),

▲❖❪
arg(−iτ)1/2 = arg(−i)1/2τ 1/2,

❩✺▲❖❍✙❩✺❫❑❪✙■❑❍✚❉✚▲ ❄❛❬✚❆ ▲✉❲ ❄ r



☎ ↔✰✵✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✥✘❛Ò❡➏❄✜✈❰✉Ð❊➑☞✘✟❮➹➔❶❰✾Ï♥Ð❊➒❖➓✚➔✐Ü❡Ð✚❰✉Ð
η(τ)

✳ →
è ■❳❍ ❄ ❫❑❏▼❋✺❍➀❯☛❋❇❈✙▲ ❬✚❆ ■❑❍✚❩✟■ ❬❊❄ ❫Ö❯✔❋✟▲ ❆ ❋✟❏ ❄ ➍

❈ ➏❦➔❶❰✉➏♣ÏÑÐ ✡ ↔
η(τ)

➴➶➩♣➟▼➦❂➧❤➡➥➸❾➟▼➦✦➟✄➡✺➳❇➩♣Ù❹➦❇➸➶➳♣➙❷î❇➸❨➦❇➩ −1/2
➙❱➟

Γ(1)
➬P✑✝➦❇➸❾➺➇➞ ➤ ➩♣Ù❹➦❇➸❾➟✄➙❱➝❊➺➻➙➲➮ η(τ)➴✲➩♣➟▼➦♦➧❤➡➥➸❱➟▼➦ ➤ ➵➀➢➪➼✤➞①➳♣➙➋➳♣➙❵î❇➸❨➦❇➩ −1/2

➙❱➟
Γ(1)

➬❩⑤➨Ù❑➴❱➟ ➳❇➞❑➢➲➢✈➡✈➮❛➳♣➙❱➝Ö➡➥➺➹➦❇➝✤➳♣➡⑦❬✖➢✈➙
υη

➡✒➢❱➞❑➢❱➺➻➙❱➟▼➦
➟❛➩♣Ù ➺➇➞ô➼✤Ù ➞ ➤ ➦➀➳♣➡➥➸❸➳♣➙➲➢➲➢✺➦❧➧❤➡➥➸❱➟▼➦➥➮ø➺➻➙❱➟✄➡✈➢❷➯✺➩❊➙ υη(S) = eπi/12 ➙

υη(T ) = (−i)1/2 = e−πi/4 ➬
↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬ ✟ s ◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋ η(τ) ❴ ❆ ❋✟❘❖❪✚❫ ❄✾❆ ❋✺❏ H â➜❋ ❬ ▲ ❆ ❯ ❄ ❍❦❯☛▲q❏▼❋ ❆ ▲❇❏♦▲ ❆❜♠①❄ ❋✟❏ H å❱r⑨ ▲❖❍✙◆☛■❑❉✙❋ ❆✔❄ ❍✚❉✚▲ t ◆☛❋ R = R(Γ(1)) ❍ ❄▼⑥ ❋✟●❊❍✙■ ❢❤❣ ▲♦⑧➶❉✚▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲➶⑩✙❈✙❯☛❋✺❏▼▲❖◆ ❝ ❪✙❋ ❬✙❆ ▲✈❲ ❄❇❆ ➍

ä❇r
η(Mτ) = υη(M)(cτ + d)1/2η(τ), â➜ã✚r❹ä❖ä✉å

➼✙➦❇➸❨➦♦➺➪➡✺➳♣➡
M =

(

∗ ∗
c d

)

∈ Γ(1)
➮✝➡➥➝✤➳♣➙ |υη(M)| = 1 ⑧

ì ▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ◗❼❈ ❬✚❆ ▲✉❲ ❄ ❏▼▲❖◆ ❝ ❪✚❋ η(Tτ) = η(−1/τ) = (−i)1/2τ 1/2η(τ) ❈Þ❉✚▲❖❍✙❉✚❋✲â①ã✚r❹ä❖ä✉å➨❴
❲ s ❫❳■❑❉ ❄❷❬❊❄❇❆✔❄ M = T ❈❊❩✺▲❇❏ υη(T ) = (−i)1/2 = e−πi/4 rø❺á❉✚❋✟❏ ❄ ■❑◆

η(Sτ) = η(τ + 1)

= eπi(τ+1)/12
∞∏

m=1

(
1 − e2πim(τ+1)

)

= eπi/12eπiτ/12
∞∏

m=1

(
1 − e2πimτ

)
= eπi/12η(τ),

❉✙▲❖❍✚❉✚❋♦â①ã✙r❳ä❖ä✈å⑤❯ ❄ ❏⑦❚✤❴✺❏ ❴❙❲ s ❫❑■❑❉ ❄✏❬❊❄❇❆☛❄ M = S ❈❊◆❨❋✺❍✚❉✚▲ υη(S) = eπi/12 r
❺③❘❖▲ ❆☛❄ ❈Ö❍✚▲✾❯✔❋✺❏▼▲❖◆ ❝ ❪✙❋❛❩ ❄ ❉ ❄ ❋✟❫❑❋✟❏♦❋✟❍❦❯☛▲ M ∈ Γ(1) ❈➂❲♣■❑◆❜❯✔▲✸❩✺▲❇❏♦▲♦❏ ❄ ❯ ❆ ■ ② ❈ ❬ ▲♣❉✚❋⑦◆❨❋ ❆ ❋✺◆❨❩ ❆ ■❳❯✔▲
❍ ❄❛♠ ▲ ❆ ❏ ❄

M = T ε1Sα1TSα2T · · ·TSαn−1TSαnT ε2,

▲❇❍✚❉✚❋ ε1 = 0, 1, 2, 3 ❈ ε2 = 0, 1 ❋ αi ❴❵■❳❍❦❯☛❋✺■ ❆ ▲✚r⑩⑨➪◆❜❯✔▲✒❴❵❲❖❋ ❆ ❉ ❄ ❉✚❋❇❈❻❋✺◆❨◆☛❋✺❍✙❩✺■ ❄ ❫❑❏▼❋✺❍➀❯✔❋✾❈ ❬ ❋✟❫❑▲⑨ ▲ ❆ ▲❖❫ s❇❆ ■❳▲♥ã✐❉✙▲ ⑨ ❄❇❬✚❭ ❯☛❪✚❫❑▲ ó ❈ ❝ ❪✚❋ ❄ ● ❆ ❏ ❄✍❝ ❪✚❋ Γ(1) ❴q❘❖❋ ❆✔❄ ❉✚▲ ❬ ▲ ❆ S ❋ T r ❺á❉✚❋✺❏ ❄ ■❑◆✟❈
◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋ T 2 = −I ❋ T 3 = −T â➜❩✺▲❖❏▼▲q❏ ❄ ❯ ❆ ■ ② ❋✺◆➲å❾❈➊❉✚❋✄❏♦▲♣❉✚▲ ❝ ❪✚❋ ❬ ❋ ❆ ❏▼■❳❯✔■❳❏♦▲❇◆ ε1

❲ ❄❇❆ ■ ❄❇❆ ❉✚❋➶➆ ❄ ⑩ ❄ ●❊❏ ❉✙❋▼■❳❍✚❩✺❫❳❪✚■ ❆ ▲❖◆❂❩ ❄ ◆❨▲❖◆ M = −I ❋ M = −T r ⑥ ❋✟●✚❍ ❄ ❏▼▲❖◆✺❈ ❬ ▲❖■❑◆✟❈Ó▲
➤ ➡➥➟➨➼✤➸❾➞➠➟✄➙❱➝❊➺➪➡ ❉✚❋ M ❬ ❋✺❫ ❄ ◆☛▲❖❏ ❄ ε1+ε2+|α1|+· · ·+|αn|+n−1 ❈➀▲❖❪❛◆☛❋ ✦☛❄ ❈ ❬ ❋✺❫ ❄ ◆☛▲❖❏ ❄ ❉✚▲❖◆
❏▼æ♣❉✚❪✚❫❑▲❇◆➨❉✚▲❖◆❙❋❾❽ ❬ ▲♣❋✺❍➀❯✔❋✟◆ ❝ ❪✙❋ ❄✾❬❊❄❇❆ ❋✟❩✺❋✟❏ ❍ ❄ ◆❙❏ ❄ ❯ ❆ ■ ② ❋✺◆ S ❋ T ❉ ❄ ❉✙❋✺❩✺▲❇❏ ❬ ▲❖◆☛■ ❢❤❣ ▲✄❉✚❋ M r
❺③❘❖▲ ❆☛❄ ❈➂▲❇❚✚◆☛❋ ❆ ❲❖❋ ❝ ❪✚❋ T 2 = (ST )3 = −I ❈Ö❋✟❏⑦❚✤▲ ❆✔❄ ▲❇◆❞❩✺▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲❖◆➌❉✚❋ T 2 ❋⑦❉✚❋ (ST )3

◆❨❋ ✦☛❄ ❏✦❈ ❆ ❋✟◆ ❬ ❋✺❩✟❯☛■❳❲ ❄ ❏▼❋✺❍➀❯✔❋✾❈ ó ❋❻⑧✙r❡❺➨◆☛◆❨■❑❏✦❈✾❉ ❄ ❉ ❄ ❪✚❏ ❄ ❏ ❄ ❯ ❆ ■ ② M ∈ Γ(1) ❈✉◆❨❪ ❄ ❉✚❋✟❩✺▲❖❏ ❬ ▲❖◆☛■ ❢❤❣ ▲



✳ ✎ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❋✺❏ÿ❯✔❋ ❆ ❏♦▲❇◆ S ❋ T ❋➶◆☛❋✟❪♥❩✟▲❖❏ ❬✚❆ ■❳❏♦❋✟❍❦❯☛▲✸❍ ❣ ▲✠◆ ❣ ▲✲❥✚❍✙■❑❩✺▲❇◆✺r à ◆☛◆❨❋ ♠①❄ ❯☛▲✚❈✪❯✔▲♣❉ ❄ ❲♣■ ❄ ❈Ó❍ ❣ ▲✠◆☛❋ ❆☛s
❋✺❏ ❬ ❋✺❩✺■❳❫❑➉✚▲ ð ❍✚▲❖◆❨◆ ❄ ❉✙❋✺❏▼▲❖❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲✚❈ ❝ ❪✚❋❷◆☛❋❸❉ ❄❇❆✔s➶❬ ▲ ❆ ■❑❍✚❉✚❪ ❢❤❣ ▲▼◆☛▲❖❚ ❆ ❋❸▲♦❩✟▲❖❏ ❬✙❆ ■❑❏▼❋✺❍➀❯☛▲▼❉✙❋
M r
� ❋♦▲➋❩✺▲❇❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲✠❉✚❋ M ♠ ▲ ❆ ■❑❘❇❪ ❄ ❫ ❄ ➆❼❈➊❋✺❍➀❯ ❣ ▲ M = I ❈➊❉✚▲❖❍✙❉✚❋ η(Iτ) = η(τ) ❈❅❉✚▲❖❍✚❉✙❋
â①ã✙r❳ä❖ä✈å✇❴❙◆ ❄ ❯☛■❑◆ ♠ ❋✟■❳❯ ❄ ❈✚❩✺▲❇❏ υη(I) = 1 r
� ❪ ❬ ▲❖❍✚➉ ❄✲❄ ❘❇▲ ❆✔❄✸❝ ❪✚❋➋â①ã✚r❹ä❖ä✉å➨◆❨❋ ✦☛❄ ◆ ❄ ❯✔■❳◆ ♠ ❋✟■❳❯ ❄❵❬✚❄❇❆✔❄ ❩ ❄ ❉ ❄ M ∈ Γ(1) ❯ ❄ ❫ ❝ ❪✙❋♦◆❨❋✺❪Ñ❩✟▲❖❏ ❬✚❆ ■ t
❏▼❋✺❍➀❯✔▲▼◆☛❋ ✦☛❄ k − 1 ❈ k ≥ 1 r � ❪ ❬ ▲❇❍✚➉ ❄ ❏▼▲❖◆✺❈❊❋✟❍➀❯ ❣ ▲✚❈ ❝ ❪✚❋ M ′ ∈ Γ(1) ❴❸❋❱❽ ❬✚❆ ❋✺◆☛◆❨▲❵❩✺▲❇❏♦▲➶❪✚❏ ❄❬❊❄ ❫ ❄ ❲ ❆☛❄ ❉✚❋✮❩✺▲❖❏ ❬✚❆ ■❳❏♦❋✟❍➀❯✔▲ k r ì ❋✟◆☛◆❨❋✇❩ ❄ ◆☛▲✚❈✉❯✔❋✟❏♦▲❖◆ M ′ = MS ❈ M ′ = MT ▲❇❪ M ′ = MS−1 ❈
◆☛❋✟❍✚❉✚▲▼▲♦❩✟▲❖❏ ❬✚❆ ■❳❏♦❋✟❍❦❯☛▲⑦❉✚❋ M =

(

∗ ∗
c d

)

■❳❘❖❪ ❄ ❫ ❄ k − 1 r ì ▲ ❬✚❆ ■❑❏▼❋✺■ ❆ ▲❛❩ ❄ ◆❨▲✚❈✙❯☛❋✺❏▼▲❖◆

η(M ′τ) = η(M(Sτ))

= υη(M)(cSτ + d)1/2η(Sτ)

= υη(M)(cτ + c+ d)1/2υη(S)η(τ)

= υη(M)eπi/12(cτ + c+ d)1/2η(τ).

⑨ ▲❖❏▼▲ M ′ = MS =

(

∗ ∗
c d

)(

1 1

0 1

)

=

(

∗ ∗
c c+ d

)

❈❡❲❖❋✺❏ ❝ ❪✚❋ M ′ ◆ ❄ ❯✔■❑◆ ♠①❄❇②♦❄
❆ ❋✟❫ ❄❇❢✺❣ ▲✏â①ã✚r❹ä❖ä✉å❾❈❇❩✺▲❇❏ υη(M

′) = υη(M)eπi/12 r✝⑤✒■❳❏ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔❋ø▲❖❚✙◆☛❋ ❆ ❲ ❄❇❆➊❝ ❪✚❋✾❈ ❄❇❬ ❋✟◆ ❄❇❆ ❉✚❋ M ′❬ ▲❖◆☛◆❨❪✚■ ❆ ❲ s❇❆ ■ ❄ ◆ ❆ ❋ ❬✙❆ ❋✺◆❨❋✺❍➀❯ ❄✾❢✺④ ❋✺◆✺❈❊▲❸❲ ❄ ❫❑▲ ❆ υη(M
′) ❴➨■❳❍✚❉✚❋ ❬ ❋✺❍✙❉✚❋✺❍➀❯✔❋➨❉✚❋③❯ ❄ ■❑◆ ❆ ❋ ❬✚❆ ❋✟◆☛❋✟❍❦❯ ❄❇❢✺④ ❋✺◆✟❈❬ ❋✺❫❑▲ ♠①❄ ❯☛▲➨❉✚❋ ❝ ❪✚❋ υη(M

′) = η(M ′τ)(cτ+c+d)−1/2/η(τ) ❈✾◆☛❋✟❍✚❉✚▲❞▲③❏♦❋✟❏⑦❚ ❆ ▲➌❉✚■ ❆ ❋✺■❹❯✔▲➌❉✚❋✺◆❜❯ ❄
■❑❘❇❪ ❄ ❫❑❉ ❄ ❉✚❋✏❪✙❍✚■❳❲❇▲❼❩ ❄ ❏♦❋✟❍➀❯✔❋➶❉✚❋✟❯☛❋ ❆ ❏♦■❳❍ ❄ ❉✚▲✚r ⑥ ❋ ♠①❄ ❯✔▲✙❈Ó▲✦❩ ❄❇❆✔s ❯✔❋ ❆❞♠ ❪✙❍✚❩✺■❳▲❖❍ ❄ ❫➃❉✙❋▼❪✙❏◗◆☛■❳◆❨❯☛❋✺❏ ❄
❏⑦❪✚❫❹❯✔■ ❬ ❫❑■❳❩ ❄ ❉✚▲ ❆ ❍ ❣ ▲ ❬ ▲♣❉✚❋✠◆☛❋ ❆ ❩✟▲❖❍➀❯ ❆✔❄✾❆ ■ ❄ ❉✚▲✚❈❻❩✺▲❖❏▼❋✺❍➀❯ s✾❆ ■❑▲✒❋✟◆❨❯☛❋ ❝ ❪✚❋✠❯ ❄ ❏✏❚➂❴✟❏ ❴ ❆ ❋✟❫❑❋✟❲ ❄ ❍➀❯☛❋❬❊❄❇❆☛❄➶❄ ◆❧❉✚❪ ❄ ◆❧▲❖❪✙❯ ❆✔❄ ◆ ❬ ▲❖◆❨◆☛■❑❚✙■❑❫❑■❳❉ ❄ ❉✚❋✟◆✝❉✚❋ M ′ r
� ❪ ❬ ▲❖❍✚➉ ❄ ❏♦▲❇◆✺❈ ❄ ❘❖▲ ❆☛❄ ❈ M ′ = MT =

(

∗ ∗
c d

)(

0 −1

1 0

)

=

(

∗ ∗
d −c

)

r ì ❋✺◆☛◆❨❋
❩ ❄ ◆☛▲✚❈

η(M ′τ) = η(M(Tτ))

= υη(M)(cT τ + d)1/2η(Tτ)

= υη(M)(−c/τ + d)1/2υη(T )τ 1/2η(τ)

= υη(M)
(dτ − c)1/2

τ 1/2
e2πin(1/2)e−πi/4τ 1/2η(τ)

= υη(M)eπine−πi/4(dτ − c)1/2η(τ),



☎ ↔✰✵✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✥✘❛Ò❡➏❄✜✈❰✉Ð❊➑☞✘✟❮➹➔❶❰✾Ï♥Ð❊➒❖➓✚➔✐Ü❡Ð✚❰✉Ð
η(τ)

✳ ✵

◆❨❋✺❍✚❉✙▲ n ❪✚❏ ■❳❍➀❯✔❋✺■ ❆ ▲á❉✚❋ ❬ ❋✟❍✚❉✚❋✟❍❦❯☛❋ ❄❇❬ ❋✺❍ ❄ ◆Þ❉✚❋ c ❋ d â ❄ ❩✺❋ ❆ ❩ ❄ ❉✚■❑◆❨◆☛▲✚❈✉❋ø❯ ❄ ❏⑦❚➂❴✟❏ ❬❊❄❇❆☛❄ ❋✺❍➀❯✔❋✟❍✚❉✚❋ ❆❄ï❬ ❋✺❍❦❥✚❫❹❯✔■❑❏ ❄✐❬❊❄ ◆❨◆ ❄ ❘❇❋✺❏ ❄ ❩✟■❑❏ ❄ ❈ ❆ ❋✟❲❇❋ ✦☛❄ ❩✺▲❖❏▼❋✺❍➀❯ s✾❆ ■❑▲é◆❨■❳❯✔❪ ❄ ❉✚▲ ðï❬❊s ❘❖■❳❍ ❄ ⑩✺❙✙❈ ❄ ❩✺❋ ❆ ❩ ❄ ❉✚❋❬ ▲❇❯☛í✺❍✚❩✟■ ❄ ◆ø❉✚❋ ❝ ❪✚▲♣❩✺■❳❋✺❍➀❯✔❋✟◆⑤❉✚❋á❍❦❥✚❏▼❋ ❆ ▲❖◆✮❩✺▲❖❏ ❬ ❫❳❋❱❽❼▲❖◆➲å❾r ❃ ▲ ❆ ❯ ❄ ❍❦❯☛▲✚❈✤â①ã✙r❳ä❖ä✈å❅❯ ❄ ❏⑦❚✤❴✺❏ ❲ ❄ ❫❑❋ ❬❊❄✾❆✔❄
M ′ = MT ❈❊❩✺▲❖❏ υη(M

′) = υη(M)eπine−πi/4 r
è ■❑❍ ❄ ❫❳❏♦❋✟❍➀❯✔❋❇❈❼◆☛❋ M ′ = MS−1 =

(

∗ ∗
c d

)(

1 −1

0 1

)

=

(

∗ ∗
c d− c

)

❈❊❋✟❍❦❯ ❣ ▲
η(M ′τ) = η(M(S−1τ))

= υη(M)(cS−1τ + d)1/2η(S−1τ)

= υη(M)(cτ + d− c)1/2eπi(τ−1)/12

∞∏

m=1

(
1 − e2πim(τ−1)

)

= υη(M)e−πi/12(cτ + d− c)1/2η(τ),

❆ ❋ ❄ ❫❳■ ②✺❄ ❍✚❉✚▲♦❩ s ❫❳❩✺❪✚❫❳▲❖◆③◆❨■❑❏▼■❑❫ ❄❇❆ ❋✟◆ ❄ ▲❖◆❞❉✚▲❵■❳❍ ❭ ❩✟■❑▲▼❉ ❄ ❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢❤❣ ▲✚r ⑥ ❋✟◆❨❯✔❋❛❏▼▲♣❉✚▲✚❈❶❯ ❄ ❏⑦❚✤❴✺❏
M ′ = MS−1 ◆ ❄ ❯✔■❑◆ ♠①❄❇② â①ã✙r❳ä❖ä✈å⑤❋❇❈ ❬ ▲ ❆ ■❑❍✙❉✚❪ ❢❤❣ ▲✚❈❊▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲➶◆☛❋✟❘❖❪✚❋ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ M ∈ Γ(1) r

ó r η(τ) ➼❊➡✈➢➲➢❱➩♣➞➃➩♣➟▼➦✦➙✽✼✟➼✙➦❇➝✙➢✺➭♣➡▼➳♣➙✻❶❡➡➥➩❼➸❾➞✖➙❱➸✏➙❱➟ ➤ ➦➀➳➀➦❙➼❊➡➥➝❊➺➻➡❞➼✙➦❇➸❨➦➀➘✯❷➥Ù ➞ ➤ ➡♦➳♣➙ Γ(1)
➙❱➟

R ⑧
➁➣❥✚❍✚■❳❩✺▲ ❬ ▲❖❍➀❯✔▲ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩✟▲➨❉✚❋ Γ(1) ❋✺❏ R ❴ ∞ r➊❺ ❬ ❫❳■❑❩ ❄ ❍✚❉✚▲ t ◆☛❋✇▲ ⑨ ▲ ❆ ▲❖❫ s✾❆ ■❑▲❸◆ ð ❉✙❋✟●❊❍✚■ ❢❤❣ ▲
❉✙❋ η(τ) ❈ ❬✚❄❇❆✔❄ x = e2πiτ ❈✚❯☛❋✺❏▼▲❖◆ ❝ ❪✚❋

η(τ) = eπiτ/12
∞∏

m=1

(
1 −

(
e2πiτ

)m)

= eπiτ/12

∞∑

n=−∞
(−1)n

(
e2πiτ

)n(3n+1)/2

=

∞∑

n=−∞
(−1)ne2πi[n(3n+1)/2+1/24]τ . â➜ã✚r❳ä ó å

⑨ ▲❇❏♦▲❵▲ ❬ ▲❖❍➀❯☛▲ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩✟▲♦❴ q = ∞ ❈✤❯✔❋✺❏▼▲❖◆✟❈ ❆ ❋✟❫ ❄ ❯☛■❳❲❇▲❖◆ ❄ ❯ ❄ ❫ ❬ ▲❖❍➀❯☛▲✚❈ σ(τ) = 1 ❈ A = I ❈
λ = 1 ❋ κ = 1/24 ❈➥❉✚❋✮❏♦▲♣❉✚▲ ❝ ❪✚❋ ❄ ❋❱❽ ❬❊❄ ❍✚◆ ❣ ▲ ❄ ❩✺■❳❏ ❄ ❩✟▲❖■❑❍✚❩✟■❑❉✚❋✾❈ ❄ ❏▼❋✺❍✚▲❖◆Þ❉✚❋❻❪✚❏ ❄ ❏✏❪✚❉ ❄ ❍ ❢✺❄
❉✙❋ ❭ ❍✚❉✚■❳❩✺❋✟◆❙❍✚▲✠◆☛▲❖❏ ❄ ❯✔æ ❆ ■❑▲✙❈Ö❩✺▲❇❏ ❄ ❉✚❋ η(τ) ❋✟❏ q = ∞ ❈Ó❉✚❋ ❄ ❩✟▲ ❆ ❉✚▲✠❩✟▲❖❏ ❄✸❆ ❋✟❫ ❄❇❢✺❣ ▲✍â➇⑩❼r❘◗❖å
❉✙▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲➶⑩✙r

⑩❼r η(τ) ➴❙➟✄➙❱➸➲➡➥➟✄➡➥➸➠➧✟➦✠➙❱➟ ➤ ➦➀➳➀➦❂➼❊➡➥➝❊➺➻➡❙➼✙➦❇➸❨➦➀➘✯❷➥Ù ➞ ➤ ➡➶➳♣➙ Γ(1)
➙❱➟

R
➬

✟ s ❲♣■❑❏▼▲❖◆✟❈③❍✚▲é■❹❯✔❋✺❏ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈ ❝ ❪✙❋ ❄ ❋❱❽ ❬❊❄ ❍✚◆ ❣ ▲ê❉✚❋ è ▲❖❪ ❆ ■❑❋ ❆ ❉✚❋ η(τ) ❍✚▲é❥✚❍✙■❑❩✺▲ ❬ ▲❖❍➀❯✔▲❬✚❄❇❆✔❄ ❚✤æ❖❫❳■❑❩✺▲▼❉✚❋ Γ(1) ❋✺❏ R ❴✏❉ ❄ ❉ ❄✄❬ ▲ ❆ â①ã✚r❹ä ó å❾r ì ▲✾❯✔❋✏❋✟❍➀❯ ❣ ▲✚❈ ❝ ❪✚❋❇❈ ❬✚❄❇❆✔❄ ❩ ❄ ❉ ❄ ■❳❍➀❯✔❋✺■ ❆ ▲ n ❈
n(3n+ 1)/2+ 1/24 > 0 ❈♣❉✚▲❖❍✚❉✙❋ η(τ) ❴➨❏▼❋ ❆ ▲❖❏♦▲ ❆❨♠①❄ ❋✺❏➚❩ ❄ ❉ ❄❷❬ ▲❖❍➀❯☛▲ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩✟▲❂❉✚❋ Γ(1)

❋✟❏ R r



✳ ☎ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❃ ❋✟❫❑▲✠❯ ❆ í✟◆❂■❳❯✔❋✟❍✚◆ ❄ ❩✺■❳❏ ❄ ❈✪❯✔❋✺❏▼▲❖◆ ❝ ❪✚❋ η(τ) ❴➶❪✚❏ ❄✸♠ ▲ ❆ ❏ ❄ ❏▼▲♣❉✚❪✚❫ ❄✾❆ ❉✚❋▼❘ ❆✔❄ ❪ −1/2 ❩✟▲❖❏ ❆ ❋✟❫ ❄❇❢✺❣ ▲❄
Γ(1) r ❝➋❄ ■❑◆❧❉✚▲ ❝ ❪✙❋❷■❳◆☛◆☛▲✙❈❊❍✚▲❖◆☛◆ ❄ ◆➌▲❖❚✚◆☛❋ ❆ ❲ ❄❇❢✟④ ❋✟◆ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❋✟◆❧❍✚▲❖◆ ❬ ❋ ❆ ❏▼■❳❯☛❋✺❏ ❄ ● ❆ ❏ ❄❇❆á❝ ❪✚❋ η(τ) ❴

❪✚❏ ❄❛♠ ▲ ❆ ❏ ❄ ❩✺❥✚◆ ❬ ■❑❉✚❋✾r

✶✠✷➹✶ ✻ ✼❇✽✠✿✫r ❀❂❁
ϑ(τ )

❺ ❬✚❆ ❋✺◆❨❋✺❍➀❯ ❄❇❆ ❋✺❏▼▲❖◆✺❈➊❍✚❋✺◆❜❯ ❄ ◆❨❋ ❢❤❣ ▲✚❈➊▲❖❪❼❯ ❆✔❄✸♠ ▲ ❆ ❏ ❄ ❏♦▲♣❉✚❪✚❫ ❄❇❆ ❏⑦❪✙■❳❯✔▲✦■❑❏ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔❋ ❬❊❄❇❆☛❄➋❄ ❯✔❋✟▲ ❆ ■ ❄ ❉✚▲❇◆
❍❦❥✚❏♦❋ ❆ ▲❖◆✟❈ ❄ ◆ ❄ ❚➂❋ ❆ ❈ ϑ(τ) r ❃❅❄❇❆✔❄ ❍✚▲❖◆❨◆ ❄ ◆☛▲ ❆ ❯✔❋❇❈❡▲ ♠①❄ ❯✔▲✠❉✚❋ ✦☛s ◆ ❄ ❚✤❋ ❆ ❏♦▲❖◆ ❝ ❪✚❋ η(τ) ❴➶❪✚❏ ❄❵♠ ▲ ❆ ❏ ❄
❩✺❥✚◆ ❬ ■❑❉✙❋✸â①◆❨❋ ❢✺❣ ▲ ❄ ❍➀❯✔❋ ❆ ■❳▲ ❆ å ❬ ▲♣❉✚❋ ❆✔s ◆❨❋ ❆➨❄❇❬✚❆ ▲✈❲❇❋✺■❳❯ ❄ ❉✚▲♦❍ ❄ ❉✚❋✟❏♦▲❇❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲✄❉✚❋ ❝ ❪✚❋ ϑ(τ) ❯ ❄ ❏⑦❚➂❴✟❏✴❴♠ ▲ ❆ ❏ ❄ ❏▼▲❼❉✚❪✙❫ ❄❇❆ ❈ ❬✚❆ ■❑❍✚❩✟■ ❬❊❄ ❫❑❏▼❋✺❍➀❯✔❋③❋✺❏ ❲♣■ ❆ ❯✔❪✙❉✚❋❙❉✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ä✈➆❼❈ ❝ ❪✚❋❂❋✺◆❨❯ ❄ ❚✤❋✺❫❑❋✟❩✺❋ ❆✔s ❪✚❏ ❄➶❆ ❋✺❫ ❄❇❢❤❣ ▲
❋✺❍➀❯ ❆ ❋ ❄ ❏⑦❚ ❄ ◆ ❄ ◆ ♠ ▲ ❆ ❏ ❄ ◆✝❏♦▲♣❉✚❪✚❫ ❄❇❆ ❋✟◆✺r❃➊❄❇❆☛❄

τ ∈ H ❈❊❉✚❋❱●❊❍✚■❳❏♦▲❖◆ ❄⑦♠ ❪✚❍ ❢❤❣ ▲▼❋✺❏ ❝ ❪✚❋✟◆❨❯ ❣ ▲ ❬ ▲ ❆ ➍
ϑ(τ) =

∞∑

n=−∞
eπin2τ = 1 + 2

∞∑

n=1

eπin2τ .

� ❋ τ = x+ iy ∈ H ❈✚❋✟❍❦❯ ❣ ▲ ∣∣∣eπin2τ
∣
∣
∣ = e−πn2y < e0 = 1 ❈✚❉✚▲❖❍✚❉✙❋❸▲▼❥✚❫❹❯✔■❑❏▼▲✏❉✙▲❖◆❧◆☛▲❖❏ ❄ ❯✔æ ❆ ■❑▲❇◆ ❝ ❪✚❋❄❇❬❊❄❇❆ ❋✺❩✟❋✺❏➄❍ ❄ ❉✚❋❱●❊❍✚■ ❢✺❣ ▲q❉✚❋ ϑ(τ) ❴♦❩✺▲❖❍➀❲❇❋ ❆ ❘❇❋✺❍➀❯✔❋ ❬❊❄❇❆☛❄ ❪✚❏ ❄✦♠ ❪✚❍ ❢❤❣ ▲ ❄ ❍ ❄ ❫ ❭ ❯✔■❳❩ ❄ ❋✺❏ H r❴✂Ó▲❖❘❖▲✚❈

ϑ(τ) ❴ ❆ ❋✟❘❖❪✚❫ ❄❇❆ ❋✺❏ H r
❺✢■❳❏ ❬ ▲ ❆ ❯❹❄❇❍✚❩✟■ ❄ ❉✚❋ ϑ(τ) ❈ ❬❊❄❇❆☛❄♦❄ ❯✔❋✟▲ ❆ ■ ❄ ❉✙▲❖◆❧❍♣❥✙❏♦❋ ❆ ▲❖◆✟❈ ❆ ❋✺◆❨■❑❉✚❋❸❍✚▲ ♠①❄ ❯✔▲➶❉✚❋ ❝ ❪✚❋❇❈❶◆☛❋ s ♠ ▲ ❆ ❪✚❏

■❑❍➀❯✔❋✟■ ❆ ▲❛❍ ❣ ▲➶❍✚❋✺❘ ❄ ❯✔■❹❲❖▲✚❈

[ϑ(τ)]s =

( ∞∑

n=−∞
eπin2τ

)( ∞∑

n=−∞
eπin2τ

)

· · ·
( ∞∑

n=−∞
eπin2τ

)

︸ ︷︷ ︸

s ❺❼❻✍❽✍❻✍❾
.

ì➨❄ ❋❱❽ ❬❊❄ ❍✙◆ ❣ ▲ ❄ ❩✺■❳❏ ❄ ❈➌❴ ❋✟❲♣■❑❉✙❋✺❍➀❯✔❋ ❝ ❪✚❋♥▲ê❩✺▲♣❋✟●✚❩✺■❑❋✟❍➀❯✔❋✍❉✚❋ eπimτ ❩✟▲ ❆☛❆ ❋✺◆ ❬ ▲❖❍✙❉✚❋ ❄ ▲ê❍❦❥✚❏▼❋ ❆ ▲Ø❉✙❋
❏ ❄ ❍✚❋✺■ ❆✔❄ ◆⑤❉✚❋❞◆☛❋ ❆ ❋ ❬✙❆ ❋✺◆❨❋✺❍➀❯ ❄✾❆ ▲✏■❑❍➀❯✔❋✟■ ❆ ▲✏❍ ❣ ▲⑦❍✚❋✟❘ ❄ ❯☛■❳❲❖▲ m ❩✟▲❖❏♦▲❷◆☛▲❖❏ ❄ ❉✚❋❙❋❾❽ ❄ ❯ ❄ ❏▼❋✺❍➀❯☛❋ s ❝ ❪ ❄ ❉ ❆✔❄✉t
❉✚▲❖◆✟❈➊◆☛❋✟❍✚❉✚▲✲❋✺◆❨❯☛❋✺◆⑦❍ ❣ ▲✲❍✙❋✺❩✺❋✟◆☛◆ ❄❇❆ ■ ❄ ❏♦❋✟❍➀❯✔❋✄❉✙■❑◆❨❯☛■❑❍➀❯✔▲❇◆❸❋▼■❑❏ ❬ ▲ ❆ ❯ ❄ ❍✚❉✚▲✠◆☛❪ ❄ ▲ ❆ ❉✚❋✺❏★❋✟❏★❩ ❄ ❉ ❄ ◆☛▲❖❏ ❄ r
❺➨◆❨◆☛■❑❏✦❈✚❉✚❋✟❍✚▲❇❯ ❄ ❍✚❉✚▲ t ◆☛❋❙❯ ❄ ❫Ö❲ ❄ ❫❑▲ ❆á❬ ▲ ❆ rs(m) ❈✚❯☛❋✺❏▼▲❖◆

[ϑ(τ)]s = 1 +
∞∑

m=1

rs(m)eπimτ . â①ã✚r❹ä✈⑩➀å
⑨ ▲❖❏▼▲⑦❋❱❽❼❋✺❏ ❬ ❫❳▲✚❈❼❯☛❋✺❏▼▲❖◆ r3(9) = 30 ❈ ❬ ▲❇■❑◆ 9 = (±3)2 + 02 + 02 = 02 + (±3)2 + 02 = 02 + 02 +

(±3)2 = (±1)2 + (±2)2 + (±2)2 = (±2)2 + (±1)2 + (±2)2 = (±2)2 + (±2)2 + (±1)2 r ⑨ ▲❖❏



☎ ↔ ☎ ❒ ❮➪Ô❡➑❅➒❖➓✚➔
ϑ(τ)

✳❶✃

❋✟◆❨❯ ❄ ❉✚❋✟●✚❍✚■ ❢✺❣ ▲✏❉✚❋ rs(m) ❈➂â①ã✚r❹ä✈⑩➀å➃◆☛❋✟❘❖❪✚❋③■❑❏▼❋✺❉✚■ ❄ ❯ ❄ ❏▼❋✺❍➀❯☛❋á❉✚▲ ♠①❄ ❯✔▲✚❈ ✦☛s ❩✺▲❖❏▼❋✺❍➀❯ ❄ ❉✚▲ ❄ ❩✟■❑❏ ❄ ❈❖❉✚❋ ϑ(τ)

❩✟▲❖❍➀❲❖❋ ❆ ❘❖■ ❆➌❄ ❚✙◆☛▲❖❫❳❪✙❯ ❄ ❏▼❋✺❍➀❯☛❋❇r
❺ ❬✚❆ ▲✈❲ ❄ ❉✚❋ ❝ ❪✚❋ η(τ) 6= 0 ❋✟❏ H

♠ ▲❖■ ❆ ❋✟❫ ❄ ❯☛■❳❲ ❄ ❏▼❋✺❍➀❯✔❋❙◆❨■❑❏ ❬ ❫❑❋✟◆✺❈❊❍ ❣ ▲▼❯☛❋✺❍✚❉✚▲♦➉ ❄ ❲♣■❑❉✚▲♦❍✚❋✺❍✚➉❦❪✚❏
❯☛❋✺▲ ❆ ❋✺❏ ❄ ❋✺◆ ❬ ❋✺❩✟■ ❄ ❫ ❬❊❄❇❆☛❄ ❋✺❫ ❄ r à ❏ÿ❩✺▲❖❍➀❯ ❆☛❄❇❬❊❄❇❆ ❯✔■❳❉ ❄ ❈ ❬ ❋✺❫❳▲ ♠①❄ ❯✔▲✸❉ ❄ ❉✚❋✟●❊❍✙■ ❢❤❣ ▲✸❉✚❋ ϑ(τ) ❋❾❽ ❬✚❆ ❋✟◆☛◆ s✉t ❫ ❄
❍❦❪✚❏➈◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲❛■❳❍✙●❊❍✚■❹❯✔▲✚❈❼❋✺◆☛◆ ❄ ❍✙▲✉❲ ❄❛♠ ❪✚❍ ❢✺❣ ▲➶❋❱❽❼■❑❘❖■ ❆✔s ❪✚❏ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲➶❍ ❣ ▲➶❯ ❆ ■❳❲♣■ ❄ ❫✖❈ ❄ ◆ ❄ ❚✤❋ ❆ ❈❊▲
❈ ➏❦➔❶❰✉➏♣ÏÑÐ ✳ ↔❃✑✝➦❇➸❨➦

τ ∈ H
➮ø➺➻➙❱➟❭❬✖➢✈➙✏➯✺➩❊➙

ϑ(τ) =

∞∏

n=1

(
1 − e2πinτ

) (
1 + e(2n−1)πiτ

)2
. â➜ã✚r❳ä✺ã❦å

⑤➨Ù❑➴❱➟❿➳❇➞❑➢➲➢✈➡✈➮✇➴ ➤ ➡➥➝✙➢✈➙☛➯➀❿●➁❱➝ ➤ ➞①➦♦➳♣➙▼úüû✤➬➠ý✺û❇þ♦➯✺➩❊➙ ϑ(τ) 6= 0
➼✙➦❇➸☛➦ ➤ ➦➀➳➀➦ τ ∈ H

➬
↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬ ➁❞❚✚◆❨❋ ❆ ❲❖❋ ❝ ❪✚❋✾❈❼◆❨❋ τ ∈ H ❈ |eπiτ | < 1 r ❃ ▲ ❆ ❯ ❄ ❍❦❯☛▲✚❈ ❬ ▲♣❉✚❋✟❏♦▲❖◆ ❄❇❬ ❫❑■❑❩ ❄❇❆ ▲ ß ❋✟▲ ❆ ❋✟❏ ❄
ã➶❍ ❄ ❉✚❋✟●✚❍✚■ ❢✺❣ ▲➶❉✚❋ ϑ(τ) ❈ ❬✚❄❇❆✔❄ x = eπiτ ❋ z = 1 6= 0 ❈✚▲❇❚✙❯✔❋✟❍✚❉✚▲

ϑ(τ) =
∞∑

n=−∞

(
eπiτ
)n2

=
∞∏

n=0

(

1 −
(
eπiτ
)2n+2

)(

1 +
(
eπiτ
)2n+1

)(

1 +
(
eπiτ
)2n+1

)

=

∞∏

n=1

(
1 − e2πinτ

) (
1 + e(2n−1)πiτ

)2
,

❝ ❪✚❋❂❴❂▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲➶❉✚❋✺◆❨❋ ✦☛❄ ❉✙▲✚r
❺➨❘❇▲ ❆✔❄ ❈♣◆ ❄ ❚➂❋✟❏♦▲❖◆ ❝ ❪✚❋ |eπimτ | < 1 ❈❼❉✙▲❖❍✚❉✚❋ 1− eπimτ 6= 0 ❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ τ ∈ H ❋➨❩ ❄ ❉ ❄ ■❳❍➀❯✔❋✺■ ❆ ▲❬ ▲❖◆☛■❹❯✔■❹❲❖▲ m ❈❊❉✚❋❂❏▼▲❼❉✚▲ ❝ ❪✚❋✄â①ã✙r❳ä❤ã➀å✇❍✚▲❖◆❧❘ ❄❇❆☛❄ ❍➀❯✔❋ ❝ ❪✚❋ ϑ(τ) 6= 0 ❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ τ ∈ H r
➁ ❯☛❋✺▲ ❆ ❋✺❏ ❄ ◆❨❋✺❘❖❪✙■❑❍➀❯✔❋❂❋✺◆❜❯ ❄ ❚✤❋✺❫❳❋✺❩✟❋ ❄ ❉✚❋✟◆☛❋ ✦☛❄ ❉ ❄♦❆ ❋✺❫ ❄❇❢❤❣ ▲❛❋✟❍➀❯ ❆ ❋ η(τ) ❋ ϑ(τ) ➍

❈ ➏❦➔❶❰✉➏♣ÏÑÐê→ ❀ ↔➌ù✪➙
τ ∈ H

➮á➙❱➝❊➺➹➭♣➡

ϑ(τ) =

[
η
(

τ+1
2

)]2

η(τ + 1)
.

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬✞� ❋ τ ∈ H ❈❊❋✟❍➀❯ ❣ ▲➶❴❂❩✺❫ ❄❇❆ ▲ ❝ ❪✚❋ (τ + 1)/2 ❋ τ + 1 ❯ ❄ ❏✏❚➂❴✟❏ ❬ ❋ ❆ ❯☛❋✺❍✚❩✟❋✺❏ ❄
H r

✂Ó▲❖❘❖▲✙❈ ❬ ▲ ❆ ❉✚❋✟●❊❍✙■ ❢❤❣ ▲✚❈
[

η

(
τ + 1

2

)]2

=

{

eπi[(τ+1)/2]/12
∞∏

m=1

(
1 − e2πim[(τ+1)/2]

)

}2

= eπi(τ+1)/12
∞∏

m=1

(
1 − eπim(τ+1)

)2
,



✳❶❐ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❋
η(τ + 1) = eπi(τ+1)/12

∞∏

m=1

(
1 − e2πim(τ+1)

)
,

❉✚❋❙❯ ❄ ❫Ö❏ ❄ ❍✙❋✺■ ❆☛❄⑦❝ ❪✚❋
[
η
(

τ+1
2

)]2

η(τ + 1)
=

∏∞
m=1

(
1 − eπim(τ+1)

)2

∏∞
m=1 (1 − e2πim(τ+1))

=

∏∞
m=1

(
1 − e2πim(τ+1)

)2 (
1 − e(2m−1)πi(τ+1)

)2

∏∞
m=1 (1 − e2πim(τ+1))

=
∞∏

m=1

(
1 − e2πimτ

) (
1 + e(2m−1)πiτ

)2
= ϑ(τ),

❬ ❋✟❫❑▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ❞❼r
⑥ ❋✺◆❜❯✔❋➋❏▼▲♣❉✚▲✚❈ ❄ ❬❊❄❇❆ ❯✔■ ❆ ❉✚❋ ❬✙❆ ▲ ❬✚❆ ■❑❋✟❉ ❄ ❉✚❋✟◆♦❩✟▲❖❍✚➉✚❋✟❩✺■❑❉ ❄ ◆ ❬❊❄✾❆✔❄ η(τ) ❈ ❬ ▲❼❉✚❋✟❏♦▲❇◆▼❉✙❋✺❉✚❪ ② ■ ❆▼❬✚❆ ▲ t❬✚❆ ■❳❋✺❉ ❄ ❉✚❋✺◆ ❄ ❍ s ❫❑▲❖❘ ❄ ◆ ❬❊❄❇❆☛❄ ϑ(τ) ❈❶❉✚❋✟❍➀❯ ❆ ❋ ❄ ◆ ❝ ❪ ❄ ■❳◆ ❄ ❯☛❋✺◆❨❋❸❉✙▲♦◆❨❋✺❘❖❪✚■❳❍➀❯✔❋❙❯✔❋✟▲ ❆ ❋✟❏ ❄ ➍

❈ ➏❦➔❶❰➥➏♣ÏÑÐ →✤→❊↔❷⑤ ➧❾➩♣➝❶➫✉➭♣➡
ϑ(τ)

➴♦➩♣➟▼➦✏➧❤➡➥➸❱➟▼➦q➟✄➡✺➳❇➩♣Ù❹➦❇➸♦➞➠➝❊➺➪➙❱➞➠➸❨➦✒➳♣➙⑦î❇➸☛➦❇➩ −1/2 ➤ ➡➥➟★➸✔➙➲➢➪➼❊➙❱➞➠➺➻➡
➦

Γϑ = 〈S2, T 〉 6 Γ(1)
ú❨➙➲➢❱➺➻➙✄➢❱➩✚➘➪î❇➸❾➩✈➼❊➡Ñ➳♣➙

Γ(1)
❑✣➂♥➝Ö➡✈➢❙➧❤➡➥➞❸➦❱➼✤➸✔➙➲➢✈➙❱➝❊➺✖➦➀➳♣➡✒➝Ö➡ ② ➦❱➼❵t➠➺①➩❼Ù❑➡ ✾ þ❇➬

⑤③➳♣➙❱➟▼➦❇➞❑➢➲➮❶➢✈➙✇➳♣➙❱➝Ö➡➥➺✖➦❇➸❾➟✄➡✈➢✝➡á➢❱➞❑➢❱➺➻➙❱➟▼➦➌➟❛➩❼Ù ➺①➞ô➼✤Ù ➞ ➤ ➦➀➳♣➡➥➸❻➳♣➙➲➢➲➢✺➦❡➧❤➡➥➸❾➟▼➦❻➼❊➡➥➸ υϑ

➮Ö➺➻➙❱➟✄➡✈➢✇➯✺➩❊➙
υϑ(S

2) = 1➙
υϑ(T ) = (i)−1/2 = e−πi/4 ➬

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸☛➦❖➫✉➭♣➡❇➬ ✟ s ❉✙■❑◆☛❩✟❪✙❯✔■❳❏♦▲❇◆ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❏▼❋✺❍➀❯☛❋✲▲ ♠①❄ ❯✔▲♥❉✚❋ ❝ ❪✚❋ ϑ(τ) ❴ ❆ ❋✺❘❇❪✚❫ ❄❇❆ ❋✟❏ H r ⑥ ❋❄ ❩✺▲ ❆ ❉✚▲❷❩✺▲❖❏ ❄ ❉✚❋✟●❊❍✙■ ❢❤❣ ▲✏❉✚❋ ♠ ▲ ❆ ❏ ❄ ❏♦▲♣❉✚❪✚❫ ❄❇❆ â ⑨ ❄❇❬✙❭ ❯✔❪✙❫❑▲❸⑩➀å❱❈♣❚ ❄ ◆❜❯ ❄❸❝ ❪✙❋ ❬✚❆ ▲✉❲❇❋✺❏▼▲❖◆ ❄❷❄ ◆☛◆❨❋ ❆❨❢❤❣ ▲⑦❉✙▲
❋✺❍❦❪✚❍✚❩✟■ ❄ ❉✙▲ ❬❊❄❇❆☛❄ ❪✚❏ ❄③❬❊❄❇❆ ❯✔■❳❩✺❪✚❫ ❄❇❆Þ❆ ❋✺❘❇■ ❣ ▲ ♠ ❪✚❍✚❉ ❄ ❏♦❋✟❍❦❯ ❄ ❫ ❬❊❄ ❉ ❆ ▲❖❍✚■ ②✺❄ ❉ ❄ ◆☛❋✺❘❇❪✚❍✚❉✚▲ Γϑ r ì ▲ ⑨ ▲ ❆ ▲❖❫ s❇❆ ■❑▲
ä➃◆⑦❉✚▲ ⑨ ❄❇❬✚❭ ❯☛❪✚❫❑▲ ó ❈✚❲♣■❑❏▼▲❖◆ ❝ ❪✚❋

R = R(Γ(1)) ∪ S−1{R(Γ(1))} ∪ S−1T{R(Γ(1))}

❴❞❪✚❏ ❄✏❆ ❋✟❘❖■ ❣ ▲ ♠ ❪✚❍✚❉ ❄ ❏♦❋✟❍➀❯ ❄ ❫ ❬❊❄ ❉ ❆ ▲❖❍✚■ ②✺❄ ❉ ❄ ◆❨❋✺❘❖❪✙❍✚❉✚▲ Γϑ rø❺③◆☛◆❨■❑❏✦❈❼❉✚❋ ❄ ❩✺▲ ❆ ❉✚▲❛❩✺▲❇❏ ❄ ❉✙❋✟●❊❍✚■ ❢❤❣ ▲❛❉✙❋♠ ▲ ❆ ❏ ❄ ❏▼▲❼❉✚❪✙❫ ❄❇❆ ❈❼❯✔❋✟❏♦▲❇◆á❉✚❋❂◆ ❄ ❯☛■❑◆ ♠①❄✾② ❋ ❆❧❄ ◆➌❩✟▲❖❍✚❉✚■ ❢✺④ ❋✺◆❧❋✺❍❦❪✚❏▼❋ ❆☛❄ ❉ ❄ ◆❧❉✚❋➶ä❖r ❄ ⑩✙r ❝ ❪✙❋❷◆❨❋✺❘❖❪✚❋✟❏✲➍
ä❖r

ϑ(Mτ) = υϑ(M)(cτ + d)1/2ϑ(τ), â①ã✙r❳ä➃◆❇å
➼✙➦❇➸❨➦♦➺➪➡✺➳♣➡

M =

(

∗ ∗
c d

)

∈ Γϑ
➮á➡➥➝✤➳♣➙ |υϑ(M)| = 1 ⑧



☎ ↔ ☎ ❒ ❮➪Ô❡➑❅➒❖➓✚➔
ϑ(τ)

✳➂➱

� ❋ ✦☛❄
M =

(

a b

c d

)

∈ Γϑ r à ❍➀❯ ❣ ▲

Mτ + 1

2
=

aτ+b
cτ+d

+ 1

2

=
(a+ c)τ + b+ d

2cτ + 2d

=
2(a+ c)

(
τ+1
2

)
+ b+ d− (a+ c)

4c
(

τ+1
2

)
+ 2d− 2c

=
(a+ c)

(
τ+1
2

)
+
(

b−c
2

+ d−a
2

)

(2c)
(

τ+1
2

)
+ (d− c)

= M1

(
τ + 1

2

)

,

▲❇❍✚❉✚❋
M1 =

(

a+ c b−c
2

+ d−a
2

2c d− c

)

∈ Γ(1),

❪✙❏ ❄ ❲❖❋ ②❷❝ ❪✚❋
(a+ c)(d− c) −

(
b− c

2
+
d− a

2

)

(2c) = ad− ac+ cd− c2 − (b− c+ d− a)c

= ad− ac+ cd− c2 − bc+ c2 − cd+ ac

= ad− bc = 1.

⑨ ❄ ❚➂❋ ❄❇❝ ❪✚■➊❪✚❏ ❄ ❋❾❽ ❬ ❫❑■❳❩ ❄❇❢✺❣ ▲ ❄ ❩✟❋ ❆ ❩ ❄ ❉✚▲ ♠①❄ ❯✔▲❵❉✙❋ b−c
2

+ d−a
2

❯ ❄ ❏⑦❚✤❴✺❏ ◆☛❋ ❆ ■❳❍➀❯✔❋✺■ ❆ ▲✚r ⑨ ▲❖❏▼▲
M ∈ Γϑ ❈➂▲ ⑨ ▲ ❆ ▲❖❫ s❇❆ ■❑▲P◆❛❉✚▲ ⑨ ❄❇❬✙❭ ❯✔❪✙❫❑▲ ó ❍✚▲❇◆➨❘ ❄❇❆☛❄ ❍➀❯✔❋ ❝ ❪✚❋ a ≡ d â①❏▼▲♣❉ ó å✝❋ b ≡ c â①❏▼▲❼❉ó å❱❈Ó❉✚❋❛❯ ❄ ❫➊❏ ❄ ❍✚❋✺■ ❆✔❄❵❝ ❪✚❋ d − a ❋ b − c ◆ ❣ ▲ ❬❊❄❇❆ ❋✺◆✺❈❡❘ ❄❇❆☛❄ ❍➀❯✔■❳❍✚❉✚▲ t ◆☛❋ ❝ ❪✚❋ b−c

2
❋ d−a

2
◆☛❋ ✦☛❄ ❏

■❳❍➀❯✔❋✺■ ❆ ▲❖◆✟r ⑥❞❄ ❏♦❋✟◆☛❏ ❄⑦♠ ▲ ❆ ❏ ❄ ❈
Mτ + 1 =

aτ + b

cτ + d
+ 1 =

(a+ c)τ + (b+ d)

cτ + d
= M2τ,

▲❇❍✚❉✚❋
M2 =

(

a+ c b+ d

c d

)

∈ Γ(1),

❉ ❄ ❉✚▲ ❝ ❪✚❋
(a+ c)d− (b+ d)c = ad+ cd− bc− cd = ad− bc = 1.

❺③❘❖▲ ❆☛❄ ❈Ó◆☛❋ τ ∈ H ❈Þ❋✺❍➀❯ ❣ ▲ Mτ ∈ H ❈ ❬ ❋✟❫ ❄✸❆ ❋✟❫ ❄❇❢✺❣ ▲✍â ó r ó å➨❉✙▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲ ó r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✙❈❡▲ß ❋✺▲ ❆ ❋✺❏ ❄ ä✈➆❛■❑❏ ❬ ❫❑■❳❩ ❄❸❝ ❪✙❋
ϑ(Mτ) =

[
η
(

Mτ+1
2

)]2

η(Mτ + 1)
=

[
η
(
M1

(
τ+1
2

))]2

η(M2τ)
. â➜ã✚r❳ä❤⑧➀å



✳●✡ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❃ ▲ ❆ ▲❇❪✙❯ ❆ ▲▼❫ ❄ ❉✚▲✚❈❼▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❙❛❍✚▲❖◆❧❩✺▲❖❏✏❪✚❍✚■❑❩ ❄

η

(

M1

(
τ + 1

2

))

= υη(M1)

(

(2c)

(
τ + 1

2

)

+ (d− c)

)1/2

η

(
τ + 1

2

)

= υη(M1)(cτ + d)1/2η

(
τ + 1

2

)

❋
η(M2τ) = υη(M2)(cτ + d)1/2η(τ)

= υη(M2)(cτ + d)1/2[υη(S)]−1η(Sτ)

= υη(M2)e
−πi/12(cτ + d)1/2η(τ + 1).

� ❪✚❚✙◆❨❯✔■❹❯✔❪✚■❳❍✚❉✚▲ t ◆☛❋❙❋✟❏ â①ã✚r❹ä✈⑧➀å ❄ ◆➌❋❾❽ ❬✚❆ ❋✟◆☛◆ ④ ❋✺◆③❋✺❍✚❩✟▲❖❍➀❯ ❆☛❄ ❉ ❄ ◆✟❈✚❯✔❋✺❏▼▲❖◆
ϑ(Mτ) =

[
υη(M1)(cτ + d)1/2η

(
τ+1
2

)]2

υη(M2)e−πi/12(cτ + d)1/2η(τ + 1)

= [υη(M1)]
2[υη(M2)]

−1eπi/12(cτ + d)1/2

[
η
(

τ+1
2

)]2

η(τ + 1)

= υϑ(M)(cτ + d)1/2ϑ(τ),

❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋➨❍✚▲✈❲ ❄ ❏▼❋✺❍➀❯✔❋❂▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ä✈➆❼❈✚❋❂❩✺▲❖❍✚◆❨■❑❉✚❋ ❆✔❄ ❍✙❉✚▲ t ◆❨❋
υϑ(M) = [υη(M1)]

2[υη(M2)]
−1eπi/12, â①ã✚r❹ä➃◗❖å

❯ ❄ ❫ ❝ ❪✚❋ |υϑ(M)| = 1 r➄⑨➪◆❜❯✔▲✐❯✔❋ ❆ ❏▼■❑❍ ❄♥❄Ñ❬✚❆ ▲✉❲ ❄ ❉✚❋✟◆❨❯☛❋q■❳❯☛❋✺❏✦❈á❏ ❄ ◆ ❄ ❍➀❯✔❋✟◆❵❉✚❋ ❬❊❄ ◆☛◆ ❄✾❆✸❄ ▲❬✚❆ æ✈❽❼■❳❏♦▲✚❈❼❋✺❍✚❩✟▲❖❍➀❯ ❆ ❋✺❏▼▲❖◆ ❄ ◆á❋❱❽ ❬✚❆ ❋✟◆☛◆ ④ ❋✟◆ ❬❊❄❇❆☛❄ υϑ(S
2) ❋ υϑ(T ) r❃ ❋✟❫ ❄ ❉✚❋❱●❊❍✚■ ❢✺❣ ▲▼❉✚❋ ϑ(τ) ❈✚❯✔❋✺❏▼▲❖◆

ϑ(S2τ) = ϑ(τ + 2) = 1 + 2
∞∑

n=1

eπin2(τ+2) = 1 + 2
∞∑

n=1

eπin2τ = ϑ(τ).

⑨ ▲❖❏▼▲ S2 =

(

1 2

0 1

)

❈➊❋ ✦☛s ◆ ❄ ❚➂❋✟❏♦▲❖◆ ❝ ❪✚❋▼❲ ❄ ❫❑❋✲â①ã✚r❹ä➃◆❖å❾❈❅◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋ υϑ(S
2) = 1 â①❫❑❋✟❏ t

❚ ❆☛❄ ❍✚❉✚▲❛❯ ❄ ❏⑦❚➂❴✟❏ ❝ ❪✚❋ ϑ(τ) 6= 0 ❈ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ τ ∈ H å❱rø❺á❉✚❋✟❏ ❄ ■❑◆✺❈
ϑ(Tτ) = υϑ(T )τ 1/2ϑ(τ),

❉✚▲❖❍✙❉✚❋❇❈✚❯☛▲❖❏ ❄ ❍✚❉✚▲ t ◆☛❋ τ = i ∈ H ❈✙❲❇❋✺❏
ϑ(i) = υϑ(T )(i)1/2ϑ(i),

▲❖❪✠◆☛❋ ✦☛❄ ❈ υϑ(T ) = (i)−1/2 = e−πi/4 â ϑ(i) 6= 0 ❈ ❬ ❋✺❫❳▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❞➀å❾r



☎ ↔ ☎ ❒ ❮➪Ô❡➑❅➒❖➓✚➔
ϑ(τ)

✳●✳

ó r ϑ(τ)
➼❊➡✈➢➲➢❱➩♣➞➃➩♣➟▼➦✦➙✽✼✟➼✙➦❇➝✙➢✺➭♣➡▼➳♣➙❸❶❡➡➥➩❼➸❾➞✖➙❱➸✏➙❱➟ ➤ ➦➀➳➀➦❂➼❊➡➥➝❊➺➪➡❞➼✙➦❇➸❨➦➀➘✯❷➥Ù ➞ ➤ ➡♦➳♣➙ Γϑ

➙❱➟
R ⑧

➁❞◆ ❬ ▲❇❍❦❯☛▲❖◆ ❬❊❄❇❆✔❄ ❚➂æ❖❫❳■❑❩✟▲❖◆ø❉✚❋ Γϑ ❋✟❏ R ❈♣❩✺▲❇❏♦▲❂❲♣■❑❏▼▲❖◆ø❍✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲❷⑩✙❈❦◆ ❣ ▲ ❄❇❬ ❋✺❍ ❄ ◆❻❉✚▲❖■❳◆✺➍ −1

â S−1T (∞) = −1 å➌❋ ∞ â I(∞) = S−1(∞) = ∞ å❱r ß❅❆☛❄ ❯✔❋✟❏♦▲❇◆➨◆☛❋ ❬❊❄❇❆☛❄ ❉ ❄ ❏▼❋✺❍➀❯✔❋✏❉✚▲❖◆➨❉✙▲❖■❑◆
❩ ❄ ◆☛▲❇◆✺➍

â ❄ å q = −1 ➅
ñ❞■❑❏▼▲❖◆✟❈✙❍✚▲❛❋❾❽✙❋✟❏ ❬ ❫❑▲⑦◆❨❋✺❘❖❪✚■❳❍➀❯✔❋ ð❛⑥ ❋❱●❊❍✚■ ❢✺❣ ▲➶⑩⑦❉✚▲ ⑨ ❄❇❬✙❭ ❯✔❪✙❫❑▲❛⑩✙❈ ❝ ❪✚❋ λ = 1 rø❺á❉✚❋✺❏ ❄ ■❑◆✟❈
❯✔❋✺❏▼▲❖◆ A = S−1T =

(

−1 −1

1 0

)

❈ σ(τ) = (τ + 1)1/2 ❈❊❋

υϑ((S
−1T )S2(S−1T )−1) = υϑ

(

2 1

−1 0

)

= eπi/4 = e2πi(1/8),

❪✙❯✔■❳❫❑■ ②✺❄ ❍✚❉✚▲ t ◆☛❋ ❄ï♠ æ ❆ ❏⑦❪✚❫ ❄ ❋❾❽ ❬ ❫ ❭ ❩✺■❳❯ ❄ï❬❊❄❇❆✔❄
υϑ ❈ ❝ ❪✚❋✍◆☛❋✍❋✺❍✙❩✺▲❖❍➀❯ ❆☛❄ ❉✚❋✟❏♦▲❇❍✚◆❨❯ ❆✔❄ ❉ ❄ ❍✚▲❬✚❆ æ❤❽❼■❑❏▼▲❙❩ ❄❇❬✙❭ ❯✔❪✙❫❑▲✚r ì ❋✟◆❨❯✔❋ ❬ ▲❖❍➀❯✔▲✚❈ ❆ ❋✟❲❇❋✺❫ ❄✉t ◆☛❋á❉✙❋ ♠ ❪✚❍✚❉ ❄ ❏▼❋✺❍➀❯ ❄ ❫✚■❑❏ ❬ ▲ ❆ ❯❹❄❇❍✚❩✺■ ❄ ▲ ♠①❄ ❯☛▲❙❉✚❋❝ ❪✙❋ ❄❇❝ ❪✚❋✺❫ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛❄❇❢❤❣ ▲✏❍ ❣ ▲⑦❫❳❋✟❲ ❄ ❋✟❏ ❩✟▲❖❍➀❯ ❄ ▲ ♠①❄ ❯☛▲⑦❉✚❋ ϑ(τ) ◆❨❋ ❆✇♠ ▲ ❆ ❏ ❄ ❏♦▲♣❉✚❪✚❫ ❄❇❆ r⑨ ▲❖❏♦▲❷❲❖❋ ❆ ❋✺❏▼▲❖◆✺❈ ❄ ▲❖❚✙❯☛❋✺❍ ❢✺❣ ▲⑦❉✚❋➨❪✚❏ ❄❂♠ æ ❆ ❏✏❪✚❫ ❄ ❋❱❽ ❬ ❫ ❭ ❩✺■❹❯ ❄❂❬❊❄❇❆☛❄ υϑ ❪✙❯☛■❑❫❑■ ②❤❄ ◆☛▲❇❏♦❋✟❍❦❯☛❋❞▲

■❳❯✔❋✟❏ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❋❇❈ ❬❊❄❇❆ ❯✔■❑❩✟❪✚❫ ❄✾❆ ❏▼❋✺❍➀❯✔❋✾❈ ❄❸❆ ❋✟❫ ❄❇❢✺❣ ▲✏❉✚❋➨❩✺▲❖❍✚◆❨■❑◆❜❯✔í✺❍✙❩✺■ ❄ ❋❱❽ ❬✚❆ ■❑❏▼■❑❉ ❄ ❋✺❏◗â➇⑩✙rö⑩➀å❾❈
❍✚▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲✄⑩✙r ⑥ ❋✺◆❜❯✔❋❛❏▼▲❼❉✙▲✚❈✤❲❇❋✺❏ ❝ ❪✚❋ κ = 1/8 r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲❵❫ ❄ ❉✚▲✚❈ ❬ ❋✺❫❑▲ ß ❋✟▲ ❆ ❋✟❏ ❄
ä✈➆✙❈❊❩✺▲❇❏♦▲ Aτ ∈ H ❈❼❲❖❋✺❏

ϑ(Aτ) = ϑ

(−τ − 1

τ

)

= ϑ(−1 − 1/τ) =

[

η
(

−1/τ
2

)]2

η(−1/τ)
=

[η(−1/2τ)]2

η(−1/τ)
.

❺➨❘❖▲ ❆☛❄ ❈ ❄❇❬ ❫❑■❑❩ ❄ ❍✚❉✚▲ t ◆☛❋❙▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ◗❼❈✙❯✔❋✟❏♦▲❇◆

η

(

− 1

2τ

)

= (−i)1/2(2τ)1/2η(2τ),

❋
η

(

−1

τ

)

= (−i)1/2τ 1/2η(τ),



→ ❀❵❀ ❒ ✘❛❮➹➔❶❰➥ÏÑÐ✥✘▼ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰✉➏P✘
η(τ)

➏
ϑ(τ)

❉✚▲❖❍✙❉✚❋
ϑ(Aτ) =

[
(−i)1/2(2τ)1/2η(2τ)

]2

(−i)1/2τ 1/2η(τ)

= 2(−i)1/2τ 1/2 [η(2τ)]2

η(τ)

= 2(−i)1/2τ 1/2

[
eπiτ/6

∏∞
m=1 (1 − e4πimτ )

]2

eπiτ/12
∏∞

m=1 (1 − e2πimτ )

= 2(−i)1/2τ 1/2eπiτ/4
∞∏

m=1

(
1 − e4πimτ

)2
∞∏

m=1

(
1 − e2πimτ

)−1

= 2(−i)1/2τ 1/2eπiτ/4
∞∑

m′=0

am′e4πim′τ
∞∑

n′=0

p(n′)e2πin′τ

= 2(−i)1/2τ 1/2eπiτ/4
∞∑

n=0

bne
2πinτ

= τ 1/2
∞∑

n=0

2(−i)1/2bne
2πi[n+(1/8)]τ ,

❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ τ ∈ H ❈➨❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋➋❯ ❄ ❏⑦❚➂❴✟❏ ❄ê❃ø❆ ▲ ❬ ▲❖◆☛■ ❢❤❣ ▲➣ä❖❈ ❬❊❄❇❆☛❄ x = e2πiτ r
è ■❳❍ ❄ ❫❑❏▼❋✺❍➀❯☛❋❇❈❧❯✔▲❖❏ ❄ ❍✚❉✚▲ t ◆☛❋✾❈➨❍ ❄ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈ A−1τ =

(

0 1

−1 −1

)

τ =

−1/(τ + 1) ❋✺❏➈❫❳❪✚❘ ❄❇❆ ❉✚❋ τ ❈✚❯✔❋✟❏♦▲❖◆
ϑ(τ) =

( −1

τ + 1

)1/2 ∞∑

n=0

2(−i)1/2bne
2πi[n+(1/8)]A−1τ

=
(−1)1/2

(τ + 1)1/2
e2πik(1/2)

∞∑

n=0

2(−i)1/2bne
2πi[n+(1/8)]A−1τ

= (τ + 1)−1/2

∞∑

n=0

eπike−πi/22(−i)1/2bn
︸ ︷︷ ︸

an

e2πi[n+(1/8)]A−1τ ,

◆☛❋✟❍✚❉✚▲ k ❄ ❫❑❘❇❪✚❏ ■❑❍➀❯☛❋✺■ ❆ ▲✚r ⑥ ❋✺◆❜❯✔❋✝❏▼▲❼❉✙▲✚❈ ❄ ❋❱❽ ❬✚❆ ❋✺◆☛◆ ❣ ▲ ❄ ❩✺■❳❏ ❄ ❩✟▲❖■❑❍✚❩✟■❑❉✚❋❻❩✺▲❇❏ ❄ ❋❱❽ ❬❊❄ ❍✚◆ ❣ ▲
❉✚❋ ϑ(τ) ❋✟❏ q = −1 ❈❊❉✚❋ ❄ ❩✺▲ ❆ ❉✚▲➶❩✺▲❖❏ ❄➶❆ ❋✺❫ ❄❇❢❤❣ ▲✲â①⑩✙r❘◗❇å✇❉✚▲ ⑨ ❄❇❬✚❭ ❯☛❪✚❫❑▲➶⑩❼r

â①❚❶å q = ∞ rì ❋✟◆❨❯☛❋❸❩ ❄ ◆☛▲✙❈ λ = 2 ❈ σ(τ) = 1 ❈ A = I â①▲❇❪ S−1 å✇❋ κ = 0 ❋❇❈ ❬ ▲ ❆ ❉✚❋✟●✚❍✚■ ❢✺❣ ▲✚❈
ϑ(τ) = 1 + 2

∞∑

n=1

eπin2τ ,

❝ ❪✚❋❂❴❇❈❊❩✟▲❖❏♦▲ ❬ ▲❼❉✙❋✺❏▼▲❖◆✝❲❖❋ ❆ ❈ ❄ ❋❱❽ ❬❊❄ ❍✙◆ ❣ ▲♦❉✚❋ è ▲❇❪ ❆ ■❳❋ ❆ ❉✚❋ ϑ(τ) ❋✟❏ q = ∞ r



☎ ↔ ☎ ❒ ❮➪Ô❡➑❅➒❖➓✚➔
ϑ(τ)

→ ❀ →

✂Ó▲❖❘❇▲✚❈✙❯ ❄ ❏⑦❚➂❴✟❏ ❋✟◆❨❯✔❋❸■❳❯☛❋✺❏ ❋✺◆❨❯ s▼❬✙❆ ▲✈❲ ❄ ❉✚▲✚r
⑩❼r ϑ(τ)

➴❂➟✄➙❱➸✔➡➥➟✄➡➥➸➠➧✟➦✠➙❱➟ ➤ ➦➀➳➀➦❙➼❊➡➥➝❊➺➻➡❙➼✙➦❇➸❨➦➀➘✯❷➥Ù ➞ ➤ ➡▼➳♣➙ Γϑ

➙❱➟
R
➬

ì ▲❂■❳❯✔❋✟❏ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❈❇❋✺❍✚❩✟▲❖❍➀❯ ❆✔❄ ❏♦▲❖◆ ❄ ◆❻❋❾❽ ❬❊❄ ❍✚◆ ④ ❋✟◆⑤❉✚❋ è ▲❖❪ ❆ ■❑❋ ❆ ❉✚❋ ϑ(τ) ❍✙▲❖◆ ❬ ▲❇❍❦❯☛▲❖◆ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■ t
❩✟▲❖◆✄❉✙❋ Γϑ ❋✺❏ R r ì ❋✟❫ ❄ ◆✟❈✇❲♣■❑❏▼▲❖◆ ❝ ❪✚❋➋▲❖◆ ❭ ❍✚❉✙■❑❩✺❋✟◆➶❉✚▲❖◆✄◆❨▲❖❏ ❄ ❯✔æ ❆ ■❑▲❖◆ ❬ ❋ ❆ ❩✺▲ ❆❨❆ ❋✟❏ ❄✾❬ ❋✟❍ ❄ ◆
❲ ❄ ❫❳▲ ❆ ❋✟◆á❍ ❣ ▲➶❍✚❋✟❘ ❄ ❯✔■❹❲❖▲❖◆✟❈❊❉✚❋❂❏♦▲♣❉✚▲ ❝ ❪✚❋❂◆☛❋✟❘❖❪✚❋❸▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲✚r

à ❏ ❬❊❄❇❆ ❯☛■❑❩✟❪✚❫ ❄❇❆➌❬ ❋✺❫❑▲✄❩✺▲❖❏▼❋✺❍➀❯ s✾❆ ■❑▲♦❉✚▲✸❥✚❫❹❯✔■❑❏▼▲▼■❳❯✔❋✟❏ ❄ ❩✺■❳❏ ❄ ❈✤◆☛❋✟❘❖❪✚❋ ❝ ❪✚❋ ϑ(τ) ❴ ❆ ❋✺❘❖❪✚❫ ❄❇❆ ❋✺❏ ❩ ❄ ❉ ❄❬ ▲❖❍➀❯✔▲ ❬✚❄❇❆✔❄ ❚✤æ❖❫❳■❑❩✺▲❷❉✚❋ Γϑ ❋✺❏ R r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲ ϑ(τ) ❴❞❪✚❏ ❄❸♠ ▲ ❆ ❏ ❄ ❏♦▲♣❉✚❪✚❫ ❄❇❆ ■❑❍➀❯✔❋✟■ ❆☛❄ ❉✚❋❞❘ ❆✔❄ ❪ −1/2

❩✟▲❖❏ ❆ ❋✺◆ ❬ ❋✺■❹❯✔▲ ❄
Γϑ rï➁❙❚✙◆☛❋ ❆ ❲❖❋ ❝ ❪✚❋ ϑ(τ) ❍ ❣ ▲✍❴✸❩✟❥✚◆ ❬ ■❑❉✚❋✾❈⑤❪✚❏ ❄ ❲❖❋ ②✲❝ ❪✚❋✠❍ ❣ ▲✒➉ s ❪✚❏ ② ❋ ❆ ▲ ❉✚❋

▲ ❆ ❉✚❋✺❏ ❬ ▲❖◆❨■❳❯☛■❳❲ ❄ ❍✚▲ ❬ ▲❇❍❦❯☛▲ ❬❊❄❇❆✔❄ ❚➂æ❖❫❳■❑❩✟▲ ∞ r





➆ ➇✢✜♣➈ ✣✦✥★✧✪✩ ➉

➊ ✭ ✭✠➋Ó✭ ✣✦✵ë✱ ➇ ✭ ✱ ✥★✧✤✣ ➋ ✜ ✧ ➋q➌ ➇ ✳ ✩✰✯✦✵ ✭
υη

✵
υϑ

à ◆❨❯☛❋♥❩ ❄❇❬✚❭ ❯✔❪✚❫❳▲ê◆❨❋♥❉✙❋✺❉✚■❳❩ ❄êð ▲❖❚❼❯✔❋✺❍ ❢❤❣ ▲ê❉✚❋ ♠ æ ❆ ❏⑦❪✙❫ ❄ ◆❵❋❾❽ ❄ ❯ ❄ ◆ ❬❊❄❇❆☛❄ υη(M1) ❋ υϑ(M2) ❈❙◆☛❋✟❍✚❉✚▲
M1 ∈ Γ(1) ❋ M2 ∈ Γϑ ❈✝▲❖❪ë◆❨❋ ✦☛❄ ❈ ♠ æ ❆ ❏⑦❪✚❫ ❄ ◆❛❋❱❽ ❬ ❫ ❭ ❩✟■❳❯ ❄ ◆ ❬✚❄❇❆✔❄ ❯ ❄ ■❳◆ ♠ ❪✙❍ ❢✺④ ❋✺◆✟❈á❋✺❏ ❯✔❋ ❆ ❏▼▲❖◆▼❉✚▲❖◆
❩✟▲❼❋❱●❊❩✺■❳❋✺❍➀❯✔❋✟◆♦❉ ❄ ◆❛❏ ❄ ❯ ❆ ■ ② ❋✺◆❛❋✟❏ ❝ ❪✚❋✠◆☛❋ ❄❇❬ ❫❳■❑❩ ❄ ❏✲r à ❏⑦❚➂▲ ❆✔❄ ❩✺▲❇❍✚❩✺❋✟■❳❯✔❪ ❄ ❫❑❏▼❋✺❍➀❯✔❋✸❋✟❫❑❋✟❏♦❋✟❍❦❯ ❄❇❆ ❋✟◆✺❈ ❄ ◆
❉✚❋✟❏♦▲❇❍✚◆❨❯ ❆✔❄❇❢✟④ ❋✟◆ ❝ ❪✚❋ ♠①❄❇❆ ❋✟❏♦▲❇◆ ❄ ❩✟❋ ❆ ❩ ❄ ❉✚❋✺◆❨◆ ❄ ◆ ♠ æ ❆ ❏⑦❪✚❫ ❄ ◆ ❄✾❬✚❆ ❋✟◆☛❋✺❍➀❯ ❄ ❏ ❚ ❄ ◆❜❯ ❄ ❍➀❯☛❋q❩✺▲❖❏ ❬ ❫❳❋❱❽❼■❑❉ ❄ ❉✚❋
❩✟▲❖❏ ❬ ❪✙❯ ❄ ❩✟■❑▲❖❍ ❄ ❫✖❈ ✦ ❪✚◆❜❯✔■❳●✚❩ ❄ ❍✚❉✙▲ t ◆❨❋ ❄ ❉✚❋✺❉✙■❑❩ ❄✾❢❤❣ ▲✍❉✚❋✦❪✚❏ ❩ ❄✾❬✚❭ ❯☛❪✚❫❑▲ ■❑❍➀❯☛❋✺■ ❆ ▲ ❄ ❋✟❫ ❄ ◆✟rë❺➨◆ ♠ æ ❆ ❏⑦❪✚❫ ❄ ◆
❋❾❽ ❬ ❫ ❭ ❩✟■❳❯ ❄ ◆ ❬❊❄❇❆☛❄ ▲❇◆❻◆❨■❑◆❜❯✔❋✺❏ ❄ ◆✮❏⑦❪✚❫❹❯✔■ ❬ ❫❑■❳❩ ❄ ❉✚▲ ❆ ❋✺◆❅❋✺❏ ❝ ❪✚❋✟◆❨❯ ❣ ▲✏◆ ❣ ▲❂■❑❏ ❬ ▲ ❆ ❯ ❄ ❍➀❯☛❋✺◆ ❬❊❄❇❆☛❄❷❄ ◆ ❄✾❬ ❫❑■❳❩ ❄❇❢✟④ ❋✟◆
❉ ❄ ❯✔❋✺▲ ❆ ■ ❄ ❉✚❋ ♠ ▲ ❆ ❏ ❄ ◆③❏▼▲❼❉✙❪✚❫ ❄❇❆ ❋✺◆ ð ❯✔❋✟▲ ❆ ■ ❄ ❉✚▲❖◆③❍❦❥✚❏♦❋ ❆ ▲❖◆✟r à ❏ ❬✚❄❇❆ ❯☛■❑❩✺❪✙❫ ❄❇❆ ❈ ❄ ■❳❍✚❉ ❄▼❝ ❪✙❋⑦❍ ❣ ▲❵◆❨❋ ✦☛❄
▲❖❚ ✦ ❋✟❯✔▲➶❉✚❋✟◆❨❯☛❋❸❯☛❋❱❽♣❯✔▲✚❈✙◆ ❣ ▲➶■❑❏ ❬ ▲ ❆ ❯ ❄ ❍➀❯✔❋✺◆ ð ▲❇❚✙❯✔❋✟❍ ❢❤❣ ▲▼❉✚❋ ❆ ❋✺◆☛❪✙❫❳❯ ❄ ❉✚▲❖◆á❩✺▲❇❍✚❩✺❋ ❆ ❍✚❋✟❍❦❯☛❋✺◆ ❄ p(n) ❋ rs(n)❄❸❬❊❄❇❆ ❯☛■ ❆ ❉✚❋ η(τ) ❋ ϑ(τ) rø❺ ❬✙❆ ■❑❏▼❋✺■ ❆✔❄❞♠ æ ❆ ❏⑦❪✚❫ ❄ ❋❾❽ ❄ ❯ ❄✏❬❊❄✾❆✔❄ υη

♠ ▲❖■❶▲❖❚❼❯✔■❑❉ ❄❷❬ ▲ ❆ ❂ ❄ ❉✚❋✟❏ ❄ ❩➲➉✚❋ ❆ ❈❼❋✟❏
❯☛❋ ❆ ❏▼▲❖◆❞❉✙❋❛◆☛▲❖❏ ❄ ◆❞❉✚❋ ⑥ ❋✺❉✚❋✣➍♣■❳❍✚❉✪r❷❺ ❝ ❪✙❋ ❄❇❬✚❆ ❋✟◆☛❋✟❍❦❯ ❄❇❆ ❋✟❏♦▲❇◆ ❄✾❝ ❪✙■✖❈Ö❯☛▲❼❉ ❄ ❲♣■ ❄ ❈Ö❴❛❪✚❏ ❄ ❲❖❋ ❆ ◆ ❣ ▲✲❏ ❄ ■❳◆❆ ❋✺❩✺❋✟❍➀❯✔❋❇❈Ó❉✙❋✟❲♣■❑❉ ❄✸❄✸❃ ❋✟❯☛❋ ❆ ◆❨◆☛▲❖❍Øâ ➦❱➼✤➩✚➳ïò ä❖ä✺õ➇❈✪❩✺▲❖❍✙◆☛❪✚❫❹❯✔❋ ⑤❙➘✯■✙➦❇➝✤➳✙Ù❹➬✏↕⑦➙❱➩♣➺➹➬✈⑤✁➎❇➦➀➳➀➬❯➏✠➞❑➢➲➢✺➬⑥➐❞➙❱➸❾Ù ➞➠➝✙➮ ✾
â➻ä➑❞❩◆✾ã❦å❾❈❁◆✉❞ ❬✚❬ rôå❱r

❺➨❏✏❚ ❄ ◆ ❄ ◆ ♠ æ ❆ ❏⑦❪✚❫ ❄ ◆✏◆ ❣ ▲✒▲❖❚➀❲♣■ ❄ ❏▼❋✺❍➀❯☛❋✸■❑❉✚í✟❍❦❯☛■❑❩ ❄ ◆✺❈ø❉✚■ ♠ ❋ ❆ ■❑❍✚❉✚▲ ❄❇❬ ❋✟❍ ❄ ◆⑦❍ ❄✒♠ ▲ ❆ ❏ ❄ ❋✺❏ ❝ ❪✚❋✠◆☛❋❄❇❬✙❆ ❋✺◆❨❋✺❍➀❯ ❄ ❏✲r✝❺ ♠ æ ❆ ❏⑦❪✚❫ ❄ ❋✟❏➈❯✔❋ ❆ ❏♦▲❇◆③❉✚❋❸◆☛▲❇❏ ❄ ◆❧❉✚❋ ⑥ ❋✺❉✙❋➀➍❦■❑❍✚❉➋◆☛❋ ❆ ■ ❄ ❏ ❄ ■❑◆á❩✺▲❇❍✚◆❨❯ ❆ ❪✙❯☛■❳❲ ❄ ❈❶❉ ❄ ❍✚❉✙▲ t
❍✚▲❇◆❛■❑❍ ♠ ▲ ❆ ❏ ❄✾❢✺④ ❋✺◆ ❆ ❋✺❫ ❄ ❯✔■❹❲ ❄ ◆ ð ◆✏■❑❉✚❴✟■ ❄ ◆ ❝ ❪✙❋ ❄ ❋✟❫ ❄ ❩✟▲❖❍✚❉✚❪ ② ■ ❆☛❄ ❏✦❈ø❋❇❈ø❩ ❄ ❫❑❩✺❪✙❫ ❄ ❍✚❉✙▲ t ◆❨❋ ❄ ◆⑦◆❨▲❖❏ ❄ ◆⑦❉✚❋⑥ ❋✟❉✚❋➀➍❦■❳❍✚❉✐❋✺❏★❯☛❋ ❆ ❏▼▲❖◆❂❉✚▲✲◆ ❭ ❏✏❚➂▲❖❫❳▲✸❉✚❋✠✟ ❄ ❩✺▲❖❚✚■➇❈Þ▲❖❚✙❯✔❋ ❆☛❭❑❄ ❏♦▲❇◆ ❄ ❲❖❋ ❆ ◆ ❣ ▲ ❝ ❪✚❋✄◆❨❋ ❆☛s➋❄❇❝ ❪✚■ ❄❇❬✚❆ ❋✺◆☛❋✟❍ t
❯ ❄ ❉ ❄ r à ❍❦❯ ❆ ❋❱❯ ❄ ❍➀❯✔▲✙❈ ❬✚❄❇❆✔❄ ❉✚❋✟◆☛❋✟❍❦❲❇▲❖❫❳❲❇❋ ❆♦❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲✒❉✚❋✫❂ ❄ ❉✚❋✟❏ ❄ ❩➲➉✚❋ ❆ ❈❻◆❨❋ ❆ ■ ❄ ❍✚❋✟❩✺❋✺◆❨◆ s❇❆ ■❑▲ ▲
❉✚❋✟◆☛❋✟❍❦❲❇▲❖❫❳❲♣■❳❏♦❋✟❍❦❯☛▲ ❬✚❆ ❴❱❲♣■❑▲✸❉✚❋⑦❏ ❄ ■❳◆③❯✔❋✟▲ ❆ ■ ❄ ❈✤❋✺◆❨❯☛❋✺❍✚❉✙❋✺❍✚❉✚▲✦❏⑦❪✚■❹❯✔▲ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲✚r ⑥ ❋✺◆❜❯✔❋➶❏♦▲♣❉✚▲✚❈
▲ ❬ ❯ ❄ ❏▼▲❖◆✺❈ ❬ ▲ ❆ ❚ ❆ ❋✟❲♣■❳❉ ❄ ❉✚❋✾❈ ❬ ❋✟❫ ❄♦❄❇❬✚❆ ❋✟◆☛❋✟❍❦❯ ❄❇❢❤❣ ▲✸❉✚■ ❆ ❋✟❯ ❄ ❉ ❄♦♠ æ ❆ ❏⑦❪✚❫ ❄ ❉✚❋❱❲♣■❑❉ ❄❵❄✄❃ ❋✟❯☛❋ ❆ ◆☛◆☛▲❇❍✪❈ ❬✚❆ ▲♣❩✺❋ t
❉✚❋✟❍✚❉✚▲♦◆☛❪ ❄▼❬✚❆ ▲✈❲ ❄♦❬ ▲ ❆ ■❑❍✚❉✙❪ ❢❤❣ ▲♦◆☛▲❖❚ ❆ ❋❸▲▼❯ ❄ ❏ ❄ ❍✚➉✚▲▼❉ ❄ ◆➌❏ ❄ ❯ ❆ ■ ② ❋✺◆❧❋✟❏ ❝ ❪✙❋✺◆❨❯ ❣ ▲ â➜■❑❉✚❴✟■ ❄➶❄ ❍ s ❫❳▲❖❘ ❄➶ð❝ ❪✚❋ ♠ ▲❖■ ❄❇❬ ❫❳■❑❩ ❄ ❉ ❄ ❍✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❙❵❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲♦ã❦å❱r P ❏ ❄ ❲❇❋ ② ▲❖❚✙❯☛■❑❉ ❄✄❄♦♠ æ ❆ ❏✏❪✚❫ ❄▼❬❊❄❇❆✔❄ υη ❈ ❄ ❉✚❋
υϑ ◆☛❋ ❆☛s ❩✺▲❇❍✚◆☛❋ ❝➒❱ í✺❍✚❩✟■ ❄ ■❑❏▼❋✺❉✙■ ❄ ❯ ❄ ❉ ❄♦♠ æ ❆ ❏⑦❪✚❫ ❄ â➜ã✚r❳ä➑◗❖å❧❉✙▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲♦ã✙rá❺✢❯ ❭ ❯✔❪✚❫❳▲➶❉✚❋✏❩✟❪ ❆ ■❳▲❖◆☛■❳❉ ❄ ❉✚❋✾❈

→ ❀ ✵



→ ❀ ☎ ➓ ✘➞✘➆✗❈✘✢✜✈➏♣ÏÑÐ✏✘▼Ï Ô❡Õ❊✜✣✗①Ü❅Õ✙✗➔❊❖Ð❊ÒÞ➔❶❰➥➏P✘
υη

➏
υϑ

▲Ñ❫❳❋✺■❳❯☛▲ ❆➶❬ ▲♣❉✚❋ ❆✔s ❍✙▲❇❯ ❄❇❆ ❈✝❍ ❄ ◆▼❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢✺④ ❋✺◆ ❝ ❪✚❋ ♠①❄❇❆ ❋✺❏▼▲❖◆✺❈ ❝ ❪✙❋q❍ ❣ ▲♥◆☛❋ ❆☛❣ ▲Ñ❪❼❯✔■❑❫❳■ ②✺❄ ❉ ❄ ◆❛❯✔▲♣❉ ❄ ◆❄ ◆ ❬✙❆ ▲ ❬✚❆ ■❑❋✟❉ ❄ ❉✚❋✟◆ ❝ ❪✚❋✄❯✔▲ ❆ ❍ ❄ ❏ η(τ) ❋ ϑ(τ)
♠ ▲ ❆ ❏ ❄ ◆✏❏▼▲❼❉✚❪✙❫ ❄❇❆ ❋✺◆✺r ⑥ ❋ ♠①❄ ❯✔▲✚❈❅❩✺▲❖❏▼▲ ✦☛s ❉✙■❑◆☛◆❨❋✺❏▼▲❖◆

❍ ❄ ❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢❤❣ ▲❵❉✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ä❖ä⑦❉✚▲✸❩ ❄❇❬✚❭ ❯☛❪✚❫❑▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈Ö◆❨æ✠❪✙❯✔■❳❫❑■ ②✺❄❇❆ ❋✟❏♦▲❇◆ ❄♦❆ ❋✺❫ ❄❇❢❤❣ ▲ â➇⑩✙r❹ä✉å③❉✙▲⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲➶⑩✙rè ■❑❍ ❄ ❫❑❏▼❋✺❍➀❯✔❋✾❈➀◆☛❋➨❍✙❋✺❩✺❋✟◆☛◆ s❇❆ ■❳▲✚❈❼■❳❍✚❉✚■❳❩ ❄ ❏▼▲❖◆ ❄ ▲❷❫❑❋✺■❹❯✔▲ ❆➃❄❷❆ ❋❱❲♣■❑◆ ❣ ▲✏❉ ❄ ◆ ❬✚❆ ▲ ❬✚❆ ■❳❋✺❉ ❄ ❉✚❋✺◆❻❉✚▲❖◆❻◆ ❭ ❏⑦❚➂▲❇❫❑▲❖◆
❉✚❋▼✟ ❄ ❩✟▲❖❚✚■Ö❋✚✂Ó❋✟❘❖❋✺❍✚❉ ❆ ❋❇❈ ❆ ❋✺◆❨❪✚❏♦■❳❉ ❄ ❍✚▲ ⑨ ❄❇❬✙❭ ❯✔❪✙❫❑▲✄ä❇❈✚❍ ❄⑦❬❊❄❇❆ ❯✔❋ ❝ ❪✚❋❙❯ ❆✔❄ ❯ ❄ ❉✚❋❞❯✔❋✟▲ ❆ ■ ❄ ❉✚▲❖◆á❍❦❥✚❏▼❋ ❆ ▲❖◆✺r
→▼✷✟✹ ❦➣❧▼✙❳✭ ✽✠♥➀✢ ✧↕↔ s ♥✣➙✣➛↕✛➜★➝✢ s ✢✻✙✝✢

υη

à ◆❨❯ ❄ ◆☛❋ ❢❤❣ ▲➌◆☛❋ ❆ ❋✺◆❨❪✚❏♦❋ ❄ ❪✚❏ ❯☛❋✺▲ ❆ ❋✺❏ ❄ ❋✮◆☛❪ ❄ ❉✚❋✟❏♦▲❖❍✙◆❨❯ ❆☛❄❇❢❤❣ ▲✏â ❝ ❪ ❄ ❍➀❯✔▲ ð ❍✚▲❇❯ ❄✾❢❤❣ ▲ ❄❇❝ ❪✚■➀❋✟❏ ❬✙❆ ❋✺❘ ❄ ❉ ❄ ❈
❩✺▲❖❍✙◆☛❪✚❫❹❯✔❋ ❄③� ❋ ❢✺❣ ▲✲ä❇röã➶❉✚▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲✸ä✉å❱➍
❈ ➏❦➔❶❰➥➏♣ÏÑÐ➷→❊↔✫➞ ➢❱➞❑➢❱➺➪➙❱➟▼➦ï➟❛➩♣Ù ➺①➞ô➼✤Ù ➞ ➤ ➦➀➳♣➡➥➸ υη

➳➀➦❵➧❤➡➥➸❾➟▼➦Ñ➟✄➡✺➳❇➩❼Ù❹➦❇➸
η(τ)

➴q➳➀➦➀➳♣➡✠➼❊➙❱Ù❹➦♥➢✈➙✖î❇➩❼➞➠➝❊➺➪➙
➧❢❷➥➸❾➟❛➩❼Ù❹➦❩➟

υη(M) =

{ (
d
c

)∗
exp

{
πi
12

[(a+ d)c− bd(c2 − 1) − 3c]
}
,

➢✈➙
c
➴▼t➠➟➨➼✙➦❇➸✔➮

(
c
d

)

∗ exp
{

πi
12

[(a+ d)c− bd(c2 − 1) + 3d− 3 − 3cd]
}
,
➢✈➙
c
➴á➼✙➦❇➸✔➮

➼✙➦❇➸❨➦ ➤ ➦➀➳➀➦ M =

(

a b

c d

)

∈ Γ(1)
➬

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸☛➦❖➫✉➭♣➡❇➬❧ì➨❄ ❉✙❋✺❏▼▲❖❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲➶❉✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❙❛❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲❛ã✚❈❼❉✚❋✟●✚❍✚■❑❏▼▲❖◆á▲❛❩✺▲❇❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲
❉✚❋❞❪✚❏➷❋✟❫❑❋✺❏▼❋✺❍➀❯☛▲⑦❉✚❋ Γ(1) ❈ ❝ ❪ ❄ ❍✚❉✚▲✏❋✺◆☛❩ ❆ ■❹❯✔▲⑦❩✟▲❖❏♦▲ ❬✚❆ ▲♣❉✚❪✙❯☛▲✏●❊❍✚■❹❯✔▲❷❉✚▲❖◆✝❋✟❫❑❋✺❏▼❋✺❍➀❯☛▲❖◆✇❘❖❋ ❆✔❄ ❉✙▲ ❆ ❋✟◆ S ❋
T ❈❊❋ ❬✙❆ ▲✈❲ ❄ ❏♦▲❇◆á▲▼❉✙❋✺◆☛❋❍➠ ❄ ❉✚▲ ❬ ▲ ❆ ■❳❍✚❉✚❪ ❢✺❣ ▲➶◆☛▲❖❚ ❆ ❋❸❋✺◆☛◆❨❋❷❩✟▲❖❏ ❬✚❆ ■❳❏♦❋✟❍❦❯☛▲✚r ❃➊❄✾❆✔❄ ❋✺◆❨❯ ❄ ❉✙❋✺❏▼▲❖❍✚◆❨❯ ❆✔❄❇❢✺❣ ▲✚❈
▲ ❬✚❆ ▲♣❩✺❋✟❉✚■❑❏▼❋✺❍➀❯☛▲ ❄ ❉✚▲❇❯ ❄ ❉✚▲❙◆☛❋ ❆✔s❂❄ ❍ s ❫❑▲❖❘❖▲✙❈❇❉✚❋❧❏▼▲❼❉✚▲ ❝ ❪✙❋ ❬✚❆ ▲✈❲ ❄❇❆ ❋✟❏♦▲❇◆ ❄➨♠ æ ❆ ❏⑦❪✙❫ ❄➨❬❊❄✾❆✔❄ υη(M)

❬ ▲ ❆
■❑❍✚❉✙❪ ❢❤❣ ▲➶◆❨▲❖❚ ❆ ❋❂▲➶❩✺▲❇❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲❛❉✙❋ M r ❃❅❄❇❆✔❄ ❯ ❄ ❍➀❯✔▲✚❈ ❄ ❥✚❍✚■❳❩ ❄❛❆ ❋✟❫ ❄❇❢✺❣ ▲❛❉✚❋ ❝ ❪✚❋❂❍✚▲❖◆❧❪✙❯☛■❑❫❑■ ②❤❄❇❆ ❋✺❏▼▲❖◆
❴ ❄ ❉ ❄ ❉ ❄➶❬ ▲ ❆ â①⑩✙rö⑩➀å❱❈✚❍✙▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲➶⑩✙❈ ❄ ◆ ❄ ❚➂❋ ❆ ❈

υη(M3)(c3τ + d3)
1/2 = υη(M1)υη(M2)(c1M2τ + d1)

1/2(c2τ + d2)
1/2, â➡◆♣r❳ä✉å

❬❊❄❇❆☛❄ ▲é❩ ❄ ◆☛▲ ❬❊❄❇❆ ❯✔■❳❩✺❪✚❫ ❄❇❆ υ = υη ❈➨▲❖❍✙❉✚❋ M1 =

(

∗ ∗
c1 d1

)

❈ M2 =

(

∗ ∗
c2 d2

)

❋ M3 =

M1M2 =

(

∗ ∗
c3 d3

)

r
➁➷❥✚❍✙■❑❩✺▲✄❋✺❫❑❋✟❏♦❋✟❍➀❯✔▲❵❉✚❋ Γ(1)

❝ ❪✙❋ ❬ ▲❖◆❨◆☛❪✚■❅❩✺▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲ ② ❋ ❆ ▲✸❴ ❄ ❏ ❄ ❯ ❆ ■ ② I ❈Ö❋⑦◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋
υη(I) = 1 r ❃ ▲ ❆ ▲❖❪❼❯ ❆ ▲➶❫ ❄ ❉✚▲✚❈ ❄❛♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄ ❍✚▲❖◆❧❉✚■ ②❙❝ ❪✚❋

υη(I) =

(
0

1

)

∗
exp

{
πi

12
(3 − 3)

}

= 1,



✃ ↔①→❴❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υη

→ ❀✤✃

❉✚▲❇❍✚❉✚❋ ❄ ❏♦❋✟◆☛❏ ❄ ❴❵❲ s ❫❑■❳❉ ❄➋❬❊❄❇❆☛❄✒❬❊❄ ❫ ❄ ❲ ❆✔❄ ◆⑦❉✚❋✠❩✺▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲ ② ❋ ❆ ▲✚r✐❺➨❘❇▲ ❆✔❄ ❈✮◆❨❪ ❬ ▲❇❍✚➉ ❄ ❏▼▲❖◆ ❝ ❪✚❋❄✸♠ æ ❆ ❏✏❪✚❫ ❄ ❉ ❄ ❉ ❄ ◆☛❋❼➠ ❄ ❲ s ❫❑■❳❉ ❄❵❬❊❄❇❆☛❄ ❯☛▲❼❉ ❄✠❬✚❄ ❫ ❄ ❲ ❆✔❄ ❉✚❋ Γ(1) ❩✟❪⑦➠❨▲✦❩✺▲❖❏ ❬✚❆ ■❳❏♦❋✟❍➀❯✔▲✸❴ n − 1 ❈❡◆❨❋✺❍✚❉✙▲
n ≥ 1 ❈➂❋⑦◆☛❪ ❬ ▲❖❍✙➉ ❄ ❏▼▲❖◆ ❝ ❪✚❋ M ′ ∈ Γ(1) ❋ ❬ ▲❼❉✙❋✏◆☛❋ ❆ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❄ ❩✺▲❖❏▼▲ ❬❊❄ ❫ ❄ ❲ ❆✔❄ ❉✚❋✏❩✺▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲
n r ì ❋✺◆❜❯✔❋✸❩ ❄ ◆☛▲✚❈ø❩✟▲❖❏▼▲q❍✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ❙✙❈ M ′ = MS ❈✮▲❖❪ M ′ = MT ❈✮▲❖❪ M ′ = MS−1 ❈ø▲❇❍✚❉✚❋
M =

(

a b

c d

)

∈ Γ(1)
❬ ▲❖◆☛◆❨❪✚■Þ❩✺▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲ n− 1 r❇❂❧❋✺◆❨❯ ❄➥t ❍✙▲❖◆✺❈ ❬ ▲❖■❑◆✟❈ ❬✚❆ ▲✉❲ ❄❇❆á❝ ❪✚❋ ❄⑦♠ æ ❆ ❏⑦❪✚❫ ❄

❬✚❆ ▲ ❬ ▲❖◆❨❯ ❄ ❲ ❄ ❫❳❋ ❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ ❪✚❏ ❄ ❉✚❋✺◆❨◆ ❄ ◆➌❯ ❆ í✟◆ ❬ ▲❖◆❨◆☛■❳❚✚■❑❫❳■❑❉ ❄ ❉✙❋✺◆✇❉✙❋ M ′ ➍

ä❇r M ′ = MS =

(

a b

c d

)(

1 1

0 1

)

=

(

a a+ b

c c + d

)

➅

â ❄ å c ➴▼t➠➟➨➼✙➦❇➸ ⑧ì ❋✺◆❜❯✔❋❸❩ ❄ ◆❨▲✚❈ ❄❛❆ ❋✟❫ ❄❇❢✺❣ ▲✲â➡◆❼r❹ä✉å ❆ ❋✟◆☛❪✚❫❹❯ ❄

υη(M
′)(cτ + c+ d)1/2 = υη(M)υη(S)(cSτ + d)1/2 = υη(M)υη(S)(cτ + c+ d)1/2,

▲❖❪
υη(M

′) = υη(M)υη(S)

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c]

}

eπi/12

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c+ 1]

}

,

❪✙❯✔■❳❫❑■ ②✺❄ ❍✚❉✚▲ t ◆☛❋ ❄ ➉✚■ ❬ æ❇❯✔❋✟◆☛❋❷❉✚❋✏■❳❍✚❉✚❪ ❢✺❣ ▲✄❋❷▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❙✙r ❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲✄❫ ❄ ❉✚▲✚❈ ❄▼♠ æ ❆ ❏⑦❪✚❫ ❄❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄➶❬❊❄❇❆✔❄ υη(M
′) ❍✚▲❖◆ ♠ ▲ ❆ ❍✚❋✺❩✟❋

υη(M
′) =

(
c+ d

c

)∗
exp

{
πi

12
[(a+ c+ d)c− (a+ b)(c + d)(c2 − 1) − 3c]

}

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c+ E]

}

,

▲❖❍✚❉✚❋ E = c2 − (ac+ bc + ad)(c2 − 1) ❈✚❋❂❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋ ❝ ❪✚❋
(
c+ d

c

)∗
=

(
c+ d

|c|

)

=

(
d

|c|

)

=

(
d

c

)∗
,

❬ ▲❖■❳◆ |c| ❴ ❭ ❏ ❬❊❄❇❆✏❬ ▲❖◆❨■❳❯✔■❹❲❖▲➋❯ ❄ ❫ ❝ ❪✙❋ c + d ≡ d â①❏▼▲❼❉ |c| å❷❋ (d, |c|) = 1 â c 6= 0 å❱r



→ ❀➂❐ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

❺➨❘❇▲ ❆✔❄ ❈❼❩✺▲❖❏▼▲ ad− bc = 1 ❈✚❯✔❋✟❏♦▲❇◆
E = c2 − (ac+ bc + ad)(c2 − 1)

= c2 − (ac+ 2bc+ 1)(c2 − 1)

= −c2(ac + 2bc) + ac+ 2bc + 1

= c(a+ 2b)(1 − c2) + 1

= (1 − c)c(1 + c)(a+ 2b) + 1.

� ❋ c = ±1 ❈♣❋✟❍➀❯ ❣ ▲ E = 1 r ⑨ ❄ ◆☛▲❸❩✺▲❖❍➀❯ ❆✔s❇❆ ■❑▲✚❈ 1−c ❈ c ❋ 1+c ❉✚❋❱●❊❍✚❋✺❏ ❪✙❏ ❄ ◆☛❋ ❝❲❱ í✺❍✚❩✟■ ❄
❉✚❋❛❯ ❆ í✺◆❸❍❦❥✚❏♦❋ ❆ ▲❖◆❸❩✺▲❇❍✚◆☛❋✟❩✺❪✙❯☛■❳❲❖▲❇◆✺❈➃❉✚❋✟❍➀❯ ❆ ❋▼▲❖◆ ❝ ❪ ❄ ■❑◆❂❪✚❏★❴➶❏⑦❥✙❫❳❯✔■ ❬ ❫❑▲✸❉✙❋♦⑩❼r✄❺á❉✚❋✟❏ ❄ ■❳◆✺❈
❋✺❍➀❯ ❆ ❋ 1−c ❋ 1+c ❈❖❯☛❋✺❏▼▲❖◆➃❉✚▲❇■❑◆ø❍❦❥✚❏▼❋ ❆ ▲❇◆ ❬❊❄❇❆ ❋✟◆ø❯ ❄ ■❳◆ ❝ ❪✚❋❧❪✚❏✰❴❧❏⑦❥✚❫❹❯✔■ ❬ ❫❑▲➌❉✚❋❧ã✚r✝✂Ó▲❖❘❇▲✚❈
8 | (1 − c)(1 + c) ❋ 3 | (1 − c)c(1 + c) ❈Ó❉✙▲❖❍✚❉✚❋ 24 | (1 − c)c(1 + c)(a + 2b) ❈Þ▲❖❪
E ≡ 1 â①❏▼▲❼❉ ó ã❦å❱r❇✂Ó▲❖❘❖▲✙❈

υη(M
′) =

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c+ 1]

}

,

❩✺▲❇■❑❍✚❩✟■❑❉✚■❳❍✚❉✚▲⑦❩✟▲❖❏ ❄ ❋❱❽ ❬✚❆ ❋✺◆☛◆ ❣ ▲ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ r
â①❚❶å c ➴á➼✙➦❇➸✟➬ì ❋✟◆❨❯☛❋❸❩ ❄ ◆☛▲✙❈ ❄ ❍ ❄ ❫❳▲❖❘ ❄ ❏▼❋✺❍➀❯✔❋ ❄ ▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈✙❯✔❋✟❏♦▲❇◆

υη(M
′) = υη(M)υη(S)

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 3 − 3cd]

}

eπi/12

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 2 − 3cd]

}

, â➡◆♣r ó å
❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋ ❄ ➉✚■ ❬ æ❇❯☛❋✺◆❨❋⑤❉✚❋⑤■❑❍✚❉✙❪ ❢❤❣ ▲✙❈ ❄ ❘❖▲ ❆✔❄③❬✚❄❇❆✔❄ c ❬❊❄✾❆ r ❃ ▲ ❆ ▲❇❪✙❯ ❆ ▲➨❫ ❄ ❉✚▲✚❈ ❄➌♠ æ ❆ ❏⑦❪✚❫ ❄❬✚❆ ▲ ❬ ▲❇◆❨❯ ❄❛❬❊❄✾❆✔❄ υη(M

′) ❍✚▲❖◆ ♠ ▲ ❆ ❍✙❋✺❩✺❋
υη(M

′) =

(
c

c+ d

)

∗
exp

{
πi

12
[(a+ c+ d)c− (a+ b)(c+ d)(c2 − 1)

+ 3(c+ d) − 3 − 3c(c+ d)]} . â➡◆❼rö⑩➀å
⑨ ▲❖❏▼▲ c ❴ ❬✚❄❇❆ ❋ ad−bc = 1 ❈➀❯☛❋✺❏▼▲❖◆ ❝ ❪✙❋ d ❴ ❭ ❏ ❬❊❄✾❆ ❈❖❉✚▲❇❍✚❉✚❋ c+d ❯ ❄ ❏⑦❚✤❴✺❏✰❴ ❭ ❏ ❬✚❄❇❆ r� ❋ c = 0 ❈✚❋✺❍➀❯ ❣ ▲ a = d = ±1 ❈❊❋♦â➡◆♣r ó å✇◆❨❋ ❆ ❋✺❉✙❪ ②✏❄

υη(M
′) =

(
0

±1

)

∗
exp

{
πi

12
[bd+ 3d− 2]

}

,



✃ ↔①→❴❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υη

→ ❀Ö➱

❋✺❍ ❝ ❪ ❄ ❍➀❯☛▲✒â➡◆♣rô⑩➀å ❆ ❋✺◆❨❪✚❫❳❯ ❄

υη(M
′) =

(
0

±1

)

∗
exp

{
πi

12
[(a+ b)d + 3d− 3]

}

=

(
0

±1

)

∗
exp

{
πi

12
[bd+ 3d− 2]

}

,

❉✚❋❵❏▼▲❼❉✚▲ ❝ ❪✚❋ ❄✦♠ æ ❆ ❏⑦❪✙❫ ❄ ❲ ❄ ❫❑❋ ❬❊❄❇❆☛❄ c = 0 r ❃ ▲ ❆ ❯ ❄ ❍➀❯☛▲✚❈ ❬ ▲❼❉✚❋✟❏♦▲❇◆ ❄ ◆❨◆☛❪✚❏▼■ ❆ c 6= 0 ❈
❋✺◆☛❩ ❆ ❋❱❲❖❋✺❍✙❉✚▲ c = 2αc0 ❈✝▲❇❍✚❉✚❋ c0 ❴ ❭ ❏ ❬❊❄❇❆ ❋ α ≥ 1 r ⑥ ❋✟◆☛◆❨❋q❏♦▲♣❉✚▲✚❈⑤❪✙❯✔■❳❫❑■ ②❤❄ ❍✚❉✙▲ t ◆❨❋❄ ◆ ❬❊❄❇❆ ❯✔❋✺◆➨❉✚▲✫✂Ó❋✺❏ ❄ ä ó ❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲qä✏■❑❍✚❉✚■❳❩ ❄ ❉ ❄ ◆ ❄ ❩✟■❑❏ ❄ ❉✚▲❇◆❙◆☛■❑❍ ❄ ■❑◆③❉✚❋⑦■❑❘❇❪ ❄ ❫❑❉ ❄ ❉✚❋❇❈
❯✔❋✺❏▼▲❖◆

(
c

c + d

)

∗
=

(
2αc0

|c + d|

)

(−1) ➩❘➫ ➭➧➯ (c)−1
2 ➩❘➫ ➭➧➯ (c+d)−1

2

3.
=

(
2

|c + d|

)α (
c0

|c + d|

)

(−1) ➩❘➫ ➭➧➯ (c)−1
2 ➩❘➫ ➭➧➯ (c+d)−1

2

7.
=

(
2

|c + d|

)α (
c + d

|c0|

)

(−1)
sign(c0)−1

2
sign(c+d)−1

2 (−1)
c0−1

2
c+d−1

2

· (−1) ➩❘➫ ➭➧➯ (c)−1
2 ➩❖➫ ➭➧➯ (c+d)−1

2

=

(
2

|c + d|

)α (
c + d

|c0|

)(

(−1)
sign(c)−1

2
sign(c+d)−1

2

)2
(−1)

c0−1
2

c+d−1
2

=

(
2

|c + d|

)α (
c + d

|c0|

)

(−1)
c0−1

2
c+d−1

2

1.
=

(
2

|c + d|

)α (
d

|c0|

)

(−1)
c0−1

2
c+d−1

2

7.
=

(
2

|c + d|

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
d−1
2

c0−1
2 (−1)

c0−1
2

c+d−1
2

=

(
2

|c + d|

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
c
2 (−1)

c0−1
2

(d−1)

︸ ︷︷ ︸

1

5.
=

(

(−1)
|c+d|2−1

8

)α (
c0

|d|

)

(−1)
sign(d)−1

2

sign(c0)−1

2 (−1)
c0−1

2
c
2

=

(

(−1)
d2−1

8 (−1)
c2+2cd

8

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
c
2

5.
=

(
2

|d|

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
c
2 (−1)

c2+2cd
8

α

3.
=

(
2αc0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
c
2 (−1)

c2+2cd
8

α

=
( c

d

)

∗
(−1)

c0−1
2

c
2 (−1)

c2+2cd
8

α =
( c

d

)

∗
e(πi/12)[ 3

2
α(c2+2cd)+3c(c0−1)].

⑨ ❄ ❚➂❋ ❄❇❝ ❪✚■✙❪✚❏ ❄ ➠❨❪✚◆❜❯✔■❹●❊❩ ❄ ❯☛■❳❲ ❄➨❄ ❩✺❋ ❆ ❩ ❄ ❉✚▲ ♠①❄ ❯✔▲❞■❳❍✚❉✚■❑◆ ❬ ❋✟❍✚◆ s ❲❇❋✺❫✙❉✙❋ ❝ ❪✚❋ (c0, |c+d|) = 1 r� ❋ (c0, c + d) = m ❈Ó❋✺❍➀❯ ❣ ▲ m | c0 ❋ m | c + d ❈Ó❉✙▲❖❍✚❉✚❋ m | c ❋ m | d r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈



→ ❀➲✡ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

m | (c, d) = 1 ❈Ó❉✚▲❖❍✚❉✚❋ m = 1 ❈Þ◆☛❋✺❘❇❪✚■❑❍✚❉✙▲✦▲ ❆ ❋✟◆☛❪✚❫❹❯ ❄ ❉✙▲✚r❛❺➨❘❖▲ ❆✔❄ ❈Ó◆❨❪✚❚✚◆❨❯☛■❳❯☛❪✚■❑❍✚❉✙▲ t ◆❨❋▼▲❆ ❋✟◆☛❪✚❫❹❯ ❄ ❉✙▲ ❄ ❍❦❯☛❋ ❆ ■❑▲ ❆ ❋✟❏➄â➡◆❼rö⑩➀å❾❈✙❯✔❋✟❏♦▲❖◆
υη(M

′) =
( c

d

)

∗
exp

{
πi

12
[(a+ c+ d)c− (a+ b)(c+ d)(c2 − 1) + 3(c+ d) − 3

− 3c(c+ d) +
3

2
α(c2 + 2cd) + 3c(c0 − 1)

]}

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 2 − 3cd+ E]

}

,

▲❖❍✚❉✙❋
E = c2 − (ac+ bc + ad)(c2 − 1) + 3c− 1 − 3c2 +

3

2
α(c2 + 2cd) + 3c(c0 − 1).

⑨ ▲❖❏ ❬❊❄❇❆☛❄ ❍✚❉✚▲ t ◆☛❋ ❄ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲ ❄➋❝ ❪✚❋❵❩➲➉✙❋✺❘ ❄ ❏▼▲❖◆❷❩✺▲❖❏ â➡◆❼r ó å❾❈ ❆ ❋✟◆❨❯ ❄➥t ❍✚▲❇◆ ❬✚❆ ▲✈❲ ❄❇❆❷❝ ❪✙❋
E ≡ 0 â①❏▼▲❼❉ ó ã❦å❱r ì ▲❇❯✔❋ ❝ ❪✚❋
E = −2c2 − (ac+ 2bc + 1)(c2 − 1) + 3c− 1 +

3

2
αc2 + 3αcd+ 3c(c0 − 1)

= −3c2 − (ac+ 2bc)(c2 − 1) + 3c+
3

2
αc2 + 3αcd+ 3c(c0 − 1).

⑨ ▲❖❏▼▲ c ❴ ❬❊❄❇❆ ❍ ❣ ▲❵❍❦❪✚❫❳▲✚❈➂❯☛▲❼❉✙▲❖◆➨▲❖◆③❯✔❋ ❆ ❏♦▲❇◆➨❉ ❄ ❋❾❽ ❬✚❆ ❋✟◆☛◆ ❣ ▲ ❄ ❩✺■❑❏ ❄ ◆ ❣ ▲❵❏⑦❥✙❫❳❯✔■ ❬ ❫❑▲❇◆➌❉✙❋
⑩✙❈Þ❉✚▲❖❍✙❉✚❋ 3 | E ❈ ❆ ❋✟◆❨❯ ❄ ❍✚❉✚▲ t ❍✚▲❖◆ ❬✚❆ ▲✈❲ ❄❇❆❂❝ ❪✚❋ 8 | E r � ❋ α ≥ 3 ❈Þ❋✺❍➀❯ ❣ ▲ 8 | c ❈❅◆❨❋✺❍✚❉✙▲
■❑❏▼❋✺❉✙■ ❄ ❯☛▲✏▲ ♠①❄ ❯✔▲❛❉✚❋ ❝ ❪✚❋ 8 | E r � ❋ α = 2 ❈❊❋✺❍➀❯ ❣ ▲

E = −3c2 − (ac + 2bc)(c2 − 1) + 3c+ 3c2 + 6cd+ 3c(c0 − 1)

= −(ac + 2bc)(c2 − 1) + 6cd+ 3cc0

= c[3c0 + 6d− (a+ 2b)(c2 − 1)]

❺➨❘❇▲ ❆✔❄ ❈✈❩✟▲❖❏▼▲ ad−bc = 1 ❋ c 6= 0 ❴ ❬❊❄❇❆ ❈✈❯☛❋✺❏▼▲❖◆ ❝ ❪✚❋ a ❴ ❭ ❏ ❬❊❄❇❆ ❈❤❉✚▲❖❍✙❉✚❋ (a+2b)(c2−1)

❯ ❄ ❏⑦❚➂❴✟❏❿❴ ❭ ❏ ❬❊❄❇❆ r➨❺á❉✚❋✺❏ ❄ ■❑◆✟❈✪▲ ♠①❄ ❯☛▲❵❉✚❋ c0 ◆☛❋ ❆❙❭ ❏ ❬✚❄❇❆ ■❳❏ ❬ ❫❑■❑❩ ❄▼❝ ❪✚❋ 3c0 ❴⑦❯ ❄ ❏⑦❚✤❴✺❏❭ ❏ ❬❊❄❇❆ r➝✂Þ▲❇❘❖▲✚❈ 3c0−(a+2b)(c2−1) ❴ ❬✚❄❇❆ ❈➀❋á▲❞❯☛❋ ❆ ❏▼▲❙❋✺❍➀❯ ❆ ❋❧❩✺▲❖❫❳❩➲➉✚❋✟❯☛❋✺◆✮❉ ❄ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲❄ ❍➀❯✔❋ ❆ ■❳▲ ❆ ❴ ❬❊❄✾❆ r ⑨ ▲❖❏▼▲ 4 | c ❈❅◆☛❋✟❘❖❪✚❋❇❈➊❋✺❍✙●❊❏✦❈ ❝ ❪✙❋ 8 | E r è ■❑❍ ❄ ❫❑■ ②❤❄ ❍✚❉✙▲✚❈Ó◆☛❋ α = 1 ❈
❋✺❍➀❯ ❣ ▲

E = −3c2 − (ac+ 2bc)(c2 − 1) + 3c+
3

2
c2 + 3cd+ 3c

(c

2
− 1
)

= −(ac + 2bc)(c2 − 1) + 3cd

= c[3d− (a+ 2b)(c2 − 1)].



✃ ↔①→❴❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υη

→ ❀❵✳

❺➨❘❖▲ ❆☛❄ ❈✙❯☛❋✺❏▼▲❖◆ ❝ ❪✙❋
3d− (a+ 2b)(c2 − 1) ≡ 3d− (a+ 2b)(−1) = 3d+ a+ 2b â①❏▼▲❼❉✸ã❦å ,

❪✚❏ ❄ ❲❇❋ ②❛❝ ❪✚❋ c 6= 0 ❴ ❬❊❄❇❆ r❂❺③❘❖▲ ❆✔❄ ❈Ö◆☛❋ b ❴ ❬❊❄✾❆ ❈✪❋✟❍❦❯ ❣ ▲ ad = 1 + bc ≡ 1 â➜❏♦▲♣❉qã❦å❾❈
❉✚▲❖❍✚❉✚❋ a ≡ d ≡ ±1 â①❏▼▲♣❉✍ã➀å❙❋✾❈❅◆❨❋ b ❴ ❭ ❏ ❬❊❄✾❆ ❈Ó❋✺❍➀❯ ❣ ▲ ad ≡ −1 â①❏▼▲❼❉ ã❦å❾❈❅❉✙▲❖❍✚❉✚❋
a ≡ d ± 2 â➜❏♦▲♣❉qã❦å❾r à ❏❿❯✔▲♣❉✚▲✸▲✸❩ ❄ ◆❨▲✚❈Ó◆☛❋✟❘❖❪✚❋ ❝ ❪✚❋ 4 | 3d + a + 2b ❈Ó❉✚▲❖❍✚❉✙❋ 8 | E r
❺➨◆☛◆❨■❑❏✦❈ ❄➶❬✚❆ ▲✈❲ ❄ ❉✚❋✺◆❜❯✔❋❸■❳❯✔❋✟❏ ❋❂❉✚❋✟◆❨❯✔❋❸❩ ❄ ◆☛▲▼◆☛❋❂❩✺▲❖❏ ❬ ❫❳❋✟❯ ❄ ❏✲r

ó r M ′ = MS−1 =

(

a b

c d

)(

1 −1

0 1

)

=

(

a b− a

c d− c

)

➅
❺ ❬✚❆ ▲✉❲ ❄ ❉✚❋✺◆❜❯✔❋q❩ ❄ ◆☛▲♥◆☛❋ ❆☛s✐❄ ❍ s ❫❑▲❖❘ ❄ ð ❉✚▲ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❋❇❈ ❬ ▲ ❆ ■❑◆☛◆❨▲✚❈ ❄ ❫❳❘❖❪✚❍✚◆▼❉✚❋❱❯ ❄ ❫❳➉✚❋✺◆▼◆☛❋ ❆✔❣ ▲
▲❇❏♦■❹❯✔■❑❉✙▲❖◆✺r
â ❄ å c ➴▼t➠➟➨➼✙➦❇➸ ⑧ì ❋✺◆❜❯✔❋❸❩ ❄ ◆❨▲✚❈ ❄❛❆ ❋✟❫ ❄❇❢✺❣ ▲✲â➡◆❼r❹ä✉å ❆ ❋✟◆☛❪✚❫❹❯ ❄

υη(M
′)(cτ + d− c)1/2 = υη(M)υη(S

−1)(cS−1τ + d)1/2

= υη(M)υη(S
−1)(cτ + d− c)1/2,

▲❖❪
υη(M

′) = υη(M)υη(S
−1)

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c]

}

e−πi/12

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c− 1]

}

.

❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲➶❫ ❄ ❉✚▲✚❈ ❄⑦♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✙❆ ▲ ❬ ▲❖◆❨❯ ❄❛❬❊❄❇❆✔❄ υη(M
′) ❍✚▲❖◆ ♠ ▲ ❆ ❍✚❋✺❩✟❋

υη(M
′) =

(
d− c

c

)∗
exp

{
πi

12
[(a+ d− c)c− (b− a)(d− c)(c2 − 1) − 3c]

}

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c− 1 + E]

}

,

▲❖❍✚❉✚❋ E = −c2 + (ad+ bc− ac)(c2 − 1) + 1 rø❺➨❘❇▲ ❆✔❄ ❈✙❩✺▲❖❏▼▲ ad− bc = 1 ❈✚❯✔❋✟❏♦▲❇◆
E = −c2 + (2bc− ac+ 1)(c2 − 1) + 1

= c2(2bc− ac) − 2bc + ac− 1 + 1

= c(2b− a)(c2 − 1)

= (c− 1)c(c+ 1)(2b− a),



→❶→ ❀ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

❉✚▲❖❍✙❉✚❋ E ≡ 0 â➜❏♦▲♣❉ ó ã❦å❾r❇✂Ó▲❖❘❖▲✚❈
υη(M

′) =

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c− 1]

}

,

❩✺▲❇■❑❍✚❩✟■❑❉✚■❳❍✚❉✚▲⑦❩✟▲❖❏ ❄ ❋❱❽ ❬✚❆ ❋✺◆☛◆ ❣ ▲ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ r
â①❚❶å c ➴á➼✙➦❇➸✟➬

ì ❋✟◆❨❯☛❋❸❩ ❄ ◆☛▲✙❈✚❯✔❋✺❏▼▲❖◆
υη(M

′) = υη(M)υη(S
−1)

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 3 − 3cd]

}

e−πi/12

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 4 − 3cd]

}

. â➡◆♣röã❦å
❃ ▲ ❆ ▲❖❪✙❯ ❆ ▲➶❫ ❄ ❉✚▲✙❈ ❄⑦♠ æ ❆ ❏⑦❪✙❫ ❄⑦❬✚❆ ▲ ❬ ▲❇◆❨❯ ❄❛❬❊❄✾❆✔❄ υη(M

′) ❍✚▲❖◆ ♠ ▲ ❆ ❍✙❋✺❩✺❋
υη(M

′) =

(
c

d− c

)

∗
exp

{
πi

12
[(a+ d− c)c− (b− a)(d− c)(c2 − 1)

+ 3(d− c) − 3 − 3c(d− c)]} . â➡◆❼r❖◆❖å
⑨ ▲❖❏▼▲ c ❴ ❬❊❄❇❆ ❋ ad − bc = 1 ❈Þ❯✔❋✟❏♦▲❖◆ ❝ ❪✚❋ a ❈ d ❋ c + d ◆ ❣ ▲ ❭ ❏ ❬❊❄✾❆ ❋✺◆✟r � ❋ c = 0 ❈
❋✺❍➀❯ ❣ ▲ a = d = ±1 ❈✚❉✚❋❸❏▼▲❼❉✚▲ ❝ ❪✚❋♦â➤◆❼röã➀å✇❋✄â➤◆❼r❖◆❖å✇◆☛❋ ❆ ❋✟❉✚❪ ② ❋✺❏ ❄

υη(M
′) =

(
0

±1

)

∗
exp

{
πi

12
[bd+ 3d− 4]

}

,

❉✚▲❖❍✙❉✚❋ ❄✄♠ æ ❆ ❏✏❪✚❫ ❄ ❴⑦❲❇❋ ❆ ❉ ❄ ❉✚❋✟■ ❆✔❄✸❬❊❄✾❆✔❄
c = 0 r ❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ ❬ ▲♣❉✚❋✺❏▼▲❖◆ ❄ ◆❨◆☛❪✚❏▼■ ❆ c 6= 0 ❈

❋✺◆❨❩ ❆ ❋✟❲❖❋✟❍✚❉✚▲ c = 2αc0 ❈Þ▲❖❍✙❉✚❋ c0 ❴ ❭ ❏ ❬❊❄❇❆ ❋ α ≥ 1 r❛❺➨❘❇▲ ❆✔❄ ❈ ❆ ❋ ❄ ❫❳■ ②✺❄ ❍✚❉✚▲ t ◆☛❋❛❩ s ❫❑❩✟❪✚❫❑▲❖◆
◆☛■❳❏♦■❳❫ ❄❇❆ ❋✺◆ ❄ ▲❖◆á❉✚▲➶❩ ❄ ◆☛▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈✙❯✔❋✟❏♦▲❇◆✺➍
(

c

d − c

)

∗
=

(
2

|d − c|

)α (
c0

|d − c|

)

(−1) ➩❘➫ ➭➧➯ (c)−1
2 ➩❘➫ ➭➧➯ (d−c)−1

2

=

(
2

|d − c|

)α (
d − c

|c0|

)

(−1)
sign(c0)−1

2
sign(d−c)−1

2 (−1)
c0−1

2
d−c−1

2

· (−1) ➩❘➫ ➭➧➯ (c)−1
2 ➩❘➫ ➭➧➯ (d−c)−1

2

=

(
2

|d − c|

)α (
d

|c0|

)

(−1)
c0−1

2
d−c−1

2

=

(
2

|d − c|

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
d−1
2

c0−1
2 (−1)

c0−1
2

d−c−1
2

=

(

(−1)
|d−c|2−1

8

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
(−c)

2

=

(
2

|d|

)α (
c0

|d|

)

(−1)
sign(d)−1

2
sign(c0)−1

2 (−1)
c0−1

2
(−c)

2 (−1)
c2−2cd

8
α

=
( c

d

)

∗
(−1)

c0−1
2

(−c)
2 (−1)

c2−2cd
8

α =
( c

d

)

∗
e(πi/12)[ 3

2
α(c2−2cd)−3c(c0−1)].
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υη

→❶→❶→
� ❪✚❚✚◆❜❯✔■❳❯☛❪✚■❑❍✙❉✚▲ t ◆❨❋❂▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❋✺❏ â➤◆❼r❘◆❇å❱❈✙❯☛❋✺❏▼▲❖◆
υη(M

′) =
( c

d

)

∗
exp

{
πi

12
[(a+ d− c)c− (b− a)(d− c)(c2 − 1) + 3(d− c)

− 3 − 3c(d− c) +
3

2
α(c2 − 2cd) − 3c(c0 − 1)

]}

=
( c

d

)

∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 4 − 3cd+ E]

}

,

▲❖❍✚❉✚❋
E = −c2 + (ad+ bc− ac)(c2 − 1) − 3c+ 1 + 3c2 +

3

2
α(c2 − 2cd) − 3c(c0 − 1).

⑨ ▲❖❏ ❬✚❄❇❆✔❄ ❍✙❉✚▲ t ◆❨❋ ❄ ❋❾❽ ❬✚❆ ❋✟◆☛◆ ❣ ▲ ❄✲❝ ❪✙❋❵❩➲➉✚❋✺❘ ❄ ❏♦▲❇◆✏❩✺▲❇❏ â➤◆❼röã➀å❱❈ ❆ ❋✺◆❜❯ ❄➥t ❍✚▲❖◆ ❬✚❆ ▲✈❲ ❄✾❆✏❝ ❪✚❋
E ≡ 0 â➜❏♦▲♣❉ ó ã❦å❾r ì ▲❇❯☛❋ ❝ ❪✚❋
E = 2c2 + (2bc− ac + 1)(c2 − 1) − 3c+ 1 +

3

2
α(c2 − 2cd) − 3c(c0 − 1)

= 3c2 + (2bc− ac)(c2 − 1) − 3c+
3

2
αc2 − 3αcd− 3c(c0 − 1).

❺➨❘❖▲ ❆☛❄ ❈Þ❉✚■❳❲♣■❳❉✚■❑❍✚❉✙▲ t ◆❨❋❛❍✚▲❖◆❂❩ ❄ ◆❨▲❖◆ α = 1 ❈ α = 2 ❋ α ≥ 3 ❈ ❬✚❆ ▲✈❲ ❄ ❏▼▲❖◆❙❯ ❄ ❏✏❚➂❴✟❏ ❝ ❪✚❋
24 | E ❈❊❉✚❋❂❏ ❄ ❍✚❋✺■ ❆✔❄❛❄ ❍ s ❫❑▲❖❘ ❄⑦❄ ▲➶❩ ❄ ◆❨▲ ❄ ❍❦❯☛❋ ❆ ■❑▲ ❆ r

⑩❼r M ′ = MT =

(

a b

c d

)(

0 −1

1 0

)

=

(

b −a
d −c

)

r
à ◆❜❯✔❋✝❩ ❄ ◆☛▲❞❴⑤▲ ❝ ❪✚❋ ❄✾❬✚❆ ❋✟◆☛❋✺❍➀❯ ❄ ❏ ❄ ■❳▲ ❆ ❉✚■❹●❊❩✺❪✚❫❳❉ ❄ ❉✚❋✾❈❇❉✚❋❱❲❖❋✟❍✚❉✚▲❂◆☛❋ ❆ ◆☛❪✙❚➂❉✚■❹❲♣■❑❉✚■❳❉✚▲➨❋✟❏ç❯ ❆ í✟◆➊■❳❯☛❋✺❍✚◆✟r
❺③❍➀❯✔❋✺◆✟❈ ❬ ▲ ❆ ❴✟❏✲❈❖❯☛❋ ❆ ❋✺❏▼▲❖◆⑤❉✙❋➌▲❇❚✙❯✔❋ ❆ ❪✚❏ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲ ❄ ❪❼❽❼■❑❫❳■ ❄❇❆ r ⑥➨❄❷❆ ❋✟❫ ❄❇❢✺❣ ▲✄â➡◆❼r❹ä✉å❱❈ ❆ ❋✺◆❨❪✚❫❳❯ ❄❷❝ ❪✚❋

υη(M
′)(dτ − c)1/2 = υη(M)υη(T )(cT τ + d)1/2τ 1/2

= υη(M)υη(T )(−c/τ + d)1/2τ 1/2

= υη(M)υη(T )

(
dτ − c

τ

)1/2

τ 1/2.

❃ø❆ ▲✉❲❇❋✺❏▼▲❖◆ ❝ ❪✚❋
(

dτ−c
τ

)1/2
τ 1/2

(dτ − c)1/2
= (−1)

−sign(c)−1
2

sign(d)−1
2

︸ ︷︷ ︸

w

, ◆☛❋ c 6= 0 ❈ d 6= 0 r â➡◆♣rô⑧➀å

⑤ï❩✟❫ ❄❇❆ ▲ ❝ ❪✚❋ ❄ ❏✏❚➂▲❖◆❻▲❖◆⑤❏♦❋✟❏⑦❚ ❆ ▲❇◆⑤❉✚❋⑦â➡◆❼rö⑧➀å ❬ ▲❖◆❨◆☛❪✚❋✟❏ ▲❷❏♦❋✟◆☛❏▼▲❷❲ ❄ ❫❳▲ ❆✇❄ ❚✚◆☛▲❖❫❳❪✙❯✔▲✙❈♣■❳❘❖❪ ❄ ❫ ❄ ä❇r❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈ ♠①❄ ❫❹❯ ❄➥t ❍✚▲❖◆ ❬✚❆ ▲✈❲ ❄❇❆❂❝ ❪✚❋➶◆☛❋✺❪✙◆ ❄❇❆ ❘❖❪✚❏▼❋✺❍➀❯✔▲❇◆❞❯ ❄ ❏⑦❚✤❴✺❏ÿ◆ ❣ ▲✠■❳❘❖❪ ❄ ■❳◆✺r ❝➋❄ ◆❸◆ ❄ ❚✤❋✺❏▼▲❖◆❝ ❪✚❋
arg(w) = arg

(
dτ − c

τ

)

+ arg(τ) − arg(dτ − c) + 2nπ,



→❶→➳✎ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

❬❊❄❇❆☛❄➶❄ ❫❑❘❖❪✙❏ n ■❑❍➀❯☛❋✺■ ❆ ▲✚❈✚❋❞❯ ❄ ❏⑦❚✤❴✺❏ ❝ ❪✚❋✾❈❊◆☛❋ τ = x+ iy ∈ H ❈
dτ − c = (dx− c) + i(dy),

❋
dτ − c

τ
=

(

d− cx

x2 + y2

)

+ i

(
cy

x2 + y2

)

.

� ❋ ❬✚❆ ▲✉❲ ❄❇❆ ❏♦▲❇◆ ❝ ❪✙❋ n = 0 ❈✚▲❖❪✦◆☛❋❍➠ ❄ ❈ ❝ ❪✚❋
2|n|π =

∣
∣
∣
∣
arg(w) − arg

(
dτ − c

τ

)

− arg(τ) + arg(dτ − c)

∣
∣
∣
∣
< 2π,

❬❊❄❇❆☛❄ ❩ ❄ ❉ ❄ ❩✺▲❖❏⑦❚✙■❑❍ ❄❇❢✺❣ ▲❵❉✚❋✏◆☛■❑❍ ❄ ■❑◆③❉✚❋ c ❋ d ❈ ❄❵❬✚❆ ▲✈❲ ❄ ❉✚❋✦â➡◆♣rô⑧➀åá❯✔❋ ❆ ❏▼■❑❍ ❄ r✻⑨➪◆❨◆☛▲✠❴ ❄ ❍ s ❫❑▲❖❘❇▲❄ ▲ ❝ ❪✚❋✏● ② ❋✺❏▼▲❖◆③❋✟❏❿❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢✺④ ❋✺◆ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❋✺◆✟❈➂❩✟▲❖❍✚◆☛■❳❉✚❋ ❆☛❄ ❍✚❉✚▲ t ◆☛❋ ❄ ❩✟▲❖❍➀❲❖❋✟❍ ❢❤❣ ▲✍â①⑩✙r ó å❧❉✙▲⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲➶⑩✙rø❺➨◆❨◆☛■❳❏✲❈Þâ➤◆❼rö⑧➀å✪➠ s❛❬ ▲♣❉✚❋❂◆☛❋ ❆③❄ ❉✚❏♦■❹❯✔■❳❉ ❄ ❈♣❉✚❋❙❯ ❄ ❫✪❏ ❄ ❍✚❋✟■ ❆☛❄⑦❝ ❪✙❋
υη(M

′) = υη(M)υη(T )(−1)
−sign(c)−1

2
sign(d)−1

2

= υη(M)e−πi/4(−1)
−sign(c)−1

2
sign(d)−1

2 , â➡◆♣r❘◗❖å
❉✚❋✟◆☛❉✚❋ ❝ ❪✙❋ c 6= 0 ❋ d 6= 0 ❈❶❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋➨❯ ❄ ❏⑦❚➂❴✟❏➈▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ❙▼❉✙▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲❛ã✚r✇❺③❘❖▲ ❆☛❄ ❈
❋✺◆❜❯ ❄ ❏▼▲❖◆á❋✟❏✴❩✺▲❖❍✚❉✙■ ❢✺④ ❋✺◆á❉✙❋❂❯ ❆✔❄ ❯ ❄❇❆ ❉✚▲❖◆á❯ ❆ í✺◆❧■❹❯✔❋✺❍✙◆ ❄ ❩✺■❑❏ ❄ ❏▼❋✺❍✚❩✟■❑▲❖❍ ❄ ❉✚▲❖◆✟➍
â ❄ å c ➙ d ➢✺➭♣➡✩t➠➟➨➼✙➦❇➸✔➙➲➢ ⑧ì ❋✟◆❨❯☛❋✏❩ ❄ ◆☛▲✚❈❶❋✺❏ ❬❊❄✾❆ ❯✔■❳❩✺❪✚❫ ❄❇❆ ❈ c ❋ d ◆ ❣ ▲✄❍ ❣ ▲✄❍❦❪✚❫❑▲❇◆✺❈❶❉✚❋ ♠ ▲ ❆ ❏ ❄▼❝ ❪✚❋❵â➡◆❼r❖◗❖å✝◆☛❋ ❄❇❬ ❫❳■❑❩ ❄ ❋✾❈

❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋ ❄ ➉✚■ ❬ æ❇❯☛❋✺◆❨❋❸❉✙❋❸■❳❍✚❉✚❪ ❢✺❣ ▲ ❬❊❄❇❆☛❄ M ❈✚❯✔❋✺❏▼▲❖◆ ❝ ❪✚❋
υη(M

′) =

(
d

c

)∗
exp

{
πi

12
[(a + d)c − bd(c2 − 1) − 3c − 3]

}

(−1)
−sign(c)−1

2
sign(d)−1

2 ,

❋✺❍ ❝ ❪ ❄ ❍➀❯✔▲ ❄❛♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄ ❍✚▲❖◆❧❉ s

υη(M
′) =

(−c
d

)∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3d]

}

.

❺➨❘❇▲ ❆✔❄ ❈♣❯✔❋✟❏♦▲❖◆ ❝ ❪✚❋
(−c
d

)∗
=

(−c
|d|

)

=

(
d

| − c|

)

(−1)
sign(−c)−1

2
sign(d)−1

2 (−1)
−c−1

2
d−1
2

=

(
d

c

)∗
(−1)

−sign(c)−1
2

sign(d)−1
2

(
eπi
)−c−1

2
d−1
2

=

(
d

c

)∗
(−1)

−sign(c)−1
2

sign(d)−1
2 e(−πi/12)[3(c+1)(d−1)] ,



✃ ↔①→❴❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υη

→❶→➒✵

❉✚❋❂❏♦▲♣❉✚▲ ❝ ❪✚❋ ❄❛♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄ ◆☛❋❂❯✔▲ ❆ ❍ ❄

υη(M
′) =

(
d

c

)∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3d− 3(c+ 1)(d− 1)]

}

· (−1)
−sign(c)−1

2
sign(d)−1

2

=

(
d

c

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) − 3c− 3 + E]

}

· (−1)
−sign(c)−1

2
sign(d)−1

2 ,

◆☛❋✺❍✙❉✚▲
E = [(b− c)d− ac(d2 − 1) − 3d− 3(c+ 1)(d− 1)]

− [(a+ d)c− bd(c2 − 1) − 3c− 3]

= bd− cd− acd2 + ac− 3d− 3cd+ 3c− 3d+ 3

− ac− cd+ bdc2 − bd + 3c+ 3

= −5cd− cd(1 + bc) − 6d+ 6c+ 6 + bdc2

= −6cd− 6d+ 6c+ 6

= −6(c + 1)(d− 1) ≡ 0 â➜❏♦▲♣❉ ó ã❦å ,
❪✚❏ ❄ ❲❇❋ ②➶❝ ❪✚❋ c ❋ d ◆ ❣ ▲ ❭ ❏ ❬✚❄❇❆ ❋✟◆✺❈Ö❪❼❯✔■❑❫❳■ ②✺❄ ❍✚❉✚▲ t ◆☛❋✾❈ ❄ ■❳❍✚❉ ❄ ❈ ❝ ❪✙❋ ad − bc = 1 r ⑥❞❄✾❝ ❪✙■
◆☛❋✺❘❇❪✚❋❷▲ ❝ ❪✚❋ ❝ ❪✚❋ ❆❨❭ü❄ ❏▼▲❖◆á❏▼▲❖◆❨❯ ❆✔❄❇❆ r

â➜❚❶å c ➴❸➞➠➟➨➼✙➦❇➸✏➙
d
➴á➼✙➦❇➸ ⑧

❺➨❘❖▲ ❆☛❄ ❈ c 6= 0 r � ❋ d = 0 ❈❇❋✺❍➀❯ ❣ ▲ ad−bc = 1 ■❑❏ ❬ ❫❳■❑❩ ❄ bc = −1 ❈❖❉✚▲❖❍✙❉✚❋ b = −c = ±1 r❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✙❈ ❄▼❆ ❋✺❫ ❄✾❢❤❣ ▲✦â➤◆❼r❳ä✈å✇■❑❏ ❬ ❫❑■❳❩ ❄

υη(M
′) = υη(M)υη(T )

(−c
τ

)1/2
τ 1/2

(−c)1/2
.

❺➨❍ ❄ ❫❳▲❖❘ ❄ ❏▼❋✺❍➀❯☛❋ ❄ ▲ ❝ ❪✚❋⑤● ② ❋✺❏▼▲❖◆ ❬❊❄❇❆☛❄ ▲③❩ ❄ ◆❨▲➨❘❖❋ ❆✔❄ ❫➇❈ ❬ ▲❼❉✙❋✺❏▼▲❖◆Þ❩✺▲❖❍✚❩✟❫❑❪✚■ ❆Þ❝ ❪✙❋❇❈❖◆❨❋ c = 1 ❈
❋✺❍➀❯ ❣ ▲

(−c
τ

)1/2
τ 1/2

(−c)1/2
= −1

❋❇❈❊◆☛❋ c = −1 ❈❊❋✺❍➀❯ ❣ ▲
(−c

τ

)1/2
τ 1/2

(−c)1/2
= 1,

▲❖❪✪❈❊❋✺❏ ◆☛❪✚❏ ❄ ❈
(−c

τ

)1/2
τ 1/2

(−c)1/2
= (−1)

c+1
2 = −c.



→❶→ ☎ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

❃ ▲ ❆ ❯ ❄ ❍❦❯☛▲✚❈ ❬ ❋✺❫ ❄ ➉✙■ ❬ æ❇❯✔❋✟◆☛❋❙❉✚❋❂■❑❍✙❉✚❪ ❢❤❣ ▲✚❈
υη(M

′) = υη(M)e−πi/4(−1)
c+1
2

=

(
0

c

)∗
exp

{
πi

12
(ac− 3c)

}

e−πi/4
(
eπi
) c+1

2

= exp

{
πi

12
(ac+ 3c+ 3)

}

,

❬ ▲❖■❑◆ c = ±1 r ❃ ▲ ❆ ▲❇❪✙❯ ❆ ▲❸❫ ❄ ❉✚▲✚❈ ❄❙♠ æ ❆ ❏⑦❪✚❫ ❄❞❬✙❆ ▲ ❬ ▲❖◆❨❯ ❄❙❬❊❄❇❆✔❄ υη(M
′)
❆ ❋✺◆❨❪✚❫❳❯ ❄ ❈ ❬ ❋✟❫❑▲ ♠①❄ ❯☛▲

❉✚❋ d = 0 ◆☛❋ ❆➌❬✚❄❇❆ ❈
υη(M

′) =

(
0

−c

)

∗
exp

{
πi

12
[(b − c)0 − (−a)(−c)(02 − 1) + 3(−c) − 3 − 3(0)(−c)]

}

= (−1)
c+1
2 exp

{
πi

12
[(ac − 3c − 3]

}

= exp

{
πi

12
[(ac + 3c + 3]

}

,

❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ t ◆❨❋❷❯ ❄ ❏⑦❚✤❴✺❏ ❝ ❪✚❋ c = ±1 rP⑨➪◆❨◆☛▲✦❯✔❋ ❆ ❏♦■❳❍ ❄✸❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲ ❬❊❄❇❆☛❄ ▲✠❩ ❄ ◆☛▲
d = 0 r
❺➨❘❇▲ ❆✔❄ ❈❼◆☛❋ d 6= 0 ❈ ❬ ▲❼❉✙❋✺❏▼▲❖◆ ❄❇❬ ❫❳■❑❩ ❄✾❆ â➡◆❼r❖◗❖å✇❋ ❄ ➉✚■ ❬ æ❇❯☛❋✺◆☛❋❙❉✙❋❸■❳❍✚❉✚❪ ❢✺❣ ▲✚❈✚▲❇❚✙❯✔❋✟❍✚❉✚▲
υη(M

′) =

(
d

c

)∗
exp

{
πi

12
[(a + d)c − bd(c2 − 1) − 3c − 3]

}

(−1)
−sign(c)−1

2
sign(d)−1

2 ,

❋✺❍ ❝ ❪ ❄ ❍➀❯✔▲ ❄❛♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄❛❆ ❋✟◆☛❪✚❫❹❯ ❄

υη(M
′) =

(
d

−c

)

∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3c− 3 + 3cd]

}

=

(
d

| − c|

)

(−1)
sign(d)−1

2
sign(−c)−1

2 exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3c

− 3 + 3cd]}

=

(
d

c

)∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3c− 3 + 3cd]

}

· (−1)
−sign(c)−1

2
sign(d)−1

2 .

ì ▲✾❯✔❋❇❈ ❬ ▲ ❆ ❴✺❏✦❈ ❝ ❪✚❋
(b− c)d− ac(d2 − 1) − 3c− 3 + 3cd =

= bd− cd− cd(1 + bc) + ac− 3c− 3 + 3cd

= (a+ d)c− bd(c2 − 1) − 3c− 3,

❉✚❋❂❏▼▲❼❉✚▲ ❝ ❪✚❋ ❄❛♠ æ ❆ ❏✏❪✚❫ ❄✏❬✙❆ ▲ ❬ ▲❖◆❨❯ ❄ ❴❇❈✚❯ ❄ ❏⑦❚➂❴✟❏➈❍✚❋✟◆❨❯✔❋❂❩ ❄ ◆☛▲✚❈✚❲❇❋ ❆ ❉ ❄ ❉✚❋✟■ ❆✔❄ r



✃ ↔①→❴❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υη

→❶→ ✃

â➜❩✈å c ➴á➼✙➦❇➸✟➬⑨ ▲❖❏♦▲ ad − bc = 1 ❈Ó❋✺❍➀❯ ❣ ▲ d ❴ ❭ ❏ ❬❊❄❇❆ ❋❇❈Ó❋✟❏ ❬❊❄❇❆ ❯✔■❳❩✺❪✚❫ ❄❇❆ ❈ d 6= 0 r � ❋ c = 0 ❈✪❋✺❍➀❯ ❣ ▲
d = ±1 ❈❊❋♦â➤◆❼r❘◗❇å✇◆☛❋❙❯✔▲ ❆ ❍ ❄

υη(M
′) = υη(M)υη(T )

d1/2τ 1/2

(dτ)1/2
.

⑨ ▲❖❏♦▲ ❬✚❆ ▲❼❩✟❋✺❉✚❋✟❏♦▲❖◆❻❍✚▲❖◆❻▲❖❪✙❯ ❆ ▲❖◆❻❩ ❄ ◆☛▲❖◆✟❈ ❬ ▲❼❉✙❋✺❏▼▲❖◆ ❬✚❆ ▲✈❲ ❄❇❆✮❝ ❪✚❋ (dτ)1/2 = d1/2τ 1/2 ❈❦❉✚❋
❏♦▲♣❉✚▲ ❝ ❪✚❋

υη(M
′) = υη(M)υη(T )

=

(
0

d

)

∗
exp

{
πi

12
[bd+ 3d− 3]

}

e−πi/4

= (−1)
d−1
2 exp

{
πi

12
[bd+ 3d− 6]

}

=
(
eπi
)d−1

2 exp

{
πi

12
[bd + 3d− 6]

}

= exp

{
πi

12
[bd+ 9d− 12]

}

,

❪✙❯✔■❳❫❑■ ②✺❄ ❍✚❉✚▲ t ◆☛❋ ❄ ➉✚■ ❬ æ❇❯✔❋✟◆☛❋▼❉✚❋✄■❳❍✚❉✚❪ ❢✺❣ ▲✚r ❃ ▲ ❆ ▲❖❪❼❯ ❆ ▲✲❫ ❄ ❉✙▲✚❈ ❄✦♠ æ ❆ ❏⑦❪✙❫ ❄✸❬✚❆ ▲ ❬ ▲❖◆❜❯ ❄ ❍✚▲❖◆
◆☛❪✚❘❖❋ ❆ ❋ ❝ ❪✚❋

υη(M
′) =

(
0

d

)∗
exp

{
πi

12
(bd− 3d)

}

= exp

{
πi

12
(bd− 3d)

}

= exp

{
πi

12
(bd + 9d− 12 + E)

}

,

▲❖❍✚❉✚❋
E = 12 − 12d ≡ 0 â①❏▼▲❼❉ ó ã❦å ,

❩✺▲❖❍✚❩✟❫❑❪✚■❳❍✚❉✚▲➶❋✺◆❜❯ ❄➶❬ ▲❇◆☛◆☛■❳❚✚■❑❫❳■❑❉ ❄ ❉✚❋❇r
❺➨❘❖▲ ❆☛❄ ❈ ❬ ▲❼❉✚❋✟❏♦▲❇◆ ❄ ◆❨◆☛❪✚❏▼■ ❆ c 6= 0 ❈ ❄✾❬ ❫❑■❳❩ ❄ ❍✚❉✙▲♥❍✚▲✈❲ ❄ ❏▼❋✺❍➀❯✔❋✲▲ ❆ ❋✟◆☛❪✚❫❹❯ ❄ ❉✙▲ â➡◆♣r❘◗❖å➶❋ ❄



→❶→ ❐ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

➉✚■ ❬ æ❇❯☛❋✺◆❨❋❙❉✚❋❂■❑❍✚❉✚❪ ❢❤❣ ▲✚➍
υη(M

′) = υη(M)υη(T )(−1)
−sign(c)−1

2
sign(d)−1

2

=
( c

d

)

∗
exp

{
πi

12
[(a + d)c − bd(c2 − 1) + 3d − 3 − 3cd]

}

e−πi/4

· (−1)
−sign(c)−1

2
sign(d)−1

2

=

(
c

|d|

)

(−1)
sign(c)−1

2
sign(d)−1

2 exp

{
πi

12
[(a + d)c − bd(c2 − 1) + 3d − 6

− 3cd]} (−1)
−sign(c)−1

2
sign(d)−1

2

=

(
c

|d|

)

(−1)
sign(d)−1

2 exp

{
πi

12
[(a + d)c − bd(c2 − 1) + 3d − 6 − 3cd]

}

=
( c

d

)∗
exp

{
πi

12
[(a + d)c − bd(c2 − 1) + 3d − 6 − 3cd]

}

(−1)
sign(d)−1

2 .

❺ ♠ æ ❆ ❏⑦❪✚❫ ❄⑦❬✙❆ ▲ ❬ ▲❖◆❨❯ ❄ ❈ ❬ ▲ ❆ ▲❖❪✙❯ ❆ ▲➶❫ ❄ ❉✚▲✚❈✚❍✚▲❇◆á❉ s
υη(M

′) =

(−c
d

)∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3d]

}

=

(−1

|d|

)(
c

|d|

)

exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3d]

}

= (−1)
|d|−1

2

( c

d

)∗
exp

{
πi

12
[(b− c)d− ac(d2 − 1) − 3d]

}

= (−1)
|d|−1

2

( c

d

)∗
exp

{
πi

12
[(a+ d)c− bd(c2 − 1) + 3d− 6 − 3cd]

}

· eπiE/12,

▲❖❍✚❉✙❋
E = [(b− c)d− ac(d2 − 1) − 3d] − [(a+ d)c− bd(c2 − 1) + 3d− 6 − 3cd]

= bd− cd− acd2 + ac− 3d− ac− cd+ bdc2 − bd− 3d+ 6 + 3cd

= cd− cd(ad− bc) − 6d+ 6 = 6 − 6d

❪✙❯☛■❑❫❑■ ②❤❄ ❍✙❉✚▲ ❄ ❩✺■❳❏ ❄➶❄ ◆ ❬❊❄❇❆ ❯✔❋✟◆➨⑩✙r❶❋❸ã✚r❊❉✚▲✓✂Þ❋✟❏ ❄ ä ó ❉✚▲ ⑨ ❄✾❬✚❭ ❯☛❪✚❫❑▲✠ä❖r ❃❅❄❇❆✔❄▼❬✚❆ ▲✈❲ ❄❇❆ ❏♦▲❖◆❄ ❲❖❋ ❆✔❄ ❩✟■❑❉ ❄ ❉✙❋❸❉ ❄❛♠ æ ❆ ❏⑦❪✚❫ ❄ ❍✚❋✺◆❨◆☛❋❸❩ ❄ ◆❨▲✚❈❊❚ ❄ ◆❜❯ ❄➶❝ ❪✚❋❂❏♦▲❖◆❜❯ ❆ ❋✺❏▼▲❖◆ ❝ ❪✚❋
(−1)

|d|−1
2 eπiE/12 = (−1)

sign(d)−1
2 .

⑥ ❋ ♠①❄ ❯☛▲✚❈✚❩✺▲❇❏♦▲ E = 6 − 6d ❈✙❯✔❋✟❏♦▲❇◆
(−1)

|d|−1
2 eπiE/12 = (−1)

|d|−1
2 (−1)

6−6d
12 = (−1)

|d|−d

2 = (−1)
sign(d)−1

2 ,

❬ ▲❖■❑◆ d ❴ ❭ ❏ ❬❊❄❇❆ r✝⑨➪◆❨❯☛▲▼❯☛❋ ❆ ❏▼■❑❍ ❄❛❄➶❬✙❆ ▲✈❲ ❄ ❉✚❋✟◆❨❯☛❋❸■❹❯✔❋✟❏✲❈✚❉✙❋✺◆❨❯☛❋❂❩ ❄ ◆❨▲✚❈❊❋❂❉✚❋✺◆❜❯✔❋❂❯✔❋✺▲ ❆ ❋✺❏ ❄ r



✃ ↔✰✎✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υϑ

→❶→ ➱
→➶✷❹✔ ❦♠❧✚✙✝✭ ✽✠♥✣✢ ✧↕↔ s ♥✯➙➀➛❫✛✯★➝✢ s ✢✚✙❳✢

υϑ

⑨ ▲❖❏▼▲➨❲♣■❑❏▼▲❖◆❅❍✚▲ ⑨ ❄❇❬✚❭ ❯✔❪✚❫❳▲❞ã✚❈❖❏⑦❪✙■❳❯ ❄ ◆➊❉ ❄ ◆ ❬✚❆ ▲ ❬✙❆ ■❑❋✟❉ ❄ ❉✚❋✟◆ø❉✚❋ ϑ(τ)
❬ ▲♣❉✚❋✟❏✢◆❨❋ ❆ ❉✚❋✟❉✚❪ ② ■❳❉ ❄ ◆ ❄❞❬❊❄✾❆ ❯✔■ ❆

❉ ❄ ◆ ❬✚❆ ▲ ❬✚❆ ■❳❋✺❉ ❄ ❉✙❋✺◆✝❉✚❋ η(τ) rø❺ ◆☛❋ ❢❤❣ ▲ ❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❯ ❆ ▲❖❪♣❽✙❋ ❄ ❯ ❆✔❄ ❚ ❄ ❫❑➉✙▲❖◆ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆✔❄✾❢❤❣ ▲❛❉ ❄❸♠ æ ❆ ❏⑦❪✙❫ ❄
❋❾❽ ❬ ❫ ❭ ❩✟■❳❯ ❄⑦❬❊❄❇❆✔❄ η(τ) r❻❺➨◆☛◆❨■❑❏✦❈❊❪✙❯✔■❳❫❑■ ②❤❄ ❍✚❉✙▲ t ❍✚▲❇◆✇❉✚❋✟◆☛◆☛❋ ❆ ❋✟◆☛❪✚❫❹❯ ❄ ❉✚▲▼❋❂❉✚❋ ❄ ❫❑❘❖❪✙❍✚◆á▲❖❪✙❯ ❆ ▲❖◆❧❉✚▲▼❩ ❄❇❬✙❭ ❯✔❪✙❫❑▲❄ ❍➀❯☛❋ ❆ ■❳▲ ❆ ❈ ❄➶❬✙❆ ▲✈❲ ❄ ❉✚❋❂❪✚❏ ❄✏♠ æ ❆ ❏⑦❪✚❫ ❄ ❋❾❽ ❬ ❫ ❭ ❩✺■❳❯ ❄⑦❬❊❄❇❆☛❄ υϑ ◆❨❋ ❆✔s❛♠①❄ ❩✟■❑❫❑■❹❯ ❄ ❉ ❄ ◆☛▲❇❚ ❆ ❋✟❏ ❄ ❍✙❋✺■ ❆☛❄ r
❈ ➏❦➔❶❰✉➏♣ÏÑÐ➵✎✪↔✠➞ ➢❱➞❑➢❱➺➻➙❱➟▼➦Ñ➟❛➩♣Ù ➺①➞ô➼✤Ù ➞ ➤ ➦➀➳♣➡➥➸ υϑ

➳➀➦♦➧❤➡➥➸❱➟▼➦Ñ➟✄➡✺➳❇➩♣Ù❹➦❇➸
ϑ(τ)

➴q➳➀➦➀➳♣➡✸➼❊➙❱Ù❹➦✍➢✈➙✖î❇➩♣➞➠➝❊➺➻➙
➧❢❷➥➸❾➟❛➩♣Ù❹➦❩➟

υϑ(M) =

{ (
d
c

)∗
e−πic/4,

➢✈➙
a ≡ d ≡ 0

➮
b ≡ c ≡ 1

ú➹➟✄➡✺➳ ✾ þ✈➮
(

c
d

)

∗ e
πi(d−1)/4,

➢✈➙
a ≡ d ≡ 1

➮
b ≡ c ≡ 0

ú➹➟✄➡✺➳ ✾ þ✈➮

➼✙➦❇➸❨➦ ➤ ➦➀➳➀➦ M =

(

a b

c d

)

∈ Γϑ
➬

↕⑦➙❱➟✄➡➥➝✙➢❱➺①➸❨➦❖➫✉➭♣➡❇➬➌❃❅❄❇❆✔❄ ❋✺◆❜❯ ❄ ❉✚❋✺❏▼▲❖❍✚◆❜❯ ❆☛❄❇❢❤❣ ▲✙❈ ♠①❄❇❆ ❋✟❏♦▲❇◆✒❪✚◆☛▲ ❉✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ä❖äé❉✚▲ ⑨ ❄❇❬✚❭ ❯☛❪✚❫❑▲ ã✙r
ì③❄❇❝ ❪✚❋✺❫❳❋q❯✔❋✺▲ ❆ ❋✺❏ ❄ ❈❧❩✺▲❇❏♦❋✟❍❦❯ ❄ ❏▼▲❖◆ ❝ ❪✚❋❇❈③◆☛❋ M =

(

a b

c d

)

∈ Γϑ ❈➌❋✺❍➀❯ ❣ ▲ a ≡ d ❋ b ≡ c r
➁❞❚✚◆❨❋ ❆ ❲ ❄ ❍✙❉✚▲ t ◆❨❋❇❈ ❄ ■❑❍✚❉ ❄ ❈ ❝ ❪✚❋ ad − bc = 1 ❈❻◆❨❋✺❘❖❪✙❋ ❝ ❪✚❋✾❈✇❍✚▲ ❋✟❍♣❪✙❍✚❩✺■ ❄ ❉✚▲ ❉✚❋✺◆❜❯✔❋✸❯✔❋✟▲ ❆ ❋✟❏ ❄ ❈❻❋✟◆❨❯ ❣ ▲❆ ❋ ❄ ❫❳❏♦❋✟❍❦❯☛❋❵■❑❍✙❉✚■❑❩ ❄ ❉ ❄ ◆✏❯☛▲❼❉ ❄ ◆ ❄ ◆ ❬ ▲❖◆☛◆❨■❑❚✚■❳❫❑■❑❉ ❄ ❉✚❋✺◆ ❬❊❄❇❆☛❄ M r✐❺➨❫❳❴✺❏ ❉✙■❑◆☛◆❨▲✚❈ø❯ ❄ ❏✏❚➂❴✟❏ ❏▼▲❖◆❨❯ ❆✔❄ ❏▼▲❖◆✺❈
❍ ❄✾❝ ❪✙❋✺❫❑❋❙❯☛❋✺▲ ❆ ❋✺❏ ❄ ❈ ❝ ❪✚❋❇❈❊◆❨❋❷❩✟▲❖❍✚◆❨■❑❉✚❋ ❆✔❄❇❆ ❏♦▲❖◆

M1 =

(

a+ c b−c
2

+ d−a
2

2c d− c

)

❋ M2 =

(

a+ c b+ d

c d

)

,

❄ ❏✏❚➂▲❖◆á❋✟❫❑❋✟❏♦❋✟❍❦❯☛▲❖◆á❉✚❋ Γ(1) ❈✙❲ ❄ ❫❑❋➨▲♦◆❨❋✺❘❖❪✚■❳❍➀❯✔❋
υϑ(M) = [υη(M1)]

2[υη(M2)]
−1eπi/12.

❺③❘❖▲ ❆✔❄ ❈➒➠ s ❯✔❋✺❏▼▲❖◆❙❪✚❏ ❄ ❋❱❽ ❬✚❆ ❋✺◆❨◆ ❣ ▲ ❬❊❄❇❆☛❄ υϑ ❈Ó❪✚❏ ❄ ❲❇❋ ②➶❝ ❪✚❋✄➠ s ◆ ❄ ❚✤❋✺❏▼▲❖◆❞❩ ❄ ❫❑❩✟❪✚❫ ❄❇❆ υη r ß ▲❼❉ ❄ ❲♣■ ❄ ❈❬❊❄✾❆✔❄♥❝ ❪✚❋✲❩➲➉✚❋✺❘❇❪✚❋✺❏▼▲❖◆ ð ♠ æ ❆ ❏✏❪✚❫ ❄ ❍ ❄ ❏ ❄ ❍✚❋✟■ ❆☛❄ ❋❾❽ ❬✙❆ ❋✺◆❨◆ ❄ ❍✚▲♥❋✺❍❦❪✚❍✚❩✟■ ❄ ❉✙▲✚❈á❉✚■❳❲♣■❳❉ ❄ ❏▼▲❖◆❛❋✺❏ ❉✚▲❖■❳◆
❩ ❄ ◆☛▲❖◆✟➍

ä❇r a ≡ d ≡ 0 ❈ b ≡ c ≡ 1 â➜❏♦▲♣❉ ó å✯➅



→❶→ ✡ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

à ❏ M1 ❈ 2c ❴ ❬❊❄❇❆ ❋❇❈❊❋✟❏ M2 ❈ c ❴ ❭ ❏ ❬❊❄❇❆ r✝✂Ó▲❖❘❖▲✙❈✚▲ ß ❋✺▲ ❆ ❋✺❏ ❄ ä❂❍✚▲❖◆❧❉ s

υη(M1) =

(
2c

d− c

)

∗
exp

{
πi

12

[

((a+ c) + (d− c))(2c) −
(
b− c

2
+
d− a

2

)

(d− c)

·((2c)2 − 1) + 3(d− c) − 3 − 3(2c)(d− c)
]}

=

(
2c

d− c

)

∗
exp

{
πi

24

[
4ac+ 4cd− 4bc2d+ 4c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 + 4c3d− 4ac3 + bd− cd+ d2 − ad− bc+ c2 − cd+ ac + 6d

− 6c− 6 − 12cd+ 12c2
]}

=

(
2c

d− c

)

∗
exp

{
πi

24

[
5ac− 10cd− 4bc2d+ 8c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 + bd + d2 − ad− bc + c2 + 6d− 6c− 6 + 12c2
]}

❋
υη(M2) =

(
d

c

)∗
exp

{
πi

12
[((a+ c) + d)c− (b+ d)d(c2 − 1) − 3c]

}

=

(
d

c

)∗
exp

{
πi

12
[ac + c2 + cd− bc2d+ bd− c2d2 + d2 − 3c]

}

.

⑥ ❋✟◆❨❯✔❋❸❏▼▲❼❉✚▲✙❈❼❯✔❋✟❏♦▲❇◆
υϑ(M) = [υη(M1)]

2[υη(M2)]
−1eπi/12

=

[(
2c

d− c

)

∗
exp

{
πi

24

[
5ac− 10cd− 4bc2d+ 8c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 + bd + d2 − ad− bc + c2 + 6d− 6c− 6 + 12c2
]}]2

·
[(

d

c

)∗
exp

{
πi

12
[ac+ c2 + cd− bc2d+ bd− c2d2 + d2 − 3c]

}]−1

eπi/12

=

(
d

c

)∗
exp

{
πi

12

[
(5ac− 10cd− 4bc2d+ 8c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 + bd + d2 − ad− bc + c2 + 6d− 6c− 6 + 12c2)

− (ac+ c2 + cd− bc2d+ bd− c2d2 + d2 − 3c) + 1
]}

=

(
d

c

)∗
exp

{
πi

12

[
4ac− 11cd− 3bc2d+ 8c3d− 3c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 − ad− bc+ 6d− 3c− 5 + 12c2
]}

❺➨❘❇▲ ❆✔❄ ❈❻❩✺▲❇❏♦▲ c ❴ ❭ ❏ ❬❊❄❇❆ ❈ø❯☛❋✺❏▼▲❖◆ ❝ ❪✙❋ c2 − 1 = (c − 1)(c + 1) ❴✠❪✚❏ ❏⑦❥✚❫❹❯✔■ ❬ ❫❑▲q❉✚❋✦ã✚r
❺➨❫❳❴✺❏✴❉✚■❳◆☛◆❨▲✚❈❶❴❷❩✟❫ ❄❇❆ ▲ ❝ ❪✚❋ 3 | c(c2 − 1) = (c− 1)c(c + 1) â➠❯ ❆ í✟◆➨❍❦❥✚❏▼❋ ❆ ▲❖◆③❩✟▲❖❍✚◆❨❋✺❩✺❪❼❯✔■❳❲❇▲❖◆➲å❾r



✃ ↔✰✎✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υϑ

→❶→ ✳
❃ ▲ ❆ ❯ ❄ ❍➀❯✔▲✚❈Ó❫❳❋✺❏⑦❚ ❆✔❄ ❍✚❉✙▲❵❯ ❄ ❏⑦❚✤❴✺❏ ❝ ❪✚❋ a ❋ d ◆ ❣ ▲ ❬❊❄✾❆ ❋✺◆❂❋ ❝ ❪✚❋ ad − bc = 1 ❈✪❯ ❆☛❄ ❚ ❄ ❫❳➉ ❄ ❍✚❉✙▲
❩✟▲❖❏➈❩✟▲❖❍✚❘ ❆ ❪✚í✺❍✚❩✟■ ❄ ◆❧❏▼æ❼❉✙❪✚❫❑▲ ó ã✚❈✙❯✔❋✟❏♦▲❇◆

4ac− 11cd− 3bc2d+ 8c3d− 3c2d2 + 4ac2d+ 4bc3 − 4c4 − 4ac3 − ad− bc+ 6d

− 3c− 5 + 12c2
︸︷︷︸

≡12

≡ 4ac(1 − c2)
︸ ︷︷ ︸

≡0

+ 8cd(c2 − 1)
︸ ︷︷ ︸

≡0

−3cd− 3bc2d− 3c2d2 + 4c2(1 + bc) + 4bc3

− 4c4 − (1 + bc) − bc+ 6d− 3c+ 7

≡ −3cd− 3bc2d− 3c2d2 + 8bc3 + 4c2(1 − c2)
︸ ︷︷ ︸

≡0

−2bc + 6d− 3c+ 6

≡ −3cd− 3bc2d− 3c2d2 + 8bc(c2 − 1)
︸ ︷︷ ︸

≡0

+6bc+ 6d− 3c+ 6

≡ −9cd− 3bc2d− 3c2d2 + 6(bc + 1)
︸ ︷︷ ︸

6ad≡0

+ 6d(c+ 1)
︸ ︷︷ ︸

≡0

−3c

≡ −3cd(3 + bc+ cd)
︸ ︷︷ ︸

≡0

−3c

≡ −3c â①❏▼▲❼❉ ó ã➀å .
➸ ❪ ❄ ❍❦❯☛▲ ð ❥✚❫❹❯✔■❑❏ ❄➋❬❊❄ ◆☛◆ ❄ ❘❖❋✺❏ ❄ ❩✟■❑❏ ❄ ❈✮◆ ❄ ❚✤❋✺❏▼▲❖◆ ❝ ❪✚❋ 6 | (−3cd) r➺⑤✢❩✺❫ ❄✾❆ ▲✚❈ ❄ ■❑❍✙❉ ❄ ❈ ❝ ❪✙❋
3 + bc + cd ❴➋❪✚❏ ❍❦❥✚❏▼❋ ❆ ▲ ❬❊❄❇❆ r ß ▲♣❉ ❄ ❲♣■ ❄ ❈ ❄❇❬ ❋✺❍ ❄ ◆❵■❑◆❨◆☛▲✐❍ ❣ ▲✐❍✚▲❖◆ ❄ ◆☛◆❨❋✺❘❖❪ ❆☛❄✐❝ ❪✚❋ 24 |
[−3cd(3 + bc+ cd)] r❻➁❞❚✚◆☛❋ ❆ ❲❇❋❇❈ ❬ ▲ ❆ ❴✺❏✦❈ ❝ ❪✙❋❇❈❊◆☛❋ 3 + bc+ cd = 0 ❈✙❋✺❍➀❯ ❣ ▲✙❈✙❍ ❄ ❉ ❄ ➉ s❛❝ ❪✙❋❙◆☛❋❬✙❆ ▲✈❲ ❄❇❆ ➅✚◆❨❋ 3 + bc+ cd = 2 ❈❼❋✺❍➀❯ ❣ ▲ 3 + (ad− 1) + cd = 2 ❈✙❉✚▲❖❍✚❉✚❋ d(a+ c) = 0 ❈✚▲❇❪✸◆☛❋❼➠ ❄ ❈
d = 0 ❈✙❪✚❏ ❄ ❲❖❋ ②❸❝ ❪✚❋ a+ c ❴ ❭ ❏ ❬❊❄❇❆ ➅❼◆❨❋ 3 + bc+ cd = −2 ❈✚❋✺❍➀❯ ❣ ▲ d(a+ c) = −4 ❈✙❉✚▲❖❍✚❉✚❋
d = ±4 ❋ a + c = ∓1 ➅❶●❊❍ ❄ ❫❳❏♦❋✟❍➀❯✔❋❇❈✤◆☛❋ 3 + bc + cd ❴✏❪✚❏ ❬❊❄❇❆ ❩✺❪➃➠❨▲✄❏▼æ❼❉✚❪✙❫❑▲▼❴❷❏ ❄ ■❑▲ ❆ ❉✙▲❝ ❪✚❋ ó ❈♣❋✺❍➀❯ ❣ ▲❷▲ ❆ ❋✺◆❨❪✚❫❳❯ ❄ ❉✚▲❂❯ ❄ ❏✏❚➂❴✟❏ ❴③■❳❏♦❋✟❉✚■ ❄ ❯✔▲✚r � ❋✺❘❇❪✚❋ ❝ ❪✚❋ −3cd(3+ bc+ cd) ≡ 0 â①❏▼▲❼❉ó ã❦å❱r ❃ ❋✺❫❑▲ ❆ ❋✺◆☛❪✙❫❳❯ ❄ ❉✚▲ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈✙❯✔❋✟❏♦▲❇◆ ❝ ❪✙❋

υϑ(M) =

(
d

c

)∗
e(πi/12)(−3c) = e−πic/4,

❩✟▲❖❏▼▲ ❝ ❪✚❋ ❆☛❭❑❄ ❏♦▲❇◆✝❏♦▲❇◆❨❯ ❆☛❄❇❆ r
ó r a ≡ d ≡ 1 ❈ b ≡ c ≡ 0 â➜❏♦▲♣❉ ó å✯➅ì ❋✺◆❜❯✔❋❸❩ ❄ ◆❨▲✚❈❊❋✺❏ M1 ❈ 2c ❴ ❬❊❄❇❆ ❋❇❈❊❋✟❏ M2 ❈ c ❯ ❄ ❏⑦❚➂❴✟❏ ❴ ❬❊❄❇❆ r↕✂Ó▲❖❘❇▲✚❈✚▲ ß ❋✟▲ ❆ ❋✟❏ ❄ ä❂❍✚▲❖◆➌❉ s



→➒✎ ❀ ➓✩➨P➨ ➥ ➨ ➦✈➏♣ÏÑÐ ➨ Ï Ô❡Õ✍➦➑➥①Ü❅Õ➤➥➔❊❖Ð❊ÒÞ➔❶❰➥➏ ➨
υη

➏
υϑ

▲➶❏♦❋✟◆☛❏▼▲❛❲ ❄ ❫❑▲ ❆ ❉✙▲▼■❹❯✔❋✟❏ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆✝❬❊❄❇❆☛❄ υη(M1) ❋❇❈ ❬✚❄❇❆✔❄ υη(M2) ❈✚❯☛❋✺❏▼▲❖◆

υη(M2) =
( c

d

)

∗
exp

{
πi

12
[((a+ c) + d)c− (b+ d)d(c2 − 1) + 3d− 3 − 3cd]

}

=
( c

d

)

∗
exp

{
πi

12
[ac+ c2 − 2cd− bc2d+ bd− c2d2 + d2 + 3d− 3]

}

⑥ ❋✟◆❨❯✔❋❸❏▼▲❼❉✚▲✙❈❼❯✔❋✟❏♦▲❇◆

υϑ(M) = [υη(M1)]
2[υη(M2)]

−1eπi/12

=

[(
2c

d− c

)

∗
exp

{
πi

24

[
5ac− 10cd− 4bc2d+ 8c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 + bd + d2 − ad− bc + c2 + 6d− 6c− 6 + 12c2
]}]2

·
[( c

d

)

∗
exp

{
πi

12
[ac + c2 − 2cd− bc2d+ bd− c2d2 + d2 + 3d− 3]

}]−1

· eπi/12

=
( c

d

)

∗
exp

{
πi

12

[
(5ac− 10cd− 4bc2d+ 8c3d− 4c2d2 + 4ac2d+ 4bc3

− 4c4 − 4ac3 + bd + d2 − ad− bc + c2 + 6d− 6c− 6 + 12c2)

− (ac+ c2 − 2cd− bc2d+ bd− c2d2 + d2 + 3d− 3) + 1
]}

=
( c

d

)

∗
exp

{
πi

12

[
4ac− 8cd− 3bc2d+ 8c3d− 3c2d2 + 4ac2d+ 4bc3 − 4c4

− 4ac3 − ad− bc+ 3d− 6c− 2 + 12c2
]}

❺➨❘❇▲ ❆✔❄ ❈✤❯ ❆☛❄ ❚ ❄ ❫❳➉ ❄ ❍✚❉✚▲ t ◆☛❋❷❩✺▲❖❏ ❄ ❋❾❽ ❬✙❆ ❋✺◆❨◆ ❣ ▲ ❝ ❪✚❋❛❋✺◆❜❯ s ❋✟❍❦❯ ❆ ❋❛❩✟▲❖❫❑❩➲➉✚❋❱❯✔❋✟◆✺❈✪❏▼æ❼❉✙❪✚❫❑▲ ó ã✚❈Ö❩✟▲❖❏▼▲



✃ ↔✰✎✏❤❜✐❶❰➥Ï✍Ô❡Õ➜Ð✒➏❦Û✪Ü➊Õ➔➢➤❊❩➥➧➦✈ÐqÜ❡Ð✚❰✉Ð
υϑ

→➒✎Ó→

❍✙▲▼■❹❯✔❋✟❏ ❄ ❍➀❯✔❋ ❆ ■❳▲ ❆ ❈✙❯☛❋✺❏▼▲❖◆
4ac− 8cd− 3bc2d

︸ ︷︷ ︸

≡0

+8c3d− 3c2d2 + 4ac2d+ 4bc3 − 4c4 − 4ac3 − ad− bc+ 3d

− 6c− 2 + 12c2
︸︷︷︸

≡0

≡ 4ac(1 − c2)
︸ ︷︷ ︸

≡0

+ 8cd(c2 − 1)
︸ ︷︷ ︸

≡0

−3c2d2 + 4c2(1 + bc) + 4bc(c2 − 1)
︸ ︷︷ ︸

≡0

+4bc− 4c4

− (1 + bc) − bc + 3d− 6c− 2

≡ −3c2d2 + 4c2 + 4bc3 + 2bc− 4c4 + 3d− 6c− 3

≡ −3c2d2 + 4c2(1 − c2)
︸ ︷︷ ︸

≡0

+ 4bc(c2 − 1)
︸ ︷︷ ︸

≡0

+ 6bc
︸︷︷︸

≡0

+3d− 6c− 3

≡ −3c(cd2 + 2)
︸ ︷︷ ︸

≡0

+3d− 3

≡ 3(d− 1)

➸ ❪ ❄ ❍❦❯☛▲ ð ❥✚❫❳❯☛■❑❏ ❄❷❬❊❄ ◆❨◆ ❄ ❘❇❋✺❏ ❄ ❩✟■❑❏ ❄ ❈ ❬ ▲♣❉✚❋✺❏▼▲❖◆✜➠❨❪✚◆❜❯✔■❹●❊❩ s➥t ❫ ❄ ❉✚❋❂❏♦▲♣❉✚▲⑦◆❨❋✺❏▼❋✺❫❑➉ ❄ ❍➀❯✔❋ ❄ ▲ ❝ ❪✚❋
● ② ❋✺❏▼▲❖◆❻❍✚▲✏■❹❯✔❋✟❏ ❄ ❍➀❯✔❋ ❆ ■❑▲ ❆ ❈❦❉✚■❳❲♣■❳❉✚■❑❍✚❉✙▲❸❍✙▲❖◆⑤❩ ❄ ◆☛▲❇◆ cd2 +2 = 0 ❈ cd2 +2 = 2 ❈ cd2 +2 = −2 ❈
❋ |cd2 + 2| > 2 r à ❏➅❯✔▲♣❉✚▲❖◆✺❈❻❴❵❲❖❋ ❆ ❉ ❄ ❉✚❋ ❝ ❪✚❋ 24 | [−3c(cd2 + 2)] ❈❻❩✺▲❖❏▼▲ ❄ ● ❆ ❏ ❄ ❏▼▲❖◆✟r
❺③◆☛◆❨■❑❏✦❈✙❯✔❋✟❏♦▲❖◆ ❝ ❪✚❋

υϑ(M) =
( c

d

)

∗
e(πi/12)(3(d−1)) = eπi(d−1)/4,

❩✟▲❖❏▼▲ ❝ ❪✚❋ ❆❨❭ü❄ ❏▼▲❖◆➨❏▼▲❖◆❜❯ ❆✔❄✾❆ r✄⑨➪◆❜❯✔▲❵❯☛❋ ❆ ❏▼■❑❍ ❄❵❄✄❬✚❆ ▲✉❲ ❄ ❉✚❋✟◆❨❯☛❋⑦❯✔❋✺▲ ❆ ❋✺❏ ❄ ❋✾❈Ö❩✺▲❇❏ÿ❋✟❫ ❄ ❈ ❄ ❉✚■❑◆❨◆☛❋ ❆➻t
❯ ❄❇❢❤❣ ▲✚r





➻ ✵✸➼❻✵Ø✯④➽➺➾ ➌➣➋ ➇ ✭ ➚ ➋➶➪ ✧ ➋ ✩➘➹✢✯➷➴➮➬ ➌ ➇ ✭

ò ä✺õ❂❺ ❪ ✂❡➁✒➱✃⑨ ß✁❐ ❈ ❝ r✪✟✙r❹❈ è ➁✚❒❙❺ � ❈✪❺✏r � r ☞ ➔✤ÏÑÜ➊Õ➜➏➀Û❆❮✚Ð✚❰⑦➥➜Ð☛❋❅Õ①➏ ➨ Ý❰➥①➑➲➦✈❰✉➔ÓÒ❡Ô✜❊✉➦➃➥➜➔✤➑ Ð✚➑❅Ò Ð✚ÜqÏ
Ü❅Õ➤➥➔❊❖Ð❏➦➃➥➜➔✤➑ ➨ r ì ❋✯✮ÑÐ❻▲ ❆ ➍❶➍ ⑨ ❄ ❏⑦❚ ❆ ■❳❉✚❘❖❋ P ❍✚■❳❲❇❋ ❆ ◆❨■❳❯ ❡✠❃ø❆ ❋✺◆☛◆✟❈Þä➑❞✺❞❩◗❼r✚⑧❇ã❲◗ ❬✚❬ r

òöó õ❂❺ ì➨⑥ ❂ à ➱ � ❈✝Ò❛r à r➲Ó➻❺➷◆❨■❑❏ ❬ ❫❑❋ ❬✙❆ ▲♣▲ ♠ ▲ ♠ ✟ ❄ ❩✟▲❖❚✚■➃❯ ❆ ■ ❬ ❫❳❋ ❬✚❆ ▲❼❉✚❪✙❩✟❯❸■❑❉✚❋✟❍➀❯✔■❳❯ ❡❩Ô r ❃✮❆ ▲❼❩✾rÓ❺➨❏▼❋ ❆ r❝➋❄ ❯✔➉✪r � ▲♣❩❇rÓä❤⑧✙❈✪ä➑❞❖⑧✺◆❼❈ ❬✚❬ ⑩❖⑩❖⑩ t ⑩❖⑩❇ã✚r
ò ⑩✾õ ❪ ❺✄❂ ß ✂ à ❈❇❂❸r❣Ò❛r ❈ÖÕ ➏ ➏♣Õ①➏♣ÏÑ➏♣➑➲➦ ➨ ➔❶❮✓➥➇➑➲➦❤➏➒×❶❰✉Ð❏➦➃➥➜➔✤➑✰Ð❊➑❡Ò♦✴✮➏❲❋ø➏ ➨ ×✤Ô❡➏ ÏÑ➏❦Ð ➨ ÔÞ❰✉➏ r ì ❋✣✮

Ð❻▲ ❆ ➍❶➍↕✟❇▲❇➉✚❍❰➱➣■❳❫❑❋ ❡ÙØÚ� ▲❖❍✚◆✺❈Óä❢❞❖⑧❖⑧✙r✪ä➑◗✉❞ ❬✚❬ r
ò ã❇õ ⑨❜Û P ❂ ⑨❜Û ⑨❼✂➝✂ø❈④❂❸r♦ñ⑦r ✱❸Ð✚❰⑦➥➔✌❩❮✤➏➒➥ ➨ ☞ ➔✤ÏÑÜ❅Õ➜➏❦Û✪Ð ➨ ➏ ➨ ÔÞÐ ➨ Ð✚Ü➊Õ➔➥➔❊❖Ð❊➒✺Ü✪➏ ➨ r �✙❣ ▲ ❃❅❄ ❪✚❫❑▲✙➍❝ ❩❢Ò ❆☛❄ ✮ t Û ■❳❫❑❫✪❉✙▲ ❪⑤❆✔❄ ◆❨■❑❫➧Ý à ❉✙■❳❯✔▲ ❆✔❄ ❉ ❄➶P✄�✙❃ ❈Óä➑❞✺◗✺◆❼r ó ◗✾⑧ ❬✙❬ r
ò ◆➥õ ⑨ ➁ ì ➱q❺❳Ð❛❈↕✟✙r ❪ r ❤ÞÔ❡➑✜❊✉➦➑➥①➔✤➑ ➨ ➔❶❮✸➔➂➑Þ➏Ñ❊❖➔➂Ï♥Ü➊Õ➜➏➀Û➘❮✚Ð✙❰✬➥➜Ð☛❋❅Õ①➏✃❨ r ì ❋✯✮ÞÐ❻▲ ❆ ➍❶➍ �♣❬✚❆ ■❳❍✚❘❖❋ ❆➻t

ñ✮❋ ❆ ❫ ❄ ❘✚❈✪ä➑❞❩◗✬❙✙r❊⑩✙ä➃◗ ❬✙❬ r
ò ⑧✾õ ⑥ ➁ ❝ ⑨ ì Ò P③à❣� ❈ Û r Û r Ú ➨ Ü❅Ð❊➒❖➔ ➨ Ï✏ß❩➦✈❰⑦➥➤❊❖➔ ➨ ➏➣➥①➑➲➦✈❰✉➔ÓÒ❡Ô❅➒❖➓✚➔➺à✸➦✈➔❶Üø➔✤Õ①➔●×❵➥➜Ð r �✙❣ ▲ ❃❅❄ ❪✚❫❑▲✙➍

❺✝❯☛❪ ❄ ❫✖❈Öä➑❞✺❙ ó rÖä➑❙❇ã ❬✚❬ r
ò ◗➥õ✆Ò P➨ì③ì ⑨ ì Ò❛❈❲❂❂r ⑨ r ✴❻➏➒❊✉➦✉ÔÞ❰✉➏ ➨ ➔✤➑ïÏÑ➔ÓÒ❡Ô❡Õ①Ð✚❰❸❮➹➔❶❰➥Ï ➨ r ì ❋✣✮á✟❇❋ ❆ ◆❨❋ ❡ ➍ ❃ø❆ ■❑❍✙❩✺❋✟❯☛▲❖❍ P ❍✚■❹❲❖❋ ❆ ◆☛■❹❯ ❡❃ø❆ ❋✟◆☛◆✟❈❅ä➑❞❇⑧ ó r☛❙❇⑧ ❬✙❬ r
ò ❙✾õ Û ⑨❼✂➝✂ à ❈ à r ❒ ➑❡Ð❊Õ➧â➶➦➃➥➔❊❵❮➪Ô❡➑✜❊✉➦➑➥①➔✤➑✸➦ Õ ➏❦➔❶❰➃â r ì ❋✯✮ãÐ❻▲ ❆ ➍❶➍ ⑨ ➉✚❋✟❫❑◆❨❋ ❄ ❈Þä➑❞❩◗✾⑩✙r✚⑩❖➆✉❙ ❬✙❬ ❈✚❲✤r❁⑨➲r
ò ❞✾õ Û ⑨❼✂➝✂ à ❈ à r ❒ ➑❡Ð❊Õ➧â➶➦➃➥➔❊❵❮➪Ô❡➑✜❊✉➦➑➥①➔✤➑✸➦ Õ ➏❦➔❶❰➃â r ì ❋✯✮ãÐ❻▲ ❆ ➍❶➍ ⑨ ➉✚❋✟❫❑◆❨❋ ❄ ❈Þä➑❞✺❙✺◗❼r✙ã❩❞❇⑧ ❬✙❬ ❈✚❲✤r❁⑨✕⑨➲r
ò ä✈➆✾õ▼❒ ì ➁ ❃✮❃ ❈❲❒❛r ❈✆Õ ➏❦➔❶❰➑â Ð❊➑❡Ò♥Ð✚Ü❡Ü➊Õ➔➥➔❊❖Ð❏➦➃➥➜➔➂➑ ➨ ➔ ➨ ➥①➑Þ➐➊➑✜➥➧➦✈➏ ➨ ➏❦❰⑦➥①➏ ➨ r ì ❋✯✮✸Ð❻▲ ❆ ➍✤➍ ⑥ ▲✈❲❖❋ ❆ ❈❶ä➑❞✺❞❖➆❼r

◆❇⑧❇⑩ ❬✙❬ r
ò ä❖ä✺õ▼❒ ì ➁ ❃✮❃ ❈ ❝ r✄⑨➲r✄ä ➔ÓÒ❅Ô❡Õ➜Ð✚❰ ❮➪Ô❡➑✜❊✉➦➑➥①➔✤➑ ➨ ➥①➑◗Ð❊➑ÞÐ❊Õ➧â➶➦➃➥➔❊✢➑✪Ô❡Ï⑩❋ø➏❦❰ã➦ Õ ➏♣➔❶❰➑â r ì ❋✯✮♣Ð❻▲ ❆ ➍❶➍⑨ ➉✚❋✟❫❑◆❨❋ ❄ ❈Þä➑❞✺❞❇⑩✙rÖä➃◆➥ã ❬✙❬ r

→➒✎●✵



→➒✎ ☎ å Ú✻❤✝Ú åÙæ❸ç ☞ ❨ ❒④è✶é ❨ é ✴❣❨ ➓Ùê✠åÙë ❤❜❨ ☞ ❒④è
ò ä ó õ✆❒❷➁ ❪ ✂q⑨ ß✁❐ ❈ ì r ❨✟➑➲➦✈❰✉➔ÓÒ❡Ô✜❊✉➦➑➥①➔✤➑✶➦✈➔✍➏❼Õ①Õ➔➥①Ü✪➦➃➥➔❊✓❊➀ÔÞ❰➃❮✤➏ ➨ Ð❊➑❡Ò×ÏÑ➔ÓÒ❡Ô❡Õ①Ð✚❰▼❮➹➔❶❰➥Ï ➨ r ì ❋✣✮✃Ð❻▲ ❆ ➍✤➍�❼❬✚❆ ■❳❍✚❘❖❋ ❆❜t ñ✮❋ ❆ ❫ ❄ ❘✚❈✤ä➑❞✺❙❇ã✚r ó ã❩❙ ❬✚❬ r
ò ä❤⑩✾õ✆❒❷➁ ⑨❜Û ✂❅➁ P ❒❷➁áñ➊❺❷❈ ⑥ r Û r✪ì ➡➥➺✖➦➥➢♦➳♣➙❛➦❇➩❼Ù❹➦✲➳➀➦✲➳❇➞❑➢ ➤ ➞ô➼✤Ù ➞➠➝✤➦✓í④í✄û➀ûïî✉➟✠ð✝➸❾➩✉➼❊➡✈➢♦➙Öñ❧➙➪➼✤➸✔➙➲➢✈➙❱➝❁❬➺➹➦❖➫✾➾✈➙➲➢ ❈ P③ì ⑨ ⑨ ❺ ❝➋❃ ❈ ❬✚❆ ■❑❏▼❋✺■ ❆ ▲⑦◆☛❋✟❏♦❋✟◆❨❯ ❆ ❋❂❉✚❋ ó ➆❖➆❩◆♣r
ò ä✺ã❇õ✆✂Þ❺ ì Ò❛❈ � r ❨✟➑➲➦✈❰✉➔ÓÒ❡Ô✜❊✉➦➑➥①➔✤➑Ñ➦✈➔×ÏÑ➔ÓÒ❡Ô❅Õ➜Ð✚❰➋❮✖➔✤❰➥Ï ➨ r ì ❋✣✮Ú✟❇❋ ❆ ◆☛❋ ❡ ➍ �❼❬✚❆ ■❑❍✚❘❖❋ ❆❜t ñ✮❋ ❆ ❫ ❄ ❘✚❈➃ä❢❞❩◗❇⑧✙ró ⑧✙ä ❬✚❬ r
ò ä➑◆➥õ✆✂ à ñ à ➸ P③à ❈➒➱çr❁✟✙r ❈ ➔❶Ü❳➥➔❊ ➨ ➥①➑ê➑✪Ô❅Ï⑩❋ø➏❦❰❭➦ Õ ➏♣➔❶❰➑â r➳✂Ó▲❖❍✚❉✚▲❖❍Ö➍➃❺á❉✚❉✚■❳◆☛▲❖❍ t ➱Ñ❋✟◆☛❫❳❋ ❡ ❈Öä➑❞❩◆❇⑧✙r ó ◗✾➆❬✚❬ ❈✙❲✤r●⑨✕⑨➲r
ò ä❤⑧✾õ✆✂✪⑨ ❝ ❺✏❈ à r✜✂ør ☞ ÔÞ❰ ➨ ➔ Ò❡➏êÐ❊➑✪✌❊Õ➤➥ ➨ ➏ r✜❂➌■❳▲✲❉✚❋Ù✟ ❄ ❍✚❋✟■ ❆ ▲✙➍⑥⑨➪❍✚◆❨❯☛■❳❯☛❪✙❯✔▲✲❉✚❋ ❝➋❄ ❯✔❋✺❏ s ❯☛■❑❩ ❄✦❃ ❪ ❆✔❄ ❋

❺ ❬ ❫❳■❑❩ ❄ ❉ ❄ ❈ ó ➆❖➆ ó r✙⑩❇ã❖ã ❬✚❬ ❈✚❲✤r❁⑨➲r
ò ä➑◗➥õ ❝ ⑨❼✂ ì➨à ❈❇✟✙r � r í✍➡✺➳❇➩❼Ù❹➦❇➸➨➧❾➩♣➝ ➤ ➺①➞✖➡➥➝✙➢✠➦❇➝✤➳ ➟✄➡✺➳❇➩❼Ù❹➦❇➸➌➧❤➡➥➸❱➟✏➢ r ì ▲✾❯ ❄ ◆❛❉✚❋ ❄ ❪✚❫ ❄ ❉✚❋ ❝➋❄ ❯☛➉é⑧❩◗✉❙✙❈❝ ■❑❩➲➉✚■❳❘ ❄ ❍ P ❍✚■❳❲❇❋ ❆ ◆❨■❳❯ ❡ ❈❊▲❖❪✙❯✔▲❇❍✚▲➶❉✚❋➶ä➑❞✺❞❖➆✙r
ò ä❢❙✾õ ❝ ⑨➡Ð❻❺❸❒ à ❈ ß r●ä ➔ÓÒ❅Ô❡Õ➜Ð✚❰❵❮➹➔❶❰➥Ï ➨ r ì ❋✣✮áÐ❻▲ ❆ ➍❶➍ �❼❬✚❆ ■❑❍✚❘❖❋ ❆❜t ñ✮❋ ❆ ❫ ❄ ❘✚❈✤ä➑❞✺❙✺❞❼r❊⑩❖⑩❩◆ ❬✚❬ r
ò ä❢❞✾õ ❝➋P ✟✉⑨ ⑨ ❺❷❈❭✟✙r❭ì ➡➥➺✖➦➥➢×➳♣➙➵ò➂➡➲➼❊➡➥Ù❑➡☛î❇➞①➦➘ð③➙❱➸❨➦❇Ù r ì ▲❇❯ ❄ ◆Ñ❉✚❋ ❄ ❪✚❫ ❄ ❉✚❋ ❝➷❝ ◗❇⑩❖⑩✙❈ P➨ì ⑨ ⑨ ❺ ❝➋❃ ❈❬✚❆ ■❳❏♦❋✟■ ❆ ▲✏◆☛❋✺❏▼❋✺◆❜❯ ❆ ❋❸❉✙❋ ó ➆❖➆❇ã✚r
òôó ➆✾õ ì ⑨➹ñ à✮ì ❈❁⑨➲r ❝ r➳Ó è ▲ ❆ ❏ ❄ ❫ ❬ ▲➃✮⑤❋ ❆ ◆☛❋ ❆ ■❳❋✺◆ Ô r✚❺➨❏▼❋ ❆ r ❝➋❄ ❯☛➉✪r ❝ ▲❖❍➀❯☛➉✚❫ ❡ ◗✾⑧✙❈✪ä➑❞❖⑧✉❞✙❈ ❬✚❬ ❙❩◗❼ä t ❙✺❙✺❞✙r
òôó ä✺õ✏➁✚✂q⑨➹ñ à ⑨❼❂❧❺✏❈ à r ⑨ r❳❈ ❝ ❺✄⑨❜➁✻❂✒⑨ ì ➁⑦❈●✟✙r à r ❨✟➑➲➦✈❰✉➔ÓÒ❡Ô❡➒❖➓✚➔♥Ð✙➔ ➨ Ï❯ß❲➦❤➔ÓÒ❡➔ ➨ ÒÞÐ ÏÑÐ❏➦✈➏♣Ï✏✌➳➦➃➥➤❊❖Ð

Ð✚Ü➊Õ➔➥➔❊❖Ð❊Ò❡Ð r ⑨ ❄ ❏ ❬ ■❑❍ ❄ ◆✺➍ à ❉✚■❳❯☛▲ ❆✔❄ ❉ ❄♦P③ì ⑨ ⑨ ❺ ❝✲❃ ❈ ó ➆❖➆❖⑩❼r ó ã✚ä ❬✚❬ r
òôó❇ó õ � ❺ ì➌ß ➁ � ❈❵✟✙r ❃ r✤➁⑦r ❨✟➑➲➦✈❰✉➔ÓÒ❡Ô❅➒❖➓✚➔❯à✲➦❤➏♣➔❶❰⑦➥➜Ð♥ÒÞ➔ ➨ ➑ïó❅ÏÑ➏❦❰✉➔ ➨ r
òôó ⑩✾õ � ❺ ì➌ß ➁ � ❈✁✟✙r ❃ r❧➁⑦r❹❈ ❝➋à ✂✪✂❡➁⑦❈ ❝ r ❃ r❹❈ ❝✲P ❂❧❺❸❂✒⑨➲❈❃⑨➲r ß r ⑨ r ❨✟➑➲➦✈❰✉➔ÓÒ❡Ô❅➒❖➓✚➔Úà✰Ð❊➑➝✌✚Õ➤➥ ➨ ➏

❊❖➔➂Ï⑩❋✜➥➇➑ÞÐ❏➦➑✐❶❰⑦➥➜Ð r ⑨ ❄ ❏ ❬ ■❳❍ ❄ ◆✟➍ à ❉✙■❳❯✔▲ ❆✔❄ ❉ ❄▼P➨ì ⑨ ⑨ ❺ ❝➋❃ ❈ ó ➆❖➆ ó r ó ❞❩◗ ❬✚❬ r
òôó ã❇õ �✙à ❂✞❂ à ❈❵✟✙r ❃ r ❒ ❊❖➔✤Ô❡❰ ➨ ➏⑩➥①➑ØÐ✙❰✬➥➧➦ Õ ÏÑ➏❩➦➃➥➔❊ r ì ❋✣✮ÑÐ❻▲ ❆ ➍❶➍ �❼❬✚❆ ■❳❍✚❘❖❋ ❆❜t ñ✮❋ ❆ ❫ ❄ ❘✚❈Öä❢❞❩◗❇⑩✙r➂ä❖ä➃◆ ❬✚❬ r
òôó ◆➥õ � Û ➁✻❒✚❂➌❺ ì ⑨➪❺ ì ❈ � r❳❈ � ➁➌❺✄❂ à❣� ❈ ❝ r❳❈qÒ❷➁ ⑥ ⑨ ì Û ➁⑦❈ Û r ❈ ➏❦➔❶❰⑦➥①Ð✐Ò❡➔ ➨ ➑➶ó❡ÏÑ➏❦❰✉➔ ➨ r ❪✇❆☛❄ ◆ ❭ ❫❑■ ❄ ➍à ❉✙■❳❯✔▲ ❆✔❄ ❉ ❄➶P➨ì✞❪ ❈Óä➑❞✺❞✉❞✙r❊⑩ ó ◆ ❬✚❬ r
òôó ⑧✾õ � ⑨ ⑥ ❒✻⑨



å Ú❸❤✝Ú åÙæ✻ç ☞ ❨ ❒④è✶é ❨ é ✴❇❨ ➓✓ê✠å✠ë ❤❜❨ ☞ ❒④è →➒✎ ✃
òöó ◗➥õ ß ⑨ ß ⑨❜Û ❝ ❺❸❂ � Û ❈ à r ⑨ r ❈✆Õ ➏➺➦ Õ ➏❦➔❶❰➑â✰➔❶❮▼❮➪Ô❅➑➝❊✉➦➃➥➜➔✤➑ ➨ r ì ❋✣✮ôÐ❻▲ ❆ ➍✤➍✸➁➨❽ ♠ ▲ ❆ ❉ P ❍✚■❹❲❖❋ ❆ ◆☛■❹❯ ❡❃ø❆ ❋✟◆☛◆✟❈❅ä➑❞✺◆ ó r
òöó ❙✾õ✻➱ Û ⑨ ßáß ❺✄❒ à ❂❂❈ à r ß r❳❈❲➱✒❺ ß✁� ➁ ì ❈☛Ò❛r ì r ❒ ❊❖➔✤ÔÞ❰ ➨ ➏❵➔❶❮✝ÏÑ➔✪Ò❡➏❦❰➥➑✐Ð❊➑ÞÐ❊Õ✍â ➨ ➥ ➨ r ì ❋✣✮➺Ð❻▲ ❆ ➍❶➍⑨ ❄ ❏✏❚ ❆ ■❳❉✚❘❖❋ P ❍✙■❳❲❖❋ ❆ ◆❨■❳❯ ❡✠❃ø❆ ❋✟◆☛◆✟❈❅ä➑❞✉❙✺❙✙r✚⑧❇➆✺❙ ❬✚❬ r
òöó ❞✾õ✻õ✩õ✩õ ↔❳Ï♥Ð❏➦ Õ õ ➔✤❰➥Õ①Ò❻↔ õ ➔➂Õ➜❮➹❰✉Ð❊Ïë↔✇❊❖➔✤Ï r♣❺á❩✺❋✟◆☛◆ ❄ ❉✚▲✄❍✚▲➶❉✚■ ❄ ä✈➆❩Ý❇➆✙ä➑Ý ó ➆❖➆❖⑧❼r



ö ➾★✳ ➋q➌ ✵ ➻ ✵ë✱ ➋Ó✭✸✭✠➋❵÷ ✩

⑨ ❥✚◆ ❬ ■❑❉✙❋ ❬✚❄❇❆✔❄ ❚✤æ❖❫❳■❑❩ ❄ ❈✙ã➀➆⑨ ▲❖❏ ❬✚❆ ■❑❏▼❋✺❍➀❯✔▲✚❈❏❞✙ä⑨ ▲❖❍➃➠❨❪✚❍➀❯✔▲
❺➨❚✤❋ ❆ ❯✔▲✚❈●❞è ❋✺❩➲➉ ❄ ❉✚▲✚❈●❞è ❋✺❩➲➉✚▲✙❈●❞
⑨➪❍➀❯✔❋ ❆ ■❑▲ ❆ ❈❁❞

à ❪✚❫❳❋ ❆
✂Ó❋✺❏ ❄ ❉✚❋❇❈❵◗✉❞à ❽ ❬❊❄ ❍✚◆ ④ ❋✟◆③❉✙❋ è ▲❖❪ ❆ ■❑❋ ❆ ❈✚ã✺❞

è æ ❆ ❏⑦❪✚❫ ❄ß❡❆✔❄ ❍✚◆ ♠ ▲ ❆ ❏ ❄❇❢✺❣ ▲❛❯✔➉✚❋❱❯ ❄ ❈❊⑧è ▲ ❆ ❏ ❄ ⑨ ❥✚◆ ❬ ■❑❉✙❋❇❈❶⑧ óè ▲ ❆ ❏ ❄✩❝ ▲♣❉✚❪✚❫ ❄❇❆ ❈✙⑩❩◗❼❈❊⑧❼ä⑥ ❋❱●❊❍✚■ ❢✺❣ ▲▼❉✚❋❇❈❶⑧✙ä
⑨➪❍➀❯✔❋✟■ ❆✔❄ ❈❊⑧ óè ❪✚❍ ❢✺❣ ▲
❺➨❍ ❄ ❫ ❭ ❯✔■❑❩ ❄ ❈ ó⑥ ■ ♠ ❋ ❆ ❋✟❍✚❩✺■ s ❲❖❋✺❫➇❈ óÛ ▲❇❫❑▲❖❏▼▲ ❆❨♠①❄ ❈ ó
⑨➪❍➀❯✔❋✟■ ❆✔❄ ❈ ó❝ ❋ ❆ ▲❖❏▼▲ ❆❨♠①❄ ❈❊⑩
❂❧❋✺❘❖❪✚❫ ❄❇❆ ❈ óè ❪✚❍ ❢✺❣ ▲ ❝ ❋ ❆ ▲❖❏▼▲ ❆❨♠①❄
❋✺❏ ❪✚❏ ❬ ▲❖❍➀❯✔▲ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩✟▲✚❈✚⑧❼äè ❪✚❍ ❢✺❣ ▲ ❝ ▲♣❉✚❪✚❫ ❄✾❆ ❈❊⑩❩◗♣❈❊⑧✙ä❖❈❊⑧ ó

⑨➪❍➀❯✔❋✟■ ❆✔❄ ❈❊⑧❖⑩è ❪✚❍ ❢✺❣ ▲③❂➌❋✟❘❖❪✚❫ ❄❇❆
❋✺❏ ❪✚❏ ❬ ▲❖❍➀❯✔▲ ❬❊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩✟▲✚❈✚⑧❼ä

Ò ❆ ❪ ❬ ▲⑨ ❭ ❩✟❫❑■❳❩✺▲✚❈☛◗⑥ ❋❱●❊❍✚■ ❢✺❣ ▲▼❉✚❋❇❈❶⑧❝ ▲♣❉✚❪✚❫ ❄❇❆ ❈✪ä❤⑩
➁ ❆ ❉✚❋✟❏✲❈❁◗

Ò ❆ ❪ ❬ ▲ ❝ ▲♣❉✚❪✚❫ ❄✾❆� ❪✚❚✙❘ ❆ ❪ ❬ ▲❖◆❧❉✚▲✚❈ ó ä
Û ❋✺❩❅➍❇❋✾❈Ö⑧❇⑧Û ▲❖❏♦❋✟▲❖❏▼▲ ❆ ●❊◆❨❏♦▲✙❈☛❞
⑨➪❉✚❋✟❍➀❯✔■❑❉ ❄ ❉✚❋à ❪✚❫❑❋ ❆ ❈●❙❖⑩

✟ ❄ ❩✟▲❖❚✚■✖❈☛❙❇ã❃ø❆ ▲♣❉✚❪✙❯☛▲ ß❡❆ ■ ❬ ❫❑▲❛❉✙❋Ö✟ ❄ ❩✺▲❖❚✚■➇❈❁❙✙ä
✂Ó❋✺■Ó❉ ❄ ❂❧❋✺❩✟■ ❬✚❆ ▲❼❩✟■❑❉ ❄ ❉✚❋ ➸ ❪ ❄ ❉ ❆☛s ❯✔■❳❩ ❄ ❈➂ä❖ä
❝ æ♣❉✚❪✚❫❳▲✚❈❁❙❝➋❄ ❯ ❆ ■ ②❂❃➊❄❇❆☛❄ ❚✤æ❖❫❑■❳❩ ❄ ❈❼ã❲◆
➁ ❆ ❉✙❋✺❏

❉✚❋❂❪✚❏ ❬ æ❖❫❳▲✚❈✚⑧✙ä
❉✚❋❂❪✚❏ ② ❋ ❆ ▲✚❈❶⑧✙ä

❃ æ❖❫❑▲✚❈✚⑩❃❅❄❇❆ ❯☛■ ❢✺④ ❋✺◆❧❉✚❋❂❪✚❏ ■❑❍➀❯✔❋✟■ ❆ ▲✙❈❁◗✺◆
→➒✎ ➱



→➒✎ ✡ ø ç ➎✠❨ ☞ Ú å Ú ä ❨ è➝è ❨➜✱ ➓

❃ ▲❖❍➀❯☛▲ ❃❅❄❇❆✔❄ ❚✤æ❖❫❳■❑❩✺▲
✂ ❄✾❆ ❘❖❪ ❆☛❄ ❈✚ã❲◆❃ ▲❖❍➀❯☛▲ ❬❊❄✾❆✔❄ ❚✤æ❖❫❑■❳❩✺▲✚❈♣ã➀➆❃ø❆ ■❑❍✙❩ ❭❑❬ ■❑▲❛❉✚▲ ❝ æ♣❉✚❪✚❫❳▲ ❝✲s ❽❼■❑❏▼▲✚❈ ó❃ø❆ ▲♣❉✚❪✙❯✔▲❇◆✁⑨➪❍❼●❊❍✚■❳❯☛▲❖◆✺❈✙ã⑨ ▲❖❍➀❲❖❋ ❆ ❘❖í✺❍✙❩✺■ ❄ ❺➨❚✚◆❨▲❖❫❑❪❼❯ ❄ ❈●◆⑨ ▲❖❍➀❲❖❋ ❆ ❘❖í✺❍✙❩✺■ ❄ ❉✚❋❇❈❊ã

❂➌❋✟❘❖■ ❣ ▲ è ❪✙❍✚❉ ❄ ❏▼❋✺❍➀❯ ❄ ❫⑥ ❋✟●❊❍✙■ ❢❤❣ ▲♦❉✚❋✾❈Óä✈⑧❃➊❄ ❉ ❆ ▲❖❍✚■ ②❤❄ ❉ ❄ ❈❊⑩❖⑩
❂➌❋✟◆ ❭ ❉✚❪✚▲ ➸ ❪ ❄ ❉ ❆☛s ❯✔■❳❩✺▲✚❈✪ä❤➆
❂➌■❳❋✺❏ ❄ ❍✚❍à ◆ ♠ ❋ ❆☛❄ ❉✚❋✾❈Óä✈➆
� ❴ ❆ ■❑❋

❉✚❋ ß➊❄❢❡ ❫❑▲ ❆ ❈●◆� ❴ ❆ ■❑❋✟◆
❉✚❋▼✂ ❄ ❪ ❆ ❋✟❍❦❯✺❈❶⑩�❼❭ ❏✏❚➂▲❖❫❳▲
❉✚❋✆✟ ❄ ❩✺▲❖❚✙■✖❈✪ä✈➆
❉✚❋▼✂Þ❋✟❘❖❋✺❍✙❉ ❆ ❋✾❈❡ä❤➆� ■❑❍✙❘❖❪✚❫ ❄✾❆ ■❑❉ ❄ ❉✚❋à ◆❨◆☛❋✟❍✚❩✺■ ❄ ❫✖❈❶⑩
⑨➪◆☛▲❖❫ ❄ ❉ ❄ ❈❊⑩
❂➌❋✟❏♦▲✈❲ ❭ ❲❇❋✺❫✖❈✚⑩� ■❑◆❜❯✔❋✟❏ ❄③❝ ❪✚❫❹❯✔■ ❬ ❫❑■❳❩ ❄ ❉✚▲ ❆ ❈♣⑩✺❞� ❪✚❚✚❘ ❆ ❪ ❬ ▲✚❈❶⑧ù ❍✚❉✚■❑❩✟❋❇❈●❙⑨ ❫ ❄ ◆❨◆☛❋✺◆✞✂ ❄ ❯✔❋ ❆✔❄ ■❳◆✺❈☛◗⑨ ▲❖❍⑦➠❨❪✚❘ ❄ ❉✚▲✚❈ ó ❙
Ò❂❋ ❆✔❄ ❉✚▲✙❈●◗ì ▲ ❆ ❏ ❄ ❫➇❈☛❙

ß ❋✟▲ ❆ ❋✟❏ ❄

⑨➪❉✚❋✺❍➀❯✔■❳❉ ❄ ❉✚❋❂❉✚❋ è ❪✚❍ ❢✟④ ❋✟◆❧❺➨❍ ❄ ❫ ❭ ❯☛■❑❩ ❄ ◆✺❈ óß ▲ ❬ ▲❖❫❳▲❖❘❖■ ❄ ❈❏❙ß❅❆☛❄ ❍✚◆ ♠ ▲ ❆ ❏ ❄❇❢✺④ ❋✺◆
❉✚❋ ❝④ú ❚✚■❳❪✚◆✺❈Óä
✂Þ■❳❍✚❋ ❄✾❆ ❋✺◆ è❊❆✔❄ ❩✺■❑▲❇❍ s❇❆ ■ ❄ ◆✺❈✤ä❃➊❄❇❆☛❄ ❚➂æ❇❫❑■❑❩ ❄ ◆✺❈❼ã❲◆


