
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí❢✐❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❖t✐♠✐③❛çã♦ ■rr❡str✐t❛ s❡♠ ❉❡r✐✈❛❞❛s ❇❛s❡❛❞❛ ❡♠

■♥t❡r♣♦❧❛çã♦ P♦❧✐♥♦♠✐❛❧

❚❤✐❛❣♦ ❘✐♥❝ã♦

▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛ ✲ ❈❛♠♣✐♥❛s ✲ ❙P

❖r✐❡♥t❛❞♦r❛✿ Pr♦❢✳ ❉r❛✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t

❞♠❛ ✲ ✐♠❡❝❝ ✲ ✉♥✐❝❛♠♣



✐



✐✐



✐✐✐



✳

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦✿

❆♦s ♠❡✉s ♣❛✐s✱ ❏✉r❛♥❞✐r ❡ ▼❛r✐❛ ❞❡ ❋át✐♠❛✱ ❡ ❛♦ ♠❡✉ ✐r♠ã♦ ❚❤❛❞❡✉✱ ♣♦r
t♦❞♦ ❝❛r✐♥❤♦ ❡ ❛♠♦r ❛ ♠✐♠ ❞✐s♣❡♥s❛❞♦✱ ❡ ♣❡❧♦ ✐♥❝♦♠❡♥s✉rá✈❡❧ ❛♣♦✐♦ ❞✉r❛♥t❡
t♦❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

➚ ♠✐♥❤❛ t✐❛ ❈✐❞❛✱ ♣♦r ♠❡ ❤♦s♣❡❞❛r ❡ ❛❣ü❡♥t❛r ♠❡✉ ✐♥stá✈❡❧ ❤✉♠♦r ♥♦s
♠♦♠❡♥t♦s ❞✐❢í❝❡✐s✱ s❡♠♣r❡ ♠❡ ❛♣♦✐❛♥❞♦ ❡♠ t♦❞♦s ♠♦♠❡♥t♦s✳

➚ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ❈❤❡t✐✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❛❣✐❧✐❞❛❞❡✱ ❡✜❝✐ê♥❝✐❛ ❡ ✐♥ú✲
♠❡r♦s ❛t❡♥❞✐♠❡♥t♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❆✉ré❧✐♦✱ ❱❡r❛ ❡ ❏♦sé ▼❛r❝♦s✱ ♣❡❧❛ ♣❛rt✐❝✐♣❛çã♦ ♥❛s ❜❛♥✲
❝❛s ❞❡ q✉❛❧✐✜❝❛çã♦ ❡✴♦✉ ❞❡❢❡s❛✳ ❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ ♣❛ss❛r❛♠ ♣♦r
♠✐♥❤❛ ✈✐❞❛✱ ♦s q✉❛✐s ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ r❡❛❧✐③❛çã♦
❞❡ss❡ tr❛❜❛❧❤♦✳

❆ t♦❞♦s ♠❡✉s ❛♠✐❣♦s✱ ♣❡❧❛ ♠♦t✐✈❛çã♦ ❡ ♣♦r ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦✱
♠❡ ❢❛③❡♥❞♦ ❡sq✉❡❝❡r ❞❛s ♦❜r✐❣❛çõ❡s✱ ❡ ♣❡r♠✐t✐♥❞♦ ❛ ❡❧❛s r❡t♦r♥❛r ❝♦♠ ♠✉✐t♦
♠❛✐s ❡♥❡r❣✐❛✳

❊❞s♦♥✱ ♣♦r ❡♠ ♠✐♠ ❛❣✉ç❛r ♦ ✐♥t❡r❡ss❡ ❡♠ ❞❡s❡♥✈♦❧✈❡r ❡ss❡ tr❛❜❛❧❤♦ ♥❡st❛
✉♥✐✈❡rs✐❞❛❞❡✱ ❡ ❛♦ ♠❡✉ ♣r✐♠♦ ▼❛✉r♦ ♣❡❧❛s ❞✐❝❛s✳

P♦✇❡❧❧✱ ♣♦r ❞✐s♣♦♥✐❜✐❧✐③❛r s❡✉s ♣❛♣❡rs ❡ s♦❢t✇❛r❡s ✉t✐❧✐③❛❞♦s ♥❡ss❛ ❞✐ss❡r✲
t❛çã♦✳

❆ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ t❡♥❤❛♠ ♠❡ ❛❥✉❞❛❞♦ ❡ q✉❡ ♣♦r ✈❡♥t✉r❛ ❡✉
t❡♥❤❛ ❡sq✉❡❝✐❞♦ ❞❡ ❛❣r❛❞❡❝❡r✳

❋✐♥❛❧♠❡♥t❡ ❛ ❉❡✉s✱ ♣♦r ♠❡✉ ❛❧✐❝❡r❝❡✳
◗✉❡ ❡✉ ♣♦ss❛ ❝♦rr❡s♣♦♥❞❡r às ❡s♣❡❝t❛t✐✈❛s q✉❡ ❛❝♦♠♣❛♥❤❛♠ ♦ tít✉❧♦ ❞❡

♠❡str❡✳

✈



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ tr❛t❛♠♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✳ ❊st✉✲
❞❛♠♦s ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ ❜❡♠ ❝♦♠♦ ♦s
♠ét♦❞♦s ❝❧áss✐❝♦s ♣❛r❛ s✉❛ r❡s♦❧✉çã♦✱ t❛✐s ❝♦♠♦✿ ♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ ❞❡
◆❡✇t♦♥ ❡ ♦s ◗✉❛s❡✲◆❡✇t♦♥✳ ❆❜♦r❞❛♠♦s t❛♠❜é♠ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❜✉s❝❛
❧✐♥❡❛r ❡ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❡str❛té❣✐❛s ❞❡ ❣❧♦❜❛❧✐③❛çã♦✳
◆♦ ❡♥t❛♥t♦✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ✐♥t❡r❡ss❡ ❡stá ✈♦❧t❛❞♦ ❛ ♠ét♦❞♦s ❞❡ ♠✐♥✐♠✐③❛✲
çã♦ q✉❡ ♥ã♦ ❢❛③❡♠ ✉s♦ ❞❛s ❞❡r✐✈❛❞❛s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ◆❡st❡ s❡♥t✐❞♦✱
❡♥❢♦❝❛♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✱ s❡♠ ❞❡r✐✈❛❞❛s✱ ❜❛s❡❛❞♦
❡♠ ✐♥t❡r♣♦❧❛çã♦ q✉❛❞rát✐❝❛✱ ♣r♦♣♦st♦ ♣♦r ▼✳ ❏✳ ❉✳ P♦✇❡❧❧✱ q✉❡ ❡stá ✐♠♣❧❡✲
♠❡♥t❛❞♦ ♥♦ s♦❢t✇❛r❡ ◆❊❲❖❯❆✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛✈❛❧✐❛r ♦ ❞❡s❡♠♣❡♥❤♦
❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ❛❧❣♦r✐t♠♦ r❡❛❧✐③❛♠♦s ✈ár✐♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s✳

✈✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳
❲❡ st✉❞② t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧
♠❡t❤♦❞s ❢♦r ✐ts r❡s♦❧✉t✐♦♥✱ s✉❝❤ ❛s✿ t❤❡ ●r❛❞✐❡♥t ♠❡t❤♦❞✱ ◆❡✇t♦♥ ❛♥❞ ◗✉❛s✐✲
◆❡✇t♦♥ ♠❡t❤♦❞s✳ ❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❧✐♥❡ s❡❛r❝❤ ❛♥❞ tr✉st r❡❣✐♦♥ t❡❝❤♥✐q✉❡s✱
✇❤✐❝❤ ❛r❡ ❦♥♦✇♥ ❛s ❣❧♦❜❛❧✐③❛t✐♦♥ str❛t❡❣✐❡s✳ ❍♦✇❡✈❡r✱ ♦✉r ♠❛✐♥ ✐♥t❡r❡st ✐s
t❤❡ st✉❞② ♦❢ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ♠✐♥✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✳ ■♥ t❤✐s s❡♥s❡✱ ✇❡ ❝♦♥s✐❞❡r
❛ ❞❡r✐✈❛t✐✈❡✲❢r❡❡ ✉♥❝♦♥str❛✐♥❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ❛♣♣r♦❛❝❤✱ ❜❛s❡❞ ♦♥ q✉❛❞r❛t✐❝
✐♥t❡r♣♦❧❛t✐♦♥✱ ♣r♦♣♦s❡❞ ❜② ▼✳ ❏✳ ❉✳ P♦✇❡❧❧✱ ✇❤✐❝❤ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡
s♦❢t✇❛r❡ ◆❊❲❯❖❆✳ ■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱
✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳

✈✐✐



◆♦t❛çã♦

• f ∈ Cp ✲ ❞✐③✲s❡ q✉❡ f é ❞❡ ❝❧❛ss❡ Cp✱ s❡ t✐✈❡r ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s
❛té ❛ ♦r❞❡♠ p✳

• ∇fk = ∇f(xk)✳

• ∇2fk = ∇2f(xk)✳

• ‖A‖F =

{
n∑

i=1

n∑

j=1

a2
ij

} 1

2

, A ∈ R
n×n✳

• ηk = o(vk) s❡ limk→∞
nk

vk

= 0✳

✈✐✐✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ▼✐♥✐♠✐③❛çã♦ s❡♠ ❘❡str✐çõ❡s✿ ❈♦♥❝❡✐t♦s ❋✉♥❞❛♠❡♥t❛✐s ❡ ▼ét♦✲

❞♦s ❞❡ ❘❡s♦❧✉çã♦ ✸

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✷✳✷ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✷✳✸ ▼ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✺ ▼ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✺✳✶ ❆ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ s✐♠étr✐❝❛ ❞❡ P♦✇❡❧❧ ❡ ❇r♦②❞❡♥ ✳ ✶✸

✸ ❊str❛té❣✐❛s ❞❡ ●❧♦❜❛❧✐③❛çã♦ ✶✻

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✸✳✷ ▼ét♦❞♦s ❞❡ ❇✉s❝❛ ▲✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✸✳✸ ▼ét♦❞♦s ❞❡ ❘❡❣✐ã♦ ❞❡ ❈♦♥✜❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸✳✸✳✶ ❊s❜♦ç♦ ❞♦ ❛❧❣♦r✐t♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✸✳✸✳✷ ❖ P♦♥t♦ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✸✳✸✳✸ ❖ ▼ét♦❞♦ ❞❡ ❞♦❣✲❧❡❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✸✳✸✳✹ ❆♣r♦①✐♠❛çã♦ ❞❡ ❙t❡✐❤❛✉❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✸✳✺ ❘❡❞✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✸✳✻ ❈♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ ❯♠▼ét♦❞♦ s❡♠ ❉❡r✐✈❛❞❛s ❇❛s❡❛❞♦ ❡♠ ■♥t❡r♣♦❧❛çã♦ ◗✉❛❞rá✲

t✐❝❛ ✸✹

✹✳✶ ❖ ▼♦❞❡❧♦ ◗✉❛❞rát✐❝♦ ❡ ♦ ❈á❧❝✉❧♦ ❞♦s P♦♥t♦s ■♥✐❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✸✹
✹✳✷ ❖ ❙✉❜♣r♦❜❧❡♠❛ ❞❡ ❘❡❣✐ã♦ ❞❡ ❈♦♥✜❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✐①



✺ ❊①♣❡r✐♠❡♥t♦s ◆✉♠ér✐❝♦s ✸✾

✺✳✶ Pr♦❜❧❡♠❛s ❞❡ ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✺✳✷ Pr♦❜❧❡♠❛ ❙P❍❘P❚❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✻ ❈♦♥❝❧✉sõ❡s ✹✼

①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✸✳✶ ❈♦♥❞✐çã♦ ❞❡ ❆r♠✐❥♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✸✳✷ ❈♦♥❞✐çã♦ ❞♦ â♥❣✉❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✸✳✸ ❚r❛❥❡tór✐❛ ❡①❛t❛ ❡ ❛♣r♦①✐♠❛çã♦ ❉♦❣❧❡❣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✺✳✶ ❈♦♠♣❛r❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ m ❞❛s t❛❜❡❧❛s ✭✺✳✷✮ ❡ ✭✺✳✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✺✳✷ ❈♦♠♣❛r❛çã♦ ❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❣❛st♦ ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ m ❞❛s t❛❜❡❧❛s ✭✺✳✷✮ ❡ ✭✺✳✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺✳✸ ❈♦♠♣❛r❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡♥tr❡ ◆❊❲❯❖❆
❡ ●❊◆❈❆◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✺✳✹ ❈♦♠♣❛r❛çã♦ ❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❣❛st♦ ❡♥tr❡ ◆❊❲❯❖❆
❡ ●❊◆❈❆◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

①✐



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✺✳✶ ❘❡s✉❧t❛❞♦s ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❬✶✷❪ ✳ ✳ ✳ ✹✵
✺✳✷ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ❝♦♠ m = 2n + 1 ✳ ✳ ✳ ✹✷
✺✳✸ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ❝♦♠ m = 1

2
(n+1)(n+2) ✹✸

✺✳✹ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ✲ ●❊◆❈❆◆ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

①✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ✐rr❡str✐t♦

Minimizar f(x), ✭✶✳✶✮

♦♥❞❡ f : R
n → R✳ ❖✉ s❡❥❛✱ ❜✉s❝❛♠♦s ✉♠ ♣♦♥t♦ x∗ ∈ R

n q✉❡ s♦❧✉❝✐♦♥❛ ♦
♣r♦❜❧❡♠❛ ✭✶✳✶✮✳ ❚❛❧ ✈❡t♦r é ❞❡♥♦♠✐♥❛❞♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ f(x)✳

❉❡♥tr❡ ♦s ❞✐✈❡rs♦s ♠ét♦❞♦s ♣❛r❛ s♦❧✉❝✐♦♥❛r ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ ♦s
♠❛✐s ✉s✉❛✐s sã♦ ❜❛s❡❛❞♦s ♥♦ ❝á❧❝✉❧♦ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ f(x)✳ ❈✐t❡♠♦s✱ ♣♦r
❡①❡♠♣❧♦✱ ♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡ ♦s ♠ét♦❞♦s ◗✉❛s❡✲
◆❡✇t♦♥✳ ❆♣❡s❛r ❞❛ ✐♥❞✐s❝✉tí✈❡❧ ❡✜❝✐ê♥❝✐❛ ❡ ❡✜❝á❝✐❛ ❞❡ t❛✐s ♠ét♦❞♦s✱ ♥❛s
ú❧t✐♠❛s ❞❡❝á❞❛s ✉♠❛ ♣❛rt❡ ❞❛ ❝♦♠✉♥✐❞❛❞❡ ❝✐❡♥tí✜❝❛ ♣❛ss♦✉ ❛ tr❛❜❛❧❤❛r ❡♠
♠ét♦❞♦s q✉❡ ♥ã♦ ✉s❛♠ ❍❡ss✐❛♥❛ ♦✉ ♠❡s♠♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✱ ❡st✐♠✉✲
❧❛❞♦s ♣❡❧❛ ❞✐✜❝✉❧❞❛❞❡ ♦✉ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❛✐s ❝á❧❝✉❧♦s❀ ❛t✉❛❧♠❡♥t❡ ❡ss❡s
♠ét♦❞♦s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♠ét♦❞♦s s❡♠ ❞❡r✐✈❛❞❛s ♦✉ ✏❞❡r✐✈❛t✐✈❡✲❢r❡❡✑✳ ❖s
♠ét♦❞♦s s❡♠ ❞❡r✐✈❛❞❛s sã♦ ♠✉✐t♦ ❛tr❛t✐✈♦s✱ ♣♦✐s✱ ❛❧é♠ ❞❡ ❛♣r❡s❡♥t❛r❡♠✱ ❡♠
❣❡r❛❧✱ ❜♦♠ ❞❡s❡♠♣❡♥❤♦✱ sã♦ ❞❡ ❢á❝✐❧ ✉t✐❧✐③❛çã♦✱ ❥á q✉❡ é ♣r❡❝✐s♦ ❛♣❡♥❛s q✉❡
♦ ✉s✉ár✐♦ ❢♦r♥❡ç❛ ❛ ❢✉♥çã♦ ❛ s❡r ♠✐♥✐♠✐③❛❞❛✳

❍♦❥❡ ❡♠ ❞✐❛✱ ❡①✐st❡♠ ✈ár✐♦s ♠ét♦❞♦s s❡♠ ❞❡r✐✈❛❞❛s q✉❡ t❡♥t❛♠ ❡♥❝♦♥tr❛r
✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦ ✭✶✳✶✮✱ ❝♦♠♦ ♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ ❡ ♦s
q✉❡ ❛♣r♦①✐♠❛♠ ❛s ❞❡r✐✈❛❞❛s ♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ ▲♦♥❣❡ ❞❡ q✉❡r❡r ❝♦♠♣❡t✐r
❝♦♠ ♦s ♠ét♦❞♦s ❝❧áss✐❝♦s ❞❡ ♠✐♥✐♠✐③❛çã♦✱ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ sã♦
❞❡ ❝r❡s❝❡♥t❡ ✐♥t❡r❡ss❡ ♣♦r r❡♣r❡s❡♥t❛r❡♠ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ❡♠ ♦❝❛s✐õ❡s ♦♥❞❡
♠ét♦❞♦s ♠❛✐s ❡❧❛❜♦r❛❞♦s ❢❛❧❤❛♠✳ ❖ ♠ét♦❞♦ ❞❡ ◆❡❧❞❡r✲▼❡❛❞ ❬✶✸❪ ❡stá ❡♥tr❡

✶



♦s ♠❛✐s ✉t✐❧✐③❛❞♦s✳ ❊ss❛ ♣♦♣✉❧❛r✐❞❛❞❡ r❡s✐❞❡ ♥♦s ❜♦♥s r❡s✉❧t❛❞♦s ♣rát✐❝♦s✱ ❡s✲
♣❡❝✐❛❧♠❡♥t❡ s❡ ❧❡✈❛❞❛ ❡♠ ❝♦♥t❛ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦✳ ❆ ♣❛rt✐r ❞❡ ✉♠
s✐♠♣❧❡① ♥♦ R

n✱ ❛ ✐❞é✐❛ ❞♦ ♠ét♦❞♦ é✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ s✉❜st✐t✉✐r ♦ ✈ért✐❝❡ ❝♦♠
♦ ✈❛❧♦r ♠❡♥♦s ❞❡s❡❥❛❞♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♦✉✱ q✉❛♥❞♦ ✐ss♦ ♥ã♦ ❢♦r ♣♦ssí✈❡❧✱
r❡❞✉③✐r ❛s ❞✐♠❡♥sõ❡s ❞♦ s✐♠♣❧❡①✳ ❆❧é♠ ❞♦s ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛ t❡♠♦s
♦s q✉❡ s✐♠♣❧❡s♠❡♥t❡ s✉❜st✐t✉❡♠ ♦ ❝á❧❝✉❧♦ ❞❛s ❞❡r✐✈❛❞❛s✱ ♣♦r ❛♣r♦①✐♠❛çõ❡s
❝♦♠♦ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳

❊♥tr❡ t♦❞♦s ♦s ♠ét♦❞♦s q✉❡ ♥ã♦ ✉s❛♠ ❞❡r✐✈❛❞❛s✱ ♣❡sq✉✐s❛♠♦s✱ ♣❛r❛ ❡st❡
tr❛❜❛❧❤♦✱ ✉♠❛ ♣r♦♣♦st❛ ❞❡ ▼✳ ❏✳ ❉✳ P♦✇❡❧❧✱ ❝✉❥❛s ✐❞é✐❛s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s
❡♠ ❬✶✻❪ ❡ ❛♣r✐♠♦r❛❞❛s✱ ❣❡r❛♥❞♦ ♦ s♦❢t✇❛r❡ ◆❊❲❯❖❆ ❬✶✼✱ ✶✽✱ ✶✾❪✳ ❚r❛t❛✲s❡
❞❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✱ ❜❛s❡❛❞♦ ❡♠ ❛♣r♦✲
①✐♠❛çõ❡s q✉❛❞rát✐❝❛s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❚❛✐s ❛♣r♦①✐♠❛çõ❡s sã♦ ❛❧t❛♠❡♥t❡
út❡✐s q✉❛♥❞♦ s❡ ❞❡s❡❥❛ ♦❜t❡r ✉♠❛ t❛①❛ rá♣✐❞❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ P♦r ♦✉tr♦
❧❛❞♦✱ ❝❛❞❛ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ t❡♠ 1

2
(n+1)(n+2) ♣❛râ♠❡tr♦s ✐♥❞❡♣❡♥❞❡♥t❡s

❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞♦s✱ ♦♥❞❡ n é ❛ ❞✐♠❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❊st❛ q✉❛♥t✐❞❛❞❡ ❞❡
❝á❧❝✉❧♦ é ♣r♦✐❜✐t✐✈❛♠❡♥t❡ ❝❛r❛ ❡♠ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ❝♦♠ n ❣r❛♥❞❡✳ ❖ ♠ét♦❞♦
t❡♥t❛✱ ❡♥tã♦✱ ❝♦♥str✉✐r ♠♦❞❡❧♦s q✉❛❞rát✐❝♦s s❛t✐s❢❛tór✐♦s ❝♦♠ ♠❡♥♦s ❞❛❞♦s✳
◆♦ ❝♦♠❡ç♦ ❞❡ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ t❡♠ q✉❡ s❛t✐s❢❛③❡r s♦♠❡♥t❡
m ❝♦♥❞✐çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ♦♥❞❡ m ♣♦❞❡ ✈❛r✐❛r ❡♥tr❡ 2n+1 ❡ 1

2
(n+1)(n+2)✳

❖ s✉❝❡ss♦ ❞❡ss❡ ♠ét♦❞♦ s❡ ❞❡✈❡ à té❝♥✐❝❛ ✉s❛❞❛ ♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦
♠♦❞❡❧♦ q✉❛❞rát✐❝♦✱ ❜❛s❡❛❞❛ ♥❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ♥♦r♠❛ ❞❡ ❋r♦❜❡♥✐✉s ❞❛ ❞✐❢❡✲
r❡♥ç❛ ❞❛s ❍❡ss✐❛♥❛s ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ✈❡❧❤♦ ❡ ♥♦✈♦✳ ❆ ❝❛❞❛ ✐t❡r❛çã♦
❞❡✈❡♠♦s ♦❜t❡r ✉♠ ♥♦✈♦ ♣♦♥t♦✱ ♦ q✉❛❧ ♦❝✉♣❛rá ❛ ♣♦s✐çã♦ ❞❡ ✉♠ ❞♦s ♣♦♥t♦s
❞❡ ✐♥t❡r♣♦❧❛çã♦✳ ❊st❡ ♣♦♥t♦ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❡str❛té❣✐❛ ❞❡ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❝❛♣ít✉❧♦ ✷✱ ❛♣ós
✉♠❛ ♣❡q✉❡♥❛ r❡✈✐sã♦ ❞❡ ❡❧❡♠❡♥t♦s ✐♠♣♦rt❛♥t❡s ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦ ❧✐♥❡❛r✱
❛♣r❡s❡♥t❛r❡♠♦s ♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡ ♠ét♦❞♦s ❞♦
t✐♣♦ ◗✉❛s❡✲◆❡✇t♦♥✱ ✉s✉❛✐s ♣❛r❛ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛ ❝♦♠ ❞❡r✐✈❛❞❛s✳ ◆♦
❈❛♣ít✉❧♦ 3✱ tr❛t❛r❡♠♦s ❞❡ ❡str❛té❣✐❛s ❞❡ ❣❧♦❜❛❧✐③❛çã♦✱ ❝♦♠♦ ❜✉s❝❛ ❧✐♥❡❛r ❡
❛❧❣✉♠❛s té❝♥✐❝❛s ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ◆♦ q✉❛rt♦ ❈❛♣ít✉❧♦ ❞❡s❝r❡✈❡r❡♠♦s
♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧ ❡ ♥♦ ❈❛♣ít✉❧♦ 5✱ ♠♦str❛r❡♠♦s ❛❧❣✉♥s ❡①♣❡✲
r✐♠❡♥t♦s ♥✉♠ér✐❝♦s✱ r❡❛❧✐③❛♥❞♦ ✉♠❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ ❆♣r❡✲
s❡♥t❛r❡♠♦s ♥♦ss❛s ❝♦♥❝❧✉sõ❡s ♥♦ ❈❛♣ít✉❧♦ ✜♥❛❧✳

✷



❈❛♣ít✉❧♦ ✷

▼✐♥✐♠✐③❛çã♦ s❡♠ ❘❡str✐çõ❡s✿

❈♦♥❝❡✐t♦s ❋✉♥❞❛♠❡♥t❛✐s ❡

▼ét♦❞♦s ❞❡ ❘❡s♦❧✉çã♦

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ❢♦r♠❛♠ ❛ ❜❛s❡
❞❡st❡ ❡st✉❞♦ ❡♠ ♦t✐♠✐③❛çã♦✱ ❡ ♦s ♠ét♦❞♦s ♠❛✐s ✉t✐❧✐③❛❞♦s ❡ ❝♦♥❤❡❝✐❞♦s ♣❛r❛
♠✐♥✐♠✐③❛çã♦ s❡♠ r❡str✐çõ❡s✱ ❝♦♠ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛ ❞❛ ❢♦r♠❛

Minimizar f(x), ✭✷✳✶✮

♦♥❞❡ f : R
n → R✳ ❖✉ s❡❥❛✱ ❜✉s❝❛♠♦s ✉♠ ♣♦♥t♦ x∗ ∈ R

n q✉❡ s♦❧✉❝✐♦♥❛ ♦
♣r♦❜❧❡♠❛ ✭✷✳✶✮✳ ❚❛❧ ✈❡t♦r é ❞❡♥♦♠✐♥❛❞♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ f(x)✳ ❉♦✐s t✐♣♦s ❞❡
♠✐♥✐♠✐③❛❞♦r❡s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s✿ ❧♦❝❛❧ ❡ ❣❧♦❜❛❧✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❯♠ ♣♦♥t♦ x∗ ∈ R
n é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞❡ f s❡ ❡

s♦♠❡♥t❡ s❡ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ f(x) ≥ f(x∗) ♣❛r❛ t♦❞♦ x ∈ R
n t❛❧ q✉❡

‖x − x∗‖ < ǫ✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❯♠ ♣♦♥t♦ x∗ ∈ R
n é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ f s❡ ❡

s♦♠❡♥t❡ s❡ f(x) ≥ f(x∗)✱ ∀ x ∈ R
n✳

❈♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ ♠✐♥✐♠✐③❛❞♦r❡s ❧♦❝❛❧ ❡ ❣❧♦❜❛❧ é ♦
❢❛t♦ ❞❡ q✉❡ t♦❞♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ é t❛♠❜é♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧✳

✸



P❛ss❛♠♦s ❛❣♦r❛ ❛ ♦✉tr❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✳

❉❡✜♥✐çã♦ ✷✳✶✳✸✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡ f ❡♠ x ♥❛ ❞✐r❡çã♦

❞❡ p✱ ♣♦r ❉pf(x) ≡ limǫ→0
f(x + ǫp) − f(x)

ǫ
✳ ❙❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡♥tã♦

Dpf(x) = ∇f(x)T p✳

❉❡✜♥✐çã♦ ✷✳✶✳✹✳ ❉❛❞♦ x ∈ R
n✱ p ∈ R

n é ❝❤❛♠❛❞❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❛
♣❛rt✐r ❞❡ x s❡ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ (0, ǫ]✱ f(x + tp) < f(x)✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✳ ❙✉♣♦♥❤❛ f ∈ C1 ❡ ∇f(x) 6= 0✳ ❙❡❥❛ p t❛❧ q✉❡
∇f(x)T p < 0✳ ❊♥tã♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ (0, ǫ]✱ f(x+tp) < f(x)✱
♦✉ s❡❥❛✱ p é ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✳

❉❡♠✳✿ ❈♦♥s✐❞❡r❛♠♦s ❛ ❢✉♥çã♦ φ(t) ≡ f(x + tp)✳ ❊♥tã♦ φ(0) = f(x)✱ ❡
❛♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ t❡♠♦s φ′(0) = ∇T f(x)p✳

❈♦♠♦ φ′(0) = lim
t→0

φ(t) − φ(0)

t
✱ ❡♥tã♦ ♣❛r❛ 0 < t < ǫ✱ ❝♦♠ ǫ s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ♣❡q✉❡♥♦✱ ♦ s✐♥❛❧ ❞❡ φ′(0) ❡ ♦ s✐♥❛❧ ❞❡ φ(t) − φ(0) ❞❡✈❡ s❡r ♦ ♠❡s♠♦✳
❈♦♠♦ ∇T f(x)p < 0 t❡♠♦s q✉❡ φ′(0) < 0 ❡ φ(t)−φ(0) < 0 ♣❛r❛ 0 < t < ǫ✱

♣♦rt❛♥t♦ f(x + tp) < f(x)✳

❉❡✜♥✐çã♦ ✷✳✶✳✺✳ ❯♠❛ ❢✉♥çã♦ f é ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ❝♦♠ ❝♦♥st❛♥t❡ γ ❡♠
✉♠ ❝♦♥❥✉♥t♦ X✱ ♦✉ s❡❥❛ f ∈ Lipγ(X)✱ s❡ ♣❛r❛ t♦❞♦ x✱ y ∈ X✱

|f(x) − f(y)| ≤ γ ‖x − y‖✳

✷✳✷ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡

❆♣❡s❛r ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♠✐♥✐♠✐③❛❞♦r ♥ã♦ ✉s❛r ❞❡r✐✈❛❞❛s✱ é ❝♦♠✉♠ ❛♥❛❧✐✲
s❛r♠♦s ♣♦ssí✈❡✐s ♠✐♥✐♠✐③❛❞♦r❡s ❛tr❛✈és ❞❡ ❣r❛❞✐❡♥t❡s ❡ ❤❡ss✐❛♥❛s✳ P❛r❛ t❛❧
❝♦♥s✐❞❡r❡♠♦s ❛s s❡❣✉✐♥t❡s ♣r♦♣♦s✐çõ❡s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✳ ❈♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✿

❙❡❥❛ f : R
n → R✱ f ∈ C1✳ ❙❡ x∗ ∈ R

n é ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞❡ f ✱ ❡♥tã♦
∇f(x∗) = 0✳

✹



❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

❆ ❝♦♥❞✐çã♦ ❛❝✐♠❛ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣♦r q✉❛❧q✉❡r ❝❛♥❞✐❞❛t♦ ❛ ♠✐♥✐✲
♠✐③❛❞♦r ❞❡ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ P♦♥t♦s y t❛✐s q✉❡∇f(y) = 0 sã♦ ❝❤❛♠❛❞♦s
♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s✳ ◆❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s sã♦ ♠✐♥✐♠✐③❛❞♦r❡s
❞❡ f ✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ f(x) = −x2 ♦ ♣♦♥t♦ x = 0 s❛t✐s❢❛③ f ′(0) = 0✱ ♠❡s♠♦
♥ã♦ s❡♥❞♦ ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧✳ ◆♦ ❝❛s♦ ❞❡ ❢✉♥çõ❡s q✉❡ ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s
❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳ ❈♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✿

❙❡❥❛ f : R
n → R✱ f ∈ C2✳ ❙❡ x∗ ∈ R

n é ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞❡ f ✱ ❡♥tã♦
∇f(x∗) = 0 ❡ ∇2f(x∗) ≥ 0✳

❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

P♦r ∇2f(x∗) ≥ 0 q✉❡r❡♠♦s ❞✐③❡r q✉❡ ∇2f(x∗) é s❡♠✐✲❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♦✉
s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r y ∈ R

n✱ yt∇2f(x∗)y ≥ 0✳ ◆♦✈❛♠❡♥t❡✱ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛
♥ã♦ ❣❛r❛♥t❡♠ q✉❡ x∗ s❡❥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛
f(x) = x3 ♦ ♣♦♥t♦ x = 0 s❛t✐s❢❛③ f ′(0) = 0 ❡ f ′′(0) ≥ 0✱ ♠❡s♠♦ ♥ã♦ s❡♥❞♦
❛ ♦r✐❣❡♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧✳ ❈♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s sã♦ ❞❛❞❛s ♥❛ ♣r♦♣♦s✐çã♦
❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✸✳ ❈♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✿

❙❡❥❛ f : R
n → R✱ f ∈ C2✳ ❙❡ x∗ ∈ R

n é t❛❧ q✉❡ ∇f(x∗) = 0 ❡
∇2f(x∗) > 0✱ ❡♥tã♦ x∗ é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❡str✐t♦ ❞❡ f ❡♠ R

n✳

❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

❈♦♠ ∇2f(x∗) > 0 q✉❡r❡♠♦s ❞✐③❡r q✉❡ ∇2f(x∗) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♦✉
s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r y ∈ R

n − {0}✱ yt∇2f(x∗)y > 0✳ ❊st❛ ú❧t✐♠❛ ❝♦♥❞✐çã♦
♥ã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ✉♠ ♣♦♥t♦ s❡❥❛ ✉♠ ♠✐♥✐♠✐③❛❞♦r ❞❡ ✉♠❛ ❢✉♥çã♦✳
❉❡ ❢❛t♦✱ ♣❛r❛ f(x) = x4✱ ♦ ♠✐♥✐♠✐③❛❞♦r x∗ = 0 s❛t✐s❢❛③ f ′(x∗) = 0✱ ♣♦ré♠
f ′′(x∗) = 0✳

✺



◆❛s s❡çõ❡s ❛ s❡❣✉✐r✱ ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ♦s ♣r✐♥❝✐♣❛✐s ♠ét♦❞♦s ❞❡
♦t✐♠✐③❛çã♦ s❡♠ r❡str✐çõ❡s ❝♦♠ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s✱ t❛✐s ❝♦♠♦✱ ▼ét♦❞♦ ❞♦ ●r❛✲
❞✐❡♥t❡✱ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ▼ét♦❞♦ ◗✉❛s❡✲◆❡✇t♦♥✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ♦
▼ét♦❞♦ ❙❡❝❛♥t❡ ❞❡ P♦✇❡❧❧ ❡ ❇r♦②❞❡♥✳

✷✳✸ ▼ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡

❖❜s❡r✈❡ q✉❡ ❛ ❞✐r❡çã♦ p = −∇f(x)
‖∇f(x)‖

é ❛ q✉❡ ❢♦r♥❡❝❡ ❛ ♠❡♥♦r ❞❡r✐✈❛❞❛ ❞✐✲
r❡❝✐♦♥❛❧✱ ❞❡♥tr❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ✉♥✐tár✐❛s ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ x ✭❧❡♠❜r❡✲
♠♦s q✉❡ ❞✐r❡çã♦ ✉♥✐tár✐❛ é t♦❞❛ ❞✐r❡çã♦ t❛❧ q✉❡ ‖p‖ = 1✮✳ ❉❡ ❢❛t♦✱ s❡❥❛ p
✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ t❛❧ q✉❡ ∇f(x)T p < 0✳ P♦r ❈❛✉❝❤②✲❙❝❤✇❛r③ t❡♠♦s∣∣∇f(x)T p

∣∣ ≤ ‖∇f(x)‖ ‖p‖❀ s❡♥❞♦ p ✉♠❛ ❞✐r❡çã♦ ✉♥✐tár✐❛ t❡♠♦s ‖p‖ = 1✱

❧♦❣♦ −∇f(x)T p ≤ ‖∇f(x)‖✳ P♦rt❛♥t♦✱ p = −∇f(x)
‖∇f(x)‖

é ❛ ❞✐r❡çã♦✱ ❡♥tr❡ t♦❞❛s

❛s ❞✐r❡çõ❡s ✉♥✐tár✐❛s q✉❡ s❛t✐s❢❛③❡♠ ∇f(x)T p < 0✱ q✉❡ ❢♦r♥❡❝❡ ♦ ♠❛✐♦r ✈❛❧♦r
❡♠ ♠ó❞✉❧♦ ❞❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧✳ ❆ss✐♠✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞✐♠✐♥✉✐rá s❡
❛✈❛♥ç❛r♠♦s ♥❡ss❛ ❞✐r❡çã♦✱ ❡ ❛ ♠á①✐♠❛ ❞✐♠✐♥✉✐çã♦ s❡rá ♦❜t✐❞❛ ♠✐♥✐♠✐③❛♥❞♦✱
❛♦ ❧♦♥❣♦ ❞❡❧❛✳ ❉❡st❛ ❢♦r♠❛✱ ♥♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ ❛❞♦t❛♠♦s ❛ ❝❛❞❛ ✐t❡r❛✲
çã♦ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r✿

pk = −∇f(xk).

❖s ♣❛ss♦s ❞❡ ✉♠❛ ✐t❡r❛çã♦ k ❞♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ ♦✉ ❞❡ ▼á①✐♠❛
❉❡s❝✐❞❛✱ ❡stã♦ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✳

❆❧❣♦r✐t♠♦ ✷✳✸✳✶✳ ❙❡ xk ∈ R
n é t❛❧ q✉❡ ∇f(xk) 6= 0✱ ♦s ♣❛ss♦s ♣❛r❛ ❞❡t❡r✲

♠✐♥❛r xk+1 sã♦✿
P❛ss♦ ✶✿ ❈❛❧❝✉❧❛r pk = −∇f(xk)✳
P❛ss♦ ✷✿ ❉❡t❡r♠✐♥❛r αk✱ ♠✐♥✐♠✐③❛❞♦r ❞❡ f(xk + αpk) s✉❥❡✐t❛ ❛ α ≥ 0✳
P❛ss♦ ✸✿ ❋❛③❡r xk+1 = xk + αkpk✳

❖❜s❡r✈❛r❡♠♦s ❛❣♦r❛ ❞♦✐s ❝❛s♦s✳

❈❛s♦ ✶✿ ❋✉♥çã♦ ♦❜❥❡t✐✈♦ q✉❛❞rát✐❝❛

❙❡

✻



f(x) =
1

2
xtBx + btx + c, ✭✷✳✷✮

❝♦♠ ❇ s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ x∗ ∈ R
n q✉❡ é ♠✐✲

♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ f ✳ ❉❡ ❢❛t♦✱ s❡ x∗ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ ✭✷✳✷✮ ❡ ❇ é
s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❡♥tã♦ b = −Bx∗✱ ❧♦❣♦✱

f(x) =
1

2
xtBx + btx + c =

1

2
xtBx − (x∗)tBx + c

=
1

2
(x − x∗)tB(x − x∗) −

1

2
(x∗)tB(x∗) + c > −

1

2
(x∗)tB(x∗) + c

=
1

2
(x∗)tBx∗ − (x∗)tBx∗ + c =

1

2
(x∗)tBx∗ + btx∗ + c = f(x∗).

P♦rt❛♥t♦✱ ❝♦♠♦ ❇ é s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❡ f(x) > f(x∗) ♣❛r❛ t♦❞♦ x✱
t❡♠♦s q✉❡ x∗ é ♦ ú♥✐❝♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ ✭✷✳✷✮✳

◆❡st❡ ❝❛s♦ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ αk q✉❡ ♠✐♥✐♠✐③❛
f(xk − α∇fk)✱ ❞✐❢❡r❡♥❝✐❛♥❞♦

f(xk − α∇fk) = 1
2
(xk − α∇fk)

tB(xk − α∇fk) + bt(xk − α∇fk) + c.

❉❡ss❛ ❢♦r♠❛ ♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ f(xk − α∇fk) s✉❥❡✐t♦ ❛ α ≥ 0 é ❞❡t❡r♠✐✲
♥❛❞♦ ♣♦r✿

αk =
∇tf(xk)∇f(xk)

∇tf(xk)B∇f(xk)
✳

❖ t❡♦r❡♠❛ ✷✳✸✳✷ ❣❛r❛♥t❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ❆❧❣♦✲
r✐t♠♦ ✷✳✸✳✶✱ q✉❛♥❞♦ f é ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ ♣❛r❛ q✉❛❧q✉❡r ❛♣r♦①✐♠❛çã♦
✐♥✐❝✐❛❧ ❡ q✉❡ ❛ ♦r❞❡♠ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s❡q✉ê♥❝✐❛ ❛ss♦❝✐❛❞❛ {f(xk)} é ❧✐♥❡❛r✳

❚❡♦r❡♠❛ ✷✳✸✳✷✳ ❙❡❥❛ f : R
n → R ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❝♦♠ ♠❛tr✐③ ❤❡s✲

s✐❛♥❛ ❇ s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❙❡❥❛ x∗ ♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ ❢✳

❉❛❞♦ x0 ∈ R
n✱ ❛r❜✐trár✐♦✱ ♦ ❆❧❣♦r✐t♠♦ ✷✳✸✳✶ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ {xk} t❛❧

q✉❡✿

✼



✭✐✮ lim
k→∞

xk = x∗

✭✐✐✮ lim
k→∞

f(xk) = f(x∗)
❡

f(xk+1) − f(x∗) ≤

(
(A − a)

(A + a)

)2

(f(xk) − f(x∗))✱

♦♥❞❡ ✏❆✑ ❡ ✏❛✑ sã♦ ♦ ♠❛✐♦r ❡ ♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r ❞❡ ❇✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠✳✿ ❱❡r ▲✉❡♥❜❡r❣❡r ❬✾❪✳

❈❛s♦ ✷✿ ❋✉♥çã♦ ♦❜❥❡t✐✈♦ ♥ã♦ q✉❛❞rát✐❝❛

❊♥✉♥❝✐❛r❡♠♦s ✉♠ t❡♦r❡♠❛ q✉❡ s❡ r❡❢❡r❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛
♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡ ♥♦ ❝❛s♦ ❣❡r❛❧✳

❚❡♦r❡♠❛ ✷✳✸✳✸✳ ❙❡❥❛ f : R
n → R✱ f ∈ C2✳ ❙❡❥❛ x∗ ∈ R

n ✉♠ ♠✐♥✐♠✐③❛❞♦r
❧♦❝❛❧ ❞❡ ❢✱ t❛❧ q✉❡ ❛ ♠❛tr✐③ ∇2f(x∗) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❙❡ ♦ ❆❧❣♦r✐t♠♦ ✷✳✸✳✶
❡stá ❜❡♠ ❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦ k ∈ N ❡ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣♦r ❡❧❡ ❝♦♥✈❡r❣❡
❛ x∗✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {f(xk)} ❝♦♥✈❡r❣❡ ❧✐♥❡❛r♠❡♥t❡ ❛ f(x∗) ❝♦♠ t❛①❛ ♥ã♦
s✉♣❡r✐♦r ❛ ( (A−a)

(A+a)
)2✱ ♦♥❞❡ ✏❆✑ ❡ ✏❛✑ sã♦ ♦ ♠❛✐♦r ❡ ♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r ❞❡

∇2f(x∗)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠✳✿ ❱❡r ▲✉❡♥❜❡r❣❡r ❬✾❪✳

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ♦ ❆❧❣♦r✐t♠♦ ✷✳✸✳✶ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ s❡ ❢♦r ♣♦ssí✈❡❧
❝♦♠♣❧❡t❛r ♦ P❛ss♦ ✷ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ t❡♥t❛t✐✈❛s ♣❛r❛ α✳

✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥

P❛r❛ ❝♦♠♣r❡❡♥❞❡r♠♦s ♠❡❧❤♦r ❛ ❞✐r❡çã♦ ❛❞♦t❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱
❝♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ ❝♦♠♦ ❡♠ ✭✷✳✷✮ ♦♥❞❡ ❛
♠❛tr✐③ ❤❡ss✐❛♥❛ B é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ x0 ∈ R

n é ❞❛❞♦ ❡ ❛ ❞✐r❡çã♦ p ∈ R
n é

✽



❞❡✜♥✐❞❛ ♣♦r✿

p = −B−1(Bx0 + b), ✭✷✳✸✮

❡♥tã♦
x∗ ≡ x0 + p ✭✷✳✹✮

é ♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ f ❡♠ R
n✳

❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

▲♦❣♦ ❛ ❞✐r❡çã♦ p é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r

Bp = −(Bx0 + b) = −∇f(x0)✳

P♦rt❛♥t♦✱ ♠✐♥✐♠✐③❛r ✉♠❛ ❢✉♥çã♦ q✉❛❞rátr✐❝❛ ❝♦♠ ❤❡ss✐❛♥❛ ❞❡✜♥✐❞❛ ♣♦✲
s✐t✐✈❛ é ✉♠ ♣r♦❜❧❡♠❛ ❡q✉✐✈❛❧❡♥t❡ ❛ r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝♦♠ ♠❛tr✐③
s✐♠étr✐❝❛ ❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳

❙❡ ❛ ❢✉♥çã♦ ♥ã♦ é q✉❛❞rát✐❝❛ ❡ t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ xk ❞❛ s♦❧✉çã♦ ❞❡
✭✷✳✶✮✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❞❡ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❛♣r♦①✐✲
♠❛♥❞♦ f(xk + p) ♣♦r ✉♠❛ q✉❛❞rát✐❝❛ ❛tr❛✈és ❞♦s ✸ ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ s✉❛
❡①♣❛♥sã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞❡ xk✿

q(p) = f(xk) + ∇tf(xk)p + 1
2
pt∇2f(xk)p✳

❈❤❛♠❛♠♦s ❞❡ c = q(0) = f(xk)✱ b = ∇q(0) = ∇f(xk)✱
B = ∇2q(0) = ∇2f(xk)✳ ❙❡ ❡s❝r❡✈❡♠♦s q(p) = 1

2
ptBp + btp + c ❡ s❡ ∇2f(xk)

é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡st❛ q✉❛❞rát✐❝❛
❛ ♣❛rt✐r ❞❡ p0 = 0✳

❆ss✐♠✱ ♦❜t❡♠♦s

p∗ = −B−1(Bp0 + b) = −B−1b = −(∇2fk)
−1∇fk✳

■ss♦ ♥♦s s✉❣❡r❡ ❡s❝♦❧❤❡r ❛ ❞✐r❡çã♦ pk = −(∇2fk)
−1∇fk✱ q✉❡ é ❛ ❜❛s❡ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳ ◆❡ss❡ ♠ét♦❞♦✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ❛ ❝❛❞❛ ✐t❡r❛çã♦ ✉♠❛
❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r✿

✾



pk = −(∇2fk)
−1∇fk. ✭✷✳✺✮

❖s ♣❛ss♦s ❞❡ ✉♠❛ ✐t❡r❛çã♦ k ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ❡stã♦ ❞❡s❝r✐t♦s ❛
s❡❣✉✐r✳

❆❧❣♦r✐t♠♦ ✷✳✹✳✷✳ ❙❡ xk ∈ R
n é t❛❧ q✉❡ ∇f(xk) 6= 0✱ ♦s ♣❛ss♦s ♣❛r❛ ❞❡t❡r✲

♠✐♥❛r xk+1 sã♦✿
P❛ss♦ ✶✿ ❉❡t❡r♠✐♥❛r pk t❛❧ q✉❡

∇2f(xk)pk = −∇f(xk)✳

P❛ss♦ ✷✿ ❋❛③❡r xk+1 = xk + pk✳

❈♦♠♦ ❛ ♠❛tr✐③ ❤❡ss✐❛♥❛ ∇2fk ♣♦❞❡ ♥❡♠ s❡♠♣r❡ s❡r ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ pk

♣♦❞❡ ♥❡♠ s❡♠♣r❡ s❡r ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✳ ❙❡ ✐ss♦ ♦❝♦rr❡r t❡♠♦s ❢♦r♠❛s
❞❡ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛ ✭✈❡r ❬✹❪✮✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❞❡t❡r♠✐♥❛ ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦
❞❡ ◆❡✇t♦♥✳

❚❡♦r❡♠❛ ✷✳✹✳✸✳ ❙✉♣♦♥❤❛ q✉❡ ❢ é ❞✉❛s ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ q✉❡ ❛ ❤❡ss✐❛♥❛
∇2f(x) é ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ x∗✳ ❙✉♣♦♥❤❛
❛✐♥❞❛ q✉❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ sã♦
s❛t✐s❢❡✐t❛s ❡♠ x∗✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✷✳✹✳✷✳
❊♥tã♦

✶✳ ❙❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ❡stá s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡rt♦ ❞❡ x∗✱ ❛ s❡q✉ê♥❝✐❛ ❞❡
✐t❡r❛çõ❡s ❝♦♥✈❡r❣❡ ♣❛r❛ x∗❀
✷✳ ❆ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ {xk} é q✉❛❞rát✐❝❛✱ ✐st♦ é

∥∥xk+1 − x∗
∥∥ ≤ a

∥∥xk − x∗
∥∥2

✱

♦♥❞❡ a > 0 ❡
✸✳ ❆ s❡q✉ê♥❝✐❛ ❞❛s ♥♦r♠❛s ❞♦s ❣r❛❞✐❡♥t❡s {‖∇fk‖} ❝♦♥✈❡r❣❡ q✉❛❞r❛t✐❝❛✲
♠❡♥t❡ ♣❛r❛ ③❡r♦✳

✶✵



❉❡♠✳✿ ❱❡r ◆♦❝❡❞❛❧ ✫ ❲r✐❣❤t ❬✶✹❪✳

❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ❞❡s✈❛♥t❛❣❡♥s✿ ♦❜r✐❣❛ ♦ ❝á❧❝✉❧♦✱
❡♠ ❝❛❞❛ ✐t❡r❛çã♦✱ ♥ã♦ só ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ❝♦♠♦ t❛♠❜é♠ ❞❛ ♠❛tr✐③
❤❡ss✐❛♥❛✱ ❡ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ♣♦r ✐t❡r❛çã♦✳ ❖ ❝á❧❝✉❧♦ ❞❛
❤❡ss✐❛♥❛ ♣♦❞❡ ❝♦♥s✉♠✐r ♠✉✐t♦ t❡♠♣♦ ❞❡ ❝♦♠♣✉t❛çã♦ ♦✉ ❛✐♥❞❛✱ ♠✉✐t❛s ✈❡③❡s✱
s❡r ❞✐❢í❝✐❧✱ ♦✉ ♠❡s♠♦ ✐♠♣♦ssí✈❡❧✳ P❛r❛ ❡st❡s ❝❛s♦s ♣♦❞❡♠♦s r❡❝♦rr❡r ❛♦s
♠ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥✳

✷✳✺ ▼ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥

❙✉♣♦♥❤❛ q✉❡ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ t❡♠ ❛ ❢♦r♠❛✿

pk = −B−1
k ∇fk, ✭✷✳✻✮

♦♥❞❡ ❛ ♠❛tr✐③ s✐♠étr✐❝❛ Bk é ❛t✉❛❧✐③❛❞❛ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦
❞❡ ❛♣r♦①✐♠❛r ∇2fk✳ ❆ ❢ór♠✉❧❛ ✭✷✳✻✮ ❝❛r❛❝t❡r✐③❛ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❞♦s
♠ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥✳ ❉❡♥tr❡ ❡ss❡s✱ ❞❡st❛❝❛♠♦s ♦s ♠ét♦❞♦s s❡❝❛♥t❡s✱ q✉❡
❞❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r✳

➱ ❞❡s❡❥á✈❡❧ ❞❡t❡r♠✐♥❛r ♠❛tr✐③❡s Bk ❞❡ ♠♦❞♦ q✉❡ ♦ tr❛❜❛❧❤♦ ❝♦♠♣✉t❛✲
❝✐♦♥❛❧ ❞♦ ♠ét♦❞♦ r❡s✉❧t❛♥t❡ s❡❥❛ ♠❡♥♦r q✉❡ ♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡ t❛✐s
q✉❡ ❛ s❡q✉ê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣♦r ❡❧❡✱ q✉❛♥❞♦ ❝♦♥✈❡r❣❡✱ t❡♥❤❛ ✉♠❛ ❜♦❛ t❛①❛
❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

❙❡ q✉✐s❡r♠♦s ♦❜t❡r ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠❡❧❤♦r ❞♦ q✉❡ ♦ ❞♦ ♠ét♦❞♦ ❞♦
❣r❛❞✐❡♥t❡✱ ♣r❡❝✐s❛r❡♠♦s ✉t✐❧✐③❛r ❛❧❣✉♠❛ ✐♥❢♦r♠❛çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

❖✉tr❛ ✈❡③ ❛ ❛♥á❧✐s❡ ❡s♣❡❝í✜❝❛ ❞❛s ❢✉♥çõ❡s q✉❛❞rát✐❝❛s é ♣❡rt✐♥❡♥t❡✳
❙❡ x∗ é ♦ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ ✉♠❛ q✉❛❞rát✐❝❛ ❝♦♠ ♠❛tr✐③ ❤❡ss✐❛♥❛

❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡♥❝♦♥tr❛ x∗ ♥✉♠❛ ú♥✐❝❛ ✐t❡r❛çã♦ ❛
♣❛rt✐r ❞❡ q✉❛❧q✉❡r x0 ∈ R

n✳ ❖ ♠ét♦❞♦ ❞♦ ❣r❛❞✐❡♥t❡ ❝♦♥✈❡r❣❡ ❛ x∗✱ ♠❛s✱ ♣♦❞❡
❡①✐❣✐r ✉♠ ♥ú♠❡r♦ ♠✉✐t♦ ❣r❛♥❞❡ ❞❡ ✐t❡r❛çõ❡s✳

❯♠ ♠ét♦❞♦ ✐♥t❡r♠❡❞✐ár✐♦ ♣❛r❛ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❞❡✈❡r✐❛ s❡ ❛♣r♦①✐✲
♠❛r ❞❡ x∗ ♠❛✐s r❛♣✐❞❛♠❡♥t❡ q✉❡ ♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡✱ s❡♠ ❡st❛r ❜❛s❡❛❞♦
♥♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♣❧❡t♦ ❞❛ ♠❛tr✐③ ❤❡ss✐❛♥❛✱ ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳
❙✉r❣❡♠ ❡♥tã♦ ♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥✳

❙❡

f(x) = 1
2
xtBx + btx + c✱

✶✶



t❡♠♦s q✉❡

∇f(x) = Bx + b

❡

∇f(x + p) −∇f(x) = B(x + p) − Bx = Bp ♣❛r❛ t♦❞♦ p ∈ R
n✳

❚❡♠♦s ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s✿

∇f(x + p) −∇f(x) = Bp

♦✉

B−1(∇f(x + p) −∇f(x)) = p✳

❖❜s❡r✈❡♠♦s q✉❡ ❡st❛s ❡q✉❛çõ❡s ❢♦r♥❡❝❡♠ ✐♥❢♦r♠❛çã♦ s♦❜r❡ B ♦✉ B−1 ✉t✐✲
❧✐③❛♥❞♦ ∇f ❡♠ ❞♦✐s ♣♦♥t♦s✳ ❙ã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❡q✉❛çõ❡s s❡❝❛♥t❡s✳

❊st❛s ✐❞é✐❛s s✉❣❡r❡♠ ♦ s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦✿

❆❧❣♦r✐t♠♦ ✷✳✺✳✶✳ ❙❡❥❛♠ x0 ∈ R
n ❛r❜✐trár✐♦✱ B0 ∈ R

n×n s✐♠étr✐❝❛ ❡ ❞❡✜♥✐❞❛
♣♦s✐t✐✈❛✳ ❙❡❥❛ k = 0✳
❙❡ ∇f(xk) 6= 0✱ ♦s ♣❛ss♦s ♣❛r❛ ♦❜t❡r xk+1 sã♦✿
P❛ss♦ ✶✿ ❈❛❧❝✉❧❛r pk t❛❧ q✉❡ Bkpk = −∇f(xk)✳
P❛ss♦ ✷✿ ❉❡t❡r♠✐♥❛r xk+1 = xk + pk✳
P❛ss♦ ✸✿ ❖❜t❡r Bk+1 s✐♠étr✐❝❛ ❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ t❛❧ q✉❡

Bk+1pk = ∇f(xk+1) −∇f(xk). ✭✷✳✼✮

P❛ss♦ ✹✿ k = k + 1

◆❡st❡ ❛❧❣♦r✐t♠♦✱ ❛ ❍❡ss✐❛♥❛ é ❛♣r♦①✐♠❛❞❛ s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦ s❡❝❛♥t❡✳
❊st❛ ❛♣r♦①✐♠❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ♠✉✐t❛s ❢♦r♠❛s✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛
❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ s✐♠étr✐❝❛ ❞❡ P♦✇❡❧❧✱ ♣♦r ❡st❛ s❡r ❛ ❜❛s❡ ❞❛s ❛♣r♦①✐♠❛çõ❡s
✉s❛❞❛s ♥♦ ❛❧❣♦r✐t♠♦ ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✹✳ ❊st❛ ❛t✉❛❧✐③❛çã♦ ♥ã♦ r❡q✉❡r
❛✈❛❧✐❛çõ❡s ❛❞✐❝✐♦♥❛✐s ❞❛ ❢✉♥çã♦ ♦✉ ❞♦ ❣r❛❞✐❡♥t❡✱ s❡ ♠❛♥té♠ s❡♠♣r❡ s✐♠étr✐❝❛
♠❛s ♥ã♦ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❆ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ q✉❡ é✱ ❡♠
♣rát✐❝❛✱ ❝♦♥s✐❞❡r❛❞❛ ❛ ♠❛✐s ♣rós♣❡r❛ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ ♣❛r❛ ❛ ❍❡ss✐❛♥❛✱ é

✶✷



❛ ❇❋●❙ ✲ ❡st❛ ❢♦r♠❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ❢♦✐ ❞❡s❝♦❜❡rt❛ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r
❇r♦②❞❡♥ ❬✷❪✱ ❋❧❡t❝❤❡r ❬✺❪✱ ●♦❧❞❢❛r❜ ❬✼❪ ❡ ❙❤❛♥♥♦ ❬✷✵❪ ❡♠ ✶✾✼✵✳

❍á t❛♠❜é♠ ♠ét♦❞♦s s❡❝❛♥t❡s q✉❡ ❛♣r♦①✐♠❛♠ ❛ ✐♥✈❡rs❛ ❞❛ ❍❡ss✐❛♥❛✳
◆❡st❡ ❝❛s♦✱ ❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ❞♦ ♣❛ss♦ 1 ❞♦ ❛❧❣♦r✐t♠♦ ✷✳✺✳✶ é
s✉❜st✐t✉í❞❛ ♣♦r ✉♠ ♣r♦❞✉t♦ ❞❛ ♠❛tr✐③ Bk ♣♦r −∇f(xk)✱ ♦✉ s❡❥❛✿

pk = −Bk∇f(xk).

✷✳✺✳✶ ❆ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ s✐♠étr✐❝❛ ❞❡ P♦✇❡❧❧ ❡ ❇r♦②✲

❞❡♥

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳ ❱❛♠♦s s✉♣♦r q✉❡✱ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✱
♦❜t❡♠♦s xk+1 ❛ ♣❛rt✐r ❞❡ xk ❝♦♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ✐❣✉❛❧ ❛ ✉♠✱ ❡ q✉❡ ✈❛♠♦s
❛♣r♦①✐♠❛r ∇2f(xk+1) ♣♦r Bk+1 ✉s❛♥❞♦ té❝♥✐❝❛s s❡❝❛♥t❡s✳ P❛r❛ ✐ss♦ ❝♦♥s✐✲
❞❡r❛r❡♠♦s ❛ ❡q✉❛çã♦ s❡❝❛♥t❡

Bk+1sk = yk, ✭✷✳✽✮

♦♥❞❡

sk = xk+1 − xk, yk = ∇f(xk+1) −∇f(xk). ✭✷✳✾✮

P♦❞❡♠♦s ❛❣♦r❛ ✉s❛r ❛ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ ♣❛r❛ ❛♣r♦①✐♠❛r ∇2f(xk+1) ♣♦r

(Bk+1)1 = Bk +
(yk − Bksk)s

T
k

sT
k sk

, ✭✷✳✶✵✮

♦♥❞❡ Bk ∈ R
n×n é ♥♦ss❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ∇2f(xk)✳ ❖ ♣r✐♥❝✐♣❛❧ ♣r♦❜❧❡♠❛

❝♦♠ ✭✷✳✶✵✮ é q✉❡ ♠❡s♠♦ q✉❡ Bk s❡❥❛ s✐♠étr✐❝❛✱ (Bk+1)1 ♥ã♦ ♦ s❡rá✱ ❛ ♠❡♥♦s
q✉❡ yk −Bksk s❡❥❛ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ sk✳ ❚❡♠♦s ✈ár✐❛s r❛③õ❡s ♣❛r❛ q✉❡ ❛ ❛♣r♦✲
①✐♠❛çã♦ ❞❛ ❤❡ss✐❛♥❛ ❞❡✈❛ s❡r s✐♠étr✐❝❛✳ ❊♥tã♦ ❜✉s❝❛♠♦s Bk+1 q✉❡ ✈❡r✐✜q✉❡
Bk+1 = BT

k+1 ❝♦♠♦ t❛♠❜é♠ ✭✷✳✽✮✳
❯♠❛ ✐❞é✐❛ r❛③♦á✈❡❧ ♣❛r❛ ❝♦♥str✉✐r (Bk+1)2 s✐♠étr✐❝❛✱ ❛ ♣❛rt✐r ❞❡ (Bk+1)1✱

é ❢❛③❡r ❛ ♣r♦❥❡çã♦ ♥❛ ♥♦r♠❛ ❞❡ ❋r♦❜❡♥✐✉s ❞❡ (Bk+1)1 ♥♦ s✉❜❡s♣❛ç♦ S ❞❛s
♠❛tr✐③❡s s✐♠étr✐❝❛s✳ ➱ ❢á❝✐❧ ♣r♦✈❛r q✉❡✱ ♥❡ss❡ ❝❛s♦✱

(Bk+1)2 =
1

2
((Bk+1)1 + (Bk+1)

T
1 ) = Bk +

(yk − Bksk)s
T
k + sk(yk − Bksk)

T

2sT
k sk

✳

✶✸



❆❣♦r❛ (Bk+1)2 é s✐♠étr✐❝❛✱ s❡ Bk é s✐♠étr✐❝❛✱ ♣♦ré♠ ♥ã♦ s❛t✐s❢❛③✱ ❡♠
❣❡r❛❧✱ ❛ ❡q✉❛çã♦ s❡❝❛♥t❡✳ ❈♦♥t✉❞♦✱ ❛❧❣✉é♠ ♣♦❞❡ ❝♦♥s✐❞❡r❛r ❝♦♥t✐♥✉❛r ❡st❡
♣r♦❝❡ss♦✱ ❣❡r❛♥❞♦ (Bk+1)3✱ (Bk+1)4✱ ✳✳✳ ♣♦r

(Bk+1)2ν+1 = (Bk+1)2ν +
(yk − (Bk+1)2νsk)s

T
k

sT
k sk

✱

(Bk+1)2ν+2 =
1

2
((Bk+1)2ν+1 + (Bk+1)

T
2ν+1)✳

❆q✉✐ ❝❛❞❛ (Bk+1)2ν+1 é ❛ ♠❛tr✐③ ♠❛✐s ♣ró①✐♠❛ ❞❡ (Bk+1)2ν ❡♠
Q(yk, sk) = {B ∈ R

n×n|Bsk = yk}✱ ❡ ❝❛❞❛ (Bk+1)2ν+2 é ❛ ♠❛tr✐③ s✐♠étr✐❝❛
♠❛✐s ♣ró①✐♠❛ ❞❡ (Bk+1)2kν+1 ♦♥❞❡ ν ∈ N ✳ ▼✳ ❏✳ ❉✳ P♦✇❡❧❧ ♠♦str♦✉ q✉❡ ❡st❛
s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ❝♦♥✈❡r❣❡ ♣❛r❛

(Bk+1) = Bk +
(yk − Bksk)s

T
k + sk(yk − Bksk)

T

sT
k sk

−
〈yk − Bksk, sk〉 sks

T
k

(sT
k sk)2

.

✭✷✳✶✶✮
❆ ❛t✉❛❧✐③❛çã♦ s❡❝❛♥t❡ ✭✷✳✶✶✮ é t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛t✉❛❧✐③❛çã♦ s✐♠étr✐✲

❝❛ ❞❡ P♦✇❡❧❧ ❡ ❇r♦②❞❡♥ ✭P❙❇✮ ❬✶✺❪✳ ➱ ❢á❝✐❧ ❝♦♥✜r♠❛r q✉❡ Bk+1 ❞❡t❡r♠✐♥❛❞❛
♣♦r ✭✷✳✶✶✮ ♦❜❡❞❡❝❡ ❛ ❡q✉❛çã♦ s❡❝❛♥t❡ ✭✷✳✽✮✱ ❡ q✉❡ Bk+1 − Bk é ✉♠❛ ♠❛tr✐③
s✐♠étr✐❝❛ ❞❡ ♣♦st♦ ❞♦✐s✳ ◆❛ r❡❛❧✐❞❛❞❡ ❉❡♥♥✐s ❡ ▼♦ré ✭✶✾✼✼✮ ❬✸❪ ♣r♦✈❛r❛♠ ♦
s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✺✳✷✳ ❙❡❥❛ Bk ∈ R
n×n s✐♠étr✐❝❛✱ sk✱ yk ∈ R

n✱ sk 6= 0✳ ❊♥tã♦ ❛
ú♥✐❝❛ s♦❧✉çã♦ ♣❛r❛

MinimizarB∈Rn×n ‖B − Bk‖F

s✉❥❡✐t♦ ❛ Bsk = yk, (B − Bk) s✐♠étr✐❝❛,
✭✷✳✶✷✮

é ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✭✷✳✶✶✮✳

❉❡♠✿ ✈❡r ❉❡♥♥✐s ❡ ▼♦ré ✭✶✾✼✼✮ ❬✸❪✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ q✉❡ ♦ ♠ét♦❞♦ ❝♦♥✈❡r❣❡ ❧♦❝❛❧♠❡♥t❡ ♣❛r❛
❛❧❣✉♠ ③❡r♦ ✐s♦❧❛❞♦ ❞❡∇f(x)✱ ❞❡s❞❡ q✉❡∇2f(x∗) s❡❥❛ s✐♠étr✐❝❛ ❡ ♥ã♦ s✐♥❣✉❧❛r✱
♣♦ré♠ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳

✶✹



❚❡♦r❡♠❛ ✷✳✺✳✸✳ ❙❡❥❛ f : R
n → R ❞✉❛s ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧

❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❛❜❡rt♦ D ⊂ R
n✱ ❡ q✉❡ ❛ ❤❡ss✐❛♥❛ ∇2f(x) é ▲✐♣s❝❤✐t③

❝♦♥tí♥✉❛ ❡♠ D✳ ❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ sã♦ s❛t✐s❢❡✐t❛s ❡♠ x∗ ∈ D ❡ q✉❡ B0 é s✐♠étr✐❝❛✳ ❊♥tã♦
❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ǫ✱ δ t❛✐s q✉❡ s❡ ‖x0 − x∗‖2 < ǫ ❡
‖B0 −∇2f(x∗)‖2 ≤ δ✱ ♦ ♠ét♦❞♦ P❙❇ q✉❡ ❣❡r❛ {xk} ♣♦r

xk+1 = xk − B−1
k ∇f(xk)✱

sk = xk+1 − xk✱ yk = ∇f(xk+1) −∇f(xk)✱

(Bk+1) = Bk +
(yk − Bksk)s

T
k + sk(yk − Bksk)

T

sT
k sk

−
〈yk − Bksk, sk〉 sks

T
k

(sT
k sk)2

✱

é ❜❡♠ ❞❡✜♥✐❞♦✱ {xk} ♣❡r♠❛♥❡❝❡ ❡♠ D ❡ ❝♦♥✈❡r❣❡ q✲s✉♣❡r❧✐♥❡❛r♠❡♥t❡ ♣❛r❛
x∗✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ {ck} q✉❡ ❝♦♥✈❡r❣❡ ❛ 0✱

‖xk+1 − x∗‖ ≤ ck ‖xk − x∗‖✳

❉❡♠✿ ✈❡r ❉❡♥♥✐s ✫ ❙❝❤♥❛❜❡❧ ❬✹❪✳

✶✺



❈❛♣ít✉❧♦ ✸

❊str❛té❣✐❛s ❞❡ ●❧♦❜❛❧✐③❛çã♦

✸✳✶ ■♥tr♦❞✉çã♦

❆s Pr♦♣♦s✐çõ❡s ✷✳✷✳✶✱ ✷✳✷✳✷ ❡ ✷✳✷✳✸ tê♠ ✐♠♣♦rtâ♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❝❧❛ss✐✜✲
❝❛çã♦ ❞❡ ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❞❡ ✭✷✳✶✮✳ ◆♦ ❡♥t❛♥t♦ ❛ ♠❛✐♦r✐❛ ❞❛s ❞❡♠♦♥str❛çõ❡s
❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❛❧❣♦r✐t♠♦s s❡ ❝♦♥t❡♥t❛ ❛♣❡♥❛s ❡♠ ♣r♦✈❛r q✉❡ ♦s ♣♦♥t♦s
❧✐♠✐t❡s ❞❛s s❡q✉ê♥❝✐❛s ❣❡r❛❞❛s sã♦ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳
❉✐r❡♠♦s q✉❡ ✉♠ ❛❧❣♦r✐t♠♦ é ❣❧♦❜❛❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ s❡ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛
{xk}

∞
k=0✱ ❛ ♣❛rt✐r ❞❡ x0 ❛r❜✐trár✐♦✱ t❛❧ q✉❡ t♦❞♦ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡st❛ s❡q✉ê♥❝✐❛

é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f ✳
P❛r❛ q✉❡ ♦s ❛❧❣♦r✐t♠♦s ❞❡s❢r✉t❡♠ ❞❡st❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❣❧♦❜❛❧ é ♣r❡❝✐s♦ q✉❡ ❛♣r❡s❡♥t❡♠ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞❡
✐t❡r❛çã♦ ❛ ✐t❡r❛çã♦✳ ❙✉r❣❡♠ ❡♥tã♦ ❡str❛té❣✐❛s ❝♦♠♦ ❛s ❞❡ ✏❜✉s❝❛ ❧✐♥❡❛r✑ ❡
❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❡str❛té❣✐❛s ❞❡ ❣❧♦❜❛❧✐③❛çã♦✱ ❛s q✉❛✐s
❞❡s❝r❡✈❡r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦✳

✸✳✷ ▼ét♦❞♦s ❞❡ ❇✉s❝❛ ▲✐♥❡❛r

◆♦s ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✱ ❞❛❞❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ xk✱ ❡ ❡s❝♦❧❤✐❞❛ ✉♠❛ ❞✐✲
r❡çã♦ pk✱ ❛ss♦❝✐❛♠♦s à ✐t❡r❛çã♦ ❝♦rr❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧
φ(α) = f(xk + αpk)✱ α ∈ R✳ ❆ ✐♥t❡♥çã♦ é ❡♥❝♦♥tr❛r αk q✉❡ ❞❡✜♥❛ ♦ ♥♦✈♦
✈❡t♦r xk+1 = xk + αkpk✳ P❛r❛ t❛♥t♦✱ é ❞❡s❡❥á✈❡❧ q✉❡ s❡❥❛♠ ❢❡✐t❛s ♣♦✉❝❛s
❛✈❛❧✐❛çõ❡s ❞❡ f ✱ ❡ é ✉s✉❛❧ ♣❡❞✐r q✉❡

f(xk+1) ≤ f(xk)✳

✶✻



❉✐❢❡r❡♥t❡s ❡s❝♦❧❤❛s ❞❡ αk ❞❡✜♥❡♠ ♦s ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s✳ ❆ ❧✐❜❡r❞❛❞❡ q✉❡
❡ss❡ t✐♣♦ ❞❡ ❛❧❣♦r✐t♠♦ ♣❡r♠✐t❡✱ ♥❛ ❡s❝♦❧❤❛ ❞♦s ♣❛ss♦s✱ ❡①✐❣❡ ♥♦r♠❛❧♠❡♥t❡
♦ ✉s♦ ❞❡ ❛❧❣✉♥s ❛rt✐❢í❝✐♦s ✭❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❡ f ✱ ♣♦r ❡①❡♠♣❧♦✮ ♣❛r❛
❛ss❡❣✉r❛r ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧✳

❖ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ✐♠♣❡❞❡ ♣❛ss♦s ❣r❛♥❞❡s ❝♦♠ ♣♦✉❝♦ ❞❡❝rés❝✐♠♦✳
❯♠ ❝r✐tér✐♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ❜❛st❛♥t❡ ✉s❛❞♦ ♣❡❞❡ q✉❡ αk ✈❡r✐✜q✉❡

f(xk + αkpk) < f(xk) + c1∇
tf(xk)αkpk✱ ♣❛r❛ t♦❞♦ k ∈ N ✱

♦♥❞❡ c1 ∈ (0, 1) é ✉♠❛ ❝♦♥st❛♥t❡✳ ❊st❛ ❝♦♥❞✐çã♦ ❡①✐❣❡ q✉❡ ♦ ❞❡❝rés❝✐♠♦ s❡❥❛✱
❡♠ ❝❡rt♦ s❡♥t✐❞♦✱ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳

❖❜s❡r✈❡♠♦s q✉❡✱ s❡♥❞♦ pk ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✱ r❡s✉❧t❛

c1∇
tf(xk)αkpk < 0

❡✱ ♣♦rt❛♥t♦✱ ❡ss❛ ❝♦♥❞✐çã♦ s✐❣♥✐✜❝❛ q✉❡ q✉❡r❡♠♦s ❛❧❣♦ ♠❛✐s q✉❡ s✐♠♣❧❡s♠❡♥t❡
✉♠ ❞❡❝rés❝✐♠♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦✳ ❈❤❛♠❛♠♦s ❡ss❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥❞✐çã♦ ❞❡
❆r♠✐❥♦ ❬✻❪✳

❋✐❣✉r❛ ✸✳✶✿ ❈♦♥❞✐çã♦ ❞❡ ❆r♠✐❥♦✳

◆❛ ✜❣✉r❛ ✸✳✶✱ R0 é ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ (0, φ(0)) ❡ t❡♠ ❝♦❡✜❝✐❡♥t❡
❛♥❣✉❧❛r φ′(0)✳ ❆ ❡q✉❛çã♦ ❞❡ R0 é

z = φ(0) + φ′(0)α✳

✶✼



R1 é ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦ ❡ t❡♠ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ✵✳ R̃ é
✉♠❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❡♥tr❡ φ′(0) ❡
✵✳ P♦rt❛♥t♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❡ R̃ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛ c1φ

′(0)✱
❝♦♠ c1 ∈ (0, 1)✳ ▲♦❣♦✱ ❛ ❡q✉❛çã♦ ❞❡ R̃ é✿

z = φ(0) + c1φ
′(0)α✳

❙✉❜st✐t✉✐♥❞♦ ♥❡st❛ ❡q✉❛çã♦ φ(0) ♣♦r f(xk) ❡ φ′(0) ♣♦r ∇tf(xk)pk✱ ♦❜t❡♠♦s

z = f(xk) + c1α∇
tf(xk)pk✳

❊♥tã♦✱ ♦s ✈❛❧♦r❡s ❞❡ α q✉❡ ✈❡r✐✜❝❛♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❆r♠✐❥♦ sã♦ ♦s q✉❡
❡stã♦ ♥❛ r❡❣✐ã♦ ❛❞♠✐ssí✈❡❧ ♥❛ ❋✐❣✉r❛ ✸✳✶✳

P❛r❛ ✐♠♣❡❞✐r q✉❡ ❛s ❞✐r❡çõ❡s s❡❥❛♠ ✏q✉❛s❡✑ ♦rt♦❣♦♥❛✐s ❛ ∇f(xk)✱ ♣❡❞✐r❡✲
♠♦s q✉❡✱ ❞❛❞❛ ✉♠❛ ❝♦♥st❛♥t❡ β ∈ (0, 1)✱

∇tf(xk)pk ≤ −β ‖∇f(xk)‖ ‖pk‖✱ ♣❛r❛ t♦❞♦ k ∈ N ✳

❙❡ θ é ♦ â♥❣✉❧♦ ❡♥tr❡ ∇f(xk) ❡ pk✱

cos θ =
∇tf(xk)pk

‖∇f(xk)‖ ‖pk‖
✱

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

cos θ ≤ −β✳

❋✐❣✉r❛ ✸✳✷✿ ❈♦♥❞✐çã♦ ❞♦ â♥❣✉❧♦

◆❛ ❋✐❣✉r❛ ✸✳✷✱ s❡ θ̃ é ✉♠ â♥❣✉❧♦ t❛❧ q✉❡ cos θ̃ = −β✱ pk ❞❡✈❡ ❢♦r♠❛r ✉♠
â♥❣✉❧♦ ♠❛✐♦r q✉❡ θ̃ ❝♦♠ ∇f(xk)✳ ❖❜s❡r✈❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♠✐♥✐♠✐③❛r
❢✉♥çõ❡s s❡♠ r❡str✐çõ❡s✱ q✉❡ s❡❥❛ ♦ ♠❛✐s ❣❡r❛❧ ♣♦ssí✈❡❧ ❡ q✉❡ ✐♥❝♦r♣♦r❡ ❡ss❛s
❝♦♥❞✐çõ❡s✳

✶✽



❆❧❣♦r✐t♠♦ ✸✳✷✳✶✳

❙❡❥❛♠ σ > 0✱ c1 ❡ β ∈ (0, 1) ❝♦♥st❛♥t❡s ❞❛❞❛s✳
❙❡ xk ∈ R

n é t❛❧ q✉❡ ∇f(xk) 6= 0✱ ♦s ♣❛ss♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r xk+1 sã♦✿
P❛ss♦ ✶✿ ❊s❝♦❧❤❡r pk ∈ R

n✱ t❛❧ q✉❡
✭✐✮ ‖pk‖ ≥ σ ‖∇f(xk)‖❀
✭✐✐✮ ∇tf(xk)pk ≤ −β ‖∇f(xk)‖ ‖pk‖✳

P❛ss♦ ✷✿✭❇✉s❝❛ ▲✐♥❡❛r✮
✭✐✮ α = 1❀
✭✐✐✮ ❙❡ f(xk + αpk) < f(xk) + c1α∇

tf(xk)pk✱ ✐r ❛ ✭✐✈✮❀
✭✐✐✐✮ ❊s❝♦❧❤❡r α̃ ∈ [0.1α, 0.9α]✳ ❋❛③❡r α = α̃ ❡ ✐r ❛ ✭✐✐✮❀
✭✐✈✮ ❋❛③❡r αk = α✱ xk+1 = xk + αkpk ❡ k = k + 1✳

▲❡♠❛ ✸✳✷✳✷✳ ❖ ❆❧❣♦r✐t♠♦ ✸✳✷✳✶ ❡stá ❜❡♠✲❞❡✜♥✐❞♦✳ ✭➱ ♣♦ssí✈❡❧ ❝♦♠♣❧❡t❛r ❛
❜✉s❝❛ ❧✐♥❡❛r ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ t❡♥t❛t✐✈❛s ♣❛r❛ α✮✳

❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

❚❡♦r❡♠❛ ✸✳✷✳✸✳ ✭❈♦♥✈❡r❣ê♥❝✐❛ ●❧♦❜❛❧✮ ❖ ❆❧❣♦r✐t♠♦ ✸✳✷✳✶ ♣ár❛ ❝♦♠ ❛❧✲
❣✉♠ ✈❛❧♦r k t❛❧ q✉❡ ∇f(xk) = 0✱ ♦✉ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ {xk} t❛❧ q✉❡
q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡❧❛ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f ✳

❉❡♠✳✿ ❱❡r ❋r✐❡❞❧❛♥❞❡r ❬✻❪✳

❖❜s❡r✈❡♠♦s q✉❡✱ ♥❡st❡ t❡♦r❡♠❛✱ ♥ã♦ é ❣❛r❛♥t✐❞❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s❡✲
q✉ê♥❝✐❛ {xk}✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❡ ❛✜r♠❛ q✉❡ s❡ ❡①✐st❡ lim

k→∞
xk✱ ❡♥tã♦ ❡st❡ ❧✐♠✐t❡

é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ ❛ s❡q✉ê♥❝✐❛ é ❧✐♠✐t❛❞❛✱ ❡①✐st❡ ✉♠
♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❡ ❡st❡ ❞❡✈❡ s❡r ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✳

✸✳✸ ▼ét♦❞♦s ❞❡ ❘❡❣✐ã♦ ❞❡ ❈♦♥✜❛♥ç❛

❖s ♠ét♦❞♦s ❞❡ ❘❡❣✐ã♦ ❞❡ ❈♦♥✜❛♥ç❛ ❣❡r❛♠ ♣❛ss♦s ❝♦♠ ❛ ❛❥✉❞❛ ❞❡ ✉♠ ♠♦✲
❞❡❧♦ q✉❛❞rát✐❝♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ◆❡ss❡s ♠ét♦❞♦s✱ ❞❡✜♥✐♠♦s ✉♠❛ r❡❣✐ã♦
❛♦ r❡❞♦r ❞❛ ❛t✉❛❧ ✐t❡r❛çã♦ ♥❛ q✉❛❧ ❝♦♥✜❛♠♦s ♥♦ ♠♦❞❡❧♦ ♣❛r❛ s❡r ✉♠❛ r❡♣r❡✲
s❡♥t❛çã♦ ❛❞❡q✉❛❞❛ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❡ ❡♥tã♦ ❡s❝♦❧❤❡♠♦s ♦ ♣❛ss♦ q✉❡ ❧❡✈❡
❛♦ ♠✐♥✐♠✐③❛❞♦r ❛♣r♦①✐♠❛❞♦ ❞♦ ♠♦❞❡❧♦ ♥❡st❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❊♠ ❝♦♥✲
s❡qüê♥❝✐❛✱ sã♦ ❡s❝♦❧❤✐❞♦s ❞✐r❡çã♦ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ♣❛ss♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳
❙❡ ✉♠ ♣❛ss♦ ♥ã♦ ❢♦r ❛❝❡✐tá✈❡❧✱ r❡❞✉③✐♠♦s ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❡ ❛❝❤❛♠♦s ✉♠ ♥♦✈♦

✶✾



♠✐♥✐♠✐③❛❞♦r✳ ❊♠ ❣❡r❛❧✱ ❛ ❞✐r❡çã♦ ❞♦ ♣❛ss♦ ♠✉❞❛ s❡♠♣r❡ q✉❡ ♦ r❛✐♦ ❞❛ r❡❣✐ã♦
❞❡ ❝♦♥✜❛♥ç❛ é ❛❧t❡r❛❞♦✳

❖ t❛♠❛♥❤♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ é ❝rít✐❝♦ ♣❛r❛ ❡✜❝✐ê♥❝✐❛ ❞❡ ❝❛❞❛ ♣❛ss♦✳
❙❡ ❛ r❡❣✐ã♦ ❢♦r ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♦ ❛❧❣♦r✐t♠♦ ♣❡r❞❡ ✉♠❛ ♦♣♦rt✉♥✐❞❛❞❡ ♣❛r❛
❞❛r ✉♠ ♣❛ss♦ s✐❣♥✐✜❝❛t✐✈♦✱ ♠♦✈❡♥❞♦✲s❡ ♠✉✐t♦ ♠❛✐s ❧❡♥t❛♠❡♥t❡ ♣❛r❛ ♦ ♠✐✲
♥✐♠✐③❛❞♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥❡st❛ r❡❣✐ã♦✳ ❙❡ ♠✉✐t♦ ❣r❛♥❞❡✱ ♦ ♠✐♥✐♠✐③❛❞♦r
❞♦ ♠♦❞❡❧♦ ♣♦❞❡ ❡st❛r ❧♦♥❣❡ ❞♦ ♠✐♥✐♠✐③❛❞♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥❛ r❡❣✐ã♦✳
❆ss✐♠✱ ♣♦❞❡♠♦s t❡r q✉❡ r❡❞✉③✐r ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❡ t❡♥t❛r ♥♦✈❛♠❡♥t❡✳ ◆❛
♣rát✐❝❛✱ ❡s❝♦❧❤❡♠♦s ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞❡s❡♠♣❡♥❤♦
❞♦ ❛❧❣♦r✐t♠♦ ❞✉r❛♥t❡ ❛s ✐t❡r❛çõ❡s ❛♥t❡r✐♦r❡s✳ ❙❡ ♦ ♠♦❞❡❧♦ t❡♠ ♣❛ss♦s ❜♦♥s
❣❡r❛❧♠❡♥t❡ s❡❣✉r♦s✱ ♣r❡❞✐③❡♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❝♦♠
♣r❡❝✐sã♦ ❛♦ ❧♦♥❣♦ ❞❡st❡s ♣❛ss♦s✱ ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ é ✉♥✐❢♦r♠❡♠❡♥t❡
❛✉♠❡♥t❛❞♦✱ ♣❡r♠✐t✐♥❞♦ ♣❛ss♦s ❧♦♥❣♦s ❡ ❛♠❜✐❝✐♦s♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠ ♣❛ss♦
❢❛❧❤♦ ✐♥❞✐❝❛ q✉❡ ♥♦ss♦ ♠♦❞❡❧♦ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐♥❛❞❡q✉❛❞❛ ❞❛ ❢✉♥çã♦
♦❜❥❡t✐✈♦ ♥❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❛t✉❛❧✳ ❆ss✐♠ r❡❞✉③✐♠♦s ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❡
t❡♥t❛♠♦s ♥♦✈❛♠❡♥t❡✳

❆ss✉♠✐r❡♠♦s q✉❡ ♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ qk ❡♠
❝❛❞❛ ✐t❡r❛çã♦ xk sã♦ ✐❞ê♥t✐❝♦s ❛♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ ❡①♣❛♥sã♦ ❞❛ sér✐❡
❞❡ ❚❛②❧♦r ❞❡ f ❡♠ t♦r♥♦ ❞❡ xk✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ t❡♠♦s✿

qk(p) = fk + ∇fT
k p +

1

2
pT Bkp, ✭✸✳✶✮

♦♥❞❡ Bk é ❛❧❣✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✳ ❚❡♠♦s t❛♠❜é♠

f(xk + p) = fk + ∇fT
k p +

1

2
pT∇2f(xk + tp)p, ✭✸✳✷✮

♣❛r❛ ❛❧❣✉♠ ❡s❝❛❧❛r t ∈ (0, 1)✱ ❡ ❝♦♠♦ qk(p) = fk + ∇fT
k p + o(‖p‖2)✱ ❡ ❛

❞✐❢❡r❡♥ç❛ ❡♥tr❡ qk(p) ❡ f(xk + p) é o(‖p‖2)✱ ♦ ❡rr♦ ❞❛ ❛♣r♦①✐♠❛çã♦ é ♣❡q✉❡♥♦
q✉❛♥❞♦ p é ♣❡q✉❡♥♦✳

◗✉❛♥❞♦ Bk é ✐❣✉❛❧ à ❍❡ss✐❛♥❛ ✈❡r❞❛❞❡✐r❛ ∇2f(xk)✱ ❛ ❢✉♥çã♦ ♠♦❞❡❧♦ ♥❛
✈❡r❞❛❞❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦s três t❡r♠♦s ❞❛ sér✐❡ ❞❡ ❚❛②❧♦r✳ ❖ ❡rr♦ ❞❛ ❛♣r♦✲
①✐♠❛çã♦ é o(‖p‖3) ♥❡st❡ ❝❛s♦❀ ❛ss✐♠✱ ❡st❡ ♠♦❞❡❧♦ é ❡s♣❡❝✐❛❧♠❡♥t❡ ♣r❡❝✐s♦
q✉❛♥❞♦ ‖p‖ é ♣❡q✉❡♥❛✳

P❛r❛ ♦❜t❡r ❝❛❞❛ ♣❛ss♦✱ ❜✉s❝❛r❡♠♦s ✉♠❛ s♦❧✉çã♦ ❞♦ s✉❜♣r♦❜❧❡♠❛

✷✵



min
p∈Rn

qk(p) = fk + ∇fT
k p +

1

2
pT Bkp.

s.a ‖p‖ ≤ ∆k,
✭✸✳✸✮

♦♥❞❡ ∆k > 0 é ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ P❛r❛ ♦ ♠♦♠❡♥t♦✱ ❞❡✜♥✐r❡♠♦s
‖.‖ ❝♦♠♦ ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ s♦❧✉çã♦ p∗ ❞❡ ✭✸✳✸✮ s❡❥❛ ♦
♠✐♥✐♠✐③❛❞♦r ❞❡ qk ♥❛ ❜♦❧❛ ❞❡ r❛✐♦ ∆k✳ ❆ss✐♠✱ ❛ té❝♥✐❝❛ ❞❡ r❡❣✐ã♦ ❝♦♥✜❛♥ç❛
❡①✐❣❡ q✉❡ r❡s♦❧✈❛♠♦s ✉♠❛ s✉❝❡ssã♦ ❞❡ s✉❜♣r♦❜❧❡♠❛s ✭✸✳✸✮ ♥♦s q✉❛✐s ❢✉♥çã♦
♦❜❥❡t✐✈♦ ❡ r❡str✐çã♦ ✭❛ q✉❛❧ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ptp ≤ ∆2

k) sã♦ ❛♠❜❛s
q✉❛❞rát✐❝❛s✳ ◗✉❛♥❞♦ Bk é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❡

∥∥B−1
k ∇fk

∥∥ ≤ ∆k✱ ❛ s♦❧✉çã♦
❞❡ ✭✸✳✸✮ é ❢á❝✐❧ ❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛ ✲ é s✐♠♣❧❡s♠❡♥t❡ ❛ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛
❞❛ q✉❛❞rát✐❝❛ qk(p)✱ ❣❡r❛♥❞♦ pB

k = −B−1
k ∇fk✳ ◆❡st❡ ❝❛s♦✱ ♥ós ❝❤❛♠❛♠♦s

pB
k ♦ ♣❛ss♦ ❝♦♠♣❧❡t♦✳ ❆ s♦❧✉çã♦ ❞❡ ✭✸✳✸✮ ♥ã♦ é tã♦ ó❜✈✐❛ ❡♠ ♦✉tr♦s ❝❛s♦s✱
♠❛s ♥♦r♠❛❧♠❡♥t❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ s❡♠ ♠✉✐t♦ ❡s❢♦rç♦✳ ❊♠ t♦❞♦ ❝❛s♦✱
♣r❡❝✐s❛♠♦s ❞❡ s♦♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ♦❜t❡r ❝♦♥✈❡r❣ê♥❝✐❛ ❡
❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♣rát✐❝♦✳

✸✳✸✳✶ ❊s❜♦ç♦ ❞♦ ❛❧❣♦r✐t♠♦

❖ ♣r✐♠❡✐r♦ ❛ss✉♥t♦ ❛ s✉r❣✐r ♥❛ ❞❡✜♥✐çã♦ ❞♦ ♠ét♦❞♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ é
❛ ❡str❛té❣✐❛ ♣❛r❛ ❡s❝♦❧❤❛ ❞♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ∆k ❛ ❝❛❞❛ ✐t❡r❛çã♦✳
❇❛s❡❛♠♦s ❡st❛ ❡s❝♦❧❤❛ ♥❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❢✉♥çã♦ ♠♦❞❡❧♦ qk ❞❛ s❡çã♦ ❛♥t❡r✐♦r
❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ✱ ❞❡t❡r♠✐♥❛♥❞♦

γk =
f(xk) − f(xk + pk)

qk(0) − qk(pk)
. ✭✸✳✹✮

❖ ♥✉♠❡r❛❞♦r é ❝❤❛♠❛❞♦ r❡❞✉çã♦ ❡❢❡t✐✈❛✱ ❡ ♦ ❞❡♥♦♠✐♥❛❞♦r é ❛ r❡❞✉çã♦ ♣r❡✲
✈✐st❛✳ ◆♦t❡ q✉❡ ♦ ♣❛ss♦ pk é ♦❜t✐❞♦ ♠✐♥✐♠✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ qk ❡♠ ✉♠❛ r❡❣✐ã♦
q✉❡ ✐♥❝❧✉✐ ♦ ♣❛ss♦ p = 0❀ ❛ss✐♠ ❛ r❡❞✉çã♦ ♣r❡✈✐st❛ s❡rá s❡♠♣r❡ ♥ã♦ ♥❡❣❛t✐✈❛✳
❉❡st❡ ♠♦❞♦✱ s❡ γk é ♥❡❣❛t✐✈♦✱ ♦ ♥♦✈♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f(xk + pk) é
♠❛✐♦r q✉❡ ♦ ✈❛❧♦r ❛t✉❛❧ f(xk)✱ ❡ ♣♦rt❛♥t♦ ♦ ♣❛ss♦ ❞❡✈❡ s❡r r❡❥❡✐t❛❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ γk ❡stá ♣ró①✐♠♦ ❞❡ ✶✱ ❤á ❜♦❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ♠♦❞❡❧♦
qk ❡ ❛ ❢✉♥çã♦ f ❀ ❛ss✐♠ é s❡❣✉r♦ ❛♠♣❧✐❛r ❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ❛ ♣ró①✐♠❛
✐t❡r❛çã♦✳ ❙❡ γk é ♣♦s✐t✐✈♦ ♠❛s ♥ã♦ ♣ró①✐♠♦ ❞❡ ✶✱ ♥ã♦ ❛❧t❡r❛r❡♠♦s ❛ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛✱ ♠❛s s❡ ❡stá ♣❡rt♦ ❞❡ ③❡r♦ ♦✉ é ♥❡❣❛t✐✈♦✱ ❡♥❝♦❧❤❡r❡♠♦s ❛ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛✳ ❖ s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦ ❞❡s❝r❡✈❡ ♦ ♣r♦❝❡ss♦✳
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❆❧❣♦r✐t♠♦ ✸✳✸✳✶✳

❙❡❥❛ ∆̄ > 0, ∆0 ∈ (0, ∆̄)✱ ❡ η ∈ [0, 1
4
)✳

P❛r❛ k = 0, 1, 2, ...
P❛ss♦ ✶✿ ❖❜t❡♥❤❛ pk ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡✮ r❡s♦❧✈❡♥❞♦ ✭✸✳✸✮❀
P❛ss♦ ✷✿ ❆✈❛❧✐❡ γk ♣♦r ✭✸✳✹✮❀
P❛ss♦ ✸✿ s❡ γk < 1

4

∆k+1 = 1
4
‖pk‖

P❛ss♦ ✹✿ s❡♥ã♦
P❛ss♦ ✺✿ s❡ γk > 3

4
❡ ‖pk‖ = ∆k

∆k+1 = min(2∆k, ∆̄)
P❛ss♦ ✻✿ s❡♥ã♦

∆k+1 = ∆k❀
P❛ss♦ ✼✿ s❡ γk > η

xk+1 = xk + pk

P❛ss♦ ✽✿ s❡♥ã♦
xk+1 = xk❀

✜♠ ✭♣ár❛✮✳

❆q✉✐ ∆̄ > 0 é ✉♠ ❧✐♠✐t❛♥t❡ ❣❧♦❜❛❧ ♣❛r❛ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳ ◆♦t❡ q✉❡
♦ r❛✐♦ é ❛✉♠❡♥t❛❞♦ s♦♠❡♥t❡ s❡ ‖pk‖ ♥❛ ✈❡r❞❛❞❡ ❛❧❝❛♥ç❛ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦
❞❡ ❝♦♥✜❛♥ç❛✳ ❙❡ ♦ ♣❛ss♦ ✜❝❛r ❡str✐t❛♠❡♥t❡ ❞❡♥tr♦ ❞❛ r❡❣✐ã♦✱ ❞❡❞✉③✐♠♦s q✉❡
♦ ✈❛❧♦r ❛t✉❛❧ ❞❡ ∆k ♥ã♦ ❡stá ✐♥t❡r❢❡r✐♥❞♦ ❝♦♠ ♦ ♣r♦❣r❡ss♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡
❛ss✐♠ ❞❡✐①❛♠♦s s❡✉ ✈❛❧♦r ✐♥❛❧t❡r❛❞♦ ♣❛r❛ ❛ ♣ró①✐♠❛ ✐t❡r❛çã♦✳ P❛r❛ tr❛♥s✲
❢♦r♠❛r♠♦s ♦ ❆❧❣♦r✐t♠♦ ✭✸✳✶✮ ❡♠ ✉♠ ❛❧❣♦r✐t♠♦ ♣rát✐❝♦✱ ♣r❡❝✐s❛♠♦s ❡♥❢♦❝❛r
❛ r❡s♦❧✉çã♦ ❞❡ ✭✸✳✸✮✳ Pr✐♠❡✐r♦ ❞❡s❝r❡✈❡r❡♠♦s ❞✉❛s ❡str❛té❣✐❛s ♣❛r❛ ❛❝❤❛r
s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s q✉❡ ❛❧❝❛♥ç❛♠ ♣❡❧♦ ♠❡♥♦s ❜♦❛ r❡❞✉çã♦ ❡♠ qk✱ ❝♦♠♦ ❛
r❡❞✉çã♦ ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ❞❡♥♦♠✐♥❛❞♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②✳ ❊st❡ ♣♦♥t♦ é s✐♠♣❧❡s✲
♠❡♥t❡ ♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ qk ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛ −∇fk✱
s✉❥❡✐t♦ ❛♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❆ ♣r✐♠❡✐r❛ ❡str❛té❣✐❛ ❞❡ ❛♣r♦①✐✲
♠❛çã♦ é ♦ ♠ét♦❞♦ ❞♦❣✲❧❡❣ ✭♣❡r♥❛✲❞❡✲❈❛❝❤♦rr♦✮✱ ♦ q✉❛❧ é ❛♣r♦♣r✐❛❞♦ q✉❛♥❞♦
❛ ❍❡ss✐❛♥❛ ❞♦ ♠♦❞❡❧♦ Bk é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❆ s❡❣✉♥❞❛ ❡str❛té❣✐❛✱ ❞❡✈✐❞♦ ❛
❙t❡✐❤❛✉❣ ❬✷✶❪✱ é ♠✉✐t♦ ❛♣r♦♣r✐❛❞❛ q✉❛♥❞♦ Bk é ❛ ❍❡ss✐❛♥❛ ❡①❛t❛ ∇2f(xk) ❡
q✉❛♥❞♦ ❡ss❛ ♠❛tr✐③ é ❣r❛♥❞❡ ❡ ❡s♣❛rs❛✳

✷✷



✸✳✸✳✷ ❖ P♦♥t♦ ❞❡ ❈❛✉❝❤②

❙❛❜❡♠♦s q✉❡ ♦s ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ♥ã♦ r❡q✉❡r❡♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦
ót✐♠♦ ♣❛r❛ t❡r ❜♦♥s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❉❡ ❢❛t♦✱ s♦♠❡♥t❡ ✉♠❛ ❛♣r♦✲
①✐♠❛çã♦ ❞♦ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ót✐♠♦ q✉❡ s❛t✐s❢❛ç❛ ❝❡rt♦s ❝r✐tér✐♦s é ♥❡❝❡ssár✐❛✳
❯♠❛ s✐t✉❛çã♦ s✐♠✐❧❛r ♦❝♦rr❡ ♥♦ ♠ét♦❞♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❊♠❜♦r❛
❡♠ ♣r✐♥❝í♣✐♦ ❜✉sq✉❡♠♦s ❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ s✉❜♣r♦❜❧❡♠❛ ✭✸✳✸✮✱ é s✉✜❝✐❡♥t❡✱
♣❛r❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❛❝❤❛r♠♦s ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ pk q✉❡ ❡stá ❞❡♥tr♦
❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ q✉❡ ❢♦r♥❡❝❡ ✉♠❛ r❡❞✉çã♦ s✉✜❝✐❡♥t❡ ♥♦ ♠♦❞❡❧♦✳ ❆
r❡❞✉çã♦ s✉✜❝✐❡♥t❡ ♣♦❞❡ s❡r q✉❛♥t✐✜❝❛❞❛ ❡♠ t❡r♠♦s ❞♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤② q✉❡
❞❡♥♦t❛♠♦s ♣♦r pc

k ❡ ❞❡✜♥✐♠♦s ♣❡❧♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿

❆❧❣♦r✐t♠♦ ✸✳✸✳✷✳ ✳
❉❡t❡r♠✐♥❡ ♦ ✈❡t♦r ps

k q✉❡ r❡s♦❧✈❡ ✉♠❛ ✈❡rsã♦ ❧✐♥❡❛r ❞❡ ✭✸✳✸✮✱ ✐st♦ é✱

ps
k = arg min

p∈Rn
fk + ∇fT

k p

s.a ‖p‖ ≤ ∆k.
✭✸✳✺✮

❈❛❧❝✉❧❡ ♦ ❡s❝❛❧❛r τk > 0 q✉❡ ♠✐♥✐♠✐③❛ qk(τps
k) ♥❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱

✐st♦ é✱

τk = arg min
τ>0

qk(τps
k)

s.a ‖τps
k‖ ≤ ∆k;

✭✸✳✻✮

❢❛ç❛ pc
k = τkp

s
k✳

◆❛ r❡❛❧✐❞❛❞❡✱ é ❢á❝✐❧ ❞❡ ❡s❝r❡✈❡r ♣♦r ✉♠❛ ❢ór♠✉❧❛ ❢❡❝❤❛❞❛ ❛ ❞❡✜♥✐çã♦ ❞♦
♣♦♥t♦ ❞❡ ❈❛✉❝❤②✳ ❆ s♦❧✉çã♦ ❞❡ ✭✸✳✺✮ é s✐♠♣❧❡s♠❡♥t❡

ps
k = −

∆k

‖∇fk‖
∇fk✳

P❛r❛ ♦❜t❡r♠♦s τk ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝❛s♦s ❞❡
∇fT

k Bk∇fk ≤ 0 ❡ ∇fT
k Bk∇fk > 0 s❡♣❛r❛❞❛♠❡♥t❡✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❛

❢✉♥çã♦ qk(τps
k) ❞❡❝r❡s❝❡ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❡♠ τ s❡♠♣r❡ q✉❡∇fk 6= 0✱ ❛ss✐♠ τk

é s✐♠♣❧❡s♠❡♥t❡ ♦ ♠❛✐♦r ✈❛❧♦r q✉❡ s❛t✐s❢❛③ ♦ ❧✐♠✐t❡ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ✐st♦
é✱ τk = 1✳ P❛r❛ ♦ ❝❛s♦ ∇fT

k Bk∇fk > 0✱ qk(τps
k) é ✉♠❛ q✉❛❞rát✐❝❛ ❝♦♥✈❡①❛ ❡♠

τ ✱ ❛ss✐♠ τk ♦✉ é ♦ ♠✐♥✐♠✐③❛❞♦r ✐rr❡str✐t♦ ❞❡st❛ q✉❛❞rát✐❝❛✱
‖∇fk‖

3

(∆k∇fT
k Bk∇fk)

✱

✷✸



♦✉ ♦ ♠✐♥✐♠✐③❛❞♦r ❡stá ♥♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ τk = 1✳ ❊♠ r❡s✉♠♦✱
t❡♠♦s

pc
k = −τk

∆k

‖∇fk‖
∇fk, ✭✸✳✼✮

♦♥❞❡

τk =





1 s❡ ∇fT
k Bk∇fk ≤ 0;

min(
‖∇fk‖

3

(∆k∇fT
k Bk∇fk)

, 1) ❝❛s♦ ❝♦♥trár✐♦✳
✭✸✳✽✮

❖ ♣❛ss♦ ❞❡ ❈❛✉❝❤② pc
k é ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❜❛r❛t♦✱ ♣♦✐s ♥ã♦ r❡q✉❡r ❢❛✲

t♦r❛çõ❡s ❞❡ ♠❛tr✐③❡s✳

➱ ❞❡ ❝r✉❝✐❛❧ ✐♠♣♦rtâ♥❝✐❛ ❞❡❝✐❞✐r s❡ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞♦ s✉❜♣r♦✲
❜❧❡♠❛ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ é ❛❝❡✐tá✈❡❧✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ✉♠ ♠ét♦❞♦ ❞❡
r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ t❡rá ❝♦♥✈❡r❣ê♥❝✐❛ s❡ ♦ ♣❛ss♦ pk ❛t✐♥❣✐r ✉♠❛ r❡❞✉çã♦ s✉✲
✜❝✐❡♥t❡ ❡♠ qk✱ ✐st♦ é✱ ✉♠❛ r❡❞✉çã♦ ♥♦ ♠♦❞❡❧♦ qk q✉❡ é ♣❡❧♦ ♠❡♥♦s ❛❧❣✉♠
♠ú❧t✐♣❧♦ ✜①♦ ❞❛ r❡❞✉çã♦ ❛t✐♥❣✐❞❛ ♣❡❧♦ ♣❛ss♦ ❞❡ ❈❛✉❝❤② ❛ ❝❛❞❛ ✐t❡r❛çã♦✳
❈♦♥s✐❞❡r❛r❡♠♦s ❛❣♦r❛ ❞♦✐s ♠ét♦❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡
✭✸✳✸✮✳ ❆♦ ❧♦♥❣♦ ❞❡st❛ s✉❜✲s❡çã♦✱ ❡ ❞❛ ♣ró①✐♠❛✱ ♥♦ss♦ ❢♦❝♦ s❡rá ♦ tr❛❜❛❧❤♦
✐♥t❡r♥♦ ❞❡ ✉♠❛ ✐t❡r❛çã♦ s✐♠♣❧❡s✳ ❆ss✐♠✱ ♦♠✐t✐r❡♠♦s ♦s í♥❞✐❝❡s ✏❦✑ ♣❛r❛ s✐♠✲
♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✳ ❉❡st❛ ❢♦r♠❛✱ r❡❡s❝r❡✈❡♠♦s ♦ s✉❜♣r♦❜❧❡♠❛ ❞❡ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛ ✭✸✳✸✮ ❝♦♠♦ ❛ s❡❣✉✐r✿

min
p∈Rn

q(p)
def
= f + gT p +

1

2
pT Bp,

s.a ‖p‖ ≤ ∆.
✭✸✳✾✮

♦♥❞❡ g = ∇f ✳

✸✳✸✳✸ ❖ ▼ét♦❞♦ ❞❡ ❞♦❣✲❧❡❣

❈♦♠❡ç❛♠♦s ❡①❛♠✐♥❛♥❞♦ ♦ ❡❢❡✐t♦ ❞♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ∆ ♥❛ s♦❧✉çã♦
p∗(∆) ❞♦ s✉❜♣r♦❜❧❡♠❛ ✭✸✳✾✮✳ ◗✉❛♥❞♦ B é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ❥á ♥♦t❛♠♦s q✉❡

✷✹



♦ ♠✐♥✐♠✐③❛❞♦r ✐rr❡str✐t♦ ❞❡ q(p) é ♦ ♣❛ss♦ ❝♦♠♣❧❡t♦ pB = −B−1g✳ ◗✉❛♥❞♦
❡st❡ ♣♦♥t♦ é ❢❛❝tí✈❡❧ ♣❛r❛ ✭✸✳✾✮✱ ❡❧❡ é ♦❜✈✐❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦✱ ❞♦♥❞❡ t❡♠♦s

p∗(∆) = pB, q✉❛♥❞♦ ∆ ≥
∥∥pB

∥∥✳ ✭✸✳✶✵✮

◗✉❛♥❞♦ ∆ é ♠✉✐t♦ ♣❡q✉❡♥♦✱ ❛ r❡str✐çã♦ ‖p‖ ≤ ∆ ❛ss❡❣✉r❛ q✉❡ ♦ t❡r♠♦
q✉❛❞rát✐❝♦ ❞❡ q t❡♠ ❡❢❡✐t♦ ♣❡q✉❡♥♦ ♥❛ s♦❧✉çã♦ ❞❡ ✭✸✳✾✮✳ ❆ ✈❡r❞❛❞❡✐r❛ s♦❧✉çã♦
p(∆) é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧ à s♦❧✉çã♦ q✉❡ ♥ós ♦❜t❡rí❛♠♦s ♠✐♥✐♠✐③❛♥❞♦ ❛
❢✉♥çã♦ ❧✐♥❡❛r f + gT p s✉❥❡✐t❛ ❛ ‖p‖ ≤ ∆✱ ✐st♦ é✱

p∗(∆) ≈ −∆
g

‖g‖
, q✉❛♥❞♦ ∆ é ♣❡q✉❡♥♦✳ ✭✸✳✶✶✮

P❛r❛ ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐ár✐♦s ❞❡ ∆✱ ❛ s♦❧✉çã♦ p∗(∆) t✐♣✐❝❛♠❡♥t❡ s❡❣✉❡ ✉♠❛
tr❛❥❡tór✐❛ ❝✉r✈❛✳

❖ ♠ét♦❞♦ ❞♦❣✲❧❡❣ ♦❜té♠ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛✱ s✉❜st✐t✉✐♥❞♦ ❛ tr❛✲
❥❡tór✐❛ ❝✉r✈❛ ❞❡ p∗(∆) ♣♦r ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❝♦♥s✐st❡ ❡♠ ❞♦✐s s❡❣♠❡♥t♦s ❧✐✲
♥❡❛r❡s✳ ❖ ♣r✐♠❡✐r♦ s❡❣♠❡♥t♦ ❧✐♥❡❛r s❡ ❡st❡♥❞❡ ❞❛ ♦r✐❣❡♠ ❛♦ ♠✐♥✐♠✐③❛❞♦r
✐rr❡str✐t♦✱ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ ❞❡ ♠á①✐♠❛ ❞❡s❝✐❞❛✱ s❡♥❞♦ ❞❡✜♥✐❞♦ ♣♦r

pU = −
gT g

gT Bg
g, ✭✸✳✶✷✮

❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦ s❡❣♠❡♥t♦ ❧✐♥❡❛r ✐♥✐❝✐❛✲s❡ ♥♦ ♠✐♥✐♠✐③❛❞♦r ✐rr❡str✐t♦ ❡ s❡
❡st❡♥❞❡ ♥❛ ❞✐r❡çã♦ pB✳ ❋♦r♠❛❧♠❡♥t❡✱ ♥ós ❞❡♥♦t❛♠♦s ❡st❛ tr❛❥❡tór✐❛ ♣♦r p̃(τ)
♣❛r❛ τ ∈ [0, 2]✱ ♦♥❞❡

p̃(τ) =

{
τpU , 0 ≤ τ ≤ 1 ,

pU + (τ − 1)(pB − pU), 1 ≤ τ ≤ 2 .
✭✸✳✶✸✮

❖ ♠ét♦❞♦ ❞♦❣✲❧❡❣ ❡s❝♦❧❤❡ p q✉❡ ♠✐♥✐♠✐③❛ ♦ ♠♦❞❡❧♦ q ❛♦ ❧♦♥❣♦ ❞❡st❡
❝❛♠✐♥❤♦✱ s✉❥❡✐t♦ ❛♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ◆❛ r❡❛❧✐❞❛❞❡✱ ♥❡♠ é ♠❡s♠♦
♥❡❝❡ssár✐♦ ❧❡✈❛r ❛ ❜✉s❝❛ ❛té ♦ ✜♠✱ ♣♦rq✉❡ ♦ ❝❛♠✐♥❤♦ ❞❛ ✏♣❡r♥❛ ❞❡ ❝❛❝❤♦rr♦✑
❝r✉③❛ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❡③ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ ♦ ♣♦♥t♦ ❞❡

✷✺



❋✐❣✉r❛ ✸✳✸✿ ❚r❛❥❡tór✐❛ ❡①❛t❛ ❡ ❛♣r♦①✐♠❛çã♦ ❉♦❣❧❡❣✳

✐♥t❡rs❡❝çã♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ Pr♦✈❛♠♦s ❡st❛s ❛✜r♠❛çõ❡s ♥♦
s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✸✳✸✳ ❙❡❥❛ ❇ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❊♥tã♦

✭✐✮ ‖p̃(τ)‖ é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❡♠ τ ✱ ❡
✭✐✐✮ q(p̃(τ)) é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❡♠ τ ✳

❉❡♠✳✿ P❛r❛ τ ∈ [0, 1] é ❢❛❝✐❧ ♣r♦✈❛r q✉❡ (i) ❡ (ii) ❛❝♦♥t❡❝❡♠✱ ♣♦✐s ♥❡st❡
✐♥t❡r✈❛❧♦ t❡♠♦s p̃(τ) = τpU ✳ ❆ss✐♠ r❡str✐♥❣✐r❡♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♣❛r❛ ♦ ❝❛s♦
❞❡ τ ∈ [1, 2]✳

P❛r❛ (i)✱ ❞❡✜♥✐♠♦s h(α) ♣♦r

h(α) =
1

2
‖p̃(1 + α)‖2

=
1

2

∥∥pU + α(pB − pU)
∥∥2

=
1

2

∥∥pU
∥∥2

+ α(pU)T (pB − pU) +
1

2
α2

∥∥pB − pU
∥∥2

.

◆♦ss♦ r❡s✉❧t❛❞♦ ❡st❛rá ♣r♦✈❛❞♦ s❡ ♣✉❞❡r♠♦s ♠♦str❛r q✉❡ h′(α) ≥ 0 ♣❛r❛
α ∈ (0, 1)✳ ❆❣♦r❛✱

✷✻



h′(α) = −(pU)T (pU − pB) + α
∥∥(pU − pB)

∥∥2

≥ −(pU)T (pU − pB)

=
gT g

gT Bg
gT (−

gT g

gT Bg
g + B−1g)

= gT g
gB−1g

gT Bg
[1 −

(gT g)2

(gT Bg)(gT B−1g)
]

≥ 0,

P❛r❛ (ii)✱ ❞❡✜♥✐r❡♠♦s ĥ(α) = q(p̃(1 + α)) ❡ ♠♦str❛r❡♠♦s q✉❡ ĥ′(α) ≤ 0
♣❛r❛ α ∈ (0, 1)✳ ❙✉❜st✐t✉✐♥❞♦ ✭✸✳✶✸✮ ❡♠ ✭✸✳✾✮ ❡ ❞❡r✐✈❛♥❞♦ ❡♠ r❡❧❛çã♦ à α✱
♦❜t❡♠♦s✱

h′(α) = (pB − pU)T (g + BpU) + α(pB − pU)T B(pB − pU)

≤ (pB − pU)T (g + BpU + B(pB − pU))

= (pB − pU)T (g + BpB) = 0,

❞❡♠♦♥str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

❙❡❣✉❡ ❞❡st❡ ❧❡♠❛ q✉❡ ♦ ❝❛♠✐♥❤♦ p̃(τ) ✐♥t❡r❝❡♣t❛ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛ ‖p‖ = ∆ ❡♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ s❡

∥∥pB
∥∥ ≥ ∆✱ ❡ ❡♠ ♥❡♥❤✉♠❛

♣❛rt❡ ❝❛s♦ ❝♦♥trár✐♦✳ ❈♦♠♦ q é ❞❡❝r❡s❝❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♠✐♥❤♦✱ ♦ ✈❛❧♦r
❡s❝♦❧❤✐❞♦ ❞❡ p s❡rá pB s❡

∥∥pB
∥∥ ≤ ∆❀ ❝❛s♦ ❝♦♥trár✐♦ é ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦

❞❛ ♣❡r♥❛✲❞❡✲❝❛❝❤♦rr♦ ❡ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ♥ós
❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦ ❞❡ τ r❡s♦❧✈❡♥❞♦ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ q✉❛❞rát✐❝❛
❡♠ ✉♠❛ ✈❛r✐á✈❡❧✿

∥∥pU + (τ − 1)(pB − pU)
∥∥2

= ∆2.

❆ ❡str❛té❣✐❛ ❞❡ ♣❡r♥❛✲❞❡✲❝❛❝❤♦rr♦ ♣♦❞❡ s❡r ❛❞❛♣t❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ♠❛✲
tr✐③ ❇ s❡r ✐♥❞❡✜♥✐❞❛✳ ◆❡st❡ ❝❛s♦ ♦ ♣❛ss♦ ❝♦♠♣❧❡t♦ pB ♥ã♦ é ♦ ♠✐♥✐♠✐③❛❞♦r
✐rr❡str✐t♦ ❞❡ q✳
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✸✳✸✳✹ ❆♣r♦①✐♠❛çã♦ ❞❡ ❙t❡✐❤❛✉❣

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❙t❡✐❤❛✉❣ é ❜❛s❡❛❞❛ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣r❛✲
❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s ✭●❈✮✱ ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦ ♣❛r❛ r❡s♦❧✈❡r s✐st❡♠❛s ❧✐✲
♥❡❛r❡s ❝♦♠ ♠❛tr✐③❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s s✐♠étr✐❝❛s ❞❡✜♥✐❞❛s ♣♦s✐t✐✈❛s ❬✽❪ ❡ ❬✶✵❪✳
◆♦ss♦s ❝♦♠❡♥tár✐♦s ♥❡st❛ s❡çã♦ s❡ ❝♦♥❝❡♥tr❛♠ ♥❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ●❈ ❡ ❛
❛♣r♦①✐♠❛çã♦ ❞❡ ❙t❡✐❤❛✉❣✱ q✉❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ t❡r♠✐♥❛
♦✉ q✉❛♥❞♦ s❛í♠♦s ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ‖p‖ ≤ ∆✱ ♦✉ ❛✐♥❞❛ q✉❛♥❞♦ ❡♥❝♦♥✲
tr❛♠♦s ❛ ❞✐r❡çã♦ ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ❞❡ B✳

❆ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t❡✐❤❛✉❣ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❢♦r♠❛❧♠❡♥t❡ ❝♦♠♦ ❛ s❡❣✉✐r✿

❆❧❣♦r✐t♠♦ ✸✳✸✳✹✳

❉❛❞♦ ǫ > 0❀
❙❡❥❛ p0 = 0✱ r0 = g✱ d0 = −r0❀
P❛ss♦ ✶✿ s❡ ‖r0‖ < ǫ

r❡t♦r♥❛r p = p0❀
♣❛r❛ j = 0, 1, 2, ...
P❛ss♦ ✷✿ s❡ dT

j Bdj ≤ 0
❊♥❝♦♥tr❡ τ t❛❧ q✉❡ p = pj + τdj r❡s♦❧✈❡♥❞♦ ♦ s✉❜♣r♦❜❧❡♠❛ ✸✳✾❀
r❡t♦r♥❛r p❀

P❛ss♦ ✸✿ ❋✐①❛r αj =
rT
j rj

dT
j Bdj

❀

P❛ss♦ ✹✿ ❋✐①❛r pj+1 = pj + αjdj❀
P❛ss♦ ✺✿ s❡ ‖pj+1‖ ≥ ∆

❊♥❝♦♥tr❡ τ ≥ 0 t❛❧ q✉❡ p = pj + τdj s❛t✐s❢❛③❡♥❞♦ ‖p‖ = ∆❀
r❡t♦r♥❛r p❀

P❛ss♦ ✻✿ ❋✐①❛r rj+1 = rj + αjBdj❀
P❛ss♦ ✼✿ s❡ ‖rj+1‖ < ǫ ‖r0‖

r❡t♦r♥❛r p = pj+1❀

P❛ss♦ ✽✿ ❋✐①❛r Bj+1 =
rT
j+1rj+1

rT
j rj

❀

P❛ss♦ ✾✿ ❋✐①❛r dj+1 = rj+1 + Bj+1dj❀
✜♠ ✭♣ár❛✮✳

❖ ❛❧❣♦r✐t♠♦ ✸✳✸✳✹ ❞✐❢❡r❡ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛❞rã♦ ●❈ ❡♠ ❞♦✐s ❝r✐tér✐♦s ❡①tr❛s
❞❡ ♣❛r❛❞❛ ✲ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ♠❛♥✐❢❡st❛çõ❡s s❡ ❞❡♥tr♦ ❞♦ ❧♦♦♣ ♣ár❛✳ ❖
♣r✐♠❡✐r♦ s❡ ✐♥❞✐❝❛ s❡ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❛t✉❛❧ dj é ✉♠❛ ❞✐r❡çã♦ ❞❡ ❝✉r✈❛t✉r❛
③❡r♦ ♦✉ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ ❡♠ r❡❧❛çã♦ à B✳ ❖ s❡❣✉♥❞♦ ❧❡✈❛ à ✐♥t❡rr✉♣çã♦ ❞♦

✷✽



♣r♦❝❡ss♦ s❡ pj+1 ✈✐♦❧❛ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱
✉♠ ♣♦♥t♦ ✜♥❛❧ p é ❡♥❝♦♥tr❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❛t✉❛❧ ❝♦♠
♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳

❆ ✐♥✐❝✐❛❧✐③❛çã♦ p0 = 0 é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝r✉❝✐❛❧ ❞♦ ❛❧❣♦r✐t♠♦✳ ❉❡♣♦✐s
❞❛ ♣r✐♠❡✐r❛ ✐t❡r❛çã♦✱ t❡♠♦s

p1 = α0d0 =
rT
0 r0

dt
0Bd0

d0 = −
gT g

gT Bg
g✱

q✉❡ é ❡①❛t❛♠❡♥t❡ ♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②✦ ❈♦♠♦ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ❣r❛✲
❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s r❡❞✉③ q(.)✱ ❡st❡ ❛❧❣♦r✐t♠♦ ❝✉♠♣r❡ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s
♣❛r❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧✳

❖✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ❝r✉❝✐❛❧ ❞♦ ♠ét♦❞♦ é q✉❡✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ❛ ♥♦r♠❛ ❞❡
pj é ♠❛✐♦r q✉❡ ❛ ❞❡ s❡✉ ❛♥t❡❝❡ss♦r✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ é ♦✉tr❛ ❝♦♥s❡qüê♥❝✐❛
❞❛ ✐♥✐❝✐❛❧✐③❛çã♦ p0 = 0✳ ❙✉❛ ✐♠♣❧✐❝❛çã♦ ♣r✐♥❝✐♣❛❧ ❡stá ♥❛ ❛❝❡✐tá❜✐❧✐❞❛❞❡
♣❛r❛ ✐♥t❡rr♦♠♣❡r ❛ ✐t❡r❛çã♦ ❛ss✐♠ q✉❡ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ s❡❥❛
❛❧❝❛♥ç❛❞♦✱ ♣♦rq✉❡ ♥❡♥❤✉♠❛ ✐t❡r❛çã♦ ❛❞✐❝✐♦♥❛❧ q✉❡ ❢♦r♥❡ç❛ ✉♠ ✈❛❧♦r ♠❡♥♦r ❞❡
q ❡st❛rá ❞❡♥tr♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡①♣õ❡ ❢♦r♠❛❧♠❡♥t❡
❡st❛s ♣r♦♣r✐❡❞❛❞❡s✳

❚❡♦r❡♠❛ ✸✳✸✳✺✳ ❆ s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❣❡r❛❞♦s ♣❡❧♦ ❆❧❣♦r✐t♠♦ ✸✳✸✳✹ s❛t✐s❢❛③

0 = ‖p0‖2 < ... < ‖pj‖2 < ‖pj+1‖2 < ... < ‖p‖2 ≤ ∆.

❉❡♠✳✿ Pr✐♠❡✐r♦ ♠♦str❛r❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❣❡r❛❞♦s ♣❡❧♦
❆❧❣♦r✐t♠♦ ✸✳✸✳✹ s❛t✐s❢❛③ (pj)T rj = 0 ♣❛r❛ j ≥ 0 ❡ (pj)T dj > 0 ♣❛r❛ j ≥ 1✳
❖ ❆❧❣♦r✐t♠♦ ✸✳✸✳✹ ❝❛❧❝✉❧❛ pj+1 r❡❝✉rs✐✈❛♠❡♥t❡ ❡♠ t❡r♠♦s ❞❡ pj✱ ♣♦ré♠ q✉❛♥❞♦
t♦❞♦s ♦s t❡r♠♦s ❞❡st❛ r❡❝✉rsã♦ sã♦ ❡s❝r✐t♦s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡

pj = p0 +

j−1∑

i=0

αidi =

j−1∑

i=0

αidi✱

❞❡s❞❡ q✉❡ p0 = 0✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r rj ❡ ❛♣❧✐❝❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s✉❜❡s✲
♣❛ç♦ ❡①♣❛♥❞✐❞♦ ❞❡ ●❈ t❡r❡♠♦s

(pj)T rj =

j−1∑

i=0

αid
T
i rj = 0✳

✷✾



❯♠❛ ♣r♦✈❛ ♣♦r ✐♥❞✉çã♦ ❡st❛❜❡❧❡❝❡ ❛ r❡❧❛çã♦ (pj)T dj > 0✳ ❆♣❧✐❝❛♥❞♦ ❛ ♣r♦✲
♣r✐❡❞❛❞❡ ❞❡ s✉❜❡s♣❛ç♦ ❡①♣❛♥❞✐❞♦ ♥♦✈❛♠❡♥t❡✱ ♦❜t❡♠♦s

(p1)T d1 = (α0d0)
T (r1 + β1d0) = α0β1d

T
0 d0 > 0. ✭✸✳✶✹✮

❋❛③❡♠♦s ❛❣♦r❛ ❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛ q✉❡ (pj)T dj > 0 ❡ ♣r♦✈❛r❡♠♦s q✉❡ ❡st❛ ✐♠✲
♣❧✐❝❛ (pj+1)T dj+1 > 0✳ ❉❡ ✭✸✳✶✹✮✱ t❡♠♦s (pj+1)T rj+1 = 0✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
t❡♠♦s

(pj+1)T dj+1 = (pj+1)T (rj+1 + βj+1dj)

= βj+1(p
j+1)T dj

= βj+1(p
j + αjdj)

T dj

= βj+1(p
j)T dj + αjβj+1d

T
j dj.

P♦r ❝❛✉s❛ ❞❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛✱ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ é ♣♦s✐t✐✈❛✳
❆❣♦r❛ ♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛✳ ❙❡ ♦ ❛❧❣♦r✐t♠♦ ♣❛r❛r ♣♦rq✉❡ dT

j Bdj ≤ 0 ♦✉
‖pj+1‖2 ≥ ∆✱ ❡♥tã♦ ♦ ♣♦♥t♦ ✜♥❛❧ p é ❡s❝♦❧❤✐❞♦ ❢❛③❡♥❞♦ ‖p‖2 = ∆✱ q✉❡ é ♦
♠❛✐♦r ❝♦♠♣r✐♠❡♥t♦ ♣♦ssí✈❡❧ q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ ♣♦❞❡ t❡r✳ P❛r❛ ❝♦❜r✐r t♦❞❛s
❛s ♦✉tr❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♥♦ ❛❧❣♦r✐t♠♦ ❞❡✈❡♠♦s ♣r♦✈❛r q✉❡ ‖pj‖2 < ‖pj+1‖2

q✉❛♥❞♦ pj+1 = pj + αjdj ❡ j ≥ 1✳ ❖❜s❡r✈❡ q✉❡

‖pj+1‖
2
2 = (pj + αjdj)

T (pj + αjdj) = ‖pj‖
2
2 + 2αj(p

j)T dj + α2
j ‖dj‖

2
2✳

❙❡❣✉❡ ❞❡st❛ ❡①♣r❡ssã♦ ❡ ❞♦ ♥♦ss♦ r❡s✉❧t❛❞♦ ✐♥t❡r♠❡❞✐ár✐♦ q✉❡ ‖pj‖2 < ‖pj+1‖2✱
❛ss✐♠ ♥♦ss❛ ♣r♦✈❛ ❡stá ❝♦♠♣❧❡t❛✳

✸✳✸✳✺ ❘❡❞✉çã♦ ♦❜t✐❞❛ ♣❡❧♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②

◆❛s ❞✐s❝✉ssõ❡s ❛♥t❡r✐♦r❡s ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ s✉❜✲
♣r♦❜❧❡♠❛s ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ❡♥❢❛t✐③❛♠♦s r❡♣❡t✐❞❛♠❡♥t❡ q✉❡ ❝♦♥✈❡r❣ê♥✲
❝✐❛ ❣❧♦❜❛❧ ❞❡♣❡♥❞❡ ❞❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛✱ ❛ q✉❛❧ ❞❡✈❡ ♦❜t❡r ♣❡❧♦ ♠❡♥♦s
r❡❞✉çã♦ s✉✜❝✐❡♥t❡ ♥❛ ❢✉♥çã♦ ♠♦❞❡❧♦ q ❝♦♠♦ ♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②✳ ◆❛ r❡❛❧✐✲
❞❛❞❡✱ ✉♠❛ ❢r❛çã♦ ✜①❛ ❞❛ r❡❞✉çã♦ ❞❡ ❈❛✉❝❤② ❜❛st❛✳ ❈♦♠❡ç❛r❡♠♦s ♦❜t❡♥❞♦
✉♠❛ ❡st✐♠❛t✐✈❛ ❞❛ r❡❞✉çã♦ ❡♠ q ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②✱ ❡ ❡♥tã♦
✉s❛r❡♠♦s ❡st❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♣r♦✈❛r q✉❡ ❛ s✉❝❡ssã♦ ❞❡ ❣r❛❞✐❡♥t❡s {∇fk}
❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✶ ♦✉ t❡♠ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❡♠ ③❡r♦ ♦✉

✸✵



❡♥tã♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✱ ❞❡♣❡♥❞❡♥❞♦ s❡ ❡s❝♦❧❤❡♠♦s ♦ ♣❛râ♠❡tr♦ η ✐❣✉❛❧ ❛
③❡r♦ ♦✉ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦ ♥♦ ❛❧❣♦r✐t♠♦✳ ▼♦str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡
❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ❛ ✈❡rsã♦ ❞♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✶✳

❈♦♠❡ç❛r❡♠♦s ♣r♦✈❛♥❞♦ q✉❡ ♦ ❞♦❣✲❧❡❣ ❡ ♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✹ ♣r♦❞✉③❡♠ s♦❧✉çõ❡s
❛♣r♦①✐♠❛❞❛s pk ❞♦ s✉❜♣r♦❜❧❡♠❛ ✭✸✳✸✮ q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡st✐♠❛t✐✈❛

qk(0) − qk(pk) ≥ c1 ‖∇fk‖min(∆k,
‖∇fk‖

‖Bk‖
), ✭✸✳✶✺✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c1 ∈ (0, 1]✳ ❆ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ❞❛❞❛ ♣❡❧♦
♠í♥✐♠♦ ❡♠ ✭✸✳✶✺✮ é tí♣✐❝❛ ❞❡ ♠ét♦❞♦s ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ s✉r❣❡ ♣♦r
❝❛✉s❛ ❞♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳ ◆♦t❡ q✉❡ q✉❛♥❞♦ ∆k ❢♦r ♦ ✈❛❧♦r ♠í♥✐✲
♠♦ ❡♠ ✭✸✳✶✺✮✱ ❛ ❝♦♥❞✐çã♦ ❧❡♠❜r❛ ❧✐❣❡✐r❛♠❡♥t❡ ❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❡ ❲♦❧❢❡
✭✈❡r ❬✶✵❪✮✿ ❛ r❡❞✉çã♦ ❞❡s❡❥❛❞❛ ♥♦ ♠♦❞❡❧♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❣r❛❞✐❡♥t❡ ❡ ❛♦
t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✳

❱❡r❡♠♦s ❛❣♦r❛ q✉❡ ♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤② pC
k s❛t✐s❢❛③ ✭✸✳✶✺✮✱ ❝♦♠ c1 = 1

2
✳

▲❡♠❛ ✸✳✸✳✻✳ ❖ ♣♦♥t♦ ❞❡ ❈❛✉❝❤② pC
k s❛t✐s❢❛③ ✭✸✳✶✺✮✱ ❝♦♠ c1 = 1

2
✱ ✐st♦ é✱

qk(0) − qk(p
C
k ) ≥

1

2
‖∇fk‖min

(
∆k,

‖∇fk‖

‖Bk‖

)
. ✭✸✳✶✻✮

❉❡♠✳✿ ❱❡r ◆♦❝❡❞❛❧ ✫ ❲r✐❣❤t ❬✶✹❪✳

P❛r❛ s❛t✐s❢❛③❡r ✭✸✳✶✺✮✱ ♥♦ss❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ pk só t❡♠ q✉❡ ❛❧❝❛♥ç❛r
✉♠❛ r❡❞✉çã♦ q✉❡ é ♣❡❧♦ ♠❡♥♦s ❛❧❣✉♠❛ ❢r❛çã♦ ✜①❛ c2 ❞❛ r❡❞✉çã♦ ❛❧❝❛♥ç❛❞❛
♣❡❧♦ ♣♦♥t♦ ❞❡ ❈❛✉❝❤②✳ ❊♥✉♥❝✐❛r❡♠♦s ❡st❛ ♦❜s❡r✈❛çã♦ ❝♦♠♦ ✉♠ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✸✳✸✳✼✳ ❙❡❥❛ pk ✉♠ ✈❡t♦r q✉❛❧q✉❡r t❛❧ q✉❡ ‖pk‖ ≤ ∆k ❡
qk(0) − qk(pk) ≥ c2(qk(0) − qk(p

C
k ))✳ ❊♥tã♦ pk s❛t✐s❢❛③ ✭✸✳✶✺✮ ❝♦♠ c1 = c2

2
✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ pk é ❛ s♦❧✉çã♦ ❡①❛t❛ p∗k ❞❡ ✭✸✳✸✮✱ ❡♥tã♦ s❛t✐s❢❛③ ✭✸✳✶✺✮ ❝♦♠
c1 = 1

2
✳

❉❡♠✳✿ ❱❡r ◆♦❝❡❞❛❧ ✫ ❲r✐❣❤t ❬✶✹❪✳

◆♦t❡ q✉❡ ❞♦❣✲❧❡❣ ❡ ♦ ❛❧❣♦r✐t♠♦ ✭✸✳✸✳✹✮ s❛t✐s❢❛③❡♠ ✭✸✳✶✺✮ ❝♦♠ c1 = 1
2
✱

♣♦rq✉❡ ❡❧❡s ♣r♦❞✉③❡♠ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s pk ♣❛r❛ ❛ q✉❛❧ qk(pk) ≤ qk(p
C
k )✳

✸✶



✸✳✸✳✻ ❈♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s

P❛r❛ ❛♥❛❧✐s❛r♠♦s ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❞❡ ♠ét♦❞♦s ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱
t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ ✜①❛r♠♦s ♦ ♣❛râ♠❡tr♦ η ♥♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✶ ✐❣✉❛❧ ❛
③❡r♦ ♦✉ ❛tr✐❜✉✐♠♦s ❛ η ✉♠ ✈❛❧♦r ♣♦s✐t✐✈♦ ♣❡q✉❡♥♦✳ ◗✉❛♥❞♦ η = 0✱ ♣♦❞❡♠♦s
♠♦str❛r q✉❡ ❛ s✉❝❡ssã♦ {∇fk} ❞❡ ❣r❛❞✐❡♥t❡s t❡♠ ✉♠ ❧✐♠✐t❡ ♥♦ ♣♦♥t♦ ③❡r♦✳
P❛r❛ ♦ t❡st❡ ❞❡ ❛❝❡✐t❛çã♦ ♠❛✐s ❡str✐t♦ ❝♦♠ η > 0✱ q✉❡ r❡q✉❡r q✉❡ ❛ r❡❞✉çã♦
r❡❛❧ ❞❡ f s❡❥❛ ♣❡❧♦ ♠❡♥♦s ❛❧❣✉♠❛ ♣❡q✉❡♥❛ ❢r❛çã♦ ❞❛ ❞✐♠✐♥✉✐çã♦ ♣r❡✈✐st❛✱
t❡♠♦s ♦ r❡s✉❧t❛❞♦✿ ∇fk → 0✳

❱❡r❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ♣❛r❛ ❛♠❜♦s ♦s ❝❛s♦s✳ ❆s✲
s✉♠✐r❡♠♦s q✉❡ ❛s ❍❡ss✐❛♥❛s ❛♣r♦①✐♠❛❞❛s Bk✱ ❡♠ ♥♦r♠❛✱ sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡
❧✐♠✐t❛❞❛s✱ ❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧

{x|f(x) ≤ f(x0)} ✭✸✳✶✼✮

é ❧✐♠✐t❛❞♦✳ P❛r❛ ❛♠♣❧✐❛r ♦s r❡s✉❧t❛❞♦s✱ ♣❡r♠✐t✐r❡♠♦s t❛♠❜é♠ q✉❡ ♦ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ pk ❞❡ ✸✳✸✳✹ ❡①❝❡❞❛ ♦ ❧✐♠✐t❡ ❞❛ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛✱ ❝♦♥t❛♥t♦ q✉❡ ✜q✉❡ ❞❡♥tr♦ ❞❡ ❛❧❣✉♠ ♠ú❧t✐♣❧♦ ✜①♦ ❞♦ ❧✐♠✐t❡❀ ✐ss♦ é✱

‖pk‖ ≤ λ∆k✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ λ ≥ 1. ✭✸✳✶✽✮

❖s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s sã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ η = 0✳

❚❡♦r❡♠❛ ✸✳✸✳✽✳ ❙❡❥❛ η = 0 ♥♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✶✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ‖Bk‖ ≤ β
♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ β✱ q✉❡ f s❡❥❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❧✐♠✐t❛❞❛
♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ ✭✸✳✶✼✮✱ ❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ pk ❞❡ ✸✳✸✳✹ s❛t✐s✲
❢❛ç❛ ❛s ✐♥❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✶✽✮✱ ♣❛r❛ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s c1 ❡ λ✳ ❚❡r❡♠♦s
❡♥tã♦

lim
k→∞

inf ‖∇fk‖ = 0. ✭✸✳✶✾✮

❉❡♠✳✿ ❱❡r ◆♦❝❡❞❛❧ ✫ ❲r✐❣❤t ❬✶✹❪✳

P❛r❛ ♦ ❝❛s♦ ❞❡ η > 0 t❡♠♦s ♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✸✳✸✳✾✳ ❙❡❥❛ η ∈ (0, 1
4
) ♥♦ ❛❧❣♦r✐t♠♦ ✸✳✸✳✶✳ ❙✉♣♦♥❤❛♠♦s q✉❡

‖Bk‖ ≤ β ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ β✱ q✉❡ f s❡❥❛ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❧✐♠✐t❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧ ✭✸✳✶✼✮✱ ❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ❛♣r♦✲
①✐♠❛❞❛ pk ❞❡ ✸✳✸✳✹ s❛t✐s❢❛ç❛ ❛s ✐♥❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✶✽✮✱ ♣❛r❛ ❝♦♥st❛♥t❡s
♣♦s✐t✐✈❛s c1 ❡ λ✳ ❚❡r❡♠♦s ❡♥tã♦
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lim
k→∞

‖∇fk‖ = 0. ✭✸✳✷✵✮

❉❡♠✳✿ ❱❡r ◆♦❝❡❞❛❧ ✫ ❲r✐❣❤t ❬✶✹❪✳
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❈❛♣ít✉❧♦ ✹

❯♠ ▼ét♦❞♦ s❡♠ ❉❡r✐✈❛❞❛s

❇❛s❡❛❞♦ ❡♠ ■♥t❡r♣♦❧❛çã♦

◗✉❛❞rát✐❝❛

❉❡s❝r❡✈❡r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ✉♠ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ▼✳ ❏✳ ❉✳ P♦✇❡❧❧ ❡♠
✷✵✵✷ ❬✶✻❪ ❡ ❛♣r✐♠♦r❛❞♦ ❡♠ ✷✵✵✸ ❬✶✼❪ ❡ ✷✵✵✹ ❬✶✽✱ ✶✾❪✳ ❊st❡ ♠ét♦❞♦ é ✈♦❧t❛❞♦
❛ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦✱ s❡♠ r❡str✐çõ❡s✱ ♥♦s ♠♦❧❞❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳
❯♠ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ Q ≈ f ♣♦❞❡ s❡r r❡q✉❡r✐❞♦ ♥♦ ❝♦♠❡ç♦ ❞❡ ❝❛❞❛ ✉♠❛
❞❛s ✐t❡r❛çõ❡s✱ ♦ q✉❛❧ é ✉s❛❞♦ ❡♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛
❛❥✉st❛r ❛s ✈❛r✐á✈❡✐s✳ ◗✉❛♥❞♦ Q é ❛t✉❛❧✐③❛❞♦✱ ♦ ♥♦✈♦ Q ✐♥t❡r♣♦❧❛ f ❡♠ m
♣♦♥t♦s✱ s❡♥❞♦ ♦ ✈❛❧♦r ❞❡ m = 2n + 1 ✐♥✐❝✐❛❧♠❡♥t❡ r❡❝♦♠❡♥❞❛❞♦✳ ❙ó ✉♠
♣♦♥t♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ é ❛❧t❡r❛❞♦ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✳ ❆ss✐♠✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡
tr❛❜❛❧❤♦ ♣♦r ✐t❡r❛çã♦ é s♦♠❡♥t❡ ❞❛ ♦r❞❡♠ ❞❡ (m + n)2✱ ♦ q✉❡ ♣❡r♠✐t❡ q✉❡ n
s❡❥❛ ❜❛st❛♥t❡ ❣r❛♥❞❡✳

✹✳✶ ❖ ▼♦❞❡❧♦ ◗✉❛❞rát✐❝♦ ❡ ♦ ❈á❧❝✉❧♦ ❞♦s P♦♥✲

t♦s ■♥✐❝✐❛✐s

❆♣r♦①✐♠❛çõ❡s q✉❛❞rát✐❝❛s ♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ sã♦ ❛❧t❛♠❡♥t❡ út❡✐s ♣❛r❛
♦❜t❡r ✉♠❛ t❛①❛ rá♣✐❞❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ❛❧❣♦r✐t♠♦s ✐t❡r❛t✐✈♦s ♣❛r❛ ♦t✐♠✐③❛✲
çã♦ s❡♠ r❡str✐çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝❛❞❛ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ t❡♠ 1

2
(n+1)(n+2)

♣❛râ♠❡tr♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ❡st❡ ♥ú♠❡r♦ ❞❡ ❝á❧❝✉❧♦s ❞❡ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡✲
t✐✈♦ é ♣r♦✐❜✐t✐✈❛♠❡♥t❡ ❝❛r♦ ❡♠ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ❝♦♠ n ❣r❛♥❞❡✳ ❊♥tã♦ ❡st❡
♠ét♦❞♦ t❡♥t❛ ❝♦♥str✉✐r ♠♦❞❡❧♦s q✉❛❞rát✐❝♦s s❛t✐s❢❛tór✐♦s ❝♦♠ ♠❡♥♦s ❞❛❞♦s✳

✸✹



❈♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ Q(x) ❞❛❞❛ ♣♦r✿

Q(x) = 1
2
xT Gx + bT x + c✱

♦♥❞❡ x ∈ R
n✱ G ∈ R

n×n s✐♠étr✐❝❛✱ b ∈ R
n ❡ c ∈ R✳

◆❡st❡ ♠ét♦❞♦✱ ♥♦ ❝♦♠❡ç♦ ❞❡ ✉♠❛ ✐t❡r❛çã♦✱ ♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ Q(x)
t❡♠ q✉❡ s❛t✐s❢❛③❡r s♦♠❡♥t❡ m ❝♦♥❞✐çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦

Q(xi) = f(xi), i = 1, 2..., m, ✭✹✳✶✮

♦♥❞❡ f(x)✱ x ∈ R
n✱ é ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡ m é ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦✲

❧❛çã♦❀ ❛s ♣♦s✐çõ❡s ❞♦s ❞✐❢❡r❡♥t❡s ♣♦♥t♦s xi✱ i = 1, 2..., m sã♦ ❣❡r❛❞❛s ❛ ♣❛rt✐r
❞❡ x0✳ ❘❡q✉❡r❡♠♦s m ≤ 1

2
(n + 1)(n + 2) ❡ m ≥ n + 2✱ ♣❛r❛ q✉❡ ❛s ❡q✉❛çõ❡s

✭✹✳✶✮ s❡♠♣r❡ ❢♦r♥❡ç❛♠ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ❛ ♠❛tr✐③ ❞❡ ❞❡r✐✈❛❞❛s ♣❛r✲
❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ G = ∇2Q✳ ▲❡♠❜r❡♠♦s q✉❡ ♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦
t❡♠ 1

2
(n + 1)(n + 2) ♣❛râ♠❡tr♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞♦s✱ ✐st♦ é✱

(n+1)n
2

♣❛râ♠❡tr♦s ❞❡ G✱ n ❞❡ b ❡ 1 ❞❡ c✱ s✉❣❡r✐♠♦s m = 2n + 1 ♣♦♥t♦s ❞❡
✐♥t❡r♣♦❧❛çã♦✱ ♣♦✐s ❝♦♠ ❡ss❡ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s✱ ❝♦♥s❡❣✉✐♠♦s ❞❡t❡r♠✐♥❛r c✱ ♦
✈❡t♦r b ❡ n ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ G✱ ❢♦rç❛♥❞♦✲❛ s❡r ❞✐❛❣♦♥❛❧✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ♦s
❝á❧❝✉❧♦s✱ ♣♦❞❡♥❞♦ ❛ss✐♠ n s❡r ❣r❛♥❞❡✱ ♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s ♣r❡s❡♥t❡s
♥♦ ❝❛♣ít✉❧♦ ✺ r❡❢♦rç❛♠ ♥♦ss❛ ❡s❝♦❧❤❛✳

◆❛ ♣r✐♠❡✐r❛ ✐t❡r❛çã♦✱ ❡s❝r❡✈❡♠♦s ♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ♥❛ ❢♦r♠❛

Q(x0 + d) = Q(x0) + dt∇Q(x0) + 1
2
dt∇2Qd, d ∈ R

n. ✭✹✳✷✮

❙❡ m = 2n + 1✱ ❢♦rç❛♠♦s ∇2Q s❡r ❞✐❛❣♦♥❛❧✳
◗✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✭✹✳✶✮ s❛t✐s❢❛③ m ≥ 2n+1✱

♦s ♣r✐♠❡✐r♦s 2n + 1 ♣♦♥t♦s xi✱ i = 1, 2, ...,m✱ sã♦ ❡s❝♦❧❤✐❞♦s ♣❡❧♦s ✈❡t♦r❡s✿

x1 = x0, e
xi+1 = x0 + ρbegei

xi+n+1 = x0 − ρbegei

}
i = 1, 2..., n, ✭✹✳✸✮

♦♥❞❡ ei é ♦ ✐✲és✐♠♦ ✈❡t♦r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❡♠ R
n ❡ ρbeg é ♦ r❛✐♦ ✐♥✐❝✐❛❧ ❞❛ r❡❣✐ã♦

❞❡ ❝♦♥✜❛♥ç❛ ✭q✉❡ s❡rá ❛❜♦r❞❛❞♦ ♥❛ s❡çã♦ ✹✳✷✮✳ ❆ss✐♠ Q(x0)✱ ∇Q(x0) ❡ ♦s
❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ (∇2Q)ii✱ i = 1, 2, ...n✱ sã♦ ❞❡t❡r♠✐♥❛❞♦s ✉♥✐✈♦❝❛♠❡♥t❡
♣❡❧❛s ♣r✐♠❡✐r❛s 2n + 1 ❡q✉❛çõ❡s ✭✹✳✶✮✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ q✉❛♥❞♦ m s❛t✐s❢❛③
n+2 ≤ m ≤ 2n✱ ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s ❞❡ ✐♥t❡r♣♦❧❛çã♦ sã♦ ♦s ♣r✐♠❡✐r♦s m ✈❡t♦r❡s
✭✹✳✸✮✳ ❙❡❣✉❡ q✉❡ Q(x0)✱ ♦s ♣r✐♠❡✐r♦s m − n − 1 ❝♦♠♣♦♥❡♥t❡s ❞❡ ∇Q(x0) ❡
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(∇2Q)ii✱ i = 1, 2, ...m − n − 1✱ sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❖s ❞❡♠❛✐s
❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ ∇2Q sã♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ③❡r♦s✱ ❛ss✐♠ ❝♦♠♦ ❛s
♦✉tr❛s ❝♦♠♣♦♥❡♥t❡s ❞❡∇Q(x0) t♦♠❛♠ ♦s ✈❛❧♦r❡s {f(x0+ρbegei)−f(x0)}/ρbeg✱
m − n ≤ i ≤ n✳

◆♦ ❝❛s♦ m > 2n + 1✱ ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s xi✱ i = 1, 2, ...,m✱ sã♦ ❡s❝♦❧❤✐❞♦s
t❛✐s q✉❡ ❛s ❝♦♥❞✐çõ❡s ✭✹✳✶✮ t❛♠❜é♠ ❢♦r♥❡ç❛♠ 2(m − 2n − 1) ❡❧❡♠❡♥t♦s ❢♦r❛
❞❛ ❞✐❛❣♦♥❛❧ ❞❡ ∇2Q❀ ♦ ❢❛t♦r 2 é ❞❡✈✐❞♦ à s✐♠❡tr✐❛✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣❛r❛
i ∈ [2n + 2, m]✱ ♦s ♣♦♥t♦s xi tê♠ ❛ ❢♦r♠❛

xi = x0 + σpρbegep + σqρbegeq, ✭✹✳✹✮

♦♥❞❡ p ❡ q sã♦ ✐♥t❡✐r♦s ❞✐❢❡r❡♥t❡s ❡♠ [1, n]✱ ❡ ♦♥❞❡ σp ❡ σq sã♦ ✐♥❝❧✉í❞♦s ♥❛
❞❡✜♥✐çã♦✿

σj =

{
−1, f(x0 − ρbegej) < f(x0 + ρbegej)
+1, f(x0 − ρbegej) ≥ f(x0 + ρbegej),

❥❂✶✱✷✱✳✳✳✱♥,

❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❛ ❡s❝♦❧❤❛ ✭✹✳✹✮ ❧❡✈❡ ❛ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

❉❡ss❡ ♠♦❞♦ ♦ ❡❧❡♠❡♥t♦ (∇2Q)pq = (∇2Q)qp é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❡q✉❛çã♦
✭✹✳✶✮✱ ❞❡s❞❡ q✉❡ t♦❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ Q(x)✱ x ∈ R

n✱ t❡♥❤❛ ❛ ♣r♦♣r✐❡❞❛❞❡

σ−2
beg{Q(x0)−Q(x0+σpρbegep)−Q(x0+σqρbegeq)+Q(x0+σpρbegep+σpρbegep)} =

σpσq(∇
2Q)pq✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ p ❡ q sã♦ ❡s❝♦❧❤✐❞♦s ♥❛ ❢ór♠✉❧❛ ✭✹✳✹✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳
❙❡❥❛ j ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞♦ q✉♦❝✐❡♥t❡ (i−n−2)

n
✱ ❞♦♥❞❡ j ≥ 1 ❞❡✈✐❞♦ ❛ i ≥ 2n + 2❀

✜①❛♠♦s p = i − n − 1 − jn✱ q✉❡ ❡stá ♥♦ ✐♥t❡r✈❛❧♦ [1, n]✱ ❡ ♣❡r♠✐t✐♠♦s q t❡r
♦ ✈❛❧♦r p + j ♦✉ p + j − n✱ ❛ ú❧t✐♠❛ ❡s❝♦❧❤❛ s❡♥❞♦ ❢❡✐t❛ ♥♦ ❝❛s♦ p + j > n✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ n = 5 ❡ m = 20✱ ♣♦r ❡①❡♠♣❧♦✱ ❤á 9 ♣❛r❡s {p, q}✱
❣❡r❛❞♦s ♥❛ ♦r❞❡♠ {1, 2}✱ {2, 3}✱ {3, 4}✱ {4, 5}✱ {5, 1}✱ {1, 3}✱ {2, 4}✱ {3, 5} ❡
{4, 1}✳ ❚♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ ∇2Q q✉❡ ♥ã♦ sã♦ ❢♦r♥❡❝✐❞♦s
♣♦r ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ sã♦ ✜①❛❞♦s ❝♦♠♦ ③❡r♦✱ ♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❡s♣❡❝✐✜❝❛çã♦
❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ✐♥✐❝✐❛❧ ✭✹✳✷✮✳

❖ ♠ét♦❞♦ ❡①✐❣❡ m ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✳ ❉❡♥tr❡ ❡ss❡s✱ ❞❡t❡r♠✐♥❛♠♦s
♦ ♣♦♥t♦ xopt ❝♦♠♦ s❡♥❞♦ ♦ q✉❡ ❢♦r♥❡❝❡ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ f ❛té ❡♥tã♦ ❝❛❧❝✉✲
❧❛❞♦✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡✈❡♠♦s ❞❡t❡r♠✐♥❛r xnew = xopt + d✱ ♦♥❞❡ d é ❛ s♦❧✉çã♦
❛♣r♦①✐♠❛❞❛ ❞♦ s✉❜♣r♦❜❧❡♠❛ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛
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Minimizar Q(xopt + d)
sujeita a ‖d‖ ≤ ∆.

✭✹✳✺✮

❉❡ ♣♦ss❡ ❞♦ ♥♦✈♦ ♣♦♥t♦✱ ❛❧t❡r❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱
❛❞✐❝✐♦♥❛♥❞♦ xnew ♥♦ ❧✉❣❛r ❞❡ xMOV E✱ ♣♦♥t♦ ❡st❡ q✉❡ ♠❛①✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛
DIST = ‖xMOV E − xopt‖✳

❯t✐❧✐③❛♥❞♦ ❡ss❡ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ❛t✉❛❧✐③❛r❡♠♦s
♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ Qold ♣❛r❛ Qnew = Qold + D✱ ♦♥❞❡ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛
D é ❝♦♥str✉í❞❛ ❞❡ ❢♦r♠❛ q✉❡ ‖∇2D‖

2
F ❂ ‖∇2Qnew −∇2Qold‖

2
F s❡❥❛ ♠í♥✐♠❛✱

s✉❥❡✐t❛ às r❡str✐çõ❡s

D(xi) = f(xi) − Qold(xi), i = 1, 2..., m. ✭✹✳✻✮

❊st❛s r❡str✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ Qnew(xi) = f(xi)✱ i = 1, 2, . . . ,m✳
❖ s✉❝❡ss♦ ❞❡ss❛ ❛t✉❛❧✐③❛çã♦ é ❞❡✈✐❞♦ à té❝♥✐❝❛ s✉❣❡r✐❞❛ ♣❡❧♦ ♠ét♦❞♦

s✐♠étr✐❝♦ ❞❡ ❇r♦②❞❡♥ ❡ P♦✇❡❧❧ ♣❛r❛ ❛t✉❛❧✐③❛r ∇2Q✱ q✉❛♥❞♦ ❛s ♣r✐♠❡✐r❛s
❞❡r✐✈❛❞❛s ❞❡ f ♥ã♦ ❡stã♦ ❞✐s♣♦♥í✈❡✐s✱ ♠ét♦❞♦ ❡st❡ ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ✷✳

❆ ❢♦rç❛ ❞❡st❛ té❝♥✐❝❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ♣♦❞❡ s❡r ❡①♣❧✐❝❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦
❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f é q✉❛❞rát✐❝❛✳ ❙❡ ♦ ❡rr♦ |f(xnew) − Qold(xnew)|
é r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡♥tã♦ ♦ ♠♦❞❡❧♦ ❛♣r♦①✐♠♦✉ ❜❡♠ ♦ ♥♦✈♦ ✈❛❧♦r ❞❡ f ✱
❛té ♠❡s♠♦ s❡ ♦s ❡rr♦s ❞❛s ❛♣r♦①✐♠❛çõ❡s ∇2Q ≈ ∇2f ❢♦r❡♠ s✐❣♥✐✜❝❛t✐✈♦s✳
P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ |f(xnew) − Qold(xnew)| é r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦✱ s❛✲
t✐s❢❛③❡♥❞♦ Qnew(xnew) = f(xnew)✱ ❛ té❝♥✐❝❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ❞❡✈❡ ♠❡❧❤♦r❛r ❛
♣r❡❝✐sã♦ ❞♦ ♠♦❞❡❧♦ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✳ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣r♦✈❛♠ q✉❡
❡st❛s ❛❧t❡r♥❛t✐✈❛s sã♦ ❜❡♠✲✈✐♥❞❛s✱ ♣♦✐s ❢♦r♥❡❝❡♠ ❡①❝❡❧❡♥t❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛
s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❞❡ ✈ár✐❛✈❡✐s ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦✱ ❡♠❜♦r❛ ❣❡r❛❧♠❡♥t❡ ♦
❡rr♦ ‖∇2Q −∇2f‖F s❡❥❛ ❣r❛♥❞❡ ♣❛r❛ t♦❞♦ Q✳

✹✳✷ ❖ ❙✉❜♣r♦❜❧❡♠❛ ❞❡ ❘❡❣✐ã♦ ❞❡ ❈♦♥✜❛♥ç❛

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧ ❝❛r❛❝t❡r✐③❛✲s❡ ❝♦♠♦ ✉♠ ♠ét♦❞♦ ❞❡ r❡❣✐ã♦ ❞❡
❝♦♥✜❛♥ç❛✱ ♥♦s ♠♦❧❞❡s ❞♦s ❛❧❣♦r✐t♠♦s ❞❡s❝r✐t♦s ♥❛ s❡çã♦ ✸✳✸ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❆ ❝❛❞❛ ✐t❡r❛çã♦ ❞❡✈❡♠♦s ♦❜t❡r ✉♠ ♣❛ss♦ d ❛ ♣❛rt✐r ❞❡ xopt ♣❛r❛ ♦ ❝á❧❝✉❧♦
❞❡ xnew✳ ❚❛❧ ♣❛ss♦ é ♦❜t✐❞♦ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦ s✉❜♣r♦❜❧❡♠❛ ❞❡ ❘❡❣✐ã♦ ❞❡
❈♦♥✜❛♥ç❛ ✭✹✳✺✮✱ q✉❡ é r❡s♦❧✈✐❞♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s
tr✉♥❝❛❞♦✱ ✈✐❞❡ ✭❬✽❪✮✳ ❖❜s❡r✈❛r❡♠♦s ♠❛✐s ❛t❡♥t❛♠❡♥t❡ ♦s ♣❛râ♠❡tr♦s ❡♥✈♦❧✈✐✲
❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛✳ ❖❜t✐❞❛ ❛ ❞✐r❡çã♦ d✱ t❡st❛♠♦s s❡ ‖d‖ ≥ 1

2
ρ✱
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♦♥❞❡ ρ = ρbeg ♥❛ ♣r✐♠❡✐r❛ ✐t❡r❛çã♦✱ ♣♦❞❡♥❞♦ s❡r ❛❧t❡r❛❞♦ s❡ ♥❡❝❡ssár✐♦ ♥❛s
❞❡♠❛✐s❀ ❡♥tã♦ ❝❛❧❝✉❧❛♠♦s ❛ r❛③ã♦

γ =
f(xopt) − f(xopt + d)

Q(xopt) − Q(xopt + d)

❡ ❛t✉❛❧✐③❛♠♦s ♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ∆✱ s✉❥❡✐t♦ ❛ ∆ ≥ ρ✳ ❖ ♥♦✈♦
r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ∆new s❡rá ρ ♦✉ ∆int ♥♦s ❝❛s♦s ∆int ≤ 1.5ρ ♦✉
∆int > 1.5ρ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ ∆int é ♦ ✈❛❧♦r

∆int =





1
2
‖d‖ , γ ≤ 0.1,

max{‖d‖ , 1
2
∆old}, 0.1 < γ ≤ 0.7,

max{2 ‖d‖ , 1
2
∆old}, γ > 0.7.

❆♣ós ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ r❛✐♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ✜①❛♠♦s ❛ ✈❛r✐á✈❡❧
✐♥t❡✐r❛ MOV E ❡♠ 0 ♦✉ ♥♦ í♥❞✐❝❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦
q✉❡ s❡rá ❛❧t❡r❛❞♦✳ ❙❡ MOV E > 0✱ ♠♦❞✐✜❝❛♠♦s Q ❞❡ ❢♦r♠❛ q✉❡ ✐♥t❡r♣♦❧❡ f
❡♠ xopt + d ❡♠ ✈❡③ ❞❡ xMOV E✳ ❙❡ f(xopt + d) < f(xopt)✱ ❡♥tã♦ xopt ❛ss✉♠❡
♦ ✈❛❧♦r ❞❡ xopt + d✳ ❙❡ γ < 0.1✱ ❛❧❣✉♥s ❛❥✉st❡s ❡ t❡st❡s ♣♦❞❡♠ s❡r ❢❡✐t♦s
♥❛ t❡♥t❛t✐✈❛ ❞❡ ♠❡❧❤♦r❛r ♦s r❡s✉❧t❛❞♦s❀ ❝❛s♦ ❝♦♥trár✐♦✱ ✐♥✐❝✐❛♠♦s ✉♠❛ ♥♦✈❛
✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳

❙❡ ‖d‖ < 1
2
ρ✱ t❡st❛♠♦s s❡ ♦s três ✈❛❧♦r❡s ♠❛✐s r❡❝❡♥t❡s ❞❡ ‖d‖ ❡ f − Q

sã♦ ♣❡q✉❡♥♦s✳ ❙❡ ❢♦r ❡st❡ ♦ ❝❛s♦✱ r❡❞✉③✐♠♦s ρ ♣♦r ✉♠ ❢❛t♦r ❞❡ ✶✵ s✉❥❡✐t♦ ❛
ρ ≥ ρend✱ ❡ ∆ ♣❡❧♦ max[1

2
ρold, ρnew]❀ s❡♥ã♦✱ r❡❞✉③✐♠♦s ∆ ♣♦r ✉♠ ❢❛t♦r ❞❡ ✶✵

♦✉ ♣❡❧♦ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r ρ✳ ◆♦✈❛♠❡♥t❡ ♣♦❞❡♠♦s ❢❛③❡r ✉s♦ ❞❡ ❛❧❣✉♥s ❛❥✉st❡s
❡ t❡st❡s ♥❛ t❡♥t❛t✐✈❛ ❞❡ ♠❡❧❤♦r❛r ♦s r❡s✉❧t❛❞♦s✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ✐♥✐❝✐❛♠♦s
♦✉tr❛ ✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✳

❚♦❞♦ ❡st❡ ♣r♦❝❡ss♦ é ❢❡✐t♦ ❛té ρ = ρend✱ ♦❜t❡♥❞♦ ❛ss✐♠ ❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ✭✷✳✶✮ ❝♦♠ ❛ ♣r❡❝✐sã♦ ❞❡s❡❥❛❞❛✳

✸✽



❈❛♣ít✉❧♦ ✺

❊①♣❡r✐♠❡♥t♦s ◆✉♠ér✐❝♦s

❖ ♠ét♦❞♦ ❛❜♦r❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✹ ❡stá ✐♠♣❧❡♠❡♥t❛❞♦ ♥♦ s♦❢t✇❛r❡ ◆❊❲❯❖❆✱
❞❡ ❛✉t♦r✐❛ ❞❡ P♦✇❡❧❧✳ ❚❛♥t♦ ❛ ❞❡s❝r✐çã♦ ❞♦ ♠ét♦❞♦✱ q✉❛♥t♦ ❛s♣❡❝t♦s ❞❛
✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✾❪✳ ❖ ♠ét♦❞♦ ❢♦✐
♣r♦❣r❛♠❛❞♦ ❡ ❝♦♠♣✐❧❛❞♦ ❡♠ ❋♦rtr❛♥ ✼✼✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛♥❛❧✐s❛r♠♦s ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ❡st✉❞❛❞♦✱ r❡❛❧✐✲
③❛♠♦s ✈ár✐♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛♥❞♦ ✉♠ P❈✱ ❝♦♠ ♣r♦❝❡ss❛❞♦r
❆▼❉ ❆t❤❧♦♥✭t♠✮ ✻✹ ✸✵✵✵✰ ✶✳✽✵ ●❍③ ✾✸✾P ❡ ✶✱✵✵ ●❇ ❞❡ ♠❡♠ór✐❛ ❘❆▼
❡♠ ❉✉❛❧ ❈❤❛♥♥❡❧ ✺✶✷ ▼❇ ✰ ✺✶✷ ▼❇✱ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧
♦ ❲✐♥❞♦✇s ❳P✳ ❖ ♠ét♦❞♦ ❢♦✐ t❡st❛❞♦ ❝♦♠ ♦s ♣r♦❜❧❡♠❛s s✉❣❡r✐❞♦s ♣♦r ▼♦ré✱
●❛r❜♦✇ ❡ ❍✐❧❧str♦♠ ❬✶✷❪ ❡ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ s✉❣❡r✐❞♦ ♣♦r P♦✇❡❧❧ ❬✶✾❪ ❝❤❛♠❛❞♦
❙P❍❘P❚❙✳

✺✳✶ Pr♦❜❧❡♠❛s ❞❡ ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠

❖s ♣r✐♠❡✐r♦s t❡st❡s ❛♦s q✉❛✐s ♦ ♠ét♦❞♦ ❢♦✐ s✉❜♠❡t✐❞♦ ❝♦♥st✐t✉❡♠ ✉♠❛ ❝♦✲
❧❡tâ♥❡❛ ❞❡ ♣r♦❜❧❡♠❛s ♦r❣❛♥✐③❛❞❛ ♣♦r ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠ ❬✶✷❪✳ ❚r❛t❛✲
s❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✸✺ ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✳ ❆s ❢✉♥çõ❡s
♦❜❥❡t✐✈♦ sã♦ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s ❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❊♠ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❛❞♦t❛♠♦s ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✿

ρbeg = |0, 2X(1)|❀

ρend = 10−6❀

✸✾



Maxfun = 1, 0 × 106❀

m = 2n + 1✱
♦♥❞❡✱ ρbeg é ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ r❛✐♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ♦ q✉❛❧ é ✉♠❛
❢r❛çã♦ ❡♠ ♠ó❞✉❧♦ ❞❛ ♣r✐♠❡✐r❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ✈❡t♦r ✐♥✐❝✐❛❧✱ ♦✉ ❛♣❡♥❛s 0.2
q✉❛♥❞♦ ♦ ✈❡t♦r ✐♥✐❝✐❛❧ x0 t❡♠ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ♥✉❧❛s❀ ρend é ♦ r❛✐♦ ✜♥❛❧
❞❛ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛❀ Maxfun é ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦❀
m é ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❡ n✱ ❛ ❞✐♠❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❆
❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ x0 ✉s❛❞❛ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ é ❛ s✉❣❡r✐❞❛ ❡♠ ❬✶✷❪✳

♣r♦❜ ♥ ❢❡✈❛❧ t❡♠♣♦ ✭s✮ ♣r♦❜ ♥ ❢❡✈❛❧ t❡♠♣♦ ✭s✮

✶ ✷ ✶✻✶ ✵ ✶✾ ✶✶ ✶✼✺✷ ✵✱✹✷

✷ ✷ ✼✽ ✵ ✷✵ ✶✷ ✸✷✼✾✼ ✽✱✸✼

✸ ✷ ✸✻ ✵ ✷✶ ✶✵✵ ✼✸✵✸✵ ✶✵✵✽✱✼✻

✹ ✷ ✸✾✺ ✵ ✷✷ ✶✵✵ ✶✹✻✽✵✸ ✷✵✵✵✱✸✹

✺ ✷ ✼✹ ✵ ✷✸ ✶✵✵ ✻✺✵✻✼ ✼✺✸✱✽✶

✻ ✷ ✹✹ ✵ ✷✹ ✶✵✵ ✸✸✾✸✼ ✸✾✽✱✽✷

✼ ✸ ✶✾✸ ✵ ✷✺ ✶✵✵ ✶✺✷✺✷✺ ✶✼✽✻✱✶✺

✽ ✸ ✶✶✽ ✵ ✷✻ ✶✵✵ ✶✶✷✵✾ ✶✸✽✱✵✻

✾ ✸ ✹✸ ✵ ✷✼ ✶✵✵ ✸✹✷✶✸✵ ✷✾✹✸✱✵✻

✶✵ ✸ ✷✵✻✶ ✵✱✵✻ ✷✽ ✶✵✵ ✼✾✵✼✽✽ ✶✶✻✺✶✱✻✹

✶✶ ✸ ✼✼✽ ✵✱✵✻ ✷✾ ✶✵✵ ✼✺✷✶✹✻ ✾✶✽✵✱✷✻

✶✷ ✸ ✷✼✽ ✵✱✵✶ ✸✵ ✶✵✵ ✷✻✻✶ ✷✽✱✻✺

✶✸ ✹ ✺✸✼ ✵✱✵✶ ✸✶ ✶✵✵ ✹✾✶✺ ✺✷✱✸✼

✶✹ ✹ ✺✷✶ ✵✱✵✶ ✸✷ ✶✵✵ ✹✷✸ ✷✱✺✵

✶✺ ✹ ✷✻✾ ✵✱✵✶ ✸✸ ✶✵✵ ✶✺✹✺ ✶✼✱✶✵

✶✻ ✹ ✷✹✺ ✵✱✵✶ ✸✹ ✶✵✵ ✶✻✵✸ ✶✼✱✷✻

✶✼ ✺ ✹✾✵✸ ✵✱✸✶ ✸✺ ✶✵✵ ✶✶✼✸✵✵ ✶✻✹✹✱✾✷

✶✽ ✻ ✶✼✽✶ ✵✱✶✷

❚❛❜❡❧❛ ✺✳✶✿ ❘❡s✉❧t❛❞♦s ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❬✶✷❪

❆ ❞✐♠❡♥sã♦ n ❛❞♦t❛❞❛ s❡❣✉❡ ♦ ✈❛❧♦r ❢♦r♥❡❝✐❞♦ ❡♠ ❬✶✷❪✱ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s

✹✵



✶ ❛ ✷✵✳ ❆ ♣❛rt✐r ❞♦ ♣r♦❜❧❡♠❛ ✷✶✱ q✉❛♥❞♦ n ♣♦❞❡ s❡r ✈❛r✐á✈❡❧✱ ❡s❝♦❧❤❡♠♦s
n = 100✳ ❆ t❛❜❡❧❛ ✺✳✶ ♠♦str❛ ♦ ♥ú♠❡r♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❛ ❞✐♠❡♥sã♦ n✱ ♦
♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ ♦ t❡♠♣♦ ❞❡ ❈P❯ ❡♠ s❡❣✉♥❞♦s✳

❖❜s❡r✈❛♥❞♦ ❛ t❛❜❡❧❛ ✺✳✶ ♥♦t❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❝♦♥✈❡r❣✐✉ ❡♠ t♦❞♦s ♦s
✸✺ ♣r♦❜❧❡♠❛s✱ ❞❡ ♠❛♥❡✐r❛ s❛t✐s❢❛tór✐❛✳ P❛r❛ ♦s ♣r♦❜❧❡♠❛s ✶✲✾ ❞❡ ❞✐♠❡♥sõ❡s
♣❡q✉❡♥❛s✱ ♦ ♠ét♦❞♦ ❝♦♥✈❡r❣✐✉ ✐♥stâ♥t❛♥❡❛♠❡♥t❡✱ ❡ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ✶✵✲
✶✾✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦❝♦rr❡✉ ❡♠ ♠❡♥♦s ❞❡ ✉♠ s❡❣✉♥❞♦✳ ❘❡ss❛❧t❛♠♦s t❛♠❜é♠
q✉❡✱ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ✷✹✱ ✷✻✱ ✸✵✱ ✸✶✱ ✸✷✱ ✸✸✱ ✸✹✱ t♦❞♦s ❞❡ ✶✵✵ ✈❛r✐á✈❡✐s✱
♦ ♠ét♦❞♦ ♦❜t❡✈❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♠ ♣♦✉❝❛s ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ ❡♠ ♣♦✉❝♦
t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❆ ♠❛✐♦r q✉❛♥t✐❞❛❞❡ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ ♦ ♠❛✐♦r
t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❢♦r❛♠ ♦❜s❡r✈❛❞♦s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ✷✽ ❡ ✷✾✱ ❝♦♥❤❡❝✐✲
❞♦s ❝♦♠♦ ✏❉✐s❝r❡t❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ❢✉♥❝t✐♦♥✑ ❡ ✏❉✐s❝r❡t❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥
❢✉♥❝t✐♦♥✑ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣r♦❜❧❡♠❛s ♦♥❞❡ n é ✈❛r✐á✈❡❧✱ ♦✉ s❡❥❛✱ ♦s ❞❡
♥ú♠❡r♦ ✷✶ ❛ ✸✺✱ t❛♠❜é♠ ❢♦r❛♠ t❡st❛❞♦s ♣❛r❛ m = 1

2
(n + 1)(n + 2) ♣♦♥t♦s

❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ❛♣r❡s❡♥t❛♥❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✐♥✈✐á✈❡❧✱ r❡❢♦rç❛♥❞♦ q✉❡
❛ ❡s❝♦❧❤❛ s✉❣❡r✐❞❛ ♣❡❧♦ ❛✉t♦r ✭m = 2n + 1✮ é ❛ ♠❛✐s ✐♥❞✐❝❛❞❛ s❡ n ♥ã♦ ❢♦r
♣❡q✉❡♥♦✳

✺✳✷ Pr♦❜❧❡♠❛ ❙P❍❘P❚❙

❊st❡ ♣r♦❜❧❡♠❛ t❡st❡✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❙P❍❘P❚❙✱ ❢♦✐ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧
❬✶✾❪✳ ◆❡st❡ ♣r♦❜❧❡♠❛✱ n é ♣❛r✱ ❡ n

2
♣♦♥t♦s tê♠ q✉❡ s❡r ❝♦❧♦❝❛❞♦s ♥❛ s✉♣❡r❢í❝✐❡

❞❡ ✉♠❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❡♠ ℜ3✱ r❛③♦❛✈❡❧♠❡♥t❡ ❡s♣❛ç❛❞♦s✳ ❋❛③❡♠♦s ❡♥tã♦ q✉❡
♦ k✲és✐♠♦ ♣♦♥t♦ pk ∈ ℜ3 t❡♥❤❛ ❛s ❝♦♦r❞❡♥❛❞❛s

pk =




cos x2k−1 cos x2k

sin x2k−1 cos x2k

sin x2k


 , k = 1, 2, . . . ,

n

2
,

♦♥❞❡ x ∈ R
n é ❛✐♥❞❛ ♦ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s✳ ❖ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ♠✐♥✐♠✐③❛r

❛ ❢✉♥çã♦

f(x) =

n

2∑

k=2

k−1∑

l=1

‖pl − pk‖
−2✱ x ∈ R

n✱
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♦♥❞❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♦s ♣♦♥t♦s pk sã♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s ♥♦ ❡q✉❛❞♦r ❞❛ ❡s✲
❢❡r❛❀ ♦ ✈❡t♦r x0 t❡♠ ❛s ❝♦♠♣♦♥❡♥t❡s (x0)2k−1 = 4πk

n
❡ (x0)2k = 0✱

k = 1, 2, . . . , n
2
✳

❖ ♠ét♦❞♦ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❝♦♠ m = 2n+1 ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦
❡ n ✈❛r✐á✈❡❧✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛ ✺✳✷✳ ❯s❛♠♦s ♦s ♣❛râ♠❡tr♦s ρbeg = n−1 ❡
ρend = 10−6✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡stã♦ r❡❣✐str❛❞♦s ♥❛ ♠❡s♠❛✳ ❊♠ t♦❞♦s ♦s
❝❛s♦s ♦❜t✐✈❡♠♦s ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♠ ♥ú♠❡r♦ r❛③♦á✈❡❧ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦
❡ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ s❛t✐s❢❛tór✐♦✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❞✐♠❡♥sõ❡s
❞♦s ♣r♦❜❧❡♠❛s✳

m = 2n + 1

♥ ❢❡✈❛❧ t❡♠♣♦ ✭s✮ ▼í♥✐♠♦ ❞❡ ❢

✷✵ ✷✻✽✸ ✶✱✸✺ 2, 50413597 × 101

✹✵ ✻✼✸✷ ✶✷✱✹✻ 1, 33936978 × 102

✽✵ ✸✵✸✼✵ ✷✶✹✱✹✺ 6, 72656911 × 102

✶✻✵ ✶✷✺✺✾✻ ✸✾✷✼✱✵✵ 3, 24089121 × 103

❚❛❜❡❧❛ ✺✳✷✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ❝♦♠ m = 2n + 1

❋✐❣✉r❛ ✺✳✶✿ ❈♦♠♣❛r❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ m ❞❛s t❛❜❡❧❛s ✭✺✳✷✮ ❡ ✭✺✳✸✮

✹✷



m = 1

2
(n + 1)(n + 2)

♥ ❢❡✈❛❧ t❡♠♣♦ ✭s✮ ▼í♥✐♠♦ ❞❡ ❢

✷✵ ✶✷✻✺ ✼✱✻✷ 2, 50413597 × 101

✹✵ ✺✺✼✵ ✹✻✾✱✷✺ 1, 33936978 × 102

✽✵ ✲ ✲ ✲

✶✻✵ ✲ ✲ ✲

❚❛❜❡❧❛ ✺✳✸✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ❝♦♠ m = 1
2
(n+1)(n+2)

❏á ❛ t❛❜❡❧❛ ✺✳✸ ❝♦♥té♠ ♦s ❞❛❞♦s ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ♣❛r❛
m = 1

2
(n + 1)(n + 2)✳ ❉❡st❛❝❛♠♦s q✉❡ ♥♦s t❡st❡s ❝♦♠ n = 80 ❡ n = 160

♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❢♦✐ ♠✉✐t♦ ❣r❛♥❞❡✱ ♣❛ss❛♥❞♦ ❞❡ ✺ ❤♦r❛s✱ s❡♠ ♦❜t❡r
❝♦♥✈❡r❣ê♥❝✐❛✱ ♦✉ ♠❡s♠♦✱ ❛t✐♥❣✐r ❛❧❣✉♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳ ❖s r❡s✉❧t❛❞♦s

❋✐❣✉r❛ ✺✳✷✿ ❈♦♠♣❛r❛çã♦ ❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❣❛st♦ ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s
✈❛❧♦r❡s ❞❡ m ❞❛s t❛❜❡❧❛s ✭✺✳✷✮ ❡ ✭✺✳✸✮

❞❛s t❛❜❡❧❛s ✺✳✷ ❡ ✺✳✸ ❡stã♦ r❡s✉♠✐❞♦s ♥❛s ✜❣✉r❛s ✺✳✶ ❡ ✺✳✷✱ ♦♥❞❡ r❡♣r❡s❡♥t❛✲
♠♦s✱ ♣❛r❛ ❝❛❞❛ ♣r♦❜❧❡♠❛✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ r❡❛❧✐③❛❞♦
❡ ♦ t❡♠♣♦ t♦t❛❧ ❝♦♠ ♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ m✳ ❈♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s
♠♦str❛❞♦s ❡♠ ❛♠❜❛s ❛s t❛❜❡❧❛s✱ q✉❛♥❞♦ n = 20 ❡ n = 40✱ ♥♦t❛♠♦s q✉❡✱ ♥❛
s❡❣✉♥❞❛✱ ♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ é ❜❡♠ ♠❡♥♦r q✉❡ ♥❛ ♣r✐♠❡✐r❛✱
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♣♦ré♠ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❜❡♠ ♠❛✐♦r✳ ❖✉ s❡❥❛✱ ♠❡s♠♦ t❡♥❞♦ ♠❛✐s
♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ✐st♦ é✱ ✉♠❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦ ❞❡ f ♣❡❧♦ ♠♦❞❡❧♦
q✉❛❞rát✐❝♦✱ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ é ❡❧❡✈❛❞♦ ❡ ♥ã♦ ♥♦t❛♠♦s ♠✉❞❛♥ç❛s s✐❣♥✐✲
✜❝❛t✐✈❛s ♥♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ f ✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♠♣❛r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r
P♦✇❡❧❧ ❝♦♠ ♦✉tr♦ ❛❧❣♦r✐t♠♦ q✉❡ ♥ã♦ ✜③❡ss❡ ✉s♦ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ f ✱ ♠❛s
tr❛❜❛❧❤❛ss❡ ❝♦♠ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❡st❛s ❞❡r✐✈❛❞❛s✱ t❡st❛♠♦s ♦ ♣r♦❜❧❡♠❛
❙P❍❘P❚❙ ❡ ♦s ♣r♦❜❧❡♠❛s ❞❛ s❡çã♦ ✺✳✶ ❝♦♠ ♦ s♦❢t✇❛r❡ ●❊◆❈❆◆✳ ❊st❡
s♦❢t✇❛r❡ ❢❛③ ♣❛rt❡ ❞♦ ♣r♦❥❡t♦ ❚❆◆●❖ ✭❚r✉st❛❜❧❡ ❆❧❣♦r✐t❤♠s ❢♦r ◆♦♥❧✐♥❡❛r
●❡♥❡r❛❧ ❖♣t✐♠✐③❛t✐♦♥✮✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r♦t✐♥❛s ❡♠ ❋♦rtr❛♥ ♣❛r❛ ♦t✐♠✐③❛✲
çã♦ ♥ã♦ ❧✐♥❡❛r✱ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛ ❞❛
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s ❡ ♥♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ■♥❢♦r♠át✐❝❛ ❞❛
❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙ã♦ P❛✉❧♦✱ s♦❜ ❛ ❝♦♦r❞❡♥❛çã♦ ❞♦ Pr♦❢❡ss♦r ❏✳ ▼✳ ▼❛rtí♥❡③✱
❞❛ ❯♥✐❝❛♠♣✳ ❖s s♦❢t✇❛r❡s sã♦ ❧✐✈r❡s ♣❛r❛ ✉s♦s ♥ã♦ ❝♦♠❡r❝✐❛✐s✱ ♣♦❞❡♥❞♦ s❡r
♠♦❞✐✜❝❛❞♦s ♦✉ r❡❞✐str✐❜✉í❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥♦r♠❛s ❞♦ ●◆❯ ✭●❡♥❡r❛❧
P✉❜❧✐❝ ▲✐❝❡♥s❡✮✱ ❝♦♥❢♦r♠❡ ♣✉❜❧✐❝❛❞♦ ♣❡❧❛ ❋✉♥❞❛çã♦ ♣❛r❛ ♦ ❙♦❢t✇❛r❡ ▲✐✈r❡
✭❋r❡❡ ❙♦❢✇❛r❡ ❋✉♥❞❛t✐♦♥✮✱ ❡ ❡stã♦ s♦❜ ❝♦♥st❛♥t❡ ❛t✉❛❧✐③❛çã♦✳

❖ ●❊◆❈❆◆ é ✉♠ ❝ó❞✐❣♦ ❡♠ ❋♦rtr❛♥✱ ✈♦❧t❛❞♦ à r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡
♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛ ♦✉ ❡♠ ❝❛✐①❛s✱ q✉❡ ♥ã♦ ✉t✐❧✐③❛ ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s✱
✉♠❛ ✈❡③ q✉❡ ❜❛s❡✐❛✲s❡ ♥♦ ♠ét♦❞♦ ❞♦ ●r❛❞✐❡♥t❡ ❊s♣❡❝tr❛❧ Pr♦❥❡t❛❞♦ ❡ ♥♦
♠ét♦❞♦ ❞❡ ●r❛❞✐❡♥t❡s ❈♦♥❥✉❣❛❞♦s ❚r✉♥❝❛❞♦✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ●❊◆❈❆◆✱ ❝♦♥s✉❧t❛r ❬✶❪✱ ❬✶✶❪ ❡ ♦ s✐t❡ ❞♦
♣r♦❥❡t♦ ❚❆◆●❖ ✭❤tt♣✿✴✴✇✇✇✳✐♠❡✳✉s♣✳❜r✴❡❣❜✐r❣✐♥✴t❛♥❣♦✴✮✳

P❛r❛ ♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ❢♦r❛♠ ❛❞♦t❛❞♦s ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s✿

gtype = 1

hptype = 4

precond = none

epsopt = 1, 0 × 10−6

maxtotit = 1, 0 × 106

maxtotfc = 5 × maxtotit
♦♥❞❡ gtype = 1 ❞❡✜♥❡ q✉❡ ❛s ❞❡r✐✈❛❞❛s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ s❡rã♦ ❛♣r♦①✐♠❛❞❛s
♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s❀ hptype = 4 ✐♥❞✐❝❛ q✉❡ ✈❛✐ s❡r ✉s❛❞❛ ❛ ❛t✉❛❧✐③❛çã♦ ❇❋●❙
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♣❛r❛ ❛ ♠❛tr✐③ ❤❡ss✐❛♥❛❀ precond = none ❞❡✜♥❡ q✉❡ ♥ã♦ ❤❛✈❡rá ♥❡♥❤✉♠ ♣r❡✲
❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♥♦ ♠ét♦❞♦ ❞♦s ❣r❛❞✐❡♥t❡s ❝♦♥❥✉❣❛❞♦s❀ epsopt ❞❡t❡r♠✐♥❛ ❛
t♦❧❡râ♥❝✐❛ ♣❛r❛ ❛ ♥♦r♠❛ ❞♦ ❣r❛❞✐❡♥t❡ ♣r♦❥❡t❛❞♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦❀ maxtotit
✐♥❞✐❝❛ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ♣❡r♠✐t✐❞♦ ❡ maxtotfc✱ ♦ ♥ú♠❡r♦ ♠á✲
①✐♠♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✳

P❛r❛ ❛ ❝♦❧❡tâ♥❡❛ ❞❡ ♣r♦❜❧❡♠❛s ♦r❣❛♥✐③❛❞❛ ♣♦r ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠
❬✶✷❪✱ ❛❞♦t❛♠♦s ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❛❝✐♠❛✱ ❡ ♦s ✈❛❧♦r❡s ❞❡ n ✐❣✉❛✐s ❛♦s
❞❛ t❛❜❡❧❛ ✺✳✶✳ ❈♦♠♦ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s é ❝♦♥st✐t✉í❞♦ ❞❡ ✸✺ ♣r♦❜❧❡♠❛s
❞❡ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛✱ ♦♥❞❡ ❛s ❢✉♥çõ❡s ♦❜❥❡t✐✈♦ sã♦ s♦♠❛s ❞❡ q✉❛❞r❛✲
❞♦s✱ ❞❡ ❢á❝✐❧ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ●❊◆❈❆◆ ❢♦✐ ♠✉✐t♦ ❜♦♠✱
❢❛③❡♥❞♦ ♣♦✉q✉íss✐♠❛s ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✱ ❡♠ ❜❛✐①♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧
♣❛r❛ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s✳

P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ♦❜t✐✈❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

♥ ❢❡✈❛❧ t❡♠♣♦ ✭s✮ ▼í♥✐♠♦ ❞❡ ❢

✷✵ ✽✷✹✹✽ ✷✱✹✶ 4, 12499885 × 101

✹✵ ✸✺✽✺✸ ✺✱✶✾ 3, 32499755 × 102

✽✵ ✺✵✵✵✵✵✵ ✸✹✾✵✱✸✽ 2, 66499877 × 103

✶✻✵ ✲ ✲ ✲

❚❛❜❡❧❛ ✺✳✹✿ ❘❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙ ✲ ●❊◆❈❆◆

❖❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ n = 20 ❡ 40✱ ♦ ●❊◆❈❆◆ ❝♦♥✈❡r❣✐✉✱ ♣♦ré♠ ♣❛r❛
n = 80✱ ♦ ♠❡s♠♦ ♣❛r♦✉ ❛♦ ❛t✐♥❣✐r ♦ ♠á①✐♠♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡ ♣❛r❛
n = 160✱ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❢♦✐ ♠✉✐t♦ ❣r❛♥❞❡✱ ♣❛ss❛♥❞♦ ❞❡ ✺ ❤♦r❛s✱ s❡♠
♦❜t❡r ❝♦♥✈❡r❣ê♥❝✐❛✱ ♦✉ ♠❡s♠♦✱ ❛t✐♥❣✐r ❛❧❣✉♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳ ❈♦♠♣❛✲
r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ t❛❜❡❧❛ ✺✳✷ ❝♦♠ ♦s ❞❛ t❛❜❡❧❛ ✺✳✹✱ ♥♦t❛♠♦s q✉❡
❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❢❡✐t❛s ♣❡❧♦ ●❊◆❈❆◆ é ❜❡♠ s✉♣❡r✐♦r✱
♣r♦✈❛✈❡❧♠❡♥t❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡st❡ ú❧t✐♠♦ ❢❛③❡r ❛♣r♦①✐♠❛çõ❡s ♣♦r ❞✐❢❡r❡♥ç❛s
✜♥✐t❛s✳ ❖ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ n = 20 ❡ 80 t❛♠❜é♠ é s✉♣❡r✐♦r✱ ♣r✐♥✲
❝✐♣❛❧♠❡♥t❡ ♣❛r❛ n = 80 ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ 1528% ♠❛✐♦r✮✳ ❆❧é♠ ❞✐ss♦✱ ❡♠
t♦❞♦s ♦s ❝❛s♦s✱ ●❊◆❈❆◆ ♦❜t❡✈❡ ✈❛❧♦r❡s ♠❛✐♦r❡s ♣❛r❛ ♦ ♠í♥✐♠♦ ❞❛ ❢✉♥çã♦✳
❊st❡s r❡s✉❧t❛❞♦s ❡stã♦ ✐❧✉str❛❞♦s ♥❛s ✜❣✉r❛s ✺✳✸ ❡ ✺✳✹✳ ❉❡✈✐❞♦ à ❞✐s❝r❡♣â♥❝✐❛
❡♥tr❡ ♦s ❞❛❞♦s ❞❛s t❛❜❡❧❛s ✺✳✷ ❡ ✺✳✹✱ ✉t✐❧✐③❛♠♦s ♦ ❧♦❣❛r✐t♠♦ ❞♦s ❞❛❞♦s ❞❡ ❝❛❞❛
t❛❜❡❧❛✱ ♣❛r❛ ❡✈✐t❛r q✉❡ ❛s ✜❣✉r❛s ✜❝❛ss❡♠ ❞✐st♦r❝✐❞❛s✳

✹✺



❋✐❣✉r❛ ✺✳✸✿ ❈♦♠♣❛r❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡♥tr❡ ◆❊❲❯❖❆
❡ ●❊◆❈❆◆

❋✐❣✉r❛ ✺✳✹✿ ❈♦♠♣❛r❛çã♦ ❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❣❛st♦ ❡♥tr❡ ◆❊❲❯❖❆ ❡
●❊◆❈❆◆

✹✻



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s

◆♦ss♦ ✐♥t❡r❡ss❡ ♥❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❡st✉❞❛r ✉♠ ♠ét♦❞♦ ♣❛r❛ ♠✐♥✐♠✐③❛çã♦ ❞❡
❢✉♥çõ❡s s❡♠ r❡str✐çõ❡s✱ ♣r♦♣♦st♦ ♣♦r ▼✳ ❏✳ ❉✳ P♦✇❡❧❧✱ q✉❡ ♥ã♦ ❢❛③ ✉s♦ ❞❡
❞❡r✐✈❛❞❛s✱ ❡ é ❜❛s❡❛❞♦ ❡♠ ✐♥t❡r♣♦❧❛çã♦ q✉❛❞rát✐❝❛✳ P♦❞❡♠♦s ❞✐✈✐❞✐r ❛ ❡s✲
tr✉t✉r❛ ❞❡ss❡ ♠ét♦❞♦ ❡♠ três ♣❛rt❡s ✐♠♣♦rt❛♥t❡s✿ ❆ ♣r✐♠❡✐r❛ ❝♦♥s✐st❡ ♥❛
❡str❛té❣✐❛ ✉s❛❞❛ ♣❛r❛ ❡s❝♦❧❤❛ ❞♦s m ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✳ ❆ s❡❣✉♥❞❛
❝♦♥s✐st❡ ♥❛ té❝♥✐❝❛ ✉t✐❧✐③❛❞❛ ♥❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦✱ s❡♠❡✲
❧❤❛♥t❡ às ✉s❛❞❛s ♥♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥✱ ♦♥❞❡ ❛ ❍❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ f
é ❛♣r♦①✐♠❛❞❛ ♣♦r ♦✉tr❛ ♠❛tr✐③ s✐♠étr✐❝❛❀ ♥♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧✱
❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ é ❜❛s❡❛❞❛ ♥❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ♥♦r♠❛ ❞❡
❋r♦❜❡♥✐✉s ❞❛ ❞✐❢❡r❡♥ç❛ ❞❛s ❍❡ss✐❛♥❛s ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ✈❡❧❤♦ ❡ ♥♦✈♦✳ ❆
t❡r❝❡✐r❛ tr❛t❛ ❞♦ s✉❜♣r♦❜❧❡♠❛ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ✉t✐❧✐③❛❞♦ ♥❛ ♦❜t❡♥çã♦
❞❡ ✉♠ ♣❛ss♦ d ✉s❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ✉♠ ♥♦✈♦ ♣♦♥t♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

❉❡✈✐❞♦ à ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞❛ té❝♥✐❝❛ ❞❡ ❛t✉❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ q✉❛❞rá✲
t✐❝♦ ✉t✐❧✐③❛❞❛ ♥♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧✱ ❞✐r❡❝✐♦♥❛♠♦s ♣❛rt❡ s✐❣♥✐✜❝❛t✐✈❛
❞♦s ❡st✉❞♦s ❛♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥✱ ❢❛③❡♥❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ✉♠❛ ❛♥á❧✐s❡
❞❛s té❝♥✐❝❛s ❞❡ ❛t✉❛❧✐③❛çã♦ q✉❡ ❡st❡s ✉t✐❧✐③❛♠✳ ▼✉✐t❛ ❛t❡♥çã♦ t❛♠❜é♠ ❢♦✐
❞❛❞❛ ❛♦ s✉❜♣r♦❜❧❡♠❛ ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛✱ ❧❡✈❛♥❞♦✲♥♦s ❛ ❛♣r♦❢✉♥❞❛r ♦s
❡st✉❞♦s s♦❜r❡ ♠ét♦❞♦s ❞❡ r❡❣✐ã♦ ❞❡ ❝♦♥✜❛♥ç❛ ❡ s✉❛s ❡str❛té❣✐❛s✳

❆♥❛❧✐s❛♥❞♦ ♦ ❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦ ♠ét♦❞♦ ♦❜s❡r✈❛♠♦s q✉❡ ❡st❡
♠♦str♦✉✲s❡ ❜❡♠ r♦❜✉st♦✱ ❥á q✉❡ ❝♦♥✈❡r❣✐✉ ♣❛r❛ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s t❡st❛❞♦s✳
❖ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❛♠❜é♠ ❢♦✐ s❛t✐s❢❛tór✐♦✱ ❝♦♥✲
s✐❞❡r❛♥❞♦ q✉❡ ♥ã♦ é ✉s❛❞❛ ♥❡♥❤✉♠❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

Pr✐♠❡✐r❛♠❡♥t❡ ♦s t❡st❡s r❡❛❧✐③❛❞♦s ❢❛③✐❛♠ ♣❛rt❡ ❞❛ ❝♦❧❡tâ♥❡❛ ❞❡ ♣r♦✲
❜❧❡♠❛s s✉❣❡r✐❞♦s ♣♦r ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠✳ ◆❡st❡ ❝❛s♦✱ ♦s r❡s✉❧t❛❞♦s
♠♦str❛r❛♠ ❛ r♦❜✉st❡③ ❡ ❡✜❝✐ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳ ❊♠ s❡❣✉✐❞❛✱ ❛❜♦r❞❛♠♦s ♦

✹✼



♣r♦❜❧❡♠❛ ❙P❍❘P❚❙✱ ♣r♦♣♦st♦ ♣♦r P♦✇❡❧❧✳ ❆♥❛❧✐s❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦
❞♦ ♠ét♦❞♦✱ ✈❛r✐❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ❡ ❝♦♥❝❧✉í♠♦s
q✉❡ ✉t✐❧✐③❛r ✉♠❛ q✉❛♥t✐❞❛❞❡ ✐♥❢❡r✐♦r ❞❡ ♣♦♥t♦s ✭m = 2n + 1✮ ❢❛③ ❝♦♠ q✉❡
♦ ♠ét♦❞♦ ♦❜t❡♥❤❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ r❡❞✉③✐❞♦ ❡ ❝♦♠
♣r❡❝✐sã♦ ót✐♠❛✳ ■ss♦ ❛❝♦♥t❡❝❡ ♣♦✐s ❝♦♠ m = 2n + 1 ♣♦♥t♦s ❢♦rç❛♠♦s ❛ ♠❛✲
tr✐③ ❍❡ss✐❛♥❛ ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ s❡r ❞✐❛❣♦♥❛❧✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ✉♠❛ ♠❛✐♦r
q✉❛♥t✐❞❛❞❡ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ❡♠ ♠❡♥♦s t❡♠♣♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦
m = 1

2
(n+1)(n+2) ♣♦♥t♦s✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❍❡ss✐❛♥❛ ❞❡ f é ❢❡✐t❛ ❞❡ ❢♦r♠❛

♠❛✐s ❡✜❝✐❡♥t❡✱ ❡ ♦ ♠ét♦❞♦ ♥❡❝❡ss✐t❛ ❞❡ ♠❡♥♦s ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦ ♣❛r❛ ♦❜t❡r
❝♦♥✈❡r❣ê♥❝✐❛✱ ♣♦ré♠ t❡r❡♠♦s ❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ ❞♦ ♠♦❞❡❧♦ q✉❛❞rát✐❝♦ ❝❤❡✐❛✱
♦ q✉❡ r❡✢❡t❡ ♥♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ q✉❡ ♣❛ss❛ ❛ s❡r ♠✉✐t♦ ♠❛✐♦r q✉❡ ❝♦♠
♠❡♥♦s ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♠♣❛r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r P♦✲
✇❡❧❧✱ s❡♠ ❞❡r✐✈❛❞❛s ❡ ❜❛s❡❛❞♦ ❡♠ ✐♥t❡r♣♦❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧✱ ❝♦♠ ♦✉tr♦ ❛❧❣♦✲
r✐t♠♦ q✉❡ t❛♠❜é♠ t❡♠ ❛ ♦♣çã♦ ❞❡ ♥ã♦ ✉s❛r ❞❡r✐✈❛❞❛s✱ ♠❛s ❛♣r♦①✐♠❛♥❞♦
❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙
t❛♠❜é♠ ❢♦✐ t❡st❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ●❊◆❈❆◆✱ s♦❢t✇❛r❡ ❡st❡ q✉❡ ♥ã♦ ✉t✐❧✐③❛ ♦♣❡✲
r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s ❡ ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ❞❡ ●r❛❞✐❡♥t❡s ❈♦♥❥✉❣❛❞♦s ❚r✉♥❝❛✲
❞♦ ❡ ❞❡ ●r❛❞✐❡♥t❡ ❊s♣❡❝tr❛❧ Pr♦❥❡t❛❞♦✳ ❈♦♠♣❛r❛♥❞♦ ❛♠❜♦s ♦s s♦❢✇❛r❡s
❛♣❧✐❝❛❞♦s ❛♦ ♣r♦❜❧❡♠❛ ❙P❍❘P❚❙✱ ✈❡r✐✜❝❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r
P♦✇❡❧❧ ❛♣r❡s❡♥t❛ ✈❛♥t❛❣❡♥s ❡♠ r❡❧❛çã♦ ❛♦ ●❊◆❈❆◆ ❡♠ t♦❞♦s ♦s ✐t❡♥s ❛♥❛❧✐✲
s❛❞♦s✿ ❛✈❛❧✐❛çõ❡s ❞❡ ❢✉♥çã♦✱ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ✈❛❧♦r ♠í♥✐♠♦ ♦❜t✐❞♦
♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ♥❛ ♠❛✐♦r ♣❛rt❡ ❞♦s ❝❛s♦s✳ ❚❛♠❜é♠ s✉❜♠❡t❡♠♦s ♦
●❊◆❈❆◆ à ❝♦❧❡tâ♥❡❛ ❞❡ t❡st❡s ❞❡ ▼♦ré✱ ●❛r❜♦✇ ❡ ❍✐❧❧str♦♠✱ q✉❡ ❞❡✈✐❞♦
♣r✐♥❝✐♣❛❧♠❡♥t❡ à ❢á❝✐❧ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ♣r♦❜❧❡♠❛s✱ ♦❜t❡✈❡ ❡①❝❡❧❡♥t❡ ❞❡✲
s❡♠♣❡♥❤♦ ❡♠ t♦❞♦s ♦s ❝❛s♦s✳

❈♦♥s❡❣✉✐♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ♠♦str❛r ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♠ét♦❞♦ s❡♠
❞❡r✐✈❛❞❛s ✭❝♦♥❤❡❝✐❞♦ ❝♦♠♦ derivative − free✮ ♣❛r❛ ♣r♦❜❧❡♠❛s ♦♥❞❡ ♦ ❝á❧✲
❝✉❧♦ ❞❡st❛s ♣♦❞❡ s❡r ❢á❝✐❧✱ ♦✉ ♥ã♦ ♠✉✐t♦✳ ❋✐❝❛ ❛ ✐♥t❡♥çã♦ ❞❡ ❛♥❛❧✐s❛r ❡ss❡s
♠ét♦❞♦s ❝♦♠ ✉♠❛ ❣❛♠❛ ♠❛✐♦r ❞❡ ♣r♦❜❧❡♠❛s t❡st❡s✱ ❡①♣❧♦r❛♥❞♦ ♣r✐♥❝✐♣❛❧✲
♠❡♥t❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ♣r♦♣♦st❛ ❞❡ P♦✇❡❧❧ ❝♦♠♣❛r❛❞❛ ❝♦♠ ♣r♦❜❧❡♠❛s ♥ã♦
❞✐❢❡r❡♥❝✐á✈❡✐s✳
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