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BR

✟
{x ∈ R

N ; |x| < R}

Br0,R

✟






{x ∈ R
N ; r0 < |x| < R}

❍❙❇
r0 > 0

{x ∈ R
N ; |x| < R}

❍❙❇
r0 = 0.

C0 ✟❡❇✯❍✌✾✥▼✦◆✯❊❋P✥▼✦❍✔✘ ✝✴●✴◆✡✠✏❇✯❍ ☞✯❊✫●✽■✻❄ ●✦✝✥▼✦❍
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✳
△u = div∇u

✴
△pu
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✳
△pu = div(|∇u|p−2∇u)
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−△pu = f(|x|, u)
❇✯❉

Br0,R ⊂ R
N , N ≥ 2

u > 0
∂u

∂ν
= 0

✾✥▼✦❑▲▼
|x| = r0

❍❙❇
r0 > 0

u(x) = 0
✾✥▼✦❑▲▼

|x| = R,

❊✫●✴P✴❇
△pu
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−△pu =
P✎✏✽✼ (

|∇u|p−2∇u
)
, p > 1,

❇

Br0,R =







{x ∈ R
N ; r0 < |x| < R}

❍❙❇
r0 > 0

{x ∈ R
N ; |x| < R}

❍❙❇
r0 = 0.
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u(r)

✎
r = |x|
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(P ′)







−
(
rN−1|u′|p−2u′

)
′

= rN−1f(r, u), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0.
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u
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P ′
✴

❍❙❇
u ∈ C1[r0, R]

❇
|u′|p−2u′ ∈ C1(r0, R).

✒ ❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊
u
P✴❇ ✳

P ′
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−(p− 1)
(
rN−1|u′|p−2ω′

)
′

= rN−1f ′(r, u)ω, r ∈ (r0, R)

ω′(r0) = ω(R) = 0
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−(p− 1)
(
rN−1|u′|p−2ω′

)
′

= rN−1f ′(r, u)ω, r ∈ (r0, R)

ω(r0) = 1

ω′(r0) = 0.
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f(r, s) = a(r)sq + C
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0 < q < p − 1
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1 < p ≤ 2
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f(s) = sm − sq ✎
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m ≤ p − 1 ≤ q
✎
m 6= q
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f
✌❲❍✛✝✎✾✰❇✯❑✌✦✓✏ ●✴❇✒▼✦❑✯❃ ✢✔✤✦✝✎✏✏✎

✡✫❇✯●✴❇✯❑▲▼✮✦✓✏✆✜✒▼✦❉❋❊✫❍❋❊ ✤✦✝✴❇ ✘❜❊✢✏✂✾✴❑❙❊ ✼✦▼✦P✴❊ ❇✯❉ ✓ ❊★✝ ✕ ❩✮✭✦✗ ✾✥▼✦❑▲▼ ❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑❋❇✯❉ ✤✦✝✴❇
f

✌ ✝✴❉❚▼
✾✰❊✦■✻✍✯●✎☞☛✏ ▼ ❃

✝ ❊ ✗ ✖ ✆✏✮✔✱✔✻✼✤✫✌ ✗ ❉❋❊✫❍❏■▲❑▲▼✦❑❙❇✯❉❋❊✫❍ ✤✦✝✴❇☛✎ ✤✦✝✥▼✦●✴P✴❊✬✾✴❑❙❊ ☞✡✝✴❑▲▼✦❉❋❊✫❍❈▼✮✾✰❇✯●✥▼✦❍ ❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ ❑▲▼✦P✎✏ ▼✮✏ ❍✡✎
❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼

(P )
❑❙❇✯P✍✝✍✜ ✟ ❍❙❇❲▼

(P ′)
❃

✝ ❊ ✗ ✖ ✆✏✮✔✱✔✻✼✤✫✌ ❇ ❇✯❍❏■✞✝✴P✥▼✦❉❋❊✫❍❯▼ ❇ ❂ ✏ ❍❏■✻✍✯●✎☞☛✏ ▼ ❇ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇✾P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✖P✴❇ ✫ ▼☛✝✎☞✑☎ ✍
▼✦❍❙❍❙❊ ☞☛✏ ▼✦P✴❊❘▼

(P ′)
✚






−
(
rN−1|u′|p−2u′

)
′

= rN−1f(r, u), r ∈ (r0, R)

u(r0) = α

u′(r0) = 0.

✝ ❊ ✗ ✖ ✆✏✮✔✱✔✻✼✤✫✌ ✄ ❇✯●✦✝✴●✎☞☛✏ ▼✦❑❙❇✯❉❋❊✫❍ ■▲❇✯❊✫❑❙❇✯❉❚▼✦❍ ▼☛✝ ❂ ✏✓✦✓✏ ▼✦❑❙❇✯❍✱✤✦✝✴❇ ❍▲❖✦❊✧✏ ❉✪✾✰❊✫❑❏■ ▼✦●✽■▲❇✯❍ ▼✦❊✧✦ ❊✫●✎✡✫❊
P✴❊ ■▲❑▲▼✮✥✥▼✮✦✆☎✴❊✴❃



� ☎✂✁☎✄ ✂ ✁✝✆☛✡ ✞

✟ ✡ ✁ ✡ ✂ ✡ ✁ ✟ ✝ ✟ ✄ ☎ ✄ ✁ ✄ ☎ ✂ � ✡✠✆✲✁ ✁☎✄ ✁✄✂

✩✏❇ ✞▲▼✦❉
N ≥ 2

❇
p > 1

❃ ✣ ▼✦❑▲▼
0 ≤ r0 < R <∞

✎✎☞✯❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ❊❘P✴❊✫❉✪❄ ●✎✏ ❊

Br0,R =







{x ∈ R
N ; r0 < |x| < R}

❍❙❇
r0 > 0

{x ∈ R
N ; |x| < R}

❍❙❇
r0 = 0.

✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✔✤✦✝✴❇
u ∈ C1(Br0,R)

✌ ✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘❑▲▼✦P✎✏ ▼✮✦ ❉❋❇✯●✽■▲❇❈❍✌✏ ❉✬✌✚■▲❑✌✏✓☞✒▼ P✴❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼






−△pu = f(|x|, u)
❇✯❉

Br0,R

u > 0
∂u

∂ν
(x) = 0

✾✥▼✦❑▲▼
|x| = r0,

❍❙❇
r0 > 0

u(x) = 0
✾✥▼✦❑▲▼

|x| = R,

✳ ❂✫❃❄❂ ✴

❊✫●✴P✴❇❲▼ ✘ ✝✴●✴◆✒❖✦❊
f(r, s)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜☛✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍✡✚

(M1) f ∈ C0([0,∞) × [0,∞))
✾✰❊✫❍❙❍✛✝✎✏✲P✴❇✯❑✌✏✽✼✦▼✦P✥▼ ❇✯❉

r
☞✯❊✫●✽■✻❄ ●✦✝✥▼❘❇

fr(r, s) ≤ 0
✎
∀s ≥ 0 ☞

(M2)
✩✏❇ ✾✥▼✦❑▲▼❋▼✮✦✓✡★✝✴❉

(r, s) ∈ [r0, R] × [0, sup u]
■▲❇✯❉❋❊✫❍

f(r, s) = 0
✎✴❇✯●✽■ ❖✦❊

F (r, s) ≤ 0
✎✴❊✫●✴P✴❇

F (r, s) :=
∫ s

0
f(r, t) dt

❃



❂✜❥ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✡✠☞☛✍✌✤✞✘✁☎✞✡✄✂✞✘✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ✠✔✁✗✖✙✘ ✞✚✞ ☛✌☞☎✛✜✕✓✖

❅ ✏✆✜✯❇✯❉❋❊✫❍✔✤✦✝✴❇
u ∈ C1(Br0,R)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡❘❇✡✤✦✝✥▼✦◆✒❖✦❊

−△pu = f(|x|, u)
❇✯❉

Br0,R

❍❙❇
∫

Br0,R

|∇u|p−2 ∇u · ∇ϕ dx =

∫

Br0,R

f(|x|, u)ϕ dx, ∀ϕ ∈ C1
0(Br0,R).

✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍ ❊✫❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✫❍✡✚

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✵✤✣✼✵✦✥★✧
f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ (M1)

✧✴✳ ✬✶✵✸✷✹✬✺✷✫✻✼✪✽✩✲✷✗✾❀✿✔❁✚✵✸✷✹❂❃✪✼✻✟✭✮✪✟✾❄✻ ✧ ✳ ❂✫❃❄❂ ✴❆❅ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧❈✳ ✵✸✷✗❉
❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧✫❋

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✵✤✣ ❵ ✥★✧
u ∈ C1(Br0,R)

❅ ✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷●❂❃✪✼✻✟✭✮✪✟✾❍✻ ✧ ✳ ❂✫❃❄❂ ✴ ✧ f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ (M1) − (M2)✧✴✳ ✬✶✵✸✷ u ❅ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧✫❋

✣ ▼✦❑▲▼✫✝✴❉❚▼ ❉❋❇☛✦✆☎✴❊✫❑ ✼ ✏ ❍✛✝✥▼✮✦✓✏✆✜✒▼✦◆✒❖✦❊ P✥▼✫☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(M2)

✎✔❊✫❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ✡✫❑ ✆✰✖ ☞✯❊✫❍❲❉❋❊✫❍❏■▲❑▲▼✦❉
❇ ❂ ❇✯❉✪✾✎✦ ❊✫❍ P✴❇✧✘ ✝✴●✴◆✡✠✏❇✯❍

f
✤✦✝✴❇❲▼ ❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯❉✫✚

■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■■❏■❏■❏■❏■

❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑❑❏❑❏❑❏❑❏❑▲❏▲❏▲❏▲❏▲▲❏▲❏▲❏▲❏▲▲❏▲❏▲❏▲❏▲▲❏▲❏▲❏▲❏▲▲❏▲❏▲❏▲❏▲
▼❏▼❏▼❏▼❏▼▼❏▼❏▼❏▼❏▼▼❏▼❏▼❏▼❏▼▼❏▼❏▼❏▼❏▼▼❏▼❏▼❏▼❏▼

s

✆✦❑❙❇✒▼
I1 ≥

✆✦❑❙❇✒▼
I2

ss

fff

I1

I2

✒ ✝✥▼✦●✴P✴❊❈❑❙❇✯❍❏■▲❑✌✏❄■▲❊ ▼ ❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍✔❑▲▼✦P✎✏ ▼✮✏ ❍✡✎✣❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✟✳ ❂✫❃❄❂ ✴✲❑❙❇✯P✍✝✍✜ ✟ ❍❙❇ ▼✦❊❈❍❙❇☛✡★✝✎✏ ●✽■▲❇ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼
✤✦✝✴❇❳❇✯● ✼✫❊✢✦✽✼✫❇ ✝✴❉❚▼ ❇✡✤✦✝✥▼✦◆✒❖✦❊❋P✎✏✙✘❜❇✯❑❙❇✯●✎☞☛✏ ▼✮✦☛❊✫❑❙P✎✏ ● ✆✦❑✌✏ ▼✥✳✙✼✫❇✯❑ ✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✢✧✴ ✚







−
(
rN−1|u′(r)|p−2u′(r)

)
′

= rN−1f(r, u(r)), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0,

✳ ❂✫❃❬❩★✴



✠☞☛ ✠☞☛ ✁ ✕✄✂ ✞✘✁✏✖ ✄✝✆✓✁✏☞✎✍✏✞ ✠ ✞✆☎ ✕ ✞✘✆ ✕✄✂✽✁✹✠☞☛ ✠ ❂✣❨

❊✫●✴P✴❇
r = |x|

❃ ✢✹❇✡✤✦✝✥▼✦◆✒❖✦❊❚❇✯❉ ✳ ❂✫❃❬❩★✴❡■ ▼✦❉✧✥ ✌✯❉ ✾✰❊✏P✴❇ ❍❙❇✯❑ ❇✯❍✌☞✯❑✌✏❄■ ▼✿☞✯❊✫❉❋❊

(
|u′|p−2u′

)
′

+
N − 1

r
|u′|p−2u′ + f(r, u) = 0, r ∈ (r0, R).

✳ ❂✫❃ ❦ ✴

✣ ▼✦❑▲▼ ❊✿☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑ ❇✯❉ ✤✦✝✴❇❳❊ P✴❊✫❉✪❄ ●✎✏ ❊✟✌✧✝✴❉❚▼✧✥✰❊✢✦ ▼✥✳
r0 = 0

✴ ✎✴❇ ❂ ✏ ❍❏■▲❇✯❉ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✫❍
✤✦✝✴❇ P✥❖✦❊ ☞✯❊✫●✴P✎✏ ◆✡✠✏❇✯❍ ❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❍✬✾✥▼✦❑▲▼ ✤✦✝✴❇ ✙✜✕✲✱✺✢ ❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇ ✳ ❂✫❃❄❂ ✴ ❍❙❇ ✞▲▼❞❑▲▼✦P✎✏ ▼✮✦ ❇❯❑▲▼✦P✎✏ ▼✮✦ ❉❋❇✯●✽■▲❇
P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✦❃ ✣✔❊✏P✴❇✯❉❋❊✫❍ ☞☛✏❄■ ▼✦❑✺❊✫❍✺■▲❑▲▼✮✥✥▼✮✦✆☎✴❊✫❍✺P✴❇ ✛ ✏ P✥▼✦❍ ✟ ✝✂✏ ✟ ✝✂✏ ❑❙❇✯●✕✥✰❇✯❑✌✡✩✕ ❂ �✢✗ ✳ ✾✥▼✦❑▲▼

p = 2
✴ ✎ ✙ ❑❙❊ ☞ ☛✧✕ �✦✗

✳ ✾✥▼✦❑▲▼
p > 1

✴ ✎ ✑ ❇✯❍▲▼ ✼✦▼✦● ✟ ✣ ▼✮☞✯❇☛✦✓✦ ▼✖✕ ❂ ✭✘✗ ✳ ✾✥▼✦❑▲▼
p = N

✴ ❇ ❅ ▼✦❉❚▼✦❍✌☞✯❇☛✦✓✦✓✏ ✟ ✣ ▼✮☞✯❇☛✦✓✦ ▼ ✕ ❨ ✎ ✭✘✗ ✳ ✾✥▼✦❑▲▼
1 < p <
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u(r) → 0
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r → ∞
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✩✏❇ ✞▲▼
u ∈ C1[r0, R]
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u′(r) ≤ 0
❇✯❉

[r0, R]
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❝ ✌✏✓✖✢ ✵✤✣ ✐ ✥★✧✱✰ ✪ ψ(r) := |u′(r)|p−2u′(r)
❋✬✲ ✳ ✬✶✵✸✷ ψ ∈ C1[r0, R]

✧

ψ′(r0) =







−f(r0, u(r0)) ✩ ✧ r0 > 0,

−
1

N
f(0, u(0)) ✩ ✧ r0 = 0.
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−(rN−1ψ(r))′ = rN−1f(r, u(r)), r ∈ (r0, R).
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✎
ψ′
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r
✎✶❍❙❇

r > 0
❇
r ∈ [r0, R]
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r0 > 0
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r → r0
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ψ′(r0)
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▼❚P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃ ✪ ▼✦❍✡✎☛❍❙❇
r0 = 0
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ψ′(0)
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−
1

N
f(0, u(0)) = lim

r→0

(rN−1ψ(r))′

(rN)′
= lim

r→0

ψ(r)

r
.

✫ ❊✫❉❋❊
ψ(0) = 0

✎ ✾✰❊✢✏ ❍
u′(0) = 0
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ψ′(0) = −
1

N
f(0, u(0)).
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❝ ✌✏✓✖✢ ✵✤✣ ✆✚✙ ✰ ✿ ✳ ❁✚✵✸✷✽✻ ✧❈✧✴✳✝✧ ❂✜✛✟✭✮✪ E(r) :=
p− 1

p
|u′(r)|p + F (r, u(r))
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E ′(r) = Fr(r, u(r)) −
N − 1

r
|u′(r)|p ≤ 0.
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E(r) =
p− 1

p

∣
∣|u′|p−2u′

∣
∣

p
p−1 + F (r, u),
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E ∈ C1[r0, R]
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E ′(r) = u′
(
|u′|p−2u′

)
′

+ Fr(r, u) + f(r, u)u′

= Fr(r, u) + u′
[(
|u′|p−2u′

)
′

+ f(r, u)
]

E ′(r) = Fr(r, u) −
N − 1

r
|u′|p
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E ′(r) ≤ 0

✎ ✾✰❊✢✏ ❍
Fr(r, s) =

∫ s

0

fr(r, t) dt
❇
fr(r, u) ≤ 0

✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
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u′(r1) = 0

✢✁� ✪✟❂❃✪✽✪✟✾ ✛✟✿✜❇ r1 ∈ [r0, R)
✢ ✧✴✳ ✬✶✵✸✷ u(r1) ≥ u(r)
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❋
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r1 < r2 ∈ [r0, R)

■ ▼✮✏ ❍ ✤✦✝✴❇
u′(r1) = 0, u(r1) = u(r2), u(r) ≥ u(r1)
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r
❇✯❉

[r1, r2]
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❇
u
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[r1, r2].
✳ ❂✫❃ ❥ ✴
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u(r)
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r̄1 ∈ [r0, R)

❇ ❇ ❂ ✏ ❍❏■▲❇
r̄2 ∈ (r1, R)

■ ▼✮✏ ❍✲✤✦✝✴❇
u(r̄1) < u(r̄2)

❃✟✩✏❇ ✞▲▼
r1 ≥ r̄1
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u(r)

❇✯❉
[r̄1, r̄2]

❃ ✫ ❊✫❉❋❊
u(r1) > 0

❇
u(R) = 0

✎✥❇ ❂ ✏ ❍❏■▲❇
r2 ∈ (r̄2, R)
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u(r)

r
r2r1 R
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E(r2) −E(r1) =

∫ r2

r1

Fr(t, u(t)) −
N − 1

t
|u′(t)|p dt.

✺ ●✽■ ❖✦❊
∫ r2

r1

Fr(t, u(t)) −
N − 1

t
|u′(t)|p dt =

p− 1

p
|u′(r2)|

p + F (r2, u(r2)) − F (r1, u(r1))

=
p− 1

p
|u′(r2)|

p +

∫ r2

r1

Fr(t, u(r1)) dt.

✁✲❊✢✡✫❊✍✎✕✝✴❍▲▼✦●✴P✴❊❚❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼ P✴❊ ★❡▼✮✦ ❊✫❑ ✪ ✌✯P✎✏ ❊✍✎
p− 1

p
|u′(r2)|

p +

∫ r2

r1

N − 1

t
|u′(t)|p dt =

∫ r2

r1

Fr(t, u(t)) − Fr(t, u(r1)) dt

=

∫ r2

r1

fr(t, ξ(t))[u(t) − u(r1)] dt,



❩✦❴ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✡✠☞☛✍✌✤✞✘✁☎✞✡✄✂✞✘✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ✠✔✁✗✖✙✘ ✞✚✞ ☛✌☞☎✛✜✕✓✖

☞✯❊✫❉
u(r1) ≤ ξ(t) ≤ u(t).

✣✔❊✫❑
(M1)

❇ ✳ ❂✫❃ ✔★✴✑✎

p− 1

p
|u′(r2)|

p +

∫ r2

r1

N − 1

t
|u′(t)|p dt =

∫ r2

r1

fr(t, ξ(t))[u(t) − u(r1)] dt ≤ 0.

❅ ▼✮❄☛❊✢✥ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇
u′ ≡ 0

❇✯❉
[r1, r2]

✎✴❊✬✤✦✝✴❇ ☞✯❊✫●✽■▲❑▲▼✦P✎✏✆✜ ✳ ❂✫❃ ❥ ✴ ❃
�

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ✵✤✣✼✵✁� ✩✏❇
u′(r) > 0

✾✥▼✦❑▲▼★▼✮✦✓✡★✝✴❉
r ∈ (r0, R)

✎✺❇✯●✽■ ❖✦❊✠❇ ❂ ✏ ❍❏■▲❇
✝✴❉ ✾✰❊✫●✽■▲❊ ☞✯❑✌❄❄■✻✏✓☞✯❊

r1 ∈ [r0, r)
☞✯❊✫❉

u(r1) < u(r)
✎✎☞✯❊✫●✽■▲❑▲▼✦❑✌✏ ▼✦●✴P✴❊ ❊✬✁✲❇✯❉❚▼❯❂✫❃ ✔✏❃

�

✡☞☛✄✂ ✍✏✎✒✑✔✓✖✕✘✗✚✙✜✛✞✢☞✣✥✤✦✓★✧✩✓✮✪✫✎✬✓✦✛✭✎✒✑✮✢ ✡☞☛✄✂

☎ ❍ ✾✴❑✛✶ ❂ ✏ ❉❋❊✫❍ P✴❊✢✏ ❍ ✦ ❇✯❉❚▼✦❍ ❇✯❍❏■ ▼✮✥✰❇☛✦ ❇☛☞✯❇✯❉✂❊ ☞✯❊✫❉✪✾✰❊✫❑❏■ ▼✦❉❋❇✯●✽■▲❊ P✴❇
u
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

r0
❃

❝ ✌✏✓✖✢ ✵✤✣✓✰
F (r0, u(r0)) > 0

�✂✁☎✄✝✆✟✞✡✠☞☛✍✌✏✎☎✑✓✒✡✆✕✔ ◗✔❇✯❉❋❊✫❍ ✤✦✝✴❇

E(R) =
p− 1

p
|u′(R)|p + F (R, u(R)) =

p− 1

p
|u′(R)|p ≥ 0.

✫ ❊✫❉❋❊
E

✌❳●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇☛✎ ✾✰❇☛✦ ❊✪✁✲❇✯❉❚▼✍❂✫❃ �✍✎✥❇✯●✽■ ❖✦❊

E(r0) =
p− 1

p
|u′(r0)|

p + F (r0, u(r0)) = F (r0, u(r0)) ≥ 0.

✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍ ✤✦✝✴❇
F (r0, u(r0)) > 0

❃ ❅❈❇ ✘✼▼❣■▲❊✍✎✽❍❙❇
E(r0) = F (r0, u(r0)) = 0

❇✯●✽■ ❖✦❊
E

✌ ☞✯❊✫●✴❍❏■ ▼✦●✽■▲❇
❇✯❉

[r0, R]
❇
E ′ ≡ 0

❃ ✟ ❍❏■▲❊ ✌ ✝✴❉❚▼ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎ ✾✰❊✢✏ ❍ ✏ ❉✪✾✎✦✓✏✓☞✒▼✕✎ ✾✰❇☛✦ ❊ ✁✲❇✯❉❚▼✖❂✫❃ �✾❇
(M1)

✎ ✤✦✝✴❇
u′ ≡ 0

❃
�

❝ ✌✏✓✖✢ ✵✤✣ ✚
f(r0, u(r0)) > 0



✠☞☛ �✔☛ ✁ ✕✄✂ ✞✘✁✏✖ ✄✝✆✓✁✏☞✎✍✏✞ ✠ ✞✆☎ ✕ ✞✘✆ ✕✄✂✽✁✹✠☞☛ � ❩✏❂

�✂✁☎✄✝✆✟✞✡✠☞☛✍✌✏✎☎✑✓✒✡✆✕✔ ✩✏❇
f(r0, u(r0)) < 0

❇✯●✽■ ❖✦❊✍✎ ✾✰❇☛✦ ❊✪✁✲❇✯❉❚▼✍❂✫❃ ❦✕✎

d

dr
(|u′(r)|p−2u′(r))

∣
∣
∣
∣
r=r0

> 0.

✢❈❍❙❍✌✏ ❉
r0

✌✪✝✴❉ ✾✰❊✫●✽■▲❊★P✴❇❘❉✪❄ ●✎✏ ❉❋❊ ✦ ❊ ☞✒▼✮✦ ❇✯❍❏■▲❑✌✏❄■▲❊ P✴❇
u(r)

✎✩☞✯❊✫●✽■▲❑▲▼✦❑✌✏ ▼✦●✴P✴❊ ❊ ✁✲❇✯❉❚▼ ❂✫❃ ✔✏❃✘✢ ✡✫❊✫❑▲▼✕✎
❍❙❇
f(r0, u(r0)) = 0

❇✯●✽■ ❖✦❊✍✎ ✾✰❇☛✦ ▼✪☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(M2)

✎
F (r0, u(r0)) ≤ 0

✎ ☞✯❊✫●✽■▲❑▲▼✦❑✌✏ ▼✦●✴P✴❊❋❊ ✁✲❇✯❉❚▼ ❂✫❃ ❥ ❃
✁✲❊✢✡✫❊

f(r0, u(r0)) > 0
❃

�

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ✵✤✣ ❵ � ✣✔❇☛✦ ❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ❂✫❃❄❂★✎
u′(r) ≤ 0

❇✯❉
[r0, R]

❃ ✣✔❇☛✦ ❊✫❍
✁✲❇✯❉❚▼✦❍❲❂✫❃ ❦❚❇❚❂✫❃❬❨ ✎

u′(r) < 0
✾✴❑✛✶ ❂ ✏ ❉❋❊❚▼

r0
❃ ✢ ❍❙❇☛✡★✝✎✏ ❑ ❉❋❊✫❍❏■▲❑▲▼✦❉❋❊✫❍✓✤✦✝✴❇ P✴❇✟✘✼▼❣■▲❊

u′(r) < 0
✾✥▼✦❑▲▼

■▲❊✏P✴❊
r ∈ (r0, R)

❃ ✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✂✾✰❊✫❑ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✬✤✦✝✴❇
r1

✌❲❊✬✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊✿✾✰❊✫●✽■▲❊✬☞✯❑✌❄❄■✻✏✓☞✯❊❘P✴❇✟✝✠❇✯❉
(r0, R)

❃ ◗✔❇✯❉❋❊✫❍ ■▲❑✌✍✯❍ ✾✰❊✫❍❙❍✌✏✓✥✎✏✓✦✓✏ P✥▼✦P✴❇✯❍✡✚

•
✩✏❇

f(r1, u(r1)) > 0
❇✯●✽■ ❖✦❊✍✎ ✾✰❊✫❑ ✳ ❂✫❃❬❩★✴ ✎

r1
✌✠❉ ✆ ❂ ✏ ❉❋❊ ✦ ❊ ☞✒▼✮✦ ❇✯❍❏■▲❑✌✏❄■▲❊ ✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✹☞✯❊✫❉

✁✲❇✯❉❚▼✍❂✫❃ ✔★✴ ☞

•
✩✏❇

f(r1, u(r1)) < 0
❇✯●✽■ ❖✦❊✍✎✂✾✰❊✫❑ ✳ ❂✫❃❬❩★✴✑✎

r1
✌✾❉✪❄ ●✎✏ ❉❋❊ ✦ ❊ ☞✒▼✮✦ ❇✯❍❏■▲❑✌✏❄■▲❊ ✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✶☞✯❊✫❉

✁✲❇✯❉❚▼✍❂✫❃ ✔★✴ ☞

• Sef(r1, u(r1)) = 0
❇✯●✽■ ❖✦❊✍✎✎✾✰❇☛✦ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(M2)
✎

E(r1) =
p− 1

p
|u′(r1)|

p + F (R, u(r1)) = F (r1, u(r1)) ≤ 0,

☞✯❊✫●✽■▲❑▲▼✦P✎✏✆✜✯❇✯●✴P✴❊❘❊✬✁✲❇✯❉❚▼✍❂✫❃ �✍✎ ✾✰❊✢✏ ❍
E(R) ≥ 0

❇
E ′ 6≡ 0

❇✯❉
[r1, R]

❃

�



� ☎✂✁☎✄ ✂ ✁✝✆☛✡ �

✁ ✝★✡ ✁ ✆ ✁ ✄ ☎ ✂ ✟ ✁ ✁ ☎✞✝✠✟☎✄ ☎ ✄ ✡

✩✏❇ ✞▲▼✦❉
N ≥ 2

✎
p > 1

❇
0 ≤ r0 < R < ∞

❃ ✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍ ✤✦✝✴❇
u ∈ C1[r0, R]

✌ ✝✴❉❚▼
❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇







−
(
rN−1|u′|p−2u′(r)

)
′

= rN−1f(r, u), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0,

✳ ❩✏❃❄❂ ✴

❊✫●✴P✴❇ ▼ ✘ ✝✴●✴◆✒❖✦❊
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(M1) − (M2)
✳✙✼✫❇✯❑✂✫ ▼✮✾✎❄❄■✞✝✎✦ ❊❚❂ ✴ ❃✑✢ ✦✆✌✯❉ P✎✏ ❍❙❍❙❊✍✎ ✘✼▼✦❑❙❇✯❉❋❊✫❍

P✴❊✢✏ ❍ P✎✏✙✘❜❇✯❑❙❇✯●✽■▲❇✯❍ ☞✯❊✫●✟✞✛✝✴●✽■▲❊✫❍ P✴❇✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ ✾✥▼✦❑▲▼
f
❃ ✣ ❑✌✏ ❉❋❇☛✏ ❑▲▼✦❉❋❇✯●✽■▲❇☛✎✮☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❉❋❊✫❍ ❊ ☞✒▼✦❍❙❊❳❇✯❉ ✤✦✝✴❇

f(R, 0) ≥ 0
✎✴❍✛✝✎✾✰❊✫●✴P✴❊✬✤✦✝✴❇

(H1) f ∈ C1([0,∞) × (0,∞))
✎
f(R, 0) ≥ 0

❇❲❇ ❂ ✏ ❍❏■▲❇✯❉
C, s0 > 0

■ ▼✮✏ ❍✔✤✦✝✴❇
f(r, s) > −Csp−1

✾✥▼✦❑▲▼
0 < s < s0

✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✾✥▼✦❑▲▼
r
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

R ☞

(H2)
✺❃❂ ✏ ❍❏■▲❇

0 ≤ γ < 1
■ ▼✮✦✣✤✦✝✴❇

sγf ′(r, s)
✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼

s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇

✾✥▼✦❑▲▼
r
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

R
✎✥❊✫●✴P✴❇

f ′(r, s) ≡ fs(r, s)
❃



❩✠� �✂✁☎✄✝✆ ✄ ☛✟✞ ✞ �✔☛✁� ✆✟✞✄✂✗✞✒✕✄✂✽✁✆☎ ✎ ✁ ✕✴✁✦✆❃✎✞✝✲✁✏✠ ✞

✢ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(H1)

✡✽▼✦❑▲▼✦●✽■▲❇ ✤✦✝✴❇
u′(R) < 0

✎❆☞✯❊✫❉❋❊ ✼✫❇✯❑❙❇✯❉❋❊✫❍❈❉❚▼✮✏ ❍ ▼✦P✎✏ ▼✦●✽■▲❇❲●✥▼ ✩✏❇✯◆✒❖✦❊ ❩✏❃❄❂✫❃ ✝ ❇✯❍❏■▲❇
☞✒▼✦❍❙❊✍✎✗✾✰❇✯❑❙❉✪✏❄■✻✏ ❉❋❊✫❍✓✤✦✝✴❇❋▼ ✘ ✝✴●✴◆✒❖✦❊

f ′(r, u(r))
❍❙❇ ✞▲▼ ✏✓✦✓✏ ❉✪✏❄■ ▼✦P✥▼✿✾✥▼✦❑▲▼

r
✾✴❑✛✶ ❂ ✏ ❉❋❊❯P✴❇

R
✎✗✦✓✏ ❉✪✏❄■ ▼✦●✴P✴❊

▼✮✾✰❇✯●✥▼✦❍ ❊ ❍❙❇✡✝ ☞✯❑❙❇✯❍✌☞☛✏ ❉❋❇✯●✽■▲❊✿✾✰❇☛✦ ▼ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(H2)

❃ ☎ ❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ❇ ❂ ❇✯❉✪✾✎✦ ❊✫❍ P✴❇✲✘ ✝✴●✴◆✡✠✏❇✯❍ ☞✡✝✴❉✪✾✴❑❙❇✯❉
▼✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(M1) − (M2)
❇

(H1) − (H2)
✚

• f(r, s) = a(r)sq + C
✎ ☞✯❊✫❉

a ∈ C1 ✎ a ≥ 0
✎
a′ ≤ 0

✎
q > 0

❇
C ≥ 0 ☞

• f(r, s) = sq − a(r)sm ✎ ☞✯❊✫❉
a ∈ C1 ✎ a′ ≥ 0

❇
p− 1 ≤ m < q

❃

✢ ✦❄■▲❇✯❑❙●✥▼❣■✻✏✽✼✦▼✦❉❋❇✯●✽■▲❇☛✎ ✼ ✏ ❍▲▼✦●✴P✴❊❚❇✯❍❏■✞✝✴P✥▼✦❑ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✦❍ P✴❊❘■✻✏✓✾✰❊ ✎✯✌✏✓ ✻ ✖ ✕✰✎✒✻ ✙✜✕✰✮✺✌ ✎✥▼✦P✴❉✪✏❄■✻✏ ❑❙❇✯❉❋❊✫❍ ✤✦✝✴❇
f

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜

(H′

1
) f ∈ C1([0,∞) × (0,∞))

❇
f(R, 0) < 0 ☞

(H′

2
) f ′(r, s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✾✥▼✦❑▲▼

r
✾✴❑✛✶ ❂ ✏ ❉❋❊❘P✴❇

R
❃

✝ ❇✯❍❏■▲❇ ☞✒▼✦❍❙❊ ✾✰❊✏P✴❇✯❉❋❊✫❍ ■▲❇✯❑
u′(R) = 0

❃ ✝ ❊❞❇✯●✽■ ▼✦●✽■▲❊✍✎ ▼ ✘ ✝✴●✴◆✒❖✦❊
f ′(r, u(r))

P✴❇ ✼✫❇★❍❙❇✯❑ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼
✾✥▼✦❑▲▼

r
✾✴❑✛✶ ❂ ✏ ❉❋❊❘P✴❇

R
❃ ✫ ✏❄■ ▼✦❉❋❊✫❍ ☞✯❊✫❉❋❊❘❇ ❂ ❇✯❉✪✾✎✦ ❊✫❍ P✴❇✧✘ ✝✴●✴◆✡✠✏❇✯❍✓✤✦✝✴❇❳❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯❉

(M1) − (M2)
❇

(H′

1
) − (H′

2
)
✚

• f(r, s) = a(r)sq − C
✎✎☞✯❊✫❉

a ∈ C1 ✎ a ≥ 0
✎
a′ ≤ 0

✎
q > 1

❇
C > 0 ☞

• f(r, s) = sq − a(r)sm − C
✎✎☞✯❊✫❉

a ∈ C1 ✎ a′ ≥ 0
✎
1 ≤ m < q

❇
C > 0

❃

✝ ❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊ ❇✯❍❏■✞✝✴P✥▼✦❑❙❇✯❉❋❊✫❍ ❊❘❍❙❇☛✡★✝✎✏ ●✽■▲❇ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ P✴❇ ✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦✏✚






−(p− 1)
(
rN−1|u′|p−2ω′(r)

)
′

= rN−1f ′(r, u)ω(r), r ∈ (r0, R)

ω(r0) = 1

ω′(r0) = 0,

✳ ❩✏❃❬❩★✴

✤✦✝✴❇❳❇✯❍❏■ ✆❋▼✦❍❙❍❙❊ ☞☛✏ ▼✦P✴❊❋▼✦❊ ✖✔✛✣✕ ✘ ❀❜✌✏✓✖✢ ❀✼✻✼✮✺✌❢✢✴✛❣✻❜❤✽✢✥✱✺✕ P✴❇ ✳ ❩✏❃❄❂ ✴✑✚






−(p− 1)
(
rN−1|u′|p−2ω′(r)

)
′

= rN−1f ′(r, u)ω(r), r ∈ (r0, R)

ω′(r0) = ω(R) = 0

✳ ❩✏❃ ❦ ✴



❩✢✔

❅ ✏ ❑❙❇✯❉❋❊✫❍✱✤✦✝✴❇❈▼❲❍❙❊✢✦✆✝✴◆✒❖✦❊
u
✌ ✮✺✳✴✕✎✷ ✱✺✌✕✯✶✌✏✮✺✌❢✛✣✢✥✱✺✢ ❍❙❇❈❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✬✳ ❩✏❃ ❦ ✴ ✾✰❊✫❍❙❍✛✝✎✏ ✢✎✖ ✌✏✮✺✢✥✎ ▼❳❍❙❊✢✦✆✝✴◆✒❖✦❊

■▲❑✌✏✽✼ ✏ ▼✮✦ ✳
ω ≡ 0

✴ ❃ ☎ ✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊ ■▲❇✯❊✫❑❙❇✯❉❚▼✮✌ ✝✴❉ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊❘P✴❇❳❇ ❂ ✏ ❍❏■✻✍✯●✎☞☛✏ ▼❘❇✧✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇✦❃

✢ ✌❢✕✶✛✣✌✏✓✖✢ ❵ ✣✼✵✦✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✄✂☎✿ ✧ f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱✆☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (M1) − (M2)
✧

(H1) − (H2) ✟ ✷✗✿
(H′

1
) − (H′

2
) ✠ ❋ ✥★✧✱✰ ✪ u ∈ C1[r0, R] ✿✜❇❆✪❆✩✲✷✗✾❀✿✔❁✚✵✸✷✽✻ ✧ ✳ ❩✏❃❄❂ ✴ ❋ ✲ ✳ ✬✶✵✸✷ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪✌☞ ✳ ✭ ❊ ✪❆✩✲✷✗✾❀✿✔❁✚✵✸✷

ω ∈ C1[r0, R) ∩ C0[r0, R] ✻✸✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳ ❩✏❃❬❩★✴ ❋

☎ ✾✴❑✛✶ ❂ ✏ ❉❋❊❚■▲❇✯❊✫❑❙❇✯❉❚▼❚❇✯❍❏■ ▼✮✥✰❇☛✦ ❇☛☞✯❇ ▼❚P✴❇☛✾✰❇✯●✴P✎✍✯●✎☞☛✏ ▼ ☞✯❊✫●✽■✻❄ ●✦✝✥▼❚P✴❇
u
❇✯❉ ❑❙❇☛✦ ▼✦◆✒❖✦❊✍▼✦❊ ✾✥▼✦❑✑✏ ✟

❉❋❇✚■▲❑❙❊✿✏ ●✎✏✓☞☛✏ ▼✮✦
α = u(r0)

❃

✢ ✌❢✕✶✛✣✌✏✓✖✢ ❵ ✣ ❵ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✒✂☎✿ ✧ u ∈ C1[r0, R]
❅ ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ✻ ✧ ✳ ❩✏❃❄❂ ✴ ✢ ✷ ✳ ✻ ✧ ✪✹✰ ✿ ✳ ❁✚✵✸✷

f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱✓☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (M1) − (M2)
✧

(H1) − (H2) ✟ ✷✗✿ (H′

1
) − (H′

2
) ✠ ❋ ✥★✧✱✰ ✪✟❇ ǫ > 0

✧
α = u(r0)

❋✒✲ ✳ ✬✶✵✸✷ ✢✁� ✪✟❂❃✪ h ✩✴✿✕✔ ❊ ✭ ✧✴✳ ✬ ✧ ❇ ✧✴✳ ✬ ✧ �✤✧ ✂☎✿ ✧✴✳ ✷ ✢ ✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪✽✻ ✧✗✖ ✪✟✾✯✷✗❂ ✭ ✳ ✭ ❊ ✭✮✪✟✾






−
(
rN−1|u′h|

p−2u′h(r)
)
′

= rN−1f(r, uh)

uh(r0) = α + h

u′h(r0) = 0.

✳ ❩✏❃ �✦✴

� ✷✲✩✓✩✴✿✜✭ ✿✜❇❆✪✓☞ ✳ ✭ ❊ ✪✽✩✲✷✗✾❀✿✔❁✚✵✸✷ uh ✻ ✧ ✔ ✳ ✭✮✻✼✪ ✳ ✷✹✭ ✳ ✬ ✧ ❂ ✖ ✪✟✾✯✷ [r0, Rh]
✢ ✷ ✳ ✻ ✧ Rh ≤ R

✢
uh(r) > 0

✧ ❇
[r0, Rh)

✧✍✢ ✩ ✧ Rh < R
✢
uh(Rh) = 0

❋✒✲ ✪✟✭ ✳ ✻✼✪ ✢

|uh(r) − u(r)| < ǫ
✧

|u′h(r) − u′(r)| < ǫ,

� ✪✟❂❃✪❆✬✺✷✫✻✸✷ r ∈ [r0, Rh]
❋

☎ �✎✦❄■✻✏ ❉❋❊❘■▲❇✯❊✫❑❙❇✯❉❚▼ ✌✧☞✑☎✥▼ ✼✫❇✪✾✥▼✦❑▲▼✍▼✍❊✢✥ ■▲❇✯●✴◆✒❖✦❊ P✴❊✫❍ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✫❍ P✴❇✮✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ ●✴❊✫❍ ✾✴❑✛✶✠✟
❂ ✏ ❉❋❊✫❍✂☞✒▼✮✾✎❄❄■✞✝✎✦ ❊✫❍✯❃ ✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍✲✤✦✝✴❇ ▼✬✘ ✝✴●✴◆✒❖✦❊

ω
✌ ▼❚P✴❇✯❑✌✏✽✼✦▼✦P✥▼❚P✴❇

u
❇✯❉ ❑❙❇☛✦ ▼✦◆✒❖✦❊❯▼✦❊ ✾✥▼✦❑✑✏✦❉❋❇✚■▲❑❙❊

✏ ●✎✏✓☞☛✏ ▼✮✦
α = u(r0)

❃

✢ ✌❢✕✶✛✣✌✏✓✖✢ ❵ ✣ ✐ ✥ ✷✎✍❆✪✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ ✻✸✷✙✘ ✧ ✷✗❂ ✧ ❇❆✪✌✚ ❋ ✚ ✢ ✩✴✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✛✂☎✿ ✧✍✢ � ✪✟❂❃✪ h > 0 ✩✴✿✕✔ ❊ ✭ ✧✴✳ ✬ ✧ ❉
❇ ✧✴✳ ✬ ✧ �✤✧ ✂☎✿ ✧✴✳ ✷ ✢ Rh = R

❋✒✲ ✳ ✬✶✵✸✷✽✪ ✰ ✿ ✳ ❁✚✵✸✷
Φh(r) :=

uh(r) − u(r)

h



❩✦❥ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞ �✔☛✁� ✆✟✞✄✂✗✞✒✕✄✂✽✁✆☎ ✎ ✁ ✕✴✁✦✆❃✎✞✝✲✁✏✠ ✞

❊ ✷ ✳✞✖✟✧ ❂✜✛ ✧ ✿ ✳ ✭ ✰✫✷✗❂ ❇ ✧ ❇ ✧✴✳ ✬ ✧ � ✪✟❂❃✪ ω(r)
✧ ❇ [r0, R] ✂☎✿✏✪ ✳ ✻✸✷ h ✬ ✧✴✳ ✻ ✧ ✪●✱ ✧ ❂ ✷ ✢ ✷ ✳ ✻ ✧ ✪ ✰ ✿ ✳ ❁✚✵✸✷ ω(r)

❅ ✻✼✪✼✻✼✪ �✤✧ ✾✯✷✒✘ ✧ ✷✗❂ ✧ ❇❆✪✄✚ ❋✁�✼❋

✂ ☛✌✡ ✍✏✎✒✑✔✓✖✕✘✗✚✙✜✛✞✢☞✣✥✤✦✓★✧✩✓✮✪✫✎✬✓✦✛✭✎✒✑✮✢ ✂ ☛✌✡

✝ ❊✦■▲❇✯❉❋❊✫❍ ✤✦✝✴❇❯❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ ✳ ❩✏❃❬❩★✴ ✌✍❇✡✤✦✝✎✏✽✼✦▼✮✦ ❇✯●✽■▲❇ ▼✾❇✯●✎☞✯❊✫●✽■▲❑▲▼✦❑✮✝✴❉ ✾✰❊✫●✽■▲❊ ✖ ❂ ❊ ✾✥▼✦❑▲▼❞▼
✘ ✝✴●✴◆✒❖✦❊

Ψ : C0[r0, R] → C0[r0, R]
P✥▼✦P✥▼ ✾✰❊✫❑

Ψ(ω)(r) = 1 −

∫ r

r0

1

(p− 1)|u′(s)|p−2

∫ s

r0

(
t

s

)N−1

f ′(t, u(t))ω(t) dt ds.
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f(r0, u(r0)) > 0
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u′(r) < 0
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(r0, R).

✳ ❩✏❃ ❥ ✴

•
✩✏❇
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✲☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(H1)
✎✫❇✯●✽■ ❖✦❊ ✾✰❇☛✦ ❊ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊ P✴❇ ★❡▼☛✜✡✤✦✝✴❇✡✜✩✕ ❩✫❨✘✗ ✳✙✼✫❇✯❑ ✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✫✔✴ ✎

■▲❇✯❉❋❊✫❍
u′(R) < 0

❃ ✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎✎✾✥▼✦❑▲▼
r
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

R
✎✴■▲❇✯❉❋❊✫❍

△pu = −f(r, u) < β(u),
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β(s) = Csp−1 ❇ ☞✯❊✫❉ ✏ ❍❙❍❙❊

∫ 1

0

(sβ(s))−
1

p ds = C

∫ 1

0

s−1 ds = +∞.
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f ′(R, 0)
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|u′(r)|p−1 = −|u′(r)|p−2u′(r) =

∫ r

r0

(s

r

)N−1

f(s, u(s)) ds.
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f(r0, u(r0)) > C
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r0
✎✎✼✦▼✮✦ ❇

|u′(r)|p−1 >
C

N
(r − r0).
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(H′

1
)
❇
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|u′(r)|p−1 = −|u′(r)|p−2u′(r) = −

∫ R

r

(s

r

)N−1

f(s, u(s)) ds.
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f(R, 0) < −C < 0
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∫ R

r0

|f ′(r, u(r))|q dr
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|f ′(r, u(r))|q <
C

u(r)q·γ
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C

(R− r)q·γ
,
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dr <∞
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|f ′(r, u(r))| dr <∞,
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ω1

✎
ω2 ∈ C0[r0, R]

❇
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n ≥ 0
✎

|Ψn(ω1)(r) − Ψn(ω2)(r)| ≤ Kn

(
|r − r0|

n

n!

) 1

q′

‖ω1 − ω2‖∞, r ∈ [r0, R],
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K =

(∫ R

r0

1

(p− 1)|u′(r)|p−2
dr

)(∫ R

r0

|f ′(r, u(r))|q dr

) 1

q ❇ 1

q
+

1

q′
= 1.

★ ❇✯❑✌✏✙✖ ☞✒▼✦❑❙❇✯❉❋❊✫❍ ▼❋P✴❇✯❍✌✏✓✡★✝✥▼✮✦ P✥▼✦P✴❇ ❩✏❃ ✭✪✾✰❊✫❑✂✏ ●✴P✍✝✴◆✒❖✦❊❋❇✯❉
n
❃ ✣ ▼✦❑▲▼

n = 0
✎✶❇☛✦ ▼❘❍❙❇ ✼✫❇✯❑✌✏✙✖ ☞✒▼✬✏ ❉❋❇✯P✎✏ ▼❣■ ▼ ✟

❉❋❇✯●✽■▲❇✦❃✵✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍ ✤✦✝✴❇ ✌ ✼ ✆✮✦✓✏ P✥▼ ✾✥▼✦❑▲▼
k
❃

✺ ●✽■ ❖✦❊

∣
∣Ψk+1(ω1)(r) − Ψk+1(ω2)(r)

∣
∣ =

∣
∣Ψ(Ψk(ω1))(r) − Ψ(Ψk(ω2))(r)

∣
∣ ≤

≤

∣
∣
∣
∣
∣

∫ r

r0

1

(p− 1)|u′(s)|p−2

∫ s

r0

(
t

s

)N−1

f ′(t, u(t))
[
Ψk(ω1)(t) − Ψk(ω2)(t)

]
dt ds

∣
∣
∣
∣
∣

≤

∫ r

r0

1

(p− 1)|u′(s)|p−2

∫ s

r0

(
t

s

)N−1

|f ′(t, u(t))|
∣
∣Ψk(ω1)(t) − Ψk(ω2)(t)

∣
∣ dt ds

≤

∫ r

r0

1

(p− 1)|u′(s)|p−2
ds ·

∫ r

r0

|f ′(s, u(s))|
∣
∣Ψk(ω1)(s) − Ψk(ω2)(s)

∣
∣ ds

≤ Kk

∫ r

r0

1

(p− 1)|u′(s)|p−2
ds ·

∫ r

r0

|f ′(s, u(s))|

(
|s− r0|

k

k!

) 1

q′

ds · ‖ω1 − ω2‖∞.

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ▼❘❅❈❇✯❍✌✏✓✡★✝✥▼✮✦ P✥▼✦P✴❇ P✴❇ ✘✁�✢✦ P✴❇✯❑✡✎

∣
∣Ψk+1(ω1)(r) − Ψk+1(ω2)(r)

∣
∣ ≤ Kk+1

(∫ r

r0

|s− r0|
k

k!
ds

) 1

q′

‖ω1 − ω2‖∞

≤ Kk+1

(
|r − r0|

k+1

(k + 1)!

) 1

q′

‖ω1 − ω2‖∞.

✣✔❊✫❑❏■ ▼✦●✽■▲❊

‖Ψn(ω1) − Ψn(ω2)‖∞ ≤ Kn

(
|R− r0|

n

n!

) 1

q′

‖ω1 − ω2‖∞

❇☛✎ ✾✥▼✦❑▲▼
n
✡✫❑▲▼✦●✴P✴❇☛✎

Kn

(
|R− r0|

n

n!

) 1

q′

< 1.

✁✲❊✢✡✫❊
Ψn ✌ ✝✴❉❚▼✧☞✯❊✫●✽■▲❑▲▼✦◆✒❖✦❊✪✾✥▼✦❑▲▼

n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✡✫❑▲▼✦●✴P✴❇✦❃

❛ ✢✥✎✒✎✯✕ ✐ � ✺❃❂ ✏ ❍❏■▲❇ ✝✴❉✟�✴●✎✏✓☞✯❊ ✾✰❊✫●✽■▲❊✮✖ ❂ ❊✪✾✥▼✦❑▲▼
Ψ
❃
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✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ❊❳◗✔❇✯❊✫❑❙❇✯❉❚▼ P✴❇✂✣✔❊✫●✽■▲❊✖✟❃✏ ❂ ❊ P✴❇ ✙ ▼✦●✥▼✮☞✑☎✣✎✕✾✰❊✏P✴❇✯❉❋❊✫❍ ✾✴❑❙❊ ✼✦▼✦❑✱✤✦✝✴❇ ❍❙❇
Ψn ✌ ✝✴❉❚▼

☞✯❊✫●✽■▲❑▲▼✦◆✒❖✦❊✍✎❃✾✥▼✦❑▲▼✾▼✮✦✓✡★✝✴❉
n > 1

✎ ❇✯●✽■ ❖✦❊
Ψ

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ �✴●✎✏✓☞✯❊ ✾✰❊✫●✽■▲❊✫✖ ❂ ❊ ✳✙✼✫❇✯❑✮✩✏❊✦■▲❊✫❉❚▼ ✍✫❊✫❑ ✕ ❩✦❥ ✎
✫ ❊✫❑❙❊✢✦✝✆✦❑✌✏ ❊ ✟ ❃ �✴❃❄❂ ✗ ✴ ❃✶✁✲❊✢✡✫❊ ❇ ❂ ✏ ❍❏■▲❇✥✝✴❉❚▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊

ω ∈ C0[r0, R] ∩ C1[r0, R)
✾✥▼✦❑▲▼✾❊ ✾✴❑❙❊✠✟

✥✎✦ ❇✯❉❚▼ ✳ ❩✏❃❬❩★✴ ❃

✂ ☛✄✂ ✍✏✎✒✑✔✓✖✕✘✗✚✙✜✛✞✢☞✣✥✤✦✓★✧✩✓✮✪✫✎✬✓✦✛✭✎✒✑✮✢ ✂ ☛✄✂

✩✏❇ ✞▲▼✦❉
M
✎
N > 0

■ ▼✮✏ ❍✔✤✦✝✴❇

|f(r, s)| < M, ∀(r, s) ∈ [r0, R] × [0, α+ ǫ]

❇
|u′(r)| < N, ∀r ∈ [r0, R].

◗✔❊✫❉❋❇✯❉❋❊✫❍
δ > 0

■ ▼✮✦✣✤✦✝✴❇
2

1

p−1 δ[N + (Mδ)
1

p−1 ] <
ǫ

4
.

✩✏❇ ✞▲▼
h
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✾✰❇✡✤✦✝✴❇✯●✴❊❋■ ▼✮✦✣✤✦✝✴❇

f(r0, α + h) > 0.

✟ ❍❏■▲❊ ✌ ✾✰❊✫❍❙❍✌❄✽✼✫❇☛✦ ✾✰❊✢✏ ❍
f(r0, α) > 0

✎ ✾✰❇☛✦ ❊✬✁✲❇✯❉❚▼★❂✫❃❬❨✏❃ ✣✔❇☛✦ ▼✬✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊ ✙❈❃❄❂★✎❆✾✥▼✦❑▲▼
h <

ǫ

4

✎✰❇ ❂ ✏ ❍❏■▲❇
✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊

uh

P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ ❇✯❉ ✳ ❩✏❃ �✦✴ P✴❇ ✖✥●✎✏ P✥▼ ❇✯❉
[r0, r0 + δ]

❇

|uh(r) − u(r)| < ǫ, ∀r ∈ [r0, r0 + δ].
✳ ❩✏❃ ❅ ✴

✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ ✵ � ✢ ✘ ✝✴●✴◆✒❖✦❊
u(r)

✌❲▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ P✴❇ ✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦







−
(
rN−1|u′|p−2u′(r)

)
′

= rN−1f(r, u), r ∈ (r0, R)

u(r0) = α

u′(r0) = 0.

✳ ❩✏❃❄❂✜❴ ✴
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p > 2

❇✠●✴❊✫❍✬✾✰❊✫●✽■▲❊✫❍
r
❊✫●✴P✴❇

u′(r) = 0
❇
f(r, u(r)) = 0

❃ ✫ ❊✫❉❋❊
f(r0, u(r0)) > 0

❇
u′(r) < 0

✎
∀r ∈ (r0, R)

✎✴❇✯●✽■ ❖✦❊
u(r)

❇✯❍❏■ ✆✪✝✴●✎✏✓☞✒▼✦❉❋❇✯●✽■▲❇❳P✴❇ ✖✥●✎✏ P✥▼ ❃
✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ ❵ �

uh → u
✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ❇✯❉

[r0, r0 + δ]
✤✦✝✥▼✦●✴P✴❊

h→ 0
❃

✩✏❇ ✞▲▼
(hn)

■ ▼✮✦ ✤✦✝✴❇
hn → 0

❃ ✣✔❊✫❑ ✳ ❩✏❃ ❅ ✴ ✎✴▼ ❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼
(uhn

)
✌✧✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ❃

✣✔❊✫❑✟✳ ❩✏❃ �✦✴✑✎✴■▲❇✯❉❋❊✫❍
|u′h(r)|

p−2u′h(r) = −

∫ r

r0

(s

r

)N−1

f(s, uh(s)) ds.

❅❈❇❳❊✫●✴P✴❇❳❍❙❇☛✡★✝✴❇
|u′h(r)|

p−1 ≤Mδ.

✁✲❊✢✡✫❊
(uhn

)
✌ ❇✡✤✁�✎✏✓☞✯❊✫●✽■✻❄ ●✦✝✥▼ ❃ ✣✔❇☛✦ ❊❲◗✔❇✯❊✫❑❙❇✯❉❚▼❳P✴❇ ✢❈❑✛✜✯❇☛✦✝✆ ✟ ✢❈❍✌☞✯❊✢✦✓✏✏✎✽▼❳❉❋❇✯●✴❊✫❍ P✴❇✓✝✴❉❚▼ ❍✛✝✎✥✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼✕✎

uhn
→ ū

✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ❇✯❉
[r0, r0 + δ]

❃ ✣✔❊✫❑✧✳ ❩✏❃ �✦✴✑✎✴▼ ✘ ✝✴●✴◆✒❖✦❊
uhn

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡ ❇✡✤✦✝✥▼✦◆✒❖✦❊✧✏ ●✽■▲❇☛✡✫❑▲▼✮✦

uhn
(r) = α + hn −

∫ r

r0

A−1

(
∫ s

r0

(
t

s

)N−1

f(t, uhn
(t)) dt

)

ds.

✟✶▼☛✜✯❇✯●✴P✴❊
n→ ∞

✎

ū(r) = α−

∫ r

r0

A−1

(
∫ s

r0

(
t

s

)N−1

f(t, ū(t)) dt

)

ds.
✳ ❩✏❃❄❂✫❂ ✴

✪ ▼✦❍✓✳ ❩✏❃❄❂✫❂ ✴ ✌ ❇✡✤✦✝✎✏✽✼✦▼✮✦ ❇✯●✽■▲❇ ✡✪✳ ❩✏❃❄❂✜❴ ✴ ❃ ✁✲❊✢✡✫❊✍✎ ✾✰❇☛✦ ▼ ✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼ ❂★✎
ū ≡ u

❃✂✖ ❇☛✾✰❇✚■✻✏ ●✴P✴❊ ❊❲▼✦❑✌✡★✝✴❉❋❇✯●✽■▲❊
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(uhn
)
✎✴❊✢✥ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

uhn
→ u

✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇✦❃
✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ ✐ �

u′h → u′
✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ❇✯❉

[r0, r0 + δ]
✤✦✝✥▼✦●✴P✴❊

h→ 0
❃

✣✔❊✫❑✟✳ ❩✏❃ �✦✴✑✎✴■▲❇✯❉❋❊✫❍

∣
∣|u′h(r)|

p−2u′h(r) − |u′(r)|p−2u′(r)
∣
∣ =

∣
∣
∣
∣

∫ r

r0

(s

r

)N−1

[f(s, uh(s)) − f(s, u(s))] ds

∣
∣
∣
∣

≤

∫ r

r0

|f(s, uh(s)) − f(s, u(s))| ds.

✢❈❍❙❍✌✏ ❉✫✎✎✾✰❇☛✦ ▼ ✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼❘❩ ✎✎✾✴❑❙❊ ✼✦▼✦❉❋❊✫❍ ▼✘✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼ ❦ ❃
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✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ ✆ �
uh(r)

✌❳▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳ ❩✏❃ �✦✴ ❇✯❉
[r0, r0 + δ]

❃
✣✔❇☛✦ ▼✔✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼❘❩ ❇ ✁✲❇✯❉❚▼❯❂✫❃❬❨ ✎✴❇ ❂ ✏ ❍❏■▲❇✯❉

δ1 > 0
❇
h0

■ ▼✮✏ ❍ ✤✦✝✴❇

f(r, uh(r)) > 0
❇✯❉

[r0, r0 + δ1]

✾✥▼✦❑▲▼
|h| < h0

❃ ✢❈❍❙❍✌✏ ❉

|u′h(r)|
p−2u′h(r) = −

∫ r

r0

(s

r

)N−1

f(s, uh(s)) ds < 0

✾✥▼✦❑▲▼
r ∈ (r0, r0 + δ1]

❃✡✢❈❍❙❍✌✏ ❉✫✎✎✾✰❇☛✦ ▼ ✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼ ❦ ❇ ✳ ❩✏❃ ❥ ✴ ✎✎✾✥▼✦❑▲▼
h
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✾✰❇✡✤✦✝✴❇✯●✴❊✍✎

u′h(r) < 0
❇✯❉

(r0, r0 + δ].

✣✔❇☛✦ ▼✦❍ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✡✠✏❇✯❍ ✙❈❃❬❩ ❇ ✙❈❃ ❦✕✎✥P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦❉❋❊✫❍ ▼✘✢✓✖✥❑❙❉❚▼❣■✻✏✽✼✦▼ �✴❃
✩✏❇ ✞▲▼

h
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✾✰❇✡✤✦✝✴❇✯●✴❊❋■ ▼✮✦✣✤✦✝✴❇

|uh(r0 + δ) − u(r0 + δ)| <
ǫ

4

❇

|u′(r0 + δ)| < N.

✖ ❇☛✾✰❇✚■✻✏ ●✴P✴❊ ❊❘▼✦❑✌✡★✝✴❉❋❇✯●✽■▲❊❘▼✦●✽■▲❇✯❑✌✏ ❊✫❑✡✎
uh

❇✯❍❏■ ✆✮✝✴●✎✏✓☞✒▼✦❉❋❇✯●✽■▲❇ P✴❇ ✖✥●✎✏ P✥▼ ❇✯❉
[r0 + δ, r0 + 2δ]

✎
uh → u

❇
u′h → u′

✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇❳❇✯❉
[r0 + δ, r0 + 2δ]

❃ ❅❈❇☛✾✰❊✢✏ ❍❈P✴❇✟✝✴❉ ● �✴❉❋❇✯❑❙❊✬✖✥●✎✏❄■▲❊
n0

P✴❇ ❇✚■ ▼✮✾✥▼✦❍✡✎
■▲❇✯❑❙❇✯❉❋❊✫❍

r0 + (n0 − 1)δ < R ≤ r0 + n0δ.

✩✏❇
u′(R) < 0

✎ ✾✥▼✦❑▲▼
h

✾✰❇✡✤✦✝✴❇✯●✴❊✍✎ ✾✰❊✏P✴❇✯❉❋❊✫❍ ❇✯❍❏■▲❇✯●✴P✴❇✯❑ ✝✴●✎✏✓☞✒▼✦❉❋❇✯●✽■▲❇
uh(r)

▼❣■✞✌
r = R

❊★✝❱▼❣■✞✌
r = Rh

■ ▼✮✦ ✤✦✝✴❇
uh(Rh) = 0

❃✟✩✏❇✧✾✰❊✫❑ ❊★✝ ■▲❑❙❊ ✦ ▼✦P✴❊✍✎
u′(R) = 0

✎ ❇✯●✽■ ❖✦❊ ✾✰❊✏P✴❇✯❉❋❊✫❍ ■▲❇✯❑
u′h(r) = 0

✾✥▼✦❑▲▼❚▼✮✦✓✡★✝✴❉
r
✾✴❑✛✶ ❂ ✏ ❉❋❊❚P✴❇

R
❃ ✪ ▼✦❍❈●✴❇✯❍❏■▲❇✧☞✒▼✦❍❙❊✍✎ ✾✰❇☛✦ ▼✬☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(H′

1
)
✎
f(r, uh(r)) < 0

✎❆✾✥▼✦❑▲▼
r

✾✴❑✛✶ ❂ ✏ ❉❋❊❘P✴❇
R

❇
h

✾✰❇✡✤✦✝✴❇✯●✴❊✍✎❆✡✽▼✦❑▲▼✦●✽■✻✏ ●✴P✴❊✪✤✦✝✴❇ ✾✰❊✏P✴❇✯❉❋❊✫❍ ❇✯❍❏■▲❇✯●✴P✴❇✯❑✲✝✴●✎✏✓☞✒▼✦❉❋❇✯●✽■▲❇❲▼✮✘ ✝✴●✴◆✒❖✦❊
uh(r)▼❣■✞✌

r = Rh ≤ R
☞✯❊✫❉

uh(Rh) = 0
❍❙❇
Rh < R

❃
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✂ ☛✄✂ ✍✏✎✒✑✔✓✖✕✘✗✚✙✜✛✞✢☞✣✥✤✦✓★✧✩✓★✪✫✎✬✓✦✛✭✎✒✑✮✢ ✂ ☛✄✂

✣✔❇☛✦ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼❚❩✏❃❬❩ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

uh(r) → u(r)
❇

u′h(r) → u′(r)
✤✦✝✥▼✦●✴P✴❊

h→ 0
✳ ❩✏❃❄❂✣❩★✴

✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇❈❇✯❉
[r0, R]

❃ ☎ ❍ ✾✴❑✛✶ ❂ ✏ ❉❋❊✫❍ P✴❊✢✏ ❍ ✦ ❇✯❉❚▼✦❍✡✎ ☞✡✝✟✞▲▼✦❍ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✡✠✏❇✯❍ ❇✯●✎☞✯❊✫●✽■▲❑▲▼✦❉✿✟ ❍❙❇ ●✥▼
✩✏❇✯◆✒❖✦❊✍❩✏❃ �✍✎✕✘❜❊✫❑❙●✴❇☛☞✯❇✯❉ ❇✯❍❏■✻✏ ❉❚▼❣■✻✏✽✼✦▼✦❍ ☞✯❑✛✝✎☞☛✏ ▼✮✏ ❍ ✾✥▼✦❑▲▼❘▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊❘P✴❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼❋❩✏❃ ❦ ❃

❝ ✌✏✓✖✢ ❵ ✣ ✚ ✥★✧✱✰ ✪✽✪ ✰ ✿ ✳ ❁✚✵✸✷

Y (x, y) =







A−1(x) − A−1(y)

x− y
✩ ✧ x 6= y

(A−1)′(x) ✩ ✧ x = y 6= 0,

✷ ✳ ✻ ✧ A(s) = |s|p−2s
❋✆☎ ✪✟❂❃✪ h �✤✧ ✂☎✿ ✧✴✳ ✷ ✢ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪ ✰ ✿ ✳ ❁✚✵✸✷ G(r) ✭ ✳ ✬ ✧ ✛✟❂✞✝ ✖✟✧ ✾ ✧ ❇ [r0, R] ✬✶✪✟✾ ✂☎✿ ✧

Y (A(u′h(r)), A(u′(r))) < G(r), r ∈ (r0, R).

✲ ❇❆✪✟✭✯✩ ✢ � ✪✟❂❃✪ r ∈ (r0, R)
✢

lim
h→0

Y (A(u′h(r)), A(u′(r))) =
1

(p− 1)|u′(r)|p−2
.

❝ ✌✏✓✖✢ ❵ ✣✠✟ ✥★✧✱✰ ✪✽✪ ✰ ✿ ✳ ❁✚✵✸✷

Z(r, x, y) =







f(r, x) − f(r, y)

x− y
✩ ✧ x 6= y

f ′(r, x) ✩ ✧ x = y.

☎ ✪✟❂❃✪ h �✤✧ ✂☎✿ ✧✴✳ ✷ ✢ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪ ✰ ✿ ✳ ❁✚✵✸✷ H(r) ✭ ✳ ✬ ✧ ✛✟❂✞✝ ✖✟✧ ✾ ✧ ❇ [r0, R] ✬✶✪✟✾ ✂☎✿ ✧

|Z(r, uh(r), u(r))| < H(r), r ∈ [r0, R).

✲ ❇❆✪✟✭✯✩ ✢ � ✪✟❂❃✪ r ∈ [r0, R)
✢

lim
h→0

Z(r, uh(r), u(r)) = f ′(r, u(r)).
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✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ❵ ✣ ✐ � ✩✏❇ ✞▲▼
r0 ≤ r ≤ R

❃ ◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇

Φh(r) =
1

h
[uh(r) − u(r)]

= 1 +
1

h

∫ r

r0

u′h(s) − u′(s) ds

= 1 +
1

h

∫ r

r0

A−1 (A(u′h(s))) −A−1 (A(u′(s))) ds.

✢ ✡✫❊✫❑▲▼✕✎✕✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❘▼ ❇✡✤✦✝✥▼✦◆✒❖✦❊ ✳ ❩✏❃ �✦✴ ❇ ✾✰❇☛✦ ❊✫❍ ✁✲❇✯❉❚▼✦❍ ❩✏❃❬❨ ❇ ❩✏❃ ✭✕✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

Φh(r) = 1 +
1

h

∫ r

r0

Y (A(u′h(s)), A(u′(s))) [A(u′h(s)) − A(u′(s))] ds

= 1 −

∫ r

r0

Y (A(u′h(s)), A(u′(s)))

∫ s

r0

(
t

s

)N−1
f(t, uh(t)) − f(t, u(t))

h
dt ds

= 1 −

∫ r

r0

Y (A(u′h(s)), A(u′(s)))

∫ s

r0

(
t

s

)N−1

Z(t, uh(t), u(t))Φh(t) dt ds.

✣✔❊✫❑ ✳ ❩✏❃ ✔★✴ ❊✢✥ ■▲❇✯❉❋❊✫❍

|Φh(r) − ω(r)| =

∣
∣
∣
∣
∣

∫ r

r0

1

(p− 1)|u′(s)|p−2

∫ s

r0

(
t

s

)N−1

f ′(t, u(t))ω(t) dt ds −

−

∫ r

r0

Y (A(u′h(s)), A(u′(s)))

∫ s

r0

(
t

s

)N−1

Z(t, uh(t), u(t))Φh(t) dt ds

∣
∣
∣
∣
∣

✫ ❊✫❉ ✏ ❍❙❍❙❊
|Φh(r) − ω(r)| ≤ I1 + I2 + I3,

❊✫●✴P✴❇

I1 =

∣
∣
∣
∣
∣

∫ r

r0

Y (A(u′h), A(u′))

∫ s

r0

(
t

s

)N−1

Z(t, uh, u) (Φh − ω) (t) dt ds

∣
∣
∣
∣
∣
,

I2 =

∣
∣
∣
∣
∣

∫ r

r0

[

Y (A(u′h), A(u′)) −
1

(p− 1)|u′|p−2

] ∫ s

r0

(
t

s

)N−1

Z(t, uh, u)ω(t) dt ds

∣
∣
∣
∣
∣
,

I3 =

∣
∣
∣
∣
∣

∫ r

r0

1

(p− 1)|u′(s)|p−2

∫ s

r0

(
t

s

)N−1

[Z(t, uh(t), u(t)) − f ′(t, u(t))]ω(t) dt ds

∣
∣
∣
∣
∣
.
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I1 ≤

∫ r

r0

|Y (A(u′h(s)), A(u′(s)))|

∫ s

r0

(
t

s

)N−1

|Z(t, uh(t), u(t))| |Φh − ω| (t) dt ds

≤

∫ r

r0

|Y (A(u′h(s)), A(u′(s)))|

∫ s

r0

|Z(t, uh(t), u(t))| |Φh − ω| (t) dt ds

≤

∫ r

r0

|Y (A(u′h(s)), A(u′(s)))|

∫ r

r0

|Z(t, uh(t), u(t))| |Φh − ω| (t) dt ds

≤

∫ r

r0

|Y (A(u′h(s)), A(u′(s)))| ds ·

∫ r

r0

|Z(s, uh(s), u(s))| |Φh − ω| (s) ds.

≤

∫ R

r0

|Y (A(u′h(s)), A(u′(s)))| ds ·

∫ r

r0

|Z(s, uh(s), u(s))| |Φh − ω| (s) ds.

✢ ✡✫❊✫❑▲▼✕✎✍✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ❊✫❍ ✁✲❇✯❉❚▼✦❍❈❩✏❃❬❨ ❇ ❩✏❃ ✭✕✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

I1 ≤

∫ R

r0

G(s) ds ·

∫ r

r0

H(s) |Φh − ω| (s) ds.

✪ ▼ ✞❙❊✫❑▲▼✦●✴P✴❊
I2

❇
I3

P✴❇❳❉❚▼✦●✴❇☛✏ ❑▲▼ ▼✦● ✆✮✦ ❊✢✡✽▼❲■▲❇✯❉❋❊✫❍

|Φh(r) − ω(r)| ≤

∫ R

r0

G(s) ds ·

∫ r

r0

H(s) |Φh − ω| (s) ds+

+ C

∫ R

r0

H(s) ds ·

∫ R

r0

∣
∣
∣
∣
Y (A(u′h(s)), A(u′(s))) −

1

(p− 1)|u′(s)|p−2

∣
∣
∣
∣
ds

︸ ︷︷ ︸

I4

+

+ C

∫ R

r0

1

(p− 1)|u′(s)|p−2
ds ·

∫ R

r0

|Z(s, uh(s), u(s)) − f ′(s, u(s))| ds

︸ ︷︷ ︸

I5

.

✣✔❇☛✦ ▼ P✴❇✯❍✌✏✓✡★✝✥▼✮✦ P✥▼✦P✴❇ P✴❇ ✛ ❑❙❊✫● ✠ ▼✮✦✓✦✱✳✙✼✫❇✯❑ ✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✫✔✴ ❊✢✥ ■▲❇✯❉❋❊✫❍

|Φh(r) − ω(r)| ≤ (I4 + I5)e
C � R

r0
H(s) ds

.
✳ ❩✏❃❄❂✜❦ ✴

✣✔❊✫❑ ✳ ❩✏❃❄❂✣❩★✴ ❇❲❊✫❍ ✁✲❇✯❉❚▼✦❍ ❩✏❃❬❨ ❇ ❩✏❃ ✭✕✎ ✾✰❊✏P✴❇✯❉❋❊✫❍✓✝ ■✻✏✓✦✓✏✆✜✒▼✦❑ ❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼❋P✥▼ ✫ ❊✫● ✼✫❇✯❑✌✡✢✍✯●✎☞☛✏ ▼✍❅❈❊✫❉✪✏ ●✥▼✦P✥▼
✾✥▼✦❑▲▼ ❊✢✥ ■▲❇✯❑✔✤✦✝✴❇

I4 → 0
❇

I5 → 0
✤✦✝✥▼✦●✴P✴❊

h→ 0.

✣✔❊✫❑❏■ ▼✦●✽■▲❊✍✎✎✾✰❊✫❑✟✳ ❩✏❃❄❂✜❦ ✴✑✎ ■▲❇✯❑❙❉✪✏ ●✥▼✦❉❋❊✫❍ ▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃
�
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✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕✞✱✺✕ ❝ ✌✏✓✖✢ ❵ ✣ ✚ � ✩✏❇
1 < p ≤ 2

❇✯●✽■ ❖✦❊ ▼ ✘ ✝✴●✴◆✒❖✦❊
A−1(s) = |s|

2−p

p−1 s
✌

P✎✏✙✘❜❇✯❑❙❇✯●✎☞☛✏✝✆ ✼✫❇☛✦✲❇✯❉
R
❃ ✣✔❊✫❑❏■ ▼✦●✽■▲❊✍✎ ✾✰❇☛✦ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼ P✴❊ ★❡▼✮✦ ❊✫❑ ✪ ✌✯P✎✏ ❊✍✎✴■▲❇✯❉❋❊✫❍

Y (A(u′h(r)), A(u′(r))) =
1

p− 1
|ξ(r)|2−p,

❊✫●✴P✴❇
ξ(r)

❇✯❍❏■ ✆ ❇✯●✽■▲❑❙❇
u′h(r)

❇
u′(r)

❃✧✺ ●✽■ ❖✦❊✍✎✩✾✰❊✫❑✪✳ ❩✏❃❄❂✣❩★✴✑✎✩✾✥▼✦❑▲▼
h
✾✰❇✡✤✦✝✴❇✯●✴❊✍✎✺❇ ❂ ✏ ❍❏■▲❇

M > 0
■ ▼✮✦

✤✦✝✴❇

Y (A(u′h(r)), A(u′(r))) < M,

P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦●✴P✴❊ ❊ ✦ ❇✯❉❚▼ ✾✥▼✦❑▲▼ ❊✿☞✒▼✦❍❙❊
1 < p ≤ 2

❃ ✢ ✡✫❊✫❑▲▼✕✎✎✾✥▼✦❑▲▼ ❊ ☞✒▼✦❍❙❊
p > 2

✎✥▼✟✘ ✝✴●✴◆✒❖✦❊
A−1 ●✥❖✦❊

✌ P✎✏✙✘❜❇✯❑❙❇✯●✎☞☛✏✝✆ ✼✫❇☛✦✲❇✯❉
s = 0

❃ ✝ ❊❘❇✯●✽■ ▼✦●✽■▲❊✍✎ ✾✴❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍ ▼ ❍❙❇☛✡★✝✎✏ ❑✔✤✦✝✴❇☛✎ ✾✥▼✦❑▲▼
y 6= 0

✎ ■▲❇✯❉❋❊✫❍

Y (x, y) <
2

|y|
p−2

p−1

, ∀x.
✳ ❩✏❃❄❂ �✦✴

s

A−1(s)

x

y

✩✏❇✯❉ ✾✰❇✯❑❙P✥▼ P✴❇ ✡✫❇✯●✴❇✯❑▲▼✮✦✓✏ P✥▼✦P✴❇☛✎ ❍✛✝✎✾✰❊✫❑❙❇✯❉❋❊✫❍
y < 0

❃ ✫ ❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ▼✦❍ ✾✰❊✫❍❙❍✌✏✓✥✎✏✓✦✓✏ P✥▼✦P✴❇✯❍ ✾✥▼✦❑▲▼
x
✚

• x = y

Y (x, y) =
1

(p− 1)|y|
p−2

p−1

<
1

|y|
p−2

p−1

.
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• x ≤ 0
❇
x 6= y

Y (x, y) =
|x|

2−p

p−1x− |y|
2−p

p−1 y

x− y

=
|x|

2−p

p−1x− |y|
2−p

p−1x+ |y|
2−p

p−1x− |y|
2−p

p−1y

x− y

= |y|
2−p

p−1 +
|x|

2−p

p−1 − |y|
2−p

p−1

x− y
x

≤
1

|y|
p−2

p−1

.

• 0 < x < −y

Y (x, y) =
|x|

2−p

p−1x− |y|
2−p

p−1 y

x− y

=
|x|

2−p

p−1x− |y|
2−p

p−1x+ |y|
2−p

p−1x− |y|
2−p

p−1 y

x− y

= |y|
2−p

p−1 +
|x|

2−p

p−1 − |y|
2−p

p−1

x− y
x

< |y|
2−p

p−1 +
|x|

1

p−1

x− y

< |y|
2−p

p−1 +
|y|

1

p−1

|y|

<
2

|y|
p−2

p−1

.

• x ≥ −y

Y (x, y) =
|x|

2−p

p−1x− |y|
2−p

p−1y

x− y

≤
|y|

2−p

p−1x− |y|
2−p

p−1 y

x− y

≤
1

|y|
p−2

p−1

.

✫ ❊✫❉ ✏ ❍❙❍❙❊ ✾✴❑❙❊ ✼✦▼✦❉❋❊✫❍ ▼ ❇✯❍❏■✻✏ ❉❚▼❣■✻✏✽✼✦▼✥✳ ❩✏❃❄❂ �✦✴ ❃ ✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ✳ ❩✏❃❄❂ �✦✴✑✎ ☞✯❊✫●✎☞☛✦✆✝✎❄ ❉❋❊✫❍ ✤✦✝✴❇

Y (A(u′h(r)), A(u′(r))) <
2

|u′(r)|p−2

❇✯❉
(r0, R).
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1

|u′(r)|p−2

✌ ✏ ●✽■▲❇☛✡✫❑ ✆ ✼✫❇☛✦❈❇✯❉
[r0, R]

✎ ■▲❇✯❑❙❉✪✏ ●✥▼✦●✴P✴❊ ▼✶✾✴❑✌✏ ❉❋❇☛✏ ❑▲▼ ✾✥▼✦❑❏■▲❇✾P✥▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃ ✣ ▼✦❑▲▼✶☞✯❊✫●✎☞☛✦✆✝✎✏ ❑✡✎
✾✰❊✫❑ ✳ ❩✏❃❄❂✣❩★✴❡❇ ✾✰❇☛✦ ▼✿☞✯❊✫●✽■✻✏ ●✦✝✎✏ P✥▼✦P✴❇ P✴❇

Y
✎✴■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

lim
h→0

Y (A(u′h(r)), A(u′(r))) =
(
A−1

)
′

(A(u′(r)))

=
1

(p− 1) ||u′(r)|p−2u′(r)|
p−2

p−1

=
1

(p− 1)|u′(r)|p−2
.

�
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� ✻✂✁ ✩✏❇
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜

(H1)
❇✯●✽■ ❖✦❊

u′(R) < −C < 0
✎✎✾✰❇☛✦ ▼ ❊✢✥✴❍❙❇✯❑ ✼✦▼✦◆✒❖✦❊✮✘❜❇☛✏❄■ ▼ ●✥▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊

◗✔❇✯❊✫❑❙❇✯❉❚▼❚❩✏❃❄❂✫❃ ✁✲❊✢✡✫❊✍✎✎✾✰❊✫❑ ✳ ❩✏❃❄❂✣❩★✴✑✎✴❇ ❂ ✏ ❍❏■▲❇
ǫ > 0

■ ▼✮✦✣✤✦✝✴❇

u′h(r) < −C < 0
❇✯❉

[R− ǫ, R],

✾✥▼✦❑▲▼
h
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✾✰❇✡✤✦✝✴❇✯●✴❊✴❃✛✢❈❍❙❍✌✏ ❉

uh(r) > C(R− r)
❇✯❉

[R− ǫ, R].

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼ P✴❊ ★❡▼✮✦ ❊✫❑ ✪ ✌✯P✎✏ ❊❋❇
(H2)

■▲❇✯❉❋❊✫❍

|Z(r, uh(r), u(r))| = |f ′(r, ξ(r))| <
C

|ξ(r)|γ
<

C

(R− r)γ

❇✯❉
[R− ǫ, R],

❊✫●✴P✴❇
ξ(r)

❇✯❍❏■ ✆❚❇✯●✽■▲❑❙❇
uh(r)

❇
u(r)

❃✂✣✔❊✫❑✮✳ ❩✏❃❄❂✣❩★✴ ❇ ✾✰❇☛✦ ▼✪☞✯❊✫●✽■✻✏ ●✦✝✎✏ P✥▼✦P✴❇❲P✴❇
Z(r, x, y)

✾✥▼✦❑▲▼
x
✎
y 6= 0

✎✎☞✯❊✫●✎☞☛✦✆✝✎❄ ❉❋❊✫❍ ▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃
� ✻✼✻✂✁ ✩✏❇

f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜

(H′

2
)
✎✥❇✯●✽■ ❖✦❊✍✎ ✾✰❊✫❑ ✳ ❩✏❃❄❂✣❩★✴✑✎ ✾✥▼✦❑▲▼

h
✾✰❇✡✤✦✝✴❇✯●✴❊✍✎✥❇ ❂ ✏ ❍❏■▲❇

M > 0
■ ▼✮✦✣✤✦✝✴❇

|Z(r, uh(r), u(r))| < M.
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Z
✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

lim
h→0

Z(r, uh(r), u(r)) = f ′(r, u(r)).

�
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−△pu = f(|x|, u)
❇✯❉

Br0,R ⊂ R
N , p > 1, N ≥ 2

u > 0
∂u

∂ν
(x) = 0

✾✥▼✦❑▲▼
|x| = r0,

❍❙❇
r0 > 0

u(x) = 0
✾✥▼✦❑▲▼

|x| = R,

✳✼❦ ❃❄❂ ✴

❊✫●✴P✴❇❲▼ ✘ ✝✴●✴◆✒❖✦❊
f(r, s)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜☛✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

✳
A1

✴
f ∈ C0([0,∞) × [0,∞)) ∩ C1([0,∞) × (0,∞))

❇
fr(r, s) ≤ 0 ☞

✳
A2

✴ ✺❃❂ ✏ ❍❏■▲❇
0 ≤ γ < 1

■ ▼✮✦✣✤✦✝✴❇
sγf ′(r, s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇

✾✥▼✦❑▲▼
r ≤ R

✎✥❊✫●✴P✴❇
f ′(r, s) ≡ fs(r, s) ☞

✳
A3

✴
f(r, s) > 0

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
r ≥ 0

❇
s > 0 ☞

✳
A4

✴
sf ′(r, s) − (p− 1)f(r, s) < 0

✾✥▼✦❑▲▼
s > 0

❃



�❢❩ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞ �✜☛ �✂✁✗✖✟✞●✘ ☛ ✂✗✞✯✎ ✁ ✕✴✁✦✆

✝ ❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊ ❉❋❊✫❍❏■▲❑▲▼✦❉❋❊✫❍✔✤✦✝✴❇

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✐ ✣✼✵✦✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✓✂☎✿ ✧ f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (A1) − (A4)
❋✁� ✧ ✩✴✬✶✪✚✩ ❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩ ✢

✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳✼❦ ❃❄❂ ✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷ ❇ ✝
✡ ✭ ❇✡✷ ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ❂❃✪✼✻✟✭✮✪✟✾ ❋ ✘ ✪✟✾❄✩✲✷✗✾❀✿✔❁✚✵✸✷ ✢ ✩ ✧ ✧☛✡ ✭✯✩✴✬✮✭ ❂ ✢ ❅ ✳ ✵✸✷✗❉

✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❋❊✍❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✍P✴❇✔✙ ❑❙❊ ☞ ☛ ✕ �✢✗✏✎ ●✴❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑ ❇✯❉ ✤✦✝✴❇ ❊❯P✴❊✫❉✪❄ ●✎✏ ❊✪✌ ✝✴❉❚▼
✥✰❊✢✦ ▼ ✳

r0 = 0
✴ ✎ ■▲❊✏P✥▼✦❍ ▼✦❍ ❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ P✴❇ ✳✼❦ ❃❄❂ ✴ ❍▲❖✦❊❋❑▲▼✦P✎✏ ▼✮✏ ❍✯❃ ✁✲❊✢✡✫❊

✄ ✕✶✛✣✕✰❀ ✞✴✛❣✻❜✕ ✐ ✣ ❵ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✓✂☎✿ ✧ r0 = 0
✧
f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (A1) − (A4)

❋☎� ✧ ✩✴✬✶✪✚✩
❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩ ✢ ✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳✼❦ ❃❄❂ ✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷❆❇ ✝

✡ ✭ ❇✡✷ ✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷ ❋

✫ ❊✫❉❋❊ ☞✯❊✫●✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼❋P✥▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(A4)

■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

lim sup
s→∞

f(r, s)

sp−1
<∞.

✝ ❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑❚P✴❊ ❊✢✾✰❇✯❑▲▼✦P✴❊✫❑ ✦ ▼✮✾✎✦ ▼✮☞☛✏ ▼✦●✴❊✄✳
p = 2

✴ ✎ ▼ ✘ ✝✴●✴◆✒❖✦❊
f(s) = sq ✎ 0 < q < 1

✎
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍✵☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍❡P✴❊❲◗✔❇✯❊✫❑❙❇✯❉❚▼❲❦ ❃❄❂★✎❢❉❋❊✦■✻✏✽✼✦▼✦●✴P✴❊❲▼✦❍❙❍✌✏ ❉ ❊❲●✴❊✫❉❋❇ P✴❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊✍✚ ✄ ✢✥✎✯✕ ✿✲✑ ✘ ✷
❀✼✻✼✮✺✌❢✢✴✛ ❃✡✢❈❍✓☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(A1) − (A3)
✏ ❉✪✾✎✦✓✏✓☞✒▼✦❉ ●✥▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(M1) − (M2)
✳✙✼✫❇✯❑ ✫ ▼✮✾✎❄❄■✞✝✎✦ ❊ ❂ ✴

❇
(H1) − (H2)

✳✙✼✫❇✯❑ ✫ ▼✮✾✎❄❄■✞✝✎✦ ❊❋❩★✴ ❃
☎ ◗✔❇✯❊✫❑❙❇✯❉❚▼✠❦ ❃❄❂★✎ ✾✥▼✦❑▲▼★❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑❳P✴❊ ✦ ▼✮✾✎✦ ▼✮☞☛✏ ▼✦●✴❊ ☞✯❊✫❉

f
▼☛✝ ■✞☞✫●✴❊✫❉❚▼★●✥▼ ✥✰❊✢✦ ▼✕✎

✘❜❊✢✏ ✾✴❑❙❊ ✼✦▼✦P✴❊ ☎ ✝✎✍✽▼✦●✎✡✠✟✗✩ ☎✎✏ ✕ ❩✦❦✦✗ ❃ ✝ ❊✾▼✦❑❏■✻✏✓✡✫❊ P✴❇ ✘❈▼✮✏ ✟✗✩ ☎✎✏✽✼✦▼✮✡✢✏ ✕ ❂✣❨ ✗✏✎ ▼★❇ ❂ ✏ ❍❏■✻✍✯●✎☞☛✏ ▼✠❇✬✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇❋P✴❇
❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍✔❍▲❖✦❊ ❇✯❍❏■ ▼✮✥✰❇☛✦ ❇☛☞☛✏ P✥▼✦❍ ✾✥▼✦❑▲▼✲✝✴❉❚▼ ☞☛✦ ▼✦❍❙❍❙❇ P✴❇✵✘ ✝✴●✴◆✡✠✏❇✯❍❃☞✯❊✫❉

lims→∞

f(s)
sp−1 = 0

❃ ✣ ▼✦❑▲▼❈P✴❊✫❉✪❄ ●✎✏ ❊✫❍
✦✓✏ ❉✪✏❄■ ▼✦P✴❊✫❍ ✡✫❇✯❑▲▼✮✏ ❍✡✎ ❇✯❉ ❅❈❑ ✆✮✥✰❇ ☛✢✟☞✘ ❇✯❑❙●✥▼✦●✴P✍✌✡✜✧✕ ❂✜❴✘✗☛❇✯●✎☞✯❊✫●✽■▲❑▲▼✦❉❋❊✫❍✔✝✴❉ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊ P✴❇ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ ✾✥▼✦❑▲▼
❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼❳P✴❇ ❅ ✏ ❑✌✏✓☞✑☎✎✦ ❇✚■ ☞✯❊✫❉

f(r, 0) = 0
✎
∀r
✎ ❇ f(r,s)

sp−1

P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇❳❇✯❉
s
❃ ✝ ✏ ❉✪✾✰❊✫❑❏■ ▼✦●✽■▲❇ ●✴❊✦■ ▼✦❑

✤✦✝✴❇ ❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ❦ ❃❄❂ ▼✮✥✴❑▲▼✦●✎✡✫❇ ❊✧☞✒▼✦❍❙❊❘❇✯❉ ✤✦✝✴❇
f(r0, 0) > 0

✎
lims→∞

f(s)
sp−1 > 0

❇ ❊ P✴❊✫❉✪❄ ●✎✏ ❊ ✌✧✝✴❉
▼✦●✴❇☛✦✛☞✯❊✫❉ ☞✯❊✫●✴P✎✏ ◆✒❖✦❊❘❉✪✏ ❍❏■ ▼ P✴❇✧✘❜❑❙❊✫●✽■▲❇☛✏ ❑▲▼ ❃

☎ ❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ❇ ❂ ❇✯❉✪✾✎✦ ❊✫❍ ❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯❉ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼❘❦ ❃❄❂★✚



�✜☛ ✠☞☛✁� ✍✏✞✄✂✂✠✏✕✆☎✔✕ ✁ ✕ ✆ ✕✓✖ ✑✞✝ ✁ ✑✓✎ ✁ �✽❦

• f(r, s) = a(r)sq +c
✎ ☞✯❊✫❉

0 < q < p−1
✎
c ≥ 0

❇
a ∈ C1[0,∞)

✾✰❊✫❍✌✏❄■✻✏✽✼✦▼ ❇ ●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✦❃
✝ ❇✯❍❏■▲❇ ☞✒▼✦❍❙❊❘■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

lims→∞

f(s)
sp−1 = 0

❃

• f(s) = (sp + ps)
p−1

p
❃✡✢✔✤✦✝✎✏☛■▲❇✯❉❋❊✫❍

lims→∞

f(s)
sp−1 = 1

❃

✒ ✝✥▼✦●✴P✴❊
1 < p ≤ 2

✾✰❊✏P✴❇✯❉❋❊✫❍ ❇✯●✕✘❜❑▲▼☛✤✦✝✴❇☛☞✯❇✯❑ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(A3)

✾✥▼✦❑▲▼

✳
A′

3

✴✫✩✏❇
f(r0, s) > 0

✾✥▼✦❑▲▼❘▼✮✦✓✡★✝✴❉
s > 0

✎✴❇✯●✽■ ❖✦❊
f(r, s) > 0

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
r ≥ r0

❃

✫ ❊✫❉ ✏ ❍❏■▲❊ ▼ ✘ ✝✴●✴◆✒❖✦❊
f
✾✰❊✏P✴❇★■▲❇✯❑

f(r0, s) = 0
✾✥▼✦❑▲▼ ▼✮✦✓✡★✝✴❉

s > 0
❃ ✣✔❊✫❑✍❇ ❂ ❇✯❉✪✾✎✦ ❊✍✎

f(s) =

sm − sq + c
✎
m ≤ p− 1 ≤ q

✎
m 6= q

✎
c ≥ 0

❃

✂ ☛✌✡ ✟ ✤✦✓✡✠ ✧✩✎☞☛☞✎✒✕✩✎✥✛✭✎✒✗✍✌✏✎✒✕✑✌✏✒✌✢

✩✏❇ ✞▲▼
u(r)

✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇






−(rN−1|u′|p−2u′)′ = rN−1f(r, u), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0,

✳✼❦ ❃❬❩★✴

☞✯❊✫❉
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯●✴P✴❊ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(A1) − (A4)
❃✬✫ ❊✫❉ ✏ ❍❏■▲❊

f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ■ ▼✦❉✧✥ ✌✯❉ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(M1) − (M2)
❇

(H1) − (H2)
❃ ✁✲❊✢✡✫❊ ✾✰❊✏P✴❇✯❉❋❊✫❍✔✝ ■✻✏✓✦✓✏✆✜✒▼✦❑ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼❋❩✏❃❄❂❳❇❳❇✯❍❏■✞✝✴P✥▼✦❑ ❊✫❍✔✜✯❇✯❑❙❊✫❍ P✥▼

✘ ✝✴●✴◆✒❖✦❊
ω
✤✦✝✴❇ ✌ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ P✴❇ ✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦ ▼✦❍❙❍❙❊ ☞☛✏ ▼✦P✴❊ ✡✿✦✓✏ ●✴❇✒▼✦❑✌✏✆✜✒▼✦◆✒❖✦❊ P✴❇ ✳✼❦ ❃❬❩★✴ ✚







Lω ≡ (p− 1)(rN−1|u′|p−2ω′)′ + rN−1f ′(r, u)ω = 0, r ∈ (r0, R),

ω′(r0) = 0,

ω(r0) = 1.

✳✼❦ ❃ ❦ ✴

✒ ✝✥▼✦●✴P✴❊
1 < p ≤ 2

❇
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(A′

3
)
✎✛✾✴❑❙❇☛☞☛✏ ❍▲▼✦❉❋❊✫❍ ✾✴❑❙❊ ✼✦▼✦❑ ✤✦✝✴❇ ■ ▼✦❉✧✥ ✌✯❉

●✴❇✯❍❏■▲❇✬☞✒▼✦❍❙❊★■▲❇✯❉❋❊✫❍
f(r0, u(r0)) > 0

✎ ❇✪☞✯❊✫❉ ✏ ❍❙❍❙❊
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✫☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(M2)
❃❯❅❈❇✬✘✼▼❣■▲❊✍✎✗✾✰❇☛✦ ❊
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✁✲❇✯❉❚▼ ❂✫❃❬❨ ✎
f(0, u(0)) ≥ 0

❃ ✣✔❊✏P✴❇✯❉❋❊✫❍❋❇☛✦✓✏ ❉✪✏ ●✥▼✦❑ ▼ ✾✰❊✫❍❙❍✌✏✓✥✎✏✓✦✓✏ P✥▼✦P✴❇
f(0, u(0)) = 0

✾✰❊✢✏ ❍✡✎ ✾✥▼✦❑▲▼
1 < p ≤ 2

✎ ■▲❇✯❉❋❊✫❍❋▼ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇❯P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✾P✴❇ ✼✦▼✮✦ ❊✫❑✧✏ ●✎✏✓☞☛✏ ▼✮✦ ▼✦❍❙❍❙❊ ☞☛✏ ▼✦P✴❊ ▼ ✳✼❦ ❃❬❩★✴✧✏ ●✎☞☛✦✆✝✴❍✌✏✽✼✫❇
✤✦✝✥▼✦●✴P✴❊

f(0, u(0)) = 0
✳✙✼✫❇✯❑ ✢ ✾❆✍✯●✴P✎✏✓☞✯❇✄✙✔✴ ✎✲■▲❇✯●✴P✴❊✾▼✦❍❙❍✌✏ ❉ ❍❙❊✫❉❋❇✯●✽■▲❇❚▼❯❍❙❊✢✦✆✝✴◆✒❖✦❊ ☞✯❊✫●✴❍❏■ ▼✦●✽■▲❇✪✾✥▼✦❑▲▼

❇✯❍❏■▲❇ ☞✒▼✦❍❙❊✴❃

❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕ ✐ ✣ ✐ ✥★✧✱✰ ✪ ω(r) ✩✲✷✗✾❀✿✔❁✚✵✸✷✡✻ ✧ ✳✼❦ ❃ ❦ ✴ ❋✬✲ ✳ ✬✶✵✸✷ ω > 0
✧ ❇ [r0, R]

❋

�✂✁☎✄✝✆✟✞✡✠☞☛✍✌✏✎☎✑✓✒✡✆✕✔ ✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎✛✾✰❊✫❑ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎✣✤✦✝✴❇
r1

✌ ❊ ✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊ ✜✯❇✯❑❙❊❯P✴❇
ω
❇✯❉

[r0, R]
❃

✝ ❊✦■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

Lu = (p− 1)(rN−1|u′|p−2u′)′ + rN−1f ′(r, u)u

= rN−1 [f ′(r, u)u− (p− 1)f(r, u)]
✾✰❊✫❑ ✳✼❦ ❃❬❩★✴

.

◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇

ωLu = (p− 1)(rN−1|u′|p−2u′)′ω + rN−1f ′(r, u)uω
❇

uLω = (p− 1)(rN−1|u′|p−2ω′)′u+ rN−1f ′(r, u)ωu ≡ 0.

✁✲❊✢✡✫❊
ωLu = ωLu− uLω = (p− 1)[rN−1|u′|p−2(ωu′ − uω′)]′.

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r0

▼
r1
✎✥❊✢✥ ■▲❇✯❉❋❊✫❍✔✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎✎✾✰❊✢✏ ❍ ✾✰❊✫❑

(A4)

0 >

∫ r1

r0

ωLu dr = −(p− 1)rN−1
1 |u′(r1)|

p−2u(r1)ω
′(r1) ≥ 0.

�

✄ ✕✶✛✣✕✰❀ ✞✴✛❣✻❜✕ ✐ ✣ ✆✚✙ ✩✲✷✗✾❀✿✔❁✚✵✸✷●❂❃✪✼✻✟✭✮✪✟✾ u(r) ❅ ✳ ✵✸✷✗❉ ✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋
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−(p− 1)
(
rN−1|u′|p−2ω′(r)

)
′

= rN−1f ′(r, u)ω(r), r ∈ (r0, R)

ω′(r0) = ω(R) = 0

✳✼❦ ❃ �✦✴
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ω ≡ 0

❃
�

✂ ☛✄✂ ✂ ✕ ✒✞✌✏✒✌✧✘✢☞✧✩✎

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ✐ ✣✼✵✁� ✩✏❇ ✞▲▼
u(r)

✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇✄✳✼❦ ❃❬❩★✴❯❇
α0 = u(r0)

❃
✣✔❇☛✦ ❊ ✫ ❊✫❑❙❊✢✦✝✆✦❑✌✏ ❊❘❦ ❃ �✍✎✰▼❘❍❙❊✢✦✆✝✴◆✒❖✦❊

u
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❅❈❇✯●✴❊✦■ ▼✦❑❙❇✯❉❋❊✫❍ ✾✰❊✫❑
uα
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−(rN−1|u′α|
p−2u′α)′ = rN−1f(r, uα),

u′α(r0) = 0,

uα(r0) = α

✄ ✎✡✠ ✠ ✆✆☎ ✔ ✺❃❂ ✏ ❍❏■▲❇
h > 0

■ ▼✮✦ ✤✦✝✴❇✬✾✥▼✦❑▲▼
α0 − h < α < α0

✎ ▼✥✘ ✝✴●✴◆✒❖✦❊
uα

✾✰❊✫❍❙❍✛✝✎✏✱✝✴❉ ✜✯❇✯❑❙❊✠❇✯❉
Rα < R

❃
✩✏❇ ✞▲▼

(hn)
✎
hn > 0

✎☛■ ▼✮✦ ✤✦✝✴❇
hn → 0

❃ ✣ ▼✦❑▲▼
n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇✪✡✫❑▲▼✦●✴P✴❇☛✎

uα0−hn

✾✰❊✏P✴❇
❍❙❇✯❑ ❇✯❍❏■▲❇✯●✴P✎✏ P✥▼ ▼❣■✞✌

r = R
❊★✝❞▼❣■✞✌

r = Rα0−hn

■ ▼✮✦ ✤✦✝✴❇
uα0−hn

(Rα0−hn
) = 0

❃ ✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍✲✤✦✝✴❇
✾✥▼✦❑▲▼

n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✡✫❑▲▼✦●✴P✴❇☛✎

uα0−hn

✮✺✳✴✕ ✾✰❊✏P✴❇ ❍❙❇✯❑ ❇✯❍❏■▲❇✯●✴P✎✏ P✥▼❯▼❣■✞✌
r = R

❃ ✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍❍❙❇
✏ ❍❏■▲❊✬✘❜❊✫❍❙❍❙❇✧✾✰❊✫❍❙❍✌❄✽✼✫❇☛✦✏✎ ❇✯●✽■ ❖✦❊

uα0
(R) − uα0−hn

(R) ≤ 0
❃ ✣✔❇☛✦ ❊✍◗✔❇✯❊✫❑❙❇✯❉❚▼✍❩✏❃ ❦❋■▲❇✯❑✌❄ ▼✦❉❋❊✫❍

ω(R) ≤ 0
✎

❊✪✤✦✝✴❇ ☞✯❊✫●✽■▲❑▲▼✦P✎✏✆✜❲▼ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊❋❦ ❃ ❦ ❃
✄ ✎✡✠ ✠ ✆✞✝ ✔ ✣ ▼✦❑▲▼

α < α0
✎✶▼ ✘ ✝✴●✴◆✒❖✦❊

uα

●✥❖✦❊✪✌❳❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳✼❦ ❃❬❩★✴ ❃
✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍ ✤✦✝✴❇

inf {α̃ > 0 |
✣ ▼✦❑▲▼

α̃ < α < α0, uα

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉
Rα < R} = α = 0.

✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎ ❍❙❇
α > 0

❇✯●✽■ ❖✦❊
uα

✎ ✾✰❊✫❑ ☞✯❊✫●✽■✻✏ ●✦✝✎✏ P✥▼✦P✴❇☛✎ ■▲❇✯❉ ✝✴❉ ✜✯❇✯❑❙❊ ❇✯❉
Rα < R

✎ ✏ ❍❏■▲❊ ✌☛✎
uα✌✾❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇ ✳✼❦ ❃❬❩★✴❘❉❚▼✦❍ ☞✯❊✫❉ ✝✴❉ ❑▲▼✮✏ ❊✖P✎✏✙✘❜❇✯❑❙❇✯●✽■▲❇✦❃ ✁✲❊✢✡✫❊✍✎ ✾✰❇☛✦ ▼✶✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊ ❦ ❃ ❦✕✎ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

ωα(Rα) > 0
❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊❞❂★✎ ❇ ❂ ✏ ❍❏■▲❇

α < α
■ ▼✮✦ ✤✦✝✴❇

uα

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ✜✯❇✯❑❙❊❯❇✯❉
Rα < Rα < R

✎☛❊
✤✦✝✴❇ ✌ ✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✴❃
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uα0
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✩✏❇ ✞▲▼

uα1

❍❙❊✢✦✆✝✴◆✒❖✦❊❳P✴❇✟✳✼❦ ❃❬❩★✴ ❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊ ❩ ✎✫■▲❇✯❉❋❊✫❍✱✤✦✝✴❇
α1 ≥ α0

❃ ✪ ▼✦❍ ❍❙❇
α1 > α0

❇✯●✽■ ❖✦❊
✾✰❇☛✦ ❊✫❍ ✣ ▼✦❍❙❍❙❊✫❍❲❂❳❇ ❩ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

uα0

●✥❖✦❊✪✌❳❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳✼❦ ❃❬❩★✴✧✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴ ❃
�
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� ☎ ✂ ✡ �✂✁ ✁ ✁ ✝ ✆✲✟ ✁ ✁ ☎✞✝ ✁ ✁ ✡ ✂ ✟ ✂ ✟✂✁ ✡

✫ ❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼






−△pu = f(|x|, u)
❇✯❉

Br0,R ⊂ R
N , p > 1, N ≥ 2

u > 0
∂u

∂ν
(x) = 0

✾✥▼✦❑▲▼
|x| = r0,

❍❙❇
r0 > 0

u(x) = 0
✾✥▼✦❑▲▼

|x| = R,

✳ �✴❃❄❂ ✴

❊✫●✴P✴❇❲▼ ✘ ✝✴●✴◆✒❖✦❊
f(r, s)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜☛✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

✳
B1

✴
f ∈ C0([0,∞) × [0,∞)) ∩ C1([0,∞) × (0,∞))

❇
fr(r, s) ≤ 0 ☞

✳
B2

✴ ✺❃❂ ✏ ❍❏■▲❇
0 ≤ γ < 1

■ ▼✮✦✣✤✦✝✴❇
sγf ′(r, s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊❘P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇

✾✥▼✦❑▲▼
r ≤ R

✎✥❊✫●✴P✴❇
f ′(r, s) ≡ fs(r, s) ☞

✳
B3

✴
f(r, s) > 0

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
s > 0

❇
r ≥ 0 ☞

✳
B4

✴
sf ′(r, s) − (p− 1)f(r, s) > 0

✾✥▼✦❑▲▼
s > 0

❃



� ✭ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞ �✜☛ �✂✁✗✖✟✞●✘ ☛✫✄❄✕ ✆❃✞✯✎ ✁ ✕✴✁✦✆ ✕ � ✞✚✖❃✎ ✄✮✎✁� ✞

✺ ❉❚▼✮✏ ❍✡✎✴P✥▼✦P✥▼✮✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘❑▲▼✦P✎✏ ▼✮✦
u(r)

P✴❇ ✳ �✴❃❄❂ ✴✑✎
r = |x|

✎ ■▲❇✯❉❋❊✫❍

✳
B5

✴ ✢ ✘ ✝✴●✴◆✒❖✦❊
pf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) − (p− 1)f(r, u(r))
✌❳●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ❇✯❉

(r0, R) ☞
✳
B6

✴ ✺❃❂ ✏ ❍❏■▲❇
r0 ≤ r̂ ≤ R

■ ▼✮✦✣✤✦✝✴❇ ✾✥▼✦❑▲▼❘▼ ✘ ✝✴●✴◆✒❖✦❊

G(r) = NF (r, u(r)) −
N − p

p
u(r)f(r, u(r)) + rFr(r, u(r))

■▲❇✯❉❋❊✫❍
G(r) ≥ 0

❇✯❉
[r0, r̂]

❇
G(r) ≤ 0

❇✯❉
[r̂, R]

❃

✝ ❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊ ❉❋❊✫❍❏■▲❑▲▼✦❉❋❊✫❍✔✤✦✝✴❇

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✆❍✣✼✵✦✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (B1) − (B6)
❋ � ✧ ✩✴✬✶✪✚✩ ❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩ ✢

✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳ �✴❃❄❂ ✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷ ❇ ✝
✡ ✭ ❇✡✷ ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ❂❃✪✼✻✟✭✮✪✟✾ ❋ ✘ ✪✟✾❄✩✲✷✗✾❀✿✔❁✚✵✸✷ ✢ ✩ ✧ ✧☛✡ ✭✯✩✴✬✮✭ ❂ ✢ ❅ ✳ ✵✸✷✗❉

✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❋❊✍❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✍P✴❇✔✙ ❑❙❊ ☞ ☛ ✕ �✢✗✏✎ ●✴❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑ ❇✯❉ ✤✦✝✴❇ ❊❯P✴❊✫❉✪❄ ●✎✏ ❊✪✌ ✝✴❉❚▼
✥✰❊✢✦ ▼ ✳

r0 = 0
✴ ✎ ■▲❊✏P✥▼✦❍ ▼✦❍ ❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ P✴❇ ✳ �✴❃❄❂ ✴ ❍▲❖✦❊❋❑▲▼✦P✎✏ ▼✮✏ ❍✯❃ ✁✲❊✢✡✫❊

✄ ✕✶✛✣✕✰❀ ✞✴✛❣✻❜✕ ✆❍✣ ❵ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✓✂☎✿ ✧ r0 = 0
✧
f ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (B1) − (B6)

❋ � ✧ ✩✴✬✶✪✚✩
❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩ ✢ ✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳ �✴❃❄❂ ✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷❆❇ ✝

✡ ✭ ❇✡✷ ✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷ ❋

✒ ✝✥▼✦●✴P✴❊
f
●✥❖✦❊❋P✴❇☛✾✰❇✯●✴P✴❇

r
✳ ☞✒▼✦❍❙❊❚▼☛✝ ■✞☞✫●✴❊✫❉❋❊✦✴ ✎✴▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(B1) − (B6)
❍❙❇❲❑❙❇✯P✍✝✍✜✯❇✯❉

▼✕✚

✳
B̄1

✴
f ∈ C0[0,∞) ∩ C1(0,∞) ☞

✳
B̄2

✴ ✺❃❂ ✏ ❍❏■▲❇
0 ≤ γ < 1

■ ▼✮✦✣✤✦✝✴❇
sγf ′(s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0 ☞



� ❅

✳
B̄3

✴
f(s) > 0

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
s > 0 ☞

✳
B̄4

✴
sf ′(s) − (p− 1)f(s) > 0

✾✥▼✦❑▲▼
s > 0 ☞

✳
B̄5

✴ ✢ ✘ ✝✴●✴◆✒❖✦❊ sf ′(s)

f(s)

✌❳●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇❲❇✯❉
(0,∞)

❃

✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍ ❉❚▼✮✏ ❍ ▼✦P✎✏ ▼✦●✽■▲❇✬✳ ✁✲❇✯❉❚▼✿�✴❃ �✦✴ ✤✦✝✴❇ ▼✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(B̄1) − (B̄5)

✏ ❉✪✾✎✦✓✏✓☞✒▼✦❉ ❇✯❉
(B6)

❃
✫ ❊✫❉❋❊ ☞✯❊✫●✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼❋P✥▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(B4)
■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

lim inf
s→∞

f(r, s)

sp−1
> 0.

✝ ❊✬☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑ P✴❊✍❊✢✾✰❇✯❑▲▼✦P✴❊✫❑✂✦ ▼✮✾✎✦ ▼✮☞☛✏ ▼✦●✴❊ ✳
p = 2

✴ ✎✶■▲❇✯❉❋❊✫❍✲✤✦✝✴❇ ▼✬✘ ✝✴●✴◆✒❖✦❊
f(s) = sq ✎ q > 1

✎
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍✫☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍★P✴❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ �✴❃❄❂★✎ ❉❋❊✦■✻✏✽✼✦▼✦●✴P✴❊ ▼✦❍❙❍✌✏ ❉ ❊ ●✴❊✫❉❋❇❞P✴❇✯❍❏■▲❇✹☞✒▼✮✾✎❄❄■✞✝✎✦ ❊✍✚ ✄ ✢✥✎✯✕
✿✲✑✗✖ ✌❢✛❣❀✼✻✼✮✺✌❢✢✴✛❚✌ ❛ ✕✰✎✒✻ ✙✣✻✙✘✰✕ ❃

☎ ◗✔❇✯❊✫❑❙❇✯❉❚▼ �✴❃❄❂★✎ ✾✥▼✦❑▲▼❲❊ ☞✒▼✦❍❙❊✧✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑ P✴❊ ✦ ▼✮✾✎✦ ▼✮☞☛✏ ▼✦●✴❊ ☞✯❊✫❉
f
▼☛✝ ■✞☞✫●✴❊✫❉❚▼❳●✥▼ ✥✰❊✢✦ ▼✕✎ ✘❜❊✢✏

✾✴❑❙❊ ✼✦▼✦P✴❊✍❇✯❉ ☎ ✝✎✍✽▼✦●✎✡✠✟✗✩ ☎✎✏ ✕ ❩✦❦✦✗ ❃ ✺ ❍❏■▲❇✯●✴P✴❇✯❉❋❊✫❍ ❊❚■▲❑▲▼✮✥✥▼✮✦✆☎✴❊❚P✴❇✚✢✓✘ ■ ▼✮✦✓✏ ❊✫● ✟ ✣ ▼✮☞✯❇☛✦✓✦ ▼ ✕ ❂ ✗✏✎❆✾✴❑❙❊ ✼✦▼✦●✴P✴❊ ▼
✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ P✴❇❳❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ ✾✥▼✦❑▲▼ ❊✪☞✒▼✦❍❙❊❘●✥❖✦❊✠✟ ▼☛✝ ■✞☞✫●✴❊✫❉❋❊ ❇ ☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦●✴P✴❊❘❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ ❇✯❉✂▼✦●✍✌☛✏ ❍✯❃

✢ ✘ ✝✴●✴◆✒❖✦❊
f(r, s) = a(r)sq ✎ q > p − 1

✎
a ∈ C1[0,∞)

✾✰❊✫❍✌✏❄■✻✏✽✼✦▼❋❇ ●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ☞✯❊✫❉
ra′

a

●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇☛✎✰❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼✿�✴❃❄❂✫❃ ✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎

• sf ′(r, s) − (p− 1)f(r, s) = [q − (p− 1)]a(r)sq > 0
✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(B4)
✴ ☞

•
✢ ✘ ✝✴●✴◆✒❖✦❊

pf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) − (p− 1)f(r, u(r))
=

pa(r)uq + ra′(r)uq

qa(r)uq − (p− 1)a(r)uq

=
p+ ra′(r)

a(r)

q − (p− 1)

✌ ●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✥✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(B5)

✴ ❃



✔✦❴ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞ �✜☛ �✂✁✗✖✟✞●✘ ☛✫✄❄✕ ✆❃✞✯✎ ✁ ✕✴✁✦✆ ✕ � ✞✚✖❃✎ ✄✮✎✁� ✞

•
✢ ✘ ✝✴●✴◆✒❖✦❊

G(r) = NF (r, u(r)) −
N − p

p
u(r)f(r, u(r)) + rFr(r, u(r))

=
N

q + 1
a(r)uq+1 −

N − p

p
a(r)uq+1 + frac1q + 1ra′(r)uq+1

= a(r)uq+1

[
N

q + 1
−
N − p

p
+

1

q + 1

ra′(r)

a(r)

]
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(B6)
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✩✏❇ ✞▲▼
u(r)
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−(rN−1|u′|p−2u′)′ = rN−1f(r, u), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0.

✳ �✴❃❬❩★✴

✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✔✤✦✝✴❇
f
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(B1) − (B6)
❃

✢❈❍✟☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(B1) − (B3)

✏ ❉✪✾✎✦✓✏✓☞✒▼✦❉ ●✥▼✦❍✟☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(M1) − (M2)

❇
(H1) − (H2)

❃
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u′(R) < 0.
✳ �✴❃ ❦ ✴
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u′(r) < 0
❇✯❉

(r0, R].

✁✲❊✢✡✫❊
u ∈ C3(r0, R)

❃
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ω
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Lω ≡ (p− 1)(rN−1|u′|p−2ω′)′ + rN−1f ′(r, u)ω = 0, r ∈ (r0, R),

ω′(r0) = 0,

ω(0) = 1

✳ �✴❃ �✦✴

❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕ ✆❍✣ ✐ ✥★✧✱✰ ✪ ω(r) ✩✲✷✗✾❀✿✔❁✚✵✸✷✡✻ ✧ ✳ �✴❃ �✦✴ ❋✬✲ ✳ ✬✶✵✸✷ ω(R) < 0
❋

☎ ❍ ✾✴❑✛✶ ❂ ✏ ❉❋❊✫❍ ✦ ❇✯❉❚▼✦❍ ❍▲❖✦❊ ●✴❇☛☞✯❇✯❍❙❍ ✆✦❑✌✏ ❊✫❍ ✾✥▼✦❑▲▼✧✾✴❑❙❊ ✼✦▼✦❑ ❇✯❍❏■▲❇ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✴❃✑✢ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊✫❍ ✦ ❇✯❉❚▼✦❍
❍❙❇✯❑ ✆✮✘❜❇☛✏❄■ ▼ ●✥▼ ✩✏❇✯◆✒❖✦❊ �✴❃ ❦ ❃

❝ ✌✏✓✖✢ ✆❍✣ ✆✚✙ ✰ ✿ ✳ ❁✚✵✸✷
h(r) = −

ru′(r)

u(r)❅ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧❈✧ ❇ [r0, R)
❋

❝ ✌✏✓✖✢ ✆❍✣ ❁ ✥★✧✱✰ ✪✟❇ β ∈ R
✧
v(r) = ru′(r) + βu(r)

❋ ✘ ✧ ❇✡✷✲✩ ✂☎✿ ✧

Lv = rN−1 {β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − rfr(r, u)} .

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕★✱✺✢ ❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕ ✆❍✣ ✐ � ❅ ✏✽✼ ✏ P✎✏ ❑❙❇✯❉❋❊✫❍ ▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ ●✴❊✫❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ✾✥▼✦❍❙❍❙❊✫❍✡✚
✄ ✎✡✠ ✠ ✆ ☎ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏ ✜✯❇✯❑❙❊❋❇✯❉

[r0, R)
❃

✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✔✤✦✝✴❇
ω > 0

❇✯❉
[r0, R)

❃ ✝ ❊✦■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

Lu = (p− 1)(rN−1|u′|p−2u′)′ + rN−1f ′(r, u)u

= rN−1 [f ′(r, u)u− (p− 1)f(r, u)]
✾✰❊✫❑ ✳ �✴❃❬❩★✴

.

◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇

ωLu = (p− 1)(rN−1|u′|p−2u′)′ω + rN−1f ′(r, u)uω
❇

uLω = (p− 1)(rN−1|u′|p−2ω′)′u+ rN−1f ′(r, u)ωu ≡ 0.
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✁✲❊✢✡✫❊
ωLu = ωLu− uLω = (p− 1)[rN−1|u′|p−2(ωu′ − uω′)]′.

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r0

▼
R
✎✴❊✢✥ ■▲❇✯❉❋❊✫❍ ✝✴❉❚▼✧☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎✎✾✰❊✢✏ ❍ ✾✰❊✫❑

(B4)
■▲❇✯❉❋❊✫❍

0 <

∫ R

r0

rN−1ω [uf ′(r, u) − (p− 1)f(r, u)] dr = (p− 1)RN−1|u′(R)|p−2ω(R)u′(R) ≤ 0.

✄ ✎✡✠ ✠ ✆✞✝ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊
ω(r)

✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❋❉ ✆ ❂ ✏ ❉❋❊ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉
[r0, R]

❃
✩✏❇ ✞▲▼✦❉

r1 < r2
❊✫❍ P✴❊✢✏ ❍ ✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊✫❍ ✜✯❇✯❑❙❊✫❍ P✴❇

ω
❇✯❉

[r0, R]
❃ ✩✏❇ ✞▲▼

β = −
r1u

′(r1)

u(r1)
> 0.

✣✔❇☛✦ ❊ ✁✲❇✯❉❚▼ �✴❃ �✍✎✥▼✟✘ ✝✴●✴◆✒❖✦❊
v(r) = ru′ + βu

✾✰❊✫❍❙❍✛✝✎✏✣✝✴❉ �✴●✎✏✓☞✯❊ ✜✯❇✯❑❙❊❘❇✯❉
[r0, R]

❃ ✣✔❇☛✦ ▼ ❇✯❍✌☞✯❊✢✦✆☎✥▼ P✴❇
β
■▲❇✯❉❋❊✫❍

v(r1) = 0
❃ ◗✔❇✯❉❋❊✫❍ ■ ▼✦❉✧✥ ✌✯❉✫✎★✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊✪✳ �✴❃ ❦ ✴ ✎✦✤✦✝✴❇

v(r2) < 0
❃✑✢ ✡✫❊✫❑▲▼✕✎ ✾✰❇☛✦ ❊ ✁✲❇✯❉❚▼ �✴❃ ✔ ✎

Lv = rN−1 {β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − rfr(r, u)} .

✣✔❊✏P✴❇✯❉❋❊✫❍ ❇✯❍✌☞✯❑❙❇ ✼✫❇✯❑

Lv = rN−1

[

β −
pf(r, u) + rfr(r, u)

uf ′(r, u) − (p− 1)f(r, u)

]

[uf ′(r, u) − (p− 1)f(r, u)] .

✣✔❇☛✦ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(B5)
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• Lv ≥ 0
❇✯❉

[r1, r2]

✫ ❊✫❉✪✾✥▼✦❑▲▼✦●✴P✴❊
v
❇
ω
✎✎☞✯❊✫❉❋❊❘●✴❊✪✣ ▼✦❍❙❍❙❊✠❂★✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

ωLv = (p− 1)[rN−1|u′|p−2(ωv′ − vω′)]′.

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r1

▼
r2

❊✢✥ ■▲❇✯❉❋❊✫❍✡✎

0 ≥

∫ r2

r1

ωLv dr = −(p− 1)rN−1
2 |u′(r2)|

p−2v(r2)ω
′(r2) > 0

✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴
,

✾✰❊✢✏ ❍
ω(r1) = 0

✎
ω(r2) = 0

❇
ω′(r2) > 0

✎ ✦ ❇✯❉✧✥✴❑▲▼✦●✴P✴❊✮✤✦✝✴❇
ω < 0

❇✯❉
(r1, r2)

❃
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• Lv ≤ ( 6≡) 0
❇✯❉

[r0, r1] ☞
✣✔❊✫❑ ✳ �✴❃❬❩★✴ ✎ ■▲❇✯❉❋❊✫❍

rN−1|u′|p−2v′ = rN−1|u′|p−2 [ru′′ + (β + 1)u′]

= (β + 1)rN−1|u′|p−2u′ + rN |u′|p−2u′′

= (β + 1)rN−1|u′|p−2u′ −
N − 1

p− 1
rN−1|u′|p−2u′ −

1

N − 1
rNf(r, u).

✦ ❊✢✡✫❊
lim
r→r0

rN−1|u′|p−2v′(r) ≤ 0
❃ ✝ ❇✯❍❏■▲❇ ☞✒▼✦❍❙❊❘■▲❇✯❑✌❄ ▼✦❉❋❊✫❍

0 >

∫ r1

r0

ωLv dr =
[
(p− 1)rN−1|u′|p−2(ωv′ − vω′)

]r1

r0

≥ 0
✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴

.
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−(p− 1)
(
rN−1|u′|p−2ω′(r)

)
′

= rN−1f ′(r, u)ω(r), r ∈ (r0, R)

ω′(r0) = ω(R) = 0

✳ �✴❃ ✔★✴
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ω ≡ 0

❃
�

�✩☛✄✂ ✂ ✕ ✒✞✌✏✒✌✧✘✢☞✧✩✎

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ✆❍✣✼✵✁� ✩✏❇ ✞▲▼
u(r)

✝✴❉❚▼❯❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇ ✳ �✴❃❬❩★✴ ❇
α0 = u(0)

❃ ✣✔❇☛✦ ❊
✫ ❊✫❑❙❊✢✦✝✆✦❑✌✏ ❊ �✴❃ ❥✕✎ ▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊

u
✌✖●✥❖✦❊✠✟ P✴❇☛✡✫❇✯●✴❇✯❑▲▼✦P✥▼ ❃ ✪ ❊✫❍❏■▲❑▲▼✦❑❙❇✯❉❋❊✫❍✫✤✦✝✴❇ ❇✯❍❏■ ▼❱❍❙❊✢✦✆✝✴◆✒❖✦❊ ✌ �✴●✎✏✓☞✒▼ ❃

❅❈❇✯●✴❊✦■ ▼✦❑❙❇✯❉❋❊✫❍ ✾✰❊✫❑
uα

▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ P✴❇ ✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦✏✚






−(rN−1|u′α|
p−2u′α)′ = rN−1f(r, uα),

u′α(0) = 0,

uα(0) = α.
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✄ ✎✡✠ ✠ ✆✆☎ ✔ ✺❃❂ ✏ ❍❏■▲❇
h > 0

■ ▼✮✦ ✤✦✝✴❇✪✾✥▼✦❑▲▼
α0 < α < α0 + h

✎ ▼✥✘ ✝✴●✴◆✒❖✦❊
uα

✾✰❊✫❍❙❍✛✝✎✏✱✝✴❉ ✜✯❇✯❑❙❊✠❇✯❉
Rα < R

❃
✩✏❇ ✞▲▼

(hn)
✎
hn > 0

✎☛■ ▼✮✦ ✤✦✝✴❇
hn → 0

❃✧✣ ▼✦❑▲▼
n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✡✫❑▲▼✦●✴P✴❇☛✎

uα0+hn

✾✰❊✏P✴❇
❍❙❇✯❑ ❇✯❍❏■▲❇✯●✴P✎✏ P✥▼❯▼❣■✞✌

r = R
❊★✝❞▼❣■✞✌

r = Rα0+hn

■ ▼✮✦ ✤✦✝✴❇
uα0+hn

(Rα0+hn
) = 0

❃ ✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍✲✤✦✝✴❇
✾✥▼✦❑▲▼

n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇✿✡✫❑▲▼✦●✴P✴❇☛✎

uα0+hn

✮✺✳✴✕ ✾✰❊✏P✴❇ ❍❙❇✯❑ ❇✯❍❏■▲❇✯●✴P✎✏ P✥▼✍▼❣■✞✌
r = R

❃ ✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍❍❙❇
✏ ❍❏■▲❊✬✘❜❊✫❍❙❍❙❇✧✾✰❊✫❍❙❍✌❄✽✼✫❇☛✦✏✎✰❇✯●✽■ ❖✦❊

uα0+hn
(R) − uα0

(R) ≤ 0
❃ ✣✔❇☛✦ ❊✍◗✔❇✯❊✫❑❙❇✯❉❚▼✍❩✏❃ ❦❋■▲❇✯❑✌❄ ▼✦❉❋❊✫❍

ω(R) ≥ 0
✎

❊✪✤✦✝✴❇ ☞✯❊✫●✽■▲❑▲▼✦P✎✏✆✜❲▼ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊ �✴❃ ❦ ❃
✄ ✎✡✠ ✠ ✆✞✝ ✔ ✣ ▼✦❑▲▼

α > α0
✎✶▼ ✘ ✝✴●✴◆✒❖✦❊

uα

●✥❖✦❊✪✌❳❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳ �✴❃❬❩★✴ ❃
✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍ ✤✦✝✴❇

sup {α̃ > 0 |
✣ ▼✦❑▲▼

α0 < α < α̃, uα

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉
Rα < R} = α = ∞.

✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎ ❍❙❇
α
✌ ✖✥●✎✏❄■▲❊✠❇✯●✽■ ❖✦❊

uα

✎ ✾✰❊✫❑ ☞✯❊✫●✽■✻✏ ●✦✝✎✏ P✥▼✦P✴❇☛✎ ■▲❇✯❉ ✝✴❉ ✜✯❇✯❑❙❊ ❇✯❉
Rα < R

✎ ✏ ❍❏■▲❊ ✌☛✎
uα

✌❘❍❙❊✢✦✆✝✴◆✒❖✦❊❯P✴❇ ✳ �✴❃❬❩★✴❈❉❚▼✦❍ ☞✯❊✫❉ ✝✴❉ ❑▲▼✮✏ ❊❯P✎✏✙✘❜❇✯❑❙❇✯●✽■▲❇✦❃ ✁✲❊✢✡✫❊✍✎✩✾✰❇☛✦ ▼ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊ �✴❃ ❦✕✎☛■▲❇✯❉❋❊✫❍✧✤✦✝✴❇
ωα(Rα) < 0

❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊❞❂★✎ ❇ ❂ ✏ ❍❏■▲❇
α > α

■ ▼✮✦ ✤✦✝✴❇
uα

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ✜✯❇✯❑❙❊❯❇✯❉
Rα < Rα < R

✎☛❊
✤✦✝✴❇ ✌ ✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✴❃
✄ ✎✡✠ ✠ ✆✁� ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

uα0

✌❲▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇ ✳ �✴❃❬❩★✴ ❃
✩✏❇ ✞▲▼

uα1

❍❙❊✢✦✆✝✴◆✒❖✦❊❳P✴❇✟✳ �✴❃❬❩★✴ ❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊ ❩ ✎✫■▲❇✯❉❋❊✫❍✱✤✦✝✴❇
α1 ≤ α0

❃ ✪ ▼✦❍ ❍❙❇
α1 < α0

❇✯●✽■ ❖✦❊
✾✰❇☛✦ ❊✫❍ ✣ ▼✦❍❙❍❙❊✫❍❲❂❳❇ ❩ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

uα0

●✥❖✦❊✪✌❳❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳ �✴❃❬❩★✴✧✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴ ❃
�
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✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ❝ ✌✏✓✖✢ ✆❍✣ ✆ � ✣ ▼✦❑▲▼
r0 < r < R

■▲❇✯❉❋❊✫❍

h′(r) =
1

u2

[
r(u′)2 − u′u− ru′′u

]

=
1

u2

[

r(u′)2 − u′u− ru
1

(p− 1)|u′|p−2

(

−
N − 1

r
|u′|p−2u′ − f(r, u)

)]

=
1

(p− 1)|u′|p−2u2

[
(p− 1)r|u′|p + (N − p)|u′|p−2uu′ + ruf(r, u)

]

=
p

(p− 1)|u′|p−2u2

[

H(r) + r

(
1

p
uf(r, u)− F (r, u)

)]

,

❊✫●✴P✴❇
H(r)

✌❳P✴❇ ✖✥●✎✏ P✥▼ ✾✰❊✫❑

H(r) =
N − p

p
|u′|p−2uu′ +

p− 1

p
r|u′|p + rF (r, u).

✙ ▼✦❍❏■ ▼✿✾✴❑❙❊ ✼✦▼✦❑❙❉❋❊✫❍✔✤✦✝✴❇
H(r) ≥ 0

✾✰❊✢✏ ❍
1

p
sf(r, s) − F (r, s) > 0

✾✥▼✦❑▲▼
s > 0

✾✰❊✫❑
(B4)

❃
✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ �

H(r) ≥ 0
✾✥▼✦❑▲▼

r0 ≤ r ≤ R
❃

✝ ❊✦■ ▼✦❉❋❊✫❍ ✤✦✝✴❇
H(r0) ≥ 0

❇
H(R) > 0

❃ ★❡▼✦❉❋❊✫❍ ☞✒▼✮✦✓☞✡✝✎✦ ▼✦❑

(rN−1H(r))′ = (N − 1)rN−2H(r) + rN−1H ′(r)

= rN−1

[
N − 1

r
H(r) +H ′(r)

]

.

◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇

H ′(r) =
N − p

p
|u′|p +

N − p

p
(p− 1)|u′|p−2uu′′ + (p− 1)r|u′|p−2u′u′′ +

+
p− 1

p
|u′|p + F (r, u) + rFr(r, u) + rf(r, u)u′

H ′(r) =
N − 1

p
|u′|p +

N − p

p
(p− 1)|u′|p−2uu′′ + (p− 1)r|u′|p−2u′u′′ +

+ F (r, u) + rFr(r, u) + rf(r, u)u′.
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✫ ❊✫❉ ✏ ❍❏■▲❊✍✎

(rN−1H(r))′ =
N − p

p
u |u′|p−2

[

(p− 1)u′′ +
N − 1

r
u′
]

︸ ︷︷ ︸

−f(r,u)

+

+ru′
[

(p− 1)|u′|p−2u′′ +
N − 1

r
|u′|p−2u′ + f(r, u)

]

︸ ︷︷ ︸

0

+

+NF (r, u) + rF (r, u).

✁✲❊✢✡✫❊

(rN−1H(r))′ = rN−1G(r),

❊✫●✴P✴❇

G(r) = NF (r, u) −
N − p

p
uf(r, u) + rFr(r, u).

✩✏❇
G(r)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✥☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(B6)

❇✯●✽■ ❖✦❊
H(r) ≥ 0
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p
❇✯❉ ❑❙❇☛✦ ▼✦◆✒❖✦❊ ▼

N
✚

•
✩✏❇ ✖✄✂❯✧ ❇✯●✽■ ❖✦❊

G(r) = NF (u(r))
✎✍✤✦✝✴❇❲❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(B6)
❃

•
✩✏❇ ✖✆☎❋✧ ❇✯●✽■ ❖✦❊

G(r) ≥ 0
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯●✴P✴❊ ✡✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(B6)
❃

•
✩✏❇ ✖✆✝❋✧ ❇✯●✽■ ❖✦❊✍✎ ✾✰❊✫❑

(B̄5)
✎ ❇ ❂ ✏ ❍❏■▲❇

r1 ∈ [r0, R]
■ ▼✮✦✵✤✦✝✴❇

G′(r) ≤ 0
✾✥▼✦❑▲▼

r ∈ [r0, r1]
❇

G′(r) ≥ 0
✾✥▼✦❑▲▼

r ∈ [r1, R]
✎ ✾✰❊✢✏ ❍

G′(r) =
N − p

p
u′f(u)

[
Np−N + p

N − p
−
uf ′(u)

f(u)

]

.

✫ ❊✫❉❋❊
G(R) = 0

■▲❇✯❉❋❊✫❍✔✤✦✝✴❇
G(r)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✪☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(B6)

❃
�
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✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ❝ ✌✏✓✖✢ ✆❍✣ ❁ � ◗✔❇✯❉❋❊✫❍ ✤✦✝✴❇

v′(r) = ru′′(r) + (β + 1)u′.

✁✲❊✢✡✫❊

Lv = (p− 1)
(
rN−1|u′|p−2v′

)′
+ rN−1f ′(r, u)v

= (p− 1)
(
rN |u′|p−2u′′

)
′

︸ ︷︷ ︸

I1

+(p− 1)(β + 1)
(
rN−1|u′|p−2u′

)
′

︸ ︷︷ ︸

I2

+rN−1f ′(r, u)v.

✣✔❊✫❑✟✳ �✴❃❬❩★✴ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

I2 =
(
rN−1|u′|p−2u′

)
′

= −rN−1f(r, u).

✣✔❊✏P✴❇✯❉❋❊✫❍ ❇✯❍✌☞✯❑❙❇ ✼✫❇✯❑✮✳ �✴❃❬❩★✴ P✥▼❘❍❙❇☛✡★✝✎✏ ●✽■▲❇❳❉❚▼✦●✴❇☛✏ ❑▲▼
[

(p− 1)u′′ +
N − 1

r
u′
]

|u′|p−2 + f(r, u) = 0.

✣✔❊✫❑ ✏ ❍❙❍❙❊

I1 = (p− 1)
(
rN |u′|p−2u′′

)
′

= −(N − 1)
(
rN−1|u′|p−2u′

)′
−
(
rNf(r, u)

)′

= (N − 1)rN−1f(r, u) −NrN−1f(r, u) − rNf ′(r, u)u′ − rNfr(r, u)

= −rN−1f(r, u) − rNf ′(r, u)u′ − rNfr(r, u)

= rN−1 [−f(r, u) − rf ′(r, u)u′ − rfr(r, u)]

✩ ✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ●✴P✴❊❘●✥▼ ❇ ❂ ✾✴❑❙❇✯❍❙❍▲❖✦❊❚P✴❇
Lv

❊✢✥ ■▲❇✯❉❋❊✫❍

Lv = rN−1 [βuf ′(r, u) − (β(p− 1) + p) f(r, u) − rfr(r, u)]

= rN−1 {β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − rfr(r, u)} .

�
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✒ ✝✥▼✦●✴P✴❊ ☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❉❋❊✫❍ ▼✍❇✡✤✦✝✥▼✦◆✒❖✦❊ ✳ �✴❃❬❩★✴ ●✴❊ ☞✒▼✦❍❙❊❯❇✯❉ ✤✦✝✴❇
1 < p ≤ min{2, N+1

2
}
❇
f

●✥❖✦❊❘P✴❇☛✾✰❇✯●✴P✴❇❲P✴❇
r
✳ ☞✒▼✦❍❙❊❚▼☛✝ ■✞☞✫●✴❊✫❉❋❊✦✴ ✎ ✾✰❊✏P✴❇✯❉❋❊✫❍ ❍✛✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ❑ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(B̄5)
✾✰❊✫❑

✳
B̄′

5

✴ sf ′(s)

f(s)
≤
N(p− 1)

N − p

✾✥▼✦❑▲▼
s > 0

❃

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✆❍✣ ✚ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ 1 < p ≤ min{2, N+1
2

}
✧ ✪ ✰ ✿ ✳ ❁✚✵✸✷ f(s) ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩

(B̄1) − (B̄4)
✧

(B̄′

5
)
❋ � ✧ ✩✴✬✶✪✚✩ ❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩ ✢ ✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳ �✴❃❬❩★✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷✽❇ ✝

✡ ✭ ❇✡✷✡✿✜❇❆✪✽✩✲✷✗✾❀✿✔❁✚✵✸✷
❂❃✪✼✻✟✭✮✪✟✾ ❋ ✘ ✪✟✾ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ✢ ✩ ✧ ✧☛✡ ✭✯✩✴✬✮✭ ❂ ✢ ❅ ✳ ✵✸✷✗❉ ✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋

☎ ◗✔❇✯❊✫❑❙❇✯❉❚▼ �✴❃❬❨ ✡✫❇✯●✴❇✯❑▲▼✮✦✓✏✆✜✒▼✍❊ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊ P✴❇ ☎ ✝✎✍✽▼✦●✎✡✠✟✗✩ ☎✎✏ ✕ ❩✦❦✦✗✏✎✲❊✫●✴P✴❇❘❊ ☞✒▼✦❍❙❊
N ≥ 3

❇
p = 2

✌ ☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦P✴❊✴❃
✢ ✘ ✝✴●✴◆✒❖✦❊

f(s) = a0s
q +

∑

i ais
qi
✎ ☞✯❊✫❉

a0, ai > 0
✎
p − 1 ≤ qi < q ≤ N(p−1)

N−p

❇
1 < p ≤ min{2, N+1

2
}
✎✥❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼✿�✴❃❬❨✏❃

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ ✱✺✕ ✢ ✌❢✕✶✛✣✌✏✓✖✢ ✆❍✣ ✚ � ✩✏❇ ✞▲▼
u(r)

✝✴❉❚▼❋❍❙❊✢✦✆✝✴◆✒❖✦❊❋P✴❇✥✳ �✴❃❬❩★✴ ❃ ✣ ❑❙❇☛☞☛✏ ❍▲▼✦❉❋❊✫❍✂✾✴❑❙❊ ✼✦▼✦❑
❍❙❊✫❉❋❇✯●✽■▲❇ ▼ ●✥❖✦❊✠✟ P✴❇☛✡✫❇✯●✴❇✯❑❙❇✯❍✌☞☛✍✯●✎☞☛✏ ▼✕✎✕✾✰❊✢✏ ❍ ▼ ✾✥▼✦❑❏■▲❇ P✥▼✧✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ ❍❙❇☛✡★✝✴❇ ▼ ❉❋❇✯❍❙❉❚▼❈P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊
◗✔❇✯❊✫❑❙❇✯❉❚▼ �✴❃❄❂✫❃✱✩✏❇ ✞▲▼

ω
❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❊✧✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼❳P✴❇✂✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦ ✳ �✴❃ �✦✴ ❃ ✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍✱✤✦✝✴❇

ω(R) < 0
❃

✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎
✄ ✎✡✠ ✠ ✆ ☎ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏ ✜✯❇✯❑❙❊❋❇✯❉

[r0, R)
❃

✫ ❊✫❉❋❊❘●✥▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊❘P✥▼✪✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊✿�✴❃ ❦ ❃
✄ ✎✡✠ ✠ ✆✞✝ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❋❉ ✆ ❂ ✏ ❉❋❊ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉

[r0, R]
❃

✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎ ✾✰❊✫❑ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎ ✤✦✝✴❇
r1 < r2

❍▲❖✦❊★❊✫❍❲P✴❊✢✏ ❍ ✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊✫❍ ✜✯❇✯❑❙❊✫❍ P✴❇
ω
❇✯❉

[r0, R]
❃✵✩✏❇ ✞▲▼

v1(r) = ru′(r) +
N − p

p− 1
u(r).
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✣✔❇☛✦ ❊✪✁✲❇✯❉❚▼✿�✴❃ ✔ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

Lv1 = rN−1

[
N − p

p− 1
uf ′(u) −Nf(u)

]

.

✣✔❇☛✦ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(B̄′

5
)
❊✢✥ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

Lv1 ≤ 0
❃ ✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ✳ �✴❃❬❩★✴ ✎ ✼✫❇✯❉❋❊✫❍ ✤✦✝✴❇

v′1(r) = ru′′(r) +
N − 1

p− 1
u′(r) = −

1

(p− 1)|u′(r)|p−2
rf(u(r)) < 0

❇✯❉
(0, R).

✫ ❊✫❉❋❊
v1(0) = N−p

p−1
u(0) > 0

❇
v1(R) = Ru′(R) < 0

✎✴❇✯●✽■ ❖✦❊❋❇ ❂ ✏ ❍❏■▲❇ ✝✴❉✟�✴●✎✏✓☞✯❊✬✜✯❇✯❑❙❊
r3 ∈ (0, R)

■ ▼✮✦✣✤✦✝✴❇
v1(r3) = 0

❃ ◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇
r3 ≤ r1

✎✎☞✒▼✦❍❙❊✪☞✯❊✫●✽■▲❑ ✆✦❑✌✏ ❊ ■▲❇✯❑✌❄ ▼✦❉❋❊✫❍

0 ≥

∫ r1

0

ωLv1 dr =

∫ r1

0

ωLv1 − v1Lω dr = −(p− 1)rN−1
1 |u′(r1)|

p−2v1(r1)ω
′(r1) > 0,

✾✰❊✢✏ ❍
ωLv1 − v1Lω = (p− 1)[rN−1|u′|p−2(ωv′1 − v1ω

′)]′.

✢ ✡✫❊✫❑▲▼✕✎✴❍❙❇ ✞▲▼
v2(r) =

1

r
v1(r).

✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍ ❉❚▼✮✏ ❍ ▼✦P✎✏ ▼✦●✽■▲❇ ●✴❊✬✁✲❇✯❉❚▼✿�✴❃ ✭✮✤✦✝✴❇

Lv2 = rN−2

[
N − p

p− 1
(uf ′(u) − (p− 1)f(u))−

N − 2p+ 1

r2
|u′|p−2v1 +

(N − p)(p− 2)

(p− 1)ru′
f(u)u

]

.

✝ ❊✦■▲❇✯❉❋❊✫❍✔✤✦✝✴❇
Lv2 > 0

❇✯❉
[r3, R)

❃ ◗✔❇✯❉❋❊✫❍✔✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊ ✾✰❊✢✏ ❍

0 >

∫ r2

r1

ωLv2 dr = (p− 1)
[
rN−1
1 |u′(r1)|

p−2v2(r1)ω
′(r1) − rN−1

2 |u′(r2)|
p−2v2(r2)ω

′(r2)
]
> 0.

✫ ❊✫●✎☞☛✦✆✝✎❄ ❉❋❊✫❍ ▼✦❍❙❍✌✏ ❉ ▼❘P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃
�

❝ ✌✏✓✖✢ ✆❍✣✠✟ ✥★✧✱✰ ✪✟❇ v1(r) = ru′(r) + N−p

p−1
u(r)

✧
v2(r) = 1

r
v1(r)

❋ ✘ ✧ ❇✡✷✲✩ ✂☎✿ ✧

Lv2 = rN−2

[
N − p

p− 1
(uf ′(u) − (p− 1)f(u))−

N − 2p+ 1

r2
|u′|p−2v1 +

(N − p)(p− 2)

(p− 1)ru′
f(u)u

]

.
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v2(r) = u′(r) +
N − p

(p− 1)r
u(r),

✳ �✴❃ ❥ ✴
❇✯●✽■ ❖✦❊

v′2(r) = u′′(r) +
N − p

(p− 1)r
u′(r) −

N − p

(p− 1)r2
u(r).

✳ �✴❃❬❨★✴
◗✔❇✯❉❋❊✫❍✔✤✦✝✴❇

Lv2 = (p− 1)(rN−1|u′|p−2v′2)
′ + rN−1f ′(u)v2

= I1 + I2.
✳ �✴❃ ✭ ✴

✣✔❊✫❑ ✳ �✴❃❬❨★✴❡■▲❇✯❉❋❊✫❍

I1 = (p− 1)(rN−1|u′|p−2u′′)′ + (N − p)(rN−2|u′|p−2u′)′ − (N − p)(rN−3|u′|p−2u)′

= I3 + I4 + I5

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ✳ �✴❃❬❩★✴ ❊✢✥ ■▲❇✯❉❋❊✫❍

I3 = (p− 1)(rN−1|u′|p−2u′′)′

= −(N − 1)(rN−2|u′|p−2u′)′ − (rN−1f(u))′

= −(N − 1)(N − 2)rN−3|u′|p−2u′ − (N − 1)rN−2(|u′|p−2u′)′ − (rN−1f(u))′

= (N − 1)rN−3|u′|p−2u′ + (N − 1)rN−2f(u) − (N − 1)rN−2f(u) − rN−1f ′(u)u′

= (N − 1)rN−3|u′|p−2u′ − rN−1f ′(u)u′,

❇

I4 = (N − p)(rN−2|u′|p−2u′)′

= (N − p)(N − 2)rN−3|u′|p−2u′ + (N − p)rN−2(|u′|p−2u′)′

= (N − p)(N − 2)rN−3|u′|p−2u′ − (N − p)(N − 1)rN−3|u′|p−2u′ − (N − p)rN−2f(u)

= −(N − p)rN−3|u′|p−2u′ − (N − p)rN−2f(u).
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I5 = −(N − p)(rN−3|u′|p−2u)′

= −(N − p)(N − 3)rN−4|u′|p−2u− (N − p)(p− 2)rN−3|u′|p−4u′u′′u−

− (N − p)rN−3|u′|p−2u′

= −(N − p)(N − 3)rN−4|u′|p−2u+
(N − p)(p− 2)(N − 1)

p− 1
rN−4|u′|p−2u+

+
(N − p)(p− 2)

(p− 1)u′
rN−3f(u)u− (N − p)rN−3|u′|p−2u′.

= −
N − p

p− 1
(N − 2p+ 1)rN−4|u′|p−2u+

(N − p)(p− 2)

(p− 1)u′
rN−3f(u)u−

− (N − p)rN−3|u′|p−2u′.

✣✔❊✫❑✟✳ �✴❃ ❥ ✴ ■▲❇✯❉❋❊✫❍
I2 = rN−1f ′(u)u′ +

N − p

p− 1
rN−2f ′(u)u.
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Lv2 = −(N − 2p+ 1)rN−3|u′|p−2u′ − (N − p)rN−2f(u) +
(N − p)(p− 2)

(p− 1)u′
rN−3f(u)u−

−
N − p

p− 1
(N − 2p+ 1)rN−4|u′|p−2u+

N − p

p− 1
rN−2f ′(u)u.

✒ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ▼ ❇ ❂ ✾✴❑❙❇✯❍❙❍▲❖✦❊❚P✴❇
v1

■▲❇✯❉❋❊✫❍

Lv2 = rN−2

[
N − p

p− 1
(uf ′(u) − (p− 1)f(u))−

N − 2p+ 1

r2
|u′|p−2v1 +

(N − p)(p− 2)

(p− 1)ru′
f(u)u

]

.
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−△pu = f(|x|, u)
❇✯❉

Br0,R ⊂ R
N , p > 1, N ≥ 2

u > 0
∂u

∂ν
(x) = 0

✾✥▼✦❑▲▼
|x| = r0,

❍❙❇
r0 > 0

u(x) = 0
✾✥▼✦❑▲▼

|x| = R,

✳ ✔✏❃❄❂ ✴

❊✫●✴P✴❇❲▼ ✘ ✝✴●✴◆✒❖✦❊
f(r, s)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜☛✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

✳
C1

✴
f ∈ C0([0,∞) × [0,∞)) ∩ C1([0,∞) × (0,∞))

❇
fr(r, s) ≤ 0 ☞

✳
C2

✴
f(r, 0) = 0

✎
∀r ≥ 0

✎✰❇ ❇ ❂ ✏ ❍❏■▲❇✯❉
C, s0 > 0

■ ▼✮✏ ❍✓✤✦✝✴❇
f(r, s) > −Csp−1 ✾✥▼✦❑▲▼

0 < s < s0✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✾✥▼✦❑▲▼
r ≤ R ☞

✳
C3

✴ ✺❃❂ ✏ ❍❏■▲❇
0 ≤ γ < 1

■ ▼✮✦ ✤✦✝✴❇
sγf ′(r, s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇

✾✥▼✦❑▲▼
r ≤ R

✎✥❊✫●✴P✴❇
f ′(r, s) ≡ fs(r, s) ☞
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✳
C4

✴ ✣ ▼✦❑▲▼✪☞✒▼✦P✥▼
r ≥ 0

❇ ❂ ✏ ❍❏■▲❇
θr > 0

■ ▼✮✦ ✤✦✝✴❇
f(r, s) < 0

✾✥▼✦❑▲▼
s ∈ (0, θr)

❇
f(r, s) > 0

✾✥▼✦❑▲▼
s ∈ (θr,∞) ☞

✳
C5

✴
sf ′(r, s) −Kf(r, s) > 0

✾✥▼✦❑▲▼
s > 0

☞✯❊✫❉
K ≥ p− 1 ☞

✺ ❉❚▼✮✏ ❍✡✎✴P✥▼✦P✥▼✮✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘❑▲▼✦P✎✏ ▼✮✦
u(r)

P✴❇ ✳ ✔✏❃❄❂ ✴✑✎
r = |x|

✎ ■▲❇✯❉❋❊✫❍

✳
C6

✴ ✣ ▼✦❑▲▼
γ > 0

✎✎☞✯❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ▼ ✘ ✝✴●✴◆✒❖✦❊

Iγ(r) :=
γf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) −Kf(r, u(r))
.

✩✏❇
K = p−1

❇✯●✽■ ❖✦❊
Ip

✌ P✴❇✯❍✌☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ❇✯❉
(r0, R)

❃ ✩✏❇
K > p−1

❇✯●✽■ ❖✦❊
Iγ

✌ P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇
❇✯❉

(r0, R)
✾✥▼✦❑▲▼ ■▲❊✏P✴❊

γ > 0 ☞
✳
C7

✴✫✩✏❇
K > p− 1

✎✥▼✮✘ ✝✴●✴◆✒❖✦❊

pf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) − (p− 1)f(r, u(r))

✌ P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇❋❇✯❉
(r0, r̄) ☞ ❍❙❇✯●✴P✴❊ r0 < r̄ < R

■ ▼✮✦ ✤✦✝✴❇
f(r, u(r)) > 0

✾✥▼✦❑▲▼
r ∈ (r0, r̄)

❇
f(r, u(r)) < 0

✾✥▼✦❑▲▼
r ∈ (r̄, R) ☞

✳
C8

✴ ✺❃❂ ✏ ❍❏■▲❇
r0 ≤ r̂ ≤ R

■ ▼✮✦ ✤✦✝✴❇ ✾✥▼✦❑▲▼❘▼✮✘ ✝✴●✴◆✒❖✦❊

G(r) = NF (r, u(r)) −
N − p

p
u(r)f(r, u(r)) + rFr(r, u(r))

■▲❇✯❉❋❊✫❍
G(r) ≥ 0

❇✯❉
[r0, r̂]

❇
G(r) ≤ 0

❇✯❉
[r̂, R]

❃

✢ ❊ ☞✯❊✫●✟✞✛✝✴●✽■▲❊❋P✥▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(C1) − (C8)

☞✑☎✥▼✦❉❚▼✦❑❙❇✯❉❋❊✫❍ ☞✒▼✦❍❙❊ � ✭ ✁ ❃
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f(r, 0) < 0
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✳
C′

2

✴
f(r, 0) < 0

✎
∀r ≥ 0 ☞



❥ ✔

✳
C′

3

✴
f ′(r, s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0
❇ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✾✥▼✦❑▲▼

r ≤ R
❃

✢ ❊ ☞✯❊✫●✟✞✛✝✴●✽■▲❊❋P✥▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(C1)

✎
(C′

2
) − (C′

3
)
❇

(C4) − (C8)
☞✑☎✥▼✦❉❚▼✦❑❙❇✯❉❋❊✫❍ ☞✒▼✦❍❙❊ � ✭✜✭ ✁ ❃
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✡ ✭ ❇✡✷✡✿✜❇❆✪❆✩✲✷✗✾❀✿✔❁✚✵✸✷✡❂❃✪✼✻✟✭✮✪✟✾ ❋ ✘ ✪✟✾★✩✲✷✗✾❀✿✔❁✚✵✸✷ ✢ ✩ ✧●✧☛✡ ✭✯✩✴✬✮✭ ❂ ✢ ❅ ✳ ✵✸✷✗❉ ✻ ✧ ✛ ✧✴✳✝✧ ❉
❂❃✪✼✻✼✪ ❋

✒ ✝✥▼✦●✴P✴❊
f
●✥❖✦❊❚P✴❇☛✾✰❇✯●✴P✴❇

r
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❑▲▼✦P✥▼✦❍✡✚

✳
C̄1

✴
f ∈ C0[0,∞) ∩ C1(0,∞) ☞

✳
C̄2

✴
f(0) = 0

❇❳❇ ❂ ✏ ❍❏■▲❇✯❉
C, s0 > 0

■ ▼✮✏ ❍✔✤✦✝✴❇
f(r, s) > −Csp−1 ✾✥▼✦❑▲▼

0 < s < s0 ☞
✳
C̄3

✴ ✺❃❂ ✏ ❍❏■▲❇
0 ≤ γ < 1

■ ▼✮✦ ✤✦✝✴❇
sγf ′(s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

0 ☞
✳
C̄4

✴ ✺❃❂ ✏ ❍❏■▲❇
θ > 0

■ ▼✮✦✣✤✦✝✴❇
f(s) < 0

✾✥▼✦❑▲▼
s ∈ (0, θ)

❇
f(s) > 0

✾✥▼✦❑▲▼
s ∈ (θ,∞) ☞

✳
C̄5

✴
sf ′(s) −Kf(s) > 0

✾✥▼✦❑▲▼
s > 0

☞✯❊✫❉
K ≥ p− 1 ☞

✳
C̄6

✴ ✢ ✘ ✝✴●✴◆✒❖✦❊
sf ′(s)

f(s)✌ ●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ❇✯❉
(θ,∞)

❃

✢ ❊ ☞✯❊✫●✟✞✛✝✴●✽■▲❊★P✥▼✦❍✧☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(C̄1) − (C̄6)

☞✑☎✥▼✦❉❚▼✦❑❙❇✯❉❋❊✫❍ ☞✒▼✦❍❙❊ � ✭✜✭✜✭ ✁ ❃✜✢ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C̄6)

✌❘❉❚▼✮✏ ❍
✘❜❑▲▼✮☞✒▼ ✤✦✝✴❇ ▼✦❍✱☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(C6) − (C7)
❑❙❇✯P✍✝✍✜☛✏ P✥▼✦❍❡▼✦❊ ☞✒▼✦❍❙❊❲▼☛✝ ■✞☞✫●✴❊✫❉❋❊✴❃❃✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍ ❉❚▼✮✏ ❍ ▼✦P✎✏ ▼✦●✽■▲❇

✳ ✁✲❇✯❉❚▼✧�✴❃ �✦✴ ✤✦✝✴❇ ▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(C̄1) − (C̄6)

✏ ❉✪✾✎✦✓✏✓☞✒▼✦❉ ❇✯❉
(C8)

❃
✝ ❊ ✼✦▼✦❉❋❇✯●✽■▲❇☛✎✠✾✥▼✦❑▲▼ ✏ ●✎☞☛✦✆✝✎✏ ❑☛❊✂☞✒▼✦❍❙❊ ✎✯✌✏✓ ✻ ✖ ✕✰✎✒✻ ✙✜✕✰✮✺✌ ✎✜●✴❊✓✤✦✝✥▼✮✦

f(0) < 0
✎✦▼✮✦❄■▲❇✯❑❙●✥▼❣■✻✏✽✼✦▼✦❉❋❇✯●✽■▲❇

☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❑❙❇✯❉❋❊✫❍✡✚
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✳
C̄′

2

✴
f(0) < 0 ☞

✳
C̄′

3

✴
f ′(s)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✥▼✦❑▲▼
s
✾✴❑✛✶ ❂ ✏ ❉❋❊❘P✴❇

0
❃

✢ ❊ ☞✯❊✫●✟✞✛✝✴●✽■▲❊❋P✥▼✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍
(C̄1)

✎
(C̄′

2
) − (C̄′

3
)
❇

(C̄4) − (C̄6)
☞✑☎✥▼✦❉❚▼✦❑❙❇✯❉❋❊✫❍ ☞✒▼✦❍❙❊ � ✭✁� ✁ ❃
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✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋
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✥✰❊✢✦ ▼ ✳

r0 = 0
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✄ ✕✶✛✣✕✰❀ ✞✴✛❣✻❜✕✖❁★✣ ✐ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✓✂☎✿ ✧ r0 = 0
✧
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✡ ✭ ❇✡✷●✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷ ❋

☎ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ✔✏❃❬❩ ✎✛✾✥▼✦❑▲▼❯❊ ☞✒▼✦❍❙❊ ✾✥▼✦❑❏■✻✏✓☞✡✝✎✦ ▼✦❑❈P✴❊ ✦ ▼✮✾✎✦ ▼✮☞☛✏ ▼✦●✴❊✬☞✯❊✫❉
f
▼☛✝ ■✞☞✫●✴❊✫❉❚▼✕✎✛✾✰❊✏P✴❇ ❍❙❇✯❑
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✺ ❍❏■▲❇✯●✴P✴❇✯❉❋❊✫❍ ❊✠■▲❑▲▼✮✥✥▼✮✦✆☎✴❊★P✴❇ ✢✓✘ ■ ▼✮✦✓✏ ❊✫● ✟ ✣ ▼✮☞✯❇☛✦✓✦ ▼✜✕ ❂ ✗✏✎ ✾✰❊✢✏ ❍ ✾✰❇✯❑❙❉✪✏❄■✻✏ ❉❋❊✫❍

K > p − 1
❇
f(0) < 0

✎
✾✴❑❙❊ ✼✦▼✦❉❋❊✫❍ ▼✮✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ ✾✥▼✦❑▲▼ ❊ ☞✒▼✦❍❙❊❋●✥❖✦❊✠✟ ▼☛✝ ■✞☞✫●✴❊✫❉❋❊ ❇ ☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❉❋❊✫❍ ❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ ❇✯❉✂▼✦●✍✌☛✏ ❍✯❃

✩✏❇ ✞▲▼ ▼✓✘ ✝✴●✴◆✒❖✦❊
f(r, s) = sq−a(r)sm ■ ▼✮✦✕✤✦✝✴❇

p−1 ≤ m < q
❇☛✎✫❍❙❇

p < N
✎
q+1 ≤ Np

N−p

✎
☞✯❊✫❉

a ∈ C1[0,∞)
✾✰❊✫❍✌✏❄■✻✏✽✼✦▼✕✎ ●✥❖✦❊✠✟ P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✾❇

ra′(r)
●✥❖✦❊✠✟ P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✦❃ ✢ ✘ ✝✴●✴◆✒❖✦❊

f(r, s)
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼✪✔✏❃❄❂✫❃ ✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎

• sf ′(r, s) −mf(r, s) = (q −m)sq > 0
✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(C5)
✴ ☞

•
❅ ▼✦P✴❊

γ > 0
✎✶▼ ✘ ✝✴●✴◆✒❖✦❊
γf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) −mf(r, u(r))
=

γuq − um(γa(r) + ra′(r))

(q −m)uq

=
1

(q −m)

[

γ −
γa(r) + ra′(r)

[u(r)]q−m

]

✌❳P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C6)

✴ ✎✎✾✰❊✢✏ ❍
u(r)

✌❳P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇✦❃



❥✽❨

•
✢ ✘ ✝✴●✴◆✒❖✦❊

pf(r, u(r)) + rfr(r, u(r))

u(r)f ′(r, u(r)) − (p− 1)f(r, u(r))
=

=
puq − um(pa(r) + ra′(r))

[q − (p− 1)]uq − [m− (p− 1)]a(r)um

=
puq−m − (pa(r) + ra′(r))

[q − (p− 1)]uq−m − [m− (p− 1)]a(r)

=
puq−m − p

m−(p−1)
q−(p−1)

a(r) + p
m−(p−1)
q−(p−1)

a(r) − (pa(r) + ra′(r))

[q − (p− 1)]uq−m − [m− (p− 1)]a(r)

=
p

q − (p− 1)
+

p
m−(p−1)
q−(p−1)

a(r) − (pa(r) + ra′(r))

[q − (p− 1)]uq−m − [m− (p− 1)]a(r)

=
p

q − (p− 1)
−

pa(r) q−m

q−(p−1)
+ ra′(r)

[q − (p− 1)]uq−m − [m− (p− 1)]a(r)

✌ P✴❇☛☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇ ●✴❊ ✏ ●✽■▲❇✯❑ ✼✦▼✮✦ ❊ ❇✯❉ ✤✦✝✴❇
f(r, u(r)) > 0

✳ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C7)

✴ ❃

•
✢ ✘ ✝✴●✴◆✒❖✦❊

G(r) = NF (r, u(r)) −
N − p

p
u(r)f(r, u(r)) + rFr(r, u(r))

= N

(
uq+1

q + 1
−
a(r)um+1

m+ 1

)

−
N − p

p

(
uq+1 − a(r)um+1

)
−
ra′(r)um+1

m+ 1

= um+1

[
N

q + 1
uq−m −

N

m+ 1
a(r) −

N − p

p
uq−m +

N − p

p
a(r) −

ra′(r)

m+ 1

]

= um+1

[

uq−m

(
N

q + 1
−
N − p

p

)

− a(r)

(
N

m+ 1
−
N − p

p

)

−
ra′(r)

m+ 1

]

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C8)
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✩✏❇ ✞▲▼
u(r)
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−(rN−1|u′|p−2u′)′ = rN−1f(r, u), r ∈ (r0, R)

u > 0

u′(r0) = u(R) = 0.

✳ ✔✏❃❬❩★✴

✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✬✤✦✝✴❇
f
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(M1) − (M2)
❇

(H1) − (H2)
✳❜❊★✝

(H′

1
) − (H′

2
)
✴ ❍▲❖✦❊❘❍▲▼❣■✻✏ ❍✗✘❜❇☛✏❄■ ▼✦❍✡✎ ❇ ✾✰❊✏P✴❇✯❉❋❊✫❍ ✝ ■✻✏✓✦✓✏✆✜✒▼✦❑❡❊✫❍ ◗✔❇✯❊✠✟

❑❙❇✯❉❚▼✦❍ ❩✏❃❄❂ ❇❘❩✏❃ ❦ ❃ ✫ ❊✫●✕✘❜❊✫❑❙❉❋❇ ❊✢✥✴❍❙❇✯❑ ✼✦▼✦P✴❊❯●✴❊ ✫ ▼✮✾✎❄❄■✞✝✎✦ ❊❯❩ ✎ ✾✰❇☛✦ ❊✍❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✍P✴❇ ★❡▼☛✜✡✤✦✝✴❇✡✜ ✕ ❩✫❨✘✗✔✳✙✼✫❇✯❑
✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✫✔✴ ✎ ✡✽▼✦❑▲▼✦●✽■✻✏ ❉❋❊✫❍

u′(R) < 0.

✺ ●✽■ ❖✦❊ ✾✰❇☛✦ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼❯❂✫❃❬❩ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

u′(r) < 0
❇✯❉

(r0, R].
✳ ✔✏❃ ❦ ✴

✁✲❊✢✡✫❊
u ∈ C3(r0, R)

❃
✫ ❊✫❉ ✏ ❍❙❍❙❊✍✎✰❇✯❍❏■✞✝✴P✥▼✦❑❙❇✯❉❋❊✫❍ ❊✫❍✲✜✯❇✯❑❙❊✫❍ P✥▼✪✘ ✝✴●✴◆✒❖✦❊

ω
✤✦✝✴❇ ✌ ❍❙❊✢✦✆✝✴◆✒❖✦❊❚P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼❘P✴❇ ✼✦▼✮✦ ❊✫❑

✏ ●✎✏✓☞☛✏ ▼✮✦ ▼✦❍❙❍❙❊ ☞☛✏ ▼✦P✴❊ ✡✿✦✓✏ ●✴❇✒▼✦❑✌✏✆✜✒▼✦◆✒❖✦❊ P✴❇ ✳ ✔✏❃❬❩★✴✑✚






Lω ≡ (p− 1)(rN−1|u′|p−2ω′)′ + rN−1f ′(r, u)ω = 0, r ∈ (r0, R),

ω′(r0) = 0,

ω(r0) = 1.

✳ ✔✏❃ �✦✴

❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕ ❁★✣ ✆ ✥★✧✱✰ ✪ ω(r) ✩✲✷✗✾❀✿✔❁✚✵✸✷✡✻ ✧ ✳ ✔✏❃ �✦✴ ❋✬✲ ✳ ✬✶✵✸✷ ω(R) 6= 0
❋

☎ ❍ ✾✴❑✛✶ ❂ ✏ ❉❋❊✫❍ ✦ ❇✯❉❚▼✦❍ ❍▲❖✦❊ ●✴❇☛☞✯❇✯❍❙❍ ✆✦❑✌✏ ❊✫❍ ✾✥▼✦❑▲▼✧✾✴❑❙❊ ✼✦▼✦❑ ❇✯❍❏■▲❇ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊✴❃✑✢ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊✫❍ ✦ ❇✯❉❚▼✦❍
❍❙❇✯❑ ✆✮✘❜❇☛✏❄■ ▼ ●✥▼✬✩✏❇✯◆✒❖✦❊ ✔✏❃ ❦ ❃



�✸☛ ✠☞☛✁� ✍✏✞✄✂ ✁ ✕✆☎✔✕ ✁ ✕ ✆ ✕✓✖ ✑✞✝ ✁ ✑✓✎ ✁ ❥✢❅

❝ ✌✏✓✖✢✖❁★✣ ❁ ✥★✧✱✰ ✪✟❇ β ∈ R
✧
v(r) = (r − r0)u

′(r) + βu(r)
❋ ✘ ✧ ❇✡✷✲✩ ✂☎✿ ✧

Lv = rN−1

[

β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − (r − r0)fr(r, u) − r0
N − 1

r2
|u′|p−2u′

]

.

❝ ✌✏✓✖✢✖❁★✣✓✰ ✙ ✰ ✿ ✳ ❁✚✵✸✷
h(r) = −

ru′(r)

u(r)❅ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧❈✧ ❇ [r0, r̄]
❋

❝ ✌✏✓✖✢✖❁★✣ ✚ ✥★✧
ω(R) = 0

✧✴✳ ✬✶✵✸✷
∫ R

r0

rN−1[u(r)f ′(r, u(r)) − (p− 1)f(r, u(r))]ω(r) dr = 0.

❝ ✌✏✓✖✢✖❁★✣✠✟ ✥★✧
ω(R) = 0

✧✴✳ ✬✶✵✸✷
∫ R

r0

rN−1[pf(r, u) + rfr(r, u)]ω(r) dr = (p− 1)RNu′(R) lim
r→R

|u′|p−2ω′(r) − rN
0 f(r0, u(r0)).

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕★✱✺✢ ❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕✠❁★✣ ✆ � ❅ ✏✽✼ ✏ P✎✏ ❑❙❇✯❉❋❊✫❍ ▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ ●✴❊✫❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ ✾✥▼✦❍❙❍❙❊✫❍✡✚

•
✄ ✎✡✠ ✠ ✆ ☎ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏ ✜✯❇✯❑❙❊❋❇✯❉

[r0, R) ☞

•
✄ ✎✡✠ ✠ ✆✞✝ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❘❉ ✆ ❂ ✏ ❉❋❊✮✝✴❉ ✜✯❇✯❑❙❊❘❇✯❉

[r0, r̄] ☞

•
✄ ✎✡✠ ✠ ✆✁� ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❘❉ ✆ ❂ ✏ ❉❋❊✮✝✴❉ ✜✯❇✯❑❙❊❘❇✯❉

[r̄, R] ☞

•
✄ ✎✡✠ ✠ ✆✁�✕✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
●✥❖✦❊ ✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ❍❙❇☛✡★✝✴●✴P✴❊ ✜✯❇✯❑❙❊❘❇✯❉

R
❃

✄ ✎✡✠ ✠ ✆ ☎ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊
ω(r)

✾✰❊✫❍❙❍✛✝✎✏ ✜✯❇✯❑❙❊❋❇✯❉
[r0, R)

❃
✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✔✤✦✝✴❇

ω > 0
❇✯❉

[r0, R)
❃ ✒ ✝✥▼✦●✴P✴❊

K = p− 1
✘✼▼☛✜✯❇✯❉❋❊✫❍ ☞✯❊✫❉❋❊❘●✴❊✬✣ ▼✦❍❙❍❙❊✠❂

P✴❇✿✁✲❇✯❉❚▼ �✴❃ ❦ ❃✟✩✏❇
K > p − 1

❇✯●✽■ ❖✦❊❯■▲❊✫❉❋❇✯❉❋❊✫❍ ▼ ✘ ✝✴●✴◆✒❖✦❊
v(r) = (r − r0)u

′(r) + βu(r)
✎ ❊✫●✴P✴❇

β = p

K−(p−1)
> 0

❃ ✫ ❊✫❉ ✏ ❍❙❍❙❊✍✎ ✾✰❇☛✦ ❊ ✁✲❇✯❉❚▼✿�✴❃ ✔ ■▲❇✯❉❋❊✫❍

Lv = rN−1

{

β[uf ′(r, u) −Kf(r, u)] − (r − r0)fr(r, u) − r0
N − 1

r2
|u′|p−2u′

}

,



❨✦❴ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✁�✸☛ �✂✁✗✖✟✞●✘ ☛✫✄❄✕ ✆❃✞✯✎ ✁ ✕✴✁✦✆ ✑ ✞ ✂ �❄✁✦✆ ✄✺✕ � ✕✆☎✜✁ ✄✮✎✁�✴✁

✾✰❊✢✏ ❍
β(p− 1) + p = βK.

✫ ❊✫❉❋❊
v(r0) = βu(r0) > 0

❇
v(R) = (R − r0)u

′(R) ≤ 0
✎ ❇ ❂ ✏ ❍❏■▲❇

r0 < r1 ≤ R
■ ▼✮✦ ✤✦✝✴❇

v > 0
❇✯❉

[r0, r1)
❇
v(r1) = 0

❃ ◗✔❇✯❉❋❊✫❍ ✤✦✝✴❇

ωLv = (p− 1)(rN−1|u′|p−2v′)′ω + rN−1f ′(r, u)vω
❇

vLω = (p− 1)(rN−1|u′|p−2ω′)′v + rN−1f ′(r, u)ωv ≡ 0.

✁✲❊✢✡✫❊
ωLv = ωLv − vLω = (p− 1)[rN−1|u′|p−2(ωv′ − vω′)]′.

✳ ✔✏❃ ✔★✴
✣✔❇☛✦ ▼✦❍✔☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍

(C1)
❇

(C5)
■▲❇✯❉❋❊✫❍

Lv > 0
❃ ✺ ❍✌☞✯❑❙❇ ✼✫❇✯●✴P✴❊ ✳ ✔✏❃❬❩★✴ ☞✯❊✫❉❋❊

[

(p− 1)u′′ +
N − 1

r
u′
]

|u′|p−2 + f(r, u) = 0,

■▲❇✯❉❋❊✫❍

|u′|p−2v′ = |u′|p−2 [(r − r0)u
′′ + (β + 1)u′]

= (β + 1)|u′|p−2u′ + (r − r0)|u
′|p−2u′′

= (β + 1)|u′|p−2u′ −
(N − 1)(r − r0)

(p− 1)r
|u′|p−2u′ −

1

p− 1
(r − r0)f(r, u).

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊ ✳ ✔✏❃ ✔★✴ P✴❇
r0

▼
r1
✎✥❊✢✥ ■▲❇✯❉❋❊✫❍✔✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎✎✾✰❊✢✏ ❍

0 <

∫ r1

r0

ωLv dr = (p− 1)r1
N−1ω(r1) lim

r→r1

|u′(r)|p−2v′(r) ≤ 0.

✄ ✎✡✠ ✠ ✆✞✝ ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊
ω(r)

✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❋❉ ✆ ❂ ✏ ❉❋❊ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉
[r0, r̄]

❃
✩✏❇ ✞▲▼✦❉

r1 < r2
❊✫❍ P✴❊✢✏ ❍ ✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊✫❍ ✜✯❇✯❑❙❊✫❍ P✴❇

ω
❇✯❉

[r0, r̄]
❃✵✩✏❇ ✞▲▼

β = −
r1u

′(r1)

u(r1)
> 0.

✣✔❇☛✦ ❊ ✁✲❇✯❉❚▼ ✔✏❃ ❥✕✎✰▼✬✘ ✝✴●✴◆✒❖✦❊
v(r) = ru′ + βu

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ �✴●✎✏✓☞✯❊ ✜✯❇✯❑❙❊✍❇✯❉
[0, r̄]

❃ ✣✔❇☛✦ ▼❋❇✯❍✌☞✯❊✢✦✆☎✥▼❚P✴❇
β
■▲❇✯❉❋❊✫❍

v(r1) = 0
❃ ✢ ✡✫❊✫❑▲▼✕✎✎✾✰❇☛✦ ❊✪✁✲❇✯❉❚▼✿�✴❃ ✔ ✎

Lv = rN−1 {β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − rfr(r, u)} .



�✸☛ ✠☞☛✁� ✍✏✞✄✂ ✁ ✕✆☎✔✕ ✁ ✕ ✆ ✕✓✖ ✑✞✝ ✁ ✑✓✎ ✁ ❨✏❂

✣✔❊✏P✴❇✯❉❋❊✫❍ ❇✯❍✌☞✯❑❙❇ ✼✫❇✯❑

Lv = rN−1

[

β −
pf(r, u) + rfr(r, u)

uf ′(r, u) − (p− 1)f(r, u)

]

[uf ′(r, u) − (p− 1)f(r, u)].

✣✔❇☛✦ ▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C7)

✳❜❊★✝
(C̄6)

✎✴●✴❊✪☞✒▼✦❍❙❊❚▼☛✝ ■✞☞✫●✴❊✫❉❋❊✦✴ ✎✏■▲❇✯❉❋❊✫❍ P✍✝✥▼✦❍ ✾✰❊✫❍❙❍✌✏✓✥✎✏✓✦✓✏ P✥▼✦P✴❇✯❍✡✚

• Lv ≥ 0
❇✯❉

(r1, r2]

✫ ❊✫❉✪✾✥▼✦❑▲▼✦●✴P✴❊
v
❇
ω
✎✎☞✯❊✫❉❋❊❘●✴❊✪✣ ▼✦❍❙❍❙❊✠❂★✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

ωLv = (p− 1)[rN−1|u′|p−2(ωv′ − vω′)]′.

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r1

▼
r2
✚

0 ≤

∫ r2

r1

ωLv dr = −(p− 1)rN−1
2 |u′(r2)|

p−2v(r2)ω
′(r2) > 0

✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴
,

✾✰❊✢✏ ❍
ω(r1) = 0

✎
ω(r2) = 0

✎
v(r1) = 0

✎
v(r2) < 0

❇
ω′(r2) > 0

✎ ✦ ❇✯❉✧✥✴❑▲▼✦●✴P✴❊ ✤✦✝✴❇
ω < 0

❇✯❉
(r1, r2)

❃

• Lv < 0
❇✯❉

[r0, r1) ☞
✝ ❇✯❍❏■▲❇ ☞✒▼✦❍❙❊❘■▲❇✯❑✌❄ ▼✦❉❋❊✫❍

0 >

∫ r1

r0

ωLv dr =
[
(p− 1)rN−1|u′|p−2(ωv′ − vω′)

]r1

0
= 0

✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴
.

✄ ✎✡✠ ✠ ✆✁� ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊
ω(r)

✾✰❊✫❍❙❍✛✝✎✏✲●✴❊❋❉ ✆ ❂ ✏ ❉❋❊ ✝✴❉ ✜✯❇✯❑❙❊❋❇✯❉
[r̄, R]

❃
✩✏❇ ✞▲▼✦❉

r1, r2 ∈ [r̄, R]
P✴❊✢✏ ❍ ✜✯❇✯❑❙❊✫❍✂☞✯❊✫●✴❍❙❇☛☞✡✝ ■✻✏✽✼✫❊✫❍❈P✴❇

ω
✎✴■ ▼✮✏ ❍✔✤✦✝✴❇☛✎✰❍❙❇✯❉★✾✰❇✯❑❙P✥▼❋P✴❇ ✡✫❇✯●✴❇✯❑▲▼ ✟

✦✓✏ P✥▼✦P✴❇☛✎
ω < 0

❇✯❉
(r1, r2)

❃❘◗✔❊✫❉❋❇✯❉❋❊✫❍
v(r) = ru′(r) ≤ 0

❃✪✫ ❊✫❉❋❊
f(r, u(r)) < 0

❇✯❉
(r̄, R)

✎
■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

Lv = −pf(r, u) − rfr(r, u) > 0.

✫ ❊✫❉✪✾✥▼✦❑▲▼✦●✴P✴❊❘▼✦❍ ❇✡✤✦✝✥▼✦◆✡✠✏❇✯❍✂✾✥▼✦❑▲▼
v
❇
ω
✎✎☞✯❊✫❉❋❊❘●✴❊✪✣ ▼✦❍❙❍❙❊✠❂★✎✴❊✢✥ ■▲❇✯❉❋❊✫❍

ωLv = (p− 1)[rN−1|u′|p−2(ωv′ − vω′)]′.
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✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r1

▼
r2

✚

0 >

∫ r2

r1

ωLv dr = −(p− 1)rN−1
2 |u′(r2)|

p−2v(r2)ω
′(r2) +

+ (p− 1)rN−1
1 |u′(r1)|

p−2v(r1)ω
′(r1) > 0.

✳ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✦✴
✄ ✎✡✠ ✠ ✆✁�✕✔ ✢ ✘ ✝✴●✴◆✒❖✦❊

ω(r)
●✥❖✦❊ ✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ❍❙❇☛✡★✝✴●✴P✴❊ ✜✯❇✯❑❙❊❋❇✯❉

R
❃

✩✏❇ ✞▲▼✦❉
r1 < R

❊✫❍❳P✴❊✢✏ ❍ �✴●✎✏✓☞✯❊✫❍ ✜✯❇✯❑❙❊✫❍❳P✴❇
ω
❇✯❉

[r0, R]
❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊✠❦✕✎

r1 < r̄
❃ ✁✲❊✢✡✫❊

f(r1, u(r1)) > 0
❃ ✟✶▼✦◆✒▼✦❉❋❊✫❍

γ =
p[u(r1)f

′(r1, u) −Kf(r1, u)] − [K − (p− 1)]r1fr(r1, u)

u(r1)f ′(r1, u) − (p− 1)f(r1, u)
> 0

❇
β =

γf(r1, u) + r0fr(r1, u)

uf ′(r1, u) −Kf(r1, u)
.

✝ ❊✦■▲❇✯❉❋❊✫❍ ✤✦✝✴❇❘❍❙❇
K = p − 1

❇✯●✽■ ❖✦❊
γ = p

❃✿✝ ❊ ☞✒▼✦❍❙❊★▼☛✝ ■✞☞✫●✴❊✫❉❋❊✍■▲❇✯❑❙❇✯❉❋❊✫❍
β > 0

❃ ✫ ❊✫❉ ❇✯❍❏■ ▼✦❍
❇✯❍✌☞✯❊✢✦✆☎✥▼✦❍ ■▲❇✯❉❋❊✫❍ ✤✦✝✴❇

γ+β[K−(p−1)] = p
❃ ✣✔❇☛✦ ▼ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(C6)
✳❜❊★✝

(C̄6)
●✴❊ ☞✒▼✦❍❙❊❲▼☛✝ ■✞☞✫●✴❊✫❉❋❊✦✴

■▲❇✯❑❙❇✯❉❋❊✫❍
γf(r, u) + rfr(r, u)

uf ′(r, u) −Kf(r, u)
≥ β

✾✥▼✦❑▲▼
r < r1

❇

γf(r, u) + rfr(r, u)

uf ′(r, u) −Kf(r, u)
≤ (6≡)β

✾✥▼✦❑▲▼
r > r1.

✳ ✔✏❃ ❥ ✴

✁✲❊✢✡✫❊✍✎ ✾✰❊✫❑ ✳ ✔✏❃ ❥ ✴ ✎

pf(r, u) + rfr(r, u) − β[uf ′(r, u) − (p− 1)f(r, u)] ≥ 0
✾✥▼✦❑▲▼

r < r1
❇

pf(r, u) + rfr(r, u) − β[uf ′(r, u) − (p− 1)f(r, u)] ≤ (6≡) 0
✾✥▼✦❑▲▼

r > r1.

✫ ❊✫❉ ✏ ❍❏■▲❊✍✎✕✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊ ❊✪✁✲❇✯❉❚▼✪✔✏❃❬❨ ✎ ■▲❇✯❉❋❊✫❍
∫ R

r0

rN−1 {pf(r, u) + rfr(r, u) − β [uf ′(r, u) − (p− 1)f(r, u)]}ω dr =

=

∫ R

r0

rN−1 [pf(r, u) + rfr(r, u)]ω dr > 0.
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✣✔❇☛✦ ❊✪✁✲❇✯❉❚▼✪✔✏❃ ✭✕✎✴❊✢✥ ■▲❇✯❉❋❊✫❍✔✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊ ✾✰❊✢✏ ❍

0 <

∫ R

r0

rN−1[pf(r, u)+rfr(r, u)]ω dr = (p−1)RNu′(R) lim
r→R

(
|u′|p−2ω′

)
−rN

0 f(r0, u(r0)) ≤ 0.

�

✄ ✕✶✛✣✕✰❀ ✞✴✛❣✻❜✕✖❁★✣ ✬ ✙ ✩✲✷✗✾❀✿✔❁✚✵✸✷❆❂❃✪✼✻✟✭✮✪✟✾ u(r) ❅ ✳ ✵✸✷✗❉ ✻ ✧ ✛ ✧✴✳✝✧ ❂❃✪✼✻✼✪ ❋
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−(p− 1)
(
rN−1|u′|p−2ω′(r)

)
′

= rN−1f ′(r, u)ω(r), r ∈ (r0, R)

ω′(r0) = ω(R) = 0

✳ ✔✏❃❬❨★✴

✼✫❇✯❉❋❊✫❍✡✎ ✾✰❇☛✦ ▼✿✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊❋▼✦●✽■▲❇✯❑✌✏ ❊✫❑✡✎✍✤✦✝✴❇ ✳ ✔✏❃❬❨★✴ ✾✰❊✫❍❙❍✛✝✎✏✔▼✮✾✰❇✯●✥▼✦❍ ▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊ ■▲❑✌✏✽✼ ✏ ▼✮✦
ω ≡ 0

❃
�

� ☛✄✂ ✂ ✕ ✒✞✌✏✒✌✧✘✢☞✧✩✎

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕✾✱✺✕✰✎ ✢ ✌❢✕✶✛✣✌✏✓✖✢✥✎❲❁★✣✼✵❋✌ ❁★✣ ❵ � ✩✏❇ ✞▲▼
u(r)

✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❲P✴❇✟✳ ✔✏❃❬❩★✴ ❇
α0 = u(0)

❃
✣✔❇☛✦ ❊ ✫ ❊✫❑❙❊✢✦✝✆✦❑✌✏ ❊✪✔✏❃ ❅✕✎✰▼❘❍❙❊✢✦✆✝✴◆✒❖✦❊

u
✌❲●✥❖✦❊✠✟ P✴❇☛✡✫❇✯●✴❇✯❑▲▼✦P✥▼ ❃ ✪ ❊✫❍❏■▲❑▲▼✦❑❙❇✯❉❋❊✫❍ ✤✦✝✴❇ ❇✯❍❏■ ▼❋❍❙❊✢✦✆✝✴◆✒❖✦❊✬✌ �✴●✎✏✓☞✒▼ ❃

❅❈❇✯●✴❊✦■ ▼✦❑❙❇✯❉❋❊✫❍ ✾✰❊✫❑
uα

▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❊✪✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼ P✴❇ ✼✦▼✮✦ ❊✫❑ ✏ ●✎✏✓☞☛✏ ▼✮✦✏✚






−(rN−1|u′α|
p−2u′α)′ = rN−1f(r, uα),

u′α(0) = 0,

uα(0) = α.

✄ ✎✡✠ ✠ ✆ ☎ ✔
ω(R) < 0

❃
✩✏❇
ω(R) > 0

❇✯●✽■ ❖✦❊✍✎✎✾✰❇☛✦ ▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ❦ ❃❄❂✬✳✏✩✏❇✯◆✒❖✦❊❘❦ ❃❬❩★✴ ✎ ✾✥▼✦❑▲▼
0 < α <

α0
▼✥✘ ✝✴●✴◆✒❖✦❊

uα

✾✰❊✫❍❙❍✛✝✎✏ ✝✴❉ ✜✯❇✯❑❙❊★❇✯❉
Rα < R

❃ ✣✔❇☛✦ ❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ❂✫❃❬❩ ✎
f(0, α0) > 0

❃ ✣✔❊✫❑
(C4)

✎
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❇ ❂ ✏ ❍❏■▲❇
0 < α < α0

■ ▼✮✦✵✤✦✝✴❇
f(0, α) < 0

❃ ✝ ❊ ✼✦▼✦❉❋❇✯●✽■▲❇✬✾✰❇☛✦ ❊✠◗✔❇✯❊✫❑❙❇✯❉❚▼ ❂✫❃❬❩ ✎ ▼ ✘ ✝✴●✴◆✒❖✦❊
uα

●✥❖✦❊
✾✰❊✫❍❙❍✛✝✎✏ ✜✯❇✯❑❙❊✍✎✥❊✪✤✦✝✴❇ ✌ ✝✴❉❚▼✧☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✴❃
✄ ✎✡✠ ✠ ✆✞✝ ✔ ✣ ▼✦❑▲▼

α > α0
✎✶▼ ✘ ✝✴●✴◆✒❖✦❊

uα

●✥❖✦❊✪✌❳❍❙❊✢✦✆✝✴◆✒❖✦❊❘P✴❇ ✳ ✔✏❃❬❩★✴ ❃
✫ ❊✫❉❋❊

ω(R)
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✄ ✎✡✠ ✠ ✆✁� ✔ ✢ ✘ ✝✴●✴◆✒❖✦❊
uα0

✌❲▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊ P✴❇ ✳ ✔✏❃❬❩★✴ ❃
✩✏❇ ✞▲▼

uα1

❍❙❊✢✦✆✝✴◆✒❖✦❊❳P✴❇✟✳ ✔✏❃❬❩★✴ ❃ ✣✔❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊ ❩ ✎✫■▲❇✯❉❋❊✫❍✱✤✦✝✴❇
α1 ≤ α0

❃ ✪ ▼✦❍ ❍❙❇
α1 < α0

❇✯●✽■ ❖✦❊
✾✰❇☛✦ ❊ ✣ ▼✦❍❙❍❙❊❯❩ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

uα0
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�
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v′(r) = (r − r0)u
′′(r) + (β + 1)u′.

✁✲❊✢✡✫❊

Lv = (p− 1)
(
rN−1|u′|p−2v′

)′
+ rN−1f ′(r, u)v

= (p− 1)
(
rN−1|u′|p−2[(r − r0)u

′′ + (β + 1)u′]
)
′

+ rN−1f ′(r, u)[(r − r0)u
′ + βu]

= (p− 1)
(
rN−1|u′|p−2[ru′′ + (β + 1)u′]

)′
+ rN−1f ′(r, u)(ru′ + βu)

︸ ︷︷ ︸

I1

−

− (p− 1)r0
(
rN−1|u′|p−2u′′

)
′

︸ ︷︷ ︸

I2

−r0r
N−1f ′(r, u)u′.

✣✔❇☛✦ ❊✪✁✲❇✯❉❚▼✿�✴❃ ✔ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

I1 = rN−1 [β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − rfr(r, u)] .
✳ ✔✏❃ ✭ ✴

✣✔❊✏P✴❇✯❉❋❊✫❍ ❇✯❍✌☞✯❑❙❇ ✼✫❇✯❑✮✳ ✔✏❃❬❩★✴ P✥▼❘❍❙❇☛✡★✝✎✏ ●✽■▲❇❳❉❚▼✦●✴❇☛✏ ❑▲▼
[

(p− 1)u′′ +
N − 1

r
u′
]

|u′|p−2 + f(r, u) = 0.
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✣✔❊✫❑ ✏ ❍❙❍❙❊

I2 = −(p− 1)r0
(
rN−1|u′|p−2u′′

)
′

= r0

[

(N − 1)
(
rN−2|u′|p−2u′

)′
+
(
rN−1f(r, u)

)′
]

= r0

[

(N − 1)(N − 2)rN−3|u′|p−2u′ + (N − 1)rN−2
(
|u′|p−2u′

)
′

+

+ (N − 1)rN−2f(r, u) + rN−1f ′(r, u)u′ + rN−1fr(r, u)
]

= r0
[
(N − 1)(N − 2)rN−3|u′|p−2u′ − (N − 1)2rN−3|u′|p−2u′ − (N − 1)rN−2f(r, u)+

+ (N − 1)rN−2f(r, u) + rN−1f ′(r, u)u′ + rN−1fr(r, u)
]

= r0
[
−(N − 1)rN−3|u′|p−2u′ + rN−1f ′(r, u)u′ + rN−1fr(r, u)

]
.

✩ ✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ●✴P✴❊❘●✥▼ ❇ ❂ ✾✴❑❙❇✯❍❙❍▲❖✦❊❚P✴❇
Lv

❊✢✥ ■▲❇✯❉❋❊✫❍

Lv = rN−1

[

β[uf ′(r, u) − (p− 1)f(r, u)] − pf(r, u) − (r − r0)fr(r, u) − r0
N − 1

r2
|u′|p−2u′

]

.

�
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h′(r) =
p

(p− 1)|u′|p−2u2

[

H(r) + r

(
1

p
uf(r, u) − F (r, u)

)]

❊✫●✴P✴❇
H(r)

✌❳P✴❇ ✖✥●✎✏ P✥▼ ✾✰❊✫❑

H(r) =
N − p

p
|u′|p−2uu′ +

p− 1

p
r|u′|p + rF (r, u).

✙ ▼✦❍❏■ ▼✿✾✴❑❙❊ ✼✦▼✦❑❙❉❋❊✫❍✔✤✦✝✴❇
H(r) ≥ 0

✾✰❊✢✏ ❍

1

p
uf(r, u) − F (r, u) > 0

❇✯❉
[0, r̄]

✾✰❊✫❑
(C4)

❃
✗ ✟ ✛❣✓✖✢ ✙✣✻✙✘✴✢ �

H(r) ≥ 0
✾✥▼✦❑▲▼

r0 ≤ r ≤ R
❃
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✝ ❊✦■ ▼✦❉❋❊✫❍ ✤✦✝✴❇
H(r0) ≥ 0

❇
H(R) > 0

❃ ✺❱❉❚▼✮✏ ❍

(rN−1H(r))′ = rN−1G(r),

❊✫●✴P✴❇
G(r) = NF (r, u) −

N − p

p
uf(r, u) + rFr(r, u).

✩✏❇
G(r)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C8)

❇✯●✽■ ❖✦❊
H(r) ≥ 0
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p
❇✯❉ ❑❙❇☛✦ ▼✦◆✒❖✦❊ ▼

N
✚

•
✩✏❇ ✖✄✂❯✧ ❇✯●✽■ ❖✦❊

G(r) = NF (u(r))
✎✍✤✦✝✴❇❲❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(C8)
❃

•
✩✏❇ ✖✆☎❋✧ ❇✯●✽■ ❖✦❊

G(r) ≤ 0
❇✯❉

[r̄, R]
✳ ✏ ❍❏■▲❊ ✌☛✎✍✤✦✝✥▼✦●✴P✴❊

f(u(r)) ≤ 0
✴ ❃ ✣ ▼✦❑▲▼

r ∈ [0, r̄]
✳ ✏ ❍❏■▲❊

✌☛✎ ✤✦✝✥▼✦●✴P✴❊
f(u(r)) ≥ 0

✴❡■▲❇✯❉❋❊✫❍

G′(r) = u′
{

pf(u) −
N − p

p
[uf ′(u) − (p− 1)f(u)]

}

≤ 0.

✁✲❊✢✡✫❊
G(r)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✪☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C8)

❃

•
✩✏❇ ✖✆✝❋✧ ❇✯●✽■ ❖✦❊

G′(r) ≥ 0
❇✯❉

[r̄, R]
❃ ✣✔❊✫❑

(C̄5)
✎ ❇ ❂ ✏ ❍❏■▲❇

r1 ∈ [r0, R]
■ ▼✮✦ ✤✦✝✴❇

G′(r) ≤ 0
✾✥▼✦❑▲▼

r ∈ [r0, r1]
❇
G′(r) ≥ 0

✾✥▼✦❑▲▼
r ∈ [r1, R]

✎ ✾✰❊✢✏ ❍

G′(r) =
N − p

p
u′f(u)

[
Np−N + p

N − p
−
uf ′(u)

f(u)

]

.

✫ ❊✫❉❋❊
G(R) = 0

■▲❇✯❉❋❊✫❍✔✤✦✝✴❇
G(r)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✪☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(C8)

❃
�
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ωLu = (p− 1)(rN−1|u′|p−2u′)′ω + rN−1f ′(r, u)uω = rN−1 [uf ′(r, u) − (p− 1)f(r, u)]ω

uLω = (p− 1)(rN−1|u′|p−2ω′)′u+ rN−1f ′(r, u)ωu ≡ 0.
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✁✲❊✢✡✫❊

ωLu = ωLu−uLω = (p−1)[rN−1|u′|p−2(ωu′−uω′)]′ω = rN−1 [uf ′(r, u) − (p− 1)f(r, u)]ω.

✟ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊❋P✴❇
r0

▼
R
■▲❇✯❉❋❊✫❍

∫ R

r0

rN−1 [uf ′(r, u) − (p− 1)f(r, u)]ω dr = (p− 1)
[

rN−1|u′|p−2(ωu′ − uω′)
]R

r0

= 0.

�
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∫ r2

r1

rN [f(r, u)]′ ω dr =

=
[

rNf(r, u)ω
]r2

r1

−

∫ r2

r1

rNf(r, u)ω′ dr −N

∫ r2

r1

rN−1f(r, u)ω dr

☞✯❊✫❉
0 < r1 < r2 < R

❃ ✁✲❊✢✡✫❊
∫ r2

r1

rN−1 [Nf(r, u) + rfr(r, u)]ω dr =

=
[
rNf(r, u)ω

]r2

r1

−

∫ r2

r1

rNf(r, u)ω′ dr

︸ ︷︷ ︸

I1

−

∫ r2

r1

rNf ′(r, u)u′ω dr

︸ ︷︷ ︸

I2

.
✳ ✔✏❃ ❅ ✴
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I1 = −

∫ r2

r1

rNf(r, u)ω′ dr =

∫ r2

r1

r(rN−1|u′|p−2u′)′ω′ dr,

❇ ✏ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊✿✾✰❊✫❑ ✾✥▼✦❑❏■▲❇✯❍ ❊✢✥ ■▲❇✯❉❋❊✫❍

I1 =
[

rN |u′|p−2u′ω′

]r2

r1

−

∫ r2

r1

rN |u′|p−2u′ω′′ dr −

∫ r2

r1

rN−1|u′|p−2u′ω′ dr.

✢ ✡✫❊✫❑▲▼✿✾✰❊✫❑ ✳ ✔✏❃ �✦✴❡■▲❇✯❉❋❊✫❍

I2 = −

∫ r2

r1

rNf ′(r, u)u′ω dr = (p− 1)

∫ r2

r1

r(rN−1|u′|p−2ω′)′u′ dr,
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I2 = (p− 1)

([

rN |u′|p−2u′ω′

]r2

r1

−

∫ r2

r1

rN |u′|p−2u′′ω′ dr −

∫ r2

r1

rN−1|u′|p−2u′ω′ dr

)

.

◗ ▼✦❉✧✥ ✌✯❉ ✌ ✏ ❉✪✾✰❊✫❑❏■ ▼✦●✽■▲❇ ●✴❊✦■ ▼✦❑✔✤✦✝✴❇
∫ r2

r1

rN |u′|p−2u′ω′′ dr + (p− 1)

∫ r2

r1

rN |u′|p−2u′′ω′ dr =

∫ r2

r1

rN
(
|u′|p−2u′ω′

)
′

dr.

❅❈❇❳❊✫●✴P✴❇☛✎ ✏ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊ ✾✰❊✫❑ ✾✥▼✦❑❏■▲❇✯❍✡✎
∫ r2

r1

rN |u′|p−2u′ω′′ dr + (p− 1)

∫ r2

r1

rN |u′|p−2u′′ω′ dr =

=
[

rN |u′|p−2u′ω′

]r2

r1

−N

∫ r2

r1

rN−1|u′|p−2u′ω′ dr.
✳ ✔✏❃❄❂✜❴ ✴

✩ ✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ●✴P✴❊
I1
✎
I2

❇ ✳ ✔✏❃❄❂✜❴ ✴ ❇✯❉ ✳ ✔✏❃ ❅ ✴ ❊✢✥ ■▲❇✯❉❋❊✫❍
∫ r2

r1

rN−1 [Nf(r, u) + rfr(r, u)]ω dr =

=
[

rNf(r, u)ω
]r2

r1

+ (p− 1)
[

rN |u′|p−2u′ω′

]r2

r1

+ (N − p)

∫ r2

r1

rN−1|u′|p−2u′ω′ dr

︸ ︷︷ ︸

I3

.

✪ ▼✮✏ ❍✔✝✴❉❚▼ ✼✫❇✡✜ ✏ ●✽■▲❇☛✡✫❑▲▼✦●✴P✴❊ ✾✰❊✫❑ ✾✥▼✦❑❏■▲❇✯❍ ❇✧✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊✫✳ ✔✏❃❬❩★✴❡■▲❇✯❉❋❊✫❍

I3 =
[

rN−1|u′|p−2u′ω
]r2

r1

−

∫ r2

r1

(
rN−1|u′|p−2u′

)′
ω dr

=
[

rN−1|u′|p−2u′ω
]r2

r1

+

∫ r2

r1

f(r, u)ω dr.

❅ ▼✮❄ ■▲❇✯❉❋❊✫❍
∫ r2

r1

rN−1 [pf(r, u) + rfr(r, u)]ω dr =

=
[

rNf(r, u)ω
]r2

r1

+ (p− 1)
[

rN |u′|p−2u′ω′

]r2

r1

+ (N − p)
[

rN−1|u′|p−2u′ω
]r2

r1

.

✟✶▼☛✜✯❇✯●✴P✴❊
r1 → r0

❇
r2 → R

☞✯❊✫●✎☞☛✦✆✝✎❄ ❉❋❊✫❍ ✤✦✝✴❇
∫ R

0

rN−1 [pf(r, u) + rfr(r, u)]ω dr = (p− 1)RNu′(R) lim
r→R

|u′|p−2ω′(r) − rN
0 f(r0, u(r0)).

�



� ☎✂✁☎✄ ✂ ✁✝✆☛✡ �

✁ ✁ ✟ ✝ ✟ ✄ ☎ ✄ ✁ ✁ ✄ ✂ ✡ ✄ ✄ ✁ ✟☛✡ ✂ � ✆✞✡☎✄❋�✂✟✲✄ ✆ ✂ ✝✠✟ ✝ ✡ ✂

✝ ❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊★❇✯❍❏■✞✝✴P✥▼✦❑❙❇✯❉❋❊✫❍ ▼✫✤✦✝✴❇✯❍❏■ ❖✦❊✾P✥▼ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇❋P✴❇❚❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ ✾✥▼✦❑▲▼ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✦❍
❇✯❉ P✴❊✫❉✪❄ ●✎✏ ❊✫❍ ✾✴❑✛✶ ❂ ✏ ❉❋❊✫❍ P✴❇ ✝✴❉❚▼✿✥✰❊✢✦ ▼✕✎ ❇✯❉ ✝✴❉ ❍❙❇✯●✽■✻✏ P✴❊✬✤✦✝✴❇❳❍❙❇✯❑ ✆❘P✴❇ ✖✥●✎✏ P✴❊❋❉❚▼✮✏ ❍ ▼✦P✎✏ ▼✦●✽■▲❇✦❃

✩✏❇ ✞▲▼
Ωδ ⊂ R

N ✎
N ≥ 2

✎✵✝✴❉ P✴❊✫❉✪❄ ●✎✏ ❊ ✦✓✏ ❉✪✏❄■ ▼✦P✴❊ ☞✯❊✫❉ ✘❜❑❙❊✫●✽■▲❇☛✏ ❑▲▼
C1 ❃ ✣ ▼✦❑▲▼

R0 > 0
✖ ❂✴▼✦P✴❊✍✎✍✘✼▼✦◆✒▼✦❉❋❊✫❍

B = BR0
(0)

❃ ✫ ❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ❊❘❍❙❇☛✡★✝✎✏ ●✽■▲❇ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✕✚






−△u = f(u)
❇✯❉

Ωδ

u > 0

u = 0
❇✯❉

∂Ωδ,

✳✼❥ ❃❄❂ ✴

❊✫●✴P✴❇❲▼ ✘ ✝✴●✴◆✒❖✦❊
f
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍✡✚

(S1) f ∈ C1[0,∞)
✎
f(0) = 0

❇
f ′(0) < λ1(B)

✎✶❊✫●✴P✴❇
λ1(B)

✌ ❊✪✾✴❑✌✏ ❉❋❇☛✏ ❑❙❊❋▼☛✝ ■▲❊ ✼✦▼✮✦ ❊✫❑ P✴❇
−△

❇✯❉
H1

0 (B) ☞

(S2)
✺❃❂ ✏ ❍❏■▲❇

θ ≥ 0
■ ▼✮✦✣✤✦✝✴❇

f(s) < 0
❇✯❉

(0, θ)
❇
f(s) > 0

❇✯❉
(θ,∞) ☞

(S3) sf
′(s) −Kf(s) > 0

✾✥▼✦❑▲▼
s > 0

✎✎☞✯❊✫❉
K ≥ 1 ☞



✭✫❴ �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✁�✼☛✁� ✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ✕✄✂ ✁ ✞ ✂❆✆ ✁✏✎ ✞✚✖ � ✍✏✞✄✂✶✘✜✎ ✂✄✂✘✄✝✆❃✎✒✑ ✞✚✖

(S4)
✢ ✘ ✝✴●✴◆✒❖✦❊ sf ′(s)

f(s)

✌❳●✥❖✦❊✠✟ ☞✯❑❙❇✯❍✌☞✯❇✯●✽■▲❇❲❇✯❉
(θ,∞) ☞

(S5)
◗✔❇✯❉❋❊✫❍

lims→∞

f(s)

sq
= α > 0

✎✗☞✯❊✫❉
1 < q <

N + 2

N − 2

✳❜❍❙❇
N = 2

❇✯●✽■ ❖✦❊ ☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❉❋❊✫❍
N + 2

N − 2
= ∞

✴ ❃

✢ ✖✥❉ P✴❇❲❇✯●✦✝✴●✎☞☛✏ ▼✦❑ ❊❋❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊❘P✴❇ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇☛✎✎✾✴❑❙❇☛☞☛✏ ❍▲▼✦❉❋❊✫❍ P✥▼✦❍ ❍❙❇☛✡★✝✎✏ ●✽■▲❇✯❍ P✴❇ ✖✥●✎✏ ◆✡✠✏❇✯❍✡✚

✳❯✌ ✟ ✮✔✻✼✩✫✳✴✕ ✰★✣✼✵✆☎ ✭ ❂ ✧ ❇✡✷✲✩ ✂☎✿ ✧ ✿✜❇❆✪ ✰☎✪✟❇✞✝ ✾❀✭✮✪ {Ωδ}δ>0 ✻ ✧ ✻✸✷✗❇✞✝ ✳ ✭ ✷✲✩ ✤✫✕✰✮❆✘✰✌❢✛ ✯✶✌ � ✪✟❂❃✪ B ✂☎✿✏✪ ✳ ✻✸✷
δ → 0

✢ ✩ ✧

✟✶✭ ✠ ☎ ✪✟❂❃✪✡✬✺✷✫✻✸✷ ❊ ✷✗❇ � ✪ ❊ ✬✺✷ K ⊂ B
✢ ✬ ✧ ❇✡✷✲✩ K ⊂ Ωδ

� ✪✟❂❃✪ δ ✩✴✿✕✔ ❊ ✭ ✧✴✳ ✬ ✧ ❇ ✧✴✳ ✬ ✧ �✤✧ ✂☎✿ ✧✴✳ ✷✠✟
✟✶✭ ✭ ✠ ☎ ✪✟❂❃✪✡✬✺✷✫✻✸✷✽✪ ✍ ✧ ❂ ✬✺✷ A ⊃ B

✢ ✬ ✧ ❇✡✷✲✩ Ωδ ⊂ A
� ✪✟❂❃✪ δ ✩✴✿✕✔ ❊ ✭ ✧✴✳ ✬ ✧ ❇ ✧✴✳ ✬ ✧ �✤✧ ✂☎✿ ✧✴✳ ✷ ❋

✳❯✌ ✟ ✮✔✻✼✩✫✳✴✕ ✰★✣ ❵☛✡ ❇❆✪ ✰☎✪✟❇✞✝ ✾❀✭✮✪ {Ωδ}δ>0 ✻ ✧ ✻✸✷✗❇✞✝ ✳ ✭ ✷✲✩ ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎ ❊ ✷ ✳ ✻✟✭✒❁✚✵✸✷ ✻ ✧ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ (Sf )
✢ ✩ ✧

✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ✿ ✳ ✭ ✰✫✷✗❂ ❇ ✧ ❇ ✧✴✳ ✬ ✧ ✪ ❊ ✷ ✳ ✻✟✭✒❁✄✂ ✧ ✩✙✻ ✧ ✧ ✩✒✰ ✧ ❂❃✪ ✭ ✳ ✬ ✧ ❂ ✭ ✷✗❂ ✧ ✧☛✡ ✬ ✧ ❂ ✭ ✷✗❂ ❋✌☞ ✩✴✬✺✷ ❅ ✢ ✧☛✡ ✭✯✩✴✬ ✧ ❇ r1
✢
r2 > 0

✬✶✪✟✭✯✩ ✂☎✿ ✧✍✢✁� ✪✟❂❃✪❆✬✺✷✫✻✸✷ δ > 0
✧
x0 ∈ ∂Ωδ

✢ ✧☛✡ ✭✯✩✴✬ ✧ ❇ y1
✢
y2 ∈ R

N ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ✧✴✳ ✻✸✷

Br1
(y1) ⊂ Ωδ, x0 ∈ ∂Br1

(y1)
✧
Br2

(y2) ∩ Ωδ = {x0}.

✢ ✡✫❊✫❑▲▼ ❇✯●✦✝✴●✎☞☛✏ ▼✦❉❋❊✫❍ ❊ ■▲❇✯❊✫❑❙❇✯❉❚▼✿✾✴❑✌✏ ●✎☞☛✏✓✾✥▼✮✦☛P✴❇✯❍❏■▲❇ ☞✒▼✮✾✎❄❄■✞✝✎✦ ❊✴❃

✢ ✌❢✕✶✛✣✌✏✓✖✢ ✰★✣ ✐ ✥★✧✱✰ ✪ {Ωδ}δ>0 ⊂ R
N ✿✜❇❆✪ ✰☎✪✟❇✞✝ ✾❀✭✮✪ ✻ ✧ ✻✸✷✗❇✞✝ ✳ ✭ ✷✲✩ ✾❀✭ ❇ ✭ ✬✶✪✼✻✸✷✲✩ ❊ ✷✗❇ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ C1 ✢

✂☎✿ ✧ ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ☎ ❊ ✷ ✳ ✻✟✭✒❁✚✵✸✷ ✻ ✧ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ (Sf )
❋ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✛✂☎✿ ✧ {Ωδ}

❊ ✷ ✳✞✖✟✧ ❂✜✛ ✧ � ✪✟❂❃✪ ✿✜❇❆✪✓✍ ✷✗✾ ✪
B ✂☎✿✏✪ ✳ ✻✸✷ δ → 0

❋ ✲ ✳ ✬✶✵✸✷ ✢ ✩✲✷✎✍ ✪✚✩ � ✭ �✞✝ ✬ ✧ ✩ ✧ ✩ (S1) − (S5)
✢ � ✪✟❂❃✪ δ ✩✴✿✕✔ ❊ ✭ ✧✴✳ ✬ ✧ ❇ ✧✴✳ ✬ ✧ �✤✧ ✂☎✿ ✧✴✳ ✷ ✢ ✷

� ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳✼❥ ❃❄❂ ✴ � ✷✲✩✓✩✴✿✜✭ ✳ ✷❆❇ ✝
✡ ✭ ❇✡✷ ✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷ uδ ∈ C2(Ωδ) ∩ C

1(Ωδ)
❋

☎ ✾✰❊✫●✽■▲❊ ☞✯❑✛✝✎☞☛✏ ▼✮✦✥●✥▼❲P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊ P✴❊❲◗✔❇✯❊✫❑❙❇✯❉❚▼ ❥ ❃ ❦ ✌❈▼❳❊✢✥ ■▲❇✯●✴◆✒❖✦❊ P✴❇✲✝✴❉❚▼❳❇✯❍❏■✻✏ ❉❚▼❣■✻✏✽✼✦▼
▼ ✾✴❑✌✏ ❊✫❑✌✏ ✎ ✤✦✝✴❇ ●✥❖✦❊❳P✴❇☛✾✰❇✯●✴P✴❇ P✴❇

δ
✎❢P✥▼ ●✴❊✫❑❙❉❚▼

C1 P✥▼✦❍ ❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼✮✳✼❥ ❃❄❂ ✴ ❃ ✟ ❍❏■▲❊ ✘✼▼✦❑❙❇✯❉❋❊✫❍



✭ ❂

●✥▼❲❍❙❇✯◆✒❖✦❊❘❥ ❃❄❂★✎ ✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❲▼❲■✞✌☛☞✯●✎✏✓☞✒▼❲P✴❇ ✙ ✥✎✦ ❊ ✠ ✟ ✝✎✾ ✙✰✎✏▼✦P✥▼✮✾ ■ ▼✦●✴P✴❊ ▼✦❍ ✏ P✍✌☛✏ ▼✦❍ ☞✯❊✫●✽■✻✏ P✥▼✦❍ ●✴❊ ▼✦❑❏■✻✏✓✡✫❊❲P✴❇
✛ ✏ P✥▼✦❍ ✟✗✩ ✾✴❑✛✝✎☞ ☛✜✕ ❂ ✔✘✗ ❃ ✣ ▼✦❑▲▼✪✝ ■✻✏✓✦✓✏✆✜✒▼✦❑ ❇✯❍❏■ ▼ ■✞✌☛☞✯●✎✏✓☞✒▼✕✎ ✾✴❑❙❇☛☞☛✏ ❍▲▼✦❉❋❊✫❍ P✥▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(S5)
❃

✣ ❑❙❊ ✼✦▼✦❑❙❇✯❉❋❊✫❍❯❊ ◗✔❇✯❊✫❑❙❇✯❉❚▼ ❥ ❃ ❦ ●✥▼ ✩✏❇✯◆✒❖✦❊ ❥ ❃❬❩✏❃ ✢ ✝✴●✎✏✓☞☛✏ P✥▼✦P✴❇ ❍❙❇✯❑ ✆ ❊✢✥ ■✻✏ P✥▼ ▼❣■▲❑▲▼ ✼★✌✯❍ P✴❇
✝✴❉ ▼✦❑✌✡★✝✴❉❋❇✯●✽■▲❊✾P✴❇✬☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✴❃ ✫ ☎✴❇☛✡✽▼✦❑❙❇✯❉❋❊✫❍ ✡✫✝✴❉❚▼ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊ ☞✯❊✫❉ ❊✾◗✔❇✯❊✫❑❙❇✯❉❚▼ �✴❃❄❂ ✳❜❊★✝
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−△u = f(u)
❇✯❉

B

u > 0

u = 0
❇✯❉

∂B.
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(S1) − (S4)
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f
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❇
(S5)

✎✥❊✮✘ ✝✴●✎☞☛✏ ❊✫●✥▼✮✦
Iδ : H1

0 (Ωδ) → R
P✥▼✦P✴❊ ✾✰❊✫❑

Iδ(u) =
1

2

∫

Ωδ

|∇u|2 −

∫

Ωδ

F (u),

❊✫●✴P✴❇
F (s) =

∫ s

0
f(t) dt
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f ′(0) < λ1(B)
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u = 0
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Iδ
✎

✾✥▼✦❑▲▼
Ωδ
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B
❃
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f(s) = sq ✎✕☞✯❊✫❉ q
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✚

• f(s) = sq ✎ ☞✯❊✫❉ 1 < q <
N + 2

N − 2
☞

• f(s) = sq − sm ✎✎☞✯❊✫❉ 1 ≤ m < q <
N + 2

N − 2

❃
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−△u = g
✧ ❇ Ω

u = 0
✧ ❇ ∂Ω,

✷ ✳ ✻ ✧ Ω ⊂ R
N ❅ ✿✜❇ ✻✸✷✗❇✞✝ ✳ ✭ ✷ ✾❀✭ ❇ ✭ ✬✶✪✼✻✸✷ ❊ ✷✗❇ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ C1 ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ✧✴✳ ✻✸✷ ✿✜❇❆✪ ❊ ✷ ✳ ✻✟✭✒❁✚✵✸✷ ✻✼✪

✧ ✩✒✰ ✧ ❂❃✪ ✧☛✡ ✬ ✧ ❂ ✭ ✷✗❂ ✧ ❇ x0 ∈ ∂Ω
✢ ❊ ✷✗❇ Br(y) ∩ Ω = {x0}

❋✦✥★✧✱✰ ✪ r′ > r
❋ ✲ ✳ ✬✶✵✸✷ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪

❊ ✷ ✳ ✩✴✬✶✪ ✳ ✬ ✧ C = C(r, r′, supΩ |g|) ✬✶✪✟✾ ✂☎✿ ✧

|u(x)| ≤ C|x− x0|, ∀x ∈ Br′(y) ∩ Ω.
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−△u = f(u)
✧ ❇ Ω

u > 0,

✷ ✳ ✻ ✧ Ω ⊂ R
N ❅ ✿✜❇ ✻✸✷✗❇✞✝ ✳ ✭ ✷●✾❀✭ ❇ ✭ ✬✶✪✼✻✸✷ ✧

f ∈ C1[0,∞)
❋✬✲ ✳ ✬✶✵✸✷

sup
Ω

|∇u| ≤ sup
∂Ω

|∇u| + C

✷ ✳ ✻ ✧ ✪ ❊ ✷ ✳ ✩✴✬✶✪ ✳ ✬ ✧ C > 0 ✻ ✧ �✤✧✴✳ ✻ ✧ ✩✲✷✗❇ ✧✴✳ ✬ ✧ ✻ ✧ diam(Ω)
✢
M = ‖u‖∞

✧
‖f‖C1[0,M ]

❋
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✢ ✌❢✕✶✛✣✌✏✓✖✢ ✰★✣✓✰ ✥★✧✱✰ ✪ {Ωδ}δ>0 ✿✜❇❆✪✹✰☎✪✟❇✞✝ ✾❀✭✮✪ ✻ ✧ ✻✸✷✗❇✞✝ ✳ ✭ ✷✲✩ ✾❀✭ ❇ ✭ ✬✶✪✼✻✸✷✲✩ ❊ ✷✗❇ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ C1 ✢ ✩✫✪✟❉
✬✮✭✯✩✒✰☎✪✲✱ ✧✴✳ ✻✸✷ ☎ ❊ ✷ ✳ ✻✟✭✒❁✚✵✸✷ ✻ ✧ ✰ ❂ ✷ ✳ ✬ ✧ ✭ ❂❃✪ (Sf )

❋ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f ∈ C1[0,∞) ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ (S5)
❋

✲ ✳ ✬✶✵✸✷ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪ ❊ ✷ ✳ ✩✴✬✶✪ ✳ ✬ ✧ � ✷✲✩✴✭ ✬✮✭ ✖ ✪ C ✢ ✂☎✿ ✧●✳ ✵✸✷ ✻ ✧ �✤✧✴✳ ✻ ✧ ✻ ✧ δ ✢ ✬✶✪✟✾ ✂☎✿ ✧ � ✪✟❂❃✪ ✬✺✷✫✻✼✪✽✩✲✷✗✾❀✿✔❁✚✵✸✷
uδ ∈ C2(Ωδ) ∩ C

1(Ωδ) ✻✸✷ � ❂ ✷✎✍☎✾ ✧ ❇❆✪ ✳✼❥ ❃❄❂ ✴ ✖ ✪✟✾ ✧

‖uδ‖C1(Ωδ) < C.

✳❯✌✏✓✖✕✰✮✔✎✚✙✜✛✣✢✥✩✫✳✴✕ � ✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎ ✾✰❊✫❑✂☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎ ✤✦✝✴❇ ❊❋■▲❇✯❊✫❑❙❇✯❉❚▼✬✌ ✘✼▼✮✦ ❍❙❊✴❃ ✺ ●✽■ ❖✦❊✍❇ ❂ ✏ ❍❏■▲❇✯❉
✝✴❉❚▼ ❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼ P✴❇❞P✴❊✫❉✪❄ ●✎✏ ❊✫❍

(Ωδn
) ⊂ {Ωδ}

✎ ✤✦✝✴❇ ☞✑☎✥▼✦❉❚▼✦❑❙❇✯❉❋❊✫❍ ▼✮✾✰❇✯●✥▼✦❍ P✴❇
(Ωn)

✎ ❇ ✝✴❉❚▼
❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼❘P✴❇✧✘ ✝✴●✴◆✡✠✏❇✯❍

(un) ⊂ C2(Ωn) ∩ C1(Ωn)
■ ▼✮✏ ❍✔✤✦✝✴❇







−△un = f(un)
❇✯❉

Ωn

un > 0

un = 0
❇✯❉

∂Ωn

✳✼❥ ❃ ❦ ✴

❇
‖un‖C1(Ωn) → ∞.

✳✼❥ ❃ �✦✴

✂☎✄ ✌✜✄ ✎ ☛✝✆ ✞☎✎✞☎ ✔
‖un‖∞ → ∞

✳✼▼ ❉❋❇✯●✴❊✫❍ P✴❇ ✝✴❉❚▼ ❍✛✝✎✥✴❍❙❇✡✤✦✝✎✍✯●✎☞☛✏ ▼ ✴ ❃
❅❈❇✧✘✼▼❣■▲❊✍✎✴❍❙❇

‖un‖∞ < L
❇✯●✽■ ❖✦❊✍✎ ✾✰❇☛✦ ▼ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊❋❥ ❃ �✍✎

sup
∂Ωn

|∇un| < C(r2, L).
✳✼❥ ❃ ✔★✴

✢✔✤✦✝✎✏ ✝ ■✻✏✓✦✓✏✆✜✒▼✦❉❋❊✫❍ ▼ ☞✯❊✫●✴P✎✏ ◆✒❖✦❊✍P✥▼✍❇✯❍✗✘❜❇✯❑▲▼❯❇ ❂✏■▲❇✯❑✌✏ ❊✫❑✲✝✴●✎✏✙✘❜❊✫❑❙❉❋❇ ☞✯❊✫❉
r2 > 0

❃ ◗✔❇✯❉❋❊✫❍ ✤✦✝✴❇
un ∈ C3

✾✰❊✢✏ ❍
f ∈ C1 ❃✡✢❈❍❙❍✌✏ ❉✫✎✎✾✰❇☛✦ ▼✿✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊❋❥ ❃ �❘❇ ✾✰❊✫❑ ✳✼❥ ❃ ✔★✴✑✎✥❊✢✥ ■▲❇✯❉❋❊✫❍

sup
Ωn

|∇un| < C(r2, L).
✳✼❥ ❃ ❥ ✴

✣✔❊✫❑✟✳✼❥ ❃ ✔★✴ ❇ ✳✼❥ ❃ ❥ ✴ ✎ ■▲❇✯❉❋❊✫❍
‖un‖C1(Ωn) <∞

✎✥❊✪✤✦✝✴❇ ☞✯❊✫●✽■▲❑▲▼✦❑✌✏ ▼✫✳✼❥ ❃ �✦✴ ❃ ✟ ❍❏■▲❊❚P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼❘▼✘✢✓✖✥❑❙❉❚▼ ✟
■✻✏✽✼✦▼✍❂✫❃



✭✮� �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✁�✼☛✁� ✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ✕✄✂ ✁ ✞ ✂❆✆ ✁✏✎ ✞✚✖ � ✍✏✞✄✂✶✘✜✎ ✂✄✂✘✄✝✆❃✎✒✑ ✞✚✖

✣ ▼✦❑▲▼✿☞✒▼✦P✥▼
n
✎✥❍❙❇ ✞▲▼

xn ∈ Ωn

■ ▼✮✦✣✤✦✝✴❇

Mn := sup
Ωn

un = un(xn) → ∞.

❅❈❇ ✖✥●✎✏ ❉❋❊✫❍ ▼ ✘ ✝✴●✴◆✒❖✦❊
ũn(x) :=

1

Mn

un(ǫnx+ xn),
✳✼❥ ❃❬❨★✴

❊✫●✴P✴❇
ǫ2n :=

1

M
q−1
n

→ 0,

❍❙❇✯●✴P✴❊
q
P✴❇ ✖✥●✎✏ P✴❊❚●✥▼✬☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(S5)
❃✓✩✏❇ ✞▲▼

dn := dist(xn, ∂Ωn)
❃ ✣✔❊✫❑ ✳✼❥ ❃❬❨★✴ ✼✫❇✯❉❋❊✫❍✲✤✦✝✴❇

ũn

❇✯❍❏■ ✆
✥✰❇✯❉ P✴❇ ✖✥●✎✏ P✥▼ ❇✯❉

Ω̃n :=
Ωn − xn

ǫn
,

ũn(0) = 1
❇

‖ũn‖∞ = 1
✳✼❥ ❃ ✭ ✴

◗✔❇✯❉❋❊✫❍ ■ ▼✦❉✧✥ ✌✯❉ ✤✦✝✴❇
B dn

ǫn

(0) ⊂ Ω̃n.
✳✼❥ ❃ ❅ ✴

✣✔❊✫❑ ✳✼❥ ❃ ❦ ✴ ✎✥▼✮✘ ✝✴●✴◆✒❖✦❊
ũn

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜

−△ũn(x) = −
1

Mn

△(un(ǫnx+ xn))

= −
ǫ2n
Mn

△un(ǫnx+ xn)

=
1

M
q
n

f(un(ǫnx+ xn))

=
1

M
q
n

f(Mnũn(x)).
✳✼❥ ❃❄❂✜❴ ✴

◗✔❇✯❉❋❊✫❍ P✍✝✥▼✦❍ ✾✰❊✫❍❙❍✌✏✓✥✎✏✓✦✓✏ P✥▼✦P✴❇✯❍ ▼✿☞✯❊✫●✴❍✌✏ P✴❇✯❑▲▼✦❑✯❃
✄ ✢✥✎✯✕ ✵ �

(
dn

ǫn

)

→ ∞
✳✼▼ ❉❋❇✯●✴❊✫❍ P✴❇ ✝✴❉❚▼ ❍✛✝✎✥✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼ ✴ ❃

✣✔❊✫❑ ✳✼❥ ❃ ❅ ✴✑✎ P✥▼✦P✴❊
r > 0

✎❈▼ ✘ ✝✴●✴◆✒❖✦❊
ũn

❇✯❍❏■ ✆ P✴❇ ✖✥●✎✏ P✥▼ ❇✯❉
Br+1(0)

✾✥▼✦❑▲▼
n

✡✫❑▲▼✦●✴P✴❇✦❃
✣✔❊✫❑✟✳✼❥ ❃ ✭ ✴ ✎ ✳✼❥ ❃❄❂✜❴ ✴ ❇ ▼✪☎✎✏✓✾ ✶✦■▲❇✯❍❙❇

(S5)
✎ ✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❘▼✦❑✌✡★✝✴❉❋❇✯●✽■▲❊✫❍ P✴❇❳❑❙❇☛✡★✝✎✦ ▼✦❑✌✏ P✥▼✦P✴❇ ❇☛✦✓❄✓✾ ■✻✏✓☞✒▼✕✎ ■▲❇✯❉❋❊✫❍

✤✦✝✴❇
‖ũn‖C1,β(Br) <∞.



�✼☛ ✠☞☛✁�✂✖ ✄✮✎ ✂✽✁ ✄✮✎✁�✴✁✗✖ ✁ ✄ ✆❃✎ ✞✘✆❃✎ ✭ ✔

✩✏❇☛✡★✝✴❇ ✤✦✝✴❇☛✎✰▼ ❉❋❇✯●✴❊✫❍ P✴❇ ✝✴❉❚▼ ❍✛✝✎✥✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼✕✎

ũn → ũ
❇✯❉

W 2,m ∩ C1,β(Br), m > N.

✣✔❊✫❑❏■ ▼✦●✽■▲❊✍✎✍✝ ■✻✏✓✦✓✏✆✜✒▼✦●✴P✴❊❘▼✮☎✎✏✓✾ ✶✦■▲❇✯❍❙❇
(S5)

❇✧✘✼▼☛✜✯❇✯●✴P✴❊
n→ ∞

❇✯❉ ✳✼❥ ❃❄❂✜❴ ✴✑✎

−△ũ = αũq.
✳✼❥ ❃❄❂✫❂ ✴

✣✔❊✫❑✟✳✼❥ ❃ ✭ ✴✑✎✴■▲❇✯❉❋❊✫❍ ■ ▼✦❉✧✥ ✌✯❉ ✤✦✝✴❇

ũ(0) = 1.
✳✼❥ ❃❄❂✣❩★✴

✂☎✄ ✌✜✄ ✎ ☛✝✆ ✞☎✎ ✝ ✔
ũ
❇✯❍❏■ ✆✿✥✰❇✯❉ P✴❇ ✖✥●✎✏ P✥▼ ❇✯❉ ■▲❊✏P✴❊

R
N ❇

ũn → ũ
❇✯❉

W 2,m ∩C1,β ●✴❊✫❍ ☞✯❊✫❉✪✾✥▼✮☞✚■▲❊✫❍
P✴❇

R
N ❃

❅❈❇ ✘✼▼❣■▲❊✍✎ ☞✯❊✫●✴❍✌✏ P✴❇✯❑❙❇
r′ > r

❃ ✖ ❇☛✾✰❇✚■✻✏ ●✴P✴❊✍❊ ▼✦❑✌✡★✝✴❉❋❇✯●✽■▲❊❯▼✮☞☛✏ ❉❚▼✪☞✯❊✫❉
Br′(0)

✎ ■▲❇✯❉❋❊✫❍✲✤✦✝✴❇
(ũn)

✾✰❊✫❍❙❍✛✝✎✏★✝✴❉❚▼ ❍✛✝✎✥✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼
(ũnk

)
✤✦✝✴❇ ☞✯❊✫● ✼✫❇✯❑✌✡✫❇ ✾✥▼✦❑▲▼

ũ′
❇✯❉

Br′
❃ ✢ ✘ ✝✴●✴◆✒❖✦❊

ũ′
❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✳✼❥ ❃❄❂✫❂ ✴

❇
ũ′ |Br

= ũ
❃ ✣✔❊✫❑✬☞✯❊✫●✽■✻✏ ●✦✝✥▼✦◆✒❖✦❊ �✴●✎✏✓☞✒▼✕✎

ũnk
→ ũ′

✾✥▼✦❑▲▼❞■▲❊✏P✥▼❞❍✛✝✎✥✴❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼ P✴❇
(ũn)

❃ ✁✲❊✢✡✫❊
ũn → ũ′

❇✯❉
Br′

❃
✢❈❍❙❍✌✏ ❉

ũ ∈ C2 ✌ ✝✴❉❚▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊❘●✥❖✦❊✠✟ ●✴❇☛✡✽▼❣■✻✏✽✼✦▼ P✴❇

−△ũ = αũq ❇✯❉
R

N .

✣✔❇☛✦ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼ ❂✫❃❬❩ P✴❇ ✛ ✏ P✥▼✦❍ ✟✗✩ ✾✴❑✛✝✎☞ ☛✤✕ ❂ ✔ ✗ ✳✙✼✫❇✯❑ ✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✫✔✴ ✎
ũ ≡ 0

❃ ✟ ❍❏■▲❊✬✌ ✝✴❉❚▼✿☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎
✾✰❊✢✏ ❍

ũ(0) = 1
✎✎✾✰❊✫❑ ✳✼❥ ❃❄❂✣❩★✴ ❃ ✁✲❊✢✡✫❊✍✎✎✾✥▼✦❑▲▼ ❊✬✫ ▼✦❍❙❊★❂★✎✴❊❘■▲❇✯❊✫❑❙❇✯❉❚▼ ❇✯❍❏■ ✆ ✾✴❑❙❊ ✼✦▼✦P✴❊✴❃
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dist(0, zn) = dist(0, ∂Ω̃n) =
dn

ǫn
.
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r′ > r +
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ǫn

✎
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1 = |ũn(0)| < C|zn| = C
dn

ǫn
,
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C > 0
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r
❇
r′
✎ ✾✰❊✢✏ ❍

‖ũn‖∞ = 1
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{e1, · · · , eN}
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❇
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ǫn
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n ⊂ Ω̃n, zn ∈ ∂Bi

n

❇
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n ∩ Ω̃n = {zn}.
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∂Ω̃n

zn
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s := {x = (x1, x2, ..., xN ); xN > −s}
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(ũn)
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ũn → ũ
❇✯❉

W 2,m ∩ C1,β
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n→ ∞
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−△ũ = αũq ❇✯❉
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ũ(0) = 1.
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ũ ≡ 0
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∂R

N
s

❃
✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎ ✾✰❊✫❑ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎ ✤✦✝✴❇ ❇ ❂ ✏ ❍❏■▲❇✟✝✴❉❚▼❘❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼❚P✴❇ ✾✰❊✫●✽■▲❊✫❍

yn ⊂ R
N
s

✤✦✝✴❇
☞✯❊✫● ✼✫❇✯❑✌✡✫❇ ✾✥▼✦❑▲▼

y0 ∈ ∂R
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s
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ũ(yn) > C2 > 0, ∀n.
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dist(y0, ∂Ωn) → 0.
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0 < ũ(yn) < C(r, r′) dist(yn, ∂Ωn)
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✻ ✧ B ✢ ✷ ✳ ✻ ✧ u0
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Ωn := Ωδn
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un := uδn
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C2(BR).
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u0 ∈ C2(B)
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un → u0
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B
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−△u0 = f(u0)
❇✯❉

B.
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u0 ≡ 0
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∂B

❇
u0 > 0

❇✯❉
B
❃
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u0 ≡ 0
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∂B
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ǫ > 0
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R
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

R0
■ ▼✮✦✣✤✦✝✴❇☛✎ ✾✥▼✦❑▲▼

n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✡✫❑▲▼✦●✴P✴❇☛✎

dist(∂Ωn, x) < ǫ, ∀x ∈ ∂BR.

✫ ❊✫❉❋❊
|∇un| < C

❇
un ≡ 0

❇✯❉
∂Ωn

✎ ■▲❇✯❉❋❊✫❍

|un(x)| < Cǫ, ∀x ∈ Ω̄n \ B̄R.

✁✲❊✢✡✫❊
|u0(x)| ≤ Cǫ

❇✯❉
B \BR

❃
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‖un‖C2(Ωn) ≥ C > 0
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ρ > 0
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0 < ǫ < 1
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f ′(0) < ρ < ǫλ1(B) < λ1(B).

✢❈❍❙❍✌✏ ❉ ✾✥▼✦❑▲▼
n
❍✛✝✕✖ ☞☛✏ ❇✯●✽■▲❇✯❉❋❇✯●✽■▲❇ ✡✫❑▲▼✦●✴P✴❇✬✳✙✼✫❇✯❑ ✫ ❊★✝✴❑▲▼✦●✽■ ✟☞✘✂✏✓✦✓✥✰❇✯❑❏■✩✕ ✔ ✎ ✼✫❊✢✦ ❃ ✟ ✎ ✾ ✆✮✡✴❃ �✽❴✢❅✦✗ ✴ ✎

ρ

λ1(Ωn)
< ǫ < 1.
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❇
(S5)
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f(s) ≤ ρs+ Csq, ∀s ≥ 0,
✳✼❥ ❃❄❂ ❅ ✴

☞✯❊✫❉
1 < q < 2∗ − 1

❃ ✣✔❊✫❑✟✳✼❥ ❃❄❂ ✴✑✎✎✼✫❇✯❉❋❊✫❍ ✤✦✝✴❇
∫

Ωn

∇un · ∇v =

∫

Ωn

f(un)v, ∀v ∈ H1
0 (Ωn).
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v = un
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∫

Ωn

|∇un|
2 =

∫

Ωn

f(un)un.
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‖un‖
2
H1

0
(Ωn) =

∫

Ωn

|∇un|
2 =

∫

Ωn

f(un)un ≤ ρ

∫

Ωn

u2
n + C

∫

Ωn

uq+1
n .
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‖un‖
2 ≤

ρ

λ1(Ωn)
‖un‖

2 + C‖un‖
q+1.
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‖un‖

q−1 ≥ C

(

1 −
ρ

λ1(Ωn)

)

> C(1 − ǫ).
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‖un‖C2(Ωn) ≥ C(|Ωn|)‖un‖H1

0
(Ωn) > C > 0.
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✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎ ✾✰❊✫❑ ☞✯❊✫●✽■▲❑▲▼✦P✎✏ ◆✒❖✦❊✍✎ ✤✦✝✴❇✍❇ ❂ ✏ ❍❏■▲❇ ✝✴❉❚▼✠❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼
(δn)

✎ ☞✯❊✫❉
δn → 0

✎ ■ ▼✮✦
✤✦✝✴❇❳❇ ❂ ✏ ❍❏■▲❇✯❉

un

❇
vn

❍❙❊✢✦✆✝✴◆✡✠✏❇✯❍ ✾✰❊✫❍✌✏❄■✻✏✽✼✦▼✦❍ P✎✏ ❍❏■✻✏ ●✽■ ▼✦❍ P✴❇






−△u = f(u)
❇✯❉

Ωn

u > 0

u = 0
❇✯❉

∂Ωn,

✳✼❥ ❃❬❩✦❴ ✴



�✼☛ �✔☛✁� ✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ❅ ❂

❊✫●✴P✴❇
Ωn := Ωδn

❃ ✟✶▼✦◆✒▼✦❉❋❊✫❍
ωn := un − vn.

✣✔❇☛✦ ❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼ P✴❊ ★❡▼✮✦ ❊✫❑ ✪ ✌✯P✎✏ ❊✍✎ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

−△ωn(x) = f ′(ξn(x))ωn(x)
❇✯❉

Ωn,
✳✼❥ ❃❬❩✏❂ ✴

☞✯❊✫❉
ξn(x)

❇✯●✽■▲❑❙❇
un(x)

❇
vn(x)

✎ ✾✥▼✦❑▲▼ ■▲❊✏P✴❊
x ∈ Ωn

❃ ✫ ❊✫❉❋❊
ωn 6≡ 0

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
n
✎ ❇✯●✽■ ❖✦❊

✾✰❊✏P✴❇✯❉❋❊✫❍ P✴❇ ✖✥●✎✏ ❑
ω̃n :=

ωn

‖ωn‖H1

0
(Ωn)

.

◗✔❊✫❉❋❇✯❉❋❊✫❍
R > R0

❇ ❍✛✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✡✎✰❍❙❇✯❉ ✾✰❇✯❑❙P✥▼❋P✴❇ ✡✫❇✯●✴❇✯❑▲▼✮✦✓✏ P✥▼✦P✴❇☛✎ ✤✦✝✴❇
Ωn ⊂ BR

✾✥▼✦❑▲▼❘■▲❊✏P✴❊
n
❃

✩✏❇❳❇✯❍❏■▲❇✯●✴P✴❇✯❑❙❉❋❊✫❍ ▼✮✘ ✝✴●✴◆✒❖✦❊
ω̃n

✘❜❊✫❑▲▼ P✴❇
Ωn

☞✯❊✫❉❋❊❘❍❙❇✯●✴P✴❊❋●✦✝✎✦ ▼✕✎ ■▲❇✯❑❙❇✯❉❋❊✫❍

‖ω̃n‖H1

0
(BR) = 1.

✳✼❥ ❃❬❩✫❩★✴

✣✔❇☛✦ ❊✍◗✔❇✯❊✫❑❙❇✯❉❚▼✍❥ ❃ ❥✕✎✲▼❚❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼
(ξn)

✌ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ❇✯❉
L∞

❃ ✢❈❍❙❍✌✏ ❉✫✎ ✾✰❊✫❑✮✳✼❥ ❃❬❩✏❂ ✴
❇ ✳✼❥ ❃❬❩✫❩★✴✑✎

‖ω̃n‖L2(BR) > ǫ > 0.

✣✔❊✫❑ ☞✯❊✫❉✪✾✥▼✮☞☛✏ P✥▼✦P✴❇☛✎✺❇ ❂ ✏ ❍❏■▲❇✬✝✴❉❚▼✥✘ ✝✴●✴◆✒❖✦❊
ω0 6≡ 0

❇✯❉
H1

0 (BR)
■ ▼✮✦ ✤✦✝✴❇☛✎ ▼★❉❋❇✯●✴❊✫❍❳P✴❇✬✝✴❉❚▼ ❍✛✝✎✥ ✟

❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼✕✎
ω̃n ⇀ ω0

❇✯❉
H1

0

❇
ω̃n → ω0

❇✯❉
L2.

✝❈▼ ✼✫❇✯❑❙P✥▼✦P✴❇☛✎ ☞✯❊✫❉❋❊
ω0 ≡ 0

✘❜❊✫❑▲▼✠P✴❇
B

❇✯●✽■ ❖✦❊
ω0 ∈ H1

0 (B)
❃ ✣ ▼✦❑▲▼

ϕ ∈ C1
0(B)

✎ ✾✰❊✫❑✥✳✼❥ ❃❬❩✏❂ ✴✑✎
■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

∫

B

∇ω̃n · ∇ϕ =

∫

B

f ′(ξn)ω̃nϕ.
✳✼❥ ❃❬❩✦❦ ✴

✣✔❇☛✦ ▼ ✣ ❑❙❊✢✾✰❊✫❍✌✏ ◆✒❖✦❊❱❥ ❃❬❨ ✎❳▼✦❍★❍❙❇✡✤✁�✎✍✯●✎☞☛✏ ▼✦❍
(un)

❇
(vn)

☞✯❊✫● ✼✫❇✯❑✌✡✫❇✯❉ ✝✴●✎✏✙✘❜❊✫❑❙❉❋❇✯❉❋❇✯●✽■▲❇ ✾✥▼✦❑▲▼
u0

❇✯❉
☞✯❊✫❉✪✾✥▼✮☞✚■▲❊✫❍ P✴❇

B
✎✥❊✫●✴P✴❇

u0
✌❲▼ �✴●✎✏✓☞✒▼ ❍❙❊✢✦✆✝✴◆✒❖✦❊ ✾✰❊✫❍✌✏❄■✻✏✽✼✦▼ P✴❊ ✾✴❑❙❊✢✥✎✦ ❇✯❉❚▼






−△u0 = f(u0)
❇✯❉

B

u0 > 0

u0 = 0
❇✯❉

B.
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✁✲❊✢✡✫❊
(ξn)

■ ▼✦❉✧✥ ✌✯❉ ☞✯❊✫● ✼✫❇✯❑✌✡✫❇ ✾✥▼✦❑▲▼
u0
❃ ✢❈❍❙❍✌✏ ❉✫✎✎✾✥▼✦❍❙❍▲▼✦●✴P✴❊❚❊ ✦✓✏ ❉✪✏❄■▲❇ ❇✯❉ ✳✼❥ ❃❬❩✦❦ ✴ ❊✢✥ ■▲❇✯❉❋❊✫❍

∫

B

∇ω0 · ∇ϕ =

∫

B

f ′(u0)ω0ϕ,

✾✥▼✦❑▲▼ ■▲❊✏P✥▼
ϕ ∈ C1

0(B)
❃ ✣✔❊✫❑ ❑❙❇☛✡★✝✎✦ ▼✦❑✌✏ P✥▼✦P✴❇ ❇☛✦✓❄✓✾ ■✻✏✓☞✒▼ ❊✢✥ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇

ω0 ∈ C2(B) ∩ C0(B̄)
✌ ✝✴❉❚▼

❍❙❊✢✦✆✝✴◆✒❖✦❊ ●✥❖✦❊❘■▲❑✌✏✽✼ ✏ ▼✮✦ P✴❇






−△ω0 = f ′(u0)ω0
❇✯❉

B

ω0 = 0
❇✯❉

∂B.

✣✔❇☛✦ ❊ ❑❙❇✯❍✛✝✎✦❄■ ▼✦P✴❊ P✴❇ ✁✩✏ ● ✟ ✝✂✏ ✕ ❩✏❂ ✗ ✳ ■ ▼✦❉✧✥ ✌✯❉ ✾✴❑❙❊ ✼✦▼✦P✴❊ ❇✯❉ ❅ ▼✦❉❚▼✦❍✌☞✯❇☛✦✓✦✓✏ ✟ ✛ ❑❙❊✫❍❙❍✌✏ ✟ ✣ ▼✮☞✯❇☛✦✓✦ ▼ ✕ ❥✘✗✽❇ ✢✓✘ ■ ▼✮✦✓✏ ❊✫● ✟
✣ ▼✮☞✯❇☛✦✓✦ ▼✧✕ ❂✎✗ ✴ ✎ ☞✡✝✟✞❙❊ ❇✯●✦✝✴●✎☞☛✏ ▼✦P✴❊ ❇✯●✎☞✯❊✫●✽■▲❑▲▼ ✟ ❍❙❇❈●✴❊✚✢ ✾❆✍✯●✴P✎✏✓☞✯❇ ✫✲✎❢■▲❇✯❉❋❊✫❍✵✤✦✝✴❇

ω0
✌❈❑▲▼✦P✎✏ ▼✮✦ ❃ ✪ ▼✦❍❡❊ ✘✼▼❣■▲❊

P✴❇
ω0

❍❙❇✯❑❳●✥❖✦❊❯■▲❑✌✏✽✼ ✏ ▼✮✦ ❇ ❑▲▼✦P✎✏ ▼✮✦❃✏ ❉✪✾✎✦✓✏✓☞✒▼✬✤✦✝✴❇❋▼❯❍❙❊✢✦✆✝✴◆✒❖✦❊
u0

✌ P✴❇☛✡✫❇✯●✴❇✯❑▲▼✦P✥▼ ●✴❊ ❍❙❇✯●✽■✻✏ P✴❊ ❑▲▼✦P✎✏ ▼✮✦✏✎☛❊
✤✦✝✴❇ ☞✯❊✫●✽■▲❑▲▼✦P✎✏✆✜ ❊❋◗✔❇✯❊✫❑❙❇✯❉❚▼✿�✴❃❄❂ ✳❜❊★✝ ◗✔❇✯❊✫❑❙❇✯❉❚▼✬✔✏❃❄❂ ✴ ❃ ✣✔❊✫❑❏■ ▼✦●✽■▲❊❘❊❘■▲❇✯❊✫❑❙❇✯❉❚▼ ✌ ✼✫❇✯❑❙P✥▼✦P✴❇☛✏ ❑❙❊✴❃

�

� ☛✄✂ ✁✁� ✎✒✑ ☎☎✄ ✓✖✗ ✧✩✎ ✍✏✓✖✑✄✂✌✕ ✒ ✓✖✗

✣ ▼✦❑▲▼ ☞✯❊✫●✴❍❏■▲❑✛✝✎✏ ❑✱✝✴❉❚▼ ✘✼▼✦❉✪❄✓✦✓✏ ▼ P✴❇ P✴❊✫❉✪❄ ●✎✏ ❊✫❍ ❍▲▼❣■✻✏ ❍✗✘✼▼☛✜✯❇✯●✴P✴❊ ✡✦❍✱☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❲◗✔❇✯❊✫❑❙❇✯❉❚▼❲❥ ❃ ❦✕✎
■▲❊✫❉❋❇✯❉❋❊✫❍

G(δ, x) : [0,∞) × BR0+ǫ → R
■ ▼✮✦✣✤✦✝✴❇

✳ ✏ ✴
G

✌ ☞✯❊✫●✽■✻❄ ●✦✝✥▼ ❇✯❉
δ
❇
G(δ, ·) ∈ C2(BR0+ǫ) ☞

✳ ✏✓✏ ✴✬✺❃❂ ✏ ❍❏■▲❇✯❉
C1

❇
C2

■ ▼✮✏ ❍✔✤✦✝✴❇☛✎ ✾✥▼✦❑▲▼ ■▲❊✏P✴❊
δ ≥ 0

✎

0 < C1 < |∇xG(δ, x)| < C2
❇

‖D2
xG(δ, x)‖ < C2

✾✥▼✦❑▲▼ ■▲❊✏P✴❊
x
■ ▼✮✦ ✤✦✝✴❇

G(δ, x) = 0 ☞
✳ ✏✓✏✓✏ ✴

G(0, x) = 0
✾✥▼✦❑▲▼

x ∈ ∂BR0

✎
G(0, x) > 0

✾✥▼✦❑▲▼
x ∈ BR0

❇
G(0, x) < 0

✾✥▼✦❑▲▼
x 6∈ BR0

❃

✢ ✘✼▼✦❉✪❄✓✦✓✏ ▼❚P✴❇❚P✴❊✫❉✪❄ ●✎✏ ❊✫❍
Ωδ = {x ∈ BR0+ǫ | G(δ, x) > 0}

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜ ✡ ☞✯❊✫●✴P✎✏ ◆✒❖✦❊★P✴❇✬✘❜❑❙❊✫●✽■▲❇☛✏ ❑▲▼
(Sf )

❇ ☞✯❊✫● ✼✫❇✯❑✌✡✫❇ ✾✥▼✦❑▲▼
BR0

✤✦✝✥▼✦●✴P✴❊
δ → 0

❃✹✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎ ▼ ☞✯❊✫●✽■✻✏ ●✦✝✎✏ P✥▼✦P✴❇✍P✴❇
G

✏ ❉✪✾✎✦✓✏✓☞✒▼ ●✥▼
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☞✯❊✫● ✼✫❇✯❑✌✡✢✍✯●✎☞☛✏ ▼ ✾✥▼✦❑▲▼
BR0

❃ ✣ ▼✦❑▲▼ ✾✴❑❙❊ ✼✦▼✦❑❙❉❋❊✫❍ ▼✿☞✯❊✫●✴P✎✏ ◆✒❖✦❊❘P✴❇✧✘❜❑❙❊✫●✽■▲❇☛✏ ❑▲▼
(Sf )

✎ ■▲❊✫❉❋❇✯❉❋❊✫❍✔✝✴❉ ✾✰❊✫●✽■▲❊
(δ0, x0)

■ ▼✮✦ ✤✦✝✴❇
G(δ0, x0) = 0

✎ ✏ ❍❏■▲❊✬✌☛✎
x0

❇✯❍❏■ ✆❚●✥▼✪✘❜❑❙❊✫●✽■▲❇☛✏ ❑▲▼❘P✴❊❚P✴❊✫❉✪❄ ●✎✏ ❊
Ωδ0

❃✓✩✏❇ ✞▲▼✦❉
y ∈ R

N ✎
r > 0

❇
γ : (−1, 1) → R

N ✝✴❉❚▼✿☞✡✝✴❑ ✼✦▼
C2 ■ ▼✮✦✣✤✦✝✴❇ γ(0) = x0

❇

‖γ(t) − y‖ = r, ∀t ∈ (−1, 1).
✳✼❥ ❃❬❩✠�✦✴

✫ ❊✫●✴❍✌✏ P✴❇✯❑❙❇✯❉❋❊✫❍ ▼✮✘ ✝✴●✴◆✒❖✦❊

J(t) = G(δ0, γ(t)).

✒ ✝✴❇✯❑❙❇✯❉❋❊✫❍ ❇✯●✎☞✯❊✫●✽■▲❑▲▼✦❑
y
❇
r
■ ▼✮✏ ❍ ✤✦✝✴❇

J
■▲❇✯●✍☎✥▼✥✝✴❉ ❉✪❄ ●✎✏ ❉❋❊ ✳❜❊★✝ ❉ ✆ ❂ ✏ ❉❋❊✦✴ ✦ ❊ ☞✒▼✮✦✔❇✯❍❏■▲❑✌✏❄■▲❊❯❇✯❉

0
❃

✺ ✦ ❇✯❍ ●✥❖✦❊ P✴❇ ✼✫❇✯❉✂P✴❇☛✾✰❇✯●✴P✴❇✯❑ P✴❇
x0
✎
δ0

●✴❇✯❉ P✴❇
γ
✎✴❉❚▼✦❍ ▼✮✾✰❇✯●✥▼✦❍ P✴❇

G
❃ ✫ ▼✮✦✓☞✡✝✎✦ ▼✦●✴P✴❊ P✎✏ ❑❙❇✚■ ▼✦❉❋❇✯●✽■▲❇☛✎

■▲❇✯❉❋❊✫❍

J ′(t) = ∇xG(δ0, γ(t)) · γ
′(t)

❇

J ′′(t) = D2
xG(δ0, γ(t)) · [γ

′(t)]2 + ∇xG(δ0, γ(t)) · γ
′′(t).

✫ ❊✫❉ ✏ ❍❏■▲❊✍✎

J ′(0) = ∇xG(δ0, x0) · γ
′(0)

❇

J ′′(0) = D2
xG(δ0, x0) · [γ

′(0)]2 + ∇xG(δ0, x0) · γ
′′(0).

✳✼❥ ❃❬❩✢✔★✴
✣ ▼✦❑▲▼

λ 6= 0
✎✍✘✼▼✦◆✒▼✦❉❋❊✫❍

y = x0 + λ
∇xG(δ0, x0)

‖∇xG(δ0, x0)‖❇
r = |λ|

❃ ❅❈❇✯❑✌✏✽✼✦▼✦●✴P✴❊❘❇✯❉✂❑❙❇☛✦ ▼✦◆✒❖✦❊❘▼
t
▼ ❇ ❂ ✾✴❑❙❇✯❍❙❍▲❖✦❊✍❇✯❉ ✳✼❥ ❃❬❩✠�✦✴✑✎✥❊✢✥ ■▲❇✯❉❋❊✫❍

(γ(t) − y) · γ ′(t) = 0.
✳✼❥ ❃❬❩✦❥ ✴

✣✔❊✫❑❏■ ▼✦●✽■▲❊ ✾✥▼✦❑▲▼
t = 0

■▲❇✯❉❋❊✫❍

∇xG(δ0, x0) · γ
′(0) = 0,



❅✮� �✂✁☎✄✝✆ ✄ ☛✟✞ ✞✁�✼☛✁� ✁✏✎✒✑✓✎ ✠✔✁✏✠✏✕ ✕✄✂ ✁ ✞ ✂❆✆ ✁✏✎ ✞✚✖ � ✍✏✞✄✂✶✘✜✎ ✂✄✂✘✄✝✆❃✎✒✑ ✞✚✖

❊★✝ ❉❋❇☛✦✆☎✴❊✫❑✡✎
J ′(0) = 0

❃✡✢ ✡✫❊✫❑▲▼✕✎✴P✴❇✯❑✌✏✽✼✦▼✦●✴P✴❊❘❇✯❉ ❑❙❇☛✦ ▼✦◆✒❖✦❊❘▼
t
▼❘❇ ❂ ✾✴❑❙❇✯❍❙❍▲❖✦❊❚❇✯❉ ✳✼❥ ❃❬❩✦❥ ✴✑✎

‖γ′(t)‖2 + (γ′(t) − y) · γ′′(t) = 0.

✩✏❇☛✡★✝✴❇ ✤✦✝✴❇ ✾✥▼✦❑▲▼
t = 0

■▲❇✯❉❋❊✫❍

‖γ′(0)‖2 −
λ

‖∇xG(δ0, x0)‖
∇xG(δ0, x0) · γ

′′(0) = 0.

✩ ✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ●✴P✴❊ ❇✯❉ ✳✼❥ ❃❬❩✢✔★✴✑✎

J ′′(0) = D2
xG(δ0, x0) · [γ

′(0)]2 +
‖∇xG(δ0, x0)‖

λ
‖γ′(0)‖2

✣ ▼✦❑▲▼ ❊✢✥ ■▲❇✯❑ ▼ ☞✯❊✫●✴P✎✏ ◆✒❖✦❊ P✥▼ ❇✯❍✗✘❜❇✯❑▲▼ ✏ ●✽■▲❇✯❑✌✏ ❊✫❑ ✥✥▼✦❍❏■ ▼❲■▲❊✫❉❚▼✦❑
λ > 0

■ ▼✮✦ ✤✦✝✴❇ C1

λ
−C2 > 0

✾✰❊✢✏ ❍✡✎ ✾✰❇☛✦ ▼
☞✯❊✫●✴P✎✏ ◆✒❖✦❊✫✳ ✏✓✏ ✴ ✎

J ′′(0) = D2
xG(δ0, x0) · [γ

′(0)]2 +
‖∇xG(δ0, x0)‖

λ
‖γ′(0)‖2

≥ −‖D2
xG(δ0, x0)‖‖γ

′(0)‖2 +
‖∇xG(δ0, x0)‖

λ
‖γ′(0)‖2

≥

(
‖∇xG(δ0, x0)‖

λ
− ‖D2

xG(δ0, x0)‖

)

‖γ′(0)‖2

≥

(
C1

λ
− C2

)

‖γ′(0)‖2 > 0.

✣ ▼✦❑▲▼❲❊✢✥ ■▲❇✯❑ ▼ ☞✯❊✫●✴P✎✏ ◆✒❖✦❊❲P✥▼ ❇✯❍✗✘❜❇✯❑▲▼❲❇ ❂✏■▲❇✯❑✌✏ ❊✫❑ ✥✥▼✦❍❏■ ▼❳■▲❊✫❉❚▼✦❑
λ < 0

■ ▼✮✦ ✤✦✝✴❇ C1

λ
+C2 < 0

✾✰❊✢✏ ❍✡✎✕✾✰❇☛✦ ▼
☞✯❊✫●✴P✎✏ ◆✒❖✦❊✫✳ ✏✓✏ ✴ ✎

J ′′(0) = D2
xG(δ0, x0) · [γ

′(0)]2 +
‖∇xG(δ0, x0)‖

λ
‖γ′(0)‖2

≤ ‖D2
xG(δ0, x0)‖‖γ

′(0)‖2 +
‖∇xG(δ0, x0)‖

λ
‖γ′(0)‖2

≤

(
‖∇xG(δ0, x0)‖

λ
+ ‖D2

xG(δ0, x0)‖

)

‖γ′(0)‖2

≤

(
C1

λ
+ C2

)

‖γ′(0)‖2 < 0.

✟ ❍❏■▲❊ ☞✯❊✫●✎☞☛✦✆✝✎✏✺▼ P✴❇✯❉❋❊✫●✴❍❏■▲❑▲▼✦◆✒❖✦❊✴❃
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★❡▼✦❉❋❊✫❍ ☞✯❊✫●✴❍❏■▲❑✛✝✎✏ ❑ ▼✮✡✫❊✫❑▲▼✟✝✴❉ ❇ ❂ ❇✯❉✪✾✎✦ ❊ P✴❇ ✘✼▼✦❉✪❄✓✦✓✏ ▼ P✴❇ P✴❊✫❉✪❄ ●✎✏ ❊✫❍❡●✥❖✦❊✠✟ ☞✯❊✫● ✼✫❇ ❂ ❊✫❍✡✎✶❍▲▼❣■✻✏ ❍✗✘✼▼ ✟
✜✯❇✯●✴P✴❊ ✡✦❍ ☎✎✏✓✾ ✶✦■▲❇✯❍❙❇✯❍ P✴❊❘◗✔❇✯❊✫❑❙❇✯❉❚▼❘❥ ❃ ❦ ❃ ❅ ▼✦P✴❊

y0 ∈ ∂B1
✎✴■▲❊✫❉❋❇✯❉❋❊✫❍

G(δ, x) = 1 − |x|2 − δη(|x− y0|
2)

❊✫●✴P✴❇
η ∈ C∞(R)

❍▲▼❣■✻✏ ❍✗✘✼▼☛✜
η(0) = 1

❇
η(s) = 0

✾✥▼✦❑▲▼
s ≥ 1

2

❃ ✺ ❍❏■ ▼ ✘ ✝✴●✴◆✒❖✦❊★P✴❇ ✘❜❊✫❑❙❉❚▼★▼ ✥✰❊✢✦ ▼
☞✯❊✫❉❋❊✿✏ ●✴P✎✏✓☞✒▼✦P✴❊ ●✥▼ ✟❃✏✓✡★✝✴❑▲▼ ❥ ❃❬❩✏❃

✟❃✏✓✡★✝✴❑▲▼ ❥ ❃❬❩ ✚ ✟✶▼✦❉✪❄✓✦✓✏ ▼❲P✴❇❳P✴❊✫❉✪❄ ●✎✏ ❊✫❍ ●✥❖✦❊✠✟ ☞✯❊✫● ✼✫❇ ❂ ❊✫❍
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✩✏❇ ✞▲▼✦❉
p > 1

❇
Br0,R ⊂ R

N ✎ N ≥ 2
❃✱✩ ✝✎✾✰❊✫●✍☎✥▼✦❉❋❊✫❍✵✤✦✝✴❇

u ∈ C1(Br0,R)
✌ ❑▲▼✦P✎✏ ▼✮✦ ❉❋❇✯●✽■▲❇

❍✌✏ ❉✬✌✚■▲❑✌✏✓☞✒▼ ❇❳❍▲▼❣■✻✏ ❍✗✘✼▼☛✜☛✎✴●✴❊❋❍❙❇✯●✽■✻✏ P✴❊✪✘❜❑▲▼✮☞✯❊✍✎ ✡ ❇✡✤✦✝✥▼✦◆✒❖✦❊

−△pu = f(|x|, u)
❇✯❉

Br0,R ⊂ R
N ,

❊✫●✴P✴❇
f
✌ ✝✴❉❚▼✟✘ ✝✴●✴◆✒❖✦❊✪☞✯❊✫●✽■✻❄ ●✦✝✥▼ ❃ ✟ ❍❏■▲❊❋❍✌✏✓✡✫●✎✏✙✖ ☞✒▼✮✤✦✝✴❇
∫

Br0,R

|∇u|p−2 ∇u · ∇ϕ dx =

∫

Br0,R

f(|x|, u)ϕ dx, ∀ϕ ∈ C1
0(Br0,R).

✳ ✢ ❃❄❂ ✴

❅❈❇ ✖✥●✥▼✦❉❋❊✫❍ ▼ ✘ ✝✴●✴◆✒❖✦❊
ū(r) := u(x)

❊✫●✴P✴❇
r = |x|

❃ ✢✓✖✥❑❙❉❚▼✦❉❋❊✫❍✔✤✦✝✴❇

−
(

rN−1 |ū′(r)|
p−2

ū′(r)
)
′

= rN−1f(r, ū(r)), r ∈ (r0, R).
✳ ✢ ❃❬❩★✴

✫ ❊✫❉ ❇ ✘❜❇☛✏❄■▲❊✍✎✎✾✰❇☛✦ ▼ P✴❇ ✖✥●✎✏ ◆✒❖✦❊❘P✴❇
ū
✎✎✼✫❇✯❉❋❊✫❍ ✤✦✝✴❇

∇u(x) = ū′(r)
x

|x|
.



❅✢✭ � ✄ ✝ ✁☎✠✸✎✒✑☎✕✁�❈☛ ✘ ✞✚✞ ☛✌☞☎✛✜✕✓✖✄✂✙✁✏✠✸✎ ✁✗✎✯✖

✢❈❍❙❍✌✏ ❉✫✎✎✾✰❊✫❑ ✳ ✢ ❃❄❂ ✴✑✎ ✾✥▼✦❑▲▼
ϕ ∈ C1

0(Br0,R)
❑▲▼✦P✎✏ ▼✮✦ ❉❋❇✯●✽■▲❇❈❍✌✏ ❉✬✌✚■▲❑✌✏✓☞✒▼✕✎✏■▲❇✯❉❋❊✫❍

∫

Br0,R

|ū′(r)|
p−2

ū′(r)ϕ̄′(r) dx =

∫

Br0,R

f(r, ū(r))ϕ̄(r) dx

∫ R

r0

∫

∂Br

|ū′(r)|
p−2

ū′(r)ϕ̄′(r) dS dr =

∫ R

r0

∫

∂Br

f(r, ū(r))ϕ̄(r) dS dr.

✁✲❊✢✡✫❊
∫ R

r0

rN−1 |ū′(r)|
p−2

ū′(r)ϕ̄′(r) dr =

∫ R

r0

rN−1f(r, ū(r))ϕ̄(r) dr, ∀ϕ̄ ∈ C1
0(r0, R).

✟ ❍❏■▲❊❘❉❋❊✫❍❏■▲❑▲▼✮✤✦✝✴❇☛✎✶●✴❊❘❍❙❇✯●✽■✻✏ P✴❊✪✘❜❑▲▼✮☞✯❊✍✎ ✼✦▼✮✦ ❇

−
(

rN−1 |ū′(r)|
p−2

ū′(r)
)
′

= rN−1f(r, ū(r)).

✪ ▼✦❍ ☞✯❊✫❉❋❊
f
✌ ☞✯❊✫●✽■✻❄ ●✦✝✥▼✕✎✴■▲❇✯❉❋❊✫❍ ✳ ✢ ❃❬❩★✴ ●✴❊❘❍❙❇✯●✽■✻✏ P✴❊✪☞☛✦✝✆✦❍❙❍✌✏✓☞✯❊ ✳✙✼✫❇✯❑ ✙ ❑✛✌✡✜☛✏ ❍ ✕ ❦✕✎✴◗✔❇✯❊✫❑❙❇✯❉❚▼ ★ ✟☞✟☞✟ ❃❬❩✘✗ ✴ ❃
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− (rmA(u′))′ = rmf(r, u(r)), m > 1

u(r0) = α

u′(r0) = β

✳ ✙❈❃❄❂ ✴

❊✫●✴P✴❇
A(s) = |s|p−2s

☞✯❊✫❉
p > 1
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u ∈ C1 ❇ A(u′) ∈ C1 ❃
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❛ ✛✣✕ ✖ ✕✰✎✒✻✼✩✫✳✴✕✹❇✽✣✼✵✦✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f : [r0, r0+δ]×[α−ǫ, α+ǫ] → R
❅ ❊ ✷ ✳ ✬ ✝

✳ ✿✏✪ ✧ |f | < M
❋

✥★✧✱✰ ✪ 0 < δ0 ≤ δ ✬✶✪✟✾ ✂☎✿ ✧
2

1

p−1 δ0

[

|β| + (Mδ0)
1

p−1

]

< ǫ.
✳ ✙❈❃❬❩★✴

✲ ✳ ✬✶✵✸✷ ✧☛✡ ✭✯✩✴✬ ✧ ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷✽✻ ✧ ✳ ✙❈❃❄❂ ✴ ✻ ✧ ✔ ✳ ✭✮✻✼✪ ✧ ❇ [r0, r0 + δ0]
❋
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[r0, r] ⊂ [r0, r0 + δ0]

✎

rmA(u′(r)) − rm
0 A(β) = −

∫ r

r0

smf(s, u(s)) ds.
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✩✏❇☛✡★✝✴❇ ✤✦✝✴❇
A(u′(r)) =

(r0

r

)m

A(β) −

∫ r

r0

(s

r

)m

f(s, u(s)) ds.

✣✔❊✫❑❏■ ▼✦●✽■▲❊
u′(r) = A−1

((r0

r

)m

A(β) −

∫ r

r0

(s

r

)m

f(s, u(s)) ds

)

.
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u(r) = α +

∫ r

r0

A−1

((r0

s

)m

A(β) −

∫ s

r0

(
t

s

)m

f(t, u(t)) dt

)

ds.
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X =

C0 ([r0, r0 + δ0], [α− ǫ, α + ǫ])
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φ : [r0, r0+δ0] → [α−ǫ, α+ǫ]
❃
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I : X → X
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I(φ)(r) = α+

∫ r

r0

A−1

((r0

s

)m

A(β) −

∫ s

r0

(
t

s

)m

f(t, u(t)) dt

)

ds.
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|I(φ)(r) − α| ≤

∫ r

r0

∣
∣
∣
∣

(r0

s

)m

A(β) −

∫ s

r0

(
t

s

)m

f(t, u(t)) dt

∣
∣
∣
∣

1

p−1

ds

≤ 2
1

p−1

∫ r

r0

[
∣
∣
∣

(r0

s

)m

A(β)
∣
∣
∣

1

p−1

+

∣
∣
∣
∣

∫ s

r0

(
t

s

)m

f(t, u(t)) dt

∣
∣
∣
∣

1

p−1

]

ds

≤ 2
1

p−1

∫ r

r0

|β| +

(∫ s

r0

|f(t, u(t))| dt

) 1

p−1

ds

≤ 2
1

p−1

∫ r

r0

|β| + (Mδ0)
1

p−1 ds

≤ 2
1

p−1 δ0

[

|β| + (Mδ0)
1

p−1

]

.
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|I(φ)(r) − α| < ǫ.
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I : X → C1 ([r0, r0 + δ0], [α− ǫ, α + ǫ])

compacto
→֒ X

❃
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X ⊂ C0[r0, r0+δ0]
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p ≤ 2
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✖✟✧ ✾ ❋ ✲ ✳ ✬✶✵✸✷ � ✪✟❂❃✪ ✷ ❊ ✪✚✩✲✷ ✧ ❇ ✂☎✿ ✧ p > 2

✧
f(r0, α) 6= 0
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β = 0
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u
❇
v
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f(r0, α) > 0

❃ ✢❈❍❙❍✌✏ ❉
u′(r), v′(r) < 0

✾✥▼✦❑▲▼
r > r0

✳
r
✾✴❑✛✶ ❂ ✏ ❉❋❊ P✴❇

r0
✴ ❃ ✟✶▼✦◆✒▼✦❉❋❊✫❍

ψ = A(u′) − A(v′).

✁✲❊✢✡✫❊✍✎ ✾✰❊✫❑✟✳ ✙❈❃❄❂ ✴✑✎

ψ(r) = −

∫ r

r0

(s

r

)m

[f(s, u) − f(s, v)] ds.
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|ψ(r)| ≤

∫ r

r0

(s

r

)m

|f(s, u) − f(s, v)| ds

≤ C

∫ r

r0

(s

r

)m

|u(s) − v(s)| ds

≤ C

∫ r

r0

(s

r

)m

ds · sup
s∈[r0,r]

|u(s) − v(s)| .
✳ ✙❈❃ �✦✴
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u(s) − v(s) =

∫ s

r0

u′(t) − v′(t) dt

|u(s) − v(s)| ≤

∫ s

r0

|u′(t) − v′(t)| dt

≤

∫ s

r0

∣
∣A−1(A(u′)) − A−1(A(v′))

∣
∣ dt

≤

∫ s

r0

1

|ξ(t)|p−2
ψ dt
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ξ(s)
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u′(s)

❇
v′(s)
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s
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r0
■▲❇✯❉❋❊✫❍

|u′(s)| < 1
❇
f(s, u(s)) > M > 0
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|u′(t)|p−2 > |u′(t)|p−1 > M

∫ s

r0

(
t

s

)m

dt.

❅ ▼ ❉❋❇✯❍❙❉❚▼ ❉❚▼✦●✴❇☛✏ ❑▲▼✧✾✥▼✦❑▲▼
v
❃ ✟✶▼✦◆✒▼✦❉❋❊✫❍

ρ(r) =

∫ r

r0

(s

r

)m

ds.

✩ ✝✎✥✴❍❏■✻✏❄■✞✝✎✏ ●✴P✴❊ ❇✯❉ ✳ ✙❈❃ �✦✴ ❇ ✳ ✙❈❃ ✔★✴ ❊✢✥ ■▲❇✯❉❋❊✫❍
∣
∣
∣
∣

ψ(r)

ρ(r)

∣
∣
∣
∣
≤

C

M

∫ r

r0

ψ(s)

ρ(s)
ds.

✣✔❊✫❑ ✳ ✙❈❃ �✦✴ ▼✪✘ ✝✴●✴◆✒❖✦❊ ψ(r)

ρ(r)

✌ ✦✓✏ ❉✪✏❄■ ▼✦P✥▼ ✾✴❑✛✶ ❂ ✏ ❉❚▼❘▼
r0
❃ ✢ ✾✎✦✓✏✓☞✒▼✦●✴P✴❊❋▼❋P✴❇✯❍✌✏✓✡★✝✥▼✮✦ P✥▼✦P✴❇❳P✴❇ ✛ ❑❙❊✫● ✠ ▼✮✦✓✦

❊✢✥ ■▲❇✯❉❋❊✫❍✔✤✦✝✴❇
ψ ≡ 0

❃
�



� ✁✁� ✁ ✄☎✟ ✝ ✁ �

� ✁✄✂ ✁✝✆ ✂ ☎ ✄ ✡ ✂ � ✁✁� ✟ ✆✲✟ ☎✞✝ ✁✄✂

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ❇ ✛✣✕✲✤✄✂✆☎ ✆✞✝ ✁ ✥★✧✱✰ ✪✟❇ BR ✿✜❇❆✪ ✍ ✷✗✾ ✪ ✳ ✷ R
N

✧
u > 0 ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ✰ ❂❃✪ ❊ ✪ � ✷✲✩✴✭ ✬✮✭ ✖ ✪ ✧ ❇

W
1,p
0 (BR) ∩ C1(BR)

✢
p > 1

✢ ✻ ✧

△pu+ f(r, u) = 0
✧ ❇ BR. (r = |x|)

✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f(r, s) ∈ C0(R+ × R+) ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱

✟✶✭ ✠ f ❅ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧❈✧ ❇ r ✟

✟✶✭ ✭ ✠ ✥★✧
f(r0, s0) = 0

� ✪✟❂❃✪✽✪✟✾ ✛✟✿✜❇ s0 > 0
✧
r0 ≥ 0

✧✴✳ ✬✶✵✸✷
f(r, s) ≤ β(s0 − s)

� ✪✟❂❃✪ 0 ≤ s ≤ s0
✧
r ≥ 0,

� ✪✟❂❃✪✽✪✟✾ ✛✟✿✜❇❆✪ ✰ ✿ ✳ ❁✚✵✸✷ β ∈ C0(R+) ✬✶✪✟✾ ✂☎✿ ✧ β(0) = 0
✢
β

❅ ✳ ✵✸✷✗❉ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧ ✧

• β(s) = 0
� ✪✟❂❃✪✹✪✟✾ ✛✟✿✜❇ s > 0 ✷✗✿

•

∫ 1

0

(sβ(s))−
1

p ds = +∞
❋



❂✜❴✮� � ✄ ✝ ✁☎✠✸✎✒✑☎✕ � ☛ ✂ ✕✓✖ ☛✟✞ ✄✶✁✏✠ ✞✚✖ � ☛ �✔✎✯✞✯✎ ✁✦✆ ✕✓✖

✲ ✳ ✬✶✵✸✷ u ❅ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧ ✩✴✭ ❇ ❅ ✬✮❂ ✭ ❊ ✪ ✧
∂u

∂r
< 0

� ✪✟❂❃✪ 0 < r < R.

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ✳❯✢✥✓✖✢✥✎✒✤✫✌✏❀✼❀✼✻ ✷ ❛ ✢✥✤✫✌✏❀✼❀❜✢ ☎✓✚ ✝ ✁❆✥★✧✱✰ ✪✟❇ BR ✿✜❇❆✪ ✍ ✷✗✾ ✪ ✳ ✷ R
N

✢
N ≥ 2

✧
u > 0 ✿✜❇❆✪

✩✲✷✗✾❀✿✔❁✚✵✸✷ ✰ ❂❃✪ ❊ ✪ � ✷✲✩✴✭ ✬✮✭ ✖ ✪ ✧ ❇ W
1,p
0 (BR) ∩ C1(BR)

✢
1 < p < 2

✢ ✻ ✧

△pu+ f(u) = 0
✧ ❇ BR.

✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩✗✂☎✿ ✧ f ∈ C0(R+)
❅ ✾✯✷ ❊ ✪✟✾❀❇ ✧✴✳ ✬ ✧ ✾❀✭ � ✩ ❊ � ✭ ✬ ✱☎✭✮✪ ✳ ✪ ❋✥✲ ✳ ✬✶✵✸✷ u ❅ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧ ✩✴✭ ❇ ❅ ✬✮❂ ✭ ❊ ✪

✧
∂u

∂r
< 0

� ✪✟❂❃✪ 0 < r < R.

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ✁ ✻✼✱✺✢✥✎ ✷ ✧✠✻ ✷ ✧✠✻❜✛✣✌✏✮ ✘ ✌❢✛ ✯ ☎❜✵ ✆✞✝ ✁ ✥★✧✱✰ ✪✟❇ BR ✿✜❇❆✪✆✍ ✷✗✾ ✪ ✳ ✷ R
N

✧
u > 0 ✿✜❇❆✪❈✩✲✷✗✾❀✿✔❁✚✵✸✷

� ✷✲✩✴✭ ✬✮✭ ✖ ✪ ✧ ❇ C2(BR) ✻ ✧






△u+ f(r, u) = 0
✧ ❇ BR (r = |x|)

u = 0
✧ ❇ |x| = R.

✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f(r, s) ∈ C0(R+ × R+) ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱

✟✶✭ ✠ f ❅ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧ ✧ ❇ r ✟

✟✶✭ ✭ ✠ f ✪✼✻✟❇ ✭ ✬ ✧ ✪✹✻ ✧ ❊ ✷✗❇ � ✷✲✩✴✭✒❁✚✵✸✷ f = f1 + f2 ✷ ✳ ✻ ✧

• f1 = f1(r, s)
❅ ✾❀✭ � ✩ ❊ � ✭ ✬ ✱☎✭✮✪ ✳ ✪ ✧ ❇ s

✧

• f2 = f2(r, s)
❅ ✳ ✵✸✷✗❉ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧ ✧ ❇ s

❋

✲ ✳ ✬✶✵✸✷ u ❅ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧ ✩✴✭ ❇ ❅ ✬✮❂ ✭ ❊ ✪ ✧
∂u

∂r
< 0

� ✪✟❂❃✪ 0 < r < R.



❂✜❴ ✔

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ✁ ✻✼✱✺✢✥✎ ✷✚✿✛✖✔✛❣✑✔✤✄✂ ✭ ☎❜✵✏❁ ✝ ✁ ✥★✧✱✰ ✪ u(x) ∈ C2 ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷ ✳ ✵✸✷✗❉ ✳✝✧ ✛✼✪✟✬✮✭ ✖ ✪✽✻ ✧

△u+ uα = 0
✧ ❇ R

N , N ≥ 2

❊ ✷✗❇ 1 < α <
N + 2

N − 2
✟ = ∞

✢ ✩ ✧ N = 2 ✠ ❋✬✲ ✳ ✬✶✵✸✷ u(x) ≡ 0
❋

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ✁ ✻✼✱✺✢✥✎ ✷✚✿✛✖✔✛❣✑✔✤✄✂ ✭✜✭ ☎❜✵✏❁ ✝ ✁ ✥★✧✱✰ ✪✹✷❈✩ ✧ ❇ ✭ ❉ ✧ ✩ � ✪☞❁✗✷
R

N
+ = {x = (x1, · · · , xN) ∈ R

N ; xN > 0}, N ≥ 2.

✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ u(x) ∈ C2(RN
+ ) ∩ C0(R

N

+ )
❅ ✿✜❇❆✪●✩✲✷✗✾❀✿✔❁✚✵✸✷ ✳ ✵✸✷✗❉ ✳✝✧ ✛✼✪✟✬✮✭ ✖ ✪✡✻ ✧

△u+ uα = 0
✧ ❇ R

N
+

u = 0
� ✪✟❂❃✪ xN = 0

❊ ✷✗❇ 1 < α <
N + 2

N − 2
✟ = ∞

✢ ✩ ✧ N = 2 ✠ ❋✬✲ ✳ ✬✶✵✸✷ u(x) ≡ 0
❋

✢ ✌❢✕✶✛✣✌✏✓✖✢ � ✁ ✛✣✕✰✮✁� ✢✥❀✼❀✄✂ ✘✰✌❢✛✆☎ ✻ ✯✰✑✺✌✏✻❜✛✣✌✏✱✺✕✎✷ ✧★✌ ✘✰✌✏✎ ☎❜✵ ❵ ✝ ✁ ✥★✧✱✰ ✪✟❇ α
✢
u
✧
v ✰ ✿ ✳ ❁✄✂ ✧ ✩ ❊ ✷ ✳ ✬ ✝

✳ ✿✏✪✚✩
✻ ✧ ✔ ✳ ✭✮✻✼✪✚✩ ✧ ❇ ✿✜❇ ✭ ✳ ✬ ✧ ❂ ✖ ✪✟✾✯✷ (a, b) ✬✶✪✟✭✯✩ ✂☎✿ ✧ v ≥ 0

✧

u(x) ≤ α(x) +

∫ x

x0

v(s)u(s) ds.

✲ ✳ ✬✶✵✸✷
u(x) ≤ α(x) +

∫ x

x0

v(s)u(s)e � x

s
v(t) dt ds.

✲ ❇ � ✪✟❂ ✬✮✭ ❊ ✿✜✾ ✪✟❂ ✩ ✧ α(x) = K = ❊ ✷ ✳ ✩✴✬✶✪ ✳ ✬ ✧✍✢ ✬ ✧ ❇✡✷✲✩
u(x) ≤ Ke

� x

x0
v(s) ds

.

✢ ✌❢✕✶✛✣✌✏✓✖✢ �✞✝ ✌✏✎✯✢ ✘✴✢✥✮✛✷ ❛ ✢✥✤✫✌✏❀✼❀❜✢ ☎❜✵ ✟ ✝ ✁ ✥★✧✱✰ ✪✟❇ BR ✿✜❇❆✪ ✍ ✷✗✾ ✪ ✳ ✷ R
N

✧
u > 0 ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷❄✰ ❂❃✪ ❊ ✪

� ✷✲✩✴✭ ✬✮✭ ✖ ✪ ✧ ❇ W
1,p
0 (B)

✢
p = N

✢ ✻ ✧

△pu+ f(u) = 0
✧ ❇ BR.

✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ f ∈ C0(R+) ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱



❂✜❴✫❥ � ✄ ✝ ✁☎✠✸✎✒✑☎✕ � ☛ ✂ ✕✓✖ ☛✟✞ ✄✶✁✏✠ ✞✚✖ � ☛ �✔✎✯✞✯✎ ✁✦✆ ✕✓✖

✟✶✭ ✠ f(s) > 0
� ✪✟❂❃✪ s > 0 ✟

✟✶✭ ✭ ✠ f(s) ≤ C(1 + sq) ❊ ✷✗❇ q > 0
❋

✲ ✳ ✬✶✵✸✷ u ❅ ❂❃✪✼✻✟✭✮✪✟✾ ✧ ❂❃✪✼✻✟✭✮✪✟✾❀❇ ✧✴✳ ✬ ✧ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧✫❋
✢ ✌❢✕✶✛✣✌✏✓✖✢ � ❝❡✻✼✮✛✷ ✧✠✻ ☎ ❵ ✵ ✝ ✁ ✥★✧✱✰ ✪ u ∈ C2(BR) ∩ C1(B̄R) ✿✜❇❆✪ ✩✲✷✗✾❀✿✔❁✚✵✸✷✡✻ ✧







△u+ f(r, u) = 0
✧ ❇ BR (r = |x|)

u > 0

u = 0
✧ ❇ |x| = R,

✷ ✳ ✻ ✧ f ∈ C1 ✧
fr ≤ 0

❋ ✥ ✿ � ✷ ✳✁� ✪✟❇✡✷✲✩ ✂☎✿ ✧ ∂u
∂ν

< 0
✧ ❇ ∂BR

❋✬✲ ✳ ✬✶✵✸✷❆✬✺✷✫✻✼✪●✩✲✷✗✾❀✿✔❁✚✵✸✷✡✻ ✧






△ω + fu(r, u)ω = µω
✧ ❇ BR

ω = 0
✧ ❇ |x| = R,

❊ ✷✗❇ µ ≥ 0
✢ ❅ ❂❃✪✼✻✟✭✮✪✟✾ ❋

✢ ✌❢✕✶✛✣✌✏✓✖✢ � �❲✢✴❤✁�☛✑✺✌❢❤ ☎ ❵ ✚ ✝ ✁ ✥★✧✱✰ ✪✟❇ Ω ✿✜❇ ✻✸✷✗❇✞✝ ✳ ✭ ✷ ✧ ❇ R
N

✢
u ∈ L∞(Ω)

✢
△pu ∈ L1

loc

✳ ✷
✩ ✧✴✳ ✬✮✭✮✻✸✷✡✻✼✪✚✩ ✻✟✭✯✩✴✬✮❂ ✭ ✍☎✿✜✭✒❁✄✂ ✧ ✩ ✧ ❇ Ω

✢

u ≥ 0, −△pu+ β(u) ≥ 0 ✂ ❋ ✩ ❋ ✧ ❇ Ω

❊ ✷✗❇ β ∈ C0(R+) ✬✶✪✟✾ ✂☎✿ ✧ β(0) = 0
✢
β

❅ ✳ ✵✸✷✗❉ ✻ ✧ ❊ ❂ ✧ ✩ ❊ ✧✴✳ ✬ ✧ ✧

• β(s) = 0
� ✪✟❂❃✪✽✪✟✾ ✛✟✿✜❇ s > 0 ✷✗✿

•

∫ 1

0

(sβ(s))−
1

p ds = +∞
❋

✥★✧✱✰ ✪✟❇ x0 ✿✜❇ � ✷ ✳ ✬✺✷✽✻ ✧ ∂Ω ✩✫✪✟✬✮✭✯✩✒✰☎✪✲✱ ✧✴✳ ✻✸✷✡✪ ❊ ✷ ✳ ✻✟✭✒❁✚✵✸✷✡✻✼✪ ✧ ✩✒✰ ✧ ❂❃✪✡✭ ✳ ✬ ✧ ❂ ✭ ✷✗❂ ✢ ✩ ✧✴✳ ✻✸✷ B ✬✶✪✟✾ ✧ ✩✒✰ ✧ ❂❃✪ ✢
✧
ν ✪ ✳ ✷✗❂ ❇❆✪✟✾ ✧☛✡ ✬ ✧ ❂ ✭ ✷✗❂ ❊ ✷✗❂ ❂ ✧ ✩ � ✷ ✳ ✻ ✧✴✳ ✬ ✧ ✪ x0

❋✬✲ ✳ ✬✶✵✸✷
ess lim inf

x→x0
x∈B

u(x)
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