
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❆s♣❡❝t♦s ▼❛t❡♠át✐❝♦s ❞♦ ❋✐❧tr♦ ❞❡

❑❛❧♠❛♥ ❉✐s❝r❡t♦

♣♦r

❉✐♠❛s ❏♦sé ●♦♥ç❛❧✈❡s ✯

▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲ ❈❛♠♣✐♥❛s ❙P

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❘❛②♠✉♥❞♦ ▲✉✐③ ❞❡ ❆❧❡♥❝❛r

✯❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞♦ ❈◆Pq✳









❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛ ♣ós ❣r❛❞✉❛çã♦ ❞♦ ■▼❊❈❈ ♣❡❧❛ ❡str✉t✉r❛ ❡❞✉❝❛❝✐♦♥❛❧

q✉❡ ♠❡ ❢♦✐ ♦❢❡r❡❝✐❞❛ ❡ ❛❣r❛❞❡❝❡r ♦s ♣r♦❢❡ss♦r❡s ❙ér❣✐♦ ❆♥t♦♥✐♦ ❚♦③♦♥✐✱ ❊❧ó✐ ▼❡❞✐♥❛ ●❛❧❡❣♦ ❡

▼ár✐♦ ■♥❢❛♥t❡ ♣❡❧❛s ❝♦rr❡çõ❡s s✉❣❡r✐❞❛s ♥❛ ♠✐♥❤❛ ❞✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦✳

❉❡♥tr❡ ✈ár✐♦s ❛♠✐❣♦s q✉❡ t❡♥❤♦✱ ❛❣r❛❞❡ç♦ ❇✐❜✐❛♥❛ ❡ ❋á❜✐♦ ♣❡❧❛s ❛❥✉❞❛s ❡♠ ✈ár✐♦s ♠♦♠❡♥t♦s

❞❡ q✉❡ ♣r❡❝✐s❡✐✳ ❙ã♦ ❣r❛♥❞❡s ❛♠✐❣♦s q✉❡ ❝♦♥✈✐✈❡♠ ❝♦♠✐❣♦ ❞❡s❞❡ ❛ ❢❛❝✉❧❞❛❞❡✳

❆♣❡♥❛s ❡ss❡ ❛❣r❛❞❡❝✐♠❡♥t♦ s❡r✐❛ ♣♦✉❝♦ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❣r❛t✐❞ã♦ q✉❡ s✐♥t♦ ♣❡❧♦ ♠❡✉ ♦r✐❡♥✲

t❛❞♦r ❘❛②♠✉♥❞♦ ❡ ♣❡❧❛ s✉❛ ❡s♣♦s❛ ❈❧é♦✳ ❖❜r✐❣❛❞♦ ♣♦r ♠❡ r❡❝❡❜❡r❡♠ ❡♠ s✉❛ r❡s✐❞ê♥❝✐❛ ❝♦♠

❝❛r✐♥❤♦✱ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧❛ ❛❥✉❞❛ ♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s✳

◆❛ ✈✐❞❛ ♥ós ❝♦♥❤❡❝❡♠♦s ✈ár✐♦s t✐♣♦s ❞❡ ♣❡ss♦❛s✳ ❊ss❛ ❢❛♠í❧✐❛ q✉❡ ❡✉ ❝♦♥❤❡❝✐ é ❝♦♠♣♦st❛ ♣♦r

♣❡ss♦❛s ❡s♣❡❝✐❛✐s✳ ❈♦❧♦❝♦ ❛ ❢❛♠í❧✐❛ ▼✉st❛❢❛ ♥❡ss❡s ❛❣r❛❞❡❝✐♠❡♥t♦s ❞❡ ❢♦r♠❛ ❛❧❡❣r❡✱ ♣♦✐s é ❝♦♠

❛❧❡❣r✐❛ q✉❡ ❡✉ ❣♦st♦ ❞❡ ❧❡♠❜r❛r ❞❡❧❡s✳ ❖ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦ ♣❡❧♦ ♦ q✉❡ ✈♦❝ês ❢♦r❛♠✱ sã♦ ❡

s❡rã♦ ♣❛r❛ ♠✐♠✳

P♦r ♠❛✐s ♣❛❧❛✈r❛s q✉❡ ❡✉ ♣r♦❝✉r❡✱ ♣♦✐s ♠❛✐s ❣❡st♦s q✉❡ ❡✉ t❡♥t❡ ♠♦str❛r✱ ♣♦r ♠❛✐s✳✳✳ ◆❛❞❛

❞✐ss♦ ✈❛✐ ❝♦♥s❡❣✉✐r ❞❡♠♦♥str❛r ♦ q✉ã♦ ✐♠♣♦rt❛♥t❡ ❡ss❛ ♣❡ss♦❛ é ♣❛r❛ ♠✐♠✳ ❚❛❧✈❡③ ✉♠❛ ❢r❛s❡

s✐♠♣❧❡s ❡①♣r❡ss❡ ♦ q✉❡ ❡ss❛ ♣❡ss♦❛ s✐❣♥✐✜❝❛✿ ❡✉ t❡ ❛♠♦ ❚❛t✐❛♥❛✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ♣❡❧♦ ❛♠♦r✱

♣❡❧❛ ❢♦rç❛✱ ❝♦♠♣r❡❡♥sã♦ ❡ ❛❧❡❣r✐❛ q✉❡ ✈♦❝ê ♣❛ss❛✳

❖ q✉❡ ❡✉ t❡♥❤♦ ♣❛r❛ ❞✐③❡r ❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ✱ ❝♦♠ ❝❡rt❡③❛ ♥ã♦ ❝❛❜❡r✐❛ ❡♠ ✉♠ ❧✐✈r♦✱ ♠❛s ✈♦✉

t❡♥t❛r ❝❛r❛❝t❡r✐③❛r ♦ q✉❡ ❝❛❞❛ ✉♠ s✐❣♥✐✜❝❛✿ ♠❡✉ ♣❛✐✱ sí♠❜♦❧♦ ❞❡ ❢♦rç❛ ❡ ❣❛rr❛❀ ♠✐♥❤❛ ♠ã❡✱

sí♠❜♦❧♦ ❞❡ ❛♠♦r ❡ ❝❛r✐♥❤♦❀ ♠❡✉s ír♠ã♦s✱ sí♠❜♦❧♦ ❞❡ ❛♠✐③❛❞❡ ❡ ✉♥✐ã♦✳ ❙❡ ❤♦❥❡ t❡♥❤♦ s❛ú❞❡✱

❡❞✉❝❛çã♦✱ ❛❧❡❣r✐❛✱ ❛♠♦r ❡ ❝r❡♥ç❛ ❡♠ ❉❡✉s✱ é ♣♦rq✉❡ ✈♦❝ês ♠❡ ♣r♦♣♦r❝✐♦♥❛r❛♠ t✉❞♦ ✐ss♦✳ ▼✉✐t♦

♦❜r✐❣❛❞♦ ♣❡❧♦ ♦ q✉❡ ❡✉ s♦✉✳

P♦r ✜♠✱ ❞❡❞✐❝♦ ❡ss❛ t❡s❡ ❞❡ ♠❡str❛❞♦ ❛♦ ♠❡✉ ír♠ã♦ ❏♦s♠❛r✱ q✉❡ r❡♣r❡s❡♥t❛ ♣❛r❛ ♠✐♠ ❛ ❛❧❡❣r✐❛

❡ ❛ ✧✈♦♥t❛❞❡ ❞❡ ✈✐✈❡r ✧✳

✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❛❣r✉♣❛♠♦s ✉♠ ♠í♥✐♠♦ ❞❡ ❝♦♥t❡ú❞♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ♣r♦✈❛

❞♦ ❚❡♦r❡♠❛ ❞♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ✭❞✐s❝r❡t♦✮✳

❆ t❡♦r✐❛ ❞❡ ✐♥t❡❣r❛çã♦ ❞❡ ▲❡❜❡s❣✉❡ ❡ ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ✭ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦✮ ❞❛ t❡♦r✐❛

❞♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt sã♦ ❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s ✐♥❝❧✉í❞❛s✱ ❛❧é♠ ❞❡ ✉♠ ❡st✉❞♦

❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳

✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ s❡t ❛ ♠✐♥✐♠✉♠ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞ t♦ ❞❡✈❡❧♦♣ ❛ ♣r♦♦❢ ♦❢ t❤❡

✭❞✐s❝r❡t❡✮ ❑❛❧♠❛♥ ❋✐❧t❡r ❚❤❡♦r❡♠✳

❚❤❡ ▲❡❜❡s❣✉❡ ✐♥t❡❣r❛t✐♦♥ t❤❡♦r② ❛♥❞ s♦♠❡ ❡❧❡♠❡♥ts ✭t❤❡ ♣r♦❥❡❝t✐♦♥ t❤❡♦r❡♠✮ ♦❢ t❤❡ ❍✐❧❜❡rt

s♣❛❝❡ t❤❡♦r② ❛r❡ t❤❡ ♠❛✐♥ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s ✐♥❝❧✉❞❡❞✱ ❜❡s✐❞❡s ❛ st✉❞② ♦❢ t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s

♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✳

✐✐✐



❙✉♠ár✐♦

P❧❛♥♦ ●❡r❛❧ ❞❛ ❉✐ss❡rt❛çã♦ ✷

■♥tr♦❞✉çã♦ ✸

✶ Pr❡❧✐♠✐♥❛r❡s ✺
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✶✳✸ ◆♦çõ❡s ❞❡ ▼❡❞✐❞❛ ❡ ■♥t❡❣r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ ◆♦çõ❡s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛ ✶✼
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✸ ❊st✐♠❛❞♦r❡s ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ ✸✽

✸✳✶ ❊st✐♠❛t✐✈❛ ♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
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❆ ❆❧❣✉♠❛s ❆♣❧✐❝❛çõ❡s Prát✐❝❛s ❞♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ✺✷

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✹
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P❧❛♥♦ ●❡r❛❧ ❞❛ ❉✐ss❡rt❛çã♦

❊st✉❞❛r ❢❡rr❛♠❡♥t❛s ❡ ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❢♦r♠❛ s✐♠♣❧✐✜❝❛❞❛ ❞♦

❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ ❉✐s❝r❡t♦ ✭ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ r❡❝✉rs✐✈❛ ♣❛r❛ ✉♠ s✐st❡♠❛

❞✐s❝r❡t♦✮✳

❆ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ✉t✐❧✐③❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ é ♦ ❝♦♥❝❡✐t♦ ❞❡

❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❡st✐♠❛t✐✈❛s ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛✳ ❈♦♠ ❡st❡ ♣r♦♣ós✐t♦

❢♦r❛♠ ❡st✉❞❛❞❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ❞❡st❛❝❛♥❞♦ ❡♠ ♣❛rt✐❝✉❧❛r ♦ ❚❡♦✲

r❡♠❛ ❞❛ Pr♦❥❡çã♦✱ q✉❡ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❝❡rt♦s t✐♣♦s ❞❡ ❛♣r♦①✐♠❛çõ❡s ✭❡st✐♠❛t✐✈❛

♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✮✳ ◆❛ t❡♦r✐❛ ❞❡ ✐♥t❡❣r❛çã♦ ❞❡ ▲❡❜❡s❣✉❡✱ ❞❡st❛❝❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s t❡♦✲

r❡♠❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❜❡♠ ❝♦♠♦ ♦ t❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞ý♠✱ ❛❧é♠ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

❞❛s ❢✉♥çõ❡s ❞❡ q✉❛❞r❛❞♦ ✐♥t❡❣rá✈❡❧✳

❋✐♥❛❧♠❡♥t❡✱ ❢♦✐ ❞❛❞❛ ✉♠❛ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ ❛♦ ❡st✉❞♦ ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ✉♠❛

✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦✱ ♦♥❞❡ ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡s♣❡r❛♥ç❛

❝♦♥❞✐❝✐♦♥❛❧ ❢♦r❛♠ ❡st✉❞❛❞❛s✳

✷



■♥tr♦❞✉çã♦

❊♥tr❡ ♦s t❡♠❛s ❝♦♥s✐❞❡r❛❞♦s ♣❛r❛ ❡st❛ ❞✐ss❡rt❛çã♦✱ ♦♣t❛♠♦s ♣♦r ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥✱ ✉♠ t❡♠❛

♠✉✐t♦ ❡st✉❞❛❞♦ ♣❡❧❛s s❡❣✉✐♥t❡s r❛③õ❡s✿ ❛ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ✜❧tr♦ ❞❡ ❑❛❧♠❛♥ ♣♦r s✉❛s

❛♣❧✐❝❛çõ❡s ❡♠ ❊♥❣❡♥❤❛r✐❛❀ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞♦ ❡st✉❞♦ ❞❡ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s s♦✜st✐❝❛❞❛s

♣❛r❛ ❛ ❝♦♠♣r❡❡♥sã♦ t❡ór✐❝❛ ❞♦ ✜❧tr♦ ❞❡ ❑❛❧♠❛♥ ❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡♥✈♦❧✈✐♠❡♥t♦ ❝♦♠ ❝♦♥❝❡✐t♦s

❡ ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s q✉❡ ♥ã♦ sã♦✱ ❡♠ ❣❡r❛❧✱ ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❞✐s❝✐♣❧✐♥❛s ❞❡ ✉♠ ▼❡str❛❞♦

❡♠ ▼❛t❡♠át✐❝❛✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ✐♥❝❧✉í♠♦s ♣ré✲r❡q✉✐s✐t♦s ❞❡ ❝❛rát❡r ♠❛✐s ❣❡r❛❧✱ ❝♦♠♦ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt

✭ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦ ✮✱ ❡q✉❛çõ❡s ♥♦r♠❛✐s ✭ ♠❛tr✐③ ❞❡ ●r❛♠ ✮ ❡ ❡❧❡♠❡♥t♦s ❞❛ ❚❡♦r✐❛ ❞❛

▼❡❞✐❞❛ ❡ ■♥t❡❣r❛çã♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❞❡s❡♥✈♦❧✈❡♠♦s ♣ré✲r❡q✉✐s✐t♦s ♠❛✐s ❡s♣❡❝í✜❝♦s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛✱

❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✿ ✈❛r✐á✈❡✐s ❡ ✈❡t♦r❡s ❛❧❡❛tór✐♦s✱ ❡s♣❡r❛♥ç❛ ♠❛t❡♠át✐❝❛✱ ✈❛r✐â♥❝✐❛✱ ❝♦✈❛r✐â♥❝✐❛

❡ ✱ ♣♦r ✜♠✱ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❜❛s❡❛❞♦ ❡♠ ♦✉tr♦ ✈❡t♦r ❛❧❡❛tór✐♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ✉t✐❧✐③❛♥❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ❡st❛❜❡❧❡❝❡♠♦s ❛s ❡st✐✲

♠❛t✐✈❛s ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛✱ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥✱

t❛♠❜é♠ ✐♥❝❧✉í❞♦ ♥♦ t❡r❝❡✐r♦ ❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦✳

❙❛❧✐❡♥t❛♠♦s q✉❡ ♠✉✐t♦s ❞♦s tó♣✐❝♦s ❛❜♦r❞❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦ ♣♦❞❡r✐❛♠ s❡r ❞❡ ♠❛♥❡✐r❛

♥❛t✉r❛❧✱ ❛♠♣❧✐❛❞♦s ❡✴♦✉ ❞❡s❡♥✈♦❧✈✐❞♦s ❝♦♠ ♠❛✐♦r ♣r♦❢✉♥❞✐❞❛❞❡❀ ♥♦ ❡♥t❛♥t♦✱ ♣r♦❝✉r❛♠♦s ♥♦s

❧✐♠✐t❛r ❛♦ ♠í♥✐♠♦ ♥❡❝❡ssár✐♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ♥♦ss♦ ♦❜❥❡t✐✈♦✳

❆❝❤❛♠♦s q✉❡ ♦ t❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ ✭ ✜❧tr❛❣❡♠ ✮ é ✉♠❛ ❜❡❧íss✐♠❛ ❛♣❧✐❝❛çã♦ ❞❛ t❡♦r✐❛ ❞❡

✐♥t❡❣r❛çã♦ ❞❡ ▲❡❜❡s❣✉❡ ❡ ❞❛ t❡♦r✐❛ ❞♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt ♥❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ✐♠♣♦rt❛♥t❡

❞❛ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛✳

❋✐♥❛❧✐③❛♥❞♦✱ ❣♦st❛rí❛♠♦s ❞❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛❧❣✉♠❛s ✐❞é✐❛s ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞❛s s✉r❣✐r❛♠

✸



q✉❛♥❞♦ ♦ ♦r✐❡♥t❛❞♦r ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ♠✐♥✐str♦✉ ❛ ❞✐s❝✐♣❧✐♥❛ Pr✐♥❝í♣✐♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

❆♣❧✐❝❛❞❛ ✲ ❋▼✷✶✵ ♣❛r❛ ♦ ♣r♦❣r❛♠❛ ❞❡ ♠❡str❛❞♦ ❞♦ ■♥st✐t✉t♦ ❚❡❝♥♦❧ó❣✐❝♦ ❞❡ ❆❡r♦♥á✉t✐❝❛ ✭■❚❆✮✳

◆♦ss♦s ❛❣r❛❞❡❝✐♠❡♥t♦s à ♣ós✲❣r❛❞✉❛çã♦ ❞♦ ■❚❆ ♣❡❧❛ ❛♣r♦✈❛çã♦ ❞❛ ❞✐s❝✐♣❧✐♥❛ ❡ ❛♦s ❛❧✉♥♦s ❆❧❡①✱

❆♥tô♥✐♦✱ ❈❧❡✈❡rs♦♥✱ ❈❧❡②t♦♥ ❡ ▼ô♥✐❝❛ ♣❡❧♦ ✐♥t❡r❡ss❡ ❞❡♠♦♥str❛❞♦✳

✹



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ ❝❛♣ít✉❧♦ é ♣❛ss❛r ♣❛r❛ ♦ ❧❡✐t♦r ♥♦çõ❡s ❜ás✐❝❛s ❞❡ ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱

▼❡❞✐❞❛ ❡ ■♥t❡❣r❛çã♦ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳ ◆❛ s❡çã♦ ✶✳✶ ❡ ✶✳✷✱ ❝❤❛♠❛♠♦s ❛

❛t❡♥çã♦ ❞♦ ❧❡✐t♦r ♣❛r❛ ♦ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦ ❡ ♣❛r❛ ❛s ❡q✉❛çõ❡s ♥♦r♠❛✐s✱ q✉❡ s❡rã♦ r❡s✉❧t❛❞♦s

❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❊♠ r❡❧❛çã♦ ❛ s❡çã♦ ✶✳✸✱ ❞❡st❛❝❛♠♦s ♦ ❚❡♦r❡♠❛

❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♥✱ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧

✭ ♣á❣✐♥❛ ✸✷ ✮✱ ❡ ❞❡st❛❝❛♠♦s t❛♠❜é♠ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ q✉❡ s❡rá út✐❧ ♣❛r❛ ❞❡❞✉③✐r ❛❧❣✉♥s

r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✷✳

✶✳✶ ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ V ✉♠ ❑✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦♥❞❡ ❑❂R ♦✉ ❑❂C✳ ❯♠❛ ♥♦r♠❛ s♦❜r❡ V é ✉♠❛

❛♣❧✐❝❛çã♦ ‖ ‖ : V → R q✉❡ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s✿

a) ‖ v ‖≥ 0,∀v ∈ V.

b) ‖ v ‖= 0 ⇐⇒ v = 0.

c) ‖ λ.v ‖= |λ|. ‖ v ‖,∀λ ∈ K, ∀v ∈ V.

d) ‖ u + v ‖≤‖ u ‖ + ‖ v ‖,∀u, v ∈ V.

◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ♦ ♣❛r (V, ‖ ‖) é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❙❡❥❛ V ✉♠ ❑✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦♥❞❡ ❑❂R ♦✉ ❑❂C✳ ❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s♦❜r❡

V é ✉♠❛ ❢✉♥çã♦ < , >: V × V → K q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✺



a) < u + v, w >=< u,w > + < v,w >,∀u, v, w ∈ V.

b) < λ.u, v >= λ. < u, v >, ∀λ ∈ K, ∀u, v ∈ V.

c) < u, v >= < v, u >,∀u, v ∈ V ✳

d) < u, u > > 0✱ s❡ u 6= 0✳

❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ <,> é ❞❡♥♦♠✐♥❛❞♦ ✉♠ ❡s♣❛ç♦ ♣ré✲

❤✐❧❜❡rt✐❛♥♦ ❡ ✐♥❞✐❝❛❞♦ ♣♦r (V, <, >)✳ ❆ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ v ∈ V ❛♦ ♥ú♠❡r♦
√

< v, v >

é ✉♠❛ ♥♦r♠❛ s♦❜r❡ V ✱ ❝❤❛♠❛❞❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ <,>✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❁ ✱ ❃✳

❛✮ ❘❡❣r❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✿ ‖ u + v ‖2 + ‖ u − v ‖2= 2(‖ u ‖2 + ‖ v ‖2),∀u, v ∈ V.

❜✮ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✿ | < u, v > | ≤‖ u ‖ . ‖ v ‖,∀u, v ∈ V ✳

❝✮ ❉❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✿ ‖ u + v ‖≤‖ u ‖ + ‖ v ‖,∀u, v ∈ V.

❉❡✜♥✐çã♦ ✶✳✸✳ ❙❡❥❛ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❱✳ ❉✐③❡♠♦s q✉❡

(xn)n∈N ❝♦♥✈❡r❣❡ ❡♠ ❱✱ s❡ ❡①✐st❡ v ∈ V q✉❡ s❛t✐s❢❛③✿

∀ǫ > 0,∃N(ǫ) ∈ N tal que n ≥ N(ǫ) ⇒‖ xn − v ‖< ǫ .

◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ (xn)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ v ❡ ❞❡♥♦t❛♠♦s xn → v ♦✉ lim
n→∞

xn = v✳

❈♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✿ ❙❡❥❛♠ (xn)n∈N ❡ (yn)n∈N s❡q✉ê♥❝✐❛s ❡♠ ✉♠ ❡s♣❛ç♦

♣ré✲❤✐❧❜❡rt✐❛♥♦✳ ❙❡ xn → x ❡ yn → y✱ ❡♥tã♦ < xn, yn > → < x, y >✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❉✐③❡♠♦s q✉❡ ❞♦✐s ✈❡t♦r❡s x, y ❞❡ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦ ❱ sã♦ ♦rt♦❣♦♥❛✐s✱

s❡ < x, y >= 0✳ ◆❡ss❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s x⊥y✳ ❙❡❥❛♠ x ∈ V ❡ A ⊆ V ✳ ❉✐③❡♠♦s q✉❡ x é

♦rt♦❣♦♥❛❧ ❛ A✱ s❡ x⊥a ,∀a ∈ A✳ ◆❡ss❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s x⊥A✳ ❉❡♥♦t❛♠♦s ♣♦r A⊥ ♦ ❝♦♥❥✉♥t♦

A⊥ = {x ∈ V : x⊥A}.

❖❜s❡r✈❛çã♦✿ ❉❡❝♦rr❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♦ s❡❣✉✐♥t❡ ❢❛t♦✿ s❡❥❛ (xn)n∈N ✉♠❛

s❡q✉ê♥❝✐❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦ V ❡ y ∈ V ✳ ❙❡ xn⊥y , ∀n ∈ N ❡ xn → x✱ ❡♥tã♦ x⊥y✳

❆ss✐♠✱ s❡ A é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦✱ ❡♥tã♦ A⊥ é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

❢❡❝❤❛❞♦ ❡♠ V ✳

❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✿ ❙❡❥❛♠ x, y ✈❡t♦r❡s ❞❡ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦ ❱✳ ❙❡ x⊥y✱ ❡♥tã♦

‖ x + y ‖2=‖ x ‖2 + ‖ y ‖2 .

✻



❖❜s❡r✈❡ q✉❡ ❛ r❡❝í♣r♦❝❛ ❞♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s é ✈❡r❞❛❞❡✐r❛ s❡ V é ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ ♦

❝♦r♣♦ R✳

❊①❡♠♣❧♦✿ ❉❡✜♥❛ ❡♠ C ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✱ ♦✉ s❡❥❛✱

< x, y >= x.ȳ , ∀x, y ∈ C .

❙❡ x = 1 ❡ y = i✱ ❡♥tã♦ x ♥ã♦ é ♦rt♦❣♦♥❛❧ ❛ y✱ ♠❛s

‖ x + y ‖2=‖ x ‖2 + ‖ y ‖2 .

P♦rt❛♥t♦✱ s♦❜r❡ ♦ ❝♦r♣♦ C ❛ r❡❝í♣r♦❝❛ ❞♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❙❡❥❛ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❉✐③❡♠♦s q✉❡ (xn)n∈N é

s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ s❡ s❛t✐s❢❛③✿

∀ǫ > 0,∃N(ǫ) ∈ N t❛❧ q✉❡ m, n ≥ N(ǫ) ⇒‖ xn − xm ‖< ǫ✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ V ✳ ❙❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②

❞❡ ❡❧❡♠❡♥t♦s ❞❡ A ❝♦♥✈❡r❣✐r ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ❝♦♠♣❧❡t♦✳ ❙❡ V é

✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦ ❝♦♠♣❧❡t♦✱ ❞✐③❡♠♦s q✉❡ V é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ V ✳

❛✮ ❙❡ V é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦✱ ❡♥tã♦ A é ❝♦♠♣❧❡t♦ s❡ ❡ s♦♠❡♥t❡ s❡ A é ❢❡❝❤❛❞♦✳

❜✮ ❙❡ V t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ V é ❝♦♠♣❧❡t♦✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛♠♦s ♦ t❡♦r❡♠❛ ❞❛ ♣r♦❥❡çã♦✱ q✉❡ s❡rá ✉♠ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❞❡s❡♥✈♦❧✈✐✲

♠❡♥t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦✿ ❙❡❥❛ W ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢❡❝❤❛❞♦ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt V ✳

❙❡ v ∈ V ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ w ∈ W q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❡q✉✐✈❛❧❡♥t❡s✿

✶✮‖ v − w ‖≤‖ v − u ‖ , ∀u ∈ W .

✷✮(v − w)⊥W .

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ t❡♦r❡♠❛ ❞❛ ♣r♦❥❡çã♦✱ t❡♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s✿

✼



Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ W ⊆ H ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦✳

❛✮ P❛r❛ ❝❛❞❛ x ∈ H✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ x0 ∈ (x + W ) ❞❡ ♥♦r♠❛ ♠í♥✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ x0 ∈ W⊥✳

❜✮ V = W ⊕ W⊥ ❡ W = (W⊥)⊥ .

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛♠ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt V ❡ v ∈ V ✳ ❙❡ ❡①✐st✐r w ∈ W

t❛❧ q✉❡ (v − w)⊥W ✱ ❞✐③❡♠♦s q✉❡ w é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ v s♦❜r❡ W ✳ ❉❡♥♦t❛r❡♠♦s ❡ss❛

♣r♦❥❡çã♦ ♣♦r projW (v) = w✳

Pr♦♣♦s✐çã♦ ✶✳✽✳ ❙❡❥❛♠ U ❡ V s✉❜❡s♣❛ç♦s ❢❡❝❤❛❞♦s ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ t❛✐s q✉❡ U +V

é ❢❡❝❤❛❞♦✳ ❙❡ W é ♦ s✉❜❡s♣❛ç♦ q✉❡ s❛t✐s❢❛③ W⊥U ❡ W ⊕ U = U + V ✱ ❡♥tã♦

projU+V (h) = projU(h) + projW (h) , ∀h ∈ H .

❆ ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡ss❛ s❡çã♦✱ ❡♥❝♦♥tr❛♠✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✺❪✳

✶✳✷ ❊q✉❛çõ❡s ◆♦r♠❛✐s

❆ s❡❣✉✐r✱ ✐♥tr♦❞✉③✐♠♦s ❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s

♥♦ t❡①t♦✳ P❛r❛ ❛ ❢❛❝✐❧✐❞❛❞❡ ❞♦ ❧❡✐t♦r✱ ♣r♦✈❛r❡♠♦s ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛♠ v1, ..., vn ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦✳ ❆ ♠❛tr✐③ ❞❡ ♦r❞❡♠ ♥

(< vi, vj >)i,j =




< v1, v1 > < v1, v2 > · · · < v1, vn >

< v2, v1 > < v2, v2 > · · · < v2, vn >
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

< vn, v1 > < vn, v2 > · · · < vn, vn >




é ❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❞❡ v1, ..., vn✳ ❉❡♥♦t❛♠♦s ❡ss❛ ♠❛tr✐③ ♣♦r G(v1, ..., vn)✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ ❙❡❥❛♠ v1, ..., vn ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♣ré✲❤✐❧❜❡rt✐❛♥♦✳ ❊♥tã♦

det G(v1, ..., vn) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {v1, ..., vn} é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳

Pr♦✈❛✿ ❙❡ det G(v1, ..., vn) = 0✱ ❡♥tã♦ ❛s ❧✐♥❤❛s ❞❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦

❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳ ❆ss✐♠✱ ❡①✐st❡♠ ❡s❝❛❧❛r❡s ♥ã♦ t♦❞♦s ♥✉❧♦s α1, ..., αn t❛✐s q✉❡
n∑

i=1

αi < vi, vj >= 0 , ∀j ∈ {1, ..., n}

✽



❉✐ss♦✱ s❡❣✉❡ q✉❡
n∑

j=1

ᾱj.

(
n∑

i=1

αi < vi, vj >

)
= 0 .

❖✉ s❡❥❛✱ ‖
n∑

i=1

αi.vi ‖2= 0✳ ❆ss✐♠✱
n∑

i=1

αi.vi = 0 ❡ ♦ ❝♦♥❥✉♥t♦ {v1, ..., vn} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥✲

❞❡♥t❡✳

❆❣♦r❛✱ ❛ss✉♠❛ q✉❡ {v1, ..., vn} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳ P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ v1 é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ v2, ..., vn✳❆ss✐♠✱ t❡♠♦s q✉❡ ❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛

♠❛tr✐③ G(v1, ..., vn) é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s ❧✐♥❤❛s r❡st❛♥t❡s✳ ▲♦❣♦✱ det G(v1, ..., vn) = 0 . �

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ v1, ..., vn ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✳ ❉❡♥♦t❡ ♣♦r V ♦

s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v1, ..., vn✳ ❙❡ h ∈ H✱ ❡♥tã♦ projV (h) =
n∑

i=1

αi.vi✱ ♦♥❞❡ α1, ..., αn sã♦

❡s❝❛❧❛r❡s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s

G(v1, ..., vn)t.




α1

α2

✳✳✳

αn




=




< h, v1 >

< h, v2 >
✳✳✳

< h, vn >




. (∗)

Pr♦✈❛✿ ❙❡❥❛♠ α1, ..., αn ❡s❝❛❧❛r❡s t❛✐s q✉❡

projV (h) =
n∑

i=1

αi.vi .

❉♦ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦ s❡❣✉❡♠ ❛s ❡q✉✐✈❛❧ê♥❝✐❛s✿

projV (h) =
n∑

i=1

αi.vi ⇐⇒
(

h −
n∑

i=1

αi.vi

)
⊥V ⇐⇒

(
h −

n∑

i=1

αi.vi

)
⊥vj , ∀j ∈ {1, ..., n} ⇐⇒

⇐⇒
n∑

i=1

αi. < vi, vj >=< h, vj > , ∀j ∈ {1, ..., n} ⇐⇒

⇐⇒ G(v1, ..., vn)t.




α1

α2

✳✳✳

αn




=




< h, v1 >

< h, v2 >
✳✳✳

< h, vn >




. �

❖❜s❡r✈❛çã♦ ✿ ❆s ❡q✉❛çõ❡s ❡♠ (∗) sã♦ ❞❡♥♦♠✐♥❛❞❛s ✧❡q✉❛çõ❡s ♥♦r♠❛✐s ✧✳

✾



❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❥❛ {v1, ..., vn} ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡

❍✐❧❜❡rt H✳ ❋✐①❛❞♦s ❡s❝❛❧❛r❡s a1, ..., an✱ ♦ ❝♦♥❥✉♥t♦

T = {x ∈ H : < x, vi >= ai , ∀i ∈ {1, ..., n}}

♣♦ss✉✐ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ v ❞❡ ♥♦r♠❛ ♠í♥✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ v =
n∑

i=1

αi.vi ✱ ♦♥❞❡




α1

α2

✳✳✳

αn




= (Gt)−1.




a1

a2

✳✳✳

an




❡ G = G(v1, ..., vn) é ❛ ♠❛tr✐③ ❞❡ ●r❛♠✳

Pr♦✈❛✿ ❉❡♥♦t❡ ♣♦r V ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v1, ..., vn✳ Pr✐♠❡✐r♦ ❞❡♠♦♥str❛r❡♠♦s q✉❡ ❡①✐st❡

✉♠ ú♥✐❝♦ v ∈ V ♣❡rt❡♥❝❡♥t❡ ❛ T ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✵✱ t❡♠♦s q✉❡ G é ✐♥✈❡rtí✈❡❧✳ ❆ss✐♠✱

❡①✐st❡♠ ú♥✐❝♦s ❡s❝❛❧❛r❡s α1, ..., αn t❛✐s q✉❡

Gt.




α1

α2

✳✳✳

αn




=




a1

a2

✳✳✳

an




.

▲♦❣♦✱ v =
n∑

i=1

αi.vi é ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ♣❡rt❡♥❝❡♥t❡ ❛ V ∩ T ✳ Pr♦✈❡♠♦s q✉❡ v + V ⊥ = T ✳ ❉❡

❢❛t♦✱ s❡ u ∈ V ⊥✱ ❡♥tã♦

< v + u, vi >=< v, vi >= ai , ∀i ∈ {1, ..., n} .

▲♦❣♦✱ v + V ⊥ ⊆ T ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ x ∈ T ✳ ❈♦♠♦ H é ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ t❡♠♦s q✉❡

H = V ⊕ V ⊥ ❡ ♣♦rt❛♥t♦ ❡①✐st❡♠ w ∈ V ❡ u ∈ V ⊥ t❛✐s q✉❡ w + u = x✳ ❉❛ ❡①♣r❡ssã♦

ai =< x, vi >=< w, vi > , ∀i ∈ {1, ..., n}

s❡❣✉❡ q✉❡ w ∈ T ∩ V ✳ ▲♦❣♦✱ w = v ❡ T ⊆ (v + V ⊥)✳

❯♠❛ ✈❡③ q✉❡ v + V ⊥ = T ✱ t❡♠♦s ♣♦r ♣r♦♣r✐❡❞❛❞❡s ✭ ít❡♠ ✭❛✮ ❞❛ ♣á❣✐♥❛ ✽✮ q✉❡ ♦ ❡❧❡♠❡♥t♦ ❞❡

♥♦r♠❛ ♠í♥✐♠❛ ❞❡ T ♣❡rt❡♥❝❡ ❛ (V ⊥)⊥✳ ❈♦♠♦ (V ⊥)⊥ = V ✱ ♦ ❡❧❡♠❡♥t♦ ❞❡ ♥♦r♠❛ ♠í♥✐♠❛ ❞❡ T

é v✳ �

✶✵



✶✳✸ ◆♦çõ❡s ❞❡ ▼❡❞✐❞❛ ❡ ■♥t❡❣r❛çã♦

✃st❡ ♣❛rá❣r❛❢♦✱ ❝♦♠ ♥♦çõ❡s ❞❛ t❡♦r✐❛ ❞❡ ■♥t❡❣r❛çã♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♥ã♦ s♦♠❡♥t❡ ♣♦rq✉❡ ♦s

♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s q✉❡ s❡rã♦ ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ✭❡s♣❡r❛♥ç❛✱ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ✈❛r✐â♥❝✐❛ ❡

♦✉tr♦s✮ ❞❡♣❡♥❞❡♠ ❞❛ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡ ♠❛s t❛♠❜é♠ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❯♠❛ ❢❛♠í❧✐❛ Λ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ Ω é ✉♠❛ σ✲á❧❣❡❜r❛✱ s❡ s❛t✐s❢❛③✿

❛✮ ∅ , Ω ∈ Λ .

❜✮ ❙❡ B ∈ Λ✱ ❡♥tã♦ ♦ ❝♦♠♣❧❡♠❡♥t❛r Bc = Ω − B ♣❡rt❡♥❝❡ ❛ Λ✳

❝✮ ❙❡ (Bn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Λ✱ ❡♥tã♦

(
∞⋃

n=1

Bn

)
∈ Λ .

◆❡ss❡ ❝❛s♦✱ s❡ B ∈ Λ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ B é Λ✲♠❡♥s✉rá✈❡❧✳

❙❡❥❛ Λ 6= ∅ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω ❡ A ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ Ω✳ ❖❜s❡r✈❡

q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞❛s ❛s σ✲á❧❣❡❜r❛s q✉❡ ❝♦♥té♠ A é ❛ ♠❡♥♦r σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡

Ω q✉❡ ❝♦♥té♠ A✳ ❊ss❛ ♠❡♥♦r σ✲á❧❣❡❜r❛ é ❝❤❛♠❛❞❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r A✳

❉✐❛♥t❡ ❞❡ss❡ ❢❛t♦✱ s❡❥❛ Ω ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s R✳ ❆ ✧á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ✧ é ❛

σ✲á❧❣❡❜r❛ β(R) ❣❡r❛❞❛ ♣♦r t♦❞♦s ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s (a, b) ❞❡ R✳ ◆❡ss❡ ❝❛s♦✱ s❡ B ∈ β(R)✱

❞✐③❡♠♦s q✉❡ B é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❇♦r❡❧✳ ❊♠ ❣❡r❛❧✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❆ ♠❡♥♦r σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ R
n q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s

❛❜❡rt♦s é ❝❤❛♠❛❞❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ❊❧❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r β(Rn) ❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❡♠

β(Rn) s❡rá ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❇♦r❡❧✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ Λ ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω✳ ❯♠❛ ❢✉♥çã♦ µ : Λ → R ✱♦♥❞❡

R = R ∪ {−∞, +∞}✱ é ✉♠❛ ♠❡❞✐❞❛ s❡ s❛t✐s❢❛③✿

❛✮µ(∅) = 0 .

❜✮ µ(B) ≥ 0 , ∀B ∈ Λ .

❝✮ µ é ❛❞✐t✐✈❛ ❝♦♥tá✈❡❧✿ s❡ (Bn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞✐s❥✉♥t❛ (Bn ∩ Bm = ∅ se n 6= m)✱ ❡♥tã♦

µ

(
∞⋃

n=1

Bn

)
=

∞∑

n=1

µ(Bn) .

✶✶



◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ (Ω, Λ, µ) é ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳

❉✐③❡♠♦s ❛✐♥❞❛✱ µ é ✉♠❛ ♠❡❞✐❞❛ σ✲✜♥✐t❛✱ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Bn)n∈N ❡♠ Λ t❛❧ q✉❡

µ(Bn) 6= +∞ ,∀n ∈ N e Ω =
∞⋃

n=1

Bn .

❯♠ ❡①❡♠♣❧♦ ❞❡ ♠❡❞✐❞❛ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥♦ ❞❡❝♦rr❡r ❞❛ ❞✐ss❡rt❛çã♦ é ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡

λ : β(R) → R q✉❡ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

λ((a, b)) = b − a

♣❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ (a, b) ❞❡ R✳

❆s ♣r♦♣r✐❡❞❛❞❡s ❛❜❛✐①♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ t❡①t♦✱ s✉❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s

♥❛ ♣á❣✐♥❛ ✷✶ ❞❛ r❡❢❡rê♥❝✐❛ ❬✶❪✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛ (Ω, Λ, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳

✶✮ ❙❡ A, B ∈ Λ ❡ A ⊆ B✱ ❡♥tã♦ µ(A) ≤ µ(B)✳ ❆❧é♠ ❞✐ss♦✱ s❡ µ(A) 6= +∞✱ ❡♥tã♦

µ(B − A) = µ(B) − µ(A) .

✷✮ ❙❡ (Bn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❡♠ Λ (Bn ⊆ Bn+1 , ∀n ∈ N)✱ ❡♥tã♦

lim
n→∞

µ(Bn) = µ

(
∞⋃

n=1

Bn

)
.

✸✮ ❙❡ (Bn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❡♠ Λ (Bn ⊇ Bn+1 , ∀n ∈ N) ❡ µ(B1) 6= +∞✱ ❡♥tã♦

lim
n→∞

µ(Bn) = µ

(
∞⋂

n=1

Bn

)
.

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ Λ ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ Ω✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ X : Ω → R

é Λ✲♠❡♥s✉rá✈❡❧ (♦✉ s✐♠♣❧❡s♠❡♥t❡✱ ♠❡♥s✉rá✈❡❧) s❡

[X ≤ x] = {t ∈ Ω : X(t) ≤ x}

♣❡rt❡♥❝❡ ❛ Λ ♣❛r❛ t♦❞♦ x ∈ R✳ ❙❡ X é ♠❡♥s✉rá✈❡❧✱ ♦♥❞❡ Ω = R ❡ Λ = β(Rn)✱ ❡♥tã♦ ❞✐③❡♠♦s

q✉❡ X é ❇♦r❡❧✲♠❡♥s✉rá✈❡❧✳

❙❡❥❛♠ X ❡ Y ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❡ c ∈ R✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛s ❢✉♥çõ❡s

c.X, X + Y, X.Y, |X|

✶✷



sã♦ ♠❡♥s✉rá✈❡✐s✳

❙❡❥❛ f : Ω → R ✉♠❛ ❢✉♥çã♦ s✐♠♣❧❡s✱ ♦✉ s❡❥❛✱ Img(f) = {f(t) : t ∈ Ω} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❉❡♥♦t❡ Img(f) = {a1, ..., an} ✳ P❛r❛ ❝❛❞❛ i ∈ {1, ..., n} ❞❡✜♥❛ Bi = f−1(ai)✳ ❉✐③❡♠♦s q✉❡

n∑

i=1

ai.χBi

é ❛ r❡♣r❡s❡♥t❛çã♦ ♣❛❞rã♦ ❞❡ f ✳

▲❡♠❜r❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ A ✱ χA : Ω → R ✱ é ❞❡✜♥✐❞❛ ♣♦r

χA(x) = 1 s❡ x ∈ A

χA(x) = 0 s❡ x /∈ A

❉❡✐①❛♠♦s ❛ ❝❛r❣♦ ❞♦ ❧❡✐t♦r ❛ ✈❡r✐✜❝❛çã♦ ❞♦ s❡❣✉✐♥t❡ ❢❛t♦✿ s❡ X é ♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s s✐♠♣❧❡s (Xn)n∈N ♠❡♥s✉rá✈❡✐s t❛✐s q✉❡ |Xn| ≤ |Xn+1| ≤ |X| , ∀n ∈ N

❡ lim
n→∞

Xn = X✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❙❡❥❛♠ (Ω, Λ, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ f ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛

(f(t) ≥ 0 , ∀t ∈ Ω)✳ ❙❡ f é s✐♠♣❧❡s✱ ❡♥tã♦ ❛ ✐♥t❡❣r❛❧ ❞❡ f ❝♦♠ r❡❧❛çã♦ ❛ µ é ♦ ♥ú♠❡r♦

∫

Ω

fdµ =
n∑

i=1

ai.µ(Bi) ,

♦♥❞❡ f =
n∑

i=1

ai.χBi
é ❛ r❡♣r❡s❡♥t❛çã♦ ♣❛❞rã♦ ❞❡ f ✳

❙❡ X é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❞❡✜♥✐♠♦s ❛ ✐♥t❡❣r❛❧ ❞❡ X ❝♦♠ r❡s♣❡✐t♦ ❛ µ

♣♦r ∫

Ω

Xdµ = sup{
∫

Ω

fdµ : 0 ≤ f ≤ X e f ∈ MS} ,

♦♥❞❡ MS é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s Λ✲♠❡♥s✉rá✈❡✐s s✐♠♣❧❡s✳

❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛✿ ❙❡❥❛ (Xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ❢✉♥çõ❡s

✭Xn(t) ≤ Xn+1(t) , ∀t ∈ Ω , ∀n ∈ N ✮ Λ✲♠❡♥s✉rá✈❡✐s ♥ã♦ ♥❡❣❛t✐✈❛s✳ ❙❡ (Xn)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛

X✱ ❡♥tã♦ ∫

Ω

Xdµ = lim
n→∞

∫

Ω

Xndµ .

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪ ♥❛ ♣á❣✐♥❛ ✸✶✳

✶✸



❖❜s❡r✈❛çã♦✿ ◆♦ ❞❡❝♦rr❡r ❞❛ ❞✐ss❡rt❛çã♦✱ ✉s❛r❡♠♦s ❛♣❡♥❛s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✧♣♦♥t✉❛❧ ✧❞❡ ❢✉♥çõ❡s✱

✐st♦ é✱ (Xn)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ X s❡

lim
n→∞

Xn(t) = X(t) , ∀t ∈ Ω .

❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f ♥ã♦ ♥❡❣❛t✐✈❛✱ ♦❜s❡r✈❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡
∫

Ω
fdµ = +∞ ♣♦❞❡

❡♠ ❝❡rt♦s ❝❛s♦s ❛♣❛r❡❝❡r✳ ❆ss✐♠✱ ♣❛r❛ ❞❡✜♥✐r ❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ X q✉❛❧q✉❡r✱

é ♥❡❝❡ssár✐♦ ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✿ s❡❥❛♠ X+ ❡ X− ❛s ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❞❡✜♥✐❞❛s ♣♦r

X+(t) =♠á①{X(t), 0} , ∀t ∈ Ω.

X−(t) =♠á①{−X(t), 0} , ∀t ∈ Ω.

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❙❡❥❛♠ (Ω, Λ, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ X ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✳ ❉✐③❡♠♦s

q✉❡ X é ✐♥t❡❣rá✈❡❧ s❡ ∫

Ω

X+dµ 6= +∞ e

∫

Ω

X−dµ 6= +∞.

◆❡ss❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ❛ ✐♥t❡❣r❛❧ ❞❡ X ❝♦♠ r❡s♣❡✐t♦ ❛ µ ♣♦r

∫

Ω

Xdµ =

(∫

Ω

X+dµ

)
−
(∫

Ω

X−dµ

)
.

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X ❡ Y ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s ❡ α ✉♠ ❡s❝❛❧❛r r❡❛❧✳

✶✮ X + Y é ✐♥t❡❣rá✈❡❧ ❡ ∫

Ω

X + Y dµ =

∫

Ω

Xdµ +

∫

Ω

Y dµ.

✷✮ α✳❳ é ✐♥t❡❣rá✈❡❧ ❡ ∫

Ω

α.Xdµ = α.

∫

Ω

Xdµ.

❊ss❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡❝♦rr❡♠ ❢❛❝✐❧♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✐♥t❡❣r❛❧✳

❙❡ X é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❡ B ∈ Λ✱ ❡♥tã♦ X.χB é ✐♥t❡❣rá✈❡❧ ❡ ❛ss✐♠ ❞❡✜♥✐♠♦s

∫

B

Xdµ =

∫

Ω

X.χB dµ .

❋✐①❛❞♦ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (Ω, Λ, µ)✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❝❡rt❛ ♣r♦♣♦s✐çã♦ ✈❛❧❡ µ✲q✉❛s❡

s❡♠♣r❡✱ s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ N ∈ Λ ❝♦♠ µ(N) = 0 t❛❧ q✉❡ ❛ ♣r♦♣♦s✐çã♦ ✈❛❧❡ s♦❜r❡ ♦

✶✹



❝♦♠♣❧❡♠❡♥t♦ N c✳ P♦r ❡①❡♠♣❧♦✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (Xn)n∈N Λ✲♠❡♥s✉rá✈❡✐s

❝♦♥✈❡r❣❡ µ ✲q✉❛s❡ s❡♠♣r❡ ♣❛r❛ X✱ s❡ ❡①✐st❡ ❝♦♥❥✉♥t♦ N ∈ Λ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ t❛❧ q✉❡

X(t) = lim
n→∞

Xn(t) , ∀t ∈ N c .

P♦r ❝♦♠♦❞✐❞❛❞❡✱ ♦ t❡r♠♦ µ✲q✉❛s❡ s❡♠♣r❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r µ✲q✳s✳

❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✿ ❙❡❥❛ (Xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s q✉❡ ❝♦♥✈❡r❣❡ µ✲q✳s ♣❛r❛ ✉♠❛ ❢✉♥çã♦ X✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧

Y t❛❧ q✉❡ |Xn| ≤ Y ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ X é ✐♥t❡❣rá✈❡❧ ❡

∫

Ω

Xdµ = lim
n→∞

∫

Ω

Xndµ .

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪ ♥❛ ♣á❣✐♥❛ ✹✹✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ p ✉♠ ♥ú♠❡r♦ r❡❛❧ t❛❧ q✉❡ 1 ≤ p < +∞ ✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ❢✉♥çõ❡s

Λ✲♠❡♥s✉rá✈❡✐s f ❡ g sã♦ µ✲❡q✉✐✈❛❧❡♥t❡s✱ s❡ f = g µ−q.s✳ ❆ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡t❡r♠✐♥❛❞❛

♣♦r ✉♠❛ ❢✉♥çã♦ f é ✐♥❞✐❝❛❞❛ ♣♦r [f ] ❡ ❝♦♥s✐st❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s

µ✲❡q✉✐✈❛❧❡♥t❡s ❛ f ✳ ❖ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s [f ] t❛❧ q✉❡ |f |p é ✐♥t❡❣rá✈❡❧ é ❞❡♥♦t❛❞♦ ♣♦r

Lp = Lp(Ω, Λ, µ)✳ ❉❡✜♥✐♠♦s ❛ ♥♦r♠❛ ‖ ‖p s♦❜r❡ Lp ♣♦r

‖[f ]‖p =

(∫

Ω

|f |pdµ

) 1

p

.

➱ ❝♦♥✈❡♥✐❡♥t❡ tr❛t❛r ♦s ❡❧❡♠❡♥t♦s ❞❡ Lp ❝♦♠♦ ❢✉♥çõ❡s✳ ❆ss✐♠✱ ❞❡✈❡♠♦s ♥♦s r❡❢❡r✐r ❛ ❝❧❛ss❡ [f ]

❝♦♠♦ s❡♥❞♦ ♦ ✧❡❧❡♠❡♥t♦ f ❞❡ Lp ✧✳

❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✿ ❙❡❥❛♠ f ∈ Lp ❡ g ∈ Lq ✳ ❙❡
1

p
+

1

q
= 1✱ ❡♥tã♦ f.g ∈ L1 ❡

‖ f.g ‖
1
≤ ‖ f ‖p . ‖ g ‖q .

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪ ♥❛ ♣á❣✐♥❛ ✺✻✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ µ ❡ ν ♠❡❞✐❞❛s s♦❜r❡ ✉♠❛ σ✲á❧❣❡❜r❛ Λ✳ ❙❡ t♦❞♦ B ∈ Λ✱ q✉❡ s❛t✐s❢❛③

µ(B) = 0✱ ✐♠♣❧✐❝❛r ❡♠ ν(B) = 0✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ν é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ ❛

µ✳ ◆❡ss❡ ❝❛s♦ ❞❡♥♦t❛♠♦s ν ≪ µ✳

✶✺



Pr♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ✉t✐❧✐③❛❞❛s ♥♦ t❡①t♦✱ ❞❡♣❡♥❞❡♠ ❞♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠✿ ❙❡❥❛♠ µ ❡ ν ♠❡❞✐❞❛s σ✲✜♥✐t❛s✳ ❙❡ ν ≪ µ ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

ν(B) =

∫

B

fdµ , ∀B ∈ Λ .

❆ ❢✉♥çã♦ f é ❝❤❛♠❛❞❛ ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ ν ❡♠ r❡❧❛çã♦ ❛ µ ❡ é ❞❡♥♦t❛❞❛

♣♦r
dν

dµ
✳ ❙❡ f ❡ g sã♦ ❞✉❛s ❞❡r✐✈❛❞❛s ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ ν ❡♠ r❡❧❛çã♦ ❛ µ✱ ❡♥tã♦ f = g µ−q.s✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪ ♥❛ ♣á❣✐♥❛ ✽✺✳

❚❡♦r❡♠❛ ✶✳✷✶✳ ✭▼❡❞✐❞❛ Pr♦❞✉t♦✮ ❙❡❥❛♠ (Ω1, Λ1, µ1), ..., (Ωn, Λn, µn) ❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛s σ✲

✜♥✐t❛s✳ ❙❡ Λ é ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r t♦❞♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ A1 × ... × An ❝♦♠ Ai ∈ Λi✱

❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❡❞✐❞❛ µ ❞❡✜♥✐❞❛ s♦❜r❡ Λ t❛❧ q✉❡

µ(A1 × ... × An) = µ1(A1).µ2(A2). ... .µn(An) , ∀Aj ∈ Λj .

❉❡♥♦t❛♠♦s µ = µ1 × ... × µn ❡ ❞✐③❡♠♦s q✉❡ µ é ✉♠❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸❪ ♥❛ ♣á❣✐♥❛ ✶✵✻✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠♣♦rt❛♥t❡ ❞❡st❡ t❡♦r❡♠❛ é ❛ ❝♦✐♥❝✐❞ê♥❝✐❛ ❞❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ λn

s♦❜r❡ β(Rn) ❝♦♠ ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ λ × ... × λ s♦❜r❡ β(Rn)✱ ♦♥❞❡ λ é ❛

♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ s♦❜r❡ β(R)✳

❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ✿ ❙❡❥❛♠ (Ω1, Λ1, µ1) ❡ (Ω2, Λ2, µ2) ❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛ σ✲✜♥✐t♦s✳ ❙❡

f : Ω1 × Ω2 → R é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❝♦♠ r❡s♣❡✐t♦ ❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ µ1 × µ2✱ ❡♥tã♦

∫

Ω1×Ω2

fd(µ1 × µ2) =

∫

Ω1

(∫

Ω2

f(x, y)dµ2(y)

)
dµ1(x) =

∫

Ω2

(∫

Ω1

f(x, y)dµ1(x)

)
dµ2(y)

❆q✉✐
∫

Ω1

f(x, y)dµ1(x) é ❞❡✜♥✐❞❛ ♣❛r❛ µ2✲q✉❛s❡ t♦❞♦ y ❡
∫

Ω2

f(x, y)dµ2(y) é ❞❡✜♥✐❞❛ ♣❛r❛

µ1✲q✉❛s❡ t♦❞♦ x✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸❪ ♥❛ ♣á❣✐♥❛ ✶✵✹✳

✶✻



❈❛♣ít✉❧♦ ✷

◆♦çõ❡s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ♥♦çõ❡s ❜ás✐❝❛s ❞❛ ❚❡♦r✐❛ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡

❡ ❊st❛tíst✐❝❛ q✉❡ ♣❡r♠✐t❛♠ ❝♦♥❝❡✐t✉❛r ❝♦♠ ♣r❡❝✐sã♦ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧✳ ❉❡♥tr❡ ♦s ❝♦♥✲

❝❡✐t♦s ❝✐t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ❞♦ ❧❡✐t♦r ♣❛r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✧❊s♣❡r❛♥ç❛

❈♦♥❞✐❝✐♦♥❛❧ ✧ ✭s❡çã♦ ✷✳✹✮ q✉❡ s❡rá ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♣❛r❛ ♦ ❈❛♣ít✉❧♦ ✸✱ ♦♥❞❡ s❡rá ❡st✉✲

❞❛❞♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛✳

✷✳✶ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❋✉♥çã♦ ❞❡ ❉✐str✐❜✉✐çã♦ ❆❝✉♠✉❧❛❞❛

❙❡❥❛ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦ ❝♦♥❥✉♥t♦ Ω s❡rá ❝❤❛♠❛❞♦ ❞❡ ✧❡s♣❛ç♦

❛♠♦str❛❧ ✧✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ σ✲ á❧❣❡❜r❛ Λ s❡rã♦ ❞❡♥♦♠✐♥❛❞♦s ✧❡✈❡♥t♦s ❛❧❡❛tór✐♦s ✧ ❡ ✉♠❛

❢✉♥çã♦ X : Ω → R Λ✲♠❡♥s✉rá✈❡❧ s❡rá ❝❤❛♠❛❞❛ ❞❡ ✧ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ✧✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳ ❙❡ P (Ω) = 1✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ P é

✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ s♦❜r❡ Λ✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ (Ω, Λ, P ) é ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❯♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s ❞❡ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω, Λ, P ) ♣♦❞❡ s❡r✿

Ω = (0, 1) ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❞❡ R✳

Λ = β(0, 1) = {B ∩ (0, 1) : B ∈ β(R)} σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❡♠ (0, 1)✳

P ❂ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ r❡str✐t❛ ❛ Λ ✳

✶✼



❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛♠ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ B ∈ Λ ✉♠ ❡✈❡♥t♦ ❛❧❡❛tór✐♦✳ ❙❡

A ∈ Λ ❡ P (B) 6= 0 ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ♦ ♥ú♠❡r♦

P (A|B) =
P (A ∩ B)

P (B)
.

é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ A ❞❛❞♦ B✳ ❙❡ P (B) = 0✱ ❞❡✜♥✐♠♦s P (A|B) = 0✳

❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ P : Λ → R ❞❡✜♥✐❞❛ ♣♦r

P (A) = P (A|B) , ∀A ∈ Λ

é ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ s❡ P (B) 6= 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ sã♦

♠❛♥t✐❞❛s✱ ♣♦r ❡①❡♠♣❧♦✿

P (Ac|B) = 1 − P (A|B) .

❖❜s❡r✈❛çã♦✿ ◗✉❛♥❞♦ ♥ã♦ ♠❡♥❝✐♦♥❛r♠♦s ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❡st❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦

✉♠ ❡s♣❛ç♦ (Ω, Λ, P )✱ ♦♥❞❡ P é ✉♠❛ ♠❡❞✐❞❛ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❙❡❥❛ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❉✐③❡♠♦s q✉❡ T ⊆ Λ é ✉♠❛ ❢❛♠í❧✐❛

❞❡ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ s❡

P (A1 ∩ ... ∩ An) = P (A1). ... .P (An) , ∀A1, ..., An ∈ T , ∀n ∈ N.

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

✶✮ ❙❡ A ❡ B sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ Λ ❡ P (B) 6= 0✱ ❡♥tã♦

P (A) = P (A|B) .

✷✮ ❙❡ A1, ..., An sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tã♦ B1, ..., Bn sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♦♥❞❡

Bi = Ai ♦✉ Bi = Ac
i ♣❛r❛ t♦❞♦ i ∈ {1, ..., n}✳

Pr♦✈❛✿ ✶✮ ❉❛s ✐❣✉❛❧❞❛❞❡s P (A ∩ B) = P (B).P (A|B) ❡ P (A ∩ B) = P (B).P (A) ✱ s❡❣✉❡ q✉❡

P (A) = P (A|B)✳

✷✮Pr♦✈❡♠♦s q✉❡ A1, ..., An−1, A
c
n sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✿ s❡ i1, ..., ik ∈ {1, ..., n − 1}✱ ❡♥tã♦

♣♦r ❤✐♣ót❡s❡

P (Ai1 ∩ ... ∩ Aik) = P (Ai1). ... .P (Aik) .

✶✽



❆❣♦r❛✱ ❝♦♠♦ Ai1 ∩ ... ∩ Aik ∩ An ❡ Ai1 ∩ ... ∩ Aik ∩ Ac
n sã♦ ❡✈❡♥t♦s ❞✐s❥✉♥t♦s✱ ❝✉❥❛ ✉♥✐ã♦ é

Ai1 ∩ ... ∩ Aik ✱ t❡♠♦s q✉❡

P (Ai1 ∩ ... ∩ Aik ∩ Ac
n) + P (Ai1 ∩ ... ∩ Aik ∩ An) = P (Ai1 ∩ ... ∩ Aik) .

❆ss✐♠✱

P (Ai1 ∩ ... ∩ Aik ∩ Ac
n) = P (Ai1 ∩ ... ∩ Aik) − P (Ai1 ∩ ... ∩ Aik ∩ An) =

= P (Ai1). ... .P (Aik).(1 − P (An)) = P (Ai1). ... .P (Aik).P (Ac
n) .

❖✉ s❡❥❛✱ A1, ..., An−1, A
c
n sã♦ ❡✈❡♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆♣❧✐❝❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❡ss❡ r❡s✉❧t❛❞♦✱

t❡r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ít❡♠ ✷✮✳ �

❉❡✜♥✐çã♦ ✷✳✺✳ ❆ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X✱ r❡♣r❡s❡♥t❛❞❛

♣♦r FX ✱ é ❞❡✜♥✐❞❛ ♣♦r

FX(x) = P ([X ≤ x]),∀x ∈ R .

▲❡♠❜r❡♠♦s q✉❡ [X ≤ x] = {t ∈ Ω : X(t) ≤ x} .

Pr♦♣♦s✐çã♦ ✷✳✻✳ ❙❡ X é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✱ ❡♥tã♦ ❛ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❛❝✉♠✉❧❛❞❛ FX

s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ FX é ♥ã♦✲❞❡❝r❡s❝❡♥t❡✳

❜✮ ❙❡ (xn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❡♠ R✱ t❛❧ q✉❡ lim
n→∞

xn = +∞✱ ❡♥tã♦ lim
n→∞

FX(xn) = 1 .

❝✮ ❙❡ (xn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❡♠ R✱ t❛❧ q✉❡ lim
n→∞

xn = −∞✱ ❡♥tã♦ lim
n→∞

FX(xn) = 0.

❞✮ FX é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛ ✳

❡✮ ❉❛❞♦ x ∈ R✱ ❝♦♥s✐❞❡r❡ ♦ ❡✈❡♥t♦ ❛❧❡❛tór✐♦ [X = x] = {t ∈ Ω : X(t) = x}✳ ❙❡ P ([X = x]) = 0✱

❡♥tã♦ FX é ❝♦♥tí♥✉❛ ❡♠ x✳

Pr♦✈❛✿ ❛✮ ❙❡ x, y ∈ R ❡ x ≤ y✱ ❡♥tã♦ [X ≤ x] ⊆ [X ≤ y]✳ ❙❡❣✉❡ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ✭ ✭✶✮ ♥❛

♣á❣✐♥❛ ✶✷✮✱ q✉❡ FX(x) ≤ FX(y)✳ ❆ss✐♠✱ FX é ♥ã♦ ❞❡❝r❡s❝❡♥t❡✳

❜✮ ❈♦♠♦ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❡✈❡♥t♦s ([X ≤ xn])n∈N é ❝r❡s❝❡♥t❡✱ ❝♦♠ r❡❧❛çã♦ ❛ ✐♥❝❧✉sã♦✱ t❡♠♦s ♣♦r

♣r♦♣r✐❡❞❛❞❡s ✭ ✭✷✮ ❞❛ ♣á❣✐♥❛ ✶✷✮

lim
n→∞

FX(xn) = P

(
∞⋃

n=1

[X ≤ xn]

)
.

✶✾



❈♦♠♦
∞⋃

n=1

[X ≤ xn] = Ω✱ t❡♠♦s q✉❡

lim
n→∞

FX(xn) = P (Ω) = 1 .

❝✮❆ s❡q✉ê♥❝✐❛ ❞❡ ❡✈❡♥t♦s ([X ≤ xn])n∈N é ❞❡❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛ ✐♥❝❧✉sã♦ ❡
∞⋂

n=1

[X ≤ xn] = φ✳

▲♦❣♦✱ ♣♦r ♣r♦♣r✐❡❞❛❞❡s ✭ ✭✸✮ ❞❛ ♣á❣✐♥❛ ✶✷ ✮ s❡❣✉❡ q✉❡

lim
n→∞

FX(xn) = P

(
∞⋂

n=1

[X ≤ xn]

)
= P (φ) = 0 .

❞✮ ❉❛❞♦ x ∈ R✱ s❡❥❛ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❡♠ R✱ t❛❧ q✉❡ lim
n→∞

xn = x✳ ❈♦♠♦

∞⋂

n=1

[X ≤ xn] = [X ≤ x] ,

t❡♠♦s q✉❡ lim
n→∞

FX(xn) = P ([X ≤ x]) = FX(x)✳ ▲♦❣♦✱ FX é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛✳

❡✮ ❙❡❥❛ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❡♠ R✱ t❛❧ q✉❡ lim
n→∞

xn = x ❡ xn 6= x, ∀n ∈ N✳ P♦r

♣r♦♣r✐❡❞❛❞❡s ✭ ✭✸✮ ❞❛ ♣á❣✐♥❛ ✶✷ ✮✱ t❡♠♦s q✉❡

lim
n→∞

FX(xn) = P ([X < x]) ,

♦♥❞❡ [X < x] = {t ∈ ω : X(t) < x}✳ ❈♦♠♦ [X ≤ x] = [X < x] ∪ [X = x] t❡♠♦s q✉❡

FX(x) = P ([X < x]) + P ([X = x]) = lim
n→∞

FX(xn) .

❆ss✐♠ FX é ❝♦♥tí♥✉❛ à ❡sq✉❡r❞❛ ❞❡ ①✳ P❡❧♦ ít❡♠ ❞✮✱ FX é ❝♦♥tí♥✉❛ ❡♠ x✳ �

◆♦ ❝❛s♦ ❞❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✱ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❛❞♠✐t❡ ✉♠❛ ❢♦r♠❛ ❞❡ r❡❝í♣r♦❝❛✿

Pr♦♣♦s✐çã♦ ✷✳✼✳ ❙❡❥❛♠ Λ = β(Ω) ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ Ω = (0, 1) ❞❡ R

❡ P ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ r❡str✐t❛ ❛ Λ✳ ❙❡ F : R → R é ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s

a) , b) , c) e d) ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X : Ω → R t❛❧ q✉❡

F = FX .

Pr♦✈❛✿ ❉❡✜♥❛ X : Ω → R ♣♦r

X(t) = inf{x ∈ R : F (x) ≥ t},∀t ∈ Ω .

❯♠❛ ✈❡③ q✉❡ X é ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ ❡❧❛ é ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❉❛❞♦ t ∈ Ω✱ ❞❡✜♥❛ X(t) = y✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ X✱ t♦♠❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ (xn)n∈N

t❛❧ q✉❡

✷✵



F (xn) ≥ t,∀n ∈ N ❡ lim
n→∞

xn = y .

❈♦♠♦ F é ❝♦♥tí♥✉❛ à ❞✐r❡✐t❛✱ t❡♠♦s q✉❡ lim
n→∞

F (xn) = F (y)✳ ▲♦❣♦✱ F (y) ≥ t✳ ❖✉ s❡❥❛✱ ♣r♦✈❛♠♦s

q✉❡ F (X(t)) ≥ t✱ ∀t ∈ Ω✳ ❆ss✐♠✱ ❝♦♠♦ F é ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ s❡❣✉❡ q✉❡

[X ≤ x] = {t ∈ Ω : F (x) ≥ t} = (0, F (x)],∀x ∈ R.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ P s❡❣✉❡

FX(x) = P ([X ≤ x]) = F (x),∀x ∈ R . �

✷✳✷ ❉✐str✐❜✉✐çã♦ ❞❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦

❉❡✜♥✐çã♦ ✷✳✽✳ ❙❡ X1, X2, ..., Xn sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❡✜♥✐❞❛s s♦❜r❡ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω, Λ, P )✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦ X : Ω → R
n ❞❛❞❛ ♣♦r X = (X1, X2, ..., Xn)

é ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ♠♦str❛ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ✈❡t♦r ❛❧❡❛tór✐♦ é ❝♦❡r❡♥t❡ ❝♦♠ ❛ ❞❡✜♥✐çã♦

❞❡ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ✭❞❡✜♥✐çã♦ ✶✳✶✻✮✳

Pr♦♣♦s✐çã♦ ✷✳✾✳ ❯♠❛ ❢✉♥çã♦ X : Ω → R
n é ✈❡t♦r ❛❧❡❛tór✐♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❝♦♥❥✉♥t♦

[X ∈ D] = {t ∈ Ω : X(t) ∈ D}

é ❡✈❡♥t♦ ❛❧❡❛tór✐♦✱ ♣❛r❛ t♦❞♦ D ∈ β(Rn)✳

Pr♦✈❛✿ ❉❛❞♦ x ∈ R✱ t❡♠♦s q✉❡ D = (−∞, x] × R × R × ... × R ♣❡rt❡♥❝❡ ❛ á❧❣❡❜r❛ ❞❡ ❇♦r❡❧

β(Rn) ❡ [X ∈ D] = [X1 ≤ x]✳ ❆ss✐♠✱ s❡ [X ∈ B] é ❡✈❡♥t♦ ❛❧❡❛tór✐♦ ♣❛r❛ t♦❞♦ B ∈ β(Rn)✱ ❡♥tã♦

[X1 ≤ x] é ❡✈❡♥t♦ ❛❧❡❛tór✐♦✱ ∀x ∈ R ✳▲♦❣♦✱ X1 é ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣r♦✈❛✲s❡

q✉❡ X2, X3, ..., Xn sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ X s❡❥❛ ✈❡t♦r ❛❧❡❛tór✐♦✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ❝♦♥❥✉♥t♦

Γ = {D : D ⊂ R
n ❡ [X ∈ D] ∈ Λ}

é ✉♠❛ σ ✲á❧❣❡❜r❛✳ ❯♠❛ ✈❡③ q✉❡ X é ✈❡t♦r ❛❧❡❛tór✐♦✱ t❡♠♦s q✉❡

(−∞, a1] × ... × (−∞, an] ∈ Γ,∀a1, ..., an ∈ R.
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❈♦♠♦ β(Rn) t❛♠❜é♠ é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{(−∞, a1] × ... × (−∞, an] : a1, ..., an ∈ R} ,

t❡♠♦s q✉❡ β(Rn) ⊂ Γ✳ ❆ss✐♠✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Γ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❆ ❞✐str✐❜✉✐çã♦ ❞❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ X : Ω → R
n é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ PX

❞❡✜♥✐❞❛ s♦❜r❡ β(Rn) ❞❛❞❛ ♣♦r

PX(B) = P ([X ∈ B]) , B ∈ β(Rn) .

❉❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ PX ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ P é ✉♠❛ ♣r♦❜❛❜✐✲

❧✐❞❛❞❡✱ t❡♠♦s q✉❡ PX t❛♠❜é♠ é ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

◆♦✈♦s ✈❡t♦r❡s ❛❧❡❛tór✐♦s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ X ❞❛❞♦✱

❝♦♥❢♦r♠❡ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✶✳ ❙❡❥❛ X : Ω → R
n ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦✳ ❙❡ g : R

n → R
m é ✉♠❛ ❢✉♥çã♦ q✉❡

s❛t✐s❢❛③

g−1(D) ∈ β(Rn),∀D ∈ β(Rm) ,

❡♥tã♦ g ◦ X é ✈❡t♦r ❛❧❡❛tór✐♦ ❡ s✉❛ ❞✐str✐❜✉✐çã♦ é ❞❛❞❛ ♣♦r

Pg◦X = PX ◦ g−1 .

Pr♦✈❛✿ ❙❡ D ∈ β(Rm)✱ ❡♥tã♦ [g ◦ X ∈ D] = X−1(g−1(D)) ✳ ❆ss✐♠✱ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱

t❡♠♦s q✉❡ g ◦ X é ✈❡t♦r ❛❧❡❛tór✐♦✳ ❆❣♦r❛✱ ❛ ❞✐str✐❜✉✐çã♦ Pg◦X s❛t✐s❢❛③ ✿

Pg◦X(D) = P (X−1(g−1(D))) = P ([X ∈ g−1(D)]) = PX(g−1(D)),∀D ∈ β(Rm) .

▲♦❣♦✱ Pg◦X = PX ◦ g−1 . �

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❆s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s X1, X2, ..., Xn sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱ s❡ s❛t✐s❢❛③❡♠

P (X1 ∈ B1, X2 ∈ B2, ..., Xn ∈ Bn) =
n∏

i=1

P (Xi ∈ Bi),∀B1, ..., Bn ∈ β(R) ,

♦♥❞❡ (X1 ∈ B1, X2 ∈ B2, ..., Xn ∈ Bn) =
n⋂

i=1

[Xi ∈ Bi] .

✷✷



Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X1, X2, ..., Xn ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✳

✶✮ ❙❡ B1, ..., Bn ∈ β(R)✱ ❡♥tã♦ [X1 ∈ B1], ..., [Xn ∈ Bn] sã♦ ❡✈❡♥t♦s ❛❧❡❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳

✷✮ ❙❡ g1, ..., gn sã♦ ❢✉♥çõ❡s ❇♦r❡❧✲♠❡♥s✉rá✈❡✐s✱ ❡♥tã♦ g1 ◦X1, ..., gn ◦Xn sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s

✐♥❞❡♣❡♥❞❡♥t❡s✳

✸✮ ❙❡ X = (X1, ..., Xn) é ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❝♦♠ ❞✐str✐❜✉✐çã♦ PX ✱ ❡♥tã♦

PX(B1 × B2 × ... × Bn) =
n∏

i=1

PXi
(Bi),∀B1, ..., Bn ∈ β(R) ,

♦♥❞❡ PXi
é ❛ ❞✐str✐❜✉✐çã♦ ❞❡ Xi✳

❊ss❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞✐r❡t❛ ❞❛ ❞❡✜♥✐çã♦ ✷✳✶✷ ✳ P♦r ✐ss♦ ♦♠✐t✐r❡♠♦s ❛s s✉❛s

❞❡♠♦♥str❛çõ❡s✳ ❖❜s❡r✈❡ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✮ s✐❣♥✐✜❝❛ q✉❡ X1, ..., Xn sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s s❡✱ ❡

s♦♠❡♥t❡ s❡✱ PX é ❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ PX1
× PX2

× ... × PXn
✳

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❙❡❥❛♠ (Ω, Λ, P ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ X = (X1, ..., Xn) ✉♠ ✈❡t♦r

❛❧❡❛tór✐♦✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ f : R
n → R ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ t❛❧ q✉❡

PX(B) =

∫

B

fdλn , ∀B ∈ β(Rn) ,

❡♥tã♦ ❞✐③❡♠♦s q✉❡ f é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ X✳

❖❜s❡r✈❡ q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❣❛r❛♥t❡✿ X ♣♦ss✉✐ ❞❡♥s✐❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

PX ≪ λn✳

Pr♦♣♦s✐çã♦ ✷✳✶✹✳ ❙❡❥❛ X = (Y, Z) ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦✳ ❙❡ PX ≪ λ2✱ ❡♥tã♦ PY ≪ λ ❡ PZ ≪ λ✳

Pr♦✈❛✿ ❙❡❥❛♠ f ❛ ❞❡♥s✐❞❛❞❡ ❞❡ X ❡ g : R → R ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

g(y) =

∫

R

f(y, z)dλ(z) .

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ t❡♠♦s q✉❡ g ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡

PY (B) = PX(B × R) =

∫

B×R

fdλ2 =

∫
f(y, z)χB(y)dλ2 =

∫ (∫
f(y, z)χB(y)dλ(z)

)
dλ(y) =

=

∫
g(y)χB(y)dλ(y) =

∫

B

gdλ , ∀B ∈ β(R) .
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❖✉ s❡❥❛✱ Y ♣♦ss✉✐ ❞❡♥s✐❞❛❞❡ g ❡ ♣♦rt❛♥t♦ PY ≪ λ✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣r♦✈❛✲s❡ q✉❡ ❛ ❢✉♥çã♦

h : R → R ❞❛❞❛ ♣♦r

h(z) =

∫

R

f(y, z)dλ(y) , ∀z ∈ R

é ❛ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ Z✳ �

❈♦♠ ❛❧❣✉♠❛ r❡str✐çã♦✱ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❛❞♠✐t❡ ✉♠❛ r❡❝í♣r♦❝❛✿

Pr♦♣♦s✐çã♦ ✷✳✶✺✳ ❙❡❥❛ X = (Y, Z) ✉♠ ✈❡t♦r ❛❧❡tór✐♦✳ ❙✉♣♦♥❤❛ q✉❡ Y ❡ Z sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳

❙❡ PY ≪ λ ❡ PZ ≪ λ✱ ❡♥tã♦ PX ≪ λ2✳

Pr♦✈❛✿ ❙❡❥❛♠ g ❡ h ❛s ❞❡♥s✐❞❛❞❡s ❞❡ Y ❡ Z r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥❛ ❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧

f : R
2 → R ♣♦r

f(y, z) = g(y).h(z) , ∀(y, z) ∈ R
2

❡ ❛ ♠❡❞✐❞❛ µ : β(R2) → R ♣♦r

µ(C) =

∫

C

fdλ2 , ∀C ∈ β(R2) .

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ t❡♠♦s

µ(A × B) =

(∫

A

gdλ

)
.

(∫

B

hdλ

)
= PY (A).PZ(B) , ∀A, B ∈ β(R) .

❖✉ s❡❥❛✱ µ é ❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ PY × PZ ✳ ❈♦♠♦ Y ❡ Z sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱

t❡♠♦s q✉❡ PX é ❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ PY × PZ ✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦✱ t❡♠♦s q✉❡

PX = µ✳ P♦rt❛♥t♦✱ f é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ X✳ �

Pr♦♣♦s✐çã♦ ✷✳✶✻✳ ❙❡❥❛ X = (Y, Z) ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❝♦♠ ❞❡♥s✐❞❛❞❡ f ✳ ❙❡ ❡①✐st❡♠ ❢✉♥çõ❡s

❇♦r❡❧✲♠❡♥s✉rá✈❡✐s g ❡ h ♥ã♦ ♥❡❣❛t✐✈❛s✱ t❛✐s q✉❡ f(y, z) = g(y).h(z) λ − q.s. ❡

∫
gdλ =

∫
hdλ = 1 ,

❡♥tã♦ Y ❡ Z sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ g ❡ h sã♦ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ Y ❡ Z r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦✈❛✿ ❉❛❞♦ y ∈ R✱ t❡♠♦s

∫

R

f(y, z)dλ(z) =

∫

R

g(y).h(z)dλ(z) = g(y)

∫

R

h dλ = g(y) .

✷✹



❆ss✐♠✱ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✹✱ t❡♠♦s q✉❡ g é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ Y ✳ ❉❡ ♠♦❞♦

❛♥á❧♦❣♦✱ ♣r♦✈❛✲s❡ q✉❡ h é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ Z✳

❉❛❞♦s A, B ∈ β(R)✱ t❡♠♦s q✉❡

P (Y ∈ A, Z ∈ B) = PX(A × B) =

∫

A×B

fdλ2 =

(∫

A

gdλ

)
.

(∫

B

hdλ

)
= PY (A).PZ(B) .

❆ss✐♠✱ Y ❡ Z sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✳ �

✷✳✸ ❊s♣❡r❛♥ç❛✱ ❱❛r✐â♥❝✐❛ ❡ ❈♦✈❛r✐â♥❝✐❛

❉❡✜♥✐çã♦ ✷✳✶✼✳ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ✐♥t❡❣rá✈❡❧ (X ∈ L1(Ω, Λ, P ))✳ ❆ ❡s♣❡r❛♥ç❛

( ♠é❞✐❛ ♦✉ ✈❛❧♦r ❡s♣❡r❛❞♦ ) ❞❡ X✱ ❞❡♥♦t❛❞❛ ♣♦r E(X)✱ é ♦ ♥ú♠❡r♦

E(X) =

∫

Ω

XdP .

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X ❡ Y ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥t❡❣rá✈❡✐s ❡ α ∈ R✳

✶✮E(α.X) = α.E(X) .

✷✮E(X + Y ) = E(X) + E(Y ) .

✸✮❙❡ X ≤ Y ✱ ❡♥tã♦ E(X) ≤ E(Y ) .

❆s ❞❡♠♦♥str❛çõ❡s ❞❡ss❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ s✐♠♣❧❡s✱ ❜❛st❛ ✉s❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✐♥t❡❣r❛❧✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ❙❡❥❛♠ g : R
n → R ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ ❡ X : Ω → R

n ✉♠ ✈❡t♦r

❛❧❡❛tór✐♦✳ ❙❡ g ◦ X ∈ L1(Ω, Λ, P )✱ ❡♥tã♦ g ∈ L1(R
n, β(Rn), PX)✳ ❆❧é♠ ❞✐ss♦✱

E(g ◦ X) =

∫

Rn

gdPX .

Pr♦✈❛✿ ❙❡❥❛ ϕ ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ s✐♠♣❧❡s✱ t❛❧ q✉❡

0 ≤ ϕ ≤ g+ .

❈♦♠♦ g+ ◦ X = (g ◦ X)+✱ t❡♠♦s q✉❡

0 ≤ ϕ ◦ X ≤ (g ◦ X)+ ✳ ✭✯✮

✷✺



❙❡
n∑

i=1

ai.χAi
é ❛ r❡♣r❡s❡♥t❛çã♦ ♣❛❞rã♦ ❞❡ ϕ✱ ❡♥tã♦

ϕ ◦ X =
n∑

i=1

ai.χBi
,

♦♥❞❡ Bi = [X ∈ Ai] ♣❛r❛ t♦❞♦ i ∈ {1, ..., n}✳ P♦rt❛♥t♦
∫

Ω

ϕ ◦ XdP =
n∑

i=1

ai.P (Bi) =
n∑

i=1

ai.PX(Ai) =

∫

Rn

ϕdPX .

▲♦❣♦✱ s❡❣✉❡ ❞❡ ✭✯✮ q✉❡

0 ≤
∫

Rn

g+dPX ≤
∫

Ω

(g ◦ X)+dP < +∞ .

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♠♦str❛✲s❡ q✉❡ ∫

Rn

g−dPX < +∞ .

P♦rt❛♥t♦✱ g ∈ L1(R
n, β(Rn), PX)✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❣ é ❢✉♥çã♦ s✐♠♣❧❡s ❝♦♠ r❡♣r❡s❡♥t❛çã♦

♣❛❞rã♦
n∑

i=1

di.χDi
.

❯♠❛ ✈❡③ q✉❡ g ◦ X =
n∑

i=1

di.χCi
✱ ♦♥❞❡ Ci = [X ∈ Di]✱ t❡♠♦s

E(g ◦ X) =
n∑

i=1

di.P (Ci) =
n∑

i=1

di.PX(Di) =

∫

Rn

gdPX .

❖✉ s❡❥❛✱ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ g s✐♠♣❧❡s✳ ❆❣♦r❛✱ s❡ g é ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r✱ s❡❥❛ (gn)n∈N

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❇♦r❡❧✲♠❡♥s✉rá✈❡✐s s✐♠♣❧❡s t❛✐s q✉❡

lim
n→∞

gn = g e |gn| ≤ |g|,∀n ∈ N.

❚❡♠♦s q✉❡ (gn ◦ X)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s q✉❡ s❛t✐s❢❛③

lim
n→∞

gn ◦ X = g ◦ X e |gn ◦ X| ≤ |g ◦ X| , ∀n ∈ N.

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡

lim
n→∞

∫

Rn

gndPX =

∫

Rn

gdPX

✷✻



❡

lim
n→∞

∫

Ω

(gn ◦ X)dP =

∫

Ω

g ◦ XdP .

❈♦♠♦ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ ❢✉♥çõ❡s s✐♠♣❧❡s✱ s❡❣✉❡ q✉❡

∫

Ω

(gn ◦ X)dP =

∫

Rn

gndPX ,∀n ∈ N

❡ ♣♦rt❛♥t♦

E(g ◦ X) =

∫

Ω

g ◦ XdP =

∫

Rn

gdPX . �

Pr♦♣♦s✐çã♦ ✷✳✶✾✳ ❙❡ X ∈ L1(Ω, Λ, P )✱ ❡♥tã♦

E(X) =

∫

R

t dPX(t)

Pr♦✈❛✿ ❇❛st❛ ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❛ ❢✉♥çã♦ g : R → R ❞❡✜♥✐❞❛ ♣♦r

g(t) = t , ∀t ∈ R . �

❆♥t❡s ❞❡ ❞❡✜♥✐r ❛ ✈❛r✐â♥❝✐❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X ∈ L2(Ω, Λ, P )✱ s❡rá ♥❡❝❡ssár✐♦

❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❛ ❡s♣❡r❛♥ç❛ E(X)✳ P❛r❛ ✐ss♦ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ✿

Pr♦♣♦s✐çã♦ ✷✳✷✵✳ ❙❡❥❛ X ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❙❡ X ∈ Lp(Ω, Λ, P ) ❡ 1 ≤ q ≤ p✱ ❡♥tã♦

X ∈ Lq(Ω, Λ, P )✳

Pr♦✈❛✿ ❈♦♠♦ P é ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ q✉❡ ❛ss✉♠❡ ♦ ✈❛❧♦r ✧✶ ✧é

✐♥t❡❣rá✈❡❧✳ ❆ss✐♠✱ 1 + |X|p é ✐♥t❡❣rá✈❡❧✳ ❉❛ ❞❡s✐❣✉❛❧❞❛❞❡

|X(t)|q < 1 + |X(t)|p , ∀t ∈ Ω

s❡❣✉❡ q✉❡ X ∈ Lq(Ω, Λ, P )✳ �

❉❡✜♥✐çã♦ ✷✳✷✶✳ ❙❡❥❛ X ∈ L2(Ω, Λ, P ) ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❆ ✈❛r✐â♥❝✐❛ ❞❡ X✱ ❞❡♥♦t❛❞❛

♣♦r var(X)✱ é ❛ ❡s♣❡r❛♥ç❛

var(X) = E([X − E(X)]2) .

❉✐③❡♠♦s ❛✐♥❞❛ q✉❡ σ(X) = (var(X))
1

2 é ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ X✳ ❙❡ Y ∈ L2(Ω, Λ, P ) é ✉♠❛

✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ❛ ❝♦✈❛r✐â♥❝✐❛ ❞❡ X ❡ Y ♣♦r

Cov(X, Y ) = E([X − E(X)].[Y − E(Y )]) .

✷✼



❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❣❛r❛♥t❡ q✉❡ (X − E(X)).(Y − E(Y )) é ✐♥t❡❣rá✈❡❧✳ ❉❡st❡ ♠♦❞♦✱ ❛

❝♦✈❛r✐â♥❝✐❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X,Y ∈ L2(Ω, Λ, P ) ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡ α ∈ R ✉♠ ♥ú♠❡r♦ ❘❡❛❧✳

✶✮ var(X) = Cov(X, X) .

✷✮ var(X) = E(X2) − (E(X))2 .

✸✮ var(α.X) = α2.var(X) .

✹✮ Cov(X, Y ) = E(X.Y ) − E(X).E(Y ) .

✺✮ var(X + Y ) = var(X) + 2Cov(X, Y ) + var(Y ) .

✻✮ |Cov(X, Y )| ≤ σ(X).σ(Y ) .

Pr♦✈❛✿ ❊ss❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❢á❝❡✐s ❞❡ s❡r❡♠ ❞❡♠♦♥str❛❞❛s✳ Pr♦✈❛r❡♠♦s ❛♣❡♥❛s àq✉❡❧❛

♠❡♥❝✐♦♥❛❞❛ ♥♦ ít❡♠ ✭✻✮✿

|Cov(X, Y )| =

∣∣∣∣
∫

Ω

[X − E(X)].[Y − E(Y )]dP

∣∣∣∣ ≤
∫

Ω

|X − E(X)|.|Y − E(Y )|dP .

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r s❡❣✉❡✿

|Cov(X, Y )| ≤
(∫

Ω

|X − E(X)|2dP

) 1

2

.

(∫

Ω

|Y − E(Y )|2dP

) 1

2

= σ(X).σ(Y ) . �

❉❡✜♥✐çã♦ ✷✳✷✷✳ ❙❡❥❛♠ X ❡ Y ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ♣❡rt❡♥❝❡♥t❡s ❛ L2(Ω, Λ, P )✳ ❙❡ Cov(X, Y ) = 0✱

❞✐③❡♠♦s q✉❡ X ❡ Y sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳

❖❜s❡r✈❡ q✉❡✱ ♣❡r❛♥t❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❛♥t❡r✐♦r❡s✱ ❛s ❝♦♥❞✐çõ❡s ❛❜❛✐①♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✮ X ❡ Y sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳

✷✮ E(X.Y ) = E(X).E(Y ) .

✸✮ var(X + Y ) = var(X) + var(Y ) .

Pr♦♣♦s✐çã♦ ✷✳✷✸✳ ❙❡ X,Y ∈ L2(Ω, Λ, P ) sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tã♦ X ❡ Y

sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳

Pr♦✈❛✿ ❙❡❥❛ g : R
2 → R ❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ ❞❛❞❛ ♣♦r

g(x, y) = x.y .

✷✽



❚❡♠♦s q✉❡

E(X).E(Y ) =

(∫

Ω

XdP

)(∫

Ω

Y dP

)
.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✾ ❡ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ s❡❣✉❡

E(X).E(Y ) =

(∫

R

x dPX(x)

)
.

(∫

R

y dPY (y)

)
=

∫

R2

gdµ ,

♦♥❞❡ µ é ❛ ♠❡❞✐❞❛ ♣r♦❞✉t♦ PX × PY ✳ ❉❡♥♦t❛♥❞♦ ♣♦r Z ♦ ✈❡t♦r ❛❧❡❛tór✐♦ (X, Y )✱ t❡♠♦s q✉❡

PZ = µ✱ ♣♦✐s X ❡ Y sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳ P♦rt❛♥t♦✱ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✽ s❡❣✉❡✿

E(X).E(Y ) =

∫

R2

gdPZ =

∫

Ω

g ◦ ZdP =

∫

Ω

X.Y dP = E(X.Y ) .

▲♦❣♦✱ X ❡ Y sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳ �

❉❡✜♥✐çã♦ ✷✳✷✹✳ ❙❡❥❛♠ X1, X2, ..., Xn ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ♣❡rt❡♥❝❡♥t❡s ❛ L1(Ω, Λ, P )✳ ❆ ❡s✲

♣❡r❛♥ç❛ ❞♦ ✈❡t♦r ❛❧❡❛tór✐♦ X = (X1, X2, ..., Xn)✱ ❞❡♥♦t❛❞❛ ♣♦r E(X)✱ é ♦ ✈❡t♦r ❞♦ R
n ❞❡✜♥✐❞♦

♣♦r

E(X) = (E(X1), E(X2), ..., E(Xn)) .

◆♦ q✉❡ s❡❣✉❡✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ X ❡ E(X) ✿

X =




X1

X2

✳✳✳

Xn




e E(X) =




E(X1)

E(X2)
✳✳✳

E(Xn)




.

❈❛s♦ ❝♦♥trár✐♦✱ ✜❝❛rá ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ q✉❛♥❞♦ ♥ã♦ ❡st❛♠♦s ✉s❛♥❞♦ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧✳ P♦r

❝♦♠♦❞✐❞❛❞❡✱ ❞✐③❡♠♦s q✉❡ X é ✉♠ ♥✲✈❡t♦r ❛❧❡❛tór✐♦ s❡ Xi ∈ L2(Ω, Λ, P )✳ ❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s

❞✐❢❡r❡♥❝✐❛♥❞♦ ♦ t❡r♠♦ ✈❡t♦r ❛❧❡❛tór✐♦ ❞❡ ♥✲✈❡t♦r ❛❧❡❛tór✐♦✳

❉❡✜♥✐çã♦ ✷✳✷✺✳ ❙❡❥❛♠ X ❡ Y ♥✲✈❡t♦r ❡ ♠✲✈❡t♦r ❛❧❡❛tór✐♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❝♦✈❛r✐â♥❝✐❛ ❞❡

X ❡ Y ✱ ❞❡♥♦t❛❞❛ ♣♦r Cov(X, Y )✱ é ❛ ♠❛tr✐③ ❞❡✜♥✐❞❛ ♣♦r

Cov(X, Y ) = E([X − E(X)][Y − E(Y )]t) .

✷✾



❖❜s❡r✈❡ q✉❡ ♦ ♣r♦❞✉t♦ ❛❝✐♠❛ é ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❡ q✉❡ Cov(X, Y ) é ✉♠❛ ♠❛tr✐③ ♣❡rt❡♥❝❡♥t❡

❛ Mn×m(R)✳ ❙❡

X =




X1

X2

✳✳✳

Xn




e Y =




Y1

Y2

✳✳✳

Ym




❡♥tã♦ ❛ ❡♥tr❛❞❛ ✭✐✱❥✮ ❞❛ ♠❛tr✐③ Cov(X, Y ) é ❞❛❞❛ ♣♦r Cov(Xi, Yj) ✳

◆❡ss❡ s❡♥t✐❞♦✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ ❞❡✜♥✐çã♦ ❞❡ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ♣❛r❛ ✈❡t♦r❡s ❛❧❡❛tór✐♦s✳

❉✐③❡♠♦s q✉❡ X ❡ Y sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s s❡ ❛ ♠❛tr✐③ Cov(X, Y ) é ♥✉❧❛✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X ❡ Y ♥✲✈❡t♦r ❡ ♠✲✈❡t♦r ❛❧❡❛tór✐♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✶✮ ❙❡ A ∈ Mk×n(R)✱ ❡♥tã♦ E(A.X) = A.E(X)✳

✷✮ ❙❡ A ∈ Mk×n(R) ❡ B ∈ Ml×m(R)✱ ❡♥tã♦ Cov(A.X, B.Y ) = A.Cov(X, Y ).Bt✳

✸✮ Cov(X, Y ) = E(X.Y t) − E(X).E(Y t)✳

✹✮ ❙❡ E(X) = 0 ♦✉ E(Y ) = 0✱ ❡♥tã♦ Cov(X, Y ) = E(X.Y t)✳

Pr♦✈❛✿

✶✮ ❙❡ A = (ai,j)i,j✱ ❡♥tã♦

E

(
n∑

j=1

ai,j.Xj

)
=

n∑

j=1

ai,jE(Xj) , ∀i ∈ {1, ..., k}.

▲♦❣♦✱ E(A.X) = A.E(X)✳

✷✮ Cov(A.X, B.Y ) = E([A.X−E(A.X)].[B.Y −E(B.Y )]t) = E(A[X−E(X)].[Y −E(Y )]tBt) =

= A.E([X − E(X)].[Y − E(Y )]t)Bt = A.Cov(X, Y ).Bt .

✸✮ Cov(X, Y ) = E([X−E(X)].[Y −E(Y )]t) = E(X.Y t−X.E(Y )t−E(X).Y t+E(X).E(Y )t) =

= E(X.Y t) − E(X).E(Y )t − E(X).E(Y t) + E(X).E(Y )t = E(X.Y t) − E(X).E(Y t) .

✹✮ ❈♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛ ❛♥t❡r✐♦r✳ �

✸✵



❙❡❥❛ H = L2(Ω, Λ, P ) × ... × L2(Ω, Λ, P ) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♥✲✈❡t♦r❡s

❛❧❡❛tór✐♦s✳ ❉❡✜♥❛ ❡♠ H ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ < , >: H × H → R ❞❛❞♦ ♣♦r✿

< X, Y >=
n∑

i=1

E(Xi.Yi) ,

♦♥❞❡ X =




X1

✳✳✳

Xn


 ❡ Y =




Y1

✳✳✳

Yn


✳ ❯♠❛ ✈❡③ q✉❡ L2(Ω, Λ, P ) é ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ ( | ) ❞❡✜♥✐❞♦ ♣♦r (f |g) = E(f.g)✱ t❡♠♦s q✉❡ H é ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛❝✐♠❛✳ ❆❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡s♣❛ç♦ H q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ ♣ró①✐♠♦

❝❛♣ít✉❧♦✱ sã♦ ❛s s❡❣✉✐♥t❡s✿

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X =




X1

✳✳✳

Xn


 ❡ Y =




Y1

✳✳✳

Yn


 ❡❧❡♠❡♥t♦s ❞❡ H✳

✶✮ < X, Y >= E(X t.Y ) .

✷✮ < X, Y >= tr E(X.Y t)✱ ♦♥❞❡ tr : Mn(R) → R é ❛ ❢✉♥çã♦ tr❛ç♦ ✭s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ ❞❛ ♠❛tr✐③✮✳

✸✮ ‖X‖2 =
n∑

i=1

‖Xi‖2
2✱ ♦♥❞❡ ‖ ‖2 é ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ( | ) ❡♠ L2(Ω, Λ, P )✳

✹✮ ||X||2 = tr G✱ ♦♥❞❡ G = G(X1, ..., Xn) é ❛ ♠❛tr✐③ ❞❡ ●r❛♠ r❡❧❛t✐✈❛ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✭ ⑤ ✮✳

❊♥tr❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❝✐t❛❞❛s✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✮✳ ❊❧❛ s❡rá ❞❡

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ s❡çã♦ ❞❡ ❊st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐❛♥ç❛✳

‖X‖2 =< X, X >=
n∑

i=1

E(X2
i ) =

n∑

i=1

(Xi|Xi) =
n∑

i=1

‖Xi‖2
2 .

✸✶



✷✳✹ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧

❙❡❥❛♠ Λ ❡ β σ✲á❧❣❡❜r❛s ❞❡ ✉♠ ❡s♣❛ç♦ ❛♠♦str❛❧ Ω✳ ❙❡ β ⊆ Λ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ β é s✉❜✲σ✲

á❧❣❡❜r❛ ❞❡ Λ✳

Pr♦♣♦s✐çã♦ ✷✳✷✻✳ ❙❡❥❛♠ (Ω, Λ, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ β ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛ ❞❡ Λ✳ ❉❡♥♦t❡

♣♦r ν ❛ ♠❡❞✐❞❛ µ r❡str✐t❛ ❛ β✳ ❙❡ X é ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❡♥tã♦

∫

Ω

Xdν =

∫

Ω

Xdµ .

Pr♦✈❛✿ ❙❡ ϕ é ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧ s✐♠♣❧❡s✱ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❝♦♠ r❡♣r❡s❡♥t❛çã♦ ♣❛❞rã♦
n∑

i=1

ai.χAi
✱

❡♥tã♦ ∫

Ω

ϕdν =
n∑

i=1

ai.ν(Ai) =
n∑

i=1

ai.µ(Ai) =

∫

Ω

ϕdµ ,

♦✉ s❡❥❛✱ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ ❢✉♥çõ❡s s✐♠♣❧❡s✳ ❆❣♦r❛✱ s❡❥❛ (ϕn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡

❞❡ ❢✉♥çõ❡s β✲♠❡♥s✉rá✈❡✐s s✐♠♣❧❡s ❡ ♥ã♦ ♥❡❣❛t✐✈❛s t❛✐s q✉❡ ✿

lim
n→∞

ϕn = X .

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✱ t❡♠♦s
∫

Ω

Xdν = lim
n→∞

∫

Ω

ϕndν = lim
n→∞

∫

Ω

ϕndµ =

∫

Ω

Xdµ . �

❉❡✜♥✐çã♦ ✷✳✷✼✳ ❙❡❥❛♠ X ∈ L1(Ω, Λ, P )✱ ♦♥❞❡ P é ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❡ β ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛

❞❡ Λ✳ ❆ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X ❡♠ r❡❧❛çã♦ ❛ β é ✉♠❛ ❢✉♥çã♦ Y : Ω → R ✱ β✲♠❡♥s✉rá✈❡❧

q✉❡ s❛t✐s❢❛③ ∫

B

Y dP =

∫

B

XdP , ∀B ∈ β .

◆❡ss❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s Y = E(X|β)✳

❖❜s❡r✈❛çõ❡s✿ ✭❛✮ ❙❡ Y ❡ Z sã♦ ❛s ❡s♣❡r❛♥ç❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ X ❡♠ r❡❧❛çã♦ ❛ β ✱ ❡♥tã♦

Y = Z P✲q✳s✳

✭❜✮ E(X|β) s❡♠♣r❡ ❡①✐st❡✱ ❞❡ ❢❛t♦✿ ❞❡✜♥❛ ❛s ♠❡❞✐❞❛s µ+ ❡ µ− s♦❜r❡ ❛ σ✲á❣❡❜r❛ β ♣♦r

µ+(B) =

∫

B

X+dP , ∀B ∈ β ,

✸✷



µ−(B) =

∫

B

X−dP , ∀B ∈ β .

❉❡♥♦t❡ ♣♦r P̂ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P r❡str✐t❛ ❛ β✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ µ+✱ t❡♠♦s q✉❡ µ+ ≪ P̂ ✳ ❆ss✐♠✱

♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧ f ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

µ+(B) =

∫

B

fdP̂ , ∀B ∈ β .

P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡✿

µ+(B) =

∫

B

fdP , ∀B ∈ β .

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♣r♦✈❛✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧ g t❛❧ q✉❡

µ−(B) =

∫

B

gdP , ∀B ∈ β .

P♦rt❛♥t♦✱ ❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X é ❛ ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧

E(X|β) = f − g . �

❆ s❡❣✉✐r ❧✐st❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✳

Pr♦♣r✐❡❞❛❞❡s✿ ❙❡❥❛♠ X, Y ∈ L1(Ω, Λ, P ) ❡ β ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛ ❞❡ Λ✳

✶✮ ❙❡ a, b ∈ R✱ ❡♥tã♦ E(a.X + b.Y |β) = a.E(X|β) + b.E(Y |β)✳

✷✮ ❙❡ X é β✲♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ E(X|β) = X ✳

✸✮ ❙❡ X ≥ 0✱ ❡♥tã♦ E(X|β) ≥ 0 P✲q✳s✳

✹✮ ❙❡ X ≤ Y ✱ ❡♥tã♦ E(X|β) ≤ E(Y |β) P✲q✳s✳

✺✮ ❙❡ γ é s✉❜✲σ✲á❧❣❡❜r❛ ❞❡ β✱ ❡♥tã♦ E(X|γ) = E(E(X|β)|γ) P✲q✳s✳

Pr♦✈❛✿ ✶✮ ❚❡♠♦s q✉❡✿

∫

B

a.E(X|β) + b.E(Y |β)dP = a

∫

B

E(X|β)dP + b

∫

B

E(Y |β)dP =

= a

∫

B

XdP + b

∫

B

Y dP =

∫

B

aX + bY dP , ∀B ∈ β .

✸✸



▲♦❣♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✷✮ ❆ ✈❡r✐✜❝❛çã♦ é ✐♠❡❞✐❛t❛✳

✸✮ ❉❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ β✲♠❡♥s✉rá✈❡❧ N = {t ∈ Ω : E(X|β)(t) < 0}✳ ❈♦♠♦ −E(X|β).χN ≥ 0✱

t❡♠♦s q✉❡ ∫

N

E(X|β)dP ≤ 0 .

▼❛s✱ ∫

N

E(X|β)dP =

∫

N

XdP e

∫

N

XdP ≥ 0 .

▲♦❣♦✱ ∫

N

E(X|β)dP = 0 .

❆ss✐♠✱ ❞❡ −E(X|β).χN ≥ 0✱ t❡♠♦s q✉❡ −E(X|β).χN = 0 P✲q✳s✳ ▲♦❣♦✱ P (N) = 0✳ ♦✉ s❡❥❛✱

E(X|β) ≥ 0 ❛ ♠❡♥♦s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ N ✳

✹✮ ❙❡ X ≤ Y ✱ ❡♥tã♦ 0 ≤ (Y − X)✳ ❆ss✐♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✮ t❡♠♦s

E(Y − X|β) ≥ 0 P✲q✳s ✳

❈♦♠♦ E(Y − X|β) = E(Y |β) − E(X|β)✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✺✮ P❛r❛ t♦❞♦ B ∈ γ ✈❛❧❡✿

∫

B

E(E(X|β)|γ)dP =

∫

B

E(X|β)dP =

∫

B

XdP .

▲♦❣♦✱ E(E(X|β)|γ) = E(X|γ) P✲q✳s✳ �

Pr♦♣♦s✐çã♦ ✷✳✷✽✳ ❙❡❥❛♠ X, Y ∈ L2(Ω, Λ, P ) ❡ β ✉♠❛ s✉❜✲σ✲á❧❣❡❜r❛ ❞❡ Λ✳ ❙❡ Y é β✲♠❡♥s✉rá✈❡❧✱

❡♥tã♦ E(X.Y |β) = Y.E(X|β)✳

Pr♦✈❛✿ ❙❡❥❛ ϕ ✉♠❛ ❢✉♥çã♦ β✲♠❡♥s✉rá✈❡❧ s✐♠♣❧❡s ❝♦♠ r❡♣r❡s❡♥t❛çã♦ ♣❛❞rã♦
m∑

i=1

ai.χBi
✳ P❛r❛

t♦❞♦ B ∈ β t❡♠♦s

∫

B

ϕ.E(X|β)dP =
m∑

i=1

ai.

∫

B

E(X|β).χBi
dP =

m∑

i=1

ai.

∫

B∩Bi

E(X|β)dP =

✸✹



=
m∑

i=1

ai.

∫

B∩Bi

XdP =
m∑

i=1

ai.

∫

B

X.χBi
dP =

∫

B

ϕ.XdP .

P♦rt❛♥t♦✱ E(ϕ.X|β) = ϕ.E(X|β)✳

❈♦♠♦ Y é ♠❡♥s✉rá✈❡❧✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (ϕn)n∈N β✲♠❡♥s✉rá✈❡✐s s✐♠♣❧❡s q✉❡

s❛t✐s❢❛③❡♠✿

❛✮ |ϕn(x)| ≤ |Y (x)| , ∀n ∈ N ❡ ∀x ∈ Ω ✳

❜✮ lim
n→∞

ϕn = Y ✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ t❡♠♦s

lim
n→∞

∫

B

ϕnXdP =

∫

B

Y.XdP , ∀B ∈ β.

P♦r ♦✉tr♦ ❧❛❞♦✱

lim
n→∞

∫

B

ϕnXdP = lim
n→∞

∫

B

E(ϕnX|β)dP = lim
n→∞

∫

B

ϕn.E(X|β)dP , ∀B ∈ β.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ t❡♠♦s

lim
n→∞

∫

B

ϕnXdP =

∫

B

Y.E(X|β)dP,∀B ∈ β .

▲♦❣♦

∫

B

Y.E(X|β)dP =

∫

B

Y.XdP,∀B ∈ β. �

❖❜s❡r✈❛çã♦✿ s❡❥❛ Ω ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❡ Y : Ω → R
n ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r✳ ➱ ❢á❝✐❧

✈❡r q✉❡ ❛ ❢❛♠í❧✐❛ β(Y )✱ ❞❛❞❛ ♣♦r β(Y ) = {Y −1(B) : B ∈ β(Rn)} ✱ ❞❡✜♥❡ ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡

s✉❜❝♦♥❥✉♥t♦s ❞❡ Ω✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ é ❢á❝✐❧ ✈❡r q✉❡ s❡ Λ é ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s

❞❡ Ω t❛❧ q✉❡ Y é Λ✲♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ β(Y ) ⊆ Λ✱ ♦✉ s❡❥❛✱ β(Y ) é ❛ ♠❡♥♦r σ✲á❧❣❡❜r❛ s♦❜r❡ Ω

q✉❡ t♦r♥❛ Y ♠❡♥s✉rá✈❡❧✳

❉❡✜♥✐çã♦ ✷✳✷✾✳ ❙❡❥❛ X ∈ L1(Ω, Λ, P ) ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❆ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ X✱

❞❛❞♦ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ Y : Ω → R
n✱ é ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ E(X|β(Y ))✳

◆♦t❛çã♦✿ E(X|Y ) = E(X|β(Y )) .

✸✺



❚❡♦r❡♠❛ ✷✳✸✵✳ ❙❡❥❛ X ∈ L1(Ω, Λ, P ) ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❙❡ Y : Ω → R
n é ✉♠ ✈❡t♦r

❛❧❡❛tór✐♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ g : R
n → R t❛❧ q✉❡✿

E(X|Y ) = g ◦ Y P − q.s

❖❜s❡r✈❛çã♦✿ ♦♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛✱ ♠❛s ❡❧❛ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ♠❡♥s✉r❛❜✐❧✐❞❛❞❡✿ ❙❡❥❛♠ Ω, W ❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s✱ (W, Σ) ✉♠ ❡s♣❛ç♦

♠❡♥s✉rá✈❡❧ ❡ Y : Ω → W ✉♠❛ ❛♣❧✐❝❛çã♦✳ ❊♥tã♦✱ ✉♠❛ ❢✉♥çã♦ X : Ω → R é β(Y )✲♠❡♥s✉rá✈❡❧

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X = g ◦ Y ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ g Σ ✲♠❡♥s✉rá✈❡❧ s♦❜r❡ W ✳ ✭♣❛r❛ ♦s ❞❡t❛❧❤❡s

✈❡❥❛ ❬✸❪ ♥❛ ♣á❣✐♥❛ ✾✽✮

Pr♦♣♦s✐çã♦ ✷✳✸✶✳ ❙❡❥❛♠ X ∈ L2(Ω, Λ, P ) ❡ Y : Ω → R
n ✉♠❛ ✈❛r✐á✈❡❧ ❡ ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦s

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ g : R
n → R é ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ g ◦ Y ∈ L2(Ω, Λ, P )✱

❡♥tã♦

(X − E(X|Y )) ⊥ (E(X|Y ) − g ◦ Y ) .

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ❛ ♣r♦♣♦s✐çã♦✱ ❡♥✉♥❝✐❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦✿

❉❡s✐❣✉❛❧❞❛❞❡ ❈♦♥❞✐❝✐♦♥❛❧ ❞❡ ❏❡♥s❡♥✿ s❡❥❛ f ∈ L1(Ω, Λ, P ) ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❝✉❥❛

✐♠❛❣❡♠ ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❝♦♥✈❡①♦ C✳ ❙❡❥❛ h : C → R ✉♠❛ ❢✉♥çã♦

❝♦♥✈❡①❛✿

h(t.x + (1 − t).y) ≤ t.h(x) + (1 − t).h(y), ∀x, y ∈ C e 0 ≤ t ≤ 1 .

❙❡ h ◦ f é ✐♥t❡❣rá✈❡❧ ❡ β é s✉❜✲σ✲á❧❣❡❜r❛ ❞❡ Λ✱ ❡♥tã♦

E(h ◦ f |β) ≥ h(E(f |β)) .

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸❪ ♥❛ ♣á❣✐♥❛ ✷✼✹✳

Pr♦✈❛✿ P♦✐s ❜❡♠✱ ❛ ❢✉♥çã♦ h : R → R ❞❡✜♥✐❞❛ ♣♦r h(t) = t2 é ❝♦♥✈❡①❛ ❡ h ◦ X = X2 é

✐♥t❡❣rá✈❡❧✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ t❡♠♦s

E(X2|Y ) ≥ [E(X|Y )]2

❖✉ s❡❥❛✱ E(X|Y ) ∈ L2✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✽✱ s❡❣✉❡♠ ❛s

✐❣✉❛❧❞❛❞❡s✿

(1)

∫

Ω

X.E(X|Y )dP =

∫

Ω

E(X.E(X|Y )|Y )dP =

∫

Ω

E(X|Y ).E(X|Y )dP

✸✻



(2)

∫

Ω

X.g ◦ Y dP =

∫

Ω

E(X.g ◦ Y |Y )dP =

∫

Ω

g ◦ Y.E(X|Y )dP .

❆❣♦r❛✱ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ ❞❛s ❡①♣r❡ssõ❡s ✭✶✮ ❡ ✭✷✮ t❡♠♦s

< X − E(X|Y ) , E(X|Y ) − g ◦ Y >=

∫

Ω

X.E(X|Y )dP −
∫

Ω

X.g ◦ Y dP+

−
∫

Ω

E(X|Y )2dP +

∫

Ω

E(X|Y ).g ◦ Y dP = 0 .

P♦rt❛♥t♦ (X − E(X|Y )) ⊥ (E(X|Y ) − g ◦ Y ) ✳ �

✸✼



❈❛♣ít✉❧♦ ✸

❊st✐♠❛❞♦r❡s ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥

◆❡ss❡ ❝❛♣ít✉❧♦ tr❛t❛r❡♠♦s ❞♦ t❡♠❛ ✧❊st✐♠❛❞♦r ✧✳ ❈♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❊s♣❡r❛♥ç❛ ❈♦♥❞✐❝✐♦♥❛❧✱

❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✷✳✹✱ ♦❜t❡♠♦s ❛ r❡❧❛çã♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ❊st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛

✭ ❚❡♦r❡♠❛ ✸✳✻ ✮✳

❈♦♠ r❡❧❛çã♦ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ s❡çã♦ ✸✳✸✱ ❛ ♣❛rt✐r ❞❡❧❛ ♦❜t❡r❡♠♦s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s

♣❛r❛ q✉❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥✱ ♣♦r ✜♠✱ s❡❥❛ ❞❡♠♦♥str❛❞♦✳

✸✳✶ ❊st✐♠❛t✐✈❛ ♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s

❙❡❥❛♠ (x1, y1) , (x2, y2) , ... , (xn, yn) ♣♦♥t♦s ❞♦ R
2✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡t❡r♠✐♥❛r ✉♠❛

❧✐♥❤❛ r❡t❛ q✉❡ ✧♠❡❧❤♦r s❡ ❛❞❛♣t❛ ✧ ❛♦s ❞❛❞♦s ❛❝✐♠❛✱ s❡❣✉♥❞♦ ✉♠ ❝r✐tér✐♦ ♣ré ❡st❛❜❡❧❡❝✐❞♦✳

❉❡✈❡♠♦s ♣r♦❝✉r❛r ✉♠❛ ❢✉♥çã♦ f : R → R ❞❛ ❢♦r♠❛ f(x) = a + bx✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ f ❞❡st❛

❢♦r♠❛✱ ♦❜t❡♠♦s ♦s ♣♦♥t♦s

(x1, f(x1)) , ... , (xn, f(xn)) .

❖❜✈✐❛♠❡♥t❡✱ ♥ã♦ t❡♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛s ✐❣✉❛❧❞❛❞❡s

f(xi) = yi , ∀i ∈ {1, ..., n} .

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i✱ t❡♠♦s ✉♠ ❡rr♦ ei ❞❡✜♥✐❞♦ ♣♦r ei = yi − f(xi)✳ ❖ ❝r✐tér✐♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦

♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ✧♠❡❧❤♦r r❡t❛ ✧ é ❞❛❞♦ ♣♦r✿ ♠✐♥✐♠✐③❛r ❛ s♦♠❛ ❞♦s ❡rr♦s ❛♦ q✉❛❞r❛❞♦
n∑

i=1

ei
2
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✱ ✐st♦ é✱ ❡♥❝♦♥tr❛r ✉♠❛ ❢✉♥çã♦ f q✉❡ ♠✐♥✐♠✐③❛ ❛ s♦♠❛
n∑

i=1

(yi − f(xi))
2 .

P♦✐s ❜❡♠✱ s❡❥❛♠

Y =




y1

y2

✳✳✳

yn




✱ M =




1 x1

1 x2

✳✳✳
✳✳✳

1 xn




❡ Z =


 a

b




♠❛tr✐③❡s ❡ < , > ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❊✉❝❧✐❞✐❛♥♦ ♥♦ R
n✳ ❯♠❛ ✈❡③ q✉❡

‖Y − M.Z‖2 =< Y − M.Z, Y − M.Z >=
n∑

i=1

(yi − f(xi))
2 ,

t❡♠♦s q✉❡ ❞❡t❡r♠✐♥❛r Z q✉❡ ♠✐♥✐♠✐③❛

‖Y − M.Z‖2 .

❈♦♠♦ R
n é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ W = {M.K : K ∈ M2×1(R)} é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

❢❡❝❤❛❞♦ ❞❡ R
n✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦✱ q✉❡ ♦ ✈❡t♦r Y − M.Z ❞❡ ♥♦r♠❛ ♠í♥✐♠❛✱ é ♦

✈❡t♦r q✉❡ s❛t✐s❢❛③

(Y − M.Z) ⊥ W .

❉✐❛♥t❡ ❞❡ss❛ ❝♦♥❞✐çã♦✱ ♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r ❛ ♠❛tr✐③ Z ❞❡s❡❥❛❞❛ ❝♦♥❢♦r♠❡ ❛❜❛✐①♦

(Y − M.Z)⊥W ⇐⇒ < Y − M.Z , M.K >= 0 , ∀K ∈ M2×1(R) ⇐⇒

⇐⇒ 0 = (M.K)t.(Y − M.Z) = Kt.(M t.Y − M t.M.Z) , ∀K ∈ M2×1(R) ⇐⇒

⇐⇒ M t.Y − M t.M.Z = 0 .

❆ss✐♠✱ ❛ ♠❛tr✐③ Z ❞❡s❡❥❛❞❛ é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✿

(M t.M).Z = M t.Y .

❉❡♥♦t❛♥❞♦ ♣♦r Mi ❛ ✐✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ M ✱ t❡♠♦s q✉❡ (M t.M) é ❛ ♠❛tr✐③ ❞❡ ●r❛♠ G(M1, M2)

❝♦♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ < , > ❡♠ R
n✳ ❈♦♠♦ {M1, M2} é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✵ q✉❡ M t.M é ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦✱

✸✾



Z = (M t.M)−1.M t.Y .

❆ ❧✐♥❤❛ f(x) = a + b.x q✉❡ ♠✐♥✐♠✐③❛
n∑

i=1

(yi − f(xi))
2

é ❝❤❛♠❛❞❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳

❚❡♦r❡♠❛ ✸✳✶✳ ( ❊st✐♠❛t✐✈❛ ♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s )✿ ❙❡❥❛♠ y ∈ Mm×1(R) ✉♠ ✈❡t♦r ❡

W ∈ Mm×n(R) ✉♠❛ ♠❛tr✐③✱ ❝✉❥❛s ❝♦❧✉♥❛s ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❡

n ≤ m✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✈❡t♦r x̂ t❛❧ q✉❡

‖y − W.x̂‖ ≤ ‖y − W.x‖ , ∀x ∈ Mn×1(R)

❆❧é♠ ❞✐ss♦✱ x̂ = (W t.W )−1.W t.y✳

Pr♦✈❛✿ ❖ s✉❜❝♦♥❥✉♥t♦ H = {W.x : x ∈ Mn×1(R)} é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢❡❝❤❛❞♦ ❞❡ R
m✱

♣♦✐s t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❈♦♠♦ R
m é ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦✱ q✉❡

❡①✐st❡ ✉♠ ú♥✐❝♦ Z ∈ H q✉❡ ♠✐♥✐♠✐③❛ ‖y − Z‖✳ ❉❡♥♦t❛♥❞♦ Z = W.x̂✱ ♦ ❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦

❣❛r❛♥t❡ q✉❡

(y − W.x̂) ⊥ H .

P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ x ∈ Mn×1(R)✱ t❡♠♦s

0 = < y − W.x̂, W.x > = (W.x)t.(y − W.x̂) = xt.(W t.y − W t.W.x̂) .

▲♦❣♦✱

W t.y − W t.W.x̂ = 0 .

❉❡♥♦t❛♥❞♦ ♣♦r Wi ❛ ✐✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ W ✱ t❡♠♦s q✉❡ W t.W é ❛ ♠❛tr✐③ ❞❡ ●r❛♠

G(W1, ...,Wn)✳ ❈♦♠♦ {W1, ...,Wn} é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ t❡♠♦s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✶✵ q✉❡ W t.W é ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦✱ ❞❡ W t.y = W t.W.x̂ ✱ s❡❣✉❡ q✉❡

x̂ = (W t.W )−1.W t.y . �

❖❜s❡r✈❡ q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❡❧♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ss❡

t❡♦r❡♠❛✳
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✸✳✷ ❊st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛

◆❡ss❛ s❡çã♦ (Ω, Λ, P ) é ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ Y : Ω → R
n ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❡

X : Ω → R ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❯♠ ❡st✐♠❛❞♦r X̂ ❞❡ X✱ ❜❛s❡❛❞♦ ❡♠ Y ✱ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞❛ ❢♦r♠❛

X̂ = g ◦ Y

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ g : R
n → R ❇♦r❡❧✲♠❡♥s✉rá✈❡❧✳ ❙❡ y = Y (t) é ✉♠❛ ✧♠❡❞✐❞❛ ✧ ❞❡ Y ✱ ❡♥tã♦

❞✐③❡♠♦s q✉❡ x̂ = g(y) é ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ X ❜❛s❡❛❞♦ ❡♠ y✱ ✐st♦ é✱ x̂ = X̂(t) ✳

❈❧❛r❛♠❡♥t❡ ♦ ❡st✐♠❛❞♦r X̂ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❢✉♥çã♦ g✳ ◆♦ ❡♥t❛♥t♦✱ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛✲

❞♦s ❡♠ ✧❡st✐♠❛❞♦r❡s ❡s♣❡❝✐❛✐s✧ ♥♦ ❞❡❝♦rr❡r ❞❛ ❞✐ss❡rt❛çã♦✳ P♦✐s ❜❡♠✱ s✉♣♦♥❤❛ X ∈ L2(Ω, Λ, P )

❡ s❡❥❛ ‖ ‖2 ❛ ♥♦r♠❛ s♦❜r❡ L2 ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ( | ) ❞❡✜♥✐❞♦ ♥❛ ♣á❣✐♥❛ ✸✶✱ ♦✉ s❡❥❛✱

‖ X ‖2= (E(X2))
1

2 =

(∫

Ω

|X|2dP

) 1

2

.

❉❡✜♥✐çã♦ ✸✳✸✳ ❯♠ ❡st✐♠❛❞♦r X̂ ❞❡ X✱ ❜❛s❡❛❞♦ ❡♠ Y ✱ é ❝❤❛♠❛❞♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛

✈❛r✐â♥❝✐❛ s❡ X̂ ∈ L2 ❡

‖ X̂ − X ‖2 ≤‖ h ◦ Y − X ‖2

♣❛r❛ t♦❞❛ ❢✉♥çã♦ h ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ q✉❡ s❛t✐s❢❛③ h ◦ Y ∈ L2✳

◆❡ss❡ ❝❛s♦✱ s❡ y = Y (t) é ✉♠❛ ♠❡❞✐❞❛ ❞❡ Y ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ x̂ = X̂(t) é ✉♠❛ ❡st✐♠❛t✐✈❛

❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X ❜❛s❡❛❞♦ ❡♠ ②✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡ M(Y ) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❢✉♥çõ❡s h ◦ Y t❛❧ q✉❡ h é ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ ❡

h ◦ Y ∈ L2✱ ❡♥tã♦ M(Y ) é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ L2✳

Pr♦✈❛✿ ❆ ❞❡♠♦♥str❛çã♦ q✉❡ M(Y ) é s✉❜❡s♣❛ç♦ ❞❡ L2 é ✐♠❡❞✐❛t❛✳ Pr♦✈❡♠♦s q✉❡ M(Y ) é

❢❡❝❤❛❞♦✿ s❡❥❛ (gn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❇♦r❡❧✲♠❡♥s✉rá✈❡✐s t❛❧ q✉❡ gn ◦Y ∈ M(Y ) ♣❛r❛

t♦❞♦ n ∈ N ❡ gn ◦ Y → Z ♥❛ ♥♦r♠❛ ❞❡ L2✳ ❉❛ Pr♦♣♦s✐çã♦ ✷✳✸✶ ❡ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ t❡♠♦s

q✉❡
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‖ Z−gn◦Y ‖2
2 = ‖ Z−E(Z|Y )+E(Z|Y )−gn◦Y ‖2

2 = ‖ Z−E(Z|Y ) ‖2
2 + ‖ E(Z|Y )−gn◦Y ‖2

2⇒

⇒‖ Z − E(Z|Y ) ‖2
2 + lim

n→∞
‖ E(Z|Y ) − gn ◦ Y ‖2

2= 0 ⇒

⇒‖ Z − E(Z|Y ) ‖2
2= 0 ⇒ Z = E(Z|Y ) .

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✵ ❡①✐st❡ g ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ Z = g ◦Y ✳ P♦rt❛♥t♦✱ M(Y ) é ❢❡❝❤❛❞♦✳ �

❈♦r♦❧ár✐♦ ✸✳✺✳ ❖ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ X̂ ❞❡ X é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ X s♦❜r❡

♦ s✉❜❡s♣❛ç♦ M(Y )✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ (X̂ − X)⊥M(Y )✳

Pr♦✈❛✿ ❈♦♠♦ L2 é ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ M(Y ) é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ L2✱ t❡♠♦s ♣❡❧♦

❚❡♦r❡♠❛ ❞❛ Pr♦❥❡çã♦ ✱ q✉❡ ♦ ❡st✐♠❛❞♦r X̂ s❛t✐s❢❛③

(X̂ − X)⊥M(Y ) .

❖✉ s❡❥❛✱ X̂ é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ X s♦❜r❡ M(Y )✳ �

❚❡♦r❡♠❛ ✸✳✻✳ ❆ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ E(X|Y ) é ♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X ❜❛s❡❛❞♦

❡♠ Y ✳

Pr♦✈❛✿ ❙❡❥❛ g : R
n → R ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧✲♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ g ◦ Y ∈ M(Y )✳ ❊♥tã♦ ♣❡❧♦

❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❡ Pr♦♣♦s✐çã♦ ✷✳✸✶ t❡♠♦s q✉❡

‖ X − g ◦ Y ‖2
2 = ‖ X − E(X|Y ) + E(X|Y ) − g ◦ Y ‖2

2 =

= ‖ X − E(X|Y ) ‖2
2 + ‖ E(X|Y ) − g ◦ Y ‖2

2 ≥ ‖ X − E(X|Y ) ‖2
2 .

▲♦❣♦ E(X|Y ) é ♦ ❡st✐♠❛❞♦r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛✳ �

❉❡✜♥✐çã♦ ✸✳✼✳ ❯♠ ❡st✐♠❛❞♦r X̂ ❞❡ X ✱❜❛s❡❛❞♦ ❡♠ Y ✱ é ❝❤❛♠❛❞♦ ♥ã♦✲t❡♥❞❡♥❝✐♦s♦ s❡

E(X̂) = E(X) .

❖❜s❡r✈❛çã♦✿ ❙❡ E(X̂|Y ) = X✱ ❡♥tã♦ X̂ é ✉♠ ❡st✐♠❛❞♦r ♥ã♦ t❡♥❞❡♥❝✐♦s♦ ❞❡ X✱ ❞❡ ❢❛t♦✱ ♣❡❧❛

❞❡✜♥✐çã♦ ❞❡ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ❡♠ ♣❛rt✐❝✉❧❛r t❡♠♦s ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ Ω

✹✷



E(X) = E(E(X̂|Y )) =

∫

Ω

E(X̂|Y )dP =

∫

Ω

X̂dP = E(X̂) .

❖❜s❡r✈❛♠♦s q✉❡ ❡♠ ❣❡r❛❧✱ ❛ ❝♦♥❞✐çã♦ E(X̂|Y ) = X ❛♣❛r❡❝❡ ❝♦♠♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ❡st✐♠❛❞♦r ♥ã♦

t❡♥❞❡♥❝✐♦s♦✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❡st✐♠❛❞♦r ♥ã♦ t❡♥❞❡♥❝✐♦s♦ é ♦ ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛✳ ❉❡ ❢❛t♦✱

E(E(X|Y )) =

∫

Ω

E(X|Y )dP =

∫

Ω

XdP = E(X) .

✸✳✸ ❊st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ ♥♦ ♣ró①✐♠♦ ♣❛rá❣r❛❢♦✱

♣❛rt❡ ❞❡ s✉❛ ❞❡♠♦♥str❛çã♦ ❢♦✐ ❛♥t❡❝✐♣❛❞❛ ♣❛r❛ ❛❧❣✉♥s ❞♦s t❡♦r❡♠❛s ❞❡st❡ ♣❛rá❣r❛❢♦✳

❙❡❥❛♠ X , Y ♥✲✈❡t♦r ❡ ♠✲✈❡t♦r ❛❧❡❛tór✐♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ✐♥❞✐❝❛❞♦s ♣♦r

X =




X1

✳✳✳

Xn


 e Y =




Y1

✳✳✳

Ym


 .

❈♦♠♦ ❢♦✐ ✈✐st♦ ♥❛ ♣á❣✐♥❛ ✸✶✱ ♦ ❡s♣❛ç♦ H = L2(Ω, Λ, P ) × ... × L2(Ω, Λ, P ) ♣♦ss✉✐ ✉♠❛ ♥♦r♠❛

‖ ‖ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛ ‖ ‖2 ❞❡ L2(Ω, Λ, P )✱ ❛ s❛❜❡r✱

‖ X ‖=
(

n∑

i=1

‖ Xi ‖2
2

) 1

2

=

(
n∑

i=1

E(X2
i )

) 1

2

.

❉❡✜♥✐çã♦ ✸✳✽✳ ❖ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X✱ ❜❛s❡❛❞♦ ❡♠ Y ✱ é ♦ ✈❡t♦r

❛❧❡❛tór✐♦ X̂ = (X̂1, ..., X̂n) ∈ H q✉❡ s❛t✐s❢❛③✿

❛✮ X̂ = K.Y ✱ ♦♥❞❡ K ∈ Mn×m(R) é ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ ✭❡st✐♠❛❞♦r ❧✐♥❡❛r✮✳

❜✮ ‖ X̂ − X ‖ é ♠í♥✐♠♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ít❡♠ ❛✮✱ ♦✉ s❡❥❛✱

‖ X̂ − X ‖≤‖ T.Y − X ‖ , ∀T ∈ Mn×m(R) .

✹✸



❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ♣❛r❛ ❛ ♠❛tr✐③ K✳

❚❡♦r❡♠❛ ✸✳✾✳ ❙❡ E(Y.Y t) é ✐♥✈❡rtí✈❡❧✱ ❡♥tã♦ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ X̂ ❞❡

❳✱ ❜❛s❡❛❞♦ ❡♠ ❨✱ é ❞❛❞♦ ♣♦r

X̂ = E(X.Y t).E(Y.Y t)−1.Y .

❆❧é♠ ❞✐ss♦✱ s❡ X ❡ Y ♣♦ss✉❡♠ ❡s♣❡r❛♥ç❛s ♥✉❧❛s✱ ❡♥tã♦ ❛ ♠❛tr✐③ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡rr♦ X̂ − X é

❞❛❞❛ ♣♦r

E([X̂ − X].[X̂ − X]t) = E(X.X t) − E(X.Y t).E(Y.Y t)−1.E(Y.X t) .

Pr♦✈❛✿ ❙❡❥❛♠ K ∈ Mn×m(R) ❡ Kt
i =

[
ki1 ki2 . . . kim

]
❛ ❧✐♥❤❛ ✐ ❞❛ ♠❛tr✐③ K✳ ❙❡

X̂ =




X̂1

✳✳✳

X̂n


 = K.Y ,

❡♥tã♦ X̂i = Kt
i .Y ✱ ✐st♦ é✱ X̂i ♣❡rt❡♥❝❡ ❛♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ V = [Y1, ..., Ym]✳ ❆ss✐♠✱ ❞❛

✐❣✉❛❧❞❛❞❡

‖K.Y − X‖2 =
m∑

i=1

‖Kt
i .Y − Xi‖2

2 ,

s❡❣✉❡ q✉❡ X̂i = projV (Xi) ✳ ❉❛ Pr♦♣♦s✐çã♦ ✶✳✶✶✱ t❡♠♦s q✉❡ X̂i = Kt
i .Y ✱ ♦♥❞❡

G(Y1, ..., Ym).Ki =




< Xi, Y1 >

< Xi, Y2 >
✳✳✳

< Xi, Ym >




=




E(Xi.Y1)

E(Xi.Y2)
✳✳✳

E(Xi.Ym)




.

❈♦♠♦ ❛ ♠❛tr✐③ ❞❡ ●r❛♠ é ❞❛❞❛ ♣♦r G(Y1, ..., Ym) = E(Y.Y t)✱ t❡♠♦s q✉❡ E(Y.Y t).Kt = E(Y.X t)

❡ ♣♦rt❛♥t♦

X̂ = E(X.Y t).E(Y.Y t)−1.Y .

P♦r s✉❜st✐t✉✐çã♦ ❞✐r❡t❛✱ ♦❜t❡♠♦s ❛ ❡①♣r❡ssã♦

E([X̂ − X].[X̂ − X]t) = E(X.X t) − E(X.Y t).E(Y.Y t)−1.E(Y.X t) .

✹✹



P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ E(X) ❡ E(Y ) sã♦ ♥✉❧♦s✱ ❡♥tã♦

Cov(X̂ − X, X̂ − X) = E([X̂ − X].[X̂ − X]t)

❡ ♣♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❖❜s❡r✈❛çã♦✿ ❛ ❤✐♣ót❡s❡ E(Y.Y t) s❡r ✐♥✈❡rtí✈❡❧ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡r✐❛ s❡r ❡✈✐t❛❞❛✱ ♠❛s

♥êss❡ ❝❛s♦ ❞❡✈❡r✐❛✲s❡ ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣s❡✉❞♦✲✐♥✈❡rs♦ ❞❡ ✉♠❛ ♠❛tr✐③✳

❈♦r♦❧ár✐♦ ✸✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡

Y = W.X + ε ,

♦♥❞❡ Y ❡ ε sã♦ ♠✲✈❡t♦r❡s ❛❧❡❛tór✐♦s✱ X é ♥✲✈❡t♦r ❛❧❡❛tór✐♦ ❡ W ∈ Mm×n(R) é ✉♠❛ ♠❛tr✐③

❝♦♥st❛♥t❡✳ ❙❡❥❛♠ F ❡ D ♠❛tr✐③❡s ❞❡✜♥✐❞❛s ♣♦r

E(X.X t) = F

E(ε.εt) = D

❙❡ E(ε.X t) = 0 ❡ (W.F.W t + D) é ✐♥✈❡rtí✈❡❧✱ ❡♥tã♦ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ X̂

❞❡ X✱ ❜❛s❡❛❞♦ ❡♠ Y ✱ é ❞❛❞♦ ♣♦r

X̂ = F.W t.(W.F.W t + D)−1.Y .

❙❡ X ❡ Y ♣♦ss✉❡♠ ❡s♣❡r❛♥ç❛s ♥✉❧❛s✱ ❡♥tã♦ ❛ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡rr♦ X̂ − X é ❞❛❞❛ ♣♦r

E([X̂ − X].[X̂ − X]t) = F − F.W t.(W.F.W t + D)−1.W.F .

Pr♦✈❛✿ ❈♦♠♣✉t❛♥❞♦ E(Y.Y t) = W.F.W t + D ❡ E(X.Y t) = F.W t✱ t❡♠♦s ♣❡❧♦ t❡♦r❡♠❛

❛♥t❡r✐♦r

X̂ = F.W t.(W.F.W t + D)−1.Y

❡

E([X̂ − X].[X̂ − X]t) = F − F.W t.(W.F.W t + D)−1.W.F .

❈♦♠♦ ✈✐st♦ ❛♥t❡s✱ s❡ X ❡ Y ♣♦ss✉❡♠ ❡s♣❡r❛♥ç❛s ♥✉❧❛s✱ ❡♥tã♦

Cov(X̂ − X, X̂ − X) = E([X̂ − X].[X̂ − X]t). �

✹✺



❚❡♦r❡♠❛ ✸✳✶✶✳ ❙❡❥❛♠ Y ❡ X ♠✲✈❡t♦r ❡ ♥✲✈❡t♦r ❛❧❡❛tór✐♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡

E(Y.Y t) é ✐♥✈❡rtí✈❡❧ ❡ ❞❡♥♦t❡ ♣♦r X̂ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X

❜❛s❡❛❞♦ ❡♠ Y ✳

❛✮ ❙❡ T ∈ Mp×n(R) é ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡✱ ❡♥tã♦ T.X̂ é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛

✈❛r✐â♥❝✐❛ ❞❡ T.X ❜❛s❡❛❞♦ ❡♠ Y ✳

❜✮ ❙❡ P ∈ Mn(R) é ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ❡♥tã♦ ♦ ❡st✐♠❛❞♦r X̂ é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r Z

q✉❡ ♠✐♥✐♠✐③❛

E([Z − X]t.P.[Z − X])

Pr♦✈❛✿ ❛✮ ❉♦ ❚❡♦r❡♠❛ ✸✳✾✱ t❡♠♦s q✉❡ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r T̂.X ❞❡ T.X é ❞❛❞♦ ♣♦r

T̂.X = E(T.X.Y t).E(Y.Y t)−1 = T.E(X.Y t).E(Y.Y t)−1 = T.X̂

❜✮ ❈♦♠♦ P é ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ❡①✐st❡ A ∈ Mn(R) t❛❧ q✉❡ At.A = P ✳ ❉❛ ✐❣✉❛❧❞❛❞❡

E([Z − X]t.P.[Z − X]) = E([A.Z − A.X]t.[A.Z − A.X]) = ‖A.Z − A.X‖2

❡ ❞♦ ít❡♠ ❛✮✱ t❡♠♦s q✉❡ X̂ é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r Z q✉❡ ♠✐♥✐♠✐③❛ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✳ �

❚❡♦r❡♠❛ ✸✳✶✷✳ ❙❡❥❛♠ Y =




Y1

✳✳✳

Yn


 ✉♠ ♥✲✈❡t♦r ❛❧❡❛tór✐♦ ❡ V ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r Y1, ..., Yn✳

❉❛❞♦ ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ U ❞❡ L2(Ω, Λ, P )✱ ❞❡✜♥❛ Ỹ =




Ỹ1

✳✳✳

Ỹn


✱ ❞❡ ♠♦❞♦ q✉❡

Ỹi = Yi − projU(Yi) , ∀i ∈ {1, ..., n} .

❙✉♣♦♥❤❛ q✉❡ U + V é ❢❡❝❤❛❞♦✳ ❙❡ X é ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✱ ❡♥tã♦ ❛ s✉❛ ♣r♦❥❡çã♦ s♦❜r❡ U + V é

X̂ = projU(X) + E(X.Ỹ t).E(Ỹ .Ỹ t)−1.Ỹ .

Pr♦✈❛✿ ❱❛♠♦s ❛ss✉♠✐r q✉❡ A = {Ỹ1, ..., Ỹn} é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ✱ ♣♦✐s

✉s❛r❡♠♦s ♦ ❢❛t♦ q✉❡ E(Ỹ .Ỹ t)−1 ❡①✐st❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❡s❝♦❧❤❡♠♦s ✉♠ s✉❜❝♦♥❥✉♥t♦ {Ỹi1 , ..., Ỹik}
❞❡ A✱ ❞❡ ♠♦❞♦ q✉❡ ❡❧❡ s❡❥❛ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ [Ỹ1, ..., Ỹn] ❡ ❞❡✜♥✐♠♦s

✹✻



Ỹ =




Ỹi1

✳✳✳

Ỹik




❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ {Ỹ1, ..., Ỹn} s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ P♦✐s ❜❡♠✱ s❡❥❛

T ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ Ỹ ✳ ❖❜s❡r✈❛♥❞♦ q✉❡ projT (X) é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r

❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X ❜❛s❡❛❞♦ ❡♠ Ỹ ✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✾ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡✿

projT (X) = E(X.Ỹ t).E(Ỹ .Ỹ t)−1.Ỹ .

❯♠❛ ✈❡③ q✉❡ T⊥U ❡ T ⊕ U = V + U ✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✽ ❛ ✐❣✉❛❧❞❛❞❡

X̃ = projU(X) + projT (X) = projU(X) + E(X.Ỹ t).E(Ỹ .Ỹ t)−1.Ỹ . �

❖❜s❡r✈❛çã♦✿ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r s❡rá ❛♣❧✐❝❛❞♦ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✳ ❙✉♣♦♥❤❛♠♦s q✉❡

♥✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ♦❜t❡♠♦s X ′ ✉♠ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ X = (X1, ..., Xn)

❜❛s❡❛❞♦ ♥♦ ✈❡t♦r u = (u1, ..., uk)✳ ◆✉♠ s❡❣✉♥❞♦ ♣❛ss♦✱ ❞❛❞♦ ♦ ✈❡t♦r Y = (Y1, ..., Ym)✱ ♣r♦❝✉✲

r❛♠♦s ✉♠ ❡st✐♠❛❞♦r X ′′ ❞❡ X ❜❛s❡❛❞♦ ♥♦ ✈❡t♦r

(u1, ..., uk, Y1, ..., Ym) .

◆❡ss❡ s❡♥t✐❞♦✱ ❞✐③❡♠♦s q✉❡ X ′′ é ✉♠ ❡st✐♠❛❞♦r ❜❛s❡❛❞♦ ♥♦s ❞❛❞♦s ✧❛♥t✐❣♦s ✭✉✮ ❡ ♥♦✈♦s ✭❨✮ ✧ ✳

❙❡❥❛♠ Y =




Y1

✳✳✳

Ym


✱ V ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r Y1, ..., Ym ❡ U ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r u1, ..., uk✳

❈♦♠♦ ♦ ❡st✐♠❛❞♦r X ′′ =




X ′′
1

✳✳✳

X ′′
n


 é t❛❧ q✉❡ X ′′

i é ❛ ♣r♦❥❡çã♦ ❞❡ Xi s♦❜r❡ U + V ✱ t❡♠♦s ♣❡❧♦

ú❧t✐♠♦ t❡♦r❡♠❛✿

X ′′

i = X ′

i + E(Xi.Ỹ
t).E(Ỹ .Ỹ t)−1.Ỹ ,

♦♥❞❡ ❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ Ỹ é Ỹi = Yi − projU(Yi)✳ ❖✉ s❡❥❛✱

X ′′ = X ′ + E(X.Ỹ t).E(Ỹ .Ỹ t)−1.Ỹ .

✹✼



❖❜s❡r✈❡ q✉❡ ♦ ✈❡t♦r Y ♠❡♥♦s ♦ s❡✉ ❡st✐♠❛❞♦r ❧✐♥❡❛r✱ ❜❛s❡❛❞♦ ❡♠ u✱ r❡s✉❧t❛ ♥♦ ✈❡t♦r Ỹ ✳

❈♦♥❢♦r♠❡ ♥♦t❛çã♦ ✐♥tr♦❞✉③✐❞❛ ♥❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛✱ t❡♠♦s ✉♠ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥❛ ❢♦r♠❛✿

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙❡❥❛ R = E([X−X ′].[X−X ′]t) ❡ s✉♣♦♥❤❛ q✉❡ Y ✭❞❛❞♦s ♥♦✈♦s✮ t❡♥❤❛ ❛ ❢♦r♠❛

Y = W.X + ε ,

♦♥❞❡ ε é ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ❞❡ ❡s♣❡r❛♥ç❛ ♥✉❧❛ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦ ❝♦♠ u ❡ X✳ ❊♥tã♦

X ′′ = X ′ + R.W t.(W.R.W t + Q)−1.(Y − W.X ′) ,

s❡♥❞♦ Q = E(ε.εt)✳ ❆❧é♠ ❞✐ss♦✱

E([X − X ′′].[X − X ′′]t) = R − R.W t.(W.R.W t + Q)−1.W.R .

Pr♦✈❛✿ ❉❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❈♦✈❛r✐â♥❝✐❛✱ t❡♠♦s q✉❡

Cov(ε, u) = E(ε.ut) − E(ε).E(ut) = E(ε.ut) .

❈♦♠♦ ε ❡ u sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ t❡♠♦s q✉❡ E(ε.ut) = 0✳ ❊ss❛ ❝♦♥❞✐çã♦ ♥♦s ❞✐③ q✉❡ εi⊥U

♣❛r❛ t♦❞♦ ✐✳ ❆ss✐♠✱ ❞❡♥♦t❛♥❞♦ ♣♦r Wi ❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❞❡ W ✱ t❡♠♦s

projU(Yi) = projU(Wi.X) + projU(εi) = projU(Wi.X) ,

♦✉ s❡❥❛✱ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ Y ✱ ❜❛s❡❛❞♦ ❡♠ u✱ é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡

W.X ❜❛s❡❛❞♦ ❡♠ u✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✶ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Ỹ s❡❣✉❡ q✉❡

Ỹ = Y − W.X ′ .

❯♠❛ ✈❡③ q✉❡ E(X ′.Ỹ t) = 0✱ ❛ ú❧t✐♠❛ ♦❜s❡r✈❛çã♦ ♥♦s ❞✐③ q✉❡

X ′′ = X ′ + E([X − X ′].Ỹ t).[E(Ỹ .Ỹ t)]−1.Ỹ .

❉❡♥♦t❛♥❞♦ ♣♦r e ♦ ❡rr♦ X − X ′✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✾

X ′′ = X ′ + ê ,

♦♥❞❡ ê é ♦ ❡st✐♠❛❞♦r ❞❡ e ❜❛s❡❛❞♦ ❡♠ Ỹ ✳ ❯♠❛ ✈❡③ q✉❡

Ỹ = Y − W.X ′ = W.X + ε − W.X ′ = W.e + ε ,

✹✽



❝♦♠♦ E(ε.et) = 0 ❡ R = E([X − X ′].[X − X ′]t)✱ ♦ ❈♦r♦❧ár✐♦ ✸✳✶✵ ✐♠♣❧✐❝❛ ❡♠

X ′′ = X ′ + R.W t.(W.R.W t + Q)−1.(Y − W.X ′)

❡

E([X − X ′′].[X − X ′′]t) = E([e − ê].[e − ê]t) = R − R.W t.(W.R.W t + Q)−1.W.R . �

✸✳✹ ❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥

❙❡❥❛ (u(k))k∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥✲✈❡t♦r❡s ❛❧❡❛tór✐♦s q✉❡ s❛t✐s❢❛③❡♠ ✿

E(u(k)) = 0 , ∀k ∈ N ,

E(u(k).u(l)t) = Q(k).δkl , ∀k, l ∈ N ✱

♦♥❞❡ δkl é ♦ sí♠❜♦❧♦ ❞❡ ❑r♦♥❡❝❦❡r✳

❉❡✜♥❛ ❛ s❡q✉ê♥❝✐❛ (x(k))k∈N ♣❡❧❛ ❡q✉❛çã♦ ✿

x(k + 1) = Φ(k).x(k) + u(k) ,

s❡♥❞♦ Φ(k) ∈ Mn(R) ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ ♣❛r❛ ❝❛❞❛ ❦ ❡ x(0) ✉♠ ✈❡t♦r ❛❧❡❛tór✐♦ ✐♥✐❝✐❛❧ ❝♦♠

❡s♣❡r❛♥ç❛ ♥✉❧❛✳

❉❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❛❧❡❛tór✐♦s (v(k))k∈N✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ✉♠ ♠ét♦❞♦ ♣❛r❛ ❡st✐✲

♠❛r x(k)✱ ❜❛s❡❛❞♦ ♥♦s ❞❛❞♦s v(0), v(1), ..., v(k − 1)✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❢❛③❡r ❛❧❣✉♠❛s

❝♦♥s✐❞❡r❛çõ❡s✿

v(k) = M(k).x(k) + w(k) , ∀k ∈ N ,

♦♥❞❡ M(k) ∈ Mm×n(R) é ♠❛tr✐③ ❝♦♥st❛♥t❡ ♣❛r❛ ❝❛❞❛ k ∈ N ❡ w(k) é ✉♠ ♥✲✈❡t♦r ❛❧❡❛tór✐♦ q✉❡

s❛t✐s❢❛③✿

E(w(k)) = 0 , ∀k ∈ N

E(w(k).w(l)t) = R(k).δkl , ∀k, l ∈ N ✱

♦♥❞❡ R(k) é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ ❆ss✉♠❛ q✉❡ x(0), u(k) ❡ w(l) sã♦ ❞♦✐s ❛ ❞♦✐s ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s

♣❛r❛ t♦❞♦ k, l ∈ N✳

✹✾



◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛r❡♠♦s ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ x(k)✱ ❜❛s❡❛❞♦ ❡♠

v(1), ..., v(j)✱ ♣♦r x̂(k|j)✳ ❆ss✐♠✱ s❡ V (j) ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡

v(1), ..., v(j)✱ ❡♥tã♦ ❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ x̂(k|j) é ❛ ♣r♦❥❡çã♦ ❞❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ x(k)

s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ V (j)✳

❚❡♦r❡♠❛ ❞❡ ❑❛❧♠❛♥ ✭❙♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ r❡❝✉rs✐✈❛✮

❖ ❡st✐♠❛❞♦r ❧✐♥❡❛r x̂(k + 1|k) é ❣❡r❛❞♦ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦

✭✶✮ x̂(k + 1|k) = Φ(k).P (k).M(k)t[M(k).P (k).M(k)t + R(k)]−1.[v(k) − M(k).x̂(k|k − 1)]+

+Φ(k).x̂(k|k − 1) ✱

♦♥❞❡ P (k) = E([x(k) − x̂(k|k − 1)].[x(k) − x̂(k|k − 1)]t) é ❣❡r❛❞♦ r❡❝✉rs✐✈❛♠❡♥t❡ ♣♦r

✭✷✮P (k + 1) = Φ(k).P (k).{Id−M(k)t.[M(k).P (k).M(k)t + R(k)]−1.M(k).P (k)}.Φ(k)t + Q(k)✳

❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❡ss❛s ❡q✉❛çõ❡s sã♦ ♦ ❡st✐♠❛❞♦r ✐♥✐❝✐❛❧ x̂(0| − 1) = x̂(0) ❡ P (0)✳

Pr♦✈❛✿ ❚♦♠❛♥❞♦ ❝♦♠♦ ❡①❡♠♣❧♦ ❛s ❞✉❛s ❡①♣r❡ssõ❡s ❛❜❛✐①♦ ✿

x(2) = Φ(1).Φ(0).① (0) + Φ(1).✉(0) + ✉(1) ✱

x(3) = Φ(2).Φ(1).Φ(0).① (0) + Φ(2).Φ(1).✉(0) + Φ(2)✉(1) + u(2) ✱

é ❢á❝✐❧ ✈❡r q✉❡ x(i) é ❝♦♠❜✐♥❛çã♦ ❞❡ u(i − 1), u(i − 2), ..., u(0) ❡ x(0)✱ ♦✉ s❡❥❛✱ ✜①❛❞♦ i ∈ N✱

❡①✐st❡♠ ♠❛tr✐③❡s A0, A1, ..., Ai ❞❡ Mn(R) t❛✐s q✉❡

x(i) = Ai.x(0) +
i−1∑

j=0

Aj.u(j) .

P♦r ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦✈❛r✐â♥❝✐❛✱ s❡ k ≥ i✱ ❡♥tã♦

Cov(x(i), u(k)) = Cov(Ai.x(0), u(k)) +
i−1∑

j=0

Cov(Aj.u(j), u(k)) =

= Ai.Cov(x(0), u(k)) +
i−1∑

j=0

Aj.E(u(j).u(k)t) = 0 ,

♦✉ s❡❥❛✱ s❡ k ≥ i✱ ❡♥tã♦ x(i) ❡ u(k) sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❆❣♦r❛✱ ❝♦♠♦ v(i) = M(i).x(i)+ w(i)✱

t❡♠♦s q✉❡

Cov(v(i), u(k)) = M(i).Cov(x(i), u(k)) + Cov(w(i), u(k)) = 0 , se k ≥ i ,

✺✵



♦✉ s❡❥❛✱ v(i) ❡ u(k) sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❊ss❛ ❝♦♥❞✐çã♦ ♥♦s ❞✐③✿ ❝❛❞❛ ❝♦r❞❡♥❛❞❛ ❞❡ u(k)

é ♦rt♦❣♦♥❛❧ ❛♦ s✉❜❡s♣❛ç♦ V (i) s❡ k ≥ i✳ ❆ss✐♠✱ ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡

x(k + 1)✱ ❜❛s❡❛❞♦ ❡♠ v(1), ..., v(k)✱ é ♦ ❡st✐♠❛❞♦r ❧✐♥❡❛r ❞❡ ♠í♥✐♠❛ ✈❛r✐â♥❝✐❛ ❞❡ Φ(k).x(k)

❜❛s❡❛❞♦ ❡♠ v(1), ..., v(k)✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✶✱ t❡♠♦s

x̂(k + 1|k) = Φ(k).x̂(k|k) .

❙✉♣♦♥❞♦ q✉❡ x̂(k|k − 1) ❡ P (k) ❢♦r❛♠ ❝♦♠♣✉t❛❞♦s✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✸✿

x̂(k|k) = x̂(k|k − 1) + P (k).M(k)t[M(k).P (k).M(k)t + R(k)]−1.[v(k) − M(k).x̂(k|k − 1)].

❖❜s❡r✈❡ q✉❡ ❛♦ ❛♣❧✐❝❛r♠♦s ♦ ❚❡♦r❡♠❛ ✸✳✶✸✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ v(1), ..., v(k − 1) ♦ ❝♦♥❥✉♥t♦

❞❡ ❞❛❞♦s ✧❛♥t✐❣♦s ✧❡ v(k) ♦ ✈❡t♦r ❞❡ ❞❛❞♦s ✧♥♦✈♦s✧✳

❉❛s ❞✉❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛✱ s❡❣✉❡ ❛ ❡q✉❛çã♦ ✭✶✮ ❞♦ t❡♦r❡♠❛✳ ❆❣♦r❛✱ ❞❡❞✉③✐r❡♠♦s P (k)

r❡❝✉rs✐✈❛♠❡♥t❡✿ ✉♠❛ ✈❡③ q✉❡

x(k + 1) − x̂(k + 1|k) = Φ(k).[x(k) − x̂(k|k)] + u(k) ,

s❡❣✉❡ q✉❡

P (k + 1) = Φ(k).E([x(k) − x̂(k|k)].[x(k) − x̂(k|k)]t).Φ(k)t + Q(k) .

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✸✱ t❡♠♦s

E([x(k)−x̂(k|k)].[x(k)−x̂(k|k)]t) = P (k)−P (k).M(k)t.[M(k).P (k).M(k)t+R(k)]−1.M(k).P (k) .

❉❛s ❞✉❛s ú❧t✐♠❛s ❡①♣r❡ssõ❡s s❡❣✉❡ ❛ ❡q✉❛çã♦ ✭✷✮ ❞♦ t❡♦r❡♠❛✳ �
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❆♣ê♥❞✐❝❡ ❆

❆❧❣✉♠❛s ❆♣❧✐❝❛çõ❡s Prát✐❝❛s ❞♦ ❋✐❧tr♦ ❞❡

❑❛❧♠❛♥

❊♠ ✶✾✻✵✱ ❘✉❞♦❧❢ ❊♠✐❧ ❑❛❧♠❛♥ ♣✉❜❧✐❝♦✉ ♦ s❡✉ ❢❛♠♦s♦ ❛rt✐❣♦ ❞❡s❝r❡✈❡♥❞♦ ✉♠❛ s♦❧✉çã♦ r❡❝✉rs✐✈❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ✜❧tr❛❣❡♠ ❧✐♥❡❛r ❞❡ ❞❛❞♦s ❞✐s❝r❡t♦s✳ ❉❡s❞❡ ❡♥tã♦✱ ❞❡✈✐❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❛♦s ❛✈❛♥ç♦s ❞❛ ❝♦♠♣✉t❛çã♦ ❞✐❣✐t❛❧✱ ♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ t❡♠ s✐❞♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❞❡ ♠✉✐t❛

♣❡sq✉✐s❛ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳ ❆ ✜❧tr❛❣❡♠ ❞❡ ❑❛❧♠❛♥ ✈❡♠ s❡♥❞♦ ❛♣❧✐❝❛❞❛ ❡♠ ár❡❛s tã♦ ❞✐✈❡rs❛s

q✉❛♥t♦ ❛ ❛❡r♦❡s♣❛❝✐❛❧✱ ♥❛✈❡❣❛çã♦ ♠❛rít✐♠❛✱ ✐♥str✉♠❡♥t❛çã♦ ❞❡ ✉s✐♥❛s ♥✉❝❧❡❛r❡s✱ ♠♦❞❡❧❛♠❡♥t♦

❞❡♠♦❣rá✜❝♦✱ ❛str♦♥♦♠✐❛✱ ❡❝♦♥♦♠✐❛ ❡ ✐♥❞ústr✐❛s ❡♠ ❣❡r❛❧✳

❆ ♣r✐♠❡✐r❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛ ♣❛r❛ ♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♣♦r ❙t❛♥❧❡② ❋✳ ❙❤✐♠✐❞t

q✉❡ tr❛❜❛❧❤❛✈❛ ♥♦ ♣r♦❥❡t♦ ❆♣♦❧❧♦ ❞❛ ◆❆❙❆ ❝✉❥♦ ♦❜❥❡t✐✈♦ ❡r❛ ❧❡✈❛r ✉♠❛ ♥❛✈❡ á ▲✉❛ ❡ tr❛③❡✲❧❛ ❞❡

✈♦❧t❛ ❛ ❚❡rr❛✳ ◆♦ ♠♦♠❡♥t♦ ❡❧❡ t✐♥❤❛ ♣r♦❜❧❡♠❛s ♥❛ ❡st✐♠❛çã♦ ❞❡ tr❛❥❡tór✐❛s ❡ ❝♦♥tr♦❧❡✳ ❙❤✐♠✐❞t

tr❛❜❛❧❤♦✉ ♥♦ q✉❡ s❡r✐❛ ❛ ♣r✐♠❡✐r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ❡ t♦r♥♦✉ ♦

♠❡s♠♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❞❛ ❆♣♦❧❧♦✳ ❚❛♠❜é♠ ♣♦r ✐♥✢✉ê♥❝✐❛ ❞❡ ❙❤✐♠✐❞t✱

♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ❢♦✐ ✐♥❝❧✉í❞♦ ♥♦ s✐st❡♠❛ ❞❡ ♥❛✈❡❣❛çã♦ ❞♦ ❝❛r❣✉❡✐r♦ ❛ér❡♦ ❈✺❆✳ ◆❡st❡ ❝❛s♦✱

♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❢✉sã♦ s❡♥s♦r✐❛❧✱ q✉❛♥❞♦ ❝♦♠❜✐♥♦✉ ❞❛❞♦s ❞❡ r❛❞❛r

❝♦♠ ❛q✉❡❧❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ s❡♥s♦r❡s ✐♥❡r❝✐❛✐s ♣❛r❛ ❡st✐♠❛r ❛ tr❛❥❡tór✐❛ ❞♦ ❛✈✐ã♦✳ ❉❡s❞❡ ❡♥tã♦

♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ ✈❡♠ s❡♥❞♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡ ❞❛ ♠❛✐♦r✐❛ ❞♦s s✐st❡♠❛s ♦♥❜♦❛r❞ ❞❡ ❡st✐♠❛çã♦

❞❡ tr❛❥❡tór✐❛ ❡ ❝♦♥tr♦❧❡ ❡♠ ❛❡r♦♥❛✈❡s✳

❖ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ é ❝♦♥s✐❞❡r❛❞♦ ♣♦r ♠✉✐t♦s ♦ ❣r❛♥❞❡ ❛✈❛♥ç♦ ❞❛ t❡♦r✐❛ ❞❡ ❡st✐♠❛çã♦ ❞♦

sé❝✉❧♦ ✈✐♥t❡✳ ▼✉✐t❛s r❡❛❧✐③❛çõ❡s ❞❡s❞❡ s✉❛ ✐♥tr♦❞✉çã♦ t❛❧✈❡③ ♥ã♦ ❢♦ss❡♠ ♣♦ssí✈❡✐s s❡♠ ❡❧❡✳ ❆s
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♣r✐♥❝✐♣❛✐s ❛♣❧✐❝❛çõ❡s ❞❛ ✜❧tr❛❣❡♠ ❞❡ ❑❛❧♠❛♥ ❡stã♦ ♥♦s s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ♠♦❞❡r♥♦s ❡ ♥❛

♥❛✈❡❣❛çã♦ ❡ r❛str❡❛♠❡♥t♦ ❞❡ t♦❞♦s ♦s t✐♣♦s ❞❡ ✈❡í❝✉❧♦s✳

▼❛s ♦ q✉❡ é ♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥❄ ❚❡♦r✐❝❛♠❡♥t❡✱ ❡❧❡ é ✉♠ ❡st✐♠❛❞♦r ♣❛r❛ ❛q✉✐❧♦ q✉❡ é

❝❤❛♠❛❞♦ ♦ ✧♣r♦❜❧❡♠❛ ●❛✉ss✐❛♥♦✲❧✐♥❡❛r✲q✉❛❞rát✐❝♦✧✱ q✉❡ é ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡st✐♠❛çã♦ ❞♦s ❡st❛❞♦s

✐♥st❛♥tâ♥❡♦s ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞✐♥â♠✐❝♦ ♣❡rt✉r❜❛❞♦ ♣♦r r✉í❞♦ ●❛✉ss✐❛♥♦ ❜r❛♥❝♦ ✉s❛♥❞♦✲s❡

♠❡❞✐çõ❡s ❧✐♥❡❛r♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❛♦s ❡st❛❞♦s ❡ t❛♠❜é♠ ❝♦rr♦♠♣✐❞❛s ♣♦r r✉í❞♦ ❜r❛♥❝♦✳ ◆❛

♣rát✐❝❛✱ ♦ ❋✐❧tr♦ ❞❡ ❑❛❧♠❛♥ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ♠❛t❡♠át✐❝❛s q✉❡ ♣r♦✈ê ✉♠❛ s♦❧✉çã♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ❖ ✜❧tr♦ é ♠✉✐t♦ ♣♦❞❡r♦s♦ ♣♦✐s

♣❡r♠✐t❡ ❛ ❡st✐♠❛çã♦ ❞♦s ❡st❛❞♦s ♣❛ss❛❞♦s✱ ♣r❡s❡♥t❡s ❡ ❢✉t✉r♦s ❞❡ ✉♠ s✐st❡♠❛ s❡♥❞♦ q✉❡ ♣❛r❛

✐ss♦ ♥ã♦ é ♥❡❝❡ssár✐♦ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣r❡❝✐s♦ ❞❡ s❡✉ ♠♦❞❡❧♦✳
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❇♦♦❦s✲❈❛❧✐❢♦r♥✐❛✱✶✾✽✾✳
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