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❆●❘❆❉❊❈■▼❊◆❚❖❙

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♥✜❛♥ç❛❀ ❛ ❯◆■❈❆▼P ♣❡❧❛
♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st✉❞❛r ❡♠ ❡❧❛❀ ❛♦ ❡q✉✐♣❡ ❞❡ ♣r♦❢❡ss♦r❡s ❞❛ Pós✲●r❛❞✉❛çã♦
❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛ ❞❛ ❯◆■❈❆▼P ♣♦r t♦❞♦s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s q✉❡
♣✉s❡r❛♠ ❛♦ ✐♥t❡r✐♦r ❞❡ ♠✐♥❤❛ t❡st❛❀ à ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ♣♦r ❧❡r ❡st❛ ❞✐s✲
s❡rt❛çã♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s✱ q✉❡ ♠✉✐t♦ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♠❡❧❤♦r✐❛ ❞❡❧❛❀
❆❣r❛❞❡ç♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ♠❡✉s ♣❛❞r❡s✱ ❋r❛♥❝♦ ❚✳ ▲ó♣❡③ ❡ ❉♦❧♦r❡s ❙✳ ❊r❛✲
③♦✱ ❛ ♠❡✉s ✐r♠ã♦s ❡ ❡♠ ❣❡r❛❧ ❛ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣♦r ♦ ❣r❛♥❞❡ ❛♣♦✐♦
❞❛❞♦ ❞❡s❞❡ ❈♦❧♦♠❜✐❛ ♥❛s ❤♦r❛s ❞✐❢í❝❡✐s❀ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ ♠✐♥❤❛ ❡s♣♦s❛✱
▲✐❧✐❛♥❛ ❏✐♠é♥❡③ ❯rr❡❛✱ ♣♦r s✉ ❣r❛♠ ❛♣♦✐♦ ❡ ❝♦♠♣❛♥❤✐❛ ❡♠ ♠✐ ❡st❛❞✐❛ ♥♦
❇r❛s✐❧❀ ❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♠❡✉s ❛♠✐❣♦s ♥♦ ❇r❛s✐❧✱ ♦s q✉❛✐s ❡st✐✈❡r❛♠ s❡♠♣r❡
♣r❡s❡♥t❡s✱ ❡ ♥❛ ❢❛s❡ ✜♥❛❧ ♠✉✐t♦ ♠❡ ❡st✐♠✉❧❛r❛♠ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱
❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❈r✐st✐❛♥♦ ❚♦r❡③③❛♥ ❡ s✉❛ ❡s♣♦s❛ ●❧á✉❝✐❛✳ ◆ã♦ ♣♦ss♦ ❡sq✉❡✲
❝❡r ❞❡ ❛❣r❛❞❡❝❡r ❛ ▼❛r✐❜❡❧ ❞❡❧ ❈❛r♠❡♥ ❉✐❛③ q✉❡ ❢♦✐ ✉♠ ❛♣♦✐♦ ❝♦♥st❛♥t❡ ❡♠
♠✐♥❤❛ ❡st❛❞✐❛ ♥♦ ❇r❛s✐❧✳ P♦r ú❧t✐♠♦ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ❡ ❛ ❱✐r❣❡♠ s❛♥tíss✐♠❛✱
♦s ú♥✐❝♦s s❡r❡s q✉❡ ❡♠ t♦❞♦ ♠♦♠❡♥t♦ ✜❝❛♠ ❞❡ ♥♦ss♦ ❧❛❞♦✳
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❈♦♥❝❧✉sõ❡s ✻✶

❘❡❢❡rê♥❝✐❛s ✻✸
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✺✳✻ P♦r❝❡♥t❛❣❡♠ ❞❛s ✐t❡r❛çõ❡s ❡ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s

♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ r❡s♣❡✐t♦ ❞♦ ♠ét♦❞♦
❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✺✳✼ Pr♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❝❛✐①❛ ❡✴♦✉
❞❡ ✐❣✉❛❧❞❛❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✺✳✽ P♦r❝❡♥t❛❣❡♠ ❞❛s ✐t❡r❛çõ❡s ❡ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s
♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ r❡s♣❡✐t♦ ❞♦ ♠ét♦❞♦
❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
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✶✳✶ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✷ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ❣❡r❛❞♦s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✸ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ♣♦❧❛r❡s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✹ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ♥♦r♠❛✐s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✶✳✺ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s t❛♥❣❡♥t❡s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✶ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❡♠ ℜ2✱ ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✷ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❡ ♣♦♥t♦s ❢❛❝tí✈❡✐s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✸ P❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ❝♦♦r❞❡♥❛❞❛s ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷✳✹ ✭❛✮ Pk = Dk =

{
d1

k, d
2
k

}
✱ ❡ ✭❜✮ Pk = {±ei : i = 1, · · · , n}✳ ✳ ✳ ✳ ✷✵

✸✳✶ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❞♦ ❡①❡♠♣❧♦ ✭✸✳✸✳✶✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
✸✳✷ ❈♦♥❥✉♥t♦ TA(xk;ǫk)(xk) ❞♦ ❡①❡♠♣❧♦ ✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✹✳✶ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✹✳✷ P❛ss♦ αk ❝♦♠ gi ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹✳✸ P❛ss♦ αk ❝♦♠ gi ♥ã♦ ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✹✳✹ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✹✳✺ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳ ✳ ✹✹

✺✳✶ ❙♦❧✉çã♦ ❣rá✜❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✶✮ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲
❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✷ ❙♦❧✉çã♦ ❣rá✜❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✷✮ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲
❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
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✺✳✸ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❍❙✵✵✺ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ✐♥✐❝✐❛♥❞♦ ♥♦ ♣♦♥t♦ x0 = (−1, 2.5)✳ ✳ ✳ ✺✽

✺✳✹ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❍❙✵✵✺ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ✐♥✐❝✐❛♥❞♦ ♥♦ ♣♦♥t♦ x0 = (1.5, 0.5)✳ ✳ ✳ ✻✵
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❘❊❙❯▼❖

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s q✉❡ r❡s♦❧✈❡♠ ✉♠ ♣r♦✲
❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦ ❧✐♥❡❛r ❝♦♠ r❡str✐çõ❡s ❧✐♥❡❛r❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡
❞❡ ✐❣✉❛❧❞❛❞❡✱ ♦s q✉❛✐s ♥ã♦ ❢❛③❡♠ ✉s♦ ❡①♣❧í❝✐t♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ♦❜❥❡✲
t✐✈♦ ♥❡♠ t❛♠♣♦✉❝♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ❛♦ ♠❡s♠♦✳ ❯♠ ♠ét♦❞♦ ❞❡ ❞❡❝rés❝✐♠♦
s✉✜❝✐❡♥t❡ ❡ ✉♠ ♠ét♦❞♦ ❞❡ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s sã♦ ❡st✉❞❛❞♦s✳ ❖ ♣r✐♠❡✐r♦✱
♣r♦❝✉r❛ ♠❡❧❤♦r❡s ✈❛❧♦r❡s ♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡
❞✐r❡çõ❡s✱ ❛s q✉❛✐s ❣❡r❛♠ ♣♦s✐t✐✈❛♠❡♥t❡ ♦ ❝♦♥❡ ♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦ ♥♦ ♣♦♥t♦ ❛t✲
✉❛❧✳ ❖ s❡❣✉♥❞♦ ♠ét♦❞♦ ♣r♦❝✉r❛ ♠❡❧❤♦r❛r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❛♦ ❧♦♥❣♦
❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s✱ ❛s q✉❛✐s✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ♣♦♥t♦ ❛t✉❛❧✱ ♦✉ ❣❡r❛♠
♣♦s✐t✐✈❛♠❡♥t❡ t♦❞♦ ♦ ❡s♣❛ç♦ ℜn✱ ♦✉ ❣❡r❛♠ ♣♦s✐t✐✈❛♠❡♥t❡ ♦ ❝♦♥❡ ♣♦❧✐❡❞r❛❧
❝♦♥✈❡①♦ ❡♠ t❛❧ ♣♦♥t♦✳ ❆❧❣♦r✐t♠♦s ❞♦s ♠ét♦❞♦s✱ ❝♦♠❡♥tár✐♦s ❞❛s ✐♠♣❧❡♠❡♥✲
t❛çõ❡s ❢❡✐t❛s ❡ t❡st❡s ♥✉♠ér✐❝♦s ❞❡ t❛✐s ✐♠♣❧❡♠❡♥t❛çõ❡s ❝♦♠ ♣r♦❜❧❡♠❛s ❞❛
❝♦❧❡çã♦ ❍♦❝❦✲❙❝❤✐tt❦♦✇s❦✐ sã♦ ❢❡✐t♦s ❛♦ ✜♥❛❧ ❞♦ tr❛❜❛❧❤♦✳
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❆❇❙❚❘❆❈❚

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ st✉❞② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t❤❛t s♦❧✈❡ ❛ ♣r♦❜❧❡♠ ♦❢ ♥♦♥✲
❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✇✐t❤ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t② ❛♥❞ ❡q✉❛❧✐t② ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤
❞♦ ♥♦t ♠❛❦❡ ❡①♣❧✐❝✐t ✉s❡ ❡✐t❤❡r ♥❡✐t❤❡r ♦❢ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝✲
t✐♦♥ ♥♦r ❛♣♣r♦❛❝❤❡s t♦ t❤❡ s❛♠❡ ♦♥❡✳ ❆ ♠❡t❤♦❞ ♦❢ s✉✣❝✐❡♥t ❞❡❝r❡❛s❡ ❛♥❞
❛ ♠❡t❤♦❞ ♦❢ s✐♠♣❧❡ ❞❡❝r❡❛s❡ ❛r❡ st✉❞✐❡❞✳ ❚❤❡ ✜rst ♦♥❡✱ ❧♦♦❦s ❢♦r ❜❡tt❡r
✈❛❧✉❡s ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤r♦✉❣❤♦✉t ❛ s❡t ♦❢ ❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤ ♣♦s✐✲
t✐✈❡❧② ❣❡♥❡r❛t❡ t❤❡ ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧ ❝♦♥❡ ✐♥ t❤❡ ❝✉rr❡♥t ♣♦✐♥t✳ ❚❤❡ s❡❝♦♥❞
♠❡t❤♦❞ ❧♦♦❦s ❢♦r t♦ ✐♠♣r♦✈❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤r♦✉❣❤♦✉t
❛ s❡t ♦❢ ❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝✉rr❡♥t ♣♦✐♥t✱ ❡✐t❤❡r ❣❡♥❡r❛t❡s
♣♦s✐t✐✈❡❧② t❤❡ ✇❤♦❧❡ s♣❛❝❡s✱ ♦r ♣♦s✐t✐✈❡❧② ❣❡♥❡r❛t❡s t❤❡ ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧
❝♦♥❡ ✐♥ t❤✐s ♣♦✐♥t✳ ❆❧❣♦r✐t❤♠s ♦❢ t❤❡ ♠❡t❤♦❞s✱ ❝♦♠♠❡♥t❛r✐❡s ♦❢ t❤❡ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥s ❞♦♥❡ ❛♥❞ ♥✉♠❡r✐❝❛❧ t❡sts ♦❢ s✉❝❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇✐t❤ ♣r♦❜❧❡♠s
♦❢ t❤❡ ❍♦❝❦✲❙❝❤✐tt❦♦✇s❦✐ ❝♦❧❧❡❝t✐♦♥ ❛r❡ ♠❛❞❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✇♦r❦✳

①✐✐



■◆❚❘❖❉❯➬➹❖

❖ ♦❜❥❡t✐✈♦ ❞❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡
♦t✐♠✐③❛çã♦ ♥ã♦ ❧✐♥❡❛r ❝♦♠ r❡str✐çõ❡s ❧✐♥❡❛r❡s✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

♠✐♥✐♠✐③❛r f(x)
s✉❥❡✐t❛ ❛ gi(x) ≤ 0, ∀i ∈ I

hℓ(x) = 0, ∀ℓ ∈ E,
✭✶✮

♦♥❞❡ I = {1, . . . ,m} ⊆ N✱ E = {m + 1, . . . ,m + p} ⊆ N ❡ f : ℜn → ℜ
(n ≥ 1) é ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ℜn✳ ❆❧é♠ ❞✐ss♦✱ ❛s✲
s✉♠✐♠♦s q✉❡ ❛s ❢✉♥çõ❡s gi : ℜn → ℜ ❡ hℓ : ℜn → ℜ sã♦ ❧✐♥❡❛r❡s ♣❛r❛ t♦❞♦
i ∈ I ❡ t♦❞♦ ℓ ∈ E✳

Pr♦❜❧❡♠❛s ❞❛ ❢♦r♠❛ ✭✶✮ ❛♣❛r❡❝❡♠ ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s✱ ❝♦♠♦ ❝✐ê♥❝✐❛s✱
❡♥❣❡♥❤❛r✐❛s ❡ ♥♦ ♠✉♥❞♦ ❞♦s ♥❡❣ó❝✐♦s✳ ❊♠ ❝✐ê♥❝✐❛s ❢ís✐❝❛s✱ ♠✉✐t♦s ♣r✐♥❝í♣✐♦s
ót✐♠♦s tê♠ s✐❞♦ ❡♥✉♥❝✐❛❞♦s ❞❡s❝r❡✈❡♥❞♦ ❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s ♥♦s ❝❛♠♣♦s ❞❡
ót✐❝❛ ❡ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✳ ❖ ❝❛♠♣♦ ❞❛ ❡st❛tíst✐❝❛ tr❛t❛ ❞✐❢❡r❡♥t❡s ♦❜❥❡t✐✈♦s
t❛✐s ❝♦♠♦ ♠á①✐♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ♠í♥✐♠❛ ♣❡r❞❛✳ ❊♥q✉❛♥t♦ ♥♦ ❝❛♠♣♦ ❞♦s
♥❡❣ó❝✐♦s✱ ❢❛❧❛✲s❡ ♣♦r ❡①❡♠♣❧♦ ❞❡ ♠á①✐♠♦ ❜❡♥❡❢í❝✐♦✱ ♠í♥✐♠♦ ❝✉st♦✱ ♠á①✐♠♦
✉s♦ ❞❡ r❡❝✉rs♦s✱ ♠í♥✐♠♦ ❡s❢♦rç♦✱ ♠á①✐♠❛ ❡✜❝✐ê♥❝✐❛✳ ❆té ❛q✉✐ ♣♦❞❡rí❛♠♦s
❢❛❧❛r q✉❡ ♦s ♦❜❥❡t✐✈♦s ♠❡♥❝✐♦♥❛❞♦s sã♦ ♣r♦♣♦st♦s ♣❡❧♦ ❤♦♠❡♠ ❡♠ s✉❛ ♥❡✲
❝❡ss✐❞❛❞❡ ♣♦r ♦❜t❡r ❛❧❣✉♠ ❜❡♥❡❢í❝✐♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♥❛t✉r❡③❛ ♣♦r s✐ ♠❡s♠❛
t❛♠❜é♠ ♦t✐♠✐③❛✳ ❖s s✐st❡♠❛s ❢ís✐❝♦s✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♥❞❡♠ ❛ ✉♠ ❡st❛❞♦ ❞❡
♠í♥✐♠❛ ❡♥❡r❣✐❛✱ ❛s ♠♦❧é❝✉❧❛s ❡♠ ✉♠ s✐st❡♠❛ q✉í♠✐❝♦ ✐s♦❧❛❞♦ r❡❛❣❡♠ ✉♠❛s
❝♦♠ ♦✉tr❛s ❛té q✉❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ t♦t❛❧ ❞❡ s❡✉s ❡❧étr♦♥s s❡❥❛ ♠✐♥✐♠✐③❛❞❛
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❡ ♦s r❛✐♦s ❞❡ ❧✉③ s❡❣✉❡♠ tr❛❥❡tór✐❛s q✉❡ ♠✐♥✐♠✐③❛♠ ♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ ❬✶✵❪✳

❊♠ q✉❛❧q✉❡r ❝❛♠♣♦ ♥♦ q✉❛❧ ❡st❡❥❛♠♦s ✐♠❡rs♦s ♦♥❞❡ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛
t♦♠❛❞❛ ❞❡ ❞❡❝✐sõ❡s✱ ❞❡✈❡♠♦s ♣r✐♠❡✐r♦ ✐❞❡♥t✐✜❝❛r ❛❧❣✉♠ ✧♦❜❥❡t✐✈♦✧✱ t❛❧ ❝♦♠♦
♦s ❛♣r❡s❡♥t❛❞♦s ❛❝✐♠❛✳ ❚❛❧ ♦❜❥❡t✐✈♦ ♣♦❞❡ s❡r ❜❡♥❡❢í❝✐♦✱ t❡♠♣♦✱ ❡♥❡r❣✐❛ ♣♦t❡♥✲
❝✐❛❧✱ ♦✉ q✉❛❧q✉❡r q✉❛♥t✐❞❛❞❡ ♦✉ ❝♦♠❜✐♥❛çã♦ ❞❡ q✉❛♥t✐❞❛❞❡s q✉❡ ♣♦ss❛♠ s❡r
r❡♣r❡s❡♥t❛❞❛s ♣♦r ✉♠ ú♥✐❝♦ ♥ú♠❡r♦✳ ❚❛✐s ♦❜❥❡t✐✈♦s ♣♦❞❡♠✱ ♦✉ ♥ã♦✱ ❞❡♣❡♥✲
❞❡r ❞❡ ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ s✐st❡♠❛✱ ❛s q✉❛✐s sã♦ ❝❤❛♠❛❞❛s ✈❛r✐á✈❡✐s✱
❡ ❡st❛s✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ♣♦❞❡♠ ♦✉ ♥ã♦ t❡r q✉❡ ❝✉♠♣r✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡
❝♦♥❞✐çõ❡s ❣❡r❛✐s às q✉❛✐s ❝❤❛♠❛♠♦s r❡str✐çõ❡s✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛s ✈❛r✐á✈❡✐s
t❡♥❤❛♠ q✉❡ ❝✉♠♣r✐r ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡str✐çã♦✱ ❢❛❧❛♠♦s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ r❡s✲
tr✐t♦❀ ❝❛s♦ ❝♦♥trár✐♦✱ ❢❛❧❛♠♦s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ✐rr❡str✐t♦✳ ◆❛ s✐♠❜♦❧♦❣✐❛ ❞♦
♣r♦❜❧❡♠❛ ✭✶✮ ♠♦❞❡❧❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ r❡str✐t♦✱ ♥♦ q✉❛❧ ✐❞❡♥t✐✜❝❛♠♦s ✉♠
♦❜❥❡t✐✈♦✱ s✐♠❜♦❧✐③❛❞♦ ♣♦r f(x)✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ✐❞❡♥t✐✜✲
❝❛♠ ♦ s✐st❡♠❛✱ s✐♠❜♦❧✐③❛❞♦ ♣♦r x ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡str✐çõ❡s q✉❡ ❞❡✈❡♠
s❡r s❛t✐s❢❡✐t❛s ♣❡❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ s✐st❡♠❛✱ ❛s q✉❛✐s s✐♠❜♦❧✐③❛♠♦s ❝♦♠
gi(x) ≤ 0✱ ❝♦♠ i ∈ I ❡ hℓ(x) = 0✱ ❝♦♠ ℓ ∈ E✳

❙♦❧✉❝✐♦♥❛r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠♦ ♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✶✮✱ ❝♦♥✲
s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s x✱ q✉❡ s❛t✐s❢❛③ ♦ ❝♦♥❥✉♥t♦
❞❡ ❝♦♥❞✐çõ❡s✿ gi(x) ≤ 0✱ ❝♦♠ i ∈ I ❡ hℓ(x) = 0✱ ❝♦♠ ℓ ∈ E✱ q✉❡ ❢♦r♥❡ç❛ ♦
♠❡❧❤♦r ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

❊♠ ❣❡r❛❧✱ ♥ã♦ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s q✉❡ ♣❡r♠✐t❛♠ ♠♦❞❡❧❛r ❢❛❝✐❧✲
♠❡♥t❡ ✉♠ ♣r♦❜❧❡♠❛ ♥❛ ❢♦r♠❛ ✭✶✮✱ ✉♠❛ ✈❡③ q✉❡ ✐❞❡♥t✐✜❝❛r ♦ ♦❜❥❡t✐✈♦ ♣r♦✲
♣♦st♦✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♣r♦❜❧❡♠❛ ❡ ❛s ❝♦♥❞✐çõ❡s q✉❡ t❛✐s ❝❛r❛❝t❡ríst✐❝❛s
❞❡✈❡♠ s❛t✐s❢❛③❡r✱ ♣♦❞❡ ♥ã♦ s❡r ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✳ ❊♥tr❡t❛♥t♦✱ ✉♠❛ ✈❡③ ♠♦❞❡✲
❧❛❞♦ ♦ ♣r♦❜❧❡♠❛ ♥❛ ❢♦r♠❛ ✭✶✮✱ ❡①✐st❡♠ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡ ♥ã♦
♥✉♠ér✐❝♦s✱ ♠✉✐t♦ ❡✜❝✐❡♥t❡s✱ q✉❡ ♣❡r♠✐t❡♠ ♦❜t❡r s✉❛ s♦❧✉çã♦ ót✐♠❛✳

❆ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♦ ♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✶✮ ❥á ❢♦✐ tr❛t❛❞❛ ❤á
✈ár✐♦s sé❝✉❧♦s✱ t❡♥❞♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣r✐♥❝✐♣❛❧ ❛s ♣r✐♠❡✐r❛s ❞❡r✐✈❛❞❛s ❞❛
❢✉♥çã♦ f ✳ ▲❡♠❜r❡♠♦s q✉❡ q✉❛♥❞♦ ❛ ❢✉♥çã♦ f é ❞✉❛s ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ x∗✱ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ❡♠ x∗✱ ❝♦♥❥✉♥t❛♠❡♥t❡
❝♦♠ ♦s ❣r❛❞✐❡♥t❡s ❞❛s r❡str✐çõ❡s ♥♦ ♠❡s♠♦ ♣♦♥t♦ ❝♦♥st✐t✉❡♠ ❢❡rr❛♠❡♥t❛s
♣r✐♥❝✐♣❛✐s ♣❛r❛ ❞❡t❡r♠✐♥❛r q✉❛♥❞♦ ♦ ♣♦♥t♦ x∗ é ❝❛♥❞✐❞❛t♦ ❛ s❡r s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ✭✶✮✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r✱ q✉❛♥❞♦ x∗ é ✉♠ ♣♦♥t♦ ❑✳❑✳❚✳ ❞♦ ♣r♦✲
❜❧❡♠❛ ✭✶✮✳ ❊st❛ ❢❡rr❛♠❡♥t❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❞♦✐s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s
❝♦♠♦✿ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭❬✼❪✱ ♣♣✳ ✸✷✽✱ ❬✶❪✱ ♣♣✳ ✸✶✻✮ ❡
❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✭❬✼❪✱ ♣♣✳ ✸✹✸✱ ❬✶❪✱ ♣♣✳ ✸✶✻✮✱ ♦s q✉❛✐s
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❞❡t❡r♠✐♥❛♠ q✉❛✐s sã♦ ♦s ♣♦♥t♦s ❑✳❑✳❚✳ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ❢❛t♦
❞❡ q✉❡ ♦ ♣♦♥t♦ x∗ s❡❥❛ ✉♠ ♣♦♥t♦ ❑✳❑✳❚✳ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ ♥ã♦ ❣❛r❛♥t❡ q✉❡
s❡❥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ▲♦❣♦✱ ✉♠ ♥♦✈♦ ♣r♦❜❧❡♠❛ s❡ ❛♣r❡s❡♥t❛✱ ♦ q✉❛❧
❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ♣♦♥t♦ ❑✳❑✳❚✳ x∗ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ é s♦❧✉çã♦ ❞♦
♠❡s♠♦✳ ❆ r❡s♣♦st❛ ❛ ❡st❛ ♣❡r❣✉♥t❛ s❡ t❡♠ ❛ ♣❛rt✐r ❞♦ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦
❝♦♠ ♦ ♥♦♠❡ ❞❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✭❬✼❪✱ ♣♣✳ ✸✹✺✱ ❬✶❪✱
♣♣✳ ✸✷✵✮✱ ❝♦♠ ♦ q✉❛❧✱ ❛ ♣❛rt✐r ❞❛ ♠❛tr✐③ ❍❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ ▲❛❣r❛♥❣✐❛♥❛✱ é
♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ♣♦♥t♦ ❑✳❑✳❚✳ x∗ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮✳

❖ ♣r✐♠❡✐r♦ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ❛❧❣✉♥s ♠ét♦❞♦s ♥✉♠é✲
r✐❝♦s ❡①✐st❡♥t❡s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ s✉♣♦♥❞♦ q✉❡ ♦ ❣r❛❞✐❡♥t❡ ❞❛
❢✉♥çã♦ f ♥ã♦ ♣♦❞❡ s❡r ✉s❛❞♦✱ s❡❥❛ ♣♦rq✉❡ ♥ã♦ ❡st❡❥❛ ❞✐s♣♦♥í✈❡❧✱ ♦✉ s✐♠✲
♣❧❡s♠❡♥t❡ ♣♦rq✉❡ é ❞❡ ❞✐❢í❝✐❧ ❝á❧❝✉❧♦✳ ◆ã♦ ♦❜st❛♥t❡✱ ❛ss✉♠✐r❡♠♦s q✉❡ ❡st❡
❣r❛❞✐❡♥t❡ ❡①✐st❡✱ ♣♦r r❛③õ❡s t❡ór✐❝❛s✳

❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r ♠ét♦❞♦s ♥✉♠ér✐❝♦s q✉❡ s♦❧✉❝✐♦♥❡♠ ♦ ♣r♦❜❧❡♠❛
✭✶✮ s♦❜ ❛s ❝✐r❝✉♥stâ♥❝✐❛s ❛q✉✐ ♠❡♥❝✐♦♥❛❞❛s✱ ❡stá ♥❛ ❛❧t❛ ❞❡♠❛♥❞❛ ❡①✐st❡♥t❡
♣♦r t❛✐s ❢❡rr❛♠❡♥t❛s✳ ❊♠ ❝❛s♦s tí♣✐❝♦s✱ f(x) é ♠✉✐t♦ ❝❛r❛ ♣❛r❛ s❡r ❝❛❧❝✉✲
❧❛❞❛ ❡ s❡✉ ❣r❛❞✐❡♥t❡ ♥ã♦ é ❛✈❛❧✐á✈❡❧ ♦✉✱ f(x) é ♦ r❡s✉❧t❛❞♦ ❞❡ ❛❧❣✉♠❛ ♠❡❞✐❞❛
❢ís✐❝❛✱ q✉í♠✐❝❛ ♦✉ ❡❝♦♥ô♠✐❝❛✱ ♦✉ ♠❛✐s ❝♦rr✐q✉❡✐r❛♠❡♥t❡✱ ♣♦rq✉❡ é ♦ r❡s✉❧t❛❞♦
❞❡ ❛❧❣✉♠ ♣r♦❝❡ss♦ ❞❡ s✐♠✉❧❛çã♦ ♣♦ss✐✈❡❧♠❡♥t❡ ♠✉✐t♦ ❡①t❡♥s♦✳

❆ ❝♦♠✉♥✐❞❛❞❡ ♠❛t❡♠át✐❝❛✱ ❤á ♠❛✐s ❞❡ ✹✵ ❛♥♦s✱ t❡♥t❛ ❡♥❝♦♥tr❛r ♠ét♦❞♦s
♥✉♠ér✐❝♦s q✉❡ ♣❡r♠✐t❛♠ r❡s♦❧✈❡r ❡ss❡s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s✱ ♦✉ s❡❥❛✱ r❡s♦❧✈❡r
♣r♦❜❧❡♠❛s ❝♦♠♦ ♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✶✮ q✉❛♥❞♦ ♥ã♦ t❡♠♦s ❞✐s♣♦♥í✈❡❧ ♦ ❣r❛✲
❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳ ❍♦❥❡ ❡♠ ❞✐❛✱ ❡①✐st❡♠ ♠✉✐t♦s ♠ét♦❞♦s q✉❡ t❡♥t❛♠ ❞❛r
✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❡st❡s ♣r♦❜❧❡♠❛s✳ ❆✉t♦r❡s ❝♦♠♦✿ ❙t❡❢❛♥♦ ▲✉❝✐❞✐ ❬✺❪✱ ▼❛r❝♦
❙❝✐❛♥❞r♦♥❡ ❬✺❪✱ P❛✉❧ ❚s❡♥❣ ❬✺❪✱ ❘♦❜❡rt ▼✐❝❤❛❡❧ ▲❡✇✐s ❬✹❪✱ ❱✐r❣✐♥✐❛ ❚♦r❝③♦♥
❬✹❪✱ ❏❡rr♦❧❞ ❍✳ ▼❛② ❬✻❪✱ ▼✐❝❤❛❡❧ ❏✳ ❉✳ P♦✇❡❧❧ ❬✽❪✱ ❡♥tr❡ ♦✉tr♦s✱ sã♦ ❝♦♥❤❡❝✐✲
❞♦s ♥❛ ❝♦♠✉♥✐❞❛❞❡ ❞❛ ▼❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛ ❡ ❞❛ ❖t✐♠✐③❛çã♦✱ ♣♦r t❡♥t❛r❡♠
❞❡s❡♥✈♦❧✈❡r ♠ét♦❞♦s ♥✉♠ér✐❝♦s ❡✜❝✐❡♥t❡s q✉❡ ♣❡r♠✐t❛♠ r❡s♦❧✈❡r t❛✐s ♣r♦❜❧❡✲
♠❛s✳

◆♦ ❛♥♦ ✷✵✵✵✱ ❛♣❛r❡❝❡ ♣✉❜❧✐❝❛❞♦ ✉♠ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❘♦❜❡rt ▼✐❝❤❛❡❧
▲❡✇✐s✶ ❡ ❱✐r❣✐♥✐❛ ❚♦r❝③♦♥✷ ❬✹❪ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ q✉❡ ♥ã♦ ❢❛③ ✉s♦
❞❛s ❞❡r✐✈❛❞❛s ❞❛ ❢✉♥çã♦ f ✳ ❖ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡s❝♦❧❤❡ ✉♠ ❝♦♥❥✉♥t♦

✶❘✳ ▼✳ ▲❡✇✐s✿ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❈♦❧❧❡❣❡ ♦❢ ❲✐❧❧✐❛♠ ✫ ▼❛r② P✳❖✳ ❇♦① ✽✼✾✺

❲✐❧❧✐❛♠s❜✉r❣✱ ❱❆ ✷✸✶✽✼✲✽✼✾✺✳ ❖✣❝❡✱ ❏♦♥❡s ❍❛❧❧ ✶✷✹✳ ❊✲♠❛✐❧✱ ❜✉❝❦❛r♦♦❅♠❛t❤✳✇♠✳❡❞✉
✷❱✳ ❚♦r❝③♦♥✿ ❈♦❧❧❡❣❡ ♦❢ ❲✐❧❧✐❛♠ ✫ ▼❛r② ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ P✳❖✳ ❇♦①

✽✼✾✺ ❲✐❧❧✐❛♠s❜✉r❣✱ ❱❆ ✷✸✶✽✼✲✽✼✾✺✳ ❊✲♠❛✐❧✱ ✈❛❅❝s✳✇♠✳❡❞✉

✸



♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ ❛t✉❛❧✱ ❛♦ ❧♦♥❣♦
❞❛s q✉❛✐s ♣♦❞❡ ❡♥❝♦♥tr❛r ♣♦♥t♦s ❢❛❝tí✈❡✐s q✉❡ ♠❡❧❤♦r❡♠ ♦ ✈❛❧♦r ❞❡ f ✳ ❖
♠ét♦❞♦ ❡①✐❣❡ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❞♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ f ✳ ❖ s❡❣✉♥❞♦ ♦❜❥❡t✐✈♦
❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐st❡ ❡♠ ✐♠♣❧❡♠❡♥t❛r ❡♠ ▼❛t❧❛❜ ♦ ❛❧❣♦r✐t♠♦ ♣r♦✲
♣♦st♦ ♣♦r ▲❡✇✐s ❡ ❚♦r❝③♦♥ ❡ r❡❛❧✐③❛r t❡st❡s ♥✉♠ér✐❝♦s ❝♦♠ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s
❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✷❪ ❡ ❬✾❪✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ❞❡s❝r❡✈❡♠♦s✱ ❡♠ ❢♦r♠❛ ❣❡r❛❧✱ ♦
♠ét♦❞♦ ♣r♦♣♦st♦ ❡♠ ❬✹❪ ❡ ♥♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❞❡t❛❧❤❡s ❛♦
✐♥t❡r✐♦r ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ t❛❧ ✐♠✲
♣❧❡♠❡♥t❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✺✳

◆♦ ❛♥♦ ✷✵✵✷✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡✸✱ ❙t❡❢❛♥♦ ▲✉❝✐❞✐✹ ❡ P❛✉❧ ❚s❡♥❣✺ ♣✉❜❧✐✲
❝❛r❛♠ ✉♠ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦ ❖❜❥❡t✐✈❡✲❉❡r✐✈❛t✐✈❡✲❋r❡❡ ♠❡t❤♦❞s ❢♦r ❝♦♥str❛✐♥❡❞
♦♣t✐♠✐③❛t✐♦♥ ❬✺❪✱ ♥♦ q✉❛❧ ❛♣r❡s❡♥t❛♠ ❞♦✐s ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛
✭✶✮ ❝♦♠ E = ∅ ❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❣❡r❛✐s✱ ♦s
q✉❛✐s ♥ã♦ ❢❛③❡♠ ✉s♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦
♣r♦♣♦st♦ ♣♦r ❘♦❜❡rt ▼✐❝❤❛❡❧ ▲❡✇✐s ❡ ❱✐r❣✐♥✐❛ ❚♦r❝③♦♥ ❬✹❪✱ ♦s ♠ét♦❞♦s ♣r♦✲
♣♦st♦s ♣♦r ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣ ❡①✐❣❡♠ ❞❡❝rés❝✐♠♦
s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳ ❆♦ ✜♥❛❧ ♦s ❛✉t♦r❡s ♠♦str❛♠ ✉♠❛ sér✐❡ ❞❡ t❡st❡s r❡❛❧✐✲
③❛❞♦s ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ✷✱ ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❧✐✲
♥❡❛r❡s✳ ◆♦ss♦ t❡r❝❡✐r♦ ♦❜❥❡t✐✈♦ ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐st❡ ❡♠ ❛❞❡q✉❛r ♦
♠ét♦❞♦ ✶ ♣r♦♣♦st♦ ♣♦r ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣ ♣❛r❛
r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ E 6= ∅✳ P❛r❛ t❛♥t♦✱ ♠♦str❛♠♦s
❝♦♠♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❬✺❪ ♣♦❞❡♠ s❡r ❛❞❛♣t❛❞♦s ♣❛r❛ ❡st❡ ❝❛s♦✳ ❆❧é♠
❞✐ss♦✱ ✐♠♣❧❡♠❡♥t❛♠♦s ❡♠ ▼❛t❧❛❜ ♦ ❛❧❣♦r✐t♠♦ ❞♦ ♠ét♦❞♦ ✶✱ ❛❞❛♣t❛♥❞♦✲♦
♣❛r❛ ♦ ❝❛s♦ q✉❛♥❞♦ E 6= ∅ ❡ r❡❛❧✐③❛♠♦s t❡st❡s ♥✉♠ér✐❝♦s ❝♦♠ ❛❧❣✉♥s ♣r♦✲
❜❧❡♠❛s ❞❡ ❬✷❪ ❡ ❬✾❪✳ ◆♦ ❝❛♣ít✉❧♦ ✸ ❞❡s❝r❡✈❡♠♦s✱ ❡♠ ❢♦r♠❛ ❣❡r❛❧✱ ♦ ♠ét♦❞♦
♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮ ❝♦♠ ❛s ❛❞❛♣t❛çõ❡s ❢❡✐t❛s ❡ ♥♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡✲
s❡♥t❛♠♦s ❞❡t❛❧❤❡s ❣❡r❛✐s ❛♦ ✐♥t❡r✐♦r ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳ ❖s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✺✳
❆❧é♠ ❞✐ss♦✱ ♥♦ ❝❛♣ít✉❧♦ ✺ ❝♦♠♣❛r❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s
❝♦rr❡s♣♦♥❞❡♥t❡s✳

✸▼✳ ❙❝✐❛♥❞r♦♥❡✿ ■st✐t✉t♦ ❞✐ ❆♥❛❧✐s✐ ❞❡✐ ❙✐st❡♠✐ ❡❞ ■♥❢♦r♠❛t✐❝❛ ✧❆♥t♦♥✐♦ ❘✉❜❡rt✐✲ ❈◆❘

❱✐❛❧❡ ▼❛♥③♦♥✐✱ ✸✵ ✵✵✶✽✺ ❘♦♠❛ ✲ ■t❛❧②✳ ❊✲♠❛✐❧✱ s❝✐❛♥❞r♦❅✐❛s✐✳r♠✳❝♥r✳✐t
✹❙✳ ▲✉❝✐❞✐✿ ❉✐♣❛rt✐♠❡♥t♦ ❞✐ ■♥❢♦r♠❛t✐❝❛ ❡ ❙✐st❡♠✐st✐❝❛ ❯♥✐✈❡rs✐t❛✬ ❞✐ ❘♦♠❛ ✧▲❛

❙❛♣✐❡♥③❛✧❱✐❛ ❆r✐♦st♦ ♥✳✷✺✱ ✵✵✶✽✺ ❘♦♠❛✱ ■t❛❧✐❛✳ ❊♠❛✐❧✱ ❧✉❝✐❞✐❅❞✐s✳✉♥✐r♦♠❛✶✳✐t
✺P✳ ❚s❡♥❣✿ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❇♦① ✸✺✹✸✺✵ ❯♥✐✈❡rs✐t② ♦❢ ❲❛s❤✐♥❣t♦♥ ❙❡❛tt❧❡✱

❲❆ ✾✽✶✾✺✲✹✸✺✵✳ ❊♠❛✐❧✱ ts❡♥❣✳❅♠❛t❤✳✇❛s❤✐♥❣t♦♥✳❡❞✉

✹



❙❮▼❇❖▲❖❙ ❯❙❆❉❖❙

▲✐st❛♠♦s ❛ s❡❣✉✐r ✉♠❛ sér✐❡ ❞❡ sí♠❜♦❧♦s ✉s❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ ♣r❡s❡♥t❡
tr❛❜❛❧❤♦✳

X ❖s sí♠❜♦❧♦s N✱ Z✱ Q ❡ ℜ r❡♣r❡s❡♥t❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❝♦♥❥✉♥t♦s
❞♦s ♥ú♠❡r♦s ◆❛t✉r❛✐s✱ ■♥t❡✐r♦s✱ ❘❛❝✐♦♥❛✐s ❡ ❘❡❛✐s✳

X P❛r❛ r❡♣r❡s❡♥t❛r ♥ú♠❡r♦s r❡❛✐s ✉s❛♠♦s ❧❡tr❛s ❡♠ ♠✐♥ús❝✉❧❛s t❛✐s ❝♦♠♦✿
y✱ z ♦✉ ❧❡tr❛s ❞♦ ❛❧❢❛❜❡t♦ ❣r❡❣♦ ❡♠ ♠✐♥ús❝✉❧❛s t❛✐s ❝♦♠♦ α✱ β✱ γ✳

X ❖s sí♠❜♦❧♦s x✱ xk✱ xj
k✱ yj

k r❡♣r❡s❡♥t❛♠ ✈❡t♦r❡s ❡♠ ℜn✳

X ❖s sí♠❜♦❧♦s I✱ J ✱ E✱ I✱ J r❡♣r❡s❡♥t❛♠ s✉❜❝♦♥❥✉♥t♦s ❞❡ ♥ú♠❡r♦s ◆❛✲
t✉r❛✐s✳

X ❖s sí♠❜♦❧♦s X✱ D✱ Y ✱ K r❡♣r❡s❡♥t❛♠ s✉❜❝♦♥❥✉♥t♦s ❞❡ ♣♦♥t♦s ❞❡ ℜn✱

X ❖s sí♠❜♦❧♦s ✉ ✱ ✈ ✱ ✇ ❡ ❡♠ ❣❡r❛❧ ❧❡tr❛s ❡♠ ♥❡❣r✐t♦ r❡♣r❡s❡♥t❛♠ ✈❡t♦r❡s
❝♦❧✉♥❛ ❡♠ ℜn✳

X ❖ i✲és✐♠♦ ✈❡t♦r ❝❛♥ô♥✐❝♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ei✳

X ❆s ♠❛tr✐③❡s✱ ❛s r❡♣r❡s❡♥t❛r❡♠♦s ❝♦♠ ❧❡tr❛s ♠❛✐ús❝✉❧❛s✳ ❆s ❧❡tr❛s ♠❛✐s
✉s❛❞❛s sã♦✿ A✱ B✱ Q✱ R✳ ❖ sí♠❜♦❧♦ A ∈ Rm×n s✐❣♥✐✜❝❛ q✉❡ A é ✉♠❛
♠❛tr✐③ ❞❡ ❡♥tr❛❞❛s r❡❛✐s✱ ❝♦♠ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s✳

X ❖ sí♠❜♦❧♦ ‖.‖ s✐♠❜♦❧✐③❛r❛ ❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ ℜn✳

X ❙✐♠❜♦❧✐③❛♠♦s ❛ ❜♦❧❛ ❛❜❡rt❛ ❡✉❝❧✐❞✐❛♥❛ Bδ(x0) = {x ∈ ℜn : ‖x − x0‖ < δ}✱
♦♥❞❡ x0 ∈ ℜn ❡ δ > 0✳

✺



❈❆P❮❚❯▲❖ ✶

❈❖◆❈❊■❚❖❙
❋❯◆❉❆▼❊◆❚❆■❙ ❊▼

❖❚■▼■❩❆➬➹❖

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❝♦♥❝❡✐t✉❛✐s q✉❡ ❝♦♥s✐❞❡r❛♠♦s
✐♠♣♦rt❛♥t❡s ♥♦ ❡st✉❞♦ ❞❡ q✉❛❧q✉❡r ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❡ q✉❡ ❡♠ ❝♦♥s❡✲
qüê♥❝✐❛✱ sã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✵✳✶ ✭❆❧❣♦r✐t♠♦ ❜❡♠ ❞❡✜♥✐❞♦✮✳ ❯♠ ❛❧❣♦r✐t♠♦ é ❝♦♥s✐❞❡r❛❞♦
❜❡♠ ❞❡✜♥✐❞♦✱ s❡ ❛ s♦❧✉çã♦ é ♦❜t✐❞❛ ❞❡ ❢♦r♠❛ ❝♦rr❡t❛ ❞❡♣♦✐s ❞❡ ✉♠ ♥ú♠❡r♦
✜♥✐t♦ ❞❡ ♣❛ss♦s✳

❉❡✜♥✐çã♦ ✶✳✵✳✷ ✭▼ét♦❞♦s ❉❡r✐✈❛t✐✈❡✲❋r❡❡✮✳ ❯♠ ♠ét♦❞♦ ❉❡r✐✈❛t✐✈❡✲❋r❡❡ é
✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ ✉s❛❞♦ ♣❛r❛ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♦ q✉❛❧
♥ã♦ ❢❛③ ✉s♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳

❖❜s❡r✈❛çã♦ ✶✳✵✳✶✳ ❉❡♥tr❡ t♦❞♦s ♦s ♠ét♦❞♦s ❉❡r✐✈❛t✐✈❡✲❋r❡❡ ❝♦♥❤❡❝✐❞♦s
❡♥❝♦♥tr❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ♦s q✉❛✐s✱ ❛❧é♠ ❞❡ ♥ã♦ ❢❛③❡r ✉s♦
❡①♣❧í❝✐t♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✱ ♥ã♦ ❢❛③❡♠ ✉s♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ❞♦ ♠❡s♠♦✱
♥❡♠ t❛♠♣♦✉❝♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ❞❛ ❢✉♥çã♦ f ✱ ♣♦r ❡①❡♠♣❧♦ ❝♦♠ ♣♦❧✐♥ô♠✐♦s
✐♥t❡r♣♦❧❛♥t❡s✳ ❊st❡s ♠ét♦❞♦s ❞❡t❡r♠✐♥❛♠ ❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❛
❢✉♥çã♦ f ❡♠ ♣♦ssí✈❡✐s s♦❧✉çõ❡s✱ q✉❛❧ é ♦ ♠❡❧❤♦r ✈❛❧♦r✱ ❝♦♠♣❛r❛❞♦ ❝♦♠ ✉♠
✈❛❧♦r ❞❡ f ❝♦♥s✐❞❡r❛❞♦ ❥á ❝♦♠♦ ♠❡❧❤♦r✱ ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ ❞❡t❡r♠✐♥❛♠ ❛
♠❡❧❤♦r s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❆ ❡str❛té❣✐❛ ❝♦♥s✐st❡ ❡♠ ❢❛③❡r ❝♦♠♣❛r❛çõ❡s

✻



❈❆P❮❚❯▲❖ ✶✳ ❈❖◆❈❊■❚❖❙ ❋❯◆❉❆▼❊◆❚❆■❙ ❊▼ ❖❚■▼■❩❆➬➹❖ ✼

❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s ✈❛❧♦r❡s ❝♦♠ ♦ ♠❡❧❤♦r ✈❛❧♦r ♦❜t✐❞♦ ❛té ♦ ♠♦♠❡♥t♦✳ ❊st❛
❡str❛té❣✐❛ ♥ã♦ ♥❡❝❡ss✐t❛ ❛✈❛❧✐❛r ❛ ❢✉♥çã♦ f ❡♠ t♦❞❛s ❛s s♦❧✉çõ❡s ♣♦ssí✈❡✐s✱
❞❡s❞❡ q✉❡ ♥♦ ♠♦♠❡♥t♦ ♥♦ q✉❛❧ ❡♥❝♦♥tr❛✲s❡ ✉♠ ✈❛❧♦r ♠❡❧❤♦r✱ ❛ s♦❧✉çã♦ ♥♦✈❛
é ❞❡✜♥✐❞❛ ❡ ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s é ♦❜t✐❞♦ ❬✸❪✳

❉❡✜♥✐çã♦ ✶✳✵✳✸ ✭❈♦♥❥✉♥t♦ ❝♦♥✈❡①♦✮✳ ❯♠ ❝♦♥❥✉♥t♦ X ⊆ ℜn é ❝♦♥✈❡①♦ s❡✱
♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♣♦♥t♦s x1, x2 ∈ X ❡ ❝❛❞❛ ♥ú♠❡r♦ r❡❛❧ α✱ 0 ≤ α ≤ 1✱ ♦
♣♦♥t♦ αx1 + (1 − α)x2 ∈ X✳

❉❡✜♥✐çã♦ ✶✳✵✳✹ ✭❋✉♥çã♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✮✳ ❯♠❛ ❢✉♥çã♦ ❞❡ ✈ár✐❛s ✈❛r✐á✲
✈❡✐s ✭♦✉ ❢✉♥çã♦ ❡s❝❛❧❛r✮ é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❞♦ ❝♦♥❥✉♥t♦ D ⊆ ℜn ♥♦ ♦
❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ✭ℜ✮✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ D ❡①✐st❡ ✉♠
ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ z t❛❧ q✉❡ z = f(x)✳

❉❡✜♥✐çã♦ ✶✳✵✳✺ ✭●r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✮✳ ❙❡❥❛ f ✉♠❛
❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s ❡ x ∈ D✳ ❖ ❣r❛❞✐❡♥t❡ ❞❡ f ♥♦ ♣♦♥t♦
x é ✉♠ ✈❡t♦r ❡♠ ℜn ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

∇f(x) =




∂f
∂x1

✳✳✳
∂f
∂xn


✱

♦♥❞❡ ♦ sí♠❜♦❧♦
∂f

∂xi
r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ f ♥♦ ♣♦♥t♦ x ❝♦♠

r❡s♣❡✐t♦ à ✈❛r✐á✈❡❧ xi✱ ♣❛r❛ t♦❞♦ i = 1, · · · , n✳

❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s f ✱ ❛ss♦❝✐❛♠♦s ❛ f ✉♠ ♣r♦❜❧❡♠❛ ❞❡
♦t✐♠✐③❛çã♦ r❡str✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

♠✐♥✐♠✐③❛r f(x)
s✉❥❡✐t❛ ❛ x ∈ X

, ✭✶✳✶✮

♦♥❞❡ ❛ss✉♠✐♠♦s q✉❡ X ⊆ ℜn é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❡ ❝♦♥✈❡①♦✳ X é
❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ ✭♦✉ r❡❣✐ã♦ ❢❛❝tí✈❡❧✮✳

❙♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ x∗ ∈ X✱ q✉❡
♠✐♥✐♠✐③❡ ❛ ❢✉♥çã♦ f ✳ ❚❛❧ ♣♦♥t♦ é ❝❤❛♠❛❞♦ ♠✐♥✐♠✐③❛❞♦r ❞❡ f ❡♠ X ♦✉ s✐♠✲
♣❧❡s♠❡♥t❡ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮✳ ❯♠ ♠✐♥✐♠✐③❛❞♦r ♣♦❞❡ s❡r ❞❡ q✉❛tr♦
t✐♣♦s ❞✐❢❡r❡♥t❡s✳

❉❡✜♥✐çã♦ ✶✳✵✳✻ ✭▼✐♥✐♠✐③❛❞♦r ❧♦❝❛❧✮✳ ❙❡❥❛ f : X → ℜ✳ ❯♠ ♣♦♥t♦ x∗ ∈ X✱
é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞❡ f s♦❜r❡ X s❡ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡
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f(x∗) ≤ f(x)✱

∀x ∈ X✱ t❛❧ q✉❡ ‖x − x∗‖ < ǫ✳

❉❡✜♥✐çã♦ ✶✳✵✳✼ ✭▼✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❡str✐t♦✮✳ ❙❡❥❛ f : X → ℜ✳ ❯♠ ♣♦♥t♦
x∗ ∈ X✱ é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❡str✐t♦ ❞❡ f s♦❜r❡ X s❡ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡

f(x∗) < f(x)✱

∀x ∈ X ❝♦♠ x 6= x∗✱ t❛❧ q✉❡ ‖x − x∗‖ < ǫ✳

❉❡✜♥✐çã♦ ✶✳✵✳✽ ✭▼✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✮✳ ❙❡❥❛ f : X → ℜ✳ ❯♠ ♣♦♥t♦ x∗ ∈ X✱
é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ f s♦❜r❡ X s❡

f(x∗) ≤ f(x), ∀x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✵✳✾ ✭▼✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❡str✐t♦✮✳ ❙❡❥❛ f : X → ℜ✳ ❯♠ ♣♦♥t♦
x∗ ∈ X✱ é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❡str✐t♦ ❞❡ f s♦❜r❡ X s❡

f(x∗) < f(x), ∀x ∈ X ❝♦♠ x 6= x∗✳

Pr♦♣♦s✐çã♦ ✶✳✵✳✶ ✭❈♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡✮✳ ❙❡ x∗ é ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡
f s♦❜r❡ X✱ ❡♥tã♦

∇f(x∗)T (x − x∗) ≥ 0 ∀x ∈ X. ✭✶✳✷✮

❉❡✜♥✐çã♦ ✶✳✵✳✶✵ ✭P♦♥t♦ ❡st❛❝✐♦♥ár✐♦✮✳ ❯♠ ♣♦♥t♦ x∗ q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦
❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✶✳✷✮ ❝❤❛♠❛✲s❡ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮✳

❖❜s❡r✈❛çã♦ ✶✳✵✳✷✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ X t❡♠ ✉♠❛ ❢♦r♠❛ ♣❛rt✐❝✉❧❛r ❞❡✜♥✐❞❛ ♣♦r
✐❣✉❛❧❞❛❞❡s ❡✴♦✉ ❞❡s✐❣✉❛❧❞❛❞❡s✱ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛
s❡❣✉✐♥t❡✿

♠✐♥✐♠✐③❛r f(x)
s✉❥❡✐t❛ ❛ gi(x) ≤ 0, ∀i ∈ I = {1, . . . ,m} ⊆ N

hj(x) = 0, ∀j ∈ J = {1, . . . , p} ⊆ N,
✭✶✳✸✮

♦♥❞❡ gi : ℜn → ℜ ❡ hj : ℜn → ℜ ♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ j ∈ J ✳ ◆❡st❡ ❝❛s♦
t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ X ❡st❛ ❞❡✜♥✐❞♦ ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

X = {x ∈ ℜn : gi(x) ≤ 0,∀i ∈ I ❡ hj(x) = 0,∀j ∈ J }✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✶ ✭❈♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❡ r❡str✐çõ❡s ❛t✐✈❛s✮✳ ❉❡✜♥✐♠♦s ♦
❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s r❡str✐çõ❡s ❛t✐✈❛s ♥♦ ♣♦♥t♦ x ∈ X ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

A(x) ∪ J ,

♦♥❞❡ A(x) = {i ∈ I : gi(x) = 0}✳
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❉❡✜♥✐çã♦ ✶✳✵✳✶✷ ✭P♦♥t♦ r❡❣✉❧❛r✮✳ ❙❡❥❛♠ gi ❡ hj ✱ ❢✉♥çõ❡s ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ ℜn ♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ j ∈ J ✳ ❯♠ ♣♦♥t♦ x ∈ X
❝❤❛♠❛✲s❡ r❡❣✉❧❛r s❡ ♦s ❣r❛❞✐❡♥t❡s ∇gi(x) ❡ ∇hj(x)✱ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦
❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ♣❛r❛ t♦❞♦ i ∈ A(x) ❡ t♦❞♦ j ∈ J ✳

❚❡♦r❡♠❛ ✶✳✵✳✷ ✭❈♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✶✳✸✮✮✳ ❙❡❥❛ x∗ ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✱ ♦♥❞❡ ❛s ❢✉♥çõ❡s
f ✱ gi ❡ hj sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ j ∈ J ✳
❆ss✉♠❛♠♦s q✉❡ x∗ é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✳ ❊♥tã♦ ❡①✐st❡♠ ú♥✐❝♦s ✈❡t♦r❡s ❞❡
♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡

λ∗ = (λ∗
1, · · · , λ∗

m)✱
µ∗ =

(
µ∗

1, · · · , µ∗
p

)
✱

t❛✐s q✉❡✿

✶✳ ∇xL (x∗, λ∗, µ∗) = 0✱ ♦♥❞❡ L(x, λ, µ) = f(x)+
m∑

i=1
λigi(x)+

p∑
j=1

µjhj(x)✳

✷✳ λi ≥ 0✱ ∀i = 1, . . . ,m✳

✸✳ λi = 0✱ ∀i /∈ A(x∗)✳

❆s ❝♦♥❞✐çõ❡s ✶✱ ✷ ❡ ✸ sã♦ ❝❤❛♠❛❞❛s ❈♦♥❞✐çõ❡s ❑❛r✉s❤✲❑✉♥❤✲❚✉❝❦❡r✱ ♦✉
s✐♠♣❧❡s♠❡♥t❡ ❈♦♥❞✐çõ❡s ❑✳❑✳❚✳ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮ ✭❬✶❪✱ ♣♣✳ ✸✶✻✮✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✭✶✳✵✳✷✮ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶❪✱
♣♣✳ ✸✶✻✲✸✶✼✳

❚❡♦r❡♠❛ ✶✳✵✳✸ ✭❈♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✶✳✸✮✮✳ ❙❡❥❛♠ f ✱ gi ❡ hj ❢✉♥çõ❡s ❞✉❛s ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s
♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ j ∈ J ✳ ❙❡ x∗✱ λ∗ ❡ µ∗ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❑✳❑✳❚✳
❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✱ ❡♥tã♦

yT∇2
xxL(x∗, λ∗, µ∗)y ≥ 0, ✭✶✳✹✮

♣❛r❛ t♦❞♦ y ∈ ℜn t❛❧ q✉❡ ∇hj(x
∗)T y = 0✱ ♣❛r❛ t♦❞♦ j ∈ J ✱ ∇gi(x

∗)T y = 0✱
♣❛r❛ t♦❞♦ i ∈ A(x∗) ✭❬✶❪✱ ♣♣✳ ✸✶✻✮✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✭✶✳✵✳✸✮ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶❪✱
♣♣✳ ✸✶✻✲✸✶✼✳
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❚❡♦r❡♠❛ ✶✳✵✳✹ ✭❈♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✶✳✸✮✮✳ ❆ss✉♠❛♠♦s q✉❡ f ✱ gi ❡ hj sã♦ ❢✉♥çõ❡s ❞✉❛s ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡✐s ♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ j ∈ J ❡ s❡❥❛♠ x∗✱ λ∗ ❡ µ∗ s❛t✐s❢❛③❡♥❞♦
❛s ❝♦♥❞✐çõ❡s ❑✳❑✳❚✳ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✳ ❊♥tã♦✱ s❡ yT∇2

xxL(x∗, λ∗)y > 0 ♣❛r❛
t♦❞♦ y 6= 0 t❛❧ q✉❡ ∇hj(x

∗)T y = 0✱ ♣❛r❛ t♦❞♦ j ∈ J ✱ ∇gi(x
∗)T y = 0✱ ♣❛r❛

t♦❞♦ i ∈ A(x∗)✱ ❡♥tã♦ ♦ ♣♦♥t♦ x∗ é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❡str✐t♦ ❞♦ ♣r♦❜❧❡♠❛
✭✶✳✸✮ ✭❬✶❪✱ ♣♣✳ ✸✷✵✮✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✭✶✳✵✳✹✮ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶❪✱
♣♣✳ ✸✷✵✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✸ ✭❈♦♥❡✮✳ ❯♠ ❝♦♥❡ ❡♠ ℜn é ✉♠ s✉❜❝♦♥❥✉♥t♦ K ❞❡ ℜn t❛❧
q✉❡✿

αx ∈ K✱ ∀x ∈ K ❡ ∀α > 0✳

◆❛ ✜❣✉r❛ ✭✶✳✶✮ ♣♦❞❡♠♦s ✈❡r ❞❡s❡♥❤♦s ❞❡ ❝♦♥❡s ❡♠ ℜ2✳

✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❛ ✶✳✶✳ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ❡♠ ℜ2✳
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❉❡✜♥✐çã♦ ✶✳✵✳✶✹ ✭❈♦♥❡ ❣❡r❛❞♦✮✳ ❙❡❥❛ D =
{
d1, · · · , dr

}
⊂ ℜn ✉♠ ❝♦♥❥✉♥t♦

✜♥✐t♦✳ ❉❡✜♥✐♠♦s ♦ ❝♦♥❡ ❣❡r❛❞♦ ♣♦r D ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

cone {D} =
{
d1β1 + · · · + drβr : β1, · · · , βr ≥ 0

}
✳

◆❛ ✜❣✉r❛ ✭✶✳✷✮ ♣♦❞❡♠♦s ✈❡r ❞❡s❡♥❤♦s ❞❡ ❝♦♥❡s ❣❡r❛❞♦s ❡♠ ℜ2✳

✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❛ ✶✳✷✳ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ❣❡r❛❞♦s ❡♠ ℜ2✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✺ ✭❈♦♥❡ ♣♦❧❛r✮✳ ❉❛❞♦ ✉♠ ❝♦♥❡ K✱ ♦ ❝♦♥❡ ♣♦❧❛r ❞❡ K✱
❞❡♥♦t❛❞♦ ♣♦r Ko✱ ❞❡✜♥❡✲s❡ ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

Ko =
{
y ∈ ℜn : yT x ≤ 0✱ ∀x ∈ K

}
✳

◆❛ ✜❣✉r❛ ✭✶✳✸✮ ♣♦❞❡♠♦s ✈❡r ❞❡s❡♥❤♦s ❞❡ ❝♦♥❡s ♣♦❧❛r❡s ❡♠ ℜ2✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✻ ✭❈♦♥❡ ♥♦r♠❛❧✮✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦ X
❡ ✉♠ ♣♦♥t♦ x ❞❛ ❢r♦♥t❡✐r❛ ❞♦ ❝♦♥❥✉♥t♦ X✱ ♦ ❝♦♥❡ ♥♦r♠❛❧ ❛♦ ❝♦♥❥✉♥t♦ X ♥♦
♣♦♥t♦ x✱ ❞❡♥♦t❛✲s❡ NX(x)✱ ❞❡✜♥❡✲s❡ ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

NX(x) =
{
y ∈ ℜn : yT (u − x) ≤ 0✱ ∀u ∈ X

}
✳
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✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❛ ✶✳✸✳ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ♣♦❧❛r❡s ❡♠ ℜ2✳

◆❛ ✜❣✉r❛ ✭✶✳✹✮ ♣♦❞❡♠♦s ✈❡r ❞❡s❡♥❤♦s ❞❡ ❝♦♥❡s ♥♦r♠❛✐s ❡♠ ℜ2✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✼ ✭❈♦♥❡ t❛♥❣❡♥t❡✮✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦
X ❡ ✉♠ ♣♦♥t♦ x ❞❛ ❢r♦♥t❡✐r❛ ❞♦ ❝♦♥❥✉♥t♦ X✱ ♦ ❝♦♥❡ t❛♥❣❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦ X
♥♦ ♣♦♥t♦ x✱ ♥♦t❛✲s❡ TX(x)✱ ❞❡✜♥❡✲s❡ ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

TX(x) = No
X(x)✳

◆❛ ✜❣✉r❛ ✭✶✳✺✮ ♣♦❞❡♠♦s ✈❡r ❞❡s❡♥❤♦s ❞❡ ❝♦♥❡s t❛♥❣❡♥t❡s ❛ ❝♦♥❥✉♥t♦s ❢❡❝❤❛✲
❞♦s ❡ ❝♦♥✈❡①♦s ❡♠ ℜ2✳

❉❡✜♥✐çã♦ ✶✳✵✳✶✽ ✭P♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✮✳ ❙❡❥❛♠ A ⊆ ℜn ❡ a ∈ ℜn✳ ❉✐③❡✲
♠♦s q✉❡ a é ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ A s❡✱ ♣❛r❛ t♦❞♦ ǫ > 0✱
B(a, ǫ) ❝♦♥té♠ ♣♦♥t♦s ❞♦ ❝♦♥❥✉♥t♦ A ❞✐❢❡r❡♥t❡s ❞❡ a✳
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✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❛ ✶✳✹✳ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s ♥♦r♠❛✐s ❡♠ ℜ2✳

✭❛✮ ✭❜✮

✭❝✮ ✭❞✮

❋✐❣✉r❛ ✶✳✺✳ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❡s t❛♥❣❡♥t❡s ❡♠ ℜ2✳
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▼➱❚❖❉❖ ❉❊
▲❊❲■❙✲❚❖❘❈❩❖◆

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ q✉❡ s♦❧✉❝✐♦♥❛ ♦ ♣r♦❜❧❡♠❛
✭✶✮✱ ♦ q✉❛❧ ♥ã♦ ❢❛③ ✉s♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ❡ ♥❡♠ t❛♠♣♦✉❝♦ ❞❡ ❛♣r♦①✐✲
♠❛çõ❡s ❛♦ ♠❡s♠♦✳ ❖ ♠ét♦❞♦ ❞❡✜♥❡ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦
❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ♥♦ ♣♦♥t♦ ❛t✉❛❧ ❡ ♣r♦❝✉r❛ ♠❡❧❤♦r❡s ✈❛❧♦r❡s ♣❛r❛ f ✱ ❛♦
❧♦♥❣♦ ❞❡ ❛❧❣✉♠❛ ❞❡❧❛s✱ s✉st❡♥t❛❞♦ ❡♠ ✉♠ ❝r✐tér✐♦ ❞❡ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✮ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✱ ❥á q✉❡ ❛s ❢✉♥çõ❡s gi ❡ hℓ ♥♦ ♣r♦❜❧❡♠❛ ✭✶✮ sã♦
❧✐♥❡❛r❡s✱ ♣❛r❛ t♦❞♦ i ∈ I ❡ t♦❞♦ ℓ ∈ E✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦
❢❛❝tí✈❡❧ X ❝♦♠♦ Ω✳ ◆❛ ❋✐❣✉r❛ ✭✷✳✶✮ ♠♦str❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ Ω ❝♦♠
r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❝♦♠ ♦s ❞❡t❛❧❤❡s ❝❡♥tr❛✐s ❞♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ❛♣r❡✲
s❡♥t❛♠♦s ❛ s❡❣✉✐r ❞❡✜♥✐çõ❡s ❜ás✐❝❛s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ♠ét♦❞♦ ❡ ❛♦ ♠ét♦❞♦ ❞❡
▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ♦ q✉❛❧ ❛♣r❡s❡♥t❛♠♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

✷✳✷ ❉❡✜♥✐çõ❡s ♣r❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✷✳✷✳✶ ✭❈♦♥❡ ♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦✮✳ ❙❡❥❛♠ x ∈ Ω ❡ I ⊆ (I ∪ E) ✉♠
s✉❜❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✳ ❉❡✜♥✐♠♦s ♦ ❝♦♥❡ ♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦ ♥♦ ♣♦♥t♦ x ❞❛

✶✹
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❋✐❣✉r❛ ✷✳✶✳ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❡♠ ℜ2✱ ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳

❢♦r♠❛ s❡❣✉✐♥t❡✿

TI(x) = {d ∈ ℜn : ∇gi(x)T d ≤ 0,∀i ∈ I ∩ I,∇hℓ(x)T d = 0,∀ℓ ∈ I ∩ E}✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✳ ◆♦ ♣r♦❜❧❡♠❛ q✉❡ ❡st❛♠♦s r❡s♦❧✈❡♥❞♦✱ ♦ ❝♦♥❡ TI(x) é ♦
♠❡s♠♦ q✉❡ ♦ ❝♦♥❡ t❛♥❣❡♥t❡ ❞❡ Ω ♥♦ ♣♦♥t♦ x✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ P❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ Ω ❞❡✜♥✐♠♦s ♦ ❝♦♥❡ ❞❡ ♣r✐♠❡✐r❛
♦r❞❡♠ ❞❡ ✈❛r✐❛çõ❡s ❢❛❝tí✈❡✐s ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

T (x) = TA(x)∪E(x).

❖❜s❡r✈❛çã♦ ✷✳✷✳✷✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❞❡✜♥✐çã♦ ✭✶✳✵✳✶✶✮ ❡ ❛ ♦❜s❡r✈❛çã♦
✭✷✳✶✳✶✮✱ ♦ ❝♦♥❥✉♥t♦ A(x) ∪ E é ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❡ r❡str✐çõ❡s ❛t✐✈❛s ❞♦
♣r♦❜❧❡♠❛ ✭✶✮✱ ♦♥❞❡ A(x) = {i ∈ I : gi(x) = 0}✳

❚❡♥❞♦ ❡♠ ❝♦♥t❛ ❛s ❞❡✜♥✐çõ❡s ✭✶✳✵✳✶✵✮ ❡ ✭✷✳✷✳✷✮✱ ♣♦❞❡♠♦s r❡❞❡✜♥✐r ✉♠ ♣♦♥t♦
❡st❛❝✐♦♥ár✐♦ ❝♦♠♦ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✷✳✷✳✸ ✭P♦♥t♦ ❡st❛❝✐♦♥ár✐♦✮✳ ❯♠ ♣♦♥t♦ x̄ ∈ Ω é ✉♠ ♣♦♥t♦ ❡st❛✲
❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ s❡ s❛t✐s❢❛③ à s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡
♣r✐♠❡✐r❛ ♦r❞❡♠✿

∇f(x̄)T d ≥ 0, ∀d ∈ T (x̄). ✭✷✳✶✮

❉❡✜♥✐çã♦ ✷✳✷✳✹✳ P❛r❛ q✉❛❧q✉❡r x ∈ Ω ❡ q✉❛❧q✉❡r ❡s❝❛❧❛r ǫ > 0✱ ❞❡✜♥✐♠♦s
♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s r❡str✐çõ❡s ǫ✲❛t✐✈❛s ♥♦ ♣♦♥t♦ x ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

A(x; ǫ) = E ∪ {i ∈ I : gi(x) + ǫ ≥ 0}✱
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❡ ♦ ❝♦♥❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡ ✈❛r✐❛çõ❡s ǫ✲❢❛❝tí✈❡✐s✱

T (x; ǫ) = TA(x;ǫ)(x)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳ ❖ ❝♦♥❥✉♥t♦ A(x) ∪ E ⊆ A(x; ǫ)✱ ♣♦✐s s❡ i ∈ A(x) ∪ E✱
❡♥tã♦✱ ♦✉ i ∈ E ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ i ∈ A(x; ǫ) ♦✉ i ∈ A(x)✱ ❝♦♠ ♦ q✉❛❧
t❡♠♦s q✉❡ gi(x) = 0 ❡ ♣♦rt❛♥t♦ gi(x) + ǫ ≥ 0✱ ❞♦♥❞❡ i ∈ A(x; ǫ)✳

❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛ t❡♠♦s q✉❡ ♦ ❝♦♥❡ TA(x;ǫ)(x) ⊆ TA(x)∪E(x)✳

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ◆❛ ✜❣✉r❛ ✭✷✳✷✮ ♠♦str❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ Ω ❡♠ ℜ2✱
❞❡✜♥✐❞♦ ❝♦♠♦✿

Ω =
{
x ∈ ℜ2 : g1(x) ≤ 0, g2(x) ≤ 0,−g3(x) ≤ 0

}
✳

❋✐❣✉r❛ ✷✳✷✳ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❡ ♣♦♥t♦s ❢❛❝tí✈❡✐s ❡♠ ℜ2✳

◆❡st❡ ❝❛s♦ t❡♠♦s q✉❡ I = {1, 2, 3} ❡ E = ∅✳ ❆❧é♠ ❞✐ss♦ t❡♠♦s ✹ ♣♦♥t♦s
❢❛❝tí✈❡✐s s♦❜r❡ ❛ ❢r♦♥t❡✐r❛ ❞❡ Ω ❡ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ ❢♦r❛ ❞❛ ❢r♦♥t❡✐r❛ ❞❡ Ω✳
❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛ ✭✷✳✷✮✱ ♣♦❞❡♠♦s ❞✐③❡r ♦ s❡❣✉✐♥t❡✿

X A(x1) = ∅❀

X A(x2) = {1}❀

X A(x3) = {2, 3}❀

X A(x4) = {1, 3}❀

X A(x5) = {2}❀
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X A(x1; ǫ) = ∅✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡
ǫ < min{|g1(x1)| , |g2(x1)| , |g3(x1)|}❀

X A(x1; ǫ) = {1, 2, 3}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡
ǫ ≥ max{|g1(x1)| , |g2(x1)| , |g3(x1)|}❀

X A(x2; ǫ) = {1}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ < min {|g2(x2)| , |g3(x2)|}❀

X A(x3; ǫ) = {2, 3}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ < {|g1(x3)|}❀

X A(x3; ǫ) = {1, 2, 3}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ ≥ {|g1(x3)|}✳

X A(x4; ǫ) = {1, 3}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ < |g2(x4)|❀

X A(x5; ǫ) = {1, 2, 3}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ ≥ max {|g1(x5)| , |g3(x5)|}❀

X A(x5; ǫ) = {2}✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ < min {|g1(x5)| , |g3(x5)|}❀

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ❬✹❪ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦✲
❜❧❡♠❛ ✭✶✮✱ ❧❡♠❜r❛r❡♠♦s r❛♣✐❞❛♠❡♥t❡ ♦ ♠ét♦❞♦ ❞❡ ❜✉s❝❛ ♣❛❞rã♦✱ ✉s❛❞♦ ♣❛r❛
r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✐rr❡str✐t♦✿

♠✐♥✐♠✐③❛r f(x)
x ∈ ℜn , ✭✷✳✷✮

♦♥❞❡ f : ℜn → ℜ ✭n ≥ 1✮ é ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ℜn

❬✹✱ ✶✶❪✳

✷✳✸ ❇✉s❝❛ ♣❛❞rã♦ ❡♠ ♠✐♥✐♠✐③❛çã♦ ✐rr❡str✐t❛

❉❡✜♥✐çã♦ ✷✳✸✳✶ ✭P❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ♥♦ ❝❛s♦ ✐rr❡str✐t♦✮✳ ❯♠ ♣❛❞rã♦ ❞❡ ♣♦♥✲
t♦s P ❡♠ ℜn ❝♦♥s✐st❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡♠ ℜn q✉❡ ❣❡r❛ ♣♦s✐t✐✈❛✲
♠❡♥t❡ ♦ ❡s♣❛ç♦ ℜn✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ♣❛❞rã♦ ❞❡ ♣♦♥t♦s ❡stá ❞❡✜♥✐❞♦ ♣❡❧❛s ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡✲
s✐❛♥❛s✳ ❊♠ ℜ2 t❡♠♦s P = {e1,−e1, e2,−e2}✱ ✈❡r ✜❣✉r❛ ✭✷✳✸✮✳ ❊♠ ❣❡r❛❧✱ ❡♠
ℜn t❡♠♦s✿ P = {±ei✱ i = 1, · · · , n} .

❖ ♠ét♦❞♦ ❞❡ ❜✉s❝❛ ♣❛❞rã♦ ❬✹✱ ✶✶❪ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✷✳✷✮ ❝♦♥s✐st❡
❡♠✿ ❛ ♣❛rt✐r ❞❡✱ ✉♠ ♣♦♥t♦ xk ∈ ℜn✱ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ∆k > 0 ❡ ✉♠
♣❛❞rã♦ ❞❡ ♣♦♥t♦s P =

{
di ∈ ℜn, ❝♦♠ i = 1, · · · , p

}
❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦

♣♦♥t♦ xk✱ ❢❛③❡♠♦s ❝♦♠♣❛r❛çõ❡s ❞♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ f ♥♦s ♣♦♥t♦s q✉❡ ❞❡✜♥❡♠
♦ ♣❛❞rã♦ P ✱ ❡ ❡s❝♦❧❤❡♠♦s ❞❡♥tr❡ t♦❞❛s ❛s ❞✐r❡çõ❡s✱ ❛q✉❡❧❛ ❞✐r❡çã♦ q✉❡ ❣❡r❡
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❋✐❣✉r❛ ✷✳✸✳ P❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ❝♦♦r❞❡♥❛❞❛s ❡♠ ℜ2✳

❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❞❛ ❢✉♥çã♦ f ✳ ❆ ♣❛rt✐r ❞❡ t❛❧ ❞✐r❡çã♦✱ ❞❡✜♥✐♠♦s ♦ ♣ró①✐♠♦
♣♦♥t♦ xk+1✳ ❙❡❥❛ x+ = xk + ∆kd

i✱ ❝♦♠ i = 1, · · · , p✳ ❆✈❛❧✐❛♠♦s ❛ ❢✉♥çã♦ f
♥♦ ♣♦♥t♦ x+ ❛té q✉❡ i = p ♦✉ ❛té q✉❡ s❡❥❛ s❛t✐s❢❡✐t❛ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡
❞❡❝rés❝✐♠♦ s✐♠♣❧❡s✿

f(x+) < f(xk)✱ ♣❛r❛ ❛❧❣✉♠ i✳

❙❡ f(x+) ≥ f(xk) ♣❛r❛ t♦❞♦ i = 1, · · · , p ✭❢r❛❝❛ss♦ ♥❛ ✐t❡r❛çã♦✮✱ ❞❡✜♥✐♠♦s
∆k+1 = ∆kθk✱ ❝♦♠ 0 < θk < 1 ❡ ❢❛③❡♠♦s xk+1 = xk✳ ❈❛s♦ ❝♦♥trár✐♦ ✭s✉❝❡ss♦
♥❛ ✐t❡r❛çã♦✮✱ ❢❛③❡♠♦s xk+1 = x+ ❡ ∆k+1 = ∆k✳

✷✳✹ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮

❆❣♦r❛ ♣♦❞❡♠♦s ❡st✉❞❛r ♦ ▼ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ❬✹❪✱ ✉s❛❞♦ ♣❛r❛ r❡s♦❧✈❡r
♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ❙❡ ♦ ♣♦♥t♦ xk ∈ Ω ♥ã♦ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛
✭✶✮✱ ❞❡✈❡♠♦s t❡r ❛♦ ♠❡♥♦s ✉♠❛ ❞✐r❡çã♦ d ❞❡ ❞❡s❝✐❞❛ ❢❛❝tí✈❡❧ ❞❡♥tr♦ ❞❡ ✉♠
❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk ❡♠ ℜn✳ ◆ã♦ ♦❜st❛♥t❡✱ ♥ã♦ é s✉✜❝✐❡♥t❡ t❡r t❛❧
❞✐r❡çã♦ ❝♦♠ ❛s ❝❛r❛❝t❡ríst✐❝❛s ♠❡♥❝✐♦♥❛❞❛s✳ ❊❧❛ t❡♠ q✉❡ s❡r t❛❧ q✉❡✱ ❛♦ ❧♦♥❣♦
❞❡❧❛✱ s❡❥❛ ♣♦ssí✈❡❧ ❞❛r ✉♠ ♣❛ss♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♣❛r❛ ❡✈✐t❛r q✉❡ ♦
♥♦✈♦ ♣♦♥t♦ xk+1 ✜q✉❡ ♠✉✐t♦ ♣❡rt♦ ❞♦ ♣♦♥t♦ ❛t✉❛❧ xk✳ ➱ ❝❧❛r♦ q✉❡ ❞❡✜♥✐r ✉♠
❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ♥♦ ❝❛s♦
✐rr❡str✐t♦ ♥ã♦ é ♣♦ssí✈❡❧ ❥á q✉❡✱ ❛❧é♠ ❞❡ t❡r ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❞❛ ❢✉♥çã♦
f ✱ ❞❡✈❡♠♦s t❡r ❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♥♦✈♦ ♣♦♥t♦ xk+1✳ ▲♦❣♦✱ ❞❡✈❡♠♦s ❞❡✜♥✐r
✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥çã ❞♦ ♣♦♥t♦ xk q✉❡
❝♦♥t❡♥❤❛ ❛♦ ♠❡♥♦s ✉♠❛ ❞✐r❡çã♦ q✉❡ ❣❡r❡ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❞❛ ❢✉♥çã♦ f ❡
q✉❡ ♠❛♥t❡♥❤❛ ❛ ❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♥♦✈♦ ♣♦♥t♦ xk+1✳

❉❡✜♥✐çã♦ ✷✳✹✳✶ ✭P❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ♥♦ ❝❛s♦ r❡str✐t♦✮✳ ❙❡❥❛♠ ǫ > 0 ❡ xk ∈ Ω✳
❯♠ ♣❛❞rã♦ ❞❡ ♣♦♥t♦s Pk ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮ é ❞❡✜♥✐❞♦ ❞❛ ❢♦r♠❛
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s❡❣✉✐♥t❡✿

Pk =

{
Dk, s❡ A(xk; ǫ) 6= ∅
{±ei : i = 1, · · · , n} , s❡ A(xk; ǫ) = ∅

, ✭✷✳✸✮

♦♥❞❡ Dk = [Γk 0] ❡ Γk é ❞❡✜♥✐❞♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳ ❖ ✈❡t♦r 0 ∈ ℜn

❣❛r❛♥t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ Pk ❝♦♥t❡♠ ❛♦ ♠❡♥♦s ✉♠❛ ❞✐r❡çã♦ ❢❛❝tí✈❡❧ ♥♦ ♣♦♥t♦
xk✱ q✉❛♥❞♦ A(xk; ǫ) 6= ∅✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s A(xk; ǫ) ❢♦✐ ❞❡✜♥✐❞♦ ♥❛
❞❡✜♥✐çã♦ ✭✷✳✷✳✹✮✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ xk ∈ Ω ❡ ǫk > 0✱ ❛ ♠❛tr✐③

Ak = [∇gi(xk) . . .∇hℓ(xk)]✱ ❝♦♠ i ∈ (A(xk, ǫk) − E) ❡ ℓ ∈ E

t❡♠ ❝♦❧✉♥❛s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❙❡❥❛♠ u1
k, . . . , u

sk

k ✈❡t♦r❡s t❛✐s q✉❡✿

Cone{u1
k, . . . , u

sk

k } = N(At
k)✱ ❡

♦s ✈❡t♦r❡s v1
k, . . . , v

tk
k ✱ sã♦ ♦❜t✐❞♦s ♣❡❧❛ ♥♦r♠❛❧✐③❛çã♦ ❞❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③

Ak(A
t
kAk)

−1✳

❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ Γk = {u1
k, . . . , u

sk

k , v1
k, · · · , vtk

k ,−v1
k, . . . ,−vtk

k } ❣❡r❛ ♦ ❝♦♥❡
♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦ ✭❞❡✜♥✐çã♦ ✷✳✷✳✶✮ ♥♦ ♣♦♥t♦ xk✳

❆ ♣r♦♣♦s✐çã♦ ✭✷✳✹✳✶✮ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ s✉❛ ✈❡rsã♦ ♦r✐❣✐♥❛❧✱ ❝♦♥❥✉♥t❛♠❡♥t❡
❝♦♠ s✉❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❬✹❪✱ ♣♣✳ ✾✷✺✲✾✷✻✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✶✳ ❊st❛ ❡s❝♦❧❤❛ ❞♦ ❝♦♥❥✉♥t♦ Pk ♣❡r♠✐t❡ q✉❡✱ q✉❛♥❞♦ ♦
♣♦♥t♦ xk ∈ Ω ❡stá ♣❡rt♦ ❞❛ ❢r♦♥t❡✐r❛ ❞❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧ Ω ✭A(xk; ǫ) 6= ∅✮✱
♦ ♣❛❞rã♦ Pk ❣❡r❡ ♣♦s✐t✐✈❛♠❡♥t❡ ♦ ❝♦♥❡ ♣♦❧❛r ❛♦ ❝♦♥❡ t❛♥❣❡♥t❡ à r❡❣✐ã♦ Ω
♥♦ ♣♦♥t♦ xk ❡ ♣♦rt❛♥t♦ t❡♠♦s ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❢❛❝tí✈❡❧
❞❡♣❡♥❞❡♥❞♦ ❞♦ ♣❛ss♦ ∆k✳ ❆ ✜❣✉r❛ ✭✷✳✹✮✭❛✮ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❡♠ ℜ2✱ ♥❡st❡
❝❛s♦✳ ❊ q✉❛♥❞♦ xk ❡stá ❧♦♥❣❡ ❞❛ ❢r♦♥t❡✐r❛ ❞❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧ Ω ✭A(xk; ǫ) = ∅✮✱
♣♦❞❡♠♦s ♠♦✈❡r✲♥♦s ❧✐✈r❡♠❡♥t❡ ❡♠ q✉❛❧q✉❡r ❞✐r❡çã♦ ❝♦♦r❞❡♥❛❞❛ ♦❜t❡♥❞♦ ❛♦
♠❡s♠♦ t❡♠♣♦ ❞❡s❝✐❞❛ ❡ ❢❛❝t✐❜✐❧✐❞❛❞❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ♣❛ss♦ ∆k✳ ❆ ✜❣✉r❛
✭✷✳✹✮✭❜✮ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❡♠ ℜ2✱ ♥❡st❡ ❝❛s♦✳

✷✳✺ ❖ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥

❉❡s❝r❡✈❡♠♦s ❛ s❡❣✉✐r ♦ ▼ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ✭✈❡r ❬✹❪✱ ♣á❣✳ ✾✷✷✮ q✉❡
❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❞❡t❡r♠✐♥❛ ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ Pk ❞❡ ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❡
✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ∆k q✉❡ ♣♦ss❛ s❡r ❞❛❞♦ ❡♠ ❛❧❣✉♠❛ ❞❛s ❞✐r❡çõ❡s q✉❡
❢♦r♠❛♠ ♦ ❝♦♥❥✉♥t♦ Pk✳ ❖ ♠ét♦❞♦ t❡♥t❛ ❞❛r ✉♠ ♣❛ss♦ ❛♦ ❧♦♥❣♦ ❞❡ ❛❧❣✉♠❛
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✹✳ ✭❛✮ Pk = Dk =
{
d1

k, d2
k

}
✱ ❡ ✭❜✮ Pk = {±ei : i = 1, · · · , n}✳

❞❛s ❞✐r❡çõ❡s ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❛ ❢✉♥çã♦ f t❡♥❤❛ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❡♠ s❡✉
✈❛❧♦r✳

❆ss✉♠✐♥❞♦ q✉❡ ❡st❛♠♦s ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ♦ ♠ét♦❞♦ ✐♥✐❝✐❛ t❛❧ ✐t❡✲
r❛çã♦ ❝♦♠ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ xk✱ ❝♦♠ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f(xk)✱ ❝♦♠
✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ∆k > 0✱ ❡ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ Pk ❞❡ ❞✐r❡çõ❡s
❢❛❝tí✈❡✐s s❛t✐s❢❛③❡♥❞♦ ❛ ❞❡✜♥✐çã♦ ✭✷✳✹✳✶✮✳ ▲❡♠❜r❛♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ ǫ > 0
é ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞❛ ✐t❡r❛çã♦✳ ❖ ♠ét♦❞♦ ❛✈❛❧✐❛ ❛ ❢✉♥çã♦ f ♥♦ ♣♦♥t♦ x+ =
xk + ∆kd

j
k✱ ♦♥❞❡ dj

k ∈ Pk✱ ❝♦♠ j = 1, · · · , pk✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ✈❛❧♦r ❞❡
f ♥♦s ♣♦♥t♦s xk ❡ x+ ❡ ❛ ❢❛t✐❜✐❧✐❞❛❞❡ ♦ ♥ã♦ ❞♦ ♣♦♥t♦ x+✱ ❞❡t❡r♠✐♥❛♠♦s s❡
t❡♠♦s s✉❝❡ss♦ ♦✉ ❢r❛❝❛ss♦ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝♦s✐❞❡r❛çõ❡s
s❡❣✉✐♥t❡s✳

X ❙❡ ♦ ♣♦♥t♦ x+ ∈ Ω ✭♣♦♥t♦ ❢❛❝tí✈❡❧✮ ❡ s❡ f(x+) < f(xk) ♣❛r❛ ❛❧❣✉♠
j = 1, · · · , pk ✭♦t✐♠❛❧✐❞❛❞❡✮✱ t❡r♠✐♥❛♠♦s ❛ k✲és✐♠❛ ✐t❡r❛çã♦ ❡ ❢❛③❡♠♦s
xk+1 = x+✱ ∆k+1 = λk∆k✱ ❝♦♠ λk > 1 ✭❛✉♠❡♥t❛♠♦s ♦ t❛♠❛♥❤♦ ❞♦
♣❛ss♦✮ ❡ ❝❛❧❝✉❧❛♠♦s ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ Pk+1 ❞❡ ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s
s❛t✐s❢❛③❡♥❞♦ ❛ ❞❡✜♥✐çã♦ ✭✷✳✹✳✶✮✳ ◆❡st❡ ❝❛ss♦ ❞✐③❡♠♦s q✉❡ t❡♠♦s s✉❝❡ss♦
♥❛ ✐t❡r❛çã♦✳

X ❙❡ ♦ ♣♦♥t♦ x+ ∈ Ω ✭♣♦♥t♦ ❢❛❝tí✈❡❧✮ ♠❛s f(x+) ≥ f(xk) ♣❛r❛ t♦❞♦
j = 1, · · · , pk✱ t❡r♠✐♥❛♠♦s ❛ k✲és✐♠❛ ✐t❡r❛çã♦ ❡ ❢❛③❡♠♦s xk+1 = xk✱
∆k+1 = θk∆k ❝♦♠ 0 < θk < 1 ✭r❡❞✉③✐♠♦s ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✮ ❡
Pk+1 = Pk✳ ◆❡st❡ ❝❛ss♦ ❞✐③❡♠♦s q✉❡ t❡♠♦s ❢r❛❝❛ss♦ ♥❛ ✐t❡r❛çã♦✳

X ❙❡ ♦ ♣♦♥t♦ x+ /∈ Ω ✭♣♦♥t♦ ♥ã♦ ❢❛❝tí✈❡❧✮ ♣❛r❛ t♦❞♦ j✱ ❝♦♠ 1 ≤ j ≤ pk✱
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t❡r♠✐♥❛♠♦s ❛ k✲és✐♠❛ ✐t❡r❛çã♦ ❡ ❢❛③❡♠♦s xk+1 = xk✱ ∆k+1 = θk∆k

❝♦♠ 0 < θk < 1 ✭r❡❞✉③✐♠♦s ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✮ ❡ Pk+1 = Pk✳ ◆❡st❡
❝❛ss♦ ❞✐③❡♠♦s q✉❡ t❡♠♦s ❢r❛❝❛ss♦ ♥❛ ✐t❡r❛çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✺✳✶✳ ❋✐❝❛♠♦s ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦ ❡♥q✉❛♥t♦ f(x+) ≥ f(xk)
❡ 1 ≤ j ≤ pk✳ ❊♥q✉❛♥t♦ q✉❡ ❞❡✜♥✐♠♦s ✉♠ ♥♦✈♦ ♣♦♥t♦ x+ ❡♥q✉❛♥t♦ x+ =
xk + ∆kd

j
k /∈ Ω✳

❖❜s❡r✈❛çã♦ ✷✳✺✳✷✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ s❡❣✉✐♥t❡✿

♠✐♥✐♠✐③❛r f(x)
s✉❥❡✐t❛ ❛ v ≤ Ax ≤ u

, ✭✷✳✹✮

♦♥❞❡ A ∈ ℜ(m+p)×n✱ v, u ∈ ℜm+p✱ ❡ v ≤ u✳

❖ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ t❡♠ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ q✉❡ ❞✐③❡♠ s♦❜
q✉❡ ❝♦♥❞✐çõ❡s ♦ ♠ét♦❞♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛
✭✶✮✳ ❍✐♣ót❡s❡s s♦❜r❡ ❛ ♠❛tr✐③ A ❡ s♦❜r❡ ♦ ♣❛❞rã♦ Pk✱ ❡♥tr❡ ♦✉tr❛s✱ ❣❛r❛♥t❡♠
❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳ ❖s ❞❡t❛❧❤❡s ❝♦♠♣❧❡t♦s ❛❝❡r❝❛ ❞♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠
s❡r ✈✐st♦s ❡♠ ❬✹❪✱ ♣♣✳ ✾✷✺✲✾✷✻✳

✷✳✻ ❖ ❛❧❣♦r✐t♠♦

❖ ❛❧❣♦r✐t♠♦ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✶✮ é ♦ s❡❣✉✐♥t❡✳

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✳
x0 ∈ Ω✱ ∆0 > 0✱ ǫ > 0✳

P❛ss♦ ✶✳ ❋❛③❡r k = 0✳
P❛ss♦ ✷✳ ❆✈❛❧✐❛r f(xk)✳
P❛ss♦ ✸✳ ❉❡t❡r♠✐♥❛r ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk✳
P❛ss♦ ✹✳ ▼✐♥✐♠✐③❛r s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ Pk✳

P❛ss♦ ✹✳✶✳ ❋❛③❡r j = 1

P❛ss♦ ✹✳✷✳ ❋❛③❡r sk = ∆kd
j
k ❡ x+ = xk + sk✳

❙❡ x+ ∈ Ω ❡ f(x+) < f(xk)✿
❢❛③❡r xk+1 = x+✱ ∆k = λk∆k ❝♦♠ λk > 1✱
k = k + 1 ❡ ✈♦❧t❛r ❛♦ ♣❛ss♦ ✷✳

❙❡ ((x+ ∈ Ω ∧ f(x+) ≥ f(xk)) ∨ (x+ /∈ Ω))✿
❙❡ j < pk✱ ❢❛③❡r j = j + 1 ❡ ✈♦❧t❛r ❛♦ ♣❛ss♦ ✹✳✷✳
❙❡ j = pk ❢❛③❡r ∆k = θk∆k ❝♦♠ 0 < θk < 1✱
k = k + 1 ❡ ✈♦❧t❛r ❛♦ ♣❛ss♦ ✹✳

P❛ss♦ ✺✳ ❋❛③❡r x = xk
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✸✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♦r✐❛ ❡♥✈♦❧✈✐❞❛ ♥♦ ♥♦✈♦ ♠ét♦❞♦ ♣❛r❛ r❡s♦❧✈❡r
♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ ♦ q✉❛❧ ♥ã♦ ❢❛③ ✉s♦ ❞❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ f ✳ ➱ ❜♦♠ ♠❡♥✲
❝✐♦♥❛r q✉❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠ét♦❞♦ ❡♥✈♦❧✈❡ três ❣r❛♥❞❡s ❛s♣❡❝t♦s✿ ❛
♣r♦❝✉r❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦ t❛❧ q✉❡ s✉❛s ❝♦❧✉♥❛s ❝♦rr❡s♣♦♥❞❡♠
❛♦s ❣r❛❞✐❡♥t❡s ❞❛s r❡str✐çõ❡s q✉❛s❡ ❛t✐✈❛s ♥♦ ♣♦♥t♦ ❛t✉❛❧✱ ❛ ♣r♦❝✉r❛ ❞❡ ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛ ❝♦♥❞✐çã♦ ❡ ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠ ♣❛ss♦ ❛
s❡r ❞❛❞♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛✳

❆ s❡❣✉✐r s❡ ✐♠♣õ❡ ✉♠❛ ❝♦♥❞✐çã♦ ❛❞✐❝✐♦♥❛❧ q✉❡ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣❡❧❛
❢✉♥çã♦ f ✳

❙✉♣♦s✐çã♦ ✶✳ inf
x∈Ω

f(x) > −∞✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ s✉♣♦s✐çã♦ ✭✶✮✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ t❡♠ q✉❡ s❡r ❧✐♠✐t❛❞❛ ✐♥❢❡✲
r✐♦r♠❡♥t❡✳

✸✳✷ ❊st✐♠❛t✐✈❛ ❞❛s r❡str✐çõ❡s ❛t✐✈❛s

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❞❡s❝r❡✈❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s
A(x; ǫ) ✭❞❡✜♥✐çã♦ ✷✳✷✳✹✮✱ ❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s

✷✷
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A(x̄) ∪ E q✉❛♥❞♦ ♦ ♣♦♥t♦ x ❡stá ♣❡rt♦ ❞♦ ♣♦♥t♦ x̄✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛ {xk}k∈N ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡♠ Ω q✉❡ ❝♦♥✲
✈❡r❣❡ ♣❛r❛ ❛❧❣✉♠ x̄ ∈ Ω✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ❡s❝❛❧❛r ǭ > 0✱ q✉❡ ❞❡♣❡♥❞❡ só ❞❡
x̄✱ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ❡s❝❛❧❛r ǫ ∈ (0, ǭ] ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ kǫ ♣❛r❛ ♦
q✉❛❧ A(xk; ǫ) = A(x̄) ∪ E ♣❛r❛ t♦❞♦ k ≥ kǫ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ N(x̄) = {i ∈ I : gi(x̄) < 0}✳ ❧♦❣♦

N(x̄) ∩ (A(x̄)) = φ✳

❉❡✜♥❛♠♦s ǭ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ǭ =





1
3 min

i∈N(x̄)
−gi(x̄), s❡ N(x̄) 6= ∅

1, ❡♠ ♦✉tr♦ ❝❛s♦

▲♦❣♦✱ ♣❛r❛ t♦❞♦ ǫ > 0 t❛❧ q✉❡ ǫ ≤ ǭ✱ t❡♠♦s q✉❡✿

0 < ǫ < 2ǫ < 3ǫ ≤ min
i∈N(x̄)

−gi(x̄) ≤ −gi(x̄)✱ ∀i ∈ N(x̄)✱

2ǫ < 3ǫ ≤ −gi(x̄)✱ ∀i ∈ N(x̄). ✭✸✳✶✮

❆❣♦r❛✱ ❝♦♠♦ gi é ❝♦♥tí♥✉❛ ♣❛r❛ t♦❞♦ i ∈ I✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❡s❝❛❧❛r δǫ > 0
t❛❧ q✉❡✿

−gi(x̄) − ǫ < −gi(x) < −gi(x̄) + ǫ✱ ♣❛r❛ t♦❞♦ x ∈ Bδǫ
(x̄)✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡✿

−ǫ < −gi(x) + gi(x̄) < ǫ✱ ∀x ∈ Bδǫ
(x̄)

♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡

|gi(x̄) − gi(x)| < ǫ✱ ∀x ∈ Bδǫ
(x̄)✳

❊♥tã♦✱
max
i∈I

|−gi(x) + gi(x̄)| < ǫ✱ ∀x ∈ Bδǫ
(x̄). ✭✸✳✷✮

P♦r ❤✐♣ót❡s❡✱ {xk} → x̄✱ ❧♦❣♦✱ ♣❛r❛ δǫ ❡①✐st❡ kǫ ∈ N t❛❧ q✉❡✿

xk ∈ Bδǫ
(x̄), ∀k > kǫ. ✭✸✳✸✮

❋✐①❛♥❞♦ k > kǫ✱ ❞❡ ✭✸✳✶✮ ❡ ✭✸✳✷✮✱ t❡♠♦s q✉❡✿

gi(xk) = (gi(xk) − gi(x̄)) + gi(x̄) < ǫ − 2ǫ = −ǫ✳
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❧♦❣♦

gi(xk) + ǫ < 0✱ ∀i ∈ N(x̄)✳

❆ss✐♠✱
i /∈ A(xk; ǫ) ❡ i /∈ A(x̄). ✭✸✳✹✮

❆❣♦r❛✱ ❞❡ ✭✸✳✷✮ t❡♠♦s q✉❡

gi(xk) − gi(x̄) > −ǫ✱ ∀xk ∈ Bδǫ
(x̄)✳

▲♦❣♦✱ ∀i ∈ (A(x̄))✱

gi(xk) + ǫ ≥ 0,

❞♦♥❞❡✱
i ∈ A(xk; ǫ). ✭✸✳✺✮

▲♦❣♦✱ ❞❡ ✭✸✳✹✮ ❡ ✭✸✳✺✮✱ A(xk; ǫ) = A(x̄)∪E✱ ∀k > kǫ✳ ❉♦ q✉❡ ✈✐♠♦s ❛♥t❡r✐♦r✲
♠❡♥t❡✱ s❡ t❡♠ q✉❡ A(xk; ǫ) = A(x̄) ∪ E ♣❛r❛ t♦❞♦ k ≥ kǫ✳

�

✸✳✸ ❉✐r❡çõ❡s ❞❡ ❜✉s❝❛

◆❡st❛ s❡çã♦ s❡ ❞✐s❝✉t❡ ❛❝❡r❝❛ ❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛✳
❚❛❧ ❝♦♥❥✉♥t♦ ❞❡✈❡ s❡r t❛❧ q✉❡✱ ❝❛♠✐♥❤❛♥❞♦ ❛♦ ❧♦♥❣♦ ❞❡ ❛❧❣✉♠❛ ❞✐r❡çã♦ ♥♦
❝♦♥❥✉♥t♦✱ t❡♥❤❛♠♦s ❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♥♦✈♦ ♣♦♥t♦ ❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛
❢✉♥çã♦ f ✱ q✉❛♥❞♦ ♥ã♦ s❡ t❡♥❤❛ ❛❧❝❛♥ç❛❞♦ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛✳
❚❛❧ ❝♦♥❥✉♥t♦ é ❡s❝♦❧❤✐❞♦ ❞❡ ❢♦r♠❛ q✉❡ ❣❡r❡ ♦ ❝♦♥❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡
✈❛r✐❛çõ❡s ❢❛❝tí✈❡✐s T (x) ✭❞❡✜♥✐çã♦ ✷✳✷✳✷✮✳ ❆ss✐♠✱ é ♣♦ssí✈❡❧ ❝❛r❛❝t❡r✐③❛r ✉♠
♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ ❝♦♠♦ s❡❣✉❡✿

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✳ ❯♠ ♣♦♥t♦ x̄ ∈ Ω é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛
✭✶✮ s❡ ❡ s♦♠❡♥t❡ s❡

∇f(x̄)T dj ≥ 0✱ ∀j = 1, . . . , r✱

♦♥❞❡ ❛s ❞✐r❡çõ❡s dj sã♦ t❛✐s q✉❡✿

T (x̄) = Cone
{
d1, . . . , dr

}
✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ dj ✉♠❛ ❞❡ t❛✐s ❞✐r❡çõ❡s✳ ▲♦❣♦✱ dj ∈ T (x̄)✳ ❈♦♠♦ x̄ é
✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ ❡♥tã♦✱

∇f(x̄)T d ≥ 0✱ ∀d ∈ T (x̄). ✭✸✳✻✮

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✻✮ s❡ ✈❡r✐✜❝❛ ♣❛r❛ dj ✱ ❧♦❣♦✿
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∇f(x̄)T dj ≥ 0✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ d ∈ T (x̄)✳ ▲♦❣♦✱ ❡①✐st❡♠ ❡s❝❛❧❛r❡s ♥ã♦ ♥❡❣❛t✐✈♦s β1, · · · , βr

t❛✐s q✉❡

d = β1d1 + . . . + βrdr✳

P♦r ❤✐♣ót❡s❡✱ ∇f(x̄)T dj ≥ 0✱ ♣❛r❛ t♦❞♦ j = 1, . . . , r✱ ❧♦❣♦✱

∇f(x̄)T d = β1∇f(x̄)T d1 + . . . + βr∇f(x̄)T dr ≥ 0✱

✐st♦ é✱ x̄ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮

�

❖❜s❡r✈❛çã♦ ✸✳✸✳✶✳ ❆ ♣❛rt✐r ❞❛s ♣r♦♣♦s✐çõ❡s ✭✸✳✷✳✶✮ ❡ ✭✸✳✸✳✶✮ é ♣♦ssí✈❡❧ ♦❜t❡r
❝❛r❛❝t❡r✐③❛çõ❡s ❡s♣❡❝✐❛✐s ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛✳

X ❆ ♣r♦♣♦s✐çã♦ ✭✸✳✷✳✶✮ ❞á ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s
r❡str✐çõ❡s ❛t✐✈❛s ♥✉♠ ♣♦♥t♦ x̄ ∈ Ω✱ ✐st♦ é✿

A(x̄) ∪ E = A(x; ǫ)✱

♣❛r❛ ✉♠ ♣♦♥t♦ x ♣❡rt♦ ❞♦ ♣♦♥t♦ x̄ ❡ ✉♠ ❡s❝❛❧❛r ǫ > 0 ❝♦♥✈❡♥✐❡♥t❡✳
▲♦❣♦✱ t❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦ ❝♦♥❡ ♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦ ♥♦ ♣♦♥t♦ x̄✿

TA(x̄)∪E(x̄) = TA(x;ǫ)(x)✱

♣❛r❛ ✉♠ ♣♦♥t♦ x ♣❡rt♦ ❞♦ ♣♦♥t♦ x̄ ❡ ✉♠ ❡s❝❛❧❛r ǫ > 0 ❝♦♥✈❡♥✐❡♥t❡✳

X ❆ ♣r♦♣♦s✐çã♦ ✭✸✳✸✳✶✮ ❞á ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦
x̄ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ ❛tr❛✈és ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s

{
d1, . . . , dr

}
q✉❡

❣❡r❡ ♦ ❝♦♥❡ ♣♦❧✐❡❞r❛❧ ❝♦♥✈❡①♦ ♥♦ ♣♦♥t♦ x̄✱ TA(x̄)∪E(x̄)✳

▲♦❣♦✱ ❞❡✈❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❝♦♥❥✉♥t♦ D ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ♥♦ ♣♦♥t♦ x ∈ Ω
t❛❧ q✉❡✿

Cone
{
D ∩ TA(x;ǫ)(x)

}
= TA(x;ǫ)(x)✳

➱ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ❡ss❡ ❝♦♥❥✉♥t♦ D s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ❝♦♥❞✐çã♦ ♣❛rt✐❝✉❧❛r✳

❈♦♥❞✐çã♦ ✶✳ ❉❛❞♦s xk ∈ Ω ❡ ǫk > 0✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛

Dk =
{

dj
k✱ j = 1, . . . , rk

}
✱ ❝♦♠

∥∥∥dj
k

∥∥∥ = 1✱
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s❛t✐s❢❛③✿

X {rk} é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛

X Cone {Dk} = T (xk; ǫk)✳

❊①❡♠♣❧♦ ✸✳✸✳✶✳ ❙❡❥❛♠ n = 2✱ I = {1, 2}✱ E = ∅✱ xk = (0, 1)✱ g1(x1, x2) =
−x1 ❡ g2(x1, x2) = x1 − x2✳ ❊♥❝♦♥tr❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ Dk ❞❡ ❞✐r❡çõ❡s ❞❡
❜✉s❝❛ q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ✶✳ ❆ ❋✐❣✉r❛ ✭✸✳✶✮ ♠♦str❛ ❛s ❢✉♥çõ❡s r❡str✐çõ❡s
g1 ❡ g2 ❡ ❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧ Ω✳

❋✐❣✉r❛ ✸✳✶✳ ❘❡❣✐ã♦ ❢❛❝tí✈❡❧ ❞♦ ❡①❡♠♣❧♦ ✭✸✳✸✳✶✮✳

❙❡❥❛ ǫk > 0✳ P♦r ❞❡✜♥✐çã♦ t❡♠♦s q✉❡✿

A(xk; ǫk) = E ∪ {i ∈ I : gi(xk) + ǫk ≥ 0} ❡

TA(xk;ǫk)(xk) ={
d ∈ ℜ2 : ∇gi(xk)

T d ≤ 0,∀i ∈ (A(xk; ǫk) − E) ❡ ∇hℓ(xk)
T d = 0,∀ℓ ∈ E

}
✳

❉❛❞♦ q✉❡ E = ∅✱ t❡♠♦s✿

A(xk; ǫk) = {i ∈ I : gi(xk) + ǫk ≥ 0} ❡

TA(xk;ǫk)(xk) =
{
d ∈ ℜ2 : ∇gi(xk)

T d ≤ 0,∀i ∈ A(xk; ǫk)
}
✳

❆❣♦r❛✱

g1(xk) + ǫk = 0 + ǫk = ǫk > 0 ❡ g2(xk) + ǫk = −1 + ǫk ≥ 0✱ ∀ǫk ≥ 1
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▲♦❣♦✱

A(xk; ǫk) =

{
{1} , s❡ 0 < ǫk < 1

{1, 2} , s❡ ǫk ≥ 1

❡

TA(xk;ǫk)(xk) =

{{
d ∈ ℜ2 : ∇g1(xk)

T d ≤ 0
}

, s❡ 0 < ǫk < 1{
d ∈ ℜ2 : ∇g1(xk)

T d ≤ 0,∇g2(xk)
T d ≤ 0

}
, s❡ ǫk ≥ 1

.

P❡❧♦ t❛♥t♦✱ s❡ 0 < ǫk < 1✱ ❡♥tã♦✱

TA(xk;ǫk)(xk) =

{
d =

(
d1

d2

)
: (−1, 0)

(
d1

d2

)
≤ 0

}
,

❡✱ s❡ ǫk ≥ 1✱ ❡♥tã♦✱

TA(xk;ǫk)(xk) =

{
d =

(
d1

d2

)
: (−1, 0)

(
d1

d2

)
≤ 0 ❡ (1,−1)

(
d1

d2

)
≤ 0

}
.

X ❖ ❝♦♥❥✉♥t♦ TA(xk;ǫk)(xk)✱ ❝♦♠ 0 < ǫk < 1✱ é ❣❡r❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❡❧♦
❝♦♥❥✉♥t♦✿

Dk =

{(
0
1

)
,

(
0

−1

)
, 1√

2

(
1

−1

)}
✳

❆ss✐♠✱ Dk s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✱ ∀ǫk > 0✱ ❝♦♠ 0 < ǫk < 1✱ ✭✈❡r ✜❣✉r❛
✭✸✳✷✮ ✭❛✮✮✳

X ❖ ❝♦♥❥✉♥t♦ TA(xk;ǫk)(xk)✱ ❝♦♠ ǫk ≥ 1✱ é ❣❡r❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❡❧♦
❝♦♥❥✉♥t♦✿

Dk =

{(
0
1

)
, 1√

2

(
1
1

)}
✳

▲♦❣♦✱ Dk s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✱ ∀ǫk ≥ 1✱ ✭✈❡r ✜❣✉r❛ ✭✸✳✷✮ ✭❜✮✮✳

❊♠ ❣❡r❛❧ ♥ã♦ é ❢á❝✐❧ ❝♦♥str✉✐r ❝♦♥❥✉♥t♦s D ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ q✉❡ s❛t✐s✲
❢❛ç❛♠ ❛ ❝♦♥❞✐çã♦ ✶✳ P❛r❛ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦ é ✐♠♣♦rt❛♥t❡ ♦❜t❡r t❛✐s ❝♦♥❥✉♥✲
t♦s✱ ♣♦✐s ❥✉♥t♦ ❝♦♠ ♦✉tr❛s ❤✐♣ót❡s❡s✱ t❛❧ ♠ét♦❞♦ t❡♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡s❡❥á✈❡✐s
❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳
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✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✷✳ ❈♦♥❥✉♥t♦ TA(xk;ǫk)(xk) ❞♦ ❡①❡♠♣❧♦ ✸✳✶

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❣r❛❞✐❡♥t❡s ❞❛s r❡str✐çõ❡s ǫ✲❛t✐✈❛s s❡❥❛♠ ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s ♥♦ ♣♦♥t♦ xk✱ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ s✉❣❡r❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s
❞❡ ❡♥❝♦♥tr❛r ❝♦♥❥✉♥t♦s ❞❡ ❞✐r❡çõ❡s Dk q✉❡ s❛t✐s❢❛ç❛♠ ❛ ❝♦♥❞✐çã♦ ✶✱ ✭❬✹❪✱ ♣♣✳
✾✸✹✱ ❬✺❪✱ ♣♣✳ ✹✷✮✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ xk ∈ Ω ❡ ǫk > 0✱ ❛ ♠❛tr✐③

Ak = [∇gi(xk) . . .∇hℓ(xk)]✱ ❝♦♠ i ∈ (A(xk, ǫk) − E) ❡ ℓ ∈ E

t❡♠ ❝♦❧✉♥❛s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❙❡❥❛♠ u1
k, . . . , u

sk

k ✈❡t♦r❡s t❛✐s q✉❡✿

Cone{u1
k, . . . , u

sk

k } = N(At
k)✱ ❡

♦s ✈❡t♦r❡s v1
k, . . . , v

tk
k ✱ sã♦ ♦❜t✐❞♦s ♣❡❧❛ ♥♦r♠❛❧✐③❛çã♦ ❞❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③

Ak(A
t
kAk)

−1✳

❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ Dk = {u1
k, . . . , u

sk

k ,−v1
k, . . . ,−vtk

k } s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✳

❊①❡♠♣❧♦ ✸✳✸✳✷✳ ❯s❛r ❛ ♣r♦♣♦s✐çã♦ ✭✸✳✸✳✷✮ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡
❞✐r❡çõ❡s Dk q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✱ ♣❛r❛ ♦s ❞❛❞♦s ❢♦r♥❡❝✐❞♦s ♥♦ ❡①❡♠♣❧♦
✭✸✳✸✳✶✮✳

✶✳ P❛r❛ ǫk > 0✱ ❝♦♠ 0 < ǫk < 1✱ t❡♠♦s q✉❡ A (xk; ǫk) = {1}✳ ▲♦❣♦ ❛
♠❛tr✐③ Ak é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Ak =

[
−1

0

]
✳
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❋❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥t❛s✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ s✉❜❡s✲
♣❛ç♦ N(At

k) é✿

β∗
N(At

k
)
=

{(
0
1

)}
✳

▲♦❣♦ ❞❡✜♥✐♠♦s✱ u1
k =

(
0
1

)
✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r

q✉❡✿

Ak

(
At

kAk

)−1
=

[
−1

0

]
✳

▲♦❣♦ v1
k =

(
−1

0

)
✳ P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦ Dk ❞❡✜♥✐❞♦ ❝♦♠♦✿

Dk =
{
u1

k,−v1
k

}
=

{(
0
1

)
,

(
1
0

)}

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✳

✷✳ P❛r❛ ǫk ≥ 1 t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❡ r❡str✐çõ❡s ǫ✲❛t✐✈❛s ♥♦
♣♦♥t♦ xk é✿ A (xk; ǫk) = {1, 2}✳ ▲♦❣♦ ❛ ♠❛tr✐③ Ak ❡stá ❞❛❞❛ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✿

Ak =

[
−1 1

0 −1

]
✳

❋❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥t❛s✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ N(AT
k ) = {0} ❡✱ ❡♠

❝♦♥s❡qüê♥❝✐❛✱ β∗
N(At

k
)
= ∅✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡✿

Ak

(
At

kAk

)−1
=

[
−1 0
−1 −1

]
✳

▲♦❣♦✱ ❞❡✜♥✐♥❞♦ ♦s ✈❡t♦r❡s v1
k =

(
0

−1

)
❡ v2

k = 1√
2

(
−1
−1

)
t❡♠♦s q✉❡

♦ ❝♦♥❥✉♥t♦ Dk ❞❡✜♥✐❞♦ ❝♦♠♦✿

Dk =
{
−v1

k,−v2
k

}
=

{(
0
1

)
, 1√

2

(
1
1

)}

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶✳
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✸✳✹ ❯♠ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❆ ♣r♦❜❧❡♠❛ s❡❣✉✐♥t❡✱ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r
q✉❡ ♦ ♣♦♥t♦ x̄ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
✉♠❛ ❞❛s ❤✐♣ót❡s❡s q✉❡ ❞❡✈❡♠ s❡r s❛t✐s❢❡✐t❛s é q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡
❜✉s❝❛ Dk ♥♦ ♣♦♥t♦ ❛t✉❛❧ xk ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✶✳ ▲♦❣♦✱ ❛✈❛❧✐❛♥❞♦ ❛
❢✉♥çã♦ f ❛♦ ❧♦♥❣♦ ❞❡ ❞✐r❡çõ❡s dj

k ∈ Dk✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r s❡ ♦ ♣♦♥t♦ xk

é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ ♦✉ s❡ ❛ ❞✐r❡çã♦ dj
k é ✉♠❛ ❞✐r❡çã♦

❞❡ ❞❡s❝✐❞❛ ❢❛❝tí✈❡❧✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ ❙❡❥❛♠ {xk}k∈N ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡♠ Ω ❡ {Dk}k∈N

❝♦♠ Dk = {d1
k, . . . , d

rk

k } ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❞✐r❡çõ❡s q✉❡ s❛t✐s✲
❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ✶❝♦♠ ǫk → 0✳ ❙✉♣♦♥❤❛ q✉❡ {xk}K ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦
x̄ ♣❛r❛ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ K ⊆ N✱ ❡ q✉❡

lim
k→∞,k∈K

max
j∈Jk

{
min

{
0,∇f(xk)

T dj
k

}}
= 0, ✭✸✳✼✮

♦♥❞❡ Jk = {1, . . . , rk}✳
❊♥tã♦ x̄ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ x̄ ♥ã♦ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦✲
❜❧❡♠❛ ✭✶✮✳ ▲♦❣♦ ❡①✐st❡ ✉♠❛ ❞✐r❡çã♦ d̄ ∈ TA(x̄;ǫk)(x̄) t❛❧ q✉❡✿

∇f(x̄)T d̄ < 0. ✭✸✳✽✮

P♦r ❤✐♣ót❡s❡ {xk}K → x̄✱ ❞♦♥❞❡✱ ♣❛r❛ t♦❞♦ ǫ∗ > 0 ❡①✐st❡ ✉♠ ♥❛t✉r❛❧ N t❛❧
q✉❡ ‖xk − x̄‖ < ǫ∗✱ s❡♠♣r❡ q✉❡ k > N ✳
❆❣♦r❛✱ Dk é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ♥♦ ♣♦♥t♦ xk✱ q✉❡ s❛t✐s❢❛③ ❛
❝♦♥❞✐çã♦ ✶ ❝♦♠ ǫk → 0 ♣❛r❛ ❝❛❞❛ k ∈ K❀ ▲♦❣♦✱ {Dk}k∈K → D̄✱ ♦♥❞❡ D̄ é ♦
❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ ♥♦ ♣♦♥t♦ x̄✱ ❝♦♠ D̄ =

{
d̄1, · · · , d̄r

}
✳

❉❛❞♦ q✉❡ rk é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✱ ❡①✐st❡♠✿ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ J ⊆ N✱
✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ K1 ⊆ K ❡ ✉♠❛ ❞✐r❡çã♦ d̄j ∈ ℜn✱ ❝♦♠ j ∈ J t❛✐s q✉❡✿

Jk = J ∀k ∈ K1 ❡ lim
k→∞,k∈K1

dj
k = d̄j , ∀j ∈ J. ✭✸✳✾✮

P♦r ❤✐♣ót❡s❡ Dk s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶ ❝♦♠ ǫk → 0✳ ❊♥tã♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦
✭✸✳✷✳✶✮✱ A (xk; ǫk) ⊆ A (x̄) ∪ E ♣❛r❛ t♦❞♦ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦

TA(x̄)∪E (xk) ⊆ TA(xk;ǫk) (xk) = Cone {Dk} = Cone
{

dj
k

}

j∈Jk

. ✭✸✳✶✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ q✉❡ ❛s ❢✉♥çõ❡s r❡str✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ sã♦ ❧✐✲
♥❡❛r❡s✱ t❡♠♦s q✉❡
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{
dist

(
TA(x̄) (xk) , TA(x̄) (x̄)

)}
→ 0 ⇔ (T (xk) → T (x̄)) ✱ q✉❛♥❞♦ k → ∞. ✭✸✳✶✶✮

▲♦❣♦✱ ❞❛❞♦ q✉❡ d̄ ∈ TA(x̄;ǫk)(x̄) ❡ q✉❡ {T (xk)} → T (x̄)✱ t❡♠♦s q✉❡ d̄ ∈
T (xk) ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦✱ ♣♦r ✭✸✳✶✵✮ t❡♠✲s❡ q✉❡ d̄ ∈

Cone
{

dj
k

}

j∈Jk

❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱

d̄ =
∑

j∈Jk

βjdj
k✱ ♣❛r❛ ❛❧❣✉♥s βj ≥ 0✳

❆❧é♠ ❞✐ss♦✱
{

dj
k

}
→ d̄j ✱ ❧♦❣♦ d̄ =

∑
j∈Jk

βj d̄j ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

P♦rt❛♥t♦

∇f(x̄)T d̄ = ∇f(x̄)T

(
∑

j∈Jk

βj d̄j

)
=
∑

j∈Jk

βj∇f(x̄)T d̄j =

∑
j∈Jk

βj∇f

(
lim

k→∞
xk

)T (
lim

k→∞
dj

k

)
✳

❆❣♦r❛✱ ❝♦♠♦ ♦ ♦♣❡r❛❞♦r ∇f é ❝♦♥tí♥✉♦✱ ❡♥tã♦✿

∇f(x̄)T d̄ =
∑

j∈Jk

βj lim
k→∞

∇f (xk)
T dj

k✳

P♦r ❤✐♣ót❡s❡ t❡♠✲s❡ q✉❡✿

lim
k→∞,k∈K

max
j∈Jk

{
min

{
0,∇f(xk)

T dj
k

}}
= 0✱

❧♦❣♦ ∇f (xk)
T dj

k ≥ 0 ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆ss✐♠

∇f(x̄)T d̄ =
∑

j∈Jk

βj lim
k→∞

∇f (xk)
T dj

k ≥ 0✱

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ s✉♣♦st♦ ✭✸✳✽✮✳

�

❆ ❤✐♣ót❡s❡ ✭✸✳✼✮ ❞❛ ♣r♦♣♦s✐çã♦ ✭✸✳✹✳✶✮ é s❛t✐s❢❡✐t❛✱ ❣❛r❛♥t✐♥❞♦ q✉❡✱ ♣❛r❛
❝❛❞❛ ❞✐r❡çã♦ dj

k ∈ Dk✱ ❡①✐st❡ ✉♠ ❡s❝❛❧❛r ♣♦s✐t✐✈♦ ξj
k t❛❧ q✉❡

f(xk + ξj
kd

j
k) ≥ f(xk) − o(ξj

k)✱
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❝♦♠
{

ξj
k

}
→ 0 ❡ lim

ξ→0

o(ξ)
ξ

= 0✳

P❛r❛ ❧❡✈❛r ❡♠ ❝♦♥t❛ tr♦❝❛s ❞❡ xk ❛♦ ❧♦♥❣♦ ❞❛s ❞✐❢❡r❡♥t❡s ❞✐r❡çõ❡s dj
k✱ s✉❜s✲

t✐t✉í♠♦s ♦ ♣♦♥t♦ xk ♣❡❧♦ ♣♦♥t♦ xj
k q✉❡ ❞❡✈❡ s❛t✐s❢❛③❡r✿

{∥∥∥xj
k − xk

∥∥∥
}

→ 0✳

■st♦ ❣❡r❛ ✉♠❛ ♥♦✈❛ ❝♦♥❞✐çã♦ q✉❡ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛✿

f(xj
k + ξj

kd
j
k) ≥ f(xj

k) − o(ξj
k). ✭✸✳✶✷✮

❆❧é♠ ❞♦ ❛♥t❡r✐♦r✱ ❞❡✈❡♠♦s ❣❛r❛♥t✐r q✉❡ ♦ ♥♦✈♦ ♣♦♥t♦ xj
k + ξj

kd
j
k s❡❥❛ ❢❛❝tí✈❡❧✱

♦✉ s❡❥❛✱ q✉❡ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ s❡❥❛ s❛t✐s❢❡✐t❛✿

gi(x
j
k + ξj

kd
j
k) ≤ 0, ∀i ∈ I ❡

hℓ(x
j
k + ξj

kd
j
k) = 0, ∀ℓ ∈ E.

✭✸✳✶✸✮

❯s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❚❛②❧♦r✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ ✭✸✳✶✸✮ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✿

gi(x
j
k) + ξj

k∇gi(x
j
k)

T dj
k ≤ 0, ∀i ∈ I ❡

hℓ(x
j
k) + ξj

k∇hℓ(x
j
k)

T dj
k = 0, ∀ℓ ∈ E.

✭✸✳✶✹✮

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❢♦r♠❛❧✐③❛ ❛ ❞✐s❝✉ssã♦ ❢❡✐t❛ ❛té ❛q✉✐✱ ❡♠ r❡❧❛çã♦ à
❡①✐stê♥❝✐❛ ❞♦ ❡s❝❛❧❛r ξj

k✱ q✉❡ ❢❛③ ✈❡r❞❛❞❡✐r❛s ❛s ❝♦♥❞✐çõ❡s ✭✸✳✶✷✮ ❡ ✭✸✳✶✹✮✳

✸✳✺ ❯♠ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

Pr♦♣♦s✐çã♦ ✸✳✺✳✶✳ ❙❡❥❛♠ {xk}k∈N ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡♠ Ω ❡ {Dk}k∈N

❝♦♠ Dk = {d1
k, . . . , d

rk

k } ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ❞✐r❡çõ❡s ❡ s✉♣♦♥❤❛
q✉❡ s❡❥❛♠ s❛t✐s❢❡✐t❛s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ ♦s ❝♦♥❥✉♥t♦s Dk s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ✶ ❝♦♠ ǫk → 0❀

✷✳ {xk}k∈K → x̄ ♣❛r❛ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ K ⊆ N ❡✱ ♣❛r❛ ❝❛❞❛ k ∈ K

❡ ❝❛❞❛ j ∈ Jk✱ ♦♥❞❡ Jk = {1, · · · , rk}✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ xj
k ∈ Ω ❡ ✉♠

❡s❝❛❧❛r ξj
k > 0✱ q✉❡ ❛❧é♠ ❞❡ s❛t✐s❢❛③❡r ❛s ❝♦♥❞✐çõ❡s ✭✸✳✶✷✮ ❡ ✭✸✳✶✹✮✱

s❛t✐s❢❛③ t❛♠❜é♠

lim
k→∞,k∈K

max
j∈Jk

{
ξj
k

}
= 0, ✭✸✳✶✺✮

lim
k→∞,k∈K

max
j∈Jk

∥∥∥xk − xj
k

∥∥∥ = 0, ✭✸✳✶✻✮

♦♥❞❡ lim
ξ→0

o(ξ)
ξ

= 0✳
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❊♥tã♦ x̄ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✺❪✱ ♣♣✳✹✼✲✹✽✱ t❡♥❞♦
❡♠ ❝♦♥t❛ q✉❡ ❡st❛ é ❢❡✐t❛ ❡♠ ❣❡r❛❧ ♣❛r❛ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦♥❞❡ ❛s
r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ♣♦❞❡♠ s❡r ❧✐♥❡❛r❡s ♦✉ ♥ã♦ ❧✐♥❡❛r❡s✳

✸✳✻ ❖ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✱ s♦❜ ❛
❝♦♥❞✐çã♦ ✶

❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ♦ ♠ét♦❞♦ q✉❡✱ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❞❡t❡r♠✐♥❛ ✉♠ ❝♦♥✲
❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s Dk q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ✶✱ ❡ q✉❡ t❡♥t❛ ❞❛r
✉♠ ♣❛ss♦ s✉✜❝✐❡♥t❡ ❞❡ ❞❡s❝✐❞❛ ❛♦ ❧♦♥❣♦ ❞❡ ❛❧❣✉♠❛ ❞❛q✉❡❧❛s ❞✐r❡çõ❡s✳

❆ss✉♠✐♥❞♦ q✉❡ ❡st❛♠♦s ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ♦ ♠ét♦❞♦ ✐♥✐❝✐❛ t❛❧ ✐t❡r❛çã♦
❝♦♠ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ xk✱ ❝♦♠ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f(xk)✱ ✉♠ t❛♠❛♥❤♦
❞❡ ♣❛ss♦ αk✱ ✉♠ ♣❛râ♠❡tr♦ ǫk > 0 ❡ ❞❡t❡r♠✐♥❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s
❞❡ ❜✉s❝❛ ❢❛❝tí✈❡✐s Dk q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✶✮✳ ■♠❡❞✐❛t❛♠❡♥t❡✱ ♦ ♠ét♦❞♦
❛✈❛❧✐❛ ❛ ❢✉♥çã♦ f ♥♦ ♣♦♥t♦ xj

k+αdj
k ✭♣♦ssí✈❡❧ ♥♦✈♦ ♣♦♥t♦✮✱ ❝♦♠ j = 1, · · · , rk✱

♦♥❞❡ rk é ♦ ♥ú♠❡r♦ ❞❡ ❞✐r❡çõ❡s ♥♦ ❝♦♥❥✉♥t♦ Dk✱ xj
k = xk✱ dj

k ∈ Dk ❡ α =

min {ᾱ, α}✱ ♦♥❞❡ ᾱ é ♦ ♠❛✐♦r ♣❛ss♦ q✉❡ s❡ ♣♦❞❡ ❞❛r ♥❛ ❞✐r❡çã♦ dj
k✱ ❞❡ ❢♦r♠❛

t❛❧ q✉❡ s❡ ♠❛♥t❡♥❤❛ ❛ ❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♣♦ssí✈❡❧ ♥♦✈♦ ♣♦♥t♦ ❡ α = αk✳ ❙❡
t❡♠♦s ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ❛♦ ♠✉❞❛r ❞♦ ♣♦♥t♦ ❛t✉❛❧ xj

k ❛♦
♣♦♥t♦ xj

k + αdj
k✱ ❡♥tã♦ ♦ ♠ét♦❞♦ t❡♥t❛ ❞❛r ✉♠ ♣❛ss♦ ♠❡❧❤♦r ❛♦ ❧♦♥❣♦ ❞❡st❛

❞✐r❡çã♦✳ ❙❡ t❛❧ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ♥ã♦ é s❛t✐s❢❡✐t❛✱ ❡♥tã♦ ♦
t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ α é ❞✐♠✐♥✉í❞♦ ♣♦r ✉♠❛ ❢r❛çã♦ θα ∈ (0, 1) ❡ ♦ ♣♦♥t♦ xk ♥ã♦
é ♠✉❞❛❞♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ s❡ t❡♥❤❛ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❝♦♠ ♦ ♠á①✐♠♦
♣❛ss♦ ♣♦ssí✈❡❧ ᾱ✱ ❡♥tã♦ t❡r♠✐♥❛ ❛ ✐t❡r❛çã♦ ❛t✉❛❧✱ ♦❜t❡♥❞♦ ✉♠ ♥♦✈♦ ♣♦♥t♦
❢❛❝tí✈❡❧ xk+1 = xj

k + ᾱdj
k ❡ ❛t✉❛❧✐③❛♥❞♦ ♦s ♣❛râ♠❡tr♦s ǫk+1 = ǫk ❡ αk+1 = ᾱ✳

❉❡ ♦✉tr❛ ❢♦r♠❛✱ ✉♠❛ ♥♦✈❛ ❞✐r❡çã♦ dj+1
k ❞♦ ❝♦♥❥✉♥t♦ Dk é t❡st❛❞❛✱ ❡ s❡ ❢❛③❡♠

xj+1
k = xj

k✱ αk+1 = αk ❡ s❡ ❞✐♠✐♥✉✐ ♦ ♣❛râ♠❡tr♦ ǫk ♣♦r ✉♠❛ ❢r❛çã♦ θǫ ∈ (0, 1)✱
♣❛r❛ ♦❜t❡r ǫk+1 = θǫǫk✳

✸✳✼ ❖ ❛❧❣♦r✐t♠♦✱ s♦❜ ❛ ❝♦♥❞✐çã♦ ✶

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✸✳✻✮✱ ♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ r❡s♦❧✈❡r ♦
♣r♦❜❧❡♠❛ ✭✶✮ é ♦ s❡❣✉✐♥t❡✳
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❉❛❞♦s ❞❡ ❡♥tr❛❞❛✳
k = 0✱ x0 ∈ Ω✱ α0 > 0✱ ǫ0 > 0✱ γ > 0✱ θα ∈ (0, 1)✱ θǫ ∈ (0, 1)✳

P❛ss♦ ✶✳ ❊s❝♦❧❤❡r ✉♠ ❝♦♥❥✉♥t♦ Dk q✉❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ✶✳
Dk =

{
d1

k, . . . , d
rk

k

}
✳

P❛ss♦ ✷✳ ▼✐♥✐♠✐③❛r s♦❜r❡ ♦ Cone {Dk}✳
P❛ss♦ ✷✳✶✳ ■♥✐❝✐❛❧✐③❛çã♦✳

❋❛③❡r j = 1✱ xj
k = xk✱ αj

k = αk✳
P❛ss♦ ✷✳✷✳ ❈á❧❝✉❧♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ✐♥✐❝✐❛❧✳

❈❛❧❝✉❧❛r ♦ ♠á①✐♠♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ᾱj
k t❛❧ q✉❡

gi(x
j
k) + ᾱj

k∇gi(x
j
k)d

j
k) ≤ 0, ∀i ∈ I ❡

hℓ(x
j
k) + ᾱj

k∇hℓ(x
j
k)d

j
k) = 0, ∀ℓ ∈ E✳

❋❛③❡r αj
k = min

{
ᾱj

k, α
j
k

}
✳

P❛ss♦ ✷✳✸✳ ❚❡st❡ s♦❜r❡ ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛✳
❙❡ αj

k > 0 ❡ f(yj
k) ≤ f(xj

k) − γ(αj
k)

2✱ ❝❛❧❝✉❧❛r αj+1
k ❡ xj+1

k ♣❡❧♦
♣r♦❝❡❞✐♠❡♥t♦ ❊①♣❛♥sã♦ ❞♦ ♣❛ss♦✳
❈❛s♦ ❝♦♥trár✐♦✱ ❢❛③❡r xj+1

k = xj
k ❡ αj+1

k = θααj
k✳

P❛ss♦ ✷✳✹✳ ❚❡st❡ s♦❜r❡ ❛s r❡str✐çõ❡s ❛t✐✈❛s✳
❙❡ αj+1

k = ᾱj
k✱ ❢❛③❡r ǫk+1 = ǫk✱ ❡ ✐r ❛♦ ♣❛ss♦ ✸✳

P❛ss♦ ✷✳✺✳ ❚❡st❡ s♦❜r❡ ❛ ♠✐♥✐♠✐③❛çã♦ ♥♦ Cone{Dk}✳
❙❡ j < rk✱ ❢❛③❡r j = j + 1 ❡ ✐r ❛♦ ♣❛ss♦ ✷✳✷✳
❈❛s♦ ❝♦♥trár✐♦✱ ❢❛③❡r ǫk+1 = θǫǫk ❡ ✐r ❛♦ ♣❛ss♦ ✸✳

P❛ss♦ ✸✳ ❊♥❝♦♥tr❛r xk+1 ∈ Ω t❛❧ q✉❡ f(xk+1) ≤ f(xj+1
k )✳

❋❛③❡r αk+1 = αj+1
k ✱ k = k + 1✱ ❡ ✐r ❛♦ ♣❛ss♦ ✶✳

✸✳✼✳✶ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❊①♣❛♥sã♦ ❞♦ ♣❛ss♦

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✳
ᾱj

k✱ αj
k✱ yj

k✱ xj
k✱ dj

k✱ γ > 0✱ ω ∈ (0, 1)✳
P❛ss♦ ✶✳ ❋❛③❡r α = αj

k✱ x = yj
k✳

P❛ss♦ ✷✳ ❋❛③❡r α̃ = min
{

ᾱj
k,

α
ω

}
❡ x̃ = xj

k + α̃dj
k✳

❙❡ α = ᾱj
k ♦✉ f(x̃) > f(xj

k) − γα̃2)✱ ❢❛③❡r αj+1
k = α✱ xj+1

k = x✱ s❛✐r✳
P❛ss♦ ✸✳ ❋❛③❡r α = α̃✱ x = x̃✱ ❡ ✐r ❛♦ ♣❛ss♦ ✷✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✭✸✳✼✳✶✮✱ ❛❧é♠ ❞❡ ❣❡r❛r
s❡qüê♥❝✐❛s ❞❡ ♣♦♥t♦s ❢❛❝tí✈❡✐s✱ ❞❡❝r❡s❝❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❡♠
❝❛❞❛ ✐t❡r❛çã♦✱ ❡ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s
❝♦♥s❡❝✉t✐✈♦s t❡♥❞❡ ♣❛r❛ 0✳
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Pr♦♣♦s✐çã♦ ✸✳✼✳✶✳ ❙❡❥❛♠ {(xk, ǫk)} ❡

{(
xj

k, α
j
k, ᾱ

j
k, α

j
k, d

j
k

)

1≤j≤r̃k

}
s❡qüê♥✲

❝✐❛s ❣❡r❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ✭✸✳✼✳✶✮✳ ❊♥tã♦✱ s♦❜ ❛ s✉♣♦s✐çã♦ ✭✶✮✱

✶✳ ❛ s❡qüê♥❝✐❛ {xk} ❡stá ❜❡♠ ❞❡✜♥✐❞❛❀

✷✳ ❛ s❡qüê♥❝✐❛ {f(xk)} é ❞❡❝r❡s❝❡♥t❡ ❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ s❡✲
qüê♥❝✐❛ {xk} ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ Ω❀

✸✳ lim
k→∞

max
1≤j≤r̃k

{
αj

k

}
= 0 ❡ lim

k→∞
max

1≤j≤r̃k

∥∥∥xk − xj
k

∥∥∥ = 0✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✺❪✱ ♣♣✳ ✺✵✲✺✷✱ t❡♥❞♦
❡♠ ❝♦♥t❛ q✉❡ ❡st❛ é ❢❡✐t❛ ❡♠ ❣❡r❛❧ ♣❛r❛ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦♥❞❡ ❛s
r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ♣♦❞❡♠ s❡r ❧✐♥❡❛r❡s ♦✉ ♥ã♦ ❧✐♥❡❛r❡s✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✭✸✳✼✳✶✮ ❣❡r❛ ✉♠❛ s❡qüê♥❝✐❛
❞❡ ♣♦♥t♦s q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ❆ ❞❡♠♦♥str❛çã♦
♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✺❪✱ ♣♣✳ ✺✷✲✺✸✳

Pr♦♣♦s✐çã♦ ✸✳✼✳✷✳ ❙♦❜ ❛ s✉♣♦s✐çã♦ ✭✶✮✱ s❡ {xk} é ❛ s❡qüê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦
❛❧❣♦r✐t♠♦ ✭✸✳✼✳✶✮ ❡ {xk} é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ❞❡
❛❝✉♠✉❧❛çã♦ q✉❡ é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✳
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◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ♠♦str❛r ❞❡ q✉❡ ❢♦r♠❛ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s ♣❛rt❡s
✐♠♣♦rt❛♥t❡s ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❛❧❣♦r✐t♠♦s ✭✷✳✻✮ ❡ ✭✸✳✼✳✶✮✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱
♥♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✱ ❛ ❢♦r♠❛ ❝♦♠♦ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦
❞❡ ❞✐r❡çõ❡s Dk q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✶❀ ❛ ❢♦r♠❛ ❝♦♠♦ é ♦❜t✐❞♦ ♦ ♣❛ss♦ αk

❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦ ♥♦✈♦ ♣♦♥t♦ s❡❥❛ ❢❛❝tí✈❡❧ ♦✉ ❛ ❢♦r♠❛ ❝♦♠♦ é ❡①♣❛♥❞✐❞♦ ♦
♣❛ss♦ αk ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❞✐r❡çã♦ ♣❛rt✐❝✉❧❛r dk✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s❡ t❡♥❤❛
❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ❡ ❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♥♦✈♦ ♣♦♥t♦✱ ❡t❝✳ ◆♦
♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ❝♦♥s✐❞❡r❛♠♦s ✐♠♣♦rt❛♥t❡ ❛ ❢♦r♠❛ ❝♦♠♦ é ❞❡✜♥✐❞♦
✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ Pk✱ ❝♦♠♦ t❛♠❜é♠ ❛ ❢♦r♠❛ ❝♦♠♦ é
❞✐♠✐♥✉í❞♦ ♦✉ ❛✉♠❡♥t❛❞♦ ♦ ♣❛ss♦ ∆k ❞❡♣❡♥❞❡♥❞♦ ❞❛s ❝✐r❝✉♥stâ♥❝✐❛s✳

✹✳✶ ▼ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥

❆ss✉♠✐♠♦s q✉❡ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦ t❡♠♦s✿ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ xk✱ ✉♠ ❝♦♥✲
❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s ♣❛❞rã♦ Pk ❡ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ ∆k✳ ❆❧é♠ ❞✐ss♦✱ ❡
✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ✐t❡r❛çã♦✱ t❡♠♦s ǫ > 0✳

✸✻
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✹✳✶✳✶ ❖❜t❡♥çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✭✷✳✹✳✶✮✱ ♦ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ ❞❡ ❞✐r❡çõ❡s Pk ❞❡♣❡♥❞❡
❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣♦♥t♦ xk ❡ ❛ ❢r♦♥t❡✐r❛ ❞♦ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ Ω✳ ❆q✉✐✱ ❛
❝♦♥st❛♥t❡ ǫ ❥♦❣❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ Pk✳

X ❙❡ ♦ ❝♦♥❥✉♥t♦ A(xk; ǫ) = ∅ ♦✉ s❡❥❛✱ s❡ ♦ ♣♦♥t♦ xk ❡stá ❧♦♥❣❡ ❞❛ ❢r♦♥t❡✐r❛
❞❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧✱ ♦ ❝♦♥❥✉♥t♦ Pk é ❞❡✜♥✐❞♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦✿

Pk = {±ei : ∀i = 1, · · · , n}✳

X ❙❡ ♦ ❝♦♥❥✉♥t♦ A(xk; ǫ) 6= ∅ ♦✉ s❡❥❛✱ s❡ ♦ ♣♦♥t♦ xk ❡stá ♣❡rt♦ ❞❛ ❢r♦♥t❡✐r❛
❞❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧✱ ❛ ❝♦♥str✉çã♦ ❞♦ ❝♦♥❥✉♥t♦ Pk ❞❡♣❡♥❞❡ ❞♦ ❝♦♥❥✉♥t♦
❞❡ í♥❞✐❝❡s A(xk; ǫ)✳ ❚❛❧ ❝♦♥❥✉♥t♦ é ❞❡✜♥✐❞♦ ❡♠ ✭✹✳✷✳✶✮✱ só q✉❡ ❢❛③❡♠♦s
ǫk = ǫ ♣❛r❛ t♦❞♦ k✳ ❆❣♦r❛✱ ❛ ♣❛rt✐r ❞❡ t❛❧ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✱ ♦❜t❡✲
♠♦s ❛ ♠❛tr✐③ Ak✱ ❞❡✜♥✐❞❛ ♥❛ ❞❡✜♥✐çã♦ ✭✷✳✷✳✹✮✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦
é ♦❜t✐❞❛ ♥❛ s✉❜s❡❝çã♦ ✭✹✳✷✳✷✮✳ ❆ s❡❣✉✐r✱ ❝♦♥str✉✐♠♦s ♦ ❝♦♥❥✉♥t♦ Pk

✉s❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ♥❛ s✉❜s❡❝çã♦ ✭✹✳✷✳✸✮ ❝♦♠ r❡❧❛çã♦
à ❢❛t♦r❛çã♦ ❞❛ ♠❛tr✐③ Ak✱ ❛ ♦❜t❡♥çã♦ ❞♦s ✈❡t♦r❡s ui

k✱ ❝♦♠ i = 1, · · · , sk

❡ ❛ ♦❜t❡♥çã♦ ❞♦s ✈❡t♦r❡s vj
k✱ ❝♦♠ j = 1, · · · , tk✳ ▼❛✐s ♦ ❝♦♥❥✉♥t♦ Pk é

❝♦♥str✉í❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Pk = {u1
k, . . . , u

sk

k , v1
k, . . . , v

tk
k ,−v1

k, . . . ,−vtk
k }.

✹✳✶✳✷ ❆✉♠❡♥t♦ ♦✉ ❞❡❝rés❝✐♠♦ ❞♦ ♣❛ss♦ ∆k

❉❡♣❡♥❞❡♥❞♦ ❞❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ ♣r❡❝✐s❛r❡♠♦s ❛✉♠❡♥t❛r ♦✉ ❞✐♠✐♥✉✐r ♦ t❛♠❛✲
♥❤♦ ❞♦ ♣❛ss♦ ∆k✳ P❛r❛ ✐st♦ ✉s❛♠♦s ❛s ❝♦♥st❛♥t❡s λk ♥♦ ❝❛s♦ q✉❡ ♣r❡❝✐s❡♠♦s
❛✉♠❡♥t❛r ♦ ✈❛❧♦r ❞❡ ∆k ♦✉ θk ♥♦ ❝❛s♦ q✉❡ ♣r❡❝✐s❡♠♦s ❞✐♠✐♥✉✐r ♦ ✈❛❧♦r ∆k✳
◆❡st❡s ❝❛s♦s ✉s❛♠♦s s❡♠♣r❡ ❛s ♠❡s♠❛s ❝♦♥st❛♥t❡s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡
k✿ λk = 2 ❡ θk = 0.5✳

✹✳✷ ▼ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣

❆ss✉♠✐♠♦s q✉❡ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦ t❡♠♦s ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ xk✱ ✉♠ ❝♦♥❥✉♥t♦
❞❡ ❞✐r❡çõ❡s Dk✱ ✉♠ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦ αk✱ ✉♠ ✈❛❧♦r ♣❛r❛ ǫ✱ ǫk ❡ ❝♦♥st❛♥t❡s
θα✱ 0 < θα < 1 ❡ θǫ✱ 0 < θǫ < 1 ❛s q✉❛✐s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ k✳
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✹✳✷✳✶ ❈á❧❝✉❧♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❡ r❡str✐çõ❡s ǫ✲❛t✐✈❛s

❖ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s A(xk, ǫk) 6= φ✱ ✭❞❡✜♥✐çã♦ ✭✷✳✷✳✹✮✮✱ é ❞❡✜♥✐❞♦ ❞❡ t❛❧
❢♦r♠❛ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠❛tr✐③ Ak s❡❥❛ ❞❡ ♣♦st♦ ❝♦❧✉♥❛ ❝♦♠♣❧❡t♦✱ ✭♣r♦✲
♣♦s✐çã♦ ✭✸✳✸✳✷✮✮✳ ❊♠ ❝♦♥s❡qüê♥❝✐❛✱ dim (A (xk, ǫk)) ≤ n✳ ❆❧é♠ ❞✐ss♦✱ s❡ ♦
♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ hℓ = 0✱ ❝♦♠ ℓ = m + 1, · · · , m + p✱
t❛❧ ❝♦♥❥✉♥t♦ ❞❡✈❡ ❝♦♥t❡r ♦s s✉❜í♥❞✐❝❡s ℓ✱ ❝♦♠ ℓ = m+1, · · · , m+p✳ ❆❣♦r❛✱ s❡
♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ gi ≤ 0✱ ❝♦♠ i = 1, · · · , m✱ t❛❧
❝♦♥❥✉♥t♦ ❝♦♥té♠ ♦s s✉❜í♥❞✐❝❡s ♣❛r❛ ♦s q✉❛✐s s❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ gi(x)+ǫk ≥
0✳ ❆ r♦t✐♥❛ ❧✉s❝st❴✐♥❞✐❝❡s r❡❛❧✐③❛ ❡st❛ t❛r❡❢❛ ❛♦ ✐♥t❡r✐♦r ❞♦ ❛❧❣♦r✐t♠♦✳ ❈♦♠♦
❝♦♠❡♥tár✐♦ ❛❞✐❝✐♦♥❛❧✱ ♣♦❞❡♠♦s ♠❡♥❝✐♦♥❛r q✉❡✱ ♥♦ ♠♦♠❡♥t♦ q✉❡ ♣r❡❝✐s❛r
✈❡r✐✜❝❛r ❛ ❝♦♥❞✐çã♦ gi(x)+ ǫk ≥ 0✱ r❡❛❧✐③❛♠♦s ❛ ❝♦♠♣❛r❛çã♦ gi(x)+ ǫk ≥ tol✱
❡ ✉s❛♠♦s tol = 10−10✳

Pr♦❝❡❞✐♠❡♥t♦ í♥❞✐❝❡s

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✿ xk✱ ǫk✱ n, m, p✳
❉❛❞♦s ❞❡ s❛í❞❛✿ Ik✳
P❛ss♦ ✶✳ ❋❛③❡r Ik = φ ❡ j = 1✳
P❛ss♦ ✷✳ ❙❡ p ≥ 1✳

P❛ss♦ ✷✳✶✳ P❛r❛ i = 1, · · · , p✱ ❢❛③❡r Ik = [i, Ik]✳
P❛ss♦ ✸✳ ❋❛③❡r lon = longitud (Ik)✳
P❛ss♦ ✹✳ ❙❡ m ≥ 1✳

P❛ss♦ ✹✳✶✳ ❊♠ q✉❛♥t♦ lon ≤ n ❡ gj(xk) + ǫk ≥ 0 ❡ j ≤ m✳
P❛ss♦ ✹✳✶✳✶✳ ❢❛③❡r Ik = [j, Ik]✳
P❛ss♦ ✹✳✶✳✷✳ ❢❛③❡r lon = longitud (Ik)✳
P❛ss♦ ✹✳✶✳✸✳ ❢❛③❡r j = j + 1✳

✹✳✷✳✷ ❈á❧❝✉❧♦ ❞❛ ♠❛tr✐③ Ak

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭✹✳✷✳✶✮✱ ♦ ❝♦♥❥✉♥t♦ A(xk, ǫk) ❡stá ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦
❝♦♠ ❛ ♠❛tr✐③ Ak✳ ■st♦ é✱ ❞❛❞♦ A(xk, ǫk)✱ ❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ Ak ❝♦r✲
r❡s♣♦♥❞❡ ❛♦ ❣r❛❞✐❡♥t❡ ❞❛ j✲és✐♠❛ r❡str✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ ❛ss✉♠✐♥❞♦ q✉❡
❛s r❡str✐çõ❡s t❡♠ ✉♠❛ ♦r❞❡♠ ♣ré✲❞❡✜♥✐❞❛ ❡ j ∈ A(xk, ǫk)✳ ❙❡ ❛ ♠❛tr✐③ Ak

♥ã♦ é ❞❡ ♣♦st♦ ❝♦❧✉♥❛ ❝♦♠♣❧❡t♦✱ ❡♥tã♦ ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s A(xk, ǫk)
é ❝❛❧❝✉❧❛❞♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❡❝rés❝✐♠♦ ❞♦ ✈❛❧♦r ❞❡ ǫk ♣❡❧♦ ❢❛t♦r θǫ✳

Pr♦❝❡❞✐♠❡♥t♦ ♠❛tr✐③

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✿ xk✱ A(xk, ǫk)✱ m, p✳
❉❛❞♦s ❞❡ s❛í❞❛✿ Ak✱ bandera✳
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P❛ss♦ ✶✳ ❋❛③❡r Ak = [ ]✳
P❛ss♦ ✷✳ ❋❛③❡r lon = longitud (A(xk, ǫk))✳
P❛ss♦ ✸✳ ❙❡ p ≥ 1✳

P❛ss♦ ✸✳✶✳ P❛r❛ i = 1, · · · , p✱ ❢❛③❡r Ak = [∇hl(xk), Ak]✳
P❛ss♦ ✹✳ ❙❡ m ≥ 1✳

P❛ss♦ ✹✳✶✳ P❛r❛ j = p + 1, · · · , p + m✱ ❢❛③❡r Ak = [∇gj(xk), Ak]✳
P❛ss♦ ✺✳ ❋❛③❡r k = posto (Ak)✳
P❛ss♦ ✻✳ ❙❡ k = lon✱ ❢❛③❡r bandera = true✳

❊♠ ❝❛ss♦ ❝♦♥trár✐♦✱ ❢❛③❡r bandera = false

✹✳✷✳✸ ❖❜t❡♥çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s Dk q✉❡ s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦ ✶

❆ ♣❛rt✐r ❞❛ ♠❛tr✐③ Ak✱ ♦❜t✐❞❛ ❡♠ ✭✹✳✷✳✷✮✱ ♦❜t❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s
Dk✱ ♦ q✉❛❧ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✶✳ ❊st❡ ❝♦♥❥✉♥t♦ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛
♣r♦♣♦s✐çã♦ ✭✸✳✸✳✷✮✱ s❡❣✉♥❞♦ ❛ q✉❛❧✱ ✉♠ ❝♦♥❥✉♥t♦ Dk s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦
✶ é ♦❜t✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Dk = {u1
k, . . . , u

sk

k ,−v1
k, . . . ,−vtk

k },

♦♥❞❡ ♦ ❝♦♥❥✉♥t♦

Uk = {u1
k, . . . , u

sk

k },

❣❡r❛ ♦ ❝♦♥❡ N(AT
k ) ❡ ♦ ❝♦♥❥✉♥t♦

{v1
k, . . . , v

tk
k },

é ❢♦r♠❛❞♦ ❝♦♠ ❛s ❝♦❧✉♥❛s ♥♦r♠❛❧✐③❛❞❛s ❞❛ ♠❛tr✐③ Ak(A
T
k Ak)

−1✳ P❛r❛ ❡♥✲
❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ β∗

N(At

k
)
✉s❛♠♦s ❛ ❢❛t♦r❛çã♦ QR ❞❛ ♠❛tr✐③ Ak✳ ■st♦ é✿

Ak = QkRk =

[
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k


 , ✭✹✳✶✮

♦♥❞❡ ❛ ♠❛tr✐③ Q̂k ∈ ℜn×mk ✱ é t❛❧ q✉❡ s✉❛s ❝♦❧✉♥❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r✲
♠❛❧ β∗

Im(Ak) ♣❛r❛ ♦ ❡s♣❛ç♦ Im(Ak)✱ ❡ ❛ ♠❛tr✐③ Q̃k ∈ ℜn×(n−mk) ❢♦r♠❛ ✉♠❛

❜❛s❡ ♦rt♦♥♦r♠❛❧ β∗
N(At

k
)
♣❛r❛ ♦ ❡s♣❛ç♦ N(At

k)✳ ❆ ♠❛tr✐③ R̂k ∈ ℜmk×mk é

tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ✐♥✈❡rtí✈❡❧✱ ❡ ❛ ♠❛tr✐③ 0̃k ∈ ℜ(n−mk)×mk ✳ ▲♦❣♦✱ ❛s ❝♦❧✉♥❛s
❞❛ ♠❛tr✐③ Q̃k✱ ❥✉♥t♦ ❝♦♠ ♦ ♥❡❣❛t✐✈♦ ❞❛s ♠❡s♠❛s ❝♦❧✉♥❛s sã♦ ❛s ❝❛♥❞✐❞❛t❛s
❛ ❢♦r♠❛r ♦ ❝♦♥❥✉♥t♦ Uk✳
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❖❜s❡r✈❛çã♦ ✹✳✷✳✶✳ P❛r❛ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ Ak(A
t
kAk)

−1 t❡♠♦s ❡♠ ❝♦♥t❛ ♦
s❡❣✉✐♥t❡✿ ❛ ♣❛rt✐r ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✹✳✶✮✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r t❛❧ ♠❛tr✐③ ❞❡ ✉♠❛
❢♦r♠❛ ♠❛s s✐♠♣❧❡s✳

Ak(At
kAk)−1 =

[
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k










[
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k






t [
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k








−1

=

[
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k



(
R̂t

kQ̂t
kQ̂kR̂k

)−1

=

[
Q̂k

✳✳✳Q̃k

]


R̂k

· · ·
0̃k



(
R̂t

kR̂k

)−1

=
(
Q̂kR̂k

)(
R̂−1

k R̂−t
k

)

= Q̂k

(
R̂kR̂−1

k

)
R̂−t

k

= Q̂kR̂−t
k .

❉❛❞♦ q✉❡ ❛ ♠❛tr✐③ R̂k é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ✐♥✈❡rtí✈❡❧✱ ❛ ♠❛tr✐③ R̂t
k é tr✐❛♥❣✉✲

❧❛r ✐♥❢❡r✐♦r ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦ ♣❛r❛ r❡❛❧✐③❛r ♦ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ R̂−t
k r❡s♦❧✈❡♠♦s

n✲s✐st❡♠❛s ❧✐♥❡❛r❡s ❞❛ ❢♦r♠❛ R̂t
kbi = ei ♦♥❞❡ bi é ❛ i✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③

R̂−t
k ❡ ei é ♦ i✲és✐♠♦ ✈❡t♦r ❝❛♥ô♥✐❝♦✳

✹✳✷✳✹ ❈á❧❝✉❧♦ ❞♦ ♣❛ss♦ ♠á①✐♠♦

❈❛❧❝✉❧❛r ♦ ♣❛ss♦ ♠á①✐♠♦ αk q✉❡ ♣♦❞❡♠♦s ❝❛♠✐♥❤❛r ♥❛ ❞✐r❡çã♦ dk✱ ♦♥❞❡
dk ∈ Dk✱ t❛❧ q✉❡ ♦ ♥♦✈♦ ♣♦♥t♦ xk+1 = xk + αkdk s❡❥❛ ❢❛❝tí✈❡❧ é ♠✉✐t♦
✐♠♣♦rt❛♥t❡ ♥♦ ✐♥t❡r✐♦r ❞♦ ♠ét♦❞♦✳ ■st♦ é ❝♦♥s❡❣✉✐❞♦ ❝❛❧❝✉❧❛♥❞♦ αk t❛❧ q✉❡
❛s r❡str✐çõ❡s ✐♠♣♦st❛s s♦❜r❡ x ♥♦ ♣r♦❜❧❡♠❛ ✭✶✮ s❡❥❛♠ s❛t✐s❢❡✐t❛s ♥♦ ♣♦♥t♦
xk+1✳ ❖✉ s❡❥❛✱ ❡♥❝♦♥tr❛♠♦s αk t❛❧ q✉❡✿

gi(xk+1) = gi(xk + αkdk) ≤ 0,∀i = 1, · · · , m, ✭✹✳✷✮

❡
hℓ(xk+1) = hℓ(xk + αkdk) = 0,∀ℓ = m + 1, · · · , m + p. ✭✹✳✸✮

❆s ❝♦♥❞✐çõ❡s ✭✹✳✷✮ ❡ ✭✹✳✸✮ ♣♦❞❡♠ s❡r r❡s❝r✐t❛s ❝♦♠♦✿

gi(xk) + αk∇gi(xk)
T dk ≤ 0,∀i = 1, · · · , m, ✭✹✳✹✮
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αk∇hℓ(xk)
T dk = 0,∀ℓ = m + 1, · · · , m + p. ✭✹✳✺✮

P❛r❛ ❡♥❝♦♥tr❛r αk✱ ❛♥❛❧✐s❛♠♦s três ♣♦ssí✈❡✐s ❝❛s♦s✿

✶✳ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ só r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♥✲
❥✉♥t♦ ❢❛❝tí✈❡❧ ❡♠ ℜ2✱ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✭✹✳✶✮✳ ◆❡st❡ ❝❛s♦ t❡♠♦s

❋✐❣✉r❛ ✹✳✶✳ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳

q✉❡ αk ❞❡✈❡ s❛t✐s❢❛③❡r só ❛ ❝♦♥❞✐çã♦ ✭✹✳✹✮❀ ♥ã♦ ♦❜st❛♥t❡✱ ❞✐❢❡r❡♥t❡s
s✐t✉❛çõ❡s ♣♦❞❡♠ ❛♣r❡s❡♥t❛r✲s❡ ❡ sã♦ ❛♥❛❧✐s❛❞❛s ❛ s❡❣✉✐r✿

✐✳ ❛ r❡str✐çã♦ gi é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk ❡ ❛ ❞✐r❡çã♦ dk é ♣❡r♣❡♥❞✐❝✉❧❛r
❛♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦ ♣♦♥t♦ xk✳ ■st♦ é✱ gi(xk) = 0 ❡
∇gi(xk)

T dk = 0✳ ❆ ✜❣✉r❛ ✭✹✳✷✮✭❛✮ ✐❧✉str❛ t❛❧ s✐t✉❛çã♦✳ ▲♦❣♦✱ ❛
❞✐r❡çã♦ dk ❡stá s♦❜r❡ ❛ r❡str✐çã♦ gi ❡ ♣♦❞❡♠♦s ❝❛♠✐♥❤❛r s♦❜r❡ t❛❧
r❡str✐çã♦ s❡♠ ♣❡r❞❛ ❞❡ ❢❛❝t✐❜✐❧✐❞❛❞❡✳ ■st♦ é✱

gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ αk ≥ 0✳

✐✐✳ ❆ r❡str✐çã♦ gi é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk ❡ ❛ ❞✐r❡çã♦ dk ❢♦r♠❛ ✉♠ â♥❣✉❧♦
β✱ 0 ≤ β < π/2✱ ❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦ ♣♦♥t♦ xk✳
■st♦ é✱ gi(xk) = 0 ❡ ∇gi(xk)

T dk❃✵✳ ❆ ✜❣✉r❛ ✭✹✳✷✮✭❜✮ ✐❧✉str❛ t❛❧
s✐t✉❛çã♦✳ ▲♦❣♦✱ ♥ã♦ é ♣♦ssí✈❡❧ ❝❛♠✐♥❤❛r ♥❛ ❞✐r❡çã♦ dk✳ ■st♦ é✱

gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ αk ≤ 0✳

✐✐✐✳ ❆ r❡str✐çã♦ gi é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk✱ ❡ ❛ ❞✐r❡çã♦ dk ❢♦r♠❛ ✉♠ â♥❣✉❧♦
β✱ π/2 < β ≤ π✱ ❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦ ♣♦♥t♦ xk✳
■st♦ é✱ gi(xk) = 0 ❡ ∇gi(xk)

T dk❁✵✳ ❆ ✜❣✉r❛ ✭✹✳✷✮✭❝✮ ✐❧✉str❛ t❛❧
s✐t✉❛çã♦✳ ▲♦❣♦✱ é ♣♦ssí✈❡❧ ❝❛♠✐♥❤❛r s♦❜r❡ t❛❧ ❞✐r❡çã♦✳ ■st♦ é✱
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gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ αk ≥ 0✳

✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❛ ✹✳✷✳ P❛ss♦ αk ❝♦♠ gi ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk✳

✐✈✳ ❆ r❡str✐çã♦ gi ♥ã♦ é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk ❡ ❛ ❞✐r❡çã♦ dk é ♣❡r♣❡♥❞✐❝✉❧❛r
❛♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦ ♣♦♥t♦ xk✳ ■st♦ é✱ gi(xk) < 0 ❡
∇gi(xk)

T dk❂✵✳ ❆ ✜❣✉r❛ ✭✹✳✸✮✭❛✮ ✐❧✉str❛ t❛❧ s✐t✉❛çã♦✳ ▲♦❣♦✱ é
♣♦ssí✈❡❧ ❝❛♠✐♥❤❛r ♥❛ ❞✐r❡çã♦ dk✳ ■st♦ é✱

gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ αk ≥ 0✳

✈✳ ❆ r❡str✐çã♦ gi ♥ã♦ é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk ❡ ❛ ❞✐r❡çã♦ dk ❢♦r♠❛ ✉♠
â♥❣✉❧♦ β✱ ❝♦♠ 0 ≤ β < π/2✱ ❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦
♣♦♥t♦ xk✳ ■st♦ é✱ gi(xk) < 0 ❡ ∇gi(xk)

T dk❃✵✳ ❆ ✜❣✉r❛ ✭✹✳✸✮✭❜✮
✐❧✉str❛ t❛❧ s✐t✉❛çã♦✳ ▲♦❣♦✱

gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ 0 < αk ≤

−gi(xk)

∇gi(xk)T dk

✳

✈✐✳ ❆ r❡str✐çã♦ gi ♥ã♦ é ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk ❡ ❛ ❞✐r❡çã♦ dk ❢♦r♠❛ ✉♠
â♥❣✉❧♦ β✱ ❝♦♠ π/2 < β ≤ π✱ ❝♦♠ ♦ ❣r❛❞✐❡♥t❡ ❞❛ r❡str✐çã♦ gi ♥♦
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♣♦♥t♦ xk✳ ■st♦ é✱ gi(xk) < 0 ❡ ∇gi(xk)
T dk❁✵✳ ❆ ✜❣✉r❛ ✭✹✳✸✮✭❝✮

✐❧✉str❛ t❛❧ s✐t✉❛çã♦✳ ▲♦❣♦✱

gi(xk) + αk∇gi(xk)
T dk ≤ 0 ⇔ 0 > αk ≥

−gi(xk)

∇gi(xk)T dk

✳

✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❛ ✹✳✸✳ P❛ss♦ αk ❝♦♠ gi ♥ã♦ ❛t✐✈❛ ♥♦ ♣♦♥t♦ xk✳

✷✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ só r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♥✲
❥✉♥t♦ ❢❛❝tí✈❡❧ ❡♠ ℜ2✱ ♥❡st❡ ❝❛s♦ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✭✹✳✹✮✳ ◆❡st❡
❝❛s♦✱ só é ♣♦ssí✈❡❧ ❝❛♠✐♥❤❛r ♥❛ ❞✐r❡çã♦ dk✱ s❡ dk ❢♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦
❣r❛❞✐❡♥t❡ ❞❡ hℓ✳ ■st♦ é✿

αk∇hℓ(xk)
T dk = 0 ⇔ αk = 0 ∨ ∇hℓ(xk)

T dk = 0✳

✸✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❯♠ ❡①❡♠✲
♣❧♦ ❞❡ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧ ❡♠ ℜ2✱ ♥❡st❡ ❝❛ss♦ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛
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❋✐❣✉r❛ ✹✳✹✳ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳

✭✹✳✺✮✳ ◆❡st❡ ❝❛s♦✱ αk ❞❡✈❡ s❛t✐s❢❛③❡r s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛s ❝♦♥❞✐çõ❡s
✐♠♣♦st❛s ♥♦s ✐t❡♠s ✭✶✮ ❡ ✭✷✮✳

❋✐❣✉r❛ ✹✳✺✳ P❛ss♦ αk ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✐❣✉❛❧❞❛❞❡ ❡♠ ℜ2✳

❆❣♦r❛✱ ♣❡♥s❛♥❞♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❡ t❡♥❞♦ ❡♠ ❝♦♥t❛ ❛s ♦❜s❡r✈❛çõ❡s ❢❡✐t❛s
❛té ❛q✉✐✱ ♦ ❝á❧❝✉❧♦ ❞❡ αk ❞❡✈❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦ t✐♣♦ ❞❡ r❡str✐çõ❡s q✉❡ t❡♠ ♦
♣r♦❜❧❡♠❛ ✭✶✮✳

X ◆♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✐❣✉❛❧✲
❞❛❞❡✱ ♣r✐♠❡✐r♦ ❡♥❝♦♥tr❛♠♦s αk t❛❧ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✹✳✹✮ s❡❥❛ ✈❡r✐✜❝❛❞❛✱
❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐t❡♠ ✭✶✮✳ ❉❡♣♦✐s ✈❡r✐✜❝❛♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✹✳✺✮ t❛♠✲
❜é♠ s❡❥❛ ❝✉♠♣r✐❞❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐t❡♠ ✭✷✮✳ ❙ó s♦❜ t❛✐s ❝♦♥❞✐çõ❡s
❛❝❡✐t❛♠♦s αk✳ ❙❡ ∇gi(xk)

T dk 6= 0 ♣❛r❛ ❛❧❣✉♠ i✱ ❡♥tã♦ ❢❛③❡♠♦s αk = 0✳

X ◆♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ s♦♠❡♥t❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✱
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❡♥❝♦♥tr❛♠♦s αk t❛❧ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✹✳✹✮ s❡❥❛ ✈❡r✐✜❝❛❞❛ ♣❛r❛ t♦❞♦ i =
1, · · · , m✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐t❡♠ ✭✶✮✳

X ◆♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ s♦♠❡♥t❡ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡✱
✈❡r✐✜❝❛♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ∇hℓ(xk)

T dk = 0✱ ∀ℓ = 1, · · · , p✱ ❞❡ ❛❝♦r❞♦
❝♦♠ ♦ ✐t❡♠ ✭✷✮✳ ❙❡ t❛❧ ❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ ℓ = 1, · · · , p✱
❛tr✐❜✉í♠♦s ❛ αk q✉❛❧q✉❡r ✈❛❧♦r ♣♦s✐t✐✈♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❢❛③❡♠♦s αk =
0✳

Pr♦❝❡❞✐♠❡♥t♦ ♣❛ss♦

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✿ dk✱ xk✱ m, p✳
❉❛❞♦s ❞❡ s❛í❞❛✿ αk✳
P❛ss♦ ✶✳ ❙❡ m ≥ 1✳

P❛ss♦ ✶✳✶✳ P❛r❛ i = 1, · · · , m✱
❡♥❝♦♥tr❛r αmax t❛❧ q✉❡ gi(xk) + αmax∇gi(xk)

T dk ≤ 0✳
P❛ss♦ ✶✳✷✳ ❙❡ p ≥ 1✳

P❛ss♦ ✶✳✷✳✶✳ P❛r❛ j = 1 · · · , p
❙❡
∣∣∇hj(xk)

T dk

∣∣ > 0✱ ❢❛③❡r αmax = 0 ❡ ✐r ❛♦ ♣❛ss♦ ✸✳
P❛ss♦ ✶✳✸✳ ❙❡ p = 0✳

■r ❛♦ ♣❛ss♦ ✸✳
P❛ss♦ ✷✳ ❙❡ m = 0✳

P❛ss♦ ✷✳✶✳ ❋❛③❡r αmax = 1
P❛ss♦ ✷✳✷✳ P❛r❛ j = 1 · · · , p

❙❡
∣∣∇hj(xk)

T dk

∣∣ > 0✱ ❢❛③❡r αmax = 0 ❡ ✐r ❛♦ ♣❛ss♦ ✸✳
P❛ss♦ ✸✳ ❋❛③❡r αk = αmax✳

✹✳✷✳✺ ❊①♣❛♥sã♦ ❞♦ ♣❛ss♦

◆♦ ✐♥t❡r✐♦r ❞♦ ♠ét♦❞♦ t❡♥t❛♠♦s ❛✉♠❡♥t❛r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ αk✱ q✉❛♥❞♦
❡st❡ é ♣♦s✐t✐✈♦ ❡ t❡♠♦s ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳ ❆ ✐❞é✐❛ é✱ ❛ ♣❛rt✐r
❞❡ αk✱ ❡ ♥❛ ♠❡s♠❛ ❞✐r❡çã♦ dk✱ t❡st❛r ❞✐❢❡r❡♥t❡s ♣♦♥t♦s ❞❛ ❢♦r♠❛ xk + α+

k dk✱
❝♦♠ α+

k > αk✱ ♣r♦❝✉r❛♥❞♦ ♠❡❧❤♦r❛r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ f ✱ q✉❛♥❞♦ t❡♥❤❛♠♦s
❢❛❝t✐❜✐❧✐❞❛❞❡ ❞♦ ♥♦✈♦ ♣♦♥t♦ ❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ✳ ❙❡ é ♣♦ssí✈❡❧
❡♥❝♦♥tr❛r t❛❧ ♣♦♥t♦✱ ❢❛③❡♠♦s αk = α+

k ✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♥ã♦ ♠♦❞✐✜❝❛♠♦s αk✳



❈❆P❮❚❯▲❖ ✹✳ ❈❖▼❊◆❚➪❘■❖❙ ●❊❘❆■❙ ❉❆❙ ■▼P▲❊▼❊◆❚❆➬Õ❊❙ ✹✻

Pr♦❝❡❞✐♠❡♥t♦ ❡①♣❛♥sã♦ ❞♦ ♣❛ss♦

❉❛❞♦s ❞❡ ❡♥tr❛❞❛✿
αj

k✱ αj
k✱ yj

k✱ xj
k✱ dj

k✳
❉❛❞♦s ❞❡ s❛í❞❛✿

αj+1
k ✱ xj+1

k ✳
P❛râ♠❡tr♦s✿

γ > 0✱ ω ∈ (0, 1)✳
P❛ss♦ ✶✳ ❋❛③❡r α = αj

k✱ x = yj
k✳

P❛ss♦ ✷✳ ❋❛③❡r α̃ = min
{

αj
k,

α
ω

}
❡ ❢❛③❡r x̃ = xj

k + α̃dj
k✳

P❛ss♦ ✷✳✶✳ ❙❡ α = αj
k ♦✉ f(x̃) > f(xj

k) − γα̃2✳
❢❛③❡r αj+1

k = α✱ xj+1
k x ❡ s❛✐r✳

P❛ss♦ ✸✳ ❋❛③❡r α = α̃✱ x = x̃ ❡ ✐r ❛♦ ♣❛ss♦ ✷✳



❈❆P❮❚❯▲❖ ✺

❚❊❙❚❊❙ ◆❯▼➱❘■❈❖❙

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t✐❞♦s ❝♦♠ ❛ ✐♠♣❧❡♠❡♥✲
t❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❖ ♣r✐♠❡✐r♦
❞❡❧❡s ✉s❛✱ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ✉♠ ❝♦♥❥✉♥t♦ Dk ❞❡ ❞✐r❡çõ❡s ❞❡ ❜✉s❝❛ q✉❡ s❛✲
t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ✶ ❡ ♣r♦❝✉r❛ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ❞♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ f ✳ ❖
s❡❣✉♥❞♦ ❞❡❧❡s ✉s❛✱ ♥❛ k✲és✐♠❛ ✐t❡r❛çã♦✱ ✉♠ ❝♦♥❥✉♥t♦ ♣❛❞rã♦ Pk ❞❡ ❞✐r❡çõ❡s ❡
♣r♦❝✉r❛ ❞❡❝rés❝✐♠♦ s✐♠♣❧❡s ❞❛ ❢✉♥çã♦ f ✳ ❖s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s
t❡♠ r❡str✐çõ❡s ❧✐♥❡❛r❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❝❛✐①❛ ❡ ❢♦r❛♠
t✐r❛❞♦s ❞❛ ❝♦❧❡çã♦ ❍♦❝❦✲❙❝❤✐tt❦♦✇s❦✐ ❬✷✱ ✾❪✳ ❆s ✐♠♣❧❡♠❡♥t❛çõ❡s ❢♦r❛♠ ❢❡✐t❛s
❡♠ ▼❆❚▲❆❇ ✻✳✺✳

✺✳✶ ▼ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣

✺✳✶✳✶ ❊s❝♦❧❤❛ ❞❡ ♣❛râ♠❡tr♦s

❉❡♣♦✐s ❞❡ ❞✐❢❡r❡♥t❡s t❡st❡s ❢❡✐t♦s ❝♦♠ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡t❡r♠✐✲
♥❛r ❛❧❣✉♥s ♣❛râ♠❡tr♦s✱ q✉❡ sã♦ ✉s❛❞♦s ♥❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s t❡st❛❞♦s✳

X ❚♦❧❡râ♥❝✐❛ ✉s❛❞❛ ♥♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱ tol = 10−6❀

X ♣❛ss♦ ✐♥✐❝✐❛❧✱ α0 = 1❀

X ❝♦♥st❛♥t❡ ✉s❛❞❛ ♥❛ ❝♦♥❞✐çã♦ ❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡✱ γ = 10−6❀

X ❝♦♥st❛♥t❡ θα ∈ (0, 1) ✉s❛❞❛ ♣❛r❛ ❞✐♠✐♥✉✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ αk

q✉❛♥❞♦ s❡❥❛ ♥❡❝❡ssár✐♦✱ θα = 0.5❀

✹✼
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X ❝♦♥st❛♥t❡ θǫ ∈ (0, 1) ✉s❛❞❛ ♣❛r❛ ❞✐♠✐♥✉✐r ♦ ✈❛❧♦r ❞❡ ǫ q✉❛♥❞♦ ❢♦r
♥❡❝❡ssár✐♦✱ θǫ = 0.5❀

X ǫ ✐♥✐❝✐❛❧✱

ǫ0 =





10−2 + 1
m

m∑
j=1

|gj(x0)| , s❡ ❡①✐st❡♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡

1, s❡ ♥ã♦ ❡①✐st❡♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡

❀

X ❝♦♥st❛♥t❡ ω ✉s❛❞❛ ♥♦ ♠♦♠❡♥t♦ ❞❡ t❡♥t❛r ❡①♣❛♥❞✐r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦✱
q✉❛♥❞♦ s❡ t❡♠ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡✱ ω = 0.5✳

✺✳✶✳✷ ❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛

❈♦♠♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ♠ét♦❞♦ ✉s❛♠♦s✿

max
j=1,··· ,rk

αj
k < tol✳

✺✳✷ ▼ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥

✺✳✷✳✶ ❊s❝♦❧❤❛ ❞❡ ♣❛râ♠❡tr♦s

❉❡♣♦✐s ❞❡ ❞✐❢❡r❡♥t❡s t❡st❡s ❢❡✐t♦s ❝♦♠ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡t❡r✲
♠✐♥❛r ❛❧❣✉♥s ♣❛râ♠❡tr♦s✱ ♦s q✉❛✐s sã♦ ✉s❛❞♦s ♥❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s
t❡st❛❞♦s✳

X ❚♦❧❡râ♥❝✐❛ ✉s❛❞❛ ♥♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱ tol = 10−6❀

X ♣❛ss♦ ✐♥✐❝✐❛❧✱ ∆0 = 1❀

X ǫ ✐♥✐❝✐❛❧✱ ǫ0 = 0.5❀

X ❝♦♥st❛♥t❡ θǫ ∈ (0, 1) ✉s❛❞❛ ♣❛r❛ ❞✐♠✐♥✉✐r ♦ ✈❛❧♦r ❞❡ ǫ q✉❛♥❞♦ s❡❥❛
♥❡❝❡ssár✐♦✱ θǫ = 0.5✳

✺✳✷✳✷ ❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛

❈♦♠♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ♠ét♦❞♦ ✉s❛♠♦s✿

∆k < tol✳

❉❡♥♦t❛♠♦s ♣♦r✿

X ▲✉✲❙❝✲❚s✱ ▼ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣❀
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X ▲❡✲❚♦✱ ▼ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥❀

X ♥♦♠❡✱ ♦ ♥♦♠❡ ❝♦♠ ♦ q✉❛❧ ❡stá ✐❞❡♥t✐✜❝❛❞♦ ♦ ♣r♦❜❧❡♠❛❀

X n✱ ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛❀

X ❉✳✱ ♥ú♠❡r♦ ❞❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛❀

X ❈✳✱ ♥ú♠❡r♦ ❞❡ r❡str✐çõ❡s ❞❡ ❝❛✐①❛ ❞♦ ♣r♦❜❧❡♠❛❀

X ■✳✱ ♥ú♠❡r♦ ❞❡ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛❀

X ■t✳✱ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s r❡❛❧✐③❛❞❛s ♣❡❧♦ ♠ét♦❞♦❀

X ◆❋✱ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❢♦✐ ❛✈❛❧✐❛❞❛ ❛ ❢✉♥çã♦ f ❀

X frep✱ ✈❛❧♦r ♠í♥✐♠♦ ❞❛ ❢✉♥çã♦ f r❡♣♦rt❛❞♦ ❡♠ ❬✷✱ ✾❪❀

X ∆f ✱ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❛ ❢✉♥çã♦ f ♦❜t✐❞♦ ❝♦♠ ♦ ♠ét♦❞♦
❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ♦ ♠❡❧❤♦r ✈❛❧♦r r❡♣♦rt❛❞♦ ❡♠ ❬✷✱ ✾❪✳

❆♥t❡s ❞❡ ❡♥tr❛r ♥❛ r❡s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❞❛ ❝♦❧❡çã♦ ❬✷✱ ✾❪✱ r❡s♦❧✈❡♠♦s ❞♦✐s
♣r♦❜❧❡♠❛s ❡♠ ℜ2✱ ✉s❛♥❞♦ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲
❚♦r❝③♦♥✳ ❆♣r❡s❡♥t❛♠♦s ❣r❛✜❝❛♠❡♥t❡ ♦s ♣♦♥t♦s ❣❡r❛❞♦s ♣♦r ❝❛❞❛ ✉♠ ❞♦s
♠ét♦❞♦s ❡ ✉♠❛ t❛❜❡❧❛ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

❊①❡♠♣❧♦ ✺✳✷✳✶✳ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐♠✐③❛çã♦✿

♠✐♥✐♠✐③❛r (x1 − 2)2 + 3x2
2 − 2x1x2 − x1 + 2x2

s✉❥❡✐t❛ ❛ x2 − 1.5x1 − 3 ≤ 0
0.5x1 − 2 − x2 ≤ 0
−x1 − 2 − x2 ≤ 0
2x1 − 4 − x2 ≤ 0
x2 + 0.5x1 − 2 ≤ 0

✭✺✳✶✮

❖❜s❡r✈❛çã♦ ✺✳✷✳✶✳ ❖ ♣r♦❜❧❡♠❛ ✭✺✳✶✮ t❡♠ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ q✉❛❞rát✐❝❛ ❡ ❝✐♥❝♦
r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❧✐♥❡❛r❡s✳

❙♦❧✉çã♦✳ ◆❛ t❛❜❡❧❛ ✭✺✳✶✮ ❛♣❛r❡❝❡♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❡①❡❝✉çã♦ ❞♦s
❛❧❣♦r✐t♠♦s ❞♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❆❧é♠
❞✐ss♦✱ ❛ ✜❣✉r❛ ✭✺✳✶ ❛✮ ♠♦str❛ ❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦
❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ❛ ✜❣✉r❛ ✭✺✳✶ ❜✮ ♠♦str❛ ❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s
❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ r❛③ã♦ ∆f/frep✱
✉s❛♠♦s ❝♦♠♦ frep ❛ s♦❧✉çã♦ ❣❡r❛❞❛ ♣❡❧♦ ▼❛t❤❡♠❛t✐❝❛ ❬✶✷❪✱ ❝♦♠ ♦ ❝♦♠❛♥❞♦✿



❈❆P❮❚❯▲❖ ✺✳ ❚❊❙❚❊❙ ◆❯▼➱❘■❈❖❙ ✺✵

✭❛✮

✭❜✮

❋✐❣✉r❛ ✺✳✶✳ ❙♦❧✉çã♦ ❣rá✜❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✶✮ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳
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❈❛r❛❝t❡ríst✐❝❛s ▲✉✲❙❝✲❚s ▲❡✲❚♦

◆♦♠❡ n ❉ ❈ ■ ■t NF ∆f/frep ■t NF ∆f/frep

Pr♦❜❧❡♠❛ ✭✺✳✶✮ ✷ ✺ ✵ ✵ ✶✼ ✶✶✾ 10−6 ✺✽ ✶✼✷ 10−6

Pr♦❜❧❡♠❛ ✭✺✳✷✮ ✷ ✸ ✵ ✶ ✶✷ ✹✷ 10−16 ✹✵ ✻✾ 10−8

❚❛❜❡❧❛ ✺✳✶✳ ❙♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ✭✺✳✶✮ ❡ ✭✺✳✷✮✳

▼✐♥✐♠✐③❡[{f, cons}, {x, y, · · · }]✳

❊①❡♠♣❧♦ ✺✳✷✳✷✳ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐♠✐③❛çã♦✿

♠✐♥✐♠✐③❛r x2
1 + x2

2

s✉❥❡✐t❛ ❛ 0.5x1 − x2 − 1 ≤ 0
2 − 3x1 − x2 ≤ 0
x2 − 2 + 0.5x1 ≤ 0
2x1 − x2 = 0

✭✺✳✷✮

❖❜s❡r✈❛çã♦ ✺✳✷✳✷✳ ❖ ♣r♦❜❧❡♠❛ ✭✺✳✷✮ t❡♠ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ q✉❛❞rát✐❝❛ ❡ q✉❛✲
tr♦ r❡str✐çõ❡s ❧✐♥❡❛r❡s✱ ❞❛s q✉❛✐s✱ três sã♦ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ② ✉♠❛
❞❡ ✐❣✉❛❧❞❛❞❡✳

❙♦❧✉çã♦✳ ◆❛ t❛❜❡❧❛ ✭✺✳✶✮ ❛♣❛r❡❝❡♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦✲
❜❧❡♠❛ ✭✺✳✷✮ ❝♦♠ ❛ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❆ ✜❣✉r❛ ✭✺✳✷ ❛✮ ♠♦str❛ ❛ s❡qüê♥❝✐❛ ❞❡ ♣♦♥t♦s ❣❡r❛❞❛
♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ❛ ✜❣✉r❛ ✭✺✳✷ ❜✮ ♠♦str❛ ❛ s❡qüê♥✲
❝✐❛ ❞❡ ♣♦♥t♦s ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ r❛③ã♦
∆f/frep✱ ✉s❛♠♦s ❝♦♠♦ frep ❛ s♦❧✉çã♦ ❣❡r❛❞❛ ♣❡❧♦ ▼❛t❤❡♠❛t✐❝❛ ❬✶✷❪✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♥❛ s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ✭✺✳✶✮ ❡ ✭✺✳✷✮✱ ♦s ❞♦✐s
♠ét♦❞♦s ❡♥❝♦♥tr❛♠ ❛ s♦❧✉çã♦ ❝♦♠ ✉♠❛ ♣r❡s✐sã♦ ♠✉✐t♦ ❜♦❛✳ ◆♦ ❡♥t❛♥t♦✱
s❡ t❡♠♦s ❡♠ ❝♦♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❢❡✐t❛s ♣❡❧♦s ♠ét♦❞♦s✱ ♣♦❞❡♠♦s
✈❡r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❡③ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♠ ✸✵✪
❞❛s ✐t❡r❛çõ❡s ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❆❣♦r❛ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦
♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❢❡✐t❛s ♣❡❧♦s ♠ét♦❞♦s✱ ♥❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ✭✺✳✶✮✱ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❡③ ❛♣r♦①✐♠❛❞❛♠❡♥t❡
✉♠ ✻✾✪ ❞❛s ❛✈❛❧✐❛çõ❡s ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❊♠ q✉❛♥t♦
q✉❡✱ ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✷✮✱ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❡③
❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♠ ✻✵✳✽✻✪ ❞❛s ❛✈❛❧✐❛çõ❡s ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲
❚♦r❝③♦♥✳
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✺✳✷✳ ❙♦❧✉çã♦ ❣rá✜❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✷✮ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✳
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✺✳✸ ❘❡s✉❧t❛❞♦s ❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❛ ❝♦❧❡çã♦ ❍♦❝❦✲
❙❝❤✐tt❦♦✇s❦✐

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r três t❛❜❡❧❛s ❝♦♠ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s♦❧✉çã♦ ❞❡
❛❧❣✉♥s ♣r♦❜❧❡♠❛s t✐r❛❞♦s ❞❛ ❝♦❧❡çã♦ ❍♦❝❦✲❙❝❤✐tt❦♦✇s❦✐ ❬✷✱ ✾❪✱ ❝♦♠ ❛s ✐♠✲
♣❧❡♠❡♥t❛çõ❡s ❢❡✐t❛s ♣❛r❛ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲
❚♦r❝③♦♥✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ✉♠❛ q✉❛rt❛ t❛❜❡❧❛✱ ❚❛❜❡❧❛ ✭✺✳✹✮ ❛♣r❡s❡♥t❛♠♦s ♦s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡✱ ❙t❡❢❛♥♦ ▲✉❝✐❞✐ ❡ P❛✉❧ ❚s❡♥❣ ❝♦♠ ❛
✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ q✉❡ ❡❧❡s ✜③❡r❛♠✱ ♦s q✉❛✐s ❡stã♦ r❡♣♦rt❛❞♦s ❡♠ ❬✺❪✳
❆ t❛❜❡❧❛ ✭✺✳✷✮ ❛♣r❡s❡♥t❛ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s
❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❝❛✐①❛✱ ♦s q✉❛✐s t❛♠❜é♠ ❢♦r❛♠ t❡st❛❞♦s ♣♦r ❙t❡✲
❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣ ❬✺❪✳ ❆ t❛❜❡❧❛ ✭✺✳✺✮ ❛♣r❡s❡♥t❛
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞♦ ♠❡s♠♦ ❢♦r♠❛t♦ q✉❡ ♦s ❛♣r❡s❡♥t❛❞♦s
♥❛ t❛❜❡❧❛ ✭✺✳✷✮✱ ♦s q✉❛✐s ♥ã♦ ❢♦r❛♠ t❡st❛❞♦s ♣♦r ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡✱ ❙t❡❢❛♥♦
▲✉❝✐❞✐ ❡ P❛✉❧ ❚s❡♥❣ ❡ ♣❡❧♦ t❛♥t♦ ♥ã♦ ❢♦r❛♠ r❡♣♦rt❛❞♦s ❡♠ ❬✺❪✳ ❊ ❛ t❛❜❡❧❛
✭✺✳✼✮ ❛♣r❡s❡♥t❛ r❡s✉❧t❛❞♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡
❡✴♦✉ ❞❡ ❝❛✐①❛ ❡✴♦✉ ❞❡ ✐❣✉❛❧❞❛❞❡✱ ♦s q✉❛✐s ♥ã♦ ❢♦r❛♠ t❡st❛❞♦s ♣♦r ▼❛r❝♦
❙❝✐❛♥❞r♦♥❡✱ ❙t❡❢❛♥♦ ▲✉❝✐❞✐ ❡ P❛✉❧ ❚s❡♥❣ ❡ ♣❡❧♦ t❛♥t♦ ♥ã♦ sã♦ r❡♣♦rt❛❞♦s ❡♠
❬✺❪✳ ❖s ♣r♦❜❧❡♠❛s ❢♦r❛♠ t❡st❛❞♦s t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ♣r♦♣♦st♦
❡♠ ❬✷✱ ✾❪✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ✭♣r♦❜❧❡♠❛s✿ ❍❙✵✷✶✱ ❍❙✵✸✽✱
❍❙✵✺✷✱ ❍❙✶✵✺✱ ❍❙✷✻✷✱ ❍❙✷✻✺✱ ❍❙✸✹✵ ❡ ❍❙✸✾✷✮✱ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ♣r♦♣♦st♦
❡♠ ❬✷✱ ✾❪ ♥ã♦ é ❢❛❝tí✈❡❧✱ ♣❡❧♦ q✉❛❧ ✐♥✐❝✐❛♠♦s ♦ t❡st❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❝♦♠ ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ ♣r♦♣♦st♦ ♣♦r ♥ós✳ ❊st❡s ♣♦♥t♦s ✐♥✐❝✐❛✐s sã♦
♦s s❡❣✉✐♥t❡s✿

X ❍❙✵✷✶✿ x0 = (2,−1)t❀

X ❍❙✵✸✽✿ x0 = (1, 1, 1, 1)t❀

X ❍❙✵✺✷✿ x0 = (−6, 2, 2, 2, 2)t❀

X ❍❙✶✵✺✿ x0 = (0.1, 0.2, 100, 130, 175, 11.2, 13.2, 15.8)t❀

X ❍❙✷✻✷✿ x0 = (1, 2, 3, 0)t❀

X ❍❙✷✻✺✿ x0 = (3/4, 1/4, 5/8, 3/8)t❀

X ❍❙✸✹✵✿ x0 = (0.1, 0.1, 0.1)t❀

X ❍❙✸✾✷✿ x0 = (100, 126.3, 520, 95.9, 199, 400, 34.2, 217, 500, 54.6, 217.1,
630, 49.8, 200.1, 600, 112.4, 126.3, 520.4, 83.5, 199.6, 399.7, 34.2, 248.6,
500, 54.6, 185.5, 630, 49.8, 200.1, 600)t✳
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❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦s ♠ét♦❞♦s ❞❡
▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥ ♥❛ s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s r❡♣♦rt❛✲
❞♦s ♥❛ ❚❛❜❡❧❛ ✭✺✳✷✮✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐✈❡♠♦s ❝♦♠
❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❢❡✐t❛s r❡s♦❧✈❡♠ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s ❝♦♠ ✉♠❛ ♣r❡✲
❝✐sã♦ ♠✉✐t♦ ❜♦❛ ✭❡rr♦ r❡❧❛t✐✈♦ ♣❡q✉❡♥♦✮✳ ❙ó✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❍❙✵✹✹
❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ♥ã♦ é ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ❜♦❛✱ ♣♦✐s ♦ ❡rr♦ r❡✲
❧❛t✐✈♦ r❡♣♦rt❛❞♦ é ♠✉✐t♦ ❣r❛♥❞❡✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❛✜r♠❛r ♦ ♠❡s♠♦ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❍❙✸✾✷✱ ♥♦ ❡♥t❛♥t♦✱ ❝♦♠♣❛r❛♥❞♦ ♦ r❡s✉❧t❛❞♦ r❡♣♦rt❛❞♦ ♣♦r ▼❛r❝♦
❙❝✐❛♥❞r♦♥❡✱ ❙t❡❢❛♥♦ ▲✉❝✐❞✐ ❡ P❛✉❧ ❚s❡♥❣ ❡♠ ❬✺❪ ❝♦♠ ♦s r❡s✉❧t❛❞♦s q✉❡ ♥ós
♦❜t✐✈❡♠♦s ❝♦♠ ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❢❡✐t❛s✱ ♦ ❡rr♦ r❡❧❛t✐✈♦ ❝♦♠ ❛s três ✐♠♣❧❡✲
♠❡♥t❛çõ❡s sã♦ ♦s ♠❡s♠♦s✱ ♦ q✉❛❧ ❢❛③✲♥♦s ❛❝r❡❞✐t❛r q✉❡ ♦s r❡s✉❧t❛❞♦s q✉❡
♦❜t✐✈❡♠♦s ❝♦♠ ♦s ♠ét♦❞♦s sã♦ ❜♦♠ ❡♠ ❣❡r❛❧✳ ❊♠ r❡❧❛çã♦ ❛♦ ♥ú♠❡r♦ ❞❡ ✐t❡✲
r❛çõ❡s ❢❡✐t❛s ❡ ❛♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❢♦✐ ❛✈❛❧✐❛❞❛ ❛ ❢✉♥çã♦ f ❝♦♠ ♦s ♠ét♦❞♦s
❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦ ♠ét♦❞♦
❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢♦✐ ♠✉✐t♦ ♠❡❧❤♦r ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡
▲❡✇✐s✲❚♦r❝③♦♥✳ ❆ ❚❛❜❡❧❛ ✭✺✳✸✮ r❡♣♦rt❛ ♦ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ✐t❡r❛çõ❡s ❡ ❛✈❛✲
❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣
❝♦♠ r❡s♣❡✐t♦ ❛♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
❍❙✸✸✶✱ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❡③ ✉♠ ✶✼✳✽✺✪ ❞❛s ✐t❡r❛çõ❡s
❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ❡ ✉♠ ✷✺✳✽✵✪ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦
f ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛
✭✺✳✸✮✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ é ♠✉✐t♦
♠❡❧❤♦r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳

❆ ❝♦♠♣❛r❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ q✉❡ ✜③❡✲
♠♦s ❞♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✱ ❚❛❜❡❧❛ ✭✺✳✶✮✱ ❝♦♠ ♦s r❡s✉❧t❛✲
❞♦s r❡♣♦rt❛❞♦s ♣♦r ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣✱ ❚❛❜❡❧❛
✭✺✳✹✮✱ ♣♦❞❡ s❡r ✉♠ ♣♦✉❝♦ ♣❡r✐❣♦s❛✱ ♣♦rq✉❡ ❡①✐st❡♠ ❞✐❢❡r❡♥t❡s ❢❛t♦r❡s ♥♦ ♠♦✲
♠❡♥t♦ ❞❡ ❢❛③❡r ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s q✉❡ ♣♦❞❡♠ ❛❧t❡r❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳
P❛r❛ ♠❡♥❝✐♦♥❛r ❛❧❣✉♥s ❞❡st❡s ❢❛t♦r❡s✱ ♣♦❞❡♠♦s ♠❡♥❝✐♦♥❛r ❡♥tr❡ ♦✉tr♦s ♦s
s❡❣✉✐♥t❡s✿

X ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣ ✜③❡r❛♠ ❛ ✐♠♣❧❡♠❡♥✲
t❛çã♦ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❡♠ ❋♦rtr❛♥✱ ❡♥q✉❛♥t♦ q✉❡ ♥ós ✜③❡♠♦s ❛s
✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡♠ ▼❛t❧❛❜ ✻✳✺✳

X ◆♦ ♠♦♠❡♥t♦ ❞❡ ❢❛③❡r ❝♦♠♣❛r❛çõ❡s ❞❡ q✉❛♥t✐❞❛❞❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♠✲
♣❛r❛r ❝♦♠ ③❡r♦✱ ✉s❛♠♦s ❝❡rt❛s t♦❧❡râ♥❝✐❛s✱ s❡♠ ❝♦♥❤❡❝❡r ❛ ❢♦r♠❛ ❝♦♠♦
❡❧❡s ✜③❡r❛♠ ♦ ♠❡s♠♦✳

X ◆♦ ♠♦♠❡♥t♦ ❞❡ ❝❛❧❝✉❧❛r ♦ ♠❛✐♦r ♣❛ss♦ q✉❡ ♣♦❞❡ s❡r ❞❛❞♦ ❡♠ ✉♠❛ ❞✐✲



❈❆P❮❚❯▲❖ ✺✳ ❚❊❙❚❊❙ ◆❯▼➱❘■❈❖❙ ✺✺

❈❛r❛❝t❡ríst✐❝❛s ▲✉✲❙❝✲❚s ▲❡✲❚♦

◆♦♠❡ n ❉ ❈ ■ ■t NF ∆f/frep ■t NF ∆f/frep

❍❙✸✸✶ ✷ ✶ ✸ ✵ ✶✵ ✼✺ 10−5 ✺✻ ✷✶✼ 10−5

❍❙✵✷✶ ✷ ✶ ✹ ✵ ✶✻ ✶✶✾ 10−11 ✷✷ ✽✺ 0
❍❙✵✷✹ ✷ ✸ ✷ ✵ ✶✸ ✺✼ 10−16 ✻✹ ✶✹✼ 10−6

❍❙✷✸✷ ✷ ✸ ✷ ✵ ✶✸ ✺✼ 10−16 ✻✽ ✶✺✼ 10−6

❍❙✷✷✹ ✷ ✹ ✹ ✵ ✷✶ ✶✻✵ 10−10 ✹✽ ✶✹✸ 10−16

❍❙✸✹✵ ✸ ✶ ✶ ✵ ✶✷ ✶✹✸ 10−7 ✻✹ ✷✾✼ 10−8

❍❙✵✸✻ ✸ ✶ ✻ ✵ ✶✹ ✽✻ 0 ✺✻ ✶✼✶ 10−8

❍❙✷✺✶ ✸ ✶ ✻ ✵ ✶✼ ✷✸✼ 10−10 ✹✹ ✶✾✺ 10−16

❍❙✵✸✼ ✸ ✷ ✻ ✵ ✶✼ ✷✸✼ 10−10 ✹✹ ✶✾✺ 10−16

❍❙✷✺✵ ✸ ✷ ✻ ✵ ✶✺ ✾✻ 0 ✺✻ ✶✼✶ 10−8

❍❙✸✺✹ ✹ ✶ ✹ ✵ ✷✶ ✹✸✻ 10−5 ✷✺✽ ✶✻✷✾ 10−7

❍❙✵✼✻ ✹ ✸ ✹ ✵ ✶✹ ✶✺✼ 10−7 ✺✻ ✷✽✶ 10−10

❍❙✵✹✹ ✹ ✻ ✹ ✵ ✾ ✻✹ ✵ ✸✵ ✶✷✷ 10−1

❍❙✶✵✺ ✽ ✶ ✶✻ ✵ ✶✵ ✼✸ 10−5 ✶✹✵ ✽✵✷ 10−6

❍❙✶✶✽ ✶✺ ✷✾ ✸✵ ✵ ✸✵ ✹✸✻ 10−5 ✸✺✽ ✷✼✹✷ 10−8

❍❙✸✾✷ ✸✵ ✹✺ ✸✵ ✵ ✼ ✾✼ 10−3 ✺✽✷ ✶✶✸✵✺ 10−3

❚❛❜❡❧❛ ✺✳✷✳ Pr♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❝❛✐①❛✳

r❡çã♦ ♣❛rt✐❝✉❧❛r✱ ✉s❛♠♦s ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s ❝❛s♦s✱
❡ ♥ã♦ ❝♦♥❤❡❝❡♠♦s ❝♦♠♦ ❡❧❡s ♦❜t✐✈❡r❛♠ ❡st❡ t❛♠❛♥❤♦ ❞❡ ♣❛ss♦✳

◆♦ ❡♥t❛♥t♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡✱ ♥♦s ♣r♦❜❧❡♠❛s ❍❙✶✵✺ ❡ ❍❙✸✾✷ ♦❜t✐✈❡♠♦s
♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ q✉❡ ✜③❡♠♦s ❞♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲
❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱
▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣✳ ◆♦ ♣r♦❜❧❡♠❛ ❍❙✶✵✺ ♦ ❡rr♦ r❡❧❛t✐✈♦ ❢♦✐
♠❡♥♦r q✉❡ ♦ ♦❜t✐❞♦ ♣♦r ❡❧❡s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ✉♠ ♠❡❧❤♦r ✈❛❧♦r ♣❛r❛ ❛ ❢✉♥çã♦
♦❜❥❡t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ r❡s✉❧t❛❞♦ ❢♦✐ ♦❜t✐❞♦ ❝♦♠ s♦♠❡♥t❡ ✼✸ ❛✈❛❧✐❛çõ❡s ❞❛
❢✉♥çã♦ f ❡♠ q✉❛♥t♦ q✉❡ ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣✱
♦❜t✐✈❡r❛♠ ♦ r❡s✉❧t❛❞♦ ❝♦♠ ✸✺✹✽ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ✳ ◆♦ ♣r♦❜❧❡♠❛ ❍❙✸✾✷
♦❜t✐✈❡♠♦s ♦ ♠❡s♠♦ ❡rr♦ r❡❧❛t✐✈♦ ❝♦♠ ✾✼ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ✱ ❡♠ q✉❛♥t♦
q✉❡ ❙t❡❢❛♥♦ ▲✉❝✐❞✐✱ ▼❛r❝♦ ❙❝✐❛♥❞r♦♥❡ ❡ P❛✉❧ ❚s❡♥❣✱ ♦❜t✐✈❡r❛♠ ♦ r❡s✉❧t❛❞♦
❝♦♠ ✷✵✵ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ✳

◆❛ ❚❛❜❡❧❛ ✭✺✳✺✮ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s♦❧✉çã♦ ❞♦s ♣r♦✲
❜❧❡♠❛s ❍❙✵✵✺✱ ❍❙✵✵✾✱ ❍❙✵✸✺ ❡ ❍❙✵✸✽✱ ♦s q✉❛✐s sã♦ ♣r♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s
❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❝❛✐①❛✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ❞✐③❡r
q✉❡ ♦s ❞♦✐s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s r❡s♦❧✈❡♠ ♦s ♣r♦❜❧❡♠❛s ❞❡ ✉♠❛ ❢♦r♠❛
♠✉✐t♦ ❡✜❝✐❡♥t❡✳ ❙ó ♦ ♣r♦❜❧❡♠❛ ❍❙✵✸✽ ♥ã♦ ❛♣r❡s❡♥t❛ ❜♦♥s r❡s✉❧t❛❞♦s ❝♦♠
♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✳ ❊st❡ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ❝♦♠ ♦
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▲✉✲❙❝✲❚s

Pr♦❜❧❡♠❛ ✪■t ✪◆❋

❍❙✸✸✶ ✶✼✱✽✺ ✷✺✱✽✵
❍❙✵✷✶ ✼✷✱✼✷ ✷✺✱✽✽
❍❙✵✷✹ ✷✵✱✸✶ ✹✸✱✺✸
❍❙✷✸✷ ✶✾✱✶✶ ✹✸✱✸✶
❍❙✷✷✹ ✹✸✱✼✺ ✸✸✱✺✻
❍❙✸✹✵ ✶✽✱✼✺ ✷✶✱✺✹
❍❙✵✸✻ ✷✺ ✸✷✱✼✹
❍❙✷✺✶ ✸✽✱✻✸ ✷✷✱✺✻
❍❙✵✸✼ ✸✽✱✻✸ ✷✷✱✺✻
❍❙✷✺✵ ✷✻✱✼✽ ✸✷✱✼✹
❍❙✸✺✹ ✽✱✶✸ ✶✺✱✽✸
❍❙✵✼✻ ✷✺ ✶✾✱✾✷
❍❙✵✹✹ ✸✵ ✷✹✱✺✾
❍❙✶✵✺ ✼✱✶✹ ✶✼✱✹✺
❍❙✶✶✽ ✽✱✸✼ ✶✸✱✵✺
❍❙✸✾✷ ✶✱✷✵ ✺✱✶✹

Pr♦♠❡❞✐♦ ✷✺✱✵✽ ✷✺✱✵✶

❚❛❜❡❧❛ ✺✳✸✳ P♦r❝❡♥t❛❣❡♠ ❞❛s ✐t❡r❛çõ❡s ❡ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦
♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ r❡s♣❡✐t♦ ❞♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳

♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ❝♦♠ ✉♠ ♥ú♠❡r♦ ❡❧❡✈❛❞♦ ❞❡ ✐t❡r❛çõ❡s✱ ✹✶✵✷ ❡ ✉♠
♥ú♠❡r♦ ❡❧❡✈❛❞♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ✱ ✷✼✷✹✶✳ ◆❛ t❛❜❡❧❛ ✭✺✳✻✮ r❡♣♦rt❛✲
♠♦s ♦ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ✐t❡r❛çõ❡s ❡ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦
❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳

❖ ♣r♦❜❧❡♠❛ ❍❙✵✵✺✱ ♠❡r❡❝❡ t❛♠❜é♠ ✉♠ ❝♦♠❡♥tár✐♦ ❛❞✐❝✐♦♥❛❧✱ ♣♦✐s ❛
❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ♥ã♦ é ❝♦♥✈❡①❛✱ ❡ ♥❛ r❡❣✐ã♦ ❢❛❝tí✈❡❧ ❡❧❛ t❡♠ ❞♦✐s ♠í♥✐♠♦s ❧♦✲
❝❛✐s✳ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ q✉❡❞❛ ♠❛♥✐❢❡st❛ ♥❡st❡ ♣r♦❜❧❡♠❛✱ ❥á q✉❡
❞❡♣❡♥❞❡♥❞♦ ❞❡st❡✱ ❛ s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ♣❡❧♦s ♠ét♦❞♦s ♣♦❞❡ s❡r ❞✐❢❡r❡♥t❡✳ ❆
✜❣✉r❛ ✭✺✳✸ ❛✮ ♠♦str❛ ♦s ♣♦♥t♦s ❣❡r❛❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❡ ❛ ✜❣✉r❛ ✭✺✳✸ ❜✮ ♠♦str❛ ♦s ♣♦♥t♦s ❣❡r❛❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲
❚♦r❝③♦♥✱ ✐♥✐❝✐❛♥❞♦ ❛s ✐t❡r❛çõ❡s ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 = (−1, 2.5)✱ ♦s ❞♦✐s ♠ét♦✲
❞♦s ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ x∗ = (2.5944, 1.5944)❀ ❡♥q✉❛♥t♦ q✉❡✱
s❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ é x0 = (1.5, 0.5)✱ ♦s ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡
▲❡✇✐s✲❚♦r❝③♦♥ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ x∗ = (−0.5472,−1.5472)✳
❆s ❣rá✜❝❛s ✭✺✳✹ ❛✮ ❡ ✭✺✳✹ ❜✮ ♠♦str❛♠ ♦s ♣♦♥t♦s ❣❡r❛❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❞❡
▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❡ ▲❡✇✐s✲❚♦r❝③♦♥ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❈❛r❛❝t❡ríst✐❝❛s ❘❡♣♦rt❛❞♦ ❡♠ ❬✺❪
◆♦♠❡ n ❉❡s✳ ❈❛✐✳ ■❣✉✳ NF ∆f/frep

❍❙✸✸✶ ✷ ✶ ✸ ✵ ✶✵✹ 10−4

❍❙✵✷✶ ✷ ✶ ✹ ✵ ✸✸ 0
❍❙✵✷✹ ✷ ✸ ✷ ✵ ✷✹ 0
❍❙✷✸✷ ✷ ✸ ✷ ✵ ✷✾ 0
❍❙✷✷✹ ✷ ✹ ✹ ✵ ✶✵✵ 0
❍❙✸✹✵ ✸ ✶ ✶ ✵ ✶✵✽ 0
❍❙✵✸✻ ✸ ✶ ✻ ✵ ✸✹ 0
❍❙✷✺✶ ✸ ✶ ✻ ✵ ✶✺✸ 0
❍❙✵✸✼ ✸ ✷ ✻ ✵ ✶✺✸ 0
❍❙✷✺✵ ✸ ✷ ✻ ✵ ✸✹ 0
❍❙✸✺✹ ✹ ✶ ✹ ✵ ✷✸✻ 0
❍❙✵✼✻ ✹ ✸ ✹ ✵ ✶✺✸ 0
❍❙✵✹✹ ✹ ✻ ✹ ✵ ✸✷ ✵
❍❙✶✵✺ ✽ ✶ ✶✻ ✵ ✸✺✹✽ −10−3

❍❙✶✶✽ ✶✺ ✷✾ ✸✵ ✵ ✷✺✶ 10−5

❍❙✸✾✷ ✸✵ ✹✺ ✸✵ ✵ ✷✵✵ 10−3

❚❛❜❡❧❛ ✺✳✹✳ ❘❡s✉❧t❛❞♦s r❡♣♦rt❛❞♦s ❡♠ ❬✺❪✳

❈❛r❛❝t❡ríst✐❝❛s ▲✉✲❙❝✲❚s ▲❡✲❚♦

◆♦♠❡ n ❉ ❈ ■ ■t NF ∆f/frep ■t NF ∆f/frep

❍❙✵✵✺ ✷ ✵ ✷ ✵ ✶✺ ✶✹✹ 10−7 ✼✵ ✷✼✸ 10−7

❍❙✵✵✾ ✷ ✵ ✷ ✵ ✶✸ ✺✸ 10−13 ✸✷ ✽✽ 10−15

❍❙✵✸✺ ✸ ✶ ✸ ✵ ✶✷ ✶✸✸ 10−8 ✽✹ ✸✻✽ 10−13

❍❙✵✸✽ ✹ ✷ ✹ ✵ ✸✺✾ ✾✾✷ 10−2 ✹✶✵✷ ✷✼✷✹✶ 10−7

❚❛❜❡❧❛ ✺✳✺✳ ❖✉tr♦s ♣r♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳

▲✉✲❙❝✲❚s

Pr♦❜❧❡♠❛ ✪■t ✪◆❋

❍❙✵✵✺ ✷✶✱✹✷ ✺✷✱✼✹
❍❙✵✵✾ ✹✵✱✻✷ ✻✵✱✷✷
❍❙✵✸✺ ✶✹✱✷✽ ✸✻✱✶✹
❍❙✵✸✽ ✽✱✼✺ ✸✱✻✹

Pr♦♠❡❞✐♦ ✷✶✱✷✼ ✸✽✱✶✽

❚❛❜❡❧❛ ✺✳✻✳ P♦r❝❡♥t❛❣❡♠ ❞❛s ✐t❡r❛çõ❡s ❡ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦
♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ r❡s♣❡✐t♦ ❞♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✺✳✸✳ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❍❙✵✵✺ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣
❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ✐♥✐❝✐❛♥❞♦ ♥♦ ♣♦♥t♦ x0 = (−1, 2.5)✳



❈❆P❮❚❯▲❖ ✺✳ ❚❊❙❚❊❙ ◆❯▼➱❘■❈❖❙ ✺✾

❈❛r❛❝t❡ríst✐❝❛s ▲✉✲❙❝✲❚s ▲❡✲❚♦

◆♦♠❡ n ❉ ❈ ■ ■t NF ∆f/frep ■t NF ∆f/frep

❍❙✸✹✼ ✸ ✵ ✻ ✶ ✾ ✷✺ 10−6 ✻✽ ✶✺✵ 10−6

❍❙✷✻✷ ✹ ✸ ✹ ✶ ✶✵ ✻✻ 10−16 ✾✷ ✷✺✻ 10−7

❍❙✷✻✺ ✹ ✵ ✹ ✷ ✼ ✷✹ 10−7 ✷✷ ✻✶ 10−3

❍❙✵✺✵ ✺ ✵ ✵ ✸ ✻✻ ✹✺✵ 10−9 ✽✹ ✸✹✾ 10−12

❍❙✵✺✶ ✺ ✵ ✵ ✸ ✶✸ ✶✹✼ 10−8 ✻✻ ✷✻✾ 10−13

❍❙✵✺✷ ✺ ✵ ✵ ✸ ✶✽ ✷✵✶ 10−6 ✼✹ ✷✾✷ 10−6

❍❙✷✻✾ ✺ ✵ ✵ ✸ ✶✸ ✶✺✺ 10−7 ✻✻ ✷✼✺ 10−7

❚❛❜❡❧❛ ✺✳✼✳ Pr♦❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❝❛✐①❛ ❡✴♦✉ ❞❡ ✐❣✉❛❧✲
❞❛❞❡✳

◆❛ t❛❜❡❧❛ ✭✺✳✼✮ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦s t❡st❡s ❢❡✐t♦s ♣❛r❛ ❛❧❣✉♥s ♣r♦✲
❜❧❡♠❛s ❝♦♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❡✴♦✉ ❞❡ ❝❛✐①❛✳ ❚♦✲
❞♦s ♦s ♣r♦❜❧❡♠❛s ❝♦♥✈❡r❣❡♠ ❝♦♠ ♦s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s ♣❛r❛ ❛ s♦❧✉çã♦
❢♦r♥❡❝✐❞❛ ❡♠ ❬✷✱ ✾❪✱ ❝♦♠ ❡①❝❡❧❡♥t❡s r❡s✉❧t❛❞♦s✳ ❊♠ q✉❛♥t♦ ❛♦ ♥ú♠❡r♦ ❞❡ ✐t❡✲
r❛çõ❡s ❡ ❛♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦s ♠ét♦❞♦s✱ ❛ ❚❛❜❡❧❛
✭✺✳✽✮ ❛♣r❡s❡♥t❛ ♦ ♣♦r❝❡♥t❛❣❡♠ ❞❡ ✐t❡r❛çõ❡s ❡ ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s
♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲
❚♦r❝③♦♥✳ ❉❡ ❡st❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ é ♠✉✐t♦ ♠❛s ❡✜❝✐❡♥t❡ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳

▲✉✲❙❝✲❚s

Pr♦❜❧❡♠❛ ✪■t ✪◆❋

❍❙✸✹✼ ✶✸✱✷✸ ✹✺✱✸✸
❍❙✷✻✷ ✶✵✱✽✻ ✸✺✱✾✸
❍❙✷✻✺ ✸✶✱✽✶ ✸✻✱✵✻
❍❙✵✺✵ ✼✽✱✺✼ ✷✹✱✵✻
❍❙✵✺✶ ✶✾✱✻✾ ✷✹✱✺✸
❍❙✵✺✷ ✷✹✱✸✷ ✷✺✱✸✹
❍❙✷✻✾ ✶✾✱✻✾ ✷✹

Pr♦♠❡❞✐♦ ✷✽✱✸✶ ✸✵✱✼✺

❚❛❜❡❧❛ ✺✳✽✳ P♦r❝❡♥t❛❣❡♠ ❞❛s ✐t❡r❛çõ❡s ❡ ❞❛s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦
♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ r❡s♣❡✐t♦ ❞♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✺✳✹✳ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❍❙✵✵✺ ❝♦♠ ♦s ♠ét♦❞♦s ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣
❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ ✐♥✐❝✐❛♥❞♦ ♥♦ ♣♦♥t♦ x0 = (1.5, 0.5)✳
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✶✳ ◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❞♦✐s ♠ét♦❞♦s q✉❡ ♥ã♦ ✉s❛♠ ♦ ❣r❛❞✐❡♥✲
t❡ ❞❛ ❢✉♥çã♦ f ♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛

♠✐♥✐♠✐③❛r f(x)
s✉❥❡✐t❛ ❛ gi(x) ≤ 0, ∀i ∈ I

hℓ(x) = 0, ∀ℓ ∈ E,

♦♥❞❡ I = {1, . . . ,m} ⊆ N✱ E = {m + 1, . . . ,m + p} ⊆ N ❡ f : ℜn → ℜ
é ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ℜn✳ ❆❧é♠ ❞✐ss♦✱ ❛ss✉♠✐✲
♠♦s q✉❡ ❛s ❢✉♥çõ❡s gi : ℜn → ℜ ❡ hℓ : ℜn → ℜ sã♦ ❧✐♥❡❛r❡s ♣❛r❛ t♦❞♦
i ∈ I ❡ t♦❞♦ ℓ ∈ E✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢♦✐ ♣♦ssí✈❡❧
❛❞❛♣t❛r ♦ ♣r✐♠❡✐r♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬✺❪ s♦❜ ❛ ❝♦♥❞✐çã♦ ✶ ❞❡ t❛❧
❢♦r♠❛ q✉❡ ♦ ♥♦✈♦ ♠ét♦❞♦ s♦❧✉❝✐♦♥❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✮✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦
❞♦s ♠ét♦❞♦s ❡st✉❞❛❞♦s ♥ã♦ ❛♣r❡s❡♥t❛♠ ♠❛✐♦r❡s ❞✐✜❝✉❧❞❛❞❡s ❡ ♦s r❡✲
s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s t❡st❛❞♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❜♦♥s✱ ❡♠
❣❡r❛❧✳

✷✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✭✶✳✵✳✷✮✱ ♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ♦s ♠ét♦❞♦s ❞❡
▲❡✇✐s✲❚♦r❝③♦♥ ❡ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❝♦♠♦ ♠ét♦❞♦s ❉❡r✐✈❛t✐✈❡✲
❋r❡❡✱ ❥á q✉❡ ♥❡♥❤✉♠ ❞❡❧❡s ✉s❛ ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ f ♥♦ ❞❡s❡♥✈♦❧✈✐✲
♠❡♥t♦ ❞♦s ❛❧❣♦r✐t♠♦s✳ ❖ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ♣♦❞❡ s❡r ❝❧❛ss✐✲
✜❝❛❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ❥á q✉❡ ❡❧❡ só ✉s❛ ❝♦♠♣❛r❛çõ❡s
❞❡ ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ f ❝♦♠♦ ❡str❛té❣✐❛ ♣❛r❛ ❞❡✜♥✐r ♦ ♣ró①✐♠♦ ♣♦♥t♦
❢❛❝tí✈❡❧ ❝♦♠ ♠❡❧❤♦r ✈❛❧♦r✳ ◆ã♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲
❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❝♦♠♦ ❞❡ ❜✉s❝❛ ❞✐r❡t❛✱ ❥á q✉❡ ❡❧❡ ✉s❛ ✉♠❛ ❡str❛té❣✐❛

✻✶
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❞❡ ❞❡❝rés❝✐♠♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♣ró①✐♠♦ ♣♦♥t♦ ❢❛❝tí✈❡❧ ❝♦♠
♠❡❧❤♦r❛ ✈❛❧♦r ❞❛ ❢✉♥çã♦ f ✳

✸✳ ❆♣ós ❢❛③❡r ♠✉✐t♦s t❡st❡s ❝♦♠ ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❢❡✐t❛s✱ ❡♠ ❡s♣❡❝✐❛❧
❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✱ ♣♦❞❡✲
♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ ❡s❝♦❧❤❛ ❞♦s ♣❛râ♠❡tr♦s ❡♥✈♦❧✈✐❞♦s ♥♦ ♠ét♦❞♦ é
♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳ P❛râ♠❡tr♦s ✧♠❛❧ ❡s❝♦❧❤✐❞♦s✧♣♦❞❡♠ ♦❝❛s✐♦♥❛r ❡r✲
r♦s ♥❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡ ❡♠ ❝♦♥s❡qüê♥❝✐❛ ❞❡s❝♦♥✜❛rí❛♠♦s ❞♦
❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❞♦s ♠ét♦❞♦s✳ ❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐✈❡♠♦s✱
♣♦❞❡♠♦s ❞✐③❡r q✉❡ t♦♠❛r θα = 0.5✱ θǫ = 0.5 ❡ α0 = 1 ✭♣❛ss♦ ✐♥✐❝✐❛❧✮
é ✉♠❛ ❜♦❛ ♦♣çã♦ ♣❛r❛ ♦❜t❡r ❜♦♥s r❡s✉❧t❛❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲
❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣✳ ❊ t♦♠❛r ∆ = 1 ✭t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ ✐♥✐❝✐❛❧✮ ❡ ǫ = 0.5
é ✉♠❛ ❜♦❛ ❡s❝♦❧❤❛ ♥♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✳

✹✳ ◗✉❛♥t♦ ❛♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ♠ét♦❞♦s ❡st✉❞❛❞♦s✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦s
t❡st❡s r❡❛❧✐③❛❞♦s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲
❚s❡♥❣ ❛♣r❡s❡♥t❛ ✈❛♥t❛❣❡♠ ❡♠ r❡❧❛çã♦ ❛♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ s❡
♥♦s r❡❢❡r✐♠♦s ❛♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡ ❛♦ ♥ú♠❡r♦ ❞❡ ❛✈❛❧✐❛çõ❡s ❞❛
❢✉♥çã♦ f ✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❚❛❜❡❧❛s ✭✺✳✸✮✱ ✭✺✳✻✮ ❡ ✭✺✳✽✮✱ ♦ ♠ét♦❞♦
❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❛③ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✉♠ ✷✺✳✸✶✪ ❞❛s ✐t❡r✲
❛çõ❡s ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ❡ ✉♠ ✷✻✳✸✵✪ ❞❛s ❛✈❛❧✐❛çõ❡s
❞❛ ❢✉♥çã♦ f ❢❡✐t❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥ ♥❛ s♦❧✉çã♦ ❞❡ ✉♠
♣r♦❜❧❡♠❛✳

✺✳ ❈♦♥s✐❞❡r❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ❢❛③ ♠❡♥♦s ✐t❡✲
r❛çõ❡s ❡ ♠❡♥♦s ❛✈❛❧✐❛çõ❡s ❞❛ ❢✉♥çã♦ f ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡
▲❡✇✐s✲❚♦r❝③♦♥ ♣♦rq✉❡ ♦ ♠ét♦❞♦ ❞❡ ▲✉❝✐❞✐✲❙❝✐❛♥❞r♦♥❡✲❚s❡♥❣ ♣r♦❝✉r❛
♠❡❧❤♦r❡s ✈❛❧♦r❡s ♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❡①♣❧♦r❛♥❞♦ t♦❞❛s ❡ ❝❛❞❛ ✉♠❛
❞❛s ❞✐r❡çõ❡s ♥♦ ❝♦♥❥✉♥t♦ Dk✱ ❡♥q✉❛♥t♦ ♦ ♠ét♦❞♦ ❞❡ ▲❡✇✐s✲❚♦r❝③♦♥✱ s❡
❡❧❡ ❡♥❝♦♥tr❛ ✉♠ ✈❛❧♦r ♠❡❧❤♦r ♣❛r❛ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❛♦ ❧♦♥❣♦ ❞❡
❛❧❣✉♠❛ ❞✐r❡çã♦ ♥♦ ❝♦♥❥✉♥t♦ Pk✱ ❡❧❡ t❡r♠✐♥❛ ❛ ✐t❡r❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳
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❬✶❪ ❇❡rts❡❦❛s✱ ❉✳ P✳✱ ✶✾✾✺✳ ✧◆♦♥❧✐♥❡❛r ♣r♦❣r❛♠✐♥❣✧✱ ❆t❤❡♥❛ ❙❝✐❡♥t✐✜❝✱
s❡❝♦♥❞ ❡❞✐t✐♦♥✳

❬✷❪ ❍♦❝❦✱ ❲✳ ❡ ❙❝❤✐tt❦♦✇s❦✐✱ ❑✳✱ ✶✾✽✶✳ ✧❚❡st ❡①❛♠♣❧❡s ❢♦r ♥♦♥❧✐♥❡❛r
♣r♦❣r❛♠♠✐♥❣ ❝♦❞❡s✧✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✳

❬✸❪ ❍♦♦❦❡✱ ❘✳ ❡ ❏❡❡✈❡s✱ ❚✳ ❆✳✱ ✶✾✻✶✳ ✧❉✐r❡❝t s❡❛r❝❤ s♦❧✉t✐♦♥ ♦❢ ♥✉✲
♠❡r✐❝❛❧ ❛♥❞ st❛t✐st✐❝❛❧ ♣r♦❜❧❡♠s✧✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆ss♦❝✐❛t✐♦♥ ❢♦r
❈♦♠♣✉t✐♥❣ ▼❛❝❤✐♥❡r② ✽✱ ♣♣✳✷✶✷✲✷✷✾✳

❬✹❪ ▲❡✇✐s✱ ❘✳ ▼✳ ❡ ❚♦r❝③♦♥✱ ❱✳✱ ✷✵✵✵✳ ✧P❛tt❡r♥ s❡❛r❝❤ ♠❡t❤♦❞s ❢♦r
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