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❆♦s ♠❡✉s ♣❛✐s ❏♦ã♦ ❇❛✲

t✐st❛ ❡ ▼❛r✐❛ ❍❡r♠í♥✐❛

❡ à ♠✐♥❤❛ t✐❛ ▲ú❝✐❛✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s q✉❡ ♠❡ ❞❡✉ ❛ ✈✐❞❛ ❡ q✉❡ ♠❡ ❛♠♣❛r♦✉ ❡♠ t♦❞♦s ♦s ♠❡✉s ♣❛ss♦s✳

➚ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ Pr♦❢❛✳ ❉r❛✳ ❑❡tt② ❆❜❛r♦❛ ❞❡ ❘❡③❡♥❞❡ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s✱ ♣❡❧❛

❝♦♥✜❛♥ç❛ ❡ ❛♠✐③❛❞❡✳

❆♦s ♣r♦❢❡ss♦r❡s ❉r✳ ▼❛r❝♦ ❆♥tô♥✐♦ ❚❡✐①❡✐r❛✱ ❉r❛✳ ▼❛r✐❛ ❆❧✐❝❡ ❇❡rt♦❧✐♠ ❡ ❉r✳ P❡❞r♦ ❏✳ ❞❡

❘❡③❡♥❞❡ ♣❡❧❛ ❣r❛♥❞❡ ❛❥✉❞❛ ❡ ♣❛❝✐ê♥❝✐❛✳

❆♦s ♠❡✉s ♣❛✐s ❏♦ã♦ ❇❛t✐st❛ ❡ ▼❛r✐❛ ❍❡r♠í♥✐❛ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ✈✐❞❛✱ ❛♣♦✐♦✱ ❛♠♦r✱ ♣❡❧❛

❝♦♠♣r❡❡♥sã♦ ❡ ♣♦r t♦r❝❡r❡♠ ♣♦r ♠✐♠ s❡♠♣r❡✳

➚s ♠✐♥❤❛s q✉❡r✐❞❛s ✐r♠ãs✱ ▼❛r✐♥❛ ❡ ❏♦❛♥❛ q✉❡ ❡st✐✈❡r❛♠ s❡♠♣r❡ ❞♦ ♠❡✉ ❧❛❞♦ ♠❡ ❛♣♦✐❛♥❞♦

❡ t♦r❝❡♥❞♦ ♣♦r ♠✐♠✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ t✐❛ ▲ú❝✐❛ ♣❡❧♦ ❛♠♦r✱ ❛♣♦✐♦✱ ❝❛r✐♥❤♦ ❡ ♣❡❧❛s ♦r❛çõ❡s✳

❆♦s ♠❡✉s t✐♦s q✉❡r✐❞♦s t✐❛ ❈é❧✐❛ ▼❛r✐❛✱ t✐♦ ❚♦♥✐✱ t✐❛ ❈❡❧✐♥❤❛✱ t✐♦ ❘❡❣✐♥❛❧❞♦✱ t✐❛ ❚❛t❛ ❡

♠❡✉s ♣r✐♠♦s P❛✉❧✐♥❤❛✱ ❇r❡♥♦✱ ❏♦sé ❆✉❣✉st♦ ❡ ❇r✉♥❛ ♣♦r ❡st❛r❡♠ s❡♠♣r❡ t♦r❝❡♥❞♦ ♣♦r ♠✐♠✳

➚s ♣❡ss♦❛s ♠❛r❛✈✐❧❤♦s❛s q✉❡ ❝♦♥❤❡❝✐ ❡♠ ▼♦♥tr❡❛❧✱ ❡♠ ❡s♣❡❝✐❛❧ ●r❛❤❛♠✱ ❆♥❛ ❡ ❆♠❛♥❞❛✳

❆♦s ♠❡✉s q✉❡r✐❞♦s ❛♠✐❣♦s ❞❛ ❯◆■❈❆▼P✱ ❡♠ ❡s♣❡❝✐❛❧ ❊❞✉❛r❞♦ ▼❛r❛❢♦♥✱ ❋á❜✐♦✱ ❋❡♦❞♦r✱

❍ér✐❝❛✱ ■❣♦r✱ ❑❛❧✐♥❡✱ ▲✉❝✐❛♥❛ ❊❧✐❛s✱ ▲✉❝✐ ❆♥②✱ ▼❛r❝❡❧✐♥❤♦✱ ❖❧✐✈â✐♥❡ ❡ ❘✐❝❛r❞♦ ♣❡❧❛ ❛t❡♥çã♦✱

❛❥✉❞❛✱ ❛♠✐③❛❞❡ ❡ ♣❡❧♦ ❝❛r✐♥❤♦ s❡♠♣r❡✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■♥st✐t✉t♦ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦

❈✐❡♥tí✜❝❛ ♣❡❧❛ ❣❡♥t✐❧❡③❛ ❡ ❛t❡♥çã♦ ❞✐❛r✐❛♠❡♥t❡ ♣r❡st❛❞♦s✳

➚ ❋❛♣❡s♣ ♣❡❧❛ ❜♦❧s❛ ❞❡ ❡st✉❞♦ ❝♦♥❝❡❞✐❞❛ ❡ à ❯♥✐❝❛♠♣✳

❊♥✜♠✱ ❛ t♦❞♦s ❛q✉❡❧❡s q✉❡ ❝♦❧❛❜♦r❛r❛♠ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✈✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s C ❡ s✉❛ ❞✐❢❡r❡♥❝✐❛❧

❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆ q✉❡ ❞❡t❡r♠✐♥❛ ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛ (Er, dr)✳

▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ✉♠ s✐st❡♠❛ ❣❡r❛❞♦r ❞❡ Er ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ♦r✐❣✐♥❛❧ ❞❡ C é ♦❜t✐❞♦

❜❡♠ ❝♦♠♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ t♦❞❛s ❛s ❞✐❢❡r❡♥❝✐❛✐s dr
p : Er

p → Er
p−r✳ ❊①♣❧♦r❛♥❞♦ ❛ ✐♠♣❧✐❝❛çã♦

❞✐♥â♠✐❝❛ ❞❛ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ♥✉❧❛✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ✉♥✐♥❞♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡

q✉❡ ❣❡r❛ E0
p ❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ q✉❡ ❣❡r❛ E0

p−r ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝♦♥❡①ã♦ ❞✐r❡t❛ ♣❡❧♦ ✢✉①♦ ♥ã♦

❡①✐st❡✳ ❊st❡ ❝❛♠✐♥❤♦ é ❝♦♠♣♦st♦ ♣❡❧❛ ❥✉st❛♣♦s✐çã♦ ❞❡ ór❜✐t❛s ❞♦ ✢✉①♦ ❡ ❞♦ ✢✉①♦ r❡✈❡rs♦ ❡

♣r♦✈❛ s❡r ✐♠♣♦rt❛♥t❡ ❡♠ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✳

✐①



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❛ ❝❤❛✐♥ ❝♦♠♣❧❡① C ❛♥❞ ✐ts ❞✐✛❡r❡♥t✐❛❧ ❣✐✈❡♥ ❜② ❛

❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① ∆ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s ❛♥ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ (Er, dr)✳ ▼♦r❡ s♣❡❝✐❢✲

✐❝❛❧❧②✱ ❛ s②st❡♠ s♣❛♥♥✐♥❣ Er ✐♥ t❡r♠s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❜❛s✐s ♦❢ C ✐s ♦❜t❛✐♥❡❞ ❛s ✇❡❧❧ ❛s t❤❡

✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛❧❧ ❞✐✛❡r❡♥t✐❛❧s dr
p : Er

p → Er
p−r✳ ■♥ ❡①♣❧♦r✐♥❣ t❤❡ ❞②♥❛♠✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❛

♥♦♥③❡r♦ ❞✐✛❡r❡♥t✐❛❧✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛t❤ ❥♦✐♥✐♥❣ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ❣❡♥❡r❛t✐♥❣ E0
p

❛♥❞ E0
p−r ✐♥ t❤❡ ❝❛s❡ t❤❛t ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜② ❛ ✢♦✇ ❧✐♥❡ ❞♦❡s ♥♦t ❡①✐st✳ ❚❤✐s ♣❛t❤ ✐s ♠❛❞❡

✉♣ ♦❢ ❥✉①t❛♣♦s❡❞ ♦r❜✐ts ♦❢ t❤❡ ✢♦✇ ❛♥❞ ♦❢ t❤❡ r❡✈❡rs❡ ✢♦✇ ❛♥❞ ✇❤✐❝❤ ♣r♦✈❡s t♦ ❜❡ ✐♠♣♦rt❛♥t

✐♥ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳
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✶✳✻✳✸ ▼❛tr✐③ ❞❡ ❈♦♥❡①ã♦ ❡♠ ✢✉①♦s ❞❡ ▼♦rs❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✼ ❙❡qüê♥❝✐❛s ❊s♣❡❝tr❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✼✳✶ ❉❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✼✳✷ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ♥✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ✜❧tr❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷ ▼ét♦❞♦ ❞❛ ❱❛rr❡❞✉r❛ ✹✸

✷✳✶ ❈♦♥t❡①t✉❛❧✐③❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✷ ❈♦♥str✉çã♦ ❞❛ ❢❛♠í❧✐❛ ∆r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❞❡ ∆r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
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✸ ❖s ▼ó❞✉❧♦s Er
p ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ✻✼

✸✳✵✳✶ ❋✐❧tr❛çõ❡s ♠❛✐s ❣r♦ss❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹ ❆s ❉✐❢❡r❡♥❝✐❛✐s ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ✽✸

✺ ❆♥á❧✐s❡ ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✾✼

✻ ❈♦♥❝❧✉sã♦ ✶✶✵

❘❡❢❡rê♥❝✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵



■♥tr♦❞✉çã♦

❖ ♣❛♣❡❧ ❞❡ té❝♥✐❝❛s ❛❧❣é❜r✐❝❛s ❡ t♦♣♦❧ó❣✐❝❛s ❡♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s t❡♠ s✐❞♦ ♠✉✐t♦ s✐❣♥✐✜❝❛t✐✈♦✱

❝♦♠♦ s❡ ♣♦❞❡ ❝♦♠♣r♦✈❛r ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥♥✱ ❛ t❡♦r✐❛ ❞❡ ▼♦rs❡✱ ❡ ♠❛✐s

r❡❝❡♥t❡♠❡♥t❡ ❛ t❡♦r✐❛ ❞❡ ❈♦♥❧❡②✳ ❆ t❡♦r✐❛ ❞❡ ❈♦♥❧❡② ❡stá ❛♠♣❧❛♠❡♥t❡ ❞✐❢✉♥❞✐❞❛ ❡♠ tr❛❜❛❧❤♦s

❝♦♠♦ ❬❈♦❪✱ ❬❋✶❪✱ ❬❋✷❪✱ ❬❙❛✶❪ ❡ ❬❙❛✷❪✳

❯♠ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ t❡♦r✐❛ ❞❡ ❈♦♥❧❡② é q✉❡ t♦❞♦ ✢✉①♦ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

❝♦♠♣❛❝t♦ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ❡♠ ✉♠❛ ♣❛rt❡ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s ❡ ✉♠❛ ♣❛rt❡ ❞♦ t✐♣♦

❣r❛❞✐❡♥t❡✳ ❖ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ q✉❡ ❝♦♥té♠

♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❡ ♦s ♣♦♥t♦s q✉❡ s❡ t♦r♥❛♠ r❡❝♦rr❡♥t❡s q✉❛♥❞♦ ♣❡q✉❡♥♦s ❡rr♦s sã♦

✐♥tr♦❞✉③✐❞♦s ♥♦ ✢✉①♦✳ ◆❛ ♣❛rt❡ r❡st❛♥t❡ ❞♦ ❡s♣❛ç♦ ♦ ✢✉①♦ é ❞♦ t✐♣♦ ❣r❛❞✐❡♥t❡✱ ♦✉ s❡❥❛✱ ❡①✐st❡

✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈ ❝♦♥tí♥✉❛ q✉❡ é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ♥❛s ór❜✐t❛s q✉❡ ♥ã♦ ❡stã♦

♥♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s✳ ❙❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s sã♦

✐❞❡♥t✐✜❝❛❞❛s ❛ ♣♦♥t♦s✱ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ é ❞♦ t✐♣♦ ❣r❛❞✐❡♥t❡✳ P♦rt❛♥t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♥❡❝❡r

✉♠❛ ❞❡s❝r✐çã♦ q✉❛❧✐t❛t✐✈❛ ❞♦ ✢✉①♦ s❡ ❞✐✈✐❞❡ ❡♠ ❞✉❛s ♣❛rt❡s✱ ❛ ❞❡s❝r✐çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞♦

❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s ❡ ❛ ❞❡s❝r✐çã♦ ❞❡ ❝♦♠♦ t❛✐s ❝♦♠♣♦♥❡♥t❡s s❡ ❝♦♥❡❝t❛♠ ✉♠❛s ❛s

♦✉tr❛✳

◆❛ t❡♦r✐❛ ❞❡ ❈♦♥❧❡② ✉t✐❧✐③❛✲s❡ ❛ ♥♦çã♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡

✐s♦❧❛❞♦ S✳ ❯♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ S é ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s

❝♦♠♣❛❝t♦s ❞✐s❥✉♥t♦s✱ ❝❤❛♠❛❞♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✱ ❝✉❥❛ ✉♥✐ã♦ ❝♦♥té♠ ♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡

♣♦r ❝❛❞❡✐❛s ❞❡ S✳ ❯♠❛ ✈❡③ q✉❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ é ✜①❛❞❛✱ ♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡

sã♦ ❞❡s❝r✐t♦s ♣❡❧♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡②✱ q✉❡ ❢♦r♥❡❝❡ ✉♠❛ ❞❡s❝r✐çã♦ t♦♣♦❧ó❣✐❝❛ ❞❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧✳ ❆

❝♦♥❡①ã♦ ❡♥tr❡ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❝♦♥str✉✐♥❞♦✲s❡ ✜❧tr❛çõ❡s ❝♦♠ ❝♦♥❥✉♥t♦s
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♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡s ❡ ❡st✉❞❛♥❞♦ ❛ t♦♣♦❧♦❣✐❛ ❞❡st❡s ❝♦♥❥✉♥t♦s✳ ❆ t❡♦r✐❛ ❞❡ ♠❛tr✐③❡s ❞❡

❝♦♥❡①ã♦ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♥❡ss❡ ❡st✉❞♦✳ ❊st❛ t❡♦r✐❛ ❡stá ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ❬❋r✶❪✱

❬❋r✷❪ ❡ ❬❋r✸❪✳ ❆s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ r❡❣✐str❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s

❡♠ ϕ✳ ❉❛❞❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❝♦♠ m ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✱ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é

✉♠❛ ♠❛tr✐③ m×m ❝✉❥❛s ❡♥tr❛❞❛s sã♦ ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ♦s í♥❞✐❝❡s ❤♦♠♦❧ó❣✐❝♦s ❞❡ ❈♦♥❧❡②

❛ss♦❝✐❛❞♦s ❛♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✳ ❊ss❛s ❛♣❧✐❝❛çõ❡s sã♦ ❞❡✜♥✐❞❛s ♣♦r s❡qüê♥❝✐❛s ❡①❛t❛s ❡♠

❤♦♠♦❧♦❣✐❛✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❝♦♠❡ç❛r ❛ ❡①♣❧♦r❛r ✉♠❛ ❢❡rr❛♠❡♥t❛ ❛❧❣é❜r✐❝❛ ❝❤❛♠❛❞❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ ♥♦ ❝♦♥t❡①t♦ ❡♠ q✉❡ ❞❡s❝r❡✈❡♠♦s ❛❝✐♠❛✳ ❊①♣❧♦r❛r ❛ ✐♥❢♦r♠❛çã♦ ❞✐♥â♠✐❝❛ ❞❛❞❛ ♣❡❧❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❞❡ ❈♦♥❧❡② é ✉♠❛ ❛❜♦r❞❛❣❡♠ ♥♦✈❛✱ ❛♣❡s❛r ❞❡ ❡①✐st✐r❡♠ tr❛❜❛❧❤♦s ✉t✐❧✐③❛♥❞♦

s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ❞❡ ▼♦rs❡✱ ✈❡❥❛ ❬❈✷❪ ❡ ❬❈✶❪✱ ❜❡♠ ❝♦♠♦ ❡♠ t❡♦r✐❛ ❞❡ ❋❧♦❡r✱ ✈❡❥❛ ❬❇❛❈❪✱

♦♥❞❡ ❛ ✉t✐❧✐③❛çã♦ é ❜❡♠ ❞✐❢❡r❡♥t❡ ❞❛ ❡♥❝♦♥tr❛❞❛ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳

P❛r❛ ❡♥t❡♥❞❡r ❝♦♠♦ ❢✉♥❝✐♦♥❛ ❡st❛ ❢❡rr❛♠❡♥t❛ ❡♠ ♥♦ss♦ ❝♦♥t❡①t♦ ❧❡♠❜r❡♠♦s q✉❡✱ ✉s❛♥❞♦

♣❛r❡s ❛tr❛t♦r✲r❡♣✉❧s♦r ❛♣r♦♣r✐❛❞♦s✱ ❞❡❝♦♠♣♦♠♦s S ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ❝❛❞❛ ✈❡③ ✧♠❡♥♦r❡s✧✳

❆ ✐❞é✐❛ ♣♦r trás ❞❡st❛ ❛❜♦r❞❛❣❡♠ é q✉❡ ❛♦ ❡♥t❡♥❞❡r ❛ ❞✐♥â♠✐❝❛ ❡♠ ❝♦♥❥✉♥t♦s ♠❡♥♦r❡s ♣♦❞❡♠♦s

✉t✐❧✐③❛r ❡st❛ ✐♥❢♦r♠❛çã♦ ♣❛r❛ ❡♥t❡♥❞❡r ❝♦♥❥✉♥t♦s ♠❛✐s ❝♦♠♣❧✐❝❛❞♦s ♦❜t✐❞♦s ❝♦♥❡❝t❛♥❞♦ ❝♦♥❥✉♥✲

t♦s ❞❡ ▼♦rs❡ ✈✐❛ ór❜✐t❛s ❝❛❞❛ ✈❡③ ♠❛✐s ❧♦♥❣❛s✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛❧❣é❜r✐❝♦✲t♦♣♦❧ó❣✐❝♦✱ ❡st❡

♣r♦❝❡ss♦ s❡ ♣❛r❡❝❡ ♠✉✐t♦ ❝♦♠ ❛q✉❡❧❡ ❝♦❞✐✜❝❛❞♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ♣❡❧❛s s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s✳

❆s s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ▲❡r❛② ♥♦s ❛♥♦s ✺✵ ❡ sã♦ ❡①t❡♥s✐✈❛♠❡♥t❡

✉s❛❞❛s ❡♠ á❧❣❡❜r❛ ❤♦♠♦❧ó❣✐❝❛✱ t♦♣♦❧♦❣✐❛ ❡ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ ♣❛r❛ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛ (C, ∂) ❝♦♠ ✉♠❛ ✜❧tr❛çã♦ ❝r❡s❝❡♥t❡ F pC t❛❧ q✉❡ ∂(F pC) ⊂

F pC ❡ F−1C = 0✱ ✈❡r ❬❙♣❪✳ ❆ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛ ❛ C é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠ó❞✉❧♦s

❜✐❣r❛❞✉❛❞♦s (Er, dr) ♦♥❞❡ dr t❡♠ ❜✐✲❣r❛✉ (−r, r − 1) ❡ ❝❛❞❛ ❡t❛♣❛ ❝♦♥té♠ ✐♥❢♦r♠❛çã♦ s♦❜r❡

❞✐❢❡r❡♥❝✐❛✐s ❝❛❞❛ ✈❡③ ♠❛✐s ❧♦♥❣❛s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ q✉❡❞❛ ❡♠ ✜❧tr❛çã♦ ✈❛✐ ❛✉♠❡♥t❛♥❞♦ ❛

♠❡❞✐❞❛ q✉❡ r ❝r❡s❝❡✳ ❆ ❞✐❢❡r❡♥❝✐❛❧ d0 ❞♦ ❝♦♠♣❧❡①♦ é ❛ ♣❛rt❡ ❞❡ ∂ q✉❡ ♥ã♦ ❞❡❝r❡s❝❡ ♥❛ ✜❧tr❛çã♦✱

d1 ❞✐③ r❡s♣❡✐t♦ à ♣❛rt❡ ❞❡ ∂ q✉❡ r❡❞✉③ ❛ ✜❧tr❛çã♦ ♣♦r ♥ã♦ ♠❛✐s ❞♦ q✉❡ ✉♠ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

❚❡♠♦s ❛✐♥❞❛ q✉❡ H(Er, dr) = Er+1✳

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ✢✉①♦ ❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈ ❛ss♦❝✐❛❞❛ ♣r♦❞✉③✐♥❞♦
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✉♠❛ ✜❧tr❛çã♦ ❛♣r♦♣r✐❛❞❛✳ ❖ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❛❣♦r❛ ❛s s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ♥ã♦ sã♦ ♠❛✐s

❛♣❡♥❛s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ❝á❧❝✉❧♦✱ ♠❛s s✐♠ ✐♥t❡r❡ss❛♥t❡s ♦❜❥❡t♦s ♣♦r s✐ ♣ró♣r✐♦s✳ ❆s s✉❛s ❞✐❢❡✲

r❡♥❝✐❛✐s ♠❛✐s ❛❧t❛s ❝♦❞✐✜❝❛♠ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥❢♦r♠❛çõ❡s s✐❣♥✐✜❝❛♥t❡s ♥❛s tr❛❥❡tór✐❛s ✧❧♦♥❣❛s✧

❞♦ s✐st❡♠❛✳ ❊st❛ ❢♦r♠❛ ❞❡ ✈❡r s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ♣♦❞❡ t❛♠❜é♠ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❈✸❪ ❡

❬❇❛❈❪✳

❉♦✐s ♣♦♥t♦s sã♦ ❛❜♦r❞❛❞♦s✳ ❖ ♣r✐♠❡✐r♦ ❝♦♥s✐st❡ ♥❛ ❞❡t❡❝çã♦ ❞❡ ❝✐❝❧♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

♦s ❣❡r❛❞♦r❡s ❞♦ ❝♦♠♣❧❡①♦ C ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛ sã♦ ❡s♣❡❝í✜❝♦s✱ ♣♦r ❡①❡♠♣❧♦✱ sã♦ s✐♥❣✉❧❛r✐❞❛❞❡s

♥♦ ❝❛s♦ ▼♦rs❡✳ ❖ ❞♦♠í♥✐♦ Er
p,q ❞❡ d

r
p,q✱ ❝♦♠ p+ q = k✱ é ✉♠ ❝❡rt♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠ s✉❜✲♠ó❞✉❧♦

❞❡ C✳ ❊❧❡♠❡♥t♦s ❞❡st❡ ❞♦♠í♥✐♦ sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C ❝❤❛♠❛❞♦s k✲❝✐❝❧♦s✱ ❝✉❥❛s

❝❧❛ss❡s ❛♣r♦♣r✐❛❞❛s ❡stã♦ ♥♦ ♥ú❝❧❡♦ ❞❡ t♦❞❛s ❛s ❞✐❢❡r❡♥❝✐❛✐s ❛♥t❡r✐♦r❡s ds, s < r✳ ❊♥❝♦♥tr❛r ✉♠

s✐st❡♠❛ ❞❡ k✲❝✐❝❧♦s q✉❡ ❣❡r❡♠ Er ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ♦r✐❣✐♥❛❧ ❞❡ C é ♥ã♦ tr✐✈✐❛❧ ♥❛ ♣rát✐❝❛✱

♠❛s é ♥❡❝❡ssár✐♦ ❡♠ ❛♣❧✐❝❛çõ❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ t♦♣♦❧♦❣✐❛ s✐♠♣❧ét✐❝❛✱ ✈❡❥❛ ❬▲❪✳ ◆❡st❡ tr❛❜❛❧❤♦

❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ✈❛rr❡❞✉r❛ q✉❡ ♣r♦❞✉③ ❡ss❡ s✐st❡♠❛ ❞❡ ❣❡r❛❞♦r❡s✳ ◆♦ ❚❡♦r❡♠❛

✸✳✵✳✻ ♠♦str❛♠♦s q✉❡ ♦s ❡s♣❛ç♦s Er sã♦ ❞❡t❡r♠✐♥❛❞♦s ❛♣❧✐❝❛♥❞♦✲s❡ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ à

♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ ❛♦ ✢✉①♦✳

❖ s❡❣✉♥❞♦ ♣♦♥t♦ é ✉♠❛ ♦✉tr❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✳ ❆ss✉♠✐♥❞♦ q✉❡ ♥❡ss❛

✧s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❞✐♥â♠✐❝❛✧ ♣♦ss❛♠♦s ✐❞❡♥t✐✜❝❛r ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ♥✉❧❛ ❧♦♥❣❛✱ q✉❛✐s ❛s

❝♦♥s❡qüê♥❝✐❛s q✉❡ ✐ss♦ ♣♦❞❡ ❛❝❛rr❡t❛r❄ ➱ ✈❡r❞❛❞❡ q✉❡ ♥❡st❡ ❝❛s♦ ❡①✐st❡♠ ✧ór❜✐t❛s ❧♦♥❣❛s✧

❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❡ ✉♠ ♦✉tr♦ ❞✐st❛♥t❡❄ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ✐st♦ ♥ã♦ é ✈❡r❞❛❞❡

❡♠ ❣❡r❛❧✱ ♦✉ s❡❥❛✱ ♥❡♠ s❡♠♣r❡ ❡①✐st❡♠ ór❜✐t❛s ❝♦♥❡❝t❛♥❞♦ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱

♠♦str❛♠♦s ♥♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ q✉❡✱ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ♥✉❧❛ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱

❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ✉♥✐♥❞♦ ❞♦✐s ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s✳ ❊st❡ ❝❛♠✐♥❤♦ é ❝♦♥st✐t✉í❞♦ ❞❡ ❝✉r✈❛s

q✉❡ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ❧✐♥❤❛s ❞❡ ✢✉①♦✱ ♦♥❞❡ ❛❧❣✉♥s ❞❡ s❡✉s ❛r❝♦s ❝♦rr❡s♣♦♥❞❡♠ ❛ ❧✐♥❤❛s ❞♦

✢✉①♦ r❡✈❡rs♦✳ ❊st❡ r❡s✉❧t❛❞♦ é ❝❤❛♠❛❞♦ ❞❡ ❚❡♦r❡♠❛ ❞♦ ❩✐❣✲❩❛❣✳ ■st♦ é ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡

ór❜✐t❛s ❧♦♥❣❛s tê♠ ❛❧t❛ ❡♥❡r❣✐❛✱ ♦✉ s❡❥❛✱ ❛ ✈❛r✐❛çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ❛çã♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ór❜✐t❛

é ❣r❛♥❞❡✳ ❉❡t❡❝t❛r ór❜✐t❛s ❝♦♠ ❛❧t❛ ❡♥❡r❣✐❛ é s✐❣♥✐✜❝❛♥t❡ ❣❡♦♠❡tr✐❝❛♠❡♥t❡✱ ✈❡❥❛ ❬❇❛❈❪✳

◆♦ ❈❛♣ít✉❧♦ ✶ ✐♥tr♦❞✉③✐♠♦s ♦s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳

❆♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❞❛s ❚❡♦r✐❛s ❞❡ ❈♦♥❧❡② ❡ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳
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◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✱ ❜❡♠ ❝♦♠♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡

s❡❣✉❡♠ ❞❡st❡ ♠ét♦❞♦✳

◆♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹ ❞❡♠♦♥str❛♠♦s ♦s ❚❡♦r❡♠❛s ✸✳✵✳✻ ❡ ✹✳✵✳✶✹✱ q✉❡ ❝♦♥❡❝t❛♠ ❛ ♠✉❞❛♥ç❛

❛❧❣é❜r✐❝❛ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Z✲♠ó❞✉❧♦s ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ ✉♠❛ ❢❛♠í❧✐❛ ♣❛rt✐❝✉❧❛r ❞❡ ♠✉✲

❞❛♥ç❛s ❞❡ ❜❛s❡ s♦❜r❡ Q ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆✳ ❊st❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥✉♥❝✐❛❞♦s ❞❡

❢♦r♠❛ r❡s✉♠✐❞❛ ❝♦♠♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ❆s ♠❛tr✐③❡s ∆r ♦❜t✐❞❛s ❞♦ ♠ét♦❞♦ ❞❡ ✈❛rr❡❞✉r❛ ❛♣❧✐❝❛❞♦ ❛ ∆ ❞❡t❡r♠✐♥❛♠ ❣❡r❛❞♦r❡s

♣❛r❛ ♦s ❡s♣❛ç♦s Er
p✳ ❆❧é♠ ❞✐ss♦✱ s❡ Er

p ❡ Er
p−r sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ dr

p :

Er
p → Er

p−r é ✐♥❞✉③✐❞❛ ♣♦r ∆r✱ ♦✉ s❡❥❛✱ é ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣❡❧❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1

q✉❛♥❞♦ ❛ ♠❡s♠❛ é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛

❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳

◆♦ ❈❛♣ít✉❧♦ ✺ ♠♦str❛♠♦s ♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻✱ q✉❡ ♣r♦✈❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡

❧✐♥❤❛s ❞❡ ✢✉①♦ ϕ ❝♦♥❡❝t❛♥❞♦ ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦♥s❡❝✉t✐✈❛s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱

❚❡♦r❡♠❛ ❙❡❥❛ (Er, dr) ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ✐♥❞✉③✐❞❛ ♣♦r ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ▼♦rs❡

❈♦♥❧❡② (C,∆) ❞❡ ✉♠ ✢✉①♦ ϕ ♦♥❞❡ ∆ é ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ s♦❜r❡ Z✳ ❙❡ ❛ ❞✐❢❡r❡♥❝✐❛❧

dr
p : Er

p,q → Er
p−r,q+r−1 é ♥ã♦ ♥✉❧❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❞❡ ϕ ✉♥✐♥❞♦

hk ∈ Fp \ Fp−1 ❛ hk−1 ∈ Fp−r \ Fp−r−1✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s ✲ ❚❡♦r✐❛ ❞❡ ❈♦♥❧❡② ❡

❙❡qüê♥❝✐❛s ❊s♣❡❝tr❛✐s

✶✳✶ ❋❧✉①♦s

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ s✉❛✈❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❡ ϕ : M × R → M ✉♠ ✢✉①♦ ❝♦♥tí♥✉♦

❡♠ M ✳ ❱❡❥❛ ❙❛❧❛♠♦♥ ❬❙❛✶❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ❞❡♠♦♥str❛çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠ ❝♦♥❥✉♥t♦ S ⊂ M é ✐♥✈❛r✐❛♥t❡ s♦❜ ♦ ✢✉①♦ ϕ s❡ ♣❛r❛ t♦❞♦ γ ∈ S✱

ϕ(γ, t) ∈ S ♣❛r❛ t♦❞♦ t ∈ R✳

❙❡ S é ✐♥✈❛r✐❛♥t❡ s♦❜ ϕ✱ ❡♥tã♦ S ✭❢❡❝❤♦ ❞❡ S✮ ❡ Sc ✭❝♦♠♣❧❡♠❡♥t❛r ❞❡ S✮ sã♦ ✐♥✈❛r✐❛♥t❡s✳

❆❧é♠ ❞✐ss♦✱ ❛ ✉♥✐ã♦ ❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡ é t❛♠❜é♠ ✐♥✈❛r✐❛♥t❡✳ ❯♠ ❝♦♥❥✉♥t♦

é ✐♥✈❛r✐❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❛ ✉♥✐ã♦ ❞❡ ór❜✐t❛s✳

❙❡❥❛ N ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ M ✳ ❉❡♥♦t❛♠♦s ♣♦r Inv(N) ♦ s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧

❞❡ N ✱ ♦✉ s❡❥❛✱

Inv(N) = {γ ∈ N / ϕ(γ, t) ∈ N ∀ t ∈ R}

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❯♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ S é ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❝♦♠♣❛❝t❛ N ❞❡ S t❛❧ q✉❡ S é ♦ ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧ ❡♠ N ♦✉ s❡❥❛✱ S = Inv(N)✳ ◆❡st❡ ❝❛s♦✱

N é ❝❤❛♠❛❞♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ✐s♦❧❛♥t❡ ❞❡ S✳

✶



✷

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❉❛❞♦ Y ⊂M ✱ ♦ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ Y ✱ ❞❡♥♦t❛❞♦ ♣♦r ω(Y )✱ é ♦ ❝♦♥❥✉♥t♦

ω(Y ) = Inv(ϕ(Y, [0,∞)))

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ω∗✲❧✐♠✐t❡ ❞❡ Y é

ω∗(Y ) = Inv(ϕ(Y, (−∞, 0]))

❡ é t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r α(Y )✳

❖ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ é ❛ ✉♥✐ã♦ ❞♦s ❝♦♥❥✉♥t♦s ω✲❧✐♠✐t❡ ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ z ∈ Y ✱ ω(z) ⊂ ω(Y )✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ ❣❡r❛❧ ω(Y ) é ♠❛✐♦r ❞♦ q✉❡ ❛ ✉♥✐ã♦ ❞♦s

ω(y) ♣❛r❛ y ∈ Y ✳

❙❡ S é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❢❡❝❤❛❞♦ ❝♦♠♣❛❝t♦ ❡♠ M ❡ Y ⊂ S ❡♥tã♦ ω(Y ) ❡ ω∗(Y ) sã♦

♣♦r ❞❡✜♥✐çã♦ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s ♥ã♦ ✈❛③✐♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡s ❝♦♥❥✉♥t♦s sã♦ ❝♦♠♣❛❝t♦s ❡♠

S✱ ❥á q✉❡ sã♦ ❢❡❝❤❛❞♦s ❡♠ S✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ S é ✉♠ ❛tr❛t♦r ❝♦♠ r❡❧❛çã♦ ❛ S s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐✲

♥❤❛♥ç❛ U ❞❡ A ❡♠ S t❛❧ q✉❡ ω(U) = A✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ A ⊂ S é ✉♠ r❡♣✉❧s♦r ❝♦♠ r❡❧❛çã♦ ❛

S s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U∗ ❞❡ A ❡♠ S t❛❧ q✉❡ ω∗(U∗) = A✳

❖ ▲❡♠❛ ✶✳✶✳✺ é ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❛tr❛t♦r❡s✳

▲❡♠❛ ✶✳✶✳✺✳ ❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ s♦❜ ♦ ✢✉①♦ ϕ ❡ A ✉♠ s✉❜❝♦♥❥✉♥t♦

❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ ❡♠ S✳ ❊♥tã♦ A é ✉♠ ❛tr❛t♦r ❡♠ S s❡ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

U ❞❡ A ❡♠ S t❛❧ q✉❡ γ ∈ U \ A ✐♠♣❧✐❝❛ ϕ(γ, (−∞, 0]) * U ✳

❚♦❞♦ ❛tr❛t♦r é ✉♠ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ ❡ t♦❞♦ r❡♣✉❧s♦r é ✉♠ ❛tr❛t♦r ♣❛r❛ ♦ ✢✉①♦ r❡✈❡rs♦✳

❙❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ A ✉♠ ❛tr❛t♦r ❡♠ S✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

A∗ = {γ ∈ S / ω(γ) ∩ A = ∅}✳ A∗ é ✉♠ r❡♣✉❧s♦r✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ r❡♣✉❧s♦r ❝♦♠♣❧❡♠❡♥t❛r ❞❡

A ❡♠ S✳ A∗ é ♦ ♠❛✐♦r s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❞❡ S ❞✐s❥✉♥t♦ ❞♦ ❛tr❛t♦r A✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✻✳ ❙❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ A ⊂ S✳ ❙❡ A′ é ✉♠ ❛tr❛t♦r

❡♠ A ❡ A é ✉♠ ❛tr❛t♦r ❡♠ S✱ ❡♥tã♦ A′ é ✉♠ ❛tr❛t♦r ❡♠ S✳



✸

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ U t❛❧ q✉❡ ω(U) = A✳ ❈♦♠♦ A′ é ✉♠ ❛tr❛t♦r ❡♠ A✱ ❡①✐st❡ U ′

✈✐③✐♥❤❛♥ç❛ ❞❡ A′ ❡♠ S✱ U ′ ⊂ U ✱ t❛❧ q✉❡ ω(U ′ ∩ A) = A′✳

❙❡❥❛ γ ∈ U ′ t❛❧ q✉❡ ϕ(γ, (−∞, 0]) ⊂ U ′✳ ❊♥tã♦ ϕ(γ, (−∞, 0]) ⊂ U ❡ ♣♦rt❛♥t♦ γ ∈ ω(U) = A✳

❙❡❣✉❡ q✉❡ ϕ(γ, (−∞, 0]) ⊂ U ′ ∩ A ❡✱ ♣♦rt❛♥t♦✱ γ ∈ ω(U ′ ∩ A) = A′✳

❆ss✐♠✱ ❞❛❞♦ γ ∈ U ′ t❛❧ q✉❡ ϕ(γ, (−∞, 0]) ⊂ U ′ ❡♥tã♦ γ ∈ A′✳ P❡❧♦ ▲❡♠❛ ✶✳✶✳✺✱ A′ t❛♠❜é♠

é ❛tr❛t♦r ❡♠ S✳

❙❡ A ❡ B sã♦ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s ❝♦♠♣❛❝t♦s ❡♠ M ✱ ❡♥tã♦ C(A,B) é ♦ ❝♦♥❥✉♥t♦ ❞❛s

ór❜✐t❛s ❝♦♥❡❝t❛♥❞♦ B ❛ A ❡♠ M ✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ {γ ∈ M | ω(γ) ⊂ A ❛♥❞ ω∗(γ) ⊂ B}✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ A ⊂M é ✉♠ ❛tr❛t♦r ❡ A∗ é s❡✉ ❝♦♠♣❧❡♠❡♥t❛r r❡♣✉❧s♦r✱ ❡♥tã♦ ♦ ♣❛r ❛tr❛t♦r

r❡♣✉❧s♦r (A,A∗) ❡♠ M ❞❡❝♦♠♣õ❡ M ♥❛ ✉♥✐ã♦ M = A ∪ C(A,A∗) ∪ A∗✳

✶✳✷ ❖r❞❡♥s ♣❛r❝✐❛✐s

❈♦♥s✐❞❡r❡♠♦s P ✉♠ ❝♦♥❥✉♥t♦ ✐♥❞❡①❛♥t❡ ✜♥✐t♦ ❝♦♠ m ❡❧❡♠❡♥t♦s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛

❡st❛ s❡çã♦ sã♦ ❬❋r✶❪✱ ❬❋r✷❪ ❡ ❬❋r✸❪✳

• ❯♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P é ✉♠❛ r❡❧❛çã♦ < ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ P s❛t✐s❢❛③❡♥❞♦✿

✭❛✮ π < π ♥✉♥❝❛ ✈❛❧❡ ♣❛r❛ π ∈ P

✭❜✮ π < π′ ❡ π′ < π′′ ✐♠♣❧✐❝❛♠ π < π′′✳

• ❯♠❛ ♦r❞❡♠ t♦t❛❧ ❡♠ P é ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P q✉❡ t❛♠❜é♠ s❛t✐s❢❛③✿

✭❝✮ P❛r❛ ❝❛❞❛ π ❡ π′ ❡♠ P ✱ ♦✉ π < π′ ♦✉ π′ < π✳

❙❡ π ❡ π′ sã♦ t❛✐s q✉❡ ♥❡♠ π < π′ ❡ ♥❡♠ π′ < π ❡♥tã♦ π ❡ π′ sã♦ ♥ã♦ ❝♦♠♣❛rá✈❡✐s✳

❙❡❥❛ < ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ✳ ❯♠❛ ❡①t❡♥sã♦ ❞❡ < é ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ <′ ❡♠ P t❛❧

q✉❡ π < π′ ✐♠♣❧✐❝❛ π <′ π′✳ ❙❡ <′ é ✉♠❛ ♦r❞❡♠ t♦t❛❧ ❡♠ P ❡♥tã♦ <′ é ✉♠❛ ❡①t❡♥sã♦ ❧✐♥❡❛r ❞❡

<✳



✹

❙❡ P ⊂ P ✱ ❡♥tã♦ < ✐♥❞✉③ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ❝❤❛♠❛❞❛ ❞❡ r❡str✐çã♦ ❞❡ < ❛ P ✳

❯♠ ✐♥t❡r✈❛❧♦ ❡♠ P é ✉♠ s✉❜❝♦♥❥✉♥t♦ I ⊂ P ♣❛r❛ ♦ q✉❛❧ π, π′ ∈ I ❡ π < π′′ < π′ ✐♠♣❧✐❝❛♠

π′′ ∈ I✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡r✈❛❧♦s ❡♠ < é ❞❡♥♦t❛❞♦ ♣♦r I(<)✳ ❯♠ ✐♥t❡r✈❛❧♦ I ❡♠ I(<) é ✉♠

✐♥t❡r✈❛❧♦ ❛tr❛t♦r s❡ π ∈ I ❡ π′ < π ✐♠♣❧✐❝❛♠ π′ ∈ I✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡r✈❛❧♦s ❛tr❛t♦r❡s ❞❡ <

é ❞❡♥♦t❛❞♦ ♣♦r A(<)✳ ❉♦✐s ❡❧❡♠❡♥t♦s π, π′ sã♦ ❛❞❥❛❝❡♥t❡s s❡ {π, π′} ∈ I(<)✳

◆♦ q✉❡ s❡❣✉❡✱ < ❞❡♥♦t❛ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ❡ t❛♠❜é♠ ❛ ♦r❞❡♠ ✉s✉❛❧ ♥♦s ✐♥t❡✐r♦s Z✳

❯♠❛ s✲✉♣❧❛ ❛❞❥❛❝❡♥t❡ ❞❡ ✐♥t❡r✈❛❧♦s ❡♠ < é ✉♠❛ ❝♦❧❡çã♦ ♦r❞❡♥❛❞❛ (I1, . . . , Is) ❞❡ ✐♥t❡r✈❛❧♦s

♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s ❡♠ < s❛t✐s❢❛③❡♥❞♦✿

• ∪s
i=1Ii ∈ I(<)✱

• π ∈ Ij✱ π′ ∈ Ik✱ j < k ✐♠♣❧✐❝❛ π′ ≮ π✱ ♦✉ s❡❥❛✱ π < π′ ♦✉ π ❡ π′ sã♦ ♥ã♦ ❝♦♠♣❛rá✈❡✐s✳

❆ ❝♦❧❡çã♦ ❞❡ s✲✉♣❧❛s ❛❞❥❛❝❡♥t❡s ❞❡ ✐♥t❡r✈❛❧♦s ❡♠ < é ❞❡♥♦t❛❞❛ ♣♦r Is(<)✳ ◆♦t❡ q✉❡ I(<

) = I1(<)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ s❡ <′ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ < ♦✉ ✉♠❛ r❡str✐çã♦ ❞❡ < ❛ ✉♠ ✐♥t❡r✈❛❧♦

❡♠ < ❡♥tã♦ Is(<′) ⊂ Is(<)✳ ❙❡ (I, J) é ✉♠ ♣❛r ❛❞❥❛❝❡♥t❡ ❞❡ ✐♥t❡r✈❛❧♦s ❡♥tã♦ ❞❡♥♦t❛♠♦s ♦

✐♥t❡r✈❛❧♦ I ∪ J ♣♦r IJ ✳ ❙❡ (I, J) ❡ (J, I) sã♦ ❛♠❜♦s ♣❛r❡s ❛❞❥❛❝❡♥t❡s ❞❡ ✐♥t❡r✈❛❧♦s✱ ❡♥tã♦ I ❡

J sã♦ ♥ã♦ ❝♦♠♣❛rá✈❡✐s✳ ❙❡ (I1, . . . , Is) ∈ Is(<) ❡ ∪s
i=1Ii = I✱ ❡♥tã♦ (I1, . . . , Is) é ❝❤❛♠❛❞❛ ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ I✳ ➱ ❝❧❛r♦ q✉❡ s❡ (I, J,K) é ✉♠❛ tr✐♣❧❛ ❛❞❥❛❝❡♥t❡ ❞❡ ✐♥t❡r✈❛❧♦s✱ ❡♥tã♦ (I, J)✱

(J,K)✱ (IJ,K)✱ (I, JK) sã♦ t♦❞♦s ♣❛r❡s ❛❞❥❛❝❡♥t❡s ❞❡ ✐♥t❡r✈❛❧♦s✳

✶✳✸ ❮♥❞✐❝❡ ❞❡ ❈♦♥❧❡②

◆❡st❛ s❡çã♦ ❞❡✜♥✐♠♦s ♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② ❡ ❞❡st❛❝❛♠♦s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳ ❆s r❡❢❡✲

rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬❈♦❪ ❡ ❬❙❛✶❪✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛ N ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡M ✳ ❯♠ s✉❜❝♦♥❥✉♥t♦K é ♣♦s✐t✐✈❛♠❡♥t❡

✐♥✈❛r✐❛♥t❡ ❡♠ N s❡

γ ∈ K, t ≥ 0, ϕ(γ, [0, t]) ⊂ N =⇒ ϕ(γ, t) ∈ K

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ϕ(γ, [0, t]) ⊂ K✳



✺

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❙❡❥❛ S ⊂M ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦✳ ❯♠ ♣❛r (N1, N0) ❞❡ ❝♦♥❥✉♥t♦s

❝♦♠♣❛❝t♦s ❡♠ M é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ S ❡♠ M s❡ N0 ⊂ N1 ❡

✐✮ N1 \N0 é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ S ❡♠ M ❡ S = Inv(N1 \N0)✱

✐✐✮ N0 é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❡♠ N1✱

✐✐✐✮ ❙❡ γ ∈ N1 é t❛❧ q✉❡ ϕ(γ, [0,∞)) * N1 ❡♥tã♦ ❡①✐st❡ t ≥ 0 t❛❧ q✉❡ ϕ(γ, [0, t]) ⊂ N1 ❡

ϕ(γ, t) ∈ N0✳

❖ ♣❛r✲í♥❞✐❝❡ ❡①✐st❡ ♣❛r❛ ✈✐③✐♥❤❛♥ç❛s ✐s♦❧❛♥t❡s ❛r❜✐trár✐❛s ❞♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ S✳

❆ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡ ♣❛r✲í♥❞✐❝❡ é q✉❡ ♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞♦ ❡s♣❛ç♦ ♣♦♥t✉❛❞♦

N1/N0 ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦ ♣❛r✲í♥❞✐❝❡ ❡✱ ♣♦rt❛♥t♦✱ só ❞❡♣❡♥❞❡ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ✢✉①♦

♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ S✳ ❆s ❞❡♠♦♥str❛çõ❡s ❞❡st❡s ❢❛t♦s ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞❛s ❡♠ ❬❙❛✶❪✳ ▲♦❣♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡②✳

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ ❡♠ M ✳ ❊♥tã♦ ♦ t✐♣♦ ❤♦♠♦tó♣✐❝♦

c(S) = [N1/N0] ❞♦ ❡s♣❛ç♦ ♣♦♥t✉❛❞♦ N1/N0✱ ♦♥❞❡ (N1, N0) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ S ❡♠ M é

❝❤❛♠❛❞♦ í♥❞✐❝❡ ❤♦♠♦tó♣✐❝♦ ❞❡ ❈♦♥❧❡② ❞❡ S ❡♠ M ✳

❊①❡♠♣❧♦ ✶✳✸✳✹✳ ❖ í♥❞✐❝❡ ❤♦♠♦tó♣✐❝♦ ❞❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞♦ ✢✉①♦ ❡♠ ✉♠❛

✈❛r✐❡❞❛❞❡ é ♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❛ ❡s❢❡r❛ ♣♦♥t✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ ❞❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧

❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛ ❞❛ ❡①✐stê♥❝✐❛ ❡ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞♦ ♣❛r✲í♥❞✐❝❡ t❡♠♦s ♦ ❈♦r♦❧ár✐♦ ✶✳✸✳✺✱

q✉❡ ❣❡♥❡r❛❧✐③❛ ❛ ✐❞é✐❛ ❞❡ ✉♠ ♣❛r✲í♥❞✐❝❡ ❞❡ S ♣❛r❛ ✉♠ tr✐♦✲í♥❞✐❝❡ (N0, N1, N2) ❞❡ ✉♠ ♣❛r

❛tr❛t♦r✲r❡♣✉❧s♦r (A,A∗) ❡♠ S✳

❈♦r♦❧❛r✐♦ ✶✳✸✳✺✳ ❙❡❥❛♠ S ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ ❡♠ M ✱ (A,A∗) ✉♠ ♣❛r ❛tr❛t♦r✲

r❡♣✉❧s♦r ❡♠ S ❡ (N2, N0) ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ S✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✜❧tr❛çã♦ N0 ⊂ N1 ⊂ N2 ❞❡

❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❡♠M t❛✐s q✉❡ (N1, N0) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ A ❡ (N2, N1) é ✉♠ ♣❛r✲í♥❞✐❝❡

♣❛r❛ A∗✳



✻

❈♦♥❧❡② ✐♥tr♦❞✉③ ❡♠ ❬❈♦❪ ❛ ✐❞é✐❛ ❞❡ tr✐♦s ❡ ❑✉r❧❛♥❞ ♣r♦✈♦✉ s✉❛ ❡①✐stê♥❝✐❛ ❡♠ ❬❑❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳ ❈♦♥s✐❞❡r❡ ♦ tr✐♦ N0 ⊂ N1 ⊂ N2✳ ❙❡ (N1, N0) é ♣❛r✲í♥❞✐❝❡ ♣❛r❛ A ❡

(N2, N0) é ♣❛r✲í♥❞✐❝❡ ♣❛r❛ S✱ ❡♥tã♦ (N2, N1) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ A∗✳

◆ã♦ ❢❛r❡♠♦s ✉s♦ ❞❛ ❡str✉t✉r❛ ❝♦♠♣❧❡t❛ ❞♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② ♥♦ q✉❡ s❡❣✉❡✳ ❆♦ ✐♥✈és ❞✐ss♦✱

✈❛♠♦s ✉t✐❧✐③❛r ❛❧❣♦ ♠❛✐s ❢r❛❝♦✱ ♣♦ré♠ ♠❛✐s ❛❧❣é❜r✐❝♦✳ ❆ ♠❛✐♦r✐❛ ❞♦s ♦❜❥❡t♦s ❛❧❣é❜r✐❝♦s ❛ss♦❝✐❛✲

❞♦s ❛ ❡s♣❛ç♦s ❡♠ t♦♣♦❧♦❣✐❛ ❛❧❣é❜r✐❝❛ sã♦ ✐♥✈❛r✐❛♥t❡s ❤♦♠♦tó♣✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ♦s Z✲♠ó❞✉❧♦s

❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✳ ❖ í♥❞✐❝❡ ❤♦♠♦✲

❧ó❣✐❝♦ ❞❡ S✱ H(c(S))✱ é ♦ Z✲♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ {Hq(c(S)), q = 1, . . .}✱ ♦♥❞❡ Hq(c(S)) é ♦ q✲és✐♠♦

Z✲♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❞❡ q✉❛❧q✉❡r ✉♠ ❞♦s q✉♦❝✐❡♥t❡s N1/N0✱ ♦♥❞❡ (N1, N0) é ✉♠

♣❛r✲í♥❞✐❝❡ ♣❛r❛ S✳ ❖ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦ ❞❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠ ✈❛r✐❡❞❛❞❡ ✐♥stá✲

✈❡❧ ❞❡ ❞✐♠❡♥sã♦ d é Hd(c(S)) = Z✱ Hq(c(S)) = 0 ♣❛r❛ q 6= d✳ ●❡r❛❧♠❡♥t❡ é ♠❛✐s ❢á❝✐❧ ❝❛❧❝✉❧❛r

♦ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦ ❞♦ q✉❡ ♦ í♥❞✐❝❡ ❤♦♠♦tó♣✐❝♦✳ ◆♦ ❡♥t❛♥t♦ ♣❡r❞❡♠♦s ❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s

q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ♦ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦✳

✶✳✹ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡

❙❡❥❛♠ A ⊂ M é ✉♠ ❛tr❛t♦r ❡ A∗ é s❡✉ ❝♦♠♣❧❡♠❡♥t❛r r❡♣✉❧s♦r✳ ❙❛❜❡♠♦s q✉❡ ♦ ♣❛r ❛tr❛t♦r

r❡♣✉❧s♦r (A,A∗) ❡♠ M ❞❡❝♦♠♣õ❡ M ♥❛ ✉♥✐ã♦ M = A∪C(A,A∗)∪A∗✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❛

✐❞é✐❛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡M ✳ ❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬❈♦❪✱ ❬❋r✶❪✱ ❬❋r✷❪✱

❬❋r✸❪ ❡ ❬❙❛✶❪✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛ < ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ♥✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ P ✳ ❯♠❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ ▼♦rs❡ <✲♦r❞❡♥❛❞❛ ❞❡ M é ✉♠❛ ❝♦❧❡çã♦ D(M) = {Mπ}π∈P ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s

✐♥✈❛r✐❛♥t❡s ❞❡ M ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s t❛✐s q✉❡ s❡ γ ∈M \ ∪π∈PMπ✱ ❡♥tã♦ ❡①✐st❡ π < π′ ❝♦♠

γ ∈ C(Mπ,Mπ′)✳

❆ss✐♠✱ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ ϕ é ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s

❝♦♠♣❛❝t♦s ❞✐s❥✉♥t♦s Mπ q✉❡ ❥✉♥t♦s ❝♦♥té♠ t♦❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s
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❞❡ ϕ✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s é ♣r❡❝✐s❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s q✉❡

♣❡rt❡♥❝❡♠ ❛ t♦❞❛s ❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ M q✉❡ ♣❡rt❡♥❝❡ ❛ ❛❧❣✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ é

❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✳ ❙❡ <1 é ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ✱ ❡♥tã♦ D(M) = {Mπ}π∈P é ✉♠❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ❞❡ ▼♦rs❡ <1✲♦r❞❡♥❛❞❛ ❞❡ M s❡ ❡ s♦♠❡♥t❡ s❡ C(Mπ,Mπ′) 6= ∅ ✐♠♣❧✐❝❛ π <1 π
′ ♣❛r❛

❝❛❞❛ π✱ π′ ∈ P ✳

❆ ♦r❞❡♠ ♣❛r❝✐❛❧ < ❡♠ P ✐♥❞✉③ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ D(M)✳ ❊st❛ ♦r❞❡♠ ♣❛r❝✐❛❧✱ t❛♠❜é♠

❞❡♥♦t❛❞❛ ♣♦r <✱ é ❝❤❛♠❛❞❛ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✳ ❖ ✢✉①♦ ❡♠

M ❞❡✜♥❡ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ♥❛t✉r❛❧ ❡♠ P ❝❤❛♠❛❞❛ ♦r❞❡♠ ❞♦ ✢✉①♦ ❞❡ D(M)✱ ❞❡♥♦t❛❞❛ <ϕ✳

❆ ♦r❞❡♠ ❞♦ ✢✉①♦ é ❞❡✜♥✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦ π <ϕ π′ s❡ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡ ✉♠❛ s❡qüê♥❝✐❛

❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ P : π = π1, . . . , πℓ = π′ ❝♦♠ C(Mπj
,Mπj+1

) 6= ∅ ♣❛r❛ ❝❛❞❛ j =

1, . . . , ℓ− 1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ π <ϕ π
′ s❡♠♣r❡ q✉❡ C(Mπ,Mπ′) 6= ∅ ❡ ❡st❡♥❞❡♠♦s ✉s❛♥❞♦ ❛

tr❛♥s✐t✐✈✐❞❛❞❡✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✸ q✉❡ <ϕ é ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ❡ D(M) é ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ <ϕ✲♦r❞❡♥❛❞❛ ❞❡ M ✳ ❆ ♦r❞❡♠ ❞♦ ✢✉①♦ <ϕ é ✉♠❛ ♦r❞❡♠ ♠✐♥✐♠❛❧ ❡♠

D(M)✱ ♦✉ s❡❥❛✱ t❡♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ r❡❧❛çõ❡s ❡♥tr❡ t♦❞❛s ❛s ♦✉tr❛s ♦r❞❡♥s ❛❞♠✐ssí✈❡✐s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✹✳ ❚♦❞❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ ❡♠ D(M) é ✉♠❛ ❡①t❡♥sã♦ ❞❛ ♦r❞❡♠ ❞♦ ✢✉①♦ <ϕ✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ π <ϕ π
′✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡qüê♥❝✐❛ π = π1, . . . , πℓ = π′

t❛❧ q✉❡ C(Mπj
,Mπj+1

) 6= ∅ ♣❛r❛ ❝❛❞❛ j = 1, . . . , ℓ − 1✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✸✱ πj−1 < πj ♣❛r❛

j = 1, . . . , ℓ− 1✳ P♦rt❛♥t♦ π < π′ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❯♠❛ ♦✉tr❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ q✉❡ ♠❡r❡❝❡ ♥♦ss❛ ❛t❡♥çã♦ é ❛ ♦r❞❡♠ ❞❛ ✜❧tr❛çã♦✳ ❉❛❞♦

✉♠ ✢✉①♦ ❝♦♥tí♥✉♦ ❡♠ M ❝♦♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ✜♥✐t❛ {Mi}
m
i=1 ❡ ✉♠❛ ❢✉♥çã♦ ❞❡

▲②❛♣✉♥♦✈ t❛❧ q✉❡ f−1(ci) = Mi ❡♥tã♦ ❛ ✜❧tr❛çã♦

{f−1(ci − ǫ, ci + ǫ)}m
i=1



✽

❞❡✜♥❡ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ ❡♠ M ❝❤❛♠❛❞❛ ♦r❞❡♠ ❞❛ ✜❧tr❛çã♦ ❡ ❞❡♥♦t❛❞❛ ♣♦r <f ✳ ❊st❛

♦r❞❡♠ é ✉♠❛ ♦r❞❡♠ t♦t❛❧ ❡♠ M ✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ✉s❛r♠♦s ❛ ♦r❞❡♠ ❞❛ ✜❧tr❛çã♦ ♣❛r❛ ❞❡✜♥✐r♠♦s ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é q✉❡

❡st❛ é ✉♠❛ ♦r❞❡♠ ♠✉✐t♦ ❢♦rt❡ ❡✱ ♣♦rt❛♥t♦ t❡♠♦s ❜❡♠ ♠❡♥♦s ♣❛r❡s ❛❞❥❛❝❡♥t❡s✳

❆ss♦❝✐❛❞❛ ❛ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ < ❞❡ D(M) ❡①✐st❡ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡

❞❡ <

MI = (∪π∈IMπ) ∪ (∪π,π′∈IC(Mπ′ ,Mπ))

♣❛r❛ ❝❛❞❛ I ∈ I(<)✳ ❈♦♠♦ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ < ❞❡ D(M) é ✉♠❛ ❡①t❡♥sã♦ ❞❛ ♦r❞❡♠ ❞♦

✢✉①♦✱ ❡♥tã♦ I(<) ⊂ I(<ϕ)✳ ❙❡❣✉❡ q✉❡ ❛ ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ❞❛ ♦r❞❡♠ ❞♦ ✢✉①♦

❝♦♥té♠ ♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ❞❡ q✉❛❧q✉❡r ♦✉tr❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✺✳ ✶✳ ❙❡ J ∈ I(<) ❡♥tã♦ ❡①✐st❡♠ ✐♥t❡r✈❛❧♦s K ∈ A(<) t❛✐s q✉❡ (K \ J, J)

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ K ❡ K \ J ∈ A(<)✳

✷✳ ❙❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❛tr❛t♦r ❡♠ <✱ ❡♥tã♦ MI é ✉♠ ❛tr❛t♦r ❡♠ S ❝♦♠ ❝♦♠♣❧❡♠❡♥t❛r

r❡♣✉❧s♦r MP\I ✳

❉❡♠♦♥str❛çã♦✿

✶✳ K = {π ∈ P | ❡①✐st❡ π′ ∈ J ❝♦♠ π < π′ ♦✉ π = π′} é ✉♠ ❡①❡♠♣❧♦✳

✷✳ ❉❡♠♦♥str❛♠♦s ✭✷✮ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ❛ ♦r❞❡♠ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ D(M)✳ ❙❡

D(M) é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❝♦♠ ❛♣❡♥❛s ✉♠ ❝♦♥❥✉♥t♦ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡✳

❙✉♣♦♥❤❛♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ t♦❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ ♦r❞❡♠ m − 1 ❡

s❡❥❛ D(M) ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ ♦r❞❡♠ m✳

❈♦♥s✐❞❡r❡♠♦s I ✉♠ ✐♥t❡r✈❛❧♦ ❡♠ A(<)✳ ❙❡❥❛ θ ✉♠ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❞❡ I✱ ♦✉ s❡❥❛✱ ♥ã♦

❡①✐st❡ π ∈ I ❝♦♠ π < θ✳ ▼♦str❡♠♦s q✉❡ Mθ é ✉♠ ❛tr❛t♦r ❡♠ S✳ ❙❡❥❛ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❝♦♠♣❛❝t❛ ❞❡ Mθ ❡♠ S ❞✐s❥✉♥t❛ ❞❡ ∪π∈P\θMπ✳

❙❡❥❛ γ ∈ U \ Mθ✳ ❊♥tã♦ ω∗(γ) ⊂ ∪π∈P\θMπ✳ ❉❡ ❢❛t♦✱ s❡ ω∗(γ) * ∪π∈P\θMπ ❡♥tã♦

ω∗(γ) ⊂ Mθ✳ ❙❡❥❛ π t❛❧ q✉❡ ω(γ) ⊂ Mπ✳ ❈♦♠♦ θ é ♠✐♥✐♠❛❧ ❡♥tã♦ π ♥ã♦ ♣♦❞❡ ❡st❛r ❡♠
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I \ θ ❡ ❝♦♠♦ I é ✉♠ ✐♥t❡r✈❛❧♦ ❛tr❛t♦r ❡♥tã♦ π ♥ã♦ ♣♦❞❡ ❡st❛r ❡♠ P \ I✳ ▲♦❣♦ π = θ✱

♦✉ s❡❥❛ ω(γ) ⊂ Mθ✳ ▼❛s ✐ss♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ γ ∈ U \Mθ✳ ▲♦❣♦ ω∗(γ) ⊂ ∪π∈P\θMπ✳

❙❡❣✉❡ q✉❡ ω∗(γ) * U ❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✺✱ Mθ é ✉♠ ❛tr❛t♦r ❡♠ S✳ MP\θ é ♦ r❡♣✉❧s♦r

❝♦♠♣❧❡♠❡♥t❛r ❞❡ Mθ ❡♠ S✳

❙❡❥❛ <∗ ❛ r❡str✐çã♦ ❞❡ < ❛ P \ θ✳ ❊♥tã♦ {Mπ | π ∈ P \ θ} é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡

<∗ ♦r❞❡♥❛❞❛✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ MI\θ é ✉♠❛ ❛tr❛t♦r ❡♠ MP\θ✳ MP\I é ♦ r❡♣✉❧s♦r

❝♦♠♣❧❡♠❡♥t❛r ❞❡ MI\θ ❡♠ MP\θ✳ ❈♦♠♦ MP\θ é r❡♣✉❧s♦r ❡♠ S ❡ MP\I é r❡♣✉❧s♦r ❡♠

MP\θ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✻ MP\I é r❡♣✉❧s♦r ❡♠ S✳ ▲♦❣♦ MI é ❛tr❛t♦r ❡♠ S✳

❋r❛♥③♦s❛ ♠♦str❛ ❡♠ ❬❋r✶❪ q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ é ✉♠ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦✳ ❈♦♠♦

❝♦♥s❡qüê♥❝✐❛ ❞✐ss♦ ♣♦❞❡♠♦s r❡str✐♥❣✐r ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❛ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ❡ ♣♦❞❡♠♦s

❡♥❣r♦ss❛r ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ✉s❛♥❞♦ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✳ ▲♦❣♦ t❡♠♦s ❛ ♣r♦♣♦s✐çã♦

s❡❣✉✐♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✻✳ ❙❡❥❛ D(M) = {Mπ}π∈P ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❡♠ S ❡ I ∈ I(<)✳

❊♥tã♦

✶✳ {Mπ}π∈I é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ <I✲♦r❞❡♥❛❞❛ ❞❡ MI ✱ ♦♥❞❡ <I é ❛ r❡str✐çã♦ ❞❡ <

❛ I✳

✷✳ {Mπ}π∈P\I ∪MI é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ s❡ ▼♦rs❡ ❞❡ S✳

❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✻ t❡♠♦s ♦ ❝♦r♦❧ár✐♦ s❡❣✉✐♥t❡✳

❈♦r♦❧❛r✐♦ ✶✳✹✳✼✳ ❙❡ (I, J) ∈ I2(<)✱ ❡♥tã♦ (MI ,MJ) é ✉♠ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r ❡♠ MIJ ✳

✶✳✺ ❈♦♥t✐♥✉❛çã♦

❆ ♣r✐♥❝✐♣❛❧ ♣r♦♣r✐❡❞❛❞❡ ❞♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② é ❛ s✉❛ ✐♥✈❛r✐â♥❝✐❛ ♣♦r ❝♦♥t✐♥✉❛çã♦✳ ❱❡r ❬❙❛✶❪✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❯♠❛ ❢❛♠í❧✐❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞❡ ✢✉①♦s s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡M é ✉♠❛ ❝♦❧❡çã♦

❞❡ ❞❡ ✢✉①♦s {ϕλ
t |λ ∈ I} ✐♥❞❡①❛❞♦s ♣♦r I = [0, 1] t❛❧ q✉❡ Φt(x, λ) = (ϕλ

t x, λ) é ✉♠ ✢✉①♦ s✉❛✈❡
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s♦❜r❡ M × I✳ ❉✐③❡♠♦s q✉❡ S0✱ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ϕ0
t ✱ ❡ S1✱ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡

♣❛r❛ ϕ1
t ✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ❝♦♥t✐♥✉❛çã♦ s❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ S ⊂M×I

♣❛r❛ Φt t❛❧ q✉❡ S0 = S ∩ {(x, 0)} ❡ S1 = S ∩ {(x, 1)}✳

❙❡ N é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ✐s♦❧❛♥t❡ ♣❛r❛ ϕλ
t ♣❛r❛ t♦❞♦ λ ∈ I✱ s❡❥❛ S = Inv(N × I) ❡♠ Φt✳

❊♥tã♦ S ❞❡✜♥❡ ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❞❡ S0 ♣❛r❛ S1✳

❈♦♠♦ ❥á ❢♦✐ ❞✐t♦✱ ❝♦♥❥✉♥t♦s r❡❧❛❝✐♦♥❛❞♦s ♣♦r ❝♦♥t✐♥✉❛çã♦ tê♠ ♦ ♠❡s♠♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡②✳

❊①❡♠♣❧♦ ✶✳✺✳✷✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢❛♠í❧✐❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ♣❛r❛♠❡✲

tr✐③❛❞❛s ♣❡❧❛ ✈❛r✐á✈❡❧ λ > 0✳

ẋ = +y ẏ = +λy − x(x− 1/3)(1 − x)

❊①✐❜✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❛s s♦❧✉çõ❡s ❧✐♠✐t❛❞❛s Sλ ❞❡st❛s ❡q✉❛çõ❡s ♣❛r❛ ✈❛❧♦r❡s ❞❡ λ

♣ró①✐♠♦ ❞❡ 0 ❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ λ ❣r❛♥❞❡s ♥❛ ❋✐❣✉r❛ ✶✳✶✳ P❛r❛ λ > 0 ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s

❧✐♠✐t❛❞❛s é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ ❡ ❛ ❝♦❧❡çã♦ Mλ = {M i
λ} é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

▼♦rs❡ ❞❡ Sλ✳ ❖s ❝♦♥❥✉♥t♦s M1
λ ✱ M

2
λ ❡ M3

λ sã♦ ♦s ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ①② (1/3, 0)✱ (0, 0) ❡ (1, 0)

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋r❛♥③♦s❛ ♠♦str❛ ❡♠ ❬❋r✸❪ q✉❡ ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ λ∗ ♣❛r❛ ♦ q✉❛❧ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ❝♦✲

♥❡❝t❛♥t❡ ❞❡ M3
λ∗ ♣❛r❛ M2

λ∗ ✳ ❈♦♠❡♥t❛r❡♠♦s s♦❜r❡ ❡st❡ ❝❛s♦ ♠❛✐s ❛❞✐❛♥t❡✳ ❱❡❥❛ ✶✳✷✳

❖ ✢✉①♦ ♥❛s ❋✐❣✉r❛s ✶✳✶ ❡ ✶✳✷ ♣♦❞❡ s❡r ❡sq✉❡♠❛t✐③❛❞♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✸✳

❆ss✐♠✱ Sλ✱ λ < λ∗ ❡ Sλ✱ λ > λ∗ sã♦ ❝♦♥t✐♥✉❛çõ❡s ❞❡ Sλ∗

✳

✶✳✻ ▼❛tr✐③ ❞❡ ❈♦♥❡①ã♦

◆❡st❛ s❡çã♦ ❞❡✜♥✐♠♦s ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✳ ❆ t❡♦r✐❛

❞❡s❡♥✈♦❧✈✐❞❛ ❛q✉✐ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❋r✶❪✱ ❬❋r✷❪✱ ❬❋r✸❪✱ ❬▼❈❪✱ ❬▼❈❘❪✱ ❬▼♦❪✱ ❬❘✶❪✱ ❬❘✷❪✳ ❆s

❡♥tr❛❞❛s ♥❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ r❡❣✐str❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♠ ϕ✳ ❉❛❞❛ ✉♠❛

❞❡❝♦♠♣♦s✐çã♦D(M) = {Mπ} ❝♦♠m ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡Mπ✱ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é ✉♠❛ ♠❛tr✐③

m×m ❝✉❥❛s ❡♥tr❛❞❛s sã♦ ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ♦s í♥❞✐❝❡s ❤♦♠♦❧ó❣✐❝♦s ❞❡ ❈♦♥❧❡② ❛ss♦❝✐❛❞♦s ❛♦s
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M 2
λ M 1

λ M 3
λ

λ

λ grande

perto de zero

❋✐❣✉r❛ ✶✳✶✿ ❈♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❧✐♠✐t❛❞❛s Sλ✳

M 2
λ M 1

λ M 3
λ

λ = λ∗

❋✐❣✉r❛ ✶✳✷✿ ❈♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❧✐♠✐t❛❞❛s Sλ∗ ✳

M2 M1

M3

M2 M1

M3

0 < λ < λ∗ λ > λ∗

M1M2

M3

λ = λ∗

❋✐❣✉r❛ ✶✳✸✿ ❘❡tr❛t♦ q✉❛❧✐t❛t✐✈♦ ❞♦ ✢✉①♦✳
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❝♦♥❥✉♥t♦sMπ✳ ❊ss❛s ❛♣❧✐❝❛çõ❡s sã♦ ❞❡✜♥✐❞❛s ♣♦r s❡qüê♥❝✐❛s ❡①❛t❛s ❡♠ ❤♦♠♦❧♦❣✐❛✳ ◆❡st❛ s❡çã♦✱

♦s í♥❞✐❝❡s ❤♦♠♦❧ó❣✐❝♦s sã♦ ❝♦♠♣✉t❛❞♦s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ✉♠ ❞♦♠í♥✐♦ ❞❡

✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s✳ ❊♠ ♥♦ss❛s ❛♣❧✐❝❛çõ❡s✱ ✉s❛r❡♠♦s ❝♦❡✜❝✐❡♥t❡s ❡♠ Z✳ ❙❡ ♥ã♦ ❡①✐st❡♠ ór❜✐t❛s

❝♦♥❡❝t❛♥t❡s ❡♥tr❡ ❞♦✐s ❞❛❞♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✱ ❡♥tã♦ ❛ ❡♥tr❛❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❛ ♠❛tr✐③

s❡rá ❛ ❛♣❧✐❝❛çã♦ tr✐✈✐❛❧✳

❆♥t❡s ❞❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❞❡ ✉♠ ❛tr❛t♦r✲

r❡♣✉❧s♦r✳

✶✳✻✳✶ ▼❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❞♦ P❛r ❛tr❛t♦r✲r❡♣✉❧s♦r

◆❡st❛ s❡çã♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦ ♣❛r❛ ✉♠ ♣❛r ❛tr❛t♦r✲

r❡♣✉❧s♦r✳ ❊st❡ ❝♦♥❝❡✐t♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦✳ ❆❧é♠ ❞✐ss♦✱

✈❛♠♦s ❞❡✜♥✐r ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ♦ ❝❛s♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ q✉❡ é

♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r✳

❙❡❥❛♠ (A,A∗) ✉♠ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r ❡♠M ❡ N0 ⊂ N1 ⊂ N2 ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s t❛✐s q✉❡

(N1, N0) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ A✱ (N2, N0) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ M ✱ (N2, N1) é ✉♠ ♣❛r✲í♥❞✐❝❡

♣❛r❛ A∗✳ ❚❡♠♦s ❡♥tã♦ ❛s ❛♣❧✐❝❛çõ❡s ✐♥❞✉③✐❞❛s

0 // N1/N0
i // N2/N0

p
// N2/N1

// 0

❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡qüê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛

0 // C∗(N1/N0)
i // C∗(N2/N0)

p
// C∗(N2/N1) // 0 ✭✶✳✶✮

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬❋r✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s

0 // C1
i // C2

p
// C3

// 0

t❛❧ q✉❡

• i é ✐♥❥❡t✐✈❛ ❡ p ◦ i = 0
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• ρ : C2/■♠ i → C3 é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❛❞❡✐❛s ❞❡✜♥✐❞❛ ♣♦r p q✉❡ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦

❡♠ ❤♦♠♦❧♦❣✐❛✳

❊♥tã♦ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ∂ : H∗(C3) → H∗(C1) ❞❡ ❣r❛✉ −1 t❛❧ q✉❡

. . . // H∗(C1)
i // H(C2)

p
// H∗(C3)

∂ // H(C1) // . . .

é ❡①❛t❛✳

◆♦t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ p : N2/N0 →
N2/N0

N1/N0

≈ N2/N1 ❞❡✜♥❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❛✲

❞❡✐❛s ρ : C∗(N2/N0, N1/N0) → C∗(N2/N1) q✉❡ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ ρ∗ : H∗(N2/N0, N1/N0) →

H∗(N2/N1)✳ ❈♦♠♦ i é ✐♥❥❡t✐✈❛ ❡ p ◦ i = 0 ❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s ✭✶✳✶✮ s❛t✐s❢❛③ ❛

Pr♦♣♦s✐çã♦ ✶✳✻✳✶ ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❡♠ ❤♦♠♦❧♦❣✐❛ ❛ss♦❝✐❛❞❛

. . . // H∗(N1/N0) // H∗(N2/N0) // H∗(N2/N1)
∂ // H∗(N1/N0) // . . .

❙❡❣✉❡ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞♦ ♣❛r✲í♥❞✐❝❡ q✉❡

. . . // H(c(A)) i // H(c(M))
p

// H(c(A∗))
∂(A∗,A)

// H(c(A)) // . . . ✭✶✳✷✮

❆ s❡qüê♥❝✐❛ ❡①❛t❛ ✭✶✳✷✮ é ❝❤❛♠❛❞❛ ❞❡ s❡qüê♥❝✐❛ ❞♦ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦ ❞♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r

(A,A∗)✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬❑❪ ❡ ❬❋r✶❪✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✳ ❆ ❛♣❧✐❝❛çã♦ ∂(A∗, A) : H(c(A∗)) → H(c(A)) ❞❡ ❣r❛✉−1 é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦

❜♦r❞♦ ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦ ❡ ❛ s❡qüê♥❝✐❛ ✶✳✷ é ❝❤❛♠❛❞❛ ❞❡ s❡qüê♥❝✐❛ ❡①❛t❛ ❞♦ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦

❞♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r✳

❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦ é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✸✳ ❙❡ ∂(A∗, A) 6= 0 ❡♥tã♦ C(A,A∗) 6= 0✳

❆ ✐❞é✐❛ ❞❛ ♣r♦✈❛ é q✉❡ s❡ C(A,A∗) = ∅✱ ❡♥tã♦ M = A ∪ A∗ ❡✱ ♣♦rt❛♥t♦✱ H(c(M)) =

H(c(A))⊕H(c(A∗))✳ P❡❧❛ s❡qüê♥❝✐❛ ✭✶✳✷✮ ∂(A∗, A) é ❛ ❛♣❧✐❝❛çã♦ ♥✉❧❛✳ ❆ss✐♠✱ s❡ ∂(A∗, A) 6= 0✱

❡♥tã♦ C(A,A∗) 6= ∅✳
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❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✻✳✸ q✉❡ C(A,A∗) = ∅ ✐♠♣❧✐❝❛ ∂(A∗, A) = 0✳ ❆❧é♠ ❞✐ss♦✱

❝♦♠♦ ✭✶✳✷✮ é ❡①❛t❛ ❡♥tã♦ H(c(M)) = 0 ✐♠♣❧✐❝❛ q✉❡ ∂(A∗, A) é ✉♠ ✐s♦♠♦r✜s♠♦✳ ◆♦t❡ q✉❡ ❛

❛♣❧✐❝❛çã♦ ∂(A∗, A) ❝♦♥té♠ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r (A∗, A) ❡♠M ✳

◆♦ ❝❛s♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s tr❛♥s✈❡rs❛✐s✱ ∂ ❝♦♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s

✧❝♦♠ ♦r✐❡♥t❛çã♦✧✳

◆♦ ❝❛s♦ ❞❡ ✉s❛r♠♦s ❤♦♠♦❧♦❣✐❛ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s Z2✱ ▼❝❈♦r❞ ♠♦str❛ ❡♠ ❬▼❈❪ q✉❡ ❞❛❞❛s

❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s A ❡ A∗ t❛✐s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❡ A∗ ❡ ❛ ✈❛r✐❡❞❛❞❡

❡stá✈❡❧ ❞❡ A sã♦ tr❛♥s✈❡rs❛✐s✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦ ∂(A∗, A) ❝♦♥t❛ ♦ ♥ú♠❡r♦

❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❞❡ A∗ ♣❛r❛ A ✭♠♦❞ ✷✮✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s

C∆(M) = H(c(A)) ⊕H(c(A∗))

❡ ❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ❞❡✜♥✐❞❛ ♣❡❧❛ ♠❛tr✐③

∆ =


 0 ∂

0 0


 :


 H(c(A))

H(c(A∗))


 →


 H(c(A))

H(c(A∗))




➱ ❢á❝✐❧ ✈❡r q✉❡ ∆ é ✉♠ ❛♣❧✐❝❛çã♦ ❜♦r❞♦✳ ❋❛③❡♥❞♦ ❛ r❡str✐çã♦ ❛♣r♦♣r✐❛❞❛ ❡♠ C∆(M) ❡

∆ ❞❡✜♥✐♠♦s ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛ C∆(A) = H(c(A)) ❡ C∆(A∗) = H(c(A∗)) ❝♦♠ ❛♣❧✐❝❛çõ❡s

❜♦r❞♦ ∆(A) ❡ ∆(A∗) r❡s♣❡❝t✐✈❛♠❡♥t❡ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ sã♦ tr✐✈✐❛✐s✳ ❆ss✐♠✱ (C∆(A),∆(A)) =

(H(c(A)), 0) ❡ (C∆(A),∆(A)) = (H(c(A∗)), 0) sã♦ s✉❜❝♦♠♣❧❡①♦s ❞❡ C∆(M)✳ ❊♥tã♦ t❡♠♦s

✉♠❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡✜♥✐❞❛

0 // C∆(A) i // C∆(M)
p

// C∆(A∗) // 0 ✭✶✳✸✮

♦♥❞❡ i é ❛ ✐♥❝❧✉sã♦ ❡ p é ❛ ♣r♦❥❡çã♦✳ ❊st❛ s❡qüê♥❝✐❛ é ❛ ♠❡s♠❛ q✉❡

0 // H(c(A)) i// H(c(A)) ⊕H(c(A∗))
p

// H(c(A∗)) // 0

❙❡❥❛♠ H∆(M)✱ H∆(A) ❡ H∆(A∗) ❛s ❤♦♠♦❧♦❣✐❛s ❞♦s ❝♦♠♣❧❡①♦s C∆(M)✱ C∆(A) ❡ C∆(A∗)

r❡s♣❡❝t✐✈❛♠❡♥t❡✳



✶✺

P❛ss❛♥❞♦ ✭✶✳✸✮ ♣❛r❛ ❛ ❤♦♠♦❧♦❣✐❛ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛

. . . // H∆(A) i // H∆(M)
p

// H∆(A∗) ∂ // H∆(A) // . . .

❈♦♠♦ ∆(A) = ∆(A∗) = 0 ❡♥tã♦ H∆(A) = H(c(A))✱ H∆(A∗) = H(c(A∗)) ❡ ∂ = ∂✳ P♦rt❛♥t♦

t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❞❡ ♠ó❞✉❧♦s ❞❡ ❤♦♠♦❧♦❣✐❛ ❡ ❛♣❧✐❝❛çõ❡s✿

. . . // H∆(A) i //

id
��

H∆(M)
p

//

Φ
��

H∆(A∗) ∂ //

id
��

H∆(A)

id
��

// . . .

. . . // H(c(A)) i // H(c(M))
p

// H(c(A∗)) ∂ // H(c(A)) // . . .

❙❡❣✉❡ ❞♦ ❋✐✈❡ ▲❡♠♠❛ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s Φ : H∆(M) → H(c(M)) q✉❡ ❢❛③❡♠ ♦ ❞✐❛❣r❛♠❛

❝♦♠✉t❛r sã♦ ✐s♦♠♦r✜s♠♦s✳

❆ss✐♠✱ ♦ ❝♦♠♣❧❡①♦ (H(c(A)) ⊕ H(c(A∗)),∆) ✐♥❞✉③ ✉♠❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛

q✉❡ é ✐s♦♠♦r❢❛ ❛ s❡qüê♥❝✐❛ ❞♦ í♥❞✐❝❡ ❤♦♠♦❧ó❣✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ∆ ❝♦♥té♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦

❝♦♥❥✉♥t♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s C(A∗, A)✱ ❥á q✉❡ ∂(A,A∗) 6= 0 ✐♠♣❧✐❝❛ C(A∗, A) 6= 0✳ ❆ ♠❛tr✐③

∆ é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❞♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r (A,A∗)✳

✶✳✻✳✷ ▼❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡

❖ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ é ❣❡♥❡r❛❧✐③❛❞♦ ♣❡❧❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ♣❛r❛ ✉♠❛

♦r❞❡♠ ❛❞♠✐ssí✈❡❧ ❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✳ ❋r❛♥③♦s❛ ♠♦str❛ ❡♠ ❬❋r✶❪ q✉❡ ❛ ✜❧tr❛çã♦✲

í♥❞✐❝❡ s❡♠♣r❡ ❡①✐st❡✳

❉❡✜♥✐çã♦ ✶✳✻✳✹✳ ❯♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ♣❛r❛ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ < ❞❡ D(M) é ✉♠❛ ❝♦❧❡çã♦

❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s N = {NI}I∈A(<) s❛t✐s❢❛③❡♥❞♦✿

✐✮ P❛r❛ ❝❛❞❛ I ∈ A(<)✱ (NI , N∅) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ ♦ ❛tr❛t♦r MI ✳

✐✐✮ P❛r❛ I1✱ I2 ∈ A(<)✱ NI1∩I2 = NI1 ∩NI2 ❡ NI1∪I2 = NI1 ∪NI2 ✳

❆ Pr♦♣♦s✐çã♦ ✶✳✻✳✺ ♠♦str❛ q✉❡ ✉♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ❞❡t❡r♠✐♥❛ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣❛r✲í♥❞✐❝❡

♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ D(M)✳
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Pr♦♣♦s✐çã♦ ✶✳✻✳✺✳ ❙❡❥❛ N ✉♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ♣❛r❛ ❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ < ❞❡ D(M)✳ ❙❡

J ∈ I(<) ❡ (I, J) é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❛tr❛t♦r K ∈ A(<)✱ ❡♥tã♦ s❡❣✉❡ q✉❡

I ∈ A(<) ❡ (NK , NI) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ MJ ❞❡ D(M)✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦♣r✐❡❞❛❞❡ ✭✐✐✮ ❞❛ ❉❡✜♥✐çã♦ ✶✳✻✳✹ ✐♠♣❧✐❝❛ q✉❡ N∅ ⊂ NI ⊂ NK ❡ ❛

♣r♦♣r✐❡❞❛❞❡ ✭✐✮ ❞❛ ❉❡✜♥✐çã♦ ✶✳✻✳✹ ✐♠♣❧✐❝❛ q✉❡ (NI , N∅) ❡ (NK , N∅) sã♦ ♣❛r❡s í♥❞✐❝❡s ♣❛r❛ MI ❡

MK r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✼ (MI ,MJ) é ✉♠ ♣❛r ❛tr❛t♦r r❡♣✉❧s♦r ❡♠ MK ✳ ❙❡❣✉❡

❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✻ q✉❡ (NK , NI) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ MJ ✳

P❡❧❛s Pr♦♣♦s✐çõ❡s ✶✳✹✳✺ ✭✶✮ ❡ ✶✳✻✳✺ ❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ❞❡✜♥❡ ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦

❞❡ ▼♦rs❡ ❞❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s ❞♦✐s ♣❛r❡s (NK , NI) ❡ (NK , NI) ♣❛r❛ MJ ✱

❡①✐st❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❡s♣❛ç♦s NK/NI ❡ NK/NI ✳

❙❡❥❛♠ I, J ∈ I(<) ❡ C(NK/NI ,Z) ❛s ❝❛❞❡✐❛s s✐♥❣✉❧❛r❡s ❞♦ ❡s♣❛ç♦ í♥❞✐❝❡ NK/NI ❝♦♠

❝♦❡✜❝✐❡♥t❡s ❡♠ Z✳ ◆♦t❡ q✉❡ ♣♦❞❡rí❛♠♦s ❡s❝♦❧❤❡r ❝♦❡✜❝✐❡♥t❡s ❡♠ q✉❛❧q✉❡r ♠ó❞✉❧♦G✳ ❉❡✜♥✐♠♦s

❡♥tã♦ ♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s CN (c(MJ);Z) t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r C(c(MJ)) q✉❡ é ♥❛t✉r❛❧♠❡♥t❡

✐s♦♠♦r❢♦ ❛ C(NK/NI ,Z)✳ P❛ss❛♥❞♦ ♣❛r❛ ❛ ❤♦♠♦❧♦❣✐❛ ❡♠ C(c(MJ)) ♦❜t❡♠♦s H∗(c(MJ);Z)✱ ❛

❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ Z ❞♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② c(MJ) ❞❡ MJ ✳

❋r❛♥s♦③❛ ♠♦str❛ ❡♠ ❬❋r✶❪ q✉❡✱ ❞❛❞❛ ✉♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ N ♣❛r❛ ✉♠❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧ <✱

❡①✐st❡ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r CN (<)✱ ❡ ❛♣❧✐❝❛çõ❡s s❛t✐s❢❛✲

③❡♥❞♦✿

✶✳ P❛r❛ ❝❛❞❛ I ∈ I(<) ❡①✐st❡ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s C(I)❀

✷✳ ❉❛❞♦s (I, J) ∈ I2(<) ❡①✐st❡♠ ❛♣❧✐❝❛çõ❡s ❝❛❞❡✐❛

0 // C(c(MI))
i(I,IJ)

// C(c(MIJ))
p(IJ,J)

// C(c(MJ)) // 0 ✭✶✳✹✮

❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡

✭✐✮ i(I, IJ) é ✐♥❥❡t✐✈❛ ❡ p(IJ, J)i(I, IJ) = 0✳

✭✐✐✮ ❆ ❛♣❧✐❝❛çã♦ ❝❛❞❡✐❛ p(IJ, J) ❞❡✜♥❡ ρ :
C(c(MIJ))

■♠ i(I, IJ)
→ C(c(MJ)) q✉❡ ✐♥❞✉③ ✉♠ ✐s♦✲

♠♦r✜s♠♦ ❡♠ ❤♦♠♦❧♦❣✐❛✳



✶✼

✭✐✐✐✮ ❙❡ I ❡ J sã♦ ♥ã♦ ❝♦♠♣❛rá✈❡✐s✱ ❡♥tã♦ p(JI, I)i(I, IJ) = id|C(c(MI))

✭✐✈✮ ❙❡ (I, J,K) ∈ I3(<) ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

C(c(MI))

C(c(MIJ))

C(c(MJ))C(c(MIJK))

C(c(MJK))

C(c(MK))

i

p
i

i

ip

p

p

❯♠❛ ❝♦❧❡çã♦ ❞❡ ❝♦♠♣❧❡①♦s ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ CN (<) é ❝❤❛♠❛❞❛ ❞❡ tr❛♥ç❛ ❞❡ ❝♦♠♣❧❡①♦s

❞❡ ❝❛❞❡✐❛s✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✻✳✶ t❡♠♦s ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❞❡ í♥❞✐❝❡s ❤♦♠♦❧ó❣✐❝♦s ❞♦ ♣❛r ❛tr❛t♦r✲

r❡♣✉❧s♦r (MI ,MJ)✿

. . . // H(c(MI))
i(I,IJ)

// H(c(MIJ))
p(IJ,J)

// H(c(MJ))
∂(J,I)

// H(c(MI)) // . . . ✭✶✳✺✮

❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ ✭✶✳✺✮ ✐♥❞❡♣❡♥❞❡ ❞❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ N

✭✐✐✮ ❙❡ I ❡ J sã♦ ♥ã♦ ❝♦♠♣❛rá✈❡✐s ❡♥tã♦ p(JI, I)i(I, IJ) = id|H(c(MI))

✭✐✈✮ ❙❡ (I, J,K) ∈ I3(<) ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

❆ss✐♠✱ ♣❛ss❛♥❞♦ ♣❛r❛ ❛ ❤♦♠♦❧♦❣✐❛✱ ✉♠❛ tr❛♥ç❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s ❞❡✜♥❡ ♦ q✉❡

❝❤❛♠❛♠♦s ❞❡ tr❛♥ç❛ ❞❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s✳

❖ ❤♦♠♦♠♦r✜s♠♦ ∂(J, I) : H(c(MJ)) → H(c(MI)) é ❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ♦✉ ❛♣❧✐❝❛çã♦ ❞❡

❝♦♥❡①ã♦ ❞♦ ♣❛r ❛❞❥❛❝❡♥t❡ (MI ,MJ)✳ ∂(J, I) é tr✐✈✐❛❧ q✉❛♥❞♦ ♥ã♦ ❡①✐st❡♠ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s

❞❡ MJ ♣❛r❛ MI ✳ ❉❡ ❢❛t♦✱ s❡ ♥ã♦ ❡①✐st❡♠ ór❜✐t❛s ❝♦♥❡❝t❛♥❞♦ MI ❛ MJ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

❞❡ ▼♦rs❡ MIJ é ❛ ❛ ✉♥✐ã♦ ❞♦s ♣r✐♠❡✐r♦s✳ ◆❡st❡ ❝❛s♦✱ ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❛❝✐♠❛ r❡♣r❡s❡♥t❛



✶✽

H(c(MI))

H(c(MIJ))

H(c(MJ))H(c(MIJK))

H(c(MJK))

H(c(MK))

i

pi

ip

p

H(c(MK))

H(c(MI))

H(c(MIJ))

H(c(MJ)) H(c(MIJK))

∂

∂

∂

i

i

p

∂

∂

i

i

p

∂

H(c(MIJ)) ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ H(c(MI)) ❡ H(c(MJ))✳ ❙❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ∂(J, I)

é ♦ ❤♦♠♦♠♦r✜s♠♦ tr✐✈✐❛❧✳ P♦rt❛♥t♦✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ ♥ã♦ tr✐✈✐❛❧ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡✳

❉❛❞♦ ✉♠ ✐♥t❡r✈❛❧♦ I ⊂ P ✱ ❞❡✜♥✐♠♦s

C∆(I) = ⊕π∈IH(c(Mπ))

P❛r❛ I, J ∈ I(<) s❡❥❛ ∆(J, I) : C∆(J) → C∆(I) ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③




✳✳✳

· · · ∆(π′, π) · · ·
✳✳✳




π∈I,π′∈J

❊♥tã♦ ∆(I) : C∆(I) → C∆(I) é ❞❛ ❢♦r♠❛✿




✳✳✳

· · · ∆(π′, π) · · ·
✳✳✳




π,π′∈I

:




✳✳✳

H(c(Mπ))
✳✳✳




π∈I

→




✳✳✳

H(c(Mπ))
✳✳✳




π∈I



✶✾

t❛❧ q✉❡ ❝❛❞❛ ∆(π′, π) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ H(c(Mπ′)) ❡♠ H(c(Mπ)) ❧♦❝❛❧✐③❛❞❛ ♥❛ π✲és✐♠❛ ❧✐♥❤❛

❡ ♥❛ π′✲és✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③✳

❉❡✜♥✐çã♦ ✶✳✻✳✻✳ • ❉✐③❡♠♦s q✉❡ ∆(I) é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r s❡ ∆(π′, π) = 0 q✉❛♥❞♦ π ≮

π′✳

• ∆(I) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ s❡ ❝❛❞❛ ∆(π′, π) t❡♠ ❣r❛✉ ✲✶ ❡ ∆(I)2 = 0✳

❙❡ ∆(P ) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ❡♥tã♦ s✉❛ r❡str✐çã♦ ∆(I) t❛♠❜é♠ é✱

♣❛r❛ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ I✳ ❉❡ ❢❛t♦✱ é ❝❧❛r♦ q✉❡ ∆(I) é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❡ ❞❡ ❣r❛✉ ✲✶✳ ❆❧é♠

❞✐ss♦✱ ❞❛❞♦ I ⊂ P ✱ ❝♦♥s✐❞❡r❡ ♦s ✐♥t❡r✈❛❧♦s J ❡ K t❛✐s q✉❡ J ∪ I ∪ K = P ❡ (I, J,K) é ✉♠❛

tr✐♣❧❛ ❞❡ ✐♥t❡r✈❛❧♦s✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ∆ ❝♦♠♦

∆(P ) =




∆(J) ∆(I, J) ∆(K, J)

0 ∆(I) ∆(K, I)

0 0 ∆(K)




◆❛ ❡q✉❛çã♦ ∆(P )2 = 0 ❛ ❝♦♠♣♦s✐çã♦ ❞❛ ❧✐♥❤❛ ❞♦ ♠❡✐♦ ❝♦♠ ❛ ❝♦❧✉♥❛ ❞♦ ♠❡✐♦ ♥♦s ❞á ∆(I)2 = 0✳

▲♦❣♦✱ ❞❛❞♦ I ∈ I(<)✱ (C∆(I),∆(I)) é ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s✳ ❉❡♥♦t❛♠♦s ♣♦r H∆(I) ❛

❤♦♠♦❧♦❣✐❛ ❞❡ss❡ ❝♦♠♣❧❡①♦✳

❆ss✐♠✱ ❞❛❞♦s I, J ∈ I2(<) ❝♦♠ ❛ ✐♥❝❧✉sã♦ ❡ ❛ ♣r♦❥❡çã♦ ó❜✈✐❛s t❡♠♦s ✉♠❛ s❡qüê♥❝✐❛ ❡①❛t❛

❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛

0 // C∆(I)
i(I,IJ)

// C∆(IJ)
p(IJ,J)

// C∆(J) // 0

♦♥❞❡ i é ❛ ✐♥❝❧✉sã♦ ❡ p é ❛ ♣r♦❥❡çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✼✳ ❆s ❛♣❧✐❝❛çõ❡s i(I, IJ) ❡ p(IJ, J) sã♦ ❛♣❧✐❝❛çõ❡s ❞❡ ❝❛❞❡✐❛s✳

❉❡♠♦♥str❛çã♦✿ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r i ❡ p ❝♦♠♦ s❡♥❞♦ ❞❛ ❢♦r♠❛

i =


 id

0


 : C∆(I) →


 C∆(I)

C∆(J)






✷✵


 ∆(I) ∆(J, I)

0 ∆(J)


 :


 C∆(I)

C∆(J)


 →


 C∆(I)

C∆(J)




❋❛③❡♥❞♦ t❛✐s ✐❞❡♥t✐✜❝❛çõ❡s t❡♠♦s i∆(I) = ∆(IJ)i ❡ ♣♦rt❛♥t♦ i é ✉♠ ❛♣❧✐❝❛çã♦ ❞❡ ❝❛❞❡✐❛s✳ ❆

❞❡♠♦♥str❛çã♦ ♣❛r❛ p é ❛♥á❧♦❣❛✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✽✳ ❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r

∆(P ) : ⊕π∈PH(c(Mπ)) → ⊕π∈PH(c(Mπ))

❛ ❝♦❧❡çã♦ ❞❡ ❝♦♠♣❧❡①♦s (C∆(I),∆(I))✱ I ∈ I(<) ❡ ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝❛❞❡✐❛s i(I, IJ) ❡ p(IJ, J)

♣❛r❛ (I, J) ∈ I2(<) é ✉♠ ✉♠❛ tr❛♥ç❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛s✳

P❛ss❛♥❞♦ ♣❛r❛ ❛ ❤♦♠♦❧♦❣✐❛ ♦❜t❡♠♦s ❡♥tã♦ ✉♠❛ tr❛♥ç❛ ❞❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s

. . . // H∆(I) i // H∆(IJ)
p

// H∆(J)
∆(J,I)

// H∆(I) // . . .

❯♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ é s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ∆(P ) t❛❧ q✉❡

H∆(P ) s❡❥❛ ✐s♦♠♦r❢♦ ❛ H(c(M))✳

❉❡✜♥✐çã♦ ✶✳✻✳✾✳ ❙❡❥❛ D(M) = {Mπ}π∈P ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ M ❝♦♠ ♦r❞❡♠

❛❞♠✐ssí✈❡❧ < ❡ s❡❥❛ ∆ = ∆(P ) : ⊕π∈PH(c(Mπ)) → ⊕π∈PH(c(Mπ)) t❛❧ q✉❡

✭✶✮ ∆ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❞♦ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✳

✭✷✮ P❛r❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ I ⊂ P ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Φ(I) : H∆(I) → H(c(MI)) s❛t✐s❢❛✲

③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✕ ❉❛❞♦ π ∈ P ✱ Φ(π) : H∆(π) = H(c(Mπ)) → H(c(Mπ)) é ❛ ✐❞❡♥t✐❞❛❞❡❀

✕ ♣❛r❛ ❝❛❞❛ (I, J) ∈ I2(<) ♦ ❞✐❛❣r❛♠❛ s❡❣✉✐♥t❡ ❝♦♠✉t❛✿

. . . // H∆(I) i //

Φ(I)
��

H∆(IJ)
p

//

Φ(IJ)
��

H∆(J)
∆(J,I)

//

Φ(J)
��

H∆(I)

Φ(I)
��

// . . .

. . . // H(c(MI))
i // H(c(MIJ))

p
// H(c(MJ))

∂(J,I)
// H(c(MI)) // . . .



✷✶

❊♥tã♦ ∆ é ❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❞❡ D(M)✳ ❉❡♥♦t❛♠♦s ❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦

♣♦r (CM(D(M), <)✳

P♦r ✐♥❞✉çã♦ ❡ ♣❡❧♦ ❋✐✈❡ ▲❡♠♠❛ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ I ❛s ❛♣❧✐❝❛çõ❡s Φ(I) :

H∆(I) → H(c(MI)) q✉❡ ❢❛③❡♠ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✱ sã♦ ✐s♦♠♦r✜s♠♦s✳ ❆ ❝♦♥❞✐çã♦ ✭✷✮ ❞✐③ q✉❡

s❡ J = π′ ❡ I = π ❡♥tã♦ ∆(π′, π) = ∂(π′, π)✱ ✐st♦ é✱ ❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❝✉❥❛s

❝♦❧✉♥❛s ❡ ❧✐♥❤❛s ❝♦rr❡s♣♦♥❞❡♠ ❛ ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ ❛❞❥❛❝❡♥t❡s sã♦ ❛♣❧✐❝❛çõ❡s ❜♦r❞♦ ❞❡✜♥✐❞❛s

♣❡❧♦ ✢✉①♦✳

◆♦t❡ q✉❡ ❛ ❞✐❛❣♦♥❛❧ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é ③❡r♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é

tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ❥á q✉❡ ♥ã♦ ❤á ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ ♣❛r❛ ✉♠ ♦✉tr♦

q✉❡ ❡st❡❥❛ ♠❛✐s ❛❧t♦ ♥❛ ♦r❞❡♠ ❞♦ ✢✉①♦✳

❆s ❡♥tr❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❝♦♥❥✉♥t♦s ❛❞❥❛❝❡♥t❡s sã♦ ❝❛❧❝✉❧❛❞❛s ♣❡❧❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠

❤♦♠♦❧♦❣✐❛✳ ❆s ♦✉tr❛s ❡♥tr❛❞❛s ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❝♦♥str✉✐♥❞♦ s❡qüê♥❝✐❛s ❡①❛t❛s ❞❡ tr✐♣❧❛s

❡s❝♦❧❤✐❞❛s ❛♣r♦♣r✐❛❞❛♠❡♥t❡✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ✐♥❢♦r♠❛çã♦ ✉s❛❞❛ ♣❛r❛ ❞❡✜♥✐r ∆(π′, π) é

❛ ✐♥❢♦r♠❛çã♦ ♣r♦❞✉③✐❞❛ ♣❡❧❛s ❛♣❧✐❝❛çõ❡s ❜♦r❞♦ ∂(J, I) ❞❡✜♥✐❞❛s ♣❡❧♦ ✢✉①♦ s❛t✐s❢❛③❡♥❞♦ π′ ∈ J

❡ π ∈ I✳ ◆ã♦ tr❛t❛r❡♠♦s ❞❡st❡ ♣r♦❜❧❡♠❛ ❡♠ ❞❡t❛❧❤❡s ♥❡st❡ tr❛❜❛❧❤♦✳

❖ ❊①❡♠♣❧♦ ❝❧áss✐❝♦ ✶✳✻✳✶✵ ❡stá ❡♠ ❬❋r✶❪ é ✉♠❛ ✐❧✉str❛çã♦ s✐♠♣❧❡s ❞❛ ❝♦♥str✉çã♦ ❞❡st❛s

♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳

❊①❡♠♣❧♦ ✶✳✻✳✶✵✳ ❱♦❧t❡♠♦s ❛♦ ❊①❡♠♣❧♦ ✶✳✺✳✷✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ λ = λ∗✳ ▲❡♠❜r❡♠♦s q✉❡✱

q✉❛❧✐t❛t✐✈❛♠❡♥t❡✱ ♦ ✢✉①♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✹✳ ❖ ❝♦♥❥✉♥t♦ Sλ∗ ❝♦♥s✐st❡

❞❡ ✸ s✐♥❣✉❧❛r✐❞❛❞❡s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ór❜✐t❛s q✉❡ ❝♦♥❡❝t❛♠ ❛s ♠❡s♠❛s✳ ❆ ❋✐❣✉r❛ ✶✳✺ ✐❧✉str❛

✉♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ ♣❛r❛ ❡ss❛ ♦r❞❡♠ ❛❞♠✐ssí✈❡❧✳

❖ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡ é ❝❛❧❝✉❧❛❞♦ ❡s❝♦❧❤❡♥❞♦✲s❡ ✉♠

♣❛r✲í♥❞✐❝❡ ❛♣r♦♣r✐❛❞♦ ❞❛ ✜❧tr❛çã♦✲í♥❞✐❝❡✳ ❚❡♠♦s q✉❡

• H0(c(M1)) = Z ✱ H1(c(M1)) = 0✱

• H0(c(M2)) = 0✱ H1(c(M2)) = Z✱

• H0(c(M3)) = 0✱ H1(c(M3)) = Z✱



✷✷

M1M2

M3

❋✐❣✉r❛ ✶✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞❡ Sλ∗ ✳

• H0(c(M12)) = H1(c(M12)) = 0✱

• H0(c(M23)) = 0✱ H1(c(M23)) = Z⊕ Z✱

• H0(c(M123)) = 0✱ H1(c(M123)) = Z✱

❆ ♦r❞❡♠ ❞♦ ✢✉①♦ é 1 <ϕ 2✱ 1 <ϕ 3 ❡ 2 <ϕ 3✳

❉❡✜♥❛♠♦s ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦✳ ❈♦♠♦ ∆ é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r✱ ❡♥tã♦ ∆(j, i) = 0 s❡ j < i

♦✉ j = i✳ ◆♦t❡ q✉❡ ♦s ♣❛r❡s ❞❡ ✐♥t❡r✈❛❧♦s (1, 2) ❡ (2, 3) sã♦ ❛❞❥❛❝❡♥t❡s✳ ▲♦❣♦✱ ❛s ❛♣❧✐❝❛çõ❡s

∆(2, 1) ❡ ∆(3, 2) sã♦ ❞❡✜♥✐❞❛s ♣❡❧♦ ✢✉①♦✱ ♦✉ s❡❥❛ ∆(2, 1) = ∂(2, 1) ❡ ∆(3, 2) = ∂(3, 2)✳ ❚❡♠♦s

0 // H1(c(M12))
p

// H1(c(M2))
∂(2,1)

// H0(c(M1))
i // H0(c(M12))

p
// 0

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

0 // Z
∂(2,1)

// Z // 0

▲♦❣♦ ∆(2, 1) é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❆✐♥❞❛✱

0 // H1(c(M3)) // H1(c(M23)) // H1(c(M3))
∂(3,2)

// H0(c(M2)) // 0

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

0 // Z // Z⊕ Z // Z
∂(3,2)

// 0

P♦rt❛♥t♦ ∆(3, 2) = 0✳ ❆ ❛♣❧✐❝❛çã♦ ∆(3, 1) ♥ã♦ ❡stá ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦✳ ❈♦♠♦ H1(c(M123))



✷✸

M1M2

M3

N(∅) N(1) N(12) N(123)

❋✐❣✉r❛ ✶✳✺✿ ❋✐❧tr❛çã♦✲í♥❞✐❝❡✳

t❡♠ ❞✐♠❡♥sã♦ 1 ❡♥tã♦ ♦ ♣♦st♦ ❞❡ ∆ é ✶✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ∆2 = 0 ❡ ♣♦st♦ ❞❡ ∆ = 1 ♥ã♦ ❛❥✉❞❛♠

❛ ❞❡t❡r♠✐♥❛r a✳ ❱❡❥❛ ✶✳✻✳ ❱❛♠♦s ❡♥tã♦ ❝♦♥s✐❞❡r❛r ❛s s❡qüê♥❝✐❛s ❞❡ tr✐♣❧❛s ❞❡ ✐♥t❡r✈❛❧♦s✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♠♣❧❡①♦ (C∆(23),∆(23))=(H(c(M2))⊕H(c(M3)),∆(23))

♦♥❞❡

∆(23) =


 0 ∆(3, 2)

0 0




é ❛ ❛♣❧✐❝❛çã♦ tr✐✈✐❛❧✳ ❊♥tã♦ H∆(23) = H(c(M2)) ⊕ H(c(M3))✳ ❙❡ ∆ é ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡✲

∆ =




F0

M1

F1

M2

F2

M3

F0 M1 0 ≈ a

F1 M2 0 0 0

F2 M3 0 0 0




❋✐❣✉r❛ ✶✳✻✿ ▼❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❞❡ Sλ∗ ✳



✷✹

①ã♦ ❡♥tã♦ ❞❡✈❡♠♦s t❡r ♦ ✐s♦♠♦r✜s♠♦ φ(23) : H(c(M2)) ⊕ H(c(M3)) → H(c(M23)) t❛❧ q✉❡ ♦

❞✐❛❣r❛♠❛ ✭✶✳✻✮ ❝♦♠✉t❛

H(c(M2)) ⊕H(c(M3)) H(c(M3))

‖ ‖

H∆(23)
p

−→ H∆(3)

↓φ(23) ↓id

H(c(M23))
p

−→ H(c(M3))

✭✶✳✻✮

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝♦♠♣❧❡①♦ C∆(123) = H(c(M1)) ⊕H(c(M2)) ⊕H(c(M3)) ❝♦♠ ❛♣❧✐✲

❝❛çã♦ ❜♦r❞♦ ∆✳ ❈♦♠♦ ∆ é ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❡♥tã♦ ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦ ❞❡

❝❛❞❡✐❛s

0 // C∆(1) i // C∆(123)
p

// C∆(23) // 0

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

0 // H(c(M1)) // H(c(M1))⊕H(c(M2))⊕H(c(M3)) // H(c(M3)) ⊕H(c(M2)) // 0

✐♥❞✉③ ✉♠❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛

0 // H∆(1) i // H∆(123)
p

// H∆(23) ∆ // H∆(1) // 0

♦♥❞❡ H∆(1) = H(c(M1))✱ H∆(23) = H(c(M2)) ⊕H(c(M3))✳ ▲♦❣♦✱

∆ = ∆(2, 1) + ∆(3, 1) : H(c(M2)) ⊕H(c(M3)) → H(c(M1))

❡ ❝♦♠♦ ∆ é ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♦ ❞✐❛❣r❛♠❛ s❡❣✉✐♥t❡ ❝♦♠✉t❛

H(c(M2)) ⊕H(c(M3))
∆(2,1)+∆(3,1)

−→ H(c(M1))

‖ ‖

H∆(23)
∆

−→ H∆(1)

↓φ(23) ↓id

H(c(M23))
∂(23,1)
−→ H(c(M1))

✭✶✳✼✮



✷✺

α

❋✐❣✉r❛ ✶✳✼✿ ●❡r❛❞♦r ❞❡ H(c(M3))✳

u1

u2

❋✐❣✉r❛ ✶✳✽✿ ■♠❛❣❡♠ ❞♦ ❣❡r❛❞♦r ❞❡ H(c(M3)) ♣♦r φ(23)✳

❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r ∆(3, 1)✳ ❯♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ M3 é (N(123), N(12))✳ ❚♦♠❡♠♦s α ✉♠

❣❡r❛❞♦r ❞❡ H(c(M3))✳ ❱❡❥❛ ❋✐❣✉r❛ ✶✳✼✳ P❛r❛ ❢❛③❡r ♦ ❞✐❛❣r❛♠❛ ✶✳✻ ❝♦♠✉t❛r é ♥❡❝❡ssár✐♦ q✉❡

p ◦ φ(23)(α) = id ◦ p(α)✱ ♦✉ s❡❥❛✱ p ◦ φ(23)(α) = α✳ ❆ ❋✐❣✉r❛ ✶✳✾ ❢❛❝✐❧✐t❛ ❛ ✈✐s✉❛❧✐③❛çã♦

❞♦ ❞✐❛❣r❛♠❛ ✶✳✻✳ ❖❜s❡r✈❛♥❞♦ ✶✳✾ ✈❡♠♦s q✉❡ ❡①✐st❡♠ ❞✉❛s ❡s❝♦❧❤❛s ♣♦ssí✈❡✐s ♣❛r❛ φ(23)(α)

❡♠ H(c(M23)) q✉❡ sã♦ u1 ❡ u2✳ ❆❣♦r❛ ✈❡❥❛ ❋✐❣✉r❛ ✶✳✽✳ ❈♦♠♦ ♦ ❞✐❛❣r❛♠❛ ✶✳✼ é ❝♦♠✉t❛t✐✈♦✱

❡♥tã♦ ∆(3, 1)(α) = ∆ ◦ φ(23)(α)✳ ❆ ❋✐❣✉r❛ ✶✳✶✵ ❢❛❝✐❧✐t❛ ❛ ✈✐s✉❛❧✐③❛çã♦ ❞♦ ❞✐❛❣r❛♠❛ ✶✳✼✳ ❙❡

φ(23)(α) = u1 ❡♥tã♦ ∆(3, 1) = 0✳ ❙❡ φ(23)(α) = u2 ❡♥tã♦ ∆(3, 1)(α) é ✉♠ ❣❡r❛❞♦r ❞❡ H(c(M1))

❡✱ ♣♦rt❛♥t♦ ∆(3, 1) é ✉♠ ✐s♦♠♦r✜s♠♦✳ P♦rt❛♥t♦ ❡①✐st❡♠ ❞✉❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ❡st❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡✳

❈♦♠♦ t♦❞♦s ♦s Z✲♠ó❞✉❧♦s sã♦ ❣r❛❞✉❛❞♦s✱ ❡♥tã♦ ♣♦❞❡♠♦s ♣❡♥s❛r ♥✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠❛✲

tr✐③❡s ∆k q✉❡ ❧❡✈❛♠ ❛ ❤♦♠♦❧♦❣✐❛ ❞❡ ❣r❛✉ k ♥❛ ❤♦♠♦❧♦❣✐❛ ❞❡ ❣r❛✉ k − 1✳ ❋r❡q✉❡♥t❡♠❡♥t❡ ♦s

♠ó❞✉❧♦s H(Mπ) tê♠ ❞✐♠❡♥sã♦ ✶ ❡♠ ❛❧❣✉♠ ❣r❛✉ ❡ ✵ ♥♦s ♦✉tr♦s ❣r❛✉s✳ ◆❡st❡ ❝❛s♦ ❛s ❛♣❧✐❝❛çõ❡s



✷✻

H(c(M2)) ⊕H(c(M3)) −→ H(c(M3))

↓φ(23) ↓id

H(c(M23))
p

−→ H(c(M3))

⊕

❋✐❣✉r❛ ✶✳✾✿ ❊sq✉❡♠❛ ♣❛r❛ ✈✐s✉❛❧✐③❛çã♦ ❞❡ ✭✶✳✻✮✳

H(c(M2)) ⊕H(c(M3)) −→ H(c(M1))

↓φ(23) ↓id

H(c(M23))
p

−→ H(c(M1))

⊕

❋✐❣✉r❛ ✶✳✶✵✿ ❊sq✉❡♠❛ ♣❛r❛ ✈✐s✉❛❧✐③❛çã♦ ❞❡ ✭✶✳✼✮✳
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∆(π′, π) ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❡ ∆ é ❛♣❡♥❛s ✉♠❛ ♠❛tr✐③ ♥✉♠ér✐❝❛ ♥♦ s❡♥t✐❞♦

✉s✉❛❧✳

❙❡❥❛ CM(D(M), <) ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ ❝♦♠ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ <✳ ❆ ♦r❞❡♠

q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s é ❛ ♦r❞❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ ✢✉①♦ <ϕ✳ ❆s ♦✉tr❛s ♦r❞❡♥s sã♦ ✐♠♣♦rt❛♥t❡

♥❛ t❡♦r✐❛ ❞❡ ❝♦♥t✐♥✉❛çã♦ ♣❛r❛ ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳ ❱❡r ❬❋r✷❪✱ ❬❋r✹❪✱ ❬❘✶❪✳

❋r❛♥③♦s❛ ♠♦str❛ ❡♠ ❬❋r✸❪ ❛ ❡①✐stê♥❝✐❛ ❞❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳

❚❡♦r❡♠❛ ✶✳✻✳✶✶✳ ❙❡❥❛ (D(M), <) ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❡♠ M ✳ ❊♥tã♦

CM(D(M), <) 6= ∅.

❆ ♠❛tr✐③ ♣r♦❞✉③ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ M ✭✈❡r ❬❋r✸❪✮✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✶✷✳ ❙❡ ∆ ∈ CM(D(M), <ϕ)✱ π ❡ π′ sã♦ ❛❞❥❛❝❡♥t❡s ♥❛ ♦r❞❡♠ ❞♦ ✢✉①♦✱ ❡

∆(π′, π) 6= 0✱ ❡♥tã♦ C(Mπ′ ,Mπ) 6= ∅✳

❉❡♠♦♥str❛çã♦✿ ∆(π′, π) 6= 0 ✐♠♣❧✐❝❛ π <ϕ π
′✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♦r❞❡♠ ❞♦ ✢✉①♦

q✉❡ ❡①✐st❡ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s P : π = π0, . . . , πn = π′ ❝♦♠ C(Mπj
,Mπj−1

) 6=

∅ ♣❛r❛ ❝❛❞❛ j = 1, . . . , n✳ ❈♦♠♦ π ❡ π′ sã♦ ❛❞❥❛❝❡♥t❡s ♥❛ ♦r❞❡♠ ❞♦ ✢✉①♦ ❡♥tã♦ n = 1✱ ♦✉ s❡❥❛✱

C(Mπ,Mπ′) 6= ∅✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❡♠ CM(D(M), <ϕ) ❛

❝♦♠♣♦s✐çã♦ ∆(π′, π)∆(π′′, π′) é ♥ã♦ tr✐✈✐❛❧ ❡ q✉❡ π ❡ π′ ❜❡♠ ❝♦♠♦ π′ ❡ π′′ sã♦ ❛❞❥❛❝❡♥t❡s ♥❛

♦r❞❡♠ ❞♦ ✢✉①♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✻✳✶✷ ❛♠❜♦s C(Mπ′′ ,Mπ′) ❡ C(Mπ′ ,Mπ) sã♦ ♥ã♦ ✈❛③✐♦s✳ ❆❧é♠

❞✐ss♦✱ s❡ Π := {π, π′, π′′}✱ ❡♥tã♦ ∆(Π)2 6= 0✳ ❙❡❣✉❡ q✉❡ Π ♥ã♦ é ✉♠ ✐♥t❡r✈❛❧♦ ♥❛ ♦r❞❡♠ ❞♦

✢✉①♦✳ P♦rt❛♥t♦ ♠❛✐s ❡str✉t✉r❛ ❡stá ♣r❡s❡♥t❡✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ C(Mπ′′ ,Mπ) 6= ∅ ❡✱ ❛❧é♠ ❞✐ss♦

q✉❡ ❡①✐st❡ ✉♠ ✐♥t❡r✈❛❧♦ I ♥❛ ♦r❞❡♠ ❞♦ ✢✉①♦ t❛❧ q✉❡ π /∈ I ❡ ❛♠❜♦s C(Mπ′′ ,MI) ❡ C(MI ,Mπ)

sã♦ ♥ã♦ ✈❛③✐♦s✳

❆❧❣✉♠❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ tê♠ ✈ár✐❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳ ❙❡ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❞❡

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ é ❢r❛❝❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ❛❞❥❛❝❡♥t❡s ❡ ❞❡ ✐♥t❡r✈❛❧♦s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ é ♠✉✐t♦ ❢♦rt❡✱ ❡①✐st✐rã♦ ♠❛✐s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ ❞❡✈✐❞♦ ❛
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Mπ′′

Mπ

Mπ′

MI

❋✐❣✉r❛ ✶✳✶✶✿ ∆(Π)2 6= 0 ✐♠♣❧✐❝❛ q✉❡ Π ♥ã♦ é ✉♠ ✐♥t❡r✈❛❧♦✳

❢❛❧t❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ♦r❞❡♠ ❞♦ ✢✉①♦✳ P♦rt❛♥t♦✱ ❛ ♥ã♦ ✉♥✐❝✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❡stá

❛❧❣✉♠❛s ✈❡③❡s ❧✐❣❛❞❛ ❛♦ ✉s♦ ❞❡ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ♠✉✐t♦ ❢♦rt❡✳ ◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦ ✉s❛♥❞♦ ❛

♦r❞❡♠ ❞♦ ✢✉①♦✱ ♣♦❞❡♠ ❡①✐st✐r ✈ár✐❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳ ■st♦ ♣♦❞❡ s❡r ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞❛

♦❝♦rrê♥❝✐❛ ❞❡ ❝♦♥❡①õ❡s ✐♥stá✈❡✐s ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ▼♦rs❡✱ ✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✺✳✷✳

◆♦ ❝❛s♦ ❞❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❝♦♠ ❛ ♦r❞❡♠ ❞♦ ✢✉①♦ t❛❧ q✉❡ ♦s ❝♦♥❥✉♥t♦s ❞❡

▼♦rs❡ sã♦ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠ ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s tr❛♥s✈❡rs❛✐s✱ ❘❡✐♥❡❝❦

♠♦str♦✉ ❡♠ ❬❘✶❪ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é ú♥✐❝❛✳

❚❡♦r❡♠❛ ✶✳✻✳✶✹ ✭❘❡✐♥❡❝❦✮✳ ❙✉♣♦♥❤❛ q✉❡W s(Mπ) ❡W u(Mπ′) s❡ ✐♥t❡r❝❡♣t❛♠ tr❛♥s✈❡rs❛❧♠❡♥t❡

♣❛r❛ π, π′ ∈ P ✳ ❊♥tã♦ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❞❡t❡r♠✐♥❛❞❛

♣❡❧♦ ✢✉①♦ é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ π ❡ π′ ∈ P t❛✐s q✉❡ π <ϕ π
′✳

❙✉♣♦♥❤❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ π ❡ π′ sã♦ ❛❞❥❛❝❡♥t❡s ❡♠ P ✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ∆(Mπ,Mπ′)

é ❞❡✜♥✐❞❛ ♣❡❧❛ s❡qüê♥❝✐❛

. . . // Hq(c(Mπ ∪ C(Mπ,Mπ′) ∪Mπ′)) // Hq(c(Mπ′)) // Hq−1(c(Mπ)) // . . .

❡✱ ♣♦rt❛♥t♦✱ é ú♥✐❝❛✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ π ❡ π′ ♥ã♦ sã♦ ❛❞❥❛❝❡♥t❡s ❡ ♠♦str❡♠♦s q✉❡ ∆(Mπ,Mπ′) = 0✳ ❈♦♠♦ π

❡ π′ ♥ã♦ sã♦ ❛❞❥❛❝❡♥t❡s ❡♥tã♦ ❡①✐st❡ π′′✱ ❝♦♠ π′ <ϕ π
′′ <ϕ π✳ ❙❡❥❛♠ i✱ j ❡ k t❛✐s q✉❡ c(Mπ) = Σi✱
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c(Mπ′′) = Σj ❡ c(Mπ′) = Σk✳ ❈♦♠♦ π′ <ϕ π
′′ ❡ W s(Mπ′) ✐♥t❡r❝❡♣t❛ W u(Mπ′′) tr❛♥s✈❡rs❛❧♠❡♥t❡

t❡♠♦s q✉❡ i < j✱ ♦✉ s❡❥❛✱ i ≤ j − 1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ j ≤ k − 1✱ ❡♥tã♦ i ≤ k − 2✳ ❆ ❛♣❧✐❝❛çã♦

∆(Mπ,Mπ′) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛✉ −1 ❞❡ H∗(Σ
k, pt) ❡♠ H∗(Σ

i, pt) ♦♥❞❡ i ≤ k − 2✳ ❆ ú♥✐❝❛

❛♣❧✐❝❛çã♦ ♣♦ssí✈❡❧ é ∆(Mπ,Mπ′) = 0✳

❆ss✐♠✱ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ∆ é ♦✉ ③❡r♦ ♦✉ ❞❡✜♥✐❞❛ ✉♥✐❝❛♠❡♥t❡ ♣❡❧♦ ✢✉①♦✳

✶✳✻✳✸ ▼❛tr✐③ ❞❡ ❈♦♥❡①ã♦ ❡♠ ✢✉①♦s ❞❡ ▼♦rs❡

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ s✉❛✈❡ ❞❡ ❞✐♠❡♥sã♦ n ❡ ϕ ♦ ✢✉①♦ ❣r❛❞✐❡♥t❡ ❞❡

✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ f : M → R✳ ❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬❋✷❪✱ ❬▼✷❪ ❡ ❬❙❛✶❪✳ ➱ ❝❧❛r♦

q✉❡ f ❞❡❝r❡s❝❡ ♥❛s ór❜✐t❛s ❞❡ ϕ ❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ϕ sã♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f ✳ ❈♦♠♦ f é

❞❡ ▼♦rs❡✱ ❡♥tã♦ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ϕ sã♦ ❤✐♣❡r❜ó❧✐❝❛s✱ ♦✉ s❡❥❛✱ ❛ ❍❡ss✐❛♥❛ ❞❡ f é ♥ã♦

s✐♥❣✉❧❛r ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f ✳ ❉❛❞♦ x ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❡♠M ✱ s❡❥❛♠

W s(x) = {y ∈ M | ❧✐♠s→∞ϕ
s(y) = x} ❡ W u(x) = {y ∈ M | ❧✐♠s→−∞ϕ

s(y) = x} ❛s ✈❛r✐❡❞❛❞❡s

❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞❡ x✳ ❈♦♠♦ f é ❞❡ ▼♦rs❡✱ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ sã♦ tr❛♥s✈❡rs❛✐s ❡

❛ ✐♠❛❣❡♠ ♣♦r f ❞❡ q✉❛✐sq✉❡r ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞✐st✐♥t❛s é t❛♠❜é♠ ❞✐st✐♥t❛✳

❙❡ x ∈ M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tã♦ s❛❜❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s

(a1, a2, . . . , ak, b1, b2, . . . , bn−k) ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x t❛✐s q✉❡

f(a1, a2, . . . , ak, b1, b2, . . . , bn−k) = f(x) − a2
1 − a2

2 − · · · − a2
k + b21 + b22 · · · + b2n−k

❖ ✐♥t❡✐r♦ k é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❞❡ ▼♦rs❡ ❞❡ x ❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞❡W u(x)✳ ❉❡♥♦t❡♠♦s

♣♦r ✐♥❞(x) ♦ í♥❞✐❝❡ ❞❡ ▼♦rs❡ ❞❡ x✳

❙❡❥❛ D(M) = {Mπ}π∈P ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ <✲♦r❞❡♥❛❞❛ ❞❡ M t❛❧ q✉❡ ❝❛❞❛ Mπ é

✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ϕ✳

❊♥tã♦ ♦ í♥❞✐❝❡ ❞❡ ❈♦♥❧❡② ❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ é ♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠❛ ❡s❢❡r❛ ♣♦♥t✉❛❞❛

Σk✱ ♦♥❞❡ k é ❛ ❞✐♠❡♥sã♦ ❞❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❡ x✳

❱❛♠♦s ❛❣♦r❛ ❢❛③❡r ✉♠❛ ❝♦♥str✉çã♦ q✉❡ ❢♦✐ ❢♦r♠❛❧✐③❛❞❛ ♣♦r ❋❧♦❡r ♥♦ ❝❛s♦ ❣r❛❞✐❡♥t❡✱ ♠❛s q✉❡

❥á ❡st❛✈❛ ✐♠♣❧í❝✐t❛ ❡♠ t❡♦r✐❛ ❞❡ ▼♦rs❡✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬❙❛✷❪ ❡ ❬▼✶❪✳ Pr✐♠❡✐r❛♠❡♥t❡✱

❡s❝♦❧❤❡♠♦s ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Eu(x) = TxW
u(x) ♣❛r❛ t♦❞♦ ♣♦♥t♦ ❝rít✐❝♦
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❞❡ f ❡ ❞❡♥♦t❛♠♦s ♣♦r 〈x〉 ♦ ♣❛r ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ x ❡ s✉❛ ♦r✐❡♥t❛çã♦✳ P❛r❛ t♦❞♦

k = 0, 1, . . . , n ❞❡♥♦t❛♠♦s

Ck =
⊕

x

Z〈x〉

♦♥❞❡ x ✈❛r✐❛ ❡♥tr❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ í♥❞✐❝❡ k✳ ❈♦♠♦ f é ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡✱

❡♥tã♦ W u(x) ∩W s(y) t❡♠ ❞✐♠❡♥sã♦ 1 ❡ ❝♦♥s✐st❡ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ór❜✐t❛s s❡ ✐♥❞(x)✲

✐♥❞(y) = 1✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ✐♥t❡✐r♦ n(x, y) ❛ss♦❝✐❛♥❞♦ ✉♠ ♥ú♠❡r♦ +1 ♦✉

−1 ❛ t♦❞❛s ❛s ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s♦♠❛✳ ❙❡❥❛ γ(s) ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡

❝♦♠ lims→−∞γ(s) = x ❡ lims→∞γ(s) = y✳ ❊♥tã♦ 〈x〉 ✐♥❞✉③ ✉♠❛ ♦r✐❡♥t❛çã♦ ♥♦ ❝♦♠♣❧❡♠❡♥t❛r

♦rt♦❣♦♥❛❧ Eu
γ (x) ❞❡ v = lims→−∞γ̇(s)|γ̇(s)|

−1 ❡♠ Eu(x)✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ✐♥❞(x) = k ❡ ✐♥❞(y) =

k − 1✱ ♦ ✢✉①♦ t❛♥❣❡♥t❡ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ Eu
γ (x) ❡ Eu(y) ❡ ❞❡✜♥✐♠♦s nγ ❝♦♠♦ s❡♥❞♦

+1 ♦✉ −1 ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ ♦ ✐s♦♠♦r✜s♠♦ ♣r❡s❡r✈❛r ❛ ♦r✐❡♥t❛çã♦ ♦✉ r❡✈❡rt❡r ❛ ♦r✐❡♥t❛çã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥✐♠♦s ❡♥tã♦

n(x, y) =
∑

γ

nγ

♦♥❞❡ ❛ s♦♠❛ ✈❛r✐❛ ❡♥tr❡ t♦❞❛s ❛s ór❜✐t❛s ❞❡ ϕ q✉❡ ❝♦♥❡❝t❛♠ x ❛ y✳ ❊♥tã♦ ♦ ♦♣❡r❛❞♦r ❜♦r❞♦

∂c
k : Ck → Ck−1 ❞♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦♣❡r❛❞♦r ❜♦r❞♦ ❞❡ ❲✐tt❡♥✱ é ❞❡✜♥✐❞♦

❝♦♠♦

∂c〈x〉 =
∑

y

n(x, y)〈y〉

♦♥❞❡ ❛ s♦♠❛ ✈❛r✐❛ s♦❜r❡ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ k − 1✳

❉❡♥♦t❡♠♦s ❡st❡ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ❣r❛❞✉❛❞♦ ❞❡ ▼♦rs❡ ♣♦r

(Z〈critf〉, ∂c)

❚❡♦r❡♠❛ ✶✳✻✳✶✺ ✭❘✳❚❤♦♠✱ ❙✳ ❙♠❛❧❡✱ ❏✳ ▼✐❧♥♦r✱ ❈✳ ❈♦♥❧❡②✱ ❊✳ ❲✐tt❡♥✮✳ ∂c
k ◦ ∂c

k+1 = 0 ❡ ♦

♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ H(C) = ❑❡r∂c
k/■♠∂

c
k+1 é ✐s♦♠♦r❢♦ ❛♦ ♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞♦ í♥❞✐❝❡ ❞❡

❈♦♥❧❡② H(c(M))✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ♦ ♦♣❡r❛❞♦r ❜♦r❞♦ ❞❡ ❲✐tt❡♥ ∂c r❡♣r❡s❡♥t❛ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♠❛tr✐③

❞❡ ❝♦♥❡①ã♦✳ ❯♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞❡st❡ ❢❛t♦ é q✉❡ ♦ ❚❡♦r❡♠❛ ✶✳✻✳✶✺ s❡❣✉❡ ❞♦s tr❛❜❛❧❤♦s ❞❡

❋r❛♥③♦s❛ ❬❋r✶❪✱ ❬❋r✸❪ ❡ ❬▼♦❪✳
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❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ♦r✐❡♥t❛❞❛ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧

Mc = {x ∈M | f(x) = c}

é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ♣❛r❛ t♦❞♦ ✈❛❧♦r r❡❣✉❧❛r c✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ✉♠❛ ❜❛s❡ ξ2, . . . , ξn

❞❡ TxMc é ♣♦s✐t✐✈❛♠❡♥t❡ ♦r✐❡♥t❛❞❛ s❡ −∇f(x), ξ2, . . . , ξn ❞❡✜♥❡ ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ♣❛r❛ TxM ✳

❆❧é♠ ❞✐ss♦✱ ❛ ♦r✐❡♥t❛çã♦ 〈x〉 ❞❡ Eu(x) = TxW
u(x) ✐♥❞✉③ ✉♠❛ ♦r✐❡♥t❛çã♦ ❡♠ Es(x) = TxW

s(x)✱

♣♦✐s TxM = Eu(x)⊕Es(x)✳ ❙❡❣✉❡ q✉❡ ❛ ❡s❢❡r❛ W u
c (x) = W u(x)∩Mc ❤❡r❞❛ ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡

W u(x) ❡ ❛ ❡s❢❡r❛ W s
c (y) = W s(y) ∩Mc ❤❡r❞❛ ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ W s(y)✳ ❖ ✐♥t❡✐r♦ n(x, y) ♥♦

♦♣❡r❛❞♦r ❜♦r❞♦ ❞❡ ❲✐tt❡♥ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❡ W u
c (x) ❡ W s

c (y) ❡♠ Mc✳

❉❡s❝r❡✈❡♠♦s ❡♥tã♦ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ ✢✉①♦ ▼♦rs❡ ❣r❛❞✐❡♥t❡✳ P❛r❛

❝❛❞❛ ♣♦♥t♦ ❝rít✐❝♦ x ❞❡ f ✱ s❡❥❛ (Nx, Lx) ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ x✳ ❙❡ ✐♥❞(x) = k ❡♥tã♦ ✉♠❛

♦r✐❡♥t❛çã♦ ❞❡ Eu(x) = TxW
u(x) ❞❡t❡r♠✐♥❛ ✉♠ ❣❡r❛❞♦r ❞❡ Hk(Nx, Lx;Z) ∼= Z✳ ❊♥tã♦ ♦ Z✲

♠ó❞✉❧♦ Ck ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠

Ck = ⊕xHk(Nx, Lx;Z)

♦♥❞❡ ❛ s♦♠❛ ✈❛r✐❛ ❡♥tr❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ í♥❞✐❝❡ k✳

❙❡❣✉✐♥❞♦ ❋❧♦❡r ❞❡✜♥✐♠♦s

M(x, y) = W u(y) ∩W s(x)

✉♥✐ã♦ ❞❛s ór❜✐t❛s ❝♦♥❡❝t❛♥❞♦ x ❛ y✳ ❊ss❡ ❝♦♥❥✉♥t♦ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ❞❡ ❞✐♠❡♥sã♦

✐♥❞(x)✲✐♥❞(y) ❥á q✉❡ ϕ é ▼♦rs❡✳ ❆❧é♠ ❞✐ss♦✱ s❡ ✐♥❞(x)✲✐♥❞(y) = 1

S(x, y) = M(x, y) ∪ {x, y}

é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦✳ ❙❡❥❛ (N2, N0) ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ S(x, y) ❡ ❞❡✜♥❛♠♦s N1 =

N0 ∪ (N2 ∩Mc)✱ ♦♥❞❡ f(y) < c < f(x)✳ ❊♥tã♦ (N2, N1) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ x ❡ (N1, N0) é

✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ y✳ ❉❡✜♥❛♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦

∆k(x, y) : Hk(Nx, Lx) → Hk−1(Ny, Ly)

❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦
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Hk(Nx, Lx) // Hk(N2, N1)
∂ // Hk−1(N1, N0) // Hk−1(Ny, Ly)

♦♥❞❡ ♦ ♣r✐♠❡✐r♦ ❡ ♦ t❡r❝❡✐r♦ ✐s♦♠♦r✜s♠♦s sã♦ ✐♥❞✉③✐❞♦s ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❤♦♠♦t♦♣✐❛ ❡♥tr❡

❞♦✐s ♣❛r❡s í♥❞✐❝❡s ❞❡ ✉♠ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦✳ ■st♦ ❞❡t❡r♠✐♥❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦

∆k : Ck → Ck−1

q✉❡ é ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦✳

▼♦str❡♠♦s q✉❡ ❡st❡ ♦♣❡r❛❞♦r ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ▼✐❧♥♦r ❡ ❲✐tt❡♥✳

▲❡♠❛ ✶✳✻✳✶✻✳ ∂c = ∆✳

❉❡♠♦♥str❛çã♦✿ ❆❧t❡r❛♥❞♦ ❛ ❢✉♥çã♦ f ❢♦r❛ ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ✐s♦❧❛♥t❡ ❞❡ S(x, y)✱

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ x ❡ y sã♦ ♦s ú♥✐❝♦s ♣♦♥t♦s ❝rít✐❝♦s ❡♠ f−1(a, b)✱ ♦♥❞❡ a = f(y) ❡

b = f(x)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛ S ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s z 6= x ❝♦♠

✐♥❞(z) ≥ ✐♥❞(x) ❥✉♥t❛♠❡♥t❡ ❝♦♠ s✉❛s ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s✳ ❊♥tã♦ S é ✉♠ r❡♣✉❧s♦r ❡✱ ♣♦rt❛♥t♦✱

❡①✐st❡ ✉♠❛ ❢✉♥çã♦ g : M → R t❛❧ q✉❡ N = g−1([0,∞)) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ✐s♦❧❛♥t❡ ♣❛r❛ S ❡

dg(z)∇f(z) > 0 ♣❛r❛ z ∈ ∂N = g−1(0)✳

❙❡❥❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ ρ : R→ [0, 1] s❛t✐s❢❛③❡♥❞♦ ρ(r) = 0 ♣❛r❛ r ≤ 0 ❡ ρ(r) = 1

♣❛r❛ r ≥ ε✳ ❉❡✜♥✐♠♦s fC : M → R

fC(z) = f(z) + Cρ(g(z))

❊♥tã♦ fC t❡♠ ♦s ♠❡s♠♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ f ♣❛r❛ t♦❞♦ ✈❛❧♦r ♣♦s✐t✐✈♦ C✳ ❚♦♠❛♥❞♦ ε s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ g(z) ≥ ε ♣❛r❛ t♦❞♦ z ∈ S ❡ ♣♦rt❛♥t♦ ρ(g(z)) = 1✳

❊♥tã♦ ❞❛❞♦ z ∈ S✱ ❡s❝♦❧❤❡♠♦s C > b− inf(f) ❡ ❡♥tã♦ t❡♠♦s

fC(z) = f(z) + C > f(z) + b− inf(f) > b

❡✱ ♣♦rt❛♥t♦✱ S ⊂ f−1
C ((b,∞))✳ ❯♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ s✐♥❣✉❧❛r✐❞❛❞❡s

z 6= y ❝♦♠ ✐♥❞(z) ≤ ✐♥❞(y)✳ ❚❛✐s ❛❧t❡r❛çõ❡s ♥ã♦ ❛❢❡t❛♠ ♦s ❤♦♠♦♠♦r✜s♠♦s ∂c ❡ ∆✳

❉❛❞♦s a < c < b✱ ✉♠ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ ✉♠ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡✜♥✐♠♦s✿
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Nx = {z ∈M | f(ϕ−T (z)) ≤ b+ ε, f(z) ≥ c}

Ny = {z ∈M | f(ϕT (z)) ≥ a− ε, f(z) ≤ c}

Lx = {z ∈ Nx | f(z) = c}

Ly = {z ∈ Ny | f(ϕT (z)) = a− ε}

❊♥tã♦ ✉♠ tr✐♦✲í♥❞✐❝❡ ♣❛r❛ ♦ ♣❛r ❛tr❛t♦r✲r❡♣✉❧s♦r y✱ x ♥♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ S(x, y)

é ❞❛❞♦ ♣♦r

N2 = Ny ∪Nx, N1 = Ny ∪ Lx, N0 = Ly ∪ Lx \Ny

◆♦t❡ q✉❡ Nx ♣♦❞❡ s❡r ❝♦♥tr❛í❞♦ ♣❛r❛ W u(x) ∩ {f ≥ c} t♦♠❛♥❞♦ T → ∞✳ ❉❛ ♠❡s♠❛

❢♦r♠❛ Ny é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❞❡ W s(y) ∩ {f ≤ c} ❝✉❥❛ ❧❛r❣✉r❛ ❝♦♥✈❡r❣❡ ❛ ③❡r♦ q✉❛♥❞♦

T → ∞✳ ❈♦♠♦ W u(x) ❡ W s(y) s❡ ✐♥t❡rs❡❝t❛♠ tr❛♥s✈❡rs❛❧♠❡♥t❡✱ ❡♥tã♦ Ny ∩W
u(x) ∩ {f = c}

é ❝♦♥st✐t✉í❞♦ ♣♦r ✜♥✐t❛s ❝♦♠♣♦♥❡♥t❡s V1, . . . , Vm✱ ❝❛❞❛ ✉♠❛ ❝♦♥t❡♥❞♦ ✉♠ ú♥✐❝♦ ♣♦♥t♦ zj ∈

M(x, y)∩Vj✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛ Dk−1 ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❡♠ Rk−1✳ ❊①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

ψy : Ny → Dk−1 ×Dn−k+1

t❛❧ q✉❡

ψy(Ly) = ∂Dk−1 ×Dn−k+1

ψy(W
s(y) ∩Ny) = {0} ×Dn−k+1

ψy(Vj) = Dk−1 × {θj}

♦♥❞❡ θj ∈ ∂Dn−k+1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Vj é ✉♠❛ k − 1 ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ Wj = Vj ∩ Ly✱

❞✐❢❡♦♠♦r❢❛ ❛ Dk−1 ✈✐❛ ψj = π1 ◦ ψy

∣∣
Vj

: Vj → Dk−1✳ ❆ ❛♣❧✐❝❛çã♦ π1 ◦ ψy : Ny → Dk−1 ✐♥❞✉③

✉♠ ✐s♦♠♦r✜s♠♦ ❡♠ ❤♦♠♦❧♦❣✐❛

Hk−1(Ny, Ly) ∼= Hk−1(D
k−1, ∂Dk−1) ∼= Hk−1(Vj,Wj)

❆ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ❡♠ Eu(y) ❞❡t❡r♠✐♥❛ ✉♠ ❣❡r❛❞♦r ❞❛ ❤♦♠♦❧♦❣✐❛ α ∈ Hk−1(Ny, Ly) ∼= Z

q✉❡✱ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ❛❝✐♠❛ é ❧❡✈❛❞♦ ❡♠ αj ∈ Hk−1(Vj,Wj)✳ ❆ ❝❧❛ss❡ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞❡ αj
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é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❡ Tzj
Vj ❤❡r❞❛❞❛ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❡ Eu(y) ✈✐❛ ♦ ✐s♦♠♦r✜s♠♦

❞❡✜♥✐❞♦ ♣❡❧♦ ✢✉①♦ Tzj
Vj → Eu(y) q✉❡ ♣♦❞❡ ♦✉ ♥ã♦ ❝♦✐♥❝✐❞✐r ❝♦♠ ❛q✉❡❧❛ ❤❡r❞❛❞❛ ❞❡ W u(x)

✈✐❛ ❛ ✐♥❥❡çã♦

Tzj
Vj = Tzj

W u(x) ∩∇f(zj)
⊥ ⊂ Tzj

W u(x)

✭t♦♠❛♥❞♦ −▽f(zj) ❝♦♠♦ ♣r✐♠❡✐r♦ ✈❡t♦r ❞❛ ❜❛s❡✮✳ ❆ss✐♠✱ ❛♠❜❛s ❛s ♦r✐❡♥t❛çõ❡s ❝♦✐♥❝✐❞❡♠ s❡ ❡

s♦♠❡♥t❡ s❡ nj = 1✱ ♦♥❞❡ nj ∈ {−1,+1} é ♦ s✐♥❛❧ ❛ss♦❝✐❛❞♦ à ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ γj(s) = ϕs(zj)✳

❊s❝♦❧❤❡♠♦s ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ♣❛r❛ ❛s k−1✲✈❛r✐❡❞❛❞❡s Vj ❡ ❡st❡♥❞❡♠♦s ❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦

♣❛r❛ ❛ k ✈❛r✐❡❞❛❞❡W u(x)∩{f ≥ c} ❝♦♠ ❜♦r❞♦W u(x)∩{f = c}✳ ❏✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦

❞❡ W u(x)✱ ✐st♦ ❞❡t❡r♠✐♥❛ ✉♠ ❣❡r❛❞♦r

βj ∈ Hk(W
u(x) ∩Nx,W

u(x) ∩ Lx) ∼= Hk(Nx, Lx)

❆ ❝❧❛ss❡ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞❡ ∂βj ∈ Hk−1(W
u(x) ∩ Lx,W u(x) ∩ Lx \ Vj) ∼= Hk−1(Vj,Wj) é

r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ tr✐❛♥❣✉❧❛çã♦ ♦r✐❣✐♥❛❧ ❞❡ Vj ❥✉♥t♦ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❤❡r❞❛❞❛ ❞❡ W u(x) ❡✱

♣♦rt❛♥t♦✱ ❝♦✐♥❝✐❞❡ ❝♦♠ njαj✳ P❡❧♦ ✐s♦♠♦r✜s♠♦ Hk−1(Ny, Ly) ∼= Hk−1(Vj,Wj) ♦❜t❡♠♦s

∆β =
m∑

j=1

njα = n(x, y)α ∈ Hk−1(Ny, Ly).

❉❡t❛❧❤❡s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✶✺ ❜❡♠ ❝♦♠♦ ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ s✉❛ ❤✐stór✐❛

s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❬❙❛✷❪✳

❉❡♠♦♥str❛çã♦✿ ❬❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✶✺❪ P❛r❛ j ≤ k✱ s❡❥❛ Skj ❛ ✉♥✐ã♦ ❞♦s ❝♦♥❥✉♥t♦sM(x, y)

❞❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f ❝♦♠ j ≤ ind(y) ≤ ind(x) ≤ k✳ ❊st❡s ❝♦♥❥✉♥t♦s sã♦

❝♦♠♣❛❝t♦s✱ ❥á q✉❡ ♦ ✢✉①♦ ❣r❛❞✐❡♥t❡ é ❞♦ t✐♣♦ ▼♦rs❡✲❙♠❛❧❡✳

❚❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ Skj é ✉♠ ✐♥✈❛r✐❛♥t❡ ✐s♦❧❛❞♦ ♣❛r❛ j ≤ k✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Sn0 = M ❡ Skk

sã♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ í♥❞✐❝❡ k✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✜❧tr❛çã♦✲í♥❞✐❝❡ N0 ⊂ N1 ⊂ · · · ⊂ Nn

t❛❧ q✉❡ Nn = M ❡ (Nk, Nj−1) é ✉♠ ♣❛r✲í♥❞✐❝❡ ♣❛r❛ Skj ❝♦♠ j ≤ k ❡ N−1 = ∅✳
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❙❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✻✳✶✻ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦

Ck+1

��

∂c
k+1 // Ck

��

∂c
k // Ck−1

��

Hk+1(Nk+1, Nk)
∂k+1 // Hk(Nk, Nk−1)

∂k // Hk−1(Nk−1, Nk−2)

♦♥❞❡ ♦s ✐s♦♠♦r✜s♠♦s ✈❡rt✐❝❛✐s sã♦ ❞❛❞♦s ♣❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞♦ ♣❛r✲í♥❞✐❝❡✳ ❙❡❣✉❡ q✉❡

∂c
k ◦ ∂

c
k+1 = 0.

❈♦♠♦Hj(Nk, Nk−1) = 0 ♣❛r❛ j 6= k✱ s❡❣✉❡ ❞❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ Hj(Nk) → Hj(Nk+1) é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛ j 6= k, k + 1✳ ■ss♦ ♠♦str❛

Hj(Nk) → Hj(M) é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛ j < k ❡ Hj(Nk) = 0 ♣❛r❛ j > k✳ ❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡

♠♦str❛ q✉❡ ♥♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦

0

��

0 // Hk(Nk) // Hk(Nk, Nk−1)
∂ //

∂

))S

S

S

S

S

S

S

S

S

S

S

S

S

S

Hk−1(Nk−1)

��

Hk−1(Nk−1, Nk−2)

❛ s❡qüê♥❝✐❛s ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s sã♦ ❡①❛t❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r ♦ ❤♦♠♦♠♦r✜s♠♦ Hk−1(Nk−1) →

Hk−1(Nk−1, Nk−2) é ✐♥❥❡t✐✈♦ ❡✱ ♣♦rt❛♥t♦✱ ♦ ♥ú❝❧❡♦ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❜♦r❞♦ ❝♦✐♥❝✐❞❛♠✳ ❊st❡s

sã♦ ✐s♦♠♦r❢♦s ❛ ❛♠❜♦sHk(Nk) ❡ ❑❡r ∂c
k ⊂ Ck✳ ❈♦♥❝❧✉í♠♦s q✉❡ ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛

0 // Hk+1(Nk+1, Nk)
∂k+1 // Hk(Nk) //// Hk(Nk+1) // 0

é ✐s♦♠♦r❢❛ à s❡qüê♥❝✐❛ ❡①❛t❛

0 // Ck+1

∂c
k // ❑❡r∂c

k+1
// Hk(M) // 0

❡ ♣♦rt❛♥t♦ Hk(M) ≈
❑❡r ∂c

k

■♠ ∂c
k+1

✳

◆♦t❡ q✉❡ ♦ ❚❡♦r❡♠❛ ✈❛❧❡ s❡ Z é s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r ❣r✉♣♦ G✳
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✶✳✼ ❙❡qüê♥❝✐❛s ❊s♣❡❝tr❛✐s

▲❡r❛② ✐♥tr♦❞✉③✐✉ ❡♠ ✶✾✹✻ ❛s s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ❝♦♠♦ ✉♠❛ té❝♥✐❝❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ♦

❡st✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❤♦♠♦❧♦❣✐❛ ❡ ❝♦❤♦♠♦❧♦❣✐❛✳ ❊st❛ ❢❡rr❛♠❡♥t❛ ♣❛ss♦✉ ❛ t❡r ♠✉✐t❛s

♦✉tr❛s ❛♣❧✐❝❛çõ❡s ♥❛ t♦♣♦❧♦❣✐❛ ❛❧❣é❜r✐❝❛ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ♥❛ t❡♦r✐❛ ❞❡ ▼♦rs❡ ❡ ♥❛ t❡♦r✐❛ ❞❡

❋❧♦❡r✳ ❯♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ❝❛❞❡✐❛ t❛❧ q✉❡ ❝❛❞❛ ✉♠ ❞♦s

q✉❛✐s é ♦ ♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞♦ ❛♥t❡r✐♦r✳ ❊①✐st❡ ✉♠ ♠ó❞✉❧♦ ❧✐♠✐t❡ ❛ss♦❝✐❛❞♦ ❡ ❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ é ✈✐st❛ ❝♦♠♦ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❡st❡ ♠ó❞✉❧♦ ❧✐♠✐t❡✳ ❆s r❡❢❡rê♥❝✐❛s

♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬❇❪✱ ❬❉❪ ❡ ❬❙♣❪✳

✶✳✼✳✶ ❉❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❯♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ Er s♦❜r❡ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s R é ✉♠❛ ❝♦❧❡çã♦ ✐♥❞❡①❛❞❛

❞❡ R✲♠ó❞✉❧♦s Er
p,q ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ✐♥t❡✐r♦s p ❡ q✳ ❯♠❛ ❞✐❢❡r❡♥❝✐❛❧ dr ❞❡ ❜✐✲❣r❛✉ (−r, r− 1) é

✉♠❛ ❝♦❧❡çã♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s dr : Er
p,q → Er

p−r,q+r−1 ♣❛r❛ t♦❞♦ p ❡ q✱ t❛❧ q✉❡ (dr)2 = 0✳ ❖

♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ H(Er) é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ ❞❡✜♥✐❞♦ ♣♦r

Hp,q(E
r) =

❑❡rdr : Er
p,q → Er

p−r,q+r−1

■♠dr : Er
p+r,q−r+1 → Er

p,q

◆♦t❡♠♦s q✉❡ d ❞❡✜♥❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦

∂ :
⊕

p+q=k

Ep,q →
⊕

p+q=k−1

Ep,q

t❛❧ q✉❡ {⊕p+q=kEp,q, ∂} é ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s✳ ❆❧é♠ ❞✐ss♦✱ ♦ k✲és✐♠♦ ♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛

❞❡ss❡ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s é ✐❣✉❛❧ ❛ ⊕p+q=kHp,q(E)✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✳ ❯♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ {Er, dr}✱ r ≥ 0✱ é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡

❝❛❞❡✐❛ ♦♥❞❡ ❝❛❞❛ ❝♦♠♣❧❡①♦ Er é ♦ ♠ó❞✉❧♦ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞♦ ❛♥t❡r✐♦r✱ ♦✉ s❡❥❛✱

✶✳ Er é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ ❡ dr é ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❜✐✲❣r❛✉ (−r, r − 1) ❡♠ Er❀

✷✳ P❛r❛ r ≥ 0 ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ H(Er) ≈ Er+1✳
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❊①✐st❡ ✉♠❛ té❝♥✐❝❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ q✉❡ ❞❡✐①❛ ❛ ❡str✉t✉r❛ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ♠❛✐s ❝❧❛r❛✳

❚❡♠♦s três í♥❞✐❝❡s✱ r✱ p✱ ❡ q✳ P❛r❛ ❝❛❞❛ r✱ ✐♠❛❣✐♥❡ q✉❡ t❡♠♦s ✉♠❛ ❢♦❧❤❛ ❞❡ ♣❛♣❡❧ q✉❛❞r✐❝✉❧❛❞❛

❡ t♦♠❛♠♦s p ♥❛ ❞✐r❡çã♦ ❤♦r✐③♦♥t❛❧ ❡ q ♥❛ ❞✐r❡çã♦ ✈❡rt✐❝❛❧✳

E0

•E0
0,3 •E0

1,3 •E0
2,3 •E0

3,3

•E0
0,2 •E0

1,2 •E0
2,2 •E0

3,2

•E0
0,1 •E0

1,1 •E0
2,1

d0

��

•E0
3,1

•E0
0,0 •E0

1,0 •E0
2,0 •E0

3,0

E1 E2

•E1
0,3 •E1

1,3 •E1
2,3 •E1

3,3

•E1
0,2 •E1

1,2 •E1
2,2 •E1

3,2

•E1
0,1 •E1

1,1 •E1
2,1

d1
oo •E1

3,1

•E1
0,0 •E1

1,0 •E1
2,0 •E1

3,0

•E2
0,3 •E2

1,3 • E2
2,3 • E2

3,3

•E2
0,2 •E2

1,2 • E2
2,2 • E2

3,2

•E2
0,1 •E2

1,1 • E2
2,1 • E2

3,1

d2

iiS
S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

•E2
0,0 •E2

1,0 • E2
2,0 • E2

3,0

❆ ❝❛❞❛ ♣♦♥t♦ ❛ss♦❝✐❛♠♦s ✉♠ Er
p,q✳ ➱ ♠✉✐t♦ ❝♦♠✉♠ k = p + q s❡r ♦✉tr♦ í♥❞✐❝❡ ♥❛t✉r❛❧ ♥❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳ ❖ í♥❞✐❝❡ k é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ❞✐❛❣♦♥❛❧✱ ♥♦r♦❡st❡ ♣❛r❛ s✉❞❡st❡✱ ❡♠ ❝❛❞❛

❢♦❧❤❛✳ ❈♦♠♦ ❛s ❞✐❢❡r❡♥❝✐❛✐s tê♠ ❜✐✲❣r❛✉ (−r, r − 1)✱ ❡♥tã♦ q✉❛♥❞♦ ♣❛ss❛♠♦s ❞❡ ✉♠❛ ❞✐❛❣♦♥❛❧

♣❛r❛ ♦✉tr❛ ❞✐❛❣♦♥❛❧ ❛ s✉❞♦❡st❡✱ k ❞❡❝r❡s❝❡ ♣♦r ✉♠✳ ◗✉❛♥❞♦ r é ③❡r♦✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ dr ♠♦✈❡
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♦❜❥❡t♦s ✉♠ ❡s♣❛ç♦ ♣❛r❛ ❜❛✐①♦✳ ◗✉❛♥❞♦ r é ✉♠✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ ♠♦✈❡ ♦❜❥❡t♦s ✉♠ ❡s♣❛ç♦ ♣❛r❛

❡sq✉❡r❞❛✱ s❡♠❡❧❤❛♥t❡ à ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s✳ ◗✉❛♥❞♦ r é ❞♦✐s✱ ❛ ❞✐❢❡r❡♥❝✐❛❧

♠♦✈❡ ♦❜❥❡t♦s ❛ss✐♠ ❝♦♠♦ ♦ ❝❛✈❛❧♦ s❡ ♠♦✈❡ ♥♦ ①❛❞r❡③✳ P❛r❛ r ♠❛✐♦r✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❛❣❡ ❝♦♠♦

♠♦✈✐♠❡♥t♦ ❞❡ ❝❛✈❛❧♦s ❣❡♥❡r❛❧✐③❛❞♦s✳

❖❜s❡r✈❡♠♦s q✉❡ s❡ Er
p,q = 0 ♣❛r❛ ❛❧❣✉♠ ♣❛r ✜①❛❞♦ (p, q) ❡♥tã♦ Er+ξ

p,q = 0 ♣❛r❛ t♦❞♦ ξ ≥ 0✳

❯♠ ❤♦♠♦♠♦r✜s♠♦ ψ : E → E ′ ❞❡ ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ E ♣❛r❛ ✉♠❛ E ′ é ✉♠❛ ❝♦❧❡çã♦

❞❡ ❤♦♠♦♠♦r✜s♠♦s ψr : Er
p,q → E ′r

p,q ♣❛r❛ t♦❞♦s ♦s p ❡ q q✉❡ ❝♦♠✉t❛♠ ❝♦♠ ❛s ❞✐❢❡r❡♥❝✐❛✐s

❡ t❛❧ q✉❡ ψr
∗ : H(Er) → H(E ′r) ❝♦rr❡s♣♦♥❞❡ ❛ ψr+1 : Er+1 → E ′r+1 ♣❡❧♦s ✐s♦♠♦r✜s♠♦s

H(Er) ≈ Er+1 ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳

P❛r❛ ❞❡✜♥✐r ♦ t❡r♠♦ ❧✐♠✐t❡ ❞❡ ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱ s❡❥❛ Z0 ♦ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦

Z0
p,q = ❑❡r d0

p,q : E0
p,q → E0

p,q−1 ❡ B0 ♦ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ B0
p,q = ■♠ d0

p,q+1 : E0
p,q+1 → E0

p,q✳

❊♥tã♦ B0 ⊂ Z0 ❡ E1 = Z0/B0✳ ❙❡❥❛♠ Z(E1)p,q = ❑❡r d1
p,q : E1

p,q → E1
p−1,q ❡ B(E1)p,q =

■♠ d1
p+1,q : E1

p+1,q → E1
p,q✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ✐s♦♠♦r✜s♠♦ ❞❡ ◆♦❡t❤❡r✱ ❡①✐st❡♠ s✉❜♠ó❞✉❧♦s

❜✐❣r❛❞✉❛❞♦s Z1 ❡ B1 ❞❡ Z0 ❝♦♥t❡♥❞♦ B0 t❛✐s q✉❡ Z(E1)p,q = Z1
p,q/B

0
p,q ❡ B(E1)p,q = B1

p,q/B
0
p,q

♣❛r❛ t♦❞♦ p ❡ q✳ ❙❡❣✉❡ q✉❡ B1 ⊂ Z1 ❡ t❡♠♦s

B0 ⊂ B1 ⊂ Z1 ⊂ Z0

❯t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❡ ❝♦♥t✐♥✉❛♥❞♦ ♣♦r ✐♥❞✉çã♦ ♦❜t❡♠♦s s✉❜♠ó❞✉❧♦s

B0 ⊂ B1 ⊂ . . . ⊂ Br ⊂ . . . ⊂ Zr ⊂ . . . ⊂ Z1 ⊂ Z0

t❛✐s q✉❡ Er+1 = Zr/Br✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♦s ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s Z∞ = ∩rZ
r✱ B∞ = ∪rB

r ❡

E∞ = Z∞/B∞✳ ❖ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ E∞ é ❝❤❛♠❛❞♦ ❞❡ ❧✐♠✐t❡ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ {Er, dr}

❡ ♦s t❡r♠♦s Er ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ sã♦ ❛♣r♦①✐♠❛çõ❡s s✉❝❡ss✐✈❛s ❞❡ E∞✳

❯♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ é ❝♦♥✈❡r❣❡♥t❡ s❡ ❞❛❞♦s p ❡ q ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ r(p, q) ≥ 0 t❛❧ q✉❡

♣❛r❛ r ≥ r(p, q)✱ dr
p,q : Er

p,q → Er
p−r,q+r−1 é tr✐✈✐❛❧✳

❯♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ é ❢♦rt❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ s❡ ❞❛❞♦s p ❡ q ❡①✐st❡ r(p, q) ≥ 0 t❛❧ q✉❡

Er
p,q ≈ E∞

p,q ♣❛r❛ t♦❞♦ r ≥ r(p, q)✳ P♦r ❡①❡♠♣❧♦✱ s❡ {Er, dr} t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ♣❛r❛

❛❧❣✉♠ r ❡①✐st❡♠ ✐♥t❡✐r♦s N ❡ N ′ t❛✐s q✉❡ Er
p,q = 0 ♣❛r❛ p < N ♦✉ q < N ′✱ ❡♥tã♦ ❛ s❡qüê♥❝✐❛
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❡s♣❡❝tr❛❧ é ❢♦rt❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳ ❉❡ ❢❛t♦✱ s❡ Er
p,q = 0 ♣❛r❛ p < N ♦✉ q < N ′ ❡♥tã♦ Er′

p,q = 0

♣❛r❛ t♦❞♦ r′ > r✳ ❊♥tã♦✱ ❞❛❞♦s p ❡ q✱ ❡s❝♦❧❤❡♠♦s r′ t❛❧ q✉❡ r′ > sup(p−N, q−N ′ + 1)✳ ❆ss✐♠

t❡♠♦s

Er′

p+r′,q−r′+1
dr′

// Er′

p,q
dr′

// Er′

p−r′,q+r′−1

♦♥❞❡ ♦ ♣r✐♠❡✐r♦ ♠ó❞✉❧♦ é ✐❣✉❛❧ ❛ ③❡r♦✱ ♣♦✐s q − r′ + 1 > N ′ ❡ ♦ ú❧t✐♠♦ ♠ó❞✉❧♦ é ✐❣✉❛❧ ❛ ③❡r♦

♣♦✐s p− r′ < N ✳ P♦rt❛♥t♦

Er′

p,q ≈ Er′+1
p,q ≈ . . . ≈ E∞

p,q.

✶✳✼✳✷ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ♥✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ✜❧tr❛❞♦

❙❡❥❛ R ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s✳

❉❡✜♥✐çã♦ ✶✳✼✳✷✳ ❯♠❛ ✜❧tr❛çã♦ ❝r❡s❝❡♥t❡ F ❡♠ ✉♠ R✲♠ó❞✉❧♦ A é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ s✉❜♠ó✲

❞✉❧♦s FpA ♣❛r❛ t♦❞♦s ♦s ✐♥t❡✐r♦s p t❛❧ q✉❡ FpA ⊂ Fp+1A✳ ❙❡ A é ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦✱ ♦✉ s❡❥❛✱

A = {Aq} é ✉♠❛ ❝♦❧❡çã♦ ❞❡ R✲♠ó❞✉❧♦s ✐♥❞❡①❛❞❛ ♣♦r ✐♥t❡✐r♦s✱ ❛ ✜❧tr❛çã♦ ❞❡✈❡ s❡r ❝♦♠♣❛tí✈❡❧

❝♦♠ ❛ ❣r❛❞✉❛çã♦✱ ♦✉ s❡❥❛✱ FpA é ❣r❛❞✉❛❞♦ ♣♦r {FpAq}✳

❉❛❞❛ ✉♠❛ ✜❧tr❛çã♦ F ❡♠ A✱ ♦ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ❛ss♦❝✐❛❞♦ G(A) é ❞❡✜♥✐❞♦ ♣♦r

G(A)p =
FpA

Fp−1A

❙❡ A é ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦✱ ♦ ♠ó❞✉❧♦ ❛ss♦❝✐❛❞♦ G(A) é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦

G(A)p,q =
FpAp+q

Fp−1Ap+q

❆ ✜❧tr❛çã♦ F é ❝♦♥✈❡r❣❡♥t❡ s❡ ∩pFpA = 0 ❡ ∪FpA = A✳ ❆ ✜❧tr❛çã♦ F é ✜♥✐t❛ s❡ FpA = 0

♣❛r❛ ❛❧❣✉♠ p ❡ Fp′A = A ♣❛r❛ ❛❧❣✉♠ p′✳ ➱ ❝❧❛r♦ q✉❡ t♦❞❛ ✜❧tr❛çã♦ ✜♥✐t❛ é ❝♦♥✈❡r❣❡♥t❡✳ ◆❛s

✜❧tr❛çõ❡s ❝♦♥✈❡r❣❡♥t❡s✱ ♦ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ❛ss♦❝✐❛❞♦ G(A) ❡stá ♠❛✐s ❛♠❛rr❛❞♦ ❛ A ❞♦ q✉❡

❡♠ ✜❧tr❛çõ❡s ❛r❜✐trár✐❛s✳ ◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦ ♥♦ ❝❛s♦ ❞❛s ✜❧tr❛çõ❡s ✜♥✐t❛s✱ ♦ ♠ó❞✉❧♦ ❛ss♦❝✐❛❞♦

G(A) ♥ã♦ ❞❡t❡r♠✐♥❛ A✳ ❊♠ ✉♠❛ ✜❧tr❛çã♦ ✜♥✐t❛✿

✐✲ ❙❡ G(A) = 0 ❡♥tã♦ A = 0✳
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✐✐✲ ❙❡ R é ✉♠ ❝♦r♣♦ ❡ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ ❝❛❞❛ Fp é ✉♠

s✉❜❡s♣❛ç♦ ❡ G(A) ❡ A tê♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦ G(A) ❞❡t❡r♠✐♥❛ A

❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ R ♠❛✐s ❣❡r❛❧ s❡ ❝❛❞❛ G(A)p é ❧✐✈r❡✳

❯♠❛ ✜❧tr❛çã♦ F ❡♠ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s C é ✉♠❛ ✜❧tr❛çã♦ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❣r❛❞✉❛çã♦

❞❡ C ❡ ❝♦♠ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ C✱ ♦✉ s❡❥❛✱ ❝❛❞❛ FpC é ✉♠ s✉❜❝♦♠♣❧❡①♦ ❞❡ C ❞❛ ❢♦r♠❛ {FpCq}✳

❆ ✜❧tr❛çã♦ F ❡♠ C ✐♥❞✉③ ✉♠❛ ✜❧tr❛çã♦ F ❡♠ H∗(C) ❞❡✜♥✐❞❛ ♣♦r

FpH∗(C) = ■♠[H∗(FpC) → H∗(C)].

❯♠❛ ✜❧tr❛çã♦ F ♥♦ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ A é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ s❡✱ ❞❛❞♦ q✱ ❡①✐st❡ p(q)

t❛❧ q✉❡ Fp(q)Aq = 0✳ ❙❡ F é ✉♠❛ ✜❧tr❛çã♦ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s

C✱ ❡♥tã♦ ❛ ✜❧tr❛çã♦ ✐♥❞✉③✐❞❛ ❡♠ H∗(C) t❛♠❜é♠ é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ P♦rt❛♥t♦✱ s❡ F é

✉♠❛ ✜❧tr❛çã♦ ❝♦♥✈❡r❣❡♥t❡ ❡♠ C ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ♦✉ s❡❥❛✱ ❞❛❞♦ q ❡①✐st❡ p(q) t❛❧ q✉❡

Fp(q)Cq = 0✱ ❡♥tã♦ ♦ ♠❡s♠♦ é ✈❡r❞❛❞❡ ♣❛r❛ ❛ ✜❧tr❛çã♦ ✐♥❞✉③✐❞❛ ❡♠ H∗(C)✳

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ ❛ss♦❝✐❛ ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ ✉♠❛ ✜❧tr❛çã♦ ❡♠ ✉♠ ❝♦♠♣❧❡①♦ ❞❡

❝❛❞❡✐❛s✳ ❙✉❛ ❞❡♠♦♥str❛çã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ ❬❙♣❪✳

❚❡♦r❡♠❛ ✶✳✼✳✸✳ ❙❡❥❛ F ✉♠❛ ✜❧tr❛çã♦ ❝♦♥✈❡r❣❡♥t❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ ✉♠ ❝♦♠♣❧❡①♦ ❞❡

❝❛❞❡✐❛s (C, ∂)✳ ❊①✐st❡ ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❝♦♥✈❡r❣❡♥t❡ ❝♦♠

E0
p,q = FpCp+q/Fp−1Cp+q = G(C)p,q

E1
p,q ≈ H(p+ q)(FpCp+q/Fp−1Cp+q)

❡ E∞ é ✐s♦♠♦r❢❛ ❛♦ ♠ó❞✉❧♦ GH∗(C)✳

❆ ✐❞é✐❛ ❞❛ ❞❡♠♦♥str❛çã♦ é ❞❡✜♥✐r ♣❛r❛ ❝❛❞❛ r ❛r❜✐trár✐♦

Zr
p = {c ∈ FpC | ∂c ∈ Fp−rC}

Z∞
p = {c ∈ FpC | ∂c = 0}

q✉❡ sã♦ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s ❝♦♠

Zr
p,q = {c ∈ FpCp+q | ∂c ∈ Fp−rCp+q}
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Z∞
p,q = {c ∈ FpCp+q | ∂c = 0}.

❚❡♠♦s ❡♥tã♦ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s

. . . ⊂ ∂Z−1
p−1 ⊂ ∂Z0

p ⊂ ∂Z1
p+1 ⊂ . . . ⊂ ∂C ∩ FpC ⊂ Z∞

p ⊂ . . . ⊂ Z1
p ⊂ Z0

p = FpC.

❈♦♠ ✐ss♦ ❞❡✜♥✐♠♦s ♦s ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s

Er
p = Zr

p/(Z
r−1
p−1 + ∂Zr−1

p+r−1)

E∞
p = Z∞

p /(Z
∞
p−1 + ∂C ∩ FpC).

❆ ❛♣❧✐❝❛çã♦ ∂ ♠❛♥❞❛ Zr
p ❡♠ Zr

p−r ❡ Zr−1
p−1 + ∂Zr−1

p+r−1 ❡♠ ∂Zr−1
p−1 ✳ P♦rt❛♥t♦ ∂ ✐♥❞✉③ ♦ ❤♦♠♦✲

♠♦r✜s♠♦

dr : Er
p → Er

p−r.

◆♦t❡♠♦s q✉❡ E∞ ♥ã♦ ❞❡t❡r♠✐♥❛ H∗(C) ❝♦♠♣❧❡t❛♠❡♥t❡✱ ♠❛s t❡♠♦s

E∞
p,q ≈ GH∗(C)p,q =

FpHp+q(C)

Fp−1Hp+q(C)
.



❈❛♣ít✉❧♦ ✷

▼ét♦❞♦ ❞❛ ❱❛rr❡❞✉r❛

✷✳✶ ❈♦♥t❡①t✉❛❧✐③❛çã♦

❙❡❥❛♠M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ s✉❛✈❡ ❘✐❡♠❛♥♥✐❛♥❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❡ D(M) = {Mp}
m
p=1 ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡M ✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ❞❡ ❈♦♥❧❡②

❝♦♠ ❛ ✜❧tr❛çã♦ ♠❛✐s ✜♥❛ é ♥❛ ✈❡r❞❛❞❡ ✉♠ ❝♦♠♣❧❡①♦ ❞❡ ▼♦rs❡✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡

Mp é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞♦ ✢✉①♦ ϕ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ f : M → R✳

❉❛❞♦s x ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ k ❡ y ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ k − 1 ♦ ❝♦♥❥✉♥t♦ ❞❛s

ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s é ✜♥✐t♦✳ ❖r✐❡♥t❛♠♦s ❛s ✈❛r✐❡❞❛❞❡s ✐♥stá✈❡❧ ❡ ❡stá✈❡❧✳

❙❡❥❛ C = {Ck} ♦ Z✲♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ❣❡r❛❞♦ ♣❡❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ❣r❛❞✉❛❞♦ ♣♦r s❡✉s

í♥❞✐❝❡s✱ ♦✉ s❡❥❛✱

Ck =
⊕

Z〈x〉

♦♥❞❡ x ♣❡r❝♦rr❡ ♦ ❝♦♥❥✉♥t♦s ❞♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f t❛✐s q✉❡ ind(x) = k✳

❈♦♥s✐❞❡r❡♠♦s ∆ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ ❛ D(M) ❝♦♥str✉í❞❛ ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱

♦✉ s❡❥❛✱

• ∆ é ❞❛❞❛ ♣❡❧❛s ❛♣❧✐❝❛çõ❡s ∆k : Ck → Ck−1 ✈✐❛

∆k(x) =
∑

n(x, y)〈y〉

✹✸



✹✹




Ck−1 Ck Ck+1 Ck+2

0

Ck−2 0

0

Ck−1 0

0

Ck 0

0

Ck+1 0

0

0

0

0




∆k−1

∆k

∆k+1

∆k+2

0

0

❋✐❣✉r❛ ✷✳✶✿ ▼❛tr✐③ ❞❡ ❝♦♥❡①ã♦✳

♦♥❞❡ y ♣❡r❝♦rr❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f ❝♦♠ ind(y) = k−1 ❡ n(x, y) é ♦ ♥ú♠❡r♦

❞❡ ór❜✐t❛s ❝♦♥t❛❞❛s ❝♦♠ ♦r✐❡♥t❛çã♦✳ P❛r❛ ❝♦♥t❛r ór❜✐t❛s ❝♦♠ ♦r✐❡♥t❛çã♦ ❡s❝♦❧❤❡♠♦s c ✉♠

✈❛❧♦r r❡❣✉❧❛r ❞❡ f ❝♦♠ f(y) < c < f(x) ❡ n(x, y) é ♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡rs❡❝çõ❡s ❞❛s ❡s❢❡r❛s

Sk−1 = W u(x) ∩ f−1(c) ❡ Sn−k = W s(y) ∩ f−1(c)✳

• ∆ é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❡ ∆ ◦ ∆ = 0✱

• ∆ : C → C é ❞✐❢❡r❡♥❝✐❛❧ ❞♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ❣r❛❞✉❛❞♦ ❞❡ ▼♦rs❡

(C,∆) = (Z〈critf〉,∆).

❯s❛♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ ♣❛r❛ ❛s ❛♣❧✐❝❛çõ❡s ∆k q✉❡ sã♦ s✉❜♠❛tr✐③❡s ❞❡ ∆✳ ❱❡❥❛ ❛ ❋✐❣✉r❛

✷✳✶✳

◆♦t❡♠♦s q✉❡ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ ∆ ♥ã♦ ♣r❡❝✐s❛♠ ❡st❛r ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦r❞❡♥❛❞❛s ❝♦♠

r❡❧❛çã♦ ❛ k✱ ♠❛s ❛♣❡♥❛s ❡①✐❣✐♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ∆k ♣r❡s❡r✈❡ ❛ ✜❧tr❛çã♦✳

❆s ♥♦t❛çõ❡s ❞❡ ♦♣❡r❛❞♦r ❞❡ ❜♦r❞♦ ∂ ❡ ❞❡ s✉❛ ♠❛tr✐③ ∆ s❡rã♦ ✉s❛❞❛s ✐♥❞✐st✐♥t❛♠❡♥t❡✳

◆♦t❡♠♦s q✉❡ ❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆ t❡♠ ❡♥tr❛❞❛s ∆p+1−r,p+1 q✉❡ r❡♣r❡s❡♥t❛♠

♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s ❡s❢❡r❛s ✐♥stá✈❡✐s ❡ ❡stá✈❡✐s ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛s ❝♦♥❡①õ❡s ❡♥tr❡

✈❛r✐❡❞❛❞❡s ✐♥stá✈❡✐s ❡ ❡stá✈❡✐s ❞❡ Mp+1 ❡ Mp+1−r ♣❛r❛ p ∈ {r, . . . ,m − 1}✳ ❙❡ ❛ (p + 1)✲
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és✐♠❛ ❝♦❧✉♥❛ ✐♥t❡r❝❡♣t❛ ❛ s✉❜♠❛tr✐③ ∆k✱ ❡♥tã♦ Mp+1 ❡ Mp+1−r sã♦ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ▼♦rs❡

❝♦♠ í♥❞✐❝❡s k ❡ k− 1 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s q✉❛✐s ❞❡♥♦t❛♠♦s ♣♦r hk ❡ hk−1✳ ❊st❛s s✐♥❣✉❧❛r✐❞❛❞❡s

❡stã♦ ♥❛s ✜❧tr❛çõ❡s Fp\Fp−1 ❡ Fp−r\Fp−r−1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦ ❞✐③❡♠♦s q✉❡ ♦ ♣❛r (hk, hk−1)

t❡♠ ❣❛♣ r✳ ❆ss✐♠✱ ❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r q✉❛♥❞♦ ✐♥t❡r❝❡♣t❛❞❛ ♣♦r ∆k r❡❣✐str❛ ✐♥❢♦r♠❛çã♦

❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉♠❡r✐❝❛♠❡♥t❡ ❝♦♥s❡❝✉t✐✈❛s ❞❡ í♥❞✐❝❡s ❞❡ ▼♦rs❡ k ❡ k−1✳ ❯s❛♠♦s ❛ ♠❡s♠❛

♥♦t❛çã♦ ♣❛r❛ ✐♥❞✐❝❛r ❛ ❝❛❞❡✐❛ ❡❧❡♠❡♥t❛r ❞❡ C✳

❆ ✉♠❛ ❝❛❞❡✐❛ ❡❧❡♠❡♥t❛r hk ∈ Fp \ Fp−1 ❛ss♦❝✐❛♠♦s ❛ (p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆✳ ◆♦t❡♠♦s

q✉❡ ❛ ♥✉♠❡r❛çã♦ ❞❛s ❝♦❧✉♥❛s ❡stá ❞❡s❧♦❝❛❞❛ ♣♦r ✉♠ ❝♦♠ r❡❧❛çã♦ ❛♦ í♥❞✐❝❡ p ❞❛ ✜❧tr❛çã♦ p✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡①♣❧✐❝❛♠♦s ❝♦♠♦ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆ ❞❡t❡r♠✐♥❛ ❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱

♦✉ s❡❥❛✱ ❝♦♠♦ ∆ ❞❡t❡r♠✐♥❛ ♦s ❡s♣❛ç♦s Er ❡ ❝♦♠♦ ✐♥❞✉③ ❛s ❞✐❢❡r❡♥❝✐❛✐s dr✳

❈♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✶✳✼✱ ♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s ✜❧tr❛❞♦ ❣r❛❞✉❛❞♦ C ❞❡t❡r♠✐♥❛ ✉♠❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ (Er, dr) t❛❧ q✉❡ Er é ♦ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ s♦❜r❡ Z

Er
p,q = Zr

p,q/(Z
r−1
p−1,q+1 + ∂Zr−1

p+r−1,q−r+2)

♦♥❞❡✱

Zr
p,q = {c ∈ FpCp+q | ∂c ∈ Fp−rCp+q−1}

❡ dr : Er
p,q → Er

p−r,q+r−1 é ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❜✐✲❣r❛✉ (−r, r − 1)✳

❊♠ ❛❧❣✉♥s ❝❛s♦s ♦♠✐t✐r❡♠♦s ❛ r❡❢❡rê♥❝✐❛ ❛ q✱ ♣♦✐s s❡✉ ♣❛♣❡❧ é ✐♠♣♦rt❛♥t❡ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛✲

♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ❣❡r❛❧✳ ◗✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡

❞❡ í♥❞✐❝❡ k✱ ♦ ú♥✐❝♦ q t❛❧ q✉❡ Er
p,q é ♥ã♦ ♥✉❧♦ é q = k− p✳ P♦rt❛♥t♦✱ ♥❡st❡s ❝❛s♦s ✜❝❛ ❡♥t❡♥❞✐❞♦

q✉❡ Er
p é ❞❡ ❢❛t♦ Er

p,k−p✳

❆ss✐♠✱ ♦ ♠ó❞✉❧♦ Zr
p ❝♦♥s✐st❡ ❞❡ ❝❛❞❡✐❛s ❡♠ FpC ❝✉❥♦s ❜♦r❞♦s ❡stã♦ ❡♠ Fp−rC✳ ➱ ♥❛t✉r❛❧

♦❧❤❛r ♣❛r❛ ❛s ❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛s ❛ ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ q✉❡ ❡stã♦ à ❡sq✉❡r❞❛ ❞❛

(p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ✭✐♥❝❧✉✐♥❞♦ ❛ ♠❡s♠❛✮✳ ■st♦ ❣❛r❛♥t❡ q✉❡ q✉❛❧q✉❡r ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

❝❛❞❡✐❛s r❡s♣❡✐t❛ ❛ ✜❧tr❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦s ❜♦r❞♦s ❞❛s ❝❛❞❡✐❛s ❞❡✈❡♠ ❡st❛r ❡♠ Fp−rC✱

❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛s ❝♦❧✉♥❛s ♦✉ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❛s ♠❡s♠❛s q✉❡ r❡s♣❡✐t❡♠ ❛ ✜❧tr❛çã♦

❡ q✉❡ t❡♥❤❛♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ❛s ❡♥tr❛❞❛s ❡♠ ❧✐♥❤❛s i > (p− r + 1) s❡❥❛♠ t♦❞❛s ♥✉❧❛s✳
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❈♦♥❢♦r♠❡ r ❝r❡s❝❡✱ ♦s Z✲♠ó❞✉❧♦s Er
p ♠✉❞❛♠ ❞❡ ❣❡r❛❞♦r❡s✳ ❆✜♠ ❞❡ ❝♦♥❡❝t❛r ❡st❛ ♠✉❞❛♥ç❛

❛❧❣é❜r✐❝❛ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Z✲♠ó❞✉❧♦s ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ ✉♠❛ ❢❛♠í❧✐❛ ♣❛rt✐❝✉❧❛r ❞❡ ♠❛tr✐③❡s

{∆r} ♦❜t✐❞❛s ♣♦r ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡ s♦❜r❡ Q ❛ ♣❛rt✐r ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆✱ ❛♣r❡s❡♥t❛♠♦s ♦

❛❧❣♦r✐t♠♦ ❞❡ ✈❛rr❡❞✉r❛ ♣❛r❛ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ ❛♦ ❝♦♠♣❧❡①♦ ❞❡ ▼♦rs❡ C✳ ❖ ♠ét♦❞♦

❞❛ ✈❛rr❡❞✉r❛ ❞❡st❛❝❛ ❛❧❣✉♠❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ✐♠♣♦rt❛♥t❡s ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡

∆r q✉❡ ❝❤❛♠❛♠♦s ❞❡ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❚❛✐s ❡♥tr❛❞❛s ❞❡t❡r♠✐♥❛♠

✉♠❛ ♠❛tr✐③ ❞♦ ♣ró①✐♠♦ ❡stá❣✐♦✱ ∆r+1✱ ❡ sã♦ s✐❣♥✐✜❝❛t✐✈❛s ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ❣❡r❛❞♦r❡s ❞❡

Er ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ♦r✐❣✐♥❛❧ ❞❡ C ❡ ❞❛s ❞✐❢❡r❡♥❝✐❛✐s dr
p : Er

p → Er
p−r✳ ❆ ❝❛❞❛ ♣❛ss♦✱ ∆r+1 é

✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ s♦❜r❡ Q ❞❡ ∆r✳

❉❛❞❛ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ∆p−r+1,p+1 ❡♠ ∆✱ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ✉♥✐♥❞♦ ❞✉❛s

s✐♥❣✉❧❛r✐❞❛❞❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ∆p−r+1,p+1 é ③❡r♦✱ ❛s té❝♥✐❝❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♥❡ss❡ tr❛❜❛❧❤♦

♥♦s ♣❡r♠✐t❡♠ ✈❡r✐✜❝❛r q✉❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ✉♥✐♥❞♦ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s hk ∈ Fp ❡ hk−1 ∈ Fp−r

q✉❛♥❞♦ ∆p−r+1,p+1 ❝♦rr❡s♣♦♥❞❡ ❛ dr
p 6= 0✳

✷✳✷ ❈♦♥str✉çã♦ ❞❛ ❢❛♠í❧✐❛ ∆r

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✱ q✉❡ ❝♦♥stró✐ r❡❝✉rs✐✈❛♠❡♥t❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡

♠❛tr✐③❡s ∆r ♣❛r❛ r ≥ 0✱ t❛✐s q✉❡ ∆0 = ∆ é ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♥♦ r✲és✐♠♦

♣❛ss♦ ❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r✳ ❊st❛ ❢❛♠í❧✐❛ ❞❡ ♠❛tr✐③❡s é ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ (Er, dr)✳

❖❜s❡r✈❡♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✱ ❜❡♠ ❝♦♠♦ t♦❞♦s ♦s ♦✉tr♦s t❡♦r❡♠❛s ♥❡st❡ tr❛❜❛✲

❧❤♦✱ ♥ã♦ ❡①✐❣❡ q✉❡ ❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ ∆ ❡st❡❥❛♠ ♦r❞❡♥❛❞❛s ❝♦♠ r❡❧❛çã♦ ❛ k✱ ♦✉ s❡❥❛✱ q✉❡

❛s s✐♥❣✉❧❛r✐❞❛❞❡s hk ❡st❡❥❛♠ ♦r❞❡♥❛❞❛s ❝♦♠ r❡❧❛çã♦ à ✜❧tr❛çã♦✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

❛ss✉♠✐♠♦s q✉❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡st❡❥❛♠ ♦r❞❡♥❛❞❛s ❝♦♠ r❡❧❛çã♦ à ✜❧tr❛çã♦ ♥♦ ✐♥t✉✐t♦ ❞❡ s✐♠✲

♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ♣❡r♠✐t✐♥❞♦ q✉❡ ♦s í♥❞✐❝❡s r❡❢❡r❡♥t❡s às ❝♦❧✉♥❛s ❝r❡sç❛♠ ❞❡ ✉♠ ❡♠ ✉♠✳ ◆♦

❡♥t❛♥t♦✱ ❡♠ ✉♠❛ s✐t✉❛çã♦ ♠❛✐s ❣❡r❛❧✱ ♣♦❞❡♠♦s ✐♥tr♦❞✉③✐r ✉♠❛ ♥♦t❛çã♦ ❞❡ s✉❜s❡qüê♥❝✐❛ ♣❛r❛

❛s ❝♦❧✉♥❛s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✐❛❣♦♥❛✐s ❛✉①✐❧✐❛r❡s ❝♦♠ ❛s ❝♦❧✉♥❛s ❛ss♦❝✐❛✲

❞❛s ❛ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ k✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❡♠ ♥♦ss♦s ❡①❡♠♣❧♦s t❛♠❜é♠ ♠❛♥t❡♠♦s ❛s
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s✐♥❣✉❧❛r✐❞❛❞❡s ♦r❞❡♥❛❞❛s ❝♦♠ r❡❧❛çã♦ à ✜❧tr❛çã♦✳

❋✐①❛❞❛ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r r✱ ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❛❜❛✐①♦ ❞❡✈❡ s❡r ❛♣❧✐❝❛❞♦ ♣❛r❛ t♦❞♦ k

s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

P❛ss♦ ■♥✐❝✐❛❧

✶✳ ❈♦♥s✐❞❡r❡ t♦❞❛s ❛s ❝♦❧✉♥❛s hk ❥✉♥t♦ ❝♦♠ t♦❞❛s ❛s ❧✐♥❤❛s hk−1 ❡♠ ∆✳ ❙❡❥❛♠ ∆ki,j
❛s

❡♥tr❛❞❛s ❞❡ ∆ t❛✐s q✉❡ ❛ i✲és✐♠❛ ❧✐♥❤❛ é hk−1 ❡ ❛ j✲és✐♠❛ ❝♦❧✉♥❛ é hk✳

❙❡❥❛ ξ1 ❛ ♣r✐♠❡✐r❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆ q✉❡ ❝♦♥té♠ ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ∆ki,j
✳ ❚❛✐s

❡♥tr❛❞❛s s❡rã♦ ❝❤❛♠❛❞❛s ❞❡ k ♣✐✈ôs ♣r✐♠ár✐♦s✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ ∆ki,j
♥ã♦ ♥✉❧♦ ❡♠

ξ1 ❛s ❡♥tr❛❞❛s ∆ks,j
♣❛r❛ s > i sã♦ t♦❞❛s ♥✉❧❛s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❛s ♠❡s♠❛s t❡r✐❛♠

s✐❞♦ ❞❡t❡❝t❛❞❛s ❝♦♠♦ ♣✐✈ôs ♣r✐♠ár✐♦s ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ξ ♣❛r❛ ξ < ξ1✳

❊♥❝❡rr❛♠♦s ❡st❡ ♣r✐♠❡✐r♦ ♣❛ss♦ ❞❡✜♥✐♥❞♦ ∆ξ1 ❝♦♠♦ s❡♥❞♦ ∆ ❝♦♠ t♦❞♦s ♦s k ♣✐✈ôs

♣r✐♠ár✐♦s ❞❛ ξ1✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♠❛r❝❛❞♦s✳

✷✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ♠❛tr✐③ ∆ξ1 ❡ s❡❥❛♠ ∆ξ1
ki,j

❛s ❡♥tr❛❞❛s ❡♠ ∆ξ1 t❛✐s q✉❡ ❛ i✲és✐♠❛

❧✐♥❤❛ é hk−1 ❡ ❛ j✲és✐♠❛ ❝♦❧✉♥❛ é hk✳ ❙❡❥❛ ξ2 ❛ ♣r✐♠❡✐r❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♠❛✐♦r

q✉❡ ξ1 q✉❡ ❝♦♥té♠ ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ∆ξ1
ki,j

✳ ❈♦♥str✉í♠♦s ❛ ♠❛tr✐③ ∆ξ2 s❡❣✉✐♥❞♦ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❛❜❛✐①♦✿

❉❛❞❛ ✉♠❛ ❡♥tr❛❞❛ ∆ξ1
ki,j

♥ã♦ ♥✉❧❛ ♥❛ ξ2✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆ξ1

✭❛✮ s❡ ♥ã♦ ❡①✐st❡♠ ♣✐✈ôs ♣r✐♠ár✐♦s ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛✱ ♠❛rq✉❡ ∆ξ1
ki,j

❝♦♠♦ ✉♠ k ♣✐✈ô ♣r✐♠ár✐♦ ❡ ♦ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❡st❛ ❡♥tr❛❞❛ ♣❡r♠❛♥❡❝❡ ♦ ♠❡s♠♦✱

♦✉ s❡❥❛✱ ∆ξ2
ki,j

= ∆ξ1
ki,j

✳

✭❜✮ ❝❛s♦ ❝♦♥trár✐♦✱ ❝♦♥s✐❞❡r❡ ❛s ❡♥tr❛❞❛s ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❡ ♥❛ s✲és✐♠❛ ❧✐♥❤❛ ❝♦♠

s > i ❡♠ ∆ξ1 ✳

✭❜✶✮ ❙❡ ❡①✐st❡ ✉♠ k ♣✐✈ô ♣r✐♠ár✐♦ ❡♠ ✉♠❛ ❡♥tr❛❞❛ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❡ ♥❛ s✲

és✐♠❛ ❧✐♥❤❛✱ ❝♦♠ s > i✱ ❡♥tã♦ ♦ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❡ ∆ξ1
ki,j

♣❡r♠❛♥❡❝❡ ♦ ♠❡s♠♦

❡ t❛❧ ❡♥tr❛❞❛ ♥ã♦ é ♠❛r❝❛❞❛✱ ♦✉ s❡❥❛✱ ∆ξ2
ki,j

= ∆ξ1
ki,j

✳



✹✽

✭❜✷✮ ❙❡ ♥ã♦ ❡①✐st❡♠ ♣✐✈ôs ♣r✐♠ár✐♦s ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❛❜❛✐①♦ ❞❡ ∆ξ1
ki,j

❡♥tã♦

❡①✐st❡ ✉♠ k ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ i✲és✐♠❛ ❧✐♥❤❛✱ ❞✐❣❛♠♦s ♥❛ t✲és✐♠❛ ❝♦❧✉♥❛ ❞❡

∆ξ1 ✱ ❝♦♠ t < j✳ ◆❡st❡ ❝❛s♦✱ ♦ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❛ ❡♥tr❛❞❛ ∆ξ1
ki,j

♣❡r♠❛♥❡❝❡

♦ ♠❡s♠♦✱ ♠❛s ♥♦ ❡♥t❛♥t♦ ❡st❡ é ♠❛r❝❛❞♦ ❝♦♠♦ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ♦✉

s❡❥❛✱ ∆ξ2
ki,j

= ∆ξ1
ki,j

✳

◆♦t❡♠♦s q✉❡ ∆ξ2 é ♥❛ ✈❡r❞❛❞❡ ✐❣✉❛❧ ❛ ∆ξ1 ❡①❝❡t♦ ♣❡❧❛s ❡♥tr❛❞❛s ❞❛ ξ2✲és✐♠❛

❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♠❛r❝❛❞❛s ❝♦♠ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡✳ ❱❡❥❛

❋✐❣✉r❛ ✷✳✷✳




h
(ℓ)
k h

(ℓ+1)
k h

(ℓ+2)
k h

(ℓ+3)
k h

(ℓ+4)
k

h
(s)
k−1 2 1

h
(s+1)
k−1 0 0 1

h
(s+2)
k−1 0 0 3 2

h
(s+3)
k−1 0 0 0 0 1

h
(s+4)
k−1 0 0 0 0 0




ξ2

ξ1

❋✐❣✉r❛ ✷✳✷✿ ❉✐❛❣♦♥❛✐s ❆✉①✐❧✐❛r❡s ξ1 ❡ ξ2

P❛ss♦ ■♥t❡r♠❡❞✐ár✐♦

◆❡st❡ ♣❛ss♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ♠❛tr✐③ ∆r ❝♦♠ ♦s ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡

♠❛r❝❛❞♦s ♥❛ ξ✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♣❛r❛ t♦❞♦ ξ ≤ r✳ ❱❛♠♦s ❞❡s❝r❡✈❡r ❛❣♦r❛ ❝♦♠♦ ❛



✹✾

♠❛tr✐③ ∆r+1 é ❞❡✜♥✐❞❛✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s

✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ∆r+1 = ∆r

❝♦♠ ❛ (r + 1)✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♠❛r❝❛❞❛ ❝♦♠ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡

❜❛s❡✳

▼✉❞❛♥ç❛ ❞❡ ❇❛s❡

❙✉♣♦♥❤❛♠♦s q✉❡ ∆r
ki,j

é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❊♥tã♦ r❡❛❧✐③❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛

❞❡ ❜❛s❡ ❡♠ ∆r ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❡♠ Q ❞❡ t♦❞❛s ❛s hk ❝♦❧✉♥❛s ℓ ❞❡

∆r✱ ❝♦♠ κ ≤ ℓ < j✱ ♦♥❞❡ κ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆r ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛✱ ❛

✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ u 6= 0 ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ③❡r❛r ❛

❡♥tr❛❞❛ ∆r
ki,j

s❡♠ ✐♥tr♦❞✉③✐r ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❞❛ ❢♦r♠❛ ∆r
ks,j

♣❛r❛ s > i✳ ❆❧é♠ ❞✐ss♦✱ ❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r r❡s✉❧t❛♥t❡ ❞❡✈❡ s❡r ❞❛ ❢♦r♠❛ βκh
(κ)
k + · · ·+ βj−1h

(j−1)
k + βjh

(j)
k ❝♦♠ βℓ

✐♥t❡✐r♦ ♣❛r❛ ℓ = κ, . . . , j✳ ❆ ♥♦t❛çã♦ h(ℓ)
k ✐♥❞✐❝❛ ❛ k✲❝❛❞❡✐❛ ❡❧❡♠❡♥t❛r ❛ss♦❝✐❛❞❛ ❛ ℓ✲és✐♠❛

❝♦❧✉♥❛ ❞❡ ∆✳

❖ ✐♥t❡✐r♦ u é ❝❤❛♠❛❞♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❙❡ ♠❛✐s q✉❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❢♦r ♣♦ssí✈❡❧✱ ❡s❝♦❧❤❡♠♦s ❛q✉❡❧❛ q✉❡ ♠✐♥✐♠✐③❛ u✳ ❙❡❥❛ u ♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ♠✐♥✐♠❛❧

❞❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❯♠❛ ✈❡③ q✉❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ é ❢❡✐t❛✱ ♦❜t❡♠♦s ✉♠❛ k✲❝❛❞❡✐❛

❛ss♦❝✐❛❞❛ ❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r+1 q✉❡ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❡♠ Q ❞❛s ℓ✲és✐♠❛s hk

❝♦❧✉♥❛s κ ≤ ℓ < j ❞❡ ∆r ♠❛✐s ✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ u ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r t❛❧ q✉❡

∆r+1
ki,j

= 0✳ ❆❧é♠ ❞✐ss♦ ❡st❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r é t❛♠❜é♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛

❞❡ ❝♦❧✉♥❛s hk ❞❡ ∆ ❛ à ❡sq✉❡r❞❛ ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛✳

❖❜s❡r✈❡ q✉❡ s❡ ❛ ℓ✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r é ✉♠❛ hk ❝♦❧✉♥❛✱ ❡♥tã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛ σ(ℓ),r
k =

ℓ∑

ℓ=κ

cℓ,rℓ h
(ℓ)
k ❞❡ hk ❝♦❧✉♥❛s ❞❡ ∆ t❛❧ q✉❡ ❛ κ✲és✐♠❛ ❝♦❧✉♥❛

é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛✳ ❆ ♥♦t❛çã♦ ❞❡ σ(ℓ),r
k ✐♥❞✐❝❛ í♥❞✐❝❡ ❞❡

▼♦rs❡ k ❡ ❛ ℓ✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r✳ P♦rt❛♥t♦✱ s❡ ❛ j✲és✐♠❛ ❝♦❧✉♥❛ ∆r+1 é ✉♠❛ hk ❝♦❧✉♥❛✱
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❡♥tã♦ s❡rá ❞❛ ❢♦r♠❛

σ
(j),r+1
k =u

j∑

ℓ=κ

cj,rℓ h
(ℓ)
k

︸ ︷︷ ︸
σ

(j),r
k

+qj−1

j−1∑

ℓ=κ

cj−1,r
ℓ h

(ℓ)
k

︸ ︷︷ ︸
σ

(j−1),r
k

+ · · · + qκ+1 (cκ+1,r
κ h

(κ)
k +cκ+1,r

κ+1 h
(κ+1)
k )︸ ︷︷ ︸

σ
(κ+1),r
k

+qκ c
κ,r
κ h

(κ)
k︸ ︷︷ ︸

σ
(κ),r
k

✭✷✳✶✮

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

(ucj,rκ + qj−1c
j−1,r
κ + · · · + qκc

κ,r
κ )h

(κ)
k + (ucj,rκ+1 + qj−1c

j−1,r
κ+1 + · · · + qκ+1c

κ+1,r
κ+1 )h

(κ+1)
k + · · ·

· · · + (ucj,rj−1 + qj−1c
j−1,r
j−1 )h

(j−1)
k + ucj,rj h

(j)
k ✭✷✳✷✮

❝♦♠ cκ,r
κ = 1 ❡

cj,r+1
κ = ucj,rκ + qj−1c

j−1,r
κ + · · · + qκc

κ,r
κ ∈ Z ✭✷✳✸✮

cj,r+1
κ+1 = ucj,rκ+1 + qj−1c

j−1,r
κ+1 + · · · + qκ+1c

κ+1,r
κ+1 ∈ Z ✭✷✳✹✮

✳✳✳

cj,r+1
j−1 = ucj,rj−1 + qj−1c

j−1,r
j−1 ∈ Z ✭✷✳✺✮

cj,r+1
j = ucj,rj ∈ Z ✭✷✳✻✮

➱ ❝❧❛r♦ q✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ q✉❛❧q✉❡r ∆k ♥ã♦ ♣♦❞❡ s♦❢r❡r ♥❡♥❤✉♠❛ ♠✉❞❛♥ç❛ ❞❡

❜❛s❡✱ ❥á q✉❡ ♥ã♦ ❡①✐st❡♠ hk ❝♦❧✉♥❛s ❛ s✉❛ ❡sq✉❡r❞❛✱ ♦ q✉❡ ❡①♣❧✐❝❛ ♦ ♣♦rq✉❡ cκ,r
κ = 1✳

◆♦t❡♠♦s q✉❡ qℓ = 0 ❡♠ qℓ

ℓ∑

ℓ=1

cℓ,rℓ h
(ℓ)
k q✉❛♥❞♦ ❛ ℓ✲és✐♠❛ ❝♦❧✉♥❛ t❡♠ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♠

✉♠❛ ❧✐♥❤❛ s ♣❛r❛ s > i✳

❙❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ i✲és✐♠❛ ❧✐♥❤❛ ❡stá ♥❛ t✲és✐♠❛ ❝♦❧✉♥❛ ❡♥tã♦ ♦ ♥ú♠❡r♦ r❛❝✐♦♥❛❧ qt é

♥ã♦ ♥✉❧♦ ❡♠
t∑

ℓ=1

ct,rℓ h
(ℓ)
k ❡ é t❛❧ q✉❡

∆r+1
ki,j

= u∆r
ki,j

+ qt∆
r
ki,t

= 0.

❈♦♠♦ u ≥ 1 é ú♥✐❝♦✱ ❡♥tã♦ qt é ✉♥✐❝❛♠❡♥t❡ ❞❡✜♥✐❞♦✳



✺✶

❯♠❛ ✈❡③ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❝✐♠❛ é ❢❡✐t♦ ♣❛r❛ t♦❞♦s ♦s ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞❛ r✲és✐♠❛

❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆r✱ ♣♦❞❡♠♦s ❡♥tã♦ ❞❡✜♥✐r ✉♠❛ ♠❛tr✐③ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

P♦rt❛♥t♦ ❛ ♠❛tr✐③ ∆r+1 t❡♠ ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ❞❡t❡r♠✐♥❛❞♦s ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡

❡♠ Q ❞❡ ∆r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞♦s ♦s ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r

❞❡ ∆r sã♦ ✐❣✉❛✐s ❛ ③❡r♦ ❡♠ ∆r+1✳ ❱❡❥❛ ❛s ❋✐❣✉r❛s ✷✳✸ ❡ ✷✳✹✳




σ
(ℓ),r
k σ

(ℓ+1),r
k σ

(ℓ+2),r
k σ

(ℓ+3),r
k σ

(ℓ+4),r
k σ

(ℓ+5),r
k

σ
(s),r
k−1 2 1 3

σ
(s+1),r
k−1 0 0 1 1

σ
(s+2),r
k−1 0 0 3 2 2

σ
(s+3),r
k−1 0 0 0 0 1 5

σ
(s+4),r
k−1 0 0 0 0 0 0




r

r + 1

❋✐❣✉r❛ ✷✳✸✿ ▼ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✿ ∆r✳

▼❛r❝❛♥❞♦ ❛ (r + 1)✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❞❡ ∆r+1

❈♦♥s✐❞❡r❡♠♦s ❛ ♠❛tr✐③ ∆r+1 ❞❡✜♥✐❞❛ ♥♦ ♣❛ss♦ ❛♥t❡r✐♦r✳ ▼❛r❝❛♠♦s ❛ (r + 1)✲és✐♠❛

❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❝♦♠ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❝♦♠♦ s❡❣✉❡✿

❉❛❞❛ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ∆r+1
ki,j

✶✳ s❡ ♥ã♦ ❡①✐st❡♠ ♣✐✈ôs ♣r✐♠ár✐♦s ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ ♥❡♠ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛✱ ♠❛r❝❛♠♦s

∆r+1
ki,j

❝♦♠♦ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❞❡ í♥❞✐❝❡ k✳



✺✷

✷✳ s❡ ❡st❡ ♥ã♦ é ♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛s ❡♥tr❛❞❛s ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❡ ♥❛ s✲és✐♠❛ ❧✐♥❤❛

❝♦♠ s > i ❡♠ ∆r+1✳

✭❜✶✮ ❙❡ ❡①✐st❡ ✉♠ k ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❛❜❛✐①♦ ❞❡ ∆r+1
ki,j

❡♥tã♦ ❡st❡ ♥ã♦

é ♠❛r❝❛❞♦✳

✭❜✷✮ ❙❡ ♥ã♦ ❡①✐st❡♠ k ♣✐✈ôs ♣r✐♠ár✐♦s ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❛❜❛✐①♦ ❞❡ ∆r+1
ki,j

❡♥tã♦ ❡①✐st❡

✉♠ k ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ ❡♠ ✉♠❛ ❝♦❧✉♥❛ t ❞❡ ∆r+1✱ ❝♦♠ t < j✳

◆❡st❡ ❝❛s♦✱ ♠❛rq✉❡ ∆r+1
ki,j

❝♦♠♦ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✹✳

P❛ss♦ ❋✐♥❛❧

❘❡♣❡t✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛ ❛té q✉❡ t♦❞❛s ❛s ❞✐❛❣♦♥❛✐s ❛✉①✐❧✐❛r❡s t❡♥❤❛♠ s✐❞♦ ❝♦♥✲

s✐❞❡r❛❞❛s✳



✺✸




σ
(ℓ),r+1
k σ

(ℓ+1),r+1
k σ

(ℓ+2),r+1
k σ

(ℓ+3),r+1
k σ

(ℓ+4),r+1
k σ

(ℓ+5),r+1
k

σ
(s),r+1
k−1 2 0 3

σ
(s+1),r+1
k−1 0 0 1 1

σ
(s+2),r+1
k−1 0 0 3 0 2

σ
(s+3),r+1
k−1 0 0 0 0 1 5

σ
(s+4),r+1
k−1 0 0 0 0 0 0




r

r + 1

❋
✐❣✉r❛

✷✳✹✿
▼
ét♦❞♦

❱
❛rr❡❞✉r❛✿

∆
r
+

1✳



✺✹

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ❙❡❥❛ ∆ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✺✳ ❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ✈❛rr❡❞✉r❛ ❡♠ ∆ ♦❜t❡♠♦s

❛s ♠❛tr✐③❡s ∆1✱ ∆2✱ ∆3✱ ∆4✱ ∆5✱ ∆6✱ ∆7 ❡ ∆8 ❞❛❞❛s ♣❡❧❛s ❋✐❣✉r❛s ✷✳✻✱ ✷✳✼✱ ✷✳✽✱ ✷✳✾✱ ✷✳✶✵✱ ✷✳✶✶✱

✷✳✶✷ ❡ ✷✳✶✸ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❧❡✐t♦r ♣♦❞❡ ❢❛❝✐❧♠❡♥t❡ ♥♦t❛r q✉❡ ♦ ❝á❧❝✉❧♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ♠❛tr✐③❡s ♣r♦❞✉③✐❞❛s ♣❡❧♦ ♠é✲

t♦❞♦ ✈❛rr❡❞✉r❛ é tr❛❜❛❧❤♦s♦✳ P♦rt❛♥t♦✱ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ✐❧✉str❛♠♦s ✈ár✐♦s ❞❡ ♥♦ss♦s

r❡s✉❧t❛❞♦s ✉t✐❧✐③❛♥❞♦ ❡st❡ ú♥✐❝♦ ❡①❡♠♣❧♦✳




F0

h0

F1

h
(2)

k−1

F2

h
(3)

k−1

F3

h
(4)

k

F4

h
(5)

k

F5

h
(6)

k

F6

h
(7)

k

F7

h
(8)

k

F8

h
(9)

k

F9

h
(10)

k+1

F10

h
(11)

k+1

F11

h
(12)

k+1

F12

h
(13)

k+1

F13

hn

F0 h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

F1 h
(2)
k−1 0 0 0 2 3 2 1 0 0 0 0 0 0 0

F2 h
(3)
k−1 0 0 0 2 3 1 0 2 1 0 0 0 0 0

F3 h
(4)
k 0 0 0 0 0 0 0 0 0 0 1 −3 1 0

F4 h
(5)
k 0 0 0 0 0 0 0 0 0 1 0 2 0 0

F5 h
(6)
k 0 0 0 0 0 0 0 0 0 −3 −2 1 −3 0

F6 h
(7)
k 0 0 0 0 0 0 0 0 0 3 2 −2 4 0

F7 h
(8)
k 0 0 0 0 0 0 0 0 0 −1 1 −2 1 0

F8 h
(9)
k 0 0 0 0 0 0 0 0 0 2 −2 3 −1 0

F9 h
(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

F10 h
(11)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

F11 h
(12)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

F12 h
(13)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

F13 hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋✐❣✉r❛ ✷✳✺✿ ∆✳

P❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ∆1 ♠❛r❝❛♠♦s ❛ ♣r✐♠❡✐r❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❡ ❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s

♥❡st❛ ❞✐❛❣♦♥❛❧ ∆1
3,4 ❡ ∆2

9,10 s❡rã♦ ♣✐✈ôs ♣r✐♠ár✐♦s✳ ❱❡❥❛ ✷✳✻✳



✺✺




h0 h
(2)
k−1 h

(3)
k−1 h

(4)
k h

(5)
k h

(6)
k h

(7)
k h

(8)
k h

(9)
k h

(10)
k+1 h

(11)
k+1 h

(12)
k+1 h

(13)
k+1 hn

h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(2)
k−1 0 0 0 2 3 2 1 0 0 0 0 0 0 0

h
(3)
k−1 0 0 0 2 3 1 0 2 1 0 0 0 0 0

h
(4)
k 0 0 0 0 0 0 0 0 0 0 1 −3 1 0

h
(5)
k 0 0 0 0 0 0 0 0 0 1 0 2 0 0

h
(6)
k 0 0 0 0 0 0 0 0 0 −3 −2 1 −3 0

h
(7)
k 0 0 0 0 0 0 0 0 0 3 2 −2 4 0

h
(8)
k 0 0 0 0 0 0 0 0 0 −1 1 −2 1 0

h
(9)
k 0 0 0 0 0 0 0 0 0 2 −2 3 −1 0

h
(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(11)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(12)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(13)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋✐❣✉r❛ ✷✳✻✿ ∆1✳

P❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ∆2 ♠❛r❝❛♠♦s ❛ s❡❣✉♥❞❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❡ ❛♥❛❧✐s❛♠♦s t♦❞❛s ❛s

❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ♥❡st❛ ❞✐❛❣♦♥❛❧✳ ◆♦t❡♠♦s q✉❡ ∆2
2,4 ❡ ∆2

8,10 sã♦ ❡♥tr❛❞❛s ❛❝✐♠❛ ❞❡ ♣✐✈ôs

♣r✐♠ár✐♦s ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ sã♦ ♠❛r❝❛❞❛s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ∆2
3,5 ❡ ∆2

9,11 ♥ã♦ ❡stã♦ ❛❝✐♠❛ ❞❡ ♣✐✈ô

♣r✐♠ár✐♦ ♠❛s ❡①✐st❡♠ ♣✐✈ôs ♣r✐♠ár✐♦s à ❡sq✉❡r❞❛ ❞♦s ♠❡s♠♦s✳ P♦rt❛♥t♦ t❛✐s ❡♥tr❛❞❛s sã♦ ♣✐✈ôs

♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❱❡❥❛ 2.7✳

❈♦♠♦ t❡♠♦s ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♠ ∆2 ❡♥tã♦ s❡rá ❢❡✐t❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♠ ∆2

♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ♠❛tr✐③ ❞♦ ♣ró①✐♠♦ ♣❛ss♦ ∆3✳
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h0 h
(2)
k−1 h

(3)
k−1 h

(4)
k h

(5)
k h

(6)
k h

(7)
k h

(8)
k h

(9)
k h

(10)
k+1 h

(11)
k+1 h

(12)
k+1 h

(13)
k+1 hn

h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(2)
k−1 0 0 0 2 3 2 1 0 0 0 0 0 0 0

h
(3)
k−1 0 0 0 2 3 1 0 2 1 0 0 0 0 0

h
(4)
k 0 0 0 0 0 0 0 0 0 0 1 −3 1 0

h
(5)
k 0 0 0 0 0 0 0 0 0 1 0 2 0 0

h
(6)
k 0 0 0 0 0 0 0 0 0 −3 −2 1 −3 0

h
(7)
k 0 0 0 0 0 0 0 0 0 3 2 −2 4 0

h
(8)
k 0 0 0 0 0 0 0 0 0 −1 1 −2 1 0

h
(9)
k 0 0 0 0 0 0 0 0 0 2 −2 3 −1 0

h
(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(11)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(12)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

h
(13)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋✐❣✉r❛ ✷✳✼✿ ∆2✳

❊st❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞❡✈❡ ♦❜❡❞❡❝❡r às s❡❣✉✐♥t❡s r❡❣r❛s✿

✶✲ ❈❛❞❛ ❝♦❧✉♥❛ ♠✉❞❛❞❛ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ Z ❞❛s ❝♦❧✉♥❛s ❞❡ ∆ ✭❞❡ hk✬s✮✳

✷✲ ❆ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ③❡r❛ ❛ ❡♥tr❛❞❛ ❞♦ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ s❡♠ ❛❝r❡s❝❡♥t❛r ❡♥tr❛❞❛s

♥ã♦ ♥✉❧❛s ❛❜❛✐①♦✳

✸✲ ❆ ♠✉❞❛♥ç❛ r❡s♣❡✐t❛ ❛ ✜❧tr❛çã♦✱ ♦✉ s❡❥❛✱ só ♣♦❞❡♠♦s ❢❛③❡r ♦♣❡r❛çõ❡s ❝♦♠ ❝♦❧✉♥❛s à

❡sq✉❡r❞❛✳

❆ss✐♠

• σ
(5),3
k = 2h

(5)
k − 3h

(4)
k

• σ
(11),3
k+1 = h

(11)
k+1 + h

(10)
k+1
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σ
(1),3
0 σ

(2),3
k−1 σ

(3),3
k−1 σ

(4),3
k σ

(5),3
k σ

(6),3
k σ

(7),3
k σ

(8),3
k σ

(9),3
k σ

(10),3
k+1 σ

(11),3
k+1 σ

(12),3
k+1 σ

(13),3
k+1 σ

(14),3
n

σ
(1),3
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),3
k−1 = h

(2)
k−1 0 0 0 2 0 2 1 0 0 0 0 0 0 0

σ
(3),3
k−1 = h

(3)
k−1 0 0 0 2 0 1 0 2 1 0 0 0 0 0

σ
(4),3
k = h

(4)
k 0 0 0 0 0 0 0 0 0 3/2 5/2 0 1 0

σ
(5),3
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 1/2 1/2 1 0 0

σ
(6),3
k = h

(6)
k 0 0 0 0 0 0 0 0 0 −3 −5 1 −3 0

σ
(7),3
k = h

(7)
k 0 0 0 0 0 0 0 0 0 3 5 −2 4 0

σ
(8),3
k = h

(8)
k 0 0 0 0 0 0 0 0 0 −1 0 −2 1 0

σ
(9),3
k = h

(9)
k 0 0 0 0 0 0 0 0 0 2 0 3 −1 0

σ
(10),3
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),3
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),3
k+1 = h

(12)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),3
k+1 = h

(13)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),3
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋✐❣✉r❛ ✷✳✽✿ ∆3✳

❆ss✐♠ ❝♦♠♦ ❛♥t❡s✱ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ∆3 ♠❛r❝❛♠♦s ❛ t❡r❝❡✐r❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❡ ❛♥❛❧✐✲

s❛♠♦s t♦❞❛s ❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ♥❡st❛ ❞✐❛❣♦♥❛❧✳ ❱❡❥❛ 2.8✳ ◆♦✈❛♠❡♥t❡✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣✐✈ôs

♣r✐♠ár✐♦s ❡♠ ∆3 ✐♥❞✐❝❛ q✉❡ ❤❛✈❡rá ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♠ ∆3 ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ∆4✳

• σ
(6),4
k = σ

(6),3
k − 1

2
σ

(5),3
k − 1

2
σ

(4),3
k

= h
(6)
k − 1

2
(2h

(5)
k − 3h

(4)
k ) − 1

2
h

(4)
k

= h
(6)
k − h

(5)
k + h

(4)
k

• σ
(12),4
k+1 = 2σ

(12),3
k+1 − 3σ

(10),3
k+1

= 2h
(12)
k+1 − 3h

(10)
k+1

◆♦t❡♠♦s q✉❡ ❛s ♥♦✈❛s ❝♦❧✉♥❛s ❞❡ ∆4 ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ Q ❞❛s ❝♦❧✉♥❛s ❞❡ ∆3 q✉❡

♠✐♥✐♠✐③❛♠ ♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r✳ ❙❡❣✉✐♥❞♦ ❡st❡ r❛❝✐♦❝í♥✐♦ ✈❛rr❡♠♦s t♦❞❛s ❛s ❞✐❛❣♦♥❛✐s✳



✺✽




σ
(1),4
0 σ

(2),4
k−1 σ

(3),4
k−1 σ

(4),4
k σ

(5),4
k σ

(6),4
k σ

(7),4
k σ

(8),4
k σ

(9),4
k σ

(10),4
k+1 σ

(11),4
k+1 σ

(12),4
k+1 σ

(13),4
k+1 σ

(14),4
n

σ
(1),4
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),4
k−1 = h

(2)
k−1 0 0 0 2 0 1 1 0 0 0 0 0 0 0

σ
(3),4
k−1 = h

(3)
k−1 0 0 0 2 0 0 0 2 1 0 0 0 0 0

σ
(4),4
k = h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 1 −1/2 0

σ
(5),4
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 −1 −2 6 −3/2 0

σ
(6),4
k = h

(6)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 −3 −5 11 −3 0

σ
(7),4
k = h

(7)
k 0 0 0 0 0 0 0 0 0 3 5 −13 4 0

σ
(8),4
k = h

(8)
k 0 0 0 0 0 0 0 0 0 −1 0 −1 1 0

σ
(9),4
k = h

(9)
k 0 0 0 0 0 0 0 0 0 2 0 0 −1 0

σ
(10),4
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),4
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),4
k+1 = 2h

(12)
k+1 − 3h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),4
k+1 = h

(13)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),4
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋
✐❣✉r❛

✷✳✾✿
∆

4✳



✺✾




σ
(1),5
0 σ

(2),5
k−1 σ

(3),5
k−1 σ

(4),5
k σ

(5),5
k σ

(6),5
k σ

(7),5
k σ

(8),5
k σ

(9),5
k σ

(10),5
k+1 σ

(11),5
k+1 σ

(12),5
k+1 σ

(13),5
k+1 σ

(14),5
n

σ
(1),5
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),5
k−1 = h

(2)
k−1 0 0 0 2 0 1 1 0 0 0 0 0 0 0

σ
(3),5
k−1 = h

(3)
k−1 0 0 0 2 0 0 0 2 1 0 0 0 0 0

σ
(4),5
k = h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 1 0 0

σ
(5),5
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 −1 −2 6 1 0

σ
(6),5
k = h

(6)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 −3 −5 11 1 0

σ
(7),5
k = h

(7)
k 0 0 0 0 0 0 0 0 0 3 5 −13 −1 0

σ
(8),5
k = h

(8)
k 0 0 0 0 0 0 0 0 0 −1 0 −1 0 0

σ
(9),5
k = h

(9)
k 0 0 0 0 0 0 0 0 0 2 0 0 0 0

σ
(10),5
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),5
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),5
k+1 = 2h

(12)
k+1 − 3h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),5
k+1 = h

(13)
k+1 + h

(12)
k+1 − h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),5
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋
✐❣✉r❛

✷✳✶✵✿
∆

5✳



✻✵




σ
(1),6
0 σ

(2),6
k−1 σ

(3),6
k−1 σ

(4),6
k σ

(5),6
k σ

(6),6
k σ

(7),6
k σ

(8),6
k σ

(9),6
k σ

(10),6
k+1 σ

(11),6
k+1 σ

(12),6
k+1 σ

(13),6
k+1 σ

(14),6
n

σ
(1),6
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),6
k−1 = h

(2)
k−1 0 0 0 2 0 1 0 −2 0 0 0 0 0 0

σ
(3),6
k−1 = h

(3)
k−1 0 0 0 2 0 0 0 0 1 0 0 0 0 0

σ
(4),6
k = h

(4)
k 0 0 0 0 0 0 0 0 0 −1 0 −3 0 0

σ
(5),6
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 −1 −2 5 1 0

σ
(6),6
k = h

(6)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 −2 0 0

σ
(7),6
k = h

(7)
k − h

(6)
k + h

(5)
k − h

(4)
k 0 0 0 0 0 0 0 0 0 3 5 −13 −1 0

σ
(8),6
k = h

(8)
k − h

(4)
k 0 0 0 0 0 0 0 0 0 −1 0 −1 0 0

σ
(9),6
k = h

(9)
k 0 0 0 0 0 0 0 0 0 2 0 0 0 0

σ
(10),6
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),6
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),6
k+1 = 2h

(12)
k+1 − 3h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),6
k+1 = h

(13)
k+1 + h

(12)
k+1 − h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),6
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋
✐❣✉r❛

✷✳✶✶✿
∆

6✳



✻✶




σ
(1),7
0 σ

(2),7
k−1 σ

(3),7
k−1 σ

(4),7
k σ

(5),7
k σ

(6),7
k σ

(7),7
k σ

(8),7
k σ

(9),7
k σ

(10),7
k+1 σ

(11),7
k+1 σ

(12),7
k+1 σ

(13),7
k+1 σ

(14),7
n

σ
(1),7
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),7
k−1 = h

(2)
k−1 0 0 0 2 0 1 0 0 −1 0 0 0 0 0

σ
(3),7
k−1 = h

(3)
k−1 0 0 0 2 0 0 0 0 0 0 0 0 0 0

σ
(4),7
k = h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 −5 0 0

σ
(5),7
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 0 −2 5 3 0

σ
(6),7
k = h

(6)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 2 0 0 0 0

σ
(7),7
k = h

(7)
k − h

(6)
k + h

(5)
k − h

(4)
k 0 0 0 0 0 0 0 0 0 3 5 −13 0 0

σ
(8),7
k = h

(8)
k + 2h

(6)
k − 2h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 −1 0 −1 0 0

σ
(9),7
k = h

(9)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 2 0 0 0 0

σ
(10),7
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),7
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),7
k+1 = 2h

(12)
k+1 − 3h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),7
k+1 = 5h

(13)
k+1 + 5h

(12)
k+1 + h

(11)
k+1 − 4h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),7
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋
✐❣✉r❛

✷✳✶✷✿
∆

7✳



✻✷




σ
(1),8
0 σ

(2),8
k−1 σ

(3),8
k−1 σ

(4),8
k σ

(5),8
k σ

(6),8
k σ

(7),8
k σ

(8),8
k σ

(9),8
k σ

(10),8
k+1 σ

(11),8
k+1 σ

(12),8
k+1 σ

(13),8
k+1 σ

(14),8
n

σ
(1),8
0 = h0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(2),8
k−1 = h

(2)
k−1 0 0 0 2 0 1 0 0 0 0 0 0 0 0

σ
(3),8
k−1 = h

(3)
k−1 0 0 0 2 0 0 0 0 0 0 0 0 0 0

σ
(4),8
k = h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 −5 0 0

σ
(5),8
k = 2h

(5)
k − 3h

(4)
k 0 0 0 0 0 0 0 0 0 0 −2 5 3 0

σ
(6),8
k = h

(6)
k − h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(7),8
k = h

(7)
k − h

(6)
k + h

(5)
k − h

(4)
k 0 0 0 0 0 0 0 0 0 3 5 −13 0 0

σ
(8),8
k = h

(8)
k + 2h

(6)
k − 2h

(5)
k + h

(4)
k 0 0 0 0 0 0 0 0 0 −1 0 −1 0 0

σ
(9),8
k = h

(9)
k + h

(6)
k − 2h

(5)
k + 2h

(4)
k 0 0 0 0 0 0 0 0 0 2 0 0 0 0

σ
(10),8
k+1 = h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(11),8
k+1 = h

(11)
k+1 + h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(12),8
k+1 = 2h

(12)
k+1 − 3h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(13),8
k+1 = 5h

(13)
k+1 + 5h

(12)
k+1 + h

(11)
k+1 − 4h

(10)
k+1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

σ
(14),8
n = hn 0 0 0 0 0 0 0 0 0 0 0 0 0 0




❋
✐❣✉r❛

✷✳✶✸✿
∆

8✳



✻✸

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❞❡ ∆r

❆s ♣r♦♣♦s✐çõ❡s ♥❡st❛ s❡çã♦ ❞❡s❝r❡✈❡♠ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛s ♠❛tr✐③❡s ∆r ♣r♦❞✉③✐❞❛s ♣❡❧♦

♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✳ ❊st❛s s❡rã♦ ✉s❛❞❛s ♥❛s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s✳ ▼❛✐s

❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♥♦ss❛ ❛t❡♥çã♦ ❡st❛rá ✈♦❧t❛❞❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❛ss♦❝✐❛❞❛s

❛♦s ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ q✉❡ ♣♦r s✉❛ ✈❡③ sã♦ ❡ss❡♥❝✐❛✐s ♥❛ ❞❡t❡r♠✐♥❛çã♦

❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳

➱ ❢á❝✐❧ ✈❡r q✉❡ ❝❛❞❛ ♠❛tr✐③ ∆r é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❡ t❡♠ q✉❛❞r❛❞♦ ③❡r♦✱ ❥á q✉❡ é r❡❝✉rs✐✲

✈❛♠❡♥t❡ ♦❜t✐❞❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ✐♥✐❝✐❛❧ ∆ ♣♦r ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡ s♦❜r❡ Q✳

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ q✉❛♥❞♦ ♥ã♦ ❢♦r ♥❡❝❡ssár✐♦✱ ❛ r❡❢❡rê♥❝✐❛ ❛♦ í♥❞✐❝❡ k ♥❛ ♠❛tr✐③

∆r
k s❡rá ♦♠✐t✐❞❛✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳ ❙❡ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 é ✐❞❡♥t✐✜❝❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❝♦♠♦ ✉♠

♣✐✈ô ♣r✐♠ár✐♦ ♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♥tã♦ ∆r
s,p+1 = 0 ♣❛r❛ t♦❞♦ s > p− r + 1✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ∆r
s,p+1 ♥ã♦ ♣♦❞❡ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♣❛r❛

t♦❞♦ s > p − r + 1✳ ❈♦♠♦ ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❞❡ ∆r q✉❡ ♥ã♦ sã♦

♣✐✈ô ♣r✐♠ár✐♦ s♦♠❡♥t❡ ♦❝♦rr❡♠ ❡♠ ❝♦❧✉♥❛s ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♥tã♦ ∆r
s,p+1 = 0 ♣❛r❛

t♦❞♦ s > p− r + 1✳

❖❜s❡r✈❡ q✉❡ s❡ ∆r
ki,j

é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡♠ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ❝♦❧✉♥❛s

à ❡sq✉❡r❞❛ ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛ q✉❡✱ ❛❞✐❝✐♦♥❛❞❛s à ✉♠ ♠ú❧t✐♣❧♦ ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛ ③❡r❛r✐❛♠ ❡st❛

❡♥tr❛❞❛ ♠❛♥t❡♥❞♦ t♦❞❛s ❛s ❡♥tr❛❞❛s ∆r
ks,j

✐❣✉❛✐s ❛ ③❡r♦ ♣❛r❛ s > i✳ ❉❡ ❢❛t♦✱ ❡①✐st❡♠ três t✐♣♦s

❞❡ ❝♦❧✉♥❛s hk à ❡sq✉❡r❞❛ ❞❛ j✲és✐♠❛ ❝♦❧✉♥❛✳ ❖✉ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❡stá ❛❝✐♠❛ ❞❛ i✲és✐♠❛ ❧✐♥❤❛✱

♦✉ ❛❜❛✐①♦✱ ♦✉ ❛ ❝♦❧✉♥❛ ♥ã♦ t❡♠ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♠ ∆r✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ❛ ❝♦❧✉♥❛ t❡♠ t♦❞❛s

❛s ❡♥tr❛❞❛s ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ✐❣✉❛✐s ❛ ③❡r♦✳ ❊st❡ t❛♠❜é♠ é ♦ ❝❛s♦ q✉❛♥❞♦ ♦ ♣✐✈ô

♣r✐♠ár✐♦ ❡stá ❛❝✐♠❛ ❞❛ i✲és✐♠❛ ❧✐♥❤❛ ❥á q✉❡ t♦❞❛s ❛s ❡♥tr❛❞❛s ❛❜❛✐①♦ ❞♦ ♣✐✈ô ♣r✐♠ár✐♦ sã♦

✐❣✉❛✐s ❛ ③❡r♦✳ ❆ss✐♠✱ ❡ss❡s três t✐♣♦s ❞❡ ❝♦❧✉♥❛s ♥ã♦ ♣♦❞❡♠ ❝♦♥tr✐❜✉✐r ❡♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r q✉❡ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ③❡r❛r ❛ ❡♥tr❛❞❛ ∆r
ki,j

✳

❆ Pr♦♣♦s✐çã♦ ✷✳✸✳✷ ❛✜r♠❛ q✉❡ ♥ã♦ ♣♦❞❡♠♦s t❡r ♠❛✐s ❞♦ q✉❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♠ ✉♠❛

❧✐♥❤❛ ♦✉ ❝♦❧✉♥❛ ✜①❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♠ ✉♠❛ ❧✐♥❤❛ i ❡♥tã♦ ♥ã♦ ❡①✐st❡



✻✹

♣✐✈ô ♣r✐♠ár✐♦ ♥❛ ❝♦❧✉♥❛ i ❡ ✈✐❝❡ ✈❡rs❛✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✷✳ ❙❡❥❛ {∆r} ❛ ❢❛♠í❧✐❛ ❞❡ ♠❛tr✐③❡s ♣r♦❞✉③✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛

❛♣❧✐❝❛❞♦ ❛ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆✳ ❉❛❞♦s q✉❛✐sq✉❡r ❞♦✐s ♣✐✈ôs ♣r✐♠ár✐♦s ∆r
ki,j

❡ ∆r
km,ℓ

t❡♠♦s q✉❡ {i, j} ∩ {m, ℓ} = ∅✳

❉❡♠♦♥str❛çã♦✿ ❖ ú♥✐❝♦ ❝❛s♦ ♥ã♦ tr✐✈✐❛❧ q✉❡ ♣r❡❝✐s❛ s❡r ❝♦♥s✐❞❡r❛❞♦ é q✉❛♥❞♦ k = k+1

❡✱ ♥❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ j 6= m✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ j✲és✐♠❛

❝♦❧✉♥❛ ❡ ♦✉tr♦ ♥❛ j✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆r✱ ✐st♦ é✱ ∆r
ki,j

❡ ∆r
k+1j,ℓ

sã♦ ♣✐✈ôs ♣r✐♠ár✐♦s✳ ❊♥tã♦

∆r
ks,j

= 0 ♣❛r❛ t♦❞♦ s > i ❡ ∆r
k+1s,ℓ

= 0 ♣❛r❛ t♦❞♦ s > j✳

❙❡❥❛♠ σ
(j),r
k ✱ σ(i),r

k−1 ❡ σ(ℓ),r
k+1 ❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛s à j✲és✐♠❛✱ à i✲és✐♠❛ ❡ à ℓ✲és✐♠❛ ❝♦❧✉♥❛s ❞❡ ∆r

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ∆r t❡♠ q✉❛❞r❛❞♦ ③❡r♦✱ V1 = {σ(i),r
k−1 , σ

(j),r
k , σ

(ℓ),r
k+1 } ♥ã♦ ♣♦❞❡ s❡r ✉♠❛ ✐♥t❡r✈❛❧♦ ❥á q✉❡

∆r(V1)
2 6= 0✳ P♦rt❛♥t♦✱ ❞❡✈❡ ❡①✐st✐r ✉♠ σ

(j2),r
k ❛ss♦❝✐❛❞♦ à j2✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r t❛❧ q✉❡

σ
(j2),r
k 6= σ

(j),r
k ✱ ∆r

ki,j2
6= 0 ❡ ∆r

k+1j2,ℓ
6= 0✳ ◆♦t❡♠♦s q✉❡ j2 < j✱ ♣♦✐s σ(j2),r

k 6= σ
(j),r
k ❡ t♦❞❛s ❛s

❡♥tr❛❞❛s ❛❜❛✐①♦ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ sã♦ ✐❣✉❛✐s ❛ ③❡r♦✳

❆ ❡♥tr❛❞❛ ∆r
ki,j2

♥ã♦ ♣♦❞❡ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ♣♦✐s ❛ i✲és✐♠❛ ❧✐♥❤❛ ❥á t❡♠ ✉♠ ♣✐✈ô

♣r✐♠ár✐♦✳ P♦rt❛♥t♦✱ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ j2✲és✐♠❛ ❝♦❧✉♥❛ ❞❡✈❡ ❡st❛r ❛❜❛✐①♦ ❞❛ ❡♥tr❛❞❛ ∆r
ki,j2

✱ ♦✉

s❡❥❛✱ ❡①✐st❡ ✉♠ σ
(i2),r
k−1 ❛ss♦❝✐❛❞♦ à i2✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆r✱ ❝♦♠ i2 > i✱ t❛❧ q✉❡ ∆r

ki2,j2
é ✉♠ ♣✐✈ô

♣r✐♠ár✐♦✳ ❙❡❣✉❡ q✉❡ ∆r
ks,j2

= 0 ♣❛r❛ t♦❞♦ s > i2✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✶✹✳

❆♥❛❧♦❣❛♠❡♥t❡✱ V2 = {σ(i2),r
k−1 , σ

(j2),r
k , σ

(ℓ),r
k+1 } ♥ã♦ ♣♦❞❡ s❡r ✉♠ ✐♥t❡r✈❛❧♦ ❥á q✉❡ ∆r t❡♠ q✉❛❞r❛❞♦

③❡r♦ ❡ ∆r(V2)
2 6= 0✳ P♦rt❛♥t♦✱ ❡①✐st❡ σ(j3),r

k ♥❛ j3✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r t❛❧ q✉❡ σ(j3),r
k 6= σ

(j2),r
k ✱

j3 ≤ j✱ ∆r
ki2,j3

6= 0 ❡ ∆r
k+1j3,ℓ

6= 0✳

▼♦str❡♠♦s q✉❡ σ(j3),r
k 6= σ

(j),r
k ✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❡ σ(j3),r

k t❡♠♦s q✉❡ ∆r
ki2,j3

6= 0 ❝♦♠ i2 > i✳

P♦rt❛♥t♦✱ s❡ j3 ❢♦ss❡ ✐❣✉❛❧ ❛ j ❡♥tã♦ t❡rí❛♠♦s ✉♠❛ ❡♥tr❛❞❛ ∆r
ki2,j

6= 0 ❛❜❛✐①♦ ❞♦ ♣✐✈ô ♣r✐♠ár✐♦

∆r
ki,j

✳ ▼❛s ✐ss♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ q✉❡ ∆r
ks,j

= 0 ♣❛r❛ t♦❞♦ s > i✳

❘❡♣❡t✐♥❞♦ ♦s ♣❛ss♦s ❛❝✐♠❛ ❡ s❡♠♣r❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ∆r t❡♠ q✉❛❞r❛❞♦ ③❡r♦✱ ❡✈❡♥t✉❛❧♠❡♥t❡

s❡ ❡s❣♦t❛rã♦ ❛s ❧✐♥❤❛s ♦✉ ❛s ❝♦❧✉♥❛s ♣❛r❛ ❝♦♥t✐♥✉❛r ♦s ❛r❣✉♠❡♥t♦s ❛❝✐♠❛✳ ❱❡❥❛ ❋✐❣✉r❛ ✷✳✶✺✳ ❙❡

❛s hk ❝♦❧✉♥❛s s❡ ❡s❣♦t❛r❡♠✱ ❡♥tã♦ t❡r❡♠♦s ✉♠ ✐♥t❡r✈❛❧♦ V ❝♦♠ ∆(V )2 6= 0✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦



✻✺




σ
(i),r
k−1 σ

(i2),r
k−1 σ

(j2),r
k σ

(j),r
k σ

(ℓ),r
k+1

σ
(i),r
k−1 ∆r

ki,j2
∆r
ki,j

σ
(i2),r
k−1 ∆r

ki2,j2

σ
(j2),r
k ∆r

k+1j2,ℓ

σ
(j),r
k ∆r

k+1j,ℓ

σ
(ℓ),r
k+1




❋✐❣✉r❛ ✷✳✶✹✿ ■♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣✐✈ôs ♣r✐♠ár✐♦s ♥❛ j✲és✐♠❛ ❧✐♥❤❛ ❡ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ s✐♠✉❧t❛✲

♥❡❛♠❡♥t❡✳

σ
(ℓ),r
k+1

σ
(j),r
k

σ
(i),r
k−1

σ
(j2),r
k

σ
(i2),r
k−1

σ
(j3),r
k

σ
(i3),r
k−1

❋✐❣✉r❛ ✷✳✶✺✿ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ s❡qüê♥❝✐❛ ✜♥✐t❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳



✻✻

❢❛t♦ ❞❡ ∆r t❡r q✉❛❞r❛❞♦ ③❡r♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♥ã♦ ❡①✐st❡♠ ♠❛✐s hk−1 ❧✐♥❤❛s ❡♥tã♦ t❡r❡♠♦s

✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ❡♠ ∆r ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r q✉❡ ♥ã♦ é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦

❡ ♥❡♠ ✉♠❛ ❡♥tr❛❞❛ ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ■st♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡ ❛s ú♥✐❝❛s ❡♥tr❛❞❛s

♥ã♦ ♥✉❧❛s ❡♠ ∆r ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r sã♦ ♣✐✈ôs ♣r✐♠ár✐♦s ♦✉ ❡♥tr❛❞❛s ❛❝✐♠❛

❞❡ ♣✐✈ôs ♣r✐♠ár✐♦s✳



❈❛♣ít✉❧♦ ✸

❖s ▼ó❞✉❧♦s Erp ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧

◆❡st❛ s❡çã♦✱ ♠♦str❛♠♦s ❝♦♠♦ ♦s Z✲♠ó❞✉❧♦s Er
p sã♦ ❞❡t❡r♠✐♥❛❞♦s q✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦

❞❛ ✈❛rr❡❞✉r❛ à ♠❛tr✐③ ∆✳ ❖s ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞❡ ∆r ♣r♦❞✉③✐❞♦s ♣❡❧♦

♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ tê♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❞❡t❡r♠✐♥❛r ♦s ❣❡r❛❞♦r❡s ❞❡ Zr
p ✱

❞❛í ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠♦str❛r q✉❡ ♦s ♣✐✈ôs sã♦ s❡♠♣r❡ ✐♥t❡✐r♦s✳

▲❡♠❜r❡ q✉❡

Er
p = Zr

p/(Z
r−1
p−1 + ∂Zr−1

p+r−1)

♦♥❞❡

Zr
p = {c ∈ FpC | ∂c ∈ Fp−rC}.

❈❛❞❛ hk ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆ r❡♣r❡s❡♥t❛ ❝♦♥❡①õ❡s ❞❡ ✉♠❛ ❝❛❞❡✐❛ ❡❧❡♠❡♥t❛r hk

❞❡ Ck ❛ ✉♠❛ ❝❛❞❡✐❛ ❡❧❡♠❡♥t❛r hk−1 ❞❡ Ck−1✳

❖ Z✲♠ó❞✉❧♦ Zr
p,k−p = {c ∈ FpCk; ∂c ∈ Fp−rCk−1} é ❣❡r❛❞♦ ♣♦r k✲❝❛❞❡✐❛s ❝♦♥t✐❞❛s ❡♠ FpCk

❝♦♠ ❜♦r❞♦s ❡♠ Fp−rCk−1✳ ■st♦ ❝♦rr❡s♣♦♥❞❡ ♥❛ ♠❛tr✐③ ∆ ❛ t♦❞❛s ❛s hk ❝♦❧✉♥❛s à ❡sq✉❡r❞❛ ❞❛

(p+1)✲és✐♠❛ ❝♦❧✉♥❛ ✶ ♦✉ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡st❛s hk ❝♦❧✉♥❛s✱ t❛✐s q✉❡ s❡✉s ❜♦r❞♦s ✭❡♥tr❛❞❛s

♥ã♦ ♥✉❧❛s✮ ❡stã♦ ❛❝✐♠❛ ❞❛ (p− r + 1)✲és✐♠❛ ❧✐♥❤❛✳

✶❆s ❡①♣r❡ssõ❡s ✧❛❝✐♠❛ ❞❛ ❧✐♥❤❛✧ ❡ ✧à ❡sq✉❡r❞❛ ❞❛ ❝♦❧✉♥❛✧ ♣r❡ss✉♣õ❡♠ ❛ ✐♥❝❧✉sã♦ ❞❛ ❧✐♥❤❛ ❡ ❞❛ ❝♦❧✉♥❛ ❡♠

q✉❡stã♦ ❡♥q✉❛♥t♦ q✉❡ ❛s ❡①♣r❡ssõ❡s ✧❛❜❛✐①♦ ❞❛ ❧✐♥❤❛✧ ❡ ✧à ❞✐r❡✐t❛ ❞❛ ❝♦❧✉♥❛✧ ♥ã♦ ✐♥❝❧✉❡♠ ❛ ❧✐♥❤❛ ❡ ❛ ❝♦❧✉♥❛

❡♠ q✉❡stã♦

✻✼



✻✽

❆♥❛❧♦❣❛♠❡♥t❡ Zr−1
p−1,k−(p−1) = {c ∈ Fp−1Ck; ∂c ∈ Fp−rCk−1} ❝♦rr❡s♣♦♥❞❡ ♥❛ ♠❛tr✐③ ∆ ❛

t♦❞❛s ❛s hk ❝♦❧✉♥❛s à ❡sq✉❡r❞❛ ❞❛ p✲és✐♠❛ ❝♦❧✉♥❛ ♦✉ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡st❛s hk ❝♦❧✉♥❛s

❝✉❥♦s ❜♦r❞♦s ❡stã♦ ❛❝✐♠❛ ❞❛ (p− r + 1)✲és✐♠❛ ❧✐♥❤❛✳

❋✐♥❛❧♠❡♥t❡✱

∂Zr−1
p+r−1,(k+1)−(p+r−1) = ∂{c ∈ Fp+r−1Ck+1; ∂c ∈ FpCk}

é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❜♦r❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❡♠ Zr−1
p+r−1,(k+1)−(p+r−1)✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ♥❛

♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆ ❛ t♦❞❛s ❛s hk ❝♦❧✉♥❛s à ❡sq✉❡r❞❛ ❞❛ (p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ✭♦✉ ❡q✉✐✈❛❧❡♥✲

t❡♠❡♥t❡ t♦❞❛s ❛s hk✲❧✐♥❤❛s ❛❝✐♠❛ ❞❛ (p+ 1)✲és✐♠❛ ❧✐♥❤❛✮ q✉❡ sã♦ ❜♦r❞♦s ❞❡ hk+1 ❝♦❧✉♥❛s q✉❡

❡stã♦ à ❡sq✉❡r❞❛ ❞❛ (p+ r)✲és✐♠❛ ❝♦❧✉♥❛✳

❆ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ k ❡♠ FpCk \ Fp−1Ck ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ k ❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛s à

(p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆✳ ❉❡♥♦t❛♠♦s t❛❧ s✐♥❣✉❧❛r✐❞❛❞❡ ♣♦r h(p+1)
k ✳

❆ Pr♦♣♦s✐çã♦ ✸✳✵✳✸ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ Zr
p,k−p✳

Pr♦♣♦s✐çã♦ ✸✳✵✳✸✳ Zr
p,k−p = Z[µ(p+1),rσ

(p+1),r
k , µ(p),r−1σ

(p),r−1
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ] ♦♥❞❡

κ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛ ❡ µ(j),ζ = 1 q✉❛♥❞♦ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛

j✲és✐♠❛ ❝♦❧✉♥❛ ❡st❛ ❛❝✐♠❛ ❞❛ j− ζ✲és✐♠❛ ❧✐♥❤❛ ❡ µ(j),ζ = 0 q✉❛♥❞♦ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ j✲és✐♠❛

❝♦❧✉♥❛ ❡stá ❛❜❛✐①♦ ❞❛ j − ζ✲és✐♠❛ ❧✐♥❤❛✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡♠♦s ✉♠❛ ❝❛❞❡✐❛ σ(p+1−ξ),r−ξ

k ♣❡rt❡♥❝❡ à ♠❛tr✐③ ∆ξ ❡✱ ♣♦r ❞❡✜✲

♥✐çã♦✱ µ(p+1−ξ),r−ξ = 1 s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p+ 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❡st❛ ❛❝✐♠❛

❞❛ ❧✐♥❤❛ (p + 1 − ξ) − (r − ξ) = p − r + 1✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛s ❝❛❞❡✐❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛

❝♦❧✉♥❛s ❝✉❥♦s ♣✐✈ôs ♣r✐♠ár✐♦s ❡stã♦ ❛❜❛✐①♦ ❞❛ (p−r+1)✲és✐♠❛ ❧✐♥❤❛ ♥ã♦ r❡♣r❡s❡♥t❛♠ ❣❡r❛❞♦r❡s

❞❡ Zr
p,k−p✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ❛ k✲❝❛❞❡✐❛ σ(p+1−ξ),r−ξ

k ✱ ❝♦♠ ξ ∈ {0, . . . , p + 1 − κ}✱ ❛ss♦❝✐❛❞❛

à (p + 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r−ξ t❛❧ q✉❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p + 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❞❡

∆r−ξ ❡st❡❥❛ ❛❝✐♠❛ ❞❛ (p− r+1)✲és✐♠❛ ❧✐♥❤❛✳ ▼♦str❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ σ(p+1−ξ),r−ξ

k é ✉♠❛

k✲❝❛❞❡✐❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❣❡r❛❞♦r ❞❡ Zr
p ✳ ➱ ❝❧❛r♦ q✉❡ σ(p+1−ξ),r−ξ

k ❡stá ♥❛ ✜❧tr❛çã♦ FpCk

♣❛r❛ ξ ≥ 0✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠ét♦❞♦ ✈❛rr❡❞✉r❛ ♥❛ (r − ξ)✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ③❡r♦✉ t♦❞♦s

♦s ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❛❜❛✐①♦ ❞❛ (r − ξ)✲és✐♠❛ ❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ ❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❞❛

❝♦❧✉♥❛ (p + 1 − ξ) ❞❡ ∆r−ξ ❡stã♦ ❛❝✐♠❛ ❞❛ (p + 1 − ξ) − (r − ξ) = (p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳



✻✾

P♦rt❛♥t♦✱ ♦ ❜♦r❞♦ ❞❡ σ(p+1−ξ),r−ξ

k ❡stá ❡♠ Fp−rCk−1✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❡♠ Zr
p,k−p é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛ ❞♦s

σ
(p+1−ξ),r−ξ

k ✱ ξ = 0, . . . , p+ 1− κ t❛❧ q✉❡ ♦ ✐♥t❡✐r♦ ♠ú❧t✐♣❧♦ ❞❡ σ(p+1−ξ),r−ξ

k só ♣♦❞❡ s❡r ❞✐❢❡r❡♥t❡

❞❡ ③❡r♦ q✉❛♥❞♦ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p + 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❡stá ❛❝✐♠❛ ❞❛ (p − r + 1)✲és✐♠❛

❧✐♥❤❛✳ ▼♦str❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ p ❡ r✳

• ❈♦♥s✐❞❡r❡♠♦s ❛ ✜❧tr❛çã♦ κ−1✱ ♦♥❞❡ κ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛✳

❙❡❥❛ ξ t❛❧ q✉❡ ♦ ❜♦r❞♦ ❞❡ h(κ)
k ❡stá ❡♠ Fκ−1−ξCk \ Fκ−1−ξ−1Ck✳

✶✳ Zr
κ−1 é ❣❡r❛❞♦ ♣♦r k✲❝❛❞❡✐❛s ❝♦♥t✐❞❛s ❡♠ Fκ−1Ck ❝✉❥♦s ❜♦r❞♦s ❡stã♦ ❡♠ Fκ−1−rCk−1✳

◆♦t❡♠♦s q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ❝❛❞❡✐❛ h(κ)
k ❡♠ Fκ−1Ck✳ ❆ss✐♠

✭❛✮ ❙❡ ξ < r ❡♥tã♦ ∂h(κ)
k /∈ Fκ−1−rCk−1 ❡✱ ♣♦rt❛♥t♦✱ Zr

κ−1 = 0

✭❜✮ ❙❡ ξ > r ❡♥tã♦ ∂h(κ)
k ∈ Fκ−1−rCk−1 ❡✱ ♣♦rt❛♥t♦✱ Zr

κ−1 = [h
(κ)
k ]

✷✳ P♦r ♦✉tr♦ ❧❛❞♦✱ σ(κ),r
k é ❛ k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à κ✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r✳ ❈♦♠♦ ♥ã♦

❤á ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡ ♥❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆k ❡♥tã♦ σ(κ),r
k = h

(κ)
k ✳ ❆❧é♠ ❞✐ss♦✱

µ(κ),r = 1 s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❜♦r❞♦ ❞❡ h(κ)
k = σ

(κ),r
k ❡stá ❛❝✐♠❛ ❞❛ ❞✐❛❣♦♥❛❧ r✳ ❆ss✐♠

✭❛✮ ❙❡ ξ < r ❡♥tã♦ µ(κ),r = 0 ❡✱ ♣♦rt❛♥t♦✱ [µ(κ),rσ
(κ),r
k ] = 0

✭❜✮ ❙❡ ξ > r ❡♥tã♦ µ(κ),r = 1 ❡✱ ♣♦rt❛♥t♦✱ [µ(κ),rσ
(κ),r
k ] = [σ

(κ),r
k ] = [h

(κ)
k ]✳

P♦rt❛♥t♦ Zr
κ−1 = [µ(κ),rσ

(κ),r
k ]✳

• ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ξ1✱ ♣r✐♠❡✐r❛ ❡♠ ∆ q✉❡ ✐♥t❡r❝❡♣t❛ ∆k✱ ♦✉ s❡❥❛✱ ❛s

❝♦❧✉♥❛s ❞❡ ∆ ❝♦rr❡s♣♦♥❞❡♥t❡s às ❝❛❞❡✐❛s h(p+1)
k , . . . , h

(κ)
k t❡♠ ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❛❝✐♠❛

❞❛ ❞✐❛❣♦♥❛❧ ξ1 ❡✱ ♣♦rt❛♥t♦ ❛❝✐♠❛ ❞❛ (p− ξ1 + 1)✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆✳

✶✳ ❚❡♠♦s q✉❡ Zξ1
p é ❣❡r❛❞♦ ♣❡❧❛s k✲❝❛❞❡✐❛s ❝♦♥t✐❞❛s ❡♠ FpCk ❝✉❥♦s ❜♦r❞♦s ❡stã♦ ❡♠

Fp−ξ1Ck−1✳ ❈♦♠♦ ❛s ❝♦❧✉♥❛s ❞❡ ∆ ❝♦rr❡s♣♦♥❞❡♥t❡s às ❝❛❞❡✐❛s h(p+1)
k , . . . , h

(κ)
k t❡♠

❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❛❝✐♠❛ ❞❛ (p − ξ1 + 1)✲és✐♠❛ ❧✐♥❤❛✱ ❡♥tã♦ ♦s ❜♦r❞♦s ❞❛s ❝❛❞❡✐❛s

h
(p+1)
k , . . . , h

(κ)
k ❡stã♦ ♥❛ ✜❧tr❛çã♦ Fp−ξ1Ck−1✱ ♦✉ s❡❥❛✱

Zξ1
p = [h

(p+1)
k , . . . , h

(κ)
k ]



✼✵

✷✳ ❈♦♠♦ ♦s ❜♦r❞♦s ❞❛s ❝❛❞❡✐❛s h(p+1)
k , . . . , h

(κ)
k ❡stã♦ t♦❞♦s ❛❝✐♠❛ ❞❡ ξ1 ❡♥tã♦ σ(j),ξ1

k =

h
(j)
k ✱ j = κ, . . . p+ 1 ❡ µ(j),ξ1 = 1✱ j = κ, . . . p+ 1✳ ▲♦❣♦✱

[µ(p+1),ξ1σ
(p+1),r
k , . . . , µ(κ),κ−p+1+ξ1σ

(κ),κ−p+1+ξ1
k ] = [h

(p+1)
k , . . . , h

(κ)
k ]

P♦rt❛♥t♦ Zξ1
p = [µ(p+1),ξ1σ

(p+1),r
k , . . . , µ(κ),κ−p+1+ξ1σ

(κ),κ−p+1+ξ1
k ]✳

• ❙✉♣♦♥❤❛♠♦s q✉❡ ♦s ❣❡r❛❞♦r❡s ❞❡ Zr−1
p−1 ❝♦rr❡s♣♦♥❞❛♠ ❛s k✲❝❛❞❡✐❛s σ(p+1−ξ),r−ξ

k ✱ ξ =

1, . . . , p + 1 − κ t❛✐s q✉❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p + 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❡stá ❛❝✐♠❛ ❞❛

(p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳ ❙❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡stá ❛❜❛✐①♦ ❞❛

(p− r+1)✲és✐♠❛ ❧✐♥❤❛ ❡♥tã♦ Zr
p = Zr−1

p−1 ❡ ❡st❡ é ♦ ❝❛s♦ ❡♠ q✉❡ µ(p+1),r = 0✳ ❙✉♣♦♥❤❛♠♦s

❛❣♦r❛ q✉❡ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡stá ❛❝✐♠❛ ❞❛ (p− r+ 1)✲és✐♠❛ ❧✐♥❤❛✳

❙❡❥❛ hk = bp+1h
(p+1)
k + · · ·+ bκh

(κ)
k ✉♠❛ k✲❝❛❞❡✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Zr

p,k−p✳

❙❛❜❡♠♦s q✉❡ hk ❡stá ❡♠ FpCk ❡ s❡✉ ❜♦r❞♦ ❡stá ❛❝✐♠❛ ❞❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳ ❙❡

bp+1 = 0 ❡♥tã♦ hk ∈ Zr−1
p−1 ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦

q✉❡ bp+1 6= 0✳

P❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✱ σ(p+1),r
k t❡♠ cp+1,r

p+1 ❝♦♠♦ ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ♠✐♥✐♠❛❧✳ ▼♦str❡♠♦s

q✉❡✱ ❝♦♠♦ cp+1,r
p+1 é ♠✐♥✐♠❛❧ ❡♥tã♦ bp+1 = α1c

p+1,r
p+1 ✱ α1 ∈ Z✳ ❙✉♣♦♥❤❛♠♦s q✉❡ bp+1 ♥ã♦

é ✉♠ ✐♥t❡✐r♦ ♠ú❧t✐♣❧♦ ❞❡ cp+1,r
p+1 ✳ ❙❡❥❛ υ > 0 ✉♠ ✐♥t❡✐r♦ ❞❡ ❢♦r♠❛ q✉❡ υcp+1,r

p+1 é ♦ ♠❛✐♦r

♠ú❧t✐♣❧♦ ❞❡ cp+1,r
p+1 t❛❧ q✉❡ υcp+1,r

p+1 < bp+1✳ ❆ss✐♠ t❡♠♦s υcp+1,r
p+1 < bp+1 < (υ + 1)cp+1,r

p+1 ✱

♦✉ s❡❥❛✱ 0 < bp+1 − υcp+1,r
p+1 < cp+1,r

p+1 ✳ ❙❡❣✉❡ q✉❡ ❛ k✲❝❛❞❡✐❛ hk − υσ
(p+1),r
k t❡♠ ❝♦❡✜❝✐❡♥t❡

❧í❞❡r bp+1 − υcp+1,r
p+1 < cp+1,r

p+1 ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ cp+1,r
p+1 s❡r ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r ♠✐♥✐♠❛❧✳

P♦rt❛♥t♦ bp+1 = α1c
p+1,r
p+1 ✱ α1 ∈ Z✳

❉❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r hk ❝♦♠♦

hk = α1σ
(p+1),r
k + (bp − α1c

p+1,r
p )h

(p)
k + · · · + (bκ − α1c

p+1,r
κ )h

(κ)
k .

◆♦t❡♠♦s q✉❡ hk −α1σ
(p+1),r
k = (bp −α1c

p+1,r
p )h

(p)
k + · · ·+(bκ −α1c

p+1,r
κ )h

(κ)
k ∈ Fp−1✳ ❆❧é♠

❞✐ss♦✱ ❝♦♠♦ hk ❡ σ(p+1),r
k tê♠ s❡✉s ❜♦r❞♦s ❛❝✐♠❛ ❞❛ (p− r+ 1)✲és✐♠❛ ❧✐♥❤❛ ❡♥tã♦ ♦ ❜♦r❞♦

❞❡ hk − α1σ
(p+1),r
k ❡stá ❛❝✐♠❛ ❞❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳ P♦rt❛♥t♦✱ hk − α1σ

(p+1),r
k ∈



✼✶

Zr−1
p−1 ✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ t❡♠♦s q✉❡ hk − α1σ

(p+1),r
k = α2µ

(p),r−1σ
(p),r−1
k + · · · +

ακµ
(κ),r−p−1+κσ

(κ),r−p−1+κ

k ♦✉ s❡❥❛✱

hk = α1σ
(p+1),r
k + α2µ

(p),r−1σ
(p),r−1
k + · · · + ακµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k .

◆♦t❡♠♦s q✉❡ ❛s ♠❛tr✐③❡s ∆r ♣♦❞❡♠ t❡r ❛❧❣✉♠❛s ❡♥tr❛❞❛s q✉❡ ♥ã♦ sã♦ ♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ◆♦

❡♥t❛♥t♦✱ ❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✹ ♠♦str❛ q✉❡ t♦❞♦s ♦s ♣✐✈ôs ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❞❡ ∆r sã♦ s❡♠♣r❡

♥ú♠❡r♦s ✐♥t❡✐r♦s✳

Pr♦♣♦s✐çã♦ ✸✳✵✳✹✳ ❙✉♣♦♥❤❛ q✉❡ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

❊♥tã♦ ∆r
p−r+1,p+1 é ✉♠ ✐♥t❡✐r♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡

❡♥tã♦ ∆r
s,p+1 = 0 ♣❛r❛ t♦❞♦ s > p− r + 1✳ P♦rt❛♥t♦✱ σ(p+1),r

k ∈ Zr
p ❡

∂σ
(p+1),r
k = ∆r

p−r+1,p+1σ
(p−r+1),r
k−1 + · · · + ∆r

κ∗,p+1σ
(κ∗),r
k−1

♦♥❞❡ κ∗ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ (k − 1)✲❝❛❞❡✐❛✳ ❙❡❣✉❡ q✉❡

∂σ
(p+1),r
k ∈ ∂Zr

p ⊂ Zr+1
p−r = Z[µ(p−r+1),r+1σ

(p−r+1),r+1
k , µ(p−r),rσ

(p−r),r
k , . . . , µ(κ),2r−p+κσ

(κ),2r−p+κ

k ].

P♦rt❛♥t♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ∆r
p−r+1,p+1c

p−r+1,r
p−r+1 ❞❡ h(p−r+1)

k−1 ❡♠ ∂σ(p+1),r t❡♠ q✉❡ s❡r ✉♠ ♠ú❧t✐♣❧♦ α

❞♦ ❝♦❡✜❝✐❡♥t❡ cp−r+1,r+1
p−r+1 ❞❡ h(p−r+1)

k−1 ∈ Zr+1
p−r ✱ ♦✉ s❡❥❛✱

∆r
p−r+1,p+1c

p−r+1,r
p−r+1 = αcp−r+1,r+1

p−r+1

♦♥❞❡ α ∈ Z \ {0}✳ ❆ss✐♠ t❡♠♦s

∆r
p−r+1,p+1 =

αcp−r+1,r+1
p−r+1

cp−r+1,r
p−r+1

❙❡❣✉❡ ❞❡ ✭✷✳✻✮ q✉❡ ∆r
p−r+1,p+1 é ✉♠ ✐♥t❡✐r♦✳

❖ ♣ró①✐♠♦ ❧❡♠❛ s❡rá ✉s❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✵✳✻✳ ❊st❡ ❧❡♠❛ ❞❡t❡❝t❛ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ t♦rçã♦

♥❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳



✼✷

▲❡♠❛ ✸✳✵✳✺✳ ❙✉♣♦♥❤❛ q✉❡ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1)✳ ❊♥tã♦

Zr−1
p−1,k−(p−1) + ∂Zr−1

p+r−1,(k+1)−(p+r−1) = Z[ℓσ
(p+1),r
k , µ(p),r−1σ

(p),r−1
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ]

♦♥❞❡ ℓ = mdc{µ(r+p),r−1cp+1,r−1
p+1 ∆r−1

p+1,r+p, . . . , µ
(κ),κ−p−1cp+1,κ−p−1

p+1 ∆κ−p−1
p+1,κ }/cp+1,r

p+1 ✱ κ é ❛ ♣r✐♠❡✐r❛

❝♦❧✉♥❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛ ❡ κ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ (k + 1)✲❝❛❞❡✐❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1) ❡♥tã♦

Zr−1
p−1,k−(p−1) + ∂Zr−1

p+r−1,(k+1)−(p+r−1) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

Zr
p,k−p = Z[µ(p+1),rσ

(p+1),r
k , µ(p),r−1σ

(p),r−1
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ]

♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦ ♥ã♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

Zr−1
p−1,k−(p−1) = Z[µ(p),r−1σ

(p),r−1
k , µ(p−1),r−2σ

(p−1),r−2
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ].

❊♥tã♦ µ(p+1),r = 1 ❡ Zr−1
p−1 + ∂Zr−1

p+r−1,(k+1)−(p+r−1) ❝♦♥té♠ ✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ℓ ❞❡ σ(p+1),r
k ✱

♦✉ s❡❥❛✱ Zr−1
p−1 + ∂Zr−1

p+r−1,(k+1)−(p+r−1) é ✐❣✉❛❧ ❛

Z[ℓσ
(p+1),r
k , µ(p),r−1σ

(p),r−1
k , µ(p−1),r−2σ

(p−1),r−2
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ].

❱❛♠♦s ❛❣♦r❛ ❞❡t❡r♠✐♥❛r ♦ ✐♥t❡✐r♦ ℓ✳ ❚❡♠♦s q✉❡

Zr−1
p+r−1,(k+1)−(p+r−1) = Z[µ(p+r),r−1σ

(p+r),r−1
k+1 , . . . , µ(κ),κ−p−1σ

(κ),κ−p−1
k+1 ]

▲♦❣♦✱

∂Zr−1
p+r−1,(k+1)−(p+r−1)=Z[µ(p+r),r−1∂σ

(p+r),r−1
k+1 , µ(p+r−1),r−2∂σ

(p+r−1),r−2
k+1 , . . . , µ(κ),κ−p−1∂σ

(κ),κ−p−1
k+1 ]

✭✸✳✶✮

♦♥❞❡ µ(p+1−ξ),r−1−ξ = 0 q✉❛♥❞♦ ♦ ♣✐✈ô ♣r✐♠ár✐♦ ❞❛ (p + 1 − ξ)✲és✐♠❛ ❝♦❧✉♥❛ ❡stá ❛❜❛✐①♦ ❞❛

(p+ 1)✲és✐♠❛ ❧✐♥❤❛✳ P❛r❛ ξ = 0, . . . , p+ r − κ ❝♦♠ µ(p+1−ξ),r−1−ξ = 1 t❡♠♦s ∆r−1−ξ
s,p+r−ξ = 0 ♣❛r❛

t♦❞♦ s > i ❡ ♣♦rt❛♥t♦✱

∂σ
(p+r−ξ),r−1−ξ

k+1 = ∆r−1−ξ
p+1,p+r−ξσ

(p+1),r−1−ξ

k + · · · + ∆r−1−ξ
κ,p+r−ξσ

(κ),r−1−ξ

k



✼✸

❥á q✉❡ ♦s ❜♦r❞♦s ∂σ(p+r−ξ),r−1−ξ

k+1 ❝♦♠ ∆r−1−ξ
i,p+r−ξ 6= 0 ♣❛r❛ ❛❧❣✉♠ i > p + 1 ❝♦rr❡s♣♦♥❞❡♠ ❡①❛✲

t❛♠❡♥t❡ às ❧✐♥❤❛s q✉❡ tê♠ ♣✐✈ôs ♣r✐♠ár✐♦s ❛❜❛✐①♦ (p + 1)✲és✐♠❛ ❧✐♥❤❛ ❡ ♥❡st❡ ❝❛s♦ t❡♠♦s

µ(p+r−ξ),r−1−ξ = 0✳

❆ss✐♠✱ ♣❛r❛ ξ = 0, . . . , p+ r − κ✱ q✉❛♥❞♦ µ(p+r−ξ),r−1−ξ = 1 t❡♠♦s

Zr−1
p−1 + [∂σ

(p+r−ξ),r−1−ξ

k+1 ] = Zr−1
p−1 + [∆r−1−ξ

p+1,p+r−ξσ
(p+1),r−1−ξ

k + · · · + ∆r−1−ξ
κ,p+r−ξσ

(κ),r−1−ξ

k ] ✭✸✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ Zr−1
p−1 + [∂σ

(p+r−ξ),r−1−ξ

k+1 ] ⊂ Zr−1
p−1 + ∂Zr−1

p+r−1,(k+1)−(p+r−1) ✐♠♣❧✐❝❛ q✉❡

Zr−1
p−1 + [∂σ

(p+r−ξ),r−1−ξ

k+1 ]=[ℓξσ
(p+1),r
k , µ(p),r−1σ

(p),r−1
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ] ✭✸✳✸✮

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ h(p+1)
k ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦ Z✲♠ó❞✉❧♦ ❡♠ ✭✸✳✷✮ é ∆r−1−ξ

p+1,p+r−ξc
p+1,r−1−ξ
p+1 ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ h(p+1)
k ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦ Z✲♠ó❞✉❧♦ ❡♠ ✭✸✳✸✮ é ℓξc

p+1,r
p+1 ✳

❙❡❣✉❡ q✉❡ ℓξ = ∆r−1−ξ
p+1,p+r−ξc

p+1,r−1−ξ
p+1 /cp+1,r

p+1 ✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡ ℓ = mdc{µ(p+r−ξ),r−1−ξℓξ} ♦♥❞❡ ξ = 0, . . . , p+ r − κ✱ ♦✉ s❡❥❛✱

ℓ = mdc{µ(r+p),r−1cp+1,r−1
p+1 ∆r−1

p+1,r+p, . . . , µ
(κ),κ−p−1cp+1,κ−p−1

p+1 ∆κ−p−1
p+1,κ }/cp+1,r

p+1

❚❡♦r❡♠❛ ✸✳✵✳✻✳ ❆ ♠❛tr✐③ ∆r ♦❜t✐❞❛ ♥♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❛♣❧✐❝❛❞♦ ❛ ∆ ❞❡t❡r♠✐♥❛ Er
p✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡

Er
p,k−p =

Zr
p,k−p

Zr−1
p−1,k−(p−1) + ∂Zr−1

p+r−1,(k+1)−(p+r−1)

é ③❡r♦ ♦✉ ✉♠ ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝✉❥♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à

(p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ ∆r✳

◆♦t❡♠♦s q✉❡ ∆r
p−r+1,p+1 ❡stá ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❡ t❡♠ ✉♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥♦ ♣r♦❝❡ss♦ ❞❡

❞❡t❡r♠✐♥❛r Er
p,k−p✳ ❱❛♠♦s ❡♥tã♦ ✐❞❡♥t✐✜❝❛r ♦ ❡❢❡✐t♦ q✉❡ ❛s ❡♥tr❛❞❛s ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r

❡ ∆r tê♠ ❡♠ ❞❡t❡r♠✐♥❛r ♦s ❣❡r❛❞♦r❡s ❞♦s Z✲♠ó❞✉❧♦s Er
p ✳

❯♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ♥❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ♣♦❞❡ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ✉♠ ♣✐✈ô

♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ❡st❛r ❡♠ ✉♠❛ ❝♦❧✉♥❛ ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ❯♠❛ ❡♥tr❛❞❛ ♥✉❧❛

♣♦❞❡ ❡st❛r ♥✉♠❛ ❝♦❧✉♥❛ ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♦✉ t♦❞❛s ❛s ❡♥tr❛❞❛s ❛❜❛✐①♦ ❞❛ ♠❡s♠❛

sã♦ t❛♠❜é♠ ✐❣✉❛✐s ❛ ③❡r♦✳



✼✹

✶✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 t❡♥❤❛ s✐❞♦ ✐❞❡♥t✐✜❝❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ✈❛rr❡❞✉r❛ ❝♦♠♦

✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶ q✉❡ ∆r
s,p+1 = 0 ♣❛r❛ t♦❞♦ s > p− r + 1✳

P♦rt❛♥t♦✱ ❛ ❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡♠ ∆r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❣❡r❛❞♦r

❞❡ Zr
p,k−p✳ ❊st❛ ❝❛❞❡✐❛ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ Q ❞❡ ❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛s às hk

❝♦❧✉♥❛s ❞❡ ∆r−1 à ❡sq✉❡r❞❛ ❞❛ (p+1)✲és✐♠❛ ❝♦❧✉♥❛ t❛❧ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❛ (p+1)✲és✐♠❛

hk ❝♦❧✉♥❛ é ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥✉❧♦✳ P❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❡st❛ ❝❛❞❡✐❛ t❛♠❜é♠ é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ Z ❞❛s hk ❝♦❧✉♥❛s ❞❡ ∆ à ❡sq✉❡r❞❛ ❞❛ (p+1)✲és✐♠❛ ❝♦❧✉♥❛✳ ❊st❛

❝❛❞❡✐❛ é σ(p+1),r
k ❡✱ ❝♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ h(p+1)

k é ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥✉❧♦✱ σ(p+1),r
k ♥ã♦ ❡stá

❝♦♥t✐❞♦ ♥♦s ❣❡r❛❞♦r❡s ❞❡ Zr−1
p−1,k−(p−1)✳

❆✜r♠❛çã♦ ✶✿ ❙❡ ∆r
p−r+1,p+1 ❢♦✐ ✐❞❡♥t✐✜❝❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❝♦♠♦ ✉♠ ♣✐✈ô

♣r✐♠ár✐♦✱ ❡♥tã♦ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ⊆ Zr−1

p−1,k−(p−1)✳

❖s ❣❡r❛❞♦r❡s ❞❡ Zr−1
p+r−1,(k+1)−(p+r−1) ❞❡✈❡♠ ❝♦rr❡s♣♦♥❞❡r às (k+1)✲❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛s

às hk+1 ❝♦❧✉♥❛s ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ s❡✉s ❜♦r❞♦s ❡stã♦ ❛❝✐♠❛ ❞❛ (p + 1)✲és✐♠❛

❧✐♥❤❛ ❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ t♦❞❛s ❛s ❡♥tr❛❞❛s ❛❜❛✐①♦ ❞❛ (p+1)✲és✐♠❛ ❧✐♥❤❛ sã♦ ✐❣✉❛✐s

❛ ③❡r♦✳ P♦rt❛♥t♦✱ ❛s ❡♥tr❛❞❛s ❞❡st❛s hk+1 ❝♦❧✉♥❛s ♥❛ (p+1)✲és✐♠❛ ❧✐♥❤❛ ❞❡✈❡♠✱ ♣❡❧♦

♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✱ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛✳ ❱❡❥❛ ❛ ❋✐❣✉r❛

✸✳✶✳

❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✷ q✉❡ ❛ (p+1)✲és✐♠❛ ❧✐♥❤❛ ♥ã♦ ♣♦❞❡ ❝♦♥t❡r ✉♠ ♣✐✈ô ♣r✐♠á✲

r✐♦✱ ❥á q✉❡ ❛ss✉♠✐♠♦s q✉❡ ❛ (p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ t❡♠ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ P♦rt❛♥t♦✱

❛s ❡♥tr❛❞❛s ❞❡st❛s hk+1 ❝♦❧✉♥❛s ♥❛ (p + 1)✲és✐♠❛ ❧✐♥❤❛ ❞❡✈❡♠ s❡r ♥✉❧❛s✳ ❉❡ss❛

❢♦r♠❛ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ♥ã♦ ❝♦♥té♠ ❡♠ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ✉♠ ♠ú❧t✐♣❧♦

❞♦ ❣❡r❛❞♦r σ(p+1),r
k ✳ ❆ ❛✜r♠❛çã♦ s❡❣✉❡✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸ t❡♠♦s q✉❡ Er
p,k−p = Z[σ

(p+1),r
k ]✳

✷✳ ❙❡ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 ❢♦✐ ✐❞❡♥t✐✜❝❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❝♦♠♦ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛

❞❡ ❜❛s❡ ❡♥tã♦ ♦ ♠ét♦❞♦ ❣❛r❛♥t❡ q✉❡ ∆r+1
p−r+1,p+1 = 0✳ ❆❧é♠ ❞✐ss♦✱ ∆r

s,p+1 = 0 ♣❛r❛ t♦❞♦

s > p− r + 1 ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳



✼✺




σ
(p−r+1),r
k−1 σ

(p+1),r
k σ

(p+r−2),r
k+1 σ

(p+r−1),r
k+1 σ

(p+r),r
k+1 σ

(p+r+1),r
k+1

σ
(p−r+1),r
k−1 ∆r

p−r+1,p+1

0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

0 ∗ ∗ ∗

σ
(p+1),r
k 0 0 ∗ ∆r

p+1,p+r+1

0 0 ∗ 0

σ
(p+r−2),r
k+1

σ
(p+r−1),r
k+1

σ
(p+r),r
k+1

σ
(p+r+1),r
k+1




r

r − 1

❋
✐❣✉r❛

✸✳✶✿
∂
Z

r−
1

p
+

r−
1
,(k

+
1
)−

(p
+

r−
1
)
⊆
Z

r−
1

p
−

1
,k
−

(p
−

1
) .
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P♦rt❛♥t♦✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à

(p+ 1)✲és✐♠❛ ❝♦❧✉♥❛ σ(p+1),r
k ❞❡ ∆r é ✉♠ ❣❡r❛❞♦r ❞❡ Zr

p,k−p✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡ ❛♥❛❧✐s❛r ❛ (p+ 1)✲és✐♠❛ ❧✐♥❤❛✳ ❱❡❥❛ ✸✳✷✳




σ
(p−r+1),r
k−1 σ

(p+1),r
k σ

(p+r−2),r
k+1 σ

(p+r−1),r
k+1 σ

(p+r),r
k+1 σ

(p+r+1),r
k+1

σ
(p−r+1),r
k−1 ∆r

p−r+1,p+1

0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.

∗ ∗ ∗ ∗

σ
(p+1),r
k ∆r

p+1,p+r−2 0 ∗ ∆r
p+1,p+r+1

0 0 ∗ 0

σ
(p+r−2),r
k+1

σ
(p+r−1),r
k+1

σ
(p+r),r
k+1

σ
(p+r+1),r
k+1




r

r−1

❋✐❣✉r❛ ✸✳✷✿ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1)✳

❊①✐st❡♠ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✭❛✮ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ⊆ Zr−1

p−1,k−(p−1)✱ ♦✉ s❡❥❛✱ t♦❞♦s ♦s ❜♦r❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❡♠

Zr−1
p+r−1,(k+1)−(p+r−1) ❡stã♦ ❛❝✐♠❛ ❞❛ p✲és✐♠❛ ❧✐♥❤❛✳

◆❡st❡ ❝❛s♦✱ ❛ss✐♠ ❝♦♠♦ ❛♥t❡s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸ Er
p,k−p = Z[σ

(p+1),r
k ]✳

✭❜✮ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1)✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ Zr−1
p+r−1,(k+1)−(p+r−1)

❝✉❥♦ ❜♦r❞♦ t❡♠ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ♥❛ (p + 1)✲és✐♠❛ ❧✐♥❤❛✳ ❊st❛✱ ♣♦r s✉❛ ✈❡③✱ é

♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳

P❡❧♦ ▲❡♠❛ ✸✳✵✳✺ Er
p,k−p =

Z
ℓZ

[σ
(p+1),r
k ]✳



✼✼

✸✳ ❙❡ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 é ♥ã♦ ♥✉❧❛✱ ♠❛s ♥ã♦ é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❡♠ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛

❞❡ ❜❛s❡ ❡♥tã♦ ❞❡✈❡ s❡r ✉♠❛ ❡♥tr❛❞❛ ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

❡①✐st❡ s > p − r + 1 t❛❧ q✉❡ ∆r
s,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ❙❡❣✉❡ q✉❡ σ(p+1),r

k ♥ã♦ ❡stá ❡♠

Zr
p,k−p✳ ▲♦❣♦ Z

r−1
p−1,k−(p−1) = Zr

p,k−p ❡✱ ♣♦rt❛♥t♦✱ Er
p,k−p = 0✳

✹✳ ❙❡ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❡♥tã♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✭❛✮ ❊①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❛❜❛✐①♦ ❞❡ ∆r
p−r+1,p+1✱ ♦✉ s❡❥❛✱ ❡①✐st❡ s > p− r + 1 t❛❧ q✉❡

∆r
s,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ◆❡st❡ ❝❛s♦ ♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛

à (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ σ(p+1),r
k ♥ã♦ é ✉♠ ❣❡r❛❞♦r ❞❡ Zr

p ❡✱ ♣♦rt❛♥t♦✱ Zr−1
p−1,k−(p−1) =

Zr
p,k−p✳ ❙❡❣✉❡ q✉❡ Er

p,k−p = 0✳

✭❜✮ ∆r
s,p+1 = 0 ♣❛r❛ t♦❞♦ s > p− r+1✳ ◆❡st❡ ❝❛s♦✱ ♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à k✲❝❛❞❡✐❛

❛ss♦❝✐❛❞❛ à (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ σ(p+1),r
k ❡♠ ∆r é ✉♠ ❣❡r❛❞♦r ❞❡ Zr

p,k−p✳ P♦rt❛♥t♦✱

❞❡✈❡♠♦s ❛♥❛❧✐s❛r ❛ (p+ 1)✲és✐♠❛ ❧✐♥❤❛✳ ❚❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✐✳ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ⊆ Zr−1

p−1,k−(p−1)✱ ♦✉ s❡❥❛✱ t♦❞♦s ♦s ❜♦r❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❡♠

Zr−1
p+r−1,(k+1)−(p+r−1) ❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ❝♦❧✉♥❛s ❝✉❥❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s ❡stã♦

❛❝✐♠❛ ❞❛ p✲és✐♠❛ ❧✐♥❤❛✳

◆❡st❡ ❝❛s♦✱ ❛ss✐♠ ❝♦♠♦ ❛♥t❡s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸ Er
p,k−p = Z[σ

(p+1),r
k ]✳

✐✐✳ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1)✱ ♦✉ s❡❥❛✱ Zr−1
p+r−1,(k+1)−(p+r−1) ❝♦♥té♠ ❡❧❡✲

♠❡♥t♦s ❝✉❥♦ ❜♦r❞♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❝♦❧✉♥❛ q✉❡ t❡♠ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦

♥✉❧❛ ♥❛ (p + 1)✲és✐♠❛ ❧✐♥❤❛✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✵✳✺ Er
p,k−p =

Z
ℓZ

[σ
(p+1),r
k ]✱ ℓ ∈ Z✳

✺✳ ❆ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 ♥ã♦ ❡stá ❡♠ ∆r

k✳ ■st♦ ✐♥❝❧✉✐ ♦ ❝❛s♦ ❡♠ q✉❡ p− r + 1 < 0✱ ♦✉ s❡❥❛✱

∆r
p−r+1,p+1 ♥ã♦ ❡stá ♥❛ ♠❛tr✐③ ∆r✳

❆ ❛♥á❧✐s❡ ❞❡ Er
p é ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✭❛✮ ❊①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r r < r✳

◆❡st❡ ❝❛s♦ ♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à (p + 1)✲és✐♠❛ ❝♦❧✉♥❛

σ
(p+1),r
k ♥ã♦ é ✉♠ ❣❡r❛❞♦r ❞❡ Zr

p,k−p✳ P♦rt❛♥t♦ Z
r−1
p−1,k−(p−1) = Zr

p,k−p ❡ Er
p,k−p = 0✳



✼✽

✭❜✮ ❚♦❞❛s ❛s ❡♥tr❛❞❛s ❡♠ ∆r ♥❛ (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡♠ ❞✐❛❣♦♥❛✐s ❛✉①✐❧✐❛r❡s ♠❡♥♦r❡s

q✉❡ r sã♦ ♥✉❧❛s✱ ♦✉ s❡❥❛✱ ♦ ❣❡r❛❞♦r ❝♦rr❡s♣♦♥❞❡♥t❡ à k✲❝❛❞❡✐❛ ❛ss♦❝✐❛❞❛ à (p + 1)✲

és✐♠❛ ❝♦❧✉♥❛ σ(p+1),r
k ❡♠ ∆r é ✉♠ ❣❡r❛❞♦r ❞❡ Zr

p,k−p✳ ❊♥tã♦ t❡♠♦s q✉❡ ❛♥❛❧✐s❛r ❛

(p+ 1)✲és✐♠❛ ❧✐♥❤❛✳

✐✳ ❙❡ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ⊆ Zr−1

p−1,k−(p−1) ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸✱ Er
p,k−p =

Z[σ
(p+1),r
k ]✳

✐✐✳ ❙❡ ∂Zr−1
p+r−1,(k+1)−(p+r−1) * Zr−1

p−1,k−(p−1) ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✵✳✺✱ Er
p,k−p =

Z
ℓZ

[σ
(p+1),r
k ]✳

❖ ❚❡♦r❡♠❛ ✸✳✵✳✻ ♠♦str❛ q✉❡ ❛ s❡qüê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ♣r♦❞✉③✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛

❞❡t❡r♠✐♥❛ ♦s ❣❡r❛❞♦r❡s ❞♦s ❡s♣❛ç♦s Er
p ✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♠♦str❛ ❝♦♠♦ ✐st♦

❛❝♦♥t❡❝❡✳ ❆s k✲❝❛❞❡✐❛s ❛ss♦❝✐❛❞❛s ❛s ❝♦❧✉♥❛s ❞❡ ∆r
k à ❡sq✉❡r❞❛ ❞❛ p✲és✐♠❛ ❝♦❧✉♥❛ ❣❡r❛♠ ♦

Z✲♠ó❞✉❧♦ Zr
p ✳

✸✳✵✳✶ ❋✐❧tr❛çõ❡s ♠❛✐s ❣r♦ss❛s

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ é

❝♦♥s✐❞❡r❛r q✉❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡Mp ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♥ã♦ ❝♦♥té♠ ❛♣❡♥❛s ✉♠❛ s✐♥❣✉❧❛r✐✲

❞❛❞❡✱ ♠❛s ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ❛s ór❜✐t❛s ❝♦♥❡❝t❛♥❞♦ ❛s ♠❡s♠❛s✳ ■♥✐❝✐❛❧♠❡♥t❡✱

❝♦♥s✐❞❡r❛♠♦s ✉♠❛ ✜❧tr❛çã♦ ♠❛✐s ❣r♦ss❛ F ♥♦ ❝♦♠♣❧❡①♦ ❞❡ ▼♦rs❡ (Z〈❝r✐tf〉,∆) ❛ss♦❝✐❛❞♦ ❛ ✉♠❛

❢✉♥çã♦ ❞❡ ▼♦rs❡ f ❡ ✉♠❛ ✜❧tr❛çã♦ F ✳ ■st♦ ♣r♦♣õ❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡

❝♦♠ ✜❧tr❛çã♦ ♠❛✐s ✜♥❛ F ❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✳

❈♦♥s✐❞❡r❡♠♦s ❛ ✜❧tr❛çã♦ F ❞❛❞❛ ♣♦r F0 = {F0, . . . , Fm1}✱ F1 = {F0, . . . , Fm1}✱ F2 =

{F0, . . . , Fm2}✱ ✳ ✳ ✳ ✱ FM = {F0, . . . , Fm} ❝♦♠ m0 < m1 < m2 < . . . < m✱ ♦♥❞❡ F =

{F0, F1, . . . , Fm} é t❛❧ q✉❡ só ❡①✐st❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ h(p)
k ∈ Fp \ Fp−1✳ ❱❡❥❛ ❋✐❣✉r❛ ✸✳✸✳

❆ss✐♠ FP \ FP−1 = FmP
\ FmP−1

✳ ❙❡❥❛ JP = {mP−1 + 1, . . . ,mP}✳ ◆♦t❡ q✉❡ ♦s ✐♥t❡r✈❛❧♦s

JP ⊂ {1, . . . ,m} sã♦ t♦❞♦s ❞✐s❥✉♥t♦s ❡ s❡✉s ❡❧❡♠❡♥t♦s ✐♥❞❡①❛♠ ❛ ✜❧tr❛çã♦ F ✳ ▲❡♠❜r❛♥❞♦ q✉❡

❝❛❞❛ Fp ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ♣❡❧❛s ❝♦❧✉♥❛s à ❡sq✉❡r❞❛ ❞❛ ❝♦❧✉♥❛ p+1✱ t❡♠♦s
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F0 . . . Fm0
Fm0

+ 1 . . . Fm1
Fm1

+ 1 . . . Fm2
Fm2

+ 1 . . . Fm

F0

.

.

.

Fm0

Fm0 + 1

.

.

.

Fm1

Fm1
+ 1

.

.

.

Fm2

Fm2
+ 1

.

.

.

Fm




F1

F0

F2

F3

F0

F1

F2

F3

R1

R2

R3

︷ ︸︸ ︷

︷ ︸︸ ︷

︷ ︸︸ ︷

︷ ︸︸ ︷

















∆U0,U1
∆U0,U2 ∆U0,U3

∆U1,U2 ∆U1,U3

∆U2,U3

❋✐❣✉r❛ ✸✳✸✿ ❋✐❧tr❛çã♦ ♠❛✐s ❣r♦ss❛✳

q✉❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ tr❛♥s❧❛çã♦ ♣♦r ✶✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ JP ✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

tr❛♥s❧❛❞❛❞♦ JP = {mP−1 + 2, . . . ,mP + 1}✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♠♣❧❡①♦ C ❝♦♠ ❛ ✜❧tr❛çã♦ F ✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ❝❛❞❛ P ✱ MP = {h(p)
k ∈

FP \ FP−1} = {h(p)
k , p ∈ JP} ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ♦✉tr❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ (ER

P,Q,∆)✳

❚❡♠♦s q✉❡ FPC \ FP−1C ❝♦rr❡s♣♦♥❞❡ ♥❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛

∆JP−1,JP
= (∆s,ℓ)

s ∈ JP−1

ℓ ∈ JP

❈♦♥s✐❞❡r❡♠♦s FP = {F1, . . . , FmP
}✱ FP−1 = {F1, . . . , FmP−1

} ❡ FP−R = {F1, . . . , FmP−R
}✳

❙❡❥❛ Q t❛❧ q✉❡ P +Q = k✳



✽✵

P♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡♠ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ í♥❞✐❝❡ k ❡♠ FP \ FP−R✳ ❚❡♠♦s q✉❡

ZR
P,Q = {c ∈ FPCk | ∂c ∈ FP−RCk−1}

= {c ∈ FmP
Ck | ∂c ∈ FmP−R

Ck−1}

= Z
mP−mP−R

mP ,k−mP

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸

ZR
P,Q = Z[µ(mP +1),mP−mP−Rσ

(mP +1),mP−mP−R

k , . . . , µ(κ),κ−mP−R−1σ
(κ),κ−mP−R−1
k ]

♦♥❞❡ κ é ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ ∆ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❝♦❧✉♥❛ hk✳ ◆♦t❡ q✉❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥ã♦

♣r❡❝✐s❛♠ ❡st❛r ♦r❞❡♥❛❞❛s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ í♥❞✐❝❡✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

ZR−1
P−1,Q+1 = {c ∈ FP−1Ck | ∂c ∈ FP−RCk−1}

= {c ∈ FmP−1
Ck | ∂c ∈ FmP−R

Ck−1}

= Z
mP−1−mP−R

mP−1,k−mP−1

▲♦❣♦✱

ZR−1
P−1,Q+1 = Z[µ(mP−1+1),mP−1−mP−Rσ

(mP−1+1),mP−1−mP−R

k , . . . , µ(κ),κ−mP−R−1σ
(κ),κ−mP−R−1
k ].

❋✐♥❛❧♠❡♥t❡✱

ZR−1
P+R−1,Q−R+2 = {c ∈ FP+R−1Ck | ∂c ∈ FPCk−1}

= {c ∈ FmP+R−1
Ck+1 | ∂c ∈ FmP−R

Ck}

= Z
mP+R−1−mP

mP+R−1,k+1−mP+R−1

❡✱ ♣♦rt❛♥t♦✱ ZR−1
P+R−1,Q−R+2 é ❞❛❞♦ ♣♦r

Z[µ(mP+R−1+1),mP+R−1−mP−Rσ
(mP+R−1+1),mP+R−1−mP−R

k , . . . , µ(κ),κ−mP−R−1σ
(κ),κ−mP−R−1
k ].

❉❡ss❛ ❢♦r♠❛ ✜❝❛♠ ❞❡t❡r♠✐♥❛❞♦s ♦s ❡s♣❛ç♦s ER
P,Q ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛ ❛ F ✳

Pr♦✈❛♠♦s ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡✳



✽✶

❚❡♦r❡♠❛ ✸✳✵✳✼✳ ❙❡❥❛ ϕ ♦ ✢✉①♦ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ f ✱ D(M,<ϕ) = {MP , p =

1, . . . ,M} ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡M ✱ (C,∆) ♦♥❞❡ ∆ é ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❞❡ D(M,<ϕ

) ❡ ✉♠❛ ✜❧tr❛çã♦ F = {FP}
M

i=1 ❝♦♠ FP = {F1, . . . , FmP
}✱ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ P ✱ MP = {h(p)

k , p ∈

JP}✳ ❙❡❥❛ (ER
P,Q, d

R
P,Q) ❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛ ❛ C q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ❛ ✜❧tr❛çã♦ F ✳

❊♥tã♦ ♦s ❣❡r❛❞♦r❡s ❞♦s ❡s♣❛ç♦s ER
P,Q sã♦ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ ∆r ♦❜t✐❞❛s

♣❡❧♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❛♣❧✐❝❛❞♦ ❛ ∆✳



❈❛♣ít✉❧♦ ✹

❆s ❉✐❢❡r❡♥❝✐❛✐s ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❛♣❧✐❝❛❞♦ ❛ ∆ ✐♥❞✉③ ❛s ❞✐❢❡r❡♥❝✐❛✐s

dr
p : Er

p → Er
p−r ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳ ◗✉❛♥❞♦ Er

p ❡ Er
p−r sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✱ ❛ ❡♥tr❛❞❛

∆r
p−r+1,p+1 ❡♠ ∆r é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠ ③❡r♦ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛

❞❡ ❡♥tr❛❞❛s ♥✉❧❛s ❛❜❛✐①♦✳ ◆❡st❡ ❝❛s♦ ∆r
p−r+1,p+1 ✐♥❞✉③ dr

p✳ ◆ós ❞❡♥♦t❛♠♦s ♣♦r κ ❛ ♣r✐♠❡✐r❛

❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ k✲❝❛❞❡✐❛ ❡ ♣♦r κ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❛ss♦❝✐❛❞❛ ❛

✉♠❛ (k + 1)✲❝❛❞❡✐❛✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❞❡✜♥✐♠♦s σ(p+1),r+1
k ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛ ❞❡ {hk}✬s ♦♥❞❡

cp+1,r
p+1 é ♦ ♠❡♥♦r ❝♦❡✜❝✐❡♥t❡ ❧í❞❡r✳ ❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♠♦str❛ q✉❡ t❛❧ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r é

t❛♠❜é♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ σ(j),ξ
k ∈ ∆ξ✱ j = κ, . . . , p+ 1✱ ξ = r − p− 1 + κ, . . . , r ♣❛r❛

j − ξ = p− r + 1✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ♠✐♥✐♠✐③❛♠ u✳

Pr♦♣♦s✐çã♦ ✹✳✵✳✽✳ ❉❛❞♦ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ∆r
p−r+1,p+1✱ ❡①✐st❡♠ ✐♥t❡✐r♦s bp+1, bp, . . . ,

bκ t❛✐s q✉❡ ♦ ❜♦r❞♦ ❞❡

bp+1σ
(p+1),r
k + bpµ

(p),r−1σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k

❡stá ❛❝✐♠❛ ❞❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠❡♥♦r bp+1 q✉❡ s❛t✐s❢❛③ t❛❧ ♣r♦♣r✐❡❞❛❞❡

é u✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ∆r

s,p+1 = 0 ♣❛r❛ t♦❞♦

✽✸



✽✹

s > p− r + 1 ❡ ∆r+1
p−r+1,p+1 = 0✳ P♦rt❛♥t♦✱ σ(p+1),r+1

k ∈ Zr+1
p ⊂ Zr

p ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✸

Zr
p = Z[µ(p+1),rσ

(p+1),r
k , µ(p),r−1σ

(p),r−1
k , . . . , µ(κ),r−p−1+κσ

(κ),r−p−1+κ

k ]

❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

σ
(p+1),r+1
k = bp+1µ

(p+1),rσ
(p+1),r
k + bpµ

(p),r−1σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k

❝♦♠ bp+1, . . . , bκ ✐♥t❡✐r♦s✳ ❈♦♠♦ cp+1,r+1
p+1 = ucp+1,r

p+1 ❡♥tã♦ ♥❡st❡ ❝❛s♦ bp+1 = u✳ ■st♦ ♠♦str❛ q✉❡

♦s ✐♥t❡✐r♦s bp+1, bp, . . . , bκ ❡①✐st❡♠ ❡ q✉❡ u é ✉♠ ♣♦ssí✈❡❧ ✈❛❧♦r ♣❛r❛ bp+1✳

❋✐♥❛❧♠❡♥t❡✱ ♠♦str❡♠♦s q✉❡ u é ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ bp, . . . , bκ ❡①✐st❡♠✱ ♦✉ s❡❥❛✱

♦ ♠❡♥♦r bp+1 é u✳ ❙✉♣♦♥❤❛♠♦s q✉❡ u < u é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ ❡①✐st❡♠ bp, . . . , bκ ❝♦♠

σ
(p+1),r+1
k = uµ(p+1),rσ

(p+1),r
k + bpµ

(p),r−1σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k .

❊♥tã♦

σ
(p+1),r+1
k = uµ(p+1),rcp+1,r

p+1 h
(p+1)
k + (uµ(p+1),rcp+1,r

p + bpµ
(p),r−1cp,r−1

p )h
(p)
k + · · ·

· · · + (uµ(p+1),rcp+1,r
κ + bpµ

(p),r−1cp,r−1
κ + · · · + bκµ

(κ),r−p−1+κcκ,r−p−1+κ
κ )h

(κ)
k

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ u ❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✮✳ P♦rt❛♥t♦ u é

♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ bp, . . . bκ ❡①✐st❡✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ u q✉❛♥❞♦ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1 é ✉♠

♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❊♠ t♦❞♦s ♦s ♦✉tr♦s ❝❛s♦s u = 1✳

Pr♦♣♦s✐çã♦ ✹✳✵✳✾✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡ s❡❥❛ u =

cp+1,r+1
p+1

cp+1,r
p+1

♦ ✐♥t❡✐r♦ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✮✳ ❙❡

v = mdc{µ(p),r−1cp−r+1,r−1
p−r+1 ∆r−1

p−r+1,p, . . . , µ
(κ),κ−p+r−1cp−r+1,κ−p+r−1

p−r+1 ∆κ−p+r−1
p−r+1,κ }/cp−r+1,r

p−r+1

❡ λ =
v

mdc{∆r
p−r+1,p+1, v}

❡♥tã♦ u = λ✳



✽✺

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✽ q✉❡ u ❡♠ ✭✷✳✶✮ é ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

t❛❧ q✉❡ ❡①✐st❡♠ ✐♥t❡✐r♦s bp, . . . , bκ ❝♦♠

σ
(p+1),r+1
k = uµ(p+1),rσ

(p+1),r
k + bpµ

(p),r−1σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k .

❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❡♥tã♦ ∆r

s,p+1 = 0 ♣❛r❛ t♦❞♦ s > p − r + 1 ❡✱

♣♦rt❛♥t♦✱ µ(p+1),r = 1✳ ❈❛❧❝✉❧❛♥❞♦ ♦ ❜♦r❞♦ ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ t❡♠♦s q✉❡

∂σ
(p+1),r+1
k = u∂σ

(p+1),r
k + bpµ

(p),r−1∂σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κ∂σ
(κ),r−p−1+κ

k ✭✹✳✶✮

❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♥tã♦ ∆r+1

p−r+1,p+1 = 0✳ P♦rt❛♥t♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

h
(p−r+1)
k−1 ❡♠ ∂σ

(p+1),r+1
k é ③❡r♦✳ ❆❧é♠ ❞✐ss♦✱

∂σ
(p+1),r
k = ∆r

p−r+1,p+1c
p−r+1,r
p−r+1 h

(p−r+1)
k−1 + · · ·

∂σ
(p),r−1
k = ∆r−1

p−r+1,pc
p−r+1,r−1
p−r+1 h

(p−r+1)
k−1 + · · ·

✳✳✳

∂σ
(κ),r−p−1+κ

k = ∆r−p−1+κ
p−r+1,κ c

p−r+1,r−p−1+κ
p−r+1 h

(p−r+1)
k−1 + · · ·

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ h(p−r+1)
k−1 ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮ t❡♠♦s

0=u∆r
p−r+1,p+1c

p−r+1,r
p−r+1 +bpµ

(p),r−1∆r−1
p−r+1,pc

p−r+1,r−1
p−r+1 + · · ·+bκµ

(κ),r−p−1+κ∆r−p−1+κ
p−r+1,κ c

p−r+1,r−p−1+κ
p−r+1

❆ss✐♠✱

u∆r
p−r+1,p+1c

p−r+1,r
p−r+1 =−[bpµ

(p),r−1∆r−1
p−r+1,pc

p−r+1,r−1
p−r+1 +· · ·+bκµ

(κ),r−p−1+κ∆r−p−1+κ
p−r+1,κ c

p−r+1,r−p−1+κ
p−r+1 ]

u∆r
p−r+1,p+1 =

−[bpµ
(p),r−1∆r−1

p−r+1,pc
p−r+1,r−1
p−r+1 + · · · + bκµ

(κ),r−p−1+κ∆r−p−1+κ
p−r+1,κ c

p−r+1,r−p−1+κ
p−r+1 ]

cp−r+1,r
p−r+1

❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✽✱ s♦❜r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ u q✉❡

u∆r
p−r+1,p+1c

p−r+1,r
p−r+1 =mdc{µ(p),r−1∆r−1

p−r+1,pc
p−r+1,r−1
p−r+1 , . . . , µ(κ),r−p−1+κ∆r−p−1+κ

p−r+1,κ c
p−r+1,r−p−1+κ
p−r+1 }

✐✳❡✱ u∆r
p−r+1,p+1 = v✳ P♦rt❛♥t♦✱

mmc{u∆r
p−r+1,p+1,∆

r
p−r+1,p+1} = mmc{∆r

p−r+1,p+1, v}.



✽✻

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

u∆r
p−r+1,p+1 = mmc{∆r

p−r+1,p+1, v}.

❉✐✈✐❞✐♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ♣❡❧♦ ♣r♦❞✉t♦ ∆r
p−r+1,p+1.v ❛ ❡q✉❛çã♦ s❡ t♦r♥❛

u

v
=
mmc{∆r

p−r+1,p+1, v}

∆r
p−r+1,p+1.v

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛
u

v
=

1

mdc{∆r
p−r+1,p+1, v}

♦✉ s❡❥❛✱

u =
v

mdc{∆r
p−r+1,p+1, v}

= λ.

▲❡♠❛ ✹✳✵✳✶✵✳ ❙❡❥❛ Er
p = Zt[σ

(p+1),r
k ] ♦♥❞❡

t =
mdc{µ(r+p),r−1cp+1,r−1

p+1 ∆r−1
p+1,r+p, . . . , µ

(κ),κ−p−1cp+1,κ−p−1
p+1 ∆κ−p−1

p+1,κ }

cp+1,r
p+1

❡ s✉♣♦♥❤❛ q✉❡ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

✶✳ ❙❡ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❡♥tã♦

Er+1
p,k−p =

uZ[σ
(p+1),r+1
k ]

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r+1
k ]

✷✳ ❙❡ ∆r
p+1,p+r+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✱ ♦✉ s❡❥❛✱ ∆r

s,p+r+1 = 0

♣❛r❛ s > p+ 1✱ ❡♥tã♦

Er+1
p,k−p =

uZ[σ
(p+1),r+1
k ]

tZ[σ
(p+1),r+1
k ]

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ∆r
p−r+1,p+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ❛s

❢ór♠✉❧❛s ❛❝✐♠❛ ✈❛❧❡♠ ♣❛r❛ u = 1✳



✽✼

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛

❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ∆r+1
p−r+1,p+1 = 0 ❡✱ ♣♦rt❛♥t♦✱ σ(p+1),r+1

k ∈ Zr+1
p ✳ ❙❡❣✉❡ ❞♦

▲❡♠❛ ✸✳✵✳✺ q✉❡ Er+1
p,k−p =

Z[σ
(p+1),r+1
k ]

sZ[σ
(p+1),r+1
k ]

♦♥❞❡ s é ✐❣✉❛❧ ❛

mdc{µ(p+r+1),rcp+1,r
p+1 ∆r

p+1,p+r+1, µ
(r+p),r−1cp+1,r−1

p+1 ∆r−1
p+1,r+p, . . . , µ

(κ),κ−p−1cp+1,κ−p−1
p+1 ∆κ−p−1

p+1,κ }

cp+1,r+1
p+1

=

cp+1,r
p+1

mdc{µ(p+r+1),r∆r
p+1,p+r+1,

mdc{µ(r+p),r−1cp+1,r−1
p+1 ∆r−1

p+1,r+p, . . . , µ
(κ),κ−p−1cp+1,k−p−1

p+1 ∆κ−p−1
p+1,κ }

cp+1,r
p+1

}

cp+1,r+1
p+1

❈♦♠♦ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s

❛❜❛✐①♦ ❡♥tã♦ µ(p+r+1),r = 1✳ ▲♦❣♦

s = cp+1,r
p+1

mdc{∆r
p+1,p+r+1, t}

cp+1,r+1
p+1

❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♥tã♦

cp+1,r
p+1

cp+1,r+1
p+1

=
1

u

❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ s ♥❛ ❡①♣r❡ssã♦ ❞❡ Er+1
p,k−p ♦❜t❡♠♦s (1) ❡ (2)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ é ❢á❝✐❧ ✈❡r q✉❡ s❡ ∆r
p−r+1,p+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s

❛❜❛✐①♦ ❡♥tã♦ ♥ã♦ ♦❝♦rr❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡ ♣♦rt❛♥t♦ cp+1,r
p+1 = cp+1,r+1

p+1 ✱ ♦✉ s❡❥❛✱ u = 1✳

❖❜s❡r✈❛çã♦ ✹✳✵✳✶✶✳ ❈♦♠♦ ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❞❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✹✳✵✳✶✵ t❡♠♦s q✉❡

q✉❛♥❞♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ u ≤ mdc{∆r

p+1,p+r+1, t} ≤ t✳

▲❡♠❛ ✹✳✵✳✶✷✳ ❙❡❥❛ Er
p = Z[σ

(p+1),r
k ] ❡ s✉♣♦♥❤❛ q✉❡ ∆r

p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

❊♥tã♦

✶✳ ❙❡ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ❡♥tã♦

Er+1
p,k−p =

uZ[σ
(p+1),r+1
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r+1
k ]



✽✽




· · · σ
(p+r),r
k+1 σ

(p+r+1),r
k+1

σ
(p+1),r
k · · · ∆r

p+1,p+r ∆r
p+1,p+r+1




r

r − 1

❋✐❣✉r❛ ✹✳✶✿ ❉✐❢❡r❡♥ç❛ ❡♥tr❡ ∂Zr−1
p+r−1,(k+1)−(p+r−1) ❡ ∂Z

r
p+r,(k+1)−(p+r)✳

✷✳ ❙❡ ∆r
p+1,p+r+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✱ ❡♥tã♦

Er+1
p,k−p = uZ[σ

(p+1),r+1
k ]

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ∆r
p−r+1,p+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ❛s

❢ór♠✉❧❛s ❛❝✐♠❛ ✈❛❧❡♠ ♣❛r❛ u = 1✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛

❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ∆r+1
p−r+1,p+1 = 0 ❡✱ ♣♦rt❛♥t♦✱ σ(p+1),r+1

k ∈ Zr+1
p ✳ ❙❡❣✉❡ q✉❡

Zr
p−1,k−(p−1)  Zr+1

p,k−p✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦Er
p = Z[σ

(p+1),r
k ] ❡♥tã♦ t❡♠♦s q✉❡ ∂Zr−1

p+r−1,(k+1)−(p+r−1) ⊆

Zr−1
p−1,k−(p−1)✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ σ

(p+r−ξ),r−1−ξ

k+1 ✱ ξ = 0, . . . , p + r − κ✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛✲

❞❡s✿ ♦✉ ∂σ
(p+r−ξ),r−1−ξ

k+1 ∈ Zr−1
p−1,k−(p−1) ❡ ❧♦❣♦ ∆r−1−ξ

p+1,p+r−ξ = 0 ♦✉ σ
(p+r−ξ),r−1−ξ

k+1 t❡♠ ✉♠ ♣✐✈ô

♣r✐♠ár✐♦ ❛❜❛✐①♦ ❞❛ (p + 1)✲és✐♠❛ ❧✐♥❤❛ ❡ ❧♦❣♦ µ(p+r−ξ),r−1−ξ = 0✳ ▼❛s ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

∂Zr−1
p+r−1,(k+1)−(p+r−1) ❡ ∂Z

r
p+r,(k+1)−(p+r) é q✉❡ ❡st❡ ú❧t✐♠♦ ✐♥❝❧✉✐ ♦ ❜♦r❞♦ ❞❛ (p+r+1)✲és✐♠❛ ❝♦✲

❧✉♥❛✳ ❱❡❥❛ ❋✐❣✉r❛ ✹✳✶✳ ▼❛s ❛ ❤✐♣ót❡s❡ é q✉❡ ♦ ❡❧❡♠❡♥t♦ ♥❛ (p+r+1)✲és✐♠❛ ❝♦❧✉♥❛ ❡ (p+1)✲és✐♠❛

❧✐♥❤❛ é ∆r
p+1,p+r+1✳ ❙❡ ∆r

p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♥tã♦ Er+1
p,k−p =

Z[σ
(p+1),r+1
k ]

sZ[σ
(p+1),r+1
k ]



✽✾

♦♥❞❡ s é ❞❛❞♦ ♣♦r

mdc{µ(p+r+1),rcp+1,r
p+1 ∆r

p+1,p+r+1, µ
(p+r),r−1cp+1,r−1

p+1 ∆r−1
p+1,p+r, . . . , µ

(κ),κ−p−1cp+1,κ−p−1
p+1 ∆κ−p−1

p+1,κ }

cp+1,r+1
p+1

=
µ(p+r+1),rcp+1,r

p+1 ∆r
p+1,p+r+1

cp+1,r+1
p+1

=
∆r

p+1,p+r+1

u

❙❡ ∆r
p+1,p+r+1 = 0 ❡♥tã♦ ∂Zr

p+r,(k+1)−(p+r) ⊆ Zr
p−1,k−(p−1) ❡ E

r+1
p = uZ[σ

(p+1),r
k ]✳

❖ ▲❡♠❛ s❡❣✉✐♥t❡ s❡❣✉❡ ❞❡ á❧❣❡❜r❛ ❡❧❡♠❡♥t❛r ❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦

❝❡♥tr❛❧ ❞❡st❛ s❡çã♦✳

▲❡♠❛ ✹✳✵✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ m é ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥✉❧♦m ❡ s❡❥❛ λ =
v

mdc{m, v}
✳

✶✳ ❙❡ Z //m // Zv ❡♥tã♦ ❑❡rm = λZ ❡ ■♠m =
Z
λZ

=
mdc{m, v}Z

vZ

✷✳ ❙❡ Zt
//m // Zv ❡ t ≥ λ ❡♥tã♦ ❑❡rm =

λZ
tZ

❡ ■♠m =
Z
λZ

=
mdc{m, v}Z

vZ

❚❡♦r❡♠❛ ✹✳✵✳✶✹✳ ❙❡ Er
p ❡ Er

p−r sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ dr
p : Er

p → Er
p−r é

✐♥❞✉③✐❞❛ ♣♦r δr
p✱ ♦✉ s❡❥❛✱ ♠✉❧t✐♣❧✐❝❛çã♦ ♣❡❧❛ ❡♥tr❛❞❛ ∆r

p−r+1,p+1 q✉❛♥❞♦ ❛ ♠❡s♠❛ é ✉♠ ♣✐✈ô

♣r✐♠ár✐♦✱ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ Er
p ❡ Er

p−r sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✳ ▼♦str❡♠♦s q✉❡ ❡♠ ❝❛❞❛

✉♠ ❞♦s ❝❛s♦s s❡❣✉✐♥t❡s
❑❡rδr

p

■♠δr
p+r

= Er+1
p .

➱ ♥❡❝❡ssár✐♦ ❛♥❛❧✐s❛r ♦s ❝❛s♦s ❡♠ q✉❡ Er
p ❡ Er

p−r sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ dr
p é

③❡r♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✵✳✻ q✉❡ ♣r❡❝✐s❛♠♦s ❝♦♥s✐❞❡r❛r três ❝❛s♦s ♣❛r❛ ❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1✿

♣✐✈ô ♣r✐♠ár✐♦✱ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳



✾✵

✶✳ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✳ ◆❡st❡ ❝❛s♦✱ s❛❜❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✵✳✻ q✉❡ Er

p =

Z[σ
(p+1),r
k ]✳ ❆❧é♠ ❞✐ss♦✱ Er

p−r = Z[σ
(p−r+1),r
k−1 ]✳ ❉❡ ❢❛t♦✱ Er

p−r ♥ã♦ ♣♦❞❡r✐❛ s❡r Zt[σ
(p−r+1),r
k−1 ]

♣♦rq✉❡ ✐ss♦ ✐♠♣❧✐❝❛r✐❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p− r + 1)✲és✐♠❛ ❧✐♥❤❛ ❡♠

✉♠❛ ❞✐❛❣♦♥❛❧ ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r✳

❚❡♠♦s ❛ s❡❣✉✐♥t❡ s❡qüê♥❝✐❛✿

... Z[σ
(p−r+1),r
k−1 ]oo Z[σ

(p+1),r
k ]

δr
poo Er

p+r

δr
p+roo ...oo ✭✹✳✷✮

✭❛✮ ❙✉♣♦♥❤❛♠♦s q✉❡ Er
p+r = 0

❈♦♠♦ δr
p : Z[σ

(p+1),r
k ] → Z[σ

(p−r+1),r
k−1 ] é ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ∆r

p−r+1,p+1 6= 0 ❡♥tã♦

❑❡rδr
p = 0✳ ▲♦❣♦

❑❡rδr
p

■♠δr
p+r

= 0✳

✭❜✮ ❙✉♣♦♥❤❛ Er
p+r 6= 0✳ ❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ δr

p : Z[σ
(p+1),r
k ] → Z[σ

(p−r+1),r
k−1 ] é

♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ∆r
p−r+1,p+1 6= 0 ❡ ♣♦rt❛♥t♦ ❑❡rδr

p = 0✳

❈♦♠♦ Er
p+r 6= 0✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r três ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ∆r

p+1,p+r+1✳ ❚❛❧ ❡♥tr❛❞❛

♣♦❞❡ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛

❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ♣❡❧❛ Pr♦✲

♣♦s✐çã♦ ✷✳✸✳✷ ♥ã♦ ❡①✐st❡ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p+1)✲és✐♠❛ ❧✐♥❤❛✳ ❆ss✐♠✱ ∆r
p+1,p+r+1 ♥ã♦

♣♦❞❡ s❡r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡ ♥❡♠ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ P♦rt❛♥t♦✱ ∆r
p+1,p+r+1

é ✉♠ ③❡r♦✳ ❙❡❣✉❡ q✉❡
❑❡rδr

p

■♠δr
p+r

= 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ❛❝✐♠❛✱ ❝♦♠♦ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♥✲

tã♦ σ(p+1),r+1
k = σ

(p+1),r
k ✳ ◆♦t❡♠♦s q✉❡ s❡✉ ❜♦r❞♦ r❡str✐t♦ à (p − r + 1)✲és✐♠❛ ❧✐♥❤❛ é

∆r
p−r+1,p+1 6= 0 ❡ ♣♦rt❛♥t♦✱ s❡✉ ❜♦r❞♦ ♥ã♦ ❡stá ❛❝✐♠❛ ❞❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛✳ ❙❡❣✉❡

q✉❡ σ(p+1),r+1
k /∈ Zr+1

p ❡✱ ♣♦rt❛♥t♦✱ Zr+1
p = Zr

p−1 ❡ Er+1
p = 0✳

✷✳ ∆r
p−r+1,p+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p − r + 1)✲

és✐♠❛ ❧✐♥❤❛ ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛



✾✶

✸✳✵✳✻ ✷✭❜✮ q✉❡ Er
p−r = Zv[σ

(p−r+1),r
k−1 ]✱ ♦♥❞❡

v = mdc{µ(p)cp−r+1,r−1
p−r+1 ∆r−1

p−r+1,p, . . . , µ
(κ)cp−r+1,κ−p+r−1

p−r+1 ∆κ−p+r−1
p−r+1,κ }/cp−r+1,r

p−r+1

❙❡❥❛ λ =
v

mdc{∆r
p−r+1,p+1, v}

✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✾ t❡♠♦s q✉❡ λ = u✳

✭❛✮ ❙❡ ∆r
p+1,p+r+1 6= 0 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✷ q✉❡ ♥ã♦ ❡①✐st❡

♥❡♠ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p+ 1)✲és✐♠❛ ❧✐♥❤❛ ♦✉ ❝♦❧✉♥❛ ❡ ♥❡♠ ♥❛ (p+ r+ 1)✲és✐♠❛

❧✐♥❤❛ ♦✉ ❝♦❧✉♥❛ ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛❜❛✐①♦ ❞❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r✳ ❆ss✐♠✱ ♣❡❧♦

❚❡♦r❡♠❛ ✸✳✵✳✻ ✷✭❛✮ ❡ ✭✶✮✱ Er
p = Z[σ

(p+1),r
k ] ❡ Er

p+r = Z[σ
(p+r),r
k+1 ]✳ ◆❡st❡ ❝❛s♦ t❡♠♦s




σ
(p+r−1),r
k−1 σ

(p+1),r
k σ

(p+r+1),r
k+1

σ
(p−r+1),r
k−1 ∆r

p−r+1,p+1

σ
(p+1),r
k ∆r

p+1,p+r+1

σ
(p+r+1),r
k+1


 r

❋✐❣✉r❛ ✹✳✷✿ ∆r
p−r+1,p+1 6= 0 ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

... Zv[σ
(p−r+1),r
k−1 ]oo Z[σ

(p+1),r
k ]

δr
poo Z[σ

(p+r),r
k+1 ]

δr
p+roo ...oo ✭✹✳✸✮

❊♥tã♦ ■♠δr
p+r = ∆r

p+1,p+r+1Z[σ
(p+1),r
k ] ❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✸ ❑❡rδr

p = λZ[σ
(p+1),r
k ]✳ ▲♦❣♦

❑❡rδr
p

■♠δr
p+r

=
λZ[σ

(p+1),r
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r
k ]

=
uZ[σ

(p+1),r
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✷ q✉❡

Er+1
p =

uZ[σ
(p+1),r+1
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r+1
k ]



✾✷

✭❜✮ ❙❡ ∆r
p+1,p+r+1 = 0 ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ■♠δr

p+r = 0✳ P♦rt❛♥t♦

❑❡rδr
p

■♠δr
p+r

= ❑❡rδr
p

✐✳ Er
p = Z[σ

(p+1),r
k ]✳ ◆❡st❡ ❝❛s♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✸ q✉❡

❑❡rδr
p = λZ[σ

(p+1),r
k ] = uZ[σ

(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✷ t❡♠♦s q✉❡ Er+1
p = uZ[σ

(p+1),r+1
k ]✳

✐✐✳ Er
p = Zt[σ

(p+1),r
k ]✳ ❚❡♠♦s ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✸ q✉❡

❑❡rδr
p =

λZ[σ
(p+1),r
k ]

tZ[σ
(p+1),r
k ]

=
uZ[σ

(p+1),r
k ]

tZ[σ
(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✵ q✉❡ Er+1
p = uZt[σ

(p+1),r+1
k ]✳

✭❝✮ ❙❡ ∆r
p+1,p+r+1 6= 0 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛

(p + 1)✲és✐♠❛ ❧✐♥❤❛ ❡ ♥✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❛❜❛✐①♦ ❞❡ r✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✵✳✻

✷✭❜✮ q✉❡ Er
p,k−p = Zt[σ

(p+1),r
k ] ♦♥❞❡

t = mdc{µ(r+p),r−1cp+1,r−1
p+1 ∆r−1

p+1,r+p, . . . , µ
(κ),κ−p−1cp+1,κ−p−1

p+1 ∆κ−p−1
p+1,κ }/cp+1,r

p+1 .

❙❡❥❛ λ =
t

mdc{∆r
p+1,p+r+1, t}

✳

... Zv[σ
(p−r+1),r
k−1 ]oo Zt[σ

(p+1),r
k ]

δr
poo Er

p+r

δr
p+roo ...oo ✭✹✳✹✮

❚❡♠♦s q✉❡ Er
p+r = Z[σ

(p+r),r
k ] ♦✉ Er

p+r = Zw[σ
(p+r),r
k ]✳ ◆♦ ❡♥t❛♥t♦✱ s❛❜❡♠♦s ♣❡❧❛

❖❜s❡r✈❛çã♦ ✹✳✵✳✶✶ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✾ q✉❡ λ = u ≤ t ❡ λ = cp+r,r+1
p+r /cp+r,r

p+r ≤ w✳

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✸ q✉❡

❑❡rδr
p =

λZ[σ
(p+1),r
k ]

tZ[σ
(p+1),r
k ]

and ■♠δr
p+r =

Z[σ
(p+1),r
k ]

λZ[σ
(p+1),r
k ]

=
mdc{∆r

p+1,p+r+1, t}Z[σ
(p+1),r
k ]

tZ[σ
(p+1),r
k ]

❊♥tã♦
❑❡rδr

p

■♠δr
p+r

=
λZ[σ

(p+1),r
k ]

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✵

q✉❡ Er+1
p =

uZ[σ
(p+1),r+1
k ]

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r+1
k ]

♦♥❞❡ u = λ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✾✳



✾✸

✭❞✮ ❙❡ ∆r
p+1,p+r+1 é ✉♠❛ ❡♥tr❛❞❛ ❛❝✐♠❛ ❞❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣✐✈ô

♣r✐♠ár✐♦ ♥❛ (p+ r+ 1)✲és✐♠❛ ❝♦❧✉♥❛ ❛❜❛✐①♦ ❞❡ ∆r
p+1,p+r+1✳ P♦rt❛♥t♦✱ µ

(p+r+1),r = 0

❡ σ(p+r+1),r
k+1 /∈ Zr

p+r✳ ▲♦❣♦ E
r
p+r = 0 ❡✱ ♣♦rt❛♥t♦✱ ■♠δr

p+r = 0✳ ❊♥tã♦

❑❡rδr
p

■♠δr
p+r

= ❑❡rδr
p

✐✳ ❙❡ Er
p,k−p = Z[σ

(p+1),r
k ]✱ t❡♠♦s ❛ s❡qüê♥❝✐❛

... Zv[σ
(p−r+1),r
k−1 ]oo Z[σ

(p+1),r
k ]

δr
poo 0

δr
p+roo ...oo ✭✹✳✺✮

❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✸

❑❡rδr
p = λZ[σ

(p+1),r
k ] = uZ[σ

(p+1),r
k ]

✐✐✳ ❙❡ Er
p,k−p = Zt[σ

(p+1),r
k ]✱ ❡♥tã♦

... Zv[σ
(p−r+1),r
k−1 ]oo Zt[σ

(p+1),r
k ]

δr
poo 0

δr
p+roo ...oo ✭✹✳✻✮

❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✸ t❡♠♦s

❑❡rδr
p =

λZ[σ
(p+1),r
k ]

tZ[σ
(p+1),r
k ]

= uZt[σ
(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s ♣❡❧♦ ▲❡♠❛ ✸✳✵✳✺ q✉❡ Er+1
p,k−p =

Z[σ
(p+1),r+1
k ]

sZ[σ
(p+1),r+1
k ]

♦♥❞❡ s é ❞❛❞♦

♣♦r
mdc{µ(p+r+1),rcp+1,r

p+1 ∆r
p+1,p+r+1, . . . , µ

(κ),κ−p−1cp+1,κ−p−1
p+1 ∆κ−p−1

p+1,κ }

cp+1,r+1
p+1

= cp+1,r
p+1

mdc{µ(p+r+1),r∆r
p+1,p+r+1, t}

cp+1,r+1
p+1

❈♦♠♦ µ(p+r+1),r = 0 ❡♥tã♦ s = t/u✳ ◗✉❛♥❞♦ Er
p,k−p = Zt[σ

(p+1),r
k ] ❝♦♠♦ ❡♠ ✭✐✐✮✱

Er+1
p,k−p =

uZ[σ
(p+1),r+1
k ]

tZ[σ
(p+1),r+1
k ]

◗✉❛♥❞♦ Er
p,k−p = Z[σ

(p+1),r
k ] ❝♦♠♦ ❡♠ ✭✐✮ t♦♠❛♠♦s t = 0 ❡✱ ♣♦rt❛♥t♦✱ Er+1

p =

uZ[σ
(p+1),r+1
k ]✳



✾✹

✸✳ ∆r
p−r+1,p+1 = 0 ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳ ◆❡st❡ ❝❛s♦ ❑❡rδr

p = Er
p ✳ ❆❧é♠ ❞✐ss♦✱

σ
(p+1),r
k = σ

(p+1),r+1
k ✱ ❧♦❣♦ u = 1✳

✭❛✮ ❙❡ ∆r
p+1,p+r+1 é ✉♠❛ ❡♥tr❛❞❛ ❛❝✐♠❛ ❞❡ ♣✐✈ô ♣r✐♠ár✐♦ ❡♥tã♦ ❝♦♠♦ ❡♠ ✷✳✭❞✮ t❡♠♦s

µ(p+r+1),r = 0 ❡ Er
p+r = 0✳ ▲♦❣♦ ■♠δr

p+r = 0 ❡ ❡♥tã♦

❑❡r δr
p

■♠ δr
p+r

= Er
p

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ µ(p+r+1),r = 0 ❡♥tã♦ Er+1
p = Er

p ✳

✭❜✮ ❙❡ ∆r
p+1,p+r+1 = 0 ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦ ❡♥tã♦ ■♠ δr

p+r = 0 ❡

❑❡r δr
p

■♠ δr
p+r

= Er
p

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦s ▲❡♠❛s ✹✳✵✳✶✵ ❡✹✳✵✳✶✷ q✉❡ Er+1
p = Er

p ✳

✭❝✮ ❙❡ ∆r
p+1,p+r+1 6= 0 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❡♥tã♦ ♥ã♦ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p+1)✲

és✐♠❛ ❧✐♥❤❛ ❡ ♥❡♠ ♥❛ (p+ r + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❛❜❛✐①♦ ❞❡

r✳ ▲♦❣♦ Er
p = Z[σ

(p+1),r
k ] ❡ Er

p+r = Z[σ
(p+r+1),r
k ]✳

... Er
p−r

oo Z[σ
(p+1),r
k ]

δr
poo Z[σ

(p+r+1),r
k+1 ]

δr
p+roo ...oo ✭✹✳✼✮

P♦rt❛♥t♦✱
❑❡rδr

p

■♠δr
p+r

=
Z[σ

(p+1),r
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✶✷

Er+1
p,k−p =

Z[σ
(p+1),r+1
k ]

∆r
p+1,p+r+1Z[σ

(p+1),r+1
k ]

✭❞✮ ❙❡ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♥❛ (p+1)✲

és✐♠❛ ❧✐♥❤❛ ❡♠ ✉♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❛❜❛✐①♦ ❞❡ r✳ P♦rt❛♥t♦✱ Er
p = Zt[σ

(p+1),r
k ]✳

... Er
p−r

oo Zt[σ
(p+1),r
k ]

δr
poo Er

p+r

δr
p+roo ...oo ✭✹✳✽✮



✾✺

Er
p+r ♣♦❞❡ s❡r Z[σ

(p+r+1),r
k+1 ] ♦✉ Zw[σ

(p+r+1),r
k+1 ]✳ ❙❡❥❛♠ λ =

t

mdc{∆r
p+1,p+r+1, t}

❡ ũ =

cp+r+1,r
p+r+1

cp+r+1,r+1
p+r+1

✳ ❈♦♠♦ ∆r
p+1,p+r+1 é ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦

✹✳✵✳✾ ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✵✳✶✶ ♣❛r❛ (p+ r) t❡♠♦s

λ = ũ ≤ mdc{∆r
p+1,p+r+1, w} ≤ w

♦✉ s❡❥❛✱ λ ≤ w✳ P❡❧♦ ▲❡♠❛ ✹✳✵✳✶✸

■♠δr
p+r =

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r
k ]

tZ[σ
(p+1),r
k ]

▲♦❣♦
❑❡rδr

p

■♠δr
p+r

=
Z[σ

(p+1),r
k ]

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r
k ]

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ∆r
p−r+1,p+1 é ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s

❛❜❛✐①♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✵✳✶✵ q✉❡

Er+1
p,k−p =

Z[σ
(p+1),r+1
k ]

mdc{∆r
p+1,p+r+1, t}Z[σ

(p+1),r+1
k ]

❆ss✐♠✱ ✈✐♠♦s q✉❡ ♣❛r❛ t♦❞♦s ♦s ❝❛s♦s

❑❡rdr
p

■♠dr
p+r

= Er+1
p,k−p =

❑❡rδr
p

■♠δr
p+r

❖❜s❡r✈❛çã♦ ✹✳✵✳✶✺✳ ❈♦♥s✐❞❡r❡ ♥♦✈❛♠❡♥t❡ ✉♠❛ ✜❧tr❛çã♦ F ♠❛✐s ❣r♦ss❛ ❝♦♠♦ ♥❛ ❙❡çã♦ ✸✳✵✳✶✳

◆❡st❡ ❝❛s♦ ❛ ❝❛♥❞✐❞❛t❛ à ❛♣❧✐❝❛çã♦ δR
P,Q q✉❡ ✐♥❞✉③ ❛ ❞✐❢❡r❡♥❝✐❛❧ dR

P,Q é

∆R
JP−R,JP




∆
mP−1−mP−R−1

mP−R−1+1,mP−1+1 · · · ∆
mP−mP−R−1−1
mP−R−1+1,mP

✳✳✳
✳✳✳

∆
mP−1−mP−R+1
mP−R,mP−1+1 · · · ∆

mP−mP−R
mP−R,mP




◆♦t❡ q✉❡ ❝❛❞❛ ❡♥tr❛❞❛ ❞❡st❛ ♠❛tr✐③ é ❞❛ ❢♦r♠❛ ∆r
i,j ❝♦♠ j − i = r ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛

♠❡s♠❛ ♣❡rt❡♥❝❡ à ❞✐❛❣♦♥❛❧ r ❞❡ ∆r✳



❈❛♣ít✉❧♦ ✺

❆♥á❧✐s❡ ❞❛ ❙❡qüê♥❝✐❛ ❊s♣❡❝tr❛❧ ♣❛r❛ ❛

❡①✐stê♥❝✐❛ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♥❛❧✐s❛♠♦s ❛s ✐♠♣❧✐❝❛çõ❡s ❞✐♥â♠✐❝❛s ❞❛s ❞✐❢❡r❡♥❝✐❛✐s ♥ã♦ ♥✉❧❛s dr ❡♠ ✉♠❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ✢✉①♦ ▼♦rs❡ ϕ✳ ▼♦str❛♠♦s q✉❡✱ ❡♠❜♦r❛ ♥❡♠ s❡♠♣r❡

t❡♥❤❛♠♦s ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ♥♦ ✢✉①♦ ϕ ❛ss♦❝✐❛❞❛ ❛ dr✱ s❡♠♣r❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❢♦r♠❛❞♦

♣♦r ór❜✐t❛s ❞❡ ϕ ❞❡t❡r♠✐♥❛❞♦ ♣♦r dr✳

❚❡♦r❡♠❛ ✺✳✵✳✶✻✳ ❙❡❥❛♠ ϕ ✉♠ ✢✉①♦ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ f ❡ ∆ ❛ ♠❛tr✐③ ❞❡

❝♦♥❡①ã♦ s♦❜r❡ Z ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ t❛❧ q✉❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ▼♦rs❡ é ✉♠❛ s✐♥❣✉❧❛r✐✲

❞❛❞❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❙❡❥❛ (Er, dr) ✉♠❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ✐♥❞✉③✐❞❛ ♣❡❧♦ ❝♦♠♣❧❡①♦ ❞❡ ❝❛❞❡✐❛s

❞❡ ▼♦rs❡ ❈♦♥❧❡② (Z〈critf〉,∆)✳ ❉❛❞❛ ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ♥✉❧❛ dr : Er
p,q → Er

p−r,q+r−1 ❞❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ϕ ✉♥✐♥❞♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ h(p+1)
k

q✉❡ ❣❡r❛ E1
p,q à s✐♥❣✉❧❛r✐❞❛❞❡ h(p−r+1)

k−1 q✉❡ ❣❡r❛ E1
p−r,q+r−1✳

❆❞♦t❛♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ♣❛r❛ ✉♠ ❝❛♠✐♥❤♦ ❡♠ ✉♠ ✢✉①♦✳ ❯♠ ❝❛♠✐♥❤♦ ❛ss♦❝✐❛❞♦

❛ dr é ❛ ❥✉st❛♣♦s✐çã♦ ❞❡ ❝✉r✈❛s q✉❡ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s t❛✐s q✉❡ ❛s ór❜✐t❛s

r❡♣r❡s❡♥t❛❞❛s ♥❛ ♠❛tr✐③ ∆ξ ♣♦r ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ∆ξ
i,j ♣❛r❛ ξ < r

♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ♥❛ ❞✐r❡çã♦ r❡✈❡rs❛✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛ γi,j ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s h(j)
k ❡ h(i)

k−1✳ ❙❡ γi,j ❝♦rr❡s✲

✾✼



✾✽

♣♦♥❞❡ ❛ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ♥♦ ✢✉①♦✱ ❞✐③❡♠♦s q✉❡ γi,j é ✉♠ ❝❛♠✐♥❤♦ ❡❧❡♠❡♥t❛r ❡ ❞❡✜♥✐♠♦s

♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γi,j ❝♦♠♦ ℓ(γi,j) = (j − i)✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ γi,j ♥ã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛

ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ♥♦ ✢✉①♦✱ γi,j ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ❝❛♠✐♥❤♦s ❡❧❡♠❡♥t❛r❡s✳

❊st❛ ❝♦♥str✉çã♦ é ❢❡✐t❛ r❡❝✉rs✐✈❛♠❡♥t❡ ❞❡✜♥✐♥❞♦

γi,j = [γi,j,−γi,j, γi,j]

♦♥❞❡ j < j ❡ i > i✱ ✐st♦ é✱ h(j)
k ❡stá ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ∆ à ❡sq✉❡r❞❛ ❞❡ h(j)

k ❡ h(i)
k−1 ❡stá

❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❧✐♥❤❛ ❞❡ ∆ ❛❜❛✐①♦ ❞❡ h(i)
k−1✳

❖ s✐♥❛❧ ♥❡❣❛t✐✈♦ ✐♥❞✐❝❛ q✉❡ γi,j é ❝♦♥s✐❞❡r❛❞♦ ♥❛ ❞✐r❡çã♦ r❡✈❡rs❛✳ ❙❡ γi,j é ✉♠ ❝❛♠✐♥❤♦

❡❧❡♠❡♥t❛r✱ ❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❝♦♥s✐❞❡r❛❞❛ ♥❛ ♦r✐❡♥t❛çã♦ ✐♥✈❡rt✐❞❛✳ ❙❡ γi,j

♥ã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ❡♥tã♦ é ✉♠ ❝❛♠✐♥❤♦

γi,j = [γ
i,j
,−γ

i,j
, γ

i,j
]

♦♥❞❡ j < j ❡ i > i✱ ❡ ❞❡✜♥✐♠♦s

−γi,j = −[γ
i,j
,−γ

i,j
, γ

i,j
] = [−γ

i,j
, γ

i,j
,−γ

i,j
]

❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γi,j = [γi,j,−γi,j, γi,j] é ❞❡✜♥✐❞♦ ❝♦♠♦ ℓ(γi,j) = ℓ(γi,j) + ℓ(γi,j) + ℓ(γi,j)✳

◆♦ ❧❡♠❛ s❡❣✉✐♥t❡✱ ♠♦str❛♠♦s q✉❡ ❝❡rt❛s ❝♦❧✉♥❛s ♥ã♦ ♣r❡❝✐s❛♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ♥❛s ♠✉❞❛♥✲

ç❛s ❞❡ ❜❛s❡ ❞♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛✳

▲❡♠❛ ✺✳✵✳✶✼✳ ❙❡❥❛ ∆r
p−r+1,p+1 ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❆ ❡s❝♦❧❤❛ ❞❛s ❝♦❧✉♥❛s ❞❡ ∆r q✉❡

❢❛rã♦ ♣❛rt❡ ❞❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ q✉❡ ❞❡t❡r♠✐♥❛rá ❛ (p + 1)✲és✐♠❛

❝♦❧✉♥❛ ❞❡ ∆r+1 ♥ã♦ ♣r❡❝✐s❛ ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♥❡♥❤✉♠❛ ❝♦❧✉♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛

❝❛❞❡✐❛ ❝✉❥♦ ❜♦r❞♦ ❡st❡❥❛ ❛❝✐♠❛ ❞❛ (p− r + 1)✲és✐♠❛ ❧✐♥❤❛✱ ♦✉ s❡❥❛✱ s❡ ❡①✐st❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞♦ ♠ét♦❞♦ ❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ❝♦❧✉♥❛ ❝✉❥♦ ❜♦r❞♦ ❡stá ❛❝✐♠❛ ❞❛ (p−r+1)✲és✐♠❛ ❧✐♥❤❛ ❡♥tã♦

❡①✐st❡ ✉♠❛ ♦✉tr❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r q✉❡ ♥ã♦ ❡♥✈♦❧✈❡ t❛❧ ❝♦❧✉♥❛ ❡ q✉❡ ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞❛✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡

Er+1
p,k−p =

Zr+1
p,k−p

Zr
p−1,k−(p−1) + ∂Zr

p+r,(k+1)−(p+r)



✾✾

♦♥❞❡

Zr+1
p,k−p = Z[µ(p+1),r+1σ

(p+1),r+1
k , µ(p),rσ

(p),r
k , . . . , µ(κ),r−p+κσ

(κ),r−p+κ

k ]

Zr
p−1,k−p+1 = Z[µ(p),rσ

(p),r
k , µ(p−1),r−1σ

(p−1),r−1
k , . . . , µ(κ),r−p+κσ

(κ),r−p+κ

k ]

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✵✳✽ t❡♠♦s q✉❡

σ
(p+1),r+1
k = uµ(p+1),rσ

(p+1),r
k + bpµ

(p),r−1σ
(p),r−1
k + · · · + bκµ

(κ),r−p−1+κσ
(κ),r−p−1+κ

k .

❙✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ ❛❧❣✉♠ ξ ∈ {1, 2, . . . , p+1−κ}✱ σ(p+1−ξ),r−ξ

k s❡❥❛ t❛❧ q✉❡ ∂σ(p+1−ξ),r−ξ

k

é ③❡r♦ ♥❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛ ❡ µ(p+1−ξ),r−ξ = 1✱ ✐st♦ é✱ ∆r−ξ
p−r+1,p+1−ξ = 0 ❡ ∆r−ξ

s,p+1−ξ = 0

♣❛r❛ t♦❞♦ s > p+ r−1✳ ◆❡st❡ ❝❛s♦✱ ∂σ(p+1−ξ),r−ξ

k ❡stá ❛❝✐♠❛ ❞❛ (p− r)✲és✐♠❛ ❧✐♥❤❛ ❡✱ ♣♦rt❛♥t♦

σ
(p+1−ξ),r−ξ

k = σ
(p+1−ξ),r−ξ+1
k ∈ Zr

p−1,k−(p−1)✳ P❡❧❛ ❢ór♠✉❧❛ t❡♠♦s q✉❡

Er+1
p,k−p =

Z[µ(p+1),r+1σ
(p+1),r+1
k , . . . , σ

(p+1−ξ),r+1−ξ

k , . . . , µ(κ),r−p+κσ
(κ),r−p+κ

k ]

Z[µ(p),rσ
(p),r
k , . . . , σ

(p+1−ξ),r+1−ξ

k , . . . , µ(κ),r−p+κσ
(κ),r−p+κ

k ] + ∂Zr
p+r,(k+1)−(p+r)

=
Z[µ(p+1),r+1σ

(p+1),r+1
k − σ

(p+1−ξ),r+1−ξ

k , . . . , σ
(p+1−ξ),r+1−ξ

k , . . . , µ(κ),r−p−1+κσ
(κ),r−p+κ

k ]

Z[µ(p),rσ
(p),r
k , . . . , σ

(p+1−ξ),r+1−ξ

k , . . . , µ(κ),r−p+κσ
(κ),r−p+κ

k ] + ∂Zr
p+r,(k+1)−(p+r)

=
Z[µ(p+1),r+1σ

(p+1),r+1
k − σ

(p+1−ξ),r−ξ

k , . . . , µ(κ),r−p+κσ
(κ),r−p+κ

k ]

Z[µ(p),rσ
(p),r
k , . . . , µ(κ),r−p+κσ

(κ),r−p+κ

k ] + ∂Zr
p+r,(k+1)−(p+r)

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ♦ ❣❡r❛❞♦r σ(p+1−ξ),r−ξ+1
k ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣❡❧♦ ❣❡r❛❞♦r

σ
(p+1−ξ),r−ξ

k ✳

❆ ❝♦♥s❡qüê♥❝✐❛ ❞✐st♦ é q✉❡ ♥ã♦ ❤á ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡♠ ❡s❝♦❧❤❡r ❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡

q✉❡ ♥ã♦ s♦♠❛ ❛s ❝♦❧✉♥❛s q✉❡ tê♠ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ♥❛ (p+ r − 1)✲és✐♠❛ ❧✐♥❤❛ ❡ ③❡r♦s ❛❜❛✐①♦

❞❛ ♠❡s♠❛✳

❙❡❥❛ ∆0 = ∆✳ ▼♦str❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ♣r♦❞✉③ ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠❛tr✐③❡s

∆r t❛❧ q✉❡ ❛ ♠❛tr✐③ ∆r+1 é ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡♠ ∆r✱ ♦✉ s❡❥❛✱ ❡①✐st❡

✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ M0, . . . ,Mm−1 t❛✐s q✉❡

∆r+1 = M−1
r ∆rMr = M−1

r M−1
r−1 . . .M

−1
0 ∆M0 . . .Mr−1Mr



✶✵✵

♣❛r❛ r = 0, . . . ,m− 1✳

P❛r❛ ❝❛❞❛ r ∈ {0, . . . ,m−1} ❞❡✜♥✐♠♦s ∆r ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③ ∆M0 . . .Mr−1Mr✳ P♦rt❛♥t♦✱

s❡ κ∗ é ❛ ♣r✐♠❡✐r❛ hk−1 ❝♦❧✉♥❛ ❞❡ ∆ ❡ κ̃ é ❛ ú❧t✐♠❛ hk−1 ❝♦❧✉♥❛ ❞❡ ∆ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

∂σ(j),r = ∆
r

❡κ,jh
(❡κ)
k−1 + · · · + ∆

r

κ∗,jh
(κ∗)
k−1

♦♥❞❡ ∆
r

s,j ∈ Z ♣❛r❛ s = κ∗, . . . , κ̃✳

Pr♦♣♦s✐çã♦ ✺✳✵✳✶✽✳ ∆
r

s,j = 0 ♣❛r❛ t♦❞♦ s > i s❡ ❡ s♦♠❡♥t❡ s❡ ∆r
s,j = 0 ♣❛r❛ t♦❞♦ s > i✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡

∂σ(j),r = ∆
r

❡κ,jh
(❡κ)
k−1 + · · · + ∆

r

κ∗,jh
(κ∗)
k−1 ❡ ∂σ(j),r = ∆r

❡κ,jσ
(❡κ),r
k−1 + · · · + ∆r

κ∗,jσ
(κ∗),r
k−1 .

❙✉♣♦♥❤❛ q✉❡ ∆
r

s,j = 0 ♣❛r❛ t♦❞♦ s > i✱ ♦✉ s❡❥❛✱

∂σ(j),r = ∆
r

i,jh
(i)
k−1 + · · · + ∆

r

κ∗,jh
(κ∗)
k−1.

❈♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ h(❡κ)
k−1 é s❡♠♣r❡ ♥ã♦ ♥✉❧♦ ❡♠ σ

(❡κ),r
k−1 ❡ ♥ã♦ ❡stá ❡♠ ♥❡♥❤✉♠ ♦✉tr♦ σ(s),r

k−1 ♣❛r❛

s < κ̃ ❡♥tã♦ ∆r
❡κ,j = 0✱ ♦✉ s❡❥❛✱

∂σ(j),r = ∆r
❡κ−1,jσ

(❡κ−1),r
k−1 + · · · + ∆r

κ∗,jσ
(κ∗),r
k−1 .

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ h(❡κ−1)
k−1 é s❡♠♣r❡ ♥ã♦ ♥✉❧♦ ❡♠ σ

(❡κ−1),r
k−1 ❡ ♥ã♦ ❡stá ❡♠ ♥❡♥❤✉♠

♦✉tr♦ σ(s),r
k−1 ♣❛r❛ s < κ̃− 1 ❡♥tã♦ ∆r

❡κ−1,j = 0✱ ♦✉ s❡❥❛✱

∂σ(j),r = ∆r
❡κ−2,jσ

(❡κ−2),r
k−1 + · · · + ∆r

κ∗,jσ
(κ∗),r
k−1 .

❘❡♣❡t✐♠♦s ❡st❡ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣❛r❛ t♦❞♦ h(s)
k−1✱ s = κ̃, . . . , i+ 1✳

P♦rt❛♥t♦✱ ∆r
s,j = 0 ♣❛r❛ t♦❞♦ s > i✱ ♦✉ s❡❥❛✱

∂σ(j),r = ∆r
i,jσ

(i),r
k−1 + · · · + ∆r

κ∗,jσ
(κ∗),r
k−1 .

❆ r❡❝í♣r♦❝❛ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛✳
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❈♦♠♦ ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✵✳✶✽ t❡♠♦s q✉❡ ∆r
p−r,p é ✉♠ ♣✐✈ô s❡ ❡

s♦♠❡♥t❡ s❡ ∆
r

p−r,p 6= 0 ❡ ∆
r

s,p = 0 ♣❛r❛ t♦❞♦ s > p− r✳

➱ ❝❧❛r♦ q✉❡ ∆
r
♥ã♦ t❡♠ ♥❡❝❡ss❛r✐❛♠❡♥t❡ q✉❛❞r❛❞♦ ③❡r♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ ♠❡s♠❛ s❡rá ✉s❛❞❛

❝♦♠♦ ♠❛tr✐③ ❛✉①✐❧✐❛r ♣❛r❛ ♠♦str❛r ♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❛ ❙❡çã♦ ✺✳

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❞♦ ❧❡♠❛ s❡❣✉✐♥t❡✳

▲❡♠❛ ✺✳✵✳✶✾✳ ❙❡❥❛ ∆ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦✳ ❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❡♠ ∆✱ s❡❥❛

∆r ❛ ♠❛tr✐③ ♦❜t✐❞❛ ❞❡♣♦✐s q✉❡ ❛ r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❢♦✐ ✈❛rr✐❞❛✳ ❙❡ ∆
r

j−ξ,j 6= 0 ♣❛r❛ ❛❧❣✉♠ ξ✱

❡♥tã♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γj−ξ,j = [γj−r,j,−γj−r,j−ζ , γj−ξ,j−ζ ] ♣❛r❛ ❛❧❣✉♠ r ❡ ζ ♠❡♥♦r ❞♦ q✉❡ r

♥♦ ✢✉①♦ ϕ ❢♦r♠❛❞♦ ♣♦r ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ h(j)
k à s✐♥❣✉❧❛r✐❞❛❞❡ h(j−ξ)

k−1 ✳

❉❡♠♦♥str❛çã♦✿ Pr♦✈❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ r ❡ ξ✳

✶✳ r = 1✳ ❈♦♠♦ σ(j),1
k = h

(j)
k ❡♥tã♦ ∆

1

s,j = ∆s,j ♣❛r❛ s = κ∗, . . . , κ̃ ♦♥❞❡ κ∗ ❡ κ̃ sã♦ ❛ ♣r✐♠❡✐r❛

❡ ❛ ú❧t✐♠❛ ❝♦❧✉♥❛ ❛ss♦❝✐❛❞❛s ❛ ✉♠❛ (k − 1)✲❝❛❞❡✐❛✳ ❆ss✐♠✱ t♦❞❛s ❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s

∆
1

j−ξ,j ♣❛r❛ t♦❞♦ ξ r❡♣r❡s❡♥t❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♥tr❡ h(j)
k ❡ h(j−ξ)

k−1 ✳

P❛r❛ ❝❛❞❛ ξ t❡♠♦s ✉♠ ❝❛♠✐♥❤♦ ♥♦ ✢✉①♦ ϕ q✉❡ é ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡✳

✷✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ξ s❡❥❛ ❛ ♣r✐♠❡✐r❛ ❞✐❛❣♦♥❛❧ q✉❡ ✐♥t❡r❝❡♣t❛ ∆k ❡ ∆
r

j−ξ,j 6= 0✳ ❊♥tã♦

∆
r

s,j = 0 ♣❛r❛ t♦❞♦ s < j − ξ ❡ t♦❞♦ r ❡ ∆
r

j−ξ,ℓ = 0 ♣❛r❛ t♦❞♦ ℓ < j ❡ t♦❞♦ r✳ ❈♦♠♦

∆
r

j−ξ,ℓ = 0 ♣❛r❛ t♦❞♦ ℓ < j ❡♥tã♦ ❛ ❝♦❧✉♥❛ j ♥ã♦ s♦❢r❡✉ ♥❡♥❤✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡

∆
r

j−ξ,j = ∆
1

j−ξ,j✳ ❈♦♠♦ ∆
r

s,j = 0 ♣❛r❛ t♦❞♦ s < j − ξ ❡♥tã♦ ∆
r

j−ξ,j = cj−ξ,r
j−ξ ∆r

j−ξ,j ♣❛r❛

t♦❞♦ r✳ ▲♦❣♦ ∆j−ξ,j 6= 0 ❡ t❡♠♦s ✉♠ ❝❛♠✐♥❤♦ ♥♦ ✢✉①♦ ϕ q✉❡ é ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡✳

✸✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❧❡♠❛ ✈❛❧❡ ♣❛r❛ t♦❞♦ r′ < r ❡ ξ′ < ξ ❡ s❡❥❛ ∆
r

j−ξ,j 6= 0✳ ❙❡ ❡①✐st❡ ✉♠❛

ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ❡♥tr❡ h(j)
k ❡ h(j−ξ)

k−1 ❡♥tã♦ ♥❛❞❛ ♣r❡❝✐s❛ s❡r ♠♦str❛❞♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

é ❡ss❡ ♦ ❝❛s♦ q✉❛♥❞♦ ∆
1

j−ξ,j 6= 0✱ ♣♦✐s ∆
1

j−ξ,j = ∆j−ξ,j ❡✱ ♥❡st❡ ❝❛s♦ ❡①✐st❡ ✉♠❛ ór❜✐t❛

❝♦♥❡❝t❛♥t❡ ❡♥tr❡ h(j)
k ❡ h(j−ξ)

k−1 ✳ ❆ss✐♠✱ s✉♣♦♥❤❛♠♦s q✉❡ ∆
1

j−ξ,j = 0 ❡ q✉❡ ♥ã♦ ❡①✐st❡♠

ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♥tr❡ h(j)
k ❡ h(j−ξ)

k−1 ❡ ♠♦str❡♠♦s q✉❡ s❡ ∆
r

j−ξ,j 6= 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠

❝❛♠✐♥❤♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ t❛✐s s✐♥❣✉❧❛r✐❞❛❞❡s✳
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❈♦♠♦ ∆
r

j−ξ,j 6= 0 ❡ ∆
1

j−ξ,j = 0 ❡♥tã♦ ❡①✐st❡ r < r✱ r < ξ✱ t❛❧ q✉❡ ∆
r

j−ξ,j = 0 ❡ ∆
r+1

j−ξ,j 6= 0✱

♦✉ s❡❥❛✱ σ(j),r
k 6= σ

(j),r+1
k ✳ ◆♦t❡ q✉❡ r ♥ã♦ ♣r❡❝✐s❛ s❡r ú♥✐❝♦✳ ◆♦ ❝❛s♦ ❞❡ ❡①✐st✐r ♠❛✐s

❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❝♦♠ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❛❧❡❛t♦r✐❛♠❡♥t❡ q✉❛❧ ✉s❛r

♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠✐♥❤♦✳ ❆ ❡s❝♦❧❤❛ ❞❡ r é ✐♠♣♦rt❛♥t❡ q✉❛♥❞♦

tr❛t❛♠♦s ❞❛ ♠✐♥✐♠✐③❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦✳ ❆❜♦r❞❛♠♦s ❡st❡ ❛ss✉♥t♦ ♥♦

❈❛♣ít✉❧♦ ✻✳

❖ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❛✜r♠❛ q✉❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ s♦♠❡♥t❡ ♦❝♦rr❡ ♥❛ j✲és✐♠❛

❝♦❧✉♥❛ ❞❡ ✉♠❛ ♠❛tr✐③ q✉❛♥❞♦ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❡stá ♣r❡s❡♥t❡ ♥❛ ♠❡s♠❛✳ ◆❡st❡

❝❛s♦✱ ❛ ♠✉❞❛♥ç❛ ❛❝♦♥t❡❝❡ ♣r❡❝✐s❛♠❡♥t❡ q✉❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ♣❛ss❛ ♣♦r ✉♠❛

❞✐❛❣♦♥❛❧ ❝♦♠♦ r ❡♠ ∆r✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❡ ♥❛

r✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆r✳ ❊st❡ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ é ∆r
j−r,j ❡ ❡stá ♥❛ (j − r)✲

és✐♠❛ ❧✐♥❤❛ ❞❡ ∆r✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✵✳✶✽ ∆
r

j−r,j 6= 0 ❡ t❡♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✱

♦✉ s❡❥❛✱ ∆
r

j−r,j = cj−r,r
j−r ∆r

j−r,j 6= 0✳

❙❛❜❡♠♦s ♣❡❧♦ ▲❡♠❛ ✹✳✵✳✽ q✉❡

∂σ
(j),r+1
k = uµ(j),r∂σ

(j),r
k + bj−1µ

(j−1),r−1∂σ
(j−1),r−1
k + · · · + bκµ

(κ),r−j+κ∂σ
(κ),r−j+κ

k ✭✺✳✶✮

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ h(j−r)
k−1 ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✺✳✶✮ ✭♦✉ s❡❥❛✱ r❡str✐♥❣✐♥❞♦✲

❛ ❛ (j − r)✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆✮ ♦❜t❡♠♦s

0 = ∆
r+1

j−r,j = uµ(j),r∆
r

j−r,j + bj−1µ
(j−1),r−1∆

r−1

j−r,j−1 + · · ·

· · · + µ(j−ζ),r−ζbj−ζ∆
r−ζ

j−r,j−ζ + · · · + bκµ
(κ),r−j+κ∆

r−j+κ

j−r,κ

❙❛❜❡♠♦s q✉❡ q✉❛♥❞♦ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ❞❡ ✉♠❛ ❝♦❧✉♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛ ❝❛❞❡✐❛

σ(j−ζ),r−ζ ❡stá ❛❜❛✐①♦ ❞❛ (j − r)✲és✐♠❛ ❧✐♥❤❛ ❡♥tã♦ µ(j−ζ),r−ζ = 0✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

µ(j−ζ),r−ζ = 1 s♦♠❡♥t❡ q✉❛♥❞♦ ♥❛ (j − r)✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆r−ζ ❡①✐st❡ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦✱

✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♦✉ ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛ ❝♦♠ ✉♠❛ ❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✳

P❡❧♦ ▲❡♠❛ ✺✳✵✳✶✼ ♣♦❞❡♠♦s ❛ss✉♠✐r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ ❡♠ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡

❜❛s❡✱ ❝♦❧✉♥❛s ❝♦♠ ❡♥tr❛❞❛s ♥✉❧❛s ♥❛ (j − r)✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆r−ζ ❡ ③❡r♦s ❛❜❛✐①♦ ♥ã♦ sã♦



✶✵✸

❝♦♥s✐❞❡r❛❞❛s✳ P♦rt❛♥t♦✱ µ(j−ζ),r−ζ = 1 ❡ bj−ζ 6= 0 s♦♠❡♥t❡ q✉❛♥❞♦ ∆r−ζ
j−r,j−ζ é ✉♠ ♣✐✈ô

♣r✐♠ár✐♦ ♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✵✳✶✽ ∆
r−ζ

j−r,j−ζ 6= 0 ❡ t❡♠ ✉♠❛

❝♦❧✉♥❛ ❞❡ ③❡r♦s ❛❜❛✐①♦✱ ♦✉ s❡❥❛✱ ∆
r−ζ

j−r,j−ζ = cj−r,r−ζ
j−r ∆r−ζ

j−r,j−ζ 6= 0✳

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ h(j−ξ)
k−1 ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✺✳✶✮ ✭♦✉ s❡❥❛✱ r❡str✐♥✲

❣✐♥❞♦ ❛ ❡q✉❛çã♦ à (j − ξ)✲és✐♠❛ ❧✐♥❤❛ ❞❡ ∆✮ t❡♠♦s q✉❡

∆
r+1

j−ξ,j = uµ(j),r∆
r

j−ξ,j + bj−1µ
(j−1),r−1∆

r−1

j−ξ,j−1 + · · ·

· · · + µ(j−ζ),r−ζbj−ζ∆
r−ζ

j−ξ,j−ζ + · · · + bκµ
(κ),r−j+κ∆

r−j+κ

j−ξ,κ

❈♦♠♦ ∆
r+1

j−ξ,j 6= 0 ❡ ∆
r

j−ξ,j = 0✱ ❡♥tã♦ ❡①✐st❡ ζ ∈ {1, j−κ} t❛❧ q✉❡ µ(j−ζ),r−ζ = 1✱ bj−ζ 6= 0

❡ ∆
r−ζ

j−ξ,j−ζ 6= 0✳

• ❈♦♠♦ ∆
r−ζ

j−ξ,j−ζ 6= 0 é t❛❧ q✉❡ ξ − ζ < ξ ❡ r − ζ < r ❡♥tã♦ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦

❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γj−ξ,j−ζ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ h(j−ζ)
k ❛ h(j−ξ)

k−1 ❀

• ❈♦♠♦ ∆
r−ζ

j−r,j−ζ 6= 0 é t❛❧ q✉❡ r − ζ < ξ ❡ r − ζ < r ❡♥tã♦ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦

❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γj−r,j−ζ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ h
(j−ζ)

k ❛ h(j−r)
k−1 ❀

• ❈♦♠♦ ∆
r

j−r,j 6= 0 é t❛❧ q✉❡ r < ξ ❡ r < r ❡♥tã♦ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡①✐st❡ ✉♠

❝❛♠✐♥❤♦ γj−r,j ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ h(j)
k ❛ h(j−r)

k−1 ✳

P♦rt❛♥t♦✱ γj−ξ,j = [γj−r,j,−γj−r,j−ζ , γj−ξ,j−ζ ] é ✉♠ ❝❛♠✐♥❤♦ ✉♥✐♥❞♦ h(j)
k ❛ h(j−ξ)

k−1 ✳

❆ss✐♠✱ ♠♦str❛♠♦s q✉❡ ∆
r

j−ξ,j 6= 0 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝❛♠✐♥❤♦ ♥♦ ✢✉①♦ ϕ✳

❉❡♠♦♥str❛çã♦✿ ❬❞♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻❪ ❙❡❥❛ dr
p 6= 0✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✶✹ q✉❡ t♦❞❛

❞✐❢❡r❡♥❝✐❛❧ dr 6= 0 é ✐♥❞✉③✐❞❛ ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ♣❡❧❛ ❡♥tr❛❞❛ ∆r
p−r+1,p+1✱ q✉❡ é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦

♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✵✳✶✽✱ ∆
r

p−r+1,p+1 6= 0 ❡ t♦❞❛s ❛s ❡♥tr❛❞❛s

♥❛ (p + 1)✲és✐♠❛ ❝♦❧✉♥❛ ❛❜❛✐①♦ ❞❛ (p − r + 1)✲és✐♠❛ ❧✐♥❤❛ sã♦ ♥✉❧❛s✱ ♦✉ s❡❥❛✱ ∆
r

p−r+1,p+1 =

cp−r+1,r
p−r+1 ∆r

p−r+1,p+1 6= 0✳ P❡❧♦ ▲❡♠❛ ✺✳✵✳✶✾ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ♥♦ ✢✉①♦ ❢♦r♠❛❞♦ ♣♦r ór❜✐t❛s

❝♦♥❡❝t❛♥t❡s ✉♥✐♥❞♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ h(p+1)
k ❛ s✐♥❣✉❧❛r✐❞❛❞❡ h(p−r+1)

k−1 ✳



✶✵✹




σ
(10),1
k+1 σ

(13),4
k+1 /σ

(13),5
k+1

h
(4)
k 0 1/ − 2

h
(5)
k 1 0/1

h
(6)
k −3 −3/1

h
(7)
k 3 4/ − 1

h
(8)
k −1 1/0

h
(9)
k 2 −1/0




ξ = 8

r = 4

∆
5

5,13

∆
4

9,13

∆
1

9,10

∆
1

5,10

r − ζ = 1

∆
4

5,13

∆
5

9,13

❋✐❣✉r❛ ✺✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦ ❝❛♠✐♥❤♦ γ5,13✳

❊①❡♠♣❧♦ ✺✳✵✳✷✵✳ ❈♦♥s✐❞❡r❡ ♦ ❊①❡♠♣❧♦ ✷✳✷✳✶✳ ◆♦t❡♠♦s q✉❡ ❛ ❡♥tr❛❞❛ ∆8
5,13 = 3 é ✉♠ ♣✐✈ô

♣r✐♠ár✐♦ ❡♠ ∆8 q✉❡ t✐♥❤❛ s✉❛ ❡♥tr❛❞❛ ♦r✐❣✐♥❛❧ ❡♠ ∆ ✐❣✉❛❧ ❛ ③❡r♦✱ ♦✉ s❡❥❛✱ ∆5,13 = 0✳ P♦rt❛♥t♦✱

♥ã♦ ❤á ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ❡♥tr❡ h(13)
k+1 ❡ h(5)

k ✳ ◆♦ ❡♥t❛♥t♦✱ ✈❛♠♦s ❛❣♦r❛

❞❡t❡r♠✐♥❛r ✉♠ ❝❛♠✐♥❤♦ ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♥tr❡ t❛✐s s✐♥❣✉❧❛r✐❞❛❞❡s✳

◆♦t❡♠♦s q✉❡

∂σ
(13),4
k+1 = −h(9)

k + h
(8)
k + 4h

(7)
k − 3h

(6)
k + h

(4)
k

∂σ
(13),5
k+1 = −h(7)

k + h
(6)
k + h

(5)
k − 2h

(4)
k

❡ ♣♦rt❛♥t♦ ∆
4

5,13 = 0 ❡ ∆
5

5,13 = 1 6= 0✳ P♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❡♠♦s r = 4✳ ❘❡♣r❡s❡♥t❛♠♦s ♦ ❝❛♠✐♥❤♦

❡sq✉❡♠❛t✐❝❛♠❡♥t❡ ✉s❛♥❞♦ ✉♠❛ ♠❛tr✐③ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✺✳✶✳ ❈❛❧❝✉❧❛♥❞♦ ❛s ❡♥tr❛❞❛s ❞❛ ♣r♦✈❛

❞♦ ▲❡♠❛ ✺✳✵✳✶✾ t❡♠♦s

• ∆
r

j−r,j = ∆
4

13−4,13 = ∆
4

9,13 6= 0✳



✶✵✺

(L,∆)

h13
k+1

h12
k+1

h11
k+1

h10
k+1

h9
k

h8
k

h7
k

h6
k

h5
k

h4
k

h3
k−1

h2
k−1

-1

1

3

2

-3

-1

1

4

-3

1

h1

h14
n

❋✐❣✉r❛ ✺✳✷✿ ❈❛♠✐♥❤♦ γ5,13

• ∆
r−ζ

j−r,j−ζ = ∆
4−3

13−4,13−3 = ∆
1

9,10 6= 0

• ∆
r−ζ

j−ξ,j−ζ = ∆
4−3

13−8,13−3 = ∆
1

5,10 6= 0

P❡❧♦ ▲❡♠❛ ✺✳✵✳✶✾✱ ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ h(13)
k+1 ❡♠ h

(5)
k é γ5,13 = [γ9,13,−γ9,10, γ5,10]✳ ❱❡❥❛ ❋✐❣✉r❛

✺✳✷✳

❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γ5,13 é ℓ(γ5,13) = ℓ(γ9,13) + ℓ(γ9,10) + ℓ(γ5,10) = 4 + 1 + 5 = 10✳

◆♦t❡♠♦s q✉❡ ♣♦❞❡rí❛♠♦s ❡s❝♦❧❤❡r ♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ♣❡❧❛s ❝♦♥❡①õ❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♠

às ❡♥tr❛❞❛s ∆
6

7,13 6= 0✱ ∆
4

7,11 6= 0 ❡ ∆
4

5,11 6= 0✱ ♦✉ s❡❥❛✱ γ′5,13 = [γ′7,13,−γ
′
7,11, γ

′
5,11]✳ ❱❡❥❛ ❋✐❣✉r❛

✺✳✸✳



✶✵✻




σ
(10),1
k+1 σ

(11),2
k+1 /σ

(11),4
k+1 σ

(13),6
k+1

h
(4)
k 0 1/0 0

h
(5)
k 1 0/ − 2 1

h
(6)
k −3 −2/ − 5 0

h
(7)
k 3 2/5 −1

h
(8)
k −1 1/0 0

h
(9)
k 2 −2/0 0




ξ = 8

∆
6

5,13

∆
6

7,13

∆
4

7,11

∆
4

5,11

∆
2

9,11

∆
1

9,10

∆
1

5,10

❋✐❣✉r❛ ✺✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦ ❝❛♠✐♥❤♦ γ′5,13✳



✶✵✼

(L,∆)

h13
k+1

h12
k+1

h11
k+1

h10
k+1

h9
k

h8
k

h7
k

h6
k

h5
k

h4
k

h3
k−1

h2
k−1

-1

1

3

2

-3-2

2

1

-2

1

-1

1

4

-3

1

h1
0

h14
n

❋✐❣✉r❛ ✺✳✹✿ ❈❛♠✐♥❤♦ γ′5,13✳

❆s ❡♥tr❛❞❛s ∆
6

7,13 ❡ ∆
4

7,11 ❝♦rr❡s♣♦♥❞❡♠ ❛ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♠ ϕ✱ ♣♦✐s ∆
1

7,13 6= 0 ❡

∆
1

7,11 6= 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ∆
1

5,11 = 0✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥t❡

❡♥tr❡ h(11)
k+1 ❡ h(5)

k ✳ ◆♦ ❡♥t❛♥t♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γ′5,11 ❡♥tr❡ h(11)
k+1 ❡ h(5)

k ❝♦♠♣♦st♦ ♣♦r ór❜✐t❛s

❝♦♥❡❝t❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s às ❡♥tr❛❞❛s ∆
2

9,11 6= 0✱ ∆
1

9,10 6= 0 ❡ ∆
1

5,10 6= 0✱ ♦✉ s❡❥❛

γ′5,13 = [γ′7,13,−γ
′
7,11, [γ

′
9,11,−γ

′
9,10, γ

′
5,10]]

❱❡❥❛ ❋✐❣✉r❛ ✺✳✹✳

❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γ′5,13 é ℓ(γ′5,13) = ℓ(γ′7,13) + ℓ(γ′7,11) + ℓ(γ′9,11) + ℓ(γ′9,10) + ℓ(γ′5,10) =

6 + 4 + 2 + 1 + 5 = 18✳



✶✵✽

■st♦ ♠♦str❛ q✉❡ ♦ ❝❛♠✐♥❤♦ ❡♥tr❡ ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♠✉✐t❛s ✈❡③❡s ♥ã♦ é ú♥✐❝♦✳ ▼❡s♠♦

♣❛r❛ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ✜①❛❞♦ ♦ ❝❛♠✐♥❤♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ú♥✐❝♦✳



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♠❡ç❛♠♦s ❛ ❡①♣❧♦r❛r ❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❡ s✉❛s ✐♠♣❧✐❝❛çõ❡s ❞✐♥â♠✐❝❛s✳ ❆

♠❡❞✐❞❛ q✉❡ r ❝r❡s❝❡✱ ♦ Z✲♠ó❞✉❧♦ Er
p ♠✉❞❛ ❞❡ ❣❡r❛❞♦r❡s✳ ❆tr❛✈és ❞♦s ❚❡♦r❡♠❛s ✸✳✵✳✻ ❡ ✹✳✵✳✶✹✱ ❛

✈❛rr❡❞✉r❛ ❝♦♥❡❝t❛ ❡st❛ ♠✉❞❛♥ç❛ ❞❡ ❣❡r❛❞♦r❡s ❞♦s Z✲♠ó❞✉❧♦s Er
p às ♠✉❞❛♥ç❛s ❞❡ ❜❛s❡ s♦❜r❡ Q

❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ∆✳ ◆❛ ✈❛rr❡❞✉r❛✱ ❞❡st❛❝❛♠✲s❡ ❡♥tr❛❞❛s ✐♠♣♦rt❛♥t❡s ❞❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r

r ❞❡ ∆r q✉❡ ❞❡t❡r♠✐♥❛♠ ❛ ♠❛tr✐③ ❞♦ ♣ró①✐♠♦ ❡stá❣✐♦ ∆r+1✳ ❚❛✐s ❡♥tr❛❞❛s sã♦ ❝❤❛♠❛❞❛s

❞❡ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ✭✈❡❥❛ ❙❡çã♦ ✷✮✳ ❈❛❜❡ ❞❡st❛❝❛r ❛ ✐♥t❡❣r❛❧✐❞❛❞❡

❞❡st❡s ♣✐✈ôs ❞✉r❛♥t❡ t♦❞❛ ❛ ✈❛rr❡❞✉r❛✱ ♠♦str❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✵✳✹✳ ❙ã♦ ♣r❡❝✐s❛♠❡♥t❡ ❡st❛s

❡♥tr❛❞❛s q✉❡ ❞❡t❡r♠✐♥❛♠ ♦s ♠ó❞✉❧♦s Er
p ✳ ❊st❛s ♠❛tr✐③❡s sã♦ ♦❜t✐❞❛s ❞❛ ❛♥t❡r✐♦r ♣♦r ♠✉❞❛♥ç❛s

❞❡ ❜❛s❡ s♦❜r❡ ♦s r❛❝✐♦♥❛✐s Q✳ ◆♦ ❡♥t❛♥t♦✱ ♣❡r♠❛♥❡❝❡ ❡♠ ❛❜❡rt♦ ❛ q✉❡stã♦ ❞❛ ✐♥t❡r♣r❡t❛çã♦

❞❛s ♠❛tr✐③❡s ✐♥t❡r♠❡❞✐ár✐❛s ❞❡st❡ ♣r♦❝❡ss♦✳ ❊♠ ♣❛rt✐❝✉❧❛r ♦ q✉❡ s✐❣♥✐✜❝❛♠ ❞✐♥❛♠✐❝❛♠❡♥t❡ ❛s

❡♥tr❛❞❛s ❞❡ t❛✐s ♠❛tr✐③❡s q✉❡ sã♦ r❛❝✐♦♥❛✐s ♣♦ré♠ ♥ã♦ ✐♥t❡✐r❛s✳

❆♣❡s❛r ❞❛s ♠❛tr✐③❡s ✐♥t❡r♠❡❞✐ár✐❛s ❞♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ♣♦ss✐✈❡❧♠❡♥t❡ t❡r❡♠ ❡♥tr❛❞❛s

❢r❛❝✐♦♥ár✐❛s✱ ♦❜s❡r✈❛♠♦s ♥♦s ❡①❡♠♣❧♦s q✉❡ ❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❡st❛❜✐❧✐③❛çã♦ ❞❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ ✭ú❧t✐♠❛ ♠❛tr✐③ ❞❛ ✈❛rr❡❞✉r❛✮ t❡♠ ❡♥tr❛❞❛s ✐♥t❡✐r❛s✳ ❯♠❛ ♣❡r❣✉♥t❛ ❡♠ ❛❜❡rt♦ é s❡

❡st❡ ❢❛t♦ s❡♠♣r❡ ♦❝♦rr❡ ❡✱ s❡ s✐♠✱ q✉❛❧ ❛ r❡❧❛çã♦ ❞♦ ✢✉①♦ ✐♥✐❝✐❛❧ ❝♦♠ ♦ ✢✉①♦ ❛ss♦❝✐❛❞♦ à

♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❛❜✐❧✐③❛çã♦✱ ♦✉ s❡❥❛✱ q✉❛❧ ♦ ❡❢❡✐t♦ ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♣r♦✈♦❝❛❞❛

♣❡❧❛ ✈❛rr❡❞✉r❛ ♥❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦✳ ❱ár✐♦s ❡①❡♠♣❧♦s ✐♥❞✐❝❛♠ q✉❡ ♣♦❞❡♠♦s t❡r ✉♠❛

❝♦♥t✐♥✉❛çã♦✳

✶✶✵



✶✶✶

❊①❡♠♣❧♦ ✻✳✵✳✷✶✳ ❱♦❧t❡♠♦s ❛♦ ❊①❡♠♣❧♦ ✶✳✺✳✷✳ ❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ ❝❛s♦ ❡♠ q✉❡

0 < λ < λ∗✳ ◆❡st❡ ❝❛s♦ ❛ ♦r❞❡♠ ❞♦ ✢✉①♦ é t❛❧ q✉❡ 1 <ϕ 2 é ❛ ú♥✐❝❛ r❡❧❛çã♦✳ ❈♦♠♦ ❛ ♠❛tr✐③

❞❡ ❝♦♥❡①ã♦ é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❝♦♠ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ♥✉❧❛✱ ❡♥tã♦ s♦♠❡♥t❡ ∆(2, 1) ♣♦❞❡ s❡r

♥ã♦ ♥✉❧❛✳ ❆❧é♠ ❞✐ss♦✱

• H0(c(M1)) = Z ✱ H1(c(M1)) = 0✱

• H0(c(M2)) = 0✱ H1(c(M2)) = Z✱

• H0(c(M21)) = H1(c(M21)) = 0✳

❚❡♠♦s ❡♥tã♦ ❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛

0 // H1(c(M21))
p

// H1(c(M2))
∂(2,1)

// H0(c(M1))
i // H0(c(M21))

p
// 0

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

0 // Z
∂(2,1)

// Z // 0

▲♦❣♦ ∆(2, 1) é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❆ r❡♣r❡s❡♥t❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞♦ ✢✉①♦✱ ❜❡♠ ❝♦♠♦ s✉❛ ♠❛tr✐③

❞❡ ❝♦♥❡①ã♦ ❡stã♦ ♥❛ ❋✐❣✉r❛ ✻✳✶✳

M2 M1

M3




0 1 0

0 0 0

0 0 0




❋✐❣✉r❛ ✻✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ✢✉①♦ ❡ s✉❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ✲ 0 < λ < λ∗✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ λ > λ∗✳ ◆❡st❡ ❝❛s♦ ❛ ♦r❞❡♠ ❞♦ ✢✉①♦ é ❞❛❞❛ ♣❡❧❛s r❡❧❛çõ❡s 1 <ϕ 2 ❡

1 <ϕ 3✳ ❈♦♠♦ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❝♦♠ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ♥✉❧❛✱ ❡♥tã♦

s♦♠❡♥t❡ ∆(2, 1) ❡ ∆(3, 1) ♣♦❞❡♠ s❡r ♥ã♦ ♥✉❧❛s✳ P♦r ✉♠ ❛r❣✉♠❡♥t♦ ✐❞ê♥t✐❝♦ ❛♦ ❛♥t❡r✐♦r t❡♠♦s



✶✶✷

M2 M1

M3




0 1 1

0 0 0

0 0 0




❋✐❣✉r❛ ✻✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ✢✉①♦ ❡ s✉❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ✲ λ > λ∗✳

q✉❡ ∆(2, 1) ❡ ∆(3, 1) sã♦ ✐s♦♠♦r✜s♠♦s✳ ❆ r❡♣r❡s❡♥t❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞♦ ✢✉①♦✱ ❜❡♠ ❝♦♠♦ s✉❛

♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❡stã♦ ♥❛ ❋✐❣✉r❛ ✻✳✷✳

❆♣❧✐q✉❡♠♦s ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ♥❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ àMλ ♣❛r❛ λ > λ∗✳ ❱❡❥❛

❋✐❣✉r❛ ✻✳✸✳ ❆ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ à ❡st❛❜✐❧✐③❛çã♦ é ❡①❛t❛♠❡♥t❡ ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ à




σ
(1),1
0 σ

(2),1
1 σ

(3),1
1

σ
(1),1
0 = h0 0 1 1

σ
(2),1
1 = h

(2)
1 0 0 0

σ
(3),1
1 = h

(3)
1 0 0 0







σ
(1),2
0 σ

(2),2
1 σ

(3),2
1

σ
(1),2
0 = h0 0 1 1

σ
(2),2
1 = h

(2)
1 0 0 0

σ
(3),2
1 = h

(3)
1 0 0 0







σ
(1),3
0 σ

(2),3
1 σ

(3),3
1

σ
(1),3
0 = h0 0 1 0

σ
(2),3
1 = h

(2)
1 0 0 0

σ
(3),3
1 = h

(3)
1 − h

(2)
1 0 0 0




❋✐❣✉r❛ ✻✳✸✿ ❱❛rr❡❞✉r❛✳

Mλ ♣❛r❛ λ < λ∗✳

❆ss✐♠ ❝♦♠♦ ❡st❡✱ ❤á ♦✉tr♦s ❡①❡♠♣❧♦s q✉❡ ✐♥❞✐❝❛♠ q✉❡ ❞❡✈❡♠♦s t❡r ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❞❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ✐♥✐❝✐❛❧✳



✶✶✸

❯♠❛ ♣❡r❣✉♥t❛ ✐♥t❡r❡ss❛♥t❡ q✉❡ s✉r❣❡ ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❡st❛ s❡qü❡♥❝✐❛ ❡s♣❡❝tr❛❧ ❞✐♥â♠✐❝❛

é ❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ t♦rçã♦✳ ❊st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ s❡qüê♥❝✐❛s

❡s♣❡❝tr❛✐s ❝✉❥♦s ❡s♣❛ç♦s Er sã♦ Z✲♠ó❞✉❧♦s✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡ ❛♣❛r❡❝❡r t♦rçã♦ ♥❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧ ❛♥t❡s ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❛❧❣é❜r✐❝♦ ❞❡ ✉♠ Z✲♠ó❞✉❧♦ Er
p ❡ ❛s ✈❡③❡s ❛ t♦rçã♦ ♣❡r♠❛♥❡❝❡

♥❛ ❡st❛❜✐❧✐③❛çã♦✳ ◗✉❡ s✐❣♥✐✜❝❛❞♦ ❞✐♥â♠✐❝♦ t❡♠ ❡ss❛ t♦rçã♦ ♥♦s ❞♦✐s ❞✐❢❡r❡♥t❡s ❝❛s♦s❄ ❆

✐♥✈❡st✐❣❛çã♦ ❞♦ s✐❣♥✐✜❝❛❞♦ ❞✐♥â♠✐❝♦ ❞♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ t♦rçã♦ ♥♦s Z✲♠ó❞✉❧♦s ❞❛ s❡qü❡♥❝✐❛

❡s♣❡❝tr❛❧ ♥♦ s❡✉ ♣r♦❝❡ss♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦ é ✉♠❛ ♣❡r❣✉♥t❛ ❡♠ ❛❜❡rt♦✳ ❊♠ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦

❡st❛ t♦rçã♦ ♣r♦✈♦❝❛ ♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❛❧❣é❜r✐❝♦ ❞❡ ✉♠ Z ♥♦ ♣ró①✐♠♦ ❡stá❣✐♦ ❞❛ s❡qüê♥❝✐❛✳ ◗✉❡

s✐❣♥✐✜❝❛❞♦ t❡♠ ❛ ❡st❛❜✐❧✐③❛çã♦❄ ❊♠ q✉❡ ❝❛s♦s r❡♣r❡s❡♥t❛ ❛ ❤♦♠♦❧♦❣✐❛ ❞❛ ✈❛r✐❡❞❛❞❡❄

❖✉tr❛ ♠♦t✐✈❛çã♦ ♣❛r❛ ❛ ✐♥✈❡st✐❣❛çã♦ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❞✐♥â♠✐❝❛ é ♦ ❡st✉❞♦ ❞❛s ór❜✐t❛s

❧♦♥❣❛s ❞♦ ✢✉①♦✳ ❊st❛s ór❜✐t❛s tê♠ ❡♥❡r❣✐❛ ❛❧t❛✱ ♦✉ s❡❥❛✱ ❛ ✈❛r✐❛çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ❛çã♦ ❛♦

❧♦♥❣♦ ❞❡ t❛✐s ór❜✐t❛s é ❣r❛♥❞❡✳ ❉❡t❡❝t❛r ❡♥❡r❣✐❛ ❛❧t❛ é s✐❣♥✐✜❝❛t✐✈♦ ❣❡♦♠❡tr✐❝❛♠❡♥t❡✱ ❬❇❛❈❪✳

◆❡st❡ tr❛❜❛❧❤♦ ❛t✐♥❣✐♠♦s ❡st❡ ♦❜❥❡t✐✈♦ ♣r♦✈❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ ❞♦ ❝❛♠✐♥❤♦ ❩✐❣✲③❛❣ ❛♦

❧♦♥❣♦ ❞♦ ✢✉①♦✳ ▼♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ❧✐♥❤❛s ❞❡ ✢✉①♦ ϕ ❝♦♥❡❝t❛♥❞♦

❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦♥s❡❝✉t✐✈❛s✳ ❉❛❞❛ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ ∆p−r+1,p+1 ❡♠ ∆✱ ❡①✐st❡ ✉♠❛

ór❜✐t❛ ❝♦♥❡❝t❛♥t❡ ✉♥✐♥❞♦ ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ∆p−r+1,p+1 é ③❡r♦✱ ♠♦str❛♠♦s

q✉❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ✉♥✐♥❞♦ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s hk ∈ Fp ❡ hk−1 ∈ Fp−r q✉❛♥❞♦ ∆r
p−r+1,p+1

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ♥✉❧❛ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱ ♦✉ s❡❥❛✱ dr
p 6= 0✳

■st♦ s✐❣♥✐✜❝❛ q✉❡✱ q✉❛♥❞♦ ❛ ❞✐❢❡r❡♥❝✐❛❧ dr é ♥ã♦ ♥✉❧❛✱ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ ❢❡✐t❛ ❞❡ ❛r❝♦s ❞❡

ór❜✐t❛s ❞♦ ✢✉①♦✱ ♦♥❞❡ ❛❧❣✉♥s ❞❡ss❡s ❛r❝♦s ♣♦❞❡♠ s❡r ♣❡r❝♦rr✐❞♦s ♥♦ s❡♥t✐❞♦ r❡✈❡rs♦ ❛♦ ✢✉①♦✳

❈♦♥st✐t✉❡♠ ♣r♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ ❛ ♠✐♥✐♠✐③❛çã♦ ❞♦ t❡♠♣♦ ❡♠ q✉❡ s❡ ❛♥❞❛ ♥♦ ✢✉①♦ r❡✈❡rs♦

❜❡♠ ❝♦♠♦ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ t✐♣♦ ❞❡ ór❜✐t❛ ❡♠ q✉❡ ✐ss♦ é ♣♦ssí✈❡❧✳

❆ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❞❡t❡r♠✐♥❛r ❝❛♠✐♥❤♦s ♠✐♥✐♠❛✐s é q✉❡ ❡♥tr❛❞❛s ♥✉❧❛s ∆i,j ♣♦❞❡♠ ❝♦rr❡s♣♦♥✲

❞❡r ❛ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❥✉♥t❛♥❞♦ h(j)
k ❡ h(i)

k−1✳ ■st♦ é ♣♦ssí✈❡❧ ❥á q✉❡ ❝❛❞❛ ❡♥tr❛❞❛ é ♦ ♥ú♠❡r♦

❞❡ ✐♥t❡rs❡❝çõ❡s ❞❛s ❡s❢❡r❛s ✐♥stá✈❡❧ ❡ ❡stá✈❡❧ ❝♦♥t❛❞❛s ❝♦♠ ♦r✐❡♥t❛çã♦✳ ◆♦ss♦ ♠ét♦❞♦ ♣❡r♠✐t❡

❞❡t❡r♠✐♥❛r✱ ♥❡st❡ ❝♦♥t❡①t♦✱ ❝❛♠✐♥❤♦s ♠✐♥✐♠❛✐s ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❡♥tr❛❞❛s ♥✉❧❛s ❝♦rr❡s♣♦♥❞❡♥t❡s

❛ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s✳

❙❡❥❛ F (γi,j) ❡ R(γi,j) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❡❧❡♠❡♥t❛r❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛
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❧✐♥❤❛s ❞❡ ✢✉①♦ ❞❡ ϕt ❡ −ϕt r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❡ γi,j✳ ❉❡✜♥❛♠♦s

ℓ+(γi,j) =
∑

γ∈F (γi,j)

ℓ(γ) ❛♥❞ ℓ−(γi,j) =
∑

γ∈R(γi,j)

ℓ(γ)

➱ ❝❧❛r♦ q✉❡ ℓ(γi,j) = ℓ+(γi,j) + ℓ−(γi,j) ❡ ℓ+(γi,j) − ℓ−(γi,j) = j − i✳

◆❛ ♣r❡s❡♥ç❛ ❞❡ ✈ár✐♦s ❝❛♠✐♥❤♦s ❡♥tr❡ h(j)
k ❡ h(i)

k−1 ❡s❝♦❧❤❡♠♦s ❛q✉❡❧❡ ❝✉❥♦ ℓ−(γi,j) é ♠✐♥✐♠❛❧✳

❉❡✜♥✐♠♦s Lij ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❡♥tr❡ h(j)
k ❡ h(i)

k−1✳ ◆♦t❡♠♦s q✉❡ ✉♠

❝❛♠✐♥❤♦ γi,j ∈ Lij t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠í♥✐♠♦ s❡ ❡ s♦♠❡♥t❡ s❡ ℓ−(γi,j) é ♠✐♥✐♠❛❧✳ ❉❡ ❢❛t♦✱ γi,j

t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠í♥✐♠♦ ❡♠ Lij✱ ♦✉ s❡❥❛✱ ℓ(γi,j) < ℓ(θij)∀ θij ∈ Lij s❡ ❡ s♦♠❡♥t❡ s❡

ℓ+(γi,j) + ℓ−(γi,j) < ℓ+(θij) + ℓ−(θij)∀ θij ∈ Lij ✭✻✳✶✮

❙✉❜st✐t✉✐♥❞♦ ℓ+(γi,j)) = ℓ−(γi,j)) + j− i ❡ ℓ+(θij) = ℓ−(θij) + j− i ❡♠ ✭✻✳✶✮ ♦❜t❡♠♦s ℓ−(γi,j) <

ℓ−(θij)∀ θij ∈ Lij✳ ❈♦♠ ✐ss♦✱ ❡♥❝♦♥tr❛♠♦s ✉♠ ❝❛♠✐♥❤♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠✐♥✐♠❛❧ ♣❛r❛ ♦ ❝❛s♦

❡♠ q✉❡ ♥ã♦ ❡①✐st❡♠ ór❜✐t❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❡♥tr❛❞❛s ♥✉❧❛s ❞❛ ♠❛tr✐③✳ ◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦

♥❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ ♦ ♠✐♥✐♠❛❧ ♥ã♦ é ú♥✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ♣❡r♠❛♥❡❝❡ ❡♠ ❛❜❡rt♦ ♦ ❝❛s♦ ♠❛✐s

❣❡r❛❧ ❡♠ q✉❡ ♣❡r♠✐t✐♠♦s ❡♥tr❛❞❛s ♥✉❧❛s ❞❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ❝♦♥❡①õ❡s✳

❆✐♥❞❛ ❛ss♦❝✐❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ s✉r❣❡ ❛ q✉❡stã♦ ❞♦s ❝❛♥❝❡✲

❧❛♠❡♥t♦s ❛❧❣é❜r✐❝♦s ❞❛ s❡qüê♥❝✐❛ ❡ s✉❛s ✐♠♣❧✐❝❛çõ❡s ❞✐♥â♠✐❝❛s✳

❙❡❥❛♠ hk ∈ Fs ❡ hk−1 ∈ Fs−ℓ✱ ❝♦♠ p > s ❡ r > ℓ✱ t❛✐s q✉❡ ❡①✐st❡♠ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♥tr❡

hk ❡ hk−1✱ hk ❡ hk−1✱ ❡ hk ❡ hk−1✳ ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛ q✉❡ ♥ã♦ ❡①✐st❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❡♥tr❡

hk ❡ hk−1✳ ❱❡r ❋✐❣✉r❛ ✻✳✹✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡ss❛♥t❡ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ dℓ
s é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ ❝♦rr❡s✲

♣♦♥❞❡ ❛ ✉♠❛ ❡♥tr❛❞❛ ±1 q✉❡ é ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ✭♦✉ ✉♠ ♣✐✈ô ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✮ ♥❛ ♠❛tr✐③

∆ℓ✳ ❈♦♠♦ ❡st❛s ❛♣❧✐❝❛çõ❡s sã♦ ✐s♦♠♦r✜s♠♦s✱ ❡♥tã♦ ✐♠♣❧✐❝❛♠ ❡♠ ❝❛♥❝❡❧❛♠❡♥t♦s ❛❧❣é❜r✐❝♦s ♥❛

s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡st❛s ❛♣❧✐❝❛çõ❡s t❛♠❜é♠ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❝❛♥❝❡❧❛♠❡♥t♦s

❞✐♥â♠✐❝♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ❝♦♥s❡❝✉t✐✈♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ hk ❡ hk−1 ❡♠ ϕ✳ P❡❧♦

❚❡♦r❡♠❛ ❞❡ ❘❡✐♥❡❝❦ ✭✈❡r ❬❘✸❪ ❡ ❬❙✶❪✮ ❡①✐st❡ ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❞♦ ✢✉①♦ ϕ ♣❛r❛ ϕ q✉❡ ❝♦rr❡s✲

♣♦♥❞❡ ❛♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠ ❝❛♥❝❡❧❛♠❡♥t♦ ❛❧❣é❜r✐❝♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♣✐✈ô ♣r✐♠ár✐♦ ∆ℓ
s−ℓ+1,s+1 = ∆s−ℓ+1,s+1 ♥❛ ℓ✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆ℓ✳
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hk−1

hk

hk−1

hk

±1

hk−1

hk

ϕ ϕ

❋✐❣✉r❛ ✻✳✹✿ ❋❧✉①♦ ♣❡rt✉r❜❛❞♦ ϕ ❞❡♣♦✐s ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦✳

◆♦ss❛ ❡s❝♦❧❤❛ ❞❡ ❝❛♠✐♥❤♦ ❡♠ ϕ ❛❞♠✐t❡ ❛♥❞❛r ♥♦ ✢✉①♦ r❡✈❡rs♦ ❛♦ ❧♦♥❣♦ ❞❛ ór❜✐t❛ q✉❡ ❝❛♥✲

❝❡❧❛rá hk ❡ hk−1 ❝r✐❛♥❞♦ ✉♠❛ ♥♦✈❛ ór❜✐t❛ ♠❛✐s ❧♦♥❣❛ ❝♦♥❡❝t❛♥❞♦ hk ❡ hk−1 ♥♦ ✢✉①♦ ♣❡rt✉r❜❛❞♦

ϕ✳ P♦rt❛♥t♦✱ ❛ ór❜✐t❛ ❝♦♥❡❝t❛♥❞♦ hk ❡ hk−1 ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ♣♦♥t❡ r❡s♣♦♥sá✈❡❧ ♣❡❧❛

❝r✐❛çã♦ ❞❡ ✉♠❛ ór❜✐t❛ ❝♦♥❡❝t❛♥❞♦ hk ❡ hk−1 ❡♠ ϕ✳ ❈♦♠♦ ❛ ór❜✐t❛ ❝♦♥❡❝t❛♥❞♦ hk ❡ hk−1 ❞❡✐①❛

❞❡ ❡①✐st✐r ❡♠ ϕ✱ ✐st♦ ❥✉st✐✜❝❛ ♦ ♣♦rq✉❡ ♣❡r♠✐t✐♠♦s ❛ ❡st❛ ór❜✐t❛ s❡r ♣❡r❝♦rr✐❞❛ ♥♦ s❡♥t✐❞♦ r❡✲

✈❡rs♦ q✉❛♥❞♦ ❝♦♥str✉í♠♦s ♦ ❝❛♠✐♥❤♦ ❝♦♥❡❝t❛♥❞♦ hk ❡ hk−1 ♥♦ ✢✉①♦ ϕ✳ ◆❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r

♦ ❝❛♠✐♥❤♦ ❡♠ ϕ ✐♥❞✐❝❛ ♦ ♥❛s❝✐♠❡♥t♦ ❞❡ ✉♠❛ ór❜✐t❛ ❡♠ ϕ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❞♦ ✢✉①♦ ϕℓ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ✉♠❛ dℓ ♥ã♦ ♥✉❧❛

❡stã♦ ❛ss♦❝✐❛❞❛s ❛ ❝❛♠✐♥❤♦s ❞❡ ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♠ ϕ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ ❩✐❣✲❩❛❣✳ P❡❧♦s

♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❛❝✐♠❛✱ ❛s ór❜✐t❛s ❝♦♥❡❝t❛♥t❡s ❡♠ ϕℓ ❛ss♦❝✐❛❞❛s ❛ ✉♠ ✐s♦♠♦r✜s♠♦ dℓ
s q✉❡

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣✐✈ô ♣r✐♠ár✐♦ ±1 ♥❛ ♠❛tr✐③ sã♦ ❝❛♥❝❡❧❛♠❡♥t♦s ❛❧❣é❜r✐❝♦s ♥❛ s❡qüê♥❝✐❛

❡s♣❡❝tr❛❧✳ ▲♦❣♦✱ t❛♠❜é♠ ❝♦rr❡s♣♦♥❞❡♠ ❛ ✉♠ ❝❛♥❝❡❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡

í♥❞✐❝❡ ❝♦♥s❡❝✉t✐✈♦ ❡♠ ϕℓ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡✐♥❡❝❦ ❡①✐st❡ ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❞♦ ✢✉①♦ ϕℓ ❛ ϕℓ

q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝❛♥❝❡❧❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣✐✈ô ♣r✐♠ár✐♦ ∆ℓ
s−ℓ+1,s+1 ♥❛ ℓ✲és✐♠❛

❞✐❛❣♦♥❛❧ ❛✉①✐❧✐❛r ❞❡ ∆ℓ✳ ▼❛✐s ✉♠❛ ✈❡③✱ ✐st♦ ❥✉st✐✜❝❛ ♦ ♣♦rq✉❡ ♣❡r♠✐t✐♠♦s ❡st❛ ór❜✐t❛ ❡♠ ϕℓ

q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝❛♠✐♥❤♦ ❡♠ ϕ s❡r ♣❡r❝♦rr✐❞♦ ♥♦ s❡♥t✐❞♦ r❡✈❡rs♦✳

■♥s♣✐r❛❞♦s ♥❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♦♥❞❡ ❛ á❧❣❡❜r❛ t❡♠ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞✐♥â♠✐❝♦✱ ✈❛♠♦s

❝♦♥s✐❞❡r❛r ❝❛♠✐♥❤♦s ♠❛✐s ❣❡r❛✐s ❡♠ ∆r ♦♥❞❡ ♣❡r❝♦rr❡r ♥♦ s❡♥t✐❞♦ r❡✈❡rs♦ s❡rá ♣❡r♠✐t✐❞♦ ❛♦

❧♦♥❣♦ ❞❡ ór❜✐t❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ♣✐✈ôs ♣r✐♠ár✐♦s ❡ ♣✐✈ôs ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ q✉❡ ♥ã♦ s❡❥❛♠
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♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐❣✉❛✐s ❛ ±1✳ ❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ✐st♦ é q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ ❝❡rt♦s ♣✐✈ôs

♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❞✐❢❡r❡♥❝✐❛✐s ♥ã♦ ♥✉❧❛s ♥❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✳

❊♠❜♦r❛ ♥❡st❡ ❝❛s♦ ♥ã♦ ❡st❡❥❛ ❝❧❛r♦ q✉❛❧ ❛ ❝♦♥tr❛♣❛rt✐❞❛ ❞✐♥â♠✐❝❛ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❛❧❣é❜r✐❝♦✱ ♦ ❚❡♦r❡♠❛ ✺✳✵✳✶✻ ✐♥❞✐❝❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♣✐✈ôs ❡♠ ∆ℓ ✭q✉❡ ♣♦❞❡♠ ✐♥❞✐❝❛r

ór❜✐t❛s ♥♦ ✢✉①♦ ϕℓ ❛ss♦❝✐❛❞♦ ❛ ❞✐❢❡r❡♥❝✐❛✐s ♥ã♦ ♥✉❧❛s dℓ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✮ ❡ ❝❛♠✐♥❤♦s ♥♦

✢✉①♦ ϕ✳

❯♠❛ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ❝♦♥t✐♥✉❛r ❣❡♥❡r❛❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ✈❛rr❡❞✉r❛ ❡

♦s ❚❡♦r❡♠❛s ✸✳✵✳✻✱ ✹✳✵✳✶✹ ❡ ✺✳✵✳✶✻ ♣❛r❛ ✉♠❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ ▼♦rs❡ ♠❛✐s ❣❡r❛❧✳ ❆❧é♠ ❞✐ss♦✱ q✉❡r❡♠♦s ❡①♣❧♦r❛r ♠❛✐s r❡s✉❧t❛❞♦s ❛ss♦❝✐❛❞♦s ❛s ❞✐❢❡r❡♥❝✐❛✐s

♥❡st❛ s✐t✉❛çã♦ ♠❛✐s ❣❡r❛❧✳

❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ♦✉tr♦s ❝♦❡✜❝✐❡♥t❡s ♥♦ ❝á❧❝✉❧♦ ❞❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧✱ ❝♦♠♦

❝♦r♣♦s ♦✉ ❛♥é✐s ❡ ✈❡r✐✜❝❛r ❛ s✐❣♥✐✜❝â♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ❡st✉❞❛r

❡s♣❛ç♦s ♠♦❞✉❧✐ ❞❡ ❞✐♠❡♥sã♦ ♠❛✐♦r ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s❡qüê♥❝✐❛s ❡s♣❡❝tr❛✐s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s

♥♦ ❡s♣❛ç♦ ❞♦s ❧❛ç♦s ✭❬❇❛❈❪✮✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ϕ é ✉♠ ✢✉①♦ ✐♥❞✉③✐❞♦ ♣♦r −∇f ✱ ♦♥❞❡ f é

✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡✱ ❝♦♥s✐❞❡r❡♠♦s x ❡ y ♣♦♥t♦s ❝rít✐❝♦s ❡ a t❛❧ q✉❡ f(y) < a < f(x)✳ ❙❡❥❛♠

Su(x) = W u(x) ∩ f−1(a) Ss(y) = W s(y) ∩ f−1(a)

❙❡ ♥ã♦ ❡①✐st❡♠ ❧✐♥❤❛s ❞❡ ✢✉①♦ q✉❡❜r❛❞❛s ❡♥tr❡ y ❡ x ❡♥tã♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ sã♦ ♦s ú♥✐❝♦s

♣♦♥t♦s ❝rít✐❝♦s ❡♠ f−1([f(y), f(x)])✳ ◆❡st❡ ❝❛s♦✱ s❡ ✐♥❞(x) = k ❡ ✐♥❞(y) = ℓ ❡♥tã♦ Su(x) ≈ Sk−1

❡ Ss(y) ≈ Sn−ℓ−1✳ P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ▼♦rs❡✲❙♠❛❧❡ Su(x) ❡ Ss(y) s❡ ✐♥t❡r❝❡♣t❛♠ tr❛♥s✈❡rs❛❧✲

♠❡♥t❡✳ ❆ ✐♥t❡rs❡❝çã♦ ❞❡ Su(x) ❡ Ss(y)✱ ❞❡♥♦t❛❞❛ ♣♦r Z(x, y) é ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❝♦♥❡①ã♦ ❞❡ x ❡

y✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡s♣❛ç♦ ♠♦❞✉❧✐ ❞❛s ❧✐♥❤❛s ❞❡ ✢✉①♦ ❝♦♥❡❝t❛♥❞♦ x ❛ y✳ ◆♦ ❝❛s♦ ❞❡

♥ã♦ ❤❛✈❡r ór❜✐t❛s q✉❡❜r❛❞❛s Z(x, y) é ❝♦♠♣❛❝t♦✳ ◆❡st❡ ❝❛s♦

dim f−1(a) = dimSu(x) + dimSs(y) − dimZ(x, y)

♦✉ s❡❥❛ ✱ dimZ(x, y) = k − ℓ − 1✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❝♦♠♦ ❝♦♥s✐❞❡r❛♠♦s ♣♦♥t♦s ❝rít✐❝♦s

❝♦♠ í♥❞✐❝❡s ❝♦♥s❡❝✉t✐✈♦s ❡♥tã♦ Z(x, y) t❡♠ ❞✐♠❡♥sã♦ ③❡r♦✳ P❛r❛ ❡st✉❞❛r ❡s♣❛ç♦s ♠♦❞✉❧✐ ❝♦♠

❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ❈♦r♥❡❛ ❝♦♥s✐❞❡r❛ ❝♦❡✜❝✐❡♥t❡s ♥♦ ❡s♣❛ç♦ ❞♦s ❧❛ç♦s ❡♠ M ✳ ❆❧é♠ ❞✐ss♦✱ ♥♦
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❝❛s♦ ❡♠ q✉❡ ❡①✐st❡♠ ór❜✐t❛s q✉❡❜r❛❞❛s✱ ❈♦r♥❡❛ tr❛❜❛❧❤❛ ❝♦♠ ❛ ❝♦♠♣❛❝t✐✜❝❛çã♦ ❞❡ Z(x, y)✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❡ ❡st✉❞♦✱ ✈❡r ❬❇❛❈❪ ❡ ❬❈✷❪✳ ❯s❛♥❞♦ t❛✐s ❢❡rr❛♠❡♥t❛s ❡♠ ♥♦ss♦

❝♦♥t❡①t♦✱ s❡r✐❛ ♣♦ssí✈❡❧ ❞❡t❡❝t❛r ✉♠ ♥ú♠❡r♦ ♠✉✐t♦ ♠❛✐♦r ❞❡ ❝♦♥❡①õ❡s ❡ ❛ss✐♠ ♦❜t❡r r❡s✉❧t❛❞♦s

♠❛✐s r❡✜♥❛❞♦s✳

❯♠ ♦✉tr♦ ❡①❡♠♣❧♦ ✐♥t❡r❡ss❛♥t❡ ❝♦♠ ♦✉tr♦s ❝♦❡✜❝✐❡♥t❡s é ♦ ❡st✉❞♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ s♦✲

❜r❡ Z2 ❡ ❛ s❡qüê♥❝✐❛ ❡s♣❡❝tr❛❧ ❛ss♦❝✐❛❞❛✳ ◆♦s tr❛❜❛❧❤♦s ❬❇▼❞❘✶❪✱ ❬❇▼❞❘✷❪✱ ❬❇▼❞❘✸❪✱ ❬❇❞❘❱❪✱

❬❇❞❘▼❛❱❪✱ ❬❇❞❘▼❛❪ ❡ ❬❈❞❘▼❪ ♠✉✐t♦s r❡s✉❧t❛❞♦s sã♦ ♦❜t✐❞♦s ❛tr❛✈és ❞❡ té❝♥✐❝❛s ❤♦♠♦❧ó❣✐❝❛s

❡ ❤♦♠♦tó♣✐❝❛s r❡❣✐str❛❞❛s ❡♠ ❣r❛❢♦s ❞❡ ▲②❛♣✉♥♦✈✳ ❙ã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣r♦♣r✐❡❞❛❞❡s ♥❡❝❡ssár✐❛s

❡ s✉✜❝✐❡♥t❡s ❞❡ ✉♠ ❣r❛❢♦ ♣❛r❛ q✉❡ ❡st❡ ❡st❡❥❛ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ✢✉①♦ ❞♦ t✐♣♦ ❣r❛❞✐❡♥t❡✳ ❊♠ ♣❛rt✐✲

❝✉❧❛r✱ ❛s r❡str✐çõ❡s ♥❛ t♦♣♦❧♦❣✐❛ ❞❛s ❢r♦♥t❡✐r❛s ❞♦s ❜❧♦❝♦s ✐s♦❧❛♥t❡s q✉❡ ❝♦♥té♠ ❛s ❝♦♠♣♦♥❡♥t❡s

❞♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s✱ ❡ ❛s ✈❛r✐❛çõ❡s ❛♦ ♣❛ss❛r ♣♦r ❡st❛s ❝♦♠♣♦♥❡♥t❡s sã♦ r❡❣✐s✲

tr❛❞❛s ♥♦ ❣r❛❢♦✳ ◗✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦ss✉✐ s♦♠❡♥t❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❛s s❡qüê♥❝✐❛s

❤♦♠♦❧ó❣✐❝❛s s♦❜r❡ Z2 ❝❧❛ss✐✜❝❛♠ ❛s ♠❡s♠❛s ❡♠ ❞❡s❝♦♥❡❝t❛♥t❡s ❡ ❝♦♥❡❝t❛♥t❡s✱ hd
j ❡ hc

j✳ ❆❧é♠

❞✐ss♦✱ ✐♥❢♦r♠❛çõ❡s r❡❧❛t✐✈❛s ❛♦s ❜❧♦❝♦s ✐s♦❧❛♥t❡s✱ ❜❡♠ ❝♦♠♦ ❛ ❢♦r♠❛ ❝♦♠ q✉❡ ❡st❡s ❝♦♠♣õ❡♠ ❛

✈❛r✐❡❞❛❞❡ M ✱ ❡stã♦ r❡❣✐str❛❞❛s ♥♦s ❣r❛❢♦s ❡ ❞❡♣❡♥❞❡♠ ❞❡ss❛ ❝❧❛ss✐✜❝❛çã♦✳ ❉♦ ♥♦ss♦ tr❛❜❛❧❤♦

s✉r❣❡ ❡♥tã♦ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡♥t❡♥❞❡r ❛s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ s♦❜r❡ Z2 ❡ ❛s s❡qüê♥❝✐❛s

❡s♣❡❝tr❛✐s ❛ss♦❝✐❛❞❛s✳ ■st♦ ✐♠♣❧✐❝❛r✐❛ ♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s ❝♦♥❡①õ❡s ❞♦s ❣r❛❢♦s ❞❡ ▲②❛♣✉♥♦✈

r♦t✉❧❛❞♦s ❝♦♠ c ❡ d✳ ❆✐♥❞❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♥r✐q✉❡❝❡r ♦ ❣r❛❢♦ ❞❡ ▲②❛♣✉♥♦✈ r♦t✉❧❛❞♦ ❝♦♠

hdk−1

hdk

βk−1 βk

βk−1 + 1 βk + 1

βk−1 + 1 βk

❋✐❣✉r❛ ✻✳✺✿ ❈♦♥❡①ã♦ ♥ã♦ ♣❡r♠✐t✐❞❛✳

c ❡ d ❝♦♠ ♥♦✈❛s ❝♦♥❡①õ❡s✳ ◗✉❛✐s ❝♦♥❡①õ❡s sã♦ ♣❡r♠✐t✐❞❛s ♥❡st❡s ❣r❛❢♦s❄ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦
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❣r❛❢♦ ♥❛ ❋✐❣✉r❛ ✻✳✺ ♥ã♦ s❡r✐❛ ♣❡r♠✐t✐❞♦✱ ♣♦✐s ❝♦♥tr❛r✐❛ ♦ ❚❡♦r❡♠❛ ❞♦ ❈❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❙♠❛❧❡

✭❬❘✸❪ ❡ ❬❙✷❪✮✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬❇❛❈❪ ❏✳ ❋✳ ❇❛rr❛✉❞ ❛♥❞ ❖✳ ❈♦r♥❡❛✳ ▲❛❣r❛♥❣✐❛♥ ✐♥t❡rs❡❝t✐♦♥s ❛♥❞ t❤❡ ❙❡rr❡ s♣❡❝tr❛❧
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