
❆♥❞ré ❋❡rr❡✐r❛ ❡ P❡r❡✐r❛

❆♥á❧✐s❡ ▼❛t❡♠át✐❝❛ ❞❡ ✉♠ ▼♦❞❡❧♦ ❞❡

❈❛♠♣♦ ❞❡ ❋❛s❡ ♣❛r❛ ✉♠ Pr♦❝❡ss♦ ❞❡

❙♦❧✐❞✐❢✐❝❛çã♦ ❞❡ ✉♠❛ ▲✐❣❛ ❇✐♥ár✐❛

❈❛♠♣✐♥❛s

✷✵✶✸
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❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛
❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí❢✐❝❛

❆♥❞ré ❋❡rr❡✐r❛ ❡ P❡r❡✐r❛

❆♥á❧✐s❡ ▼❛t❡♠át✐❝❛ ❞❡ ✉♠ ▼♦❞❡❧♦ ❞❡

❈❛♠♣♦ ❞❡ ❋❛s❡ ♣❛r❛ ✉♠ Pr♦❝❡ss♦ ❞❡

❙♦❧✐❞✐❢✐❝❛çã♦ ❞❡ ✉♠❛ ▲✐❣❛ ❇✐♥ár✐❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢❛✳ ❉r❛✳ ●❛❜r✐❡❧❛ ❉❡❧ ❱❛❧❧❡ P❧❛♥❛s

❉✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯◆■❈❆▼P ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛✳

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ❢✐♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦

❞❡❢❡♥❞✐❞❛ ♣❡❧♦ ❛❧✉♥♦ ❆♥❞ré ❋❡rr❡✐r❛ ❡ P❡r❡✐r❛✱

❡ ♦r✐❡♥t❛❞❛ ♣❡❧❛ Pr♦❢❛✳ ❉r❛✳ ●❛❜r✐❡❧❛ ❉❡❧ ❱❛❧❧❡ P❧❛♥❛s

❈❛♠♣✐♥❛s

✷✵✶✸
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❡♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ❉❡✉s ♣♦r ❡st❛r ❝♦♠✐❣♦ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥✲
t♦s✱ ♠❡ ❛❥✉❞❛♥❞♦ ♥❛s ❞✐✜❝✉❧❞❛❞❡s✱ ♠❡ ❞❛♥❞♦ ♣❛❝✐ê♥❝✐❛ ❡ ❝❛❧♠❛ ♥♦s ♠♦♠❡♥t♦s
❞❡ ♣❡rt✉r❜❛çã♦✱ ♠❡ ❞❛♥❞♦ ❢é ♥♦s ♠♦♠❡♥t♦s ❞❡ ❞ú✈✐❞❛s ❡ s❡♥❞♦ ♠❡✉ ❣✉✐❛ ❡♠
t♦❞❛s ❛s s✐t✉❛çõ❡s✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ●❛❜r✐❡❧❛ q✉❡ s❡♠ ❞ú✈✐❞❛ é ♣❡ç❛ ❢✉♥❞❛✲
♠❡♥t❛❧ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱ ♥ã♦ ❛♣❡♥❛s ♣❡❧♦ q✉❡ ❛♣r❡♥❞✐ s♦❜r❡ ♠❛t❡♠át✐❝❛✱
♠❛s t❛♠❜é♠ ♣❡❧♦ s❡✉ ❡①❡♠♣❧♦ ❞❡ ét✐❝❛ ❡ ♣r♦✜ss✐♦♥❛❧✐s♠♦✳ ❆❧é♠ ❞✐ss♦✱ ❛❣r❛✲
❞❡ç♦ ❛ ❡❧❛ ♣♦r s❡r ♣❛❝✐❡♥t❡ ❝♦♠✐❣♦ ❡ ♣♦r ❡st❛r s❡♠♣r❡ ❞✐s♣♦st❛ ❡ ❡♠♣❡♥❤❛❞❛
❡♠ ❡s❝❧❛r❡❝❡r ♠✐♥❤❛s ❞ú✈✐❞❛s✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❛♣♦✐♦ ♠♦r❛❧✱ ❡ ♣♦r ❛❝r❡❞✐t❛r❡♠ q✉❡ ❡✉
s❡r✐❛ ❝❛♣❛③ ❞❡ ❝♦♥❝❧✉✐r ❡ss❛ ❢❛s❡ ♠❡s♠♦ q✉❛♥❞♦ ❛té ❡✉ ❞✉✈✐❞❛✈❛✱ ♠❡ ❞❛♥❞♦
❛ss✐♠ ❢♦rç❛ ♣❛r❛ ❝♦♥t✐♥✉❛r✳

❙♦✉ ❣r❛t♦ t❛♠❜é♠ ❛ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ▼❛♥✉❡❧❛ ♣♦r s❡r ♣❛❝✐❡♥t❡ ❝♦♠✐❣♦
❡ ♥ã♦ s❡ ✐♠♣♦rt❛r ❞❡ t❡r q✉❡ ♠❡ ❞✐✈✐❞✐r ❝♦♠ ❛ ♠❛t❡♠át✐❝❛✳

◆ã♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❡st✉❞♦✱ ♣♦✐s ❛♣r❡♥❞✐
♠✉✐t❛ ♠❛t❡♠át✐❝❛ ❝♦♠ ❡❧❡s ❡ ✐ss♦ ❝❡rt❛♠❡♥t❡ ✐♥✢✉❡♥❝✐♦✉ ♥❡st❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛❞♦ ♣❡❧❛ ❈❆P❊❙ ❡ ♣❡❧♦ ❈◆Pq q✉❡ ❝♦♠
❝❡rt❡③❛ ❢♦✐ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ q✉❡ ❡ss❡ tr❛❜❛❧❤♦ ❢♦ss❡ ❝♦♥❝❧✉í❞♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈ q✉❡ ♣r♦♣✐❝✐❛r❛♠ t♦❞❛s ❛s
❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ✉♠ ❛♠❜✐❡♥t❡ ❛❞❡q✉❛❞♦ ♣❛r❛ ♦ ❡st✉❞♦✳ ❊♠ ❡s✲
♣❡❝✐❛❧ ❛♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ s❡❝r❡t❛r✐❛ ❞❡ Pós✲●r❛❞✉❛çã♦ q✉❡ ❞❡ ❢♦r♠❛ ♠✉✐t♦
❛t❡♥❝✐♦s❛ ❞❡✉ t♦❞♦ ♦ s✉♣♦rt❡ ♥❡❝❡ssár✐♦✳
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❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ✐♥✈❡st✐❣❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❡✈♦❧✉çã♦ ❞♦ t✐♣♦ ❝❛♠♣♦
❞❡ ❢❛s❡ q✉❡ ❞❡s❝r❡✈❡ ♦ ♣r♦❝❡ss♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦ ✐s♦tér♠✐❝❛ ❞❡ ✉♠❛ ❧✐❣❛ ❜✐✲
♥ár✐❛✳ ❖ ♠♦❞❡❧♦ ❝♦♥s✐st❡ ❞❡ ✉♠ s✐st❡♠❛ ❛❧t❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ❢❛s❡✱ q✉❡ é ❛ ✈❛r✐á✈❡❧ q✉❡ ✐❞❡♥t✐✜❝❛
❛s ❢❛s❡s✱ ❡ ♣❛r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ✉♠ ❞♦s ♠❛t❡r✐❛✐s✳ ❖ s✐st❡♠❛ é ❝♦♠♣❧❡✲
♠❡♥t❛❞♦ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳
❊st✉❞❛r❡♠♦s ❞✉❛s s✐t✉❛çõ❡s✿ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❛
❡q✉❛çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❡ ❞❡st❛
❢♦r♠❛ ❛ ❡q✉❛çã♦ é ♣❛r❛❜ó❧✐❝❛✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦
♣♦❞❡ s❡ ❛♥✉❧❛r✱ ♣❡r❞❡♥❞♦ ♦ ❝❛rát❡r ♣❛r❛❜ó❧✐❝♦✳ ❘❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱
r❡❣✉❧❛r✐❞❛❞❡✱ ❡st❛❜✐❧✐❞❛❞❡ ❡ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦ sã♦ ❡st❛❜❡❧❡❝✐❞♦s ♣❛r❛
♦ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦✳ ❏á ♥♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♣♦r s❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡❣❡♥❡r❛❞♦✱
❡s♣❡r❛✲s❡ ♦❜t❡r ♠❡♥♦s r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦✳ ❉❡ ❢❛t♦✱ é ♦❜t✐❞♦ ❛♣❡♥❛s
✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s é ❡st❛❜❡❧❡✲
❝✐❞♦ ✉♠ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ❛s s♦❧✉çõ❡s✱ ♦ q✉❛❧ ❥✉st✐✜❝❛ ❛s ❝♦♥❞✐çõ❡s
✐♠♣♦st❛s s♦❜r❡ ❛s ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❝❛♠♣♦ ❞❡ ❢❛s❡✱ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✱
❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦✱ s♦❧✐❞✐✜❝❛çã♦✳

✐①



①



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ ❛♥ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ♣❤❛s❡✲✜❡❧❞
t②♣❡ ❞❡s❝r✐❜✐♥❣ ❛♥ ✐s♦t❤❡r♠❛❧ s♦❧✐❞✐✜❝❛t✐♦♥ ♣r♦❝❡ss ❢♦r ❛ ❜✐♥❛r② ❛❧❧♦②✳ ❚❤❡
♠♦❞❡❧ ✐s ❛ ❤✐❣❤❧② ♥♦♥✲❧✐♥❡❛r s②st❡♠ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡
♣❤❛s❡✲✜❡❧❞ ♣❛r❛♠❡t❡r ✭✇❤✐❝❤ ✐❞❡♥t✐✜❡s t❤❡ ♣❤❛s❡✮ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❝♦♥❝❡♥✲
tr❛t✐♦♥✳ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❞❞❡❞ t♦
❝♦♠♣❧❡t❡ t❤❡ ♠♦❞❡❧✳ ❲❡ st✉❞② t✇♦ ❝❛s❡s✿ ✐♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ ❞✐✛✉s✐♦♥
❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❡q✉❛t✐♦♥ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② ❛ ♣♦s✐✲
t✐✈❡ ❝♦♥st❛♥t✱ ❛♥❞ t❤❡♥ t❤✐s ❡q✉❛t✐♦♥ ✐s ♣❛r❛❜♦❧✐❝✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❝❛♥ ❜❡ ③❡r♦❀ s♦ ✇❤❡♥ ✐t ✈❛♥✐s❤❡s t❤❡ ❡q✉❛t✐♦♥ ❧♦s❡s ✐ts
♣❛r❛❜♦❧✐❝ ❝❤❛r❛❝t❡r✳ ❙♦♠❡ r❡s✉❧ts ♦♥ ❡①✐st❡♥❝❡✱ r❡❣✉❧❛r✐t② ❛♥❞ st❛❜✐❧✐t② ❢♦r
t❤❡ s♦❧✉t✐♦♥ ❛r❡ ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ✜rst ♠♦❞❡❧✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛s t❤❡
♣r♦❜❧❡♠ ❜❡❝❛♠❡ ❞❡❣❡♥❡r❛t❡✱ ✐t ✐s ❡①♣❡❝t❡❞ t♦ ♦❜t❛✐♥ ❧❡ss r❡❣✉❧❛r✐t② ❢♦r t❤❡
s♦❧✉t✐♦♥✳ ■♥❞❡❡❞✱ ✇❡ ♦♥❧② ♦❜t❛✐♥ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳ ■♥ ❜♦t❤ ❝❛✲
s❡s✱ ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ ✐s ❡st❛❜❧✐s❤❡❞✱ ✇❤✐❝❤ ❥✉st✐✜❡s t❤❡
❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ t♦ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠s✳

❑❡②✇♦r❞s✿ ♣❤❛s❡✲✜❡❧❞✱ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ❡①✐st❡♥❝❡
❛♥❞ r❡❣✉❧❛r✐t② ♦❢ s♦❧✉t✐♦♥✱ s♦❧✐❞✐✜❝❛t✐♦♥✳

①✐



①✐✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✐①

❆❜str❛❝t ①✐

✶ ■♥tr♦❞✉çã♦ ✶

✷ Pr❡❧✐♠✐♥❛r❡s ✺
✷✳✶ ◆♦t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✷✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ❊❉❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✸ ❆❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✷✳✹ ❘❡s✉❧t❛❞♦s ❞❡ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✷✳✺ ❊s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✺✳✶ ❖ ❡s♣❛ç♦ Lp(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
✷✳✺✳✷ ❉✐str✐❜✉✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✷✳✺✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✷✳✺✳✹ ❊s♣❛ç♦s ❡♥✈♦❧✈❡♥❞♦ t❡♠♣♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸ Pr♦❜❧❡♠❛ ♥ã♦ ❉❡❣❡♥❡r❛❞♦ ✷✾
✸✳✶ ❉❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❡ ❢♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✷ Pr♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✸✳✹ ❘❡❣✉❧❛r✐❞❛❞❡ ❡ s♦❧✉çã♦ ❢♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✸✳✺ ❊st❛❜✐❧✐❞❛❞❡ ❡ ✉♥✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✸✳✻ Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✹ Pr♦❜❧❡♠❛ ❉❡❣❡♥❡r❛❞♦ ✽✸
✹✳✶ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
✹✳✷ ❊st✐♠❛t✐✈❛s ❡ ❝♦♥✈❡r❣ê♥❝✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
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❇✐❜❧✐♦❣r❛✜❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

①✐✈



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❢❛s❡ ✭✐✳❡✳✱ ❧íq✉✐❞♦✲só❧✐❞♦✱ ❧íq✉✐❞♦✲
❣❛s♦s♦✱ só❧✐❞♦✲❣❛s♦s♦✮ é ✉♠ ❛ss✉♥t♦ ❞❡ ✐♥t❡r❡ss❡ ❡♠ ✈ár✐❛s ár❡❛s ❞❡ ♣❡sq✉✐s❛✱
❝♦♠♦ ❛ ❝✐ê♥❝✐❛ ❞♦s ♠❛t❡r✐❛✐s✱ ❛ ❢ís✐❝❛ ❡ ❛ ❡♥❣❡♥❤❛r✐❛✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛
❡ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ q✉❡ ✈❡♠ s❡♥❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞❛✱ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❵♠ét♦❞♦ ❞❡ ❝❛♠♣♦ ❞❡ ❢❛s❡✬ ✭♣❤❛s❡✲✜❡❧❞ ♠❡t❤♦❞✮✳ ❖ ♠ét♦❞♦ ♣♦st✉❧❛ ❛ ❡①✐s✲
tê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦✱ ❝❤❛♠❛❞❛ ❝❛♠♣♦ ❞❡ ❢❛s❡ ✭♣❤❛s❡✲✜❡❧❞✮✱ ❝✉❥♦s ✈❛❧♦r❡s
✐❞❡♥t✐✜❝❛♠ ❛ ❢❛s❡ ❡♠ ✉♠ ♣♦♥t♦ ♣❛rt✐❝✉❧❛r ♥♦ ❡s♣❛ç♦ ❡ ♥♦ t❡♠♣♦✳ ❆t✉❛❧✲
♠❡♥t❡ ❡st❡ ♠ét♦❞♦ t❡♠ s✐❞♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠♦❞❡❧❛r ✈ár✐♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s✱
❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ✉♠ ✢✉✐❞♦ ❡♠ ♠❡✐♦s ♣♦r♦s♦s ✭✈❡❥❛ ❬✶❪✮✱
❡✈♦❧✉çã♦ ❞❛ ♠✐❝r♦❡str✉t✉r❛ ❞♦ ❛ç♦ ✭✈❡❥❛ ❬✶✺❪✮✱ ❛ ❞❡❢♦r♠❛çã♦ ❡ ❛❣❧✉t✐♥❛çã♦
❞❡ ♣❛rtí❝✉❧❛s ❡♠ ♠❡✐♦ ❛ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦ ✭✈❡❥❛ ❬✶✹❪✮✱ ❡♥tr❡ ♦✉tr♦s✳ ❯♠❛
ót✐♠❛ r❡❢❡rê♥❝✐❛ ♣❛r❛ ♦s ♠♦❞❡❧♦s ❞♦ t✐♣♦ ❝❛♠♣♦ ❞❡ ❢❛s❡ é ♦ r❡❝❡♥t❡ ❧✐✈r♦ ❞❡
Pr♦✈❛t❛s✲❊❧❞❡r ❬✶✻❪✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦
✐s♦tér♠✐❝♦ ❞❡ ✉♠❛ ❧✐❣❛ ❜✐♥ár✐❛✱ ✐st♦ é✱ ❞❡ ✉♠❛ s✉❜stâ♥❝✐❛ ❢♦r♠❛❞❛ ♣♦r ❞♦✐s
❝♦♠♣♦st♦s✳ ❖ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ❡♥✈♦❧✈❡ ❛ ❝♦♥❝❡♥tr❛çã♦ r❡❧❛t✐✈❛ c ❞❡ ✉♠ ❞♦s
❝♦♠♣♦st♦s✱ ❡ ✉♠ ♦✉tr♦ ♣❛râ♠❡tr♦ φ q✉❡ ❞❡s❝r❡✈❡ ♦ ✏q✉ã♦ só❧✐❞♦✑ ❡stá ❝❛❞❛
♣♦♥t♦ ❞❛ s✉❜stâ♥❝✐❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦❀ ❡ss❡ ♣❛râ♠❡tr♦ é ❝♦♥❤❡❝✐❞♦
❝♦♠♦ ❝❛♠♣♦ ❞❡ ❢❛s❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ φ é ✐❣✉❛❧ ❛ 0 ❡♥tã♦ ❛ ❧✐❣❛ s❡
❡♥❝♦♥tr❛ ❡♠ ❡st❛❞♦ só❧✐❞♦❀ s❡ φ é ✐❣✉❛❧ ❛ 1✱ ❛ ❧✐❣❛ s❡ ❡♥❝♦♥tr❛ ❡♠ ❡st❛❞♦
❧íq✉✐❞♦ ❡ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ φ ❡♥tr❡ 0 ❡ 1✱ ❛ ❧✐❣❛ s❡ ❡♥❝♦♥tr❛ ❡♠ ✉♠ ❡st❛❞♦
✐♥t❡r♠❡❞✐ár✐♦✱ ❝❤❛♠❛❞♦ ♠✉s❤②✳

❈♦♠♦ ♠♦t✐✈❛çã♦ ❢❛r❡♠♦s ❛ s❡❣✉✐r ✉♠❛ ❜r❡✈❡ ❞❡❞✉çã♦ ❞♦ ♠♦❞❡❧♦ ❡st✉✲
❞❛❞♦✳ ❯♠❛ ❞❡❞✉çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡ss❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠
❲❛rr❡♥✲❇♦❡tt✐♥❣❡r ❬✷✸❪✳

✶



◆♦ ❝❛s♦ ❞❡ ✉♠ ♠❛t❡r✐❛❧ ♣✉r♦ ♦❝✉♣❛♥❞♦ ✉♠❛ r❡❣✐ã♦ Ω ⊂ R
d✱ ❝♦♠ 1 ≤

d ≤ 3✱ ✉♠ ♠♦❞❡❧♦ ❞❡ ❝❛♠♣♦ ❞❡ ❢❛s❡ é ❞❡❞✉③✐❞♦ ♣❡❧❛ ✐♥tr♦❞✉çã♦ ❞♦ s❡❣✉✐♥t❡
❢✉♥❝✐♦♥❛❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ ✭●✐♥③❜✉r❣✲▲❛♥❞❛✉ ❢r❡❡ ❡♥❡r❣②

❢✉♥❝t✐♦♥❛❧✮✿

F [θ, φ] =

∫

Ω

[

f(θ, φ) +
ǫ2

2
|∇φ|2

]

dx , ✭✶✳✵✳✶✮

♦♥❞❡ f é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ✭❢r❡❡ ❡♥❡r❣② ❞❡♥s✐t②✮✱ ǫ é ✉♠❛ ❝♦♥st❛♥t❡
❡ θ(t) é ❛ t❡♠♣❡r❛t✉r❛✳ ❯♠❛ ❜r❡✈❡ ❞❡❞✉çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ ✭✶✳✵✳✶✮ é ❞❛❞❛ ♥❛
s❡çã♦ 3.1 ❞❡ ❬✶✻❪✳ ❯♠❛ ❡s❝♦❧❤❛ ♣❛rt✐❝✉❧❛r ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡
f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ q✉❛tr♦ ♥❛ ✈❛r✐á✈❡❧ φ q✉❡ t❡♠ ♠í♥✐♠♦ ❡♠ φ = 0 ❡
❡♠ φ = 1 ✭✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶✸❪✮✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ❧✐❣❛ ❜✐♥ár✐❛✱ ❞✐❣❛♠♦s ✉♠❛ ❧✐❣❛ ❢♦r♠❛❞❛ ♣♦r s✉❜stâ♥✲
❝✐❛s A ❡ B✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞❡♣❡♥❞❡ t❛♠❜é♠ ❞❛ ❝♦♥❝❡♥tr❛çã♦ c✱
❡ é ❞❛❞❛ ♣♦r✿

f(θ, φ, c) = (1− c)fA(θ, φ) + cfB(θ, φ) +
Rθ

vm
[(1− c) ln(1− c) + c ln(c)],

♦♥❞❡ fA ❡ fB sã♦ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❛ss♦❝✐❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡
às s✉❜stâ♥❝✐❛s A ❡ B✱ R é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥ ❡ vm é ♦ ✈♦❧✉♠❡ ♠♦❧❛r✳
❊♥tã♦✱ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ✭✶✳✵✳✶✮ ✐♥tr♦❞✉③✲s❡ ♦ s❡❣✉✐♥t❡ ❢✉♥❝✐♦♥❛❧ ❞❡ ❡♥❡r❣✐❛
❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉✿

F [θ, c, φ] =

∫

Ω

[

f(θ, c, φ) +
ǫ2

2
|∇φ|2

]

dx . ✭✶✳✵✳✷✮

❖ ❢✉♥❝✐♦♥❛❧ ❞❛❞♦ ❡♠ ✭✶✳✵✳✷✮ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✹❪✳
❯t✐❧✐③❛♥❞♦ ❝❡rt❛s ❧❡✐s ❞❡ t❡r♠♦❞✐♥â♠✐❝❛ ❡ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛✱ sã♦

♦❜t✐❞❛s ❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s q✉❡ ❣♦✈❡r♥❛♠ ❛ ❡✈♦❧✉çã♦ ♥♦ t❡♠♣♦ ❞❡ c ❡ φ
✭✈❡❥❛ ❬✷✹❪✮✿

α
∂φ

∂t
= ǫ2∆φ−

∂f

∂φ
, ✭✶✳✵✳✸✮

∂c

∂t
= div(M∇

∂f

∂c
), ✭✶✳✵✳✹✮

❝♦♠ φ ❡ c s✉❥❡✐t♦s ❛ ❝♦♥❞✐çã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ◆❡✉♠❛♥♥ s♦❜r❡ ❛ ❢r♦♥t❡✐r❛ ❞❡
Ω✱ ǫ ❡ α s❡♥❞♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❡ M(c, φ) ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✳

✷



❱❡❥❛ q✉❡

∂f

∂φ
= (1− c)

∂fA

∂φ
+ c

∂fB

∂φ
=
∂fA

∂φ
+ c

(

∂fB

∂φ
−
∂fA

∂φ

)

,

❛ss✐♠✱ ❝♦♠♦ fA ❡ fB ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛s ❝♦♠ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ q✉❛tr♦
♥❛ ✈❛r✐á✈❡❧ φ ❝♦♠ ♠í♥✐♠♦s ❡♠ φ = 0 ❡ ❡♠ φ = 1✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r

−
∂f

∂φ
= F1(φ) + cF2(φ),

♦♥❞❡ F1 ❡ F2 sã♦ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ três ♥❛ ✈❛r✐á✈❡❧ φ t❛❧ q✉❡ F1(0) =
F2(0) = F1(1) = F2(1) = 0✳ ❆❧é♠ ❞✐ss♦✱ ❝❧❛r❛♠❡♥t❡

∇
∂f

∂c
=

∂2f

∂c∂φ
∇φ+

∂2f

∂2c
∇c = −F2(φ)∇φ+

Rθ

vm

1

c(1− c)
∇c.

❊♥tã♦✱ ✭✶✳✵✳✸✮ ❡ ✭✶✳✵✳✹✮ ♥♦s ❧❡✈❛ ❛✿

α
∂φ

∂t
= ǫ2∆φ+ F1(φ) + cF2(φ), ✭✶✳✵✳✺✮

∂c

∂t
= div

(

−MF2(φ)∇φ+M
Rθ

vm

1

c(1− c)
∇c

)

. ✭✶✳✵✳✻✮

❯♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ♣❛r❛ ❛ ❢✉♥çã♦ M é ❢❡✐t❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ r❡♦❜t❡r ❛s
❡q✉❛çõ❡s ❝❧áss✐❝❛s ❞❡ ❞✐❢✉sã♦ ♣❛r❛ c q✉❛♥❞♦ φ = 0 ♦✉ φ = 1✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦
❛ ❧✐❣❛ ❡stá ♥♦ ❡st❛❞♦ só❧✐❞♦ ♦✉ ❧íq✉✐❞♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡s❝♦❧❤❡✲s❡

M(c, φ) =
vm
Rθ

D1(φ)c(1− c),

♦♥❞❡ D1 é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❞❡❝r❡s❝❡♥t❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ s✉♣❡r✐♦r✲
♠❡♥t❡ ✭✈❡❥❛ ❬✶✼❪✮ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ✐s♦tér♠✐❝♦✱ ✐st♦
é✱ ♦ ❝❛s♦ ❡♠ q✉❡ θ é ❝♦♥st❛♥t❡✳ ❊♥tã♦✱ ❞❡✜♥✐♥❞♦ D2(c, φ) = (vm/Rθ)c(c −
1)F2(φ)✱ s✉❜st✐t✉✐♥❞♦ M ❡♠ ✭✶✳✵✳✺✮✲✭✶✳✵✳✻✮✱ ♦❜t❡♠♦s

∂φ

∂t
= ǫ2∆φ+ F1(φ) + cF2(φ) ❡♠ Ω× (0, T ), ✭✶✳✵✳✼✮

∂c

∂t
= div(D1(φ)(∇c+D2(c, φ)∇φ)) ❡♠ Ω× (0, T ), ✭✶✳✵✳✽✮

♣❛r❛ t♦❞♦ T > 0✱ ♦♥❞❡ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ ❡s❝♦❧❤❡♠♦s α = 1✳

✸



◆❡st❡ tr❛❜❛❧❤♦ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ ❛♥á❧✐s❡ ♠❛t❡♠át✐❝❛ r✐❣♦r♦s❛ ❞❛s
❡q✉❛çõ❡s ✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿ Ω
é ✉♠ ❞♦♠í♥✐♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ R

d✱ 1 ≤ d ≤ 3 ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω r❡❣✉❧❛r✱
ǫ é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❞❛❞❛✱ ❡ ❛s ❢✉♥çõ❡s F1, F2, D1 ❡ D2 sã♦ ▲✐♣s❝❤✐t③
❡ ❧✐♠✐t❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ s♦❜r❡ ❛
❢r♦♥t❡✐r❛ ❡ ❝❡rt❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠♦str❛r ❝♦♥s✐stê♥❝✐❛ ❞♦ ♠♦❞❡❧♦✱ é ✐♠♣♦rt❛♥t❡ ❡st✉❞❛r
r❡s✉❧t❛❞♦s ❞❡ ❜♦❛ ❝♦❧♦❝❛çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✱ ♦✉ s❡❥❛✱ r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥✲
❝✐❛✱ ❡st❛❜✐❧✐❞❛❞❡ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ é ❢✉♥❞❛♠❡♥t❛❧ r❡❛❧✐③❛r
✉♠❛ ❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♣r✐♥❝í✲
♣✐♦ ❞♦ ♠á①✐♠♦ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ♣❛r❛ ❛ s♦❧✉çã♦ ♦✉ ❛té ♠❡s♠♦ ❛
❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s✱ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♠❡❧❤♦r ♦ ❢❡♥ô♠❡♥♦ ❡st✉❞❛❞♦✳

■♥ú♠❡r♦s ♠♦❞❡❧♦s t❡♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❞❡s❞❡ ♦ ♣✐♦♥❡✐r♦ ❛rt✐❣♦ ❞❡ ❈❛✲
❣✐♥❛❧♣ ❬✸❪ ❡ s❡r✐❛ ✐♠♣♦ssí✈❡❧ ❧✐st❛r t♦❞♦s ❛q✉✐✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♦s ♠♦❞❡❧♦s
❝♦♥s✐st❡♠ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❛❧t❛♠❡♥t❡ ♥ã♦ ❧✐♥❡✲
❛r❡s ❡ ❛ ❛♥á❧✐s❡ ♠❛t❡♠át✐❝❛ r✐❣♦r♦s❛ t♦r♥❛✲s❡ ❞✐❢í❝✐❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮✱ ❝✐t❛♠♦s ♦s ❛rt✐❣♦s ❞❡ ❘❛♣♣❛③✲❙❝❤❡✐❞ ❬✶✼❪ ❡ ❙❝❤❡✐❞
❬✶✽❪✱ q✉❡ sã♦ ♦s ❛rt✐❣♦s ♥♦s q✉❛✐s ❡st❡ tr❛❜❛❧❤♦ ❡stá ❜❛s❡❛❞♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ✐♥tr♦❞✉③✐♠♦s ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛
❛s ❞❡♠♦♥str❛çõ❡s ♥♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s✳ ◆♦ ❈❛♣ít✉❧♦ ✸ ❢♦✐ ❛♣❧✐❝❛❞♦ ♦
❜❡♠ ❝♦♥❤❡❝✐❞♦ ♠ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✱ ♣❛r❛ ❞❡♠♦♥str❛r r❡s✉❧t❛❞♦s ❞❡
❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮✱ ♦♥❞❡
t♦♠❛♠♦s D1 ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳
❆✐♥❞❛ ♥♦ ❈❛♣ít✉❧♦ ✸ ❢♦r❛♠ ♣r♦✈❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡ ✉♥✐❝✐❞❛❞❡
♣❛r❛ ❛ s♦❧✉çã♦✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♠ ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s é ❡st❛❜❡❧❡❝✐❞♦ ✉♠
♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛✳ ❏á ♥♦ ❈❛♣ít✉❧♦ ✹ ❢♦✐ ❞❡♠♦♥str❛❞♦
✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡❣❡♥❡r❛❞♦
❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮✱ ✐st♦ é✱ s✉♣♦♥❞♦ ❛♣❡♥❛s q✉❡ D1 é ✉♠❛ ❢✉♥çã♦ ♥ã♦
♥❡❣❛t✐✈❛✳

✹



❈❛♣ít✉❧♦ ✷

Pr❡❧✐♠✐♥❛r❡s

❊st❡ ❝❛♣ít✉❧♦ é r❡s❡r✈❛❞♦ ♣❛r❛ ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s
q✉❡ s❡rã♦ út❡✐s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱ ❜❡♠ ❝♦♠♦✱ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛❧❣✉♠❛s
♥♦t❛çõ❡s✳ ■♥❞✐❝❛♠♦s q✉❡ ♦ ❧❡✐t♦r ❢❛♠✐❧✐❛r✐③❛❞♦ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❛♥á❧✐s❡
❢✉♥❝✐♦♥❛❧✱ t❡♦r✐❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ❡ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ ❧❡✐❛ ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛
s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

✷✳✶ ◆♦t❛çõ❡s

◆♦t❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s

✶✳ Ω ❞❡♥♦t❛ ✉♠ ❛❜❡rt♦ ❞❡ Rd✱ ♦♥❞❡ d ≥ 1. ✭◆♦s ❝❛♣ít✉❧♦s ✸ ❡ ✹ ♦ ❝♦♥❥✉♥t♦
Ω s❡rá ✉♠❛ ❞♦♠í♥✐♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❞❡ R

d ♦♥❞❡ ∂Ω é C∞✮✳

✷✳ ∂Ω = ❢r♦♥t❡✐r❛ ❞❡ Ω.

✸✳ ❉✐r❡♠♦s q✉❡ ∂Ω é Ck s❡ ∂Ω é ✉♠❛ (d− 1)−s✉♣❡r❢í❝✐❡ ❞❡ ❝❧❛ss❡ Ck✳ ❙❡
∂Ω é Ck ♣❛r❛ t♦❞♦ k ∈ N, ❞✐r❡♠♦s q✉❡ ∂Ω é C∞.

✹✳ QT = Ω× (0, T )✱ ♦♥❞❡ T > 0.

✺✳ ❙❡❥❛♠ U ❡ V ❛❜❡rt♦s ❞❡ Rd✱ ❞✐③❡♠♦s q✉❡ U ❡stá ❝♦♠♣❛❝t❛♠❡♥t❡ ❝♦♥t✐❞♦

❡♠ V ❡ ❞❡♥♦t❛♠♦s ♣♦r
U ⊂⊂ V

s❡ U ⊂ Ū ⊂ V ❡ Ū é ❝♦♠♣❛❝t♦✳

✺



◆♦t❛çã♦ ❞❡ ❢✉♥çõ❡s

✶✳ ❉❡♥♦t❛♠♦s ♣♦r
∫

Ω

udx ♦✉
∫

Ω

u

❛ ✐♥t❡❣r❛❧ ❞❡ u s♦❜r❡ Ω ❝♦♠ r❡s♣❡✐t♦ ❛ ♠❡❞✐❞❛ ✉s✉❛❧ ❞❡ R
d✱ ✐✳❡✳✱ ❛

♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

✷✳ ❙❡ ∂Ω é ❞❡ ❝❧❛ss❡ C∞✱ ❡♥tã♦
∫

∂Ω

udS ♦✉
∫

∂Ω

u

❞❡♥♦t❛ ❛ ✐♥t❡❣r❛❧ ❞❡ u s♦❜r❡ ∂Ω ❝♦♠ r❡s♣❡✐t♦ ❛ ♠❡❞✐❞❛ ✉s✉❛❧ ✐♥❞✉③✐❞❛
❡♠ ∂Ω✳

✸✳ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ u : Ω → R ♣♦r

supp(u) = {x ∈ Ω : u(x) 6= 0}.

✹✳ ❙❡❥❛ u : Ω → R✱ ❞❡✜♥✐♠♦s

u− = max(−u, 0)

❡
u+ = max(u, 0),

r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ ♣❛rt❡ ♥❡❣❛t✐✈❛ ❡ ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❛ ❢✉♥çã♦ u✳

◆♦t❛çã♦ ❞❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

✶✳ Ck(Ω) = {u : Ω → R; u é k ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛}.

✷✳ C∞(Ω) = ∩∞
k=0C

k(Ω).

✸✳ Ck
c (Ω) = {u ∈ Ck(Ω); supp(u) é ❝♦♠♣❛❝t♦}.

✹✳ Ck,β(Ω̄)✱ ❝♦♠ k ∈ N ❡ 0 < β ≤ 1✱ ❞❡♥♦t❛ ♦s ❡s♣❛ç♦s ❞❡ ❍ö❧❞❡r✱ ✈❡❥❛
❉❡✜♥✐çã♦ ✷✳✺✳✶✶ ♥❛ ♣á❣✐♥❛ ✶✽✳

✺✳ D(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡✱ ✈❡❥❛ ❛ ❉❡✜♥✐çã♦ ✷✳✺✳✸ ♥❛ ♣á❣✐♥❛ ✶✹✳

✻



✻✳ D′(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s s♦❜r❡ Ω✱ ✈❡❥❛ ❉❡✜♥✐çã♦ ✷✳✺✳✹ ♥❛
♣á❣✐♥❛ ✶✹✳

✼✳ Lp(Ω) = {u : Ω → R; u é ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧, ‖u‖Lp(Ω) < ∞}✱ ✈❡❥❛
➓✷✳✺✳✶✳

✽✳ Lploc(Ω) = {u : Ω → R; u ∈ Lp(U) ∀ U ⊂⊂ Ω}.

✾✳ W k,P (Ω) ❡ Hk(Ω) ❝♦♠ k ∈ N ❡ 1 ≤ p ≤ ∞✱ ❞❡♥♦t❛♠ ♦s ❡s♣❛ç♦s ❞❡
❙♦❜♦❧❡✈✱ ✈❡❥❛ ➓✷✳✺✳✸✳

✶✵✳ P❛r❛ Lp(0, T ;X), C([0, T ];X) ❡ W 1,p(0, T ;X)✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡
❇❛♥❛❝❤ ❡ T > 0✱ ✈❡❥❛ ❛ ❉❡✜♥✐çã♦ ✷✳✺✳✷✽ ♥❛ ♣á❣✐♥❛ ✷✺✳

◆♦t❛çõ❡s ❞❡ ❞❡r✐✈❛❞❛s

✶✳ ❈♦♥s✐❞❡r❡ α = (α1, · · · , αd) ∈ N
d✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r

Dα =
∂|α|

∂α1x1 · · · ∂αdxd
,

♦♥❞❡ | · | é ❛ ♥♦r♠❛ ❞❛ s♦♠❛✳ α é ❝❤❛♠❛❞♦ ♠✉❧t✐✲í♥❞✐❝❡✳

✷✳ ❙❡❥❛ u ∈ C1(Ω)✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s ♦ ❣r❛❞✐❡♥t❡ ❞❡ u ♣♦r✿

∇u =

(

∂u

∂x1
, · · · ,

∂u

∂xd

)

.

✸✳ ❙❡❥❛ u ∈ C2(Ω)✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ u ♣♦r✿

∆u =
d
∑

i=1

∂2u

∂xi
.

✹✳ ❙✉♣♦♥❤❛ q✉❡ ∂Ω é C1 ❡ s❡❥❛ u ∈ C1(Ω̄). ❱❛♠♦s ❞❡♥♦t❛r ♣♦r n ♦ ❝❛♠♣♦
❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦s ❡ ♥♦r♠❛✐s ❛ ∂Ω ❡

∂u

∂n
= ∇u · n

❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥❛ ❞✐r❡çã♦ ❞❛ ♥♦r♠❛❧✳

✼



❉❡♠❛✐s ♥♦t❛çõ❡s

✶✳ xn ⇀ x ❡♠ E✱ s✐❣♥✐✜❝❛ q✉❡ xn ❝♦♥✈❡r❣❡ ♣❛r❛ x ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡
E. ❱❡❥❛ ➓✷✳✹✳

✷✳ fn ⇀ f ❡♠ E ′✱ s✐❣♥✐✜❝❛ q✉❡ fn ❝♦♥✈❡r❣❡ ♣❛r❛ f ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛
❡str❡❧❛ ❞❡ E ′. ❱❡❥❛ t❛♠❜é♠ ➓✷✳✹✳

✸✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❞✐r❡♠♦s q✉❡ X ❡stá ❝♦♥t✐♥✉❛♠❡♥t❡

✐♠❡rs♦ ❡♠ Y ❡ ❞❡♥♦t❛♠♦s ♣♦r

X →֒ Y,

s❡ X ⊂ Y ❡ ♦ ♦♣❡r❛❞♦r ✐♥❝❧✉sã♦ é ❝♦♥tí♥✉♦✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C > 0✱ t❛❧ q✉❡

‖x‖Y ≤ C‖x‖X , ∀ x ∈ X.

✹✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❞✐r❡♠♦s q✉❡ X ❡stá ❝♦♠♣❛❝t❛♠❡♥t❡

✐♠❡rs♦ ❡♠ Y ❡ ❞❡♥♦t❛♠♦s ♣♦r

X
c
→֒ Y,

s❡ X ⊂ Y ❡ ♦ ♦♣❡r❛❞♦r ✐♥❝❧✉sã♦ é ❝♦♠♣❛❝t♦ ❡ ❝♦♥tí♥✉♦✱ ✐st♦ é✱ t♦❞❛
s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ X t❡♠ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ Y ❡

X →֒ Y.

✺✳ ❱❛♠♦s ❞❡♥♦t❛r ♦ ♣❛r ❞✉❛❧ 〈·, ·〉H1(Ω)′,H1(Ω) ❛♣❡♥❛s ♣♦r 〈·, ·〉 .

✷✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ❊❉❖

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ Ω ⊂ R × R
d✱ I ✉♠ ✐♥t❡r✈❛❧♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ R ❡

f : Ω → R
d ❝♦♥tí♥✉❛✳ ❯♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ϕ : I → R

d ❝❤❛♠❛✲s❡ s♦❧✉çã♦
❞❛ ❡q✉❛çã♦

dx

dt
= f(t, x)

♥♦ ✐♥t❡r✈❛❧♦ I s❡✿

✶✳ Gϕ = {(t, ϕ(t)); t ∈ I} ⊂ Ω ❡

✽



✷✳
dϕ

dt
(t) = f(t, ϕ(t)) ∀ t ∈ I, ♦♥❞❡✱ s❡ t é ✉♠ ♣♦♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ I✱ ❛

❞❡r✐✈❛❞❛ é ❛ ❞❡r✐✈❛❞❛ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ♦✉ ❡sq✉❡r❞❛ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❝❛s♦✳

❚❡♦r❡♠❛ ✷✳✷✳✷✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❡♠ R× R
d ❡ f : Ω → R

d✳ ❙✉♣♦♥❤❛ q✉❡
|f | ≤M ❡♠ Ω✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②

dx

dt
= f(t, x), x(t0) = x0. ✭✷✳✷✳✶✮

✶✳ ❙❡ f é ❝♦♥tí♥✉❛ ❡ ❧✐♣s❝❤✐t③✐❛♥❛ ❝♦♠ r❡❧❛çã♦ ❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧ ❡♠ U =
[t0 − a, t0 + a]×B[x0; b], ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✷✳✷✳✶✮ ❡♠
[t0 − α, t0 + α]✱ ♦♥❞❡ α = min{a, b/M}.

✷✳ ❙❡ f é ❝♦♥tí♥✉❛ ❡♠ Ω ❡ ♣❛r❛ ❝❛❞❛ (t0, x0) ∈ Ω ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦
❞❡ ✭✷✳✷✳✶✮ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ■✱ ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛
s♦❧✉çã♦ ϕ ❞❡ ✭✷✳✷✳✶✮ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧✱ ♦♥❞❡✱ ❞✐③❡♠♦s
q✉❡ IM = (c, d) é ✉♠ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ s❡ t♦❞❛ s♦❧✉çã♦ ψ ❞❡ ✭✷✳✷✳✶✮
♥✉♠ ✐♥t❡r✈❛❧♦ I s❛t✐s❢❛③ I ⊂ IM ❡ ψ = ϕ|I .

✸✳ ❙❡ f é ❝♦♥tí♥✉❛ ❡♠ Ω ❡ ϕ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✷✳✷✳✶✮ ❞❡✜♥✐❞❛ ❡♠
✉♠ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦ K ⊂ Ω ❡①✐st❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ Vd ❞❡ d t❛❧ q✉❡✱ (t, ϕ(t)) /∈ K ♣❛r❛ t♦❞♦ t ∈ Vd.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ✈❡❥❛ ♦ ❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞ ♥❛ ♣á❣✐♥❛ 13
❞❡ ❬✶✾❪✳ P❛r❛ ♦ s❡❣✉♥❞♦ ❡ t❡r❝❡✐r♦ ✐t❡♠ ✈❡❥❛ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ 1 ❡
♦ ❚❡♦r❡♠❛ 3 ♥❛ ♣á❣✐♥❛ 17 ❞❡ ❬✶✾❪✳ ❙❡❣✉❡ ✉♠❛ ❜r❡✈❡ ✐❞❡✐❛ ❞❛s ❞❡♠♦♥str❛çõ❡s
❞♦s ❞♦✐s ♣r✐♠❡✐r♦s ✐t❡♥s✳

✶✳ ❙❡❥❛ C([t0 − α, t0 + α];B[x0; b]) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s f :
[t0 − α, t0 + α] → B[x0; b]✳ ❙❡❥❛ F : C([t0 − α, t0 + α];B[x0; b]) → R

d

❞❡✜♥✐❞❛ ♣♦r

F (x)(t) = x0 +

∫ t

t0

f(s, x(s))ds.

❯t✐❧✐③❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ♣♦♥t♦ ✜①♦ ♣❛r❛ ❝♦♥tr❛çã♦✱ é ♣♦ssí✈❡❧ ♠♦s✲
tr❛r q✉❡ F t❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳ P♦rt❛♥t♦✱ ❡①✐st❡ ú♥✐❝❛ y ∈
C1([t0 − α, t0 + α];B[x0; b]) t❛❧ q✉❡

y(t) = x0 +

∫ t

t0

f(s, y(s))ds.

✾



❆ss✐♠ y(t0) = x0✳ ❆❧é♠ ❞✐ss♦✱ ❞❡r✐✈❛♥❞♦ ❡♠ t ❡ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛
❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦✱ ♦❜t❡♠♦s q✉❡

dy

dt
= f(t, y).

✷✳ ❉❡✜♥✐♥❞♦ IM = ∪Iψ✱ ♦♥❞❡ ψ sã♦ s♦❧✉çõ❡s ❞❡ ✭✷✳✷✳✶✮ ♥♦ ✐♥t❡r✈❛❧♦ Iψ.
❉❡✜♥✐♠♦s ϕ(t) = ψ(t) s❡ t ∈ Iψ. ➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ϕ é ❜❡♠
❞❡✜♥✐❞❛✳ P❛r❛ ✈❡r q✉❡ ϕ é ú♥✐❝❛✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ϕ̄ s♦❧✉çã♦ ❞❡
✭✷✳✷✳✶✮ ❡♠ IM ✳ ❊♠ ♣❛rt✐❝✉❧❛r IM = Iϕ̄✱ ❡♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ϕ✱
t❡♠✲s❡ q✉❡ ϕ(t) = ϕ̄(t) ♣❛r❛ t♦❞♦ t ∈ Iϕ̄ = IM .

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛ Ω ⊂ R×
∏m

i=1 R
ni ✱ I ✉♠ ✐♥t❡r✈❛❧♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡

R ❡ fi : Ω → R
ni ❝♦♠ i = 1, · · · ,m ❝♦♥tí♥✉❛s✱ s❡❥❛ f = (f1, · · · , fm)✳ ❯♠❛

❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ϕ = (ϕ1, · · · , ϕm) : I →
∏m

i=1 R
ni ❝❤❛♠❛✲s❡ s♦❧✉çã♦ ❞♦

s✐st❡♠❛ ❡q✉❛çõ❡s
dx

dt
= f(t, x)

♥♦ ✐♥t❡r✈❛❧♦ I s❡✿

✶✳ Gϕ = {(t, ϕ(t)); t ∈ I} ⊂ Ω ❡

✷✳
dϕ

dt
(t) = f(t, ϕ(t)) ∀ t ∈ I, ♦♥❞❡✱ s❡ t é ✉♠ ♣♦♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ I✱ ❛

❞❡r✐✈❛❞❛ é ❛ ❞❡r✐✈❛❞❛ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ♦✉ ❡sq✉❡r❞❛ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ❝❛s♦✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✹✳ ❱❡❥❛ q✉❡ ❛ ❉❡✜♥✐çã♦ ✷✳✷✳✸ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❉❡✜♥✐çã♦ ✷✳✷✳✶
s❡ t♦♠❛r♠♦s n = n1 + · · · + nm✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✷
sã♦ s❛t✐s❢❡✐t❛s s❡ ❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s fi s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s✳
❆ss✐♠✱ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✷✱ ❝♦♠ ❛s ❞❡✈✐❞❛s ❛❞❛♣t❛çõ❡s ♥♦ ❡♥✉♥❝✐❛❞♦✱ ❝♦♥t✐♥✉❛
✈á❧✐❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ❞❡ ❊❉❖✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ s✐st❡♠❛s ❞❡ ❊❉❖ ✈❡❥❛ ❛ s❡çã♦ 6 ❞♦ ❝❛♣ít✉❧♦ 1
❞❡ ❬✶✾❪✳

✷✳✸ ❆❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s

◆❡st❛ s❡çã♦✱ ❧✐st❛♠♦s ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ s❡rã♦ ❢r❡q✉❡♥t❡♠❡♥t❡
✉s❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ❚♦❞❛s ❡❧❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦
❛♣ê♥❞✐❝❡ ❞❡ ❊✈❛♥s ❬✻❪✳

✶✵



❚❡♦r❡♠❛ ✷✳✸✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❝♦♠ η✮✳ ❙❡❥❛♠ a, b > 0✱ 1 < p, q <
∞✱ 1

p
+ 1

q
= 1✳ ❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r η > 0

ab ≤ ǫap + C(η)bq

♦♥❞❡ C(η) = 1
(ηp)p/qq

.

❚❡♦r❡♠❛ ✷✳✸✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮✳ ❙❡❥❛♠ x, y ∈ R
d. ❊♥tã♦

|x · y| ≤ |x||y|.

❚❡♦r❡♠❛ ✷✳✸✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●r♦♥✇❛❧❧✮✳

✭✐✮ ❙❡❥❛ η(·) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ [0, T ] ❡
q✉❡ s❛t✐s❢❛③✿

η′(t) ≤ φ(t)η(t) + ψ(t) q✳t✳♣ ❡♠ [0, T ],

♦♥❞❡ φ(t) ❡ ψ(t) sã♦ ❢✉♥çõ❡s s♦♠á✈❡✐s ♥ã♦ ♥❡❣❛t✐✈❛s ❡♠ [0, T ]✳ ❊♥tã♦✱

η(t) ≤ e
∫ T
0 φ(s)ds

[

η(0) +

∫ t

0

ψ(s)ds

]

∀ t ∈ [0, T ].

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡

η′ ≤ φη ❡♠ [0, T ] ❡ η(0) = 0,

❡♥tã♦✱
η ≡ 0 ❡♠ [0, T ].

✭✐✐✮ ❙❡❥❛ ξ(t) ✉♠❛ ❢✉♥çã♦ s♦♠á✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ [0, T ] ❡ q✉❡ s❛t✐s❢❛③

ξ(t) ≤ C1

∫ t

0

ξ(s)ds+ C2 q✳t✳♣ ❡♠ [0, T ]

♦♥❞❡ C1 ❡ C2 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❊♥tã♦✱

ξ(t) ≤ C2(1 + C1te
C1t) q✳t✳♣ ❡♠ [0, T ].

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡

ξ(t) ≤ C1

∫ t

0

ξ(s)ds q✳t✳♣ ❡♠ [0, T ],

❡♥tã♦✱
ξ(t) = 0 q✳t✳♣ ❡♠ [0, T ].

✶✶



✷✳✹ ❘❡s✉❧t❛❞♦s ❞❡ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧

❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ ❝♦♠ ♥♦r♠❛ ‖ · ‖✱ ❡ E ′ s❡✉ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦✳
❉✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ {xn} ⊂ E ❝♦♥✈❡r❣❡ ❢r❛❝♦ ✭♦✉ ❝♦♥✈❡r❣❡ ♥❛

t♦♣♦❧♦❣✐❛ ❢r❛❝❛✮ ♣❛r❛ x ∈ E✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r

xn ⇀ x ❡♠ E,

s❡ ♣❛r❛ t♦❞♦ ❢✉♥❝✐♦♥❛❧ f ∈ E ′ t❡♠♦s q✉❡ f(xn) → f(x). ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉✲
③✐❞❛ ♣♦r ❡ss❛ ♥♦çã♦ ❞❡ ❧✐♠✐t❡ s❡rá ❝❤❛♠❛❞❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡ ❞❡♥♦t❛❞❛ ♣♦r
σ(E,E ′)✳

❉✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ {fn} ⊂ E ′ ❝♦♥✈❡r❣❡ ❢r❛❝♦✲❡str❡❧❛ ✭♦✉ ❝♦♥✈❡r❣❡
♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✲❡str❡❧❛✮ ♣❛r❛ f ∈ E ′✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r

fn
∗
⇀ f ❡♠ E ′,

s❡ ♣❛r❛ t♦❞♦ x ∈ E t❡♠♦s q✉❡ fn(x) → f(x). ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r ❡ss❛
♥♦çã♦ ❞❡ ❧✐♠✐t❡ s❡rá ❝❤❛♠❛❞❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✲❡str❡❧❛ ❡ ❞❡♥♦t❛❞❛ ♣♦r σ(E ′, E)✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡ s❡❥❛♠ {xn} ∈ E ❡
{fn} ∈ E ′✳

✭✐✮ ❙❡ xn ⇀ x✱ ❡♥tã♦ ‖xn‖ é ❧✐♠✐t❛❞♦ ❡ ‖x‖ ≤ lim inf ‖xn‖.

✭✐✐✮ ❙❡ fn
∗
⇀ f ✱ ❡♥tã♦ ‖fn‖E′ é ❧✐♠✐t❛❞♦ ❡ ‖f‖E′ ≤ lim inf ‖fn‖E′ .

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛s ♣r♦♣♦s✐çõ❡s 3.5 ❡ 3.13 ❞❡ ❇r❡③✐s ❬✷❪✳

❚❡♦r❡♠❛ ✷✳✹✳✷ ✭❆❧❛♦❣❧✉✮✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❊♥tã♦✱

BE′ = {f ∈ E ′ : ‖f‖ ≤ 1}

é ❝♦♠♣❛❝t❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✲❡str❡❧❛ σ(E ′, E)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ 3.16 ❡♠ ❇r❡③✐s ❬✷❪✳

❚❡♦r❡♠❛ ✷✳✹✳✸ ✭❑❛❦✉t❛♥✐✮✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥tã♦✱ ❊ é
r❡✢❡①✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

BE = {x ∈ E : ‖x‖ ≤ 1}

é ❝♦♠♣❛❝t❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ σ(E,E ′)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ 3.17 ❡♠ ❇r❡③✐s ❬✷❪✳

❚❡♦r❡♠❛ ✷✳✹✳✹ ✭❙❝❤❛✉❞❡r✮✳ ❙❡❥❛♠ E ❡ F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❙❡ T : E → F
é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡ ❝♦♠♣❛❝t❛✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧ T ′ : F ′ →
E ′ t❛♠❜é♠ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡ ❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ 6.4 ❡♠ ❇r❡③✐s ❬✷❪✳

✶✷



✷✳✺ ❊s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❛❧❣✉♥s ❡s♣❛ç♦s q✉❡ s❡rã♦ ♥♦ss♦s ❡s♣❛ç♦s ❛♠❜✐✲
❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ✈ár✐♦s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❡ss❡s ❡s♣❛ç♦s s❡rã♦ ❡♥✉♥❝✐❛❞♦s
❛q✉✐✳ ❊♥tr❡ ❡ss❡s r❡s✉❧t❛❞♦s s❡rã♦ ❡♥✉♥❝✐❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛
❡ ❝♦♠♣❛❝t❛✱ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣✱ ❛✉t♦❢✉♥çõ❡s ❞♦ ❧❛♣❧❛❝✐✲
❛♥♦ ❡ ✉♠❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡♠ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳

✷✳✺✳✶ ❖ ❡s♣❛ç♦ Lp(Ω)

❙❡❥❛ Ω ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝❧❛ss❡ Σ ❞❡ s✉❜❝♦♥❥✉♥t♦s
❞❡ Ω é ✉♠❛ σ✲á❧❣❡❜r❛ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭❙✶✮ Ω ∈ Σ;

✭❙✷✮ A ∈ Σ ⇒ Ac ∈ Σ;

✭❙✸✮ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ {An} ⊂ Σ✱ ∪∞
n=1An ∈ Σ.

❉✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦ µ : Σ → [0,∞] é ✉♠❛ ♠❡❞✐❞❛ ❡♠ Σ s❡ s❛t✐s❢❛③✿

✭▼✶✮ µ(∅) = 0;

✭▼✷✮ s❡ ❛ s❡q✉ê♥❝✐❛ {An} ⊂ Σ é ❞✐s❥✉♥t❛✱ µ(∪∞
n=1An) = ∪∞

n=1µ(An).

❆ tr✐♣❧❛ (Ω,Σ, µ) é ❝❤❛♠❛❞❛ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳
◆❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s s❡♠♣r❡ ❝♦♥s✐❞❡r❛r Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R

d ❡ µ ❛
♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ q✉❡ é ❛ ♠❡❞✐❞❛ ✉s✉❛❧ ❡♠ R

d.
❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (Ω,Σ, µ)✳ ❉❛❞❛s f1, f2 : Ω → R ❞✉❛s

❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✱ ❞✐③❡♠♦s q✉❡ f1 é ❡q✉✐✈❛❧❡♥t❡ ❛ f2 s❡ µ({x ∈ Ω : f1(x) 6=
f2(x)}) = 0✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f : Ω → R ❞❡♥♦t❛
❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ f ✳ ❙❡❥❛ 1 ≤ p ≤ ∞✱ ❞❡✜♥✐♠♦s Lp(Ω,Σ, µ) ✭q✉❡
t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r Lp(Ω)✮ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s
f : Ω → R✱ t❛❧ q✉❡

‖f‖Lp(Ω) <∞,

♦♥❞❡

‖f‖Lp(Ω) =

{
(∫

Ω
|f |pdµ

)1/p
s❡ 1 ≤ p <∞,

ess sup|f | = inf{C > 0 : µ({x : |f(x)| > C}) = 0} s❡ p = ∞.

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ‖ · ‖Lp(Ω) ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Lp(Ω). ▼❛✐s ❛✐♥❞❛✱
✈❛❧❡♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

✶✸



❚❡♦r❡♠❛ ✷✳✺✳✶ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛✮✳ ❙❡❥❛ fn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s
❡♠ L1(Ω)✱ t❛❧ q✉❡ fn → f q✳t✳♣ ❡♠ Ω✱ ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛
g ∈ L1(Ω)✱ t❛❧ q✉❡ |fn| ≤ g q✳t✳♣ ❡♠ Ω ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦✱ f ∈ L1(Ω) ❡

∫

Ω

fn →

∫

Ω

f.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❚❡♦r❡♠❛ 2.24 ❞❡ ❬✽❪✳

❚❡♦r❡♠❛ ✷✳✺✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❣❡♥❡r❛❧✐③❛❞❛✮✳ ❙❡❥❛ 1 ≤ p1, · · · , pm ≤
∞, ❝♦♠ 1

p1
+ · · · + 1

pm
= 1✱ ❡ ❛ss✉♠❛ q✉❡ uk ∈ Lpk(Ω) ♣❛r❛ k = 1, · · · ,m.

❊♥tã♦
∫

Ω

|u1 · · · uk|dx ≤
m
∏

k=1

‖uk‖Lpk (Ω).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❛♣ê♥❞✐❝❡ ❞❡ ❊✈❛♥s ❬✻❪✳

✷✳✺✳✷ ❉✐str✐❜✉✐çõ❡s

❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ♥❡ss❛ s✉❜s❡çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s
❡♠ ❈❛✈❛❧❝❛♥t✐ ❬✹❪✳ P♦r ✐ss♦ ♥ã♦ ❞❛r❡♠♦s r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛s ❞❡♠♦♥str❛çõ❡s✳

❙❡❥❛ τ ❛ t♦♣♦❧♦❣✐❛ ❡♠ C∞
c (Ω) ✐♥❞✉③✐❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ❡♠ C∞
c (Ω)✿ ❞✐r❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ φn ❝♦♥✈❡r❣❡ ❛ φ ❡♠ C∞

c (Ω) s❡ ❡①✐st❡
✉♠ ❝♦♠♣❛❝t♦K ⊂ Ω✱ t❛❧ q✉❡ {φn} ⊂ C∞

c (K) ❡ Dαφn → Dαφ ✉♥✐❢♦r♠❡♠❡♥t❡
♣❛r❛ t♦❞♦ ♠✉❧t✐✲í♥❞✐❝❡ α✳

❉❡✜♥✐çã♦ ✷✳✺✳✸ ✭❋✉♥çõ❡s t❡st❡✮✳ ❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠
Ω ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ C∞

c (Ω) ♠✉♥✐❞♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ τ ✳ ❉❡♥♦t❛♠♦s ❡ss❡
❡s♣❛ç♦ ♣♦r D(Ω).

❉✐③❡♠♦s q✉❡ ✉♠ ❢✉♥❝✐♦♥❛❧ T : D(Ω) → R é ❝♦♥tí♥✉♦ s❡ s❛t✐s❢❛③✿

φj → φ ❡♠ D(Ω) ⇒ T (φj) → T (φ) ❡♠ R.

❖ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ D(Ω) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥✲
tí♥✉♦ ❡♠ D(Ω)✳

❉❡✜♥✐çã♦ ✷✳✺✳✹ ✭❊s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✮✳ ❉❡✜♥✐♠♦s ♣♦r ❞✐str✐❜✉✐çõ❡s s♦✲
❜r❡ Ω ❡ ❞❡♥♦t❛♠♦s ♣♦r D′(Ω) ♦ ❡s♣❛ç♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ D(Ω).

✶✹



❉✐③❡♠♦s q✉❡ {Tj} ⊂ D′(Ω) ❝♦♥✈❡r❣❡ ❛ T ∈ D′(Ω) s❡ Tj(φ) → T (φ) ♣❛r❛
t♦❞♦ φ ∈ D(Ω). ❈♦♠ ❡ss❛ t♦♣♦❧♦❣✐❛✱ D′(Ω) é ❍❛✉s❞♦r✛✱ ❡♥tã♦ ♦ ❧✐♠✐t❡ ❡♠
D′(Ω) é ú♥✐❝♦✳

❉❡✜♥✐çã♦ ✷✳✺✳✺ ✭❉❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦✮✳ ❈♦♥s✐❞❡r❡ T ∈ D′(Ω) ❡
s❡❥❛ α ∈ N

n✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ T ❞❡ ♦r❞❡♠ α ✭❞❡♥♦t❛❞❛ ♣♦r DαT ✮
♣♦r

〈DαT, ϕ〉 = (−1)|α| 〈T,Dαϕ〉 ♣❛r❛ t♦❞♦ ϕ ∈ D(Ω).

➱ ♣♦ssí✈❡❧ ❞❡♠♦str❛r q✉❡ s❡ u ∈ L1
loc(Ω)✱ ❡♥tã♦ Tu : D(Ω) → R ❞❡✜♥✐❞❛

♣♦r✿

〈Tu, ϕ〉 =

∫

Ω

uϕdx ✭✷✳✺✳✶✮

é ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ Ω. ❉♦ ♣ró①✐♠♦ ❧❡♠❛ ✭❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▲❡♠❛ ❞❡ ❉✉
❇♦✐s ❘❛②♠♦♥❞✮ s❡❣✉❡ q✉❡ Tu = Tv s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = v q✳t✳♣ ❡♠ Ω.

▲❡♠❛ ✷✳✺✳✻ ✭▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❛②♠♦♥❞✮✳ ❙❡❥❛ u ∈ L1
loc(Ω)✳ ❊♥tã♦✱ Tu = 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = 0 q✳t✳♣ ❡♠ Ω✳

❉❡✜♥✐çã♦ ✷✳✺✳✼ ✭❉❡r✐✈❛❞❛ ❢r❛❝❛✮✳ ❙❡❥❛ u ∈ L1
loc(Ω). ❙❡ D

αTu ∈ L1
loc(Ω) ✭♥♦

s❡♥t✐❞♦ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ v ∈ L1
loc(Ω) t❛❧ q✉❡ D

αTu = Tv✮ ❝❤❛♠❛r❡♠♦s
DαTu ❞❡ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❡ u ❡ ❞❡♥♦t❛r❡♠♦s DαTu ♣♦r Dαu.

✷✳✺✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

❱✐♠♦s q✉❡ t♦❞❛ ❢✉♥çã♦ ❡♠ L1
loc(Ω) ❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦✱ ♠❛s ♥ã♦ é

✈❡r❞❛❞❡ q✉❡ t♦❞❛ ❞✐str✐❜✉✐çã♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ✈✐❛ ✉♠❛ ❢✉♥çã♦ ❞❡ L1
loc(Ω).

❯♠ ❡①❡♠♣❧♦ é ❛ ❞✐str✐❜✉✐çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❞✐str✐❜✉✐çã♦ ❞❡ ❉✐r❛❝✱ q✉❡ é
❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞❛❞♦ x0 ∈ Ω✱ ❞❡✜♥✐♠♦s

〈δx0 , ϕ〉 = ϕ(x0) ♣❛r❛ t♦❞♦ ϕ ∈ D(Ω).

❙✉r❣❡ ❡♥tã♦ ❛ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ❛ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s
❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠ L1

loc(Ω) é ✉♠❛ ❢✉♥çã♦ ❞❡ L1
loc(Ω)? ❆ r❡s♣♦st❛ ♣❛r❛ ❡ss❛

♣❡r❣✉♥t❛ é ♥❡❣❛t✐✈❛✱ ♣♦✐s ❛ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❛ ❢✉♥çã♦

u(x) =

{

0 s❡ x > 0
1 s❡ x < 0

é ❡①❛t❛♠❡♥t❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❉✐r❛❝✱ q✉❡ ❝♦♠♦ ✈✐♠♦s ♥ã♦ ♣❡rt❡♥❝❡ ❛ L1
loc(Ω).

■ss♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

✶✺



❉❡✜♥✐çã♦ ✷✳✺✳✽ ✭❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✮✳ ❙❡❥❛ u ∈ Lp(Ω)✱ ❞✐③❡♠♦s q✉❡ u ♣❡r✲
t❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈W k,p(Ω) s❡ Dαu ♣❡rt❡♥❝❡ ❛ Lp(Ω) ♣❛r❛ t♦❞♦ ♠✉❧t✐
í♥❞✐❝❡ α t❛❧ q✉❡ |α| ≤ k.

❙❡♠♣r❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W k,p(Ω) ♠✉♥✐❞♦ ❝♦♠ ❛
♥♦r♠❛

‖u‖Wk,p(Ω) =







(

∑

|α|≤k ‖D
αu‖pLp(Ω)

)1/p

s❡ 1 ≤ p ≤ ∞
∑

|α|≤k ‖D
αu‖Lp s❡ p = ∞,

♣❛r❛ t♦❞♦ u ∈ W k,p(Ω). ➱ ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❝♦♠ ❡ss❛ ♥♦r♠❛ ♦ ❡s♣❛ç♦ ❞❡
❙♦❜♦❧❡✈ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ◆♦ ❝❛s♦ q✉❡ p = 2 ❞❡♥♦t❛♠♦s W k,2(Ω) =
Hk(Ω). ❈♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)Hk(Ω) =
∑

|α|≤k

(Dαu,Dαv)L2(Ω) ♣❛r❛ t♦❞♦ u, v ∈ Hk(Ω),

Hk(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳
❙❡❣✉❡ ✉♠❛ ❧✐st❛ ❞❡ r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ q✉❡

s❡rã♦ út❡✐s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳
❈♦♠❡ç❛♠♦s ❝♦❧♦❝❛♥❞♦ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❡♠ ❡s♣❛ç♦s ❞❡

❙♦❜♦❧❡✈✿

❚❡♦r❡♠❛ ✷✳✺✳✾✳ ❆ss✉♠❛ q✉❡ Ω é ❧✐♠✐t❛❞♦ ❡ ∂Ω é C1. ❙✉♣♦♥❤❛ u ∈ W k,p(Ω)
♣❛r❛ ❛❧❣✉♠ 1 ≤ p <∞. ❊♥tã♦ ❡①✐st❡♠ ❢✉♥çõ❡s um ∈ C∞(Ω̄) t❛❧ q✉❡

um → u ❡♠ W k,p(Ω).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❊✈❛♥s ❬✻❪ s❡çã♦ 5.3✱ ❚❡♦r❡♠❛ ✸✳

❊ss❡♥❝✐❛❧♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ✷✳✺✳✾ ❡stá ❛✜r♠❛♥❞♦ q✉❡

C∞(Ω̄)
Wk,p(Ω)

= W k,p(Ω).

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ t❡♦r❡♠❛ ❞❡
✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✳ ❆♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ❛♣❧✐❝❛r ❛ r❡❣r❛ ❞❡
✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❛♣❡♥❛s ♣❛r❛ ❢✉♥çõ❡s q✉❡ ❡stã♦ ❡♠ H1(Ω)✱ ♣♦r ✐ss♦✱
❡♥✉♥❝✐❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ♦ t❡♦r❡♠❛ s♦♠❡♥t❡ ♥❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r ✭♣❛r❛
✉♠❛ ✈❡rsã♦ ♠❛✐s ❣❡r❛❧ ✈❡❥❛ ♦ ❚❡♦r❡♠❛ 1.5.3.1 ❞❡ ❬✾❪✮✳

✶✻



❚❡♦r❡♠❛ ✷✳✺✳✶✵ ✭■♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✮✳ ❙❡❥❛♠ Ω ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡
❧✐♠✐t❛❞♦ ❞❡ R

d✱ ♦♥❞❡ ∂Ω é C1 ❡ u, v ∈ H1(Ω)✳ ❊♥tã♦

∫

Ω

∂u

∂xi
vdx = −

∫

Ω

u
∂v

∂xi
dx +

∫

∂Ω

T (u)T (v)nidS ,

♣❛r❛ t♦❞♦ 1 ≤ i ≤ d✱ ♦♥❞❡ T : H1(Ω) → L2(∂Ω) é ♦ ♦♣❡r❛❞♦r tr❛ç♦ ✭✈❡❥❛✱
♣♦r ❡①❡♠♣❧♦✱ s❡çã♦ 5.5 ❞❡ ❬✻❪✮✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✾ t❡♠♦s q✉❡ ❡①✐st❡♠ s❡q✉ê♥❝✐❛ um ❡ vn ❡♠
C∞(Ω̄)✱ t❛✐s q✉❡

um → u ❡♠ H1(Ω)

❡
vn → v ❡♠ H1(Ω).

❯t✐❧✐③❛♥❞♦ ♦ t❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦
n0 ✜①❛❞♦

∫

Ω

∂um
∂xi

vn0 = −

∫

Ω

um
∂vn0

∂xi
+

∫

∂Ω

umvn0ni. ✭✷✳✺✳✷✮

▼❛s✱ ✈❡❥❛ q✉❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ t❡♠♦s
∣

∣

∣

∣

∫

Ω

(

∂um
∂xi

−
∂u

∂xi

)

vn0

∣

∣

∣

∣

≤

∥

∥

∥

∥

∂um
∂xi

−
∂u

∂xi

∥

∥

∥

∥

L2(Ω)

‖vn0‖L2(Ω),

♣♦rt❛♥t♦✱ ❝♦♠♦ um → u ❡♠ H1(Ω)✱ t❡♠♦s

∫

Ω

∂um
∂xi

vn0 →

∫

Ω

∂u

∂xi
vn0 .

❆♥❛❧♦❣❛♠❡♥t❡✱
∫

Ω

um
∂vn0

∂xi
→

∫

Ω

u
∂vn0

∂xi
.

❆❣♦r❛✱ s❡❥❛ T : H1(Ω) → L2(∂Ω) ♦ ♦♣❡r❛❞♦r tr❛ç♦✳ ❊♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s
C1 ❡ C2✱ t❛✐s q✉❡
∣

∣

∣

∣

∫

∂Ω

T ((um − u)vn0)ni

∣

∣

∣

∣

≤ ‖T ((um − u)vn0)‖L2(∂Ω)‖ni‖L2(∂Ω)

≤ C1‖(um − u)vn0‖H1(Ω) ≤ C‖um − u‖H1(Ω).

✶✼



❈♦♠♦ um → u ❡♠ H1(Ω)✱ ❚❡♠♦s q✉❡

∫

∂Ω

umvn0ni →

∫

∂Ω

T (u)vn0ni.

❉❡ss❛ ❢♦r♠❛✱ ♣❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ ❝♦♠ m → +∞ ❡♠ ✭✷✳✺✳✷✮✱ s❡❣✉❡ q✉❡ ♣❛r❛
t♦❞♦ n ∈ N

∫

Ω

∂u

∂xi
vn = −

∫

Ω

u
∂vn
∂xi

+

∫

∂Ω

T (u)vnni. ✭✷✳✺✳✸✮

❆❣♦r❛ ❜❛st❛ t♦♠❛r ♦ ❧✐♠✐t❡ ❝♦♠ n → +∞ ❡♠ ✭✷✳✺✳✸✮✱ ❡♥tã♦✱ ✉s❛♥❞♦ ❛r❣✉✲
♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ❛♥t❡r✐♦r❡s✱ ♦❜t❡♠♦s q✉❡

∫

Ω

∂u

∂xi
vdx = −

∫

Ω

u
∂v

∂xi
dx +

∫

∂Ω

T (u)T (v)nidS ,

❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

P❛r❛ ❡♥✉♥❝✐❛r♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✱ ❝♦❧♦❝❛♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✺✳✶✶✳ ❙❡❥❛ Ω ⊂ R
d ❛❜❡rt♦ ❡ γ ∈ (0, 1]✳ ❖ ❡s♣❛ç♦ ❞❡ ❍ö❧❞❡r

Ck,γ(Ω̄)

❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u ∈ Ck(Ω̄)✱ t❛❧ q✉❡ ❛ ♥♦r♠❛

‖u‖Ck,γ(Ω̄) :=
∑

|α|≤k

‖Dαu‖C(Ω̄) +
∑

|α|=k

[Dαu]C0,γ(Ω̄)

é ✜♥✐t❛✳ ❖♥❞❡✱
‖u‖C(Ω̄) := sup

x∈Ω
|u(x)|,

❡

[u]C0,γ(Ω̄) := sup
x,y∈Ω, x 6=y

{

|u(x)− u(y)|

|x− y|γ

}

.

❚❡♦r❡♠❛ ✷✳✺✳✶✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✮✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥✲
❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡ R

d✱ ❡ ∂Ω é C1✳

✶✽



✭✐✮ ❙❡ k < d
p
. ❊♥tã♦✱

W k,p(Ω) ⊂ Lq(Ω)

♣❛r❛ ❝❛❞❛ 1 ≤ q ≤ dp
d−pk

. ❆❧é♠ ❞✐ss♦✱ ❛ ✐♥❝❧✉sã♦ é ❝♦♥tí♥✉❛✱ ✐st♦ é✱ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ C > 0 ✭q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ k, p ❡ d✮ t❛❧ q✉❡

‖u‖Lq(Ω) ≤ C‖u‖Wk,p(Ω).

✭✐✐✮ s❡ k > d
p
. ❊♥tã♦✱

W k,p(Ω) ⊂ Ck−l−1,γ(Ω̄),

♣❛r❛ t♦❞♦ l s❛t✐s❢❛③❡♥❞♦ l < d
p
< l + 1 ❡

γ =

{

l + 1− d
p
, s❡ d

p
♥ã♦ é ✐♥t❡✐r♦

q✉❛❧q✉❡r ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ♠❡♥♦r q✉❡ 1, s❡ d
p
é ✐♥t❡✐r♦✳

❆❧é♠ ❞✐ss♦✱ ❛ ✐♥❝❧✉sã♦ é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❚❡♦r❡♠❛ 6 ❞❛ s❡çã♦ 5.6.1 ❞❡ ❊✈❛♥s ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✺✳✶✸ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦
❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡ R

d✱ ❡ ∂Ω é C1✳ ❊♥tã♦✱

✶✳ s❡ 1 ≤ p < d t❡♠✲s❡
W 1,p(Ω)

c
→֒ Lq(Ω)

♣❛r❛ ❝❛❞❛ 1 ≤ q < p∗ := dp
d−p

,

✷✳ s❡ p = d t❡♠✲s❡
W 1,p(Ω)

c
→֒ Lq(Ω)

♣❛r❛ ❝❛❞❛ 1 ≤ q < +∞.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ 3 ❞❛ s❡çã♦ 4.3 ❞❡ ❬✹❪✳

❚❡♠♦s ♦s s❡❣✉✐♥t❡s ❝♦r♦❧ár✐♦s ❞♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✿

❈♦r♦❧ár✐♦ ✷✳✺✳✶✹✳ ❙❡❥❛ u ∈ H1(Ω)✱ ♦♥❞❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡
❧✐♠✐t❛❞♦ ❞❡ R

d, ❡ ∂Ω é ❞❡ ❝❧❛ss❡ C1. ❊♥tã♦✱ ♣❛r❛ t♦❞♦ η > 0 ❡①✐st❡ Cη > 0
t❛❧ q✉❡

‖u‖L2(Ω) ≤ η‖u‖H1(Ω) + Cη‖u‖H1(Ω)′ .

✶✾



❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ▲❡♠❛ 8 ❞❡ ❬✷✶❪✳

❈♦r♦❧ár✐♦ ✷✳✺✳✶✺✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡
R
d✱ 1 ≤ d ≤ 3 ❡ ∂Ω é C1✳ ❊♥tã♦✱

H1(Ω) ⊂ Lq(Ω)

♣❛r❛ ❝❛❞❛ 1 ≤ q ≤ 6. ❆❧é♠ ❞✐ss♦ ❛ ✐♥❝❧✉sã♦ é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ❝❛s♦ Ω ⊂ R
3 ❜❛st❛ ✉s❛r ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛

✷✳✺✳✶✷✱ ♣❛r❛ Ω ⊂ R
1 ✉s❡ ♦ s❡❣✉♥❞♦ ✐t❡♠✳ ❆❣♦r❛✱ ♦ ❝❛s♦ Ω ⊂ R

2 ❜❛st❛ ✉s❛r ♦
s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✸✳

❈♦r♦❧ár✐♦ ✷✳✺✳✶✻✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡
R
d✱ d ≤ 3 ❡ ∂Ω é C∞✳ ❊♥tã♦✱

H2(Ω) ⊂ L∞(Ω),

❝♦♠ ✐♥❝❧✉sã♦ ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✷✳

❈♦r♦❧ár✐♦ ✷✳✺✳✶✼✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡
R
d✱ ❡ ∂Ω é C1✳ ❙✉♣♦♥❤❛ q✉❡ 1 ≤ p < d. ❊♥tã♦✱

Wm+1,p(Ω)
c
→֒ Wm,q(Ω)

♣❛r❛ ❝❛❞❛ 1 ≤ q < p∗ := dp
d−p

.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ 1 ♥❛ s❡çã♦ 4.3 ❞❡ ❬✹❪✳

❖✉tr♦ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ q✉❡ ✉s❛r❡♠♦s é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲
◆✐r❡♥❜❡r❣ ✭✈❡❥❛ ♣á❣✐♥❛ 37 ❞❡ ❬✶✵❪✮✿

‖u‖Wk,p(Ω) ≤ C‖u‖θWm,q(Ω)‖u‖
1−θ
Lr(Ω) ∀ u ∈ Wm,q(Ω), ✭✷✳✺✳✹✮

♦♥❞❡✱ p ≥ q✱ p ≥ r✱ 0 ≤ θ ≤ 1, ❡

k −
d

p
≤ θ

(

m−
d

q

)

−
d(1− θ)

r
,

❝♦♠ ❞❡s✐❣✉❛❧❞❛❞❡ r❡str✐t❛ s❡ q = 1 ♦✉ s❡ r = 1. ❖ ❝❛s♦ ♣❛rt✐❝✉❧❛r q✉❡ s❡rá
✐♠♣♦rt❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦ é ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

✷✵



▲❡♠❛ ✷✳✺✳✶✽✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡ R
d✱

1 ≤ d ≤ 3✱ ♦♥❞❡ ∂Ω é C∞✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 ❡ C2 t❛✐s q✉❡

‖u‖L3(Ω) ≤ C1‖u‖
1/2

H1(Ω)‖u‖
1/2

L2(Ω) ∀ u ∈ H1(Ω), ✭✷✳✺✳✺✮

‖u‖L6(Ω) ≤ C2‖u‖
1/2

H2(Ω)‖u‖
1/2

L2(Ω) ∀ u ∈ H2(Ω). ✭✷✳✺✳✻✮

❉❡♠♦♥str❛çã♦✳ ❆♠❜❛s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❝❛s♦ ♣❛rt✐✲
❝✉❧❛r ❞❡ ✭✷✳✺✳✹✮✳ ▼❛s s❡❣✉❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♠❛✐s ❡❧❡♠❡♥t❛r ♣❛r❛ ✭✷✳✺✳✺✮✳

P♦r ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✭✈❡❥❛ ♣♦r ❡①❡♠♣❧♦✱ Pr♦♣♦s✐çã♦ 5
❞❛ s❡çã♦ 3.1 ❞❡ ❈❛✈❛❧❝❛♥t✐ ❬✹❪✮✱ t❡♠♦s

‖u‖L3(Ω) ≤ ‖u‖
1/2

L6(Ω)‖u‖
1/2

L2(Ω).

❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ ❡①✐st❡ ❝♦♥st❛♥t❡ C1✱ t❛❧ q✉❡

‖u‖L3(Ω) ≤ C1‖u‖
1/2

H1(Ω)‖u‖
1/2

L2(Ω),

♦ q✉❡ ♠♦str❛ ✭✷✳✺✳✺✮✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✶✾✳ ❙❡❥❛♠ k ∈ N ❡ u ∈ H1(Ω) s❛t✐s❢❛③❡♥❞♦ ∆u ∈ Hk(Ω) ❡
∂u/∂n = 0 ❡♠ ∂Ω✳ ❊♥tã♦ u ∈ Hk+2(Ω) ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 q✉❡
♥ã♦ ❞❡♣❡♥❞❡ ❞❡ u✱ t❛❧ q✉❡

‖u‖Hk+2(Ω) ≤ C(‖∆u‖Hk(Ω) + ‖u‖L2(Ω)).

❉❡♠♦♥str❛çã♦✳ ❊s❝♦❧❤❡♥❞♦ bij = δij ❡ bj = b = 0 ♥♦ ❚❡♦r❡♠❛ 7.13 ❡♠ ❋♦❧❧❛♥❞
❬✼❪✱ t❡♠♦s q✉❡

D(u, v) =

∫

Ω

∇v · ∇u

é ❝♦❡r❝✐✈♦ s♦❜r❡ H1(Ω). ❙❡❥❛ L = −∆✳ ❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ∂u/∂n = 0 ❡♠ ∂Ω
❡ ♦ t❡♦r❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s

D(u, v) = −

∫

Ω

∆uv = (Lu, v)L2(Ω), ∀ v ∈ H1(Ω).

P♦rt❛♥t♦✱ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ 7.32 ❞❡ ❋♦❧❧❛♥❞ ❬✼❪✱ s❡❣✉❡ q✉❡ s❡∆u ∈ Hk(Ω)✱
❡♥tã♦✱ u ∈ Hk+2(Ω) ❡

‖u‖Hk+2(Ω) ≤ C(‖∆u‖Hk(Ω) + ‖u‖L2(Ω)).

✷✶



❈♦♠♦✱ ♣♦r ❞❡✜♥✐çã♦ ‖u‖L2(Ω) ≤ ‖u‖Hk(Ω), ♦❜t❡♠♦s ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r
♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✷✳✺✳✷✵✳ ❙❡❥❛ k ∈ N ❡ u ∈ H2(Ω) s❛t✐s❢❛③❡♥❞♦ ∆u ∈ Hk(Ω) ❡ ∂u/∂n =
0 ❡♠ ∂Ω✳ ❊♥tã♦ u ∈ Hk+2(Ω) ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ u t❛❧ q✉❡

‖u‖Hk+2(Ω) ≤ C(‖∆u‖Hk(Ω) + ‖u‖Hk(Ω)).

▲❡♠❛ ✷✳✺✳✷✶✳ ❙❡❥❛ Ω ⊂ R
d ❧✐♠✐t❛❞♦✱ ❛❜❡rt♦✱ ❝♦♠ ❢r♦♥t❡✐r❛ ❞❡ ❝❧❛ss❡ C∞✳

❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r

∆u+ λu = 0, u ∈ H1(Ω)

t❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛✉t♦✈❛❧♦r❡s

0 = λ1 ≤ λ2 ≤ · · · ≤ λm ≤ · · ·

❝♦♠
lim
n→∞

λm = ∞,

♦♥❞❡ ❛s ❛✉t♦❢✉♥çõ❡s {vj}1≤j ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❡♠
L2(Ω)✱ ❡ ♣❛r❛ t♦❞♦ i✱ vi s❛t✐s❢❛③

∂vi
∂n

= 0 ❡♠ ∂Ω.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❏♦st ❬✶✶❪✱ ❚❡♦r❡♠❛ 8.5.2✳

❈♦r♦❧ár✐♦ ✷✳✺✳✷✷✳ ❆s ❛✉t♦❢✉♥çõ❡s ❞❛❞❛s ♥♦ ▲❡♠❛ ✷✳✺✳✷✶✱ ❡stã♦ ❡♠ C∞(Ω̄)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❛❞❛ ♥♦ ▲❡♠❛ ✷✳✺✳✷✶✳ ❊s❝♦❧❤❡♥❞♦
bij = −δij✱ bj = 0 ❡ b = λ ♥♦ ❚❡♦r❡♠❛ 7.13 ❡♠ ❋♦❧❧❛♥❞ ❬✼❪✱ t❡♠♦s q✉❡

D(u, v) = −

∫

Ω

∇v · ∇u+

∫

Ω

vλu

é ❝♦❡r❝✐✈♦ s♦❜r❡ H1(Ω). ❙❡❥❛ Lu = ∆u+λu✳ ❯s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦
♣♦r ♣❛rt❡s ❡ ♦ ❢❛t♦ q✉❡ ∂u/∂n = 0 ❡♠ ∂Ω✱ t❡♠♦s

D(u, v) =

∫

Ω

∆uv +

∫

Ω

λuv = (Lu, v)L2(Ω), ∀ v ∈ H1(Ω).

P♦rt❛♥t♦✱ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ 7.32 ❞❡ ❋♦❧❧❛♥❞ ❬✼❪✱ s❡❣✉❡ q✉❡ u ∈ Hk+2(Ω).
❆❣♦r❛✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈ ✭✐✳❡✳✱ ♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✷✮
t❡♠♦s q✉❡ u ∈ C∞(Ω̄).

✷✷



❖❜s❡r✈❛çã♦ ✷✳✺✳✷✸✳ P❡❧♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r ❛s ❛✉t♦❢✉♥çõ❡s ❞❛❞❛s ♥♦ ▲❡♠❛
✷✳✺✳✷✶ ❡stã♦ ❡♠ L∞(Ω)✱ ♣♦✐s✱ ❝♦♠♦ Ω é ❧✐♠✐t❛❞♦✱ Ω̄ é ❝♦♠♣❛❝t♦✳ ▼❛s✱ t♦❞❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♠♣❛❝t♦ ❛❞♠✐t❡ ♠á①✐♠♦ ❡ ♠í♥✐♠♦✳ ❆ss✐♠✱
s❡ v é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❛❞❛ ♥♦ ▲❡♠❛ ✷✳✺✳✷✶✱ s❡❣✉❡ q✉❡

‖v‖L∞(Ω) = ess sup|v| = sup
x∈Ω

|v(x)| ≤ ∞.

▲❡♠❛ ✷✳✺✳✷✹✳ ❯♠❛ ❢✉♥çã♦ F ∈ L∞(R) ♣❡rt❡♥❝❡ ❛ W 1,∞(R) s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|F (x)− F (y)| ≤ |x− y| q✳t✳♣ x, y ∈ R.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ Pr♦♣♦s✐çã♦ 8.4 ❞❡ ❇r❡③✐s ❬✷❪✳

❊♥✉♥❝✐❛♠♦s ♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ❝♦♠♦ ❡♠ ❑❛✈✐❛♥ ❬✶✷❪ ❚❡♦r❡♠❛ ✶✻✳✼✳

❚❡♦r❡♠❛ ✷✳✺✳✷✺✳ ❙❡❥❛♠ 1 ≤ q ≤ p < d✱ Ω ✉♠ ❛❜❡rt♦ ❞❡ Rd ❡ f ✉♠❛ ❢✉♥çã♦
❞❡ R ❡♠ R✳ ❉❡✜♥✐♠♦s B(u) := f(u(·))✱ ♦♥❞❡ u é ✉♠❛ ❢✉♥çã♦ ❞❡ Ω ❡♠ R✳
❊♥tã♦✱ B é ✉♠ ♦♣❡r❛❞♦ ❝♦♥tí♥✉♦ ❞❡ W 1,p(Ω) ❡♠ W 1,q(Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f
é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛ ❡ s✉❛ ❞❡r✐✈❛❞❛ ✭q✉❡ ❡①✐st❡ q✳t✳♣ ❡♠ R✮ s❛t✐s❢❛③ ❛
s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✿

∃ a, b ≥ 0, t❛❧ q✉❡ ∀ s ∈ R, |f ′(s)| ≤ a+ b|s|d(p−q)/(qN−qp).

❙❡ 1 ≤ p ≤ ∞ ❡ f é ❧✐♣s❝❤✐t③✐❛♥❛ ❡♠ R✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ u ∈ W 1,p(Ω) t❡♠♦s
q✉❡ B(u) ∈ W 1,p(Ω) ❡

∇B(u) = f ′(u)∇u q✳t✳♣ ❡♠ Ω.

❆❧é♠ ❞✐ss♦✱ s❡ 1 ≤ p <∞✱ ♦ ♦♣❡r❛❞♦r B é ❝♦♥tí♥✉♦ ❞❡ W 1,p(Ω) ❡♠ W 1,p(Ω)
✭❡♠ ❣❡r❛❧ s❡ p = ∞✱ B ♥ã♦ é ❝♦♥tí♥✉♦ ❞❡ W 1,∞(Ω) ❡♠ W 1,∞(Ω)✮✳

▲❡♠❛ ✷✳✺✳✷✻✳ ❙❡❥❛ u ∈ H1(Ω)✱ ❡♥tã♦ u−, u+ ∈ H1(Ω) ❡

∇u− =

{

−∇u s❡ u < 0
0 s❡ u ≥ 0,

✭✷✳✺✳✼✮

∇u+ =

{

∇u s❡ u > 0
0 s❡ u ≤ 0.

✭✷✳✺✳✽✮

✷✸



❉❡♠♦♥str❛çã♦✳ P❛r❛ ǫ > 0✱ ❞❡✜♥❛

fǫ(u) =

{

−(u2 + ǫ2)1/2 − ǫ s❡ u < 0
0 s❡ u ≥ 0.

❆♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ✭✐✳❡✳✱ ♦ ❚❡♦r❡♠❛ ✷✳✺✳✷✺✮ t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r
ϕ ∈ C1

c (Ω)

∫

Ω

fǫ
∂ϕ

∂xi
= −

∫

u<0

ϕ
∂fǫ(u)

∂xi

= −

∫

u<0

ϕf ′
ǫ(u)

∂u

∂xi

= −

∫

u<0

ϕ

(

−
u

(u2 + ǫ2)1/2

)

∂u

∂xi
.

❆♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ ǫ→ 0✱ ♦❜t❡♠♦s

∫

Ω

(u−)
∂ϕ

∂xi
= −

∫

u<0

ϕ

(

−
∂u

∂xi

)

,

❞♦♥❞❡ s❡❣✉❡ q✉❡ u− ∈ H1(Ω) ❡ ✈❛❧❡ ✭✷✳✺✳✼✮✳
❆❣♦r❛✱ ❡s❝♦❧❤❡♥❞♦

fǫ(u) =

{

(u2 + ǫ2)1/2 − ǫ s❡ u > 0
0 s❡ u ≤ 0

❡ ♣r♦❝❡❞❡♥❞♦ ❛♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ u+ ∈ H1(Ω) ❡ q✉❡ ✈❛❧❡ ✭✷✳✺✳✽✮✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ♥❛ ✈❡r❞❛❞❡ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❚❡♦r❡♠❛ 1 ❞❡
❬✷✷❪✳

❈♦r♦❧ár✐♦ ✷✳✺✳✷✼✳ ❈♦♥s✐❞❡r❡ Ω ✉♠ ❞♦♠í♥✐♦ ❛❜❡rt♦ ❞❡ R
d ❝♦♠ 1 ≤ d ≤ 3✱

♦♥❞❡ ∂Ω é C∞✳ ❙❡ u, v ∈ H1(Ω)✱ ❡♥tã♦ uv ∈ W 1,4/3(Ω).

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❡s❝♦❧❤❡r m = 1✱ p = q = 2 ❡ r = 4/3 ♥♦ ❚❡♦r❡♠❛ 1 ❡♠
❬✷✷❪✳

✷✹



✷✳✺✳✹ ❊s♣❛ç♦s ❡♥✈♦❧✈❡♥❞♦ t❡♠♣♦

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ ♥♦r♠❛ ‖ · ‖✳ ❈♦♥s✐❞❡r❡ T > 0 ✜①❛❞♦✳

❉❡✜♥✐çã♦ ✷✳✺✳✷✽✳ ✶✳ ❖ ❡s♣❛ç♦ Lp(0, T ;X) ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s
♠❡♥s✉rá✈❡✐s u : [0, T ] → X ❝♦♠

‖u‖Lp(0,T ;X) =

(∫ T

0

‖u(t)‖dt

)1/p

<∞

♣❛r❛ 1 ≤ p <∞, ❡

‖u‖L∞(0,T ;X) = ess supt∈[0,T ]‖u(t)‖ ≤ ∞.

✷✳ ❖ ❡s♣❛ç♦ C([0, T ];X) ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s u : [0, T ] →
X t❛✐s q✉❡

‖u‖C([0,T ],X) = max
t∈[0,T ]

‖u(t)‖ ≤ ∞.

✸✳ ❖ ❡s♣❛ç♦W 1,p(0, T ;X) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u ∈ Lp(0, T ;X)
t❛❧ q✉❡ ❡①✐st❡ v ∈ Lp(0, T ;X) s❛t✐s❢❛③❡♥❞♦

∫ T

0

φ′(t)u(t)dt = −

∫ T

0

φ(t)v(t) ∀ φ ∈ C∞
c (0, T ).

◆♦ ❝❛s♦ ❡♠ q✉❡ v ❡①✐st❡ ❞✐③❡♠♦s q✉❡ v é ❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❡ u ❡ ❞❡♥♦✲
t❛♠♦s v := u′.

❯♠ ❢❛t♦ q✉❡ ✉s❛r❡♠♦s ❢r❡q✉❡♥t❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ é q✉❡
(L2(0, T ;H1(Ω)))′ é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ L2(0, T ; (H1(Ω))′)✱ ❞❡♥♦t❛✲
r❡♠♦s ♣♦r✿

L2(0, T ;H1(Ω))′ ≈ L2(0, T ;H1(Ω)′).

❊ss❡ r❡s✉❧t❛❞♦ é ♥❛ ✈❡r❞❛❞❡ ♠❛✐s ❣❡r❛❧ q✉❡ ✐ss♦✳ ❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛
1.4.19 ❞❡ ❬✺❪✱ t❡♠♦s✿

❚❡♦r❡♠❛ ✷✳✺✳✷✾✳ ❙❡ 1 ≤ p <∞ ❡ X é r❡✢❡①✐✈♦ ♦✉ s❡ X ′ é s❡♣❛rá✈❡❧✱ ❡♥tã♦
(Lp(0, T ;X))′ ≈ Lp∗(0, T ;X ′)✳ ❆❧é♠ ❞✐ss♦✱ ❙❡ 1 < p < ∞ ❡ X é r❡✢❡①✐✈♦✱
❡♥tã♦ Lp(0, T ;X) é r❡✢❡①✐✈♦✳

P♦st❡r✐♦r♠❡♥t❡ ✈❡r❡♠♦s q✉❡ ♦ ♣ró①✐♠♦ t❡♦r❡♠❛ t❡♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥✲
t❛❧ ♥❡st❡ tr❛❜❛❧❤♦✳

✷✺



❚❡♦r❡♠❛ ✷✳✺✳✸✵✳ ❙❡❥❛♠ X, B ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ♦♥❞❡ X ⊂ B ⊂ Y

❝♦♠ X
c
→֒ B✳

✶✳ ❙❡❥❛♠ F ❧✐♠✐t❛❞♦ ❡♠ Lp(0, T ;X) ♦♥❞❡ 1 ≤ p < ∞ ❡ s❡❥❛ ∂F
∂t

=
{

∂f
∂t

: f ∈ F
}

❧✐♠✐t❛❞♦ ❡♠ L1(0, T ;Y )✳ ❊♥tã♦✱ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠✲
♣❛❝t♦ ❡♠ Lp(0, T ;B).

✷✳ ❙❡❥❛♠ F ❧✐♠✐t❛❞♦ ❡♠ L∞(0, T ;X) ❡ ∂F
∂t

❧✐♠✐t❛❞♦ ❡♠ Lr(0, T ;Y ) ♣❛r❛
❛❧❣✉♠ r > 1✳ ❊♥tã♦✱ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C([0, T ];B).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❈♦r♦❧ár✐♦ 4 ❡♠ ❙✐♠♦♥ ❬✷✶❪✳

▲❡♠❛ ✷✳✺✳✸✶✳ ❙❡❥❛ ψ ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;H1(Ω)′). ❊♥tã♦✱

ψ ∈ C([0, T ];L2(Ω)).

❆❧é♠ ❞✐ss♦✱
〈

∂ψ

∂t
, ψ

〉

=
1

2

d

dt
‖ψ‖2L2(Ω).

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ t❡♠♦s q✉❡

H1(Ω) ⊂ L2(Ω)

❝♦♠ ✐♥❝❧✉sã♦ ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ✐♥❝❧✉sã♦ é ❝♦♠♣❛❝t❛✱ ✉s❛♥❞♦ ♦
❚❡♦r❡♠❛ ✷✳✹✳✹ ♦❜t❡♠♦s q✉❡

(L2(Ω))′ ⊂ (H1(Ω))′

❡ ❛ ✐♥❝❧✉sã♦ é ❝♦♥tí♥✉❛✳
P❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✾ s❡❣✉❡ q✉❡

L2(Ω) = C∞(Ω̄)
L2(Ω)

⊂ H1(Ω)
L2(Ω)

⊂ L2(Ω)
L2(Ω)

= L2(Ω),

♦✉ s❡❥❛✱ H1(Ω) é ❞❡♥s♦ ❡♠ L2(Ω).
➱ ✈❡r❞❛❞❡ t❛♠❜é♠ q✉❡ (L2(Ω))′ é ❞❡♥s♦ ❡♠ (H1(Ω))′✳ ◆❛ ✈❡r❞❛❞❡✱ ❞❛❞♦s

H ❡ V ❞♦✐s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ♦♥❞❡ ❛ ✐♥❝❧✉sã♦ ❞❡ V ❡♠ H é ❝♦♥tí♥✉❛✱
V é ❞❡♥s♦ ❡♠ H ❡ V é r❡✢❡①✐✈♦✱ s❡❣✉❡ q✉❡ i′(H ′) é ❞❡♥s♦ ❡♠ V ′✱ ♦♥❞❡
i′ : H ′ → V ′ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞✉❛❧ ❞♦ ♦♣❡r❛❞♦ ✐♥❝❧✉sã♦✳ ■ss♦ ♣♦❞❡ s❡r ✈✐st♦
♥❛ ♦❜s❡r✈❛çã♦ ✸ ♥♦ ❝❛♣ít✉❧♦ ✺ ❞❡ ❬✷❪✳

✷✻



❊♥tã♦✱
H1(Ω) ⊂ L2(Ω) ≡ (L2(Ω))′ ⊂ (H1(Ω))′

♦♥❞❡ ❛s ✐♥❝❧✉sõ❡s sã♦ ❝♦♥tí♥✉❛s✱ ❡ ❝❛❞❛ ❡s♣❛ç♦ é ❞❡♥s♦ ♥♦ s❡❣✉✐♥t❡✳ ❆ss✐♠✱
❡ss❡ r❡s✉❧t❛❞♦ é✱ ♥❛ ✈❡r❞❛❞❡✱ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ▲❡♠❛ ✶✳✷ ❞♦ ❝❛♣ít✉❧♦ ■■■
❞❡ ❬✷✵❪✳

❚❡♦r❡♠❛ ✷✳✺✳✸✷✳ ❙❡❥❛ Ω ⊂ R
d ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦✱ ❝♦♠ ❢r♦♥✲

t❡✐r❛ ∂Ω ❞❡ ❝❧❛ss❡ C∞. ❙❡❥❛ k ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❡ s✉♣♦♥❤❛ q✉❡ ψ ∈
L2(0, T ;Hk+2(Ω)) ∩H1(0, T ;Hk(Ω)). ❊♥tã♦✱

ψ ∈ C([0, T ];Hk+1(Ω)).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ 4 ❞❛ s❡çã♦ 5.9.2 ❞❡ ❬✻❪✳

✷✼



✷✽



❈❛♣ít✉❧♦ ✸

Pr♦❜❧❡♠❛ ♥ã♦ ❉❡❣❡♥❡r❛❞♦

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ r❡❣✉❧❛r✐❞❛❞❡✱
❡st❛❜✐❧✐❞❛❞❡✱ ✉♥✐❝✐❞❛❞❡ ❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮ q✉❡✱ ❝♦♠♦ ❢♦✐ ❞✐t♦ ♥❛ ✐♥tr♦❞✉çã♦✱ é ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡
❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❛ss♦❝✐❛❞♦ ❛ ✉♠ ♠♦❞❡❧♦ ❞♦ t✐♣♦ ❝❛♠♣♦ ❞❡ ❢❛s❡
♣❛r❛ ❛ s♦❧✐❞✐✜❝❛çã♦ ❞❡ ❧✐❣❛s ❜✐♥ár✐❛s ❝♦♠ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡✳ ❱❛♠♦s
❝♦♥s✐❞❡r❛r ✉♠ ♠♦❞❡❧♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦✱ ✐st♦ é✱ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦ D1 é
❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳

▲❡♠❜r❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ❡♠ q✉❡stã♦ ❡♥✈♦❧✈❡ ❛ ❝♦♥❝❡♥tr❛çã♦ r❡❧❛t✐✈❛ c ❡
✉♠ ♦✉tr♦ ♣❛râ♠❡tr♦ φ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❡st❛❞♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦ ❞❛ ❧✐❣❛ ❝♦♠♦
s❡♥❞♦ ✐❣✉❛❧ ❛ 0 s❡ ♦ s✐st❡♠❛ ❡stá ❡♠ ✉♠ ❡st❛❞♦ só❧✐❞♦ ❡ ✐❣✉❛❧ ❛ 1 s❡ ❡stá ❡♠
✉♠ ❡st❛❞♦ ❧íq✉✐❞♦✳

❱❡❥❛ ❡♠ ✭✶✳✵✳✼✮✲✭✶✳✵✳✽✮ q✉❡D1 ❡D2 sã♦ ❛♠❜❛s ❧✐♠✐t❛❞❛s ❡ ▲✐♣s❝❤✐t③✱ ❡♥tã♦
♦ ♣r♦❞✉t♦ ❞❡ss❛s ❢✉♥çõ❡s t❛♠❜é♠ é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ❡ ▲✐♣s❝❤✐t③✳ ❉❡ss❛
❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ q✉❡ ❞á ❛ ❡✈♦❧✉çã♦ ♥♦ t❡♠♣♦
❞❡ c ❡ φ✿























































∂φ

∂t
= ǫ2∆φ+ F1(φ) + cF2(φ) ❡♠ Ω× (0,+∞),

∂c

∂t
= div(D1(φ)∇c+D2(c, φ)∇φ) ❡♠ Ω× (0,+∞),

∂φ

∂n
=
∂c

∂n
= 0 ❡♠ ∂Ω× (0,+∞),

φ(0) = φ0, c(0) = c0 ❡♠ Ω,

✭✸✳✵✳✶✮

✷✾



♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ R
d✱ ❝♦♠ 1 ≤ d ≤ 3✱ ❛ ❢r♦♥t❡✐r❛

∂Ω é C∞✱ n é ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦s ♥♦r♠❛✐s ❛ ∂Ω✱ ǫ é ✉♠❛ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛ ❞❛❞❛✳

◆❡st❡ ❝❛♣ít✉❧♦ ❛ss✉♠✐r❡♠♦s q✉❡ ❛s ❢✉♥çõ❡s F1, F2, D1 ❡ D2 s❛t✐s❢❛③❡♠
❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

✭❍✶✮ F1, F2 ∈ C(R) sã♦ ❢✉♥çõ❡s ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛s✱ ❝♦♠

|Fi(r)| ≤M1, ♣❛r❛ i = 1, 2 ❡ ∀ r ∈ R.

✭❍✷✮ D1 ∈ C(R) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ♣♦s✐t✐✈❛ ❡ ❧✐♠✐t❛❞❛✱ ❝♦♠

0 < Ds ≤ D1(r) ≤ D1, ∀r ∈ R,

♦♥❞❡ Ds ❡ D1 sã♦ ❝♦♥st❛♥t❡s✳

✭❍✸✮ D2 ∈ C(R× R) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛✱ ❝♦♠

|D2(r1, r2)| ≤M2, ∀(r1, r2) ∈ R× R.

❱❡r❡♠♦s ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✻✳✷ q✉❡ ❡ss❛s ❤✐♣ót❡s❡s ♠❛t❡♠át✐❝❛s ❢❛③❡♠ s❡♥✲
t✐❞♦ ❢ís✐❝♦✳

▲❡♠❜r❡ q✉❡ QT = Ω× (0, T )✳

✸✳✶ ❉❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❡ ❢♦rt❡

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐♠♦s ♦ q✉❡ s✐❣♥✐✜❝❛ ♦ ♣❛r (φ, c) s❡r s♦❧✉çã♦ ❞♦ ♣r♦✲
❜❧❡♠❛ ✭✸✳✵✳✶✮✳

❆ tít✉❧♦ ❞❡ ♠♦t✐✈❛çã♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ c ❡ φ ❢✉♥çõ❡s s✉❛✈❡s s❛t✐s❢❛✲
③❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✵✳✶✮ ♣♦r
v ❡ ❛ s❡❣✉♥❞❛ ♣♦r w✱ ♦♥❞❡ v ❡ w ❡stã♦ ❡♠ C∞(Ω)✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω ❡
✉t✐❧✐③❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s

∫

Ω

∂φ

∂t
vdx + ǫ2

∫

Ω

∇φ · ∇vdx =

∫

Ω

(F1(φ) + cF2(φ))vdx ,

∫

Ω

∂c

∂t
wdx +

∫

Ω

(D1(φ)∇c+D2(c, φ)∇φ) · ∇wdx = 0.

✸✵



■ss♦ ✐♥❞✉③ ❛ s❡❣✉✐♥t❡ q✉❡stã♦✿ é ♣♦ssí✈❡❧ ✏❛♥❞❛r♠♦s✑ ♥❛ ❞✐r❡çã♦ ❝♦♥trár✐❛✱
♦✉ s❡❥❛✱ s❡ ❡①✐st❡♠ c ❡ φ ❢✉♥çõ❡s s✉❛✈❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❞✉❛s ú❧t✐♠❛s ❡q✉❛çõ❡s
t❛✐s q✉❡ c(0) = c0 ❡ φ(0) = φ0✱ ❡♥tã♦ ❡ss❛s ❢✉♥çõ❡s s❛t✐s❢❛③❡♠ ✭✸✳✵✳✶✮❄

◆❛ ✈❡r❞❛❞❡✱ ♣♦❞❡♠♦s ❡♥❢r❛q✉❡❝❡r ❡ss❛ ♣❡r❣✉♥t❛ ❛té ♦ ♣♦♥t♦ ❡♠ q✉❡ ❝♦♥t✐✲
♥✉❛♠ ❢❛③❡♥❞♦ s❡♥t✐❞♦ ❛s ✐♥t❡❣r❛✐s ♥❛s ❞✉❛s ú❧t✐♠❛s ✐❣✉❛❧❞❛❞❡s✱ ✐✳❡✱ ♣♦❞❡♠♦s
❝♦❧♦❝❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿ s❡ φ, c ∈ L2(0, T ;H1(Ω)) ∩ H1(0, T ;L2(Ω)),
♣❛r❛ ❛❧❣✉♠ T > 0 ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ❡ s✉♣♦♥❞♦ q✉❡ c(0) = c0✱ φ(0) = φ0

❡ ❛s ❞✉❛s ✐❣✉❛❧❞❛❞❡s ✈❛❧❡♠ ♣❛r❛ t♦❞♦ v, w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T ), ❡♥tã♦✱
φ ❡ c s❛t✐s❢❛③❡♠ ✭✸✳✵✳✶✮❄

P♦❞❡♠♦s ✏❡♥❢r❛q✉❡❝❡r✑ ♠❛✐s ❛✐♥❞❛ ❡ss❛ ♣❡r❣✉♥t❛✳ P❛r❛ ✐ss♦ ❝♦❧♦❝❛♠♦s ❛
s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ T > 0 ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r
(φ, c) ∈ L2(0, T ;H1(Ω))2 ∩ H1(0, T ;H1(Ω)′)2, é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ s❡ c(0) = c0✱ φ(0) = φ0 ❡ ✈❛❧❡♠

〈

∂φ

∂t
, v

〉

+ ǫ2
∫

Ω

∇φ · ∇vdx =

∫

Ω

(F1(φ) + cF2(φ))vdx , ✭✸✳✶✳✶✮
〈

∂c

∂t
, w

〉

+

∫

Ω

(D1(φ)∇c+D2(c, φ)∇φ) · ∇wdx = 0 ✭✸✳✶✳✷✮

♣❛r❛ t♦❞♦ v✱ w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ▲❡♠❜r❛♥❞♦ q✉❡ ♦ sí♠❜♦❧♦ 〈·, ·〉
❞❡♥♦t❛ ♦ ♣❛r❛ ❞✉❛❧ 〈·, ·〉H1(Ω)′,H1(Ω).

❊♥tã♦✱ ❛ ♣❡r❣✉♥t❛ ❛❣♦r❛ ✜❝❛✿ s❡ (φ, c) é s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✱
❡♥tã♦ (φ, c) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s ❡♠ ✭✸✳✵✳✶✮❄

❯♠❛ s✐t✉❛çã♦ ♦♥❞❡ ❡ss❛ ú❧t✐♠❛ ♣❡r❣✉♥t❛✱ ❡♠ ✉♠ ❝❡rt♦ s❡♥t✐❞♦✱ é r❡s♣♦♥✲
❞✐❞❛ ❞❡ ❢♦r♠❛ ❛✜r♠❛t✐✈❛✱ é ❞❛❞❛ ♥❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿

❖❜s❡r✈❛çã♦ ✸✳✶✳✷✳ ❙❡ (φ, c) ∈ L2(0, T ;H2(Ω))2 ∩H1(0, T ;L2(Ω))2 ♥❛ ❞❡✜✲
♥✐çã♦ ❛♥t❡r✐♦r✱ ❡♥tã♦ t❡r❡♠♦s

∫

Ω

∂φ

∂t
vdx + ǫ2

∫

Ω

∇φ · ∇vdx =

∫

Ω

(F1(φ) + cF2(φ))vdx , ✭✸✳✶✳✸✮
∫

Ω

∂c

∂t
wdx +

∫

Ω

(D1(φ)∇c+D2(c, φ)∇φ) · ∇wdx = 0, ✭✸✳✶✳✹✮

♣❛r❛ t♦❞♦ v✱ w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ v✱
w ∈ C∞

c (Ω). ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ♥❛s ❞✉❛s ❡q✉❛çõ❡s ❝♦♠

✸✶



v✱ w ∈ C∞
c (Ω)✱ s❡❣✉❡ q✉❡

∫

Ω

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

vdx = 0,

∫

Ω

(

∂c

∂t
− div(D1(φ)∇c+D2(c, φ)∇φ)

)

wdx = 0,

♣❛r❛ t♦❞♦ v✱ w ∈ C∞
c (Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❊♥tã♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✻✱

♦❜t❡♠♦s
∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT ,

∂c

∂t
= div(D1(φ)∇c+D2(c, φ)∇φ) q✳t✳♣ ❡♠ QT .

✭✸✳✶✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ✐♥t❡❣r❛r♠♦s ✭✸✳✶✳✸✮ ❡ ✭✸✳✶✳✹✮ ♣♦r ♣❛rt❡s ❝♦♠ v✱ w ∈ H1(Ω)✱
s❡❣✉❡ q✉❡

∫

Ω

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

v +

∫

∂Ω

∂φ

∂n
v = 0,

∫

Ω

(

∂c

∂t
− div(D1(φ)∇c+D2(c, φ)∇φ)

)

w

+

∫

∂Ω

(

D1(φ)
∂c

∂n
+D(c, φ)

∂φ

∂n

)

w = 0,

♣❛r❛ t♦❞♦ v✱ w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❯s❛♥❞♦ ✭✸✳✶✳✺✮✱ t❡♠♦s
∫

∂Ω

∂φ

∂n
v = 0,

∫

∂Ω

(

D1(φ)
∂c

∂n
+D(c, φ)

∂φ

∂n

)

w = 0,

♣❛r❛ t♦❞♦ v✱ w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❈♦♠♦ D1 é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✱
s❡❣✉❡ q✉❡

∂φ

∂n
=
∂c

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ).

❊ss❛ ♦❜s❡r✈❛çã♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❉✐③❡♠♦s q✉❡ (φ, c) ∈ L2(0, T ;H2(Ω))2 ∩H1(0, T ;L2(Ω))2,
é ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ s❡ c(0) = c0✱ φ(0) = φ0 ❡ ✈❛❧❡♠

✸✷



∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT ,

∂c

∂t
= div(D1(φ)∇c+D2(c, φ)∇φ) q✳t✳♣ ❡♠ QT ,

∂φ

∂n
=
∂c

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ).

◆❛ ✈❡r❞❛❞❡✱ ❛s ❝♦♥t❛s q✉❡ ✜③❡♠♦s ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ❞❡♠♦♥str❛ ♦ s❡✲
❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✸✳✶✳✹✳ ❙❡❥❛♠ (φ, c) s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ ❙✉♣♦♥❤❛ q✉❡

(φ, c) ∈ L2(0, T ;H2(Ω))2 ∩H1(0, T ;L2(Ω))2.

❊♥tã♦✱ (φ, c) é s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳

◆♦ss♦ ♣r✐♠❡✐r♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ♠♦str❛r q✉❡ ♣❛r❛ q✉❛✐sq✉❡r
(φ0, c0) ∈ L2(Ω) × L2(Ω) ❡ T > 0✱ ❡①✐st❡ s♦❧✉çã♦ ❢r❛❝❛ ✭♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✲
✜♥✐çã♦ ✸✳✶✳✶✮ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s s❡❣✉✐r ❛ s❡❣✉✐♥t❡
❡✉ríst✐❝❛✿

✶✳ ❈♦♥str✉çã♦ ❡ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦✿ ❛ ❣r♦ss♦ ♠♦❞♦✱
✈❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ Vm ❝r❡s❝❡♥t❡ ❞❡ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥✲
sã♦ ✜♥✐t❛ ❞❡ L2(Ω)✱ ♦♥❞❡ ♦ ❧✐♠✐t❡ ❞❡ss❛ s❡q✉ê♥❝✐❛ é ❞❡♥s♦ ❡♠ L2(Ω)
❡ H1(Ω)✳ P❛r❛ ❝❛❞❛ Vm ✈❛♠♦s ❞❡❞✉③✐r ✉♠ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ q✉❡
s❡rá r❡s✉♠✐❞♦ ❛ ✉♠ s✐st❡♠❛ ❞❡ ❊❉❖✳ ❆ss✐♠✱ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦
s❡rá r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ❊❉❖✳

✷✳ ❊st✐♠❛t✐✈❛s ❛ ♣r✐♦r✐ ✿ ❜❛s✐❝❛♠❡♥t❡✱ ✈❛♠♦s ❡st✐♠❛r ❛ s❡q✉ê♥❝✐❛ ❞❡ s♦✲
❧✉çõ❡s ❝✐t❛❞❛s ❞♦ ✐t❡♠ ❛♥t❡r✐♦r ❡ s✉❛s ❞❡r✐✈❛❞❛s ♥♦ t❡♠♣♦ ♣♦r ✉♠❛
❝♦♥st❛♥t❡ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✳

✸✳ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡✿ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s t♦♠❛r ♦ ❧✐♠✐t❡ ❞❡ ✉♠❛
s✉❜s❡q✉ê♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❡ ♠♦str❛r q✉❡ é ✉♠❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦ ✐t❡♠ ❛♥t❡r✐♦r ❡ ❛r❣✉♠❡♥t♦s ❞❡
❝♦♠♣❛❝✐❞❛❞❡ ✈ã♦ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ❧✐♠✐t❡✳
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✸✳✷ Pr♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❡ ♠♦str❛r q✉❡ ♦ ♠❡s♠♦
t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳ ❆♣❧✐❝❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✳

P❡❧♦ ▲❡♠❛ ✷✳✺✳✷✶ t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r

∆u+ λu = 0, u ∈ H1(Ω)

t❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛✉t♦✈❛❧♦r❡s

0 = λ1 ≤ λ2 ≤ · · · ≤ λm ≤ · · ·

♦♥❞❡ ❛s ❛✉t♦❢✉♥çõ❡s {vj}1≤j ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ❡♠
L2(Ω)✱ ❡ ♣❛r❛ t♦❞♦ i✱ vi s❛t✐s❢❛③

∂vi
∂n

= 0 em ∂Ω.

❆❧é♠ ❞♦ ♠❛✐s✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✷✷ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ i vi ∈ C∞(Ω̄) ❡
{vj}1≤j ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦❣♦♥❛❧ ❝♦♠♣❧❡t♦ ❞❡ H1(Ω)✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦
✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s

(∇vj,∇vk)L2(Ω) =

∫

Ω

∇vi · ∇vkdx

=

∫

Ω

vj
∂vk
∂n

dx +

∫

Ω

vj(−∆vk)dx

=

∫

Ω

vjλkvkdx = λk(vj, vk)L2(Ω) = λkδjk

♣❛r❛ t♦❞♦ j, k ≥ 1.

❉❡♥♦t❛r❡♠♦s ♣♦r Vm := span{vj}1≤j≤m ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r
{vj}1≤j≤m. ❊♥tã♦ ∪m≥1Vm = span{vj}j≥1 é ❞❡♥s♦ ❡♠ L2(Ω) ❡ ❡♠ H1(Ω)✱
♣♦✐s {vj}j≥1 é ❝♦♠♣❧❡t♦ ❡♠ L2(Ω) ❡ H1(Ω)✳ ❈♦♠♦ Vm é ✉♠ s✉❜❡s♣❛ç♦ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ L2(Ω) ❢❛③ s❡♥t✐❞♦ ❞❡✜♥✐r pm : L2(Ω) −→ Vm✱ ❛ ♣r♦❥❡çã♦
♦rt♦❣♦♥❛❧ ❡♠ Vm✳ P❛r❛ ❝❛❞❛ m ≥ 1✱ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❞❡
❡♥❝♦♥tr❛r φm, cm ∈ H1(0, T ;Vm) s❛t✐s❢❛③❡♥❞♦

✸✹





























∫

Ω

∂φm
∂t

vdx + ǫ2
∫

Ω

∇φm · ∇vdx =

∫

Ω

(F1(φm) + cmF2(φm))vdx ,
∫

Ω

∂cm
∂t

wdx +

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇wdx = 0,

∀ v, w ∈ Vm ❡ q✳t✳♣ t ∈ (0, T ),
φm(0) = pmφ0 ∈ Vm, cm(0) = pmc0 ∈ Vm.

✭✸✳✷✳✶✮
◆♦ss♦ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧ é ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ t❡♠ ✉♠❛ s♦❧✉çã♦

❢r❛❝❛✱ ♦✉ s❡❥❛✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ ❡①✐st❡♠ φ ❡ c s❛t✐s❢❛③❡♥❞♦ ❛ ❉❡✜♥✐çã♦
✸✳✶✳✶✳ ▼❛s✱ s❡ φ, c ∈ L2(0, T ;H1(Ω)) ∩ L2(0, T ;H1(Ω)′)✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✸✶
t❡♠♦s q✉❡ φ, c ∈ C([0, T ];L2(Ω)). ❊♥tã♦✱ ♣❛r❛ q✉❡ ❢❛ç❛ s❡♥t✐❞♦ ❛s ❝♦♥❞✐çõ❡s
✐♥✐❝✐❛✐s ✭φ(0) = φ0 ❡ c(0) = c0✮✱ ♥♦ ♠í♥✐♠♦ t❡♠♦s q✉❡ ♣❡❞✐r q✉❡ (φ0, c0) ∈
L2(Ω)× L2(Ω).

❆♥t❡s ❞❡ ♠♦str❛r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✱ t❡r❡✲
♠♦s q✉❡ ♠♦str❛r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ✭✸✳✷✳✶✮✳
◆♦t❡ q✉❡ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦✲
❜❧❡♠❛ ✭✸✳✷✳✶✮ tr♦❝❛♥❞♦ v ❡ w ♣♦r ✈❡t♦r❡s ❛r❜✐trár✐♦s ❞❛ ❜❛s❡ ❞❡ Vm. ❆❧é♠
❞✐ss♦✱ ❝♦♠♦ ❡st❛♠♦s ♣r♦❝✉r❛♥❞♦ s♦❧✉çã♦ ❡♠ H1(0, T ;Vm)✱ s❡❣✉❡ q✉❡ t❛✐s s♦✲
❧✉çõ❡s ✭❝❛s♦ ❡①✐st❛♠✮ ❞❡✈❡♠ t❡r ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

φm(t) =
m
∑

i=1

ϕim(t)vi, cm(t) =
m
∑

i=1

cim(t)vi. ✭✸✳✷✳✷✮

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✷✳✷✮ ❡♠ ✭✸✳✷✳✶✮ ❡ t♦♠❛♥❞♦ v = vk✱ t❡♠♦s ♣❛r❛ t♦❞♦
1 ≤ k ≤ m

∫

Ω

(F1(φm) + cmF2(φm))vk

=

∫

Ω

∂

∂t

(

m
∑

i=1

ϕim(t)vi

)

vk + ǫ2
∫

Ω

∇

(

m
∑

i=1

ϕim(t)vi

)

· ∇vk

=
m
∑

i=1

∂ϕim(t)

∂t

∫

Ω

vivk + ǫ2
m
∑

i=1

ϕim(t)

∫

Ω

∇vi · ∇vk

=
m
∑

i=1

∂ϕim(t)

∂t

∫

Ω

vivk − ǫ2
m
∑

i=1

ϕim(t)

∫

Ω

∆vivk

=
∂ϕkm(t)

∂t
+ λkǫ

2ϕkm(t),

✸✺



♦♥❞❡ ✉s❛♠♦s ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ q✉❡ vi é ❛✉t♦❢✉♥çã♦ ❞♦ ❧❛♣❧❛❝✐❛♥♦✳ ❆♥❛✲
❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s q✉❡

−

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇vk =
∂ckm(t)

∂t

♣❛r❛ t♦❞♦ 1 ≤ k ≤ m✳ ❉❡✜♥❛✱

Um(t) =

(

(ϕim(t))
(cim(t))

)

∈ R
2m,

F(Um(t)) =







(

∫

Ω

(F1(φm) + cmF2(φm))vi)

(−

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇vi)






∈ R

2m,

❡

B =























λ1ǫ
2 0 · · · 0 0 · · · 0

0 λ2ǫ
2 · · · 0 0 · · · 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
0 0 . . . λmǫ

2 0 · · · 0
0 0 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 · · · 0 0 · · · 0























∈ R
2m × R

2m.

❈♦♠♦ {vj}1≤j≤m é ✉♠❛ ❜❛s❡ ❞❡ Vm✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡s♦❧✈❡r ✭✸✳✷✳✶✮✱ é ❡q✉✐✈❛✲
❧❡♥t❡ ❛ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✿

{

U
′

m(t) + BUm(t) = F(Um(t)),
Um(0) = U0.

✭✸✳✷✳✸✮

❈♦♠♦ ✈❡r❡♠♦s ♥♦ ♣ró①✐♠♦ ❧❡♠❛✱ ❞❡ ❢❛t♦ ❡ss❡ ú❧t✐♠♦ s✐st❡♠❛ t❡♠ ú♥✐❝❛ s♦❧✉✲
çã♦✳

▲❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛ (φ0, c0) ∈ L2(Ω)×L2(Ω)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ m ≥ 1
♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮ t❡♠ ✉♠ ú♥✐❝❛ s♦❧✉çã♦ (φm, cm) ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ [0, Tm)✱
t❛❧ q✉❡

(φm, cm) ∈ C1([0, Tm);Vm × Vm).

✸✻



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G(t, Um(t)) = F(Um(t)) − BUm(t)✱ s❡ G é ❧♦❝❛❧♠❡♥t❡
▲✐♣s❝❤✐t③ ❝♦♠ r❡❧❛çã♦ ❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✷ ❡ ♣❡❧❛ ❖❜s❡r✈❛✲
çã♦ ✷✳✷✳✹✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ m ≥ 1 ♦ Pr♦❜❧❡♠❛ ✭✸✳✷✳✸✮ t❡♠ ú♥✐❝❛ s♦❧✉çã♦
Um(t) ❡♠ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ [0, Tm) ❝♦♠ Tm > 0 ❡ Um ∈ C1([0, Tm)).
❖✉ s❡❥❛✱ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮ t❡♠ ✉♠ ú♥✐❝❛ s♦❧✉çã♦ (φm, cm) ♥♦ ✐♥t❡r✈❛❧♦
[0, Tm) ❡ (φm, cm) ∈ C1([0, Tm);Vm × Vm). ❱❡❥❛♠♦s q✉❡ ❞❡ ❢❛t♦ G é ❧♦❝❛❧✲
♠❡♥t❡ ▲✐♣s❝❤✐t③ ❝♦♠ r❡❧❛çã♦ ❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ✐ss♦ ❜❛st❛
♣r♦✈❛r q✉❡ F(Um(t)) é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ♣❛r❛ ❝❛❞❛ t ∈ [0, T0)✱ ♦♥❞❡ T0 > 0✳
❙❡❥❛♠ Um ❡ Ūm ❡♠ ✉♠❛ ❜♦❧❛ ❡♠ R

2m ❞❡ r❛✐♦ R ❡ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✳ ❚❡♠♦s
q✉❡

|F(Um)− F(Ūm)|
2 = A+B,

♦♥❞❡

A =
m
∑

i=1

∣

∣

∣

∣

∫

Ω

(F1(φm)− F1(φ̄m) + cmF2(φm)− c̄mF2(φ̄m))vi

∣

∣

∣

∣

2

❡

B =
m
∑

i=1

∣

∣

∣

∣

∫

Ω

(

(D1(φm)∇cm −D1(φ̄m)∇c̄m
)

· ∇vi

∣

∣

∣

∣

2

+
m
∑

i=1

∣

∣

∣

∣

∫

Ω

(

D2(cm, φm)∇φm −D2(c̄m, φ̄m)∇φ̄m)
)

· ∇vi

∣

∣

∣

∣

2

.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s tr✐❛♥❣✉❧❛r ❡ ❞❡ ❍ö❧❞❡r✱ ❧❡♠❜r❛♥❞♦ q✉❡ vi ∈
L∞(Ω) ✭✈❡❥❛ ❛ ❖❜s❡r✈❛çã♦ ✷✳✺✳✷✸✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ t❛❧
q✉❡

|A|

≤ C

m
∑

i=1

(

∣

∣

∣

∣

∫

Ω

(F1(φm)− F1(φ̄m))vi

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∫

Ω

F2(φm)(cm − c̄m)vi

∣

∣

∣

∣

2
)

+C
m
∑

i=1

(

∣

∣

∣

∣

∫

Ω

c̄m(F2(φm)− F2(φ̄m))vi

∣

∣

∣

∣

2
)

≤ C

m
∑

i=1

(

‖F1(φm)− F1(φ̄m)‖
2
L2(Ω) + ‖F2(φm)(cm − c̄m)‖

2
L2(Ω)

)

‖vi‖L2(Ω)

+C
m
∑

i=1

(

‖vi‖
2
L∞(Ω)‖c̄m(F2(φm)− F2(φ̄m))‖

2
L1(Ω)

)

.

✸✼



❈♦♠♦ F1 é ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛✱ {vi}i≥1 sã♦ ♦rt♦♥♦r♠❛✐s ❡♠ L2(Ω) ❡ ✉s❛♥❞♦
♥♦✈❛♠❡♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡ C > 0✱ t❛❧
q✉❡

|A| ≤ C
(

‖φm − φ̄m‖
2
L2(Ω) + ‖cm − c̄m‖

2
L2(Ω)

)

+C
(

‖c̄m‖
2
L2(Ω)‖F2(φm)− F2(φ̄m)‖

2
L2(Ω)

)

.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ Ūm ❡stá ❡♠ ✉♠❛ ❜♦❧❛ ❞❡ r❛✐♦ R ❡ q✉❡ {vi}i≥1 sã♦ ♦rt♦✲
♥♦r♠❛✐s ❡♠ L2(Ω)✱ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ ‖c̄m‖L2(Ω) ≤ R✳ ❊♥tã♦✱ ✉s❛♥❞♦ q✉❡
F2 é ▲✐♣s❝❤✐t③✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

|A| ≤ C
(

‖φm − φ̄m‖
2
L2(Ω) + ‖cm − c̄m‖

2
L2(Ω)

)

.

P♦r ♠❡✐♦ ❞❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C > 0✱ t❛❧ q✉❡

|B| ≤ C
(

‖φm − φ̄m‖
2
H1(Ω) + ‖cm − c̄m‖

2
H1(Ω)

)

.

P♦rt❛♥t♦✱ ❧❡♠❜r❛♥❞♦ q✉❡ ‖∇vi‖
2
L2(Ω) = λi‖vi‖

2
L2(Ω)✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡♠

❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1 ❡ C2✱ t❛✐s q✉❡

|F(Um)− F(Ūm)|
2

≤ C
(

‖φm − φ̄m‖
2
H1(Ω) + ‖cm − c̄m‖

2
H1(Ω)

)

= C





∫

Ω

∣

∣

∣

∣

∣

m
∑

i=1

(ϕim(t)− ϕ̄im(t))vi

∣

∣

∣

∣

∣

2

+

∫

Ω

∣

∣

∣

∣

∣

m
∑

i=1

(cim(t)− c̄im(t))vi

∣

∣

∣

∣

∣

2




+ C





∫

Ω

∣

∣

∣

∣

∣

m
∑

i=1

(ϕim(t)− ϕ̄im(t))∇vi

∣

∣

∣

∣

∣

2

+

∫

Ω

∣

∣

∣

∣

∣

m
∑

i=1

(cim(t)− c̄im(t))∇vi

∣

∣

∣

∣

∣

2




≤ C1

(

m
∑

i=1

|ϕim(t)− ϕ̄im(t)|
2‖vi‖

2
L2(Ω) +

m
∑

i=1

|cim(t)− c̄im(t)|
2‖vi‖

2
L2(Ω)

)

+ C1

(

m
∑

i=1

|ϕim(t)− ϕ̄im(t)|
2‖∇vi‖

2
L2(Ω) +

m
∑

i=1

|cim(t)− c̄im(t)|
2‖∇vi‖

2
L2(Ω)

)

≤ C2|Um − Ūm|
2,

♦♥❞❡✱ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ {vi}i≥1 sã♦ ✈❡t♦r❡s ✉♥✐tár✐♦s
❡♠ L2(Ω)✳ P♦rt❛♥t♦✱ ❝♦♠ q✉❡rí❛♠♦s✱ F é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳

✸✽



✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛

❊ss❛ s❡çã♦ é r❡s❡r✈❛❞❛ ♣❛r❛ ♠♦str❛r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ ❈♦♠♦ ❥á ❤❛✈í❛♠♦s ❝♦♠❡♥t❛❞♦✱ ✐ss♦ s❡rá ❢❡✐t♦ t♦♠❛♥❞♦
♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮✳ P❛r❛ ✐ss♦✱ t❡r❡♠♦s q✉❡ ❡st✐♠❛r ❛ s❡q✉ê♥❝✐❛
❞❡ s♦❧✉çõ❡s (φm, cm) ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮✱ ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ♣❛r❛ q✉❡
❛ss✐♠ ♣♦ss❛♠♦s ✉s❛r ♦ t❡♦r❡♠❛ ❞❡ ❆❧❛♦❣❧✉ ✭❚❡♦r❡♠❛ ✷✳✹✳✷✮ ❡ ❞❡ ❑❛❦✉t❛♥✐
✭❚❡♦r❡♠❛ ✷✳✹✳✸✮ ❡ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡
r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡str❡❧❛ ❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❞❡ ❝❡rt♦s
❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✳ ❊♥tr❡t❛♥t♦✱ ♣♦r ❝❛✉s❛ ❞♦s t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s✱ t❛✐s
❝♦♥✈❡r❣ê♥❝✐❛s ♥ã♦ s❡rã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❛♣❧✐❝❛r ♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮✱
♣♦r ✐ss♦✱ ✐♥✈♦❝❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵ ♣❛r❛ ❣❛r❛♥t✐r ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡✳

❆q✉✐ ✈❛♠♦s ✜①❛r T > 0 ❡ ❞❡♥♦t❛r ♣♦r C ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❞❡♣❡♥✲
❞❡♥❞♦ ❞❡ ǫ2,M1,M2, Ds, D1, |Ω|, ‖φ0‖L2(Ω) ❡ ‖c0‖L2(Ω)✱ ♠❛s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ m✳

❆♥t❡s ❞❡ ♠♦str❛r♠♦s ❛s ❡st✐♠❛t✐✈❛s ❞❡ ❡♥❡r❣✐❛✱ ♦❜s❡r✈❡ q✉❡ ❝♦♠♦ ❛ ♥♦r♠❛
❞❛ ♣r♦❥❡çã♦ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 1✱ t❡♠♦s q✉❡

‖φ0m‖L2(Ω) ≤ ‖φ0‖L2(Ω) ❡ ‖c0m‖L2(Ω) ≤ ‖c0‖L2(Ω). ✭✸✳✸✳✶✮

♦♥❞❡✱ φ0m = pmφ0 ❡ c0m = pmc0.
❱❡❥❛ t❛♠❜é♠ q✉❡ ♣❛r❛ t♦❞♦ ϕm ∈ Vm

‖ϕm‖H1(Ω)′ = max
ψm∈Vm\{0}

|(ϕm, ψm)L2(Ω)|

‖ψm‖H1(Ω)

. ✭✸✳✸✳✷✮

❉❡ ❢❛t♦✱ ❝♦♠♦ pm é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ L2(Ω) ❡♠ Vm✱ t❡♠♦s

‖ϕm‖H1(Ω)′ = sup
ψ∈H1(Ω)\{0}

|〈ϕm, ψ〉|

‖ψ‖H1(Ω)

= sup
ψ∈H1(Ω)\{0}

|〈ϕm, ψm + ψ⊥
m〉|

‖ψ‖H1(Ω)

= sup
ψ∈H1(Ω)\{0}

|〈ϕm, ψm〉|

‖ψ‖H1(Ω)

≥ sup
ψm∈Vm\{0}

|〈ϕm, ψm〉|

‖ψm‖H1(Ω)

.

P♦r ♦✉tr♦ ❧❛❞♦✱ ‖ψm‖H1(Ω) ≤ ‖ψ‖H1(Ω) ✐♠♣❧✐❝❛ q✉❡

|〈ϕm, ψm〉|

‖ψm‖H1(Ω)

≥
|〈ϕm, ψm〉|

‖ψ‖H1(Ω)

.

❚♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❝♦♠ ψ ∈ H1(Ω) \ {0}✱ ♦❜t❡♠♦s

‖ϕm‖H1(Ω)′ ≤ sup
ψm∈Vm\{0}

|〈ϕm, ψm〉|

‖ψm‖H1(Ω)

.

✸✾



❈♦♠♦ Vm t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❡♠ Vm é ❝♦♠♣❛❝t❛✳ P♦rt❛♥t♦✱

‖ϕm‖H1(Ω)′ = sup
ψm∈Vm\{0}

|〈ϕm, ψm〉|

‖ψm‖H1(Ω)

= max
ψm∈Vm\{0}

|〈ϕm, ψm〉|

‖ψm‖H1(Ω)

.

▲❡♠❛ ✸✳✸✳✶✳ ❙❡❥❛♠ (φ0, c0) ∈ L2(Ω) × L2(Ω) ❡ (cm, φm) s♦❧✉çã♦ ❞❡ ✭✸✳✷✳✶✮
❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✳ ❊♥tã♦✱ ❡①✐st❡ ❝♦♥st❛♥t❡ C > 0 ✭q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡
m✮ t❛❧ q✉❡

‖(cm, φm)‖(L∞(0,T ;L2(Ω)))2 ≤ C, ✭✸✳✸✳✸✮

‖(cm, φm)‖(L2(0,T ;H1(Ω)))2 ≤ C, ✭✸✳✸✳✹✮
∥

∥

∥

∥

(

∂cm
∂t

,
∂φm
∂t

)∥

∥

∥

∥

(L2(0,T ;H1(Ω)′))2
≤ C. ✭✸✳✸✳✺✮

❉❡♠♦♥str❛çã♦✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮ v ♣♦r φm(t)✱
♦❜t❡♠♦s q✉❡
∫

Ω

(F1(φm) + cmF2(φm))φm =

∫

Ω

∂φm
∂t

φm + ǫ2
∫

Ω

∇φm · ∇φm

=
1

2

d

dt
‖φm‖

2
L2(Ω) + ǫ2‖∇φm‖

2
L2(Ω),

✭✸✳✸✳✻✮

♣❛r❛ t♦❞♦ t ∈ [0, Tm). ❆♥❛❧♦❣❛♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❡♠
✭✸✳✷✳✶✮ w ♣♦r cm(t)✱ t❡♠♦s

1

2

d

dt
‖cm‖

2
L2(Ω)+

∫

Ω

D1(φm)|∇cm|
2 = −

∫

Ω

D2(cm, φm)∇φm·∇cm = 0, ✭✸✳✸✳✼✮

♣❛r❛ ❝❛❞❛ t ∈ [0, Tm). ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✸✳✼✮ ♣♦r δ > 0 ✭q✉❡ s❡rá ❡s❝♦❧❤✐❞♦
❛❞❡q✉❛❞❛♠❡♥t❡ ♣♦st❡r✐♦r♠❡♥t❡✮✱ s♦♠❛♥❞♦ ❝♦♠ ✭✸✳✸✳✻✮ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❤✐♣ót❡s❡
✭❍✷✮ ✭✐✳❡✳✱ Ds ≤ D1✮✱ s❡❣✉❡ q✉❡

1

2

d

dt

(

‖φm‖
2
L2(Ω) + δ‖cm‖

2
L2(Ω)

)

+ ǫ2‖∇φm‖
2
L2(Ω) + δDs‖∇cm‖

2
L2(Ω)

≤

∫

Ω

(F1(φm) + cmF2(φm))φm − δ

∫

Ω

D2(cm, φm)∇φm · ∇cm

≤

∫

Ω

|F1(φm)||φm|+

∫

Ω

|cm||F2(φm)||φm|+ δ

∫

Ω

|D2(cm, φm)||∇φm · ∇cm|

≤M1

(∫

Ω

|φm|+

∫

Ω

|cm||φm|

)

+M2δ

∫

Ω

|∇φm||∇cm|

✭✸✳✸✳✽✮

✹✵



♦♥❞❡ ✉t✐❧✐③❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✳ ❆♣❧✐❝❛♥❞♦ ❛s ❞❡s✐❣✉❛❧✲
❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ ❞❡ ❨♦✉♥❣✱ t❡♠♦s q✉❡

∫

Ω

|φm|dx ≤ ‖φm‖L2(Ω)|Ω|
1/2 ≤

‖φm‖
2
L2(Ω)

2
+

|Ω|

2
.

❯t✐❧✐③❛♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✸✳✽✮ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❨♦✉♥❣ ❝♦♠ η✱ t❡♠✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

1

2

d

dt

(

‖φm‖
2
L2(Ω) + δ‖cm‖

2
L2(Ω)

)

+ ǫ2‖∇φm‖
2
L2(Ω) + δDs‖∇cm‖

2
L2(Ω)

≤M1

(

1

2

∫

Ω

|φm|
2 +

|Ω|

2
+

1

2

∫

Ω

|cm|
2 +

1

2

∫

Ω

φ2
m

)

+M2δ

∫

Ω

|∇φm||∇cm|

≤ C
(

1 + ‖φm‖
2
L2(Ω) + ‖cm‖

2
L2(Ω)

)

+
M2δ

2η
‖∇φm‖

2
L2(Ω) +

M2δη

2
‖∇cm‖

2
L2(Ω).

✭✸✳✸✳✾✮
❚♦♠❛♥❞♦ δ = Ds(ǫ

2/M2
2 ) ❡ η = (Ds/M2) ❡♠ ✭✸✳✸✳✾✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡

❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

d

dt

(

‖φm‖
2
L2(Ω) + δ‖cm‖

2
L2(Ω)

)

+ ǫ2‖∇φm‖
2
L2(Ω) + δDs‖∇cm‖

2
L2(Ω)

≤ C
(

1 + ‖φm‖
2
L2(Ω) + δ‖cm‖

2
L2(Ω)

)

.
✭✸✳✸✳✶✵✮

❊♥tã♦✱

η′(t) ≤ φ(t)η(t) + ψ(t)

♦♥❞❡ η(t) = ‖φm‖
2
L2(Ω)+ δ‖cm‖

2
L2(Ω) ❡ φ(t) = ψ(t) = C. ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✱ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ 0 ≤ t < Tm ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ q✉❡
t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r C✱ t❛❧ q✉❡

‖φm(t)‖L2(Ω) + ‖cm(t)‖L2(Ω) ≤ C. ✭✸✳✸✳✶✶✮

❙✉♣♦♥❤❛ q✉❡ Tm < +∞✱ ♣❡❧♦ ✐t❡♠ 3 ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✷ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞❡ Tm t❛❧ q✉❡ ‖φm(t)‖L2(Ω) + ‖cm(t)‖L2(Ω) > C✱ ❝♦♥tr❛❞✐③❡♥❞♦ ✭✸✳✸✳✶✶✮✳ P♦r✲
t❛♥t♦✱ ♣❛r❛ t♦❞♦ t ∈ [0, T ]✱ ♦♥❞❡ T > 0 é ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ✈❛❧❡ ❛
❡st✐♠❛t✐✈❛ ✭✸✳✸✳✶✶✮ ❝♦♠ ✉♠❛ ❝♦♥st❛♥t❡ C q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✳ ❖✉ s❡❥❛✱
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡

‖(cm, φm)‖(L∞(0,T ;L2(Ω)))2 ≤ C.

✹✶



■♥t❡❣r❛♥❞♦ ✭✸✳✸✳✶✵✮ s♦❜r❡ [0, T ] ❡ ✉s❛♥❞♦ ✭✸✳✸✳✶✮ ❡ ✭✸✳✸✳✸✮✱ ♦❜t❡♠♦s

‖φ2
m(T )‖

2
L2(Ω) + δ‖c2m(T )‖

2
L2(Ω) + ǫ2‖∇φm‖

2
L2(QT ) + δDs‖∇cm‖

2
L2(QT )

≤ CT + ‖φ0m‖
2
L2(Ω) + ‖c0m‖

2
L2(Ω) + ‖φm‖

2
L2(QT ) + ‖cm‖

2
L2(QT )

≤ C

❡♥tã♦✱ ❝♦♠♦ ‖φ2
m(T )‖

2
L2(Ω) + δ‖c2m(T )‖

2
L2(Ω) ≥ 0 ✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r C✱ t❛❧ q✉❡

‖∇φm‖
2
L2(QT ) + ‖∇cm‖

2
L2(QT ) ≤ C. ✭✸✳✸✳✶✷✮

❆ss✐♠✱ ❞❡ ✭✸✳✸✳✶✷✮ ❡ ✭✸✳✸✳✸✮ ♦❜t❡♠♦s ✭✸✳✸✳✹✮✱ ✐st♦ é✱

‖(cm, φm)‖(L2(0,T ;H1(Ω)))2 ≤ C.

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✸✳✺✮✳ ❙✉❜st✐t✉✐♥❞♦ v ♣♦r ψm ∈ Vm
♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮✱ ♦❜t❡♠♦s
∫

Ω

∂φm
∂t

ψm

= −ǫ2
∫

Ω

∇φm · ∇ψm +

∫

Ω

(F1(φm) + cmF2(φm))ψm

≤ ǫ2
∫

Ω

|∇φm||∇ψm|+

∫

Ω

|(F1(φm) + cmF2(φm))||ψm|

≤ ǫ2‖∇φm‖L2(Ω)‖∇ψm‖L2(Ω) + ‖(F1(φm) + cmF2(φm))‖L2(Ω)‖ψm‖L2(Ω)

≤ ǫ2‖∇φm‖L2(Ω)‖ψm‖H1(Ω) + ‖(F1(φm) + cmF2(φm))‖L2(Ω)‖ψm‖H1(Ω),

♦♥❞❡ ✉t✐❧✐③❛♠♦s ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♥❛ ♣r✐♠❡✐r❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♥❛ s❡❣✉♥❞❛ ❡ q✉❡ ‖ψm‖2H1(Ω) = ‖ψm‖

2
L2(Ω)+‖∇ψm‖

2
L2(Ω)

♥❛ t❡r❝❡✐r❛✳ ❆ss✐♠✱ t❡♠♦s ♣♦r ✭✸✳✸✳✷✮ q✉❡
∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

H1(Ω)′
= max

‖ψm‖H1(Ω)=1

∣

∣

∣

∣

∫

Ω

∂φm
∂t

ψmdx

∣

∣

∣

∣

≤ ǫ2‖∇φm‖L2(Ω) + ‖F1(φm) + cmF2(φm)‖L2(Ω).

❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ F1 ❡ F2 sã♦
❧✐♠✐t❛❞❛s ❡ q✉❡ Ω é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✱ ♦❜t❡♠♦s
∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

H1(Ω)′
≤ ǫ2‖∇φm‖L2(Ω)+C(1+‖cm‖L2(Ω)) ≤ C(1+‖cm‖L2(Ω)+‖φm‖H1(Ω)).

✹✷



❊♥tã♦✱ ❡❧❡✈❛♥❞♦ ♦s ❞♦✐s ❧❛❞♦s ❛♦ q✉❛❞r❛❞♦ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, T ]✱ t❡♠♦s
q✉❡ ❡①✐st❡ ♦✉tr❛ ❝♦♥st❛♥t❡ ✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛♠♦s ♣♦r C✮✱ t❛❧ q✉❡

∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

2

L2(0,T ;H1(Ω)′)

≤ C(1 + ‖φm‖
2
L2(0,T ;H1(Ω)) + ‖cm‖

2
L2(QT )). ✭✸✳✸✳✶✸✮

❆❣♦r❛✱ s✉❜st✐t✉✐♥❞♦ ψm ∈ Vm ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮✱ ♦❜t❡♠♦s q✉❡
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

∫

Ω

∂cm
∂t

ψm = −

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇ψm

≤

∫

Ω

|D1(φm)∇cm||∇ψm|+

∫

Ω

|D2(cm, φm)∇φm||∇ψm|

≤ C(

∫

Ω

|∇cm||∇ψm|+

∫

Ω

|∇φm||∇ψm|)

≤ C‖∇ψm‖L2(Ω)(‖∇cm‖L2(Ω) + ‖∇φm‖L2(Ω))

≤ C‖ψm‖H1(Ω)(‖∇cm‖H1(Ω) + ‖∇φm‖H1(Ω)),

♦♥❞❡ ✉t✐❧✐③❛♠♦s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡ ❞❡ ❍ö❧❞❡r✳ ❆ss✐♠✱ ♣♦r
✭✸✳✸✳✷✮✱ ❡❧❡✈❛♥❞♦ ♦s ❞♦✐s ❧❛❞♦s ❛♦ q✉❛❞r❛❞♦ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, T ]✱ t❡♠♦s

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(0,T ;H1(Ω)′)

≤ C(‖φm‖
2
L2(0,T ;H1(Ω)) + ‖cm‖

2
L2(0,T ;H1(Ω))). ✭✸✳✸✳✶✹✮

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ✭✸✳✸✳✹✮ ❡♠ ✭✸✳✸✳✶✸✮ ❡ ✭✸✳✸✳✶✹✮✱ ♦❜t❡♠♦s ✭✸✳✸✳✺✮✱ ♦✉
s❡❥❛

∥

∥

∥

∥

(

∂cm
∂t

,
∂φm
∂t

)∥

∥

∥

∥

(L2(0,T ;H1(Ω)′))2
≤ C.

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✸✳✵✳✶✮✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❧❡♠❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

▲❡♠❛ ✸✳✸✳✷✳ ❙❡❥❛♠ (c0, φ0) ∈ L2(Ω) × L2(Ω)✱ pmφ0 := φ0m ❡ pmc0 := c0m.
❊♥tã♦✱ q✉❛♥❞♦ m→ +∞ t❡♠♦s

φ0m → φ0 ❡ c0m → c0 ❡♠ L2(Ω). ✭✸✳✸✳✶✺✮

✹✸



❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ {vi}i≥1 é ✉♠❛ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧ ❡ ❝♦♠♣❧❡t♦ ❡♠
L2(Ω), t❡♠♦s q✉❡ φ0 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

φ0 =
∞
∑

i=1

(φ0, vi)L2(Ω)vi.

P♦rt❛♥t♦✱

φ0m = pmφ0 =
m
∑

i=1

(φ0, vi)L2(Ω)vi.

❖✉ s❡❥❛✱
‖φ0m − φ0‖

2
L2(Ω) → 0.

❆♥❛❧♦❣❛♠❡♥t❡✱
‖c0m − c0‖

2
L2(Ω) → 0.

▲❡♠❛ ✸✳✸✳✸✳ ❙❡❥❛♠ (φ0, c0) ∈ L2(Ω) × L2(Ω) ❡ (cm, φm) s♦❧✉çã♦ ❞❡ ✭✸✳✷✳✶✮
❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r T > 0✱ ❡①✐st❡♠

c, φ ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;H1(Ω)′)

❡ s✉❜s❡q✉ê♥❝✐❛s ❞❡ cm ❡ ❞❡ φm ✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r cm ❡ φm✮✱ t❛✐s
q✉❡✱ q✉❛♥❞♦ m→ +∞✱

(cm, φm)⇀ (c, φ) ❡♠ L2(0, T ;H1(Ω))2, ✭✸✳✸✳✶✻✮

(cm, φm) → (c, φ) ❡♠ (L2(QT ))
2 ∩ (C([0, T ];H1(Ω)′))2, ✭✸✳✸✳✶✼✮

(

∂cm
∂t

,
∂φm
∂t

)

∗
⇀

(

∂c

∂t
,
∂φ

∂t

)

❡♠ (L2(0, T ;H1(Ω))′)2, ✭✸✳✸✳✶✽✮

❧❡♠❜r❛♥❞♦ q✉❡ ♦s sí♠❜♦❧♦s⇀ ❡
∗
⇀ s✐❣♥✐✜❝❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡str❡❧❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ L2(0, T ;H1(Ω)) é r❡✢❡①✐✈♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✸ ❡ ♣❡❧❛
❡st✐♠❛t✐✈❛ ✭✸✳✸✳✹✮ s❡❣✉❡ ✭✸✳✸✳✶✻✮✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ (cm, φm) ❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ❛ (c, φ) ❡♠
L2(0, T ;H1(Ω))2✳ P❡❧❛ ❡st✐♠❛t✐✈❛ ✭✸✳✸✳✺✮✱ ❛ s❡q✉ê♥❝✐❛

(

∂cm
∂t
, ∂φm
∂t

)

é ❧✐♠✐t❛❞❛
❡♠ (L2(0, T ;H1(Ω))′)2 ✭♥♦ s❡♥t✐❞♦ q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s ❞❡✜♥✐❞♦s ♣♦r ∂cm

∂t
❡ ∂φm

∂t

sã♦ ❧✐♠✐t❛❞♦s ❡♠ L2(0, T ;H1(Ω))′✮✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✷ ❡①✐st❡♠ c̃ ❡

✹✹



φ̃ ❡♠ (L2(0, T ;H1(Ω)))′✱ t❛✐s q✉❡✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡
(

∂cm
∂t
, ∂φm
∂t

)

✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r
(

∂cm
∂t
, ∂φm
∂t

)

✮✱ t❡♠♦s q✉❡
(

∂cm
∂t

,
∂φm
∂t

)

∗
⇀ (c̃, φ̃) ❡♠ (L2(0, T ;H1(Ω))′)2.

P❛r❛ ❞❡♠♦str❛r ✭✸✳✸✳✶✽✮ r❡st❛ ♠♦str❛r q✉❡ (c̃, φ̃) =
(

∂c
∂t
, ∂φ
∂t

)

✳ ▼♦str❛r❡♠♦s
❛♣❡♥❛s q✉❡ c̃ = ∂c

∂t
✱ ♣♦✐s ♣❛r❛ φ é ❛♥á❧♦❣♦✳ P♦r ❞❡✜♥✐çã♦✱

c̃ =
∂c

∂t
⇔

∫ T

0

ψ′(t)c(t)dt = −

∫ T

0

ψ(t)c̃(t)dt , ∀ψ ∈ C∞
c (0, T ).

▼❛s✱ ∂cm
∂t

∗
⇀ c̃ ∈ (L2(0, T ;H1(Ω)))′ ≈ L2(0, T ;H1(Ω)′) s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛

q✉❛❧q✉❡r ϕ ∈ L2(0, T ;H1(Ω))
∫ T

0

〈

∂cm
∂t

(t), ϕ(t)

〉

dt →

∫ T

0

〈c̃(t), ϕ(t)〉 dt .

❊♥tã♦✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ ψ ∈ C∞
c (0, T ) ❡ w ∈ H1(Ω)

∫ T

0

〈

∂cm
∂t

(t), ψ(t)w

〉

dt →

∫ T

0

〈c̃, ψ(t)w〉 dt ,

♣♦✐s✱ ψ(t)w ∈ L2(0, T ;H1(Ω)). ❆ss✐♠✱
∫ T

0

〈

∂cm
∂t

(t), ψ(t)w

〉

dt

=

〈∫ T

0

∂cm
∂t

(t)ψ(t)dt , w

〉

= −

〈∫ T

0

cm(t)ψ
′(t)dt , w

〉

= −

∫ T

0

〈cm(t), ψ
′(t)w〉 dt . ✭✸✳✸✳✶✾✮

❈♦♠♦✱ cm ⇀ c ∈ L2(0, T ;H1(Ω)) ❡ ♣❛r❛ t♦❞♦ ψ ∈ C∞
c (0, T ) ❡ w ∈ H1(Ω)

t❡♠♦s q✉❡ ψ′(t)w ∈ L2(0, T ;H1(Ω)) ⊂ L2(0, T ;H1(Ω)′)✱ s❡❣✉❡ q✉❡
∫ T

0

〈ψ′(t)w, cm(t)〉 dt →

∫ T

0

〈ψ′(t)w, c(t)〉 dt .

❊♥tã♦✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❡♠ ✭✸✳✸✳✶✾✮✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ w ∈ H1(Ω)
∫ T

0

〈c̃, ψ(t)w〉 dt = −

∫ T

0

〈c(t), ψ′(t)w〉 dt .

✹✺



❖✉ s❡❥❛✱
〈∫ T

0

c̃ψ(t)dt , w

〉

=

〈

−

∫ T

0

c(t)ψ′(t)dt , w

〉

,

♣❛r❛ t♦❞♦ w ∈ H1(Ω)✳ ■st♦ é✱
∫ T

0

ψ′(t)c(t)dt = −

∫ T

0

ψ(t)c̃(t)dt , ∀ψ ∈ C∞
c (0, T ),

❝♦♠♦ q✉❡rí❛♠♦s ♣r♦✈❛r✳
P❛r❛ ♣r♦✈❛r ✭✸✳✸✳✶✼✮✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿

W1 =

{

u ∈ L2(0, T ;H1(Ω)),
∂u

∂t
∈ L2(0, T ;H1(Ω)′)

}

❡

W2 =

{

u ∈ L∞(0, T ;L2(Ω)),
∂u

∂t
∈ L2(0, T ;H1(Ω)′)

}

.

P❡❧♦ ▲❡♠❛ ✸✳✸✳✶ t❡♠♦s q✉❡ cm ❡ φm sã♦ ❧✐♠✐t❛❞♦s ❡♠ W1 ❡ ❡♠ W2✳ P❡❧♦
❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱ t❡♠♦s q✉❡ H1(Ω)

c
→֒ L2(Ω)✳ ❊♥tã♦✱ ♣❡❧♦

♣r✐♠❡✐r♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵✱ t♦❞♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ W1 é r❡❧❛t✐✈❛✲
♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ L2(0, T ;L2(Ω))✱ ♦✉ s❡❥❛✱ W1

c
→֒ L2(0, T ;L2(Ω))✳ ❆❧é♠

❞✐ss♦✱ ❝♦♠♦H1(Ω)
c
→֒ L2(Ω)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✹ t❡♠♦s q✉❡ L2(Ω)

c
→֒ H1(Ω)′✳

❊♥tã♦✱ ♣❡❧♦ s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵✱ t❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦
❧✐♠✐t❛❞♦ ❡♠ W2 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C([0, T ];H1(Ω)′)✳ ❙❡❣✉❡ q✉❡✱
❡①✐st❡ (c̄, φ̄) ∈ L2(QT )

2 ∩ C([0, T ], H1(Ω)′)2 t❛❧ q✉❡

(cm, φm) → (c̄, φ̄) ❡♠ L2(QT )
2 ∩ C([0, T ], H1(Ω)′)2.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ (cm, φm) ⇀ (c̄, φ̄) ❡♠ L2(QT )
2✳ P♦rt❛♥t♦ ♣♦r ✭✸✳✸✳✶✻✮✱

(cm, φm) → (c̄, φ̄) ❡ (cm, φm) → (c, φ) ❡♠ D′(QT )✱ ❡♥tã♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦
❧✐♠✐t❡ t❡♠♦s q✉❡ (c, φ) = (c̄, φ̄).

▲❡♠❛ ✸✳✸✳✹✳ ❙❡❥❛♠ (φ0, c0) ∈ L2(Ω) × L2(Ω) ❡ (cm, φm) s♦❧✉çã♦ ❞❡ ✭✸✳✷✳✶✮
❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✳ ❊♥tã♦✱ ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ❞❡ cm ❡ ❞❡ φm ✭q✉❡
t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r cm ❡ φm✮✱ t❛✐s q✉❡✱ q✉❛♥❞♦ m→ +∞,

Fi(φm) → Fi(φ) i = 1, 2 ❡♠ Lp(QT ), ∀ p ∈ [1,+∞), ✭✸✳✸✳✷✵✮

D1(φm) → D1(φ) ❡♠ Lp(QT ), ∀ p ∈ [1,+∞), ✭✸✳✸✳✷✶✮

cmF2(φm) → cF2(φ) ❡♠ Lq(QT ), ∀ q ∈ [1, 2), ✭✸✳✸✳✷✷✮

D1(φm)∇cm ⇀ D1(φ)∇c ❡♠ Lq(QT )
d, ∀ q ∈ [1, 2), ✭✸✳✸✳✷✸✮

D2(cm, φm)∇φm ⇀ D2(c, φ)∇φ ❡♠ Lq(QT )
d, ∀ q ∈ [1, 2).✭✸✳✸✳✷✹✮

✹✻



❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✸✳✸✳✶✼✮ t❡♠♦s q✉❡ φm → φ q✳t✳♣ ❡♠ QT ✳ ❊♥tã♦✱ ❝♦♠♦
Fi é ▲✐♣s❝❤✐t③✱ t❡♠♦s q✉❡ |Fi(φm) − Fi(φ)| → 0 q✳t✳♣ ❡♠ QT ✱ ❡♠ ♣❛rt✐❝✉❧❛r
|Fi(φm)−Fi(φ)|

p → 0 q✳t✳♣ ❡♠ QT ♣❛r❛ t♦❞♦ p ∈ [1,+∞)✳ ❆❧é♠ ❞✐ss♦ s❡❣✉❡
❞❡ ✭❍✶✮ q✉❡ |Fi(φm)|

p ≤ C✳ ❊♥tã♦ ❛♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛
❞♦♠✐♥❛❞❛ ✭❚❡♦r❡♠❛ ✷✳✺✳✶✮✱ ♦❜t❡♠♦s q✉❡

‖Fi(φm)− Fi(φ)‖
p
Lp(QT ) =

∫

QT

|Fi(φm)− Fi(φ)|
p → 0,

❞♦♥❞❡ s❡❣✉❡ ✭✸✳✸✳✷✵✮✳
❆ ♣r♦✈❛ ❞❡ ✭✸✳✸✳✷✶✮ é ❛♥á❧♦❣❛ à ❛♥t❡r✐♦r✳
P❛r❛ ♠♦str❛r ✭✸✳✸✳✷✷✮✱ ♦❜s❡r✈❡ q✉❡

‖cmF2(φm)− cF2(φ)‖
q
Lq(QT )

= ‖cmF2(φm)− cmF2(φ) + cmF2(φ)− cF2(φ)‖
q
Lq(QT )

≤ C
(

‖(cm − c)F2(φ)‖
q
Lq(QT ) + ‖cm(F2(φm)− F2(φ))‖

q
Lq(QT )

)

≤ C
(

‖cm − c‖qLq(QT ) + ‖cm(F2(φm)− F2(φ))‖
q
Lq(QT )

)

♣♦✐s F2 é ❧✐♠✐t❛❞❛✳ ❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✭❝♦♠ s = 2/q✮
♥♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s

‖cm(F2(φm)− F2(φ))‖
q
Lq(QT ) ≤ ‖cm‖

q
L2(QT )‖F2(φm)− F2(φ)‖

q

L(q2/(2−q))(QT )
,

✈❡❥❛ q✉❡ q2
2−q

≥ 1 ⇔ q ≥ 2
3
✱ ♠❛s q ≥ 1 ≥ 2

3
. P♦rt❛♥t♦✱

‖cmF2(φm)− cF2(φ)‖
q
Lq(QT )

≤ C
(

‖cm − c‖qLq(QT ) + ‖cm‖
q
L2(QT )‖F2(φm)− F2(φ)‖

q

L(q2/(2−q))(QT )

)

.

❊♥tã♦✱ ♣❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦m→ +∞ ❡ ✉s❛♥❞♦ ✭✸✳✸✳✶✼✮ ❡ ✭✸✳✸✳✷✵✮ s❡❣✉❡
✭✸✳✸✳✷✷✮✳

P❛r❛ ♣r♦✈❛r ✭✸✳✸✳✷✸✮ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ ❢✉♥❝✐♦♥❛❧ T ❡♠
(Lq(QT )

d)′✱ t❡♠✲s❡ q✉❡ T (D1(φn)∇cm) → T (D1(φ)∇c) q✉❛♥❞♦ m → ∞.
P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ✐ss♦ é ♦ ♠❡s♠♦ q✉❡ ♠♦str❛r q✉❡
♣❛r❛ t♦❞♦ v ∈ Lq

∗

(QT )
d ✭♦♥❞❡ q∗ é ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ q✮

∫

QT

D1(φm)∇cmv →

∫

QT

D1(φ)∇cv.

✹✼



➱ ❝❧❛r♦ q✉❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r ♣❛r❛ ✉♠❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ✈❡t♦r ❣r❛❞✐❡♥t❡✱ ♦✉
s❡❥❛✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡

∫

QT

(

D1(φm)
∂cm
∂xj

−D1(φ)
∂c

∂xj

)

v → 0, ∀ v ∈ Lq
∗

(QT ) ❡ 1 ≤ j ≤ d.

▼❛s✱ ✈❡❥❛ q✉❡
∫

QT

(

D1(φm)
∂cm
∂xj

−D1(φ)
∂c

∂xj

)

v ✭✸✳✸✳✷✺✮

=

∫

QT

(

D1(φm)
∂cm
∂xj

−D1(φ)
∂cm
∂xj

+D1(φ)
∂cm
∂xj

−D1(φ)
∂c

∂xj

)

v

=

∫

QT

(D1(φm)−D1(φ))
∂cm
∂xj

v +

∫

QT

D1(φ)

(

∂cm
∂xj

−
∂c

∂xj

)

v.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❣❡♥❡r❛❧✐③❛❞❛ ❝♦♠ 1/s+1/(q∗)+1/2 = 1
♥♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s q✉❡

∣

∣

∣

∣

∫

QT

(D1(φm)−D1(φ))
∂cm
∂xj

v

∣

∣

∣

∣

≤ ‖D1(φm)−D1(φ)‖Ls(QT )

∥

∥

∥

∥

∂cm
∂xj

∥

∥

∥

∥

L2(QT )

‖v‖Lq∗(QT ).

❈♦♠♦ ∇cm é ❧✐♠✐t❛❞♦ ❡♠ L2(QT )✱ v ∈ Lq∗(QT ) ❡ ❞❡ ✭✸✳✸✳✷✶✮ t❡♠♦s q✉❡ ♦
♣r✐♠❡✐r♦ t❡r♠♦s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✸✳✸✳✷✺✮ t❡♥❞❡ ❛ ③❡r♦✳ ❈♦♠♦D1 é ❧✐♠✐t❛❞♦✱
D1(φ)v ∈ Lq∗(QT )✳ ❆ss✐♠ ✉s❛♥❞♦ ✭✸✳✸✳✶✻✮ s❡❣✉❡ q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦
❞✐r❡✐t♦ ❞❡ ✭✸✳✸✳✷✺✮ t❛♠❜é♠ ✈❛✐ ❛ ③❡r♦ q✉❛♥❞♦ m→ +∞.

Pr♦❝❡❞❡♥❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s
∫

QT

(

D2(cm, φm)
∂φm
∂xj

−D2(c, φ)
∂φ

∂xj

)

v

=

∫

QT

D2(c, φ)

(

∂φm
∂xj

−
∂φ

∂xj

)

v +

∫

QT

(D2(cm, φm)−D2(c, φ))

(

∂φm
∂xj

)

v.

❯t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r✐✲
♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❛✐ ❛ ③❡r♦✳ ❯s❛♥❞♦ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❝♦♠ s s❛t✐s❢❛③❡♥❞♦ 1

s
+ 1

2
+ 1

q∗
= 1, ♦❜t❡♠♦s q✉❡

∫

QT

|D2(cm, φm)−D2(c, φ)|

∣

∣

∣

∣

∂φ

∂xj

∣

∣

∣

∣

|v|

≤ ‖D2(cm, φm)−D2(c, φ)‖Ls(QT )

∥

∥

∥

∥

∂φ

∂xj

∥

∥

∥

∥

L2(QT )

‖v‖Lq∗ (QT ).

✹✽



❆❣♦r❛✱ ❝♦♠♦ s > 2✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥✲
❣✉❧❛r ❡ ♦ ❢❛t♦ q✉❡ D2 é ❧✐♠✐t❛❞❛ ❡ ▲✐♣s❝❤✐t③✱ ♦❜t❡♠♦s

‖D2(cm, φm)−D2(c, φ)‖
s
Ls(QT )

=

∫

QT

|D2(cm, φm)−D2(c, φ)|
2|D2(cm, φm)−D2(c, φ)|

s−2

≤ C‖D2(cm, φm)−D2(c, φ)‖
2
L2(QT )

≤ C(‖cm − c‖2L2(QT ) + ‖φm − φ‖2L2(QT )).

P♦rt❛♥t♦✱ ♣♦r ✭✸✳✸✳✶✼✮ ♦ s❡❣✉♥❞♦ t❡r♠♦ t❛♠❜é♠ ✈❛✐ ❛ ③❡r♦ q✉❛♥❞♦ m→ ∞✳
❆ss✐♠✱

∫

QT

(

D2(cm, φm)
∂φm
∂xj

−D2(c, φ)
∂φ

∂xj

)

v → 0.

❏á t❡♠♦s ❡♠ ♠ã♦s t♦❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♠♦str❛r♠♦s
❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ ❊ss❡♥❝✐❛❧♠❡♥t❡ ✈❛♠♦s
✉s❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❞♦✐s ❧❡♠❛s ❛♥t❡r✐♦r❡s ♣❛r❛ t♦♠❛r ♦ ❧✐♠✐t❡ ♥♦
♣r♦❜❧❡♠❛ ✭✸✳✷✳✶✮✳

❚❡♦r❡♠❛ ✸✳✸✳✺ ✭❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✮✳ P❛r❛ q✉❛✐sq✉❡r (φ0, c0) ∈
L2(Ω)× L2(Ω)✱ ❡①✐st❡ (φ, c) s♦❧✉çã♦ ❢r❛❝❛ ✭♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✮ ❞♦
♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ m0 ∈ N ❡ vi ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❛ ❜❛s❡ ❞❡ Vm0 ✳
❚♦♠❡ v = fvi ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮✱ ♦♥❞❡ f ∈ C∞

c (0, T )✳ ❊♥tã♦✱
✐♥t❡❣r❛♥❞♦ s♦❜r❡ (0, T ) ♦❜t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r m ≥ m0

∫ T

0

∫

Ω

∂φm
∂t

v + ǫ2
∫ T

0

∫

Ω

∇φm · ∇v =

∫ T

0

∫

Ω

(F1(φm) + cmF2(φm))v

P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ m→ ∞✱ ♦❜t❡♠♦s
∫ T

0

〈

∂φm
∂t

, v

〉

=

∫ T

0

∫

Ω

∂φm
∂t

v →

∫ T

0

〈

∂φ

∂t
, v

〉

, ✭✸✳✸✳✷✻✮

∫ T

0

∫

Ω

∇φm · ∇v →

∫ T

0

∫

Ω

∇φ · ∇v, ✭✸✳✸✳✷✼✮

∫ T

0

∫

Ω

(F1(φm) + cmF2(φm))v →

∫ T

0

∫

Ω

(F1(φ) + cF2(φ))v. ✭✸✳✸✳✷✽✮

✹✾



❉❡ ❢❛t♦✱ ✭✸✳✸✳✷✻✮ s❡❣✉❡ ❞❡ ✭✸✳✸✳✶✽✮✳ ❈♦♠♦ ∇v ∈ (L2(QT ))
d ❡ ❞❡ ✭✸✳✸✳✶✼✮✱ ✐st♦

é✱ ❞♦ ❢❛t♦ q✉❡
φm ⇀ φ ❡♠ L2(0, T ;H1(Ω)),

♦❜t❡♠♦s ✭✸✳✸✳✷✼✮✳
❆❣♦r❛✱ ✈❡❥❛ q✉❡

∣

∣

∣

∣

∫

QT

(F1(φm) + cmF2(φm)− F1(φ)− cF2(φ))v

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

QT

(F1(φm)− F1(φ))v

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

QT

(cmF2(φm)− cF2(φ))v

∣

∣

∣

∣

≤

∫

QT

|F1(φm)− F1(φ)||v|+

∫

QT

|cmF2(φm)− cF2(φ)||v|

≤ ‖F1(φm)− F1(φ)‖L2(QT )‖v‖L2(QT ) + ‖cmF2(φm)− cF2(φ)‖Lq(Ω)‖v‖Lq∗ (Ω),

♦♥❞❡ q ∈ (1, 2) ❡ q∗ = q/(q − 1). ❊♥tã♦✱ ✉s❛♥❞♦ ✭✸✳✸✳✷✵✮ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦
❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❛✐ ❛ ③❡r♦✱ ❛❣♦r❛✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✺✳✷✸
♥❛ ♣á❣✐♥❛ ✷✸✱ ‖v‖Lq∗ (Ω) é ❧✐♠✐t❛❞♦ ❡ ♣♦r ✭✸✳✸✳✷✷✮ s❡❣✉❡ q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦
❞♦ ❧❛❞♦ ❞✐r❡✐t♦ t❛♠❜é♠ ✈❛✐ ❛ ③❡r♦✳ ❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ (3.3.28).

P♦rt❛♥t♦✱ ❞❡ ✭✸✳✸✳✷✻✮✱ ✭✸✳✸✳✷✼✮ ❡ ✭✸✳✸✳✷✽✮✱ ♦❜t❡♠♦s q✉❡

∫ T

0

〈

∂φ

∂t
, v

〉

dt + ǫ2
∫ T

0

∫

Ω

∇φ · ∇vdx dt =

∫ T

0

∫

Ω

(F1(φ) + cF2(φ))vdx dt ,

♦✉ s❡❥❛✱

∫ T

0

(〈

∂φ

∂t
, vi

〉

+ ǫ2
∫

Ω

∇φ · ∇vidx −

∫

Ω

(F1(φ) + cF2(φ))vidx

)

fdt = 0,

♣❛r❛ t♦❞♦ f ∈ C∞
c (0, T ). ❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✻✱ s❡❣✉❡ q✉❡

〈

∂φ

∂t
, vi

〉

+ ǫ2
∫

Ω

∇φ · ∇vidx =

∫

Ω

(F1(φ) + cF2(φ))vidx ,

q✳t✳♣ ❡♠ (0, T ) ❡ ♣❛r❛ t♦❞♦ vi ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞❡ Vm ♣❛r❛ q✉❛❧q✉❡r m✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ tr♦❝❛♥❞♦ vi ♣♦r v ∈ ∪m≥1Vm✳
❈♦♠♦✱ ∪m≥1Vm é ❞❡♥s♦ ❡♠ H1(Ω)✱ ♦❜t❡♠♦s

〈

∂φ

∂t
, v

〉

+ ǫ2
∫

Ω

∇φ · ∇vdx =

∫

Ω

(F1(φ) + cF2(φ))vdx ,

✺✵



♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳
❱❛♠♦s ♣r♦❝❡❞❡r ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ ♦❜t❡r ❛ ♣❛rt❡ r❡❧❛t✐✈❛ ❛ s❡❣✉♥❞❛

❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮✳ ❚♦♠❡ w = fvi ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✷✳✶✮✱ ♦♥❞❡
f ∈ C∞

c (0, T ) ❡ vi é ✉♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r ❞❛ ❜❛s❡ ❞❡ Vm0 ✱ ❡ ✐♥t❡❣r❛♥❞♦
s♦❜r❡ (0, T ) ♦❜t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r m ≥ m0

∫ T

0

∫

Ω

∂cm
∂t

w +

∫ T

0

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇w = 0

P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ m→ ∞✱ ♦❜t❡♠♦s
∫ T

0

∫

Ω

∂cm
∂t

w →

∫ T

0

〈

∂c

∂t
, fvi

〉

, ✭✸✳✸✳✷✾✮

∫ T

0

∫

Ω

D1(φm)∇cm · ∇w →

∫ T

0

∫

Ω

D1(φ)∇c · ∇w, ✭✸✳✸✳✸✵✮

∫ T

0

∫

Ω

(D2(cm, φm)∇φm) · ∇w) →

∫ T

0

∫

Ω

D2(c, φ)∇φ) · ∇w. ✭✸✳✸✳✸✶✮

❉❡ ❢❛t♦✱ ✭✸✳✸✳✷✾✮ s❡❣✉❡ ❞❡ ✭✸✳✸✳✶✽✮✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✷✷ ♥❛
♣á❣✐♥❛ ✷✷✱ ∇w ∈ (Lq

∗

(QT ))
d✱ ♦♥❞❡ 1 < q < 2 ❡ q∗ = q/(1 − q)✱ ❡♥tã♦ ♣♦r

✭✸✳✸✳✷✸✮ t❡♠♦s q✉❡ ✈❛❧❡ ✭✸✳✸✳✸✵✮✳ ❈♦♠ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ ❛❣♦r❛ ✉s❛♥❞♦
✭✸✳✸✳✷✹✮ ♥♦ ❧✉❣❛r ❞❡ ✭✸✳✸✳✷✸✮✱ ♠♦str❛♠♦s q✉❡ ✈❛❧❡ ✭✸✳✸✳✸✶✮✳

❆❣♦r❛✱ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ∪m≥1Vm
é ❞❡♥s♦ ❡♠ H1(Ω)✱ ♦❜t❡♠♦s

〈

∂c

∂t
, w

〉

+

∫

Ω

(D1(φ)∇c+D2(c, φ)∇φ) · ∇wdx = 0

♣❛r❛ t♦❞♦ w ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳
❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ✭✸✳✸✳✶✼✮ s❡❣✉❡ q✉❡

φm0 = φm(0) → φ(0) ❡ cm0 = cm(0) → c(0) ❡♠ H1(Ω)′.

P♦r ♦✉tr♦ ❧❛❞♦ ❞❡ ✭✸✳✸✳✶✺✮ t❡♠♦s q✉❡

φm0 → φ0 ❡ cm0 → c0 ❡♠ L2(Ω).

❊♥tã♦✱ ❝♦♠♦ ♦ ❧✐♠✐t❡ é ú♥✐❝♦✱ ♦❜t❡♠♦s✱ ❝♦♠ ❞❡s❡❥á✈❛♠♦s✱ q✉❡

c(0) = c0 ❡ φ(0) = φ0.

❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❡ q✉❡ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶ é s❛t✐s❢❡✐t❛✳

✺✶



✸✳✹ ❘❡❣✉❧❛r✐❞❛❞❡ ❡ s♦❧✉çã♦ ❢♦rt❡

❖ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ❝♦♥s❡❣✉✐r ♠❛✐s r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦ (φ, c)
❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✺✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ (φ, c) ∈ L2(0, T ;H2(Ω))2 ∩
H1(0, T ;L2(Ω))2✱ ♣❛r❛ q✉❡ ❛ss✐♠ ♣♦ss❛♠♦s ✉t✐❧✐③❛r ♦ ▲❡♠❛ ✸✳✶✳✹ ❡ ♠♦str❛r
q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ❢♦rt❡✳

▲❡♠❛ ✸✳✹✳✶✳ ❆ ♣r♦❥❡çã♦ ♦♥t♦❣♦♥❛❧ pm : L2(Ω) → Vm r❡str✐t♦ ❛ H1(Ω)
t❛♠❜é♠ é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❡♠ Vm. ❆❧é♠ ❞✐ss♦✱

‖∇φ0m‖L2(Ω) ≤ ‖∇φ0‖L2(Ω), ✭✸✳✹✳✶✮

‖∇c0m‖L2(Ω) ≤ ‖∇c0‖L2(Ω), ✭✸✳✹✳✷✮

❞❡s❞❡ q✉❡ φ0 ❡ c0 ❡st❡❥❛♠ ❡♠ H1(Ω).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ϕ = ϕ1 + ϕ2 ∈ H1(Ω) ♦♥❞❡ ϕ1 ∈ Vm ❡ ϕ2 ∈ V ⊥
m ✳

❊♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ❛ r❡❣r❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ✭✈❡❥❛ ❚❡♦r❡♠❛ ✷✳✺✳✶✵✮✱
♦❜t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ v ∈ Vm

(∇(pmϕ− ϕ),∇v)L2(Ω) = (∇(−ϕ2),∇v)L2(Ω) = −

∫

Ω

∇ϕ2 · ∇vdx

=

∫

Ω

ϕ2∆vdx =

∫

Ω

ϕk2∆
m
∑

i=1

αividx

= −
m
∑

i=1

αiλi

∫

Ω

ϕk2vidx

♣❛r❛ t♦❞♦ k ≥ 1✳ ❈♦♠♦ ϕ2 ∈ V ⊥
m ❡ vi ∈ Vm✱ ♦❜t❡♠♦s

(∇(pmϕ− ϕ),∇v)L2(Ω) = 0 ∀ v ∈ Vm. ✭✸✳✹✳✸✮

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ pm r❡str✐t♦ ❛ H1(Ω) t❛♠❜é♠ é ❛ ♣r♦❥❡çã♦
♦rt♦❣♦♥❛❧ ❡♠ Vm✳ ❉❡ ❢❛t♦✱ ♣♦✐s

(pmϕ− ϕ, v)H1(Ω) = (pmϕ− ϕ, v)L2(Ω) + (∇(pmϕ− ϕ),∇v)L2(Ω) = 0.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✹✳✶✮ é s❛t✐s❢❡✐t❛ tr✐✈✐❛❧♠❡♥t❡ q✉❛♥❞♦ ‖∇φ0m‖L2(Ω) = 0✳
❊♥tã♦✱ s✉♣♦♥❤❛ ‖∇φ0m‖L2(Ω) 6= 0✱ s✉❜st✐t✉✐♥❞♦ ϕ = φ0 ❡ v = φ0m ❡♠ ✭✸✳✹✳✸✮✱
♦❜t❡♠♦s

‖∇φ0m‖
2
L2(Ω) = (∇φ0m,∇φ0m)L2(Ω) = (∇φ0,∇φ0m)L2(Ω).

✺✷



❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ t❡♠♦s

‖∇φ0m‖
2
L2(Ω) ≤ ‖∇φ0m‖L2(Ω)‖∇φ0‖L2(Ω)

⇒ ‖∇φ0m‖L2(Ω) ≤ ‖∇φ0‖L2(Ω).

❆ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✸✳✹✳✷✮ é ❛♥á❧♦❣❛ à ❞❡ ✭✸✳✹✳✶✮✳

❊st❛♠♦s ❝❛♠✐♥❤❛♥❞♦ ♥❛ ❞✐r❡çã♦ ❞❡ ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ t❡♠
s♦❧✉çã♦ ❢♦rt❡✱ ♣❛r❛ ✐ss♦✱ ♠♦str❛r❡♠♦s ✉♠ t❡♦r❡♠❛ q✉❡ ♥♦s ❞á ✉♠❛ ♥♦çã♦ ❞❡
s♦❧✉çã♦ ✐♥t❡r♠❡❞✐ár✐❛ ❡♥tr❡ s♦❧✉çã♦ ❢r❛❝❛ ❡ s♦❧✉çã♦ ❢♦rt❡✳ ◗✉❡r❡♠♦s ♠♦str❛r
q✉❡ ❡①✐st❡♠ φ ∈ L2(0, T ;H2(Ω)) ∩ L2(0, T ;L2(Ω)) ❡ c ∈ L2(0, T ;H1(Ω)) ∩
L2(0, T ;H1(Ω)′)✱ t❛✐s q✉❡ (φ, c) é s♦❧✉çã♦ ❞❡ ✭✸✳✵✳✶✮ ♥♦ s❡♥t✐❞♦ q✉❡ ❛ ❡q✉❛✲
çã♦ ❞♦ ❝❛♠♣♦ ❞❡ ❢❛s❡ ✭❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✵✳✶✮✮ s❛t✐s❢❛③ ❛ ❞❡✜♥✐çã♦ ❞❡
s♦❧✉çã♦ ❢♦rt❡ ❡ ❛ ❡q✉❛çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ✭❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✵✳✶✮✮
❝♦♥t✐♥✉❛ s❛t✐s❢❛③❡♥❞♦ ❛♣❡♥❛s ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✳ ▼❛s s❡ φ ♣❡r✲
t❡♥❝❡ ❛ L2(0, T ;H2(Ω)) ∩ L2(0, T ;L2(Ω))✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✷ t❡♠♦s q✉❡
φ ∈ C([0, T ];H1(Ω))✱ ❡ s❡ c ∈ L2(0, T ;H1(Ω)) ∩ L2(0, T ;H1(Ω)′)✱ ♣❡❧♦ ▲❡♠❛
✷✳✺✳✸✶ s❡❣✉❡ q✉❡ c ∈ C([0, T ];L2(Ω)). ❊♥tã♦✱ ♣❛r❛ q✉❡ ❢❛ç❛♠ s❡♥t✐❞♦ ❛s ❝♦♥✲
❞✐çõ❡s ✐♥✐❝✐❛✐s ✭φ(0) = φ0 ❡ c(0) = c0✮✱ ♥♦ ♠í♥✐♠♦ t❡♠♦s q✉❡ ♣❡❞✐r q✉❡
(φ0, c0) ∈ H1(Ω)× L2(Ω).

▲❡♠❛ ✸✳✹✳✷✳ ❙❡❥❛ (φ0, c0) ∈ H1(Ω) × L2(Ω) ❡ T > 0✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ C q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡

∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

L2(QT )

+ ‖φm‖L∞(0,T ;H1(Ω)) ≤ C, ✭✸✳✹✳✹✮

‖φm‖L2(0,T ;H2(Ω)) ≤ C. ✭✸✳✹✳✺✮

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♠❡ç❛r ♠♦str❛♥❞♦ ✭✸✳✹✳✹✮✳ P❛r❛ ✐ss♦✱ ❡s❝♦❧❤❡♠♦s
v = ∂φm/∂t ❡♠ ✭✸✳✷✳✶✮ ❡ ♦❜t❡♠♦s

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+ ǫ2
∫

Ω

∇φm · ∇
∂φm
∂t

=

∫

Ω

F1(φm)
∂φm
∂t

+

∫

Ω

F2(φm)cm
∂φm
∂t

.

❊♥tã♦✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ F1 ❡ F2 sã♦ ❧✐♠✐t❛❞❛s✱ t❡♠♦s q✉❡

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+
ǫ2

2

d

dt

∫

Ω

|∇φm|
2 ≤M1

(∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

+

∫

Ω

|cm|

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

)

.

✺✸



❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ η1, η2 > 0

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+
ǫ2

2

d

dt

∫

Ω

|∇φm|
2

≤ M1

(

∫

Ω

(

C(η1)

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+ η1

)

+

∫

Ω

(

η2|cm|
2 + C(η2)

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

)

)

= M1η1|Ω|+

(

M1

4η1
+
M1

4η2

)∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+M1η2

∫

Ω

|cm|
2,

♦♥❞❡ ✉s❛♠♦s q✉❡ C(λ) = 1/4λ. ❆❣♦r❛✱ t♦♠❛♥❞♦ η1 = η2 = M1 ❡ ✉s❛♥❞♦ ♦
❢❛t♦ q✉❡ Ω é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✱ t❡♠♦s q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱
q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+ ǫ2
d

dt

∫

Ω

|∇φm|
2 ≤ C

(

1 +

∫

Ω

|cm|
2

)

.

■♥t❡❣r❛♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s♦❜r❡ (0, t)✱ ❝♦♠ t ∈ [0, T ]✱ t❡♠♦s

∫ t

0

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+ ǫ2
∫

Ω

|∇φm(t)|
2 ≤ C

(

t+

∫ t

0

∫

Ω

|cm|
2

)

+ ǫ2
∫

Ω

|∇φm(0)|
2

≤ C
(

T + ‖cm‖
2
L2(QT )

)

+ ǫ2‖∇φ0m‖
2
L2(Ω).

❯s❛♥❞♦ ✭✸✳✸✳✹✮✱ ✭✸✳✹✳✶✮ ❡ r❡❛❞❛♣t❛♥❞♦ ❛ ❝♦♥st❛♥t❡ C✱ ♦❜t❡♠♦s q✉❡

∫ t

0

∫

Ω

∣

∣

∣

∣

∂φm
∂t

∣

∣

∣

∣

2

+ ǫ2
∫

Ω

|∇φm(t)|
2 ≤ C.

❆❣♦r❛ ❜❛st❛ t♦♠❛r ♦ s✉♣r❡♠♦ ❡ss❡♥❝✐❛❧ ❝♦♠ t ∈ [0, T ] ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s✱
♣❛r❛ ❡♥tã♦ ♦❜t❡r♠♦s

∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

L2(QT )

+ ‖∇φm‖L∞(0,T ;L2(Ω)) ≤ C,

❡ ❝♦♠♦✱ ‖φm‖L∞(0,T ;L2(Ω)) ≤ C ✭✈❡❥❛ ✭✸✳✸✳✸✮✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

L2(QT )

+ ‖φm‖L∞(0,T ;H1(Ω)) ≤ C.

✺✹



❆❣♦r❛ q✉❡r❡♠♦s ♠♦str❛r ✭✸✳✹✳✺✮✳ ❈♦♠♦ −∆φm(t) ∈ Vm ∀ t ∈ [0, T ] ✭✐ss♦
❞❡❝♦rr❡ ❞♦ ❢❛t♦ q✉❡ φm(t) =

∑m
i=1 ϕim(t)vi, ♦♥❞❡ vi ∈ Vm sã♦ ❛✉t♦❢✉♥çõ❡s ❞♦

❧❛♣❧❛❝✐❛♥♦✮✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r v = −∆φm(t) ❡♠ ✭✸✳✷✳✶✮✱ ♦❜t❡♥❞♦ q✉❡

−

∫

Ω

∂φm
∂t

∆φm − ǫ2
∫

Ω

∇φm · ∇(∆φm) = −

∫

Ω

(F1(φm) + cmF2(φm))∆φm.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ q✉❡ F1 ❡ F2 sã♦ ❧✐♠✐t❛❞❛s✱ ♦❜t❡♠♦s

1

2

d

dt

∫

Ω

|∇φm|
2 + ǫ2

∫

Ω

|∆φm|
2 = −

∫

Ω

F1(φm)∆φm −

∫

Ω

cmF2(φm)∆φm

≤ M1(

∫

Ω

|∆φm|+

∫

Ω

|cm||∆φm|).

❯s❛♥❞♦ ❛❣♦r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ η1, η2 > 0

1

2

d

dt

∫

Ω

|∇φm|
2 + ǫ2

∫

Ω

|∆φm|
2

≤M1

(

η1|Ω|+ C(η1)

∫

Ω

|∆φm|
2 + η2

∫

Ω

|cm|
2 + C(η2)

∫

Ω

|∆φm|
2

)

,

♦♥❞❡ ♥❡st❡ ❝❛s♦ C(λ) = 1/4λ✳ ❊♥tã♦✱

1

2

d

dt

∫

Ω

|∇φm|
2 + ǫ2

∫

Ω

|∆φm|
2

≤M1η1|Ω|+

(

M1

4η1
+
M1

η2

)∫

Ω

|∆φm|
2 +M1η2

∫

Ω

|cm|
2.

❚♦♠❛♥❞♦ η1 = η2 = M1/ǫ
2✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r 2 ❞❡ ❛♠❜♦s ♦s ❧❛❞♦s ❡ ❡s❝♦✲

❧❤❡♥❞♦ C1 ✉♠❛ ❝♦♥st❛♥t❡ ♠❛✐♦r q✉❡ ♦ ♠á①✐♠♦ ❡♥tr❡ M1η1|Ω| ❡ M1η1✱ t❡♠✲s❡
q✉❡

d

dt
‖∇φm‖

2
L2(Ω) + ǫ2‖∆φm‖

2
L2(Ω) ≤ C1(1 + ‖cm‖

2
L2(Ω)).

❊♥tã♦✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, T ]✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C2✱ t❛❧ q✉❡

‖∇φm(T )‖
2
L2(Ω) + ǫ2‖∆φm‖

2
L2(QT ) ≤ C2(1 + ‖cm‖

2
L2(QT )) + ‖∇φ0m‖

2
L2(Ω).

❊ ❡♥tã♦✱ ♣♦r ✭✸✳✹✳✶✮ ❡ ✭✸✳✸✳✹✮ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ ♦♥❞❡

‖∆φm‖
2
L2(QT ) ≤ C.

✺✺



❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✷✵ ❡ ✉s❛♥❞♦ ♦✉tr❛ ✈❡③ ✭✸✳✸✳✹✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ C > 0 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡

‖φm‖L2(0,T ;H2(Ω)) ≤ C.

❆❣♦r❛ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡♠♦♥str❛r ✉♠ t❡♦r❡♠❛ q✉❡ ❢♦r♥❡❝❡ ❛
♥♦çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ✐♥t❡r♠❡❞✐ár✐❛ ❡♥tr❡ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ✭q✉❡ é ♦ ❚❡♦r❡♠❛
✸✳✸✳✺✮ ❡ ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳

❚❡♦r❡♠❛ ✸✳✹✳✸✳ ❉❛❞♦ (φ0, c0) ∈ H1(Ω) × L2(Ω)✱ ❡①✐st❡ ✉♠ ♣❛r ❞❡ ❢✉♥çõ❡s
(φ, c) s❛t✐s❢❛③❡♥❞♦

φ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

c ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;H1(Ω)′),

t❛✐s q✉❡ φ(0) = φ0, c(0) = c0 ❡

∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT ,

∂φ

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ),

〈

∂c

∂t
, v

〉

+

∫

Ω

(D1(φ)∇c+D2(c, φ)∇φ) · ∇vdx = 0

✭✸✳✹✳✻✮

♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✸✳✹✳✹✮ ❡ ✭✸✳✹✳✺✮✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❦✉t❛♥✐ ✭✈❡❥❛
❚❡♦r❡♠❛ ✷✳✹✳✸✮ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ✭q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r
φm✮ ❞❛ s❡q✉ê♥❝✐❛ φm ❞♦ ▲❡♠❛ ✸✳✸✳✸✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡✱ q✉❛♥❞♦ m→ +∞✱

φm ⇀ φ̃ ❡♠ L2(0, T ;H2(Ω))

❡
∂φm
∂t

⇀ ϕ ❡♠ L2(QT ).

❆❣♦r❛✱ ❝♦♠♦ ❛ s❡q✉ê♥❝✐❛ φm ❛q✉✐ é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❛ s❡q✉ê♥❝✐❛ ❞❛❞❛ ♥♦
▲❡♠❛ ✸✳✸✳✸✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱ t❡♠♦s ♥❛ ✈❡r❞❛❞❡ q✉❡

φ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

✺✻



φm ⇀ φ ❡♠ L2(0, T ;H2(Ω)) ✭✸✳✹✳✼✮

❡
∂φm
∂t

⇀
∂φ

∂t
❡♠ L2(QT ). ✭✸✳✹✳✽✮

❆❣♦r❛✱ s❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ♣❛ss♦s ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ♥❛ ♣á❣✐♥❛ ✸✶✱
♦❜t❡♠♦s q✉❡

∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT

❡
∂φ

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ).

❉❡ ❢❛t♦✱ ❝♦♠♦ (φ0, c0) ∈ H1(Ω) × L2(Ω) ⊂ L2(Ω) × L2(Ω)✱ ✈❛❧❡ ♦ ❚❡♦r❡♠❛
✸✳✸✳✺✱ ♠❛✐s ❛✐♥❞❛✱ ❝♦♠♦ ∂φ/∂t ∈ L2(QT )✱ ♦❜t❡♠♦s q✉❡

∫

Ω

∂φ

∂t
v + ǫ2

∫

Ω

∇φ · ∇v =

∫

Ω

(F1(φ) + cF2(φ))v ✭✸✳✹✳✾✮

♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡
✈❛❧❡ ♣❛r❛ t♦❞♦ v ∈ C∞

c (Ω)✳ ❊♥tã♦ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s
∫

Ω

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

vdx = 0 ✭✸✳✹✳✶✵✮

♣❛r❛ t♦❞♦ v ∈ C∞
c (Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✻✱ ♦❜t❡♠♦s

q✉❡
∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT . ✭✸✳✹✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ✐♥t❡❣r❛r♠♦s ✭✸✳✹✳✾✮ ♣♦r ♣❛rt❡s ❝♦♠ v ∈ H1(Ω)✱ ♦❜t❡♠♦s
∫

Ω

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

v +

∫

∂Ω

∂φ

∂n
v = 0

♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❯t✐❧✐③❛♥❞♦ ✭✸✳✹✳✶✶✮✱ s❡❣✉❡ q✉❡
∫

∂Ω

∂φ

∂n
v = 0

♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳ ❖✉ s❡❥❛✱

∂φ

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ).

❖ ❢❛t♦ q✉❡ c(0) = c0 ❡ φ(0) = φ0✱ s❡❣✉❡ ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✺✳

✺✼



❖❜s❡r✈❛çã♦ ✸✳✹✳✹✳ ❉❡ ✭✸✳✹✳✹✮ ❡ ✭✸✳✹✳✺✮✱ s❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ φm é ❧✐♠✐t❛❞❛
❡♠

W3 =

{

u ∈ L2(0, T ;H2(Ω));
∂u

∂t
∈ L2(0, T ;L2(Ω))

}

.

❆❣♦r❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✼✱ H2(Ω)
c
→֒ H1(Ω)✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵

t❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ W3 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠
L2(0, T ;H1(Ω)). ❈♦♠♦ φm é ❧✐♠✐t❛❞♦ ❡♠ W3 t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s✉❜✲
s❡q✉ê♥❝✐❛ ✭❞❛ ú❧t✐♠❛ s✉❜s❡q✉ê♥❝✐❛✮ q✉❡ ❛✐♥❞❛ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r φm t❛❧ q✉❡✱
q✉❛♥❞♦ m→ +∞✱

φm → φ ∈ L2(0, T ;H1(Ω)). ✭✸✳✹✳✶✷✮

❖ q✉❡ q✉❡r❡♠♦s ❞❡st❛❝❛r ♥❡st❛ ♦❜s❡r✈❛çã♦✱ é q✉❡ ❝♦♠ ❛s ❤✐♣ót❡s❡s ❞❡st❡
ú❧t✐♠♦ t❡♦r❡♠❛✱ t❡♠♦s ✏♠❡❧❤♦r ❝♦♥✈❡r❣ê♥❝✐❛✑ ♣❛r❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❛
s❡q✉ê♥❝✐❛ φm✳ ❖❜s❡r✈❡ q✉❡ ❡♠ ♠♦♠❡♥t♦ ❛❧❣✉♠ ✉t✐❧✐③❛♠♦s ❡ss❡ ❢❛t♦ ♣❛r❛
❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❡♥tr❡t❛♥t♦✱ s❡ ❢♦ss❡♠♦s r❡♣❡t✐r ♦ ♣r♦❝❡ss♦ ❞❛
❞❡♠♦♥str❛çã♦ ❢❡✐t❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✺✱ ❡ss❛ ✐♥❢♦r♠❛çã♦ ❢❛❝✐❧✐t❛r✐❛ ❛ ❞❡♠♦♥s✲
tr❛çã♦✳

❖❜s❡r✈❛çã♦ ✸✳✹✳✺✳ ❱❡❥❛ q✉❡ ♥♦ ❚❡♦r❡♠❛s ✸✳✸✳✺ ❡ ♥♦ ❚❡♦r❡♠❛ ✸✳✹✳✸ ♥ã♦
✉s❛♠♦s ❛ ❤✐♣ót❡s❡ q✉❡ 1 ≤ d ≤ 3✳ ❊♥tã♦✱ ❡ss❡s t❡♦r❡♠❛s ✈❛❧❡♠ ♣❛r❛ t♦❞♦
❞♦♠í♥✐♦ Ω ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❞❡ Rd ♣❛r❛ t♦❞♦ d ≥ 1. ❊♥tr❡t❛♥t♦✱ ♥♦s ♣ró①✐♠♦s
r❡s✉❧t❛❞♦s ✉s❛r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ q✉❡ ❡①✐❣❡ 1 ≤ d ≤ 3
❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ❞❛❞❛s ♥♦ ▲❡♠❛ ✷✳✺✳✶✽✳ ❊♥tã♦✱
❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ ❛❜❡rt♦ ❞❡ R

d✱
1 ≤ d ≤ 3✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω ❞❡ ❝❧❛ss❡ C∞✳

◆♦ss❛ ♣ró①✐♠❛ ♠❡t❛ é ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ t❡♠ ✉♠❛ s♦❧✉çã♦
❢♦rt❡ (φ, c) ♦♥❞❡ φ ∈ L2(0, T ;H3(Ω))∩H1(0, T ;H1(Ω)) ❡ c ∈ L2(0, T ;H2(Ω))∩
H1(0, T ;L2(Ω))✳ ▼❛s✱ s❡ φ ∈ L2(0, T ;H3(Ω)) ∩ H1(0, T ;H1(Ω))✱ ♣❡❧♦ ❚❡♦✲
r❡♠❛ ✷✳✺✳✸✷ t❡♠♦s q✉❡ φ ∈ C([0, T ];H2(Ω))✳ ❆❧é♠ ❞✐ss♦✱ s❡ c ♣❡rt❡♥❝❡ ❛
L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω))✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✸✶ s❡❣✉❡ q✉❡ c ♣❡rt❡♥❝❡ ❛
C([0, T ];H1(Ω)). ❊♥tã♦✱ ♣❛r❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✭φ(0) = φ0 ❡ c(0) = c0✮
❢❛ç❛♠ s❡♥t✐❞♦✱ t❡♠♦s q✉❡ ❡①✐❣✐r ♣❡❧♦ ♠❡♥♦s q✉❡ (φ0, c0) ∈ H2(Ω)×H1(Ω).

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝♦♥s❡❣✉✐r♠♦s ♥♦✈❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ φm✱ s❡rá ♥❡❝❡ssár✐❛
❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ∂φ0/∂n = 0 ❡♠ ∂Ω.

◆♦ ♣ró①✐♠♦ ❧❡♠❛✱ ❡♥❝♦♥tr❛♠♦s ♥♦✈❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ φm✱ ♣♦r ✐ss♦✱ ❛✐♥❞❛
♥ã♦ s❡rá ♥❡❝❡ssár✐♦ q✉❡ c0 ∈ H1(Ω).

✺✽



▲❡♠❛ ✸✳✹✳✻✳ ❙❡❥❛ (φ0, c0) ∈ H2(Ω) × L2(Ω) t❛❧ q✉❡ ∂φ0/∂n = 0 ❡♠ ∂Ω✳
❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡ ✈❛❧❡♠ ❛s
s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

‖φm‖L∞(0,T ;H2(Ω)) ≤ C, ✭✸✳✹✳✶✸✮

‖φm‖L2(0,T ;H3(Ω)) ≤ C, ✭✸✳✹✳✶✹✮
∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

L2(0,T ;H1(Ω))

≤ C. ✭✸✳✹✳✶✺✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ✭✸✳✹✳✶✸✮ ❡ ✭✸✳✹✳✶✹✮✱ ❡s❝♦❧❤❡♠♦s v = ∆2φm ❡♠
✭✸✳✷✳✶✮✳ ❊♥tã♦✱ ♦❜t❡♠♦s
∫

Ω

∂φm
∂t

∆2φm + ǫ2
∫

Ω

∇φm · ∇(∆2φm) =

∫

Ω

(F1(φm) + cmF2(φm))∆
2φm.

■♥t❡❣r❛♥❞♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡
q✉❡ ∂φm/∂n = 0 ❡♠ ∂Ω✱ t❡♠♦s

∫

Ω

∂φm
∂t

∆2φm = −

∫

Ω

∇
∂φm
∂t

· ∇∆φm +

∫

∂Ω

∂∆φm
∂n

∂φm
∂t

=

∫

Ω

∆
∂φm
∂t

∆φm −

∫

∂Ω

∂2φm
∂n∂t

∆φm

=
1

2

d

dt
‖∆φm‖

2
L2(Ω).

✭✸✳✹✳✶✻✮

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦✱ ♦❜t❡♠♦s
∫

Ω

∇φm · ∇(∆2φm) = −

∫

Ω

∆φm∆
2φm +

∫

∂Ω

∂φm
∂n

∆2φm

=

∫

Ω

∇∆φm · ∇∆φm −

∫

∂Ω

∂∆φm
∂n

∆φm

= ‖∇∆φm‖
2
L2(Ω).

✭✸✳✹✳✶✼✮

❆❣♦r❛ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ✭✈❡❥❛ ❚❡♦r❡♠❛ ✷✳✺✳✷✺✮
♥♦ ❧❛❞♦ ❞✐r❡✐t♦✱ ❝♦♥s❡❣✉✐♠♦s q✉❡

∫

Ω

(F1(φm) + cmF2(φm))∆
2φm

= −

∫

Ω

(F ′
1(φm)∇φm +∇cmF2(φm) + cmF

′
2(φm)∇φm) · ∇∆φm

≤

∫

Ω

|F ′
1(φm)||∇φm · ∇∆φm|+

∫

Ω

|F2(φm)||∇cm · ∇∆φm|

+

∫

Ω

|F ′
2(φm)||cm∇φm · ∇∆φm|.

✺✾



❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✷✹ ✭✐st♦ é✱ F1 ❡ F2 ♣❡rt❡♥❝❡♠ ❛W 1,∞(R)✮ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 ✭q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ m✮ t❛❧ q✉❡
∫

Ω

(F1(φm) + cmF2(φm))∆
2φm

≤ C

(∫

Ω

|∇φm||∇∆φm|+

∫

Ω

|∇cm||∇∆φm|+

∫

Ω

|cm∇φm · ∇∆φm|

)

.

❙❡❥❛ B =

∫

Ω

|cm∇φm ·∇∆φm|✳ ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

q✉❡ ♣❛r❛ q✉❛✐sq✉❡r η1, η2 > 0
∫

Ω

(F1(φm) + cmF2(φm))∆
2φm

≤ C

(

η1‖∇φm‖
2
L2(Ω) +

(

1

4η1
+

1

4η2

)

‖∇∆φm‖
2
L2(Ω) + η2‖∇cm‖

2
L2(Ω) + B

)

.

❊s❝♦❧❤❡♥❞♦ η1 = η2 = 2C/ǫ2✱ ❡①✐st❡ ✉♠❛ ♦✉tr❛ ❝♦♥st❛♥t❡ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ m ❛ q✉❛❧ t❛♠❜é♠ ❝❤❛♠❛r❡♠♦s ❞❡ C✱ t❛❧ q✉❡

∫

Ω

(F1(φm) + cmF2(φm))∆
2φm

≤
ǫ2

4
‖∇∆φm‖

2
L2(Ω) + C

(

‖∇φm‖
2
L2(Ω) + ‖∇cm‖

2
L2(Ω) + B

)

.

❊♥tã♦✱ ♣♦r ✭✸✳✹✳✶✻✮✱ ✭✸✳✹✳✶✼✮ ❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦❜t❡♠♦s

1

2

d

dt
‖∆φm‖

2
L2(Ω) +

3ǫ2

4
‖∇∆φm‖

2
L2(Ω) ≤ C

(

‖∇φm‖
2
L2(Ω) + ‖∇cm‖

2
L2(Ω) + B

)

.

✭✸✳✹✳✶✽✮
❆❣♦r❛ ✈❛♠♦s ❡st✐♠❛r ♦ t❡r♠♦ B.❯s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
❡ ❞❡ ❍ö❧❞❡r✱ s❡❣✉❡ q✉❡

B =

∫

Ω

|cm∇φm · ∇∆φm| ≤ ‖cm‖L3(Ω)‖∇φm‖L6(Ω)‖∇∆φm‖L2(Ω).

❯s❛♥❞♦ ❛s ✐♥t❡r♣♦❧❛çõ❡s ✭✷✳✺✳✺✮ ❡ ✭✷✳✺✳✻✮✱ ❡ ❛s ❡st✐♠❛t✐✈❛s ✭✸✳✸✳✸✮ ❡ ✭✸✳✹✳✹✮✱
t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

B ≤ C1C2‖cm‖
1/2

H1(Ω)‖cm‖
1/2

L2(Ω)‖∇φm‖
1/2

H2(Ω)‖∇φm‖
1/2

L2(Ω)‖∇∆φm‖L2(Ω)

≤ C‖cm‖
1/2

H1(Ω)‖∇φm‖
1/2

H2(Ω)‖∇∆φm‖L2(Ω).

✻✵



❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ δ > 0✱ ✈❛❧❡

B ≤ C

(

δ

2
‖∇∆φm‖

2
L2(Ω) +

1

2δ
‖cm‖H1(Ω)‖∇φm‖H2(Ω)

)

.

❉♦ ❢❛t♦ q✉❡ ‖∇φm‖H2(Ω) ≤ ‖φm‖H3(Ω)✱ t❡♠♦s

B ≤ C

(

δ

2
‖∇∆φm‖

2
L2(Ω) +

1

2δ
‖cm‖H1(Ω)‖φm‖

2
H3(Ω)

)

.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✷✵✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭q✉❡ t❛♠❜é♠
❝❤❛♠❛r❡♠♦s ❞❡ C✮✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

B ≤ C

(

δ

2
‖∇∆φm‖

2
L2(Ω) +

1

2δ
‖cm‖H1(Ω)(‖∆φm‖H1(Ω) + ‖φm‖H1(Ω))

)

≤ C

(

1

2δ
‖cm‖H1(Ω)(‖∆φm‖L2(Ω) + ‖∇∆φm‖L2(Ω) + ‖φm‖H1(Ω))

)

+C

(

δ

2
‖∇∆φm‖

2
L2(Ω)

)

.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ♠❛✐s ✉♠❛ ✈❡③✱ ♦❜t❡♠♦s ❡♠ ♣❛rt✐❝✉❧❛r
✭✐st♦ é✱ ❡s❝♦❧❤❡♥❞♦ ǫ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐❣✉❛❧ ❛ 2δ2✮ q✉❡

B ≤ C

(

1

2δ
(
1

4δ2
‖cm‖

2
H1(Ω) + δ2(‖∆φm‖L2(Ω) + ‖∇∆φm‖L2(Ω) + ‖φm‖H1(Ω))

2

)

+C

(

δ

2
‖∇∆φm‖

2
L2(Ω)

)

= C

(

δ‖∇∆φm‖
2
L2(Ω) +

1

8δ3
‖cm‖

2
H1(Ω) +

δ

2
‖∆φm‖

2
L2(Ω) +

δ

2
‖φm‖

2
H1(Ω)

)

.

❆❣♦r❛✱ ❡s❝♦❧❤❡♥❞♦ Cδ = ǫ2/4 ❡ s✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✹✳✶✽✮✱
❝❤❡❣❛♠♦s ❡♠

d

dt
‖∆φm‖

2
L2(Ω)+‖∇∆φm‖

2
L2(Ω) ≤ C

(

‖cm‖
2
H1(Ω) + ‖∆φm‖

2
L2(Ω) + ‖φm‖

2
H1(Ω)

)

.

✭✸✳✹✳✶✾✮
■♥t❡❣r❛♥❞♦ ✭✸✳✹✳✶✾✮ s♦❜r❡ (0, t) ❝♦♠ t ∈ [0, T ] ❡ ✉s❛♥❞♦ ✭✸✳✸✳✹✮✱ ♦❜t❡♠♦s q✉❡
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖∆φm(t)‖
2
L2(Ω)+

∫ t

0

‖∇∆φm‖
2
L2(Ω) ≤ ‖∆φ0m‖

2
L2(Ω)+C

(

1 +

∫ t

0

‖∆φm‖
2
L2(Ω)

)

.

✻✶



❱❡❥❛ q✉❡ ‖∆φ0m‖L2(Ω) ≤ ‖∆φ0‖L2(Ω)✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱
♦ ❢❛t♦ q✉❡ (φ0−φ0m, v)L2(Ω) = 0 ♣❛r❛ t♦❞♦ v ∈ Vm✱ ❛ ❤✐♣ót❡s❡ q✉❡ ∂φ0/∂n = 0
❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

‖∆φ0m‖
2
L2(Ω) = (∆φ0m,∆φ0m)L2(Ω) = (φ0m,∆

2φ0m)L2(Ω)

= (φ0,∆
2φ0m)L2(Ω) = (∆φ0,∆φ0m)L2(Ω)

≤ ‖∆φ0‖L2(Ω)‖∆φ0m‖L2(Ω).

❈♦♠♦ φ0 ∈ H2(Ω)✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡

‖∆φ0m‖L2(Ω) ≤ C. ✭✸✳✹✳✷✵✮

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

‖∆φm(t)‖
2
L2(Ω) +

∫ t

0

‖∇∆φm‖
2
L2(Ω) ≤ C

(

1 +

∫ t

0

‖∆φm‖
2
L2(Ω)

)

. ✭✸✳✹✳✷✶✮

❯s❛♥❞♦ ❛ ✈❡rsã♦ ✐♥t❡❣r❛❧ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✐✳❡✳✱ ♦ ✐t❡♠ ✭✐✐✮ ❞♦
❚❡♦r❡♠❛ ✷✳✸✳✸✮ t❡♠♦s q✉❡

‖∆φm(t)‖
2
L2(Ω) ≤ C.

❊♥tã♦✱
‖∆φm‖

2
L∞(0,T ;L2(Ω)) ≤ C. ✭✸✳✹✳✷✷✮

❆❣♦r❛✱ t♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❡ss❡♥❝✐❛❧ ❝♦♠ t ∈ [0, T ] ❡♠ ✭✸✳✹✳✷✶✮✱ s❡❣✉❡
q✉❡

‖∇∆φm‖
2
L2(QT ) ≤ C

(

1 + ‖∆φm‖
2
L2(QT )

)

≤ C. ✭✸✳✹✳✷✸✮

❯t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✷✵✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

‖φm‖L∞(0,T ;H2(Ω)) ≤ ‖∆φm‖L∞(0,T ;L2(Ω)) + ‖φm‖L∞(0,T ;L2(Ω)),

‖φm‖L2(0,T ;H3(Ω)) ≤ ‖∆φm‖L2(0,T ;H1(Ω)) + ‖φm‖L2(0,T ;H1(Ω))

≤ C(‖∇∆φm‖L2(QT ) + ‖∆φm‖L2(QT ) + ‖φm‖L2(0,T ;H1(Ω))).

❯s❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ✭✸✳✸✳✸✮✱ ✭✸✳✸✳✹✮✱ ✭✸✳✹✳✷✷✮ ❡ ✭✸✳✹✳✷✸✮ ♥❛s ❞✉❛s ú❧t✐♠❛s
❞❡s✐❣✉❛❧❞❛❞❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ m✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

‖φm‖L∞(0,T ;H2(Ω)) ≤ C

✻✷



❡
‖φm‖L2(0,T ;H3(Ω)) ≤ C,

♦ q✉❡ ♣r♦✈❛ ✭✸✳✹✳✶✸✮ ❡ ✭✸✳✹✳✶✹✮✳
❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✹✳✶✺✮✳ P❛r❛ ✐ss♦✱ ❡s❝♦❧❤❡♠♦s v =

−(∂∆φm/∂t) ❡♠ ✭✸✳✷✳✶✮✳ ❉❡st❡ ♠♦❞♦✱ s❡❣✉❡ q✉❡

−

∫

Ω

∂φm
∂t

∂∆φm
∂t

− ǫ2
∫

Ω

∇φm · ∇
∂∆φm
∂t

= −

∫

Ω

(F1(φm) + cmF2(φm))
∂∆φm
∂t

.

❖✉ s❡❥❛✱

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(Ω)

+
ǫ2

2

d

dt
‖∆φm‖

2
L2(Ω) = −

∫

Ω

(F1(φm) + cmF2(φm))
∂∆φm
∂t

.

✭✸✳✹✳✷✹✮
❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ✭❚❡♦r❡♠❛ ✷✳✺✳✷✺✮✱ ❛ ❞❡s✐✲
❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ♦ ❢❛t♦ q✉❡ F1 ❡ F2 ♣❡rt❡♥❝❡♠ ❛ W 1,∞(R) ❡ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s q✉❡

−

∫

Ω

(F1(φm) + cmF2(φm))
∂∆φm
∂t

=

∫

Ω

∇(F1(φm) + cmF2(φm)) · ∇
∂φm
∂t

=

∫

Ω

(F ′
1(φm)∇φm +∇cmF2(φm) + cmF

′
2(φm)∇φm) · ∇

∂φm
∂t

≤

∫

Ω

|∇φm|

∣

∣

∣

∣

∇
∂φm
∂t

∣

∣

∣

∣

+

∫

Ω

|∇cm|

∣

∣

∣

∣

∇
∂φm
∂t

∣

∣

∣

∣

+

∫

Ω

∣

∣

∣

∣

cm∇φm · ∇
∂φm
∂t

∣

∣

∣

∣

≤ ‖∇φm‖L2(Ω)

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

+ ‖∇cm‖L2(Ω)

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

+

∫

Ω

∣

∣

∣

∣

cm∇φm · ∇
∂φm
∂t

∣

∣

∣

∣

.

❊♥tã♦✱ ✭✸✳✹✳✷✹✮ ❥✉♥t♦ ❝♦♠ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❢♦r♥❡❝❡✿

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(Ω)

+
ǫ2

2

d

dt
‖∆φm‖

2
L2(Ω)

≤ (‖∇φm‖L2(Ω) + ‖∇cm‖L2(Ω))

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

+ C , ✭✸✳✹✳✷✺✮

✻✸



♦♥❞❡ C =

∫

Ω

∣

∣

∣

∣

cm∇φm · ∇
∂φm
∂t

∣

∣

∣

∣

✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦ ❈♦r♦✲

❧ár✐♦ ✷✳✺✳✶✺ ❡ ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✹✳✶✸✮ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0
t❛❧ q✉❡

C ≤ ‖cm‖L3(Ω)‖∇φm‖L6(Ω)

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

≤ C‖cm‖H1(Ω)‖∇φm‖H1(Ω)

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

≤ C‖cm‖H1(Ω)

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

.

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✹✳✷✺✮ ❝♦♠ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡
❨♦✉♥❣✱ ✈❡♠♦s q✉❡ ❡①✐st❡ C1 > 0✱ t❛❧ q✉❡

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(Ω)

+
ǫ2

2

d

dt
‖∆φm‖

2
L2(Ω)

≤ C1(‖∇φm‖L2(Ω) + ‖cm‖H1(Ω))

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

≤ C1(‖φm‖H1(Ω) + ‖cm‖H1(Ω))

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

L2(Ω)

≤ C1

(

η(‖φm‖H1(Ω) + ‖cm‖H1(Ω))
2 +

1

4η

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(Ω)

)

,

♣❛r❛ t♦❞♦ η > 0. ❊♥tã♦✱ ❡s❝♦❧❤❡♥❞♦ ❡♠ ♣❛rt✐❝✉❧❛r η = C1/2✱ s❡❣✉❡ q✉❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(Ω)

+ ǫ2
d

dt
‖∆φm‖

2
L2(Ω) ≤ C(‖φm‖

2
H1(Ω) + ‖cm‖

2
H1(Ω)). ✭✸✳✹✳✷✻✮

■♥t❡❣r❛♥❞♦ ✭✸✳✹✳✷✻✮ s♦❜r❡ [0, T ]✱ s❡❣✉❡ q✉❡

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(QT )

+ ǫ2‖∆φm(T )‖
2
L2(Ω)

≤ ǫ2‖∆φm(0)‖
2
L2(Ω) + C(‖φm‖

2
L2(0,T ;H1(Ω)) + ‖cm‖

2
L2(0,T ;H1(Ω))).

✻✹



❆❣♦r❛✱ ✉s❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ✭✸✳✸✳✹✮ ❡ ✭✸✳✹✳✷✵✮✱ t❡♠♦s

∥

∥

∥

∥

∇
∂φm
∂t

∥

∥

∥

∥

2

L2(QT )

+ ǫ2‖∆φm(T )‖
2
L2(Ω) ≤ C.

❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✹✳✹✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

∥

∥

∥

∥

∂φm
∂t

∥

∥

∥

∥

L2(0,T ;H1(Ω))

≤ C.

❖ ♣ró①✐♠♦ ❧❡♠❛ ✈✐s❛ ♦❜t❡r ♠❛✐s ❡st✐♠❛t✐✈❛s ♣❛r❛ cm.

▲❡♠❛ ✸✳✹✳✼✳ ❙❡❥❛ (φ0, c0) ∈ H2(Ω) × H1(Ω) t❛❧ q✉❡ ∂φ0/∂n = 0✳ ❊♥tã♦✱
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✱ t❛❧ q✉❡ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s
❡st✐♠❛t✐✈❛s✿

‖cm‖L∞(0,T ;H1(Ω)) ≤ C, ✭✸✳✹✳✷✼✮

‖cm‖L2(0,T ;H2(Ω)) ≤ C, ✭✸✳✹✳✷✽✮
∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(QT )

≤ C. ✭✸✳✹✳✷✾✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦str❛r ❛s ❡st✐♠❛t✐✈❛s ✭✸✳✹✳✷✼✮ ❡ ✭✸✳✹✳✷✽✮ ❡s❝♦❧❤❡♠♦s
w = −∆cm ❡♠ ✭✸✳✷✳✶✮✳ ❊♥tã♦✱ ♦❜t❡♠♦s

−

∫

Ω

∂cm
∂t

∆cm −

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇∆cm = 0.

✻✺



❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s

1

2

d

dt
‖∇cm‖

2
L2(Ω) =

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇∆cm

=
d
∑

i=1

∫

Ω

D1(φm)
∂cm
∂xi

∂∆cm
∂xi

+
d
∑

i=1

∫

Ω

D2(cm, φm)
∂φm
∂xi

∂∆cm
∂xi

= −
d
∑

i=1

(∫

Ω

∂

∂xi
(D1(φm)

∂cm
∂xi

)∆cm +

∫

∂Ω

∆cmD1(φm)
∂cm
∂xi

ni

)

−
d
∑

i=1

(∫

Ω

∂

∂xi
(D2(cm, φm)

∂φm
∂xi

)∆cm +

∫

∂Ω

∆cmD2(cm, φm)
∂φm
∂xi

ni

)

= −

∫

Ω

div(D1(φm)∇cm)∆cm +

∫

∂Ω

∆cmD1(φm)
∂cm
∂n

−
d
∑

i=1

(∫

Ω

∂

∂xi
(D2(cm, φm)

∂φm
∂xi

)∆cm

)

+

∫

∂Ω

∆cmD2(cm, φm)
∂φm
∂n

= −

∫

Ω

div(D1(φm)∇cm)∆cm −
d
∑

i=1

(∫

Ω

∂

∂xi
(D2(cm, φm)

∂φm
∂xi

)∆cm

)

.

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ✭❚❡♦r❡♠❛ ✷✳✺✳✷✺✮ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ ♣❡❧♦

✻✻



▲❡♠❛ ✷✳✺✳✷✹✱ D2 ∈ W 1,∞(R× R)✱ s❡❣✉❡ q✉❡

1

2

d

dt
‖∇cm‖

2
L2(Ω) +

∫

Ω

div(D1(φm)∇cm)∆cm

= −
d
∑

i=1

(∫

Ω

∂

∂xi
(D2(cm, φm)

∂φm
∂xi

)∆cm

)

= −
d
∑

i=1

(∫

Ω

(

∂

∂xi
D2(cm, φm)

∂φm
∂xi

+D2(cm, φm)
∂2φm
∂2xi

)

∆cm

)

= −
d
∑

i=1

(

∫

Ω

(

D′
2(cm, φm)

∂cm
∂xi

∂φm
∂xi

+D′
2(cm, φm)

(

∂φm
∂xi

)2
)

∆cm

)

−
d
∑

i=1

(∫

Ω

(

D2(cm, φm)
∂2φm
∂2xi

)

∆cm

)

= −

∫

Ω

D′
2(cm, φm)∇cm · ∇φm∆cm −

∫

Ω

D′
2(cm, φm)|∇φm|

2∆cm

−

∫

Ω

D′
2(cm, φm)∆φm∆cm

≤ C

(∫

Ω

|∇cm · ∇φm∆cm|+

∫

Ω

|∇φm|
2|∆cm|+

∫

Ω

|∆φm∆cm|

)

,

♦✉ s❡❥❛✱

1

2

d

dt
‖∇cm‖

2
L2(Ω) +Ds‖∆cm‖

2
L2(Ω) ≤ C(E1 + E2), ✭✸✳✹✳✸✵✮

♦♥❞❡✱

E1 =

∫

Ω

|∇cm · ∇φm∆cm| ❡ E2 =

∫

Ω

|∇φm|
2|∆cm|+

∫

Ω

|∆φm∆cm|.

❆❣♦r❛ ✈❛♠♦s ❡st✐♠❛r E1 ❡ E2✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦ ❈♦r♦❧ár✐♦
✷✳✺✳✶✺ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✭✷✳✺✳✻✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ C1✱ t❛❧ q✉❡

E1 ≤ ‖∇φm‖L6(Ω)‖∇cm‖L3(Ω)‖∆cm‖L2(Ω)

≤ C1‖∇φm‖H1(Ω)‖∇cm‖
1/2

H1(Ω)‖∇cm‖
1/2

L2(Ω)‖∆cm‖L2(Ω).

✻✼



❆❣♦r❛✱ ✉s❛♥❞♦ q✉❡ ‖∇u‖H1(Ω) ≤ ‖u‖H2(Ω) ♣❛r❛ t♦❞♦ u ∈ H2(Ω) ❡ ❛ ❡st✐♠❛t✐✈❛
✭✸✳✹✳✶✸✮✱ t❡♠♦s q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡ C2 > 0✱ t❛❧ q✉❡

E1 ≤ C1‖φm‖H2(Ω)‖cm‖
1/2

H2(Ω)‖∇cm‖
1/2

L2(Ω)‖∆cm‖L2(Ω)

≤ C2‖cm‖
1/2

H2(Ω)‖∇cm‖
1/2

L2(Ω)‖∆cm‖L2(Ω).

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❥✉♥t♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✺✳✷✵✱ s❡❣✉❡ q✉❡ ♣❛r❛
q✉❛❧q✉❡r η1 > 0 ❡ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C3 > 0✱ ✈❛❧❡

E1 ≤ C2

(

1

4η1
‖∆cm‖

2
L2(Ω) + η1‖cm‖H2(Ω)‖∇cm‖L2(Ω)

)

≤
C2

4η1
‖∆cm‖

2
L2(Ω) + C3η1(‖∆cm‖L2(Ω) + ‖cm‖L2(Ω))‖∇cm‖L2(Ω)

=
C2

4η1
‖∆cm‖

2
L2(Ω) + C3η1‖∆cm‖L2(Ω)‖∇cm‖L2(Ω)

+C3η1‖cm‖L2(Ω)‖∇cm‖L2(Ω).

▼❛✐s ✉♠❛ ✈❡③✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r
η2 > 0

E1 ≤
C2

4η1
‖∆cm‖

2
L2(Ω) +

C3η1
4η2

‖∆cm‖
2
L2(Ω) + η2C3η1‖∇cm‖

2
L2(Ω)

+C3η1‖cm‖L2(Ω)‖∇cm‖L2(Ω).

❊♥tã♦✱ ♣❡❧❛ ❡st✐♠❛t✐✈❛ ✭✸✳✸✳✹✮ ❡ ❡s❝♦❧❤❡♥❞♦ η1 = 2C2/Ds ❡ η2 = 2C3η1/Ds✱
❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

E1 ≤
Ds

4
‖∆cm‖

2
L2(Ω) + C(1 + ‖∇cm‖

2
L2(Ω)). ✭✸✳✹✳✸✶✮

❆❣♦r❛✱ ♣❛r❛ ❡st✐♠❛r E2 ✉s❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡
❨♦✉♥❣ ❞✉❛s ✈❡③❡s ✭❡s❝♦❧❤❡♥❞♦ η = 2/Ds ❡♠ ❛♠❜♦s✮✱ ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ ❡ ♦
❢❛t♦ q✉❡ ‖∇u‖H1(Ω) ≤ ‖u‖H2(Ω) ♣❛r❛ t♦❞♦ u ∈ H2(Ω)✱ ❡ ❡♥tã♦ ♦❜t❡♠♦s q✉❡

E2 ≤

(∫

Ω

|∇φm|
4

)1/2

‖∆cm‖L2(Ω) + ‖∆φm‖L2(Ω)‖∆cm‖L2(Ω)

≤
2

Ds

‖∇φm‖
4
L4(Ω) +

Ds

8
‖∆cm‖

2
L2(Ω) +

2

Ds

‖∆φm‖
2
L2(Ω) +

Ds

8
‖∆cm‖

2
L2(Ω).

✻✽



P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✹✳✶✸✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C >
0✱ t❛❧ q✉❡

E2 ≤
Ds

4
‖∆cm‖

2
L2(Ω) + C. ✭✸✳✹✳✸✷✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✹✳✸✶✮ ❡ ✭✸✳✹✳✸✷✮ ❡♠ ✭✸✳✹✳✸✵✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ❝♦♥s✲
t❛♥t❡ C > 0✱ t❛❧ q✉❡

d

dt
‖∇cm‖

2
L2(Ω) +Ds‖∆cm‖

2
L2(Ω) ≤ C(1 + ‖∇cm‖

2
L2(Ω)). ✭✸✳✹✳✸✸✮

❆♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ❞❡ ●r♦♥✇❛❧❧ ❡♠ ✭✸✳✹✳✸✸✮✱ ♦❜t❡♠♦s

‖∇cm(t)‖
2
L2(Ω) ≤ e

∫ T
0 Cds

(

‖∇c0m‖
2
L2(Ω) +

∫ t

0

Cds

)

∀ t ∈ [0, T ].

❈♦♠♦ s✉♣♦♠♦s q✉❡ c0 ∈ H1(Ω)✱ t❡♠♦s ❞❡ ✭✸✳✹✳✷✮ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C > 0✱ t❛❧ q✉❡

‖cm‖L∞(0,T ;H1(Ω)) ≤ C.

❋✐♥❛❧♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✷✵ t❡♠♦s

‖cm‖L2(0,T ;H2(Ω)) ≤ ‖∆cm‖L2(QT ) + ‖cm‖L2(QT ).

▼❛s✱ ✐♥t❡❣r❛♥❞♦ ✭✸✳✹✳✸✸✮ s♦❜r❡ [0, T ]✱ t❡♠♦s q✉❡

‖∆cm‖L2(QT ) ≤ C. ✭✸✳✹✳✸✹✮

❆ss✐♠✱ ✉s❛♥❞♦ t❛♠❜é♠ ✭✸✳✸✳✹✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡ C > 0✱ t❛❧ q✉❡

‖cm‖L2(0,T ;H2(Ω)) ≤ C.

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ✭✸✳✹✳✷✾✮✳ ❈♦♠ ❡ss❡ ♣r♦♣ós✐t♦✱ t♦♠❛♠♦s w = ∂cm/∂t
❡♠ ✭✸✳✷✳✶✮✱ ❡♥tã♦ ♦❜t❡♠♦s

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

= −

∫

Ω

(D1(φm)∇cm +D2(cm, φm)∇φm) · ∇
∂cm
∂t

.

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s

✻✾



∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

= −
d
∑

i=1

∫

Ω

(

D1(φm)
∂cm
∂xi

+D2(cm, φm)
∂φm
∂xi

)

∂2cm
∂xi∂t

=
d
∑

i=1

∫

Ω

∂

∂xi

(

D1(φm)
∂cm
∂xi

+D2(cm, φm)
∂φm
∂xi

)

∂cm
∂t

−
d
∑

i=1

∫

∂Ω

∂cm
∂t

(

D1(φm)
∂cm
∂xi

+D2(cm, φm)
∂φm
∂xi

)

ni

=
d
∑

i=1

∫

Ω

∂

∂xi

(

D1(φm)
∂cm
∂xi

+D2(cm, φm)
∂φm
∂xi

)

∂cm
∂t

−

∫

∂Ω

∂cm
∂t

(

D1(φm)
∂cm
∂n

+D2(cm, φm)
∂φm
∂n

)

.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ∂φm/∂n = ∂cm/∂n = 0 ❡ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❞❛❞❛ ♥♦
❚❡♦r❡♠❛ ✷✳✺✳✷✺✱ t❡♠♦s

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

=
d
∑

i=1

∫

Ω

∂

∂xi

(

D1(φm)
∂cm
∂xi

+D2(cm, φm)
∂φm
∂xi

)

∂cm
∂t

=
d
∑

i=1

∫

Ω

(

D′
1(φm)

∂φm
∂xi

∂cm
∂xi

+D1(φm)
∂2cm
∂2xi

)

∂cm
∂t

+
d
∑

i=1

∫

Ω

(

D′
2(cm, φm)

∂cm
∂xi

∂φm
∂xi

+D′
2(cm, φm)

(

∂φm
∂xi

)2
)

∂cm
∂t

+
d
∑

i=1

∫

Ω

D2(cm, φm)
∂2φm
∂2xi

∂cm
∂t

=

∫

Ω

(D′
1(φm)∇φm · ∇cm +D1(φm)∆cm)

∂cm
∂t

+

∫

Ω

(

D′
2(cm, φm)(∇cm · ∇φm + |∇φm|

2) +D2(cm, φm)∆φm
) ∂cm
∂t

≤ C

∫

Ω

(|∇φm · ∇cm|+ |∇φm|
2 + |∆φm|+ |∆cm|)

∣

∣

∣

∣

∂cm
∂t

∣

∣

∣

∣

.

✼✵



❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

≤ C

(

‖∇φm‖L6(Ω)‖∇cm‖L3(Ω) +

(∫

Ω

|∇φm|
4

)1/2
)

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(Ω)

+C
(

‖∆φm‖L2(Ω) + ‖∆cm‖L2(Ω)

)

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(Ω)

.

❉♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ ❥✉♥t♦ ❝♦♠ ✭✸✳✹✳✶✸✮✱ t❡♠♦s q✉❡ ❡①✐st❡ C > 0✱ t❛❧ q✉❡

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

≤ C

(

‖cm‖H2(Ω) +

(∫

Ω

|∇φm|
4

)1/2
)

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(Ω)

+C
(

‖∆φm‖L2(Ω) + ‖∆cm‖L2(Ω)

)

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(Ω)

.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ η > 0✱
∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

≤ Cη
(

‖cm‖
2
H2(Ω) + ‖∇φm‖

4
L4(Ω) + ‖∆φm‖

2
L2(Ω) + ‖∆cm‖

2
L2(Ω)

)

+
c

4η

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

.

❊s❝♦❧❤❡♥❞♦ η = c/2✱ ✉s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✹✳✷✷✮ ❡
✭✸✳✹✳✶✸✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭q✉❡ t❛♠❜é♠ ❝❤❛♠❛r❡✲
♠♦s ❞❡ C✮✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

2

L2(Ω)

≤ C
(

1 + ‖cm‖
2
H2(Ω) + ‖∆cm‖

2
L2(Ω)

)

.

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, T ] ❡ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✹✳✷✽✮ ❡ ✭✸✳✹✳✸✹✮✱
❝♦♥❝❧✉í♠♦s ❝♦♠♦ ❡s♣❡rá✈❛♠♦s✱ q✉❡

∥

∥

∥

∥

∂cm
∂t

∥

∥

∥

∥

L2(QT )

≤ C,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✳

❊st❛♠♦s ❛❣♦r❛ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ q✉❡ ❣❛r❛♥t❡ ❡①✐s✲
tê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳

✼✶



❚❡♦r❡♠❛ ✸✳✹✳✽ ✭❙♦❧✉çã♦ ❢♦rt❡✮✳ P❛r❛ q✉❛✐sq✉❡r (φ0, c0) ∈ H2(Ω) ×H1(Ω)✱
t❛❧ q✉❡ ∂φ0/∂n = 0✱ ❡①✐st❡ ✉♠ ♣❛r ❞❡ ❢✉♥çõ❡s (φ, c) s❛t✐s❢❛③❡♥❞♦

φ ∈ L2(0, T ;H3(Ω)) ∩H1(0, T ;H1(Ω)),
c ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

✭✸✳✹✳✸✺✮

t❛❧ q✉❡ (c, φ) é s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ ✭♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦
✸✳✶✳✸✮✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ (φ0, c0) ∈ H2(Ω) ×H1(Ω) ⊂ L2(Ω) × L2(Ω)✱ ❡♠ ♣❛r✲
t✐❝✉❧❛r✱ t❡♠♦s q✉❡ ❡①✐st❡♠

c, φ ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;H1(Ω)′)

❡ s✉❜s❡q✉ê♥❝✐❛s ❞❡ cm ❡ ❞❡ φm ✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r cm ❡ φm✮
s❛t✐s❢❛③❡♥❞♦ ✭✸✳✸✳✶✻✮ ❡ ✭✸✳✸✳✶✼✮✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ m→ +∞✱

(cm, φm)⇀ (c, φ) ❡♠ L2(0, T ;H1(Ω))2,
(

∂cm
∂t

,
∂φm
∂t

)

∗
⇀

(

∂c

∂t
,
∂φ

∂t

)

❡♠ (L2(0, T ;H1(Ω))′)2.

P❡❧❛s ❡st✐♠❛t✐✈❛s ✭✸✳✹✳✶✹✮✱ ✭✸✳✹✳✶✺✮✱ ✭✸✳✹✳✷✽✮ ❡ ✭✸✳✹✳✷✾✮✱ t❡♠♦s q✉❡ ❡①✐st❡♠
❢✉♥çõ❡s φ̃, c̃, ϕ1 ❡ ϕ2 s❛t✐s❢❛③❡♥❞♦

φ̃ ∈ L2(0, T ;H3(Ω)),
c̃ ∈ L2(0, T ;H2(Ω)),
ϕ1 ∈ L2(0, T ;H1(Ω)),
ϕ2 ∈ L2(0, T ;L2(Ω)),

t❛✐s q✉❡✱ ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ❞❛s ú❧t✐♠❛s s✉❜s❡q✉ê♥❝✐❛s φm ❡ cm✱ ❞❡ t❛❧
❢♦r♠❛ q✉❡ q✉❛♥❞♦ m→ +∞✱

φm ⇀ φ̃ ❡♠ L2(0, T ;H3(Ω)),

cm ⇀ c̃ ❡♠ L2(0, T ;H2(Ω)),

∂φm
∂t

⇀ ϕ1 ❡♠ L2(0, T ;H1(Ω)),

∂cm
∂t

⇀ ϕ2 ❡♠ L2(0, T ;H1(Ω)).

❈♦♠♦ ♦s ❧✐♠✐t❡s sã♦ ú♥✐❝♦s✱ t❡♠♦s q✉❡ φ̃ = φ✱ c̃ = c✱ ϕ1 = ∂φ/∂t ❡ ϕ2 =
∂c/∂t. ❊♥tã♦✱ ♥❛ ✈❡r❞❛❞❡ ♠♦str❛♠♦s q✉❡

φ ∈ L2(0, T ;H3(Ω)) ∩H1(0, T ;H1(Ω)),
c ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

✼✷



q✉❡ é ❡♠ ♣❛rt✐❝✉❧❛r ✭s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✺✮ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✸✳✵✳✶✮✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✹✱ s❡❣✉❡ q✉❡ (φ, c) é ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ❞♦
♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳

❖❜s❡r✈❛çã♦ ✸✳✹✳✾✳ ❉❡✈✐❞♦ ❛ ✭✸✳✹✳✷✽✮ ❡ ✭✸✳✹✳✷✾✮✱ t❡♠♦s q✉❡ cm é ❧✐♠✐t❛❞♦
❡♠

W3 =

{

u ∈ L2(0, T ;H2(Ω));
∂u

∂t
∈ L2(0, T ;L2(Ω))

}

,

❊♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ❡①❛t❛♠❡♥t❡ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦ ❖❜s❡r✈❛çã♦ ✸✳✹✳✹ ♥❛
♣á❣✐♥❛ ✺✽✱ tr♦❝❛♥❞♦ φ ♣♦r c✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡

c ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω))

t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ cm✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ q✉❛♥❞♦ m→ +∞

cm → c ∈ L2(0, T ;H1(Ω)).

▼❛✐s ❛✐♥❞❛✱ ❞❡ ✭✸✳✹✳✶✹✮ ❡ ✭✸✳✹✳✶✺✮✱ s❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ φm é ❧✐♠✐t❛❞❛ ❡♠

W4 =

{

u ∈ L2(0, T ;H3(Ω));
∂u

∂t
∈ L2(0, T ;H1(Ω))

}

.

❆❣♦r❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✼✱ H3(Ω)
c
→֒ H2(Ω)✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵

t❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ W4 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠
L2(0, T ;H2(Ω)). ❈♦♠♦ φm é ❧✐♠✐t❛❞♦ ❡♠W4 t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ s✉❜s❡q✉ê♥✲
❝✐❛ ✭❞❛ ú❧t✐♠❛ s✉❜s❡q✉ê♥❝✐❛✮ q✉❡ ❛✐♥❞❛ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r φm t❛❧ q✉❡✱ q✉❛♥❞♦
m→ +∞✱

φm → φ ∈ L2(0, T ;H2(Ω)).

✸✳✺ ❊st❛❜✐❧✐❞❛❞❡ ❡ ✉♥✐❝✐❞❛❞❡

❱❛♠♦s ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ ❡ss❡
r❡s✉❧t❛❞♦ ❞✐③ q✉❡ ✏♣❡q✉❡♥❛s✑ ♠✉❞❛♥ç❛s ♥❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣r♦✈♦❝❛♠ ✏♣❡✲
q✉❡♥❛s✑ ♠✉❞❛♥ç❛s ♥❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ ❊♥tã♦ é ❞❡ s❡ ❡s♣❡✲
r❛r q✉❡ s❡ ♥ã♦ ♠✉❞❛r♠♦s ❡♠ ♥❛❞❛ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❛ s♦❧✉çã♦ ♣❡r♠❛♥❡❝❡ ❛
♠❡s♠❛✳ ❉❡ ❢❛t♦✱ t❡r❡♠♦s ❝♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ✉♠ r❡s✉❧t❛❞♦
❞❡ ✉♥✐❝✐❞❛❞❡✳

✼✸



❚❡♦r❡♠❛ ✸✳✺✳✶ ✭❊st❛❜✐❧✐❞❛❞❡✮✳ ❙❡❥❛♠ (φ1
0, c

1
0) ❡ (φ

2
0, c

2
0) ❡♠ H2(Ω)×H1(Ω)✳

❙❡ (φ1, c1) ❡ (φ2, c2) sã♦ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮ ❞❛❞❛s ♣❡❧♦ ❚❡♦r❡♠❛
✸✳✹✳✽✱ ♦♥❞❡ s❡✉s ❞❛❞♦s ✐♥✐❝✐❛✐s sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ (φ1

0, c
1
0) ❡ (φ2

0, c
2
0)✱ ❡♥tã♦

t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛✿

‖φ1 − φ2‖L∞(0,T ;H1(Ω)) + ‖c1 − c2‖L∞(0,T ;L2(Ω)) ✭✸✳✺✳✶✮

≤ C
(

‖φ1
0 − φ2

0‖H1(Ω) + ‖c10 − c20‖L2(Ω)

)

,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♠♦s φ = φ2−φ1✱ c = c1−c2✱ φ0 = φ1
0−φ

2
0 ❡ c

1
0−c

2
0 = c0✳

❱❡❥❛ q✉❡ ❝♦♠♦ (φ1, c1) ❡ (φ2, c2) sã♦ s♦❧✉çõ❡s ❢♦rt❡s✱ t❡♠♦s q✉❡

∂φ1

∂t
− ǫ2∆φ1 = F1(φ1) + c1F2(φ1) q✳t✳♣ ❡♠ QT

❡
∂φ2

∂t
− ǫ2∆φ2 = F1(φ2) + c2F2(φ2) q✳t✳♣ ❡♠ QT .

❊♥tã♦✱ s✉❜tr❛✐♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❞❛ ♣❡♥ú❧t✐♠❛ ❡ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦
c2F2(φ1) ❞♦ ❧❛❞♦ ❞✐r❡✐t♦✱ ♦❜t❡♠♦s

∂φ

∂t
− ǫ2∆φ = F1(φ2)− F1(φ1) + c2(F2(φ2)− F2(φ1)) + cF2(φ1) q✳t✳♣ ❡♠ QT .

✭✸✳✺✳✷✮
▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✺✳✷✮ ♣♦r φ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω ❡ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r
♣❛rt❡s ✭✈❡❥❛ ❚❡♦r❡♠❛ ✷✳✺✳✶✵✮✱ ♦❜t❡♠♦s q✉❡ ♣❛r❛ q✳t✳♣ t ∈ (0, T )

1

2

d

dt
‖φ‖2L2(Ω) + ǫ2‖∇φ‖2L2(Ω)

=

∫

Ω

(F1(φ2)− F1(φ1))φ+

∫

Ω

c2(F2(φ2)− F2(φ1))φ+

∫

Ω

cF2(φ1)φ.

❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ ✭✐✳❡✳✱ ♦ ❢❛t♦ q✉❡ F1 ❡ F2 sã♦ ❧✐♣❝❤✐t③✐❛♥❛s ❡ ❧✐♠✐t❛❞❛s✮
❥✉♥t♦ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ t❡♠♦s q✉❡ ❡①✐st❡ C > 0✱ t❛❧ q✉❡

1

2

d

dt
‖φ‖2L2(Ω) + ǫ2‖∇φ‖2L2(Ω)

≤ C

(∫

Ω

|φ2 − φ1||φ|+

∫

Ω

|c2||φ2 − φ1||φ|+

∫

Ω

|c||φ|

)

= C

(∫

Ω

|φ|2 +

∫

Ω

|c2||φ||φ|+

∫

Ω

|c||φ|

)

≤ C
(

‖φ‖2L2(Ω) + ‖c2‖L4(Ω)‖φ‖L4(Ω)‖φ‖L2(Ω) + ‖c‖L2(Ω)‖φ‖L2(Ω)

)

.

✼✹



P❡❧❛ ✐♥❝❧✉sã♦ ❝♦♥tí♥✉❛ ❞❛❞❛ ♥♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺✱ ♣♦r c2 ∈ L∞(0, T ;H1(Ω)) ❡
❞❡✈✐❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧
q✉❡ ♣❛r❛ t♦❞♦ η > 0

1

2

d

dt
‖φ‖2L2(Ω) + ǫ2‖∇φ‖2L2(Ω)

≤ C

(

‖φ‖2L2(Ω) +
1

4η
‖φ‖2H1(Ω) + ‖c‖2L2(Ω)

)

= C

(

‖φ‖2L2(Ω) +
1

4η
‖∇φ‖2L2(Ω) +

1

4η
‖φ‖2L2(Ω) + ‖c‖2L2(Ω)

)

.

❊s❝♦❧❤❡♥❞♦ η = C/2ǫ2✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ t❛♠✲
❜é♠ ❝❤❛♠❛r❡♠♦s ❞❡ C✱ t❛❧ q✉❡

d

dt
‖φ‖2L2(Ω) + ǫ2‖∇φ‖2L2(Ω) ≤ C

(

‖φ‖2L2(Ω) + ‖c‖2L2(Ω)

)

. ✭✸✳✺✳✸✮

❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛♠♦s ✭✸✳✺✳✷✮ ♣♦r −∆φ✱ ✐♥t❡❣r❛♠♦s s♦❜r❡ Ω ❡ ✉s❛♥❞♦ ✐♥✲
t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ✭✈❡❥❛ ❚❡♦r❡♠❛ ✷✳✺✳✶✵✮✱ t❡♠♦s q✉❡ ♣❛r❛ q✳t✳♣ t ∈ (0, T )

1

2

d

dt
‖∇φ‖2L2(Ω) + ǫ2‖∆φ‖2L2(Ω)

= −

∫

Ω

(F1(φ2)− F1(φ1))∆φ−

∫

Ω

c2(F2(φ2)− F2(φ1))∆φ−

∫

Ω

cF2(φ1)∆φ.

❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

1

2

d

dt
‖∇φ‖2L2(Ω) + ǫ2‖∆φ‖2L2(Ω)

≤ C

(∫

Ω

|φ||∆φ|+

∫

Ω

|c2||φ||∆φ|+

∫

Ω

|c||∆φ|

)

≤ C
(

‖φ‖L2(Ω) + ‖c2‖L4(Ω)‖φ‖L4(Ω) + ‖c‖L2(Ω)

)

‖∆φ‖L2(Ω).

❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ✉s❛r ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺✱ ♦ ❢❛t♦ q✉❡ c2 ∈
L∞(0, T ;H1(Ω)) ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❡♥tã♦ ♦❜t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦
η > 0

1

2

d

dt
‖∇φ‖2L2(Ω) + ǫ2‖∆φ‖2L2(Ω) ≤ Cη

(

‖φ‖L2(Ω) + ‖φ‖H1(Ω) + ‖c‖L2(Ω)

)2

+
C

4η
‖∆φ‖2L2(Ω).

✼✺



❊s❝♦❧❤❡♥❞♦ η = C/2ǫ2✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ C > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡

d

dt
‖∇φ‖2L2(Ω) + ǫ2‖∆φ‖2L2(Ω) ≤ C

(

‖φ‖2L2(Ω) + ‖∇φ‖2L2(Ω) + ‖c‖2L2(Ω)

)

.

✭✸✳✺✳✹✮
❱❡❥❛ q✉❡ ❝♦♠♦ (φ1, c1) ❡ (φ2, c2) sã♦ s♦❧✉çõ❡s ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✱

t❡♠♦s q✉❡

∂c1
∂t

= div(D1(φ1)∇c1 +D2(c1, φ1)∇φ1) q✳t✳♣ ❡♠ QT

❡
∂c2
∂t

= div(D1(φ2)∇c2 +D2(c2, φ2)∇φ2) q✳t✳♣ ❡♠ QT .

❊♥tã♦✱ s✉❜tr❛✐♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❞❛ ♣❡♥ú❧t✐♠❛✱ ♦❜t❡♠♦s

∂c

∂t
= div(D1(φ2)∇c2 +D2(c2, φ2)∇φ2)− div(D1(φ1)∇c1 +D2(c1, φ1)∇φ1).

✭✸✳✺✳✺✮
▼❛s✱ ♦❜s❡r✈❡ q✉❡ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ s❡❣✉❡ q✉❡

∫

Ω

div(D1(φi)∇ci)c =
d
∑

j=1

∫

Ω

∂

∂xj

(

D1(φi)
∂ci
∂xj

)

c

= −
d
∑

j=1

∫

Ω

(

D1(φi)
∂ci
∂xj

)

∂c

∂xj

= −

∫

Ω

D1(φi)∇ci · ∇c,

♣❛r❛ i = 1 ♦✉ i = 2. ❆♥❛❧♦❣❛♠❡♥t❡✱
∫

Ω

div(D2(ci, φi)∇φi)c = −

∫

Ω

D2(ci, φi)∇φi · ∇c,

♦♥❞❡ i = 1 ♦✉ i = 2✳ ❊♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✺✳✺✮ ♣♦r ❝✱ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω
❡ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s

1

2

d

dt
‖c‖2L2(Ω) +

∫

Ω

(D1(φ2)∇c2 −D1(φ1)∇c1) · ∇c

+

∫

Ω

(D2(c2, φ2)∇φ2 −D2(c1, φ1)∇φ1) · ∇c = 0.

✼✻



❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦
∫

Ω

D1(φ1)∇c2 · ∇c+

∫

Ω

D2(c1, φ1)∇φ2 · ∇c

❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❡q✉❛çã♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡✲❧❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

1

2

d

dt
‖c‖2L2(Ω) +

∫

Ω

D1(φ1)|∇c|
2

=

∫

Ω

(D1(φ1)−D1(φ2))∇c2 · ∇c−

∫

Ω

D2(c1, φ1)∇φ · ∇c

+

∫

Ω

(D2(c1, φ1)−D2(c2, φ2))∇φ2 · ∇c.

❆ss✐♠✱ ✉s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✸✮ ✭✐✳❡✳✱ D1 ❡ D2 sã♦ ❢✉♥çõ❡s ▲✐♣s❝❤✐t③
❡ ❧✐♠✐t❛❞❛s✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

1

2

d

dt
‖c‖2L2(Ω) +Ds‖∇c‖

2
L2(Ω) ≤ C

(∫

Ω

|φ||∇c2 · ∇c|+

∫

Ω

|∇φ · ∇c|

+

∫

Ω

(|φ|+ |c|)|∇φ2 · ∇c|

)

.

✭✸✳✺✳✻✮
❆❣♦r❛ ✈❛♠♦s ❡st✐♠❛r ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✺✳✻✮✳ ❯s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦
✷✳✺✳✶✻✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦ ❢❛t♦ q✉❡ c2 ∈ L∞(0, T ;H1(Ω)) ❥✉♥t♦ ❝♦♠
♦ ▲❡♠❛ ✷✳✺✳✷✵✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 ❡ C2✱ t❛✐s q✉❡

∫

Ω

|φ||∇c2 · ∇c| ≤ ‖φ‖L∞(Ω)‖∇c2‖L2(Ω)‖∇c‖L2(Ω)

≤ C1‖φ‖H2(Ω)‖c2‖L∞(0,T ;H1(Ω))‖∇c‖L2(Ω)

≤ C2(‖∆φ‖L2(Ω) + ‖φ‖L2(Ω))‖∇c‖L2(Ω).

✭✸✳✺✳✼✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛❣♦r❛ ♦ ❢❛t♦ q✉❡ φ2 ∈ L∞(0, T ;H1(Ω))✱ s❡❣✉❡ q✉❡
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0✱ t❛❧ q✉❡

∫

Ω

|φ||∇φ2 · ∇c| ≤ C3(‖∆φ‖L2(Ω) + ‖φ‖L2(Ω))‖∇c‖L2(Ω). ✭✸✳✺✳✽✮

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✺ ❛ ❞❡s✐❣✉❛❧✲
❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ✭✷✳✺✳✺✮✱ ♦ ❢❛t♦ q✉❡ φ2 ∈ L∞(0, T ;H2(Ω))✱ t❡♠♦s

✼✼



q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C4 ❡ C5✱ t❛✐s q✉❡
∫

Ω

|c||∇φ2 · ∇c| ≤ ‖c‖L3(Ω)‖∇φ2‖L6(Ω)‖∇c‖L2(Ω)

≤ C4‖∇φ2‖H1(Ω)‖c‖
1/2

H1(Ω)‖c‖
1/2

L2(Ω)‖∇c‖L2(Ω)

≤ C4‖φ2‖L∞(0,T ;H2(Ω))‖c‖
1/2

H1(Ω)‖c‖
1/2

L2(Ω)‖∇c‖L2(Ω)

≤ C5(‖∇c‖
1/2

L2(Ω) + ‖c‖
1/2

L2(Ω))‖c‖
1/2

L2(Ω)‖∇c‖L2(Ω)

= C5(‖c‖
1/2

L2(Ω)‖∇c‖
3/2

L2(Ω) + ‖c‖L2(Ω)‖∇c‖L2(Ω)).

✭✸✳✺✳✾✮
❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✺✳✼✮✱ ✭✸✳✺✳✽✮ ❡ ✭✸✳✺✳✾✮ ❡♠ ✭✸✳✺✳✻✮ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧✲
❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

1

2

d

dt
‖c‖2L2(Ω) +Ds‖∇c‖

2
L2(Ω)

≤ 2C2(‖∆φ‖L2(Ω) + ‖φ‖L2(Ω))‖∇c‖L2(Ω) + C5‖c‖
1/2

L2(Ω)‖∇c‖
3/2

L2(Ω)

+C5‖c‖L2(Ω)‖∇c‖L2(Ω) + ‖∇φ‖L2(Ω)‖∇c‖L2(Ω)

≤ C(‖∆φ‖L2(Ω) + ‖φ‖H1(Ω) + ‖c‖
1/2

L2(Ω)‖∇c‖
1/2

L2(Ω) + ‖c‖L2(Ω))‖∇c‖L2(Ω).

❆❣♦r❛✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❞❡❞✉③✐♠♦s ✭❡s❝♦❧❤❡♥❞♦ η = C/Ds✮ q✉❡
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛♠♦s ♣♦r C✮✱ t❛❧ q✉❡

1

2

d

dt
‖c‖2L2(Ω) +Ds‖∇c‖

2
L2(Ω)

≤ C(‖∆φ‖2L2(Ω) + ‖φ‖2H1(Ω) + ‖c‖L2(Ω)‖∇c‖L2(Ω) + ‖c‖2L2(Ω)) +
Ds

4
‖∇c‖2L2(Ω).

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ♥♦✈❛♠❡♥t❡ ✭❡s❝♦❧❤❡♥❞♦ η = C/Ds✮✱ s❡❣✉❡
q✉❡ ❡①✐st❡ ♦✉tr❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭q✉❡ t❛♠❜é♠ ❝❤❛♠❛r❡♠♦s ❞❡ ❈✮✱ t❛❧ q✉❡

d

dt
‖c‖2L2(Ω) +Ds‖∇c‖

2
L2(Ω) ≤ C

(

‖∆φ‖2L2(Ω) + ‖φ‖2H1(Ω) + ‖c‖2L2(Ω)

)

.✭✸✳✺✳✶✵✮

❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✺✳✶✵✮ ♣♦r µ > 0 ❡ s♦♠❛♥❞♦ ❝♦♠ ✭✸✳✺✳✸✮ ❡ ✭✸✳✺✳✹✮✱
s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

d

dt

(

‖φ‖2H1(Ω) + µ‖c‖2L2(Ω)

)

+ ǫ2‖∆φ‖2L2(Ω)

≤ C
(

‖φ‖2H1(Ω) + ‖c‖2L2(Ω) + µ
(

‖∆φ‖2L2(Ω) + ‖φ‖2H1(Ω) + ‖c‖2L2(Ω)

))

.

✼✽



❊s❝♦❧❤❡♥❞♦ µ = ǫ2/C✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ t❛♠❜é♠
❝❤❛♠❛r❡♠♦s ❞❡ C✱ t❛❧ q✉❡

d

dt

(

‖φ‖2H1(Ω) + ‖c‖2L2(Ω)

)

≤ C
(

‖φ‖2H1(Ω) + ‖c‖2L2(Ω)

)

,

q✳t✳♣ t ∈ (0, T ). ❊♥tã♦✱ ❝♦♥❝❧✉í♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡
●♦♥✇❛❧❧✮ q✉❡

‖φ(t)‖2H1(Ω) + ‖c(t)‖2L2(Ω) ≤ C
(

‖φ0‖
2
H1(Ω) + ‖c0‖

2
L2(Ω)

)

,

♣❛r❛ t♦❞♦ t ∈ [0, T ]. ❉♦♥❞❡ s❡❣✉❡ ✭✸✳✺✳✶✮✳

❈♦♠♦ ♣r❡✈í❛♠♦s✱ ♦ ♣ró①✐♠♦ t❡♦r❡♠❛ é ✉♠ ❝♦r♦❧ár✐♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❚❡♦r❡♠❛ ✸✳✺✳✷ ✭❯♥✐❝✐❞❛❞❡✮✳ ❆ s♦❧✉çã♦ ❢♦rt❡ (φ, c) ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✱ ❞❛❞❛
♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✳✽✱ é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ (φ1, c1) ❡ (φ2, c2) sã♦ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛
✭✸✳✵✳✶✮ ❝♦♠ ♦s ♠❡s♠♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✳✶✱ s❡❣✉❡
q✉❡

‖φ1 − φ2‖L∞(0,T ;H1(Ω)) + ‖c1 − c2‖L∞(0,T ;L2(Ω)) ≤ 0.

P♦rt❛♥t♦✱ φ1 = φ2 ❡ c1 = c2 q✳t✳♣ ❡♠ QT ✳

✸✳✻ Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❢ís✐❝♦ é ❞❡ s❡ ❡s♣❡r❛r q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❝❛❞❛ ✉♠❛
❞❛s ❞✉❛s s✉❜stâ♥❝✐❛s ♥✉♥❝❛ s❡❥❛ ♥❡❣❛t✐✈❛ ♥❡♠ ✉❧tr❛♣❛ss❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ♠á✲
①✐♠❛ q✉❡ é 1✳ P❡❧♦ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦ ❞♦ ♣❛râ♠❡tr♦ ❝❛♠♣♦ ❞❡ ❢❛s❡✱ t❛♠❜é♠
❡s♣❡r❛✲s❡ q✉❡ φ ❡st❡❥❛ ❡♥tr❡ 0 ❡ 1✳ ■ss♦ ❞❡ ❢❛t♦ ❛❝♦♥t❡❝❡ ❡ s❡rá ❞❡♠♦♥str❛❞♦
♥♦ ♣ró①✐♠♦ t❡♦r❡♠❛✳

P❛r❛ ♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s ❛❞✐❝✐♦✲
♥❛✐s✿

✭❍✹✮ F1 ≡ F2 ≡ 0, ❡♠ (−∞, 0] ∪ [1,+∞).

✭❍✺✮ D2(·, r2) ≡ 0 ❡♠ (−∞, 0] ∪ [1,+∞) ❡ ♣❛r❛ t♦❞♦ r2 ∈ R.

✼✾



❚❡♦r❡♠❛ ✸✳✻✳✶ ✭Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✮✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✶✮✲✭❍✺✮
sã♦ s❛t✐s❢❡✐t❛s✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ (φ0, c0) ∈ L2(Ω)×L2(Ω)
é t❛❧ q✉❡

0 ≤ φ0(x), c0(x) ≤ 1 ♣❛r❛ q✳t✳♣ x ∈ Ω.

❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r T > 0, t♦❞❛ s♦❧✉çã♦ ❢r❛❝❛ (φ, c) ∈ (L2(0, T ;H1(Ω)))2 ∩
(H1(0, T ;H1(Ω)′))2✱ s❛t✐s❢❛③

0 ≤ φ(t, x), c(t, x) ≤ 1 ♣❛r❛ q✳t✳♣ x ∈ Ω ❡ ∀ t ∈ [0, T ].

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ s❡ φ0, c0 ≥ 0 q✳t✳♣ ❡♠ Ω ❡♥tã♦ φ(t), c(t) ≥
0 ♣❛r❛ t♦❞♦ t ∈ [0, T ] ❡ q✳t✳♣ ❡♠ Ω. ❙❡❥❛♠ φ− = max(−φ, 0) ❡ c− =
max(−c, 0). ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✷✻✱ t❡♠♦s q✉❡

∇φ− =

{

−∇φ s❡ φ < 0
0 s❡ φ ≥ 0

❡

∇c− =

{

−∇c s❡ c < 0
0 s❡ c ≥ 0.

❊♥tã♦ ❡s❝♦❧❤❡♠♦s v = −φ− ❡♠ ✭✸✳✶✳✶✮ ❡ w = −c− ❡♠ ✭✸✳✶✳✷✮✱ ♦❜t❡♠♦s

−

〈

∂φ

∂t
, φ−

〉

+ ǫ2
∫

Ω

|∇φ−| = −

∫

Ω

(F1(φ) + cF2(φ))φ
−,

−

〈

∂c

∂t
, c−
〉

+

∫

Ω

D1(φ)|∇c
−|2 =

∫

c<0

D2(c, φ)∇φ · ∇c.

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✳✸✶✱ t❡♠♦s

1

2

d

dt
‖φ−‖2L2(Ω) + ǫ2

∫

Ω

|∇φ−| = −

∫

Ω

(F1(φ) + cF2(φ))φ
−,

1

2

d

dt
‖c−‖2L2(Ω) +

∫

Ω

D1(φ)|∇c
−|2 =

∫

c<0

D2(c, φ)∇φ · ∇c.

❆❣♦r❛✱ ♣❛r❛ ♦s ♣♦♥t♦s ♦♥❞❡ φ ≥ 0 t❡♠♦s q✉❡ φ− = 0✳ P❛r❛ ♦s ♣♦♥t♦s ♦♥❞❡
φ < 0✱ t❡♠♦s ♣❡❧❛ ❛ ❤✐♣ót❡s❡ ✭❍✹✮ q✉❡ F1(φ) = F2(φ) = 0✳ ❊♥tã♦✱

(F1(φ) + cF2(φ))φ
− = 0, q✳t✳♣ ❡♠ QT .

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ c < 0✱ ✉s❛♥❞♦ ✭❍✺✮✱ s❡❣✉❡ q✉❡

D2(c, φ) = 0, q✳t✳♣ ❡♠ QT .

✽✵



❊♥tã♦✱ t❡♠♦s q✉❡

1

2

d

dt
‖φ−‖2L2(Ω) + ǫ2

∫

Ω

|∇φ−| = 0

❡
1

2

d

dt
‖c−‖2L2(Ω) +

∫

Ω

D1(φ)|∇c
−|2 = 0

♣❛r❛ q✳t✳♣ t ∈ (0, T ). ■♥t❡❣r❛♥❞♦ ❛s ❞✉❛s ú❧t✐♠❛s ❡q✉❛çã♦ s♦❜r❡ [0, t]✱ ♦♥❞❡
t ∈ [0, T ]✱ ❝♦♠♦ φ−

0 = c−0 = 0✱ t❡♠♦s

1

2
‖φ−(t)‖2L2(Ω) + ǫ2

∫ t

0

‖∇φ−‖L2(Ω) = 0

❡
1

2
‖c−(t)‖2L2(Ω) +

∫ t

0

∫

Ω

D1(φ)|∇c
−|2 = 0.

P❡❧♦ ❢❛t♦ q✉❡ D1 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ φ−(t) = c−(t) = 0
♣❛r❛ t♦❞♦ t ❡ q✳t✳♣ ❡♠ Ω✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ t ∈ [0, T ] t❡♠♦s q✉❡

φ(x, t), c(x, t) ≥ 0 ♣❛r❛ q✳t✳♣ x ∈ Ω.

♣❛r❛ ♠♦str❛r q✉❡ φ0, c0 ≤ 1 q✳t✳♣ ❡♠ Ω ✐♠♣❧✐❝❛ φ(x, t), c(x, t) ≤ 1 ♣❛r❛ t♦❞♦
t ∈ [0, T ] ❡ q✳t✳♣ ❡♠ Ω✱ ❜❛st❛ ❡s❝♦❧❤❡r v = (φ− 1)+ ❡♠ ✭✸✳✶✳✶✮ ❡ w = (c− 1)+

❡♠ ✭✸✳✶✳✷✮✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✷✳ ❈♦♠♦ ✈✐♠♦s ♥❛ ✐♥tr♦❞✉çã♦ F1 ❡ F2 ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛s
❝♦♠♦ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ três✳ ❱❡❥❛ t❛♠❜é♠ q✉❡ ♥♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮

D2(c, φ) = (vm/RT )D1(φ)c(c− 1)F2.

❊♥tr❡t❛♥t♦✱ ❡ss❛s ❢✉♥çõ❡s ♥ã♦ sã♦ ❧✐♠✐t❛❞❛s✱ ❡♥tã♦ ♥ã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦s
r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡✳ ▼❛s s❡ s✉♣♦r♠♦s q✉❡ F1 ❡ F2 sã♦
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛s ❢♦r❛ ❞❡ [0, 1] ❡ q✉❡ D(r, ·) = 0 ♣❛r❛ t♦❞♦ r ❢♦r❛ ❞❡ [0, 1]✱
❝♦♠♦ F1(0) = F1(1) = F2(0) = F2(1) = D2(0, φ) = D2(1, φ) = 0✱ ♣♦❞❡♠♦s
❛♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ✉♥✐❝✐❞❛❞❡ ❡ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ ♣♦✐s
❛s ❤✐♣ót❡s❡s ✭❍✶✮✲✭❍✺✮ sã♦ s❛t✐s❢❡✐t❛s✳ ❏á q✉❡ 0 ≤ φ(t, x), c(t, x) ≤ 1✱ s❡❣✉❡
q✉❡ c ❡ φ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡①t❡♥sã♦ ❞❛s ❢✉♥çõ❡s F1✱ F2 ❡ D2(·, φ) ❢♦r❛ ❞♦
✐♥t❡r✈❛❧♦ [0, 1]✳

✽✶
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❈❛♣ít✉❧♦ ✹

Pr♦❜❧❡♠❛ ❉❡❣❡♥❡r❛❞♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♠ ♣r✐♥❝í♣✐♦
❞♦ ♠á①✐♠♦ ♣❛r❛ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ♠♦❞❡❧♦ ❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❆
❡①t❡♥sã♦ é ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❛ ❡q✉❛çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ♥❡st❡ ♥♦✈♦ ♠♦❞❡❧♦
♣♦❞❡ s❡ ❞❡❣❡♥❡r❛r✱ ✐st♦ é✱ ❡①✐❣✐♠♦s ❛♣❡♥❛s q✉❡ 0 ≤ D1(r) ♥♦ ❧✉❣❛r ❞❡ ♣❡❞✐r
q✉❡ s❡❥❛ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ◆❡st❡ ❝❛s♦ ❛ ❡q✉❛çã♦
❞❛ ❝♦♥❝❡♥tr❛çã♦ ♣❡r❞❡ ♦ ❝❛rát❡r ♣❛r❛❜ó❧✐❝♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♦ ♠♦❞❡❧♦
❝♦♥s✐❞❡r❛❞♦ é✿























































∂φ

∂t
= ǫ2∆φ+ F1(φ) + cF2(φ) ❡♠ Ω× (0,+∞),

∂c

∂t
= div(D1(φ)(∇c+D2(c, φ)∇φ)) ❡♠ Ω× (0,+∞),

∂φ

∂n
=
∂c

∂n
= 0 ❡♠ ∂Ω× (0,+∞),

φ(0) = φ0, c(0) = c0 ❡♠ Ω,

✭✹✳✵✳✶✮

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ R
d✱ 1 ≤ d ≤ 3✱ ❝♦♠ ❢r♦♥t❡✐r❛

∂Ω ❞❡ ❝❧❛ss❡ C∞✱ n é ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦s ❡ ♥♦r♠❛✐s ❛ ∂Ω✱ ǫ é ✉♠❛
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❞❛❞❛✳

◆❡st❡ ❝❛♣ít✉❧♦ ❛ss✉♠✐r❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ❤✐♣ót❡s❡s s♦❜r❡ ❛s
❢✉♥çõ❡s F1, F2, D1 ❡ D2✿

✭❍✶✬✮ F1, F2 ∈ C(R) sã♦ ❢✉♥çõ❡s ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛s✱ ❝♦♠

|Fi(r)| ≤M1, ♣❛r❛ i = 1, 2 ❡ ∀r ∈ R.
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✭❍✷✬✮ D1 ∈ C(R) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛✱ ❝♦♠

0 ≤ D1(r) ≤ D1, ∀r ∈ R,

♦♥❞❡ D1 é ❝♦♥st❛♥t❡✳

✭❍✸✬✮ D2 ∈ C(R× R) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛✱ ❝♦♠

|D2(r1, r2)| ≤M2, ∀(r1, r2) ∈ R× R.

❆❧é♠ ❞❡ss❛s✱ sã♦ ❝♦♥s✐❞❡r❛❞❛s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s✿

✭❍✹✬✮ F1 ≡ F2 ≡ 0, ❡♠ ∈ (−∞, 0] ∪ [1,+∞).

✭❍✺✬✮ D2(·, r2) ≡ 0 ❡♠ (−∞, 0] ∪ [1,+∞) ❡ ♣❛r❛ t♦❞♦ r2 ∈ R.

❖❜s❡r✈❛çã♦ ✹✳✵✳✸✳ ➱ ♥❛t✉r❛❧ ❡s♣❡r❛r q✉❡ q✉❛♥❞♦ ❛ ❧✐❣❛ ❡st✐✈❡r ♥♦ ❡st❛❞♦
só❧✐❞♦ ♥ã♦ ❤❛❥❛ ♠❛✐s ✈❛r✐❛çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ ♦✉ s❡❥❛✱ q✉❡ ♥♦ ❡st❛❞♦ só❧✐❞♦
♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ s❡❥❛ ♥✉❧♦ ✭✐✳❡✳✱ D1(φ) = 0 ♣❛r❛ φ = 0✮✳ ❙❡❣✉❡ ❞❛í ❛
✐♠♣♦rtâ♥❝✐❛ ❞❡ s❡ ❡st✉❞❛r ❡st❡ ♣r♦❜❧❡♠❛✳

❖❜s❡r✈❛çã♦ ✹✳✵✳✹✳ ❱❡❥❛ q✉❡ ❡♠ ✭✸✳✸✳✽✮ ❢♦✐ ❢♦rt❡♠❡♥t❡ ✉s❛❞♦ q✉❡ D1 ❡r❛
♠❛✐♦r q✉❡ ✉♠❛ ❝♦♥st❛♥t❡ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✳ P♦r ✐ss♦✱ ♥ã♦ s❡ ♦❜té♠ ❛s
♠❡s♠❛s ❡st✐♠❛t✐✈❛s ❞♦ ▲❡♠❛ ✸✳✸✳✶ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✵✳✶✮✳ ❆♣❡s❛r ❞✐ss♦✱
s❡rá ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛✳ ❆ ❡str❛té❣✐❛ ✉s❛❞❛ ❛q✉✐✱
❝♦♥s✐st❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❡♠ s♦♠❛r ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❛♦ t❡r♠♦ D1 q✉❡
❡stá ♠✉❧t✐♣❧✐❝❛♥❞♦∇c✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳ ❊♥tã♦✱ ❛♣❧✐❝❛✲s❡
♦s r❡s✉❧t❛❞♦s ❥á ❝♦♥❤❡❝✐❞♦s ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳ ❋✐♥❛❧♠❡♥t❡✱ s❡rã♦ ❢❡✐t❛s ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ♣❛r❛
❛ s♦❧✉çã♦ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♣❛ss❛r ❛♦ ❧✐♠✐t❡ ❞♦ ♣r♦❜❧❡♠❛✱ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠❛
s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✵✳✶✮✳

✹✳✶ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r

❈♦♥s✐❞❡r❡
Dλ

1 (r) = D1(r) + λ,

♦♥❞❡ 0 < λ ≤ 1. ❊♥tã♦✱ Dλ
1 ∈ C(R) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ♣♦s✐t✐✈❛ ❡

❧✐♠✐t❛❞❛✱ ❝♦♠
0 < λ ≤ Dλ

1 (r) ≤ D0, ∀ r ∈ R,
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♦♥❞❡ D0 = D1+1 é ✉♠❛ ❝♦♥st❛♥t❡ t❛♥t♦ ❝♦♠ r❡❧❛çã♦ ❛ r q✉❛♥t♦ ❝♦♠ r❡❧❛çã♦
❛ λ✳

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ D1 q✉❡ ❡stá ♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ ❣r❛❞✐❡♥t❡ ❞❡ c ♥♦ ♣r♦✲
❜❧❡♠❛ ✭✹✳✵✳✶✮ ♣♦rDλ

1 ✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✿ ❡♥❝♦♥tr❛r (φλ, cλ)
s❛t✐s❢❛③❡♥❞♦



























































∂φλ

∂t
= ǫ2∆φλ + F1(φ

λ) + cλF2(φ
λ) ❡♠ Ω× (0,+∞),

∂cλ

∂t
= div(Dλ

1 (φ)∇c
λ +D1(φ

λ)D2(c
λ, φλ)∇φλ) ❡♠ Ω× (0,+∞),

∂φλ

∂n
=
∂cλ

∂n
= 0 ❡♠ ∂Ω× (0,+∞),

φλ(0) = φ0, cλ(0) = c0 ❡♠ Ω.
✭✹✳✶✳✶✮

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ❛ss✉♠✐r❡♠♦s ❛s ❤✐♣ót❡s❡s ✭❍✶✬✮✲✭❍✸✬✮ ❡ t♦♠❛r❡♠♦s T >
0 ✜①❛❞♦✳

❱❡❥❛ q✉❡ ❝♦♠♦ ❛s ❢✉♥çõ❡s D1 ❡ D2 sã♦ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛s✱ t❡♠♦s q✉❡
♦ ♣r♦❞✉t♦ ❞❡ D1 ❝♦♠ D2 t❛♠❜é♠ é ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱
❡st❛♠♦s ❡①❛t❛♠❡♥t❡ s♦❜r❡ ❛s ❤✐♣ót❡s❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✵✳✶✮✳ P♦rt❛♥t♦✱ ❝♦♠♦
✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✳✸✱ ♦❜t❡♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ q✉❡
❣❛r❛♥t❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✶✳✶✮✳

▲❡♠❛ ✹✳✶✳✶✳ ❙✉♣♦♥❤❛ q✉❡ (φ0, c0) ∈ H1(Ω)×L2(Ω) ❡ s❡❥❛ 0 < λ ≤ 1✳ ❊♥tã♦
❡①✐st❡ ✉♠ ♣❛r ❞❡ ❢✉♥çõ❡s (φλ, cλ)✱ s❛t✐s❢❛③❡♥❞♦

φλ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)), ✭✹✳✶✳✷✮

cλ ∈ L2(0, T ;H1(Ω)) ∩H1(0, T ;H1(Ω)′), ✭✹✳✶✳✸✮

t❛❧ q✉❡ φλ(0) = φ0, c
λ(0) = c0 ❡

∂φλ

∂t
− ǫ2∆φλ = F1(φ

λ) + cλF2(φ
λ) q✳t✳♣ ❡♠ QT , ✭✹✳✶✳✹✮

∂φλ

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ), ✭✹✳✶✳✺✮

〈

∂cλ

∂t
, v

〉

+

∫

Ω

(Dλ
1 (φ

λ)∇cλ +D1(φ
λ)D2(c

λ, φλ)∇φλ) · ∇v = 0 ✭✹✳✶✳✻✮
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♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳

▼❛✐s ❛✐♥❞❛✱ ♦ ♣ró①✐♠♦ ❧❡♠❛✱ s❡❣✉❡ ❝♦♠♦ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛
✸✳✻✳✶ ❡ ♥♦s ❞á ✉♠ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛❞❛ ♥♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

▲❡♠❛ ✹✳✶✳✷✳ ❙✉♣♦♥❤❛ ✈á❧✐❞❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❥✉♥t♦ ❝♦♠ ❛s
❤✐♣ót❡s❡s ✭❍✹✬✮ ❡ ✭❍✺✬✮✳ ❆ss✉♠❛ t❛♠❜é♠ q✉❡

φ0, c0 ∈ [0, 1] q✳t✳♣ ❡♠ Ω.

❊♥tã♦✱ ❛ s♦❧✉çã♦ (φλ, cλ) ❞❛❞❛ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ s❛t✐s❢❛③

φλ(t), cλ(t) ∈ [0, 1] ∀ t ∈ [0, T ] ❡ q✳t✳♣ ❡♠ Ω. ✭✹✳✶✳✼✮

✹✳✷ ❊st✐♠❛t✐✈❛s ❡ ❝♦♥✈❡r❣ê♥❝✐❛s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r C ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞❡ λ✳

▲❡♠❛ ✹✳✷✳✶✳ ❙❡❥❛ (φ0, c0) ∈ H1(Ω) × L2(Ω)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛ C ✭q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ λ✮✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ 0 < λ ≤ 1✱ ✈❛❧❡♠ ❛s
s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

‖φλ‖L∞(0,T ;H1(Ω)) + ‖cλ‖L∞(0,T ;L2(Ω)) ≤ C, ✭✹✳✷✳✶✮
∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

L2(QT )

+

∫

QT

Dλ
1 (φ

λ)|∇cλ|2 ≤ C, ✭✹✳✷✳✷✮

‖φλ‖L2(0,T ;H2(Ω)) ≤ C, ✭✹✳✷✳✸✮
∥

∥

∥

∥

∂cλ

∂t

∥

∥

∥

∥

L∞(0,T ;H1(Ω)′)

≤ C. ✭✹✳✷✳✹✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❞❡♠♦♥str❛r ✭✹✳✷✳✶✮ ❡s❝♦❧❤❡♠♦s v = cλ ❡♠ ✭✹✳✶✳✻✮✳ ❆s✲
s✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✸✶ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ (0, t) ♣❛r❛ t ∈ [0, T ], ♦❜t❡♠♦s

∫ t

0

1

2

d

dt
‖cλ‖2L2(Ω) +

∫ t

0

∫

Ω

(Dλ
1 (φ

λ)∇cλ +D1(φ
λ)D2(c

λ, φλ)∇φλ) · ∇cλ = 0.
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❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡ ♦ ❢❛t♦ q✉❡ D2 é ❧✐♠✐t❛❞❛✱
t❡♠♦s q✉❡

1

2
‖cλ(t)‖2L2(Ω) +

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2

=
1

2
‖c0‖

2
L2(Ω) −

∫ t

0

∫

Ω

D1(φ
λ)D2(c

λ, φλ)∇φλ · ∇cλ ✭✹✳✷✳✺✮

≤
1

2
‖c0‖

2
L2(Ω) +M2

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇φλ||∇cλ|.

▼❛s✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❝♦♠ η = 1/2M2✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡
C > 0✱ ♦♥❞❡

M2

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇φλ||∇cλ|

≤
1

2

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2 +
C

2

∫ t

0

∫

Ω

|∇φλ|2.

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✹✳✷✳✺✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ C1 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ λ✱ t❛❧ q✉❡

‖cλ(t)‖2L2(Ω) +

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2 ≤ C1

(

1 +

∫ t

0

‖∇φλ‖2L2(Ω)

)

, ✭✹✳✷✳✻✮

q✳t✳♣ t ∈ [0, T ].
❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✳✹✮ ♣♦r ∂φλ/∂t+φλ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡

Ω× (0, t), ♦♥❞❡ t ∈ [0, T ]✱ ♦❜t❡♠♦s
∫ t

0

∫

Ω

(

∂φλ

∂t

∂φλ

∂t
+
∂φλ

∂t
φλ − ǫ2∆φλ

∂φλ

∂t
− ǫ2∆φλφλ

)

=

∫ t

0

∫

Ω

(F1(φ
λ) + cλF2(φ

λ))

(

∂φλ

∂t
+ φλ

)

.

❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ s❡❣✉❡ q✉❡

∫ t

0

(

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+
1

2

d

dt
‖φλ‖2L2(Ω) + ǫ2

1

2

d

dt
‖∇φλ‖2L2(Ω) + ǫ2‖∇φλ‖2L2(Ω)

)

=

∫ t

0

∫

Ω

(F1(φ
λ) + cλF2(φ

λ))

(

∂φλ

∂t
+ φλ

)

,

✽✼



♦✉ s❡❥❛✱

1

2

(

‖φλ(t)‖2L2(Ω) + ǫ2‖∇φλ(t)‖2L2(Ω)

)

+

∫ t

0

(

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+ ǫ2‖∇φλ‖2L2(Ω)

)

✭✹✳✷✳✼✮

=
1

2

(

‖φ0‖
2
L2(Ω) + ǫ2‖∇φ0‖

2
L2(Ω)

)

+

∫ t

0

∫

Ω

(F1(φ
λ) + cλF2(φ

λ))

(

∂φλ

∂t
+ φλ

)

,

♣❛r❛ t♦❞♦ t ∈ [0, T ]✳
▼❛s✱ ✉s❛♥❞♦ q✉❡ F1 ❡ F2 sã♦ ❧✐♠✐t❛❞❛s ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❨♦✉♥❣✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1✱ C2 ❡ C3 q✉❡ ♥ã♦ ❞❡✲
♣❡♥❞❡♠ ❞❡ λ✱ t❛✐s q✉❡

∫ t

0

∫

Ω

(F1(φ
λ) + cλF2(φ

λ))

(

∂φλ

∂t
+ φλ

)

≤ C1

(∫ t

0

∫

Ω

∣

∣

∣

∣

∂φλ

∂t
+ φλ

∣

∣

∣

∣

+

∫ t

0

∫

Ω

|cλ|

∣

∣

∣

∣

∂φλ

∂t
+ φλ

∣

∣

∣

∣

)

≤ C2

(

1 +
1

2η

∫ t

0

∫

Ω

∣

∣

∣

∣

∂φλ

∂t
+ φλ

∣

∣

∣

∣

2

+ η

∫ t

0

‖cλ‖2L2(Ω)

)

≤ C3

(

1 +
1

η

∫ t

0

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+
1

η

∫ t

0

‖φλ‖2L2(Ω) + η

∫ t

0

‖cλ‖2L2(Ω)

)

.

❆❣♦r❛✱ s✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♠ η = 2C3 ❡♠ ✭✹✳✷✳✼✮✱ t❡♠♦s
q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

‖φλ(t)‖2L2(Ω) + ǫ2‖∇φλ(t)‖2L2(Ω) +

∫ t

0

(

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+ ǫ2‖∇φλ‖2L2(Ω)

)

≤ C

(

1 +

∫ t

0

‖φλ‖2L2(Ω) +

∫ t

0

‖cλ‖2L2(Ω)

)

, ✭✹✳✷✳✽✮

♣❛r❛ t♦❞♦ t ∈ [0, T ]. ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✷✳✻✮ ♣♦r δ > 0 ✭q✉❡ s❡rá ❡s❝♦❧❤✐❞♦ ❞❡
❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ♠❛✐s t❛r❞❡✮ ❡ s♦♠❛♥❞♦ ❝♦♠ ✭✹✳✷✳✽✮✱ ♦❜t❡♠♦s q✉❡

‖φλ(t)‖2L2(Ω) + ǫ2‖∇φλ(t)‖2L2(Ω) + δ‖cλ(t)‖2L2(Ω)

+

∫ t

0

(

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+ ǫ2‖∇φλ‖2L2(Ω)

)

+ δ

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2

≤ C

(

1 +

∫ t

0

‖φλ‖2L2(Ω) +

∫ t

0

‖cλ‖2L2(Ω)

)

+ δC1

(

1 +

∫ t

0

‖∇φλ‖2L2(Ω)

)

,

✽✽



♣❛r❛ t♦❞♦ t ∈ [0, T ]. ❊♥tã♦✱ ❡s❝♦❧❤❡♥❞♦ δ = 2ǫ2/C1✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡✱ q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r C✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ [0, T ]✱ ✈❛❧❡
q✉❡

‖φλ(t)‖2L2(Ω) + ǫ2‖∇φλ(t)‖2L2(Ω) + δ‖cλ(t)‖2L2(Ω)

+

∫ t

0

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+ δ

∫ t

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2 ✭✹✳✷✳✾✮

≤ C

(

1 +

∫ t

0

‖φλ‖2L2(Ω) +

∫ t

0

‖cλ‖2L2(Ω)

)

+ ǫ2
∫ t

0

‖∇φλ‖2L2(Ω).

❯s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ Dλ
1 ✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡✱ q✉❡ ♠❛✐s ✉♠❛

✈❡③ ❞❡♥♦t❛♠♦s ♣♦r C✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ [0, T ]✱ t❡♠♦s q✉❡

‖φλ(t)‖2L2(Ω) + ‖∇φλ(t)‖2L2(Ω) + ‖cλ(t)‖2L2(Ω)

≤ C

(

1 +

∫ t

0

(‖φλ‖2L2(Ω) + ‖cλ‖2L2(Ω) + ‖∇φλ‖2L2(Ω))

)

.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ [0, T ]✱ t❡♠♦s q✉❡

‖φλ(t)‖2L2(Ω) + ‖∇φλ(t)‖2L2(Ω) + ‖cλ(t)‖2L2(Ω) ≤ C.

❖ q✉❡ ♠♦str❛ ✭✹✳✷✳✶✮✱ ✐st♦ é ✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡

‖φλ‖L∞(0,T ;H1(Ω)) + ‖cλ‖L∞(0,T ;L2(Ω)) ≤ C.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ❞❡ ✭✹✳✷✳✾✮ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

∫ T

0

∥

∥

∥

∥

∂φλ

∂t

∥

∥

∥

∥

2

L2(Ω)

+ δ

∫ T

0

∫

Ω

Dλ
1 (φ

λ)|∇cλ|2

≤ C(1 + ‖φλ‖L2(0,T ;H1(Ω)) + ‖cλ‖L2(0,T ;L2(Ω))).

❊♥tã♦✱ ✉s❛♥❞♦ ✭✹✳✷✳✶✮ ♦❜t❡♠♦s ✭✹✳✷✳✷✮✳
P❛r❛ ❞❡♠♦♥str❛r ✭✹✳✷✳✸✮ ❢❛③❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ L2(Ω) ❞❛ ❡q✉❛çã♦

✭✹✳✶✳✹✮ ❝♦♠ −∆φλ ❡ ✐♥t❡❣r❛♠♦s s♦❜r❡ (0, t) ❝♦♠ t ∈ [0, T ]. ❊♥tã♦✱ ♦❜t❡♠♦s

−

∫ t

0

∫

Ω

∂φλ

∂t
∆φλ + ǫ2

∫ t

0

∫

Ω

|∆φλ|2 = −

∫ t

0

∫

Ω

(F1(φ
λ) + cλF2(φ

λ))∆φλ.

✽✾



■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ✭❧❡♠❜r❛♥❞♦ q✉❡ ∂φλ/∂n = 0 ❡♠ ∂Ω✮✱ ✉s❛♥❞♦ q✉❡ F1

❡ F2 sã♦ ❧✐♠✐t❛❞❛s ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛ C1✱ t❛❧ q✉❡ ♣❛r❛ q✉❛❧q✉❡r η > 0✱

∫ t

0

1

2

d

dt
‖∇φλ‖2L2(Ω) + ǫ2

∫ t

0

‖∆φλ‖2L2(Ω)

≤

∫ t

0

∫

Ω

|(F1(φ
λ)|+

∫ t

0

∫

Ω

|cλ||F2(φ
λ))||∆φλ|

≤ C1

(

1 + η

∫ t

0

‖cλ‖2L2(Ω) +
1

4η

∫ t

0

‖∆φλ‖2L2(Ω)

)

.

❆❣♦r❛✱ ❡s❝♦❧❤❡♥❞♦ η = C1/2ǫ
2✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡

♣❛r❛ t♦❞♦ t ∈ [0, T ]✱ t❡♠♦s

‖∇φλ(t)‖2L2(Ω) + ǫ2
∫ t

0

‖∆φλ‖2L2(Ω) ≤ C

(

1 +

∫ t

0

‖cλ‖2L2(Ω)

)

.

❯s❛♥❞♦ ✭✹✳✷✳✶✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡✱ t❛❧ q✉❡

‖∆φλ‖2L2(0,T ;L2(Ω)) ≤ C.

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✷✵ ❡ ❛ ❡st✐♠❛t✐✈❛ ✭✹✳✷✳✶✮✱ ♦❜t❡♠♦s ❛ ❡st✐♠❛t✐✈❛
✭✹✳✷✳✸✮✱ ✐st♦ é✱

‖φλ‖L2(0,T ;H2(Ω)) ≤ C.

P♦r ú❧t✐♠♦✱ ♣❛r❛ ♠♦str❛r ✭✹✳✷✳✹✮✱ s❡❥❛ v ❡♠ ✭✹✳✶✳✻✮ t❛❧ q✉❡ ‖v‖H1(Ω) ≤ 1✱
s❡❣✉❡✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 ❡ C✱
t❛✐s q✉❡

∣

∣

∣

∣

〈

∂cλ

∂t
, v

〉∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

(Dλ
1 (φ

λ)∇cλ +D1(φ
λ)D2(c

λ, φλ)∇φλ) · ∇v

∣

∣

∣

∣

≤ C1

∫

Ω

Dλ
1 (φ

λ)(|∇cλ|+ |∇φλ|)|∇v|

≤ C

(∫

Ω

Dλ
1 (φ

λ)|∇cλ|2 +

∫

Ω

|∇φλ|2
)1/2

‖∇v‖L2(Ω)

❊♥tã♦✱ ✉s❛♥❞♦ q✉❡ ‖∇u‖L2(Ω) ≤ ‖u‖H1(Ω) ♣❛r❛ t♦❞♦ u ∈ H1(Ω)✱ ❛♣❧✐❝❛♥❞♦
♦ s✉♣r❡♠♦ ❝♦♠ v ∈ H1(Ω) t❛❧ q✉❡ ‖v‖H1(Ω) ≤ 1 ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ [0, T ]✱
s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡

∥

∥

∥

∥

∂cλ

∂t

∥

∥

∥

∥

2

L2(0,T ;H1(Ω)′)

≤ C

(∫

QT

Dλ
1 (φ

λ)|∇cλ|2 + ‖φλ‖2L2(0,T ;H1(Ω))

)

.

✾✵



❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✷✮ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡
♦❜t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ✭✹✳✷✳✹✮✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✷✳ ❈♦♠♦ ❛s ❡st✐♠❛t✐✈❛s ❞♦ ú❧t✐♠♦ ❧❡♠❛ ✈❛❧❡♠ ♣❛r❛ t♦❞♦
λ ∈ (0, 1]✱ ❡♠ ♣❛rt✐❝✉❧❛r ✈❛❧❡♠ ♣❛r❛ t♦❞♦ λ = 1/n ♦♥❞❡ n ∈ N✳ ❉❛q✉✐ ❡♠
❞✐❛♥t❡ ✈❛♠♦s ❞❡♥♦t❛r

φ1/n := φn, c
1/n := cn ❡ D1/n

1 := D1n,

♦♥❞❡ n ∈ N.

▲❡♠❛ ✹✳✷✳✸✳ ❙❡❥❛♠ (φ0, c0) ∈ H1(Ω) × L2(Ω) ❡ (cn, φn) s♦❧✉çã♦ ❞❡ ✭✹✳✶✳✶✮
❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✶✳ ❊♥tã♦ ❡①✐st❡♠

φ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

c ∈ L2(QT ) ∩H
1(0, T ;H1(Ω)′)

❡ s✉❜s❡q✉ê♥❝✐❛s ❞❡ φn ❡ cn ✭q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛♠♦s ♣♦r φn ❡ cn✮✱ t❛✐s q✉❡
q✉❛♥❞♦ n→ +∞✱

φn ⇀ φ ❡♠ L2(0, T ;H2(Ω)), ✭✹✳✷✳✶✵✮
∂φn
∂t

⇀
∂φ

∂t
❡♠ L2(QT ), ✭✹✳✷✳✶✶✮

φn → φ ❡♠ L2(0, T ;H1(Ω)) ∩ C([0, T ];L2(Ω)), ✭✹✳✷✳✶✷✮

cn ⇀ c ❡♠ L2(QT ), ✭✹✳✷✳✶✸✮
∂cn
∂t

∗
⇀

∂c

∂t
❡♠ L2(0, T ;H1(Ω)′) ≈ L2(0, T ;H1(Ω))′, ✭✹✳✷✳✶✹✮

cn → c ❡♠ C([0, T ];H1(Ω)′). ✭✹✳✷✳✶✺✮

❆❧é♠ ❞✐ss♦✱ s❡ s✉♣♦r♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✹✬✮ ❡ ✭❍✺✬✮ ✈❛❧❡♠ ❡ q✉❡ φ0, c0 ∈
[0, 1] q✳t✳♣ ❡♠ Ω✱ t❡♠♦s q✉❡

c ∈ L∞(QT )

❡ q✉❡ ❡①✐st❡ s✉❜s❡q✉ê♥❝✐❛ cn✱ t❛❧ q✉❡

cn
∗
⇀ c ❡♠ L∞(QT ). ✭✹✳✷✳✶✻✮

✾✶



❉❡♠♦♥str❛çã♦✳ P♦r ✭✹✳✷✳✶✮✲✭✹✳✷✳✸✮ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ φn é ❧✐♠✐t❛❞❛ ❡♠

W1 =

{

u ∈ L2(0, T ;H2(Ω)),
∂u

∂t
∈ L2(0, T ;L2(Ω))

}

❡ ❡♠

W2 =

{

u ∈ L∞(0, T ;H1(Ω)),
∂u

∂t
∈ L2(0, T ;L2(Ω))

}

.

P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✼✱ t❡♠♦s q✉❡ H2(Ω)
c
→֒ H1(Ω)✳ ❊♥tã♦✱ ♣❡❧♦ ♣r✐♠❡✐r♦

✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵✱ t♦❞♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ W1 é r❡❧❛t✐✈❛♠❡♥t❡
❝♦♠♣❛❝t♦ ❡♠ L2(0, T ;H1(Ω))✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ H1(Ω)

c
→֒ L2(Ω)✱ ♣❡❧♦

s❡❣✉♥❞♦ ✐t❡♠ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✳✸✵✱ t❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦
❡♠ W2 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C([0, T ];L2(Ω))✳ ❙❡❣✉❡ q✉❡✱ ❡①✐st❡♠
φ ∈ L2(0, T ;H2(Ω)) ∩ L2(0, T ;H1(Ω)) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ φn q✉❡ t❛♠✲
❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r φn✱ t❛❧ q✉❡✱ q✉❛♥❞♦ n→ +∞✱

φn → φ ❡♠ L2(0, T ;H1(Ω)) ∩ C([0, T ], L2(Ω)).

❈♦♠♦ L2(0, T ;H2(Ω)) ❡ L2(QT ) sã♦ r❡✢❡①✐✈♦s✱ s❡❣✉❡ ❞❡ ✭✹✳✷✳✸✮ ❡ ✭✹✳✷✳✷✮ q✉❡
❡①✐st❡♠ φ̄ ∈ L2(0, T ;H2(Ω)) ❡ ϕ ∈ L2(QT ) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❛ ú❧t✐♠❛
s✉❜s❡q✉ê♥❝✐❛ ❞❡ φn✱ t❛❧ q✉❡

φn ⇀ φ̄ ❡♠ L2(0, T ;H2(Ω)),

∂φn
∂t

⇀ ϕ ❡♠ L2(QT ).

➱ ❝❧❛r♦ q✉❡ φ̄ = φ✱ ♣♦✐s ❡♠ ♣❛rt✐❝✉❧❛r φn ⇀ φ ❡♠ L2(0, T ;H1(Ω)) ❡ ♦ ❧✐♠✐t❡
❢r❛❝♦ é ú♥✐❝♦✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ ∂φ/∂t = ϕ✱ ♦✉ s❡❥❛✱
∫ T

0

ϕψ = −

∫ T

0

φψ′ ♣❛r❛ t♦❞♦ ψ ∈ C∞
c (0, T ).

❚❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ ψ ∈ C∞
c (Ω) ❡ w ∈ L2(Ω)

∫

Ω

∫ T

0

∂φn
∂t

ψw = −

∫

Ω

∫ T

0

φnψ
′w.

▼❛s✱ ❝♦♠♦ ∂φn/∂t ⇀ ϕ ❡♠ L2(QT )✱ φn ⇀ φ ❡♠ L2(0, T ;H2(Ω))✱ ψw ∈
L2(QT ) ❡ ψ′w ∈ L2(0, T ;H2(Ω))′✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ ❝♦♠ n→ +∞✱ t❡♠♦s

∫

Ω

∫ T

0

ϕψw = −

∫

Ω

∫ T

0

φψ′w, ∀ ψ ∈ C∞
c (0, T ) ❡ ∀ w ∈ L2(Ω).

✾✷



❊♠ ♣❛rt✐❝✉❧❛r ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ w ∈ C∞
c (Ω), ♣♦rt❛♥t♦✱

✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✻✱ s❡❣✉❡ q✉❡

∫ T

0

ϕψ = −

∫ T

0

φψ′, ∀ ψ ∈ C∞
c (0, T ).

P♦rt❛♥t♦✱ ❡stã♦ ❞❡♠♦str❛❞♦s ✭✹✳✷✳✶✵✮✱ ✭✹✳✷✳✶✶✮ ❡ ✭✹✳✷✳✶✷✮✳
❆❣♦r❛✱ ♣❛r❛ ❞❡♠♦♥str❛r♠♦s ✭✹✳✷✳✶✸✮✱ ✭✹✳✷✳✶✹✮ ❡ ✭✹✳✷✳✶✺✮✱ ✈❡❥❛ q✉❡ ♣♦r

✭✹✳✷✳✶✮ ❡ ✭✹✳✷✳✹✮ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ cn é ❧✐♠✐t❛❞❛ ❡♠

W3 =

{

u ∈ L∞(0, T ;L2(Ω)),
∂u

∂t
∈ L2(0, T ;H1(Ω)′)

}

.

P❡❧♦ t❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ✭❚❡♦r❡♠❛ ✷✳✺✳✶✸✮✱ H1(Ω)
c
→֒ L2(Ω)✱ ❡♥✲

tã♦ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❙❝❤❛✉❞❡r ✭❚❡♦r❡♠❛ ✷✳✹✳✹✮✱ L2(Ω)
c
→֒ H1(Ω)′✳ ❆ss✐♠✱ ♣❡❧♦

❚❡♦r❡♠❛ ✷✳✺✳✸✵✱ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠W3 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦
❡♠ C([0, T ];H1(Ω)′). ❊♥tã♦✱ ❡①✐st❡♠

c ∈ L2(QT ) ∩H
1(0, T ;H1(Ω)′)

❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ cn✱ s❛t✐s❢❛③❡♥❞♦ ✭✹✳✷✳✶✸✮✱ ✭✹✳✷✳✶✹✮ ❡ ✭✹✳✷✳✶✺✮✳
❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❞♦ ✈á❧✐❞❛s ❛s ❤✐♣ót❡s❡s ✭❍✹✬✮ ❡ ✭❍✺✬✮ ❡ q✉❡ φ0, c0 ∈

[0, 1] q✳t✳♣ ❡♠ Ω✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶✳✷ q✉❡ ❛ s❡q✉ê♥❝✐❛ cn é ❧✐♠✐t❛❞❛ ❡♠
L∞(QT )✳ ❊♥tã♦✱ ❡①✐st❡♠ c ∈ L∞(QT ) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ cn✱ t❛❧ q✉❡ q✉❛♥❞♦
n→ +∞✱

cn
∗
⇀ c ❡♠ L∞(QT ).

❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ ♣♦r ❝❛✉s❛ ❞❛s ❝♦♥✲
✈❡r❣ê♥❝✐❛s ❢♦rt❡s ✭✹✳✷✳✶✷✮ ❡ ✭✹✳✷✳✶✺✮✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦s ♣ró①✐♠♦s ❧❡♠❛s
q✉❡ ❢❛rá ❝♦♠ q✉❡ s❡❥❛♠♦s ❝❛♣❛③❡s ❞❡ t♦♠❛r ♦ ❧✐♠✐t❡ ♥❛ ♣❛rt❡ ♥ã♦ ❧✐♥❡❛r ❞♦
♣r♦❜❧❡♠❛ ✭✹✳✶✳✶✮✳

▲❡♠❛ ✹✳✷✳✹✳ ❙❡❥❛ (φ0, c0) ∈ H1(Ω) × L2(Ω)✱ ♦♥❞❡ φ0, c0 ∈ [0, 1] q✳t✳♣ ❡♠
Ω ❡ s❡❥❛ (φn, cn) s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✹✳✶✳✶✮ ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✶✳ ❊♥tã♦✱
❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s ❞❡ φn ❡ ❞❡ cn ✭q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r φn ❡ cn✮✱

✾✸



t❛✐s q✉❡ q✉❛♥❞♦ n→ +∞✱ t❡♠♦s

Fi(φn) → Fi(φ) ❡♠ Lp(QT ), i = 1, 2, ∀ p ∈ [1,+∞), ✭✹✳✷✳✶✼✮

cnF2(φn)⇀ cF2(φ) ❡♠ L2(QT ), ✭✹✳✷✳✶✽✮

D1(φn) → D1(φ) ❡♠ L2(0, T ;H1(Ω)), ✭✹✳✷✳✶✾✮

cnD1(φn)⇀ cD1(φ) ❡♠ L2(QT ), ✭✹✳✷✳✷✵✮

cn∇D1(φn)⇀ c∇D1(φ) ❡♠ L1(QT )
d. ✭✹✳✷✳✷✶✮

❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✹✳✷✳✶✷✮ t❡♠♦s q✉❡ φn → φ q✳t✳♣ ❡♠ QT ✳ ❊♥tã♦✱ ❝♦♠♦
Fi é ▲✐♣s❝❤✐t③✱ t❡♠♦s q✉❡ |Fi(φn) − Fi(φ)| → 0 q✳t✳♣ ❡♠ QT ✱ ❡♠ ♣❛rt✐❝✉❧❛r
|Fi(φn)−Fi(φ)|

p → 0 q✳t✳♣ ❡♠ QT ♣❛r❛ t♦❞♦ p ∈ [1,+∞)✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡
❞❡ ✭❍✶✬✮ q✉❡ |Fi(φn)|

p ≤ C✳ ❊♥tã♦ ❛♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛
❞♦♠✐♥❛❞❛ ✭❚❡♦r❡♠❛ ✷✳✺✳✶✮✱ ♦❜t❡♠♦s q✉❡

‖Fi(φn)− Fi(φ)‖
p
Lp(QT ) =

∫

QT

|Fi(φn)− Fi(φ)|
p → 0,

❞♦♥❞❡ s❡❣✉❡ ✭✹✳✷✳✶✼✮✳
P❛r❛ ❞❡♠♦♥str❛r ✭✹✳✷✳✶✽✮ t♦♠❡ v ∈ L2(QT )✱ ❡♥tã♦ t❡♠♦s

∫

QT

(cnF2(φn)− cF2(φ))v =

∫

QT

(cn − c)F2(φ)v +

∫

QT

cn(F2(φn)− F2(φ))v.

❈♦♠♦ F2(φ)v ∈ L2(QT ) ✭♣♦✐s F2 é ❧✐♠✐t❛❞❛✮✱ s❡❣✉❡ ❞❡ ✭✹✳✷✳✶✸✮ q✉❡ ♦ ♣r✐♠❡✐r♦
t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ t❡♥❞❡ ❛ ③❡r♦ q✉❛♥❞♦ n→ +∞✳ ❯s❛♥❞♦ q✉❡ 0 ≤ cn ≤ 1
✭✈❡❥❛ ▲❡♠❛ ✹✳✶✳✷✮ ❡ ✭✹✳✷✳✶✼✮✱ ✈❡♠♦s q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦
t❛♠❜é♠ ✈❛✐ ❛ ③❡r♦✳

❈♦♠♦ D1 é ▲✐♣s❝❤✐t③✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✷✺ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t ∈ [0, T ]
♦ ♦♣❡r❛❞♦r D1(·) é ❝♦♥tí♥✉♦ ❞❡ H1(Ω) ❡♠ H1(Ω)✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡

‖D1(φn)−D1(φ)‖
2
H1(Ω) → 0.

❊♥tã♦✱ ✐♥t❡❣r❛♥❞♦ ❡♠ t s♦❜r❡ [0, T ]✱ t❡♠♦s q✉❡

‖D1(φn)−D1(φ)‖
2
L2(0,T ;H1(Ω)) =

∫ T

0

‖D1(φn)−D1(φ)‖
2
H1(Ω) → 0.

❉♦♥❞❡ s❡❣✉❡ ✭✹✳✷✳✶✾✮✳
❆ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✹✳✷✳✷✵✮ é ❛♥á❧♦❣❛ ❛ ❞❡ ✭✹✳✷✳✶✽✮✳

✾✹



❙❡❥❛ v ∈ L∞(QT )
d✳ ❊♥tã♦✱ t❡♠♦s q✉❡

∫

QT

(cn∇D1(φn)− c∇D1(φ)) · v ✭✹✳✷✳✷✷✮

=

∫

QT

(cn − c)∇D1(φ) · v +

∫

QT

cn(∇D1(φn)−∇D1(φ)) · v.

▼❛s✱ ❝♦♠♦ D1 ∈ W 1,∞(R) ✭✈❡❥❛ ▲❡♠❛ ✷✳✺✳✷✹✮ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡
❍ö❧❞❡r✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1 ❡ C2✱ t❛✐s q✉❡

‖∇D1(φ) · v‖
2
L2(QT ) = ‖D′

1(φ)∇φ · v‖2L2(QT ) ≤ C1‖∇φ · v‖2L2(QT )

≤ C1‖v‖
2
L∞(QT )‖∇φ‖

2
L2(QT ) ≤ C2.

■ss♦ ♠♦str❛ q✉❡ ∇D1(φ) · v ∈ L2(QT ). ❈♦♠♦ cn ⇀ c ❡♠ L2(QT )✱ s❡❣✉❡
q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✹✳✷✳✷✷✮ t❡♥❞❡ ❛ ③❡r♦✳ ❯s❛♥❞♦ q✉❡
∇D1(φn) → ∇D1(φ) ❡♠ L2(QT ) ❡ q✉❡ 0 ≤ cn ≤ 1 q✳t✳♣ ❡♠ QT ✱ s❡❣✉❡ q✉❡ ♦
s❡❣✉♥❞♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✹✳✷✳✷✷✮ t❡♥❞❡ ❛ ③❡r♦✳

❈♦♠♦ ♥ã♦ s❛❜❡♠♦s s❡ c(t) ♣❡rt❡♥❝❡ ❛ H1(Ω)✱ ♥ã♦ ❢❛③ s❡♥t✐❞♦ ❢❛❧❛r ❡♠
✏∇c✑✳ ❊♥tã♦✱ ♦❜✈✐❛♠❡♥t❡ ♥ã♦ ❞❡✈❡♠♦s ❡s♣❡r❛r q✉❡

D1n(φn)∇cn ⇀ D1(φ)∇c ❡♠ L2(QT )
2.

❆ tít✉❧♦ ❞❡ ♠♦t✐✈❛çã♦✱ s✉♣♦♥❤❛ q✉❡ c(t) ∈ H1(Ω) q✳t✳♣ t ∈ (0, T ). ❊♥tã♦✱

∇(D1(φ)c) = c∇D1(φ) +D1(φ)∇c q✳t✳♣ ❡♠ QT ,

♦✉ s❡❥❛✱
D1(φ)∇c = ∇(D1(φ)c)− c∇D1(φ) q✳t✳♣ ❡♠ QT .

❱❡r❡♠♦s q✉❡ ♠❡s♠♦ q✉❛♥❞♦ c(t) /∈ H1(Ω) ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡
❢❛③ s❡♥t✐❞♦ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳

❆ss✐♠✱ ❢❛③ s❡♥t✐❞♦ ❝♦♥❥❡❝t✉r❛r q✉❡

D1n(φn)∇cn ⇀ ∇(D1(φ)c)− c∇D1(φ) ❡♠ D′(QT ).

❉❡ ❢❛t♦✱ é ✐ss♦ q✉❡ ✈❛♠♦s ♠♦str❛r ♥♦ ♣ró①✐♠♦ ❧❡♠❛✳

▲❡♠❛ ✹✳✷✳✺✳ ❙♦❜r❡ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r t❡♠♦s q✉❡ q✉❛♥❞♦
n→ +∞✱

D1n(φn)∇cn ⇀ J ❡♠ L2(QT )
d, ✭✹✳✷✳✷✸✮

♦♥❞❡
J = ∇(D1(φ)c)− c∇D1(φ). ✭✹✳✷✳✷✹✮

✾✺



❉❡♠♦♥str❛çã♦✳ ❉❡✈✐❞♦ ❛ ✭✹✳✷✳✷✮✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C✱ t❛❧ q✉❡

‖D1n(φn)∇cn‖
2
L2(QT ) =

∫

QT

|D1n(φn)∇cn|
2

≤ D0

∫

QT

D1n(φ
λ)|∇cn|

2

≤ C.

❈♦♠♦ L2(QT ) é r❡✢❡①✐✈♦✱ t♦❞♦ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ L2(QT ) t❡♠ s✉❜s❡q✉ê♥✲
❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳ ❊♥tã♦✱ ❡①✐st❡♠ J ∈ L2(QT )

d ❡ ✉♠❛
s✉❜s❡q✉ê♥❝✐❛ ❞❡ D1n(φn)∇cn ✭q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛♠♦s ♣♦r D1n(φn)∇cn✮✱ t❛✐s
q✉❡

D1n(φn)∇cn ⇀ J ❡♠ L2(QT )
d. ✭✹✳✷✳✷✺✮

❈♦♠♦ D1(φn) ∈ L∞(0, T ;H1(Ω)) ❡ cn ∈ L2(0, T ;H1(Ω))✱ t❡♠♦s q✉❡
D1(φn)cn ∈ L2(0, T ;W 1,4/3(Ω)) ✭✈❡❥❛ ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✷✼ ♥❛ ♣á❣✐♥❛ ✷✹✮✳ ❊♥✲
tã♦✱

∇(D1(φn)cn) = cn∇D1(φn) +D1(φn)∇cn q✳t✳♣ ❡♠ QT . ✭✹✳✷✳✷✻✮

❆❣♦r❛✱ ❝♦♠♦ 0 ≤ cn ≤ 1 q✳t✳♣ ❡♠ QT ❡ un = D1(φn)cn ∈ L2(QT )✱ t❡♠♦s q✉❡
Tun ✱ ❞❛❞♦ ♣♦r ✭✷✳✺✳✶✮✱ é ✉♠❛ ❞✐str✐❜✉✐çã♦✳ ❙❡❥❛ ϕ ∈ C∞

c (QT )✱ ❡♥tã♦✱ ♣❡❧❛
❞❡✜♥✐çã♦ ❞❡ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦✱ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ d

〈

∂Tun
∂xi

, ϕ

〉

= −

〈

Tun ,
∂ϕ

∂xi

〉

= −

∫

Ω

D1(φn)cn
∂ϕ

∂xi
.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ✭✹✳✷✳✷✵✮✱ ♦❜t❡♠♦s
〈

∂Tun
∂xi

, ϕ

〉

→ −

∫

Ω

D1(φ)c
∂ϕ

∂xi
= −

〈

Tu,
∂ϕ

∂xi

〉

=

〈

∂Tu
∂xi

, ϕ

〉

,

♦♥❞❡ u = D1(φ)c✳ ❖✉ s❡❥❛✱

∇(D1(φn)cn) → ∇(D1(φ)c) ❡♠ D′(QT ), ✭✹✳✷✳✷✼✮

♦♥❞❡ ♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ d✱ ❡st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦
∂Tun
∂xi

❝♦♠
∂(D1(φn)cn)

∂xi
❡

∂Tu
∂xi

❝♦♠
∂(D1(φ)c)

∂xi
✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❡ ✭✹✳✷✳✷✶✮✱ q✉❡

cn∇D1(φn) → c∇D1(φ) ❡♠ D′(QT ).

✾✻



❊♥tã♦✱ ✭✹✳✷✳✷✻✮ ❥✉♥t♦ ❝♦♠ ✭✹✳✷✳✷✼✮✱ ✐♠♣❧✐❝❛ q✉❡

D1(φn)∇cn → ∇(D1(φ)c)− c∇D1(φ) ❡♠ D′(QT ). ✭✹✳✷✳✷✽✮

▲❡♠❜❛♥❞♦ q✉❡ D1n = D
1/n
1 = D1 + 1/n✱ t❡♠♦s q✉❡

D1n(φn)∇cn = D1(φn)∇cn +
1

n
∇cn.

▼❛s ❝♦♠♦ D1 é ♥ã♦ ♥❡❣❛t✐✈♦✱ ♦❜t❡♠♦s ❞❡ ✭✹✳✷✳✷✮ q✉❡

1

n

∫

QT

|∇cn|
2 ≤

∫

QT

D1n|∇cn|
2 ≤ C,

♦✉ s❡❥❛✱
∥

∥

∥

∥

1

n
∇cn

∥

∥

∥

∥

L2(QT )

≤
C

n
.

P♦rt❛♥t♦✱ q✉❛♥❞♦ n→ +∞

1

n
∇cn → 0 ❡♠ L2(QT )

d.

❊♥tã♦✱ ❝♦♥❝❧✉í♠♦s ❞❡ ✭✹✳✷✳✷✽✮ q✉❡

D1n(φn)∇cn → ∇(D1(φ)c)− c∇D1(φ) ❡♠ D′(QT ).

❈♦♠♦ ♦ ❧✐♠✐t❡ ❡♠ D′(QT ) é ú♥✐❝♦✱ s❡❣✉❡ ❞❡ ✭✹✳✷✳✷✺✮ q✉❡ J = ∇(D1(φ)c) −
c∇D1(φ).

❖❜s❡r✈❛çã♦ ✹✳✷✳✻✳ Pr♦✈❛♠♦s q✉❡ D1(φn)cn ∈ L2(0, T ;W 1,4/3(Ω)). ◆❛ ✈❡r✲
❞❛❞❡✱ t❡♠♦s ♠❛✐s q✉❡ ✐ss♦✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✷✱ t❡♠♦s q✉❡ 0 ≤ cn ≤ 1
q✳t✳♣ ❡♠ QT ✱ ❛❞❡♠❛✐s✱ t❡♠♦s q✉❡ D1 ∈ W 1,∞(R)✳ ❊♥tã♦✱ ❞❡ ✭✹✳✷✳✷✻✮✱ t❡♠♦s

‖∇(D1(φn)cn)‖L2(QT ) = ‖D′
1(φn)∇φncn +D1(φn)∇cn‖L2(QT )

≤ ‖∇φn‖L2(QT ) + ‖∇cn‖L2(QT ).

▼❛s✱ ❝♦♠♦ φn, cn ∈ L2(0, T ;H1(Ω)), s❡❣✉❡ q✉❡ D1(φn)cn ∈ L2(0, T ;H1(Ω)).

▲❡♠❛ ✹✳✷✳✼✳ ❙♦❜r❡ ❛s ❤✐♣ót❡s❡s ❞♦s ❞♦✐s ú❧t✐♠♦s ❧❡♠❛s✱ t❡♠♦s q✉❡ ❞❛❞♦
T > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ n✱ t❛❧ q✉❡

‖D1(φn)cn‖L2(0,T ;H1(Ω)) ≤ C, ✭✹✳✷✳✷✾✮

❡ q✉❛♥❞♦ n→ +∞✱ t❡♠♦s q✉❡

D1(φn)cn → D1(φ)c ❡♠ L2(QT ), ✭✹✳✷✳✸✵✮

D1(φn)D2(cn, φn)∇φn ⇀ D1(φ)D2(c, φ)∇φ ❡♠ L1(QT )
d. ✭✹✳✷✳✸✶✮

✾✼



❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✹✳✷✳✷✻✮✱ t❡♠♦s q✉❡

‖∇(D1(φn)cn)‖
2
L2(QT ) ≤

∫

QT

|D1(φn)∇cn|
2 +

∫

QT

|cnD
′
1(φn)∇φn|

2.

❊♥tã♦✱ ✉s❛♥❞♦ q✉❡ D1 ≤ D1n ≤ D0✱ D1 ∈ W 1,∞(R)✱ 0 ≤ cn ≤ 1 q✳t✳♣ ❡♠ QT

❡ ❛ ❡st✐♠❛t✐✈❛ ✭✹✳✷✳✷✮✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1✱ C2 ❡ C
q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ n✱ t❛✐s q✉❡

‖∇(D1(φn)cn)‖
2
L2(QT ) ≤ C1

(

D0

∫

QT

D1n(φn)|∇cn|
2 +

∫

QT

|cn∇φn|
2

)

≤ C2

(

1 + ‖∇φn‖
2
L2(QT )

)

≤ C.

❖ q✉❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❡ ✭✹✳✷✳✷✾✮✳
❈♦♠♦ D1(φn(t))cn(t) − D1(φ(t))c(t) ∈ H1(Ω) q✳t✳♣ t ∈ (0, T ), ♣♦❞❡♠♦s

❛♣❧✐❝❛r ♦ ❈♦r♦❧ár✐♦ ✷✳✺✳✶✹✱ ❡♥tã♦ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ η > 0 ❡①✐st❡ Cη > 0✱
t❛❧ q✉❡ ♣❛r❛ q✳t✳♣ t ∈ (0, T )

‖D1(φn(t))cn(t)−D1(φ(t))c(t)‖L2(Ω)

≤ η‖D1(φn(t))cn(t)−D1(φ(t))c(t)‖H1(Ω)

+Cη‖D1(φn(t))cn(t)−D1(φ(t))c(t)‖H1(Ω)′ .

❊♥tã♦✱ ❡❧❡✈❛♥❞♦ ❛♦ q✉❛❞r❛❞♦ ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ (0, T )✱ ♦❜t❡♠♦s

‖D1(φn)cn −D1(φ)c‖L2(QT )

≤ η‖D1(φn)cn −D1(φ)c‖L2(0,T ;H1(Ω)) + Cη‖D1(φn)cn −D1(φ)c‖L2(0,T ;H1(Ω)′).

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ q✉❡ D1 é ❧✐♠✐t❛❞❛ ❡ q✉❡ 0 ≤ cn ≤ 1 q✳t✳♣ ❡♠ QT ✱ s❡❣✉❡
q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C1 > 0✱ t❛❧ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(0,T ;H1(Ω)′)

≤ ‖D1(φn)(cn − c)‖L2(0,T ;H1(Ω)′) + ‖cn(D1(φn)−D1(φ))‖L2(0,T ;H1(Ω)′)

≤ C1

(

‖cn − c‖L2(0,T ;H1(Ω)′) + ‖D1(φn)−D1(φ)‖L2(0,T ;H1(Ω)′)

)

.

❊♥tã♦✱ ❛s ❞✉❛s ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❥✉♥t❛s✱ ♥♦s ❞á q✉❡ ♣❛r❛ t♦❞♦ η > 0✱
❡①✐st❡ C ′

η✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(QT )

≤ C ′
η

(

‖cn − c‖L2(0,T ;H1(Ω)′) + ‖D1(φn)−D1(φ)‖L2(0,T ;H1(Ω)′)

)

+η‖D1(φn)cn −D1(φ)c‖L2(0,T ;H1(Ω)).

✾✽



❉❡✈✐❞♦ ❛ ✭✹✳✷✳✷✾✮ ❡ ❝♦♠♦ L2(0, T ;H1(Ω)) é r❡✢❡①✐✈♦✱ D1(φn)cn ❝♦♥✈❡r❣❡ ❢r❛❝♦
❡♠ L2(0, T ;H1(Ω))✳ ▼❛s✱ ♣♦r ✭✹✳✷✳✷✵✮ ❡ ❝♦♠♦ ♦ ❧✐♠✐t❡ ❡♠ D′(QT ) é ú♥✐❝♦✱
t❡♠♦s q✉❡ D1(φn)cn ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ D1(φ)c ∈ L2(0, T ;H1(Ω)). ❊♥tã♦✱
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ n✱ t❛❧ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(0,T ;H1(Ω))

≤ ‖D1(φn)cn‖L2(0,T ;H1(Ω)) + ‖D1(φ)c‖L2(0,T ;H1(Ω)) ≤ C2.

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ t♦❞♦ η > 0✱ ❡①✐st❡ C ′
η✱ t❛❧ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(QT )

≤ ηC2 + C ′
η

(

‖cn − c‖L2(0,T ;H1(Ω)′) + ‖D1(φn)−D1(φ)‖L2(0,T ;H1(Ω)′)

)

.

❋✐①❛❞♦ ǫ > 0✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r η ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ηC2 ≤ ǫ/2✱ ❡ ❡♥tã♦

‖D1(φn)cn −D1(φ)c‖L2(QT )

≤
ǫ

2
+ C ′

η

(

‖cn − c‖L2(0,T ;H1(Ω)′) + ‖D1(φn)−D1(φ)‖L2(0,T ;H1(Ω)′)

)

.

❈♦♠♦ s❛❜❡♠♦s q✉❡ C([0, T ];H1(Ω)′) ⊂ L2(0, T ;H1(Ω)′)✱ L2(0, T ;H1(Ω)) ⊂
L2(0, T ;H1(Ω)′) ❡ q✉❡ ❛s ✐♥❝❧✉sõ❡s sã♦ ❝♦♥tí♥✉❛s✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥s✲
t❛♥t❡ ♣♦s✐t✐✈❛ C3✱ t❛❧ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(QT )

≤
ǫ

2
+ C3

(

‖cn − c‖C([0,T ];H1(Ω)′) + ‖D1(φn)−D1(φ)‖L2(0,T ;H1(Ω))

)

.

❆❣♦r❛✱ ♣❡❧❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❢♦rt❡s ✭✹✳✷✳✶✺✮ ❡ ✭✹✳✷✳✶✾✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡ n0 ∈ N✱
t❛❧ q✉❡

‖D1(φn)cn −D1(φ)c‖L2(QT ) ≤ ǫ ♣❛r❛ t♦❞♦ n > n0.

P♦rt❛♥t♦✱ ❝♦♠♦ q✉❡rí❛♠♦s

D1(φn)cn → D1(φ)c ❡♠ L2(QT ).

P❛r❛ ♠♦str❛r ✭✹✳✷✳✸✶✮✱ s❡❥❛ v ∈ L∞(QT )
d✱ ❡♥tã♦

∫

QT

(D1(φn)D2(cn, φn)∇φn −D1(φ)D2(c, φ)∇φ) · v

=

∫

QT

D1(φn) (D2(cn, φn)−D2(c, φ))∇φ · v

+

∫

QT

(D1(φn)−D1(φ))D2(c, φ)∇φ · v

+

∫

QT

D1(φn)D2(cn, φn)(∇φn −∇φ) · v. ✭✹✳✷✳✸✷✮

✾✾



P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ♦ ❢❛t♦ q✉❡ D1 ❡ D2 sã♦ ❧✐♠✐t❛❞❛s✱ ♦❜t❡♠♦s q✉❡
❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1 ❡ C2 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ n✱ t❛✐s q✉❡
∣

∣

∣

∣

∫

QT

(D1(φn)−D1(φ))D2(c, φ)∇φ · v

∣

∣

∣

∣

≤ C1‖D1(φn)−D1(φ)‖L2(QT )‖∇φ‖L2(QT )

❡
∣

∣

∣

∣

∫

QT

D1(φn)D2(cn, φn)(∇φn −∇φ) · v

∣

∣

∣

∣

≤ C2‖∇φn −∇φ‖L2(QT ).

❊♥tã♦✱ ✉s❛♥❞♦ ✭✹✳✷✳✶✷✮ ❡ ✭✹✳✷✳✶✾✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s ❞♦✐s ú❧t✐♠♦s t❡r♠♦s ❡♠
✭✹✳✷✳✸✷✮ ❝♦♥✈❡r❣❡♠ ❛ ③❡r♦ q✉❛♥❞♦ n→ +∞.

❆❣♦r❛✱ ✉s❛♥❞♦ q✉❡ D2 é ▲✐♣s❝❤✐t③ ❡ ♦ ❢❛t♦ q✉❡ D1 é ✉♠❛ ❢✉♥çã♦ ♥ã♦
♥❡❣❛t✐✈❛ ❡ ❧✐♠✐t❛❞❛✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛t❡ ♣♦s✐t✐✈❛ C1 q✉❡ ♥ã♦
❞❡♣❡♥❞❡ ❞❡ n✱ t❛❧ q✉❡
∣

∣

∣

∣

∫

QT

D1(φn) (D2(cn, φn)−D2(c, φ))∇φ · v

∣

∣

∣

∣

≤

∫

QT

D1(φn) (|cn − c|+ |φn − φ|) |∇φ||v|

≤ C1

(∫

QT

|D1(φn)cn −D1(φn)c||∇φ|+

∫

QT

|φn − φ||∇φ|

)

≤ C1

(∫

QT

|D1(φn)cn −D1(φ)c||∇φ|+

∫

QT

|D1(φ)−D1(φn)||c||∇φ|

)

+C1

(∫

QT

|φn − φ||∇φ|

)

≤ C1

(

‖D1(φn)cn −D1(φ)c‖L2(QT )‖∇φ‖L2(QT )

)

+C1

(

‖D1(φ)−D1(φn)‖L2(QT )‖c‖L∞(QT )‖∇φ‖L2(QT )

)

+C1

(

‖φn − φ‖L2(QT )‖∇φ‖L2(QT )

)

,

♦♥❞❡ ✉s❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✳ ❆❣♦r❛✱ ♣❡❧♦ ❢❛t♦ q✉❡ c ∈ L∞(QT )
❡ ❞❛s ❝♦♥✈❡r❣ê♥❝✐❛s ✭✹✳✷✳✸✵✮✱ ✭✹✳✷✳✶✾✮ ❡ ✭✹✳✷✳✶✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦
t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✹✳✷✳✸✷✮ t❛♠❜é♠ ❝♦♥✈❡r❣❡ ❛ ③❡r♦ q✉❛♥❞♦ n→ +∞✳
❆ss✐♠✱ q✉❛♥❞♦ n→ +∞✱

∫

QT

(D1(φn)D2(cn, φn)∇φn −D1(φ)D2(c, φ)∇φ) · v → 0,

♣❛r❛ t♦❞♦ v ∈ L∞(QT )
d✳ ❖ q✉❡ ♠♦str❛ ✭✹✳✷✳✸✶✮✳

✶✵✵



✹✳✸ ❙♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡❣❡♥❡r❛❞♦

❈♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦
s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ q✉❡ ❣❛r❛♥t❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✵✳✶✮✳

❚❡♦r❡♠❛ ✹✳✸✳✶✳ ❙❡❥❛ (φ0, c0) ∈ H1(Ω) × L2(Ω) ❝♦♠ φ0, c0 ∈ [0, 1] q✳t✳♣
❡♠ Ω✳ ❊♥tã♦✱ s♦❜r❡ ❛s ❤✐♣ót❡s❡s ✭❍✶✬✮✲✭❍✺✬✮✱ ❡①✐st❡ ✉♠❛ tr✐♣❧❛ (φ, c, J)✱
s❛t✐s❢❛③❡♥❞♦

φ ∈ L2(0, T ;H2(Ω)) ∩H1(0, T ;L2(Ω)),

c ∈ L∞(0, T ;L2(Ω)) ∩H1(0, T ;H1(Ω)′),

J ∈ L2(QT )
d,

t❛❧ q✉❡ φ(0) = φ0, c(0) = c0✱ J = ∇(D1(φ)c)− c∇D1(φ) ❡

∂φ

∂t
− ǫ2∆φ = F1(φ) + cF2(φ) q✳t✳♣ ❡♠ QT , ✭✹✳✸✳✶✮

∂φ

∂n
= 0 q✳t✳♣ ❡♠ ∂Ω× (0, T ), ✭✹✳✸✳✷✮

〈

∂c

∂t
, v

〉

+

∫

Ω

(J +D1(φ)D2(c, φ)∇φ) · ∇vdx = 0, ✭✹✳✸✳✸✮

♣❛r❛ t♦❞♦ v ∈ H1(Ω) ❡ q✳t✳♣ ❡♠ (0, T )✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣❛ss❛r ❛♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✹✳✶✳✶✮✳ ❙❡ v ∈
L2(0, T ;H1(Ω))✱ ❞❡ ✭✹✳✶✳✹✮✱ t❡♠♦s q✉❡

∫

QT

∂φn
∂t

v − ǫ2
∫

QT

∆φnv =

∫

QT

(F1(φn) + cnF2(φn))v.

❆♣❧✐❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ✭✹✳✶✳✺✮✱ ♦❜t❡♠♦s
∫

QT

∂φn
∂t

v + ǫ2
∫

QT

∇φn · ∇v =

∫

QT

(F1(φn) + cnF2(φn))v.

❊♥tã♦✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ +∞✱ ✉s❛♥❞♦ ✭✹✳✷✳✶✶✮✱ ✭✹✳✷✳✶✵✮✱ ✭✹✳✷✳✶✼✮
❡ ✭✹✳✷✳✶✽✮✱ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ v ∈ L2(0, T ;H1(Ω))

∫

QT

∂φ

∂t
v + ǫ2

∫

QT

∇φ · ∇v =

∫

QT

(F1(φ) + cF2(φ))v. ✭✹✳✸✳✹✮

✶✵✶



❊♠ ♣❛rt✐❝✉❧❛r ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ v ∈ C∞
c (QT ). ❆ss✐♠✱ ❛♣❧✐✲

❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s
∫

QT

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

v = 0, ∀ v ∈ C∞
c (QT ).

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✻✱ s❡❣✉❡ ✭✹✳✸✳✶✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♣❧✐❝❛♥❞♦
✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡♠ ✭✹✳✸✳✹✮✱ ✐♥❢❡r✐♠♦s q✉❡
∫

QT

(

∂φ

∂t
− ǫ2∆φ− (F1(φ) + cF2(φ))

)

v+

∫

QT

∂φ

∂n
v = 0, ∀ v ∈ L2(0, T ;H1(Ω)).

▼❛s✱ ♣♦r ✭✹✳✸✳✶✮ s❡❣✉❡ q✉❡
∫

QT

∂φ

∂n
v = 0 ∀ v ∈ L2(0, T ;H1(Ω)).

❉♦♥❞❡ s❡❣✉❡ ✭✹✳✸✳✷✮✳
❆❣♦r❛✱ s❡❥❛ f ∈ C∞

c (0, T )✳ ❊♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✶✳✻✮ ♣♦r f ❡ ✐♥t❡✲
❣r❛♥❞♦ s♦❜r❡ (0, T )✱ t❡♠♦s ❡♠ ♣❛rt✐❝✉❧❛r q✉❡
∫ T

0

〈

∂cn
∂t

, fv

〉

+

∫

QT

(Dn1(φn)∇cn +D1(φn)D2(cn, φn)∇φn) · ∇(fv) = 0,

♣❛r❛ t♦❞♦ v ∈ C∞(Ω̄)✳ ❈♦♠♦ ❡♠ ♣❛rt✐❝✉❧❛r fv ∈ L2(0, T ;H1(Ω)) ❡ ∇(fv) ∈
L∞(QT )

d, s❡❣✉❡ ❞❡ ✭✹✳✷✳✶✹✮✱ ✭✹✳✷✳✸✶✮ ❡ ✭✹✳✷✳✷✸✮ q✉❡
∫ T

0

〈

∂c

∂t
, fv

〉

+

∫

QT

(J +D1(φ)D2(c, φ)∇φ) · ∇(fv) = 0,

♣❛r❛ t♦❞♦ f ∈ C∞
c (0, T ) ❡ t♦❞♦ v ∈ C∞(Ω̄)✳ P♦rt❛♥t♦✱

∫ T

0

(〈

∂c

∂t
, v

〉

+

∫

Ω

(J +D1(φ)D2(c, φ)∇φ) · ∇v

)

f = 0,

♣❛r❛ t♦❞♦ f ∈ C∞
c (0, T ) ❡ t♦❞♦ v ∈ C∞(Ω̄)✳ ❉❡ss❛ ❢♦r♠❛ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛

✷✳✺✳✻ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ C∞(Ω̄) é ❞❡♥s♦ ❡♠ H1(Ω) ✭✈❡❥❛ ❚❡♦r❡♠❛ ✷✳✺✳✾✮✱ ❝♦♥✲
❝❧✉í♠♦s q✉❡ ✈❛❧❡ ✭✹✳✸✳✸✮✳ ❆❣♦r❛✱ ❞❡ ✭✹✳✷✳✶✷✮ ❡ ✭✹✳✷✳✶✺✮✱ s❡❣✉❡ q✉❡

φn(0) → φ(0) ❡♠ L2(Ω)

❡
cn(0) → c(0) ❡♠ H1(Ω)′.

▼❛s✱ ❞♦ ▲❡♠❛ ✹✳✶✳✶✱ φn(0) = φ0 ❡ cn(0) = c0✳ ❊♥tã♦✱ s❡❣✉❡ q✉❡ φ(0) = φ0 ❡
c(0) = c0.

✶✵✷



❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ s♦❜r❡ ❛s ♠❡s♠❛s ❤✐✲
♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r t❡♠♦s ✉♠ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭✹✳✵✳✶✮✳

❚❡♦r❡♠❛ ✹✳✸✳✷✳ ❙❡❥❛♠ (φ0, c0) ∈ H1(Ω)×L2(Ω) ❝♦♠ φ0, c0 ∈ [0, 1] q✳t✳♣ ❡♠
Ω✳ ❊♥tã♦✱ s♦❜r❡ ❛s ❤✐♣ót❡s❡s ✭❍✶✬✮✲✭❍✺✬✮✱ ❛ s♦❧✉çã♦ (φ, c) ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛
❛♥t❡r✐♦r✱ s❛t✐s❢❛③

0 ≤ φ, c ≤ 1 q✳t✳♣ ❡♠ QT .

❉❡♠♦♥str❛çã♦✳ P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ φn✱ s❡❣✉❡ ❞❡ ✭✹✳✷✳✶✷✮ q✉❡
φn(t, x) → φ(t, x) q✳t✳♣ ❡♠ QT . ❊♥tã♦✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ n → +∞
❡♠

0 ≤ φn(t, x) ≤ 1,

♦❜t❡♠♦s✱
0 ≤ φ(t, x) ≤ 1 q✳t✳♣ ❡♠ QT .

❆❣♦r❛✱ ❞❡✈✐❞♦ ❛ ✭✹✳✷✳✶✻✮ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✶✱ t❡♠♦s q✉❡

‖c‖L∞(QT ) ≤ lim inf ‖cn‖L∞(QT ) ≤ 1.

P♦rt❛♥t♦✱ c ≤ 1 q✳t✳♣ ❡♠ QT . ❆❧é♠ ❞✐ss♦✱ ❧✐♠✐t❡ ❢r❛❝♦ ❞❡ ❢✉♥çã♦ ♣♦s✐t✐✈❛
q✳t✳♣ é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ q✳t✳♣✱ ♦✉ s❡❥❛✱ ❞❡ ✭✹✳✷✳✶✸✮ s❡❣✉❡ q✉❡ c ≥ 0 q✳t✳♣
❡♠ QT .
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