
❏♦r❞❛♥ ▲❛♠❜❡rt ❙✐❧✈❛

❉❡❝♦♠♣♦s✐çõ❡s ❈❡❧✉❧❛r❡s ❞❡ ❊s♣❛ç♦s ❍♦♠♦❣ê♥❡♦s

❈❆▼P■◆❆❙
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✏❊♥r❛✐③❛❞♦s ❡ ❡❞✐✜❝❛❞♦s ❡♠ ❈r✐st♦✱
❋✐r♠❡s ♥❛ ❢é✳✑

❈♦❧♦ss❡♥s❡s ✷✱✼✳

❚❡♠❛ ❞❛ ❏♦r♥❛❞❛ ▼✉♥❞✐❛❧ ❞❛
❏✉✈❡♥t✉❞❡ ❞❡ ✷✵✶✶ ❡♠ ▼❛❞r✐❞✳

✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❉✉r❛♥t❡ ♦s ú❧t✐♠♦s ❛♥♦s✱ ♠✉✐t❛s ♣❡ss♦❛s ♣❛rt✐❝✐♣❛r❛♠ ❞❡ ♠✐♥❤❛ ✈✐❞❛ ❡ ❡st❡ é ✉♠ ❜r❡✈❡ ❡s♣❛ç♦
❛ q✉❛❧ ♣♦ss♦ ❛❣r❛❞❡❝ê✲❧❛s✳

❼ Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t♦❞❛s ❣r❛ç❛s q✉❡ ❊❧❡ ♠❡ ❝♦♥❝❡❞❡ ❛ ❝❛❞❛ ♠♦♠❡♥t♦ ❞❡
♠✐♥❤❛ ✈✐❞❛✱ à ❊❧❡ ❡t❡r♥❛ ❣r❛t✐❞ã♦❀

❼ ❆❣r❛❞❡ç♦ à ❋❆P❊❙P ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❡ ❛♣♦✐♦ ♥♦ ✜♥❛♥❝✐❛♠❡♥t♦ ❞❡st❡ ♣r♦❥❡t♦ ❞❡ ♠❡str❛❞♦❀

❼ ❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦ ♣r♦❢✳ ❙❛♥ ▼❛rt✐♥ ♣♦r t♦❞❛ ❛ ❛❥✉❞❛ ♥❡❝❡ssár✐❛ ♥❡st❡ ♣r♦❥❡t♦ ❡ ♣♦r ❛❝❡✐t❛r
❝♦♥t✐♥✉❛r ❛ ♠❡ ♦r✐❡♥t❛r ❞✉r❛♥t❡ ♦ ❞♦✉t♦r❛❞♦✳ ❆♦ ♠❡✉ ❝♦♦r✐❡♥t❛❞♦r ▲♦♥❛r❞♦✱ ♣❡❧❛s ❝♦♥✈❡rs❛s✱
❛♣♦✐♦ ❡ s✉❣❡stõ❡s ❛♦ ♣r♦❥❡t♦✳ ❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❜❛♥❝❛✿ ❊❧✐③❛❜❡t❤ ❡ ❉❛♥✐❡❧ ❚❛✉s❦❀

❼ ❆♦s ♠❡✉s ♣❛✐s ❈❡❧s♦ ❡ ❆♥❛ ▲ú❝✐❛✱ ♣♦r t♦❞❛ ❛ ❞❡❞✐❝❛çã♦ ❡ ✐♥❝❡♥t✐✈♦ q✉❡ r❡❝❡❜✐✱ ❜❛s❡ ❢✉♥❞❛✲
♠❡♥t❛❧ ❞❡ t♦❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ❆♦s ♠❡✉s ✐r♠ã♦s ❏♦❤❛♥♥✱ ❏♦❤♥♥② ❡ ❏♦♥❛t❤❛♥❀

❼ ❆♦s ♠❡✉s ❛✈ós ❉❡❧✜♥❛ ❡ ●❡r❛❧❞♦✱ ❉✐t❛ ❡ ❱❛✈á✳ ❆♦s ♠❡✉s t✐♦s✱ ♣r✐♠♦s ❡ à t♦❞❛ ❛ ❢❛♠í❧✐❛❀

❼ ➚ ♠✐♥❤❛ ❛♠❛❞❛ ❡s♣♦s❛ ❏✉❧✐❛♥❛✱ q✉❡ ♠❡ ❢❡③ ♣❡r❝❡❜❡r q✉❡ ❛ ✈✐❞❛ ♥ã♦ é ❢❡✐t❛ ❛♣❡♥❛s ❞❡ ❡st✉❞♦
❡ tr❛❜❛❧❤♦✱ ♠❛s t❛♠❜é♠ ❞❡ ❛♠♦r✱ ❛♠✐③❛❞❡✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❛✈❡♥t✉r❛s ❡ ♦r❛çõ❡s✳ ❊ t❛♠❜é♠
♣♦r t♦❞❛ s✉❛ ❢❛♠í❧✐❛ q✉❡ ♠❡ ❛❝♦❧❤❡❀

❼ ❆♦s ❛♠✐❣♦s ❞❛ ❯◆■❈❆▼P✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛♦ ▲✉❝❛s ✭✈✉❧❣♦ ❈❡❛rá✮✱ à ❉é❜♦r❛❤✱ à ❆♥❛ ❈❧á✉❞✐❛
❡ ❛♦ ❘♦❞r✐❣♦✱ ♣r❡s❡♥t❡s ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞❛ ❣r❛❞✉❛çã♦❀

❼ ❆♦s ✈ár✐♦s ❛♠✐❣♦s ❞❛ ✐❣r❡❥❛✱ ❡♠ ❡s♣❡❝✐❛❧✱ àq✉❡❧❡s q✉❡ ❝♦♥✈✐✈✐ r✉♠♦ à ♣❡r❡❣r✐♥❛çã♦ ♣❛r❛ ❛
❏♦r♥❛❞❛ ▼✉♥❞✐❛❧ ❞❛ ❏✉✈❡♥t✉❞❡ ❞❡ ✷✵✶✶✿ ❘❛❢ã♦✱ ■❣♦r✱ ◆❛tá❧✐❛✱ ●✉✐❧❤❡r♠❡✱ ❏éss✐❝❛✱ ❋❡r♥❛♥❞♦
❆❧❜r❛t♦③✱ ❋❡r♥❛♥❞♦ ▼❛❞r✐❞ ❡ às ■r♠ãs ▼✐ss✐♦♥ár✐❛s ❞❡ ❈r✐st♦✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦s s❛❝❡r✲
❞♦t❡s ❛♠✐❣♦s P❡✳ ▼✐❧t♦♥✱ P❡✳ ❆♥❞❡rs♦♥ ❡ P❡✳ P❛✉❧♦ ❊❞✉❛r❞♦ ♣❡❧❛s ♦r❛çõ❡s ❡ ♣❡❧♦ ❡①❡♠♣❧♦
❞❡ ❤✉♠✐❧❞❛❞❡❀

❼ ❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ■▼❊❈❈ q✉❡ ♠❡ ❢♦r♥❡❝❡r❛♠ ♦s ❢✉♥❞❛♠❡♥t♦s ♠❛t❡♠át✐❝♦s ♥❡❝❡ssár✐♦s ♣❛r❛
♠✐♥❤❛ ❢♦r♠❛çã♦✳ ❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯◆■❈❆▼P✿ ❚â♥✐❛✱ ▲í✈✐❛ ❡ ❊❞✐✈❛❧❞♦ ❞❛ s❡❝r❡t❛r✐❛ ❞❡
♣ós✲❣r❛❞✉❛çã♦✱ ❛❧é♠ ❞❛ ❉✳ ❩❡❢❛ ♣❡❧♦s ❝❛❢❡③✐♥❤♦s❀

❼ ➚ ❊♥✐r✱ ♠✐♥❤❛ ♣r♦❢❡ss♦r❛ ❞♦s t❡♠♣♦s ❞❡ ❡s❝♦❧❛✱ à q✉❛❧ ♠❡ ❞❡s♣❡rt♦✉ ✉♠ ♣r♦❢✉♥❞♦ ✐♥t❡r❡ss❡
♥♦ ❡st✉❞♦ ❞❛ ♠❛t❡♠át✐❝❛✱ ❛❧é♠ ❞♦ ❞❡s❡❥♦ ❞❡ ❡♥s✐♥❛r ❡st❛ ❜❡❧❛ ❝✐ê♥❝✐❛✳

✈✐✐



❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦✱ r❡❛❧✐③❛♠♦s ✉♠ ❡st✉❞♦ t♦♣♦❧ó❣✐❝♦ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s✳ ❊♥❝♦♥tr❛❞❛
❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✱ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ✐♥✈❛r✐❛♥t❡s
t♦♣♦❧ó❣✐❝♦s s♦❜r❡ ❡st❛s ✈❛r✐❡❞❛❞❡s✿ ❛ ❤♦♠♦❧♦❣✐❛✱ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦ ❝á❧❝✉❧♦ ❞♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛
❞❛ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r✱ ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ ❝✉❥♦ ❝á❧❝✉❧♦ ❢♦✐ r❡❛❧✐③❛❞♦ ♣❛r❛ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣
♠❛①✐♠❛✐s ❡ ♣❛r❛ ❛s ✈❛r✐❡❞❛❞❡s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s Lp(R

2l)✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❱❛r✐❡❞❛❞❡s ✢❛❣✱ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛✳

✈✐✐✐



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✇❡ ❝♦♥❞✉❝t ❛ t♦♣♦❧♦❣✐❝❛❧ st✉❞② ♦❢ r❡❛❧ ✢❛❣ ♠❛♥✐❢♦❧❞s✳ ❋♦✉♥❞ t❤❡ ❙❝❤✉❜❡rt
❝❡❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ✢❛❣ ♠❛♥✐❢♦❧❞✱ ✇❡ ♣r❡s❡♥t t✇♦ t♦♣♦❧♦❣✐❝❛❧ ✐♥✈❛r✐❛♥ts ❢♦r t❤❡s❡ ♠❛♥✐❢♦❧❞s✿
t❤❡ ❤♦♠♦❧♦❣②✱ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ♦❢ ❝❡❧❧✉❧❛r ❤♦♠♦❧♦❣②✱ ❛♥❞
t❤❡ ❊✉❧❡r ❝❤❛r❛❝t❡r✐st✐❝✱ ✇❤✐❝❤ ✇❛s ❞❡t❡r♠✐♥❛t❡❞ ❢♦r ♠❛①✐♠❛❧ ✢❛❣ ♠❛♥✐❢♦❧❞s ❛♥❞ ❢♦r s②♠♣❧❡❝t✐❝
❣r❛ss♠❛♥♥✐❛♥s ♠❛♥✐❢♦❧❞s Lp(R

2l)✳

❑❡②✇♦r❞s✿ ❋❧❛❣ ♠❛♥✐❢♦❧❞s✱ ❆❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✳

✐①



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐✐✐

❆❜str❛❝t ✐①

■♥tr♦❞✉çã♦ ✶

✶ ❱❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s ✸
✶✳✶ ❚❡♦r✐❛ s❡♠✐ss✐♠♣❧❡s r❡❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✶ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❡ ❞❡ ■✇❛s❛✇❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✶✳✶✳✷ ❙✐st❡♠❛ ❞❡ r❛í③❡s ❡ ♦ ●r✉♣♦ ❞❡ ❲❡②❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✶✳✸ ❙✉❜❣r✉♣♦ ❡ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷ ❱❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✷✳✶ Ór❜✐t❛s ❡♠ s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✷✳✷ ❋✐❜r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✶✳✷✳✸ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✶✳✷✳✹ ❈é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❊①❡♠♣❧♦✿ ❖ ❣r✉♣♦ Sl(3,R) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
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✶✳✸✳✷ ❙✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✸✳✸ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✶✳✸✳✹ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞♦ t✐♣♦ Θ = {α1} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✶✳✸✳✺ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞♦ t✐♣♦ Θ = {α2} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷ ❊str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ❡♠ ✈❛r✐❡❞❛❞❡s ✢❛❣ ✸✻
✷✳✶ ❱❛r✐❡❞❛❞❡s ✢❛❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✶✳✶ ❉❡s❝r❡✈❡♥❞♦ ❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t ♥❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✷✳✶✳✷ P❛r❛♠❡tr✐③❛çã♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ s✉❜❣r✉♣♦s ❝♦♠♣❛❝t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✷✳✶✳✸ ❊str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✷✳✶✳✹ ❱❛r✐❡❞❛❞❡s ✢❛❣ ♣❛r❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✷ ❱❛r✐❡❞❛❞❡s ●r❛ss♠❛♥✐❛♥❛s ❙✐♠♣❧ét✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✷✳✷✳✶ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
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✷✳✷✳✹ ❆s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠✐♥✐♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸ ❍♦♠♦❧♦❣✐❛ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ✺✷
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2l) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✽✺



■♥tr♦❞✉çã♦

❆ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❡st✉❞❛r ❝♦♥❝❡✐t♦s t♦♣♦❧ó❣✐❝♦s ❡♠ ✈❛r✐❡❞❛❞❡s
✢❛❣ r❡❛✐s✳ ◆♦ â♠❜✐t♦ ❞❛ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛✱ q✉❛♥❞♦ ❞❡s❡❥❛♠♦s ❡♥t❡♥❞❡r ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐✲
❝❛s t♦♣♦❧ó❣✐❝❛s ❞❡ ❞❡t❡r♠✐♥❛❞♦s ❡s♣❛ç♦s✱ r❡❝♦rr❡♠♦s ❛ ❛❧❣✉♥s ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s✳ P♦❞❡♠♦s
❝✐t❛r ❝♦♠♦ ♣r✐♥❝✐♣❛✐s ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s✿ ❛ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ ♦ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧✱ ♦s
●r✉♣♦s ❍♦♠♦❧♦❣✐❛ ❡✱ ♣♦r ✜♠✱ ♦s ●r✉♣♦s ❞❡ ❈♦❤♦♠♦❧♦❣✐❛✳

❯♠❛ ❛❜♦r❞❛❣❡♠ s♦❜r❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❛rt✐❣♦
❞❡ ❲✐❣❣❡r♠❛♥ ❬✶✺❪✱ ❞❡✜♥✐♥❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣✱ ❝✉❥♦s ❣❡r❛✲
❞♦r❡s sã♦ ✐♥❞❡①❛❞♦s ♣♦r r❛í③❡s ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ✶ ❡ ❝♦♥❞✐❝✐♦♥❛❞❛ ❛ ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡s♣❡❝í✜❝❛s✳

◆❡st❡ t❡①t♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❡st✉❞♦ ❞❡ ❞♦✐s ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s ❛♣❧✐❝❛❞♦s ♥❛s ✈❛r✐❡❞❛❞❡s
✢❛❣ r❡❛✐s✳ ❊♠ ✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ❛♥❛❧✐s❛r❡♠♦s ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r ❛ ❤♦♠♦❧♦❣✐❛ ✭❝❡❧✉❧❛r✮ ❞❡st❡s
❡s♣❛ç♦s ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❝❛❧❝✉❧❛r❡♠♦s ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ❝❡rt❛s ✈❛r✐❡❞❛❞❡s ✢❛❣✳ ❆ ❜✉s❝❛ ❞❡
❛❧❣✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡st❛s ✈❛r✐❡❞❛❞❡s ❢♦✐ ♠♦t✐✈❛❞❛ ♣❡❧❛ s✐♠♣❧✐❝✐❞❛❞❡
❞❛ ❞❡✜♥✐çã♦ ❞❡st❡ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ❡♠ t❡r♠♦ ❞❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✱
q✉❛♥❞♦ ❝♦♥❤❡❝✐❞❛ ❛ ❞✐♠❡♥sã♦ ❞❛s ❝é❧✉❧❛s✳ ◗✉❛♥t♦ ❛♦ ❡st✉❞♦ ❞❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣✱
❤á ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡s❡♥t❡s ♥❛ t❡s❡ ❞❡ ❘❛❜❡❧♦ ❬✽❪✱ ♠❛s ♥ã♦ ❝❛❜❡ ❛ ❡st❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥tá✲❧♦s✳

❆ ❡str✉t✉r❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❉❛❞♦s ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ●
s❡♠✐ss✐♠♣❧❡s✱ r❡❛❧ ❡ ♥ã♦✲❝♦♠♣❛❝t♦ ❡ ✉♠ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ PΘ✱ ❞❡✜♥❡✲s❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ r❡❛❧
❞❡ t✐♣♦ Θ ❝♦♠♦ ♦ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ FΘ = G/PΘ✳ ❯♠ ✐♠♣♦rt❛♥t❡ ❢❛t♦ s♦❜r❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s
é q✉❡ ♣♦❞❡♠♦s r❡❛❧✐③❛r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ FΘ ❝♦♠♦ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ N ✲ór❜✐t❛s

FΘ =
∐

w∈W/WΘ

N · wbΘ

♦♥❞❡ N é ❛ ❝♦♠♣♦♥❡♥t❡ ♥✐❧♣♦t❡♥t❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN ✱W é ♦ ❣r✉♣♦ ❞❡ ❲❡②❧
❡ bΘ é ❛ ♦r✐❣❡♠ ❞♦ ✢❛❣ FΘ✳ ❆ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛♠♦s ♦ ♥♦♠❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t✳ ❖
❢❡❝❤♦ ❞❡ ✉♠❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t é ❞✐t♦ ✉♠❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❡ ❞❡♥♦t❛❞❛ ♣♦r SΘ

w ✱ ❝♦♠ w ∈ W/WΘ✳
❉❡st❡ ♠♦❞♦✱ ♥♦ ❈❛♣ít✉❧♦ ✶ ♣r♦❝✉r❛♠♦s ✐♥✐❝✐❛r ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❛ ❚❡♦r✐❛ s❡♠✐ss✐♠♣❧❡s r❡❛❧ ❡

t♦❞❛ ♣❛rt❡ ❡❧❡♠❡♥t❛r ❞❛ t❡♦r✐❛ ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❞❡✐①❛r ♦ ❧❡✐t♦r ❝♦♥❢♦rtá✈❡❧
❝♦♠ t♦❞♦ ♦ t❡①t♦ q✉❡ s❡ s❡❣✉❡✳ ❆❧é♠ ❞✐ss♦✱ ❛❞♦t❛♠♦s ❝♦♠♦ ❡①❡♠♣❧♦ ♣rát✐❝♦ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ Sl(3,R)✱
♦ q✉❛❧ s❡rá ❞❡ ❣r❛♥❞❡ ❛✉①í❧✐♦ ♥❛ ❝♦♠♣r❡❡♥sã♦ t❛♥t♦ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❜ás✐❝♦ ❞❛ t❡♦r✐❛✱ q✉❛♥t♦
♣❛r❛ ❡♥t❡♥❞❡r ❝♦♠♦ s❡ ❞❛rá ♦ ❝á❧❝✉❧♦ ❞❛ ❤♦♠♦❧♦❣✐❛ ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ Sl(3,R)/P ✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ✈❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❢♦r♥❡❝❡ ✉♠❛ ❡str✉t✉r❛ ❈❲✲
❝♦♠♣❧❡①♦✱ ♦✉ s❡❥❛✱ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r à ✈❛r✐❡❞❛❞❡ ✢❛❣ ❡ q✉❡ s❡rá ❞❡ ✐♠♣♦rt❛♥t❡ ✈❛❧♦r ♣❛r❛
♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❝á❧❝✉❧♦ ❞❛ ❤♦♠♦❧♦❣✐❛ ❡ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣s✳

✶
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❖ ♠♦❞♦ q✉❡ s❡ ❞❡s❡♥✈♦❧✈❡ ♦ ❡st✉❞♦ ❞❛ ❤♦♠♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸ ♥ã♦ é ✉♠❛ ♥♦✈✐✲
❞❛❞❡✱ ❡❧❡ ❡stá ♣r❡s❡♥t❡ ♥❛ t❡s❡ ❬✽❪ ❡ ♥♦ ❛rt✐❣♦ ❞❡ ❘❛❜❡❧♦ ❡ ❙❛♥ ▼❛rt✐♥ ❬✾❪✳ ❇❛s✐❝❛♠❡♥t❡✱ ♦❜t❡✈❡✲s❡
✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡✜♥✐r ♣❛r❛♠❡tr✐③❛çõ❡s ❡①♣❧í❝✐t❛s ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❝♦❧❛❣❡♠ ❡♥tr❡ ❛s ❝é❧✉❧❛s ❞❡
❙❝❤✉❜❡rt SΘ

w ✱ ❡st❛❜❡❧❡❝❡♥❞♦✲s❡ ✉♠❛ ❡str✉t✉r❛ ❝❡❧✉❧❛r ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✳ ❆ss✐♠✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r
♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ ∂ ❞❛ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r✳ ❯♠ ❢❛t♦ ❛ r❡s♣❡✐t♦ ❞❡st❡ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ é q✉❡ ♦s
❝♦❡✜❝✐❡♥t❡s q✉❡ r❡❧❛❝✐♦♥❛♠ ❞✉❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt sã♦ 0 ♦✉ ±2✳ ❆ ♣❛rt✐r ❞❡st❛ ❝❛r❛❝t❡r✐③❛çã♦✱
❞❡✜♥❡♠✲s❡ ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦❧♦❣✐❛ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❛ss♦❝✐❛❞♦s à ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ✳

P♦r ✜♠✱ ♦ ❈❛♣ít✉❧♦ ✹ ❝♦♥t❡♠♣❧❛ ♦ ❡st✉❞♦ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s✱
❝♦♥t❡♥❞♦ ❞✉❛s ❝♦♥tr✐❜✉✐çõ❡s ♦r✐❣✐♥❛✐s ♣❛r❛ ❛ t❡♦r✐❛✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(FΘ) ❞❡ ✉♠❛
✈❛r✐❡❞❛❞❡ ✢❛❣ é ❞❡✜♥✐❞❛ ♣❡❧❛ s♦♠❛

χ(FΘ) =
∑

w∈W/WΘ

(−1)dimSΘ
w

q✉❡ é ✈✐st❛ ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❝❧áss✐❝❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r

χ = V − A+ F

♣❛r❛ ♣♦❧✐❡❞r♦s ❞❛ ❣❡♦♠❡tr✐❛ ❝❧áss✐❝❛✳ ❚♦♠❛♥❞♦ ❛ ✜❜r❛çã♦ ❝❛♥ô♥✐❝❛ πΘ1
Θ2

: FΘ1 → FΘ2 ✱ ❝✉❥❛ ✜❜r❛ é
fΘ1,Θ2 ✱ ❛♣r❡s❡♥t❛✲s❡ ❡♠ ❬✾❪ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡st❛s ❞✉❛s ✈❛r✐❡❞❛❞❡s
✢❛❣✿

χ(FΘ1) = χ(fΘ1,Θ2)χ(FΘ2).

❈♦♠ ❜❛s❡ ♥❡st❡ r❡s✉❧t❛❞♦✱ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✽ ♥♦s ❞✐③ q✉❡ ♣❛r❛ ✉♠❛ ❞❛❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧✱
s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é s❡♠♣r❡ ③❡r♦ q✉❛♥❞♦ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ r❛✐③ s✐♠♣❧❡s α t❛❧ q✉❡ ♦✉
gα ♦✉ g2α t❡♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ í♠♣❛r ❡✱ ❝❛s♦ t♦❞❛s ❛s r❛í③❡s t❡♥❤❛♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ♣❛r✱ ❡♥tã♦ χ(F)
❛ss✉♠❡ ❝♦♠♦ r❡s✉❧t❛❞♦ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ W ✳ ❖✉ s❡❥❛✱ ❝♦♥❤❡❝❡♥❞♦✲s❡ ❛s r❛í③❡s ❞❡
✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧✱ ♣♦❞❡♠♦s ❞✐③❡r s❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é 0 ♦✉ |W|✳

◆❡st❡ ♠❡s♠♦ ❝❛♣ít✉❧♦✱ t❛♠❜é♠ ❡❢❡t✉❛♠♦s ♦ ❝á❧❝✉❧♦ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♣❛r❛ ✉♠❛ ❝❧❛ss❡
❡s♣❡❝í✜❝❛ ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣✳ ❉✐③✲s❡ q✉❡ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ⊂ R2l é ✐s♦tró♣✐❝♦ ❡♠ r❡❧❛çã♦ à
✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛♥t✐ss✐♠étr✐❝❛ ♥ã♦✲❞❡❣❡♥❡r❛❞❛ ω s❡ ♣❛r❛ t♦❞♦ u, v ∈ V ✱ ♦❜t❡♠♦s ω(u, v) = 0✳
❈❤❛♠❛r❡♠♦s ❞❡ ✈❛r✐❡❞❛❞❡ ●r❛ss♠❛♥✐❛♥❛ ❙✐♠♣❧ét✐❝❛ ❛ ❣r❛ss♠❛♥✐❛♥❛ ❞♦s s✉❜❡s♣❛ç♦s ✐s♦tró♣✐❝♦s ❞❡
❞✐♠❡♥sã♦ p ❡♠ R2l✱ ♣❛r❛ 0 < p 6 l✳ ❊st❡ ❡s♣❛ç♦✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r Lp(R

2l)✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡
✢❛❣ ♠✐♥✐♠❛❧ ❞♦ ❣r✉♣♦ s✐♠♣❧ét✐❝♦ Sp(l,R)✳ ➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r q✉❡✱ ♥♦ ❝❛s♦ ❞❡ p = l✱ ♦ ❡s♣❛ç♦
Ln(R

2n) é ♠❛✐s ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ●r❛ss♠❛♥✐❛♥❛ ▲❛❣r❛♥❣❡❛♥❛✳ ❯t✐❧✐③❛♥❞♦ ❝♦♥❝❡✐t♦s ❝♦♠❜✐♥❛tór✐♦s✱
❛♣r❡s❡♥t❛♠♦s ♥♦ ❈♦r♦❧ár✐♦ ✹✳✸✳✶✹ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ t♦❞❛ ❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛
Lp(R

2l) é ✐❣✉❛❧ à ③❡r♦✳
P❛r❛ ❛ ❧❡✐t✉r❛ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ♣r❡ss✉♣♦♠♦s q✉❡ ♦ ❧❡✐t♦r t❡♥❤❛ ❢❛♠✐❧✐❛r✐❞❛❞❡ ❝♦♠ ❝♦♥❝❡✐t♦s ❡

❢✉♥❞❛♠❡♥t♦s ❞❡ ❚❡♦r✐❛ ❞❡ ▲✐❡✳ P❛r❛ t❛❧✱ ❛s ♥♦t❛s ❞❡ ❛✉❧❛ ❞❡ ●r✉♣♦s ❞❡ ▲✐❡ ❬✶✵❪ ❡ ♦ ❧✐✈r♦ ❞❡ ➪❧❣❡❜r❛s
❞❡ ▲✐❡ ❬✶✷❪ ❞❡ ❙❛♥ ▼❛rt✐♥✱ ❡ t❛♠❜é♠ ♦ ❧✐✈r♦ ❞❡ ❑♥❛♣♣ ❬✻❪ ♣♦❞❡♠ s❡r✈✐r ❞❡ r❡❢❡rê♥❝✐❛ ❜ás✐❝❛ ♣❛r❛ ♦
❡st✉❞♦ ❞❡st❛ ❡str✉t✉r❛s✳ ❆❧é♠ ❞✐ss♦✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ♦ ❜ás✐❝♦ ❞❛ ❝♦♥str✉çã♦ ❞♦s ❣r✉♣♦s
❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❡ ❝❡❧✉❧❛r✱ ❛ q✉❛❧ ♦ ❧✐✈r♦ ❞❡ ❍❛t❝❤❡r ❬✷❪ é ✉♠❛ ❜♦❛ r❡❢❡rê♥❝✐❛ ❞❡ ❝♦♥s✉❧t❛✳
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❱❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s

◆❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ ♥♦ ❡st✉❞♦ ❞❡ ❣r✉♣♦s ❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s
r❡❛✐s✱ ❞❡s❡♥✈♦❧✈❡♥❞♦ ❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ❈❛rt❛♥ ❡ ■✇❛s❛✇❛✱ ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛s
✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s✳ P❛r❛ ❛✉①✐❧✐❛r ♥❛ ❝♦♠♣r❡❡♥sã♦ ❞❡st❡ ♣r♦❝❡ss♦ ❝♦♥str✉t✐✈♦ ❛♣r❡s❡♥t❛♠♦s✱ ♥♦
✜♠ ❞♦ ❝❛♣ít✉❧♦✱ ♦ ❡①❡♠♣❧♦ ❞❡ t♦❞♦ ❡st❡ ♣r♦❝❡ss♦ ♥♦ ❣r✉♣♦ Sl(3,R)✳

❊st❡ ❡st✉❞♦ ✐♥tr♦❞✉tór✐♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦s ❧✐✈r♦s ❞❡ ❑♥❛♣♣ ❬✻❪ ❡ ❞❡ ❍❡❧❣❛s♦♥ ❬✸❪✱ ❛❧é♠
❞❛ t❡s❡ ❞❡ P❛trã♦ ❬✼❪✱ q✉❡ é ✉♠❛ ❡①❝❡❧❡♥t❡ r❡❢❡rê♥❝✐❛ r❡❞✐❣✐❞❛ ❡♠ ❧í♥❣✉❛ ♣♦rt✉❣✉❡s❛✳

✶✳✶ ❚❡♦r✐❛ s❡♠✐ss✐♠♣❧❡s r❡❛❧

❯♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ r❡❛❧ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ g ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ [, ] : g× g→ g q✉❡
s❛t✐s❢❛③

✶✳ é ❜✐❧✐♥❡❛r❀

✷✳ é ❛♥t✐ss✐♠étr✐❝♦✱ ♦✉ s❡❥❛✱ [X,X] = 0 ♣❛r❛ t♦❞♦ X ∈ g❀

✸✳ r❡s♣❡✐t❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ X, Y, Z ∈ g

[X, [Y, Z]] = [[X, Y ], Z] + [Y, [X,Z]].

❊st❡ ♣r♦❞✉t♦ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠✉t❛❞♦r ♦✉ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ h ❞❡ g

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ ❡❧❡ é ❢❡❝❤❛❞♦ ♣❡❧♦ ❝♦❧❝❤❡t❡✳
❯♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r D : g→ g é ✉♠❛ ❞❡r✐✈❛çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g s❡ s❛t✐s❢❛③

D[X, Y ] = [DX, Y ] + [X,DY ] , ♣❛r❛ t♦❞♦ X, Y ∈ g.

❉❡✜♥✐♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ad : g→ gl(g) t❛❧ q✉❡ ❞❛❞♦s X, Y ∈ g✱
ad(X)Y = [X, Y ]✳ ❆tr❛✈és ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱ ad(X) é ✉♠ t✐♣♦ ♣❛rt✐❝✉❧❛r ❞❡ ❞❡r✐✈❛çã♦ ❡
é ❝❤❛♠❛❞❛ ❞❡ ❞❡r✐✈❛çã♦ ✐♥t❡r♥❛✳ ❖ ❝♦♥❥✉♥t♦ ❞❡st❛s ❞❡r✐✈❛çõ❡s ✐♥t❡r♥❛s é ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦
❛❞❥✉♥t❛ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳

✸
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❯♠ ✐❞❡❛❧ h ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ q✉❡ s❛t✐s❢❛③ [X, Y ] ∈ h ♣❛r❛ t♦❞♦
X ∈ g ❡ Y ∈ h✳ ❉❛í✱ ❞❛❞♦ ✉♠ ✐❞❡❛❧ h ♣♦❞❡♠♦s ♦❜t❡r ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ g/h ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s
❞❡ h✳

◗✉❡r❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s✱ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❛ ♣❛rt✐r ❞❡ ❡♥tã♦✳ Pr✐♠❡✐r❛✲
♠❡♥t❡✱ ❞❛❞♦s ❞✉❛s s✉❜á❧❣❡❜r❛s ❞❡ ▲✐❡ h1 ❡ h2 ❞❡ g✱ ❞❡♥♦t❛♠♦s [h1, h2] ❝♦♠♦ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛
♣❡❧♦ ❝♦♥❥✉♥t♦

{[X, Y ] |X ∈ h1, Y ∈ h2}.

❉❡✜♥❡✲s❡ ❛ sér✐❡ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✉❜❡s♣❛ç♦s ❡♥❝❛✐①❛❞♦s

g = g0 ⊃ g(1) ⊃ · · · ⊃ g(k) ⊃ · · ·

❞❡✜♥✐❞♦s ✐♥❞✉t✐✈❛♠❡♥t❡ ❝♦♠♦
g(k) = [g(k−1), g(k−1)].

❆ ❝❛❞❛ ✉♠ ❞❡st❡s ❡❧❡♠❡♥t♦s ❞❛ sér✐❡ ❞❡r✐✈❛❞❛ ❞❛♠♦s ♦ ♥♦♠❡ ❞❡ á❧❣❡❜r❛ ❞❡r✐✈❛❞❛✳ ❉✐③❡♠♦s
q✉❡ g é s♦❧ú✈❡❧ s❡ ❛❧❣✉♠❛ ❞❡ s✉❛s á❧❣❡❜r❛s ❞❡r✐✈❛❞❛s é ♥✉❧❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡ k0 > 0 ✐♥t❡✐r♦ t❛❧ q✉❡
h(k0) = 0✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é s❡♠✐ss✐♠♣❧❡s s❡ g ♥ã♦ ❝♦♥té♠ ✐❞❡❛✐s s♦❧ú✈❡✐s ❛❧é♠ ❞♦ 0✳

❆ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ 〈, 〉 : g×g→ R ❞❡✜♥✐❞❛ ♣♦r✿

〈X, Y 〉 = tr(ad(X)ad(Y )).

❯♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ❞❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞✐③ q✉❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é s❡♠✐ss✐♠♣❧❡s s❡✱
❡ s♦♠❡♥t❡ s❡✱ s✉❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳

❯♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ φ : g → h q✉❡ s❛t✐s❢❛③ φ[X, Y ] =
[φ(X), φ(Y )] ♣❛r❛ t♦❞♦ X, Y ∈ g✳ ◗✉❛♥❞♦ φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥✈❡rsí✈❡❧ q✉❡ ♦♣❡r❛ ❡♠ g✱
❞✐③❡♠♦s q✉❡ φ é ✉♠ ❛✉t♦♠♦r✜s♠♦✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ❛✉t♦♠♦r✜s♠♦s Aut(g) ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ✉♠
s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦ ❞♦ ❣r✉♣♦ Gl(g) ❞❛s tr❛♥s❢♦r♠❛çõ❡s ✐♥✈❡rsí✈❡✐s✳ ❙❛❜❡♥❞♦ q✉❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡
✉♠❛ ❞❡r✐✈❛çã♦ é ✉♠ ❛✉t♦♠♦r✜s♠♦✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ Int(g) ❞❛s ❡①♣♦♥❡♥❝✐❛✐s ❞❛s r❡♣r❡s❡♥t❛çõ❡s
ad(X) é ❞❡♥♦♠✐♥❛❞♦ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❞❛ á❧❣❡❜r❛✳ ◗✉❛♥❞♦ ❛ á❧❣❡❜r❛ é s❡♠✐ss✐♠♣❧❡s✱ ❡♥tã♦
t♦❞♦ ❛✉t♦♠♦r✜s♠♦ é ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❬✶✷✱ Pr♦♣♦s✐çã♦ ✸✳✶✹❪✱ ♦✉ s❡❥❛✱ Int(g) é ❛ ❝♦♠♣♦♥❡♥t❡
❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ Aut(g)✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♥❡①♦ ❝♦♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s r❡❛❧ g✳ ❚♦♠❛♥❞♦ g ∈ G✱ ❛
❝♦♥❥✉❣❛çã♦ Cg é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ G ❞❛❞♦ ♣♦r Cg(x) = gxg−1✱ ♣❛r❛ t♦❞♦ x ∈ G✳ ❉❡✜♥✐♠♦s ❛
r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ♥♦ ❣r✉♣♦ G ❝♦♠♦ Ad : G → Gl(g) t❛❧ q✉❡ Ad(g) = d(Cg)1✳ ❙❛❜❡♥❞♦ q✉❡
exp : g→ G é ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ g ❡ e : gl(g)→ Gl(g) é ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ tr❛♥s❢♦r♠❛çõ❡s
❧✐♥❡❛r❡s✱ s❡❣✉❡♠ ❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s✿

g exp(X)g−1 = exp(Ad(g)X) ✭✶✳✶✳✶✮

Ad(exp(X)) = ead(X). ✭✶✳✶✳✷✮
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✶✳✶✳✶ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❡ ❞❡ ■✇❛s❛✇❛

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♥♦ss♦ ❡st✉❞♦ s❡ r❡str✐♥❣✐rá às á❧❣❡❜r❛s ❞❡ ▲✐❡ g s❡♠✐ss✐♠♣❧❡s r❡❛✐s ❡ ♥ã♦✲
❝♦♠♣❛❝t❛s✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ❞✐t❛ ♥ã♦✲❝♦♠♣❛❝t❛ s❡ s✉❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ♥ã♦ é ♥❡❣❛t✐✈❛
s❡♠✐✲❞❡✜♥✐❞❛ ✭♥❡ss❡ ❝❛s♦✱ q✉❛♥❞♦ ❛ á❧❣❡❜r❛ é ♥ã♦✲❝♦♠♣❛❝t❛✱ s❡✉ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♥❡①♦ G t❛♠❜é♠
é ♥ã♦✲❝♦♠♣❛❝t♦✮✳

❯♠ ❛✉t♦♠♦r✜s♠♦ θ : g → g é ❞✐t❛ ✉♠❛ ✐♥✈♦❧✉çã♦ q✉❛♥❞♦ θ2 = 1✳ P♦❞❡♠♦s ❛ss♦❝✐á✲❧❛ ❛ ✉♠❛
❢♦r♠❛ ❜✐❧✐♥❡❛r ♥ã♦✲❞❡❣❡♥❡r❛❞❛

〈X, Y 〉θ = −〈X, θY 〉

❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ X, Y ∈ g✳
❖❜s❡r✈❡ q✉❡ t♦❞❛ ✐♥✈♦❧✉çã♦ ❛❞♠✐t❡ ❛♣❡♥❛s ❛✉t♦✈❛❧♦r❡s 1 ❡ −1✳ ❉❡♥♦t❡ ♣♦r k ❡ s ♦s ❛✉t♦❡s♣❛ç♦s

❛ss♦❝✐❛❞♦s ❛♦s ❛✉t♦✈❛❧♦r❡s 1 ❡ −1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❡s ❝♦♥❥✉♥t♦s ♣♦ss✉❡♠ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

[k, k] ⊂ k, [k, s] ⊂ s, [s, s] ⊂ k.

❆ á❧❣❡❜r❛ g ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ❛ s♦♠❛ ❞✐r❡t❛ g = k⊕ s✱ ♣♦ré♠ ♥♦t❡ q✉❡ s ♥ã♦ é s✉❜á❧❣❡❜r❛
❞❡ g✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ❞❡✈❡rí❛♠♦s t❡r q✉❡ [s, s] ⊂ k∩ s = 0 ❡ s s❡r✐❛ ✉♠ ✐❞❡❛❧ ❛❜❡❧✐❛♥♦ ✭s♦❧ú✈❡❧✮✱
❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❡ g s❡r s❡♠✐ss✐♠♣❧❡s✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ k ♥ã♦ é ✐❞❡❛❧ ❞❡ g✱ ♣♦✐s [k, s] ⊂ s✳
❆ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ k é ❝❤❛♠❛❞❛ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❝♦♠♣❛❝t❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥✱ ✉♠❛ ✈❡③
q✉❡ k é ❝♦♠♣❛❝t❛ ❡♠ ❞✐✈❡rs♦s ❝❛s♦s✳

❯♠❛ ✐♥✈♦❧✉çã♦ θ é ❝❤❛♠❛❞❛ ❞❡ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ s❡ s✉❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛ss♦❝✐❛❞❛ é ✉♠
♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g✳ ◆❡st❡ ❝❛s♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ g ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ k ❡ s é ❞✐t❛ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ♣❛r❛ g✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✳ ❙❡ X ∈ k ❡ Y ∈ s✱ ❡♥tã♦ ad(X) é ❛♥t✐ss✐♠étr✐❝❛ ❡ ad(Y ) é s✐♠étr✐❝❛ ❡♠
r❡❧❛çã♦ à 〈·, ·〉θ✳ ❉❡st❡ ♠♦❞♦✱ k ❡ s sã♦ ♦rt♦❣♦♥❛✐s ❡♠ r❡❧❛çã♦ à 〈·, ·〉θ ❡ ❡♠ r❡❧❛çã♦ à ❢♦r♠❛ ❞❡
❈❛rt❛♥✲❑✐❧❧✐♥❣✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ Z,Z ′ ∈ g✳ ❉❛í✱ ❛tr❛✈és ❞❛ ❞❡✜♥✐çã♦

〈ad(X)Z,Z ′〉θ = −〈ad(X)Z, θZ ′〉 = 〈Z, ad(X)θZ ′〉.

❈♦♠♦ θ é ✐♥✈♦❧✉t✐✈♦ ❡ X ∈ k✱ ❡♥tã♦ ad(X)θZ ′ = [X, θZ ′] = θ[X,Z ′] = θad(X)Z ′✳ ▲♦❣♦✱

〈ad(X)Z,Z ′〉θ = 〈Z, θad(X)Z ′〉 = −〈Z, ad(X)Z ′〉θ

♠♦str❛♥❞♦ q✉❡ ad(X) é ❛♥t✐ss✐♠étr✐❝♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ad(Y ) é s✐♠étr✐❝♦✳
❈♦♠♦ θ é ❛✉t♦♠♦r✜s♠♦✱ ❞❛❞♦s X ∈ k ❡ Y ∈ s

〈X, Y 〉 = 〈θX, θY 〉 = 〈X,−Y 〉 = −〈X, Y 〉

✐♠♣❧✐❝❛♥❞♦ q✉❡ 〈X, Y 〉 = 0✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❡♠ r❡❧❛çã♦ à 〈·, ·〉θ t❡♠♦s

〈X, Y 〉θ = −〈X, θY 〉 = 〈X, Y 〉 = 0.

�
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❊st❛ ♣r♦♣♦s✐çã♦ ♥♦s ❞✐③ q✉❡✱ ♣❛r❛ ✉♠❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ g = k⊕ s✱ ❡♥tã♦ ❛ ❢♦r♠❛ ❞❡
❈❛rt❛♥✲❑✐❧❧✐♥❣ é ♥❡❣❛t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛ ❡♠ k ❡ ♣♦s✐t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛ ❡♠ s✳ ❉❡ ❢❛t♦✱ s❡ X,X ′ ∈ k

❡♥tã♦
〈X,X ′〉 = 〈X, θX ′〉 = −〈X,X ′〉θ 6 0

♣♦✐s 〈·, ·〉θ é ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ é ♥❡❣❛t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛
❡♠ k✳ ❯♠ ❝á❧❝✉❧♦ ❛♥á❧♦❣♦ ♠♦str❛ q✉❡ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ é ♣♦s✐t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛ ❡♠ s✳

❆s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ❈❛rt❛♥ ♥ã♦ sã♦ ú♥✐❝❛s✳ ❱❡❥❛ q✉❡ ❞❛❞♦ ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ θ ❡ ✉♠
❛✉t♦♠♦r✜s♠♦ φ ❞❡ g✱ ❛ ❛♣❧✐❝❛çã♦ φθφ−1 t❛♠❜é♠ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✱ ♣♦✐s (φθφ−1)2 = 1 ❡

〈X, Y 〉θ = −〈X, θY 〉 = −〈φX, φθY 〉 = −〈φX, φθφ
−1(φY )〉 = 〈φX, φY 〉φθφ−1

❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ g = φk⊕ φs✳
P♦❞❡♠♦s t♦♠❛r K ❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♥❡①♦ ❝♦♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ k ❡ S ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

♦❜t✐❞♦ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ s✱ ✐st♦ é✱ S = {expX |X ∈ s}✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❝♦♠♦ s ♥ã♦ é ✉♠❛
s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ♥ã♦ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ S é s✉❜❣r✉♣♦ ❞❡ ▲✐❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✸✳ ❖ ♠❛♣❛ K× s→ G ❞❛❞♦ ♣♦r (k,X) 7→ k exp(X) é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❆ss✐♠✱
❡♠ ♥í✈❡❧ ❞❡ ❣r✉♣♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞❡ G é G = KS✳

❉❡♠♦♥str❛çã♦✳ ❚❡♦r❡♠❛ ✻✳✸✶✭❝✮ ❞❡ ❬✻❪✳ �

Pr♦♣♦s✐çã♦ ✶✳✶✳✹✳ ❉❛❞♦ k ∈ K✱ ❡♥tã♦ k ❡ s sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r Ad(k)✳ ❆❧é♠ ❞✐ss♦✱ Ad(k) é
✉♠❛ ✐s♦♠❡tr✐❛ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉θ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♠♦K é ❝♦♥❡①♦✱ Ad(k) é ✉♠ ♣r♦❞✉t♦ ❞❡ ❡①♣♦♥❡♥❝✐❛✐s ❞❡ ❛❞❥✉♥t❛s
❞❡ ❡❧❡♠❡♥t♦s ❞❡ k ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ k = exp(X) ❝♦♠ X ∈ k✳
❆ss✐♠✱ s❡ Y ∈ g

Ad(expX)Y = ead(X)Y =
∞∑

n=0

ad(X)nY

n!
✭✶✳✶✳✸✮

❡ ❝♦♠♦ ad(X) é ✐♥✈❛r✐❛♥t❡ ♣♦r k ❡ s✱ s❡❣✉❡ ♦ Ad(k) t❛♠❜é♠ é ✐♥✈❛r✐❛♥t❡✳
❆❣♦r❛✱ s❛❜❡♠♦s q✉❡ Ad(k) é ✉♠ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦✳ ❆ss✐♠✱ s❡ X, Y ∈ g

〈Ad(k)X,Ad(k)Y 〉θ = −〈Ad(k)X, θAd(k)Y 〉 = −〈Ad(k)X,Ad(k)θY 〉 = −〈X, θY 〉 = 〈X, Y 〉θ

♣♦✐s Ad(k)✱ q✉❡ é ✉♠ ❛✉t♦♠♦r✜s♠♦✱ é ✐s♦♠❡tr✐❛ ❡♠ r❡❧❛çã♦ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ❡✱ ❛ ♣❛rt✐r
❞❛ s♦♠❛ ❞❛ ❡q✉❛çã♦ ✭✶✳✶✳✸✮✱ Ad(k)θY = θAd(k)Y ✱ ♠♦str❛♥❞♦ q✉❡ Ad(k) é ✐s♦♠❡tr✐❛ ❡♠ r❡❧❛çã♦
❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛ss♦❝✐❛♥❞♦ ❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✳ �

Pr♦♣♦s✐çã♦ ✶✳✶✳✺✳ Ad(K) é ✉♠ s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦ ❞❡ Gl(g) ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ♦rt♦❣♦♥❛✐s
❡♠ r❡❧❛çã♦ à 〈·, ·〉θ✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ♦ s✉❜❣r✉♣♦ Ad(K) é ❣❡r❛❞♦ ♣❡❧❛s ❡①♣♦♥❡♥❝✐❛✐s ead(k)✳ ❉❡✜♥❡✲s❡

Oθ = {T ∈ Gl(g) | 〈TX, TY 〉θ = 〈X, Y 〉θ, ♣❛r❛ t♦❞♦ X, Y ∈ g}
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♦ ❝♦♥❥✉♥t♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s 〈·, ·〉θ✲♦rt♦❣♦♥❛✐s✱ q✉❡ é ✉♠ s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦ ❞❡ Gl(g)✳
❆ ♣r♦♣♦s✐çã♦ ✶✳✶✳✹ ❞✐③ q✉❡ Ad(K) ⊂ Oθ✱ ❛ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡ Ad(K) é ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦
❡♠ Gl(g)✳ ❉❡✜♥✐♥❞♦✲s❡ ❛ ❛♣❧✐❝❛çã♦ Θ : Gl(g) → Gl(g) ♣♦r Θ(T ) = θTθ✱ ❡♥tã♦ ❛ ❞✐❢❡r❡♥❝✐❛❧
dΘ1 : gl(g) → gl(g) ❞❛❞❛ ♣♦r dΘ1(D) = θDθ é t❛❧ q✉❡ dΘ1(ad(X)) = θad(X)θ = ad(θX)✳ P❡❧♦
❢❛t♦ ❞❡ ad s❡r ✐♥❥❡t♦r❛✱ ad(k) é ❛ ✐♥t❡rs❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ✜①♦s ❞❛ ❞✐❢❡r❡♥❝✐❛❧ dΘ1 ❝♦♠
ad(g)✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s ❞❡ Θ é ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦ ❝✉❥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ♦ ❝♦♥❥✉♥t♦
❞♦s ♣♦♥t♦s ✜①♦s ❞❡ dΘ1✳ P♦rt❛♥t♦✱ Ad(K) é ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ✐♥t❡rs❡çã♦ ❞♦ s✉❜❣r✉♣♦ ❞♦s
♣♦♥t♦s ✜①♦s ❞❡ Θ ❝♦♠ Ad(G)✳ ▲♦❣♦✱ Ad(K) é ❢❡❝❤❛❞♦✳ �

❈♦r♦❧ár✐♦ ✶✳✶✳✻✳ ❖ s✉❜❣r✉♣♦ K é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❝❡♥tr♦ ❞❡ G é ✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱
K é s❡♠♣r❡ ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶ ❞♦ ❈❛♣ít✉❧♦ ❱■ ❞❡ ❬✸❪✱ ♦ ❝❡♥tr♦ ❞❡ G ❡stá ❝♦♥t✐❞♦ ♥♦ s✉❜❣r✉♣♦
K✳ ❆ss✐♠✱ ♦ ✐s♦♠♦r✜s♠♦ G/Z(G) ∼= Ad(G)✱ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦ ♣❛r❛ ♦
❤♦♠♦♠♦r✜s♠♦ Ad✱ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ K/Z(G) ∼= Ad(K)✳ ▲♦❣♦✱ K é ❝♦♠♣❛❝t♦ s❡ ♦ ❝❡♥tr♦ ❞❡
G ❢♦r ✜♥✐t♦✱ ♣♦✐s Ad(K) é ❝♦♠♣❛❝t♦✳ P♦ré♠✱ ❝♦♠♦ G é s❡♠✐ss✐♠♣❧❡s✱ Z(G) é ❞✐s❝r❡t♦ ✭♣♦✐s s✉❛
á❧❣❡❜r❛ ❞❡ ▲✐❡ t❡♠ ❞✐♠❡♥sã♦ ③❡r♦✮ ❡✱ ♣♦rt❛♥t♦✱ é ✜♥✐t♦ q✉❛♥❞♦ K ❢♦r ❝♦♠♣❛❝t♦✳

❖ s✉❜❣r✉♣♦ K é ❢❡❝❤❛❞♦ ❛ ♣❛rt✐r ❞♦ ❢❛t♦ ❞❡ Ad(K) s❡r ❝♦♠♣❛❝t♦✳ �

❊st❡ ú❧t✐♠♦ ❝♦r♦❧ár✐♦ ♠♦str❛ ♣♦rq✉❡ ❣❡r❛❧♠❡♥t❡ ❝❤❛♠❛✲s❡ ♦ s✉❜❣r✉♣♦ K ❞❡ s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦
❞❡ G✳

◆❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♣❧❡①❛✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ✉♠ ❡s♣❛ç♦ ❛tr❛✈és ❞♦ ❡s♣❛ç♦s ❞❡ ♣❡s♦s
❛ss♦❝✐❛❞♦s à ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥✱ q✉❡ r❡s✉❧t❛rá ❡♠ ❡❧❡♠❡♥t♦s ❝♦♠♣❧❡①♦s✳ ❆q✉✐✱ q✉❡r❡♠♦s
♣r♦❝❡❞❡r ❞❡ ♠♦❞♦ q✉❡ ♦❜t❡♥❤❛♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❛♥á❧♦❣❛✱ ♣♦ré♠ ❝♦♠ ✈❛❧♦r❡s r❡❛✐s✳ P❛r❛ t❛❧✱
❝♦♥s✐❞❡r❡ ✉♠❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ a ⊂ s✱ ♦✉ s❡❥❛✱ q✉❡ ♥ã♦ ❡stá ❝♦♥t✐❞❛ ♣r♦♣r✐❛♠❡♥t❡ ❡♠
♥❡♥❤✉♠❛ ♦✉tr❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ❞❡ s✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ a ❡stá ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ s ❝♦♥t❡r
s✉❜á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ 1✱ q✉❡ sã♦ ❛❜❡❧✐❛♥❛s✱ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ s t❡r ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❙❡❥❛ α : a→ R ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❞❡ a ❡ ❝♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦

gα = {X ∈ g | ad(H)X = α(H)X✱ ♣❛r❛ t♦❞♦ H ∈ a}.

◗✉❛♥❞♦ gα 6= 0 ♣❛r❛ α 6= 0 ❡♥tã♦ ❞✐③❡♠♦s q✉❡ α é ✉♠❛ r❛✐③ ✭r❡str✐t❛✮ ❞❡ g ❡♠ r❡❧❛çã♦ à
a✳ ❖❜s❡r✈❡ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡st❡s ❢✉♥❝✐♦♥❛✐s r❡❛✐s ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ad(H)✱ ♣❛r❛
H ∈ a ⊂ s✱ é ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉θ ❡✱ ♣♦rt❛♥t♦✱ t♦❞♦s ♦s s❡✉s
❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s✳ ❉❡♥♦t❡ ♣♦r Π ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s r❛í③❡s ❞❡ g✳ ❚♦♠❛♥❞♦ g0 = {X ∈
g | ad(H)X = 0 ♣❛r❛ t♦❞♦ H ∈ a} ❝♦♠♦ ♦ s✉❜❡s♣❛ç♦ ❞❡ ♣❡s♦ ❛ss♦❝✐❛❞♦ à r❛✐③ ♥✉❧❛✱ ❡♥tã♦ ❛ á❧❣❡❜r❛
g s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦

g = g0 ⊕
∑

α∈Π

gα. ✭✶✳✶✳✹✮

❱❡❥❛ q✉❡ ❞❛❞❛ ❞✉❛s r❛í③❡s α, β ∈ Π✱ ❡♥tã♦ [gα, gβ] ⊂ gα+β✳ ■st♦ s❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✱
♣♦✐s s❡ H ∈ a✱ X ∈ gα ❡ Y ∈ gβ

ad(H)[X, Y ] = [ad(H)X, Y ] + [X, ad(H)Y ] = (α(H) + β(H))[X, Y ].

▲❡♠❛ ✶✳✶✳✼✳ ❖ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a ❡♠ g é z(a) = m⊕ a✱ ♦♥❞❡ m é ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a ❡♠ k✳
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❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ q✉❡ θ(z(a)) = z(a)✱ ♣♦✐s s❡ X ∈ z(a) ❡ Y ∈ a

[θX, Y ] = θ[X, θY ] = −θ[X, Y ] = 0.

❉❛í✱ ❝♦♠♦ ❡st❡ ❝❡♥tr❛❧✐③❛❞♦r é ✐♥✈❛r✐❛♥t❡ ♣♦r θ✱ ❡♥tã♦ z(a) = (z(a)∩ k)⊕ (z(a)∩ s)✳ ❆ss✐♠✱ ♣❡❧❛
♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ a ❡ ❝♦♠♦ a ⊂ z(a) ∩ s ❡♥tã♦ a = z(a) ∩ s✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ m = z(a) ∩ k✳ �

P❡❧❛ ❞❡✜♥✐çã♦✱ ♦ s✉❜❡s♣❛ç♦ ❞♦ ♣❡s♦ ♥✉❧♦ é g0 = z(a)✳ P♦rt❛♥t♦✱ ❛ ♣❛rt✐r ❞❛ ❢ór♠✉❧❛ ✭✶✳✶✳✹✮✱
t❡♠✲s❡ q✉❡

g = m⊕ a⊕
∑

α∈Π

gα. ✭✶✳✶✳✺✮

Pr♦♣♦s✐çã♦ ✶✳✶✳✽✳ ❙❡❥❛♠ a ❡ a′ ❞✉❛s s✉❜á❧❣❡❜r❛s ❛❜❡❧✐❛♥❛s ♠❛①✐♠❛✐s ❞❡ s✳ ❊♥tã♦✱ ❡①✐st❡ φ ✉♠
❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ❞❡ k ❡♠ g✱ ♦✉ s❡❥❛✱ φ = ead(X1) · · · ead(Xl) ❝♦♠ Xi ∈ k ♣❛r❛ t♦❞♦ i✱ t❛❧ q✉❡
φa′ = a✳

❉❡♠♦♥str❛çã♦✳ Pr♦♣♦s✐çã♦ ✶✷✳✷✻ ❞❡ ❬✶✷❪✳ �

❆ ♣❛rt✐r ❞❡st❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦✱ ❞❡✜♥✐♠♦s ♦ ♣♦st♦ r❡❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠♦ ❛ ❞✐♠❡♥sã♦
❝♦♠✉♠ ❞❛s s✉❜á❧❣❡❜r❛s ❛❜❡❧✐❛♥❛s ♠❛①✐♠❛✐s ❡♠ s✳

❆s ❝â♠❛r❛s ❞❡ ❲❡②❧ ❛ss♦❝✐❛❞❛s ❛♦ ♣❛r (θ, a) sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦

a = {H ∈ a | α(H) 6= 0✱ ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Π}

q✉❡ é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ a sã♦ ❝❤❛♠❛❞♦s ❡❧❡♠❡♥t♦s r❡❣✉❧❛r❡s✳ ❊s✲
❝♦❧❤❡♥❞♦ ✉♠❛ ❞❛s ❝â♠❛r❛s ❞❡ ❲❡②❧ ❝♦♠♦ ❛ ❝â♠❛r❛ ♣♦s✐t✐✈❛ a+✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s
♣♦s✐t✐✈❛s ❝♦♠♦ Π+ = {α ∈ Π | α(H) > 0 ♣❛r❛ t♦❞♦ H ∈ a+}✳

❈♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s✿

n =
∑

α∈Π+

gα ❡ n− =
∑

α∈Π+

g−α. ✭✶✳✶✳✻✮

❖❜s❡r✈❡ q✉❡ ♦ s✉❜❡s♣❛ç♦ n é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡✱ ♣♦✐s s❡ α, β ∈ Π+ ❡♥tã♦ ♣♦❞❡✲s❡ ♦❝♦rr❡r
❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

❼ ❙❡ α + β é r❛✐③ ♣♦s✐t✐✈❛ ❡♥tã♦ s❛❜❡✲s❡ q✉❡ [gα, gβ] ⊂ gα+β ∈ n❀

❼ ❙❡ α + β ♥ã♦ é r❛✐③ ❡♥tã♦ gα+β = 0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ [gα, gβ] = 0 ∈ n✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ✈❛❧❡ q✉❡ n− é á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❊st❛s s✉❜á❧❣❡❜r❛s s❡ r❡❧❛❝✐♦♥❛♠ ♣❡❧❛ ❡q✉❛çã♦
θn = n−✱ ♣♦✐s s❡ X ∈ gα ❡ H ∈ a✱ ❡♥tã♦

ad(H)(θX) = [H, θX] = θ[θH,X] = −θ[H,X] = −θad(H)X = −α(H)(θX)

❧♦❣♦✱ ❝♦♠♦ θ é ✉♠ ❛✉t♦♠♦r✜s♠♦✱ θgα = g−α✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ θn = n−✳ ◆♦t❡ q✉❡ n ∩ n− = 0✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✾✳ ❙❡❥❛♠ κ(X) = X+θX
2

❡ σ(X) = X−θX
2

❛s ♣r♦❥❡çõ❡s ❞❡ X ∈ g ❡♠ k ❡ s✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ ❛s r❡str✐çõ❡s ❞❡ κ|n ❡ σ|n sã♦ ✐♥❥❡t♦r❛s s♦❜r❡ s✉❛s ✐♠❛❣❡♥s✳ ▼❛✐s ❛✐♥❞❛✱
t❡♠♦s q✉❡ k = m⊕ κ(n) ❡ s = a⊕ σ(n) sã♦ s♦♠❛s ♦rt♦❣♦♥❛✐s ❡♠ r❡❧❛çã♦ à 〈·, ·〉θ✳
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❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ q✉❡ s❡ X ∈ n ❡♥tã♦ 2σ(X) = X − θX ∈ n ⊕ n−✱ ♦✉ s❡❥❛✱ s❡ σ(X) = 0 ❡♥tã♦
X = 0✱ ♠♦str❛♥❞♦ q✉❡ σ|n é ✐♥❥❡t♦r❛✳

❱❛♠♦s ♠♦str❛r q✉❡ s = a ⊕ σ(n)✳ ❆tr❛✈és ❞❛ ❞❡❝♦♠♣♦s✐çã♦ g = m ⊕ a ⊕ n ⊕ n− ♦❜t✐❞❛ ♣❡❧❛
❡q✉❛çã♦ ✭✶✳✶✳✺✮✱ ❞❛❞♦ X ∈ s✱ ❡①✐st❡♠ L ∈ m✱ H ∈ a✱ Y ∈ n ❡ Z ∈ n− t❛❧ q✉❡ X = L+H + Y +Z✳
❉❛í

L+H + Y + Z = X = −θX = −L+H − θY − θZ

✐st♦ é✱ ❝♦♠♦ θn = n−✱
L = 0 ❡ Z = −θY.

❆ss✐♠✱ X = H+Y − θY ∈ a⊕σ(n)✱ ♦ q✉❡ ♠♦str❛ q✉❡ s ⊂ a⊕σ(n) ⊂ s✱ ♣♦✐s σ é ✉♠❛ ♣r♦❥❡çã♦
❡♠ s✳

❖ r❡s✉❧t❛❞♦ é ❛♥á❧♦❣♦ ♣❛r❛ ❛ ♣r♦❥❡çã♦ κ ❡ k = m⊕ κ(n)✳ �

P♦❞❡♠♦s ❡♥tã♦ ❝♦♥str✉✐r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✳

❚❡♦r❡♠❛ ✶✳✶✳✶✵✳ ❈♦♥s✐❞❡r❡ ♦ t❡r♥♦ (θ, a, a+) ❛ss♦❝✐❛❞♦ à g✳ ❊♥tã♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛
❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é ❞❛❞❛ ♣♦r

g = k⊕ a⊕ n

♦♥❞❡ n é ✉♠❛ s✉❜á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ ❡ a⊕ n é ✉♠❛ s✉❜á❧❣❡❜r❛ s♦❧ú✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✶✳✶✳✺✮ ❡ ❝♦♠♦ m = zk(a) ⊂ k t❡♠♦s q✉❡

g = m⊕ a⊕
∑

α∈Π

gα = k+ a+ n+ n−.

P❛r❛ X ∈ n− t❡♠♦s
X = X + θX − θX ∈ k+ n

♣♦✐s θX ∈ n ❡ θ(X + θX) = θX + X✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ X + θX ∈ k✳ ❆ss✐♠✱ g = k + a + n✳ P❡❧❛
♣r♦♣♦s✐çã♦ ✶✳✶✳✾ s❡❣✉❡ q✉❡ dim(s) = dim(a⊕σ(n)) = dim(a⊕n) = dim(a+n) ❡✱ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦
❞❡ ❈❛rt❛♥✱ g = k⊕ a⊕ n✳

❆ s✉❜á❧❣❡❜r❛ n é ❝❧❛r❛♠❡♥t❡ ♥✐❧♣♦t❡♥t❡ ♣♦✐s ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛ Π+ é ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦✳

❆❣♦r❛✱ ❛ s✉❜á❧❣❡❜r❛ a⊕ n é s♦❧ú✈❡❧ ♣♦✐s [n, a] = n ❡

[a⊕ n, a⊕ n] = [a, a] + [a, n] + [n, a] + [n, n] ⊂ n

✐♠♣❧✐❝❛♥❞♦ q✉❡ [a⊕ n, a⊕ n] = (a⊕ n)′ é ♥✐❧♣♦t❡♥t❡✳ ▲♦❣♦✱ a⊕ n é s♦❧ú✈❡❧✳ �

❆♦ ❝♦♥trár✐♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ s❡ ❡s❝r❡✈❡ ❝♦♠♦ s♦♠❛
❞✐r❡t❛ ❞❡ s✉❜á❧❣❡❜r❛s ❞❡ g✳ ❉❡✜♥✐♥❞♦ K✱ A ❡ N ❝♦♠♦ ♦s s✉❜❣r✉♣♦s ❝♦♥❡①♦s ❣❡r❛❞♦s ♣♦r k✱ a ❡ n✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞á ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❛ ♥í✈❡❧ ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡✳

❚❡♦r❡♠❛ ✶✳✶✳✶✶✳ ❖ ♠❛♣❛ K × A×N → G ❞❛❞♦ ♣♦r (k, h, l) 7→ khl é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ▲♦❣♦✱
❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞♦ ❣r✉♣♦ G é ❞❡✜♥✐❞♦ ❝♦♠♦ G = KAN ✳

❉❡♠♦♥str❛çã♦✳ ❚❡♦r❡♠❛ ✻✳✹✻ ❞❡ ❬✻❪✳ �
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✶✳✶✳✷ ❙✐st❡♠❛ ❞❡ r❛í③❡s ❡ ♦ ●r✉♣♦ ❞❡ ❲❡②❧

❙❡❥❛ Π ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ✭r❡str✐t❛s✮ ❞❡ g✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ Π ❣❡r❛ ♦ ❞✉❛❧ a∗✳ ❉❡ ❢❛t♦✱
♦❜s❡r✈❡ q✉❡ ♦ ❛♥✐q✉✐❧❛❞♦r ❞♦ ❣❡r❛❞♦ ❞❡ Π é ❣❡r❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

〈Π〉0 = 〈{H ∈ a | α(H) = 0✱ ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Π}〉.

▲♦❣♦✱ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ✭✶✳✶✳✹✮✱ 〈Π〉0 = 0✱ ♣♦✐s ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ α(H) = 0 ♣❛r❛ t♦❞♦
α ∈ Π é t♦♠❛♥❞♦ H = 0✳

▲❡♠❛ ✶✳✶✳✶✷✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ W ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ V ✳
❊♥tã♦

dimW + dimW 0 = dimV

♦♥❞❡ W 0 = {f ∈ V ∗ | f(w) = 0 ♣❛r❛ t♦❞♦ w ∈ W} é ♦ ❛♥✐q✉✐❧❛❞♦r ❞❡ W ✳

❊st❡ ❧❡♠❛ é ✉♠ r❡s✉❧t❛❞♦ ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ♣r❡s❡♥t❡ ❡♠ ❍♦✛♠❛♥ ❬✹❪✳ ❆ ♣❛rt✐r ❞❡❧❡✱ t❡♠✲s❡ q✉❡
♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r Π é ❡①❛t❛♠❡♥t❡ a∗✳

❆ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣✱ q✉❛♥❞♦ r❡str✐t❛ ❛ a✱ é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ r❛✐③
α ∈ Π✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ Hα ∈ a t❛❧ q✉❡

α(·) = 〈Hα, ·〉.

❈♦♠♦ Π ❣❡r❛ a∗✱ ❡st❛ ❡①♣r❡ssã♦ ❞❡✜♥❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ a ❡ a∗ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ H ∈ a

❝♦♠ 〈H, ·〉 = α ∈ a∗✳ ❉❡✜♥✐r❡♠♦s ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦ ❞✉❛❧ a∗ ♣♦r

〈α, β〉 = 〈Hα, Hβ〉 = α(Hβ) = β(Hα).

❆ r❡✢❡①ã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ α ∈ a∗ é ✉♠❛ ❛♣❧✐❝❛çã♦ rα : a∗ → a∗ t❛❧ q✉❡

rα(β) = β −
2〈α, β〉

〈α, α〉
α.

❉❡✜♥✐çã♦ ✶✳✶✳✶✸✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ R✳ ❯♠ s✐st❡♠❛ ❞❡ r❛í③❡s
❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ E é ✉♠ ❝♦♥❥✉♥t♦ Π ⊂ E q✉❡ s❛t✐s❢❛③

✶✳ Π é ✜♥✐t♦✱ ❣❡r❛ E ❡ ♥ã♦ ❝♦♥té♠ 0❀

✷✳ P❛r❛ t♦❞♦ α ∈ Π ❡①✐st❡ ✉♠❛ r❡✢❡①ã♦ rα ❡♠ r❡❧❛çã♦ ❛ α t❛❧ q✉❡ rα(Π) = Π❀

✸✳ P❛r❛ t♦❞♦s α, β ∈ Π✱ rα(β)− β é ✉♠ ♠ú❧t✐♣❧♦ ✐♥t❡✐r♦ ❞❡ α✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✹✳ ❖ ❝♦♥❥✉♥t♦ Π ⊂ a∗ é ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✳

❉❡♠♦♥str❛çã♦✳ ❆♣ê♥❞✐❝❡ ❇ ❞❡ ❬✼❪✳ �

❚❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ Π ❞❛s r❛í③❡s✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✺✳ ❙❡ α ∈ Π✱ ❡♥tã♦ tα t❛♠❜é♠ é r❛í③ s♦♠❡♥t❡ q✉❛♥❞♦ t é ±1✱ ±1
2
♦✉ ±2✳
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❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ Π é ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✱ ♣❡❧♦ t❡r❝❡✐r♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦ ❞❡ s✐st❡♠❛ ❞❡
r❛í③❡s✱ t❡♠✲s❡ q✉❡

rα(tα)− tα = −
2〈α, tα〉

〈α, α〉
α = −2t α

rtα(α)− α = −
2〈tα, α〉

〈tα, tα〉
tα =

−2

t
(tα)

sã♦ ♠ú❧t✐♣❧♦s ✐♥t❡✐r♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ α ❡ tα✳ ❖✉ s❡❥❛✱ 2t ❡ 2
t
sã♦ ✐♥t❡✐r♦s✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ t é

±1✱ ±2 ♦✉ ±1
2
✳ �

❉❛❞❛ ✉♠❛ ❡s❝♦❧❤❛ ❞♦ ♣❛r (θ, a)✱ ❞❡✜♥✐♠♦s ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❝♦♠♦ ♦ ❣r✉♣♦ W ❣❡r❛❞♦ ♣❡❧❛s
r❡✢❡①õ❡s rα ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Π✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✻✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ W ♦❜t✐❞♦ ❞♦ ♣❛r (θ, a) é ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦✱ ✈❡❥❛ q✉❡ q✉❛♥❞♦ t♦♠❛♠♦s ✉♠ ❡❧❡♠❡♥t♦ w ∈ W ✱ ❡❧❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r Π✱
✐st♦ é✱ w(Π) = Π✳ ■st♦ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❛ r❡✢❡①ã♦ rα(β) ∈ Π q✉❛♥t♦ α, β ∈ Π✳ ❆ss✐♠✱
♣♦❞❡♠♦s ❛ss♦❝✐❛r ❝❛❞❛ ❡❧❡♠❡♥t♦ w ∈ W ❝♦♠ ✉♠❛ ♣❡r♠✉t❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ Π✿

(w ∈ W)←→ (w|Π : Π→ Π).

❊st❛ ❛ss♦❝✐❛çã♦ é ✐♥❥❡t♦r❛✱ ♣♦✐s ♣❛r❛ q✉❡ w|Π s❡❥❛ ❛ ✐❞❡♥t✐❞❛❞❡✱ ❞❡✈❡♠♦s t❡r w = e ∈ W ✳ ❉❡st❡
♠♦❞♦✱ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❡ ❛s ♣❡r♠✉t❛çõ❡s ❞❡ Π✳ ❊st❡ ú❧t✐♠♦ é ✜♥✐t♦✳
P♦rt❛♥t♦✱ W é ✜♥✐t♦✳ �

❉❡✜♥❛ ♦s s❡❣✉✐♥t❡s s✉❜❣r✉♣♦s ❞❡ ▲✐❡✿

M∗ = NormK(a) = {g ∈ K | Ad(g)a = a},

M = CentrK(a) = {g ∈ K | Ad(g)|a = Ida}.

❆ ♣❛rt✐r ❞❡st❡s s✉❜❣r✉♣♦s✱ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❢♦r♥❡❝❡ ✉♠❛ ♠❛♥❡✐r❛ ❡q✉✐✈❛❧❡♥t❡ ❞❡ s❡ ❞❡✜♥✐r ♦
❣r✉♣♦ ❞❡ ❲❡②❧✳

❚❡♦r❡♠❛ ✶✳✶✳✶✼✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ W é ✐s♦♠♦r❢♦ à M∗/M ✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ ❢❛t♦✱ q✉❡ ❡stá ❡♠ ❬✻❪✱ ✈❡♠ ❞♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦ ❛♣❧✐❝❛❞♦ ❛ r❡♣r❡✲
s❡♥t❛çã♦

M∗ −→ Gl(a)
g 7−→ Ad(g)|a

✭✶✳✶✳✼✮

❖✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ w ∈ W ❡①✐st❡ g ∈ M∗ t❛❧ q✉❡ w = Ad(g)|a ❡ s❡ w = Ad(g1)|a = Ad(g2)|a
❡♥tã♦ g1M = g2M ✳

❊st❡ t❡♦r❡♠❛ r❡❧❛❝✐♦♥❛ ❞✉❛s ❝♦♥str✉çõ❡s ♣❛r❛ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ ♦r✐❣❡♥s ❞✐❢❡r❡♥t❡s✳ ◗✉❛♥❞♦
❞❡✜♥✐❞♦ ❛tr❛✈és ❞❛s r❡✢❡①õ❡s✱ ❡❧❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s Π s❡♠ ❢❛③❡r ♥❡♥❤✉♠❛ ♠❡♥çã♦
❛♦ ❣r✉♣♦✱ ❡♥q✉❛♥t♦ q✉❡ q✉❛♥❞♦ ❞❡✜♥✐❞♦ ♣❡❧♦ q✉♦❝✐❡♥t❡ M∗/M ✱ é ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ♦ ❣r✉♣♦ G✳

❯♠ s✉❜❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s Σ ⊂ Π+ é ✉♠ ❞✐t♦ s✐st❡♠❛ s✐♠♣❧❡s ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦ à
❝â♠❛r❛ ❞❡ ❲❡②❧ a+ s❡✿
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✶✳ Σ ❣❡r❛ a∗❀

✷✳ ❚♦❞❛ r❛✐③ ♣♦s✐t✐✈❛ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ r❛í③❡s ❞❡ Σ✱ t❛❧ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡st❛
❝♦♠❜✐♥❛çã♦ sã♦ ♥ã♦✲♥❡❣❛t✐✈♦s✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✽✳ ❙❡❥❛ (θ, a, a+) ♦ t❡r♥♦ ❛ss♦❝✐❛❞♦ à g✳ ❊♥tã♦✱

✶✳ ❚♦❞❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ a+ ❛❞♠✐t❡ ✉♠❛ ❡s❝♦❧❤❛ Σ ❞❡ s✐st❡♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s❀

✷✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ W é tr❛♥s✐t✐✈♦ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s s✐st❡♠❛s s✐♠♣❧❡s ❞❡ r❛í③❡s✱ ✐st♦ é✱ s❡ Σ ❡
Σ′ sã♦ s✐st❡♠❛s ❞❡ r❛í③❡s✱ ❡♥tã♦ ❡①✐st❡ ú♥✐❝♦ w ∈ W t❛❧ q✉❡ w(Σ) = Σ′❀

✸✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {rα | α ∈ Σ} ❞❛s r❡✢❡①õ❡s s✐♠♣❧❡s ❡♠ t♦r♥♦ ❞❛s
r❛í③❡s ❞❡ Σ✳

❉❡♠♦♥str❛çã♦✳ Pr♦♣♦s✐çõ❡s ✾✳✶✵✱ ✾✳✶✶ ❡ ✾✳✶✷ ❡ ❚❡♦r❡♠❛ ✾✳✶✹ ❞❡ ❬✶✷❪✳ �

❖ t❡r❝❡✐r♦ ✐t❡♠ ❞❡st❛ ♣r♦♣♦s✐çã♦ ❞✐③ q✉❡ ❞❛❞♦ ✉♠ ❡❧❡♠❡♥t♦ w ∈ W ✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦
♦ ♣r♦❞✉t♦ w = rα1 · · · rαk

✱ ♦♥❞❡ ❝❛❞❛ ✉♠ ❞♦s rαi
sã♦ r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❡ r❛í③❡s s✐♠♣❧❡s αi ∈ Σ✳

◗✉❛♥❞♦ ❡s❝r❡✈❡♠♦s w ❞❡st❛ ❢♦r♠❛✱ ❞✐③❡♠♦s q✉❡ ❡st❛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ t❡r♠♦ ❞❡ r❡✢❡①õ❡s
❞❡ r❛í③❡s s✐♠♣❧❡s ❞❡ w✳ ❆s ❞❡❝♦♠♣♦s✐çã♦ ❡♠ r❛í③❡s s✐♠♣❧❡s ❞❡ w ♥ã♦ sã♦ ú♥✐❝❛s✱ ♠❛s ♣♦❞❡♠♦s
❡s❝♦❧❤❡r ❞❡❝♦♠♣♦s✐çõ❡s q✉❡ ❝♦♥t❡♥❤❛♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ r❡✢❡①õ❡s✳ P❛r❛ t❛❧✱ s❡❥❛ w ∈ W
❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Πw = w(Π−) ∩ Π+

❞❛s r❛í③❡s ♣♦s✐t✐✈❛s q✉❡ sã♦ ❧❡✈❛❞❛s ❡♠ ♥❡❣❛t✐✈❛s ♣❡❧♦ ❡❧❡♠❡♥t♦ w−1✳ ❉❡♥♦t❡ ♣♦r l(w) ♦ ♥ú♠❡r♦
❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ Πw✳ ❯♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ r❛í③❡s s✐♠♣❧❡s ❞❡ w é ❞✐t❛ ♠✐♥✐♠❛❧ s❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ r❡✢❡①õ❡s s✐♠♣❧❡s ❞❡ w é ❛ ♠❡♥♦r ♣♦ssí✈❡❧ ❞❡♥tr❡ t♦❞❛s ❞❡❝♦♠♣♦s✐çõ❡s ❡①✐st❡♥t❡s✳
◗✉❛♥❞♦ ❡s❝r❡✈❡♠♦s w = r1 · · · rk ♥✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧✱ ♦♥❞❡ ri = rαi

♣❛r❛ αi ∈ Σ✱ t❡♠✲s❡
q✉❡ k = l(w)✳

❊①♣❧✐❝✐t❛♠❡♥t❡✱ ❞❛❞❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w = r1 · · · rl(w)✱ ♦ ❝♦♥❥✉♥t♦ Πw é ❢♦r♠❛❞♦ ♣❡❧❛s
s❡❣✉✐♥t❡s r❛í③❡s

Πw = {α1, r1α2, . . . , r1 · · · rl(w)−1αl(w)}.

❚❛♠❜é♠ t❡♠♦s q✉❡✱ s❡ w ∈ W ❡ α ∈ Σ ❡♥tã♦

l(wrα) =

{
l(w) + 1 ✱ s❡ wα > 0
l(w)− 1 ✱ s❡ wα < 0

.

❆❣♦r❛✱ s❡❥❛ Θ ⊂ Σ ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❙❡rá ❛ ♣❛rt✐r ❞❛ ❡s❝♦❧❤❛ ❞❡st❡ s✉❜❝♦♥❥✉♥t♦
q✉❡ ❞❡✜♥✐r❡♠♦s ❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣✳ ❉❡✜♥✐♠♦s
〈Θ〉 ⊂ Π ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦ ♣♦r Θ✱ ♦✉ s❡❥❛✱ s❡ α, β ∈ 〈Θ〉 sã♦ r❛í③❡s t❛✐s q✉❡ kαα + kββ ∈ Π
♣❛r❛ kα, kβ ∈ Z✱ ❡♥tã♦ kαα + kββ ∈ 〈Θ〉✳ ❙❡❥❛ t❛♠❜é♠ 〈Θ〉+ = 〈Θ〉 ∩ Π+✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s
♣♦s✐t✐✈❛s ❣❡r❛❞♦ ♣♦r Θ✳

❱❛♠♦s ❞❡✜♥✐r ❛❧❣✉♥s s✉❜❣r✉♣♦s q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ s❡rã♦ út❡✐s✳ ❙❡❥❛ Θ ⊂ Σ✱ ❡♥tã♦ ❞❡✜♥✐♠♦s
WΘ ❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❞❡ W ❣❡r❛❞♦ ♣❡❧❛s r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❡ r❛í③❡s α ∈ Θ✱ ✐st♦ é✱

WΘ = 〈rα |α ∈ Θ〉
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❡ ❞❡✜♥✐♠♦s WΘ ❝♦♠♦ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ W ❞❛❞♦ ♣♦r

WΘ = {w ∈ W | l(wrα) = l(w) + 1✱ ♣❛r❛ t♦❞♦ α ∈ Θ} ✭✶✳✶✳✽✮

q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦

WΘ = {w ∈ W | w(Θ) ⊂ Π+}.

❖ ❝♦♥❥✉♥t♦ WΘ é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❝♦♥❥✉♥t♦s ❞♦s r❡♣r❡s❡♥t❛♥t❡s ♠✐♥✐♠❛✐s ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s
W/WΘ✱ ♣♦✐s ❝❛❞❛ ❝❧❛ss❡ wWΘ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡WΘ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠✐♥✐♠❛❧✱
❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦✳

➱ ♣♦ssí✈❡❧ ❞❡s❝r❡✈❡r ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ♣❛r❝✐❛❧ ♥♦ ❣r✉♣♦ ❞❡ ❲❡②❧ W ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❉❡✜♥✐çã♦ ✶✳✶✳✶✾✳ ❙❡❥❛♠ w,w′ ∈ W✳ ❉✐③❡♠♦s q✉❡ w′ 6 w s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❞❛❞❛ ❞❡❝♦♠♣♦s✐çã♦
♠✐♥✐♠❛❧ w = r1 · · · rn✱ ❡♥tã♦ w′ ♣♦ss✉✐ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w′ = ri1 · · · ril✱ ❝♦♠ 1 6 i1 <
· · · < il 6 n✳ ❚❛❧ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ é ❝❤❛♠❛❞❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
❞❡♥♦t❛✲s❡ ♣♦r w′ < w q✉❛♥❞♦ w′ 6 w ❡ w′ 6= w✳

❙❡❥❛ Σ ✉♠ s✐st❡♠❛ s✐♠♣❧❡s r❡❧❛❝✐♦♥❛❞♦ à ❝â♠❛r❛ ❞❡ ❲❡②❧ a+✳ ❆ss✐♠✱ −Σ é ✉♠ s✐st❡♠❛ s✐♠♣❧❡s
❞❡ r❛í③❡s r❡❧❛❝✐♦♥❛❞♦ à ❝â♠❛r❛ ♥❡❣❛t✐✈❛ −a+✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✽✱ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦
w0 ∈ W t❛❧ q✉❡ w0Σ = −Σ✳ ❊st❡ ❡❧❡♠❡♥t♦ w0 é ❝❤❛♠❛❞♦ ❞❡ ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧ ❡ s❛t✐s❢❛③ w2

0 = 1✱
♦✉ s❡❥❛✱ é ✐♥✈♦❧✉t✐✈♦✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛ ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧ w0 é ♦ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ❞❡
W ❡♠ r❡❧❛çã♦ ❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②✳

✶✳✶✳✸ ❙✉❜❣r✉♣♦ ❡ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛

❈♦♥s✐❞❡r❡ ❛ ❡s❝♦❧❤❛ (θ, a, a+,Θ) s♦❜r❡ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✳ ❆ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s g(Θ) ❞❡
t✐♣♦ Θ ❛ss♦❝✐❛❞❛ à ❡s❝♦❧❤❛ ❞❡ (θ, a, a+,Θ) é ❛ s✉❜á❧❣❡❜r❛ ❞❡✜♥✐❞❛ ♣♦r

g(Θ) =
∑

α∈〈Θ〉

gα

❡ ❛s s✉❜á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s n(Θ) ❡ n(Θ)− sã♦ ❞❛❞❛s ♣♦r

n(Θ) =
∑

α∈〈Θ〉+

gα ❡ n(Θ)− =
∑

α∈〈Θ〉+

g−α.

❖ ❢❛t♦ ❞❡ g(Θ) s❡r s❡♠✐ss✐♠♣❧❡s ❡st❛ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✶✹✱ ▲❡♠❛ ✶✳✷✳✸✳✶✹❪✳ ❆s s✉❜á❧❣❡❜r❛s n(Θ)
❡ n(Θ)− sã♦ ♥✐❧♣♦t❡♥t❡s✱ ♣♦✐s [gα, gβ] ⊂ gα+β✳

❉❡♥♦t❛✲s❡ ♣♦r a(Θ) ❛ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ g(Θ) ❣❡r❛❞♦ ♣♦r {Hα | α ∈ 〈Θ〉}✱ ♦♥❞❡ Hα ∈ a é ♦
❡❧❡♠❡♥t♦ q✉❡ s❡ ❛ss♦❝✐❛ ❝♦♠ ❛ r❛✐③ α ♥♦ ❞✉❛❧ a∗✱ ✐st♦ é✱ α = 〈Hα, ·〉✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡
a(Θ) ❡♠ a ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉θ s❡rá ❞❡♥♦t❛❞❛ ❝♦♠♦ ❛ s✉❜á❧❣❡❜r❛ aΘ✱ ♦✉ s❡❥❛✱ aΘ = a⊖a(Θ)✳

❉❡✜♥❡✲s❡ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ ❝♦♠♦ ❡s❝r✐t❛ ♣❡❧❛ s❡❣✉✐♥t❡ s♦♠❛ ❞✐r❡t❛

p = m⊕ a⊕ n
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❡ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ❞❡ t✐♣♦ Θ ❝♦♠♦

pΘ = p⊕ n−(Θ).

❖❜s❡r✈❡ q✉❡ ❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s sã♦ ❞❡ ❢❛t♦ s✉❜á❧❣❡❜r❛s ❞❡ g✱ ❞❡❝♦rr❡♥❞♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡
[gα, gβ] ⊂ gα+β✳ ❆ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ p = p∅✱ ♦✉ s❡❥❛✱ é ❛
s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ❞♦ t✐♣♦ Θ = ∅✳

◆♦ ♥í✈❡❧ ❞❡ ❣r✉♣♦✱ ❞❡✜♥✐♠♦s ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ PΘ ❞♦ t✐♣♦ Θ ❝♦♠♦ ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ pΘ
❡♠ G✱ ✐st♦ é✱

PΘ = {g ∈ G | Ad(g)pΘ = pΘ}.

▲❡♠❛ ✶✳✶✳✷✵✳ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ PΘ é pΘ✳

❉❡♠♦♥str❛çã♦✳ ❆ s✉❜á❧❣❡❜r❛ pΘ é ❛✉t♦✲♥♦r♠❛❧✐③❛❞♦r❛✱ ♦✉ s❡❥❛✱ s❡ [X, pΘ] ⊂ pΘ ❡♥tã♦ X ∈ pΘ✳ ❉❡
❢❛t♦✱ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ✭✶✳✶✳✺✮ t❡♠♦s q✉❡

g = pΘ ⊕
∑

α∈Π+\〈Θ〉+

g−α.

❇❛st❛ ✈❡r ♦ q✉❡ ♦❝♦rr❡ q✉❛♥❞♦X 6∈ pΘ✳ ◆❡ss❡ ❝❛s♦✱ ❡①✐st❡ α ∈ Π+\〈Θ〉+ t❛❧ q✉❡X ∈ g−α✳ ❉❛❞♦
❛❧❣✉♠ H ∈ a ⊂ p ❡♥tã♦ [H,X] = −α(H)X✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ [X,H] = −[H,X] = α(H)X 6∈ pΘ✳

❆❣♦r❛✱ ❝♦♠♦ pΘ = Normg(pΘ)✱ ❡❧❛ ❞❡✈❡ s❡r ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ PΘ✱ ♣♦✐s é ❛ á❧❣❡❜r❛ ❞❛
❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ PΘ✳ �

❉❡✜♥✐♠♦s ❝♦♠♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ♠✐♥✐♠❛❧ ♦ s✉❜❣r✉♣♦ P = P∅✱ q✉❡ é ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ p

❡♠ G✳ ❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❞á ✉♠ ❞❡❝♦♠♣♦s✐çã♦ ♣❛r❛ ❡st❡ s✉❜❣r✉♣♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✶✳ ❉❛❞♦s (θ, a, a+) ❡s❝♦❧❤✐❞♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✱ ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦
❞❡ t✐♣♦ Θ é ❞❡s❝r✐t♦ ♣❡❧♦ ♣r♦❞✉t♦ P =MAN ✱ ♦♥❞❡ M = CentrK(a)✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❡❥❛♠♦s q✉❡ MAN ⊂ P ✳ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ M é m✳ ❆ss✐♠✱
♦ ❣❡r❛❞♦ ♣♦r m é ♦ s✉❜❣r✉♣♦ ❝♦♥❡①♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ M ✱ ✐st♦ é✱ M0 = 〈expm〉✳ ❖ s✉❜❣r✉♣♦
M0AN ⊂ P ♣♦✐s ❡❧❡ é ❝♦♥❡①♦ ❡ t❡♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ p = m⊕ a⊕ n✳ ❉❛❞♦ m ∈ M ✱ s❡ X ∈ gα ♣❛r❛
❛❧❣✉♠❛ r❛✐③ α ❡ H ∈ a✱ ❡♥tã♦

ad(H)Ad(m)X = [H,Ad(m)X] = [Ad(m)H,Ad(m)X] = Ad(m)[H,X] = α(H)Ad(m)X.

❉❡st❡ ♠♦❞♦✱ Ad(m)X ∈ gα✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Ad(m)n = n ❡ ❛ss✐♠✱ m ∈ P ✳ Pr❡❝✐s❛♠♦s ♣r♦✈❛r
❛ r❡❝í♣r♦❝❛✳ ❱❡r✐✜q✉❡♠♦s q✉❡ p ∩ s = a✳ ❙❡❥❛ A+H +X ∈ m⊕ a⊕ n✱

θ(A+H +X) = A−H + θX

❝♦♠ θX ∈ n−✳ ❙❡ A+H +X ∈ s✱ ❡♥tã♦ A−H + θX = −A−H −X✱ ♦✉ s❡❥❛✱ 2A = −X − θX ∈
m ∩ a = 0✳ ▲♦❣♦ p ∩ s ⊂ a✳

❆❣♦r❛✱ s❡❥❛ g ∈ P t❛❧ q✉❡ g = uhn ∈ KAN ✳ ❈♦♠♦ AN ⊂ P ✱ ❡♥tã♦ u ∈ P ✱ ✐st♦ é✱ Ad(u)p = p✳
❊♠ ♣❛rt✐❝✉❧❛r Ad(u)a ⊂ p ❡ Ad(u)a ⊂ s✱ s❡❣✉❡ q✉❡ Ad(u)a ⊂ a✱ ♠♦str❛♥❞♦ u ∈ M∗✳ ❉❛í✱
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w = Ad(u)|a ∈ W ♣♦✐s u ∈ M∗✳ ❆tr❛✈és ❞❡ ❛❧❣✉♥s ❝á❧❝✉❧♦s✱ t❡♠♦s q✉❡ wα = α ◦ Ad(u−1|a) é r❛í③
❝♦♠ Ad(u)gα = gwα✳

❈♦♠♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡ w 6= 0 ❛tr❛✈és ❞❡ r❡✢❡①õ❡s ❞❡ r❛í③❡s✱ ♣♦r ❬✶✷✱ ❈♦r♦❧ár✐♦ ✾✳✷✵❪✱ ❡①✐st❡
r❛✐③ α > 0 t❛❧ q✉❡ wα < 0✳ ▼❛s✱ Ad(u)p = p✱ ❡♥tã♦ Ad(u)gα = gwα ⊂ p✱ ❝♦♠ wα < 0✳ ■ss♦ só é
♣♦ssí✈❡❧ s❡ w = Ad(u)|a = Id✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ u ∈M ❡✱ ♣♦rt❛♥t♦✱ MAN ⊃ P ✳ �

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♣❛r❛ ✉♠ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ t✐♣♦ Θ✳

❚❡♦r❡♠❛ ✶✳✶✳✷✷✳ ❉❛❞♦s (θ, a, a+,Θ) ❡s❝♦❧❤✐❞♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✱ ❡♥tã♦ ❛ s✉❜á❧❣❡❜r❛ ❡
♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ t✐♣♦ Θ s❡ ❞❡❝♦♠♣õ❡♠ ❝♦♠♦

pΘ = kΘ ⊕ a⊕ n ❡ PΘ = KΘAN

♦♥❞❡✱ kΘ = zk(aΘ) é ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ = a⊖ a(Θ) ❡♠ k ❡

KΘ = CentrK(aΘ) = {k ∈ K | Ad(k)|aΘ = Id|aΘ}

é ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ ♥♦ s✉❜❣r✉♣♦ K✳

❉❡♠♦♥str❛çã♦✳ ❚❡♦r❡♠❛s ❆✳✸✻ ❡ ❆✳✹✺ ❞❡ ❬✼❪✳ �

✶✳✷ ❱❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♥❡①♦ ♥ã♦✲❝♦♠♣❛❝t♦ ❡ s❡♠✐ss✐♠♣❧❡s ❝♦♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✳ ❉❛❞♦
✉♠ ❡s❝♦❧❤❛ ❞❡ (θ, a, a+,Θ)✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞♦ t✐♣♦ Θ é ♦ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❞❡ G s♦❜r❡ ✉♠
s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ t✐♣♦ Θ✱ ♦✉ s❡❥❛✱ é FΘ = G/PΘ✳ ❆ ♦r✐❣❡♠ bΘ ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ é ❛ ❝❧❛ss❡
❧❛t❡r❛❧ 1 · PΘ✳ ◆♦ ❝❛s♦ ❞❡ Θ = ∅✱ ❞❡♥♦t❛♠♦s ♣♦r ❡st❛ ✈❛r✐❡❞❛❞❡ ♣♦r F ❡ ❛ ❝❤❛♠❛♠♦s ❞❡ ✈❛r✐❡❞❛❞❡
✢❛❣ ♠❛①✐♠❛❧✱ ❡ s✉❛ ♦r✐❣❡♠ s❡rá b0✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❖ s✉❜❣r✉♣♦ K ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛✱ t❡♠♦s q✉❡ g = k+ pΘ✳ ❈♦♠♦ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❛
ór❜✐t❛ K · bΘ é k + pΘ = g✱ ❡♥tã♦ ❛ ór❜✐t❛ t❡♠ ❞✐♠❡♥sã♦ ♠á①✐♠❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ é ❛❜❡rt❛✳ ▼❛s✱
♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✻✱ K é ❢❡❝❤❛❞♦ ❡ ❛ss✐♠✱ K ·bΘ = KPΘ é ❢❡❝❤❛❞♦✳ ▲♦❣♦✱ K ·bΘ é ✉♠❛ ❝♦♠♣♦♥❡♥t❡
❝♦♥❡①❛ ❞❡ FΘ✳ P♦ré♠✱ G é ❝♦♥❡①♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ FΘ é ❝♦♥❡①♦✳ P♦rt❛♥t♦✱ FΘ = K · bΘ✳ �

✶✳✷✳✶ Ór❜✐t❛s ❡♠ s

P♦❞❡♠♦s r❡❛❧✐③❛r ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞❡♥tr♦ ❞♦ s✉❜❡s♣❛ç♦ ✭❡✉❝❧✐❞✐❛♥♦✮ s✳ ❙❡❥❛ Θ ⊂ Σ✱ ❡♥tã♦ ❡①✐st❡
HΘ ♥♦ ❢❡❝❤♦ ❞❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ a+ t❛❧ q✉❡

Θ = {α ∈ Σ | α(HΘ) = 0}.

❆ ❡①✐stê♥❝✐❛ ❞❡ HΘ✱ q✉❡ ♥ã♦ é ú♥✐❝❛✱ s❡ ❜❛s❡✐❛ ♥♦ ❢❛t♦ ❞❡ Σ s❡r ✉♠❛ ❜❛s❡ ♣❛r❛ a∗✳ ❊♥tã♦✱ t❡♠✲s❡
✉♠❛ ❜❛s❡ ❞✉❛❧ {Hα ∈ a+ | α ∈ Σ} ❞❡ a+ ❝♦♠ α = 〈Hα, ·〉θ✱ ❜❛st❛♥❞♦ t♦♠❛r HΘ =

∑
β∈Σ\ΘHβ✳
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P❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✷✱ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦

FΘ = G/PΘ = KAN/KΘAN ∼= K/KΘ.

❆❣♦r❛✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❛ ❛❞❥✉♥t❛ ❞❡ K é ✐♥✈❛r✐❛♥t❡ ♣♦r s✱ ❛ ór❜✐t❛ Ad(K)HΘ ❡stá ❝♦♥t✐❞❛ ❡♠
s✱ ✉♠❛ ✈❡③ q✉❡ HΘ ∈ a ⊂ s✳ ❆ ✐s♦tr♦♣✐❛ ❞❡st❛ ❛çã♦ é KHΘ

❡ ❝♦✐♥❝✐❞❡ ❝♦♠ KΘ✳ ▲♦❣♦✱

Ad(K)HΘ
∼= K/KΘ

∼= FΘ.

P♦rt❛♥t♦✱ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣♦❞❡ s❡r ✐♠❡rs❛ ❡♠ s ❝♦♠♦ ✉♠❛ ór❜✐t❛ ♣♦r Ad(K) ❞❡ HΘ✳ ❆ ✈❛✲
r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ F é ór❜✐t❛ ♣♦r Ad(K) ❞❡ ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r H ∈ a✱ ♣♦✐s t♦❞♦ ❡❧❡♠❡♥t♦
r❡❣✉❧❛r s❛t✐s❢❛③ {α ∈ Σ | α(H) = 0} = ∅ = Θ✳ ❆ ♣❛rt✐r ❞❡st❛ r❡❛❧✐③❛çã♦✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣
t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ❝♦♠♦ FHΘ

✳

❖❜s❡r✈❛çã♦✿ P❛r❛ t♦❞♦ X ∈ s✱ X ♣❡rt❡♥❝❡ ❛ ór❜✐t❛ ♣♦r Ad(K) ❞❡ ❛❧❣✉♠ H ∈ a✳ ❉❡ ❢❛t♦✱
t♦❞♦ X ∈ s ❡stá ❝♦♥t✐❞♦ ♥✉♠❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ a′ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✽✱ ❡①✐st❡
k ∈ K ❡ H ∈ a t❛❧ q✉❡ Ad(k)H = X✳ ❆ss✐♠✱ t♦❞❛ ór❜✐t❛ ❞❡ Ad(K) q✉❡ ♣❛ss❛ ♣♦r X ∈ s s❡
✐❞❡♥t✐✜❝❛ ❝♦♠♦ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ✱ ♣❛rt✐❝✐♦♥❛♥❞♦ ♦ ❡s♣❛ç♦ s✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ é ❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ K ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ❡♠ FΘ✱ ❡♥tã♦ FΘ é ❢❡❝❤❛❞❛✳ P❡❧❛ ❞✐s❝✉ssã♦ ❛♥t❡r✐♦r✱
♣❛r❛ t♦❞♦ b ∈ FΘ ❡①✐st❡ k ∈ K t❛❧ q✉❡ b↔ Ad(k)HΘ ∈ s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♥♦r♠❛ ❡♠ s ♦❜t✐❞❛ ♣❡❧♦
♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉θ✱ t❡♠♦s q✉❡ ||Ad(k)HΘ|| = ||HΘ|| ♣♦✐s ❛ ❛❞❥✉♥t❛ é ✉♠❛ ✐s♦♠❡tr✐❛ s♦❜r❡ ❡st❡
♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ❆ss✐♠✱ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ ❡stá ✐♠❡rs❛ ❞❡♥tr♦ ❞❛ ❡s❢❡r❛ ❞❡ r❛✐♦ ||HΘ|| ♥♦ ❡s♣❛ç♦
s✳ ❈♦♠♦ t♦❞❛ ❡s❢❡r❛ é ❝♦♠♣❛❝t❛ ❡ ♦ ✢❛❣ é ❢❡❝❤❛❞♦✱ ❡♥tã♦ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ é ❝♦♠♣❛❝t❛✳ �

❙❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ G t❡♠ ♣♦st♦ ✶✱ ❡♥tã♦ dim a = 1 ❡ ❡①✐st❡ s♦♠❡♥t❡ ✉♠❛ r❛✐③ s✐♠♣❧❡s α✱ ❝♦♠
❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ 2α s❡r r❛✐③ ♣♦s✐t✐✈❛✳ ❙ó ❡①✐st❡ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✈❛r✐❡❞❛❞❡ ✢❛❣✱
❥✉st❛♠❡♥t❡ ❛ ✢❛❣ ♠❛①✐♠❛❧✳ ❊♥tã♦✱ ❡st❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ é ✐s♦♠♦r❢❛ ❛ ❡s❢❡r❛ Sn ❝♦♠ n = dim s− 1 =
dim(gα + g2α)✳ ❉❡ ❢❛t♦✱ ❛s ❝â♠❛r❛s ❞❡ ❲❡②❧ a+ sã♦ s❡♠✐rr❡t❛s ✐♥✐❝✐❛❞❛s ♥❛ ♦r✐❣❡♠✳ ❙❛❜❡♥❞♦ q✉❡
♦ ❡s♣❛ç♦ s é ♣❛rt✐❝✐♦♥❛❞♦ ♣♦r Ad(K)✲ór❜✐t❛s✱ ❞❛❞♦ X ∈ s✱ ❡①✐st❡ H ∈ a+ t❛❧ q✉❡ Ad(K)H = X✳
❋✐①❛♥❞♦ H ∈ a+✱ s❡❥❛ Y ∈ s ♥❛ ❡s❢❡r❛ ❞❡ r❛✐♦ ||H||✳ ❊♥tã♦ Y ∈ Ad(K)H✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧♦
❢❛t♦ q✉❡ s s❡r ♣❛rt✐❝✐♦♥❛❞♦ ♣♦r Ad(K)✲ór❜✐t❛s✱ ❞❡✈❡r✐❛ ❡①✐st✐r H ′ ∈ a+\{H} t❛❧ q✉❡ Y ∈ Ad(K)H ′

❡ ||H|| = ||H ′||✱ ♠❛s ❝♦♠♦ a+ é ✉♠❛ s❡♠✐rr❡t❛✱ ✐st♦ é ✐♠♣♦ssí✈❡❧✳ ■st♦ é✱ Sdim s−1 ⊂ Ad(K)H ❡✱
♣♦rt❛♥❞♦✱ FΘ

∼= Sdim s−1✳

✶✳✷✳✷ ❋✐❜r❛çã♦

❉❛❞♦s Θ1 ⊂ Θ2 ⊂ Σ✱ t❡♠✲s❡ q✉❡

pΘ1 = p⊕ n−(Θ1) ⊂ p⊕ n−(Θ2) = pΘ2

✐♠♣❧✐❝❛♥❞♦ q✉❡ PΘ1 ⊂ PΘ2 ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧

πΘ1
Θ2

: FΘ1 −→ FΘ2

gPΘ1 7−→ gPΘ2
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q✉❡ s❡rá ❝❤❛♠❛❞❛ ❞❡ ✜❜r❛çã♦ s♦❜r❡ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♣❛r❝✐❛✐s✳ ❙✉❛ ✜❜r❛ tí♣✐❝❛ é ❞❡♥♦t❛❞❛ ♣♦r
fΘ1,Θ2 = PΘ2/PΘ1 ✳

❙❡❥❛♠ Θ ∈ Σ ❡ LΘ ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ ❡♠ G✳ ❆ss✐♠✱ ♦ s✉❜❣r✉♣♦ KΘ✱ q✉❡ é ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡
aΘ ❡♠ K✱ t❛♠❜é♠ s❡ ❡s❝r❡✈❡ ❝♦♠♦ KΘ = LΘ ∩K✳ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ lΘ ❞❡ LΘ é r❡❞✉tí✈❡❧ ✭♦✉ s❡❥❛✱
❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❞❡ lΘ ❡♠ g é s❡♠✐ss✐♠♣❧❡s✮ ❡ ❞❡❝♦♠♣õ❡✲s❡ ❝♦♠♦ lΘ = mΘ ⊕ aΘ✱ ❝♦♠ mΘ

s❡♠✐ss✐♠♣❧❡s✳ ❚♦♠❛♥❞♦ ♦ s✉❜❣r✉♣♦ ❝♦♥❡①♦M0
Θ = 〈expmΘ〉 ❡ ♦ s✉❜❣r✉♣♦MΘ = KΘM

0
Θ✱ s❡❣✉❡ q✉❡

M0
Θ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ MΘ✳ P❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✷✱ PΘ = KΘAN ✳

▲♦❣♦✱
PΘ/P ∼= KΘ/M ∼= MΘ/(MΘ ∩ P )

é ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧✳
❉❡st❡ ♠♦❞♦✱ ♣❛r❛ ✉♠❛ ✜❜r❛çã♦ ♣❛rt✐♥❞♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ πΘ : F → FΘ ❛ ✜❜r❛

PΘ/P é ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡ MΘ✱ ❝✉❥♦ ♣♦st♦ é ❞❛❞♦ ♣♦r |Θ|✳ ❖ ❣r✉♣♦ ❞❡
❲❡②❧ ❞❡ MΘ é WΘ✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ❝❛s♦ ❞❡ Θ = {α}✱ ❡♥tã♦ MΘ t❡♠ ♣♦st♦ ✶✳ ❆ ✜❜r❛çã♦ π{α} : F → F{α}

t❡♠ ✜❜r❛ P{α}/P q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ú♥✐❝❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞♦ ❣r✉♣♦ G(α) ❝✉❥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é
g(α) = g({α}) =

∑
β∈〈α〉 gβ✳ ■st♦ é✱ ❡st❛ ✜❜r❛ é ✉♠❛ ❡s❢❡r❛ ❞❡ ❞✐♠❡♥sã♦ dim(gα + g2α)✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ❛ ✜❜r❛ fΘ1,Θ2 ❞❡ πΘ1
Θ2

é ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✳
❆ ❛çã♦ ❞❡ G ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ é ❛ ❛♣❧✐❝❛çã♦ G× FΘ → FΘ t❛❧ q✉❡ g · (hP ) = (gh)P ✱ ♦♥❞❡

g ∈ G ❡ hP ∈ FΘ✳ ◆♦t❡ q✉❡ ❡st❛ ❛çã♦ é ❡q✉✐✈❛r✐❛♥t❡ ♥❛ ✜❜r❛çã♦ πΘ1
Θ2
✱ ♦✉ s❡❥❛✱ s❡ g ∈ G ❡ X ∈ FΘ1

❡♥tã♦
πΘ1
Θ2
(g ·X) = g · πΘ1

Θ2
(X).

✶✳✷✳✸ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ FΘ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ór❜✐t❛s
❞♦ s✉❜❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ N ❛❣✐♥❞♦ s♦❜r❡ w̃bΘ✱ ♦♥❞❡ w̃ ∈ M∗ é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧
wWΘ ∈ W/WΘ ❡ bΘ é ❛ ♦r✐❣❡♠ ❞♦ ✢❛❣ FΘ✳ ■st♦ é✱

FΘ =
∐

w∈W/WΘ

N · w̃bΘ

❝♦♠ N · w̃1bΘ = N · w̃2bΘ s❡ w1WΘ = w2WΘ✳ ❊♠ ❣❡r❛❧✱ s✉♣r✐♠✐♠♦s ♦ t✐❧ ❞❡ w̃ ∈M∗ ❡ ❞❡♥♦t❛♠♦s
❛♣❡♥❛s N · wbΘ✳

❈❛❞❛ N ✲ór❜✐t❛ é ❤♦♠❡♦♠♦r❢❛ à ✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✳ ❉✐r❡♠♦s ❡♥tã♦ q✉❡ N ·wbΘ é ✉♠❛ ❝é❧✉❧❛
❞❡ ❇r✉❤❛t✳ ❆ ❞✐♠❡♥sã♦ ❞❡st❛ ❝é❧✉❧❛ é ❞❛❞❛ ♣♦r

dim(N · wbΘ) =
∑

α∈Πw\〈Θ〉

mα

♦♥❞❡ mα = dim(gα) é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛ r❛✐③ α✳
◆♦ ❝❛s♦ ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧✱ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t s❡ ❡s❝r❡✈❡ ❝♦♠♦

F =
∐

w∈W

N · wb0
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♦♥❞❡ b0 é ❛ ♦r✐❣❡♠ ❞❡ F✳
■r❡♠♦s ❛♣r❡s❡♥t❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ❛♣❡♥❛s ♣❛r❛ ♦ ❝❛s♦ ❞❛s ✈❛r✐❡✲

❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s✳

❖❜s❡r✈❛çã♦✿ ❯♠ r❡s✉❧t❛❞♦ ❞❡♠♦♥str❛❞♦ ♣♦r ▲✉❝❛s ❙❡❝♦ ❬✶✸❪ ❞✐③ q✉❡ ♣♦❞❡♠♦s ♦❜t❡r ♦ ❝❛s♦ ❣❡r❛❧
❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ♣❛r❛ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♣❛r❝✐❛✐s ❛ ♣❛rt✐r ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛s ✈❛r✐❡❞❛❞❡s
✢❛❣ ♠❛①✐♠❛✐s✱ ❢❡✐t♦ ✈✐❛ ❛r❣✉♠❡♥t♦s ❞❡ ❞✐♥â♠✐❝❛✳ ❊st❡ ♠ét♦❞♦ ❞✐❢❡r❡ ❞♦ q✉❡ é ✉s✉❛❧♠❡♥t❡ ❛♣r❡✲
s❡♥t❛❞♦ ♥♦s t❡①t♦s tr❛❞✐❝✐♦♥❛✐s s♦❜r❡ t❡♦r✐❛ s❡♠✐ss✐♠♣❧❡s r❡❛❧✱ q✉❡ ✉t✐❧✐③❛♠ ❢❡rr❛♠❡♥t❛s ❛❧❣é❜r✐❝❛s
♣❛r❛ ❞❡♠♦♥strá✲❧♦✳

❉❡♠♦♥str❛çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ♣❛r❛ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s

▲❡♠❛ ✶✳✷✳✸✳ ❉❛❞♦s g ∈ G ❡ X ∈ g ❡♥tã♦ z(Ad(g)X) = Ad(g)z(X)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Ad(g)(m⊕a) =
m⊕ a

❉❡♠♦♥str❛çã♦✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ é ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦✳
❙❡❥❛ H ∈ a ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r✱ ♦✉ s❡❥❛✱ α(H) 6= 0 ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Π✳ ❆ss✐♠ z(a) ⊂ z(H)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ X ∈ z(H) ❡♥tã♦ X 6∈ gα ♣❛r❛ t♦❞❛ r❛✐③✱ ♣♦✐s α(H) 6= 0 ❡ [H,X] = 0✳ P❡❧❛
❞❡❝♦♠♣♦s✐çã♦ ✭✶✳✶✳✺✮✱ t❡♠♦s q✉❡ X ∈ m⊕ a = z(a)✳ ▲♦❣♦✱ z(H) = z(a) = m⊕ a✳

❆❣♦r❛✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛

ad(Ad(g)H) = Ad(g) ◦ ad(H) ◦ Ad(g)−1

✐st♦ é✱ t♦❞♦s ❛✉t♦✈❛❧♦r❡s α(H) ❞❡ ad(H) t❛♠❜é♠ sã♦ ❛✉t♦✈❛❧♦r❡s ❞❡ ad(Ad(g)H) ❡✱ ♣❡❧♦ ❢❛t♦ ❞❡
H s❡r r❡❣✉❧❛r✱ ❡♥tã♦ t♦❞♦s ❡st❡s ❛✉t♦✈❛❧♦r❡s sã♦ ♥ã♦ ♥✉❧♦s✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Ad(g)H é r❡❣✉❧❛r✳
P♦rt❛♥t♦✱ z(X) = m⊕ a ❡ z(Ad(g)X) = m⊕ a✳ �

▲❡♠❛ ✶✳✷✳✹✳ ❙❡❥❛ H ∈ a✱ ✐st♦ é✱ H ∈ a é ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r✳ ❊♥tã♦✱ ❛ ❛♣❧✐❝❛çã♦ φH : N → n

❞❡✜♥✐❞❛ ♣♦r φH(n) = Ad(n)H −H é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❡r✐✜q✉❡♠♦s ❛ ❜✐❥❡t✐✈✐❞❛❞❡ ❞❡ φ✳

❼ φ é ✐♥❥❡t♦r❛✿ ❙✉♣♦♥❤❛ q✉❡ φH(n1) = φH(n2)✱ ♦✉ s❡❥❛✱ Ad(n1)H = Ad(n2)H✱ ♦✉ ❡♥tã♦✱
Ad(n)H = H✱ ❝♦♠ n = n−1

2 n1✳ ❉❛í✱

expH = exp(Ad(n)H) = n expHn−1.

❆ss✐♠✱ t♦♠❛♥❞♦ expH = h✱ t❡♠♦s q✉❡ hnh−1 = n✳ ❖ ❈♦r♦❧ár✐♦ ✹✳✹ ❞♦ ❈❛♣ít✉❧♦ ■❱ ❞❡
❍❡❧❣❛s♦♥ ❬✸❪ ❞✐③ q✉❡ t❡♠♦s ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ exp(n) ❡ N ✱ ♦✉ s❡❥❛✱ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r
X ∈ n t❛❧ q✉❡ n = expX✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ Ad(h)X = X✳ P❡❧❛ ❞❡✜♥✐çã♦✱ H é r❡❣✉❧❛r✱
♦✉ s❡❥❛✱ ad(H) ♥ã♦ t❡♠ ❛✉t♦✈❛❧♦r❡s ♥✉❧♦s✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Ad(h) = exp(ad(H)) ♥ã♦ t❡♠
❛✉t♦✈❛❧♦r❡s ✶✳ P♦rt❛♥t♦ X = 0✱ ♣♦✐s Ad(h)X = X✱ ❡ ❛ss✐♠ n−1

2 n1 = exp 0 = e✳

❼ φ é s♦❜r❡❥❡t♦r❛✿ s❛❜❡♥❞♦ q✉❡ exp : n→ N é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ❞❛❞♦X ∈ n✱ ♣r❡❝✐s❛♠♦s
r❡s♦❧✈❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

φH(expY ) = X
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q✉❡ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦
(exp(ad(Y ))− 1)H = X

❝♦♠ Y ∈ n ❞❡♣❡♥❞❡♥❞♦ ❞❡ X✳ ❆ sér✐❡ ❧♦❣❛r✐t♠♦

log(1 + x) =
∑

k>=1

(−1)k

k
xk

✐♥✈❡rt❡ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡s❞❡ q✉❡ t❡♥❤❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❚♦♠❛♥❞♦ x = ad(Y ) ♦❜t❡♠♦s log(1 +
(ead(Y ) − 1)) = ad(Y )✳ ❈♦♠♦ ad(Y ) é ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ ead(Y ) − 1 é ♥✐❧♣♦t❡♥t❡✱ ❣❛r❛♥t✐♥❞♦ ❛
❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ sér✐❡✳ ❊s❝r❡✈❡♥❞♦ T = ead(Y ) − 1 t❡♠♦s

ad(Y )H = log(1 + T )H = −TH + 1
2
T 2H − 1

3
T 3H + · · ·

= −X + 1
2
TX − 1

3
T 2X + · · · = F (X).

❱❡❥❛ q✉❡ T é ✐♥✈❛r✐❛♥t❡ ♣♦r n✱ ❧♦❣♦✱ F (X) ∈ n✳ ❉❛í✱

F (X) = ad(Y )H = −ad(H)Y.

P♦rt❛♥t♦✱
Y = ad(H)−1F (X)

♣♦✐s✱ ad(H) é ✐♥✈❡rsí✈❡❧ ❥á q✉❡ H é r❡❣✉❧❛r✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ φH ✿ ❙❡❥❛ X ∈ n ❡ ❝♦♥s✐❞❡r❡ ❝♦♠♦ ❝❛♠♣♦ ✐♥✈❛r✐❛♥t❡ ❛
❡sq✉❡r❞❛ ❞❡ N ✳ ❊♥tã♦✱

d(φH)n(X) =
d

dt
(Ad(netX)H −H)|t=0 =

d

dt
(Ad(n)Ad(etX)H −H)|t=0

= Ad(n)
d

dt
(etad(X)H)|t=0 = Ad(n) ◦ ad(X)H = −Ad(n) ◦ ad(H)X.

❆ss✐♠✱ d(φH)n = −Ad(n) ◦ ad(H) é ❝♦♠♣♦st♦ ♣♦r ❢✉♥çõ❡s ✐♥✈❡rtí✈❡✐s✱ ♣♦rt❛♥t♦ é ✉♠ ✐s♦♠♦r✲
✜s♠♦✳ �

Pr♦♣♦s✐çã♦ ✶✳✷✳✺✳ ❖ ♥♦r♠❛❧✐③❛❞♦r ❞❡ a ❡♠ G é M∗A✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ M∗A ⊂ NG(a)✱ ♣♦✐s s❡ xh ∈ M∗A ❡♥tã♦✱ Ad(xh)a = Ad(x)Ad(h)a =
Ad(x)a ⊂ a✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ g ∈ NG(a)✳ ❆ ♣r✐♥❝í♣✐♦✱ q✉❡r♦ ♣r♦✈❛r q✉❡ ❡①✐st❡ w̃ ∈ M∗ t❛❧ q✉❡ w̃g ∈
MAN = P ✳ ❈♦♥s✐❞❡r❡ u = Ad(g)|a✱ ❡♥tã♦ uα := α ◦ u é r❛✐③✱ ♣❛r❛ t♦❞♦ α ∈ Σ✱ ❥á q✉❡ Ad(g) t♦♠❛
❛✉t♦✈❛❧♦r❡s ❞❡ ad(H)✱ ❝♦♠ H ∈ a✱ ❡ ❧❡✈❛ ❡♠ ❛✉t♦✈❛❧♦r❡s ❞❡ ad(uH)✳ ❆ss✐♠✱ uΣ ⊂ Π é ✉♠ s✐st❡♠❛
s✐♠♣❧❡s ❞❡ r❛í③❡s ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ w ∈ W t❛❧ q✉❡ w(uΣ) = Σ✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ w(uΠ+) = Π+✳
❚♦♠❡ w̃ ∈M∗ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ w✳ ❉❛í✱ t❡r❡♠♦s Ad(w̃g)n = n✳

P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ Ad(w̃g)(m ⊕ a) = m ⊕ a✳ ▲♦❣♦✱ Ad(w̃g)p = p✱ ♦✉ s❡❥❛✱ w̃g ∈ P = MAN ✳
❊s❝r❡✈❛ w̃g = mhn✱ ❡♥tã♦ n = m−1h−1w̃g ❡✱ ♣♦rt❛♥t♦✱ n ∈ NG(a)✳

❱❡r❡♠♦s q✉❡ n = e✳ ❚♦♠❛♥❞♦ H ∈ a ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r✱ ❛ ❢✉♥çã♦ φH(n) = Ad(n)H−H ∈ n

é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❈♦♠♦ n ∈ NG(a)✱ ❡♥tã♦ Ad(n)H −H ♣❡rt❡♥❝❡ à a✳ ❙❛❜❡♥❞♦ q✉❡ a∩ n = {0}
❡♥tã♦ Ad(n)H = H✱ ♦✉ s❡❥❛✱ n = e✳

P♦rt❛♥t♦ w̃g = mh ∈MA✱ ✐st♦ é✱ g = w̃−1mh ∈M∗A✳ �
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▲❡♠❛ ✶✳✷✳✻✳ ❙ã♦ ✈á❧✐❞♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s

❼ ❉❛❞♦ Y ∈ m⊕ a✱ ❡♥tã♦ Y ∈ a s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(Y ) sã♦ r❡❛✐s✳

❼ ❉❛❞♦ X ∈ p✱ ❡♥tã♦ X ∈ a⊕ n s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X) sã♦ r❡❛✐s✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ♦ ❡❧❡♠❡♥t♦ X+H ∈ m⊕a✳ ❈♦♠♦ ad(X) é ❛♥t✐ss✐♠étr✐❝❛
❡ ad(H) é s✐♠étr✐❝❛✱ ❡♥tã♦ ❡❧❛s ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ s✉❛s ❝♦♠♣❧❡①✐✜❝❛çõ❡s sã♦ ❞✐❛❣♦♥❛❧✐③á✈❡✐s✳
P♦rt❛♥t♦✱ ❛s ❝♦♠♣❧❡①✐✜❝❛❞❛s sã♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❞✐❛❣♦♥❛❧✐③á✈❡✐s✱ ❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X +H)
sã♦ ❛s s♦♠❛s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X) ❡ ad(H)✳ ❈♦♠♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X) sã♦ ✐♠❛❣✐♥ár✐♦s
❡ ♦s ❞❡ ad(H) sã♦ r❡❛✐s✱ ❧♦❣♦✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X + H) sã♦ r❡❛✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X = 0✳
❖❜s❡r✈❡ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(X +H) s❡rã♦ ✐♠❛❣✐♥ár✐♦s s❡✱ ❡ só s❡✱ H = 0✳

❆❣♦r❛✱ ♥♦ ❝❛s♦ ❣❡r❛❧✱ s❡ X+H+Y ∈ m⊕a⊕n✱ ❛ ❝♦♠♣♦♥❡♥t❡ Y ∈ n ♥ã♦ ✐♥✢✉✐ ♥♦s ❛✉t♦✈❛❧♦r❡s✱
✉♠❛ ✈❡③ q✉❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ❞❡ g t❛❧ q✉❡ X+H é ❞✐❛❣♦♥❛❧ ❡♠ ❜❧♦❝♦s ❡ Y é tr✐❛♥❣✉❧❛r
s✉♣❡r✐♦r✳ ❈♦♠♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❛ ❞✐❛❣♦♥❛❧ ❞❛ ♠❛tr✐③✱ t❡r❡♠♦s q✉❡ ❡❧❡s sã♦ r❡❛✐s
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X = 0✳ ❱❡❥❛ q✉❡ ad(X +H + Y ) é ♥✐❧♣♦t❡♥t❡ ❛♣❡♥❛s q✉❛♥❞♦ X +H = 0✳ �

▲❡♠❛ ✶✳✷✳✼✳ ❙❡❥❛♠ g ∈ G ❡ H1, H2 ∈ a ❡❧❡♠❡♥t♦s r❡❣✉❧❛r❡s✳ ❙❡ Ad(g)H1 = H2 ❡♥tã♦ g ∈
NG(a) =M∗A✳

❉❡♠♦♥str❛çã♦✳ ❙❡ Ad(g)H1 = H2 ❡♥tã♦ Ad(g) ❧❡✈❛ ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H1 ♥♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H2✱
q✉❡ sã♦ ❛♠❜♦s ✐❣✉❛✐s ❛ m ⊕ a✱ ♣♦✐s sã♦ ❡❧❡♠❡♥t♦s r❡❣✉❧❛r❡s✳ ▲♦❣♦✱ Ad(g)(m ⊕ a) = m ⊕ a✳ ❙❡
H ∈ a ❡♥tã♦✱

ad(Ad(g)H) = Ad(g) ◦ ad(H) ◦ Ad(g)−1

❡✱ ♣♦rt❛♥t♦✱ ad(H) ❡ ad(Ad(g)H) tê♠ ❛✉t♦✈❛❧♦r❡s ✐❣✉❛✐s✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♠♦ ♦s ❛✉t♦✈❛❧♦r❡s
❞❡ ad(H) ∈ a sã♦ r❡❛✐s ❡ Ad(g)H ∈ m⊕ a ❡♥tã♦ Ad(g)H ∈ a✳ ❆ss✐♠✱ g ♣❡rt❡♥❝❡ ❛♦ ♥♦r♠❛❧✐③❛❞♦r
❞❡ a ❡♠ G✱ ✐st♦ é✱ g ∈M∗A✳ �

◗✉❛❧q✉❡r s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ q ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣♦r ❛♣❧✐❝❛çã♦ ❞❡ ✉♠ ❛✉t♦♠♦r✜s♠♦
✐♥t❡r♥♦ ❡♠ p✱ ✐st♦ é✱ q = Ad(g)p✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ➱ ♣♦ssí✈❡❧ ✈❡r q✉❡ ❜❛st❛ t♦♠❛r k ∈ K ♣❛r❛
t❡r q = Ad(k)p✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ g ∈ G✱ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ t❡♠✲s❡ q✉❡ g = kan ∈ KAN
❡ t❛♠❜é♠ q✉❡ Ad(an)p = p✳ ❆ss✐♠✱

Ad(g)p = Ad(k)Ad(an)p = Ad(k)p.

▲❡♠❛ ✶✳✷✳✽✳ ❙❡❥❛ p = m ⊕ a ⊕ n ✉♠❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ ❡ q = Ad(g)p ✉♠❛ ♦✉tr❛
s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧✳ ❊♥tã♦✱ p ∩ q ❝♦♠♣❧❡♠❡♥t❛ n ❡♠ p✱ ♦✉ s❡❥❛✱

p = (p ∩ q) + n

❝♦♠ ❛ s♦♠❛ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐r❡t❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ t❡♠✲s❡ q✉❡ p ⊃ (p ∩ q) + n✱ ✉♠❛ ✈❡③ q✉❡ p ∩ q ⊂ p ❡ n ⊂ p✳
❙❡❥❛ 〈·, ·〉θ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛ss♦❝✐❛❞♦ ❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ θ✱ q✉❡ ❡r❛ ❞❡✜♥✐❞❛ ♣♦r 〈X, Y 〉θ =

−〈X, θY 〉✳ ❖ ♦rt♦❣♦♥❛❧ ❞❡ p ❡♠ r❡❧❛çã♦ ❛ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❛ ✉♥✐ã♦ ❞♦s ❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s
❛s r❛í③❡s ♥❡❣❛t✐✈❛s✱ p⊥ = n− =

∑
α<0 gα✳
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❱❡❥❛ q✉❡ (p + q)⊥ = p⊥ ∩ q⊥✱ q✉❡ é ✉♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✳ P♦ré♠✱ q⊥ =
(Ad(k)p)⊥ = Ad(k)p⊥ = Ad(k)n−✱ ♣♦✐s Ad(k) é ✐s♦♠❡tr✐❛✳ ❉❡✜♥✐♠♦s p− = m⊕ a⊕ n− = θp✳ ❉❛í✱

(p+ q)⊥ = p⊥ ∩ Ad(k)n− = n− ∩ Ad(k)n− = n− ∩ (m⊕ a⊕ Ad(k)n−)
= n− ∩ Ad(k)(m⊕ a⊕ n−) = n− ∩ Ad(k)p− = θ(n ∩ Ad(k)p)
= θ(n ∩ q) = θ(n ∩ (p ∩ q))

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡ ❡st❛❜❡❧❡❝❡ ♣❡❧♦ ❢❛t♦ ❞❡ n ⊂ p✳
❆ss✐♠✱ dim(p+ q) = dim(n ∩ (p ∩ q))✳
❙❛❜❡♥❞♦ q✉❡ dim p = dim q✱ ❡♥tã♦

dim(p+ q) = dim p+ dim q− dim(p ∩ q) = 2 dim p− dim(p ∩ q).

P♦r ♦✉tr♦ ❧❛❞♦✱

dim(p+ q) = dim g− dim(p+ q)⊥ = dim g− dim(n ∩ (p ∩ q)).

P♦ré♠✱ dim(n+ (p ∩ q)) = dim n+ dim(p ∩ q)− dim(n ∩ (p ∩ q))✱ ❡♥tã♦

dim(p+ q) = dim g+ dim(n+ (p ∩ q))− dim n− dim(p ∩ q)

♦✉ s❡❥❛✱
2 dim p− dim(p ∩ q) = dim g+ dim(n+ (p ∩ q))− dim n− dim(p ∩ q)

✐♠♣❧✐❝❛♥❞♦ q✉❡
2 dim p = dim g+ dim(n+ (p ∩ q))− dim n.

❙❛❜❡♥❞♦ q✉❡ dim g− dim n− = dim p ❡ dim n = dim n− ❡♥tã♦

dim p = dim(n+ (p ∩ q))

❞❡♠♦♥str❛♥❞♦ q✉❡ ♦s ❡s♣❛ç♦s sã♦ ✐❣✉❛✐s✳ �

❚❡♦r❡♠❛ ✶✳✷✳✾✳ ❉❛❞♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ F✱ ❡❧❛ s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦

F =
∐

w∈W

N · wb0.

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ g ∈ G✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ n ∈ N ❡ w ∈ W t❛❧ q✉❡ nw̃P = gP ✱ ♦✉
s❡❥❛✱ ❡①✐st❡♠ n ∈ N ✱ w ∈ W ❡ x ∈ P t❛❧ q✉❡ g = nw̃x✳

❚♦♠❡ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ q = Ad(g)p ❡ s❡❥❛ H ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r ❞❡ a ⊂ p✳
❈♦♠♦ p = (p ∩ q) + n ❡♥tã♦ ❡①✐st❡ X ∈ n t❛❧ q✉❡ H +X ∈ p ∩ q✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✳✹✱ ❛ ❢✉♥çã♦
φH(y) = Ad(y)H −H é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❙❡❣✉❡ q✉❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ Ad(n)H −H = X✱ ♦✉
s❡❥❛✱ Ad(n)H = H +X ∈ p ∩ q✳ ❆ss✐♠✱

Ad(g−1n)H = Ad(g−1)(Ad(n)H) = Ad(g−1)(H +X) ∈ p = m⊕ a⊕ n

♣♦✐s H +X ∈ q = Ad(g)p✳
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❱❡❥❛ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ❛❞❥✉♥t❛ ❞❡ Ad(g−1n)H sã♦ ✐❣✉❛✐s ❛♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(H)✳ ❊♥tã♦✱
♦s ❛✉t♦✈❛❧♦r❡s sã♦ t♦❞♦s r❡❛✐s✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✻ t❡r❡♠♦s Ad(g−1n)H ∈ a⊕ n✱ ♦✉ s❡❥❛✱

Ad(g−1n)H = H ′ + Y ✭✶✳✷✳✶✮

❝♦♠ H ′ ∈ a ❡ Y ∈ n✳ ❈♦♠♦ H é r❡❣✉❧❛r ❡ ad(Ad(g−1n)H) t❡♠ ♦s ♠❡s♠♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(H ′)✱
✉♠❛ ✈❡③ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(Y ) sã♦ t♦❞♦s ♥✉❧♦s✱ ❡♥tã♦ H ′ r❡❣✉❧❛r✳

❯s❛♥❞♦ ♦ ❞✐❢❡♦♠♦r✜s♠♦ φH′(z) = Ad(z)H ′−H ′✱ t❡♠♦s q✉❡ ❡①✐st❡ z ∈ N t❛❧ q✉❡ Ad(zg−1n)H =
H ′✳ ❉❡ ❢❛t♦✱ ❡①✐st❡ z̃ ∈ N t❛❧ q✉❡

Ad(z̃)H ′ −H ′ = Y ∈ n

✐st♦ é✱
H ′ − Ad(z̃−1)H ′ = Ad(z̃−1)Y

t♦♠❛♥❞♦ z = z̃−1 ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✷✳✶✮✱

H ′ − Ad(z)(Ad(g−1n)H − Y ) = Ad(z)Y

❧♦❣♦✱
Ad(zg−1n)H = H ′.

❉❡st❡ ♠♦❞♦✱ ❝♦♠♦ ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ a ❡♠G éM∗A✱ ❡♥tã♦ zg−1n ∈M∗A✱ ✐st♦ é✱ zg−1n = w̃−1h✳
❆ss✐♠✱ g = nh−1w̃z = nw̃h̄z✱ ❝♦♠ h̄ = w̃−1h−1w̃ ∈ A✳ P♦rt❛♥t♦✱ ♣❛r❛ x = h̄z ∈ AN ⊂ P ✱ t❡♠✲s❡
q✉❡ g = nw̃x✱ ♣r♦✈❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t✳ �

✶✳✷✳✹ ❈é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt

❉❛❞❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ✱ ✉♠❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❛ss♦❝✐❛❞❛
à ❝❧❛ss❡ w ∈ W/WΘ é ♦ ❢❡❝❤♦ ❞❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t✱ ✐st♦ é✱ SΘ

w = fe(N ·wbΘ)✳ ❆ ♣❛rt✐r ❞❛ ❝é❧✉❧❛ ❞❡
❙❝❤✉❜❡rt✱ s❡rá ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ♣❛r❛ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✳

P❛r❛ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ F✱ ❞❡♥♦t❛♠♦s ✉♠❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❝♦♠♦ Sw✱ ❝♦♠ w ∈ W ✱
♦♠✐t✐♥❞♦ Θ = ∅✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵✳ ❙ã♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt✿

❼ SΘ
w1
⊂ SΘ

w2
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ w1 6 w2 ♣❡❧❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②❀

❼ SΘ
w =

⋃

u6w

N · ubΘ✳

◆♦t❡ q✉❡✱ ♣❡❧♦ s❡❣✉♥❞♦ ✐t❡♠ ❞❡st❛ ♣r♦♣♦s✐çã♦ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ t♦❞❛s ❛s ❝é❧✉❧❛s ❞❡ ❇r✉❤❛t s❡r❡♠
❞✐s❥✉♥t❛s✱ ♣❛r❛ t♦❞♦ v < w✱ ✉♠❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N · vbΘ ❞❡✈❡ ♣❡rt❡♥❝❡r à ❢r♦♥t❡✐r❛ ❞❛ ❝é❧✉❧❛ ❞❡
❙❝❤✉❜❡rt SΘ

w ✳
❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦✱ ♥♦t❡♠♦s q✉❡ SΘ

w = SΘ
w′ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ wWΘ = w′WΘ✳ ▲♦❣♦✱ q✉❛❧q✉❡r

❝é❧✉❧❛ Sw′ ❞❡ F✱ ❝♦♠ w′ ∈ wWΘ✱ s❡ ♣r♦❥❡t❛ ♥❛ ❝é❧✉❧❛ SΘ
w ❛tr❛✈és ❞❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ πΘ✱ ♦✉ s❡❥❛✱

❛ ♣ré✲✐♠❛❣❡♠ ❞❡ SΘ
w ✈✐❛ πΘ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝é❧✉❧❛ Sw′ t❛❧ q✉❡ w′ ∈ wW ✳
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▲❡♠❛ ✶✳✷✳✶✶✳ ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ w′ = wu ❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ wWΘ t❛❧ q✉❡

dimSΘ
w = dimSw′ .

❊st❡ ❡❧❡♠❡♥t♦ é ú♥✐❝♦ ❡ ♠✐♥✐♠❛❧ ❝♦♠ r❡s♣❡✐t♦ à ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②✳

❉❡♠♦♥str❛çã♦✳ ▲❡♠❛ ✷✳✷✳✶ ❞❛ t❡s❡ ❞❡ ❘❛❜❡❧♦ ❬✽❪✳ �

P❛r❛ ❝❛❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ wWΘ✱ ❝♦♠ w ∈ W ✱ ❡st❡ ❧❡♠❛ ❞✐③ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ r❡♣r❡s❡♥t❛♥t❡
♠✐♥✐♠❛❧ w′ ∈ WΘ ❝♦♠ r❡❧❛çã♦ ❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡② t❛❧ q✉❡ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw′ s❡
♣r♦❥❡t❛ ❡♠ SΘ

w ✳ ❙❡ ❡st❡ ❡❧❡♠❡♥t♦ ♣♦ss✉✐ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w′ = r1 · · · rn✱ ❝♦♠ ri = rαi
♣❛r❛

αi ∈ Σ✱ ❡♥tã♦ ❛ ❞✐♠❡♥sã♦ ❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt s❡rá

dim(SΘ
w ) = dim(N · w′bΘ) =

n∑

i=1

mαi
+m2αi

✭✶✳✷✳✷✮

♦♥❞❡ mα = dim(gα) é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛ r❛✐③ α✳

✶✳✸ ❊①❡♠♣❧♦✿ ❖ ❣r✉♣♦ Sl(3,R)

❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ Sl(3,R) ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s 3 × 3 r❡❛✐s ❡ ✐♥✈❡rsí✈❡✐s ❝♦♠ ❞❡t❡r♠✐♥❛♥t❡
1✳ ❙✉❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ sl(3,R) é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s 3 × 3 r❡❛✐s ❞❡ tr❛ç♦ ③❡r♦✱ ❝✉❥♦
❝♦♠✉t❛❞♦r é ❞❛❞♦ ♣♦r

[X, Y ] = XY − Y X.

❯♠❛ ✐♥✈♦❧✉çã♦ ❛ss♦❝✐❛❞❛ ❛ ❡st❛ á❧❣❡❜r❛ é ❞❛❞❛ ♣♦r

θ(X) = −X t ✱ ♣❛r❛ t♦❞♦ X ∈ sl(3,R).

❙✉❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛ss♦❝✐❛❞❛

〈X, Y 〉θ = −〈X, θ(Y )〉 = 〈X, Y t〉 = tr(ad(X)ad(Y )t)

é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ sl(3,R)✱ ♦✉ s❡❥❛✱ θ é ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✳ ❖s ❛✉t♦❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s
❛♦s ❛✉t♦✈❛❧♦r❡s 1 ❡ −1 ❢♦r♥❡❝❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ sã♦ ❞❛❞♦s ♣♦r

k = {X ∈ sl(3,R) |X = θ(X) = −X t} = so(3,R)

s = {X ∈ sl(3,R) |X = −θ(X) = X t}

✐st♦ é✱ k é ♦ s✉❜❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❛♥t✐ss✐♠ét✐❝❛s ❡ s é ♦ s✉❜❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s✳
▲❡♠❜r❡♠♦s q✉❡ t♦❞❛ ♠❛tr✐③ X ∈ sl(3,R) ♣♦❞❡ ❡s❝r✐t❛ ❝♦♠♦ s♦♠❛ ❞❡ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❝♦♠
✉♠❛ ❛♥t✐ss✐♠étr✐❝❛✱ à s❛❜❡r

❼ P❛rt❡ s✐♠étr✐❝❛✿
1

2
(X +X t)❀

❼ P❛rt❡ ❛♥t✐ss✐♠étr✐❝❛✿
1

2
(X −X t)✳
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▲♦❣♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞❡ sl(3,R) é ❛ s♦♠❛ ❞✐r❡t❛ so(3,R) ⊕ s✳ ❊♠ ♥í✈❡❧ ❞❡ ❣r✉♣♦✱
♦ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♥❡①♦ ❣❡r❛❞♦ ♣♦r so(3,R) é

SO(3,R) = {g ∈ Sl(3,R) | gtg = ggt = Id ❡ det(g) = 1}.

P♦r s✉❛ ✈❡③✱ s❡ X ∈ s t❡♠♦s ❞♦✐s ❢❛t♦s à ♦❜s❡r✈❛r✿

✶✳ eX é s✐♠étr✐❝♦✳ ❉❡ ❢❛t♦✱

(eX)t =
∞∑

n=0

(
Xn

n!

)t

=
∞∑

n=0

(X t)n

n!
= e(X

t) = eX .

✷✳ ❚♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ eX sã♦ ♣♦s✐t✐✈♦s✳ P❛r❛ t❛❧✱ s✉♣♦♥❤❛ q✉❡ λ é ❛✉t♦✈❛❧♦r ❞❡ X ❝♦♠
❛✉t♦✈❡t♦r v 6= 0✱ ✐st♦ é✱ Xv = λv✳ ❉❛í✱

eXv =
∞∑

n=0

Xnv

n!
=

∞∑

n=0

λn

n!
v = eλv

♦✉ s❡❥❛✱ eλ é ❛✉t♦✈❛❧♦r ❞❡ eX ✳ P❡❧♦ ❢❛t♦ ❞❡ X ❡ eX s❡r❡♠ s✐♠étr✐❝♦s✱ ❡♥tã♦ ❛♠❜♦s ♣♦ss✉❡♠
3 ❛✉t♦✈❛❧♦r❡s r❡❛✐s✳ ▲♦❣♦✱ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ eX sã♦ ♣♦s✐t✐✈♦s✳

❉❡st❡ ♠♦❞♦✱ ♦ ❝♦♥❥✉♥t♦ S = exp s é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s ❞❡
❞❡t❡r♠✐♥❛♥t❡ 1✳ ➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r q✉❡ S ♥ã♦ é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳ P♦rt❛♥t♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦
❞❡ ❈❛rt❛♥ ❞♦ ❣r✉♣♦ é ❞❛❞❛ ♣♦r Sl(3,R) = SO(3,R)S✳

❖ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❡♠ s ❢♦r♠❛♠ ✉♠❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧✱ ❡ ❛ss✐♠✱
❞❡✜♥✐r❡♠♦s a ❝♦♠♦ t❛❧ ❝♦♥❥✉♥t♦✳ P❛r❛ i, j ∈ {1, 2, 3} s❡❥❛ Eij ❛ ♠❛tr✐③ 3 × 3 ❝✉❥❛ ú♥✐❝❛ ❡♥tr❛❞❛
♥ã♦ ♥✉❧❛ é aij = 1✱ ❡ ❝♦♥s✐❞❡r❡ ❛ ❜❛s❡ ❞❡ sl(3,R) ❢♦r♠❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s Eij ❡ Eii−Ejj ❝♦♠ i 6= j✳
❉❛❞♦ H ∈ a✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❡st❡ ❡❧❡♠❡♥t♦ ❝♦♠♦ H = diag(a1, a2, a3) ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠
a1 + a2 + a3 = 0✳ ❆ss✐♠✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

ad(H)(Eij) = (ai − aj)Eij. ✭✶✳✸✳✶✮

❊st❛ ✐❣✉❛❧❞❛❞❡ ♠♦str❛ q✉❡ ❛s r❛í③❡s ❞❡ a sã♦ ♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s αij = λi − λj ♣❛r❛ i 6= j✱
♦♥❞❡ λi é ❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ λi(diag(a1, a2, a3)) = ai✱ ❡ q✉❡ ♦ s✉❜❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ ❛ ❝❛❞❛ r❛✐③
αij✱ ❝♦♠ i 6= j✱ é gαij

= 〈Eij〉✳ ❉❡✜♥❛ ❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛ ❞❡ a ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

a+ = {diag(a1, a2, a3) ∈ a | a1 > a2 > a3}.

◆❡st❡ ❝❛s♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s é ❞❛❞♦ ♣♦r

Π+ = {α12, α13, α23}.

◆♦t❡ q✉❡ ❛ r❛í③ ♣♦s✐t✐✈❛ α13 é ❝♦♠❜✐♥❛çã♦ ❞❛s ♦✉tr❛s ❞✉❛s r❛í③❡s ♣♦s✐t✐✈❛s✱ ✐st♦ é✱ α13 =
λ1 − λ3 = (λ1 − λ2) + (λ2 − λ3) = α12 + α23✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s s✐♠♣❧❡s é
Σ = {α12, α23}✳
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❙❛❜❡♠♦s q✉❡ n é ❢♦r♠❛❞♦ ♣❡❧❛ s♦♠❛ ❞♦s ❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s às r❛í③❡s ♣♦s✐t✐✈❛s✳ ❆ss✐♠✱ ♣❡❧❛
❡q✉❛çã♦ ✭✶✳✸✳✶✮✱ t❡♠♦s q✉❡✱

n = gα12 ⊕ gα23 ⊕ gα13 = 〈E12〉 ⊕ 〈E23〉 ⊕ 〈E13〉 =








0 ∗ ∗
0 0 ∗
0 0 0







♦✉ s❡❥❛✱ n é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠ ❞✐❛❣♦♥❛❧ ♥✉❧❛✳
P♦rt❛♥t♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é

sl(3,R) = so(3,R)⊕ a⊕ n.

❆❣♦r❛✱ ✈❡❥❛♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞♦ ❣r✉♣♦ Sl(3,R)✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❛❞♦ H =
diag(a1, a2, a3) ∈ a ❛r❜✐trár✐♦✱ ❡♥tã♦

eH =




ea1 0 0
0 ea2 0
0 0 ea3




❡ ❛ss✐♠✱ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ A✱ ❝✉❥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é a✱ é ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❡♥tr❛❞❛s
♣♦s✐t✐✈❛s✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♣❛r❛ X ∈ n ❛r❜✐trár✐♦

eX =
∞∑

n=0

Xn

n!
= Id +




0 ∗ ∗
0 0 ∗
0 0 0


+

1

2!




0 ∗ ∗
0 0 ∗
0 0 0




2

+
1

3!




0 ∗ ∗
0 0 ∗
0 0 0




3

+ · · ·

= Id +




0 ∗ ∗
0 0 ∗
0 0 0


+

1

2




0 0 ∗
0 0 0
0 0 0




=




1 ∗ ∗
0 1 ∗
0 0 1




♦✉ s❡❥❛✱ N é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s s✉♣❡r✐♦r❡s ❝♦♠ ❡♥tr❛❞❛s ♥❛ ❞✐❛❣♦♥❛❧ ✐❣✉❛✐s ❛ 1✳
P♦rt❛♥t♦✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞♦ ❣r✉♣♦ é Sl(3,R) = SO(3,R)AN ✳

✶✳✸✳✶ ●r✉♣♦ ❞❡ ❲❡②❧

Pr✐♠❡✐r❛♠❡♥t❡✱ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❢ór♠✉❧❛ ❡①♣❧í❝✐t❛ ♣❛r❛ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣✱
q✉❛♥❞♦ r❡str✐t❛ à á❧❣❡❜r❛ ❞❡ ▲✐❡ a✳ ❉❛❞♦sH1 = diag(a1, a2, a3) ∈ a ❡H2 = diag(b1, b2, b3) ∈ a✱ ❝♦♠♦
αij(H1)αij(H2)✱ ♣❛r❛ i 6= j✱ sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ad(H1)ad(H2)✱ ❡♥tã♦ ♦ ♦ tr❛ç♦ ❞❡ ad(H1)ad(H2)
é ❛ s♦♠❛ ❞❡st❡ ❛✉t♦✈❛❧♦r❡s✳ ❆ss✐♠✱

〈H1, H2〉 = tr(ad(H1)ad(H2)) = 2(α12(H1)α12(H2) + α13(H1)α13(H2) + α23(H1)α23(H2))

= 4(a1b1 + a2b2 + a3b3)− 2(a1b2 + a1b3 + a2b1 + a2b3 + a3b1 + a3b2)

= 4(a1b1 + a2b2 + a3b3)− 2
(
(a1 + a2 + a3)(b1 + b2 + b3)− (a1b1 + a2b2 + a3b3)

)

= 6(a1b1 + a2b2 + a3b3)
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♣♦✐s a1 + a2 + a3 = 0✳ ▲♦❣♦✱

〈H1, H2〉 = 6〈(a1, a2, a3), (b1, b2, b3)〉R3

♦♥❞❡ 〈·, ·〉R3 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❞❡ R3✳
❙❡❥❛ aR3 ♦ s✉❜❡s♣❛ç♦ ❞❡ R3 ❞❛❞❛ ♣♦r

aR3 = {(a1, a2, a3) ∈ R
3 | a1 + a2 + a3 = 0}.

❖s s✉❜❡s♣❛ç♦s a ❡ aR3 s❡ ✐❞❡♥t✐✜❝❛♠ ♣❡❧❛ r❡❧❛çã♦

diag(a1, a2, a3) ∈ a←→ 6(a1, a2, a3) ∈ aR3 .

❈♦♠ t❛❧ ✐❞❡♥t✐✜❝❛çã♦ a ∼= aR3 ✱ s✐♠♣❧✐✜❝❛r❡♠♦s ❛ ♥♦t❛çã♦ q✉❡ ❛♣❛r❡❝❡rá ♥♦ ❞❡❝♦rr❡r ❞❡st❡
❡①❡♠♣❧♦✳ ❆ ❝â♠❛r❛ ❞❡ ❲❡②❧ s❡rá r❡❡s❝r✐t❛ ❝♦♠♦

a+ = {(a1, a2, a3) ∈ a | a1 > a2 > a3}.

P❛r❛ ❛ r❛✐③ s✐♠♣❧❡s α12✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ❡❧❡♠❡♥t♦ H12 ∈ a ❞✉❛❧ ❛ ❡st❡ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r✱
✐st♦ é✱ α12(·) = 〈H12, ·〉✳ ❖❜s❡r✈❡ q✉❡ s❡ H = (a1, a2, a3) ∈ a✱ ❡♥tã♦

α12(H) = a1 − a2 = 〈(1,−1, 0), (a1, a2, a3)〉R3 = 〈1
6
(1,−1, 0), H〉.

❉❡st❡ ♠♦❞♦✱ ✐❞❡♥t✐✜❝❛r❡♠♦s ❛ r❛✐③ s✐♠♣❧❡s α12 ❝♦♠ ♦ s❡✉ ✈❡t♦r ❞✉❛❧

α1 = (1,−1, 0) ∼= α12.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡♥♦t❡♠♦s ❛ r❛✐③ s✐♠♣❧❡s α23 ❝♦♠♦ ♦ s❡✉ ❞✉❛❧

α2 = (0, 1,−1) ∼= α23.

❉❡ ♠♦❞♦ ❣❡r❛❧✱ q✉❛❧q✉❡r r❛✐③ β ∈ Π s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ s❡✉ ✈❡t♦r ❞✉❛❧ (x, y, z)✳ ❆s r❡✢❡①õ❡s
❡♠ t♦r♥♦ ❞❡ ✉♠❛ r❛✐③ α sã♦ ❞❛❞❛s ♣♦r

rα(β) = β −
2〈α, β〉

〈α, α〉
α

✐st♦ é✱ ♣❛r❛ α1✱ ❡s❝♦❧❤❡♥❞♦✲s❡ ✉♠❛ r❛✐③ β = (x, y, z) t❡♠♦s

rα1(x, y, z) = (x, y, z)− (x− y)(1,−1, 0) = (y, x, z).

❉♦ ♠❡s♠♦ ♠♦❞♦✱ rα2(x, y, z) = (x, z, y)✱ ♦✉ s❡❥❛✱ ❛s r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❛s r❛í③❡s sã♦ ♣❡r♠✉✲
t❛çõ❡s✳ ▲♦❣♦✱ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ é ❣❡r❛❞♦ ♣❡❧❛s ♣❡r♠✉t❛çõ❡s r1 = (12) ❡ r2 = (23) ❡✱ ♣♦rt❛♥t♦✱
W = S3 é ♦ ❣r✉♣♦ ❞❡ ♣❡r♠✉t❛çã♦ ❞❡ 3 ❡❧❡♠❡♥t♦s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②✱
♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ r❡✢❡①õ❡s
s✐♠♣❧❡s q✉❡ ❢♦r♠❛♠ ❝❛❞❛ ❡❧❡♠❡♥t♦✿
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❖r❞❡♠ ✵✿ 1(x, y, z) = (x, y, z)❀
❖r❞❡♠ ✶✿ r1(x, y, z) = (y, x, z)❀

r2(x, y, z) = (x, z, y)❀
❖r❞❡♠ ✷✿ r2r1(x, y, z) = (y, z, x)❀

r1r2(x, y, z) = (z, x, y)❀
❖r❞❡♠ ✸✿ r1r2r1(x, y, z) = (z, y, x)✳

❱❡❥❛ q✉❡ ♦ ❡❧❡♠❡♥t♦ ❞❡ t❛♠❛♥❤♦ ✸ ❝♦rr❡s♣♦♥❞❡ à ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧ w0✱ ♣♦✐s é ❛ ❞❡ t❛♠❛♥❤♦
♠á①✐♠♦✱ ❡ q✉❡ w0 t❛♠❜é♠ ❛❞♠✐t❡ ❝♦♠♦ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ r2r1r2✱ ❛❧é♠ ❞❡ s❡r ❛ r❡✢❡①ã♦ rα13

❡♠ t♦r♥♦ ❞❛ r❛✐③ α13
∼= α1 + α2 = (1, 0,−1)✳

❆❣♦r❛ q✉❡r❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❛ ❢♦r♠❛W ∼= M∗/M ✱ ♦♥❞❡M∗ = NormK(a)
❡ M = CentrK(a)✳ ❙❡❥❛✱ k ∈ SO(3,R) ❡ H ∈ a t❛❧ q✉❡

k =




a b c
d e f
g h i


 ❡ H = diag(x, y, z).

■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡t❡r♠✐♥❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ M∗ ❛ ♣❛rt✐r ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ✈✐st♦ ❝♦♠♦ ♦ ❣r✉♣♦ ❞❡
♣❡r♠✉t❛çã♦ W = S3✳ ❉❛❞♦ ✉♠ ❡❧❡♠❡♥t♦ w ∈ W = S3✱ ❛ ❡q✉❛çã♦ ✭✶✳✶✳✼✮ ❞✐③ q✉❡ w = Ad(k)|a
❝♦♠ k ∈ M∗ ⊂ SO(3,R)✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦ H ∈ a✱ t❡♠✲s❡ q✉❡ Ad(k)H = w(H) ❡✱ ❝♦♠♦
Ad(k)H = k−1Hk✱ s❡❣✉❡ q✉❡

kH = w(H)k.

❈♦♠♦ ❡①❡♠♣❧♦ ❞♦ ❝á❧❝✉❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡❧❡♠❡♥t♦ r1✳ ❆ss✐♠✱



a b c
d e f
g h i






x 0 0
0 y 0
0 0 z


 =




y 0 0
0 x 0
0 0 z






a b c
d e f
g h i




♦✉ s❡❥❛✱ 


ax by cz
dx ey fz
gx hy iz


 =




ay by cy
dx ex fx
gz hz iz


 .

❚♦♠❛♥❞♦ H ∈ a ❛r❜✐trár✐♦✱ ❞❡✈❡♠♦s t❡r q✉❡ a = c = d = e = g = h = 0✳ ❉❛í✱ ♣❡❧♦ ❢❛t♦ ❞❡ k
s❡r ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✱ ❡♥tã♦




0 b 0
d 0 0
0 0 i






0 b 0
d 0 0
0 0 i




t

= Id

✐♠♣❧✐❝❛♥❞♦ q✉❡

k =




0 ±1 0
±1 0 0
0 0 ±1


 ∈ SO(3,R)
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❝✉❥♦s s✐♥❛✐s ❞❡ k sã♦ ❡s❝♦❧❤✐❞♦s ❞❡ ♠♦❞♦ q✉❡ det(k) = 1✱ ♦✉ s❡❥❛✱ sã♦ ❛s ♠❛tr✐③❡s



0 −1 0
1 0 0
0 0 1


 ,




0 1 0
−1 0 0
0 0 1


 ,




0 1 0
1 0 0
0 0 −1


 ,




0 −1 0
−1 0 0
0 0 −1


 .

▲♦❣♦✱ ♦❜t❡♠✲s❡ ♦s r❡♣r❡s❡♥t❛♥t❡s k ♣❛r❛ ❝❛❞❛ w ∈ W ✿

❼ 1(x, y, z) = (x, y, z)❀

k =



±1 0 0
0 ±1 0
0 0 ±1


 ∈ SO(3,R);

❼ r1(x, y, z) = (y, x, z)✿

k =




0 ±1 0
±1 0 0
0 0 ±1


 ∈ SO(3,R);

❼ r2(x, y, z) = (x, z, y)✿

k =



±1 0 0
0 0 ±1
0 ±1 0


 ∈ SO(3,R);

❼ r2r1(x, y, z) = (y, z, x)✿

k =




0 ±1 0
0 0 ±1
±1 0 0


 ∈ SO(3,R);

❼ r1r2(x, y, z) = (z, x, y)✿

k =




0 0 ±1
±1 0 0
0 ±1 0


 ∈ SO(3,R);

❼ r1r2r1(x, y, z) = (y, x, z)✿

k =




0 0 ±1
0 ±1 0
±1 0 0


 ∈ SO(3,R).

❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ M∗ ♣♦ss✉✐ 24 ❡❧❡♠❡♥t♦s✱ ♣♦✐s t❡♠♦s 6 ❣r✉♣♦s ❝♦♠ 4 ♠❛tr✐③❡s ❝❛❞❛✳ ❖❜✲
s❡r✈❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ M é ❞❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s k q✉❡ ✜①❛♠ a✱ ♦✉ s❡❥❛✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s à
r❡✢❡①ã♦ ✐❞❡♥t✐❞❛❞❡ 1✳ ▲♦❣♦✱

M =








1 0 0
0 1 0
0 0 1


 ,




1 0 0
0 −1 0
0 0 −1


 ,



−1 0 0
0 −1 0
0 0 1


 ,



−1 0 0
0 1 0
0 0 −1





 . ✭✶✳✸✳✷✮

P♦rt❛♥t♦✱ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ W = M∗/M ♣♦ss✉✐ 6 ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❊s❝♦❧❤❡♥❞♦ ✉♠
r❡♣r❡s❡♥t❛♥t❡ ❡♠ ❝❛❞❛ ❝❧❛ss❡✱ ♦❜t❡♠♦s ❛ t❛❜❡❧❛ ✶✳✶✳
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●r✉♣♦ ❞❡ ❲❡②❧

1




1 0 0
0 1 0
0 0 1


 r1 = (12)




0 1 0
1 0 0
0 0 −1




r2 = (23)




1 0 0
0 0 1
0 −1 0


 r2r1 = (132)




0 1 0
0 0 1
1 0 0




r1r2 = (123)




0 0 1
1 0 0
0 1 0


 r1r2r1 = (13)




0 0 1
0 1 0
−1 0 0




❚❛❜❡❧❛ ✶✳✶✿ ●r✉♣♦ ❞❡ ❲❡②❧ ❞❡ Sl(3,R)✳

✶✳✸✳✷ ❙✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s

❙❛❜❡♠♦s q✉❡ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Θ ❞♦ s✐st❡♠❛ s✐♠♣❧❡s ❞❡ r❛í③❡s Σ = {α1, α2} ❞❡t❡r✲
♠✐♥❛ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ pΘ✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ p✱ ❝♦rr❡s♣♦♥❞❡♥t❡
❛ t♦♠❛r Θ = ∅✱ é ❞❛❞❛ ♣❡❧❛ s♦♠❛ ❞✐r❡t❛ p = m ⊕ a ⊕ n✳ ❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ m é ♥✉❧❛✱ ♣♦✐s
❞❡✜♥✐♠♦s m = zk(a) ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a ❡♠ k✱ ♦✉ s❡❥❛✱ m é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❛♥t✐ss✐♠étr✐❝❛s
❡ ❞✐❛❣♦♥❛✐s✱ ♣♦rt❛♥t♦ é ♥✉❧❛ ✭♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ♦❜t❡r m = 0 é ✈❡r q✉❡ ♦ ❣r✉♣♦ M é ❞✐s❝r❡t♦✱
✐♠♣❧✐❝❛♥❞♦ q✉❡ s✉❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ♥✉❧❛✮✳ ❆ss✐♠✱ p = a⊕ n é ❢♦r♠❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s
tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❡♠ sl(3,R)✱ ✐st♦ é✱

p =







∗ ∗ ∗
0 ∗ ∗
0 0 ∗


 ∈ sl(3,R)



 .

❖ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ P é ❞❛❞♦ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ P = MAN ✳ ❈♦♠♦ AN é ❢♦r♠❛❞♦ ♣❡❧❛s
♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠ ❞✐❛❣♦♥❛❧ ♣♦s✐t✐✈❛ ❡ M é ❞❡s❝r✐t♦ ♣❡❧❛s ♠❛tr✐③❡s ❞❛ ❡q✉❛çã♦
✭✶✳✸✳✷✮✱ ❡♥tã♦

P =







∗ ∗ ∗
0 ∗ ∗
0 0 ∗


 ∈ Sl(3,R)



 .

é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❡♠ Sl(3,R)✳
❆s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s ❞♦ t✐♣♦ Θ sã♦ ❞❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ pΘ = kΘ⊕a⊕n✱ ♦♥❞❡ kΘ = zk(aΘ)✱

♦♥❞❡ r❡❝♦r❞❛♠♦s q✉❡ aΘ = a⊖ a(Θ)✱ ❝♦♠ a(Θ) = 〈Hα |α ∈ Θ〉✳
❈❛❧❝✉❧❛r❡♠♦s ❛♣❡♥❛s ♣❛r❛ Θ = {α1}✳ ◆❡st❡ ❝❛s♦✱ a(Θ) = 〈(1,−1, 0)〉 ❡ q✉❡ aΘ é s❡✉ ❝♦♠✲

♣❧❡♠❡♥t❛r ♦rt♦❣♦♥❛❧✱ ♦✉ s❡❥❛✱ é ❞❡✜♥✐❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦ ♣❡❧♦ ✈❡t♦r (1, 1,−2)✱ ♦♥❞❡ ♣♦❞❡ s❡r
✐♥❝❧✉í❞♦ ♥❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❝♦♠♦

aΘ =

〈
H =




1 0 0
0 1 0
0 0 −2



〉
.
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❙❡❥❛ X ∈ so(3,R) = k t❛❧ q✉❡

X =




0 a b
−a 0 c
−b −c 0


 .

❊♥tã♦ X ∈ kΘ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ HX −XH = 0✳ ❆ss✐♠✱



1 0 0
0 1 0
0 0 −2






0 a b
−a 0 c
−b −c 0


 =




0 a b
−a 0 c
−b −c 0






1 0 0
0 1 0
0 0 −2




✐st♦ é✱ 


0 a b
a 0 c
2b 2c 0


 =




0 a −2b
−a 0 −2c
−b −c 0




✐♠♣❧✐❝❛♥❞♦ q✉❡ b = c = 0✳ P♦rt❛♥t♦✱ pΘ ♣❛r❛ Θ = {α1} é ❞❛❞♦ ♣♦r

pΘ =







∗ ∗ ∗
∗ ∗ ∗
0 0 ∗


 ∈ sl(3,R)



 .

❙❡✉ ❣r✉♣♦ ❞❡ ▲✐❡ PΘ é ♦❜t✐❞♦ ♣♦r PΘ = KΘAN ✱ ♦♥❞❡ KΘ = CentrK(aΘ)✳ P❛r❛ ❝❛❧❝✉❧❛r KΘ✱
❝♦♥s✐❞❡r❡ k ∈ SO(3,R) t❛❧ q✉❡

k =




a b c
d e f
g h i


 .

◆♦t❡ q✉❡ k ∈ KΘ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ kH = Hk✳ ❈♦♠ ❡st❛ ❝♦♥❞✐çã♦✱ t❡♠♦s q✉❡ k s❡ r❡str✐♥❣❡ à

k =




a b 0
d e 0
0 0 i


 .

❈♦♠ ♦ ❢❛t♦ ❞❡ k s❡r ♦rt♦❣♦♥❛❧ ✭✐st♦ é✱ k−1 = kt✮ ♦❜t❡♠♦s i = ±1 ❡ q✉❡
(
a b
c d

)
∈ SO(2,R) ·

{
Id,

(
1 0
0 −1

)}
.

▲♦❣♦✱ ♣❛r❛ Θ = {α1}✱ s❡❣✉❡ q✉❡

KΘ =M ·

{(
R2 0
0 1

)
|R2 ∈ SO(2,R)

}
.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ s❡ Θ = {α2} ❡♥tã♦

pΘ =







∗ ∗ ∗
0 ∗ ∗
0 ∗ ∗


 ∈ sl(3,R)



 ❡ KΘ =M ·

{(
1 0
0 R2

)
|R2 ∈ SO(2,R)

}
.
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✶✳✸✳✸ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧

❆ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ F ❞❡ Sl(3,R)✱ ❝✉❥♦ Θ = ∅✱ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❝♦♠♦ ❛ ✈❛r✐❡❞❛❞❡ F3
1,2

❝♦♠♣♦st❛ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡♥❝❛✐①❛❞♦s V1 ⊂ V2 ❞❡ R3 t❛✐s q✉❡ dimV1 = 1 ❡ dim2 = 2✱ ✐st♦ é✱

F3
1,2 = {(V1, V2) | dim(Vi) = i ❡ V1 ⊂ V2 ⊂ R

3}.

P❛r❛ ✈❡r✐✜❝❛r t❛❧ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ Sl(3,R)× F3
1,2 → F3

1,2 ❞❡✜♥✐❞❛ ♣♦r

g · (V1, V2) = (gV1, gV2).

❊st❛ ❛çã♦ é tr❛♥s✐t✐✈❛✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r ❞♦✐s ♣❛r❡s ❞❡ ❡s♣❛ç♦s ❡♥❝❛✐①❛❞♦s (V1, V2) ❡ (U1, U2)
❞❡ R3 ❡①✐st❡ g ∈ Sl(3,R) t❛❧ q✉❡ g · (V1, V2) = (U1, U2)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ❡s❝♦❧❤❡r ❜❛s❡s ({b1}, {b1, b2})
❞❡ (V1, V2) ❡ ({c1}, {c1, c2}) ❞❡ (U1, U2) ❡ t♦♠❛r g ❝♦♠♦ ❛ ♠❛tr✐③ q✉❡ r❡❛❧✐③❛ ❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳

❙❡❥❛ b0 = (〈e1〉, 〈e1, e2〉) ♦ ❡❧❡♠❡♥t♦ ❝❛♥ô♥✐❝♦ ❞❡ F3
1,2✳ ❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✱ ♣r❡s❡♥t❡ ♥♦s t❡①t♦s

❜ás✐❝♦ ❞❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡✱ s❡rá út✐❧ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐❡❞❛❞❡s F ❡ F3
1,2✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❛❣✐♥❞♦ ❡♠ X✳ ❉❛❞♦ x ∈ X ✜①♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❡str✉t✉r❛
❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ X t❛❧ q✉❡ ❛ ❛♣❧✐❝❛çã♦ φx : G/Gx → G · x ❞❛❞❛ ♣♦r

φx(gGx) = g · x

é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♦♥❞❡ Gx é ❛ ✐s♦tr♦♣✐❛ ❞❡ G ❡♠ x✳

❈♦♠♦ ❛ ❛çã♦ q✉❡ ❞❡✜♥✐♠♦s é tr❛♥s✐t✐✈❛✱ ❡♥tã♦ Sl(3,R) · b0 = F
3
1,2✱ ♣♦✐s t♦❞♦ ♣♦♥t♦ ❞❡ F3

1,2 ♣♦❞❡
s❡r tr❛♥s❧❛❞❛❞♦ ❞❡ b0✳ ❆❧é♠ ❞✐ss♦✱ s❡ g ♣❡rt❡♥❝❡ ❛ ✐s♦tr♦♣✐❛ Sl(3,R)b0 ❡♥tã♦ g · b0 = b0✱ ✐st♦ é✱

❼ g · 〈e1〉 = 〈e1〉 ✐♠♣❧✐❝❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❡ g é ❞❛ ❢♦r♠❛



∗
0
0


❀

❼ g · 〈e1, e2〉 = 〈e1, e2〉 ❞✐③ q✉❡ ❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❡ g é ❞❛ ❢♦r♠❛



∗
∗
0


✳

❆ss✐♠✱ t♦❞♦ g ∈ Sl(3,R)b0 é ❞❛ ❢♦r♠❛

g =



∗ ∗ ∗
0 ∗ ∗
0 0 ∗




✐♠♣❧✐❝❛♥❞♦ q✉❡ ❛ ✐s♦tr♦♣✐❛ Sl(3,R)b0 ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ♠✐♥✐♠❛❧ P q✉❡ é ♦
❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s✳ P♦rt❛♥t♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱
♦❜t❡♠♦s

F3
1,2 = Sl(3,R) · b0 ∼= Sl(3,R)/Sl(3,R)b0 = Sl(3,R)/P = F.

❊st❛❜❡❧❡❝✐❞♦ ❡st❡ ❞✐❢❡♦♠♦r✜s♠♦✱ ♣♦❞❡✲s❡ ❡st✉❞❛r ❛♣❡♥❛s ❛ ❡str✉t✉r❛ ❞❛ ✈❛r✐❡❞❛❞❡ F3
1,2✳
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■r❡♠♦s ❞❡t❡r♠✐♥❛r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ♣❛r❛ ❛ ✈❛r✐❡❞❛❞❡ F3
1,2✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❛❜❡❧❛

✶✳✶✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧W ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③✱ ♣❡r♠✐t✐♥❞♦ ❝❛❧❝✉❧❛r
♦ ♣♦♥t♦ wb0 ∈ F3

1,2 ♣❛r❛ ❝❛❞❛ w ∈ W ✳ ❚♦♠❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❡❧❡♠❡♥t♦ r1 ∈ W ✿

r1b0 =




0 1 0
1 0 0
0 0 −1


 · (〈e1〉, 〈e1, e2〉) = (〈e2〉, 〈e2, e1〉).

❉❡st❡ ♠♦❞♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✿

1b0 = (〈e1〉, 〈e1, e2〉);

r1b0 = (〈e2〉, 〈e2, e1〉);

r2b0 = (〈e1〉, 〈e1, e3〉);

r2r1b0 = (〈e3〉, 〈e3, e1〉);

r1r2b0 = (〈e2〉, 〈e2, e3〉);

r1r2r1b0 = (〈e3〉, 〈e3, e2〉).

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t s❡ ✜♥❛❧✐③❛ ❝♦♠♦ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ N s♦❜r❡ ❝❛❞❛ ✉♠ ❞❡st❡s ♣♦♥t♦s✳
❈♦♠♦N é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠ ❞✐❛❣♦♥❛❧ ✉♥✐tár✐❛✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r
❛ ❛çã♦ ❞❡ N ♥❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ {e1, e2, e3} ♣♦r

N(e1) = e1;

N(e2) = e2 + ∗e1 =
⋃

a∈R

(e2 + ae1);

N(e3) = e3 + ∗e2 + ∗e1 =
⋃

b,c∈R

(e3 + be2 + ce1).

❆ss✐♠✱ s❡❣✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t✿

✵✲❝é❧✉❧❛✿
N · 1b0 = N(〈e1〉, 〈e1, e2〉) = (〈e1〉, 〈e1, e2〉).

❆ ❝é❧✉❧❛ N · 1b0 é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ❛♣❡♥❛s ♣❡❧❛ ♦r✐❣❡♠ b0❀

✶✲❝é❧✉❧❛s✿
• N · r1b0 = N(〈e2〉, 〈e2, e1〉) = (〈e2 + ∗e1〉, 〈e1, e2〉).

❆ ❝é❧✉❧❛ N · r1b0 é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v ❞♦ ♣❧❛♥♦ 〈e1, e2〉 t❛❧
q✉❡ v 6∈ 〈e1〉✱ ❡♥❝❛✐①❛❞♦ ♥♦ ♣❧❛♥♦ 〈e1, e2〉✱ ✐st♦ é✱

N · r1b0 =
⋃

v∈〈e1,e2〉\〈e1〉

(〈v〉, 〈e1, e2〉).

• N · r2b0 = N(〈e1〉, 〈e1, e3〉) = (〈e1〉, 〈e1, e3 + ∗e2〉).
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❆ ❝é❧✉❧❛ N ·r2b0 é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ 〈e1〉✱ ❡♥❝❛✐①❛❞♦ ❡♠ ❛❧❣✉♠ ♣❧❛♥♦ q✉❡ ❝♦♥té♠
e1 ❡ é ❞✐❢❡r❡♥t❡ ❞❡ 〈e1, e2〉✱ ✐st♦ é✱

N · r2b0 =
⋃

u∈R3\〈e1,e2〉

(〈e1〉, 〈e1, u〉).

✷✲❝é❧✉❧❛s✿
• N · (r2r1)b0 = N(〈e3〉, 〈e3, e1〉) = (〈e3 + ∗e2 + ∗e1〉, 〈e1, e3 + ∗e2〉).

❆ ❝é❧✉❧❛ N · r2r1b0 é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v q✉❛❧q✉❡r t❛❧ q✉❡
v 6∈ 〈e1, e2〉✱ ❡♥❝❛✐①❛❞♦ ♥♦ ♣❧❛♥♦ 〈e1, v〉✱ ✐st♦ é✱

N · r2r1b0 =
⋃

v∈R3\〈e1,e2〉

(〈v〉, 〈e1, v〉).

• N · (r1r2)b0 = N(〈e2〉, 〈e2, e3〉) = (〈e2 + ∗e1〉, 〈e2 + ∗e1, e3 + ∗e1〉).

❆ ❝é❧✉❧❛ N · r1r2b0 é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v ❞♦ ♣❧❛♥♦ 〈e1, e2〉
t❛❧ q✉❡ v 6∈ 〈e1〉✱ ❡♥❝❛✐①❛❞♦ ❡♠ ❛❧❣✉♠ ♣❧❛♥♦ q✉❡ ❝♦♥té♠ v ❡ é ❞✐❢❡r❡♥t❡ ❞❡ 〈e1, e2〉✱ ✐st♦ é✱

N · r1r2b0 =
⋃

v∈〈e1,e2〉\〈e1〉
u∈R3\〈e1,e2〉

(〈v〉, 〈v, u〉).

✸✲❝é❧✉❧❛✿
N · (r1r2r1)b0 = N(〈e3〉, 〈e3, e2〉) = (〈e3 + ∗e2 + ∗e1〉, 〈e2 + ∗e1, e3 + ∗e1〉).

❆ ❝é❧✉❧❛ N · r1r2r1b0 é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v q✉❛❧q✉❡r t❛❧ q✉❡
v 6∈ 〈e1, e2〉✱ ❡♥❝❛✐①❛❞♦ ❡♠ ❛❧❣✉♠ ♣❧❛♥♦ q✉❡ ❝♦♥té♠ v ❡ é ❞✐❢❡r❡♥t❡ ❞❡ 〈e1, e2〉✱ ✐st♦ é✱

N · r1r2r1b0 =
⋃

v∈R3\〈e1,e2〉
u∈〈e1,e2〉\〈e1〉

(〈v〉, 〈v, u〉).

✶✳✸✳✹ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞♦ t✐♣♦ Θ = {α1}

P♦❞❡♠♦s r❡❛❧✐③❛r ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞❡ t✐♣♦ Θ = {α1} ❝♦♠♦ ❛ ✈❛r✐❡❞❛❞❡ ❣r❛ss♠❛♥✐❛♥❛
Gr2(R

3)✱ q✉❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ 2 ❡♠ R3✳
P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ tr❛♥s✐t✐✈❛ ❞❡ Sl(3,R) ❡♠Gr2(R

3) ❞❡✜♥✐❞❛ ❝♦♠♦ g·〈f1, f2〉 = 〈gf1, gf2〉✳
❈♦♥s✐❞❡r❛♥❞♦ bΘ = 〈e1, e2〉 ∈ Gr2(R

3)✱ ♦❜s❡r✈❡ q✉❡ g ∈ Sl(3,R)bΘ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g ∈ PΘ✱ ♦♥❞❡
PΘ é ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ pΘ✱ q✉❡ é ❞❛❞♦ ❡♠ ❜❧♦❝♦s ♣♦r

PΘ =







∗ ∗ ∗
∗ ∗ ∗
0 0 ∗


 ∈ Sl(3,R)



 .

P♦rt❛♥t♦✱ t❡♠✲s❡ q✉❡

Gr2(R
3) = Sl(3,R) · bΘ ∼= Sl(3,R)/Sl(3,R)bΘ = Sl(3,R)/PΘ = FΘ.
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❈♦♠♦ WΘ = {1, r1}✱ ❡♥tã♦ s❡❣✉❡ q✉❡

W/WΘ = {1, r1} ∪ {r2, r2r1} ∪ {r1r2, r1r2r1}.

❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ♠✐♥✐♠❛✐s é WΘ = {1, r2, r1r2}✱ ❛ q✉❛❧ ❢♦r♥❡❝❡♠ ♦s s❡✲
❣✉✐♥t❡s ♣♦♥t♦s ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣

1bΘ = 〈e1, e2〉; r2bΘ = 〈e1, e3〉; r1r2bΘ = 〈e2, e3〉.

❉❡st❡ ♠♦❞♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t✿

✵✲❝é❧✉❧❛✿ N · 1bΘ = N(〈e1, e2〉) = 〈e1, e2〉.

❆ ❝é❧✉❧❛ N · 1bΘ é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ❛♣❡♥❛s ♣❡❧❛ ♦r✐❣❡♠ bΘ❀

✶✲❝é❧✉❧❛✿ N · r2bΘ = N(〈e1, e3〉) = 〈e1, e3 + ∗e2 + ∗e1〉✳

❆ ❝é❧✉❧❛ N · r2bΘ é ❢♦r♠❛❞♦ ♣❡❧♦s ♣❧❛♥♦s q✉❡ ❝♦♥té♠ e1 ❡ sã♦ ❞✐❢❡r❡♥t❡s ❞❡ 〈e1, e2〉✱ ✐st♦ é✱

N · r2bΘ =
⋃

u∈R3\〈e1,e2〉

〈e1, u〉.

✷✲❝é❧✉❧❛✿ N · (r1r2)bΘ = N(〈e2, e3〉) = 〈e2 + ∗e1, e3 + ∗e1〉✳

❆ ❝é❧✉❧❛ N · r1r2bΘ é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s ♣❧❛♥♦s q✉❡ ♥ã♦ ❝♦♥té♠ e1✱ ✐st♦ é✱

N · r1r2bΘ =
⋃

v∈〈e1,e2〉\〈e1〉
u∈R3\〈e1,e2〉

〈v, u〉.

✶✳✸✳✺ ❱❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞♦ t✐♣♦ Θ = {α2}

❈♦♠♦ ❢❡✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞❡ t✐♣♦ Θ = {α2} ❝♦♠♦
♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ RP2✱ q✉❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ 1 ❡♠ R3✳

P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ tr❛♥s✐t✐✈❛ ❞❡ Sl(3,R) ❡♠ RP2 ❞❡✜♥✐❞❛ ❝♦♠♦ g · 〈f1〉 = 〈gf1〉✳ ❈♦♥✲
s✐❞❡r❛♥❞♦ bΘ = 〈e1〉 ∈ RP

2✱ ♦❜s❡r✈❡ q✉❡ g ∈ Sl(3,R)bΘ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g ∈ PΘ✱ ♦♥❞❡ PΘ é ♦
♥♦r♠❛❧✐③❛❞♦r ❞❡ pΘ✱ q✉❡ é ❞❛❞♦ ❡♠ ❜❧♦❝♦s ♣♦r

PΘ =







∗ ∗ ∗
∗ ∗ ∗
0 0 ∗


 ∈ Sl(3,R)



 .

P♦rt❛♥t♦✱ t❡♠✲s❡ q✉❡

RP2 = Sl(3,R) · bΘ ∼= Sl(3,R)/Sl(3,R)bΘ = Sl(3,R)/PΘ = FΘ.

❈♦♠♦ WΘ = {1, r2}✱ ❡♥tã♦ s❡❣✉❡ q✉❡

W/WΘ = {1, r2} ∪ {r1, r1r2} ∪ {r2r1, r1r2r1}.
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❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ♠✐♥✐♠❛✐s é WΘ = {1, r1, r2r1}✱ ❛ q✉❛❧ ❢♦r♥❡❝❡♠ ♦s s❡✲
❣✉✐♥t❡s ♣♦♥t♦s ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣

1bΘ = 〈e1〉; r1bΘ = 〈e2〉; r2r1bΘ = 〈e3〉.

❉❡st❡ ♠♦❞♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t✿

✵✲❝é❧✉❧❛✿ N · 1bΘ = N(〈e1, e2〉) = 〈e1, e2〉.

❆ ❝é❧✉❧❛ N · 1bΘ é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ❛♣❡♥❛s ♣❡❧❛ ♦r✐❣❡♠ bΘ❀

✶✲❝é❧✉❧❛✿ N · r1bΘ = N(〈e2〉) = 〈e2 + ∗e1〉✳

❆ ❝é❧✉❧❛ N · r1bΘ é ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧❛s r❡t❛s ❣❡r❛❞❛s ♣♦r ✉♠ ✈❡t♦r v ❞♦ ♣❧❛♥♦ 〈e1, e2〉 t❛❧
q✉❡ v 6∈ 〈e1〉✱ ✐st♦ é✱

N · r1bΘ =
⋃

v∈〈e1,e2〉\〈e1〉

〈v〉.

✷✲❝é❧✉❧❛✿ N · (r2r1)bΘ = N(〈e3〉) = 〈e3 + ∗e2 + ∗e1〉✳

❆ ❝é❧✉❧❛ N · r2r1bΘ é ❢♦r♠❛❞♦ ♣❡❧❛s r❡t❛s q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♣❧❛♥♦ 〈e1, e2〉✱ ✐st♦ é✱

N · r2r1bΘ =
⋃

v∈R3\〈e1,e2〉

〈v〉.



❈❛♣ít✉❧♦ ✷

❊str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ❡♠ ✈❛r✐❡❞❛❞❡s ✢❛❣

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❞❡♠♦♥str❛r q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ r❡❛✐s ❡♠ ❝é❧✉❧❛s
❞❡ ❙❝❤✉❜❡rt ❢♦r♥❡❝❡♠ ✉♠❛ ❡str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ à ❡❧❛✳ ❖ ♣♦♥t♦ ♣r✐♥❝✐♣❛❧ ❛q✉✐ é ❞❡✜♥✐r ❡①♣❧✐❝✐✲
t❛♠❡♥t❡ ❛s ❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s✱ q✉❡ ❢♦r♥❡❝❡♠ ❛ ❝♦❧❛❣❡♠ ❞❡ t❛✐s ❝é❧✉❧❛s✳ ❈♦♥tr✉✐r❡♠♦s t❛♠❜é♠
♥❡st❡ ❝❛♣ít✉❧♦ ✉♠❛ ❝❧❛ss❡ ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣✱ ❞❡♥♦♠✐♥❛❞❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s✱ q✉❡ s❡rã♦
✉s❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✹ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✳

❉❡✜♥✐çã♦ ✷✳✵✳✷✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ✉♠ ❈❲✲❝♦♠♣❧❡①♦ q✉❛♥❞♦ é ♣♦ssí✈❡❧ ♦❜tê✲❧♦ ❛ ♣❛rt✐r
❞❛ s❡❣✉✐♥t❡ ❝♦♥str✉çã♦✿

✶✳ ❙❡❥❛ X0 ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ❞❡ ♣♦♥t♦s✱ q✉❡ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ 0✲❝é❧✉❧❛s❀

✷✳ ■♥❞✉t✐✈❛♠❡♥t❡✱ ✉♠ ❝♦♥❥✉♥t♦ Xn é ✉♠ n✲❡sq✉❡❧❡t♦ ❞❡✜♥✐❞♦ ❛ ♣❛rt✐r ❞❡ Xn−1 ❝♦❧❛♥❞♦✲s❡ ✉♠❛
❝♦❧❡çã♦ ❞❡ n✲❝é❧✉❧❛s Bn

w ✭q✉❡ sã♦ ❜♦❧❛s ❢❡❝❤❛❞❛s ❞❡ ❞✐♠❡♥sã♦ n✮ ✈✐❛ ❢✉♥çõ❡s φw : Sn−1 → Xn−1

q✉❡ ❝♦❧❛♠ ❛ ❢r♦♥t❡✐r❛ ❞❛ n✲❝é❧✉❧❛ ♥♦ (n − 1)✲❡sq✉❡❧❡t♦✳ ■st♦ é✱ Xn é ♦ q✉♦❝✐❡♥t❡ ❞❛ ✉♥✐ã♦
❞✐s❥✉♥t❛ Xn−1

⋃
w B

n
w ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ x ∼ φw(x) ♣❛r❛ x ∈ Sn−1 ❡♠ ❝❛❞❛ ❝é❧✉❧❛ Bn

w❀

✸✳ P♦❞❡♠♦s ♣❛r❛r ♦ ♣r♦❝❡ss♦ ❡♠ X = Xn ♣❛r❛ ❛❧❣✉♠ n ✜♥✐t♦ ♦✉ ❝♦♥t✐♥✉❛r ✐♥❞❡✜♥✐❞❛♠❡♥t❡✱
t♦♠❛♥❞♦ X = ∪∞n=0X

n✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♠♦s X ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✱ ♦✉ s❡❥❛✱ ✉♠
❝♦♥❥✉♥t♦ A ⊂ X é ❛❜❡rt♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A ∩Xn é ❛❜❡rt♦ ❡♠ Xn ♣❛r❛ t♦❞♦ n✳

❖ ❡s♣❛ç♦ X t❛♠❜é♠ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣❧❡①♦ ❝❡❧✉❧❛r ❡ ❛s ❢✉♥çõ❡s φw s❡rã♦ ❞❡♥♦♠✐♥❛❞❛s ❢✉♥çõ❡s
❞❡ ❝♦❧❛❣❡♠✳ P❛r❛ ❝❛❞❛ ❝é❧✉❧❛ Bn

w ♥♦ ❝♦♠♣❧❡①♦ ❝❡❧✉❧❛r X✱ ♦ ♠❛♣❛ ❝❛r❛❝t❡ríst✐❝♦ ❞❡❧❛ é ✉♠❛ ❢✉♥çã♦
Φw : Bn

w → X q✉❡ ❡st❡♥❞❡ ♦ ❢✉♥çã♦ ❞❡ ❝♦❧❛❣❡♠ φw ❞❡ ♠♦❞♦ q✉❡ t❡♠♦s ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❛♥❞♦
r❡str✐t♦ ♥♦ ✐♥t❡r✐♦r ❞❡ Bn

w✳

✷✳✶ ❱❛r✐❡❞❛❞❡s ✢❛❣

■♥✐❝✐❛❧♠❡♥t❡✱ ✐r❡♠♦s ✈❡r q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣
♠❛①✐♠❛❧ F ❢♦r♥❡❝❡ ✉♠❛ ❡str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ❞❡st❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧✳

❉❡♥♦t❡ ♣♦r Fi = G/Pi ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❝♦♠ Pi = P{αi} ❝♦♠ αi ✉♠❛ r❛✐③ s✐♠♣❧❡s✳ ❙✉❛
✜❜r❛çã♦ ❝❛♥ô♥✐❝❛ é πi : F→ Fi✳

✸✻
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❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ γi s♦❜r❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X ⊂ F q✉❡ t♦♠❛ t♦❞❛s ❛s ✜❜r❛s ♣❡❧❛
♣r♦❥❡çã♦ πi q✉❡ ♣❛ss❛♠ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✱ ♦✉ s❡❥❛✱ γi(X) = π−1

i ◦πi(X)✳ ❆ ❢✉♥çã♦ γi é ❡q✉✐✈❛r✐❛♥t❡
♣❡❧♦ ❢❛t♦ ❞❡ πi s❡r ❡q✉✐✈❛r✐❛♥t❡ ✭♦✉ s❡❥❛✱ gγi(X) = γi(gX)✮✳ ❉❡✜♥❛ t❛♠❜é♠ Nw = wNw−1✱ ❝♦♠
w ∈ W ✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣♦r ❙❛♥ ▼❛rt✐♥ ❬✶✶❪✳

❚❡♦r❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ w = r1 · · · rn ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ r❛í③❡s s✐♠♣❧❡s ❞❡ w ∈ W✳ ❊♥tã♦✱ ♣❛r❛
t♦❞♦ k = 1, . . . , n✱ t❡♠♦s q✉❡

fe(Nwb0) = γ1 · · · γk(fe(N
wr1 · · · rkb0)).

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ k = n t❡♠♦s

fe(Nwb0) = γ1 · · · γn(fe(wNw
−1wb0)) = γ1 · · · γn{wb0}

✉♠❛ ✈❡③ q✉❡ Nb0 = b0 é ❢❡❝❤❛❞♦✳

➱ ♣♦ssí✈❡❧ ❡♥tã♦ ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw✳

❈♦r♦❧ár✐♦ ✷✳✶✳✷✳ ❙❡❥❛ w = r1 · · · rn ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ r❛í③❡s s✐♠♣❧❡s ❞❡ w ∈ W✳ ❊♥tã♦

Sw = γn · · · γ1{b0}.

❖❜s❡r✈❡ q✉❡ ♦s í♥❞✐❝❡s ❛♣❛r❡❝❡♠ ✐♥✈❡rt✐❞♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s í♥❞✐❝❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦
❡♠ r❛í③❡s s✐♠♣❧❡s ❞❡ w✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ fe(Nwb0) = w(fe(Nw−1
b0))✳ ❈♦♠♦ w−1 = rn · · · r1✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r

Sw = fe(Nwb0) = w(fe(Nw−1

b0)) = wγn · · · γ1{w
−1b0} = γn · · · γ1{b0}.

�

❉❡st❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw ❝♦♠♦ ór❜✐t❛ ❞♦s ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s
Ki = K ∩ Pi✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛ w = r1 · · · rn ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ t❡r♠♦ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞❡ w ∈ W✳
❆ss✐♠✱

Sw = K1 · · ·Kn · b0

♦♥❞❡ ♦❜s❡r✈❛✲s❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ í♥❞✐❝❡s ❞♦s Ki✬s r❡s♣❡✐t❛♠ ❛ s❡q✉ê♥❝✐❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ w✳

❉❡♠♦♥str❛çã♦✳ ❆ ✜❜r❛ ❝❛♥ô♥✐❝❛ ❡♠ r❡❧❛çã♦ à ♣r♦❥❡çã♦ πi ♣♦❞❡ s❡r ❞❛❞❛ ❛ ♣❛rt✐r ❢✉♥çã♦ γi ❛♣❧✐❝❛❞❛
♥❛ ♦r✐❣❡♠ b0✱ ✐st♦ é✱

γi{b0} = π−1
i πi(b0) = Pi · b0.

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✷✱ ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ Pi é ❡s❝r✐t♦ ❝♦♠♦ ♦ ♣r♦❞✉t♦ Pi = KiAN ✳ ❈♦♠♦
AN · b0 = b0✱ s❡❣✉❡ q✉❡

γi{b0} = Pi · b0 = KiAN · b0 = Ki · b0.
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❆❣♦r❛✱ s❛❜❡♥❞♦ q✉❡ γi é ❡q✉✐✈❛r✐❛♥t❡ ✭♣❡❧♦ ❢❛t♦ ❞❡ πi s❡r ❡q✉✐✈❛r✐❛♥t❡✮✱ s❡ H é ✉♠ s✉❜❝♦♥❥✉♥t♦
q✉❛❧q✉❡r ❞❡ G✱ ❡♥tã♦

γi(H · b0) = γi

(⋃

g∈H

g · b0

)
=

(⋃

g∈H

g · γi(b0)

)
=

(⋃

g∈H

gKi · b0

)
= HKi · b0.

❉❛í✱ ❝♦♠♦ Sw = γn · · · γ1{b0} t❡♠✲s❡ q✉❡

Sw = γn · · · γ4γ3γ2(K1 · b0)

= γn · · · γ4γ3(K1K2 · b0)

= γn · · · γ4(K1K2K3 · b0)

. . .

= K1 · · ·Kn · b0.

�

❖❜s❡r✈❡ q✉❡ ♣❡❧♦ ❢❛t♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ t❡r♠♦ ❞❡ r❛í③❡s s✐♠♣❧❡s ♥ã♦ s❡r ú♥✐❝❛✱ t❡♠♦s ✈ár✐❛s
♠❛♥❡✐r❛s ❞❡ ❞❡s❝r❡✈❡r ✉♠❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s Ki✳

✷✳✶✳✶ ❉❡s❝r❡✈❡♥❞♦ ❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t ♥❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt

◗✉❡r❡♠♦s ♦❜t❡r ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ q✉❛♥❞♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw t❛♠❜é♠ é ✉♠
❡❧❡♠❡♥t♦ ❞❛ r❡s♣❡❝t✐✈❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t✳

▲❡♠❛ ✷✳✶✳✹✳ ❙❡❥❛ w = r1 · · · rn−1rn ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ r❛í③❡s s✐♠♣❧❡s ❡ t♦♠❡ v = wrn =
r1 · · · rn−1✳ ❉❡♥♦t❡ ♣♦r αn ❛ r❛✐③ ❛ss♦❝✐❛❞❛ à r❡✢❡①ã♦ rn ❡ ♣♦r bn = 1 · Pn ❛ ♦r✐❣❡♠ ❞♦ ✢❛❣ Fn✳
❊♥tã♦✱ ❛ ♣ré✲✐♠❛❣❡♠ ❞❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N ·wbn ⊂ Fn ♣❡❧❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ πn é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛
❞❛s ❝é❧✉❧❛s N · wb0 ❡ N · vb0✱ ♦✉ s❡❥❛✱

π−1
n (N · wbn) = (N · wb0)

✳⋃
(N · vb0).

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❡❥❛ q✉❡ ❛ ✜❜r❛ π−1
n (wbn) = vπ−1

n (bn) é ✉♠❛ tr❛♥s❧❛çã♦ ❞❛ ✜❜r❛
❝❛♥ô♥✐❝❛✳ ❆ ✜❜r❛ ❝❛♥ô♥✐❝❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ú♥✐❝❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞♦ ❣r✉♣♦ G(αn)✱ ❡ ❛ss✐♠✱ s✉❛ ú♥✐❝❛
r❛✐③ s✐♠♣❧❡s é αn✱ ♦ q✉❡ ❞❡✜♥❡ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ G(α) ❝♦♠♦W = {Id, rn}✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ✜❜r❛
♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ Pn/P ✱ ♦♥❞❡ ♦ ❣r✉♣♦ Pn t❡♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ Pn = KnAN ✱ ❡ ❛❧é♠
❞✐ss♦✱ Pn t❡♠ ♣♦r s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ♦ ♣ró♣r✐♦ P ✳ ▲♦❣♦✱ ❛ ✜❜r❛ ❝❛♥ô♥✐❝❛ t❡♠ ❛ ❞❡❝♦♠♣♦s✐çã♦
❞❡ ❇r✉❤❛t ❞❛❞❛ ♣♦r

π−1
n (bn) =

⋃

u∈W

N · ub0 = {b0} ∪ (N · rnb0).

P♦rt❛♥❞♦✱ s❡❣✉❡ q✉❡ ❛ ✜❜r❛ ❡♠ wb0 é

π−1
n (wbn) = vπ−1

n (bn) = {vb0} ∪ v(N · rnb0). ✭✷✳✶✳✶✮
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❱❡❥❛♠♦s q✉❡ v(N · rnb0) ❡stá ❝♦♥t✐❞❛ ♥❛ ❝é❧✉❧❛ N ·wb0✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ dim(N · rnb0) = 1 ❡♥tã♦✱
♣❛r❛ t♦❞♦ t ∈ R✱ t❡♠✲s❡ q✉❡ exp(tX) · rnb0 = N · rnb0✱ ❝♦♠ X ∈ gαn

✳ ❆ss✐♠✱

v(N · rnb0) = v exp(tX) · rnb0 = exp(tAd(v)X) · vrnb0 = exp(tAd(v)X) · wb0.

❆❣♦r❛✱ vαn > 0 ♣♦✐s l(w) = l(vrn) = l(v) + 1✳ ▲♦❣♦✱ Ad(v)X ∈ gvαn
⊂ n✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

v(N · rnb0) ⊂ N · wb0✳
❉❡st❡ ♠♦❞♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✳✶✮ r❡❡s❝r❡✈❡✲s❡ ❝♦♠♦

π−1
n (wbn) = {vb0} ∪ (π−1

n (wbn) ∩ (N · wb0)).

❆❣♦r❛✱ ❝♦♠♦ wb0 ∈ π−1
n (wbn) ∩ (N · wb0) ❡♥tã♦ N(π−1

n (wb0) ∩ (N · wb0)) = N · wb0 ♣♦✐s
N · wb0 ⊂ N(π−1

n (wbn) ∩ (N · wb0)) ⊂ N · wb0✳ P♦rt❛♥t♦✱

π−1
n (N · wb0) = N(π−1

n (wbn)) = N
(
{vb0} ∪ (π−1

n (wbn) ∩ (N · wb0))
)
= (N · vb0) ∪ (N · wb0).

�

Pr♦♣♦s✐çã♦ ✷✳✶✳✺✳ ❈♦♥s✐❞❡r❡ Sw = K1 · · ·Kn · b0 ❡ s❡❥❛ b = u1 · · · un · b0✱ ❝♦♠ ui ∈ Ki ♣❛r❛ ❝❛❞❛
i = 1, . . . , n✳ ❊♥tã♦ b ∈ Sw\N · wb0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ui ∈ M ♣❛r❛ ❛❧❣✉♠ i = 1, . . . , n✳ ■st♦ é✱ ✉♠
❡❧❡♠❡♥t♦ b ∈ Sw ❡stá ♥❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N · wb0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ui 6∈M ♣❛r❛ t♦❞♦ i✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ u = ui ∈ M ♣❛r❛ ❛❧❣✉♠ i ∈ {1, . . . , n}✳ ❆ss✐♠ u ∈ Kj ♣❛r❛ t♦❞♦
j ♣♦✐s MAN = P ⊂ Pn = KnAN ✱ ♦✉ s❡❥❛✱ M ⊂ Kn✳ ❚♦♠❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ vj = uuju

−1 ∈ Kj✱
♣♦❞❡♠♦s r❡❡s❝r❡✈❡r b ❝♦♠♦ b = u1 · · · ui−1vi+1 · · · vnu · b0✳ ❚❡♥❞♦ q✉❡ u ∈ M ✱ ❡♥tã♦ ub0 = b0✱
✐♠♣❧✐❝❛♥❞♦ q✉❡ b ∈ Sv ❝♦♠ v = r1 · · · r̂i · · · rn✳ ❈♦♠♦ v < w ❡ ♣❡❧♦ ❢❛t♦ q✉❡ Sw\N ·wb0 = ∪v<wSv✱
❡♥tã♦ b 6∈ N · wb0✳

❆ r❡❝í♣r♦❝❛ s❡❣✉❡ ♣♦r ✐♥❞✉çã♦✳
P❛r❛ n = 1✱ s❡❣✉❡ q✉❡ w = r1 ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✵✱ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sr1 ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ Sr1 = b0 ∪ (N · u1b0)✱ ♦♥❞❡ u1 ∈ M∗ é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ r❡✢❡①ã♦
s✐♠♣❧❡s r1 ∈ W =M∗/M ✳ ❙❡ u1 6∈M ❡♥tã♦ u1b0 6= b0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ u1 · b0 ∈ N · u1b0✳

P❛r❛ n > 1✱ t♦♠❡ b = u1 · · · un · b0 ❝♦♠ ui 6= M ♣❛r❛ t♦❞♦ i✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ b ❡stá ♥❛
❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N · wb0✳ ❉❡✜♥❛ x = u1 · · · un−1 · b0✳ ❆ss✐♠✱ b 6= x ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ unb0 = b0✱
♦✉ s❡❥❛✱ un ∈M ✳

P♦r ✐♥❞✉çã♦ x ∈ N ·vb0 ❝♦♠ v = u1 · · · un−1✳ ❆❧é♠ ❞✐ss♦✱ πn(b) = πn(vun·b0) = πn(v·b0) = πn(x)✱
♣♦✐s unb0 ❡ b0 ❡stã♦ ♥❛ ♠❡s♠❛ ✜❜r❛✳ ❆ss✐♠✱ πn(b) ∈ πn(N · vb0) = N · vbn = N · vunbn = N · wbn
❡ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ b ∈ N · wb0 ∪N · vb0✳

P♦ré♠✱ b 6∈ N · vb0✳ P♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ s❛❜❡♠♦s q✉❡ πn(b) = πn(x) = zbn✱ ♣❛r❛ ❛❧❣✉♠ z ∈ G✳
❉❛í✱ b ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❞❛ ✜❜r❛ π−1

n (zbn) ❝♦♠ ❛ ❝é❧✉❧❛ N ·vb0✱ ❡ ❡st❛ ✐♥t❡rs❡çã♦ é ✉♠ ú♥✐❝♦ ♣♦♥t♦✳
▲♦❣♦✱ x = b✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ b ∈ N · wb0✳ �

✷✳✶✳✷ P❛r❛♠❡tr✐③❛çã♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ s✉❜❣r✉♣♦s ❝♦♠♣❛❝t♦s

◆❡❝❡ss✐t❛♠♦s ❛❣♦r❛ ❡♥❝♦♥tr❛r s✉❜❝♦♥❥✉♥t♦s ❞❡ Ki ❡♠ Sw = K1 · · ·Kn · b0 q✉❡ s❡❥❛♠ s✉✜❝✐❡♥t❡s
♣❛r❛ ❝♦❜r✐r t♦❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ♣❛r❛ ❡♥tã♦ ♣❛r❛♠❡tr✐③❛r ❡st❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt✳
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❉❡♥♦t❡ α = αi ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ✜❜r❛ ❝❛♥ô♥✐❝❛ Pα/P ❞❛ ♣r♦❥❡çã♦ πα : F→ Fα✳ ❖ ❣r✉♣♦ ❞❡ ▲✐❡
❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ Pα/P é G(α) ❝✉❥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é g(α) =

∑
β∈〈α〉 gβ✳ ❊st❛ ✜❜r❛ é ✉♠❛ ❡s❢❡r❛ ❞❡

❞✐♠❡♥sã♦ m = dim(gα + g2α)✳

▲❡♠❛ ✷✳✶✳✻✳ ❙❡❥❛ Bm ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❞❡ Rm ❡ s❡❥❛ Sm−1 ❡s❢❡r❛ q✉❡ é ♦ ❜♦r❞♦ ❞❛ ❜♦❧❛ Bm✳
❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ψ : Bm → Kα t❛❧ q✉❡

❼ ψ(Sm−1) ⊂M ❡✱ ❛ss✐♠✱ ψ(Sm−1) · b0 = b0❀

❼ ❙❡ x ∈ Bm\Sm−1 ❡♥tã♦ ψ(x) · rαb0 é ❞✐❢❡♦♠♦r❢♦ à ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N · rαb0✳

❉❡♠♦♥str❛çã♦✳ ❉❡♠♦♥str❛r❡♠♦s ❛♣❡♥❛s ♦ ❝❛s♦ ♦♥❞❡ m = 1✱ ♣♦✐s t❛❧ ❝♦♥str✉çã♦ s❡rá ✉s❛❞❛ ♣♦st❡✲
r✐♦r♠❡♥t❡✳

❚♦♠❡ θ ❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❞❡s❝r❡✈❡r ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ g(α) ❡
sl(2,R)✳

❙❡❥❛ hα ∈ a ♦ ❡❧❡♠❡♥t♦ q✉❡ ❞❡✜♥❡ ❛ r❛✐③ α ❝♦♠♦ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ✉t✐❧✐③❛♥❞♦ ❛ ❢♦r♠❛ ❞❡
❈❛rt❛♥✲❑✐❧❧✐♥❣ ✭q✉❡ é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❛♥❞♦ r❡str✐t♦ à a✮✱ ♦✉ s❡❥❛✱ 〈hα, ·〉 = α(·) ∈ a∗✳

❈♦♥s✐❞❡r❡ Hα = 2hα

〈hα,hα〉
❡ ❡s❝♦❧❤❛ Xα ∈ gα t❛❧ q✉❡ [Xα, Yα] = Hα✱ ♦♥❞❡ Yα = θ(Xα) ∈ g−α✳

❚♦♠❛♥❞♦ ❛ ❜❛s❡ {H,X, Y } ❞❡ sl(2,R) t❛❧ q✉❡

H =

(
1 0
0 −1

)
, X =

(
0 −1
0 0

)
, Y =

(
0 0
1 0

)

♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ✐s♦♠♦r✜s♠♦ ρ : sl(2,R)→ g(α) t♦♠❛♥❞♦ ❛ ❛ss♦❝✐❛çã♦ ρ(H) = Hα✱ ρ(X) = Xα

❡ ρ(Y ) = Yα✱ ❡ ❡st❡♥❞❡♥❞♦ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✳
❙❡❥❛ gC(α) ❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ ❞❡ g(α)✳ ❖ ✐s♦♠♦r✜s♠♦ ρ s❡ ❡st❡♥❞❡ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ :

sl(2,C)→ gC(α) s♦❜r❡ ♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s✳ ❖❜s❡r✈❡ q✉❡ ad◦φ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ sl(2,C)
❡♠ gC✳ ❈♦♠♦ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ Sl(2,C) é ❝♦♥❡①♦ ❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♣❡❧❛s ♥♦t❛s ❞❡ ●r✉♣♦s ❞❡
▲✐❡ ❞❡ ❙❛♥ ▼❛rt✐♥ ❬✶✵✱ ❚❡♦r❡♠❛ ✻✳✶✺❪✱ ❡①✐st❡ ú♥✐❝❛ ❡①t❡♥sã♦ Φ ❞❡ Sl(2,C) ❡♠ gC✱ r❡❧❛❝✐♦♥❛❞❛ ♣♦r
ead◦φ(X) = Φ(exp(X)) ♣❛r❛ q✉❛❧q✉❡r X ∈ sl(2,C)✳ ❉❡✜♥❛ Aα = Xα + Yα ❡ A = X + Y ❡ ❝♦♥s✐❞❡r❡
❛ ❢ór♠✉❧❛ ♣❛r❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ♠❛tr✐③❡s

exp

(
a −b
b a

)
= ea ·

(
cos b −sen b
sen b cos b

)
.

❙❡❣✉❡ q✉❡ ❡♠ Sl(2,C) t❡♠✲s❡

exp(πA) = exp

(
0 −π
π 0

)
=

(
−1 0
0 −1

)
= exp

(
iπ 0
0 −iπ

)
= exp(iπH)

♦♥❞❡ eiπ = e−iπ ♣♦✐s ❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♠♣❧❡①❛ é ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ 2iπ✳ ❉❛í✱

ead(πAα) = ead◦φ(πA)

= Φ(exp(πA))

= Φ(exp(iπH))

= ead◦φ(iπH)

= ead(iπHα).
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❈♦♥s✐❞❡r❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ G é ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦s ❞❡ g✳ ❚♦♠❡✲
♠♦s

mα = exp(iπHα) = exp(πAα).

❱❡❥❛ q✉❡ Aα ∈ k ♣♦✐s θAα = Aα✱ ❧♦❣♦ mα = exp(πAα) ∈ K✳ ❚❛♠❜é♠ t❡♠♦s q✉❡ mα ∈ M =
CentrK(A)✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ Z ∈ a✱ s❛❜❡♥❞♦ q✉❡ [Hα, Z] = 0✱ ❡♥tã♦ mα = exp(iπHα) ❡ exp(Z)
❝♦♠✉t❛♠ ❡✱ ❝♦♠♦ A é ❝♦♥❡①♦✱ ❞❡✈❡♠♦s t❡r q✉❡ mα ❝♦♠✉t❛ ❝♦♠ A✳

❈♦♠♦ Aα = Xα + Yα ∈ gα + g−α ⊂ pα ❡ pα é á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ Pα✱ ❡♥tã♦ exp(tAα) ∈ Pα ♦♥❞❡
t ∈ R✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❝✉r✈❛ γ(t) = exp(tAα) · b0 ♥❛ ✜❜r❛ q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ ❞❛
♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ πα : F→ Fα✳ ❈♦♠♦ mα ∈M ❡♥tã♦ γ(π) = mα · b0 = b0✱ ♦✉ s❡❥❛✱ t❛❧ ❝✉r✈❛ é ✉♠
❧❛ç♦ ♥❛ ✜❜r❛✳

❱❡❥❛♠♦s q✉❡ ♦ ♣❡rí♦❞♦ ❞❡ γ é π✳ ❊♠ sl(2,R)✱

Ad(etA)H =

(
cos t −sen t
sen t cos t

)(
1 0
0 −1

)(
cos t sen t
−sen t cos t

)

=

(
cos 2t sen 2t
sen 2t − cos 2t

)
= −sen 2tX + cos 2tH + sen 2tY.

❆ss✐♠✱

Ad(exp(tAα))Hα = ρ(Ad(etA)H) = −sen 2tXα + cos 2tHα + sen 2tYα.

❱❡❥❛ q✉❡ Ad(exp(tAα))Hα = Hα s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t = nπ ❝♦♠ n ✐♥t❡✐r♦✳ ❈♦♠♦ exp(tAα) ∈ K✱
❡♥tã♦ exp(tAα) ∈M = CentrK(a) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t = nπ✳ ▲♦❣♦✱ γ(t) = b0 ❛♣❡♥❛s ♣❛r❛ t = nπ✳

❉❛í✱

γ(t+ π) = exp(tAα + πAα) · b0 = exp(tAα) exp(πAα) · b0 = exp(tAα) · b0 = γ(t)

♦❜t❡♥❞♦ q✉❡ γ é ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ π✳ ❉❡st❡ ♠♦❞♦✱ t❡♠♦s ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ♥♦ ✐♥t❡r✈❛❧♦ (0, π)✳
P♦rt❛♥t♦✱ ❛ ❢✉♥çã♦ ψ : [0, π] → Kα q✉❡ ❛ss♦❝✐❛ t 7→ exp(tAα) ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ✭✐st♦ é✱

exp(tAα) ∈ K ∩ Pα = Kα✮ ❡ ψ(0) = 1 ∈M ✱ ψ(π) = mα = exp(πAα) ∈M ✳ �

▲❡♠❛ ✷✳✶✳✼✳ ❖s ❛✉t♦✲❡s♣❛ç♦s gβ sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❛çã♦ ❞❡ Ad(mα) ❡ ✈❛❧❡

Ad(mα)|gβ = (−1)ǫ(α,β)Id

♦♥❞❡ ǫ(α, β) =
2〈α, β〉

〈α, α〉
é ♦ ♥ú♠❡r♦ ❞❡ ❑✐❧❧✐♥❣✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ X ∈ gβ ❡ s❛❜❡♥❞♦ q✉❡

ad(Hα)X = β(Hα)X = β

(
2hα
〈hα, hα〉

)
X =

2〈α, β〉

〈α, α〉
X = ǫ(α, β)X

t❡♠♦s q✉❡

Ad(mα)X = ead(πAα)X = ead(iπHα)X =
∞∑

n=0

(ad(iπHα))
n

n!
X

=
∞∑

n=0

(iπǫ(α, β))n

n!
X = eiπǫ(α,β)X = (−1)ǫ(α,β)X.

�
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✷✳✶✳✸ ❊str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s

P❛r❛ ❝❛❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw✱ s❛❜❡♠♦s q✉❡ ❡❧❛ é ❢♦r♠❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ✉♥✐ã♦

Sw = N · wb0 ∪
⋃

v<w

Sv.

❉❡st❡ ♠♦❞♦✱ ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❢♦r♥❡❝❡ ❛ ❡str✉t✉r❛ ❈❲✲
❝♦♠♣❧❡①♦✱ ❜❛st❛ ✈❡r q✉❡ ❝❛❞❛ ❝é❧✉❧❛ Sw ♣♦ss✉✐ ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ q✉❡ ❡❢❡t✉❛ ❛ ❝♦❧❛❣❡♠ ❞❡
Sw ❡♠ ❝é❧✉❧❛s ❞❡ ❞✐♠❡♥sõ❡s ♠❡♥♦r❡s✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✜①❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w = r1 · · · rl(w) ♣❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ w ∈ W ✳
❏á s❛❜❡♠♦s q✉❡ Sw = K1 · · ·Kl(w) · b0 ❡ ♣❛r❛ ❝❛❞❛ i = 1, . . . , l(w)✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ψ : Bdi → Ki✱
♦♥❞❡ di é ❛ ❞✐♠❡♥sã♦ ❞❛ ✜❜r❛ ❞❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ πi : F→ Fi✳

❈♦♥s✐❞❡r❡ ❛ ❜♦❧❛ Bw = Bd1 × · · · × Bdl(w) ❞❡ ❞✐♠❡♥sã♦ d = d1 + · · · + dl(w)✳ ❉❡✜♥✐r❡♠♦s ❝♦♠♦
❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❛ ❛♣❧✐❝❛çã♦ Φw : Bw → F t❛❧ q✉❡ ♣❛r❛ (t1, . . . , tl(w)) ∈ Bw t❡♠♦s q✉❡

Φw(t1, . . . , tl(w)) = ψ1(t1) · · ·ψl(w)(tl(w)) · b0.

❱❡❥❛ q✉❡ ♣❛r❛ ❝❛❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡ w t❡♠♦s ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡✳
❯s❛r❡♠♦s Φw = Φr1···rl(w)

❛ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✽✳ ❙❡❥❛♠ w = r1 · · · rn ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❡ Φw ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❛♥✲
t❡r✐♦r♠❡♥t❡✳ ❊♥tã♦ Φw é ❞❡ ❢❛t♦ ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ♣❛r❛ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw✱ ✐st♦
é✱

✶✳ Φw(Bw) ⊂ Sw❀

✷✳ Φw(t) ∈ Sw\N · wb0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t ∈ ∂Bw = Sd−1✱ ♦♥❞❡ t = (t1, . . . , tl(w))❀

✸✳ Φw|B◦
w
: B◦

w → N · wb0 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♦♥❞❡ B◦
w é ♦ ✐♥t❡r✐♦r ❞❛ ❜♦❧❛ Bw✳

❉❡♠♦♥str❛çã♦✳ P♦r ❞❡✜♥✐çã♦✱ ❝♦♠♦ ti ∈ Ki ♣❛r❛ t♦❞♦ i✱ ❡♥tã♦

Φw(t1, . . . , tl(w)) = ψ1(t1) · · ·ψl(w)(tl(w)) · b0 ∈ K1 · · ·Kl(w) · b0 = Sw

❞❡♠♦♥str❛♥❞♦ ♦ ♣r✐♠❡✐r♦ ✐t❡♠✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✺✱ t❡♠♦s q✉❡ Φw(t) ∈ Sw\N · wb0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ψi(ti) ∈M ♣❛r❛ ❛❧❣✉♠

i = 1, . . . , l(w)✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✻✱ s❡❣✉❡ q✉❡ ti ∈ ∂Bdi = Sdi−1 ❡✱ ♣♦rt❛♥t♦ t ∈ ∂Bw✱ ♣r♦✈❛♥❞♦ ❛
s❡❣✉♥❞❛ ❛✜r♠❛çã♦✳

❘❡st❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡r❝❡✐r♦ ✐t❡♠✳ P❡❧♦ s❡❣✉♥❞♦ ✐t❡♠✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ Φw|B◦
w
❞❡✈❡ s❡r

s♦❜r❡❥❡t♦r❛✳ ▼♦str❛r❡♠♦s ❛ ✐♥❥❡t✐✈✐❞❛❞❡ ♣♦r ✐♥❞✉çã♦✳
P❛r❛ l(w) = 1✱ ❡❧❡ s❡❣✉❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✻ ♣❛r❛ ♦ ❝❛s♦ ❞❡♠♦♥str❛❞♦✱ ♦✉ s❡❥❛✱ ❞❡ ❞✐♠❡♥sã♦ ✶✳
❙❡ l(w) = n > 1✱ s✉♣♦♥❤❛ q✉❡ Φw(t) = Φw(s)✱ ❝♦♠ t = (t1, . . . , tn) ❡ s = (s1, . . . , sn) ❡♠ B◦

w✳
❉❛❞♦s ♦s ❡❧❡♠❡♥t♦s

x = ψ1(t1) · · ·ψn−1(tn−1) · b0

y = ψ1(s1) · · ·ψn−1(sn−1) · b0
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♦❜s❡r✈❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ψi(ti) ❡ ψi(si) ♥ã♦ ❡stã♦ ❡♠ M ✳ ❉❡♥♦t❛♥❞♦ v = r1 · · · rn−1✱ ♣❡❧❛ Pr♦♣♦✲
s✐çã♦ ✷✳✶✳✺✱ x, y ∈ N · vb0✳ ❆❧é♠ ❞✐ss♦✱

πn(x) = πn(Φw(t)) = πn(Φw(s)) = πn(y)

♦✉ s❡❥❛✱ x ❡ y ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ✜❜r❛ ❞❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ πn : F→ Fn✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ ❛ ✜❜r❛
❞❡ πn ✐♥t❡r❝❡♣t❛ ❛ ❝é❧✉❧❛ N · vb0 ❛♣❡♥❛s ❡♠ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ x = y✳ ❯t✐❧✐③❛♥❞♦
❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡ ti = si ♣❛r❛ i = 1, . . . , n − 1 ❡ ❛ss✐♠✱ ψ1(t1) · · ·ψn−1(tn−1) =
ψ1(s1) · · ·ψn−1(sn−1)✳ ❉❡st❡ ♠♦❞♦✱ ❝♦♠♦ Φw(t) = Φw(s)✱ ❡♥tã♦ ψn(tn) · b0 = ψn(sn) · b0✳ ▲♦❣♦✱
tn = sn ♣♦✐s é ♦ ❝❛s♦ ❡♠ q✉❡ l(rn) = 1✳

P♦rt❛♥t♦✱ Φw|B◦
w
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❆ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ✈❡♠ ❞❛s ❢✉♥çõ❡s ψi q✉❡ sã♦ ❞✐❢❡♦✲

♠♦r✜s♠♦s✳ �

❈♦♠ ❡st❛ ♣r♦♣♦s✐çã♦✱ t❡♠♦s q✉❡ ♦ n✲❡sq✉❡❧❡t♦ Xn é ❛ ✉♥✐ã♦ ❞❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❝♦♠
❞✐♠❡♥sã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ n✳ P♦❞❡♠♦s ♥♦t❛r q✉❡ ♦ 0✲❡sq✉❡❧❡t♦ é ❢♦r♠❛❞♦ ❛♣❡♥❛s ♣❡❧♦ ♣♦♥t♦ {b0}✳

❙❡♥❞♦ d = dimSw = dimN · wb0✱ q✉❛♥❞♦ ❝♦❧❛♣s❛♠♦s ❛ ❢r♦♥t❡✐r❛ ❞❛ ❜♦❧❛ Bw ❛ ✉♠ ♣♦♥t♦✱ ♦✉
s❡❥❛✱ Bw/∂(Bw)✱ ♦❜t❡♠♦s ✉♠❛ ❡s❢❡r❛ Sd✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❛ ❢r♦♥t❡✐r❛ ❞❛
❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❛ ✉♠ ♣♦♥t♦ ❡ ❞❡✜♥✐r ❝♦♠♦

σw = Sw/(Sw\N · wb0).

P❡❧♦ ❢❛t♦ ❞❡ q✉❡ Φw(∂(Bw)) = Sw\N · wb0✱ ♣♦❞❡♠♦s ✐♥❞✉③✐r ♦ ❤♦♠❡♦♠♦r✜s♠♦ Φw : Sd → σw
t❛❧ q✉❡ Φw(t · ∂(Bw)) = Φw(t) · (Sw\N · wb0)✳ ❙✉❛ ✐♥✈❡rs❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r Φ−1

w : σw → Sd✳
❱❡❥❛ q✉❡ ❡st❛ ❢✉♥çã♦ Φ−1

w ♥ã♦ é ❛ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ Φw : Bw → Sw✱ ♠❛s ❞❛ ❢✉♥çã♦ ✐♥❞✉③✐❞❛ ♣❡❧♦
q✉♦❝✐❡♥t❡ Bw/∂(Bw)→ σw✳

✷✳✶✳✹ ❱❛r✐❡❞❛❞❡s ✢❛❣ ♣❛r❝✐❛✐s

❆❣♦r❛✱ ✐r❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ FΘ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦
❞♦s ❡❧❡♠❡♥t♦s ♠✐♥✐♠❛✐s w ∈ WΘ ❡ s✉❛s ❝❧❛ss❡s ❧❛t❡r❛✐s wWΘ✱ q✉❡ s❛t✐s❢❛③❡♠ dim(SΘ

w ) = dim(Sw)✳
❉❛❞❛s ❞❡❝♦♠♣♦s✐çõ❡s ♠✐♥✐♠❛✐s ❞❡ ❡❧❡♠❡♥t♦s ♠✐♥✐♠❛✐s w ❡♠ WΘ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❢✉♥çõ❡s

ΦΘ
w : Bw → FΘ t❛✐s q✉❡

ΦΘ
w(t1, . . . , tn) = φ1(t1) · · ·φn(tn) · bΘ

q✉❡ s❡rã♦ ❛s ❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❡ FΘ✳ ❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛ ❡q✉✐✈❛r✐â♥❝✐❛
❞❡ πΘ✱ t❡♠♦s ΦΘ

w = πΘ ◦ Φw✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✾✳ ❙❡❥❛ w ∈ WΘ✱ ❛ q✉❛❧ s❛t✐s❢❛③ dim(SΘ
w ) = dim(Sw)✱ ❡ t♦♠❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦

♠✐♥✐♠❛❧ w = r1 · · · rn ❡♠ t❡r♠♦s ❞❡ r❡✢❡①õ❡s s✐♠♣❧❡s✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦ ΦΘ
w : Bw → FΘ ❞❡✜♥✐❞❛ ♣♦r

ΦΘ
w = πΘ ◦Φw é ✉♠ ♠❛♣❛ ❝❛r❛❝t❡ríst✐❝♦ ♣❛r❛ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt SΘ

w ✱ ♦✉ s❡❥❛✱ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s
♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ΦΘ
w(Bw) ⊂ S

Θ
w ❀

✷✳ ΦΘ
w(t) ∈ S

Θ
w \N · wbΘ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t ∈ ∂Bw = Sd−1✱ ♦♥❞❡ t = (t1, . . . , tl(w))❀

✸✳ ΦΘ
w |B◦

w
: B◦

w → N · wbΘ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♦♥❞❡ B◦
w é ♦ ✐♥t❡r✐♦r ❞❛ ❜♦❧❛ Bw✳
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❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ✐t❡♠✱ ✈❡❥❛ q✉❡

ΦΘ
w(Bw) = πΘ ◦ Φw(Bw) ⊂ πΘ(Sw) = S

Θ
w .

P❛r❛ ♦ s❡❣✉♥❞♦ ✐t❡♠✱ ✉t✐❧✐③❛✲s❡ ♦ ❢❛t♦ ❞❡ q✉❡ πΘ(Sw\N ·wb0) = SΘ
w \N ·wbΘ ❡ ΦΘ

w = πΘ ◦Φw✳ ❖
ú❧t✐♠♦ ✐t❡♠ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ❞✐♠❡♥sõ❡s ❞❛ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t N ·wb0 ❝♦♠ N ·wbΘ �

✷✳✷ ❱❛r✐❡❞❛❞❡s ●r❛ss♠❛♥✐❛♥❛s ❙✐♠♣❧ét✐❝❛s

◆♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ❡st✉❞❛r ❛ ❝♦♥str✉çã♦ ❞❛ ❡str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦ ♥❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠✐♥✐✲
♠❛✐s ❞♦ ❣r✉♣♦ s✐♠♣❧ét✐❝♦✱ ♦✉ s❡❥❛✱ ❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s✳ ❊st❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ s❡rá út✐❧
♥♦ ❈❛♣ít✉❧♦ ✹✱ ♦♥❞❡ ❞❡t❡r♠✐♥❛r❡♠♦s ♦ ✈❛❧♦r ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡st❛s ✈❛r✐❡❞❛❞❡s ✢❛❣✳

❖ ❣r✉♣♦ s✐♠♣❧ét✐❝♦ é ❞❡✜♥✐❞♦ ❝♦♠♦

Sp(l,R) = {g ∈ Gl(2l,R) | gtJg = J}

♦♥❞❡ J é ✉♠❛ ♠❛tr✐③ ❡♠ Gl(2l,R) ❡s❝r✐t❛ ❡♠ ❜❧♦❝♦s ❝♦♠♦

J =

(
0 −Idl

Idl 0

)
.

❊st❛ ♠❛tr✐③ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛♥t✐✲s✐♠étr✐❝❛ ♥ã♦✲❞❡❣❡♥❡r❛❞❛✱ ♦✉
s❡❥❛✱ é ❛ ♠❛tr✐③ ❞❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω ❡♠ R2l ❡♠ ✉♠❛ ❜❛s❡ B = {e1, . . . , el, f1, . . . , fl}✳ ❆
♠❛tr✐③ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Sp(l,R) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ❜❧♦❝♦ l × l ❝♦♠♦

(
a b
c d

)

t❛❧ q✉❡ bat = abt✱ dct = cdt ❡ dat − bct = Id✳
❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞♦ ❣r✉♣♦ s✐♠♣❧ét✐❝♦ é sp(l,R)✱ ❞❡✜♥✐❞❛ ❝♦♠♦

sp(l,R) = {X ∈ gl(2l,R) |XJ + JX t = 0}

❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ X ∈ sp(l,R) ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❝♦♠♦ ✉♠❛ ♠❛tr✐③

X =

(
A B
C −At

)

t❛✐s q✉❡ A,B,C sã♦ ♠❛tr✐③❡s r❡❛✐s l × l ❡ B,C sã♦ ♠❛tr✐③❡s s✐♠étr✐❝❛s✳

✷✳✷✳✶ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥

❚♦♠❡♠♦s θ(X) = JXJ−1 ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥✱ ❛ q✉❛❧ ❞❡❝♦♠♣õ❡ ♦ ❡s♣❛ç♦ ♦ ❣r✉♣♦ s✐♠✲
♣❧ét✐❝♦ ❡♠ sp(l,R) = k⊕ s t❛❧ q✉❡✿

k =

{(
A −B
B A

) ∣∣∣∣ A é ❛♥t✐✲s✐♠étr✐❝❛ ❡ B é s✐♠étr✐❝❛

}
;
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s =

{(
A B
B −A

) ∣∣∣∣ A ❡ B sã♦ ♠❛tr✐③❡s s✐♠étr✐❝❛s

}
.

❆ s✉❜á❧❣❡❜r❛ k é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s u(l) = {X ∈ gl(l,C) |X +X
t
= 0}✱

♦♥❞❡ ♦ ✐s♦♠♦r✜s♠♦ é ❞❛❞♦ ♣♦r

X = A+ iB ←→

(
A −B
B A

)
.

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ♣❛r❛ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ s❡rá Sp(l,R) = KS✱ ♦♥❞❡ K = U(l) = {g ∈
Gl(l,C) | gtg = Id} é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❡ S é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s
♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s✳ ❖ s✉❜❣r✉♣♦ K ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ❜❧♦❝♦s ❞❡ t❛♠❛♥❤♦ l × l

K =

{(
a −b
b a

) ∣∣∣∣ aat + bbt = Id ❡ abt = bat
}
. ✭✷✳✷✳✶✮

✷✳✷✳✷ ●r✉♣♦ ❞❡ ❲❡②❧

❆ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ a ❞❡ s é ❞❡s❝r✐t❛ ♣♦r

a =

{(
D 0
0 −D

) ∣∣∣∣ D é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ l × l

}

❡ ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛ é

a+ = {diag(a1 · · · , al,−a1, · · · ,−al) | a1 > · · · > al}.

❉❛❞♦ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ D = diag(a1 · · · , al) ❡ ❞❡✜♥✐♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r λi(D) = ai ♣❛r❛
t♦❞♦ i ∈ {1, . . . , l}✱ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s é

Π+ = {λi − λj | 1 6 i < j 6 l} ∪ {λi + λj | 1 6 i 6 j 6 l}

❛ q✉❛❧ é ❣❡r❛❞♦ ♣❡❧♦ s✐st❡♠❛ s✐♠♣❧❡s ❞❡ r❛í③❡s

Σ = {α1 = λ1 − λ2 , . . . , αl−1 = λl−1 − λl , αl = λ2l}.

❖ ❣r✉♣♦ ❞❡ ❲❡②❧ W é ❣❡r❛❞♦ ♣❡❧❛s s❡❣✉✐♥t❡s r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❛s r❛í③❡s✿

❼ P❛r❛ i ∈ {1, . . . , l − 1}✱ ❛ r❡✢❡①ã♦ s❡rá ❛ ♣❡r♠✉t❛çã♦ ❞❛s ♣♦s✐çõ❡s i ❡ i+ 1✱ ✐st♦ é✱

(. . . , ai, ai+1, . . . ,−ai,−ai+1, . . . ) 7−→ (. . . , ai+1, ai, . . . ,−ai+1,−ai, . . . );

❼ P❛r❛ αl✱ ❛ r❡✢❡①ã♦ s❡rá ❛ tr♦❝❛ ❞❡ s✐♥❛❧ ❞❛ ♣♦s✐çã♦ l✱ ✐st♦ é✱

(. . . , al, . . . ,−al) 7−→ (. . . ,−al, . . . , al).

❖❜s❡r✈❡ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ w ❞❡st❡ ❣r✉♣♦ ❞❡ ❲❡②❧ é ❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ l
❡❧❡♠❡♥t♦s ❝♦♠ ✉♠❛ ♦♣❡r❛çã♦ q✉❡ ♠✉❞❛ ♦✉ ♥ã♦ ♦ s✐♥❛❧ ❞❡ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❡❧❡♠❡♥t♦✳ ❆ss✐♠✱
s✉❛ ♦r❞❡♠ é |W| = 2ll!✳
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✷✳✷✳✸ ❙✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s ♠❛①✐♠❛✐s

❖s s✉❜❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s às r❛í③❡s sã♦✿

❼ P❛r❛ ✉♠❛ r❛✐③ ❞♦ t✐♣♦ λi − λj✱ ❝♦♠ i < j✱ gλi−λj
é ❣❡r❛❞♦ ♣♦r ei,j − el+i,l+j✱ ♦✉ s❡❥❛✱ ♣♦ss✉✐

❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛ ❛♣❡♥❛s ❡♠ i, j ❡ l + i, l + j q✉❡ ❛♣❛r❡❝❡♠ ♥♦s ❜❧♦❝♦s ❞✐❛❣♦♥❛✐s A ❡ −At❀

❼ P❛r❛ ✉♠❛ r❛✐③ ❞♦ t✐♣♦ λi+λj✱ gλi+λj
é ❣❡r❛❞♦ ♣♦r ei,l+j + ej,l+i✱ s❡ i < j✱ ❡ ♣♦r ei,l+i✱ s❡ i = j✱

❝✉❥❛s ú♥✐❝❛s ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s sã♦ i, l + j ❡ j, l + i q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❜❧♦❝♦ s✉♣❡r✐♦r ❞✐r❡✐t♦
B✳

❆ss✐♠✱ ❛ s✉❜á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ n é ❞❛❞❛ ♣♦r

n =

{(
A B
0 −At

) ∣∣∣∣ ❛ ❞✐❛❣♦♥❛❧ ❞❡ A é ♥✉❧❛ ❡ B é s✐♠étr✐❝❛

}
.

❆ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ é p = a ⊕ n✱ ✉♠❛ ✈❡③ q✉❡ a é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥✱
✐♠♣❧✐❝❛♥❞♦ ❡♠ m = 0✳ ❚❡♠♦s t❛♠❜é♠ q✉❡

n− =

{(
A 0
C −At

) ∣∣∣∣ ❛ ❞✐❛❣♦♥❛❧ ❞❡ A é ♥✉❧❛ ❡ C é s✐♠étr✐❝❛

}
.

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ Θ = Σ\{αi}✱ ❝♦♠ i ∈ {1, . . . , l}✳ ◆❡st❡ ❝❛s♦✱ ❝❤❛♠❛r❡♠♦s ❛ s✉❜á❧❣❡❜r❛
pΘ ❞❡ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠❛①✐♠❛❧ ♣❡❧❛ r❛✐③ αi✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ❡st❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s
♠❛①✐♠❛✐s ❝♦♠♦ ❜❧♦❝♦s ❞❡ t❛♠❛♥❤♦ l × l ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❼ ❙❡ 1 6 i 6 l − 1 ❡♥tã♦ ❛s ♠❛tr✐③❡s ❞❛ s✉❜á❧❣❡❜r❛ pΘ sã♦ ❞❛ ❢♦r♠❛
(
A B
C −At

)

❝♦♠ B s✐♠étr✐❝❛ ❡

A =

{(
A1 A2

0 A3

)
| A1 é ✉♠❛ ♠❛tr✐③ i× i ❛r❜✐trár✐❛

}

C =

{(
0 0
0 C1

)
| C1 é ✉♠❛ ♠❛tr✐③ l − i× l − i s✐♠étr✐❝❛

}
;

❼ ❙❡ i = l ❡♥tã♦ ❛ s✉❜á❧❣❡❜r❛ pΘ é
{(

A B
0 −At

)
| A é ✉♠❛ ♠❛tr✐③ q✉❛❧q✉❡r ❡ B é s✐♠étr✐❝❛

}
.
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✷✳✷✳✹ ❆s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠✐♥✐♠❛✐s

❉❛❞❛ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω ♥✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ R2l✱ ❞✐r❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ V ⊂ R2l

é ✐s♦tró♣✐❝♦ ❡♠ r❡❧❛çã♦ ❛ ω s❡ ω(u, v) = 0✱ ♣❛r❛ t♦❞♦ u, v ∈ V ✳ ❚❡♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡st❡
s✉❜❡s♣❛ç♦ é ♥♦ ♠á①✐♠♦ l✱ ♣♦✐s ♣♦r s❡r ✐s♦tró♣✐❝♦✱ V ⊂ V ⊥✱ ♦♥❞❡ V ⊥ = {u ∈ R2l |ω(u, v) =
0 ♣❛r❛ t♦❞♦ v ∈ V } é ♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ V ✱ ❡ ❛ss✐♠

2 dimV 6 dimV + dimV ⊥ = dimR2l = 2l.

❉❡♥♦t❛r❡♠♦s ♣♦r Lp(R
2l) ♦ ❝♦♥❥✉♥t♦ ❞♦s s✉❜❡s♣❛ç♦s ✐s♦tró♣✐❝♦s ❞❡ ❞✐♠❡♥sã♦ p ❡♠ R2l✱ ♣❛r❛

p 6 l✱ ✐st♦ é✱

Lp(R
2l) = {V ⊂ R2l |ω(u, v) = 0 ♣❛r❛ t♦❞♦ u, v ∈ V ❡ dim(V ) = p}.

❊st❡ ❝♦♥❥✉♥t♦ s❡rá ❝❤❛♠❛❞❛ ❞❡ ●r❛ss♠❛♥✐❛♥❛ ❙✐♠♣❧ét✐❝❛✳ ◆♦ ❝❛s♦ ❞❡ p = l✱ Ll(R
2l) é ❝♦♥❤❡✲

❝✐❞♦ ❝♦♠♦ ●r❛ss♠❛♥✐❛♥❛ ▲❛❣r❛♥❣❡❛♥❛✱ ♣♦✐s ♦s s✉❜❡s♣❛ç♦s ✐s♦tró♣✐❝♦s ❞❡ ❞✐♠❡♥sã♦ ♠á①✐♠❛ sã♦
✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞♦s ▲❛❣r❛♥❣❡❛♥♦s✳

◆♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r q✉❡ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠✐♥✐♠❛✐s ❞❡ Sp(l,R) sã♦ ❡①❛t❛♠❡♥t❡ ❡st❛s
❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s✳

❊①✐st❡ ✉♠❛ ♠❛♥❡✐r❛ ❛❧❣é❜r✐❝❛ ❞❡ s❡ r❡♣r❡s❡♥t❛r ❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s Lp(R
2l)✳ ❙❡❥❛

B ✉♠❛ ❜❛s❡ ❞❡ R2l✳ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ p ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s {v1, . . . , vp} ♣♦❞❡ s❡r
❞❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ♠❛tr✐③ 2l×p ❝♦♠ ❝♦❧✉♥❛s r❡♣r❡s❡♥t❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❝❛❞❛ ✈❡t♦r vi ♥❛ ❜❛s❡
B✱ ❡ ❡st❛ ♠❛tr✐③ t❡rá ♣♦st♦ p ♣♦✐s é ❢♦r♠❛❞♦ ♣♦r ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❉❡♥♦t❡ ♣♦r
Bp(l) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ♠❛s ♠❛tr✐③❡s 2l×p ❞❡ ♣♦st♦ p✳ ❉♦✐s ❡❧❡♠❡♥t♦s x, y ∈ Bp(l) r❡♣r❡s❡♥t❛♠
♦ ♠❡s♠♦ s✉❜❡s♣❛ç♦ p ❞✐♠❡♥s✐♦♥❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠♦s ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s ❝♦❧✉♥❛s ❞❡
❝❛❞❛ ✉♠❛ ❞❛s ♠❛tr✐③❡s x ❡ y✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ p× p ✐♥✈❡rsí✈❡❧ a t❛❧ q✉❡ x = ya✳

❆❣♦r❛✱ ❞❛❞♦ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω✱ ♣♦❞❡♠♦s t♦♠❛r ❛ ❜❛s❡ B = {e1, . . . , el, f1, . . . , fl} t❛❧
q✉❡ [ω]B = J ✳ ❉❡st❡ ♠♦❞♦✱ ❞♦✐s ❡❧❡♠❡♥t♦s x, y ∈ Bp(l) r❡♣r❡s❡♥t❛♠ s✉❜❡s♣❛ç♦s ✐s♦tró♣✐❝♦s s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ p × p ✐♥✈❡rsí✈❡❧ t❛❧ q✉❡ x = ya ❡ xtJx = 0✳ ■st♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦
❞❡ ω(u, v) = 0 ♣❛r❛ t♦❞♦ u, v ∈ V ✱ ❝♦♠ ❱ s✉❜❡s♣❛ç♦ ✐s♦tró♣✐❝♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r x✱ ✐♠♣❧✐❝❛r q✉❡
[u]tBJ [v]B = [ω(u, v)]B = 0✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ {v1, . . . , vp} ❞❡ ❱ ❡ s❡❥❛ x ❛ ♠❛tr✐③ ❞❡st❛ ❜❛s❡ ❡♠
r❡❧❛çã♦ ❛ ❜❛s❡ B✳ ❊♥tã♦✱ xtJx = 0✳

❉❡✜♥✐♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❡♠ Bp(l) ♣♦r x ∼ y s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ a
❞❡ t❛♠❛♥❤♦ p× p ✐♥✈❡rsí✈❡❧ t❛❧ q✉❡ x = ya ❡ xtJx = 0✱ t❡♠♦s ❡♥tã♦ q✉❡ ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
Bp(l)/ ∼ ❞❡✜♥❡♠ ✉♠ ✐s♦♠♦r✜s♠♦ ❝♦♠ Lp(R

2l)✳

▲❡♠❛ ✷✳✷✳✶✳ Lp(R
2l) é ✉♠ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❞❡ Sp(l,R)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ B = {e1, . . . , el, f1, . . . , fl} ❛ ❜❛s❡ ❞❡ R2l t❛❧ q✉❡ [ω]B = J ❡ V ✉♠ s✉❜❡s♣❛ç♦
✐s♦tró♣✐❝♦ ❞❡ R2l✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ u, v ∈ V ❡ g ∈ Sp(l,R)✱

ω(gu, gv) = (gu)tJ(gv) = ut(gtJg)v = utJv = ω(u, v) = 0.

❆ss✐♠✱ gV t❛♠❜é♠ é ✉♠ s✉❜❡s♣❛ç♦ ✐s♦tró♣✐❝♦ ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ✉♠❛ ❛çã♦ ✐♥✈❛r✐❛♥t❡ ❞❡
Sp(l,R) ❡♠ Lp(R

2l) ∼= Bp(l)/ ∼ ❞❛❞❛ ♣♦r

Sp(l,R) × Lp(R
2l) → Lp(R

2l)
g , x 7→ gx
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♦♥❞❡ g é ✉♠❛ ♠❛tr✐③ 2l × 2l ❡ x é ✉♠❛ ♠❛tr✐③ 2l × p✳ Pr❡❝✐s❛♠♦s ✈❡r q✉❡ t❛❧ ❛çã♦ é tr❛♥s✐t✐✈❛✳
❈♦♥s✐❞❡r❡ ♣r✐♠❡✐r♦ ♦ ❝❛s♦ p = l✳ ❙❡❥❛ V ✉♠ s✉❜❡s♣❛ç♦ ✐s♦tró♣✐❝♦ ❡ {v1, . . . , vl} ✉♠❛ ❜❛s❡

♦rt♦♥♦r♠❛❧ ❞❡ V ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♠❛tr✐③ ❞❡st❡s ✈❡t♦r❡s ♥❛ ❜❛s❡ B q✉❡ s❡rá ✉♠❛ ♠❛tr✐③
x ❞❡ t❛♠❛♥❤♦ 2l × l✱ q✉❡ s❛t✐s❢❛③ xtx = Id ♣❡❧♦ ❢❛t♦ ❞❡ x s❡r ❛ ♠❛tr✐③ ❞❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✳
❈♦♠♦ V é ✐s♦tró♣✐❝♦✱ t❡♠✲s❡ xtJx = 0✳ ❉❡st❡ ♠♦❞♦✱ ❛ ♠❛tr✐③ x ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ ❜❧♦❝♦s ❝♦♠♦

x =

(
a
b

)
✱ ❝♦♠ a ❡ b ♠❛tr✐③❡s l × l

❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s xtx = Id ❡ xtJx = 0 t❡♠♦s ❛s r❡❧❛çõ❡s

ata+ btb = Id ❡ atb = bta.

❉❛í✱ t♦♠❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ g ∈ Sp(l,R) ❞❛❞♦ ♣♦r

g =

(
a −b
b a

)

♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✳✶✮✱ ❞❡✈❡♠♦s t❡r q✉❡ g ∈ K✳
❙❡❥❛ V0 ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s {e1, . . . , el} ❞❡ B✳ ❖ s✉❜❡s♣❛ç♦ V0 é✱ ♥❛ ✈❡r❞❛❞❡✱

✐s♦tró♣✐❝♦ ♣♦✐s ω(ei, ej) = 0 ♣❛r❛ t♦❞♦ i, j ∈ {1, . . . , l}✳ ❖❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ ❞❡ V0 ♥❛ ❜❛s❡ B é

y =

(
Id
0

)
.

❆ss✐♠✱ ♣❡❧❛ ❢♦r♠❛ q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ❛ ♠❛tr✐③ g✱ t❡♠♦s x = gy✱ ❝♦♥❝❧✉✐♥❞♦ q✉❡ K é tr❛♥s✐t✐✈♦
❡♠ Bl(l)/ ∼ ∼= Ll(R

2l)✳ ❉❛í✱ s❛❜❡♥❞♦ q✉❡ Sp(l,R) = KS é s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥✱ s❡
t♦♠❛r♠♦s h ∈ S ✱ t❡r❡♠♦s q✉❡ hV0 é ✐s♦tró♣✐❝♦ ❡✱ ♣❡❧❛ tr❛♥s✐t✐✈✐❞❛❞❡ ❞❡ K✱ V = g(hV0) ♣❛r❛
❛❧❣✉♠ g ∈ K✱ ❝♦♥❝❧✉✐♥❞♦ q✉❡ ❛ ❛çã♦ é tr❛♥s✐t✐✈♦ ♣❛r❛ Sp(l,R)✳

Pr❡❝✐s❛♠♦s ✈❡r q✉❡ ❛ ❛çã♦ t❛♠❜é♠ é tr❛♥s✐t✐✈❛ ♣❛r❛ p < l✳ ❈♦♥s✐❞❡r❡ V ✉♠ s✉❜❡s♣❛ç♦ ✐s♦tró♣✐❝♦
❞❡ ❞✐♠❡♥sã♦ p ❡ s❡❥❛ x ❛ ♠❛tr✐③ ❞❡ t❛♠❛♥❤♦ 2l × p q✉❡ t❡♠ ♣♦r ❝♦❧✉♥❛s ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛
❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V ❡♠ r❡❧❛çã♦ ❛ ❜❛s❡ B✳

❯♠ s✉❜❡s♣❛ç♦ é ✐s♦tró♣✐❝♦ s❡ V ⊂ V ⊥✱ ❡ ♥❡ss❡ ❝❛s♦✱ ❝♦♠♦ p < l ❡♥tã♦

dimV ⊥ = 2l − p > 2l − l = l.

❆ss✐♠✱ V ❡stá ❝♦♥t✐❞♦ ♣r♦♣r✐❛♠❡♥t❡ ❡♠ s❡r ♣❡r♣❡♥❞✐❝✉❧❛r V ⊥✳ ❙❡❥❛ v ∈ V ⊥\V ❡ ❝♦♥s✐❞❡r❡ ♦
s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ V1 = 〈v, V 〉 ❝♦♠ ❞✐♠❡♥sã♦ p + 1 q✉❡ é ✐s♦tró♣✐❝♦✱ ♣♦✐s V1 ⊂ V ⊥✳ Pr♦❝❡❞❡♥❞♦
❞❡st❡ ♠♦❞♦ ✜♥✐t❛s ❞❡ ✈❡③❡s✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠ s✉❜❡s♣❛ç♦ V ✐s♦tró♣✐❝♦ ❞❡ ❞✐♠❡♥sã♦ l t❛❧ q✉❡
V ⊂ V ✳

❊st❡♥❞❡♥❞♦ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V ❡♠ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ {v1, . . . , vl} ❞❡ V ✱ ❛ q✉❛❧
t❛♠❜é♠ ❡st❡♥❞❡rá ❛ ♠❛tr✐③ x ❞❡ V ❡♠ ✉♠❛ ♠❛tr✐③ x ❞❡ V ✱ ❡①✐st❡ g ∈ K t❛❧ q✉❡ V = gV0✱ ♦♥❞❡
V0 = 〈e1, . . . el〉✳ ▲♦❣♦✱ s❡ V0 é ❣❡r❛❞♦ ♣❡❧♦s p ♣r✐♠❡✐r♦s ✈❡t♦r❡s {e1, . . . , ep} ❞❡ B✱ ❡♥tã♦ V = gV0
❝♦♠ g ∈ K✳ P♦rt❛♥t♦✱ ❛ ❛çã♦ é tr❛♥s✐t✐✈❛ ♥♦ s✉❜❣r✉♣♦ K✱ ❡ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱
❛ ❛çã♦ é tr❛♥s✐t✐✈❛ ❡♠ t♦❞♦ Sp(l,R)✳ �
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Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳ ❆ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠✐♥✐♠❛❧ FΘ✱ ❝♦♠ Θ = Σ\{αp}✱ é ❛ ✈❛r✐❡❞❛❞❡ ❣r❛ss♠❛♥✐❛♥❛
s✐♠♣❧ét✐❝❛ Lp(R

2l)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ B = {e1, . . . , el, f1, . . . , fl} ❛ ❜❛s❡ ❞❡ R2l t❛❧ q✉❡ [ω]B = J ❡ V0 ♦ s✉❜❡s♣❛ç♦
✐s♦tró♣✐❝♦ ❣❡r❛❞♦ ♣❡❧♦s p ♣r✐♠❡✐r♦s ✈❡t♦r❡s ❞❡ B✱ ✐st♦ é✱ V0 = 〈α1, . . . , αp〉✳ ◗✉❡r❡♠♦s q✉❡ ♦
s✉❜❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ s❡❥❛ (Sp(l,R))V0 = PΘ✱ ♦♥❞❡ Θ = Σ\{αp}✳

❖❜s❡r✈❡ q✉❡ ❛ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡st❛ ✐s♦tr♦♣✐❛ é ❞❛❞❛ ♣♦r

(sp(l,R))V0 = {X ∈ sp(l,R) | exp(tX)V0 = V0, ∀t ∈ R}.

❚❛❧ s✉❜á❧❣❡❜r❛ ❝♦✐♥❝✐❞❡ ❡①❛t❛♠❡♥t❡ ❝♦♠ ❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ pΘ✳ ❉❡st❡ ♠♦❞♦✱ ❛ ❝♦♠♣♦✲
♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ PΘ é ✐❣✉❛❧ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ ✐s♦tr♦♣✐❛ ❡♠
V0✳

❱❛♠♦s ♠♦str❛r q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ PΘ ❝♦♥té♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ✐s♦tr♦♣✐❛✳ ❈♦♠♦
♦s ❡❧❡♠❡♥t♦s ❞❡ A✱ q✉❡ é ♦ ❣r✉♣♦ ❞❡ ▲✐❡ ❝✉❥❛ á❧❣❡❜r❛ ▲✐❡ é ♦ ❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ a ⊂ s✱ sã♦ ♠❛tr✐③❡s
❞✐❛❣♦♥❛✐s✱ ❡♥tã♦ A ⊂ (Sp(l,R))V0 ✳ ❙❛❜❡♥❞♦ q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ PΘ ❝♦♥té♠ ✉♠
❡❧❡♠❡♥t♦ ❞❡ A✱ ❡♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ PΘ ❝♦♥té♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ✐s♦tr♦♣✐❛✳

❈❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ PΘ ❡ (Sp(l,R))V0 sã♦ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❛s r❡s♣❡❝t✐✈❛s ❝♦♠♣♦♥❡♥t❡s
❝♦♥❡①❛s ♥❛ ✐❞❡♥t✐❞❛❞❡ ❬✶✵✱ Pr♦♣♦s✐çã♦ ✷✳✶✸❪ ❡ ❝♦♠♦ ❡❧❛s ❝♦✐♥❝✐❞❡♠ ♥❛ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ ❡❧❛s ❞❡✈❡♠
❝♦✐♥❝✐❞✐r t❛♠❜é♠ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛✳ ▲♦❣♦ (Sp(l,R))V0 = PΘ✳ �

❆ss✐♠✱ t♦❞❛ ❞❡❝♦♠♣♦s✐çã♦ r❡❛❧✐③❛❞❛ ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠✐♥✐♠❛❧ FΘ ♣♦❞❡ s❡r tr❛♥s♣♦rt❛❞❛ ♣❛r❛
❛ ❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛ Lp(l)✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❇r✉❤❛t ❞❡ FΘ = Lp(R

2l)✱ ♣❛r❛ Θ = Σ\{αp}✱
é ❞❛❞❛ ♣♦r

Lp(R
2l) =

∐

w∈W/WΘ

N · wbΘ.

❈❛❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt SΘ
w = fe(N · wbΘ) ❞❡ Lp(R

2l) ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠ ú♥✐❝♦
r❡♣r❡s❡♥t❛♥t❡ ♠✐♥✐♠❛❧ wΘ ∈ WΘ✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ❞❡♠♦♥str❛❞♦ ♥❛ t❡s❡ ❞❡ ❘❛❜❡❧♦ ❬✽❪ ❞❡s❝r❡✈❡
❝♦♠♦ ❞❡✈❡♠ s❡r ❡st❡s ❡❧❡♠❡♥t♦s ♠✐♥✐♠❛✐s✳

❚❡♦r❡♠❛ ✷✳✷✳✸✳ ❖s ❡❧❡♠❡♥t♦s ♠✐♥✐♠❛✐s WΘ✱ ❝♦♠ Θ = Σ\{αp}✱ ❛❞♠✐t❡♠ ✉♠❛ r❡❧❛çã♦ ❜✐✉♥í✈♦❝❛
❝♦♠ ♦ ❝♦♥❥✉♥t♦ Al

p ❞❡ l✲✉♣❧❛s ❞❛ ❢♦r♠❛ (i,m, a) ∈ Nl✱ t❛❧ q✉❡

i = (i1, . . . , ip), m ∈ {0, . . . , p}, a = (ap+2, . . . , al)

s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s r❡❣r❛s✿

❼ ❊♠ r❡❧❛çã♦ à a✿
0 6 m 6 ap+2 6 ap+3 6 · · · 6 al 6 p.

■st♦ é✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ a ❢♦r♠❛♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦ ❧✐♠✐t❛❞❛ ❛♦
✐♥t❡r✈❛❧♦ [m, p]❀

❼ ❊♠ r❡❧❛çã♦ à i✿

✕ it ∈ 0, . . . , l✱ ♣❛r❛ t♦❞♦ t = 1, . . . , p❀
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✕ ❆❞♠✐t❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡♣❡t✐çã♦ ❞❡ ③❡r♦s ❛té ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦❀

✕ ❆ ♣❛rt✐r ❞♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦✱ ♣❛ss❛ ❛ s❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❡str✐t❛♠❡♥t❡ ❝r❡s✲
❝❡♥t❡❀

✕ ❙ó ♣❡r♠✐t❡ t❡r ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ♥❛s m ú❧t✐♠❛s ♣♦s✐çõ❡s ❞❡ i✱ ✐st♦ é✱ i1 = · · · =
ip−m = 0✳

❆ ❝é❧✉❧❛ ❛ss♦❝✐❛❞❛ à (i,m, a) s❡rá ❝❤❛♠❛❞❛ ❞❡ ✉♠❛ ❝é❧✉❧❛ ❞♦ t✐♣♦ ♠✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ m = 0✱
t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ i s❡rã♦ ♥✉❧♦s✳

❚✐♣♦ (i,m, a) ❚✐♣♦ (i,m, a) ❚✐♣♦ (i,m, a)
✵ (0, 0,0, 0) ✶ (0, 0,1, 1) ✷ (0, 0,2, 2)
✵ (0, 0,0, 1) ✶ (0, 1,1, 1) ✷ (0, 1,2, 2)
✵ (0, 0,0, 2) ✶ (0, 2,1, 1) ✷ (0, 2,2, 2)

✶ (0, 3,1, 1) ✷ (0, 3,2, 2)
✶ (0, 4,1, 1) ✷ (0, 4,2, 2)
✶ (0, 0,1, 2) ✷ (1, 2,2, 2)
✶ (0, 1,1, 2) ✷ (1, 3,2, 2)
✶ (0, 2,1, 2) ✷ (1, 4,2, 2)
✶ (0, 3,1, 2) ✷ (2, 3,2, 2)
✶ (0, 4,1, 2) ✷ (2, 4,2, 2)

✷ (3, 4,2, 2)

❚❛❜❡❧❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ Al
p ♣❛r❛ p = 2 ❡ l = 4✳

❆ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦WΘ ❡ Al
p é ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❢✉♥çã♦ η : Al

p →W
Θ q✉❡ é ❝♦♥str✉í❞❛

♣❡❧♦s s❡❣✉✐♥t❡s ♣❛ss♦s✿

✶✳ ❉❡♥♦t❡ ♣♦r ri = rαi
❛ r❡✢❡①ã♦ ❛ss♦❝✐❛❞❛ ❛ r❛✐③ s✐♠♣❧❡s αi ∈ Σ❀

✷✳ P❛r❛ q✉❛❧q✉❡r 1 6 k 6 n 6 l ❞❡✜♥✐♠♦s

π(n, k) = rn−k+1rn−k+2 · · · rn−1rn

❡ π(n, 0) = 1✳ ❱❡❥❛ q✉❡ ♦ t❛♠❛♥❤♦ ❞♦ ❡❧❡♠❡♥t♦ π(n, k) é k❀

✸✳ ❉❡✜♥✐♠♦s η1 ❛ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛ ♣❛r❛ ❝❛❞❛ i ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✿

η1(i1, . . . , ip) = π(l, i1)π(l, i2) · · · π(l, ip);

✹✳ ❉❡✜♥✐♠♦s t❛♠❜é♠ ❛ ❢✉♥çã♦ η2 q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ a ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

η2(ap+2, . . . , al) = π(l − 2, ap+2)π(l − 3, ap+3) · · · π(p, al);
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✺✳ ❋✐♥❛❧♠❡♥t❡✱ η é ✉♠❛ ❢✉♥çã♦ q✉❡ ❧❡✈❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ (i,m, a) ∈ Al
p ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ WΘ

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛
η(i,m, a) = η1(i)π(l − 1,m)η2(a).

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ♠♦str❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❡s❝♦❧❤❛ ❞♦ ❝♦♥❥✉♥t♦ Al
p q✉❛♥❞♦ ♥❡❝❡ss✐t❛r♠♦s

s❛❜❡r ❛ ❞✐♠❡♥sã♦ ❞❡ ❝❛❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹✳ ❉❛❞❛ ✉♠❛ ❝é❧✉❧❛ SΘ
w ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❡❧❡♠❡♥t♦ (i,m, a)✱ s✉❛ ❞✐♠❡♥sã♦ s❡rá ❛

s♦♠❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ s❡q✉ê♥❝✐❛ (i,m, a)✱ ✐st♦ é✱

dim(SΘ
w ) = (i1 + · · ·+ ip) +m+ (ap+2 + · · ·+ al).

❉❡♠♦♥str❛çã♦✳ ❖ ▲❡♠❛ ✶✳✷✳✶✶ ❞✐③ q✉❡ ❡①✐st❡ ú♥✐❝♦ w′ t❛❧ q✉❡

dimSΘ
w = dimSw′ .

P❡❧♦ ❢❛t♦ ❞❡ t♦❞❛s ❛s r❛í③❡s t❡r❡♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ 1✱ s❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✶✳✷✳✷✮ q✉❡

dim(SΘ
w ) =

l(w′)∑

i=1

mα +m2α =

l(w′)∑

i=1

1 = l(w′).

❉❛í✱ ♣❡❧❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱ ❡①✐st❡ (i,m, a) ∈ Al
p t❛❧ q✉❡ η(i,m, a) = w′✳ ▲♦❣♦✱ s❛❜❡♥❞♦ q✉❡

l(π(n, k)) = k✱ ♣❛r❛ 1 6 k 6 n 6 l✱ ❡ l(π(n, 0)) = 0✱ t❡♠♦s q✉❡

l(w) = l(η1(i)π(l − 1,m)η2(a)) = l(η1(i)) + l(π(l − 1,m)) + l(η2(a))

= (l(π(l, i1)) + · · ·+ l(π(l, ip))) +m+ (l(π(l − 2, ap+2)) + · · ·+ l(π(p, al)))

= (i1 + · · ·+ ip) +m+ (ap+2 + · · ·+ al).

�

❈♦r♦❧ár✐♦ ✷✳✷✳✺✳ dim(Lp(R
2l)) =

p

2
(4l − 3p+ 1).

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝❛❧❝✉❧❛r ❛ ❞✐♠❡♥sã♦ ❞❛ ♠❛✐♦r ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt ❞❛ ❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛✱
♦✉ s❡❥❛✱ ❞❡✈❡✲s❡ t♦♠❛r ❛ l✲✉♣❧❛ (i,m, a) ∈ Al

p t❛❧ q✉❡ ❛ s♦♠❛ ❞♦s s❡✉s ❡❧❡♠❡♥t♦s é ❛ ♠❛✐♦r ♣♦ssí✈❡❧✳
❊st❡ ❡❧❡♠❡♥t♦ ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❼ m = p❀

❼ ap+2 = · · · = al = p❀

❼ i1 = l − p+ 1; i2 = l − p+ 2; · · · ; ip = l✳

▲♦❣♦✱

dim(Lp(R
2l)) =

(
p∑

t=1

l − p+ t

)
+ p+

(
l−p+1∑

t=1

p

)
=
p

2
(2l − p+ 1) + p(l − p)

=
p

2
(4l − 3p+ 1).

�



❈❛♣ít✉❧♦ ✸

❍♦♠♦❧♦❣✐❛ ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❝á❧❝✉❧♦ ❞❛ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s✳
Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡s❝r❡✈❡♠♦s ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ❤♦♠♦❧♦❣✐❛
❝❡❧✉❧❛r ❞❡ ✉♠ ❡s♣❛ç♦ ❈❲✲❝♦♠♣❧❡①♦✳ ❊♠ s❡❣✉✐❞❛✱ ❢❛③✲s❡ ♦ ❝á❧❝✉❧♦ ❞♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ ❞❛ ❤♦♠♦✲
❧♦❣✐❛ ❝❡❧✉❧❛r✱ q✉❡ ❞❛rá ♦r✐❣❡♠ ❛ ❤♦♠♦❧♦❣✐❛✳ P♦r ✜♠✱ ❝♦♥t✐♥✉❛♠♦s ♦ ❡①❡♠♣❧♦ Sl(3,R) ❞❡ ♠♦❞♦ ❛
❞❡✐①❛r ❝❧❛r♦ t♦❞♦ ❡st❡ ♣r♦❝❡ss♦✳

✸✳✶ ◆♦çõ❡s ❜ás✐❝❛s s♦❜r❡ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r

❆ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r é ✉♠❛ ❡✜❝✐❡♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝❛❧❝✉❧❛r ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦❧♦❣✐❛ ✭s✐♥❣✉❧❛r✮
❞❡ ❈❲✲❝♦♠♣❧❡①♦s✱ ✉t✐❧✐③❛♥❞♦ ♣❛r❛ t❛❧✱ ♦ ❝á❧❝✉❧♦ ❞♦ ❣r❛✉ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s ❡s♣❡❝í✜❝❛s✳ ❉❛r❡♠♦s
✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ s♦❜r❡ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r ❡ ❝♦♠♦ ❡❢❡t✉❛r s❡✉ ❝á❧❝✉❧♦✱ ♣r❡s❡♥t❡ ♥♦ ❍❛t❝❤❡r ❬✷❪✳
❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ Hk ♦ k✲és✐♠♦ ❣r✉♣♦ ❞❡ ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r ❞❡ X✳ ❱❛♠♦s ❝♦♠❡ç❛r
❝♦♠ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✶✳✶✳ ❙❡❥❛ X ✉♠ ❈❲✲❝♦♠♣❧❡①♦✱ ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝é❧✉❧❛s Bn
w✱ ♦♥❞❡ n é ❛

❞✐♠❡♥sã♦ ❞❛ ❝é❧✉❧❛ ❡ w é ✉♠❛ ✐♥❞❡①❛çã♦ ❞❛s ❝é❧✉❧❛s✳ ❊♥tã♦✿

✶✳ Hk(X
n, Xn−1) é ③❡r♦ ♣❛r❛ k 6= n ❡ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ♣❛r❛ k = n✱ ❝✉❥❛ ❜❛s❡ ❡stá ❡♠ ❜✐❥❡çã♦ ❝♦♠

♦ ♥ú♠❡r♦ ❞❡ n✲❝é❧✉❧❛s ❞❡ X❀

✷✳ Hk(X
n) = 0 ♣❛r❛ k > n✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ X t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡♥tã♦ Hk(X) = 0 ♣❛r❛

k > dimX❀

✸✳ ❆ ✐♥❝❧✉sã♦ i : Xn →֒ X ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ i∗ : Hk(X
n)→ Hk(X) ♣❛r❛ k < n✳

❉❛❞♦ X ✉♠ ❈❲✲❝♦♠♣❧❡①♦✱ ♦ ❧❡♠❛ ❛♥t❡r✐♦r ❣❛r❛♥t❡ ✉♠❛ ❝♦♥str✉çã♦ ♥❛t✉r❛❧ ❛ ♣❛rt✐r ❞❛ s❡q✉ê♥✲
❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛ à ❤♦♠♦❧♦❣✐❛ s✐♥❣✉❧❛r

· · · −→ Hn+1(X
n+1, Xn)

∂n+1
−→ Hn(X

n, Xn−1)
∂n−→ Hn−1(X

n−1, Xn−2) −→ · · ·

♦♥❞❡ ❛s ❢✉♥çõ❡s ∂n s❡rã♦ ❞❡✜♥✐❞❛s ❧♦❣♦ ♠❛✐s✳ ❖✉ s❡❥❛✱ t♦♠❛♥❞♦ ♣♦r jn ♦ ♥ú♠❡r♦ ❞❡ n✲❝é❧✉❧❛s ❞♦
❈❲✲❝♦♠♣❧❡①♦ X✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛

· · · −→ Zjn+1
∂n+1
−→ Zjn ∂n−→ Zjn−1 −→ · · ·

✺✷
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❆ ❤♦♠♦❧♦❣✐❛ ❛ss♦❝✐❛❞❛ ❛ ❡st❛ s❡q✉ê♥❝✐❛✱ q✉❡ s❡rá ❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r✱ s❡rá t❡♠♣♦✲
r❛r✐❛♠❡♥t❡ ❞❡♥♦t❛❞❛ ♣♦r

HCW
n (X) =

Ker(∂n)

Im(∂n+1)

❚❡♦r❡♠❛ ✸✳✶✳✷✳ HCW
n (X) = Hn(X) ♣❛r❛ t♦❞♦ n✳

❈♦♠ ❡st❡ t❡♦r❡♠❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❤♦♠♦❧♦❣✐❛ ❞❡X ❝♦♥❤❡❝❡♥❞♦ s✉❛ ❡str✉t✉r❛ ❈❲✲❝♦♠♣❧❡①♦✳
▼❛s ♣❛r❛ ✐ss♦✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ♦s ♦♣❡r❛❞♦r❡s ❢r♦♥t❡✐r❛ ∂n✱ ❛ q✉❛❧ ❞❛r❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦
❞❡ ❝♦♠♦ ❝❛❧❝✉❧á✲❧♦s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦ ♠❛♣❛ ∂n ♦♣❡r❛ ❡♠ Zjn → Zjn−1 ✱ ♦♥❞❡ ❝❛❞❛ Zjk ✱ ❝♦♠ k > 0✱
é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s ❝é❧✉❧❛s ❞❡ ❞✐♠❡♥sã♦ k✳ ▲♦❣♦✱ é ♥❡❝❡ssár✐♦ ❛♣❡♥❛s ❞❡✜♥✐r ♦
✈❛❧♦r ❞❡ ∂n ❡♠ ❝❛❞❛ ❝é❧✉❧❛ Bn

w ❞❡ ❞✐♠❡♥sã♦ n✳ ❆ss✐♠✱ ❡♠ ❝❛❞❛ ❝é❧✉❧❛ Bn
w ❞❡ X✱ ❛ ❢✉♥çã♦ ∂n s❡rá

❞❛❞❛ ♣♦r
∂n(B

n
w) =

∑

w′

c(w,w′)Bn−1
w′

♦♥❞❡ ♦ ♥ú♠❡r♦ c(w,w′) ∈ R é ♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ φw,w′ : Sn−1
w → Sn−1

w′ ❞❛❞❛ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞❛s
s❡❣✉✐♥t❡s ❢✉♥çõ❡s✿

✶✳ Φ◦
w = Φw|∂(Bn

w) : S
n−1
w → Xn−1 é ❛ ❢✉♥çã♦ ❞❡ ❝♦❧❛❣❡♠❀

✷✳ q : Xn−1 → Xn−1/Xn−2 é ♦ ♠❛♣❛ q✉♦❝✐❡♥t❡❀

✸✳ qw′ : Xn−1/Xn−2 → Sn−1
w′ ❝♦❧❛♣s❛ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❛ ❝é❧✉❧❛ Bn−1

w′ ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦✱ ❛ q✉❛❧
é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ q✉♦❝✐❡♥t❡ Sn−1

w′ = Bn−1
w′ /∂(Bn−1

w′ ) ✉s❛♥❞♦ ♦ ♠❛♣❛ ❝❛r❛❝t❡ríst✐❝♦ Φw′ ✳

∂(Bn
w)
∼= Sn−1

w

φw,w′

−→ Sn−1
w′

Φ◦
w ↓ ↑ qw′

Xn−1 q
−→ Xn−1/Xn−2

❆ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❝♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ C ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s
❝é❧✉❧❛s ❞❡ X✳ ❉❡♥♦t❛r❡♠♦s ♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ ∂ : C → C ❝♦♠♦ ❛ ❡①t❡♥sã♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s
∂n✳

✸✳✷ ❍♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s

Pr✐♠❡✐r❛♠❡♥t❡✱ ✜①❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w = r1 · · · rl(w) ♣❛r❛ t♦❞♦ w ∈ W ✳ ❆
Pr♦♣♦s✐çã♦ ✷✳✶✳✽ ♥♦s ❞✐③ q✉❡ ♣❛r❛ ❝❛❞❛ w ∈ W ✱ ❛s ❢✉♥çõ❡s Φw sã♦ ❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s q✉❡
❝♦❧❛♠✱ ♣❡❧❛ ❢r♦♥t❡✐r❛✱ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw ❡♠ ❝é❧✉❧❛s ♠❡♥♦r❡s Sv✳

❊♠ r❡❧❛çã♦ ❛ ♥♦t❛çã♦ ❛❞♦t❛❞❛ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❛ ❜♦❧❛ Bn
w ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ Bw✮ ♣♦❞❡rá

s❡r ❞❡♥♦t❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❝♦♠♦ ❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt Sw✱ ❛ ✜♠ q✉❡ ❞❡ t♦r♥❛r ❡✈✐❞❡♥t❡ ♦ ❢❛t♦ ❞♦
♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ ❛t✉❛r s♦❜r❡ ❛ ❝é❧✉❧❛ Sw✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❤♦♠♦❧♦❣✐❛✱ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛✱ q✉❡ ❛t✉❛ ♥♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞♦ ♣❡❧❛s ❝é❧✉❧❛s Sw✱ w ∈ W ✱ ♦✉ s❡❥❛✱ ∂ : C → C t❛❧ q✉❡

∂Sw =
∑

w′

c(w,w′)Sw′
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♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s c(w,w′) ∈ R s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s

✶✳ ❙❡ dimSw − dimSw′ 6= 1 ❡♥tã♦ c(w,w′) = 0❀

✷✳ ❙❡ dimSw − dimSw′ = 1 ❡♥tã♦ c(w,w′) = deg
(
φw,w′ : Sd−1

w → Sd−1
w′

)
✱ ♦♥❞❡ φw,w′ s❡❣✉❡ ♦

s❡❣✉✐♥t❡ ❡sq✉❡♠❛ ❞❡ ❝♦♠♣♦s✐çã♦✿

∂(Bw) ∼= Sd−1
w

φw,w′

−→ Sd−1
w′

Φ◦
w ↓ ↑ Φ−1

w′

Xd−1 q̃
−→ σw′

✭❛✮ ❖ ♠❛♣❛ ❞❡ ❝♦❧❛❣❡♠ Φ◦
w = Φw|∂(Bw) : S

d−1
w → Sw\N · wb0 = ∪v<wSv = Xd−1❀

✭❜✮ P❛r❛ ❢♦r♠❛r q̃ : Xd−1 → σw′ ♣❡❣❛♠♦s ♦ ♠❛♣❛ q✉♦❝✐❡♥t❡ q✉❡ ✐❞❡♥t✐✜❝❛ ♦ ❝♦♠♣❧❡✲
♠❡♥t❛r ❞❛ ❝é❧✉❧❛ Sw′ ❞❡♥tr♦ ❞❡ Xd−1 à ✉♠ ♣♦♥t♦ ❡ ❝♦♠♣♦♠♦s ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦
Xd−1/(Xd−1\Sw′) ∼= Sw′/(Sw′\N · w′b0) = σw′ ❀

✭❝✮ Φ−1
w′ : σw′ → Sd−1

w′ ❢♦✐ ❞❡✜♥✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛✱ ♣r❡❝✐s❛♠♦s ❛♥❛❧✐s❛r ❡♠ q✉❛❧ s✐t✉❛çã♦ t❡♠✲s❡
q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❛s ❞✐♠❡♥sõ❡s ❞❡ ❞✉❛s ❝é❧✉❧❛s é ✐❣✉❛❧ ❛ 1✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛♠ w,w′ ∈ W✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ Sw′ ⊂ Sw ❡ dimSw − dimSw′ = 1❀

✷✳ ❙❡ w = r1 · · · rn ∈ W é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧✱ ❡♥tã♦ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡
w′ é w′ = r1 · · · r̂i · · · rn✱ ♦♥❞❡ ri = rαi

♣❛r❛ αi ∈ Σ ❡ ❛ ✜❜r❛ ❝❛♥ô♥✐❝❛ ❞❡ F → F{αi} t❡♠
❞✐♠❡♥sã♦ ✶✱ ♦✉ s❡❥❛✱ ❡st❛ ✜❜r❛ é g(αi) ∼= sl(2,R)✳

❆❧é♠ ❞✐ss♦✱ ❡st❡ í♥❞✐❝❡ i é ú♥✐❝♦✱ ✐st♦ é✱ ♥ã♦ ❡①✐st❡ ♦✉tr♦ j 6= i t❛❧ q✉❡ w′ = r1 · · · r̂j · · · rn✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ q✉❡ Sw′ ⊂ Sw s❡✱ ❡ s♦♠❡♥t❡ s❡✱ w′ < w ♥❛ ♦r❞❡♠ ❞❡ ❇r✉❤❛t✲❈❤❡✈❛❧❧❡②✳ ❆ss✐♠✱
s❡ w = r1 · · · rn✱ ❡♥tã♦ w′ = ri1 · · · ril ✱ ❝♦♠ 1 6 i1 < · · · < il 6 n✳ ❈♦♠♦ dimSw − dimSw′ = 1
❡ s❛❜❡♥❞♦ q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ❝❛❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt é ❞❛❞❛ ♣❡❧❛ s♦♠❛ ✭❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✮ ❞❛s
r❛í③❡s s✐♠♣❧❡s ❞❡ w✱ s❡❣✉❡ q✉❡ ❞❡✈❡♠♦s r❡♠♦✈❡r ❛♣❡♥❛s ✉♠❛ r❛✐③✱ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ 1✱ ❞❛ ❝é❧✉❧❛ w
♣❛r❛ ♦❜t❡r w′✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ i < j t❛✐s q✉❡

w′ = r1 · · · r̂i · · · rj · · · rn = r1 · · · ri · · · r̂j · · · rn.

❆ss✐♠✱ t❡♠♦s q✉❡ ri · · · rj−1 = ri+1 · · · rj✳ ❙✉❜st✐t✉✐♥❞♦ ❡♠ w ♦❜t❡♠♦s

w = r1 · · · ri−1(ri · · · rj−1)rj · · · rn = r1 · · · ri−1(ri+1 · · · rj)rj · · · rn = r1 · · · r̂i · · · r̂j · · · rn

✐♠♣❧✐❝❛♥❞♦ q✉❡ w < w′✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ w′ < w✳ �

❉❡st❡ ♠♦❞♦✱ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ❣r❛✉ c(w,w′) = deg
(
Sd−1
w → Sd−1

w′

)
✱ ♦♥❞❡ w = r1 · · · rn ❡ w′ =

r1 · · · r̂i · · · rn✱ ❞❡✈❡♠♦s ♣r♦❝❡❞❡r ❝♦♠ ❛s s❡❣✉✐♥t❡s ❡t❛♣❛s✿
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❈á❧❝✉❧♦ ❞♦ ❞♦♠í♥✐♦ ❡ ❞♦ ❝♦♥tr❛❞♦♠í♥✐♦

❈♦♠♦ ri ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ r❛✐③ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ 1✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✻✱ Bdi é ✉♠❛ ❜♦❧❛
❢❡❝❤❛❞❛ ❞❡ ❞✐♠❡♥sã♦ 1✱ ♦✉ s❡❥❛✱ é ♦ ✐♥t❡r✈❛❧♦ [0, π]✳ ❆ ❞✐♠❡♥sã♦ ❞❛ ❜♦❧❛ Bw = Bd1 × · · · × Bdn é
d = d1 + · · ·+ dn✳ ❖ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ φw,w′ é ♦ ❜♦r❞♦ ❞❡st❛ ❜♦❧❛✱ ♦✉ s❡❥❛✱

Sd−1
w = ∂(Bw) = {(t1, . . . , tn) | ∃j, tj ∈ ∂(B

dj)}

é ❛ ✉♥✐ã♦ ❞❛s ❢❛❝❡s ❞❡ Bw✳
P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡ Bw′ = Bd1 × · · · B̂di × · · · × Bdn ✳ ❊♥tã♦ ♦ ❝♦♥tr❛❞♦♠í♥✐♦ Sd−1

w′ ❞❡
φw,w′ é ♦❜t✐❞♦ ❞❡ ❝♦❧❛♣s❛r ❛ ❢r♦♥t❡✐r❛ ❞❡ Bw′ ❡♠ ✉♠ ♣♦♥t♦✳

■♥❝❧✉sã♦ ❞❡ σw′ ♥❛ ✐♠❛❣❡♠ Φw(S
d−1
w )

❆❣♦r❛✱ ❞❡✈❡♠♦s ✈❡r ❝♦♠♦ σw′ ❡stá ❞❡♥tr♦ ❞❛ ✐♠❛❣❡♠ Φw(S
d−1
w )✳

▲❡♠❛ ✸✳✷✳✷✳ Φw(t1, . . . , tn) ∈ N · w
′b0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❢❛t♦s ❛❜❛✐①♦

❼ tj ∈ (Bdj)◦✱ s❡ j 6= i❀

❼ ti ∈ ∂(B
di) = {0, π}✳

❖✉ s❡❥❛✱ ❛ ♣ré✲✐♠❛❣❡♠ Φ−1
w (N ·w′b0) é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❛s ❞✉❛s ❢❛❝❡s r❡❧❛❝✐♦♥❛❞❛s à ❝♦♦r❞❡♥❛❞❛

i✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ti ∈ ∂(Bdi) ❡♥tã♦ ti ∈ M ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✻✳ ❈♦♠♦ M ⊂ Kl ♣❛r❛ t♦❞♦ l✱ t❡♠♦s
q✉❡

Φ(t1, . . . , tn) = ψ1(t1) · · ·ψn(tn) · b0 ∈ K1 · · · K̂i · · ·Kn · b0 = Sw′ .

❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✺✱ Φ(t1, . . . , tn) ∈ N · w′b0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ψj(tj) 6∈ M ✱ ♣❛r❛ t♦❞♦
j 6= i✱ ✐st♦ é✱ tj ❡stá ♥♦ ✐♥t❡r✐♦r ❞❛ ❜♦❧❛ Bdj ✳ �

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠♣♦rt❛♥t❡ ❞❡st❡ ❧❡♠❛ é q✉❡ ♥♦ q✉♦❝✐❡♥t❡ σw′ = Sw′/(Sw′\N · w′b0)✱ ❝♦❧❛♣✲
s❛♠♦s ❡♠ ✉♠ ♣♦♥t♦ t♦❞❛s ❛s ❢❛❝❡s q✉❡ ♥ã♦ ❝♦rr❡s♣♦♥❞❡♠ à ❝♦♦r❞❡♥❛❞❛ i✳ ▲♦❣♦✱ é s✉✜❝✐❡♥t❡ ❞❡✜♥✐r
❛ ❢✉♥çã♦ φw,w′ ♥❡st❛s ❞✉❛s ❢❛❝❡s r❡❧❛❝✐♦♥❛❞❛s à i✳

❈á❧❝✉❧♦ ❞♦s ❣r❛✉s

❈♦♥s✐❞❡r❡s ❛s s❡❣✉✐♥t❡s ❢❛❝❡s ❞❛ ❜♦❧❛ Bw✿

F i
0 = {(t1, . . . , ti−1, 0, ti+1, . . . , tn)} ❡ F i

π = {(t1, . . . , ti−1, π, ti+1, . . . , tn)}.

❊❧❛s sã♦ ❛s ❢❛❝❡s ❞❡ Bw q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❝♦♦r❞❡♥❛❞❛ i✳ ➱ s✉✜❝✐❡♥t❡ ❝❛❧❝✉❧❛r ♦ ❣r❛✉ ❞❡ φw,w′

❛♣❡♥❛s r❡str✐♥❣✐♥❞♦ à ❡st❛s ❢❛❝❡s✱ ✉♠❛ ✈❡③ q✉❡ ♥❛s ♦✉tr❛s ❢❛❝❡s✱ ❛ ❢✉♥çã♦ φw,w′ s❡ tr✐✈✐❛❧✐③❛✳ ❖s
✈❛❧♦r❡s ❞❡ φw,w′ ♥❡st❛s ❢❛❝❡s sã♦ ❞❛❞❛s ♣♦r

f 0
i (t1, . . . , 0, . . . , tn) = Φ−1

w′ (ψ1(t1) · · ·ψi(0) · · ·ψn(tn) · b0)

= Φ−1
w′ (ψ1(t1) · · · 1 · · ·ψn(tn) · b0)

fπ
i (t1, . . . , π, . . . , tn) = Φ−1

w′ (ψ1(t1) · · ·ψi(π) · · ·ψn(tn) · b0)

= Φ−1
w′ (ψ1(t1) · · ·mαi

· · ·ψn(tn) · b0)
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♦♥❞❡ ❛ ❢✉♥çã♦ Φw′ é ❞❛❞❛ ♣❡❧❛ ❡s❝♦❧❤❛ ♣r❡✈✐❛♠❡♥t❡ ✜①❛❞❛ w′ = s1 · · · sl✱ q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
❝♦✐♥❝✐❞❡ ❝♦♠ w′ = r1 · · · r̂i · · · rn✳

❖ ❣r❛✉ ❞❡ φw,w′ é ❛ s♦♠❛ ❞♦s ❣r❛✉s ❞❡ f 0
i ❡ fπ

i ✱ q✉❡ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ ❢✉♥çõ❡s ❞❡
Sd−1 → Sd−1✱ ♣♦✐s ❜❛st❛ ❝♦❧❛♣s❛r ❛s ❢r♦♥t❡✐r❛s ❞❛s ❢❛❝❡s ❡♠ ♣♦♥t♦s✳

❉❡ ❢❛t♦✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✵ ❞❡ ❬✷❪ ♥♦s ❛✉①✐❧✐❛ ♥❡st❡ ❝á❧❝✉❧♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✸✳ ❙✉♣♦♥❤❛ q✉❡ f : Sn → Sn t❡♥❤❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡✱ ♣❛r❛ ❛❧❣✉♠ ♣♦♥t♦
y ∈ Sn✱ ❛ ♣ré✲✐♠❛❣❡♠ f−1(y) ❝♦♥s✐st❡ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s x1, . . . , xm✳ ❊♥tã♦ ♦
❣r❛✉ ❞❡ f é ❛ s♦♠❛ ❞♦s ❣r❛✉s ❧♦❝❛✐s ❡♠ ❝❛❞❛ xi✱ i = 1, . . . ,m✱ ♦✉ s❡❥❛✱

deg f =
m∑

i=1

deg f |xi
.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ y ∈ Sd−1✱ t❡♠♦s q✉❡ φ−1
w,w′(y) sã♦ ❞♦✐s ♣♦♥t♦s✱ ❛ q✉❛❧ ✉♠

♣♦♥t♦ x1 ♣❡rt❡♥❝❡ à ❢❛❝❡ F i
0 ❡ ♦ ♦✉tr♦ ♣♦♥t♦ x2 ❡stá ♥❛ ❢❛❝❡ F i

π✳ ❈♦♠♦ f 0
i é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱

s❡❣✉❡ q✉❡ ♦ ❣r❛✉ ❧♦❝❛❧ ❞❡ x1 é ♦ ❣r❛✉ ❞❛ ❢✉♥çã♦ f 0
i ✱ q✉❡ ♣♦r s✉❛ ✈❡③ é deg(f 0

i ) = ±1✳ ❉♦ ♠❡s♠♦
♠♦❞♦✱ ♦ ❣r❛✉ ❧♦❝❛❧ ❞❡ x2 é deg(fπ

i ) = ±1✳ ▲♦❣♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✷✳✹✳ ❖ ❝♦❡✜❝✐❡♥t❡ c(w,w′) é 0 ♦✉ ±2✱ ♣❛r❛ t♦❞♦ w,w′ ∈ W✳

❊st❡ t❡♦r❡♠❛ ♣❡r♠✐t❡ ❞✐③❡r q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ Z2✲❤♦♠♦❧♦❣✐❛ ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ sã♦
t♦❞♦s ♥✉❧♦s✳

✸✳✷✳✶ ❊①♣r❡ssõ❡s ❛❧❣é❜r✐❝❛s ♣❛r❛ ♦s ❣r❛✉s

❙❡❥❛ w = r1 · · · rn ❡ w′ = r1 · · · r̂i · · · rn ❞✉❛s ❞❡❝♦♠♣♦s✐çõ❡s ♠✐♥✐♠❛✐s ❝♦♠ ri = rαi
✱ ❛ss✉♠✐♥❞♦

q✉❡ ❛ r❛✐③ s✐♠♣❧❡s αi t❡♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ di = 1✳
❆ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ w′ = s1 · · · sl ♣r❡✈✐❛♠❡♥t❡ ✜①❛❞❛ ✭q✉❡ ♣♦❞❡ s❡r ❞✐❢❡r❡♥t❡ ❞❛ ❞❡❝♦♠♣♦✲

s✐çã♦ w′ = r1 · · · r̂i · · · rn✮ ❡stá ❛ss♦❝✐❛❞❛ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ Φw′ ✳ ❆ ♣❛rt✐r ❞❡❧❛✱ ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r
♦ ❣r❛✉ ❞❡ φw,w′ ✉t✐❧✐③❛♥❞♦ ❛s ❢✉♥çõ❡s

f 0
i (t1, . . . , 0, . . . , tn) = Φ−1

w′ (ψ1(t1) · · · 1 · · ·ψn(tn) · b0);

fπ
i (t1, . . . , π, . . . , tn) = Φ−1

w′ (ψ1(t1) · · ·mαi
· · ·ψn(tn) · b0).

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ❛ss♦❝✐❛r ❛ ❞❡❝♦♠♣♦s✐çã♦ w′ = r1 · · · r̂i · · · rn ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛
Ψw′ ✱ ❞❛♥❞♦ ♦r✐❣❡♠ ❛s ❢✉♥çõ❡s

h0i (t1, . . . , 0, . . . , tn) = Ψ−1
w′ (ψ1(t1) · · · 1 · · ·ψn(tn) · b0);

hπi (t1, . . . , π, . . . , tn) = Ψ−1
w′ (ψ1(t1) · · ·mαi

· · ·ψn(tn) · b0).

❱❡❥❛ q✉❡ ❡st❛s ❢✉♥çõ❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣♦r

f 0
i = (Φ−1

w′ ◦Ψw′) ◦ h0i ;

fπ
i = (Φ−1

w′ ◦Ψw′) ◦ hπi .
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❈♦♠♦ ❛ ❢✉♥çã♦ Φ−1
w′ ◦ Ψw′ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tr❡ ❡s❢❡r❛s ✭q✉❛♥❞♦ ❝♦❧❛♣s❛♠♦s ❛ ❢r♦♥t❡✐r❛

❡♠ ♣♦♥t♦s✮✱ t❡♠✲s❡ q✉❡

deg f 0
i = deg(Φ−1

w′ ◦Ψw′) · deg h0i = ± deg h0i .

❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s deg fπ
i = ± deg hπi ✳

P❛r❛ w ∈ W ✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦
φ(w) =

∑

β∈Πw

dim gβ · β

❝♦♠♦ ❛ s♦♠❛ ❞❛s r❛í③❡s ❡♠ Πw = Π+ ∩ wΠ− ❝♦♥t❛♥❞♦✲s❡ s✉❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s✳
❆ ❢ór♠✉❧❛ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ c(w,w′) é ❞❛❞♦ ♣❡❧♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✸✳✷✳✺✳ ❈♦♥s✐❞❡r❡ k ♦ ✐♥t❡✐r♦ ❞❛❞♦ ♣♦r φ(w) − φ(w′) = k · β✱ ♦♥❞❡ β é ❛ ú♥✐❝❛ r❛✐③ t❛❧
q✉❡ w = rβw

′✱ ❡ I =
∑

j≤i dim gj é ❛ s♦♠❛ ❞❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛s r❛í③❡s αj✱ ♣❛r❛ j ≤ i✳ ❊♥tã♦

c(w,w′) = deg(Φ−1
w′ ◦Ψw′)(−1)I(1 + (−1)k).

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✽❪✳

✸✳✸ ❈♦♥t✐♥✉❛çã♦ ❞♦ ❡①❡♠♣❧♦ Sl(3,R)

❆♣❧✐❝❛r❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❛ ❤♦♠♦❧♦❣✐❛ ♣❛r❛ ♦ ❡①❡♠♣❧♦ ✐♥✐❝✐❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✶✳ ❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦
❞❡ ▲✐❡ Sl(3,R)✳ ❋✐①❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ♣❛r❛ ♦ s❡✉ ❣r✉♣♦ ❞❡ ❲❡②❧ W = S3✿

1, (12), (23), (123) = (12)(23), (132) = (23)(12), (13) = (12)(23)(12).

❆ ♣❛rt✐r ❞♦ ▲❡♠❛ ✷✳✶✳✻✱ ♣♦❞❡♠♦s ♣❛r❛♠❡tr✐③❛r ♦s ❝♦♥❥✉♥t♦s K1 = K{α(12)} ❡ K2 = K{α(23)}

♣❡❧❛s ♠❛tr✐③❡s

A =




0 1 0
−1 0 0
0 0 0


 B =




0 0 0
0 0 1
0 −1 0




❛tr❛✈és ❞❛s ❢✉♥çõ❡s

ψ1 : [0, π] → K1

t 7→ etA
❡

ψ2 : [0, π] → K2

t 7→ etB
.

❆ss✐♠✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣ré✲✜①❛❞❛ ❞❡
W ✱ ❡♠ t❡r♠♦ ❞♦s s✉❜❣r✉♣♦s Ki✱ ❝♦♠♦

❖r❞❡♠ ✵✿ S1 = b0❀
❖r❞❡♠ ✶✿ S(12) = K1 · b0❀

S(23) = K2 · b0❀
❖r❞❡♠ ✷✿ S(123) = K1K2 · b0❀

S(132) = K2K1 · b0❀
❖r❞❡♠ ✸✿ S(13) = K1K2K1 · b0✳
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❆s r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❞❛❞❛s ♣♦r

❖r❞❡♠ ✵✿ Φ1(t) = b0❀
❖r❞❡♠ ✶✿ Φ(12)(t) = etA · b0, t ∈ [0, π]❀

Φ(23)(t) = etB · b0, t ∈ [0, π]❀
❖r❞❡♠ ✷✿ Φ(123)(t, s) = etAesB · b0, (t, s) ∈ [0, π]2❀

Φ(132)(t, s) = etBesA · b0, (t, s) ∈ [0, π]2❀
❖r❞❡♠ ✸✿ Φ(13)(t, s, r) = etAesBerA · b0, (t, s, r) ∈ [0, π]3✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❤♦♠♦❧♦❣✐❛✱ ♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ ∂✱ q✉❡ é ♦❜t✐❞♦ ❛ ♣❛rt✐r
❞♦s ❝♦❡✜❝✐❡♥t❡s c(w,w′)✱ ❝♦♠ w,w′ ∈ W ✳ P❛r❛ ✐st♦✱ ♣r❡❝✐s❛♠♦s ✈❡r✐✜❝❛r ❝❛❞❛ ❝♦♠❜✐♥❛çã♦ ❝✉❥❛
♦r❞❡♠ ❞♦s ❡❧❡♠❡♥t♦s ❞✐❢❡r❡♠ ❡♠ ✶✱ ♣♦✐s ❡♠ t♦❞♦s ♦s ♦✉tr♦s ❝❛s♦s✱ ♦s ❝♦❡✜❝✐❡♥t❡s sã♦ ♥✉❧♦s✳

✶✳ c((12), 1) = 0✳ ❆ ❝é❧✉❧❛ S(12) t❡♠ ❝♦♠♦ ❢r♦♥t❡✐r❛ ❛ ú♥✐❝❛ ❝é❧✉❧❛ ❞❡ ❞✐♠❡♥sã♦ 0✱ ♦✉ s❡❥❛✱ ♦
♣♦♥t♦ b0✳ ❆ss✐♠✱ ❛s ❢✉♥çõ❡s f 0

1 , f
π
1 : S0 → S0 sã♦ tr✐✈✐❛✐s✱ ♣♦✐s ♦ ❞♦♠í♥✐♦ ❡ ❝♦♥tr❛❞♦♠í♥✐♦

sã♦ ✐❣✉❛✐s ❛♦ ♣♦♥t♦ b0✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❣r❛✉ ❞❡st❛s ❢✉♥çõ❡s✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ t❡♠♦s
✉♠❛ ♦r✐❡♥t❛çã♦ ♥♦ ✐♥t❡r✈❛❧♦ [0, π]✱ s❡❣✉♥❞♦ ❛ ✜❣✉r❛✿

S(12)

❋✐❣✉r❛ ✸✳✶✿ ❈é❧✉❧❛ S(12)✳

❉❛í✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ♦r✐❡♥t❛çã♦ ♣❛❞rã♦ ❞♦ ♣♦♥t♦ ❝♦♠♦ ❛q✉❡❧❛ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ✏❢♦r❛✑ ❞♦
♣♦♥t♦✱ q✉❛♥❞♦ ♣❡❣❛♠♦s ♦s ♣♦♥t♦s ❞♦ ❡①tr❡♠♦ ❞♦ ✐♥t❡r✈❛❧♦✱ t❡♠♦s q✉❡ ❛ ♦r✐❡♥t❛çã♦ ❤❡r❞❛❞❛
❞♦ ✐♥t❡r✈❛❧♦ [0, π] ❛♣♦♥t❛ ♣❛r❛ ✏❢♦r❛✑ ❞♦ ♣♦♥t♦ {0} ❡ ♣❛r❛ ✏❞❡♥tr♦✑ ❞♦ ♣♦♥t♦ {π}✱ ♦✉ s❡❥❛✱
deg(f 0

1 ) = 1 ❡ deg(fπ
1 ) = −1✳ ▲♦❣♦✱ c((12), 1) = 1 + (−1) = 0✳

✷✳ c((23), 1) = 0✳ ❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✳

✸✳ c((123), (12)) = 0✳

❼ ❱❡❥❛ q✉❡ (12) = (12)(̂23)✱ ♦✉ s❡❥❛✱ é r❡t✐r❛❞♦ ♦ ✷➸ ❢❛t♦r ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡
(123)❀

❼ f 0
2 , f

π
2 : S1 → S1 sã♦ ❞❛❞❛s ♣♦r

f 0
2 (t, 0) = etAe0B · b0 = etA · b0

fπ
2 (t, π) = etAeπB · b0 = etA · b0

♣♦✐s s❛❜❡♠♦s q✉❡ eπB ∈M ✳ ❖❜s❡r✈❡ q✉❡ ♥❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ é ♥❡❝❡ssár✐♦ t❡r ❡♠ ♠❡♥t❡
q✉❡ ❢❛❧t❛ ❝♦❧❛♣s❛r ❛s ❢r♦♥t❡✐r❛ ❡♠ ♣♦♥t♦s ♣❛r❛ q✉❡ t❡♥❤❛♠♦s S1 → S1✳
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❼ ❖ ❣r❛✉ ❞❡ ❝❛❞❛ ❢✉♥çã♦ f 0
2 ❡ fπ

2 ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♣❛r❛♥❞♦✲s❡ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡
❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❝✉❜♦ [0, π]2✱ q✉❡ é ♦r✐❡♥t❛❞❛ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✱
❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛s ❢✉♥çõ❡s f 0

2 ❡ fπ
2 ✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛

✸✳✷✳

S(123)

f0
2 (t, 0) = etA · b0

fπ
2 (t, π) = etA · b0

❋✐❣✉r❛ ✸✳✷✿ ❈é❧✉❧❛ S(123) ❡♠ S(12)✳

❆ss✐♠✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❝✉r✈❛ f 0
2 (t, 0) s❡❣✉❡ ♥❛ ♠❡s♠❛ ❞✐r❡çã♦ ❞❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢r♦♥✲

t❡✐r❛ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ deg(f 0
2 ) = 1✳ P♦r s✉❛ ✈❡③✱ ❛ ❝✉r✈❛ fπ

2 (t, π)
s❡❣✉❡ ♥❛ ❞✐r❡çã♦ ❝♦♥trár✐❛ ❞❛ ♦r✐❡♥t❛çã♦ ❛♥t✐✲❤♦rár✐❛✱ ♦✉ s❡❥❛✱ deg(fπ

2 ) = −1✳ ▲♦❣♦✱
c((123), (12)) = 1 + (−1) = 0✳

✹✳ c((123), (23)) = −2✳

❼ ❱❡❥❛ q✉❡ (23) = (̂12)(23)✱ ♦✉ s❡❥❛✱ é r❡t✐r❛❞♦ ♦ ♣r✐♠❡✐r♦ ❢❛t♦r ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧
❞❡ (123)❀

❼ f 0
1 , f

π
1 : S1 → S1 sã♦ ❞❛❞❛s ♣♦r

f 0
1 (0, s) = e0AesB · b0 = esB · b0

fπ
1 (t, π) = eπAesB · b0 = eπAesBe−πA · b0

= eAd(eπA)sB · b0 = es(e
πABe−πA) · b0.

▼❛s✱

eπABe−πA = exp








0 π 0
−π 0 0
0 0 0










0 0 0
0 0 1
0 −1 0


 exp








0 −π 0
π 0 0
0 0 1







=



−1 0 0
0 −1 0
0 0 1






0 0 0
0 0 1
0 −1 0





−1 0 0
0 −1 0
0 0 1




=




0 0 0
0 0 −1
0 1 0


 = −B.
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▲♦❣♦✱
fπ
1 (π, s) = e−sB · b0 = e−sBeπB · b0 = e(π−s)B · b0.

❼ ❖ ❣r❛✉ ❞❡ ❝❛❞❛ ❢✉♥çã♦ f 0
1 ❡ fπ

1 ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱
❝♦♠♣❛r❛♥❞♦✲s❡ ❛ ♦r✐❡♥t❛çã♦ ❞❛s ❢❛❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❝✉❜♦ [0, π]2✳

S(123)f0
1 (0, s) = esB · b0 fπ

1 (π, s) = e(π−s)B · b0

❋✐❣✉r❛ ✸✳✸✿ ❈é❧✉❧❛ S(123) ❡♠ S(23)✳

▲♦❣♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❝✉r✈❛ f 0
1 (0, s) s❡❣✉❡ ♥❛ ❞✐r❡çã♦ ♦♣♦st❛ ❞❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢r♦♥✲

t❡✐r❛ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ deg(f 0
1 ) = −1✳ ❆ ❝✉r✈❛ fπ

1 (π, s) t❛♠❜é♠
s❡❣✉❡ ♥❛ ❞✐r❡çã♦ ❝♦♥trár✐❛ ❞❛ ♦r✐❡♥t❛çã♦ ❛♥t✐✲❤♦rár✐❛✱ ♦✉ s❡❥❛✱ deg(fπ

1 ) = −1✳ ▲♦❣♦✱
c((123), (12)) = (−1) + (−1) = −2✳

✺✳ c((132), (12)) = −2 ❡ c((132), (23)) = 0 sã♦ ♦❜t✐❞♦s ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❞♦✐s ú❧t✐♠♦s
❝❛s♦✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✿

S(123)

f0
2 (t, 0) = etB · b0

fπ
2 (t, π) = etB · b0

f0
1 (0, s) = esA · b0 fπ

1 (π, s) = e(π−s)A · b0

❋✐❣✉r❛ ✸✳✹✿ ❈é❧✉❧❛ S(132)✳

✻✳ c((13), (123)) = 0✳

❼ ❱❡❥❛ q✉❡ (123) = (12)(23) = (12)(23)(̂12)✱ ♦✉ s❡❥❛✱ é r❡t✐r❛❞♦ ♦ t❡r❝❡✐r♦ ❢❛t♦r ❞❛ ❞❡❝♦♠✲
♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡ (13)❀

❼ f 0
3 , f

π
3 : S2 → S2 sã♦ ❞❛❞❛s ♣♦r

f 0
3 (t, s, 0) = etAesBe0A · b0 = etAesB · b0

fπ
3 (t, s, π) = etAesBeπA · b0 = etAesB · b0.
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❼ ❖ ❣r❛✉ ❞❡ ❝❛❞❛ ❢✉♥çã♦ f 0
3 ❡ fπ

3 ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♣❛r❛♥❞♦✲s❡ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡
❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❝✉❜♦ [0, π]3✱ q✉❡ é ♦r✐❡♥t❛❞❛ ❞❡ ❢♦r♠❛ q✉❡ ♦ ✈❡t♦r ♥♦r♠❛❧
❛♣♦♥t❡ ♣❛r❛ ❢♦r❛ ❞♦ ❝✉❜♦✱ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛s ❢✉♥çõ❡s f 0

3 ❡
fπ
3 ✳ ■st♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✿

S(13)

r

t

s

r

t

s

f0
3 (t, s, 0) = etAesB · b0

fπ
3 (t, s, π) = etAesB · b0

❋✐❣✉r❛ ✸✳✺✿ ❈é❧✉❧❛ S(13) ❡♠ S(123)✳

❖❜s❡r✈❡ q✉❡ ✜①❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡ (t, s, 0) ❝♦♠♦ ♦ ✈❡t♦r ♥♦r♠❛❧ q✉❡ ❛♣♦♥t❛ ♣❛r❛
❝✐♠❛ ✭q✉❡r❡♠♦s r❡s♣❡✐t❛r ❛q✉✐ ❛ ✏r❡❣r❛ ❞❛ ♠ã♦ ❞✐r❡✐t❛✑✮✱ ❛ ❢✉♥çã♦ f3(0) ❞❡✈❡ ✐♥✈❡rt❡r
❛ ♦r✐❡♥t❛çã♦ ♣♦✐s ❞❡✈❡ ❧❡✈❛r ✉♠❛ ♦r✐❡♥t❛çã♦ ❝✉❥♦ ✈❡t♦r ♥♦r♠❛❧ ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦ ❞♦
❝✉❜♦ ♣❛r❛ ✉♠❛ ♦r✐❡♥t❛çã♦ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ❢♦r❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ deg(f 0

3 ) = −1✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ t♦♠❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡ (t, s, π) ❝✉❥♦ ✈❡t♦r ♥♦r♠❛❧ q✉❡ ❛♣♦♥t❛
♣❛r❛ ❝✐♠❛ ✭❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡ (t, s, 0)✮✱ ❛ ❢✉♥çã♦ fπ

3 ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ♣♦✐s
t❛♥t♦ ♦ ❞♦♠í♥✐♦ q✉❛♥t♦ ♦ ❝♦♥tr❛❞♦♠í♥✐♦ tê♠ ♦r✐❡♥t❛çõ❡s ❝✉❥♦s ✈❡t♦r❡s ♥♦r♠❛✐s ❛♣♦♥t❛♠
♣❛r❛ ❢♦r❛ ❞♦ ❝✉❜♦✳ ▲♦❣♦✱ c((13), (123)) = 1 + (−1) = 0✳

✼✳ c((13), (132)) = 0✳

❼ ❱❡❥❛ q✉❡ (132) = (23)(12) = (̂12)(23)(12)✱ ♦✉ s❡❥❛✱ é r❡t✐r❛❞♦ ♦ ♣r✐♠❡✐r♦ ❢❛t♦r ❞❛
❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡ (13)❀

❼ f 0
1 , f

π
1 : S2 → S2 sã♦ ❞❛❞❛s ♣♦r

f 0
1 (0, s, r) = e0AesBerA · b0 = esBerA · b0

fπ
1 (π, s, r) = eπAesBerA · b0 = eπAesBerAe−πA · b0

= eπAesBe−πAerA · b0 = eAd(eπA)sBerA · b0

= e−sBerA · b0

♣♦✐s erA ❡ e−πA ❝♦♠✉t❛♠ ❡ Ad(eπA)B = −B✳ P❛r❛ ❞❡s❝r❡✈❡r ❡st❛ ❢✉♥çã♦ ❝♦♠ ♦ ❞♦♠í♥✐♦
[0, π]2✱ ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ Ad(e−πB)A = −A ✭q✉❡ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦
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à ❡q✉❛çã♦ Ad(eπA)B = −B✮✳ ❉❛í✱

fπ
1 (π, s, r) = e−sBerA · b0 =

(
e−sBeπB

) (
e−πBerAeπB

)
· b0

= e(π−s)BerAd(e−πB)A · b0 = e(π−s)Be−rA · b0

= e(π−s)Be−rAeπA · b0 = e(π−s)Be(π−r)A · b0.

❼ ❖ ❣r❛✉ ❞❛s ❢✉♥çõ❡s f 0
3 ❡ fπ

3 ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛✿

S(13)

r

t

s

r

t

s

f0
1 (0, s, r) = esBerA · b0

fπ
1 (π, s, r) = e(π−s)Be(π−r)A · b0

❋✐❣✉r❛ ✸✳✻✿ ❈é❧✉❧❛ S(13) ❡♠ S(132)✳

❋✐①❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡ (0, s, r) ❝♦♠♦ ♦ ✈❡t♦r ♥♦r♠❛❧ q✉❡ ❛♣♦♥t❛ ♥❛ ❞✐r❡çã♦ ❞♦
✈❡t♦r ❝❛♥ô♥✐❝♦ (1, 0, 0)✱ ❛ ❢✉♥çã♦ f1(0) ❞❡✈❡ ✐♥✈❡rt❡r ❛ ♦r✐❡♥t❛çã♦ ♣♦✐s ❞❡✈❡ ❧❡✈❛r ✉♠❛
♦r✐❡♥t❛çã♦ ❝✉❥♦ ✈❡t♦r ♥♦r♠❛❧ ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦ ❞♦ ❝✉❜♦ ♣❛r❛ ✉♠❛ ♦r✐❡♥t❛çã♦ q✉❡
❛♣♦♥t❛ ♣❛r❛ ❢♦r❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ deg(f 0

1 ) = −1✳
❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❢❛❝❡ (π, s, r) ❝✉❥♦ ✈❡t♦r ♥♦r♠❛❧ t❛♠❜é♠
❛♣♦♥t❛ ♥❛ ❞✐r❡çã♦ ❞♦ ✈❡t♦r (1, 0, 0)✱ ♦❜s❡r✈❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ (s, r) 7→ (π − s, π − r)
♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ❡✱ ♣♦rt❛♥t♦✱ ❛ ❢✉♥çã♦ fπ

1 ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ♣♦✐s t❛♥t♦ ♦ ❞♦♠í♥✐♦
q✉❛♥t♦ ♦ ❝♦♥tr❛❞♦♠í♥✐♦ tê♠ ♦r✐❡♥t❛çõ❡s ❝✉❥♦s ✈❡t♦r❡s ♥♦r♠❛✐s ❛♣♦♥t❛♠ ♣❛r❛ ❢♦r❛ ❞♦
❝✉❜♦✳ ▲♦❣♦✱ c((13), (132)) = 1 + (−1) = 0✳

❆ss✐♠✱ ♦ ♦♣❡r❛❞♦r ❢r♦♥t❡✐r❛ é ❞❛❞♦ ♣♦r✿

❖r❞❡♠ ✶✿ ∂S(12) = 0❀
∂S(23) = 0❀

❖r❞❡♠ ✷✿ ∂S(123) = −2S(23)❀
∂S(132) = −2S(12)❀

❖r❞❡♠ ✸✿ ∂S(13) = 0✳

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❛ ❤♦♠♦❧♦❣✐❛ ❝❡❧✉❧❛r é

Z
∂3≡0
−→ Z⊕ Z

∂2−→ Z⊕ Z
∂1≡0
−→ Z

(a, b) 7−→ (−2b,−2a)
.

▲♦❣♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❣r✉♣♦s ❞❡ ❤♦♠♦❧♦❣✐❛✿
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❼ Hk(F
3
1,2)
∼= 0✱ ♣❛r❛ t♦❞♦ k > dim(F3

1,2) = 3❀

❼ H3(F
3
1,2)
∼= Ker(∂3) = Z❀

❼ H2(F
3
1,2)
∼=

Ker(∂2)

Im(∂3)
= 0❀

❼ H1(F
3
1,2)
∼=

Ker(∂1)

Im(∂2)
=

Z⊕ Z

2Z⊕ 2Z
= Z2 ⊕ Z2❀

❼ H0(F
3
1,2)
∼= Z✱ ♣♦✐s F3

1,2 é ❝♦♥❡①♦✳



❈❛♣ít✉❧♦ ✹

❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛s ✈❛r✐❡❞❛❞❡s ✢❛❣

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✳ ❊♠ t❡r♠♦s ❞❡ ❞❡✜♥✐✲
çã♦✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ✉♠ ❞♦s ♠❛✐s s✐♠♣❧❡s ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s ♣r❡s❡♥t❡s ♥❛ t♦♣♦❧♦❣✐❛
❛❧❣é❜r✐❝❛✳ ❊♠ ✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ♦❜t❡♠♦s ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♣❛r❛ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐✲
♠❛✐s ❡♠ t❡r♠♦ ❞❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛s r❛í③❡s s✐♠♣❧❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛ss♦❝✐❛❞❛✳ ❉❡♣♦✐s✱ ♣❛rt✐r❡♠♦s
♣❛r❛ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♦♥❞❡ ❛tr✐❜✉✐r❡♠♦s ♦ ✈❛❧♦r ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛s ❣r❛ss♠❛♥✐❛♥❛s
s✐♠♣❧ét✐❝❛s✳

❉❡✜♥✐çã♦ ✹✳✵✳✶✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(X) ❞❡ ✉♠ ❡s♣❛ç♦ X ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❈❲✲
❝♦♠♣❧❡①♦ ✜♥✐t❛ é ❞❛❞❛ ♣♦r

χ(X) =
∑

n>0

(−1)ncn

♦♥❞❡ cn é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝é❧✉❧❛s ❞❡ ❞✐♠❡♥sã♦ n✳ ❖❜s❡r✈❡ q✉❡ ✉♠❛ ❞❡✜♥✐çã♦ ❛♥á❧♦❣❛ ♣❛r❛ ❛
❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é t♦♠á✲❧❛ ❝♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ t♦t❛❧ ❞❡ ❝é❧✉❧❛s ❞❡ ❞✐♠❡♥sã♦ ♣❛r ❡ ♦
t♦t❛❧ ❞❡ ❝é❧✉❧❛s ❞❡ ❞✐♠❡♥sã♦ í♠♣❛r✳ ❊st❡ ♦♣❡r❛❞♦r é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦✳

✹✳✶ ❋✐❜r❛çõ❡s ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣

❈♦♥s✐❞❡r❡ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ FΘ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❛❞❛ ♣❡❧❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt
SΘ
w ✳ ❚❡♠♦s ✉♠❛ ❛ss♦❝✐❛çã♦ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ♠✐♥✐♠❛✐sWΘ ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐sW/WΘ

❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt✳ ❆ss✐♠✱

χ(FΘ) =
∑

w∈WΘ

(−1)dimSw

♣♦✐s ❝♦♠♦ ❢♦✐ ✈✐st♦ ♥❛ s❡çã♦ ✶✳✷✳✹ ✱ s❡ w ∈ WΘ ❡♥tã♦ dimSΘ
w = dimSw✳

❙❡ w = r1 · · · rk é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✐♥✐♠❛❧ ❞❡st❡ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧✱ ❝♦♠ ri ✉♠❛
r❡✢❡①ã♦ ❡♠ t♦r♥♦ ❞❛ r❛✐③ αi✱ ❡♥tã♦

dimSw =
k∑

i=1

dim(gαi
+ g2αi

).

✻✹
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❚❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ✉♠❛ ❢ór♠✉❧❛ q✉❡ r❡❧❛❝✐♦♥❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛✲
r✐❡❞❛❞❡s ✢❛❣ ♣❛r❝✐❛✐s✳ ❙❡❥❛ Θ1 ⊂ Θ2 ⊂ Σ ❡ t♦♠❡ ❛ ✜❜r❛çã♦ ❝❛♥ô♥✐❝❛ πΘ1

Θ2
: FΘ1 → FΘ2 ✳ ❉❡♥♦t❡

s✉❛ ✜❜r❛ ♣♦r fΘ1,Θ2 ✳ P❛r❛ ❞✉❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt SΘ1
w ❡ SΘ1

u ❞❡ FΘ1 ✱ ❝♦♠ w, u ∈ WΘ1 ✱ ❡♥tã♦
πΘ1
Θ2
(SΘ1

w ) = πΘ1
Θ2
(SΘ1

u ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ wWΘ2 = uWΘ2 ✳ ❉❛í✱ s❡ w t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ WΘ2 ❡♥tã♦
❛s ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ❡♠ FΘ1 q✉❡ sã♦ ♣r♦❥❡t❛❞❛s ❡♠ S

Θ2
w sã♦ ❝é❧✉❧❛s SΘ1

u t❛✐s q✉❡ u ∈ WΘ1∪wWΘ2 ✳

▲❡♠❛ ✹✳✶✳✶✳ ❙❡ w ∈ WΘ ❡ u ∈ WΘ ❡♥tã♦ l(wu) = l(w) + l(u)✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❡s❝r❡✈❡r♠♦s
w = r1 · · · rl(w) ❡ u = s1 · · · sl(u) ❡♠ t❡r♠♦ ❞❡ r❡✢❡①õ❡s s✐♠♣❧❡s✱ t❡♠✲s❡ q✉❡

wu = r1 · · · rl(w)s1 · · · sl(u).

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ ■♥❞✉çã♦ s♦❜r❡ l(u)✳
❙❡ l(u) = 1 ❡♥tã♦ u = sα ❝♦♠ α ∈ Θ✳ ❆ss✐♠✱ l(wu) = l(w) ± 1✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ WΘ ❞❛

❡q✉❛çã♦ ✭✶✳✶✳✽✮✱ ❝♦♠♦ α ∈ Θ ❡ w ∈ WΘ ❡♥tã♦ l(wu) = l(w) + 1✳
❙✉♣♦♥❤❛ q✉❡ ✈❛❧❡ ♣❛r❛ l(v) < l(u)✱ ❝♦♠ v ∈ WΘ✳ ❈♦♥s✐❞❡r❡ v = usl(u)✱ ♦✉ s❡❥❛✱ v = s1 · · · sl(u)−1✳

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ l(wv) = l(w) + l(v) = l(w) + l(u)− 1✳ ❱❡❥❛ q✉❡ vαl(u) é ✉♠ r❛✐③ ♣♦s✐t✐✈❛
❡♠ 〈Θ〉 ♣♦✐s ♣❡rt❡♥❝❡ à Πw ❡✱ ♣♦rt❛♥t♦✱ wv(αl(u)) = w(vαl(u)) > 0✳ ▲♦❣♦✱ l(wu) = l(wvsl(u)) =
l(w) + l(u)✳ �

❈♦r♦❧ár✐♦ ✹✳✶✳✷✳ ❙❡❥❛ w ∈ WΘ2 ❡ u = wv ∈ WΘ1 ∩ wWΘ2✱ ❝♦♠ v ∈ WΘ2✳ ❊♥tã♦

dimSΘ1
u = dimSΘ2

w + dimSv

= dimSΘ1
w + dimSv.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ s❡ w = r1 · · · rl(w) ❡ v = s1 · · · sl(v) sã♦ ❞❡❝♦♠♣♦s✐çõ❡s s✐♠♣❧❡s✱
❡♥tã♦

u = r1 · · · rl(w)s1 · · · sl(v)

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♠♣❧❡s✱ ♦✉ s❡❥❛✱ dimSu = dimSw + dimSv✳ ❈♦♠♦ u ∈ WΘ1 ❡ w ∈ WΘ2 ✱
❡♥tã♦ dimSΘ1

u = dimSΘ2
w + dimSv✳

P❛r❛ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦✱ t❡♠♦s q✉❡ dimSw > dimSΘ1
w > dimSΘ2

w = dimSw✱ ♦✉ s❡❥❛✱ dimSΘ1
w =

dimSw✳ �

▲❡♠❛ ✹✳✶✳✸✳ ❙❡❥❛ w ∈ WΘ2 ❡ u = wv ∈ WΘ1 ∩ wWΘ2✱ ❝♦♠ v ∈ WΘ2✳ ❊♥tã♦ v ∈ WΘ1✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ♣r♦✈❛r q✉❡ v é ♠✐♥✐♠❛❧ ♥❛ ❝❧❛ss❡ ❧❛t❡r❛❧ vWΘ1 q✉❛♥❞♦ r❡str✐t♦
❛♦ ❝♦♥❥✉♥t♦ WΘ2/WΘ1 ✳ ❙❡❥❛ vmin ∈ WΘ2 ♦ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ vWΘ1 ✳ P❡❧♦ ▲❡♠❛
✹✳✶✳✶

l(wvmin) = l(w) + l(vmin) 6 l(w) + l(v) = l(wv).

❈♦♠♦ u = wv ∈ WΘ1 é ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❡♠ wWΘ2 ❡ q✉❡ wvmin ∈ wWΘ2 ❡♥tã♦
wvmin = wv✱ ✐st♦ é✱ vmin = v✳

❆❣♦r❛✱ ✈❡❥❛♠♦s q✉❡ é ♠✐♥✐♠❛❧ ♥❛ ❝❧❛ss❡ ❧❛t❡r❛❧ vWΘ1 ❞❡ W/WΘ1 ✳ ❈♦♠♦ v ∈ WΘ2 ✱ ❡♥tã♦
SΘ2
v = bΘ2 é tr✐✈✐❛❧✳ ❉❛í✱ t♦♠❛♥❞♦ ❛ ✜❜r❛çã♦ πΘ2 : F → FΘ2 ✱ t❡♠♦s q✉❡ ❛ ❝é❧✉❧❛ Sv ❡stá ❝♦♥t✐❞❛

♥❛ ✜❜r❛ fΘ2 ✱ ♣♦✐s πΘ2(Sv) = SΘ2
v = bΘ2 ✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ SΘ1

v ⊂ fΘ1,Θ2 r❡❧❛❝✐♦♥❛❞❛ ❛ ✜❜r❛çã♦
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πΘ1
Θ2

: FΘ1 → FΘ2 ✳ ❈♦♠♦ ❛ ✜❜r❛ fΘ2 é ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ ❞♦ ❣r✉♣♦ G(Θ2) ❣❡r❛❞♦ ♣♦r gα✱
❝♦♠ α ∈ 〈Θ2〉✱ ❡ fΘ1,Θ2 é ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ ❞❡ G(Θ2) ♣❛r❛ Θ1 ⊂ Θ2✱ ❡♥tã♦ Sv ❡ SΘ1

v ✱ ♦♥❞❡
v ∈ WΘ2 ✱ sã♦ ❝é❧✉❧❛s ❞❡ ❙❝❤✉❜❡rt ♣❛r❛ fΘ2 ❡ fΘ1,Θ2 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦✱ v é ♦ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❞❛ ❝❧❛ss❡ ❧❛t❡r❛❧ vWΘ1 ✱ q✉❛♥❞♦
♦ ❣r✉♣♦ ❞❡ ❲❡②❧ é WΘ2 ✳ ▲♦❣♦✱ dimSv = dimSΘ1

v ❡✱ ♣♦rt❛♥t♦✱ v ∈ WΘ1 ✳ �

❉❡st❡ ♠♦❞♦✱ t❡♠✲s❡ q✉❡
dimSΘ1

u = dimSΘ2
w + dimSΘ1

v ✭✹✳✶✳✶✮

q✉❛♥❞♦ u = wv ∈ WΘ1 ❡ w ∈ WΘ2 ✱ ♥♦ ❝❛s♦ q✉❡ v ∈ WΘ2 ∩W
Θ1 ✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✹✳ ❙❡❥❛♠ Θ1 ⊂ Θ2 ⊂ Σ ❡ ❛ ✜❜r❛çã♦ ❝❛♥ô♥✐❝❛ πΘ1
Θ2

: FΘ1 → FΘ2 ❝♦♠ ✜❜r❛ fΘ1,Θ2✳
❊♥tã♦

χ(FΘ1) = χ(FΘ2)χ(fΘ1,Θ2).

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✳✶✮✱ t❡♠♦s

χ(FΘ1) =
∑

u∈WΘ1

(−1)dimS
Θ1
u =

∑

w∈WΘ2

∑

v∈WΘ1∩WΘ2

{(−1)dimS
Θ1
wv |wv ∈ WΘ1}

=
∑

w∈WΘ2

(−1)dimS
Θ2
w

∑

v∈WΘ1∩WΘ2

(−1)dimS
Θ1
v = χ(FΘ2)χ(fΘ1,Θ2).

�

✹✳✷ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s

P❛r❛ ❞❡s❝r❡✈❡r♠♦s ❝♦♠♦ é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s ♣r❡❝✐s❛♠♦s
❝♦♥❤❡❝❡r ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛s r❛í③❡s r❡str✐t❛s✳ P❛r❛ t❛❧✱ ♣r✐♠❡✐r❛♠❡♥t❡ r❡❛❧✐③❛r❡♠♦s ✉♠ ❜r❡✈❡
❡st✉❞♦ s♦❜r❡ ❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g✳

❙❡❥❛ g ✉♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s r❡❛❧✳ ❆ ❝♦♠♣❧❡①✐✜❝❛çã♦ gC ❞❡ g ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦

gC = {X + iY |X, Y ∈ g}

❝✉❥♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ é ❞❡✜♥✐❞♦ ♣♦r

[X1 + iY1, X2 + iY2] = [X1, X2]− [Y1, Y2] + i([X1, Y2] + [Y1, X2]).

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✳ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é s❡♠✐ss✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ gC
t❛♠❜é♠ é s❡♠✐ss✐♠♣❧❡s✳

❊st❛ ♣r♦♣♦s✐çã♦ ❞❡ ❞á ♣❡❧♦ ❢❛t♦ ❞❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ❞❡ g s❡r ❛ r❡str✐çã♦ ❞❛ ❢♦r♠❛ ❞❡
❈❛rt❛♥✲❑✐❧❧✐♥❣ ❞❡ gC✱ ❡ ❛ss✐♠✱ ✉♠❛ ❞❡❧❛s é ♥ã♦✲❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ♦✉tr❛ t❛♠❜é♠ é
♥ã♦✲❞❡❣❡♥❡r❛❞❛✳

❯♠❛ s✉❜á❧❣❡❜r❛ h ❞❡ g ✭❛ss✉♠✐♥❞♦ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛t✉❛ ❡♠ ✉♠ ❝♦r♣♦ K q✉❛❧q✉❡r✮ é ❞✐t❛
✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ s❡ s❛t✐s❢❛③✿
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✶✳ h é ♥✐❧♣♦t❡♥t❡❀

✷✳ ❖ ♥♦r♠❛❧✐③❛❞♦r ❞❡ h ❡♠ g ❝♦✐♥❝✐❞❡ ❝♦♠ h✳ ❊st❛ ❝♦♥❞✐çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛✿ s❡ [X, h] ⊂ h ❡♥tã♦
X ∈ h✳

❉❛❞❛ ✉♠ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ h ❞❡ g✱ q✉❛♥❞♦ ❝♦♠♣❧❡①✐✜❝❛♠♦s h ♦❜t❡♠♦s q✉❡ hC é ✉♠❛
s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ ❞♦ ❝♦♠♣❧❡①✐✜❝❛❞♦ gC✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❡①t❡♥sã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ é
♥✐❧♣♦t❡♥t❡ ❡ t❛♠❜é♠ ♣♦rq✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ♥♦r♠❛❧✐③❛❞♦r ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ q✉❛✐s ❡s❝❛❧❛r❡s q✉❡ s❡
t♦♠❡✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✷✳ ❙❡❥❛ a ✉♠❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ ❡♠ s✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜á❧❣❡❜r❛
❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ h ❞❡ g q✉❡ ❝♦♥té♠ a✳ ❆ s✉❜á❧❣❡❜r❛ h é ❞❡ ❈❛rt❛♥ ❡ s❡ ❞❡❝♦♠♣õ❡ ❡♠ s♦♠❛ ❞✐r❡t❛
❝♦♠♦

h = a⊕ (h ∩ k) = a⊕ t.

❉❡♠♦♥str❛çã♦✳ ❊st❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✷❪✳ �

❉❡✜♥✐çã♦ ✹✳✷✳✸✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é ❞✐t❛ ✉♠❛ ❢♦r♠❛ r❡❛❧ ♥♦r♠❛❧ ❞❡ gC s❡ ❛ s✉❜á❧❣❡❜r❛
❛❜❡❧✐❛♥❛ a ⊂ s t❛♠❜é♠ é s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥✱ ♦✉ s❡❥❛✱ t = 0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ h = a✳

❙❡ h = a⊕ t é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥✱ é út✐❧ ❞❡✜♥✐r ♦ ❝♦♥❥✉♥t♦ ∆ = ∆(gC, hC) ❞❛s r❛í③❡s ❞❡
gC ❝♦♠ r❡s♣❡✐t♦ ❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ hC✳ P♦❞❡♠♦s ❞❡❝♦♠♣♦r ♦ ❡s♣❛ç♦ gC ❡♠ r❡❧❛çã♦ ❛s r❛í③❡s
❞❡ ∆✱ ✐st♦ é✱

gC = hC ⊕
∑

γ∈∆

(gC)γ.

❚❡♠♦s q✉❡ ♦ ❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ à ✉♠❛ r❛✐③ r❡str✐t❛ α ∈ Π ❞❡ g é ❞❛❞♦ ♣♦r

gα = g ∩
∑

γ∈∆
γ|a=α

(gC)γ ✭✹✳✷✳✶✮

♦✉ s❡❥❛✱ ❛s r❛í③❡s r❡str✐t❛s sã♦ r❡str✐çõ❡s ♣♦r a ❞❛s r❛í③❡s ❞❡ gC✳
▲❡♠❜r❡♠♦s q✉❡ ♥❛ ❝♦♥str✉çã♦ ❞♦ s✐st❡♠❛ s✐♠♣❧❡s ❞❡ r❛í③❡s ✭❝♦♠ r❡s♣❡✐t♦ ❛ s✉❜á❧❣❡❜r❛ ❞❡

❈❛rt❛♥✮✱ q✉❡r❡♠♦s q✉❡ ❛s r❛í③❡s ❞❡ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ hC s❡❥❛♠ ❡s❝r✐t❛s ❝♦♠ ❝♦♦r❞❡♥❛❞❛s
✐♥t❡✐r❛s✳ ◆❡st❡ ❝❛s♦✱ ♦♥❞❡ ❛t✉❛♠♦s ♥♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s✱ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ❛ s✉❜á❧❣❡❜r❛ hC
❝♦♠ ♦ s❡✉ r❡❛❧✐✜❝❛❞♦ (hC)

R✳ ❉❡♥♦t❛r❡♠♦s (hC)R ♣♦r hR✳ ❉❡st❡ ♠♦❞♦✱ é ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠
❛s r❛í③❡s ❡♠ hR ❛♦ ✐♥✈és hC✱ ♦✉ s❡❥❛✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ✉♠❛ r❛✐③ α ∈ ∆ ❝♦♠♦ α : hR → C✳

❆ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ h = a⊕ t ♣❡r♠✐t❡ ❡s❝r❡✈❡r ♦ ❝♦♠♣❧❡①✐✜❝❛❞♦ hC ❞❡ h

❝♦♠♦
hC = a⊕ it⊕ ia⊕ t.

❆ss✐♠✱ ♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ hC ❢♦r♠❛♠ ♦ s✉❜❡s♣❛ç♦ r❡❛❧ ♥❛ q✉❛❧ ❛s
r❛í③❡s ❞❡ hC sã♦ r❡❛✐s✳ ❉❡ ❢❛t♦✱ t❡♠✲s❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✹✳✷✳✹✳ ❉❛❞❛ ❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥ h = a ⊕ t✱ ♦ s✉❜❡s♣❛ç♦ r❡❛❧ hR ❞❡ hC é ❞❛❞♦
♣♦r hR = a ⊕ it✳ ❉❡st❡ ♠♦❞♦✱ ❛s r❛í③❡s α ∈ ∆ ❛♣❧✐❝❛❞❛s ❡♠ hR r❡s✉❧t❛♠ ❡♠ ✈❛❧♦r❡s r❡❛✐s✱ ✐st♦ é✱
♣♦❞❡✲s❡ t♦♠❛r α : hR → R✳
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❉❡♠♦♥str❛çã♦✳ ❖ s✉❜❝♦♥❥✉♥t♦ ❞❡ hC ❡♠ q✉❡ ❛s r❛í③❡s ❞❡ hC ❛ss✉♠❡♠ ✈❛❧♦r❡s r❡❛✐s é ❡①❛t❛♠❡♥t❡
hR✳ ❉❡ ❢❛t♦✱ ❛s r❛í③❡s ❞❡ hC ❛ss✉♠❡♠ ✈❛❧♦r❡s r❡❛✐s ❡♠ hR✳ ❆❧é♠ ❞✐ss♦✱ hC = hR ⊕ ihR ❡ ♣❛r❛
H ∈ hR ❡①✐st❡ ✉♠❛ r❛✐③ α t❛❧ q✉❡ α(H) 6= 0✳ ❉❡st❛ ❢♦r♠❛✱ s❡ H ′ = H1 + iH2 ∈ hC ♥ã♦ ♣❡rt❡♥❝❡ ❛
hR✱ ❡♥tã♦ α(H ′) ♥ã♦ é r❡❛❧ ♣❛r❛ ❛❧❣✉♠❛ r❛✐③ α✳

❯♠❛ r❛✐③ ❞❡ ∆ ❛♣❧✐❝❛❞❛ ❡♠ ❡❧❡♠❡♥t♦ H ∈ h s❡rá s❡♠♣r❡ ❛✉t♦✈❛❧♦r ❞❡ ad(H)✱ ✉♠❛ ✈❡③ q✉❡ h

♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ hC✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✷✱ s❡ H ∈ a ⊂ s✱ ❡♥tã♦ ad(H) é ✉♠❛
♠❛tr✐③ s✐♠étr✐❝❛ ❡ ❛ss✐♠ t♦❞♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ a ⊂ hR✳ ❈❛s♦ ❝♦♥trár✐♦✱
s❡ H ∈ t ⊂ k✱ ❡♥tã♦ ♠❛tr✐③ ad(H) é ❛♥t✐ss✐♠étr✐❝❛✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ t♦❞♦s
♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥ár✐♦s✱ ❧♦❣♦ it ⊂ hR✳ ❆ss✐♠✱ a ⊕ it ⊂ hR✳ P❡❧♦ ❢❛t♦ ❞❛ ❞✐♠❡♥sã♦ r❡❛❧ ❞❡ a ⊕ it
❝♦✐♥❝✐❞✐r ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞❡ h = a⊕ t✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞❡ hR✱ ♦✉ s❡❥❛✱

dim(a⊕ it) = dim(h) = dim(hR)

s❡❣✉❡ q✉❡ hR = a⊕ it✳ �

❆s r❛í③❡s r❡str✐t❛s sã♦ r❡str✐çõ❡s ❛ a ❞❛s r❛í③❡s ❞❡ hC✳ P❛r❛ ✈❡r t❛✐s r❡str✐çõ❡s✱ ❝♦♥s✐❞❡r❛r❡♠♦s
❛ ✐♥❝❧✉sã♦ ❞♦ ❞✉❛❧ ❞❡ a ♥♦ ❞✉❛❧ h t♦♠❛♥❞♦ ❛ ❡①t❡♥sã♦ ❞❡ a∗ t❛❧ q✉❡ r❡str✐t❛ ❛ t ✈❛❧❡ 0✳

❯♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r γ ❞❡ hC s❡ ❛ss♦❝✐❛ ❛♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❞❡ ❝♦♥❥✉❣❛çã♦ γ ❞❡✜♥✐❞♦ ♣♦r

γ(H) = γ(H)

♦♥❞❡ H é ❛ ❝♦♥❥✉❣❛çã♦ ❡♠ gC ✭✐st♦ é✱ s❡ H = H1 + iH2✱ ❡♥tã♦ H = H1 − iH2✮ ❡ ❛ ♦✉tr❛ é ❛
❝♦♥❥✉❣❛çã♦ ✉s✉❛❧ ❞♦s ❝♦♠♣❧❡①♦s✳

❉❛❞❛ ✉♠❛ r❛✐③ γ ∈ ∆✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r γ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❢✉♥❝✐♦♥❛✐s
γ = γR + γI ✱ ♦♥❞❡ γR é ♦ ❢✉♥❝✐♦♥❛❧ q✉❡ s❡ ❛♥✉❧❛ ❡♠ it ❡ γI ♦ ❢✉♥❝✐♦♥❛❧ q✉❡ s❡ ❛♥✉❧❛ ❡♠ a ✭s❡♠♣r❡
❧❡♠❜r❛♥❞♦ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r γ : hR → R✮✳

❉✐③❡♠♦s q✉❡ γ é r❡❛❧ q✉❛♥❞♦ γI = 0✱ ✐♠❛❣✐♥ár✐♦ q✉❛♥❞♦ γR = 0✱ ❡ ❝♦♠♣❧❡①♦ q✉❛♥❞♦ ♥ã♦ é
♥❡♥❤✉♠ ❞♦s ❛♥t❡r✐♦r❡s✳ ❉❡st❡ ♠♦❞♦✱ ❛ r❛✐③ ❝♦♥❥✉❣❛❞❛ γ ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ♣♦r γ = γR − γI ✳
❖❜s❡r✈❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r

1

2
(γ + γ) = γR ✭✹✳✷✳✷✮

é ❛ r❡str✐çã♦ ❞❡ γ ❡♠ a✳
❯♠❛ ♠❛♥❡✐r❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ s❡ ❞❡s❝r❡✈❡r ❛s r❡str✐çõ❡s ❞❛s r❛í③❡s ❛ a é ❛tr❛✈és ❞❛ ✐♥✈♦❧✉çã♦ ❞❡

❈❛rt❛♥ θ ❛ss♦❝✐❛❞❛ à ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ g = k⊕ s✳ ❊st❛ ✐♥✈♦❧✉çã♦ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ g ❡
s❡ ❡st❡♥❞❡ ❛ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ gC✱ q✉❡ t❛♠❜é♠ s❡rá ❞❡♥♦t❛❞♦ ♣♦r θ✳ ❈♦♠♦ θ|k = 1 ❡ θ|s = −1
t❡♠♦s q✉❡ s✉❛ r❡str✐çã♦ ❛ hR ❡ ❞❛❞❛ ♣♦r

θ(H) = −H.

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❢❛t♦ ❞❛ r❛✐③ γ s❡r r❡❛❧ ❡♠ hR✱ t❡♠✲s❡ q✉❡ ♥❡ss❡ ❡s♣❛ç♦✱

γ(H) = γ(H) = −γ(θ(H)) = −γ(θ−1(H)) = (−θ∗γ)(H) ✭✹✳✷✳✸✮

♦♥❞❡ θ∗ é ♦ ❞✉❛❧ ❞❛ ✐♥✈♦❧✉çã♦ θ✱ ✐st♦ é✱ θ∗γ = γ ◦ θ−1✳
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❈♦♠♦ θ é ❛✉t♦♠♦r✜s♠♦✱ ✐ss♦ ♠♦str❛ q✉❡ γ é ✉♠❛ r❛✐③✳ ❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✷✳✷✮✱ t❡♠♦s q✉❡
❛ r❡str✐çã♦ ❞❡ γ ❛ a t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦

γR =
1

2
(1− θ∗)γ.

▲❡♠❛ ✹✳✷✳✺✳ ❙❡❥❛ θ ❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ r❡❛❧ ♥ã♦✲❝♦♠♣❛❝t❛ q✉❡ ❞❡✐①❛ ✐♥✈❛r✐❛♥t❡
❛ s✉❜á❧❣❡❜r❛ ❞❡ ❈❛rt❛♥✳ ❙❡ γ é ✉♠❛ r❛✐③ t❛❧ q✉❡ θ∗γ = γ✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ ❞❡ r❛í③❡s gγ ❡stá ❝♦♥t✐❞♦
❡♠ k+ ik✳ ▼❛✐s ❛✐♥❞❛✱ s❡ β é ✉♠❛ r❛✐③ ❛r❜✐trár✐❛✱ ❡♥tã♦ β + θ∗β ♥ã♦ é r❛✐③✳ P♦rt❛♥t♦✱ β − β ♥ã♦
é r❛✐③✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❛✉t♦♠♦r✜s♠♦s ❡♠ ❣❡r❛❧✱ θgγ = gθ∗γ✳ P❡❧❛ ❤✐♣ót❡s❡ θ∗γ = γ✱ t❡♠♦s q✉❡ t❛❧
r❡❧❛çã♦ s❡ r❡❞✉③ à θgγ = gγ✳ ❉❛í✱ s❡ X ∈ gγ ❡♥tã♦ θ(X) = cX ❡ ❝♦♠♦ θ é ✐♥✈♦❧✉çã♦✱ c2 = 1✱ ♦✉
s❡❥❛✱ c = ±1✳ ❱❡❥❛ q✉❡ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r gC ❝♦♠♦

gC = k⊕ s⊕ ik⊕ is.

❙❡ c = 1✱ ❡♥tã♦ ❞❡✈❡♠♦s t❡r q✉❡ X ∈ k ⊕ ik✳ ❆❣♦r❛✱ s✉♣♦♥❞♦ q✉❡ c = −1 ❡♥tã♦ X ∈ s ⊕ is✳
P♦ré♠✱ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ θ∗γ = γ ❡ ❛ ❡q✉❛çã♦ ✭✹✳✷✳✸✮ ✐♠♣❧✐❝❛♠ q✉❡ γ + γ = 0✳ ▲♦❣♦✱ ♣❛r❛ H ∈ a✱
γ(H) = 0 ❡ ❛ss✐♠✱ [H,X] = 0✱ ♦ q✉❡ ✈✐♦❧❛ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ a✳ P♦rt❛♥❞♦ c = 1 ❡ X ∈ k⊕ ik✳

P❛r❛ ❛ s❡❣✉♥❞❛ ❛✜r♠❛çã♦✱ s❡❥❛ γ = β + θ∗β✳ ❊♥tã♦ θ∗γ = γ ❡ ❛ss✐♠✱ gγ ❡stá ❝♦♥t✐❞♦ ❡♠ k⊕ ik✳
P♦r ♦✉tr♦ ❧❛❞♦✱

gγ = [gβ, gθ∗β]

❡ ❝♦♠♦ gθ∗β = θgβ✱ s❡ Y ∈ gβ\{0}✱ ❡♥tã♦

X = [Y, θY ]

❣❡r❛ gγ ✭♣♦✐s gγ t❡♠ ❞✐♠❡♥sã♦ ✶✮✳ ▼❛s

θX = θ[Y, θY ] = −X

✐♠♣❧✐❝❛♥❞♦ q✉❡ X ∈ s⊕ is✳ P♦rt❛♥t♦✱ gγ = {0} ❡ γ ♥ã♦ é r❛✐③✳ �

❖❜s❡r✈❡♠♦s q✉❡ s❡ γ é ✉♠❛ r❛✐③ ❡♠ ∆ ❡♥tã♦ 〈γR, γI〉 = 0✳ ❉❡ ❢❛t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r γR =
〈HR, ·〉 ❝♦♠ HR ∈ a✳ ❆ss✐♠✱

〈γR, γI〉 = γI(HR) = 0

♣♦✐s γI |a ≡ 0✳ ▲♦❣♦✱ |γ| = |γ|✱ ♦♥❞❡ ❞❡♥♦t❛♠♦s |γ|2 = 〈γ, γ〉✳

▲❡♠❛ ✹✳✷✳✻✳ ❙✉♣♦♥❤❛ q✉❡ γ s❡❥❛ ✉♠❛ r❛✐③ ❝♦♠♣❧❡①❛✳ ❊♥tã♦ ♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ ❞❡ ❑✐❧❧✐♥❣
2〈γ, γ〉

|γ|2

❛❞♠✐t❡ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s 0 ❡ −1✳ ❆❧é♠ ❞✐ss♦✱

❼ ❙❡
2〈γ, γ〉

|γ|2
= 0 ❡♥tã♦ |γ|2 = 1

2
|2γR|

2❀

❼ ❙❡
2〈γ, γ〉

|γ|2
= −1 ❡♥tã♦ |γ|2 = |2γR|2✳
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❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ γ ❝♦♠♣❧❡①♦✱ ❡♥tã♦ γI 6= 0✳ ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③
♥♦ ♥ú♠❡r♦ ❞❡ ❑✐❧❧✐♥❣ ∣∣∣∣

2〈γ, γ〉

|γ|2

∣∣∣∣ <
∣∣∣∣
2|γ||γ|

|γ|2

∣∣∣∣ = 2

✉♠❛ ✈❡③ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♦❝♦rr❡r✐❛ ❛♣❡♥❛s s❡ γ = γ✳ ❈♦♠♦
t♦❞♦ ♥ú♠❡r♦ ❞❡ ❑✐❧❧✐♥❣ ❛❞♠✐t❡ ❛♣❡♥❛s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ s❡❣✉❡ q✉❡ ❛s ú♥✐❝❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♥❡ss❡
❝❛s♦ s❡rã♦ 0✱ −1 ❡ 1✳

❙✉♣♦♥❤❛ q✉❡
2〈γ, γ〉

|γ|2
= 1✳ ❊♥tã♦ t❡rí❛♠♦s q✉❡ γ − γ é r❛✐③✱ ♣♦✐s ❢❛③ ♣❛rt❡ ❞❛ γ✲s❡q✉ê♥❝✐❛

✐♥✐❝✐❛❞❛ ❡♠ γ ✭❡st❡ ❢❛t♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❚❡♦r❡♠❛ ✻✳✶✵ ❞❡ ❬✶✷❪✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ h é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛
✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ θ ♣♦✐s s❡ X ∈ a ❡♥tã♦ θ(X) = −X ∈ a ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ θ(t) ⊂ t✳ ❉❛í✱
✉t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✹✳✷✳✺✱ γ − γ ♥ã♦ ♣♦❞❡ s❡r r❛✐③✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

❆❣♦r❛✱ s❛❜❡♥❞♦ q✉❡ γ + γ = 2γR ❡ q✉❡ |γ|2 = |γ|2✱ s❡
2〈γ, γ〉

|γ|2
= 0 ❡♥tã♦ 〈γ, γ〉 = 0✳ ❉❛í✱

|2γR|
2 = 〈γ + γ, γ + γ〉 = |γ|2 + 2〈γ, γ〉+ |γ|2 = 2|γ|2.

❙❡
2〈γ, γ〉

|γ|2
= −1 ❡♥tã♦ 〈γ, γ〉 = −1

2
|γ|2✳ ❆ss✐♠✱

|2γR|
2 = |γ|2 + 2〈γ, γ〉+ |γ|2 = |γ|2 − |γ|2 + |γ|2 = |γ|2.

�

▲❡♠❛ ✹✳✷✳✼✳ ❙❡ mα = dim(gα) ❡ m2α = dim(g2α) sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✱ ❡♥tã♦ ❛ r❛✐③ r❡str✐t❛ 2α
♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ à ✉♠❛ ú♥✐❝❛ r❛✐③ ❞❡ ∆ t❛❧ q✉❡ ❛ss✉♠❡ ✈❛❧♦r 0 q✉❛♥❞♦ r❡str✐t❛ ❛ t✳ ❆❧é♠ ❞✐ss♦✱
mα é ♣❛r ❡ m2α é í♠♣❛r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ γ, δ ∈ ∆ r❛í③❡s t❛✐s q✉❡ γR = α ❡ δR = 2α✳
Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ γ é r❡❛❧✱ ♦✉ s❡❥❛✱ γI = 0✳ ❊♥tã♦✱

4|γ|2 = 〈2γ, 2γ〉 = 〈2α, 2α〉 6 〈δ, δ〉 = |δ|2.

❖✉ s❡❥❛✱ ♦ ❝♦♠♣r✐♠❡♥t♦ r❡❧❛t✐✈♦ |δ|2

|γ|2
❞❛s ❞✉❛s r❛í③❡s é ♠❛✐♦r ♦✉ ✐❣✉❛❧ à 4✳ ❆❧é♠ ❞✐ss♦✱

〈γ, δ〉 = 2|α|2 + 〈α, δI〉 = 2|α|2 > 0.

❈♦♠♦ γ ❡ δ sã♦ r❛í③❡s ❞❡ ✉♠ s✐st❡♠❛ ✐rr❡❞✉tí✈❡❧ ❞❡ r❛í③❡s q✉❡ ♥ã♦ sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s✱ ❡♥tã♦ ♦
❝♦♠♣r✐♠❡♥t♦ r❡❧❛t✐✈♦ ❡♥tr❡ ❡st❛ ❞✉❛s r❛í③❡s ❞❡✈❡ s❡r ♥♦ ♠á①✐♠♦ 3✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
P♦rt❛♥t♦✱ γ é ❝♦♠♣❧❡①♦✳

❙❡
2〈γ, γ〉

|γ|2
= −1✱ ❡♥tã♦ γ + γ = 2α é r❛✐③ ❞❡ ∆ ♣♦✐s é ✉♠❛ γ✲s❡q✉ê♥❝✐❛ ✐♥✐❝✐❛❞❛ ❡♠ γ✳ ❆ss✐♠✱

γ + γ é ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡ 2α t❛❧ q✉❡ r❡str✐t❛ à t é 0 ✭♦❜s❡r✈❡ q✉❡ ♥❡ss❡ ❝❛s♦ 2α t❛♠❜é♠ ♣♦❞❡
♣♦ss✉✐r ❡①t❡♥sõ❡s ❝♦♠♣❧❡①❛s✮✳ ❊st❛ ✉♥✐❝✐❞❛❞❡ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ t♦❞❛ r❛✐③ ❞❡ ∆ ♣♦❞❡ s❡r ✈✐st♦
❝♦♠♦ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ hR✳
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❆❣♦r❛✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❛ ú♥✐❝❛ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é q✉❡
2〈γ, γ〉

|γ|2
= 0✱ ✐♠♣❧✐❝❛♥❞♦ ❡♠

|γ|2 = 1
2
|2α|2✳ ◆❡ss❡ ❝❛s♦✱ s✉♣♦♥❤❛ q✉❡ δ ♥ã♦ é r❡❛❧✳

❱❡❥❛ q✉❡ s❡
2〈δ, δ〉

|δ|2
= −1 ❡♥tã♦ δ+ δ = 4α s❡r✐❛ ✉♠❛ r❛✐③ r❡❛❧✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣♦✐s 4α ♥ã♦

é r❛✐③ r❡str✐t❛✳ ▲♦❣♦✱ ❞❡✈❡♠♦s t❡r
2〈δ, δ〉

|δ|2
= 0✱ q✉❡ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ✐♠♣❧✐❝❛ ❡♠

|δ|2 =
1

2
|2δR|

2 =
1

2
|4α|2 = 2|2α|2 = 4|γ|2. ✭✹✳✷✳✹✮

❙❡ 〈γ, δ〉 6= 0 ❡♥tã♦ ♦ t❛♠❛♥❤♦ r❡❧❛t✐✈♦ ❡♥tr❡ ❞✉❛s r❛í③❡s ♥ã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❞❡✈❡ s❡r ♠❡♥♦r
q✉❡ 3✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡q✉❛çã♦ ✭✹✳✷✳✹✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ 〈γ, δ〉 = 0 ❡♥tã♦ 〈γI , δI〉 = −2|α|2✳ ❆ss✐♠✱ s❛❜❡♥❞♦ q✉❡ γ t❛♠❜é♠ é r❛✐③✱
t❡♠✲s❡ q✉❡

〈γ, δ〉 = 2|α|2 − 〈γI , δI〉 = 4|α|2 > 0.

❆ ❡q✉❛çã♦ ✭✹✳✷✳✹✮ ✐♠♣❧✐❝❛ q✉❡ |δ|2 = 4|γ|2✱ q✉❡ t❛♠❜é♠ r❡s✉❧t❛ ♥✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ t❡♠♦s
q✉❡ δ é r❡❛❧✱ ✐st♦ é✱ 2α ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❞❡ ♠♦❞♦ q✉❡ ✈❛❧❡ 0 ♥❛ r❡str✐çã♦ ❡♠ t✳

❉❛❞❛ ✉♠❛ r❛✐③ ❝♦♠♣❧❡①❛ ❡♠ ∆✱ s✉❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ r❡❛❧ é 2✳ ❈♦♠♦ t♦❞❛ ❡①t❡♥sã♦ γ ❞❛ r❛✐③
r❡str✐t❛ α s❡♠♣r❡ é ❝♦♠♣❧❡①♦✱ ❡♥tã♦ mα é ♣❛r ♣♦✐s é ❛ s♦♠❛ ❞❛s ❞✐♠❡♥sõ❡s ❞♦s ❡s♣❛ç♦ ❞❛ ❡q✉❛çã♦
✭✹✳✷✳✶✮✳

❙❛❜❡♥❞♦ q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ❡①t❡♥sã♦ r❡❛❧ ❞❛ r❛✐③ 2α✱ ❡♥tã♦ m2α é í♠♣❛r ♣♦✐s q✉❛❧q✉❡r
♦✉tr❛ ❡①t❡♥sã♦ ❞❡ 2α é ❝♦♠♣❧❡①❛ ✭❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ só ♣♦❞❡rá ❡①✐st✐r ❡①t❡♥sõ❡s ❝♦♠♣❧❡①❛s
q✉❛♥❞♦ 2〈γ,γ〉

|γ|2
= −1✮✳ �

❊st❡ ❧❡♠❛ ❞✐③ q✉❡✱ ♣❛r❛ ✉♠❛ r❛✐③ α ∈ Σ✱ ❛❞♠✐t❡✲s❡ ❛♣❡♥❛s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛
❞✐♠❡♥sã♦ ❞♦s s✉❜❡s♣❛ç♦s ❞❡ r❛í③❡s gα ❡ g2α✿

❼ dim(gα) é í♠♣❛r ❡ dim(g2α) = 0❀

❼ dim(gα) é ♣❛r ❡ dim(g2α) = 0❀

❼ dim(gα) é ♣❛r ❡ dim(g2α) é í♠♣❛r✳

▲♦❣♦✱ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❞❡t❡r♠✐♥❛ ❝♦♠♦ ❞❡✈❡ s❡r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♣❛r❛ ✈❛r✐❡❞❛❞❡s
✢❛❣ ♠❛①✐♠❛✐s✿

Pr♦♣♦s✐çã♦ ✹✳✷✳✽✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ t♦❞❛s ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠❛①✐♠❛✐s sã♦ ❞❛❞❛s ❞❛
s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✳ χ(F) = 0 q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ r❛✐③ s✐♠♣❧❡s α ∈ Σ t❛❧ q✉❡

❼ ♦✉ dim(gα) é í♠♣❛r❀

❼ ♦✉ dim(g2α) 6= 0✳

✷✳ χ(F) = |W| q✉❛♥❞♦ ♣❛r❛ t♦❞❛ r❛✐③ s✐♠♣❧❡s α ∈ Σ✱ t❡♠✲s❡ q✉❡ dim(gα) é ♣❛r ❡ dim(g2α) = 0✳
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❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ α ∈ Σ✱ ❝♦♥s✐❞❡r❡ ❛ ✜❜r❛ f{α} ❞❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π{α} : F→ F{α}✱ ✐st♦ é✱ ❛
✈❛r✐❡❞❛❞❡ ✢❛❣ ❞❡ G(α) ❞❡ ♣♦st♦ 1✳ ❊♥tã♦ ❡ss❛ ✜❜r❛ é ✉♠❛ ❡s❢❡r❛ ❞❡ ❞✐♠❡♥sã♦ m = dim(gα + g2α)✳

❙✉♣♦♥❤❛ ♣r✐♠❡✐r♦ q✉❡ dim(gα) é í♠♣❛r ❡ dim(g2α) = 0✱ ♣❛r❛ ❛❧❣✉♠ α ∈ Σ✳ ❚❡♠♦s q✉❡ ❛ ✜❜r❛
f{α} é ✉♠❛ ❡s❢❡r❛ ❞❡ ❞✐♠❡♥sã♦ m = dim gα í♠♣❛r✳ ▲♦❣♦✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡st❛ ✜❜r❛ é
0 ♣♦✐s ❡s❢❡r❛s ❞❡ ❞✐♠❡♥sã♦ í♠♣❛r tê♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♥✉❧♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✱
χ(F) = χ(F{α})χ(f{α}) = 0✳

❙❡ dim(g2α) 6= 0 ♣❛r❛ ❛❧❣✉♠❛ α ∈ Σ✱ ✉t✐❧✐③❛♥❞♦ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ dim(gα) é ♣❛r ❡
dim(g2α) é í♠♣❛r✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ m é í♠♣❛r✳ P❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ q✉❡ ♦ ❛♥t❡r✐♦r✱ χ(F) = 0✳

❆❣♦r❛✱ ♥♦s r❡st❛ ♦ ❝❛s♦ ♦♥❞❡ dim(gα) é ♣❛r ❡ dim(g2α) = 0✱ ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Σ✳ ❙❡❥❛
w ∈ W ❡ w = r1 · · · rl ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♠♣❧❡s✳ ❆ ❝é❧✉❧❛ ❞❡ ❇r✉❤❛t ❛ss♦❝✐❛❞❛ ❛ w t❡♠ ❞✐♠❡♥sã♦
dim(N ·wb0) =

∑l
n=1 dim(gα+g2α) q✉❡ é ♣❛r✱ ♣♦✐s t♦❞❛s ❛s r❛í③❡s sã♦ ♣❛r❡s✳ ▲♦❣♦✱ t♦❞❛s ❛s ❝é❧✉❧❛s

❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♠❛①✐♠❛❧ sã♦ ♣❛r❡s✳ ❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s ❞❡ ❇r✉❤❛t ❡stã♦ ❡♠ ❜✐❥❡çã♦
❝♦♠ ♦ ❣r✉♣♦ ❞❡ ❲❡②❧✱ s❡❣✉❡ q✉❡ χ(F) = |W|✳ �

◆♦t❡ q✉❡ q✉❛♥❞♦ gα t❡♠ ❞✐♠❡♥sã♦ ♣❛r ❡ dim(g2α) = 0 ♣❛r❛ t♦❞❛ r❛✐③ s✐♠♣❧❡s α ∈ Σ✱ t❛♠❜é♠
t❡♠♦s q✉❡ t♦❞❛s ❛s ❝é❧✉❧❛s ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ FΘ sã♦ ♣❛r❡s✱ ❝♦♠ Θ ⊂ Σ✳ ◆❡ss❡ ❝❛s♦✱ ❛
✢❛❣ ♣❛r❝✐❛❧ ❞❡✈❡ t❡r ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(FΘ) = |W/WΘ|✳

❈♦r♦❧ár✐♦ ✹✳✷✳✾✳ ❙❡ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ é ♥♦r♠❛❧✱ ♦✉ s❡❥❛✱ s✉❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é ✉♠❛ ❢♦r♠❛ r❡❛❧ ♥♦r♠❛❧✱
t❡♠✲s❡ q✉❡ χ(F) = 0✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ t♦❞❛s ❛s r❛í③❡s tê♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ 1✳ �

✹✳✸ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s

Lp(R
2l)

◆♦ ❈❛♣ít✉❧♦ ✷✱ r❡❛❧✐③❛♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝❡❧✉❧❛r ❞❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s Lp(R
2l)✱ q✉❡

sã♦ ✈❛r✐❡❞❛❞❡s ✢❛❣ ♠✐♥✐♠❛✐s ❝♦♠ Θ = Σ\{αp} ❞♦ ❣r✉♣♦ s✐♠♣❧ét✐❝♦ Sp(l,R)✳ ❖ ❚❡♦r❡♠❛ ✷✳✷✳✸
r❡❧❛❝✐♦♥❛ ❝❛❞❛ ❝é❧✉❧❛ ❞❡ ❙❝❤✉❜❡rt SΘ

w ❝♦♠ ✉♠❛ l✲✉♣❧❛ ❞❛ ❢♦r♠❛ (i,m, a) ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✹ ❞✐③
q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡st❛ ❝é❧✉❧❛ é ❛ s♦♠❛ ❡❧❡♠❡♥t♦s ❞❡st❛ ♠❡s♠❛ ♠❡s♠❛ l✲✉♣❧❛✳

❯♠ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❞❡ ❬✷❪ é q✉❡ ♣❛r❛ ✈❛r✐❡❞❛❞❡s q✉❛✐sq✉❡r ❢❡❝❤❛❞❛s ❞❡ ❞✐♠❡♥sã♦ í♠♣❛r✱ ♦
✈❛❧♦r ❞❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ③❡r♦✳ P♦ré♠✱ ♥ã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❡st❡ ❢❛t♦ ♣❛r❛ q✉❛❧q✉❡r
❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s Lp(R

2l) ♣♦✐s s✉❛ ❞✐♠❡♥sã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✺✱ ♣♦❞❡ s❡r ♣❛r✳ ❆ss✐♠✱
♣r♦❝❡❞❡r❡♠♦s ❝♦♠ ✉♠ ❝á❧❝✉❧♦ ❝♦♠❜✐♥❛tór✐♦ ♣❛r❛ ♦❜tê✲❧♦✳

❯♠❛ n✲✉♣❧❛ I = (i1, . . . , in) ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s sã♦ ♥❛t✉r❛✐s ik ∈ N✱ ♣❛r❛ k = 1, . . . , n✱ s❡rá
❝❤❛♠❛❞❛ ❞❡ ✉♠ n✲♠✉❧t✐✲í♥❞✐❝❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ik = 0 ♣❛r❛ t♦❞♦ k ∈ {1, . . . , n}✱ ❞✐③❡♠♦s q✉❡
❡st❡ é ♦ n✲♠✉❧t✐✲í♥❞✐❝❡ ♥✉❧♦ ❡ é ❞❡♥♦t❛❞♦ ♣♦r O(n)✳

❉❛❞♦s I = (i1, . . . , in) ✉♠ n✲♠✉❧t✐✲í♥❞✐❝❡ ❡ J = (j1, . . . , jl) ✉♠ l✲♠✉❧t✐✲í♥❞✐❝❡✱ ❞❡✜♥✐r❡♠♦s ❛
❝♦♥❝❛t❡♥❛çã♦ ❞❡❧❡s ❝♦♠♦ ♦ (n+ l)✲♠✉❧t✐✲í♥❞✐❝❡ ❞❡✜♥✐❞♦ ♣♦r

I ∗ J = (i1, . . . , in, j1, . . . , jl).
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❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ♠✉❧t✐✲í♥❞✐❝❡s

An ⊂ {I | I é ✉♠ ♥✲♠✉❧t✐✲í♥❞✐❝❡}
Bl ⊂ {J | J é ✉♠ ❧ ✲♠✉❧t✐✲í♥❞✐❝❡}

❡ ❞❡✜♥❛ ❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡st❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❝♦♠♦

An ∗Bl = {I ∗ J | I ∈ An ❡ J ∈ Bl}.

◆♦ss♦ ♦❜❥❡t✐✈♦ é ❞❡s❝r❡✈❡r ♦ ❝♦♥❥✉♥t♦ Al
p✱ q✉❡ ❡stá ❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s ❞❛

❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛ Lp(R
2l)✱ ❝♦♠♦ ✉♥✐ã♦ ❡ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ ♠✉❧t✐✲í♥❞✐❝❡s✳ ❱❛♠♦s

❞❡✜♥✐r t❛✐s ❝♦♥❥✉♥t♦s✳

❉❡✜♥✐çã♦ ✹✳✸✳✶✳ ❙❡❥❛♠ k, l ♥ú♠❡r♦s ♥❛t✉r❛✐s ♥ã♦✲♥❡❣❛t✐✈♦s t❛✐s q✉❡ k 6 l✳ ❚♦♠❡ ♦ s❡❣✉✐♥t❡
❝♦♥❥✉♥t♦ ❞❡ k✲♠✉❧t✐✲í♥❞✐❝❡s C∗

e (k, l)✱ ❞❡✜♥✐❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡ ♣❛r❛ k ❝♦♠♦✿

C∗
e (0, l) = ∅;

C∗
e (k, l) =

l⋃

t=k

C∗
e (k − 1, t− 1) ∗ (t) ✭✹✳✸✳✶✮

♦♥❞❡ (t) é s✐♠♣❧❡s♠❡♥t❡ ✉♠ 1✲♠✉❧t✐✲í♥❞✐❝❡✳ ❊st❡ s❡rá ♦ ❝♦♥❥✉♥t♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ s❡♠ ③❡r♦s✳

❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ♦ ❝♦♥❥✉♥t♦ C∗
e (3, 5) ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦✿

{(1, 2, 3)}︸ ︷︷ ︸
C∗

e (2,2)∗(3)

∪{(1, 2, 4), (1, 3, 4), (2, 3, 4)}︸ ︷︷ ︸
C∗

e (2,3)∗(4)

∪{(1, 2, 5), (1, 3, 5), (1, 4, 5), (2, 3, 5), (2, 4, 5), (3, 4, 5)}︸ ︷︷ ︸
C∗

e (2,4)∗(5)

.

❆ ✜♠ ❞❡ ❡s❝❧❛r❡❝❡r s✉❛ ♥♦♠❡♥❝❧❛t✉r❛✱ C∗
e (k, l) é ❥✉st❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s

k✲♠✉❧t✐✲í♥❞✐❝❡s I t❛✐s q✉❡ 0 < i1 < i2 < · · · < il 6 l✱ ♦✉ s❡❥❛✱ sã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡s s❡♠
♥❡♥❤✉♠ ③❡r♦✳

❉❡✜♥✐çã♦ ✹✳✸✳✷✳ ❙❡❥❛♠ k, l ♥ú♠❡r♦s ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s t❛✐s q✉❡ k 6 l✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡
k✲♠✉❧t✐✲í♥❞✐❝❡s

Ce(k, l) =
k⋃

m=0

O(k −m) ∗ C∗
e (m, l) ✭✹✳✸✳✷✮

s❡rá ♦ ❝♦♥❥✉♥t♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❝♦♠ ③❡r♦s✳ ➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❡st❛ ✉♥✐ã♦ é ❞✐s❥✉♥t❛ ❡
q✉❡ Ce(0, l) = ∅✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ❥✉st✐✜❝❛ ♦ ♥♦♠❡ ❞❛❞♦ ❛♦ ❝♦♥❥✉♥t♦ Ce(k, l)✿

▲❡♠❛ ✹✳✸✳✸✳ ❯♠ ❡❧❡♠❡♥t♦ I = (i1, . . . , ik) ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ Ce(k, l) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③✿

✶✳ it ∈ 0, . . . , l✱ ♣❛r❛ t♦❞♦ t = 1, . . . , n❀
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✷✳ ❆❞♠✐t❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ r❡♣❡t✐çã♦ ❞❡ ③❡r♦s ❛té ♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦❀

✸✳ ❆ ♣❛rt✐r ❞♦ ♣r✐♠❡✐r♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦✱ ♣❛ss❛ ❛ s❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ �

❆ ❝♦♥str✉çã♦ ❞♦ ❝♦♥❥✉♥t♦ Ce(k, l) ♥♦s ♣❡r♠✐t✐rá ✐❞❡♥t✐✜❝á✲❧♦ ❝♦♠ ❛ ♣❛r❝❡❧❛ i ❞❛s ❝é❧✉❧❛s ❞❡ ✉♠❛
❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛✳ ❈♦♥tr✉✐r❡♠♦s ♦✉tr♦ ❝♦♥❥✉♥t♦ q✉❡ ♣♦ss❛ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❛♦ a✳

❉❡✜♥✐çã♦ ✹✳✸✳✹✳ ❙❡❥❛♠ k, p, l ♥ú♠❡r♦s ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s t❛✐s q✉❡ p 6 l✳ ❊♥tã♦✱ ❞❡✜♥❡✲s❡
C(k, p, l) ❝♦♠♦ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ k✲♠✉❧t✐✲í♥❞✐❝❡s ❞❡✜♥✐❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡ ♣❛r❛ k✿

C(0, p, l) = ∅;

C(k, p, l) =
l⋃

t=p

C(k − 1, p, t) ∗ (t). ✭✹✳✸✳✸✮

❊st❡ s❡rá ♦ ❝♦♥❥✉♥t♦ ❝r❡s❝❡♥t❡ ❞❡ p ❛té l✱ ♦♥❞❡ ❛❞♠✐t❡ r❡♣❡t✐çã♦ ❞❡ ♥ú♠❡r♦s ♥❛ s❡q✉ê♥❝✐❛✳

▲❡♠❛ ✹✳✸✳✺✳ ❯♠ ❡❧❡♠❡♥t♦ q✉❛❧q✉❡r A = (a1, . . . , ak) ❞♦ ❝♦♥❥✉♥t♦ C(k, p, l) s❛t✐s❢❛③

0 6 p 6 a1 6 · · · 6 ak 6 l.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k✳ �

❚❡♥❞♦ ❡♠ ♠ã♦s ❡st❡s ❝♦♥❥✉♥t♦s✱ ❡♥tã♦ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❣r❛ss♠❛♥✐❛♥❛
s✐♠♣❧ét✐❝❛ Lp

(
R2l
)
✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝é❧✉❧❛ ❞❡ t✐♣♦ m ❝♦✐♥❝✐❞❡ ❝♦♠ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦✿

Vl(m) = O(p−m) ∗ Ce(m, l)︸ ︷︷ ︸
i

∗(m) ∗ C(l − p− 1,m, p)︸ ︷︷ ︸
a

✭✹✳✸✳✹✮

♦♥❞❡✱ ❝♦♥❝❛t❡♥❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ p−m ③❡r♦s ♥❛ ❢r❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ ♣❛r❛ q✉❡ t♦❞♦s ♦s ♠✉❧t✐✲
í♥❞✐❝❡s ❞❡ Vl(m) t❡♥❤❛♠ t❛♠❛♥❤♦ l✳

❈♦r♦❧ár✐♦ ✹✳✸✳✻✳ ❆ ✉♥✐ã♦ ❞✐s❥✉♥t❛
⋃p

m=0 Vl(m) é ✐❣✉❛❧ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ♠✉❧t✐✲í♥❞✐❝❡s Al
p ✱ q✉❡ ❡stá

❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝é❧✉❧❛s ❞❛ ✈❛r✐❡❞❛❞❡ ❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛ Lp

(
R2l
)
✳

✹✳✸✳✶ P❛r✐❞❛❞❡

❆❣♦r❛✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣❛r✐❞❛❞❡✳ ❉❛❞♦ ✉♠ n✲♠✉❧t✐✲í♥❞✐❝❡ I = (i1, . . . , in)✱
❞❡✜♥✐r❡♠♦s ♦ ♦♣❡r❛❞♦r ♣❛r✐❞❛❞❡ χ ❞❡ I ❝♦♠♦ s❡♥❞♦

χ(I) = (−1)i1+i2+···+in

♦✉ s❡❥❛✱ é 1 s❡ ❛ s♦♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ I sã♦ ♣❛r❡s ❡ −1 ❝❛s♦ ❝♦♥trár✐♦✳ ❆ss✐♠✱ ❞✐r❡♠♦s q✉❡ I é
♣❛r s❡ χ(I) = 1 ❡ í♠♣❛r s❡ χ(I) = −1✳ ❖❜s❡r✈❡ q✉❡ s❡ I, J sã♦ ❞♦✐s ♠✉❧t✐✲í♥❞✐❝❡s q✉❛✐sq✉❡r✱ ❡♥tã♦
χ(I ∗ J) = χ(I)χ(J)✳
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❉❡✜♥✐çã♦ ✹✳✸✳✼✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n✲♠✉❧t✐✲í♥❞✐❝❡s An✱ ❞❡✜♥✐r❡♠♦s ♦ ♦♣❡r❛❞♦r ♣❛r✐❞❛❞❡ ❡♠
An ❝♦♠♦ s❡♥❞♦✿

χ(An) =
∑

I∈An

χ(I).

❱❡❥❛ q✉❡ ❡st❡ ♦♣❡r❛❞♦r r❡❛❧✐③❛ ❛ ❞✐❢❡r❡♥ç❛ ❞♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ♣❛r❡s ♣❡❧♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s
í♠♣❛r❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❡✜♥❡✲s❡ t❛♠❜é♠ q✉❡ χ(∅) = 1✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ♠♦str❛ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡ ♦♣❡r❛❞♦r✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✽✳ ❙❡❥❛♠ An ❡ Bn ❝♦♥❥✉♥t♦s ❞❡ n✲♠✉❧t✐✲í♥❞✐❝❡s ❞✐s❥✉♥t♦s ❡ Cl ✉♠ ❝♦♥❥✉♥t♦ ❞❡
l✲♠✉❧t✐✲í♥❞✐❝❡s✳ ❊♥tã♦ t❡♠✲s❡ q✉❡✿

✶✳ χ(An ∪ Bn) = χ(An) + χ(Bn)❀

✷✳ χ(An ∗ Cl) = χ(An)χ(Cl)✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ♣r✐♠❡✐r♦ ✐t❡♠✱ ❜❛st❛ ✈❡r q✉❡ q✉❛♥❞♦ ♦s ❝♦♥❥✉♥t♦s sã♦ ❞✐s❥✉♥t♦s✱ ♦ t♦t❛❧
❞❡ ♠✉❧t✐✲í♥❞✐❝❡s ♣❛r❡s ❞❛ ✉♥✐ã♦ é ❛ s♦♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ♣❛r❡s ❡♠ An ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡
❡❧❡♠❡♥t♦s ♣❛r❡s ❞❡ Bn✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ♦s ♠✉❧t✐✲í♥❞✐❝❡s í♠♣❛r❡s✱ ❞❡♠♦♥str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦ t❡♠♦s q✉❡✿

χ(An ∗ Cl) =
∑

I∈An

∑

J∈Cl

χ(I)χ(J) =

(∑

I∈An

χ(I)

)(∑

J∈Cl

χ(J)

)
= χ(An)χ(Cl).

�

❖❜s❡r✈❡ q✉❡ q✉❛♥❞♦ ❞❡✜♥✐♠♦s χ(∅) = 1✱ ❡❧❛ r❡s♣❡✐t❛ ❛ ♣❛r✐❞❛❞❡ ❞❛ ❝♦♥❝❛t❡♥❛çã♦✱ ✐st♦ é✱

χ(∅ ∗ An) = χ(∅)χ(An) = χ(An).

❆ ♣❛rt✐r ❞❡st❛s ♣r♦♣r✐❡❞❛❞❡s✱ q✉❡r❡♠♦s ❡♥tã♦ ❝❛❧❝✉❧❛r ❛ ♣❛r✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ Al
p q✉❡ ❞❡s❝r❡✈❡

❛s ❝é❧✉❧❛s ❞❛s ❣r❛ss♠❛♥✐❛♥❛s s✐♠♣❧ét✐❝❛s✳ ❖s s❡❣✉✐♥t❡s ❧❡♠❛s ❛♣r❡s❡♥t❛♠ t❛❧ ❝á❧❝✉❧♦✳
❆❜❛✐①♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❢ór♠✉❧❛s ❜ás✐❝❛s ❞❡ ❝♦♠❜✐♥❛tór✐❛ q✉❡ s❡rã♦ út❡✐s ♣❛r❛ ♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞♦s ❝á❧❝✉❧♦s✿

▲❡♠❛ ✹✳✸✳✾✳

✶✳

(
j

i

)
= 0✱ ♣❛r❛ j < 0✱ i < 0 ♦✉ j < i❀

✷✳
i∑

k=0

(−1)k
(
j

k

)
= (−1)i

(
j − 1

i

)
✱ ♣❛r❛ i 6 j✳ ◆❡ss❡ ❝❛s♦✱ s❡ i = j ❡♥tã♦

j∑

k=0

(−1)k
(
j

k

)
= 0❀

✸✳
j∑

k=i

(
k

i

)
=

(
j + 1

i+ 1

)
✱ ♣❛r❛ i 6 j❀
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✹✳

(
j

m

)
·

(
j −m

j − q

)
=

(
j

q

)
·

(
q

m

)
✱ ♣❛r❛ m 6 q 6 j✳

▲❡♠❛ ✹✳✸✳✶✵✳ ❙❡❥❛♠ k, l ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s ❝♦♠ k 6 l✳ ❊s❝r❡✈❛ k = 2i s❡ k é ♣❛r ♦✉ k = 2i+1
s❡ k é í♠♣❛r ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ l✱ l = 2j ♦✉ l = 2j + 1✳ ❊♥tã♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛ ♣❛r❛ ❛
♣❛r✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ s❡♠ ③❡r♦s C∗

e (k, l)✿

χ(C∗
e (k, l)) = σ(k, l) · (−1)i

(
j

i

)

♦♥❞❡

σ(k, l) =





1 ✱ ❦ ♣❛r ❡ ❧ ♣❛r
1 ✱ ❦ ♣❛r ❡ ❧ í♠♣❛r
0 ✱ ❦ í♠♣❛r ❡ ❧ ♣❛r
−1 ✱ ❦ í♠♣❛r ❡ ❧ í♠♣❛r

❊♠ ♣❛rt✐❝✉❧❛r✱ σ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣❡❧❛ ❢✉♥çã♦ σ(k, l) = (−1)k−(−1)kl+1

2
✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ C∗
e (k, l) é ❞❡✜♥✐❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡ ❞♦❜r❡ k✱ r❡❛❧✐③❛r❡♠♦s ❛ ❞❡✲

♠♦♥str❛çã♦ t❛♠❜é♠ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k✳
P❛r❛ k = 0 ✭♦✉ s❡❥❛✱ i = 0✮ t❡♠♦s q✉❡ C∗

e (0, l) = ∅ ❡ ❛ss✐♠ χ(C∗
e (0, l)) = 1 = 1 · (−1)0

(
j
0

)
✱ ✉♠❛

✈❡③ q✉❡ j > 0✳
❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ k > 1 ❡ q✉❡ ❛ ❢ór♠✉❧❛ ✈❛❧❡ ♣❛r❛ k−1✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ C∗

e (k, l) ❡ ✉t✐❧✐③❛♥❞♦
♦ s❡❣✉♥❞♦ ✐t❡♠ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✽✱ t❡♠✲s❡ q✉❡

χ(C∗
e (k, l)) =

l∑

t=k

χ(C∗
e (k − 1, t− 1))χ(t).

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❛ ❢ór♠✉❧❛ ✈❛❧❡ ♣❛r❛ k−1✳ P♦ré♠✱ ♣❛r❛ ❡①❡❝✉t❛r ♦ ❝á❧❝✉❧♦✱ ♣r❡❝✐s❛♠♦s
s❡♣❛r❛r ♦s ❝❛s♦s ♦♥❞❡ k é ♣❛r ♦✉ í♠♣❛r ❡ l é ♣❛r ♦✉ í♠♣❛r✱ ♣♦✐s σ ✈❛r✐❛ ❡♠ ❝❛❞❛ ❝❛s♦✳

• P❛r❛ k = 2i ❡ l = 2j✿

◆❡st❡ ❝❛s♦✱ ❛ ♣❛r✐❞❛❞❡ s❡ ❡s❝r❡✈❡ ❝♦♠♦ ❛ s♦♠❛

χ(C∗
e (k, l)) =

2j∑

t=2i

χ(C∗
e (2i− 1, t− 1))χ(t).

❆✐♥❞❛ ♥ã♦ é ❝♦♥✈❡♥✐❡♥t❡ ❛♣❧✐❝❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♣❛r❛ χ(C∗
e (2i−1, t−1)) ♣♦✐s ♥ã♦ s❛❜❡♠♦s

s❡ t− 1 é ♣❛r ♦✉ í♠♣❛r✳ P♦ré♠✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ t− 1 ♣❡r❝♦rr❡ ♦ ✐♥t❡r✈❛❧♦

2i− 1 6 t− 1 6 2j − 1.

❖✉ s❡❥❛✱ ♣♦❞❡♠♦s r❡♦r❣❛♥✐③❛r ❛ s♦♠❛ ❞❡ ♠♦❞♦ ❛ s❡♣❛r❛r ❛s ♣❛r❝❡❧❛s ♦♥❞❡ t− 1 é ♣❛r ♦✉ í♠♣❛r✿

χ(C∗
e (k, l)) =

j−1∑

t=i

χ(C∗
e (2i− 1, 2t))χ(2t+ 1)

︸ ︷︷ ︸
♣❛r❝❡❧❛s ♣❛r❡s ❞❡ t− 1

+

j∑

t=i

χ(C∗
e (2i− 1, 2t− 1))χ(2t)

︸ ︷︷ ︸
♣❛r❝❡❧❛s í♠♣❛r❡s ❞❡ t− 1

.
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❈♦♠♦ 2i−1 é í♠♣❛r ❡ 2t é ♣❛r✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ χ(C∗
e (2i−1, 2t)) = 0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡

❛s ♣r✐♠❡✐r❛s ♣❛r❝❡❧❛s sã♦ t♦❞❛s ♥✉❧❛s✳ ❆❧é♠ ❞✐ss♦✱ χ(2t) = (−1)2t = 1✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♣❛r❛
✉t✐❧✐③❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡♠ χ(C∗

e (2i− 1, 2t− 1))✱ é ♥❡❝❡ssár✐♦ r❡❡s❝r❡✈❡r 2i− 1 = 2(i− 1)+1
❡ 2t− 1 = 2(t− 1) + 1✱ ❧♦❣♦

χ(C∗
e (k, l)) =

j∑

t=i

χ(C∗
e (2(i− 1) + 1, 2(t− 1) + 1)) =

j∑

t=i

(−1)(−1)i−1

(
t− 1

i− 1

)

= (−1)i
j∑

t=i

(
t− 1

i− 1

)
= (−1)i

(
j

i

)

❝✉❥♦ σ(k, l) = 1✳
P❡❧♦ ❢❛t♦ ❞❡st❛ ❝♦♥t❛ s❡rá r❡❛❧✐③❛❞❛ ❞❡ ♠♦❞♦ r❡♣❡t✐t✐✈♦✱ ♥ã♦ ❛♣❡♥❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦s ♦✉✲

tr♦s ❝❛s♦s ❞❡st❡ ❧❡♠❛✱ ❝♦♠♦ t❛♠❜é♠ ♥♦s ❧❡♠❛s s❡❣✉✐♥t❡s✱ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ✐r❡♠♦s s✉♣r✐♠✐r ❛❧❣✉♥s
❞❡t❛❧❤❡s ❞❡st❡ ♣r♦❝❡ss♦✳

• P❛r❛ k = 2i ❡ l = 2j + 1✿

χ(C∗
e (k, l)) =

2j+1∑

t=2i

χ(C∗
e (2i− 1, t− 1))χ(t) =

=

j∑

t=i

=0︷ ︸︸ ︷
χ(C∗

e (2i− 1, 2t))χ(2t+ 1) +

j∑

t=i

χ(C∗
e (2i− 1, 2t− 1))

=1︷ ︸︸ ︷
χ(2t)

= (−1)i
(
j

i

)

♦♥❞❡ σ(k, l) = 1✳

• P❛r❛ k = 2i+ 1 ❡ l = 2j✿

χ(C∗
e (k, l)) =

2j∑

t=2i+1

χ(C∗
e (2i, t− 1))χ(t) =

=

j−1∑

t=i

χ(C∗
e (2i, 2t))

=−1︷ ︸︸ ︷
χ(2t+ 1)+

j−1∑

t=i

χ(C∗
e (2i, 2t+ 1))

=1︷ ︸︸ ︷
χ(2t+ 2)

= −

j∑

t=i

(−1)i
(
j

i

)
+

j∑

t=i

(−1)i
(
j

i

)
= 0

♦♥❞❡ σ(k, l) = 0✳
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• P❛r❛ k = 2i+ 1 ❡ l = 2j + 1✿

χ(C∗
e (k, l)) =

2j+1∑

t=2i+1

χ(C∗
e (2i, t− 1))χ(t) =

=

j∑

t=i

χ(C∗
e (2i, 2t))

=−1︷ ︸︸ ︷
χ(2t+ 1)+

j−1∑

t=i

χ(C∗
e (2i, 2t+ 1))

=1︷ ︸︸ ︷
χ(2t+ 2)

= −

j∑

t=i

(−1)i
(
j

i

)
+

j−1∑

t=i

(−1)i
(
j

i

)
= (−1)(−1)i

(
j

i

)

♦♥❞❡ σ(k, l) = −1✳ �

▲❡♠❛ ✹✳✸✳✶✶✳ ❙❡❥❛♠ k, l ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s t❛✐s q✉❡ l > 1 ❡ k 6 l✳ ❊s❝r❡✈❛ k = 2i s❡ k é ♣❛r
♦✉ k = 2i+ 1 s❡ k é í♠♣❛r ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ l✱ l = 2j ♦✉ l = 2j + 1✳ ❊♥tã♦ t❡♠♦s ❛ s❡❣✉✐♥t❡
❢ór♠✉❧❛ ♣❛r❛ ❛ ♣❛r✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❝♦♠ ③❡r♦s Ce(k, l)✿

χ(Ce(k, l)) =





(−1)i
(
j − 1
i

)
✱ s❡ ❧ ♣❛r

(−1)i
(
j
i

)
✱ s❡ ❧ í♠♣❛r ❡ ❦ ♣❛r

0 ✱ s❡ ❧ í♠♣❛r ❡ ❦ í♠♣❛r

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ Ce(k, l)✱

χ(Ce(k, l)) =
k∑

m=0

χ(C∗
e (m, l))

♣♦✐s χ(O(k −m)) = 1✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ s❡ ❞✐✈✐❞❡ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• P❛r❛ k = 2i ❡ l = 2j✿

χ(Ce(k, l)) =
2i∑

m=0

χ(C∗
e (m, l)) =

i∑

m=0

χ(C∗
e (2m, 2j)) +

i∑

m=1

=0︷ ︸︸ ︷
χ(C∗

e (2m− 1, 2j))

=
i∑

m=0

(−1)m
(
j

m

)
= (−1)i

(
j − 1

i

)
.

• P❛r❛ k = 2i+ 1 ❡ l = 2j✿

χ(Ce(k, l)) =
2i+1∑

m=0

χ(C∗
e (m, l)) =

i∑

m=0

χ(C∗
e (2m, 2j)) +

i+1∑

m=1

=0︷ ︸︸ ︷
χ(C∗

e (2m− 1, 2j))

= (−1)i
(
j − 1

i

)
.
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• P❛r❛ k = 2i ❡ l = 2j + 1✿

χ(Ce(k, l)) =
2i∑

m=0

χ(C∗
e (m, l)) =

i∑

m=0

χ(C∗
e (2m, 2j + 1)) +

i∑

m=1

χ(C∗
e (2m− 1, 2j + 1))

=
i∑

m=0

(−1)m
(
j

m

)
+

i∑

m=1

(−1)(−1)m−1

(
j

m− 1

)
=

i∑

m=0

(−1)m
((

j

m

)
+

(
j

m− 1

))

=
i∑

m=0

(−1)m
(
j + 1

m

)
= (−1)i

(
j

i

)
.

• P❛r❛ k = 2i+ 1 ❡ l = 2j + 1✿

χ(Ce(k, l)) =
2i+1∑

m=0

χ(C∗
e (m, l)) =

i∑

m=0

χ(C∗
e (2m, 2j + 1)) +

i∑

m=0

χ(C∗
e (2m+ 1, 2j + 1))

=
i∑

m=0

(−1)m
(
j

m

)
+

i∑

m=0

(−1)(−1)m
(
j

m

)
= 0.

�

▲❡♠❛ ✹✳✸✳✶✷✳ ❙❡❥❛♠ k, p, l ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s ❝♦♠ p 6 l✱ ❡ ❡s❝r❡✈❛ k = 2i ♦✉ k = 2i + 1✱
p = 2q ♦✉ p = 2q + 1 ❡ l = 2j ♦✉ l = 2j + 1✳ ❊♥tã♦✱ ❛ ♣❛r✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❝r❡s❝❡♥t❡ C(k, p, l) é

χ(C(k, p, l)) = σ̃(k, p, l) ·

(
j − q + i+ ε(k, p, l)

i

)

♦♥❞❡ ε ❡ σ̃ sã♦ ❞❛❞♦s ♣♦r

ε(k, p, l) =

{
−1 ✱ s❡ ❦ é ♣❛r✱ ♣ é í♠♣❛r ❡ ❧ é ♣❛r
0 ✱ ❝❛s♦ ❝♦♥trár✐♦

σ̃(k, p, l) =





0 ✱ s❡ ❦ é í♠♣❛r✱ ♣ é ♣❛r ❡ ❧ é í♠♣❛r
0 ✱ s❡ ❦ é í♠♣❛r✱ ♣ é í♠♣❛r ❡ ❧ é ♣❛r
−1 ✱ s❡ ❦ é í♠♣❛r✱ ♣ é í♠♣❛r ❡ ❧ é í♠♣❛r
1 ✱ ❝❛s♦ ❝♦♥trár✐♦

❉❡♠♦♥str❛çã♦✳ ■♥❞✉çã♦ s♦❜r❡ k✳
P❛r❛ k = 0 ✭♦✉ s❡❥❛✱ i = 0✮ t❡♠♦s q✉❡ C(0, p, l) = ∅ ❡ ❛ss✐♠ χ(C(0, p, l)) = 1✳ ❉❛í✱ ❧❡♠❜r❛♥❞♦

q✉❡ p 6 l✱

❼ ❙❡ p é ♣❛r ❡ l é ♣❛r ❡♥tã♦ χ(C(0, p, l)) = 1 ·
(
j−q
0

)
= 1❀

❼ ❙❡ p é ♣❛r ❡ l é í♠♣❛r ❡♥tã♦ χ(C(0, p, l)) = 1 ·
(
j−q
0

)
= 1❀

❼ ❙❡ p é í♠♣❛r ❡ l é ♣❛r ❡♥tã♦ χ(C(0, p, l)) = 1 ·
(
j−q−1

0

)
= 1❀
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❼ ❙❡ p é í♠♣❛r ❡ l é í♠♣❛r ❡♥tã♦ χ(C(0, p, l)) = 1 ·
(
j−q
0

)
= 1❀

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ k > 1 ❡ ✈❛❧❡ ♣❛r❛ k − 1✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ C(k, p, l)✱ ❛
♣❛r✐❞❛❞❡ χ(C(k, p, l) é

χ(C(k, p, l)) =
l∑

t=p

χ(C(k − 1, p, t))χ(t).

P♦rt❛♥t♦✱ ♦ ♣r♦❜❧❡♠❛ s❡ ❞✐✈✐❞❡ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• ❙❡ k é ♣❛r✱ p é ♣❛r ❡ l é ♣❛r✿

χ(C(k, p, l)) =

2j∑

t=2q

χ(C(2i− 1, 2q, t))χ(t) =

j∑

t=q

χ(C(2i− 1, 2q, 2t))χ(2t)

+

j−1∑

t=q

=0︷ ︸︸ ︷
χ(C(2i− 1, 2q, 2t+ 1))χ(2t+ 1) =

j∑

t=q

(
t− q + i− 1

i− 1

)
=

(
j − q + i

i

)
.

• ❙❡ k é ♣❛r✱ p é ♣❛r ❡ l é í♠♣❛r✿

χ(C(k, p, l)) =

2j+1∑

t=2q

χ(C(2i− 1, 2q, t))χ(t) =

j∑

t=q

χ(C(2i− 1, 2q, 2t))χ(2t)

+

j∑

t=q

=0︷ ︸︸ ︷
χ(C(2i− 1, 2q, 2t+ 1))χ(2t+ 1) =

(
j − q + i

i

)
.

• ❙❡ k é ♣❛r✱ p é í♠♣❛r ❡ l é ♣❛r✿

χ(C(k, p, l)) =

2j∑

t=2q+1

χ(C(2i− 1, 2q + 1, t))χ(t) =

j∑

t=q+1

=0︷ ︸︸ ︷
χ(C(2i− 1, 2q + 1, 2t))χ(2t)

+

j−1∑

t=q

χ(C(2i− 1, 2q + 1, 2t+ 1))χ(2t+ 1) =

j−1∑

t=q

(−1) ·

(
t− q + i− 1

i− 1

)
· (−1)

=

(
j − q + i− 1

i

)
.

• ❙❡ k é ♣❛r✱ p é í♠♣❛r ❡ l é í♠♣❛r✿

χ(C(k, p, l)) =

2j+1∑

t=2q+1

χ(C(2i− 1, 2q + 1, t))χ(t) =

j∑

t=q+1

=0︷ ︸︸ ︷
χ(C(2i− 1, 2q + 1, 2t))χ(2t)

+

j∑

t=q

χ(C(2i− 1, 2q + 1, 2t+ 1))χ(2t+ 1)

=

j∑

t=q

(
t− q + i− 1

i− 1

)
=

(
j − q + i

i

)
.
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• ❙❡ k é í♠♣❛r✱ p é ♣❛r ❡ l é ♣❛r✿

χ(C(k, p, l)) =

2j∑

t=2q

χ(C(2i, 2q, t))χ(t)

=

j∑

t=q

χ(C(2i, 2q, 2t))χ(2t) +

j−1∑

t=q

χ(C(2i, 2q, 2t+ 1))χ(2t+ 1)

=

j∑

t=q

(
t− q + i

i

)
+

j−1∑

t=q

(
t− q + i

i

)
· (−1)

=

(
j − q + i

i

)
.

• ❙❡ k é í♠♣❛r✱ p é ♣❛r ❡ l é í♠♣❛r✿

χ(C(k, p, l)) =

2j+1∑

t=2q

χ(C(2i, 2q, t))χ(t)

=

j∑

t=q

χ(C(2i, 2q, 2t))χ(2t) +

j∑

t=q

χ(C(2i, 2q, 2t+ 1))χ(2t+ 1)

=

j∑

t=q

(
t− q + i

i

)
+

j∑

t=q

(
t− q + i

i

)
· (−1) = 0.

• ❙❡ k é í♠♣❛r✱ p é í♠♣❛r ❡ l é ♣❛r✿

χ(C(k, p, l)) =

2j∑

t=2q+1

χ(C(2i, 2q + 1, t))χ(t)

=

j∑

t=q+1

χ(C(2i, 2q + 1, 2t))χ(2t) +

j∑

t=q+1

χ(C(2i, 2q + 1, 2t− 1))χ(2t− 1)

=

j∑

t=q+1

(
t− q + i− 1

i

)
+

j∑

t=q+1

(
t− 1− q + i

i

)
· (−1) = 0.
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• ❙❡ k é í♠♣❛r✱ p é í♠♣❛r ❡ l é í♠♣❛r✿

χ(C(k, p, l)) =

2j+1∑

t=2q+1

χ(C(2i, 2q + 1, t))χ(t)

=

j∑

t=q+1

χ(C(2i, 2q + 1, 2t))χ(2t) +

j+1∑

t=q+1

χ(C(2i, 2q + 1, 2t− 1))χ(2t− 1)

=

j∑

t=q+1

(
t− q + i− 1

i

)
+

j+1∑

t=q+1

(
t− 1− q + i

i

)
· (−1) = −

(
j − q + i

i

)
.

P♦rt❛♥t♦✱ s❡❣✉❡ ❛ ❢ór♠✉❧❛✳ �

❆❣♦r❛✱ t❡♥❞♦ ♦s ✈❛❧♦r❡s ❞❛s ♣❛r✐❞❛❞❡s ❞❡st❡s ❝♦♥❥✉♥t♦s✱ s❡❣✉❡ ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✳

❚❡♦r❡♠❛ ✹✳✸✳✶✸✳ ❙❡❥❛♠ p, l ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❝♦♠ p 6 l✳ ❊♥tã♦ χ(Al
p) = 0✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♥❞♦ q✉❡

Al
p =

p⋃

m=0

O(p−m) ∗ Ce(m, l) ∗ (m) ∗ C(l − p− 1,m, p)

✐♠♣❧✐❝❛ q✉❡

χ(Al
p) =

p∑

m=0

χ(Ce(m, l)) · χ(m) · χ(C(l − p− 1,m, p))

❡ ♣♦❞❡♠♦s s❡♣❛r❛r ♦ ♣r♦❜❧❡♠❛ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• ❙❡ p = 2q ❡ l = 2j✿

χ(Al
p) =

2q∑

m=0

χ(Ce(m, 2j)) · χ(m) · χ(C(2j − 2q − 1,m, 2q))

=

q∑

m=0

χ(Ce(2m, 2j)) · χ(2m) · χ(C(2j − 2q − 1, 2m, 2q))

+

q−1∑

m=0

χ(Ce(2m+ 1, 2j)) · χ(2m+ 1) ·

=0︷ ︸︸ ︷
χ(C(2j − 2q − 1, 2m+ 1, 2q))

=

q∑

m=0

(−1)m
(
j − 1

m

)(
q −m+ (j − q − 1)

j − q − 1

)

=

q∑

m=0

(−1)m
(
j − 1

m

)(
j − 1−m

j − 1− q

)
=

(
j − 1

q

)
·

q∑

m=0

(−1)m
(
q

m

)
= 0.
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• ❙❡ p = 2q ❡ l = 2j + 1✿

χ(Al
p) =

2q∑

m=0

χ(Ce(m, 2j + 1)) · χ(m) · χ(C(2j − 2q,m, 2q))

=

q∑

m=0

χ(Ce(2m, 2j + 1)) · χ(2m) · χ(C(2j − 2q, 2m, 2q))

+

q−1∑

m=0

=0︷ ︸︸ ︷
χ(Ce(2m+ 1, 2j + 1)) ·χ(2m+ 1) · χ(C(2j − 2q, 2m+ 1, 2q))

=

q∑

m=0

(−1)m
(
j − 1

m

)(
q −m+ (j − q − 1)

j − q − 1

)
= 0.

• ❙❡ p = 2q + 1 ❡ l = 2j + 1✿

χ(Al
p) =

2q+1∑

m=0

χ(Ce(m, 2j + 1)) · χ(m) · χ(C(2j − 2q − 1,m, 2q + 1))

=

q∑

m=0

χ(Ce(2m, 2j + 1)) · χ(2m) ·

=0︷ ︸︸ ︷
χ(C(2j − 2q − 1, 2m, 2q + 1))

+

q∑

m=0

=0︷ ︸︸ ︷
χ(Ce(2m+ 1, 2j + 1)) ·χ(2m+ 1) · χ(C(2j − 2q − 1, 2m+ 1, 2q + 1))

= 0.

• ❙❡ p = 2q + 1 ❡ l = 2j✿

χ(Al
p) =

2q+1∑

m=0

χ(Ce(m, 2j)) · χ(m) · χ(C(2j − 2q − 2,m, 2q + 1))

=

q∑

m=0

χ(Ce(2m, 2j)) · χ(2m) · χ(C(2j − 2q − 2, 2m, 2q + 1))

+

q∑

m=0

χ(Ce(2m+ 1, 2j)) · χ(2m+ 1) · χ(C(2j − 2q − 2, 2m+ 1, 2q + 1))

=

q∑

m=0

(−1)m
(
j − 1

m

)(
q −m+ (j − q − 1)

j − q − 1

)

−

q∑

m=0

(−1)m
(
j − 1

m

)(
q −m+ (j − q − 1)

j − q − 1

)
= 0.

�
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❈♦r♦❧ár✐♦ ✹✳✸✳✶✹✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛ ✈❛r✐❡❞❛❞❡ ❣r❛ss♠❛♥✐❛♥❛ s✐♠♣❧ét✐❝❛ Lp(R
2l) é ✐❣✉❛❧

à ③❡r♦✱ ♣❛r❛ t♦❞♦ 0 6 p 6 l✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ♣❛r✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦✱
♦✉ s❡❥❛✱ χ(Lp(R

2l)) = χ(Al
p)✳ �

❈♦r♦❧ár✐♦ ✹✳✸✳✶✺✳ P❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ Θ  Σ✱ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ♣❛r❝✐❛❧ FΘ ❞♦ ❣r✉♣♦ s✐♠✲
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