
❘❛q✉❡❧ ❱✐❡✐r❛ ▲♦♣❡s

sk✲❙♣❧✐♥❡s ❞❡ ❋✉♥çõ❡s P❡r✐ó❞✐❝❛s

❈❛♠♣✐♥❛s

✷✵✶✸

✐
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ à ♠✐♥❤❛ ♠ã❡✱ ❈♦♥❝❡✐çã♦✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ❢♦rç❛ ❡ ❢é ❡ ♣♦r

s❡♠♣r❡ ❝♦♥✜❛r ❡♠ ♠✐♥❤❛s ❡s❝♦❧❤❛s✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ♠❡✉ ♣❛✐✱ ❏♦ã♦✱ ❡ ❛♦s ♠❡✉s ✐r♠ã♦s✱

❘❛❢❛❡❧ ❡ ❘❡♥❛t❛✳

❉❡ ✉♠ ♠♦❞♦ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛♦ ❘♦❞♦❧❢♦✱ ♣❡❧♦ ❛♠♦r✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐✲

r✐s♠♦ ❡ ♣♦r ❛❝r❡❞✐t❛r ♠❛✐s ❡♠ ♠✐♠ ❞♦ q✉❡ ❡✉ ♠❡s♠❛✳

❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❙❡r❣✐♦ ❆♥t♦♥✐♦ ❚♦③♦♥✐✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛✱ ♣❛❝✐ê♥❝✐❛✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡

❡ ♣❡❧♦ ❝♦♠♣❡t❡♥t❡ tr❛❜❛❧❤♦ ❞❡ ♦r✐❡♥t❛çã♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞❛ ❯❋❏❋✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s ♣r♦❢❡ss♦r❡s ❋á❜✐♦ ❘♦❞r✐❣✉❡s

P❡r❡✐r❛ ❡ ❈r✐st✐❛♥❡ ❆♥❞r❛❞❡ ▼❡♥❞❡s ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❡ ❛✉①í❧✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛✐s✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❈❛♠♣✐♥❛s✱ ❏✉✐③ ❞❡ ❋♦r❛✱ ❱✐ç♦s❛ ❡ ❖✉r♦ ❇r❛♥❝♦✱ ♣♦r s✐♠✲

♣❧❡s♠❡♥t❡ s❡r❡♠ ♠❡✉s ❛♠✐❣♦s✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❛♣❡s ❡ ❛♦ ❈◆Pq✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈✐



❘❡s✉♠♦

❖s sk✲s♣❧✐♥❡s sã♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞♦s s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦s q✉❛✐s ❢♦r❛♠ ✐♥✲

tr♦❞✉③✐❞♦s ❡ t✐✈❡r❛♠ s✉❛ t❡♦r✐❛ ❜ás✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❆❧❡①❛♥❞❡r ❑✉s❤♣❡❧ ♥♦s ❛♥♦s ❞❡

✶✾✽✸✲✶✾✽✺✳ ❊st❛s ❢✉♥çõ❡s sã♦ ✐♠♣♦rt❛♥t❡s ❡♠ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ❡ s❡✉ ❡s♣❛ç♦ é ❣❡r❛❞♦ ♣♦r

tr❛♥s❧❛çõ❡s ❞✐s❝r❡t❛s ❞❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ♥ú❝❧❡♦✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡

❞❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❞❡ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡

❢✉♥çõ❡s ❞❡ ❞❡t❡r♠✐♥❛❞❛s ❝❧❛ss❡s ♣♦r sk✲s♣❧✐♥❡s ♥♦s ❡s♣❛ç♦s Lp✳ ❈♦♠♦ ❛♣❧✐❝❛çã♦ ❡st✉❞❛♠♦s

❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦r sk✲

s♣❧✐♥❡s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ s♣❧✐♥❡✱ ✐♥t❡r♣♦❧❛çã♦✱ ❛♣r♦①✐♠❛çã♦✱ ❢✉♥çõ❡s s✉❛✈❡s✱ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳

✈✐✐



❆❜str❛❝t

❚❤❡ sk✲s♣❧✐♥❡s ❛r❡ ❛ ♥❛t✉r❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ♣♦❧②♥♦♠✐❛❧ s♣❧✐♥❡s✳ ❚❤❡② ✇❡r❡ ✐♥tr♦❞✉❝❡❞

❛♥❞ t❤❡✐r ❜❛s✐❝ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ❜② ❆❧❡①❛♥❞❡r ❑✉s❤♣❡❧ ❜❡t✇❡❡♥ ✶✾✽✸ ❛♥❞ ✶✾✽✺✳ ❚❤❡s❡

❢✉♥❝t✐♦♥s ❛r❡ ✐♠♣♦rt❛♥t ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t❤❡ s♣❛❝❡ ♦❢ sk✲s♣❧✐♥❡s ✐s t❤❡ ❧✐♥❡❛r s♣❛♥

♦❢ s❤✐❢ts ♦❢ ❛ s✐♥❣❧❡ ❦❡r♥❡❧ K✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss

♦❢ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥ts ♦❢ ♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ st✉❞② t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥

s❡✈❡r❛❧ ❝❧❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❜② sk✲s♣❧✐♥❡s ✐♥ t❤❡ Lp s♣❛❝❡s✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ st✉❞② t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐♥✜♥✐t❡❧② ❛♥❞ ✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ❜② sk✲s♣❧✐♥❡s✳

❑❡②✇♦r❞s✿ s♣❧✐♥❡✱ ✐♥t❡r♣♦❧❛t✐♦♥✱ ❛♣♣r♦①✐♠❛t✐♦♥✱ s♠♦♦t❤ ❢✉♥❝t✐♦♥s✱ ❙♦❜♦❧❡✈ s♣❛❝❡s✳

✈✐✐✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐✐

❆❜str❛❝t ✈✐✐✐

▲✐st❛ ❞❡ ❙í♠❜♦❧♦s ①

■♥tr♦❞✉çã♦ ✶

✶ sk✲❙♣❧✐♥❡s ■♥t❡r♣♦❧❛♥t❡s ❝♦♠ ◆ós ❊q✉✐❞✐st❛♥t❡s ✸

✶✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ❈♦♥❞✐çõ❡s ❙✉✜❝✐❡♥t❡s ♣❛r❛ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❆❧❣✉♠❛s ❙ér✐❡s ❚r✐❣♦♥♦♠étr✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ sk✲❙♣❧✐♥❡s ❡♠ Lq ✸✹

✷✳✶ sk✲❙♣❧✐♥❡ ❈❛r❞✐♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✷ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ sk✲❙♣❧✐♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸ ❆♣❧✐❝❛çõ❡s ✹✼

✸✳✶ ❆♣r♦①✐♠❛çã♦ ❞❡ ❋✉♥çõ❡s ■♥✜♥✐t❛♠❡♥t❡ ❉✐❢❡r❡♥❝✐á✈❡✐s ♣♦r sk✲❙♣❧✐♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷ ❆♣r♦①✐♠❛çã♦ ❞❡ ❋✉♥çõ❡s ❋✐♥✐t❛♠❡♥t❡ ❉✐❢❡r❡♥❝✐á✈❡✐s ♣♦r sk✲❙♣❧✐♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦ ✺✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✻

✐①



▲✐st❛ ❞❡ ❙í♠❜♦❧♦s

C2π✿ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ❡ 2π✲♣❡r✐ó❞✐❝❛s✱ ♣á❣✐♥❛ ✸

∆n✿ ♣❛rt✐çã♦ ❞♦ ✐♥t❡r✈❛❧♦ [0, 2π]✱ ♣á❣✐♥❛s ✸ ❡ ✸✹

sk✿ sk✲s♣❧✐♥❡✱ ♣á❣✐♥❛s ✸ ❡ ✸✹

ck✿ ❝♦❡✜❝✐❡♥t❡s ❞♦ sk✲s♣❧✐♥❡✱ ♣á❣✐♥❛ ✸

c∗k✿ ❝♦❡✜❝✐❡♥t❡s ❞♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡✱ ♣á❣✐♥❛ ✹

sk✿ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡✱ ♣á❣✐♥❛ ✹

xs✿ ♥ós ❞♦ sk✲s♣❧✐♥❡✱ ♣á❣✐♥❛ ✹

ys✿ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❞♦ sk✲s♣❧✐♥❡✱ ♣á❣✐♥❛ ✹

V = circ{v}✿ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✱ ♣á❣✐♥❛ ✹

βl✿ ❛✉t♦✈❛❧♦r ❞❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✱ ♣á❣✐♥❛ ✹

xl✿ ❛✉t♦✈❡t♦r ❞❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✱ ♣á❣✐♥❛ ✹

[n/2]✿ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ n/2✱ ♣á❣✐♥❛ ✺

j ≡ k(n)✿ j é ❝♦♥❣r✉❡♥t❡ ❛ k ♠ó❞✉❧♦ n✱ ♣á❣✐♥❛ ✽

λj✿ ✈❡r ❉❡✜♥✐çã♦ ✶✳✷✳✹✱ ♣á❣✐♥❛ ✶✵

ρj✿ ✈❡r ❉❡✜♥✐çã♦ ✶✳✷✳✹✱ ♣á❣✐♥❛ ✶✵

σj✿ ✈❡r ❉❡✜♥✐çã♦ ✶✳✷✳✹✱ ♣á❣✐♥❛ ✶✵

K✿ ♥ú❝❧❡♦ ❞♦ sk✲s♣❧✐♥❡✱ ♣á❣✐♥❛s ✶✶✱ ✸✵ ❡ ✸✹

β✿ ✈❡r ❚❡♦r❡♠❛ ✶✳✷✳✻✱ ♣á❣✐♥❛ ✶✶

Aj✿ ✈❡r ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ ♣á❣✐♥❛ ✶✹

Bj✿ ✈❡r ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ ♣á❣✐♥❛ ✶✹

Cj✿ ✈❡r ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ ♣á❣✐♥❛ ✶✹

Dj✿ ✈❡r ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ ♣á❣✐♥❛ ✶✹

A
(1)
j ✿ ✈❡r ❚❡♦r❡♠❛ ✶✳✷✳✽✱ ♣á❣✐♥❛ ✶✼

A
(2)
j ✿ ✈❡r ❚❡♦r❡♠❛ ✶✳✷✳✽✱ ♣á❣✐♥❛ ✶✼

Sδ
n✿ s♦♠❛ ❞❡ ❈ès❛r♦✱ ♣á❣✐♥❛ ✷✶

Cδ
k ✿ ❝♦❡✜❝✐❡♥t❡ ❞❛ s♦♠❛ ❞❡ ❈ès❛r♦✱ ♣á❣✐♥❛ ✷✶

∆nλk✿ ✈❡r ❉❡✜♥✐çã♦ ✶✳✸✳✺✱ ♣á❣✐♥❛ ✷✶

Bn✿ ♣♦❧✐♥ô♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐✱ ♣á❣✐♥❛ ✸✷

Bk✿ ♥ú♠❡r♦s ❞❡ ❇❡r♥♦✉❧❧✐✱ ♣á❣✐♥❛ ✸✷

B2r✿ ✈❡r ❖❜s❡r✈❛çã♦ ✶✳✸✳✶✸✱ ♣á❣✐♥❛ ✸✸

s✿ s♣❧✐♥❡ ♣♦❧✐♥♦♠✐❛❧✱ ♣á❣✐♥❛ ✸✸

①



sk(f,∆n)✿ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f s♦❜r❡ ❛ ♣❛rt✐çã♦ ∆n✱ ♣á❣✐♥❛ ✸✺

s̃k✿ sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧✱ ♣á❣✐♥❛ ✸✺

Θn,l✿ ✈❡r ❉❡✜♥✐çã♦ ✷✳✷✳✸✱ ♣á❣✐♥❛ ✹✵

Lp✿ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s r❡❛✐s 2π✲♣❡r✐ó❞✐❝❛s ❡ ♠❡♥s✉rá✈❡✐s✱ ♣á❣✐♥❛ ✹✷

‖ · ‖p✿ ♥♦r♠❛ p✱ ♣á❣✐♥❛ ✹✷

‖ · ‖∞✿ ♥♦r♠❛ ✐♥✜♥✐t♦✱ ♣á❣✐♥❛ ✹✷

Up✿ ❜♦❧❛ ✉♥✐tár✐❛ ❞❡ Lp✱ ♣á❣✐♥❛ ✹✷

K ∗ f ✿ ♣r♦❞✉t♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞❡ K ♣♦r f ✱ ♣á❣✐♥❛ ✹✷

K ∗ Up✿ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s K ∗ φ✱ ❝♦♠ φ ∈ Up✱ ♣á❣✐♥❛ ✹✷

bk = bk(f)✿ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ f ✱ ♣á❣✐♥❛ ✹✸

‖T‖p,q✿ ♥♦r♠❛ p, q ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T : Lp → Lq✱ ♣á❣✐♥❛ ✹✸

en(K ∗ Up, Lq)✿ ✈❡r ❉❡✜♥✐çã♦ ✸✳✶✳✶✱ ♣á❣✐♥❛ ✹✼

C
(m)
2π ✿ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s ❡♠ C2π ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❛té ❛ ♦r❞❡♠ m✱ ♣á❣✐♥❛ ✹✽

f (m)✿ m✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ f ✱ ♣á❣✐♥❛ ✹✽

W r
p ✿ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✱ ♣á❣✐♥❛ ✺✶

‖ · ‖W r
p
✿ ♥♦r♠❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✱ ♣á❣✐♥❛ ✺✶

W
r

p✿ ✈❡r ❖❜s❡r✈❛çã♦ ✸✳✷✳✸✱ ♣á❣✐♥❛ ✺✶

①✐



■♥tr♦❞✉çã♦

◆♦ s❡♥t✐❞♦ ❝❧áss✐❝♦✱ ✉♠ s♣❧✐♥❡ é ✉♠❛ ❢✉♥çã♦ ❢♦r♠❛❞❛ ♣♦r ♣❡❞❛ç♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❊ss❡ t✐♣♦

❞❡ ❢✉♥çã♦ ♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡s ❡①tr❡♠❛✐s ✐♥t❡r❡ss❛♥t❡s ❡ ❢♦r♥❡❝❡ ✉♠ r❛③♦á✈❡❧ ❡ út✐❧ ❛♣❛r❛t♦

♣❛r❛ ❛♣r♦①✐♠❛çõ❡s✳ ❖s sk✲s♣❧✐♥❡s✱ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞♦s s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s✱ ❢♦r❛♠

✐♥tr♦❞✉③✐❞♦s ❡ t✐✈❡r❛♠ s✉❛ t❡♦r✐❛ ❜ás✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❆❧❡①❛♥❞❡r ❑✉s❤♣❡❧ ♥♦s ❛♥♦s ❞❡

✶✾✽✸✲✶✾✽✺ ❡♠ ❬✺✱ ✻✱ ✼✱ ✽❪✳ ❖s sk✲s♣❧✐♥❡s sã♦ ✐♠♣♦rt❛♥t❡s ❡♠ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ❡ s❡✉ ❡s♣❛ç♦ é

❣❡r❛❞♦ ♣♦r tr❛♥s❧❛çõ❡s ❞✐s❝r❡t❛s ❞❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ♥ú❝❧❡♦✳

◆✉♠ ♣r✐♠❡✐r♦ ❡stá❣✐♦✱ ❢♦r❛♠ ❞❡s❝♦❜❡rt❛s ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s ❡①tr❡♠❛✐s ❞❡ss❡s ♦❜❥❡t♦s

❣❡r❛✐s✳ ❊♠ s❡❣✉✐❞❛✱ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛♥t❡s ♣❛r❛ sk✲s♣❧✐♥❡s ❢♦✐

r❡s♦❧✈✐❞♦✱ ❛❧é♠ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❡①♣❧í❝✐t❛s ♣❛r❛ sk✲s♣❧✐♥❡s ❝❛r❞✐♥❛✐s t❡r❡♠ s✐❞♦ ❡♥❝♦♥tr❛❞❛s✳

❊st❡s r❡s✉❧t❛❞♦s ❢♦r♠❛r❛♠ ❛ ❜❛s❡ ❞❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦ ❞❡ ❆✳ ❑✉s❤♣❡❧ ❞❡❢❡♥❞✐❞❛ ❡♠ ✶✾✽✹✳

❖ ❡st✉❞♦ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s sk✲s♣❧✐♥❡s ♣❡r♠✐t✐✉✱ ❡♠ ✶✾✽✹✱ ❛ ❝r✐❛çã♦ ❞❡ ✉♠❛ t❡♦r✐❛ ❣❡r❛❧

♣❛r❛ ❝♦♠♣✉t❛çã♦ ❡①❛t❛ ❞❡ n✲❧❛r❣✉r❛s ❞❡ ✉♠❛ ❣r❛♥❞❡ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s s✉❛✈❡s✳

❆ ♣❛rt✐r ❞❡ ✶✾✽✼✱ ❆✳ ❑✉s❤♣❡❧ ❝♦♠❡ç♦✉ ❛ ❡st✉❞❛r ❞✐❢❡r❡♥t❡s ❛♣❧✐❝❛çõ❡s ♥✉♠ér✐❝❛s ❞♦s sk✲

s♣❧✐♥❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❡ ❞❡s❡♥✈♦❧✈❡✉ ✉♠ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ❡rr♦ ♣❛r❛ sk✲s♣❧✐♥❡s ❝♦♠

s✉❛✈✐❞❛❞❡ ❢r❛❝✐♦♥ár✐❛ ❛té ❛♥❛❧ít✐❝❛ ❡ ✐♥t❡✐r❛✳ ❊st❡s ♠ét♦❞♦s ❝♦♥st✐t✉ír❛♠ ❛ s✉❛ s❡❣✉♥❞❛ t❡s❡

❞❡ ❞♦✉t♦r❛❞♦ ❞❡❢❡♥❞✐❛ ♥❛ ❆❝❛❞❡♠✐❛ ◆❛❝✐♦♥❛❧ ❞❡ ❈✐ê♥❝✐❛s ❞❛ ❯❝râ♥✐❛✱ ❡♠ ✶✾✾✷✳ ❆ ♣❛rt✐r

❞❡ ✶✾✾✹✱ ❛ t❡♦r✐❛ ❞❡ sk✲s♣❧✐♥❡s ❛✈❛♥ç♦✉ ❛ ✉♠ ❝♦♥t❡①t♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱

❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✐♥t❡r♣♦❧❛♥t❡s ❞❡ sk✲s♣❧✐♥❡s s♦❜r❡ r❡❞❡s

r❡t❛♥❣✉❧❛r❡s ❝♦♠ r❡s♣❡✐t♦ ❛ ❝❧❛ss❡s ❞❡ ❙♦❜♦❧❡✈ ❝♦♠ ❞❡r✐✈❛❞❛s ♠✐st❛s ❧✐♠✐t❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱

❢♦r❛♠ ❞❡s❝♦❜❡rt❛s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡①tr❡♠❛✐s ❞♦s sk✲s♣❧✐♥❡s s♦❜r❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s

❝♦♠♣❛❝t♦s✳ ❱❡r ❬✸✱ ✶✶❪✳

❘❡s✉❧t❛❞♦s r❡❝❡♥t❡s s♦❜r❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ sk✲s♣❧✐♥❡s ❡♠ Lq ❢♦r❛♠ ❞❡♠♦s♥str❛❞♦s ❡♠

❬✾✱ ✶✵❪✳

❖❜s❡r✈❛♠♦s q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ❞❡ r❛③õ❡s ♣❛r❛ ✉s❛r sk✲s♣❧✐♥❡s✿

✶✳ ❊♠ ❛♣❧✐❝❛çõ❡s✱ ❡①✐st❡♠ ♠✉✐t❛s ❡q✉❛çõ❡s ❝✉❥❛s s♦❧✉çõ❡s ♣♦ss✉❡♠ s✉❛✈✐❞❛❞❡ ✐♥✜♥✐t❛✳

◆❡st❡ ❝❛s♦✱ ♦ ✉s♦ ❞❡ s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s ♥ã♦ s❡rá ❡✜❝✐❡♥t❡ ❞❡✈✐❞♦ ❛♦ ❢❡♥ô♠❡♥♦ ❞❡ s❛t✉r❛çã♦✳

❈♦♥t✉❞♦✱ ✉s❛♥❞♦ sk✲s♣❧✐♥❡s ❛♣r♦♣r✐❛❞♦s✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r ❜❡♠ t❛✐s ❢✉♥çõ❡s s♦❧✉çõ❡s✳

✷✳ ❖ ✉s♦ ❞❡ sk✲s♣❧✐♥❡s ♥❛ t❡♦r✐❛ ❞❡ n✲❧❛r❣✉r❛s ✭n✲✇✐❞t❤s t❤❡♦r②✮ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r

✈❛❧♦r❡s ❡①❛t♦s ❞❡ n✲❧❛r❣✉r❛s ❡♠ ♥♦✈❛s s✐t✉❛çõ❡s✱ ♥❛s q✉❛✐s ❛ ❛♣❧✐❝❛çã♦ ❞❡ ♠ét♦❞♦s ❝♦♥❤❡❝✐❞♦s

✶



❡♥❝♦♥tr❛ ❞✐✜❝✉❧❞❛❞❡s ❞❡ ♥❛t✉r❡③❛ ❢✉♥❞❛♠❡♥t❛❧✳

✸✳ ❖s sk✲s♣❧✐♥❡s ♣❛r❡❝❡♠ ♣r♦♠✐ss♦r❡s ❡♠ ❛♣r♦①✐♠❛çã♦✱ ♣♦✐s ❡❧❡s tê♠ ❜♦❛ ♦r❞❡♠ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛ s♦❜r❡ ❝♦♥❥✉♥t♦s ❞❡ ❢✉♥çõ❡s ❝♦♠ s✉❛✈✐❞❛❞❡ ❞❡s❞❡ ❢r❛❝✐♦♥ár✐❛ ❛té ❛♥❛❧ít✐❝❛ ❡

✐♥t❡✐r❛✳ ❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s ♦s sk✲s♣❧✐♥❡s ❢♦r♥❡❝❡♠ ♥♦✈♦s ❡①❡♠♣❧♦s ❞❡ s✉❜❡s♣❛ç♦s ót✐♠♦s

♥♦ s❡♥t✐❞♦ ❞❡ n✲❧❛r❣✉r❛s✳

❖s r❡s✉❧t❛❞♦s ❞❡st❛ ❞✐ss❡rt❛çã♦ ❢♦r❛♠ ❜❛s❡❛❞♦s ❡♠ ❬✺✱ ✻✱ ✼✱ ✽✱ ✶✷✱ ✶✸❪✳ ❊♠ ❬✶✷❪ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❤✐stór✐❝♦ ❞♦s sk✲s♣❧✐♥❡s✱ s✉❛s ❛♣❧✐❝❛çõ❡s

❡ s✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s✳

■♥✐❝✐❛♠♦s ❡st❡ tr❛❜❛❧❤♦ ❞❡✜♥✐♥❞♦ sk✲s♣❧✐♥❡s ❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s✳ ❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡✲

t✐✈♦ ❞♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ é ♦ ❡st✉❞♦ ❞❡ ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲s♣❧✐♥❡s

✐♥t❡r♣♦❧❛♥t❡s ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 2π✳ ❊st❡ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ✐♠♣♦r✲

t❛♥t❡ é ✈á❧✐❞♦ ♣❛r❛ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❝♦♠ ♥ós ❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❡q✉✐❞✐st❛♥t❡s✳

❊♠ s❡❣✉✐❞❛✱ ♠♦str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❛ ✜♠ ❞❡ ❡st✉❞❛r ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s

s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❞❡t❡r♠✐♥❛❞♦s ♣♦r ✉♠

♥ú❝❧❡♦ ❡s♣❡❝í✜❝♦ ❞♦ t✐♣♦ K(x) =
∑∞

l=1 al cos(lx+ βπ/2)✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡

❝❛♣ít✉❧♦ sã♦ ❬✶✷❪ ❡ ❬✶✸❪✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ✜①❛♠♦s ✉♠ ♥ú❝❧❡♦ ❞♦ t✐♣♦ K(x) =
∑∞

l=1 al cos(lx) s❛t✐s❢❛③❡♥❞♦ ❝♦♥❞✐çõ❡s

q✉❡ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s

♦ sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧ ❡ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❊♠ s❡❣✉✐❞❛✱ ♣❛ss❛♠♦s ❛

tr❛❜❛❧❤❛r ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦ q✉❛❧ ❢♦r♥❡❝❡ ✉♠❛

♦r❞❡♠ ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❢✉♥çõ❡s ♣❡rt❡♥❝❡♥t❡s à ❝❧❛ss❡ ❞❡ ❝♦♥✈♦❧✉çã♦ K ∗ Up✱ ♦♥❞❡ Up é

❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞♦ ❡s♣❛ç♦ Lp✱ ♣♦r sk✲s♣❧✐♥❡s ♥♦ ❡s♣❛ç♦ Lq✱ ♦♥❞❡ 1 ≤ p ≤ 2 ≤ q ≤ ∞✳ ❈♦♠♦

❛♣❧✐❝❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦✱ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❡st✉❞❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡

❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦r sk✲s♣❧✐♥❡s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡

❝❛♣ít✉❧♦ sã♦ ❬✶✶❪ ❡ ❬✶✸❪✳

✷



❈❛♣ít✉❧♦ ✶

sk✲❙♣❧✐♥❡s ■♥t❡r♣♦❧❛♥t❡s ❝♦♠ ◆ós

❊q✉✐❞✐st❛♥t❡s

◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❞❡✜♥✐♠♦s sk✲s♣❧✐♥❡s ❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❡ ❡s✲

t✉❞❛♠♦s ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❞❡ ❢✉♥çõ❡s

❝♦♥tí♥✉❛s ❡ ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 2π✳ ◆❛ s❡❣✉♥❞❛ s❡çã♦✱ ❞❡✜♥✐♠♦s λj✱ ρj ❡ σj✱ ❢✉♥çõ❡s q✉❡

❛✉①✐❧✐❛♠ ♥❛ ♦❜t❡♥çã♦ ❞❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲

s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❞❡t❡r♠✐♥❛❞♦s ♣❡❧♦ ♥ú❝❧❡♦ K(x) =
∑∞

l=1 al cos(lx + βπ/2)✳ ❊st❛s ❞✉❛s

♣r✐♠❡✐r❛s s❡çõ❡s ❢♦r❛♠ ❜❛s❡❛❞❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳

◆❛ t❡r❝❡✐r❛ ❡ ú❧t✐♠❛ s❡çã♦✱ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❛❧❣✉♠❛s sér✐❡s

tr✐❣♦♥♦♠étr✐❝❛s✱ ♦❜t❡♠♦s ♦✉tr❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲

s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ❞❡t❡r♠✐♥❛❞♦s ♣♦r ♥ú❝❧❡♦ ❞♦ ♠❡s♠♦ t✐♣♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛♥❞♦

❝♦♥❞✐çõ❡s ❡s♣❡❝✐❛✐s s♦❜r❡ ♦s ❝♦❡✜❝✐❡♥t❡s al✳ ❊st❛ s❡çã♦ ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ❬✶✷❪✳

✶✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡

◆♦t❛çã♦ ✶✳✶✳✶✳ ❉❡♥♦t❛r❡♠♦s ♣♦r C2π = C2π(R) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s

❢✉♥çõ❡s f : R → R q✉❡ sã♦ ❝♦♥tí♥✉❛s ❡ ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 2π✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❋✐①❛❞♦ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ s❡❥❛♠

∆n = {0 = x0 < x1 < · · · < xn = 2π}

✉♠❛ ♣❛rt✐çã♦ ❛r❜✐trár✐❛ ❞♦ ✐♥t❡r✈❛❧♦ [0, 2π] ❡ K ∈ C2π✳ ❉❡✜♥✐♠♦s ✉♠ sk✲s♣❧✐♥❡ s♦❜r❡ ❛

♣❛rt✐çã♦ ∆n ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛

sk(x) = cn+1 +
n
∑

k=1

ckK(x− xk),
n
∑

k=1

ck = 0, ✭✶✳✶✮

♦♥❞❡ ck ∈ R✱ 1 ≤ k ≤ n+ 1✳ ❖s ♣♦♥t♦s xk✱ 1 ≤ k ≤ n✱ sã♦ ❝❤❛♠❛❞♦s ♥ós ❞♦ sk✲s♣❧✐♥❡ sk(x)✳

✸



❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❈♦♥s✐❞❡r❡♠♦s n✱ ∆n ❡ K ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❙❡❥❛ f ∈ C2π ❡ s❡❥❛♠

0 ≤ y0 < y1 < · · · < yn ≤ 2π✳ ❙❡ ❡①✐st✐r❡♠ c∗k✱ 1 ≤ k ≤ n+ 1 t❛✐s q✉❡

sk(f, yj) = sk(yj) = c∗n+1 +
n
∑

k=1

c∗kK(yj + xk) = f(yj), 0 ≤ j ≤ n, ✭✶✳✷✮

❞✐③❡♠♦s q✉❡ sk é ✉♠ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f ❝♦♠ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ yj✱ 0 ≤ j ≤ n ❡

♥ós xk✱ 1 ≤ k ≤ n✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✹✳ ◆❡st❡ tr❛❜❛❧❤♦✱ tr❛t❛r❡♠♦s s♦♠❡♥t❡ ❞♦s sk✲s♣❧✐♥❡s ❝♦♠ ♥ós✱ xk✱ ❡ ♣♦♥t♦s

❞❡ ✐♥t❡r♣♦❧❛çã♦✱ yk✱ ❡q✉✐❞✐st❛♥t❡s✳ ❋✐①❛❞♦ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ t♦♠❛♠♦s

∆n = {0 = x0 < x1 < · · · < xn = 2π},

♦♥❞❡ xs = 2πs/n ❡✱ ✜①❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧ y✱ t♦♠❛♠♦s ys = xs + y✱ 1 ≤ s ≤ n✳ ❈♦♥s✐❞❡r❛r❡✲

♠♦s s❡♠♣r❡ sk✲s♣❧✐♥❡s ❝♦♠ ♥ós xk ❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ yk ❞❡ss❡s t✐♣♦s✳

❉✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦ K ∈ C2π ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✳✷ é ♦ ♥ú❝❧❡♦ ❞♦ sk✲s♣❧✐♥❡ ✭✶✳✶✮ ❡✱ ♣❛r❛

❝❛❞❛ 1 ≤ j ≤ n ❡ y ∈ R✱ ❡s❝r❡✈❡♠♦s

λj = λj(y) =
n
∑

l=1

e2πij(l−1)/nK(y − xl−1). ✭✶✳✸✮

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❙❡❥❛ V = (vi,j)n×n ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ n ❡ ♦ ✈❡t♦r v =

(v1, v2, . . . , vn) ❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ V ✳ ❉✐③❡♠♦s q✉❡ V é ✉♠❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡ ❞❡t❡r✲

♠✐♥❛❞❛ ♣❡❧♦ ✈❡t♦r v s❡ ❛s ❧✐♥❤❛s s✉❜s❡q✉❡♥t❡s sã♦ ♦❜t✐❞❛s ♣❡❧❛ tr❛♥s❧❛çã♦ ❝í❝❧✐❝❛ ❞♦ ú❧t✐♠♦

❡❧❡♠❡♥t♦ ❞❛ ❧✐♥❤❛ ❛♥t❡r✐♦r ♣❛r❛ ❛ ♣♦s✐çã♦ ❞♦ ♣r✐♠❡✐r♦✱ s✉❝❡ss✐✈❛♠❡♥t❡✱ ❛té ❢♦r♠❛r ✉♠❛ ♠❛✲

tr✐③ q✉❛❞r❛❞❛✱ ♦✉ s❡❥❛✱ vi+1,1 = vi,n ❡ vi+1,j+1 = vi,j✱ ♣❛r❛ 1 ≤ i, j ≤ n − 1✳ ❆ss✐♠✱ ❛ ♠❛tr✐③

V t❡♠ ❛ ❢♦r♠❛

V =













v1 v2 . . . vn

vn v1 . . . vn−1

✳✳✳
✳✳✳

✳✳✳

v2 v3 . . . v1













.

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ V = circ{v}✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✻✳ ❈♦♥s✐❞❡r❡ ♦ ✈❡t♦r v = (v1, v2, . . . , vn) ❡ ❛ ♠❛tr✐③ V = circ{v}✳ ❙❡❥❛ ε

✉♠❛ r❛✐③ n✲és✐♠❛ ❞❛ ✉♥✐❞❛❞❡ ❡✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ l✱ 1 ≤ l ≤ n✱ s❡❥❛♠

βl = v1 + εlv2 + · · ·+ ε(n−1)lvn =
n
∑

j=1

vjε
l(j−1)

❡

xl = (1, εl, . . . , ε(n−1)l).

❊♥tã♦ ❛ ♠❛tr✐③ V é ❞✐❛❣♦♥❛❧✐③á✈❡❧✱ βl✱ 1 ≤ l ≤ n✱ sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ V ❡ xl é ❛✉t♦✈❡t♦r

❞❡ V ❛ss♦❝✐❛❞♦ ❛ βl✱ 1 ≤ l ≤ n ✭✈❡r ❬✶✹❪✮✳

✹



❚❡♦r❡♠❛ ✶✳✶✳✼✳ ❉❛❞♦s y ∈ R ❡ f ∈ C2π✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ sk(f, ·) ❝♦♠

♥ós xs = 2πs/n ❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ys = xs + y✱ 1 ≤ s ≤ n✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

|λj(y)| > 0, 1 ≤ j ≤ [n/2], ✭✶✳✹✮

♦♥❞❡ [n/2] é ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ n/2✳

❉❡♠♦♥str❛çã♦✳ ◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ck✱ 1 ≤ k ≤ n+ 1✱ t❛✐s q✉❡

sk(yj) = f(yj), 1 ≤ j ≤ n,

✐st♦ é✱ t❛✐s q✉❡

f(ys) = cn+1 +
n
∑

k=1

ckK(ys − xk), 1 ≤ s ≤ n,

n
∑

k=1

ck = 0.

P♦❞❡♠♦s ❡s❝r❡✈❡r ❡ss❡ s✐st❡♠❛ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❝♦♠♦ F = K̃C✱ ♦♥❞❡

K̃ =













K(y1 − x1) . . . K(y1 − xn) 1
✳✳✳

✳✳✳
✳✳✳

K(yn − x1) . . . K(yn − xn) 1

1 . . . 1 0













C =













c1
✳✳✳

cn

cn+1













, F =













f(y1)
✳✳✳

f(yn)

0













.

❖❜s❡r✈❡ q✉❡ K̃ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

K̃ =

(

K u

u
t 0

)

,

♦♥❞❡

u =







1
✳✳✳

1






❡ K =







K(y1 − x1) . . . K(y1 − xn)
✳✳✳

✳✳✳

K(yn − x1) . . . K(yn − xn)






.

❱❛♠♦s ♠♦str❛r q✉❡ K é ✉♠❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡

(i) K(yi − xk) = K(yi+1 − xk+1)✱ ♣❛r❛ i, k = 1, . . . , n− 1✱

(ii) K(yi − xn) = K(yi+1 − x1)✱ ♣❛r❛ i = 1, . . . , n− 1✳

✺



❈♦♠♦ ❛ ♣❛rt✐çã♦ é ❡q✉✐❞✐st❛♥t❡✱ t❡♠♦s (i)✱ ♣♦✐s

yi+1 − xk+1 = xi+1 + y − xk+1

=
2π(i+ 1)

n
+ y −

2π(k + 1)

n

=
2πi

n
+ y −

2πk

n
= xi + y − xk

= yi − xk

❡✱ ❝♦♠♦ K é 2π✲♣❡r✐ó❞✐❝❛✱ t❡♠♦s q✉❡

K(yi − xn) = K(yi − xn + 2π)

= K(2πi/n+ y − 2π + 2π)

= K(2πi/n+ y)

= K(2π(i+ 1)/n+ y − 2π/n)

= K(xi+1 + y − x1)

= K(yi+1 − x1),

❡✱ ❛ss✐♠✱ ♦❜t❡♠♦s (ii)✳ ▲♦❣♦✱ K é ✉♠❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✳

❈♦♥s✐❞❡r❡♠♦s ❛ r❛✐③ n✲és✐♠❛ ❞❛ ✉♥✐❞❛❞❡ ε = e2πi/n✳ ❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s

❞❡ K̃ sã♦

λj = λj(y) =
n
∑

l=1

e2πij(l−1)/nK(y − xl−1), 1 ≤ j ≤ n− 1,

λn = λn(y) =
K∗(y) +

√

(K∗(y))2 + 4n

2
,

λn+1 = λn+1(y) =
K∗(y)−

√

(K∗(y))2 + 4n

2
,

❝♦♠ ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s

Cj = (cj1, . . . , c
j
n, c

j
n+1),

♦♥❞❡

cjl =



















e2πij(l−1)/n, 1 ≤ l ≤ n, 1 ≤ j ≤ n− 1,

0, l = n+ 1, 1 ≤ j ≤ n− 1,

1, 1 ≤ l ≤ n, j = n, n+ 1,

n/λj, l = n+ 1, j = n, n+ 1,

❡

K∗(y) =
n
∑

l=1

K(y − xl−1).

P❛r❛ 1 ≤ j ≤ n− 1✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ✈❡t♦r Cj ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❝♦❧✉♥❛

Cj =

(

Cj

0

)

,

✻



♦♥❞❡ Cj é ❛✉t♦✈❡t♦r ❞❛ ♠❛tr✐③ ❝✐r❝✉❧❛♥t❡ K ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r λj = βj✱ ❝♦♠♦ ♥❛ ❖❜s❡r✲

✈❛çã♦ ✶✳✶✳✻✱ q✉❛♥❞♦ t❡♠♦s ε = e2πi/n✳ ❆ss✐♠✱ ♣❛r❛ 1 ≤ j ≤ n− 1✱

K̃Cj =

(

K u

u
t 0

)(

Cj

0

)

=

(

KCj

u
t
Cj

)

=

(

λjCj

u
t
Cj

)

=

(

λjCj

0

)

,

♣♦✐s

u
t
Cj = (1 1 . . . 1)













1

e2πij/n

✳✳✳

e2πij(n−1)/n













=
n
∑

l=1

e2πij(l−1)/n = 0.

▲♦❣♦✱

K̃Cj =

(

λjCj

0

)

= λj

(

Cj

0

)

= λjCj.

❈♦♠♦ ♦ ♥ú❝❧❡♦ K é ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ 2π✱ t❡♠♦s✱ ♣❛r❛ 1 ≤ i ≤ n✱

n
∑

j=1

K(yi − xj) =
n
∑

j=1

K

(

y −
2π(j − i)

n

)

=
n
∑

l=1

K

(

y −
2π(l − 1)

n

)

=
n
∑

l=1

K (y − xl−1)

= K∗(y).

P♦rt❛♥t♦✱ ♣❛r❛ j = n✱ t❡♠♦s

K̃Cn =













K(y1 − x1) . . . K(y1 − xn) 1
✳✳✳

✳✳✳
✳✳✳

K(yn − x1) . . . K(yn − xn) 1

1 . . . 1 0

























1
✳✳✳

1

n/λn













=













∑n
l=1K(y1 − xl) + n/λn

✳✳✳
∑n

l=1K(yn − xl) + n/λn

n













=













K∗(y1) + n/λn
✳✳✳

K∗(yn) + n/λn

n













.

✼



▼❛s

K∗(y) +
n

λn
= K∗(y) +

2n

K∗(y) +
√

(K∗(y))2 + 4n

=
(K∗(y))2 +K∗(y)

√

(K∗(y))2 + 4n+ 2n

K∗(y) +
√

(K∗(y))2 + 4n

=
1

2λn

(

(K∗(y))2 +K∗(y)
√

(K∗(y))2 + 4n+ 2n
)

=
1

4λn

(

2(K∗(y))2 + 2K∗(y)
√

(K∗(y))2 + 4n+ 4n
)

=
1

4λn
4

(

K∗(y) +
√

(K∗(y))2 + 4n

2

)2

=
1

λn
λ2n

= λn

❡✱ ❛ss✐♠✱

K̃Cn =













λn
✳✳✳

λn

n













= λn













1
✳✳✳

1

n/λn













= λnCn.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ K̃Cn+1 = λn+1Cn+1✳

P♦❞❡♠♦s ❡♥tã♦ ❝♦♥❝❧✉✐r q✉❡ ❛ ♠❛tr✐③ K̃ é ❞✐❛❣♦♥❛❧✐③á✈❡❧ ❡ q✉❡ s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦

λ1(y), . . . , λn+1(y)✳ ❚❡♠♦s✱ ♣♦r ❞❡✜♥✐çã♦✱ q✉❡ λn(y) 6= 0 ❡ λn+1(y) 6= 0✱ ♣❛r❛ q✉❛❧q✉❡r y ∈ R✳

▲♦❣♦✱ K̃ é ♥ã♦ s✐♥❣✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ |λj(y)| > 0✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ n− 1✳ ◆♦t❡ q✉❡

λn−j(y) =
n
∑

l=1

e2πi(n−j)(l−1)/nK(y − xl−1)

=
n
∑

l=1

e2πi(l−1)−2πij(l−1)/nK(y − xl−1)

=
n
∑

l=1

e−2πij(l−1)/nK(y − xl−1)

= λj(y).

▲♦❣♦✱ |λn−j(y)| = |λj(y)| ❡✱ ♣♦rt❛♥t♦✱ |λj(y)| > 0✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ [n/2] s❡✱ ❡ s♦♠❡♥t❡ s❡✱

K̃ é ♥ã♦✲s✐♥❣✉❧❛r✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ F = K̃C ❛❞♠✐t❡ s♦❧✉çã♦ ú♥✐❝❛✳

✶✳✷ ❈♦♥❞✐çõ❡s ❙✉✜❝✐❡♥t❡s ♣❛r❛ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡

◆♦t❛çã♦ ✶✳✷✳✶✳ ❉❛❞♦s j, k ∈ Z✱ ❡s❝r❡✈❡r❡♠♦s j ≡ k(n) s❡ j ❢♦r ❝♦♥❣r✉❡♥t❡ ❛ k ♠ó❞✉❧♦ n✱

✐st♦ é✱ s❡ ❡①✐st✐r p ∈ Z t❛❧ q✉❡ j = np+ k✳

✽



P❛r❛ 1 ≤ k ≤ n✱ xk ❞❡♥♦t❛rá ♦ ♥ó 2πk/n✳

▲❡♠❛ ✶✳✷✳✷✳ P❛r❛ l ∈ Z✱ t❡♠♦s q✉❡

n
∑

k=1

cos(lxk) =

{

n, l ≡ 0(n),

0, l 6≡ 0(n)

❡
n
∑

k=1

sen (lxk) = 0, l ∈ Z.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ l ∈ Z ❡ l ≡ 0(n)✱ ✐st♦ é✱ ❡①✐st❡ p ∈ Z t❛❧ q✉❡ l = np✳ ❊♥tã♦

lxk = np
2πk

n
= 2πpk

❡✱ ❛ss✐♠✱

eilxk = ei2πpk = 1, 1 ≤ k ≤ n.

P♦rt❛♥t♦✱
n
∑

k=1

cos(lxk) + i
n
∑

k=1

sen (lxk) =
n
∑

k=1

eilxk = n

❡ ❧♦❣♦
n
∑

k=1

cos(lxk) = n

❡
n
∑

k=1

sen (lxk) = 0.

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ l ∈ Z ❡ l 6≡ 0(n)✳ ❊♥tã♦ ❡①✐st❡♠ a, b ∈ Z✱ 1 ≤ b ≤ n− 1 t❛✐s q✉❡

l = na+ b✳ ❚❡♠♦s q✉❡

{lxk : 1 ≤ k ≤ n} =

{

2πak +
2πbk

n
: 1 ≤ k ≤ n

}

❡✱ ❛ss✐♠✱
{

eilxk : 1 ≤ k ≤ n
}

=
{

ei2πakei2πbk/n : 1 ≤ k ≤ n
}

=
{

ei2πbk/n : 1 ≤ k ≤ n
}

=
{

eixk : 1 ≤ k ≤ n
}

é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s r❛í③❡s n✲és✐♠❛s ❞❛ ✉♥✐❞❛❞❡✳ ❙❡♥❞♦ ❛ss✐♠✱

n
∑

k=1

cos(lxk) + i
n
∑

k=1

sen (lxk) =
n
∑

k=1

eilxk = 0

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
n
∑

k=1

cos(lxk) =
n
∑

k=1

sen (lxk) = 0.

✾



❈♦r♦❧ár✐♦ ✶✳✷✳✸✳ P❛r❛ l, j ∈ Z✱ t❡♠♦s q✉❡

n
∑

k=1

(cos(jxk))(cos(lxk)) =



















n, l + j ≡ 0(n) ❡ l − j ≡ 0(n),

n/2, l + j ≡ 0(n) ❡ l − j 6≡ 0(n),

n/2, l + j 6≡ 0(n) ❡ l − j ≡ 0(n),

0, ❞❡♠❛✐s ❝❛s♦s,

n
∑

k=1

( sen (jxk))( sen (lxk)) =











n/2, l − j ≡ 0(n) ❡ l + j 6≡ 0(n),

−n/2, l + j ≡ 0(n) ❡ l − j 6≡ 0(n),

0, ❞❡♠❛✐s ❝❛s♦s

❡
n
∑

k=1

(cos(jxk))( sen (lxk)) = 0, j, l ∈ Z.

❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❛✐sq✉❡r l, j ∈ Z✱ t❡♠♦s✿

n
∑

k=1

(cos(jxk))(cos(lxk)) =
1

2

n
∑

k=1

[cos((l + j)xk) + cos((l − j)xk)] ,

n
∑

k=1

( sen (jxk))( sen (lxk)) =
1

2

n
∑

k=1

[cos((l − j)xk)− cos((l + j)xk)]

❡
n
∑

k=1

(cos(jxk))( sen (lxk)) =
1

2

n
∑

k=1

[ sen ((l + j)xk) + sen ((l − j)xk)] .

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ▲❡♠❛ 1.2.2✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❙❡❥❛ K ∈ C2π✳ P❛r❛ ❝❛❞❛ j ∈ Z ❡ x ∈ R✱ ❞❡✜♥✐♠♦s

λj(x) =
n
∑

k=1

eijxkK(x− xk),

ρj(x) =
2

n
ℜ(λj(x))

❡

σj(x) =
2

n
ℑ(λj(x)).

▲❡♠❛ ✶✳✷✳✺✳ ❙❡❥❛♠ p, j ∈ Z✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ x ∈ R✱

✭❛✮ ρnp+j(x) = ρj(x)✱ σnp+j(x) = σj(x)❀

(b) ρn−j(x) = ρj(x)✱ σn−j(x) = −σj(x)❀

(c) ρ−j(x) = ρj(x)✱ σ−j(x) = −σj(x)✳

✶✵



❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡

λnp+j(x) =
n
∑

k=1

ei(np+j)xkK(x− xk) =
n
∑

k=1

einpxkeijxkK(x− xk)

=
n
∑

k=1

eijxkK(x− xk) = λj(x),

λn−j(x) =
n
∑

k=1

ei(n−j)xkK(x− xk) =
n
∑

k=1

einxke−ijxkK(x− xk)

=
n
∑

k=1

e−ijxkK(x− xk) =
n
∑

k=1

eijxkK(x− xk) = λj(x)

❡

λ−j(x) =
n
∑

k=1

e−ijxkK(x− xk) = λj(x).

❆s ♣r♦♣r✐❡❞❛❞❡s ✭❛✮✱ (b) ❡ (c) s❡❣✉❡♠ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ ♣❛r❛ λj(x)✳

❙❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ 1.2.5 q✉❡ ❜❛st❛ ❡st✉❞❛r ♦s ✈❛❧♦r❡s ❞❡ ρj(x) ❡ σj(x)

♣❛r❛ 1 ≤ j ≤ [n/2] ❡ x ∈ R✱ ♦♥❞❡ [a] ❞❡♥♦t❛ ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ a ∈ R✳

❚❡♦r❡♠❛ ✶✳✷✳✻✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

al cos

(

lx+
βπ

2

)

,

♦♥❞❡ β ∈ R ❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡

∞
∑

l=1

|al| <∞.

❊♥tã♦✱ ♣❛r❛ 1 ≤ j ≤ [n/2]✱

ρj(x) = aj cos

(

jx+
βπ

2

)

+
∞
∑

p=1

[

anp+j cos

(

(np+ j)x+
βπ

2

)

+ anp−j cos

(

(np− j)x+
βπ

2

)]

,

σj(x) = 0, s❡ j = n/2 ∈ Z,

❡✱ ♣❛r❛ 1 ≤ j < n/2✱

σj(x) = aj sen

(

jx+
βπ

2

)

+
∞
∑

p=1

[

anp+j sen

(

(np+ j)x+
βπ

2

)

− anp−j sen

(

(np− j)x+
βπ

2

)]

.

✶✶



❉❡♠♦♥str❛çã♦✳ ❈♦♠♦
∑∞

l=1 |al| < ∞✱ s❡❣✉❡ q✉❡ ❛ sér✐❡ ❞❛ ❡①♣r❡ssã♦ ❞❡ K(x) ❝♦♥✈❡r❣❡ ✉♥✐✲

❢♦r♠❡♠❡♥t❡ ❡♠ R✳ ❆♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ 1.2.3✱ ♦❜t❡♠♦s

ρj(x) =
2

n

∞
∑

l=1

al(cos(lx))
n
∑

k=1

(cos(jxk))(cos(lxk))(cos
βπ

2
)

−
2

n

∞
∑

l=1

al( sen (lx))
n
∑

k=1

(cos(jxk))(cos(lxk))( sen
βπ

2
). ✭✶✳✺✮

❋✐①❡♠♦s 1 ≤ j ≤ [n/2] ❡ s❡❥❛♠

Ej = {l ∈ Z : l ≥ 1, l + j ≡ 0(n)} = {np− j : p ∈ Z, p ≥ 1}

❡

Fj = {l ∈ Z : l ≥ 1, l − j ≡ 0(n)} = {np+ j : p ∈ Z, p ≥ 0} .

❙❡❣✉❡✱ ♥♦✈❛♠❡♥t❡✱ ❞♦ ❈♦r♦❧ár✐♦ 1.2.3 q✉❡

n
∑

k=1

(cos(jxk))(cos(lxk)) =











n, l ∈ Ej ∩ Fj,

n/2, l ∈ Ej △ Fj,

0, l ∈ (Ej ∪ Fj)
c.

✭✶✳✻✮

❆tr❛✈és ❞❡ ✉♠❛ s✐♠♣❧❡s ✈❡r✐✜❝❛çã♦✱ ♣♦❞❡♠♦s ❝♦♥st❛t❛r q✉❡✱ s❡ n ❢♦r ♣❛r✱ t❡r❡♠♦s Ej∩Fj =

∅✱ ♣❛r❛ 1 ≤ j < n/2✱ ❡ En/2 = Fn/2✱ ❡ s❡ n ❢♦r í♠♣❛r✱ t❡r❡♠♦s Ej ∩ Fj = ∅✱ ♣❛r❛ t♦❞♦

1 ≤ j ≤ [n/2]✳ ❆ss✐♠✱

ρj(x) =
2

n





∑

l∈Ej∩Fj

al(cos(lx))n

(

cos
βπ

2

)

+
∑

l∈Ej△Fj

al(cos(lx))
n

2

(

cos
βπ

2

)





−
2

n





∑

l∈Ej∩Fj

al( sen (lx))n

(

sen
βπ

2

)

+
∑

l∈Ej△Fj

al( sen (lx))
n

2

(

sen
βπ

2

)





=
∑

l∈Ej

al(cos(lx))

(

cos
βπ

2

)

+
∑

l∈Fj

al(cos(lx))

(

cos
βπ

2

)

−
∑

l∈Ej

al( sen (lx))

(

sen
βπ

2

)

−
∑

l∈Fj

al( sen (lx))

(

sen
βπ

2

)

=
∑

l∈Ej

al

[

(cos(lx))

(

cos
βπ

2

)

− ( sen (lx))

(

sen
βπ

2

)]

+
∑

l∈Fj

al

[

(cos(lx))

(

cos
βπ

2

)

− ( sen (lx))

(

sen
βπ

2

)]

=
∑

l∈Ej

al cos

(

lx+
βπ

2

)

+
∑

l∈Fj

al cos

(

lx+
βπ

2

)

=
∞
∑

p=1

anp−j cos

(

(np− j)x+
βπ

2

)

+
∞
∑

p=0

anp+j cos

(

(np+ j)x+
βπ

2

)

✶✷



= aj cos

(

jx+
βπ

2

)

+
∞
∑

p=1

[

anp+j cos

(

(np+ j)x+
βπ

2

)

+ anp−j cos

(

(np− j)x+
βπ

2

)]

.

❱❛♠♦s✱ ❛❣♦r❛✱ ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ σj(x)✱ 1 ≤ j ≤ [n/2]✳ ❆♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦

1.2.3✱ ♦❜t❡♠♦s

σj(x) =
2

n

∞
∑

l=1

al( sen (lx))
n
∑

k=1

( sen (jxk))( sen (lxk))

(

cos
βπ

2

)

+
2

n

∞
∑

l=1

al(cos(lx))
n
∑

k=1

( sen (jxk))( sen (lxk))

(

sen
βπ

2

)

. ✭✶✳✼✮

◆♦✈❛♠❡♥t❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.2.3✱

n
∑

k=1

( sen (jxk))( sen (lxk)) =











n/2, l ∈ Fj\Ej,

−n/2, l ∈ Ej \ Fj,

0, l ∈ (Ej △ Fj)
c.

✭✶✳✽✮

P♦r ✭1.7✮ ❡ ✭1.8✮✱ t❡♠♦s q✉❡ σj(x) = 0✱ s❡ j = n/2 ∈ Z ❡✱ ♣❛r❛ 1 ≤ j < n/2✱ t❡♠♦s

σj(x) =
2

n





∑

l∈Fj\Ej

al( sen (lx))
n

2

(

cos
βπ

2

)

+
∑

l∈Ej\Fj

al( sen (lx))
(

−
n

2

)

(

cos
βπ

2

)





+
2

n





∑

l∈Fj\Ej

al(cos(lx))
n

2

(

sen
βπ

2

)

+
∑

l∈Ej\Fj

al(cos(lx))
(

−
n

2

)

(

sen
βπ

2

)





= −
∑

l∈Ej

al( sen (lx))

(

cos
βπ

2

)

+
∑

l∈Fj

al( sen (lx))

(

cos
βπ

2

)

−
∑

l∈Ej

al(cos(lx))

(

sen
βπ

2

)

+
∑

l∈Fj

al(cos(lx))

(

sen
βπ

2

)

= −
∑

l∈Ej

al

[

(cos(lx))

(

sen
βπ

2

)

+ ( sen (lx))

(

cos
βπ

2

)]

+
∑

l∈Fj

al

[

( sen (lx))

(

cos
βπ

2

)

+ (cos(lx))

(

sen
βπ

2

)]

= −
∑

l∈Ej

al sen

(

lx+
βπ

2

)

+
∑

l∈Fj

al sen

(

lx+
βπ

2

)

= −
∞
∑

p=1

anp−j sen

(

(np− j)x+
βπ

2

)

+
∞
∑

p=0

anp+j sen

(

(np+ j)x+
βπ

2

)

= aj sen

(

jx+
βπ

2

)

✶✸



+
∞
∑

p=1

[

anp+j sen

(

(np+ j)x+
βπ

2

)

− anp−j sen

(

(np− j)x+
βπ

2

)]

.

❈♦r♦❧ár✐♦ ✶✳✷✳✼✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

al cos

(

lx+
βπ

2

)

,

♦♥❞❡ β ∈ R ❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ ❡

∞
∑

l=1

|al| <∞.

P❛r❛ 1 ≤ j ≤ [n/2]✱ s❡❥❛♠

Aj(x) =
∞
∑

p=1

(anp+j + anp−j) cos(npx) + aj,

Bj(x) =
∞
∑

p=1

(anp+j − anp−j) cos(npx) + aj,

Cj(x) =
∞
∑

p=1

(−anp+j + anp−j) sen (npx)

❡

Dj(x) =
∞
∑

p=1

(anp+j + anp−j) sen (npx).

❊♥tã♦✱ ♣❛r❛ 1 ≤ j ≤ [n/2]✱

ρj(x) = (Aj(x) cos(jx) + Cj(x) sen (jx)) cos
βπ

2

− (Bj(x) sen (jx) +Dj(x) cos(jx)) sen
βπ

2
✭✶✳✾✮

❡✱ ♣❛r❛ 1 ≤ j < n/2✱

σj(x) = (Aj(x) sen (jx)− Cj(x) cos(jx)) cos
βπ

2

+ (Bj(x) cos(jx)−Dj(x) sen (jx)) sen
βπ

2
. ✭✶✳✶✵✮

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ t❡♠♦s q✉❡

|λj(x)|
2 =

n2

4

(

(Aj(x))
2 + (Cj(x))

2
)

(

cos
βπ

2

)2

+
n2

4

(

(Bj(x))
2 + (Dj(x))

2
)

(

sen
βπ

2

)2

−
n2

4
(Aj(x)Dj(x) + Cj(x)Bj(x)) sen (βπ). ✭✶✳✶✶✮

✶✹



❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ 1.2.6 ❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ s♦♠❛ ❞❡ s❡♥♦ ❡ ❝♦ss❡♥♦ q✉❡

ρj(x) = aj

(

(cos(jx))

(

cos
βπ

2

)

− ( sen (jx))

(

sen
βπ

2

))

+
∞
∑

p=1

anp+j

(

(cos(npx))(cos(jx))

(

cos
βπ

2

)

− ( sen (npx))( sen (jx))

(

cos
βπ

2

))

+
∞
∑

p=1

anp+j

(

−( sen (npx))(cos(jx))

(

sen
βπ

2

)

− (cos(npx))( sen (jx))

(

sen
βπ

2

))

+
∞
∑

p=1

anp−j

(

(cos(npx))(cos(jx))

(

cos
βπ

2

)

+ ( sen (npx))( sen (jx))

(

cos
βπ

2

))

+
∞
∑

p=1

anp−j

(

−( sen (npx))(cos(jx))

(

sen
βπ

2

)

+ (cos(npx))( sen (jx))

(

sen
βπ

2

))

=

(

cos
βπ

2

)

(cos(jx))

(

∞
∑

p=1

(anp+j + anp−j) (cos(npx)) + aj

)

+

(

cos
βπ

2

)

( sen (jx))

(

∞
∑

p=1

(−anp+j + anp−j) ( sen (npx))

)

−

(

sen
βπ

2

)

(cos(jx))

(

∞
∑

p=1

(anp+j + anp−j) ( sen (npx))

)

−

(

sen
βπ

2

)

( sen (jx))

(

∞
∑

p=1

(anp+j − anp−j) (cos(npx)) + aj

)

=

(

cos
βπ

2

)

[Aj(x)(cos(jx)) + Cj(x)( sen (jx))]

−

(

sen
βπ

2

)

[Bj(x)( sen (jx)) +Dj(x)(cos(jx))] .

❡

σj(x) = aj

(

( sen (jx))

(

cos
βπ

2

)

+ (cos(jx))

(

sen
βπ

2

))

+
∞
∑

p=1

anp+j

(

(cos(npx))(cos(jx))

(

sen
βπ

2

)

− ( sen (npx))( sen (jx))

(

sen
βπ

2

))

+
∞
∑

p=1

anp+j

(

(cos(npx))( sen (jx))

(

cos
βπ

2

)

+ ( sen (npx))(cos(jx))

(

cos
βπ

2

))

−
∞
∑

p=1

anp−j

(

( sen (npx))(cos(jx))

(

cos
βπ

2

)

− (cos(npx))( sen (jx))

(

cos
βπ

2

))

−
∞
∑

p=1

anp−j

(

(cos(npx))(cos(jx))

(

sen
βπ

2

)

+ ( sen (npx))( sen (jx))

(

sen
βπ

2

))

=

(

cos
βπ

2

)

(cos(jx))

(

∞
∑

p=1

(anp+j − anp−j) ( sen (npx))

)

✶✺



+

(

cos
βπ

2

)

( sen (jx))

(

∞
∑

p=1

(anp+j + anp−j) (cos(npx)) + aj

)

+

(

sen
βπ

2

)

(cos(jx))

(

∞
∑

p=1

(anp+j − anp−j) (cos(npx)) + aj

)

+

(

sen
βπ

2

)

( sen (jx))

(

∞
∑

p=1

(−anp+j − anp−j) ( sen (npx))

)

=

(

cos
βπ

2

)

(Aj(x)( sen (jx))− Cj(x)(cos(jx)))

+

(

sen
βπ

2

)

(Bj(x)(cos(jx))−Dj(x)( sen (jx))) .

❆❣♦r❛✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♦❜t❡♠♦s

|λj(x)|
2

= (ℜ(λj(x)))
2 + (ℑ(λj(x)))

2

=
n2

4

(

(ρj(x))
2 + (σj(x))

2
)

=
n2

4

(

cos
βπ

2

)2
[

(Aj(x))
2(cos(jx))2 + (Cj(x))

2( sen (jx))2 + 2Aj(x)Cj(x)( sen (jx))(cos(jx))
]

+
n2

4

(

sen
βπ

2

)2
[

(Bj(x))
2( sen (jx))2 + (Dj(x))

2(cos(jx))2 + 2Bj(x)Dj(x)( sen (jx))(cos(jx))
]

−
n2

2

(

cos
βπ

2

)(

sen
βπ

2

)

[

Aj(x)Dj(x)(cos(jx))
2 +Bj(x)Cj(x)( sen (jx))

2
]

−
n2

2

(

cos
βπ

2

)(

sen
βπ

2

)

[Aj(x)Bj(x)( sen (jx))(cos(jx)) + Cj(x)Dj(x)( sen (jx))(cos(jx))]

+
n2

4

(

cos
βπ

2

)2
[

(Aj(x))
2( sen (jx))2 + (Cj(x))

2(cos(jx))2 − 2Aj(x)Cj(x)( sen (jx))(cos(jx))
]

+
n2

4

(

sen
βπ

2

)2
[

(Bj(x))
2(cos(jx))2 + (Dj(x))

2( sen (jx))2 − 2Bj(x)Dj(x)( sen (jx))(cos(jx))
]

+
n2

2

(

cos
βπ

2

)(

sen
βπ

2

)

[

−Aj(x)Dj(x)( sen (jx))
2 − Bj(x)Cj(x)(cos(jx))

2
]

+
n2

2

(

cos
βπ

2

)(

sen
βπ

2

)

[Aj(x)Bj(x)( sen (jx))(cos(jx)) + Cj(x)Dj(x)( sen (jx))(cos(jx))]

=
n2

4

(

cos
βπ

2

)2
[

(Aj(x))
2 + (Cj(x))

2
]

+
n2

4

(

sen
βπ

2

)2
[

(Bj(x))
2 + (Dj(x))

2
]

−
n2

4
( sen βπ) [Aj(x)Dj(x) + Bj(x)Cj(x)] .

✶✻



❚❡♦r❡♠❛ ✶✳✷✳✽✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

al cos(lx+ βπ/2)

♦♥❞❡ β ∈ R ❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ ❡

∞
∑

l=1

|al| <∞,

❡ s❡❥❛♠

A
(1)
j =

∞
∑

p=0

anp+j, A
(2)
j =

∞
∑

p=1

anp−j.

❊♥tã♦ λj(y) 6= 0✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ [n/2]✱ s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✭❛✮ n é q✉❛❧q✉❡r✱ β ♥ã♦ é ✉♠ ✐♥t❡✐r♦ í♠♣❛r✱ y = 0 ❡ A(1)
j + A

(2)
j 6= 0✱ ♣❛r❛ 1 ≤ j ≤ [n/2]❀

(b) n é í♠♣❛r✱ β é ✉♠ ✐♥t❡✐r♦ í♠♣❛r✱ y = 0 ❡ A(1)
j − A

(2)
j 6= 0✱ ♣❛r❛ 1 ≤ j ≤ [n/2]❀

(c) n é ♣❛r✱ β é ✉♠ ✐♥t❡✐r♦ í♠♣❛r✱ y = π/n ❡

∞
∑

p=0

(−1)panp+j −
∞
∑

p=1

(−1)panp−j 6= 0,

♣❛r❛ 1 ≤ j ≤ [n/2]✳

❉❡♠♦♥str❛çã♦✳ ✭❛✮ ❚❡♠♦s q✉❡ β 6= 2q − 1✱ ♣❛r❛ q✉❛❧q✉❡r q ∈ Z✳ ❆ss✐♠✱ βπ/2 6= qπ − π/2

❡✱ ♣♦rt❛♥t♦✱ cos βπ/2 6= 0✳ ❙❡❣✉❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ q✉❡ Cj(0) = Dj(0) = 0 ❡ q✉❡✱ ♣❛r❛

1 ≤ j ≤ [n/2]✱

ρj(0) = Aj(0) cos(βπ/2) = (A
(1)
j + A

(2)
j ) cos(βπ/2) 6= 0

❡✱ ♣♦rt❛♥t♦✱ λj(0) 6= 0✱ ♣❛r❛ 1 ≤ j ≤ [n/2]✳

(b) ❈♦♠♦ β é í♠♣❛r✱ t❡♠♦s q✉❡ sen (βπ/2) = ±1✳ ❙❡❣✉❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ q✉❡ Cj(0) =

Dj(0) = 0 ❡ q✉❡✱ ❝♦♠♦ n é í♠♣❛r✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ [n/2]✱ t❡♠♦s

σj(0) = Bj(0) sen (βπ/2) = ±(A
(1)
j − A

(2)
j ) 6= 0.

(c) ❈♦♠♦ β é í♠♣❛r✱ t❡♠♦s q✉❡

sen (βπ/2) = ±1, cos(βπ/2) = 0,

❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ q✉❡ Cj(π/n) = Dj(π/n) = 0✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ j < n/2✱

|λj(π/n)|
2 =

n2

4
(Bj(π/n))

2 =
n2

4

(

∞
∑

p=0

(−1)panp+j −
∞
∑

p=1

(−1)panp−j

)2

6= 0.

✶✼



P❛r❛ j = n/2✱ t❡♠♦s

cos(jy) = 0, sen (jy) = 1

❆ss✐♠✱

ρj(π/n) = ±Bj(π/n) = ±

(

∞
∑

p=0

(−1)panp+j −
∞
∑

p=1

(−1)panp−j

)

6= 0.

▲♦❣♦✱ λ(π/n) 6= 0✱ ♣❛r❛ 1 ≤ j ≤ [n/2]✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✾✳ ❙❡ ❛ s❡q✉ê♥❝✐❛ (ak)
∞
k=1 ❝♦♥s✐❞❡r❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✶✳✷✳✽ ❢♦r ❡str✐t❛♠❡♥t❡

❞❡❝r❡s❝❡♥t❡✱ ❡♥tã♦ ❛s ❝♦♥❞✐çõ❡s A(1)
j + A

(2)
j 6= 0 ❡ A(1)

j − A
(2)
j 6= 0✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ [n/2]✱

❞❛s ♣❛rt❡s ✭❛✮ ❡ (b) sã♦ s❛t✐s❢❡✐t❛s✱ ♣♦✐s

A
(1)
j + A

(2)
j ≥ A

(1)
j − A

(2)
j =

∞
∑

p=0

(anp+j − an(p+1)−j) > 0.

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✵✳ ❙❡ ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✽ ❢♦r s❛t✐s❢❡✐t❛✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛

✶✳✶✳✼ q✉❡✱ ❞❛❞❛ f ∈ C2π✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ sk(f, ·) ❝♦♠ ♥ós xs = 2πs/n

❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ys = xs + y✱ 1 ≤ s ≤ n✳

✶✳✸ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❆❧❣✉♠❛s ❙ér✐❡s ❚r✐❣♦♥♦♠étr✐❝❛s

❚❡♦r❡♠❛ ✶✳✸✳✶✳ ❙❡❥❛ (ak)∞k=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ limk→∞ ak =

0✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r 0 < δ < π✱ ❛s sér✐❡s

a0 +
∞
∑

k=1

ak cos(kx) ❡
∞
∑

k=1

ak sen (kx)

❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [δ, 2π − δ]✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ uk = ak✱ vk = sen (kx)✱ ♣❛r❛ k ≥ 0✱ ❡ s❡❥❛♠

Sn(x) =
n
∑

k=1

ak sen (kx)

Vk(x) = v0 + v1 + · · ·+ vk = sen x+ · · ·+ sen (kx)

❊♥tã♦ ❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❆❜❡❧ ✭✈❡r ❬✶✻❪✱ ▲❡♠❛ ✸✳✶✳✶✺✮

Sn =
n
∑

k=1

ukvk

=
n−1
∑

k=1

(uk − uk+1)Vk + unVn − u1V0

=
n−1
∑

k=1

(ak − ak+1)Vk + anVn.

✶✽



P♦r ❬✶✼❪✱ ♣á❣✐♥❛s ✺✾✲✻✵✱ s❡ 0 < |x| ≤ π ❡ k > 1✱ t❡♠♦s q✉❡

Vk(x) = −
i

2

k
∑

j=1

(eijx − e−ijx) =
cos(x/2)

2 sen (x/2)
−

cos((k + 1/2)x)

2 sen (x/2)

❡

|Vk(x)| ≤
π

|x|
.

❋✐①❡♠♦s 0 < δ < π✳ P❛r❛ n, p ≥ 1 ❡ δ ≤ |x| ≤ π✱

|Sn+p(x)− Sn(x)| =

∣

∣

∣

∣

∣

n+p−1
∑

k=1

(ak − ak+1)Vk(x) + an+pVn+p(x)−
n−1
∑

k=1

(ak − ak+1)Vk(x)− anVn(x)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

n+p−1
∑

k=n

(ak − ak+1)Vk(x) + an+pVn+p(x)− anVn(x)

∣

∣

∣

∣

∣

≤

n+p−1
∑

k=n

(ak − ak+1)|Vk(x)|+ an+p|Vn+p(x)|+ an|Vn(x)|

≤
π

|x|

(

n+p−1
∑

k=n

(ak − ak+1) + an+p + an

)

≤
π

δ

(

n+p−1
∑

k=n

(ak − ak+1) + an+p + an

)

=
2π

δ
an.

❚❡♠♦s q✉❡ δ ≤ |x| ≤ π s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x ∈ [−π,−δ]∪ [δ, π] ❡✱ ❝♦♠♦ Sn(x) é ♣❡r✐ó❞✐❝❛ ❞❡

♣❡rí♦❞♦ 2π✱ ❡♥tã♦ ❛ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ x ∈ [π, 2π − δ] ∪ [δ, π] = [δ, 2π − δ]✳

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ n→ ∞✱ ♦❜t❡♠♦s

|Sn+p(x)− Sn(x)| → 0

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [δ, 2π − δ]✳ ▲♦❣♦✱ (Sn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [δ, 2π − δ]✳

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ uk = ak✱ vk = cos(kx) ❡

Sn(x) =
n
∑

k=0

ak cos(kx),

Vk(x) = v0 + v1 + · · ·+ vk = 1 + cos x+ · · ·+ cos(kx).

❯s❛♥❞♦ ❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❆❜❡❧✱ ♦❜t❡♠♦s

Sn(x) =
n−1
∑

k=0

(ak − ak+1)Vk + anVn.

P♦r ❬✶✼❪✱ ♣á❣✐♥❛ ✺✱ s❡ 0 < |x| < π ❡ k ≥ 1✱ t❡♠♦s q✉❡

Vk(x) =
1

2
+

(

1

2
+

k
∑

j=1

cos(jx)

)

=
1

2
+

sen ((k + 1/2)x)

2 sen (x/2)

✶✾



❡

|Vk(x)| ≤
1

2
+

π

|x|
.

P❛r❛ x = π✱ t❡♠♦s |Vk(π)| ≤ 2✳ ❋✐①❡♠♦s 0 < δ < π✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱

♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (Sn) ❞❛s s♦♠❛s ♣❛r❝✐❛✐s ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [δ, 2π−

δ]✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❉✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (ak)
∞
k=0 é ❝♦♥✈❡①❛ s❡

ak + ak+2 − 2ak+1 ≥ 0, k = 0, 1, 2, . . .

▲❡♠❛ ✶✳✸✳✸✳ ❆ s❡q✉ê♥❝✐❛ (ak)
∞
k=0 é ❝♦♥✈❡①❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r k, r, j ∈ Z✱

k ≥ 0✱ r ≥ 2 ❡ 0 ≤ j ≤ r✱ t❡♠♦s

j

r
ak +

r − j

r
ak+r ≥ ak+(r−j). ✭✶✳✶✷✮

❙❡ (ak)
∞
k=0 ❢♦r ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❡♥tã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ❡str✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ✭✶✳✶✷✮ s❡❥❛ ✈❡r❞❛❞❡✐r❛✳ P❛r❛ r = 2✱ ✭✶✳✶✷✮ ❞✐③ q✉❡

j

2
ak +

2− j

2
ak+2 ≥ ak+2−j, j = 0, 1, 2.

❚♦♠❛♥❞♦ j = 1✱ ♦❜t❡♠♦s
1

2
ak +

1

2
ak+2 ≥ ak+1,

✐st♦ é✱ (ak)∞k=0 é ❝♦♥✈❡①❛✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ q✉❡ (ak)
∞
k=0 s❡❥❛ ❝♦♥✈❡①❛✳ ❙❡❥❛♠ r = 3 ❡ j = 1✳ ❱❛♠♦s ♠♦str❛r q✉❡

1

3
ak +

2

3
ak+3 ≥ ak+2, k ≥ 0.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡✱ t❡♠♦s q✉❡

1

2
ak +

1

2
ak+2 ≥ ak+1,

1

2
ak+1 +

1

2
ak+3 ≥ ak+2,

❛ss✐♠

ak+2 ≤
1

2

(

1

2
ak +

1

2
ak+2

)

+
1

2
ak+3 =

1

4
ak +

1

4
ak+2 +

1

2
ak+3

❡✱ ♣♦rt❛♥t♦✱
3

4
ak+2 ≤

1

4
ak +

1

2
ak+3.

▲♦❣♦

ak+2 ≤
1

3
ak +

2

3
ak+3.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♠♦str❛♠♦s q✉❡

ak+1 ≤
2

3
ak +

1

3
ak+3.

✷✵



❱❛♠♦s ❞❡♠♦♥str❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ✭✶✳✶✷✮ ✉s❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ r✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s❡q✉ê♥✲

❝✐❛ ❝♦♥✈❡①❛✱ t❡♠♦s q✉❡ ✭✶✳✶✷✮ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ r = 2 ❡✱ ❝♦♠♦ ✈✐♠♦s ❛❝✐♠❛✱ ✭✶✳✶✷✮ t❛♠❜é♠

é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ r = 3✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ✭✶✳✶✷✮ s❡❥❛ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ r − 1✱ r ≥ 3✳ ❙❡❥❛♠

k, j ∈ Z✱ k ≥ 0 ❡ 1 ≤ j ≤ r✳ ❈♦♠♦ 0 ≤ j − 1 ≤ r − 1✱ s❡❣✉❡✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡

ak+r−j = ak+((r−1)−(j−1)) ≤
j − 1

r − 1
ak +

r − j

r − 1
ak+r−1

❡ t❛♠❜é♠ q✉❡

ak+r−1 ≤
1

j
ak+r−j +

j − 1

j
ak+r.

▲♦❣♦

ak+r−j ≤
j − 1

r − 1
ak +

r − j

r − 1

(

1

j
ak+r−j +

j − 1

j
ak+r

)

❡✱ ❛ss✐♠

ak+r−j ≤
j

r
ak +

r − j

r
ak+r.

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❙❡❥❛ (Zk(x))
∞
k=0 ✉♠❛ s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r ❞❡ ❢✉♥çõ❡s✳ ❉❡✜♥✐♠♦s ❛ s♦♠❛ ❞❡

❈ès❛r♦ Sδ
n ❞❡ ♦r❞❡♠ n ∈ N ❡ í♥❞✐❝❡ δ ≥ 0 ♣♦r

Sδ
n(x) =

1

Cδ
n

n
∑

k=0

Cδ
n−kZk(x),

♦♥❞❡

Cδ
k =

Γ(k + δ + 1)

Γ(k + 1)Γ(δ + 1)
.

❙❡ δ ∈ N✱

Cδ
k =

(k + δ)!

k!δ!
.

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❙❡❥❛ (λk)
∞
k=0 ✉♠❛ s❡q✉ê♥❝✐❛ ♥✉♠ér✐❝❛✳ ❉❡✜♥✐♠♦s ∆0λk = λk✱ ∆1λk =

λk − λk+1 ❡✱ ❛ss✐♠✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱

∆n+1λk = ∆nλk −∆nλk+1.

▲❡♠❛ ✶✳✸✳✻ ✭✈❡r ❬✶✻❪✱ ▲❡♠❛ ✸✳✶✳✶✼✮✳ ❙❡❥❛♠ (λk)
∞
k=0 ✉♠❛ s❡q✉ê♥❝✐❛ ♥✉♠ér✐❝❛ ❡ (Zk(x))

∞
k=0

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s✱ ❡ s❡❥❛♠ n,N ∈ N✱ n ≥ N ✳ ❊♥tã♦

n
∑

k=0

λkZk(x) = Pn−N−1(x) +QN
n (x),

♦♥❞❡

Pm(x) =
m
∑

k=0

CN
k S

N
k (x)∆N+1λk,

QN
n (x) =

N
∑

k=0

Ck
n−kS

k
n−k(x)∆

kλn−k.

✷✶



❚❡♦r❡♠❛ ✶✳✸✳✼✳ ❙❡❥❛ (ak)
∞
k=0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ limk→∞ ak = 0 ❡

∆mak ≥ 0✱ ♣❛r❛ t♦❞♦ m = 0, 1, 2 ❡ k ∈ N✳ P❛r❛ x ∈ R✱ s❡❥❛♠

S(x) =
a0
2

+
∞
∑

k=1

ak cos(kx),

T (x) =
∞
∑

k=1

ak sen (kx).

❊♥tã♦ ❛s sér✐❡s ❛❝✐♠❛ ❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ [δ, 2π − δ] ♣❛r❛ q✉❛❧q✉❡r 0 < δ < π✱

S(x) ≥ 0 ♣❛r❛ x ∈ (0, 2π) ❡ T (x) ≥ 0 ♣❛r❛ x ∈ (0, π)✳ ❙❡ ∆2ak > 0✱ ♣❛r❛ ❛❧❣✉♠ k✱ ❡♥tã♦

t❡r❡♠♦s T (x) > 0 ♣❛r❛ x ∈ (0, π)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s

Z0(x) =
1

2
, Zk(x) = cos(kx), k ≥ 1, x ∈ R.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸✳✻ ♣❛r❛ ❡st❛ s❡q✉ê♥❝✐❛✱ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ♥✉♠ér✐❝❛ (ak)∞k=0 ❡ ♣❛r❛ N = 1✱

♦❜t❡♠♦s
a0
2

+
n
∑

k=1

ak cos(kx) =
n
∑

k=0

akZk(x) = Pn−2(x) +Q1
n(x),

♦♥❞❡

Pn−2(x) =
n−2
∑

k=0

C1
kS

1
k(x)∆

2ak,

Q1
n(x) = C0

nS
0
n(x)∆

0an + C1
n−1S

1
n−1(x)∆

1an−1.

❚❡♠♦s ♣♦r ❬✶✼❪✱ ♣á❣✐♥❛s ✺ ❡ ✸✵✱ q✉❡✱ ♣❛r❛ 0 < x < 2π✱

S0
n(x) =

1

C0
n

n
∑

k=0

C0
n−kZk(x) =

n
∑

k=0

Zk(x)

=
1

2
+

n
∑

k=1

cos(kx) =
1

2

sen ((n+ 1/2)x)

sen (x/2)
,

S1
n(x) =

1

C1
n

n
∑

k=0

C1
n−kZk(x)

=
1

n+ 1

n
∑

k=0

(n− k + 1)Zk(x)

=
1

2
+

n
∑

k=1

(

1−
k

n+ 1

)

cos(kx)

=
1

2(n+ 1)

(

sen ((n+ 1)x/2)

sen (x/2)

)2

.

✷✷



❈♦♠♦ ∆2ak ≥ 0 ❡ S1
k(x) ≥ 0 ♣❛r❛ 0 < x < 2π✱ ❡♥tã♦✱ ♣❛r❛ 0 < x < 2π✱

Pn−2(x) =
n−2
∑

k=0

(k + 1)S1
k(x)∆

2ak ≥ 0. ✭✶✳✶✸✮

❙❡❥❛ bk = ak−1 − ak✱ k ≥ 1✳ ❊♥tã♦

n
∑

k=1

bk = (a0 − a1) + (a1 − a2) + · · ·+ (an−1 − an) = a0 − an

❡✱ ❝♦♠♦ limn→∞ an = 0✱ s❡❣✉❡ q✉❡ ❛ sér✐❡
∑

k bk ❝♦♥✈❡r❣❡ ❡ s✉❛ s♦♠❛ é ✐❣✉❛❧ ❛ a0✳ ❙❛❜❡♠♦s

q✉❡ ❛ sér✐❡ ❤❛r♠ô♥✐❝❛
∑

k 1/k ❞✐✈❡r❣❡ ❡✱ ❛ss✐♠✱ ♣❡❧♦ ❈r✐tér✐♦ ❞❡ ❈♦♠♣❛r❛çã♦ ♣♦r ❧✐♠✐t❡✱

♦❜t❡♠♦s q✉❡

0 = lim
k→∞

bk
1/k

= lim
k→∞

k(ak−1 − ak). ✭✶✳✶✹✮

❚❡♠♦s q✉❡

Q1
n(x) = anS

0
n(x) + n(an−1 − an)Sn−1(x)

❡✱ ❝♦♠♦ limn→∞ an = 0✱ s❡❣✉❡ ❞❡ ✭✶✳✶✹✮ q✉❡

lim
n→∞

Qn(x) = 0, 0 < x < 2π. ✭✶✳✶✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡

n
∑

k=0

(k + 1)∆2ak = (a0 − 2a1 + a2) + 2(a1 − 2a2 + a3) + · · ·+ (n+ 1)(an − 2an+1 + an+2)

= a0 − an+1 − (n+ 1)(an+1 − an+2).

❯s❛♥❞♦ ✭✶✳✶✹✮✱ ♦❜t❡♠♦s q✉❡ ❛ sér✐❡
∑

k(k + 1)∆2ak✱ ❞❡ t❡r♠♦s ♥ã♦✲♥❡❣❛t✐✈♦s✱ ❝♦♥✈❡r❣❡ ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ sér✐❡
∞
∑

k=0

(k + 1)∆2akS
1
k(x)

t❛♠❜é♠ ❝♦♥✈❡r❣❡✱ ♣❛r❛ t♦❞♦ 0 < x < 2π✱ ♣♦✐s |S1
k(x)| ≤ 1/(2 sen (x/2))✳ P♦rt❛♥t♦✱ s❡❣✉❡ ❞❡

✭✶✳✶✸✮ ❡ ✭✶✳✶✺✮ q✉❡✱ ♣❛r❛ 0 < x < 2π✱

S(x) = lim
n→∞

Pn−2(x) + lim
n→∞

Q1
n(x) ≥ 0.

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s Zk(x) = sen (kx)✱ k ≥ 0✱ x ∈ R✳ ❆♣❧✐❝❛♥❞♦

♦ ▲❡♠❛ ✶✳✸✳✻ ♣❛r❛ ❡st❛ s❡q✉ê♥❝✐❛✱ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ♥✉♠ér✐❝❛ (ak)
∞
k=0 ❡ ♣❛r❛ N = 1✱ ♦❜t❡♠♦s

n
∑

k=1

ak sen (kx) = Pn−2(x) +Q1
n(x),

♦♥❞❡

Pn−2(x) =
n−2
∑

k=0

(k + 1)∆2akS
1
k(x),

✷✸



Qn(x) = anS
0
n(x) + n(an−1 − an)S

1
n−1(x).

❚❡♠♦s ♣♦r ❬✶✼❪✱ ♣á❣✐♥❛s ✺✾ ❡ ✻✵✱ q✉❡✱ ♣❛r❛ 0 < x < 2π✱

S0
n(x) =

1

C0
n

n
∑

k=0

C0
n−kZk(x)

=
n
∑

k=0

Zk(x)

=
n
∑

k=1

sen (kx)

=
cos(x/2)

2 sen (x/2)
−

cos((n+ 1/2)x)

2 sen (x/2)
,

S1
n(x) =

1

C1
n

n
∑

k=0

C1
n−kZk(x)

=
1

n+ 1

n
∑

k=0

(n− k + 1)Zk(x)

=
n
∑

k=0

(

1−
k

n+ 1

)

sen kx

=
cos(x/2)

2 sen (x/2)
−

1

n+ 1

sen ((n+ 1)x)

(2 sen (x/2))2
.

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡✱ ♣❛r❛ ❝❛❞❛ 0 < x < 2π✱ ❛ sér✐❡

∞
∑

k=0

(k + 1)∆2akS
1
k(x)

❝♦♥✈❡r❣❡ ❡ q✉❡

lim
n→∞

Qn(x) = 0.

▲♦❣♦✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ♥♦ss❛ ❞❡♠♦♥str❛çã♦✱ ❜❛st❛rá ♠♦str❛r q✉❡ S1
n(x) > 0✱ ♣❛r❛ t♦❞♦ n ∈ N

❡ ♣❛r❛ t♦❞♦ 0 < x < π✳

➱ ✐♠❡❞✐❛t♦ q✉❡✱ ♣❛r❛ ❝❛❞❛ 0 < x < 2π✱ t❡♠♦s

lim
n→∞

S1
n(x) =

cos(x/2)

2 sen (x/2)
.

➱ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ S1
n(x) > 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

g(x) = (n+ 1) sen x− sen ((n+ 1)x) > 0 ✭✶✳✶✻✮

◆♦t❡ q✉❡

g′(x) = 0 ⇔ cos x = cos((n+ 1)x).

✷✹



P♦rt❛♥t♦✱ 0 < x < π é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ g(x) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ k ∈ N t❛❧ q✉❡

(n+ 1)x = 2kπ + x ♦✉ (n+ 1)x = 2kπ − x✳

❙❡❥❛ l ♦ ♠❛✐♦r ✐♥t❡✐r♦ t❛❧ q✉❡ l < n/2 ❡ s❡❥❛♠ xj = 2jπ/n✱ j = 1, 2, . . . , l✳ ❙❡❥❛✱ ❛❣♦r❛✱ r

♦ ♠❛✐♦r ✐♥t❡✐r♦ t❛❧ q✉❡ r < (n + 2)/2 ❡ s❡❥❛♠ xk = 2kπ/(n + 2)✱ k = 1, 2, . . . , r✳ ❊♥tã♦ ♦s

♣♦♥t♦s xj ❡ xk sã♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ g(x) ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ (0, π)✳ ❚❡♠♦s q✉❡

g(xj) = (n+ 1) sen xj − sen ((n+ 1)xj)

= (n+ 1) sen xj − sen (2jπ + xj)

= n sen xj

> 0

❡

g(xk) = (n+ 1) sen xk − sen ((n+ 1)xk)

= (n+ 1) sen xk − sen (2kπ − xk)

= (n+ 2) sen xk

> 0.

❈♦♠♦ g(0) = g(π) = 0 ❡ g é ♣♦s✐t✐✈❛ ❡♠ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s ❝rít✐❝♦s ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦

(0, π)✱ ❡♥tã♦ ❞❡✈❡♠♦s t❡r g(x) > 0✱ ♣❛r❛ t♦❞♦ x ∈ (0, π)✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

T (x) ≥ 0✱ ♣❛r❛ t♦❞♦ 0 < x < π✳

➱ ❢á❝✐❧ ✈❡r q✉❡✱ s❡ ∆2ak > 0✱ ♣❛r❛ ❛❧❣✉♠ k✱ ❡♥tã♦ t❡r❡♠♦s T (x) > 0✱ ♣❛r❛ 0 < x < π✳

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❞❛s sér✐❡s s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✳

❚❡♦r❡♠❛ ✶✳✸✳✽✳ ✭✈❡r ❬✶✺❪✱ ♣á❣✐♥❛ ✶✺✽✮ ❙❡❥❛ (fn)
∞
n=1 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C1

♥♦ ✐♥t❡r✈❛❧♦ [a, b]✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ sér✐❡
∑

n fn(c) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ❝❡rt♦ c ∈ [a, b] ❡ q✉❡

❛ sér✐❡ ❞❛s ❞❡r✐✈❛❞❛s
∑

n f
′
n ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [a, b]✳ ❊♥tã♦ ❛ sér✐❡

∑

n fn ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 ❡✱ ♣❛r❛ t♦❞♦ x ∈ (a, b)✱
(

∞
∑

n=1

fn(x)

)′

=
∞
∑

n=1

f ′
n(x).

❚❡♦r❡♠❛ ✶✳✸✳✾✳ ✭✈❡r ❬✶✺❪✱ ♣á❣✐♥❛ ✶✺✽✮ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (fn)
∞
n=1

❞❡✜♥✐❞❛s ♥♦ ✐♥t❡r✈❛❧♦ [a, b] ❡ ✉♠❛ sér✐❡
∑

n an ❝♦♥✈❡r❣❡♥t❡ ❞❡ ♥ú♠❡r♦s r❡❛✐s an ≥ 0✱ n ≥ 1✳

❙❡ |fn(x)| ≤ an✱ ♣❛r❛ t♦❞♦ n ≥ 1 ❡ x ∈ [a, b]✱ ❡♥tã♦ ❛s sér✐❡s
∑

n |fn(x)| ❡
∑

n fn(x) ❝♦♥✈❡r❣❡♠

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [a, b]✳

❚❡♦r❡♠❛ ✶✳✸✳✶✵✳ ❙❡❥❛ ak = αk/k✱ k ≥ 1✱ ♦♥❞❡ ∆mαk > 0✱ ♣❛r❛ m = 0, 1, 2, 3✱ k ≥ 1✱ ❡

s✉♣♦♥❤❛♠♦s q✉❡
∑

k αk/k <∞✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ 1 ≤ j ≤ [n/2]✿

(a) Aj(x) > 0✱ ♣❛r❛ t♦❞♦ x ∈ R❀

(b) Bj(x) > 0✱ s❡ x 6= 2kπ/n ♦✉ j 6= n/2✱ ❡ Bn/2(2kπ/n) = 0✱ s❡ k ∈ Z ❡ n é ♣❛r❀

✷✺



(c) Cj(x) > 0✱ s❡ x ∈ (0, π/n)✱ Cj(x) < 0✱ s❡ x ∈ (π/n, 2π/n)✱ ❡ Cj(kπ/n) = 0✱ ♣❛r❛ k ∈ Z❀

(d) Dj(x) > 0✱ s❡ x ∈ (0, π/n)✱ Dj(x) < 0✱ s❡ x ∈ (π/n, 2π/n)✱ ❡ Dj(kπ/n) = 0✱ ♣❛r❛ k ∈ Z✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ak > 0✱ ♣❛r❛ t♦❞♦ k ❡
∑

k ak < ∞✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✾ q✉❡ ❛s

sér✐❡s ❞❡ Aj(x)✱ Bj(x)✱ Cj(x) ❡ Dj(x) ❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ R✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r ❢❛❝✐❧♠❡♥t❡ q✉❡ ❡st❛s ❢✉♥çõ❡s sã♦ ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 2π/n✳

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❤✐♣ót❡s❡ ∆mαk > 0✱

♣❛r❛ m = 0, 1, 2, 3 ❡ ♣❛r❛ t♦❞♦ k ≥ 1✱ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ α(t) ❞❡ ❝❧❛ss❡ C3✱ ❞❡✜♥✐❞❛ ♣❛r❛

t ≥ 1 ❡ s❛t✐s❢❛③❡♥❞♦ α(k) = αk✱ ♣❛r❛ k ≥ 1 ❡ α(t) > 0✱ α′(t) < 0✱ α′′(t) > 0 ❡ α′′′(t) < 0✱ ♣❛r❛

t > 1✳

(a) ❆ ❢✉♥çã♦ Aj(x) é ❞❡✜♥✐❞❛ ♣♦r

Aj(x) =
∞
∑

p=1

(anp+j + anp−j) cos(npx) + aj,

♣❛r❛ q✉❛❧q✉❡r x ∈ R✳ ❈♦♥s✐❞❡r❡♠♦s ❛ sér✐❡ ❞❛s ❞❡r✐✈❛❞❛s ❞❡ Aj(x)✿

−
∞
∑

p=1

(anp+j + anp−j)(np) sen (npx) = −
∞
∑

p=1

(

αnp+j

np+ j
+

anp−j

np− j

)

(np) sen (npx)

❡✱ ♣❛r❛ ❝❛❞❛ p ∈ N✱ s❡❥❛

cp =

(

αnp+j

np+ j
+

αnp−j

np− j

)

np.

❱❛♠♦s ❞❡♠♦♥str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (cp)
∞
p=1 é ❞❡❝r❡s❝❡♥t❡ ❡ ❝♦♥✈❡①❛✳ ❈♦♥s✐❞❡r❡♠♦s ❛

❢✉♥çã♦ µ(t) ❞❡✜♥✐❞❛ ♣❛r❛ t ≥ j + 1 ♣♦r

µ(t) =

(

α(t+ j)

t+ j
+
α(t− j)

t− j

)

t.

❈♦♠♦ α(t) > 0✱ α′(t) < 0 ❡ α′′(t) > 0✱ t❡♠♦s q✉❡

µ′(t) =
tα′(t+ j)

t+ j
+
jα(t+ j)

(t+ j)2
+
tα′(t− j)

t− j
−
jα(t− j)

(t− j)2

<
tα′(t+ j)

t+ j
+
tα′(t− j)

t− j
+ jα(t− j)

(

1

(t+ j)2
−

1

(t− j)2

)

< 0

❡

µ′′(t) =
tα′′(t+ j)

t+ j
+
tα′′(t− j)

t− j
+

2jα′(t+ j)

(t+ j)2

−
2jα′(t− j)

(t− j)2
−

2jα(t+ j)

(t+ j)3
+

2jα(t− j)

(t− j)3

> 0.

✷✻



P♦rt❛♥t♦✱ µ(t) é ♣♦s✐t✐✈❛✱ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✱ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡✱ ❛ss✐♠✱ ∆mcp > 0✱

♣❛r❛ m = 0, 1, 2 ❡ p ∈ N✳ ❈♦♠♦ limp→∞ cp = 0✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✼✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

q✉❡ ❛ sér✐❡
∑

p cp sen (py) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [ε, 2π − ε]✱ ♣❛r❛ t♦❞♦ 0 < ε < π✱ ♣❛r❛

✉♠❛ ❢✉♥çã♦ T ❡ T (y) > 0✱ ♣❛r❛ 0 < y < π✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✽✱ ❡ ❝♦♠♦ T é í♠♣❛r✱

t❡♠♦s✱

A′
j(x) = −T (nx), 0 < x < 2π/n,

A′
j(x) < 0, 0 < x < π/n,

A′
j(x) > 0, π/n < x < 2π/n.

❊♥tã♦ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❞❛ ❢✉♥çã♦ Aj(x) ♥♦ ✐♥t❡r✈❛❧♦ (0, 2π/n) ♦❝♦rr❡ ♥♦ ♣♦♥t♦ x = π/n✳ ▼❛s

Aj(x) é ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ 2π/n ❡✱ ❛ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

Aj(x) ≥ Aj(π/n), x ∈ R.

❚❡♠♦s q✉❡

Aj(π/n) = aj +
∞
∑

p=1

(−1)p(anp+j + anp−j).

❚♦♠❛♠♦s

ajk = a2kn+j − a(2k+1)n−j − a(2k+1)n+j + a(2k+2)n−j

❡ ♣♦❞❡♠♦s ♠♦str❛r ❢❛❝✐❧♠❡♥t❡ q✉❡

Aj(π/n) =
∞
∑

k=0

ajk.

❈♦♠♦ ❛ s❡q✉ê♥❝✐❛ (ak) é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ s❡❣✉❡ ♣❡❧♦ ▲❡♠❛ ✶✳✸✳✸ q✉❡

n

2(n− j)
a2kn+j +

n− 2j

2(n− j)
a(2k+2)n−j > a(2k+1)n−j

❡
n− 2j

2(n− j)
a2kn+j +

n

2(n− j)
a(2k+2)n−j > a(2k+1)n+j

❉❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s

a(2k+1)n−j + a(2k−1)n+j <
n

2(n− j)
a2kn+j +

n− 2j

2(n− j)
a(2k+2)n−j

+
n− 2j

2(n− j)
a2kn+j +

n

2(n− j)
a(2k+2)n−j

= a2kn+j + a(2k+2)n−j

❡✱ ❛ss✐♠✱ ajk > 0✱ ♣❛r❛ t♦❞♦ k ≥ 1✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Aj(π/n) > 0✳

(b) ❆ ❢✉♥çã♦ Bj(x) é ❞❡✜♥✐❞❛ ♣♦r

Bj(x) =
∞
∑

p=1

(anp+j − anp−j) cos(npx) + aj,

✷✼



♣❛r❛ t♦❞♦ x ∈ R✱ ❡ ❛ sér✐❡ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ Bj(x) é ❞❛❞❛ ♣♦r

∞
∑

p=1

(anp−j − anp+j)(np) sen (npx) =
∞
∑

p=1

(

αnp−j

αnp−j

−
αnp+j

αnp+j

)

(np) sen (npx).

P❛r❛ ❝❛❞❛ p ∈ N✱ s❡❥❛

dp =

(

αnp−j

αnp−j

−
αnp+j

αnp+j

)

np.

❆ s❡q✉ê♥❝✐❛ (dp)
∞
p=1 é ♣♦s✐t✐✈❛✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡❧❛ é t❛♠❜é♠ ❞❡❝r❡s❝❡♥t❡ ❡ ❝♦♥✈❡①❛✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ γ(t) ❞❡✜♥✐❞❛✱ ♣❛r❛ t ≥ j + 1✱ ♣♦r

γ(t) =

(

α(t− j)

t− j
−
α(t+ j)

t+ j

)

t.

❚❡♠♦s q✉❡ γ(np) = dp✳ ❈♦♠♦ α(t) > 0✱ α′(t) < 0✱ α′′(t) > 0 ❡ α′′′(t) < 0✱ s❡❣✉❡ q✉❡

γ′(t) = t
α′(t− j)

t− j
− t

α′(t+ j)

t+ j

− j
α(t− j)

(t− j)2
− j

α(t+ j)

(t+ j)2

< tα′(t− j)

(

1

t− j
−

1

t+ j

)

< 0

❡

γ′′(t) = t

(

α′′(t− j)

t− j
−
α′′(t+ j)

t+ j

)

− 2j

(

α′(t− j)

(t− j)2
+
α′(t+ j)

(t+ j)2

)

+ 2j

(

α(t− j)

(t− j)3
+
α(t+ j)

(t+ j)3

)

> tα′′(t+ j)

(

1

t− j
−

1

t+ j

)

> 0.

P♦rt❛♥t♦✱ γ(t) é ♣♦s✐t✐✈❛✱ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡✱ ❛ss✐♠✱∆mdp > 0✱

♣❛r❛ m = 0, 1, 2 ❡ p ∈ N✳ ❈♦♠♦ limp→∞ dp = 0✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✼✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

q✉❡ ❛ sér✐❡
∑

p dp sen (py) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [ε, 2π − ε]✱ ♣❛r❛ t♦❞♦ 0 < ε < π✱ ♣❛r❛

✉♠❛ ❢✉♥çã♦ U t❛❧ q✉❡ U(y) > 0 ♣❛r❛ t♦❞♦ 0 < y < π✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✽ ❡✱ ❝♦♠♦ U é

í♠♣❛r✱ t❡♠♦s

B′
j(x) = U(nx), 0 < x < 2π/n,

B′
j(x) > 0, 0 < x < π/n,

B′
j(x) < 0, π/n < x < 2π/n.

✷✽



❊♥tã♦✱ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ❢✉♥çã♦ Bj(x) ♦❝♦rr❡ ♥♦ ♣♦♥t♦ x = π/n ❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ ♥♦ ♣♦♥t♦

x = 0✳ ❈♦♠♦ Bj(x) é ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ 2π/n✱ s❡❣✉❡ q✉❡ Bj(x) > Bj(0) ♣❛r❛ t♦❞♦ x ∈ R✱

x 6= 2kπ/n✱ k ∈ Z✳ ❚❡♠♦s q✉❡

Bj(0) =
∞
∑

p=1

(anp+j − anp−j) + aj =
∞
∑

p=0

(anp+j − an(p+1)−j) ≥ 0.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡rá ❡str✐t❛ s❡ 1 ≤ j < π/2 ❡ t❡r❡♠♦s Bj(0) = 0 s❡ n ❢♦r ♣❛r ❡ j = n/2✳

❙❡ n ❢♦r ♣❛r✱ j = n/2 ❡ k ∈ Z✱ ❡♥tã♦ Bn/2(2kπ/n) = 0 ❡ s❡ j 6= n/2✱ ❡♥tã♦ Bj(x) > 0✱ ♣❛r❛

t♦❞♦ x ∈ R✳

(c) ❆ ❢✉♥çã♦ Cj(x) é ❞❡✜♥✐❞❛ ♣♦r

Cj(x) =
∞
∑

p=1

(−anp+j + anp−j) sen (npx) =
∞
∑

p=1

(

−
αnp+j

np+ j
+

αnp−j

np− j

)

sen (npx)

♣❛r❛ t♦❞♦ x ∈ R✳ P❛r❛ ❝❛❞❛ p ∈ N✱ s❡❥❛

ep = −
αnp+j

np+ j
+

αnp−j

np− j

❡✱ ♣❛r❛ ❝❛❞❛ t ≥ 1✱ s❡❥❛

ν(t) = −
α(t+ j)

t+ j
+
α(t− j)

t− j
.

❚❡♠♦s q✉❡ ν(np) = ep✳ ❈♦♠♦ α(t) > 0✱ α′(t) < 0✱ α′′(t) > 0 ❡ α′′′(t) < 0✱ s❡❣✉❡ q✉❡

ν ′(t) = −
α′(t+ j)

t+ j
+
α′(t− j)

t− j
+
α(t+ j)

(t+ j)2
−
α(t− j)

(t− j)2

< α′(t+ j)

(

−
1

t+ j
+

1

t− j

)

+ α(t+ j)

(

1

(t+ j)2
+

1

(t− j)2

)

< 0

❡

ν ′′(t) = −
α′′(t+ j)

t+ j
+
α′′(t− j)

t− j
+ 2

α′(t+ j)

(t+ j)2
− 2

α′(t− j)

(t− j)2
− 2

α(t+ j)

(t+ j)3
+ 2

α(t− j)

(t− j)3

> α′′(t− j)

(

−
1

t+ j
+

1

t− j

)

+ 2α′(t− j)

(

1

(t+ j)2
−

1

(t− j)2

)

+ 2α(t− j)

(

−
1

(t+ j)3
+

1

(t− j)3

)

> 0.

P♦rt❛♥t♦✱ ν(t) é ♣♦s✐t✐✈❛✱ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡✱ ❛ss✐♠✱ ∆mep > 0✱

♣❛r❛ m = 0, 1, 2 ❡ p ∈ N✳ ❈♦♠♦ limp→∞ = 0✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✼✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

q✉❡ ❛ sér✐❡
∑

p ep sen (py) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [ε, 2π − ε]✱ ♣❛r❛ t♦❞♦ 0 < ε < π✱ ♣❛r❛

✉♠❛ ❢✉♥çã♦ V t❛❧ q✉❡ V (y) > 0✱ ♣❛r❛ t♦❞♦ 0 < y < π✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✽✱ ❡ ❝♦♠♦ V

é í♠♣❛r✱ t❡♠♦s

Cj(x) = V (nx), 0 < x < 2π/n,

✷✾



Cj(x) > 0, 0 < x < π/n,

Cj(x) < 0, π/n < x < 2π/n.

❙❡❣✉❡ tr✐✈✐❛❧♠❡♥t❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Cj(x) q✉❡ Cj(kπ/n) = 0✱ ♣❛r❛ t♦❞♦ k ∈ Z✳

(d) ❆ ❢✉♥çã♦ Dj(x) é ❞❡✜♥✐❞❛ ♣♦r

Dj(x) =
∞
∑

p=1

(anp+j + anp−j) sen (pnx) =
∞
∑

p=1

(

αnp+j

np+ j
+

anp−j

np− j

)

sen (pnx)

♣❛r❛ t♦❞♦ x ∈ R✳ P❛r❛ ❝❛❞❛ p ∈ N ❡ t ≥ j + 1✱ s❡❥❛♠

fp =
αnp+j

np+ j
+

αnp−j

np− j

❡

ξ(t) =
α(t+ j)

t+ j
+
α(t− j)

t− j
.

❚❡♠♦s q✉❡ ξ(np) = fp✳ ❈♦♠♦ α(t) > 0✱ α′(t) < 0 ❡ α′′(t) > 0✱ s❡❣✉❡ q✉❡

ξ′(t) =
α′(t+ j)

t+ j
+
α′(t− j)

t− j
−
α(t+ j)

(t+ j)2
−
α(t− j)

(t− j)2
< 0

❡

ξ′′(t) =
α′′(t+ j)

t+ j
+
α′′(t− j)

t− j
− 2

α′(t+ j)

(t+ j)2
− 2

α′(t− j)

(t− j)2
+ 2

α(t+ j)

(t+ j)3
+ 2

α(t− j)

(t− j)3
> 0.

P♦rt❛♥t♦✱ ξ(t) é ♣♦s✐t✐✈❛✱ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡✱ ❛ss✐♠✱ ∆mfp > 0✱

♣❛r❛ m = 0, 1, 2 ❡ p ∈ N✳ ❆ ❝♦♥❝❧✉sã♦ é ♦❜t✐❞❛ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ à ❞❡♠♦♥str❛çã♦ ❞❡ (c)✳

❚❡♦r❡♠❛ ✶✳✸✳✶✶✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

al cos

(

lx−
βπ

2

)

,

♦♥❞❡ β ∈ R ❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ ❡

∞
∑

l=1

|al| <∞.

❙✉♣♦♥❤❛♠♦s q✉❡ ak = αk/k ❡ ∆mαk > 0✱ ♣❛r❛ k ≥ 1 ❡ m = 0, 1, 2, 3✳ ❊♥tã♦ λj(y) 6= 0✱ ♣❛r❛

t♦❞♦ 1 ≤ j ≤ [n/2]✱ s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✭❛✮ n é ♣❛r✱ β ♥ã♦ é ✉♠ ✐♥t❡✐r♦ ♣❛r ❡ y = π/n❀

(b) n é í♠♣❛r✱ β é ✉♠ r❡❛❧ q✉❛❧q✉❡r ❡ y = π/n❀

(c) n é q✉❛❧q✉❡r✱ 4l ≤ β ≤ 4l + 1 ♦✉ 4l + 2 ≤ β ≤ 4l + 3✱ ♣❛r❛ ❛❧❣✉♠ l ∈ Z ❡ y ∈ (0, π/n)❀

(d) n é q✉❛❧q✉❡r✱ 4l+1 ≤ β ≤ 4l+2 ♦✉ 4l+3 ≤ β ≤ 4l+4✱ ♣❛r❛ ❛❧❣✉♠ l ∈ Z ❡ y ∈ (π/n, 2π/n)❀

✸✵



(e) n é í♠♣❛r✱ β é ✐♥t❡✐r♦ ❡ y é r❡❛❧ q✉❛❧q✉❡r❀

(f) n é ♣❛r✱ β é ✐♥t❡✐r♦ í♠♣❛r ❡ y ∈ (0, π/n]❀

(g) n é ♣❛r✱ β é ✐♥t❡✐r♦ ♣❛r ❡ y ∈ [0, π/n)✳

❉❡♠♦♥str❛çã♦✳ (a) ❚❡♠♦s q✉❡ sen (βπ/2) 6= 0 ❡ s❡❣✉❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼ ❡ ❚❡♦r❡♠❛ ✶✳✸✳✶✵

q✉❡

Aj(π/n) > 0, Bj(π/n) > 0, Cj(π/n) = Dj(π/n) = 0,

♣❛r❛ 1 ≤ j ≤ [n/2]✱ ❡ q✉❡

|λj(π/n)|
2 =

n2

4

[

(Aj(π/n))
2(cos(βπ/2))2 + (Bj(π/n))

2( sen (βπ/2))2
]

> 0,

♣❛r❛ 1 ≤ j < n/2✱ ❡

ρn/2(π/n) = Bn/2(π/n) sen (βπ/2) 6= 0.

(b) ❈♦♠♦ n é í♠♣❛r✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ [n/2]✱

|λj(π/n)|
2 =

n2

4

[

(Aj(π/n))
2(cos(βπ/2))2 + (Bj(π/n))

2( sen (βπ/2))2
]

> 0,

♣♦✐s Aj(π/n) > 0 ❡ Bj(π/n) > 0✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✵✳

(c) ❚❡♠♦s q✉❡ Aj(y) > 0✱ Bj(y) > 0✱ Cj(y) > 0 ❡ Dj(y) > 0✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✵ ❡✱

❝♦♠♦ 0 < jy < π/2✱ t❡♠♦s q✉❡ cos(jy) > 0 ❡ sen (jy) > 0✳ ❙❡ 4l ≤ β ≤ 4l + 1✱ ❡♥tã♦

sen (βπ/2) ≥ 0✱ cos(βπ/2) ≥ 0 ❡✱ ♣♦rt❛♥t♦✱

ρj(y) = (Aj(y) cos(jy) + Cj(y) sen (jy)) cos(βπ/2)

+ (Bj(y) sen (jy) +Dj(y) cos(jy)) sen (βπ/2)

> 0.

❙❡ 4l + 2 ≤ β ≤ 4l + 3✱ ❡♥tã♦ sen (βπ/2) ≤ 0✱ cos(βπ/2) ≤ 0 ❡✱ ♣♦rt❛♥t♦✱ ρj(y) < 0✳

(d) ❚❡♠♦s q✉❡ Aj(y) > 0✱ Bj(y) > 0✱ Cj(y) < 0 ❡ Dj(y) < 0✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✵✱ ❡

sen (βπ) ≤ 0✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ j < n/2

|λj(y)|
2 =

n2

4
((Aj(y))

2 + (Cj(y))
2)(cos(βπ/2))2

+
n2

4
((Bj(y))

2 + (Dj(y))
2)( sen (βπ/2))2

+
n2

4
(Aj(y)Dj(y) + Cj(y)Bj(y)) sen (βπ)

> 0.

P❛r❛ j = n/2 ❡ π/n < y < 2π/n✱ t❡♠♦s q✉❡ π/2 < jy < π ❡✱ ❛ss✐♠✱ cos(jy) ≤ 0✱

sen (jy) ≥ 0✳ ▲♦❣♦✱ s❡ 4l+1 ≤ β ≤ 4l+2✱ ❡♥tã♦ sen (βπ/2) ≥ 0✱ cos(βπ/2) ≤ 0✱ sen (βπ) = 0✱

✸✶



❡✱ ♣♦rt❛♥t♦✱

ρn/2(y) = (Aj(y) cos(jy) + Cj(y) sen (jy)) cos(βπ/2)

+ (Bj(y) sen (jy) +Dj(y) cos(jy)) sen (βπ/2)

> 0.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡✱ s❡ 4l + 3 ≤ β ≤ 4l + 4✱ ❡♥tã♦ ρn/2(y) < 0✳

(e) ❈♦♠♦ n é í♠♣❛r ❡ β ∈ Z✱ t❡♠♦s q✉❡ sen (βπ) = 0 ❡✱ ♣❛r❛ 1 ≤ j ≤ [n/2]✱

|λj(y)|
2 =

n2

4
(A2

j(y) + C2
j (y)) cos

2(βπ/2)

+
n2

4
(B2

j (y) +D2
j (y)) sen

2(βπ/2)

> 0.

(f) ❚❡♠♦s q✉❡ sen (βπ) = 0 ❡✱ ❛ss✐♠✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ (e)✱ ♦❜t❡♠♦s |λj(y)| >

0✱ ♣❛r❛ 1 ≤ j < n/2✳ ❈♦♠♦ β é í♠♣❛r✱ t❡♠♦s sen (βπ/2) = ±1✱ cos(βπ/2) = 0 ❡✱ ❝♦♠♦

0 < jy ≤ π/2✱ ♣❛r❛ j = n/2✱ t❡♠♦s sen (jy) > 0 ❡ cos(jy) ≥ 0✳ ❙❛❜❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✸✳✶✵✱ q✉❡ Bj(y) > 0 ❡ Dj(y) ≥ 0✱ ♣❛r❛ 0 < y ≤ π/n ❡✱ ❛ss✐♠✱ ♣❛r❛ j = n/2✱

ρj(y) = (Bj(y) sen (jy) +Dj(y) cos(jy)) sen (βπ/2) 6= 0.

(g) ❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥♦s ✐t❡♥s (e) ❡ (f)✱ ♠♦str❛♠♦s q✉❡ |λj(y)| > 0✱ ♣❛r❛ 1 ≤ j < n/2✳

❙✉♣♦♥❤❛♠♦s✱ ❛❣♦r❛✱ j = n/2✳ ❚❡♠♦s q✉❡ sen (βπ/2) = 0✱ cos(βπ/2) = ±1 ❡✱ ❝♦♠♦ 0 ≤ jy <

π/2✱ ♣❛r❛ j = n/2✱ ❡♥tã♦ cos(jy) > 0 ❡ sen (jy) ≥ 0✳ ❈♦♠♦ Aj(y) > 0 ❡ Cj(y) ≥ 0✱ ♣❡❧♦

❚❡♦r❡♠❛ ✶✳✸✳✶✵✱ ♣❛r❛ 0 ≤ y < π/n✱ ♣❛r❛ j = n/2✱ t❡♠♦s

ρj(y) = (Aj(y) cos(jy) + Cj(y) sen (jy)) cos(βπ/2) 6= 0.

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✷✳ ❙❡ ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✶ ❢♦r s❛t✐s❢❡✐t❛✱ s❡❣✉❡ ❞♦ ❚❡✲

♦r❡♠❛ ✶✳✶✳✼ q✉❡✱ ❞❛❞❛ f ∈ C2π✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ sk(f, ·) ❝♦♠ ♥ós

xs = 2πs/n ❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ys = xs + y✱ 1 ≤ s ≤ n✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✸✳ ❖ ♣♦❧✐♥ô♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐ ❞❡ ❣r❛✉ n ∈ Z✱ n ≥ 0✱ é ❞❡✜♥✐❞♦✱ ♣❛r❛

0 ≤ t ≤ 1✱ ♣♦r

Bn(t) =
n
∑

k=0

(

n

k

)

Bkt
n−k

=
n
∑

l=0

1

l + 1

l
∑

k=0

(−1)k

(

l

k

)

(t+ k)n,

♦♥❞❡ Bk sã♦ ♦s ♥ú♠❡r♦s ❞❡ ❇❡r♥♦✉❧❧✐✳

✸✷



❋✐①❛❞♦ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ r✱ ❝♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ❛ ❢✉♥çã♦ B2r : R → R✱ ♣❡r✐ó❞✐❝❛ ❞❡

♣❡rí♦❞♦ 2π✱ ❞❡✜♥✐❞❛✱ ♣❛r❛ 0 ≤ x ≤ 2π ♣♦r

B2r(x) = B2r

( x

2π

)

.

❆ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦ B2r(x) é ❞❛❞❛ ♣♦r

B2r(x) =
∞
∑

k=1

2(−1)r−1[(2r)!]

(2π)2r
k−2r cos(kx).

❙❡❥❛♠ n ∈ N✱ xk = 2πk/n✱ ♣❛r❛ 1 ≤ k ≤ n ❡ ck ❝♦♥st❛♥t❡s r❡❛✐s✱ ♣❛r❛ 1 ≤ k ≤ n+ 1 t❛❧ q✉❡
∑n

k=1 ck = 0✳ ❊♥tã♦ ❛ ❢✉♥çã♦

s(x) = cn+1 +
n
∑

k=1

ckB2r(x− xk)

é ✉♠ s♣❧✐♥❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ 2r✳

❙❡ t♦♠❛r♠♦s K(x) = B2r(x)✱ s❡❣✉❡✱ ♣❡❧♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡♠ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❛ ❢✉♥çã♦

B2r(x) q✉❡ ♦ ♥ú❝❧❡♦ K(x) é ❞♦ t✐♣♦ ❝♦♥s✐❞❡r❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✷✳✽ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭❛✮

❞❡st❡ t❡♦r❡♠❛ ♣❛r❛ y = 0 ❡ β = 0✳ ❙❡♥❞♦ ❛ss✐♠✱ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡

sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ♣❛r❛ q✉❛❧q✉❡r f ∈ C2π✳

❆ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ❣r❛✉ ♣❛r ❢♦✐ ❞❡♠♦♥str❛❞❛ ♣♦r ▼✳

●♦❧♦♠❜ ❡♠ ❬✷❪✳ ❖ s♣❧✐♥❡ ♣♦❧✐♥♦♠✐❛❧ s(x) ❞❛❞♦ ❛❝✐♠❛ é ✉♠ sk✲s♣❧✐♥❡ ❡✱ ❛ss✐♠✱ ♣♦❞❡♠♦s

❛✜r♠❛r q✉❡ ♦ ❚❡♦r❡♠❛ ✶✳✶✳✼✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✷✳✽✱ ❣❡♥❡r❛❧✐③❛ ♦ r❡s✉❧t❛❞♦ ❞❡ ▼✳

●♦❧♦♠❜✳

❊♠ ❬✷❪✱ ▼✳ ●♦❧♦♠❜ ❡st✉❞♦✉ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❢✉♥çõ❡s s✉❛✈❡s ✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s

♥❛s ♥♦r♠❛s ❞❡ L2 ❡ L∞ ♣♦r s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❯♠ r❡s✉❧t❛❞♦ ❣❡r❛❧ ❞❡st❡ t✐♣♦ ♣❛r❛ sk✲

s♣❧✐♥❡s é ♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵✳ ❖ r❡s✉❧t❛❞♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✹ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣♦r ▼✳ ●♦❧♦♠❜

♣❛r❛ ❢✉♥çõ❡s f ∈ K ∗ U1✱ 2r✲❞✐❢❡r❡♥❝✐á✈❡✐s✱ r ∈ N✳

❖ ❡st✉❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♣♦r ▼✳ ●♦❧♦♠❜✱ ♣❛r❛ s♣❧✐♥❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ❣r❛✉ í♠♣❛r✱ ❢♦✐

r❡❛❧✐③❛❞♦ ♣♦r ❆✳ ❩❤❡♥s②❦❜❛❡✈ ❡♠ ❬✶✽❪✳

✸✸



❈❛♣ít✉❧♦ ✷

❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ sk✲❙♣❧✐♥❡s ❡♠ Lq

◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❞❡✜♥✐♠♦s sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧ ❡ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s ❞❡

s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◆❛ s❡❣✉♥❞❛ s❡çã♦✱ ❡st✉❞❛♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦ q✉❛❧

❢♦r♥❡❝❡ ✉♠❛ ♦r❞❡♠ ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❢✉♥çõ❡s ♣❡rt❡♥❝❡♥t❡s à ❝❧❛ss❡ ❞❡ ❝♦♥✈♦❧✉çã♦ K ∗Up✱

♦♥❞❡ Up é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞♦ ❡s♣❛ç♦ Lp✱ ♣♦r sk✲s♣❧✐♥❡s ♥♦ ❡s♣❛ç♦ Lq✱ ♦♥❞❡ 1 ≤ p ≤ 2 ≤ q ≤ ∞✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛s s❡çõ❡s sã♦ ❬✶✶❪ ❡ ❬✶✸❪✳

✷✳✶ sk✲❙♣❧✐♥❡ ❈❛r❞✐♥❛❧

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❞❛❞♦ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ♣❛rt✐çã♦

∆n = {0 = x0 < x1 < · · · < x2n = 2π},

♦♥❞❡ xk = kπ/n✱ 0 ≤ k ≤ 2n✳

❈♦♥s✐❞❡r❛♠♦s ✜①❛❞♦ ✉♠ ♥ú❝❧❡♦ K ∈ C2π ❞❛ ❢♦r♠❛

K(x) =
∞
∑

l=1

al cos(lx),

♦♥❞❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡

∞
∑

l=1

|al| <∞.

❯♠ sk✲s♣❧✐♥❡ sk(x) s♦❜r❡ ❛ ♣❛rt✐çã♦ ∆n ❡ ❝♦♠ ♥ós xk é ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛

sk(x) = c0 +
2n
∑

k=1

ckK(x− xk),
2n
∑

k=1

ck = 0. ✭✷✳✶✮

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s s✉♣♦r s❡♠♣r❡ q✉❡ ρj(0) 6= 0✱ ♣❛r❛ 1 ≤ j ≤ n✱ ❡✱ ♣♦rt❛♥t♦✱ ♣❛r❛

t♦❞♦ 1 ≤ j ≤ 2n✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✺✭❜✮✳ ❈♦♠♦ ρj(0) = Aj(0) = A
(1)
j +A

(2)
j 6= 0✱ ♣❛r❛ 1 ≤ j ≤ n✱

✸✹



❡♥tã♦ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✽✭❛✮ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✼ q✉❡✱ ♣❛r❛ ❝❛❞❛ f ∈ C2π✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f ❝♦♠ ♥ós ❡ ♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦ xk✳ ❊ss❡ sk✲s♣❧✐♥❡ ú♥✐❝♦

s❡rá ❞❡♥♦t❛❞♦ ♣♦r sk(f,∆n)(x)✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ρj(0) 6= 0✱ ♣❛r❛ 1 ≤ j ≤ n✳ ❖ sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧ s̃k s♦❜r❡

❛ ♣❛rt✐çã♦ ∆n é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ú♥✐❝❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛ ✭✷✳✶✮ q✉❡ s❛t✐s❢❛③

s̃k(xk) =

{

1, k = 0,

0, k = 1, 2, . . . , 2n− 1.

❆ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞♦ sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✼✳

▲❡♠❛ ✷✳✶✳✸✳ ❖ sk✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧ s̃k ♣♦❞❡ s❡r ❡s❝r✐t♦✱ ♣❛r❛ t♦❞♦ x ∈ R✱ ♥❛ ❢♦r♠❛

s̃k(x) =
1

2n
+

1

2n

2n−1
∑

j=1

ρj(x)

ρj(0)
.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✻ t❡♠♦s✱ ♣❛r❛ 0 ≤ l ≤ 2n− 1✱ q✉❡

ρj(xl) = aj cos(jxl) +
∞
∑

p=1

[a2np+j cos((2np+ j)xl) + a2np−j cos((2np− j)xl)]

= aj cos(jxl)

+
∞
∑

p=1

a2np+j[(cos(2npxl))(cos(jxl))− ( sen (2npxl))( sen (jxl))]

+
∞
∑

p=1

a2np−j[(cos(2npxl))(cos(jxl)) + ( sen (2npxl))( sen (jxl))]

= (cos(jxl))[aj +
∞
∑

p=1

(a2np+j + a2np−j)]

= (cos(jxl))ρj(0).

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✷✱ t❡♠♦s q✉❡

1

2n
+

1

2n

2n−1
∑

j=1

ρj(xl)

ρj(0)
=

1

2n
+

1

2n

2n−1
∑

j=1

cos(jxl)

=
1

2n

2n−1
∑

j=0

cos(jxl)

=

{

1, l = 0,

0, l = 1, 2, . . . , 2n− 1,

= s̃k(xl).

✸✺



❙❡❣✉❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ρj(x) q✉❡

1

2n
+

1

2n

2n−1
∑

j=1

ρj(x)

ρj(0)
=

1

2n
+

1

2n

2n−1
∑

j=1

1

ρj(0)

(

2

n

2n
∑

k=1

(cos(jxk))K(x− xk)

)

=
1

2n
+

2n
∑

k=1

1

n2

(

2n−1
∑

j=1

cos(jxk)

ρj(0)

)

K(x− xk)

=
1

2n
+

2n
∑

k=1

ckK(x− xk),

❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✷

2n
∑

k=1

ck =
2n
∑

k=1

1

n2

(

2n−1
∑

j=1

cos(jxk)

ρj(0)

)

=
2n−1
∑

j=1

1

ρj(0)n2

(

2n
∑

k=1

cos(jxk)

)

=
2n−1
∑

j=1

1

ρj(0)n2
· 0

= 0.

▲♦❣♦ t❡♠♦s ♣♦r ✭✷✳✶✮ q✉❡ ❛ ❢✉♥çã♦

g(x) =
1

2n
+

1

2n

2n−1
∑

j=1

ρj(x)

ρj(0)

é ✉♠ sk✲s♣❧✐♥❡✳ ❈♦♠♦ ✈✐♠♦s q✉❡ g(xl) = s̃k(xl)✱ ♣❛r❛ 0 ≤ l ≤ 2n − 1✱ s❡❣✉❡ ♣♦r ✉♥✐❝✐❞❛❞❡

✭✈❡r ❚❡♦r❡♠❛ ✶✳✶✳✼✮ q✉❡ g(x) = s̃k(x)✱ ♣❛r❛ t♦❞♦ x ∈ R✳

▲❡♠❛ ✷✳✶✳✹✳ ❙❡❥❛ f ∈ C2π✳ ❊♥tã♦ ♦ sk✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f ❝♦♠ ♥ós ❡ ♣♦♥t♦s ❞❡

✐♥t❡r♣♦❧❛çã♦ xk✱ 1 ≤ k ≤ 2n✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

sk(f,∆n)(x) =
2n
∑

j=1

f(xj)s̃k(x− xj).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ g : R → R ❞❛❞❛ ♣♦r

g(x) =
2n
∑

j=1

f(xj)s̃k(x− xj).

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s̃k✱ t❡♠♦s q✉❡ s̃k(xk − xj) = 1✱ s❡ j = k✱ ❡ s̃k(xk − xj) = 0✱ s❡ j 6= k✳

P♦rt❛♥t♦✱

g(xk) =
2n
∑

j=1

f(xj)s̃k(xk − xj) = f(xk), 1 ≤ k ≤ 2n.

✸✻



❙❡❥❛♠ ck✱ 0 ≤ k ≤ 2n✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ sk✲s♣❧✐♥❡ s̃k ♦❜t✐❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✷✳✶✳✸✳ ❚❡♠♦s q✉❡

g(x) =
2n
∑

j=1

f(xj)

(

1

2n
+

2n
∑

k=1

ckK(x− xk)

)

=
1

2n

2n
∑

j=1

f(xj) +
2n
∑

k=1

(

2n
∑

j=1

ckf(xj)

)

K(x− xk)

= d0 +
2n
∑

k=1

dkK(x− xk)

❡✱ ❝♦♠♦
∑2n

k=1 ck = 0✱
2n
∑

k=1

dk =
2n
∑

j=1

f(xj)
2n
∑

k=1

ck = 0.

P♦rt❛♥t♦✱ g(x) é ✉♠ sk✲s♣❧✐♥❡ ❡ g(xk) = f(xk)✱ ♣❛r❛ 0 ≤ k ≤ 2n✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ sk✲s♣❧✐♥❡

✐♥t❡r♣♦❧❛♥t❡ ❞❡ f ✱ s❡❣✉❡ q✉❡ sk(f,∆n)(x) = g(x)✱ x ∈ R✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✺✳ ❙❡❣✉❡ ♣❡❧❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞♦s sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s ♥❛ ❖❜s❡r✲

✈❛çã♦ ✷✳✶✳✶ q✉❡ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s sk✲s♣❧✐♥❡s ❝♦♠ ♥ós xk✱ 1 ≤ k ≤ 2n✱ é 2n✳

❖ ▲❡♠❛ ✷✳✶✳✹ ❞✐③ q✉❡ ♦ ❝♦♥❥✉♥t♦ {s̃k(x− xk)}
2n
k=1 é ✉♠❛ ❜❛s❡ ❞❡ss❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

✷✳✷ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ sk✲❙♣❧✐♥❡s

▲❡♠❛ ✷✳✷✳✶✳ P❛r❛ 0 ≤ j ≤ 2n− 1 ❡ l ∈ Z✱ t❡♠♦s

ρl(x− xj) = ρl(x) cos(lxj) + σl(x) sen (lxj).

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱

ρl(x− xj)

= al cos(lx− lxj)

+
∞
∑

p=1

[a2np+l cos((2np+ l)(x− xj)) + a2np−l cos((2np− l)(x− xj))]

= al(cos(lx))(cos(lxj)) + al( sen (lx))( sen (lxj))

+
∞
∑

p=1

[a2np+l(cos((2np+ l)x))(cos((2np+ l)xj)) + ( sen ((2np+ l)x))( sen ((2np+ l)xj))]

+
∞
∑

p=1

[a2np−l(cos((2np− l)x))(cos((2np− l)xj)) + ( sen ((2np− l)x))( sen ((2np− l)xj))].

✸✼



❯s❛♥❞♦ ❛s ❢ór♠✉❧❛s ❞♦ ❝♦ss❡♥♦ ❡ ❞♦ s❡♥♦ ❞❛ s♦♠❛ ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ cos(2npxj) = 1 ❡

sen (2npxj) = 0✱ ♦❜t❡♠♦s q✉❡

ρl(x− xj) = (cos(lxj))

[

al cos(lx) +
∞
∑

p=1

(a2np+l cos((2np+ l)x) + a2np−l cos((2np− l)x))

]

+ ( sen (lxj))

[

al sen (lx) +
∞
∑

p=1

(a2np+l sen ((2np+ l)x)− a2np−l sen ((2np− l)x))

]

= ρl(x) cos(lxj) + σl(x) sen (lxj).

▲❡♠❛ ✷✳✷✳✷✳ P❛r❛ t♦❞♦ l ∈ Z✱ l 6≡ 0(2n) ❡ x ∈ R✱

2n
∑

j=1

eilxj s̃k(x− xj) =
λl(x)

ρl(0)
.

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♣❛r❛ ❛ ♣❛rt❡ r❡❛❧✳ ❙✉♣♦♥❤❛✲

♠♦s l ∈ Z✱ l 6≡ 0(2n)✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✶✱ ♦ ▲❡♠❛ ✶✳✷✳✷ ❡ ♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✸✱ t❡♠♦s q✉❡

2n
∑

j=1

(cos(lxj))s̃k(x− xj) =
2n
∑

j=1

(cos(lxj))

(

1

2n
+

1

2n

2n−1
∑

k=1

ρk(x− xj)

ρk(0)

)

=
1

2n

2n
∑

j=1

cos(lxj)

+
1

2n

2n−1
∑

k=1

1

ρk(0)

(

ρk(x)
2n
∑

j=1

(cos(lxj))(cos(kxj))

)

+
1

2n

2n−1
∑

k=1

1

ρk(0)

(

σk(x)
2n
∑

j=1

(cos(lxj))( sen (kxj))

)

=
1

2n

2n−1
∑

k=1

ρk(x)

ρk(0)

2n
∑

j=1

(cos(lxj))(cos(kxj)). ✭✷✳✷✮

❙✉♣♦♥❤❛♠♦s 1 ≤ l ≤ n✳ ❈♦♠♦ 1 ≤ k ≤ 2n − 1✱ t❡♠♦s q✉❡ l − k ≡ 0(2n) ⇔ k = l ❡

l + k ≡ 0(2n) ⇔ k = 2n− l✳ ❆ss✐♠✱

l + k ≡ 0(2n) ❡ l − k ≡ 0(2n) ⇔ k = l = n

❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✸ ❡ ✭✷✳✷✮

2n
∑

j=1

(cos(lxj))s̃k(x− xj) =
ρl(x)

ρl(0)
.

P♦r ♦✉tr♦ ❧❛❞♦✱

l + k ≡ 0(2n) ♦✉ l − k ≡ 0(2n) ⇔ l 6= n ❡ k = l ♦✉ k = 2n− l.

✸✽



▲♦❣♦✱ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✸✱ ❞♦ ▲❡♠❛ ✶✳✷✳✺ ❡ ❞❡ ✭✷✳✷✮ q✉❡

2n
∑

j=1

(cos(lxj))s̃k(x− xj) =
1

2n

(

n
ρl(x)

ρl(0)
+ n

ρ2n−l(x)

ρ2n−l(0)

)

=
1

2n

(

2n
ρl(x)

ρl(0)

)

=
ρl(x)

ρl(0)
.

❙✉♣♦♥❤❛♠♦s 1 ≤ l ≤ 2n − 1✳ ❙❡ n < l ≤ 2n − 1✱ t♦♠❛♠♦s q = 2n − l✱ p = 1 ❡ t❡♠♦s

l = 2np − q✳ ❙❡ 1 ≤ l ≤ n✱ t♦♠❛♠♦s q = l✱ p = 0 ❡ t❡♠♦s l = 2np + q✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛

✶✳✷✳✺✱ t❡♠♦s

ρl(x) = ρ2n−q(x) = ρ−q(x) = ρq(x)

♦✉

ρl(x) = ρ2n+q(x) = ρq(x).

❈♦♠♦ 1 ≤ q ≤ n✱ s❡❣✉❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦ q✉❡

2n
∑

j=1

eilxj s̃k(x− xj) =
2n
∑

j=1

eiqxj s̃k(x− xj) =
ρq(x)

ρq(0)
=
ρl(x)

ρl(0)
.

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ l ∈ Z t❛❧ q✉❡ l 6≡ 0(2n)✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ p ∈ Z t❛❧ q✉❡ 2n(p− 1) <

l < 2np ❡✱ ❛ss✐♠✱ 1 ≤ 2np− l ≤ 2n− 1✳ ❚♦♠❛♠♦s q = 2np− l ❡ t❡♠♦s q✉❡ l = 2np− q✱ ❝♦♠

p, q ∈ Z✱ 1 ≤ q ≤ 2n− 1✳ P❡❧♦ ▲❡♠❛ ✶✳✷✳✺✱ t❡♠♦s q✉❡

ρl(x) = ρ2np−q(x) = ρ−q(x) = ρq(x).

❊♥tã♦✱ ❝♦♠♦ 1 ≤ q ≤ 2n− 1✱ s❡❣✉❡ ♣❡❧♦ q✉❡ ❥á ❢♦✐ ❞❡♠♦♥str❛❞♦ ❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦

❛♥t❡r✐♦r✱ q✉❡ ♦ r❡s✉❧t❛❞♦ ❞❡st❡ ❧❡♠❛ é ✈❡r❞❛❞❡✐r♦ ♣❛r❛ ❛ ♣❛rt❡ r❡❛❧✳

P❛ss❡♠♦s✱ ❛❣♦r❛✱ à ❞❡♠♦♥str❛çã♦ ❞❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ r❡s✉❧t❛❞♦✳ ❙❡ 0 ≤ l ≤ n✱ ❡♥tã♦✱

✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✶✱ ♦ ▲❡♠❛ ✶✳✷✳✷ ❡ ♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✸✱ t❡♠♦s q✉❡

2n
∑

j=1

( sen (lxj))s̃k(x− xj) =
1

2n

2n−1
∑

k=1

σk(x)

ρk(0)

2n
∑

j=1

( sen (lxj))( sen (kxj)). ✭✷✳✸✮

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ r❡❛❧✱ ✉s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✸ ❡ ✭✷✳✸✮✱ ♦❜t❡♠♦s✱ ♣❛r❛ 1 ≤ l ≤ n✱

2n
∑

j=1

( sen (lxj))s̃k(x− xj) =
1

2

σl(x)

ρl(0)
−

1

2

σ2n−l(x)

ρ2n−l(0)

=
1

2

σl(x)

ρl(0)
+

1

2

σl(x)

ρl(0)

=
σl(x)

ρl(0)
.

❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣❛r❛ l ∈ Z é ♦❜t✐❞❛ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ r❡❛❧✳

✸✾



❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛ l ∈ Z✳ P❛r❛ ❝❛❞❛ x ∈ R✱ ❞❡✜♥✐♠♦s

Θn,l(x) = eilx −
2n
∑

j=1

eilxj s̃k(x− xj).

▲❡♠❛ ✷✳✷✳✹✳ ❙❡❥❛ K ∈ C2π ✉♠ ♥ú❝❧❡♦ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✶✱ t❛❧ q✉❡ al > al+1 > 0✱ ♣❛r❛

t♦❞♦ l ∈ Z✳ ❙✉♣♦♥❤❛♠♦s q✉❡✱ ♣❛r❛ 1 ≤ |l| ≤ n− 1✱

∞
∑

m=1

a2mn−l ≤ Ca2n−l,

♣❛r❛ q✉❛❧q✉❡r n ∈ N✱ ♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C ✐♥❞❡♣❡♥❞❡ ❞❡ n ❡ l✳ ❊♥tã♦✱

|Θn,l(x)| ≤

{

8
Ca2n−|l|

a|l|
, 1 ≤ |l| ≤ n− 1,

4, |l| ≥ n.

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♣❛r❛ ❛ ♣❛rt❡ r❡❛❧✳ ❙❡❥❛

µn,l(x) = cos(lx)−
2n
∑

j=1

(cos(lxj))s̃k(x− xj)

❛ ♣❛rt❡ r❡❛❧ ❞❡ Θn,l✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✷ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ t❡♠♦s

µn,l(x) = cos(lx)−
ρl(x)

ρl(0)
= cos(lx)−

s(x) + a|l| cos(lx)

s(0) + a|l|
,

♦♥❞❡

s(x) =
∞
∑

m=1

(a2mn−l cos((2mn− l)x) + a2mn+l cos((2mn+ l)x)).

❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡✱ ♦❜t❡♠♦s

|µn,l(x)| =

∣

∣

∣

∣

s(0) cos(lx) + a|l| cos(lx)− s(x)− a|l| cos(lx)

s(0) + a|l|

∣

∣

∣

∣

≤

∣

∣

∣

∣

s(0) cos(lx)

s(0) + a|l|

∣

∣

∣

∣

+

∣

∣

∣

∣

s(x)

s(0) + a|l|

∣

∣

∣

∣

≤

∣

∣

∣

∣

s(0)

s(0) + a|l|

∣

∣

∣

∣

+

∣

∣

∣

∣

s(x)

s(0) + a|l|

∣

∣

∣

∣

≤ 2,

♣❛r❛ t♦❞♦ l ∈ Z✱ ♣♦✐s a|l| > 0 ❡ s(x) ≤ s(0)✱ ♣❛r❛ t♦❞♦ x ∈ R✳

P❛r❛ ♦ ❝❛s♦ 1 ≤ |l| ≤ n− 1✱ t❡♠♦s ❛✐♥❞❛

|µn,l(x)| ≤

∣

∣

∣

∣

s(0)

s(0) + a|l|

∣

∣

∣

∣

+

∣

∣

∣

∣

s(x)

s(0) + a|l|

∣

∣

∣

∣

≤ 2

∣

∣

∣

∣

s(0)

s(0) + a|l|

∣

∣

∣

∣

≤ 2
s(0)

a|l|
.

✹✵



◆♦t❡ q✉❡

s(0) =
∞
∑

m=1

(a2mn−l + a2mn+l) ≤ 2
∞
∑

m=1

a2mn−|l|,

♣♦✐s (al)∞l=1 é ❞❡❝r❡s❝❡♥t❡✳ ❆ss✐♠✱

|µn,l(x)| ≤ 2
s(0)

a|l|
≤ 4

∑∞
m=1 a2mn−|l|

a|l|
≤ 4

Ca2n−|l|

a|l|
.

▲♦❣♦✱

|µn,l(x)| ≤

{

4
Ca2n−|l|

a|l|
, 1 ≤ |l| ≤ n− 1,

2, |l| ≥ n.

P❛ss❡♠♦s✱ ❛❣♦r❛✱ à ❞❡♠♦♥str❛çã♦ ❞❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ r❡s✉❧t❛❞♦✳ ❙❡❥❛

φn,l(x) = sen (lx)−
2n
∑

j=1

( sen (lxj))s̃k(x− xj)

❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ Θn,l(x)✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✷✱ ♦❜t❡♠♦s

φn,l(x) = sen (lx)−
σl(x)

ρl(0)
=
ρl(0) sen (lx)− σl(x)

ρl(0)
.

❆❣♦r❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ t❡♠♦s q✉❡ |σl(x)| ≤ ρl(0)✱ ♣❛r❛ t♦❞♦ l ∈ Z ❡ x ∈ R✱ ❡✱ ❛ss✐♠

|φn,l(x)| ≤
|ρl(0) sen (lx)|+ |σl(x)|

ρl(0)

≤ 2
ρl(0)

ρl(0)
= 2.

❙❡❥❛ t(x) = σl(x) − al sen (lx)✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ t❡♠♦s q✉❡ |t(x)| ≤ s(0)✱ ♣❛r❛ t♦❞♦

x ∈ R✳ ❆ss✐♠

|φn,l(x)| =
|al sen (lx) + s(0) sen (lx)− al sen (lx)− t(x)|

al + s(0)

≤
s(0) + |t(x)|

al + s(0)

≤ 2
s(0)

al
.

P♦rt❛♥t♦✱ ♣❡❧❛s ❝♦♥t❛s ❞♦ ❝❛s♦ r❡❛❧✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

|φn,l(x)| ≤ 4
Ca2n−|l|

a|l|
.

❏✉♥t❛♥❞♦ ❛s ❝♦♥t❛s ❞❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞❡ Θn,l(x)✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

▲❡♠❛ ✷✳✷✳✺✳ ❙❡❥❛ (al)
∞
l=1 ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✳✹✳ P❛r❛ p ≥ 1✱

∑

l∈Z

apl |Θn,l(x)|
p ≤ 4 · 8p

∑

l≥n

apl .

✹✶



❉❡♠♦♥str❛çã♦✳ ▲❡♠❜r❡♠♦s q✉❡ al ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ l ∈ Z ❡ a0 = 0✱ al = a−l✳ ❯s❛♥❞♦ ♦

▲❡♠❛ ✷✳✷✳✹✱ t❡♠♦s q✉❡

∑

l∈Z

apl |Θn,l(x)|
p =

∑

0<|l|<n

apl |Θn,l(x)|
p +

∑

|l|≥n

apl |Θn,l(x)|
p

≤
∑

0<|l|<n

apl

(

8
Ca2n−|l|

a|l|

)p

+
∑

|l|≥n

apl 4
p

≤ 8p





∑

0<|l|<n

apl
ap2n−|l|

ap|l|
+
∑

|l|≥n

apl





= 8p





∑

0<|l|<n

ap2n−|l| +
∑

|l|≥n

apl





≤ 8p





∑

n<|l|<2n

apl +
∑

|l|≥n

apl





≤ 2 · 8p
∑

|l|≥n

apl

= 4 · 8p
∑

l≥n

apl .

◆♦t❛çã♦ ✷✳✷✳✻✳ ❙❡❥❛ p ∈ R✱ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Lp = Lp([0, 2π]) ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s f : R → R✱ ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 2π✱ ♠❡♥s✉rá✈❡✐s ❡ t❛✐s q✉❡

‖f‖p =

(

1

2π

∫ 2π

0

|f(x)|pdx

)1/p

<∞, 1 ≤ p <∞,

‖f‖∞ = inf {C : |f(x)| ≤ C, ♣❛r❛ q✳t✳♣✳ x ∈ [0, 2π]} <∞.

❙❡ f, g ∈ Lp ❡ f = g q✳t✳♣✳✱ ❝♦♥s✐❞❡r❛♠♦s f ❡ g ❝♦♠♦ ✉♠♠❡s♠♦ ❡❧❡♠❡♥t♦ ❞❡ Lp✳ ❈♦♥s✐❞❡r❛♠♦s

Lp s❡♠♣r❡ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖ · ‖p✳

❉❡♥♦t❛r❡♠♦s ♣♦r Up ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞❡ Lp✱ ✐st♦ é✱

Up = {f ∈ Lp : ‖f‖p ≤ 1}.

❉❛❞♦ ✉♠ ♥ú❝❧❡♦ K ∈ C2π ❡ f ∈ Lp✱ ❞❡♥♦t❛r❡♠♦s ♣♦r K ∗ f ♦ ♣r♦❞✉t♦ ❞❡ ❝♦♥✈♦❧✉çã♦ ❞❡

K ♣♦r f ✱ ✐st♦ é✱

K ∗ f(x) =
1

2π

∫ 2π

0

K(x− y)f(y)dy.

❉❡♥♦t❛♠♦s

K ∗ Up = {K ∗ φ : φ ∈ Up}.

✹✷



❖❜s❡r✈❛çã♦ ✷✳✷✳✼✳ ❙❡❥❛ f ∈ L1✳ ❆ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ f é ❛ sér✐❡

∑

k∈Z

bk(f)e
ikx,

♦♥❞❡

bk = bk(f) =
1

2π

∫ 2π

0

f(y)e−ikydy.

❙❡❥❛ f ∈ Lp✱ 1 ≤ p ≤ 2✱ s❡❥❛♠ bk✱ k ∈ Z✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡ f ❡ s❡❥❛ p′ t❛❧ q✉❡

1/p+ 1/p′ = 1✳ ❊♥tã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛✉s❞♦r✛✲❨♦✉♥❣ ❬✈❡r ❬✹❪✱ ♣á❣✳ ✾✾❪ ❞✐③ q✉❡

‖f‖p′ ≤

(

∑

k∈Z

|bk|
p

)1/p

.

❖❜s❡r✈❛çã♦ ✷✳✷✳✽✳ ❙❡❥❛ 1 ≤ p ≤ ∞ ❡ s❡❥❛ p′ t❛❧ q✉❡ 1/p + 1/p′ = 1✳ ❊♥tã♦✱ ♣❛r❛ g ∈ Lp′

✭✈❡r ❬✶❪✱ ♣á❣✳ ✶✽✵✮ t❡♠♦s q✉❡

‖g‖p′ = sup

{

1

2π

∣

∣

∣

∣

∫ 2π

0

f(x)g(x)dx

∣

∣

∣

∣

: f ∈ Up

}

.

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r T : Lp → Lq ❧✐♠✐t❛❞❛✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ f ∈ Lp✱

‖T (f)‖q ≤ C‖f‖p.

❉❡♥♦t❡♠♦s

‖T‖p,q = sup {‖T (f)‖q : f ∈ Up} <∞.

❙❡❥❛♠ p′, q′ t❛✐s q✉❡ 1/p′ + 1/p = 1 ❡ 1/q + 1/q′ = 1 ❡ s✉♣♦♥❤❛♠♦s q✉❡

∫ 2π

0

T (g)(x)f(x)dx =

∫ 2π

0

g(x)T (f)(x)dx

♣❛r❛ t♦❞❛ g ∈ Lp ❡ f ∈ Lq′ ✳ ❊♥tã♦

‖T‖q′,p′ = sup{‖T (f)‖p′ : f ∈ Uq′}

= sup

{

1

2π

∣

∣

∣

∣

∫ 2π

0

T (f)(x)g(x)dx

∣

∣

∣

∣

: g ∈ Up, f ∈ Uq′

}

= sup

{

1

2π

∣

∣

∣

∣

∫ 2π

0

f(x)T (g)(x)dx

∣

∣

∣

∣

: f ∈ Uq′ , g ∈ Up

}

= sup{‖T (g)‖q : g ∈ Up}

= ‖T‖p,q.

P♦rt❛♥t♦✱ T ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠ ♦♣❡r❛❞♦r ❞❡ Lq′ ❡♠ Lp′ ❡ t❡♠♦s q✉❡ ‖T‖q′,p′ = ‖T‖p,q✳

✹✸



❚❡♦r❡♠❛ ✷✳✷✳✾ ✭❚❡♦r❡♠❛ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❞❡ ❘✐❡s③✲❚❤♦r✐♥✱ ❬✶❪✱ ♣á❣✳ ✷✵✵✮✮✳ ❙❡❥❛♠ 1 ≤

p0, p1, q0, q1 ≤ ∞ ❡ ♣❛r❛ 0 < t < 1 s❡❥❛♠ pt ❡ qt ❞❛❞♦s ♣♦r

1

pt
=

1− t

p0
+

t

p1
,

1

qt
=

1− t

q0
+

t

q1
.

❙✉♣♦♥❤❛♠♦s q✉❡ T s❡❥❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❞❡ Lp0 + Lp1 ❡♠ Lq0 + Lq1 t❛❧ q✉❡

‖T (f)‖q0 ≤M0‖f‖p0 , f ∈ Lp0 ,

‖T (f)‖q1 ≤M1‖f‖p1 , f ∈ Lp1 .

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ 0 < t < 1✱

‖T (f)‖qt ≤M1−t
0 M t

1‖f‖pt , f ∈ Lpt .

❚❡♦r❡♠❛ ✷✳✷✳✶✵✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

al cos(lx),

♦♥❞❡ (al)
∞
l=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡

∞
∑

l=1

|al| <∞.

❙✉♣♦♥❤❛♠♦s q✉❡ al > al+1 > 0✱ ♣❛r❛ t♦❞♦ l ∈ N✱ ❡ q✉❡✱ ♣❛r❛ 1 ≤ l ≤ n− 1✱ t❡♠♦s

∞
∑

s=1

a2ns−l ≤ Ca2n−l,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ l ❡ n✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ p ≤ 2 ≤ q ≤ ∞✱ ❝♦♠

p−1 − q−1 ≥ 2−1✱

sup
f∈K∗Up

‖f − sk(f,∆n)‖q ≤

(

∑

l≥n

a
qp(q−p)−1

l

)p−1−q−1

.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f = K ∗ φ ∈ K ∗ Up✱ φ ∈ Up✳ ❚❡♠♦s q✉❡

f(x) =
1

2π

∫ 2π

0

K(x− y)φ(y)dy,

❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱

sk(f,∆n)(x) =
2n
∑

j=1

f(xj)s̃k(x− xj)

=
1

2π

∫ 2π

0

2n
∑

j=1

K(xj − y)s̃k(x− xj)φ(y)dy.

✹✹



❙❡❥❛ p′ t❛❧ q✉❡ 1/p+ 1/p′ = 1✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

|f(x)− sk(f,∆n)(x)| =

∣

∣

∣

∣

∣

1

2π

∫ 2π

0

K(x− y)φ(y)dy −
1

2π

∫ 2π

0

2n
∑

j=1

K(xj − y)s̃k(x− xj)φ(y)dy

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

1

2π

∫ 2π

0

[

K(x− y)−
2n
∑

j=1

K(xj − y)s̃k(x− xj)

]

φ(y)dy

∣

∣

∣

∣

∣

≤ ‖φ‖p

∥

∥

∥

∥

∥

K(x− ·)−
2n
∑

j=1

K(xj − ·)s̃k(x− xj)

∥

∥

∥

∥

∥

p′

≤

∥

∥

∥

∥

∥

K(x− ·)−
2n
∑

j=1

K(xj − ·)s̃k(x− xj)

∥

∥

∥

∥

∥

p′

. ✭✷✳✹✮

❈♦♠♦ 1 ≤ p ≤ 2✱ ❡♥tã♦ s❡❣✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛✉s❞♦r✛✲❨♦✉♥❣ q✉❡
∥

∥

∥

∥

∥

K(x− ·)−
2n
∑

j=1

K(xj − ·)s̃k(x− xj)

∥

∥

∥

∥

∥

p′

≤

(

∑

k∈Z

|bk|
p

)1/p

,

♦♥❞❡

bk =
1

2π

∫ 2π

0

[

K(x− y)−
2n
∑

j=1

K(xj − y)s̃k(x− xj)

]

eikydy.

▲❡♠❜r❛♥❞♦ q✉❡
1

2π

∫ 2π

0

eilydy =

{

1, l = 0,

0, l 6= 0,

t❡♠♦s q✉❡

1

2π

∫ 2π

0

K(x− y)eikydy =
∞
∑

l=1

al
2

(

eilx

2π

∫ 2π

0

ei(k−l)ydy +
e−ilx

2π

∫ 2π

0

ei(k+l)ydy

)

= ake
ikx

❡ q✉❡

1

2π

∫ 2π

0

(

2n
∑

j=1

K(xj − y)s̃k(x− xj)

)

eikydy =
2n
∑

j=1

(

1

2π

∫ 2π

0

K(xj − y)eikydy

)

s̃k(x− xj)

= ake
ikxj s̃k(x− xj).

P♦rt❛♥t♦

bk = ak

(

eikx −
2n
∑

j=1

eikxj s̃k(x− xj)

)

= akΘn,k(x),

♣❛r❛ t♦❞♦ k ∈ Z✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✺✱ t❡♠♦s

‖K(x− ·)−
2n
∑

j=1

K(xj − ·)s̃k(x− xj)‖p′ ≤

(

∑

k∈Z

apk|Θn,k(x)|
p

)1/p

≤ 8 · 41/p

(

∑

k≥n

apk

)1/p

. ✭✷✳✺✮

✹✺



P❛r❛ φ ∈ Lp✱ ❞❡✜♥✐♠♦s

T (φ)(x) =
1

2π

∫ 2π

0

[

K(x− y)−
2n
∑

j=1

K(xj − y)s̃k(x− xj)

]

φ(y)dy.

P❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✹✮ ❡ ✭✷✳✺✮✱ t❡♠♦s q✉❡

‖T‖p,∞ ≤ 8 · 41/p

(

∑

l≥n

apl

) 1

p

.

❆❣♦r❛✱ ♣❛r❛ t♦❞❛ φ ∈ Lp ❡ ψ ∈ L1✱ t❡♠♦s q✉❡

∫ 2π

0

T (φ)(x)ψ(x)dx =

∫ 2π

0

φ(x)T (ψ)(x)dx

❡✱ ❛ss✐♠✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✽✱ t❡♠♦s q✉❡ T é ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦ ❞❡ L1 ❡♠ Lp′ ❡✱ ❛❧é♠

❞✐ss♦✱

‖T‖1,p′ = ‖T‖p,∞ ≤ 8 · 41/p

(

∑

l≥n

apl

)1/p

.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❞❡ ❘✐❡s③✲❚❤♦r✐♥ ✭❚❡♦r❡♠❛ ✷✳✷✳✾✮ ♣❛r❛ p0 = 1✱

p1 = p✱ q0 = p′✱ q1 = ∞✱ t❡♠♦s✱ ♣❛r❛ 0 < t < 1✱ q✉❡

1

pt
= 1− t+

t

p
❡

1

qt
=

1− t

p′
,

❡ q✉❡

‖T‖pt,qt ≤ 8 · 41/p

(

∑

l≥n

apl

)1/p

.

◆♦t❡ q✉❡ p−1
t − q−1

t = p−1 ≥ 2−1✳ ❆ss✐♠✱ t♦♠❛♥❞♦ r = pt ❡ s = qt✱ s❡ 1 ≤ r ≤ 2 ≤ s ≤ ∞ ❡

r−1 − s−1 ≥ 2−1✱ ❡♥tã♦ T é ❧✐♠✐t❛❞♦ ❞❡ Lr ❡♠ Ls ❡

‖T‖r,s ≤ Cr,s

(

∑

l≥n

a
rs/(s−r)
l

)r−1−s−1

.

✹✻



❈❛♣ít✉❧♦ ✸

❆♣❧✐❝❛çõ❡s

◆❛s ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ s❡çõ❡s ❞❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ❛♣r♦①✐♠❛çã♦

❞❡ ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❢✉♥çõ❡s ✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦r sk✲s♣❧✐♥❡s✳

❆♠❜❛s sã♦ ❛♣❧✐❝❛çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵✳ ❆ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ sk✲s♣❧✐♥❡s ✐♥t❡r♣♦❧❛♥t❡s

♣❛r❛ ❡ss❛s ❢✉♥çõ❡s é ❣❛r❛♥t✐❞❛ ♣❡❧♦s ❚❡♦r❡♠❛s ✶✳✶✳✼ ❡ ✶✳✷✳✽✭❛✮✳

✸✳✶ ❆♣r♦①✐♠❛çã♦ ❞❡ ❋✉♥çõ❡s ■♥✜♥✐t❛♠❡♥t❡ ❉✐❢❡r❡♥❝✐á✈❡✐s

♣♦r sk✲❙♣❧✐♥❡s

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠ ♥ú❝❧❡♦ K ∈ C2π ❡ s❡❥❛♠ p, q ∈ R✱ 1 ≤ p, q ≤ ∞✳

❙✉♣♦♥❤❛♠♦s q✉❡ K ∗ Up ⊂ Lq ✭✈❡r ◆♦t❛çã♦ ✷✳✷✳✻✮✳ ❉❡✜♥✐♠♦s✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ♦ ♥ú♠❡r♦

en(K ∗ Up, Lq) = sup
f∈K∗Up

‖f − sk(f,∆n)‖q.

❖❜s❡r✈❛çã♦ ✸✳✶✳✷✳ ❙❡❥❛♠ p, q ∈ R t❛✐s q✉❡ 1 ≤ p ≤ q ≤ ∞✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r f ∈ Lp✱

t❡♠♦s q✉❡ ‖f‖p ≤ ‖f‖q ❡✱ ❛ss✐♠✱ Uq ⊂ Up✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ t❡♠♦s q✉❡✿

(a) s❡ 1 ≤ p1 ≤ p2 ≤ ∞ ❡ K ∗ Up1 ⊂ Lq✱ ❡♥tã♦

en(K ∗ Up2 , Lq) ≤ en(K ∗ Up1 , Lq);

(b) s❡ 1 ≤ q1 ≤ q2 ≤ ∞ ❡ K ∗ Up ⊂ Lq2 ✱ ❡♥tã♦

en(K ∗ Up, Lq1) ≤ en(K ∗ Up, Lq2).

❖❜s❡r✈❛çã♦ ✸✳✶✳✸✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

e−αlr cos(lx),

✹✼



♦♥❞❡ α, r sã♦ ❝♦♥st❛♥t❡s r❡❛✐s t❛✐s q✉❡ α > 0 ❡ r ≥ 1✳ ❊♥tã♦ K ∗ U1 ⊂ L∞✳ ❉❡ ❢❛t♦✱ s❡❥❛

f = K ∗ φ ∈ K ∗ U1✱ φ ∈ L1✱ ‖φ‖1 ≤ 1✳ ❈♦♠♦ r ≥ 1✱ t❡♠♦s q✉❡ e−αlr ≤ e−αl ❡✱ ❛ss✐♠

|K ∗ φ(x)| ≤
1

2π

∫ 2π

0

|K(x− y)||φ(y)|dy

=
1

2π

∫ 2π

0

(∣

∣

∣

∣

∣

∞
∑

l=1

e−αlr cos(l(x− y))

∣

∣

∣

∣

∣

|φ(y)|

)

dy

≤

(

∞
∑

l=1

e−αlr

)

‖φ‖1

≤
∞
∑

l=1

e−αl

≤
1

1− e−α
<∞.

▲♦❣♦

‖K ∗ φ‖∞ ≤
1

1− e−α
,

♦✉ s❡❥❛✱ K ∗ φ ∈ L∞✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✹✳ ❙❡❥❛ m ∈ N ❡ f ∈ C
(m)
2π ✱ ✐st♦ é✱ f ∈ C2π ❡ ♣♦ss✉✐ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s

❛té ❛ ♦r❞❡♠ m✳ ❈♦♠♦ ❛ m✲és✐♠❛ ❞❡r✐✈❛❞❛ f (m) ❞❡ f é ❝♦♥tí♥✉❛✱ ❡♥tã♦ f (m) ∈ Lp✱ ♣❛r❛

1 ≤ p ≤ ∞✳ ❙❡ 1 < p < ∞✱ ❡♥tã♦ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ f (m) ❝♦♥✈❡r❣❡ ❡♠ Lp ♣❛r❛ f (m) ✭✈❡r

❬✶✼❪✮ ❡

f (m)(x) =
∑

k∈Z

(ik)mbk(f)e
ikx.

❙❡❥❛ K(x) ♦ ♥ú❝❧❡♦ ❝♦♥s✐❞❡r❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✸✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ❡st❡ ♥ú❝❧❡♦ ♥❛

❢♦r♠❛

K(x) =
1

2

∑

k∈Z\{0}

e−α|k|reikx.

❙❡❥❛ φ ∈ L1 ❡ s❡❥❛ m ∈ N✳ ❆ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ K ∗ φ ❝♦♥✈❡r❣❡ ♣❛r❛ K ∗ φ ♥❛ ♥♦r♠❛ ❞❡ Lp✱

1 < p <∞✱ ♣♦✐s K ∗ φ ∈ L∞ ⊂ Lp ❡ t❡♠♦s q✉❡

K ∗ φ(x) =
1

2

∑

k∈Z\{0}

e−α|k|rbk(φ)e
ikx.

❈♦♠♦
∞
∑

k=1

e−αkrkm <∞,

s❡❣✉❡ q✉❡ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❛ m✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ K ∗ φ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡ t❡♠♦s✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✽ q✉❡

(K ∗ φ)(m)(x) =
1

2

∑

k∈Z\{0}

e−α|k|r(ik)mbk(φ)e
ikx.

P♦rt❛♥t♦✱ ❛ ❞❡r✐✈❛❞❛ (K ∗ φ)(m) ❡①✐st❡✱ ♣❛r❛ q✉❛❧q✉❡r m ∈ N✱ ✐st♦ é✱ K ∗ φ ∈ C
(∞)
2π ✳

✹✽



❖❜s❡r✈❛çã♦ ✸✳✶✳✺✳ ❙❡❥❛ r ∈ R✱ r ≥ 1✱ ❡ s❡❥❛♠ l, n ∈ N t❛✐s q✉❡ l ≥ n✳ ❊♥tã♦ t❡♠♦s q✉❡

(l − n)r ≤ lr − nr. ✭✸✳✶✮

❉❡ ❢❛t♦✱ ✜①❡♠♦s n ❡ r ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

f(x) = (x− n)r − xr + nr, x ≥ n.

❉❡r✐✈❛♥❞♦ f(x)✱ ♦❜t❡♠♦s

f ′(x) = r(x− n)r−1 − rxr−1

= r[(x− n)r−1 − xr−1]

≤ 0,

♣♦✐s r − 1 ≥ 0✳ ▲♦❣♦✱ ❛ ❢✉♥çã♦ f é ❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱ ♣❛r❛ x ≥ n✱ t❡♠♦s f(x) ≤ f(n) = 0✳

P♦rt❛♥t♦✱ (x− n)r ≤ xr − nr✱ ♣❛r❛ t♦❞♦ x ≥ n✳

❚❡♦r❡♠❛ ✸✳✶✳✻✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

∞
∑

l=1

e−αlr cos(lx),

♦♥❞❡ α ❡ r sã♦ ❝♦♥st❛♥t❡s r❡❛✐s t❛✐s q✉❡ α > 0 ❡ r ≥ 1✳ ❊♥tã♦✱ ♣❛r❛ q✉❛✐sq✉❡r 1 ≤ p ≤ 2 ≤

q ≤ ∞✱ ❝♦♠ p−1 − q−1 ≥ 2−1✱ ❡ n ≥ 1✱ t❡♠♦s q✉❡

en(K ∗ Up, Lq) ≤ Cαe
−αnr

,

♦♥❞❡ Cα é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ α✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ al = e−αlr ✳ ❯s❛♥❞♦ ❛ s♦♠❛ ❞❛ sér✐❡ ❣❡♦♠étr✐❝❛ ❡ ❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✺✱

♦❜t❡♠♦s

∞
∑

s=1

a2ns−l =
∞
∑

s=1

e−α(2ns−l)r

=
∞
∑

s=1

e−α(2ns−l)r

eα(2n−l)r
eα(2n−l)r

= e−α(2n−l)r
∞
∑

s=1

e−α[(2ns−l)r−(2n−l)r]

≤ e−α(2n−l)r
∞
∑

s=1

e−α[2n(s−1)]r

= e−α(2n−l)r
∞
∑

s=0

e−α(2ns)r

≤ e−α(2n−l)r
∞
∑

s=0

(e−2nα)s

✹✾



= e−α(2n−l)r 1

1− e−2nα

≤
1

1− e−2α
e−α(2n−l)r

=
1

1− e−2α
a2n−l.

❙❡❥❛♠ p = 1✱ q = ∞ ❡ s = p−1 − q−1 = 1✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵ ❡ ✉s❛♥❞♦ ❛

❖❜s❡r✈❛çã♦ ✸✳✶✳✺✱ ♦❜t❡♠♦s

en(K ∗ U1, L∞) ≤

(

∑

l≥n

(al)
s−1

)s

=
∑

l≥n

al

=
∑

l≥n

e−αlr

=
∑

l≥n

e−αlr

eαnr e
αnr

= e−αnr
∑

l≥n

e−α(lr−nr)

≤ e−αnr
∑

l≥n

e−α(l−n)r

= e−αnr

∞
∑

l=0

e−αlr

≤ e−αnr

∞
∑

l=0

e−αl

= e−αnr 1

1− e−α

= Cαe
−αnr

= Cαan.

❖ r❡s✉❧t❛❞♦ ❞♦ t❡♦r❡♠❛ s❡❣✉❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✳

✸✳✷ ❆♣r♦①✐♠❛çã♦ ❞❡ ❋✉♥çõ❡s ❋✐♥✐t❛♠❡♥t❡ ❉✐❢❡r❡♥❝✐á✈❡✐s

♣♦r sk✲❙♣❧✐♥❡s

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

l−r cos(lx),

✺✵



♦♥❞❡ r é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧ t❛❧ q✉❡ r > 1✳ ❊♥tã♦ K ∗ U1 ⊂ L∞✳ ❉❡ ❢❛t♦✱ s❡❥❛ f = K ∗ φ ∈

K ∗ U1✱ φ ∈ L1✱ ‖φ‖1 ≤ 1✳ ❆ss✐♠✱

|K ∗ φ(x)| ≤
1

2π

∫ 2π

0

|K(x− y)||φ(y)|dy

=
1

2π

∫ 2π

0

(∣

∣

∣

∣

∣

∞
∑

l=1

l−r cos(l(x− y))

∣

∣

∣

∣

∣

|φ(y)|

)

dy

≤

(

∞
∑

l=1

l−r

)

‖φ‖1

≤
∞
∑

l=1

l−r.

❚❡♠♦s q✉❡ ❛ sér✐❡ ♥✉♠ér✐❝❛
∑∞

l=1 l
−r ❝♦♥✈❡r❣❡ ♣❡❧♦ ❈r✐tér✐♦ ❞❛ ■♥t❡❣r❛❧ ❡ q✉❡

∞
∑

l=1

l−r ≤ 1 +

∫ ∞

1

x−rdx

= 1 + lim
n→∞

1

r − 1

(

1−
1

nr−1

)

= 1 +
1

r − 1

=
r

r − 1
.

▲♦❣♦

‖K ∗ φ‖∞ ≤
r

r − 1
,

♦✉ s❡❥❛✱ K ∗ φ ∈ L∞✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛♠ r ∈ R✱ r > 0✱ ❡ 1 ≤ p ≤ ∞ ❡ s❡❥❛ K(x) ♦ ♥ú❝❧❡♦ ❝♦♥s✐❞❡r❛❞♦ ♥❛

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✳ ❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W r
p é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

W r
p = {K ∗ φ ∈ Lp : φ ∈ Lp}

❝♦♠ ❛ ♥♦r♠❛

‖K ∗ φ‖W r
p
= ‖K ∗ φ‖p + ‖φ‖p.

❖❜s❡r✈❛çã♦ ✸✳✷✳✸✳ ❙❡❥❛♠ r ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣❛r ❡ p ∈ R✱ 1 < p <∞✳ ❚❡♠♦s q✉❡

K(x) =
1

2

∑

k∈Z\{0}

|k|−reikx.

❉❡♥♦t❡♠♦s

W
r

p = {f ∈ Lp : f
(r) ∈ Lp}.

✺✶



❙❡❥❛ f ∈ W r
p ✱ ✐st♦ é✱ f = K ∗ φ ∈ Lp✱ ❝♦♠ φ ∈ Lp✳ ❚❡♠♦s q✉❡

f(x) =
1

2

∑

k∈Z\{0}

|k|−rbk(φ)e
ikx,

♦♥❞❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ sér✐❡ ❛❝✐♠❛ ♦❝♦rr❡ ❡♠ Lp✱ ♣♦✐s f = K ∗ φ ∈ Lp ✭✈❡r ❬✶✼❪✮✳ ❚❡♠♦s q✉❡

f (r)(x) ∼
1

2

∑

k∈Z\{0}

|k|−r(ik)rbk(φ)e
ikx

∼
(i)r

2
(φ(x)− b0(φ)).

❈♦♠♦ φ ∈ Lp✱ ❡♥tã♦ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ φ ❝♦♥✈❡r❣❡ ♣❛r❛ φ ❡♠ Lp ❡✱ ❛ss✐♠✱ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r

❞❡ f (r) t❛♠❜é♠ ❝♦♥✈❡r❣❡ ♣❛r❛ f (r) ❡♠ Lp✳ P♦rt❛♥t♦✱ f ∈ W
r

p✳

❙✉♣♦♥❤❛♠♦s f ∈ W
r

p ❡ t♦♠❡♠♦s φ = f (r) ∈ Lp✳ ❈♦♠♦ φ ∈ Lp✱ t❡♠♦s

φ(x) = f (r)(x) =
∑

k∈Z

(ik)rbk(f)e
ikx

❡

K ∗ φ(x) ∼
1

2

∑

k∈Z\{0}

|k|−r(ik)rbk(f)e
ikx

∼
(i)r

2
(f(x)− b0(f)).

❆ ❢✉♥çã♦ f ♣❡rt❡♥❝❡ ❛ Lp✱ ❛ss✐♠✱ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ f ❝♦♥✈❡r❣❡ ❡♠ Lp ♣❛r❛ f ❡✱ ❝♦♥s❡✲

q✉❡♥t❡♠❡♥t❡✱ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ K ∗ φ ❝♦♥✈❡r❣❡ ♣❛r❛ K ∗ φ ❡♠ Lp✳ P♦rt❛♥t♦✱ K ∗ φ ∈ Lp✱

✐st♦ é✱ f ∈ W r
p ✳

❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ W r
p = W

r

p✳

❚❡♦r❡♠❛ ✸✳✷✳✹✳ ❙❡❥❛ K ∈ C2π ❞❛❞❛ ♣♦r

K(x) =
∞
∑

l=1

l−r cos(lx),

♦♥❞❡ r é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧ t❛❧ q✉❡ r > 1✳ ❊♥tã♦✱ ♣❛r❛ q✉❛✐sq✉❡r 1 ≤ p ≤ 2 ≤ q ≤ ∞✱ ❝♦♠

p−1 − q−1 ≥ 2−1✱ ❡ n ≥ 1✱ t❡♠♦s q✉❡

en(K ∗ Up, Lq) ≤ Crn
−r+1/p.

♦♥❞❡ Cr é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ al = l−r✳ ➱ ❝❧❛r♦ q✉❡ ❛ s❡q✉ê♥❝✐❛ (al)
∞
l=1 é ♣♦s✐t✐✈❛ ❡ ❡str✐t❛♠❡♥t❡

✺✷



❞❡❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ 1 ≤ l ≤ n− 1✱ t❡♠♦s✿

∞
∑

s=1

a2ns−l =
∞
∑

s=1

(2ns− l)−r

= (2n− l)−r +
∞
∑

s=2

(2ns− l)−r

≤ (2n− l)−r +

∫ ∞

1

(2nx− l)−rdx

= (2n− l)−r + lim
m→∞

∫ m

1

(2nx− l)−rdx

= (2n− l)−r + lim
m→∞

∫ 2mn−l

2n−l

u−r

2n
du

= (2n− l)−r + lim
m→∞





1

2n(−r + 1)
u−r+1

∣

∣

∣

∣

∣

u=2mn−l

u=2n−l





= (2n− l)−r + lim
m→∞

(

1

2n(−r + 1)

(

(2mn− l)−r+1 − (2n− l)−r+1
)

)

= (2n− l)−r +
1

2n(r − 1)
(2n− l)−r+1

= (2n− l)−r

(

1 +
2n− l

2n(r − 1)

)

≤

(

1 +
2

2(r − 1)

)

a2n−l

=
r

r − 1
a2n−l.

❙❡❥❛♠ p = 1✱ q = ∞ ❡ s = p−1− q−1 = 1✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵✱ ♣❛r❛ n ≥ 2✱

en(K ∗ U1, L∞) ≤

(

∑

l≥n

(al)
s−1

)s

=
∑

l≥n

al

=
∑

l≥n

l−r

≤

∫ ∞

n−1

x−rdx

= lim
m→∞

∫ m

n−1

x−rdx

= lim
m→∞

(

1

−r + 1
x−r+1

∣

∣

∣

∣

∣

x=m

x=n−1

)

= lim
m→∞

(

1

−r + 1

(

m−r+1 − (n− 1)−r+1
)

)

=
1

r − 1
(n− 1)−r+1

✺✸



=
1

r − 1

(

n− 1

n

)−r+1

n−r+1

≤
2r

r − 1
n−r+1. ✭✸✳✷✮

❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ p = 2✱ q = ∞ ❡ s = p−1 − q−1 = 1/2✱ t❡♠♦s

en(K ∗ U2, L∞) =

(

∑

l≥n

l−2r

)1/2

≤

(

2r

2r − 1
n−2r+1

)1/2

=
2r

(2r − 1)1/2
n−r+1/2. ✭✸✳✸✮

P❛r❛ φ ∈ L1✱ ❞❡✜♥✐♠♦s T (φ) = K ∗ φ − sk(K ∗ φ,∆n)✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✮✱ T é ✉♠

♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦ ❞❡ L1 ❡♠ L∞ ❡

‖T‖1,∞ ≤ Crn
−r+1.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✸✮✱ t❡♠♦s q✉❡ T é ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦ ❞❡ L2 ❡♠ L∞ ❡

‖T‖2,∞ ≤ Drn
−r+1/2.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❞❡ ❘✐❡s③✲❚❤♦r✐♥ ✭❚❡♦r❡♠❛ ✷✳✷✳✾✮ ♣❛r❛ p0 = 1✱

p1 = 2✱ q0 = ∞✱ q1 = ∞✱ t❡♠♦s✱ ♣❛r❛ 0 < t < 1✱ q✉❡

pt =
2

2− t
❡ qt = ∞

❡ q✉❡

‖T‖pt,∞ ≤
(

Crn
−r+1

)1−t (
Drn

−r+1/2
)t

= Cr,tn
(−r+1)(1−t)+(−r+1/2)t

= Cr,tn
−r+(2−t)/2

= Cr,tn
−r+1/pt .

◆♦t❡ q✉❡ 1 ≤ pt ≤ 2✳ ❆ss✐♠✱ t♦♠❛♥❞♦ p = pt✱ t❡♠♦s

en(K ∗ Up, L∞) ≤ Cr,pn
−r+1/p.

❖ r❡s✉❧t❛❞♦ ❞♦ t❡♦r❡♠❛ s❡❣✉❡ ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✳

✺✹



❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦

❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❧✐♠✐t❛❞❛✱ ✹✸

❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r✱ ✹✸

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛✉s❞♦r✛✲❨♦✉♥❣✱ ✹✸

❡s♣❛ç♦ Lp✱ ✹✷

♥♦r♠❛✱ ✹✷

❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✱ ✺✶

♠❛tr✐③ ❝✐r❝✉❧❛♥t❡✱ ✹

❛✉t♦✈❛❧♦r✱ ✹

❛✉t♦✈❡t♦r✱ ✹

♥ós✱ ✸

♥ú❝❧❡♦✱ ✹

♥ú♠❡r♦s ❞❡ ❇❡r♥♦✉❧❧✐✱ ✸✷

♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦

♥♦r♠❛✱ ✹✸

♣❛rt✐çã♦✱ ✸

♣♦❧✐♥ô♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐✱ ✸✷

♣♦♥t♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ✹

♣r♦❞✉t♦ ❞❡ ❝♦♥✈♦❧✉çã♦✱ ✹✷

sér✐❡ ❞❡ ❋♦✉r✐❡r✱ ✹✸

s❡q✉ê♥❝✐❛ ❝♦♥✈❡①❛✱ ✷✵

s❦✲s♣❧✐♥❡✱ ✸

s❦✲s♣❧✐♥❡ ❝❛r❞✐♥❛❧✱ ✸✺

s❦✲s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡✱ ✹

s♦♠❛ ❞❡ ❈ès❛r♦✱ ✷✶

s♣❧✐♥❡ ♣♦❧✐♥♦♠✐❛❧✱ ✸✸

❚❡♦r❡♠❛ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❞❡ ❘✐❡s③✲❚❤♦r✐♥✱ ✹✹

✺✺



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❋♦❧❧❛♥❞✱ ●✳ ❇✳✱ ❘❡❛❧ ❆♥❛❧②s✐s ✲ ▼♦❞❡r♥ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❚❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ 2a ❡❞✐çã♦✱

❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ✶✾✾✾✳

❬✷❪ ●♦❧♦♠❜✱ ▼✳✱ ❆♣♣r♦①✐♠❛t✐♦♥ ❜② ♣❡r✐♦❞✐❝ s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥ts ♦♥ ✉♥✐❢♦r♠ ♠❡s❤❡s✱ ❏✳ ❆♣✲

♣r♦①✐♠❛t✐♦♥ ❚❤❡♦r② ✶✭✶✮ ✭✶✾✻✽✮✱ ✷✻✕✻✺✳

❬✸❪ ●♦♠❡s✱ ❙✳ ▼✳✱ ❑✉s❤♣❡❧✱ ❆✳ ❑✳✱ ▲❡✈❡s❧❡②✱ ❏✳✱ ❘❛❣♦③✐♥✱ ❉✳ ▲✳✱ ■♥t❡r♣♦❧❛t✐♦♥ ♦♥ t❤❡ t♦r✉s

✉s✐♥❣ s❦✲s♣❧✐♥❡s ✇✐t❤ ♥✉♠❜❡r✲t❤❡♦r❡t✐❝ ❦♥♦ts✱ ❏✳ ❆♣♣r♦①✳ ❚❤❡♦r② ✾✽✭✶✮ ✭✶✾✾✾✮✱ ✺✻✕✼✶✳
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