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❘❡s✉♠♦

◆❡st❛ t❡s❡ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s q✉❡ ❢♦r♥❡❝❡♠ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈ ❝♦♠ ✉♠❛ ❛❜♦r❞❛❣❡♠ ✈✐❛ t❡♦r✐❛ ❞❡ ▲✐❡✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❡①♣♦❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✢❛❣ ❛ss♦❝✐❛❞♦s ❛ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ é ✉t✐❧✐✲

③❛❞❛ ♣❛r❛ ♦❜t❡r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ❝❡rt❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦ ❡s♣❡❝tr♦ ❞❡

▲②❛♣✉♥♦✈✳ ❊ss❛s ❝♦♠❜✐♥❛çõ❡s q✉❡ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s sã♦ ❞❡t❡r♠✐♥❛❞❛s ❛ ♣❛rt✐r ❞❛

❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞♦ ✢✉①♦ ♥♦s ✜❜r❛❞♦s ✢❛❣✳ ❆

❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ é t♦♠❛❞❛ ❝♦♠ r❡♣❡✐t♦ à ♣❡rt✉r❜❛çã♦ ❞♦ ✢✉①♦ ♣♦r ❡❧❡♠❡♥t♦s ❞♦

❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳
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❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❛❜♦✉t r❡❣✉❧❛r✐t② ♦❢ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥ts ✈✐❛ ❛

▲✐❡ ❚❤❡♦r② ❛♣♣r♦❛❝❤✳ ❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥ts ❢♦r ✢♦✇s ✐♥ ✢❛❣

❜✉♥❞❧❡s ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❞✐✛❡r❡♥❝✐❛❜✐❧✐t② ♦❢ ❝❡rt❛✐♥ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡

▲②❛♣✉♥♦✈ s♣❡❝tr❛✳ ❚❤✐s s♣❡❝✐✜❝ ❝♦♠❜✐♥❛t✐♦♥s t❤❛t ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛r❡ ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❝❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✜♥❡st ▼♦rs❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✢♦✇s ♦♥ ✢❛❣ ❜✉♥❞❧❡s✳

❚❤❡ ❞✐✛❡r❡♥❝✐❛❜✐❧✐t② ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❜② ❡❧❡♠❡♥ts

✐♥ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

❘❡❛❧✐③❛r ✉♠ tr❛❜❛❧❤♦ ❞❡ ♣❡sq✉✐s❛ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❝✐❡♥tí✜❝♦ ❡stá ♠✉✐t♦ ❧♦♥❣❡

❞❡ q✉❛❧q✉❡r ❛t✐✈✐❞❛❞❡ ♠❡❝â♥✐❝❛ ♦✉ ❜✉r♦❝rát✐❝❛✳ ➱ ❝♦♠✉♠ ✜❝❛r ❞✐❛s ❡ ❞✐❛s ♣❡♥s❛♥❞♦

❛té ❝♦♥s❡❣✉✐r ✭♦✉ ♥ã♦✮ ❞❡♠♦♥str❛r ❛q✉❡❧❡ r❡s✉❧t❛❞♦✱ ❡ ❞❡♣♦✐s ❧❡✈❛r ♦✉tr♦s t❛♥t♦s

❞✐❛s ♣❛r❛ ❡❧❛❜♦r❛r ❛ ♠❡❧❤♦r ♠❛♥❡✐r❛ ❞❡ ❡♥✉♥❝✐á✲❧♦ ❡ ❞❡s❡♥✈♦❧✈ê✲❧♦ ❛ ✜♠ ❞❡ ♠♦str❛r

s❡✉ r❡❛❧ s✐❣♥✐✜❝❛❞♦ ❡ s✉❛ ✐♠♣♦rtâ♥❝✐❛✳ ❚❛♥t♦s ❞✐❛s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛♣❡♥❛s ❛❧❣✉♠❛s

♣á❣✐♥❛s é ✉♠❛ ❞✉r❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ tr❛❜❛❧❤♦ ❝✐❡♥tí✜❝♦✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ♣❡q✉❡♥❛

♣r♦❞✉çã♦ ♠✉✐t❛s ✈❡③❡s ♥ã♦ r❡✈❡❧❛ ♦ ár❞✉♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦✳ ❉✐❣♦ ✐ss♦ ❛♥t❡s ❞♦s

❛❣r❛❞❡❝✐♠❡♥t♦s ♣♦✐s ♠✉✐t❛s ✈❡③❡s ❛q✉❡❧❡s q✉❡ ❡stã♦ ❞❡ ❢♦r❛ ❞♦ ♠❡✐♦ ❛❝❛❞ê♠✐❝♦ ❡

q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❡ ♥♦ss❛s ✈✐❞❛s ♥ã♦ ❝♦♠♣r❡❡♥❞❡♠ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡ss❛ r❡❛❧✐❞❛❞❡✱

♠♦str❛♥❞♦ q✉❡ ❛ ❝♦♥✜❛♥ç❛ q✉❡ ❞❡♣♦s✐t❛♠ ❡♠ ♥ós ❡ ♥♦ ♥♦ss♦ tr❛❜❛❧❤♦ é✱ ❛❝✐♠❛ ❞❡

q✉❛❧q✉❡r ❝♦✐s❛✱ ✉♠❛ q✉❡stã♦ ❞❡ ❢é✳

❋❛ç♦✱ ❡♥tã♦✱ ♠❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s✿

• ➚ ♣❡ss♦❛ q✉❡ ❝❛♠✐♥❤♦✉ ❛♦ ♠❡✉ ❧❛❞♦ ❞❡s❞❡ ❛ é♣♦❝❛ ❞♦ ❝♦❧é❣✐♦✱ q✉❡ s❡♠♣r❡ ♠❡

✐♥❝❡♥t✐✈♦✉ ❡ ❝♦♠♣r❡❡♥❞❡✉✱ ❡ t❡✈❡ ❢é ❡♠ ♠✐♠ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞❡ss❛ ❥♦r✲

♥❛❞❛✳ ❚❛t②✱ ♠✐♥❤❛ ❛♥❥✐♥❤❛✱ ✈♦❝ê ❢♦✐ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ r✉♠♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳

❙❡♠ ♦ t❡✉ ❝❛r✐♥❤♦ ❡ ❛♣♦✐♦ ♥♦s ♠♦♠❡♥t♦s q✉❡ ♠❡ ❢❛❧t❛r❛♠ ❢♦rç❛s ❞✐✜❝✐❧♠❡♥t❡

t❡r✐❛ ❝♦♥s❡❣✉✐❞♦ t❡r♠✐♥❛r ❡ss❡ tr❛❜❛❧❤♦✳ ❊✉ t❡ ❛♠♦✦

• ❆♦ ♠❡✉ ♣❛✐ ❡ à ♠✐♥❤❛ ♠ã❡ ♣♦r s❡♠♣r❡ ❜✉s❝❛r ♠❡ ♦❢❡r❡❝❡r ♦ ♠❡❧❤♦r✳ ❆♣❡s❛r

❞❡ t♦❞❛s ❛s ❝✐r❝✉♥tâ♥❝✐❛s ❞✐❢í❝❡✐s q✉❡ ♣❛ss❛♠♦s✱ ✈♦❝ês s❡♠♣r❡ ♠❡ ❡♥s✐♥❛r❛♠ ❛

r❡✢❡t✐r s♦❜r❡ ❛ ✈✐❞❛ ❡ ♠❡ ♠♦str❛r❛♠ ❝♦♠♦ t✐r❛r ✉♠ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ❝❛❞❛ ♥♦✈❛

s✐t✉❛çã♦✳

• ❆♦s ♠❡✉s ✐r♠ã♦s✱ P❤✐❧✐♣♣❡ ❡ ▲✉❝❛s✱ ❛❣r❛❞❡ç♦ ♣❡❧❛ ❛♠✐③❛❞❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳ ➱

✐♥❞❡s❝r✐tí✈❡❧ ❛ ❢❡❧✐❝✐❞❛❞❡ q✉❡ s✐♥t♦ q✉❛♥❞♦ ❡st♦✉ ♣❡rt♦ ❞❡ ✈♦❝ês✦
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• ❆♦s ♠❡✉s ❛✈ós✱ ◆✐❞❛ ❡ ❍é❧✐♦✱ ❡ ▼❛r✐❛ ❖❧❣❛ ❡ ❆♠❛✉r②✳ ❆♦s ♠❡✉s s♦❣r♦s✱ ❲✐❧❧

❡ ❉❡♥✐s❡✱ ❡ ❛♦ ♠❡✉ ❝✉♥❤❛❞♦ ❘❛❢❛❡❧✱ q✉❡ s❡♠♣r❡ t♦r❝❡r❛♠ ♣♦r ♠✐♠ ❡ s♦✉❜❡r❛♠

❡♥❝✉rt❛r ❝♦♠ ♣❡♥s❛♠❡♥t♦s ♣♦s✐t✐✈♦s ❛ ❞✐stâ♥❝✐❛ ❢ís✐❝❛✳

• ❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ▲✉✐③ ❙❛♥ ▼❛rt✐♥✱ ♣♦r ❥❛♠❛✐s ❞❡s♣r❡③❛r ✉♠❛ ❞ú✈✐❞❛ ❡ ♣♦r

s❡♠♣r❡ t❡♥t❛r ♠❡ ❡①♣❧✐❝❛r ❝♦♥❝❡✐t♦s ❝♦♠♣❧❡①♦s ❝♦♠ ♣❛❧❛✈r❛s s✐♠♣❧❡s✳ ▼✉✐t♦

♦❜r✐❣❛❞♦ ♣♦r t♦❞❛ ❛ ❛❥✉❞❛✦

• ❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✱ ♦s ♣r♦❢❡ss♦r❡s ❆❧✐ ❚❛❤③✐❜✐✱ ▲♦r❡♥③♦ ❉í❛③✱

❏♦s✐♥❡② ❆❧✈❡s ❡ P❡❞r♦ ❈❛t✉♦❣♥♦✱ ♣❡❧♦s ❝♦♠❡♥tár✐♦s ❡ s✉❣❡stõ❡s s♦❜r❡ ❛ t❡s❡✱

❛❧é♠ ❞❡ t♦❞♦s ♦s ❞✐r❡❝✐♦♥❛♠❡♥t♦s q✉❡ ✈ã♦ ♠❡ ❛❥✉❞❛r ❛ ❝♦♥t✐♥✉❛r ❡st❡ tr❛❜❛❧❤♦✳

• ❆♦s ❝♦❧❡❣❛s ❞♦ ❣r✉♣♦ ❞❡ ❚❡♦r✐❛ ❞❡ ▲✐❡✱ ▲♦♥❛r❞♦ ❘❛❜❡❧♦✱ ▲✉❝✐❛♥❛ ❆❧✈❡s✱ ❆r✐❛♥❡

❞♦s ❙❛♥t♦s✱ ❏❛♥❡t❡ ❋❡rr❛r❡③❡✱ ❈♦♥r❛❞♦ ▲❛❝❡r❞❛✱ ❆❞r✐❛♥♦ ❞❛ ❙✐❧✈❛✱ ▲✉❝❛s ❙❡❝♦

❡ ▼❛✉r♦ P❛trã♦✱ ♣♦r t♦❞❛s ❛s ❝♦♥✈❡rs❛s✱ s❡♠✐♥ár✐♦s ❡ ❞✐s❝✉ssõ❡s s♦❜r❡ ❡ss❛

❡♠♣♦❧❣❛♥t❡ ár❡❛✳

• ❆ t♦❞♦s ♠❡✉s ❝♦♠♣❛♥❤❡✐r♦s ❞❡ ❞♦✉t♦r❛❞♦ ♣❡❧❛ ❝♦♠♣❛♥❤✐❛ ❡ ❞✐s❝✉ssõ❡s s♦❜r❡

♠❛t❡♠át✐❝❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ é♣♦❝❛ ❞♦ ♣r✐♠❡✐r♦ ❡①❛♠❡ ❞❡ q✉❛❧✐✜❝❛çã♦✳ ❊♠

♣❛rt✐❝✉❧❛r ❛♦s ❛♠✐❣♦s ▲✐♥♦ ●r❛♠❛✱ ❘✐❝❛r❞♦ ▼❛rt✐♥s✱ ▲✉✐s ❘♦❜❡rt♦ ▲✉❝✐♥❣❡r✱

▲♦♥❛r❞♦ ❘❛❜❡❧♦✱ ❚❤✐❛❣♦ ❈❛st✐❧❤♦✱ ❊❞✉❛r❞♦ ◆❡✈❡s✱ ❆♥❞❡rs♦♥ ❆❧❜✉q✉❡rq✉❡✱

❆♥❣❡❧♦ ❇✐❛♥❝❤✐✱ ❲❡❧❧✐♥❣t♦♥ ❆ss✉♥çã♦✱ ❏♦ã♦ P❛✉❧♦ ❇r❡ss❛♥ ❡ ❉✉r✈❛❧ ❚♦♥♦♥✳ ❆

❛♠✐③❛❞❡ ❝♦♠ ✈♦❝ês ❝r✐♦✉ ✉♠ ❛♠❜✐❡♥t❡ tã♦ ❜♦♠ q✉❡ ❝❤❡❣❛r ❝❡❞♦ ♦✉ ✐r ❡♠❜♦r❛

t❛r❞❡ ♣❛r❛ ♣♦❞❡r ✜❝❛r ♠❛✐s t❡♠♣♦ ❡st✉❞❛♥❞♦ ♥✉♥❝❛ ❢♦✐ ✉♠ s❛❝r✐❢í❝✐♦✳

• ➚ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s✱ ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ tr❛❜❛❧❤♦ ❞❛ ❯❊▼ ❡ ❞❛ ❯♥✐❝❛♠♣ q✉❡

❝♦♥tr✐❜✉✐r❛♠ ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ q✉❡✱ ❛ss✐♠ ❝♦♠♦ ❡✉✱ ✈ê❡♠ ♥❛ ❡❞✉❝❛çã♦

❛ ú♥✐❝❛ ♠❛♥❡✐r❛ ❞❡ t♦r♥❛r ♥♦ss♦ ♣❛ís ♠❛✐s ❥✉st♦ ❡ ❞❡♠♦❝rát✐❝♦✳

• ➚ t♦❞♦s q✉❡✱ ❞❡ ✉♠❛ ❢♦r♠❛ ♦✉ ❞❡ ♦✉tr❛✱ ❝♦❧♦❝❛r❛♠ ✉♠ t✐❥♦❧✐♥❤♦ ♥❡ss❛ ❝♦♥s✲

tr✉çã♦✳ ◆♦ss❛ ♦r❣❛♥✐③❛çã♦ ❡♠ s♦❝✐❡❞❛❞❡ é tã♦ ❝♦♠♣❧❡①❛ ❡ s❡❣♠❡♥t❛❞❛ q✉❡

♠✉✐t❛s ✈❡③❡s ♥ã♦ ❡♥①❡r❣❛♠♦s ❡ ♥ã♦ ❞❛♠♦s ✈❛❧♦r àq✉❡❧❡s q✉❡ ♥♦s s✉♣♦rt❛♠ ✐♥✲

❞✐r❡t❛♠❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ ❡st❡ ❛❣r❛❞❡❝✐♠❡♥t♦ ❞❡✈❡ s❡r ❡♥t❡♥❞✐❞♦ ❞❛ ♠❛♥❡✐r❛

♠❛✐s ❣❡r❛❧ ♣♦ssí✈❡❧✳

• ➚ ❋❛♣❡s♣ ✭♣r♦❝❡ss♦ ✷✵✵✼✴✵✼✻✶✵✲✽✮ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❚❤✐❛❣♦ ❋❡rr❛✐♦❧

❉❡③❡♠❜r♦✴✷✵✶✷



❙✉♠ár✐♦

✵ ❊str✉t✉r❛ ❞❛ t❡s❡ ✶
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✶ Pr❡❧✐♠✐♥❛r❡s ✼
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✶✳✶✳✷ ❈♦♥❥✉♥t♦s ❞❡ ❈♦♥tr♦❧❡ ❡♠ ✈❛r✐❡❞❛❞❡s ❋❧❛❣ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞❡ s❡♠✐❣r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❉❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✢✉①♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✶✾
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✷✳✶✳✷ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ✳ ✷✷
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✷✳✷✳✷ ❘❡❣✉❧❛r✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✷✳✸ ▼❡r❣✉❧❤♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
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✷✳✸✳✷ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✸✳✸ ▼❡r❣✉❧❤♦s ❞❡ ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ✳ ✳ ✳ ✳ ✸✼

✷✳✸✳✹ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

①✐✐✐



❙❯▼➪❘■❖ ①✐✈

✷✳✹ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✹✳✶ ❊str✉t✉r❛ t♦♣♦❧ó❣✐❛ ✭♠étr✐❝❛✮ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✹✳✷ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭●r✉♣♦ ❞❡ ▲✐❡ ❞❡ ❇❛♥❛❝❤✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✹✳✸ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ♥♦ ❡s♣❛ç♦ ❞❡
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✸ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✹✾
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✸✳✸ ❘❡❧❛çõ❡s ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s ❝❧áss✐❝♦s ❡ ♦s ✈❡t♦r✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✻✾
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Capı́tulo 0

❊str✉t✉r❛ ❞❛ t❡s❡

✵✳✶ ❆♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡ r❡s✉❧t❛❞♦s

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ♠♦str❛r ❝♦♠♦ ❛ ❡str✉t✉r❛ ❞♦s ❣r✉♣♦s ❡

á❧❣❡❜r❛s ❞❡ ▲✐❡ ❢♦r♥❡❝❡ ❢❡rr❛♠❡♥t❛s ♣❛r❛ ✉♠❛ ❛♥á❧✐s❡ ♠❛✐s ✜♥❛ ❞❡ ❛❧❣✉♥s s✐st❡♠❛s

❞✐♥â♠✐❝♦s✳ ◆❡st❛ t❡s❡ ♥ós ♣r♦✈❛♠♦s ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ❝❡rt❛s ❝♦♠❜✐♥❛çõ❡s ❞♦

❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ ✉♠ ✢✉①♦ ❝♦♥tí♥✉♦ ♥✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳ ❖ r❡s✉❧t❛❞♦ ♣r♦✲

✈❛❞♦ ❛q✉✐ t❡✈❡ ❝♦♠♦ ❜❛s❡ ♦ t❡♦r❡♠❛ ❞❡ ❘✉❡❧❧❡ ❬✶✼❪✱ ♦♥❞❡ ❡❧❡ ♣r♦✈❛ q✉❡ ♦ ♠❛✐♦r ❡①♣♦✲

❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡♣❡♥❞❡ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❞❡ ✢✉①♦s q✉❡ ❞❡✐①❛♠ ✐♥✈❛r✐❛♥t❡ ✉♠❛ ❝❡rt❛

❢❛♠í❧✐❛ ❞❡ ❝♦♥❡s ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳ ◆❡st❛ t❡s❡ ♥ós ♥ã♦ ❛ss✉♠✐♠♦s ❡ss❛ ❤✐♣ót❡s❡ ❡✱

❛♦ ✐♥✈és ❞✐ss♦✱ ✉t✐❧✐③❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❡ ❛ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

▼♦rs❡ ♠❛✐s ✜♥❛ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ❋❧❛❣✳

P❛r❛ ❞❡s❝r❡✈❡r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ❝♦♥s✐❞❡r❡ π : Q→ X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧

❝♦♥tí♥✉♦ ❝♦♠ ❣r✉♣♦ ❞❡ ▲✐❡ r❡❞✉tí✈❡❧G ❡ ❜❛s❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦X✳ ❯♠

❡♥❞♦♠♦r✜s♠♦ φ : Q → Q ✐♥t❡r❝❛♠❜✐❛ ❛s ✜❜r❛s ❞❡ Q ❡ ❛ss✐♠ ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦

f : X → X ♥❛ ❜❛s❡ t❛❧ q✉❡ π ◦ φ = f ◦ π✳ ❆ss✉♠✐r❡♠♦s q✉❡ t❛♥t♦ φ q✉❛♥t♦ f

sã♦ ❝♦♥tí♥✉♦s ❡ q✉❡ f é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ♥♦ ❝❛s♦ ❞❡ φ s❡r ✉♠ ❛✉t♦♠♦r✜s♠♦✳

❈♦♥s✐❞❡r❛r❡♠♦s ❛✐♥❞❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f ✲✐♥✈❛r✐❛♥t❡ ν ♥❛ ❜❛s❡ X ❝♦♠

s✉♣♣ ν = X✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ Q = X ×G é ✉♠ ✜❜r❛❞♦ tr✐✈✐❛❧✱ ❡♥tã♦ ♦ ❛✉t♦♠♦r✜s♠♦ φ é

❞❛ ❢♦r♠❛ φ(x, g) = (f(x), T (x)g)✱ ♦♥❞❡ T : X → G é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❊ss❛

✶



❙❡çã♦ ✵✳✶ ✲ ❆♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡ r❡s✉❧t❛❞♦s ✷

❛♣❧✐❝❛çã♦ ❣❡r❛ ♦ ❝♦❝✐❝❧♦ ρ : Z×X → G s♦❜r❡ f ❞❛❞♦ ♣♦r

ρ(n, x) =





T (fn−1(x)) · T (fn−2(x)) · · ·T (x) s❡ n ≥ 1

Id s❡ n = 0

T (f−n(x))−1 · T (f−(n−1)(x))−1 · · ·T (f−1(x))−1 s❡ n ≤ 1

.

❆ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ φn(q)✱ q ∈ Q✱ ♣♦❞❡ s❡r ♠❡❞✐❞❛ t❛♥t♦

♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN q✉❛♥t♦ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r G =

K(❝❧A+)K✱ ❝♦♠ A+ ⊂ A✳ ❊ss❛s ❞❡❝♦♠♣♦s✐çõ❡s ♣♦❞❡♠ s❡r ❧❡✈❛❞❛s ♣❛r❛ ♦ ✜❜r❛❞♦ Q

♥❛ ❢♦r♠❛ Q = R · AN ♦✉ Q = R · (❝❧A+)K✱ ♦♥❞❡ R é ✉♠❛ K✲r❡❞✉çã♦ ❞❡ Q✳ ❉❡st❛

❢♦r♠❛ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ é ♠❡❞✐❞❛ t♦♠❛♥❞♦ ❛ A✲❝♦♠♣♦♥❡♥t❡ ♦✉ ❛

❆+✲❝♦♠♣♦♥❡♥t❡ ❞❡ φn(q)✳

❆ ❝♦♠♣♦♥❡♥t❡ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❢♦r♥❡❝❡ ✉♠ ❝♦❝✐❝❧♦ ❛❞✐✲

t✐✈♦ aφ(n, ξ) ∈ a s♦❜r❡ ♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ♥♦ ✜❜r❛❞♦ ✢❛❣ ♠❛①✐♠❛❧ ❛ss♦❝✐❛❞♦ E =

Q×G F = R ×K F✱ ♦♥❞❡ a é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ ✈❡t♦r✐❛❧ A✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❡ t♦♠❛♥❞♦ ❛ ❝❧A+✲❝♦♠♣♦♥❡♥t❡ ❞❡ φn(q)

♦❜t❡♠♦s ✉♠ ❝♦❝✐❝❧♦ s✉❜❛❞✐t✐✈♦ a
+
φ (n, x) s♦❜r❡ ♦ ✢✉①♦ ♥❛ ❜❛s❡ X✳

❆ ♣❛rt✐r ❞❡ss❡s ❝♦❝✐❝❧♦s ❞❡✜♥✐✲s❡ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ φ ♥❛ ❞✐r❡çã♦ ❞♦ ✢❛❣

ξ ∈ E ♣❡❧♦ ❧✐♠✐t❡

λ(ξ) = lim
n→∞

1

n
aφ(n, ξ) ∈ a,

❝✉❥❛ ❡①✐stê♥❝✐❛ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ✈❡t♦r✐❛❧ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✷❪ ✭✈❡r

t❡♦r❡♠❛ ✸✳✷✳✸ ♥❡st❛ t❡s❡✮✳ ❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❞♦ ❝♦❝✐❝❧♦ s✉❜❛❞✐t✐✈♦ ♦❜t✐❞♦ ❛ ♣❛rt✐r

❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ♦❜t❡♠♦s ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞❡ φ ❞❛❞♦ ♣♦r

Λ+
φ (x) = lim

n→∞

1

n
a
+
φ (n, x) ∈ ❝❧a+.

◆♦ ❝♦♥t❡①t♦ ❝❧áss✐❝♦ ❡♠ q✉❡ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ é ✉♠ ❣r✉♣♦ ❧✐♥❡❛r ✭G = ●❧(n,R)

♦✉ ❛❧❣✉♠ ❞❡ s❡✉s s✉❜❣r✉♣♦s ❢❡❝❤❛❞♦s ❝♦♠♦ ❙❧(n,R)✱ ❙♣(n,R)✱ ❡t❝✳✮✱ ♠♦str❛♠♦s q✉❡

♦s ❧✐♠✐t❡s ❞❡✜♥✐❞♦s ❛❝✐♠❛ ❢♦r♥❡❝❡♠ t♦❞♦ ♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈✳ ❖ ❡①♣♦❡♥t❡ ❞❡

▲②❛♣✉♥♦✈ ♥❛ ❞✐r❡çã♦ ❞❡ ✉♠ ✢❛❣ s❡rá ❡ss❡♥❝✐❛❧♠❡♥t❡ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❢♦r♠❛❞❛

♣❡❧♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s✳ ❏á ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❢♦r♥❡❝❡ ✉♠❛ ♠❛tr✐③

❞✐❛❣♦♥❛❧ ❝♦♠ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❜❡♠ ♦r❞❡♥❛❞♦s ✭✈❡❥❛ ❛ s❡çã♦ ✸✳✸ ❞❡st❛

t❡s❡✮✳

❙❡❥❛ ❛❣♦r❛ G ♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❞❡ Q✱ ✐st♦ é✱ ♦ ❣r✉♣♦ ❞♦s ❛✉t♦♠♦r✜s♠♦s q✉❡

✐♥❞✉③❡♠ ♥❛ ❜❛s❡ X ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳ ❊ss❡ ❣r✉♣♦ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❞❡

✈❛r✐❡❞❛❞❡ ❞❡ ❇❛♥❛❝❤ ✭✈❡r s❡çã♦ ✷✳✹✮✳ ❙❡ γ ∈ G ❡♥tã♦ γ ◦ φ é ✉♠ ❛✉t♦♠♦r✜s♠♦



❈❛♣✳ ✵ ✲ ❊str✉t✉r❛ ❞❛ t❡s❡ ✸

❞❡ Q q✉❡ ✐♥❞✉③ ❛ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ f ♥❛ ❜❛s❡✳ ❈♦♠ r❡❧❛çã♦ ❛ ❡ss❡ ❛✉t♦♠♦r✜s♠♦

♣❡rt✉r❜❛❞♦✱ t❡♠♦s q✉❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ✭♦✉ ♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ ♥♦ ❝♦♥t❡①t♦

❝❧áss✐❝♦✮ é ❞❛❞♦ ν✲q✳t✳♣✳ ♣♦r Λ+
γφ(x)✳ ◆❡ss❡s t❡r♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡

❞✐③ q✉❡

❚❡♦r❡♠❛✳ P❛r❛ ❡s❝♦❧❤❛s ❛❞❡q✉❛❞❛s ❞❡ ❢✉♥❝✐♦♥❛✐s α ∈ a∗✱ t❡♠♦s q✉❡

γ ∈ G 7−→
∫

X

α
(
Λ+
γφ(x)

)
ν(dx) ∈ R ✭✶✮

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❆ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞♦s ❢✉♥❝✐♦♥❛✐s α é ❢❡✐t❛ ❛ ♣❛rt✐r ❞❛ ❝❛r❛❝t❡r✐③❛çã♦ ❛❧❣é❜r✐❝❛

❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞♦ ✢✉①♦ φn ❡♠ EΘ = X × FΘ ❞❛❞♦ ♣♦r

φn(r · b) = φn(r) · b, r ∈ R, b ∈ FΘ,

♦♥❞❡ FΘ = G/PΘ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞❡ G✳ ❆s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❞❡ss❡ t✐♣♦

❞❡ ✢✉①♦ ❢♦r❛♠ ❡st✉❞❛❞❛s ❡♠ ❬✻❪ ❡ ❬✶✹❪ ✭✈❡❥❛ t❛♠❜é♠ ❬✷✷❪ ♣❛r❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♥♦s

✜❜r❛❞♦s ♣r♦❥❡t✐✈♦s✮✳

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❞❡s❝r✐çã♦✱ s✉♣♦♥❤❛ Q = X×G✳ P❡❧♦s r❡s✉❧t❛❞♦s ❞❡ss❡s ❛rt✐❣♦s ❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ s❡♠♣r❡ ❡①✐st❡ ❡ é ❝❛r❛❝t❡r✐③❛❞❛ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❡①✐st❡ H▼♦ ∈ ❝❧a+ ✭♦✉ h▼♦ = expH▼♦ ∈ ❝❧A+✮✱ ❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❝♦♥tí♥✉❛

σφ : X → A(H▼♦),

♦♥❞❡ A(H▼♦) = {gh▼♦g−1 | g ∈ G} é ❛ ór❜✐t❛ ❞♦s ❝♦♥❥✉❣❛❞♦s ❞❡ h▼♦✱ t❛❧ q✉❡ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♠❛✐s ✜♥❛ sã♦ ❞❛❞❛s ❡♠ ❝❛❞❛ ✜❜r❛ ♣❡❧❛s

❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡

{x} × ✜①Θ(σφ(x)),

♦♥❞❡ ✜①Θ(σφ(x)) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s ❞❛ ❛çã♦ ❞❡ σφ(x) ∈ G ❡♠ FΘ✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ G = ●❧(n,R) t❡♠♦s q✉❡ h▼♦ é ✉♠❛ ♠❛tr✐③

❞✐❛❣♦♥❛❧ ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s ❡ σφ(x) é ✉♠❛ ♠❛tr✐③ ❝♦♥❥✉❣❛❞❛ ❛ h▼♦✳ ❖s ♣♦♥t♦s

✜①♦s ❞❡ σφ(x) ♥♦s ✢❛❣s ❞❡ G sã♦ ❢♦r♠❛❞♦s ♣❡❧♦s s❡✉s ❛✉t♦❡s♣❛ç♦s✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ♦

❋❧❛❣ é ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ RPn−1 ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❝♦rr❡s♣♦♥❞❡ ❡①❛t❛♠❡♥t❡

à ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❲❤✐t♥❡② ❞❡ X × R
n✳

❈♦♠ ❡ss❛ ❝❛r❛❝t❡r✐③❛çã♦ ♥♦ss♦ r❡s✉❧t❛❞♦ ❞✐③ ❡♥tã♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✭✶✮ é ❞✐❢❡✲

r❡♥❝✐á✈❡❧ s❡ ♦ ❢✉♥❝✐♦♥❛❧ α ❢♦r ❞❡✜♥✐❞♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ Hα✱ ✐st♦ é α = 〈Hα, ·〉✱ t❛❧
q✉❡

ker ❛❞(H▼♦) ⊂ ker ❛❞(Hα).



❙❡çã♦ ✵✳✷ ✲ ❊str✉t✉r❛ ❞♦s ❝❛♣ít✉❧♦s ✹

❊♠ t❡r♠♦s ❞❡ ♠❛tr✐③❡s✱ ❡ss❛ ✐♥❝❧✉sã♦ ❞✐③ ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉❡ Hα ❞❡✈❡ s❡r ♠❡♥♦s

r❡❣✉❧❛r q✉❡ H▼♦✱ ♦✉ ♠❡❧❤♦r✱ q✉❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ❛✉t♦✈❛❧♦r ❞❡ Hα ❞❡✈❡

s❡r ❛ s♦♠❛ ❞❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞❡ ❛❧❣✉♥s ❛✉t♦✈❛❧♦r❡s ❞❡ H▼♦✳ P♦r ❡①❡♠♣❧♦ s❡ G =

●❧(n,R)✱ a ❢♦r ♦ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❡ H▼♦ ❢♦r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠

❛✉t♦✈❛❧♦r❡s λ1 > λ2 > · · · > λk ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡s d1, d2, . . . , dk✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

✭✶✮ s❡rá ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s ❞❛ ❢♦r♠❛

❞✐❛❣(a1, . . . , an) 7→ a1 + · · ·+ adi

❡ s✉❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s✳

❈♦♠ ✐ss♦ t❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ s❡ H▼♦ t✐✈❡r ✉♠ ❛✉t♦✈❛❧♦r ❞♦♠✐♥❛♥t❡ ✭♠❛✐♦r

q✉❡ t♦❞♦s ♦s ♦✉tr♦s✮ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ✉♠✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r α ❝♦♠♦ s❡♥❞♦

♦ ❢✉♥❝✐♦♥❛❧ λ1(❞✐❛❣(a1, . . . , an)) = a1✱ ♦ q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛

❛♣❧✐❝❛çã♦

γ ∈ G 7−→
∫

X

λ1(x, γφ) ν(dx) ∈ R, ✭✷✮

♦♥❞❡ λ1(x, γφ) é ♦ ♠❛✐♦r ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ γφ✳ ❊ss❡ é ❡①❛t❛♠❡♥t❡ ♦ ❝❛s♦

❞♦s ✢✉①♦s q✉❡ ♣r❡s❡r✈❛♠ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❡s ❛♣r❡s❡♥t❛❞❛ ♥♦ ❛rt✐❣♦ ❞♦ ❘✉❡❧❧❡ ❬✶✼❪✳

✵✳✷ ❊str✉t✉r❛ ❞♦s ❝❛♣ít✉❧♦s

❈❛♣ít✉❧♦ ✶

➱ ❛♣r❡s❡♥t❛❞❛ ❛ ✐❞❡✐❛ ✐♥✐❝✐❛❧ ♣❛r❛ ❛ ❛❜♦r❞❛❣❡♠ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ❞✐♥â♠✐❝❛ ✈✐❛

t❡♦r✐❛ ❞❡ ▲✐❡✳ ❚❛❧ ❛❜♦r❞❛❣❡♠ ❝♦♥s✐st❡ ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡

♣❛r❛ ❛ ❛çã♦ ❞❡ s❡♠✐❣r✉♣♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s ♥❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ FΘ✱

♣r♦✈❡♥✐❡♥t❡ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❙❛♥ ▼❛rt✐♥✲❚♦♥❡❧❧✐ ❬✷✶❪✳ ❆✐♥❞❛ ♥❡ss❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s

❝♦♠♦ ❡ss❛ ❡str✉t✉r❛ ❞♦s s❡♠✐❣r✉♣♦s ❢♦r♥❡❝❡♠ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡

▼♦rs❡ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❡♠ ✜❜r❛❞♦s ❋❧❛❣✱ ❝♦♥❢♦r♠❡ ❇r❛❣❛✲❙❛♥ ▼❛rt✐♥ ❬✻❪ ❡ P❛trã♦✲

❙❛♥ ▼❛rt✐♥ ❬✶✹❪✳ ❆ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ é ❞❡ ❢✉♥❞❛♠❡♥t❛❧

✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ✉♠❛ ✈❡③ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡①✲

♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ s❡rã♦ ❞❛❞❛s ❡♠ ❢✉♥çã♦ ❞❡ss❛ ❝❧❛ss✐✜❝❛çã♦✳

❈❛♣ít✉❧♦ ✷

❆♣r❡s❡♥t❛♠♦s ✉♠❛ sér✐❡ ❞❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❡str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❞✐❢❡r❡♥✲

❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❞❡ ✜❜r❛❞♦s ❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✳



❈❛♣✳ ✵ ✲ ❊str✉t✉r❛ ❞❛ t❡s❡ ✺

❚❛✐s r❡s✉❧t❛❞♦s✱ ❛♣❡s❛r ❞❡ ♣♦❞❡r❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❛❧❣✉♥s ❧✐✈r♦s s♦❜r❡ ❛♥á❧✐s❡

♥ã♦ ❧✐♥❡❛r✱ ❝♦♠♦ ♦ ❧✐✈r♦ ❞❡ P❛❧❛✐s ❬✶✸❪✱ ♥ã♦ ♣♦ss✉❡♠ ❢♦r♠❛❧✐③❛çõ❡s ❝❧áss✐❝❛s ❡ ♣♦r

✐ss♦ ❞❡❝✐❞✐♠♦s ❛♣r❡s❡♥tá✲❧♦s ♥❡st❛ t❡s❡✳ ❆♦ ❧♦♥❣♦ ❞♦ t❡①t♦ ❡st❛♠♦s ♣❛rt✐❝✉❧❛r♠❡♥t❡

✐♥t❡r❡ss❛❞♦s ♥♦s ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❝♦♥tí♥✉❛s ❞❡ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s Q ×G F ✱ ♦♥❞❡

Q→ X é ✉♠ G✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♥tí♥✉♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ X✱

❝♦♠ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✱ F ✉♠ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❞❡ G✱ ❡ ❛ss✉♠✐♠♦s q✉❡ Q ❛❞♠✐t❡

✉♠❛ K✲r❡❞✉çã♦ ❝♦♠♣❛❝t❛ R✳ ❖ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❝♦♥tí♥✉❛s ❞❡ Q×G F ♣♦ss✉✐ ✉♠❛

❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❇❛♥❛❝❤ ❡✱ ✐❞❡♥t✐✜❝❛❞♦✲♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❡q✉✐✲

✈❛r✐❛♥t❡s ❞❡ Q ✭♦✉ ❞❡ R✮ ❡♠ F ✱ ♠♦str❛♠♦s q✉❡ ❡❧❡ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛

❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❇❛♥❛❝❤ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ R ❡♠ F ✱ ❞❡♥♦t❛❞♦ ♥♦ t❡①t♦ ♣♦r

C(R,F )✳ ❈♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ ❡ ❝♦♠ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝❧áss✐❝❛ ❡♠ C(R,F )✱
♦❜t❡♠♦s ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ❡ss❡s ❡s♣❛ç♦s✱ ❜❡♠

❝♦♠♦ ❡①♣r❡ssõ❡s ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞❡❧❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❛çã♦ ♥❛t✉r❛❧

❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❞♦ ✜❜r❛❞♦ Q ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❡ ♠♦str❛♠♦s q✉❡ ❡ss❛ ❛çã♦

é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ✉♠ ❞♦s ♣♦♥t♦s ❝❤❛✈❡ ♣❛r❛

s❡ ♣♦❞❡r ♣❡rt✉r❜❛r ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ♥♦s ✜❜r❛❞♦s ✢❛❣ ❡

❛ss✐♠ ♦❜t❡r ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳

❈❛♣ít✉❧♦ ✸

❖ ❝❛♣ít✉❧♦ é ❞❡st✐♥❛❞♦ à ❛♣r❡s❡♥t❛çã♦ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛✲

♣✉♥♦✈ ♣❛r❛ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ❋❧❛❣✳ ❊ss❛ ❣❡♥❡r❛❧✐③❛çã♦ s❡ ✐♥✐❝✐♦✉ ❝♦♠ ♦ tr❛❜❛❧❤♦

❞❡ ❑❛✐♠❛♥♦✈✐❝❤ ❬✶✶❪✱ ♦♥❞❡ ❡❧❡ ♦❜té♠ ✉♠❛ ✈❡rsã♦ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛✲

t✐✈♦ ♣❛r❛ s❡q✉ê♥❝✐❛s r❡❣✉❧❛r❡s ❡♠ ❡s♣❛ç♦s s✐♠étr✐❝♦s✱ ❡ ♠❛✐s t❛r❞❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛

♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✢❛❣ ♣♦r ❙❛♥ ▼❛rt✐♥✲❙❡❝♦ ❬✷✵❪ ❡ ❆❧✈❡s✲❙❛♥

▼❛rt✐♥ ❬✷❪✳ ◆❛s ❞✉❛s ♣r✐♠❡✐r❛s s❡çõ❡s ❞❡ss❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡

❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✱ t❛♥t♦ ♥♦ ❝❛s♦ ❝❧áss✐❝♦ ♣❛r❛ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✭♦✉

♣r♦❥❡t✐✈♦s✮ q✉❛♥t♦ ♥♦ ❝❛s♦ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✢❛❣✱ ❡ ❡♥✉♥❝✐❛♠♦s ♦s t❡♦r❡♠❛s ❡r✲

❣ó❞✐❝♦s ♠✉❧t✐♣❧✐❝❛t✐✈♦s q✉❡ ❢♦r❛♠ ❞❡♠♦♥str❛❞♦s ♥♦s ❛rt✐❣♦s ❝✐t❛❞♦s ❛❝✐♠❛✳ P♦r ✜♠✱

♥❛ ú❧t✐♠❛ s❡çã♦✱ ♠♦str❛♠♦s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✐♥❞✉③✐❞♦s

♣♦r ❝♦❝✐❝❧♦s ❛ ✈❛❧♦r❡s ♥♦ ❣r✉♣♦ ❙❧(n,R)✱ ❛s r❡❧❛çõ❡s ❡♥tr❡ ♦ ❝♦♥t❡①t♦ ❝❧áss✐❝♦ ❡ ♦

❝♦♥t❡①♦ ❣❡♥❡r❛❧✐③❛❞♦✳ ❊ss❛s r❡❧❛çõ❡s sã♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ s❡ ♦❜t❡r r❡s✉❧t❛❞♦s ♣❛r❛

♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s ❛ ♣❛rt✐r ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣r♦♣♦st❛✱ ♠♦str❛♥❞♦

❛ss✐♠ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ s❡ ❝♦♥s✐❞❡r❛r t❛❧ ❣❡♥❡r❛❧✐③❛çã♦✳



❙❡çã♦ ✵✳✷ ✲ ❊str✉t✉r❛ ❞♦s ❝❛♣ít✉❧♦s ✻

❈❛♣ít✉❧♦ ✹

❙ã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s té❝♥✐❝♦s s♦❜r❡ ♣❡rt✉r❜❛çõ❡s ❞❡ ❛✉t♦♠♦r✜s♠♦s

❡ s✉❛s ✐♠♣❧✐❝❛çõ❡s ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡✳ ❊ss❛s r❡❧❛çõ❡s ❢♦r♥❡❝❡♠ ❡st✐♠❛t✐✲

✈❛s ♣❛r❛ ♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ♥❛ ú❧t✐♠❛ s❡çã♦ ❞❡ss❡

❝❛♣ít✉❧♦ ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❡ ❞❡ ❖s❡❧❡❞❡t ✭♣r♦✈❡♥✐❡♥t❡ ❞♦

t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧✮✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ s❡❣✉✐♥❞♦ ❆❧✈❡s✲❙❛♥

▼❛rt✐♥ ❬✸❪✱ é ❛♣r❡s❡♥t❛❞❛ ✉♠ r❡s✉❧t❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✜❜r❛❞♦s ✢❛❣ ❞❛ ✐♥❝❧✉sã♦ ❞❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡ts ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡✳ ❚❛❧ ❞❡❝♦♠♣♦s✐çã♦ ❥á ❡r❛ ❝♦✲

♥❤❡❝✐❞❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✜❜r❛❞♦ ♣r♦❥❡t✐✈♦s ✭❝♦r♦❧ár✐♦ ✺✳✺✳✶✼ ❞❡ ❬✼❪✮✳

❈❛♣ít✉❧♦ ✺

➱ ❞❡st✐♥❛❞♦ à ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡✱ ❞❡s❝r✐t♦ ♥♦ ❝♦✲

♠❡ç♦ ❞❡st❛ ❛♣r❡s❡♥t❛çã♦✳

❈❛♣ít✉❧♦ ✻

❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡ ❛♣❧✐❝❛çõ❡s ❞♦ r❡s✉❧t❛❞♦ à t❡♦r✐❛ ❝❧áss✐❝❛✱ ❢♦r✲

♥❡❝❡♥❞♦ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡ ❡st✐♠❛t✐✈❛s ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❛ ♣❛rt✐r ❞♦s

❝♦❝✐❝❧♦s q✉❡ ♦s ❞❡✜♥❡♠✳



Capı́tulo 1

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ♣r❡t❡♥❞❡♠♦s ❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ❞❡❝♦♠♣♦s✐✲

çõ❡s ❞❡ ▼♦rs❡✱ ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❡♠ ✜❜r❛❞♦s ❋❧❛❣✱ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s

❡ ❞❡ ✢✉①♦s q✉❡ ❡stã♦ ♣r❡s❡♥t❡s ♥✉♠❛ sér✐❡ ❞❡ ❛rt✐❣♦s ❡ t❡s❡s q✉❡ ❛♥t❡❝❡❞❡r❛♠ ❡ss❡

tr❛❜❛❧❤♦✳ ❆s r❡❢❡rê♥❝✐❛s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ❡ss❡ ❝❛♣ít✉❧♦ ♣r❡❡❧✐♠✐♥❛r sã♦ ❬✻❪✱ ❬✶✹❪✱ ❬✶✾❪

❡ ❬✷✶❪✳

✶✳✶ ❙❡♠✐❣r✉♣♦s ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

✶✳✶✳✶ ❈♦♥❥✉♥t♦s ❞❡ ❈♦♥tr♦❧❡

❙❡❥❛ S ✉♠ s❡♠✐❣r✉♣♦ ❛❣✐♥❞♦ ♥✉♠ ❡s♣❛ç♦X✳ ❉✐③✲s❡ q✉❡ ♦ s❡♠✐❣r✉♣♦ S é ❛❝❡ssí✈❡❧

❡♠ x ∈ X s❡ ✐♥t(Sx) 6= ∅✳ ❙❡ S ❢♦r ❛❝❡ssí✈❡❧ ♣❛r❛ t♦❞♦ x ∈ X✱ ❞✐③✲s❡ ❛♣❡♥❛s q✉❡

S é ❛❝❡ssí✈❡❧✳ ◆♦s ❝❛s♦s q✉❡ tr❛t❛r❡♠♦s ♦s s❡♠✐❣r✉♣♦s s❡rã♦✱ ❡♠ ❣r❛♥❞❡ ♠❛✐♦r✐❛✱

s❡♠✐❣r✉♣♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡✱ ❝♦♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦✱ ❛❣✐♥❞♦ ❡♠ ❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s✱

❞❡ ❢♦r♠❛ q✉❡ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ s❡rá s❡♠♣r❡ s❛t✐s❢❡✐t❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ D ⊂ X é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❛çã♦

❞❡ S s❡

✶✳ ✐♥tD 6= ∅❀

✷✳ D ⊂ ❢❡(S · x)✱ ♣❛r❛ t♦❞♦ x ∈ D❀

✸✳ D é ♠❛①✐♠❛❧ ❝♦♠ r❡❧❛çã♦ às ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✳

✼



❙❡çã♦ ✶✳✶ ✲ ❙❡♠✐❣r✉♣♦s ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ✽

❆ ♣r♦♣r✐❡❞❛❞❡ 3 ❞❡ ♠❛①✐♠❛❧✐❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ sã♦ ♥❡❝❡s✲

s❛r✐❛♠❡♥t❡ ❞✐s❥✉♥t♦s✱ ♣♦✐s ❝❛s♦ ♥ã♦ ❢♦ss❡♠✱ ❛ ✉♥✐ã♦ ❞❡❧❡s ❛✐♥❞❛ t❡r✐❛ ❛s ♣r♦♣r✐❡❞❛❞❡s

1 ❡ 2✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ♦♥❞❡

D1 ≺ D2 s❡ ❢♦r ♣♦ssí✈❡❧ ❛t✐♥❣✐r D2 ❛ ♣❛rt✐r ❞❡ D1✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡①✐st❡♠

x ∈ D1 ❡ g ∈ S t❛❧ q✉❡ gx ∈ D2✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ t❛♠❜é♠ t❡♠♦s q✉❡ D1 ≺ D2 s❡✱

❡ s♦♠❡♥t❡ s❡✱ D2 ⊂ ❢❡(S · b) ♣❛r❛ ❛❧❣✉♠✱ ❡ ❛ss✐♠ ♣❛r❛ t♦❞♦ b ∈ D1✳ ❈♦♠ r❡❧❛çã♦ ❛

❡ss❛ ♦r❞❡♠✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ D é ♠❛①✐♠❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é ✐♥✈❛r✐❛♥t❡

♣❡❧❛ ❛çã♦ ❞❡ S✱ ✐st♦ é✱ SD ⊂ D✳ ❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ D é ♠✐♥✐♠❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❡❧❡ é S−1✲✐♥✈❛r✐❛♥t❡✳

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ D✱ ❞❡✜♥✐♠♦s ♦ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡

❝♦♠♦ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ♦♥❞❡ ❛ ❛çã♦ ❞♦ s❡♠✐❣r✉♣♦ é ✐❞ê♥t✐❝❛ à ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦✳

❉❡ ♠♦❞♦ ❢♦r♠❛❧✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ❞❡ D é ❞❡✜♥✐❞♦ ♣♦r

D0 = {x ∈ D | x ∈ ✐♥t(Sx) ∩ ✐♥t(S−1x)}.

❊♠ ❣❡r❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ♣♦❞❡ s❡r ✈❛③✐♦✳

❈❛s♦ ♥ã♦ s❡❥❛✱ ❞✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ é ❡❢❡t✐✈♦✳ ❖s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡

✐♥✈❛r✐❛♥t❡s sã♦ ❡❢❡t✐✈♦s✱ ✐st♦ é✱ D0 6= ∅ s❡ SD ⊂ D ♦✉ S−1D ⊂ D✳

❙♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ X é ❝♦♠♣❛❝t♦✱

✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❧❡♠❛ ❞❡ ❩♦r♥ ❣❛r❛♥t❡ q✉❡ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❝♦♥tr♦❧❡ ✐♥✈❛r✐❛♥t❡ ❝♦♥t✐❞♦ ❡♠ ❢❡(Sx)✳

✶✳✶✳✷ ❈♦♥❥✉♥t♦s ❞❡ ❈♦♥tr♦❧❡ ❡♠ ✈❛r✐❡❞❛❞❡s ❋❧❛❣ ❡ t✐♣♦ ♣❛r❛✲

❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s

❱❛♠♦s ♥♦s r❡str✐♥❣✐r ❛❣♦r❛ à ❛çã♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ S✱ ❝♦♥t✐❞♦ ♥✉♠ ❣r✉♣♦ ❞❡ ▲✐❡

s❡♠✐ss✐♠♣❧❡s G✱ ❝♦♠ ✐♥tS 6= ∅✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s ✈❡♠ ❞❛

❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❡❢❡t✐✈♦s ❞❛ ❛çã♦ ❞❡ S ♥❛s ✈❛r✐❡❞❛❞❡s ❋❧❛❣

FΘ✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ❛q✉✐ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✶❪✳

❆♥t❡s ❞❡ ♠❛✐s ♥❛❞❛✱ ✜①❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN ❡ s❡❥❛ W ♦

❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ G ✭✈❡r ❛♣ê♥❞✐❝❡✮✳ P❛r❛ ❞❡s❝r❡✈❡r ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❡❢❡t✐✈♦s

❡ ❞❡✜♥✐r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ S✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s r❡❣✉❧❛r❡s ❞❡ G

q✉❡ ❡stã♦ ♥♦ ✐♥t❡r✐♦r ❞❡ S✱ ✐st♦ é✱

R(S) = {h ∈ ✐♥t(S) | h = gh′g−1, ♣❛r❛ ❛❧❣✉♠ g ∈ G ❡ h′ ∈ A+},



❈❛♣✳ ✶ ✲ Pr❡❧✐♠✐♥❛r❡s ✾

♦♥❞❡ A+ é ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ✜①❛❞❛✳

❖s ❝♦♥❥✉♥t♦s ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ❞♦s ❝♦♥❥✉♥t♦s ❝♦♥tr♦❧❡ ❡❢❡t✐✈♦s ♣❛r❛ ❛ ❛çã♦ ❞❡

S ❡♠ FΘ sã♦ ❞❛❞♦s ♣♦r ♣♦♥t♦s ✜①♦s ❞♦s ❡❧❡♠❡♥t♦s ❞❡ R(S)✱ ❝♦♠♦ ❡♥✉♥❝✐❛❞♦ ♥♦

t❡♦r❡♠❛ ❛❜❛✐①♦

❚❡♦r❡♠❛ ✶✳✶✳✷✳ P❛r❛ ❝❛❞❛ w ∈ W✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ DΘ(w) ⊂ FΘ

❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ é ❞❛❞♦ ♣♦r

DΘ(w)0 =
⋃

{✜①Θ(h, w) | h ∈ R(S)}.

❆❧é♠ ❞✐ss♦✱ DΘ(1) é ♦ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ S✲✐♥✈❛r✐❛♥t❡ ✭♠❛①✐♠❛❧✮ ❡ DΘ(w0)

é ♦ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ S−1✲✐♥✈❛r✐❛♥t❡ ✭♠✐♥✐♠❛❧✮✱ ♦♥❞❡ w0 é ❛ ✐♥✈♦❧✉çã♦

♣r✐♥❝✐♣❛❧ ❞❡ W✳ ▼❛✐s ❛✐♥❞❛✱ ♦s ❝♦♥❥✉♥t♦s DΘ(w) ❢♦r♥❡❝❡♠ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ❞❡

❝♦♥tr♦❧❡ ❡❢❡t✐✈♦s✳

❆ ♣❛rt✐r ❞❡ss❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡✱ s✉r❣❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ t✐♣♦

♣❛r❛❜ó❧✐❝♦ ❞❡ S✳ ❆ ❣r♦ss♦ ♠♦❞♦✱ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ S é ❛ ♠❡❧❤♦r ✈❛r✐❡❞❛❞❡ ✢❛❣

FΘ ♣❛r❛ s❡ ♦❧❤❛r ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡✳ ❊ss❡ ❝♦♥❝❡✐t♦ ❞❡ ✏♠❡❧❤♦r ✈❛r✐❡❞❛❞❡ ✢❛❣✑

s❡ tr❛❞✉③ ♥❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❢♦r♥❡❝✐❞❛s ♥♦ t❡♦r❡♠❛ ❛❜❛✐①♦

❚❡♦r❡♠❛ ✶✳✶✳✸✳ ❙❡❥❛ S ⊂ G ✉♠ s❡♠✐❣r✉♣♦ ❝♦♠ ✐♥tS 6= ∅✳ ❊①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦

❞❡ r❛í③❡s s✐♠♣❧❡s Θ(S) ⊂ Σ t❛❧ q✉❡ ❛s três ❝♦♥❞✐çõ❡s ❛❜❛✐①♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✐✳ Θ(S) é ♦ ♠❡♥♦r s✉❜❝♦♥❥✉♥t♦ Θ ⊂ Σ ✭♦✉ ♦ ♠❛✐♦r ✢❛❣ FΘ✮ t❛❧ q✉❡ DΘ(1) ❡stá

❝♦♥t✐❞♦ ♥✉♠❛ ❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t ❞❡ FΘ✳

✐✐✳ Θ(S) é ♦ ♠❛✐♦r s✉❜❝♦♥❥✉♥t♦ Θ ⊂ Σ ✭♦✉ ♦ ♠❡♥♦r ✢❛❣ FΘ✮ t❛❧ q✉❡ π−1
Θ (DΘ(1))

é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ✐♥✈❛r✐❛♥t❡ ❞❡ S ♥♦ ✢❛❣ ♠❛①✐♠❛❧ F✳

✐✐✐✳ Θ(S) é ♦ ú♥✐❝♦ s✉❜❝♦♥❥✉♥t♦ Θ ⊂ Σ ✭♦✉ ♦ ú♥✐❝♦ ✢❛❣ FΘ✮ t❛❧ q✉❡ DΘ(1) ❡stá

❝♦♥t✐❞♦ ♥✉♠❛ ❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t ❡ π−1
Θ (DΘ(1)) é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡

✐♥✈❛r✐❛♥t❡ ❞❡ S ♥♦ ✢❛❣ ♠❛①✐♠❛❧ F✳

❉❡♠♦♥str❛çã♦✿ ✈❡r ❬✷✶❪

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ s❡♠✐❣r✉♣♦ S é ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ(S) ✭♦✉

s✐♠♣❧❡s♠❡♥t❡ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s Θ(S) ⊂ Σ✮ q✉❡ s❛t✐s❢❛③ q✉❛❧q✉❡r ✉♠❛

❞❛s ❝♦♥❞✐çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳



❙❡çã♦ ✶✳✶ ✲ ❙❡♠✐❣r✉♣♦s ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ✶✵

❖ ❢❛t♦ ❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ✐♥✈❛r✐❛♥t❡ DΘ(S)(1) ⊂ FΘ(S) ❡st❛r ❝♦♥t✐❞♦ ♥✉♠❛

❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s ❡stã♦

♥❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❛ ❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ r❡❣✉❧❛r ❞❡ h ∈ G✳ ■st♦ é✱ ❡①✐st❡

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN t❛❧ q✉❡ s❡ bΘ(S) é ❛ ♦r✐❣❡♠ ❞♦ ✢❛❣ FΘ(S)

❝♦♠ r❡s♣❡✐t♦ à ❡ss❛ ❞❡❝♦♠♣♦s✐çã♦ ❡ h ∈ A+✱ ❡♥tã♦ limn→∞ hnb = bΘ(S) ♣❛r❛ t♦❞♦

b ∈ DΘ(S)✱ ♦✉ s❡❥❛✱ DΘ(S)(1) ⊂ N−bΘ(S)✳

❊ss❛ ♥♦çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❡r♠✐t❡ ✈❡r ❡str✉t✉r❛❧♠❡♥t❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ S✱

✐st♦ é✱ ❝♦♠ r❡❧❛çã♦ ❛♦s s❡✉s ❡❧❡♠❡♥t♦s✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❞❡✜♥✐r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞♦s ❡❧❡♠❡♥t♦s ❞❡ G✳ ❈♦♥s✐❞❡r❡ g = uhn ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ ✭♠✉❧t✐♣❧✐❝❛t✐✈❛✮

❞❡ g ❡ t♦♠❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN t❛❧ q✉❡ u ∈ K✱ h ∈ ❝❧A+ ❡

n ∈ N ✳ ❆ss♦❝✐❛❞❛ à ❡s❝♦❧❤❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛✱ t❡♠♦s ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠

❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s Σ✳ ❊♥tã♦ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ g é ❞❛❞♦ ♣♦r

Θ(g) = {α ∈ Σ | α(log h) = 0} = Θ(H), h = expH, H ∈ a

❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ g ❞✐③ ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉❛❧ é ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ s✉❛ ❝♦♠♣♦✲

♥❡♥t❡ ✈❡t♦r✐❛❧ h ❡♠ t❡r♠♦s ❞❛s r❛í③❡s ❞❡ G✳ ◗✉❛♥t♦ ♠❡♥♦r ❢♦r ♦ ❝♦♥❥✉♥t♦ Θ(g)✱

♠❛✐♦r ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ g✱ ✐st♦ é✱ ♠❡♥♦s r❛í③❡s ❛♥✉❧❛♠ ❛ s✉❛ ❝♦♠♣♦♥❡♥t❡ ✈❡t♦r✐❛❧ h✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ G = ❙❧(n,R)✱ ✉♠ s✉❜❣r✉♣♦ ✈❡t♦r✐❛❧ A é ❞❛❞♦

♣❡❧❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡ ❛s r❛í③❡s sã♦ ♦s ❢✉♥❝✐♦♥❛✐s ❞❛

❢♦r♠❛ λi − λj ∈ a∗✱ ♦♥❞❡ λi(❞✐❛❣(a1, . . . , an)) = ai✳ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s

é ❞❛❞♦ ♣❡❧♦s ❢✉♥❝✐♦♥❛✐s λi − λi+1✱ ❝♦♠ i = 1, . . . , n − 1✱ ❡ ❛ss♦❝✐❛❞♦ à ❡ss❛ ❡s❝♦❧❤❛

t❡♠♦s ❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛ a+ ❞❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❞❡ tr❛ç♦ ③❡r♦✱

❝♦♠ ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s ❡ ♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r ♣❛r❛ ♦ ♠❡♥♦r✳ ❏á ♦ ❢❡❝❤♦ ❝❧a+

sã♦ ❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❛✉t♦✈❛❧♦r❡s ♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r ♣❛r❛ ♦ ♠❡♥♦r✱ só

q✉❡ ♣♦ss✐✈❡❧♠❡♥t❡ r❡♣❡t✐❞♦s✳ ◆❡st❡ ❝❛s♦✱ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ h ∈ ❝❧A+

é s✐♠♣❧❡s♠❡♥t❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦s s❡✉s ❛✉t♦✈❛❧♦r❡s✳ ◗✉❛♥t♦ ♠❛✐s ❛✉t♦✈❛❧♦r❡s

r❡♣❡t✐❞♦s ♠❡♥♦r ❛ s✉❛ r❡❣✉❧❛r✐❞❛❞❡✳ ◆♦s ❝❛s♦s ❡①tr❡♠♦s t❡♠♦s Θ(h) = ∅ ♦✉ Θ(h) =

Σ✳ ❙❡ h ∈ A+ ❡♥tã♦ Θ(h) = ∅✱ ✐st♦ é✱ t♦❞♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ❞✐st✐♥t♦s ❡ s✉❛

r❡❣✉❧❛r✐❞❛❞❡ é ♠á①✐♠❛✳

❯♠❛ ❜♦❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❧❤❛r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ S é s❡ ♣❡r✲

❣✉♥t❛♥❞♦ q✉❛❧ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ s❡✉ ✐♥t❡r✐♦r✳ ◆❡ss❡ s❡♥t✐❞♦✱ s❡♠♣r❡

é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r✱ ♥♦ s❡✉ ✐♥t❡r✐♦r✱ ❡❧❡♠❡♥t♦s ❝♦♠ r❡❣✉❧❛r✐❞❛❞❡ ♠á①✐♠❛✱ ✐st♦ é✱

s❡♠♣r❡ ❡①✐st❡ g ∈ G ❡ h ∈ A+ t❛❧ q✉❡ ghg−1 ∈ ✐♥t(S)✳ ❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡s❝❧❛r❡❝❡

✉♠ ♣♦✉❝♦ ♠❛✐s s♦❜r❡ ❡ss❛ r❡❧❛çã♦✳

❚❡♦r❡♠❛ ✶✳✶✳✺✳ P❛r❛ t♦❞♦ g ∈ ✐♥t(S)✱ t❡♠♦s q✉❡ Θ(g) ⊂ Θ(S)✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡
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g ∈ ✐♥t(S) ❝♦♠ r❡❣✉❧❛r✐❞❛❞❡ ♠í♥✐♠❛✱ ✐st♦ é✱ Θ(g) = Θ(S)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦

t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ é ❛ ♠❡♥♦r r❡❣✉❧❛r✐❞❛❞❡ ♣♦ssí✈❡❧ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s

❞♦ s❡✉ ✐♥t❡r✐♦r✳

❉❡♠♦♥str❛çã♦✿ ❙❡çã♦ ✹ ❞❡ ❬✷✶❪

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡ss❡ t❡♦r❡♠❛ q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ S

❝♦♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✐♥t(S)✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❛❥✉❞❛ ❛ ✈❡r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✈ár✐♦s s❡♠✐❣r✉♣♦s ❛ ♣❛rt✐r

❞❡ s✉❜❝♦♥❥✉♥t♦s ❛❞♠✐ssí✈❡✐s ❡♠ FΘ✳ ❉✐③❡♠♦s q✉❡ C ⊂ FΘ é ❛❞♠✐ssí✈❡❧ s❡ C ❡stá

❝♦♥t✐❞♦ ♥✉♠❛ ❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✻✳ ❙❡ C ⊂ FΘ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❞♠✐ssí✈❡❧ ❡ C = ❝❧(✐♥t(C)) ❡♥tã♦

s❡♠✐❣r✉♣♦ ❞❡ ❝♦♠♣r❡ssã♦

SC = {g ∈ G | gC ⊂ C}

t❡♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦ ❡ s❡✉ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ é ❡①❛t❛♠❡♥t❡ Θ✳ ▼❛✐s ❛✐♥❞❛✱ C é ♦

❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ❛ ❛çã♦ ❞❡ S ❡♠ FΘ✳

❉❡♠♦♥str❛çã♦✿ Pr♦♣♦s✐çã♦ ✹✳✷ ❞❡ ❬✶✾❪

❈♦♠ ❛❥✉❞❛ ❞❡ss❛ ♣r♦♣♦s✐çã♦ ❝♦♥s❡❣✉✐♠♦s ❝❛❧❝✉❧❛r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ❞✐✈❡rs♦s

s❡♠✐❣r✉♣♦s✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ♦✉tr♦s ❡①❡♠♣❧♦s ✈❡❥❛ ❛ s❡çã♦ ✻✳✸ ❞❡ ❬✶✾❪✳

❊①❡♠♣❧♦ ✶✳✶✳✼✳ ❙❡♠✐❣r✉♣♦s ❞❡ ❈♦♠♣r❡ssã♦ ❞❡ ❝♦♥❡s

❙❡❥❛ W ⊂ R
n ✉♠ ❝♦♥❡ ♣♦♥t✉❛❧ ❡ ❣❡r❛❞♦r✳ ❖ ♣r♦❥❡t✐✈✐③❛❞♦

C = PW = {[v] ∈ RPn−1 | v ∈ W}

é ✉♠ ❝♦♥❥✉♥t♦ ❛❞♠✐ssí✈❡❧ ❡ C = ❝❧(✐♥t(C))✳ ▲♦❣♦✱ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ SC é ♦ ❡s♣❛ç♦

♣r♦❥❡t✐✈♦ RPn−1✳ ❯♠ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ q✉❡ ❞❡❝♦rr❡ ❞❡ss❡ ❡①❡♠♣❧♦ é ♦ ❞♦ s❡♠✐❣r✉♣♦

❙❧+(n,R) ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s✳ ❊ss❡ é ♦ s❡♠✐❣r✉♣♦ ❞❡

❝♦♠♣r❡ssã♦ ❞♦ ❝♦♥❡ W ❡♠ R
n ❞❛❞♦ ♣❡❧♦ ♣r✐♠❡✐r♦ ♦❝t❛♥t❡✱ ✐st♦ é✱ ❞♦ ❝♦♥❡ ❢♦r♠❛❞♦

♣❡❧♦s ✈❡t♦r❡s ❡♠ R
n q✉❡ t❡♠ t♦❞❛s ❛s s✉❛s ❝♦♦r❞❡♥❛❞❛s ♣♦s✐t✐✈❛s✳ ❊♠ t❡r♠♦s ❞❛s

r❛í③❡s s✐♠♣❧❡s ❞❡ ❙❧(n,R) t❡♠♦s q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ❙❧+(n,R) é ❞❛❞♦ ♣❡❧♦s

❢✉♥❝✐♦♥❛✐s

Θ(❙❧+(n,R)) = {λ2 − λ3, . . . , λn−1 − λn}.



❙❡çã♦ ✶✳✷ ✲ ❉❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✢✉①♦s ✶✷

✶✳✷ ❉❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡

✢✉①♦s

❆ ❞❡s❝r✐çã♦ ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s ♥♦s ❛❥✉❞❛ ❛ ❡♥t❡♥❞❡r ❛ ❞✐♥â♠✐❝❛

❞❡ ✢✉①♦s ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛✐s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❝♦♠ ❡❧❛

♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ❋❧❛❣ ✐♥❞✉③✐❞♦s

♣♦r ❛✉t♦♠♦r✜s♠♦s φt : Q→ Q✱ ♦♥❞❡ Q é ✉♠ G✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❝♦♠ ❣r✉♣♦ ❞❡ ▲✐❡

s❡♠✐ss✐♠♣❧❡s G✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛ φt : X → X ✉♠ ✢✉①♦ ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳ ❯♠❛ ❞❡❝♦♠♣♦✲

s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ φt é ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s {M1, . . . ,Mn}
t❛✐s q✉❡

✐✳ ❝❛❞❛ Mi é ❝♦♠♣❛❝t♦ ❡ φt✲✐♥✈❛r✐❛♥t❡❀

✐✐✳ ♣❛r❛ t♦❞♦ x ∈ X t❡♠✲s❡ ω(x), ω∗(x) ⊂ ∪iMi❀

✐✐✐✳ s❡ ω(x), ω∗(x) ∈ Mj ❡♥tã♦ x ∈ Mj

❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❞❡ tr❛♥s❧❛çõ❡s ❡♠ Pr♦❥❡t✐✈♦s

❙❡❥❛ g ∈ ❙❧(n + 1,R) ❡ ❝♦♥s✐❞❡r❡ ♦ ✢✉①♦ ❞✐s❝r❡t♦ ❣❡r❛❞♦ ♣❡❧❛ ❛çã♦ ❞❡ g ♥♦ ❡s♣❛ç♦

♣r♦❥❡t✐✈♦ RPn✱ ✐st♦ é

φn : RPn −→ RPn

[v] 7−→ φn([v]) = [gn(v)]

❆s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❡ss❡ ✢✉①♦ sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣❡❧❛ ❝♦♠♣♦♥❡♥t❡ ✈❡t♦r✐❛❧

❞❡ g✳ ■st♦ é✱ ❡s❝r❡✈❛ g = ehu ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ ❞❡ g✱ ❝♦♠ e ❡❧í♣t✐❝♦✱ h

❤✐♣❡r❜ó❧✐❝♦ ❡ u ✉♥✐♣♦t❡♥t❡✱ ❡ s❡❥❛♠ V1, V2, . . . , Vk ♦s ❛✉t♦❡s♣❛ç♦s ❞❡ h✳ ❊♥tã♦

Mj = PVj = {[v] ∈ RPn | v ∈ Vj}, , j = 1, 2, . . . , k,

❢♦r♠❛♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞❡ φt✳

❱❡❥❛ ❬✾❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❞❡ ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ♣❛r❛ tr❛♥s❧❛çõ❡s ❡♠ ✈❛✲

r✐❡❞❛❞❡s ❋❧❛❣✳

P❛r❛ ❞❡s❝r❡✈❡r ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ❋❧❛❣ ❛ ♣❛rt✐r

❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s✱ ♦ q✉❡ é ❢❡✐t♦✱ ♥❛ ✈❡r❞❛❞❡✱ é ✉♠ ❞❡s❝r✐çã♦ ❞❛s

❝♦♠♣♦♥❡♥t❡s r❡❝♦rr❡♥t❡s ♣♦r ❝❛❞❡✐❛s ❞♦ ✢✉①♦✱ q✉❡ ♣❛ss❛♠♦s ❛ ❞❡✜♥✐r ❛❜❛✐①♦✳
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❈♦♥s✐❞❡r❡ φt : X → X ✉♠ ✢✉①♦ ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d)✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s

x, y ∈ X ❡ ♥ú♠❡r♦s r❡❛✐s ǫ, T > 0✱ ✉♠❛ (ǫ, T )✲❝❛❞❡✐❛ ❞❡ x ♣❛r❛ y é ❞❛❞❛ ♣♦r ✉♠

❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s x = x0, x1, . . . , xk = y ❡ t❡♠♣♦s t0, t1, . . . , tn−1 ≥ T t❛✐s

q✉❡

d(φtj(xj), xj+1) < ǫ.

❯♠ s✉❜❝♦♥❥✉♥t♦ Y ⊂ X é ❞✐t♦ tr❛♥s✐t✐✈♦ ♣♦r ❝❛❞❡✐❛s s❡ ♣❛r❛ ❝❛❞❛ x, y ∈ X ❡

ǫ, T > 0✱ ❡①✐st❡ ✉♠❛ (ǫ, T )✲❝❛❞❡✐❛ ❞❡ x ♣❛r❛ y✳ ❯♠ ♣♦♥t♦ x ∈ X é r❡❝♦rr❡♥t❡ ♣♦r

❝❛❞❡✐❛s s❡ ♦ ❝♦♥❥✉♥t♦ {x} ❢♦r tr❛♥s✐t✐✈♦ ♣♦r ❝❛❞❡✐❛s✱ ✐st♦ é✱ s❡ ♣❛r❛ t♦❞♦ ǫ, T > 0

❡①✐st❡ ✉♠❛ (ǫ, T )✲❝❛❞❡✐❛ ❞❡ x ♣❛r❛ x✳ ❉❡♥♦t❛♠♦s ♣♦r RC(φt) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s

♦s ♣♦♥t♦s r❡❝♦rr❡♥t❡s ♣♦r ❝❛❞❡✐❛s✳

❆ r❡❧❛çã♦ ❡♥tr❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❡ r❡❝♦rrê♥❝✐❛ ♣♦r ❝❛❞❡✐❛s é ❞❛❞❛ ♥❛ ♣ró✲

①✐♠❛ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳ ❖ ✢✉①♦ φt ❛❞♠✐t❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ♦ ❝♦♥❥✉♥t♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛s RC(φt) ♣♦ss✉✐r ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡

✜♥✐t❛ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ◆❡st❡ ❝❛s♦✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ RC(φt) sã♦

❡①❛t❛♠❡♥t❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ❇✳✷✳✷✻ ❞❡ ❬✼❪

❊♠ ✈✐rt✉❞❡ ❞❡ss❛ ♣r♦♣♦s✐çã♦✱ ♣❛r❛ ♦❜t❡r ❡ ❞❡s❝r❡✈❡r ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡

❜❛st❛ ❞❡s❝r❡✈❡r ❛s ❝♦♠♣♦♥❡♥t❡s tr❛♥s✐t✐✈❛s ♣♦r ❝❛❞❡✐❛s✳ ➱ ❛í q✉❡ ❡♥tr❛ ♦ ♣❛♣❡❧ ❞♦s

s❡♠✐❣r✉♣♦s✦

❚✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦s

❈♦♥s✐❞❡r❡ π : Q → X ✉♠ G✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❧♦❝❛❧♠❡♥t❡ tr✐✈✐❛❧✱ ❝♦♠ G ✉♠

❣r✉♣♦ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s ❡ ❜❛s❡ X ❝♦♠♣❛❝t❛✱ ❡ ❢♦r♠❡ ♦ ✜❜r❛❞♦ ✢❛❣ ❛ss♦❝✐❛❞♦

EΘ = Q×GFΘ✳ ❙❡❥❛ SQ ✉♠ s❡♠✐❣r✉♣♦ ❢♦r♠❛❞♦ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❧♦❝❛✐s ❞♦ ✜❜r❛❞♦

Q✳ ❊ss❡ s❡♠✐❣r✉♣♦ ❛❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❡♠ Q✱ ♥❛ ❜❛s❡ X ❡ ♥♦ ✜❜r❛❞♦ ✢❛❣ ❛ss♦❝✐❛❞♦

EΘ✳ ❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ SQ é ❛❝❡ssí✈❡❧ ❡ q✉❡ ❛ ❛çã♦ ♥❛ ❜❛s❡ X é tr❛♥s✐t✐✈❛✳ ❊ss❛s

❤✐♣ót❡s❡s ♣❡r♠✐t❡♠ ❡st✉❞❛r ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ❞❛ ❛çã♦ ❞❡ SQ ❡♠ EΘ ❛♣❡♥❛s

♦❧❤❛♥❞♦ ♣❛r❛ s✉❛ ❛çã♦ ♥❛s ✜❜r❛s✱ r❡s✉♠✐♥❞♦ ♦ ❡st✉❞♦ à ❛çã♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡

✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✳

❆ ✐❞é✐❛ ❣❡r❛❧ ❞❡ss❛ ❝♦♥str✉çã♦ é ❝♦♥s✐❞❡r❛r✱ ♣❛r❛ ❝❛❞❛ ✜❜r❛ ✭♦✉ ♣❛r❛ ❝❛❞❛ q ∈ Q✮

♦ s❡♠✐❣r✉♣♦ ❞❡G ❢♦r♠❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s q✉❡ ❛❣❡♠ ♥❛ ✜❜r❛ q✉❡ ❝♦♥té♠ q ❞❛ ♠❡s♠❛



❙❡çã♦ ✶✳✷ ✲ ❉❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✢✉①♦s ✶✹

❢♦r♠❛ q✉❡ ❛❧❣✉♠ ❡♥❞♦♠♦r✜s♠♦ ❝♦♥t✐❞♦ ❡♠ SQ✳ ❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛ ❝♦♥s✐❞❡r❛✲s❡

♦ s❡♠✐❣r✉♣♦

Sq = {g ∈ G | φ(q) = qg, ♣❛r❛ ❛❧❣✉♠ φ ∈ SQ}.

❈♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ ❛❝❡ss✐❜✐❧✐❞❛❞❡ ♠♦str❛✲s❡ q✉❡ Sq é ❛❜❡rt♦✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦✲

t❛♥❞♦ ♣♦r Dq(w) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❛çã♦ ❞❡ Sq ♥♦ ✢❛❣ ♠❛①✐♠❛❧ F✱ t❡♠♦s

❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❛çã♦ ❞❡ SQ ♥♦ ✜❜r❛❞♦

✢❛❣ ♠❛①✐♠❛❧ E✳

❚❡♦r❡♠❛ ✶✳✷✳✹✳ ❖s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❛çã♦ ❞❡ SQ ❡♠ E sã♦ ❞❛❞♦s ♣♦r

❝♦♥❥✉♥t♦s D(w)✱ ❝♦♠ w ∈ W✱ q✉❡ s❡ ♣r♦❥❡t❛♠ s♦❜r❡ t♦❞❛ ❛ ❜❛s❡ X ❡ ❝✉❥♦s ❝♦♥❥✉♥t♦s

❞❡ tr❛s✐t✐✈✐❞❛❞❡ sã♦ ❞❛❞♦s ❡♠ ❝❛❞❛ ✜❜r❛ ♣♦r

(D(w)o)π(q) = q ·Dq(w)0, q ∈ Q.

❆❧é♠ ❞✐ss♦✱ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ❝❛❞❛ Sq ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ q ∈ Q✳

❉❡♠♦♥str❛çã♦✿ ✈❡r s❡çã♦ ✽ ❞❡ ❬✻❪

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ s❡♠✐❣r✉♣♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❧♦❝❛✐s SQ é ♦

t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ✭❝♦♠✉♠✮ ❞❡ ❝❛❞❛ Sq✱ ❝♦♠ q ∈ Q✳

❚✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✢✉①♦s

P❛r❛ ❛♣❧✐❝❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ s❡♠✐❣r✉♣♦s ❛♦ ❡st✉❞♦ ❞❛s ❝♦♠♣♦✲

♥❡♥t❡s tr❛♥s✐t✐✈❛s ♣♦r ❝❛❞❡✐❛s ❞♦ ✢✉①♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s φt : Q → Q✱ ✐♥tr♦❞✉③✲s❡

♦ ❝♦♥❝❡✐t♦ ❞❡ s❡♠✐❣r✉♣♦ ❞❡ s♦♠❜r❡❛♠❡♥t♦✳ P❛r❛ ✐ss♦✱ ✜①❛❞♦ ǫ > 0✱ ❝♦♥s✐❞❡r❡ ♦s

❛✉t♦♠♦r✜s♠♦s ❧♦❝❛✐s ❞❡ Q q✉❡ ❡stã♦ ǫ✲♣ró①✐♠♦s ❞❛ ✐❞❡♥t✐❞❛❞❡✳ ■st♦ é✱ ❝♦♥s✐❞❡r❡

Vǫ = {ϕ ∈ ❊♥❞(Q) | d(ϕ(ξ), ξ) < ǫ, ∀ξ ∈ F}✱ ♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ ❡♠ F é ✐♥❞✉③✐❞❛ ♣♦r

✉♠❛ ❞✐stâ♥❝✐❛ ✐♥✈❛r✐❛♥t❡ ❡♠ G t❛❧ q✉❡ t♦❞❛ tr❛♥s❧❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K ⊂ G é

✐s♦♠❡tr✐❛✳

P❛r❛ ❝❛❞❛ ǫ > 0 ❡ T > 0✱ ♦ (ǫ, T )✲s❡♠✐❣r✉♣♦ ❞❡ s♦♠❜r❡❛♠❡♥t♦ é ❞❡✜♥✐❞♦ ♣♦r

Sǫ,T = {ϕs ◦ φts ◦ · · · ◦ ϕ1 ◦ φt1 | ti > T, ϕi ∈ Vǫ}.

❉❡ss❛ ❝♦♥str✉çã♦ s❡❣✉❡ q✉❡ ❛s (ǫ, T )✲❝❛❞❡✐❛s ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ξ ∈ E ❝♦✐♥✲

❝✐❞❡♠ ❝♦♠ ❛ Sǫ,T ór❜✐t❛ ❞❡ ξ✳ ➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ♦s s❡♠✐❣r✉♣♦s ❧♦❝❛✐s Sǫ,T sã♦

❛❝❡ssí✈❡✐s✱ ❞❡ ❢♦r♠❛ q✉❡ ♦s s❡✉s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ❛ ♣❛rt✐r ❞♦



❈❛♣✳ ✶ ✲ Pr❡❧✐♠✐♥❛r❡s ✶✺

t❡♦r❡♠❛ ✶✳✷✳✹✳ ❉❡♥♦t❛♥❞♦ ♣♦r Dǫ,T
Θ (w) ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❛çã♦ ❞❡ Sǫ,T

❡♠ EΘ✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞♦ ✢✉①♦ ♥♦ ✜❜r❛❞♦ ✢❛❣ EΘ ✐♥❞✉③✐❞♦ ♣❡❧♦ ✢✉①♦

φt : Q → Q sã♦ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ✐♥t❡rs❡çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ❞♦s

❝♦♥❥✉♥t♦s ❞❡ ❝♦♥tr♦❧❡ Dǫ,T
Θ (w)✱ ❝♦♠♦ ❡♥✉♥❝✐❛❞♦ ♥♦ ♣ró①✐♠♦ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✷✳✻✳ ❆s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞♦ ✢✉①♦

φt : EΘ → EΘ sã♦ ❞❛❞❛s ♣♦r

MΘ(w) =
⋂

ǫ,T

D
ǫ,T
Θ (w). ✭✶✳✶✮

❆❧é♠ ❞✐ss♦ MΘ(1) é ❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❡ MΘ(w0) é ❛ ú♥✐❝❛

❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ r❡♣✉❧s♦r❛✳

❉❡♠♦♥str❛çã♦✿ ✈❡r s❡çã♦ ✾ ❞❡ ❬✻❪

❖❜s❡r✈❡ q✉❡ s❡ ǫ1 < ǫ2 ❡ T1 > T2 ❡♥tã♦ Sǫ1,T1 ⊂ Sǫ2,T2 ✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ ♦s

t✐♣♦s ♣❛r❛❜ó❧✐❝♦s ❞❡ss❡s s❡♠✐❣r✉♣♦s s❛t✐s❢❛③❡♠ Θ(Sǫ1,T1) ⊂ Θ(Sǫ1,T1)✳ ❚♦♠❛♥❞♦ ǫ

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞❡ss❡s s❡♠✐❣r✉♣♦s ❡st❛❜✐❧✐③❛ ✭♣♦✐s ✈❛r✐❛♥❞♦ ǫ ❡ T t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡

❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✮✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦ φt : Q → Q é ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s

s✐♠♣❧❡s ❞❛❞♦ ♣♦r

Θ(φ) =
⋂

ǫ>0,T>0

Θ(Sǫ,T ).

P♦❞❡♠♦s ❛✐♥❞❛ ❢♦r♥❡❝❡r ✉♠❛ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❛

♣❛rt✐r ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ Θ(φ) ❡ ❞♦ s❡✉ ❞✉❛❧ Θ(φ)∗✱ ❝♦♠♦ ❡♥✉♥❝✐❛❞♦ ♥♦ t❡♦r❡♠❛

❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✶✳✷✳✽✳ ❙❡❥❛ Θ(φ) ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦ φt ❡ Θ(φ)∗ ♦ s❡✉ ❞✉❛❧✳ ❊♥tã♦

✐✳ ❖ ✢✉①♦ ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❡♠ EΘ(φ) ❡ ❡st❛ ✐♥✲

t❡rs❡❝t❛ ❝❛❞❛ ✜❜r❛ ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳ ❊ss❛ ❝♦♠♣♦♥❡♥t❡ é r❡❛❧✐③❛❞❛ ❝♦♠♦ ❛

✐♠❛❣❡♠ ❞❡ ✉♠❛ s❡çã♦ ❝♦♥tí♥✉❛ σφ : X → EΘ(φ)✳ ■st♦ é

(MΘ(φ)(1))x = σφ(x).

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡t❡ ❞❡ ▼♦rs❡ r❡♣✉❧s♦r❛ ♥♦ ✜❜r❛❞♦

✢❛❣ ❞❡ t✐♣♦ ❞✉❛❧ Θ(φ)∗ ❡ é ❞❛❞❛ ♣❡❧❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ s❡çã♦ ❝♦♥tí♥✉❛ σ∗
φ : X →

EΘ(φ)∗✳



❙❡çã♦ ✶✳✷ ✲ ❉❡❝♦♠♣♦s✐çõ❡s ❞❡ ▼♦rs❡ ❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✢✉①♦s ✶✻

✐✐✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s f : Q → FΘ(φ) ❡ f ∗ : Q → FΘ(φ)∗

❛ss♦❝✐❛❞❛s às s❡çõ❡s σφ ❡ σ∗
φ✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ q0 ∈ Q✱ f(q0) ❡ f ∗(q0) sã♦

s✉❜á❧❣❡❜r❛s ♦♣♦st❛s ❡ ❛ ór❜✐t❛

{(f(q), f ∗(q)) | q ∈ Q} = ❆❞(G)(f(q0), f
∗(q0)) ⊂ FΘ(φ) × FΘ(φ)∗

é ❛❜❡rt❛✱ ❞❡♥s❛ ❡ s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❆❞(G)Hφ = G/Z(Hφ)✱

♦♥❞❡ Hφ é ✉♠ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐s❝♦ ❞❡ Θ(φ) ✭✐st♦ é✱ Θ(φ) = {α ∈ σ|α(Hφ) =

0}✮✳

✐✐✐✳ ❆ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ hφ : Q → ❆❞(G)Hφ ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ r❡❧❛çã♦ ❞♦ ✐t❡♠

✐✐✳ ❛❝✐♠❛ ✭hφ(q) ≈ (f(q), f ∗(q))✮ ❢♦r♥❡❝❡ ✉♠❛ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦✲

♥❡♥t❡s ❞❡ ▼♦rs❡ ❞♦ ✢✉①♦ φt ❡♠ q✉❛❧q✉❡r ✜❜r❛❞♦ ✢❛❣ EΘ✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡

t❡♠♦s

(MΘ(w))π(q) = q · ✜①Θ(hφ(q), w).

❖❜s❡r✈❛çã♦ ✶✳✷✳✾✳ ❉❡✈✐❞♦ à ❝❛r❛❝t❡r✐③❛çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦❡♥t❡s ❞❡ ▼♦rs❡ ❞❡

φt ♥♦s ✜❜r❛❞♦s ✢❛❣ s❡r ❢❡✐t❛ ❛ ♣❛rt✐r ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦✱ ♣♦r ✈❡③❡s ✐r❡♠♦s

❝❤❛♠❛r Θ(φ) ❞❡ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❞♦ ✢✉①♦ φt ❡ ♦ ❞❡♥♦t❛r❡♠♦s ♣♦r ΘMo(φ)

✭♦✉ ❛♣❡♥❛s ΘMo s❡ ♦ ✢✉①♦ φt ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦✮✳ ❖ ♠❡s♠♦ ❢❛r❡♠♦s ❝♦♠

♦ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ Hφ✱ q✉❡ ♣♦r ✈❡③❡s ❞❡♥♦t❛r❡♠♦s HMo ♣❛r❛ ❞❡✐①❛r ❡①♣❧í❝✐t♦

q✉❡ é ❛ ♣❛rt✐r ❞❡❧❡ q✉❡ s❡ ♦❜té♠ ❛ ❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡✳

❋✐❣✉r❛ ✶✳✶✿ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ❡♠ ❋✐❜r❛❞♦s ❋❧❛❣

❖ t❡♦r❡♠❛ ✶✳✷✳✽ ❞✐③ ❡ss❡♥❝✐❛❧♠❡♥t❡ q✉❡ ❡♠ ❝❛❞❛ ✜❜r❛ ❞♦ ✜❜r❛❞♦ EΘ ❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ é ❞❛❞❛ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞❛ ❛çã♦



❈❛♣✳ ✶ ✲ Pr❡❧✐♠✐♥❛r❡s ✶✼

❞❡ ❛❧❣✉♠ ❝♦♥❥✉❣❛❞♦ ❞❡ Hφ ✭✐✳é✳✱ ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❢♦r♠❛ ❆❞(g)Hφ ❝♦♠ g ∈ G✮✱

♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ FΘ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦❧❤❛♥❞♦ ♣❛r❛ ♦ ✜❜r❛❞♦ ✢❛❣ ❞❡ t✐♣♦ Θ▼♦ ♦✉

♣❛r❛ ❛q✉❡❧❡s q✉❡ sã♦ ♣r♦❥❡çõ❡s ❞❡st❡ ✭Θ ⊃ Θ▼♦✮✱ t❡♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡

❛tr❛t♦r❛✱ ❞❛❞❛ ❡♠ ❝❛❞❛ ✜❜r❛ ♣♦r (MΘ▼♦(1))x = q · ✜①Θ▼♦(hφ(q), 1)✱ é ❛ ✉♠❛ s❡çã♦

✭✜❣✉r❛ ✶✳✶✮✳

❯♠ ❝❛s♦ ❡♠ q✉❡ s❡ ♣♦❞❡ ❡st✐♠❛r ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ❛✉t♦♠♦r✜s♠♦ φ : Q→ Q s❡

❞á q✉❛♥❞♦ Q = X×G é tr✐✈✐❛❧ ❡ ♦ ❛✉t♦♠♦r✜s♠♦ é ❞❛❞♦ ♣♦r φ(x, g) = (f(x), A(x)g)✱

❝♦♠ A : X → S ⊂ G ❛ss✉♠✐♥❞♦ ✈❛❧♦r❡s ♥✉♠ s❡♠✐❣r✉♣♦ S ⊂ G✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ S

é ❛❜❡rt♦ ✭♦✉ q✉❛♥❞♦ ✐♥tS 6= ∅ ❡ A ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✐♦r ❞❡ S✮✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r

q✉❡ ♦s s❡♠✐❣r✉♣♦s ❞❡ s♦❜r❡❛♠❡♥t♦ ♣❡q✉❡♥♦s ❝♦♥té♠ ❛✉t♦♠♦r✜s♠♦s ❝♦♠ ❛ ♠❡s♠❛

♣r♦♣r✐❡❞❛❞❡✳ ❉❡ ♠♦❞♦ ♠❛✐s ♣r❡❝✐s♦ t❡♠♦s q✉❡ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

❡ T > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ✈❛❧❡ q✉❡

Sǫ,T ⊂ S ❡ Θ▼♦(φ) ⊂ Θ(Sǫ,T ) ⊂ Θ(S). ✭✶✳✷✮

◆❡st❡s ❝❛s♦s ❝♦♥s❡❣✉✐r❡♠♦s ❡①❡♠♣❧♦s ✐♥t❡r❡ss❛♥t❡s s♦❜r❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s

❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❝♦❝✐❝❧♦ ❣❡r❛❞♦ ♣♦r A ❡♠ ❢✉♥çã♦ ❞♦ t✐♣♦

♣❛r❛❜ó❧✐❝♦ ❞♦ s❡♠✐❣r✉♣♦ S✳
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Capı́tulo 2

❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ❞❡♠♦♥str❛r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❛♣❧✐✲

❝❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞❡ ✉♠ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦✱ ✐♥❞✉③✐❞❛ ♣♦r ✉♠ ❛✉t♦♠♦r✜s♠♦

❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳

▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡Q→ X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♥tí♥✉♦ ❝♦♠ ❣r✉♣♦

❞❡ ❡str✉t✉r❛ G s❡♠✐ss✐♠♣❧❡s✱ ❝♦♠ ❜❛s❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ X✱ ❡ s❡❥❛

φ : Q → Q ✉♠ ❛✉t♦♠♦r✜s♠♦✳ ❉❡♥♦t❛♠♦s t❛♠❜é♠ ♣♦r φ : X → X ❛ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ ♥❛ ❜❛s❡ ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ φ : Q→ Q✳ ❙❡ ♦ ❣r✉♣♦ G ❛❣✐r ♥✉♠❛ ✈❛r✐❡❞❛❞❡

F ✱ ❢♦r♠❛♠♦s ♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ E = Q ×G F ✱ ❡ ✐♥❞✉③✐♠♦s ✉♠ ❛✉t♦♠♦r✜s♠♦

♥❡ss❡ ✜❜r❛❞♦ ♣♦♥❞♦ φ(q · z) = φ(q) · z✳ ❊ss❡ ❛✉t♦♠♦r✜s♠♦✱ ♣♦r s✉❛ ✈❡③✱ ✐♥❞✉③ ✉♠❛

❛♣❧✐❝❛çã♦ Γφ ♥♦ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❝♦♥tí♥✉❛s ❞❡ E✱ ❞❡♥♦t❛❞♦ ♥♦ t❡①t♦ ♣♦r ΓE✱ ♣♦♥❞♦

Γφ(σ)(x) = φ ◦ σ ◦ φ−1(x)✳

P❛r❛ ♦❧❤❛r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ Γφ✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ K✲r❡❞✉çã♦ R ❞♦

✜❜r❛❞♦ Q✱ ❝♦♠ K ❝♦♠♣❛❝t♦✱ ❝♦♥str✉✐r❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ΓE ❡

♠♦str❛r❡♠♦s q✉❡ ❡ss❛ ❡str✉t✉r❛ ❢♦r♥❡❝❡ ✉♠ ♠❡r❣✉❧❤♦ ❞❡ ΓE ♥♦ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s

C(R,F )✱ ❝✉❥❛ ✐♠❛❣❡♠ é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❞❡ R ❡♠ F ✳

❆❧é♠ ❞✐ss♦✱ ♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q) ❞♦ ✜❜r❛❞♦ Q ❛❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❡♠ Q✱ ❡ ❝♦♠

✐ss♦ ✐♥❞✉③ ✉♠❛ ❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE ♣♦r ❝♦♠♣♦s✐çã♦✱ ✐st♦ é✱ s❡ γ ∈ G(Q) ❡
σ ∈ ΓE é ❞❛❞❛ ♣♦r σ(x) = q · f(q) ❡♥tã♦ γσ(x) = q · γ(f(q))✳ ▼♦str❛r❡♠♦s ♥❡ss❡

❝❛♣ít✉❧♦ q✉❡ ❡ss❛ ❛çã♦ é t❛♠❜é♠ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊ss❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ é ✉♠ ❞♦s

♣❛ss♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ❝❡rt❛s ❝♦♠❜✐♥❛çõ❡s ❞♦s ❡①♣♦❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈ ❞❡♣❡♥❞❡♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳

✶✾



❙❡çã♦ ✷✳✶ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✷✵

✷✳✶ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s

❈♦♥s✐❞❡r❛r❡♠♦s ❛q✉✐ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❝♦♥tí♥✉♦s✱ ❧♦❝❛❧♠❡♥t❡ tr✐✈✐❛✐s✱ ❞❡ ❞✐♠❡♥✲

sã♦ ✜♥✐t❛✱ ❝♦♠ ❜❛s❡ ❝♦♠♣❛❝t❛ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t❛✱ ❡ ♦s ❞❡♥♦t❛r❡♠♦s ♣❡❧❛s ❧❡tr❛s

V ✱ W ✱ ❡t❝✳✳ ❚❛✐s ✜❜r❛❞♦s s❡♠♣r❡ ♣♦ss✉❡♠ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ♦✉ s❡❥❛✱ ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ 〈·, ·〉 : V⊕V → R✱ q✉❡ r❡str✐t❛ ❛ ❝❛❞❛ ✜❜r❛ Vx é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ◆❡st❡

❝❛s♦✱ s❡♠♣r❡ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛ r❡❞✉çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦ ♣❛r❛

O(n)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛s r❡str✐çõ❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s às ✜❜r❛s sã♦ ✐s♦♠❡tr✐❛s

❡♥tr❡ Vx ❡ R
n✳

❉✐r❡♠♦s q✉❡ ✉♠ ❛t❧❛s {ϕi : Ui → Ui × R
n | 1 ≤ i ≤ k} ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧

π : V → X é ♥♦r♠❛❧ s❡ ♣❛r❛ ❝❛❞❛ x ∈ X✱ ❛ r❡str✐çã♦ ❞❛ ❝♦♦r❞❡♥❛❞❛ ❧♦❝❛❧ ϕi à ✜❜r❛

Vx✱ ϕi|Vx
: Vx → {x}×R

n ❢♦r ✉♠❛ ✐s♦♠❡tr✐❛ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❝❛❞❛ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡

Ui ❝♦♥t✐✈❡r ✉♠ ❝♦♠♣❛❝t♦ Ki t❛❧ q✉❡ Ki ⊂ ✐♥tKi ❡ X =
⋃k
i=1Ki✳ ❙❡ X ❢♦r ❝♦♠♣❛❝t♦

❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♥tã♦ t❛❧ ❛t❧❛s s❡♠♣r❡ ❡①✐st❡✳

❆ ♣❛rt✐r ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡✜♥✐❞♦ ❡♠ V ✱ ✐♥❞✉③✐♠♦s ✉♠❛ ♥♦r♠❛ ‖ · ‖ : V → R

♥♦ ✜❜r❛❞♦ ♣♦♥❞♦ ‖ξ‖ = 〈ξ, ξ〉1/2✳

✷✳✶✳✶ ❚♦♣♦❧♦❣✐❛ ❞♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧

P❛ss❛♥❞♦ ❛♦ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❝♦♥tí♥✉❛s✱

ΓV = {σ : X → V | σ é ❝♦♥tí♥✉❛ ❡ π(σ(x)) = x},

t❡♠♦s q✉❡ ❡st❡ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ ❝♦♠ ♥♦r♠❛ ❞❛❞❛ ♣♦r ‖σ‖ = supx∈X ‖σ(x)‖✳

▲❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ π : V → X ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s

s❡çõ❡s ❝♦♥tí♥✉❛s ❞❡ss❡ ✜❜r❛❞♦✱ ΓV✱ ❝♦♠ ❛ ♥♦r♠❛ ❞❛❞❛ ♣♦r ‖σ‖ = supx∈X ‖σ(x)‖
t❡♠♦s q✉❡✿

✭❛✮ ❙❡ A é ✉♠ ❛❜❡rt♦ ❡♠ V ❝♦♥t❡♥❞♦ ❛ ✐♠❛❣❡♠ ❞❛ s❡çã♦ σ ∈ ΓV ❡♥tã♦ ΓA =

{τ ∈ ΓV | ✐♠(τ) ∈ A} é ❛❜❡rt♦ ❡♠ ΓV✳

✭❜✮ ❈♦♠ ❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ ΓV é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✿

✭❛✮ ❈♦♥s✐❞❡r❡ {ϕi : Ui → Ui × R
n | 1 ≤ i ≤ k} ✉♠ ❛t❧❛s ♥♦r♠❛❧ ♣❛r❛ ♦ ✜❜r❛❞♦

✈❡t♦r✐❛❧ V ✳ ❙❡❥❛ σi(x) = (x, si(x)) ❛ ❡①♣r❡ssã♦ ❞❡ σ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✷✶

♣❛r❛ x ∈ Ki✱ ✐st♦ é✱ σi = ϕi ◦σ|Ki
✳ ❈♦♥s✐❞❡r❡ ❛✐♥❞❛ Ai = ϕi(A∩Ui)✳ ❈♦♠♦ ❛s

❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s sã♦ ✐s♦♠❡tr✐❛s✱ t❡♠♦s q✉❡ s❡ ϕi(ξ) = (x, v) ❡♥tã♦ ‖ξ‖ = ‖v‖✳
❆❣♦r❛ ❝♦♠♦ Ki é ❝♦♠♣❛❝t♦ ❡ Aci é ❢❡❝❤❛❞♦✱ t❡♠♦s q✉❡ inf{‖v − si(x)‖ | x ∈
Ki, (x, v) ∈ Aci} = ri > 0✳ ❆ss✐♠✱ s❡ x ∈ Ki ❡ ‖v−si(x)‖ < ri ❡♥tã♦ (x, v) ∈ Ai✳

❱♦❧t❛♥❞♦ ♣❛r❛ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ s❡ π(ξ) ∈ Ki ❡ ‖ξ−σ(π(ξ))‖ < ri ❡♥tã♦ ξ ∈ A✳

❚♦♠❛♥❞♦ r = min{r1, r2, ..., rk} t❡♠♦s q✉❡ B(σ, r) ⊂ ΓA✳

✭❜✮ ❙❡❥❛ (σn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ ΓV ✳ P❛r❛ ❝❛❞❛ x ∈ X ❞❡✜♥❛ σ(x) =

lim
n→∞

σn(x)✳ ❉❛❞♦ ǫ > 0✱ ❡①✐st❡ n0 t❛❧ q✉❡ ‖σm(x) − σn(x)‖ < ǫ ♣❛r❛ t♦❞♦

n,m > n0 ❡ x ∈ X✳ ❋❛③❡♥❞♦ m → ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡❣✉❡ q✉❡

‖σ(x) − σn(x)‖ ≤ ǫ ♣❛r❛ t♦❞♦ x ∈ X ❡ n > n0✳ ❚♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❡♠ x

s❡❣✉❡ q✉❡ ‖σ − σn‖ ≤ ǫ ♣❛r❛ n > n0✱ ♦✉ s❡❥❛✱ limn→∞ σn = σ✳ ❉♦ ú❧t✐♠♦

❧✐♠✐t❡ s❡❣✉❡ ❛✐♥❞❛ q✉❡ σ é✱ ❞❡ ❢❛t♦✱ ❝♦♥tí♥✉❛✱ ♣♦✐s é ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ ❢✉♥çõ❡s

❝♦♥tí♥✉❛s✳

❙❡ φ : V → W é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝♦♥tí♥✉♦ ❡♥tr❡ ♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s πV : V →
X ❡ πW : W → Y ✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ φ0 : X → Y ✐♥❞✉③✐❞❛ ♥❛ ❜❛s❡ é ✉♠

❤♦♠❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ✐♥❞✉③✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s ❞❛s s❡çõ❡s

❞❡ss❡s ✜❜r❛❞♦s ♣♦♥❞♦
Γφ : ΓV −→ ΓW

σ 7−→ φ ◦ σ ◦ φ−1
0

P❛r❛ ❢❛❝✐❧✐t❛r ❛s ♥♦t❛çõ❡s✱ ✐r❡♠♦s s✉♣♦r ♥❛s ❞❡♠♦♥str❛çõ❡s ❛❜❛✐①♦ q✉❡ q✉❡ ♦s

✜❜r❛❞♦s V ❡ W ❡stã♦ s♦❜r❡ ❛ ♠❡s♠❛ ❜❛s❡ X ❡ q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ φ : V → W
✐♥❞✉③ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ♥❛ ❜❛s❡ X✳ ■ss♦ ♥ã♦ ❝❛✉s❛ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♥♦s

r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ♣♦✐s ❡♠ t♦❞♦s ❡❧❡s ♣♦❞❡r❡♠♦s ✐❞❡♥t✐✜❝❛r ♦ ✜❜r❛❞♦ W ❝♦♠ ♦

s❡✉ ♣✉❧❧✲❜❛❝❦ φ∗
0W ✳

▲❡♠❛ ✷✳✶✳✷✳ ❙❡ φ : V → W é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝♦♥tí♥✉♦ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

Γφ : ΓV → ΓW t❛♠❜é♠ é ❝♦♥t✐♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ σ0 ✉♠❛ s❡çã♦ ❡♠ V ❡ τ0 = Γφ(σ0)✳ ❉❛❞♦ ǫ > 0✱ ❝♦♥s✐❞❡r❡

B = {ξ ∈ W |‖ξ− τ0(π(ξ))‖ < ǫ}✳ ❊♥tã♦ B é ❛❜❡rt♦ ❡♠ W ❡ ΓB é ❛ ❜♦❧❛ ❡♠ ΓW ❞❡

❝❡♥tr♦ τ0 ❡ r❛✐♦ ǫ✳ ❈♦♠♦ φ é ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ A = φ−1(B) é ❛❜❡rt♦ ❡♠ V ❝♦♥t❡♥❞♦

❛ ✐♠❛❣❡♠ ❞❡ σ0✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ΓA é ❛❜❡rt♦ ❡♠ ΓV ✳ ▼❛s ΓA = (Γφ)−1(ΓB)✱
♠♦str❛♥❞♦ q✉❡ Γφ é ❝♦♥tí♥✉❛✳



❙❡çã♦ ✷✳✶ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✷✷

✷✳✶✳✷ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡

s❡çõ❡s

❙♦❜r❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ Γφ✱ ♥ã♦ ♣r❡❝✐s❛♠♦s ❡①✐❣✐r q✉❡ ♦ ❤♦♠♦✲

♠♦r✜s♠♦ φ s❡❥❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♠❡s♠♦ ♣♦rq✉❡ ♦s ✜❜r❛❞♦s ❡♥✈♦❧✈✐❞♦s sã♦ ❛♣❡♥❛s ❝♦♥✲

tí♥✉♦s✳ ◆♦ ❡♥t❛♥t♦✱ Γφ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❡ ♣❛r❛ ❣❛r❛♥t✐r

s✉❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❜❛st❛ ❡①✐❣✐r q✉❡ ❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❛s ✜❜r❛s ❞❡ V ❡ W ✐♥❞✉✲

③✐❞❛s ♣♦r φ s❡❥❛♠ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ q✉❡ s✉❛s ❞❡r✐✈❛❞❛s ✈❛r✐❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡✳ ❊st❡ é

♦ r❡s✉❧t❛❞♦ ❡♥✉♥❝✐❛❞♦ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈M ❛ r❡str✐çã♦ ❞❡ φ à ✜❜r❛ s♦❜r❡ x✱

φx : Vx → Wφ0(x)✱ s❡❥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ q✉❡ ❡ss❛s ❞❡r✐✈❛❞❛s ✈❛r✐❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ♥♦

s❡♥t✐❞♦ ❞❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦

Fφ : V −→ L(V , φ∗
0W)

ξ 7−→ φ′
x(ξ)

é ❝♦♥tí♥✉❛✱ ♦♥❞❡ x = π(ξ)✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ Γφ : ΓV → ΓW é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ s✉❛

❞❡r✐✈❛❞❛ ❝❛❧❝✉❧❛❞❛ ♥❛ s❡çã♦ σ✱ ♥❛ ❞✐r❡çã♦ ❞❡ τ ✱ é ❛ s❡çã♦ ❡♠ ΓW q✉❡ ❛✈❛❧✐❛❞❛ ❡♠

y = φ0(x) é ❞❛❞❛ ♣♦r

((Γφ)′(σ) · τ) (y) = φ′
x(σ(x)) · τ(x) ✭✷✳✶✮

❉❡♠♦♥str❛çã♦✿ ◆❛ ❞❡♠♦♥str❛çã♦ ❛❜❛✐①♦ s✉♣♦♠♦s q✉❡ φ0 é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳

❙❡❥❛ σ ∈ ΓV ✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡

lim
τ→0

‖Γφ(σ + τ)− Γφ(σ)− (Γφ)′(σ) · τ‖
‖τ‖ = 0.

P❛r❛ ✐ss♦✱ ❞❡✜♥❛♠♦s ✉♠❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r ♣♦♥❞♦

ψ : V −→ W
ξ 7−→ ψ(ξ) = φ(σ(x) + ξ)− φ′

x(σ(x)) · ξ,

♦♥❞❡ x = π(ξ)✳

❆ ❢✉♥çã♦ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝♦♥tí♥✉♦ q✉❡ ✐♥❞✉③ ❛ ✐❞❡♥t✐❞❛❞❡ ♥❛ ❜❛s❡ X✳

❆❧é♠ ❞✐ss♦✱ ❛ s✉❛ r❡str✐çã♦ à ❝❛❞❛ ✜❜r❛ s♦❜r❡ x ∈ X é ❞✐❢❡r❡♥❝✐á✈❡❧✳ P❡❧❛ ❤✐♣ót❡s❡



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✷✸

❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ❞❡r✐✈❛❞❛s ❞❡ φ ♥❛s ✜❜r❛s✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛s ❞❡r✐✈❛❞❛s

❞❡ ψ ♥❛s ✜❜r❛s t❛♠❜é♠ é ❝♦♥tí♥✉❛ ❡ ❞❛❞❛ ♣♦r

Fψ : V −→ ❍♦♠(V ,W)

ξ 7−→ ψ′
x(ξ) = φ′

x(σ(x) + ξ)− φ′
x(σ(x)).

❋✐①❛❞♦ δ > 0 ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ ✈❛❧♦r ♠é❞✐♦ ♣❛r❛ ψx ✜❜r❛ ❛ ✜❜r❛

♦❜t❡♠♦s
‖ψ(ξ)− ψ(0π(ξ))‖

‖ξ‖ ≤ sup
η∈Bδ

‖ψ′
π(η)(η)‖,

♦♥❞❡ Bδ = {η ∈ V | ‖η‖ < δ}✱ ξ ∈ Bδ ❡ 0π(ξ) é ❛ ♦r✐❣❡♠ ♥❛ ✜❜r❛ Vπ(ξ)✳
❆❣♦r❛ ❞❛❞♦ ǫ > 0✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ η ∈ V 7→ ‖ψ′

π(η)(η)‖ s❡❣✉❡ q✉❡ ❡①✐st❡

δ > 0 t❛❧ q✉❡ s❡ η ∈ Bδ ❡♥tã♦ ‖ψ′
π(η)(η)‖ < ǫ✳ ❈♦♠ ✐ss♦ t❡♠♦s q✉❡ s❡ ‖ξ‖ < δ ❡♥tã♦

‖φ(σ(x) + ξ)− φ(σ(x))− φ′
x(σ(x)) · ξ‖

‖ξ‖ =
‖ψ(ξ)− ψ(0π(ξ))‖

‖ξ‖ ≤ sup
η∈Bδ

‖ψ′
π(η)(η)‖ ≤ ǫ.

❉❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ q✉❡ s❡ ‖τ‖ < δ ❡♥tã♦ ♣❛r❛ t♦❞♦ x ∈ X ✈❛❧❡

‖φ(σ(x) + τ(x))− φ(σ(x))− φ′
x(σ(x)) · τ(x)‖

‖τ(x)‖ ≤ ǫ ,

❡ t♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❡♠ x ∈ X t❡♠♦s

‖Γφ(σ + τ)− Γφ(σ)− (Γφ)′(σ) · τ‖
‖τ‖ ≤ ǫ

P❛r❛ ❣r❛✉s ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ♠❛✐♦r❡s✱ ❛s ❤✐♣ót❡s❡s sã♦ ❜❛s✐❝❛♠❡♥t❡ ❛s ♠❡s✲

♠❛s✳ ❖✉ s❡❥❛✱ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❞❡r✐✈❛❞❛ ❛té ♦r❞❡♠ k ❞❡ Γφ✱ ❜❛st❛ ❡①✐❣✐r ❞✐❢❡r❡♥❝✐❛✲

❜✐❧✐❞❛❞❡ ❛té ♦r❞❡♠ k ❞❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❛s ✜❜r❛s ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡❧❛s✳

❆❜❛✐①♦ ❞❡♥♦t❛♠♦s ♣♦r Lk(V ,W) ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♥tí♥✉♦ ❝✉❥❛s ✜❜r❛s sã♦

❛♣❧✐❝❛çõ❡s k✲❧✐♥❡❛r❡s ❡♥tr❡ ❛s ✜❜r❛s ❞♦s ✜❜r❛❞♦s V ⊕ · · · ⊕ V︸ ︷︷ ︸
k

❡ W ✳ ❆ ♥♦t❛çã♦ s❡rá ❛

♠❡s♠❛ ♣❛r❛ ❛♣❧✐❝❛çõ❡s k✲❧✐♥❡❛r❡s s♦❜r❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❥á q✉❡ ❡st❡s sã♦ ♥❛❞❛ ♠❛✐s

❞♦ q✉❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❝✉❥❛ ❜❛s❡ é ❛♣❡♥❛s ✉♠ ♣♦♥t♦✳

▲❡♠❛ ✷✳✶✳✹✳ ❆ ❛♣❧✐❝❛çã♦ ηk : Γ(Lk(V ,W )) → Lk(ΓV ,ΓW) ❞❡✜♥✐❞❛ ♣♦r

ηk(Φ)(τ1, . . . , τk)(x) = Φ(x)(τ1(x), . . . , τk(x))

é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳



❙❡çã♦ ✷✳✶ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✷✹

❉❡♠♦♥str❛çã♦✿ ηk é ❝❧❛r❛♠❡♥t❡ ❧✐♥❡❛r✳ P❛r❛ ✈❡r q✉❡ é ❝♦♥tí♥✉❛✱ ♦❜s❡r✈❡ q✉❡

‖ηk(Φ)‖ = sup{sup
x∈X

‖ηk(Φ)(τ1, ..., τk)(x)‖ : τ1, ..., τk ∈ ΓV , ‖τ1‖, ..., ‖τk‖ ≤ 1}

≤ sup{sup
x∈X

‖Φ(x)(τ1(x), . . . , τk(x)) : τ1, ..., τk ∈ ΓV , ‖τ1‖, ..., ‖τk‖ ≤ 1}

≤ sup
x∈X

‖Φ(x)‖

= ‖Φ‖.

■ss♦ ♠♦str❛ q✉❡ ‖ηk‖ ≤ 1 ❡ ♣♦rt❛♥t♦ é ❝♦♥t✐♥✉❛✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✺✳ ❙❡❥❛ φ : V → W ❤♦♠♦♠♦r✜s♠♦ ❝♦♥tí♥✉♦ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛

x ∈ X ❛ r❡str✐çã♦ ❞❡ φ à ✜❜r❛ Vx✱ φx : Vx → Wφ0(x)✱ ♣♦ss✉❛ ❞❡r✐✈❛❞❛ ❛té ♦r❞❡♠

n ❡ q✉❡ ❡ss❛s ❞❡r✐✈❛❞❛s ✈❛r✐❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♣❛r❛ t♦❞♦ k✱ ❝♦♠

1 ≤ k ≤ n ❛ ❛♣❧✐❝❛çã♦

Fkφ : V −→ Lk(V , φ∗
0W)

ξ 7−→ φ
(k)
x (ξ)

é ❝♦♥tí♥✉❛✱ ♦♥❞❡ x = π(ξ)✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ Γφ : V → W é ❞❡ ❝❧❛ss❡ Ck ❡ s✉❛

❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ k é ❛ ❛♣❧✐❝❛çã♦ k✲❧✐♥❡❛r q✉❡ ❝❛❧❝✉❧❛❞❛ ♥❛ s❡çã♦ σ ∈ V✱ ❡ ❛✈❛❧✐❛❞❛

❡♠ (τ1, . . . , τk) ∈ (ΓV)k s❡rá ❛ s❡çã♦ ❡♠ ΓW q✉❡ ♥♦ ♣♦♥t♦ y = φ0(x) ✈❛❧❡

((Γφ)(k)(σ)(τ1, . . . , τk)(y) = φ(k)
x (σ(x))(τ1(x), . . . , τk(x)) ✭✷✳✷✮

❉❡♠♦♥str❛çã♦✿ ◆♦✈❛♠❡♥t❡✱ ♣❛r❛ ❢❛❝✐❧✐t❛r✱ ✈❛♠♦s s✉♣♦r q✉❡ φ0 é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥✲

t✐❞❛❞❡ ❡♠ X✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ✐♥❞✉çã♦ ❡♠ k✳

P❛r❛ k = 1 ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❢♦✐ ❞❡♠♦♥str❛❞❛ ♥❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❖❜s❡r✈❡

❛✐♥❞❛ q✉❡ (Γφ)′ = η1 ◦ Γ(Fφ)✱ q✉❡ ❥✉♥t♦ ❝♦♠ ♦s ❧❡♠❛s ✷✳✶✳✷ ❡ ✷✳✶✳✹ ❡ ❝♦♠ ❛ ❝♦♥t✐✲

♥✉✐❞❛❞❡ ❞❡ Fφ✱ ♠♦str❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ (Γφ)′✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ k − 1 ❡ q✉❡ (Γφ)(k−1) = ηk−1 ◦
Γ(Fk−1φ)✳ ❆ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ηk−1 é ❝♦♥tí♥✉❛ ❡ ❧♦❣♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ Γ(Fk−1φ) t❛♠❜é♠

é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s F (Fk−1φ) = Fkφ é ❝♦♥tí♥✉❛ ❡ ❛s r❡str✐çõ❡s ❞❡ Fk−1 às ✜❜r❛s sã♦

❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆ss✐♠ (Γφ)(k−1) é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❥á q✉❡ é ❛ ❝♦♠♣♦st❛ ❞❡ ❛♣❧✐❝❛çõ❡s

❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡r✐✈❛♥❞♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡①♣r❡ssã♦ ❞❡ (Γφ)(k−1) ♦❜t❡✲

♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✷✺

✷✳✷ ❊s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❝♦♠♦ ❝♦♥tr✉✐r ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❡s♣❛ç♦ ❞❛s

❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ X ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐✲

❛♥❛ M ✳ ❆ ♥♦t❛çã♦ ♣❛r❛ ❡ss❡ ❡s♣❛ç♦ s❡rá C(X,M)✳

❆♥t❡s ❞❡ ♠❛✐s ♥❛❞❛✱ ❛ t♦♣♦❧♦❣✐❛ ❝♦♥s✐❞❡r❛❞❛ ❡♠ C(X,M) s❡rá ❛ t♦♣♦❧♦❣✐❛

❝♦♠♣❛❝t♦✲❛❜❡rt❛✱ ❝✉❥❛ ❜❛s❡ ❞❡ ❛❜❡rt♦s é ❢♦r♠❛❞❛ ♣❡❧♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛

UK,A = {f ∈ C(X,M) | f(K) ⊂ A},

♦♥❞❡ K é ❝♦♠♣❛❝t♦ ❞❡ X ❡ A é ❛❜❡rt♦ ❞❡ M ✳

❯♠❛ ❞✐stâ♥❝✐❛ é ❞❛❞❛ ♣♦r

d(f, g) = sup
x∈X

d(f(x), g(x)),

♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ ♥♦ t❡r♠♦ ❞❛ ❞✐r❡✐t❛ é ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳

❆ t♦♣♦❧♦❣✐❛ ❞❡✜♥✐❞❛ ♣♦r ❡ss❛ ❞✐stâ♥❝✐❛ é ❛ t♦♣♦❧♦❣✐❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡

❝♦✐♥❝✐❞❡ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❝♦♠♣❛❝t♦✲❛❜❡rt❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ M ❢♦r ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡♥tã♦ C(X,M) s❡rá ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❧❡t♦✱ ❥á q✉❡

❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s é ❛✐♥❞❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

✷✳✷✳✶ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭❱❛r✐❡❞❛❞❡ ❞❡ ❇❛♥❛❝❤✮

▼♦str❛r❡♠♦s ❛❜❛✐①♦ ✉♠❛ ♠❛♥❡✐r❛ ❝❛♥ô♥✐❝❛ ❞❡ ❝♦♥str✉✐r ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ♥♦ ❡s♣❛ç♦ C(X,M) ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ X ❡♠ M ✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ ❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❖ ♣❛ss♦ ♣r✐♥❝✐♣❛❧ ♣❛r❛ ❡ss❛ ❝♦♥str✉çã♦ é ❛ ✉t✐❧✐③❛çã♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛

✈❛r✐❡❞❛❞❡ M ✳ P❛r❛ t❛♥t♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❞❛ ❡①♣♦♥❡♥❝✐❛❧

❞❡M ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ TM ❞❛ s❡çã♦ ♥✉❧❛✱ ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂M×M
❞❛ ❞✐❛❣♦♥❛❧✱ t❛❧ q✉❡ ❛ ❛♣❧✐❝❛çã♦

ǫ : U ⊂ TM −→ U ⊂M ×M

v 7−→ (p, expp(v))

é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♦♥❞❡ p = πM(v)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝❛❞❛ p ∈ M ✱ ❛ r❡str✐çã♦

❞❛ ❛♣❧✐❝❛çã♦ à ✜❜r❛ s♦❜r❡ p é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠ ❞❡

TpM ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ∈M ✳ ❊ss❡ ❞✐❢❡♦♠♦r✜s♠♦ é s✐♠♣❧❡s♠❡♥t❡ ❛ ❡①♣♦♥❡♥❝✐❛❧

❡♠ p✱ expp : Up ⊂ TpM → Up ⊂M ✳



❙❡çã♦ ✷✳✷ ✲ ❊s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ✷✻

❆ ✐♥✈❡rs❛ ❞❡ ǫ é ❞❛❞❛ ♣❡❧♦ ❧♦❣❛r✐t♠♦

ǫ−1 : U ⊂M ×M −→ U ⊂ TM

(p, q) 7−→ logp(q) .

❉❛❞❛ f ∈ C(X,M)✱ ❛ ✈✐③✐♥❤❛♥ç❛ ♣❛r❛♠❡tr✐③❛❞❛ ❡♠ t♦r♥♦ ❞❡ f s❡rá ❞❛❞❛ ♣♦r

Uf = {h ∈ C(X,M) | (f(x), h(x)) ∈ U, ∀x ∈ X}.

❊ss❛ ✈✐③✐♥❤❛♥ç❛ s❡rá ♣❛r❛♠❡tr✐③❛❞❛ ♥♦ ❛❜❡rt♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s s❡çõ❡s ❞♦ ✜✲

❜r❛❞♦ ✈❡t♦r✐❛❧ f ∗TM ❞❛❞♦ ♣♦r

Γ(f ∗U) = {s ∈ Γ(f ∗TM) | s(x) ∈ Tf(x)M ∩ U}.

❖ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ❞❛❞♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♣❡❧♦ ❧♦❣❛r✐t♠♦ ✜❜r❛ ❛ ✜❜r❛✱ ♦✉

s❡❥❛✱ ♣❡❧❛ ❛♣❧✐❝❛çã♦

logf : Uf −→ Γ(f ∗U)
h 7−→ logf (h)(x) = logf(x) h(x).

❆ ✐♥✈❡rs❛ é ❞❛❞❛ ♣❡❧❛ ❡①♣♦♥❡♥❝✐❛❧✱

expf : Γ(f ∗U) −→ Uf
s 7−→ expf (s)(x) = expf(x) s(x).

P❛r❛ ✈❡r q✉❡ ❛s ❛♣❧✐❝❛çõ❡s ❛❝✐♠❛ ❞❡✜♥❡♠ ✉♠❛ ❜♦❛ ♣❛r❛♠❡tr✐③❛çã♦✱ ✈❡❥❛♠♦s q✉❡

❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙❡ ❛s ✈✐③✐♥❤❛♥ç❛s ♣❛r❛♠❡tr✐③❛❞❛s ❡♠

t♦r♥♦ ❞❡ f ❡ g s❡ ✐♥t❡rs❡❝t❛♠✱ ❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s logg ◦ expf ✜❝❛

❞❡✜♥✐❞❛ ❡♥tr❡ ♦s ❛❜❡rt♦s logf (Uf ∩ Ug) ❡ logg(Uf ∩ Ug) ❞❡ Γ(f ∗TM) ❡ Γ(g∗TM)

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ t❛❧ ♠✉❞❛♥ç❛ é ❞❛❞❛ ♣♦r

logg ◦ expf (s)(x) = logg(x) ◦ expf(x)(s(x)). ✭✷✳✸✮

P❛r❛ ✈❡r q✉❡ ❡ss❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tr❡

❛❜❡rt♦s ❞♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s f ∗TM ❡ g∗TM ✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦

t❡♦r❡♠❛ ✷✳✶✳✸✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦ ❛❜❡rt♦

Ufg = (f × id)−1(U) ∩ (g × id)−1(U) ⊂ X ×M ,

q✉❡ é ♥ã♦ ✈❛③✐♦✱ ❥á q✉❡ ❝♦♥té♠ ♦ ❣rá✜❝♦ ❞❡ q✉❛❧q✉❡r h ∈ Uf ∩ Ug✳ ❈♦♥s✐❞❡r❡

❛✐♥❞❛ ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ǫf : f ∗U → X ×M ❡ ǫg : g∗U → X ×M ✱ ❞❡✜♥✐❞❛s



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✷✼

r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r ǫf (x, v) = (x, expf(x) v) ❡ ǫg(x, v) = (x, expg(x) v)✳ ❆ss✐♠ ❛ ❛♣❧✐✲

❝❛çã♦ ✭✷✳✸✮ é ✐♥❞✉③✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ♦s ❛❜❡rt♦s ǫ−1
f (Ufg) ❡ ǫ−1

g (Ufg)✱ ❝♦♥t✐❞♦s

r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ f ∗TM ❡ g∗TM ✱ ❞❛❞❛ ♣♦r✿

ǫ−1
g ◦ ǫf : ǫ−1

f (Ufg) −→ ǫ−1
g (Ufg)

(x, v) 7−→ (x, logg(x) ◦ expf(x) v).

❊ss❛ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❛s r❡str✐çõ❡s às ✜❜r❛s ❞❡ f ∗TM sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡

s✉❛s ❞✐❢❡r❡♥❝✐❛✐s ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡✳ P❡❧♦ t❡♦r❡♠❛ ✷✳✶✳✸✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦

✷✳✸ é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❈♦♠ ✐ss♦ ❛s ❛♣❧✐❝❛çõ❡s logf : Uf → Γ(f ∗U) ❞❡✜♥❡♠ ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s

❞❡ C(X,M)✳

✷✳✷✳✷ ❘❡❣✉❧❛r✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

❱❡❥❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠ ♣♦✉❝♦ s♦❜r❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ♦s ❡s✲

♣❛ç♦s ❞❡ ❢✉♥çõ❡s✳

▲❡♠❛ ✷✳✷✳✶✳ ❙❡ φ : M → N é ❝♦♥tí♥✉❛ ❡♥tã♦ Φ : C(X,M) → C(X,N) ❞❛❞❛ ♣♦r

Φ(g) = φ ◦ g t❛♠❜é♠ é ❝♦♥tí♥✉❛✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡ φ ❢♦r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tã♦

Φ t❛♠❜é♠ s❡rá✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✈❡r q✉❡ Φ−1(UK,A) = UK,φ−1(A)✳

❙❡ M ⊂ N ❡ ❝♦♥s✐❞❡r❛r♠♦s ❡♠ M ❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❞❡ N ✱ ❡♥tã♦ ❛ t♦♣♦❧♦❣✐❛

❝♦♠♣❛❝t♦✲❛❜❡rt❛ ❞❡ C(X,M) s❡rá s✐♠♣❧❡s♠❡♥t❡ ❛ r❡str✐çã♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞❡ C(X,N)✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ φ : M → N ❢♦r ✉♠ ♠❡r❣✉❧❤♦ t♦♣♦❧ó❣✐❝♦✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ Φ : C(X,M) → C(X,N) t❛♠❜é♠ s❡rá ✉♠ ♠❡r❣✉❧❤♦ t♦♣♦❧ó❣✐❝♦✳

P❛r❛ ✈❡r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ss❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛✱ ✈❛♠♦s ✉t✐❧✐③❛r ❛ ❡str✉t✉r❛

❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♥str✉í❞❛ ❛❝✐♠❛ ❡ ♥♦✈❛♠❡♥t❡ ♦ t❡♦r❡♠❛ ✷✳✶✳✸✱ q✉❡ ❢♦r♥❡❝❡ ❛ ❞✐❢❡r❡♥❝✐❛✲

❜✐❧✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ s❡çõ❡s ✐♥❞✉③✐❞❛s ♣♦r ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ✜❜r❛❞♦s

✈❡t♦r✐❛✐s✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ φ : M → N s❡❥❛ ❞❡ ❝❧❛ss❡ Ck ❡ ❝♦♥s✐❞❡r❡ f ∈ C(X,M)✳

❈♦♥s✐❞❡r❡ ♦s ❛❜❡rt♦s U ❞❡ TM ❡ V ❞❡ TN ❞✐❢❡♦♠♦r❢♦s às ✈✐③✐♥❤❛♥ç❛s U ❡ V ❞❛

❞✐❛❣♦♥❛❧ ❞❡M×M ❡ N×N r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ❝♦♥str✉í❞♦s ♥♦ ❝♦♠❡ç♦ ❞❛ s❡çã♦✳

❙❡❥❛ Uf ♦ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❡♠ t♦r♥♦ ❞❡ f ❡ Vg ♦ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❡♠ t♦r♥♦ ❞❡

g = φ◦f ∈ C(X,N)✳ ❉✐♠✐♥✉✐♥❞♦ Uf s❡ ♥❡❝❡ssár✐♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ Φ✱ ♣♦❞❡♠♦s



❙❡çã♦ ✷✳✷ ✲ ❊s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ✷✽

❛ss✉♠✐r q✉❡ Φ(Uf ) ⊂ Vg✳ ❊s❝r❡✈❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦ Φ ♥❛s ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡s❝r✐t❛s

❛❝✐♠❛✱ t❡♠♦s ❛ ❛♣❧✐❝❛çã♦

logg ◦ Φ ◦ expf : Γ(f ∗U) −→ Γ(g∗V)
s(x) 7−→ logg(x)

[
φ(expf(x)(s(x)))

]
.

❊ss❛ ❛♣❧✐❝❛çã♦ é ✐♥❞✉③✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ♦s ❛❜❡rt♦s f ∗U ❡ g∗V ❞♦s ✜❜r❛❞♦s

✈❡t♦r✐❛✐s f ∗TM ❡ g∗TN ✱ ❞❛❞❛ ♣♦r v 7→ logg(x)
[
φ(expf(x)(v))

]
✱ ♦♥❞❡ πM(v) = f(x)✳

❈♦♠♦ ❡ss❛ ❛♣❧✐❝❛çã♦ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❝❛❞❛ ✜❜r❛ ❡ s✉❛s ❞✐❢❡r❡♥❝✐❛✐s ✈❛r✐❛♠ ❝♦♥t✐✲

♥✉❛♠❡♥t❡✱ ♦ t❡♦r❡♠❛ ✷✳✶✳✸ ❣❛r❛♥t❡ q✉❡ logg ◦ Φ ◦ expf é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❖ t❡♦r❡♠❛ ✷✳✶✳✸ ❢♦r♥❡❝❡ ❛✐♥❞❛ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡

♦s ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❞❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✳ ❆ss✐♠✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ Φ ❝❛❧❝✉❧❛❞❛ ❡♠

f ∈ C(X,M) é ❛ ❛♣❧✐❝❛çã♦

Φ′(f) : Γ(f ∗TM) → Γ(g∗TN)

q✉❡ ❛✈❛❧✐❛❞❛ ♥❛ s❡çã♦ s ∈ Γ(f ∗TM) é ❛ s❡çã♦ ❞❡ Γ(g∗TN) q✉❡ ❝❛❧❝✉❧❛❞❛ ❡♠ x ✈❛❧❡

[Φ′(f) · (s)] (x) = φ′(f(x)) · s(x) . ✭✷✳✹✮

P❛r❛ r❡❢❡rê♥❝✐❛ ♣♦st❡r✐♦r ❡♥✉♥❝✐❛♠♦s ♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳ ❙❡ φ : M → N é ❞❡ ❝❧❛ss❡ Ck ❡♥tã♦ Φ : C(X,M) → C(X,N)

❞❛❞❛ ♣♦r Φ(f) = φ ◦ f t❛♠❜é♠ é ❞❡ ❝❧❛ss❡ Ck✱ ❡ s✉❛ ❞❡r✐✈❛❞❛ é ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛

✭✷✳✹✮ ❛❝✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ φ ❢♦r ✉♠ ♠❡r❣✉❧❤♦ ❡♥tã♦ Φ t❛♠❜é♠ s❡rá✳

❖❜s❡r✈❛♥❞♦ ♦ ✐s♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦ ❡♥tr❡ C(X,M × N) ❡ C(X,M) × C(X,N)✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳✸✳ ❙❡❥❛♠ M ✱ N ❡ O ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❡ ❝♦♥s✐❞❡r❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Ck✱ θ :M ×N → O✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦

Θ : C(X,M)× C(X,N) −→ C(X,O)
(f, g) 7−→ Θ(f, g)(x) = θ(f(x), g(x))

é ❞❡ ❝❧❛ss❡ Ck✳

✷✳✷✳✸ ▼❡r❣✉❧❤♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s

❈♦♠♦ ❥á ✈✐♠♦s ❛❝✐♠❛✱ s❡ M é s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ N ❡♥tã♦✱ ❝♦♠ ❛

❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♥str✉í❞❛✱ t❡♠♦s q✉❡ C(X,M) t❛♠❜é♠ ❡ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r✲

❣✉❧❤❛❞❛ ❞❡ C(X,N)✳ ◆❡st❛ ♣❛rt❡ tr❛t❛r❡♠♦s ❞❡ ♠❡r❣✉❧❤♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

❡q✉✐✈❛r✐❛♥t❡s✳



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✷✾

❙❡ K ❛❣❡ ♥♦s ❡s♣❛ç♦s X ❡ Y ✱ ❡♥tã♦ ✉♠❛ ❢✉♥çã♦ f : X → Y é ❞✐t❛ K✲❡q✉✐✈❛r✐❛♥t❡

✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ❡q✉✐✈❛r✐❛♥t❡✮ s❡ ❡❧❛ ❝♦♠✉t❛ ❝♦♠ ❛ ❛çã♦ ❞❡ K✳ ■st♦ é✱ s❡ K

❛❣❡ à ❡sq✉❡r❞❛ ✭❞✐r❡✐t❛✮ ❡♠ X ❡ ❡♠ Y ✱ ❡♥tã♦ f é ❡q✉✐✈❛r✐❛♥t❡ s❡ f(kx) = kf(x)

✭f(xk) = f(x)k✮ ♣❛r❛ t♦❞♦s k ∈ K ❡ x ∈ X✳ ❙❡ K ❛❣✐r ❡♠ ❧❛❞♦s ❞✐❢❡r❡♥t❡s✱ ♣♦r

❡①❡♠♣❧♦ à ❞✐r❡✐t❛ ❡♠ X ❡ à ❡sq✉❡r❞❛ ❡♠ Y ✱ ❡♥tã♦ ❞✐r❡♠♦s q✉❡ f é ❡q✉✐✈❛r✐❛♥t❡ s❡

f(xk) = k−1f(x)✳ ❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s K✲❡q✉✐✈❛r✐❛♥t❡s ❞❡ X ❡♠ Y

♣♦r CKeq(X, Y ) ✭♦✉ ❛♣❡♥❛s Ceq(X, Y ) s❡ ♦ ❣r✉♣♦ K ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦✮✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛R → X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❡str✉t✉r❛❧ ❝♦♠♣❛❝t♦K ❡

L → X ✉♠ s✉❜✜❜r❛❞♦ ❝♦♠ ❣r✉♣♦ ❡str✉t✉r❛❧ ❝♦♠♣❛❝t♦ L ⊂ K ✭K ❡ L ❛❣❡♠ à ❞✐r❡✐t❛

❡♠ R ❡ L✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❈♦♥s✐❞❡r❡ ❛✐♥❞❛ ρ : K → ●❧(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ K ❡ F ✉♠❛ ór❜✐t❛ ❞❡ss❛ r❡♣r❡s❡♥t❛çã♦ ✭K ❡ L ❛❣❡♠ à ❡sq✉❡r❞❛ ❡♠ V ❡ ❡♠ F

❛tr❛✈és ❞❛ r❡♣r❡s❡♥t❛çã♦ ρ✮✳ ❈♦♠♦ K é ❝♦♠♣❛❝t♦✱ s✉❛s ór❜✐t❛s sã♦ s✉❜✈❛r✐❡❞❛❞❡s

♠❡r❣✉❧❤❛❞❛s ❞❡ V ✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ K✱ V ❛❞♠✐t❡ ✉♠

♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 t❛❧ q✉❡ ρ(k) é ✐s♦♠❡tr✐❛ ♣❛r❛ t♦❞♦ k ∈ K✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❛q✉✐ ❡♠ ❛♥❛❧✐s❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s L✲

❡q✉✐✈❛r✐❛♥t❡s Ceq(L, V ) ❡ Ceq(L, F ) ❝♦♠ ♦ ❞❛s ❢✉♥çõ❡s K✲❡q✉✐✈❛r✐❛♥t❡s Ceq(R, V ) ❡

Ceq(R,F )✳ ◆♦ss♦ ✐♥t❡r❡ss❡ ♥❡ss❡s ❡s♣❛ç♦s s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❡❧❡s ❡stã♦ ❡♠ ❜✐❥❡çã♦

❝♦♠ ♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞♦s ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s R ×ρ F ❡ R ×ρ V ✳ ❊ss❛s ❜✐❥❡çõ❡s

s❡rã♦ ❞✐s❝✉t✐❞❛s ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♥❛ ♣ró①✐♠❛ s❡çã♦✳

❱♦❧t❛♥❞♦ ❛♦s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ C(L, V ) é ✉♠ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤ ❡ Ceq(L, V ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢❡❝❤❛❞♦✱ ❥á q✉❡ ♦ ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡

❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ❡q✉✐✈❛r✐❛♥t❡s é ❛✐♥❞❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❡q✉✐✈❛r✐❛♥t❡✳ ❉❛

♠❡s♠❛ ❢♦r♠❛ Ceq(R, V ) é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ C(R, V )✳

❈♦♠♦ ❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ✜❝❛♠ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡

✉♠❛ ór❜✐t❛ ❛♣❡♥❛s ❝♦♥❤❡❝❡♥❞♦ s❡✉ ✈❛❧♦r ♥✉♠ ♣♦♥t♦ ❞❡ss❛ ór❜✐t❛✱ t❡♠♦s ✉♠❛ ❜✐❥❡çã♦

I : Ceq(L, V ) → Ceq(R, V )

q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ❢✉♥çã♦ L✲❡q✉✐✈❛r✐❛♥t❡ f ∈ Ceq(L, V ) à ú♥✐❝❛ ❢✉♥çã♦K✲ ❡q✉✐✈❛r✐❛♥t❡

I(f) ∈ Ceq(R, V ) q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ f ♥♦ s✉❜✜❜r❛❞♦ L✳ ▼❛✐s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ s❡ p ∈ R✱

❡♥tã♦ ❡s❝r❡✈❡♥❞♦ p = qk✱ ❝♦♠ q ∈ L ❡ k ∈ K✱ t❡♠♦s q✉❡ I(f)(p) = ρ(k−1)f(q)✳ ❆

✐♥✈❡rs❛ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ❞❛❞❛ s✐♠♣❧❡s♠❡♥t❡ ♣❡❧❛ r❡str✐çã♦ ❞❛ ❢✉♥çã♦ ❡♠ Ceq(R, V )

❛♦ s✉❜✜❜r❛❞♦ L✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛♣❧✐❝❛çõ❡s ❛ ✈❛❧♦r❡s ❡♠ F ✱ ❞♦ ♠❡s♠♦ ♠♦❞♦ ❢❡✐t♦

❛❝✐♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ Ceq(L, F ) ❡ Ceq(R,F )✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹✳ ❆ ❛♣❧✐❝❛çã♦ I : Ceq(L, V ) → Ceq(R, V ) é ✉♠❛ ✐s♦♠❡tr✐❛✳



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✸✵

❉❡♠♦♥str❛çã♦✿ I é ❝❧❛r❛♠❡♥t❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ✐♥❥❡t♦r❛✳ P❛r❛ ✈❡r q✉❡

é ✐s♦♠❡tr✐❛✱ ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r ‖I(f)‖ = supp∈R ‖f(q)‖✱ ♦♥❞❡ ❛ s❡❣✉♥❞❛ ♥♦r♠❛ é

❡♠ V ✳ P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡ ♣❛r❛ t♦❞♦ p ∈ R ❡①✐st❡ k ∈ K ❡ q ∈ L t❛❧ q✉❡

p = qk✳ ▲♦❣♦ f(p) = f(qk) = ρ(k−1)f(q)✳ ❈♦♠♦ ρ(k−1) é ✐s♦♠❡tr✐❛✱ s❡❣✉❡ q✉❡

supp∈R ‖f(p)‖ = supq∈L ‖f(q)‖✱ ✐st♦ é✱ ‖I(f)‖ = ‖f‖✳

❱❡r❡♠♦s ♥❛ ♣ró①✐♠❛ s❡çã♦ q✉❡ s❡ ✐❞❡♥t✐✜❝❛r♠♦s ♦ ❡s♣❛ç♦s ❞❛s ❢✉♥çõ❡s ❡q✉✐✈❛✲

r✐❛♥t❡s Ceq(L, F ) ❝♦♠ ♦ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❞❡ R ×K F ✱ ❡♥tã♦ Ceq(L, F ) ♣❛ss❛ ❛ s❡r

✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ Ceq(L, V )✳ ❉❡st❡ ♠♦❞♦ ❛ r❡str✐çã♦ ❞❡ I à Ceq(L, F )
❢♦r♥❡❝❡ ✉♠ ♠❡r❣✉❧❤♦ ❞❡st❡ ❡s♣❛ç♦ ❡♠ Ceq(R, V ) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ C(R, V )✳

❆ ✐♠❛❣❡♠ ❞❡ss❛ r❡str✐çã♦ s❡rá ❥✉st❛♠❡♥t❡ Ceq(R,F )✱ ♠♦str❛❞♦ q✉❡✱ Ceq(R,F ) é ✉♠❛

s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(R, V )✳

✷✳✸ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s

❡ s❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s✳ ❚❛✐s r❡❧❛çõ❡s s❡rã♦ út❡✐s ♣❛r❛ ❞❡♠♦♥str❛r q✉❡

❝❡rt❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ s❡çõ❡s sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❈❛❜❡ ❛q✉✐ ❛✐♥❞❛ ❛

♦❜s❡r✈❛çã♦ q✉❡ ♥❡♠ s❡♠♣r❡ ✉♠ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ♣♦ss✉✐ ✉♠❛ s❡çã♦ ❣❧♦❜❛❧ ❝♦♥tí♥✉❛✱

❡ ♣♦r ✐ss♦ ❛ss✉♠✐r❡♠♦s ❡ss❛ ❤✐♣ót❡s❡ ♣❛r❛ ❛s ❝♦♥str✉çõ❡s q✉❡ ❢❛r❡♠♦s ♥❡st❛ s❡çã♦✳

❊ss❛ ❤✐♣ót❡s❡ ♥ã♦ s❡rá t♦t❛❧♠❡♥t❡ r❡str✐t✐✈❛ ♣♦✐s✱ ♥♦ ❝❛s♦ ❞❡ ✜❜r❛❞♦s ❋❧❛❣✱ ♦ q✉❛❧

❡st❛r❡♠♦s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛❞♦s✱ ♣♦❞❡♠♦s ♦❜t❡r s❡çõ❡s ❣❧♦❜❛✐s ❝♦♥tí♥✉❛s ❛

♣❛rt✐r ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ✐t❡♠ ✐ ❞♦ t❡♦r❡♠❛ ✶✳✷✳✽✮✳

✷✳✸✳✶ ❙❡çõ❡s ❡ ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s

❈♦♥s✐❞❡r❡ R → X ✉♠ K✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ F ✉♠❛ ✈❛r✐❡❞❛❞❡ ♥❛ q✉❛❧ K ❛❣❡ à

❞✐r❡✐t❛ ❡ ❢♦r♠❡ ♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ E = R ×K F ✳ ❖ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❞❡ E ❡stá

❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s K✲❡q✉✐✈❛r✐❛♥t❡s Ceq(R,F )✳ ❉❡ ❢❛t♦✱ s❡❥❛

σ ∈ ΓE✳ P❛r❛ ❝❛❞❛ x ∈ X✱ ❡ r ♥❛ ✜❜r❛ Rx✱ ❡①✐st❡ fσ(r) ∈ F t❛❧ q✉❡

σ(x) = r · fσ(r). ✭✷✳✺✮

❆ ❢✉♥çã♦ fσ : R → F ❛ss✐♠ ❞❡✜♥✐❞❛ é ❡q✉✐✈❛r✐❛♥t❡✱ ♣♦✐s s❡ r′ = rk ❝♦♠ k ∈ K✱

❡♥tã♦ rk · fσ(rk) = r′ · fσ(r′) = σ(x) = r · fσ(r) = rk · k−1fσ(r)✱ ❡ ❛ss✐♠ fσ(rk) =

k−1fσ(r)✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❝❛❞❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ f ∈ Ceq(R,F ) ❞❡t❡r♠✐♥❛ ✉♠❛



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✸✶

s❡çã♦ σ ∈ ΓE ♣♦♥❞♦ σ(x) = r ·f(r)✳ ❆ s❡çã♦ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s f é ❡q✉✐✈❛r✐❛♥t❡✳

■ss♦ ♠♦str❛ q✉❡ ❛ r❡❧❛çã♦ σ → fσ é ✉♠❛ ❜✐❥❡çã♦✳

❋✐①❛❞♦s ✉♠❛ s❡çã♦ σ ∈ ΓE ❡ ✉♠ ♣♦♥t♦ ❜❛s❡ zo ∈ F ✱ ❝♦♥s✐❞❡r❡ ♦ s✉❜✜❜r❛❞♦

Lσ = {r ∈ R | fσ(r) = z0}.

❊ss❡ s✉❜✜❜r❛❞♦ é ✉♠❛ L✲r❡❞✉çã♦ ❞❡ R✱ ♦♥❞❡ L é ❛ ✐s♦tr♦♣✐❛ ❡♠ z0✳ ❈♦♠♦ ❢❡✐t♦ ♥❛

s❡çã♦ ✷✳✷✳✸✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s K✲❡q✉✐✈❛r✐❛♥t❡s✱ Ceq(R,F )✱ ❡stá ❡♠

❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s L✲❡q✉✐✈❛r✐❛♥t❡s✱ Ceq(Lσ, F )✳
❖✉tr❛ ✐❞❡♥t✐✜❝❛çã♦ út✐❧ s❡ ❞á ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s L✲❡q✉✐✈❛r✐❛♥t❡s ❞❡

Lσ ❡♠ Tz0F ❝♦♠ ♦ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ E ❛♦ ❧♦♥❣♦ ❞❛

s❡çã♦ σ✳

P❛r❛ ❡s❝❧❛r❡❝❡r ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ ✈❛♠♦s ✜①❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳ ❉❡♥♦t❛r❡♠♦s

♣♦r T fE ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ E✳ ❊ss❡ ✜❜r❛❞♦ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠

✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❛ R s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❛çã♦ ❞❡ K ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TF ✳ ❊ss❛

❛çã♦ é ❞❛❞❛ ✈✐❛ ❞✐❢❡r❡♥❝✐❛✐s✱ ♦✉ s❡❥❛✱ s❡ k ∈ K ❡ v ∈ TzF ✱ ❡♥tã♦ k·v = d(k)zv ∈ TkzF ✳

❆ss✐♠

T fE = R×K TF = {r · v | r ∈ R ❡ v ∈ TF}.

❊ss❡ ✜❜r❛❞♦ é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦❜r❡ E ❝✉❥❛ ✜❜r❛ s♦❜r❡ r · z é

(T fE)r·z = Tr·zEπ(r·z) ∼= TzF.

❈♦♥s✐❞❡r❛♥❞♦ ♦ s❡✉ ♣✉❧❧❜❛❝❦ ♣❡❧❛ s❡çã♦ σ : X → E✱ t❡♠♦s ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦❜r❡

X✱ q✉❡ é ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ E ❛♦ ❧♦♥❣♦ ❞❛ s❡çã♦ s✐❣♠❛✱ ✐st♦ é✱

σ∗(T fE) = {(x, t) | t ∈ (T fE)σ(x) = Tσ(x)Ex}.

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ T fE ❝♦♠♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ à L✲r❡❞✉çã♦ Lσ✱ t❡♠♦s

q✉❡

T fE = Lσ ×L TF ❡ σ∗(T fE) = Lσ ×L Tz0F.

❈❛❞❛ s❡çã♦ τ ∈ Γ(σ∗(T fE)) ❞á ♦r✐❣❡♠ à ✉♠❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ wτ ∈ Ceq(Lσ, Tz0F )
❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♣❛r❛ ❝❛❞❛ x ∈ X✱ t❡♠♦s q✉❡ τ(x) = (x, t(x))✱

❝♦♠ t(x) ∈ (T fE)σ(x) = Tr·fσ(r)Ex
∼= Tfσ(r)F ✳ ❆❣♦r❛ ♣❛r❛ ❝❛❞❛ r ∈ (Lσ)x ❡①✐st❡

wτ (r) ∈ Tfσ(r)F = Tz0F t❛❧ q✉❡ t(x) = r · wτ (r)✳ ❊ss❛ ❢✉♥çã♦ wτ é L✲❡q✉✐✈❛r✐❛♥t❡✳

❉❡ ❢❛t♦✱ ❡s❝r❡✈❡♥❞♦ r′ = rl✱ ❝♦♠ l ∈ L✱ t❡♠♦s q✉❡ rl · wτ (rl) = r′ · wτ (r′) = t(x) =

r · wτ (r) = rl · l−1wτ (r)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ wτ (rl) = l−1wτ (r)✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✉♠❛



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✸✷

❢✉♥çã♦ L✲❡q✉✐✈❛r✐❛♥t❡ w ∈ Ceq(Lσ, Tz0F ) ❞á ♦r✐❣❡♠ ❛ ✉♠❛ s❡çã♦ τ ∈ Γ(σ∗(T fE))

♣♦♥❞♦ τ(x) = (x, l · w(l))✱ ♦♥❞❡ l ∈ (Lσ)x✳ ❉❡ ❢❛t♦✱ l · w(l) ∈ Tl·z0Ex = Tσ(x)Ex✳

❘❡s✉♠✐♥❞♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❜✐❥❡çõ❡s

ΓE −→ Ceq(R,F )
σ 7−→ fσ

❡
Γ
(
σ∗(T fE)

)
−→ Ceq(Lσ, Tz0F )

τ 7−→ wτ
✭✷✳✻✮

♦♥❞❡ ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛s s❡çõ❡s ❡ ❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s sã♦ ❞❛❞❛s ♣♦r

σ(x) = r · fσ(r), r ∈ Rx ❡ τ(x) = (x, l · wτ (l)) , l ∈ (Lσ)x

✷✳✸✳✷ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ❝♦♥tr✉✐r ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞❡

✉♠ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ R → X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❜❛s❡ X

❡ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ K ✭❛♠❜♦s ❝♦♠♣❛❝t♦s✮✳ ❙❡❥❛ L ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦ ❞❡ K✱

F = K/L ✉♠ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ❡ E = R ×K F ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦✳ ❖ ❝♦♥t❡①t♦ q✉❡

❡st❛♠♦s ✐♥t❡r❡ss❛❞♦ s❡ ❞á q✉❛♥❞♦ R é ✉♠❛ K✲r❡❞✉çã♦ ❞❡ ✉♠ G✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧

Q✱ ❝♦♠ G s❡♠✐ss✐♠♣❧❡s✱ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN ✳ ❖

❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ F q✉❡ ✉t✐❧✐③❛r❡♠♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛ sã♦ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ❞❡ G✳

❆♥t❡s ❞❡ ♠❛✐s ♥❛❞❛✱ ✈❛♠♦s ❝♦♥str✉✐r ✉♠❛ ♠étr✐❝❛ ❡♠ ΓE✳ ❆ ♣❛rt✐r ❞❡ ♠étr✐❝❛

❘✐❡♠❛♥♥✐❛♥❛ K✲✐♥✈❛r✐❛♥t❡ ❡♠ F ✱ ❞❡✜♥✐♠♦s ✉♠❛ ❞✐stâ♥❝✐❛ d0 ❡♠ F ✱ t❛♠❜é♠ K✲

✐♥✈❛r✐❛♥t❡✱ ✐st♦ é d0(k.z, k.w) = d0(z, w)✱ ♣❛r❛ q✉❛✐sq✉❡r z, w ∈ F ❡ k ∈ K✳ ❊ss❛

❞✐stâ♥❝✐❛ ♣♦❞❡ s❡r ❧❡✈❛❞❛ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ♥❛s ✜❜r❛s ❞❡ E ♣♦♥❞♦ d(r · z, r · w) =

d0(z, w)✱ q✉❡ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ♣❡❧❛ K✲✐♥✈❛r✐â♥❝✐❛ ❞❡ d0✳ ❉❡ ❢❛t♦✱ s❡ r · z = r′ · z′ ❡
r · w = r′ · w′ ❡♥tã♦ ❡①✐st❡ k ∈ K t❛❧ q✉❡ r′ = rk✱ z′ = k−1z ❡ w′ = k−1w✳ ▲♦❣♦

d(r′ · z′, r′ · w′) = d0(z
′, w′) = d0(k

−1z, k−1w) = d0(z, w) = d(r · z, r · w).

P♦r ✜♠✱ ❡ss❛ ❞✐stâ♥❝✐❛ ♥❛s ✜❜r❛s ❞❡ E ❞❡✜♥❡ ✉♠❛ ❞✐stâ♥❝✐❛ ❡♠ ΓE ♣♦r

d(σ, τ) = sup
x∈X

d(σ(x), τ(x)), σ, τ ∈ ΓE.

❈♦♠ ❡ss❛ ❞✐stâ♥❝✐❛✱ ΓE é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳

P❛r❛ ❝♦♥str✉✐r ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ΓE ❝♦♥s✐❞❡r❡ Uz0 ⊂ F ❡ Vz0 ⊂ Tz0F

✈✐③✐♥❤❛♥ç❛s ❞❡ z0 ∈ F ❡ 0 ∈ Tz0F t❛✐s q✉❡ expz0 : Vz0 → Uz0 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❈♦♥s✐❞❡r❡ ❛ ❛çã♦ ❞❡ K ❡♠ TF ❞❛❞❛ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞❛ ❛çã♦ ❞❡ K ❡♠ F ✱ ✐st♦ é✱

k∗ : TzF → TkzF ✱ k∗(v) = d(k)zv✳ ❈♦♠♦ k ∈ K é ✐s♦♠❡tr✐❛ ❞❛ ♠étr✐❝❛✱ s✉❛ ❛çã♦



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✸✸

❝♦♠✉t❛ ❝♦♠ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❡ ❝♦♠ s✉❛ ✐♥✈❡rs❛ ❧♦❝❛❧✱ ✐st♦ é

k ◦ expz = expkz ◦ k∗ ❡ k∗ ◦ logz = logkz ◦ k.

❊s❝♦❧❤❡♥❞♦ Vz0 = B(0, r)✱ ❝♦♠ r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡ Uz0 = expz0 Vz0 ✱

❝♦♠♦ ❛ ♠étr✐❝❛ é K✲✐♥✈❛r✐❛♥t❡✱ t❡♠♦s q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ Vz0 ♣♦r k∗ é ❛ ❜♦❧❛ B(0, r)

❡♠ TzF ✱ ♦♥❞❡ z = kz0✳ ❉❡♥♦t❛♥❞♦ ♣♦r Vz = B(0, r) ⊂ TzF ❡ Uz = expz Vz t❡♠♦s

q✉❡ Vz = k∗Vz0 ❡ Uz = kUz0 ✳ ❊ss❛s ❢ór♠✉❧❛s ♠♦str❛♠ ❛✐♥❞❛ q✉❡ Vz0 ❡ Uz0 sã♦

✐♥✈❛r✐❛♥t❡s ♣♦r L ⊂ K✳ ✭♦❜s✿ ❡♠ ❣❡r❛❧ Vz0 ❡ Uz0 ♥ã♦ sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ❡❧❡♠❡♥t♦s

k ∈ K✮✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ❢♦r♠❛ q✉❡ expz0 :

Vz0 → Uz0 ❡ logz0 : Uz0 → Vz0 s❡❥❛♠ ▲✐♣s❝❤✐t③✐❛♥❛s✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ s✉❜✜❜r❛❞♦ Lσ = {p ∈ R | fσ(p) = z0}✱ ♦♥❞❡ fσ é ❛ ❢✉♥çã♦

❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ ❛ σ ♣♦r σ(x) = p · fσ(p)✳ ❙❡ p, q ∈ Lσ ❡stã♦ ♥❛ ♠❡s♠❛

✜❜r❛ ❡♥tã♦ p · Uz0 = q · Uz0 ✳ ❉❡ ❢❛t♦✱ ❡s❝r❡✈❡♥❞♦ p = qk✱ ❝♦♠ k ∈ L✱ t❡♠♦s q✉❡

p · Uz0 = qk · Uz0 = q · kUz0 = q · Uz0 ✱ ❥á q✉❡ Uz0 é L✲✐♥✈❛r✐❛♥t❡✳

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ✐♠❛❣❡♠ ❞❛ s❡çã♦ σ ∈ ΓE ♣♦♥❞♦

Uσ =
⋃

p∈Lσ

p · Uz0 . ✭✷✳✼✮

▲❡♠❛ ✷✳✸✳✶✳ Uσ é ❛❜❡rt♦ ❡♠ E ❡ ❝♦♥té♠ ❛ ✐♠❛❣❡♠ ❞❡ σ✳ ❆❧é♠ ❞✐ss♦

ΓUσ = {τ ∈ ΓE | τ(x) ∈ Uσ, ∀x ∈ X}

é ❛❜❡rt♦ ❡♠ ΓE✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ wn ✉♠❛ s❡q✉ê♥❝✐❛ ❢♦r❛ ❞❡ Uσ ❡ w = limwn✳ ❈♦♠♦ wn /∈ Uσ✱
♣♦❞❡♠♦s ❡s❝r❡✈❡r wn = pn · zn✱ ❝♦♠ pn ∈ Lσ ❡ zn /∈ Uz0 ✳ P♦r ❝♦♠♣❛❝✐❞❛❞❡✱ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ pn → p ∈ Lσ ❡ zn → z /∈ Uz0 ✳ ❆ss✐♠ t❡♠♦s q✉❡ w = limwn =

lim pn · zn = p · z /∈ Uσ✳
❖s ❛r❣✉♠❡♥t♦s ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s sã♦ ♣r❛t✐❝❛♠❡♥t❡ ♦s ♠❡s♠♦s✳ ❙❡❥❛ τn ✉♠❛

s❡q✉ê♥❝✐❛ ❢♦r❛ ❞❡ ΓUσ ❝♦♠ τ = lim τn ✭❧✐♠✐t❡ ✉♥✐❢♦r♠❡✮✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❡①✐st❡♠

xn ∈ X✱ pn ∈ Lσ ❡ zn ∈ F\Uz0 t❛✐s q✉❡ τn(xn) = pn · zn✳ ❚♦♠❛♥❞♦ s✉❜s❡q✉ê♥❝✐❛s s❡

♥❡❝❡ssár✐♦✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ xn → x ∈ X✱ pn → p ∈ Lσ ❡ zn → z ∈ F\Uz0 ✳ ❈♦♠♦

τn ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ τ s❡❣✉❡ q✉❡ τ(x) = lim τn(xn) = lim pn ·zn = p ·z /∈
Uz0 ✳ ❆ss✐♠ τ(x) /∈ Uσ ❡ τ /∈ ΓUσ✳



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✸✹

❈♦♥s✐❞❡r❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ s❡çã♦ σ ∈ ΓE ❡ ♦ s✉❜✜❜r❛❞♦ Lσ✱ t❛♠❜é♠ ♣❡❧❛ L✲

✐♥✈❛r✐â♥❝✐❛ ❞❡ Vz0 ✱ t❡♠♦s q✉❡ s❡ p, q ∈ Lσ ❡stã♦ ♥❛ ♠❡s♠❛ ✜❜r❛ ❡♥tã♦ p ·Vz0 = q ·Vz0 ✳
❉❡✜♥✐♠♦s ❛ss✐♠ ♦ s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦ ❞❡ T fE✿

Vσ =
⋃

p∈Lσ

p · Vz0 . ✭✷✳✽✮

❊ss❡ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ é ❛❜❡rt♦ ❡♠ T fE✱ ❥á q✉❡ Vz0 ♥ã♦ é ❛❜❡rt♦ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡

TF ✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ Vσ sã♦ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛♦s ♣♦♥t♦s σ(x) ❝♦♥t✐❞♦s ❛♣❡♥❛s

♥❛ ✜❜r❛ ✈❡rt✐❝❛❧ ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ T fE → E✳ ◆♦ ❡♥t❛♥t♦✱ t♦♠❛♥❞♦ ♦ ✜❜r❛❞♦

σ∗(T fE)✱ ❞♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s às ✜❜r❛s ❞❡ E ❛♦ ❧♦♥❣♦ ❞❡ σ✱ t❡♠♦s q✉❡ Vσ é ✉♠

❛❜❡rt♦ ❞❡ss❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦❜r❡ X✱ ❝♦♠♦ ♠♦str❛ ❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✷✳ Vσ é ❛❜❡rt♦ ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ σ∗(T fE)✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ à ❛♥t❡r✐♦r✳ ❙❡❥❛ wn ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠

σ∗(T fE) ❢♦r❛ ❞❡ Vσ ❡ s✉♣♦♥❤❛ q✉❡ wn → w✳ ❊s❝r❡✈❛ wn = pn · vn✱ ❝♦♠ pn ∈ Lσ
❡ vn ∈ Tz0F\Vz0 ✳ ❚♦♠❛♥❞♦ s✉❜s❡q✉ê♥❝✐❛s✱ ♣♦r ❝♦♠♣❛❝✐❞❛❞❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

pn → p ∈ Lσ✳ ◆❡st❡ ❝❛s♦✱ ❝♦♠♦ ‖wn‖ = ‖pn · vn‖ = ‖vn‖✱ t❡♠♦s q✉❡ ‖vn‖ é ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ ❡ t♦♠❛♥❞♦ s✉❜s❡q✉ê♥❝✐❛s ❛ss✉♠✐♠♦s q✉❡ vn → v ∈ Tz0F\Vz0 ✳
❆ss✐♠ t❡♠♦s q✉❡ w = limwn = lim pn · vn = p · v /∈ Vσ✱ ♦✉ s❡❥❛✱ Vσ é ❢❡❝❤❛❞♦✳

❈♦r♦❧ár✐♦ ✷✳✸✳✸✳ ΓVσ é ❛❜❡rt♦ ❡♠ Γ(σ∗(T fE))✳

❉❡♠♦♥str❛çã♦✿ ➱ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❝♦♠ ♦ ❧❡♠❛ ✷✳✶✳✶

❆❣♦r❛ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦s ❛❜❡rt♦s Uσ ❡ Vσ ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧

expz0 : Vz0 → Uz0 ✳ ❉❡✜♥✐♠♦s ❛ss✐♠

expσ : Vσ −→ Uσ
p · v 7−→ expσ(p · v) = p · expz0 v

✭✷✳✾✮

Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳ ❆ ❛♣❧✐❝❛çã♦ expσ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠❛ ❜✐❥❡çã♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ p · v = q · w✱ ❝♦♠ p, q ∈ Lσ ❡ v, w ∈ Vz0 ✱ ❡♥tã♦ q = pa ❝♦♠

a ∈ L✳ ❆ss✐♠ p · v = q ·w = pa ·w = p · aw✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v = aw✳ ◆♦ ❡♥t❛♥t♦✱

❝♦♠♦ a ∈ L é ✐s♦♠❡tr✐❛ ❞❡ F ❡ az0 = z0✱ s❡❣✉❡ q✉❡ a ◦ expz0 = expz0 ◦a✱ ❣❛r❛♥t✐♥❞♦
q✉❡ expz0 (v) = expz0 (aw) = a expz0 (w)✳ P♦rt❛♥t♦✱

p · expz0 v = p · a expz0 w = q · expz0 w,



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✸✺

✐st♦ é✱ expσ (p · v) ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ r❡♣r❡s❡♥t❛♥t❡ p · v✳
P❛r❛ ✈❡r ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡✱ ♦❜s❡r✈❡ q✉❡ ✜①❛❞♦ p✱ p·expz0 v ♣❡r❝♦rr❡ p·Uz0 q✉❛♥❞♦

v ♣❡r❝♦rr❡ Vz0 ✳ P❛r❛ ✈❡r q✉❡ é ✐♥❥❡t♦r❛✱ ❝♦♠♦ expσ ♣r❡s❡r✈❛ ✜❜r❛s✱ ❜❛st❛ ✈❡r q✉❡ é ✐♥✲

❥❡t♦r❛ ❡♠ ❝❛❞❛ ✜❜r❛✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ p ✜①❛❞♦ t❡♠♦s q✉❡ s❡ expσ(p·v) = expσ(p·w)
❡♥tã♦ p · expz0 v = p · expz0 w✳ ❉❛í s❡❣✉❡ q✉❡ expz0 v = expz0 w ❡ ❡♥tã♦ v = w✳

❆ ✐♥✈❡rs❛ ❞❡ expσ é ❛ ❛♣❧✐❝❛çã♦✿

logσ : Uσ −→ Vσ
p · z 7−→ logσ(p · z) = p · logz0 z .

✭✷✳✶✵✮

❈♦♠ ✐ss♦ t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✷✳✸✳✺✳ ❆ ❛♣❧✐❝❛çã♦ expσ : Vσ → Uσ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❊ss❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ é ♣♦✐s é ❛ ❝♦♠♣♦st❛ ❞❛s ❛♣❧✐❝❛çõ❡s (p, v) ∈
Lσ × Tz0F → p · v ∈ E ❡ ❞❡ expz0 ✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ logσ é ❝♦♥tí♥✉❛✳

❆ ❛♣❧✐❝❛çã♦ expσ : Vσ → Uσ ✐♥❞✉③ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦s ❛❜❡rt♦s ΓVσ ❡ ΓUσ
❞♦s ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❞♦s ✜❜r❛❞♦s Γ(σ∗(T fE)) ❡ ΓE✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❛♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ é ❞❛❞❛ ♣♦r

εσ : ΓVσ −→ ΓUσ
τ 7−→ εσ(τ) = expσ ◦ τ .

✭✷✳✶✶✮

❆ ✐♥✈❡rs❛ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ❛ ❝♦♠♣♦s✐çã♦ ❝♦♠ logσ ❞❛❞❛ ♣♦r

λσ : ΓUσ −→ ΓVσ
τ 7−→ λσ(τ) = logσ ◦ τ .

✭✷✳✶✷✮

P❛r❛ ✈❡r q✉❡ ❡ss❛s ❛♣❧✐❝❛çõ❡s ❢♦r♠❛♠ ✉♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ΓE✱

♣r❡❝✐s❛♠♦s ✈❡r q✉❡ εσ ❡ λσ sã♦ ❝♦♥tí♥✉❛s ❡ t❛♠❜é♠ q✉❡ s❡ τ é ✉♠❛ ♦✉tr❛ s❡çã♦ t❛❧

q✉❡ Uσ ∩ Uτ 6= ∅✱ ❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s λσ ◦ ετ é ❞✐❢❡r❡♥❝✐á✈❡❧✳

P❛r❛ ✈❡r ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ❛♣❧✐❝❛çõ❡s✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ t♦♠❛♥❞♦ ❛s

✈✐③✐♥❤❛♥ç❛s Vz0 ❡ Uz0 ❞❡ ❢♦r♠❛ q✉❡ expz0 ❡ logz0 s❡❥❛♠ ▲✐♣s❝❤✐t③✐❛♥❛s✱ ❡♥tã♦ ❝♦♠♦ ❛s

❞✐stâ♥❝✐❛s ♥❛s ✜❜r❛s ❞❡ E ❡ ❞❡ σ∗(T fE) sã♦ ✐♥❞✉③✐❞❛s ♣❡❧❛s ❞✐stâ♥❝✐❛s K✲✐♥✈❛r✐❛♥t❡s

❞❡ F ❡ ❞❡ Tz0F ✱ s❡❣✉❡ q✉❡ expσ ❡ logσ sã♦ ❛♣❧✐❝❛çõ❡s ▲✐♣s❝❤✐t③✐❛♥❛s ❛♦ ❧♦♥❣♦ ❞❛s

✜❜r❛s✳ ■st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 ❡ C2 t❛✐s q✉❡ ♣❛r❛ t♦❞♦ p ∈ Lσ✱ v, w ∈ Vz0 ❡



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✸✻

z, y ∈ Uz0 ✈❛❧❡♠ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s✿

d(expσ(p · v), expσ(p · w)) = d0(expz0 v, expz0 w)

< C1‖v − w‖ = C1‖p · v − p · w‖

❡

‖ logσ(p · z)− logσ(p · y)‖ = ‖ logz0 z − logz0 y‖
< C2d0(z, y) = d(p · z, p · y)

■ss♦ ♥♦s ♣❡r♠✐t❡ ♠♦str❛r q✉❡ ❛s ❛♣❧✐❝❛çõ❡s εσ ❡ λσ sã♦ ❝♦♥tí♥✉❛s✳ ▼❛✐s ❡s♣❡❝✐✜✲

❝❛♠❡♥t❡ t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✷✳✸✳✻✳ ❈♦♠ ❛s ❡s❝♦❧❤❛s ❢❡✐t❛s ❛❝✐♠❛✱ ❛s ❛♣❧✐❝❛çã♦ εσ ❡ λσ sã♦ ▲✐♣s✲

❝❤✐t③✐❛♥❛s ❡✱ ♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛s✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞✐stâ♥❝✐❛ d ❡♥tr❡ ❞✉❛s s❡çõ❡s τ, η ∈ ΓUσ é ❞❛❞❛ ♣♦r d (τ, η) =

supx∈X d (τ (x) , η (x))✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦s u, w ∈ ΓVσ ❡ x ∈ X ❡s❝r❡✈❛ u (x) =

p·u′ (x) ❡ w (x) = p·w′ (x) ❝♦♠ u′ (x) , w′ (x) ∈ Vz0 ✳ ❊♥tã♦✱ εσ (u) (x) = p·expz0 u′ (x)
❡ εσ (w) (x) = p · expz0 w′ (x)✳ ❆ss✐♠ t❡♠♦s

d (εσ (u) , εσ (v)) = sup
x∈X

d
(
p · expz0 u′ (x) , p · expz0 w′ (x)

)

≤ sup
x∈X

C1‖p · u′(x)− p · w′(x)‖ = C1‖u− w‖.

P❛r❛ λσ ❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛✳

P❛r❛ ❝♦♠♣❧❡t❛r✱ ✈❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ✉♠❛

❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ ♣❛r❛ ❞✉❛s s❡çõ❡s σ, τ ∈ ΓE t❡♠♦s Γ(Uσ∩
Uτ ) = ΓUσ ∩ΓUτ 6= ∅✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❛❜❡rt♦s ❞❡ ✜❜r❛❞♦s

✈❡t♦r✐❛✐s ❞❛❞❛ ♣♦r

λσ ◦ ετ : λτ (Γ(Uσ ∩ Uτ )) −→ λσ (Γ(Uσ ∩ Uτ ))
η 7−→ λσ ◦ ετ (η) = logσ ◦ expτ ◦η

é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆ ❡str❛té❣✐❛ é ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛ ✷✳✶✳✺ ♣r♦✈❛♥❞♦ q✉❡ ❡ss❛ ❛♣❧✐❝❛çã♦

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❝❛❞❛ ✜❜r❛ ❡ q✉❡ ❡ss❛s ❞❡r✐✈❛❞❛s ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡✳

P❛r❛ ✈❡r q✉❡♠ é ❛ ❛♣❧✐❝❛çã♦ ♥❛s ✜❜r❛s✱ ♣❛r❛ ❝❛❞❛ x ∈ X ❡s❝r❡✈❛ η(x) = p(x) ·
v(x)❝♦♠ p(x) ∈ Lτ ❡ v(x) ∈ Vz0 ✳ ❚❡♠♦s ❡♥tã♦

ετ (η)(x) = p(x) · expz0 v(x) ∈ Uσ ∩ Uτ .



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✸✼

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r p(x)·expz0 v(x) = q(x)·z(x)✱ ❝♦♠ q(x) ∈ Lσ ❡ z(x) ∈ Uz0 ✳

❈♦♠♦ p(x) ❡ q(x) ❡stã♦ ♥❛ ♠❡s♠❛ ✜❜r❛ ❞❡ R✱ ❡①✐st❡ a(x) ∈ K t❛❧ q✉❡ p(x) =

q(x)a(x)✱ ❡ ❡♥tã♦ z(x) = a(x) expz0 v(x)✳ ❉❛í t❡♠♦s λσ◦ετ (η)(x) = logσ(q(x)·z(x)) =
q(x) · logz0(z(x))✱ ♦✉ s❡❥❛✱

λσ ◦ ετ (η)(x) = q(x) · logz0
(
a(x) expz0 v(x)

)
.

❊ss❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♠♦str❛ q✉❡✱ ❛ ♠❡♥♦s ❞❛ ❛çã♦ ❧✐♥❡❛r ❞❡ p(x) ❡ ❞❡ q(x) ♥❛s ✜❜r❛s

❞❡ T fE✱ ❛ ❛♣❧✐❝❛çã♦ ♥❛s ✜❜r❛s é ❞❛❞❛ ♣♦r

v 7−→ logz0
(
a(x) expz0 v

)
.

❚❛❧ ❛♣❧✐❝❛çã♦ é ❝❧❛r❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ s❡ a(x) ❢♦r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

❞❡ x✱ ❡♥tã♦ ❡ss❛ ❛♣❧✐❝❛çã♦ ❡ s✉❛s ❞❡r✐✈❛❞s ❛♦ ❧♦♥❣♦ ❞❛s ✜❜r❛s t❛♠❜é♠ ❞❡♣❡♥❞❡♠

❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ x✱ ♦ q✉❡ ❢♦r♥❡❝❡ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ✷✳✶✳✺✳

▼❛s ❧♦❝❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r a(x) ❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ ✈✐③✐♥❤❛♥ç❛s

tr✐✈✐❛❧✐③❛♥t❡s ❞♦ ✜❜r❛❞♦ R✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r p(x) ❡ q(x) ❞❡♣❡♥❞❡♥❞♦ ❝♦♥t✐♥✉❛♠❡♥t❡

❞❡ x✳ ❉❛í ❛ r❡❧❛çã♦ p(x) = q(x)a(x) ♠♦str❛ q✉❡ x 7→ a(x) ∈ K é ❝♦♥tí♥✉❛✳

❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦✲

♦r❞❡♥❛❞❛s ❡ ❛ ❝♦♥str✉çã♦ ❞❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ΓE✳ ❘❡s✉♠✐♠♦s ♥♦ t❡♦r❡♠❛

❛❜❛✐①♦ ❡ss❛ ❡str✉t✉r❛✳

❚❡♦r❡♠❛ ✷✳✸✳✼✳ ❖ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❝♦♥tí♥✉❛s Γ(R ×K F ) ❛❞♠✐t❡ ✉♠❛ ❡str✉t✉r❛

❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♠♦❞❡❧❛❞❛ ♥✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❆ ❝❛rt❛ ❛♦ r❡❞♦r ❞❡

✉♠❛ s❡çã♦ σ t❡♠ ❞♦♠í♥✐♦ ❡ ❝♦♥tr❛❞♦♠í♥✐♦ ❞❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r ΓUσ ❡ ΓVσ✱
♦♥❞❡

Uσ =
⋃

p∈Lσ

p · Uz0 ⊂ ΓE ❡ Vσ =
⋃

p∈Lσ

p · Vz0 ⊂ σ∗(T fE).

❆ ♣❛r❛♠❡tr✐③❛çã♦ ❡ s✉❛ ✐♥✈❡rs❛ sã♦ ❞❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r✿

εσ : ΓUσ −→ ΓVσ
τ 7−→ expσ ◦ τ

❡
λσ : ΓVσ −→ ΓUσ

η 7−→ logσ ◦ η

✷✳✸✳✸ ▼❡r❣✉❧❤♦s ❞❡ ❡s♣❛ç♦s ❞❡ s❡çõ❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

❖ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ♠♦str❛r q✉❡ ❝♦♠ ❛s ❡str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♥str✉í❞❛s✱ ♦

❡s♣❛ç♦ ❞❛s s❡çõ❡s ❞♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ E = Q×G F = R×K F é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡

♠❡r❣✉❧❤❛❞❛ ❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s C(R,F ) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤ C(R, V )✳



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✸✽

❆♥t❡s ❞❡ ♠❛✐s ♥❛❞❛✱ ✈❛♠♦s ❞❡✐①❛r ❝❧❛r♦ q✉❡ ❛ t♦♣♦❧♦❣✐❛ ❞❡ss❡s ❡s♣❛ç♦s é ❡ss❡♥❝✐✲

❛❧♠❡♥t❡ ❛ t♦♣♦❧♦❣✐❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠ C(R,F )✳ P❛r❛ ✈❡r ✐ss♦✱ ❝♦♥s✐❞❡r❡

❛ ❞✐stâ♥❝✐❛ ❡♠ F ❞❛❞❛ ♣❡❧❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ K✲✐♥✈❛r✐❛♥t❡✳ ❆ ❞✐stâ♥❝✐❛ ♥♦ ❡s✲

♣❛ç♦ ❞❛s s❡çõ❡s é ❞❛❞❛ ♣♦r d(σ, τ) = supx∈X d(σ(x), τ(x))✳ ❆❣♦r❛ ❡s❝r❡✈❡♥❞♦ σ(x) =

r ·fσ(r) ❡ τ(x) = r ·fτ (r)✱ ❝♦♠ r ∈ Rx✱ t❡♠♦s q✉❡ d(r ·fσ(r), r ·fτ (r)) = d(fσ(r), fτ (r)✱

♣♦✐s r é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ Rx ❡ F ✳ ▼❛s ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ d é K✲✐♥✈❛r✐❛♥t❡✱ s❡✲

❣✉❡ q✉❡ d(fσ(r), fτ (r)) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ r✱ ♠❛s ❛♣❡♥❛s ❞♦ ♣♦♥t♦ x t❛❧ q✉❡ r ∈ Ex✳

❉❡ ❢❛t♦✱ s❡ r′ ∈ Ex✱ ❡♥tã♦ ❡s❝r❡✈❡♥❞♦ r′ = rk✱ ❝♦♠ k ∈ K✱ s❡❣✉❡ ❞❛ ❡q✉✐✈❛r✐â♥✲

❝✐❛ q✉❡ d(fσ(r′), fτ (r′) = d(fσ(rk), fτ (rk) = d(k−1fσ(r), k
−1fτ (r)) = d(fσ(r), fτ (r))✳

❘❡s✉♠✐♥❞♦ t❡♠♦s q✉❡

d(σ, τ) = sup
x∈X

d(σ(x), τ(x)) = sup
r∈R

d(r · fσ(r), r · fτ (r)) = d(fσ, fτ ),

♠♦str❛♥❞♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ s❡çã♦ σ ∈ ΓE à ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡

fσ ∈ Ceq(R,F ) é ✉♠❛ ✐s♦♠❡tr✐❛✳

P❛r❛ ❝♦♥❝❧✉✐r q✉❡ ΓE é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(R,F )✱ ❝✉❥❛ ✐♠❛❣❡♠

é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s Ceq(R,F )✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛ ✐♥❝❧✉sã♦ é

✉♠❛ ✐♠❡rsã♦✳ ■ss♦ s❡rá ❢❡✐t♦ ❧♦❝❛❧♠❡♥t❡✳

❈♦♥s✐❞❡r❡ ✉♠❛ s❡çã♦ σ ∈ ΓE ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ΓUσ q✉❡ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ✭✈✐❛

❧♦❣❛r✐t♠♦✮ ♥♦ ❛❜❡rt♦ ΓVσ ⊂ Γ(σ∗(T fE))✱ ❝♦♠♦ ❝♦♥str✉í❞♦s ♥❛ s❡çã♦ ✷✳✸✳✷✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✽✳ ❚❡♠♦s ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❡♥tr❡ ♦s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✱ ❡s♣❛ç♦s

❞❡ ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❡ ❡s♣❛ç♦s s❡ s❡çõ❡s ❞❡ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s✿

✭❛✮ Γ
(
σ∗(T fE)

)
❡ Ceq(Lσ, Tz0F ) sã♦ ✐s♦♠♦r❢♦s ✭✐s♦♠étr✐❝♦s✮✳

✭❜✮ ΓVσ ❡ Ceq(Lσ, Vz0) sã♦ ❞✐❢❡♦♠♦r❢♦s✳

✭❝✮ ΓUσ ❡ ΓVσ sã♦ ❞✐❢❡♦♠♦r❢♦s✳

✭❞✮ C(Lσ, Uz0) ❡ C(Lσ, Vz0) sã♦ ❞✐❢❡♦♠♦r❢♦s✳

✭❡✮ Ceq(Lσ, Vz0) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(Lσ, Vz0)✳

✭❢✮ ΓUσ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(Lσ, F )✳

❉❡♠♦♥str❛çã♦✿ ❖ ✐s♦♠♦r✜s♠♦ ❞♦ ✐t❡♠ ✭❛✮ é ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✻✮✱ q✉❡ ❛s✲

s♦❝✐❛ ❝❛❞❛ s❡çã♦ ❛ ✉♠❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡✳ ❆ ❧✐♥❡❛r✐❞❛❞❡ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡

❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❛çã♦ ✭✈✐❛ ❞✐❢❡r❡♥❝✐❛✐s✮ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Lσ ❡♠ Tz0F ✱ ✐st♦ é✱



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✸✾

l · (λw1 +w2) = λ l ·w1 + l ·w2✳ ❙♦❜r❡ ❡ss❡ ✐s♦♠♦r✜s♠♦ s❡r ✉♠❛ ✐s♦♠❡tr✐❛✱ ❜❛st❛ ✈❡r

❛ ❞❡✜♥✐çã♦ ❞❛s ♠étr✐❝❛s ♥❡ss❡s ❡s♣❛ç♦s✱ ❥✉♥t♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Lσ
❛❣❡♠ ♣♦r ✐s♦♠❡tr✐❛ ❡♠ Tz0F ✳ ◆♦ ✐t❡♠ ✭❜✮✱ ♦ ❞✐❢❡♦♠♦r✜s♠♦ é ❛♣❡♥❛s ❛ r❡str✐çã♦ ❞❛

❛♣❧✐❝❛çã♦ ❞♦ ✐t❡♠ ✭❛✮ ❛♦s ❛❜❡rt♦s ΓVσ ❡ Ceq(Lσ, Vz0)✳
◆♦ ✐t❡♠ ✭❝✮ ♦ ❞✐❢❡♦♠♦r✜s♠♦ é s✐♠♣❧❡s♠❡♥t❡ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ❞❡ ΓE✳

❖ ❞✐❢❡♦♠♦r✜s♠♦ ❞♦ ✐t❡♠ ✭❞✮ é ✐♥❞✉③✐❞♦ ♣❡❧♦ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ Vz0 ❡ Uz0 ❞❛❞♦ ♣❡❧❛

❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ F ✳

◆♦ ✐t❡♠ ✭❡✮ t❡♠♦s q✉❡ Ceq(Lσ, Tz0F ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ✜❝❤❛❞♦ ❞❡ C(Lσ, Tz0F )✳
❘❡str✐♥❣✐♥❞♦ ❡ss❛ ✐♥❝❧✉sã♦ ❛♦s ❛❜❡rt♦s Ceq(Lσ, Vz0) ❡ C(Lσ, Vz0)✱ t❡♠♦s ♦ ♠❡r❣✉❧❤♦

❞♦ ✐t❡♠ ✭❡✮✳

P♦r ✜♠✱ ♦ ✐t❡♠ ✭❢✮ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s ✐t❡♠ ❛♥t❡r✐♦r❡s ♣❡❧❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡

❞✐❢❡♦♠♦r✜s♠♦s ❡ ♠❡r❣✉❧❤♦s✿

ΓUσ → ΓVσ → Ceq(Lσ, Vz0) →֒ C(Lσ, Vz0) → C(Lσ, Uz0) →֒ C(Lσ, F ),

❝✉❥❛ ❝♦♠♣♦s✐çã♦ é ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ ❝❛❞❛ s❡çã♦ σ ∈ ΓUσ ❛ss♦❝✐❛ ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐✲

❛♥t❡ fσ ∈ C(Lσ, F )✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡✱ ❝♦♠♦ ❢❡✐t♦ ♥❛ s❡çã♦ ✷✳✷✳✸✱ F é ❛ ór❜✐t❛ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

ρ : K → ●❧(V ) ✭◆❛ ✈❡r❞❛❞❡ ✜①❛♠♦s ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ V ❞❡ ❢♦r♠❛ q✉❡ ρ(k) ∈
❖(V ) ♣❛r❛ t♦❞♦ k ∈ K✮✳ ◆❡st❡ ❝❛s♦ F ✱ q✉❡ é ór❜✐t❛ ❞❡ss❛ ❛çã♦✱ é s✉❜✈❛r✐❡❞❛❞❡

♠❡r❣✉❧❤❛❞❛ ❞❡ V ✱ ❡ ❛ss✐♠ ΓUσ é t❛♠❜é♠ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(Lσ, V )✳

▼❛s ❛ ✐♠❛❣❡♠ ❞❡ss❛ ✐♥❝❧✉sã♦ ❡stá ❝♦♥t✐❞❛ ♥❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s✱ ♦✉ s❡❥❛✱ ΓUσ
é s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ Ceq(Lσ, V )✱ q✉❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✹ é ✐s♦♠étr✐❝♦

❛ Ceq(R, V )✳ ❉❡st❡ ♠♦❞♦ t❡♠♦s q✉❡ ❛ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ s❡çã♦ τ ∈ ΓUσ
à ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ fτ ∈ C(R, V ) é ✉♠ ♠❡r❣✉❧❤♦✳ ❈♦♠♦ ♦s ❛❜❡rt♦s ΓUσ ❝♦❜r❡♠

ΓE✱ s❡❣✉❡ q✉❡ ΓE é s✉❜✈❛r✐❡❞❛❞❡ ✐♠❡rs❛ ❞❡ C(R, V )✳ ▼❛s ❡ss❛ ✐♥❝❧✉sã♦ é t❛♠❜é♠

✉♠❛ ✐s♦♠❡tr✐❛ ❝♦♠ ❛ ♠étr✐❝❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❞❡✜♥✐❞❛ ♥❡ss❡s ❡s♣❛ç♦s✱ ❡

❡♥tã♦ t❡♠♦s

❚❡♦r❡♠❛ ✷✳✸✳✾✳ ❆ ❛♣❧✐❝❛çã♦ σ ∈ ΓE 7−→ fσ ∈ C(R,F ) é ✉♠ ♠❡r❣✉❧❤♦ ❝✉❥❛ ✐♠❛❣❡♠

é Ceq(R,F )✳ ❖✉ s❡❥❛✱ Ceq(R,F )✱ ❝♦♠ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛❞❛ ♣❡❧❛ ❜✐❥❡çã♦ ❝♦♠

ΓE✱ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(R,F )✳



❙❡çã♦ ✷✳✸ ✲ ❙❡çõ❡s ❡♠ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✹✵

✷✳✸✳✹ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡

❉♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ✜③❡♠♦s ♣❛r❛ ❡♥❞♦♠♦r✜s♠♦s ❞❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ♣r♦✈❛✲

r❡♠♦s ❛❣♦r❛ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞❡ ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ✐♥❞✉③✐❞❛s

♣♦r ❛✉t♦♠♦r✜s♠♦s ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❈♦♥s✐❞❡r❡ π : Q → X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ G s❡♠✐s✲

s✐♠♣❧❡s✱ ♥ã♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♠ ❝❡♥tr♦ ✜♥✐t♦✳ ❙❡❥❛ φ : Q → Q ✉♠ ❛✉t♦♠♦r✜s♠♦ ❡

φ0 : X → X ♦ ❤♦♠❡♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥❛ ❜❛s❡ X✳ ❉❡♥♦t❛♠♦s ❛✐♥❞❛ ♣♦r φ ♦ ❛✉t♦✲

♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♥♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ E = Q×G F ❡ ♣♦r Γφ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛

♣♦r φ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE✱ ✐st♦ é✱ Γφ(σ) = φ ◦ σ ◦ φ−1
0 ✳

❙❡❥❛ G = KAN ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❡ G ❡ R ✉♠❛ K✲r❡❞✉çã♦✳ ❈♦♠

✐ss♦ t❡♠♦s q✉❡ ❡ss❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ s❡ ❡st❡♥❞❡ ❛ ◗ ♥❛ ❢♦r♠❛ Q = R ·AN ✳

❆s ♣r♦❥❡çõ❡s R : Q → R ❡ T : Q → AN sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❡ ✐♥❞✉③❡♠ ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❛✉t♦♠♦r✜s♠♦ φ ♣♦♥❞♦ φ(q) = R(φ(q))T(φ(q))✳

❈♦♠ ❛ K✲r❡❞✉çã♦✱ ♦ ✜❜r❛❞♦ E t❛♠❜é♠ é ✉♠ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❞❡ R✳ ■st♦ é✱

E = R×K F ✳ ❖ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE é ❡♥tã♦ ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ Ceq(R,F )✱ q✉❡✱ ❝♦♠♦

✈✐st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(R, V )✳

❆ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r Γφ ♥♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s Ceq(Q,F ) é

s✐♠♣❧❡s♠❡♥t❡ ❛ ❝♦♠♣♦s✐çã♦ ❝♦♠ φ−1✳ ■st♦ é✱ s❡ fσ é ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛

à s❡çã♦ σ✱ ❡♥tã♦ fσ◦φ−1 é ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ à s❡çã♦ Γφ(σ) = φ◦σ◦φ−1
0 ✳

❉❡ ❢❛t♦✱ s❡❥❛ x ∈ X ❡ q ∈ Qx✳ ❊♥tã♦ φ−1(q) ∈ Qφ−1
0

(x) ❡ ❡s❝r❡✈❡♥❞♦ ❛s s❡çõ❡s ❡♠

t❡r♠♦s ❞❡ s✉❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s t❡♠♦s✿

φ(σ(φ−1
0 (x))) = φ

(
φ−1(q) · fσ(φ−1(q))

)
= φ(φ−1(q)) · fσ(φ−1(q)) = q · fσ(φ−1(q)).

❘❡✜♥❛♥❞♦ ✉♠ ♣♦✉❝♦ ♠❛✐s✱ ΓE t❛♠❜é♠ ❡stá ❡♠ ❜✐❥❡çã♦ ❝♦♠ Ceq(R,F )✳ ❆ ❜✐❥❡çã♦

❡♥tr❡ Ceq(Q,F ) ❡ Ceq(R,F ) é ❢❡✐t❛ t♦♠❛♥❞♦✲s❡ r❡str✐çõ❡s ❞❛s ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠

Q ♣❛r❛ ♦ s✉❜✜❜r❛❞♦ R✳ ❙❡ f ∈ C(Q,F )✱ ❞❡♥♦t❛r❡♠♦s ♣♦r f ❛ r❡str✐çã♦ ❞❡ f à R✱ ❡

❛ss✐♠ f ∈ C(R,F )✳ ❙❡ f ❢♦r G✲❡q✉✐✈❛r✐❛♥t❡ ❡♥tã♦ f s❡rá K✲❡q✉✐✈❛r✐❛♥t❡✱ ✐st♦ é✱ s❡

f ∈ Ceq(Q,F ) ❡♥tã♦ f ∈ Ceq(R,F )✳
P❛r❛ ✈❡r q✉❡♠ é ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r Γφ ❡♠ Ceq(R,F )✱ ♣r❡❝✐s❛♠♦s ✈❡r q✉❡♠

é ❛ ❢✉♥çã♦ K✲❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ à s❡çã♦ τ = φ ◦ σ ◦ φ−1
0 ✳ ❆✜r♠❛♠♦s q✉❡

f τ (r) = T
(
φ−1(r)

)−1
fσ
(
R(φ−1(r))

)
✭✷✳✶✸✮



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✹✶

❉❡ ❢❛t♦✱ ♣❛r❛ r ∈ R t❡♠♦s✿

f τ (r) = fτ (r) = fσ(φ
−1(r))

= fσ
(
R(φ−1(r))T(φ−1(r))

)

= T(φ−1(r))−1fσ
(
R(φ−1(r))

)

= T(φ−1(r))−1fσ
(
R(φ−1(r))

)

❚❡♦r❡♠❛ ✷✳✸✳✶✵✳ ❆ ❛♣❧✐❝❛çã♦ Γφ : ΓE → ΓE é ❞✐❢❡r❡♥❝✐á✈❡❧

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❥á ✈✐♠♦s✱ ΓE é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ C(R,F )✱
❝✉❥❛ ✐♠❛❣❡♠ é ♦ ❝♦♥❥✉♥t♦ Ceq(R,F ) ❞❛s ❢✉♥çõ❡s K✲❡q✉✐✈❛r✐❛♥t❡s✳ P❛r❛ ♠♦str❛r ❛

❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ Γφ✱ ❜❛st❛ ❡♥tã♦ ♠♦str❛r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ✐♥✲

❞✉③✐❞❛ ❡♠ Ceq(R,F )✱ ❝✉❥❛ ❡①♣r❡ssã♦ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✸✮✳ ▼❛s ❡ss❛ ❛♣❧✐❝❛çã♦

é s✐♠♣❧❡s♠❡♥t❡ ❛ r❡str✐çã♦ ❞❡

Φ : C(R,F ) −→ C(R,F )
f 7−→ Φ(f)

,

❞❛❞❛ ♣♦r Φ(f)(r) = T(φ−1(r))−1f(R(φ−1(r)))✳ ❆❣♦r❛ ❡ss❛ ✉❧t✐♠❛ ❛♣❧✐❝❛çã♦ é ❞✐❢❡✲

r❡♥❝✐á✈❡❧✱ ♣♦✐s é ❝♦♠♣♦st❛ ❞❛s s❡❣✉✐♥t❡s ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✿

✶✳ F : C(R,F ) → C(R,F )✱ ❞❛❞❛ ♣♦r F(f) = f ◦ (R ◦ φ−1)✱ q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❥á

q✉❡ é ❛ r❡str✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ ❡♠ C(R, V )✱ ❞❛❞❛ ♣❡❧❛ ♠❡s♠❛

❢ór♠✉❧❛ ❞❡ F✳

✷✳ P : C(R,AN)×C(R,F ) → C(R,F ) ✐♥❞✉③✐❞❛ ♣❡❧❛ ❛çã♦ ❞❡ AN ❡♠ F é ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✷✳✷✳✸✳

❈♦♠ ✐ss♦ t❡♠♦s q✉❡ Φ(f) = P
(
T(φ−1(·))−1, F(f)

)

❱❡❥❛♠♦s ❛ s❡❣✉✐r ❝♦♠♦ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛ ❞❡ Γφ✳

❘❡❝♦r❞❛♠♦s q✉❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ à s❡çã♦ σ ∈ ΓE = Γ(Q×G F ) é ✐❞❡♥t✐✜❝❛❞♦

❝♦♠ ♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦❜r❡ X ❞❛❞♦ ♣❡❧♦ ♣✉❧❧✲❜❛❝❦ ♣♦r σ ❞♦

✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ E✱ T fE✳ ■st♦ é✱

TσΓE = Γ(T fσE) , ♦♥❞❡ T fσE = σ∗(T fE) , ❡ T fE =
⋃

ξ∈E

{TξEx | x = π(ξ)}.

❖ ❛✉t♦♠♦r✜s♠♦ φ : E → E é ❝♦♥tí♥✉♦ ❡ ♣♦ss✉✐ ❞❡r✐✈❛❞❛ q✉❛♥❞♦ r❡str✐t♦ às ✜❜r❛s

Ex ∼= F ✳ ❉❡♥♦t❛♠♦s ❛ ❞❡r✐✈❛❞❛ ❡♠ ξ ∈ E ❞❛ r❡str✐çã♦ φ|Ex
: Ex → Eφ(x)✱ x = π(ξ)✱

♣♦r

dfφξ : TξEx → Tφ(ξ)Eφ(x).



❙❡çã♦ ✷✳✹ ✲ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✹✷

❆ ❞❡r✐✈❛❞❛ ❞❛ ❛♣❧✐❝❛çã♦ Γφ(σ) = φ ◦ σ ◦ φ−1 é ❞❛❞❛ ♣♦r

d(Γφ)σ : Γ(T fσE) −→ Γ(T fΓφ(σ)E)

τ 7−→ d(Γφσ) · τ(x) = dfφσ(φ−1(x))(τ(φ
−1(x))) .

✭✷✳✶✹✮

P♦❞❡♠♦s ♦❧❤❛r T fE ❝♦♠♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❛ Q ♣❡❧❛ ❛çã♦ ❞❡ G ❡♠ TF ✈✐❛

❞✐❢❡r❡♥❝✐❛✐s✱ ✐st♦ é✱ T fE = Q×G TF ✳ ◆❡st❡ ❝❛s♦ ❛ ❛♣❧✐❝❛çã♦ dfφ : T fE → T fE é ❛

❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ❡♠ T fE ♣❡❧♦ ❡♥❞♦♠♦r✜s♠♦ φ : Q→ Q✱ ✐st♦ é✱

dfφ(q · v) = φ(q) · v, q ∈ Q, v ∈ TF.

✷✳✹ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡

❙❡❥❛ π : Q → X ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♥tí♥✉♦ ❝♦♠ ❣r✉♣♦ ❡str✉t✉r❛❧ G ❡ ❜❛s❡

❝♦♠♣❛❝t❛ X✳ ❖ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ❞❡ Q✱ ❞❡♥♦t❛❞♦ ♣♦r G(Q) ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r

G s❡ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✮✱ é ♦ ❣r✉♣♦ ❢♦r♠❛❞♦ ♣❡❧♦s ❛✉t♦♠♦r✜s♠♦s φ ∈ ❆✉t(Q) q✉❡

✐♥❞✉③❡♠ ❛ ✐❞❡♥t✐❞❛❞❡ ♥❛ ❜❛s❡✱ ✐st♦ é✱

G(Q) = {φ ∈ ❆✉t(Q) | π(φ(q)) = π(q)}.

❉❛❞♦ φ ∈ G✱ ❝♦♠♦ φ(p) ♣❡r♠❛♥❡❝❡ ♥❛ ♠❡s♠❛ ✜❜r❛ ❞❡ p✱ s❡❣✉❡ q✉❡ ❡①✐st❡

γ(p) ∈ G t❛❧ q✉❡ φ(p) = p.γ(p)✳ ■ss♦ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ γ : Q → G

q✉❡ s❛t✐s❢❛③ γ(p.g) = g−1γ(p)g ♣❛r❛ t♦❞♦ p ∈ Q ❡ g ∈ G✳ ❉❡ ❢❛t♦✱ p.γ(p)g =

φ(p).g = φ(p.g) = (p.g).(γ(p.g)) = p.gγ(p.g)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ γ(p)g = gγ(p.g) ❡

❡♥tã♦ γ(p.g) = g−1γ(p)g✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❝❛❞❛ ❢✉♥çã♦ γ : Q → G ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ γ(p.g) =

g−1γ(p)g ❞❡✜♥❡ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ♣♦♥❞♦ φ(p) = p.γ(p)✳ ❈♦♠ ✐ss♦

✐❞❡♥t✐✜❝❛♠♦s ♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❝♦♠

Γ(Q) = {γ : Q→ G | γ(p.g) = g−1γ(p)g, ∀g ∈ G ❡ p ∈ Q}.

❖ ♣r♦❞✉t♦ ❡♠ G(Q) é ❞❛❞♦ s✐♠♣❧❡s♠❡♥t❡ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞♦s ❛✉t♦♠♦r✜s♠♦s✱

✐st♦ é✱ (φ1 · φ2)(q) = (φ1 ◦ φ2)(q) = φ1(φ2(q))✳ ❏á ♦ ♣r♦❞✉t♦ ❡♠ Γ(Q) é ❤❡r❞❛❞♦ ❞♦

♣r♦❞✉t♦ ❡♠ G ♣♦r (γ1 · γ2)(q) = γ1(q) · γ2(q)✳ ❈♦♠ ❡ss❡s ♣r♦❞✉t♦s ❛ ❜✐❥❡çã♦ ❡♥tr❡

G(Q) ❡ Γ(Q) é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

❙❡ ♦ ❣r✉♣♦ G ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ♥❛s ✜❜r❛s ❞❡ Q✱ ❡♥tã♦ ✉♠❛ ❢✉♥çã♦ γ ∈ Γ(Q)

✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♥❛ ✜❜r❛ q✉❡ ❝♦♥t❡♠ p s❡ ❝♦♥❤❡❝❡r♠♦s γ(p)✳ ❊♠

♣❛rt✐❝✉❧❛r✱ s❡ R é ✉♠ s✉❜✜❜r❛❞♦ ❞❡ Q ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ K ⊂ G✱ ❡♥tã♦



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✹✸

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ r❡str✐çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ Γ(Q) ❛♦ s✉❜✜❜r❛❞♦ R ❡ ✐❞❡♥t✐✜❝❛r

Γ(Q) ❝♦♠ ❛s ❢✉♥çõ❡s γ : R → G q✉❡ s❛t✐s❢❛③❡♠ γ(r.k) = k−1γ(r)k ♣❛r❛ t♦❞♦ r ∈ R

❡ k ∈ K✱ ✐st♦ é✱ Γ(Q) = {γ : R → G | γ(r.k) = k−1γ(r)k, ∀k ∈ K ❡ r ∈ R}.
◆♦ ❝❛s♦ ❞♦ s✉❜✜❜r❛❞♦ R s❡r ❝♦♠♣❛❝t♦✱ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ ♣❡r♠✐t❡ ❞❡✜♥✐r ✉♠❛

♠étr✐❝❛ ♥♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡✱ q✉❡ s❡rá ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠étr✐❝❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

✉♥✐❢♦r♠❡ ❡♠ C(R,G)✳ ■ss♦ s❡rá ❢❡✐t♦ ❛❜❛✐①♦✳

✷✳✹✳✶ ❊str✉t✉r❛ t♦♣♦❧ó❣✐❛ ✭♠étr✐❝❛✮ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡

❆ss✉♠✐♠♦s q✉❡ ♦ ❣r✉♣♦ G é ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡ s❡♣❛rá✈❡❧ ✭s✉❛ t♦♣♦❧♦❣✐❛ t❡♠

❜❛s❡ ❡♥✉♠❡rá✈❡❧✮✳ ❈♦♠ ❡ss❛ ❤✐♣ót❡s❡ ♦ ❣r✉♣♦ ❛❞♠✐t❡ ♠étr✐❝❛s ✐♥✈❛r✐❛♥t❡s ❡ é ✉♠

❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳ ❋✐①❡ ✉♠❛ ❞✐stâ♥❝✐❛ d ✐♥✈❛r✐❛♥t❡ à ❞✐r❡✐t❛ ❡♠ G✱ ✐st♦ é✱

d(xy, zy) = d(x, z)✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ C q✉❡ ✐♥t❡rs❡❝t❡ t♦❞❛s ❛s

✜❜r❛s ❞❡ Q ✭✐✳é✱ π(C) = X✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❞✐stâ♥❝✐❛ ❡♠ G ✭♦✉ ❡♠ Γ(Q)✮

♣♦♥❞♦

dC(γ1, γ2) = sup
p∈C

d(γ1(p), γ2(p)).

❈♦♠♦ C é ❝♦♠♣❛❝t♦ ❡ s❡ ♣r♦❥❡t❛ s♦❜r❡ X✱ t❡♠♦s q✉❡ dC ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡

dC(γ1, γ2) = 0 s❡✱ ❡ só s❡✱ γ1 = γ2✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛ ❞✐stâ♥❝✐❛ t❛♠❜é♠ é ✐♥✈❛r✐❛♥t❡

à ❞✐r❡✐t❛ ♣❡❧♦ ♣r♦❞✉t♦ ❞❡ Γ(Q)✳

❆ ❡s❝♦❧❤❛ ❞♦ ❝♦♠♣❛❝t♦ C q✉❡ s❡ ♣r♦❥❡t❛ s♦❜r❡ X ♥ã♦ ❢❛③ ❞✐❢❡r❡♥ç❛ ♥❛ ❞❡✜♥✐çã♦

❞❛ ♠étr✐❝❛✱ ❝♦♠♦ ♠♦str❛ ❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✳ ❙❡ C1 ❡ C2 sã♦ ❞♦✐s ❝♦♠♣❛❝t♦s ❡♠ Q q✉❡ s❡ ♣r♦❥❡t❛♠ s♦❜r❡ X

❡♥tã♦ dC1
❡ dC2

sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s s♦❜r❡ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ✉♠ ❝♦♠♣❛❝t♦ D ⊂ G t❛❧ q✉❡ ♣❛r❛ t♦❞♦ p ∈ C2 ❡①✐st❡

a ∈ D t❛❧ q✉❡ p · a ∈ C1✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ t❛❧ D ❡①✐st❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ Q = X ×G é

tr✐✈✐❛❧✳ ❉❡ ❢❛t♦✱ s❡ Ci = X×Ki✱ i = 1, 2✱ ❡ Ki ❝♦♠♣❛❝t♦✱ ❜❛st❛ ❞❡✜♥✐r D = K−1
2 K1✳

P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❜❛st❛ t♦♠❛r tr✐✈✐❛❧✐③❛çõ❡s ❡ ✉s❛r ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ❜❛s❡ X✳

❱❛♠♦s ♠♦str❛r q✉❡ dC1
❡ dC2

sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ♥❛ ❜♦❧❛ B =

BdC1
(1, ρ) ❡♠ Γ(Q) ❝♦♠ ❛ ♠étr✐❝❛ dC1

✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ✭❝♦♠✲

♣❛❝t❛✮ B ❡♠ G ❞❡ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ ❡ r❛✐♦ ρ✳ ❙❡ γ ∈ B ❡♥tã♦ γ(C1) ⊂ B✳

❋✐①❛❞♦s (x0, y0) ∈ G × G ❡ a0 ∈ G✱ t♦♠❡ M0 > 0 t❛❧ q✉❡ d(a0x0, a0y0) <

M0d(x0, y0)✳ P♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ s❡❣✉❡ q✉❡ d(ax, ay) < M0d(x, y) ♣❛r❛ t♦❞♦ (x, y)

♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (x0.y0) ❡ a ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ a0✳ P♦r ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ B ❡ ❞❡

D✱ ❡①✐st❡ M > 0 t❛❧ q✉❡ d(ax, ay) < Md(x, y) ♣❛r❛ t♦❞♦ a ∈ D ❡ x, y ∈ B✳



❙❡çã♦ ✷✳✹ ✲ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✹✹

❆❣♦r❛ s❡❥❛ p ∈ C2 ❡ ❡s❝♦❧❤❛ a ∈ D t❛❧ q✉❡ q = p · a ∈ C1✳ ❙❡ γ1, γ2 ∈ B ❡♥tã♦

d(γ1(p), γ2(p)) = d(γ1(q · a−1), γ2(q · a−1))

= d(aγ1(q), aγ2(q))

< Md(γ1(q), γ2(q))

❡ ❞❛í✱ ♣❛r❛ t♦❞♦ γ1, γ2 ∈ B t❡♠♦s

dC2
(γ1, γ2) = sup

p∈C2

d(γ1(p), γ2(p)) ≤M sup
q∈C1

d(γ1(q), γ2(q)) =M dC1
(γ1, γ2)

❙✉♣♦♥❤❛✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ q✉❡ ♦ ❣r✉♣♦ G é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ q✉❡ ❛ ❞✐stâ♥❝✐❛

✐♥✈❛r✐❛♥t❡ ❡♠ G é ❝♦♥str✉í❞❛ ♣♦r ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ✐♥✈❛r✐❛♥t❡ ❛ ♣❛rt✐r ❞❡

✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g✳ ❆ss✉♠❛ ❛✐♥❞❛ q✉❡ ♦ ✜❜r❛❞♦ Q ❛❞♠✐t❡ ✉♠❛ K✲r❡❞✉çã♦✱

R ⊂ Q✱ ♦♥❞❡ K é ✉♠ s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦✳ ◆❡st❡ ❝❛s♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉 ❡♠ g

♣♦❞❡ s❡r t♦♠❛❞♦ K✲✐♥✈❛r✐❛♥t❡✱ ❡ ❞❛í s❡❣✉❡ q✉❡ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ G✱ ❜❡♠

❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ♣♦r ❡❧❛ ❞❡✜♥✐❞❛✱ sã♦ ❜✐✲✐♥✈❛r✐❛♥t❡s ✭à ❡sq✉❡r❞❛ ❡ à ❞✐r❡✐t❛✮ ♣♦r

❡❧❡♠❡♥t♦s ❞❡ K✳

P❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G ❝♦♠ ❛s ❢✉♥çõ❡s γ : R → G q✉❡

s❛t✐s❢❛③❡♠ γ(r.k) = k−1γ(r)k✱ ❞❡✜♥✐♠♦s ✉♠❛ ♠étr✐❝❛ ❡♠ G ♣♦♥❞♦ d(γ1, γ2) =

supr∈R d(γ1(r), γ2(r))✳ ❖✉ s❡❥❛✱ ❛ ♠étr✐❝❛ ❡♠ G é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠étr✐❝❛ dC ❞❡✜✲

♥✐❞❛ ❛❝✐♠❛ ❡s❝♦❧❤❡♥❞♦ C = R✳

❆❧é♠ ❞✐ss♦✱ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ ❢♦r♥❡❝❡ ✉♠ ♠❡r❣✉❧❤♦ t♦♣♦❧ó❣✐❝♦ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡

G ♥♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s C(R,G)✳ ▼❛s ❡ss❡ ❡s♣❛ç♦ é t❛♠❜é♠ ✉♠ ❣r✉♣♦

❝♦♠ ♦ ♣r♦❞✉t♦ ♣♦♥t♦ ❛ ♣♦♥t♦ ✐♥❞✉③✐❞♦ ❞❡ G✱ ✐st♦ é✱

C(R,G)× C(R,G) −→ C(R,G)
(g1, g2) 7−→ (g1 · g2)(r) = g1(r)g2(r)

❊ss❡ ♣r♦❞✉t♦ é ❝♦♥tí♥✉♦ ♣❡❧♦ ❧❡♠❛ ✷✳✷✳✶✱ ♦ q✉❡ t♦r♥❛ C(R,G) ✉♠ ❣r✉♣♦ t♦♣♦❧ó✲

❣✐❝♦ ♠❡tr✐③á✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ✭♠étr✐❝❛ ❞♦ sup✮ ❡ ❝♦♠ ❛

t♦♣♦❧♦❣✐❛ ❝♦♠♣❛❝t♦✲❛❜❡rt❛✳ ❈❛s♦ G s❡❥❛ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✱ ♦ ❝♦r♦❧ár✐♦ ✷✳✷✳✸ ✐♠♣❧✐❝❛

q✉❡ ❡ss❡ ♣r♦❞✉t♦ t❛♠❜é♠ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦ q✉❡ t♦r♥❛ C(R,G) ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡

❇❛♥❛❝❤✳



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✹✺

✷✳✹✳✷ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭●r✉♣♦ ❞❡ ▲✐❡ ❞❡ ❇❛♥❛❝❤✮

❆❜❛✐①♦ ♠♦str❛♠♦s ❝♦♠♦ ❝♦♥str✉✐r ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ G✳ ❈♦♠ ❛ ❡str✉✲

t✉r❛ q✉❡ ❝♦♥str✉✐r❡♠♦s✱ G s❡ t♦r♥❛ ✉♠❛ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ♠❡r❣✉❧❤❛❞♦ ❞❡ C(R,G)✳
P❛r❛ ✐ss♦ ❢❛r❡♠♦s ♣r✐♠❡✐r♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛♦ r❡❞♦r ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭s✐st❡♠❛ ❞❡ ❝♦✲

♦r❞❡♥❛❞❛s ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡✮ ❡ ❡♠ s❡❣✉✐❞❛ tr❛♥s❧❛❞❛♠♦s ♣❛r❛ t♦❞♦ ♦ ❣r✉♣♦✳

❙✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡

❖ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ G ❛♦ r❡❞♦r ❞❛ ✐❞❡♥t✐❞❛❞❡ s❡rá ❝♦♥str✉í❞♦ ❡♠ ❛❜❡rt♦s

❞♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ ❛ Q ❛ ♣❛rt✐r ❞❛ r❡♣r❡s❡♥t❛çã♦

❛❞❥✉♥t❛ ❆❞ : G→ ●❧(g)✱ ✐st♦ é✱ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓA✱ ♦♥❞❡

A = Q×❆❞ g = R×❆❞ g.

❖ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ❞❡A s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ❛s ❛♣❧✐❝❛çõ❡sG✲❡q✉✐✈❛r✐❛♥t❡s✱ Ceq(Q, g)✱
✐st♦ é✱

ΓA = Ceq(Q, g) = {f : Q→ G | f(p · g) = ❆❞(g−1)f(p), p ∈ Q e g ∈ G}.

❊♠ ✈✐st❛ ❞❛ r❡❞✉çã♦R✱ t❡♠♦s t❛♠❜é♠ ❛ ❜✐❥❡çã♦ ❞❡ ΓA ❝♦♠ ❛s ❢✉♥çõ❡sK✲❡q✉✐✈❛r✐❛♥t❡s

❞❡✜♥✐❞❛s ❡♠ R✱ ✐st♦ é✱ ΓA = CKeq(R, g).
❉❡✜♥❛ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ A ❛ ♣❛rt✐r ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ g ♣♦♥❞♦

〈p ·X, p · Y 〉 = 〈X, Y 〉, p ∈ R.

❊ss❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❡ p ∈ R✱ ♥✉♠❛ ✜❜r❛ ❞❛❞❛✱ ❥á q✉❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❡♠ g é K✲✐♥✈❛r✐❛♥t❡✳ ❊ss❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ ΓA ♣♦♥❞♦

‖σ‖ = supx∈X ‖σ(x)‖, ♦ q✉❡ t♦r♥❛ ΓA ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❆tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ΓA ❝♦♠ CKeq(R, g)✱ ♣♦❞❡♠♦s ❛✐♥❞❛ ✈❡r ❡ss❡ ❡s♣❛ç♦

❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ C(R, g) ❝♦♠ ❛ ♥♦r♠❛ ❞❛❞❛ ♣♦r ‖f‖ = supq∈R ‖f(q)‖✳
■ss♦ ♣♦rq✉❡ s❡ f é ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ à s❡çã♦ σ✱ ❡♥tã♦ σ(x) = q · f(q)
♣❛r❛ q✉❛❧q✉❡r q ∈ R ♥❛ ✜❜r❛ s♦❜r❡ x✳ ❆ss✐♠ ‖σ(x)‖ = ‖q · f(q)‖ = ‖f(q)‖✳ ❉❛í q✉❡

♦ s✉♣r❡♠♦ ❞❡ ‖σ(x)‖ s♦❜r❡ x ∈ X é ♦ ♠❡s♠♦ q✉❡ ♦ s✉♣r❡♠♦ ❞❡ ‖f(q)‖ s♦❜r❡ q ∈ R✱

✐st♦ é✱ ‖σ‖ = ‖f‖✳
P❛r❛ ❝♦♥str✉✐r ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♦ r❡❞♦r ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G✱ ♦❜s❡r✈❛✲s❡

♣r✐♠❡✐r♦ q✉❡ s❡ σ : X → A é ✉♠❛ s❡çã♦ ❡ fσ : R → g é ❛ ❢✉♥çã♦ K✲❡q✉✐✈❛r✐❛♥t❡



❙❡çã♦ ✷✳✹ ✲ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✹✻

❝♦rr❡s♣♦♥❞❡♥t❡✱ ❡♥tã♦ ❞❡✜♥✐♥❞♦ gσ = exp fσ : R → G t❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦

❞❡ ❝❛❧✐❜r❡✱ ✐st♦ é✱ gσ ∈ Γ(Q)✳ ❉❡ ❢❛t♦✱ ♣❛r❛ q ∈ R ❡ k ∈ K t❡♠♦s

gσ(q · k) = exp fσ(q · k) = exp(❆❞(k−1)fσ(q)) = k−1 exp(fσ(q))k = k−1gσ(q)k

❙❡❥❛ Bρ(0) ⊂ g ❛ ❜♦❧❛ ❞❡ r❛✐♦ ρ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ t❛❧ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❡①✲

♣♦♥❡♥❝✐❛❧ exp : g → G é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ q✉❛♥❞♦ r❡str✐t❛ ❛ Bρ(0)✳ ❉❡♥♦t❡ ♣♦r

Uρ = expBρ(0) ⊂ G ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G ✐♠❛❣❡♠ ❞❡ss❛ ❜♦❧❛ ♣❡❧❛ ❡①♣♦✲

♥❡♥❝✐❛❧✳ ❊ss❛ r❡str✐çã♦ ❞❡✜♥❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❛❜❡rt♦s ❞❡ ΓA ❡ ❞❡ Γ(Q)

❞❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

• Vρ = Bρ(0) = {σ ∈ ΓA|‖σ‖ < ρ}✱ q✉❡ é ✉♠ ❛❜❡rt♦ ❞❡ ΓA✳ ❊♠ t❡r♠♦s ❞❛s ❢✉♥✲

çõ❡s ❡q✉✐✈❛r✐❛♥t❡s fσ : R → g✱ ❡ss❡ ❛❜❡rt♦ é ❞❛❞♦ ♣♦r {fσ ∈ CKeq(R, g) | ‖fσ‖ <
ρ}✳

• Uρ = {γ ∈ Γ(Q) | γ(q) ∈ Uρ, ∀q ∈ R}✳ ❊ss❡ ❝♦♥❥✉♥t♦ é s✐♠♣❧❡s♠❡♥t❡ ❛

✐♥t❡rs❡çã♦ ❝♦♠ Γ(Q) ❞♦ ❛❜❡rt♦ ❜ás✐❝♦ ❞❛ t♦♣♦❧♦❣✐❛ ❝♦♠♣❛❝t♦✲❛❜❡rt❛ ❞❡ C(R,G)
❞❛❞♦ ♣♦r UR,Uρ

✱ ✐st♦ é✱ ❞♦ ❛❜❡rt♦ ❞❡ C(R,G) ❞❛❞♦ ♣❡❧❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s

g : R → G q✉❡ ❛ss✉♠❡♠ ✈❛❧♦r❡s ❡♠ Uρ = expBρ(0)✳

❖ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tr❡ Vρ ❡ Uρ✱ ❜❡♠ ❝♦♠♦ s✉❛ ✐♥✈❡rs❛✱ sã♦ ❞❛❞♦s r❡s♣❡❝t✐✈❛✲

♠❡♥t❡ ♣♦r

❊①♣ : Vρ → Uρ
σ 7→ exp ◦fσ

e
▲♦❣ : Uρ → Vρ

γ 7→ log ◦γ .

❊ss❛s ❛♣❧✐❝❛çõ❡s sã♦ ❝❧❛r❛♠❡♥t❡ ❜✐❥❡çõ❡s ❡✱ ♣❡❧♦ ❧❡♠❛ ✷✳✷✳✶✱ t❛♠❜é♠ sã♦ ❝♦♥tí✲

♥✉❛s✱ ❧♦❣♦ sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳ ❆ss✐♠ ✜❝❛ ❞❡✜♥✐❞♦ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡

♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ❛♦ r❡❞♦r ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G✳

❙✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♦ r❡❞♦r ❞❡ γ ∈ Γ(Q)

❆ ♣❛r❛♠❡tr✐③❛çã♦ ❛♦ r❡❞♦r ❞❡ ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ ❞❡ ❝❛❧✐❜r❡ γ ∈ Γ(Q) é ❞❛❞❛ ♣❡❧❛

tr❛♥s❧❛çã♦ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ ▲♦❣ ❞❡✜♥✐❞❛ ❛❝✐♠❛✳ ■st♦ é✱ ❞❛❞❛ ❛ ❢✉♥çã♦ ❞❡ ❝❛❧✐❜r❡

γ : R → G✱ ❞❡✜♥❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ γ ❡♠ Γ(Q) ♣♦r Uρ(γ) = γ · Uρ✳ ❊ss❛ é ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ γ ❤♦♠❡♦♠♦r❢❛ à ✈✐③✐♥❤❛♥ç❛ Uρ✱ ♣♦✐s ❛s tr❛♥s❧❛çõ❡s ❡♠ Γ(Q)

sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳ ❆ss✐♠ ✜❝❛♠ ❞❡✜♥✐❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s ❡ s✉❛ ✐♥✈❡rs❛ ❛♦ r❡❞♦r

❞❡ γ ♣♦r

❊①♣γ : Vρ → Uρ(γ)
σ 7→ γ · (exp ◦fσ)

e
▲♦❣γ : Uρ(γ) → Vρ

η 7→ log ◦(γ−1 · η) .



❈❛♣✳ ✷ ✲ ❊str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ✹✼

❆ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛♦ r❡❞♦r ❞❡ ❢✉♥çõ❡s ❞❡ ❝❛❧✐❜r❡ γ1, γ2 ∈ Γ(Q) é ❞❛❞❛

♣♦r
▲♦❣γ1(Uρ(γ1) ∩ Uρ(γ2)) −→ ▲♦❣γ2(Uρ(γ1) ∩ Uρ(γ2))

γ 7−→ ❧♦❣ (γ2(r)−1γ1(r) exp(γ(r)))

q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r s❡r ❛ r❡str✐çã♦ à ❛❜❡rt♦s ❞❡ Ceq(R, g) ❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠

C(R, g) ❞❡✜♥✐❞❛ ♣♦r ♣r♦❞✉t♦s ❡♠ G ❡ ♣♦r ❝♦♠♣♦s✐çõ❡s ❡♠ C(R, g)
❈♦♠ ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡✜♥✐❞♦s ❛❝✐♠❛✱ ❛ ✐♥❝❧✉sã♦ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡

Γ(Q) ❡♠ C(R,G) é ✉♠ ♠❡r❣✉❧❤♦✳ ❉❡ ❢❛t♦✱ ❥á ✈✐♠♦s q✉❡ ❛ ✐♥❝❧✉sã♦ é ✉♠ ♠❡r❣✉❧❤♦

t♦♣♦❧ó❣✐❝♦✳ ◗✉❛♥t♦ à ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ss❛ ✐♥❝❧✉sã♦ é s✐♠♣❧❡s♠❡♥t❡ ❛

✐♥❝❧✉sã♦ ❞❡ Ceq(R, g) ❡♠ C(R, g)✱ q✉❡ é ✉♠ ❝♦♥tí♥✉❛ ❡ ✐♥❥❡t♦r❛✳ ❙❡♥❞♦ ❛ss✐♠ t❡♠♦s✿

❚❡♦r❡♠❛ ✷✳✹✳✷✳ ❖ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡ ❇❛♥❛❝❤

❡✱ ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ Γ(Q)✱ ❡❧❡ é ✉♠ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ♠❡r❣✉❧❤❛❞♦ ❞❡ C(R,G)✳

✷✳✹✳✸ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ♥♦ ❡s✲

♣❛ç♦ ❞❡ s❡çõ❡s

❖ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ G ❛❣❡ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE ♣♦r

G × ΓE −→ ΓE

(φ, σ) 7−→ φ · σ , ✭✷✳✶✺✮

♦♥❞❡ (φ · σ)(x) = φ(σ(x))✳

❚❡♦r❡♠❛ ✷✳✹✳✸✳ ❆ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE é ❞❡ ❝❧❛ss❡

C∞✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❥á ✈✐♠♦s✱ G ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠

Γ(Q) = {γ ∈ C(R,G) | γ(r.k) = k−1γ(r)k, ∀k ∈ K ❡ r ∈ R},

q✉❡ ♣♦r s✉❛ ✈❡③ é ✉♠ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ♠❡r❣✉❧❤❛❞♦ ❞❡ C(R,G)✳ ❈♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛✲

çã♦✱ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❈❛❧✐❜r❡ G ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓE é s✐♠♣❧❡s♠❡♥t❡ ❛ r❡str✐çã♦

às ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❞❛ ❛çã♦ ❞❡ C(R,G) ❡♠ C(R,F ) ❞❛❞❛ ♣♦r

C(R,G)× C(R,F ) −→ C(R,F )
(γ, f) 7−→ γ · f , ✭✷✳✶✻✮

♦♥❞❡ (γ · f)(r) = γ(r)f(r)✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ φ ∈ G✱ σ ∈ ΓE✱ ❡ s❡❥❛♠ γ ∈ Γ(Q)

❡ f ∈ Ceq(R,F ) ❛s ❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s ✭φ(r) = r.γ(r) ❡ σ(x) = r · f(r)✮✳ ❉❛í



❙❡çã♦ ✷✳✹ ✲ ●r✉♣♦ ❞❡ ❈❛❧✐❜r❡ ✹✽

φ(σ(x)) = φ(r · f(r)) = φ(r) · f(r) = r.γ(r) · f(r) = r · γ(r)f(r) = r · (γ · f)(r)✱ ♦
q✉❡ ♠♦str❛ q✉❡ γ · f é ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ à s❡çã♦ φ · σ✳

❈♦♠♦ ❛ ❛çã♦ ❞❡ G ❡♠ F é ❞❡ ❝❧❛ss❡ C∞✱ s❡❣✉❡ ❞♦ ❝♦r♦❧ár✐♦ ✷✳✷✳✸ q✉❡ ❛ ❛çã♦ ✭✷✳✶✻✮

é ❞❡ ❝❧❛ss❡ C∞✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❛çã♦ ✭✷✳✶✺✮ t❛♠❜é♠ é ❞❡ ❝❧❛ss❡ C∞✳



Capı́tulo 3

❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ♠♦str❛r ❝♦♠♦ ❣❡♥❡r❛❧✐③❛r ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡

✢✉①♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s

♣r✐♥❝✐♣❛✐s✳ ❆ ❣r♦ss♦ ♠♦❞♦✱ ❡ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❡r♠✐t❡ ♦❧❤❛r ❛ ✈❛r✐❛çã♦ ❞❡ ♣❛rt❡s ❞♦

❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈✱ ❡ ♥ã♦ ❛♣❡♥❛s ✉♠❛ ❞✐r❡çã♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❝❧áss✐❝♦✳

✸✳✶ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s

❙❡❥❛ π : V → X ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✉♠❛ ♠étr✐❝❛ ❘✐❡✲

♠❛♥♥✐❛♥❛ ‖ · ‖ : V → R ❡ µ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ X✳

❉❛❞♦ ✉♠ ❡♥❞♦♠♦r✜s♠♦ φ : V → V s♦❜r❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ f :

X → X ✭✐é✱ π ◦ φ = f ◦ π✮✱ ❡ v ∈ V ✱ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ φ ♥❛ ❞✐r❡çã♦ ❞❡ v é

❞❛❞♦ ♣♦r

χ(v) = lim sup
n→∞

1

n
log ‖φn(v)‖ ✭✸✳✶✮

❆♣❡♥❛s ♣❛r❛ ❝♦♠♣❧❡t✉❞❡✱ ❞❡✜♥✐✲s❡ log 0 = −∞✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ♣♦❞❡♠♦s t❡r

χ(x, v) = ±∞✳

❊♠ ♠✉✐t♦s ❝❛s♦s ✐♠♣♦rt❛♥t❡s ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ V tr✐✈✐❛❧✳

❉❡ ❢❛t♦✱ t♦❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❛❞♠✐t❡ ✉♠❛ tr✐✈✐✲

❛❧✐③❛çã♦ ♠❡♥s✉rá✈❡❧ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ t♦t❛❧✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ V = X × V ✱

♦ ❡♥❞♦♠♦r✜s♠♦ φ ❛❞♠✐t❡ ✉♠ ❣❡r❛❞♦r✱ ✐st♦ é✱ ✉♠❛ ❢✉♥çã♦ T : X → ●❧(V ) t❛❧ q✉❡

φ(x, v) = (f(x), T (x) · v)✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❡♥❞♦♠♦r✜s♠♦ t❡♠♦s q✉❡

φn(x, v) = (fn(x), T (fn−1(x)) · · ·T (f(x))T (x)).

✹✾



❙❡çã♦ ✸✳✶ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s ✺✵

❆ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r ρ(n, x) = T (fn−1(x)) · · ·T (f(x))T (x) é ✉♠ ❝♦❝✐❝❧♦ ♠✉❧✲

t✐♣❧✐❝❛t✐✈♦ ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ φ ♥❛ ❞✐r❡çã♦ ❞❡ (x, v)

❝♦♠♦

χ(x, v) = lim sup
n→∞

1

n
log ‖ρ(n, x) · v‖. ✭✸✳✷✮

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ φ : V → V é ✐♥✈❡rsí✈❡❧✱ t❡♠♦s q✉❡ f : X → X ❡ T (x) sã♦

✐♥✈❡rsí✈❡✐s✳ ◆❡st❡ ❝❛s♦ t❡♠♦s q✉❡

φ−1(x, v) = (f−1(x), T (f−1(x))−1v).

❖ ✢✉①♦ ❞✐s❝r❡t♦ ❣❡r❛❞♦ ♣♦r φ−1 é ❞❛❞♦ ❡♥tã♦ ♣♦r φ−n(x, v) = (f−n(x), ρ(−n, x)v)✱
♦♥❞❡

ρ(−n, x) = T (f−n(x))−1 · · ·T (f−1(x))−1,

q✉❡ é ✉♠ ❝♦❝✐❝❧♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ s♦❜r❡ f−1✳

▲❡♠❛ ✸✳✶✳✶✳ ❖s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡✜♥✐❞♦s ❛❝✐♠❛ ❣♦③❛♠ ❞❛s s❡❣✉✐♥t❡s ♣r♦✲

♣r✐❡❞❛❞❡s✿

✶✳ ❙❡ c 6= 0 ❡♥tã♦ χ(x, v) = χ(x, cv)✳

✷✳ χ(x, v + w) ≤ max{χ(x, v), χ(x, w)}
❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ lim sup

❉✐ss♦ s❡❣✉❡ q✉❡✱ ✜①❛❞♦ k ∈ R✱ ♦ ❝♦♥❥✉♥t♦ {v ∈ V | χ(x, v) ≤ k} é ✉♠ s✉❜❡s♣❛ç♦

✈❡t♦r✐❛❧✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ ❞✐♠V ❡①♣♦❡♥t❡s ❞❡

▲②❛♣✉♥♦✈ ❞✐st✐♥t♦s✳

❋✐①❛❞♦ x ∈ X✱ ❝♦♥s✐❞❡r❡ p(x) ≤ ❞✐♠V ♦ ♥ú♠❡r♦ ❞❡ ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

❞✐st✐♥t♦s ♥❛ ✜❜r❛ s♦❜r❡ x✱ ❞❡♥♦t❡✲♦s ♣♦r χi(x)✱ ❝♦♠ 1 ≤ i ≤ p(x)✱ ❡ s✉♣♦♥❤❛ q✉❡

❡st❡❥❛♠ ♦r❞❡♥❛❞♦s ❞❡ ♠♦❞♦ ❝r❡s❝❡♥t❡✱ χ1(x) < χ2(x) < · · · < χp(x)(x)✳ ❊s❝r❡✈❛

❛✐♥❞❛ Vi(x) ♣❛r❛ ♦ s✉❜❡s♣❛ç♦

Vi(x) = {v ∈ V | χ(x, v) = χi}.

❆ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ χi(x) é ♦ ♥ú♠❡r♦

ki(x) = ❞✐♠Vi(x)− ❞✐♠Vi−1(x).

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ s❡ ✜❝❛r ❝❧❛r♦ ❡♠ q✉❛❧ ✜❜r❛ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✱ ♦♠✐✲

t✐r❡♠♦s x ❞❛s ♥♦t❛çõ❡s ❡ ❡s❝r❡✈❡r❡♠♦s ❛♣❡♥❛s p ♣❛r❛ p(x)✱ χi ♣❛r❛ χi(x)✱ Vi ♣❛r❛

Vi(x) ❡ ki ♣❛r❛ ki(x)✳ ❈♦♠ ✐ss♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ✜❧tr❛çã♦ ❞❡ V ✿

{0} ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vp = V. ✭✸✳✸✮



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✺✶

Pr♦♣♦s✐çã♦ ✸✳✶✳✷✳ ❱❛❧❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐♥✈❛r✐â♥❝✐❛✿

✶✳ ❆s ❢✉♥çõ❡s χi ❡ p sã♦ f ✲✐♥✈❛r✐❛♥t❡s✱ ✐st♦ é✱ χi ◦ f = χi ❡ p ◦ f = p✳

✷✳ ❖s s✉❜❡s♣❛ç♦s Vi sã♦ ✐♥✈❛r✐❛♥t❡s ♥♦ s❡♥t✐❞♦ ❞❡ T (x) · Vi(x) = Vi(f(x))✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ lim sup✳

❆ ♣r✐♥❝í♣✐♦ ♥ã♦ ❡①✐st❡♠ ❜♦❛s r❛③õ❡s ♣❛r❛ s✉♣♦r♠♦s q✉❡ ♦ lim sup ❞❛ ❞❡✜♥✐çã♦

❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ sã♦ ❞❡ ❢❛t♦ ❧✐♠✐t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡

✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞♦ ❝♦❝✐❝❧♦✱ ♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ❞❡ ❖s❡❧❡❞❡❝ ❢♦r♥❡❝❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦

lim sup ❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞♦s ❡①♣♦❡♥t❡s ❝♦♠♦ ❧✐♠✐t❡s ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

❚❡♦r❡♠❛ ✸✳✶✳✸ ✭❚❡♦r❡♠❛ ❊r❣ó❞✐❝♦ ❞❡ ❖s❡❧❡❞❡t✮✳ ❈♦♥s✐❞❡r❡ ρ : X × N → ●❧(V )

✉♠ ❝♦❝✐❝❧♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♠❡♥s✉rá✈❡❧ s♦❜r❡ f : X → X ❡ s✉♣♦♥❤❛ q✉❡

log+ ‖T (·)‖ ∈ L1(X,µ).

❊♥tã♦ ❡①✐st❡ Ω ⊂ X✱ ❝♦♠ µ(Ω) = 1✱ f(Ω) ⊆ Ω✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ Ω ✈❛❧❡

✶✳ ♦ ❧✐♠✐t❡ eD
+(x) = lim

n→∞

(
ρ(x, n)Tρ(x, n)

)1/2n
❡①✐st❡

✷✳ ❝♦♥s✐❞❡r❡ χ1(x) < · · · < χp(x)(x) ♦s ❛✉t♦✈❛❧♦r❡s ✭r❡❛✐s✮ ❞♦ ♦♣❡r❛❞♦r ❛✉t♦✲

❛❞❥✉♥t♦ D+(x) ✭❛q✉✐ χ1(x) ♣♦❞❡ s❡r −∞✮ ❡ ❞❡♥♦t❡ ♣♦r U+
i (x) ♦ ❛✉t♦✲❡s♣❛ç♦

❞❡ D+(x) ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r χi(x)✳ ❊♥tã♦ ❡s❝r❡✈❡♥❞♦

V +
i (x) = U+

1 (x)⊕ · · · ⊕ U+
i (x)

r❡❝✉♣❡r❛♠♦s ❛ ✜❧tr❛çã♦

0 ⊂ V +
1 (x) ⊂ · · · ⊂ V +

p(x)(x) = V,

❝♦♠♦ ❞❛❞❛ ❡♠ ✸✳✸✱ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❛❞✐❝✐♦♥❛❧ ❞❡ q✉❡

χi(x) = lim
n→∞

1

n
log ‖ρ(x, n) · v‖, ∀v ∈ V +

i (x)\V +
i−1(x).

❆❧é♠ ❞✐ss♦ ❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ sã♦ ❞❛❞❛s ♣♦r ki(x) =

❞✐♠U+
i (x)✳



❙❡çã♦ ✸✳✶ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s ✺✷

❉❡♠♦♥str❛çã♦✿ ❡①✐st❡♠ ❞✐✈❡rs❛s ❞❡♠♦♥str❛çõ❡s ❞❡ss❡ t❡♦r❡♠❛✳ ❆ ✈❡rsã♦ ❡♥✉♥❝✐✲

❛❞❛ ❛q✉✐ s❡ r❡❢❡r❡ ❛♦ ❛rt✐❣♦ ❞♦ ❘✉❡❧❧❡ ❬✶✻❪

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ t❛♥t♦ ❛ tr❛♥s❢♦r♠❛çã♦ ♥❛ ❜❛s❡ f : X → X q✉❛♥t♦ ❛s

tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s T (x) : V → V sã♦ ✐♥✈❡rsí✈❡✐s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛

❡r❣ó❞✐❝♦ ♣❛r❛ ♦ ✢✉①♦ ✐♥✈❡rs♦ ❡ ♦❜t❡r ✉♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❛ ✜❧tr❛çã♦

♦❜t✐❞❛ ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦❜t❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡r❣ó❞✐❝❛

❝♦♠♦ ❡♥✉♥❝✐❛❞❛ ♥♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✸✳✶✳✹ ✭❉❡❝♦♠♣♦s✐çã♦ ❊r❣ó❞✐❝❛ ▼✉❧t✐♣❧✐❝❛t✐✈❛✮✳ ❙✉♣♦♥❤❛ q✉❡ f : X →
X ❡ T (x) : V → V s❡❥❛♠ ✐♥✈❡rsí✈❡✐s ❡ q✉❡ log+ ‖T (·)‖ ❡ log+ ‖T (·)−1‖ s❡❥❛♠

✐♥t❡❣rá✈❡✐s✳ ❊♥tã♦ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Ω ⊂ X✱ f ✲✐♥✈❛r✐❛♥t❡ ❡ ❞❡ ♠❡❞✐❞❛ t♦t❛❧ t❛❧

q✉❡ ♣❛r❛ t♦❞♦ x ∈ Ω ✈❛❧❡

✶✳ ❖s ❧✐♠✐t❡s

eD
+(x) = lim

n→∞

(
ρ(x, n)Tρ(x, n)

)1/2n
❡ eD

−(x) = lim
n→∞

(
ρ(x,−n)Tρ(x,−n)

)1/2n

❡①✐st❡♠ ❡ sã♦ ♦♣❡r❛❞♦r❡s ❛✉t♦✲❛❞❥✉♥t♦s✳

✷✳ ❖s ❛✉t♦✈❛❧♦r❡s ❞❡ D−(x) sã♦ ❞❛❞♦s ♣♦r −χp(x)(x) < · · · < −χ1(x)✱ ♦♥❞❡

χ1(x) < · · · < χp(x)(x) sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ D+(x)✳ ❊ss❡s sã♦ ❛✐♥❞❛ ♦s

❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡ ρ(−n, x)✳

✸✳ ❙❡❥❛♠ U−
i (x)✱ 1 ≤ i ≤ p(x)✱ ♦s ❛✉t♦✲❡s♣❛ç♦s ❞❡ D−(x) ❛ss♦❝✐❛❞♦s ❛♦s ❛✉t♦✈❛✲

❧♦r❡s −χi(x)✱ ❡ ❡s❝r❡✈❛

V −
i (x) = U−

p(x)(x)⊕ U−
p(x)−1(x)⊕ · · · ⊕ U−

i (x)

❢♦r♠❛♥❞♦ ❛ ✜❧tr❛çã♦

0 ⊂ V −
p(x)(x) ⊂ V −

p(x)−1(x)⊕ · · · ⊂ V −
1 (x) = V.

❊♥tã♦ ❡ss❛ ✜❧tr❛çã♦ é ♦♣♦st❛ à ✜❧tr❛çã♦ 0 ⊂ V +
1 (x) ⊂ · · · ⊂ V +

p(x)(x) = V ✱

❞❛❞❛ ♣❡❧♦ ✢✉①♦ ♣♦s✐t✐✈♦✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡

V = V +
i (x)⊕ V −

i+1(x), 1 ≤ i ≤ p(x)− 1.

✹✳ ❚♦♠❛♥❞♦ ❛s ✐♥t❡rs❡çõ❡s Wi(x) = V +
i (x) ∩ V −

i (x) t❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❡r❣ó✲

❞✐❝❛

V = W1(x)⊕ · · · ⊕Wp(x)(x),



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✺✸

❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ v ∈ Wi(x) ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ sã♦ ❞❛❞♦s ♣♦r

χi(x) = lim
n→∞

1

n
log ‖ρ(x, n) · v‖ ❡ − χi(x) = lim

n→∞

1

n
log ‖ρ(x,−n) · v‖

❉❡♠♦♥str❛çã♦✿ ✈❡r ❬✶✻❪

✸✳✷ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s

❈♦♥s✐❞❡r❡ π : Q → X ✉♠ G✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❝♦♠ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ s❡♠✐s✲

s✐♠♣❧❡s✱ ♥ã♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♠ ❝❡♥tr♦ ✜♥✐t♦✳ ❈♦♠♦ ❥á ✈✐st♦ ♥❡ss❡ t❡①t♦✱ ✉♠ ✢✉①♦

❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ Q✱ ❞✐❣❛♠♦s φt : Q → Q✱ ✐♥❞✉③ ✉♠ ✢✉①♦ ♥♦s ✜❜r❛❞♦s ✢❛❣

❛ss♦❝✐❛❞♦s EΘ = Q ×G FΘ✱ ♣♦♥❞♦ φt(q · g) = φt(q) · g✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❞✐r

t❛①❛s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ss❡ ✢✉①♦✱ ♦❧❤❛♠♦s ♣❛r❛ s✉❛ ❝♦♠♣♦♥❡♥t❡ ❤✐♣❡r❜ó❧✐❝❛✱ q✉❡

s❡rá ❞❡✜♥✐❞❛ ❛❜❛✐①♦ ✈✐❛ ❝♦❝✐❝❧♦s ♣r♦✈❡♥✐❡♥t❡s ❞❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ■✇❛s❛✇❛ ❡ ❞❡

❈❛rt❛♥ ❞♦ ✜❜r❛❞♦ Q✳

✸✳✷✳✶ ❈♦❝✐❝❧♦s ❡ ❞❡❝♦♠♣♦s✐çõ❡s

❆s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ■✇❛s❛✇❛ G = KAN ❡ ❞❡ ❈❛rt❛♥ G = KS✱ ✐♥❞✉③❡♠ ❞❡✲

❝♦♠♣♦s✐çõ❡s ♥♦ ✜❜r❛❞♦ Q✳ ❊ss❛s ❞❡❝♦♠♣♦s✐çõ❡s s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❞❡✜♥✐r♠♦s

t❛①❛s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✢✉①♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞♦ ✜❜r❛❞♦ Q✳

❉❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

❈♦♠♦ G/K é ❞✐❢❡♦♠♦r❢♦ ❛♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ AN ✱ s❡❣✉❡ q✉❡ ♦ ✜❜r❛❞♦ Q ❛❞♠✐t❡

✉♠❛ K✲r❡❞✉çã♦ ♣❛r❛ ✉♠ ✜❜r❛❞♦ R✳ ❆ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

■✇❛s❛✇❛ ❞❡ Q ❝♦♠♦ Q = R · AN ✳ ◆❡ss❛ ❞❡❝♦♠♣♦s✐çã♦✱ ❝❛❞❛ q ∈ Q s❡ ❡s❝r❡✈❡

✉♥✐❝❛♠❡♥t❡ ❝♦♠♦ q = r · hn✱ ❝♦♠ r ∈ R✱ h ∈ A ❡ n ∈ N ✳ ❆s ♣r♦❥❡çõ❡s ❞❡ Q ❡♠ R ❡

A s❡rã♦ ❞❡♥♦t❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

R : Q→ R ❡ A : Q→ A.

❊ss❛s ♣r♦❥❡çõ❡s sã♦ ❝♦♥tí♥✉❛s ❡ s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❙❡ r ∈ R ❡♥tã♦ R(r) = r ❡ A(r) = 1✳



❙❡çã♦ ✸✳✷ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ✺✹

✷✳ ❙❡ q ∈ Q ❡ g ∈ P =MAN ❡♥tã♦ ❡s❝r❡✈❡♥❞♦ g = mhn t❡♠✲s❡ R(q · g) = R(q)m

❡ A(q · g) = A(q)h✳

❚♦♠❛♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ❞❡ A t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ a : Q→ a ❞❛❞❛ ♣♦r

a(q) = logA(q).

❯t✐❧✐③❛♥❞♦ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ♣❛r❛ ❛ ♣r♦❥❡çã♦ ❞❡ G ❡♠ a ❝♦♠ r❡❧❛çã♦ à ❞❡❝♦♠♣♦s✐çã♦

❞❡ ■✇❛s❛✇❛✱ ❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ a : G→ a ❞❛❞❛ ♣♦r a(g) = log h✱ ♦♥❞❡ g = uhn ∈
G = KAN ✳ ❈♦♠ ❡ss❛ ♥♦t❛çã♦✱ s❡ g ∈ P ✱ ♦❜t❡♠♦s ❞♦ ✐t❡♠ ✷ ❛❝✐♠❛ q✉❡

a(q · g) = a(q) + a(g). ✭✸✳✹✮

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠ ✢✉①♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦s φt : Q→ Q✱ ❝♦♠ t ∈ T(Z ♦✉ R)✳ ❉❛

♣r♦♣r✐❡❞❛❞❡ ✷ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❡ Q✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ φRt : R → R

❞❛❞❛ ♣♦r φRt (r) = R(φt(r)) é ❛✐♥❞❛ ✉♠ ✢✉①♦✱ ♦✉ s❡❥❛✱ φRt+s = φRt ◦ φRs ✳ ❆❧é♠ ❞✐ss♦✱

❛ ❛♣❧✐❝❛çã♦

a
φ : T×R → a, a

φ(t, r) = a(φt(r)),

é ✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ s♦❜r❡ ♦ ✢✉①♦ φRt ✱ ♦✉ s❡❥❛

a
φ(t+ s, r) = a

φ(t, φRs (r)) + a
φ(s, r).

❉❡ ❢❛t♦✱ ❡s❝r❡✈❡♥❞♦ φs(r) = φRs (r)hsns ∈ R · AN ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✮ ❛❝✐♠❛

t❡♠♦s

a
φ(t+ s, r) = a (φt(φs(r)))

= a
(
φt
(
φRs (r)hsns

))

= a
(
φt
(
φRs (r)

)
hsns

)

= a
(
φt(φ

R
s (r))

)
+ a(hs)

= a
φ
(
t, φRs (r)

)
+ a

φ (s, r)

❙❡ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦ ❡ ♦ ✢✉①♦ φt ❡st✐✈❡r ✜①❛❞♦✱ ❡s❝r❡✈❡r❡♠♦s ♦ ❝♦❝✐❝❧♦ ❛♣❡♥❛s

♣♦r a ❛♦ ✐♥✈és ❞❡ aφ✳

❆ ❛♣❧✐❝❛çã♦ a ♣♦❞❡ ❛✐♥❞❛ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ❝♦❝✐❝❧♦ s♦❜r❡ ♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ♣♦r φt
♥♦ ✜❜r❛❞♦ ❋❧❛❣ E = Q×G F = R×K F✳ P❛r❛ ✐ss♦✱ ❡s❝r❡✈❡♠♦s ξ ∈ E ❝♦♠♦ ξ = r · b0✱
❝♦♠ r ∈ R✱ ❡ ❞❡✜♥✐♠♦s

a(t, ξ) = a(t, r).



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✺✺

❊ss❛ ❛♣❧✐❝❛çã♦ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡ r · b0 = r′ · b0✱ ❡♥tã♦ r′ = r.m✱ ❝♦♠ m ∈M ✱

❡ ❞❛í

a(t, r′) = a(φt(r)m) = a(φt(r)) + a(m) = a(t, r).

P❛r❛ ✈❡r q✉❡ a(t, ξ) é ❞❡ ❢❛t♦ ✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ s♦❜r❡ ♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ♥♦ ✜❜r❛❞♦

✢❛❣ ♠❛①✐♠❛❧ E✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r♦ q✉❡ s❡ ξ = r · b0 ❡♥tã♦ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

■✇❛s❛✇❛ ❞❡ Q ♣♦❞❡♠♦s ❡s❝r❡✈❡r φs(ξ) = φs(r) ·b0 = φRs (r)hsns ·b0 = φRs (r) ·b0✳ ▲♦❣♦

a(t+ s, ξ) = a(t+ s, r)

= a(t, φRs (r)) + a(s, r)

= a(t, φs(ξ)) + a(s, ξ)

❆ ♣❛rt✐r ❞❡ss❡ ❝♦❝✐❝❧♦ ❞❡✜♥✐♠♦s ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞♦ ✢✉①♦ φt ♥❛ ❞✐r❡çã♦

❞❡ ξ ∈ E ♣♦r

λ(ξ) = lim
t→∞

1

t
a(t, ξ), ✭✸✳✺✮

❝❛s♦ ❡ss❡ ❧✐♠✐t❡ ❡①✐st❛✳

P❛r❛ ♦ ✢✉①♦ r❡✈❡rs♦✱ ❝♦♥s✐❞❡r❡

a
−(t, r) = logA(φ−t(r)).

❞♦ ♠❡s♠♦ ♠♦❞♦ ❢❡✐t♦ ❛❝✐♠❛ a−(t, r) ❞❡✜♥❡ ✉♠ ❝♦❝✐❝❧♦ s♦❜r❡ ♦ ✢✉①♦ ✐♥✈❡rs♦ ✐♥❞✉③✐❞♦

♥♦ ✜❜r❛❞♦ ✢❛❣ ♠❛①✐♠❛❧ ♣♦♥❞♦✱ ♣❛r❛ ξ = r · b0✱ a−(t, ξ) = a−(t, r)✳ ❖ ❡①♣♦❡♥t❡ ❞❡

▲②❛♣✉♥♦✈ ❡♠ ξ ∈ E ♣❛r❛ ♦ ✢✉①♦ r❡✈❡rs♦ é ❞❡✜♥✐❞♦ ❡♥tã♦ ♣♦r

λ−(ξ) = lim
t→∞

1

t
a
−(t, ξ),

❝❛s♦ ❡ss❡ ❧✐♠✐t❡ ❡①✐st❛✳ ❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ r❡❧❛❝✐♦♥❛ ♦s ❝♦❝✐❝❧♦s ♣♦s✐t✐✈♦s ❡ ♥❡❣❛t✐✲

✈♦s ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ P❛r❛ ξ ∈ E t❡♠✲s❡ a−(t, ξ) = −a(t, φ−t(ξ))✳ ❊♠ ♣❛rt✐❝✉❧❛r ♦s

❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r λ−(ξ) = −λ(ξ).

❉❡♠♦♥str❛çã♦✿ Pr♦♣♦s✐çõ❡s ✻✳✷ ❡ ✻✳✸ ❞❡ ❬✷❪

❊♠ ❣❡r❛❧✱ ♦ ❝♦❝✐❝❧♦ a ♥ã♦ ♣❛ss❛ ❛♦s ✢❛❣s ♣❛r❝✐❛✐s✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♣♦♥❞♦ a ❝♦♠

❞❡t❡r♠✐♥❛❞♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s µ ∈ a∗✱ ♦❜t❡♠♦s ❝♦❝✐❝❧♦s aµ = µ ◦ a q✉❡ ♣♦❞❡♠

s❡r ❢❛t♦r❛❞♦s ♣❛r❛ ❝♦❝✐❝❧♦s ♥♦s ✜❜r❛❞♦s ✢❛❣s ♣❛r❝✐❛✐s EΘ✳ ❚❛✐s ❝♦❝✐❝❧♦s ❛♣❛r❡❝❡♠



❙❡çã♦ ✸✳✷ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ✺✻

❢r❡q✉❡♥t❡♠❡♥t❡ ❡♠ s✐t✉❛çõ❡s q✉❡ s❡ ❞❡s❡❥❛ ♠❡❞✐r ♦ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❞❡✲

t❡r♠✐♥❛❞♦s ✢✉①♦s✳ ❯♠ ❡①❡♠♣❧♦ é ❞❛❞♦ ♣❡❧♦s ✢✉①♦s ❧✐♥❡❛r❡s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱

❝✉❥♦s ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❡♠ ✉♠❛ ❞❛❞❛ ❞✐r❡çã♦ é ♠❡❞✐❞♦ ♣♦r ✉♠ ❝♦❝✐❝❧♦ ♥♦

✜❜r❛❞♦ ♣r♦❥❡t✐✈♦✱ q✉❡ ♣♦r s✉❛ ✈❡③ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ✜❜r❛❞♦ ✢❛❣ ♣❛r❝✐❛❧ ❞❡

❙❧(n,R)✳

P❛r❛ ❢♦r♠❛❧✐③❛r ❛ ❝♦♥str✉çã♦ ❞♦s ❝♦❝✐❝❧♦s ♥♦s ✜❜r❛❞♦s ✢❛❣ ♣❛r❝✐❛✐s✱ ❝♦♥s✐❞❡r❡ ♦

❧❡♠❛ ❛❜❛✐①♦✳

▲❡♠❛ ✸✳✷✳✷✳ ❈♦♥s✐❞❡r❡ Θ ⊂ Σ✳ ❙❡ µ : a → V é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ s❡

❛♥✉❧❛ ❡♠ a(Θ) ❡♥tã♦ aµ(t, r) = aµ(t, rk) ♣❛r❛ t♦❞♦ k ∈ KΘ

❉❡♠♦♥str❛çã♦✿ ▲❡♠❛ ✼✳✶ ❞❡ ❬✷❪

❈♦♠ ❡ss❡ ❧❡♠❛ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❝♦♠♣♦♥❞♦ ♦ ❝♦❝✐❝❧♦ a ❝♦♠ tr❛♥s❢♦r♠❛çõ❡s

❧✐♥❡❛r❡s µ : a → V q✉❡ s❡ ❛♥✉❧❛♠ ❡♠ a(Θ) t❡♠♦s ❝♦❝✐❝❧♦s ♥♦s ✜❜r❛❞♦s ✢❛❣s ♣❛r❝✐❛✐s✳

❉❡ ❢❛t♦✱ s❡ µ s❡ ❛♥✉❧❛ ❡♠ a(Θ)✱ ❞❡✜♥✐♠♦s ♣❛r❛ ξ ∈ EΘ ♦ ❝♦❝✐❝❧♦

aµ(t, ξ) = µ ◦ a(t, r), ♦♥❞❡ ξ = r · bΘ. ✭✸✳✻✮

❊ss❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s s❡ r · bΘ = r′ · bΘ ❡♥tã♦ r′ = rk✱ ❝♦♠

k ∈ KΘ✱ ❡ ❡♥tã♦✱ ♣❡❧♦ ❧❡♠❛ ❛❝✐♠❛✱ a(t, r′) = a(t, r)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ a é ✉♠ ❝♦❝✐❝❧♦

❡ µ é ❧✐♥❡❛r✱ s❡❣✉❡ q✉❡ aµ t❛♠❜é♠ é ✉♠ ❝♦❝✐❝❧♦✳

◆♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❝♦♠ ❞❡t❛❧❤❡s ♦ ❝❛s♦ ❞♦s ❝♦❝✐❝❧♦s ♥♦ ❡s♣❛ç♦

♣r♦❥❡t✐✈♦ q✉❡ ❢♦r♥❡❝❡♠ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s✳

❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r

❉♦ ♠❡s♠♦ ♠♦❞♦ ❢❡✐t♦ ❛❝✐♠❛✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ G = KS ✐♥❞✉③ ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ♥♦ ✜❜r❛❞♦ Q ♣♦♥❞♦ Q = R · S✱ ♦♥❞❡ R é ✉♠❛ K✲r❡❞✉çã♦ ❞❡ Q✳ ❉❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ s❡ ♦❜té♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞❡ G ♣♦♥❞♦ S = ❝❧(A+)K✱

♦♥❞❡ A+ é ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ❞❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ♠❛①✐♠❛❧ A ⊂ S✳ ❆ss✐♠

❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ Q s❡ ❡s❝r❡✈❡ ✉♥✐❝❛♠❡♥t❡ ❝♦♠♦ q = r ·hv✱ ❝♦♠ r ∈ R✱ h ∈ ❝❧(A+) ❡

v ∈ K✳ ❆s ♣r♦❥❡çõ❡s ❞❡ Q ❡♠ R✱ ❡♠ S ❡ ❡♠ ❝❧(A+) s❡rã♦ ❞❡♥♦t❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡

♣♦r

R
C : Q→ R , S : Q→ S ❡ A

+ : Q→ ❝❧A+.

❚♦❞❛s ❡ss❛s ♣r♦❥❡çõ❡s sã♦ ❝♦♥tí♥✉❛s ❡ s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛

q ∈ Q✱ r ∈ R ❡ k ∈ K
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✶✳ RC(q · k) = RC(q) · k ❡ S(q · k) = k−1S(q)k❀

✷✳ RC(r) = r ❡ S(r ·g) = S(g) ✭♦♥❞❡ ❞❡♥♦t❛♠♦s t❛♠❜é♠ ♣♦r S(g) ❛ S✲❝♦♠♣♦♥❡♥t❡

❞❡ g ❝♦♠ r❡❧❛çã♦ à ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ G = KS✮❀

✸✳ S(q · g) = S(S(q)g)❀

✹✳ A+(q · k) = A+(q)✳

❈❛❜❡ ❛q✉✐ ❛ ♦❜s❡r✈❛çã♦ ❞❡ q✉❡ ❛s ♣r♦❥❡çõ❡s ❞♦ ✜❜r❛❞♦ Q ♥♦ ✜❜r❛❞♦ R ♣r♦✈❡♥✐✲

❡♥t❡s ❞❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ■✇❛s❛✇❛ ❡ ❞❡ ❈❛rt❛♥ sã♦✱ ❡♠ ❣❡r❛❧✱ ❞✐st✐♥t❛s✱ ❡ ♣♦r ❡ss❡

♠♦t✐✈♦ ❛s ❞❡♥♦t❛♠♦s ❞❡ ♠♦❞♦ ❞✐❢❡r❡♥t❡ ♣♦r R ❡ RC ✳

❚♦♠❛♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ❞❛s ❛♣❧✐❝❛çõ❡s S ❡ A+ ❞❡✜♥✐♠♦s ❛✐♥❞❛✱ ♣❛r❛ q ∈ Q✱

s(q) = log S(q) ∈ s ❡ a
+(q) = logA+(q) ∈ ❝❧a+.

❈♦♥s✐❞❡r❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✉♠ ✢✉①♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦s φt : Q → Q✱ ❝♦♠ t ∈
T(Z ♦✉ R)✱ ❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦

a
+ : T×R → ❝❧(a+), a

+(t, r) = a
+(φt(r)).

❖ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞❡ φt é ❞❡✜♥✐❞♦ ♣♦r

Λ+(r) = lim
t→∞

1

t
a
+(t, r) ∈ ❝❧(a+) ✭✸✳✼✮

❆ ❛♣❧✐❝❛çã♦ a+ ❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r Λ+ sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ K✳

❉❡ ❢❛t♦✱ a+(t, r · k) = a+(φt(r · k)) = a+(φt(r) · k) = a+(φt(r)) = a+(t, r)✱ ♦♥❞❡ ♥❛

♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✉t✐❧✐③❛♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ 4 ❛❝✐♠❛✱ q✉❡ ❞á ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ A+

♣❡❧❛ ❛çã♦ ❞❡ K✳ P❛ss❛♥❞♦ ❧✐♠✐t❡s t❡♠♦s t❛♠❜é♠ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ Λ+✳ ❊♠ ✈✐st❛

❞✐ss♦✱ ❢r❡q✉❡♥t❡♠❡♥t❡ ✐r❡♠♦s ❡s❝r❡✈❡r a+(t, x) ❡ Λ+(x) ❛♦ ✐♥✈és ❞❡ a+(t, r) ❡ Λ+(r)

q✉❛♥❞♦ x = π(r)✳

❆♦ ❝♦♥trár✐♦ ❞❛ ❛♣❧✐❝❛çã♦ a ❞❡✜♥✐❞❛ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛✱ a+ ♥ã♦ é

✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ s♦❜r❡ ♦ ✢✉①♦ φt✳

✸✳✷✳✷ ❚❡♦r❡♠❛ ❊r❣ó❞✐❝♦ ▼✉❧t✐♣❧✐❝❛t✐✈♦

❊♥✉♥❝✐❛r❡♠♦s ❛q✉✐ ❛ ✈❡rsã♦ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♣❛r❛ ♦s ❡①♣♦❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ❞❡✜♥✐❞♦s ❛❝✐♠❛✳ ❆s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷❪
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❈♦♥s✐❞❡r❡ ♦ ✢✉①♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s φt : Q → Q ❡ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛

♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ν ♥❛ ❜❛s❡ X q✉❡ é ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ♦ ✢✉①♦ ✐♥❞✉③✐❞♦✳ ❉❛❞❛

❛ ❛♣❧✐❝❛çã♦ a+ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞❡ φt ❡ ❞❡✜♥❛ a+µ (t, x) = µ ◦
a+(t, x)✱ ❝♦♠ µ ∈ a∗✳ ❆♣❡s❛r ❞❡ a+(t, x) ♥ã♦ s❡r ✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦✱ s❡ µ ❢♦r ♦ ♣❡s♦

❞♦♠✐♥❛♥t❡ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ♥✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✱ ❡♥tã♦ a+µ (t, x) é ✉♠ ❝♦❝✐❝❧♦ s✉❜❛❞✐t✐✈♦ s♦❜r❡ ♦ ✢✉①♦ ♥❛ ❜❛s❡ ✭✈❡r ❬✷❪✮✳ ❙✉♣♦♥❞♦

q✉❡ a+µ (1, ·) é ν✲✐♥t❡❣rá✈❡❧ ❡ ✉t✐❧✐③❛♥❞♦ ♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ s✉❜❛❞✐t✐✈♦ ❝♦♥❝❧✉✐✲s❡ q✉❡

♦ ❧✐♠✐t❡ limt→∞
1
t
a+µ (t, x) ❡①✐st❡ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ X✳ ❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s

♣❡s♦s ❞♦♠✐♥❛♥t❡s ❣❡r❛♠ a∗✱ s❡❣✉❡ q✉❡✱ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ t♦t❛❧✱ ♦ ❧✐♠✐t❡

limt→∞
1
t
a+µ (t, x) ❡①✐st❡ ♣❛r❛ t♦❞♦ µ ∈ a∗✳ ❉❛í q✉❡ 1

t
a+(t, x) ❝♦♥✈❡r❣❡ q✉❛s❡ s❡♠♣r❡✳

❚❡♦r❡♠❛ ✸✳✷✳✸ ✭❚❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♣❛r❛ ❡①♣♦❡♥t❡s ✈❡t♦r✐❛✐s✮✳ ❙✉♣♦✲

♥❤❛ q✉❡ a+µ (1, ·) é ν✲✐♥t❡❣rá✈❡❧ ♣❛r❛ t♦❞♦ ♣❡s♦ ❞♦♠✐♥❛♥t❡ µ✳ ❊♥tã♦✿

✶✳ ❊①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ Ω ⊂ X✱ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦ ♥❛ ❜❛s❡✱ ❝♦♠

ν(Ω) = 1 t❛❧ q✉❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r Λ+(x) = Λ+(r) ✭r ∈ R ❡ x = π(r)✮ ❡①✐st❡

♣❛r❛ t♦❞♦ x ∈ Ω✳

✷✳ ❙❡❥❛ Ω̃ = π−1
E
(Ω) ❛ r❡str✐çã♦ ❞♦ ✜❜r❛❞♦ E ❛ Ω✳ ❊♥tã♦ ♦ a✲❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈

λ(ξ) ❡①✐st❡ ♣❛r❛ t♦❞♦ ξ ∈ Ω̃✳

✸✳ ❙❡❥❛ R̃ = π−1(Ω)∩R ❛ r❡str✐çã♦ ❞♦ ✜❜r❛❞♦ R ❛ Ω✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦

♠❡♥s✉rá✈❡❧ D : R̃ → s t❛❧ q✉❡ ♣❛r❛ t♦❞♦ r ∈ R̃ ✈❛❧❡♠✿

❛✳ D é K✲❡q✉✐✈❛r✐❛♥t❡ ✭D(r · k) = ❆❞(k−1)D(r)✮❀

❜✳ D(r) = ❆❞(u)Λ+(r)✱ ♣❛r❛ ❛❧❣✉♠ u ∈ K ❡❀

❝✳ λ(r · b) = w−1Λ+(r) s❡ b ∈ st(D(r), w)

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✹✳✶ ❞❡ ❬✷❪

❆ ❛♣❧✐❝❛çã♦ ❡q✉✐✈❛r✐❛♥t❡ D ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r é ❝♦♥str✉í❞❛ ❡♠ ❬✷❪ ❛ ♣❛rt✐r

❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞♦ ✜❜r❛❞♦ Q✳ ▼❛✐s ❢♦r♠❛❧♠❡♥t❡✱ ♠♦str❛✲s❡ q✉❡ ♣❛r❛

♦s ♣♦♥t♦s r ∈ R̃ ❡①✐st❡ ♦ ❧✐♠✐t❡ D(r) = limk→∞
1
k
log sk✱ ♦♥❞❡ sk é ❛ ❝♦♠♣♦♥❡♥t❡

s✐♠étr✐❝❛ ❞♦ ✢✉①♦ φk(r) ❝♦♠ r❡s♣❡✐t♦ à ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ Q = R · S✱ ✐st♦ é✱

φk(r) = rk · sk✳ ❈❤❛♠❛♠♦s D(r) ❞❡ r❛✐♦ ❛ss✐♥tót✐❝♦ ❞❛ s❡q✉ê♥❝✐❛ φk(r)✳

❆❧é♠ ❞✐ss♦✱ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r Λ+(r) é ❞❛❞♦ ♣❡❧♦ ❧✐♠✐t❡ Λ+(r) = limk→∞
1
k
log hk✱

❝♦♠ hk ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞❡ sk✱ ✐st♦ é✱ sk = vkhkv
−1
k ✱ ❝♦♠ vk ∈ K
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❡ hk ∈ ❝❧(A+)✳ ❉❡st❡ ♠♦❞♦✱ ♦ r❛✐♦ ❛ss✐♥tót✐❝♦ ❞❡ φk(r) s❡ ❡s❝r❡✈❡ ❝♦♠♦ D(r) =

❆❞(u)Λ+(r)✱ ♦♥❞❡ u = lim vk ✭t♦♠❛♥❞♦ s✉❜s❡q✉ê♥❝✐❛s s❡ ♥❡❝❡ssár✐♦✮✳

❖ ✐t❡♠ ✭❝✮ ❞♦ t❡♦r❡♠❛ ❛✜r♠❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ s❡ r ∈ R̃✱ ❡♥tã♦ ♦ ❡①♣♦❡♥t❡ ❞❡

▲②❛♣✉♥♦✈ ✈❡t♦r✐❛❧ ❡①✐st❡ ♥❛ ❞✐r❡çã♦ ❞❡ q✉❛❧q✉❡r ✢❛❣ r ·b ♥❛ ✜❜r❛ s♦❜r❡ π(r) = x ∈ Ω✳

❆✐♥❞❛ ♠❛✐s✱ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♥❛ ✜❜r❛

s♦❜r❡ x✱ s❡♥❞♦ q✉❡ t♦❞♦s ❡❧❡s sã♦ ❞❛❞♦s ♣♦r tr❛♥s❧❛çõ❡s ❞♦ ❡①♣♦❡♥t❡ ♣♦❧❛r Λ+(x) ♣♦r

❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ G✳ ❈♦♠ ✐ss♦✱ ❝❛❞❛ ✜❜r❛ ❞♦ ✜❜r❛❞♦ ❋❧❛❣ E s♦❜r❡ ♦s

♣♦♥t♦s x ∈ Ω s❡ ❞❡❝♦♠♣õ❡ ❡♠ s✉❜✈❛r✐❡❞❛❞❡s ❞❡ ❢♦r♠❛ q✉❡ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈

é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳ ▼❛✐s ❢♦r♠❛❧♠❡♥t❡✱ ❞❡✜♥❛ ♣❛r❛ ❝❛❞❛ w ∈ W ❡

x ∈ X✱ ❛ s✉❜✈❛r✐❡❞❛❞❡

st(x, w) = r · st(D(r), w)

♦♥❞❡ r ∈ R̃ ❡stá ♥❛ ✜❜r❛ s♦❜r❡ x✳ ❚❛❧ ❝♦♥❥✉♥t♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ r ♥❛ ✜❜r❛✱ ♣♦✐s

♣❡❧❛ ❡q✉✐✈❛r✐â♥❝✐❛ ❞❡ D(r) t❡♠✲s❡ D(r · k) = ❆❞(k−1)D(r) ❡ st(❆❞(k−1)D(r), w) =

k−1st(D(r), w)✳ ❆❧é♠ ❞✐ss♦✱ ❞♦ ✐t❡♠ ✭❝✮ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ s❡❣✉❡ q✉❡

λ(ξ) = w−1Λ+(x), ♣❛r❛ t♦❞♦ ξ ∈ st(x, w).

❉❡✜♥✐♠♦s t❛♠❜é♠ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❖s❡❧❡❞❡t ❛ss♦❝✐❛❞❛ à w ∈ W ♣♦r

st(w) =
⋃

x∈Ω

st(x, w) ⊂ E.

❖s ♣♦♥t♦s x ∈ Ω ✭♦✉ ♦s ❡❧❡♠❡♥t♦s r ∈ R̃✮ sã♦ ❝❤❛♠❛❞♦ ❞❡ r❡❣✉❧❛r❡s✳ ❙♦❜r❡ ♦s

♣♦♥t♦s r❡❣✉❧❛r❡s ♦❜t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ E ♥♦s ❝♦♥❥✉♥t♦s st(w) t❛✐s

q✉❡ ♦s a✲❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡♠ ξ ∈ st(w) sã♦ ❞❛❞♦s ♣♦r λ(ξ) = w−1Λ+(x)✳ ❊ss❛

❞❡❝♦♠♣♦s✐çã♦ é ❛♥á❧♦❣❛ à ✜❧tr❛çã♦ ❞❡ ❖s❡❧❡❞❡ts ♣❛r❛ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ❡

♣♦r ✐ss♦ ❝❤❛♠❛♠♦s ♦s ❝♦♥❥✉♥t♦s st(w) ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡ts✳

❉❛❞♦ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r x ∈ Ω✱ ❞❡✜♥✐♠♦s ❛✐♥❞❛ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❞♦

✢✉①♦ φt ❡♠ x ♣♦r

Θ▲②(x) = {α ∈ Σ | α(Λ+(x)) = 0}.

❊♠ ❣❡r❛❧ Θ▲②(x) ❞❡♣❡♥❞❡ ❞❡ x✱ ♠❛s ♥♦ ❝❛s♦ ❡♠ q✉❡ ν é ❡r❣ó❞✐❝❛✱ ❝♦♠♦ Λ+(x) é

✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦✱ s❡❣✉❡ q✉❡ ❡ss❡ ❡①♣♦❡♥t❡ é ❝♦♥st❛♥t❡✱ ❛ss✐♠ ❝♦♠♦ Θ▲②(x)✳

❋✐❧tr❛çã♦ ❞❡ ❖s❡❧❡❞❡ts

❖ ❧❡♠❛ ❛ s❡❣✉✐r ✐rá ❛❥✉❞❛r ❛ ❞❡s❝r❡✈❡r ♠❡❧❤♦r ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡ts✳



❙❡çã♦ ✸✳✷ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ✻✵

▲❡♠❛ ✸✳✷✳✹✳ ❙❡❥❛ H ∈ ❝❧(a+) ❡ Θ = Θ(H)✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s

r❡♣✉❧s♦r❡s ❡ s✉❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ❛ ❛çã♦ ❞❡ h = expH ♥♦ ✢❛❣ ❞✉❛❧ FΘ∗ sã♦

✉♥✐tár✐♦s ❞❛❞♦s ♣♦r

✜①Θ∗(H,w0) = stΘ∗(H,w0) = w0pΘ∗ = p−Θ,

♦♥❞❡ Θ∗ = −w0(Θ) ❡ w0 é ❛ ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧ ❞❡ g✳

❉❡♠♦♥str❛çã♦✿ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s r❡♣✉❧s♦r❡s ❞❛ ❛çã♦ ❞❡ h é ❞❛❞♦ ♣♦r

✜①Θ∗(H,w0) = KHw0pΘ∗ .

▼❛s w0pΘ∗ = p−Θ ❡ KH = KΘ ⊂ KΘAN
− = P−

Θ = NG(p
−
Θ)✳ ▲♦❣♦

KHw0pΘ∗ = KHp
−
Θ = KHAN

−p−Θ = P−
Θ p−Θ = p−Θ = w0pΘ∗ .

❆♥❛❧♦❣❛♠❡♥t❡✱ ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ é ❞❛❞❛ ♣♦r stΘ∗(H,w0) = N−
HKHw0pΘ∗ = w0pΘ∗

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ ✢❛❣ ❞✉❛❧ FΘ∗

▲②
(x)✱ ❛ ❛çã♦ ❞❡ exp(Λ+(x)) t❡♠ ❝♦♠♦ ú♥✐❝♦

r❡♣✉❧s♦r ♦ ♣♦♥t♦ ✜①♦ w0bΘ∗

▲②
(x)✱ q✉❡ t❛♠❜é♠ é s✉❛ ♣ró♣r✐❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧✳ ■st♦ é✱

✜①Θ∗

▲②
(x)(Λ

+(x), w0) = stΘ∗

▲②
(x)(Λ

+(x), w0) = w0pΘ∗

▲②
(x).

▲♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✜❜r❛❞♦ ❋❧❛❣ ❞❡ t✐♣♦ Θ∗
▲②(x)✱ EΘ∗

▲②
(x)✱ t❡♠♦s q✉❡ ❛ ♣r♦❥❡çã♦ ❞♦

❝♦♥❥✉♥t♦ st(x, w0) = r · st(D(r), w0) ⊂ E ♥❡ss❡ ✜❜r❛❞♦ é ❛♣❡♥❛s ♦ ♣♦♥t♦

ξ∗(x) = r · ✜①Θ∗

▲②
(x)(D(r), w0) = ru · w0pΘ∗

▲②
(x),

♦♥❞❡ D(r) = ❆❞(u)Λ+(x)✳

❈❤❛♠❛♠♦s ❛ ❛♣❧✐❝❛çã♦ ξ∗ ❞❡ s❡çã♦ ❞❡ ❖s❡❧❡❞❡ts ❞♦ s❡♠✐✢✉①♦ ♣♦s✐t✐✈♦✳ ◆♦t❡ q✉❡

ξ∗ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ s❡çã♦ ♥♦ ✜❜r❛❞♦ ✢❛❣✱ ❥á q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡

▲②❛♣✉♥♦✈ Θ∗
▲②(x) ✈❛r✐❛ ❡♠ ❢✉♥çã♦ ❞❡ x✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❛ ♠❡❞✐❞❛ ν ❢♦r ❡r❣ó❞✐❝❛✱

❡♥tã♦ Θ∗
▲②(x) = Θ∗

▲② é ❝♦♥st❛♥t❡ ❡ t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ s❡çã♦ ξ∗ : Ω ⊂ X → EΘ∗

▲②
✳

❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❖s❡❧❡❞❡ts

❖ ♣❛ss♦ ♣r✐♥❝✐♣❛❧ ♣❛r❛ s❡ ❝♦♥s❡❣✉✐r ✉♠ r❡✜♥❛♠❡♥t♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡✲

❞❡ts ❡ ❛ss✐♠ ♦❜t❡r ✉♠❛ ✈❡rsã♦ ❛♥á❧♦❣❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❞❡ ❖s❡❧❡❞❡ts



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✻✶

❝❧áss✐❝❛ é ❝♦♥s✐❞❡r❛r ♦ ✢✉①♦ r❡✈❡rs♦✳ ❋❛③❡♥❞♦ ❡♥tã♦ ❛ ♠❡s♠❛ ❝♦♥str✉çã♦ ❛❝✐♠❛ ♣❛r❛

φ−t✱ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ ❡ss❡ ✢✉①♦ é ♦ ❞✉❛❧

❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ φt✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❞❡♥♦t❛♥❞♦ ♣♦r Λ−

♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞♦ ✢✉①♦ r❡✈❡rs♦✱ ❡♠ ❬✷❪ ♠♦str♦✉✲s❡ q✉❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

r❡❣✉❧❛r❡s t❡♠✲s❡

Λ−(x) = −w0Λ
+(x),

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ φ−t é ♦ ❞✉❛❧ ❞❡ Θ▲②(x)✳ ■st♦

é

Θ∗
▲②(x) = {α ∈ Σ | α

(
−w0Λ

+(x)
)
= 0}.

❉❡♥♦t❛♠♦s ♣♦r D−(r) ♦ r❛✐♦ ❛ss✐♥tót✐❝♦ ❞♦ ✢✉①♦ r❡✈❡rs♦ q✉❡✱ ♣❡❧♦ t❡♦r❡♠❛ ❡r✲

❣ó❞✐❝♦✱ t❛♠❜é♠ é ✉♠❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❡✱ ♣❛r❛ ❝❛❞❛ r r❡❣✉❧❛r✱ s❛t✐s❢❛③ D−(r) =

❆❞(u)Λ−(x)✱ u ∈ K✳ ❆s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡t ♣❛r❛ ♦ ✢✉①♦ r❡✈❡rs♦ sã♦ ❞❛❞❛s

❡♠ ❝❛❞❛ ♣♦♥t♦ r❡❣✉❧❛r x ∈ Ω ♣♦r

st−(x, w) = r · st(D−(r), w),

❞❡ ❢♦r♠❛ q✉❡ s❡ ξ ∈ st−(x, w) ❡♥tã♦ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞♦ ✢✉①♦ r❡✈❡rs♦ é

λ−(ξ) = w−1Λ−(x) = −(w0w)
−1Λ+(x).

❉❡ss❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡

st(x, w) = st−(x, w0w).

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ξ(x) = r · ✜①Θ▲②(x)(D
−(r), w0) ∈ EΘ▲②(x) ❛ s❡çã♦ ❞❡ ❖s❡❧❡❞❡ts ❞♦

✢✉①♦ r❡✈❡rs♦✳ ❆ ♣r♦♣♦s✐çã♦ ✻✳✶✵ ❞❡ ❬✷❪ ♠♦str❛ q✉❡ ξ(x) ❡ ξ∗(x) sã♦ s❡çõ❡s ♦♣♦st❛s✱

✐st♦ é✱ s❡ f : π−1(Ω) → FΘ▲②(x) ❡ f
∗ : π−1(Ω) → FΘ∗

▲②
(x) ❢♦r❡♠ ❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥✲

t❡s ❛ss♦❝✐❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ à ξ(x) ❡ ξ∗(x)✱ ❡♥tã♦ ❛s s✉❜á❧❣❡❜r❛s f(q) ∈ FΘ▲②(x) ❡

f ∗(q) ∈ FΘ∗

▲②
(x) sã♦ ♦♣♦st❛s✳

▼❛s ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣❛r❡s ❞❡ s✉❜á❧❣❡❜r❛s ♦♣♦st❛s (p1, p2) ∈ FΘ×FΘ∗ s❡ ✐❞❡♥t✐✜❝❛

❝♦♠ ❛ ór❜✐t❛ ❛❜❡rt❛ ❡ ❞❡♥s❛ ❞❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ G✱ ✐st♦ é✱ t❛❧ ❝♦♥❥✉♥t♦ é ❛ ór❜✐t❛

G · (pΘ, p−Θ)✳ ❆ ✐s♦tr♦♣✐❛ ❞❡ss❛ ❛çã♦ é ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞♦s ♥♦r♠❛❧✐③❛❞♦r❡s PΘ ❞❡

pΘ ❡ P−
Θ ❞❡ p−Θ✳ ▼❛s PΘ ∩ P−

Θ = ZΘ✱ ❡ ❞❛í G · (pΘ, p−Θ) = G/ZΘ✳ ❚♦♠❛♥❞♦ HΘ ∈ a

✉♠ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ Θ ✭Θ = {α ∈ Σ | α(HΘ) = 0}✮ t❡♠♦s ZΘ = ZHΘ
❡

G/ZΘ s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ❛ ór❜✐t❛ ❆❞(G)HΘ✳

❆❣♦r❛ s❡❥❛ q ∈ π−1(Ω) ♥❛ ✜❜r❛ s♦❜r❡ x ∈ Ω✳ ❈♦♠♦ Λ+(x) é ✉♠ ❡❧❡♠❡♥t♦

❝❛r❛❝t❡ríst✐❝♦ ❞❡ Θ▲②(x) ❡ (f(q), f ∗(q)) sã♦ ♦♣♦st❛s✱ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❢❡✐t❛ ❛❝✐♠❛✱



❙❡çã♦ ✸✳✷ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ✻✷

❡ss❡ ♣❛r ❞❡t❡r♠✐♥❛ ✉♠ ❡❧❡♠❡♥t♦ g(q) ∈ G t❛❧ q✉❡ f(q) ❡ f ∗(q) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦ ❛tr❛t♦r ❡ ♦ r❡♣✉❧s♦r ❞❡ ❆❞ (g(q)) Λ+(x) ♥❛ r❡s♣❡❝t✐✈❛ ✈❛r✐❡❞❛❞❡ ✢❛❣✳ ❉❡♥♦t❛♠♦s

❡ss❡ ❡❧❡♠❡♥t♦ ♣♦r

h▲②(q) = ❆❞ (g(q)) Λ+(x) = g(q) · Λ+(x)

❉❛ ❡q✉✐✈❛r✐â♥❝✐❛ ❞❡ f(q) ❡ f ∗(q)✱ s❡❣✉❡ q✉❡ h▲②(q) é t❛♠❜é♠ ❡q✉✐✈❛r✐❛♥t❡✳ ■ss♦

❞❡t❡r♠✐♥❛ ✉♠ ❡❧❡♠❡♥t♦ χ(x) = q · h▲②(q) ♥❛ ✜❜r❛ s♦❜r❡ x ♥♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦

AΘ▲②(x) = Q×G (❆❞(G)Λ+(x))✳

❈❤❛♠❛♠♦s ❛ ❛♣❧✐❝❛çã♦

χ▲② : Ω −→ AΘ▲②(x)

x 7−→ χ▲②(x) = q · h▲②(q)
✭✸✳✽✮

❞❡ s❡çã♦ ❞❡ ❖s❡❧❡❞❡ts ❞♦ ✢✉①♦ φt✳ ❖❜s❡r✈❛♠♦s ♥♦✈❛♠❡♥t❡ q✉❡ χ▲② ♥ã♦ é ❡①❛t❛♠❡♥t❡

✉♠❛ s❡çã♦✱ ❥á q✉❡ Λ+(x) ❡ Θ▲②(x) ❞❡♣❡♥❞❡♠ ❞❡ x✳ ▼❛s ♥♦ ❝❛s♦ q✉❡ q✉❡ ❛ ♠❡❞✐❞❛

ν é ❡r❣ó❞✐❝❛ ❡♥tã♦ t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ s❡çã♦✱ ❥á q✉❡ ♥❡st❡ ❝❛s♦ Λ+(x) = Λ+ ❡

Θ▲②(x) = Θ▲② sã♦ ❝♦♥st❛♥t❡s✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❢♦r♥❡❝❡ ✉♠❛ ✈❡rsã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡r❣ó❞✐❝❛ ♠✉❧t✐♣❧✐❝❛t✐✈❛

♥❡ss❡ ❝♦♥t❡①t♦✱ ✐st♦ é✱ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s✉❜✈❛r✐❡❞❛❞❡s ❞❡ ❢♦r♠❛ q✉❡ ❡♠ ❝❛❞❛

✉♠❛ ❞❡❧❛s ✜❝❛ ❜❡♠ ❞❡t❡r♠✐♥❛❞♦ ♦s ❡①♣♦❡♥t❡s ❞♦ ✢✉①♦ ♣♦s✐t✐✈♦ ❡ ❞♦ ✢✉①♦ r❡✈❡rs♦✳

❚❡♦r❡♠❛ ✸✳✷✳✺✳ ❋✐①❡ r ∈ R r❡❣✉❧❛r✳ ❙❡❥❛♠ D+(r) ❡ D−(r) ♦s r❛✐♦s ❛ss✐♥tót✐❝♦s ❞❡

φk(r) ❡ φ−k(r)✱ ❡ h▲②(r) ❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ à s❡çã♦ ❞❡ ❖s❡❧❡❞❡t✳ ❊♥tã♦

❡①✐st❡♠ n ∈ N−
D+(r) ❡ m ∈ N−

D−(r) t❛✐s q✉❡

❆❞(n)D+(r) = h▲②(r) = −❆❞(m)D−(r).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

st(x, w) = r · st(h▲②(r), w) = st−(x, w0w), x ∈ Ω, π(r) = x,

❡ ❛ss✐♠✱

λ(ξ) = w−1Λ+(r) e λ−(ξ) = −w−1Λ+(r) se ξ ∈ r · st(h▲②(r), w).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ξ∗(x) = q · f ∗(q) ❡ ξ(x) = q · f(q) ❛s s❡çõ❡s ❞❡ ❖s❡❧❡❞❡t ❞♦s

s❡♠✐✢✉①♦s ♣♦s✐t✐✈♦ ❡ r❡✈❡rs♦✱ ♦♥❞❡ f ∗ ❡ f sã♦ ❛s r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s✳

❋✐①❡ x ∈ Ω ❡ ❝♦♥s✐❞❡r❡ q ∈ R ♥❛ ✜❜r❛ s♦❜r❡ x t❛❧ q✉❡ D(q) = Λ+(x) ✭q✉❡ ❡①✐st❡

♣❡❧❛ ❡q✉✐✈❛r✐â♥❝✐❛ ❞❡ D✮ ❡ s❡❥❛ Θ = Θ▲②(x)✳ ◆❡st❡ ❝❛s♦ t❡♠♦s q✉❡ f ∗(q) = w0pΘ∗ ✳



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✻✸

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛s s❡çõ❡s ❞❡ ❖s❡❧❡❞❡t ❞♦ s❡♠✐✢✉①♦ ♣♦s✐t✐✈♦ ❡ r❡✈❡rs♦ sã♦ ♦♣♦s✲

t❛s✱ s❡❣✉❡ q✉❡ f(q) ∈ N−
ΘpΘ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ (f(q), f ∗(q)) ∈ N−

Θ · (pΘ, w0pΘ∗)✳

❈♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ s✉❜á❧❣❡❜r❛s ♦♣♦st❛s ❡♠ FΘ × FΘ∗ ❝♦♠ ❛

ór❜✐t❛ ❛❞❥✉♥t❛ ❆❞(G)Λ+(x)✱ t❡♠♦s q✉❡ (pΘ, w0pΘ∗) ❡stá ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ Λ+(x) ❡

(f(q), f ∗(q)) ❡stá ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ h▲②(q)✳ ❆ss✐♠ s❡❣✉❡ q✉❡ h▲②(q) = ❆❞(n)Λ+(q)✱

❝♦♠ n ∈ N−
Θ = N−

Λ+(x)✳ P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❡♠ q✉❡ r = q · k✱ ❝♦♠ k ∈ K✱ t❡♠♦s

h▲②(r) = h▲②(q · k) = ❆❞(k−1)h▲②(q) = ❆❞(k−1)❆❞(n)D(q)

= ❆❞(k−1nk)❆❞(k−1)D(q) = ❆❞(k−1nk)D(r),

❝♦♠ k−1nk ∈ k−1N−
Λ+(x)k = N−

D(r)✳ ❆ ❛✜r♠❛çã♦ s♦❜r❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❖s❡❧❡❞❡t

s❡❣✉❡ ❞❡

r · st(h▲②(r), w) = r · st(❆❞(n)D(r), w) = r · n st(D(r), w) = r · st(D(r), w).

P❛r❛ ❛ r❡❧❛çã♦ ❞♦ ✢✉①♦ r❡✈❡rs♦ ❛ ❝♦♥t❛ é ❛♥á❧♦❣❛✳ P❛r❛ ❛ ✐❣✉❛❧❞❛❞❡ st(x, w) =

st−(x, w0w)✱ ♦❜s❡r✈❡ q✉❡ ξ ∈ st(x, w) s❡✱ ❡ só s❡✱ λ(ξ) = w−1Λ+(x)✳ ❉♦ ♠❡s♠♦

♠♦❞♦ ξ ∈ st−(x, w0w) s❡✱ ❡ só s❡✱ λ−(ξ) = (w0w)
−1Λ−(x)✳ ▼❛s λ(ξ) = −λ−(ξ) ❡

Λ−(x) = −w0Λ
+(x)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ ξ ∈ st(x, w) s❡✱ ❡ só s❡✱ λ−(ξ) = −λ(ξ) =

−w−1Λ+(x) = (w0w)
−1Λ−(x)✱ ✐st♦ é✱ s❡✱ ❡ só s❡✱ ξ ∈ st−(x, w0w)✳

✸✳✸ ❘❡❧❛çõ❡s ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s ❝❧áss✐❝♦s ❡ ♦s ✈❡t♦✲

r✐❛✐s

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ❞❡✲

✜♥✐❞♦s ❛ ♣❛rt✐r ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ❡ ❡♠ s✉❛s ✈❛r✐❡❞❛❞❡s ✢❛❣ ❛ss♦❝✐❛❞❛s✱

❝♦♠ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s✳ ❊ss❛s r❡❧❛çõ❡s ✈✐s❛♠ ❞❛r ✉♠❛ ✐♥t❡r♣r❡t❛çã♦

❣❡♦♠étr✐❝❛ ❛♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧ ❡ ♠♦str❛r ❝♦♠♦ ♦ t❡♦r❡♠❛

❝❧áss✐❝♦ s❡ r❡❝✉♣❡r❛ ❛ ♣❛rt✐r ❞❡st❡✳ ❈♦♠♦ ✈❡r❡♠♦s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱ ❡ss❡ ❝♦♥✲

t❡①t♦ ♠❛✐s ❣❡r❛❧ tr❛③ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ♣❛r❛ s❡ ♦❜t❡r ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡①♣♦❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈✱ ❥á q✉❡ ♥❡st❡ ❝❛s♦ ♣♦❞❡♠♦s tr❛t❛r ❞❡ ♠❛♥❡✐r❛ ✐♥trí♥s❡❝❛✱ ✉t✐❧✐③❛♥❞♦

❡str✉t✉r❛s ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ✈ár✐♦s ❝❛s♦s ❞❡ ❝♦❝✐❝❧♦s ❛ss✉♠✐♥❞♦ ✈❛❧♦r❡s ❡♠ ❣r✉♣♦s

❞✐❢❡r❡♥t❡s ❞♦ ●❧(n,R)✳

◆♦ q✉❡ s❡❣✉❡ ❢❛r❡♠♦s ❛ r❡❧❛çã♦ ❞♦s ❡①♣♦❡♥t❡s ❝❧áss✐❝♦s s✉♣♦♥❞♦ q✉❡ ♥♦ss♦ ❝♦❝✐❝❧♦

❛ss✉♠❛ ✈❛❧♦r❡s ♥♦ ❣r✉♣♦ ❙❧(n,R)✳



❙❡çã♦ ✸✳✸ ✲ ❘❡❧❛çõ❡s ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s ❝❧áss✐❝♦s ❡ ♦s ✈❡t♦r✐❛✐s ✻✹

❈♦♥s✐❞❡r❡ ❡♥tã♦ ♦ ❝♦❝✐❝❧♦ ρ : Z×X → ❙❧(n,R) s♦❜r❡ ❛ tr❛♥s❢♦r♠❛çã♦ f : X → X✱

❝✉❥♦ ❣❡r❛❞♦r é T : X → ❙❧(n,R)✳

Pr❛ ❝♦♠❡ç♦ ❞❡ ❝♦♥✈❡rs❛✱ ❧❡♠❜r❛♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❋❧❛❣ ♠❛①✐♠❛❧ ❞❡ ❙❧(n,R) é

❞❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ s✉❜❡s♣❛ç♦s ❡♥❝❛✐①❛❞♦s F = {(V1 ⊂ V2 ⊂ · · · ⊂ Vn) | dimVi =

i}✳ ❆♦ s❡ ❞❡✜♥✐r ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ ✜❜r❛❞♦s ✢❛❣✱ ♦ q✉❡ s❡ ❞❡s❡❥❛ é ♠❡❞✐r ♦

❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ ❝♦❝✐❝❧♦ ♥ã♦ ❛♣❡♥❛s ♥✉♠❛ ❞✐r❡çã♦ ✜①❛✱ ♠❛s s✐♠ ♥✉♠ ✏✢❛❣

❞❡ ❞✐r❡çõ❡s✑✳ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❡s❡❥❛✲s❡ ❞❡✜♥✐r ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧

❞♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ♥♦ ✜❜r❛❞♦ ✢❛❣ X × F ❞❛❞♦ ♣♦r

(x, b) ∈ X × F
φ7−→ (f(x), T (x) · b) ∈ X × F, ✭✸✳✾✮

♦♥❞❡ ❛ ❛çã♦ ❞❡ T (x) ∈ ❙❧(n,R) ❡♠ b = (V1 ⊂ V2 ⊂ · · · ⊂ Vn) é ❞❛❞❛ ♣♦r

T (x) · b = (T (x)V1 ⊂ T (x)V2 ⊂ · · · ⊂ T (x)Vn).

❯♠❛ ❜♦❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❧❤❛r ❛s ❛çõ❡s ♥❛s ✈❛r✐❡❞❛❞❡s ❋❧❛❣ é ❡s❝♦❧❤❡♥❞♦ ❜❛s❡s

♦rt♦♥♦r♠❛✐s ❛❞❛♣t❛❞❛s ❛♦ ✢❛❣ ❡♠ q✉❡stã♦✳ ❆♣❧✐❝❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t

à ✉♠❛ ❜❛s❡ β = {w1, w2, . . . , wn} ❞❡ V ❝♦♥t✐❞❛ ♥♦ ✢❛❣ b = (V1 ⊂ V2 ⊂ · · · ⊂ Vn)✱ ✐st♦

é✱ t❛❧ q✉❡ Vi = ❣❡r{w1, . . . , wi}✱ ♦❜t❡♠♦s ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ β′ = {v1, v2, . . . , vn}
t❛❧ q✉❡ Vi = ❣❡r{v1, . . . , vi}✳ ❆❧é♠ ❞✐ss♦✱ s❡ g = [w1 w2 · · · wn] é ❛ ♠❛tr✐③ ❝✉❥❛s

❝♦❧✉♥❛s sã♦ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ β✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡

g ∈ ❙❧(n,R) ✭❜❛st❛ ❞✐✈✐❞✐r ❛❧❣✉♠ ✈❡t♦r ♣❡❧♦ ❞❡t❡r♠✐♥❛♥t❡✮✳ ❈♦♠ ✐ss♦✱ s❡ k =

[v1 v2 · · · vn] é ❛ ♠❛tr✐③ ❝✉❥❛s ❝♦❧✉♥❛s sã♦ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ β′ ♦❜t✐❞❛ ❛ ♣❛rt✐r

❞❡ β ♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✱ ❡♥tã♦ g = khn✱ ♦♥❞❡ k ∈ ❙❖(n,R)✱ h é ✉♠❛

♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s ❡ n é ✉♠❛ ♠❛tr✐③ tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❝♦♠ 1✬s

♥❛ ❞✐❛❣♦♥❛❧✳ ❊ss❡ ♣r♦❝❡ss♦ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞♦ ❣r✉♣♦✱

q✉❡ ♥❡st❡ ❝❛s♦ é ❞❛❞❛ ♣♦r ❙❧(n,R) = ❙❖(n,R)AN ✱ ♦♥❞❡ A é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s

❞✐❛❣♦♥❛✐s ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s ❡ ❞❡t❡r♠✐♥❛♥t❡ 1✱ ❡ N é ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s

tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠ 1✬s ♥❛ ❞✐❛❣♦♥❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛ ❝♦♥str✉çã♦ ♠♦str❛

q✉❡ t❛♥t♦ ❙❧(n,R)✱ q✉❛♥t♦ ❙❖(n,R)✱ ❛❣❡♠ tr❛♥s✐t✐✈❛♠❡♥t❡ ❡♠ F✳ ❉❡ ❢❛t♦✱ t❡♠♦s

q✉❡

b = g · b0 = khn · b0 = k · b0,
♦♥❞❡ b0 = (〈e1〉 ⊂ 〈e1, e2〉 ⊂ . . . ⊂ 〈e1, e2, . . . , en〉) é ♦ ✢❛❣ ❢♦r♠❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❞❛

❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❛ R
n✳ ❖❜s❡r✈❡ q✉❡ hn ♠❛♥té♠ ✜①♦ ♦ ✢❛❣ b0✳

❋❡✐t❛s ❡ss❛s ♦❜s❡r✈❛çõ❡s✱ ✈❛♠♦s ♠♦str❛r ❛❣♦r❛ ❝♦♠♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛

❢♦r♥❡❝❡ ✉♠ ❝♦❝✐❝❧♦ q✉❡ ♠❡❞❡ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ ✢✉①♦ ✸✳✾ ♥❛

❞✐r❡çã♦ ❞❡ ✉♠ ✢❛❣ ❝♦♠♣❧❡t♦ b ∈ F✳



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✻✺

❈♦♠♦ ❥á ✈✐♠♦s✱ ❝❛❞❛ ✢❛❣ b ∈ F ♣♦❞❡ s❡r ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ♠❛tr✐③ k ∈ ❙❖(n,R)

t❛❧ q✉❡ b = k · b0 ❡ s✉❛s ❝♦❧✉♥❛s ❣❡r❛♠ ♦s s✉❜❡s♣❛ç♦s ❞♦ ✢❛❣ b✳ ❆ ❛çã♦ ❞❡ ρ(n, x) ❡♠

b ♣♦❞❡ s❡r ✈✐st❛ ❡♥tã♦ ❛ ♣❛rt✐r ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ρ(n, x)k✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛

n✱ ❛s ❝♦❧✉♥❛s ❞❡ ρ(n, x)k ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦s s✉❜❡s♣❛ç♦s ❞♦ ✢❛❣ ρ(n, x) · b✳
❋✐①❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❡ ❙❧(n,R)✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❝♦♠♣♦♥❡♥t❡

❞✐❛❣♦♥❛❧ ✭A✲❝♦♠♣♦♥❡♥t❡✮ ❞❛ ♠❛tr✐③ ρ(n, x)k✳ ❉❡♥♦t❛♥❞♦ ♣♦r A : ❙❧(n,R) → A ❛

♣r♦❥❡çã♦ ♥❛ A✲❝♦♠♣♦♥❡♥t❡ ❞❡✜♥✐♠♦s

a(n, (x, b)) = logA(ρ(n, x)k), ♦♥❞❡ b = k · b0 ✭✸✳✶✵✮

❉✉❛s ❣r❛♥❞❡s ✈❛♥t❛❣❡♥s ❞❡ s❡ ❝♦♥s✐❞❡r❛r ❡ss❛ A✲❝♦♠♣♦♥❡♥t❡ sã♦ q✉❡ a(n, (x, b))

✜❝❛ ❜❡♠ ❞❡✜♥✐❞♦ s♦❜r❡ ♦ ❋❧❛❣ ♠❛①✐♠❛❧✱ ✐st♦ é✱ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ q✉❛❧ k ∈ ❙❖(n,R)

é ❡s❝♦❧❤✐❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ✢❛❣ b ✭b = k · b0✮ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❡ss❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥❡

✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ s♦❜r❡ ♦ ✢✉①♦ φ ✭✸✳✾✮ ♥♦ ✜❜r❛❞♦ ✢❛❣ ♠❛①✐♠❛❧✱ ✐st♦ é✱

a(n+m, (x, b)) = a(n, φm(x, b)) + a(m, (x, b)).

❖ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❡♠ x ∈ X ❞♦ ❝♦❝✐❝❧♦ ρ ♥❛ ❞✐r❡çã♦ ❞♦ ✢❛❣ b ∈ F é ❞❡✜♥✐❞♦

❡♥tã♦ ♣♦r

λ(x, b) = lim
n→∞

1

n
a(n, (x, b)),

s❡ ❡ss❡ ❧✐♠✐t❡ ❡①✐st✐r✳

◆ã♦ é ❝❧❛r♦✱ à ♣r✐♠❡✐r❛ ✈✐st❛✱ q✉❡ ❡ss❡ ❝♦❝✐❝❧♦ ❢♦r♥❡❝❡ ❞❡ ❢❛t♦ ✉♠❛ t❛①❛ ❞❡

❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❯♠ ♠♦❞♦ ❞❡ s❡ ♣❡♥s❛r ♥✐ss♦ é ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ♣❛rt❡

✉♥✐♣♦t❡♥t❡ ❞❡ ρ(n, x)k ✭❡♠ N✮ t❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜✲❡①♣♦♥❡♥❝✐❛❧ ❡ ❛ ♣❛rt❡ ♦rt♦❣♦♥❛❧

é ✉♠❛ ✐s♦♠❡tr✐❛✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ q✉❡ s♦❜r❛ é ❛ ♣❛rt❡ ❞✐❛❣♦♥❛❧✳ ❖✉tr❛ ✐♥t❡r♣r❡t❛çã♦

❞❡ss❡ ❧✐♠✐t❡ é ❞❛❞❛ ♣❡❧♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧✱ q✉❡ ❢♦r♥❡❝❡ ❛

r❡❧❛çã♦ ❡♥tr❡ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r✳ ❱❛♠♦s ❞❡s❝r❡✈❡r ❡♠

❞❡t❛❧❤❡s ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❡ ❝♦♠ ✐ss♦ ❡s♣❡r❛♠♦s q✉❡ ❛ ✜q✉❡ ❝❧❛r♦ ♦ ❢❛t♦ ❞❡ss❡ ❝♦❝✐❝❧♦

❢♦r♥❡❝❡r ✉♠❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳

❆ ❞❡✜♥✐çã♦ ❞♦ ❡①♣♦❡♥t❡ ♣♦❧❛r r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❝♦❝✐❝❧♦ ρ(n, x) é ♣r♦✈❡♥✐❡♥t❡ ❞❛ ✐❞é✐❛

❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❝❧áss✐❝♦✱ ♦♥❞❡ t♦♠❛✲s❡ ❧✐♠✐t❡s ❞❛ ♣❛rt❡ s✐♠étr✐❝❛

❞❡ ρ(n, x)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ t♦♠❛r❡♠♦s ❧✐♠✐t❡s ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s s❡♠✐✲

❞❡✜♥✐❞❛s ♣♦s✐t✐✈❛s ❞❛❞❛ ♣♦r

sn =
√
ρ(n, x)tρ(n, x). ✭✸✳✶✶✮

❖ ❝♦❝✐❝❧♦ ρ(n, x) s❡ ❡s❝r❡✈❡ ❡♥tã♦ ❝♦♠♦ ρ(n, x) = knsn✱ ❝♦♠ kn ∈ ❙❖(n,R) ❡ sn

s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ s❡♠✐✲❞❡✜♥✐❞❛✱ q✉❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥

❞❡ ❙❧(n,R)✳



❙❡çã♦ ✸✳✸ ✲ ❘❡❧❛çõ❡s ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s ❝❧áss✐❝♦s ❡ ♦s ✈❡t♦r✐❛✐s ✻✻

❊ss❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❞❡ s❡r r❡✜♥❛❞❛ s❡ ❞✐❛❣♦♥❛❧✐③❛r♠♦s ♦r❞❡♥❛❞❛♠❡♥t❡ ❛ ♠❛tr✐③

sn✳ P❛r❛ ✐ss♦✱ ❡s❝r❡✈❛ sn = unhnu
−1
n ✱ ❝♦♠ hn ❞✐❛❣♦♥❛❧✱ ❝♦♠ ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡

♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r ♣❛r❛ ♦ ♠❡♥♦r ❡ un ∈ ❙❖(n,R)✳ ■ss♦ ❢♦r♥❡❝❡

ρ(n, x) = knunhnu
−1
n ,

q✉❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞♦ ❣r✉♣♦ ❙❧(n,R)✱ q✉❡ ♥❡st❡ ❝❛s♦ s❡ ❧ê

❙❧(n,R) = ❙❖(n,R)(❝❧A+)❙❖(n,R),

♦♥❞❡ ❝❧(A+) é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ✭♣♦ss✐✲

✈❡❧♠❡♥t❡ r❡♣❡t✐❞♦s✱ ♣♦✐s ❝♦♥s✐❞❡r❛✲s❡ ♦ ❢❡❝❤♦ ❞❡ A+✮ ❡ ♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r ♣❛r❛ ♦

♠❡♥♦r✳

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ♥❡st❛ ❞❡❝♦♠♣♦s✐çã♦ ❛ ♣❛rt❡ ❞✐❛❣♦♥❛❧ hn ∈
❝❧A+ é ú♥✐❝❛✱ ✐st♦ é✱ ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ♠❛tr✐③ ρ(n, x)✳ P❛r❛

✈❡r ✐ss♦✱ ♦❜s❡r✈❡ q✉❡ s❡ h ❡ h′ sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s t❛✐s q✉❡ h′ = uhv✱ ❝♦♠

u, v ∈ ❙❖(n,R)✱ ❡♥tã♦ h ❡ h′ t❡♠ ♦s ♠❡s♠♦ ❛✉t♦✈❛❧♦r❡s✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r♦

q✉❡

h′ = uhv = uvvthv ❡ h′ =
√
h′th′ =

√
vthutuhv =

√
vth2v = vthv.

❉❡ss❛s ❞✉❛s ✐❣✉❛❧❞❛❞❡s s❡❣✉❡ q✉❡ u = v−1 = vt ❡ ❛ss✐♠✱ s❡ x é ❛✉t♦✈❡t♦r ❞❡ h ❝♦♠

❛✉t♦✈❛❧♦r λ ❡♥tã♦ u(x) é ❛✉t♦✈❡t♦r ❞❡ h′ ❝♦♠ ❛✉t♦✈❛❧♦r λ✱ ♣♦✐s

h′(u(x)) = uhv(u(x)) = uh(x) = u(λx) = λu(x).

❉❡st❡ ♠♦❞♦✱ s❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ h ❡ h′ ❡stã♦ ♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r ♣❛r❛ ♦ ♠❡♥♦r

❡♥tã♦ h = h′✱ ♠♦str❛♥❞♦ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞✐❛❣♦♥❛❧ ❡♠ ❝❧(A+) ♥❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ♣♦❧❛r ❞❡ ❙❧(n,R)✳ ❆ ♠❛tr✐③ u t❛❧ q✉❡ h = uhu−1 ❡♠ ❣❡r❛❧ ♥ã♦ é ú♥✐❝❛✳

❉❡ ❢❛t♦✱ ❡❧❛ ♣♦❞❡ s❡r q✉❛❧q✉❡r ♠❛tr✐③ ♥♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ h ❡♠ ❙❖(n,R)✱ q✉❡ é

❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③ ❞✐❛❣♦♥❛✐s ❡♠ ❜❧♦❝♦s✱ ❝✉❥♦s ❜❧♦❝♦s t❡♠ t❛♠❛♥❤♦s ❞❛❞♦s ♣❡❧❛s

♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ h✳

❆♥❛❧✐s❛♥❞♦ ❛❣♦r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦❧❛r ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ρ(n, x)k✱ ❝♦♠

k ∈ ❙❖(n,R) t❡♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❡♠ ❝❧(A+) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ k✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s

❡s❝r❡✈❡r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞❡ ρ(n, x)k ❝♦♠♦

ρ(n, x)k = knk︸︷︷︸
∈ ❙❖(n,R)

k−1
un hn u

−1
n k︸ ︷︷ ︸

♠❛tr✐③ s✐♠étr✐❝❛

,



❈❛♣✳ ✸ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✻✼

♦♥❞❡ un ∈ ❙❖(n,R)✱ ρ(n, x) = knsn é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞♦ ❝♦❝✐❝❧♦ ρ(n, x) ❡

sn =
√
ρ(n, x)tρ(n, x) = un hn u

−1
n ✳

❈♦♠ ❡ss❛s ♥♦t❛çõ❡s ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ✜❝❛ ❞❡✜♥✐❞♦ ♣❡❧♦ ❧✐♠✐t❡

Λ+(x) = lim
n→∞

1

n
log hn,

q✉❡✱ ❝❛s♦ ❡①✐st❛✱ é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝♦♠ ♦s ❛✉t♦✈❛❧♦r❡s ♦r❞❡♥❛❞♦s ❞♦ ♠❛✐♦r

♣❛r❛ ♦ ♠❡♥♦r✳ ❆❧é♠ ❞✐ss♦✱ t♦♠❛♥❞♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦ ❡ ❛ss✉♠✐♥❞♦

q✉❡ un → u ∈ ❙❖(n,R)✱ t❡♠♦s q✉❡

D+(x) = lim
n→∞

1

n
log sn = ❆❞(u)Λ+(x)

é ♦ r❛✐♦ ❛ss✐♥tót✐❝♦ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ρ(n, x)✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ q✉❛❧ ♣♦♥t♦

❞❡ ❛❝✉♠✉❧❛çã♦ u ❞❡ un é ❡s❝♦❧❤✐❞♦✱ ❥á q✉❡ t♦❞♦s ❡❧❡s s❡ ❞✐❢❡r❡♥❝✐❛♠ ♣♦r ✉♠ ❡❧❡♠❡♥t♦

♥♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ Λ+(x)✳

❖❜s❡r✈❡ q✉❡ ♥♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ❝❧áss✐❝♦✱D+(x) é ❡①❛t❛♠❡♥t❡ ❛ ♠❛tr✐③ s✐♠étr✐❝❛

❝✉❥♦s ❛✉t♦✈❛❧♦r❡s sã♦ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞❛

s❡q✉ê♥❝✐❛ ρ(n, x) é ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❢♦r♠❛❞❛ ♣❡❧♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❝❧áss✐❝♦s

❞❡ ❢♦r♠❛ ♦r❞❡♥❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✜❧tr❛çã♦ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ❝❧áss✐❝♦✱ ❢♦r♠❛❞❛

♣❡❧❛ s♦♠❛ ❞♦s ❛✉t♦✲❡s♣❛ç♦s ❞❡ D+(x)✱ ♦r❞❡♥❛❞♦s ❞♦ ♠❡♥♦r ♣❛r❛ ♦ ♠❛✐♦r ❛✉t♦✈❛❧♦r✱ é

✉♠❛ ♣r♦❥❡çã♦ ❞♦ ✢❛❣ u · b−0 ✱ ♦♥❞❡ b−0 = (〈en〉 ⊂ 〈en, en−1〉 ⊂ · · · ⊂ 〈en, en−1, . . . , e1〉)✱
♥♦ ✢❛❣ ❝✉❥♦s s✉❜❡s♣❛ç♦s t❡♠ ❞✐♠❡♥sã♦ ✐❣✉❛❧ às ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞♦s ❡①♣♦❡♥t❡s ❞❡

▲②❛♣✉♥♦✈✳ ◆❛ ❧✐♥❣✉❛❣❡♠ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♣❛r❛ ✜❜r❛❞♦s ✢❛❣ ❡ss❛ ♣r♦❥❡çã♦ é ❛

❝♦♠♣♦♥❡♥t❡ ❞❡ ❖s❡❧❡❞❡t

stΘ(D
+(x), w0) = ✜①Θ(D

+(x), w0) = u · ✜①Θ(Λ+(x), w0).

❖ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧ ❞✐③ ❛✐♥❞❛ q✉❡ q✉❡ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈

✈❡t♦r✐❛❧ ❞♦ ❝♦❝✐❝❧♦ ρ ❡♠ (x, b)✱ ♦♥❞❡ b = u · b−0 ✱ é ❞❡ ❢❛t♦ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❝r❡s❝✐♠❡♥t♦

❡①♣♦♥❡♥❝✐❛❧ q✉❡✱ ♥❡st❡ ❝❛s♦✱ é ❞❛❞♦ ♣♦r

λ(x, b) = lim
n→∞

1

n
a(n, (x, b)) = w0Λ

+(x),

♦✉ s❡❥❛✱ é ❞❛❞♦ ♣❡❧❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❢♦r♠❛❞❛ ♣❡❧♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ ♦r❞❡♥❛❞♦

❞❡ ♠♦❞♦ ❝r❡s❝❡♥t❡✳

❏á ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ρ(n, x)k✱ t❡♠♦s q✉❡ s❡✉ r❛✐♦ ❛ss✐♥tót✐❝♦ é ❞❛❞♦ ♣♦r

D+(x, k) = lim
n→∞

1

n
log
(
k−1

snk
)
= ❆❞(k−1)❆❞(u)Λ+(x) = ❆❞(k−1)D+(x).
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Capı́tulo 4

❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❡st❛❜❡❧❡❝❡r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❣❡r❛✐s s♦❜r❡ ❞❡❝♦♠♣♦s✐✲

çõ❡s ❞❡ ▼♦rs❡✱ ❡st✐♠❛t✐✈❛s ♣❛r❛ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❛♦ ❧♦♥❣♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s

❞❡ ▼♦rs❡✱ ❜❡♠ ❝♦♠♦ ❛ ✐♥❝❧✉sã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡ts ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡

▼♦rs❡✳ ❊ss❛s ❡st✐♠❛t✐✈❛s ❡ r❡❧❛çõ❡s ❢♦r♥❡❝❡rã♦ ♦ ❛♣❛r❛t♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❞❡✲

♠♦♥str❛çã♦✱ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡ ❡♥✈♦❧✈❡♥❞♦ ❛

r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡ s✉❛s ❡st✐♠❛t✐✈❛s ❛ ♣❛rt✐r ❞♦ t✐♣♦ ♣❛r❛❜ó✲

❧✐❝♦ ❞♦ ✢✉①♦✳

✹✳✶ ▲✐♥❡❛r✐③❛çã♦ ❡♠ ✜❜r❛❞♦s ❋❧❛❣

❙❡❥❛ φ : Q → Q ✉♠ ❛✉t♦♠♦r✜s♠♦ ❡ ❝♦♥s✐❞❡r❡ ♦ ❛✉t♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r ❡❧❡

♥♦ ✜❜r❛❞♦ ✢❛❣ EΘ✳ ◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❝♦♠♦ ♦❜t❡r ✉♠❛ ❝♦♥❥✉❣❛çã♦ ❞❡ ❡♥tr❡ φ ❡

s❡✉ ❧✐♥❡❛r✐③❛❞♦ ♦❧❤❛❞♦ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ EΘ✳

❆q✉✐ ❛ ❧✐♥❡❛r✐③❛çã♦ s❡rá ❢❡✐t❛ ❛♣❡♥❛s ❛♦ r❡❞♦r ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❞❡ ❞❡t❡r♠✐♥❛❞♦s ✜❜r❛❞♦s ❋❧❛❣✳ ❚❛❧ ❝♦♥str✉çã♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ s❡çã♦ ✻ ❞❡

❬✶✺❪✱ ♦♥❞❡ é ❢❡✐t❛ ❛ ❧✐♥❡❛r✐③❛çã♦ ❛♦ r❡❞♦r ❞❡ q✉❛❧q✉❡r ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡✳

❯♠❛ ♠❛♥❡✐r❛ s✐♠♣❧❡s ❞❡ s❡ ❢❛③❡r ❧✐♥❡❛r✐③❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❛♦ r❡❞♦r ❞❛ ✐♠❛❣❡♠

❞❡ ✉♠❛ s❡çã♦ φ✲✐♥✈❛r✐❛♥t❡ σ ❞♦ ✜❜r❛❞♦ ✢❛❣ EΘ✱ é ✉t✐❧✐③❛r ✉♠❛ s❡çã♦ φ✲✐♥✈❛r✐❛♥t❡ σ∗✱

❞♦ ✜❜r❛❞♦ ✢❛❣ ❞✉❛❧ EΘ∗ ✱ ♦♣♦st❛ à σ ✭✈❡r ❞❡✜♥✐çã♦ ♥♦ ❛♣ê♥❞✐❝❡✮✳ ❆♣❡s❛r ❞❡ ♥ã♦ s❡r

s❡♠♣r❡ ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r t❛✐s s❡çõ❡s ♦♣♦st❛s✱ ❡❧❛s ❡①✐st❡♠ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s✱

♣♦r ❡①❡♠♣❧♦✱ ♦ ✜❜r❛❞♦ ✢❛❣ r❡❧❛❝✐♦♥❛❞♦ ❛♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✉♠ ✢✉①♦ ❡ ♦s ✜❜r❛❞♦s

✻✾



❙❡çã♦ ✹✳✶ ✲ ▲✐♥❡❛r✐③❛çã♦ ❡♠ ✜❜r❛❞♦s ❋❧❛❣ ✼✵

✢❛❣ q✉❡ sã♦ ♣r♦❥❡çõ❡s ❞❡st❡✳

❈♦♥s✐❞❡r❡ ❡♥tã♦ σ : X → EΘ ❡ σ∗ : X → EΘ∗ s❡çõ❡s ♦♣♦st❛s φt✲✐♥✈❛r✐❛♥t❡s✱

fσ : Q → FΘ ❡ fσ∗ : Q → FΘ∗ ❛s r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❡ s❡❥❛ H ∈ ❝❧a+

t❛❧ q✉❡

Θ = Θ(H) = {α ∈ Σ | α(H) = 0}.

❆❣♦r❛ fσ × fσ∗ : Q → FΘ × FΘ∗ é ✉♠❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ ❡✱ ❝♦♠♦ fσ(q) ❡

fσ∗(q) sã♦ s✉❜á❧❣❡❜r❛s ♦♣♦st❛s✱ s✉❛ ✐♠❛❣❡♠ ❡st❛ ❝♦♥t✐❞❛ ♥❛ ór❜✐t❛ ❛❜❡rt❛ ❡ ❞❡♥s❛

G ·(bΘ, w0bΘ∗) ❡♠ FΘ×FΘ∗ ✳ ▼❛s ❡ss❛ ór❜✐t❛ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ G/ZΘ✱ ❥á q✉❡

❛ ✐s♦tr♦♣✐❛ ❡♠ (bΘ, w0bΘ∗) ❞❛ ❛çã♦ ❞❡ G ❡♠ FΘ ×FΘ∗ é PΘ ∩P−
Θ = ZΘ✳ ▼❛✐s ❛✐♥❞❛✱

ZΘ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H ❡♠ G ❞❛❞♦ ♣♦r ZH = {g ∈ G |❆❞(g)H = H}
❡ ❡♥tã♦ G/ZΘ = ❆❞(G)H✳ ❉❛í t❡♠♦s ✉♠❛ s❡çã♦ ♥♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ Q×GG/ZΘ ❡

✉♠❛ r❡❞✉çã♦ ❞❡ Q ♣❛r❛ ✉♠ ZΘ✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❛❞♦ ♣♦r

QΘ = f−1
σ (bΘ) = {q ∈ Q | σ(x) = q · bΘ}.

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ K✲r❡❞✉çã♦ ❝♦♠♣❛❝t❛ R ❞❡ Q✱ ❛tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦ G/ZΘ =

K/KΘ✱ ♦♥❞❡ KΘ = KH = ZH ∩ K✱ t❡♠♦s q✉❡ Q ×G G/ZΘ = R ×K K/KΘ✱ ♦ q✉❡

❢♦r♥❡❝❡ ✉♠❛ KΘ✲r❡❞✉çã♦ ❞❡ Q ❞❛❞❛ ♣♦r

RΘ = f−1
σ (bΘ) ∩R = {r ∈ R | σ(x) = r · bΘ}.

❙ã♦ ❡ss❛s r❡❞✉çõ❡s q✉❡ ✈ã♦ ❢♦r♥❡❝❡r ❛ ❧✐♥❡❛r✐③❛çã♦ ❞❡ EΘ ❛♦ r❡❞♦r ❞❛ ✐♠❛❣❡♠ ❞❡ σ✳

P❛r❛ ❝♦♠❡ç♦ ❞❡ ❝♦♥✈❡rs❛✱ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ EΘ ❛♦ ❧♦♥❣♦ ❞❡ σ ♣♦ss✉✐

✉♠❛ s✐♠♣❧✐✜❝❛çã♦ ❡♠ t❡r♠♦s ❞❛ ZΘ✲r❡❞✉çã♦ ❞❡ Q✳ ❉❡ ❢❛t♦✱ t❛❧ ✜❜r❛❞♦ é ❞❛❞♦ ♣❡❧♦

♣✉❧❧❜❛❝❦ ❞❡

T fEΘ = QΘ ×ZΘ
TFΘ −→ QΘ ×ZΘ

FΘ = EΘ

♣♦r σ : X → EΘ✳ ▼❛s ♣❛r❛ q ∈ QΘ✱ ❝♦♠ π(q) = x✱ t❡♠♦s σ(x) = q · bΘ✱ ❡ ❞❛í q✉❡

T fσEΘ = σ∗(T fEΘ) = QΘ ×ZΘ
TbΘFΘ = QΘ ×ZΘ

n−Θ,

♦♥❞❡ ❛ ❛çã♦ ❞❡ ZΘ ❡♠ n−Θ é ❧✐♥❡❛r ❞❛❞❛ ♣❡❧❛ ❛❞❥✉♥t❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ZΘ ✭♦✉ ♣❡❧❛s

❞✐❢❡r❡♥❝✐❛✐s ❞❛s tr❛♥s❧❛çõ❡s ❡♠ FΘ✱ q✉❡ s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ❛ ❛çã♦ ❛❞❥✉♥t❛ ❡♠ n−Θ✮✳

❊♠ t❡r♠♦s ❞❛ r❡❞✉çã♦ RΘ ❛ ♠❡s♠❛ ❝♦♥str✉çã♦ ❢♦r♥❡❝❡

T fEΘ = RΘ ×KΘ
TFΘ ❡ T fσEΘ = RΘ ×KΘ

n−Θ.

❋✐♥❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦❧♦❝❛r ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ T fσEΘ ❛ ♣❛rt✐r ❞♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ Bθ(·, ·) ❞❛ á❧❣❡❜r❛ ❞❡ ❧✐❡ g✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ❡



❈❛♣✳ ✹ ✲ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✼✶

♣❡❧❛ ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ θ✱ ♣♦♥❞♦

〈r ·X, r · Y 〉 = Bθ(X, Y ), r ∈ RΘ, X, Y ∈ n−Θ.

❊ss❛ ♠étr✐❝❛ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ❆❞(u)✱ ❝♦♠ u ∈ K✱ sã♦

✐s♦♠❡tr✐❛s ❞❡ Bθ✳

❆ ❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t ❛♦ r❡❞♦r ❞❛ ♦r✐❣❡♠ bΘ ❞❡ FΘ é ❞❛❞❛ ♣♦r N−
Θ bΘ✳ P♦♥❞♦

BΘ = QΘ ·N−
Θ bΘ✱ t❡♠♦s q✉❡ ❡ss❡ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦ ❡♠ EΘ

❉❡✜♥❛

Ψ : QΘ ×ZΘ
n−Θ → BΘ, Ψ(q ·X) = q · (expX)bΘ, q ∈ QΘ, X ∈ n−Θ. ✭✹✳✶✮

❆ ❛♣❧✐❝❛çã♦ Ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s s❡ q · X = q′ · X ′ ❡♥tã♦ ❡①✐st❡ g ∈ ZΘ t❛❧

q✉❡ q′ = q · g ❡ X ′ = g−1 · X = ❆❞(g−1)X✳ ❉❛í s❡❣✉❡ q✉❡ q′ · exp(X ′) = q′ ·
exp(❆❞(g−1)X)bΘ = qg·g−1 exp(X)gbΘ = q·exp(X)bΘ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦

X ∈ n−Θ 7→ (expX)bΘ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ✭♣r♦♣♦s✐çã♦ ✸✳✻ ❞❡ ❬✽❪✮✱ s❡❣✉❡ q✉❡ Ψ é ✉♠

❤♦♠❡♦♠♦r✜s♠♦✳

❉❡♥♦t❡ ♣♦r Φ : T fσEΘ → T fσEΘ ♦ ❛✉t♦♠♦r✜s♠♦ ❧✐♥❡❛r ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ às

✜❜r❛s ❞❡ EΘ ❛♦ ❧♦♥❣♦ ❞❡ σ ✐♥❞✉③✐❞♦ ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ φ : Q→ Q✳ ■st♦ é✱ Φ(q ·X) =

φ(q) ·X✱ ♦♥❞❡ q ∈ QΘ ❡ X ∈ n−Θ✳

❈♦♠♦ ♦ s✉❜✜❜r❛❞♦ QΘ é φ✲✐♥✈❛r✐❛♥t❡✱ s❡❣✉❡ q✉❡ BΘ = QΘ · N−
Θ bΘ t❛♠❜é♠ é

φ✲✐♥✈❛r✐❛♥t❡✳ ❘❡str✐♥❣✐♥❞♦ φ ❛ BΘ✱ t❡♠♦s q✉❡ φ ❡ Φ sã♦ ❝♦♥❥✉❣❛❞♦s ♣❡❧♦ ❤♦♠❡♦♠♦r✲

✜s♠♦ Ψ✱ ✐st♦ é✱

φ(Ψ(q ·X)) = Ψ(Φ(q ·X)), q ∈ QΘ▼♦ , X ∈ n−Θ.

❉❡ ❢❛t♦✱

φ(Ψ(q ·X)) = φ(q · (expX)bΘ) = φ(q) · (expX)bΘ = Ψ(φ(q) ·X) = Ψ(Φ(q ·X)).

❊ss❛ ❝♦♥❥✉❣❛çã♦ ♣❡r♠✐t❡ ♠♦str❛r q✉❡✱ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦ ❧✐♥❡❛r✐③❛❞♦ Φ é

✉♠❛ ❝♦♥tr❛çã♦✱ ❛ ✐♠❛❣❡♠ ❞❡ σ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞❡ φ ❡♠ EΘ✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❙❡❥❛ φ : Q → Q ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞♦ ✜❜r❛❞♦ Q → X✱ EΘ ✉♠

✜❜r❛❞♦ ✢❛❣ ❛ss♦❝✐❛❞♦ ❡ EΘ∗ ♦ ✜❜r❛❞♦ ✢❛❣ ❞✉❛❧✳ ❙✉♣♦♥❤❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✐✳ ❊①✐st❡♠ s❡çõ❡s φ✲✐♥✈❛r✐❛♥t❡s σ : X → EΘ ❡ σ∗ : X → EΘ∗ q✉❡ sã♦ ♦♣♦st❛s

✐✐✳ ❆ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ❡♠ T fσEΘ ✭✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ EΘ ❛♦ ❧♦♥❣♦ ❞❡

σ✮ t❡♠ ♥♦r♠❛ ‖Φ‖ < 1✳



❙❡çã♦ ✹✳✷ ✲ P❡rt✉r❜❛çã♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ✼✷

❊♥tã♦ ✐♠σ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛

❞❡ φ ❡♠ EΘ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B ⊂ T fσEΘ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡ A = Ψ(B) ❛ ✐♠❛❣❡♠ ❞❡

B ♣❡❧❛ ❝♦♥❥✉❣❛çã♦ Ψ ❝♦♥str✉í❞❛ ❛❝✐♠❛ ❛ ♣❛rt✐r ❞❛s s❡çõ❡s ♦♣♦st❛s ❞❛❞❛ ♥❛ ❤✐♣ót❡s❡

✭✐✳✮✳ ❆ ❤✐♣ót❡s❡ ✭✐✐✳✮ ❣❛r❛♥t❡ q✉❡ A é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✐♠σ q✉❡ é ❛tr❛t♦r❛ ♣❛r❛ ♦

❛✉t♦♠♦r✜s♠♦ φ✳ ❉❡ ❢❛t♦✱ s❡❥❛ x = Ψ(v) ∈ A✱ ❝♦♠ v ∈ B✳ ❖s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦

❞❡ Φn(v) ❡stã♦ ♥❛ s❡çã♦ ♥✉❧❛ ❞❡ T fσEΘ ♣♦✐s ‖Φn(v)‖ ≤ ‖Φn‖ ≤ ‖Φ‖n → 0. ▼❛s

φn(x) = φn(Ψ(v)) = Ψ(Φn(v))✱ ♠♦str❛♥❞♦ q✉❡ ♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ φn(x)

❡stã♦ ❡♠ ✐♠σ✳

■ss♦ ♠♦str❛ q✉❡ ✐♠σ é ✉♠ ❝♦♥❥✉♥t♦ ❛tr❛t♦r φ✲✐♥✈❛r✐❛♥t❡✳ P❡❧❛ ❞❡s❝r✐çã♦ ❞❛s

❝♦♠♣♦♥❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡ ♠❛✐s ✜♥❛ ❞❡ φ✱ t❡♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡

❛tr❛t♦r❛ ❞❡✈❡ s❡r ❛ ✐♠❛❣❡♠ ❞❛ s❡çã♦ σ✳

✹✳✷ P❡rt✉r❜❛çã♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❆ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❡ ✢✉①♦s ♥♦s ✜❜r❛❞♦s ❋❧❛❣ EΘ ✐♥❞✉✲

③✐❞♦s ♣♦r ❛✉t♦♠♦r✜s♠♦s φ : Q → Q✱ ❢♦r♥❡❝❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦ Θ▼♦(φ) ✭♦✉

❛♣❡♥❛s Θ▼♦ s❡ ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ ♦ ❛✉t♦♠♦r✜s♠♦ φ✮✳ ❉❡♥♦t❛♠♦s ❛✐♥❞❛ ♣♦r

φ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♥❛ ❜❛s❡ X✳ ◆♦ ✜❜r❛❞♦ ❋❧❛❣ ❞❡ t✐♣♦ Θ▼♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

▼♦rs❡ ❛tr❛t♦r❛ M+
Θ▼♦

é ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ s❡çã♦ σΘ▼♦ : X → EΘ▼♦ ✳ ❊ss❛ s❡çã♦ é

✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ φ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ é ✉♠ ♣♦♥t♦ ✜①♦ ❞❛ ❛♣❧✐❝❛çã♦

♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ❞❡ EΘ▼♦ ❞❛❞❛ ♣♦r

Γφ : ΓEΘ▼♦ −→ ΓEΘ▼♦

σ 7−→ Γφ(σ) = φ ◦ σ ◦ φ−1

❖ ♦❜❥❡t✐✈♦ ❞❡ss❛ s❡çã♦ é ♠♦str❛r q✉❡ ♣❡rt✉r❜❛♥❞♦ φ ♣♦r ♣❡q✉❡♥♦s ❡❧❡♠❡♥t♦s

❞♦ ❣r✉♣♦s ❞❡ ❈❛❧✐❜r❡ ❞♦ ✜❜r❛❞♦ Q✱ ♦❜t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♥♦ ❡s♣❛ç♦

❞❡ s❡çõ❡s ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ ♣❡rt✉r❜❛❞♦ ❝♦♥t✐♥✉❛ t❡♥❞♦ ✉♠ ♣♦♥t♦ ✜①♦✳ ❱❡r❡♠♦s

t❛♠❜é♠ q✉❡ t❛❧ ♣♦♥t♦ ✜①♦ s❡rá ❛ s❡çã♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❞❡ss❡ ✢✉①♦✳

P❛r❛ ❝♦❧♦❝❛r ❡ss❛s ❛✜r♠❛çõ❡s ❞❡ ❢♦r♠❛ ♣r❡❝✐s❛✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ❛❧❣✉♠❛s ♣r♦♣♦✲

s✐çõ❡s✳

▲❡♠❛ ✹✳✷✳✶✳ ❙❡❥❛♠ H ❡ M ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❇❛♥❛❝❤ ❡ p : H×M →M

✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡♥♦t❡ ♣♦r pγ : M → M ❛ ❛♣❧✐❝❛çã♦ pγ(x) = p(γ, x)✳



❈❛♣✳ ✹ ✲ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✼✸

❈♦♥s✐❞❡r❡ γ0 ∈ H ❡ x0 ∈ M t❛✐s q✉❡ pγ0(x0) = x0 ❡ s✉♣♦♥❤❛ q✉❡ dpγ0(x0) − id

é ✐♥✈❡rsí✈❡❧✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ γ0 ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

χ : V →M t❛❧ q✉❡ ♣❛r❛ t♦❞♦ γ ∈ V ✱ χ(γ) é ♣♦♥t♦ ✜①♦ ❞❡ pγ✱ ✐st♦ é✱ pγ(χ(γ)) = χ(γ)✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❛♦ r❡❞♦r ❞❡ γ0 ❡ ❞❡ x0 ♣♦❞❡♠♦s

s✉♣♦r q✉❡ G ❡ M sã♦ ❛❜❡rt♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

❛ ❛♣❧✐❝❛çã♦ f : G ×M →M ♣♦r

f(γ, x) = pγ(x)− x.

P♦r ❤✐♣ót❡s❡ ❡ss❛ ❛♣❧✐❝❛çã♦ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ f(γ0, x0) = 0✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞❡r✐✈❛❞❛

❞❡ f ❝♦♠ r❡❧❛çã♦ à s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛ é ❞❛❞❛ ♣♦r

∂f

∂x
(γ0, x0) = dpγ0(x0)− id,

q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ é ✐♥✈❡rsí✈❡❧✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❢✉♥çã♦ ✐♠♣❧í❝✐t❛ t❡♠♦s q✉❡

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ γ0 ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ χ : V → M t❛❧ q✉❡ f(γ, χ(γ)) = 0

♣❛r❛ γ ∈ V ✱ ✐st♦ é✱ pγ(χ(γ)) = χ(γ)

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G = G(Q) ❞♦ ✜❜r❛❞♦ Q ❡ s✉❛ ❝❧❛ss❡ ❧❛t❡r❛❧

Gφ = {γ ◦ φ | γ ∈ G},

♦♥❞❡ φ : Q→ Q é ✉♠ ❛✉t♦♠♦r✜s♠♦✳ ❊ss❛ ❝❧❛ss❡ ❧❛t❡r❛❧ é ❢♦r♠❛❞❛ ♣❡❧♦s ❛✉t♦♠♦r✜s✲

♠♦s ❞❡ Q q✉❡ ✐♥❞✉③❡♠ ♥❛ ❜❛s❡ ❛ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ q✉❡ φ✳ P❡❧❛ ❜✐❥❡çã♦ ❝♦♠ ♦ ❣r✉♣♦

❞❡ ❝❛❧✐❜r❡✱ s❡❣✉❡ q✉❡ Gφ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❇❛♥❛❝❤✳ ❈❛❜❡ ❛q✉✐ ❛ ♦❜s❡r✈❛çã♦ ❞❡

q✉❡ t❛♥t♦ ❢❛③ ❝♦♥s✐❞❡r❛r ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ à ❞✐r❡✐t❛ ♦✉ à ❡sq✉❡r❞❛✱ ❥á q✉❡ ♦ ❣r✉♣♦ ❞❡

❝❛❧✐❜r❡ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ ❆✉t(Q)✱ ❡ ❞❛í φG = Gφ✳
❱❛♠♦s ❛♣❧✐❝❛r ♦ ❧❡♠❛ ✹✳✷✳✶ ❝♦♥s✐❞❡r❛♥❞♦ H = Gφ✱ M = Γ(Q ×G F )✱ (γ0, x0) =

(φ, σΘ▼♦) ❡

p : Gφ× Γ(Q×G F ) −→ Γ(Q×G F )

(ψ, σ) 7−→ p(ψ, σ) = ψ ◦ σ ◦ ψ−1.
✭✹✳✷✮

P❛r❛ ✐ss♦ ♣r❡❝✐s❛♠♦s ❞❛s ♣r♦♣♦s✐çõ❡s ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✷✳ ❆ ❛♣❧✐❝❛çã♦ p : Gφ× Γ(Q×G F ) → Γ(Q×G F ) ❞❡✜♥✐❞❛ ❛❝✐♠❛

é ❞✐❢❡r❡♥❝✐á✈❡❧



❙❡çã♦ ✹✳✷ ✲ P❡rt✉r❜❛çã♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ✼✹

❉❡♠♦♥str❛çã♦✿ ❆s ❛♣❧✐❝❛çõ❡s d : Gφ → G ❡ Γφ : Γ(Q ×G F ) → Γ(Q ×G F )✱

❞❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r d(ψ) = ψ ◦ φ−1 ❡ Γφ(σ) = φ ◦ σ ◦ φ−1 sã♦ ❞✐❢❡r❡♥❝✐á✲

✈❡✐s✱ ❡ ❞❛í d × Γφ t❛♠❜é♠ é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ p é s✐♠♣❧❡s♠❡♥t❡ ❛

❝♦♠♣♦st❛ ❞❛ ❛çã♦ ❞❡ G ❡♠ Γ(Q×GF )✱ q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ✷✳✹✳✸✱ ❝♦♠ d×Γφ✳

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ❧❡♠❛ ✹✳✷✳✶ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ p é ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦

❛❝✐♠❛✱ t❡♠♦s q✉❡

pψ(σ) = ψ ◦ σ ◦ ψ−1 = Γψ(σ).

P❛r❛ ❛♣❧✐❝❛r ♦ ❧❡♠❛ r❡st❛ ♠♦str❛r q✉❡ d(Γφ)σΘ▼♦ − id é ✐♥✈❡rsí✈❡❧✳

P❛r❛ ❢❛③❡r ✐ss♦ ♣r❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛ ❞❡ ✉♥✐❢♦r♠✐❞❛❞❡✳

▲❡♠❛ ✹✳✷✳✸✳ ❙❡❥❛ V → X ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♥tí♥✉♦ ❝♦♠ ❜❛s❡ X ❝♦♠♣❛❝t❛ ❡

Φ : V → V ✉♠ ❛✉t♦♠♦r✜s♠♦ ❧✐♥❡❛r✳ ❙❡ ❛ s❡çã♦ ♥✉❧❛ V0 ❢♦r ✉♠ ❛tr❛t♦r ❞❡ Φ✱ ❡♥tã♦

❡①✐st❡ ✉♠❛ ♥♦r♠❛ ‖ · ‖ ❡♠ V ❡ ✉♠❛ ❝♦♥st❛♥t❡ µ > 0 t❛❧ q✉❡

‖Φn(v)‖ ≤ e−µn‖v‖, ♣❛r❛ t♦❞♦ v ∈ V ❡ n ∈ N✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ‖·‖ ✉♠❛ ♥♦r♠❛ ❛r❜✐trár✐❛ ❡♠ V ✭t♦❞❛s ❛s ♥♦r♠❛s sã♦ ❡q✉✐✈❛✲

❧❡♥t❡s ❡♠ V✮✳ ❈♦♠♦ V0 é ✉♠ ❛tr❛t♦r✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ V0 t❛❧

q✉❡ limn→∞ ‖Φn(v)‖ = 0✱ ♣❛r❛ t♦❞♦ v ∈ U ✳ ▼❛s ♣❛r❛ t♦❞♦ v ∈ V ✱ ❡①✐st❡ ǫ > 0 t❛❧

q✉❡ ǫv ∈ U ✱ ❡ ❞❛í limn→∞ ‖Φn(v)‖ = limn→∞
1
ǫ
‖Φn(ǫv)‖ = 0✳ P❡❧♦ ❧❡♠❛ ✺✳✷✳✼ ❞❡ ❬✼❪✱

❡①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ α > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ∈ N✱ ‖Φn(v)‖ ≤ Ce−αn‖v‖✳
P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷ ❞❡ ❬✺❪✱ s❡❣✉❡ q✉❡ s❡ 0 < µ < α ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛

♥♦r♠❛ ‖ · ‖∗ ❡♠ V t❛❧ q✉❡ ‖Φn(v)‖∗ ≤ e−µn‖v‖∗✱ ♣❛r❛ t♦❞♦ v ∈ V ❡ n ∈ N✳

❆ ♣❛rt✐r ❞❡ss❡ ❧❡♠❛ ❞❡ ✉♥✐❢♦r♠✐❞❛❞❡✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡✱ ❝♦♠ ✉♠❛ ❞❡t❡r✲

♠✐♥❛❞❛ ♥♦r♠❛✱ ❛ ❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s ΓEΘ▼♦ é ✉♠❛ ❝♦♥tr❛çã♦ ❛♦ ❧♦♥❣♦ ❞❛

❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

Pr♦♣♦s✐çã♦ ✹✳✷✳✹✳ ❊①✐st❡ ✉♠❛ ♥♦r♠❛ ‖ · ‖ ❡♠ T fEΘ▼♦ ❡ µ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦

v = q · w ∈ Tξ (EΘ▼♦)x✱ ❝♦♠ ξ = q · bΘ▼♦ ∈ M+
Θ▼♦

✱ ❡ x = π(ξ) ✈❛❧❡

‖dfφξ(v)‖ ≤ e−µ‖v‖.

P❛ss❛♥❞♦ ❛♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s t❡♠♦s q✉❡

‖d(Γφ)σΘ▼♦‖ ≤ e−µ < 1.



❈❛♣✳ ✹ ✲ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✼✺

❉❡♠♦♥str❛çã♦✿ ❈♦♥str✉✐r❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ♥♦r♠❛ ♥❛s ✜❜r❛s s♦❜r❡ ❛ ❝♦♠♣♦✲

♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ M+
Θ▼♦

⊂ EΘ▼♦ ✱ ✐st♦ é✱ ❡♠ T fσΘ▼♦
EΘ▼♦ ✳ P❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❡

Φ : T fσΘ▼♦
EΘ▼♦ → T fσΘ▼♦

EΘ▼♦ ❛ ❧✐♥❡❛r✐③❛çã♦ ❞❡ φ : EΘ▼♦ → EΘ▼♦ ✱ ❝♦♠♦ ❝♦♥str✉í❞❛

♥♦ ❝♦♠❡ç♦ ❞♦ ❝❛♣ít✉❧♦✳ P♦r ❤♦r❛ ✐r❡♠♦s ♦❧❤❛r T fσΘ▼♦EΘ▼♦ ❝♦♠♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ s♦✲

❜r❡ M+
Θ▼♦

✭♦✉ s♦❜r❡ X ✈✐❛ ✐❞❡♥t✐✜❝❛çã♦ ❛tr❛✈és ❞❛ s❡çã♦ σΘ▼♦✮✳ ❆ s❡çã♦ ♥✉❧❛ ❞❡

T fσΘ▼♦
EΘ▼♦ é ❛ ✐♠❛❣❡♠ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ M+

Θ▼♦
♣❡❧❛ ❝♦♥❥✉❣❛çã♦

Ψ−1 ❡♥tr❡ φ ❡ Φ✱ ❡ ❧♦❣♦ é ✉♠ ❛tr❛t♦r✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

µ > 0 ❡ ✉♠❛ ♥♦r♠❛ ‖ · ‖ ❡♠ T fσΘ▼♦
EΘ▼♦ t❛❧ q✉❡

‖Φn(v)‖ ≤ e−µn‖v‖ ♣❛r❛ t♦❞♦ v ∈ T fσΘ▼♦
EΘ▼♦ = QσΘ▼♦

×ZΘ▼♦
TbΘ▼♦FΘ▼♦ ❡ n > 0✳

❊s❝r❡✈❡♥❞♦ v = q · w ❡ ξ = q · bΘ▼♦ ✱ ❝♦♠ q ∈ QσΘ▼♦
✱ w ∈ TbΘ▼♦FΘ▼♦ t❡♠♦s q✉❡

dfφξ(v) = dfφξ(q · w) = φ(q) · w = Φ(q · w) = Φ(v).

❊♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ n = 1 t❡♠♦s

‖dfφξ(v)‖ ≤ e−µ‖v‖

■ss♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ♥♦r♠❛ ❡♠ T fσΘ▼♦
EΘ▼♦ ✱ ✐st♦ é✱ ♥❛s ✜❜r❛s ❞❡ T

f
EΘ▼♦ s♦❜r❡M+

Θ▼♦
✳

❆❣♦r❛M+
Θ▼♦

é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ EΘ▼♦ ✱ ❡ ❧♦❣♦ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ ♥♦r♠❛

❞❡✜♥✐❞❛ ♥❛s ✜❜r❛s s♦❜r❡ M+
Θ▼♦

♣❛r❛ ✉♠❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ❡♠ EΘ▼♦ ✳ ✭♣♦r ❡①❡♠♣❧♦✱

✉s❛♥❞♦ ♦ ❧❡♠❛ ❞❡ ❯r②s♦❤♥✮

▲❡♠❛ ✹✳✷✳✺✳ ❙❡ T é ✉♠ ♦♣❡r❛❞♦r ♥✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡ ‖T‖ < 1 ❡♥tã♦

T − I é ✐♥✈❡rsí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ‖T‖ < 1✱ ❛ sér✐❡ S =
∑∞

i=0 T
i ❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡✳ ➱

❢á❝✐❧ ✈❡r q✉❡ (I − T )S = S(I − T ) = I

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♠♦str❛r q✉❡ ❛♣❧✐❝❛çõ❡s ✐♥❞✉③✐❞❛s ♥♦ ❡s♣❛ç♦ ❞❡ s❡çõ❡s

ΓEΘ▼♦ ♣♦r ♣❡q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s ❞❡ φ ♣♦r ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❞❡ Q

♣♦ss✉❡♠ ♣♦♥t♦s ✜①♦s✱ ✐st♦ é✱ s❡çõ❡s ✐♥✈❛r✐❛♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛s s❡çõ❡s ❞❡♣❡♥❞❡♠

❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❝❛❧✐❜r❡✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✻✳ ❊①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❛ ✐❞❡♥t✐❞❛❞❡ ♥♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q)
❡ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞✱ γ ∈ V → σγ ∈ ΓEΘ▼♦ t❛❧ q✉❡ σγ é ♣♦♥t♦ ✜①♦ ❞❛ ❛♣❧✐❝❛çã♦ ❡♠

ΓEΘ▼♦ ✐♥❞✉③✐❞❛ ♣❡❧♦ ❛✉t♦♠♦r✜s♠♦ γ ◦ φ✱ ✐st♦ é✱

Γ(γ ◦ φ)(σγ) = σγ.



❙❡çã♦ ✹✳✷ ✲ P❡rt✉r❜❛çã♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ✼✻

❉❡♠♦♥str❛çã♦✿ ❆ ❛♣❧✐❝❛çã♦ p : Gφ×Γ(Q×GF ) → Γ(Q×GF ) ❞❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✷

é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♠♦ pφ(σ) = φ ◦ σ ◦ φ−1 = Γφ(σ)✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ pφ ❡♠ σ é ❞❛❞❛

♣♦r d(Γφ)σ✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✹ ❡ ♣❡❧♦ ❧❡♠❛ ✹✳✷✳✺✱ s❡❣✉❡ q✉❡ ❛ d(Γφ)σΘ▼♦ − id é

✐♥✈❡rsí✈❡❧✱ ❡ ❞❛í✱ ♣❡❧♦ ❧❡♠❛ ✹✳✷✳✶ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❱❛♠♦s ✈❡r ❛❣♦r❛ q✉❡ ♣❛r❛ γ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❛ s❡çã♦

σγ ❞❛❞❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞♦ ❛✉t♦✲

♠♦r✜s♠♦ γ ◦ φ✳ ❋❡✐t♦ ✐ss♦ ♣♦❞❡r❡♠♦s ♠♦str❛r q✉❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡

❛✉t♦♠♦r✜s♠♦s ♣ró①✐♠♦s ❞❡ φ sã♦ ❞❛❞♦s ♣♦r ✐♥t❡❣r❛✐s ❡♠ r❡❧❛çã♦ ❛ ♠❡❞✐❞❛s q✉❡

✈❛r✐❛♠ ❛♥❛❧✐t✐❝❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✼✳ ❊①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ ❡

✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ γ ∈ V 7→ σγ ∈ ΓEΘ▼♦ ✭❝♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✮ t❛❧

q✉❡ ✐♠(σγ) ⊂ EΘ▼♦ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦rs❡

♠❛✐s ✜♥❛ ♣❛r❛ ♦ ❛✉t♦♠♦r✜s♠♦ γ ◦ φ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Θ▼♦ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ φ ❡ Θ∗
▼♦ ♦ s❡✉ ❞✉❛❧✱ q✉❡ ❢♦r♥❡❝❡ ♦

t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ φ−1✳ ❈♦♥s✐❞❡r❡ σΘ▼♦ : X → EΘ▼♦ ❡ σΘ∗

▼♦
: X → EΘ∗

▼♦
❛s s❡çõ❡s

♦♣♦st❛s q✉❡ ❢♦r♥❡❝❡♠ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❛tr❛t♦r❛s ❞❡ φ ❡ φ−1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆♣❧✐❝❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✻ à φ−1 ❡ σΘ∗

▼♦
✱ ♦❜t❡♠♦s ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ′ ❞❛ ✐❞❡♥t✐❞❛❞❡

❡♠ G ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

γ′ ∈ V ′ 7→ σ∗
γ′ ∈ ΓEΘ∗

▼♦
,

t❛❧ q✉❡ σ∗
γ′ é (γ′−1 ◦ φ−1)✲✐♥✈❛r✐❛♥t❡✳ ❈♦♠♦ γ′ ❡ φ sã♦ ❛✉t♦♠♦r✜s♠♦s✱ ❛ s❡çã♦ σ∗

γ′ é

t❛♠❜é♠ ✐♥✈❛r✐❛♥t❡ ♣♦r (γ′−1 ◦ φ−1)
−1

= φ ◦ γ′✳ ❊s❝r❡✈❡♥❞♦

V = φV ′φ−1 = {φ ◦ η′ ◦ φ−1 | η′ ∈ V ′},

t❡♠♦s q✉❡ V ❛✐♥❞❛ é ✈✐③✐♥❤❛♥ç❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G ❡ σ∗
γ′ é (γ ◦ φ)✲✐♥✈❛r✐❛♥t❡✱ ♦♥❞❡

γ = φ ◦ γ′ ◦ φ−1 ∈ V ✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ❞❡♥♦t❛r❡♠♦s ❛ s❡çã♦ σ∗
γ′ ♣♦r σ

∗
γ✳ ❆ss✐♠

❝♦♥str✉í♠♦s ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

γ ∈ V 7→ σγ ∈ ΓEΘ▼♦ ❡ γ ∈ V 7→ σ∗
γ ∈ ΓEΘ∗

▼♦

t❛✐s q✉❡ σγ ❡ σ∗
γ sã♦ (γ ◦ φ)✲✐♥✈❛r✐❛♥t❡s ❡ t❛✐s q✉❡ σ1 = σΘ▼♦ ❡ σ∗

1 = σΘ∗

▼♦
✱ ♦♥❞❡ 1

❞❡♥♦t❛ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G✳



❈❛♣✳ ✹ ✲ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✼✼

❈♦♠♦ σ1 ❡ σ∗
1 sã♦ s❡çõ❡s ♦♣♦st❛s✱ ♣♦❞❡✲s❡ ❞✐♠✐♥✉✐r ❛ ✈✐③✐♥❤❛♥ç❛ V ♣❛r❛ q✉❡

σγ ❡ σ∗
γ ❛✐♥❞❛ s❡❥❛♠ ♦♣♦st❛s ♣❛r❛ γ ∈ V ✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ fσγ ∈ Ceq(R,FΘ▼♦) ❡

fσ∗

γ
∈ Ceq(R,FΘ∗

▼♦
) ❛s s❡çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❛ss♦❝✐❛❞❛s ❛ σγ ❡ σ∗

γ ❡ ♣♦♥❤❛ U = G ·
(bΘ▼♦ , w0bΘ∗

▼♦
) ⊂ FΘ▼♦ × FΘ∗

▼♦
❛ ór❜✐t❛ ❛❜❡rt❛ ❡ ❞❡♥s❛ q✉❡ ❢♦r♥❡❝❡ ❛s s✉❜á❧❣❡❜r❛s

♦♣♦st❛s✳ ❊♥tã♦ fσ1 × fσ∗

1
❡stá ♥♦ ❛❜❡rt♦ Ceq(R,U) ⊂ Ceq(R,FΘ▼♦ × FΘ∗

▼♦
) ❡✱ ❝♦♠♦

γ ∈ V 7→ fσγ × fσ∗

γ
∈ Ceq(R,FΘ▼♦ × FΘ∗

▼♦
) é ❝♦♥tí♥✉❛ ✭♥❛ ✈❡r❞❛❞❡✱ é ❞✐❢❡r❡♥❝✐á✈❡❧✮✱

♣♦❞❡✲s❡ ❞✐♠✐♥✉✐r V ♣❛r❛ q✉❡ ❛ ✐♠❛❣❡♠ ✜q✉❡ ❞❡♥tr♦ ❞❡ Ceq(R,U)✳ ❉❛í t❡r❡♠♦s

σγ(x) = r · fσγ (r) ❡ σ∗
γ(x) = r · fσ∗

γ
(r) ♦♣♦st❛s ♣❛r❛ t♦❞♦ γ ∈ V ✳

❯t✐❧✐③❛♥❞♦ ❛ ♥♦r♠❛ ❞❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✹✱ ❝♦♠♦ ‖dfφξ‖ < 1 ♣❛r❛ t♦❞♦ ξ ∈ ✐♠σ1 =

M+
Θ▼♦

✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡ ♣♦❞❡♠♦s ❞✐♠✐♥✉✐r V ❞❡ ❢♦r♠❛ q✉❡ ‖df (γ ◦ φ)ξ‖ < 1 ♣❛r❛

t♦❞♦ ξ ∈ ✐♠σγ✳ ❆ss✐♠✱ ♣❛r❛ γ ∈ V ✱ σγ ❡ σ∗
γ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞❛ ♣r♦♣♦s✐çã♦

✹✳✶✳✶✱ ❡ ❡♥tã♦ ✐♠σγ ⊂ EΘ▼♦ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

▼♦rs❡ ♠❛✐s ✜♥❛ ❞❡ γ ◦ φ✳

✹✳✸ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❡ ❛s ❝♦♠♣♦♥❡♥✲

t❡s ❞❡ ▼♦rs❡

▼♦str❛r❡♠♦s ❛❜❛✐①♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡ ❛s ❝♦♠✲

♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ♣❛r❛ ♦ ✢✉①♦✳ P♦r ❤♦r❛✱ ♠♦str❛r❡♠♦s ❛♣❡♥❛s q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s

❞❡ ▲②❛♣✉♥♦✈ ❡stã♦ ❝♦♥t✐❞❛s ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡✳ ❊♠ ❬✶❪ ❡①✐st❡ ✉♠❛ ❞❡s❝r✐çã♦

♠❛✐s ♣r❡❝✐s❛ ❞❡ q✉❛♥❞♦ ♦s t✐♣♦s ♣❛r❛❜ó❧✐❝♦s ❝♦✐♥❝✐❞❡♠✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ❢♦r♥❡❝❡ ✉♠❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉✲

♥♦✈ ✈❡t♦r✐❛✐s ❛♦ ❧♦♥❣♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛✳ ❊ss❡ t❡♦r❡♠❛ ❢♦✐ ❞❡♠♦♥s✲

tr❛❞♦ ❡♠ ❬✷✵❪✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❛♣❡♥❛s ♣❛r❛ ❛❞❡q✉❛r ❛ ♥♦t❛çã♦

❝♦♠ ♦s ♣r♦❜❧❡♠❛s q✉❡ ❡st❛♠♦s tr❛t❛♥❞♦✳

❚❡♦r❡♠❛ ✹✳✸✳✶✳ ❙❡ ξ ∈ M+ é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✱ ✐st♦ é✱ s❡ ❡①✐st❡ ♦ ❡①♣♦❡♥t❡ ❞❡

▲②❛♣✉♥♦✈ λ(ξ)✱ ❡♥tã♦ ❡①✐st❡ µ > 0 t❛❧ q✉❡

α(λ(ξ)) ≥ µ, ∀α ∈ Π+\〈Θ▼♦〉 ✭✹✳✸✮

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Θ = Θ▼♦✳ ▲❡♠❜r❛♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

M+ é ❞❛❞❛ ❛ ♣❛rt✐r ❞❛ ZΘ r❡❞✉çã♦ QΘ ⊂ Q ✭♦✉ ❞❛ KΘ✲r❡❞✉çã♦ ❝♦♠♣❛❝t❛ RΘ ⊂ R✮

♥❛ ❢♦r♠❛

M+ = QΘ · b0 = RΘ · b0, b0 ♦r✐❣❡♠ ❞❡ F.



❙❡çã♦ ✹✳✸ ✲ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ✼✽

❖ ✜❜r❛❞♦ QΘ é ✐♥✈❛r✐❛♥t❡ ♣♦r φ ❡ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❢♦r♥❡❝❡ QΘ =

RΘ ·AN(Θ)✳ ❙❡ ξ = r · b0 ∈ M+ ❡♥tã♦ φk(r) = rk · aknk ∈ RΘ ·AN(Θ)✱ r ∈ RΘ✳ ❖

❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ q✉❡ ❢♦r♥❡❝❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ é ❞❛❞♦ ♣♦r

a(k, ξ) = log ak

❆❧é♠ ❞✐ss♦✱ ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TbΘFΘ ❝♦♠ n−Θ✱ t❡♠♦s q✉❡ ♦

✜❜r❛❞♦ t❛♥❣❡♥t❡ às ✜❜r❛s ❞❡ EΘ ❛♦ ❧♦♥❣♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ M+
Θ =

σΘ(X) é ❞❛❞♦ ♣♦r

T fσΘEΘ = RΘ ×KΘ
n−Θ,

❡ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣ ❡♠ g é ❆❞(K)✲

✐♥✈❛r✐❛♥t❡✳ ❆ss✐♠✱ s❡ v = r ·Y ∈ T fσΘEΘ✱ ❝♦♠ r ∈ RΘ ❡ Y ∈ n−Θ ❡♥tã♦ ‖v‖ = ‖Y ‖θ =
Bθ(Y, Y )1/2✳

❈♦♠♦ N(Θ) ❝❡♥tr❛❧✐③❛ n−Θ✱ t❡♠♦s ❛✐♥❞❛ q✉❡ ❆❞(nk)Y = Y ❡

‖Φk(v)‖ = ‖φk(r) · Y ‖ = ‖rk · ❆❞(aknk)Y ‖ = ‖❆❞(ak)Y ‖θ,

❞♦♥❞❡ s❡❣✉❡ q✉❡ ‖Φk‖ = ‖❆❞(ak)|n−
Θ
‖✳ ❈♦♠ ✐ss♦ ❛ ♥♦r♠❛ ❞♦ ♦♣❡r❛❞♦r Φk é ❞❛❞❛

♣❡❧♦ ♠❛✐♦r ❛✉t♦✈❛❧♦r ❞❡ ❆❞(ak)|n−
Θ
✳ ▼❛s ❡♠ n−Θ ♦ ♦♣❡r❛❞♦r ❆❞(ak) é ❞✐❛❣♦♥❛❧✐③á✈❡❧

❝♦♠ ❛✉t♦✈❛❧♦r❡s ❞❛❞♦s ♣♦r e−α(log ak)✱ ❝♦♠ α ∈ Π+\〈Θ〉✱ ❡ ❛ss✐♠

−α(a(k, ξ)) = −α(log ak) ≤ log ‖Φk‖, α ∈ α ∈ Π+\〈Θ〉. ✭✹✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❛ s❡çã♦ ♥✉❧❛ ❞❡ T fσΘEΘ é ❛tr❛t♦r❛ ✭✐♠❛❣❡♠ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

▼♦rs❡ ❛tr❛t♦r❛ ♣❡❧❛ ❧✐♥❡❛r✐③❛çã♦✮✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ µ > 0 t❛✐s

q✉❡ ‖Φk‖ ≤ Ce−µk✳ ❆♣❧✐❝❛♥❞♦ ♦ ❧♦❣❛r✐t♠♦ ♥❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✉t✐❧✐③❛♥❞♦ ❛ r❡❧❛çã♦

✭✹✳✹✮ s❡❣✉❡✱ t♦♠❛♥❞♦ ❧✐♠✐t❡s✱ q✉❡

α(λ(ξ)) = lim
k→∞

1

k
α(a(k, ξ)) ≥ − lim

k→∞

1

k
log ‖Φk‖ ≥ − lim

k→∞

1

k
log(Ce−µk) = µ

❙❡❣✉❡ ❞❡ss❡ t❡♦r❡♠❛ q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ é ♠❛✐s r❡❣✉❧❛r q✉❡ ♦

t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✷✳ P❛r❛ ❝❛❞❛ x ∈ X r❡❣✉❧❛r✱ Θ▲②(x) ⊂ Θ▼♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Λ+(x) ∈ ❝❧a+ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❡♠ x ∈ X✳ ❊♥tã♦ ♣♦r

❞❡✜♥✐çã♦

ΘLy(x) = {α ∈ Σ | α(Λ+(x)) = 0}.



❈❛♣✳ ✹ ✲ ❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▼♦rs❡ ❡ ❞❡ ▲②❛♣✉♥♦✈ ✼✾

▲❡♠❜r❛♠♦s ❛✐♥❞❛ q✉❡ Λ+(x) = lim 1
k
log hk✱ ❝♦♠ hk ♦❜t✐❞♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♣♦✲

❧❛r ❞❡ sk = vkhkv
−1
k ∈ K(❝❧A+)K✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❢♦✐ ♦❜t✐❞♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

❈❛rt❛♥ ❞❡ φk(r) = rk · sk ∈ R · S✳ ❆❣♦r❛ s❡ ❡s❝♦❧❤❡r♠♦s r ∈ RΘ▼♦ = QΘ▼♦ ∩ R✱

❡♥tã♦ φk(r) ∈ QΘ▼♦ ❡ ❝♦♠ ✐ss♦ r❡✜♥❛♠♦s ❛s ❡s❝♦❧❤❛s ❛❝✐♠❛ ♦❜t❡♥❞♦ sk ∈ S ∩ ZΘ▼♦

❡ vk ∈ KΘ▼♦ = K ∩ ZΘ▼♦ ✳ ❆❣♦r❛ ♣❡❧♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧

✭t❡♦r❡♠❛ ✸✳✷✳✸✮ t❡♠♦s q✉❡ Λ+(r) é ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❡♠ ξ = r · b✱ ♦♥❞❡

r ∈ RΘ▼♦ ✱ b ∈ u · st(Λ+(r), 1) ❡ u = lim vk ∈ KΘ▼♦ ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ ❛ ♦r✐❣❡♠

b0 ∈ st(Λ+(r), 1) ❡ ru ∈ RΘ▼♦ ✱ t❡♠♦s q✉❡ Λ+(r) = λ(ξ)✱ ❝♦♠ ξ = ru · b0 ∈ M+✳

❆❣♦r❛ ❝♦♠♦ ξ ∈ M+ ❡ ΘLy(x) = {α ∈ Σ | α(λ(ξ)) = 0}✱ s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛

q✉❡ ΘLy(x) ⊂ Θ▼♦✳

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♠♦str♦✉✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ♦ ❡①♣♦❡♥t❡

♣♦❧❛r Λ+(x) é ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ξ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡

❛tr❛t♦r❛ M+✳ ■ss♦ ♣♦❞❡ s❡r r❡✜♥❛❞♦ ♠♦str❛♥❞♦ q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❛ s❡çã♦ ❞❡

❖s❡❧❡❞❡t χ▲②(x) ❡stã♦ ❝♦♥t✐❞♦s ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✸✳ P❛r❛ t♦❞♦ w ∈ W✱ t❡♠♦s

✜①(χ▲②(x), w) ⊂ M(w)

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷❪ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞♦s ✜❜r❛❞♦s ❋❧❛❣ ❡ ❝♦r♦❧ár✐♦ ✺✳✺✳✶✼ ❞❡ ❬✼❪

♣❛r❛ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✳



❙❡çã♦ ✹✳✸ ✲ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈ ❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ✽✵



Capı́tulo 5

❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❊①♣♦❡♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡♠♦♥str❛♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡ s♦❜r❡ ❛ r❡❣✉❧❛✲

r✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳ ❆ ❡str❛té❣✐❛ ♣❛r❛ ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦ é

❡s❝r❡✈❡r ❛ ✐♥t❡❣r❛❧ ❞♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞♦ ✢✉①♦ ❝♦♠♦ ✉♠❛ ✐♥t❡❣r❛❧ ❞♦s ❝♦❝✐❝❧♦s ❛❞✐t✐✲

✈♦s q✉❡ ❞❡✜♥❡♠ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛✐s ❝♦♠ r❡❧❛çã♦ à ✉♠❛ ♠❡❞✐❞❛ ♥♦

✜❜r❛❞♦ ✢❛❣ q✉❡ s❡ ♣r♦❥❡t❛ s♦❜r❡ ❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ♥❛ ❜❛s❡✳

❆ ♣r✐♠❡✐r❛ s❡çã♦ ♠♦str❛ q✉❡ ♦s ❝♦❝✐❝❧♦s ❛❞✐t✐✈♦s ♣r♦✈❡♥✐❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ ■✇❛s❛✇❛ ❞❡♣❡♥❞❡♠ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❞❛s ♣❡rt✉r❜❛çõ❡s ♣❡❧♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡✳ ◆❛

s❡❣✉♥❞❛ s❡çã♦ ♠♦str❛♠♦s ❝♦♠♦ ❡s❝r❡✈❡r ❛ ✐♥t❡❣r❛❧ ❞♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❛ ♣❛rt✐r ❞❡

♠❡❞✐❞❛s ♥♦ ✜❜r❛❞♦ ✢❛❣ q✉❡ ✈❛r✐❛♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡✱ ♦✉ ♠❡❧❤♦r✱ q✉❡ ❡stã♦ s✉♣♦r✲

t❛❞❛s ❡♠ s❡çõ❡s q✉❡ ✈❛r✐❛♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡✳ ❊ss❡♥❝✐❛❧♠❡♥t❡ ❡ss❛s ♠❡❞✐❞❛s s❡rã♦

❛s ♠❡s♠❛s ♠❡❞✐❞❛s ❞❛ ❜❛s❡ X ❧❡✈❛❞❛s ❛♦ ✜❜r❛❞♦ ✈✐❛ ❛ s❡çã♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦✲

♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛✳ ❆ ❛♥❛❧✐t✐❝✐❞❛❞❡ s❡rá ❝♦♥❝❧✉í❞❛ ❡♥tã♦ ❛ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s

s♦❜r❡ ❛ ♣❡rt✉r❜❛çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ♦❜t✐❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

✺✳✶ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❝♦❝✐❝❧♦s ❛❞✐t✐✈♦s

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ♠♦str❛r q✉❡ ♦s ❝♦❝✐❝❧♦s ❛❞✐t✐✈♦s ❞❡✜♥✐❞♦s ♥♦s ✜❜r❛❞♦s ❋❧❛❣

♣❛r❝✐❛✐s ❞❡✜♥✐❞♦s ♥❛ s❡çã♦ ✸✳✷✳✶ ❞❡♣❡♥❞❡♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ ❛✉t♦♠♦r✜s♠♦ φ :

Q→ Q✳

P❛r❛ ✐ss♦✱ ❧❡♠❜r❛♠♦s q✉❡ ❞❛❞♦ ♦ ❛✉t♦♠♦r✜s♠♦ φ : Q → Q✱ ❞❡✜♥✐♠♦s ♦ ❝♦❝✐❝❧♦

aφ(n, r)✱ r ∈ R✱ ♣❡❧❛ A✲❝♦♠♣♦♥❡♥t❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❡ φn(r)✳ ❚♦✲

♠❛♥❞♦ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❝❛❧✐❜r❡ γ ∈ G✱ ♦❜t❡♠♦s ♦ ❝♦❝✐❝❧♦ aγφ(n, r) ❛ss♦❝✐❛❞♦ ❛♦

✽✶
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❛✉t♦♠♦r✜s♠♦ γφ✳ ■ss♦ ❞á ♦r✐❣❡♠ à ❛♣❧✐❝❛çã♦

Zφ : G −→ C(R, a)
γ 7−→ aγφ(1, ·) . ✭✺✳✶✮

❚❛♥t♦ G q✉❛♥t♦ C(R, a) ♣♦ss✉❡♠ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♠♦❞❡❧❛❞❛ ❡♠ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤✳ ❆ ❡str✉t✉r❛ ❞❡ G ❢♦✐ ❢❡✐t❛ ♥❛ s❡çã♦ ✷✳✹ ❡ C(R, a) é ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

❝♦♠ ❛ ♥♦r♠❛ ❞♦ s✉♣r❡♠♦✳ ❆ss✐♠ ♣♦❞❡♠♦s ❢❛❧❛r ❞❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ Zφ✳

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r♠♦s ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ss❛ ❛♣❧✐❝❛çã♦✱ ✈❡❥❛♠♦s ✉♠ ❧❡♠❛

s✐♠♣❧❡s

▲❡♠❛ ✺✳✶✳✶✳ ❙❡❥❛♠ φ1 ❡ φ2 ❛✉t♦♠♦r✜s♠♦s ❞❡ Q✳ ❊♥tã♦

a
φ1φ2(1, r) = a

φ1(1, φR2 (r)) + a
φ2(1, r)

❉❡♠♦♥str❛çã♦✿ ❊s❝r❡✈❛ φ2(r) = φR2 (r) · h2n2 ❡ φ1

(
φR2 (r)

)
= φR1 (φ

R
2 (r)) · h1n1✳

❊♥tã♦

φ1(φ2(r)) = φR1 (φ
R
2 (r)) · h1n1h2n2 = φR1 (φ

R
2 (r)) · h1h2n′

1n2,

♦♥❞❡ n′
1 = h−1

2 n1h2 ❡stá ❡♠ N ♣♦✐s A ♥♦r♠❛❧✐③❛ N ✳ ❉❛í s❡❣✉❡ q✉❡

a
φ1φ2(1, r) = log(h1h2) = log h1 + log h2 = a

φ1(1, φR2 (r)) + a
φ2(1, r)

Pr♦♣♦s✐çã♦ ✺✳✶✳✷✳ ❆ ❛♣❧✐❝❛çã♦ Zφ : G → C(R, a) é ❞❡ ❝❧❛ss❡ C∞✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ ♠❡r❣✉❧❤♦ i ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G ❡♠ C(R,F )

i : G −→ C(R,G)
γ 7−→ fγ

,

♦♥❞❡ γ(r) = rfγ(r)✳

❉❛❞❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ G = KAN ✱ ❛ ♣r♦❥❡çã♦ A : G→ A é C∞✳ P❡❧❛

♣r♦♣♦s✐çã♦ ✷✳✷✳✷✱ A ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞✱ A : C(R,G) → C(R,A)✱ ♣♦♥❞♦

A(f) = A ◦ f.



❈❛♣✳ ✺ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❊①♣♦❡♥t❡s ✽✸

P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦❝✐❝❧♦ a(n, r) s♦❜r❡ ♦ ✜❜r❛❞♦ R ⊂ Q✱ t❡♠♦s q✉❡

a
γ(1, r) = log (A(i(γ))(r)) , r ∈ R.

P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦
Z : G −→ C(R, a)

γ 7−→ aγ(1, ·) ✭✺✳✷✮

é C∞✳

P❛r❛ ❛ ❛♣❧✐❝❛çã♦ Zφ(γ) = aγφ(1, ·)✱ s❡❣✉❡ ❞♦ ❧❡♠❛ ✺✳✶✳✶ q✉❡

a
γφ(1, r) = a

γ
(
1, φR(r)

)
+ a

φ(1, r), r ∈ R. ✭✺✳✸✮

❊ss❛ ❢ór♠✉❧❛ ❞✐③ q✉❡ ❛ ❛♣❧✐❝❛çã♦ Zφ é ❛ ❝♦♠♣♦st❛ ❞❛ ❛♣❧✐❝❛çã♦ Z ❝♦♠ ❛ tr❛♥s❢♦r✲

♠❛çã♦ ❛✜♠ ❡♠ C(R, a) ❞❛❞❛ ♣♦r

C(R, a) −→ C(R, a)
f 7−→ f ◦ φR + aφ(1, ·) . ✭✺✳✹✮

▼❛s ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f ∈ C(R, a) 7→ f ◦φR ∈ C(R, a) é ✉♠❛ ✐s♦♠❡tr✐❛✱ ❡ ❛ss✐♠

❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ✭✺✳✹✮ é C∞✱ ❝♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ Zφ é C∞✳

❋✐①❡ α : a → V ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ s❡ ❛♥✉❧❛ ❡♠ a(Θ)✳ ❈♦♠♣♦♥❞♦ ♦

❝♦❝✐❝❧♦ a(n, r) ❝♦♠ α ♦❜t❡♠♦s ✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦ ❡♠ EΘ ❛ ✈❛❧♦r❡s ❡♠ V ✭❡q✉❛çã♦

✸✳✻✮✳ ❉❡♥♦t❛r❡♠♦s ❡ss❡ ❝♦❝✐❝❧♦ ♣♦r

a
φ
α(n, ξ) = α ◦ aφ(n, ξ), ξ ∈ EΘ.

❈♦♠♣♦♥❞♦ φ ❝♦♠ ✉♠ ❛✉t♦♠♦r✜s♠♦ γ : Q→ Q ♥♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q) t❡♠♦s

✉♠ ♥♦✈♦ ❝♦❝✐❝❧♦ aγφα (n, ξ) ∈ V ❛ss♦❝✐❛❞♦ à γφ✳ ❈♦♠ ✐ss♦ t❡♠♦s ❛ ❛♣❧✐❝❛çã♦

Zφ
α : G −→ C(EΘ, V )

γ 7−→ aγφα (1, ·) .

Pr♦♣♦s✐çã♦ ✺✳✶✳✸✳ ❆ ❛♣❧✐❝❛çã♦ Zφ
α : G → C(EΘ, V ) é ❞❡ ❝❧❛ss❡ C∞

❉❡♠♦♥str❛çã♦✿ ❈♦♠♣♦♥❞♦ Zφ : G → C(R, a) ❝♦♠ α ♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ C∞

γ ∈ G 7−→ α ◦ aγφ(1, ·) ∈ C(R, V ). ✭✺✳✺✮

❆ ❛♣❧✐❝❛çã♦ Zφ
α é ♦❜t✐❞❛ ❞❡ ✭✺✳✺✮ ❛♣❡♥❛s ♣❛ss❛♥❞♦ ♦ q✉♦❝✐❡♥t❡✱ ❥á q✉❡

α ◦ aγφ(1, r · b) = α ◦ aγφ(1, r) ♣❛r❛ t♦❞♦ b ∈ FΘ.

❆ss✐♠ Zφ
α é C∞✳
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✺✳✷ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈

❈♦♥s✐❞❡r❡ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ν ♥❛ ❜❛s❡ ✐♥✈❛r✐❛♥t❡

♣❡❧♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ❡♠ X✳ P❡❧♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✭t❡♦r❡♠❛ ✸✳✷✳✸✮✱

♣❛r❛ ν q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❡①✐st❡ ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r Λ+
φ (x) ∈ ❝❧(a+)✳ ❖ ♠❡s♠♦ ♦❝♦rr❡

❝♦♠ γφ ♥♦ ❧✉❣❛r ❞❡ φ✱ ❝♦♠ γ ♥♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q)✱ ❥á q✉❡ γφ ✐♥❞✉③ ♥❛ ❜❛s❡

♦ ♠❡s♠♦ ✢✉①♦ q✉❡ φ✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ ♦s ❡①♣♦❡♥t❡s Λ+
γφ sã♦ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡

✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ s✉❜❛❞✐t✐✈♦✱ s❡❣✉❡ q✉❡ ❛s ❢✉♥çõ❡s x 7→ Λ+
γφ(x)

sã♦ ν✲✐♥t❡❣rá✈❡✐s✳

❖ ♦❜❥❡t✐✈♦ ✜♥❛❧ ❞❡st❛ t❡s❡ é ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✺✳✷✳✶✳ ❙❡❥❛ Θ▼♦ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ❛✉t♦♠♦r✜s♠♦ φ ❡ t♦♠❡ α ∈ a∗ q✉❡

s❡ ❛♥✉❧❛ ❡♠ a(Θ▼♦) ✭❞❡ t❛❧ ❢♦r♠❛ q✉❡ ✜❝❛♠ ❜❡♠ ❞❡✜♥✐❞♦s ♦s ❝♦❝✐❝❧♦s α ◦ aγφ(n, ξ)✱
❝♦♠ ξ ∈ EΘ▼♦✮✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦

γ ∈ G 7−→
∫

X

α
(
Λ+
γφ(x)

)
ν(dx) ∈ R ✭✺✳✻✮

é ❞❡ ❝❧❛ss❡ C∞✳

❆ ❡str❛té❣✐❛ ♣❛r❛ ❞❡♠♦♥str❛r ❡ss❡ t❡♦r❡♠❛ é ❡s❝r❡✈❡r ❛ ✐♥t❡❣r❛❧ ❡♠ ✭✺✳✻✮ ❝♦♠♦

❛ ✐♥t❡❣r❛❧ ❞♦s ❝♦❝✐❝❧♦s aγφα (1, ·) = α ◦ aγφ(1, ·) ∈ C(EΘ▼♦ ,R) ❝♦♠ r❡❧❛çã♦ ❛ ✉♠❛

♠❡❞✐❞❛ ❡♠ EΘ▼♦ s✉♣♦rt❛❞❛ ♥❛ ✐♠❛❣❡♠ ❞❛ s❡çã♦ σγ✱ ♦✉ s❡❥❛✱ ♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

▼♦rs❡ ❛tr❛t♦r❛ ❞❡ γ ◦ φ✳
P❛r❛ ❢❛③❡r ✐ss♦✱ ❧❡♠❜r❛♠♦s q✉❡ ♣❡❧❛s r❡❧❛çõ❡s ❡♥tr❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ ▲②❛♣✉♥♦✈

❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ✭❞❡ ▼♦rs❡✮ ❞♦ ✢✉①♦ ✭s❡çã♦ ✹✳✸✮✭♣r♦♣♦s✐çã♦ ✹✳✸✳✸✮✱ s❡❣✉❡ q✉❡ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ ❖s❡❧❡❞❡ts ❝♦♥té♠ ♦s ♣♦♥t♦s ✜①♦s ❞❛ s❡çã♦ ❞❡ ❖s❡❧❡❞❡ts χ(x) ∈
Q × ❆❞(G)Λ+(x)✱ ♦✉ ♠❡❧❤♦r✱ ❞❛ ❢✉♥çã♦ ❡q✉✐✈❛r✐❛♥t❡ hLy ✭♣r♦♣♦s✐çã♦ ✹✳✸✳✸✮✳ ❉❡

❢♦r♠❛ ♣r❡❝✐s❛ t❡♠♦s✿

✜①(χ(x), w) = q · ✜①(hLy(q), w) ⊂ st(x, w)

❆q✉❡❧❛s r❡❧❛çõ❡s ♠♦str❛♠ ❛✐♥❞❛ q✉❡

✜①(χ(x), w) ⊂ M(w).

❊♠ ♣❛rt✐❝✉❧❛r ✜①(χ(x), 1) ⊂ M+✳

▲❡♠❜r❛♠♦s ❛✐♥❞❛ q✉❡ ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ sã♦ ❞❛❞♦s

♣❡❧♦s ❝♦❝✐❝❧♦s ❛❞✐t✐✈♦s ❞❡✜♥✐❞♦s ❛ ♣❛rt✐r ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞♦ ✢✉①♦✳ ▼❛✐s

❡s♣❡❝✐✜❝❛♠❡♥t❡✱ s❡ ξ ∈ st(x, w) ❡♥tã♦

lim
1

n
a(n, ξ) = w−1Λ+(x).



❈❛♣✳ ✺ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❊①♣♦❡♥t❡s ✽✺

❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ♦ ✜❜r❛❞♦ ✢❛❣ ♣❛r❝✐❛❧ EΘ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ❝♦❝✐❝❧♦ ❞❛❞♦ ♣♦r

aα(n, ξ) = α(a(n, ξ))✱ ♦♥❞❡ α ∈ a∗ é ✉♠ ❢✉♥❝✐♦♥❛❧ q✉❡ s❡ ❛♥✉❧❛ ❡♠ a(Θ)✳ ◆❡st❡ ❝❛s♦

t❡♠♦s q✉❡ s❡ ξ ∈ stΘ(x, w) ❡♥tã♦

lim
1

n
aα(n, ξ) = α

(
w−1Λ+(x)

)
.

❊s❝♦❧❤❡♥❞♦ ❛❣♦r❛ Θ ⊃ Θ▼♦ ❡ w = 1✱ t❡♠♦s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

M+
Θ é ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ s❡çã♦ σΘ : X → EΘ✳ ❈♦♠♦ ✜①(χ(x), 1) ⊂ M+✱ s❡❣✉❡ q✉❡

✜①Θ(χ(x), 1) ⊂ M+
Θ ❡ ❞❛í

✜①Θ(χ(x), 1) = σΘ(x).

❈♦♠❜✐♥❛♥❞♦ ✐ss♦ ❝♦♠ ♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ✈❡t♦r✐❛❧ t❡♠♦s ❛ s❡❣✉✐♥t❡

♣r♦♣♦s✐çã♦

Pr♦♣♦s✐çã♦ ✺✳✷✳✷✳ ❙❡❥❛ Θ▼♦ ⊂ Θ ❡ ❝♦♥s✐❞❡r❡ α ∈ a∗ q✉❡ s❡ ❛♥✉❧❛ ❡♠ a(Θ)✳

❈♦♥s✐❞❡r❡ ❛✐♥❞❛ σΘ : X → EΘ ❛ s❡çã♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❞❡ φ✳ ❊♥tã♦ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ x ∈ X t❡♠♦s

lim
1

n
aα(n, σΘ(x)) = α(Λ+(x))

❙❡❥❛ νΘ ❛ ♠❡❞✐❞❛ ❡♠ EΘ s✉♣♦rt❛❞❛ ♥❛ ✐♠❛❣❡♠ ❞❡ σΘ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠❡❞✐❞❛ ν ♥❛

❜❛s❡ X✱ ✐st♦ é✱ νΘ = σΘ · ν✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧

A ⊂ EΘ✱

νΘ(A) = ν(σ−1
Θ (A)).

Pr♦♣♦s✐çã♦ ✺✳✷✳✸✳ ❈♦♥s✐❞❡r❡ Θ✱ α ❡ σΘ ❝♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡ s❡❥❛ νΘ ❛

♠❡❞✐❞❛ ❡♠ EΘ ❝♦♥str✉í❞❛ ❛❝✐♠❛✳ ❊♥tã♦
∫
α
(
Λ+(x)

)
ν(dx) =

∫
aα(1, ξ)νΘ(dξ).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f(ξ) = aα(1, ξ)✳ P❡❧♦ t❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ❞❡

❇✐r❦❤♦✛✱ ♣❛r❛ νΘ✲q✉❛s❡ t♦❞♦ ξ ∈ EΘ ❡①✐st❡ ♦ ❧✐♠✐t❡ ❞❛ ♠é❞✐❛

f̃(ξ) = lim
n

1

n

(
f(ξ) + f(φ(ξ)) + · · ·+ f(φn−1(ξ))

)
= lim

n

1

n
aα(n, ξ),



❙❡çã♦ ✺✳✷ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✽✻

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ aα(n, ξ) s❡r ✉♠ ❝♦❝✐❝❧♦ ❛❞✐t✐✈♦✳ ❖ t❡♦r❡♠❛

❞❡ ❇✐r❦❤♦✛ ❛✐♥❞❛ ❢♦r♥❡❝❡ q✉❡ ❛ ✐♥t❡❣r❛❧ ❞❛ ♠é❞✐❛ f̃ é

∫
f̃(ξ)νΘ(dξ) =

∫
f(ξ)νΘ(dξ) =

∫
aα(1, ξ)νΘ(dξ).

▼❛s ❝♦♠♦ ❛ ♠❡❞✐❞❛ νΘ ❡stá s✉♣♦rt❛❞❛ ♥❛ ✐♠❛❣❡♠ ❞❡ σΘ✱ t❡♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦

✺✳✷✳✷ q✉❡ limn
1
n
aα(n, ξ) = α(Λ+(x)) ♣❛r❛ νΘ✲q✉❛s❡ t♦❞♦ ξ ❡ ❡♥tã♦

∫
α(Λ+(x))ν(dx) =

∫
lim
n

1

n
aα(n, ξ)νΘ(dξ) =

∫
f̃(ξ)νΘ(dξ),

❞❡ ♦♥❞❡ s❡❣✉❡ ♦ ❞❡s❡❥❛❞♦

✺✳✷✳✶ ❱❛r✐❛çã♦ ❞❛s ♠❡❞✐❞❛s s✉♣♦rt❛❞❛s ♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

▼♦rs❡ ❛tr❛t♦r❛

P❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶✱ ✈❛♠♦s ✈❡r ❛❜❛✐①♦ ❝♦♠♦ s❡ ❝♦♠♣♦rt❛♠ ❛s

♠❡❞✐❞❛s νΘ s✉♣♦rt❛❞❛s ♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❡♠ EΘ ❞❡ ❛✉t♦♠♦r✜s♠♦s

♣ró①✐♠♦s ❞❡ φ ♣❡rt✉r❜❛❞♦s ♣❡❧❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q)✳

▲❡♠❛ ✺✳✷✳✹✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞❡ ❇❛♥❛❝❤✱ f : M → N ❞❡ ❝❧❛ss❡ Ck ❡

s✉♣♦♥❤❛ q✉❡ ❡♠ x0 ∈ M t❡♠✲s❡ f(x0) = yo ❡ df(xo) : Tx0M → Ty0N s♦❜r❡❥❡t♦r❛✳

❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ ♦ ♥ú❝❧❡♦ ❦❡r(df(x0)) s❡❥❛ ❝♦♠♣❧❡♠❡♥tá✈❡❧✱ ✐✳é✳✱ ❡①✐st❡ ✉♠ s✉❜❡s✲

♣❛ç♦ ❢❡❝❤❛❞♦ V ⊂ Tx0M t❛❧ q✉❡ Tx0M = ❦❡r (df(x0))⊕ V ✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦

χ : U →M ❞❡ ❝❧❛ss❡ Ck✱ ❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ y0 ❡♠ N t❛❧ q✉❡ χ(y0) = x0

❡ f(χ(y)) = y ♣❛r❛ t♦❞♦ y ∈ A

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ M ❡ N sã♦

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ ♥ú❝❧❡♦ ❦❡r(df(x0)) é ❝♦♠♣❧❡♠❡♥tá✈❡❧ ❡

df(x0) : M → N é s♦❜r❡❥❡t♦r❛ t❡♠♦s q✉❡ M = ❦❡r(df(x0)) × V ❡ ∂f
∂y
(x0) : V → N

é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❊s❝r❡✈❛ x0 = (a0, b0)✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❢✉♥çã♦ ✐♥✈❡rs❛✱

f |{a0}×V : V → N é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ b0 ∈ V ✳ ▲♦❣♦✱

❡①✐st❡ β : U → V ❞❡ ❝❧❛ss❡ Ck ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ y0 ∈ N t❛❧ q✉❡ β(y0) = b0

❡ f(a0, β(y)) = y ♣❛r❛ t♦❞♦ y ∈ U ✳ ❉❡✜♥✐♥❞♦ χ(y) = (a0, β(y)) t❡♠♦s ❛ ❛♣❧✐❝❛çã♦

❞❡s❡❥❛❞❛



❈❛♣✳ ✺ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❊①♣♦❡♥t❡s ✽✼

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ C∞ ❞♦ ❣r✉♣♦ ❞❡ ❝❛❧✐❜r❡ G(Q) ♥♦ ❡s♣❛ç♦ ❞❛s s❡çõ❡s ΓEΘ✱

t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ σ ∈ ΓEΘ ❛ ❛♣❧✐❝❛çã♦

γ ∈ G(Q) 7→ γ ◦ σ ∈ ΓEΘ ✭✺✳✼✮

é ❞❡ ❝❧❛ss❡ C∞✳ ❆ss✐♠ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❧❡♠❛ ❛❝✐♠❛ ❡ ♦❜t❡r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦

Pr♦♣♦s✐çã♦ ✺✳✷✳✺✳ ❉❛❞❛ ✉♠❛ s❡çã♦ σ ∈ ΓEΘ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ σ ❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ l : V → G(Q) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ τ ∈ V ✱ τ = l(τ) ◦ σ✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛♣❧✐❝❛r ♦ ❧❡♠❛ ❛❝✐♠❛ ♣r❡❝✐s❛♠♦s ✈❡r q✉❡ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✭✺✳✼✮

♥❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G(Q) é s♦❜r❡❥❡t♦r❛ ❡ ♦ s❡✉ ♥ú❝❧❡♦ é ✉♠ s✉❜❡s♣❛ç♦ ❝♦♠♣❧❡♠❡♥tá✈❡❧✳

P❛r❛ ✐ss♦✱ ✈❛♠♦s ♦❧❤❛r ❛ ❛♣❧✐❝❛çã♦ ✭✺✳✼✮ ❡♠ t❡r♠♦s ❞❛s ❢✉♥çõ❡s ❡q✉✐✈❛r✐❛♥t❡s ❛ss♦❝✐✲

❛❞❛s✳ ❈♦♥s✐❞❡r❡ b ∈ FΘ ❡ ❛ ♣r♦❥❡çã♦ pb : G→ FΘ ❞❛❞❛ ♣♦r p(g) = g · b✳ ❙❡ bΘ ∈ FΘ

é ❛ ♦r✐❣❡♠✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ pbΘ é ❞❛❞❛ ♣❡❧❛ ♣r♦❥❡çã♦ ❞❡ g ❡♠ n−Θ ✭g = n−Θ ⊕ pΘ✮✱

d(pbΘ)1 : n−Θ ⊕ pΘ → n−Θ

X + Y 7→ X

❆❣♦r❛ s❡❥❛ L ❛ ✐s♦tr♦♣✐❛ ❡♠ bΘ ❞❛ ❛çã♦ ❞❡ K ❡♠ FΘ ❡ Lσ ❛ L✲r❡❞✉çã♦ ❞❡✜♥✐❞❛ ♣❡❧❛

s❡çã♦ σ ∈ ΓEΘ = Γ(R×K FΘ)✱ ✐st♦ é✱ Lσ = f−1
σ (bΘ) ♦♥❞❡ fσ ∈ Ceq(R,FΘ) é ❛ ❢✉♥çã♦

❡q✉✐✈❛r✐❛♥t❡ ❛ss♦❝✐❛❞❛ ❛ σ✳ ❉❡✜♥❛

P : C(Lσ, G) → C(Lσ,FΘ), P (g)(r) = pbΘ(g(r)) = g(r) · bΘ. ✭✺✳✽✮

❆ ❛♣❧✐❝❛çã♦ ✭✺✳✼✮ é ❛ r❡str✐çã♦ ❞❡ P à

Γ(Lσ) = {f : Lσ → G : f(rk) = k−1f(r)k, ∀k ∈ K, r ∈ Lσ}.

❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡♠ 1 ∈ C(Lσ, G) é Γ(1∗(TG)) = Γ(Lσ × g) = C(Lσ, g)✳ ❏á ♦

❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ fσ ∈ C(Lσ,FΘ) é Γ(f ∗
σ(TFΘ)) = Γ(Lσ × TbΘFΘ) = C(Lσ, n−Θ)✳ ❆

❞❡r✐✈❛❞❛ ❞❡ P ♥❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ C(Lσ, G) é ❞❛❞❛ ♣♦r

dP1 : C(Lσ, g) → C(Lσ, n−Θ), (dP1 ·X) (r) = d(pbΘ)1 ·X(r). ✭✺✳✾✮

❈♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ✭✺✳✾✮ é s✐♠♣❧❡s♠❡♥t❡ ❛ ♣r♦❥❡çã♦ ❞❡ C(Lσ, g) ❡♠ C(Lσ, n−Θ)✱
s❡❣✉❡ ❡ss❛ ❞❡r✐✈❛❞❛ é s♦❜r❡❥❡t♦r❛ ❝♦♠ ♥ú❝❧❡♦ C(Lσ, pΘ)✱ q✉❡ é ❝♦♠♣❧❡♠❡♥tá✈❡❧✱ ❥á

q✉❡

C(Lσ, g) = C(Lσ, n−Θ)⊕ C(Lσ, pΘ)



❙❡çã♦ ✺✳✷ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✽✽

❆❣♦r❛ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ✭✺✳✼✮ é ❛ r❡str✐çã♦ ❞❡ ✭✺✳✾✮✱ ♥♦ ❞♦♠í♥✐♦ ❡ ♥♦ ❝♦♥✲

tr❛❞♦♠í♥✐♦✱ ❛♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❞❡ Γ(Lσ) ❡ CLeq(Lσ,FΘ) ❡♠ 1 ❡ fσ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▼❛s ❡ss❡s ❡s♣❛ç♦s t❛♥❣❡♥t❡s sã♦ ❞❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r CLeq(Lσ, g) ❡ CLeq(Lσ, n−Θ)✳
❉❛✐ s❡❣✉❡ q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✭✺✳✼✮ é s♦❜r❡❥❡t♦r❛ ❝♦♠ ♥ú❝❧❡♦ CLeq(Lσ, pΘ)✱ q✉❡ é ❝♦♠✲

♣❧❡♠❡♥tá✈❡❧ ♣♦r CLeq(Lσ, n−Θ)✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ γ ∈ V ⊂ G(Q) 7→ σγ ∈ ΓEΘ▼♦ ❝♦♥s✲

tr✉í❞❛ ♥❛ ♣r♦♣♦s✐çã♦ ✹✳✷✳✼ t❛❧ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ σγ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❞♦ ❛✉t♦♠♦r✜s♠♦ γ ◦φ✳ ❉✐♠✐♥✉✐♥❞♦ V s❡ ♥❡❝❡ssár✐♦ ❡ ❝♦♠♣♦♥❞♦ ❡ss❛ ❛♣❧✐❝❛çã♦ ❝♦♠

❛ ❛♣❧✐❝❛çã♦ l ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

L : V ⊂ G(Q) −→ G(Q)
γ 7−→ L(γ) = l(σγ).

✭✺✳✶✵✮

❊ss❛ ❛♣❧✐❝❛çã♦ s❛t✐s❢❛③

σγ = L(γ) ◦ σ1, ✭✺✳✶✶✮

♦♥❞❡ σ1 = σΘ▼♦ é ❛ s❡çã♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛ ❞❡ φ✳

P❛r❛ ❝❛❞❛ γ ∈ V ❛ ✐♠❛❣❡♠ ❞❛ s❡çã♦ σγ ❢♦r♥❡❝❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛

❞❡ γ ◦ φ ❡♠ EΘ▼♦ ✳ ❙❡❥❛ νγ = σγ · ν ❛ ♠❡❞✐❞❛ ❡♠ EΘ▼♦ q✉❡ é ❛ ✐♠❛❣❡♠ ❞❛ ♠❡❞✐❞❛ ν

♣❡❧❛ s❡çã♦ σγ✱ ✐st♦ é✱ νγ(A) = ν(σ−1
γ (A))✱ A ⊂ EΘ▼♦ ✳ ❊♥tã♦ ❛ ❡q✉❛çã♦ ✭✺✳✶✶✮ ❢♦r♥❡❝❡

♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦

❈♦r♦❧ár✐♦ ✺✳✷✳✻✳ ❆s ♠❡❞✐❞❛s νγ sã♦ ❞❛❞❛s ♣♦r νγ = L(γ) · ν1✱ ✐st♦ é✱

νγ(A) = ν1
(
L(γ)−1(A)

)
, A ⊂ EΘ▼♦ .

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ✐♠❡❞✐❛t❛ ❞❡

νγ(A) = ν(σ−1
γ (A))

= ν
(
(L(γ) ◦ σ1)−1(A)

)

= ν
(
σ−1
1 (L(γ)−1(A))

)

= ν1
(
L(γ)−1(A)

)
.



❈❛♣✳ ✺ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❊①♣♦❡♥t❡s ✽✾

✺✳✷✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧

❈♦♥s✐❞❡r❡ γ ∈ V ⊂ G(Q) 7→ L(γ) ∈ G(Q) ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ♣♦r

✭✺✳✶✵✮✳ ❈♦♠♦ ❛ ✐♠❛❣❡♠ ❞❡ σγ ❡♠ EΘ▼♦ é ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡ ❛tr❛t♦r❛✱ t❡♠♦s

♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✷✳✸ q✉❡ s❡ α ∈ a∗ s❡ ❛♥✉❧❛ ❡♠ a(Θ▼♦)✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ γ ∈ V ✈❛❧❡
∫
α
(
Λ+
γφ(x)

)
ν(dx) =

∫
a
γφ
α (1, ξ) νγ(dξ) =

∫
a
γφ
α (1, L(γ)ξ) ν1(dξ),

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❝♦r♦❧ár✐♦ ✺✳✷✳✻✳

❆❣♦r❛ ❛ ❛♣❧✐❝❛çã♦

Υ : V ⊂ G(Q) → C(EΘ▼♦ ,R), Υ(γ) = a
γφ
α (1, L(γ)(·))

é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡ ❢❛t♦✱ s❡❣✉❡ ❞♦ ❧❡♠❛ ✺✳✶✳✶ q✉❡

a
γφL(γ)
α (1, ξ) = a

γφ
α (1, L(γ)ξ) + a

L(γ)
α (1, ξ).

■st♦ é

Υ(γ)(·) = a
γφL(γ)
α (1, ·)− a

L(γ)
α (1, ·).

❆ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ ❞❡ss❛ s♦♠❛ ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ γ ♣❡❧❛ ♣r♦♣♦✲

s✐çã♦ ✺✳✶✳✸✳ P❛r❛ ❛♣❧✐❝❛r ❛ ♠❡s♠❛ ♣r♦♣♦s✐çã♦ à ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛✱ ♦❜s❡r✈❡ q✉❡

γφL(γ) = γCφ(L(γ))φ✱ ♦♥❞❡ Cφ(η) = φηφ−1✳ ❈♦♠♦ γ ∈ V 7→ γCφ(L(γ)) ∈ G(Q) é

❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s é ❛ ❝♦♠♣♦st❛ ❞♦ ♣r♦❞✉t♦ ❡♠ G ❝♦♠ ❛ ❝♦♥❥✉❣❛çã♦ Cφ ❡ ❝♦♠ L(γ)✱

s❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✸ q✉❡ γ ∈ V 7→ a
γCφ(L(γ))φ
α (1, ·) é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ■ss♦ ♠♦str❛

q✉❡ Υ é ❞✐❢❡r❡♥❝✐á✈❡❧✳

P♦r ✜♠ ∫
α
(
Λ+
γφ(x)

)
ν(dx) =

∫
Υ(γ)(ξ) ν1(dξ)

❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ γ✱ ♣♦✐s é ❛ ❝♦♠♣♦st❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡♠

C(EΘ▼♦ ,R) ❞❛❞♦ ♣❡❧❛ ✐♥t❡❣r❛❧ ❝♦♠ r❡s♣❡✐t♦ à ♠❡❞✐❞❛ ν1 ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

Υ✳ ■ss♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶✳



❙❡çã♦ ✺✳✷ ✲ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ✾✵



Capı́tulo 6

❊①❡♠♣❧♦s

❖s r❡s✉❧t❛❞♦s ♣r♦✈❛❞♦s ♥❡st❛ t❡s❡ ♠♦str❛♠ q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ♣ró①✐♠❛ ❡♥tr❡

❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❡ ❞❡ ❖s❡❧❡❞❡t✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡

❝❡rt❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ ♣♦❞❡ s❡r ❝♦♥❝❧✉í❞❛ ❛ ♣❛rt✐r ❞❛

❞❡s❝r✐çã♦ ❛❧❣é❜r✐❝❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ▼♦rs❡ ❞❡ ✢✉①♦s ❡♠ ✜❜r❛❞♦s ✢❛❣✱ ♦✉ ♠❡❧❤♦r

❞✐③❡♥❞♦✱ ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦✳

✻✳✶ ❉❡✜♥✐çã♦ ❞♦ ❝♦♥t❡①t♦

P❛r❛ ❞❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ♦♥❞❡ é ♣♦ssí✈❡❧ ❡①✐❜✐r ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞♦ ✢✉①♦ ❡ ❛ss✐♠ ♦❜t❡r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✱ ❝♦♥s✐❞❡r❡ ♦

s❡❣✉✐♥t❡ ❝♦♥t❡①t♦✿

• S ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦ ♥♦ ❣r✉♣♦ ❞❡ ▲✐❡ s❡♠ss✐♠♣❧❡s G❀

• T : X → ✐♥t(S) ⊂ G ❝♦♥tí♥✉❛ ❛ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✐♦r ❞❡ S❀

• f : X → X ✉♠ ❤♦♠❡♦♠♦r✜s♠♦❀

• ρ(n, x) ♦ ❝♦❝✐❝❧♦ s♦❜r❡ f ❣❡r❛❞♦ ♣♦r T ❀

• φ : X ×G→ X ×G ♦ ❛✉t♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r φ(x, g) = (f(x), T (x)g)✳

• ν ✉♠❛ ♠❡❞✐❞❛ ❡r❣ó❞✐❝❛ f ✲✐♥✈❛r✐❛♥t❡ ❡♠ X ❝♦♠ s✉♣♣ ν = X❀

• Λ+
φ (x) ♦ ❡①♣♦❡♥t❡ ♣♦❧❛r ❞❡ φ✱ q✉❡ ♥❡st❡ ❝❛s♦ é ν✲q✳t✳♣✳ ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ à

Λ+
φ =

∫
Λ+
φ (x) ν(dx) ✭♦❜s✿ ❙❡ G é ✉♠ ❣r✉♣♦ ❧✐♥❡❛r ❡♥tã♦ Λ+

φ é ✉♠❛ ♠❛tr✐③

✾✶



❙❡çã♦ ✻✳✶ ✲ ❉❡✜♥✐çã♦ ❞♦ ❝♦♥t❡①t♦ ✾✷

❞✐❛❣♦♥❛❧ ❝✉❥♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❞❛❞♦s ♣❡❧♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♦r❞❡♥❛❞♦s

❛ ♣❛rt✐r ❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛✮❀

• Λ▲②(T ) = {χ1(T ), . . . , χn(T )} ♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ ❞♦ ❝♦❝✐❝❧♦ ρ ♣❛r❛ ♦

❝❛s♦ ❡♠ q✉❡ G ❢♦r ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦ ❞❡ ●❧(n,R)✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦

❝♦♥s✐❞❡r❛r❡♠♦s ❛ ✐❞❡♥t✐✜❝❛çã♦ Λ▲②(T ) = Λ+
φ ❀

• Σ = {α1, . . . , αl} ♦ s✐st❡♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞❡ g ✭t❛❧ q✉❡ Λ+
φ ∈ ❝❧a+✮❀

• Φ = {µ1, . . . , µl} ⊂ a∗ ♦s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ G✱ ✐st♦ é✱ ❛ ❜❛s❡ ❞✉❛❧ ❞❛

❜❛s❡ ❞❡ a ❞❛❞❛ ♣♦r {H ′
α1
, . . . , H ′

αl
}✱ ♦♥❞❡ H ′

αi
= 2

〈αi,αi〉
Hαi

❡ Hαi
é t❛❧ q✉❡

αi(H) = Bθ(Hαi
, H)❀

• Θ ⊂ Σ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ s❡♠✐❣r✉♣♦ S✳

❈♦♠ ❡ss❛s ♥♦t❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✻✳✶✳✶✳ ❙❡ ❛ r❛✐③ s✐♠♣❧❡s αi /∈ Θ✳ ❊♥tã♦✱ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ T ❛ss✉♠❡

✈❛❧♦r❡s ♥♦ ✐♥t❡r✐♦r intS ❣❛r❛♥t❡ q✉❡

✐✳ µi (ΛLy (T )) ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ T ✳

✐✐✳ αi (ΛLy (T )) > 0✳

❉❡♠♦♥str❛çã♦✿ ❆ ❤✐♣ót❡s❡ ❞❡ T ❛ss✉♠✐r ✈❛❧♦r❡s ♥♦ ✐♥t❡r✐♦r ❞♦ s❡♠✐❣r✉♣♦ ❣❛r❛♥t❡

q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ ✢✉①♦ φ é ♥♦ ♠á①✐♠♦ Θ✱ ✐st♦ é✱ Θ▼♦ ⊂ Θ✳

✐✳ ❙❡ µi é ✉♠ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧ ❛ss♦❝✐❛❞♦ à r❛✐③ αi /∈ Θ ❡♥tã♦ µi(Hαj
) = 0 ♣❛r❛

t♦❞♦ j 6= i✳ ❊♠ ♣❛rt✐❝✉❧❛r t❡♠♦s q✉❡ µi s❡ ❛♥✉❧❛ ❡♠ a(Θ) = 〈Hαj
| αj ∈ Θ〉✳

❆ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ µi(Λ
+
φ ) ✭♦✉ ❞❡ µi(Λ▲②(T ))✮ ❝♦♠ r❡❧❛çã♦ à ♣❡rt✉r❜❛çõ❡s

❞❡ ❝❛❧✐❜r❡ ❞♦ ❛✉t♦♠♦r✜s♠♦ φ ✭♦✉ ❝♦♠ r❡❧❛çã♦ à ♣❡rt✉r❜❛çõ❡s ❞♦ ❣❡r❛❞♦r ❞♦

❝♦❝✐❝❧♦ ♠❛♥t❡♥❞♦ ♦ ✢✉①♦ ♥❛ ❜❛s❡ ✜①❛❞♦✮ é ❡♥tã♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛

♣r✐♥❝✐♣❛❧ ❞❛ t❡s❡ ✭t❡♦r❡♠❛ ✺✳✷✳✶✮✳

✐✐✳ ❙❡ αi /∈ Θ ❡♥tã♦ αi é ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ ❢♦r❛ ❞❡ Θ▼♦✳ ❆❧é♠ ❞✐ss♦✱ Λ+
φ é ♦

❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛❧ ❞❡ ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ♥❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ▼♦rs❡

❛tr❛t♦r❛✱ ✐st♦ é✱ Λ▲②(T ) = Λ+
φ = λ(ξ)✱ ❝♦♠ ξ ∈ M+✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❡♥tã♦

❞♦ t❡♦r❡♠❛ ✹✳✸✳✶

❖✉tr❛ ❞❡♠♦♥str❛çã♦ ✭❞✐r❡t❛✮ ❞❡ss❡ ✐t❡♠✿ Θ(Λ+
φ ) = Θ▲② ⊂ Θ▼♦ ⊂ Θ✳ ❉❛í s❡

αi /∈ Θ ❡♥tã♦ αi /∈ Θ(Λ+
φ )✱ ✐st♦ é✱ αi ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ Λ+

φ ✳ ▼❛s ❝♦♠♦ Λ+
φ ∈ ❝❧a+✱

s❡❣✉❡ q✉❡ αi(Λ
+
φ ) > 0✳
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✻✳✷ ❊①❡♠♣❧♦s

◆♦ ♠❡s♠♦ ❝♦♥t❡①t♦ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ ✈❡❥❛♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❛

❡str✉t✉r❛ ❞♦s s❡♠✐❣r✉♣♦s s❡ ❛♣❧✐❝❛ à r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❡①♣♦❡♥t❡s ❛ ♣❛rt✐r ❞♦ t❡♦r❡♠❛

✻✳✶✳✶✳

❊①❡♠♣❧♦ ✻✳✷✳✶✳ ❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♠♣r❡ssã♦ ❞❡ ✉♠ ❝♦♥❡

❙❡❥❛W ⊂ R
n ✉♠ ❝♦♥❡ ♣♦♥t✉❛❧ ✭W ∩−W = 0✮ ❡ ❣❡r❛❞♦r ✭W −W = R

n✮✱ ❡ ❝♦♥s✐❞❡r❡

♦ s❡♠✐❣r✉♣♦

S = {g ∈ ❙❧(n,R) | g(W ∪ −W ) ⊂ W ∪ −W}.

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞❡ sl(n,R) ❞❛❞♦ ♣❡❧♦s ❢✉♥❝✐♦♥❛✐s αi = λi −
λi+1✱ i = 1, 2, . . . , n − 1✱ ♦♥❞❡ λi(❞✐❛❣(a1, a2, . . . , an)) = ai✳ ❖s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s

❛ss♦❝✐❛❞♦s sã♦ ❞❛❞♦s ♣♦r µi = λ1+λ2+· · ·+λi✳ P❡❧♦ ❡①❡♠♣❧♦ ✶✳✶✳✼✱ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦

❞❡ss❡ s❡♠✐❣r✉♣♦ é ❞❛❞♦ ♣❡❧❛s r❛í③❡s Θ = {α2, . . . , αn−1}. ❈♦♠♦ α1 /∈ Θ✱ s❡❣✉❡ ❡♥tã♦

❞♦ t❡♦r❡♠❛ ✻✳✶✳✶ q✉❡ ♦ ♠❛✐♦r ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞♦ ❝♦❝✐❝❧♦ ρ ❣❡r❛❞♦ ♣♦r T ✱

χ1(T ) = λ1(Λ▲②(T ))✱ ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ T ✳ ❆❧é♠ ❞✐ss♦ ♦ ❝♦❝✐❝❧♦ t❡♠ ✉♠

❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❞♦♠✐♥❛♥t❡ ❥á q✉❡ α1(Λ▲②(T )) > 0✱ ♦✉ s❡❥❛✱ χ1(T ) > χ2(T ).

❱❛❧❡ r❡ss❛❧t❛r ❛q✉✐ q✉❡ ❡ss❡ é ❡①❛t❛♠❡♥t❡ ♦ ❝❛s♦ ❝♦♥s✐❞❡r❛❞♦ ♣♦r ❘✉❡❧❧❡ ❡♠

❬✶✼❪✳ ❱❡❥❛ t❛♠❜é♠ ❬✷✹❪ ♣❛r❛ ✉♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛

❝♦❝✐❝❧♦s q✉❡ ♣r❡s❡r✈❛♠ ❝♦♥❡s✳

❊①❡♠♣❧♦ ✻✳✷✳✷✳ ❙❡♠✐❣r✉♣♦s ❞❛s ♠❛tr✐③❡s k ♣♦s✐t✐✈❛s

❈♦♥s✐❞❡r❡ ♦ ♠❡r❣✉❧❤♦ ❞❛ ●r❛ss♠❛♥♥✐❛♥❛ ●rk(n) ♥♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ ❞♦ ♣r♦❞✉t♦

❡①t❡r✐♦r
∧k

R
n ❞❛❞♦ ♣♦r

〈v1, · · · , vk〉 ∈ ●rk(n) 7−→ [v1 ∧ . . . ∧ vk] ∈ P
(
∧kRn

)

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡
∧k

R
n ❞❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s eI = ei1 ∧ . . .∧ eik ✱

I = (i1 < i2, · · · < ik) ✐♥❞✉③✐❞❛ ♣❡❧❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ R
n✱ t❡♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦

♦❝t❛♥t❡ ❝♦♥té♠ ♦s s✉❜❡s♣❛ç♦s b ∈ ●rk(n) t❛✐s q✉❡ 〈b, eI〉 ≥ 0✳ ❉❡♥♦t❡ ♣♦r Ck ❡ss❡

❝♦♥❥✉♥t♦✱ ✐st♦ é✱

Ck = {b ∈ ●rk(n) | 〈b, eI〉 ≥ 0, ∀I = (i1 < . . . < ik)}.

❖ s❡♠✐❣r✉♣♦ ❞❡ ❝♦♠♣r❡ssã♦ ❞❡ Ck✱ ❞❡♥♦t❛❞♦ ♣♦r Sk✱ é ❥✉st❛♠❡♥t❡ ♦ s❡♠✐❣r✉♣♦ ❞❛s

♠❛tr✐③❡s k✲♣♦s✐t✐✈❛s✱ ✐st♦ é✱ ❞❛s ♠❛tr✐③❡s ❝✉❥♦s ♠❡♥♦r❡s ❞❡ ♦r❞❡♠ k sã♦ ♣♦s✐t✐✈♦s✳



❙❡çã♦ ✻✳✷ ✲ ❊①❡♠♣❧♦s ✾✹

❖ ❝♦♥❥✉♥t♦ Ck ❡stá ❝♦♥t✐❞♦ ♥✉♠❛ ❝é❧✉❧❛ ❛❜❡rt❛ ❞❡ ❇r✉❤❛t ❞❡ ●rk(n) ❡ s❛t✐s❢❛③

Ck = ❝❧(✐♥t(Ck))✳ ❙❡❣✉❡ ❞❡ ✶✳✶✳✻ ✭✈❡r t❛♠❜é♠ ❬✶✾❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✮ q✉❡ ♦ t✐♣♦

♣❛r❛❜ó❧✐❝♦ ❞❡ Sk ❡♠ t❡r♠♦s ❞❛s r❛í③❡s s✐♠♣❧❡s ❞❡ ❙❧(n,R) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

r❛í③❡s s✐♠♣❧❡s ❡①❝❧✉✐♥❞♦✲s❡ ❛ k✲és✐♠❛✳ ■st♦ é✱ Θ(Sk) = {α1, . . . , α̂k, . . . , αn−1}.
❖ t❡♦r❡♠❛ ✻✳✶✳✶ ♣❡r♠✐t❡ ❡♥tã♦ ❝♦♥s✐❞❡r❛r ♦ ♣❡s♦ µk = λ1 + · · · + λk✱ ❡ ❛ss✐♠

t❡♠♦s q✉❡ ❛ s♦♠❛ ❞♦s k✲♣r✐♠❡✐r♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞♦ ❝♦❝✐❝❧♦✱ ❞❛❞❛ ♣♦r

µk(Λ▲②(T )) = χ1(T ) + · · ·+ χk(T )✱ ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ T ✳ ❆❧é♠ ❞✐ss♦✱ ♦

✐t❡♠ ✐✐✳ ♠♦str❛ q✉❡ ♦ k✲és✐♠♦ ❡①♣♦❡♥t❡ é ❡str✐t❛♠❡♥t❡ ♠❛✐♦r q✉❡ ♦ k + 1✲és✐♠♦✱ ❥á

q✉❡ χk(T )− χk+1(T ) = αk(Λ▲②(T )) > 0

❚♦♠❛♥❞♦ ✐♥t❡rs❡çã♦ ❞♦s s❡♠✐❣r✉♣♦s ❞❛s ♠❛tr✐③❡s k ♣♦s✐t✐✈❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛✲

❧♦r❡s ❞❡ k t❡♠♦s s❡♠✐❣r✉♣♦s ❝✉❥♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ sã♦ ♦s ❞❡♠❛✐s ✢❛❣s ❞❡ ❙❧(n,R)✱ ♦

q✉❡ ❢♦r♥❡❝❡ ✉♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ✜♥❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈✳

❊①❡♠♣❧♦ ✻✳✷✳✸✳ ■♥t❡rs❡çã♦ ❞❡ s❡♠✐❣r✉♣♦s

❙❡❥❛ r = {r1 < . . . < rk} ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s ❝♦♠ r1 ≥ 1 ❡ rk < n✳ ❖

s❡♠✐❣r✉♣♦ ❞❛s ♠❛tr✐③❡s r✲♣♦s✐t✐✈❛s é ❞❛❞♦ ♣♦r

S(r) = Sr1 ∩ Sr2 ∩ . . . ∩ Srk ,

✐st♦ é✱ S(r) é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❝✉❥♦s ♠❡♥♦r❡s ❞❡ ♦r❞❡♠ r1, . . . , rk sã♦ t♦❞♦s

♣♦s✐t✐✈♦s✳ ❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ss❡ s❡♠✐❣r✉♣♦ é ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ F(r)✳ ❊♠ t❡r♠♦s ❞❛s

r❛í③❡s s✐♠♣❧❡s✱ Θ(S(r)) é s✐♠♣❧❡s♠❡♥t❡ ❛ ✐♥t❡rs❡çã♦ ❞♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦s s❡♠✐❣r✉✲

♣♦s Sri ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞♦ s❡♠✐❣r✉♣♦ S ❞❛s ♠❛tr✐③❡s t♦t❛❧♠❡♥t❡

♣♦s✐t✐✈❛s✱ ✐st♦ é✱ ❞❛s ♠❛tr✐③❡s ❝✉❥♦s ♠❡♥♦r❡s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s sã♦ ♣♦s✐t✐✈♦s✱ é ♦

✢❛❣ ♠❛①✐♠❛❧ F✱ ♦✉ s❡❥❛ Θ(S) = ∅✳
◆♦ ❝❛s♦ ❞❛s ♠❛tr✐③❡s t♦t❛❧♠❡♥t❡ ♣♦s✐t✐✈❛s ♦ t❡♦r❡♠❛ ✻✳✶✳✶ ♣❡r♠✐t❡ ❡s❝♦❧❤❡r q✉❛❧✲

q✉❡r ♣❡s♦ µi ❡ q✉❛❧q✉❡r r❛✐③ αi✳ ❈♦♠♦ ❡st❡s ♣❡s♦s ❣❡r❛♠ ♦ ❞✉❛❧ a∗✱ s❡❣✉❡ q✉❡

t♦❞♦s ♦s ❡①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❞❡♣❡♥❞❡♠ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞♦ ❣❡r❛❞♦r ❞♦ ❝♦✲

❝✐❝❧♦✳ ❖ ✐t❡♠ ✐✐✳ ❢♦r♥❡❝❡ ❛✐♥❞❛ q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈ é s✐♠♣❧❡s✱ ✐st♦ é✱

χ1(T ) > χ2(T ) > · · · > χn(t)✳

❊①❡♠♣❧♦ ✻✳✷✳✹✳ ❙❡♠✐❣r✉♣♦ ❞♦ ❣r✉♣♦ ❙✐♠♣❧ét✐❝♦ ❞❡✜♥✐❞♦ ♣♦r ❢♦r♠❛ q✉❛❞rát✐❝❛

❙❡❥❛ G = ❙♣(n,R) = {g ∈ ❙❧(2n,R) | gTJg = J} ♦ ❣r✉♣♦ s✐♠♣❧ét✐❝♦✱ ✐st♦ é✱ ♦

❣r✉♣♦ ❞❛s ♠❛tr✐③❡s q✉❡ ♣r❡s❡r✈❛♠ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω(v, w) = vTJw✱ ♦♥❞❡ J =



❈❛♣✳ ✻ ✲ ❊①❡♠♣❧♦s ✾✺

(
0 In

−In 0

)
✳ ❯♠❛ ❡s❝♦❧❤❛ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ sp(n,R)

é ❞❛❞♦ ♣♦r

Σ = {λ1 − λ2, . . . , λn−1 − λn, 2λn},
❡ ♦s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s ❛ss♦❝✐❛❞♦s sã♦ ♦s ❢✉♥❝✐♦♥❛✐s µi = λ1+ · · ·+λi✱ i = 1, . . . , n✳

❆s ✈❛r✐❡❞❛❞❡s ❋❧❛❣ ❞❡ G sã♦ ❢♦r♠❛❞❛s ♣♦r ✢❛❣s ❞❡ s✉❜❡s♣❛ç♦s ✐s♦tró♣✐❝♦s✱ ✐st♦ é✱

s✉❜❡s♣❛ç♦s ❡♠ q✉❡ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ●r❛s✲

s♠❛♥♥✐❛♥❛ ▲❛❣r❛♥❣✐❛♥❛✱ ❞❡♥♦t❛❞❛ ♣♦r Λn(2n)✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s s✉❜❡s♣❛ç♦s

❞❡ ❞✐♠❡♥sã♦ n q✉❡ sã♦ ✐s♦tró♣✐❝♦s✳ ❊♠ t❡r♠♦s ❞❛s r❛í③❡s s✐♠♣❧❡s✱ ❡ss❛ ✈❛r✐❡❞❛❞❡

❋❧❛❣ é ❞❛❞❛ ♣♦r ❙♣(n,R)/PΘ✱ ♦♥❞❡ PΘ é ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ❛ss♦❝✐❛❞♦ à ❡s❝♦❧❤❛

❞❡ r❛í③❡s s✐♠♣❧❡s Θ = {λ1 − λ2, . . . , λn−1 − λn}✳

❈♦♥s✐❞❡r❡ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③ Q =

(
0 In

In 0

)
❡ ❞❡✜♥❛ ♦ s❡♠✐✲

❣r✉♣♦

S = {g ∈ ❙♣(n,R) |Q(g(v)) ≥ Q(v)}.
❊♠ ❬✷✺❪ ❡ss❡ s❡♠✐❣r✉♣♦ ❥á ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❡ ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ❞♦s ❡①♣♦❡♥t❡s ❞❡

▲②❛♣✉♥♦✈ ❢♦r❛♠ ♦❜t✐❞❛s✳ ❊ss❛s ❡st✐♠❛t✐✈❛s ♣♦❞❡♠ s❡r r❡♦❜t✐❞❛s ❛ ♣❛rt✐r ❞♦ s❡❣✉♥❞♦

✐t❡♠ ❞♦ t❡♦r❡♠❛ ✻✳✶✳✶✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❢♦r♥❡❝❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡

❛❧❣✉♠❛s ❝♦♠❜✐♥❛çõ❡s ❞♦ ❡s♣❡❝tr♦ ❞❡ ▲②❛♣✉♥♦✈✳

P❛r❛ ✈❡r ✐ss♦✱ ♦❜s❡r✈❡ q✉❡ ♦ ✐♥t❡r✐♦r ❞❡ S ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ✐♥t❡r✐♦r ❞♦ s❡♠✐❣r✉♣♦

❞❡ ❝♦♠♣r❡ssã♦ ❞♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Λn(2n) ❢♦r♠❛❞♦ ♣❡❧♦s s✉❜❡s♣❛ç♦s V ❡♠ q✉❡ Q|V

é ♣♦s✐t✐✈❛✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛♥❞♦

C = {V ∈ Λn(2n) |Q(v, w) ≥ 0, ∀v, w ∈ V },

t❡♠♦s q✉❡ ✐♥t(S) = ✐♥t(SC) ✭✈❡r t❡♦r❡♠❛ ✷✳✶ ❞❡ ❬✷✺❪ ♦✉ ♣r♦♣♦s✐çã♦ ✹✳✷✳✷ ❞❡ ❬✹❪✮✳

➱ ♣♦ssí✈❡❧ ❛✐♥❞❛ ❡♥❝♦♥tr❛r ✉♠ ❡❧❡♠❡♥t♦ g ∈ ✐♥t(S) t❛❧ q✉❡ ❛❧❣✉♠ ❞❡ s❡✉s ❝♦♥❥✉✲

❣❛❞♦s ♣♦r ✉♠❛ ♠❛tr✐③ s✐♠♣❧ét✐❝❛ é ❞✐❛❣♦♥❛❧ ❞❛ ❢♦r♠❛ ❞✐❛❣(λ, . . . , λ, λ−1, . . . , λ−1)✱

λ 6= 0 ❡ 1✳ ❊st❡ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♠í♥✐♠❛ ❡♠ ✐♥t(S) ❥á q✉❡ s❡✉

t✐♣♦ ♣❛r❛❜ó❧✐❝♦✱ ❞❛❞♦ ♣❡❧❛s r❛í③❡s ♦ ❛♥✉❧❛♠✱ é ❡①❛t❛♠❡♥t❡ ♦ s✉❜❝♦♥❥✉♥t♦ Θ =

{λ1 − λ2, . . . , λn−1 − λn}✳ ❙❡❣✉❡ ❞❛í q✉❡ ♦ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ S é ❛ ●r❛ss♠❛♥♥✐❛♥❛

▲❛❣r❛♥❣✐❛♥❛✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ Θ✳

❖ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ✈❡t♦r✐❛❧ ❞❡ ✉♠ ❝♦❝✐❝❧♦ q✉❡ ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ❣r✉♣♦

s✐♠♣❧ét✐❝♦ ❞❡✈❡ s❡r ❞❛ ❢♦r♠❛

ΛLy (T ) =

(
D (T ) 0

0 −D (T )

)



❙❡çã♦ ✻✳✷ ✲ ❊①❡♠♣❧♦s ✾✻

❝♦♠ D (T ) = diag{χ1 (T ) , . . . , χn (T )}✱ χ1 (T ) ≥ · · · ≥ χn (T )✳ ❊s❝♦❧❤❡♥❞♦ ❛ r❛✐③

2λn ❡ ♦ ♣❡s♦ ❛ss♦❝✐❛❞♦ µn = λ1 + · · · + λn✱ ♦ t❡♦r❡♠❛ ✻✳✶✳✶ ❣❛r❛♥t❡ ❡♥tã♦ q✉❡

χ1 (T ) + · · ·+ χn (T ) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♦ ❢✉♥çã♦ ❞❡ T ❡ χn(T ) > 0✳

❖ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ❢❡✐t♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ♣❛r❛ ♦s ❣r✉♣♦s ●❧(n,R) ♦✉

❙❧(n,R)

❊①❡♠♣❧♦ ✻✳✷✳✺✳ ❙❡♠✐❣r✉♣♦ ❞❡ ❙❧(n,R) ❞❡✜♥✐❞♦ ♣♦r ❢♦r♠❛ q✉❛❞rát✐❝❛

❈♦♥s✐❞❡r❡ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❡♠ R
n ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③

Q =

(
1k×k 0

0 −1(n−k)×(n−k)

)

❡ ❞❡✜♥❛ ♦ s❡♠✐❣r✉♣♦

S = {g ∈ ❙❧(n,R) |Q (gx) ≥ Q (x)}.

❖ t✐♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ss❡ s❡♠✐❣r✉♣♦ é ❛ ●r❛ss♠❛♥♥✐❛♥❛ Grk (n) ✭✈❡❥❛ ❬✶✾❪✮✳ ❊♥tã♦

χ1 (T ) + · · ·+ χk (T ) ❞❡♣❡♥❞❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❞❡ T ❡ χk (T ) > χk+1 (T )✳



Apêndice A

❚❡♦r✐❛ ❞❡ ▲✐❡

❆✳✶ ◆♦t❛çõ❡s ♣❛r❛ á❧❣❡❜r❛s ❡ ❣r✉♣♦s ❞❡ ▲✐❡

❆♣r❡s❡♥t❛♠♦s ❛❜❛✐①♦ ❛s ♥♦t❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❧❡✐t✉r❛ ❞♦s ❛rt✐❣♦s q✉❡ ❢✉♥✲

❞❛♠❡♥t❛♠ ❡st❛ t❡s❡✱ ❜❡♠ ❝♦♠♦ ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐✳ ❆ s❡q✉ê♥❝✐❛

❞❡ ♥♦t❛çõ❡s q✉❡ ❛♣r❡s❡♥t❛♠♦s s❡❣✉❡ ✉♠❛ ❡str✉t✉r❛ ❧ó❣✐❝❛ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛s

♠❡s♠❛s✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ s❡ ❞❡✜♥✐r ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ g

❞❡✈❡✲s❡ ♣r✐♠❡✐r♦ ✜①❛r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❡ ✉♠ ❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ ♥❛

♣❛rt❡ s✐♠étr✐❝❛✳ ❉❡st❡ ♠♦❞♦✱ ♣r✐♠❡✐r♦ ❛♣r❡s❡♥t❛♠♦s ❛ ♥♦t❛çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡

❈❛rt❛♥ ❡ ❡♠ s❡❣✉✐❞❛ ❛ ♥♦t❛çã♦ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s✳ ❊♠ ❣❡r❛❧ ♣♦❞❡✲s❡ tr♦❝❛r

❛ ♦r❞❡♠ ❞❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s✱ ♠❛s t❡♥t❛♠♦s s❡❣✉✐r ✉♠ ♣❛❞rã♦ ♣❛r❛

q✉❡ ♦ ❧❡✐t♦r ❝♦♠ ✉♠ ♣♦✉❝♦ ❞❡ ❢❛♠✐❧✐❛r✐❞❛❞❡ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛s ❡ ❣r✉♣♦s

❞❡ ▲✐❡ ♣♦ss❛♠ ❢❛③❡r ♠❡♥t❛❧♠❡♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❧ó❣✐❝♦ ❞❛ t❡♦r✐❛ ❛ ♣❛rt✐r ❞❛

s❡q✉ê♥❝✐❛ ❞❡ ♥♦t❛çõ❡s ❛♣r❡s❡♥t❛❞❛s✳

❉❡♥tr♦ ❞❛s ♥♦t❛çõ❡s ❡stã♦ ❡♠❜✉t✐❞❛s ❛❧❣✉♠❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞♦s ❣r✉♣♦s ❡ ❞❛s

á❧❣❡❜r❛s ❞❡ ▲✐❡✳ P❛r❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❛s ❞❡❝♦♠♣♦s✐çõ❡s s✉❣❡r✐♠♦s ♦s ❧✐✈r♦s ❬✶✵❪✱

❬✶✷❪✱ ❬✶✽❪ ❡ ❬✷✸❪✳

❉❡❝♦♠♣♦s✐çõ❡s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s g

• θ : g → g ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ ❞❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s g❀

• k = {X ∈ g | θ(X) = X} ❡ s = {X ∈ g | θ(X) = −X}❀
• g = k⊕ s ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥❀

• B(X, Y ) = tr(❛❞(X)❛❞(Y )) ❢♦r♠❛ ❞❡ ❈❛rt❛♥✲❑✐❧❧✐♥❣❀

✾✼



❙❡çã♦ ❆✳✶ ✲ ◆♦t❛çõ❡s ♣❛r❛ á❧❣❡❜r❛s ❡ ❣r✉♣♦s ❞❡ ▲✐❡ ✾✽

• Bθ(X, Y ) = −B(X, θ(Y )) ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g

• a ❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ ❡♠ s❀

• gα = {X ∈ g | [H,X] = α(H)X, ∀H ∈ a} ❡s♣❛ç♦s ❞❡ r❛í③❡s❀

• Π = {α ∈ a∗ | gα 6= 0} s✐st❡♠❛ ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦ ❛♦ ❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ a❀

• Hα ∈ a ❝♦✲r❛✐③ ❛ss♦❝✐❛❞❛ ❛ α ♣♦r Bθ(Hα, H) = α(H), ∀H ∈ a❀

• 〈α, β〉 = Bθ(Hα, Hβ) ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ a∗ ✐♥❞✉③✐❞♦ ♣♦r BΘ❀

• H ′
α = 2

〈α,α〉
Hα ♦ ♥♦r♠❛❧✐③❛❞♦ ❞❡ Hα❀

• W ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ g ✭❣❡r❛❞♦ ♣❡❧❛s r❡✢❡①õ❡s rα ❡♠ t♦r♥♦ ❞❛s r❛í③❡s α ∈ Π✮❀

• a+ ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛ ❡♠ a❀

• Σ ⊂ Π s✐st❡♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s❀

• Π± r❛í③❡s ♣♦s✐t✐✈❛s ❡ r❛í③❡s ♥❡❣❛t✐✈❛s❀

• g = g0 ⊕
∑

α∈Π gα ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ r❛í③❡s❀

• n =
∑

α∈Π+ gα ❛ s♦♠❛ ❞♦s ❡s♣❛ç♦s ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s❀

• n− =
∑

α∈Π− gα ❛ s♦♠❛ ❞❡ ❡s♣❛ç♦s ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s❀

• g = k⊕ a⊕ n ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛❀

• z(a) = g0 = m⊕ a ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a✱ ♦♥❞❡ m = z(a) ∩ k❀

• p = m⊕ a⊕ n s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ♠✐♥✐♠❛❧ ❝❛♥ô♥✐❝❛❀

• Θ ⊂ Σ s✉❜❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s❀

• Θ(H) = {α ∈ Σ | α(H) = 0} s✉❜❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞❡✜♥✐❞♦ ♣♦r

H ∈ ❝❧a+

• HΘ ∈ ❝❧a+ ❡❧❡♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ Θ✱ ✐é✱ Θ = Θ(HΘ)❀

• 〈Θ〉 s✉❜s✐st❡♠❛ ❞❡ r❛í③❡s ❣❡r❛❞♦ ♣♦r Θ❀

• a(Θ) = 〈Hα ∈ a | α ∈ Θ〉❀
• aΘ = a(Θ)⊥ = {H ∈ a | α(H) = 0, ∀α ∈ Θ}❀
• g(Θ) á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s ❣❡r❛❞❛ ♣❡❧♦s gα✱ ❝♦♠ α ∈ Θ

• n(Θ)± =
∑{gα | α ∈ 〈Θ〉±} = g(Θ) ∩ n±❀

• n(H)± =
∑{gα | α ∈ Π±, α(H) = 0} = n(Θ(H))±❀

• n±Θ =
∑{gα | α ∈ Π± − 〈Θ〉}❀

• n±H =
∑{gα | α(H)>< 0} = n±Θ(H)❀



❈❛♣✳ ❆ ✲ ❚❡♦r✐❛ ❞❡ ▲✐❡ ✾✾

• k(Θ) = g(Θ) ∩ k❀

• g(Θ) = k(Θ)⊕ a(Θ)⊕ n(Θ)± ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ ❞❡ g(Θ)❀

• WΘ ❣r✉♣♦ ❣❡r❛❞♦ ♣❡❧❛s r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❛s r❛í③❡s ❡♠ 〈Θ〉❀
• W(Θ) = WΘ|a(Θ) ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ g(Θ)✱ ❞❛❞♦ ♣❡❧❛s r❡str✐çõ❡s ❞♦s ❡❧❡♠❡♥t♦s

❞❡ WΘ ❛ a(Θ)❀

• zΘ = z(aΘ) = n(Θ)− ⊕m⊕ a⊕ n(Θ)+ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ❀

• zH = zΘ(H) ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H ∈ ❝❧a+❀

• kΘ = zΘ ∩ k ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ ❡♠ k❀

• kH = zH ∩ k ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H ∈ ❝❧a+ ❡♠ k❀

• zΘ = kΘ ⊕ a⊕ n(Θ)± ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛ zΘ❀

• pΘ = n(Θ)− ⊕ p = zΘ ⊕ n+Θ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ❞❡ t✐♣♦ Θ❀

• w0 ∈ W ❛ ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧ ✭ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡W q✉❡ s❛t✐s❢❛③ w0(Σ) = −Σ✮❀

• α∗ = −w0(α) r❛✐③ s✐♠♣❧❡s ♣♦s✐t✐✈❛ ❞✉❛❧ ❞❛ r❛✐③ α ∈ Σ❀

• Θ∗ = −w0(Θ) ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s ❞✉❛❧ ❞❡ Θ❀

• pΘ∗ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ ❞✉❛❧ ❞❡ pΘ❀

• w0pΘ∗ = p−Θ = n− ⊕m⊕ a ✉♠❛ s✉❜á❧❣❡❜r❛ ♦♣♦st❛ à pΘ❀

• Vµ r❡♣r❡s❡♥t❛çã♦ ❞❡ gC ❝♦♠ ♣❡s♦ ♠á①✐♠♦ µ ∈ h∗❀

• {µ1, . . . , µn} ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ gC ❛ss♦❝✐❛❞♦s ❛♦ s✐s✲

t❡♠❛ s✐♠♣❧❡s ❞❡ r❛í③❡s Σ = {α1, . . . , αn}✱ ✐st♦ é✱ µj(H ′
αi
) = δij✳

❉❡❝♦♠♣♦s✐çõ❡s ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s G

• G ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡ g❀

• θ : G→ G ✐♥✈♦❧✉çã♦ ❞❡ ❈❛rt❛♥ ❞❡ G❀

• K = {g ∈ G | θ(g) = g} s✉❜❣r✉♣♦ ❝♦♠♣❛❝t♦ ❝♦♠ á❧❣❡❜r❛ ❞❡ ▲✐❡ k❀

• S = exp s ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s s✐♠étr✐❝❛s❀

• G = KS✱ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ ❞♦ ❣r✉♣♦❀

• A = exp a s✉❜❣r✉♣♦ ✈❡t♦r✐❛❧❀

• N± = exp n± s✉❜❣r✉♣♦s ✉♥✐♣♦t❡♥t❡s❀

• ❝❧A+ = exp ❝❧a+ ❝â♠❛r❛ ❞❡ ❲❡②❧ ♣♦s✐t✐✈❛ ✭♥♦ ♥í✈❡❧ ❞♦ ❣r✉♣♦✮❀

• G = KAN± ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ■✇❛s❛✇❛❀
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• AΘ = exp aΘ ❡ A(Θ) = exp a(Θ)

• N±
Θ = exp n±Θ ❡ N(Θ)± = exp n(Θ)±

• N±
H = exp n±H ❡ N(H)± = exp n(H)±

• ZΘ = Z(aΘ) = Z(AΘ) ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ ✭♦✉ ❞❡ AΘ✮ ❡♠ G❀

• ZH = Z(aΘ(H)) ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H ∈ ❝❧a+ ❡♠ G❀

• ZD = gZHg
−1 ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ D = ❆❞(g)H❀

• KΘ = ZΘ ∩K ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ aΘ ❡♠ K❀

• KH = ZH ∩K ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ H ❡♠ K❀

• M = ZK(a) = ZK(A) ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a ✭♦✉ ❞❡ A✮ ❡♠ K❀

• MA = Z(a) = Z(A) ♦ ❝❡♥tr❛❧✐③❛❞♦r ❞❡ a ✭♦✉ ❞❡ A✮ ❡♠ G❀

• M∗ = ◆♦r♠K(a) = ◆♦r♠K(A) ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ a ✭♦✉ ❞❡ A✮ ❡♠ K❀

• M∗A = ◆♦r♠(a) = ◆♦r♠(A) ♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ a ✭♦✉ ❞❡ A✮ ❡♠ G❀

• W = M∗A/MA = M∗/M ♦ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ g ✭❝❛❞❛ w ∈ W é ❞❛ ❢♦r♠❛

❆❞(w)|a ♣❛r❛ ❛❧❣✉♠ w ∈M∗✮❀

• P = ◆♦r♠(p) =MAN s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ♠✐♥✐♠❛❧❀

• PΘ = ◆♦r♠(pΘ) = KΘAN s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦ ❞❡✜♥✐❞♦ ♣♦r Θ❀

• F = G/P = ❆❞(G)p ⊂ ●rdim p(g) ✈❛r✐❡❞❛❞❡ ❋❧❛❣ ♠❛①✐♠❛❧❀

• FΘ = G/PΘ = ❆❞(G)pΘ ⊂ ●rdim pΘ(g) ✈❛r✐❡❞❛❞❡ ❋❧❛❣ ❞❡ t✐♣♦ Θ❀

• FΘ∗ = G/PΘ∗ ✈❛r✐❡❞❛❞❡ ❋❧❛❣ ❞✉❛❧ ❞❡ FΘ❀

• N−w0p
∗
Θ

P♦♥t♦s ✜①♦s✱ ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s

❙❡❥❛ H ∈ ❝❧a+✱ bΘ ❛ ♦r✐❣❡♠ ❞❡ FΘ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ ❞❡ h = expH ❡♠ FΘ ❞❛❞❛

♣♦r
hn : FΘ −→ FΘ

b 7−→ hnb

• ✜①Θ(H,w) = ZHwbΘ = KHwbΘ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

✜①♦s❀

• stΘ(H,w) = P−
HwbΘ = N−

H✜①Θ(H,w) ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡

♣♦♥t♦s ✜①♦s❀
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• ✉♥Θ(H,w) = P+
HwbΘ = N+

H✜①Θ(H,w) ✈❛r✐❡❞❛❞❡s ✐♥stá✈❡✐s ❞❛s ❝♦♠♣♦♥❡♥t❡s

❞❡ ♣♦♥t♦s ✜①♦s❀

❆ ❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ D ❝♦♥❥✉❣❛❞♦ ❞❡ H ✭D = ❆❞(g)H✮ é ❝♦♥❥✉❣❛❞❛ à ❛çã♦

❞❡ H ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s ❝♦♥❥✉♥t♦s ❞❡ ♣♦♥t♦s ✜①♦s ❡ r❡s♣❡❝t✐✈❛s ✈❛r✐❡❞❛❞❡s

❡stá✈❡✐s ❡ ✐♥stá✈❡✐s ♣❡r♠❛♥❡❝❡♠ ❝♦♥❥✉❣❛❞♦s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s t❡♠♦s

• ✜①Θ(D,w) = g ✜①Θ(H,w)❀

• stΘ(D,w) = g stΘ(H,w)❀

• ✉♥Θ(D,w) = g ✉♥Θ(H,w)❀

❙✉❜á❧❣❡❜r❛s ♦♣♦st❛s

❆✳✷ ❋❧❛❣s ❞❡ ❙✉❜❡s♣❛ç♦s

❋❧❛❣s ❞❡ ❙❧(n,R)

❆s ✈❛r✐❡❞❛❞❡s ❋❧❛❣ ❞❡ ❙❧(n,R) sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦s ❡s♣❛ç♦s ♣r♦❥❡t✐✈♦s ❡ ❞❛s

●r❛ss♠❛♥♥✐❛♥❛s✱ ❡ sã♦ ❞❛❞❛s ♣♦r ❝♦♥❥✉♥t♦s ❞❡ s✉❜❡s♣❛ç♦s ❡♥❝❛✐①❛❞♦s ❝♦♠ ❞✐♠❡♥sõ❡s

✜①❛❞❛s✳ ■st♦ é✱ ✜①❡ r = {r1 < r2 < · · · < rk} ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s ❝♦♠ r1 ≥ 1

❡ rk < n✳ ❆ ✈❛r✐❡❞❛❞❡ ✢❛❣ F(r) é ❢♦r♠❛❞❛ ♣❡❧❛s s❡q✉ê♥❝✐❛s ❞❡ s✉❜❡s♣❛ç♦s

(V1 ⊂ V2 ⊂ · · · ⊂ Vk), ❝♦♠ dimVi = ri.

❉❡♥♦t❛♠♦s ♣♦r b(r) ♦ ❡❧❡♠❡♥t♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❋❧❛❣ F(r) ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛

❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ R
n✱ ✐st♦ é✱

b(r) = (〈e1, . . . , er1〉 ⊂ 〈e1, . . . , er2〉 ⊂ · · · ⊂ 〈e1, . . . , erk〉).

❊ss❛s ✈❛r✐❡❞❛❞❡s ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❙❧(n,R)✱ ❝✉❥❛

✐s♦tr♦♣✐❛ sã♦ s✉❜❣r✉♣♦s ♣❛r❛❜ó❧✐❝♦s✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛

♠❛①✐♠❛❧ a ⊂ sl(n,R) ❢♦r♠❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s Π =

{αij = λi − λj ∈ a∗ | λi(❞✐❛❣(a1, . . . , an)) = ai}. ❯♠ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s é

❞❛❞♦ ♣♦r Σ = {αi i+1 | 1 ≤ i ≤ n− 1}✳ ❈♦♠ r❡❧❛çã♦ à ❡ss❛ ❡s❝♦❧❤❛ ❛ ❝â♠❛r❛ ❞❡ ❲❡②❧

♣♦s✐t✐✈❛ a+ é ❞❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ♦s ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s ❡ ♦r❞❡♥❛❞♦s

❞♦ ♠❛✐♦r ♣❛r❛ ♦ ♠❡♥♦r✳
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❈❛❞❛ s✉❜❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s Θ ⊂ Σ ❞❡t❡r♠✐♥❛ ✉♠❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛

pΘ ❞❛❞❛ ♣♦r ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❡♠ ❜❧♦❝♦s✳ ❖ t❛♠❛♥❤♦ ❞♦s ❜❧♦❝♦s é ❞❡✲

t❡r♠✐♥❛❞♦ ♣❡❧♦ t❛♠❛♥❤♦ ❞♦s ✐♥t❡r✈❛❧♦s ❞❡ r❛í③❡s s✐♠♣❧❡sΘ(i, j) = {αi i+1, αi+1 i+2, . . . , αj−1 j}
❝♦♥t✐❞♦s ❡♠ Θ✳ P♦r ❡①❡♠♣❧♦✱ s❡ Θ = Θ(1, 3) = {α12, α23} ❡♥tã♦ pΘ é ❛ s✉❜á❧❣❡❜r❛

❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❡♠ ❜❧♦❝♦s✱ ❝♦♠ ♦ ♣r✐♠❡✐r♦ ❜❧♦❝♦ ❞❡ t❛♠❛♥❤♦

3 ❡ t♦❞♦s ♦s ❞❡♠❛✐s ❞❡ t❛♠❛♥❤♦ 1✳ ❊♠ ❣❡r❛❧✱ s❡ Θ(i, j) ⊂ Θ ❡♥tã♦ pΘ é ✉♠❛ s✉✲

❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ q✉❡ ❝♦♥té♠ ❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠ ✉♠ ❜❧♦❝♦

❞❡ t❛♠❛♥❤♦ j − i + 1 ❛ ♣❛rt✐r ❞❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❞❛ ❞✐❛❣♦♥❛❧✳ ❆s ✈❛r✐❡❞❛❞❡s ✢❛❣

❞❡ G = ❙❧(n,R) sã♦ ♦s ❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s G/PΘ ♦♥❞❡ PΘ é ♦ s✉❜❣r✉♣♦ ♣❛r❛❜ó❧✐❝♦

❞❛❞♦ ♣❡❧♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ pΘ✱ q✉❡ t❛♠❜é♠ é ❢♦r♠❛❞♦ ♣♦r ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s

s✉♣❡r✐♦r❡s ❡♠ ❜❧♦❝♦s ✭♥♦ ❣r✉♣♦ G✮✱ ❝♦♠ ❜❧♦❝♦s ❞♦ ♠❡s♠♦ t❛♠❛♥❤♦ ❞♦s ❜❧♦❝♦s ❞❡

pΘ✳

❖ t❛♠❛♥❤♦ ❞♦s ❜❧♦❝♦s ❞❡ pΘ ❞❡t❡r♠✐♥❛ ❛ ❞✐♠❡♥sã♦ ❞♦s s✉❜❡s♣❛ç♦s ❡♥❝❛✐①❛❞♦s

❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ F(r)✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s r✱ G ❛❣❡ tr❛♥s✐t✐✈❛✲

♠❡♥t❡ ❡♠ F(r)✳ ❆❧é♠ ❞✐ss♦✱ s❡ pΘ t❡♠ ❜❧♦❝♦s ❞❡ t❛♠❛♥❤♦s m1,m2, . . . ,mk✱ ❡♥tã♦

PΘ é ❛ ✐s♦tr♦♣✐❛ ❡♠ b(r) ❞❛ ❛çã♦ ❞❡ G ♥❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ F(r)✱ ❝✉❥❛ s❡q✉ê♥❝✐❛ r

q✉❡ ❢♦r♥❡❝❡ ❛ ❞✐♠❡♥sã♦ ❞♦s s✉❜❡s♣❛ç♦s é ❞❛❞❛ ♣♦r r1 = m1✱ r2 = m1 + m2✱ . . .✱

rk = m1 + · · ·+mk✳ ■st♦ é✱ F(r) = FΘ✳

❆✳✸ ❙✉❜á❧❣❡❜r❛s ♦♣♦st❛s✱ s✉❜❡s♣❛ç♦s tr❛♥s✈❡rs❛✐s ❡

❋❧❛❣ ❞✉❛❧

❈♦♥s✐❞❡r❡ Θ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s s✐♠♣❧❡s ❡ FΘ ❛ ✈❛r✐❡❞❛❞❡ ❋❧❛❣ ❛ss♦❝✐❛❞❛✳ ❊ss❛

✈❛r✐❡❞❛❞❡ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❝♦♠♦ ❛ ór❜✐t❛ ❞❛ s✉❜á❧❣❡❜r❛ ♣❛r❛❜ó❧✐❝❛ pΘ ♣❡❧❛ ❛çã♦

❛❞❥✉♥t❛ ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡ G ♥❛ ●r❛ss♠❛♥✐❛♥❛ ●rk(g)✱ ♦♥❞❡ k = dim pΘ✱ ❡ s❡ ✐❞❡♥t✐✜❝❛

❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s ❞❡ t✐♣♦ Θ✳ ❆ ✈❛r✐❡❞❛❞❡ ❋❧❛❣

❞✉❛❧ ❞❡ FΘ é ❛ ✈❛r✐❡❞❛❞❡ FΘ∗ ✱ ♦♥❞❡ Θ∗ = w0(Θ) ❡ w0 ∈ W é ❛ ✐♥✈♦❧✉çã♦ ♣r✐♥❝✐♣❛❧

◆♦ ❝❛s♦ ❞❡ ✢❛❣s ❞❡ s✉❜❡♣❛ç♦s r❡❛❧✐③❛❞♦s ❛ ♣❛rt✐r ❞❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s

❞❡ ❙❧(n,R)✱ ❛s ✈❛r✐❡❞❛❞❡s ✢❛❣s ❞✉❛✐s ❝♦rr❡s♣♦♥❞❡♠ ❛ ❝❛❞❡✐❛s ❞❡ s✉❜s♣❛ç♦s ❞❡ ❞✐✲

♠❡♥sõ❡s ❝♦♠♣❧❡♠❡♥t❛r❡s✳ P♦r ❡①❡♠♣❧♦✱ ❛s ❣r❛ss♠❛♥♥✐❛♥❛s ●rk(Rn) ❡ ●rn−k(Rn)

sã♦ ✈❛r✐❡❞❛❞❡s ✢❛❣ ❞✉❛✐s✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡ ❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞✉❛❧ ❞❡ F(r1, ..., rk) é ❛

✈❛r✐❡❞❛❞❡ ✢❛❣ F(n− rk, ..., n− r1)✳

❉♦✐s s✉❜❡s♣❛ç♦s V,W ⊂ R
n sã♦ ❞✐t♦s tr❛♥s✈❡rs❛✐s s❡ R

n = V ⊕W ✳ ❯♠ ✢❛❣ ❞❡



❈❛♣✳ ❆ ✲ ❚❡♦r✐❛ ❞❡ ▲✐❡ ✶✵✸

s✉❜❡s♣❛ç♦s (V1 ⊂ · · · ⊂ Vk) ❡♠ F(r1, ..., rk) é tr❛♥s✈❡rs❛❧ ❛ ✉♠ ✢❛❣ ❞❡ s✉❜❡s♣❛ç♦s

(W1 ⊂ · · · ⊂ Wk) ❞❛ ✈❛r✐❡❞❛❞❡ ✢❛❣ ❞✉❛❧ F(n− rk, ..., n− r1) s❡

R
n = Vi+1 ⊕Wk−i ♣❛r❛ t♦❞♦ 0 ≤ i ≤ k − 1.

❯♠❛ ♠❛♥❡✐r❛ s✐♠♣❧❡s ❞❡ ❝♦♥str✉✐r ✢❛❣s ❞❡ s✉❜❡s♣❛ç♦s tr❛♥s✈❡rs❛✐s é ❝♦♠❡ç❛r

❝♦♠ ♦s ✢❛❣s ❢♦r♠❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ❞♦ R
n t♦♠❛❞♦s ❡♠ ♦r❞❡♥s ✐♥✈❡rs❛s✳

P♦r ❡①❡♠♣❧♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ {e1, . . . , en}✱ ❞♦✐s ✢❛❣s ❞❡ s✉❜❡s♣❛ç♦s

tr❛♥s✈❡rs❛✐s sã♦

b0 = (〈e1, ..., er1〉 ⊂ 〈e1, ..., er2〉 ⊂ ... ⊂ 〈e1, ..., erk〉) ❡

b∗0 = (〈en, ..., erk+1〉 ⊂ 〈en, ..., erk−1+1〉 ⊂ ... ⊂ 〈en, ..., er1+1〉).

❉❛í ❞♦✐s ✢❛❣s b ∈ F(r1, ..., rk) ❡ b∗ ∈ F(n−rk, ..., n−r1) sã♦ ♦♣♦st♦s s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❡①✐st❡ g ∈ ●❧(n,R) t❛❧ q✉❡ (b, b∗) = (g ·b0, g ·b∗0) = g ·(b0, b∗0)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

♦s ❝♦♥❥✉♥t♦ ❞♦s ✢❛❣s ❞❡ s✉❜❡s♣❛ç♦s tr❛♥s✈❡rs❛✐s s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ❛ ór❜✐t❛ ❛❜❡rt❛ ❡

❞❡♥s❛ ❞❛ ❛çã♦ ❞✐❛❣♦♥❛❧ ❞❡ ●❧(n,R) ❡♠ F(r1, ..., rk)×F(n− rk, ..., n− r1) ❛ ♣❛rt✐r ❞❡

(b0, b
∗
0)✳

❊ss❡ ❝♦♥❝❡✐t♦ ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ❞❡ ✢❛❣s ❞❡ s✉❜❡s♣❛ç♦s ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦

♣❛r❛ s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó❧✐❝❛s✳ ❋✐①❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❛rt❛♥ g = k ⊕ s✱ ✉♠

❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ a ⊂ s ❡ ✉♠❛ ❝â♠❛r❛ ❞❡ ❲❡②❧ a+ ⊂ a✳ ❉✉❛s s✉❜á❧❣❡❜r❛s ♣❛r❛❜ó✲

❧✐❝❛s p ∈ FΘ ❡ q ∈ FΘ∗ sã♦ ❞✐t❛s ♦♣♦st❛s s❡ ❡stã♦ ♥❛ ór❜✐t❛ ❛❜❡rt❛ ❡ ❞❡♥s❛ ❞❛ ❛çã♦

❞✐❛❣♦♥❛❧ ❞❡ G ❡♠ FΘ×FΘ∗ ❛ ♣❛rt✐r ❞❛s s✉❜á❧❣❡❜r❛s pΘ = n(Θ)−⊕m⊕ a⊕ n+ ∈ FΘ

❡ p−Θ∗ = w0(pΘ) = n− ⊕ a⊕m⊕ p(Θ∗) ∈ FΘ∗ ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ p ❡ q sã♦ ♦♣♦st❛s

s❡ ❡①✐st✐r g ∈ G t❛❧ q✉❡ (p, q) = (g · pΘ, g · p−Θ∗)✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❧✈❡s✱ ▲✳ ✲ ❊①♣♦❡♥t❡s ❞❡ ▲②❛♣✉♥♦✈ ❡ ❞❡ ▼♦rs❡ ❡♠ ❋✐❜r❛❞♦s ❋❧❛❣✳ ❚❡s❡ ❞❡ ❞♦✉✲

t♦r❛❞♦✳ ■♠❡❝❝✲❯♥✐❝❛♠♣ ✭✷✵✶✵✮

❬✷❪ ❆❧✈❡s✱ ▲✳ ❡ ▲✳❆✳❇✳ ❙❛♥ ▼❛rt✐♥ ✲▼✉❧t✐♣❧✐❝❛t✐✈❡ ❊r❣♦❞✐❝ ❚❤❡♦r❡♠ ♦♥ ❋❧❛❣ ❇✉♥❞❧❡s

♦❢ ❙❡♠✐✲❙✐♠♣❧❡ ▲✐❡ ●r♦✉♣s✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✳ ❙❡r✐❡s

❆ ✭✷✵✶✷✮ ✭❛❝❡✐t♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦✮

❬✸❪ ❆❧✈❡s✱ ▲✳ ❡ ▲✳❆✳❇✳ ❙❛♥ ▼❛rt✐♥ ✲ ❊q✉❛❧✐t② ♦❢ ❖s❡❧❡❞❡ts ❛♥❞ ▼♦rs❡ ❞❡❝♦♠♣♦s✐t✐♦♥s

♦♥ ✢❛❣ ❜✉♥❞❧❡s✳ ❊♠ ♣r❡♣❛r❛çã♦✳

❬✹❪ ❇❛rr❡✐r❛✱ ▲✳ ❡ P❡s✐♥✱ ❨ ✲ ◆♦♥✉♥✐❢♦r♠ ❍②♣❡r❜♦❧✐❝✐t②✿ ❉②♥❛♠✐❝s ♦❢ ❙②st❡♠s ✇✐t❤

◆♦♥③❡r♦ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥ts✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss ✭✷✵✵✼✮

❬✺❪ ❆②❛❧❛✱ ❱✳✱ ❋✳ ❈♦❧♦♥✐✉s ❛♥❞ ❲✳ ❑❧✐❡♠❛♥♥ ✲ ❖♥ t♦♣♦❧♦❣✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❧✐♥❡❛r

✢♦✇s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❜✐❧✐♥❡❛r ❝♦♥tr♦❧ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❉②♥❛♠✐❝s ❛♥❞

❈♦♥str♦❧ ❙②st❡♠s ✈♦❧✳✶✸✱ ✸✸✼✲✸✻✷ ✭✷✵✵✼✮✳

❬✻❪ ❇r❛❣❛ ❇❛rr♦s✱ ❈✳❏✳ ❡ ▲✳❆✳❇ ❙❛♥ ▼❛rt✐♥ ✲ ❈❤❛✐♥ tr❛♥s✐t✐✈❡ s❡ts ❢♦r ✢♦✇s ♦♥ ✢❛❣

❜✉♥❞❧❡s✱ ❋♦r✉♠ ▼❛t❤✳ ✶✾✱ ✶✾✲✻✵ ✭✷✵✵✼✮✳

❬✼❪ ❈♦❧♦♥✐✉s✱ ❋✳ ❛♥❞ ❲✳ ❑❧✐❡♠❛♥♥ ✲ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♥tr♦❧✳ ❇✐r❦❤ä✉s❡r✱ ❇♦s✲

t♦♥✭✷✵✵✵✮✳

❬✽❪ ❉✉✐st❡r♠❛t✱ ❏✳❏✳✱ ❏✳❆✳❈✳ ❑♦❧❦ ❡ ❱✳❙✳ ❱❛r❛❞❛r❛❥❛♥ ✲ ❋✉♥❝t✐♦♥s✱ ✢♦✇s ❛♥❞ ♦❝✐❧❛✲

t♦r② ✐♥t❡❣r❛❧ ♦♥ ✢❛❣ ♠❛♥✐❢♦❧❞s✳ ❈♦♠♣♦s✐t✐♦♥ ▼❛t❤✳ ✹✾✱ ✸✵✾✲✸✾✽ ✭✶✾✽✸✮✳

❬✾❪ ❋❡rr❛✐♦❧✱ ❚✳✱ ▼✳ P❛trã♦ ❡ ▲✳ ❙❡❝♦ ✲ ❏♦r❞❛♥ ❉❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❉②♥❛♠✐❝s ♦♥

❋❧❛❣ ▼❛♥✐❢♦❧❞s✳ ❉✐s❝r❡t❡ ❈♦♥t✐♥✳ ❉②♥✳ ❙②st✳ ❆✱ ✷✻ ◆♦✳ ✸✱ ✾✷✸✲✾✹✼✱ ✭✷✵✶✵✮✳

✶✵✺



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✶✵✻

❬✶✵❪ ❑♥❛♣♣✱ ❆✳❲✳ ✲ ▲✐❡ ●r♦✉♣s ❇❡②♦♥❞ ❛♥ ■♥tr♦❞✉❝t✐♦♥✱ ✷nd ❡❞✐t✐♦♥✱ Pr♦❣r❡ss ✐♥

▼❛t❤❡♠❛t✐❝s ✶✹✵✱ ❇✐r❤❤ä✉s❡r✱ ✭✷✵✵✹✮✳

❬✶✶❪ ❑❛✐♠❛♥♦✈✐❝❤✱ ❱✳❆✳ ✲ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts✱ s②♠♠❡tr✐❝ s♣❛❝❡s✱ ❛♥❞ ❛ ♠✉❧t✐♣❧✐❝❛✲

t✐✈❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ ❢♦r s❡♠✐s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣s✱ ❏✳ ❙♦✈✐❡t ▼❛t❤✳ ✹✼✱ ✷✸✽✼✲✷✸✾✽

✭✶✾✽✾✮✳

❬✶✷❪ ❑♦❜❛②❛s❤✐✱ ❙✳ ❡ ❑✳ ◆♦♠✐③✉ ✲ ❋♦✉♥❞❛t✐♦♥s ♦❢ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✱ ✈♦❧✳■✱ ■♥✲

t❡rs❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ✭✶✾✻✸✮✳

❬✶✸❪ P❛❧❛✐s✱ ❘✳ ❙✳ ✲ ❋♦✉♥❞❛t✐♦♥s ♦❢ ●❧♦❜❛❧ ◆♦♥✲▲✐♥❡❛r ❆♥❛❧②s✐s✱ ❲✳ ❆✳ ❇❡♥❥❛♠✐♥❀

✶st ❡❞✐t✐♦♥ ✭✶✾✻✽✮✳

❬✶✹❪ P❛trã♦✱ ▼✳ ❡ ▲✳❆✳❇✳ ❙❛♥ ▼❛rt✐♥ ✲ ❈❤❛✐♥ r❡❝✉rr❡♥❝❡ ♦❢ ✢♦✇s ♦♥ ✜❜❡r ❜✉♥❞❧❡s✱

❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✳ ❉②♥❛♠✳ ❙②st❡♠s ❆✱ ✶✼✱ ✶✶✸✲✶✸✾ ✭✷✵✵✼✮✳

❬✶✺❪ P❛trã♦✱ ▼✳✱ ▲✳ ❙❡❝♦ ❡ ▲✳❆✳❇✳ ❙❛♥ ▼❛rt✐♥ ✲ ❈♦♥❧❡② ✐♥❞❡①❡s ❛♥❞ st❛❜❧❡ s❡ts ❢♦r

✢♦✇s ♦♥ ✢❛❣ ❜✉♥❞❧❡s✳ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✭Pr✐♥t✮✱ ✈✳ ✷✹✱ ✷✹✾✲✷✼✻ ✭✷✵✵✾✮✳

❬✶✻❪ ❘✉❡❧❧❡✱ ❉✳ ✲ ❊r❣♦❞✐❝ t❤❡♦r② ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ■♥st✳ ❍❛✉t❡s

➱t✉❞❡s ❙❝✐✳ P✉❜❧✳ ▼❛t❤✳ ✺✵✱ ✷✼✲✺✽ ✭✶✾✼✾✮✳

❬✶✼❪ ❘✉❡❧❧❡✱ ❉✳ ✲ ❆♥❛❧②❝✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡①♣♦♥❡♥ts ♦❢ r❛♥❞♦♠ ♠❛✲

tr✐① ♣r♦❞✉❝ts✱ ❆❞✈❛♥❝❡s ✐♥ ▼❛t❤✳ ✸✷✱ ✻✽✲✽✵ ✭✶✾✼✾✮✳

❬✶✽❪ ❙❛♥ ▼❛rt✐♥✱ ▲✳❆✳❇✳ ✲ ➪❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❡❞✐t♦r❛ ❞❛ ❯♥✐❝❛♠♣✱ ✷a ❡❞✐çã♦✱ ✭✷✵✶✵✮✳

❬✶✾❪ ❙❛♥ ▼❛rt✐♥✱ ▲✳❆✳❇✳ ✲ ▼❛①✐♠❛❧ s❡♠✐❣r♦✉♣s ✐♥ s❡♠✐✲s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣s✱ ❚r❛♥s✳

❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✈♦❧✳✸✺✸✱ ✺✶✻✺✲✺✶✽✹ ✭✷✵✵✶✮✳

❬✷✵❪ ❙❛♥ ▼❛rt✐♥✱ ▲✳❆✳❇✳ ❡ ▲✳ ❙❡❝♦ ✲ ▼♦rs❡ ❛♥❞ ▲②❛♣✉♥♦✈ s♣❡❝tr❛ ❛♥❞ ❞②♥❛♠✐❝s ♦♥

✢❛❣ ❜✉♥❞❧❡s✱ ❊r❣♦❞✐❝ ❚❤❡♦r② ❛♥❞ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✈♦❧✳✷✸✱ ✶✲✹✷ ✭✷✵✵✾✮✳

❬✷✶❪ ❙❛♥ ▼❛rt✐♥✱ ▲✳❆✳❇✳ ❡ P✳❆✳ ❚♦♥❡❧❧✐ ✲ ❙❡♠✐❣r♦✉♣s ❛❝t✐♦♥s ♦♥ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡s✱

❙❡♠✐❣r♦✉♣ ❋♦r✉♠✱ ✈♦❧ ✺✵✭✶✮✱ ✺✾✲✽✽ ✭✶✾✾✺✮✳

❬✷✷❪ ❙❡❧❣r❛❞❡✱ ❏ ✲ ■s♦❧❛t❡❞ ✐♥✈❛r✐❛♥t s❡ts ❢♦r ✢♦✇s ♦♥ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❚r❛♥s✳ ♦❢ ❆♠❡r✳

▼❛t❤✳ s♦❝✳✱ ✷✵✸✱ ✷✺✾✲✸✾✵ ✭✶✾✼✺✮✳

❬✷✸❪ ❲❛r♥❡r✱ ●✳ ✲ ❍❛r♠♦♥✐❝ ❆♥❛❧②s✐s ♦♥ s❡♠✐✲s✐♠♣❧❡ ▲✐❡ ❣r♦✉♣s ■✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱

✭✶✾✼✷✮✳



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✶✵✼

❬✷✹❪ ❲♦❥t❦♦✇s❦✐✱ ▼✳P✳ ✲ ■♥✈❛r✐❛♥t ❢❛♠✐❧✐❡s ♦❢ ❝♦♥❡s ❛♥❞ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts✱ ❊r❣♦❞✳

❚❤✳ ❉②♥ ❙②s✳ ✺✱ ✶✹✺✲✶✻✶ ✭✶✾✽✺✮✳

❬✷✺❪ ❲♦❥t❦♦✇s❦✐✱ ▼✳P✳ ✲ ▼♦♥♦t♦♥✐❝✐t②✱ ❏✲❛❧❣❡❜r❛ ♦❢ P♦t❛♣♦✈ ❛♥❞ ▲②❛♣✉♥♦✈ ❡①♣♦✲

♥❡♥ts✱ Pr♦❝✳ ❙②♠♣♦s✳P✉r❡ ▼❛t❤✳ ✻✾ ✭✷✵✵✶✮ ✹✾✾✲✺✷✶✳


