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❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ às ♣❡ss♦❛s ❞❛ ♠✐♥❤❛ ❝♦♠✉♥✐❞❛❞❡✱ q✉❡ ❡♠ s❡✉ ❝❛♠✐♥❤♦ ❛tr❛✈és ❞❡st❡

♠✉♥❞♦ só ❝♦♥❤❡❝❡r❛♠ ♦ ❤♦rr♦r ❞❛ ❣✉❡rr❛✱ ❝♦♠ ❛ ❡s♣❡r❛♥ç❛ ❞❡ q✉❡ ❞✐á❧♦❣♦s ❞❡ ♣❛③ q✉❡

❝♦❧♦❝❛rã♦ ✜♠ à ❣✉❡rr❛ ♥♦ ♠❡✉ ♣❛ís✳

✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♣r♦❢❡ss♦r ❉✐❡❣♦ ❙❡❜❛st✐á♥ ▲❡❞❡s♠❛✱ ♣❡❧❛ ♣❛rt✐❝✐♣❛çã♦ ♥♦ ❝❛♠✐♥❤♦ ❞♦ ❡♥❣r❛♥❞❡❝✐♠❡♥t♦

♣r♦✜ss✐♦♥❛❧✱ ♣♦r t♦❞♦ ♦ r❡s♣❡✐t♦ ❡ ❛ ♣❛❝✐ê♥❝✐❛ q✉❡ t❡✈❡ ❝♦♠✐❣♦ ❡ ♣❡❧♦ ❛♣♦✐♦ ❡♠ ♠♦♠❡♥t♦ ❞✐❢í❝✐❧

❞❛ ♠✐♥❤❛ ✈✐❞❛✳

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❛♣♦✐♦ ❡♠♦❝✐♦♥❛❧ ❡ ❛♦ ❈◆Pq✳

❆ t♦❞❛s ❛s ♣❡ss♦❛s q✉❡ ♣❛rt✐❝✐♣❛r❛♠✱ ❝♦♥tr✐❜✉✐♥❞♦ ♣❛r❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❞✐r❡t❛

♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ♠❡✉ ❛❣r❛❞❡❝✐♠❡♥t♦✳

✈✐✐



✳✳✳❞♦♥❞❡ ❧❛s ❡st✐r♣❡s ❝♦♥❞❡♥❛❞❛s ❛ ❝✐❡♥ ❛ñ♦s ❞❡ s♦❧❡❞❛❞ t❡♥❣❛♥ ♣♦r ✜♥ ② ♣❛r❛

s✐❡♠♣r❡ ✉♥❛ s❡❣✉♥❞❛ ♦♣♦rt✉♥✐❞❛❞ s♦❜r❡ ❧❛ t✐❡rr❛✳

✕ ●❛❜r✐❡❧ ●❛r❝✐❛ ▼árq✉❡③✱ ▲❛ s♦❧❡❞❛❞ ❞❡ ❆♠ér✐❝❛ ▲❛t✐♥❛

✈✐✐✐



❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛♠♦s ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ três r❡s✉❧t❛❞♦s ♠✉✐t♦ ❝♦♥❤❡❝✐❞♦s

❡♠ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✿ ♦ ❚❡♦r❡♠❛ ❞❡ ▼②❡rs✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r ❡ ♦ ❚❡♦r❡♠❛

❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧✳ ❊♠ ♣❛rt✐❝✉❧❛r ✈❡r❡♠♦s q✉❡ ❢❛③❡♥❞♦ ✉♠❛ ♣❡q✉❡♥❛

♠♦❞✐✜❝❛çã♦ s♦❜r❡ ♦s r❡q✉✐s✐t♦s ❞❡st❡s t❡♦r❡♠❛s ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ♦s

r❡s✉❧t❛❞♦s ♣❡r♠❛♥❡❝❡♠ ✐♥❛❧t❡r❛❞♦s✳

✐①



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ ♣r❡s❡♥t ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤r❡❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts ✐♥ ❘✐❡✲

♠❛♥♥✐❛♥ ❣❡♦♠❡tr②✿ ❚❤❡ ▼②❡rs✬s t❤❡♦r❡♠✱ ❇♦❝❤♥❡r✬s t❤❡♦r❡♠ ❛♥❞ t❤❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧

s♣❧✐tt✐♥❣ t❤❡♦r❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ♠❛❦✐♥❣ ❛ s♠❛❧❧ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡

r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡s❡ t❤❡♦r❡♠s r❡❧❛t❡❞ t♦ t❤❡ ❘✐❝❝✐ t❡♥s♦r✱ t❤❡ r❡s✉❧ts r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳

①



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✶

✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ✹

✶✳✶ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❚❡♥s♦r❡s ❡♠ ✈❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ ❉❡r✐✈❛❞❛ ❞❡ ▲✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✹ ▼étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✺ ❈♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✻ ❈✉r✈❛t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✼ ❆♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✽ ❱❛r✐❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡ ❊♥❡r❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✾ ❙❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✷✸

✷✳✶ ●r❛❞✐❡♥t❡✱ ❉✐✈❡r❣ê♥❝✐❛✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛❝✐❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷ ❋ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ❣❡♥❡r❛❧✐③❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✸ Pr✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✹ ❋✉♥çõ❡s ❞❡ ❇✉s❡♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸ ▼♦❞✐✜❝❛çõ❡s ❞♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❡ ❆♣❧✐❝❛çõ❡s ✸✹

✸✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ▼②❡rs ●❡♥❡r❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✷ ❚❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

①✐



✹ ❯♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ ✈✐❛

♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❇❛r❦r②✲❊♠❡r② ✹✶

✹✳✶ ❊st✐♠❛t✐✈❛ s♦❜r❡ ❛ ❢✉♥çã♦ ❞❡ ❇✉s❡♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✷ ❚❡♦r❡♠❛ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ ❣❡♥❡r❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

①✐✐



■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ três t❡♦r❡♠❛s ❞❡ ♠✉✐t❛ ✐♠♣♦rtâ♥❝✐❛ ❡♠ ●❡✲

♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡ ❝♦♠ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❝♦♥s✐❞❡r❛♠♦s ♦ t❡♦r❡♠❛

❞❡ ▼②❡rs q✉❡ t❡✈❡ ❛ s✉❛ ♣r✐♠❡✐r❛ ✈❡rsã♦ ❡♠ ✶✾✹✶ ❡ ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

❚❡♦r❡♠❛ ✵✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ t❛❧

q✉❡ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ s❛t✐s❢❛③

Ric ≥ (n− 1)C > 0.

❊♥tã♦ M é ❝♦♠♣❛❝t❛ ❝♦♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✜♥✐t♦ ❡

diam(M) ≤ π√
C
.

❖ t❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r ❡♥✉♥❝✐❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ❬✶✷❪ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

❚❡♦r❡♠❛ ✵✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ t❛❧ q✉❡ ♦ t❡♥s♦r

❞❡ ❘✐❝❝✐ é ♥ã♦✲♥❡❣❛t✐✈♦✳ ❊♥tã♦ t♦❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤❛r♠ô♥✐❝♦ é ♣❛r❛❧❡❧♦✳

❡ t❡♠ ❝♦♠♦ ❝♦r♦❧ár✐♦

❈♦r♦❧ár✐♦ ✵✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ t❛❧ q✉❡ ❡♠ ❛❧❣✉♠

♣♦♥t♦ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ é ♣♦s✐t✐✈♦✳ ❊♥tã♦ t♦❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤❛r♠ô♥✐❝♦ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳

❊ ✜♥❛❧♠❡♥t❡ ♦ t❡♦r❡♠❛ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ ❡♥✉♥❝✐❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ✶✾✼✶ ❡♠ ❬✶❪✱

♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❝♦♠♦

❚❡♦r❡♠❛ ✵✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧✮✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡✲

♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ Ric ≥ 0✳ ❊♥tã♦ M ❞❡❝♦♠♣õ❡✲s❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡

❝♦♠♦ N × R
l✱ ♦♥❞❡ N é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❈♦♠♣❧❡t❛ s❡♠ ❧✐♥❤❛s✱ ♦♥❞❡ R

l é ♦

❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ ❞✐♠❡♥sã♦ l✳

❖❜s❡r✈❛♠♦s q✉❡ ♦s ❡♥✉♥❝✐❛❞♦s ❞❡st❡s t❡♦r❡♠❛s t❡♠ ❝♦♠♦ ❝♦♥❞✐çõ❡s ❧✐♠✐t❛çõ❡s ❞♦ t❡♥s♦r

❞❡ ❘✐❝❝✐ ✱ ♣♦rt❛♥t♦ é ♥❛t✉r❛❧ ♣❡r❣✉♥t❛r✲s❡ s❡ ❡♥❢r❛q✉❡❝❡♥❞♦ ❡st❛s ❝♦♥❞✐çõ❡s ❛✐♥❞❛ ❝♦♥t✐♥✉❛♠

✈❛❧❡♥❞♦ ♦s r❡s✉❧t❛❞♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛s s❡❣✉✐♥t❡s ♠♦❞✐✜❝❛çõ❡s ❛♦ t❡♥s♦r

❞❡ ❘✐❝❝✐

R̂ic = Ric+ LV g.

✶



P❛r❛ k > 0

R̃ic = Ric+ LV g − kV ∗ ⊗ V ∗,

❡ ✜♥❛❧♠❡♥t❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ φ ∈ C2(M)✱

Ricφ = Ric+Hess(φ),

é ❝❤❛♠❛❞♦ ❞❡ t❡♥s♦r ❞❡ ❘✐❝❝✐✲❇❛❦r②✲❊♠❡r②✳ ❯♠ ♦♣❡r❛❞♦r ❞❡st❡ t✐♣♦ é ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦

❞❡ ♣r♦❝❡ss♦s ❞❡ ❞✐❢✉sã♦ ❝♦♠♦ ❛♣❛r❡❝❡ ❡♠ ❬✼❪✳

P❛r❛ ❛s ♣r✐♠❡✐r❛s ❞✉❛s ♠♦❞✐✜❝❛çõ❡s ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ t❡♦r❡♠❛ ❞❡ ▼②❡rs ❝♦♠♦ s❡❣✉❡

❚❡♦r❡♠❛ ✵✳✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n✳

❙✉♣♦♥❞♦ q✉❡ M ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s V s❛t✐s❢❛③❡♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Ric+ LV g ≥ (n− 1)C > 0

❡ |V | ≤ r✳ ❊♥tã♦ M é ❝♦♠♣❛❝t❛ ❡ ♦ ❞✐â♠❡tr♦ s❛t✐s❢❛③

diam(M) ≤ π

(n− 1)C

(√
2r +

√
2r2 + (n− 1)2C

)
.

❚❡♦r❡♠❛ ✵✳✺✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n✳

❙✉♣♦♥❤❛ q✉❡ M ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s V s❛t✐s❢❛③❡♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Ric+ LV g − kV ∗ ⊗ V ∗ ≥ (n− 1)C > 0,

♦♥❞❡ k > 0✳ ❊♥tã♦ M é ❝♦♠♣❛❝t❛ ❡ s❡✉ ❞✐â♠❡tr♦ s❛t✐s❢❛③

diam(M) ≤ π√
(n− 1)C

√
n− 1 +

4

k
.

P❛r❛ ♦ t❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r

❚❡♦r❡♠❛ ✵✳✻✳ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❢❡❝❤❛❞❛✱ ♦r✐❡♥t❛❞❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦

n✳ ❙✉♣♦♥❤❛ q✉❡ M ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r✐❛❧ V s❛t✐s❢❛③❡♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

Ric+ LV g − div(V )g ≥ 0.

❊♥tã♦

✭✶✮ ❚♦❞♦ ❝❛♠♣♦ ❞❡ ✈❡❝t♦r❡s ❤❛r♠ô♥✐❝♦ é ♣❛r❛❧❡❧♦✳

✷



✭✷✮ ❙❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C > 0 t❛❧ q✉❡

Ric+ LV g − div(V )g ≥ C, ✭✶✮

❡♥tã♦ ♥♦ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❤❛r♠ô♥✐❝♦ ♥ã♦✲tr✐✈✐❛❧✳

P♦r ú❧t✐♠♦ ♣❛r❛ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✲❇❛❦r②✲❊♠❡r② t❡♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧

❚❡♦r❡♠❛ ✵✳✼✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ Ric +

Hess(φ) ≥ 0 ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ φ ∈ C∞(M) ❛ q✉❛❧ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ M ✳

❊♥tã♦ M ❞❡❝♦♠♣õ❡✲s❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ❝♦♠♦ N×R
l✱ ♦♥❞❡ N é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

❈♦♠♣❧❡t❛ s❡♠ ❧✐♥❤❛s✳ ▼❛✐s ❛✐♥❞❛ ❛ ❢✉♥çã♦ φ é ❝♦♥st❛♥t❡ ♥♦ ❝♦♥❥✉♥t♦ R
l ❞❛ ❞❡❝♦♠♣♦s✐çã♦✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ♣r✐♠❡✐r♦ ❝❛♣✐t✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❛ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡

❢♦r♠❛ ❣❡r❛❧ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡ ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛ ♠❛✐♦r ♣❛rt❡ ❞❡st❡

❝❛♣ít✉❧♦ ❡stá ❜❛s❡❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✳

◆♦ s❡❣✉♥❞♦ ❝❛♣✐t✉❧♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❝♦♠ ❛s s✉❛s

❞❡♠♦♥str❛çõ❡s✱ q✉❡ s❡rã♦ út❡✐s ♥♦s s❡❣✉✐♥t❡s ❞♦✐s ❝❛♣ít✉❧♦s✳ ❆❧❣✉♥s ❞❡st❡s r❡s✉❧t❛❞♦s

♣♦❞❡♠ s❡r ❛❝❤❛❞♦s ❡♠ ❬✽❪ ❡ ❬✺❪✳

◆♦ t❡r❝❡✐r♦ ❝❛♣✐t✉❧♦✱ sã♦ ❞❡♠♦♥str❛❞❛s ❞✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ t❡♦r❡♠❛ ❞❡ ▼②❡rs ❡ ✉♠❛

❞♦ t❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r✳ ❚❛✐s ❞❡♠♦♥str❛çõ❡s ❡stã♦ ❜❛s❡❛❞❛s ♥♦ ❛rt✐❣♦ ❬✶✵❪ ♦ q✉❛❧ ❢❛③

✉s♦ ❞❡ ✉♠❛ té❝♥✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❚é❝♥✐❝❛ ❞❡ ❇♦❝❤♥❡r✳

❋✐♥❛❧♠❡♥t❡ ♥♦ ú❧t✐♠♦ ❝❛♣✐t✉❧♦ ❞❡♠♦str❛♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❞❡❝♦♠✲

♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧✳ ❊st❡ ❝❛♣ít✉❧♦ ❡stá ❜❛s❡❛❞♦ ♥♦s ❛rt✐❣♦s ❬✹❪✱ ❬✶✸❪ ✳

✸



✶

❈♦♥❝❡✐t♦s ❇ás✐❝♦s ❞❛ ●❡♦♠❡tr✐❛

❘✐❡♠❛♥♥✐❛♥❛

◆❡st❡ ❝❛♣ít✉❧♦ ♣r❡❧✐♠✐♥❛r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❢❛t♦s ❜ás✐❝♦s s♦❜r❡ ❣❡♦♠❡✲

tr✐❛ r✐❡♠❛♥♥✐❛♥❛ ❡ ✐♥tr♦❞✉③✐♠♦s ❛ ♥♦t❛çã♦ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥❡st❛ ❞✐ss❡rt❛çã♦✳ ❆ r❡❢❡rê♥❝✐❛

❜ás✐❝❛ é ♦ ❧✐✈r♦ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ▼✳P✳ ❉♦ ❈❛r♠♦ ❬✸❪✳

✶✳✶ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ α : (−ǫ,−ǫ) −→ M é

❝❤❛♠❛❞❛ ✉♠❛ ❝✉r✈❛ ❡♠ M ✳ ❙❡❥❛ α(0) = p ∈M ✱ ❡ s❡❥❛ C∞(M) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❞❡ M

❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ p✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡ à ❝✉r✈❛ α é ❛ ❢✉♥çã♦ α′(0) : C∞(M) −→ R ❞❛❞❛ ♣♦r

α′(0)f =
d(f ◦ α)

dt


t=0
, f ∈ C∞(M).

❯♠ ✈❡t♦r t❛♥❣❡♥t❡ ❡♠ p é ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❡♠ t = 0 ❞❡ ❛❧❣✉♠❛ ❝✉r✈❛ α : (−ǫ,−ǫ) −→ M

❝♦♠ α(0) = p✳ ❉❡♥♦t❛♠♦s ♣♦r TpM ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ ▼ ❡♠ ✉♠ ♣♦♥t♦ p✳

❖ ❡s♣❛ç♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❝♦t❛♥❣❡♥t❡ ❞❡ M ♥♦ ♣♦♥t♦ p ❡

s❡rá ❞❡♥♦t❛❞♦ ♣♦r T ∗
pM ✳

❯♠❛ ❢✉♥çã♦ f :M −→ R é ❞✐t❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ♣❛r❛ t♦❞♦ p ∈M ❡ (U, ϕ) ❝❛rt❛ ❧♦❝❛❧ ❡♠

t♦r♥♦ ❞❡ p t❡♠✲s❡ q✉❡

f ◦ ϕ : U ⊂ R
n −→ R,

✹



é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❆♥❛❧♦❣❛♠❡♥t❡ s❡M ❡ N sã♦ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦m ❡ n r❡s♣❡❝t✐✈❛♠❡♥t❡✱

✉♠❛ ❢✉♥çã♦ f : M −→ N é ❞✐t❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ♣❛r❛ ❝❛❞❛ p ∈ M ❡ q✉❛✐sq✉❡r ❝❛rt❛s (U, ϕ)

❞❡ p ❡ (V, ψ) ❞❡ f(p) t❡♠♦s q✉❡

ψ−1f ◦ ϕ : U ⊂ R
m −→ V ⊂ R

n,

é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n r❡s♣❡❝t✐✲

✈❛♠❡♥t❡ ❡ f : M −→ N ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ f ❡♠ ✉♠ ♣♦♥t♦ p é ❛

❛♣❧✐❝❛çã♦ df(p) : TpM −→ Tf(p)N t❛❧ q✉❡

df(p)(v) =
d

dt


t=0
f ◦ ϕ−1(p+ tv),

♦♥❞❡ (U, ϕ) é ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❡♠ t♦r♥♦ ❞❡ p✳

P❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❞✐♠❡♥sã♦ n ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ é ❞❡✜♥✐❞♦ ❝♦♠♦

s❡♥❞♦

TM = ∪p∈MTpM

♠✉♥✐❞♦ ❞❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦ π : TM −→M t❛❧ q✉❡

π(p, w) = p.

❖❜s❡r✈❛♠♦s q✉❡ TM é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞❡ ❢❛t♦ s❡ ❝♦♥s✐❞❡r❛♠♦s {(Uα, ϕα)} ✉♠

❛t❧❛s ❞❛ ✈❛r✐❡❞❛❞❡ M ✱ ♣❛r❛ ❝❛❞❛ α ❞❡✜♥✐♠♦s dϕα : TUα −→ Tϕα(Uα) t❛❧ q✉❡

dϕ(x, v) = (ϕ(x), dϕ(x)(v)),

❡♥tã♦ (TUα, dϕα) é ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡

dϕ−1
α (p,W ) = (x0, dϕ(x0)

−1(W )),

é ❛ ✐♥✈❡rs❛ ❞❡ ϕα✱ ♦♥❞❡ x0 = ϕ−1(p)✳

(TM,M, π) ❝♦♠ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛❞❛ é ❝❤❛♠❛❞♦ ❞❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ ❉❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ♦ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡ (T ∗M,M, π) ❝♦♠ ♦ ❡s♣❛ç♦ t♦t❛❧

T ∗M = ∪p∈MT
∗
pM ❡ π(p, w) = p✳

✺



❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❞✐♠❡♥sã♦ n✱ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X é ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ❞❡ M ❛ss♦❝✐❛ ✉♠ ✈❡t♦r X(p) ♥♦ TpM ❡ ✉♠❛ 1−❢♦r♠❛

θ s♦❜r❡ M é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ❞❡ M ❛ss♦❝✐❛ ✉♠ ✈❡t♦r θ(p) ♥♦ T ∗
pM ✳

❊♠ t❡r♠♦s ❞❡ ❛♣❧✐❝❛çõ❡s✱ X é ✉♠❛ s❡çã♦ ❞❡ M ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ✐✳❡✳ π ◦X = IM ❡ θ

✉♠❛ s❡çã♦ ❞♦ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡✳

❉❡♥♦t❛♠♦s ♣♦r X (M) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡♠ M ✱ ♣♦r Ω(M)

♦ ❝♦♥❥✉♥t♦ ❞❛s 1−❢♦r♠❛s ❡♠ M ❡ ♣♦r C∞(M) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s r❡❛✐s ❞❡ ❝❧❛ss❡ C∞

❞❡✜♥✐❞❛s ❡♠ M ✳ ❙❡❥❛ ϕ : U ⊂ R
n −→M ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛♦ r❡❞♦r ❞❡ ✉♠ ♣♦♥t♦ p ∈ M

❡ X ∈ X (M)✱ s❡ ❝♦♥s✐❞❡r❛♠♦s {∂i}ni=1 ❛ ❜❛s❡ ❞❡ TpM ❛ss♦❝✐❛❞❛ ❛ ϕ ❡ {dxi}ni=1 ❛ ❜❛s❡ ❞❡

T ∗
pM ❛ss♦❝✐❛❞❛ ❛ ϕ✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

X(p) =
n∑

i=1

ai(p)∂i ❡ ω(p) =
n∑

i=1

bi(p)dxi,

♦♥❞❡ ai : U ⊂ R
n −→ R ❡ bi : U ⊂ R

n −→ R sã♦ ❢✉♥çõ❡s ❡♠ U ✳ ❉❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X

❞✐③❡♠♦s q✉❡ X é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❛s ❢✉♥çõ❡s ai sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❛♥❛❧♦❣❛♠❡♥t❡ s❡ θ é ✉♠❛

1−❢♦r♠❛ s♦❜r❡ M ✱ θ é ❞✐t❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❛s ❢✉♥çõ❡s ai sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

◆♦ q✉❡ s❡❣✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ X (M) ❡ Ω(M) s❡rã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❊①❡♠♣❧♦ ✶✳✶✳ ❆ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M) ❞❡✜♥❡ ✉♠❛ ✶✲❢♦r♠❛ df t❛❧ q✉❡

(df)(v) = v(f) ♣❛r❛ t♦❞♦ ✈❡t♦r t❛♥❣❡♥t❡ v ❞❡ M ✳

❙❡ p ∈M ❡♥tã♦ (df)(p) : TpM −→ R
n é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡ ♣❛r❛ t♦❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

X ∈ X (M) ❛ ❢✉♥çã♦ (df)(X) = Xf é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❊♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (U, (x1, . . . , xn)) ❞❡ M ✱ ❛s ✶✲❢♦r♠❛s dx1, . . . , dxn ❛ss♦❝✐✲

❛❞❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞✉❛❧✳ ❙❡ θ é ✉♠❛ ✶✲❢♦r♠❛✱ ❡♥tã♦

θ =
∑

i

θ(∂i)dxi,

❡♠ ❯✳ ❙❡ f ∈ C∞(M) ❡ df(∂i) =
∂f

∂xi
❡♥tã♦

df =
∑

i

df

dxi
dxi.

❆ ❞✐❢❡r❡♥❝✐❛❧ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✶✮ d : C∞(M) −→ Ω(M) é ❧✐♥❡❛r s♦❜r❡ R✳

✻



✭✷✮ ❙❡ f, g ∈ C∞(M)✱❡♥tã♦ d(fg) = gdf + fdg✳

✭✸✮ ❙❡ f ∈ C∞(M) ❡ h ∈ C∞(R)✱ ❡♥tã♦ d(h(f)) = h′(f)df ✳

✶✳✷ ❚❡♥s♦r❡s ❡♠ ✈❛r✐❡❞❛❞❡s

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠ (r, k)✲t❡♥s♦r T ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ é ✉♠❛ ❛♣❧✐❝❛çã♦

T : X (M)× · · · × X (M)︸ ︷︷ ︸
r−vezes

×Ω(M)(M)× · · · × Ω(M)︸ ︷︷ ︸
k−vezes

−→ C∞(M),

t❛❧ q✉❡ s❡ Y1, . . . , Yk ∈ X (M) ❡ ω1, . . . , ωr ∈ Ω(M)✱ ❡♥tã♦

✭✶✮ P❛r❛ q✉❛✐sq✉❡r f, g ∈ C∞(M)

T (Y1, . . . , fYs, . . . , Yk, ω1, . . . , gωl, . . . , ωr) = fgT (Y1, . . . , Ys, . . . , Yk, ω1, . . . , ωl, . . . , ωr),

✭✷✮ P❛r❛ t♦❞♦ Xs ∈ X (M)

T (Y1, . . . , Ys +Xs, . . . , Yk, ω1, , . . . , ωr) = T (Y1, . . . , Ys, . . . , Yk, ω1, . . . , ωr) +

T (Y1, . . . , Xs, . . . , Yk, ω1, . . . , ωr),

✭✸✮ P❛r❛ t♦❞♦ α ∈ Ω(M)

T (Y1, . . . , Yk, ω1, . . . , ωl + α, . . . , ωr) = T (Y1, . . . , Yk, ω1, . . . , ωl, . . . , ωr) +

T (Y1, . . . , Yk, ω1, . . . , α, . . . , ωr).

❙❡❥❛ p ∈ M ✳ ❖ ✈❛❧♦r ❞❡ T (Y1, . . . , Yk, ω1, . . . , ωr)(p) só ❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ❡♠ p ❞❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ T ✱ ❡ ❞♦s ✈❛❧♦r❡s ❞❡ Y1, . . . , Yr, ω1, . . . , ωr ❡♠ p✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠ (k, 0)t❡♥s♦r T é ❞✐t♦ ❛❧t❡r♥❛❞♦ s❡

T (v1, . . . , vi, . . . , vj, . . . , vk) = −T (v1, . . . , vj, . . . , vi, . . . , vk),

♣❛r❛ q✉❛✐sq✉❡r v1, . . . , vi, . . . , vj, . . . , vk ∈ TpM ✳

❉❡♥♦t❛♠♦s ♣♦r Ωk(M) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s (k, 0)−t❡♥s♦r❡s ❛❧t❡r♥❛❞♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r

✉♠❛ 1✲❢♦r♠❛ é ✉♠ (1, 0)−t❡♥s♦r✳

✼



❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ ❢✉♥çã♦ T q✉❡ ❛ ❝❛❞❛ p ∈M ❛ss♦❝✐❛ T (p) ∈ Ωk(M) é ❞❡♥♦♠✐♥❛❞❛ ✉♠❛

k−❢♦r♠❛ ❡♠ M ✳

❙❡❥❛ ω ∈ Ωk(M) ✉♠❛ k✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧M ✳ ❖ ❞✐❢❡r❡♥❝✐❛❧

❞❡ ω✱ dω✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ k + 1✲❢♦r♠❛ ❡♠ Ωk+1(M) t❛❧ q✉❡

dω(X0, . . . , Xk) =
k∑

i=0

(−1)iXi(ω(X0, . . . , X̂i, . . . , Xk))

−
k+1∑

i<j

(−1)i+j(ω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk)).

✶✳✸ ❉❡r✐✈❛❞❛ ❞❡ ▲✐❡

❙❡❥❛ X ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛ M ✳ ❉❡♥♦t❛♠♦s ♣♦r Φt ♦ ✢✉①♦

❛ss♦❝✐❛❞♦ ❛ X✳ ❖ ✢✉①♦ Φt ✐♥❞✉③ ❛çõ❡s

Φt
∗ : C∞(M) −→ C∞(M)

Φt∗ : X (M) −→ X (M)

Φt
∗ : Ω(M) −→ Ω(M)

t❛✐s q✉❡ ♣❛r❛ Y ∈ X (M)✱ ω ∈ Ω(M) ❡ f ∈ Ω(M)

Φt
∗f = f ◦ Φt

(Φt∗Y )f(p) = Y (f ◦ Φ)(p)

(Φt
∗ω)Y = ω(Φt∗Y )

❉❛❞♦ ✉♠ (r, k)−t❡♥s♦r T ✱ ❞❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ T ❛♦ ❧♦♥❣♦ ❞❡ X ♥♦ ♣♦♥t♦ p

❝♦♠♦ s❡♥❞♦

LXTp(Y1, . . . , Yk, ω1, . . . , ωr)(p) :=
d

dt


t=0
T (Φ−t∗Y1, . . . ,Φ−t∗Yk,Φ−t

∗ω1, . . . ,Φ−t
∗ωr)(p).

■♥t✉✐t✐✈❛♠❡♥t❡ LXT ♠❡❞❡ ❝♦♠♦ ♦ t❡♥s♦r T ✈❛r✐❛ ❛♦ ❧♦♥❣♦ ❞❡ X✳ ❆s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s

♣♦❞❡♠ s❡r ❛❝❤❛❞❛s ❡♠ ❬✾❪ ♥♦ ❝❛♣✐t✉❧♦ ✶✽✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ s❡❥❛♠ X, Y ∈ X (M) ❝❛♠♣♦s ❞❡

✈❡t♦r❡s ❡♥tã♦

✽



✭❛✮ ❙❡ f ∈ C∞(M)✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ f ❛♦ ❧♦♥❣♦ ❞❡ X é ✐❣✉❛❧ à ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡

f ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

LXf = X(f) = df(X),

❡♠ ♣❛rt✐❝✉❧❛r L é ✉♠❛ ❞❡r✐✈❛çã♦✳

✭❜✮ ❆ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ Y ❛♦ ❧♦♥❣♦ ❞❡ X ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♠✉t❛❞♦r ❞❡ X ❡ Y ✐✳❡

LXY f = [X, Y ]f = (XY − Y X)f, ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈ C∞(M).

✭❝✮ P❛r❛ t♦❞♦ (r, 0)−t❡♥s♦r T

(LXT )(Y1, . . . , Yr) = LX(T (Y1, . . . , Yr))−T ([X, Y1], Y2, . . . , Yr)−· · ·−T (Y1, . . . , [X, Yr]).

✶✳✹ ▼étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛

❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é ✉♠❛ ❝♦rr❡s✲

♣♦♥❞ê♥❝✐❛ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦

gp : TpM × TpM −→ R,

t❛❧ q✉❡ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛r❜✐trár✐♦ ϕ : U ⊂ R
n −→ M ❡♠ t♦r♥♦ ❞❡ p✱ ❝♦♠

ϕ(x) = q ∈ ϕ(U) ❡ ∂i(q) = ∂i(0, . . . , 1, . . . , 0)✱ ❛ ❢✉♥çã♦ gij : U ⊂ R
n −→ R ❞❡✜♥✐❞❛ ♣♦r

gij(q) = gq(∂i(q), ∂j(q))

é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ U ✳

❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♠✉♥✐❞❛ ❞❡ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ g✱ ❞✐③❡♠♦s q✉❡

(M, g) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❙❡ (M, g) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ p ∈ M ❡ X, Y ∈ TpM ❛❝♦st✉♠❛✲s❡ ❡s❝r❡✈❡r

〈X, Y 〉p = gp(X, Y )✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f :M −→
N é ❝❤❛♠❛❞♦ ❞❡ ✐s♦♠❡tr✐❛ s❡

〈u, v〉p = (dfp(u), dfp(v))f(p), ∀p ∈M, ∀u, v ∈ TpM.

✾



➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐s♦♠❡tr✐❛ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❞✉❛s

✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳

❯♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ (2, 0)−t❡♥s♦r ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ♦ t❡♥s♦r ♠étr✐❝♦ G : C∞(M) ×
X (M) −→ C∞(M) ❞❡✜♥✐❞♦ ♣♦r G(X, Y ) = g(X, Y ) = 〈X, Y 〉✱ é ✉♠ (2, 0)−t❡♥s♦r ❡ s✉❛s

❝♦♠♣♦♥❡♥t❡s ♥♦ r❡❢❡r❡♥❝✐❛❧ {Xi} sã♦ ❝♦❡✜❝✐❡♥t❡s gij ❞❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ ✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❛❞♦✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡

❞✐❢❡r❡♥❝✐á✈❡❧ ❍❛✉s❞♦r✛ ❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ s✐♠♣❧❡s ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡✳

❚❡♦r❡♠❛ ✶✳✶✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❍❛✉s❞♦r✛ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ♣♦ss✉✐ ✉♠❛

♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✹✼✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♥s✐❞❡r❛❞❛s s❡rã♦ ❍❛✉s❞♦r✛ ❡ ❝♦♠ ❜❛s❡

❡♥✉♠❡rá✈❡❧✳

❊①❡♠♣❧♦ ✶✳✷✳ ❖ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ M = R
n é tr✐✈✐❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ s❡

♣❛r❛ t♦❞♦ p ∈M ✱ TpM ∼= R
n ❞❡✜♥❡✲s❡

〈∂i, ∂j〉p = δij

M é ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛✳

❊①❡♠♣❧♦ ✶✳✸✳ ❖ ❝♦♥❥✉♥t♦ Sn−1 = {x ∈ R
n : |x| = 1} ❝♦♠ ❛ ♠étr✐❝❛ g t❛❧ q✉❡ g(u, v) =

〈u, v〉Rn ♣❛r❛ q✉❛✐sq✉❡r u, v ∈ TpS
n−1✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ♦♥❞❡ TpS

n ⊂ R
n+1✳

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡❥❛ H = {(x1, . . . , xn) ∈ R
n : xn > 0}✱ H é tr✐✈✐❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❝❛rt❛ Id : H ⊂ R
n −→ H✳ ❙❡❥❛ p = (p1, . . . , pn) ∈ H ❡

s❡❥❛♠ u, v ∈ TpH ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ gp : TpH× TpH −→ R t❛❧ q✉❡

gp(u, v) =
1

x2n
〈u, v〉Rn ,

é ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ s♦❜r❡ H✳ ▲♦❣♦ (H, g) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡st❛ ✈❛r✲

✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ é ❝❤❛♠❛❞❛ ❞❡ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✳

✶✵



❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ :M −→ N é ✉♠❛

✐♠❡rsã♦✳ ❙❡ dϕp : TpM −→ Tϕ(p)N é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈M

❊①❡♠♣❧♦ ✶✳✺✳ ❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ s❡❥❛ f : M −→ N ✉♠❛

✐♠❡rsã♦✱ s❡ N t❡♠ ✉♠❛ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛✱ f ✐♥❞✉③ ✉♠❛ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ M

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ p ∈M

〈u, v〉 = 〈dfp(u), dfp(v)〉f(p) ♣❛r❛ q✉❛✐sq✉❡r u, v ∈ TpM

❆ ♠étr✐❝❛ ❞❡ M ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ✐♠❡rsã♦ é ❝❤❛♠❛❞❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣♦r f ❡✱ ♥❡st❡

❝❛s♦✱ f é ❝❤❛♠❛❞❛ ❞❡ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳

❊①❡♠♣❧♦ ✶✳✻✳ ❙❡❥❛♠ (M1, g1) ❡ (M2, g2) ❞✉❛s ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛s ❡ s❡❥❛M =M1×M2✱

M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞♦ ♣r♦❞✉t♦✳ ❙❡❥❛♠

π1 :M1 ×M2 −→M1 ❡ π2 :M1 ×M2 −→M2

❛s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s✱ ♣♦❞❡♠♦s ✐♥tr♦❞✉③✐r ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ s♦❜r❡ M ❞❡✜♥✐♥❞♦

g(p,q)(u, v) = g1p(dπ1(u), dπ1(v)) + g2q(dπ2(u), dπ2(v)),

♣❛r❛ t♦❞♦ (p, q) ∈M ❡ u, v ∈ T(p,q)M ✳ ❆ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ (M1×M2, g) é ❝❤❛♠❛❞❛ ❞❡

♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐❛♥♦✳

✶✳✺ ❈♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛ ♥♦çã♦ ❞❡ ❝♦♥❡①ã♦ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ q✉❡ ✈❛✐

♣❡r♠✐t✐r ❞❡✜♥✐r ♣♦r ❡①❡♠♣❧♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❛♦

❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é ✉♠❛ ❛♣❧✐❝❛çã♦

∇ : X (M)×X (M) −→ X (M),

t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ X, Y, Z ∈ X (M) ❡ q✉❛✐sq✉❡r f, g ∈ C∞(M)

✭✐✮ ∇X+YZ = ∇XZ +∇YZ✱

✶✶



✭✐✐✮ ∇fXZ = f∇XZ✱

✭✐✐✐✮ ∇X(Y + Z) = ∇XY +∇XZ✱

✭✐✈✮ ∇X(fY ) = f∇XY +X(f)Y ✳

❙❡❥❛♠ p ∈ M ❡ ϕ(x1, . . . , xn) ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❡♠ t♦r♥♦ ❞❡ p✱ ❡♥tã♦ ♣❛r❛ X =
∑

i ai∂i

❡ Y =
∑

i bj∂j t❡♠♦s q✉❡

∇XZ =
∑

k

(∑

ij

aibjΓ
k
ij +X(bk)

)
∂k,

♦♥❞❡ ❝❛❞❛ Γk
ij é ❞❡✜♥✐❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ∇∂i∂j =

∑
k Γ

k
ij∂k✳ ❖s ❝♦❡✜❝✐❡♥t❡s Γk

ij sã♦ ❝❤❛♠❛❞♦s

❞❡ sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ❞❛ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❉❛❞❛ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ α : I = (a, b) ⊂ R −→ M ✱ ✉♠ ❝❛♠♣♦ ❞❡

✈❡t♦r❡s ❛♦ ❧♦♥❣♦ ❞❡ α é ✉♠❛ ❢✉♥çã♦ V : I −→ TM t❛❧ q✉❡ V (t) ∈ Tα(t)M ✳

❙❡❥❛ t ∈ I✳ ❊♠ ❝♦♦r❞❡♥❛❞❛s t❡♠♦s ❛ ❜❛s❡ { d
dt
} ❡♠ TtI = R✳ ❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ dα( d

dt
)q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r α′(t) é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r t❛♥❣❡♥t❡ á ❝✉r✈❛ α ❡♠ α(t)✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ♥♦s ❞á ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡r✐✈❛r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❛♦ ❧♦♥❣♦ ❞❡

❝✉r✈❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ♠✉♥✐❞❛ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡ α : I −→
M ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ ❝❛♠♣♦ V ❛♦ ❧♦♥❣♦ ❞❡ α✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠♣♦

❞❡♥♦t❛❞♦ ♣♦r DV
dt

❛♦ ❧♦♥❣♦ ❞❡ α✱ ❞❡♥♦♠✐♥❛❞♦ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ V ❛♦ ❧♦♥❣♦ ❞❡ α✱ t❛❧

q✉❡

✭❛✮ D
dt
(V +W ) = D

dt
(V ) + D

dt
(W )✳

✭❜✮ D
dt
(fV ) = df

dt
V + f DV

dt
✳

✭❝✮ ❙❡ V é ❛ r❡str✐çã♦ ❞❡ ✉♠ ❝❛♠♣♦ Y ❞❡✜♥✐❞♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ α(I)✱ ❡♥tã♦ DV
dt

=

∇α′(t)Y ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✸❪ ♣á❣✐♥❛ ✺✼✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇✳ ❯♠ ❝❛♠♣♦

❞❡ ✈❡t♦r❡s V ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ γ : I −→M t❛❧ q✉❡ DV
dt

= 0 é ❝❤❛♠❛❞♦ ❞❡ ♣❛r❛❧❡❧♦✳

✶✷



❚❡♦r❡♠❛ ✶✳✷ ✭❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ♣❛r❛❧❡❧♦s✮✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡

❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡ γ : I −→ M ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ M ✳ ❙❡

t0 ∈ I ❡ v ∈ Tγ(t0)M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♣❛r❛❧❡❧♦ V (t) ❞❡✜♥✐❞♦ s♦❜r❡ I

q✉❡ s❛t✐s❢❛③ V (t0) = v✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✺✽✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❖ ❝❛♠♣♦ V (t) ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r é ❝❤❛♠❛❞♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡

v = V (t0) ❛♦ ❧♦♥❣♦ ❞❡ γ✳

❉✐③❡♠♦s q✉❡ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é s✐♠étr✐❝❛ s❡

∇XY −∇YX = [X, Y ] ♣❛r❛ t♦❞♦ X, Y ∈ X (M).

❖❜s❡r✈❛♠♦s q✉❡ s❡ ∇ é s✐♠étr✐❝❛✱ ❡♥tã♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s Γk
ij = Γk

ji ♣❛r❛ t♦❞♦

i, j ∈ {1, . . . , n}✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M é ❝♦♠♣❛tí✈❡❧ ❝♦♠

❛ ♠étr✐❝❛ s❡

X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉, ♣❛r❛ t♦❞♦ X, Y ∈ X (M).

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

♣♦✐s ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ú♥✐❝❛ ❝♦♥❡①ã♦ ❛✜♠✱ s✐♠étr✐❝❛ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛

❘✐❡♠❛♥♥✐❛♥❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❚❡♦r❡♠❛ ✶✳✸✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦♥❡①ã♦ ❛✜♠ s✐♠étr✐❝❛ ❡

❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✻✶✳

❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛M ❛ ❝♦♥❡①ã♦ ❛✜♠ s✐♠étr✐❝❛ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛

é ❝❤❛♠❛❞❛ ❞❡ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ♦✉ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ M ✳ ❆ ♣❛rt✐r ❞❛q✉✐ ❝♦♥s✐❞❡r❛r❡♠♦s

❛s ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❝♦♠ s✉❛s r❡s♣❡❝t✐✈❛s ❝♦♥❡①õ❡s ❘✐❡♠❛♥♥✐❛♥❛s✳

P♦❞❡♠♦s ❡st❡♥❞❡r ❛ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

✶✸



❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛ T ✉♠ (r, 0)✲t❡♥s♦r✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦✈❛r✐❛♥t❡ ∇T ❞❡ T é ✉♠ (r +

1, 0)−t❡♥s♦r ❞❛❞♦ ♣♦r

∇T (Y1, . . . , Yr, Z) = Z(T (Y1, . . . , Yr)−
r∑

i=1

T (Y1, . . . ,∇ZYi, . . . , Yr).

P❛r❛ Z ∈ X (M)✱ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ∇ZT ❞❡ T ❡♠ r❡❧❛çã♦ ❛ Z é ✉♠ t❡♥s♦r ❞❡ ♦r❞❡♠

r ❞❛❞♦ ♣♦r

∇ZT (Y1, . . . , Yr) = ∇T (Y1, . . . , Yr, Z)

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❯♠ (r, 0)✲t❡♥s♦r T é ❝❤❛♠❛❞♦ ❞❡ ♣❛r❛❧❡❧♦ s❡ ∇T ≡ 0✳

❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ X ∈ X (M) é ❢á❝✐❧ ✈❡r q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞♦

t❡♥s♦r ♠étr✐❝♦ s❛t✐s❢❛③

(LXg)(V,W ) = 〈∇VX,W 〉+ 〈∇WX, V 〉,

♣♦✐s

(LXg)(V,W ) = LX〈V,W 〉 − 〈[X, V ],W 〉 − 〈V, [X,W ]〉

= X〈V,W 〉 − 〈∇XV −∇VX,W 〉 − 〈V,∇XW −∇WX〉

= 〈∇VZ,W 〉+ 〈∇WZ, V 〉.

✶✳✻ ❈✉r✈❛t✉r❛

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝✉r✈❛t✉r❛ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ q✉❡✱ ✐♥✲

t✉✐t✐✈❛♠❡♥t❡✱ ♠❡❞❡ ♦ q✉❛♥t♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡✐①❛ ❞❡ s❡r ❡✉❝❧✐❞✐❛♥❛✳ ❉❡✜♥✐♠♦s

t❛♠❜é♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❡ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✳

❙❡rá ✉s❛❞❛ ♥♦t❛çã♦ ❞❡ ❊✐♥st❡✐♥ ♦♥❞❡ ♦♠✐t✐♠♦s ♦ s✐♥❛❧ ❞❡ s♦♠❛tór✐♦ ❡♠ s♦♠❛s q✉❡ ❛♣❛r❡✲

❝❡♠ í♥❞✐❝❡s r❡♣❡t✐❞♦s✱ ♣♦r ❡①❡♠♣❧♦

n∑

k=1

Γk
ijXk ≡ Γk

ijXk.

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❆ ❝✉r✈❛t✉r❛ R ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

q✉❡ ❛ ❝❛❞❛ ♣❛r X, Y ∈ X (M) ❛ss♦❝✐❛ ❛ ❛♣❧✐❝❛çã♦

R(X, Y ) : X (M) −→ X (M)

✶✹



❞❡✜♥✐❞❛ ♣♦r

R(X, Y )Z = ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z.

❊♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❛ ❝✉r✈❛t✉r❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

R(∂i, ∂j)∂k = Rl
ijk
∂l,

♦♥❞❡

Rl
ijk
∂l = ∂iΓ

l
jk − ∂jΓ

l
ik + Γs

jkΓ
l
is − Γs

ikΓ
l
js,

✈❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✶✵✸✳ ❖s ❝♦❡✜❝✐❡♥t❡s Rl
ijk

sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r

❞❡ ❝✉r✈❛t✉r❛ ❡ ♦s ❝♦❡✜❝✐❡♥t❡s Rijkl✱ ❞❡✜♥✐❞♦s ♣♦r Rijkl := Rl
ijk

sã♦ ❞❡♥♦♠✐♥❛❞♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ ❘✐❝❝✐✳

❯s❛♥❞♦ ❛ ♠étr✐❝❛ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ✭✹✱✵✮✲t❡♥s♦r ❛ss♦❝✐❛❞♦ ❛ R

R(X, Y, Z,W ) = 〈R(X, Y )W,Z〉.

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❆ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ ✉♠ ✷✲♣❧❛♥♦ σ ∈ TpM é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦

K(σ) = R(X, Y,X, Y ),

♦♥❞❡ {X, Y } é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ σ✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡✱ s❡ σ ∈ TpM é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ 2 ❝♦♠ ❜❛s❡ {X, Y }✱ ❡♥tã♦
K(X, Y ) ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❜❛s❡ ❞❡ σ✳ ❆ss✐♠ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ σ ❞❡ ✉♠❛

✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ♥✉♠ ♣♦♥t♦ p ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ s❡❥❛ p ∈ M ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛

❞❡ ❘✐❝❝✐ ♥♦ ♣♦♥t♦ p✱ ❞❡♥♦t❛❞♦ ♣♦r Ricp é ✉♠ t❡♥s♦r ❝♦✈❛r✐❛♥t❡ s✐♠étr✐❝♦ ❞❡✜♥✐❞♦ ♣♦r

Ricp(X, Y ) =
n∑

i=1

〈R(X(p), ei)Y (p), ei〉,

♦♥❞❡ {e1, . . . , en} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ TpM ✳

❉✐③❡♠♦s q✉❡ Ricp ≥ k s❡♠♣r❡ q✉❡ ♣❛r❛ t♦❞♦ V ∈ TpM

Ricp(V, V ) ≥ k〈V, V 〉.

❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ♥ã♦✲♥❡❣❛t✐✈❛ ❡♠ t♦❞♦s ♦s

♣♦♥t♦s✱ ❡♥tã♦ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐✱ ✐st♦ é✱ Ricp ≥ 0 ♣❛r❛ t♦❞♦ p ∈M ✳

✶✺



✶✳✼ ❆♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧

❆ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ♣❡r♠✐t❡ ❞❡✜♥✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❛❝❡❧❡r❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ c

❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ♦ q✉❡ ♣❡r♠✐t❡ ❞❡✜♥✐r ❛s ❝✉r✈❛s ❞❡ ❛❝❡❧❡r❛çã♦ ♥✉❧❛ q✉❡ sã♦ ❝❤❛♠❛❞❛s

❞❡ ❣❡♦❞és✐❝❛s✳ ❊♠ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ❛s ❣❡♦❞és✐❝❛s tê♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♥❡st❛

s❡çã♦ ❡♥❝♦♥tr❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ❣❡♦❞és✐❝❛s✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❝✉r✈❛ α : I −→ M

é ✉♠❛ ❣❡♦❞és✐❝❛ s❡
D

dt
α(t) = 0

➱ ❢á❝✐❧ ✈❡r q✉❡ s❡ ✉♠❛ ❝✉r✈❛ α é ✉♠❛ ❣❡♦❞és✐❝❛ ❡♥tã♦ α′ t❡♠ ♥♦r♠❛ ❝♦♥st❛♥t❡✱ s❡ |α′| = 1

❞✐③❡♠♦s q✉❡ ❛ ❣❡♦❞és✐❝❛ α ❡stá ♥♦r♠❛❧✐③❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ γ : [a, b] −→ M ✉♠❛ ❝✉r✈❛✱ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ γ é ❞❛❞♦ ♣♦r

ρ(γ) :=

∫ b

a

|γ′(t)|dt

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❯♠ s❡❣♠❡♥t♦ ❞❡ ❣❡♦❞és✐❝❛ γ : [a, b] −→ M é ❝❤❛♠❛❞♦ ❞❡ ♠✐♥✐♠✐③❛♥t❡ s❡

ρ(γ) ≤ ρ(c)✱ ♦♥❞❡ c é ✉♠❛ ❝✉r✈❛ q✉❛❧q✉❡r ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s ❧✐❣❛♥❞♦ γ(a) ❛ γ(b)✳

❯s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱

t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳ ❙❡❥❛♠ p ∈M ❡ v ∈ TpM ✳ ❊♥tã♦ ❛ ♠❡♥♦s ❞❡ ❡s❝♦❧❤❛ ❞❡ I ❡①✐st❡ ✉♠❛ ú♥✐❝❛

❣❡♦❞és✐❝❛ γ : I −→M t❛❧ q✉❡ γ(0) = p ❡ γ′(0) = v✳

❉❛❞♦ v ∈ TpM ✱ ❞❡♥♦t❛♠♦s ♣♦r γv ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ❞❡ M q✉❡ ♣❛rt❡ ❞❡ p ❝♦♠ ✈❡❧♦❝✐❞❛❞❡

v✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ Up = {v ∈ TpM : γv ❡stá ❞❡✜♥✐❞❛ ♥✉♠ ✐♥t❡r✈❛❧♦ ❝♦♥t❡♥❞♦ [0, 1]}✱ ❛

❛♣❧✐❝❛çã♦ expp : Up −→M ✱ ❞❡✜♥✐❞❛ ♣♦r expp(v) = γv(1) é ❝❤❛♠❛❞❛ ❞❡ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✹✳ ❆ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭❛✮ P❛r❛ ❝❛❞❛ v ∈ TpM ✱ ❛ ❣❡♦❞és✐❝❛ γv é ❞❛❞❛ ♣♦r γv(t) = expp(tv)✱ ♣❛r❛ t♦❞♦ t ∈ R✳

✶✻



✭❜✮ ❆ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✼✶✳

❖❜s❡r✈❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ❛✉♠❡♥t❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ ❞✐♠✐♥✉✐♥❞♦ ♦ s❡✉

✐♥t❡r✈❛❧♦ ❞❡ ❞❡✜♥✐çã♦✳

P❛r❛ t♦❞♦ p ∈M ✱ t❡♠♦s q✉❡

d(expp)0(v) =
d

dt
(expp(tv))|t=0

=
d

dt
(γv(t))|t=0

= γ′v(t)|t=0

= v.

❊♥tã♦ d(expp)0 é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❞❡ TpM ✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❢✉♥çã♦ ✐♥✈❡rs❛ t❡♠♦s

q✉❡ expp é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0 ❡♠ TpM ✳ P♦rt❛♥t♦ ❡①✐st❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ V ❞❛ ♦r✐❣❡♠ ❞❡ TpM ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ ♣✱ t❛✐s q✉❡ expp : V −→ U é ✉♠

❞✐❢❡♦♠♦r✜s♠♦✳ ❖ ❛❜❡rt♦ U é ❝❤❛♠❛❞♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♥♦r♠❛❧ ❞❡ p✳

P❛r❛ ♦ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❣❧♦❜❛✐s ❞❛s ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s é ❝♦♥✈❡♥✐❡♥t❡ ❝♦♥✲

s✐❞❡r❛r ❛s ✈❛r✐❡❞❛❞❡s ♦♥❞❡ ❛s ❣❡♦❞és✐❝❛s sã♦ ❞❡✜♥✐❞❛s ♣❛r❛ t♦❞♦ t > 0✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M é ❣❡♦❞❡s✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t❛ s❡✱ ♣❛r❛ ❝❛❞❛

p ∈ M ✱ ❛ ❛♣❧✐❝❛çã♦ ❛ ❛♣❧✐❝❛çã♦ expp ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ v ∈ TpM ✱ ✐st♦ é✱ ❛s ❣❡♦❞és✐❝❛s

γ(t) q✉❡ ♣❛rt❡♠ ❞❡ p ❡stã♦ ❞❡✜♥✐❞❛s ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ t ∈ R✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s p, q ∈M ❡ ❞❡✜♥✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ p ❡ q ❝♦♠♦

d(p, q) = inf
{
ρ(α);α : [a, b] −→M é ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s t❛❧ q✉❡

α(a) = p ❡ α(b) = q
}
.

P♦❞❡✲s❡ ♠♦str❛r q✉❡ d ❞❡✜♥❡ ✉♠❛ ♠étr✐❝❛ s♦❜r❡ M ❡ ❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r d ❝♦✐♥❝✐❞❡

❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ✐♥✐❝✐❛❧ ❞❡ ▼✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ t♦r♥❛ ✐♠♣♦rt❛♥t❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♠♣❧❡t✐t✉❞❡✳

❚❡♦r❡♠❛ ✶✳✹ ✭❍♦♣❢✲❘✐♥♦✇✮✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ s❡❥❛ p ∈ M ✳ ❊♥tã♦ ❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✼



✭✐✮ expp ❡stá ❞❡✜♥✐❞❛ ❡♠ t♦❞♦ v ∈ TpM ✳

✭✐✐✮ ❖s ❧✐♠✐t❛❞♦s ❡ ❢❡❝❤❛❞♦s ❞❡ M sã♦ ❝♦♠♣❛❝t♦s✳

✭✐✐✐✮ M é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳

✭✐✈✮ M é ❣❡♦❞❡s✐❝❛♠❡♥t❡ ❝♦♠♣❧❡t❛✳

❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ✉♠❛ ❞❛s ❛✜r♠❛çõ❡s ❛❝✐♠❛ ✐♠♣❧✐❝❛ q✉❡

✭✐✈✮ P❛r❛ t♦❞♦ q ∈M ❡①✐t❡ ✉♠❛ ❣❡♦❞és✐❝❛ γ ❧✐❣❛♥❞♦ p ❛ q s❛t✐s❢❛③❡♥❞♦ ℓ(γ) = d(p, q)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✶✻✷✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ❞❡✜♥✐♠♦s ♦ ❞✐â♠❡tr♦ ❞❡ M ❝♦♠♦

diam(M) = sup{d(p, q) : p, q ∈M}.

❈♦r♦❧ár✐♦ ✶✳✶✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ é ❝♦♠♣❛❝t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡

diam(M) <∞.

❙❡❥❛ A ⊂ R
2 t❛❧ q✉❡ ❛ ❢r♦♥t❡✐r❛ ❞❡ A s❡❥❛ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s✳ ❯♠❛

s✉♣❡r❢í❝✐❡ ♣❛r❛♠❡tr✐③❛❞❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s : A ⊂ R
2 −→

M

▲❡♠❛ ✶✳✶ ✭▲❡♠❛ ❞❡ s✐♠❡tr✐❛✮✳ ❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ s : A −→ M é ✉♠❛

s✉♣❡r❢í❝✐❡ ♣❛r❛♠❡tr✐③❛❞❛ ❡♥tã♦✿
D

∂v

∂s

∂u
=

D

∂u

∂s

∂v
.

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✼✻✳

▲❡♠❛ ✶✳✷ ✭▲❡♠❛ ❞❡ ●❛✉ss✮✳ ❙❡❥❛ p ∈ M ❡ s❡❥❛ v ∈ TpM t❛❧ q✉❡ expp v ❡st❡❥❛ ❞❡✜♥✐❞❛✳ ❙❡

w ∈ TpM ✱ ❡♥tã♦

〈(d expp)v(v), (d expp)v(w)〉 = 〈v, w〉.

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✼✼✳

✶✽



✶✳✽ ❱❛r✐❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡ ❊♥❡r❣✐❛

◆❡st❛ s❡çã♦ ❡♥❝♦♥tr❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s♦❜r❡ ❣❡♦❞és✐❝❛s q✉❡ s❡rã♦ út❡✐s ♥♦s ❝❛♣í✲

t✉❧♦s s❡❣✉✐♥t❡s✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ γ : [a, b] −→M ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s✳ ❯♠❛ ✈❛r✐❛çã♦ ❞❡

γ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : [a, b]× (−ǫ, ǫ) −→M t❛❧ q✉❡✿

✭❛✮ f(t, 0) = γ(t), t ∈ [0, a]✱

✭❜✮ ❡①✐st❡ ✉♠❛ s✉❜❞✐✈✐sã♦ ❞❡ [0, a] ♣♦r ♣✉♥t♦s 0 = t0 < t1 < · · · < tk+1 = a✱ t❛❧ q✉❡ ❛

r❡str✐çã♦ ❞❡ f ❛ ❝❛❞❛ [ti, ti+1]× (−ǫ, ǫ)✱ 1 ≤ i ≤ k é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❯♠❛ ✈❛r✐❛çã♦ ❞✐③✲s❡ ♣ró♣r✐❛ s❡

f(0, s) = γ(0) ❡ f(a, s) = γ(a) ♣❛r❛ t♦❞♦ s ∈ (−ǫ, ǫ).

❚❡♦r❡♠❛ ✶✳✺ ✭Pr✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞❛ ❡♥❡r❣✐❛✮✳ ❙❡❥❛ γ : [0, a] −→M ✉♠❛ ❣❡♦❞és✐❝❛ ❝♦♠ ✈❡t♦r

✈❡❧♦❝✐❞❛❞❡ ✉♥✐tár✐♦✱ s❡❥❛ α : [0, a] × (−δ, δ) −→ M ✉♠❛ ✈❛r✐❛çã♦ ❞❡ γ✱ ❡ V ♦ s❡✉ ❝❛♠♣♦

✈❛r✐❛❝✐♦♥❛❧✳ ❆ ✈❛r✐❛çã♦ ❞❛ ❢✉♥çã♦ ❡♥❡r❣✐❛

E(s) =

∫ s

0

|df
dt
(s, t)|2dt

é ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛✿
1

2
E ′(0) = −〈V (0), α̇(0)〉+ 〈V (a), α̇(a)〉.

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✸❪ ♣á❣✐♥❛ ✷✶✺✳

❚❡♦r❡♠❛ ✶✳✻ ✭Pr✐♠❡✐r❛ ✈❛r✐❛çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✮✳ ❙❡❥❛ γ : [0, a] −→M ✉♠❛ ❣❡♦❞és✐❝❛

❝♦♠ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡ ✉♥✐tár✐♦✱ s❡❥❛ α : [0, a]× (−δ, δ) −→ M ✉♠❛ ✈❛r✐❛çã♦ ❞❡ γ✱ ❡ V ♦ s❡✉

❝❛♠♣♦ ✈❛r✐❛❝✐♦♥❛❧✳ P❛r❛ t ✜①♦ ❞❡♥♦t❛♠♦s αs = α(t, s)✱ ❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞❡ ρ(αs) é ❞❛❞❛

♣❡❧❛ ❢ór♠✉❧❛✿
d

ds


s=0

ρ(αs) = 〈V, γ̇〉|t=b
t=a.

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✻❪ ♣á❣✐♥❛ ✶✽✵✳

✶✾



❚❡♦r❡♠❛ ✶✳✼ ✭❙❡❣✉♥❞❛ ✈❛r✐❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✮✳ ❙❡❥❛ γ : [a, b] −→ M ✉♠❛

❣❡♦❞és✐❝❛ ❝♦♠ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡ ✉♥✐tár✐♦✱ s❡❥❛ α : [a, b]× (−δ, δ) −→M ✉♠❛ ✈❛r✐❛çã♦ ❞❡ γ✱ ❡

V ♦ s❡✉ ❝❛♠♣♦ ✈❛r✐❛❝✐♦♥❛❧✳ ❆ s❡❣✉♥❞❛ ✈❛r✐❛çã♦ ❞❡ ρ(αs) é ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛✿

d2

ds2


s=0

ρ(αs) =

∫ b

a

(D
∂t
V ⊥


2

− 〈R(V ⊥, γ̇)γ̇, V ⊥〉
)
dt+ 〈∇V V, γ̇〉


t=b

t=a
,

♦♥❞❡ V ⊥ é ❛ ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧ ❞❡ V ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✻❪ ♣á❣✐♥❛ ✶✽✶✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛ γ ✉♠❛ ❣❡♦❞és✐❝❛ ❡ s❡❥❛♠ V ❡ W ❞♦✐s ❝❛♠♣♦s ✈❛r✐❛❝✐♦♥❛✐s ❛♦ ❧♦♥❣♦

❞❡ γ✱ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦r ♣❛rt❡s ❡ s❡ ❛♥✉❧❛♥❞♦ ♥❛s ❡①tr❡♠✐❞❛❞❡s✳ ❆ ❢♦r♠❛ ❞♦ í♥❞✐❝❡ ❞❡ γ é ❛

❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ à ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ I ❞❡✜♥✐❞❛ ♣♦r

I(V,W ) =

∫ b

a

(
〈DV
∂t

,
DW

∂t
〉 − 〈R(γ̇, V )W, γ̇〉

)
dt.

❉❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r s❡❣✉❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❈♦r♦❧ár✐♦ ✶✳✷✳ ❙❡❥❛ Γ ✉♠❛ ✈❛r✐❛çã♦ ♣ró♣r✐❛ ❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧ γ ❝✉❥♦ ❝❛♠♣♦ ❞❡

✈❛r✐❛çã♦ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ♣ró♣r✐♦ V ✱ ❛ s❡❣✉♥❞❛ ✈❛r✐❛çã♦ ❞❡ L(Γ) é I(V, V )✳ ❊♠

♣❛rt✐❝✉❧❛r s❡ γ é ♠✐♥✐♠✐③❛♥t❡✱ ❡♥tã♦ I(V, V ) ≥ 0 ♣❛r❛ t♦❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❧ ♣ró♣r✐♦✳

✶✳✾ ❙❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧

❙❡❥❛♠ M ❡ M̃ ❡ s❡❥❛ f : M −→ M̃ ✉♠❛ ✐♠❡rsã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ M ⊂ M̃ ✱ ❡♠ ❝❛❞❛ ♣♦♥t♦

p ∈M ✱ TpM̃ ❞❡❝♦♠♣õ❡✲s❡ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛

TpM̃ = TpM ⊕ (TpM)⊥,

♦♥❞❡ (TpM)⊥ é ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ TpM ❡♠ TpM̃ ✳

❆ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M s❡rá ✐♥❞✐❝❛❞❛ ♣♦r ∇ ❡ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M̃ s❡rá

✐♥❞✐❝❛❞❛ ♣♦r ∇̃✳ P❛r❛ X, Y ∈ X (M) ❝♦♠ X̃ ❡ Ỹ ❡①t❡♥sõ❡s ❧♦❝❛✐s ❡♠ M̃ ♣♦❞❡✲s❡ ❞❡♠♦♥str❛r

q✉❡

∇XY = (∇̃X̃ Ỹ )T ,

♦♥❞❡ (∇̃X̃ Ỹ )T é ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ∇̃X̃ Ỹ ✳

✷✵



❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠ X✱ Y ❡ Z ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❧♦❝❛✐s ❞❡✜♥✐❞♦s ❡♠ ✉♠ ❛❜❡rt♦ U ∈M ❡

s❡❥❛

X (U)⊥ = {X : U −→ TM̃ ❞✐❢❡r❡♥❝✐á✈❡❧ : X(p) ∈ TpM
⊥, ♣❛r❛ t♦❞♦ p ∈M}.

❆ ❛♣❧✐❝❛çã♦ B : X (U)×X (U) −→ X (U)⊥ ❞❛❞❛ ♣♦r

B(X, Y ) = ∇̃X̃ Ỹ −∇XY,

❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ❛❧é♠ ❞✐ss♦ s❛t✐s❢❛③ q✉❡

✭✶✮ B(X + Z, Y ) = B(X, Y ) + B(Z, Y ).

✭✷✮ B(X, Y + Z) = B(X, Y ) + B(X,Z).

✭✸✮ P❛r❛ q✉❛✐sq✉❡r f ∈ C∞(M)

B(fX, Y ) = fB(X, Y ).

✭✹✮ P❛r❛ q✉❛✐sq✉❡r f ∈ C∞(M)

B(X, fY ) = fB(X, Y ).

P❡❧❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❡ B t❡♠♦s q✉❡ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♦ ✈❛❧♦r ❞❡B(X, Y )(p) só

❞❡♣❡♥❞❡ ❞❡ X(p) ❡ Y (p)✱ ❡♥tã♦ ♣❛r❛ p ∈M ❡ η ∈ (TpM)⊥ ❛ ❛♣❧✐❝❛çã♦ Hη : TpM×TpM −→ R

❞❛❞❛ ♣♦r

Hη(u, v) = 〈B(u, v), η〉, u, v ∈ TpM,

é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛✱ ✐st♦ ♣❡r♠✐t❡ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✷✾✳ ❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ IIη ❞❡✜♥✐❞❛ ❡♠ TpM ♣♦r

IIη(u) = Hη(u, u)

é ❝❤❛♠❛❞❛ ❞❡ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ f ❡♠ p ❝♦♠ r❡s♣❡✐t♦ ❛ η✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❯♠❛ ✐♠❡rsã♦ f :M −→ M̃ é ❣❡♦❞és✐❝❛ ❡♠ p ∈M s❡ ♣❛r❛ t♦❞♦ η ∈ (TpM)⊥

❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ p✳ ❆ ✐♠❡rsã♦ é ❞✐t❛ t♦t❛❧♠❡♥t❡

❣❡♦❞és✐❝❛ s❡ ❡❧❛ é ❣❡♦❞és✐❝❛ ♣❛r❛ t♦❞♦ ♣♦♥t♦ p ∈M ✳

✷✶



Pr♦♣♦s✐çã♦ ✶✳✺✳ ✉♠❛ ✐♠❡rsã♦ f : M −→ M̃ é ❣❡♦❞és✐❝❛ ❡♠ p ∈ M s❡ ❡ s♦♠❡♥t❡ s❡ t♦❞❛

❣❡♦❞és✐❝❛ ❞❡ M ♣❛rt✐♥❞♦ ❞❡ p é ❣❡♦❞és✐❝❛ ❞❡ M̃ ❡♠ p✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ γ(0) = p ❡ γ′(0) = x✳ ❙❡❥❛♠ N ✉♠❛ ❡①t❡♥sã♦ ❧♦❝❛❧✱ ♥♦r♠❛❧ ❛ M ✱

❞❡ ✉♠ ✈❡t♦r η ❡♠ p ❡ X ✉♠❛ ❡①t❡♥sã♦ ❧♦❝❛❧ ♥♦r♠❛❧ ❛ M ✱ ❞❡ γ′(t)✳ ❈♦♠♦ X ❡ N sã♦

♣❡r♣❡♥❞✐❝✉❧❛r❡s✱ ♥♦ ♣♦♥t♦ p t❡♠♦s

Hη(x, x) = 〈Sη(x), x〉

= −〈∇̃XN,X〉

= −X〈N,X〉+ 〈N, ∇̃XX〉

= 〈N, ∇̃XX〉.

❚❡♠♦s ❡♥tã♦ q✉❡ ✉♠❛ ❝✉r✈❛ σ é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦ ♣♦♥t♦ p s❡ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦

x ∈ TpM ✱ ❛ ❣❡♦❞és✐❝❛ γ ❞❡ M q✉❡ é t❛♥❣❡♥t❡ ❛ x ❡♠ p s❛t✐s❢❛③ q✉❡ ∇̃XX(p) ♥ã♦ t❡♠

❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧✳ ❙❡❣✉❡ ❞❛í ♦ r❡s✉❧t❛❞♦

✷✷



✷

❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s

❖s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r♠❛♠ ❛ ❜❛s❡ ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❞♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

✷✳✶ ●r❛❞✐❡♥t❡✱ ❉✐✈❡r❣ê♥❝✐❛✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛❝✐❛♥♦

◆❡st❛ s❡çã♦ s❡rã♦ ❞❡✜♥✐❞♦s ❝♦♥❝❡✐t♦s ❡ ♣r♦✈❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✉s❛❞♦s ♥♦s ♣ró①✐♠♦s

❝❛♣ít✉❧♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ s❡❥❛ f ∈ C∞(M)✳ ❖ ❣r❛❞✐❡♥t❡ ❞❡ f

é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ gradf ❡♠ M q✉❡ ❡♠ ✉♠ ♣♦♥t♦ p ∈M, s❛t✐s❢❛③

〈gradf, v〉 = dfp(v)

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ X ∈ X (M) ❡ TX : TpM −→ TpM

❞❛❞♦ TX(Y (p)) = ∇YX(p)✳ ❆ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ X ❝♦♠♦ ❛ ❢✉♥çã♦ div(X) : M −→ R é ❞❛❞❛

♣♦r

div(X) = tr(TX).

❉❡✜♥✐çã♦ ✷✳✸✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ f ∈ C∞(M)✳ ❖ ❍❡ss✐❛♥♦ ❞❡ f ✱

Hessf ❝♦♠♦ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ t❛❧ q✉❡ ♣❛r❛ X, Y ∈ X (M)

Hessf(X, Y ) = X(Y f)− (∇XY )f,

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡ ♣♦❞❡✲s❡ ❞❡✜♥✐r ♦ ❍❡ss✐❛♥♦ ♣♦r

Hessf(X, Y ) = 〈∇X(gradf), Y 〉.

✷✸



♣♦✐s

〈∇X(gradf), Y 〉 = X(〈gradf, Y 〉)− 〈gradf,∇XY 〉

= X(Y (f)))−∇XY (f)

= Hessf(X, Y ).

❊♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s

Hess(f)ij = ∂i∂jf − (∂kf)Γ
k
ij

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ s❡❥❛ f ∈ D(M) ❖ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦

❞❡ ❍♦❞❣❡ ∆ : C∞(M) −→ D(M) é ❞❡✜♥✐❞♦ ♣♦r

∆f = tr(Hessf),

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ n ❡ p ∈M ✳ ❊①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ U ⊂ M ❞❡ p ❡ n ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s E1, . . . .En ∈ X (U)✱ ♦rt♦♥♦r♠❛✐s ❡♠ ❝❛❞❛

♣♦♥t♦ ❞❡ U ✱ t❛✐s q✉❡ (∇Ei
Ej)(p) = 0 ✳ ❊st❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s é ❝❤❛♠❛❞❛ ❞❡

r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦ ❡♠ p

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Bǫ(p) ✉♠❛ ❜♦❧❛ ❣❡♦❞és✐❝❛ ❡♠ p ❡ s❡❥❛ {v1, . . . , vn} ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧

❞❡ TpM ✳ ❊♥tã♦ ♣❛r❛ x ∈ Bǫ(p) ✜①♦ ❡①✐st❡ vx ∈ TpM t❛❧ q✉❡ expp(vx) = x✳ ❉❡✜♥✐♥❞♦ ❛

❣❡♦❞és✐❝❛ ♥♦r♠❛❧✐③❛❞❛

γ(t) = expp(tv),

t❡♠✲s❡ q✉❡ γ ❧✐❣❛ p ❛ x ❡ s❛t✐s❢❛③ q✉❡ γ(|vx|) = x✳

❉❡✜♥✐♥❞♦ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s Ei s♦❜r❡ γ ♣♦r

Ei(t) = P (vi)(t), i = 1 . . . , n

♦♥❞❡ P é ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ vi ❛♦ ❧♦♥❣♦ ❞❡ γ ❞❡ p ❛té q✳ P❛r❛ t♦❞♦ i = 1 . . . , n✱ ♦s

❝❛♠♣♦s Ei sã♦ ♦rt♦♥♦r♠❛✐s✱ ♣♦✐s ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ é ✉♠❛ ✐s♦♠❡tr✐❛✳ ❆❧é♠ ❞✐ss♦✱ s❡

γi(t) = exppt(vi), i = 1 . . . , n

❝♦♠ t ∈ (ǫ,−ǫ)✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ γi

Ej(fi(t)) = γ′i(t).

✷✹



❈♦♥s✐❞❡r❛♥❞♦ Pi,t : TpM −→ Tγj(t)M ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ γi ❞❡ 0 ❛té t ♥♦t❛✲s❡ q✉❡ ♣❛r❛

❝❛❞❛ i = 1 . . . , n ❡ ❝❛❞❛ k = 1 . . . , n

Pi,t(Ek(γi(t))) = vk

❧♦❣♦

(∇Ei
Ej)(p) =

d

dt
P−1
i,t (Ei(γ(t)))|t=0 =

d

dt
vi|t=0 = 0.

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ {E1, . . . En} ✉♠ r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦ ❡♠ p t❡♠✲s❡ ❛s s❡❣✉✐♥t❡s ❢ór✲

♠✉❧❛s

✭✶✮ ∇f(p) =∑i(Ei(f))Ei(p)✱

✭✷✮ divX(p) =
∑

i(Ei〈X,Ei〉)(p)✳

✭✸✮ ∆f(p) =
∑

iE
2
i f(p)✳

❉❡♠♦♥str❛çã♦✳ ✭✶✮ ❈♦♠♦ {E1(p), . . . En(p)} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ TpM ✱ s❡❣✉❡ q✉❡ s❡

∇f(p) =
n∑

i=1

ai(p)En(p),

❡♥tã♦ ai(p) = 〈∇f(p), Ei(p)〉 = dfp(Ei(p)) = Ei(p)(f)✱ ❧♦❣♦ ∇f(p) =
∑

i(Ei(f))Ei(p)✳

✭✷✮ ❈♦♥s✐❞❡r❛♥❞♦ TX : TpM −→ TpM t❛❧ q✉❡ TX(Y (p)) = ∇YX(p) t❡♠✲s❡ q✉❡

TX(Ei(p)) = ∇Ei

(∑

j

〈X,Ej〉Ej

)
(p)

=
(
Ei〈X,Ej〉

)
Ej(p) + 〈X,Ej〉∇Ei

Ej(p)

=
(
Ei〈X,Ej〉

)
Ej(p),

❞❛í ♣♦r ❞❡✜♥✐çã♦

div(X) = tr(TX) =
∑

i

Ei〈X,Ei〉(p).

✭✸✮ ❈♦♠♦ ∇Ei
Ej = 0 ❡♥tã♦

Γk
ij = 0,

❧♦❣♦

∆f = tr(Hessf) =
∑

i

Ei(Ei(f)).

✷✺



✷✳✷ ❋ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ❣❡♥❡r❛❧✐③❛❞❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❛ ❢ór♠✉❧❛

❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦✱ q✉❡ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ r❡s✉❧t❛❞♦ q✉❡ ❛♣❛r❡❝❡ ❡♠ ❬✶✸❪✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ X,Z ∈ X (M) ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡ f ∈
C∞(M) ❡♥tã♦

〈∇Xgradf, Y 〉 = 〈∇Y gradf,X〉,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

Hessf(X, Y ) = Hessf(Y,X).

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ t❡♠♦s

〈∇Xgradf, Y 〉 = X〈gradf, Y 〉 − 〈gradf,∇XY 〉,

〈∇Y gradf,X〉 = Y 〈gradf,X〉 − 〈gradf,∇YX〉,

❞❛í

〈∇Xgradf, Y 〉 − 〈∇Y gradf,X〉 = (X〈gradf, Y 〉 − 〈gradf,∇XY 〉) + (Y 〈gradf,X〉 − 〈gradf,∇YX〉)

= XY (f)− Y X(f)− 〈gradf,∇XY −∇YX〉)

= [X, Y ](f)− [X, Y ](f)

= 0,

❧♦❣♦

〈∇Xgradf, Y 〉 = 〈∇Y gradf,X〉.

❚❡♦r❡♠❛ ✷✳✶ ✭❋ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦✮✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

❝♦♠♣❧❡t❛✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈ C3(M)✱ t❡♠✲s❡

1

2
∆|gradf |2 = |Hessf |2 + 〈gradf,∇(∆f)〉+Ric(gradf, gradf),

♣♦♥t✉❛❧♠❡♥t❡✳

✷✻



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈M ✜①♦ ❡ s❡❥❛ {Ei}ni=1 ✉♠ r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦ ❡♠ p✱ ❡♥tã♦

1

2
∆|gradf |2 =

1

2
EiEi〈gradf, gradf〉

= Ei〈∇Ei
gradf, gradf〉

= Ei〈∇∇fgradf, Ei〉

= 〈∇Ei
∇gradf∇f, Ei〉+ 〈∇gradfgradf,∇Ei

Ei〉.

◆♦ ♣♦♥t♦ p

1

2
∆|gradf |2 = 〈∇Ei

∇gradfgradf, Ei〉

= 〈R(Ei, gradf)gradf, Ei〉+ 〈∇gradf∇Ei
gradf, Ei〉+ 〈∇[Ei,gradf ]gradf, Ei〉

= 〈Ric(gradf, gradf)〉+ 〈∇gradf∇Ei
gradf, Ei〉+Hess(f)([Ei, gradf ], Ei),

❝♦♠♦

〈∇gradf∇Ei
gradf, Ei〉 = gradf〈∇Ei

gradf, Ei〉 − 〈∇Ei
gradf,∇gradfEi〉

= gradf〈∇Ei
gradf, Ei〉 − 0 ❡♠ p

= (gradf)tr(Hessf)

= (gradf)∆f

= 〈gradf, grad(∆f)〉,

❡

Hess(f)([Ei, gradf ], Ei) = Hess(f)(Eigradf − gradfEi, Ei)

= Hess(f)(∇Ei
gradf −∇gradfEi, Ei)

= Hess(f)(∇Ei
gradf, Ei)− Hess(f)(∇gradfEi, Ei)

= Hess(f)(∇Ei
gradf, Ei)− 0, ❡♠ p

= Hess(f)(Ei, Eigradf)

= 〈∇Ei
gradf,∇Ei

gradf〉

= |Hess(f)|2

t❡♠♦s ✜♥❛❧♠❡♥t❡

1

2
∆|gradf |2 = |Hessf |2 + 〈gradf, grad(∆f)〉+Ric(gradf, gradf).

✷✼



❆ss✐♠ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ ♣♦♥t♦ p s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈
C3(M) ❡ t♦❞❛ ❢✉♥çã♦ φ ∈ C2(M)✱ t❡♠✲s❡

−(gradφ)|gradf |2 = −2〈gradf, grad〈gradf, gradφ〉〉+ 2Hessφ(gradf, gradf)

❉❡♠♦♥str❛çã♦✳

−(gradφ)|gradf |2 = −gradφ〈gradf, gradf〉

= −2〈∇∇φgradf, gradf〉

= −2〈∇gradfgradf, gradφ〉

= −2gradf〈gradf, gradφ〉+ 2〈gradf,∇gradfgradφ〉

= −2〈gradf,∇〈gradf, gradφ〉〉+ 2Hessφ(gradf, gradf)

= −2〈gradf,∇(gradφ(f))〉+ 2Hessφ(gradf, gradf).

P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❛ ♣❛rt✐r ❞❛q✉✐ ✉s❛r❡♠♦s ∇ ♣❛r❛ ❞❡♥♦t❛r ♦ ♦♣❡r❛❞♦r ❣r❛❞✐❡♥t❡✳ ❈♦♠ ❡st❛

♥♦t❛çã♦ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ q✉❡ é ♦ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✷✳✷ ✭❋ór♠✉❧❛ ❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ❣❡♥❡r❛❧✐③❛❞❛✮✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡✲

♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ s❡❥❛ L = ∆−∇φ ·∇✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈ C3(M) ❡ t♦❞❛ ❢✉♥çã♦

φ ∈ C2(M)

L|∇f |2 = 2|Hessf |2 + 2〈∇Lf,∇f〉+ 2(Ric(∇f,∇f) + Hess(φ)(∇f,∇f)),

♣♦♥t✉❛❧♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳

L|∇f |2 = ∆|∇f |2 −∇φ(|∇f |2)

= 2|Hessf |2 + 2〈∇f,∇∆f〉+ 2Ric(∇f)− 2〈∇f,∇(∇φ(f))〉+ 2Hessφ(∇f)

= 2|Hessf |2 + 2〈∇Lf,∇f〉+ 2(Ric(∇f,∇f) + 2Hess(φ)(∇f,∇f)).

✷✽



✷✳✸ Pr✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♣r✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ♦♣❡r❛❞♦r ❞❡

❞✐❢✉sã♦ L = ∆−∇φ · ∇✱ ❡s❝r❡✈❡♥❞♦ ♣r✐♠❡✐r♦ ♦ ♣r✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦ ❝❧áss✐❝♦✳

Pr♦♣♦s✐çã♦ ✷✳✸ ✭Pr✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦✮✳ ❙❡❥❛ u : D ⊂ Rn −→ R ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C2

s❛t✐s❢❛③❡♥❞♦

L[u] =
n∑

i,j=1

aij
∂2u

∂xi∂xj
+

n∑

i=1

bi
∂u

∂xi
≥ 0,

❡♠ ✉♠ ❞♦♠í♥✐♦ ❝♦♥❡①♦ D ♦♥❞❡ L é ✉♠ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦✱ s❡ ❛s ❢✉♥çõ❡s aij ❡ bij sã♦ ✉♥✐✲

❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡ u ❛t✐♥❣❡ ✉♠ ♠á①✐♠♦ ❡♠ ✉♠ ♣♦♥t♦ ❞❡ D✳ ❊♥tã♦ u é ❝♦♥st❛♥t❡ ❡♠

D✳

❉❡♠♦♥str❛çã♦✳ ✈❡r ♣♦r ❡①❡♠♣❧♦ ❬✶✶❪ ♣á❣✐♥❛ ✻✶✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❯♠❛ ❢✉♥çã♦ f ❡♠ M s❛t✐s❢❛③ Lf ≥ 0 ♥♦ s❡♥t✐❞♦ ❞❡ ❜❛rr❡✐r❛✱ s❡ ♣❛r❛ t♦❞♦

q ∈M ❡ ǫ > 0✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞ fq,ǫ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q✱ t❛❧ q✉❡ fq,ǫ ≤ f

♠❛s fq,ǫ(q) = f(q)✱ ❡ Lfq,ǫ(q) ≥ −ǫ✳ ❚❛❧ fq,ǫ é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ s✉♣♦rt❡ ❞❡ f ✳

❚❡♦r❡♠❛ ✷✳✸ ✭Pr✐♥❝✐♣✐♦ ❞♦ ♠á①✐♠♦ ❞❡ ❈❛❧❛❜✐✲❍♦♣❢✮✳ ❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛✱ φ ∈ C2(M)✱ ❡ L = ∆ −∇φ · ∇✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❝♦♥t✐♥✉❛ ❡♠

M t❛❧ q✉❡ Lf ≥ 0 ♥♦ s❡♥t✐❞♦ ❞❡ ❜❛rr❡✐r❛✳ ❊♥tã♦ f ❛t✐♥❣❡ ✉♠ ♠á①✐♠♦ ♦✉ é ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈M ✉♠ ♠á①✐♠♦ ❧♦❝❛❧✱ ❡♥tã♦ p é ✉♠ ♠á①✐♠♦ ❞❡ f ♥✉♠ ❛❜❡rt♦ V q✉❡

❝♦♥té♠ p✳ ❙✉♣♦♥❤❛♠♦s q✉❡ f ♥ã♦ é ❝♦♥st❛♥t❡ ❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❜♦❧❛ ❣❡♦❞és✐❝❛ Bp(δ) t❛❧

q✉❡ f(z) < f(p) ♣❛r❛ ❛❧❣✉♠ z ∈ ∂Bp(δ)✳ P♦r ♦✉tr♦ ❧❛❞♦ ❝♦♥s✐❞❡r❡♠♦s (U, ϕ) ✉♠ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ♥♦r♠❛✐s t❛❧ q✉❡

p = ϕ(0, . . . , 0),

❡

z = ϕ(δ, 0, . . . , , 0).

❉❡✜♥✐♥❞♦ h : Bp(δ) −→ R ♣♦r

h(ϕ(x1, . . . , xn)) = x1 − C(x22 + · · ·+ x2n),

♦♥❞❡ C > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡✿ s❡ y ∈ ∂Bp(δ) ❡ f(y) = f(p) ❡♥tã♦ h(y) < 0✳

✷✾



◆♦t❛♠♦s q✉❡

|∇h(ϕ(x1, . . . , xn))|2 = 1 + 4C(x22 + · · ·+ x2n) 6= 0 , ∆h(ϕ(x1, . . . , xn)) = −C(n− 1).

❙❡❥❛ ψ : Bp(δ) −→ R ❞❡✜♥✐❞❛ ♣♦r

ψ(ϕ) = eah(ϕ) − 1,

❡♥tã♦

∆ψ = (a2|∇h|2 + a∆h)eah,

|∇ψ| = aeah
√

1 + 4C2(x21 + · · ·+ x2n),

❛ss✐♠ ♣❛r❛ a s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

∆ψ > 0, a|∇h|2 +∆h ≥ |∇φ|
√
1 + 4δ2C2,

❡ ψ(p) = 0✱ ❧♦❣♦ ♣❛r❛ 0 < η < 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

(f + ηψ)|∂Bp(δ) < f(p), (f + ηψ)(p) = f(p),

❡♥tã♦ f + ηψ t❡♠ ✉♠ ♠á①✐♠♦ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ q ∈ Bp(δ)✳ ❈♦♠♦ fq,ǫ é s✉♣♦rt❡ ❞❡ f ❡♠ q

t❡♠♦s

Lfq,ǫ ≥ −ǫ.

❡♥tã♦

L(fq,ǫ + ηψ) = Lfq,ǫ + ηLψ

≥ −ǫ+∆ψ − η〈∇φ,∇ψ〉

❞❡ ♦✉tr♦ ❧❛❞♦

∆ψ − η〈∇φ,∇ψ〉 ≥ (a2|∇h|2 + a∆h)eah − η|∇φ||∇ψ|

≥ aeah|∇φ|
√
1 + 4δ2C2 − η|∇φ||∇ψ|

≥ aeah|∇φ|
(√

1 + 4δ2C2 − η

√
1 + 4C2(x21 + · · ·+ x2n)

)

> 0,

✸✵



❞❛í

L(fq,ǫ + ηψ) ≥ −ǫ,

❛❧é♠ ❞✐ss♦ (fq,ǫ + ηψ)(q) = (f + ηψ)(q) ♣♦rt❛♥t♦ fq,ǫ + ηψ é ✉♠❛ ❢✉♥çã♦ s✉♣♦rt❡ ♣❛r❛ ❞❡

f + ηψ ❡ ♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

L(fq,ǫ + ηψ) > 0,

♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸

❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ s♦❜r❡ ♦♣❡r❛❞♦r❡s ❡❧í♣t✐❝♦s ❡♠ ❡q✉❛çõ❡s ❞✐❢❡r✲

❡♥❝✐❛✐s q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❡st❛ ❞✐ss❡rt❛çã♦ é ♦ s❡❣✉✐♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛ u ∈ C2(D) ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

Lu = f,

❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ D ♦♥❞❡ f ❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❞♦ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ L ❡stã♦ ❡♠ C∞(D)✳

❊♥tã♦ u ∈ C∞(D)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✷❪ ♣á❣✐♥❛ ✶✵✾✳

✷✳✹ ❋✉♥çõ❡s ❞❡ ❇✉s❡♠❛♥♥

◆❡st❛ s❡çã♦ ❡ ♥♦ q✉❡ s❡❣✉❡ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❛s ❣❡♦❞és✐❝❛s s❡rã♦ ❝♦♥s✐❞❡r❛❞❛s ♥♦r♠❛❧✲

✐③❛❞❛s✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛ γ : [0,∞) −→ M ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡✜♥✐❞❛✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s

t ≥ 0 ♣❛r❛ ♦s q✉❛✐s d(γ(0), γ(t)) = t é ❞❛ ❢♦r♠❛ [0, t0]✱ ♦ ♣♦♥t♦ γ(t0) é ❝❤❛♠❛❞♦ ♣♦♥t♦ ♠í♥✐♠♦

❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ γ✳ ❉❡✜♥✐♠♦s ♦ ❝✉t ❧♦❝✉s ♦✉ ❧✉❣❛r ❞♦s ♣♦♥t♦s ♠í♥✐♠♦s ❞❡ p✱ ✐♥❞✐❝❛❞♦ ♣♦r

Cut(p) ❝♦♠♦ ❛ ✉♥✐ã♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ♠í♥✐♠♦s ❞❡ p ❛♦ ❧♦♥❣♦ ❞❡ t♦❞❛s ❛s ❣❡♦❞és✐❝❛s q✉❡

♣❛rt❡♠ ❞❡ p✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❯♠ r❛✐♦ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡✜♥✐❞❛ ❡♠ [0,∞) t❛❧ q✉❡ γ é ♠✐♥✐♠✐③❛♥t❡

❞❡ γ(0) ❛ γ(t) ♣❛r❛ t♦❞♦ t ≥ 0✳ ❯♠❛ ❧✐♥❤❛ é ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡✜♥✐❞❛ ❡♠ (−∞,∞) q✉❡ é

♠✐♥✐♠✐③❛♥t❡ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦✳
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❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ♥ã♦ ❝♦♠♣❛❝t❛ ❡ p ∈M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠

r❛✐♦ γ t❛❧ q✉❡ γ(0) = p✳ P❛r❛ ♣r♦✈❛r ✐st♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ qm ∈M t❛❧ q✉❡

lim
m→∞

d(p, qm) = ∞,

❡ s❡❥❛ δn ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ p ❛ qm ♣❛rt✐♥❞♦ ❞❡ p✳ ❉❛í δ̇m(0) é ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ♣♦♥t♦s ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛ Sn−1 ⊂ TpM ✳ P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ Sn−1 ❡①✐st❡ ✉♠ ♣♦♥t♦ ❞❡

❛❝✉♠✉❧❛çã♦ v ∈ Sn−1✳ P♦rt❛♥t♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {tk} ⊂ {tm} t❛❧ q✉❡ δ̇k(0) ❝♦♥✈❡r❣❡

❛♦ ✈❡t♦r v✳ ❙❡❥❛ δ : [0,∞) −→M ❛ ❣❡♦❞és✐❝❛ ❞❡✜♥✐❞❛ ♣♦r

δ(s) = expp(sv),

❡♥tã♦ δ̇(0) = v ❡ ♣❛r❛ ✉♠ s0 ✜①❛❞♦ t❡♠♦s

lim
m→∞

δm(s0) = δ(s0),

❡ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ é ❝♦♥t✐♥✉❛

lim
m→∞

d(p, δm(s0)) = d(p, δ(s0)),

♠❛s ♣❛r❛ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ d(p, δm(s0)) = s0✱ ❧♦❣♦

d(p, δ(s0)) = s0,

♣♦rt❛♥t♦ δ é ✉♠ r❛✐♦✳

❉♦ ♦✉tr♦ ❧❛❞♦ ♥❡♠ t♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛ ❡ ♥ã♦ ❝♦♠♣❛❝t❛ ♣♦ss✉✐ ✉♠❛ ❧✐♥❤❛✱ ❜❛st❛

❝♦♥s✐❞❡r❛r ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♦ ♦ ♣❛r❛❜♦❧✐❞❡ ❞❡ r❡✈♦❧✉çã♦✳

▲❡♠❛ ✷✳✸✳ ❙❡❥❛ γ ✉♠ r❛✐♦✱ s❡ ❞❡✜♥✐♠♦s bγr :M −→ R ❝♦♠♦ s❡♥❞♦

bγr (x) = r − d(x, γ(r))

✶ P❛r❛ x ∈M ✜①♦ bγr é ❝r❡s❝❡♥t❡ ❡♠ r✳

✷ bγr é ❧✐♠✐t❛❞❛ ♣♦r d(x, γ(0))✳

✸ ❆ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s {bγr} é ✉♥✐❢♦r♠❡♥t❡ ❝♦♥t✐♥✉❛ ❡ ♣❛r❛ ❝❛❞❛ γ✱ bγr é ▲✐♣s❝❤✐t③✐❛♥❛

❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ✐❣✉❛❧ ❛ 1✳
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❉❡♠♦♥str❛çã♦✳ ✭✶✮ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐â♥❣✉❧❛r✱ ♣❛r❛ t♦❞♦ s > r✱

d(x, γ(r))− d(x, γ(s)) ≤ d(γ(r), γ(s)) = r − s,

❡♥tã♦

(r − d(x, γ(r)))− (s− d(x, γ(x, γ(s))) ≥ 0

❧♦❣♦ bγr (x) ≥ bγs (x)✳

✭✷✮ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐â♥❣✉❧❛r

bγr (x) = r − d(x, γ(r)) ≤ d(x, γ(0))

✭✸✮ ❙❡❥❛ r ✜①♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ bγr t❡♠♦s

|bγr (x)− bγr (y)| = |d(x, γ(r))− d(y, γ(r))| ≤ d(x, y),

❧♦❣♦ ❛ ❢❛♠í❧✐❛ bγr é ✉♥✐❢♦r♠❡♥t❡ ❝♦♥t✐♥✉❛✳

❖ ▲❡♠❛ ✷✳✸ ♣❡r♠✐t❡ ❢❛③❡r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦

❉❡✜♥✐çã♦ ✷✳✽✳ ❙❡❥❛ γ ✉♠ r❛✐♦✱ ❛ ❢✉♥çã♦ ❞❡ ❇✉s❡♠❛♥♥ ❛ss♦❝✐❛❞❛ ❛ γ✱ bγ é ❞❡✜♥✐❞❛ ♣♦r

bγ(x) = lim
t→∞

{t− d(x, γ(t))}.

❙❡ γ : (−∞,∞) −→ M é ✉♠❛ ❧✐♥❤❛✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛ ❡❧❛ ❞✉❛s ❢✉♥çõ❡s ❞❡ ❇✉s❡♠❛♥♥✱

❛ s❛❜❡r✿

b+(x) = lim
t→∞

t− d(x, γ(+t)),

❡

b−(x) = lim
t→∞

t− d(x, γ(−t)).

✸✸



✸

▼♦❞✐✜❝❛çõ❡s ❞♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❡

❆♣❧✐❝❛çõ❡s

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ❚❡♦r❡♠❛s ❞❡ ❡str✉t✉r❛ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❝♦♠ r❡str✐çã♦

s♦❜r❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ é ♦ t❡♦r❡♠❛ ❞❡ ▼②❡rs q✉❡ ❞á ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ t♦♣♦❧♦❣✐❛ ❞❛

✈❛r✐❡❞❛❞❡✳ ◆❡st❡ ❝❛♣ít✉❧♦ ♦ ♦❜❥❡t✐✈♦ é ❞❡♠♦♥str❛r ❞✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ t❡♦r❡♠❛ ❞❡ ▼②❡rs

✉s❛♥❞♦ ❞✉❛s ♠♦❞✐✜❝❛çõ❡s ❞♦ t❡♥s♦r ❞❡ ❘✐❝❝✐ ❡ ❞❡ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r✳

✸✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ▼②❡rs ●❡♥❡r❛❧✐③❛❞♦

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n✳

❙✉♣♦♥❤❛ q✉❡ M ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s V s❛t✐s❢❛③❡♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Ric+ LV g ≥ (n− 1)C > 0 ✭✸✳✶✮

❡ |V | ≤ r✳ ❊♥tã♦ M é ❝♦♠♣❛❝t❛ ❡ ♦ ❞✐â♠❡tr♦ s❛t✐s❢❛③

diam(M) ≤ π

(n− 1)C

(√
2r +

√
2r2 + (n− 1)2C

)
.

➱ ❝❧❛r♦ q✉❡ s❡ V = 0✱ t❡♠♦s ♦ t❡♦r❡♠❛ ❞❡ ▼②❡rs✳

❉❡♠♦♥str❛çã♦✳ ✸✳✶

✸✹



❙❡❥❛♠ p, q ∈ M ✳ P❡❧❛ ❝♦♠♣❧❡t✐t✉❞❡ ❞❡ M ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ γ ❧✐❣❛♥❞♦ p

❛ q ❞❡ ❝♦♠♣r✐♠❡♥t♦ l✳ ❙❡❥❛

{E1 = γ̇, E2, . . . , En},

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s✱ t❛✐s q✉❡ {E1(0), E2(0), . . . , En(0)} é ✉♠ r❡❢❡r❡♥❝✐❛❧

❣❡♦❞és✐❝♦ ❡♠ p ❡ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s E2, . . . , En sã♦ ♣❛r❛❧❡❧♦s ❛♦ ❧♦♥❣♦ ❞❡ γ✳

❙❡❥❛ f ∈ C∞([0, l]) t❛❧ q✉❡ f(0) = f(l) = 0✳ ❊♥tã♦ ❛ ❢♦r♠❛ ❞♦ í♥❞✐❝❡ s❛t✐s❢❛③

I(fEi, fEi) =

∫ l

0

(〈ḟEi, ḟEi〉 − 〈R(fEi, γ̇)γ̇, fEi〉) dt

s♦♠❛♥❞♦

n∑

i=2

I(fEi, fEi) =

∫ l

0

((n− 1)ḟ 2 −
n∑

i=2

f 2〈R(Ei, γ̇)γ̇, Ei〉) dt

=

∫ l

0

((n− 1)ḟ 2 −
n∑

i=2

f 2〈R(Ei, γ̇)γ̇, Ei〉+ f 2〈R(γ̇, γ̇)γ̇, γ̇〉) dt

=

∫ l

0

((n− 1)ḟ 2 −
n∑

i=1

f 2〈R(Ei, γ̇)γ̇, Ei〉) dt

=

∫ l

0

((n− 1)ḟ 2 − f 2Ric(γ̇, γ̇)) dt.

❯s❛♥❞♦ ✸✳✶ t❡♠♦s q✉❡

n∑

i=2

I(fEi, fEi) ≤
∫ l

0

((n− 1)ḟ 2 + f 2LV 〈γ̇, γ̇〉 − (n− 1)Cf 2) dt

=

∫ l

0

((n− 1)(ḟ 2 − Cf 2) + f 2LV 〈γ̇, γ̇〉) dt

=

∫ l

0

((n− 1)(ḟ 2 − Cf 2) + 2f 2〈∇γ̇V, γ̇〉) dt

❝♦♠♦ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ∇γ̇ γ̇ = 0 ❡ ❞❛❞♦ q✉❡ ∇ é ✉♠❛ ❝♦♥❡①ã♦ t❡♠♦s

γ̇〈V, γ̇〉 = 〈∇γ̇V, γ〉+ 〈V,∇γ̇ γ̇〉

= 〈∇γ̇V, γ〉,

❧♦❣♦
n∑

i=2

I(fEi, fEi) ≤
∫ l

0

((n− 1)(ḟ 2 − Cf 2) + 2f 2γ̇〈V, γ̇〉) dt,

✸✺



♦♥❞❡ 2f 2γ̇〈V, γ̇〉 = 2f 2 d
dt
〈V, γ̇〉(γ(t))✱ ❛ss✐♠

2f 2γ̇〈V, γ̇〉 = −4fḟ〈V, γ̇〉+ 2
d

dt
(f 2〈V, γ̇〉),

✐♥t❡❣r❛♥❞♦ ❛ ❛♠❜♦s ❧❛❞♦s

∫ l

0

2f 2γ̇〈V, γ̇〉 =

∫ l

0

−4fḟ〈V, γ̇〉dt+ 2(f 2〈V, γ̇〉)|l0,

=

∫ l

0

−4fḟ〈V, γ̇〉dt,

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③

∫ l

0

−fḟ〈V, γ̇〉dt ≤
(∫ l

0

f 2ḟ 2dt
) 1

2
(∫ l

0

〈V, γ̇〉2dt
) 1

2
.

❈♦♠♦ γ̇ é ✉♥✐tár✐♦ 〈V, γ̇〉2 ≤ 〈V, V 〉 ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ |V | ≤ r t❡♠♦s

(∫ l

0

〈V, γ̇〉2
) 1

2 ≤ r
√
l.

❊♥tã♦ ∫ l

0

−fḟ〈V, γ̇〉dt ≤ r
√
l
(∫ l

0

f 2ḟ 2dt
) 1

2
.

▲♦❣♦
n∑

i=2

I(fEi, fEi) ≤
∫ l

0

(n− 1)(ḟ 2 − Cf 2)dt+ 4r
√
l
(∫ l

0

f 2ḟ 2dt
) 1

2
,

t♦♠❛♥❞♦ f(t) = sen(πt
l
)✱ t❡♠✲s❡ ḟ(t) = π

l
cos(πt

l
)) ❡

n∑

i=2

I(fEi, fEi) ≤ (n− 1)

∫ l

0

(
π2

l2
cos2

(
πt
l

)
− Csen2

(
πt
l

))
dt+

2πr√
l

(∫ l

0

sen
(2πt
l

)) 1
2

dt

= (n− 1)

∫ l

0

(
π2

l2
−
(π2

l2
+ C

)
sen2

(
πt
l

))
dt+ π

√
2r

= (n− 1)

(
π2

l
−
(π2

l2
+ C

) l
2

)
+ π

√
2r

= − 1

2l
((n− 1)Cl2 − 2

√
2rπl − (n− 1)π2),

s❡ (n − 1)Cl2 − 2
√
2rπl − (n − 1)π2 > 0 ❡♥tã♦ 1

2
E ′′(0) =

∑n

i=2 I(fEi, fEi) < 0✱ ❧♦❣♦

I(fEm, fEm) < 0 ♣❛r❛ ❛❧❣✉♠ m ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❈♦r♦❧ár✐♦ ✶✳✷✳

✸✻



❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ❞❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ❞❡♥♦t❛✲s❡ ♣♦r V ∗ ❛

1✲❢♦r♠❛ ❛ss♦❝✐❛❞❛ ❛ V t❛❧ q✉❡ V ∗(Y ) = 〈V, Y 〉✳ P♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♦✉tr❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦

❚❡♦r❡♠❛ ✸✳✶ s❡♠ ✐♠♣♦r |V | ≤ r✳

❚❡♦r❡♠❛ ✸✳✷✳ ❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n✳

❙✉♣♦♥❤❛ q✉❡ (M, g) ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s V s❛t✐s❢❛③❡♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Ric+ LV g − kV ∗ ⊗ V ∗ ≥ (n− 1)C > 0, ✭✸✳✷✮

♦♥❞❡ k > 0✳ ❊♥tã♦ M é ❝♦♠♣❛❝t❛ ❡ s❡✉ ❞✐â♠❡tr♦ s❛t✐③❢❛③

diam(M) ≤ π√
(n− 1)C

√
n− 1 +

4

k

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✸✳✶ ❡ ✉s❛♥❞♦ ✸✳✷

n∑

i=2

I(fEi, fEi) =

∫ l

0

((n− 1)ḟ 2 − f 2Ric(γ̇, γ̇)) dt

≤
∫ l

0

((n− 1)ḟ 2 + f 2LV 〈γ̇, γ̇〉 − kf 2V ∗ ⊗ V ∗(γ̇, γ̇)− (n− 1)Cf 2) dt

=

∫ l

0

((n− 1)(ḟ 2 − Cf 2)− 4fḟ〈V, γ̇〉) dt+ k

∫ l

0

f 2〈V, γ̇〉2 dt,

❢❛③❡♥❞♦ P = −ḟ ❡ T = f〈V, γ̇〉✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③

∫ l

0

−fḟ〈V, γ̇〉dt ≤
(∫ l

0

P 2dt

) 1
2
(∫ l

0

T 2dt

) 1
2

=

(∫ l

0

ḟ 2dt

) 1
2
(∫ l

0

f 2〈V, γ̇〉2dt
) 1

2

.

❚♦♠❛♥❞♦ A =
∫ l

0
2
k
ḟ 2dt ≥ 0✱ B =

∫ l

0
k
2
f 2〈V, γ̇〉2dt ≥ 0 ❡ ✉s❛♥❞♦ q✉❡

√
AB ≤ A+B

2
t❡♠♦s

∫ l

0

−fḟ〈V, γ̇〉dt ≤
∫ l

0

( 1
k
ḟ 2 + k

4
f 2〈V, γ̇〉2)dt,

❞❛í ∫ l

0

−4fḟ〈V, γ̇〉 dt ≤
∫ l

0

((n− 1 + 4
k
)ḟ 2 − kf 2〈V, γ̇〉2) dt,

❡ ❧♦❣♦
n∑

i=2

I(fEi, fEi) ≤
∫ l

0

(
(n− 1 + 4

k
)ḟ 2 − (n− 1)Cf 2

)
dt,

✸✼



❢❛③❡♥❞♦ f(t) = sen(πt
l
)

n∑

i=2

I(fEi, fEi) ≤ π2

l
(π2(n− 1 + 4

k
)− (n− 1)Cl2),

❛♥❛❧♦❣❛♠❡♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✸✳✶ t❡♠♦s

l ≤ π√
(n− 1)C

√
n− 1 +

4

k
.

✸✳✷ ❚❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r

❉❡✜♥✐çã♦ ✸✳✶✳ ❙❡❥❛ X ∈ X (M)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ 1−❢♦r♠❛ θX ❛ss♦❝✐❛❞❛ ❛ X t❛❧ q✉❡ ♣❛r❛

t♦❞♦ Y ∈ X (M)

θX(Y ) = 〈X, Y 〉.

X é ❞✐t♦ ❤❛r♠ô♥✐❝♦ s❡ dθX = 0 ❡ div(X) = 0✳

Pr♦♣♦s✐çã♦ ✸✳✶✳ X é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤❛r♠ô♥✐❝♦ s❡ ❡ s♦♠❡♥t❡ s❡ div(X) = 0 ❡ 〈∇YX,Z〉 =
〈∇ZX, Y 〉✳

❉❡♠♦♥str❛çã♦✳ ❉❛ ❉❡✜♥✐çã♦ ✸✳✶ X é ❤❛r♠ô♥✐❝♦ s❡ ❡ s♦♠❡♥t❡ s❡ dθX = 0 ❡ div(X) = 0✳

❈♦♠♦

dθX(Y, Z) = Y θX(Z)− ZθX(Y )− θX([Y, Z])

= 〈∇YX,Z〉+ 〈X,∇YZ〉 − 〈∇ZX, Y 〉 − 〈X,∇ZY 〉 − 〈X, [Y, Z]〉

= 〈∇YX,Z〉 − 〈∇ZX, Y 〉+ 〈X,∇YZ〉 − 〈X,∇ZY 〉 − 〈X, [Y, Z]〉

= 〈∇YX,Z〉 − 〈∇ZX, Y 〉+ 〈X, [Y, Z]〉 − 〈X, [Y, Z]〉

= 〈∇YX,Z〉 − 〈∇ZX, Y 〉,

s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✸✳✶✳ ❙❡❥❛ Y ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤❛r♠ô♥✐❝♦ ❡♥tã♦

div(∇Y Y ) = Ric(Y, Y ) + 〈∇Y,∇Y 〉.

✸✽



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈ M ✜①♦ ❡ s❡❥❛ {Ei}ni=1 ✉♠ r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦ ❡♠ p✱ ❡♥tã♦ ♣❡❧❛

Pr♦♣♦s✐ç❛♦ ✷✳✷

div(∇Y Y ) = Ei〈∇Y Y,Ei〉

= 〈∇Ei
∇Y Y,Ei〉+ 〈∇Y Y,∇Ei

Ei〉

= 〈∇Ei
∇Y Y,Ei〉

= R(Y,Ei, Y, Ei) + 〈∇Y∇Ei
Y,Ei〉+ 〈∇[Ei,Y ]Y,Ei〉

= Ric(Y, Y ) + Y 〈∇Ei
Y,Ei〉 − 〈∇Ei

Y,∇YEi〉+ 〈∇[Ei,Y ]Y,Ei〉

= Ric(Y, Y ) + Y (div(Y ))− 〈∇Ei
Y,∇YEi〉+ 〈∇[Ei,Y ]Y,Ei〉.

◆♦ ♣♦♥t♦ p ♣❡❧❛ Pr♦♣♦s✐ç❛♦ ✸✳✶ 〈∇[Ei,Y ]Y,Ei〉 = 〈∇Ei
Y, [Ei, Y ]〉 ❡ 〈∇Ei

Y,Ei〉 = Ei〈Y,Ei〉 =
div(Y ) = 0✱ ❡♥tã♦

div(∇Y Y ) = Ric(Y, Y )− 〈∇Ei
Y,∇YEi〉+ 〈∇Ei

Y, [Ei, Y ]〉

= Ric(Y, Y )− 〈∇Ei
Y,∇YEi〉+ 〈∇Ei

Y,∇Ei
Y −∇YEi〉

= Ric(Y, Y ) + 〈∇Ei
Y,∇Ei

Y 〉 − 2〈∇Ei
Y,∇YEi〉

= Ric(Y, Y ) + 〈∇Y,∇Y 〉 − 2〈∇Ei
Y,∇YEi〉,

❝♦♠♦ ∇YEi = 0✱ ❡♥tã♦

div(∇Y Y ) = Ric(Y, Y ) + 〈∇Y,∇Y 〉.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ ♣♦♥t♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ✸✳✸✳ ❙❡❥❛ (M, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❢❡❝❤❛❞❛✱ ♦r✐❡♥t❛❞❛ ❡ ❝♦♥❡①❛ ❞❡ ❞✐✲

♠❡♥sã♦ n✳ ❙✉♣♦♥❤❛ q✉❡ (M, g) ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V s❛t✐s❢❛③❡♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

Ric+ LV g − div(V )g ≥ 0. ✭✸✳✸✮

❊♥tã♦

✭✶✮ ❚♦❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❤❛r♠ô♥✐❝♦ é ♣❛r❛❧❡❧♦✳

✭✷✮ ❙❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C > 0 t❛❧ q✉❡

Ric+ LV g − div(V )g ≥ C, ✭✸✳✹✮

✸✾



❡♥tã♦ ♥ã♦ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❤❛r♠ô♥✐❝♦ ♥ã♦✲tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ✭✶✮❙❡❥❛ Y ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤❛r♠ô♥✐❝♦ ❡ s❡❥❛ W ❞❡✜♥✐❞♦ ♣♦r

W = ∇Y Y + 2〈Y, V 〉Y − 〈Y, Y 〉V,

❡♥tã♦ t♦♠❛♥❞♦ ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ W ❡ ✉s❛♥❞♦ q✉❡ div(Y ) = 0✱ t❡♠♦s

div(W ) = div(∇Y Y ) + 2Y (〈Y, V 〉) + 2〈Y, V 〉div(Y )− V (〈Y, Y 〉)− (〈Y, Y 〉)div(V )

= div(∇Y Y ) + 2〈∇Y Y, V 〉+ 2〈Y,∇Y V 〉 − 2〈∇V Y, Y 〉 − 〈Y, Y 〉div(V ).

P❡❧♦ ▲❡♠❛ ✷✳✶ 〈∇V Y, Y 〉 = 〈∇Y Y, V 〉✱ ❞❛í

div(W ) = div(∇Y Y ) + 2〈Y,∇Y V 〉 − 〈Y, Y 〉div(V )

= div(∇Y Y ) + LV g(Y, Y )− 〈Y, Y 〉div(V ).

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶

div(W ) = Ric(Y, Y ) + 〈∇Y,∇Y 〉+ LV g(Y, Y )− 〈Y, Y 〉div(V )

✐♥t❡❣r❛♥❞♦ ❛ ❛♠❜♦s ❧❛❞♦s

0 =

∫

M

div(W ) dvol ✭✸✳✺✮

=

∫

M

(Ric(Y, Y ) + 〈∇Y,∇Y 〉+ LV g(Y, Y )− 〈Y, Y 〉div(V )) dvol ✭✸✳✻✮

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✸✳✸ ❞❡✈❡ ❛❝♦♥t❡❝❡r q✉❡

0 ≥
∫

M

〈∇Y,∇Y 〉 dvol.

❉♦ ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ 〈∇Y,∇Y 〉 ≥ 0 ❡♥tã♦

0 ≤
∫

M

〈∇Y,∇Y 〉 dvol.

❧♦❣♦ 〈∇Y,∇Y 〉 = 0✱ ♣♦rt❛♥t♦ ∇Y = 0✱ ❡♥tã♦ Y é ♣❛r❛❧❡❧♦✳

✭✷✮ ❙✉♣♦♥❞♦ q✉❡ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Y ❤❛r♠ô♥✐❝♦ ♥ã♦✲tr✐✈✐❛❧ ♣♦r ✸✳✹ ❡ ✸✳✺

0 ≥
∫

M

(C〈Y, Y 〉+ 〈∇Y,∇Y 〉) dvol,

❝♦♠♦ 0 ≤
∫
M
(C〈Y, Y 〉 + 〈∇Y,∇Y 〉) dvol✱ ❡♥tã♦ C〈Y, Y 〉 = 〈∇Y,∇Y 〉 = 0✳ ▲♦❣♦ 〈Y, Y 〉 = 0

♣♦✐s C > 0✱ ❡♥tã♦ Y = 0 ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ Y s❡r ♥ã♦ tr✐✈✐❛❧✳

✹✵



✹

❯♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ ✈✐❛ ♦

t❡♥s♦r ❞❡ ❘✐❝❝✐ ❇❛r❦r②✲❊♠❡r②

❖ t❡♦r❡♠❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ é ✉♠ ❞♦s t❡♦r❡♠❛s ❞❡ ❡str✉t✉r❛ ♠❛✐s

✐♠♣♦rt❛♥t❡s ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ♥ã♦ ❝♦♠♣❛❝t❛s ❡ ♣♦ss✉✐ ♠✉✐t❛s

❛♣❧✐❝❛çõ❡s✳ ◆❡st❡ ❝❛♣ít✉❧♦ ❞❡♠♦♥str❛r❡♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ t❡♦r❡♠❛✱ ❞❡♠♦♥str❛♥❞♦

❛♥t❡s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ s❡rã♦ ✉s❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦✳

✹✳✶ ❊st✐♠❛t✐✈❛ s♦❜r❡ ❛ ❢✉♥çã♦ ❞❡ ❇✉s❡♠❛♥♥

❚❡♦r❡♠❛ ✹✳✶✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ φ ∈ C2(M) t❛✐s q✉❡

Ric+Hess(φ) ≥ 0, ✭✹✳✶✮

❡♠ M ✳ ❙❡❥❛ p ∈ M ✜①♦ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ρ : M −→ R ❝♦♠♦ s❡♥❞♦ ρ(x) =

dist(p, x)✳ ❊♥tã♦ ♣❛r❛ L = ∆−∇φ · ∇ t❡♠✲s❡

Lρ(q) ≤ n− 1

ρ(q)
− 2

ρ(q)
φ(q) +

1

ρ2(q)

∫ ρ(q)

0

φ ◦ γ dt ♣❛r❛ t♦❞♦ q ∈M \ cut(p)

♦♥❞❡ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧ ♠✐♥✐♠❛❧ ❧✐❣❛♥❞♦ p ❛ q✳

✹✶



❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ q ∈ M s❡❥❛ γ : [0, ρ(q)] −→ M ❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠❛❧ ♥♦r♠❛❧ ❞❡ p ❛ q ❡

s❡❥❛♠ E1(t), . . . , En−1(t) ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s ❡ ♣❛r❛❧❡❧♦s ❛♦ ❧♦♥❣♦ ❞❡ γ✱ ♦rt♦❣♦♥❛✐s✱

❞❡✜♥✐❞♦s ❛ ♣❛rt✐r ❞♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦ ❡♠ p ❛ ❧♦♥❣♦ ❞❡ γ s❡♥❞♦

{E1(0), . . . , En−1(0), γ̇(0)} é ✉♠❛ ❜❛s❡ ❞❡ Tγ(0)M ✳

❉❡✜♥✐♠♦s ♦s ❝❛♠♣♦s ❞❡ ✈❡❝t♦r❡s {Xi(t)}n−1
i=1 ❛♦ ❧♦♥❣♦ ❞❡ γ ♣♦r

Xi(t) =
t

ρ(q)
Ei(t), i = 2 . . . n− 1.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ {X1(t), . . . , Xn−1(t), Xn(t) = γ̇(t)} ❞❡ Tγ(t)M ❡ ✉s❛♥❞♦ q✉❡ ♦s Ei sã♦

♣❛r❛❧❡❧♦s✱ t❡♠♦s

∆ρ(q) = tr❛ç♦(Hessρ)

=
n∑

i=1

X2
i (ρ)−∇Xi

Xi(ρ),

✉s❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✻

∇Xi
Xiρ = 〈∇Xi

Xi, γ̇〉|t=ρ(q)
t=0

❡ ♣❡❧❛ s❡❣✉♥❞❛ ✈❛r✐❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❚❡♦r❡♠❛ ✶✳✼ ✱

X2
i ρ =

∫ ρ(q)

0

(|(∇γ̇Xi)
⊥|2 − 〈R(Xi, γ̇)γ̇, Xi〉)dt+ 〈∇Xi

Xi, γ̇〉|t=ρ(q)
t=0 ,

❧♦❣♦

X2
i ρ ≤

∫ ρ(q)

0

(|∇γ̇Xi|2 − 〈R(Xi, γ̇)γ̇, Xi〉)dt,

❞❛í

∆ρ(q) ≤
∫ ρ(q)

0

(
n−1∑

i=1

(
|∇γ̇Xi|2 − 〈R(Xi, γ̇)γ̇, Xi〉

)
)
dt

=

∫ ρ(q)

0

(n− 1

ρ2(q)
− t2

ρ2(q)
Ric(γ̇, γ̇)

)
dt

≤ n− 1

ρ(q)
+

∫ ρ(q)

0

t2

ρ2(q)
Hess(φ)(γ̇, γ̇)dt

=
n− 1

ρ(q)
+

1

ρ2(q)

∫ ρ(q)

0

t2
d2

dt2
(φ ◦ γ)dt

=
n− 1

ρ(q)
+
d

dt
(φ ◦ γ)(q)− 2

ρ2(q)

∫ ρ(q)

0

t
d

dt
(φ ◦ γ)dt

=
n− 1

ρ(p)
+ 〈∇φ, γ̇〉(q)− 2

ρ(q)
φ(q) +

1

ρ2(q)

∫ ρ(q)

0

φ ◦ γdt,

✹✷



❧♦❣♦ ♣❛r❛ L = ∆−∇φ · ∇

Lρ(q) = ∆ρ(q)− 〈∇φ, γ̇〉(q)

≤ n− 1

ρ(q)
− 2

ρ(q)
φ(q) +

1

ρ2(q)

∫ ρ(q)

0

φ ◦ γ dt ♣❛r❛ t♦❞♦ q ∈M \ cut(p)

♦♥❞❡ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦r♠❛❧ ♠✐♥✐♠❛❧ ❧✐❣❛♥❞♦ p ❛ q✳

✹✳✷ ❚❡♦r❡♠❛ ❞❡ ❈❤❡❡❣❡r✲●r♦♠♦❧❧ ❣❡♥❡r❛❧✐③❛❞♦

❋✐♥❛❧♠❡♥t❡ ♣❛ss❛♠♦s ❛ ❞❡♠♦♥str❛r ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❛ s❡çã♦✳

▲❡♠❛ ✹✳✶✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ γ : [0,∞) −→M ✉♠ r❛✐♦ ❡♠ M ❡ q ∈M

✜①♦✳ ❙❡ δm é ❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠✐③❛♥t❡ ❧✐❣❛♥❞♦ q ❛ γ(tm) ❝♦♠ ✈❡t♦r ✐♥✐❝✐❛❧ ✉♥✐tár✐♦ δ̇m(0)✱

❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tk t❛❧ q✉❡ δ̇k(0) ❝♦♥✈❡r❣❡ ❛ X ∈ TqM ❡ ❛ ❣❡♦❞és✐❝❛ δ t❛❧ q✉❡

δ̇(0) = X é ✉♠ r❛✐♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ q ∈ M ✜①♦✳ ❊♥tã♦ δ̇m(0) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛

Sn−1 ⊂ TqM ✱ ❧♦❣♦ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ Sn−1 ❡①✐st❡ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ X ∈ Sn−1✱

♣♦rt❛♥t♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {tk} ⊂ {tm} t❛❧ q✉❡ δ̇k(0) ❝♦♥✈❡r❣❡ ❛♦ ✈❡t♦r X✳ ❙❡❥❛

δ : [0,∞) −→M ❛ ❣❡♦❞és✐❝❛ ❞❡✜♥✐❞❛ ♣♦r

δ(s) = expq(sX).

❊♥tã♦ δ̇(0) = X ❡ ♣❛r❛ ✉♠ s0 ✜①❛❞♦

lim
k→∞

δk(s0) = δ(s0),

❡ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ é ❝♦♥t✐♥✉❛

lim
k→∞

d(q, δk(s0)) = d(q, δ(s0)),

♠❛s ♣❛r❛ k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ d(q, δk(s0)) = s0✱ ❧♦❣♦

d(q, δ(s0)) = s0,

♣♦rt❛♥t♦ δ é ✉♠ r❛✐♦✳

✹✸



▲❡♠❛ ✹✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ s❡❥❛ γ ✉♠ r❛✐♦✳ ❙❡ Ric +

Hess(φ) ≥ 0 ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ M ❡♥tã♦ ❛s ❢✉♥çõ❡s ❞❡

❇✉s❡♠❛♥♥ ❛ss♦❝✐❛❞❛s ❛ γ q✉❡ ❝❤❛♠❛♠♦s bγ s❛t✐s❢❛③❡♠

Lbγ ≥ 0,

♥♦ s❡♥t✐❞♦ ❞❡ ❜❛rr❡✐r❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ p = γ(0) ❡ bγ ❛ ❢✉♥çã♦ ❞❡ ❇✉s❡♠❛♥♥ ❛♦ ❧♦♥❣♦ ❞♦ r❛✐♦ γ✳ ❡♥tã♦ ♣❛r❛

q ∈ M s❡❥❛ δ ❛ ❣❡♦❞és✐❝❛ s❛✐♥❞♦ ❞❡ q ❣❡r❛❞❛ ♣♦r X✳ P❡❧♦ ▲❡♠❛ ✹✳✶ t❡♠♦s q✉❡ δ é ✉♠ r❛✐♦✱

❧♦❣♦ q ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❝✉t✲❧♦❝✉s ❞❡ δ(r) ♣❛r❛ t♦❞♦ r > 0✳ ❊♥tã♦

fγ
r (q)(x) = r − d(x, δ(r)) + bγ(q),

é ❞❡ ❝❧❛ss❡ C∞ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❛♦ r❡❞♦r ❞❡ q✳ ❙❡❥❛ x ∈ U ✱ ❡♥tã♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡

tr✐❛♥❣✉❧❛r

d(x, δ(r)) ≤ d(x, q) + d(q, δ(r)) = d(x, q) + r,

❧♦❣♦ −d(x, q) ≤ r − d(x, δ(r))✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ r − d(x, δ(r)) ≤ d(q, r) ❞❛í

0 ≤ r − d(x, δ(r)),

♣♦rt❛♥t♦ fγ
r s❛t✐s❢❛③ q✉❡ fγ

r ≤ bγ ❝♦♠ fγ
r (q) = bγ(q)✳ ❆❧é♠ ❞✐ss♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶ t❡♠♦s

Lfγ
r (x) = −Ld(δ(r), x)

≥ n− 1

d(δ(r), x)
− 2φ(x)

d(δ(r), x)
+

2

d(δ(r), x)2

∫ d(δ(r),x)

0

φ ◦ σdt

♦♥❞❡ σ é ✉♠❛ ❣❡♦❞és✐❝❛ ♠✐♥✐♠❛❧ ❧✐❣❛♥❞♦ δ(r) ❡ x✳ ❆s✐♠ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❝♦♠ r s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ❣r❛♥❞❡✱ Lfγ
r (x) ≥ −ǫ ♣❛r❛ x ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q✳ ▲♦❣♦ fγ

r é ✉♠❛ ❢✉♥çã♦ s✉♣♦rt❡

♣❛r❛ bγ✳

▲❡♠❛ ✹✳✸✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛✳ ❙❡ Ric + Hess(φ) ≥ 0

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ❧✐♠✐t❛❞❛ ❡♠ M ✳ ❙✉♣♦♥❤❛ q✉❡ M ❝♦♥t❡♠ ✉♠❛ ❧✐♥❤❛ γ✳ ❊♥tã♦ ❛s

❢✉♥çõ❡s ❞❡ ❇✉s❡♠❛♥ b+ ❡ b− ❛ss♦❝✐❛❞❛s ❛♦s r❛✐♦s γ+(t) = γ(t) ❡ γ+(t) = γ(−t)✱ t ≤ 0✱ sã♦

❛♠❜❛s s✉❛✈❡s ❡ s❛t✐s❢❛③❡♠ Lb+ = Lb− = 0✳

✹✹



❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❧❡♠❛ ✹✳✷✱ L(b+ + b−) ≥ 0 ♥♦ s❡♥t✐❞♦ ❞❡ ❜❛rr❡✐r❛✳ ❙❡❥❛ x ∈ M ✳ P❡❧❛

❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

2t = d(γ(t), γ(−t)) ≤ d(γ(t), x) + d(x, γ(−t)).

▲♦❣♦

t− d(γ(t), x) + t− d(x, γ(−t)) ≤ 0,

s❡❣✉❡ ❞❛í q✉❡ b+ + b− ≤ 0 ❡♠ M ✳ ❉♦ ♦✉tr♦ ❧❛❞♦✱ (b+ + b−)(γ(0)) = 0✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛

✷✳✸

b+ + b− ≡ 0 s♦❜r❡ M.

❈♦♠♦ Lb+ ≥ 0 ❡ Lb− ≥ 0 ❡♥tã♦

0 ≤ Lb+ = −Lb− ≤ 0,

♠♦str❛ q✉❡ L(b+) = L(b−) = 0 ♥♦ s❡♥t✐❞♦ ❞❡ ❜❛rr❡✐r❛✳ ▲♦❣♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ b+ ❡ b− sã♦

s✉❛✈❡s✳

▲❡♠❛ ✹✳✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛✳ ❙❡❥❛

Ric+Hess(φ) ≥ 0

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ❛ q✉❛❧ é ❧✐♠✐t❛❞❛ ❡♠ M ✳ ❙✉♣♦♥❤❛ q✉❡ M ❝♦♥t❡♠ ✉♠❛ ❧✐♥❤❛ γ✳

❊♥tã♦ |∇b+| = 1 ❡ ∇b+ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♣❛r❛❧❡❧♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ b+ é ❞❡ ▲✐♣s❝❤✐t③ ❝♦♠ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1 ❡♥tã♦ ∇b+ s❛t✐s❢❛③

|∇b+|2 ≤ 1,

❧♦❣♦ ❛ ❢✉♥çã♦ H :M −→ R ❞❡✜♥✐❞❛ ♣♦r

H(x) = |∇b+(x)|2 − 1,

s❛t✐s❢❛③ q✉❡ H(x) ≤ 0✳ ❆❧é♠ ❞✐ss♦

(b+ ◦ γ)(t) = lim
r→∞

r − d(γ(t), γ(r))

= lim
r→∞

r − d(γ(0), γ(r)) + d(γ(0), γ(r))− d(γ(t), γ(r))

= lim
r→∞

r − d(γ(0), γ(r)) + t

= (b+ ◦ γ)(0) + t,

✹✺



❡♥tã♦

d

ds
(b+ ◦ γ)(s) = 1,

♣♦rt❛♥t♦ 〈∇b+, γ̇(s)〉 = 1 ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③

1 = |〈∇b+, γ̇(s)〉| ≤ |∇b+||γ̇(s)| ≤ 1.

▲♦❣♦ |∇b+ ◦ γ(s)| = 1 ❡ ∇b+(q) = γ̇(s)✱ ❞❛í H(γ(s)) = 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ H✱

LH = L|∇b+|2.

❆ss✐♠ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ✭Pr♦♣♦s✐çã♦ ✷✳✷✮

L|∇f |2 = 2|Hess(f)|2 + 2〈∇Lf,∇f〉+ 2
(
Ric+Hess(φ)

)
(∇f,∇f),

♣❛r❛ f = b+✱ t❡♠♦s q✉❡

LH = 2|Hess(b+)|2 + 2〈∇Lb+,∇b+〉+ 2
(
Ric+Hess(φ)

)
(∇b+,∇b+)

≥ 2|Hess(b+)|2

≥ 0,

✐st♦ ú❧t✐♠♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❛ ❞❡s✐❣✉❛❧❛❞❡ Ric + Hess(φ) ≥ 0✳ ❊♥tã♦ H(x) ≤ 0✱ LH ≥ 0 ❡

H(γ(s)) = 0✱ ❧♦❣♦ ♣❡❧♦ Pr✐♥❝✐♣✐♦ ❞♦ ▼á①✐♠♦ H ≡ 0, ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ |∇b+|2 = 1✳

❋❛❧t❛ ♠♦str❛r q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ∇b+ é ♣❛r❛❧❡❧♦✳ ❆♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡

❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ♣❛r❛ f = b+✱ ♣❡❧♦ ❧❡♠❛ ✹✳✸ ❡ ✉s❛♥❞♦ q✉❡ Ric+Hess(φ) ≥ 0 t❡♠♦s

L|∇b+|2 ≥ 2|Hess(b+)|2 ≥ 0.

❈♦♠♦ |∇b+|2 = 1 ❡♥tã♦ Hess(b+) = 0✱ ❧♦❣♦ ∇X(∇b+) = 0 ♣❛r❛ t♦❞♦ X ∈ X (M)✱ ♣♦rt❛♥t♦

∇b+ é ♣❛r❛❧❡❧♦✳

▲❡♠❛ ✹✳✺✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛✳ ❙❡❥❛ Ric+Hess(φ) ≥ 0

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ s✉❛✈❡ φ ❧✐♠✐t❛❞❛ ❡♠ M ✳ ❙✉♣♦♥❤❛ q✉❡ M ❝♦♥té♠ ✉♠❛ ❧✐♥❤❛ γ✱ ❡ s❡❥❛

N = {x ∈ M ; b+(x) = 0} ♦♥❞❡ b+ é ❛ ❢✉♥çã♦ ❞❡ ❇✉s❡♠❛♥ ❛ss♦❝✐❛❞❛ ❛ γ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦

♣♦♥t♦ p ∈M ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❧✐♥❤❛ δ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ N ♣❛ss❛♥❞♦ ♣♦r p✳

✹✻



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈ M ✳ P❡❧♦ ❧❡♠❛ ✹✳✶ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s r❛✐♦s ❞✐❢❡r❡♥t❡s δ1 ❡ δ2

♣❛rt✐♥❞♦ ❞❡ p ❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❡ γ✳ ❙❡❥❛♠ b±1 ❡ b±2 ❛s r❡s♣❡❝t✐✈❛s ❢✉♥çõ❡s ❞❡ ❇✉s❡♠❛♥✱

❡♥tã♦

(b+1 ◦ δ1)(t) = lim
r→∞

r − d(δ1(t), δ1(t))

= lim
r→∞

r − d(δ1(0), δ1(r)) + d(δ1(0), δ1((r))− d(δ1(t), δ1(r))

= lim
r→∞

r − d(δ1(0), δ1(r)) + t

= (b+1 ◦ δ1)(0) + t,

❛♥❛❧♦❣❛♠❡♥t❡ (b−2 ◦ δ2)(s) = (b−2 ◦ δ2)(0) + s✳

❆❣♦r❛✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

d(δ2(s), δ1(t)) + d(δ1(t), δ1(r)) ≥ d(δ2(s), δ1(r)).

❊♥tã♦

d(δ2(s), δ1(t)) ≥ (b+1 ◦ δ1)(t)− (b+1 ◦ δ2)(s)

≥ (b+1 ◦ δ1)(t) + (b−2 ◦ δ2)(s)

= (b+1 ◦ δ1)(0) + t+ (b−2 ◦ δ2)(0) + s

= t+ s+ b+1 (p) + b−2 (p)

= t+ s.

❆ss✐♠ d(δ2(s), δ1(t)) ≥ t+ s✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r d(δ2(s), δ1(t)) ≤ t+ s✱ ❧♦❣♦

d(δ2(s), δ1(t)) = t+ s.

❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡ δ1 ❡ δ2 sã♦ ❞♦✐s r❛✐♦s ❞❡ ✉♠❛ ♠❡s♠❛ ❧✐♥❤❛ δ✱ ❧♦❣♦ ❡st❡s r❛✐♦s sã♦ ú♥✐❝♦s✳

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦ s❡❥❛ y ∈ N

d(y, δ1(t)) ≥ (b+1 ◦ δ1)(t)− b+1 y(y)

= (b+1 ◦ δ1)(0) + t− b+1 y(y)

= t,

❧♦❣♦ δ1 r❡❛❧✐③❛ ❛ ♠í♥✐♠❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ p ❡ N ✱ ♣♦rt❛♥t♦ é ♣❡r♣❡♥❞✐❝✉❧❛r ❛ N ✳

✹✼



❚❡♦r❡♠❛ ✹✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ Ric +

Hess(φ) ≥ 0 ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ φ s✉❛✈❡ ❛ q✉❛❧ é ❧✐♠✐t❛❞❛ ❡♠ M ✳ ❙❡ M ♣♦ss✉✐ ✉♠❛ ❧✐♥❤❛✱

❡♥tã♦ M ❞❡❝♦♠♣õ❡✲s❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ❝♦♠♦ N × R✱ ♦♥❞❡ N = {x ∈ M ; b+(x) = 0}✳ ▼❛✐s

❛✐♥❞❛ ❛ ❢✉♥çã♦ φ é ❝♦♥st❛♥t❡ ♥♦ ❝♦♥❥✉♥t♦ R ❞❛ ❞❡❝♦♠♣♦s✐çã♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✹✳✹✱ X = ∇b+ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦ ❡ ♣❛r❛❧❡❧♦✳ ❖

❝✉♥❥✉♥t♦ N = {x ∈M ; b+(x) = 0} é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡M ❡ s❡ α é ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧

❡♠ N ✱ (b+ ◦ α)(t) = 0✱ ❧♦❣♦

d

dt
(b+ ◦ α)(t) = 〈∇b+, α̇〉 = 0.

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ α̇ ⊥ X✳

P❛r❛ p ∈ N ✱ Ỹ ∈ X (N) ❡ Y ∈ X (M) ✉♠❛ ❡①t❡♥sã♦ ❞❡ Y ✱ Y ⊥ X

〈∇̃Ỹ Ỹ −∇Y Y,X〉M = 〈∇̃Ỹ Ỹ , X〉M − 〈∇Y Y,X〉M

= 〈∇̃Ỹ Ỹ , X〉M − Y 〈Y,X〉M + 〈Y,∇YX〉M ,

❝♦♠♦ ∇̃Ỹ Ỹ ∈ TpN ⊥ X ❡ X é ♣❛r❛❧❡❧♦

〈∇̃Ỹ Ỹ −∇Y Y,X〉M = 0,

❡♥tã♦ N é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛✳

❊s❝♦❧❤❡♥❞♦ ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ M ✱ ❝♦♥s✐❞❡r♠♦s F : N × R −→M ❞❡✜♥✐❞❛ ♣♦r✱

F (x, t) = expx(tδ̇(0)),

♦♥❞❡ δ é ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ N q✉❡ ♣❛ss❛ ♣♦r δ(0) = x ∈ N ✳ ▼♦str❛r❡♠♦s q✉❡

F é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ N × R ❡ M ✳

P❛r❛ ✈❡r ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❡ F ✱ s❡❥❛ p ∈ M ✳ P❡❧♦ ▲❡♠❛ ✹✳✺ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❧✐♥❤❛ δ

♣❡r♣❡♥❞✐❝✉❧❛r ❛ N ❝♦♠ δ(0) = q ∈ N ♣❛ss❛♥❞♦ ♣♦r p✳ ▲♦❣♦ p = F (q, t0) ♣❛r❛ ❛❧❣✉♠ t0✱ ❡♥tã♦

F é s♦❜r❡❥❡t✐✈❛✳

❉♦ ♦✉tr♦ ❧❛❞♦ s❡ F (x1, t1) = F (x2, t2) = p ✱ ❡♥tã♦ t1 = t2 = d(p,N) ❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛

❧✐♥❤❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ N ♣❛ss❛♥❞♦ ♣♦r p t❡♠♦s q✉❡ x1 = x2✳ ❈♦♠♦ δ é ✉♠❛ ❧✐♥❤❛ ❡ expp é

✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ ❡♥tã♦ F é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

✹✽



❋❛❧t❛ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ F é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ N ❡ ♦ ❝♦♥❥✉♥t♦ {x ∈M ; b+(x) = t}✳
❉❡ ❢❛t♦ s❡ q ∈ N ✱ v = ∂

∂t
❡ w ∈ TqM ♣❡❧♦ ▲❡♠❛ ❞❡ ●❛✉ss

〈dF(t,x)(v), dF(t,x)(w)〉 = 〈(dexpx)v(v), (dexpx)v(w)〉

= 〈v, w〉.

❆❣♦r❛ s❡ u, v ∈ TqN ✱ s❡❥❛ h(t) = 〈dF(t,x)(u), dF(t,x)(v))〉✱ ❡♥tã♦

h′(t) = X〈dF(t,x)(u), dF(t,x)(v))〉

= 〈∇XdF(t,x)(u), dF(t,x)(v))〉+ 〈dF(t,x)(u),∇XdF(t,x)(v))〉.

P❡❧♦ ▲❡♠❛ ❞❡ ❙✐♠❡tr✐❛ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ X s❡r ♣❛r❛❧❡❧♦

h′(t) = 〈∇dF(t,x)(u)X, dF(t,x)(v))〉+ 〈dF(t,x)(u),∇dF(t,x)(v))X〉

= 0,

❧♦❣♦ h é ❝♦♥st❛♥t❡ ❡ h(t) = h(0) = 〈dF(0,x)(u), dF(0,x)(v))〉 = 〈u, v〉✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ F é ✉♠❛

✐s♦♠❡tr✐❛✳

❆❣♦r❛ ✐❞❡♥t✐✜❝❛♥❞♦M ❝♦♠ ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ N×R ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ❣❡♥❡r❛❧✐③❛❞❛

❞❡ ❇♦❝❤♥❡r✲❲❡✐t③❡♥❜ö❝❦ ❡♠ f = b+ t❡♠♦s

0 = L|∇b+|2 = 2(Ric+Hess(φ))(∇b+,∇b+) = 2
∂2

∂t2
φ.

❉❛í φ é ❧✐♥❡❛r ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❞❡ M ✳ ❈♦♠♦ φ é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✱ ❡♥tã♦ ❞❡✈❡ s❡r

❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ ❧✐♥❤❛✳ ■st♦ ♣r♦✈❛ ♦ t❡♦r❡♠❛✳

❈♦r♦❧ár✐♦ ✹✳✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ Ric +

Hess(φ) ≥ 0 ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ φ ∈ C2(M) ❛ q✉❛❧ é ❧✐♠✐t❛❞❛ ❡♠ M ✳ ❊♥tã♦ M ❞❡❝♦♠♣õ❡✲s❡

✐s♦♠❡tr✐❝❛♠❡♥t❡ ❝♦♠♦ N ×R
l✱ ♦♥❞❡ N é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❈♦♠♣❧❡t❛ s❡♠ ❧✐♥❤❛s✳

▼❛✐s ❛✐♥❞❛ ❛ ❢✉♥çã♦ φ é ❝♦♥st❛♥t❡ ♥♦ ❝♦♥❥✉♥t♦ R
l ❞❛ ❞❡❝♦♠♣♦s✐çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ M ♣♦ss✉✐ ✉♠❛ ❧✐♥❤❛✱ ♣❡❧♦ t❡♦r❡♠❛ ✹✳✷ M = N1 × R ❡

(Ric+Hess(φ))(∇b+,∇b+) = 0,

✹✾



❛❣♦r❛✱ ♣❛r❛ t♦❞♦ p ∈M ✱ ❝♦♥s❡❣✉✐♠♦s ✉♠❛ ❜❛s❡ ❞❡ TpM ✱ {E1, . . . , En−1,∇b+} t❛❧ q✉❡

(Ric+Hess(φ))(∇b+, Ei) = 0.

❈♦♠♦ ∇b+φ = 0

RicN +HessN(φ) = RicM +HessM(φ) ≥ 0.

❊♥tã♦ s❡N ♣♦ss✉✐r ♠❛✐s ✉♠❛ ❧✐♥❤❛✱ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❞❡ ♥♦✈♦ ❡ ♦ r❡s✉❧t❛❞♦

s❡❣✉❡ ♣♦r ✐♥❞✉çã♦✳

✺✵
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