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❯♠ ▼♦❞❡❧♦ ❞❡ ❘❡s♣♦st❛ ❛♦ ■t❡♠ ♣❛r❛ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠
❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s ❈❡♥tr❛❧✐③❛❞❛s

❉✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦ ❛♣r❡s❡♥t❛❞❛ ❛♦
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡
❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯◆■❈❆▼P
♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ♠❡str❡ ❡♠ ❊s✲
t❛tíst✐❝❛✳
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❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦ ❞❡❢❡♥❞✐❞❛ ♣❡❧♦ ❛❧✉♥♦ ❏♦sé ❘♦❜❡rt♦
❙✐❧✈❛ ❞♦s ❙❛♥t♦s✱ ❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦ Pr♦❢✳❉r✳ ❈❛✐♦ ▲✉❝✐❞✐✉s ◆❛❜❡r❡③♥② ❆③❡✈❡❞♦✳
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❚ít✉❧♦

■♥❢♦r♠❛çõ❡s ♣❛r❛ ❇✐❜❧✐♦t❡❝❛ ❉✐❣✐t❛❧

❚ít✉❧♦ ❡♠ ■♥❣❧ês✿ ❆ ♠✉❧t✐♣❧❡ ❣r♦✉♣ ■❘❚ ♠♦❞❡❧ ✇✐t❤ s❦❡✇✲♥♦r♠❛❧ ❧❛t❡♥t tr❛✐t
❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❝❡♥tr❡❞ ♣❛r❛♠❡tr✐③❛t✐♦♥
P❛❧❛✈r❛s✲❝❤❛✈❡ ❡♠ ■♥❣❧ês✿
■t❡♠ r❡s♣♦♥s❡ t❤❡♦r②
s❦❡✇✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥
▼❈▼❈ ♠❡t❤♦❞s
➪r❡❛ ❞❡ ❝♦♥❝❡♥tr❛çã♦✿ ❊st❛tíst✐❝❛
❚✐t✉❧❛çã♦✿ ▼❡str❡ ❡♠ ❊st❛tíst✐❝❛
❇❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✿
❈❛✐♦ ▲✉❝✐❞✐✉s ◆❛❜❡r❡③♥② ❆③❡✈❡❞♦ ❬♦r✐❡♥t❛❞♦r❪
❍é❧✐♦ ❞♦s ❙❛♥t♦s ▼✐❣♦♥
❍❡❧❡♥♦ ❇♦❧❢❛r✐♥❡
❉❛t❛ ❞❡ ❞❡❢❡s❛✿ ✶✾✲✵✹✲✷✵✶✷
Pr♦❣r❛♠❛ ❞❡ P♦s✲●r❛❞✉❛çã♦✿ ❊st❛tíst✐❝❛

✐✐



✐✐✐



✐✈



❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ à

❍❡❧❡♥❛✱ ❘✐❜❛♠❛r ❡ ❲❡s❦❧❡②
❝♦♠ ❛♠♦r✳

✈



✈✐



✧❆ ♠❡♥t❡ q✉❡ s❡ ❛❜r❡ ❛ ✉♠❛ ♥♦✈❛ ✐❞❡✐❛
❥❛♠❛✐s ✈♦❧t❛rá ❛♦ s❡✉ t❛♠❛♥❤♦ ♦r✐❣✐♥❛❧✧✳

❆❧❜❡rt ❊✐♥st❡✐♥

✈✐✐



✈✐✐✐



P❛r❛ ♠✐♥❤❛ ❛♠❛❞❛ ♠ã❡ ❍❡❧❡♥❛

✧✭✳✳✳✮
▼ã❡ s✐❣♥✐✜❝❛ ❛♠♦r
❙❡✉ ♠ér✐t♦ é ♦ ♣❡r❞ã♦✱
❙❡ ♦ ✜❧❤♦ ❝♦♠❡t❡ ✉♠ ❡rr♦
▲❤❡ ❝♦rt❛ ♦ ❝♦r❛çã♦✱
▼❛s ❡❧❛ ♣❛r❛ ❞❡❢❡♥❞ê✲❧♦
❊♥❢r❡♥t❛ ✉♠ ❜❛t❛❧❤ã♦✳

❉❡✉s ❧❤❡ ❞❡✉ s❛❜❡❞♦r✐❛
❊ ♦ ❞♦♠ ❞❛ ♣❡r❢❡✐çã♦✱
▲❡r ❞♦s ✜❧❤♦s ♦s ♣❡♥s❛♠❡♥t♦s
❙❛❜❡ ❞❡❧❡s ♦ ❝♦r❛çã♦✱
❆❝r❡❞✐t❛ ♥♦ ❛♠♦r
❈♦♠♦ ❛ ú♥✐❝❛ s♦❧✉çã♦✳

❚ã♦ s❡♥sí✈❡❧ ❝♦r❛çã♦
❊ tã♦ ❢♦rt❡ q✉❛♥❞♦ é ♣r❡❝✐s♦✱
❉á ❛ ✈✐❞❛ ❡♠ ♣r♦❧ ❞♦ ✜❧❤♦
◆♦ ♠♦♠❡♥t♦ ❞❡❝✐s✐✈♦✱
P♦r ✐ss♦ ♠❡s♠♦ s❡r ♠ã❡
➱ ♣❛❞❡❝❡r ♥♦ ♣❛r❛ís♦✳

❈♦♠♦ ♠✉❧❤❡r és ❡①❡♠♣❧♦
❈♦♠♦ ♠ã❡ és ✉♠❛ s❛♥t❛✱
❚❡✉ ❝❛r✐♥❤♦✱ t❡✉ ❛♠♦r
❖ ♠✉♥❞♦ ✐♥t❡✐r♦ ❡♥❝❛♥t❛✱
❆❣♦r❛ ✈♦✉ ❡♥❝❡rr❛r
❙✐♥t♦ ❛ ✈♦③ ❡♠❜❛r❣❛r ❡ ✜❝❛r
♣r❡s❛ à ❣❛r❣❛♥t❛✳✧

❊❞✐s✐♦ ❆r❛ú❥♦

✐①



①



P❛r❛ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ❙❛♥❞r❛

✧❋♦♥t❡ ❞❡ ♠❡❧
◆♦s ♦❧❤♦s ❞❡ ❣✉❡✐①❛
❑❛❜✉❦✐✱ ♠ás❝❛r❛
❈❤♦q✉❡ ❡♥tr❡ ♦ ❛③✉❧
❊ ♦ ❝❛❝❤♦ ❞❡ ❛❝á❝✐❛s
▲✉③ ❞❛s ❛❝á❝✐❛s
❱♦❝ê é ♠ã❡ ❞♦ s♦❧
❆ s✉❛ ❝♦✐s❛ é t♦❞❛ tã♦ ❝❡rt❛
❇❡❧❡③❛ ❡s♣❡rt❛
❱♦❝ê ♠❡ ❞❡✐①❛ ❛ r✉❛ ❞❡s❡rt❛
◗✉❛♥❞♦ ❛tr❛✈❡ss❛
❊ ♥ã♦ ♦❧❤❛ ♣r❛ trás

▲✐♥❞❛
❊ s❛❜❡ ✈✐✈❡r
❱♦❝ê ♠❡ ❢❛③ ❢❡❧✐③✳✳✳
❱♦❝ê é ❧✐♥❞❛
▼❛✐s q✉❡ ❞❡♠❛✐s
❱♦❝ê é ❧✐♥❞❛ s✐♠
❖♥❞❛ ❞♦ ♠❛r ❞♦ ❛♠♦r
◗✉❡ ❜❛t❡✉ ❡♠ ♠✐♠

❱♦❝ê é ❢♦rt❡
❉❡♥t❡s ❡ ♠ús❝✉❧♦s
P❡✐t♦s ❡ ❧á❜✐♦s
❱♦❝ê é ❢♦rt❡
▲❡tr❛s ❡ ♠ús✐❝❛s
❚♦❞❛s ❛s ♠ús✐❝❛s
◗✉❡ ❛✐♥❞❛ ❤❡✐ ❞❡ ♦✉✈✐r
◆♦ ❆❜❛❡té
❆r❡✐❛s ❡ ❡str❡❧❛s
◆ã♦ sã♦ ♠❛✐s ❜❡❧❛s
❉♦ q✉❡ ✈♦❝ê
▼✉❧❤❡r ❞❛s ❡str❡❧❛s
▼✐♥❛ ❞❡ ❡str❡❧❛s
❉✐❣❛ ♦ q✉❡ ✈♦❝ê q✉❡r✧
✭✳✳✳✮

❈❛❡t❛♥♦ ❱❡❧♦s♦

①✐



①✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

◆❛s ♣ró①✐♠❛s ❧✐♥❤❛s ❡①♣r❡ss♦ ♠❡✉ ♣r♦❢✉♥❞♦ ❛❣r❛❞❡❝✐♠❡♥t♦ àq✉❡❧❡s q✉❡ ❢♦r❛♠ ♠❛✐s ❞♦ q✉❡

❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❉✐✜❝✐❧♠❡♥t❡✱ ❝♦♥s❡❣✉✐r✐❛ ❝✐t❛r tã♦ ❜r❡✈❡✲

♠❡♥t❡ t♦❞♦s ❛q✉❡❧❡s q✉❡✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ ❡t❛♣❛✳ P♦ré♠✱

❛s ♣❡ss♦❛s ❛q✉✐ ❧❡♠❜r❛❞❛s r❡♣r❡s❡♥t❛♠ t♦❞♦s ❛ q✉❡♠ ❞❡✈♦ ♠✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦✳ ❉❡st❛ ❢♦r♠❛✱

❛❣r❛❞❡ç♦ ❝♦♠ r❡s♣❡✐t♦ ❡ s✐♥❝❡r✐❞❛❞❡ à✿

❉❡✉s✱ ❝❛✉s❛ ♣r✐♠ár✐❛ ❞❡ t♦❞❛s ❛s ❝♦✐s❛s✱ ♣❡❧♦ s❡✉ ✐♥✐♠❛❣✐♥á✈❡❧ ❛♠♦r✱ ♣♦r t❡r ♠❡ ❝♦♥❝❡❞✐❞♦

s❛ú❞❡ ❡ ♣❛③ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❡st❡ tr❛❜❛❧❤♦✳

➚ ♠❡✉s ♣❛✐s✱ ❍❡❧❡♥❛ ❡ ❘✐❜❛♠❛r✱ ♣❡❧♦ ❛♠♦r ✐♥❝♦♥❞✐❝✐♦♥❛❧✱ ♣❡❧♦ ❛♣♦✐♦ ❡♠ q✉❛❧q✉❡r s✐t✉❛çã♦✱

♣❡❧♦s ♣r♦❢✉♥❞♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♦r✐❡♥t❛çõ❡s✱ ♣♦r ❝♦♥❞✉③✐r❡♠ ❛ ♥♦ss❛ ✈✐❞❛s ❝♦♠ s❛❜❡❞♦r✐❛ ❡ ❞❡✲

❞✐❝❛çã♦✳ ❊♠ ❡s♣❡❝✐❛❧ à ♠✐♥❤❛ ♠ã❡ ♣❡❧❛ ❛❧❡❣r✐❛ ❡ ❝♦♥❢♦rt♦ ❞❡ s❡✉ s♦rr✐s♦✱ ♣♦r t♦❞❛s ❛s ♣❛❧❛✈r❛s

❡ ❛t✐t✉❞❡s ❞❡ ❛♠♦r✱ ♣❡❧❛ s❡❣✉r❛♥ç❛ q✉❡ s❡♠♣r❡ ♠❡ ♣❛ss♦✉ ❡ q✉❡ ♠❡ ❢❡③ ❝❤❡❣❛r ❛té ❛q✉✐✳

❆♦ ♠❡✉ ✐r♠ã♦ ❲❡s❦❧❡②✱ ♣♦r t♦❞♦ ♦ ❝❛r✐♥❤♦ ❡ ❜r✐♥❝❛❞❡✐r❛s ❡ ♣❡❧♦ ❛♣♦✐♦ ❛ q✉❛❧q✉❡r ♠♦♠❡♥t♦✳

➚ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣❡❧♦ ❝❛r✐♥❤♦✱ ❛♠♦r ❡ ♣♦r ❝♦♠♣r❡❡♥❞❡r❡♠ ♦s ♠♦♠❡♥t♦s ❞❡ ❛✉sê♥❝✐❛✳

➚ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ❙❛♥❞r❛✱ ♣♦r t♦❞♦ ❝❛r✐♥❤♦ ❡ t❡r♥✉r❛ q✉❡ ♠❡ t❡♠ ❞❛❞♦ ♥❡ss❡ ✉♠ ❛♥♦ ❞❡

❝♦♥✈✐✈ê♥❝✐❛✳ P❡❧♦ s❡✉ ❣r❛♥❞❡ ❛♣♦✐♦ ❡ ❛❥✉❞❛ ❞✉r❛♥t❡ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧♦s ❧✐♥❞♦s

s♦♥❤♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✳

➚ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❋♦rt❛❧❡③❛✲❈❊✱ ❡s♣❡❝✐❛❧♠❡♥t❡ à ❚✐❛❣♦✱ ❲✐❧❧✐❛♠ ✭✧❇❡r❛❞❛✧✮✱ ❏✉✲

♥✐♦r ✭✧❈❤✉♠❜✐♠✧✮✱ ❘❛❢❛❡❧ ✭✧❏❛❜❜s✧✮ ❡ ❘♦❜❡rt♦✱ ♣❡❧❛ ❧♦♥❣❛ ❛♠✐③❛❞❡ ❡ r❡s♣❡✐t♦✱ ♣♦r t♦❞♦s ♦s

♠♦♠❡♥t♦s ❢❡❧✐③❡s ✭❞❡s❞❡ ❛ ✐♥❢â♥❝✐❛✮ ❡ ♣❡❧❛s ❝❛❧♦r♦s❛s r❡❝❡♣çõ❡s ❛ ❝❛❞❛ r❡❡♥❝♦♥tr♦✳

➚ t♦❞♦s ♦s ❛♠✐❣♦s✱ ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉❊▼❆✲❯❋❈✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦s ❛♠✐❣♦s ❉✐✈❛❧✱

①✐✐✐



①✐✈

❲✐❧❧✐❛♠✱ ▼♦t❛✱ ❉✐❡❣♦✱ ●❡♦r❣❡✱ ▼❛r❞ô♥✐♦✱ ▼❛r❝❡❧♦✱ ❱❧❛❞✐❛♥❛ ✭✧❱❧❛✧✮✱ ❇r✉♥♦✱ ❊❧✐❛r❞♦✱ ❋r❛♥❝✐✲

❡❧t♦♥✱ P❛tr✐❝✐❛✱ ❆♥❞ré❛✱ ▼❛♥✉❡❧❛ ✭✧▼❛♥ú✧✮✱ ♣❡❧❛ ❛❥✉❞❛✱ ❛♣♦✐♦ ❡ t♦r❝✐❞❛✱ ♣❡❧❛s ❜r✐♥❝❛❞❡✐r❛s ❡

♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦✳ ❆♦s ♣r♦❢❡ss♦r❡s ▼❛✉rí❝✐♦✱ ❏✉✈ê♥❝✐♦✱ ❆✐❧t♦♥✱ ❙✐❧✈✐❛ ❡ ❆♥❛ ▼❛r✐❛✱

♣❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s r❡♣❛ss❛❞♦s✱ ❛t❡♥çã♦✱ ✐♥❝❡♥t✐✈♦ ❡ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♥❤❛ ❞❡❞✐❝❛çã♦✳ ❊♠

❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛♦ ❣r❛♥❞❡ ♣r♦❢❡ss♦r ▼❛✉rí❝✐♦ ♣♦r s✉❛ ❛♠✐③❛❞❡✱ ❛❥✉❞❛ ❡ ❝♦♥s❡❧❤♦s q✉❡ ♠❡

❛❥✉❞❛r❛♠ ❜❛st❛♥t❡ ❛ ❡s❝♦❧❤❡r ♠❡✉ ❝❛♠✐♥❤♦ ❛♣ós ❛ ❣r❛❞✉❛çã♦✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠✱ ❛s ❢✉♥❝✐♦✲

♥ár✐❛s ▼ár❣❡r✐✱ ▲✉ís❛ ❡ ▼❛r✐❧✉s❡ q✉❡ s❡♠♣r❡ ♥♦s ❛t❡♥❞❡r❛♠ ❝♦♠ ♠✉✐t❛ ❛t❡♥çã♦ ❡ s✐♠♣❛t✐❛✳

➚ t♦❞♦s ♦s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞♦ ■▼❊❈❈✲❯◆■❈❆▼P✱ ♣❡❧❛ ót✐♠❛ ❝♦♥✈✐✈ê♥❝✐❛✱ ❛❥✉❞❛✱ ❝❤✉rr❛s✲

❝♦s ❡ ♠✉✐t♦s ♦✉tr♦s ♠♦♠❡♥t♦s ❛❣r❛❞á✈❡✐s✳ ❊♠ ❡s♣❡❝✐❛❧ ❛❣r❛❞❡ç♦ às ❛♠✐❣❛s ➪♥❣❡❧❛✱ ❈❛r♦❧✱ ❉és✲

s✐ré❡✱ ▲❛r✐ss❛ ❡ ▼❛r✐❛♥❛ ❝♦♠ ❛s q✉❛✐s ❝♦♠♣❛rt✐❧❤❡✐✱ t❛♠❜é♠✱ ❛ ❚P◗ ✭t❡♥sã♦ ♣ré✲q✉❛❧✐✜❝❛çã♦✮

❡ ❛♦s ❛♠✐❣♦s ❈❛r❧♦s ✭✧P❡r✉❛♥♦✧✮✱ ❈❛r❧♦s ✭✧❇❛✐❛♥♦✧✮✱ ◆í✈❡❛ ❡ ❙❤❡✐❧❛✳

❆♦ ❙r✳ ◆❡✇t♦♥ ❡ ❉♦♥❛ ❘❛q✉❡❧✱ ♣❡❧♦ ót✐♠♦ ❝♦♥✈í✈✐♦ ❡♠ ✈♦ss❛ ♣❡♥sã♦✱ ♣❡❧♦ ❝✉✐❞❛❞♦ ❡ ❛t❡♥çã♦

♣❛r❛ ❝♦♠✐❣♦ ❡ ♣❡❧❛ ✈♦ss❛ ❣❡♥t✐❧ ❤♦s♣✐t❛❧✐❞❛❞❡ s❡♠♣r❡ ♥♦ ✐♥t✉✐t♦ ❞❡ t♦r♥❛ ♠❛✐s ❛❣r❛❞á✈❡❧ ♠✐♥❤❛

❡st❛❞✐❛ ❡♠ ❈❛♠♣✐♥❛s✲❙P✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❈❛✐♦✱ ♣❡❧♦ ❛♣♦✐♦✱ r❡s♣❡✐t♦ ❡ ❝♦♥✜❛♥ç❛✳

❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ Pr♦❢❡ss♦r❡s ❍é❧✐♦ ▼✐❣♦♥ ❡ ❍❡❧❡♥♦ ❇♦❧❢❛r✐♥❡✱ ♣❡❧❛s s✉✲

❣❡stõ❡s✱ ❝rít✐❝❛s ❡ ❝♦♥tr✐❜✉✐çõ❡s q✉❡ ❞❡r❛♠ ❛♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

➚ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✭❈❆P❊❙✮✱ ♣❡❧♦ s✉♣♦rt❡

✜♥❛♥❝❡✐r♦✳



❘❡s✉♠♦

❯♠❛ ❞❛s s✉♣♦s✐çõ❡s ❞♦♠✐♥❛♥t❡s ♥♦s ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✭▼❘■✮ é ❛ s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛✲

❧✐❞❛❞❡ s✐♠étr✐❝❛ ♣❛r❛ ♠♦❞❡❧❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ t❛❧ s✉♣♦s✐çã♦

t❡♠ s✐❞♦ q✉❡st✐♦♥❛❞❛ ❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦s tr❛❜❛❧❤♦s ❞❡ ▼✐❝❝❡r✐ ✭✶✾✽✾✮ ❡

❇❛③á♥ ❡t✳❛❧ ✭✷✵✵✻✮✳ ❘❡❝❡♥t❡♠❡♥t❡ ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✶✮ ♣r♦♣✉s❡r❛♠ ✉♠ ▼❘■ ❝♦♠ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ✉♠ ú♥✐❝♦

❣r✉♣♦ ❞❡ ✐♥❞✐✈í❞✉♦s✳ ◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢❛③❡♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞❡ss❡ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡

❣r✉♣♦s ♠ú❧t✐♣❧♦s✳ ❉❡s❡♥✈♦❧✈❡♠♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ▼❈▼❈ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ✉t✐✲

❧✐③❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ❢✉♥çã♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✭❋❘■✮✱

✈❡❥❛ ❆❧❜❡rt ✭✶✾✾✷✮✳ ❖ ♣r✐♠❡✐r♦ é ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠ ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s✳

◆♦ s❡❣✉♥❞♦ ✉t✐❧✐③❛♠♦s r❡♣r❡s❡♥t❛çõ❡s ❡st♦❝ást✐❝❛s ✭❣❡r❛♥❞♦ ✉♠❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛✮ ❞❛s

❞❡♥s✐❞❛❞❡s ❛ ♣r✐♦r✐ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❡ ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❝♦♥s❡❣✉✐♥❞♦✱ ❛ss✐♠✱ ❢♦r♠❛s

❝♦♥❤❡❝✐❞❛s ♣❛r❛ t♦❞❛s ❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s✱ ♦ q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t♦✉ ❞❡s❡♥✈♦❧✲

✈❡r ♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠♣❧❡t♦✳ ❈♦♠♣❛r❛♠♦s ❡ss❡s ❛❧❣♦r✐t♠♦s ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ❝r✐tér✐♦

♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞❡ ❛♠♦str❛✱ ✈❡❥❛ ❙❛❤✉ ✭✷✵✵✷✮✳ ❖ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠♣❧❡t♦ ♦❜t❡✈❡

♦ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✳ ❚❛♠❜é♠ ❛✈❛❧✐❛♠♦s ♦ ✐♠♣❛❝t♦ ❞♦ ♥ú♠❡r♦ ❞❡ r❡s♣♦♥❞❡♥t❡s ♣♦r ❣r✉♣♦✱

♥ú♠❡r♦ ❞❡ ✐t❡♥s ♣♦r ❣r✉♣♦✱ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s✱ ❛ss✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❣r✉♣♦ ❞❡

r❡❢❡rê♥❝✐❛ ❡ ♣r✐♦r✐✱ ♥❛ r❡❝✉♣❡r❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✳ ❖s r❡s✉❧t❛❞♦s ✐♥❞✐❝❛r❛♠ q✉❡ ♥♦ss♦ ♠♦❞❡❧♦

r❡❝✉♣❡r♦✉ ❜❡♠ t♦❞♦s ♦s ♣❛râ♠❡tr♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✳

❆❧é♠ ❞✐ss♦✱ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ♣♦r ❣r✉♣♦ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❡①❛♠✐♥❛❞♦s ♣♦r ❣r✉♣♦✱ ♠♦str❛r❛♠ t❡r

✉♠ ❛❧t♦ ✐♠♣❛❝t♦ ♥❛ r❡❝✉♣❡r❛çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❡ ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆♥❛❧✐s❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s r❡❛✐s q✉❡ ❛♣r❡s❡♥t❛ ✐♥❞í❝✐♦s ❞❡ ❛ss✐♠❡tr✐❛ ♥❛ ❞✐str✐❜✉✐çã♦

❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞❡ ❛❧❣✉♥s ❣r✉♣♦s✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❝♦♥✜r♠❛♠

❛ ♣r❡s❡♥ç❛ ❞❡ ❛ss✐♠❡tr✐❛ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❣r✉♣♦s✳ ❊st✉❞❛♠♦s ❛❧❣✉♠❛s ♠❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦

❜❛s❡❛❞❛s ♥❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❛❞❡q✉❛❞❛s✳ P♦r ú❧t✐♠♦✱ ❝♦♠♣❛✲

r❛♠♦s ♦s ♠♦❞❡❧♦s s✐♠étr✐❝♦ ❡ ❛ss✐♠étr✐❝♦ ✉t✐❧✐③❛♥❞♦ ♦s ❝r✐tér✐♦s s✉❣❡r✐❞♦s ♣♦r ❙♣✐❡❣❡❧❤❛❧t❡r ❡t

❛❧✳ ✭✷✵✵✷✮✳ ❖ ♠♦❞❡❧♦ ❛ss✐♠étr✐❝♦ s❡ ❛❥✉st♦✉ ♠❡❧❤♦r ❛♦s ❞❛❞♦s s❡❣✉♥❞♦ t♦❞♦s ♦s ❝r✐tér✐♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❚❡♦r✐❛ ❞❛ r❡s♣♦st❛ ❛♦ ✐t❡♠✱ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛✱ ♣❛r❛♠❡tr✐③❛çã♦
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❝❡♥tr❛❞❛✱ ♠ét♦❞♦s ▼❈▼❈✱ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s✱ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✳



❆❜str❛❝t

❆♥ ✉s✉❛❧ ❛ss✉♠♣t✐♦♥ ❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ✐♥ t❤❡ ■t❡♠ ❘❡s♣♦♥s❡ ▼♦❞❡❧s ✭■❘▼✮ ✐s t♦ ❛ss✉♠❡

t❤❛t t❤❡ ❧❛t❡♥t tr❛✐ts ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ❢♦❧❧♦✇ ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ♠❛♥②

✇♦r❦s s✉❣❣❡st t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s ♥♦t ❛♣♣❧② ✐♥ ♠❛♥② ❝❛s❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ✇♦r❦s

♦❢ ▼✐❝❝❡r✐ ✭✶✾✽✾✮ ❛♥❞ ❇❛③á♥ ✭✷✵✵✻✮✳ ❘❡❝❡♥t❧② ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✶✮ ♣r♦♣♦s❡❞ ❛♥ ■❘▼ ✇✐t❤

s❦❡✇✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r t❤❡ ❝❡♥tr❡❞ ♣❛r❛♠❡tr✐③❛t✐♦♥ ❢♦r t❤❡ ❧❛t❡♥t tr❛✐ts✱ ❝♦♥s✐❞❡r✐♥❣

♦♥❡ s✐♥❣❧❡ ❣r♦✉♣ ♦❢ ❡①❛♠✐♥❡❡s✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧

t♦ ❛❝❝♦✉♥t ❢♦r ♠✉❧t✐♣❧❡ ❣r♦✉♣s✳ ❲❡ ❞❡✈❡❧♦♣❡❞ t✇♦ ▼❈▼❈ ❛❧❣♦r✐t❤♠s t♦ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥

✉s✐♥❣ t❤❡ ❛✉❣♠❡♥t❡❞ ❞❛t❛ str✉❝t✉r❡ t♦ r❡♣r❡s❡♥t t❤❡ ■t❡♠ r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✭■❘❋✮✱ s❡❡ ❆❧❜❡rt

✭✶✾✾✷✮✳ ❚❤❡ ❋✐rst ✐s ❛ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ✇✐t❤✐♥ ●✐❜❜s s❛♠♣❧✐♥❣✳ ■♥ t❤❡ s❡❝♦♥❞✱ ✇❡ ✉s❡ st♦✲

❝❤❛st✐❝ r❡♣r❡s❡♥t❛t✐♦♥s ✭❝r❡❛t✐♥❣ ❛ ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡✮ ✐♥ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❧❛t❡♥t

tr❛✐ts ❛♥❞ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥❡❞ ❦♥♦✇♥ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s✱

✇❤✐❝❤ ❡♥❛❜❧❡❞ ✉s t♦ ❞❡✈❡❧♦♣ t❤❡ ❢✉❧❧ ●✐❜❜s s❛♠♣❧❡r✳ ❲❡ ❝♦♠♣❛r❡❞ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ t❤❡

❡✛❡❝t✐✈❡ s❛♠♣❧❡ s✐③❡ ❝r✐t❡r✐❛✱ s❡❡ ❙❛❤✉ ✭✷✵✵✷✮✳ ❚❤❡ ❢✉❧❧ ●✐❜❜s s❛♠♣❧✐♥❣ ♣r❡s❡♥t❡❞ t❤❡ ❜❡st

♣❡r❢♦r♠❛♥❝❡✳ ❲❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❛♠✐♥❡❡s ♣❡r ❣r♦✉♣✱ ♥✉♠❜❡r ♦❢

✐t❡♠s ♣❡r ❣r♦✉♣✱ ♥✉♠❜❡r ♦❢ ❝♦♠♠♦♥ ✐t❡♠s✱ ♣r✐♦rs ❛♥❞ ❛s②♠♠❡tr② ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❣r♦✉♣✱ ♦♥

t❤❡ ♣❛r❛♠❡t❡r r❡❝♦✈❡r②✳ ❚❤❡ r❡s✉❧ts ✐♥❞✐❝❛t❡❞ t❤❛t ♦✉r ❛♣♣r♦❛❝❤ r❡❝♦✈❡rs ♣r♦♣❡r❧② ❛❧❧ ♣❛r❛♠❡✲

t❡rs✱ ♠❛✐♥❧②✱ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❏❡✛r❡②s ♣r✐♦r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐t❡♠s ♣❡r ❣r♦✉♣

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡①❛♠✐♥❡❡s ♣❡r ❣r♦✉♣✱ s❤♦✇❡❞ t♦ ❤❛✈❡ ❛ ❤✐❣❤ ✐♠♣❛❝t ♦♥ t❤❡ r❡❝♦✈❡r② ♦❢ t❤❡

tr✉❡ ♦❢ ❧❛t❡♥t tr❛✐ts ❛♥❞ ✐t❡♠ ♣❛r❛♠❡t❡rs✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛♥❛❧②③❡ ❛ r❡❛❧ ❞❛t❛ s❡t ✐♥ ✇❤✐❝❤ ✇❡

❢♦✉♥❞ ❛♥ ❡✈✐❞❡♥❝❡ ♦❢ ❛s②♠♠❡tr② ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧❛t❡♥t tr❛✐ts ♦❢ s♦♠❡ ❣r♦✉♣s✳ ❚❤❡ r❡s✉❧ts

♦❜t❛✐♥❡❞ ✇✐t❤ ♦✉r ♠♦❞❡❧ ❝♦♥✜r♠❡❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛s②♠♠❡tr② ✐♥ ♠♦st ❣r♦✉♣s✳ ❲❡ st✉❞✐❡❞

s♦♠❡ ❞✐❛❣♥♦st✐❝ ♠❡❛s✉r❡s ❜❛s❡❞ ♦♥ ♣r❡❞✐❝t✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❞✐s❝r❡♣❛♥❝② ♠❡❛s✉✲

r❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♠♣❛r❡❞ t❤❡ s②♠♠❡tr✐❝ ❛♥❞ ❛s②♠♠❡tr✐❝ ♠♦❞❡❧s ✉s✐♥❣ t❤❡ ❝r✐t❡r✐❛ s✉❣❣❡st❡❞

❜② ❙♣✐❡❣❡❧❤❛❧t❡r ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❚❤❡ ❛s②♠♠❡tr✐❝❛❧ ♠♦❞❡❧ ✜ts ❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ ❛❧❧ ❝r✐t❡r✐❛✳

❑❡②✇♦r❞s✿✳ ■t❡♠ r❡s♣♦♥s❡ t❤❡♦r②✱ s❦❡✇✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❝❡♥tr❡❞ ♣❛r❛♠❡tr✐③❛t✐♦♥✱ ▼❈▼❈

♠❡t❤♦❞s✱ ❛✉❣♠❡♥t❡❞ ❞❛t❛✱ ❏❡✛r❡②s ♣r✐♦r✳
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❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ①✐✐✐

❘❡s✉♠♦ ①✈

❆❜str❛❝t ①✈✐✐

▲✐st❛ ❞❡ ❋✐❣✉r❛s ①①✈

▲✐st❛ ❞❡ ❚❛❜❡❧❛s ①①✈✐✐✐

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❆s♣❡❝t♦s ❣❡r❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✷ ▼♦t✐✈❛çã♦ ❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✸ ❖❜❥❡t✐✈♦s ❡ ♦r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸✳✶ ❖❜❥❡t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸✳✷ ❖r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛ ✼

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✷ ❆ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✸✳✶ ❊st✐♠❛çã♦ ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✸✳✷ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸ ▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s ❈❡♥tr❛✲

❧✐③❛❞❛s ✷✼

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ❉❡✜♥✐çã♦ ❞♦ ▼♦❞❡❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
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①① ❙❯▼➪❘■❖

✸✳✸✳✶ ▼❈▼❈ ✉s❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ♦r✐❣✐♥❛❧ ❞❛ ◆♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ✳ ✸✷

✸✳✸✳✷ ▼❈▼❈ s♦❜ ✉♠❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦ ✹✶

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
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✺ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s ✻✺
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✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸✳✶ ❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❡ ❛✈❛❧✐❛çã♦ ❞♦ ❛❥✉st❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
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✻ ❈♦♠❡♥tár✐♦s ✜♥❛✐s ❡ s✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s ✼✾
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✻✳✷✳✶ ❯s♦ ❞❡ ♦✉tr❛s ❢✉♥çõ❡s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
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❆✳✶ ❆❧❣♦r✐t♠♦ ❆❉▼❍❲●❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
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❇ ●rá✜❝♦s✿ ❊st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ✾✺

❇✳✶ ●rá✜❝♦s ❞❛s ❡st❛tíst✐❝❛s ❘❊◗▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

❇✳✷ ●rá✜❝♦s ❞❛s ❡st❛tíst✐❝❛s ❱❘❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

❈ ❚❛❜❡❧❛s✿ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❡ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s r❡❛✐s ✶✶✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✷✸



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❉❡♥s✐❞❛❞❡ ❞❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ❡ λ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷ ❉✉❛s ✈❡③❡s ❛ ▲❱P❘ ❞❡ λ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (ψ, λ) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✸ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 50 ✶✷

✷✳✹ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛

n = 100 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✺ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛

n = 150 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✻ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛

n = 200 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✼ ❉✉❛s ✈❡③❡s ❛ ▲❱P❘ ❞❡ γ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (σ, γ) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✽ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 50 ✶✺

✷✳✾ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 100 ✶✺

✷✳✶✵ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 150 ✶✻

✷✳✶✶ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 200 ✶✻

✷✳✶✷ ❈♦rr❡❧♦❣r❛♠❛s ❞♦s ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s ✳ ✳ ✷✶

✷✳✶✸ ●rá✜❝♦ ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
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❈✳✺ ❆◆❖❱❆ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s ❝♦♥s✐❞❡r❛♥❞♦ t♦❞❛s ✐♥t❡r❛çõ❡s✿ ❊st✉❞♦ ❞❡ s✐♠✉✲

❧❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

①①✈✐✐



①①✈✐✐✐ ▲■❙❚❆ ❉❊ ❚❆❇❊▲❆❙

❈✳✻ ❆◆❖❱❆ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞❛s ✐♥t❡r❛çõ❡s✿

❊st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

❈✳✼ ❆◆❖❱❆ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞❛s ✐♥t❡r❛çõ❡s✿ ❊s✲

t✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

❈✳✽ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❡ ❞✐✜❝✉❧❞❛❞❡✿ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s r❡❛✐s✶✷✷



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✶✳✶ ❆s♣❡❝t♦s ❣❡r❛✐s

❖ ❡st✉❞♦ ❞❡ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❡♠ ♠✉✐t❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳ ❚❛✐s

✈❛r✐á✈❡✐s ♣♦ss✉❡♠ ❝♦♠♦ ♣❡❝✉❧✐❛r✐❞❛❞❡ ♦ ❢❛t♦ ❞❡ ♥ã♦ ♣♦❞❡r❡♠ s❡r ♠❡❞✐❞❛s ❞❡ ❢♦r♠❛ ❞✐r❡t❛✳

❊①❡♠♣❧♦s ❞❡ ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s sã♦✿ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ▼❛t❡♠át✐❝❛✱ ✈❡❥❛ ❇❛③á♥ ❡t✳❛❧ ✭✷✵✵✹✮❀

♥í✈❡❧ ❞❡ ♠❛t✉r✐❞❛❞❡ ❞❡ ✉♠❛ ♦r❣❛♥✐③❛çã♦✱ ✈❡❥❛ ❆❧❡①❛♥❞r❡ ❡t✳❛❧ ✭✷✵✵✷✮ ❡ ♦ ❣r❛✉ ❞❡ s❛t✐s❢❛çã♦

❞❡ ❝❧✐❡♥t❡s✱ ✈❡❥❛ ❇❛②❧❡② ✭✷✵✵✶✮✳ ❆s ✐♥❢❡rê♥❝✐❛s ❛ r❡s♣❡✐t♦ ❞❡ss❛s ✈❛r✐á✈❡✐s sã♦ ❢❡✐t❛s ❝♦♠ ❜❛s❡

♥❛s r❡s♣♦st❛s ❞❡ ✐♥❞✐✈í❞✉♦s ❛ ✐♥str✉♠❡♥t♦s ❞❡ ♠❡❞✐❞❛ ❛❞❡q✉❛❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ✉♠❛ ♣r♦✈❛ ❞❡

♠❛t❡♠át✐❝❛✱ ✉♠ q✉❡st✐♦♥ár✐♦ s♦❜r❡ ♣rát✐❝❛s ❞❡ ❣❡stã♦ ❞❡ ✉♠❛ ♦r❣❛♥✐③❛çã♦ ❡ ✉♠❛ ♣❡sq✉✐s❛ ❞❡

♦♣✐♥✐ã♦ ❛ r❡s♣❡✐t♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠ ♣r♦❞✉t♦✳ ❉❡st❛ ❢♦r♠❛ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r

♠♦❞❡❧♦s q✉❡ r❡♣r❡s❡♥t❡♠ ❞❡ ♠♦❞♦ s❛t✐s❢❛tór✐♦ ♦ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ♦❜s❡r✈á✈❡✐s

✭r❡s♣♦st❛s ❛♦s t❡st❡s✮ ❡ ❛s ✈❛rá✈❡✐s ♥ã♦ ♦❜s❡r✈á✈❡✐s✳

❆ ❚❡♦r✐❛ ❞❛ ❘❡s♣♦st❛ ❛♦ ■t❡♠ ✭❚❘■✮ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❞❡❧♦s ♦s q✉❛✐s✱ ❡♠ ❣❡r❛❧✱ sã♦

❞❡♥♦♠✐♥❛❞♦s ❞❡ ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✭▼❘■✮✳ ❉❡ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧✱ ❡ss❡s ♠♦❞❡❧♦s r❡♣r❡✲

s❡♥t❛♠ ♦ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ❝❛r❛❝t❡ríst✐❝❛s ♥ã♦ ♦❜s❡r✈á✈❡✐s ❞❡ ✐♥❞✐✈í❞✉♦s ✭♦✉ ❛❧❣✉♠❛ ♦✉tr❛

✉♥✐❞❛❞❡ ❛♠♦str❛❧ ❞❡ ✐♥t❡r❡ss❡✮✱ t❛♠❜é♠ ❝❤❛♠❛❞❛s ❞❡ tr❛ç♦s ❧❛t❡♥t❡s✱ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s

❞♦s ✐♥str✉♠❡♥t♦s ❞❡ ♠❡❞✐❞❛ ✭t❡st❡✱ q✉❡st✐♦♥ár✐♦s ❡t❝✮ ❡ ❛s r❡s♣♦st❛s ❞❛❞❛s ❛ ❡ss❡s t❡st❡s✳ ▼❛✐s

❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦s ▼❘■✬s ♠♦❞❡❧❛♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ✐♥❞✐✈í❞✉♦ ♦❜t❡r ✉♠ ❝❡rt♦ ❡s❝♦r❡

✭♣♦♥t✉❛çã♦✮ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐t❡♠✱ ❝♦♥❞✐❝✐♦♥❛❞❛ ❛♦s tr❛ç♦s ❧❛t❡♥t❡s ❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s

❞❡ss❡ ✐t❡♠✳ ❉✐s❝✉ssõ❡s ❛ r❡s♣❡✐t♦ ❞❛ ❚❘■ ❡ ❞❡ s❡✉s ❞✐✈❡rs♦s ❛s♣❡❝t♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s

❡♠ ❍❛♠❜❧❡t♦♥ ❡ ❙✇❛♠✐♥❛t❤❛♥ ✭✶✾✽✺✮✱ ❍❛♠❜❧❡t♦♥ ❡t ❛❧✳ ✭✶✾✾✶✮✱ ▲♦r❞ ✭✶✾✽✵✮✱ ▲♦r❞ ❡ ◆♦✈✐❝❦

✭✶✾✻✽✮ ❡ ❆♥❞r❛❞❡ ❡t ❛❧✳ ✭✷✵✵✵✮✱ ♣♦r ❡①❡♠♣❧♦✳ ❆♣❧✐❝❛çõ❡s ❡♠ ✈ár✐♦s ❝❛♠♣♦s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❆③❡✈❡❞♦ ✭✷✵✵✽✮✱ ❚❛✈❛r❡s ❡t ❛❧✳ ✭✷✵✵✹✮✱ ❉♦✉❣❧❛s ✭✶✾✾✾✮✱ ❚❛✈❛r❡s ❡

❆♥❞r❛❞❡ ✭✷✵✵✻✮ ❡ ●❧❛ss ❡t ❛❧✳ ✭✷✵✵✾✮✱ ❞❡♥tr❡ ♦✉tr♦s✳

✶



✷ ■♥tr♦❞✉çã♦

✶✳✷ ▼♦t✐✈❛çã♦ ❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛

❉❡✈✐❞♦ ❛ ❛♠♣❧❛ ❛♣❧✐❝❛çã♦ ❞❛ ❚❘■ ❡♠ ❞✐✈❡rs♦s ❝❛♠♣♦s ❞❡ ♣❡sq✉✐s❛ ❡ t❛♠❜é♠ ❝♦♠ ♦ s✉r❣✐♠❡♥t♦

❞❡ ♣❧❛♥❡❥❛♠❡♥t♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ár❡❛ ❡❞✉❝❛❝✐♦♥❛❧✱ ♠❛✐s ❝♦♠♣❧❡①♦s✱ ✈❡r✐✜❝♦✉✲s❡ ❛ ♥❡❝❡ss✐✲

❞❛❞❡ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ q✉❡ ♣✉❞❡ss❡♠ ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛s ❞✐✈❡rs❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ss❡s ❡st✉❞♦s✳ ❉❡ss❛ ❢♦r♠❛✱ é ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♦ ❡st✉❞♦ ❞❡

▼❘■✬s ♠❛✐s ✢❡①í✈❡✐s✱ ❞❡ ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ♠❛✐s ❛❞❡q✉❛❞♦s ❡ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦

q✉❡ ♣❡r♠✐t❛♠ ❛✈❛❧✐❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ ❞❡ss❡s ♠♦❞❡❧♦s✳

P❛rt✐❝✉❧❛r♠❡♥t❡✱ ✉♠❛ ❞❛s s✉♣♦s✐çõ❡s ❞♦♠✐♥❛♥t❡s ♥❛ ✉t✐❧✐③❛çã♦ ❞❛ ❚❘■ ♥❛ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s✱

t❡♠ s✐❞♦ ❛ ❛tr✐❜✉✐çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣❛r❛ ♠♦❞❡❧❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s tr❛ç♦s ❧❛t❡♥✲

t❡s✳ ❊♥tr❡t❛♥t♦✱ t❛❧ s✉♣♦s✐çã♦ t❡♠ s✐❞♦ ❝♦♥t❡st❛❞❛ ❡♠ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s✳ P♦r ❡①❡♠♣❧♦✱ ▼✐❝❝❡r✐

✭✶✾✽✾✮ ♠♦str❛ ✈ár✐♦s ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ♣s✐❝♦♠étr✐❝♦s ♦♥❞❡ ❛ s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❞✐s✲

tr✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♥ã♦ é ✈❡r✐✜❝❛❞❛ ❡ é ✉s❛❞❛ ❛♣❡♥❛s ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✳ ❖s tr❛❜❛❧❤♦s

❞❡ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✵✾❛✱❜✮ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s ♦♥❞❡ ♦ ♣r❡ss✉♣♦st♦ ❞❡

♥♦r♠❛❧✐❞❛❞❡ ❡ ❛té ♠❡s♠♦ ❞❡ s✐♠❡tr✐❛ sã♦ q✉❡st✐♦♥á✈❡✐s✳ ❚❛✐s ♣r❡ss✉♣♦st♦s sã♦ t❛♠❜é♠ q✉❡st✐✲

♦♥❛❞♦s ♣♦r ❙❛♠❡❥✐♠❛ ✭✶✾✾✼✮✳ ❖✉tr♦s ❡①❡♠♣❧♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❇❛③á♥ ❡t ❛❧✳ ✭✷✵✵✻✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♠✉✐t♦s tr❛❜❛❧❤♦s ♥❛ ❧✐t❡r❛t✉r❛ ❛♣r❡s❡♥t❛♠ ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡ ❛ ❢❛❧t❛ ❞❡ ♥♦r✲

♠❛❧✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♣♦❞❡ ❝♦♥❞✉③✐r ❛ ❡st✐♠❛t✐✈❛s ✈✐❡s❛❞❛s✳ ❯♠ ❞♦s

♣r✐♠❡✐r♦s é ❞❡✈✐❞♦ à ❙❡♦♥❣ ✭✶✾✾✵✮✱ ♦♥❞❡ é ♠♦str❛❞♦✱ ♣❛r❛ ♠♦❞❡❧♦s ❞✐❝♦tô♠✐❝♦s✱ q✉❡ ❛ ♠á

❡s♣❡❝✐✜❝❛çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛s ❤❛❜✐❧✐❞❛❞❡s ♣♦❞❡ t❡r ✉♠ ✐♠♣❛❝t♦ s✐❣♥✐✜❝❛t✐✈♦ t❛♥t♦ ♥❛s ❡st✐✲

♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s q✉❛♥t♦ ♥❛ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ◆❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ✉t✐❧✐③❛❞♦

♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♠❛r❣✐♥❛❧ ✭▼❱▼✮✱ ✈❡❥❛ ❇♦❝❦ ❛♥❞ ❆✐t❦✐♥ ✭✶✾✽✶✮✱ ♣❛r❛

❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✳ ❑✐r✐s❝✐ ❡t ❛❧✳ ✭✷✵✵✶✮ t❛♠❜é♠ ♦❜t✐✈❡r❛♠ ❝♦♥❝❧✉sõ❡s s✐♠✐❧❛r❡s

♣❛r❛ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ♠♦❞❡❧♦✱ ♥ã♦ s♦♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ❢❛❧t❛ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❞✐str✐✲

❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ♠❛s t❛♠❜é♠ ❛ r❡s♣❡✐t♦ ❞❛ ❢❛❧t❛ ❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞❡st❡s✳ ❊❧❡s

♠♦str❛r❛♠ ❢♦rt❡s ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡ ❛ ❢❛❧t❛ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s

♣♦❞❡ ❝♦♥❞✉③✐r ❛ ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✈✐❡s❛❞❛s✳

❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❉❡ ❆②❛❧❛ ❛♥❞ ❙❛✈❛✲❇♦❧❡st❛ ✭✶✾✾✾✮✱ ❉❡▼❛rs ✭✷✵✵✸✮ ❡ ❲♦❧❧❛❝❦ ❡t ❛❧✳

✭✷✵✵✷✮ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡s♣♦st❛ ♥♦♠✐♥❛❧ ✐♥❞✐❝❛r❛♠ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s é

r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠ r❛③♦á✈❡❧ ♣❡r❝❡♥t✉❛❧ ✭❡♠ t♦r♥♦ ❞❡ ✹✵✪✮ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡ ❞❛ ❛❝✉rá❝✐❛ ❞❛s

❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❞❡s❝r✐t♦ ❡♠ ❆③❡✈❡❞♦ ❛♥❞ ❆♥❞r❛❞❡

✭✷✵✶✵✮✱ q✉❛♥❞♦ ❛ ❢♦r♠❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ✭❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ♣♦r ❡①❡♠♣❧♦✮

é ❛♣r♦♣r✐❛❞❛ ♠❛s ♦s ❤✐♣❡r♣❛râ♠❡tr♦s ♥ã♦ ❡stã♦ ❞❡✈✐❞❛♠❡♥t❡ ❡s♣❡❝✐✜❝❛❞♦s✱ r❡s✉❧t❛❞♦s ✈✐❡s❛❞♦s

♣♦❞❡♠ ♦❝♦rr❡r✳

❆ ❡s❝♦❧❤❛ ❞❡ ❞✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ❛❞❡q✉❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♠s ♣♦❞❡ ✈✐r ❛ ❛♠❡♥✐✲

③❛r ♦ ✈✐és ✐♥❞✉③✐❞♦ ♣❡❧❛ ❢❛❧t❛ ❞❡ ❛❧❣✉♠ ❞♦s s✉♣r❛❝✐t❛❞♦s ♣r❡ss✉♣♦st♦s✳ ◆♦ ❡♥t❛♥t♦✱ ♦s ✐♠♣❛❝t♦s



✶✳✷ ▼♦t✐✈❛çã♦ ❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ ✸

❞❛ ♥ã♦✲♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s é ❛✐♥❞❛ s✐❣♥✐✜❝❛♥t❡❀ ✈❡❥❛ ❙✇❛♠✐♥❛t❤❛♥

❡t ❛❧✳ ✭✷✵✵✸✮✱ ❍❛r✇❡❧❧ ❡ ❏❛♥♦s❦② ✭✶✾✾✶✮ ❡ ●✐❧✛♦r❞ ❡ ❙✇❛♠✐♥❛t❤❛♥ ✭✶✾✾✵✮✱ ♣♦r ❡①❡♠♣❧♦✳

▼✉✐t♦s tr❛❜❛❧❤♦s tê♠ ♣r♦♣♦st♦ ❞✐str✐❜✉✐çõ❡s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✳ P♦r ❡①❡♠✲

♣❧♦✱ ▼✐s❧❡✈② ✭✶✾✽✻✮ ❝♦♥s✐❞❡r❛ ✉♠❛ ❡st✐♠❛çã♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♥ã♦✲♣❛r❛♠étr✐❝❛ ❞❛

❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❜❛s❡❛❞❛ ❡♠ ♠ét♦❞♦s ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r q✉❛❞r❛t✉r❛ ❣❛✉ss✐❛♥❛❀

✈❡❥❛ ❇❛❦❡r ❡ ❑✐♠ ✭✷✵✵✹✮✳ ❚❛✐s ♠ét♦❞♦s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s s♦❜ ▼❱▼ ❡ ❡st✐♠❛çã♦ ❜❛②❡s✐❛♥❛

♠❛r❣✐♥❛❧✱ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♠s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ▼✐s❧❡✈② ✭✶✾✽✹✮ ❝♦♥s✐❞❡r❛

✉♠❛ ♠✐st✉r❛ ✜♥✐t❛ ❞❡ ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s✳ ❍á t❛♠❜é♠ tr❛❜❛❧❤♦s q✉❡ ❝♦♥s✐❞❡r❛♠ ❡st✐♠❛çã♦

♥ã♦ ♣❛r❛♠étr✐❝❛ ❜❛s❡❛❞❛s ❡♠✿ ❍✐st♦❣r❛♠❛s ❡♠♣ír✐❝♦s✱ ✈❡❥❛ ▼✐s❧❡✈② ✭✶✾✽✹✮ ❡ ❲♦♦❞s ✭✷✵✵✼✮✱

❝✉r✈❛ ❉❛✈✐❞✐❛♥✱ ✈❡r ❲♦♦❞s ✭✷✵✵✾✮✱ ❡ t❛♠❜é♠ ❝✉r✈❛ ❞❡ ❘❛♠s❛②✱ ✈❡r ❲♦♦❞s ✭✷✵✵✻✱ ✷✵✵✽✮✳

❘❡❝❡♥t❡♠❡♥t❡✱ ❇❛③á♥ ❡t ❛❧✳ ✭✷✵✵✻✮ ♣r♦♣✉s❡r❛♠ ✉♠ ▼❘■ ❝♦♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠é✲

tr✐❝❛ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s ❜❛s❡❛❞❛ ♥❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞✐r❡t❛ ✭P❉✮❀ ✈❡❥❛ P❡✇s❡② ✭✷✵✵✵✮✳ ❊❧❡s

♥ã♦ ❝♦♥s✐❞❡r❛♠ ❛ ❡st✐♠❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦✱ ❡

♥❡♠ ❞✐s❝✉t✐r❛♠ ❛s♣❡❝t♦s r❡❧❛t✐✈♦s à ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ ❞❡st❡✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❛♣r♦♣r✐❛❞❛ ♠♦❞❡❧❛✲

❣❡♠ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s é ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s

❝♦♥✜á✈❡✐s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ é ❜❛st❛♥t❡ ❝♦♠✉♠✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ ❞❛❞♦s ❡❞✉❝❛❝✐♦♥❛✐s✱ ❛ ♣r❡s❡♥ç❛ ❞❡

✐♥❞✐✈í❞✉♦s ♣❡rt❡♥❝❡♥t❡s à ❞✐❢❡r❡♥t❡s ❣r✉♣♦s ✭♣♦♣✉❧❛çõ❡s✮✳ ❊st❡s ❣r✉♣♦s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐✲

③❛❞♦s ♣♦r ❞✐❢❡r❡♥t❡s ❣r❛✉s ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✱ r❡❣✐ã♦✱ s❡①♦✱ t✐♣♦ ❞❡ ❡s❝♦❧❛✱ ❡t❝✳ ◆❡st❡ ❝❛s♦✱ ❧❡✈❛r

❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ♣♦ssí✈❡✐s ❞✐❢❡r❡♥ç❛s ❡①✐st❡♥t❡s ❡♥tr❡ ♦s ❣r✉♣♦s é ♠❛✐s ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❛ ♦❜✲

t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s ❝♦♥✜á✈❡✐s✳ ◆❡ss❡ t✐♣♦ ❞❡ ❡st✉❞♦✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ q✉❡ ♦s r❡s✉❧t❛❞♦s

r❡❧❛t✐✈♦s ❛♦s ✈ár✐♦s ❣r✉♣♦s ♣♦ss❛♠ s❡r ❝♦♠♣❛rá✈❡✐s é ❛ ❡①✐❣ê♥❝✐❛ ❞❡ ✐t❡♥s ❝♦♠✉♥s ♥♦s t❡st❡s

❛♣❧✐❝❛❞♦s ❛ ❡st❡s ❣r✉♣♦s✱ ❝r✐❛♥❞♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❧✐❣❛çã♦ ❡♥tr❡ ♦s ♠❡s♠♦s✳ ❯♠ ♣r♦❝❡❞✐♠❡♥t♦

✉s✉❛❧ ♥❡st❡ t✐♣♦ ❞❡ s✐t✉❛çã♦✱ é ❢❛③❡r ❛ ❡st✐♠❛çã♦ ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❣r✉♣♦s ❡ ❛♣ós ✐ss♦ ✉t✐❧✐③❛r

✉♠❛ té❝♥✐❝❛ ❞❡ ❡q✉❛❧✐③❛çã♦✱ ✈❡❥❛ ❑♦❧❡♥ ❡ ❇r❡♥♥❛♥ ✭✶✾✾✺✮✱ ♣♦r ❡①❡♠♣❧♦✳

❯♠❛ ❆❜♦r❞❛❣❡♠ ❛❧t❡r♥❛t✐✈❛ é ♦ ▼♦❞❡❧♦ ♣❛r❛ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ✐♥tr♦❞✉③✐❞♦ ♣♦r ❇♦❝❦ ❡ ❩✐✲

♠♦✇s❦✐ ✭✶✾✾✼✮✳ ❊st❡ ♠♦❞❡❧♦ s✉♣õ❡ q✉❡ ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦s ❣r✉♣♦s ♣♦❞❡♠ s❡r tr❛❞✉③✐❞❛s

♣♦r ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❚❛✐s ❞✐str✐❜✉✐çõ❡s ❡stã♦ ❛ss♦❝✐❛❞❛s ❛♦ ♣r♦❝❡ss♦

❞❡ ❛♠♦str❛❣❡♠ ❞♦s ✐♥❞✐✈í❞✉♦s✱ ♠❛s t❛♠❜é♠✱ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❞✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♣❛r❛

♦s tr❛ç♦s ❧❛t❡♥t❡s ✭♥♦ ❝♦♥t❡①t♦ ❜❛②❡s✐❛♥♦✮✳

❯s✉❛❧♠❡♥t❡✱ sã♦ ✉t✐❧✐③❛❞❛s ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s s✐♠étr✐❝❛s ✭❝♦♠ ❞✐❢❡r❡♥t❡s ♣❛râ♠❡tr♦s✮✳ ❆

❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞❡ss❛ ❛❜♦r❞❛❣❡♠ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡q✉❛❧✐③❛çã♦ é ❢❡✐t❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡

♥♦ ♣ró♣r✐♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦✳ ❉❡st❛ ❢♦r♠❛✱ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♥ã♦ ❡st❛rã♦ ♠❛✐s

s✉❥❡✐t❛s ❛ ❞✐❢❡r❡♥ç❛s ❞❡✈✐❞❛s ❛♦ ♠ét♦❞♦ ❞❡ ❡q✉❛❧✐③❛çã♦ ❡s❝♦❧❤✐❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛ ♠❡t♦❞♦❧♦✲

❣✐❛ r❡q✉❡r ✉♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦✉tr♦s ♠ét♦❞♦s ❆♥❞r❛❞❡



✹ ■♥tr♦❞✉çã♦

✭✶✾✾✾✮✳

▼♦❞❡❧♦s ♠❛✐s ❡❧❛❜♦r❛❞♦s ♥❡❝❡ss✐t❛♠ ❞❡ ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ q✉❡ ❧❡✈❡♠ ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛s ❝♦♠♣❧❡①✐❞❛❞❡s ✐♥❡r❡♥t❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦ s❡ ❝♦♥st✐t✉✐ ❡♠ ✉♠❛ ❞❛s

❡t❛♣❛s ♠❛✐s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ✉t✐❧✐③❛çã♦ ❞❛ ❚❘■ ✭❇❛❦❡r ❛♥❞ ❑✐♠ ✭✷✵✵✹✮ ❡ ❆③❡✈❡❞♦ ✭✷✵✵✸✮✮✳

▼ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ❛❞❡q✉❛❞♦s t♦r♥❛♠ ♣♦ssí✈❡❧ ❛ ♦❜t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s ❝♦♥✜á✈❡✐s✳ ❯♠❛

♠❡t♦❞♦❧♦❣✐❛ q✉❡ t❡♠ ♠♦str❛❞♦ ♣♦t❡♥❝✐❛❧ ✉t✐❧✐❞❛❞❡ ♥❛ ❡st✐♠❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❛ ❚❘■ sã♦ ♦s ❡♥✲

tã♦ ❝❤❛♠❛❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ✈✐❛ ❈❛❞❡✐❛s ❞❡ ▼❛r❦♦✈ ✭▼❈▼❈✮ ●✐❧❦s ❡t ❛❧✳ ✭✶✾✾✻✮✳

❚❛✐s ❛❧❣♦r✐t♠♦s ♣❡r♠✐t❡♠ ❝♦♥s✐❞❡r❛r ❢❛❝✐❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉✐çõ❡s ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥✲

t❡s✱ ❞✐✈❡rs❛s ❡str✉t✉r❛s ❞❡ ❝♦✈❛r✐â♥❝✐❛✱ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s

✭❝✉r✈❛s ❞❡ ❝r❡s❝✐♠❡♥t♦✮✱ ❛✉sê♥❝✐❛ ❞❡ r❡s♣♦st❛s ♣❡❧♦ ♣❧❛♥❡❥❛♠❡♥t♦✱ ❛✉sê♥❝✐❛ ❞❡ r❡♣♦st❛s ❞❡✈✐❞♦

❛ ♠❡❝❛♥✐s♠♦s ❞❡ ♥ã♦✲r❡s♣♦st❛ ✐♥❢♦r♠❛t✐✈♦s ❞❡♥tr❡ ♦✉tr❛s✳ P♦rt❛♥t♦✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♣✉✲

t❛❝✐♦♥❛❧ ❞❡st❡s ♠ét♦❞♦s✱ ♣❡r♠✐t❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ❚❘■ ❡♠ ❞✐✈❡rs❛s s✐t✉❛çõ❡s ❞❡ ✐♥t❡r❡ss❡✳

❱ár✐♦s tr❛❜❛❧❤♦s tê♠ ❞❡s❡♥✈♦❧✈✐❞♦ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ♣❛r❛ ❡st✐♠❛çã♦ ❞❡ ▼❘■✬s✳ ❖ ♣r✐♠❡✐r♦

❞❡❧❡s é ❞❡✈✐❞♦ ❛ ❆❧❜❡rt ✭✶✾✾✷✮✱ q✉❡ ❞❡s❡♥✈♦❧✈❡ ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s✱ ✈❡❥❛ ●❡❧❢❛♥❞ ❛♥❞ ❙♠✐t❤

✭✶✾✾✾✮✱ s♦❜ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ❚❛♥♥❡r ❛♥❞ ❲♦♥❣ ✭✶✾✽✼✮✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ♣r♦✲

❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ú♥✐❝♦ ❣r✉♣♦ ❞❡ r❡s♣♦♥❞❡♥t❡s✳ ▼❛✐s t❛r❞❡ P❛t③ ❛♥❞

❏✉♥❦❡r ✭✶✾✾✾✮ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠ ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ♣❛r❛

♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s ❞❡ ✶✱ ✷ ❡ ✸ ♣❛râ♠❡tr♦s ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❝ré❞✐t♦ ♣❛r❝✐❛❧ ❣❡♥❡r❛❧✐③❛❞♦✳

❖✉tr♦s ❡①❡♠♣❧♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ●❤♦s❤ ❡t ❛❧✳ ✭✷✵✵✵✮ ❡ ❲♦❧❧❛❝❦ ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❊st❡ ú❧t✐♠♦

♣r♦♣õ❡♠ ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠ r❡❥❡✐çã♦ ❛❞❛♣t❛t✐✈❛ ♣❛r❛ ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡s♣♦st❛

♥♦♠✐♥❛❧ s♦❜ ♥♦r♠❛❧✐❞❛❞❡ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ✉t✐❧✐③❛♥❞♦ ♦ ♣❛❝♦t❡ ❲✐♥❇✉❣s✱ ✈❡❥❛ ▲✉♥♥ ❡t ❛❧✳

✭✷✵✵✵✮✳ ❯♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦

❞❡ ✸ ♣❛râ♠❡tr♦s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❇é❣✉✐♥ ❛♥❞ ●❧❛s ✭✷✵✵✶✮ q✉❡ t❛♠❜é♠ ♦ ❡st❡♥❞❡✉ ♣❛r❛ ♦

❝❛s♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳ ❋♦① ❛♥❞ ●❧❛s ✭✷✵✵✶✮ t❛♠❜é♠ ✉s❛♠ ♦ ♠ét♦❞♦ ❞❡ ●✐❜❜s ♣❛r❛ ❡st✐♠❛çã♦

❞♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ❝♦♠ ❡str✉t✉r❛ ♠✉❧t✐♥í✈❡❧✳ ❖✉tr♦s tr❛❜❛❧❤♦s q✉❡ ✉t✐❧✐③❛♠

▼❈▼❈ ♥❛ ❚❘■ sã♦ ♦s ❞❡ ❇❛③á♥ ✭✷✵✵✻✮✱ ❙✐❤❛r❛② ✭✷✵✵✻✮✱ ❆③❡✈❡❞♦ ✭✷✵✵✽✮✱ ❆③❡✈❡❞♦ ❛♥❞ ❆♥❞r❛❞❡

✭✷✵✶✵✮✱ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳

❯♠ ♦✉tr♦ ❛s♣❡❝t♦ r❡❧❡✈❛♥t❡ ❞✐③ r❡s♣❡✐t♦ à ❛✈❛❧✐❛çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ ❞♦s ♠♦❞❡❧♦s✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ tê♠✲s❡ ❡①♣❧♦r❛❞♦ ❛❧❣✉♠❛s té❝♥✐❝❛s✱ ♥❡ss❛ ❞✐r❡çã♦✱ ❛♣❧✐❝á✈❡✐s ❡♠ ▼❘■✬s ♠❛✐s

s✐♠♣❧❡s✳ ❯♠ ✐♠♣♦rt❛♥t❡ tr❛❜❛❧❤♦ ♥❡ss❛ ❧✐♥❤❛✱ ❡ ♦ ❞❡ ❙✐♥❤❛r❛② ✭✶✾✾✻✮✱ q✉❡ ✉t✐❧✐③❛ ❢❡rr❛♠❡♥t❛s

❜❛s❡❛❞❛s ♥❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛✱ ✈❡❥❛ ●❡❧♠❛♥ ❡t ❛❧✳ ✭✷✵✵✹✮✱ ❞♦s ❡s❝♦r❡s ❡ ❞❡ ❛❧❣✉♠❛s ♠❡❞✐❞❛s

❞❡ ❞✐s❝r❡♣â♥❝✐❛ ♣❛r❛ ❛✈❛❧✐❛r ♦ ❛❥✉st❡ ❞♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s ❞❡ ✷ ❡ ✸ ♣❛râ♠❡tr♦s✳ ❊♥tr❡t❛♥t♦✱

♣❛r❛ ♠♦❞❡❧♦s ❝♦♠ ❡str✉t✉r❛s ♠❛✐s ❝♦♠♣❧❡①❛s✱ ❡①✐st❡♠ ♣♦✉❝❛s ❢❡rr❛♠❡♥t❛s ❞✐s♣♦♥í✈❡✐s✳ P❛rt✐❝✉✲

❧❛r♠❡♥t❡✱ ❝♦♠ r❡❧❛çã♦ ❛♦s ♠♦❞❡❧♦s ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❡ ❛ss✐♠étr✐❝♦s ❡①✐st❡♠ ❞✐✈❡rs❛s ❧❛❝✉♥❛s

❛ s❡r❡♠ ♣r❡❡♥❝❤✐❞❛s✳ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✶✮ ❡ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ❛❞❛♣t❛r❛♠ ❛ ♠❡t♦❞♦❧♦❣✐❛



✶✳✸ ❖❜❥❡t✐✈♦s ❡ ♦r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦ ✺

❝♦♥s✐❞❡r❛❞❛ ♣♦r ❙✐❤❛r❛② ✭✶✾✾✻✮✱ ♣❛r❛ ♦ ❝❛s♦ ❛ss✐♠étr✐❝♦ ❡ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❡♥t❛♥t♦✱ ♠✉✐t♦ ❛✐♥❞❛ ♣r❡❝✐s❛ s❡r ❡①♣❧♦r❛❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ✈❡r✐✜❝❛çã♦

❞♦ ❛❢❛st❛♠❡♥t♦ ❞❡ s✉♣♦s✐çõ❡s ❡s♣❡❝í✜❝❛s✱ t❛✐s ❝♦♠♦✱ ❛✉sê♥❝✐❛ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ♣❛r❛ ♦s tr❛ç♦s

❧❛t❡♥t❡s ❡ ❡①✐stê♥❝✐❛ ❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ♠ét♦❞♦s ❞❡ ❞✐❛❣♥óst✐❝♦ ❛❞❡q✉❛❞♦s

♣♦❞❡♠ s❡r út❡✐s ♣❛r❛ ❛✈❛❧✐❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ✐♥str✉♠❡♥t♦ ❞❡ ♠❡❞✐❞❛ ✭♣r♦✈❛✱ q✉❡st✐♦♥ár✐♦✱ ❡t❝✮✳

P♦r ✐ss♦✱ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❚❘■✱ é ❢✉♥❞❛♠❡♥t❛❧ ❛ ✈❡r✐✜❝❛çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ ♥ã♦ só ❞♦

♠♦❞❡❧♦ ❝♦♠♦ ✉♠ t♦❞♦✱ ❝♦♠♦ t❛♠❜é♠ ❞❛ ❛✈❛❧✐❛çã♦ ♣♦r ❣r✉♣♦s ♦✉ ♣♦r ✐t❡♠✱ ♣♦r ❡①❡♠♣❧♦✳

✶✳✸ ❖❜❥❡t✐✈♦s ❡ ♦r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦

✶✳✸✳✶ ❖❜❥❡t✐✈♦s

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ é ♣r♦♣♦r ✉♠ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❝♦♠ ❞✐s✲

tr✐❜✉✐çõ❡s ♥♦r♠❛✐s ❛ss✐♠étr✐❝❛s ❝❡♥tr❛❧✐③❛❞❛s ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s ♥♦ ❝♦♥t❡①t♦ ❞❛ ❚❡♦r✐❛ ❞❡

❘❡s♣♦st❛ ❛♦ ■t❡♠✱ ♣♦ss✐❜✐❧✐t❛♥❞♦✱ ♥ã♦ só✱ ❝♦♥t❡♠♣❧❛r ♣♦ssí✈❡✐s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ♦s ❣r✉♣♦s ❡♥✲

✈♦❧✈✐❞♦s ♥❛ ❛♥á❧✐s❡✱ ♠❛s t❛♠❜é♠ ♣❡r♠✐t✐r ✉♠❛ ♠❛✐♦r ✢❡①✐❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

tr❛ç♦s ❧❛t❡♥t❡s✳ ❚❛❧ ♠♦❞❡❧♦ ❝♦♥st✐t✉✐r✲s❡✲á ❡♠ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s tr❛❜❛❧❤♦s ❞❡✿ ❆③❡✈❡❞♦ ❡t

❛❧✳ ✭✷✵✶✶✮✱ ❆❧❜❡rt ✭✶✾✾✷✮✱ ❇♦❝❦ ❛♥❞ ❩✐♠♦✇s❦✐ ✭✶✾✾✼✮ ❡ ❇❛③á♥ ✭✷✵✵✺✮✱ ❞❡st❡ ú❧t✐♠♦✱ ❝♦♠ r❡❧❛çã♦

❛♦ ♠♦❞❡❧♦ P◆❆✳

P❛r❛ t❛❧✱ s❡❣✉✐♥❞♦ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡

✷ ♣❛râ♠❡tr♦s✳ ❆❧é♠ ❞✐ss♦ ✐♥t❡♥❝✐♦♥❛♠♦s✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✿

• Pr♦♣♦r ✉♠ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ✷ ♣❛râ♠❡tr♦s ♣❛r❛ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❝♦♠

❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s ❛ss✐♠étr✐❝❛s ❝❡♥tr❛❧✐③❛❞❛s ✭P❡✇s❡② ✭✷✵✵✵✮✮ ♣❛r❛ ♠♦❞❡❧❛r ♦s tr❛ç♦s

❧❛t❡♥t❡s ❞♦s ❞✐❢❡r❡♥t❡s ❣r✉♣♦s❀

• ❊st✉❞❛r ❛s♣❡❝t♦s ❞❡ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦❀

• Pr♦♣♦r ❛❧❣♦r✐t♠♦s ▼❈▼❈ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ❜❛s❡❛❞♦s✱ t❛♥t♦ ♥❛ ❞❡♥✲

s✐❞❛❞❡ ♦r✐❣✐♥❛❧ ❞❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛✱ q✉❛♥t♦ ❡♠ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❡st♦❝ást✐❝❛ ♣r♦♣♦st❛

♣♦r ❍❡♥③❡ ✭✶✾✽✻✮❀

• ❊st✉❞❛r ♦s ♠❡❝❛♥✐s♠♦s ❞❡ ✈❛❧✐❞❛çã♦ ❞❡ ♠♦❞❡❧♦s ❝♦♥s✐❞❡r❛❞♦s ♣♦r ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✷✮❀

• ■♠♣❧❡♠❡♥t❛r ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦ ❖①TM

❤tt♣✿✴✴✇✇✇✳❞♦♦r♥✐❦✳❝♦♠✴♣r♦❞✉❝ts✳❤t♠❧❀



✻ ■♥tr♦❞✉çã♦

• ❘❡❛❧✐③❛r ✉♠ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ♣❛r❛ ❛✈❛❧✐❛r ❛ ❛❝✉rá❝✐❛ ❞♦ ♠♦❞❡❧♦ ❡ ❞♦ ♠ét♦❞♦ ❞❡

❡st✐♠❛çã♦ ♣r♦♣♦st♦✱ ❡ t❛♠❜é♠✱ ❛✈❛❧✐❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ ❢❛t♦r❡s ❡s♣❡❝í✜❝♦s ♥❛ ♣r❡❝✐sã♦ ❞❛s

❡st✐♠❛t✐✈❛s❀

• ❆♥❛❧✐s❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❝♦♥s✐❞❡r❛❞♦ ❡♠ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✷✮✳

✶✳✸✳✷ ❖r❣❛♥✐③❛çã♦ ❞❛ ❞✐ss❡rt❛çã♦

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s ❛ ♠♦✲

t✐✈❛çã♦ ❞♦ ♥♦ss♦ ❡st✉❞♦ ❝♦♠ ✉♠❛ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ ❡ ✐♥❞✐❝❛♠♦s ♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s✳ ◆♦

❈❛♣ít✉❧♦ ✷✱ é ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ❞✐s❝✉t✐♥❞♦ ❛❧✲

❣✉♥s ❛s♣❡❝t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st✐♠❛çã♦ s♦❜ ♦s ♣♦♥t♦s ❞❡ ✈✐st❛ ❢r❡q✉❡♥tíst❛ ❡ ❜❛②❡s✐❛♥♦✳ ❏á

♥♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ❡ t❛♠❜é♠ ♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈ ❞❡s❡♥✈♦❧✈✐❞♦s

♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦ ♠❡s♠♦✳ ❖ ❈❛♣ít✉❧♦ ✹ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ❞✐✈✐sã♦✿ ♥❛ s❡çã♦ ✹✳✷ ❛✈❛❧✐❛♠♦s

❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❛❧❣♦r✐t♠♦s ♣r♦♣♦st♦s ❡ ♦s ❝♦♠♣❛r❛♠♦s ❡♠ t❡r♠♦s ❞♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞❡

❛♠♦str❛ ✭❙❛❤✉✱ ✷✵✵✷✮✳ ◆❛ s❡çã♦ ✹✳✸ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠ ❡st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ r❡❛❧✐✲

③❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ❛♣r❡s❡♥t♦✉ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡ ♥♦ ❡st✉❞♦ ❢❡✐t♦ ♥❛ s❡çã♦ ✹✳✷✳ ❊

✜♥❛❧♠❡♥t❡ ♥❛ s❡çã♦ ✹✳✹ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❝♦♥❝❧✉sõ❡s ❡ ❝♦♠❡♥tár✐♦s ❛❞✐❝✐♦♥❛✐s✳ ◆♦ ❈❛♣í✲

t✉❧♦ ✺ ❛♥❛❧✐s❛♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s r❡❢❡r❡♥t❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❞❡

❝r✐❛♥ç❛s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❞❛ ❝✐❞❛❞❡ ❞❡ ▲♦♥❞r✐♥❛ ✲ P❘✳ P♦r ú❧t✐♠♦✱ ♥♦

❈❛♣ít✉❧♦ ✻✱ t❡❝❡♠♦s ♠❛✐s ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s ❡ ❛♣r❡s❡♥t❛♠♦s s✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s



❈❛♣ít✉❧♦ ✷

❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛

P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ r❡✈✐sã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ s♦❜ ❛ ♣❛r❛♠❡✲

tr✐③❛çã♦ ❝❡♥tr❛❞❛✳ ▼♦str❛r❡♠♦s s✉❛ r❡❧❛çã♦ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ✉s✉❛❧✱ ❜❡♠

❝♦♠♦ ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◗✉❡stõ❡s ✐♥❢❡rê♥❝✐❛✐s t❛♠❜é♠ s❡rã♦ ❛❜♦r❞❛❞❛s s♦❜ ❛♠❜❛s

♠❡t♦❞♦❧♦❣✐❛s✱ ❝❧áss✐❝❛ ❡ ❜❛②❡s✐❛♥❛✳

✷✳✷ ❆ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛

❆ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ✭◆❆✮ ♣❡rt❡♥❝❡ ❛ ✉♠❛ s✉❜❝❧❛ss❡ ❞❡ ❞✐str✐❜✉✐çõ❡s ❢♦r♠❛❞❛

❛ ♣❛rt✐r ❞❛ ❝❧❛ss❡ ❞❛s ❞✐str✐❜✉✐çõ❡s ❡❧í♣t✐❝❛s✱ ✈❡❥❛ ❇r❛♥❝♦ ❡ ❱❛❧❧❡ ✭✷✵✵✹✮✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✳

❊st❛ t❡♠ s✐❞♦ ✉t✐❧✐③❛❞❛ ♥❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❞❛❞♦s ❛ss✐♠étr✐❝♦s ❡♠ ✈ár✐❛s ár❡❛s✱ ✐♥❝❧✉✐♥❞♦ ❛ ❡❞✉✲

❝❛❝✐♦♥❛❧✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❇❛③á♥ ❡t✳❛❧ ✭✷✵✵✹✮ ❡ ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✵✾❛✮✳

❱✐s❛♥❞♦ ❢❛❝✐❧✐t❛r ❛s♣❡❝t♦s ✐♥❢❡rê♥❝✐❛✐s✱ ❛❧❣✉♠❛s r❡♣r❡s❡♥t❛çõ❡s ❡st♦❝ást✐❝❛s ❢♦r❛♠ ♣r♦♣♦st❛s

♥❛ ❧✐t❡r❛t✉r❛✳ ❉✉❛s r❡♣r❡s❡♥t❛çõ❡s ❜❡♠ ❝♦♥❤❡❝✐❞❛s sã♦ ❛s ❞❡ ❍❡♥③❡ ✭✶✾✽✻✮ ❡ ❙❛❤✉ ❡t✳❛❧ ✭✷✵✵✸✮✳

❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✵✾❜✮ ♠♦str❛♠ q✉❡ ❡ss❛s ❞❡♥s✐❞❛❞❡s sã♦ ❡①❛t❛♠❡♥t❡ ❛s ♠❡s♠❛s s♦❜ ❛ ♣❛r❛♠❡✲

tr✐③❛çã♦ ❝❡♥tr❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ♥♦ss♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s s❡ ❛♣❧✐❝❛♠ ❡♠ q✉❛❧q✉❡r ✉♠❛ ❞❡ss❛s

r❡♣r❡s❡♥t❛çõ❡s✳ ❙❡❣✉✐r❡♠♦s ✉t✐❧✐③❛♥❞♦ ❛ ❞❡ ❍❡♥③❡✳

❯♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Y t❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝♦♠ ♣❛râ♠❡tr♦ ❞❡ ❧♦❝❛❧✐③❛çã♦

α ∈ R✱ ♣❛râ♠❡tr♦ ❞❡ ❡s❝❛❧❛ ψ ∈ R+ ❡ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛ λ ∈ R ✭♥♦t❛çã♦✿ ◆❆(α, ψ, λ)✮

s❡ s✉❛ ❢✳❞✳♣ é ❞❛❞❛ ♣♦r

✼



✽ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

f(y;α, ψ, λ) = 2ψ−1φ

(
y − α

ψ

)
Φ

(
λ
y − α

ψ

)
I (y)

(−∞,+∞)

, ✭✷✳✶✮

♦♥❞❡ φ ❡ Φ ❞❡♥♦t❛♠ ❛ ❢✉♥çã♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❡ ❢✉♥çã♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧

♣❛❞rã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❡s♣❡r❛♥ç❛ ❡ ✈❛r✐â♥❝✐❛ ❞❡ Y sã♦ ❞❛❞❛s ♣♦r

E(Y ) = α + ψδr ❡ ❱❛r(Y ) = ψ2(1− r2δ2),

❡♠ q✉❡✱

r =

√
2

π

✳

❏á δ = λ√
1+λ2

q✉❡ ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ (−1, 1)✱ ♣♦❞❡ s❡r ✉s❛❞♦ ❝♦♠♦ ✉♠❛ ♣❛r❛♠❡✲

tr✐③❛çã♦ ❛❧t❡r♥❛t✐✈❛ ❝♦♠ ✐♥t❡r♣r❡t❛çã♦ s✐♠✐❧❛r ❛ ❞❡ λ✳

❆③③❛❧✐♥✐ ✭✶✾✽✺✮ ✐♥tr♦❞✉③✐✉ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐✲

❞❛❞❡

Yc = α + ψZ = µ+ σZ0, ✭✷✳✷✮

❡♠ q✉❡ Z ∼ ◆❆(0, 1, λ)✱ Z0 = σ−1
z (Z − µz) ❡

µz = E(Z) = rδ, σ2
z = ❱❛r(Z) = 1− µ2

z.

❖s ♣❛râ♠❡tr♦s µ ❡ σ sã♦ ❞❡✜♥✐❞♦s ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❞❡ ♠♦❞♦ q✉❡ ✭✷✳✷✮ s❡❥❛ s❛t✐s❢❡✐t❛✳ ❆

♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ✭P❈✮ é ❢♦r♠❛❞❛ ❡♥tã♦ ♣♦r (µ, σ, γ) ❝✉❥❛s ❡①♣r❡ssõ❡s ❡①♣❧✐❝✐t❛s sã♦

❞❛❞❛s ♣♦r

µ = E(Yc) = α + ψµz,

σ =
√

❱❛r(Yc) = ψ
√

1− µ2
z,

γ =
E[(Yc − E(Yc))

3]

❱❛r(Yc)3/2
= rδ3

[
4

π
− 1

] [
1− µ2

z

]−3/2
. ✭✷✳✸✮

◆❡st❡ ❝❛s♦✱ µ ❡ σ r❡♣r❡s❡♥t❛♠✱ ❧✐t❡r❛❧♠❡♥t❡✱ ♦ ✈❛❧♦r ❡s♣❡r❛❞♦ ❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ✈❛r✐á✈❡❧

❛❧❡❛tór✐❛ Yc✳ ❖ ♣❛râ♠❡tr♦ γ ❞❡♥♦t❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ ❞❡ P❡❛rs♦♥✱ ❡st❡ ❛ss✉♠❡ ✈❛❧♦r❡s

♥♦ ✐♥t❡r✈❛❧♦ ✭✲✵✱✾✾✺✷✼❀ ✵✱✾✾✺✷✼✮✳ P❛r❛ ❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ s♦❜ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❧✐③❛❞❛

✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿ Yc ∼ NAc(µ, σ, γ)✳ ❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✮✱



✷✳✷ ❆ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ✾

♣♦❞❡♠♦s ❝❤❡❣❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ Yc✳ P❡❧♦ ♠ét♦❞♦ ❞♦ ❥❛❝♦❜✐❛♥♦ t❡♠♦s

fYc(y) = 2

√
σ2
z

σ
φ

[√
σ2
z

σ

(
y − µ+

σ√
σ2
z

µz

)]
Φ

(
λ

[√
σ2
z

σ

(
y − µ+

σ√
σ2
z

µz

)])

= 2ω−1φ
(
ω−1(y − ξ)

)
Φ
[
λ(ω−1(y − ξ))

]
, ✭✷✳✹✮

q✉❡ ♣♦ss✉✐ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❞❡ ♣❛râ♠❡tr♦s ξ✱ ω ❡ λ ❡♠ q✉❡✱

ξ = µ− σµz
σz

❡ ω =
σ

σz
.

❊♠ t❡r♠♦ ❞♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s µ, σ ❡ γ t❡♠♦s

ξ = µ− σγ1/3s,

ω = σ
√
1 + γ2/3s2, ✭✷✳✺✮

λ =
γ1/3s√

r2 + s2γ2/3(r2 − 1)
❡♠ q✉❡

s = (
2

4− π
)1/3. ✭✷✳✻✮

◆❛ ❋✐❣✉r❛ ✷✳✶ ✈❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❛❞❛ ❡♠ ✭✷✳✹✮ ❝♦♠ µ = 10✱ σ = 5 ❡ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞♦

❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ γ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛

λ✳ P♦❞❡♠♦s ✈❡r q✉❡ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣r❡s❡r✈❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♠étr✐❝♦ ❞❛ ❞❡♥s✐❞❛❞❡

❞❛❞❛ ❡♠ ✭✷✳✶✮✳

❋✐❣✉r❛ ✷✳✶✿ ❉❡♥s✐❞❛❞❡ ❞❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ γ ❡ λ



✶✵ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s

❱❛♠♦s ❛❣♦r❛ ❞✐s❝✉t✐r ❛❧❣✉♥s ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♥♦r♠❛❧ ❛ss✐✲

♠étr✐❝♦✳ ◆❛ s✉❜s❡çã♦ ✷✳✷✳✶ ❞✐s❝✉t✐r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❊st❡ ❛♣r❡s❡♥t❛

❛❧❣✉♥s ♣r♦❜❧❡♠❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♥ã♦ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡st✐♠❛❞♦r❡s q✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛

❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞✐r❡t❛✳ ◆❛ s✉❜s❡çã♦ ✷✳✷✳✷ ❛❜♦r❞❛r❡♠♦s ❛ ♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛✱ ❞✐s❝✉t✐♥❞♦

❛ ❡s❝♦❧❤❛ ❞❡ ♣r✐♦r✐s✱ r❡♣r❡s❡♥t❛çã♦ ❤✐❡rárq✉✐❝❛ ❡ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ▼❈▼❈ ♣❛r❛

❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✳

✷✳✸✳✶ ❊st✐♠❛çã♦ ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

❉❡s❞❡ ♦ ❛rt✐❣♦ ♣✐♦♥❡✐r♦ ❞❡ ❆③③❛❧✐♥✐ ✭✶✾✽✺✮✱ t❡♠✲s❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ❣r❛♥❞❡ ❞✐✜❝✉❧❞❛❞❡ ♥❛

❡st✐♠❛çã♦ ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♥♦ ♠♦❞❡❧♦ ◆❆✳ ❚❛✐s ❞✐✜❝✉❧❞❛❞❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s

❝♦♠ ❛ ♥ã♦ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❡st✐♠❛❞♦r❡s ♣❛r❛ ♣❛rt✐❝✉❧❛r❡s r❡s✉❧t❛❞♦s ❛♠♦str❛✐s✳ P♦r ❡①❡♠♣❧♦✱

♥♦ ❝❛s♦ ✉♥✐♣❛r❛♠étr✐❝♦ ✭◆❆(0, 1, λ)✮✱ ❞❛❞♦ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ss❛ ❞✐str✐❜✉✐çã♦ ♣♦❞❡✲s❡

♠♦str❛r ✭❇r❛♥❝♦ ❡t✳❛❧✱ ✷✵✵✹✮ q✉❡✿ s❡ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s x′is sã♦ ♣♦s✐t✐✈❛s ✭♥❡❣❛t✐✈❛s✮ ❡♥tã♦ ❛

✈❡r♦ss✐♠✐❧❤❛♥ç❛ s❡rá ♠♦♥♦t♦♥❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭❞❡❝r❡s❝❡♥t❡✮ ❡ ♦ ❡st✐♠❛❞♦r ❞❡ ♠á①✐♠❛ ✈❡r♦s✲

s✐♠✐❧❤❛♥ç❛ ❞❡ λ s❡rá ✐♥✜♥✐t♦✳ ◆♦ ❝❛s♦ ❣❡r❛❧ ✭três ♣❛râ♠❡tr♦s✮ ♦❜s❡r✈❛♠♦s q✉❡✱ ❤á s❡♠♣r❡ ✉♠

♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❡♠ λ = 0 ♥❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣r❡✜❧❛❞❛✳ ❈♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡✱ ❛ ♠❛tr✐③ ❞❡

✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r ❡s♣❡r❛❞❛ é s✐♥❣✉❧❛r✱ q✉❛♥❞♦ λ→ 0✳ ❱❛♠♦s ✐❧✉str❛r t❛✐s ♣r♦❜❧❡♠❛s✳ ❉♦r❛✲

✈❛♥t❡ ✉t✐❧✐③❛r❡♠♦s ❛s s✐❣❧❛s P❉✱ ♣❛r❛ ♥♦s r❡❢❡r✐r à ♣❛r❛♠❡tr✐③❛çã♦ ❞✐r❡t❛ ✭♦✉ ♣❛râ♠❡tr♦s ❞✐r❡t♦s✮

❡ P❈ ♣❛r❛ ❢❛③❡r r❡❢❡rê♥❝✐❛ à ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ✭♦✉ ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s✮✳ ❚❡♠♦s q✉❡✱

♣❛r❛ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ Y1, . . . , Yn ❞❡ ✉♠❛ ◆❆(α, ψ, λ) ❛ ❢✉♥çã♦ ❞❡ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ é

❞❛❞❛ ♣♦r

lPD(α, ψ, λ) =
n

2
ln(

2

π
)− n lnψ − 1

2

n∑

i=1

(
yi − α

ψ

)2

+
n∑

i=1

ln

{
Φ

[
λ

(
yi − α

ψ

)]}
. ✭✷✳✼✮

❯♠❛ ✈❡③ q✉❡ ❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡♣❡♥❞❡ ❞♦s três ♣❛râ♠❡tr♦s✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❝♦rr❡s✲

♣♦♥❞❡♥t❡ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❡r✜❧❛❞❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❡r✜❧❛❞❛ ❞❡ λ é

❞❛❞❛ ♣♦r lPD(α̂(λ), ψ̂(λ), λ)✱ ♦♥❞❡ α̂(λ) ❡ ψ̂(α) ❞❡♥♦t❛♠ ♦s ✈❛❧♦r❡s ❞❡ α ❡ ψ q✉❡ ♠❛①✐♠✐③❛♠

lPD ♣❛r❛ ❛❧❣✉♠ ✈❛❧♦r ❞❡ λ✳

❙❡❣✉✐♥❞♦ ❆r❡❧❧❛♥♦✲❱❛❧❧❡ ❛♥❞ ❆③③❛❧✐♥✐ ✭✷✵✵✽✮✱ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✐♥t❡r♣r❡t❛çã♦✱ ✐r❡♠♦s ❝♦♥s✐✲

❞❡r❛r ❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❡r✜❧❛❞❛ r❡❧❛t✐✈❛ ✭▲❱P❘✮✱ ♦❜t✐❞❛ ♣❡❧❛ s✉❜tr❛çã♦ ❞♦ ✈❛❧♦r ♠á①✐♠♦

lPD(α̂(λ), ψ̂(λ), λ̂)✳ ❊♥tã♦ ♦ ♠á①✐♠♦ ❞❛ ♥♦✈❛ ❢✉♥çã♦ s❡rá ✐❣✉❛❧ ❛ ③❡r♦✳ ❆ ▲❱P❘ ♣❛r❛ (ψ, λ) é

❞❡✜♥✐❞❛ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✳
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❆ ❋✐❣✉r❛ ✷✳✷ ♠♦str❛ ♦s ❣rá✜❝♦s ❞❡ ❞✉❛s ✈❡③❡s ❛ ▲❱P❘ ❞❡ λ ❡ (ψ, λ) ❡st❡ ú❧t✐♠♦ ❛♣r❡s❡♥t❛❞♦

♥✉♠ ❣rá✜❝♦ ❞❡ ❝♦♥t♦r♥♦s✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❛♠♦str❛ ❛❧❡❛tór✐❛ ❞❡ t❛♠❛♥❤♦ ✷✵✵ ❞❛ ◆❆(0, 1, 1)✳

❯t✐❧✐③❛♠♦s ♦ ♣❛❝♦t❡ s♥ ❞♦ s♦❢t✇❛r❡ ❘ ♣❛r❛ ❣❡r❛r ♦s r❡s✉❧t❛❞♦s ❞❡st❛ s✉❜s❡çã♦✳

❋✐❣✉r❛ ✷✳✷✿ ❉✉❛s ✈❡③❡s ❛ ▲❱P❘ ❞❡ λ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (ψ, λ) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮

❖ ❣rá✜❝♦ à ❡sq✉❡r❞❛ ❡①✐❜❡ ✉♠❛ ❢♦r♠❛ ♥ã♦ q✉❛❞rát✐❝❛ ❞❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❣❡r❛❞❛ ♣❡❧❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❡♠ λ = 0✳ ❏á ♥♦ ❣rá✜❝♦ à ❞✐r❡✐t❛ ✈❡♠♦s ✉♠❛ ❢♦r♠❛ ❜❛s✲

t❛♥t❡ ♣❡❝✉❧✐❛r ❞♦s ❝♦♥t♦r♥♦s✳ ■ss♦ ✐♥❞✐❝❛ q✉❡ ♣♦❞❡ ❡①✐st✐r ✉♠ ♣♦♥t♦ ❞❡ s❡❧❛ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡

❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ (ψ, λ)✳

❊st❡ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ♥ã♦ é ✉♠ tr❛ç♦ ♣❡❝✉❧✐❛r ❞❡st❡s ❞❛❞♦s✳ ❆r♥♦❧❞ ❡t ❛❧✳ ✭✶✾✾✸✮ ❡

❆r❡❧❧❛♥♦✲❱❛❧❧❡ ❛♥❞ ❆③③❛❧✐♥✐ ✭✷✵✵✽✮ ✉t✐❧✐③❛♠ ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s r❡❛✐s q✉❡ ❡①✐❜❡♠ ♦ ♠❡s♠♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ▲❱P❘✳ ❖ ♠❡s♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❈❤✐♦❣♥❛ ✭✷✵✵✺✮ q✉❡ ✉t✐❧✐③❛ ❞❛❞♦s s✐♠✉✲

❧❛❞♦s✳

❖ ♦✉tr♦ ♣r♦❜❧❡♠❛ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ à ❡①✐stê♥❝✐❛ ❞❡st❡ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ é ❛ s✐♥❣✉❧❛✲

r✐❞❛❞❡ ❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r ❡s♣❡r❛❞❛ q✉❛♥❞♦ λ t❡♥❞❡ ❛ ③❡r♦✳ ❊st❡ ❢❛t♦ ❛❢❡t❛

♥ã♦ s♦♠❡♥t❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ❞♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠♦

t❛♠❜é♠ ✐♠♣❡❞❡ q✉❡ ❛✈❛❧✐❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛ss✐♠❡tr✐❛ ✉s❛♥❞♦ t❡st❡s ❜❛s❡❛❞♦s ♥❡st❛ ♠❛tr✐③✱

❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦ t❡st❡ ❞❡ ❲❛❧❞✳ P❛r❛ t❡r ✉♠❛ ✐❞❡✐❛ ❞✐r❡t❛ ❞❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♥❞✉③✐♠♦s ✉♠

♣❡q✉❡♥♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦✳ ◆❡ss❡ ❡st✉❞♦ ❢♦r❛♠ ❣❡r❛❞❛s ✶✵✵✵ ❛♠♦str❛s ❞❡ t❛♠❛♥❤♦ ✺✵✱ ✶✵✵✱

✶✺✵ ❡ ✷✵✵ ❞❛ ◆❆(0, 1, 1)✱ ❡ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠á①✐♠❛

✈❡r♦ss✐♠✐❧❤❛♥ç❛ (α̂, ψ̂, λ̂)✳

❆s ❋✐❣✉r❛s ✷✳✸ ❛ ✷✳✻ ♠♦str❛♠ ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ❡ ❞❡ (α̂, ψ̂)

♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❛♠♦str❛✐s✱ ❡♠ ❢♦r♠❛ ❞❡ ❤✐st♦❣r❛♠❛ ❡ ❣rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✳



✶✷ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❋✐❣✉r❛ ✷✳✸✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 50

❋✐❣✉r❛ ✷✳✹✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 100
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❋✐❣✉r❛ ✷✳✺✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 150

❋✐❣✉r❛ ✷✳✻✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ α̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (α̂, ψ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 200



✶✹ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❆ ❢♦r♠❛ ❞❡ss❛s ❞✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s s✉❣❡r❡♠✱ ❜❛s✐❝❛♠❡♥t❡✱ q✉❡ ❡①✐st❡ ✉♠ ✈✐és ♥❛s ❡s✲

t✐♠❛t✐✈❛s q✉❡ ♣❡r♠❛♥❡❝❡ ❛✐♥❞❛ q✉❛♥❞♦ n → ∞✳ ❙❡❣✉♥❞♦ ❆r❡❧❧❛♥♦✲❱❛❧❧❡ ❛♥❞ ❆③③❛❧✐♥✐ ✭✷✵✵✽✮

❡st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ ♣❡rs✐st✐r ❛té ♠❡s♠♦ ❛ ❛❧❣✉♠❛ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ λ = 0✳

P❛ss❛♥❞♦ ❛❣♦r❛ à ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ t❡♠♦s q✉❡ ❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ❞❛❞❛ ♣♦r

lPC(µ, σ, γ) =
n

2
ln(

2

π
)− n ln(ω)− 1

2

n∑

i=1

(
yi − ξ

ω

)2

+
n∑

i=1

ln

{
Φ

[
λ

(
yi − ξ

ω

)]}
, ✭✷✳✽✮

❡♠ q✉❡ ξ, ω ❡ λ sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ ♥❛s ❡q✉❛çõ❡s 2.6✳ ❆ ❋✐❣✉r❛ 2.7 ♠♦str❛ ♦ ❣rá✜❝♦ ❞❡ ❞✉❛s

✈❡③❡s ❛ ▲❱P❘ ❛❣♦r❛ ✉t✐❧✐③❛♥❞♦ ♦s ♣❛râ♠❡tr♦s σ ❡ γ✳

❋✐❣✉r❛ ✷✳✼✿ ❉✉❛s ✈❡③❡s ❛ ▲❱P❘ ❞❡ γ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (σ, γ) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ q✉❡ ❢♦✐ ✈✐st♦ ♥❛ ❋✐❣✉r❛ 2.2 ♦s ♥♦✈♦s ❣rá✜❝♦s ❡①✐❜❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦

♠❛✐s r❡❣✉❧❛r ❡ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ ❤á ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❡♠

γ = 0✳

❚❛♠❜é♠ ♦ ❣rá✜❝♦ ❞❡ ❝♦♥t♦r♥♦s ✈✐st♦ à ❞✐r❡✐t❛ ♥ã♦ ❢♦r♥❡❝❡ ✐♥❞í❝✐♦s ❞❡ q✉❡ ❤❛❥❛ ✉♠ ♣♦♥t♦

❞❡ s❡❧❛ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❡ (σ, γ)✳

❆❣♦r❛ ✈❛♠♦s r❡♣❡t✐r ♦ ❡①♣❡r✐♠❡♥t♦ ❞❡s❝r✐t♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s✉❜s❡çã♦✳ ◆♦t❡ q✉❡ P❉= (0, 1, 1)

❝♦rr❡s♣♦♥❞❡ à P❈= (0, 564; 0, 826; 0, 137)✳ ❆s ❋✐❣✉r❛s 2.8 ❛ 2.11 ♠♦str❛♠ ♦s ❣rá✜❝♦s ❞❛s

❞✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ♦ ♥♦✈♦ ♣❛râ♠❡tr♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❡ (µ̂, σ̂)✳
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❋✐❣✉r❛ ✷✳✽✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 50

❋✐❣✉r❛ ✷✳✾✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 100



✶✻ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❋✐❣✉r❛ ✷✳✶✵✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 150

❋✐❣✉r❛ ✷✳✶✶✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ✭♣❛✐♥❡❧ ❡sq✉❡r❞♦✮ ❡ (µ̂, σ̂) ✭♣❛✐♥❡❧ ❞✐r❡✐t♦✮ ♣❛r❛ n = 200



✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✶✼

❖s ❣rá✜❝♦s s✉❣❡r❡♠ q✉❡ ❛s ❞✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❡ µ̂ ❡ (µ̂, σ̂) sã♦ ♠❛✐s ♣ró①✐♠❛s ❞❛ ❞✐str✐✲

❜✉✐çã♦ ♥♦r♠❛❧ ❞♦ q✉❡ ❛s ❞❡ α̂ ❡ (α̂, ψ̂)✳ ❉❡ ❢❛t♦✱ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ r❡♠♦✈❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛

♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❋✐s❤❡r✱ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❧✐♠✐t❡ ❞❛s ♥♦✈❛s ❡st✐♠❛t✐✈❛s é ✉♠❛ ❞✐str✐❜✉✐✲

çã♦ ♥♦r♠❛❧ ♠✉❧t✐✈❛r✐❛❞❛ ❝♦♠ ✈❛r✐â♥❝✐❛ ❛ss✐♥tót✐❝❛ ❞✐❛❣(1/σ2, σ2/2, 1/6)❀ ✈❡❥❛ ❆③③❛❧✐♥✐ ✭✶✾✽✺✮ ❡

❈❤✐♦❣♥❛ ✭✷✵✵✺✮✳

✷✳✸✳✷ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛

❱❛♠♦s ❛❣♦r❛ ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ♥♦ ♠♦❞❡❧♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝♦ ✉t✐❧✐③❛♥❞♦

♠❡t♦❞♦❧♦❣✐❛ ❜❛②❡s✐❛♥❛✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛✱ é ♠❛✐s ❛❞❡q✉❛❞❛ ♥♦s ❝❛s♦s ❡♠ q✉❡ ♦ ❡st✐♠❛❞♦r ❞❡

♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ é ✐♥✜♥✐t♦✱ ❝♦♠♦ ✐❧✉str❛❞♦ ❡♠ ❇r❛♥❝♦ ❡t ❛❧✳ ✭✷✵✵✹✮ ♣❛r❛ ♦ ❝❛s♦ ✉♥✐♣❛✲

r❛♠étr✐❝♦✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ s❡❣✉♥❞♦ ❆r❡❧❧❛♥♦✲❱❛❧❧❡ ❛♥❞ ❆③③❛❧✐♥✐ ✭✷✵✵✽✮ ♣r♦❜❧❡♠❛s ♥❛ ❡st✐♠❛çã♦

♣♦❞❡♠ ♦❝♦rr❡r ❛ ♠❡♥♦s q✉❡ s❡ t❡♥❤❛ ✉♠❛ ♣r✐♦r✐ ❢♦rt❡♠❡♥t❡ ✐♥❢♦r♠❛t✐✈❛✳

▲✐s❡♦ ❡ ▲♦♣❡r✜❞♦ ✭✷✵✵✹✮ ♣r♦♣õ❡♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ❡ ✉♠ ❛❧❣♦r✐t♠♦

▼❈▼❈ ♣❛r❛ ♦ ❝❛s♦ ✉♥✐♣❛r❛♠étr✐❝♦ ❝❤❡❣❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛s ❝♦♠ ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s ❢r❡q✉❡♥tís✲

t❛s✳

◆♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ♥❡ss❛ s✉❜s❡çã♦ é ✈❡r✐✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ss❡s ♣♦ssí✈❡✐s ♣r♦❜❧❡♠❛s

❝♦♠♣❛r❛♥❞♦ ❛s ❞✉❛s ♣❛r❛♠❡tr✐③❛çõ❡s✱ ❝♦♠♦ ❢❡✐t♦ ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r✳

❊s♣❡❝✐✜❝❛çã♦ ❛ ♣r✐♦r✐

■r❡♠♦s ❞✐s❝✉t✐r ♣r✐♠❡✐r♦ ❛ ❡s❝♦❧❤❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛

λ ♥♦ ❝❛s♦ ✉♥✐♣❛r❛♠étr✐❝♦✳ ❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ✉t✐❧✐③❛r ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✱ q✉❡ é ❞❛❞❛ ♣♦r

fJ(λ) ∝
√
I(λ),

∝
√∫ ∞

−∞
2x2φ(x)

φ2(λx)

Φ(λx)
dx. ✭✷✳✾✮

❊st❛ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✱ ✈❡r✐✜❝❛❞❛s ♣♦r ▲✐s❡♦ ❡ ▲♦♣❡r✜❞♦ ✭✷✵✵✹✮✿

• fJ(λ) é s✐♠étr✐❝❛ ❡♠ t♦r♥♦ ❞❡ λ = 0 ❡ ❞❡❝r❡s❝❡♥t❡ ❡♠ |λ|❀

• ❛ ❝❛✉❞❛ ❞❡ fJ(λ) é ❞❛ ♦r❞❡♠ O(λ−3/2)✳

❇❛②❡s ❛♥❞ ❇r❛♥❝♦ ✭✷✵✵✼✮ ♣r♦♣õ❡♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❡ss❛ ♣r✐♦r✐ ❜❛s❡❛❞❛ ♥♦ ♠ét♦❞♦

❞❡ ❈❤❛✐❜✉❞ ❡ ❇r❛♥❝♦ ✭✷✵✵✸✮✳ ❚❛❧ ❛♣r♦①✐♠❛çã♦ é ❞❛❞❛ ♣♦r✿

fJ(λ) ≈ t(0,
π2

4
,
1

2
). ✭✷✳✶✵✮



✶✽ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❊stá ❛♣r♦①✐♠❛çã♦ ♣♦ss✉✐ ❛ ♠❡s♠❛ ❝❛✉❞❛ ❞❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✱ ✐st♦ é✱ ❞❡ ♦r❞❡♠ O(λ−3/2)✳

❯♠❛ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ❝♦♥s✐❞❡r❛r ✉♠❛ ♣r✐♦r✐ ✈❛❣❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ δ = λ√
1+λ2

q✉❡ é

❧✐♠✐t❛❞♦✱ |δ| < 1 ❡ ♣♦rt❛♥t♦✱ ✐r❡♠♦s ♦❜t❡r ✉♠❛ ♣r✐♦r✐ ♣ró♣r✐❛✳ ◆❡st❡ ❝❛s♦✱ ✉♠❛ ❡s❝♦❧❤❛ ♥❛t✉r❛❧

s❡r✐❛ ❝♦♥s✐❞❡r❛r ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❡♠ [−1, 1]✱ q✉❡ ✐♥❞✉③ ♥♦ ❡s♣❛ç♦ ♣❛r❛♠étr✐❝♦ ❞❡ λ ❛

❞✐str✐❜✉✐çã♦ t✲❙t✉❞❡♥t ❡s♣❡❝✐✜❝❛❞❛ ❛ s❡❣✉✐r

λ ∼ t(0,
1

2
, 2). ✭✷✳✶✶✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❞❡ três ♣❛râ♠❡tr♦s✱ ▲✐s❡♦ ❡ ▲♦♣❡r✜❞♦ ✭✷✵✵✹✮ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡

❇❡r❣❡r ❡ ❇❡r♥❛r❞♦ ✭✶✾✾✷✮✱ ♦❜t✐✈❡r❛♠ ❛ s❡❣✉✐♥t❡ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❝♦♥❥✉♥t❛

f(α, ψ, λ) ∝ 1

ψ
g(λ), ✭✷✳✶✷✮

❡♠ q✉❡✱ g(λ) é ❛❧❣✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❞♦ ♣❛râ♠❡tr♦ λ✳ ❖s ❛✉t♦r❡s s✉❣❡r❡♠ ✉t✐❧✐③❛r✱

♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♦❜t✐❞❛ ♣❛r❛ ♦ ❝❛s♦ ✉♥✐♣❛r❛♠étr✐❝♦ ♥♦ ❧✉❣❛r ❞❡ g(λ)✳

▲❡♠❜r❛♠♦s q✉❡ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ❧♦❝❛❧✐③❛çã♦ ❡ ❡s❝❛❧❛ é ♣r♦♣♦r❝✐♦♥❛❧ ❛
1
ψ
✳ ❈♦♥s✐❞❡r❛♥❞♦ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❛ ♣r✐♦r✐ ❡♥tr❡ ♦s ♣❛râ♠❡tr♦s ✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡s♣❡❝✐✜❝❛çã♦

❛ ♣r✐♦r✐

p(α, ψ, λ) ∝ 1

ψ
p(λ), ✭✷✳✶✸✮

❡♠ q✉❡ p(λ) é ✉♠❛ ❞❡♥s✐❞❛❞❡ t(0, ϕ2, d)✳ ◗✉❛♥❞♦ d = 1
2
❡ ϕ2 = π2

4
♦❜t❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❛

♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ❡ ♣❛r❛ d = 2 ❡ ϕ2 = 1
2
♦❜t❡♠♦s ❛ ♣r✐♦r✐ ✐♥❞✉③✐❞❛ ♣♦r δ ∼ U(−1, 1)✳ P♦rt❛♥t♦✱

p(α, ψ, λ) ∝ 1

ψ

(
1 +

λ2

dϕ2

)− d+1
2

. ✭✷✳✶✹✮

❊str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ❡ ✉♠ ❛❧❣♦r✐t♠♦ ▼❈▼❈

❈♦♥s✐❞❡r❛r❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❡st♦❝ást✐❝❛ ❞❡ ❍❡♥③❡ ✭✶✾✽✻✮ ❞❛❞❛ ♣♦r

Yi = α + ψ
(
δHi +

√
1− δ2Zi

)
, ✭✷✳✶✺✮

❡♠ q✉❡ Hi ∼ HN(0, 1) ❡ Zi ∼ N(0, 1) sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆ ♥♦t❛çã♦ HN

❞❡♥♦t❛ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♣♦s✐t✐✈❛✱ ♦✉ s❡❥❛✱ ◆(0, 1) I (hi)
[0,∞)

♠❛✐s ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❍❛❧❢✲◆♦r♠❛❧✳

❈♦♥❞✐❝✐♦♥❛♥❞♦ ❡♠ Hi ♦❜t❡♠♦s



✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✶✾

Yi|Hi ∼ N(α + ψδHi, ψ
2(1− δ2)),

Hi ∼ HN(0, 1). ✭✷✳✶✻✮

❱✐s❛♥❞♦ ❢❛❝✐❧✐t❛r ♦ tr❛❜❛❧❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ η = ψδ

❡ τ = ψ
√
1− δ2✱ ❡♥tã♦✿

Yi|Hi ∼ N(α + ηHi, τ
2), ✭✷✳✶✼✮

Hi ∼ HN(0, 1).

❆ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♥❛ ♥♦✈❛ ♣❛r❛♠❡tr✐③❛çã♦ é ❞❛❞❛ ♣♦r

L(α, τ, η) =
1

τn
exp

(
− 1

2τ 2

n∑

i=1

(yi − α− ηhi)
2

)
exp

(
−1

2

n∑

i=1

h2i

)
. ✭✷✳✶✽✮

❆ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ λ ∼ t(0, ϕ2, d)✱ t❛♠❜é♠ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❡♠ ❢♦r♠❛ ❤✐❡rárq✉✐❝❛ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

λ|w ∼ N(0,
ϕ2

w
),

w ∼ ●❛♠♠❛(
d

2
,
d

2
). ✭✷✳✶✾✮

❉❡ss❛ ❢♦r♠❛ ❛ ♣r✐♦r✐ ❞❛❞❛ ❡♠ ✭✷✳✶✹✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

p(λ, α, ψ, w) ∝ 1

ψ2
exp

(
−1

2

λ2w

ϕ2

)
w

d+1
2

−1 exp

(
−d
2
w

)
, ✭✷✳✷✵✮

❛ q✉❛❧ ✐♥❞✉③ ❛ s❡❣✉✐♥t❡ ♣r✐♦r✐ ♥❛ ♥♦✈❛ r❡♣❛r❛♠❡tr✐③❛çã♦✱

p(α, τ, η, w) ∝ 1

τ 2
exp

(
−1

2

η2w

τ 2ϕ2

)
w

d+1
2

−1 exp

(
−d
2
w

)
. ✭✷✳✷✶✮

❋✐♥❛❧♠❡♥t❡✱ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ é ❞❛❞❛ ♣♦r

f(α, τ, η, w|H) ∝ p(α, τ, η, w)L(α, τ, η). ✭✷✳✷✷✮

❊ss❛ r❡♣❛r❛♠❡tr✐③❛çã♦✱ t❛♠❜é♠ ♣❡r♠✐t❡✲♥♦s ♦❜t❡r ❢♦r♠❛s ❝♦♥❤❡❝✐❞❛s ♣❛r❛ t♦❞❛s ❛s ❝♦♥❞✐✲

❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s✳ ❊st❛s sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ❛ s❡❣✉✐r



✷✵ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

W |α, τ, η,H, Y ∼ ●❛♠♠❛
(
d+ 1

2
,
1

2

(
η2

ϕ2τ 2
+ d

))
,

Hi|α, τ, η, w, Y ∼ N

(
(yi − α)η

τ 2 + η2
,

τ 2

τ 2 + η2

)
, I (hi)
[0,∞)

∀i, i = 1, . . . , n

α|τ, η, w,H, Y ∼ N

(∑n
i=1(yi − ηhi)

n
,
τ 2

n

)
,

✭✷✳✷✸✮

η|α, τ, w,H, Y ∼ N

(∑n
i=1(yi − α)hi
w
ϕ2 +

∑n
i=1 h

2
i

,
τ 2

w
ψ2
y
+
∑n

i=1 h
2
i

)
,

1

τ 2
|α, η, w,H, Y ∼ ●❛♠♠❛

(
n+ 1

2
,
1

2

(
wη2

ϕ2
+

n∑

i=1

(yi − α− ηhi)
2

))
.

❖s ♣❛râ♠❡tr♦s ♦r✐❣✐♥❛✐s ♣♦❞❡♠ s❡r r❡❝✉♣❡r❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ψ =
√
τ 2 + η2 ❡ λ =

η

τ
. ✭✷✳✷✹✮

❏á ♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s sã♦ ♦❜t✐❞♦s ❝♦♠♦ ♥❛s ❡q✉❛çõ❡s ✭✷✳✻✮✳ ❆ ♣❛rt✐r ❞❛s ❡①♣r❡ssõ❡s

✭✷✳✷✸✮ ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❡♠ ❧✐♥❣✉❛❣❡♠ ❖①TM ✶✳ ❯t✐❧✐③❛♥❞♦ ❡st❡ ❛❧❣♦r✐t♠♦

r❡❛❧✐③❛♠♦s ❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❛♠♦str❛ ❞❡ t❛♠❛♥❤♦

✺✵ ❞❛ ◆❆(0, 1, 1) ≡ ◆❆c(0, 564; 0, 826; 0, 137)✳

❋♦r❛♠ ❢❡✐t❛s ✸✵✵✵✵ s✐♠✉❧❛çõ❡s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✳ ❆s ✸✵✵✵ ♣r✐♠❡✐r❛s ♦❜s❡r✲

✈❛çõ❡s ❢♦r❛♠ ❞❡s❝❛rt❛❞❛s ❡ ❢♦r❛♠ t♦♠❛❞♦s ✈❛❧♦r❡s ❞❡ ✷✼ ❡♠ ✷✼✱ ♦❜t❡♥❞♦ ❛♠♦str❛s ❛ ♣♦st❡r✐♦r✐

❞❡ t❛♠❛♥❤♦ ✶✵✵✵✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ r❡♣❡t✐❞♦ ♠❛✐s ✷ ✈❡③❡s ❝♦♠ ♦✉tr♦s ❞♦✐s ❞✐❢❡r❡♥t❡s ❝♦♥✲

❥✉♥t♦s ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s✱ ♣❛r❛ q✉❡ ♣✉❞éss❡♠♦s ❛♣❧✐❝❛r ♦ ❞✐❛❣♥óst✐❝♦ ❞❡ ●❡❧♠❛♥✲❘✉❜✐♥✱ ✈❡❥❛

●❡❧♠❛♥ ❡t ❛❧✳ ✭✷✵✵✹✮✳ ❆s ❡st❛tíst✐❝❛s ❞❡ ●❡❧♠❛♥✲❘✉❜✐♥✱ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❛s ❛♠♦str❛s ✜♥❛✐s✱

❢♦r❛♠ t♦❞❛s ✐❣✉❛✐s ❛ ✶✳ ■st♦ ✐♥❞✐❝❛ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦✐ ❛❧❝❛♥ç❛❞❛ ❛♣ós ✸✵✵✵ ✐t❡r❛çõ❡s✳

◆❛s ❋✐❣✉r❛s ♣♦❞❡♠♦s ✈❡r ♦s ❝♦rr❡❧♦❣r❛♠❛s ❡ ♦s ❣rá✜❝♦s ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s✳

❆ ❚❛❜❡❧❛ ✷✳✶ ❛♣r❡s❡♥t❛ ♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s✱ ♠é❞✐❛✱ ♠❡❞✐❛♥❛✱ ❡rr♦s✲♣❛❞rã♦

✭❊P✮✱ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪ ✭■❈ ✭✾✺✪✮✮ ❡ ❍P❉✷✬s t❛♠❜é♠ ❞❡ ✾✺✪ ❞♦s ✈❛❧♦r❡s

s✐♠✉❧❛❞♦s✳ ❖s ❍P❉✬s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❡♠ ❈❤❡♥ ❛♥❞ ❙❤❛♦ ✭✶✾✾✾✮✳

❏á ♥❛ ❋✐❣✉r❛ ✷✳✶✺ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❝♦♠ ♦s r❡s♣❡❝t✐✈♦s ✐♥t❡r✈❛❧♦s

✶❱❡❥❛✿ ❤tt♣✿✴✴✇✇✇✳❞♦♦r♥✐❦✳❝♦♠✴♣r♦❞✉❝ts✳❤t♠❧
✷❙✐❣❧❛ ❞♦ ✐♥❣❧ês✿ ❍✐❣❤❡st ♣♦st❡r✐♦r ❞❡♥s✐t②



✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✷✶

❋✐❣✉r❛ ✷✳✶✷✿ ❈♦rr❡❧♦❣r❛♠❛s ❞♦s ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s

❋✐❣✉r❛ ✷✳✶✸✿ ●rá✜❝♦ ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s

❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❡ ❍P❉✬s✳ P♦❞❡♠♦s ✈❡r q✉❡✱ ♦s ❡rr♦s✲♣❛❞rã♦ ❞♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s sã♦

♠❡♥♦r❡s ❡ t❛♠❜é♠ s❡✉s ■❈✬s ❡ ❍P❉✬s tê♠ ♦s ♠❡♥♦r❡s ❝♦♠♣r✐♠❡♥t♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❛r❛ ♦s

♣❛râ♠❡tr♦s ❞❡ ❡s❝❛❧❛ ❡ ❢♦r♠❛✳



✷✷ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❋✐❣✉r❛ ✷✳✶✹✿ ●rá✜❝♦ ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s

❚❛❜❡❧❛ ✷✳✶✿ ❘❡s✉♠♦ ❛ ♣♦st❡r✐♦r✐ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s

❱❡r❞✳✈❛❧♦r ▼é❞✐❛ ▼❡❞✐❛♥❛ ❊P ■❈ ✭✾✺✪✮ ❍P❉ ✭✾✺✪✮
α ✵✱✵✵ ✵✱✹✾✶ ✵✱✹✺✼ ✵✱✺✽✷ ✲✵✱✺✵✻ ✶✱✻✷✽ ✲✵✱✺✽✶ ✶✱✺✶✾

P❉ ψ ✶✱✵✵ ✶✱✵✺✼ ✶✱✵✵✽ ✵✱✷✵✺ ✵✱✼✼✽ ✶✱✺✺✷ ✵✱✼✼✶ ✶✱✺✵✷
λ ✶✱✵✵ ✵✱✷✼✺ ✵✱✷✷✾ ✶✱✶✼✵ ✲✶✱✾✵✻ ✷✱✻✻✺ ✲✶✱✾✶✷ ✷✱✻✹✽
µ ✵✱✺✻✹ ✵✱✾✽✸ ✵✱✼✷✷ ✵✱✺✾✺ ✵✱✹✵✺ ✷✱✺✹✶ ✵✱✸✹✼ ✷✱✸✸✷

P❈ σ ✵✱✽✷✻ ✵✱✽✾✼ ✵✱✽✽✽ ✵✱✵✾✻ ✵✱✼✸✹ ✶✱✶✶✺ ✵✱✼✶✺ ✶✱✵✾✷
γ ✵✱✶✸✼ ✵✱✶✹✽ ✵✱✵✻✹ ✵✱✶✽✼ ✵✱✵✵✵ ✵✱✻✺✼ ✵✱✵✵✵ ✵✱✺✼✷

❊st✉❞♦ ❞❡ s✐♠✉❧❛çã♦

❇❛②❡s ✭✷✵✵✺✮ ❝♦♥s✐❞❡r❛ ❛ ❡st✐♠❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛ λ ♥♦ ♠♦❞❡❧♦ ◆❆ ✉♥✐♣❛r❛✲

♠étr✐❝♦ ❡ ♦❜s❡r✈❛✱ ❛tr❛✈és ❞❡ ❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦✱ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ❝♦♥s✐❞❡r❛♥❞♦

❛ ♠é❞✐❛ ❛ ♣♦st❡r✐♦r✐ s♦❜ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♣♦❞❡♠ s❡r ✐♥✜♥✐t❛s✳ ❊❧❡ ❝♦♥❝❧✉✐ q✉❡✱ ❡♠ ❣❡r❛❧✱ ❛

✐♥❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛ s♦❜ ❛ ♣r✐♦r✐ ✉♥✐❢♦r♠❡ ❣❡r❛ r❡s✉❧t❛❞♦s ♠❡❧❤♦r❡s ❞♦ q✉❡ ❛ ❜❛s❡❛❞❛ ♥❛ ♣r✐♦r✐

❞❡ ❏❡✛r❡②s✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❣❡r❛❧✱ ❝♦♥❞✉③✐♠♦s ✉♠ ♣❡q✉❡♥♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦✳ ◆❡st❡ ❢♦r❛♠

❣❡r❛❞❛s ✶✵✵✵ ❛♠♦str❛s ✭s♦❜ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞✐s❝✉t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✮ ❞❡ t❛♠❛♥❤♦ n

❞❛ ◆❆(0, 1, 1) ≡ ◆❆c(0, 564; 0, 826; 0, 137)✱ ❝♦♠ n = 50, 100, 150, 200✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s

❝❛❧❝✉❧❛♠♦s ❛ ♠é❞✐❛ ❛ ♣♦st❡r✐♦r✐✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❞✉❛s ❡s♣❡❝✐✜❝❛çõ❡s ❛ ♣r✐♦r✐ ❞✐s❝✉t✐❞❛s ❛♥t❡✲

r✐♦r♠❡♥t❡✱ ♥❛ P❉ ❡ P❈✳ ❚❛♠❜é♠ ❛✈❛❧✐❛♠♦s ♦ ✈✐és ❡ ♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♠♣ír✐❝♦s ❞❡✜♥✐❞♦s

❣❡♥❡r✐❝❛♠❡♥t❡ ❝♦♠♦



✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✷✸

❋✐❣✉r❛ ✷✳✶✺✿ ■♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❡ ❍P❉✬s ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s

❱✐❡s(θ) =

∑m
i=1(θ − θ̃)

m
❡ ❊◗▼(θ) =

∑m
i=1(θ − θ̃)2

m
✭✷✳✷✺✮

❡♠ q✉❡ θ é ♦ ♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❡ss❡✱ θ̃ é ❛ ❡st✐♠❛t✐✈❛ ❡ m r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s

s✐♠✉❧❛❞❛s✳ ❆s ❋✐❣✉r❛s ✷✳✶✻ ❡ ✷✳✶✼ ❛♣r❡s❡♥t❛♠ ♦s ❤✐st♦❣r❛♠❛s ❞❛s ♠é❞✐❛s ❛ ♣♦st❡r✐♦r✐ ❞❡ ❝❛❞❛

✉♠ ❞♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ❡ ❝❡♥tr❛❞♦s✱ ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ❡s♣❡❝✐✜❝❛çõ❡s ❛ ♣r✐♦r✐✱ ✉t✐❧✐③❛♥❞♦

❛♠♦str❛s ❞❡ t❛♠❛♥❤♦ ✺✵✳ ❖❜s❡r✈❛♥❞♦ ❡st❛s✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ ❢❛❧t❛ ❞❡ ♣r❡❝✐sã♦ ❞♦s ❡st✐✲

♠❛❞♦r❡s ❞❡ ❇❛②❡s ❞♦s ♣❛râ♠❡tr♦s ❞✐r❡t♦s ♥ã♦ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ✉♠❛ ♣❛rt✐❝✉❧❛r ❛♠♦str❛✱

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✱ ❞❛ ♣r✐♦r✐ ❡s❝♦❧❤✐❞❛✳ ❖❜s❡r✈❛♥❞♦ ❛ ❋✐❣✉r❛ ✷✳✶✼ ✭❝✮✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡✱

❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ✉♥✐♣❛r❛♠étr✐❝♦✱ ❛s ❡st✐♠❛t✐✈❛s ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❛ss✐♠❡tr✐❛ λ ❛♣r❡s❡♥t❛r❛♠

❛❧❣✉♥s ✈❛❧♦r❡s ✭❡♠ t♦r♥♦ ❞❡ ✺✪✮ ❜❛st❛♥t❡ ❞✐s❝r❡♣❛♥t❡s✳ ❏á ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❝❡♥✲

tr❛❞♦s✱ ❡stã♦ ♠❛✐s ❝♦♥❝❡♥tr❛❞❛s ❡♠ t♦r♥♦ ❞♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s✱ s♦❜ ❛♠❜❛s ❡s♣❡❝✐✜❝❛çõ❡s ❛

♣r✐♦r✐✳



✷✹ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❋✐❣✉r❛ ✷✳✶✻✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❛ ♠é❞✐❛ ❛ ♣♦st❡r✐♦r✐ s♦❜ ❛ ♣r✐♦r✐ ❯♥✐❢♦r♠❡ ✭❛s ❧✐♥❤❛s ✈❡rt✐❝❛✐s

✐♥❞✐❝❛♠ ♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s✮

❋✐❣✉r❛ ✷✳✶✼✿ ❉✐str✐❜✉✐çõ❡s ❛♠♦str❛✐s ❞❛ ♠é❞✐❛ ❛ ♣♦st❡r✐♦r✐ s♦❜ ❛ ♣r✐♦r✐ ❏❡✛r❡②s ✭❛s ❧✐♥❤❛s ✈❡rt✐❝❛✐s

✐♥❞✐❝❛♠ ♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s✮



✷✳✸ ❆s♣❡❝t♦s ❊st❛tíst✐❝♦s ✷✺

❖ ✈✐és ❞❛s ❡st✐♠❛t✐✈❛s ❛ss✐♠ ❝♦♠♦ ♦ ❊◗▼ ♣♦❞❡♠ s❡r ✈✐st♦s ♥❛s ❚❛❜❡❧❛s ✷✳✷ ❡ ✷✳✸✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❛♠♦s q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s ♣♦ss✉❡♠ ♠❡♥♦r ✈✐és

❡ ♠❡♥♦r ❊◗▼✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ γ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦ ♣❛râ♠❡tr♦ ❞❡

❛ss✐♠❡tr✐❛ λ✳ ■ss♦ ♦❝♦rr❡ ❝♦♠ ❛♠❜❛s ❛s ♣r✐♦r✐s ❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛✳

◆♦t❛♠♦s t❛♠❜é♠✱ ✉♠ ✈❛❧♦r ♠✉✐t♦ ❞✐s❝r❡♣❛♥t❡ ♥♦ ✈✐és ❡ ♥♦ ❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞❡ λ

❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ❡ n = 50✳ ■ss♦ ♦❝♦rr❡✉✱ ❝♦♠♦ ❥á ❤❛✈í❛♠♦s ❝✐t❛❞♦✱ ♣♦r ❝♦♥t❛

❞♦s ❛❧t♦s ✈❛❧♦r❡s q✉❡ ❢♦r❛♠ ❣❡r❛❞♦s ❝♦♠ ♦ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ✺✵✳ ❖ ♠❡s♠♦ ♥ã♦ ♦❝♦rr❡✉ ❝♦♠

❛♠♦str❛s ❞❡ t❛♠❛♥❤♦s ♠❛✐♦r❡s✳

◗✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s s♦♠❡♥t❡ ♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s ❝♦♠ r❡❧❛çã♦ ❛s ♣r✐♦r✐s✱ ♥♦t❛♠♦s q✉❡

❛ ♣r✐♦r✐ ✉♥✐❢♦r♠❡ ❛♣r❡s❡♥t❛ ♦ ♠❡♥♦r ✈✐és ❡ ❊◗▼ q✉❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ é ♣❡q✉❡♥♦

✭n = 50✮✳ ◆❛s ❛♠♦str❛s ♠❛✐♦r❡s ♣❛r❡❝❡ ♥ã♦ ❤❛✈❡r ❞✐❢❡r❡♥ç❛s s✐❣♥✐✜❝❛t✐✈❛s✳

❚❛❜❡❧❛ ✷✳✷✿ ❱✐és ❞❛s ❡st✐♠❛t✐✈❛s ♥♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❞✉❛s ♣r✐♦r✐s

Pr✐♦r✐ ❯♥✐❢♦r♠❡ Pr✐♦r✐ ❏❡✛r❡②s
n ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵
α ✲✵✱✹✽✵ ✲✵✱✹✺✹ ✲✵✱✹✹✸ ✲✵✱✹✶✽ ✲✵✱✹✸✸ ✲✵✱✸✾✾ ✲✵✱✸✽✸ ✲✵✱✸✻✹

P❉ ψ ✵✱✵✹✹ ✵✱✵✺✸ ✵✱✵✻✼ ✵✱✵✻✾ ✲✵✱✵✹✺ ✵✱✵✵✶ ✵✱✵✷✵ ✵✱✵✸✼
λ ✵✱✼✺✼ ✵✱✼✸✾ ✵✱✼✸✸ ✵✱✼✵✺ ✲✺✶✼✱✸✵✽ ✵✱✸✼✺ ✵✱✺✾✷ ✵✱✺✼✼
µ ✲✵✱✶✽✺ ✲✵✱✶✹✶ ✲✵✱✶✶✼ ✲✵✱✵✽✺ ✲✵✱✸✵✹ ✲✵✱✶✾✺ ✲✵✱✶✹✺ ✲✵✱✶✵✹

P❈ σ ✲✵✱✵✶✵ ✲✵✱✵✵✾ ✲✵✱✵✵✷ ✲✵✱✵✵✸ ✲✵✱✵✶✽ ✲✵✱✵✵✶ ✲✵✱✵✵✼ ✲✵✱✵✵✶
γ ✵✱✵✶✽ ✵✱✵✸✷ ✵✱✵✹✶ ✵✱✵✹✽ ✲✵✱✵✾✾ ✲✵✱✵✸✼ ✲✵✱✵✶✶ ✵✱✵✵✻

❚❛❜❡❧❛ ✷✳✸✿ ❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ♥♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❞✉❛s ♣r✐♦r✐s

Pr✐♦r✐ ❯♥✐❢♦r♠❡ Pr✐♦r✐ ❏❡✛r❡②s
n ✺✵ ✶✵✵ ✶✺✵ ✷✵✵ ✺✵ ✶✵✵ ✶✺✵ ✷✵✵
α ✵✱✷✽✸ ✵✱✷✺✼ ✵✱✷✹✻ ✵✱✷✶✾ ✵✱✸✷✹ ✵✱✷✻✷ ✵✱✷✸✸ ✵✱✷✵✻

P❉ ψ ✵✱✵✶✹ ✵✱✵✶✶ ✵✱✵✶✶ ✵✱✵✵✾ ✵✱✵✷✶ ✵✱✵✶✶ ✵✱✵✵✾ ✵✱✵✵✾
λ ✶✱✵✸✵ ✵✱✽✽✼ ✵✱✼✾✶ ✵✱✻✽✼ ✶✸✾✶✽✸✼✹✵ ✶✽✱✷✻✶ ✵✱✽✼✻ ✵✱✼✵✹
µ ✵✱✵✼✵ ✵✱✵✹✼ ✵✱✵✸✽ ✵✱✵✷✼ ✵✱✷✵✷ ✵✱✶✵✷ ✵✱✵✼✶ ✵✱✵✹✸

P❈ σ ✵✱✵✵✼ ✵✱✵✵✹ ✵✱✵✵✷ ✵✱✵✵✷ ✵✱✵✵✽ ✵✱✵✵✹ ✵✱✵✵✷ ✵✱✵✵✷
γ ✵✱✵✵✻ ✵✱✵✵✾ ✵✱✵✵✽ ✵✱✵✵✼ ✵✱✵✷✾ ✵✱✵✶✺ ✵✱✵✶✶ ✵✱✵✵✾

❊♠ r❡s✉♠♦ t❡♠♦s✿

• ❆s ❡st✐♠❛t✐✈❛s ♠❛✐s ♣r❡❝✐s❛s ❢♦r❛♠ ♦❜t✐❞❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛✳

• ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❝❡♥tr❛❞♦s ♣❛r❡❝❡♠ s❡r ♠❡♥♦s s❡♥sí✈❡✐s ❛ ❡s❝♦❧❤❛ ❞❛ ♣r✐♦r✐

✭❯♥✐❢♦r♠❡ ♦✉ ❏❡✛r❡②s✮



✷✻ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ❆ss✐♠étr✐❝❛ s♦❜ ❛ P❛r❛♠❡tr✐③❛çã♦ ❈❡♥tr❛❞❛

❉❡ ♠♦❞♦ ❣❡r❛❧ ❝♦♥❝❧✉í♠♦s q✉❡✱ ❛ss✐♠ ❝♦♠♦ ♥❛ ❛❜♦r❞❛❣❡♠ ❢r❡q✉❡♥tíst❛✱ ❛ ✉t✐❧✐③❛çã♦ ❞❛

♣❛r❛♠❡tr✐③❛çã♦ ❝❡♥tr❛❞❛ ♥❛ ❡st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ é ❜❡♠ ♠❛✐s ❛tr❛t✐✈❛ ❞♦ q✉❡ ❛ ♣❛r❛♠❡tr✐③❛çã♦

❞✐r❡t❛✳



❈❛♣ít✉❧♦ ✸

▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠

❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

✸✳✶ ■♥tr♦❞✉çã♦

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ♣❛r❛ ❣r✉♣♦s ♠ú❧t✐♣❧♦s✱

❝♦♠ ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s ❛ss✐♠étr✐❝❛s ❝❡♥tr❛❧✐③❛❞❛s ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ❉❡s❡♥✈♦❧✈❡♠♦s

t❛♠❜é♠ ❛❧❣♦r✐t✐♠♦s ▼❈▼❈ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✱ ✉t✐❧✐③❛♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ ❞❛❞♦s

❛✉♠❡♥t❛❞♦s✱ ✈❡❥❛ ❚❛♥♥❡r ❛♥❞ ❲♦♥❣ ✭✶✾✽✼✮✳ ◆❡ss❡s ❛❧❣♦r✐t♠♦s✱ ✉s❛♠♦s t❛♥t♦ ❛ ❞❡♥s✐❞❛❞❡

♦r✐❣✐♥❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛✱ q✉❛♥t♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡st♦❝ást✐❝❛ ❞❛ ♠❡s♠❛✳

❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ é ✉♠❛ ❡①t❡♥sã♦ ❞♦s tr❛❜❛❧❤♦s ❞❡ ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✶✮ ❡ ❆③❡✈❡❞♦ ❡t✳❛❧

✭✷✵✶✵✮✳

✸✳✷ ❉❡✜♥✐çã♦ ❞♦ ▼♦❞❡❧♦

❈♦♥s✐❞❡r❡ ❛ s✐t✉❛çã♦ ♦♥❞❡ t❡♠♦s K ❣r✉♣♦s ❝♦♠♣♦st♦s ❞❡ nk ✐♥❞✐✈í❞✉♦s ❝❛❞❛✱ ♥✉♠ t♦t❛❧ ❞❡

n =
∑K

k=1 nk✳ ❊st❡s s❡rã♦ s✉❜♠❡t✐❞♦s ❛ t❡st❡s ❝♦♠ Ik ✐t❡♥s ❝❛❞❛✳ ❖s t❡st❡s ♣♦ss✉❡♠ ✐t❡♥s

❝♦♠✉♥s ❡ ❛ ❡str✉t✉r❛ ♣♦❞❡ s❡r r❡❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✉♠ ❞❡❧✐♥❡❛♠❡♥t♦ ❡♠ ❜❧♦❝♦s ✐♥❝♦♠♣❧❡t♦s✱

✈❡❥❛ ▼♦♥t❣♦♠❡r② ✭✷✵✵✹✮✳ ❊st❡s ✐t❡♥s sã♦ ❡s❝♦❧❤✐❞♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ t♦t❛❧ ❞❡ I ✐t❡♥s✱ ❝♦♠∑K
k=1 Ik ≥ I✳ ❆ss✉♠✐r❡♠♦s q✉❡ ❝❛❞❛ ❣r✉♣♦ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ r❛③♦á✈❡❧ ❞❡ ✐♥❞✐✈í❞✉♦s✳ ❉♦r❛✲

✈❛♥t❡✱ ✉t✐❧✐③❛r❡♠♦s ♦ t❡r♠♦ ❣r✉♣♦ ♣❛r❛ ♥♦s r❡❢❡r✐r ❞❡ ♠♦❞♦ ✐♥❞✐st✐♥t♦ à ✉♠❛ ♣♦♣✉❧❛çã♦ ♦✉ à ✉♠❛

❛♠♦str❛ ❞❡❧❛ ❡①tr❛í❞❛✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s✿ θjk é ♦ tr❛ç♦ ❧❛t❡♥t❡ ❞♦ ✐♥❞✐✈í✲

❞✉♦ j (j = 1, . . . , nk) ♣❡rt❡♥❝❡♥t❡ ❛♦ ❣r✉♣♦ k (k = 1, . . . , K)✱ θ.k = (θj1, . . . , θjK)
⊤ é ♦ ✈❡t♦r ❞♦s

✷✼



✷✽
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

tr❛ç♦s ❧❛t❡♥t❡s ❞♦s ✐♥❞✐✈í❞✉♦s ❞♦ ❣r✉♣♦ k✱ θ.. = (θ.1, . . . ,θ.K)
⊤ é ♦ ✈❡t♦r ❞❡ t♦❞♦s ♦s tr❛ç♦s ❧❛t❡♥✲

t❡s❀ Yijk é ❛ r❡s♣♦st❛ ❞♦ ✐♥❞✐✈í❞✉♦ j✱ ❞♦ ❣r✉♣♦ k ♥♦ ✐t❡♠ i (i = 1, . . . , I)✱ Y.jk = (Y1jk, . . . , YIjk)
⊤

s❡rá ♦ ✈❡t♦r ❞❡ r❡♣♦st❛s ❡♠ t♦❞♦s ♦s ✐t❡♥s ❞♦ ✐♥❞✐✈í❞✉♦ j ❞♦ ❣r✉♣♦ k✱ Y... = (Y⊤
.1., . . . ,Y

⊤
.nk.

)⊤

é ♦ ✈❡t♦r ❝♦♠ ♦s ❝♦♥❥✉♥t♦s ❞❡ r❡s♣♦st❛s ❞♦s ✐♥❞✐✈í❞✉♦s ❡ (yijk,y⊤
.jk,y

⊤
..k,y

⊤
...)

⊤ sã♦ ♦s r❡s♣❡❝t✐✈♦s

✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s❀ ζi é ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ❞♦ ✐t❡♠ i✱ ζ = (ζ⊤
1 , . . . , ζ

⊤
I )

⊤ é ♦ ✈❡t♦r ❝♦♠

t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❞❡ t♦❞♦s ♦s ✐t❡♥s✱ ηθk é ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❞♦ ❣r✉♣♦ k ❡

ηθ = (η⊤
θ1
, . . . ,η⊤

θk
)⊤ é ♦ ✈❡t♦r ❝♦♠ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❞❡ t♦❞♦s ♦s ❣r✉♣♦s✳

❉❡st❛ ❢♦r♠❛✱ ❞❡✜♥✐♠♦s ♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ❛ss✐♠étr✐❝♦ ♣❛r❛ ❣r✉♣♦s ♠ú❧t✐♣❧♦s

✭▼P✷❆●▼✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

▼♦❞❡❧♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✭♣❛rt❡ ❢✉♥❝✐♦♥❛❧✮

Yijk|θjk, ζi ∼ ❇❡r♥♦✉❧❧✐(Pijk),

Pijk = P (Yijk|θjk, ζi) = Φ(aiθjk − bi). ✭✸✳✶✮

❉✐str✐❜✉✐çã♦ ▲❛t❡♥t❡ ✭♣❛rt❡ ❡str✉t✉r❛❧✮

θjk|ηθk ∼ ◆❆c(µθk , σθk , γθk), ✭✸✳✷✮

❡♠ q✉❡ ζi = (ai, bi)
⊤ ❡ ηθk = (µθk , σθk , γθk)

⊤✳ ◆❛ ❡q✉❛çã♦ ✭✸✳✶✮ t❡♠♦s q✉❡✱ ai é ♦ ♣❛râ♠❡tr♦ ❞❡

❞✐s❝r✐♠✐♥❛çã♦ ❡ bi = aib
∗
i ✱ ♦♥❞❡ b

∗
i é ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐✜❝✉❧❞❛❞❡ ♦r✐❣✐♥❛❧✱ ✈❡❥❛ ❇❛❦❡r ❛♥❞ ❑✐♠

✭✷✵✵✹✮✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ✐♥t❡r♣r❡t❛çõ❡s✳

❉✉❛s q✉❡stõ❡s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❡

❛ ❞❡✜♥✐çã♦ ❞❛ ♠étr✐❝❛✳ ◆❛ ✈❡r❞❛❞❡ ❡st❛s q✉❡stõ❡s ❡stã♦ ✐♥tr✐♥s❡❝❛♠❡♥t❡ ❧✐❣❛❞❛s✱ s❡♥❞♦ q✉❡✱

❛ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❛ ♠étr✐❝❛✳ ❆

❝♦♠♣❛r❛çã♦ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❞✐❢❡r❡♥t❡s ❣r✉♣♦s é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ ♣rát✐❝❛✱ ✈❡❥❛ ❆♥❞r❛❞❡

❡t✳❛❧ ✭✷✵✵✵✮✳ ❊st❛ ❝♦♠♣❛r❛çã♦ só é ♣♦ssí✈❡❧ s❡ ❡st❛❜❡❧❡❝❡r♠♦s ✉♠❛ ♠étr✐❝❛ ❞❡ ♠♦❞♦ q✉❡✱ ❛

❡s❝❛❧❛ ❞❛s ❡st✐♠❛t✐✈❛s ❞❡ t♦❞♦s ♦s ♣❛râ♠❡tr♦s s❡❥❛ ❛ ♠❡s♠❛✳ ◆♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s

✐ss♦ é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢❛③❡♠♦s ❝♦♠ q✉❡ ♦s t❡st❡s ❛♣❧✐❝❛❞♦s ❛♦s ❞✐❢❡r❡♥t❡s

❣r✉♣♦s ♣♦ss✉❛♠ ❛❧❣✉♥s ✐t❡♥s ❝♦♠✉♥s✳ ❖s ✐t❡♥s ❝♦♠✉♥s sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❝r✐❛r ✉♠❛ ❡str✉t✉r❛

❞❡ ❧✐❣❛çã♦ ❡♥tr❡ ♦s ❣r✉♣♦s✳ ❉❡♣♦✐s✱ ❛ ♠é❞✐❛ ❡ ❛ ✈❛r✐â♥❝✐❛ ❞❛ ❡s❝❛❧❛ é ✐❞❡♥t✐✜❝❛❞❛ ✜①❛♥❞♦✲s❡

❛ ♠étr✐❝❛ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ✜①❛r ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s

❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ✈❡❥❛ ❇♦♦❦ ❛♥❞ ❩✐♠♦✇s❦✐ ✭✶✾✾✼✮✳

P♦rt❛♥t♦✱ ❛♦ ✜①❛r♠♦s ❛ ❡s❝❛❧❛ ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❡st❛r❡♠♦s ✜①❛♥❞♦ t❛♠❜é♠ ❛ ❡s❝❛❧❛ ❞♦s

❞❡♠❛✐s ❣r✉♣♦s✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡s ❡stã♦ ❧✐❣❛❞♦s ❛tr❛✈és ❞♦s ✐t❡♥s ❝♦♠✉♥s✳

❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ss❡ ❡sq✉❡♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✸ ❣r✉♣♦s r❡s♣♦♥❞❡♥❞♦ ❛



✸✳✷ ❉❡✜♥✐çã♦ ❞♦ ▼♦❞❡❧♦ ✷✾

três ♣r♦✈❛s ♣❛r❝✐❛❧♠❡♥t❡ ❞✐st✐♥t❛s ❝♦♠ ✸✵ ✐t❡♥s ❝❛❞❛ s❡❧❡❝✐♦♥❛❞♦s ❞❡ ✉♠ t♦t❛❧ ❞❡ ✹✵ ✐t❡♥s✳ ❖

●r✉♣♦ ✶ é ♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡✱ ❛♦s tr❛ç♦s ❧❛t❡♥t❡s ❞♦s ✐♥❞✐✈í❞✉♦s ❞❡ss❡ ❣r✉♣♦ ❢♦r❛♠ ❛tr✐❜✉í❞❛s

❞✐str✐❜✉✐çõ❡s D1 ❝✉❥♦s ♣❛râ♠❡tr♦s ❢♦r❛♠ ✜①❛❞♦s ❡♠ (0, 1)✳

❋✐❣✉r❛ ✸✳✶✿ ❊sq✉❡♠❛ ❞❡ ●r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ✐t❡♥s ❝♦♠✉♥s

❙❡❣✉✐♥❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✵✮ ✈❛♠♦s ♣r♦✈❛r q✉❡ ♦ ♠♦❞❡❧♦ ✭✸✳✶✮ é

✐❞❡♥t✐✜❝á✈❡❧✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ✉♠ ú♥✐❝♦ ❣r✉♣♦✳ ❚♦♠❛♥❞♦ K = 1 ♥❛ ❡q✉❛çã♦

✭✸✳✶✮ t❡♠♦s✿

P (Yij1|θj1, ζi) = Φ(aiθj1 − bi). ✭✸✳✸✮

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ s❡❣✉✐♥t❡ ♣r❡ss✉♣♦s✐çã♦✿

θj1 ∼ ◆❆(αθ1 , ψθ1 , λθ1), ✭✸✳✹✮

♦✉ s❡❥❛✱ s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ❝❛♣ít✉❧♦ ✷✱ θj1 s❡❣✉❡ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ♥❛ ♣❛r❛✲

♠❡tr✐③❛çã♦ ❞✐r❡t❛✳ ❙♦❜ ✭✸✳✹✮ ❡ t♦♠❛♥❞♦ αθ1 = 0 ❡ ψθ1 = 1 t❡♠♦s q✉❡ E(θj1|λθ1) = δr = h(λθ1) ❡

V❛r(θj1|λθ1) = 1− r2δ2 = g(λθ1)✳ ❖✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛r ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ♣❛❞rã♦

♥ã♦ ❣❛r❛♥t❡ ❛ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❛ ♠é❞✐❛ ❡ ❛ ✈❛r✐â♥❝✐❛ ❞♦s tr❛ç♦s

❧❛t❡♥t❡s ♥ã♦ ❡stã♦ ✜①❛s✳ ❉❡st❛ ♠❛♥❡✐r❛✱ s❡ ♥ã♦ ❢♦r❡♠ ❢❡✐t❛s r❡str✐çõ❡s ❛♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱

♦ ♠♦❞❡❧♦ ✭✸✳✸✮ ♥ã♦ ❡st❛rá ✐❞❡♥t✐✜❝❛❞♦✳ ■st♦ ❛❝♦♥t❡❝❡ ♣♦rq✉❡✿



✸✵
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

P (Yij1|θj1, ζi) = Φ(ai(θj1 − bi)) = Φ
(ai
α
(αθj1 − αbi)

)
,

= Φ
(ai
α
(αθj1 + β − αbi − β)

)
,

= Φ
(
a∗i (θ

∗
j1 − b∗i )

)
= P (Yij1 = 1|θ∗j1, ζ∗i ), ✭✸✳✺✮

❡♠ q✉❡✱ α, β ∈ R sã♦ ❝♦♥st❛♥t❡s✳ ❉❡st❛ ❢♦r♠❛✱ ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s

♣♦❞❡♠ ❧❡✈❛r ❛ ♠❡s♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✳ ❊♥tr❡t❛♥t♦✱ ❛ss✉♠✐♥❞♦ q✉❡✿

θj1 ∼ ◆❆c(0, 1, γθ1), ✭✸✳✻✮

t❡r❡♠♦s q✉❡ E(θj1|λθ1) = 0 ❡ V❛r(θj1|λθ1) = 1✳ ■st♦ ❣❛r❛♥t❡ ♥ã♦ s♦♠❡♥t❡ q✉❡ ♦ ♠♦❞❡❧♦ ✭✸✳✸✮

❡stá ✐❞❡♥t✐✜❝❛❞♦✱ ♠❛s t❛♠❜é♠ q✉❡ t♦❞❛s ❛s ❡st✐♠❛t✐✈❛s ❡st❛rã♦ ♥❛ ♠étr✐❝❛ (0, 1)✳ ❆ss✐♠✱ ♦

✉s♦ ❞❛ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ❣❛r❛♥t❡ ❛ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ✭✸✳✸✮✳ ◆♦t❡

q✉❡✱ ♥ã♦ é ♠❛✐s ♣♦ssí✈❡❧ ❢❛③❡r tr❛♥s❢♦r♠❛çõ❡s ❝♦♠♦ ❛s q✉❡ ❢♦r❛♠ ❢❡✐t❛s ❡♠ ✭✸✳✺✮✳ P♦rt❛♥t♦✱

é s✉✜❝✐❡♥t❡ ❛ss✉♠✐r ✭✸✳✻✮ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ♦ ♠♦❞❡❧♦ ✭✸✳✸✮ ❝♦♠ ❛ ♣r❡ss✉♣♦s✐çã♦ ❞❡ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✳

◆❛ ♣r❡s❡♥ç❛ ❞❡ K ❣r✉♣♦s✱ ❛❧é♠ ❞❡ ❝♦♥s✐❞❡r❛r ♦ ❡sq✉❡♠❛ ❞❡ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♠ ✐t❡♥s

❝♦♠✉♥s ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❞❡✈❡♠♦s ❛ss✉♠✐r ❛✐♥❞❛ ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s✿

θj1 ∼ ◆❆c(0, 1, γθ1),

θjk ∼ ◆❆c(µθk , σθk , γθk), k = 2, . . . , K, ✭✸✳✼✮

❡♠ q✉❡✱ θj1 r❡♣r❡s❡♥t❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s ❞♦s ✐♥❞✐✈í❞✉♦s ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❆♥❛❧♦❣❛♠❡♥t❡

❛♦ ♠♦❞❡❧♦ ❞❡ ✉♠ ❣r✉♣♦✱ ♥♦t❡ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r tr❛♥s❢♦r♠❛çõ❡s ❞♦ t✐♣♦ ✭✸✳✺✮ ♥♦s

♣❛râ♠❡tr♦s ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❛♠❜é♠ ♥ã♦ s❡rá ♣♦ssí✈❡❧ ❢❛③ê✲❧♦

♥♦s ♣❛râ♠❡tr♦s ❞♦s ❞❡♠❛✐s ❣r✉♣♦s✱ ✉♠❛ ✈❡③ q✉❡✱ ❛ ❡s❝❛❧❛ ❞❡ss❡s ❡st❛rá ❧✐❣❛❞❛ ❛tr❛✈és ❞♦s

✐t❡♥s ❝♦♠✉♥s✳ ■ss♦ ❣❛r❛♥t❡ q✉❡ ♦ ♠♦❞❡❧♦ ✭✸✳✶✮ ❡stá ✐❞❡♥t✐✜❝❛❞♦ ❡ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❞♦s s❡✉s

♣❛râ♠❡tr♦s ❡st❛rã♦ ♥❛ ♠étr✐❝❛ (0, 1)✳



✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✸✶

✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈

❆ ✐♥❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛ é ❜❛s❡❛❞❛ ♥❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❞♦s ♣❛râ♠❡tr♦s✱ q✉❡ é ♣r♦✲

♣♦r❝✐♦♥❛❧ ❛♦ ♣r♦❞✉t♦ ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦s ♠♦❞❡❧♦s ❞❡

r❡s♣♦st❛ ❛♦ ✐t❡♠✱ ❣❡r❛❧♠❡♥t❡✱ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❛s ❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡✲

r✐♦r✐ ❞❡ ✐♥t❡r❡ss❡✳ ❊♥tr❡t❛♥t♦✱ ♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈ ❢♦r♥❡❝❡♠ ❛♣r♦①✐♠❛çõ❡s ❡♠♣ír✐❝❛s ❞❡ss❛s

❞✐str✐❜✉✐çõ❡s✱ s♦❜ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✳ ❉✐s❝✉ssõ❡s ❞❡t❛❧❤❛❞❛s ❞❡ss❡s ♠ét♦❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥✲

tr❛❞❛s ❡♠ ●❛♠❡r♠❛♥ ❛♥❞ ▲♦♣❡s ✭✷✵✵✻✮✱ ●❡❧♠❛♥ ❡t✳❛❧ ✭✷✵✵✹✮ ❡ ❘♦❜❡rt ❛♥❞ ❈❛s❡❧❧❛ ✭✷✵✵✺✮✳

❉❡ ♠♦❞♦ ❛ ❢❛❝✐❧✐t❛r ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈✱ ✉t✐❧✐③❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ♦

❡sq✉❡♠❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s✱ ✈❡❥❛ ❚❛♥♥❡r ❛♥❞ ❲♦♥❣ ✭✶✾✽✼✮✳ ❊st❛ ❡str✉t✉r❛ ♣❡r♠✐t❡ ♦❜t❡r

❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s ❝♦♠ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ♠❛✐s s✐♠♣❧❡s❀ ✈✐❞❡ ❆❧❜❡rt ✭✶✾✾✷✮✳

❆❧é♠ ❞✐ss♦✱ ❛♦ s❡ ❝♦♥s✐❞❡r❛r ✉♠ ❡sq✉❡♠❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s✱ ✐♥tr♦❞✉③✐♠♦s ✉♠ ♠♦❞❡❧♦ ♠❛✐s

❣❡r❛❧✳ ❯♠❛ ♦✉tr❛ ✈❛♥t❛❣❡♠ é q✉❡✱ ❡st❛ ❛❜♦r❞❛❣❡♠ ♣❡r♠✐t❡ ❝♦♥str✉✐r ♠❡❝❛♥✐s♠♦s ♣❛r❛ ✈❡r✐✲

✜❝❛çã♦ ❞❡ q✉❛❧✐❞❛❞❡ ❞❡ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ♠♦❞♦ ♠❛✐s ❞✐r❡t♦✱ ✈❡❥❛ ❋♦① ✭✷✵✵✶✮✳ ❉❡♥♦t❛♥❞♦

♣♦r Zijk ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s✱ t❡♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ✭✸✳✶✮ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

Yijk = 1❧(Zijk≥0) ❡♠ q✉❡✱ Zijk ∼ N(aiθjk − bi, 1).

P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡✱

Zijk|(θjk, ζi, yijk) =
{
N(aiθjk − bi, 1)1❧(Zijk≥0), s❡ Yijk = 1,

N(aiθjk − bi, 1)1❧(Zijk<0), s❡ Yijk = 0,
✭✸✳✽✮

❚❛♠❜é♠ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ Yijk = 1❧(Zijk≥0) é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♠♦❞❡❧♦ ✭✸✳✶✮✳ ❉❡ss❛

❢♦r♠❛✱ ❛s ✈❡r♦ss✐♠✐❧❤❛♥ç❛s ❞♦s ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ❝♦♥❞✐❝✐♦♥❛❞♦ ❛♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s ❡ ❛q✉❡❧❛

♦r✐✉♥❞❛ s♦♠❡♥t❡ ❞♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

P❛r❛ ❞❡s❝r❡✈❡r ❛s ♣♦ssí✈❡✐s ♦♠✐ssõ❡s ❞❡ ❞❛❞♦s ❣❡r❛❞❛s ♣♦r ❡✈❡♥t♦s ♥ã♦ ❝♦♥tr♦❧❛❞♦s✱ t❛✐s

❝♦♠♦✱ ♥ã♦✲r❡s♣♦st❛ ♦✉ ❡rr♦s ❞❡ ❝♦❞✐✜❝❛çã♦✱ ❞❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ✐♥❞✐❝❛✲

❞♦r❛s

Vijk =

{
1, s❡ ♣❛r❛ ♦ ✐t❡♠ i ❢♦✐ ♦❜s❡r✈❛❞❛ r❡s♣♦st❛ ❞♦ ✐♥❞✐✈í❞✉♦ j ❞♦ ❣r✉♣♦ k✱

0, ❝❛s♦ ❝♦♥trár✐♦✳
✭✸✳✾✮

❆ss✉♠✐r❡♠♦s q✉❡ ♦s ❞❛❞♦s ♦♠✐ss♦s sã♦ ❣❡r❛❞♦s ♣♦r ♠❡❝❛♥✐s♠♦s ♥ã♦ ✐♥❢♦r♠❛t✐✈♦s ▼❆❘✱ ✈❡❥❛

▲✐tt❧❡ ❛♥❞ ❘✉❜✐♥ ✭✷✵✵✷✮✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r às ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s✱ ❛s ✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s ❞❡

r❡s♣♦st❛ sã♦ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tr❡ ✐♥❞✐✈í❞✉♦s✱ ✐t❡♥s ❡ ♣♦♣✉❧❛çõ❡s✱ ❞❛❞♦ ✉♠



✸✷
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s δ q✉❡ ♥ã♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ (θ.., ζ,ηθ)✳ ❉❡st❛ ❢♦r♠❛ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛

❛✉♠❡♥t❛❞❛ é ❞❛❞❛ ♣♦r✿

L(θ.., ζ,ηθ, δ|z...,y...,υ...) ∝ p(z...|y...,υ...,θ.., ζ,ηθ, δ)p(υ...|θ.., ζ, δ)
= p(z...|y...,θ.., ζ)p(υ...|δ)
∝ p(z...|y...,θ.., ζ) ✭✸✳✶✵✮

∝
K∏

k=1

nk∏

j=1

∏

i∈Ijk

exp
{
−0, 5(zijk − aiθjk + bi)

2
}
1❧(Zijk,yijk),✭✸✳✶✶✮

❡♠ q✉❡✱ Ijk é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐t❡♥s ❛♣r❡s❡♥t❛❞♦s ❛♦ ✐♥❞✐✈í❞✉♦ j ❞♦ ❣r✉♣♦ k ❡ 1❧(Zijk,yijk) r❡♣r❡s❡♥t❛

❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ 1❧(Zijk<0,yijk=0) + 1❧(Zijk≥0,yijk=1)✳ ◆♦t❡ q✉❡ ✭✸✳✶✵✮ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❛s

✈❛r✐á✈❡✐s ✐♥❞✐❝❛❞♦r❛s sã♦ r❡❣✐❞❛s ♣♦r ✉♠ ♣r♦❝❡ss♦ ▼❆❘ ❡ ✭✸✳✶✶✮ s❡❣✉❡ ❞❡ ✭✸✳✽✮✳

◆❛s ♣ró①✐♠❛s s✉❜s❡çõ❡s ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ▼❈▼❈✳ ◆♦ ♣r✐♠❡✐r♦✱ ✉t✐❧✐③❛r❡♠♦s

❛ ❞❡♥s✐❞❛❞❡ ✭✷✳✹✮ ♣❛r❛ q✉❛♥t✐✜❝❛r ♥♦ss❛ ✐♥❝❡rt❡③❛ ❛ ♣r✐♦r✐ ❛ r❡s♣❡✐t♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ◆♦

s❡❣✉♥❞♦✱ ❢❛r❡♠♦s ♦ ♠❡s♠♦✱ ♠❛s ❞❡ss❛ ✈❡③ ✉t✐❧✐③❛r❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❡st♦❝ást✐❝❛ ❞❛ ♥♦r♠❛❧

❛ss✐♠étr✐❝❛✳

✸✳✸✳✶ ▼❈▼❈ ✉s❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ♦r✐❣✐♥❛❧ ❞❛ ◆♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥✲

tr❛❧✐③❛❞❛

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❞✐s❝✉t✐r ❛ ❡s❝♦❧❤❛ ❞❡ ♣r✐♦r✐s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s✳ ◆♦ss❛s ❡s❝♦❧❤❛s s❡rã♦

❜❛s❡❛❞❛s ♥❛ ♦❜t❡♥çã♦ ❞❡ ♣♦st❡r✐♦r✐s ♣ró♣r✐❛s ❡ t❛♠❜é♠ ♥❛ ♣❡rt✐♥ê♥❝✐❛ à ❢❛♠í❧✐❛ ❞❡ ♠♦❞❡❧♦s ❞❡

❝♦♥❥✉❣❛çã♦ ❝♦♥❞✐❝✐♦♥❛❧✱ ●❡❧♠❛♥ ✭✷✵✵✻✮✳ ❆ss✉♠✐r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❣❡r❛❧ ❞❛ ♣r✐♦r✐ ❝♦♥❥✉♥t❛

❞♦s ♣❛râ♠❡tr♦s✿

p(θ.., ζ,ηθ|ηζ,ηη) =

{
K∏

k=1

nk∏

j=1

p(θjk|ηθk)
}{

I∏

i=1

p(ζi|ηζ)

}{
K∏

k=1

p(ηθk |ηη)

}
, ✭✸✳✶✷✮

❡♠ q✉❡✱ ηζ ❡ ηη sã♦ ❤✐♣❡r♣❛râ♠❡tr♦s ❝♦♥✈❡♥✐❡♥t❡s ❛ss♦❝✐❛❞♦s à ζ ❡ ηθ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊s✲

t❛♠♦s✱ t❛♠❜é♠✱ ❛❞♠✐t✐♥❞♦ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❛ ♣r✐♦r✐ ❡♥tr❡ ♦s ✐t❡♥s ❡ ♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐❢❡r❡♥t❡s

♣♦♣✉❧❛çõ❡s✱ ♦ q✉❡ ❢❛③ s❡♥t✐❞♦ ♥❛ ♣rát✐❝❛✳

❆ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s é ❞❛❞❛ ♣♦r ✭✷✳✹✮✳ ❖✉ s❡❥❛✱

p(θjk) ∝ ω−1
θk
φ
(
ω−1
θk
(θjk − ξθk)

)
Φ
[
λθk(ω

−1
θk
(θjk − ξθk))

]
, ✭✸✳✶✸✮



✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✸✸

❡♠ q✉❡✱

ξθk = µθk − σθkγ
1/3
θk
s,

ωθk = σθk

√
1 + γ

2/3
θk
s2,

λθk =
γ
1/3
θk
s√

r2 + s2γ
2/3
θk

(r2 − 1)

s = (
2

4− π
)1/3.

P❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱ ✉♠❛ ❡s❝♦❧❤❛ r❛③♦á✈❡❧ é ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♠✉❧t✐✈❛r✐❛❞❛

✭❝♦♠ ai > 0✮✱ ✈❡❥❛ ❆③❡✈❡❞♦ ✭✷✵✵✽✮✳ ❖✉ s❡❥❛✱

p(ζi) ∝ exp
[
−0, 5(ζi − µζ)

⊤Ψζ
−1(ζi − µζ)

]
1❧(ai>0). ✭✸✳✶✹✮

P❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♣r✐♦r✐s✳ Pr✐♠❡✐r♦ s❡✲

❣✉✐r❡♠♦s ✉t✐❧✐③❛♥❞♦ ❛ ♠❡s♠❛ ♣r✐♦r✐ ❝♦♥s✐❞❡r❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷ q✉❡ é ❞❛❞❛ ♣♦r✿

p(ξθk , ωθk , λθk) = p(ξθk , ωθk)p(λθk) ∝
1

ωθk

(
1 +

λ2θk
dϕ2

)− d+1
2

, ✭✸✳✶✺✮

❡♠ q✉❡✱

p(ξθk , ωθk) ∝ 1

ωθk
, ✭✸✳✶✻✮

p(λθk) ∝
(
1 +

λ2θk
dϕ2

)− d+1
2

. ✭✸✳✶✼✮

❆ ♣❛rt✐r ❞❡ ✭✸✳✶✺✮ ♣♦❞❡♠♦s ♦❜t❡r ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ✭❢❛③❡♥❞♦✱ d = 1
2
❡

ϕ2 = π2

4
✮ ❡ ❛ ♣r✐♦r✐ ✐♥❞✉③✐❞❛ ♣♦r δθk ∼ U(−1, 1) ✭❢❛③❡♥❞♦✱ d = 2 ❡ ϕ2 = 1

2
✮✱ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦

♥❛ s❡çã♦ ✷✳✸✳✷ ❞♦ ❈❛♣ít✉❧♦ ✷✳ ❆ s❡❣✉♥❞❛ ❡s❝♦❧❤❛ é ❜❛s❡❛❞❛ ♥❛ s❡❣✉✐♥t❡ ♣r✐♦r✐ ❝♦♥❥✉♥t❛✿

p(ξθk , ωθk , λθk) = p(ξθk)p(ωθk)p(λθk), ✭✸✳✶✽✮



✸✹
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

❝♦♥s✐❞❡r❛♥❞♦✱

ξθk ∼ N(µξθ , σ
2
ξθ
), ✭✸✳✶✾✮

ω2
θk

∼ ●❛♠❛✲■♥✈✳(αωθ
, βωθ

), ✭✸✳✷✵✮

λθk ∼ N(µλθ , σ
2
λθ
). ✭✸✳✷✶✮

❉❡st❛ ❢♦r♠❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❛✉♠❡♥t❛❞❛ ✭✸✳✶✶✮ ❡ ❛s ♣r✐♦r✐s ✭✸✳✶✹✮ ❡ ✭✸✳✶✺✮✱

t❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❞❡ (Z...,θ.., ζ,ηθ) é ❞❛❞❛ ♣♦r✿

p(Z...,θ.., ζ,ηθ|y...,ηζ,ηη) ∝ p(Z...|θ.., ζ,y...)p(θ..|ηθ)p(ζ|ηζ)p(ηθ|ηη)

=





K∏

k=1

nk∏

j=1

∏

i∈Ijk

p(zijk|θjk, ζi, yijk)





{
K∏

k=1

nk∏

j=1

p(θjk|ηθk)
}{

I∏

i=1

p(ζi)

}

×
{

K∏

k=1

p(ξθk , ωθk , λθk)

}

∝





K∏

k=1

nk∏

j=1

∏

i∈Ijk

exp
{
−0, 5(zijk − aiθjk + bi)

2
}
1❧(Zijk,yijk)





×
{

K∏

k=1

ω−nk

θk

nk∏

j=1

φ

(
θjk − ξθk
ωθk

)
Φ

[(
θjk − ξθk
ωθk

)]}

×
{

I∏

i=1

exp
[
−0, 5(ζi − µζ)

⊤Ψζ
−1(ζi − µζ)

]
1❧(ai>0)

}

×





K∏

k=1

1

ωθk

(
1 +

λ2θk
dϕ2

)− d+1
2



 . ✭✸✳✷✷✮



✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✸✺

❙❡ ❛♦ ✐♥✈és ❞❛ ♣r✐♦r✐ ✭✸✳✶✺✮✱ ❝♦♥s✐❞❡r❛r♠♦s ❛s ♣r✐♦r✐s ✭✸✳✶✾✮✱ ✭✸✳✷✵✮ ❡ ✭✸✳✷✶✮ ♦❜t❡r❡♠♦s ❛

s❡❣✉✐♥t❡ ♣♦st❡r✐♦r✐✿

p(Z...,θ.., ζ,ηθ|y...,ηζ,ηη) ∝ p(Z...|θ.., ζ,y...)p(θ..|ηθ)p(ζ|ηζ)p(ηθ|ηη)

=





K∏

k=1

nk∏

j=1

∏

i∈Ijk

p(zijk|θjk, ζi, yijk)





{
K∏

k=1

nk∏

j=1

p(θjk|ηθk)
}{

I∏

i=1

p(ζi)

}

×
{

K∏

k=1

p(ξθk , ωθk , λθk)

}

∝





K∏

k=1

nk∏

j=1

∏

i∈Ijk

exp
{
−0, 5(zijk − aiθjk + bi)

2
}
1❧(Zijk,yijk)





×
{

K∏

k=1

ω−nk

θk

nk∏

j=1

φ

(
θjk − ξθk
ωθk

)
Φ

[(
θjk − ξθk
ωθk

)]}

×
{

I∏

i=1

exp
[
−0, 5(ζi − µζ)

⊤Ψζ
−1(ζi − µζ)

]
1❧(ai>0)

}

×
{

K∏

k=1

exp

{
− 1

2σ2
ξθ

(ξθk − µξθ)
2

}}{
K∏

k=1

(ω2
θk
)−αωθ

−1 exp(−βωθ

1

ω2
θk

)

}

×
{

K∏

k=1

exp

{
− 1

2σ2
λθ

(λθk − µλθ)
2

}}
. ✭✸✳✷✸✮

P♦❞❡♠♦s ✈❡r q✉❡✱ ❛s ❞✐str✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐ ✭✸✳✷✷✮ ❡ ✭✸✳✷✸✮ tê♠ ❢♦r♠❛s ✐♥tr❛tá✈❡✐s✱ ♦

q✉❡ ❥✉st✐✜❝❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ♣❛r❛ ♦❜t❡r ❛♠♦str❛s ❞❡ss❛s✳ ❉❡✈✐❞♦ ❛♦ ❡s✲

q✉❡♠❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s✱ ❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s

❡ ❞♦s ❞❛❞♦s ❛✉♠❡♥t❛❞♦s tê♠ ❢♦r♠❛s ❝♦♥❤❡❝✐❞❛s ❡ ❞❡ ❢á❝✐❧ ❛♠♦str❛❣❡♠✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❛ ♦s

tr❛ç♦s ❧❛t❡♥t❡s ❡ ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❡ss❛s ❞✐str✐❜✉✐çõ❡s ♥ã♦ ♣♦ss✉❡♠ ❢♦r♠❛s ❝♦♥❤❡❝✐❞❛s✳

P♦r ❝♦♥t❛ ❞✐ss♦✱ ♥ã♦ ♣♦❞❡r❡♠♦s ✉t✐❧✐③❛r ♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠♣❧❡t♦✳ P❛r❛ ❝♦♥t♦r♥❛r

❡ss❡ ♣r♦❜❧❡♠❛✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❞❡♥tr♦ ❞♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s

✭▼❍●❙✮✶✱ ✈❡❥❛ P❛t③ ❛♥❞ ❏✉♥❦❡r ✭✶✾✾✾❛✱❜✮✳ ❊♥tr❡t❛♥t♦✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ss❛ ❛❜♦r❞❛❣❡♠✱ ❡st❛✲

♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛q✉✐ ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ❛♦ ✐♥✈és ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♦r✐❣✐♥❛❧✳

P♦rt❛♥t♦✱ ✉t✐❧✐③❛r❡♠♦s ♦ q✉❡ ❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✵✮ ❝❤❛♠❛r❛♠ ❞❡ ❛❧❣♦r✐t♠♦ ✭❆❉▼❍●❙✮✷✳

P❛r❛ r❡❛❧✐③❛r ♦s ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ❞❡♥s✐❞❛❞❡s ♣r♦♣♦st❛✱

✈❡❥❛ ●❡❧♠❛♥ ✭✷✵✵✹✮✱ t❛♥t♦ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ q✉❛♥t♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✳

✶❙✐❣❧❛ ❞♦ ✐♥❣❧ês✿ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ✇✐t❤✐♥ ●✐❜❜s s❛♠♣❧✐♥❣
✷❙✐❣❧❛ ❞♦ ✐♥❣❧ês✿ ❆✉❣♠❡♥t❡❞ ❞❛t❛ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ✇✐t❤✐♥ ●✐❜❜s s❛♠♣❧✐♥❣



✸✻
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

P❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ✉t✐❧✐③❛r❡♠♦s

Jt(θ
(∗)
jk |θ

(t−1)
jk ) = N(θ

(t−1)
jk , σ2

θ), ✭✸✳✷✹✮

❡♠ q✉❡✱ Jt(.) ❞❡♥♦t❛ ❛ ❞❡♥s✐❞❛❞❡ ♣r♦♣♦st❛ ✭♦✉ ❞❡♥s✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦✮ ♥♦ ♣❛ss♦ t✳ P❛r❛ ♦s

♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ ✉t✐❧✐③❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡♥s✐❞❛❞❡s ♣r♦♣♦st❛s✿

Jt(ξ
(∗)
k |ξ(t−1)

k ) = N(ξ
(t−1)
k , σ2

0), ✭✸✳✷✺✮

Jt(ω
(∗)
k |ω(t−1)

k ) = ▲♦❣✲◆♦r♠❛❧(ω(t−1)
k , σ2

0), ✭✸✳✷✻✮

Jt(λ
(∗)
k |λ(t−1)

k ) = N(λ
(t−1)
k , σ2

0). ✭✸✳✷✼✮

❉❡♥♦t❛♥❞♦ ♣♦r (.) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♦✉tr♦s ♣❛râ♠❡tr♦s✱ t❡♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✭❆❉▼❍●❙✮

♣r♦♣♦st♦✱ ♣❛r❛ t = 1, 2, . . . , B, . . . ,M ✱ ♦♥❞❡ B é ♦ ❜✉r♥✲✐♥ ❡M é ♦ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ❣❡r❛❞♦❀

s✐♠✉❧❛ ✐t❡r❛t✐✈❛♠❡♥t❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡s❝♦♥❤❡❝✐❞❛s ♥❛ s❡❣✉✐♥t❡ ♦r❞❡♠✿

• ■♥✐❝✐❡ ♦ ❛❧❣♦r✐t♠♦ ❡s❝♦❧❤❡♥❞♦ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❝♦♥✈❡♥✐❡♥t❡s❀

• ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s Zijk ❞❡ Zijk|(.)✱ k = 1, . . . , K✱ j = 1, . . . , nk ❡ i ∈ Ijk❀

• ❙✐♠✉❧❡ θjk ❞❡ θjk|(.)✱ k = 1, . . . , K ❡ j = 1, . . . , nk❀

• ❙✐♠✉❧❡ ζi ❞❡ ζi|(.)✱ i ∈ Ijk❀

• ❙✐♠✉❧❡ ξθk ❞❡ ξθk |(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ ωθk ❞❡ ωθk |(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ λθk ❞❡ λθk |(.)✱ k = 1, . . . , K✳

❯♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡ss❡s ❛❧❣♦r✐t♠♦s ♣♦❞❡ s❡r ✈✐st❛ ♥♦ ❆♣ê♥❞✐❝❡ ❆✳✶✳

✸✳✸✳✷ ▼❈▼❈ s♦❜ ✉♠❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛

❯♠❛ ♦✉tr❛ ♦♣çã♦ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ▼❈▼❈✱ s❡r✐❛ ❢❛③ê✲❧♦ ✉t✐❧✐③❛♥❞♦ r❡♣r❡✲

s❡♥t❛çõ❡s ❡st♦❝ást✐❝❛ ❞❛s ❞❡♥s✐❞❛❞❡s ❛ ♣r✐♦r✐ ✈✐s❛♥❞♦ r❡❞✉③✐r✱ ♦✉ ❛té ♠❡s♠♦✱ ❡❧✐♠✐♥❛r ♦s ♣❛ss♦s

❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❞❡♥tr♦ ❞♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s✳ ❖ ♥ú♠❡r♦ ❞❡ ❞❡♥s✐❞❛❞❡s ♣r♦♣♦st❛ ✉s❛✲

❞❛s ♥♦s ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ♣♦❞❡ s❡r ✉♠❛ ♣r♦❜❧❡♠❛ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱

✈✐❞❡ P❛t③ ❛♥❞ ❏✉♥❦❡r ✭✶✾✾✾✮✱ ♣♦rt❛♥t♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♦❜t❡r t♦❞❛s ❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦✲

♥❛✐s ❝♦♠♣❧❡t❛s ❝♦♠ ❢♦r♠❛s ❝♦♥❤❡❝✐❞❛s✳ ■ss♦ ♣♦ss✐❜✐❧✐t❛rá ❛ ✉t✐❧✐③❛çã♦ ❞♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s



✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✸✼

❝♦♠♣❧❡t♦✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳

❈♦♠♦ ✈✐♠♦s✱ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ ❝♦♠♦ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s ✉♠❛

◆❆c(µθk , σ
2
θk
, γθk)✱ ✈✐❞❡ ❡q✉❛çã♦ ✭✸✳✷✮✳ ❯t✐❧✐③❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❡st♦❝ást✐❝❛ ❞❡ ❍❡♥③❡ ✭✶✾✽✻✮✱

t❡♠♦s q✉❡

θjk = ξθk + ωθk

(
δθkHjk +

√
1− δ2θkQjk

)
, ✭✸✳✷✽✮

❡♠ q✉❡✱ Hjk ∼ ❍◆(0, 1)✱ Qjk ∼ N(0, 1)✱ Hjk⊥Zjk✱ ∀j, k✳ P♦❞❡♠♦s ❛✐♥❞❛ r❡❡s❝r❡✈❡r ✭✸✳✷✽✮ ❞❡

❢♦r♠❛ ❤✐❡rárq✉✐❝❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱

θjk|(hjk,ηθk) ∼ N(ξθk + τθkhjk, ς
2
θk
), ✭✸✳✷✾✮

Hjk ∼ ❍◆(0, 1), ✭✸✳✸✵✮

❡♠ q✉❡✱

τθk = ωθkδθk ,

ς2θk = ω2
θk
(1− δ2θk).

◆♦t❡ q✉❡✱ τθk ❡ ςθk sã♦ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❢❡✐t❛ ❞❡ ♠♦❞♦ ❛ ❢❛❝✐❧✐t❛r ♦ tr❛❜❛❧❤♦ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧✱ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ✈✐❞❡ ❡q✉❛çã♦ ✭✷✳✶✼✮✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ ♣r✐♦r✐ ✭✸✳✶✼✮ ♣♦❞❡

s❡r r❡❡s❝r✐t❛ ❞❡ ♠❛♥❡✐r❛ ❤✐❡rárq✉✐❝❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱

λθk |tk ∼ N(0,
ϕ2

tk
), ✭✸✳✸✶✮

Tk ∼ ●❛♠❛(
d

2
,
d

2
). ✭✸✳✸✷✮

▲♦❣♦✱ ❛ ♣r✐♦r✐ ✭✸✳✶✺✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❝♦♠♦✱

p(λθk , ξθk , ωθk , tk) ∝
1

ωθk
exp

(
−1

2

λ2θktk

ϕ2

)
t
d+1
2

−1

k exp

(
−d
2
tk

)
. ✭✸✳✸✸✮

❈♦♥s✐❞❡r❛♥❞♦ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ t❡r❡♠♦s✱



✸✽
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

p(ξθk , τθk , ςθk , tk) ∝
1

ωθk
exp

(
−1

2

τ 2θktk

ς2θkϕ
2

)
t
d+1
2

−1

k exp

(
−d
2
tk

)
. ✭✸✳✸✹✮

❆ ❡q✉❛çã♦ ✭✸✳✸✹✮ é ✉♠❛ ♣r✐♦r✐ ❝♦♥❥✉♥t❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s (ξθk , τθk , ςθk) ❡ ✈❛r✐✲

á✈❡✐s ❧❛t❡♥t❡s Tk✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✾✮ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ❞❡

r❡❣r❡ssã♦ ❝♦♠ ✈❛r✐á✈❡❧ r❡s♣♦st❛ θjk✱ ✐♥t❡r❝❡♣t♦ ξθk ❡ ✐♥❝❧✐♥❛çã♦ τθk ✳ P♦rt❛♥t♦✱ ❛♥❛❧♦❣❛♠❡♥t❡

❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱ ♣♦❞❡rí❛♠♦s ✉t✐❧✐③❛r✱ t❛♠❜é♠✱ ✉♠❛ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ❜✐✈❛r✐❛❞❛ ❝♦♠♦ ♣r✐♦r✐ ♣❛r❛ ♦ ✈❡t♦r (ξθk , τθk)
⊤✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r βθk ✱ ❡ ✉♠❛ ♣r✐♦r✐

●❛♠❛✲■♥✈❡rs❛ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ✈❛r✐â♥❝✐❛ ς2θk ✳ ❖✉ s❡❥❛✱

βθk ∼ N (µθ,Σθ) , ✭✸✳✸✺✮

ς2θk ∼ ●❛♠❛✲■♥✈✳(αςθ , βςθ), ✭✸✳✸✻✮

❡♠ q✉❡✱

βθk =

(
ξθk
τθk

)
✱ µθ =

(
µξθ
µτθ

)
❡ Σθ =

(
σ2
ξθ

ρσ2
ξθ
σ2
τθ

ρσ2
ξθ
σ2
τθ

σ2
τθ

)
.

❆ss✉♠✐r❡♠♦s✱ ❛❣♦r❛✱ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❣❡r❛❧ ♣❛r❛ ♣r✐♦r✐ ❝♦♥❥✉♥t❛ ❞♦s ♣❛râ♠❡tr♦s✱

p(θ..,h.., ζ,ηθ, t.|ηζ,ηη) =

{
K∏

k=1

nk∏

j=1

p(θjk|ηθk)
}{

K∏

k=1

nk∏

j=1

p(hjk)

}{
I∏

i=1

p(ζi|ηζ)

}

×
{

K∏

k=1

p(ηθk |ηη)

}{
K∏

k=1

p(tk)

}
, ✭✸✳✸✼✮

❡♠ q✉❡✱ h.. = (h1., . . . ,hnk.)
⊤ ❡ t. = (t1, . . . , tK)

⊤✳ ❆s ❞✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥✲
t❡s ❡ ✈❛r✐á✈❡✐s h sã♦ ❞❛❞❛s ♣♦r ✭✸✳✷✾✮ ❡ ✭✸✳✸✵✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱
❝♦♥t✐♥✉❛r❡♠♦s ✉t✐❧✐③❛♥❞♦ ❛ ♣r✐♦r✐ ✭✸✳✶✹✮✳ ❏á ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r
❛ ♣r✐♦r✐ ❝♦♥❥✉♥t❛ ✭✸✳✸✹✮ ♦✉ ❛s ♣r✐♦r✐s ✭✸✳✸✺✮ ❡ ✭✸✳✸✻✮✳ ❈♦♥s✐❞❡r❛♥❞♦✱ ❡♥tã♦✱ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛
❛✉♠❡♥t❛❞❛ ✭✸✳✶✶✮ ❡ ❛ ♣r✐♦r✐ ✭✸✳✸✼✮✱ t❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❞❡ (Z...,θ..,h.., ζ,ηθ, t.)



✸✳✸ ❊st✐♠❛çã♦ ❜❛②❡s✐❛♥❛ ❡ ❛❧❣♦r✐t♠♦s ▼❈▼❈ ✸✾

é ❞❛❞❛ ♣♦r✿

p(θ..,h.., ζ,ηθ, t.|y...,ηζ ,ηη) ∝ p(Z...|θ.., ζ,y...)p(θ..|h..,ηθ)p(ζ|ηζ)p(ηθ|t.,ηη)p(t.)

=





K∏

k=1

nk∏

j=1

∏

i∈Ijk

p(zijk|θjk, ζi, yijk)









K∏

k=1

nk∏

j=1

p(θjk|hjk,ηθk
)





×





K∏

k=1

nk∏

j=1

p(hjk)





{
I∏

i=1

p(ζi)

}{
K∏

k=1

p(ηθk |ηηk
)

}{
K∏

k=1

p(tk)

}

∝





K∏

k=1

nk∏

j=1

∏

i∈Ijk

exp
{
−0, 5(zijk − aiθjk + bi)

2
}
1❧(Zijk,yijk)





×





K∏

k=1

ς
−

nk
2

θk

nk∏

j=1

exp

{
− 1

2ς2θk
[θjk − ξθk − τθkhjk]

2

}


×





K∏

k=1

nk∏

j=1

exp

(
−1

2
h2jk

)
1❧(hjk>0)





×
{

I∏

i=1

exp
[
−0, 5(ζi − µζ)

⊤Ψζ
−1(ζi − µζ)

]
1❧(ai>0)

}

×
{

K∏

k=1

1

ς2θk
exp

(
−1

2

τ2θktk

ς2θkϕ
2

)
t
d+1

2
−1

k exp

(
−d
2
tk

)}
, ✭✸✳✸✽✮

s❡ ✉t✐❧✐③❛r♠♦s ❛ ♣r✐♦r✐ ✭✸✳✸✹✮✱ ♦✉

p(θ..,h.., ζ,ηθ|y...,ηζ ,ηη) ∝ p(Z...|θ.., ζ,y...)p(θ..|h..,ηθ)p(ζ|ηζ)p(ηθ|ηη)

=





K∏

k=1

nk∏

j=1

∏

i∈Ijk

p(zijk|θjk, ζi, yijk)









K∏

k=1

nk∏

j=1

p(θjk|hjk,ηθk
)





×





K∏

k=1

nk∏

j=1

p(hjk)





{
I∏

i=1

p(ζi)

}{
K∏

k=1

p(ηθk |ηηk
)

}{
K∏

k=1

p(tk)

}

∝





K∏

k=1

nk∏

j=1

∏

i∈Ijk

exp
{
−0, 5(zijk − aiθjk + bi)

2
}
1❧(Zijk,yijk)





×





K∏

k=1

ς
−

nk
2

θk

nk∏

j=1

exp

{
− 1

2ς2θk
[θjk − ξθk − τθkhjk]

2

}


×





K∏

k=1

nk∏

j=1

exp

(
−1

2
h2jk

)
1❧(hjk>0)





×
{

I∏

i=1

exp
[
−0, 5(ζi − µζ)

⊤Ψζ
−1(ζi − µζ)

]
1❧(ai>0)

}

×
{
exp

{
−1

2
(βθ − µθ)

⊤
Σ−1

θ (βθ − µθ)

}}

×
{
(ς2θk)

−(αςθ
+1) exp

(
−βςθ
ς2θk

)}
, ✭✸✳✸✾✮



✹✵
▼♦❞❡❧♦ ❞❡ ●r✉♣♦s ▼ú❧t✐♣❧♦s ❝♦♠ ❉✐str✐❜✉✐çõ❡s ◆♦r♠❛✐s ❆ss✐♠étr✐❝❛s

❈❡♥tr❛❧✐③❛❞❛s

s❡ ✉t✐❧✐③❛r♠♦s ❛s ♣r✐♦r✐s ✭✸✳✸✺✮ ❡ ✭✸✳✸✻✮✳ ❆ ♣❛rt✐r ❞❛s ♣♦st❡r✐♦r✐s ✭✸✳✸✽✮ ❡ ✭✸✳✸✾✮ ♦❜t❡♠♦s t♦❞❛s

❛s ❞✐str✐❜✉✐çõ❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s ❝♦♠ ❢♦r♠❛s ❝♦♥❤❡❝✐❞❛s✱ ✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳✷✳ P♦rt❛♥t♦✱

♣♦❞❡♠♦s ❛❣♦r❛ ✉t✐❧✐③❛r ♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠♣❧❡t♦✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞♦s ♣❛ss♦s ❞❡

▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s✳ ❉❡♥♦t❛r❡♠♦s ❡ss❡ s❡❣✉♥❞♦ ❛❧❣♦r✐t♠♦ ♣♦r ❆❉●❙✸✳ ❖ ❛❧❣♦r✐t♠♦ ❆❉●❙

♣♦❞❡ s❡r ❡①❡❝✉t❛❞♦ ♥❛ s❡❣✉✐♥t❡ ♦r❞❡♠✿

• ■♥✐❝✐❡ ♦ ❛❧❣♦r✐t♠♦ ❡s❝♦❧❤❡♥❞♦ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❝♦♥✈❡♥✐❡♥t❡s❀

• ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s Zijk ❞❡ Zijk|(.)✱ k = 1, . . . , K✱ j = 1, . . . , nk ❡ i ∈ Ijk❀

• ❙✐♠✉❧❡ hjk ❞❡ Hjk|(.)✱ k = 1, . . . , K ❡ j = 1, . . . , nk❀

• ❙✐♠✉❧❡ θjk ❞❡ θjk|(.)✱ k = 1, . . . , K ❡ j = 1, . . . , nk❀

• ❙✐♠✉❧❡ ζi ❞❡ ζi|(.)✱ i ∈ Ijk❀

• ❙✐♠✉❧❡ tk ❞❡ Tk|(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ ξθk ❞❡ ξθk |(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ τθk ❞❡ τθk |(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ ς2θk ❞❡ ς2θk |(.)✱ k = 1, . . . , K❀

s❡ ✉t✐❧✐③❛r♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ✭✸✳✸✽✮✳ ❏á s❡ ✉t✐❧✐③❛r♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐

✭✸✳✸✾✮✱ ❞❡✈❡♠♦s s❡❣✉✐r ♦s s❡❣✉✐♥t❡s ♣❛ss♦s✿

• ■♥✐❝✐❡ ♦ ❛❧❣♦r✐t♠♦ ❡s❝♦❧❤❡♥❞♦ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❝♦♥✈❡♥✐❡♥t❡s❀

• ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s Zijk ❞❡ Zijk|(.)✱ k = 1, . . . , K✱ j = 1, . . . , nk ❡ i ∈ Ijk❀

• ❙✐♠✉❧❡ hjk ❞❡ Hjk|(.)✱ k = 1, . . . , K ❡ j = 1, . . . , nk❀

• ❙✐♠✉❧❡ θjk ❞❡ θjk|(.)✱ k = 1, . . . , K ❡ j = 1, . . . , nk❀

• ❙✐♠✉❧❡ ζi ❞❡ ζi|(.)✱ i ∈ Ijk❀

• ❙✐♠✉❧❡ βθk ❞❡ βθk |(.)✱ k = 1, . . . , K❀

• ❙✐♠✉❧❡ ς2θk ❞❡ ς2θk |(.)✱ k = 1, . . . , K✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳✷✳

✸❙✐❣❧❛ ❞♦ ✐♥❣❧ês✿ ❆✉❣♠❡♥t❡❞ ❞❛t❛ ●✐❜❜s s❛♠♣❧✐♥❣



❈❛♣ít✉❧♦ ✹

❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

✹✳✶ ■♥tr♦❞✉çã♦

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣✐t✉❧♦✱ ❛✈❛❧✐❛r❡♠♦s ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠é✲

tr✐❝♦ ❡ t❛♠❜é♠ ❛ ❡✜❝á❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ♣r♦♣♦st♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✐r❡♠♦s ❛✈❛❧✐❛r ❛

❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♥♦ss♦s ❛❧❣♦r✐t♠♦s ❡ t❛♠❜é♠ ❝♦♠♣❛rá✲❧♦s ❡♠ t❡r♠♦s ❞♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞❡

❛♠♦str❛✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❙❛❤✉ ✭✷✵✵✷✮✳ ❊♠ s❡❣✉✐❞❛✱ ✉♠ ❡st✉❞♦ ❞❡ r❡❝✉♣❡r❛çã♦ ❞❡ ♣❛râ♠❡tr♦s

s❡rá ❝♦♥❞✉③✐❞♦✳ ◆❡st❡✱ ❛✈❛❧✐❛♠♦s ♦ ✐♠♣❛❝t♦ ❞❡ ❛❧❣✉♥s ❢❛t♦r❡s✱ t❛✐s ❝♦♠♦✱ ♥ú♠❡r♦ t♦t❛❧ ❞❡

r❡s♣♦♥❞❡♥t❡s✱ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ♣♦r ❣r✉♣♦✱ ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s✳ P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s

❛❧❣✉♠❛s ❝♦♥❝❧✉sõ❡s ❡ ❝♦♠❡♥tár✐♦s✳

✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

◆❡st❛ s❡çã♦ ❛✈❛❧✐❛r❡♠♦s ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ▼❈▼❈ ♣r♦♣♦st♦s ♥♦ ❈❛♣✐t✉❧♦ ✸ ❡♠ t❡r♠♦s ❞❛

❝♦♥✈❡r❣ê♥❝✐❛✿ ❛✈❛❧✐❛♥❞♦ ❛ ♠❛❣♥✐t✉❞❡ ❞❛s ❛✉t♦❝♦rr❡❧❛çõ❡s ❡✱ t❛♠❜é♠✱ ❛✈❛❧✐❛♠♦s s❡♥s✐❜✐❧✐❞❛❞❡

❝♦♠ r❡❧❛çã♦ à ❡s❝♦❧❤❛ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s✳ ❆s ❛♥á❧✐s❡s s❡rã♦ ❢❡✐t❛s ❝♦♠ ❜❛s❡ ❡♠ ✉♠ ú♥✐❝♦

❝♦♥❥✉♥t♦ ❞❡ r❡s♣♦st❛s✱ q✉❡ ❢♦r❛♠ s✐♠✉❧❛❞❛s ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ s❡❣✉✐♥t❡ s✐t✉❛çã♦✿ ✹ ❣r✉♣♦s

✭♥♦♠❡❛❞❛♠❡♥t❡ ✶✱ ✷✱ ✸ ❡ ✹✮ r❡s♣♦♥❞❡♥❞♦ ❛ ✹ t❡st❡s ✭♥♦♠❡❛❞❛♠❡♥t❡ ✶✱ ✷✱ ✸ ❡ ✹✮ ♣❛r❝✐❛❧♠❡♥t❡

❞✐st✐♥t♦s✱ ❝♦♠♣♦st♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• t❡st❡ ✶✿ ✷✵ ✐t❡♥s❀

• t❡st❡ ✷✿ t❡st❡ ✶ ✰ ✷✵ ✐t❡♥s ✐♥é❞✐t♦s❀

• t❡st❡ ✸✿ ♦s ú❧t✐♠♦s ✷✵ ✐t❡♥s ❞♦ t❡st❡ ✷ ✰ ✷✵ ✐t❡♥s ✐♥é❞✐t♦s❀

• t❡st❡ ✹✿ ♦s ú❧t✐♠♦s ✷✵ ✐t❡♥s ❞♦ t❡st❡ ✸ ✰ ✷✵ ✐t❡♥s ✐♥é❞✐t♦s✳

✹✶



✹✷ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

■ss♦ ♥♦s ❞á ✉♠ ❝♦♥❥✉♥t♦ t♦t❛❧ ❞❡ ✽✵ ✐t❡♥s✳ ❊ss❛ s✐t✉❛çã♦ é s✐♠✐❧❛r à s✐t✉❛çã♦ r❡❛❧ q✉❡ s❡rá

❛♥❛❧✐s❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✺✳ ❊st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ t❛♠❜é♠ ♦ ♠❡s♠♦ ♣❛❞rã♦ ❞❡ ♥ã♦ r❡s♣♦st❛ ❞♦s

❞❛❞♦s r❡❛✐s✳ ❆ss✐♠ ♣♦❞❡r❡♠♦s ❛✈❛❧✐❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ♥♦ss♦s ❛❧❣♦r✐t♠♦s s♦❜ ❝✐r❝✉♥stâ♥❝✐❛s

♠✉✐t♦ ❝♦♠✉♥s ♥❛ ♣rát✐❝❛✱ ❝♦♠♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ❞❛❞♦s ❢❛❧t❛♥t❡s ❡ ❞❡s❜❛❧❛♥❝❡❛♠❡♥t♦ ❡♥tr❡ ❣r✉♣♦s✱

❝♦♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ ❝♦♥❤❡❝❡r ♦s ✈❡r❞❛❞❡✐r♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s✳

❖s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ❢♦r❛♠ ✜①❛❞♦s ♥♦s s❡❣✉✐♥t❡s ✐♥t❡r✈❛❧♦s✿ ai ∈ [0, 7; 1, 4] ❡ b∗i ∈ [−2; 4]✳

❖s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❢♦r❛♠ ✜①❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦ ♣❛❞rã♦

❞♦s tr❛ç♦s ❧❛t❡♥t❡s s✐♠✉❧❛❞♦s ❡✱ ❛ ♣❛rt✐r ❞❛í✱ ❢♦r❛♠ ✜①❛❞♦s ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐✲

♥❛çã♦ ❞❡ ♠♦❞♦ ❛ ❝♦♥t❡♠♣❧❛r ✈ár✐❛s s✐t✉❛çõ❡s ✭✐t❡♥s ❞✐❢í❝❡✐s ❝♦♠ ❞✐s❝r✐♠✐♥❛çã♦ ❛❧t❛✱ ❞✐❢í❝❡✐s ❝♦♠

❞✐s❝r✐♠✐♥❛çã♦ ❜❛✐①❛✱ ❡t❝✮✳ ❏á ♦s tr❛ç♦s ❧❛t❡♥t❡s ❢♦r❛♠ s✐♠✉❧❛❞♦s✱ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❛ ♣❛r✲

t✐r ❞❡ ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s ❛ss✐♠étr✐❝❛s ❝❡♥tr❛❧✐③❛❞❛s ❝♦♠ ♠é❞✐❛s µθ = (0; 1; 1, 4; 2)⊤✱ ❞❡s✈✐♦s✲

♣❛❞rã♦ σθ = (1; 0, 88; 0, 62; 0, 77)⊤ ❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ γθ = (0; 0, 14; 0, 5;−0, 5)⊤ ♣❛r❛

♦s ❣r✉♣♦s ✶✱ ✷✱ ✸ ❡ ✹ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ✈❛❧♦r❡s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❛s ♠é❞✐❛s ❡ ❞❡s✈✐♦s✲♣❛❞rã♦ sã♦

♣ró①✐♠♦s ❞❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✻ ♥❛ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s r❡❛✐s✳ ❈♦♠♦ ❥á ❞✐ss❡♠♦s✱

é ♥♦ss♦ ✐♥t❡r❡ss❡ s✐♠✉❧❛r ✉♠❛ s✐t✉❛çã♦ ❜❡♠ ♣❛r❡❝✐❞❛ ❝♦♠ ✉♠❛ q✉❡ r❡❛❧♠❡♥t❡ ♦❝♦rr❡✉✳ ❏á ♦s

✈❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s✱ ❞❡ ♠♦❞♦ ❛ ❝♦♥t❡♠♣❧❛r ✈ár✐♦s ♥í✈❡✐s ❞❡

❛ss✐♠❡tr✐❛ ✭♥♦ ❝❛s♦✱ ❛ss✐♠❡tr✐❛ ♥✉❧❛✱ ❢r❛❝❛✱ ❢♦rt❡ à ❞✐r❡✐t❛ ❡ ❢♦rt❡ à ❡sq✉❡r❞❛✮✳

❖s t❛♠❛♥❤♦s ❛♠♦str❛✐s ❢♦r❛♠ ✜①❛❞♦s ❡♠ ✺✺✻✱ ✺✺✻✱ ✹✵✶ ❡ ✷✾✹ ♣❛r❛ ♦s ❣r✉♣♦s ✶✱ ✷✱ ✸ ❡ ✹

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❣✉✐♥❞♦ ❉❡▼❛rs ✭✷✵✵✸✮✱ ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ ❛s ❡st✐♠❛t✐✈❛s ✜q✉❡♠ ♥❛ ♠❡s♠❛

♠étr✐❝❛ ❞♦s ✈❛❧♦r❡s s✐♠✉❧❛❞♦s ❛♣❧✐❝♦✉✲s❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛♦s tr❛ç♦s ❧❛t❡♥t❡s s✐♠✉❧❛❞♦s ❛✜♠

❞❡ ❞❡✐①á✲❧♦s ❝♦♠ ❛s ♠é❞✐❛s ❡ ✈❛r✐â♥❝✐❛s ❞❡s❡❥❛❞❛s✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❢♦✐ ❛ s❡❣✉✐♥t❡✿

θ∗∗jk = σθks
−1
θk
(θ∗jk − θk) + µθk ,

❡♠ q✉❡ θ∗jk sã♦ ♦s tr❛ç♦s ❧❛t❡♥t❡s s✐♠✉❧❛❞♦s ❡ θk ❡ s−1
θk

sã♦ ❛ ♠é❞✐❛ ❡ ♦ ❞❡s✈✐♦✲♣❛❞rã♦ ❛♠♦str❛✐s

❞♦s tr❛ç♦s ❧❛t❡♥t❡s s✐♠✉❧❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✹✳✷✳✶ ❊s❝♦❧❤❛ ❞❡ Pr✐♦r✐s

❉✐s❝✉t✐r❡♠♦s ❛❣♦r❛ ❛ ❡s❝♦❧❤❛ ❞❡ ❤✐♣❡r♣❛râ♠❡tr♦s ♣❛r❛ ❛s ❡s♣❡❝✐✜❝❛çõ❡s ❛ ♣r✐♦r✐ q✉❡ ❢♦r❛♠

❛❞♦t❛❞❛s✱ ✈✐❞❡ s✉❜s❡çõ❡s ✸✳✸✳✶ ❡ ✸✳✸✳✷✳ P❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛s✲

s✉♠✐r❡♠♦s ❛ ♣r✐♦r✐ ✭✸✳✷✮✳ P❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱ ✉t✐❧✐③❛♠♦s ♦ ✈❡t♦r ❞❡ ♠é❞✐❛s (1; 0) ❡

❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ (0, 5; 9)✱ ♦✉ s❡❥❛✱ ❛ss✉♠✐♠♦s ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❛ ♣r✐♦r✐✳ ❈♦♠ r❡❧❛çã♦ às ♠é❞✐❛s

❞❛s ♣r✐♦r✐s ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✱ t❡♠♦s q✉❡✱ ♣❛r❛ ❛ ❞✐s❝r✐♠✐♥❛çã♦ ♦ ✈❛❧♦r ✶ ✐♥❞✐❝❛ q✉❡✱ ❡♠

♠é❞✐❛✱ ❡s♣❡r❛♠♦s q✉❡ ♦s ✐t❡♥s ❛♣r❡s❡♥t❡♠ ✉♠❛ ❜♦❛ ❞✐s❝r✐♠✐♥❛çã♦✳ P❛r❛ ♦ ♣❛râ♠❡tr♦s ❞❡ ❞✐✜✲



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✹✸

❝✉❧❞❛❞❡✱ ♦ ✈❛❧♦r ✵ ✐♥❞✐❝❛ q✉❡✱ ❡♠ ♠é❞✐❛✱ ❡s♣❡r❛✲s❡ q✉❡ ♦s ✐t❡♥s t❡♥❤❛♠ ❞✐✜❝✉❧❞❛❞❡ ❡♠ t♦r♥♦ ❞♦

✈❛❧♦r ♠é❞✐♦ ❞❛ ❡s❝❛❧❛ ✭✵✱ ✶✮✳ ❈♦♠ r❡❧❛çã♦ às ✈❛r✐â♥❝✐❛s✱ ♦ ✈❛❧♦r ✾ ♣❛r❛ ❛s ❞✐✜❝✉❧❞❛❞❡s✱ ♣❡r♠✐t❡

q✉❡ ❡st❛s ✈❛r✐❡♠ r❛③♦❛✈❡❧♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♦s t❡st❡s ♣♦❞❡♠ ❞✐❢❡r✐r ❜❛st❛♥t❡ ❡♥tr❡ s✐✳ P♦r ♦✉✲

tr♦ ❧❛❞♦ ❛ ❞✐s❝r✐♠✐♥❛çã♦ t❡♠ ❞❡ s❡r ♣♦s✐t✐✈❛ ✭♣❡❧♦ ♠❡♥♦s✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ❝♦♥❤❡❝✐♠❡♥t♦✮✱

♥ã♦ ♠✉✐t♦ ❜❛✐①❛ ❡ ♥❡♠ ♠✉✐t♦ ❡❧❡✈❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ✈❛❧♦r ✵✱✺ ♣❛r❡❝❡ s❡r r❛③♦á✈❡❧✳ P❛r❛ ♦s

♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ✭r❡♣❛r❛♠❡tr✐③❛❞♦s✮ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦✱ ❛s ♣r✐♦r✐s ❞❡ ❏❡✛r❡②s ❡ ❛

♣r✐♦r✐ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✉♥✐❢♦r♠❡✱ ✈✐❞❡ s✉❜s❡çã♦ ✷✳✸✳✷ ❡✱ t❛♠❜é♠✱ ❛s ♣r✐♦r✐s ❝♦♥❥✉❣❛❞❛s ❞❡✜♥✐❞❛s

♥❛s s✉❜s❡çõ❡s ✸✳✸✳✶ ❡ ✸✳✸✳✷✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ✜①❛♠♦s ❤✐♣❡r♣❛râ♠❡tr♦s q✉❡ ♥♦s ❧❡✈❛r❛♠ ❛ ♣r✐♦r✐s

❝♦♠ ♠é❞✐❛s ✵ ♣❛r❛ ❛s ♠é❞✐❛s ❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ ❡ ♠é❞✐❛ ✶ ♣❛r❛ ♦s ❞❡s✈✐♦s✲♣❛❞rã♦✳ ❖✉

s❡❥❛✱ ❡st❛♠♦s ❛ss✉♠✐♥❞♦✱ ❛ ♣r✐♦r✐✱ q✉❡ ❛s ♠é❞✐❛s sã♦ ✐❣✉❛✐s✱ ♦s ❞❡s✈✐♦s✲♣❛❞rã♦ sã♦ ❡♠ ♠é❞✐❛

✐❣✉❛✐s ❛♦ ❞❛ ❡s❝❛❧❛ (0, 1) ❡ q✉❡ ♥ã♦ ❡①✐st❡ ❛ss✐♠❡tr✐❛✳ ❆s ❚❛❜❡❧❛s ✹✳✶ ❡ ✹✳✷ r❡s✉♠❡♠ ♦s ✈❛❧♦r❡s

q✉❡ ❛❞♦t❛♠♦s ♣❛r❛ t♦❞♦s ♦s ❤✐♣❡r♣❛râ♠❡tr♦s✳ ❉♦r❛✈❛♥t❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ♣r✐♦r✐ ✶✱ ✷✱ ✸ ❡ ✹ ♦s

q✉❛tr♦ ❝♦♥❥✉♥t♦s ❞❡ ♣r✐♦r✐s ❞❡✜♥✐❞♦s✳ ◆♦t❡ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡ss❡s ❝♦♥❥✉♥t♦s ❡stá ❛♣❡♥❛s

♥❛s ♣r✐♦r✐s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✳ ❖✉ s❡❥❛✱❛s ♣r✐♦r✐s ✶ ❡ ✷✱ sã♦ ❛s ♣r✐♦r✐s ❞❡ ❏❡✛r❡②s

❡ ❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ✉♥✐❢♦r♠❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ♣r✐♦r✐s ✸ ❡ ✹✱ ❧❡✈❛♠ ❛s ♠é❞✐❛s ✵✱ ✶ ❡ ✵ ♥❛s

♣r✐♦r✐s ❞♦s ♣❛râ♠❡tr♦s ♦r✐❣✐♥❛✐s✱ ❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❙❡♥❞♦ q✉❡✱ ❛ ♣r✐♦r✐ ✸ ❧❡✈❛ ❛ ✈❛r✐✲

â♥❝✐❛s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶ ❡ ❛ ♣r✐♦r✐ ✹✱ ❝♦♥❞✉③ ❛ ✈❛r✐â♥❝✐❛s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✵✱ ❡①❝❡t♦ ♣❛r❛

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛✱ ❝✉❥❛s ✈❛r✐â♥❝✐❛s ❢♦r❛♠ ♠❛♥t✐❞❛s ♣ró①✐♠❛s ❞❡ ③❡r♦✳ ◆♦t❛♠♦s q✉❡✱

❛ ❞✐str✐❜✉✐çã♦ ❞❡ γθk t❡♥❞❡ ❛ s❡ ❝♦♥❝❡♥tr❛r ♥♦s ✈❛❧♦r❡s ✲✵✱✾ ❡ ✵✱✾ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ✈❛r✐â♥❝✐❛✳

❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ t❛♠❜é♠ é ♦❜s❡r✈❛❞♦ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s✳ ❆ ❋✐❣✉r❛ ✹✳✶

❛♣r❡s❡♥t❛ ❛s ♣r✐♦r✐s ❞❡ γθk q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛s ♣r✐♦r✐s ❞❡ ❏❡✛r❡②s ❡ ❛ ♣r✐♦r✐ ✐♥❞✉③✐❞❛ ♣❡❧❛

✉♥✐❢♦r♠❡ ♣❛r❛ λθk ✳ ❏á ❛ ❋✐❣✉r❛ ✭✹✳✷✮ ❝♦♠♣❛r❛ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ λθk ❡ γθk ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛r✐✲

â♥❝✐❛s✱ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ✉♠❛ ♣r✐♦r✐ ♥♦r♠❛❧ ♣❛r❛ λθk ✳ ❆s ♣r✐♦r✐s ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛

sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧♦s ❤✐st♦❣r❛♠❛s ❞❡ s❡✉s ✈❛❧♦r❡s s✐♠✉❧❛❞♦s✳

❚❛❜❡❧❛ ✹✳✶✿ ❍✐♣❡r♣❛râ♠❡tr♦s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❛s ♣r✐♦r✐s ✸✳✶✹✱ ✸✳✶✺✱ ✸✳✶✾✱ ✸✳✷✵ ❡ ✸✳✷✶ r❡❧❛❝✐♦♥❛❞❛s ❛♦

❛❧❣♦r✐t♠♦ ❆❉▼❍●❙

Pr✐♦r✐ ❍✐♣❡r♣❛râ♠❡tr♦s
µζ Ψζ (d;ϕ2) (µξθ , σ

2
ξθ
) (αωθ

, βωθ
) (µλθ , σ

2
λθ
)

✶ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ (0, 5; π2/4) ✲ ✲ ✲
✷ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ (2; 0, 5) ✲ ✲ ✲
✸ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ ✲ (0; 0, 852) ✭✸✱✶❀ ✷✱✽✮ (0; 12)
✹ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ ✲ (0; 0, 312) ✭✷✱✶❀ ✷✱✶✮ (0; 2, 22)



✹✹ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❚❛❜❡❧❛ ✹✳✷✿ ❍✐♣❡r♣❛râ♠❡tr♦s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❛s ♣r✐♦r✐s ✸✳✶✹✱ ✸✳✶✺✱ ✸✳✸✺ ❡ ✸✳✸✻ r❡❧❛❝✐♦♥❛❞❛s ❛♦ ❛❧❣♦r✐t♠♦

❆❉●❙

Pr✐♦r✐ ❍✐♣❡r♣❛râ♠❡tr♦s
µζ Ψζ (d;ϕ2) (µξθ , σ

2
ξθ
) (ας2

θ
, βς2

θ
) (µτθ , σ

2
τθ
)

✶ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ (0, 5; π2/4) ✲ ✲ ✲
✷ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ (2; 0, 5) ✲ ✲ ✲
✸ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ ✲ (0; 0, 72) ✭✸✱✹❀ ✸✮ (0; 0, 82)
✹ ✭✶❀ ✵✮ ✭✵✱✺❀ ✾✮ ✲ (0; 3, 12) ✭✷✱✶❀ ✷✱✸✷✮ (0; 0, 232)

❋✐❣✉r❛ ✹✳✶✿ ❉✐str✐❜✉✐çõ❡s ❛ ♣r✐♦r✐ ❞❡ λθk ❡ γθk ❝♦♥s✐❞❡r❛♥❞♦ ❛s ♣r✐♦r✐s ❞❡ ❏❡✛r❡②s ❡ ❯♥✐❢♦r♠❡



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✹✺

❋✐❣✉r❛ ✹✳✷✿ ❉✐str✐❜✉✐çõ❡s ❞❡ λθk ❡ γθk ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛r✐â♥❝✐❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣r✐♦r✐ ♥♦r♠❛❧

❙❡❣✉✐♥❞♦ ❛ r❡❝♦♠❡♥❞❛çã♦ ❞❡ ●❡❧♠❛♥ ✭✷✵✵✹✮✱ ❣❡r❛♠♦s ✸ ❝❛❞❡✐❛s ♣❛r❛ ❝❛❞❛ ❛❧❣♦r✐t♠♦✱ ✐♥✐❝✐❛✲

❧✐③❛❞❛s ❝♦♠ três ❞✐❢❡r❡♥t❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛❧♦r❡s✳ ◆♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦ ✭❝♦♥❥✉♥t♦ ✶✮ ✉t✐❧✐③❛♠♦s

✈❛❧♦r❡s ❞❡ r❡❢❡rê♥❝✐❛ ❞❛ ❚❘■✳ ❖ s❡❣✉♥❞♦ ❝♦♥❥✉♥t♦ ✭❝♦♥❥✉♥t♦ ✷✮ ❢♦✐ t♦❞♦ ❣❡r❛❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡

❛ ♣❛rt✐r ❞❡ ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛♣r♦♣r✐❛❞❛s✳ ❏á ♦ t❡r❝❡✐r♦ ❝♦♥❥✉♥t♦ ✭❝♦♥❥✉♥t♦ ✸✮

❢♦✐ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❛♠♦str❛✳ ❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡ss❡s

✈❛❧♦r❡s✳

❈♦♥❥✉♥t♦ ✶✿

• P❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ µθ = (0; 0; 0; 0)⊤✱ σθ = (1; 1; 1; 1)⊤✱ γθ = (0; 0; 0; 0)⊤❀

• P❛râ♠❡tr♦s ❞♦s ✐t❡♥s✿ t♦❞♦s ♦s ✐t❡♥s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❢♦r❛♠ ✜①❛❞♦s ❡♠ ✉♠ ❡ t♦❞♦s ♦s

✐t❡♥s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❢♦r❛♠ ✜①❛❞♦s ❡♠ ③❡r♦❀

• Pr♦✜❝✐ê♥❝✐❛s✿ θjk ∼ N(0, 1)✳

❈♦♥❥✉♥t♦ ✷✿

• P❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ µθk ∼ N(0; 10)✱ σθk ∼ ●■(2, 1; 1, 1)✱ γθk ∼ U(−1; 1)❀

• P❛râ♠❡tr♦s ❞♦s ✐t❡♥s✿ ai ∼ ▲♦❣✲♥♦r♠❛❧(0, 1) ❡ bi ∼ N(0, 1)❀

• Pr♦✜❝✐ê♥❝✐❛s✿ θjk ∼ N(0, 1)✳



✹✻ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❈♦♥❥✉♥t♦ ✸✿

• P❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ ❊st✐♠❛t✐✈❛s ♣❡❧♦ ♠ét♦❞♦ ❞♦s ♠♦♠❡♥t♦s❀

• P❛râ♠❡tr♦s ❞♦s ✐t❡♥s✿ ❊st❛tíst✐❝❛s ❞❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ ♠❡❞✐❞❛s✱ ✈❡❥❛ ❆♥❞r❛❞❡ ❡t✳❛❧ ✭✷✵✵✵✮

❡ ▲♦r❞ ✭✶✾✽✵✮❀

• Pr♦✜❝✐ê♥❝✐❛s✿ θjk = ❊s❝♦r❡s ♣❛❞r♦♥✐③❛❞♦s✳

❋♦r❛♠ ❣❡r❛❞♦s ✶✵✵✵✵✵ ✈❛❧♦r❡s ✉t✐❧✐③❛♥❞♦ ♦s ❛❧❣♦r✐t♠♦s ❆❉▼❍●❙ ❡ ❆❉●❙ ❝♦♠ ❛ ♣r✐♦r✐

✶✳ ❙✐♠✉❧❛çõ❡s ♣r❡❧✐♠✐♥❛r❡s s✉❣❡r✐r❛♠ q✉❡ t♦❞❛s ❛s ❝❛❞❡✐❛s ❝♦♥✈❡r❣✐r❛♠ ❛♣ós ✶✵✵✵ ✐t❡r❛çõ❡s✱

❡①❝❡t♦ ❛s ❝❛❞❡✐❛s r❡❧❛❝✐♦♥❛❞❛s ❛♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛✱ ❝✉❥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦❝♦rr❡✉ ❛♣ós

✷✵✵✵✵ ✐t❡r❛çõ❡s✳ P♦rt❛♥t♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ t♦❞❛s ❛s ❝❛❞❡✐❛s ♦❝♦rr❡✉ ❛♣ós ✷✵✵✵✵ ✐t❡r❛çõ❡s✱

❡ ❝♦♥s✐❞❡r❛♠♦s ❡st❛s ❝♦♠♦ ♣❡rí♦❞♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦ ✭❜✉r♥ ✐♥✮✳ ❆s ❡st❛tíst✐❝❛s ❞❡ ●❡❧♠❛♠✲

❘✉❜✐♥ ❝❛❧❝✉❧❛❞❛s ❛♣ós ♦ ❛q✉❡❝✐♠❡♥t♦ ✈❛r✐❛r❛♠ ❡♥tr❡ ✶✱✵✵ ❡ ✶✱✵✷ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ♦ ❛❧❣♦r✐t♠♦

❆❉▼❍●❙ ❡ ❡♥tr❡ ✶✱✵✵ ❡ ✶✱✵✶ q✉❛♥❞♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ ❆❉●❙✳ ■ss♦ ✐♥❞✐❝❛ q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

r❡❛❧♠❡♥t❡ ❢♦✐ ❛❧❝❛♥ç❛❞❛✳ P❛r❛ ♦❜t❡r ❛♠♦str❛s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❞❛s ♣♦st❡r✐♦r✐s ❞❡ ✐♥t❡r❡ss❡✱ ❝♦♥✲

s✐❞❡r❛♠♦s ✉♠ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❣❡r❛❞♦s✱ ✉♠❛ ✈❡③ q✉❡✱ ❛♠❜♦s ❛❧❣♦r✐t♠♦s ❣❡r❛r❛♠

♦❜s❡r✈❛çõ❡s ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳ ◆❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❆❉▼❍●❙✱ ♣❡❣❛♠♦s ✈❛❧♦r❡s

❞❡ ✽✵ ❡♠ ✽✵✳ ◆❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❆❉●❙✱ ❢♦✐ s✉✜❝✐❡♥t❡ ♣❡❣❛r♠♦s ✈❛❧♦r❡s ❞❡ ✸✵

❡♠ ✸✵ ♣❛r❛ r❡❞✉③✐r ❛ ❛✉t♦❝♦rr❡❧❛çã♦✳ ❆s ❋✐❣✉r❛s ✹✳✸ ❛ ✹✳✽ ❛♣r❡s❡♥t❛♠ ♦s ❣rá✜❝♦s ❞❡ ✈❛❧♦r❡s s✐✲

♠✉❧❛❞♦s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❡ ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡ ✻✵ q✉❡ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s

❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❖s ❣rá✜❝♦s ♠♦str❛♠ ♦s ✈❛❧♦r❡s ❛♣ós ♦ ♣❡rí♦❞♦ ❞❡ ❛q✉❡❝✐♠❡♥t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s

três ❝♦♥❥✉♥t♦s ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❡ ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛ ♦r❞❡♠ ❞❡ ✽✵ ♦❜s❡r✈❛çõ❡s✱ ♣❛r❛ ❢❛❝✐❧✐t❛r

❛ ✈✐s✉❛❧✐③❛çã♦✳ P♦❞❡♠♦s ✈❡r q✉❡ ❛s ❝❛❞❡✐❛s ❡stã♦ ❜❡♠ ♠✐st✉r❛❞❛s✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ♦s ❞✐❢❡r❡♥t❡s

✈❛❧♦r❡s ✐♥✐❝✐❛✐s ♥ã♦ ❛❧t❡r❛♠✱ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✱ ♦s r❡s✉❧t❛❞♦s✳

❆s ❋✐❣✉r❛s ✹✳✾ ❛ ✹✳✶✻ ♠♦str❛♠ ♦s ❝♦rr❡❧♦❣r❛♠❛s✱ ❝♦♠ ❡ s❡♠ ❡s♣❛ç❛♠❡♥t♦✱ ❞❛s ❛♠♦str❛s

❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ ❡①❝❡t♦ ♣❛r❛ ❛ ♠é❞✐❛ ❡ ❞❡s✈✐♦✲♣❛❞rã♦ ❞♦ ❣r✉♣♦ ✶ q✉❡

❢♦r❛♠ ✜①❛❞♦s ❡♠ ③❡r♦ ❡ ✉♠ ♣❛r❛ ❣❛r❛♥t✐r ❛ ✐❞❡♥t✐✜❝❛❜✐❧✐❞❛❞❡✱ ❡ ❞♦s ✐t❡♥s ✶✶ ❡ ✻✵✱ ✉t✐❧✐③❛♥❞♦ ❛

♣r✐♦r✐ ✶ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s ✶✳ ❖s ❝♦rr❡❧♦❣r❛♠❛s ❞❛s ❛♠♦str❛s ♦❜t✐❞❛s ✉t✐❧✐③❛♥❞♦ ♦s

❞❡♠❛✐s ❝♦♥❥✉♥t♦s ❞❡ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s sã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s à ❡st❡s ❡ ♥ã♦ s❡rã♦ ♠♦str❛❞♦s✳



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✹✼

❋✐❣✉r❛ ✹✳✸✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ ❆❧❣♦r✐t♠♦ ❆❉▼❍●❙✳ ▲❡❣❡♥❞❛✿ ◦
❝♦♥❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦

❋✐❣✉r❛ ✹✳✹✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ ❆❧❣♦r✐t♠♦ ❆❉▼❍●❙ ✭❝♦♥t✐♥✉❛çã♦✮✳

▲❡❣❡♥❞❛✿ ◦ ❝♦♥❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦



✹✽ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❋✐❣✉r❛ ✹✳✺✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ ❆❧❣♦r✐t♠♦ ❆❉●❙✳ ▲❡❣❡♥❞❛✿ ◦ ❝♦♥✲

❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦

❋✐❣✉r❛ ✹✳✻✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿ ❆❧❣♦r✐t♠♦ ❆❉●❙ ✭❝♦♥t✐♥✉❛çã♦✮✳

▲❡❣❡♥❞❛✿ ◦ ❝♦♥❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✹✾

❋✐❣✉r❛ ✹✳✼✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡ ✻✵✿ ❆❧❣♦r✐t♠♦ ❆❉▼❍●❙✳ ▲❡❣❡♥❞❛✿

◦ ❝♦♥❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦

❋✐❣✉r❛ ✹✳✽✿ ❱❛❧♦r❡s s✐♠✉❧❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡ ✻✵✿ ❆❧❣♦r✐t♠♦ ❆❉●❙✳ ▲❡❣❡♥❞❛✿ ◦
❝♦♥❥✉♥t♦ ✶✱ △ ❝♦♥❥✉♥t♦ ✷✱ ⋄ ❝♦♥❥✉♥t♦ ✸✱ ✖ ✈❛❧♦r ✈❡r❞❛❞❡✐r♦



✺✵ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❋✐❣✉r❛ ✹✳✾✿ ❈♦rr❡❧♦❣r❛♠❛s s❡♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿

❆❧❣♦r✐t♠♦ ❆❉▼❍●❙

❋✐❣✉r❛ ✹✳✶✵✿ ❈♦rr❡❧♦❣r❛♠❛s s❡♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿

❆❧❣♦r✐t♠♦ ❆❉●❙



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✺✶

❋✐❣✉r❛ ✹✳✶✶✿ ❈♦rr❡❧♦❣r❛♠❛s ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿

❆❧❣♦r✐t♠♦ ❆❉▼❍●❙

❋✐❣✉r❛ ✹✳✶✷✿ ❈♦rr❡❧♦❣r❛♠❛s ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✿

❆❧❣♦r✐t♠♦ ❆❉●❙



✺✷ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❋✐❣✉r❛ ✹✳✶✸✿ ❈♦rr❡❧♦❣r❛♠❛s s❡♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡

✻✵ ❆❧❣♦r✐t♠♦ ❆❉▼❍●❙

❋✐❣✉r❛ ✹✳✶✹✿ ❈♦rr❡❧♦❣r❛♠❛s s❡♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡

✻✵✿ ❆❧❣♦r✐t♠♦ ❆❉●❙



✹✳✷ ❆✈❛❧✐❛çã♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✺✸

❋✐❣✉r❛ ✹✳✶✺✿ ❈♦rr❡❧♦❣r❛♠❛s ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡

✻✵✿ ❆❧❣♦r✐t♠♦ ❆❉▼❍●❙

❋✐❣✉r❛ ✹✳✶✻✿ ❈♦rr❡❧♦❣r❛♠❛s ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ❞❛s ❛♠♦str❛s ❣❡r❛❞❛s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ✶✶ ❡

✻✵✿ ❆❧❣♦r✐t♠♦ ❆❉●❙



✺✹ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❖s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s s✉❣❡r❡♠ q✉❡ ❛♠❜♦s ❛❧❣♦r✐t♠♦s ❝♦♥✈❡r❣❡♠ ❛♣ós ✉♠ ❝❡rt♦ ♥ú♠❡r♦ ❞❡

✐t❡r❛çõ❡s✳ P♦ré♠✱ t❡♥❞♦ ❡♠ ✈✐st❛ ♦s ❧♦♥❣♦s ♣❡rí♦❞♦s ❞❡ ❝♦♠♣✉t❛çã♦ ❞❡♠❛♥❞❛❞♦s ♣❡❧♦s ♠ét♦❞♦s

▼❈▼❈✱ é ✐♥t❡r❡ss❛♥t❡ ❛✈❛❧✐❛r♠♦s ♦ t❡♠♣♦ q✉❡ ❡st❡s ❧❡✈❛♠ ♣❛r❛ ❛t✐♥❣✐r ❛ ❝♦♥✈❡r❣ê♥❝✐❛✳ ◆❡st❡

tr❛❜❛❧❤♦ ✉t✐❧✐③❛♠♦s ❝♦♠♦ ❝r✐tér✐♦ ❞❡ ❝♦♠♣❛r❛çã♦ ♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞❡ ❛♠♦str❛ ✭❊❙❙✮✶✱ ❝♦♠♦

❢❡✐t♦ ❡♠ ❙❛❤✉ ✭✷✵✵✷✮✳ ❖ ❊❙❙ é ❞❡✜♥✐❞♦ ♣❛r❛ ❝❛❞❛ ♣❛râ♠❡tr♦ ❝♦♠♦ ♦ t❛♠❛♥❤♦ ❞❛s ❛♠♦str❛s

▼❈▼❈ ❞✐✈✐❞✐❞♦ ♣❡❧❛ ❛✉t♦❝♦rr❡❧❛çã♦✱ γ = 1 + 2
∑∞

k=1 ρk✱ ♦♥❞❡ ρk é ❛ ❛✉t♦❝♦rr❡❧❛çã♦ ❝♦♠

❞❡❢❛s❛❣❡♠ k✳ ❙❡♥❞♦ ❛ss✐♠✱ q✉❛♥t♦ ♠❛✐♦r ❢♦r ♦ ✈❛❧♦r ❞❡ ❊❙❙✱ ♠❛✐s ♣ró①✐♠❛ ❞❡ ✉♠❛ ❛♠♦str❛

❛❧❡❛tór✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♥❥✉♥t❛ ❡st❛rá ❛ ❛♠♦str❛ ❣❡r❛❞❛ ❡ ♠❛✐s r❡♣r❡s❡♥t❛t✐✈❛

❡st❛ s❡rá✱ ✈❡❥❛ ●❛♠❡r♠❛♥ ❛♥❞ ▲♦♣❡s ✭✷✵✵✻✮✳ ❙❡❣✉✐♥❞♦ ❙❛❤✉ ✭✷✵✵✷✮✱ ✉t✐❧✐③❛♠♦s ❝♦♠♦ ❡st✐♠❛t✐✈❛

❞❡ γ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r (1 + ρ∗)/(1− ρ∗) ♦♥❞❡ ρ∗ = |ρ1|✳ ◆❡ss❡ ❡st✉❞♦ ✉t✐❧✐③❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡

❞❛❞♦s r❡❢❡r❡♥t❡ à ❛✈❛❧✐❛çã♦ ❞♦ ♣r♦❣r❡ss♦ ♠❛t❡♠át✐❝♦ ❞❡ ❡st✉❞❛♥t❡s ❞❡ ❛❧❣✉♠❛s ❡s❝♦❧❛s ♣r✐♠ár✐❛s

❞❡ ▲♦♥❞r✐♥❛✳ ❊st❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s s❡rá ❞❡s❝r✐t♦ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♥♦ ❈❛♣ít✉❧♦ ✺✳ ❘❡❛❧✐③❛♠♦s

✺✵✵✵✵ ✐t❡r❛çõ❡s ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡ ❞❡s❝❛rt❛♠♦s ❛s ✷✵✵✵✵ ♣r✐♠❡✐r❛s✳ ❈♦♠ ❛s ❛♠♦str❛s ♦❜t✐❞❛s✱

❝❛❧❝✉❧❛♠♦s ♦s ❊❙❙ ❡ t❛♠❜é♠ ♦s ❊❙❙ ♣♦r ♠✐♥✉t♦ ✭❊❙❙✴♠✮✱ ❞✐✈✐❞✐♥❞♦ ♦ ❊❙❙ ♣❡❧♦ t❡♠♣♦ ❞❡

❝♦♠♣✉t❛çã♦✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ♣❛râ♠❡tr♦s✳ ❆ ❚❛❜❡❧❛ ✹✳✸ ♠♦str❛ ❛s ♠é❞✐❛s ❞♦s ❊❙❙ ❡ ❊❙❙✴♠

♣❛r❛ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛s q✉❛tr♦ ♣r✐♦r✐s ❛❞♦t❛❞❛s✳ ◆❛ ú❧t✐♠❛ ❝♦❧✉♥❛ r❡♣♦rt❛♠♦s

❛ r❛③ã♦ ❡♥tr❡ ♦s ❊❙❙✴♠ ❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s✳ ❊♠ t❡r♠♦s ❞♦ ❊❙❙✱ ♦ ❛❧❣♦r✐t♠♦ ❆❉●❙ t❡✈❡ ❛

♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡✱ ❡①❝❡t♦ q✉❛♥❞♦ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛ ♣r✐♦r✐ ✸✳ ❊♠ t❡r♠♦s ❞♦ ❊❙❙✴♠✱ ♦❜s❡r✈❛♠♦s

q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❆❉●❙ t❛♠❜é♠ ♦❜t❡✈❡ ❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡✱ ❡①❝❡t♦ q✉❛♥❞♦ ❢♦✐ ✉t✐❧✐③❛❞❛ ❛

♣r✐♦r✐ ✹✳ ◆❛ ♠❛✐♦r✐❛ ❞❛s s✐t✉❛çõ❡s ♦ ❛❧❣♦r✐t♠♦ ❆❉●❙ ❢♦✐ ♠❛✐s rá♣✐❞♦ ✭q✉❛s❡ ❞✉❛s ✈❡③❡s ♠❛✐s✮✱

♣r✐♥❝✐♣❛❧♠❡♥t❡✱ q✉❛♥❞♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ❛ ♣r✐♦r✐ ✶ ✭q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♣❛r❛ ♦s

♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✮✳

❚❛❜❡❧❛ ✹✳✸✿ P❡r❢♦r♠❛♥❝❡ ❞♦s ❛❧❣♦r✐t♠♦s ❆❉▼❍●❙ ❡ ❆❉●❙ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s r❡❢❡r❡♥t❡ à ❛✈❛❧✐❛çã♦

❞♦ ♣r♦❣r❡ss♦ ♠❛t❡♠át✐❝♦ ❞❡ ❡st✉❞❛♥t❡s ❞❡ ❡s❝♦❧❛s ♣r✐♠ár✐❛s ❞❡ ▲♦♥❞r✐♥❛

❆❉▼❍●❙ ❆❉●❙
Pr✐♦r✐ ❊❙❙ ❊❙❙✴♠ ❊❙❙ ❊❙❙✴♠ ❘❛③ã♦
✶ ✹✹✼✹✱✶✼✽ ✷✺✱✷✷✽ ✹✼✼✶✱✷✼✵ ✸✻✱✸✻✶ ✶✱✹✹✶
✷ ✹✺✹✾✱✼✹✻ ✷✵✱✶✾✵ ✹✼✷✹✱✾✽✹ ✸✻✱✵✶✹ ✶✱✼✽✹
✸ ✺✵✺✹✱✺✷✸ ✸✷✱✸✶✻ ✹✾✺✺✱✼✶✶ ✸✺✱✺✸✸ ✶✱✵✶✵
✹ ✹✺✻✾✱✵✹✽ ✷✼✱✾✻✽ ✺✶✵✸✱✶✻✹ ✷✸✱✹✾✶ ✵✱✽✹✵

✶❙✐❣❧❛ ❞♦ ✐♥❣❧ês✿ ❡✛❡❝t✐✈❡ s❛♠♣❧❡ s✐③❡



✹✳✸ ❊st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ ✺✺

✹✳✸ ❊st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ✉♠ ❡st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ ❢❡✐t♦ ❝♦♠ ✐♥t✉✐t♦ ❞❡

❛✈❛❧✐❛r ❛ ❛❝✉rá❝✐❛ ❞❛s ❡st✐♠❛t✐✈❛s ❡✱ t❛♠❜é♠✱ ♦ ✐♠♣❛❝t♦ ❞❡ ✐♠♣♦rt❛♥t❡s ❢❛t♦r❡s ♥❛ r❡❝✉♣❡r❛çã♦

❞♦s ♣❛râ♠❡tr♦s✳ ❘❡❛❧✐③❛♠♦s ❡st❡ ❡st✉❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❆❉●❙✳ ❊st❛ ❡s❝♦❧❤❛ ❢♦✐ ❜❛s❡❛❞❛

♥♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ q✉❡ ❛♣♦♥t❛r❛♠ ❡st❡ ❛❧❣♦r✐t♠♦ ❝♦♠♦ s❡♥❞♦ ♦ ❞❡ ♠❡❧❤♦r

♣❡r❢♦r♠❛♥❝❡✱ ❡♠ t❡r♠♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

P❛r❛ ♥♦ss❛s ✐♥❢❡rê♥❝✐❛s✱ ❝♦♥s✐❞❡r❛♠♦s ❛♠♦str❛s ❛ ♣♦st❡r✐♦r✐ ❞❡ t❛♠❛♥❤♦ ✶✵✵✵✱ ♦❜t✐❞❛s ❛♣ós

✺✵✵✵✵ ✐t❡r❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❆❉●❙✱ ❞❡s❝❛rt❛♥❞♦✲s❡ ❛s ✷✵✵✵✵ ♣r✐♠❡✐r❛s ❡ r❡t❡♥❞♦ ✈❛❧♦r❡s ❛ ❝❛❞❛

✸✵ ✐t❡r❛çõ❡s✳ ❖s ❢❛t♦r❡s ❝♦♥s✐❞❡r❛❞♦s ❝♦♠ ♦s ♥í✈❡✐s ❡♥tr❡ ♣❛rê♥t❡s❡s ❢♦r❛♠ ♦s s❡❣✉✐♥t❡s✿ ♥ú♠❡r♦

❞❡ r❡s♣♦♥❞❡♥t❡s ♣♦r ❣r✉♣♦ ✭◆❘✮ ✭✶✺✵✵✱ ✸✵✵✵✮✱ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ♣♦r ❣r✉♣♦ ✭◆■✮ ✭✷✵✱ ✹✵✮✱ ♥ú♠❡r♦

❞❡ ✐t❡♥s ❝♦♠✉♥s ✭◆■❈✮ ✭✷✺✪✱ ✺✵✪✮✱ ♣r✐♦r✐ ✭P✮ ✭♣r✐♦r✐✶✱ ♣r✐♦r✐✷✱ ♣r✐♦r✐✸✱ ♣r✐♦r✐✹✮ ❡st❛s ♣r✐♦r✐s sã♦

❛s ♠❡s♠❛s q✉❡ ❢♦r❛♠ ❞❡✜♥✐❞❛s ♥❛ s✉❜s❡çã♦ ✹✳✷✳✶✱ ✈✐❞❡ ❚❛❜❡❧❛ ✹✳✷✳ ❘❡s♦❧✈❡♠♦s tr❛❜❛❧❤❛r ❝♦♠

três ❣r✉♣♦s✱ ♥♦♠❡❛❞❛♠❡♥t❡ ✶✱ ✷ ❡ ✸✱ s❡♥❞♦ ♦ ❣r✉♣♦ ✶ ♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ■♥❝❧✉í♠♦s ♠❛✐s ✉♠ ❢❛t♦r

r❡❢❡r❡♥t❡ à ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ ❡ ♦ ❝❤❛♠❛♠♦s ❞❡ ❛ss✐♠❡tr✐❛

❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ ✭❆●❘✮ ❝♦♠ ♥í✈❡✐s ✭✶✱ ✷✱ ✸✮✳ ❚❛✐s ♥í✈❡✐s ❝♦♥t❡♠♣❧❛♠ ❛s s✐t✉❛çõ❡s ♦♥❞❡

❛ ❛ss✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ é ♥✉❧❛✱ ❢♦rt❡♠❡♥t❡ ♣♦s✐t✐✈❛ ❡ ❢♦rt❡♠❡♥t❡

♥❡❣❛t✐✈❛✳ P❛r❛ ✐ss♦ ❡s❝♦❧❤❡♠♦s ♣❛r❛ γθ1 ♦s ✈❛❧♦r❡s ✵❀ ✵✱✻ ❡ ✲✵✱✻❀ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ❞❡♠❛✐s

♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❢♦r❛♠ ✜①❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❛s ♠é❞✐❛s ❡ ❞❡s✈✐♦s✲♣❛❞rã♦ ❢♦r❛♠

✜①❛❞♦s ❡♠ µθ = (0,−1, 1)⊤ ❡ σθ = (1; 0, 8; 1, 2)⊤ ♣❛r❛ ♦s ❣r✉♣♦s ✶✱ ✷ ❡ ✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ ❞♦s ❣r✉♣♦s ✷ ❡ ✸ ❢♦r❛♠ ✜①❛❞♦s ❡♠ γθ2 = 0, 6 ❡ γθ3 = −0, 6✳

❖✉ s❡❥❛✱ ❡st✉❞❛r❡♠♦s ❛s s✐t✉❛çã♦ ♦♥❞❡ ♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛ é s✐♠étr✐❝♦ ♦✉ ❛ss✐♠étr✐❝♦ ❡ ♦s

❞❡♠❛✐s ❣r✉♣♦s sã♦ ❛ss✐♠étr✐❝♦s✳ ❆ ❚❛❜❡❧❛ ✹✳✹ r❡s✉♠❡ ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s

❡s❝♦❧❤✐❞♦s ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ❡ ❝❛❞❛ ♥í✈❡❧ ❞♦ ❢❛t♦r ❆●❘✳

❚❛❜❡❧❛ ✹✳✹✿ P❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞♦ ❢❛t♦r ❆●❘

❆●❘= 1 ❆●❘= 2 ❆●❘= 3
µθ1 ✵ ✵ ✵

●r✉♣♦ ✶ σθ1 ✶ ✶ ✶
γθ1 ✵ ✵✱✻ ✲✵✱✻
µθ2 ✲✶ ✲✶ ✲✶

●r✉♣♦ ✷ σθ2 ✵✱✽ ✵✱✽ ✵✱✽
γθ2 ✵✱✻ ✵✱✻ ✵✱✻
µθ3 ✶ ✶ ✶

●r✉♣♦ ✸ σθ3 ✶✱✷ ✶✱✷ ✶✱✷
γθ3 ✲✵✱✻ ✲✵✱✻ ✲✵✱✻

❖s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ❢♦r❛♠ ✜①❛❞♦s ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ s✐♠✉❧❛çã♦



✺✻ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❞❛ s❡çã♦ ✹✳✷✱ ♠❛s ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛q✉❡❧❛ s✐t✉❛çã♦✱ ❛q✉✐ t✐✈❡♠♦s q✉❡ ✜①❛r ✹ ❝♦♥❥✉♥t♦s ❞❡ ✐t❡♥s

❝♦♠ t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛s ❞✐❢❡r❡♥t❡s ❝♦♠❜✐♥❛çõ❡s ❞❡ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s✱

♥ú♠❡r♦ ❞❡ ✐t❡♥s ❡ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s✳ ❚❛✐s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ✈✐st♦s ♥♦ ❆♣ê♥❞✐❝❡

❈ ♥❛s ❚❛❜❡❧❛s ❈✳✶✱ ❈✳✷✱ ❈✳✸ ❡ ❈✳✹✳ ❈♦♥s✐❞❡r❛♥❞♦ t♦❞♦s ❡ss❡s ❢❛t♦r❡s t❡♠♦s ✉♠ t♦t❛❧ ❞❡ ✾✻

s✐t✉❛çõ❡s✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s s✐t✉❛çõ❡s✱ ❢♦r❛♠ s✐♠✉❧❛❞♦s ✶✵ ❝♦♥❥✉♥t♦s ❞❡ r❡s♣♦st❛s✱ s❡❣✉♥❞♦ ♦

♠♦❞❡❧♦✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ré♣❧✐❝❛s✳ ❊♠ ❝❛❞❛ ré♣❧✐❝❛✱ ♦❜t❡✈❡✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡st✐♠❛t✐✈❛s

♣❛r❛ t♦❞♦s ♦s ♣❛râ♠❡tr♦s✳

❉❡ ♠♦❞♦ ❛ ❝♦♠♣❛r❛r ❛s ❞✐❢❡r❡♥t❡s s✐t✉❛çõ❡s✱ ✉t✐❧✐③❛♠♦s ❡st❛tíst✐❝❛s ❝♦♥✈❡♥✐❡♥t❡s✳ ❙❡❥❛

ϑl ∈ (θjk, ai, bi)✱ ♦♥❞❡ l é ✉♠ í♥❞✐❝❡ ❝♦♥✈❡♥✐❡♥t❡ (i, j ♦✉ k) ❡ ϑ̂lr s✉❛ r❡s♣❡❝t✐✈❛ ❡st✐♠❛t✐✈❛

♦❜t✐❞❛ ♥❛ ré♣❧✐❝❛ r✱ r = 1, . . . , R✳ ❉❡✜♥❛ t❛♠❜é♠ ϑ̂l =
1
R

∑R
r=1 ϑ̂lr✳ ❆ r❛✐③ q✉❛❞r❛❞❛ ❞♦ ❡rr♦

q✉❛❞rát✐❝♦ ♠é❞✐♦ ✭❘❊◗▼✮ ❡ ♦ ✈✐és r❡❧❛t✐✈♦ ❛❜s♦❧✉t♦ ✭❱❘❆✮ sã♦ ❞❡✜♥✐❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❘❊◗▼ =

√√√√ 1

R

R∑

r=1

(ϑ̂lr − ϑl)2 ❡

❱❘❆ =
|ϑ̂l − ϑl|

|ϑ| .

❖s r❡s✉❧t❛❞♦s ❞❡ss❡ ❡st✉❞♦ ❢♦r❛♠ r❡s✉♠✐❞♦s ❛tr❛✈és ❞❡ ❣rá✜❝♦s ❞❛s ❡st❛tíst✐❝❛s ❘❊◗▼✱

❱❘❆ ❡ ❞❛s ♠❡❞✐❛♥❛s ❞❡ ❘❊◗▼ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ▼❘❊◗▼✱ ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡

♣❛râ♠❡tr♦s✳ ❖s ❣rá✜❝♦s ❞❛s ❡st❛tíst✐❝❛s ❘❊◗▼ ❡ ❱❘❆ ❡stã♦ t♦❞♦s ♥♦ ❢♦r♠❛t♦ ❜♦①♣❧♦t✱ ❡①❝❡t♦

♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✱ q✉❡ ♣♦ss✉❡♠ ❛♣❡♥❛s três ♦❜s❡r✈❛çõ❡s ❡♠ ❝❛❞❛ s✐t✉❛çã♦✳ P❛r❛

❡ss❡s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛♠♦s ❣rá✜❝♦s ❞❛ ♠❡❞✐❛♥❛ ❝♦♠ ❛♠♣❧✐t✉❞❡ t♦t❛❧ ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❇ ♣❛r❛

♠❛✐s ❞❡t❛❧❤❡s✮✳ ❖s ✈❛❧♦r❡s ❞❡ ❘❊◗▼ ❡ ❱❘❆ ♣❛r❛ ❛s ❡st✐♠❛t✐✈❛s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s t✐✈❡r❛♠

♠✉✐t♦s ✈❛❧♦r❡s ❞✐s❝r❡♣❛♥t❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♦s ❞❡ ❱❘❆✳ P❛r❛ ❣❛r❛♥t✐r ❛ ❝♦♠♣❛r❛t✐❜✐❧✐❞❛❞❡

❡♥tr❡ ♦s ❜♦①♣❧♦ts ❝♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ❞❡ ❘❊◗▼❁✵✱✾ ❡ ❱❘❆❁✵✱✼✳ ❖s ❣rá✜❝♦s ❞❛s

❡st✐♠❛t✐✈❛s ❞❡ ❘❊◗▼ ❡ ❱❘❆ ♣❛r❛ t♦❞❛s ❛s s✐t✉❛çõ❡s ❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ❞❡ ♣❛râ♠❡tr♦s

♣♦❞❡♠ s❡r ✈✐st♦s ♥♦ ❛♣ê♥❞✐❝❡ ❇✳

❆s ❋✐❣✉r❛s ✹✳✶✼ ❛ ✹✳✷✷ ❛♣r❡s❡♥t❛♠ ♦s ❣rá✜❝♦s ❞❡ ❧✐♥❤❛ ❞❛s ❡st❛tíst✐❝❛s ▼❘❊◗▼ ❝❛❧❝✉❧❛❞♦s

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s t♦♠❛♠♦s ❛ ♠é❞✐❛ ❞♦s ❘❊◗▼✬s ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞♦s

❢❛t♦r❡s ◆■ ❡ ◆■❈✳ P❛r❛ ♦s ❞❡♠❛✐s ♣❛râ♠❡tr♦s t♦♠❛♠♦s ❛s ♠❡❞✐❛♥❛s ❞♦s ❘❊◗▼✬s ♣❛r❛ ❝❛❞❛

♥í✈❡❧ ❞♦s ❢❛t♦r❡s ◆❘ ❡ ◆■❈✳ P♦❞❡♠♦s ✈❡r q✉❡ ♦s r❡s✉❧t❛❞♦s ♥ã♦ ❞✐❢❡r✐r❛♠✱ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✱

♣❛r❛ ❛s q✉❛tr♦ ♣r✐♦r✐s ❡ ♦s três ♥í✈❡✐s ❞♦ ❢❛t♦r ❆●❘✱ ❡①❝❡t♦ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❛ss✐♠❡tr✐❛ q✉❡

t❡✈❡ ✉♠❛ ♠❛✐♦r ♦s❝✐❧❛çã♦ ❡♥tr❡ ❛s ♣r✐♦r✐s✳ ❆❧é♠ ❞✐ss♦✱ ♦s ✈❛❧♦r❡s ❞❡ ▼❘❊◗▼ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s

♣❛r❡❝❡♠ ❞✐♠✐♥✉✐r ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❡ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s✳ P❛r❛ ♦s ❞❡♠❛✐s

♣❛râ♠❡tr♦s✱ ♦s ✈❛❧♦r❡s ❞❡ ▼❘❊◗▼ ❞✐♠✐♥✉❡♠ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ r❡s♣♦♥❞❡♥t❡s ❡



✹✳✸ ❊st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ ✺✼

t❛♠❜é♠ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s✳ ❚❛❧ ❝♦♠♣♦rt❛♠❡♥t♦ ♣♦❞❡ s❡r ✈✐st♦✱ t❛♠❜é♠✱ ♥♦s ❣rá✜❝♦s

❞❡ ❘❊◗▼ ❡ ❱❆❘✳ ❖❜s❡r✈❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ❋✐❣✉r❛s ❇✳✶✻ ✭❛✮✱ ✭❜✮ ❡ ❇✳✸✹ ✭❛✮✱✭❜✮ r❡❢❡r❡♥t❡s ❛♦s

tr❛ç♦s ❧❛t❡♥t❡s ❡ ❛s ❋✐❣✉r❛s ❇✳✶✵ ❡ ❇✳✷✽ ✭❛✮ ❡ ✭❝✮ r❡❢❡r❡♥t❡s ❛♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦✳

❖❜s❡r✈❛♥❞♦ ❛s ❋✐❣✉r❛s ❇✳✼ ❛ ❇✳✾ ❡ ❛s ❋✐❣✉r❛s ❇✳✷✺ ❛ ❇✳✷✼ r❡❢❡r❡♥t❡s ❛♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❛ss✐♠❡tr✐❛✱ ✈❡♠♦s q✉❡ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ❝♦♠ ❛ ♣r✐♦r✐ ✶✱ ❡①❝❡t♦ ❡♠ três

s✐t✉❛çõ❡s✱ ✈✐❞❡ ❋✐❣✉r❛s ❇✳✼ ✭❛✮✱ ✭❜✮ ❡ ✭❢✮ ❡ ❋✐❣✉r❛s ❇✳✷✺ ✭❛✮✱ ✭❜✮ ❡ ✭❢✮✳ ❖✉ s❡❥❛✱ q✉❛♥❞♦ ♦ ❣r✉♣♦

❞❡ r❡❢❡rê♥❝✐❛ é s✐♠étr✐❝♦ ❡ ♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s é ♣❡q✉❡♥♦ ❛ ♣r✐♦r✐ ✷ ❛♣r❡s❡♥t♦✉ ♦s ♠❡❧❤♦r❡s

r❡s✉❧t❛❞♦s ♥❛ ❡st✐♠❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛✳



✺✽ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❋✐❣✉r❛ ✹✳✶✼✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ▲❡❣❡♥❞❛✿ ✭✕◦✕ Pr✐♦r✐ ✶✱ ✕△✕

Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮

❋✐❣✉r❛ ✹✳✶✽✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦✳ ▲❡❣❡♥❞❛✿ ✭✕◦✕
Pr✐♦r✐ ✶✱ ✕△✕ Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮



✹✳✸ ❊st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ ✺✾

❋✐❣✉r❛ ✹✳✶✾✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✳ ▲❡❣❡♥❞❛✿ ✭✕◦✕ Pr✐♦r✐

✶✱ ✕△✕ Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮

❋✐❣✉r❛ ✹✳✷✵✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞❛s ♠é❞✐❛s ♣♦♣✉❧❛❝✐♦♥❛✐s✳ ▲❡❣❡♥❞❛✿ ✭✕◦✕ Pr✐♦r✐ ✶✱

✕△✕ Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮



✻✵ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❋✐❣✉r❛ ✹✳✷✶✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❞❡s✈✐♦s✲♣❛❞rã♦ ♣♦♣✉❧❛❝✐♦♥❛✐s✳ ▲❡❣❡♥❞❛✿ ✭✕◦✕
Pr✐♦r✐ ✶✱ ✕△✕ Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮

❋✐❣✉r❛ ✹✳✷✷✿ ▼❡❞✐❛♥❛ ❞♦ ❘❊◗▼ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ ♣♦♣✉❧❛❝✐♦♥❛✐s✳ ▲❡❣❡♥❞❛✿

✭✕◦✕ Pr✐♦r✐ ✶✱ ✕△✕ Pr✐♦r✐ ✷✱ ✕∗✕ Pr✐♦r✐ ✸ ❡ ✕⊕✕ Pr✐♦r✐ ✹✮



✹✳✸ ❊st✉❞♦ ❞❡ r❡♣❧✐❝❛çã♦ ✻✶

P❛r❛ ❛✈❛❧✐❛r♠♦s ♦ ✐♠♣❛❝t♦ ❞❡ ❝❛❞❛ ❢❛t♦r ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✱ ✜③❡✲

♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛ ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ ✈❛r✐á✈❡❧ r❡s♣♦st❛✱ ln(❘❊◗▼)❀ ✈❡❥❛ ❉❡ ❆②❛❧❛

❛♥❞ ❙❛✈❛✲❇♦❧❡st❛ ✭✶✾✾✾✮ ❡ ❉❡▼❛rs ✭✷✵✵✸✮✳ ❆❝r❡❞✐t❛♠♦s q✉❡ ❡st❛ ❛♥á❧✐s❡ s❡❥❛ ✉♠ ❝♦♠♣❧❡♠❡♥t♦

à ❛♥á❧✐s❡ ❣rá✜❝❛✱ ❛❥✉❞❛♥❞♦✲♥♦s ❛ r❡❢♦rç❛r ♥♦ss❛s ❝♦♥❝❧✉sõ❡s✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ t❡♠♦s ♠✉✐✲

t❛s ♦❜s❡r✈❛çõ❡s ♣❛r❛ ❝❛❞❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ♥í✈❡✐s ❞♦s ❢❛t♦r❡s✱ q✉❛❧q✉❡r t❡st❡ ❡st❛tíst✐❝♦ s❡r✐❛

s✐❣♥✐✜❝❛t✐✈♦✳ ❚❛♠❜é♠✱ ❛❧❣✉♠❛s ♣r❡ss✉♣♦s✐çõ❡s ❞❛ ❆◆❖❱❆✱ t❛✐s ❝♦♠♦✱ ♥♦r♠❛❧✐❞❛❞❡ ❡ ❤♦♠♦❣❡✲

♥❡✐❞❛❞❡✱ ♣♦❞❡♠ ♥ã♦ s❡r ✈❡r✐✜❝❛❞❛s ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ r❡s♣♦st❛ ♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ ❞♦ ❘❊◗▼✳

❉❡st❛ ❢♦r♠❛✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡st❛tíst✐❝❛ ω2 ❛♦ ✐♥✈és ❞❛ ❡st❛tíst✐❝❛ F ✱ s❡♠ r❡❛❧✐③❛r q✉❛❧q✉❡r

t❡st❡ ❡st❛tíst✐❝♦✳ ❆ ❡st❛tíst✐❝❛ ω2 é ❞❛❞❛ ♣♦r

ω2 =
SQ❢❛t♦r − gl❢❛t♦rQM❢❛t♦r

QMr❡sí❞✉♦ + SQT
, ✭✹✳✶✮

♦♥❞❡✱ SQ é ❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s✱ QM é ♦ q✉❛❞r❛❞♦ ♠é❞✐♦ ❡ gl sã♦ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳

❆s ❚❛❜❡❧❛s ✹✳✺ ❛ ✹✳✼ ♠♦str❛♠ ❛s ❛♥á❧✐s❡ ❞❡ ✈❛r✐â♥❝✐❛ ❞♦ ln(❘❊◗▼) ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s tr❛ç♦s

❧❛t❡♥t❡s✱ ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❡ ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✳ ◆❡st❛s ♠♦str❛♠♦s ❛♣❡♥❛s ♦s

❡❢❡✐t♦s ♣r✐♥❝✐♣❛✐s✳ ❚♦❞❛s ❛s ✐♥t❡r❛çõ❡s ❛♣r❡s❡♥t❛r❛♠ ✈❛❧♦r❡s ❞❡ ω2 ♠❡♥♦r❡s ❞♦ q✉❡ 10−4 ❡ ❢♦r❛♠

♦♠✐t✐❞❛s ♥❡st❛s t❛❜❡❧❛s✱ ♣♦✐s tê♠ ✐♠♣❛❝t♦ ♣r❛t✐❝❛♠❡♥t❡ ♥✉❧♦ ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s✳ ◆♦

❡♥t❛♥t♦✱ ♦ ❧❡✐t♦r ♣♦❞❡ ✈❡r ❛s t❛❜❡❧❛s ❆◆❖❱❆ ❝♦♠♣❧❡t❛s ♥♦ ❆♣ê♥❞✐❝❡ ❈✳ ❖❜s❡r✈❛♥❞♦ ❛ ❚❛❜❡❧❛

✹✳✺✱ r❡❢❡r❡♥t❡ ❛♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ✈❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ♣♦r ❣r✉♣♦ é r❡s♣♦♥sá✈❡❧ ♣♦r

q✉❛s❡ ✷✵✪ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ln(❘❊◗▼) s❡❣✉✐❞♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s ♣♦r ❣r✉♣♦✱ q✉❡

❡①♣❧✐❝❛ ❝❡r❝❛ ❞❡ ✶✱✸✪ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡✳ ❈♦♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦✱ ✈❡♠♦s

q✉❡ ♦ ❢❛t♦r ❝♦♠ ♠❛✐♦r ✐♠♣❛❝t♦ ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s é ♥ú♠❡r♦ ❞❡ r❡s♣♦♥❞❡♥t❡s ♣♦r

❣r✉♣♦✱ s❡❣✉✐❞♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s ♣♦r ❣r✉♣♦✳ ❏á ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ❞✐✜❝✉❧❞❛❞❡✱ ❛

❝♦♥tr✐❜✉✐çã♦ ❞♦ ❢❛t♦r ◆❘ é q✉❛s❡ ❛ ✐❣✉❛❧ ❛ ❞♦ ❢❛t♦r ◆■❈✱ s❡♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s ❝♦♠✉♥s

♣♦r ❣r✉♣♦ ❡①♣❧✐❝❛ q✉❛s❡ ✶✵✪ ❞❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡ ♦ ❢❛t♦r ◆❘ ❡①♣❧✐❝❛ q✉❛s❡ ✼✪✳ ❱❡♠♦s t❛♠❜é♠

q✉❡✱ ♦ ✐♠♣❛❝t♦ ❞♦s ❢❛t♦r❡s ❆●❘ ❡ P ❢♦✐ ✐rr✐sór✐♦ ♥♦s três ❝♦♥❥✉♥t♦s ❞❡ ♣❛râ♠❡tr♦s ❛♥❛❧✐s❛❞♦s✳



✻✷ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❚❛❜❡❧❛ ✹✳✺✿ ❆◆❖❱❆ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s

❋♦♥t❡ ❞❡ ✈❛r✐❛çã♦ ❣❧ ❙◗ ◗▼ ω2

◆❘ ✶ ✹✸✱✶✵✵ ✹✸✱✶✵✵ ✵✱✵✵✷
◆■ ✶ ✹✼✽✶✱✶✻✵ ✹✼✽✶✱✶✻✵ ✵✱✶✾✼
◆■❈ ✶ ✸✸✹✱✽✻✵ ✸✸✹✱✽✻✵ ✵✱✵✶✹
❆●❘ ✷ ✵✱✾✷✵ ✵✱✹✻✵ ❁✵✱✵✵✶
P ✸ ✷✱✼✼✵ ✵✱✾✷✵ ❁✵✱✵✵✶
❘❡sí❞✉♦s ✷✶✺✾✾✶ ✶✾✶✷✷✱✼✾✵ ✵✱✵✽✾

❚❛❜❡❧❛ ✹✳✻✿ ❆◆❖❱❆ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦

❋♦♥t❡ ❞❡ ✈❛r✐❛çã♦ ❣❧ ❙◗ ◗▼ ω2

◆❘ ✶ ✷✵✶✱✻✶✸ ✷✵✶✱✻✶✸ ✵✱✶✶✼
◆■ ✶ ✺✶✱✼✸✽ ✺✶✱✼✸✾ ✵✱✵✸✵
◆■❈ ✶ ✶✻✶✱✵✹✺ ✶✻✶✱✵✹✺ ✵✱✵✾✸
❆●❘ ✷ ✵✱✽✹✼ ✵✱✹✷✸ ❁✵✱✵✵✶
P ✸ ✹✱✼✶✺ ✶✱✺✼✷ ✵✱✵✵✷
❘❡sí❞✉♦s ✻✹✼✶ ✶✸✵✻✱✵✻✽ ✵✱✷✵✷

❚❛❜❡❧❛ ✹✳✼✿ ❆◆❖❱❆ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡

❋♦♥t❡ ❞❡ ✈❛r✐❛çã♦ ❣❧ ❙◗ ◗▼ ω2

◆❘ ✶ ✶✾✶✱✻✸✷ ✶✾✶✱✻✸✷ ✵✱✵✻✽
◆■ ✶ ✺✵✱✹✺✹ ✺✵✱✹✺✹ ✵✱✵✶✽
◆■❈ ✶ ✷✼✸✱✸✵✼ ✷✼✸✱✸✵✼ ✵✱✵✾✽
❆●❘ ✷ ✹✱✸✶✸ ✷✱✶✺✻ ✵✱✵✵✶
P ✸ ✵✱✸✵✽ ✵✱✶✵✸ ❁✵✱✵✵✶
❘❡sí❞✉♦s ✻✹✼✶ ✷✷✼✼✱✺✶✵ ✵✱✸✺✷



✹✳✹ ❈♦♠❡♥tár✐♦s ❡ ❝♦♥❝❧✉sõ❡s ✻✸

✹✳✹ ❈♦♠❡♥tár✐♦s ❡ ❝♦♥❝❧✉sõ❡s

❚♦❞♦s ♥♦ss♦s ❛❧❣♦r✐t♠♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ♦r✐❡♥t❛❞❛ à ♦❜❥❡t♦ ❖①TM ✱ ✈❡❥❛

❤tt♣✿✴✴✇✇✇✳❞♦♦r♥✐❦✳❝♦♠✴♣r♦❞✉❝ts✳❤t♠❧✳ ❆ ❡❞✐çã♦ ❞♦s r❡s✉❧t❛❞♦s ✭❛♥á❧✐s❡s ❞❡ ✈❛r✐â♥❝✐❛s✱ ❣rá✲

✜❝♦s✱ ❡t❝✮ ❢♦✐ ❢❡✐t❛ ❝♦♠ ♦ s♦❢t✇❛r❡ ❘✱ ✈❡❥❛ ❤tt♣✿✴✴✇✇✇✳r✲♣r♦❥❡❝t✳♦r❣✴✳ ❱✐♠♦s q✉❡✱ ♦ ❛❧❣♦r✐t♠♦

❆❉●❙ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♣❡r❢♦r♠❛♥❝❡ s✉♣❡r✐♦r ❛♦ ❛❧❣♦r✐t♠♦ ❆❉▼❍●❙✱ ❡♠ t❡r♠♦s ❞❡ ❝♦♥✈❡r❣ê♥✲

❝✐❛✳ ❊①❝❡t✉❛♥❞♦✲s❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛✱ ✈✐♠♦s q✉❡ ❛s ❝❛❞❡✐❛s ❣❡r❛❞❛s ♣♦r ❡ss❡ ❛❧❣♦r✐t♠♦

❝♦♥✈❡r❣✐r❛♠ ❛♣ós ✶✵✵✵ ✐t❡r❛çõ❡s✳ P❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ ♥♦t❛♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡

✉♠ ♣❡rí♦❞♦ ❜❡♠ ♠❛✐s ❧♦♥❣♦ ✭✷✵✵✵✵ ✐t❡r❛çõ❡s✮✳ ❘❡♣♦rt❛♠♦s ♥❛ ❚❛❜❡❧❛ ✹✳✽ ♦s t❡♠♣♦s ❞❡ ❝♦♠✲

♣✉t❛çã♦✱ ♣❛r❛ ❝❛❞❛ ✶✵✵✵ ✐t❡r❛çõ❡s ❞♦ ❆❧❣♦r✐t♠♦ ❆❉●❙ ✉t✐❧✐③❛♥❞♦ ❛ ♣r✐♦r✐ ✶✱ ♣❛r❛ ❞✐❢❡r❡♥t❡s

❝♦♠❜✐♥❛çõ❡s ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ r❡s♣♦♥❞❡♥t❡s ✭◆❚❘✮ ❡ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✐t❡♥s ✭◆❚■✮✳ ❖s r❡s✉❧✲

t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ❡♠ ✉♠ ❝♦♠♣✉t❛❞♦r ❝♦♠ ♣r♦❝❡ss❛❞♦r ■♥t❡❧✭❘✮ ❝♦r❡✭❚▼✮ ✐✺ ✷✱✻✼ ●❍③✱ ✹●❇

❞❡ ♠❡♠ór✐❛ ❘❆▼ ❡ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❞❡ ✻✹ ❇✐ts✳

❚❛❜❡❧❛ ✹✳✽✿ ❚❡♠♣♦ ❞❡ ❝♦♠♣✉t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❆❉●❙ ♣❛r❛ ❝❛❞❛ ✶✵✵✵ ✐t❡r❛çõ❡s

✭◆❚❘❀ ◆❚■✮ ❚❡♠♣♦ ❞❡ ❝♦♠♣✉t❛çã♦
✭✶✺✵✵❀ ✹✵✮ ✺✶s
✭✶✺✵✵❀ ✺✵✮ ✶♠✶✵s
✭✶✺✵✵❀ ✽✵✮ ✶♠✹✷s
✭✶✺✵✵❀ ✶✵✵✮ ✷♠✵✼s
✭✸✵✵✵❀ ✹✵✮ ✶♠✹✸s
✭✸✵✵✵❀ ✺✵✮ ✷♠✵✸s
✭✸✵✵✵❀ ✽✵✮ ✸♠✶✻s
✭✸✵✵✵❀ ✶✵✵✮ ✸♠✸✽s

❆s ❡st✐♠❛t✐✈❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ s♦❢r❡r❛♠ ♠❛✐♦r ✐♥✢✉ê♥❝✐❛ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♣r✐♦r✐✳

❆s ♣r✐♦r✐s ✶ ❡ ✷ ❛♣r❡s❡♥t❛r❛♠ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❡ ❞❡♥tr❡ ❡st❛s✱ ❛ ♣r✐♦r✐ ✶ ❛♣r❡s❡♥t♦✉ ♦s ♠❡✲

❧❤♦r❡s r❡s✉❧t❛❞♦s ♥❛ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞❛s s✐t✉❛çõ❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s

❛ss✐♠étr✐❝♦ ❝♦♠ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ✭♣r✐♦r✐ ✶✮ r❡❝✉♣❡r♦✉ ❜❡♠ t♦❞♦s ♦s ♣❛râ♠❡tr♦s✳ ❈♦♠ r❡❧❛çã♦

❛♦ ✐♠♣❛❝t♦ ❞❡ ❢❛t♦r❡s ♥❛ r❡❝✉♣❡r❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❝♦♥❝❧✉í♠♦s q✉❡✱ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s é ♦

❢❛t♦r ❞❡ ♠❛✐♦r ✐♠♣❛❝t♦ ♥❛ ❡st✐♠❛çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✱ s❡♥❞♦ q✉❡✱ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡

✐t❡♥s ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❛✉♠❡♥t♦ ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s✳ ❖ ♥ú♠❡r♦ ❞❡ r❡s♣♦♥❞❡♥t❡s

é ♦ q✉❡ ♠❛✐s ✐♠♣❛❝t❛ ♥❛ r❡❝✉♣❡r❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦✱ s❡♥❞♦ q✉❡ ♦ ❛✉♠❡♥t♦

❞❡st❡s✱ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠❛ ♠❛✐♦r ♣r❡❝✐sã♦ ♥❛s ❡st✐♠❛t✐✈❛s✳ ❏á ❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s

❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❡❝❡♠ ♥ã♦ ❞❡♣❡♥❞❡r t❛♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ r❡s♣♦♥❞❡♥t❡s✳ ❆❝r❡✲

❞✐t❛♠♦s q✉❡ ❡st❡ ❢❛t♦ ❡st❡❥❛ r❡❧❛❝✐♦♥❛❞♦ à ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ ♣❛râ♠❡tr♦ ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❡

♣❛râ♠❡tr♦ ❞❡ ❞✐✜❝✉❧❞❛❞❡✳ ❖✉ s❡❥❛✱ é r❛③♦á✈❡❧ ♣❡♥s❛r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛çõ❡s ♥❡❝❡ssár✐❛s

♣❛r❛ s❡ ❡st✐♠❛r ❜❡♠ ❛ ✐♥❝❧✐♥❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛✱ é ♠❛✐♦r ❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛çõ❡s ♥❡✲



✻✹ ❊st✉❞♦ ❞❡ ❙✐♠✉❧❛çã♦

❝❡ssár✐❛s ♣❛r❛ s❡ ❡st✐♠❛r ❜❡♠ ❛ s✉❛ ♣♦s✐çã♦✳ ❈♦♥st❛t❛♠♦s✱ t❛♠❜é♠✱ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s

❝♦♠✉♥s ♣♦ss✉✐ ✉♠❛ ♥♦t❛❞❛ r❡❧❡✈â♥❝✐❛ ❛♣❛r❡❝❡♥❞♦ ❝♦♠♦ ♦ s❡❣✉♥❞♦ ❢❛t♦r ❞❡ ♠❛✐♦r ✐♠♣❛❝t♦ ♥❛

♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ♣❛râ♠❡tr♦s ❛♥❛❧✐s❛❞♦s✳ ❙❡♥❞♦ q✉❡✱ ♦ ❛✉♠❡♥t♦ ❞❡st❡s✱

t❛♠❜é♠ ❡stá r❡❧❛❝✐♦♥❛❞♦ à ❡st✐♠❛t✐✈❛s ♠❛✐s ♣r❡❝✐s❛s✳

◆ã♦ ❢♦✐ ♦❜s❡r✈❛❞♦ ♥❡♥❤✉♠❛ ♠✉❞❛♥ç❛ ♥❛ ♣r❡❝✐sã♦ ❞❛s ❡st✐♠❛t✐✈❛s q✉❛♥❞♦ ✈❛r✐❛♠♦s ❛ ❛s✲

s✐♠❡tr✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✱ ❝♦♠ ♦s ❞❡♠❛✐s ❣r✉♣♦s

❛ss✐♠étr✐❝♦s✳ ❖✉ s❡❥❛✱ ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠étr✐❝♦ ❢♦r♥❡❝❡✉ ❜♦❛s ❡st✐♠❛t✐✈❛s✱

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ s✐♠❡tr✐❛ ♦✉ ❛ss✐♠❡tr✐❛ ❞♦ ❣r✉♣♦ ❞❡ r❡❢❡rê♥❝✐❛✳



❈❛♣ít✉❧♦ ✺

❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

✺✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❈❛♣ít✉❧♦ ✉t✐❧✐③❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠étr✐❝♦ ♣❛r❛ ❛♥❛❧✐s❛r ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❞❛❞♦s r❡❢❡r❡♥t❡ ❛ ✉♠ ❡st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ r❡❛❧✐③❛❞♦ ❝♦♠ ❛❧✉♥♦s ❞❛ ♣r✐♠❡✐r❛ ❛ q✉❛rt❛ sér✐❡

❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❛❧❣✉♠❛s ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❞❛ ❝✐❞❛❞❡ ❞❡ ▲♦♥❞r✐♥❛✳ ❇❛s❡❛❞♦s ♥♦s

r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✹✱ ❡s❝♦❧❤❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❆❉●❙ ❝♦♠ ♣r✐♦r✐ ❞❡ ❏❡✛r❡②s ♣❛r❛ r❡❛❧✐③❛r

❛ ❡st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✳ ❆✈❛❧✐❛♠♦s ❛ q✉❛❧✐❞❛❞❡ ❞❡ ♥♦ss♦ ❛❥✉st❡ ✉t✐❧✐③❛♥❞♦ ❞✐❛❣♥óst✐❝♦

❜❛s❡❛❞♦ ♥❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❛❞❡q✉❛❞❛s✳ ❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦

❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥❛ s❡çã♦ ✶✳✷ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♠❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦✳ ◆❛

s❡çã♦ ✶✳✸ ❛♥❛❧✐s❛♠♦s ❞❛❞♦s r❡❛✐s ❝♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠♦❞❡❧♦ ❛ss✐♠étr✐❝♦

❡ s✐♠étr✐❝♦✳ P♦r ú❧t✐♠♦✱ ♥❛ s❡çã♦ ✶✳✸ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❧✉sõ❡s ❡ ❝♦♠❡♥tár✐♦s✳

✺✳✷ ▼❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦

❊♠ ♠♦❞❡❧♦s ❜❛②❡s✐❛♥♦s✱ ✉♠❛ ❢♦r♠❛ ❞❡ ✈❡r✐✜❝❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❛❥✉st❡ é ❝♦♠♣❛r❛r ❛ ❞✐str✐❜✉✐çã♦

❞♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛✱ ✈❡❥❛ ●❡❧♠❛♥ ❡t✳❛❧ ✭✷✵✵✹✮✳ P❛r❛ ♠♦❞❡❧♦s

❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ❜❛②❡s✐❛♥♦s ❡①✐st❡✱ ♥❛ ❧✐t❡r❛t✉r❛✱ ❞✐✈❡rs♦s ❞✐❛❣♥óst✐❝♦s ❜❛s❡❛❞♦s ❡♠ ❞✐str✐✲

❜✉✐çõ❡s ♣r❡❞✐t✐✈❛s✳ ❉✐s❝✉ssõ❡s ❣❡r❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠✱ ❙t❡r♥ ❛♥❞ ❙✐♥❤❛r❛② ✭✷✵✵✺✮✱

❙✐♥❤❛r❛② ✭✷✵✵✻✮✱ ❙✐♥❤❛r❛② ❡t✳❛❧ ✭✷✵✵✻✮✱ ❋♦① ✭✷✵✵✹✮✱ ❋♦① ❛♥❞ ●❧❛s ✭✷✵✵✺✮ ❡ ❋♦① ✭✷✵✶✵✮✳ ❆③❡✈❡❞♦

❡t✳❛❧ ✭✷✵✶✷✮ ❛❞❛♣t❛r❛♠ ❛❧❣✉♥s ❞✐❛❣♥óst✐❝♦s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s✳ ❚❛✐s ❞✐❛❣♥óst✐❝♦s

sã♦ ❜❛s❡❛❞♦s ❡♠ ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❡s❝♦❧❤✐❞❛s ❞❡ ♠♦❞♦ q✉❡ s❡ ♣♦ss❛ ❛✈❛❧✐❛r ❛❧❣✉♠❛ s✉✲

♣♦s✐çã♦ ♦✉ ♦ ❛❥✉st❡ ❣❡r❛❧ ❞♦ ♠♦❞❡❧♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛♠♦s ❞✉❛s ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛✳

❯♠❛ ❞❡❧❛s é ❜❛s❡❛❞❛ ♥♦s r❡sí❞✉♦s ❞❡ P❡❛rs♦♥✳ ❊st❡ t✐♣♦ ❞❡ r❡sí❞✉♦ r❡♣r❡s❡♥t❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

♦s ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ❡ ❡s♣❡r❛❞♦s ❞✐✈✐❞✐❞❛ ♣❡❧♦ ❞❡s✈✐♦✲♣❛❞rã♦ ❞❛s ♦❜s❡r✈❛çõ❡s✳ ❆ ♦✉tr❛ s❡rá

✻✺



✻✻ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞♦ r❡sí❞✉♦ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❞❡s✈✐♦ ✭♦✉ r❡sí❞✉♦ ❞❡✈✐❛♥❝❡✮✱ ✈❡❥❛ P❛✉❧❛ ✭✷✵✶✵✮✳

❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ ❈❛♣ít✉❧♦✳

❙❡❥❛ yobs ❛ ♠❛tr✐③ ❞❡ r❡s♣♦st❛s ♦❜s❡r✈❛❞❛s✱ ❡ yrep ❛ ♠❛tr✐③ ❞❡ ❞❛❞♦s r❡♣❧✐❝❛❞♦s ❣❡r❛❞♦s

❛ ♣❛rt✐r ❞❛ s✉❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛✳ ❆ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❞❛s r❡s♣♦st❛s ❞♦ ❣r✉♣♦ k é

r❡♣r❡s❡♥t❛❞❛ ♣♦r

p(yrepk |yobsk ) =

∫
p(yrepk |ϑk)p(ϑk|yobsk )dϑk

, ✭✺✳✶✮

♦♥❞❡ ϑk ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ❣r✉♣♦ k✳ ●❡❧♠❛♥

❡t ❛❧✳ ✭✷✵✵✹✮ s✉❣❡r❡♠ ✈ár✐♦s ❣rá✜❝♦s ♣❛r❛ s❡ ❝♦♠♣❛r❛r ♦s ❞❛❞♦s r❡♣❧✐❝❛❞♦s ❝♦♠ ♦s ♦❜s❡r✈❛❞♦s

s❡❣✉♥❞♦ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❞✐s❝r❡♣â♥❝✐❛✳ ❯♠❛ ♦✉tr❛ ♦♣çã♦ é ♦ ✈❛❧♦r✲♣ ❜❛②❡s✐❛♥♦ ❞❡✜♥✐❞♦ ❝♦♠♦ ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜s❡r✈❛r♠♦s ❞❛❞♦s r❡♣❧✐❝❛❞♦s ♠❛✐♦r❡s ❞♦ q✉❡✱ ♦✉ ✐❣✉❛✐s ❛♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✱

s❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❛❞♦t❛❞❛✳ ❖✉ s❡❥❛✱

p0
(
y
rep
k |yobsk

)
= P

(
D (yrepk ,ϑk) ≥ D

(
yobsk ,ϑk

)
|yobsk

)
, ✭✺✳✷✮

♦♥❞❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é t♦♠❛❞❛ s♦❜ ❛ ♣♦st❡r✐♦r✐ ❝♦♥❥✉♥t❛ ❞❡ (yrepk ,ϑk)✳ ◆❛ ♣rát✐❝❛✱ ❛ ❞✐str✐❜✉✐çã♦

♣r❡❞✐t✐✈❛ é ❝❛❧❝✉❧❛❞❛ ✉t✐❧✐③❛♥❞♦ s✐♠✉❧❛çã♦✳ ❙❡ t✐✈❡r♠♦s T s✐♠✉❧❛çõ❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐

❞❡ ϑk ♥ós ❝❛❧❝✉❧❛♠♦s yrepk ❞❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ♣❛r❛ ❝❛❞❛ ϑk s✐♠✉❧❛❞♦❀ t❡r❡♠♦s ❡♥tã♦ ✉♠❛

❛♠♦str❛ ❞❡ t❛♠❛♥❤♦ T ❞❛ ❞✐str✐❜✉✐çã♦ ❛ ♣♦st❡r✐♦r✐ ❝♦♥❥✉♥t❛ ❞❡ (yrepk ,ϑk|yobsk )✳ ❆ ❡st✐♠❛t✐✈❛

❞♦ ✈❛❧♦r✲♣ é ❞❛❞❛ ♣❡❧❛ ♣r♦♣♦rçã♦ ❞❡ ✈❛❧♦r❡s ♥❛s T s✐♠✉❧❛çõ❡s t❛❧ q✉❡✱ D
(
(yrepk )(t),ϑ

(t)
k

)
≥

D
(
(yobsk )(t),ϑ

(t)
k

)
, t = 1, . . . , T ✳

❇é❣✉✐♥ ❛♥❞ ●❧❛s ✭✷✵✵✶✮✱ ♣r♦♣õ❡♠ ✉♠ ♠ét♦❞♦ ❣rá✜❝♦ ♣❛r❛ ❝♦♠♣❛r❛r ❛ ❞✐str✐❜✉✐çã♦ ❞♦s

❡s❝♦r❡s ♦❜s❡r✈❛❞♦s ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ♣r❡❞✐t✐✈❛ ❞♦s ❡s❝♦r❡s✳ ❙♦❜ ❛ ❡str✉t✉r❛ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s

❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❡s❝♦r❡s ♣♦❞❡ s❡r ❛✈❛❧✐❛❞❛ ♣♦r ❣r✉♣♦✳

❆ ♠❡❞✐❞❛ ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❜❛s❡❛❞❛ ♥♦s r❡sí❞✉♦s ❞❡ P❡❛rs♦♥ ♣❛r❛ ✉♠ ❣r✉♣♦ ❡s♣❡❝í✜❝♦ é

❞❡✜♥✐❞❛ ❝♦♠♦

Dp(yk) =
∑

l

(nl,k − E(nl,k))
2

V (nnl,k
)

, ✭✺✳✸✮

❡♠ q✉❡ nl,k r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❝♦♠ ❡s❝♦r❡ l ♥♦ ❣r✉♣♦ k✳ ❖✉ s❡❥❛✱ Dp(yk) é ❞❡✜✲

♥✐❞❛ ❝♦♠♦ ♦ q✉❛❞r❛❞♦ ❞♦s r❡sí❞✉♦s✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❜❡♠ ❝♦♥❤❡❝✐❞❛ ❡st❛tíst✐❝❛ q✉✐✲q✉❛❞r❛❞♦

❞❡ P❡❛rs♦♥✳ ❆ ❡s♣❡r❛♥ç❛ ❡ ✈❛r✐â♥❝✐❛ ❞❡ nl,k sã♦ ❡st✐♠❛❞❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♣❛r❛ ❝❛❞❛ ❝♦♥✲

❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s s✐♠✉❧❛❞♦s ✭tr❛ç♦s ❧❛t❡♥t❡s ❡ ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s✮ ✉♠ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡

r❡s♣♦st❛s é t❛♠❜é♠ s✐♠✉❧❛❞♦ ❡✱ ❛ ♣❛rt✐r ❞❡st❡s✱ sã♦ ❝❛❧❝✉❧❛❞♦s ♦s ✈❛❧♦r❡s ❞❡ nl,k✳ ❚♦♠❛♠♦s ❛

♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛ s♦❜ t♦❞♦s n(t)
l,k ♣❛r❛ t♦❞❛ s✐♠✉❧❛çã♦ t = 1, . . . , T ✱ ❡s❝♦r❡ l = 1, . . . , L ❡ ❣r✉♣♦



✺✳✷ ▼❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦ ✻✼

k✱ ❡♠ q✉❡ L é ♦ ❡s❝♦r❡ ♠á①✐♠♦ ♦❜s❡r✈❛❞♦✳ ❊st❛ ♠❡❞✐❞❛ t❛♠❜é♠ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❡♠ ♥í✈❡❧

♣♦♣✉❧❛❝✐♦♥❛❧ s♦♠❛♥❞♦✲s❡ ❛s ♠❡❞✐❛s ❞❡ ❝❛❞❛ ❣r✉♣♦✱ ♦✉ s❡❥❛✱ D(y) =
∑

kD(yk)✳

P❛r❛ ♦ r❡sí❞✉♦ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❞❡s✈✐♦ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ ♠❡❞✐❞❛

Dυ(yk) =
∑

l

d(nl,k), ✭✺✳✹✮

❡♠ q✉❡ d(nl,k) r❡♣r❡s❡♥t❛ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❞❛ ♦❜s❡r✈❛çã♦✳ ◆❛ ♣rát✐❝❛✱ ❛

❝♦♥tr✐❜✉✐çã♦ ❞❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ t❛♠❜é♠ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛✳

❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❡s❝♦r❡s ♦❜s❡r✈❛❞♦s ♣♦r ✐t❡♠ ♣♦❞❡ s❡r t❛♠❜é♠ ❛✈❛❧✐❛❞❛

♣♦r ❣r✉♣♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡st❛tíst✐❝❛ ❞❡ P❡❛rs♦♥✱ ❛ ♠❡❞✐❞❛ ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ♣❛r❛ ✉♠ ✐t❡♠ i

❛♣r❡s❡♥t❛❞♦ ❛♦ ❣r✉♣♦ k é ❞❡✜♥✐❞❛ ❝♦♠♦

Dp(yik) =
∑

l

(nl,ik − E(nl,ik))
2

V (nl,ik)
, ✭✺✳✺✮

❡♠ q✉❡✱ nl,ik é ♦ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❝♦♠ ❡s❝♦r❡ l q✉❡ r❡s♣♦♥❞❡r❛♠ ❝♦rr❡t❛♠❡♥t❡ ❛♦ ✐t❡♠ i

♥♦ ❣r✉♣♦ k✳ ❆ ♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛ ❞❡ nl,ik sã♦ ❝❛❧❝✉❧❛❞❛s ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ é ❢❡✐t♦ ♣❛r❛ nlk✳

P❛r❛ ♦s r❡sí❞✉♦s ❝♦♠♣♦♥❡♥t❡ ❞♦ ❞❡s✈✐♦✱ t♦♠❛♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ t❡♠♦s

Dυ(yi) =
∑

k

d(nk), ✭✺✳✻✮

❡♠ q✉❡✱

d(nk) =
∑

j∈Ω(nk)

√
2| log(Pijk)| −

∑

j 6∈Ω(nk)

√
2| log(1− Pijk)|. ✭✺✳✼✮

❊ss❛s ♠❡❞✐❞❛s t❛♠❜é♠ ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞❛s ❞❡ ♠♦❞♦ ❛ r❡s✉♠✐r t♦❞♦s ♦s ❣r✉♣♦s✳ ❙❡♥❞♦

D ✉♠❛ ❞❛s ❞✉❛s ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❞❡✜♥✐❞❛s t❡♠♦s

D(yi) =
∑

k

D(yik). ✭✺✳✽✮

P❛r❛ r❡s✉♠✐r t♦❞♦s ♦s ✐t❡♥s ❜❛st❛ t♦♠❛r

D(y) =
∑

i

D(yi). ✭✺✳✾✮



✻✽ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛

◆♦ss♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ ❣r❛♥❞❡ ❛✈❛❧✐❛çã♦ ❡❞✉❝❛❝✐♦♥❛❧ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♦r❞❡♥❛❞❛

♣❡❧❛ ✉♥✐✈❡rs✐❞❛❞❡ ❞❡ ❊①❡t❡r✱ ■♥❣❧❛t❡rr❛✳ ❱ár✐♦s ♣❛ís❡s ♣❛rt✐❝✐♣❛♠ ❞❡st❡ ❡st✉❞♦✱ ✐♥❝❧✉✐♥❞♦ ♦

❇r❛s✐❧ ❛tr❛✈és ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ▲♦♥❞r✐♥❛✳ ❖ ♣r♦❥❡t♦ ■P▼❆ ✭■♥t❡r♥❛t✐♦♥❛❧ Pr♦❥❡❝t

♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❆tt❛✐♥♠❡♥t✮ ♠♦♥✐t♦r❛ ♦ ♣r♦❣r❡ss♦ ♠❛t❡♠át✐❝♦ ❞❡ ❛❧✉♥♦s ❡♠ ❡s❝♦❧❛s ♣r✐♠ár✐❛s✳

◆♦ ❇r❛s✐❧✱ ✺✻✽ ❡st✉❞❛♥t❡s ❞❛ ♣r✐♠❡✐r❛ sér✐❡ ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r❛♠ s❡❧❡❝✐♦♥❛❞♦s ❞❡ ♦✐t♦

❡s❝♦❧❛s✱ ❧♦❝❛❧✐③❛❞❛s ❡♠ ❞✐❢❡r❡♥t❡s ❧✉❣❛r❡s ❞❛ ❝✐❞❛❞❡ ❞❡ ▲♦♥❞r✐♥❛✳ ❉❛s ♦✐t♦ ❡s❝♦❧❛s s❡❧❡❝✐♦♥❛❞❛s✱

s❡✐s sã♦ ♠✉♥✐❝✐♣❛✐s ❡ ❞✉❛s sã♦ ❡st❛❞✉❛✐s✳ ❖s ❡st✉❞❛♥t❡s ❢♦r❛♠ ❛❝♦♠♣❛♥❤❛❞♦s ❛té ❛ q✉❛rt❛ sér✐❡✳

❉✉r❛♥t❡ ❛ s✉❛ r❡❛❧✐③❛çã♦✱ ✈ár✐♦s ❡st✉❞❛♥t❡s ❛❜❛♥❞♦♥❛r❛♠ ♦ ❡st✉❞♦ ♣♦r ❞✐❢❡r❡♥t❡s ♠♦t✐✈♦s✳

❖ ♣r❡s❡♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❝♦♥s✐st❡ ❞♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ ❞❡ ❡st✉❞❛♥t❡s ❞❛ ♣r✐♠❡✐r❛ à

q✉❛rt❛ sér✐❡✿ ✺✺✻✱ ✺✺✻✱ ✹✵✶ ❡ ✷✾✹✳ ❖s ❡st✉❞❛♥t❡s ❞❛ ♣r✐♠❡✐r❛ sér✐❡ r❡s♣♦♥❞❡r❛♠ ❛ ✉♠ t❡st❡ ❞❡

✷✵ ✐t❡♥s✱ ❛ s❡❣✉♥❞❛ sér✐❡ r❡s♣♦♥❞❡✉ ❛ ✹✵ ✐t❡♥s ✐♥❝❧✉✐♥❞♦ ♦s ✷✵ ✐t❡♥s ❞♦ t❡st❡ ❞❛ ♣r✐♠❡✐r❛ sér✐❡✳

❖ ♠❡s♠♦ ♦❝♦rr❡✉ ❝♦♠ ❛ t❡r❝❡✐r❛ ❡ q✉❛rt❛ sér✐❡✱ ♦✉ s❡❥❛✱ ❡st❡s ❛❧✉♥♦s t❛♠❜é♠ r❡s♣♦♥❞❡r❛♠ ❛

✹✵ ✐t❡♥s ✐♥❝❧✉✐♥❞♦ ♦s ú❧t✐♠♦s ✷✵ ✐t❡♥s ❞❛ sér✐❡ ♣r❡❝❡❞❡♥t❡ ♠❛✐s ✷✵ ✐t❡♥s ✐♥é❞✐t♦s ✭✈❡❥❛ ❚❛❜❡❧❛

❈✳✽✮✳ ❚❡♠♦s ❡♥tã♦ ✉♠ t♦t❛❧ ❞❡ ✽✵ ✐t❡♥s✳

✺✳✸✳✶ ❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❡ ❛✈❛❧✐❛çã♦ ❞♦ ❛❥✉st❡

❆③❡✈❡❞♦ ❡t✳❛❧ ✭✷✵✶✷✮ ❛♥❛❧✐s❛♠ ❡st❡ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s

♠ú❧t✐♣❧♦s s✐♠étr✐❝♦✳ ❊❧❡s ❛✈❛❧✐❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦rr❡❧❛çõ❡s ❡♥tr❡ ❛s sér✐❡s✳ ❙❡✉s r❡s✉❧t❛❞♦s

✐♥❞✐❝❛r❛♠ ❝♦rr❡❧❛çã♦ s✐❣♥✐✜❝❛t✐✈❛ ❛♣❡♥❛s ❡♥tr❡ ❛ s❡❣✉♥❞❛ ❡ q✉❛rt❛ sér✐❡ ✭❝♦rr❡❧❛çã♦ ❞❡ P❡❛rs♦♥

✐❣✉❛❧ ❛ ✵✱✷✶✺✮✳ P♦rt❛♥t♦✱ ♣❛r❡❝❡ s❡r r❛③♦á✈❡❧ s✉♣♦r♠♦s q✉❡ ♦s tr❛ç♦s ❧❛t❡♥t❡s sã♦ ♥ã♦ ❝♦rr❡❧❛✲

❝✐♦♥❛❞♦s ❛♦ ❧♦♥❣♦ ❞❛s sér✐❡s✳

❆❥✉st❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠étr✐❝♦ ✭▼●▼❆✮ ❛♦s ❞❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ❝❛❞❛

sér✐❡ ❝♦♠♦ ✉♠ ❣r✉♣♦✳ ❆❥✉st❛♠♦s t❛♠❜é♠ ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s s✐♠étr✐❝♦ ✭▼●▼✮ ❝♦♠

♦ ♦❜❥❡t✐✈♦ ❞❡ ❢❛③❡r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ❖ ▼●▼ t❛♠❜é♠ ❢♦✐ ❛❥✉st❛❞♦ ❛tr❛✈és ❞♦

❛❧❣♦r✐t♠♦ ❆❉●❙ ♠♦❞✐✜❝❛❞♦ ♥♦ ♣❛ss♦ ✺✳✸✱ ✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳✷✳ ◆❛s ❋✐❣✉r❛s ✺✳✶ ❡ ✺✳✷✱ sã♦ ❛♣r❡✲

s❡♥t❛❞❛s ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s ❡s❝♦r❡s ♣r❡❞✐t♦s ❡ ♦❜s❡r✈❛❞♦s ❡♠ ❝❛❞❛ sér✐❡✱ s❡❣✉♥❞♦ ♦s ♠♦❞❡❧♦s

❛ss✐♠étr✐❝♦ ❡ s✐♠étr✐❝♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦❞❡♠♦s ✈❡r q✉❡ ❡♠ ❝❛❞❛ sér✐❡ ♦s ❡s❝♦r❡s ♣r❡❞✐t♦s

❡stã♦ ❜❡♠ ♣ró①✐♠♦s ❞♦s ♦❜s❡r✈❛❞♦s ❡ ❡st❡s ❡♥❝♦♥tr❛♠✲s❡ ❞❡♥tr♦ ❞❛ r❡❣✐ã♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡✳ ■ss♦

s✉❣❡r❡ q✉❡ ♦s ♠♦❞❡❧♦s ❡stã♦ ❜❡♠ ❛❥✉st❛❞♦s ❛♦s ❞❛❞♦s✳ P♦❞❡♠♦s ✈❡r✱ t❛♠❜é♠✱ q✉❡ ♥❡♠ t♦❞❛s

❛s ❞✐str✐❜✉✐çõ❡s ❞♦s ❡s❝♦r❡s sã♦ s✐♠étr✐❝❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛ ❞❛ s❡❣✉♥❞❛ sér✐❡✳ ■ss♦ s✉❣❡r❡ q✉❡

❛s ❞✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞❡ ❛❧❣✉♥s ❣r✉♣♦s ♣♦❞❡♠ s❡r ❛ss✐♠étr✐❝❛s✳

❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ♣❛r❛ ♦s ♠♦❞❡❧♦s s✐♠étr✐❝♦ ❡ ❛ss✐♠étr✐❝♦ ♣♦✲

❞❡♠ s❡r ✈✐st❛s ♥❛ ❚❛❜❡❧❛ ✺✳✶✳ ◆❡st❛ ♣♦❞❡♠♦s ✈❡r ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ✭♠é❞✐❛ ❛



✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ✻✾

♣♦st❡r✐♦r✐✮✱ ♦s ❡rr♦s✲♣❛❞rã♦ ✭❊P✮✱ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪ ✭■❈ ✭✾✺✪✮✮ ❡ ❍P❉✬s ❞❡

✾✺✪✳ ❉❡♥♦t❛♠♦s ♣♦r µθk , σθk ❡ γθk , k = 1, . . . , 4 ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❞❛ ♣r✐♠❡✐r❛

❛ q✉❛rt❛ sér✐❡✳ ❱❡♠♦s q✉❡ ♦ ▼●▼❆ ❝♦♥✜r♠♦✉ ♥♦ss❛s s✉s♣❡✐t❛s ❛ r❡s♣❡✐t♦ ❞❛ ❛ss✐♠❡tr✐❛ ❞❛

❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ❖s r❡s✉❧t❛❞♦s ✐♥❞✐❝❛♠ q✉❡ ❤á ✉♠❛ ❢♦rt❡ ❛ss✐♠❡tr✐❛ à ❡sq✉❡r❞❛

♥❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❞❛ s❡❣✉♥❞❛ sér✐❡ ✭❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ ✐❣✉❛❧ ❛ ✲✵✱✽✵✺✮✳

❏á ♦s tr❛ç♦s ❧❛t❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❡ t❡r❝❡✐r❛ sér✐❡s✱ ❛♣r❡s❡♥t❛r❛♠ ❢r❛❝❛ ❛ss✐♠❡tr✐❛ à ❡sq✉❡r❞❛

❡ ♦s ❞❛ q✉❛rt❛ sér✐❡ ❛♣r❡s❡♥t❛r❛♠ ❢r❛❝❛ ❛ss✐♠❡tr✐❛ à ❞✐r❡✐t❛✳ ❆ ♠é❞✐❛ ❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❛

♣r✐♠❡✐r❛ sér✐❡ ❢♦r❛♠ ✜①❛❞❛s ❡♠ ③❡r♦ ❡ ✉♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❛ ❡s❝❛❧❛✳ ◆❛

❋✐❣✉r❛ ✺✳✸ ♣♦❞❡♠♦s ✈❡r ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ✐♥✲

t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ♦❜t✐❞❛s ❝♦♠ ♦s ❞♦✐s ♠♦❞❡❧♦s✳ ❱❡♠♦s q✉❡ ❛s ❡st✐♠❛t✐✈❛s ❞❛s ♠é❞✐❛s

❡ ❞❡s✈✐♦s✲♣❛❞rã♦ ♦❜t✐❞❛s ❝♦♠ ♦ ▼●▼❆ sã♦ ✉♠ ♣♦✉❝♦ ♠❡♥♦r❡s✱ ❡♠ r❡❧❛çã♦ ❛s ❡st✐♠❛t✐✈❛s ❞♦

▼●▼✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ❣r✉♣♦s ✷ ❡ ✸✳ ❖✉ s❡❥❛✱ ♦ ♠♦❞❡❧♦ q✉❡ ✐❣♥♦r❛ ❛ ❛ss✐♠❡tr✐❛✱ ♣♦❞❡ ❡st❛r

s✉♣❡r❡st✐♠❛♥❞♦ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✳

P✉❞❡♠♦s ✈❡r q✉❡ ❤♦✉✈❡ ✉♠ ✐♥❝r❡♠❡♥t♦ ♥❛ ♣r♦✜❝✐ê♥❝✐❛ ♠é❞✐❛ ❞♦s ❛❧✉♥♦s ❞❛ ♣r✐♠❡✐r❛ ❛té ❛

q✉❛rt❛ sér✐❡✳ ■ss♦ ✐♥❞✐❝❛ ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ ♥❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦s ❡st✉❞❛♥t❡ ❛ ❝❛❞❛ ❛♥♦✳

❖s ❞❡s✈✐♦s✲♣❛❞rã♦ ❞❛ t❡r❝❡✐r❛ ❡ q✉❛rt❛ sér✐❡ sã♦ ♠❡♥♦r❡s ❝♦♠♣❛r❛❞♦s ❛♦s ❞❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛

sér✐❡✳ ❙✐❣♥✐✜❝❛ q✉❡ ♦s ❡st✉❞❛♥t❡s ❡stã♦ ♠❛✐s ♣❛r❡❝✐❞♦s ♥♦s ❞♦✐s ú❧t✐♠♦s ❛♥♦s ❡ ❡ss❛ s❡♠❡❧❤❛♥ç❛

é ♠❛✐♦r ❞♦ q✉❡ ❛ s✉❣❡r✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ s✐♠étr✐❝♦✳ ❖✉ s❡❥❛✱ ❛♣ós ❞♦✐s ❛♥♦s ♥♦ ♣r♦❥❡t♦✱ ♦s ❛❧✉♥♦s

♣❛r❡❝❡♠ ❡st❛r ♠❛✐s ♣❛r❡❝✐❞♦s ❝♦♠ r❡❧❛çã♦ ❛ s✉❛ ♣❡r❢♦r♠❛♥❝❡ ♠❛t❡♠át✐❝❛✳

❆s ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ✭✺✳✺✮ ❡ ✭✺✳✻✮ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛✈❛❧✐❛r ♦ ❛❥✉st❡ ❞♦s ♣❛râ✲

♠❡tr♦s ❞♦s ✐t❡♥s✳ ❆ ❋✐❣✉r❛ ✺✳✹ ♠♦str❛ ♦s ✈❛❧♦r❡s✲♣ ❜❛②❡s✐❛♥♦s ♣❛r❛ ❝❛❞❛ ✐t❡♠ ❡ ♣❛r❛ ♦s ❞♦✐s

♠♦❞❡❧♦s ❛❥✉st❛❞♦s✳ ❆ ❡st❛tíst✐❝❛ ❞❡✈✐❛♥❝❡ ♣❛r❡❝❡ s❡r ♠❛✐s ❝♦♥s❡r✈❛❞♦r❛ ♥♦ s❡♥t✐❞♦ ❞❡ ❞❡t❡❝t❛r

✐t❡♥s q✉❡ ♥ã♦ s❡ ❛❥✉st❛r❛♠ ❜❡♠ ❛♦s ❞❛❞♦s✳ ❖❜s❡r✈❛♥❞♦ ♦s ✈❛❧♦r❡s✲♣ ❜❛s❡❛❞♦s ♥❛ ❡st❛tíst✐❝❛

q✉✐✲q✉❛❞r❛❞♦ ✈❡♠♦s q✉❡✱ ❞❡ ♠♦❞♦ ❣❡r❛❧ ♦s ✐t❡♥s ❡stã♦ ❞❡✈✐❞❛♠❡♥t❡ ❛❥✉st❛❞♦s ❝♦♠ ❡①❝❡çã♦ ❞♦s

✐t❡♥s✱ ✶✾✱ ✸✾ ❡ ✺✼ q✉❡ ❢♦r❛♠ ❛♣♦♥t❛❞♦s ♣❡❧♦s ❞♦✐s ♠♦❞❡❧♦s✳ ❖ ✐t❡♠ ✷✸ ♣❛r❡❝❡ ♥ã♦ t❡r s❡ ❛❥✉st❛❞♦

❜❡♠ s❡❣✉♥❞♦ ♦ ▼●▼ ❝♦♠ p = 0, 078 ❛❥✉st❛♥❞♦✲s❡ ♠❡❧❤♦r s❡❣✉♥❞♦ ♦ ▼●▼❆ ✭p = 0, 178✮✳ ❖

❛❥✉st❡ ✧♣♦❜r❡✧❞❡ss❡s ✐t❡♥s ♣♦❞❡ s❡r ❞❡✈✐❞♦ ❛ ♠❛✉ ❡s♣❡❝✐✜❝❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠✱

♠á ❢♦r♠✉❧❛çã♦ ❞♦ ✐t❡♠✱ ❡t❝✳



✼✵ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

❋✐❣✉r❛ ✺✳✶✿ ❉✐str✐❜✉✐çã♦ ❞♦s ❡s❝♦r❡s s❡❣✉♥❞♦ ♦ ▼●▼❆✳ ▲❡❣❡♥❞❛✿ ❧✐♥❤❛ ❝❤❡✐❛✿ ❡s❝♦r❡s ♣r❡❞✐t♦s✱ ✕◦✕
❡s❝♦r❡s ♦❜s❡r✈❛❞♦s✱ −−− ✐♥t❡r✈❛❧♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪

❋✐❣✉r❛ ✺✳✷✿ ❉✐str✐❜✉✐çã♦ ❞♦s ❡s❝♦r❡s s❡❣✉♥❞♦ ♦ ▼●▼✳ ▲❡❣❡♥❞❛✿ ❧✐♥❤❛ ❝❤❡✐❛✿ ❡s❝♦r❡s ♣r❡❞✐t♦s✱ ✕◦✕
❡s❝♦r❡s ♦❜s❡r✈❛❞♦s✱ −−− ✐♥t❡r✈❛❧♦ ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪

❆s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻ ♠♦str❛♠ ❛s ❡st✐♠❛t✐✈❛s ✭♠é❞✐❛s ❛ ♣♦st❡r✐♦r✐✮ ❞♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s

❝♦♠ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪ ♣❛r❛ ♦ ▼●▼❆ ❡ ▼●▼✳ P♦❞❡♠♦s ✈❡r q✉❡ ♦s ✷✵ ♣r✐♠❡✐r♦s



✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ✼✶

❚❛❜❡❧❛ ✺✳✶✿ ❘❡s✉♠♦ ❛ ♣♦st❡r✐♦r✐ ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❞❡ ❝❛❞❛ sér✐❡ s❡❣✉♥❞♦ ♦s ♠♦❞❡❧♦s

s✐♠étr✐❝♦ ❡ ❛ss✐♠étr✐❝♦
❆ss✐♠étr✐❝♦ ❙✐♠étr✐❝♦

P❛râ♠❡tr♦s ▼é❞✐❛ ❊P ■❈ ✭✾✺✪✮ ❍P❉ ✭✾✺✪✮ ▼é❞✐❛ ❊P ■❈ ✭✾✺✪✮ ❍P❉ ✭✾✺✪✮
µθ1 ✵ ✲ ✲ ✲ ✲ ✲ ✵ ✲ ✲ ✲ ✲ ✲
µθ2 ✶✱✵✹✾ ✵✱✵✺✵ ✵✱✾✺✻ ✶✱✶✺✵ ✵✱✾✺✽ ✶✱✶✺✸ ✶✱✵✼✽ ✵✱✵✺✹ ✵✱✾✼✹ ✶✱✶✽✻ ✵✱✾✽✶ ✶✱✶✾✸
µθ3 ✶✱✹✷✼ ✵✱✵✺✼ ✶✱✸✶✼ ✶✱✺✸✾ ✶✱✸✶✻ ✶✱✺✸✻ ✶✱✹✻✸ ✵✱✵✻✵ ✶✱✸✺✻ ✶✱✺✽✽ ✶✱✸✺✻ ✶✱✺✽✾
µθ4 ✷✱✵✾✸ ✵✱✵✽✽ ✶✱✾✷✻ ✷✱✷✼✵ ✶✱✾✶✼ ✷✱✷✺✽ ✷✱✶✺✻ ✵✱✵✾✶ ✶✱✾✽✻ ✷✱✸✹✻ ✶✱✾✾✻ ✷✱✸✺✹
σθ1 ✶ ✲ ✲ ✲ ✲ ✲ ✶ ✲ ✲ ✲ ✲ ✲
σθ2 ✵✱✽✷✽ ✵✱✵✹✺ ✵✱✼✹✵ ✵✱✾✶✼ ✵✱✼✺✵ ✵✱✾✷✸ ✵✱✽✽✼ ✵✱✵✹✷ ✵✱✽✶✶ ✵✱✾✼✵ ✵✱✽✶✵ ✵✱✾✻✼
σθ3 ✵✱✺✽✽ ✵✱✵✸✻ ✵✱✺✷✵ ✵✱✻✺✾ ✵✱✺✶✾ ✵✱✻✺✾ ✵✱✻✷✸ ✵✱✵✸✼ ✵✱✺✺✻ ✵✱✼✵✸ ✵✱✺✺✺ ✵✱✼✵✷
σθ4 ✵✱✼✹✹ ✵✱✵✺✺ ✵✱✻✹✷ ✵✱✽✻✾ ✵✱✻✸✻ ✵✱✽✺✸ ✵✱✼✼✷ ✵✱✵✺✻ ✵✱✻✼✸ ✵✱✽✾✷ ✵✱✻✼✾ ✵✱✽✾✺
γθ1 ✲✵✱✷✽✸ ✵✱✶✺✸ ✲✵✱✺✽✼ ✲✵✱✵✵✶ ✲✵✱✺✺✷ ✵✱✵✵✶ ✵✱✵✵✵ ✲ ✲ ✲ ✲ ✲
γθ2 ✲✵✱✽✵✺ ✵✱✵✾✷ ✲✵✱✾✻✵ ✲✵✱✻✵✺ ✲✵✱✾✼✺ ✲✵✱✻✸✵ ✵✱✵✵✵ ✲ ✲ ✲ ✲ ✲
γθ3 ✲✵✱✶✻✵ ✵✱✶✻✵ ✲✵✱✹✽✹ ✵✱✵✹✺ ✲✵✱✹✹✽ ✵✱✵✻✵ ✵✱✵✵✵ ✲ ✲ ✲ ✲ ✲
γθ4 ✵✱✶✹✵ ✵✱✶✽✹ ✲✵✱✵✼✾ ✵✱✺✻✾ ✲✵✱✵✾✽ ✵✱✺✸✼ ✵✱✵✵✵ ✲ ✲ ✲ ✲ ✲

❋✐❣✉r❛ ✺✳✸✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❝♦♠ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪ ♣❛r❛ ♦

▼●▼ ❡ ▼●▼❆

✐t❡♥s✱ q✉❡ ❢♦r❛♠ r❡s♣♦♥❞✐❞♦s ♣❡❧♦s ❡st✉❞❛♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ sér✐❡ ❢♦r❛♠ ♦s ♠❛✐s ❢á❝❡✐s

❡ ♣r❛ ❡st❡s ♥ã♦ ♥♦t❛♠♦s ❞✐❢❡r❡♥ç❛s s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ♦s ❞♦✐s ♠♦❞❡❧♦s✳ ❆❧❣✉♥s ✐t❡♥s✱ ❞❡♥tr❡ ♦s

✐t❡♥s ✹✵ ❛ ✻✵✱ q✉❡ ❢♦r❛♠ r❡s♣♦♥❞✐❞♦s ♣❡❧❛ t❡r❝❡✐r❛ ❡ q✉❛rt❛ sér✐❡ ♣❛r❡❝❡♠ t❡r s✐❞♦ ♠✉✐t♦ ❢á❝❡✐s✱

✉♠❛ ✈❡③ q✉❡ ❡st❡s tê♠ ❞✐✜❝✉❧❞❛❞❡ ❝♦♠♣❛rá✈❡❧ ❛♦s ✐t❡♥s q✉❡ ❢♦r❛♠ r❡s♣♦♥❞✐❞♦s ♣❡❧❛ ♣r✐♠❡✐r❛

sér✐❡✳ ❖s ✈✐♥t❡ ú❧t✐♠♦s ✐t❡♥s ❢♦r❛♠ r❡s♣♦♥❞✐❞♦s s♦♠❡♥t❡ ♣❡❧❛ q✉❛rt❛ sér✐❡✱ ❡ ❡st❡s sã♦ ♦s ♠❛✐s

❞✐❢í❝❡✐s✳ ◆♦ ❡♥t❛♥t♦✱ ❡st❛ ❞✐✜❝✉❧❞❛❞❡ é ♠❡♥♦r ❞♦ q✉❡ ❛ s✉❣❡r✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ s✐♠étr✐❝♦✳ ❖✉

s❡❥❛✱ ♦s ❡st✉❞❛♥t❡s ♥❡ss❛ sér✐❡ ♣r❡❝✐s❛r❛♠ ❞❡ ♠❛✐s ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ r❡s♣♦♥❞❡r

❛♦s ✐t❡♥s✳ ❱❡♠♦s q✉❡ t❛♥t♦ ❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✱ q✉❛♥t♦ ❛s ❡st✐♠❛t✐✈❛s

❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❝r❡s❝❡♠ ❛♦ ❧♦♥❣♦ ❞❛s sér✐❡s✳ ❖✉ s❡❥❛✱ ♦s ✐t❡♥s ♠❛✐s ❞✐❢í❝❡✐s



✼✷ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

❋✐❣✉r❛ ✺✳✹✿ ❱❛❧♦r❡s✲♣ ❇❛②❡s✐❛♥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ♠❡❞✐❞❛s ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❜❛s❡❛❞❛s ♥❛s ❡st❛tíst✐❝❛s

❞❡ P❡❛rs♦♥ ❡ ❞❡✈✐❛♥❝❡✳ ▲❡❣❡♥❞❛✿ • ❊st❛tíst✐❝❛ q✉✐✲q✉❛❞r❛❞♦✱ △ ❊st❛tíst✐❝❛ ❉❡✈✐❛♥❝❡

sã♦ t❛♠❜é♠ ♦s ♠❛✐s ❞✐s❝r✐♠✐♥❛♥t❡s✳ ❆❧é♠ ❞✐ss♦✱ ✈❡♠♦s q✉❡ ♦ ▼●▼❆ s✉❣❡r✐✉ q✉❡ ♦ t❡st❡

t❡✈❡ ✉♠ ♣♦❞❡r ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ♠❛✐s ❞♦ q✉❡ ♦ s✉❣❡r✐❞♦ ♣❡❧♦ ▼●▼✳ ❚♦❞❛s ❛s ❡st✐♠❛t✐✈❛s ❞♦s

♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s s❡❣✉♥❞♦ ♦ ▼●▼❆ ♣♦❞❡♠ s❡r ✈✐st❛s ♥❛ ❚❛❜❡❧❛ ❈✳✽✳

◆❛s ❋✐❣✉r❛s ✺✳✼ ❛ ✺✳✶✵ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❡st✐♠❛t✐✈❛s ❞♦s tr❛ç♦s ❧❛✲

t❡♥t❡s ♦❜t✐❞❛s s❡❣✉♥❞♦ ♦s ♠♦❞❡❧♦s s✐♠étr✐❝♦ ❡ ❛ss✐♠étr✐❝♦✳ ◆❛ ❋✐❣✉r❛ ✺✳✼ ♣♦❞❡♠♦s q✉❡ ❛s

❡st✐♠❛t✐✈❛s ♥ã♦ ❞✐❢❡r❡♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✱ ❡①❝❡t♦ ♥❛ s❡❣✉♥❞❛ sér✐❡✱ ♦♥❞❡ ♥♦t❛♠♦s ❛❧❣✉♠❛ ❞✐✲

❢❡r❡♥ç❛ ♣❛r❛ ♦s ✈❛❧♦r❡s ♠❛✐s ❛❧t♦s ❞❛ ♣r♦✜❝✐ê♥❝✐❛✳ ❆ ❋✐❣✉r❛ ✺✳✽ ❛♣r❡s❡♥t❛ ❛s ❞✐str✐❜✉✐çõ❡s

❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❡st✐♠❛❞♦s ❡♠ ❢♦r♠❛ ❤✐st♦❣r❛♠❛s ❛❧✐s❛❞♦s s❡❣✉♥❞♦ ♦s ❞♦✐s ♠♦❞❡❧♦s✳ ❈♦♠♦

❥á ❤❛✈í❛♠♦s ♠❡♥❝✐♦♥❛❞♦✱ ❤♦✉✈❡ ✉♠ ❛✉♠❡♥t♦ ❞❛ ♣r♦✜❝✐ê♥❝✐❛ ♠é❞✐❛ ❞♦s ❛❧✉♥♦s ❛♦ ❧♦♥❣♦ ❞❛s

sér✐❡s✳ ❏á ♥❛s ❋✐❣✉r❛s ✺✳✾ ❡ ✺✳✶✵ ❛♣r❡s❡♥t❛♠♦s ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❡st✐♠❛❞♦s

♣❛r❛ ❝❛❞❛ sér✐❡ ❡ ❝❛❞❛ ♠♦❞❡❧♦ ❝♦♠ ❛s s✉❛s r❡s♣❡❝t✐✈❛s ❝✉r✈❛s t❡ór✐❝❛s✳ P♦❞❡♠♦s ✈❡r q✉❡ ♦

▼●▼❆ ❝❛r❛❝t❡r✐③❛ ♠❡❧❤♦r ❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ♣r❡s❡♥ç❛ ❞❡

❢♦rt❡ ❛ss✐♠❡tr✐❛✳



✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ✼✸

❋✐❣✉r❛ ✺✳✺✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐s❝r✐♠✐♥❛çã♦ ❝♦♠ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪

❋✐❣✉r❛ ✺✳✻✿ ❊st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❝♦♠ ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡❞✐❜✐❧✐❞❛❞❡ ❞❡ ✾✺✪



✼✹ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

❋✐❣✉r❛ ✺✳✼✿ ●rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s s❡❣✉♥❞♦ ♦ ▼●▼❆ ❡ ▼●▼

❋✐❣✉r❛ ✺✳✽✿ ❉✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♣♦r sér✐❡ ❡♠ ❡s❝❛❧❛ ❝♦♠✉♠



✺✳✸ ❊st✉❞♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❡♠ ▼❛t❡♠át✐❝❛ ✼✺

❋✐❣✉r❛ ✺✳✾✿ ❉✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❝♦♠ ❝✉r✈❛s t❡ór✐❝❛s s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ s✐♠étr✐❝♦✳ ▲❡❣❡♥❞❛✿

✭✖ ❝✉r✈❛ ❡st✐♠❛❞❛✱ −−− ❝✉r✈❛ t❡ór✐❝❛✮

❋✐❣✉r❛ ✺✳✶✵✿ ❉✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❝♦♠ ❝✉r✈❛s t❡ór✐❝❛s s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❛ss✐♠étr✐❝♦✳

▲❡❣❡♥❞❛✿ ✭✖ ❝✉r✈❛ ❡st✐♠❛❞❛✱ −−− ❝✉r✈❛ t❡ór✐❝❛✮



✼✻ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s

❉❡ ♠♦❞♦ ❛ ❝♦♠♣❛r❛r ♦ ❛❥✉st❡ ❣❧♦❜❛❧ ❞♦s ♠♦❞❡❧♦s ✉t✐❧✐③❛♠♦s ❛s ❡st❛tíst✐❝❛s ❞❡ ❛❥✉st❡ ❝♦♥s✐✲

❞❡r❛❞❛s ♣♦r ❇❛③á♥ ❡t ❛❧✳ ✭✷✵✵✻✮ ❡ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✶✮✳ ❚❛✐s ❡st❛tíst✐❝❛s ❢♦r❛♠ ❡st✉❞❛❞❛s ❡♠

❞❡t❛❧❤❡s ♣♦r ❙♣✐❡❣❡❧❤❛❧t❡r ❡t ❛❧✳ ✭✷✵✵✷✮✳ ❙ã♦ ❡❧❛s ♦ ❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡✈✐❛♥❝❡ ✭❉■❈✮✱ ❡

♦s ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ❞♦ ❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ❆❦❛✐❦❡ ✭❊❆■❈✮ ❡ ❞♦ ❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦

❜❛②❡s✐❛♥♦ ✭❊❇■❈✮✳ ❊ss❡s ❝r✐tér✐♦s sã♦ ❜❛s❡❛❞♦s ♥❛ ❡st❛tíst✐❝❛ ρD ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ρD = D(ϑ)−D(ϑ̄), ✭✺✳✶✵✮

❡♠ q✉❡✱ ϑ r❡♣r❡s❡♥t❛ ❛❧❣✉♠ ♣❛râ♠❡tr♦ ❞❡ ✐♥t❡r❡ss❡ ❡ D(ϑ) = −2✭❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛✮✳ ◆♦

♥♦ss♦ ❝❛s♦ t❡♠♦s q✉❡

D(ϑ) = −2L(θ.., ζ.,ηθ.) = −2L(θ.., ζ.)P (θ..|ηθ.). ✭✺✳✶✶✮

◆❛ ♣rát✐❝❛✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛♠♦str❛s ▼❈▼❈ ♣❛r❛ ❡st✐♠❛r ρD✳ ❚❡♥❞♦✲s❡ T s✐♠✉❧❛çõ❡s ❞❡

❝❛❞❛ ✉♠ ❞♦s ♣❛râ♠❡tr♦s✱ ❛ ❡st❛tíst✐❝❛ D(ϑ) é ❡st✐♠❛❞❛ ♣❡❧❛ ♠é❞✐❛ ❞❛s ❡st❛tíst✐❝❛s ❛✈❛❧✐❛❞❛s

❡♠ ❝❛❞❛ ✉♠❛ ❞❛s s✐♠✉❧❛çõ❡s✳ ❖✉ s❡❥❛✱

̂D(ϑ) =
1

T

T∑

t=1

D(ϑ(t)) ∀ t = 1, . . . , T. ✭✺✳✶✷✮

❏á ♣❛r❛ ❡st✐♠❛r D(ϑ̄)✱ ✉t✐❧✐③❛♠♦s ✭♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡✮ ❛s ♠é❞✐❛s ❛ ♣♦st❡r✐♦r✐ ❞♦s

♣❛râ♠❡tr♦s✳ ❆s ♠❡❞✐❛♥❛s ♦✉ ♠♦❞❛s ❛ ♣♦st❡r✐♦r✐ ♣♦❞❡♠ t❛♠❜é♠ s❡r ✉s❛❞❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s

❡st✐♠❛t✐✈❛s ❞❡ ❉■❈✱ ❊❆■❈ ❡ ❊❇■❈ sã♦ ❞❛❞❛s ♣♦r

❉̂■❈ = D(ϑ̄) + 2ρ̂D, ✭✺✳✶✸✮

❊̂❆■❈ = D(ϑ) + 2p, ✭✺✳✶✹✮

❊̂❇■❈ = D(ϑ) + p log(N), ✭✺✳✶✺✮

❡♠ q✉❡ p é ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❡N é ♦ ♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛çõ❡s✱ q✉❡ ♥♦ ♥♦ss♦ ❝❛s♦✱ ❝♦rr❡s♣♦♥❞❡

❛♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ r❡s♣♦st❛s✱ ♦✉ s❡❥❛✱ N = n× I✳ ❙♣✐❡❣❡❧❤❛❧t❡r ❡t ❛❧✳ ✭✷✵✵✷✮ s✉❣❡r❡♠ ✉t✐❧✐③❛r

ρ̂D ❛♦ ✐♥✈és ❞❡ p✳ ❙❡❣✉♥❞♦ ❡❧❡s✱ ✐st♦ ♣♦❞❡ ❞❛r ❛✐♥❞❛ ♠❛✐s ♣♦t❡♥❝✐❛❧ ❛♦s ❝r✐tér✐♦s✳ ❙❡❣✉✐♠♦s ❡st❛

s✉❣❡stã♦ ♥❡st❡ tr❛❜❛❧❤♦✳ ❖s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ✈✐st♦s ♥❛ ❚❛❜❡❧❛ ✺✳✷✳ ❊st❡s ✐♥❞✐❝❛♠ q✉❡ ♦

▼●▼❆ ♥ã♦ só s❡ ❛❥✉st♦✉ ❞❡✈✐❞❛♠❡♥t❡ ❛♦s ❞❛❞♦s ❡ ❢♦✐ ♠❡❧❤♦r ❞♦ q✉❡ ♦ ▼●▼✱ s❡❣✉♥❞♦ t♦❞♦s

♦s ❝r✐tér✐♦s ❞❡ ❝♦♠♣❛r❛çã♦✳



✺✳✹ ❈♦♥❝❧✉sõ❡s ❡ ❝♦♠❡♥tár✐♦s ✼✼

❚❛❜❡❧❛ ✺✳✷✿ ❈r✐tér✐♦s ♣❛r❛ ❝♦♠♣❛r❛çã♦ ❞❡ ♠♦❞❡❧♦s

▼♦❞❡❧♦ D̂(ϑ̄) ̂D(ϑ) ρ̂D ❉̂■❈ ❊̂❆■❈ ❊̂❇■❈
▼●▼ ✺✽✶✵✸✱✵✵ ✻✵✵✼✸✱✵✵ ✶✾✻✾✱✽✵ ✻✷✵✹✷✱✻✵ ✻✹✵✶✷✱✻✵ ✽✸✹✼✼✱✵✽
▼●▼❆ ✺✼✽✼✸✱✵✵ ✺✾✽✸✻✱✵✵ ✶✾✻✷✱✻✵ ✻✶✼✾✽✱✷✵ ✻✸✼✻✶✱✷✵ ✽✸✶✺✹✱✺✹

✺✳✹ ❈♦♥❝❧✉sõ❡s ❡ ❝♦♠❡♥tár✐♦s

◆❛ ❛♥á❧✐s❡ ❞♦s ❞❛❞♦s r❡❢❡r❡♥t❡ ❛♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❞❡ ❛❧✉♥♦s ❞♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱

♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠étr✐❝♦ ❢♦✐ ♠❡❧❤♦r ❞♦ q✉❡ ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦

❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ✉s✉❛❧✳ ❖ ▼●▼❆ ❞❡t❡❝t♦✉ ❛ss✐♠❡tr✐❛ ❡♠ ✸ ❞♦s ✹ ❣r✉♣♦s ❡st✉❞❛❞♦s✳ ❖

❞✐❛❣♥óst✐❝♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ s❡çã♦ ✶✳✷ ❢♦✐ ✉t✐❧✐③❛❞♦ ♣❛r❛ ✈❡r✐✜❝❛r ♦ ❛❥✉st❡ ❞♦s ♣❛râ♠❡tr♦s ❞♦s

✐t❡♥s ❡ tr❛ç♦s ❧❛t❡♥t❡s✳ ❖ ✈❛❧♦r✲♣ ❜❛②❡s✐❛♥♦ ♠♦str♦✉ s❡r ✉♠❛ ❜♦❛ ❢❡rr❛♠❡♥t❛ ❞❡ ❞✐❛❣♥óst✐❝♦

♣❛r❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❛❥✉st❡ ❞♦s ✐t❡♥s✳



✼✽ ❆♥á❧✐s❡ ❞❡ ❉❛❞♦s ❘❡❛✐s



❈❛♣ít✉❧♦ ✻

❈♦♠❡♥tár✐♦s ✜♥❛✐s ❡ s✉❣❡stõ❡s ♣❛r❛

❢✉t✉r♦s tr❛❜❛❧❤♦s

◆❡ss❡ ❝❛♣ít✉❧♦ ❛❞✐❝✐♦♥❛♠♦s ♠❛✐s ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s ❛ r❡s♣❡✐t♦ ❞❛ ♥♦ss❛ ♠❡t♦❞♦❧♦❣✐❛ ❡ ❞✐s❝✉✲

t✐♠♦s ❛❧❣✉♠❛s ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s✳

✻✳✶ ❈♦♠❡♥tár✐♦s ✜♥❛✐s

❖ ♠♦❞❡❧♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❡♠ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ s✐t✉❛çõ❡s

r❡❛✐s✱ ✉♠❛ ✈❡③ q✉❡✱ é ❝♦♠✉♠ ♦❜s❡r✈❛r✱ ❡♠ ❡st✉❞♦s ❝♦♠ ❣r✉♣♦s ♠ú❧t✐♣❧♦s✱ ❝♦♠♣♦rt❛♠❡♥t♦s

❞✐❢❡r❡♥t❡s ❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✳ ❈♦♠♣♦rt❛♠❡♥t♦s ❛ss✐♠étr✐❝♦s ♦❝♦rr❡♠✱

♠✉✐t❛s ✈❡③❡s✱ q✉❛♥❞♦ ♦s ✐♥❞✐✈í❞✉♦s sã♦ s❡❧❡❝✐♦♥❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ r❡s✉❧t❛❞♦s ❞❡ ♣ré✲t❡st❡✱

✈❡❥❛ ●❡♥t♦♥ ✭✷✵✵✹✮✱ ♦✉ q✉❛♥❞♦ sã♦ s✉❜♠❡t✐❞♦s à ❞✐❢❡r❡♥t❡s ♣r♦❣r❛♠❛s ❞❡ ❡♥s✐♥♦✱ ♣♦r ❡①❡♠♣❧♦✳

❊♠ ❡st✉❞♦s ❧♦♥❣✐t✉❞✐♥❛✐s✱ ♦♥❞❡ ♣♦❞❡ ♦❝♦rr❡r ❛ ❡❧✐♠✐♥❛çã♦ ♦✉ ✐♥s❡rçã♦ ❞❡ ✐♥❞✐✈í❞✉♦s✱ ❛ ❞✐str✐✲

❜✉✐çã♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♣♦❞❡ s❡ ❛❧t❡r❛r ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❛♥❛❧✐s❛❞♦

♥♦ ❈❛♣ít✉❧♦ ✺ é ✉♠ ❡①❡♠♣❧♦ tí♣✐❝♦ ❞❡ss❛ s✐t✉❛çã♦✳ P♦rt❛♥t♦✱ ♦ ✉s♦ ❞❡ ❞✐str✐❜✉✐çõ❡s ❛ss✐♠étr✐✲

❝❛s ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ❛♠♣❧✐❛ ♦ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦

♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❡ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r r❡s✉❧t❛❞♦s ♠❛✐s ✜❞❡❞✐❣♥♦s✳ ❆ ✉t✐❧✐③❛çã♦ ❞❡

♦✉tr❛s ❞✐str✐❜✉✐çõ❡s ❛ss✐♠étr✐❝❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ t ❛ss✐♠étr✐❝❛ ♣♦❞❡r✐❛ s❡r ❡st✉❞❛❞❛✳ ❈♦♠

❛ ❞✐str✐❜✉✐çã♦ t ❛ss✐♠étr✐❝❛✱ ❝♦♥t❡♠♣❧❛rí❛♠♦s t❛♠❜é♠✱ ♦s ❝❛s♦s ♦♥❞❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s tr❛ç♦s

❧❛t❡♥t❡s ♣♦ss✉✐ ❝❛✉❞❛s ♣❡s❛❞❛s✳

❆❧❣✉♥s ❛s♣❡❝t♦s q✉❡ ♥ã♦ ❢♦r❛♠ ❡①♣❧♦r❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ❜❡♠ ❝♦♠♦ ♣♦ssí✈❡✐s ❡①t❡♥sõ❡s✱

sã♦ ❞✐s❝✉t✐❞♦s ❛ s❡❣✉✐r✳

✼✾



✽✵ ❈♦♠❡♥tár✐♦s ✜♥❛✐s ❡ s✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s

✻✳✷ ❙✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s

✻✳✷✳✶ ❯s♦ ❞❡ ♦✉tr❛s ❢✉♥çõ❡s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠

❖ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s✱ ♥ã♦ r❡♣r❡s❡♥t❛ ❞❡ ♠♦❞♦ s❛t✐s❢❛tór✐♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❛❝❡rt♦ ❞❡ ✐♥❞✐✈í❞✉♦s ❝♦♠ ❤❛❜✐❧✐❞❛❞❡ ♠✉✐t♦ ❜❛✐①❛✱ ❡♠ ✐t❡♥s ❡♠ q✉❡ ♦ ❛❝❡rt♦ ❛♦ ❛❝❛s♦ é ♣♦ssí✈❡❧✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❛♣r♦♣r✐❛❞❛ é ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✸ ♣❛râ♠❡tr♦s✳ ❯♠❛

✐♠♣♦rt❛♥t❡ ❡①t❡♥sã♦ ❞❡ ♥♦ss♦ ♠♦❞❡❧♦ s❡r✐❛ ❢❡✐t❛ ❝♦♠ ❛ ✐♥❝❧✉sã♦ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ❛❝❡rt♦ ❝❛s✉❛❧

♥❛ ❋❘■ ✉t✐❧✐③❛♥❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ❙❛❤✉ ✭✷✵✵✷✮ ❡ ❇é❣✉✐♥

❛♥❞ ●❧❛s ✭✷✵✵✶✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ t❡st❡s ❝♦♠ ✐t❡♥s ❞❡ ♠ú❧t✐♣❧❛ ❡s❝♦❧❤❛ ♦✉ ❞✐ss❡rt❛t✐✈♦s✱ ♣♦❞❡ s❡r ♠❛✐s

❛♣r♦♣r✐❛❞♦ ✉t✐❧✐③❛r ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ♣♦❧✐❝♦tô♠✐❝❛s✳ ❖✉ s❡❥❛✱ ✉t✐❧✐③❛r ❋❘■✬s q✉❡ ❝♦♥t❡♠♣❧❡♠

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ ❞❡ ❝❛❞❛ ❝❛t❡❣♦r✐❛✱ s❡❥❛♠ ❡❧❛s ♥♦♠✐♥❛✐s ♦✉ ♦r❞✐♥❛✐s✳ ❈♦♥s✐❞❡r❛♥❞♦

✉♠ ú♥✐❝♦ ❣r✉♣♦✱ ♥♦s ♠♦❞❡❧♦s ♣♦❧✐❝♦tô♠✐❝♦s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ ❞❛ ❝❛t❡❣♦r✐❛ s ❞♦ ✐t❡♠

i ♣❡❧♦ ✐♥❞✐✈í❞✉♦ j✱ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ♠♦❞❡❧♦ ❇❡r♥♦✉❧❧✐ ♠✉❧t✐✈❛r✐❛❞♦✱ ♦✉ s❡❥❛✱

P (Yij. = yij.|θ, ζi) =
mi∏

s=1

P
yijs
ijs , ✭✻✳✶✮

❡♠ q✉❡✱ Pijs é ✉♠❛ ❢✉♥çã♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ r❡❧❛❝✐♦♥❛❞❛ ❛ ❛❧❣✉♠ ♠♦❞❡❧♦ ♣♦❧✐❝♦tô♠✐❝♦✳ ❖s

♠♦❞❡❧♦s ♣♦❧✐❝♦tô♠✐❝♦s ❛ss✐♠étr✐❝♦s s❡r✐❛♠ ❜❛s❡❛❞♦s ♥❛ s❡❣✉✐♥t❡ s✉♣♦s✐çã♦

θj|ηθ ∼ ◆❆c(µθ, σθ, γθ). ✭✻✳✷✮

P❛t③ ❛♥❞ ❏✉♥❦❡r ✭✶✾✾✾❛✮ ❡ ❆③❡✈❡❞♦ ❛♥❞ ❆♥❞r❛❞❡ ✭✷✵✶✵✮✱ ♣r♦♣õ❡♠ ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s

❝♦♠ ♣❛ss♦s ❞❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♠♦❞❡❧♦s ❞❡ ❝ré❞✐t♦ ♣❛r❝✐❛❧ ❣❡♥❡r❛❧✐③❛❞♦

❡ r❡s♣♦st❛ ♥♦♠✐♥❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦ ❝❛s♦ ❛ss✐♠étr✐❝♦✱ ♣♦❞❡♠♦s ✉s❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♣r✐♦r✐

❞❡ ❏❡✛r❡②s s♦❜ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s✳ ❈♦♠♦ ✈✐♠♦s✱ ❡st❛

❡s❝♦❧❤❛ ♥♦s ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ❛s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♣❧❡t❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ❝♦♠

❢♦r♠❛ ❝♦♥❤❡❝✐❞❛✱ ✈✐❞❡ ❈❛♣ít✉❧♦ ✸ s✉❜s❡çã♦ ✸✳✸✳✷✳

P♦❞❡rí❛♠♦s t❛♠❜é♠ ✉t✐❧✐③❛r ❛s ❋❘■✬s ❛ss✐♠étr✐❝❛s ♣r♦♣♦st❛s ♣♦r ❇❛③á♥ ✭✷✵✵✺✮✳ ❉❡ss❛ ❢♦r♠❛

t❡rí❛♠♦s ✉♠ ♠♦❞❡❧♦ q✉❡ ♣❡r♠✐t✐r✐❛ ❛ss✐♠❡tr✐❛ ♥♦s ✐t❡♥s ❡ t❛♠❜é♠ ♥♦s tr❛ç♦s ❧❛t❡♥t❡s✳

✻✳✷✳✷ ❖✉tr❛s ❝❧❛ss❡s ❞❡ ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠

❖✉tr❛s ❝❧❛ss❡s ❞❡ ♠♦❞❡❧♦s ❞❡ ♣♦t❡♥❝✐❛❧ ✐♥t❡r❡ss❡ ♥❛ ❚❘■✱ ♣♦❞❡r✐❛♠ t❛♠❜é♠ s❡r ❡st❡♥❞✐❞❛s

♣❛r❛ ♦ ❝❛s♦ ❛ss✐♠étr✐❝♦✳ ❆❧❣✉♠❛s ❝❧❛ss❡s ✐♠♣♦rt❛♥t❡s sã♦✿ ❛ ❝❧❛ss❡ ❞♦s ♠♦❞❡❧♦s ♠✉❧t✐❞✐♠❡♥✲

s✐♦♥❛✐s✱ ✈❡❥❛ ◆♦❥♦s❛ ✭✷✵✵✶✮✱ ♦s q✉❛✐s ❛ss✉♠❡♠ q✉❡ é ♥❡❝❡ssár✐♦ ♠❛✐s ❞❡ ✉♠ tr❛ç♦ ❧❛t❡♥t❡ ♣❛r❛



✻✳✷ ❙✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s ✽✶

♠♦❞❡❧❛r ❛♣r♦♣r✐❛❞❛♠❡♥t❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ r❡s♣♦st❛❀ ♦s ▼♦❞❡❧♦s ▼✉❧t✐✈❛r✐❛❞♦s✱ ✈❡❥❛ ▼❛t♦s

✭✷✵✵✶✮✱ q✉❡ ❝♦♥s✐❞❡r❛♠ ❡str✉t✉r❛s ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ♠❡❞✐❞♦s ❡♠ ❞✐❢❡r❡♥t❡s

ár❡❛s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦❀ ▼♦❞❡❧♦s ❧♦♥❣✐t✉❞✐♥❛✐s✱ ✈❡❥❛ ❆③❡✈❡❞♦ ✭✷✵✵✽✮✱ ❆③❡✈❡❞♦ ❡t ❛❧ ✭✷✵✶✶ ❝✮✱

❚❛✈❛r❡s ✭✷✵✵✶✮✱ ❆♥❞r❛❞❡ ❡ ❚❛✈❛r❡s ✭✷✵✵✺✮ ❡ ❚❛✈❛r❡s ❡ ❆♥❞r❛❞❡ ✭✷✵✵✻✮✱ q✉❡ ♠♦❞❡❧❛♠ ❞❡♣❡♥✲

❞ê♥❝✐❛s ❧♦♥❣✐t✉❞✐♥❛✐s ❞♦s tr❛ç♦s ❧❛t❡♥t❡s ❡ ♦s ▼♦❞❡❧♦s ▼✉❧t✐♥í✈❡✐s✱ ♦s q✉❛✐s ❛ss✉♠❡♠ q✉❡ ❛s

✉♥✐❞❛❞❡s ❛♠♦str❛✐s ♣❡rt❡♥❝❡♠ ❛ ❞✐❢❡r❡♥t❡s ❣r✉♣♦s ❡ ❡st❡s✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡♠ ♣❡rt❡♥❝❡r ♦✉ ♥ã♦

❛ ♦✉tr♦s t✐♣♦s ❞❡ ❣r✉♣♦s✳ ❆ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ♠✉❧t✐✈❛r✐❛❞❛✱ ✈❡❥❛

❆r❡❧❧❛♥♦✲❱❛❧❧❡ ❛♥❞ ❆③③❛❧✐♥✐ ✭✷✵✵✽✮✱ ♣♦❞❡r✐❛ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡

♦s tr❛ç♦s ❧❛t❡♥t❡s✳ P♦r ❡①❡♠♣❧♦✱ ♦ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ ❣r✉♣♦s

♠ú❧t✐♣❧♦s t❡r✐❛ ❛ s❡❣✉✐♥t❡ ❡str✉t✉r❛

▼♦❞❡❧♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠ ✭♣❛rt❡ ❢✉♥❝✐♦♥❛❧✮

Yijkt|θjkt, ζi ∼ ❇❡r♥♦✉❧❧✐(Pijkt),

Pijkt = P (Yijkt|θjkt, ζi) = Φ(aiθjkt − bi). ✭✻✳✸✮

❉✐str✐❜✉✐çã♦ ▲❛t❡♥t❡ ✭♣❛rt❡ ❡str✉t✉r❛❧✮

θjk.|ηθk ∼ ◆❆c(µθk ,Σθk
,γθk), ✭✻✳✹✮

❡♠ q✉❡ Yijkt ❞❡♥♦t❛ ❛ r❡s♣♦st❛ ❞♦ ✐♥❞✐✈í❞✉♦ j ❞❛ ♣♦♣✉❧❛çã♦ k ❛♦ ✐t❡♠ i✱ ♥♦ ✐♥st❛♥t❡ t ❡ ◆❆c ❞❡✲

♥♦t❛ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ♠✉❧t✐✈❛r✐❛❞❛ ❞❡ ♣❛râ♠❡tr♦s µθk ,Σθk
❡ γθk ✳

❆③❡✈❡❞♦ ✭✷✵✵✽✮✱ ❞❡s❡♥✈♦❧✈❡✉ ✉♠ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s s♦❜ ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s

q✉❡ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ❡st✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❛ss✐♠étr✐❝♦✳

▼❛t♦s ✭✷✵✵✽✮✱ ❞❡s❡♥✈♦❧✈❡ ✉♠ ♠♦❞❡❧♦ ♣r♦❜✐t♦ ❞❡ ✸ ♣❛râ♠❡tr♦s ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❞✐s✲

tr✐❜✉✐çõ❡s t ❛ss✐♠étr✐❝❛s ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ú♥✐❝♦ ❣r✉♣♦✳ ❯♠ ❡①t❡♥sã♦

✐♥t❡r❡ss❛♥t❡✱ s❡r✐❛ ❛ ❛❞❛♣t❛çã♦ ❞❡st❡ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s✳ ❊ss❛ ❛❞❛♣t❛çã♦

s❡r✐❛ s❡♠❡❧❤❛♥t❡ ❛ q✉❡ ❢♦✐ ❢❡✐t❛ ♣♦r ❇é❣✉✐♥ ❛♥❞ ●❧❛s ✭✷✵✵✶✮✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧

s✐♠étr✐❝♦✳

❊♠ t❡r♠♦s ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛❧❣✉♠❛ ❋❘■ ❜✐♥ár✐❛✱ s❡❣✉✐♥❞♦ ❆❧❜❡rt

✭✶✾✾✷✮ ❡ ♦✉ ❋♦① ✭✷✵✶✵✮ ♦ ♠♦❞❡❧♦ ❞❡ ❣r✉♣♦s ♠ú❧t✐♣❧♦s ❛ss✐♠étr✐❝♦ ❞❡ ✷ ♣❛râ♠❡tr♦s ❝♦♠ ❡str✉✲

t✉r❛ ♠✉❧t✐♥í✈❡❧ é ♣r❡s❡♥t❛❞♦ ♣♦r✱

Zijk = Xijkβik + aikθjk − bik + ξijk ✭✻✳✺✮

θjk = Wjkδk + ǫjk ✭✻✳✻✮

δk = Tkτ + uk, ✭✻✳✼✮



✽✷ ❈♦♠❡♥tár✐♦s ✜♥❛✐s ❡ s✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s

❡♠ q✉❡✱ ǫjk ♣♦ss✉✐ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ❞❡ ♣❛râ♠❡tr♦s ③❡r♦✱ σθk ❡ γθk ❀

❡ δk ♣♦ss✉✐ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛ss✐♠étr✐❝❛ ❝❡♥tr❛❧✐③❛❞❛ ♠✉❧t✐✈❛r✐❛❞❛ ❝♦♠ ♠é❞✐❛s ③❡r♦✱ ♠❛tr✐③

❞❡ ❝♦✈❛r✐â♥❝✐❛ δ ❡ ✈❡t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛ss✐♠❡tr✐❛ γδ✳ ❖✉ s❡❥❛✱

ǫjk ∼ ◆❆c(0, σθk , γθk), ✭✻✳✽✮

δk ∼ ◆❆c(0,Σδ,γδ). ✭✻✳✾✮

❆s ♣r✐♦r✐s ❞♦s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ♠♦❞❡❧❛❞❛s ❝♦♠♦

log(aik) = H
(a)
ik κ

(a)
k + ǫ

(a)
ik ✭✻✳✶✵✮

bik = H
(b)
ik κ

(b)
k + ǫ

(b)
ik . ✭✻✳✶✶✮

❖s ♠♦❞❡❧♦s ♣r♦♣♦st♦s ♣♦r ❋♦① ❛♥❞ ●❧❛s ✭✷✵✵✶✮✱ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❙♦❛r❡s ❡t ❛❧✳ ✭✷✵✵✾✮

❡ ❞❛✲❙✐❧✈❛ ❛♥❞ ●♦♠❡s ✭✷✵✶✶✮✱ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ss❡ ♠♦❞❡❧♦✱ ✈❡❥❛

❞✐s❝✉ssã♦ ❡♠ ❆③❡✈❡❞♦ ❡t ❛❧✳ ✭✷✵✶✷✮✳

✻✳✷✳✸ ❖✉tr♦s ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦

❆♣❡s❛r ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈ ❝♦♥st✐t✉✐r❡♠ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣♦❞❡r♦s❛ ♥❛ ✉t✐❧✐③❛çã♦ ❞❛ ✐♥✲

❢❡rê♥❝✐❛ ❜❛②❡s✐❛♥❛ ❡ ♥❛ ✈❛❧✐❞❛çã♦ ❞❡ ♠♦❞❡❧♦s✱ s❡✉s ❧♦♥❣♦s ♣❡rí♦❞♦s ❞❡ ❝♦♠♣✉t❛çã♦ ❢❛③❡♠ ❝♦♠

q✉❡ ♠ét♦❞♦s ❞❡ ❡st✐♠❛çã♦ ❛❧t❡r♥❛t✐✈♦s s❡❥❛♠ ❜✉s❝❛❞♦s✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ✐♥t❡r❡ss❛♥t❡ s❡r✐❛ ♦

✉s♦ ❞♦ ❛❧❣♦r✐t♠♦ ❊▼ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ❞❛❞♦s ❛✉♠❡♥t❛❞♦s ♣r♦♣♦st♦ ♣♦r ❆③❡✈❡❞♦ ❛♥❞ ❆♥❞r❛❞❡

✭✷✵✵✼✮ ♦✉ ♦ ❛❧❣♦r✐t♠♦ ❊▼ ❡st♦❝ást✐❝♦✱ ✈❡❥❛ ❈❡❧❡✉① ❛♥❞ ❉✐❡❜♦❧t ✭✶✾✽✺✮✳ ❊st❡s ♠ét♦❞♦s sã♦ ✉♠❛

✈❛r✐❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❊▼ ❡ ♣❡r♠✐t❡♠ ❛❥✉st❛r ♠♦❞❡❧♦s ❝♦♠♣❧❡①♦s ❝♦♠ r❛③♦á✈❡❧ ❢❛❝✐❧✐❞❛❞❡ ❡

❝♦♠ ❜❛✐①♦ ❝✉st♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❯♠❛ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ❛ ❡st✐♠❛çã♦

♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♠❛r❣✐♥❛❧✳ ❙❛❧✐❡♥t❛♠♦s q✉❡✱ ❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛

♥❡st❡ tr❛❜❛❧❤♦✱ ♣♦❞❡ ❢❛❝✐❧✐t❛r ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦s s✉♣r❛❝✐t❛❞♦s ❛❧❣♦r✐t♠♦s✳

✻✳✷✳✹ ▼❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦

❆s ♠❡❞✐❞❛s ❞❡ ❞✐❛❣♥óst✐❝♦ ❡st✉❞❛❞❛s ♥❡st❡ tr❛❜❛❧❤♦ ✭✈❛❧♦r✲♣ ❜❛②❡s✐❛♥♦ ❡ ❡s❝♦r❡s ♣r❡❞✐t♦s✮

sã♦ ❢❡rr❛♠❡♥t❛s út❡✐s ♥❛ ❛✈❛❧✐❛çã♦ ❞♦ ❛❥✉st❡ ❞❡ ♠♦❞❡❧♦s ❞❡ r❡s♣♦st❛ ❛♦ ✐t❡♠✳ ◆♦ ❡♥t❛♥t♦✱♦✉tr❛s

♠❡❞✐❞❛s ♣♦❞❡♠ s❡r ❡st✉❞❛s✳ P♦r ❡①❡♠♣❧♦✱ ❛ r❛③ã♦ ❞❡ ❝❤❛♥❝❡s ❡ ❛ ❡st❛tíst✐❝❛ ❞❡ ▼❛♥t❡❧✲❍❛❡♥③❡❧✱

♣♦❞❡r✐❛♠ s❡r ✉s❛❞♦s ♣❛r❛ ❞❡t❡❝t❛r ❛❢❛st❛♠❡♥t♦s ❞❛ s✉♣♦s✐çã♦ ❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✱ ✈❡❥❛

❙✐♥❤❛r❛② ❡t ❛❧ ✭✷✵✵✻✮✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ s✉❜s❡çã♦ ✸✳✸✳✷✱



✻✳✷ ❙✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s ✽✸

♣♦❞❡rí❛♠♦s ❞❡s❡♥✈♦❧✈❡r ❛❧❣✉♠ t✐♣♦ ❞❡ r❡sí❞✉♦ ❜❛②❡s✐❛♥♦ ♣❛r❛ ♦s tr❛ç♦s ❧❛t❡♥t❡s✱ ❜❛s❡❛❞♦s ♥❛

❞✐str✐❜✉✐çã♦ ❞❡ Hjk✳ ❊st❡s ♣♦❞❡r✐❛♠ s❡r ✉s❛❞♦s ♣❛r❛ ❛✈❛❧✐❛r ❛ ♣r❡ss✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡

❛ss✐♠étr✐❝❛✳



✽✹ ❈♦♠❡♥tár✐♦s ✜♥❛✐s ❡ s✉❣❡stõ❡s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s



❆♣ê♥❞✐❝❡ ❆

❉❡t❛❧❤❡s ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈

❆✳✶ ❆❧❣♦r✐t♠♦ ❆❉▼❍❲●❙

❆ s❡❣✉✐r t❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❆❉▼❍❲●❙ ✭✉t✐❧✐③❛♥❞♦ ❞❡♥s✐❞❛❞❡ ♦r✐❣✐♥❛❧✮✿

• P❛ss♦ ✶✿ ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s Z(t)
ijk ❞❡ Zijk|(.) ∼ N(a

(t−1)
i θ

(t−1)
jk −b(t−1)

i , 1)1❧(yijk,zijk)✱

∀ k = 1, . . . , K✱ j = 1, . . . , nk ❡ i ∈ Ijk ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

• P❛ss♦ ✷✿ ❙✐♠✉❧❡ θ(t)jk ❞❡ θjk|(.) ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ θ(∗)jk |θ
(t−1)
jk ∼ N(θ

(t−1)
jk , σ2

0)✱

✭❜✮ ❆❝❡✐t❡ θ(t)jk = θ
(∗)
jk ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πjk(θ
(t−1)
jk , θ

(∗)
jk ) = ♠✐♥

{
Rθjk , 1

}
❡♠ q✉❡✱

Rθjk =
exp

{
−1

2

{
(θ

(∗)
jk )

2
∑

i∈Ijk(a
(t−1)
i )2 − 2θ

(∗)
jk

[∑
i∈Ijk(z

(t)
ijka

(t−1)
i ) +

∑
i∈Ijk(a

(t−1)
i b

(t−1)
i )

]}}

exp
{
−1

2

{
(θ

(t−1)
jk )2

∑
i∈Ijk(a

(t−1)
i )2 − 2θ

(t−1)
jk

[∑
i∈Ijk(z

(t)
ijka

(t−1)
i ) +

∑
i∈Ijk(a

(t−1)
i b

(t−1)
i )

]}}

×
exp

{
− 1

2(ω
(t−1)
θk

)2

[
(θ

(∗)
jk )

2 − 2θ
(∗)
jk ξ

(t−1)
θk

]}
Φ

[
λ
(t−1)
θk

(
θ
(∗)
jk

−ξ(t−1)
θk

ω
(t−1)
θk

)]

exp

{
− 1

2(ω
(t−1)
θk

)2

[
(θ

(t−1)
jk )2 − 2θ

(t−1)
jk ξ

(t−1)
θk

]}
Φ

[
λ
(t−1)
θk

(
θ
(t−1)
jk

−ξ(t−1)
θk

ω
(t−1)
θk

)] . ✭❆✳✶✮

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ θ(t)jk = θ
(t−1)
jk ✳

✽✺



✽✻ ❉❡t❛❧❤❡s ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈

• P❛ss♦ ✸✿ ❙✐♠✉❧❡ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ζ(t)
i ❞❡ ζi|(.) ∼ N(Ψ̂

(t)

ζ
i
ζ̂
(t)

i , Ψ̂
(t)

ζ
i
)✱ ✈❡❥❛ ❆③❡✈❡❞♦

✭✷✵✵✽✮ ❡ ▲✐♥❞❧❡② ❛♥❞ ❙♠✐t❤ ✭✶✾✼✷✮✱ ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❡♠ q✉❡

ζ̂
(t)

i =
(
Θ

(t)
i.

)⊤
z
(t)
i. +Ψ−1

ζ
µζ ,

Ψ̂
(t)

ζ
i

=

[(
Θ

(t)
i.

)⊤
(Θi.) +Ψ−1

ζ

]−1

,

Θi. =
[
θ(t) − 1n

]
• 1❧i,

♦♥❞❡ 1❧i é ✉♠❛ ♠❛tr✐③ (n × 2) ❝♦♠ ❡❧❡♠❡♥t♦s✱ ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ✐❣✉❛✐s ❛ ✶ ♦✉ ✵✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ r❡s♣♦st❛ ♦✉ ♦♠✐ssã♦ ❞❡ r❡s♣♦st❛ ❞♦ ✐♥❞✐✈í❞✉♦ j ❞❛ ♣♦♣✉❧❛çã♦ k ❛♦ ✐t❡♠ i ❡ • ❞❡♥♦t❛

♦ ♣r♦❞✉t♦ ❞❡ ❍❛❞❛♠❛r❞✱ ✈❡❥❛ ❍♦r♥ ❛♥❞ ❏♦❤♥s♦♥ ✭✶✾✾✶✮✳

• P❛ss♦ ✹✿ ❊s❝♦❧❤❛ ♦s ♣❛ss♦s✿ ✹✳✶ ❛ ✹✳✸ ♦✉ ♦s ♣❛ss♦s✿ ✹✳✹ ❛ ✹✳✻✳

✭❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ✉t✐❧✐③❛♥❞♦ ❛ ♣r✐♦r✐ ✭✸✳✶✺✮✮

• P❛ss♦ ✹✳✶✿ ❙✐♠✉❧❡ ξ(t)θk ❞❡ ξθk |(.)✱ ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ ξ(∗)θk
|ξ(t−1)
θk

∼ N(ξ
(t−1)
θk

, σ2
0)

✭❜✮ ❆❝❡✐t❡ ξ(t)θk = ξ
(∗)
θk

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πk

[
ξ
(t−1)
θk

, ξ
(∗)
θk

]
= ♠✐♥

{
Rξθk

, 1
}

♦♥❞❡,

Rξθk
=

exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(∗)
θk

ω
(∗)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(∗)
θk

ω
(∗)
θk

)]

exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t−1)
θk

ω
(t−1)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(t−1)
θk

ω
(t−1)
θk

)]

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ ξ(t)θk = ξ
(t−1)
θk

• P❛ss♦ ✹✳✷✿ ❙✐♠✉❧❡ ω(t)
θk

❞❡ ωθk |(.) ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ ω(∗)
θk
|ω(t−1)
θk

∼ ▲♦❣✲◆♦r♠❛❧(log(ω(t−1)
θk

), σ2
0)✱

✭❜✮ ❆❝❡✐t❡ ω(t)
θk

= ω
(∗)
θk

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡



❆✳✶ ❆❧❣♦r✐t♠♦ ❆❉▼❍❲●❙ ✽✼

πk(ω
(t−1)
θk

, ω
(∗)
θk
) = ♠✐♥

{
Rωθk

, 1
}

❡♠ q✉❡✱

Rωθk
=

(ω(∗))−nk exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t)
θk

ω
(∗)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(∗)
θk

)]

(ω(t−1))−nk exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t)
θk

ω
(t−1)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(t−1)
θk

ω
(t−1)
θk

)]

• P❛ss♦ ✹✳✸✿ ❙✐♠✉❧❡ λ(t)θk ❞❡ λθk |(.) ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ λ(∗)θk |λ
(t−1)
θk

∼ N(λ
(t−1)
θk

, σ2
0)✱

✭❜✮ ❆❝❡✐t❡ λ(t)θk = λ
(∗)
θk

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πk(λ
(t−1)
θk

, λ
(∗)
θk
) = ♠✐♥

{
Rλθk

, 1
}

❡♠ q✉❡✱

Rλθk
=

(
1 +

(λ
(∗)
θk

)2

dϕ2

)− d+1
2 ∏nk

j=1 Φ

[
λ
(∗)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(t)
θk

)]

(
1 +

(λ
(t−1)
θk

)2

dϕ2

)− d+1
2 ∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(t)
θk

)] .

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ λ(t)θk = λ
(t−1)
θk

.

✭❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ✉t✐❧✐③❛♥❞♦ ❛s ♣r✐♦r✐s ✭✸✳✶✾✮✱ ✭✸✳✷✵✮ ❡ ✭✸✳✷✶✮✮

• P❛ss♦ ✹✳✹✿ ❙✐♠✉❧❡ ξ(t)θk ❞❡ ξθk |(.) ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ ξ(∗)θk
|ξ(t−1)
θk

∼ N(ξ
(t−1)
θk

, σ2
0)✱

✭❜✮ ❆❝❡✐t❡ ξ(t)θk = ξ
(∗)
θk

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πk(ξ
(t−1)
θk

, ξ
(∗)
θk
) = ♠✐♥

{
Rξθk

, 1
}

❡♠ q✉❡✱

Rξθk
=

exp

{
− 1

2σ2
ξθ

(ξ
(∗)
θk

− µξθ)
2

}
exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(∗)
θk

ω
(t)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t)
θk

(
θ
(t)
jk

−ξ(∗)
θk

ω
(t)
θk

)]

exp

{
− 1

2σ2
ξθ

(ξ
(t−1)
θk

− µξθ)
2

}
exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t−1)
θk

ω
(t)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t)
θk

(
θ
(t)
jk

−ξ(t−1)
θk

ω
(t)
θk

)] .



✽✽ ❉❡t❛❧❤❡s ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ ξ(t)θk = ξ
(t−1)
θk

✳

• P❛ss♦ ✹✳✺✿ ❙✐♠✉❧❡ (ω2
θk
)(t) ❞❡ ω2

θk
|(.) ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ (ω2
θk
)(∗)|(ω2

θk
)(t−1) ∼ ▲♦❣✲◆♦r♠❛❧(log((ω2

θk
)(t−1)), σ2

0)✱

✭❜✮ ❆❝❡✐t❡ (ω2
θk
)(t) = (ω2

θk
)(∗) ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πk((ω
2
θk
)(t−1), (ω2

θk
)(∗)) = ♠✐♥

{
Rω2

θk

, 1
}

❡♠ q✉❡✱

Rω2
θk

=

(
(ω2

θk
)(∗)
)−(αωθ

+
nk
2
)
exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t)
θk

ω
(∗)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(∗)
θk

)]

(
(ω2

θk
)(t−1)

)−(αωθ
+

nk
2
)
exp

{
−1

2

∑nk

j=1

(
θ
(t)
jk

−ξ(t)
θk

ω
(t−1)
θk

)2
}
∏nk

j=1 Φ

[
λ
(t)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(t−1)
θk

)] .

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ (ω2
θk
)(t) = (ω2

θk
)(t−1)✳

• P❛ss♦ ✹✳✻✿ ❙✐♠✉❧❡ λ(t)θk ❞❡ λθk |(.) ❝♦♥s✐❞❡r❛♥❞♦✿

✭❛✮ s✐♠✉❧❡ λ(∗)θk |λ
(t−1)
θk

∼ N(λ
(t−1)
θk

, σ2
0)✱

✭❜✮ ❆❝❡✐t❡ λ(t)θk = λ
(∗)
θk

❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡

πk(λ
(t−1)
θk

, λ
(∗)
θk
) = ♠✐♥

{
Rλθk

, 1
}

❡♠ q✉❡✱

Rλθk
=

exp

{
− 1

2σ2
λθ

(λ
(∗)
θk

− µλθ)
2

}∏nk

j=1 Φ

[
λ
(∗)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(t)
θk

)]

exp

{
− 1

2σ2
λθ

(λ
(t−1)
θk

− µλθ)
2

}∏nk

j=1 Φ

[
λ
(t−1)
θk

(
θ
(t)
jk

−ξ(t)
θk

ω
(t)
θk

)] .

❈❛s♦ ❝♦♥trár✐♦✱ ❢❛ç❛ λ(t)θk = λ
(t−1)
θk

✳

❖❜s❡r✈❛çã♦✿ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s (µθk , σθk , γθk) sã♦ ♦❜t✐❞❛s ❛ ❝❛❞❛

✐t❡r❛çã♦ ❛ ♣❛rt✐r ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s (ξθk , ωθk , λθk) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
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γ
(t)
θk

= r
(
δ
(t)
θk

)3( 4

π
− 1

)(
1− r2

(
δ
(t)
θk

)2)−3/2

,

σ
(t)
θk

=
ω
(t)
θk√

1 +
(
γ
(t)
θk

)2/3
s2

,

µ
(t)
θk

= ξ
(t)
θk

+ σ
(t)
θk

(
γ
(t)
θk

)1/3
s,

♣❛r❛ t♦❞♦ t = 1, 2, . . . , B, . . . ,M ✱ ♦♥❞❡ B é ♦ ❜✉r♥✲✐♥ ❡ M é ♦ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ❣❡r❛❞♦ ❡✱

δ
(t)
θk

=
λ
(t)
θk√

1 +
(
λ
(t)
θk

)2 ,

s =

(
2

4− π

)1/3

.

❆✳✷ ❆❧❣♦r✐t♠♦ ❆❉●❙

❆ s❡❣✉✐r t❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛♠♦str❛❞♦r ❞❡ ●✐❜❜s ❝♦♠♣❧❡t♦ ✭✉t✐❧✐③❛♥❞♦ r❡♣r❡✲

s❡♥t❛çã♦ ❡st♦❝ást✐❝❛✮✳

• P❛ss♦ ✶✿ ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❛✉♠❡♥t❛❞❛s Z(t)
ijk ❞❡ Zijk|(.) ∼ N(a

(t−1)
i θ

(t−1)
jk −b(t−1)

i , 1)1❧(yijk,zijk)✱

❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ∀ k = 1, . . . , K✱ j = 1, . . . , nk ❡ i ∈ Ijk✳

• P❛ss♦ ✷✿ ❙✐♠✉❧❡ θ(t)jk ❞❡ θjk|(.) ∼ N(τ̂
(t−1)
θjk

θ̂
(t−1)
jk , τ̂

(t−1)
jk ) ∀ k = 1, . . . , K✱ j = 1, . . . , nk ❞❡

❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❡♠ q✉❡✿

θ̂
(t−1)
jk =

∑

i∈Ijk

z
(t)
ijka

(t−1)
i +

∑

i∈Ijk

a
(t−1)
i b

(t−1)
i +

ξ
(t−1)
θk

+ τ
(t−1)
θk

h
(t−1)
jk

(ς
(t−1)
θk

)2
,

τ̂
(t−1)
θjk

=


 1

(ς
(t−1)
θk

)2
+
∑

i∈Ijk

(a
(t−1)
i )2




−1

.



✾✵ ❉❡t❛❧❤❡s ❞♦s ❛❧❣♦r✐t♠♦s ▼❈▼❈

• P❛ss♦ ✸✿ ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s H(t)
jk ❞❡

Hjk|(.) ∼ ❍◆

(
τ
(t−1)
θk

(θ
(t)
jk − ξ

(t−1)
θk

)

(τ
(t−1)
θk

)2 + (ς
(t−1)
θk

)2
,

(ς
(t−1)
θk

)2

(ς
(t−1)
θk

)2 + (τ
(t−1)
θk

)2

)
,

❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ∀ k = 1, . . . , K ❡ j = 1, . . . , nk✳

• P❛ss♦ ✹✿ ❙✐♠✉❧❡ ♦s ♣❛râ♠❡tr♦s ❞♦s ✐t❡♥s ζ(t)
i ❞❡ ζi|(.) ∼ N(Ψ̂

(t)

ζ
i
ζ̂
(t)

i , Ψ̂
(t)

ζ
i
)✱ ✈❡❥❛ ❆③❡✈❡❞♦

✭✷✵✵✽✮ ❡ ▲✐♥❞❧❡② ❛♥❞ ❙♠✐t❤ ✭✶✾✼✷✮✱ ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ❡♠ q✉❡

ζ̂
(t)

i =
(
Θ

(t)
i..

)⊤
z
(t)
i.. +Ψ−1

ζ
µζ ,

Ψ̂
(t)

ζ
i

=

[(
Θ

(t)
i..

)⊤
(Θi..) +Ψ−1

ζ

]−1

,

Θi.. =
[
θ(t) − 1n

]
• 1❧i,

♦♥❞❡ 1❧i é ✉♠❛ ♠❛tr✐③ (n × 2) ❝♦♠ ❡❧❡♠❡♥t♦s✱ ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ✐❣✉❛✐s ❛ ✶ ♦✉ ✵✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ r❡s♣♦st❛ ♦✉ ♦♠✐ssã♦ ❞❡ r❡s♣♦st❛ ❞♦ ✐♥❞✐✈í❞✉♦ j ❞❛ ♣♦♣✉❧❛çã♦ k ❛♦ ✐t❡♠ i ❡ • ❞❡♥♦t❛

♦ ♣r♦❞✉t♦ ❞❡ ❍❛❞❛♠❛r❞✱ ✈❡❥❛ ❍♦r♥ ❛♥❞ ❏♦❤♥s♦♥ ✭✶✾✾✶✮✳

• P❛ss♦ ✺✿ ❊s❝♦❧❤❛ ♦s ♣❛ss♦s ✺✳✶ ❛ ✺✳✹ ♦✉ ♦s ♣❛ss♦s ✺✳✺ ❡ ✺✳✻✳

✭❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ✉t✐❧✐③❛♥❞♦ ❛ ♣r✐♦r✐ ✭✸✳✸✹✮✮✳

• P❛ss♦ ✺✳✶✿ ❙✐♠✉❧❡ ❛s ✈❛r✐á✈❡✐s ❧❛t❡♥t❡s T (t)
k ❞❡

Tk|(.) ∼ ●❛♠❛

(
d+ 1

2
,
(τ

(t−1)
θk

)2

(ςθk)
2ϕ2

+ d

)
,

❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ∀ k = 1, . . . , K✳

• P❛ss♦ ✺✳✷✿ ❙✐♠✉❧❡ ξ(t)θk ❞❡

ξθk |(.) ∼ N

(
1

nk

nk∑

j=1

(θ
(t)
jk − τ

(t−1)
θk

h
(t)
jk ),

(ς
(t−1)
θk

)2

nk

)
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❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ∀ k = 1, . . . , K✳

• P❛ss♦ ✺✳✸✿ ❙✐♠✉❧❡ τ (t)θk ❞❡ τθk |(.) ∼ N(µ̂
(t)
τθk
, (σ̂

(t)
θk
)2) ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱

❡♠ q✉❡✿

µ̂(t)
τθk

=

∑nk

j=1(θ
(t)
jk − ξ

(t)
θk
)h

(t)
jk

∑nk

j=1(h
(t)
jk )

2 +
t
(t)
k

(ς
(t−1)
θk

)2ϕ2

,

(σ̂(t)
τθk

)2 =
(ς

(t−1)
θk

)2

∑nk

j=1(h
(t)
jk )

2 +
t
(t)
k

(ς
(t−1)
θk

)2ϕ2

,

∀ k = 1, . . . , K✳

• P❛ss♦ ✺✳✹✿ ❙✐♠✉❧❡ (ς
(t)
θk
)2 ❞❡ ς2θk ∼ ●❛♠❛✲■♥✈✳(α̂(t)

ςθk
, β̂

(t)
ςθk

) ❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡✱ ❡♠ q✉❡✿

α̂(t)
ςθk

=
nk + 4

2
,

β̂(t)
ςθk

=
1

2

[
nk∑

j=1

(
θ
(t)
jk − ξ

(t)
θk

− τ
(t)
θk
h
(t)
jk

)2
+

(τ
(t)
θk
)2t

(t)
k

ϕ2

]
,

∀ k = 1, . . . , K✳

✭❊st✐♠❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s ✉t✐❧✐③❛♥❞♦ ❛s ♣r✐♦r✐s ✭✸✳✸✺✮ ❡ ✭✸✳✸✻✮✮✳

• P❛ss♦ ✺✳✺✿ ❙✐♠✉❧❡ β(t)
θk

= (ξ
(t)
θk
, τ

(t)
θk
)⊤ ❞❡ βθk |(.) ∼ N

[
τ̂
(t)
θk
ξ̂
(t)

θk
, τ̂

(t)
θk

]
❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡✱ ❡♠ q✉❡✿
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τ̂
(t)
θk

=

[(
H

(t)
.k

)⊤ (
D(t−1)
nk

)−1
(
H

(t)
.k

)
+ Σ−1

βθ

]−1

,

ξ̂
(t)

θk
=

(
H

(t)
.k

) (
D(t−1)
nk

)−1
θ
(t)
.k + Σ−1

βθ
µβθ

,

H
(t)
.k =

[
1nk

h
(t)
.k

]
❡

D =




(
ς
(t−1)
θk

)2

✳ ✳ ✳ (
ς
(t−1)
θk

)2


 ,

é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❞❡ ♦r❞❡♠ nk✱ ∀ k = 1, . . . , K✳

• P❛ss♦ ✺✳✻✿ ❙✐♠✉❧❡
(
ς
(t)
θk

)2
❞❡

ς2θk |(.) ∼ ●❛♠❛✲■♥✈✳

(
nk
2

+ αςθ ,
1

2

nk∑

j=1

(
θ
(t)
jk − ξ

(t)
θk

− τ
(t)
θk
h
(t)
jk

)2
+ βςθ

)
,

❞❡ ❢♦r♠❛ ♠✉t✉❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ∀ k = 1, . . . , K✳

❖❜s❡r✈❛çã♦✿ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ♣♦♣✉❧❛❝✐♦♥❛✐s (µθk , σθk , γθk) sã♦ ♦❜t✐❞❛s ❛ ❝❛❞❛

✐t❡r❛çã♦ ❛ ♣❛rt✐r ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s (ξθk , τθk , ςθk) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

γ
(t)
θk

= r
(
δ
(t)
θk

)3( 4

π
− 1

)(
1− r2

(
δ
(t)
θk

)2)−3/2

,

σ
(t)
θk

=
ω
(t)
θk√

1 +
(
γ
(t)
θk

)2/3
s2

,

µ
(t)
θk

= ξ
(t)
θk

+ σ
(t)
θk

(
γ
(t)
θk

)1/3
s,

♣❛r❛ t♦❞♦ t = 1, 2, . . . , B, . . . ,M ✱ ♦♥❞❡ B é ♦ ❜✉r♥✲✐♥ ❡ M é ♦ t❛♠❛♥❤♦ ❞❡ ❛♠♦str❛ ❣❡r❛❞♦ ❡✱
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δ
(t)
θk

=
τ
(t)
θk√(

τ
(t)
θk

)2
+
(
ς
(t)
θk

)2 ,

ω
(t)
θk

=
τ
(t)
θk

δ
(t)
θk

.
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❆♣ê♥❞✐❝❡ ❇
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❬✽❪ ❆③❡✈❡❞♦✱ ❈✳ ▲✳ ◆✳✱ ❇♦❧❢❛r✐♥❡✱ ❍✳ ❛♥❞ ❆♥❞r❛❞❡✱ ❉✳ ❋✳ ✭✷✵✶✶❜✮✱ P❛r❛♠❡t❡r r❡❝♦✈❡r② ❢♦r ❛
s❦❡✇ ♥♦r♠❛❧ ■❘❚ ♠♦❞❡❧ ✉♥❞❡r ❛ ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤✿ ❤✐❡r❛r❝❤✐❝❛❧ ❢r❛♠❡✇♦r❦✱ ♣r✐♦r ❛♥❞
❦❡r♥❡❧ s❡♥s✐t✐✈✐t② ❛♥❞ s❛♠♣❧❡ s✐③❡✱ ❏♦r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ ❈♦♠♣✉t❛t✐♦♥ ✫ ❙✐♠✉❧❛t✐♦♥ ✶✲✷✸✳

❬✾❪ ❆③❡✈❡❞♦✱ ❈✳▲✳◆✳✱ ❆♥❞r❛❞❡✱ ❉✳❋✳✱ ❋♦①✱ ❏✳✲P✳✱ ✭✷✵✵✾❛✮✳ ❇❛s❡❞ ●✐❜❜s ❙❛♠♣❧✐♥❣ ❡st✐♠❛t✐♦♥
♣r♦❝❡❞✉r❡ ❛♥❞ ♠♦❞❡❧✲✜t ❢♦r ♠✉❧t✐♣❧❡ ❣r♦✉♣s ■❘❚ ♠♦❞❡❧✳ ❘❡❧❛tór✐♦ té❝♥✐❝♦✳

❬✶✵❪ ❆③❡✈❡❞♦✱ ❈✳▲✳◆✳✱ ❋♦①✱ ❏✳✲P✳✱ ❆♥❞r❛❞❡✱ ❉✳ ❋✳✱ ✭✷✵✵✾❜✮✳ ●✐❜❜s s❛♠♣❧✐♥❣ ❢♦r ❇❛②❡s✐❛♥ ❡st✐✲
♠❛t✐♦♥ ❛♥❞ ♠♦❞❡❧ ✜t ❛ss❡ss♠❡♥t ❢♦r ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ■❘❚ ♠♦❞❡❧✳ ❘❡❧❛tór✐♦ té❝♥✐❝♦✳

❬✶✶❪ ❆③③❛❧✐♥✐✱ ❆✳ ✭✶✾✽✺✮✱ ❆ ❝❧❛ss ♦❢ ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ♥♦r♠❛❧ ♦♥❡s✱ ❙❝❛♥❞✐♥❛✈✐❛♥
❥♦✉r♥❛❧ ♦❢ st❛t✐st✐❝s✳ ✶✷✱ ♣♣✳ ✶✼✶✲✶✼✽✳

✶✷✸
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❬✶✷❪ ❆③③❛❧✐♥✐✱ ❆✳ ❛♥❞ ❈❛♣✐t❛♥✐♦✱ ❆✳ ✭✶✾✾✾✮✱ ❙t❛t✐st✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ s❦❡✇
♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t②✿ ❙❡r✐❡s ❇ ✭❙t❛t✐st✐❝❛❧ ▼❡t❤♦✲
❞♦❧♦❣②✮✱ ✻✶✿ ✺✼✾−✻✵✷✳ ❞♦✐✿ 10.1111/1467− 9868.00194

❬✶✸❪ ❇❛❦❡r✱ ❋✳ ❇✳ ❛♥❞ ❑✐♠✱ ❙❡♦❝❦✲❍♦ ✭✷✵✵✹✮✱ ■t❡♠ r❡s♣♦♥s❡ t❤❡♦r②✿ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥
t❡❝❤✐♥✐q✉❡s✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ■♥❝❛✱ ◆❡✇ ❨♦r❦✳

❬✶✹❪ ❇❛②❡s✱ ❈✳ ▲✳ ❛♥❞ ❇r❛♥❝♦✱ ▼✳ ❉✳ ✭✷✵✵✼✮✱ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r t❤❡ s❦❡✇♥❡ss ♣❛r❛♠t❡r
♦❢ t❤❡ s❝❛❧❛r s❦❡✇✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❇r❛③✐❧✐❛♥ ❥♦✉r♥❛❧ ♦❢ ♣r♦❜❛❜✐❧✐t② ❛♥❞ st❛t✐st✐❝s✱ ✷✶✱
✶✹✶✲✶✻✸✳

❬✶✺❪ ❇❛③á♥✱ ❏✳ ▲✳✱ ❇r❛♥❝♦✱ ▼✳ ❉✳ ❛♥❞ ❇♦❧❢❛r✐♥❡✱ ❍✳ ✭✷✵✵✻✮✱ ❆ ❙❦❡✇ ■t❡♠ ❘❡s♣♦♥s❡ ▼♦❞❡❧✱
❇❛②❡s✐❛♥ ❛♥❛❧②s✐s✱ ♣♣✳ ✽✻✶✲✽✾✷✳

❬✶✻❪ ❇é❣✉✐♥✱ ❆✳ ❆✳ ❇✳ ❛♥❞ ●❧❛s✱ ❈✳ ❆✳ ❲✳ ✭✷✵✵✶✮✱▼❈▼❈ ❡st✐♠❛t✐♦♥ ❛♥❞ s♦♠❡ ♠♦❞❡❧✲✜t ❛♥❛❧②s✐s
♦❢ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ■❘❚ ♠♦❞❡❧s✱ Ps②❝❤♦♠❡tr✐❦❛✱ ✻✻✱ ✹✱ ✺✹✶✲✺✻✶✳

❬✶✼❪ ❇♦❝❦✱ ❉✳ ❘✳ ❛♥❞ ❩✐♠♦✇s❦✐✱ ▼✳ ❋✳ ✭✶✾✾✼✮✱ ❚❤❡ ▼✉❧t✐♣❧❡ ●r♦✉♣s ■❘❚✱ ✐♥ ❍❛♥❞❜♦♦❦ ♦❢
♠♦❞❡r♥ ■t❡♠ ❘❡s♣♦♥s❡ ❚❤❡♦r②✱ ❲✐♠ ❏✳ ✈❛♥ ❞❡r ▲✐♥❞❡♥ ❛♥❞ ❘♦♥❛❧❞ ❑✳ ❍❛♠❜❧❡t♦♥ ❡❞s✱
❙♣r✐♥❣❡r✲❱❡r❧❛❣

❬✶✽❪ ❇♦❝❦✱ ❘✳ ❉✳ ❛♥❞ ❆✐t❦✐♥✱ ▼✳ ✭✶✾✽✶✮✱ ▼❛r❣✐♥❛❧ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ ✐t❡♠ ♣❛✲
r❛♠❡t❡rs✿ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ❊▼ ❛❧❣♦r✐t❤♠✱ Ps②❝❤♦♠❡tr✐❦❛✳ ✹✻✱ ♣♣✳ ✹✸✸✕✹✺✾✳

❬✶✾❪ ❇r❛♥❝♦✱ ▼✳ ❉
′

❊✳✱ ❆r❡❧❧❛♥♦✲❱❛❧❧❡✱ ❘✳ ❉✐str✐❜✉✐çõ❡s ❡❧í♣t✐❝❛s ❛ss✐♠étr✐❝❛s✳ ❙ã♦ P❛✉❧♦✿ ❆s✲
s♦❝✐❛çã♦ ❇r❛s✐❧❡✐r❛ ❞❡ ❊st❛tíst✐❝❛✱ 16♦✠ ❙✐♥❛♣❡ 26 ❛ 30.7.2004✳

❬✷✵❪ ❈❤❡♥✱ ▼✳✲❍✳✱❙❤❛♦✱ ◗✳✲▼✳ ❛♥❞ ■❜r❛❤✐♠✱ ❏✳ ●✳ ✭✷✵✵✵✮✱ ▼♦♥t❡ ❝❛r❧♦ ♠❡t❤♦❞s ❢♦r ❇❛②❡s✐❛♥
❝♦♠♣✉t❛t✐♦♥✱ ✜rst ❡❞✐t✐♦♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✳

❬✷✶❪ ❈❤✐♦❣♥❛✱ ▼✳ ✭✷✵✵✺✮✱ ❆ ♥♦t❡ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞
❡st✐♠❛t♦r ❢♦r t❤❡ s❝❛❧❛r s❦❡✇✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✱ ❙t❛t✐st✐❝❛❧ ▼❡t❤♦❞s ✫ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✹✱
✸✸✶✲✸✹✶✳

❬✷✷❪ ❞❛✲❙✐❧✈❛✱ ❈✳ ◗✳ ❛♥❞ ●♦♠❡s✱ ❆✳ ❊✳ ✭✷✵✶✶✮✱ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ❛♥ ✐t❡♠ r❡s♣♦♥s❡ ♠♦❞❡❧
❢♦r ♠♦❞❡❧✐♥❣ t❡st ❛♥①✐❡t②✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝❛ ✫ ❉❛t❛ ❆♥❛❧②s✐s✱ ✺✺✱ ♣♣✳ ✸✶✻✺✕✷✸✶✽✷✳

❬✷✸❪ ❉❡ ❆②❛❧❛✱ ❘✳ ❏ ❛♥❞ ❙❛✈❛ ✲ ❇♦❧❡st❛✱ ▼✳ ✭✶✾✾✾✮✱ ■t❡♠ P❛r❛♠❡t❡r ❘❡❝♦✈❡r② ❢♦r t❤❡ ◆♦♠✐♥❛❧
❘❡s♣♦♥s❡ ▼♦❞❡❧✱ ❆♣♣❧✐❡❞ ♣s②❝❤♦❧♦❣✐❝❛❧ ♠❡❛s✉r❡♠❡♥t✱ ✷✸✱ ✶✱ ✸✲✶✾✳

❬✷✹❪ ❉❡▼❛rs✱ ❈✳ ❊✳✱ ✭✷✵✵✸✮✳ ❙❛♠♣❧❡ s✐③❡ ❛♥❞ t❤❡ r❡❝♦✈❡r② ♦❢ ♥♦♠✐♥❛❧ r❡s♣♦♥s❡ ♠♦❞❡❧✳ ❆♣♣❧✐❡❞
Ps②❝❤♦❧♦❣✐❝❛❧ ▼❡❛s✉r❡♠❡♥t ✷✸ ✭✶✮✱ ✸✲✶✾✳

❬✷✺❪ ❋♦①✱ ❏✳ ✲P✳ ❛♥❞ ●❧❛s✱ ❈✳ ❆✳ ❲✳ ✭✷✵✵✶✮✱ ❇❛②❡s✐❛♥ ❊st✐♠❛t✐♦♥ ♦❢ ❛ ▼✉❧t✐❧❡✈❡❧ ■❘❚ ▼♦❞❡❧
✉s✐♥❣ ●✐❜❜s ❙❛♠♣❧✐♥❣✱ Ps②❝❤♦♠❡tr✐❦❛✳ ✻✻✱ ♣♣✳ ✷✻✾✕✷✽✻✳

❬✷✻❪ ❋♦①✱ ❏✳✲P✳ ✭✷✵✵✶✮✱ ▼✉❧t✐❧❡✈❡❧ ■❘❚ ✿ ❆ ❜❛②❡s✐❛♥ ♣❡rs♣❡❝t✐✈❡ ♦♥ ❡st✐♠❛t✐♥❣ ♣❛r❛♠❛t❡rs ❛♥❞
t❡st✐♥❣ st❛t✐st✐❝❛❧ ❤②♣♦t❤❡s✐s✱ ❚❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✱ ❖▼❉✲❯♥✐✈❡rs✐t② ♦❢ ❚✇❡♥t❡✳
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❬✷✼❪ ❋♦①✱ ❏✳✲P✳ ✭✷✵✶✵✮✱ ❇❛②❡s✐❛♥ ■t❡♠ ❘❡s♣♦♥s❡ ▼♦❞❡❧✐♥❣✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✜rst ❡❞✐✲
t✐♦♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✳

❬✷✽❪ ❋♦①✱ ❏✳✲P✳ ✭✷✵✵✹✮✱ ▼✉❧t✐❧❡✈❡❧ ■❘❚ ❛ss❡ss♠❡♥t✱ ✐♥ ◆❡✇ ❉❡✈❡❧♦♣♠❡♥ts ✐♥ ❈❛t❡❣♦r✐❝❛❧ ❉❛t❛
❆♥❛❧②s✐s ❢♦r t❤❡ ❙♦❝✐❛❧ ❛♥❞ ❇❡❤❛✈✐♦r❛❧ ❙❝✐❡♥❝❡s✱ ✈❛♥ ❞❡r ❆r❦✱ ❈r♦♦♥ ❛♥❞ ❙✐❥ts♠❛ ❡❞s✱
▲❛✇r❡♥❝❡ ❊r❧❜❛✉♠ ❆ss♦❝✐❛t❡s✱ ■♥❝✱ ▲♦♥❞♦♥✳

❬✷✾❪ ❋♦①✱ ❏✳✲P✳ ❛♥❞ ●❧❛s✱ ❈✳ ❆✳ ❲✳ ✭✷✵✵✺✮✱ ❇❛②❡s✐❛♥ ♠♦❞✐✜❝❛t✐♦♥ ✐♥❞✐❝❡s ❢♦r ■❘❚ ♠♦✲
❞❡❧s✱❙t❛t✐st✐❝❛ ♥❡❡r❧❡♥❞✐❝❛✱ ✺✾✱ ✾✺✲✶✵✻✳
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