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✧◆ã♦ s❡✐ s❡ ❡st♦✉ ♣❡rt♦ ♦✉ ❧♦♥❣❡ ❞❡✲
♠❛✐s✱ s❡ ♣❡❣✉❡✐ ♦ r✉♠♦ ❝❡rt♦ ♦✉ ❡rr❛❞♦✳
❙❡✐ ❛♣❡♥❛s q✉❡ s✐❣♦ ❡♠ ❢r❡♥t❡✱ ✈✐✈❡♥❞♦
❞✐❛s ✐❣✉❛✐s ❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥t❡✳ ❏á
♥ã♦ ❝❛♠✐♥❤♦ ♠❛✐s s♦③✐♥❤❛✱ ❧❡✈♦ ❝♦♠✐❣♦
❝❛❞❛ r❡❝♦r❞❛çã♦✱ ❝❛❞❛ ✈✐✈ê♥❝✐❛✱ ❝❛❞❛
❧✐çã♦✳ ❊✱ ♠❡s♠♦ q✉❡ t✉❞♦ ♥ã♦ ❛♥❞❡ ❞❛
❢♦r♠❛ q✉❡ ❡✉ ❣♦st❛r✐❛✱ s❛❜❡r q✉❡ ❥á ♥ã♦
s♦✉ ❛ ♠❡s♠❛ ❞❡ ♦♥t❡♠ ♠❡ ❢❛③ ♣❡r❝❡❜❡r
q✉❡ ✈❛❧❡✉ ❛ ♣❡♥❛✳✧
✭❆✉t♦r ❉❡s❝♦♥❤❡❝✐❞♦✮

✈



❆●❘❆❉❊❈■▼❊◆❚❖❙

➚ ❉❡✉s✱ ♣❡❧♦ ❞♦♠ ❞❛ ✈✐❞❛ ❡ ♣♦r t♦❞❛s ❛s ♦♣♦rt✉♥✐❞❛❞❡s q✉❡ t❡♠ ♠❡ ❞❛❞♦✳

➚ ♠✐♥❤❛ ♠❛♠ã❡ ▼❛r✐❛✱ q✉❡ ♣❛rt✐✉ tã♦ ♣r❡❝♦❝❡♠❡♥t❡✱ ❞❡✐①❛♥❞♦ ✉♠❛ s❛✉❞❛❞❡ ✐♠❡♥s❛ ❡

❛❝✐♠❛ ❞✐ss♦ ❞❡✐①❛♥❞♦ ✉♠ ❡①❡♠♣❧♦ ❧✐♥❞♦✳ ❯♠ ❛♥❥✐♥❤♦✱ q✉❡ ❡♠ tã♦ ♣♦✉❝♦ t❡♠♣♦ ♠❡ ❡♥s✐♥♦✉✱

❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ♦ s✐❣♥✐✜❝❛❞♦ ❞❡ ❛♠♦r ✐♥❝♦♥❞✐❝✐♦♥❛❧✳

❆♦ ♠❡✉ ♣❛♣❛✐ ❊❞✐✈❛❧❞♦✱ ♣♦r s❡r ❞✉r❛♥t❡ t♦❞♦s ❡ss❡s ❛♥♦s✱ ♣❛✐ ❡ ♠ã❡✳ ❊ ♣♦r ♥✉♥❝❛

t❡r ♥❡❣❛❞♦ ❡s❢♦rç♦s ❡ s❛❝r✐❢í❝✐♦s ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ ❝r❡s❝❡r ❡s♣✐r✐t✉❛❧♠❡♥t❡✱ ♠♦r❛❧♠❡♥t❡ ❡

✐♥t❡❧❡❝t✉❛❧♠❡♥t❡✳

❆♦ ♠❡✉ ✐r♠ã♦ ■❣♦r ❡ s✉❛ ❡s♣♦s❛ ▼❛r✐❛♥❛✱ ♣❡❧♦ ❡♥❝♦r❛❥❛♠❡♥t♦ ❡ ❝❛r✐♥❤♦ ❞❡ s❡♠♣r❡✳

➚ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s q✉❡ ❛♣❡s❛r ❞❡ ❞✐st❛♥t❡s✱ ❡st✐✈❡r❛♠ s❡♠♣r❡ ♣r❡s❡♥t❡s✱ ❡♥❝♦r❛❥❛♥❞♦

❡ ✐♥❝❡♥t✐✈❛♥❞♦ ❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❑ét✉r❛✱ ❘❛✐❛♥② ❡ ❮t❛❧♦✳

➚ ❢❛♠í❧✐❛✱ q✉❡ ❉❡✉s ♣r❡♣❛r♦✉ ♣❛r❛ ♠✐♠ ❛q✉✐ ❡♠ ❈❛♠♣✐♥❛s✳ P❡ss♦❛s ❛s q✉❛✐s s❡♠ ♠❡

❝♦♥❤❡❝❡r ♠❡ ❛❝♦❧❤❡r❛♠ ❝♦♠ t♦❞♦ ❝❛r✐♥❤♦ ❞♦ ♠✉♥❞♦ ❡ ✜③❡r❛♠ ❛ s❛✉❞❛❞❡ ❞❡ ❝❛s❛ s✉♣♦rtá✈❡❧✳

❆♦s ❛♠✐❣♦s q✉❡ ✜③ ❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s✳ ❊st✉❞❛♥t❡s ❞❡ ❞✐✈❡rs❛s ár❡❛s✱ q✉❡ ❥✉♥t♦s ❛

♠✐♠ ❡♥❢r❡♥t❛r❛♠ ❛ ❧✉t❛ ♥❛ ❯♥✐❝❛♠♣ ❡ q✉❡ ❡st❛✈❛♠ s❡♠♣r❡ ❞✐s♣♦st♦s ❛ ✉♠ ❛❧♠♦ç♦✱ ✉♠❛

❝♦♥✈❡rs❛✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ✉♠ ❛❜r❛ç♦✳ ❆q✉❡❧❡s q✉❡ ✜③❡r❛♠ ❞❡ss❡✱ ✉♠ ♠♦♠❡♥t♦ ✐♥❡sq✉❡❝í✈❡❧

♥❛ ♠✐♥❤❛ ✈✐❞❛✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❋r❛♥✱ ❱❛♥✐♥❤❛✱ ❱ít♦r ❡ ▼❛r❝♦s✳

❆♦ ♣r♦❢❡ss♦r ▼❛r❝♦✱ ♣♦r t❡r ❛❝❡✐t❛❞♦ ♠❡ ♦r✐❡♥t❛r ♥❡ss❡ tr❛❜❛❧❤♦✱ ♣❡❧❛ ❛t❡♥çã♦ q✉❡ s❡♠♣r❡

❞❡♠♦♥str♦✉ ❡ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ♠❛t❡♠át✐❝♦s✳

❆♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❞❡ ❣r❛❞✉❛çã♦ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ●♦✐ás✱ ❡♠ ❡s♣❡❝✐❛❧ à

♣r♦❢❡ss♦r❛ ▼❛r✐♥❛✱ ♣❡❧❛ ✐♥✐❝✐❛çã♦ ❛ ♣❡sq✉✐s❛✱ ❡ ♣♦r s❡♠♣r❡ ❡st❛r ❞✐s♣♦♥í✈❡❧ ♣❛r❛ ✉♠ ❝♦♥s❡❧❤♦

✈✐



♦✉ ✉♠❛ ❝♦♥✈❡rs❛✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞♦ ■▼❊❈❈✱ ❲❡♥❞❡r✱ ❏✉❧✐❛♥❛✱ ❋❡❧✐♣❡✱ ❏❡s✉s✱ ❉♦✉❣❧❛s✱ ❉♦✉❣❧❛s ▼❛✐♦❧✐

♣❡❧❛ ❝♦♠♣❛♥❤✐❛ ❡ ♣♦r t❡r t♦r♥❛❞♦ ❛❣r❛❞á✈❡❧ ❡ss❡ ♣❡rí♦❞♦✳ ❆❣r❛❞❡ç♦ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❘✐❝❛r❞♦✱

♣❡❧❛ ❛❥✉❞❛ ✐♠♣r❡s❝✐♥❞í✈❡❧ ❞✉r❛♥t❡ t♦❞♦ ♦ ♠❡str❛❞♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛♦ ♣❡ss♦❛❧ ❞❛ ❙❡❝r❡t❛r✐❛ ❞❡

Pós✲●r❛❞✉❛çã♦✱ ❚â♥✐❛✱ ▲í✈✐❛ ❡ ❊❞♥❛❧❞♦✳

➚ ❈❛♣❡s✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞✉r❛♥t❡ ♦ ♠❡str❛❞♦✳

✈✐✐



❘❊❙❯▼❖

❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦ ✸❉ s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ s✉❛✈❡ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ♣♦❞❡

s❡r ❣❡♥❡r✐❝❛♠❡♥t❡ t❛♥❣❡♥t❡ ❛ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ s✉♣❡r❢í❝✐❡ ❡♠ ✉♠ ♣♦♥t♦ ♣✳ ❖s ♣♦♥t♦s ♦♥❞❡

❡ss❡ ❢❡♥ô♠❡♥♦ ♦❝♦rr❡ sã♦ ❝❤❛♠❛❞♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✳

◆❡ss❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ s✉❛✈❡ ♣♦r ♣❛rt❡s

tr✐✲❞✐♠❡♥s✐♦♥❛❧ ❡♠ ✉♠❛ ❞♦❜r❛✲❞♦❜r❛✳ ❱✐♠♦s q✉❡ ❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❞❡ ✉♠ ú♥✐❝♦ ♣❛râ♠❡tr♦ q✉❡ ❝♦♥tr♦❧❛ ✉♠❛ ❜✐❢✉r❝❛çã♦✳

❊s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ❝❛s♦ ♦♥❞❡ ❛s ❞♦❜r❛s sã♦ ❛♠❜❛s ✐♥✈✐sí✈❡✐s✱ ❛ ❝❤❛♠❛❞❛ s✐♥❣✉❧❛r✐❞❛❞❡

❚❡✐①❡✐r❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ s✐st❡♠❛ ♣♦❞❡ ❛❞♠✐t✐r ✉♠ ✢✉①♦ ❡①✐❜✐♥❞♦ ❞✐♥â♠✐❝❛ ❝❛ót✐❝❛✱ ♠❛s

♥ã♦ ❞❡t❡r♠✐♥íst✐❝❛✳

✈✐✐✐



❆❇❙❚❘❆❈❚

❆ ✸❉ ❞✐s❝♦♥t✐♥✉♦✉s ✈❡❝t♦r ✜❡❧❞ ♦♥ ❛ s♠♦♦t❤ s✉r❢❛❝❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡✱ ❝❛♥ ❜❡ ❣❡♥❡r✐❝❛❧❧②

t❛♥❣❡♥t t♦ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ s✉r❢❛❝❡ ❛t ❛ ♣♦✐♥t ♣✳ ❚❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ♦❝❝✉rs

❛r❡ ❝❛❧❧❡❞ t✇♦✲❢♦❧❞ s✐♥❣✉❧❛r✐t✐❡s✳

■♥ t❤✐s ♣r♦❥❡❝t✱ ✇❡ st✉❞② t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ♦❢ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤

❞②♥❛♠✐❝❛❧ s②st❡♠s ❛t ❛ t✇♦✲❢♦❧❞✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ❧♦❝❛❧ ❞②♥❛♠✐❝s ❞❡♣❡♥❞s ♠❛✐♥❧② ♦♥

❛ s✐♥❣❧❡ ♣❛r❛♠❡t❡r t❤❛t ❝♦♥tr♦❧s ❛ ❜✐❢✉r❝❛t✐♦♥✳

❙♣❡❝✐✜❝❛❧❧② ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❢♦❧❞s ❛r❡ ❜♦t❤ ✐♥✈✐s✐❜❧❡s✱ t❤❡ s♦✲❝❛❧❧❡❞ s✐♥❣✉❧❛r✐t② ❚❡✐①✲

❡✐r❛✱ ✇❡ ✜♥❞ t❤❛t t❤❡ s②st❡♠ ❝❛♥ ❛❞♠✐t ❛ ✢♦✇ ❡①❤✐❜✐t✐♥❣ ❝❤❛♦t✐❝ ❜✉t ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝

❞②♥❛♠✐❝s✳
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❈❖◆❚❊Ú❉❖

❆❣r❛❞❡❝✐♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐

❘❡s✉♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐✐✐

❆❜str❛❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐①

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✺

✶✳✶ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ❞❡✜♥✐❞♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ❉❡s❝♦♥tí♥✉♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✷✳✶ ❈♦♥✈❡♥çã♦ ❞❡ ❋✐❧✐♣♣♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✷✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❩ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✷✳✸ ❊str❛t✐✜❝❛çã♦ ❞❡ ▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷✳✹ ❊st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷ ❆ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ✶✻

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❞♦❜r❛✲❞♦❜r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷✳✶ ❆♣r♦①✐♠❛çã♦ ▲♦❝❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷✳✷ ❉✐♥â♠✐❝❛ ♥❛s ❘❡❣✐õ❡s ❞❡ ❞❡s❧✐③❡ ❡ ❞❡ ❡s❝❛♣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷✳✸ ❉✐♥â♠✐❝❛ ♥❛s r❡❣✐õ❡s ❞❡ ❝♦st✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✷✳✹ ❉✐♥â♠✐❝❛ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

①



✷✳✷✳✺ ❈❛♦s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✸ ❆ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✹ ❆ ❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✺ ❖❜s❡r✈❛çõ❡s s♦❜r❡ ❜✐❢✉r❝❛çõ❡s ❞❡s❧✐③❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✻ ❙✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ❡♠ s✐st❡♠❛s ❡❧étr✐❝♦s ♥ã♦ s✉❛✈❡s ✹✽

✸✳✶ ❯♠ ❝✐r❝✉✐t♦ ❝♦♠ ❝♦♠✉t❛çã♦ ❞❡ ♣♦tê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✸✳✷ ❯♠ ❝✐r❝✉✐t♦ r❡s✐st✐✈♦ ❝♦♠ ♠❡♠ór✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

❆♣ê♥❞✐❝❡ ❆ ✺✸

❆♣ê♥❞✐❝❡ ❇ ✺✻

❆♣ê♥❞✐❝❡ ❈ ✺✼

❆♣ê♥❞✐❝❡ ❉ ✻✵

❆♣ê♥❞✐❝❡ ❊ ✻✸

❆♣ê♥❞✐❝❡ ❋ ✻✺

❇✐❜❧✐♦❣r❛✜❛ ✻✺

①✐



■◆❚❘❖❉❯➬➹❖

❯♠ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ❙✉❛✈❡ ♣♦r P❛rt❡s é ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱

ẋ = Gi(x) ✱ x ∈ Ri ⊂ R
n✱ i = 1, ..., k ✭✶✮

❝✉❥♦ ❧❛❞♦ ❞✐r❡✐t♦ sã♦ ❝❛♠♣♦s ✈❡t♦r✐❛✐s Gi ❞❡✜♥✐❞♦s s♦❜r❡ r❡❣✐õ❡s ❞✐s❥✉♥t❛s Ri ❡ q✉❡ ♣♦❞❡♠

s❡r ❡st❡♥❞✐❞❛s s✉❛✈❡♠❡♥t❡ ♣❛r❛ ♦ ❢❡❝❤♦ ❞❡ Ri✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♦ ❝❛s♦ q✉❛♥❞♦ ❛s r❡❣✐õ❡s Ri

sã♦ s❡♣❛r❛❞❛s ♣♦r ✉♠ ❝♦♥❥✉♥t♦ n−1 ❞✐♠❡♥s✐♦♥❛❧M ✱ ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

❆ ✉♥✐ã♦ ❞❡ M ❡ ❞♦s Ri ❝♦❜r❡ R
n✳

❊st❛r❡♠♦s s❡♠♣r❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❤✐♣❡r✲

s✉♣❡r❢í❝✐❡ ❝♦♥❡①❛ M ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❢❛❧❛r ❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♦ ❧♦❝❛❧♠❡♥t❡ t❡♥❞♦ ❞♦✐s ❧❛❞♦s✳

❙✐st❡♠❛s s✉❛✈❡ ♣♦r ♣❛rt❡s s✉r❣✐r❛♠ ❛♦ ❧♦♥❣♦ ❞❛ ❤✐stór✐❛ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❝♦♠♦

♠♦❞❡❧♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ♠❡❝â♥✐❝♦s ❡ ❡❧❡trô♥✐❝♦s✱ ❡ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡✱ t❡♠ t✐❞♦ ❝r❡s❝❡♥t❡ ✉s♦

❡♠ ❝❛♠♣♦s ❝♦♠♦ ❛ ❡❝♦❧♦❣✐❛✱ ❡❝♦♥♦♠✐❛ ❡ ♥❡✉r♦❝✐ê♥❝✐❛ ✭✈❡❥❛ ♣♦r ❡①❡♠♣❧♦✱ ❬✺✱ ✷✷✱ ✷✸✱ ✷✹❪✮✳

❙❡✉ ❝r❡s❝❡♥t❡ ✉s♦ ❢♦✐ t❛♠❜é♠ ❛❝♦♠♣❛♥❤❛❞♦ ♣❡❧♦ ✐♥t❡r❡ss❡ ❡♠ s✉❛ ♠❛t❡♠át✐❝❛ ❣❡♥ér✐❝❛

❡ ❡♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐♥â♠✐❝❛s✱ ❛ q✉❛❧ t❡♠ s✐❞♦ ♦ ♦❜❥❡t♦ ❞❡ ✐♥ú♠❡r♦s ❧✐✈r♦s ✭♣♦r ❡①❡♠♣❧♦

❬✶✻✱ ✶✼✱ ✶✽❪✮✳ ❯♠ ❞♦s ♠❛✐♦r❡s ❞❡s❛✜♦s t❡♠ s✐❞♦ ❡st❛❜❡❧❡❝❡r ❞❡ ❢♦r♠❛ ❝♦♥s✐st❡♥t❡ ❞❡✜♥✐çõ❡s

❡ ❝♦♥✈❡♥çõ❡s✳

◆✉♠❡r♦s❛s q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s s✉r❣❡♠ q✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❞❡s✲

❝♦♥tí♥✉♦s✳ ❆ ♠❛✐s ❜ás✐❝❛ ❞❡ss❛s q✉❡stõ❡s é ❛ ♥♦çã♦ ❞❡ s♦❧✉çã♦✳

✶



❈♦♥s✐❞❡r❡♠♦s ♣♦r ❡①❡♠♣❧♦ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❛ ❢♦r♠❛

ẋ(t) = X(x(t)), x(t0) = x0, ✭✷✮

♦♥❞❡ x ∈ R
n✳

◆♦s r❡❢❡r✐♠♦s ❛ ✉♠❛ s♦❧✉çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ t 7→ x(t) ❞❡ ✭✷✮✱ ✐st♦ é✱ ✉♠❛

❝✉r✈❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝✉❥❛ ❞❡r✐✈❛❞❛ s❡❣✉❡ ❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧✱ ❝♦♠♦

s♦❧✉çã♦ ❝❧áss✐❝❛✳

P❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❝♦♥tí♥✉♦✱ ♥♦ ❡♥t❛♥t♦✱ ❛ ❡①✐stê♥❝✐❛ ♦✉ ✉♥✐❝✐❞❛❞❡ ❞❡ ✉♠❛

s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛ss❛♥❞♦ ♣♦r ✉♠ ♣♦♥t♦ p ∈M ✱ ♥ã♦ é ❣❛r❛♥t✐❞❛✳

❈❛r❛t❤❡♦❞♦r② ❣❡♥❡r❛❧✐③♦✉ ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çõ❡s ❝❧áss✐❝❛s✳ ●r♦ss❡✐r❛♠❡♥t❡ ❢❛❧❛♥❞♦✱

s♦❧✉çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② sã♦ ❝✉r✈❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛s q✉❡ s❛t✐s❢❛③❡♠

x(t) = x(t0) +

t
∫

t0

X(x(s))ds, t > t0, ✭✸✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ é ❛ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡✳

❙♦❧✉çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② ❡♥❢r❛q✉❡❝❡ ❛ ❡①✐❣ê♥❝✐❛ ❝❧áss✐❝❛ ❞❡ q✉❡ ❛ s♦❧✉çã♦ ❞❡✈❡ s❡❣✉✐r ❛

❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣❛r❛ t♦❞♦ t❡♠♣♦✱ ✐st♦ é✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✮ ♥ã♦ ♣r❡❝✐s❛ s❡r

s❛t✐s❢❡✐t❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✷❪✮✳

❋✐❧✐♣♣♦✈ ❬✷❪✱ tr♦❝♦✉ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✮ ♣♦r ✉♠❛ ✐♥❝❧✉sã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❢♦r♠❛

ẋ(t) ∈ F(x(t)), ✭✹✮

♦♥❞❡ F : Rn → B(Rn) ❡ B(Rn) ❞❡♥♦t❛ ❛ ❝♦❧❡çã♦ ❞❡ ❝❡rt♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ R
n✳ ❊♠ ✉♠

❞❡t❡r♠✐♥❛❞♦ ❡st❛❞♦ ①✱ ❡♠ ✈❡③ ❞❡ ❢♦❝❛r ♥♦ ✈❛❧♦r ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ ①✱ ❛ ✐❞é✐❛ ❞❡ s♦❧✉çõ❡s

❞❡ ❋✐❧✐♣♣♦✈ é ✐♥tr♦❞✉③✐r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐r❡çõ❡s q✉❡ sã♦ ❞❡t❡r♠✐♥❛❞❛s ♣❡❧♦s ✈❛❧♦r❡s ❞♦

❝❛♠♣♦ ✈❡t♦r✐❛❧ ❳ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ①✳

❙♦❧✉çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② sã♦ ❡♠♣r❡❣❛❞❛s ♣❛r❛ ❝❛♠♣♦s ✈❡t♦r✐❛✐s q✉❡ ❞❡♣❡♥❞❡♠ ❞❡s❝♦♥✲

t✐♥✉❛♠❡♥t❡ ❞♦ t❡♠♣♦✱ t❛✐s ❝♦♠♦ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ✐♠♣✉❧s♦s✳ ❈♦♠♦ ❛q✉✐ tr❛✲

❜❛❧❤❛r❡♠♦s ❝♦♠ s✐st❡♠❛s ❛✉tô♥♦♠♦s✱ ✉s❛r❡♠♦s ❛ ❢♦r♠❛❧✐③❛çã♦ ❞❡ ❋✐❧✐♣♣♦✈ ❬✷❪✳

✷



❖❜❥❡t✐✈♦s

❆ t❡♦r✐❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❡♠ s✐st❡♠❛s s✉❛✈❡s ♣♦r ♣❛rt❡s t❡♠ ♠♦str❛❞♦ s❡r ✉♠❛ r✐❝❛ ❢♦♥t❡

❞❡ ♥♦✈❛s ❞✐♥â♠✐❝❛s✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♣ró①✐♠♦ ❛ ♣♦♥t♦s ♦♥❞❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é t❛♥❣❡♥t❡ à

s✉♣❡r❢í❝✐❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ♦s ❝❤❛♠❛❞♦s ♣♦♥t♦s ❞❡ ✏❞♦❜r❛s✑✳

❆q✉✐✱ ❞✐s❝✉t✐♠♦s ✉♠ ♣r♦❜❧❡♠❛ ♣❛rt✐❝✉❧❛r ❞❛ t❡♦r✐❛ ❞❛ ❞✐♥â♠✐❝❛ ♥ã♦✲s✉❛✈❡✱ ♣♦♥t♦s ♦♥❞❡

✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é t❛♥❣❡♥t❡ ❛ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠

s✐st❡♠❛s tr✐✲❞✐♠❡♥s✐♦♥❛✐s✳ ❊ss❡ ♣r♦❜❧❡♠❛ ❞♦❜r❛✲❞♦❜r❛ ❢♦✐ ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ ❬✷❪✳ ❊♠ ❬✾❪✱ ❚❡✐①✲

❡✐r❛ ❡①✐❜✐✉ ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ❞♦❜r❛✲❞♦❜r❛✱ q✉❡ ♠❛✐s t❛r❞❡ s❡r✐❛ ❝❤❛♠❛❞❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡

❚❡✐①❡✐r❛✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ❢♦✐ ❡st✉❞❛❞♦ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s à ❡st❛❜✐❧✐❞❛❞❡

❡str✉t✉r❛❧ ❞❡ss❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❊♠ ❬✺❪✱ ❛ ❞✐♥â♠✐❝❛ ♣ró①✐♠♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ❢♦✐ ❡st✉❞❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛

❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

◆❡ss❡ tr❛❜❛❧❤♦✱ é ♠♦str❛❞♦ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ✉♠ ♣❛râ♠❡tr♦

q✉❡ ❝♦♥tr♦❧❛ ✉♠❛ ❜✐❢✉r❝❛çã♦✱ ❡ ❞❡♣❡♥❞❡♥❞♦ ❞❡ss❡ ✈❛❧♦r é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r s❡ ❝❛❞❛ ór❜✐t❛

❝r✉③❛ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦ ❞❡ ✈❡③❡s✳

❯♠ r❡s✉❧t❛❞♦ ♠❛✐s ❢♦rt❡ ❢♦✐ ♣r♦✈❛❞♦ r❡❝❡♥t❡♠❡♥t❡ ❡♠ ❬✷✻❪✳ ❉❡ ❢❛t♦✱ ♥❡ss❡ tr❛❜❛❧❤♦ ❢♦✐

❞❡♠♦♥str❛❞♦ q✉❡ s♦❜r❡ ❝❡rt❛s ❝♦♥❞✐çõ❡s é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ór❜✐t❛

❝r✉③❛ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❛♥t❡s ❞❡ ❡♥tr❛r ♣❛r❛ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ✭✈❡❥❛ s❡çã♦

✭✶✳✷✳✶✮ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✮✳

❆q✉✐✱ ❛♥❛❧✐s❛♠♦s ❛ ❞✐♥â♠✐❝❛ ♣ró①✐♠♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ s✐st❡♠❛

tr✉♥❝❛❞♦ ♣❛r❛ t❡r❝❡✐r❛ ♦r❞❡♠✳ ❚♦♠❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❜ás✐❝❛ ♦ ❛rt✐❣♦ ❬✶❪✳ ❊st✉❞❛♠♦s ❛

❞✐♥â♠✐❝❛ ❞✐r❡t❛♠❡♥t❡✱ r❡✈❡❧❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡①♣❧í❝✐t♦ q✉❡ ❞❡✈❡ s❡r r❡✢❡t✐❞♦ ♥❛s t❡♦r✐❛s

❣❡r❛✐s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧✳

❊str✉t✉r❛ ❞♦s ❚ó♣✐❝♦s ❆♣r❡s❡♥t❛❞♦s

❊ss❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• ◆♦ ❈❛♣ít✉❧♦ ✶✱ ❞❡✜♥✐♠♦s ❛❧❣✉♥s ❞♦s ❝♦♥❝❡✐t♦s q✉❡ s❡rã♦ ✉té✐s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❆♣r❡s❡♥t❛r❡♠♦s t❛♠❜é♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡ ❝❛♠♣♦s

✈❡t♦r✐❛s ❞❡✜♥✐❞♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦ ❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉❛✈❡s ♣♦r ♣❛rt❡s✳

✸



• ◆♦ ❈❛♣ít✉❧♦ ✷✱ ♥ós ❞❡✜♥✐♠♦s ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s✲

❝♦♥tí♥✉♦s tr✐❞✐♠❡♥s✐♦♥❛✐s ❡ s❡✉s q✉❛tr♦ t✐♣♦s✳ ◆ós ❞✐s❝✉t✐♠♦s ❛ ♣r✐♠❡✐r❛ ❞❡❧❛s✱ ❛

❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✱ ♦✉ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ❡♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✭✷✳✷✮❀ ◆ós ❛♥❛❧✐✲

s❛♠♦s ❛s ❞✐♥â♠✐❝❛s ❞❡s❧✐③❛♥t❡ ❡ ❝♦st✉r❛♥t❡ s❡♣❛r❛❞❛♠❡♥t❡ ♥❛s s❡çõ❡s ✭✷✳✷✳✷✮✲✭✷✳✷✳✸✮ ❡

❡♥tã♦ r❡❝♦♥str✉✐♠♦s ♦ s✐st❡♠❛ ❝♦♠♣❧❡t♦ ♥❛ s❡çã♦✭✷✳✷✳✹✮✳ ❉✐s❝✉t✐♠♦s✱ ♠❛✐s ❜r❡✈❡♠❡♥t❡✱

♦s ♦✉tr♦s t✐♣♦s ❞❡ ❞♦❜r❛✲❞♦❜r❛ ♥❛s s❡çõ❡s ✭✷✳✸✮✲✭✷✳✹✮ ❡ ❝♦♠❡♥t❛♠♦s s♦❜r❡ s✉❛s ❜✐❢✉r✲

❝❛çõ❡s ♥❛ s❡çã♦ ✭✷✳✺✮✳ ◆❛ s❡çã♦ ✭✷✳✷✳✺✮✱ ❝♦♠❡♥t❛♠♦s s♦❜r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❝❛ót✐❝❛ ❞❡

✉♠❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s✳ ◆❛ s❡çã♦ ✭✷✳✻✮✱ s✐♠✉❧❛♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡✱ ❛❧❣✉♠❛s ❞✐♥â♠✐❝❛s

♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡s ♣r❡❞✐t❛s ♥❛ s❡çã♦ ✭✷✳✷✮✳

• ◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ♠♦❞❡❧♦s ❞❡ ❝✐r❝✉✐t♦s ❡❧étr✐❝♦s ❝♦♠♦ ❡①❡♠♣❧♦s ❞❡

s✐st❡♠❛s ❢ís✐❝♦s q✉❡ ♣♦ss✉❡♠ ❣❡♥❡r✐❝❛♠❡♥t❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✳

✹



❈❆P❮❚❯▲❖ ✶

P❘❊▲■▼■◆❆❘❊❙

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ ❞❡✜♥✐çõ❡s ♦s q✉❛✐s ♥♦s s❡rã♦

út❡✐s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐✲

❛✐s ❞❡✜♥✐❞♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦✳ P♦st❡r✐♦r♠❡♥t❡ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡

❝♦♥✈❡♥çõ❡s ♣❛r❛ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s❝♦♥tí♥✉♦s✱ ❜❡♠ ❝♦♠♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s

s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡ t❛✐s ❝❛♠♣♦s✳

✶✳✶ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ❞❡✜♥✐❞♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠

❜♦r❞♦

❈♦♥s✐❞❡r❡♠♦s N ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ C∞ ♦r✐❡♥tá✈❡❧ ❞❡ ❞✐♠❡♥sã♦ três ❝♦♠ ❢r♦♥t❡✐r❛

∂N =M ❡ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❉❛❞♦s ❳ ❡ ❨ ❝❛♠♣♦s ❞❡✜♥✐❞♦s ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ Q ❞❡ p ❡♠ N ✱ ❞❡✜♥❛ ❛

s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿

X ∼ Y ⇐⇒ ❡①✐st❡ ✈✐③✐♥❤❛♥ç❛ ❯ ❞❡ p (U ⊂ Q) t❛❧q✉❡ X|U = Y |U .

❆s ❝❧❛ss❡s ❞❡ss❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ sã♦ ❝❤❛♠❛❞❛s ❣❡r♠❡s ❡♠ p ❞❡ ❝❛♠♣♦s ❞❡ ✈❡✲

t♦r❡s✳

✺



❉❡♥♦t❡♠♦s ♣♦r χr ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❣❡r♠❡s ❡♠ p ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡ ❝❧❛ss❡ Cr

s♦❜r❡ (R3, p) ❞♦t❛❞♦s ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ Cr✱ ❝♦♠ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r N ♠❡r❣✉❧❤❛❞❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ tr✐❞✐♠❡♥s✐♦♥❛❧ Ñ

s❡♠ ❢r♦♥t❡✐r❛✳

❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ❡♠ N é ♣♦r ❞❡✜♥✐çã♦ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ ❞❡ ❝❛♠♣♦s ❞❡

✈❡t♦r❡s t❛♥❣❡♥t❡s ❛N ✱ ❞❡✜♥✐❞♦s ❡♠ Ñ ✳ ❊❧❡ é ❞✐t♦ s❡r ❞❡ ❝❧❛ss❡ Cr s❡ ❡❧❡ t❡♠ ✉♠ r❡♣r❡s❡♥t❛♥t❡

X̃ ❞❡ ❝❧❛ss❡ Cr s♦❜r❡ Ñ ✳

❙❡❥❛ φ̃ ♦ ✢✉①♦ ❞❡ ✉♠ r❡♣r❡s❡♥t❛♥t❡ X̃ ❞❡ X✳ φ̃ é ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦

D(X̃) = {(x, t) ∈ Ñ × R : t ∈ Ĩ(x)}✱ ♦♥❞❡ Ĩ(x) é ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❝♦♠ ❡①tr❡♠♦s α̃(x) ❡

β̃(x)✳ ❖ ✢✉①♦ φ ❞❡ ❳ é ❞❡✜♥✐❞♦ ♣♦r φ(x, t) = φ̃(x, t) ♣❛r❛ x ∈ N ❡ t ∈ I(x)✱ ♦♥❞❡ I(x) é ♦

✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ ❝♦♥t❡♥❞♦ t = 0 (φX(x, 0) = x) ♣❛r❛ ♦ q✉❛❧ φ̃(t, x) ∈ N ✳ ◆ós ❞❡♥♦t❛♠♦s

♣♦r α(x) ✭ r❡s♣✳ β(x)✮ ♦ ❡①tr❡♠♦ ✐♥❢❡r✐♦r ✭r❡s♣✳ s✉♣❡r✐♦r ✮ ❞❡ss❡ ✐♥t❡r✈❛❧♦✳ ❊ss❡s ❡①tr❡♠♦s

♣♦❞❡♠ s❡r ✐♥✜♥✐t♦✳ ❖ ✢✉①♦ φ ❡ s❡✉ ❞♦♠í♥✐♦ D(X) ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ♣❛rt✐❝✉❧❛r ❡s❝♦❧❤❛ ❞♦

r❡♣r❡s❡♥t❛♥t❡ X̃ ❞❡ X✳

❆ ór❜✐t❛ γ(x) ❞❡ X ♣❛ss❛♥❞♦ ♣♦r x ∈ N é ♣♦r ❞❡✜♥✐çã♦ ❛ ✐♠❛❣❡♠ ❞❡ I(X) ♣❡❧❛ ❝✉r✈❛

✐♥t❡❣r❛❧ φX(., x) : t 7→ φX(t, x)✳ Ór❜✐t❛s sã♦ ♦r✐❡♥t❛❞❛s ♣❡❧❛ ♦r✐❡♥t❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ❡ss❛

❛♣❧✐❝❛çã♦ ✈✐❛ ♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛ ❞❡ I(x)✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❉♦✐s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X✱ Y ❡♠ N sã♦ ❞✐t♦s t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✲

✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ξ : N → N ❧❡✈❛♥❞♦ ór❜✐t❛s ❞❡ X ❡♠ ór❜✐t❛s ❞❡ Y ✱

♣r❡s❡r✈❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦✱ ✐st♦ é✱ ❞❛❞♦s p ∈ N ❡ δ > 0✱ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ s❡ 0 < t < δ

❡♥tã♦ ξ(φX(t, p) = φY (t
′

, ξ(p)) ♣❛r❛ ❛❧❣✉♠ 0 < t
′

< ǫ✳

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❉✐③❡♠♦s q✉❡ X ∈ χr é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ ❡♠ χr s❡ ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ B ⊂ χr ❞❡ X t❛❧ q✉❡ ♣❛r❛ t♦❞♦ Y ∈ B é ❡q✉✐✈❛❧❡♥t❡ ❛ X✳

❙❡❥❛ p ∈ M ❡ ❝♦♥s✐❞❡r❡ Σ0 = Σ0(p) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡str✉t✉r❛❧✲

♠❡♥t❡ ❡stá✈❡✐s ❡♠ χr✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛ss✉♠✐r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ C∞✱ h : (R3, p) → (R, 0)✱ t❡♥❞♦ 0

❝♦♠♦ ✉♠ ✈❛❧♦r r❡❣✉❧❛r✱ ❞❡ ❢♦r♠❛ q✉❡ M é ❞❛❞❛ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ♣❡❧❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞❡ h

✭♦✉ s❡❥❛✱ h−1(0) =M✮✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❉✐③❡♠♦s q✉❡ ♣ ∈ ▼ é ✉♠ ♣♦♥t♦ ▼✲s✐♥❣✉❧❛r ✭r❡s♣✳ ▼✲r❡❣✉❧❛r✮ ❞❡ ❳ s❡

LXh(p) = 0 ✭r❡s♣✳ LXh(p) 6= 0✮✳

✻



❉❡♥♦t❛r❡♠♦s ♣♦r SX ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ ❳✳

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❉✐③❡♠♦s q✉❡ ♣ ∈ ▼ é ✉♠ ♣♦♥t♦ ❞♦❜r❛ ✭r❡s♣✳ ❝ús♣✐❞❡✮ ❞❡ ❳ s❡ LXh(p) = 0

❡ L2
Xh(p) 6= 0 ✭r❡s♣✳ LXh(p) = L2

Xh(p) = 0✱ L3
Xh(p) 6= 0 ❡ {dh(p), d(LXh)(p), d(L

2
Xh)(p)} é

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✮✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✻✳ ❖ sí♠❜♦❧♦ LXh ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❛♦ ❧♦♥❣♦ ❞♦ ✢✉①♦ ❞❡ ✉♠ ❝❛♠♣♦

❳✱ ❞❛❞❛ ♣♦r LXh =< X,▽h >✳

❊♠ ❬✶✵❪ ❙♦t♦♠❛②♦r ❡ ❚❡✐①❡✐r❛ ❡st✉❞❛r❛♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ q✉❡ ♦❝♦rr❡ ❡♠ M ✳

◆❡st❡ tr❛❜❛❧❤♦ ❡stá ❝❛r❛❝t❡r✐③❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ❡♠ χr q✉❡ é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧

❡♠ χr✳

❚❡♦r❡♠❛ ✶✳✶✳✶✳ ❯♠ ❝❛♠♣♦ X ∈ χr é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ ❡ s♦♠❡♥t❡ s❡

✶✳ X(p) 6= 0✱ ♣❛r❛ t♦❞♦ p ∈M ❀

✷✳ P❛r❛ t♦❞❛ ❞❡✜♥✐çã♦ ❧♦❝❛❧ ❞❡ h ❡♠ p✱ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é s❛t✐s❢❡✐t❛✿

✭❛✮ ❈❛s♦ r❡❣✉❧❛r ✿ (LXh)(p) 6= 0❀

✭❜✮ ❈❛s♦ ❞♦❜r❛ ✿ (LXh)(p) = 0 ❡ (L2
Xh)(p) 6= 0

✭❝✮ ❈❛s♦ ❈ús♣✐❞❡✿ (LXh)(p) = 0 = (L2
Xh)(p)✱ (L

3
Xh)(p) 6= 0 ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s

{dh(p), d(LXh)(p), d(L
2
Xh)(p)} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡❀

❆❧é♠ ❞✐ss♦✱ ✜①❛♥❞♦ h(x0, x1, x2) = x2✱ ❛s ❢♦r♠❛s ♥♦r♠❛✐s ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ Σ0 sã♦

❞❛❞❛s ♣♦r✿

✶✳ ❈❛s♦ r❡❣✉❧❛r✿ X(x0, x1, x2) = (0, 0, 1)❀

✷✳ ❈❛s♦ ❞♦❜r❛✿ X(x0, x1, x2) = (1, 0, x0)❀

✸✳ ❈❛s♦ ❝ús♣✐❞❡✿ X(x0, x1, x2) = (1, 0, x20 + x1)

❡ Σ0 é ❞❡♥s♦ ❡♠ χr✳

❈♦♥s✐❞❡r❡ χr
1 = χr −Σ0 (r ≥ 3) ♦ ❝♦♥❥✉♥t♦ ❜✐❢✉r❝❛çã♦ ❞❡ χr ❡ Σ1 ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s

❞❡ ✈❡t♦r❡s ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡✐s ❡♠ χr
1✳

❖❜s❡r✈❡ q✉❡✱ χr
1 = A ∪ B ✱ ♦♥❞❡✱ X ∈ A ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ Y ∈ B✮ s❡ X(p) = 0

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ X(p) 6= 0✮✳

✼



❉❡✜♥✐çã♦ ✶✳✶✳✼✳ ❯♠ M✲♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ X é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ p ∈M

❞❡ X t❛❧ q✉❡✿

✶✳ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX(p) sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s ❡ ♦s ❛✉t♦✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦

tr❛♥s✈❡rs❛✐s à M ❡♠ p❀

✷✳ ❝❛❞❛ ♣❛r ❞❡ ❛✉t♦✈❛❧♦r❡s ❝♦♠♣❧❡①♦s ♥ã♦ ❝♦♥❥✉❣❛❞♦s ❞❡ DX(p) tê♠ ♣❛rt❡ r❡❛❧ ❞✐st✐♥t❛✳

❉❡♥♦t❡ ♣♦r Σ1(a) ❛ ❝♦❧❡çã♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s X ❡♠ A t❛❧ q✉❡ p é ✉♠ M ✲♣♦♥t♦ ❝rít✐❝♦

❤✐♣❡r❜ó❧✐❝♦ ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✶✳✽✳ ❈❤❛♠❡ Σ1(b) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s X ❡♠ B t❛❧ q✉❡ X(p) 6= 0✱

(LXh)(p) = 0✱ (L2
Xh)(p) = 0 ❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s é ✈❡r❞❛❞❡✐r❛✿

✶✳ (L3
Xh)(p) 6= 0✱ r❛♥❦ ④ Dh(p)✱ D(LXh)(p)✱ D(L2

Xh)(p) ⑥ ❂ ✷ ❡ ❛ ❢✉♥çã♦ (LXh)|M t❡♠

✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡♠ p❀

✷✳ (L3
Xh)(p) = 0✱ (L4

Xh)(p) 6= 0 ❡ p é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ (LXh)|M

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❡stá ♣r♦✈❛❞♦ ❡♠ ❬✶✵❪✳

❚❡♦r❡♠❛ ✶✳✶✳✷✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ✈❡r❞❛❞❡✐r❛s✿

✶✳ Σ1 = Σ1(a) ∪ Σ1(b)❀

✷✳ Σ1 é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ❞❡ χr❀

✸✳ Σ1 é ❛❜❡rt♦ ❡ ❞❡♥s♦ ❡♠ χr
1 ♥❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❞❡ χr❀

✹✳ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ r❡s✐❞✉❛❧ ❞❡ ❝✉r✈❛s s✉❛✈❡s γ : R → χr✱ γ ✐♥t❡r❝❡♣t❛ Σ1 tr❛♥s✈❡r✲

s❛❧♠❡♥t❡ ❡ γ−1(χr
2) = ∅ ♦♥❞❡ χr

2 = χr
1 − Σ1✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✾✳ ❘❡ss❛❧t❛♠♦s ❛q✉✐ q✉❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ♥ã♦ ❞❡♣❡♥❞❡♠

❞❛ ♣❛rt✐❝✉❧❛r ❡s❝♦❧❤❛ ❞❛ ❢✉♥çã♦ h✳

✽



✶✳✷ ❈❛♠♣♦s ❱❡t♦r✐❛✐s ❉❡s❝♦♥tí♥✉♦s

◆❡ss❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❛❝❡r❝❛ ❞❡ s✐st❡♠❛s ❞❡s❝♦♥✲

tí♥✉♦s✳ ◆ós ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝✉❥♦s t❡r♠♦s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ sã♦ ❢✉♥çõ❡s

❞❡s❝♦♥tí♥✉❛s✳ ❱❛♠♦s s✉♣♦r q✉❡ t❛✐s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s sã♦ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ❡ q✉❡ ❡❧❛s ❡stã♦

❝♦♥❝❡♥tr❛❞❛s s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ C∞✱ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ M ✱ ❝♦♥t✐❞❛ ❡♠ R
3✳

❙❡❥❛ p ∈ M ❡ h : (R3,M) −→ (R, 0) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ C∞ ❧♦❝❛❧ ✐♠♣❧í❝✐t❛ ❞❡ M ❡♠

p ❝♦♠ dh(p) 6= 0✳ ❆ s✉♣❡r❢í❝✐❡ M r❡♣r❡s❡♥t❛ ❛ ❢r♦♥t❡✐r❛ ❝♦♠✉♠ s❡♣❛r❛♥❞♦ ♦s ❞♦♠í♥✐♦s

M+ = {h > 0} ❡ M− = {h < 0}✳ ◆ós ♣♦❞❡♠♦s ❛ss✐♠✱ ✈✐❛ h✱ ❞❛r ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ t♦❞❛

❝✉r✈❛ ❡♠ (R3, p) ❝r✉③❛♥❞♦ M ✳

❈♦♥s✐❞❡r❡♠♦s Gr ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❣❡r♠❡s ❡♠ p ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡ ❝❧❛ss❡ Cr✱

Z✱ s♦❜r❡ R
3 s❛t✐s❢❛③❡♥❞♦✿

Z(x) =

{

X(x) s❡ x ∈M+

Y (x) s❡ x ∈M−
✭✶✳✶✮

♦♥❞❡ X, Y ∈ χr✳

P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r Gr = χr × χr ❡ ❞♦t❛r♠♦s ❡ss❡ ❝♦♥❥✉♥t♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦✳

❆ss✐♠ ♥ós ❞❡♥♦t❛♠♦s t♦❞♦ ❡❧❡♠❡♥t♦ ❡♠ Gr ♣♦r Z = (X, Y )✳

✶✳✷✳✶ ❈♦♥✈❡♥çã♦ ❞❡ ❋✐❧✐♣♣♦✈

❉❛❞♦ Z = (X, Y ) ❡♠ Gr ✱ ❋✐❧✐♣♣♦✈ ✭❡♠ ❬✷❪ ✮ ❞❡s❝r❡✈❡✉ três ❢♦r♠❛s ❜ás✐❝❛s ❞❡ ❞✐♥â♠✐❝❛

q✉❡ ♦❝♦rr❡♠ ❡♠ M ✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♦r✐❡♥t❛çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛

s✉♣❡r❢í❝✐❡ M ✳ ❙ã♦ ❡❧❛s✿

✶✳ ❘❡❣✐ã♦ ❞❡ ❈♦st✉r❛ ✭❘❈✮✿ ❈❛r❛❝t❡r✐③❛❞♦ ♣♦r (LXh)(LY h) > 0✳ ◆❡ss❡ ❝❛s♦✱ ❛

❝♦♠♣♦♥❡♥t❡ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❧ ❛ M t❡♠ ❛ ♠❡s♠❛ ❞✐r❡çã♦ s♦❜r❡ ❛♠❜♦s ♦s

❧❛❞♦s✳ ❙❡ ✉♠ ♣♦♥t♦ ❡stá ♥✉♠❛ ór❜✐t❛ ❞❡ Z s♦❜r❡ M ❡♥tã♦ ❡❧❡ ❝r✉③❛ M ♣❛r❛ ❛ ♦✉tr❛

♣❛rt❡ ❞♦ ❡s♣❛ç♦ ✭❋✐❣✉r❛ ✶✳✷❛✮✳

✷✳ ❘❡❣✐ã♦ ❞❡ ❊s❝❛♣❡ ✭❘❊✮✿ ❈❛r❛❝t❡r✐③❛❞♦ ♣♦r LXh > 0 ❡ LY h < 0✳ ❆ s♦❧✉çã♦ ❛tr❛✈és

❞❡ ✉♠ ♣♦♥t♦ p ∈ M s❡❣✉❡ ❛ ór❜✐t❛ ❞♦ ❝❛♠♣♦ q✉❡ t❡♠ ❛ ♠❛✐♦r ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧

❝♦♠ r❡s♣❡✐t♦ ❛ M ✭❋✐❣✉r❛ ✶✳✷❝✮✳

✾



❖❜s❡r✈❛çã♦ ✶✳✷✳✶✳ ❖❜s❡r✈❡ q✉❡ ♥❡ss❡ ❝❛s♦ ♦ ❝❛♠♣♦ Z = (X, Y ) ♣♦❞❡ ❡st❛r ✐♥❞❡✜♥✐❞♦

❡♠ ❛❧❣✉♥s ♣♦♥t♦s ❞❡ M ✳ ❆ss✐♠✱ s❡ ❡♠ q ∈ M ❛s ❝♦♠♣♦♥❡♥t❡s ♥♦r♠❛❧ ❞❡ X ❡ Y

❝♦✐♥❝✐❞❡♠✱ ❝♦♥✈❡♥❝✐♦♥❛♠♦s q✉❡ Z(q) = X(q)✳

✸✳ ❘❡❣✐ã♦ ❞❡ ❉❡s❧✐③❡ ✭❘❉✮✿ ❈❛r❛❝t❡r✐③❛❞♦ ♣♦r LXh < 0 ❡ LY h > 0✳ ◆❡st❛ r❡❣✐ã♦

❞❡✜♥✐♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ fd = fd(X, Y ) ✭❝❤❛♠❛❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ❛ss♦✲

❝✐❛❞♦ ❛ Z = (X, Y )✮ ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❙❡ p ∈ RD✱ ❡♥tã♦ fd(p) ❞❡♥♦t❛ ♦

✈❡t♦r ♥♦ ❝♦♥❡ ❣❡r❛❞♦ ♣♦r X(p) ❡ Y (p) t❛♥❣❡♥t❡ ❛ M ✭♦✉ ❛✐♥❞❛✱ fd(p) = m−p✱ ♦♥❞❡ m

é ♦ ♣♦♥t♦ ♦♥❞❡ ♦ s❡❣♠❡♥t♦ ❧✐❣❛♥❞♦ p+X(p) ❡ p+ Y (p) é t❛♥❣❡♥t❡ ❛ M✮✳ ❖❜s❡r✈❡ q✉❡

s❡ X(p) ❡ Y (p) sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s ❡♥tã♦ p é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ fd ✭❋✐❣✉r❛s

✶✳✶ ❡ ✶✳✷❜✮✳

p+ Y (p)

p+X(p)

fd(p)
m

p

X

Y

❋✐❣✉r❛ ✶✳✶✿ ❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✳ ◆❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ❞❡✜♥✐♠♦s ♦✉tr♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ f e ♣♦r

f e(p) = (−fd(−X,−Y ))(p)✳ ❯s❛r❡♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ f s(Z) ♣❛r❛ ✐♥❞✐❝❛r fd ❡ f e✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✳ ❙❡ ✜①❛r♠♦s ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ (x0, x1, x2) ∈ R
3 ❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞❡ p ∈ RD t❛❧q✉❡ ❛ ❛♣❧✐❝❛çã♦ h : (R3, p) → (R, 0) é ❞❛❞❛ ♣♦r h(x0, x1, x2) = x0✱

❡♥tã♦✱ ❛ ❡①♣r❡ssã♦ ❞♦ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡ é ❞❛❞❛ ♣♦r✿

f s = (Y 0 −X0)−1(0, X1Y 0 −X0Y 1, Y 0X2 −X0Y 2), ✭✶✳✷✮

♦♥❞❡ X = (X0, X1, X2) ❡ Y = (Y 0, Y 1, Y 2)✳

❖ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝❛♠♣♦ f̃ s = (0, X1Y 0−X0Y 1, Y 0X2−

X0Y 2)✱ r❡str✐t♦ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✳ ❆ss✐♠✱ ♦❜t❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ♠❛✐s s✐♠♣❧✐✜❝❛❞❛ ❛ q✉❛❧

✶✵



f−

f+
Região de Costura

✭❛✮

fs

f−

f+ Região de Escape

✭❜✮

f−

f+
Região de Deslize

fs

✭❝✮

❋✐❣✉r❛ ✶✳✷✿ ❉✐♥â♠✐❝❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ ✉♠ s✐st❡♠❛ tr✐✲❞✐♠❡♥s✐♦♥❛❧ s✉❛✈❡

♣♦r ♣❛rt❡s✳ ❯♠❛ ór❜✐t❛ q✉❡ ❡♥❝♦♥tr❛ ❛ ✈❛r✐❡❞❛❞❡ ♣♦❞❡✿ ✭❛✮ ❛tr❛✈❡ssá✲❧❛✱ ♦✉ ✭❜✮ ❡s❝❛♣❛r ❞❡❧❛

❡♠ t❡♠♣♦ ✜♥✐t♦✱ ❡♠❜♦r❛ ♣♦ss❛ ❞❡s❧✐③❛r s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ ♣♦r ❛❧❣✉♠ t❡♠♣♦ ❛♥t❡s ❞❡ ❡s❝❛♣❛r✱

♦✉ ✭❝✮ ❛❧❝❛♥çá✲❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡♥tã♦ s❡❣✉✐r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ f s

✳

♣♦ss✉✐ ❛ ♠❡s♠❛ ❞✐♥â♠✐❝❛ ❞♦ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡ ❡ q✉❡ ♣♦❞❡ s❡r Cr ❡st❡♥❞✐❞❛ ❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❛ ♦r✐❣❡♠ ❡♠ M ✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✶✮ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✐♥❝❧✉❡♠ t♦❞❛s ❛s s♦❧✉çõ❡s ❞❛

✐♥❝❧✉sã♦ ❞✐❢❡r❡♥❝✐❛❧

ẋ ∈ f := Y + λ(X − Y ), ✭✶✳✸✮

♦♥❞❡ λ = 0 q✉❛♥❞♦ h(x) < 0✱ λ = 1 q✉❛♥❞♦ h(X) > 0✱ ❡ λ ∈ [0, 1] q✉❛♥❞♦ h(x) = 0✳

❆ ❞✐♥â♠✐❝❛ ❡♠ ✉♠ s✐st❡♠❛ s✉❛✈❡ ♣♦r ♣❛rt❡s é ❡♥tã♦ ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❛s ❞✐♥â♠✐❝❛s ❞❡

X✱ Y ✱ ❡ f s✳ ❋❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❞✐st✐♥çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ✭❉❡✜♥✐çã♦ ❞❡ ór❜✐t❛s ❡ ✢✉①♦✮

✶✳ ❯♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ♦r✐❡♥t❛❞♦ é t♦❞♦ ❝❛♠✐♥❤♦ s✉❛✈❡ x = x(t) s❛t✐s❢❛③❡♥❞♦ ✭✶✳✸✮✱

✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ ✉♠❛ ❞❛s r❡❣✐õ❡s {x : h(x) > 0}✱ {x : h(x) < 0}✱ ♦✉ {x :

h(x) = 0}✳

✷✳ ❯♠❛ ór❜✐t❛ ♦r✐❡♥t❛❞❛ é t♦❞♦ ❝❛♠✐♥❤♦ s✉❛✈❡ ♣♦r ♣❛rt❡s x(t) q✉❡ s❛t✐s❢❛③ ✭✶✳✸✮✱ ❢♦r♠❛❞❛

♣❡❧❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛s✳

✸✳ ❖ ✢✉①♦ ❞❡ ✭✶✳✸✮ ❛tr❛✈és ❞❡ ✉♠ ♣♦♥t♦ x̂ ❡♠ ✉♠ t❡♠♣♦ t é ❞❛❞♦ ♣♦r t♦❞♦s ♦s ♣♦♥t♦s

x(t+ τ) ❝♦♠ x(τ) = x̂ ♣❛r❛ ❛❧❣✉♠ τ ∈ R✱ x(t) s❛t✐s❢❛③❡♥❞♦ ✭✶✳✸✮✳

✶✶



❯♠❛ ✐♠♣♦rt❛♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❛ ❞❡✜♥✐çã♦ é q✉❡ ♦ ✢✉①♦ ❛tr❛✈és ❞❡ ✉♠ ♣♦♥t♦ x̂ ♥❛

r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ♥ã♦ é ú♥✐❝♦✱ ♣♦✐s x̂ s❡♠♣r❡ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡

ór❜✐t❛s ✭❡①❝❡t♦ s❡ x̂ ❢♦r ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✮✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣❛r❛ ♣♦♥t♦s ♥❛ r❡❣✐ã♦ ❞❡

❡s❝❛♣❡✳ ✭❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ✜❣✉r❛s ✭✶✳✷❜✮ ❡ ✭✶✳✷❝✮✮✳

✶✳✷✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❩

◆❛ s❡çã♦ ✭✶✳✶✮ ❞❡✜♥✐♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ▼✲s✐♥❣✉❧❛r✐❞❛❞❡s ❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ t✐♣♦

❞♦❜r❛ ❡ ❝ús♣✐❞❡✳ ❆ s❡❣✉✐r ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ♣❛r❛ ❝❛♠✲

♣♦s ✈❡t♦r✐❛✐s ❞❡s❝♦♥tí♥✉♦s tr✐✲❞✐♠❡♥s✐♦♥❛✐s✱ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳ ❆♥t❡s

♦❜s❡r✈❛♠♦s q✉❡ s❡ p é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ f s✱ ❡♥tã♦ p é ❝❤❛♠❛❞♦ ❞❡ ♣s❡✉❞♦ s✐♥❣✉❧❛r✐❞❛❞❡

❞❡ Z✳

❉✐③❡♠♦s q✉❡ p ∈ M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞❡ Z = (X, Y ) ∈ Gr s❡ s❛t✐s❢❛③

✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ p ♣❡rt❡♥❝❡ ❛ r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡ ❡ é ✉♠❛ ♣s❡✉❞♦ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ Z❀

✷✳ p é ✉♠ ♣♦♥t♦ ❞❡ ❞♦❜r❛ ♦✉ ❝ús♣✐❞❡ ❞❡ X ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ Y ✮ ❡ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ Y

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ X✮✳

✸✳ p é ✉♠ ♣♦♥t♦ M ✲s✐♥❣✉❧❛r ❞❡ ❛♠❜♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s X ❡ Y s❛t✐s❢❛③❡♥❞♦✿

✭❛✮ p é ✉♠ ♣♦♥t♦ ❞♦❜r❛ ❞❡ X ❡ Y ❡

✭❜✮ SX é tr❛♥s✈❡rs❛❧ ❛ SY ❡♠ p✳

❉❡✈❡♠♦s ❞✐③❡r ♠❛✐s s♦❜r❡ ❛ ú❧t✐♠❛ s✐t✉❛çã♦✳ ➱ ❢á❝✐❧ ❝❤❡❝❛r q✉❡ ❛s ❝✉r✈❛s SX ✱ SY ❞❡t❡r✲

♠✐♥❛♠ ✹ q✉❛❞r❛♥t❡s✿ Q1 ✭❘❉✮✱ Q2 ✭❘❊✮✱ Q3 ✭❘❈✱ ❝♦♠ ❛ ór❜✐t❛ ❞❡ Z ❛♣♦♥t❛♥❞♦ ♣❛r❛ M+✮

❡ Q4 ✭❘❈✱ ❝♦♠ ❛ ór❜✐t❛ ❞❡ Z ❛♣♦♥t❛♥❞♦ ♣❛r❛ M−✮✳ ❆❧é♠ ❞✐ss♦✱ é ♣r♦✈❛❞♦ ♥❡ss❡ ❝❛s♦ q✉❡

♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ♣♦❞❡ s❡r C1✲ ❡①t❡♥❞✐❞♦ ♣❛r❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♠♣❧❡t❛ ❞❡ p ❡♠

M ❡ q✉❡ p é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ss❡ ❝❛♠♣♦ ✈❡t♦r✐❛❧✳

❉❡✈❡♠♦s ❛❞✐❝✐♦♥❛r ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡ ❡①tr❛ ♥❡ss❛ s✐t✉❛çã♦✿

✏❖ ♣♦♥t♦ p é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ f s ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦❡s♣❛ç♦s sã♦

tr❛♥s✈❡rs❛✐s ❛ SX ❡ SY ❡♠ p✳✑

✶✷



X

Y

✭❛✮ ❚✐♣♦ ✶

X

Y

✭❜✮ ❚✐♣♦ ✷

X

Y

✭❝✮ ❚✐♣♦ ✷

SX

SY

Q1

Q2

Q3

Q4

✭❞✮ ❚✐♣♦ ✸

❋✐❣✉r❛ ✶✳✸✿ ❊①❡♠♣❧♦s ❞❡ ❝❛♠♣♦s ❞❡s❝♦♥tí♥✉♦s q✉❡ ♣♦ss✉❡♠ ❛ ♦r✐❣❡♠ ❝♦♠♦ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡

❣❡♥ér✐❝❛

◆❛ ✜❣✉r❛ ✭✶✳✸✮ t❡♠♦s r❡♣r❡s❡♥t❛❞♦ ❡♠✿

✭❛✮ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡s❝♦♥tí♥✉♦ ♦♥❞❡ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❤✐♣❡r❜ó❧✐❝♦

♣❛r❛ ♦ ❝❛♠♣♦ ❞❡s❧✐③❛♥t❡ f s ✭s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞♦ t✐♣♦ ✶✮❀

✭❜✮ ✉♠ ❝❛♠♣♦ ❞❡s❝♦♥tí♥✉♦ ❞♦ t✐♣♦ ❞♦❜r❛✲r❡❣✉❧❛r ✭s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞♦ t✐♣♦ ✷✮❀

✭❝✮ ✉♠ ❝❛♠♣♦ ❞❡s❝♦♥tí♥✉♦ ❞♦ t✐♣♦ ❝ús♣✐❞❡✲r❡❣✉❧❛r ✭s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞♦ t✐♣♦ ✷✮❀

✭❞✮ ✉♠ ❝❛♠♣♦ ❞❡s❝♦♥tí♥✉♦ ❞♦ t✐♣♦ ❞♦❜r❛✲❞♦❜r❛ ✭s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞♦ t✐♣♦ ✸✮✳

✶✳✷✳✸ ❊str❛t✐✜❝❛çã♦ ❞❡ ▼

❙❡❥❛ p ∈ M ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞❡ Z = (X, Y ) ∈ Gr✳ ◆❡ss❛ s❡çã♦ ✐r❡♠♦s ❧✐st❛r

❛❧❣✉♠❛s s✉❜✈❛r✐❡❞❛❞❡s ❞❡ M q✉❡ sã♦ ❞✐st✐♥❣✉✐❞❛s ❞❡✈✐❞♦ ❛ s✉❛ ♣❡rs✐stê♥❝✐❛ ♣♦r ♣❡q✉❡♥❛s

♣❡rt✉r❜❛çõ❡s ❞❡ Z✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ Z ❡ ✄❩ ❞❡✈❡ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r❡s❡r✈❛r

❛s ❝♦rr❡s♣♦♥❞❡♥t❡s t❛✐s s✉❜✈❛r✐❡❞❛❞❡s✳

◆ós s❡♣❛r❛♠♦s ♦s ❝❛s♦s✿

✶✳ ❙❡ p é ❞♦ t✐♣♦ ✶✱ ❞✐st✐♥❣✉✐♠♦s {p} ❡ ❛s s❡♣❛r❛tr✐③❡s ❞❡ s❡❧❛ ❞❡ f s✳

✷✳ ❙❡ p é ❞♦ t✐♣♦ ✷✱ ♦✉ s❡❥❛✱ p é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ Z ❞♦ t✐♣♦ t❛♥❣❡♥❝✐❛❧ ❡ ❛s ❝♦♠♣♦♥❡♥t❡s

❝♦♥❡①❛s C(p) ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❣❡♥ér✐❝❛s ❞❡ Z é ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r

✭✐st♦ é✱ C(p) é ♦✉ SX ♦✉ SY ✮✱ ❧✐st❛♠♦s s♦♠❡♥t❡ C(p)✳

✸✳ ❙❡ p é ❞♦ t✐♣♦ ✸✱ ❧✐st❛♠♦s {p}✱ SX − {p}✱ ❡ SY − {p}✳ ◆ós ❛❞✐❝✐♦♥❛♠♦s ♥❡ss❛ ❧✐st❛ ❛s

s❡♣❛r❛tr✐③❡s ❞❡ s❡❧❛ ❞❡ f s s❡ ❡❧❛s ❡stã♦ ❝♦♥t✐❞❛s ❡♠ ❘❉✳ ❙❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ df s
p sã♦

✶✸



r❡❛✐s ❡ t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧ ❡♥tã♦ ❞❡✈❡♠♦s ❞✐st✐♥❣✉✐r ❛ ✈❛r✐❡❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ❢♦rt❡ ❞❡ df s
p

s❡ ❡❧❛ ❡stá ❝♦♥t✐❞❛ ❡♠ ❘❉✳

❊♠ ❬✹❪ é ♠♦str❛❞♦ q✉❡ ♦s ❝♦♥❥✉♥t♦s ❛❝✐♠❛ sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❝❛♠♣♦s

✈❡t♦r✐❛✐s ❡♠ Gr✳

✶✳✷✳✹ ❊st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❙❡❥❛♠ Z✱ Z̃ ∈ Gr✳ ◆ós ❞✐③❡♠♦s q✉❡ Z ❡♠ p é C0 ❡q✉✐✈❛❧❡♥t❡ ❛ Z̃ ❡♠ ✄♣

s❡ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s ❛❜❡rt❛s V ❞❡ p ❡ Ṽ ❞❡ p̃ ❡♠ R
3 ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ M✲✐♥✈❛r✐❛♥t❡

f : V −→ Ṽ t❛❧q✉❡ f(p) = p̃ ❡ f ❡♥✈✐❛ ór❜✐t❛s ❞❡ Z ❡♠ ór❜✐t❛s ❞❡ Z̃✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❉✐③❡♠♦s q✉❡ Z ∈ Gr é ▼✲❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡

❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧✱ ❡♠ p✱ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ Z ❡♠ Gr t❛❧ q✉❡ t♦❞♦

Z̃ ∈ U é C0 ❡q✉✐✈❛❧❡♥t❡ ❛ Z ❡♠ p✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❈♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

G0(a) ❂ ④ Z = (X, Y )❀ X✱ Y sã♦ r❡❣✉❧❛r❡s ❡♠ p ∈M⑥ ✭❝❛s♦ r❡❣✉❧❛r✲r❡❣✉❧❛r✮❀

G0(b) ❂ ④ Z = (X, Y )❀ X é ❞♦❜r❛ ❡ Y é r❡❣✉❧❛r ❡♠ p ∈M✭♦✉ ✈✐❝❡✲✈❡rs❛✮⑥ ✭❝❛s♦ ❞♦❜r❛✲

r❡❣✉❧❛r✮❀

G0(c) ❂ ④ Z = (X, Y )❀ X é ❝ús♣✐❞❡ ❡ Y é r❡❣✉❧❛r ❡♠ p ∈ M ✭♦✉ ✈✐❝❡✲✈❡rs❛✮⑥ ✭❝❛s♦

❝ús♣✐❞❡✲r❡❣✉❧❛r✮❀

G0(d) ❂ ④ Z = (X, Y )❀ X✱ Y sã♦ ❞♦❜r❛s ❡♠ p ∈M ❡ p é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ❞❡

Z⑥ ✭❝❛s♦ ❞♦❜r❛✲❞♦❜r❛✮❀ ◆❡ss❡ ❝❛s♦ ❞✐st✐♥❣✉✐♠♦s ♦s s✉❜❝♦♥❥✉♥t♦s✿

✲ ❈❛s♦ ❡❧í♣t✐❝♦✿ G0(d.1) ❂ {❩∈ G0(d)❀ (L
2
Xh)(p) < 0 ❡ (L2

Y h)(p) > 0}❀

✲ ❈❛s♦ ♣❛r❛❜ó❧✐❝♦✿ G0(d.2) ❂ {❩∈ G0(d)❀ (L
2
Xh)(p) > 0 ❡ (L2

Y h)(p) > 0 ♦✉ (L2
Xh)(p) <

0 ❡ (L2
Y h)(p) < 0}❀

✲ ❈❛s♦ ❤✐♣❡r❜ó❧✐❝♦✿ G0(d.1) ❂ {❩∈ G0(d)❀ (L
2
Xh)(p) > 0 ❡ (L2

Y h)(p) < 0}❀

❙❡❥❛✱ G0 = G0(a) ∪ G0(b) ∪ G0(c) ∪ G0(d)✳ ❙❡❣✉❡ ❞♦ t❡♦r❡♠❛ ✭✶✳✶✳✶✮ ❡ ❞❛s ❝♦♥❞✐çõ❡s ❞❡

tr❛♥s✈❡rs❛❧✐❞❛❞❡ q✉❡ G0 ⊂ Gr é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❞❡♥s♦ ❞❡ Gr✱ r❡❧❛t✐✈♦ ❛ t♦♣♦❧♦❣✐❛

❞❡ Gr✳

✶✹



◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ G0(d)✱ ❝♦♠ ê♥❢❛s❡ ❡♠ G0(d.1)✱ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✳ ❱❡r❡♠♦s q✉❡ ❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ✉♠

ú♥✐❝♦ ♣❛râ♠❡tr♦ q✉❡ ❝♦♥tr♦❧❛ ✉♠❛ ❜✐❢✉r❝❛çã♦ ❡ q✉❡ ♥♦ ❝❛s♦ G0(d.1) ♦ s✐st❡♠❛ ♣♦❞❡ ❛❞♠✐t✐r

✉♠ ✢✉①♦ ❡①✐❜✐♥❞♦ ❞✐♥â♠✐❝❛ ❝❛ót✐❝❛✱ ♠❛s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝❛✳

✶✺



❈❆P❮❚❯▲❖ ✷

❆ ❙■◆●❯▲❆❘■❉❆❉❊ ❉❖❇❘❆✲❉❖❇❘❆

◆❡ss❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡s❝♦♥tí♥✉♦s q✉❡ ♣♦ss✉❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡

❞♦❜r❛✲❞♦❜r❛ ❡♠ p ∈ M ✱ ♦✉ s❡❥❛✱ ❡♠ p ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é t❛♥❣❡♥t❡ ❛ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛

s✉♣❡r❢í❝✐❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

❊st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❡♠ t♦r♥♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❝❛r❛❝t❡r✐③❛♥❞♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦

❧♦❝❛❧✳ ❈♦♠♦ ❛♥t❡❝✐♣❛♠♦s ♥❛ ✐♥tr♦❞✉çã♦✱ ❡st✉❞❛r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ❞✐r❡t❛♠❡♥t❡✱ ❛❜♦r❞❛♥❞♦

♦s ❛s♣❡❝t♦s q✉❛❧✐t❛t✐✈♦s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳

❆✜♠ ❞❡ ❢❛❝✐❧✐t❛r♠♦s ❛ ♥♦t❛çã♦✱ ♣❛ss❛r❡♠♦s ❛ ❞❡♥♦t❛r ♦s ❝❛♠♣♦s X ❡ Y ♣♦r f+ ❡ f−

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❞♦❜r❛✲❞♦❜r❛

❙❡❥❛ Z r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ s✐st❡♠❛ tr✐✲❞✐♠❡♥s✐♦♥❛❧ s✉❛✈❡ ♣♦r ♣❛rt❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r✲

❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s

ẋ =

{

f+(x) q✉❛♥❞♦ h(x) > 0,

f−(x) q✉❛♥❞♦ h(x) < 0,
✭✷✳✶✮

♦♥❞❡ x ∈ R
3 é ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ x = (x0, x1, x2) ✱ h(x) é ✉♠❛ ❢✉♥çã♦ r❡❣✉❧❛r ❡s❝❛❧❛r t❛❧q✉❡

M = {x ∈ R
3;h(x) = 0} ✭✈❡r s❡çã♦ ❬✶✳✷❪✮ ❡ f+✱ f− sã♦ ❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉❛✈❡s✳

✶✻



❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❯♠ ♣♦♥t♦ p ∈ M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ ❞♦❜r❛✲❞♦❜r❛ ❞❡ Z ∈ Gr s❡

Lf+h(p) = Lf−h(p) = 0 ❡ L2
f+h(p) 6= 0,L2

f−h(p) 6= 0, ✭✷✳✷✮

♦✉ s❡❥❛✱ s❡ p é ✉♠❛ ❞♦❜r❛ ♣❛r❛ ❛♠❜♦s ♦s ❝❛♠♣♦s f+ ❡ f−✳

❖ s✐♥❛❧ ❞❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ (L2
f+h) ❞❡t❡r♠✐♥❛ s❡ ✉♠❛ ❞♦❜r❛ é✿

• ✈✐sí✈❡❧✱ s❡ L2
f+h(p) > 0 ♦✉ L2

f−h(p) < 0 ✭s✐❣♥✐✜❝❛♥❞♦ q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s❡ ❝✉r✈❛

❛❢❛st❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✱ ✈❡❥❛ ✜❣✉r❛ ✭✷✳✶✮✮❀

• ✐♥✈✐sí✈❡❧✱ s❡ L2
f+h(p) < 0 ♦✉ L2

f−h(p) > 0 ✭s✐❣♥✐✜❝❛♥❞♦ q✉❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s❡ ❝✉r✈❛

❡♠ ❞✐r❡çã♦ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ✈❡❥❛ ✜❣✉r❛ ✭✷✳✷✮✮✳

M

f+

✭❛✮ ❉♦❜r❛ ✈✐sí✈❡❧

♣❛r❛ ♦ ❝❛♠♣♦ f+

M

f−

✭❜✮ ❉♦❜r❛ ✈✐sí✈❡❧

♣❛r❛ ♦ ❝❛♠♣♦ f−

❋✐❣✉r❛ ✷✳✶✿ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛ ✈✐sí✈❡❧

M

f+

✭❛✮ ❉♦❜r❛ ✐♥✈✐sí✈❡❧

♣❛r❛ ♦ ❝❛♠♣♦ f+

M

f−

✭❜✮ ❉♦❜r❛ ✐♥✈✐sí✈❡❧

♣❛r❛ ♦ ❝❛♠♣♦ f−

❋✐❣✉r❛ ✷✳✷✿ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛ ✐♥✈✐sí✈❡❧

❆ss✐♠✱ ❡①✐st❡♠ ✹ t✐♣♦s ♣♦ssí✈❡✐s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐♥❛❧ ❞❡

(L2
f+h) ❡ ❞❡ (L2

f−h)✳ ❊ss❡s ✹ t✐♣♦s sã♦ ♠♦str❛❞♦s ♥❛ ✜❣✉r❛ ✭✷✳✸✮✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❝♦❧♦❝❛r❡♠♦s h(x) = x0✱ ♣♦✐s t♦❞♦ s✐st❡♠❛ s✉❛✈❡ ♣♦r ♣❛rt❡s✱ ❡♠ ✉♠❛

r❡❣✐ã♦ ♦♥❞❡ h(x) = 0 ❞❡✜♥❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✱ ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❛♣r♦♣r✐❛❞❛

t❡♠ ❡ss❛ ❢♦r♠❛✳ ❊♥tã♦✱ M = h−1(0) = {(x0, x1, x2) ∈ R
3; x0 = 0}✳

❆ss✐♠✱ ♦ s✐st❡♠❛ ✭✷✳✶✮ ✜❝❛

ẋ =

{

f+(x) q✉❛♥❞♦ x0 > 0,

f−(x) q✉❛♥❞♦ x0 < 0,
✭✷✳✸✮

❙❡❣✉✐♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ❋✐❧✐♣♣♦✈ ❬✷❪✱ ✭✷✳✸✮ ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ q✉❡ ♠♦r❛ ♥❛ ✈❛r✐❡❞❛❞❡ M

❡ s❛t✐s❢❛③ ♦ s✐st❡♠❛ ❞❛❞♦ ♣♦r✿

✶✼



f+

f−

✭❛✮

f+

f−

✭❜✮

f+

f−

✭❝✮

f+

f−

✭❞✮

❋✐❣✉r❛ ✷✳✸✿ ❚✐♣♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✿ ✭❛✮ ❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✐♥✈✐sí✈❡❧✱ q✉❛♥❞♦

(L2
f+h) < 0 ❡ (L2

f−h) > 0✱ ✭❜✮❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧✱ q✉❛♥❞♦ (L2
f+h) < 0 ❡ (L2

f−h) < 0✱

✭❝✮ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧✲✐♥✈✐sí✈❡❧✱ q✉❛♥❞♦ (L2
f+h) > 0 ❡ (L2

f−h) > 0 ❡ ✭❞✮ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧✲

✈✐sí✈❡❧✱ q✉❛♥❞♦ (L2
f+h) > 0 ❡ (L2

f−h) < 0✳

ẋ = f s(x) q✉❛♥❞♦ x0 = 0 ✭✷✳✹✮

♦♥❞❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡✱ f s✱ é ❞❡✜♥✐❞♦ ♣♦r✿

f s = f− +
Lf−h

Lf−h− Lf+h
(f+ − f−), ✭✷✳✺✮

◆♦ q✉❡ s❡❣✉❡✱ ❛ss✉♠✐r❡♠♦s q✉❡✿

• ❛♠❜♦s ♦ ❝❛♠♣♦s f+ ❡ f− t❡♥❤❛♠ ❝♦♥t❛t♦ q✉❛❞rát✐❝♦ ❝♦♠ ❛ ✈❛r✐❡❞❛❞❡ ♥❛ ♦r✐❣❡♠✱ ✐st♦

é✱

Lf+h(0) = Lf−h(0) = 0 ❡ L2
f+h(0) 6= 0 ✱ L2

f−h(0) 6= 0 ✭✷✳✻✮

• f+ ❡ f− ♥ã♦ t❡♠ ❡q✉✐❧í❜r✐♦s ♣ró①✐♠♦s ❞❛ ♦r✐❣❡♠✱ ✐st♦ é✱

f+(0) 6= 0 ❡ f−(0) 6= 0 ✭✷✳✼✮

• ❡ q✉❡ ♦ ♣❛r ❞❡ ❝✉r✈❛s ❞❛❞♦ ♣♦r Lf+h = 0 ❡ Lf−h = 0 s♦❜r❡ h = 0 s❡ ✐♥t❡rs❡❝t❛

tr❛♥s✈❡rs❛❧♠❡♥t❡ ♥❛ ♦r✐❣❡♠✱ ✐st♦ é✱

det(dh(0), dLf+h(0), dLf−h(0)) 6= 0. ✭✷✳✽✮

✶✽



❖✉ s❡❥❛✱ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ p = 0 é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❣❡♥ér✐❝❛ ✭❞♦❜r❛✲❞♦❜r❛✮ ❞♦

❝❛♠♣♦ Z = (f+, f−)✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷✳ P♦❞❡♠♦s ❡s❝♦❧❤❡r ❝♦♦r❞❡♥❛❞❛s (x0, x1, x2) ❡♠ R
3 ❞❡ ❢♦r♠❛ q✉❡

S+ = {x ∈M ; x1 = 0} ❡ S− = {x ∈M ; x2 = 0} ✭✷✳✾✮

s❡❥❛♠ ♦s ❝♦♥❥✉♥t♦s M ✲s✐♥❣✉❧❛r❡s ❞❡ f+ ❡ f−✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❛s ♣ró①✐♠❛s s❡çõ❡s✱ ✜①❛r❡✲

♠♦s ❡st❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

✷✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛

◆❡ss❛ s❡çã♦ ✈❛♠♦s ❡st✉❞❛r ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ✭✷✳✸✮ q✉❛♥❞♦ L2
f+h(0) < 0 ❡ L2

f−h(0) >

0✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ ❛ ♦r✐❣❡♠ é ✉♠❛ ❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✐♥✈✐sí✈❡❧✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s✐♥❣✉❧❛✲

r✐❞❛❞❡ ❚❡✐①❡✐r❛ ✭✈❡❥❛ ✜❣✉r❛ ✭✷✳✹✮✮✳

RC2

RC1

RE

RD

f−

f+

x0
x2

x1

RC1

❋✐❣✉r❛ ✷✳✹✿ ❉✐♥â♠✐❝❛ ♣ró①✐♠♦ ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✳ Ór❜✐t❛s ❢♦r❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡

❞❡s❝♦♥t✐♥✉✐❞❛❞❡ s❡ ❝✉r✈❛♠ ❛♦ ❧♦♥❣♦ ❞❛s ❞♦❜r❛s ❡ ❝r✉③❛♠ ❛ ✈❛r✐❡❞❛❞❡ ❡♠ RC1 ❡ RC2✳

✷✳✷✳✶ ❆♣r♦①✐♠❛çã♦ ▲♦❝❛❧

P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✐t✐♥❡rár✐♦ ❡ ❞❡st✐♥♦ ❞❛s ór❜✐t❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ♦❜t❡✲

♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧ ♣❛r❛ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s✳

❈♦♠♦ t❛♥❣ê♥❝✐❛s ❝ú❜✐❝❛s ❧♦❝❛✐s ❡♠ M ❡stã♦ ♣r♦✐❜✐❞❛s ✭♣❡❧❛s ❝♦♥❞✐çõ❡s L2
f+h(0) < 0

❡ L2
f−h(0) > 0✮ ❡ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ ♥ã♦ ❡①✐st❡ ❡q✉✐❧í❜r✐♦ ❧♦❝❛❧ ✭♦✉ s❡❥❛✱ f+(0) 6=

✶✾



0 ✱ f−(0) 6= 0 ✮ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❛ ♣r♦❥❡çã♦

❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ M é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡✳ ■st♦ é✱ ♣♦r ✉♠❛

❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r ❧✐♥❡❛r ♥❛ ❞✐r❡çã♦ x0 ❡ ❞❡ ♦r❞❡♠ ✵ ♥❛s ❞✐r❡çõ❡s x1 ❡ x2✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r

♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣ró①✐♠♦ ❞❛ ♦r✐❣❡♠ ❝♦♠♦✿

f+ =









−x1 +O(x0, ||x1, x2||
2)

1 +O(||x||)

V + +O(||x||)









, ✭✷✳✶✵❛✮

f− =









x2 +O(x0, ||x1, x2||
2)

V − +O(||x||)

1 +O(||x||)









, ✭✷✳✶✵❜✮

♦♥❞❡ V ± sã♦ ❝♦♥st❛♥t❡s r❡❛✐s✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❛ tr♦❝❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳

●❡♦♠❡tr✐❝❛♠❡♥t❡✱ V +✭r❡s♣❡❝t✐✈❛♠❡♥t❡ V −✮✱ ♠❡❞❡ ❛ ❝♦t❛♥❣❡♥t❡ ❞♦ â♥❣✉❧♦ θ+ ✭r❡s♣❡❝t✐✲

✈❛♠❡♥t❡ θ−✮ ❡♥tr❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ f+ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ f−✮ ❡ s✉❛ ❧✐♥❤❛ ❞♦❜r❛ Lf+h|x0=0

✭Lf−h|x0=0✮✳ ❊st❡s✱ ♣♦❞❡♠ s❡r r❡❝✉♣❡r❛❞♦s ♣❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❣❡r❛❧ ❡♠ ✉♠❛ s✐♥❣✉❧❛r✐✲

❞❛❞❡ ❚❡✐①❡✐r❛ ❞❡

V + = cot θ+ =
Lf+Lf−h

√

−(L2
f+h)(L2

f−h)
, ✭✷✳✶✶❛✮

V − = cot θ− =
−Lf−Lf+h

√

−(L2
f+h)(L2

f−h)
, ✭✷✳✶✶❜✮

❛✈❛❧✐❛❞♦ ❡♠ ♣♦♥t♦s ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✳

❆ ❞✐♥â♠✐❝❛ ❞❡ ✭✷✳✶✵✮ é ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ✭✷✳✹✮✳ ❖ ✢✉①♦ ❞❡ f+ ❛♣❧✐❝❛ ♣♦♥t♦s ❞❛ r❡❣✐ã♦

{x0 = 0, x1 < 0} ♣❛r❛ ❛ r❡❣✐ã♦ {x0 = 0, x1 > 0}✱ ❛❢❡t❛♥❞♦ ✉♠❛ r❡✢❡①ã♦ φ+ ♥♦ ♣❧❛♥♦ x1 = 0

❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ (0, 1, V +) + O(||x||)✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ ♦ ✢✉①♦ ❞❡ f− ❛♣❧✐❝❛ ♣♦♥t♦s ❞❛

r❡❣✐ã♦ {x0 = 0, x2 < 0} ♣❛r❛ ❛ r❡❣✐ã♦ {x0 = 0, x2 > 0}✱ ❛❢❡t❛♥❞♦ ✉♠❛ r❡✢❡①ã♦ φ− ♥♦ ♣❧❛♥♦

x2 = 0 ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ (0, V −, 1) +O(||x||)✳

✷✵



❈♦♠♦ ✈✐st♦ ♥❛ s❡çã♦ ✭✶✳✷✳✷✮✱ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ é ❞✐✈✐❞✐❞❛ ❡♠ q✉❛❞r❛♥t❡s

❝♦♥s✐st✐♥❞♦ ❞❡ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ {x0 = 0, x1 > 0, x2 > 0} ✭❘❉✮✱ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡

{x0 = 0, x1 < 0, x2 < 0} ✭❘❊✮ ❡ r❡❣✐õ❡s ❞❡ ❝♦st✉r❛ {x0 = 0, x1 > 0 e x2 < 0} ✭RC1✮ ❡

{x0 = 0, x1 < 0 e x2 > 0} ✭RC2✮✱ s❡♣❛r❛❞❛s ♣❡❧❛ ❞♦❜r❛✳

◆❛s r❡❣✐õ❡s ❞❡ ❝♦st✉r❛✱ CR1,2✱ ❛ ❞✐♥â♠✐❝❛ ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞❛ ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ✏s❡❣✉♥❞♦

r❡t♦r♥♦✑✱ ❛ ❝♦♠♣♦s✐çã♦ ❞♦s ♠❛♣❛s r❡✢❡①ã♦ φ+ ❡ φ− ✭✈❡❥❛ ✜❣✉r❛ ✭✷✳✺✮ ✮✳ ❆ s❡q✉ê♥❝✐❛ ❞❡

❝♦st✉r❛s s❡rá ✜♥✐t❛ s❡ ❡st❛ ❛♣❧✐❝❛r ♣❛r❛ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ❘❉ ✭♦✉ s❡❥❛✱ ♣❛r❛ ❛ r❡❣✐ã♦ ♦♥❞❡

f+ ❡ f− ❛♣♦♥t❛♠ ♥❛ ❞✐r❡çã♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✮✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛ ❛♣❧✐❝❛çã♦

t❡♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♥❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ❘❊ ✭♦✉ s❡❥❛✱ ♥❛ r❡❣✐ã♦ ♦♥❞❡ ❛♠❜♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s

❛♣♦♥t❛♠ ♣❛r❛ ❢♦r❛ ❞❛ ✈❛r✐❡❞❛❞❡✮✳

RC2

RC1

RE

RD

x0
x2

x1

RC1

f−

f+

p

φ−(p)

φ+(φ−(p))

❋✐❣✉r❛ ✷✳✺✿ ❆ ❛♣❧✐❝❛çã♦ φ+ ◦ φ−✳ ❯♠ ♣♦♥t♦ p ∈ RC1 é ❛♣❧✐❝❛❞♦ ♣❛r❛ RC2 ♣❡❧♦ ✢✉①♦ ❞♦

❝❛♠♣♦ f− ❡ ❡♥tã♦ ♣♦❞❡ ✈♦❧t❛r ❛ RC1 ♣❡❧♦ ✢✉①♦ ❞♦ ❝❛♠♣♦ f+

❆tr❛✈és ❞❛s r❡❣✐õ❡s ❞❡ ❝♦st✉r❛ ♦ ✢✉①♦ é ❝♦♥tí♥✉♦ ❡ ✐♥✈❡rsí✈❡❧✳ ◆❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ✉♠❛

ór❜✐t❛ é ❞❡✜♥✐❞❛ ✉♥✐❝❛♠❡♥t❡ ♥♦ ❢✉t✉r♦✱ ♠❛s ❡①✐st✐rá ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ór❜✐t❛s ❝❤❡❣❛♥❞♦

❞❡ M+ ❡ M− ♥♦ ♣❛ss❛❞♦✳ ◆❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ♦ ✢✉①♦ é ❞❡✜♥✐❞♦ ✉♥✐❝❛♠❡♥t❡ ♥♦ ♣❛ss❛❞♦✱

♠❛s ♥♦ ❢✉t✉r♦ ♥ã♦ ♦ é✱ ❣❡r❛♥❞♦ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ór❜✐t❛s q✉❡ ❡s❝❛♣❛♠ ♣❛r❛ M+ ❡ M−✳

❱❛♠♦s ❡st✉❞❛r ❛s ór❜✐t❛s s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ t❡r♠♦s ❞❡ ❞♦✐s s✐st❡♠❛s ❞✐♥â♠✐❝♦s

s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✿

✶✳ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ♥❛s r❡❣✐õ❡s ❞❡ ❡s❝❛♣❡ ❡ ❞❡ ❞❡s❧✐③❡ ✭ẋ = f s(x)✮✱

❝✉❥❛s s♦❧✉çõ❡s sã♦ ór❜✐t❛s ❞❡s❧✐③❛♥t❡s q✉❡ ♠♦r❛♠ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ❡

✷✳ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ✭x 7→ φ+ ◦ φ−(x)✮✱ ❝✉❥❛s s♦❧✉çõ❡s sã♦ ór✲

❜✐t❛s ❝♦st✉r❛♥t❡s✱ q✉❡ ❡♥✈♦❧✈❡♠ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✐♥❞✉③✐♥❞♦ ✉♠ ♠❛♣❛ r❡t♦r♥♦ s♦❜r❡ ❛

✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

✷✶



◆❛s ❞✉❛s ♣ró①✐♠❛s s❡çõ❡s ❬✷✳✷✳✷ ✲ ✷✳✷✳✸❪✱ ❛♥❛❧✐s❛♠♦s ❡ss❛s ❞✐♥â♠✐❝❛s s❡♣❛r❛❞❛♠❡♥t❡ ❡

❡♥tã♦ r❡♠♦♥t❛♠♦s ❛ ❞✐♥â♠✐❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ♥❛ s❡çã♦ ❬✷✳✷✳✹❪✳ ◆❛ s❡çã♦ ❬✷✳✻❪ ❛♣r❡s❡♥t❛♠♦s

❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❢❡✐t❛s ♥♦ s♦❢t✇❛r❡ ▼❛t❧❛❜✳

✷✳✷✳✷ ❉✐♥â♠✐❝❛ ♥❛s ❘❡❣✐õ❡s ❞❡ ❞❡s❧✐③❡ ❡ ❞❡ ❡s❝❛♣❡

❆✈❛❧✐❛♥❞♦ ✭✷✳✶✵✮ ❡♠ x0 = 0 ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✺✮ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ é✿

f s =











0
V −x1+x2+O(||x1,x2||2)

d(x)

x1+V +x2+O(||x1,x2||2)
d(x)











✭✷✳✶✷✮

♦♥❞❡ d(x) = x1 + x2 +O(||x1, x2||
2)✳

❊ss❡ ❝❛♠♣♦ ✈❡t♦r✐❛❧ é ✐♥❞❡✜♥✐❞♦ ♥❛ ♦r✐❣❡♠✱ ♣♦✐s ❝♦♠♦ f+ ❡ f− sã♦ ❛♠❜♦s t❛♥❣❡♥t❡s ❛

✈❛r✐❡❞❛❞❡ ❡♠ 0✱ t♦❞♦s ♦s ✈❡t♦r❡s ♥❛s s✉❛s ❝♦♠❜✐♥❛çõ❡s ❝♦♥✈❡①❛s sã♦ t❛♥❣❡♥t❡s ❛ ✈❛r✐❡❞❛❞❡

M ✳

❆ss✐♠✱ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❡st✉❞❛r ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛

♦r✐❣❡♠✱ ❞❡✜♥✐♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣❧❛♥❛r r❡❣✉❧❛r✐③❛❞♦ f̃ s✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ f s ♣♦r d(x)

❡ ♦♠✐t✐♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ tr✐✈✐❛❧ x0✱

f̃ s =

(

V − 1

1 V +

)(

x1

x2

)

+O(||x1, x2||
2) ✭✷✳✶✸✮

❖❜s❡r✈❡ q✉❡ d(x) > 0 ♣❛r❛ x ∈ ❘❉ ❡ d(x) < 0 ♣❛r❛ x ∈ ❘❊✱ ❛ss✐♠✱ f̃ s ❡ f s t❡♠ ♦ ♠❡s♠♦

r❡tr❛t♦ ❞❡ ❢❛s❡ ♥❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ✭❘❉✮ ❡ ♦ ♠❡s♠♦ r❡tr❛t♦ ❞❡ ❢❛s❡ ❝♦♠ t❡♠♣♦ ✐♥✈❡rt✐❞♦

♥❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ✭❘❊✮✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ d(0) = 0 ✱ t❡♠♦s q✉❡ f̃ s t❡♠ ✉♠ ❡q✉✐❧í❜r✐♦ ♥❛

♦r✐❣❡♠✱ ♦♥❞❡ f s ♥ã♦ é ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡ss❛ ❢♦r♠❛✱ ❛❧é♠ ❞♦ t❡♠♣♦ ✐♥✈❡rt✐❞♦ ♥❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ✭♦❜s❡r✈❛❞♦ ❛❝✐♠❛✮✱ ❛ ♦✉tr❛

❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ r❡❣✉❧❛r✐③❛❞♦ é q✉❡

❡♥q✉❛♥t♦ ❛s ór❜✐t❛s ❞❡ f̃ s q✉❡ ❝❤❡❣❛♠ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❛ ❛❧❝❛♥ç❛♠ ❡♠ t❡♠♣♦ ✐♥✜♥✐t♦✱ ❛s

♠❡s♠❛s ór❜✐t❛s ♣❛r❛ f s ❛❧❝❛♥ç❛rã♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ t❡♠♣♦ ✜♥✐t♦✳ ➱ ✐♠♣♦rt❛♥t❡ t❡r ✐ss♦

❡♠ ♠❡♥t❡ ♣❛r❛ tr❛❞✉③✐r♠♦s ❛s ❞✐♥â♠✐❝❛s ❞❡ f̃ s ♣❛r❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♦r✐❣✐♥❛❧ f s✳

✷✷



◆❛ ♦r✐❣❡♠✱ f̃ s t❡♠ ❛✉t♦✈❛❧♦r❡s

µ± =
1

2
(V + + V − ±

√

(V + − V −)2 + 4) ✭✷✳✶✹✮

❡ ♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s sã♦✿

(

µ± − V +

1

)

✭✷✳✶✺✮

❙❡ ♦ ❛✉t♦✈❛❧♦r µ± t❡♠ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛ ✭♣♦s✐t✐✈❛✮✱ ♥ós ❞✐③❡♠♦s q✉❡ ❡❧❡✱ ❡ s❡✉ ❛✉t♦✈❛❧♦r

❛ss♦❝✐❛❞♦ sã♦ ❡stá✈❡✐s ✭✐♥stá✈❡✐s✮✳

❖❜s❡r✈❡ q✉❡ ♦s ❞♦✐s ❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s✱ ♣♦✐s ((V + − V −)2 + 4) ≥ 0✳

❈❤❛♠❡ k± = µ±−V
+✱ ❡♥tã♦ k± r❡♣r❡s❡♥t❛ ❛ t❛♥❣❡♥t❡ ❞♦ â♥❣✉❧♦ q✉❡ ♦ ❛✉t♦✈❡t♦r ❛ss♦❝✐❛❞♦

❛♦ ❛✉t♦✈❛❧♦r µ± ❢❛③ ❝♦♠ ♦ ❡✐①♦ x2✳

❖❜s❡r✈❡ q✉❡ k+k− = (µ+−V +)(µ−−V +) = −1✱ ❛ss✐♠ ♦s ❛✉t♦✈❡t♦r❡s sã♦ ♦rt♦❣♦♥❛✐s✱ ♦✉

s❡❥❛✱ ✉♠ ❛✉t♦✈❡t♦r ❡stá s❡♠♣r❡ ♥❛s r❡❣✐õ❡s ❞❡ ❞❡s❧✐③❡ ❡ ❞❡ ❡s❝❛♣❡✱ ❡ ♦ ♦✉tr♦ ❡stá s❡♠♣r❡ ♥❛s

r❡❣✐õ❡s ❞❡ ❝♦st✉r❛✳ ❖s ❛✉t♦✈❡t♦r❡s ♥✉♥❝❛ ♣♦❞❡♠ s❡r t❛♥❣❡♥t❡s ❛ ✉♠❛ ❞❛s ❞♦❜r❛s✱ ♣♦✐s ✐ss♦

❝♦rr❡s♣♦♥❞❡rá ❛ ✉♠❛ t❛♥❣ê♥❝✐❛ ❝ú❜✐❝❛ ❞❡ f+ ♦✉ f− ♥❛ ♦r✐❣❡♠ ✭❝❤❛♠❛❞♦ ✉♠ ♣♦♥t♦ ❝ús♣✐❞❡✮✱

❡①❝❧✉í❞♦ ♣♦r ✭✷✳✻✮✳

❊♠ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s q✉❡ k− < 0 < k+ ❡

✶✳ s❡ V +, V − > 0 ❡ V +V − > 1✱ t❡♠♦s q✉❡ 0 < µ− < µ+✳

✷✳ s❡ V +V − < 1✱ t❡♠♦s q✉❡ µ− < 0 < µ+❀

✸✳ s❡ V +, V − < 0 ❡ V +V − > 1✱ t❡♠♦s q✉❡ µ− < µ+ < 0 ❀

❖✉ s❡❥❛✱ ♦ ❛✉t♦✈❡t♦r ❛ss♦❝✐❛❞♦ ❝♦♠ ♦ ❛✉t♦✈❛❧♦r µ+ ❡stá s❡♠♣r❡ ❡♠ ❘❉✱ ❡

✶✳ s❡ V +, V − > 0 ❡ V +V − > 1✱ ❛♠❜♦s ♦s ❛✉t♦✈❡t♦r❡s sã♦ ✐♥stá✈❡✐s✳

✷✳ s❡ V +V − < 1✱ ♦ ❛✉t♦✈❡t♦r ❞❡ ❘❉ \ ❘❊ é ✐♥stá✈❡❧ ❡ ♦ ♦✉tr♦ é ❡stá✈❡❧❀

✷✸



✸✳ s❡ V +, V − < 0 ❡ V +V − > 1✱ ❛♠❜♦s ♦s ❛✉t♦✈❡t♦r❡s sã♦ ❡stá✈❡✐s❀

▲♦❣♦✱ q✉❛♥❞♦ ♦ ❛✉t♦✈❡t♦r ❡♠ ❘❉ \ ❘❊ é ❡stá✈❡❧✱ ❡❧❡ é ❛ss♦❝✐❛❞♦ ❝♦♠ ♦ ❛✉t♦✈❛❧♦r ❡stá✈❡❧

❢r❛❝♦✱ ❛ss✐♠ s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛s ❞❡s❧✐③❛♥t❡s sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❛tr❛í❞❛s ♣❛r❛ ♦ ❛✉t♦✈❡t♦r

❛♣r♦①✐♠❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✳ ❖s ❞✐❢❡r❡♥t❡s ❝❛s♦s ❡stã♦ ✐❧✉str❛❞♦s ♥❛ ✜❣✉r❛ ✭✷✳✻✮✳

RD

RE

(1)

RD

RE

(2)

RD

RE

(3)

❋✐❣✉r❛ ✷✳✻✿ ❉✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❡ r❡tr❛t♦s ❞❡ ❢❛s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡✳

❘❡❢❡r✐♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❞❡ ór❜✐t❛s ❡ ✢✉①♦ ♥❛ s❡çã♦ ❬✶✳✷❪ ✭❞❡✜♥✐çã♦ ✭✶✳✷✳✹✮✮✱ ♦s r❡tr❛t♦s ❞❡

❢❛s❡ ✐❧✉str❛❞♦s ♥❛ ✜❣✉r❛ ✭✷✳✻✮✱ ✐♠♣❧✐❝❛♠ q✉❡ ♥♦ ❝❛s♦ ✭✸✮ ✱ ór❜✐t❛s ❝r✉③❛♠ ❛ s✐♥❣✉❧❛r✐❞❛❞❡

❞❡ ❘❉ ♣❛r❛ ❘❊ ❡♠ t❡♠♣♦ ✜♥✐t♦✱ ❡♥q✉❛♥t♦ ♥♦s ❝❛s♦s ✭✶✮✲✭✷✮ ❡❧❛s ❝r✉③❛♠ ❞❡ ❘❊ ♣❛r❛ ❘❉✳

❖❜s❡r✈❡ q✉❡ ♥❛ ♦r✐❣❡♠ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ f s ♥ã♦ é ú♥✐❝♦✱ q✉❛♥❞♦ V +V − > 1✱

V +, V − < 0 ✭❘❡❣✐ã♦ ✭✸✮ ♥❛ ✜❣✉r❛ ✭✷✳✻✮✮✳ ◆❡ss❡ ❝❛s♦✱ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ór❜✐t❛s

s❡ ✐♥t❡rs❡❝t❛♠ ♥❛ ♦r✐❣❡♠ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❞✐r❡çã♦ ✭✉♠ ❛✉t♦✈❡t♦r ❞❡ f̃ s✮✳ ◆♦s ♦✉tr♦s

❝❛s♦s✱ s♦♠❡♥t❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ✐♥t❡rs❡❝t❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

◆♦ ❝❛s♦ ✭✸✮✱ ór❜✐t❛s ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❧♦♥❣❡ ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣♦❞❡ ❡♥tr❛r ♥❛

r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ❡ ❡✈♦❧✉✐r ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✭❋✐❣✉r❛ ✷✳✼✮✱ ♦♥❞❡ s✉❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ é

♠✉❧t✐✈❛❧✉❛❞❛✳ ❚❛✐s ór❜✐t❛s ❛❧❝❛♥ç❛♠ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ t❡♠♣♦ ✜♥✐t♦✱ ❡ ❛♦ ❝r✉③á✲❧❛✱ t♦❞❛s

❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ s✉❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s é ♣❡r❞✐❞❛✳ ❆ss✐♠✱ ✉♥✐❝✐❞❛❞❡ ♥♦ ❢✉t✉r♦ é ♣❡r❞✐❞❛

♣❛r❛ ór❜✐t❛s q✉❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

P♦❞❡♠♦s ❡st✉❞❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡ f s ❝♦♥s✐❞❡r❛♥❞♦ f̃ s✳ ❊ é ♦ q✉❡ ❢❛r❡♠♦s ❛

s❡❣✉✐r✳
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RE

RD

❋✐❣✉r❛ ✷✳✼✿ ◆ã♦✲❞❡t❡r♠✐♥✐s♠♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✿ Ór❜✐t❛s ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

❧♦♥❣❡ ❞❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣♦❞❡♠ ❡♥tr❛r ♣❛r❛ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡ ❡ ❡♥tã♦ s❡❣✉✐r ❛ ór❜✐t❛

❞❡s❧✐③❛♥t❡ ❛♣r♦①✐♠❛♥❞♦ ❞❛ s✐❣✉❧❛r✐❞❛❞❡✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ór❜✐t❛ ❛❧❝❛♥ç❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠

t❡♠♣♦ ✜♥✐t♦ ❡ ❡♥tr❛ ♥❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡✳ ❆ ♣❛rt✐r ❞❛í✱ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡

ór❜✐t❛s ♣❛rt❡♠ ❞❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡✳

❆ ❏❛❝♦❜✐❛♥❛ ❞❡ ✭✷✳✶✸✮ ❡♠ 0 é s✐♥❣✉❧❛r q✉❛♥❞♦ V +V − = 1✱ ❡ ✉♠❛ rá♣✐❞❛ ✐♥s♣❡çã♦ ❞❡

✭✷✳✶✵❛✮ ❡ ✭✷✳✶✵❜✮✱ ♠♦str❛ q✉❡ ✐ss♦ ❝♦rr❡s♣♦♥❞❡ ❛ f+ ❡ f− s❡r❡♠ ❛♥t✐♣❛r❛❧❡❧♦s ✭s❡ V +, V − < 0✮

♦✉ ♣❛r❛❧❡❧♦s ✭s❡ V +, V − > 0✮ ♥❛ ♦r✐❣❡♠ ✭❞❡ ❢❛t♦✱ f+(0, 0, 0) = V +f−(0, 0, 0) s❡ V +V − = 1✮✳

❖ ❛✉t♦✈❡t♦r (−V +, 1) ❛ss♦❝✐❛❞♦ ❝♦♠ µ− = 0✱ s❡♠♣r❡ ❛♣♦♥t❛ ♣❛r❛ ❛ r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡ s❡

V +, V − < 0✱ ❡ ♣❛r❛ ✉♠❛ ❞❛s r❡❣✐õ❡s ❞❡ ❝♦st✉r❛ s❡ V +, V − > 0✳ ❉❡ss❛ ❢♦r♠❛ s♦♠❡♥t❡ ♦

❝❛s♦ q✉❛♥❞♦ V +, V − < 0 r❡s✉❧t❛ ❡♠ ✉♠ r❡tr❛t♦ ❞❡ ❢❛s❡ ❡str✉t✉r❛❧♠❡♥t❡ ✐♥stá✈❡❧ ❞♦ ❝❛♠♣♦

✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡✱ q✉❛♥❞♦ V +V − = 1✳

P❛r❛ V +, V − < 0 ❡ V +V − ≈ 1 ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ór❜✐t❛s ❞❡ f̃ s ❛♦ r❡❞♦r ❞❛ ♦r✐❣❡♠ é

❝❛♣t✉r❛❞❛ ♣❡❧❛ ❞✐♥â♠✐❝❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❝❡♥tr❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r

u̇ = (V +V − − 1)u+ a2u
2 +O(u3) ✭✷✳✶✻✮

q✉❡ ❡①✐❜❡ ✉♠❛ ❜✐❢✉r❝❛çã♦ tr❛♥s❝r✐t✐❝❛❧ ❡♠ V +V − = 1 ✭❞❡t❛❧❤❡s s♦❜r❡ ❡ss❛ ❢♦r♠❛ ♥♦r♠❛❧ sã♦

❞❛❞❛s ♥♦ ❆♣ê♥❞✐❝❡ ❇✮✳ ❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ f s✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡q✉✐❧í❜r✐♦

q✉❡ ❝r✉③❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ q✉❛♥❞♦ V +V − = 1✱ tr♦❝❛♥❞♦ ❛ ❡st❛❜✐❧✐❞❛❞❡ ♥♦ ♣r♦❝❡ss♦✳

❖❜s❡r✈❡ q✉❡ ✭✷✳✶✻✮ t❡♠ ✷ ❡q✉✐❧í❜r✐♦s✿

✷✺



u = 0 ✱ ✭✷✳✶✼❛✮

u = −
(V +V − − 1)

a2
✭✷✳✶✼❜✮

▼❛s u = 0 ❝♦rr❡s♣♦♥❞❡ ❛ ♦r✐❣❡♠ ♥❛s ❝♦♦r❞❡♥❛❞❛s (x1, x2) ❡ ♣♦rt❛♥t♦ ✭✷✳✶✼❛✮ ♥ã♦ é ✉♠

♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ❞❡ f s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛♥❛❧✐s❛r❡♠♦s ❛♣❡♥❛s ✭✷✳✶✼❜✮✳

❚❡♠♦s q✉❡✿

✶✳ ❙❡ a2 > 0 ❡

✭❛✮ s❡ V +V − − 1 > 0✱ ❡♥tã♦ ✭✷✳✶✼❜✮ é ✉♠ ♥ó ❡stá✈❡❧ ♣❛r❛ ✭✷✳✶✻✮ ❡ ❡stá ♥♦ s❡♠✐✲❡✐①♦

♥❡❣❛t✐✈♦ ❞❡ u✳

✭❜✮ s❡ V +V − − 1 < 0✱ ❡♥tã♦ ✭✷✳✶✼❜✮ é ✉♠ ♥ó ✐♥stá✈❡❧ ♣❛r❛ ✭✷✳✶✻✮ ❡ ❡stá ♥♦ s❡♠✐✲❡✐①♦

♣♦s✐t✐✈♦ ❞❡ u✳

✷✳ ❙❡ a2 < 0 ❡

✭❛✮ s❡ V +V − − 1 > 0✱ ❡♥tã♦ ✭✷✳✶✼❜✮ é ✉♠ ♥ó ❡stá✈❡❧ ♣❛r❛ ✭✷✳✶✻✮ ❡ ❡stá ♥♦ s❡♠✐✲❡✐①♦

♣♦s✐t✐✈♦ ❞❡ u✳

✭❜✮ s❡ V +V − − 1 < 0✱ ❡♥tã♦ ✭✷✳✶✼❜✮ é ✉♠ ♥ó ✐♥stá✈❡❧ ♣❛r❛ ✭✷✳✶✻✮ ❡ ❡stá ♥♦ s❡♠✐✲❡✐①♦

♥❡❣❛t✐✈♦ ❞❡ u✳

❉❡ss❛ ❢♦r♠❛✱ ❛ss✉♠✐♥❞♦ q✉❡ ♦ s❡♠✐❡✐①♦ ♣♦s✐t✐✈♦ u ❡stá ❡♠ ❘❉✱ ♦ ♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ❞❡ f s

é✿

• ✭s✶✮ s❡ a2 > 0 ❡♠ ✭✷✳✶✻✮✱ ✉♠❛ s❡❧❛ ❡♠ ❘❊ ♣❛r❛ V +V − > 1 ❡ V +, V − < 0✱ ❡ ✉♠ ♥ó

❡stá✈❡❧ ❡♠ ❘❉ q✉❛♥❞♦ V +V − < 1 ♦✉ V +, V − > 0✱

• ✭s✷✮ s❡ a2 < 0 ❡♠ ✭✷✳✶✻✮✱ ✉♠❛ s❡❧❛ ❡♠ ❘❉ ♣❛r❛ V +V − > 1 ❡ V +, V − < 0✱ ❡ ✉♠ ♥ó

✐♥stá✈❡❧ ❡♠ ❘❊ q✉❛♥❞♦ V +V − < 1 ♦✉ V +, V − > 0✳

■ss♦ é ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✭✷✳✽✮✳

✷✻



✷✳✷✳✸ ❉✐♥â♠✐❝❛ ♥❛s r❡❣✐õ❡s ❞❡ ❝♦st✉r❛

◆❛s r❡❣✐õ❡s ❝♦st✉r❛♥t❡s✱ ór❜✐t❛s ❞❡ f+ ❡ f− ✐♥❞✉③ ❛♣❧✐❝❛çõ❡s φ+ ❡ φ− ❞❛ ✈❛r✐❡❞❛❞❡ M

♥❡❧❛ ♠❡s♠❛✱ ❛tr❛✈és ❞❛s ❞♦❜r❛s✳

❖s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ✭ ✷✳✶✵❛ ✮ ❡ ✭ ✷✳✶✵❜ ✮ tr✉♥❝❛❞♦s ♣❛r❛ ♣r✐♠❡✐r❛ ♦r❞❡♠ sã♦ ❢❛❝✐❧♠❡♥t❡

✐♥t❡❣r❛❞♦s ♦❜t❡♥❞♦

φ̃+ : R− × R 7→ R
+ × R =

(

−1 0

−2V + 1

)(

x1

x2

)

+O(||x1, x2||
2), ✭✷✳✶✽✮

❡

φ̃− : R× R
− 7→ R× R

+ =

(

1 −2V−

0 −1

)(

x1

x2

)

+O(||x1, x2||
2). ✭✷✳✶✾✮

❆s ❛♣❧✐❝❛çõ❡s ❝♦♠♣❧❡t❛s φ+ ❡ φ− ✱ ❝✉❥❛s ❡①♣❛♥sõ❡s ❞❡ ❚❛②❧♦r ♣❛r❛ ❛ t❡r❝❡✐r❛ ♦r❞❡♠

é r❡♣♦rt❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❈✱ sã♦ ❡♥tã♦ r❡❝✉♣❡r❛❞❛s ❝♦♠♦ ♣❡rt✉r❜❛çõ❡s ❣❡♥ér✐❝❛s ❞❡ss❡s✱

✐♠♣♦♥❞♦ q✉❡ ❡❧❡s ♣r❡s❡r✈❡♠ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❧✐♥❤❛ ❞♦❜r❛✱ ❡ q✉❡ ❡❧❡s s❡❥❛♠ ✐♥✈♦❧✉çõ❡s✳ ❊ss❛

ú❧t✐♠❛ ❡①✐❣ê♥❝✐❛ s❡❣✉❡✱ ♣❡❧❛ t❡♦r✐❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❛♣❧✐❝❛çõ❡s✱ ❡ ❞♦ ❢❛t♦ ❞❛s ❧✐♥❤❛s

x1 = 0 ❡ x2 = 0 s❡r❡♠ ❞♦❜r❛s ❞❛s ❛♣❧✐❝❛çõ❡s φ+ ❡ φ− ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦ ❬✶✾❪✮✳

P❛r❛ ❡♥t❡♥❞❡r ❛s ❞✐♥â♠✐❝❛s ❞❛s ór❜✐t❛s q✉❡ ❡♥r♦❧❛♠ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❝♦st✉r❛♥❞♦

❛tr❛✈és ❞❡ RC1 ❡ RC2✱ ♣♦❞❡♠♦s ❡st✉❞❛r ❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❞❡ ✉♠❛ r❡❣✐ã♦ ❝♦st✉r❛♥t❡

✭RC1 ♦✉ RC2✮ ♥❡❧❛ ♠❡s♠♦✳ ❊ss❛ ❛♣❧✐❝❛çã♦ é ♦❜t✐❞❛ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ φ+ ❡ φ−✳ ◗✉❛❧q✉❡r

♦r❞❡♠ ♣❛r❛ ❡ss❛ ❝♦♠♣♦s✐çã♦ ✐rá ❞❡s❝r❡✈❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❝❛♠♣♦✳

◆ós ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ φ = φ+ ◦ φ− ✭❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s s❡❣✉❡♠ s❡ ❝♦♥s✐❞❡r✲

❛r♠♦s ❛ ❝♦♠♣♦s✐çã♦ φ− ◦ φ+✮✳

❖ ❞♦♠í♥✐♦ ❞❡ φ é ♦ ❝♦♥❥✉♥t♦ D ⊆ RC1 t❛❧ q✉❡ φ−(D) ⊆ RC2✳ Ór❜✐t❛s ❝♦♠ ❝♦♥❞✐çã♦

✐♥✐❝✐❛❧ ❡♠ D ❝r✉③❛♠ RC2 ❡ r❡t♦r♥❛♠ ♣❛r❛ RC1 ♦✉ RD✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ D ❡♠ RC1

❝♦♥s✐st❡ ❞❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s q✉❡ sã♦ ❛♣❧✐❝❛❞❛s ❡♠ RD ♣♦r φ−✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ D ❡stá

❡♥tr❡ ♦ ❡✐①♦ ♥❡❣❛t✐✈♦ x2 ❡ ❛ ♣ré✲✐♠❛❣❡♠ ❞♦ ❡✐①♦ ♣♦s✐t✐✈♦ x2 ♣❡❧♦ ♠❛♣❛ φ−✳ ❈♦♠♦ φ− é ✉♠❛

✐♥✈♦❧✉çã♦✱ ❛ ♣ré✲✐♠❛❣❡♠ é ✉♠❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r φ− (x1 = 0, x2 > 0)✳

❆ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❛ss✐♠ ♦❜t✐❞❛ é✿

φ :

(

x1

x2

)

7→

(

−1 2V−

−2V + (−1 + 4V +V −)

)(

x1

x2

)

+O(||x1, x2||
2). ✭✷✳✷✵✮

✷✼



❊ss❛ ❛♣❧✐❝❛çã♦ t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ♥❛ ♦r✐❣❡♠✱ ❝♦♠ ❛✉t♦✈❛❧♦r❡s

λ± = (2V +V − − 1)± 2
√

V +V −(V +V − − 1) ✭✷✳✷✶✮

❖s ❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s q✉❛♥❞♦ V +V − > 1 ♦✉ V +V − < 0 ✱ ❡ ❝♦♠♣❧❡①♦s ❝❛s♦ ❝♦♥trár✐♦✳

▼❛✐s ❞♦ q✉❡ ✐ss♦✱ t❡♠♦s q✉❡✿

✶✳ s❡ V +V − > 1 ♦✉ V +V − < 0 ♦ ♣♦♥t♦ ✜①♦ é ❞♦ t✐♣♦ s❡❧❛❀

✷✳ s❡ 0 < V +V − < 1 ♦ ♣♦♥t♦ ✜①♦ é ❞♦ t✐♣♦ ❡❧í♣t✐❝♦✱ s❡♥❞♦ ❞♦ t✐♣♦ ❝❡♥tr♦ ♣❛r❛ ❛ ♣❛rt❡

❧✐♥❡❛r✱ ❝♦♠ ❛✉t♦✈❛❧♦r❡s ❝♦♥❥✉❣❛❞♦s ❝♦♠♣❧❡①♦s s♦❜r❡ ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳

❖s ❛✉t♦✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦

(

2V −

1 + λ±

)

✭✷✳✷✷✮

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❡stá ♣r♦✈❛❞♦ ❡♠ ❬✺❪✿

❚❡♦r❡♠❛ ✷✳✷✳✶✳ P❛r❛ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ✭✷✳✸✮ ♦♥❞❡ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛s f+✱ f− ❡stã♦ ♥❛

❢♦r♠❛ ✭✷✳✶✵✮ t❡♠♦s q✉❡✿

✶✳ ❙❡ V +V − > 1 ❡ V +, V − < 0✱ t♦❞❛ ór❜✐t❛ ❞❡ ✭✷✳✸✮ ❝r✉③❛ ▼ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡

✈❡③❡s✳ ❊①✐st❡ ✉♠ ♣❛r ❞❡ s✉♣❡r❢í❝✐❡s ✐♥✈❛r✐❛♥t❡s q✉❡ s❡ ✐♥t❡r❝❡♣t❛♠ ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

✷✳ ❙❡ V +V − < 1 ♦✉ V + > 0 ♦✉ V − > 0✱ t♦❞❛ ór❜✐t❛ ❞❡ ✭✷✳✸✮ ❝r✉③❛ ▼ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦

❞❡ ✈❡③❡s✳

❯♠❛ ❜✐❢✉r❝❛çã♦ t♦♠❛ ❧✉❣❛r ❡♠ V +V − = 1 ♣❛r❛ V +, V − < 0✳ ❆❧é♠ ❞✐ss♦✱

✶✳ ❙❡ V +V − > 1 ❡ V +, V − < 0✱ ✉♠❛ ❞❛s s✉♣❡r❢í❝✐❡s ✐♥✈❛r✐❛♥t❡s é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❛tr❛✲

t♦r❛✱ ❡ ❡♥❝❡rr❛ ❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡ ❘❊ ❞❡♥tr♦ ❞♦ ❞♦♠í♥♦ ❞❡ r❡♣✉❧sã♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡❀

❛ ♦✉tr❛ s✉♣❡r❢í❝✐❡ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ r❡♣✉❧s♦r❛ ❡ ❡♥❝❡rr❛ ❛ r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡ ❘❊ ❞❡♥tr♦

❞♦ ❞♦♠í♥✐♦ ❞❡ ❛tr❛çã♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

✷✳ ❙❡ V +V − < 1 ♦✉ V + > 0 ♦✉ V − > 0✱ ór❜✐t❛s ❞❡s❧✐③❛♥t❡s sã♦ r❡♣❡❧✐❞❛s ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱

❡

✷✽



✭❛✮ s❡ V + > 0✱ t♦❞❛ ór❜✐t❛ ❝r✉③❛ ▼ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❡③ ❞❡ M− ♣❛r❛ M+✱

✭❜✮ s❡ V − > 0✱ t♦❞❛ ór❜✐t❛ ❝r✉③❛ ▼ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❡③ ❞❡ M+ ♣❛r❛ M−✱ ❡

✭❝✮ s❡ 0 < V +V − < 1 ❡ V +, V − < 0✱ t♦❞❛ ór❜✐t❛ ❝r✉③❛ ▼ ♥♦ ♠í♥✐♠♦ ✉♠❛ ✈❡③ ❛♥t❡s

❞❡ ❡♥tr❛r ♥❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡✳

❯♠❛ ❜✐❢✉r❝❛çã♦ ❞❛ ❞✐♥â♠✐❝❛ ❝♦st✉r❛♥t❡ ♦❝♦rr❡ q✉❛♥❞♦ V +V − = 1 ❡ V +, V − < 0✳ ◆❛

❜✐❢✉r❝❛çã♦✱ ♦ ❏❛❝♦❜✐❛♥♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ♥❛ ♦r✐❣❡♠ é ♥ã♦✲❞✐❛❣♦♥❛❧✐③á✈❡❧✱ ❡ t❡♠ ✷

❛✉t♦✈❛❧♦r❡s ✐❣✉❛✐s ❛ ✶✳ ❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ φ+ ❡ φ− s❡r❡♠ ✐♥✈♦❧✉çõ❡s✱ ✐ss♦ ❝♦rr❡s♣♦♥❞❡

❛ ✉♠❛ ❜✐❢✉r❝❛çã♦ ❞❡❣❡♥❡r❛❞❛ ✶✲✶ ❞♦ ♠❛♣❛✳

Pró①✐♠♦ ❛ ❜✐❢✉r❝❛çã♦✱ ❛ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r r❡❞✉③✐❞❛ ❛ ❢♦r♠❛ ♥♦r♠❛❧

u1 7→

u2 7→

u1 + u2 +O(||u||4)

4pu1 + (1 + 4p)u2 +B11u1u2 +B30u
3
1 +B21u

2
1u2 +B03u

3
2 +O(||u||4)

✭✷✳✷✸✮

❝♦♠

p = V +V − − 1, ✭✷✳✷✹✮

❛tr❛✈és ❞❡ ✉♠❛ sér✐❡ ❞❡ tr♦❝❛s ❞❡ ✈❛r✐á✈❡✐s ❡ ♣❛râ♠❡tr♦s q✉❡ sã♦ r❡♣♦rt❛❞❛s ♥♦ ❛♣ê♥❞✐❝❡ ❉✳

◆❛ ❜✐❢✉r❝❛çã♦ ❡ ♥❛ ♦r✐❣❡♠✱ ♦ ❡✐①♦ u1 ✜❝❛ ❛♦ ❧♦♥❣♦ ❞♦ ✈❡t♦r ❞✐r❡çã♦ (1, 1
V −

)✱ ♦ ❛✉t♦✈❡t♦r

s✐♥❣✉❧❛r ❞♦ ❏❛❝♦❜✐❛♥♦ ❞❡ φ✱ ❡ ❛ ❞✐r❡çã♦ ♣♦s✐t✐✈❛ ❞❡ u1 ❛♣❧✐❝❛ ♣❛r❛ ❞❡♥tr♦ ❞❡ ✭RC2✮✱ ❡♥q✉❛♥t♦

♦ ❡✐①♦ u2 é t❛♥❣❡♥t❡ ❛♦ ❡✐①♦ x1 ♥❛s ❝♦♦r❞❡♥❛❞❛s ♦r✐❣✐♥❛✐s✳

❆ ❢♦r♠❛ ♥♦r♠❛❧ t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ♥❛ ♦r✐❣❡♠ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ p✱ ❡♥q✉❛♥t♦ ♠❛✐s

❞♦✐s ♣♦♥t♦s ✜①♦s ✱ ❧♦❝❛❧✐③❛❞♦s ❡♠

u1 = ±2

√

−p

B30

✱ u2 = 0 ✭✷✳✷✺✮

s✉r❣❡♠ q✉❛♥❞♦ −p

B30
é ♣♦s✐t✐✈♦✳

❆ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ❛✉t♦✈❛❧♦r❡s ✭✷✳✷✶✮ ✐♠♣❧✐❝❛ q✉❡ ♦ ❡✐①♦ u1 ♥❡❣❛t✐✈♦ ✐♥t❡rs❡❝t❛ RC1✱ ❡ ✜❝❛

❞❡♥tr♦ ❞♦ ❞♦♠í♥✐♦ ❞♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré φ✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ ♦ ♣♦♥t♦ ✜①♦ ❡♠ u1 = −2
√

−p

B30

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❝♦st✉r❛♥t❡ ♣ró①✐♠❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

✷✾



❖s ❛✉t♦✈❛❧♦r❡s ❞❡ss❡ ♣♦♥t♦ ✜①♦ sã♦

1− B11

√

−p

B30

±

√

−p

B30

(8B30 +B2
11) +O(p) ✭✷✳✷✻✮

❉❡♣❡♥❞❡♥❞♦ ❞♦s ✈❛❧♦r❡s ❞❡ B11 ❡ B30 t❡♠♦s q✉❡✿

• ✭❝✶✮ ❙❡ B30 > 0✱ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s✱ ✶ ♣♦s✐t✐✈♦ ❡ ✶ ♥❡❣❛t✐✈♦❀

• ✭❝✷✮ ❙❡ B30 < 0✱ ❡ |8B30| < B2
11✱ ❛♠❜♦s ♦s ❛✉t♦✈❛❧♦r❡s sã♦ r❡❛✐s✱ ❡ ❡stã♦ ❞❡♥tr♦ ❞♦

❝ír❝✉❧♦ ✉♥✐tár✐♦ s❡ B11 > 0✱ ♦✉ ❢♦r❛ ❞♦ ❝ír❝✉❧♦✱ ❝❛s♦ ❝♦♥trár✐♦❀

• ✭❝✸✮ ❙❡ B30 < 0 ❡ |8B30| > B2
11✱ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ❝♦♥❥✉❣❛❞♦s ❝♦♠♣❧❡①♦s✱ ❡ ❡stã♦

❞❡♥tr♦ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ s❡ B11 > 0 ❡ ❢♦r❛ ❝❛s♦ ❝♦♥trár✐♦✳

❆s ór❜✐t❛s ❞❛ ❛♣❧✐❝❛çã♦ ✭✷✳✷✸✮ sã♦ ❛♣r♦①✐♠❛❞❛s ♣❛r❛ p = 0✱ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡ ✉♠ ✢✉①♦

t❡♠♣♦✲✉♥✐tár✐♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

v̇1 =

v̇2 =

v1 +O(||v||4)

B11v1v2 +B30v
3
1 + (

B2
11

2
+B21 − 3B30)v

2
1v2 +O(||v||4)

✭✷✳✷✼✮

❝♦♠♦ ❡①♣❧✐❝❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡ ❊✳

❆ss✐♠✱ ♦s ❝❛s♦s ✭❝✶✮✱ ✭❝✷✮✱ ✭❝✸✮ ♦r✐❣✐♥❛ ♦s s❡❣✉✐♥t❡s ❝❡♥ár✐♦s ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❞✐♥â♠✐❝❛

❝♦st✉r❛♥t❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠✿

• ✭❝✶✮ P❛r❛ p > 0 ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠ ♣♦♥t♦ s❡❧❛ ❞♦ ♠❛♣❛ φ✳ P❛r❛ p < 0 ✉♠ ❝✐❝❧♦ s❡❧❛

❡♠❡r❣❡ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✱ ❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠ ❝❡♥tr♦ ❞♦ ♠❛♣❛ φ✳

• ✭❝✷✮P❛r❛ p < 0 ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠ ♣♦♥t♦ ✜①♦ ❞♦ t✐♣♦ ❡❧✐♣t✐❝♦ ❞♦ ♠❛♣❛ φ✳ P❛r❛ p > 0

✉♠ ❝✐❝❧♦ ♥ó ❡♠❡r❣❡ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠❛ s❡❧❛ ❞♦ ♠❛♣❛ φ✳ ❊♠

p = 0 ♦ ♠❛♣❛ ❝♦st✉r❛♥t❡ ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣♦❞❡ ❡①✐❜✐r ✉♠ s❡t♦r ❡❧í♣t✐❝♦ ✭ ✉♠❛ r❡❣✐ã♦

♣❛r❛ ❛ q✉❛❧ t♦❞❛ ór❜✐t❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ t❡♠♣♦ ♣❛ss❛❞♦ ❡ ❢✉t✉r♦✮✳

• ✭❝✸✮ P❛r❛ p < 0 ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠ ❝❡♥tr♦ ❞♦ ♠❛♣❛ φ✳ P❛r❛ p > 0 ✉♠ ❝✐❝❧♦ ❢♦❝♦

s✉r❣❡ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ✉♠❛ s❡❧❛ ❞♦ ♠❛♣❛ φ✳

❖s r❡tr❛t♦s ❞❡ ❢❛s❡ ❞❡ ❝❛❞❛ t✐♣♦ sã♦ ♠♦str❛❞♦s ♥❛ ✜❣✉r❛ ✭✷✳✽✮

✸✵



RD

RE

(s1)

RD

RE

RD

RE

(s2)

RD

RE

RC2

RC1

(c1)

RC2

RC1

RC2

RC1

(c2s)

RC2

RC1

RC2

RC1

(c2u)

RC2

RC1

RC2

RC1

(c3s)

p < 0

RC2

RC1

p > 0

RC2

RC1

(c3u)

p < 0

RC2

RC1

p > 0

❋✐❣✉r❛ ✷✳✽✿ ❖ ❝❛tá❧♦❣♦ ❝♦♠♣❧❡t♦ ❞❛ ❞✐♥â♠✐❝❛ ❧♦❝❛❧ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ q✉❛♥❞♦

p = V +V − − 1 ≈ 0✱ é ♦❜t✐❞❛ ❝♦♠♣♦♥❞♦ ✉♠ ❞♦s ♣♦ssí✈❡✐s r❡tr❛t♦s ❞❡ ❢❛s❡ ❞❡s❧✐③❛♥t❡ ✭s✶✮✱

✭s✷✮ ❝♦♠ ✉♠ ❞♦s r❡tr❛t♦s ❞❡ ❢❛s❡ ❝♦st✉r❛♥t❡ ✭❝✶✮✱✭c2s,u✮ ♦✉ ✭c3s,u✮✳

✸✶



✷✳✷✳✹ ❉✐♥â♠✐❝❛ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛

❯♠❛ ✈❡③ q✉❡ ❛s ❞✐♥â♠✐❝❛s ❞❛s r❡❣✐õ❡s ❞❡ ❞❡s❧✐③❡✱ ❞❡ ❡s❝❛♣❡ ❡ ❞❡ ❝♦st✉r❛ ❢♦r❛♠ ❡st✉❞❛❞❛s✱

❡❧❛s ♣♦❞❡♠ s❡r ✏❝♦❧❛❞❛s✑ ♣❛r❛ ♦❜t❡r ♦ r❡tr❛t♦ ❣❧♦❜❛❧ ❞❡ ór❜✐t❛s s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❆ ❞✐♥â♠✐❝❛ ❡♠ RD ❢♦✐ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝r✐t❛ ♥❛ s❡çã♦ ❬✷✳✷✳✷❪ ❡ ♣♦❞❡ s❡r s♦♠❡♥t❡ ❞❡ ✷

t✐♣♦s✱ ✭s✶✮ ❡ ✭s✷✮ ♥❛ ✜❣✉r❛ ✭✷✳✽✮✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐♥❛❧ ❞♦ ♣❛râ♠❡tr♦ a2 ❡♠ ✭✷✳✶✻✮✳

❆ ❞✐♥â♠✐❝❛ ❡♠ RC1 ❡ RC2 ❢♦r❛♠ ❞❡r✐✈❛❞❛s ❞✐r❡t❛♠❡♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ ✭✷✳✷✸✮✳ ❆ tr♦❝❛ ❞❡

✈❛r✐á✈❡✐s q✉❡ ❞á ❧✉❣❛r ❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❣❡♥ér✐❝♦ ✭✷✳✷✵✮ ♥❛ ❢♦r♠❛ ✭✷✳✷✸✮ ❣❛r❛♥t❡ q✉❡✱

♣❛r❛ p s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ ✵✱ ♦ ❡✐①♦ ♣♦s✐t✐✈♦ u1 ♣❡r♠❛♥❡❝❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡♥tr♦ ❞♦

❞♦♠í♥✐♦ D ❞♦ ♠❛♣❛ φ✳ ❆ss✐♠✱ ❛ ♦r✐❣❡♠ ❡ ❛ s♦❧✉çã♦ ♥❡❣❛t✐✈❛ ❞❡ ✭✷✳✷✺✮ sã♦ ♣♦♥t♦s ✜①♦s ❞♦

♠❛♣❛ ❞❡ P♦✐♥❝❛ré✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡♠ t❡r♠♦s ❞❛s ❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛ ✭✷✳✶✮✱ ❛ ♦r✐❣❡♠ é ✉♠

♣♦♥t♦ ❧✐♠✐t❡ ✭t❡♠♣♦ ♣❛ss❛❞♦ ♦✉ ❢✉t✉r♦✮ ❞❛s ór❜✐t❛s ❝♦st✉r❛♥t❡s✱ ❡♥q✉❛♥t♦ ❛ s♦❧✉çã♦ ✭✷✳✷✺✮

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝✐❝❧♦ ❝♦st✉r❛♥t❡ ❝✉❥♦ t✐♣♦ ✭❢♦❝♦✴♥ó✴s❡❧❛✱ ❡stá✈❡❧✴✐♥stá✈❡❧✮ ❞❡♣❡♥❞❡✱ ❝♦♠♦

♥ós ✈✐♠♦s ♥❛ s❡çã♦ ❬✷✳✷✳✸❪✱ ❞♦s ❝♦❡✜❝✐❡♥t❡s B30 ❡ B11 ❞❛ ❢♦r♠❛ ♥♦r♠❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s

❡s❜♦ç❛r ❛s ór❜✐t❛s ❝♦st✉r❛♥t❡s ❞♦ s✐st❡♠❛ ✭✷✳✶✮✱ ♦✉ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s✉❛s ✐♥t❡rs❡çõ❡s ❝♦♠

❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ❝♦♠♦ ♦s ❝❛s♦s ✭❝✶✮✲✭❝✸✮ ♥❛ ✜❣✉r❛ ✭✷✳✽✮✳ ❖s r❡tr❛t♦s ❞❡ ❢❛s❡

❞❡s❝r✐t♦s sã♦ ♦❜t✐❞♦s t♦♠❛♥❞♦ ❛s ❞✐♥â♠✐❝❛s ❞♦ ♠❛♣❛ ✭✷✳✷✸✮✱ r❡str✐t❛s ❛ CR1✱ ❡ r❡✢❡t✐❞❛ ♥❛

❧✐♥❤❛ x1 = x2✳ ◆♦s ❝❛s♦s ✭❝✷✮ ❡ ✭❝✸✮ ♦ ♠❛♣❛ ❝♦♥té♠ ✉♠ ♥ó ♦✉ ❢♦❝♦✱ q✉❡ ♣♦❞❡ s❡r ❡stá✈❡❧

✭✭❝✷s✮ ❡ ✭❝✸s✮✮ ♦✉ ✐♥stá✈❡❧ ✭✭❝✷✉✮ ❡ ✭❝✸✉✮✮✳

❆ ❞✐♥â♠✐❝❛ ❝♦♠♣❧❡t❛ ❡♠ t♦r♥♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ é ♦❜t✐❞❛ ❡♥tã♦✱ ✏❝♦❧❛♥❞♦✑ ✉♠ ❞♦s

r❡tr❛t♦s ✭s✶✮✱ ✭s✷✮ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡✱ ❝♦♠ ✉♠ ❞♦s r❡tr❛t♦s ✭❝✶✮✲✭❝✸✮ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛

❝♦st✉r❛♥t❡✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ✉♠ t♦t❛❧ ❞❡ ✶✵ r❡tr❛t♦s ❞❡ ❢❛s❡ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱

✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦ ❛ ✜❣✉r❛✭✷✳✾✮✮✳ ❖❜s❡r✈❛♠♦s q✉❡ ♥ã♦ ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛ ❝♦♥❞✐çõ❡s q✉❡

♣r♦✐❜❛♠ ❛❧❣✉♠❛ ❞❛s ✶✵ ❝♦♠❜✐♥❛çõ❡s ❞❡ss❡s r❡tr❛t♦s✳ ❉❡ ❢❛t♦✱ ❡♠ ❬✶❪ ❢♦✐ ❡①✐❜✐❞♦ ❡①❡♠♣❧♦s

❞❡ ❝❛❞❛ ✉♠ ❞♦s ✶✵ ♣♦ssí✈❡✐s r❡tr❛t♦s ❞❡ ❢❛s❡✳ ◆❛ s❡çã♦ ✭✷✳✻✮✱ ❛♣r❡s❡♥t❛♠♦s ❡ss❡s ❡①❡♠♣❧♦s✳

❈❛r❛❝t❡ríst✐❝❛s q✉❛❧✐t❛t✐✈❛s ✐♥t❡r❡ss❛♥t❡s ❞❛s ❞✐♥â♠✐❝❛s ♣♦❞❡♠ s❡r ❞✐r❡t❛♠❡♥t❡ ❞❡❞✉③✐❞❛s

❞❛ ❋✐❣✉r❛ ✭✷✳✽✮✳

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ p < 0✱ ❛ ❞✐♥â♠✐❝❛ ♥♦s s❡t♦r❡s ❝♦st✉r❛♥t❡s ♣ró①✐♠♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡

é s✐♠✐❧❛r ❡♠ ❝❛❞❛ ❝❛s♦ ✭❝✶✮✲✭❝✸✮✳ ❆q✉✐✱ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦st✉r❛s ❧❡✈❛♠ ór❜✐t❛s ❞❡ ❘❊

♣❛r❛ ❘❉✳ ❯♠❛ ✈❡③ q✉❡ ❡❧❛s ❝❤❡❣❛♠ ❡♠ ❘❉✱ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡♠ ✭s✶✮✲✭s✷✮ ❡♥tr❛♠ ❡♠

✸✷



❝❡♥❛✳ ◆❡ss❡ ❝❛s♦✱ t♦❞❛s ❛s ór❜✐t❛s ❞❡s❡♥✈♦❧✈❡♠✲s❡ ❛❢❛st❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❝♦♥✈❡r❣✐♥❞♦

❡♠ ❞✐r❡çã♦ ❞❡ ✉♠ ♣s❡✉❞♦✲♥ó ❡♠ ✭s✶✮✱ ♦✉ ❞❡✐①❛♥❞♦ ❛ ✈✐③✐♥❤❛♥ç❛ ❧♦❝❛❧ ❡♠ ✭s✷✮✳

P❛r❛ p > 0 ❡♥tr❡t❛♥t♦✱ ✭❝✶✮ é ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ✭❝✷✮ ❡ ✭❝✸✮✳ ❊♠ ✭❝✶✮✱ ór❜✐t❛s

❝♦st✉r❛♥t❡s ❞❡✐①❛♠ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥♦ ♣❛ss❛❞♦ ♦✉ ♥♦ ❢✉t✉r♦✱ ❡ ♣♦rt❛♥t♦ ♥ã♦

❡①✐st❡♠ ❧♦❝❛❧♠❡♥t❡ ór❜✐t❛s ❝♦st✉r❛♥t❡s q✉❡ ♣❛ss❛♠ ❞❡ ❘❊ ♣❛r❛ ❘❉✳ ❊♠ ✭❝✷✮ ❡ ✭❝✸✮✱ s❡♠♣r❡

❡①✐st❡♠ ór❜✐t❛s ❝♦st✉r❛♥t❡s q✉❡ ♣♦❞❡♠ ❧♦❝❛❧♠❡♥t❡ ♣❛ss❛r ❞❡ ❘❊ ♣❛r❛ ❘❉✳ ❖ ♠❛♣❛ ❝♦st✉r❛♥t❡

❝♦♥té♠ ✉♠ ♣♦♥t♦ ✜①♦ ❞♦ t✐♣♦ ♥ó ♦✉ ❢♦❝♦✳ ❙❡ ♦ ♣♦♥t♦ ✜①♦ é ❡stá✈❡❧ ✭✭❝✷s✮ ♦✉ ✭❝✸s✮✮✱ ❡♥tã♦

t♦❞❛s ❛s ór❜✐t❛s ❝♦st✉r❛♥t❡s q✉❡ s✉r❣❡♠ ❞❡ ❘❊ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡

❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦ ♣♦♥t♦ ✜①♦✳ ❙❡ ♦ ♣♦♥t♦ ✜①♦ é ✐♥stá✈❡❧ ✭✭❝✷✉✮ ♦✉ ✭❝✸✉✮✮✱ ❡♥tã♦ t♦❞❛s ❛s

ór❜✐t❛s ❝♦st✉r❛♥t❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛s ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✐rã♦ ❛❧❝❛♥ç❛r ❘❉ ❡♠ t❡♠♣♦

✜♥✐t♦✳

RD
RE

RC2

RC1

✭❛✮ p < 0

RDRE

RC2

RC1

✭❜✮ p > 0

❋✐❣✉r❛ ✷✳✾✿ ❈♦♠♣♦s✐çã♦ ❞♦ r❡tr❛t♦ ❞❡s❧✐③❛♥t❡ ✭s✶✮ ❡ ♦ r❡tr❛t♦ ❝♦st✉r❛♥t❡ ✭❝✸✉✮ ❞❛ ✜❣✉r❛✭✷✳✽✮✳

✭❛✮ P❛r❛ p < 0 t♦❞❛s ❛s ór❜✐t❛s ❛❧❝❛♥ç❛♠ ❛ r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡✱ ❡ ✉♠❛ ór❜✐t❛ ❝♦st✉r❛♥t❡ é

♠♦str❛❞❛✳ ✭❜✮ P❛r❛ p > 0 ❡ss❡ s✐st❡♠❛ t❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣ró①✐♠♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱

❣❡r❛❞♦ ♣❡❧❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ ❞❛ r❡❣✐ã♦ ❤❛❝❤✉r❛❞❛ ❞❡ ❘❊✳ ❖ ❝✐❝❧♦ ❧✐♠✐t❡ é ♠♦str❛❞♦ ❡♠

✈❡r♠❡❧❤♦✳

✷✳✷✳✺ ❈❛♦s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝♦

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡ é r❡✈❡❧❛❞♦ s❡ ♥ós t♦♠❛r♠♦s ♦s r❡tr❛t♦s ❝♦st✉r❛♥t❡s

✭c2u✮ ♦✉ ✭c3u✮ ❡ ❝♦♠❜✐♥❛✲❧♦ ❝♦♠ ♦ r❡tr❛t♦ ✭s✶✮✱ ❝♦♠♦ ❡①❡♠♣❧✐✜❝❛❞♦ ♥❛ ✜❣✉r❛ ✭✷✳✾✮✳ ❙❡❣✉❡ ♦

r❡s✉❧t❛❞♦✳

✸✸



Pr♦♣♦s✐çã♦ ✷✳✷✳✶✳ ❙❡ ✉♠ s✐st❡♠❛ ❡①✐❜❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ ❝♦♠ r❡tr❛t♦s ❝♦st✉r❛♥t❡s

✭c2u✮ ♦✉ ✭c3u✮ ❝♦♠ p > 0✱ ❡ ♦ r❡tr❛t♦ ❞❡s❧✐③❛♥t❡ ✭s✶✮✱ ❡♥tã♦ ❧♦❝❛❧♠❡♥t❡✿

• t♦❞❛s ❛s ór❜✐t❛s ❝♦st✉r❛♥t❡s ❛❧❝❛♥ç❛♠ ❘❉✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ ❝✐❝❧♦ ❧✐♠✐t❡ ✐♥stá✈❡❧✱

• t♦❞❛s ❛s ór❜✐t❛s ❞❡s❧✐③❛♥t❡s ❛❧❝❛♥ç❛♠ ❘❊ ✈✐❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡ ❛❧é♠ ❞✐ss♦

• t♦❞❛s ❛s ór❜✐t❛s ✈✐s✐t❛♠ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ r❡❝♦rr❡♥t❡♠❡♥t❡✳

❆ ❡✈♦❧✉çã♦ ♥♦ ❢✉t✉r♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥ã♦ é ú♥✐❝❛✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ ❞❡t❡r♠✐♥íst✐❝❛✳ ◆ós

♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r ❡ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐③❡♥❞♦ q✉❡ ♦ s✐st❡♠❛ ❡①✐❜❡ ✉♠❛ ❢♦r♠❛ ♥ã♦ ❞❡✲

t❡r♠✐♥íst✐❝❛ ❞♦ ❝❛♦s✳

❖ t❡r♠♦ ✏❝❛♦s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝♦✑ ❛♣❛r❡❝❡✉ ❛♥t❡r✐♦r♠❡♥t❡ ❡♠ ❬✷✵❪ ❡♠ ✉♠❛ ❝♦❧♦❝❛çã♦

✉♠ ♣♦✉❝♦ ❞✐❢❡r❡♥t❡✱ ❡♠❜♦r❛ q✉❡ r❡❢❡r✐♥❞♦ ❛ ✉♠❛ s✐♠✐❧❛r ♣❡r❞❛ ❞❡ ✉♥✐❝✐❞❛❞❡ ♥❛ q✉❛❧ ✉♠❛

✐♥✜♥✐❞❛❞❡ ❞❡ ór❜✐t❛s r❡❝♦rr❡♥t❡♠❡♥t❡ ♣❛ss❛♠ ❛tr❛✈és ❞❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦✳

P❛r❛ ❞❡✜♥✐r ❡ss❛ ♥♦çã♦ ♥ã♦ ❢❛♠✐❧✐❛r✱ ❝♦♠❡ç❡♠♦s ❞❡✜♥✐♥❞♦ ❝❛♦s ❞❡t❡r♠✐♥íst✐❝♦ ❞✐s♣♦♥í✈❡❧

❡♠ ♠✉✐t♦s t❡①t♦s ✉s✉❛✐s✳ ❆ ❞❡✜♥✐çã♦ q✉❡ ❞❛r❡♠♦s ❛ s❡❣✉✐r ❢♦✐ ❞❛❞❛ ❡♠ ❬✷✶❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❯♠ ✢✉①♦ ψ é ❝❛ót✐❝♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ ❆ s❡ ψ é

tr❛♥s✐t✐✈❛ ❡ ❡①✐❜❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❡♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡♠ ❆✳

❉❡ ❢❛t♦✱ ♦ s✐st❡♠❛ ❞❡s❝r✐t♦ ♥❛ ♣r♦♣♦s✐çã♦ ✭✷✳✷✳✶✮ t❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❆✱ ♣ró①✐♠♦

❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❣❡r❛❞♦ ♣❡❧❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ ❞❛ r❡❣✐ã♦ ❡♠ ❘❊ ❧✐♠✐t❛❞❛ ♣❡❧❛s ❞♦❜r❛s ❡

♣❡❧❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❛ ♣s❡✉❞♦s❡❧❛ ✭✐♥❝❧✉✐♥❞♦ ❛ ♣s❡✉❞♦s❡❧❛❀ ✈❡❥❛ r❡❣✐ã♦ ❤❛❝❤✉r❛❞❛ ♥❛

✜❣✉r❛✭✷✳✾❜✮✮✳

❆ s❡❣✉✐r ❞❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ❡ s❡♥s✐❜✐❧✐❞❛❞❡ à ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛

✢✉①♦s ❞❡ s✐st❡♠❛s ♥ã♦ ❞❡t❡r♠✐♥íst✐❝♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♠♦ ❡♠ ❬✷✶❪✱ ❞✐③❡♠♦s q✉❡✿

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❯♠ ✢✉①♦ ψ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡

❆ s❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s ♥ã♦✲✈❛③✐♦s✱ ❛❜❡rt♦s✱ ❯ ❡ ❱ ❡♠ ❆✱ ❡①✐st❡ ✉♠ t > 0 t❛❧q✉❡

ψt(U) ∩ V 6= ∅✳

✸✹



■ss♦ é s❛t✐s❢❡✐t♦ ♣❡❧♦ s✐st❡♠❛ ❞❡s❝r✐t♦ ♥❛ ♣r♦♣♦s✐çã♦ ✭✷✳✷✳✶✮✱ ♣♦✐s t♦❞♦ ♣♦♥t♦ x ∈ U ❛❧❝❛♥ç❛

❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ t❡♠♣♦ ✜♥✐t♦ q✉❛♥❞♦ s✉❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ ❣❡r❛ ♦ ❝♦♥❥✉♥t♦ ❆✳

❊✱ ✜♥❛❧♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❞❡ s❡♥s✐❜✐❧✐❞❛❞❡ ❡♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡♠ ❬✷✶❪ ❢♦✐

❛❞❛♣t❛❞❛ ♣❛r❛ s❡r ❛♣❧✐❝❛❞❛ ♥♦ ♥♦ss♦ ❝❛s♦ ❝♦♠♦ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✷✳✷✳✹✳ ❙❡❥❛ Bǫ(x) ✉♠❛ ❜♦❧❛ ❞❡ r❛✐♦ ǫ ❝❡♥tr❛❞♦ ❡♠ ①✳ ❯♠ ✢✉①♦ ♠✉❧t✐✈❛❧✉❛❞♦ ψ

❡①✐❜❡ s❡♥s✐❜✐❧✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❆ s❡ ❡①✐st❡ ✉♠ r ✜①❛❞♦ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛

x ∈ A ❡ t♦❞♦ ǫ > 0 ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ y ∈ Bǫ(x)∩A t❛❧ q✉❡ ♦ ❞✐â♠❡tr♦ ❞❡ ψt(x)∪ ψt(y)

é ♠❛✐♦r ❞♦ q✉❡ r ♣❛r❛ ❛❧❣✉♠ t ≥ 0✳

❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡ss❛ ❞❡✜♥✐çã♦ ❡ ❛ ❡♠ ❬✷✶❪ é q✉❡ ❡ss❛ ✉s❛ ♦ ❞✐â♠❡tr♦ ❞❡ ψt(x)∪ψt(y)

♥♦ ❧✉❣❛r ❞❛ ❞✐stâ♥❝✐❛ ||ψt(x)− ψt(y)||✳ ❆s ❞✉❛s ❞❡✜♥✐çõ❡s ❝♦✐♥❝✐❞❡♠ ♣❛r❛ ✢✉①♦s ♥♦ s❡♥t✐❞♦

✉s✉❛❧✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡ss❛ s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ♥❛t✉r❛❧✳

P❛r❛ ♥♦ss♦ ✢✉①♦✱ ❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ ❞❡ ❛❧❣✉♠ ♣♦♥t♦ ❡♠ ❆ ❣❡r❛ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡✱

❞❡♣♦✐s ❝♦st✉r❛♥❞♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❛ss✐♠ ♦ ✢✉①♦ ♥❛ ♣r♦♣♦s✐çã♦ ✭✷✳✷✳✶✮ ❡①✐❜❡ ❞❡♣❡♥❞ê♥❝✐❛

s❡♥sí✈❡❧ ❡♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✱ ❡ ❆ é ✉♠ ❝♦♥❥✉♥t♦ ❝❛ót✐❝♦ ♥ã♦✲❞❡t❡r♠✐♥íst✐❝♦✳

❆ s❡❣✉✐r✱ ♥❛s ❞✉❛s ♣ró①✐♠❛s s❡çõ❡s ❞❡s❝r❡✈❡r❡♠♦s ❜r❡✈❡♠❡♥t❡ ♦s ♦✉tr♦s ♣♦ssí✈❡✐s t✐♣♦s

❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✳

✷✳✸ ❆ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧

❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ✐♥t❡rs❡❝t❛♥❞♦ tr❛♥s✈❡rs❛❧♠❡♥t❡ ❞♦❜r❛s ✈✐sí✈❡✐s ❣❡♥❡r✐❝❛♠❡♥t❡ s❛t✐s❢❛③

✭✷✳✻✮✲✭✷✳✽✮✱ ❝♦♠ L2
f−h < 0 < L2

f+h ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡✳ ■ss♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✭✷✳✶✵✮ ❡ t❡♠

❢♦r♠❛ ♥♦r♠❛❧

f+ =









−x1 +O(x0, ||x1, x2||
2)

−1 +O(||x||)

−V + +O(||x||)









, ✭✷✳✷✽❛✮

f− =









x2 +O(x0, ||x1, x2||
2)

−V − +O(||x||)

−1 +O(||x||)









. ✭✷✳✷✽❜✮

✸✺



RC2

RC1

RE

RD

f−

f+

x0
x2

x1

RC1

❋✐❣✉r❛ ✷✳✶✵✿ ❉✐♥â♠✐❝❛ ♣ró①✐♠♦ ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧

❆ss✐♠ ❝♦♠♦ ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ❣❡♦♠❡tr✐❝❛♠❡♥t❡✱ ♦s ♣❛râ♠❡tr♦s V ±✱ ♠❡❞❡

❛ ❝♦t❛♥❣❡♥t❡ ❞♦ â♥❣✉❧♦ θ± ❡♥tr❡ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ f± ❡ s✉❛ ❧✐♥❤❛ ❞♦❜r❛✳ ❊❧❡s ♣♦❞❡♠ s❡r

r❡❝✉♣❡r❛❞♦s ♣❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❣❡r❛❧ ❝♦♠ ✉♠❛ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧ ♣♦r

V + =
−Lf+Lf−h

√

−(L2
f+h)(L2

f−h)
, ✭✷✳✷✾❛✮

V − =
Lf−Lf+h

√

−(L2
f+h)(L2

f−h)
. ✭✷✳✷✾❜✮

❉✐♥â♠✐❝❛s ❝♦st✉r❛♥t❡s ♥❡ss❡ ❝❛s♦ sã♦ tr✐✈✐❛✐s✱ ♣♦✐s ❡♠ ❞♦❜r❛s ✈✐sí✈❡✐s✱ ór❜✐t❛s ❝♦st✉r❛♥t❡s

s❡ ❛❢❛st❛♠ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✭✈❡❥❛ ✜❣✉r❛ ✭✷✳✶✵✮✮✳

❉✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❞❛ s❡çã♦ ❬✷✳✷✳✷❪✳ ❆ ❡①♣r❡ssã♦

❡①♣❧í❝✐t❛ ♣❛r❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ é✿

f s =











0
−V −x1−x2+O(||x1,x2||2)

d(x)

−x1−V +x2+O(||x1,x2||2)
d(x)











✭✷✳✸✵✮

♦♥❞❡ d(x) = x1 + x2 +O(||x1, x2||
2)✳

❈♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ s❡çã♦ ❬✷✳✷✳✷❪✱ t♦♠❡♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣❧❛♥❛r r❡❣✉❧❛r✐③❛❞♦✱ f̃ s✱

♠✉❧t✐♣❧✐❝❛♥❞♦ f s♣♦r d(x) ❡ ♦♠✐t✐♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ tr✐✈✐❛❧ x0✱

f̃ s =

(

−V − −1

−1 −V +

)(

x1

x2

)

+O(||x1, x2||
2 ✭✷✳✸✶✮
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❖ ❡q✉✐❧í❜r✐♦ ♥❛ ♦r✐❣❡♠ ❞❡ f̃ s t❡♠ ❛✉t♦✈❛❧♦r❡s

µ± = −
1

2
(V + + V − ±

√

(V + − V −)2 + 4) ✭✷✳✸✷✮

✭♦ ♥❡❣❛t✐✈♦ ❞❡ ✷✳✶✹✮ ❡♥q✉❛♥t♦ ♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s sã♦✿

(

µ± + V +

−1

)

✭✷✳✸✸✮

✭♦ ♠❡s♠♦ ❝♦♠♦ ✭✷✳✶✺✮✮✳

❆ss✐♠✱ ❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡ é ❛ ♠❡s♠❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ♠❛s ❝♦♠ t❡♠♣♦

✐♥✈❡rt✐❞♦ ✭✈❡❥❛ ✜❣✉r❛ ✷✳✶✶✮✳

❊ss❡ t❡♠♣♦ ✐♥✈❡rt✐❞♦ t❡♠ ✉♠❛ ✐♠♣♦rt❛♥t❡ ✐♠♣❧✐❝❛çã♦ ♣❛r❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❛ ❞✐♥â♠✐❝❛

❧♦❝❛❧✳ ❙✐♠✐❧❛r♠❡♥t❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ✉♠ ♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ❝r✉③❛ ❡♥tr❡ ❘❉ ❡ ❘❊

q✉❛♥❞♦ V +V − = 1✱ ❝♦♠ V +, V − < 0✳ ❊♥tr❡t❛♥t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡

❚❡✐①❡✐r❛ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠❛ ♣❛râ♠❡tr♦ ❞❡ ór❜✐t❛s ❡♠ ❘❉ ♣♦❞❡♠ ✐♥t❡rs❡❝t❛r ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱

❡♠ ✉♠❛ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧ s♦♠❡♥t❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ❡♠ ❘❉ ♣♦❞❡ ✐♥t❡rs❡❝t❛r ❛ s✐♥❣✉❧❛r✐✲

❞❛❞❡✳ ❊♠ t♦❞♦s ♦s ❝❛s♦s✱ t♦❞❛s ❛s tr❛❥❡tór✐❛s ❞❡s❡♥✈♦❧✈❡♠ ❛❢❛st❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛

♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s✉♣❡r✐♦r ♦✉ ✐♥❢❡r✐♦r✱ ♣❛rt✐♥❞♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♦✉ ❞❡

✉♠❛ ❞♦❜r❛ ✈✐sí✈❡❧ ♦✉ ❞❡ ❘❊✳

❉❡ss❛ ❢♦r♠❛✱ ❡①✐st❡♠ s♦♠❡♥t❡ ❞✉❛s ❝❧❛ss❡s t♦♣♦❧ó❣✐❝❛s ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡✐s ♥❛ ♦r✐❣❡♠

♣❛r❛ ♦ s✐st❡♠❛ ✭✷✳✷✽❛✮✲✭✷✳✷✽❜✮✱ ❡s♣❡❝✐✜❝❛❞♦ ♣❡❧❛s ✐♥❡q✉❛çõ❡s✿

✶✳ V +V − > 1✱ V +, V − < 0

✷✳ V +V − < 1 ♦✉ V − ≥ 0

❆ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❢♦✐ ♣r♦✈❛❞❛ ❡♠ ❬✷❪✳ P❛r❛ s✐st❡♠❛s ❝♦♠ V +V − = 1✱ V − < 0✱

❡①✐st❡ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣ró①✐♠♦✱ s✐st❡♠❛s q✉❡ ♣❡rt❡♥❝❡♠ ❛ q✉❛❧q✉❡r ✉♠❛ ❞❡ss❛s ❞✉❛s ❝❧❛ss❡s✳

✷✳✹ ❆ ❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧

❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ✐♥t❡rs❡❝t❛♥❞♦ tr❛♥s✈❡rs❛❧♠❡♥t❡ ❞♦❜r❛s ✈✐sí✈❡❧ ❡ ✐♥✈✐sí✈❡❧ ❣❡♥❡r✐❝❛✲

♠❡♥t❡ s❛t✐s❢❛③ ✭✷✳✻✮✲✭✷✳✽✮✱ ❝♦♠ (L2
f−h)(L2

f+h) > 0 ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ s❡♥❞♦ ❞❡♥♦♠✐♥❛❞❛ ✉♠❛

✸✼



RD

RE

(1) (2)

RD

RE

RD

RE

(3)

❋✐❣✉r❛ ✷✳✶✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❡ r❡tr❛t♦s ❞❡ ❢❛s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡ ❞❡ ✉♠❛

s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧✳

❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧✲✐♥✈✐sí✈❡❧ ✭s❡ L2
f+h > 0 ❡ L2

f+h > 0✮ ♦✉ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧ ✭s❡ L2
f+h < 0 ❡

L2
f−h < 0✮✳ ■ss♦ é ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✭✷✳✶✷✮✳

❈♦♥s✐❞❡r❛r❡♠♦s ♦ ❝❛s♦ q✉❛♥❞♦ L2
f+h < 0 ❡ L2

f−h < 0✳ ✭❖ ❝❛s♦ L2
f+h > 0✱ L2

f−h > 0✱ é

r❡❞✉③✐❞♦ ❛ ❡ss❡ tr♦❝❛♥❞♦ x0, x2, x1 ♣♦r −x0, x1, x2✮✳

RC2

RC1

RE

RD

f−

f+

x0
x2

x1

RC1

❋✐❣✉r❛ ✷✳✶✷✿ ❉✐♥â♠✐❝❛ ♣ró①✐♠♦ ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧

❊ss❡ ❝❛s♦ t❡♠ ❢♦r♠❛ ❧♦❝❛❧✿

✸✽



f+ =









−x1 +O(x0, ||x1, x2||
2)

1 +O(||x||)

V + +O(||x||)









, ✭✷✳✸✹❛✮

f− =









x2 +O(x0, ||x1, x2||
2)

−V − +O(||x||)

−1 +O(||x||)









, ✭✷✳✸✹❜✮

❖s ♣❛râ♠❡tr♦s V ± ♣♦❞❡♠ s❡r r❡❝✉♣❡r❛❞♦s ♣❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❣❡r❛❧ ❝♦♠ ✉♠❛ ❞♦❜r❛✲

❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧ ❞❡

V + =
Lf+Lf−h

√

(L2
f+h)(L2

f−h)
, ✭✷✳✸✺❛✮

V − =
Lf−Lf+h

√

(L2
f+h)(L2

f−h)
. ✭✷✳✸✺❜✮

❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ r❡❣✉❧❛r✐③❛❞♦ f̃ s ♥❡ss❡ ❝❛s♦ é✿

f̃ s =

(

−V − 1

−1 V +

)(

x1

x2

)

+O(||x1, x2||
2 ✭✷✳✸✻✮

❖ ❡q✉✐❧í❜r✐♦ ❞❡ f̃ s ♥❛ ♦r✐❣❡♠ t❡♠ ❛✉t♦✈❛❧♦r❡s

µ± =
1

2
(V + − V − ±

√

(V + + V −)2 − 4) ✭✷✳✸✼✮

❡♥q✉❛♥t♦ ♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s sã♦✿

(

1

µ± + V −

)

✭✷✳✸✽✮

❙❡❥❛ k± = µ± + V − ❡ ♦❜s❡r✈❡ q✉❡ k+k− = 1✳

❖s ❛✉t♦✈❛❧♦r❡s sã♦ ✐♠❛❣✐♥ár✐♦s q✉❛♥❞♦ |V ++V −| < 2 ❡ r❡❛✐s ❝❛s♦ ❝♦♥trár✐♦✳ ❆❧é♠ ❞✐ss♦✿

✸✾



✶✳ ❙❡ |V + + V −| < 2 ❡♥tã♦ ♥ã♦ ❡①✐st❡♠ ❞✐r❡çõ❡s ♥❛s q✉❛✐s tr❛❥❡tór✐❛s ♣♦❞❡♠ ❝❤❡❣❛r ♥❛

s✐♥❣✉❧❛r✐❞❛❞❡✳

✷✳ ❙❡ |V + + V −| ≥ 2✱ V +V − < 1 ❡ V + − V − > 0✱ ❡♥tã♦ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ♣♦s✐t✐✈♦s ❡ ♦s

❞♦✐s ❛✉t♦✈❡t♦r❡s ❡stã♦ ❡♠ ❘❉✴❘❊ ✭µ+ > µ− > 0 ❡ 0 < k− < 1 < k+✮✳ ❉❡ss❛ ❢♦r♠❛✱ ❛

♦r✐❣❡♠ é ✉♠ ♥ó ✐♥stá✈❡❧✳

✸✳ ❙❡ |V + + V −| ≥ 2✱ V +V − < 1 ❡ V + − V − < 0✱ ❡♥tã♦ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ♥❡❣❛t✐✈♦s ❡ ♦s

❞♦✐s ❛✉t♦✈❡t♦r❡s ❡stã♦ ❡♠ ❘❉✴❘❊ ✭µ− < µ+ < 0 ❡ 0 < k− < 1 < k+✮✳ ❉❡ss❛ ❢♦r♠❛✱ ❛

♦r✐❣❡♠ é ✉♠ ♥ó ❡stá✈❡❧✳

✹✳ ❙❡ |V + + V −| > 2 ❡ V +V − > 1✱ ❡♥tã♦ ✉♠ ❛✉t♦✈❛❧♦r é ♥❡❣❛t✐✈♦ ❡ ♦ ♦✉tr♦ é ♣♦s✐t✐✈♦

❡ ❛♠❜♦s ♦s ❛✉t♦✈❡t♦r❡s ❡stã♦ ❡♠ ❘❉✴❘❊ ✭µ− < 0 < µ+ ❡ 0 < k− < 1 < k+✮✳ ❉❡ss❛

❢♦r♠❛✱ ❛ ♦r✐❣❡♠ é ✉♠ s❡❧❛✳

❋✐❣✉r❛ ✷✳✶✸✿ ❉✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡ ❞❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲

❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧✳

RD

RE

(1)

RD

RE

(2)

RD

RE

(3)

RD

RE

(4)

❋✐❣✉r❛ ✷✳✶✹✿ ❘❡tr❛t♦s ❞❡ ❢❛s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡✳
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◗✉❛♥❞♦ V +V − = 1✱ ✉♠ ❛✉t♦✈❛❧♦r ✈❛✐ ❛ ✵✳ ◆❡ss❡ ❝❛s♦✱ f̃ s t❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝❡♥tr❛❧

✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❋✮ ❝♦♠ ❞✐♥â♠✐❝❛

u̇ = (V +V − − 1)u+ a2u
2 +O(u3) ✭✷✳✸✾✮

❈♦♠ V +V − ♣❛ss❛♥❞♦ ❛tr❛✈és ❞❛ ✉♥✐❞❛❞❡ ❝♦♠ V +, V − > 0✱ ✉♠ ♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ❝r✉③❛ ❛

s✐♥❣✉❧❛r✐❞❛❞❡ ❛♦ ❧♦♥❣♦ ❞♦ ❛✉t♦✈❡t♦r s✐♥❣✉❧❛r✳

❈♦♠♦ ❛ ♦r✐❣❡♠ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛ ✐♥✈✐sí✈❡❧ ♣❛r❛ f+✱ t❡♠♦s q✉❡ ♣ró①✐♠♦ à ♦r✐❣❡♠✱

❛s tr❛❥❡tór✐❛s ❞❛ r❡❣✐ã♦ x0 > 0 ✈ã♦ ❞❡ RC1 = {x0 = 0, x1 < 0, x2 > 0} ♣❛r❛

RD = {x0 = 0, x1 > 0, x2 > 0}✳ P♦❞❡♠♦s ❡♥tã♦ ❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ♣r✐♠❡✐r♦ r❡t♦r♥♦

φ+ : RC1 −→ RD ❞❛❞❛ ♣♦r✿

φ+ =

(

−1 0

−2V + 1

)(

x1

x2

)

+O(||x1, x2||
2), ✭✷✳✹✵✮

❖❜s❡r✈❡ q✉❡ ♦ ❢❛t♦ ❞❛ ♦r✐❣❡♠ s❡r ✉♠❛ ❞♦❜r❛ ✈✐sí✈❡❧ ♣❛r❛ f− ♣r❡✈✐♥❡ ♦ ✐♥í❝✐♦ ❞❛ ❞✐♥â♠✐❝❛

❝♦st✉r❛♥t❡ r❡❝♦rr❡♥t❡ ✭✜❣✉r❛ ✷✳✶✷✮✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡✈❡♠♦s ♦❜s❡r✈❛r t❛♠❜é♠ q✉❡ ❛ ❝❧❛ss❡

t♦♣♦❧ó❣✐❝❛ ❞❡ tr❛❥❡tór✐❛s ♥❛ r❡❣✐ã♦ x20+x
2
1+x

2
2 < δ2 ❞❡♣❡♥❞❡ ♥ã♦ s♦♠❡♥t❡ ❞❛ ❝♦♠❜✐♥❛çã♦ ❞❡

tr❛❥❡tór✐❛s ♥♦ ♣❧❛♥♦ x0 = 0✱ ♠❛s s✐♠ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❞❡ tr❛❥❡tór✐❛s ❡ ❞❡ s✉❛s ✐♠❛❣❡♥s ♣❡❧♦

♠❛♣❛ φ+✳ ❉❡ss❛ ❢♦r♠❛s ❞❡✈❡♠♦s ❡st✉❞❛r ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ φ+✳

❊♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣❡q✉❡♥❛ ❞❛ ♦r✐❣❡♠✱ φ+ ❛♣❧✐❝❛ ✉♠❛ ❧✐♥❤❛ y = ψ(x) ❝♦♠ dy

dx
= k s♦❜r❡

✉♠❛ ❧✐♥❤❛ y = ψ1(x) ❝♦♠

dy

dx
=

k

2V +k − 1
+O(1) s❡ 2V +k 6= 0, ❡

dx

dy
= O(1) s❡ 2V +k = 0 ✭✷✳✹✶✮

❆ss✐♠ ❛s ✐♠❛❣❡♥s ❞♦s ❡✐①♦s x1 ❡ ❞❡ tr❛❥❡tór✐❛s ❡♥tr❛♥❞♦ ♥❛ ♦r✐❣❡♠ ❝♦♠ ✐♥❝❧✐♥❛çõ❡s k+ ❡

k− sã♦ ❝✉r✈❛s ❡♥tr❛♥❞♦ ♥❛ ♦r✐❣❡♠ ❝♦♠ ✐♥❝❧✐♥❛çõ❡s

k∗ =
1

2V +
✱ k1+ =

k+
2V +k+ − 1

=
1

2V + − k−
✱ k1− =

1

2V + − k+
✭✷✳✹✷✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❝❧❛ss❡ t♦♣♦❧ó❣✐❝❛ ❞❡♣❡♥❞❡ ❞❛ ❝♦♠❜✐♥❛çã♦ ❞♦s ♥ú♠❡r♦s k+✱ k−✱ k∗✱

k1+✱ k
1
−✳

❆ss✐♠✱ ♥ós ✐r❡♠♦s ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ ❜✐❢✉r❝❛çã♦ ❞♦s ♣❛râ♠❡tr♦s V +✱V −✳

✹✶



✶✳ ❈♦❧♦❝❛♥❞♦ k∗ = k+ > 0✱ ♥ós t❡♠♦s 2V + = 1
k+

= k− > 0 ❡ ♣♦rt❛♥t♦ 2V +(V + − V −) =

−1✱ V + > 0✳

✷✳ ❈♦❧♦❝❛♥❞♦ k+ = k− > 0 ♥ós t❡♠♦s V + + V − = 2✳

✸✳ ❈♦❧♦❝❛♥❞♦ k+ = k1+ > 0 ♥ós t❡♠♦s k− = 1
k+

= 2V + − k+ > 0 ❡ ♣♦rt❛♥t♦ V +V − = 1✳

✹✳ ❈♦❧♦❝❛♥❞♦ k+ = k1− > 0 ♥ós t❡♠♦s k− = 1
k+

= 2V + − k− > 0 ❡ ♣♦rt❛♥t♦ V + −V − = 0✱

V + > 0✳

❆s r❡❧❛çõ❡s ♦❜t✐❞❛s ❞❡✜♥❡♠ ❛s ❧✐♥❤❛s q✉❡ s❡♣❛r❛♠ ♦ ♣❧❛♥♦ ❞♦s ♣❛râ♠❡tr♦s V +, V − ❡♠

✶✶ r❡❣✐õ❡s ❞❡ ❞✐♥â♠✐❝❛s ❡str✉t✉r❛❧♠❡♥t❡ ❞✐❢❡r❡♥t❡s ✭✜❣✉r❛ ✷✳✶✺✮✳ ❆ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧

❞♦s s✐st❡♠❛s ❞❡ss❛s ✶✶ ❝❧❛ss❡s ❡ ❛ ❛✉sê♥❝✐❛ ❞❡ ♦✉tr♦s s✐st❡♠❛s ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ ❡stá

♣r♦✈❛❞♦ ❡♠ ❬✷❪✳

❋✐❣✉r❛ ✷✳✶✺✿ ❉✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❡ ✉♠❛ ❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧

✷✳✺ ❖❜s❡r✈❛çõ❡s s♦❜r❡ ❜✐❢✉r❝❛çõ❡s ❞❡s❧✐③❛♥t❡s

❊♠❜♦r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ❞❡ ❞♦❜r❛✲❞♦❜r❛ ✈✐sí✈❡❧ ❡ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧ s❡r ♠❡♥♦s ❝♦♠✲

♣❧❡①♦ ❞♦ q✉❡ ♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✱ ❡❧❡s ♣♦❞❡♠ t❡r ✐♠♣❧✐❝❛çõ❡s s✉r♣r❡❡♥❞❡♥t❡s ♣❛r❛ ❛

❞✐♥â♠✐❝❛ ❣❧♦❜❛❧✳

❱✐♠♦s ♥❛s ✜❣✉r❛s ✭✷✳✶✵✮✱ ✭✷✳✶✷✮ q✉❡ ♥ã♦ ❡①✐st❡♠ ór❜✐t❛s ❝♦st✉r❛♥❞♦ ❛ ❞♦❜r❛✲❞♦❜r❛ ❞❛

r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡ ♣❛r❛ ❛ r❡❣✐ã♦ ❡s❝❛♣❛♥t❡✳ ❆ss✐♠✱ ❧♦❝❛❧♠❡♥t❡ t♦❞❛s ❛s ór❜✐t❛s ❡✈❡♥t✉❛❧♠❡♥t❡

✹✷



♣❛rt❡♠ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ❞♦❜r❛✲❞♦❜r❛✱ ❞❡✐①❛♥❞♦ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ✈✐❛ ✉♠❛

❞♦❜r❛ ✈✐sí✈❡❧✳

◆♦ ❡♥t❛♥t♦✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ❛s ❞✐♥â♠✐❝❛s ❞❡s❧✐③❛♥t❡s ❧♦❝❛✐s ✐♥t❡r❛❣❡♠ ❝♦♠ ❛ ❞✐♥â♠✐❝❛

❣❧♦❜❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ ❢❛♠í❧✐❛s ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ór❜✐t❛s ♣♦❞❡♠ s♦❢r❡r ❜✐❢✉r❝❛çõ❡s ❞❡s❧✐③❛♥t❡s

❛ss✐♠ ❝❤❛♠❛❞❛s ❝❛t❛stró✜❝❛s✳ ◆❡ss❛s ❜✐❢✉r❝❛çõ❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ♣♦❞❡♠ s❡r

s✉❜✐t❛♠❡♥t❡ ❞❡str✉í❞❛s ❛tr❛✈és ❞❡ ✉♠ ❡♥❝♦♥tr♦ ❝♦♠ ✉♠❛ ❞♦❜r❛ ✈✐sí✈❡❧ ♦✉ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧✳

■ss♦ ♦❝♦rr❡ q✉❛♥❞♦ ❡❧❛s ❝r✉③❛♠ ❛ ❞♦❜r❛✲❞♦❜r❛ ❞❡ ❘❉ ♣❛r❛ ❘❊✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❣❡♦♠❡tr✐❛ ❧♦❝❛❧

é ❞❛❞❛ ♣❡❧♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ♥❛s s❡çõ❡s ✭✷✳✹✮✲✭✷✳✸✮✳ ❊♠ ❛❧❣✉♥s ❝❛s♦s✱ ♣♦r ❡①❡♠♣❧♦ ❡♠ ✉♠❛

❞♦❜r❛✲❞♦❜r❛ ✐♥✈✐sí✈❡❧✲✈✐sí✈❡❧ ❝♦♠ V +V − < 1✱ V + + V − > 2✱ V + < V −✱ ❡ss❛s ❜✐❢✉r❝❛çõ❡s sã♦

♣r♦✈❛✈❡❧♠❡♥t❡ ❛ss♦❝✐❛❞❛s ❝♦♠ ❞✐♥â♠✐❝❛ ❝❛ót✐❝❛ ♥ã♦ ❞❡t❡r♠✐♥íst✐❝❛ s♦❜r❡ ✉♠❛ ❡s❝❛❧❛ ❣❧♦❜❛❧✳

✷✳✻ ❙✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s

❈♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ✭✷✳✷✳✹✮✱ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡ é q✉❛♥❞♦ t♦♠❛♠♦s

♥❛ ✜❣✉r❛ ✭✷✳✽✮ ♦s r❡tr❛t♦s ✭s✶✮ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞❡s❧✐③❛♥t❡ ❡ ✭c3u✮ ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❝♦st✉r❛♥t❡✳

❚❛✐s r❡tr❛t♦s sã♦ ♦❜t✐❞♦s t♦♠❛♥❞♦ ✭✷✳✺✮ ❡ ✭✷✳✷✵✮ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s B11 > 0✱ B30 < 0✱ |8B30| >

B2
11✱ ❡ a2 > 0✳

❯♠ ❡①❡♠♣❧♦ ♥✉♠ér✐❝♦ ❞❡ss❡ ❝❛s♦ é ❞❛❞♦ ♣❡❧♦ s✐st❡♠❛✿

f+ =









−3 −1 0

−1 −3 0

0 1 −2

















x0

x1

x2









+









0

1

V +









, ✭✷✳✹✸❛✮

f− =









3 0 1

0 −2 0

1 0 3

















x0

x1

x2









+









0

V −

1









, ✭✷✳✹✸❜✮

❝♦♠ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ s❡♥❞♦ x0 = 0✳

❆s ❢♦r♠❛s ♥♦r♠❛✐s ❞❡s❧✐③❛♥t❡ ❡ ❝♦st✉r❛♥t❡ ✭✷✳✺✮ ❡ ✭✷✳✷✵✮ ♣❛r❛ ❡ss❡ s✐st❡♠❛ t❡♠ ❝♦❡✜❝✐❡♥t❡s

B11 = −16✱ B30 = −1666, 93✱ a2 = 61.4✱ q✉❛♥❞♦ V + = −5 ❡ V − = −1/5✱ ❡ ♣♦rt❛♥t♦✱ ❡st❛♠♦s

♥♦ ❝❛s♦ (s1)− (c3u) ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✳

◆❛ ✜❣✉r❛ ✭✷✳✶✻✮✱ s✐♠✉❧❛♠♦s ♦ s✐st❡♠❛ ✉s❛♥❞♦ ♦ s♦❢t✇❛r❡ ▼❛t❧❛❜✱ ❝♦♠ ✉♠ ✐♥t❡❣r❛❞♦r

s✉❛✈❡ ♣♦r ♣❛rt❡s ✐♥tr♦❞✉③✐❞♦ ♣♦r ❬✶✸❪✱ ❝♦♠ V + = −5.01✱ V − = −0.2✳ ◆❡ss❡ ❡①❡♠♣❧♦✱

✹✸



p = V +V − − 1 = 0.002 > 0✳ ❚♦♠❛♠♦s ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ (10−20,−10−6,−10−6)✳ ❆ss✐♠✱ ❛

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❡stá ♣ró①✐♠♦ ❞❛ ❜✐❢✉r❝❛çã♦ ❡ ♣♦rt❛♥t♦ ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❛❜❛✐①♦ ❡ ❛❝✐♠❛

❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ sã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛♥t✐♣❛r❛❧❡❧♦s ♥❛ ♦r✐❣❡♠✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✶✻✿ ❙✐♠✉❧❛çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✹✸✮ ❝♦♠ V + = −5.01 ❡ V − = −0.2✱ ❡①✐❜✐♥❞♦ ✉♠

♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ✭♠♦str❛❞♦ ❡♠ ✈❡r♠❡❧❤♦✮ ❡♠ ❘❉ ❡ ✉♠ ❝✐❝❧♦ ❢♦❝♦ ✐♥stá✈❡❧✳ ◆❛ ✜❣✉r❛ ✭❜✮ é

♠♦str❛❞❛ ✐♥t❡rs❡çõ❡s ❞❛ ór❜✐t❛ ❝♦♠ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳ ❖ ♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ❡♠

❘❊ ❡stá ♠♦str❛❞♦ ❡♠ ✈❡r♠❡❧❤♦✳

P❛r❛ ✉♠❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ór❜✐t❛ ❛♠♣❧✐❛♠♦s ❛ ✜❣✉r❛ ✭✷✳✶✻✮✱

♦❜t❡♥❞♦ ✭✷✳✶✼✮✳ ❖❜s❡r✈❛♠♦s q✉❡ ❛♣ós ❛ ú❧t✐♠❛ ❝♦st✉r❛✱ ❛ ór❜✐t❛ ❛❧❝❛♥ç❛ ❛ r❡❣✐ã♦ ❞❡ ❞❡s❧✐③❡

✭♥♦ ♣♦♥t♦ s✉♣❡r✐♦r ❡♠ ❘❉✮✳ ❉❡♣♦✐s✱ s❡❣✉❡ ❛ ór❜✐t❛ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡s❧✐③❛♥t❡ ✭✈✐❛ ✉♠❛

❝❛♠✐♥❤♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ r❡t♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛✮✳ ❆ ór❜✐t❛ ❡♥tã♦ s❡❣✉❡ ♣❛r❛ ❛

s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❛ ❛❧❝❛♥ç❛ ❛♣ós ✉♠ t❡♠♣♦ t ≈ 0.48✳ ◆❡ss❡ t❡♠♣♦ ♦ ✐♥t❡❣r❛❞♦r ❢❛❧❤❛✱ ♦ q✉❡

é ❝♦❡r❡♥t❡ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s t❡♦r✐❝❛♠❡♥t❡✱ ♣♦✐s ♥❡ss❡ t❡♠♣♦ ❛ ór❜✐t❛ ❡stá ❡♥tr❛♥❞♦

❡♠ ❘❊✱ ♦♥❞❡ s✉❛ ❡✈♦❧✉çã♦ ❢✉t✉r❛ ♥ã♦ é ú♥✐❝❛✳

❚r♦❝❛♥❞♦ V + ♣❛r❛ −4.99 ♥♦ s✐st❡♠❛ ✭✷✳✹✸✮✱ t❡r❡♠♦s q✉❡ p = V +V − − 1 = −0.002✳

❙✐♠✉❧❛♠♦s ❡ss❡ s✐st❡♠❛ ♥❛ ✜❣✉r❛ ✭✷✳✶✽✮✳ ❆s ór❜✐t❛s s❡ ❝✉r✈❛♠ ❛♦ ❧♦♥❣♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡③❡s ❡ ❛❧❝❛♥ç❛♠ ❘❉✳ ◆❡ss❡ ❝❛s♦✱ ✭❝♦♠♦ ✈❡♠♦s ♥❛ ✜❣✉r❛ ✭✷✳✶✽❜✮✮✱ ❛

ór❜✐t❛ ❞❡s❧✐③❛♥t❡ s❡ ❛❢❛st❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ s♦❜r❡ ✉♠ ❝❛♠✐♥❤♦ r❡t♦✳ ❆ ór❜✐t❛ t❡r♠✐♥❛ ❡♠

✉♠ ♣s❡✉❞♦❡q✉✐❧í❜r✐♦ ✭♣♦♥t♦ ✈❡r❞❡ ♥❛ ✜❣✉r❛ ✭✷✳✶✽✮✮✳

✹✹



❋✐❣✉r❛ ✷✳✶✼✿ ❆♠♣❧✐❛çã♦ ❞❛ ✜❣✉r❛ ✭✷✳✶✻✮✳ ❯♠❛ ú♥✐❝❛ ór❜✐t❛ ♦r✐❣✐♥❛♥❞♦ ♣ró①✐♠♦ ❞❡ ❘❊✱ ❝♦♠

❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s (10−20,−10−6,−10−6) ❡♥r♦❧❛ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❛t✐♥❣❡ ❘❉✱ ❡ ❡♥tã♦ é

❛tr❛✐❞❛ ♣❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ✈♦❧t❛ ❛ ❘❊✳

❖❜s❡r✈❛♠♦s q✉❡ tr❛❥❡tór✐❛s ❞♦ s✐st❡♠❛ tr✉♥❝❛❞♦ ♣❛r❛ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ ✭✷✳✶✵✮ sã♦

❝✉r✈❛s (x0(t), x1(t), x2(t)) ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s s❛t✐s❢❛③

(V +V − − 1)|x0| =







( 1
2V −

x21 +
1

2V +x
2
2 − x1x2 + c)V − s❡ x0 > 0

( 1
2V −

x21 +
1

2V +x
2
2 − x1x2 + c)V + s❡ x0 < 0

✭✷✳✹✹✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ ❝ ✜①❛ ❛ ❛❧t✉r❛ q✉❡ ❛ ór❜✐t❛ ❛❧❝❛♥ç❛ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ x0✳

◗✉❛♥❞♦ V +V −(1 − V +V −) > 0✱ ❡ss❛s ❡q✉❛çõ❡s ❞❡✜♥❡♠ ✉♠ ♣❛r ❞❡ ♣❛r❛❜♦❧♦✐❞❡s✱ ✉♠

❛❝✐♠❛ ❡ ✉♠ ❛❜❛✐①♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ✉♥✐❞♦s ♥ã♦ ❞✐❢❡r❡♥❝✐❛❧♠❡♥t❡✱ ❢♦r♠❛♥❞♦

✉♠❛ ❜♦❧❛ ❝♦♠ ♦ ❡q✉❛❞♦r ❛❝❤❛t❛❞♦✳ ◗✉❛♥❞♦ V +V −(1− V +V −) < 0✱ ❡❧❡s ❞❡✜♥❡♠ ✉♠ ♣❛r ❞❡

s✉♣❡r❢í❝✐❡s ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞❛ ✈❛r✐❡❞❛❞❡ ✱ ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ s❡❧❛✱ ♥♦✈❛♠❡♥t❡

✉♥✐❞❛s ♥ã♦ ❞✐❢❡r❡♥❝✐❛❧♠❡♥t❡✳

❙❡ c = 0✱ ❛s s✉♣❡r❢í❝✐❡s ❢♦r♠❛♠ ✉♠ ❞✉♣❧♦ ❝♦♥❡ ♥ã♦ s✉❛✈❡ ❛tr❛✈és ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ q✉❡

s♦❢r❡ ✉♠❛ ❜✐❢✉r❝❛çã♦✱ q✉❛♥❞♦ p = 0✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ✜❣✉r❛ ✭✷✳✶✾✮✳

❆✜♠ ❞❡ ❡①❡♠♣❧✐✜❝❛r ❝❛❞❛ ✉♠ ❞♦s ✶✵ r❡tr❛t♦s ❞❡ ❢❛s❡ ❞✐❢❡r❡♥t❡s ❞❛ ✜❣✉r❛ ✭✷✳✽✮✱ ❝♦♥s✐❞❡✲

r❡♠♦s ♦ s✐st❡♠❛ ✭✷✳✹✸✮✱ tr♦❝❛♥❞♦ ❛ ❏❛❝♦❜✐❛♥❛ ❞❡ f+ ♣❛r❛

✹✺



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✶✽✿ ❙✐♠✉❧❛çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✹✸✮ ❝♦♠ V + = −4.99 ❡ V − = −0.2✳ ❯♠❛ ú♥✐❝❛ ór❜✐t❛✱

❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s (10−20,−10−6,−10−6)✱ ❡♥r♦❧❛ s♦❜r❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❛❧❝❛♥ç❛ ❘❉✱ ❡

❡♥tã♦ é r❡♣❡❧✐❞❛❞❡ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣♦r ✉♠❛ ♣s❡✉❞♦ s✐♥❣✉❧❛r✐❞❛❞❡ ✭♣♦♥t♦ ✈❡r❞❡✮✳









a11 −1 0

−1 −3 0

0 a32 −2









✭✷✳✹✺✮

❆ss✉♠✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❛ ❚❛❜❡❧❛ ✭✷✳✶✮ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s a11✱ a32✱ V + ❡ V −✱ ♥ós ♦❜t❡♠♦s

✉♠ ❡①❡♠♣❧♦ ❞❡ ❝❛❞❛ ❝❡♥ár✐♦ ♣r❡❞✐t♦✳

✹✻



❘❡tr❛t♦ a11 a32 V + V −

s1✲c1 ✲✸ ✶ ✲✶✴✷✵ ✲✷✵

s1✲c2s ✲✸ ✶ ✲✶✴✺ ✲✺

s1✲c2u ✶✵✵ ✵ ✲✷✵ ✲✶✴✷✵

s1✲c3s ✲✸ ✶ ✲✶ ✲✶

s1✲c3u ✲✸ ✶ ✲✺ ✲✶✴✺

s2✲c1 ✲✸ ✶✵ ✲✶✴✷ ✲✷

s2✲c2s ✲✸ ✶✵ ✲✷✴✸ ✲✸✴✷

s2✲c2u ✶✵✵ ✶✵✵ ✲✺ ✲✶✴✺

s2✲c3s ✲✸ ✶✵ ✲✶ ✲✶

s2✲c3u ✲✸ ✶✵✵ ✲✺ ✲✶✴✺

❚❛❜❡❧❛ ✷✳✶✿ ▲✐st❛ ❞❡ ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s a11✱ a32✱ V +✱ ❡ V − ✉s❛❞♦s ♣❛r❛ ♦❜t❡r ❡①❡♠♣❧♦s

❞❡ t♦❞♦s ♦s r❡tr❛t♦s ❞❡s❝r✐t♦s ♥❛ ✜❣✉r❛ ✭✷✳✽✮

12

3

U

S

❋✐❣✉r❛ ✷✳✶✾✿ ❱❛r✐❡❞❛❞❡s ■♥✈❛r✐❛♥t❡s ♣ró①✐♠♦ ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✳ ❖s três t✐♣♦s

q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❞❡ ór❜✐t❛s sã♦ ♠♦str❛❞❛s✳ ✶✮ ❯♠❛ ór❜✐t❛ ❝♦♠❡ç❛♥❞♦ ♣ró①✐♠♦ ❞❡

❯ ✭♣❡❧♦ ❧❛❞♦ ❞❡ ❞❡♥tr♦✮✱ ❡s♣✐r❛❧❛ ❡♠ ❞✐r❡çã♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❛t✐♥❣❡ ❛ r❡❣✐ã♦ ❞❡s❧✐③❛♥t❡

✭r❡❣✐ã♦ ❤❛❝❤✉r❛❞❛✮✳ ✷✮ ❯♠❛ ór❜✐t❛ ❝♦♠❡ç❛♥❞♦ ♣ró①✐♠♦ ❛ ✈❛r✐❡❞❛❞❡ ❯ ✭♣❡❧♦ ❧❛❞♦ ❞❡ ❢♦r❛✮

✐♥✐❝✐❛❧♠❡♥t❡ ❡s♣✐r❛❧❛ ❡♠ ❞✐r❡çã♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❡♥tã♦ ❡s♣✐r❛❧❛ s❡ ❛❢❛st❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐✲

❞❛❞❡✱ ❡ t❡♥❞❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛ ❙✳ ✸✮ ❯♠❛ ór❜✐t❛ ❡s♣✐r❛❧❛ ♣❛r❛ ❢♦r❛ ❞❛ r❡❣✐ã♦ ❞❡ ❡s❝❛♣❡

s❡ ❛❢❛st❛♥❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❛♣r♦①✐♠❛♥❞♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❞❡ ❙✳

✹✼



❈❆P❮❚❯▲❖ ✸

❙■◆●❯▲❆❘■❉❆❉❊ ❉❖❇❘❆✲❉❖❇❘❆

❊▼ ❙■❙❚❊▼❆❙ ❊▲➱❚❘■❈❖❙ ◆➹❖

❙❯❆❱❊❙

▼♦❞❡❧♦s ♥ã♦ s✉❛✈❡s sã♦ ❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦s ❡♠ ❡♥❣❡♥❤❛r✐❛ ❡❧étr✐❝❛ ❡ ❡❧❡trô♥✐❝❛ ♣❛r❛

❝❛♣t✉r❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❝✐r❝✉✐t♦s ❡ ❞✐s♣♦s✐t✐✈♦s✳

◆❡ss❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s q✉❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ❛ s✐♥❣✉✲

❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ ♣♦❞❡ ❛♣❛r❡❝❡r ❡♠ s✐st❡♠❛s ❡❧étr✐❝♦s ♥ã♦ s✉❛✈❡s✳ P❛r❛ ✐ss♦✱ ❛♣r❡s❡♥t❛r❡♠♦s

❞♦✐s ❡①❡♠♣❧♦s ❞❡ ❝✐r❝✉✐t♦s ❡❧étr✐❝♦s q✉❡ ❝♦♠ ❡s❝♦❧❤❛s ❛❞❡q✉❛❞❛s ❞♦s ♣❛râ♠❡tr♦s✱ ♣♦ss✉❡♠

❣❡♥❡r✐❝❛♠❡♥t❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✳

✸✳✶ ❯♠ ❝✐r❝✉✐t♦ ❝♦♠ ❝♦♠✉t❛çã♦ ❞❡ ♣♦tê♥❝✐❛

❈♦♠♦ ✉♠ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ♥ós ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❝✐r❝✉✐t♦ ❞❛ ✜❣✉r❛ ✭✸✳✶✮✱ ♦♥❞❡ ❛ ❢♦♥t❡

❞❡ ❡♥❡r❣✐❛ à ❡sq✉❡r❞❛ (ua, Ra) é s❡❧❡❝✐♦♥❛❞❛ q✉❛♥❞♦ v2 é ♥❡❣❛t✐✈♦✱ ❡ ♦ ❞❛ ❞✐r❡✐t❛ (ub, Rb) é

s❡❧❡❝✐♦♥❛❞❛ q✉❛♥❞♦ v2 é ♣♦s✐t✐✈♦✳

❖ ♠♦❞❡❧♦ é ✉♠ s✐st❡♠❛ s✉❛✈❡ ♣♦r ♣❛rt❡s ❝✉❥❛s ❡q✉❛çõ❡s sã♦✿

✹✽



v1 v2

C1 C2

R2

L
i

Rb

Ra

ua
ub

❋✐❣✉r❛ ✸✳✶✿ ❯♠ ❝✐r❝✉✐t♦ ❡❧étr✐❝♦ ❝♦♠ ✉♠❛ ❢♦♥t❡ ❞❡ ❢♦rç❛ ❞❡s❝♦♥tí♥✉❛✳ ❆ ❢♦rç❛ ❞❛ ❞✐r❡✐t❛ ✭ub✱

Rb✮ é s❡❧❡❝✐♦♥❛❞❛ q✉❛♥❞♦ v2 é ♣♦s✐t✐✈♦✱ ❡♥q✉❛♥t♦ ❛ ❢♦rç❛ ❞❛ ❡sq✉❡r❞❛ ✭ua✱ Ra✮ é s❡❧❡❝✐♦♥❛❞❛

q✉❛♥❞♦ v2 é ♥❡❣❛t✐✈♦











dv2
dt

dv1
dt

di
dt











=











− ub

C2
− v1+v2

RbC2
+ i

C2

− ub

C1
− v1+v2

RbC1
+ i

C1

−v2
L
− iR2

L











s❡ v2 > 0 ✭✸✳✶✮











dv2
dt

dv1
dt

di
dt











=











− ua

C2
− v1+v2

RaC2
+ i

C2

− ua

C1
− v1+v2

RaC1
+ i

C1

−v2
L
− iR2

L











s❡ v2 < 0 ✭✸✳✷✮

❆q✉✐✱ M = {v2 = 0} é ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s t♦♠❛r

h(v2, i, v1) = v2 ❝♦♠♦ ❛ ❢✉♥çã♦ t❛❧ q✉❡ h−1(0) =M ✳

❚❡♠♦s ❡♥tã♦ q✉❡ ❛s ❧✐♥❤❛s ❞❡ t❛♥❣ê♥❝✐❛ (Lf+h|v2=0) = 0 ❡ (Lf−h|v2=0) = 0 ❞♦s ✷ ❝❛♠♣♦s

✈❡t♦r✐❛✐s s♦❜r❡ ♦ ♣❧❛♥♦ ▼ t❡♠ ❡q✉❛çõ❡s✿

i = ub +
v1
Rb

s❡ v2 > 0 ❡ i = ua +
v1
Ra

s❡ v2 < 0 ✭✸✳✸✮

❊ss❛s ❧✐♥❤❛s s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛ ❡♠

i =
uaRa − ubRb

Ra −Rb

✱ v1 = (ub − ua)
RaRb

Rb −Ra

. ✭✸✳✹✮

❖❜s❡r✈❡ q✉❡ ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡✿

✹✾



L2
f+h =

(ubRb − uaRa)(L−R2RbC1)

C2Rb(Rb −Ra)C1L
✭✸✳✺❛✮

L2
f+h =

(ubRb − uaRa)(L−R2RaC1)

C2Ra(Rb −Ra)C1L
✭✸✳✺❜✮

❆ss✐♠✱ ❛ ❞♦❜r❛✲❞♦❜r❛ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ s❡ ❛s ❞✉❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦

s❛t✐s❢❡✐t❛s✿

uaRa − ubRb

RaRbC1C2

< 0, ❡
C1R2RaRb −RbL

C1R2RaRb −RaL
< 0. ✭✸✳✻✮

❚♦♠❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ Ra = 0.1✱ Rb = 10✱ R2 = 1✱ C1 = 1✱ C2 = 2✱ L = 1✱ ua = 1✱

ub = 2✳

✸✳✷ ❯♠ ❝✐r❝✉✐t♦ r❡s✐st✐✈♦ ❝♦♠ ♠❡♠ór✐❛

❈✐r❝✉✐t♦ ❡❧étr✐❝♦ r❡s✐st✐✈♦ ❝♦♠ ♠❡♠ór✐❛ é ✉♠ ❝✐r❝✉✐t♦ ❡❧étr✐❝♦ q✉❡ ❛❧é♠ ❞❛ trí❛❞❡ ❞❡

❡❧❡♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s ✭♦ r❡s✐st♦r✱ ♦ ❝❛♣❛❝✐t♦r ❡ ♦ ✐♥❞✉t♦r✮✱ ♣♦ss✉✐ ✉♠ q✉❛rt♦ ❡❧❡♠❡♥t♦

❡❧étr✐❝♦ q✉❡ é ❝❤❛♠❛❞♦ ❞❡ ✏♠❡♠r✐st♦r✑ ♦✉ r❡s✐st♦r ❝♦♠ ♠❡♠ór✐❛✳ ◆❛ ♣rát✐❝❛✱ ❡ss❡ q✉❛rt♦

❡❧❡♠❡♥t♦ ❛t✉❛ ❝♦♠♦ ✉♠ r❡s✐st♦r ❝✉❥♦ ✈❛❧♦r ❞❡ r❡s✐stê♥❝✐❛ ❡❧étr✐❝❛ ♣♦❞❡ ✈❛r✐❛r s❡❣✉♥❞♦ ❛

❝♦rr❡♥t❡ ❡❧étr✐❝❛ q✉❡ ♣❛ss❛ ♣♦r ❡❧❡✱ ❡ q✉❡ ♦ ♠❡s♠♦ s❡ ❧❡♠❜r❛r✐❛ ❞♦ ✈❛❧♦r ❞❛ ❝♦rr❡♥t❡ ♠❡s♠♦

❞❡♣♦✐s ❞❡❧❛ t❡r ❝❡ss❛❞♦✳

❖ ♣ró①✐♠♦ ❡①❡♠♣❧♦ é ✉♠❛ ❧❡✈❡ ♠♦❞✐✜❝❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ♠❡♠r✐st♦r ❝❛♥ô♥✐❝♦ ❞❡ t❡r❝❡✐r❛

♦r❞❡♠ ❡st✉❞❛❞♦ ❡♠ ✭❬✷✺❪✮✳ ❖ ❝✐r❝✉✐t♦ ❡stá ❡sq✉❡♠❛t✐③❛❞♦ ♥❛ ✜❣✉r❛ ✭✸✳✷✮✳

❆ ❞✐♥â♠✐❝❛ ❞♦ ❝✐r❝✉✐t♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣❡❧♦ ♠♦❞❡❧♦✿











dv
dt

di
dt

dϕ

dt











=











i
C
− W (ϕ,v)

C
v

Ri
L
− v

L

v











✭✸✳✼✮

♦♥❞❡ ♥ós ❞❡✜♥✐♠♦s σ(υ, ϕ) := c0 + c1υ + ϕ ❡

✺✵



C

L

R

i

v

❋✐❣✉r❛ ✸✳✷✿ ❯♠ ♦s❝✐❧❛❞♦r ♠❡♠r✐st✐✈❡ ❝❛♥ô♥✐❝♦ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠

W (ϕ, υ) =

{

a+ϕ s❡ σ(υ, ϕ) > 0

a−ϕ s❡ σ(υ, ϕ) < 0
✭✸✳✽✮

❆ss✐♠✱ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❡ss❡ ❝❛s♦ é M = {(v, i, ϕ); c0 + c1v + ϕ = 0} ❡

h(v, i, ϕ) = σ(v, ϕ)✳

❖❜s❡r✈❡ q✉❡✿

Lf+h =
c1
C
i−

a+c1
C

ϕv + v ❡ Lf−h =
c1
C
i−

a−c1
C

ϕv + v ✭✸✳✾✮

❆ss✐♠✱ ❛s ❧✐♥❤❛s ❞❡ t❛♥❣ê♥❝✐❛ (Lf+h|σ=0) = 0 ❡ (Lf−h|σ=0) = 0 ❞♦s ✷ ❝❛♠♣♦s ✈❡t♦r✐❛✐s

s♦❜r❡ ♦ ♣❧❛♥♦ ▼ t❡♠ ❡q✉❛çõ❡s✿

i =
v

c1
(a+c21v + a+c1c0 − C) s❡ σ(v, ϕ) > 0, ✭✸✳✶✵❛✮

i =
v

c1
(a−c21v + a−c1c0 − C) s❡ σ(v, ϕ) < 0 ✭✸✳✶✵❜✮

❊ss❛s ❝✉r✈❛s s❡ ✐♥t❡rs❡❝t❛♠ ♥♦s ♣♦♥t♦s

p1 = (0, 0,−c0)

p2 = (
−c0
c1

,
c0C

c21
, 0)

❆❣♦r❛✱

L2
f+h = (−

a+c1
C

ϕ+ 1)(
1

C
i−

a+

C
ϕv) +

c1
C
(
R

L
i−

1

L
v)−

a+c1
C

v2 ✭✸✳✶✶✮

L2
f−h = (−

a−c1
C

ϕ+ 1)(
1

C
i−

a−

C
ϕv) +

c1
C
(
R

L
i−

1

L
v)−

a−c1
C

v2 ✭✸✳✶✷✮

✺✶



❆ss✐♠✱

L2
f+h(p1) = 0 = L2

f−h(p1) ✭✸✳✶✸✮

❡

L2
f+h(p2) =

c0(CL+RCc1 + c21 − a+c1c0L)

LCc21
✭✸✳✶✹✮

L2
f−h(p2) =

c0(CL+RCc1 + c21 − a−c1c0L)

LCc21
✭✸✳✶✺✮

❉❡ss❛ ❢♦r♠❛ ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ♥ã♦ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦❜r❛✲❞♦❜r❛✱ ❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦

♣♦r ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ♣❛râ♠❡tr♦s é✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✈❛❧♦r❡s

❞❡ ♣❛râ♠❡tr♦s ❞❡ ❢♦r♠❛ q✉❡ p2 s❡❥❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛✳

❉❡ ❢❛t♦✱ ♥❡ss❡ ❝❛s♦✱ s❡ T = (dh(p2), d(Lf+)(p2), d(Lf−)(p2)) ❡♥tã♦

det(T ) =
c21c0
c2

(a− − a+) ✭✸✳✶✻✮

❡✱ ♣♦rt❛♥t♦ s❡ c1, c0 6= 0✱ t❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ✭det(T ) 6= 0✮ é s❛t✐s❢❡✐t❛✳

❆ss✐♠✱ p2 ❝♦rr❡s♣♦♥❞❡rá ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❚❡✐①❡✐r❛ s❡ ♦s ♣❛râ♠❡tr♦s ❞♦ ❝✐r❝✉✐t♦ sã♦ t❛✐s

q✉❡✿

a− <
CL+ c1RC + c21

c0c1L
< a+ ✭✸✳✶✼✮

❛ss✉♠✐♥❞♦ q✉❡ c0 > 0 ❡ c0c1L > 0✳

✺✷



❆P✃◆❉■❈❊ ❆ ✲ ❯▼❆ ❊❳P❘❊❙❙➹❖

❊❳P▲❮❈■❚❆ P❆❘❆ ❖❙ ❈❆▼P❖❙

❱❊❚❖❘■❆■❙

P❛r❛ ❡♥❝♦♥tr❛r ❛ ❢♦r♠❛ ♥♦r♠❛❧ ✭✷✳✶✵✮✱ ♦❜s❡r✈❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❛

❝♦♠♣♦♥❡♥t❡ x0 ❞❡ ❛♠❜♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s s❡ ❛♥✉❧❛♠✱ ❡ ❧♦❝❛❧♠❡♥t❡ ♥ós ♣♦❞❡♠♦s ❡①♣❛♥❞✐r

♣❛r❛ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥❛s ❝♦♦r❞❡♥❛❞❛s✱ ❞❛♥❞♦✿

f+(x) = f+(0) +Df+(0)x+O(2) ❡ f−(x) = f−(0) +Df−(0)x+O(2), ✭✸✳✶✽✮

♦♥❞❡✱

f+(0) = (0, c+1 , c
+
2 ) ❡ f−(0) = (0, c+1 , c

+
2 ) ✭✸✳✶✾✮

Df+(0) = (a+i,j) ❡ Df−(0) = (a−i,j) ✭✸✳✷✵✮

❆ss✐♠✱

L2
f+h(0) = a+12c

+
1 + a+13c

+
2 ❡ L2

f−h(0) = a−12c
−
1 + a−13c

−
2 ✳

❖❜s❡r✈❡ q✉❡ s❡ c± = (c±1 , c
±
2 ) ❢♦r❡♠ ♣❛r❛❧❡❧♦s✱ f±(0) t❛♠❜é♠ s❡rã♦ ❡ ❝♦♠♦ ❡st❛♠♦s

✺✸



✐♥t❡r❡ss❛❞♦s s♦♠❡♥t❡ ❡♠ t❛♥❣ê♥❝✐❛s q✉❛❞rát✐❝❛s✱ ✈❛♠♦s ❡♥tã♦ ❛ss✉♠✐r q✉❡ c± = (c±1 , c
±
2 ) ♥ã♦

sã♦ ♣❛r❛❧❡❧♦s✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ ❛ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ❞♦s ❝♦♥❥✉♥t♦s S± ❡①✐❣❡ q✉❡ a± = (a±12, a
±
13) ♥ã♦ sã♦

♣❛r❛❧❡❧♦s✳ ❉❡ ❢❛t♦✱ s❡ a± = (a±12, a
±
13) ❢♦r❡♠ ♣❛r❛❧❡❧♦s t❡r❡♠♦s q✉❡ a+12a

−
13 = a−12a

+
13✳ ◆♦

❡♥t❛♥t♦✱ ♣♦r ✭✷✳✽✮ det{dh(0), dLf+h(0),Lf+h(0)} = a+12a
−
13 − a−12a

+
13 6= 0✳

❆❣♦r❛ ❢❛r❡♠♦s ✉♠❛ tr♦❝❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❢♦r♠❛ q✉❡ S± t♦♠❡ ❛ ❢♦r♠❛ ✭✷✳✾✮✳

Pr✐♠❡✐r♦✱ ♦❜s❡r✈❡ q✉❡ ❡①✐st❡♠ ú♥✐❝♦s ✭❛ ♠❡♥♦s ❞❡ s✐♥❛❧✮ ✈❡t♦r❡s ✉♥✐tár✐♦s (0, s±) ♥♦r♠❛✐s

❛ S±✳

❖s ✈❡t♦r❡s s± s❛t✐s❢❛③❡♠

s±.a± = 0,

❡ ❛ ❡s❝♦❧❤❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❛♥❞♦ ✭✷✳✾✮ é✱

x1 = −x0a
+
11 − x1a

+
12 − x2a

+
13

x2 = x0a
−
11 + x1a

−
12 + x2a

−
13

❊ss❛ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛❞❛ ❛ ❝♦♥❞✐çã♦

∣

∣

∣

∣

∣

s+.a+ s+.a−

s−.a+ s−.a−

∣

∣

∣

∣

∣

6= 0.

❆ ❛♥á❧✐s❡ ❞❡♣♦✐s ❛♣❧✐❝❛✲s❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ s❛t✐s❢❛③❡♥❞♦✿

s+.(x0a
±
21 + x1a

±
22 + x2a

±
23, x0a

±
31 + x1a

±
32 + x2a

±
33) << c±1 ,

s−.(x0a
±
21 + x1a

±
22 + x2a

±
23, x0a

±
31 + x1a

±
32 + x2a

±
33) << c±2 .

❊s❝r❡✈❡♥❞♦✱

f+ ≈ (−x1, c
+
1 , c

+
2 ) ❡ f− ≈ (x2, c

−
1 , c

−
2 ),

♣♦❞❡♠♦s r❡❡s❝❛❧♦♥❛r ♦ t❡♠♣♦ s❡♣❛r❛❞❛♠❡♥t❡ ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞❡s❝♦♥t✐♥✉✐✲

❞❛❞❡✱ ✐ss♦ tr♦❝❛ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❛s tr❛❥❡tór✐❛s ❞❡ f+ ❡ f− ♠❛s ♣r❡s❡r✈❛ s❡✉s r❡tr❛t♦s ❞❡ ❢❛s❡

❡ t❛♠❜é♠ ♦ ❞❡ f s✳

✺✹



❋❛ç❛♠♦s ❡♥tã♦ t 7→ t

c+
1

♣❛r❛ x0 > 0 ❡ t 7→ t

c−
2

♣❛r❛ x0 < 0✱ r❡s✉❧t❛♥❞♦ ❡♠

f+ ≈ (−x1, 1, V
+) ❡ f− ≈ (x2, V

−, 1).

✺✺



❆P✃◆❉■❈❊ ❇ ✲ ❋❖❘▼❆ ◆❖❘▼❆▲ ❉❊

❘❊❉❯➬➹❖ ❉❖ ❈❆▼P❖ ❱❊❚❖❘■❆▲

❉❊❙▲■❩❆◆❚❊ ❉❊ ❯▼❆

❙■◆●❯▲❆❘■❉❆❉❊ ❚❊■❳❊■❘❆

❆ ❢♦r♠❛ ♥♦r♠❛❧ ✭✷✳✶✻✮ é ♦❜t✐❞❛ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✶✸✮ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ (V + + 1
V + )✱ ❡

❡♥tã♦ t♦♠❛♥❞♦ ❛ ❞✐♥â♠✐❝❛ s♦❜r❡ ❛ ❞✐r❡çã♦ (−V +, 1) ❞♦ ❛✉t♦✈❡t♦r s✐♥❣✉❧❛r✱ ❞❡✜♥✐♥❞♦ x = pu

❡ u̇ = qf̃ s(pu)✱ ❝♦♠ ♣ ❡ q r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❛✉t♦✈❡t♦r❡s ❞❛ ❞✐r❡✐t❛ ❡ ❞❛ ❡sq✉❡r❞❛ ❞❛

❥❛❝♦❜✐❛♥❛ ❞❡ f̃ s ♥❛ ♦r✐❣❡♠✱ q✉❛♥❞♦ V +V − = 1 ❡ V +, V − < 0✳ ❈❤❛♠❛♥❞♦ a+i,j ❡ a−i,j✱ i, j ∈

{1, 2, 3}✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❏❛❝♦❜✐❛♥❛ ❞❡ f+ ❡ f−✱ ♣❛r❛ ❡ss❛ tr❛♥s❢♦r♠❛çã♦ ♥ós ♦❜t❡♠♦s

u̇ = (V +V − − 1)u+ a2u
2 +O(u3)✱ ❝♦♠

a2 = a+22V
+ − a+23 − a+32 +

a+33
V +

− a−22(V
+)2 + a−23V

+ + a−32V
+ − a−33.

✺✻



❆P✃◆❉■❈❊ ❈ ✲ P❊❘❚❯❇❆➬➹❖

●❊◆➱❘■❈❆ ❉❆ ❆P▲■❈❆➬➹❖ ❉❊

P❖■◆❈❆❘➱

❆ss✉♠✐♥❞♦ ❛♥❛❧✐t✐❝✐❞❛❞❡ ❞❛s ❛♣❧✐❝❛çõ❡s r❡t♦r♥♦✱ φ+ ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞❛ ❡♠ t♦r♥♦ ❞❛

s✐♥❣✉❧❛r✐❞❛❞❡ ♣r♦❞✉③✐♥❞♦

x1 7−→ −x1+α20x
2
1+α11x1x2+α02x

2
2+α30x

3
1+α21x

2
1x2+α12x1x

2
2+α03x

3
2+O(||x1, x2||

4),

x2 7−→ −2V +x1 + x2 + β20x
2
1 + β11x1x2 + β02x

2
2 + β30x

3
1 + β21x

2
1x2 + β12x1x

2
2 + β03x

3
2 +

O(||x1, x2||
4),

❡♥q✉❛♥t♦ φ− é ✐❣✉❛❧ ❛

x1 7−→ x1 − 2V −x2 + γ20x
2
1 + γ11x1x2 + γ02x

2
2 + γ30x

3
1 + γ21x

2
1x2 + γ12x1x

2
2 + γ03x

3
2 +

O(||x1, x2||
4),

x2 7−→ −x2 + δ20x
2
1 + δ11x1x2 + δ02x

2
2 + δ30x

3
1 + δ21x

2
1x2 + δ12x1x

2
2 + δ03x

3
2 +O(||x1, x2||

4),

❊♥tr❡t❛♥t♦✱ ♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛s ❛♣❧✐❝❛çõ❡s sã♦ r❡str✐t♦s✱ ♣♦✐s ❛s ❞✉❛s

❛♣❧✐❝❛çõ❡s sã♦ ✐♥✈♦❧✉çõ❡s ❡ ♦ ✢✉①♦ ✐♥❞✉③✐❞♦ é q✉❛❞r❛t✐❝❛♠❡♥t❡ t❛♥❣❡♥t❡ ❛♦s ❡✐①♦s x1 ❡ x2✳

■♠♣♦♥❞♦ ❡♥tã♦ q✉❡ φ+ ❡ φ− ♣r❡s❡r✈❛♠ ♦s ❡✐①♦s x2 ❡ x1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡✿

✺✼



α02 = α03 = β02 = β03 = γ20 = γ30 = δ20 = δ30 = 0

P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ✐♥✈♦❧✉çã♦✱ ♣♦❞❡♠♦s ✐♠♣♦r q✉❡ φ+◦φ+ ❡ φ−◦φ−✱ tr✉♥❝❛❞♦s ♣❛r❛ t❡r❝❡✐r❛

♦r❞❡♠✱ é ❛ ✐❞❡♥t✐❞❛❞❡✳ ❉❛í ❝♦♥❝❧✉í♠♦s q✉❡✿

α11 = α12 = δ11 = δ21 = 0

α30 = −(α2
20 + α21V

+)

β21 =
1
2
(−α20β11 + β2

11) + (α21 − 2β12)V
+

β20 = (α20 − β11)V
+

γ02 = (δ02 − γ11)V
−

γ12 =
1
2
(−δ02γ11 + γ211) + (δ12 − 2γ21)V

−

δ03 = −(δ202 + δ12V
−)

❆ss✐♠✱ r❡❞✉③✐♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ❝❛❞❛ ♠❛♣❛ ❞❡ ✶✺ ♣❛r❛ ✻✱

♣r♦❞✉③✐♥❞♦✿

x1 7−→ −x1 + α20x
2
1 + α21x

2
1x2 − (α2

20 + α21V
+)x31 +O(||x1, x2||

4),

x2 7−→ x2 − 2V +x1 + β11x1x2 + (α20 − β11)V
+x21 + β12x1x

2
2 + (1

2
(−α20β11 + β2

11) + (α21 −

2β12)V
+)x21x2 + β30x

3
1 +O(||(x1, x2)||

4)

♣❛r❛ φ+ ❡

x1 7−→ x1 − 2V −x2 + γ11x1x2 + (δ02 − γ11)V
−x22 + γ21x

2
1x2 + (1

2
(−δ02γ11 + γ211) + (δ12 −

2γ21)V
−)x1x

2
2 + γ03x

3
2 +O(||(x1, x2)||

4),

x2 7−→ −x2 + δ02x
2
2 + δ12x1x

2
2 − (δ202 + δ12V

−)x32 +O(||(x1, x2)||
4)

♣❛r❛ φ−✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♣♦♥❞♦ φ− ◦ φ+✱ ♥ós ♦❜t❡♠♦s ❛ ❡①♣❛♥sã♦ ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❣❡r❛❧ ❞❛

❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré φ✿

x1 7−→ −x1 + 2V −x2 + a20x
2
1 + a11x1x2 + a02x

2
2 + a30x

3
1 + a21x

2
1x2 + a12x1x

2
2 + a03x

3
2 +

O(||(x1, x2)||
4),

✺✽



x2 7−→ −2V +x1+(−1+4V +V −)x2+ b20x
2
1+ b11x1x2+ b02x

2
2+ b30x

3
1+ b21x

2
1x2+ b12x1x

2
2+

b03x
3
2 +O(||(x1, x2)||

4),

❝♦♠

a20 = α20,

a11 = −γ11 − 4α20V
−,

a02 = V −(−δ02 + γ11 + 4α20V
−),

a30 = −(α2
20 + α21V

+),

a21 = 2α20γ11 − γ21 + 6α2
20V

− + α21(−1 + 6V −V +),

a12 = −
γ2
11

2
− 6α20γ11V

− + δ02
2
(γ11 + 4α20V

−) − V −(−4α21 + δ12 − 2γ21 + 12α2
20V

− +

12α21V
+V −),

a03 = −γ03 + 4(V −)2(α20(−δ02 + γ11 + 2α20V
−) + α21(−1 + 2V −V +)),

b20 = (−β11 + α20V
+),

b11 = −2(γ11 + 2α20V
−)V + + β11(−1 + 4V +V −),

b02 = δ02 − 2δ02V
+V − + 2V −(β11 − 2β11V

+V − + (γ11 + 2α20V
−)V +),

b30 = β30,

b21 = −
β2
11

2
− 6β30V

− − α21V
+ + 2β12V

+ − 2β11γ11V
+ − 2γ21V

+ + α20

2
(β11 + 4γ11V

+),

b12 = β12 + δ12 + 2β2
11V

− + 12β30(V
−)2 + δ02γ11V

+ − γ211V
+ + 4α21V

−V + − 8β12V
−V + +

2α20δ02V
−V +−2δ12V

−V +−6δ20γ11V
−V ++4γ21V

−V ++β11(δ02−γ11−2α20V
−−2δ02V

−V ++

6γ11V
−V +),

b03 = −δ202 − 2β12V
− − 3β11δ02V

− − δ12V
− + β11γ11V

− + 2α20β11(V
−)2 − 2β2

11(V
−)2 −

8β30(V
−)3− 2γ03V

+− 4α21(V
−)2V ++8β12(V

−)2V +− 4α20δ02(V
−)2V ++4β11δ02(V

−)2V ++

4α20γ11(V
−)2V + − 4β11γ11(V

−)2V +.

✺✾



❆P✃◆❉■❈❊ ❉ ✲ ❋❖❘▼❆ ◆❖❘▼❆▲ ❉❆

❆P▲■❈❆➬➹❖ ❉❊ P❖■◆❈❆❘➱

◗✉❛♥❞♦

p := V +V − − 1 = 0,

❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✱ ♥❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❝♦♠ ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ ♥ã♦✲

s❡♠✐s✐♠♣❧❡s ❞✉♣❧♦ ✶✳

■ss♦ ♣♦❞❡ s❡r ❝♦❧♦❝❛❞♦ ❡♠ ✉♠❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ r❡ss♦♥â♥❝✐❛ 1 : 1 q✉❡ é s✐♠étr✐❝❛✱ ❞❡✈✐❞♦

às r❡str✐çõ❡s ✐♠♣♦st❛s ♣❡❧♦ ♣r❡ss✉♣♦st♦ ❞❡ ✐♥✈♦❧✉çã♦ ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❈✮✳

❆ ❢♦r♠❛ ♥♦r♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ ✭✷✳✷✵✮ é ❡♥❝♦♥tr❛❞❛✱ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

s❡❣✉✐❞❛ ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ♣ró①✐♠❛ ❛ ✐❞❡♥t✐❞❛❞❡✱ ❡❧✐♠✐♥❛♥❞♦ ♦s t❡r♠♦s

♥ã♦ r❡ss♦♥❛♥t❡s ❞❡ ❞✐❢❡r❡♥t❡s ❣r❛✉s ✐t❡r❛t✐✈❛♠❡♥t❡✳

Pr✐♠❡✐r♦✱ ❛ ♣❛rt❡ ❧✐♥❡❛r ❞❛ ❛♣❧✐❝❛çã♦ ✭✷✳✷✵✮ é s✐♠♣❧✐✜❝❛❞❛ ❛tr❛✈és ❞❡ ✉♠❛ tr♦❝❛ ❞❡ ✈❛r✐✲

á✈❡✐s ❞❡♣❡♥❞❡♥❞♦ ❞♦s ♣❛râ♠❡tr♦s

(

x1

x2

)

=

(

2− 4V +V − 1

−2V + 0

)(

ξ1

ξ2

)

t♦r♥❛♥❞♦✲s❡

ξ1 7→ ξ1 + ξ2

ξ2 7→ 4pξ1 + (1 + 4p)ξ2

✻✵



■ss♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❢♦r♠❛ ❞❡ ❏♦r❞❛♥ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✐③❛❞♦ q✉❛♥❞♦ p = 0✳

◆❛s ❝♦♦r❞❡♥❛❞❛s (x1, x2) ❡ ♥❛ ❜✐❢✉r❝❛çã♦✱ ♦ ❡✐①♦ ❝♦♦r❞❡♥❛❞♦ ξ1 ❛♣♦♥t❛ ♥❛ ❞✐r❡çã♦ ❞♦

❛✉t♦✈❡t♦r s✐♥❣✉❧❛r (−1, V +) ❞❡ φ|p=0✱ ❡♥q✉❛♥t♦ ♦ ❡✐①♦ ξ2 ❛♣♦♥t❛ ♥❛ ❞✐r❡çã♦ x1✳ ❆ss✐♠✱ ❛

tr♦❝❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❧✐♥❤❛ ♦ ❛✉t♦✈❡t♦r s✐♥❣✉❧❛r ❝♦♠ ❛ ❞✐r❡çã♦ ξ1✱ ❡ ♥❛s ♥♦✈❛s ❝♦♦r❞❡♥❛❞❛s

♦ ❡✐①♦ ξ1 ❡stá ❡str✐t❛♠❡♥t❡ ❞❡♥tr♦ ❞❛ r❡❣✐ã♦ ❝♦st✉r❛♥t❡✳ ■ss♦ é ✉♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡s✱

♣♦✐s ♦s ♠❛♣❛s ❝♦st✉r❛♥t❡s ❡stá ❞❡✜♥✐❞♦ s♦♠❡♥t❡ ♥❛s r❡❣✐õ❡s ❡s❝❛♣❛♥t❡ ❡ ❝♦st✉r❛♥t❡s✳

❆❣♦r❛✱ ❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♣ró①✐♠♦ ❛ ✐❞❡♥t✐❞❛❞❡

ξ1 = µ1 + c20µ
2
1✱

ξ2 = µ2 + d20µ
2
1 + d11µ1µ2 + d02µ

2
2✱

❝♦♠

c20 = − b20+2b02(V +)2+b11V
+−a20V

+

V +(12p+16p2+2)
✱

d20 =
16b20p+4b20+16b20p2+4b02(V +)2+4b11V ++8V +b11p

2V + ✱

d11 = −6b20+4b02(V +)2+4b11V +−2a20V ++32b20p+80b20p2+64b20p3+12V +b11p+16V +b11p
2

V +(12p+16p2+2)

d02 =
−4b02(V +)2−2b11V ++2a20V ++12b20p+16b20p2

2V +(12p+16p2+2)

s✐♠♣❧✐✜❝❛ ♦s t❡r♠♦s q✉❛❞rát✐❝♦s✱ ♦❜t❡♥❞♦

µ1 7→ µ1 + µ2

µ2 7→ 4pµ1 + (1 + 4p)µ2 +B20µ
2
1 +B11µ1µ2

❝♦♠

B20|p=0 = 4(a20 − b11 − b20V
− + a11V

+ − b02V
+ + a02(V

+)2)

B11|p=0 = −4b02V
+ − 2b11 − 2a11V

+ − 4a20

❉❡✈✐❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ✐♥✈♦❧✉çã♦✱ ♦ t❡r♠♦ B20 é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦ ♣ró①✐♠♦ ❛ p = 0✱ ❡

❡ss❛ ❡①♣❛♥sã♦ ❡♠ s❡❣✉♥❞❛ ♦r❞❡♠ é ❡str✉t✉r❛❧♠❡♥t❡ ✐♥stá✈❡❧✳ P❛r❛ ♦❜t❡r ❛ ❢♦r♠❛ t♦♣♦❧ó❣✐❝❛

❞❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré✱ ❛ ❡①♣❛♥sã♦ ❡♠ t❡r❝❡✐r❛ ♦r❞❡♠ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞❛✳

▼❛✐s ✉♠❛ ✈❡③✱ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♣ró①✐♠❛ ❛ ✐❞❡♥t✐❞❛❞❡

✻✶



µ1 7→ u1 + e30u
3
1 + e21u

2
1u2

µ2 7→ u2 + f30u
3
1 + f21u

2
1u2 + f03u

3
2

♥ós s✐♠♣❧✐✜❝❛♠♦s ♦s t❡r♠♦s ❞❡ ❣r❛✉ ✸ ♥❛ ❡①♣❛♥sã♦ ❞❛ ❛♣❧✐❝❛çã♦✱ ♦❜t❡♥❞♦ ❛ ❢♦r♠❛ ♥♦r♠❛❧

u1 = u1 + u2 +O(||u||4)✱

u2 = 4pu1 + (1 + 4p)u2 +B11u1u2 +B30u
3
1 +B21u

2
1u2 +B03u

3
2 +O(||u||4)✳

✻✷



❆P✃◆❉■❈❊ ❊ ✲ ❆P❘❖❳■▼❆➬➹❖ P❖❘

❯▼ ❋▲❯❳❖

❯♠ ✢✉①♦ ❝✉❥♦ s❤✐❢t t❡♠♣♦✲✉♥✐tár✐♦ ❛♣r♦①✐♠❛ ❛ ❛♣❧✐❝❛çã♦ ✭✷✳✷✸✮ é ❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞❛

♣♦r ♠❡✐♦ ❞❡ s✉❝❡ss✐✈❛s ✐t❡r❛çõ❡s ❞❡ P✐❝❛r❞✳ P❛r❛ p = 0✱ ✐st♦ é

u̇1 = u2 −
B11

2
u1u2 +

B11

3
u22 + C30u

3
1 + C21u

2
1u2 + C12u1u

2
2 + C03u

3
2

u̇2 = B11u1u2 −
B11

2
u22 +D30u

3
1 +D21u

2
1u2 +D12u1u

2
2 +D03u

3
2

❝♦♠

C30 = −B30

2
✱ C21 =

B2
11

3
− B21

2
+B30✱ C12 = −

2B2
11

3
+ 2B21

3
− B30

2
✱

C03 = −B03

2
+

3B2
11

10
− B21

6
+ B30

30
✱ D30 = B30✱ D21 = −

B2
11

2
+B21 −

3B30

2
✱

D12 =
5B2

11

6
− B21 +

B30

2
✱ D03 = B03 −

B2
11

3
+ B21

6
✳

❖s t❡r♠♦s q✉❛❞rát✐❝♦s ♣♦❞❡♠ s❡r s✐♠♣❧✐✜❝❛❞♦s s❡❣✉✐♥❞♦ ❛ r❡❞✉çã♦ à ❢♦r♠❛ ♥♦r♠❛❧

❣❡♥ér✐❝❛ ❞❡ ❇♦❣❞❛♥♦✈✲❚❛❦❡♥s✱ ❞❡✜♥✐♥❞♦

u1 = ξ1

u2 = ξ2 +
B11

2
ξ1ξ2 −

B11

30
ξ22 ✱

♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ ✢✉①♦ r❡s✉❧t❛♥t❡ ♣♦r ✉♠❛ ❢✉♥çã♦ ❡s❝❛❧❛r 1 + B11ξ1✱ ❡ ❡♥tã♦ ❞❡✜♥✐♥❞♦

ξ1 = µ1✱

ξ2 = µ2 − B11ξ1ξ2.

✻✸



❊♥tã♦ ♦s t❡r♠♦s ❝ú❜✐❝♦s ♥ã♦ r❡ss♦♥❛♥t❡s sã♦ ❡❧✐♠✐♥❛❞♦s ❞❡✜♥✐♥❞♦

µ1 = υ1 +
1
36
(2B2

11 − 12B21 + 15B30)υ
3
1 +

1
12
(6B03 − 5B2

11 + 5B21 − 3B30)υ
2
1υ2✱

µ2 = υ2 +
B30

2
+ 1

12
(13B2

11 − 6B21 + 3B30)υ
2
1υ2 +

1
6
(6B03 − 4B2

11 + B21)υ1υ
2
2 +

1
90
(45B03 − 7B2

11 + 15B21 − 3B30)υ
3
2✳

❖ ✢✉①♦ r❡s✉❧t❛♥t❡ t❡♠ ❡q✉❛çõ❡s

υ̇1 = υ1 +O(||υ||4)✱

υ̇2 = B11υ1υ2 +B30υ
3
1 + (

B2
11

2
+B21 − 3B30)υ

2
1υ2 +O(||υ||4)✳

✻✹
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❆ ❢♦r♠❛ ♥♦r♠❛❧ ✭✷✳✸✾✮ é ♦❜t✐❞❛ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ f̃ s ♣❡❧❛

q✉❛♥t✐❞❛❞❡ (V + − 1
V + )✱ ❡ ❡♥tã♦ t♦♠❛♥❞♦ ❛ ❞✐♥â♠✐❝❛ s♦❜r❡ ❛ ❞✐r❡çã♦ (V +, 1) ❞♦ ❛✉t♦✈❡t♦r

s✐♥❣✉❧❛r✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞♦ t❡r♠♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ ✭✷✳✸✾✮ é

a2 = −a+22V
+ − a+23 + a+32 +

a+33
V +

− a−22(V
+)2 − a−23V

+ + a−32V
+ + a−33.

✻✺
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