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”All models are wrong,
but some are useful.”
George E. P. Box



Resumo

Modelos mistos sao geralmente usados para representar dados longitudinais ou de me-
didas repetidas. Uma complicagao adicional surge quando a resposta ¢é censurada, por
exemplo, devido aos limites de quantificacao do ensaio utilizado. Distribui¢oes normais
para os efeitos aleatérios e os erros residuais sao geralmente assumidas, mas tais pres-
supostos fazem as inferéncias vulneraveis, a presenca de outliers. Motivados por uma
preocupagcao da sensibilidade para potenciais outliers ou dados com caudas mais pesadas
do que a normal, pretendemos desenvolver nessa dissertacao, inferéncia para modelos
lineares e nao lineares de efeito misto censurados (NLMEC / LMEC) com base na dis-
tribuicao t- Student multivariada, sendo uma alternativa flexivel ao uso da distribuicao
normal correspondente. Propomos um algoritmo ECM para computar as estimativas
de méxima verossimilhanga para os NLMEC / LMEC. Este algoritmo utiliza expressoes
fechadas no passo-E, que se baseia em férmulas para a média e a variancia de uma dis-
tribuicao t-multivariada truncada. O algoritmo proposto é implementado, pacote tlmec
do R. Também propomos aqui um algoritmo ECM exato para os modelos lineares e nao
lineares de efeito misto censurados, com base na distribui¢ao normal multivariada, que
nos permite desenvolver andlise de influéncia local para modelos de efeito misto com
base na esperanca condicional da funcao log-verossilhanca dos dados completos. Os
procedimentos desenvolvidos sao ilustrados com a andlise longitudinal da carga viral do

HIV, apresentada em dois estudos recentes sobre a AIDS.
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Abstract

Mixed models are commonly used to represent longitudinal or repeated measures data.
An additional complication arises when the response is censored, for example, due to
limits of quantification of the assay used. Normal distributions for random effects and
residual errors are usually assumed, but such assumptions make inferences vulnerable
to the presence of outliers. Motivated by a concern of sensitivity to potential outliers
or data with tails longer-than-normal, we aim to develop in this dissertation inference
for linear and nonlinear mixed effects models with censored response (NLMEC/LMEC)
based on the multivariate Student-t distribution, being a flexible alternative to the use of
the corresponding normal distribution. We propose an ECM algorithm for computing
the maximum likelihood estimates for NLMEC/LMEC. This algorithm uses closed-
form expressions at the E-step, which relies on formulas for the mean and variance
of a truncated multivariate-t distribution. The proposed algorithm is implemented
in the R package tlmec. We also propose here an exact ECM algorithm for linear
and nonlinear mixed effects models with censored response based on the multivariate
normal distribution, which enable us to developed local influence analysis for mixed
effects models on the basis of the conditional expectation of the complete-data log-
likelihood function. The developed procedures are illustrated with two case studies,

involving the analysis of longitudinal HIV viral load in two recent AIDS studies.
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Capitulo 1

Introducao

1.1 Motivacao

Modelos lineares e nao-lineares mistos (LME/NLME) séo frequentemente usados
para analise de dados agrupados, pois oferecem uma flexibilidade em modelar a cor-
relacao entre e intra unidades amostrais, usualmente presente nesses tipos de dados
(Pinheiro and Bates, 2000). Exemplos de dados agrupados incluem dados de medidas
repetidas, dados multiniveis e dados longitudinais (entre outros). Entretanto, em véarios
estudos longitudinais, como estudos sobre a poluicao ambiental e doencas infecciosas,
a medicao de algumas variaveis pode ser sujeita a um limite de quantificagao, isto é,
um certo limite abaixo ou acima em que a medi¢ao nao é quantificada. Por exemplo,
a carga viral mede a quantidade de atividade de reproducao dos virus e, dependendo
do ensaio do diagndstico usado, essas medidas podem ser subjetivas a um limite de de-
teccao superior ou inferior (por isso, censurados a direita e a esquerda), valores acima
ou abaixo em que eles nao sao quantificados. A proporcao de dados censurados nestes
estudos pode nao ser trivial e, considerando métodos ad-hoc, isto é, substituindo o valor
limite ou algum ponto arbitrario como o ponto médio entre zero e o corte para detecgao
(Vaida and Liu, 2009), pode conduzir a estimativas tendenciosas para os efeitos fixos e
para os componentes da variancia (Wu, 2010). Como alternativa para métodos ad-hoc,

Hughes (1999) propds uma verossimilhanga baseada no algoritmo EM de Monte Carlo
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(MCEM) para LME com respostas censuradas (LMEC). Vaida et al. (2007) propos um
algoritmo EM hibrido (HEM) para modelos lineares e nao-lineares mistos com respostas
censuradas (LMEC/NLMEC) usando uma implementacao mais eficiente do algoritmo
de Hughes, baseado num eficiente esquema de amostragem em blocos. Vaida and Liu
(2009) propos um algoritmo EM exato para LMEC/ NLMEC que usa expressoes em
forma fechada no passo E, em oposicao a simulagao de Monte Carlo, levando a um

avanco na velocidade de compilacgao.

No contexto de LMEC/ NLMEC, os efeitos aleatérios e os erros entre unidades
amostrais, por conveniéncia matematica, sao frequentemente considerados ter uma dis-
tribuicao normal. Contudo, tais suposi¢oes de normalidade podem nem sempre ser
realisticas porque sao vulneraveis a presenca de uma observacao atipica. Para lidar
com o problema de uma observacao atipica no LME com respostas completas, algumas
proposicoes foram feitas na literatura como substituindo a suposicao de normalidade por
uma classe de distribuigoes mais flexiveis. Por exemplo, Pinheiro et al. (2001) propds
um modelo linear com efeito misto considerando a distribui¢ao t multivariada (t-LME)
e demonstrou a robustez contra outliers através de simulagoes e uma aplicacao com da-
dos ortodonticos. Lin and Lee (2007) desenvolveu algumas ferramentas adicionais para
t-LME através de uma perspectiva Bayesiana. Rosa et al. (2003) defende o uso de sub-
classes de distribuigoes elipticas, chamada distribuigao normal/independente (NI) (Liu,
1996) e adotou o contexto Bayesiano para analises posteriores para LMEC/NLMEC de
cauda pesada. Mais elaboragoes no t-LME foram estudadas por Song et al. (2007) e
Wang and Fan (2011). Mais recentemente, no contexto de LMEC/NLMEC de cauda
pesada, Lachos et al. (2011) defende o uso de classe de distribuicao NI e adotou o con-
texto Bayesiano para analises posteriores. Apesar de alguns trabalhos com distribuicao
eliptica terem aparecido recentemente na literatura, nao hé estudos em LMEC/NLMEC

sob a distribuicao t de Student na perspectiva frequentista.

Motivados por isso, neste trabalho, primeiramente propomos uma modificagdo no
algoritmo EM proposto por Vaida and Liu (2009), em que todos os parametros sao
atualizados (passo M) considerando os efeitos aleatérios e as observages censuradas
como dados perdidos. Depois, propomos uma modelagem paramétrica robusta nos
LMEC/NLMEC baseada na distribui¢ao t-multivariada para que a t-LMEC/t-NLMEC
seja definida e uma abordagem totalmente baseada na verossimilhanca seja considerada,

incluindo a implementacao de um algoritmo ECM exato para as estimativas de maxima
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verossimilhanga (ML). Tendo ainda por base a obra de Vaida and Liu (2009), neste
trabalho também desenvolvemos e apresentamos uma analise de diagnostico em modelos
lineares e nao lineares mistos para resposta censuradas, usando a distribuicao normal.

Baseados no que foi discutido aqui, mostramos uma breve descricao do algoritmo
EM, que serd usado para encontrar as estimativas de méaxima verossimilhanca dos
parametros nos LMEC/NLMEC para as distribui¢oes normal e t de Student. Também
apresentamos uma breve descri¢ao de anélise de influéncia aplicada nos LMEC/NLMEC
para distribuicao normal e, finalmente, descrevemos os objetivos e a organizacao deste
trabalho.

1.2 O algoritmo EM

O algoritmo EM (Dempster et al., 1977) é um procedimento iterativo eficiente
para calcular as estimativas de maxima verossimilhanga (ML) na presenga de dados
faltantes. Na estimacao pelo método de méxima verossimilhanca, desejamos esti-
mar os parametros do modelo para o qual os dados observados sejam mais provaveis.
Esse algoritmo é aplicado em problemas de estimacao para dados incompletos, au-
mentando o vetor de dados observados (y.s) com a inclusdo de varidveis latentes
(¥nobs), que nao sao diretamente observadas, obtendo-se, assim, o vetor de dados
completos Y. = (Yobs; Ynobs). A fungao de log-verossimilhanga é representada por

l.(0ly.) =log(f(y.|0)) e cada iteragao do algoritmo EM consiste em dois passos:

e Passo E (Esperancga):
Este passo consiste em calcular a esperanca da log-verossimilhanca completa,

(-1
denotada por Q(0|0( )), condicionada no vetor de dados observados. Isto é,
- . ~ ~ A=)
para a i-ésima iteragao temos que, dado 8 =0~ |

) A1)

Q018" ") = B{L(Olyo)lyos 0 };
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e Passo M (Maximizagao):
Consiste em maximizar a log-verossimilhanca completa em relacao aos parametros
do modelo, substituindo os dados latentes por seus valores esperados condici-
onais obtidos no passo E. Para a i-ésima iteracao, obtemos 5() que maximiza
Q(@\E(H)), tal que,

(@) 71

Q@"10 K

) > Q08" "), veceo.

Esse procedimento ¢ repetido até que uma certa margem envolvendo duas avaliacoes
sucessivas da log-verossimilhanga ¢(0]y), como ]6(5@) —K(a(i_l)ﬂ ou \E(a(i))/é(a(i_l)) -
1|, seja pequena o suficiente.

Quando o passo M do algoritmo ¢ dificil de implementar, é comum substituir este
com uma sequéncia de passos de maximizagao restrita (CM), cada uma das quais maxi-
miza Q(Hla(i_l)
extensao do algoritmo EM, chamado de algoritmo ECM (Meng and Rubin, 1993).

) sob @ com alguma fungao de @ mantida fixa. Isto leva a uma simples

1.3 Analise de diagnéstico

Os modelos estatisticos sao ferramentas importantes para extrair e compreender
caracteristicas essenciais de um conjunto de dados. Uma etapa importante na analise
é a verificagdo de possiveis afastamentos das suposicoes feitas no modelo, como, por
exemplo, a existéncia de observagoes extremas com alguma interferéncia nos resultados
do ajuste. Os elementos do conjunto de dados, que efetivamente controlam aspectos da
analise, sao ditos influentes se eles produzem alteragoes no resultado da analise quando
excluidos ou submetidos a algum tipo de perturbagao.

Existem duas abordagens principais para a deteccao de observagoes influentes. A
primeira abordagem é o método de eliminagao de casos (Cook (1977)), é um método
intuitivamente atraente (ver também Cook and Weisberg (1982)), onde o impacto de
se excluir uma observacao na previsao é diretamente avaliada por medidas, tais como
afastamento pela verossimilhanca e a distancia de Cook. A segunda abordagem, que
¢ uma técnica geral estatistica, utilizada para avaliar a estabilidade das estimativas
com relagdo ao modelo tedrico, é a abordagem de influéncia local Cook (1986). Apds o

trabalho pioneiro de Cook (1986), esse método tem, recentemente, recebido consideravel
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atencao na literatura estatistica de modelos de efeito misto (LME/NLME); veja, por
exemplo, Lesaffre and Verbeke (1998), Zhu and Lee (2001), Lee and Xu (2004), Osorio
et al. (2007), Russo et al. (2009), entre outros.

Embora vérios estudos de diagnésticos em LME/NLME tenham aparecido na lite-
ratura, nenhum estudo foi feito para diagndstico de influéncia em NLMEC/LMEC e
na analise de influéncia local. A principal dificuldade deve-se ao fato de que funcgao
log-verossimilhanca observada dos NLMEC/LMEC envolve integrais intratéveis (por
exemplo, a fun¢ao de densidade de probabilidade da distribuicao multinormal trun-
cada), tornando a aplicagao direta da abordagem de Cook (Cook, 1986) para este
modelo muito dificil, ja que as medidas envolvem as derivadas parciais de primeira e
segunda ordem dessa fungdo. Zhu and Lee (2001) desenvolveu uma abordagem para a
realizacao da andlise de influéncia local em modelos estatisticos gerais com dados au-
sentes. Este é baseado na funcao Q-afastamento, que esté relacionada com a esperanca
condicional da log-verossimilhanca dos dados completos no passo E do algoritmo EM.
Essa abordagem produz resultados muito semelhantes aos obtidos a partir do método
de Cook. Além disso, o método de eliminacao de casos pode ser estudado pela funcao

Q-afastamento seguindo a abordagem proposta por Zhu and Lee (2001).

1.4 Objetivos e organizacao da pesquisa

Neste trabalho, pretendemos fazer um estudo de inferéncia estatistica em modelos
lineares e nao lineares de efeito misto para dados censurados usando as distribuicoes
normal e t de Student. Além disso, temos a intencao de fazer diagnéstico de influéncia
em LMEC/NLMEC usando a distribui¢ao normal. Para o processo de estimagao de
maxima verossimilhanca, usamos o algoritmo EM. Aproveitando-se da esperanca con-
dicional da funcao de verossimilhanca completa, derivamos medidas de diagnéstico.

Assim, os objetivos especificos deste trabalho podem ser resumidos como se segue:

1. Apresentar um estudo de estimacao e diagnéstico, em modelos lineares e nao

lineares de efeito misto para dados censurados, usando a distribui¢cao normal.

2. Apresentar um estudo de estimacao, em modelos lineares e nao lineares de efeito

misto para dados censurados, usando a distribuicao t de Student.
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O trabalho contido nesta dissertacao é organizado em quatro capitulos. No Capitulo
2, apresentaremos os LMEC/NLMEC usando a distribuigao normal. Depois, iremos
desenvolver o algoritmo EM para estimar os parametros do modelo e faremos uma
analise de diagnéstico de influéncia local e global, baseado na metodologia proposta
por (Cook, 1986) e Poon and Poon (1999). Concluiremos este capitulo com a aplicagao
de dois conjuntos de dados usados por Vaida and Liu (2009) e um estudo de simulagao
para ilustrar a metodologia proposta.

No Capitulo 3, faremos uma apresentagao e uma descrigao dos LMEC/NLMEC utili-
zando a distribuicao t de Student propondo o algoritmo EM para estimar os parametros
nesse modelo. Vamos ilustrar a metodologia proposta com a aplicacao de dois conjun-
tos de dados utilizados no capitulo 2. Finalmente, apresentaremos um conjunto de
dados simulados para ilustrar como os procedimentos podem ser usados para avaliar
suposicoes do modelo, identificar outliers, e obter estimativas robustas dos parametros.

Por fim, o Capitulo 4 é dedicado a comentérios finais e dire¢oes para trabalhos

futuros.



Capitulo 2

The normal linear and nonlinear

mixed-effect models with censored
data

2.1 Introduction

Studies of HIV viral dynamics, often considered to be the a key issue in AIDS
research, considers repeated /longitudinal measures over a period of treatment routinely
analyzed using linear and non-linear mixed effects models (LME/NLME) to assess rates
of changes in HIV-1 RNA level or viral load (Wu, 2005, 2010). Viral load measures the
amount of actively replicating virus and its reduction is frequently used as a primary
endpoint in clinical trials of anti-retroviral (ARV) therapy. However, depending on the
diagnostic assays used, its measurement may be subjected to some upper and lower
detection limits, below or above which they are not quantifiable (resulting in left or
right censoring). The proportion of censored data in these studies may not be small
(Hughes, 1999) and so the use of crude/adhoc methods viz., substituting threshold value
or some arbitrary point such as mid-point between zero and cut-off for detection (Vaida

and Liu, 2009) might lead to biased estimates of fixed effects and variance components

(Wu, 2010).
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Our motivating datasets in this study are on HIV-1 viral load, (i) after unstructured
treatment interruption, or UTI (Saitoh et al., 2008) and (ii) set point for acutely infected
subjects from the AIEDRP program (Vaida and Liu, 2009). The former has about 7%
observations below (left-censored) the detection-limits, whereas the later has about 22%
lying above (right-censored) the limits of assay quantifications. As an alternatives to
crude imputation methods, Hughes (1999) proposed a likelihood-based Monte Carlo
EM algorithm (MCEM) for LME with censored responses (LMEC). Vaida et al. (2007)
proposed a hybrid EM using a more efficient Hughes algorithm, extending it to NLME
with censored data (NLMEC). Recently, Vaida and Liu (2009) proposed an exact EM-
type algorithm for LMEC/NLMEC, which uses closed-form expressions at the E-step,
as opposed to Monte Carlo simulations. Strictly speaking, these algorithms are Space
Alternating Generalized EM (SAGE) algorithms (see Vaida et al., 2007).

In this chapter, in order to perform diagnostics analysis in LMEC/NLMEC models,
we first propose a slight modification to the EM-type algorithm proposed by Vaida and
Liu (2009), wherein all the parameters are updated (M-step) by considering the random
effects and the censoring observations as missing data. Then, the diagnostic measures
for assessing the local influence in LMEC/NLMEC are developed and presented. Finally,
the methodology has been illustrated with the analysis of two examples involving HIV

viral measure and an empirical study.

2.2 The multivariate normal and truncated normal-

distribution

A random variable Y is said to follow a p-variate Normal distribution with mean
vector p and variance matrix 3 (positive definite), denoted by N,(u,3), if the
probability density function (pdf) of Y, is given by

¢p(Y|I‘l'v E) =

1
—1/2 I S DA
gl e { -y - E -,
where ®,(ula, A) and ¢,(ula, A) are the cdf (left tail) and pdf, respectively, of N,(a, A)
computed at vector u. In order to introduce some notation, for a Normal random vector,

we establish the following proposition which is important for our subsequent research.
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Proposition 1 Let Y ~ N,(u,X) and Y is partitioned as Y = (Y], Yy)", with

. . Y Y
dim(Y1) = p1, dim(Ys) = pa, p1 +p2 = p, and X = and  p =
DISSEEDITY

(], p19) " be the corresponding partitions of X and . Then
i) Y1~ Ny (g, 211),

i1) The conditional cdf of Yo|Y1 =y is given by

P(Y: <y2|Y1 =y1) = @, (y2lttg1, B221), (2.1)

z'.e., Y2|Y1 =Y~ Np2 (l‘l’Q.lﬁ igg.l), ’(Uh€7"€ 222.1 = 222 — 22121_11212, Ho1 =
Wy + X 30 (y1 — py), and Fy (.|, ) denotes the cdf of the p-variate Normal

distribution with parameters p and 3.

Now, let T'N,(p, 3; A) represent a p-variate truncated Normal distribution for N, (s,
¥)) lying within a right-truncated hyperplane

A={x=(z1,...,7) |71 < ay,...,z, < a,}. (2.2)

Specifically, we say that the p-dimensional vector X ~ T'N,(p, X; A), if its density

is given by:
¢p<x|/'l’7 27 V)
Pl B, i A) = D) g o (23)
)= a0
where a = (ay,...,a,)" and I,(x) is the indicator function whose value equals one if

x € A and zero otherwise.

2.3 Linear mixed effects with censored response

Ignoring censoring for the moment, the classical normal LME models is specified
as follows (Laird and H.Ware, 1982):

yi = XiB+Z;b; + ¢, (2.4)

where b; u N,(0,D) is independent of ¢; ind N,,(0,6%1,,), i=1,...,n; the subscript

i is the subject index; I, denotes the p x p identity matrix; y; = (Yi, ..., ¥in,) ' is a
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n; x 1 vector of observed continuous responses for subject i; X; is the n; x p design
matrix corresponding to the p x 1 vector of fixed effects 3; Z; is the n; x ¢ design matrix
corresponding to the ¢ x 1 vector of random effects b;; €; of dimension (n; x 1) is the
vector of random errors, and the dispersion matrix D = D(a) depends on unknown
and reduced parameters a. In the present formulation, we consider the case where the
response Y;; is not fully observed for alli =1,...,nand j = 1,...,n;. Let the observed
data for the i-th subject be (V;, C;), where V; represents the vector of uncensored

reading or censoring level, and C; the vector of censoring indicators, such that

vi; < Vi if Cy =1,
vij = Vij if Gy =0. (2.5)

For simplicity, we will assume that the data are left-censored and thus the LMEC is

defined. The extensions of theses results to arbitrary censoring can be easily presented.

2.3.1 The likelihood function

Following Vaida and Liu (2009), classical inference on the parameter vector 6 =
(B",0%,a")" is based on the marginal distribution of y;. For complete data, we
have that marginally y; £y N, (X;8,%;), where ; = ¢%I,; + Z;DZ, . For respon-
ses with censoring pattern as in (2.5), we have that y; ~ TN, (X;3,X;; A;), where
TNy, (.;A;) denotes the truncated normal distribution on the interval A;, where A; =
Aj X ooy X A, with A;; as the interval (—oo, 00), if C; = 0 and (—o0, Vj;], if Cj; = 1.
For computing the likelihood function associated with model (2.4)—(2.5), the first step
is to treat separately the observed and censored components of y;. Let y? be the ng-
vector of observed outcomes and y{ be the nf-vector of censored observations for subject
i with (n; = nf 4+ n§), such that, C;; = 0 for all elements in y?, and 1 for all elements

in y¢. After reordering, y;, V;, X;, and 3; can be partitioned as follows:

5w
yi = Uec(Y?vY?)’ V= UGC(V;),VZ-C), X;r = (vaxzc) and Y= ( Ezco chc ) ?

where vec(.) denote the function which stacks vectors or matrices of the same number

of columns. Then we have y{ ~ Npo(X¢8,%7), yily? ~ Nue(p;,S;), where p; =
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X568 + XP(BP) " Hy? — X98) and S; = X — X°(X°)71X°. From Vaida and Liu
(2009) and Jacqmin-Gadda et al. (2000), the likelihood function for cluster i (using

conditional probability arguments) is given by

Li(0) = [f(yil0) = f(y710)f(yily;,0) = f(y7|0)P(y; < Vi|y?,0)
= Ono(¥71X78, 37°)@e (Vi 12s, Si) = L, (2.6)

which can be evaluated without much computational burden through the routine muvt-
norm() available in R Genz et al. (2008); R Development Core Team (2009). The
log-likelihood function for the observed data is thus given by ¢(0]y) = > 7 {log L;}.
Thus the estimates obtained by maximizing the log-likelihood function ¢(@|y) are thus

the maximum likelihood estimates (MLESs).

2.3.2 The EM algorithm

As the observed log-likelihood function involves complex expressions, it is very
difficult to work directly with ¢(0|y), either for the ML estimation or to carry out the
influence analysis. For LMEC/NLMEC, an EM-type algorithm was developed by Vaida
and Liu (2009) for the ML estimation, in which 3 and ¢ are updated by integrating out
b; (marginal model), while D is updated with y; and b; as missing data. We proposed
here an expectation conditional maximization (ECM) algorithm by considering y; and
b, as missing data to update (M-step) all the parameters involved in the model.

Lety = (y/,...,y))", b= (bl,....b")T,  V =wvec(Vy,...,V,) and C =
vec(Cq,...,C,), and that we observe (V;, C;) for the ith subject. Treating b and
y as hypothetical missing data, and augmented with the observed data V,C, we set
ye=(CT,VT y" b u")". Hence, the EM-type algorithm is applied to the complete-
data log-likelihood function £.(0]y.) = >, t:(0]y.), where

1 1
Ei(O\yc) = _5 log o? + ;(}’i - X8 - Zibi)T(Yi - X8 - Zibi)

+log|D| + b/ D 'b;] + C, (2.7)

and C is a constant that is independent of the parameter vector 8. Given the current

~(k
estimate 8 = 0( ), the E-step calculates the conditional expectation of the complete
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log-likelihood function given by (see appendix)

Q0" = Eloyv.c.8" = a.08")
=1
= i@u(ﬁ,aﬂ@(m) + i Qui(]8™), (2.8)
=1 i=1

where

Qu(B,028") = —% log o — 2%2 [ag’“ —28"X] 3" — 2o + 87X X8
and

Qu(afd") = ~J1ogpl ~ jur (5D

with b\gk) = tr (gf?(k) — 2yzbT )ZT + b2 ZTZ > l/)\i(k) =  E{bj|V,, Ci,/é(k)} =
e059-x 8. B = Bpplv.c.8y = A e 2B X -
xAY 50T 1 x3Y3Y XNl yibr = E{yb[vic.8"y = "
503" T XNBT, with A" = (D1® 1+ 27Z,/52") 1 and ¥ = AVzT /52"

It is clear that the E-step reduces to the computation of ;,? = E{yiy]|V:,C;, 0} and
v = E{yi|V;, Ci,g}, that is, the mean and second moment of a truncated multinor-
mal distribution. These can be determined in closed form, as a function of multinormal
probabilities, using a sequence of simple transformations. For more details on the com-

putation of these moments one may refer to Vaida and Liu (2009).

~(k
The conditional maximization (CM) steps then conditionally maximizes Q(0|0( )

. ) . (k1
with respect to @ and obtains a new estimate 0( ), as follows:
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CA (ZXX) X7 (54 25"), 29

=1

~ (k1 ~(R)T SONIRZION B
2 - NZ @ 25" x] (7% - z6") + BV xTx8Y] L (210)

~ /\(k
UW>:—X: (2.11)

where N = 3"  n;. This process is iterated until some distance between two

successive evaluations of the actual log-likelihood £(8|y) given in subsection 2.3.1, such
A(k+1) (k) A(k+1) (k) .

as [¢(0 )—£(0 )| or |£(6 )/¢(0 ") — 1], is small enough.

These expected values can be determined in closed form, using proposition 1, as

follows.

1. If y; = y¢, i.e, the individual ¢ has only censored components. we have:

Y% = E{Yiy;r’VhCiab\}a
?i = E{Yi|Vz‘>Ci7§}a

where yi| Vs, Ci ~ TN, (i, S A, i, = XoB, 8 = 021, + Z.DZ] and A, =
{yi= (- vn) "l < Vi, Y, < Vin )

2. ty, =y?, i.e, the individual ¢ has non censored components. Then,

y: = yiy. Vi=Yi

and finally

3. fy; = (y¢',y?") 7, ie., for individual i, we observed censored and uncensored

components. Then from Proposition 1 and by the fact that {y;|V;, C;},
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{yil Vi, Ci, y2} and {y§|V;, C;, y?} are equivalent processes, we have

e 0T

Y.y y2i
yi = Elyilyi, Vi, Ci, 0} = vec(y;, ¥5),

0,01 oeT
o = Y.y Y.y
y; = E{yiyﬂyi,Vi,Ci,B}=< l )

where 3¢ = P{y¢} and y2, = B{yfysT}, with y§ ~ TN, (uf?, 559 Af), 550 =
S - S(SR) S and g = XoB + B(E) 7 (v? - X1B).

The variance of the fixed effects in the LMEC is given by (Hughes, 1999)
" -1
Var(B) = (Z X/ E1X, - XS Var(y| Vs, ci)zilxi> : (2.12)
i=1

2.4 Diagnostic analysis

Influence diagnostics techniques consist of evaluating the sensitivity of
the parameter estimates of a particular model when perturbation occurs either in the
data set or in the underlying assumptions of the model. There are primarily two
approaches for detecting influential observations. The first approach is the case-deletion
technique (Cook, 1977), in which is a common approach for analyzing one or more
fitted models after excluding some observations and then assessing by some metrics
such as the likelihood distance and the Cook’s distance. The second method is the
local influence approach (Cook, 1986), which evaluates the changes in the results of the
analysis by incorporating a minor perturbation to the model. By using the results of
Zhu and Lee (2001), we will introduce here the case-deletion measures and the local
influence measures to the censored data on the basis of the following Q)-function Q(0|§)
We discuss first the case-deletion measures, then the local influence, and finally the

perturbation schemes used.

2.4.1 Case-deletion measures

Case-deletion is a common approach to study the effect of dropping the #th case

from the data set. In the following, a quantity with a subscript ”[i]” denotes the original
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quantity with the ith case deleted. The log-likelihood function of 6, based on the
data with the ith case deleted, is denoted by £(6|Y.;). Let 5[ (,@M,O' i, & A[Tz])
be the maximizer of the function Qm(9|§) = E{{(0|Y )|V, C,O}, where 0 is the
ML estimate of 8. To assess the influence of the ith case on the ML estimate 5, we
compare the difference between EM and . If the deletion of a case seriously influences
the estimates, more attention need to be paid to that case. Hence, if /0\[,-] is far from 6
in some sense, then the ith case is regarded as influential. As EM is needed for every
case, the required computational effort can be quite heavy, especially when a sample
is large. Hence, the following one-step pseudo approximation 5[11] is used to reduce the
burden (see Cook and Weisberg, 1982; Zhu and Lee, 2001)

~1 -~ PN .~
6 =0+ {—Q(616)} 'Q;(6]6), (2.13)
5019 Q(010) 9Q;(610)
where Q(6|6) = W‘O g is the Hessian matrix and Q[l](0|0) 50 ‘0_07
¢t =1,...,n, has its elements as follows
Qmﬁ(a@) = 8@[1-]( [ )/35 = E1 [i]5 (2.14)
s 1
Qio2(010) = 0Q;(60)/00” = —@Ezm, (2.15)
Qua(08) = 0Q;(0]6)/0a, (2.16)

Where El[z] = Z];éz (?j — Zij — X]B) and EQ[Z] = Z#Z(n] — %), Wlth Aj =
~T ~ ) —~
a; — 28 XjT(yj - Zjbj) + 8 X/ X;8. Finally, Q;(0|0) has its elements as

Qo (0]0) = —> Ztr ~D'D(r)D'b;b/].
J#%

The Hessian matriz Q(6|8)

Following Zhu and Lee (2001), to obtain the diagnostic measures for case-deletion
diagnostic and for local influence of a particular perturbation scheme, it is necessary to
compute Q(6(8) = Yoy 92Q;(0]8)/0008" , where 8 = (37,02 )T is the parameter

vector. Hence, the Hessian matrix 92Q;(0]0)/9608" has its elements as follows:
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PQi(010) 1 o Qi66) 1 ¢
W = —;X Xl, W = —;X (Yz - Zzbz - Xzﬁ)v
Qs016) _ o °Qi016) _ 1 2

0Boa, 0 do200? 204 Ins = EAi]’
0°Q,(010) 9°Q,(010) 1 1 ——
“Fooa. = 0, “Dada. étr(A(sr)) - étr(B(sr)bibi ),

where

A(sr) =D D(s)D'D(r) — D(s,r)] and
B(sr) =D 'D(s)D'D(r) + D(r)D'D(s) — D(s,7)|D*,

with D(r) = 0D/da,, D(s,r) = 9*D/da,da,, r,s = 1,...,p*, p* = dim(a) and
i = 1,...,n. After some rearrangement and evaluating these derivatives at @ = 0

we obtain the Hessian matrix Q(5|§), which is a block-diagonal matrix of the form

((016) = diag(((68), (,2(8]6), 0.(8]0)), where

PN 1 oo b - :(616)
0) = —=X'X 0|6) = —— and Qa/(6]0)
Qﬁ( | ) (/7\2 ) QUQ( | ) 2(/7\4 an Qa ‘ ;( aasa&r >7
where X = (X{,...., X)), b=—=>" (n — 24;/5?).
~ ~T ~
Next, we will obtain the one-step approximation of 8 = (B[i],UQ[i],&[Tﬂ)T, i =
1,...,n, based on (2.13). Namely, the relationship between parameter estimates for

full data and the data with the 7th case deleted.

Theorem 1 For the LMEC, the relationships between the parameter estimates for full
data and the data with the ith case deleted are as follows:

~1

Bu = B+ (X'X) By,
~1 ~ 1

o’y = 0 =3B,

aj = a+{-Qa(616)}'Qpa(016),

where By, Eop and Q[i]a(b\@), i =1,...,n, are as in (2.14), (2.15) and (2.16),

respectively.
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From Theorem 1, case-deletion measures can be developed for assessing influential
observations, such as the generalized Cook distance and the likelihood distance (Zhu
and Lee, 2001). To assess the influence of the ith case on the ML estimate 5, we need
to compare EM and 5, and if 5[@»] is far from @ in some sense, then the ith case is
regarded as influential. Based on the metric for measuring the distance between EM
and 0 proposed by Zhu and Lee (2001) based on the EM algorithm, we consider here

the following generalized Cook distance:

GD; = (B3 — ) {~Q(8]8)} (8 — 8),i =1,....n. (217)

Upon substituting (2.13) into (2.17), we obtain the approximation:

GD} = Q(0){-QB10)} ' Qy(®), i=1,....,n.

Since Q(E!@) is a diagonal matrix, from Xie et al. (2007), GD} can be decomposed
into three parts that corresponds to the generalized Cook distance for parameter subset
3, o and «, which are denoted, respectively, by GD}(3), GD}(c?) and GD} (), as
follows:

GD; = GD;(B) + GD}(c°) + GD} (), (2.18)

where

PN PR PN 1
GD;(B) = QW(9|0)T{—Qﬁ(9|9)}‘1Q[i}6(9|9)=ﬁElT[i](XTX)‘IElm,

PN GG |
GD;(0%) = Qu2(010)'{~Q02(610)} "' Qo2 (6]6) = - Egy,

GDYa) = Qua(010){~Qu(6]6)}'Q}1.(016).

Another measure for the influence of the ith case is the following )-distance function,
similar to the likelihood distance LD; (Cook and Weisberg, 1982) is defined as

QD; = 2{Q(018) — Q(61/0)}. (2.19)

We can calculate an approximation of the likelihood displacement () D; by substituting
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(2.13) into (2.19), resulting in the following approximation @D} of QD;:
~ o~ ~1 ~
QD; =2{Q(0]6) — Q(6/|0)}. (2.20)

2.4.2 Local influence

In this subsection we derive the normal curvature of local influence (Cook, 1986)
for some common perturbation schemes either in the model or in the data. We will
consider the case-weight, scale matrix perturbation schemes and response perturbation
schemes, for this purpose.

Consider a perturbation vector w = (wy, ..., wg)T varying in an open region £2 C RY.
Let £.(0,wly.) be the complete-data log-likelihood to the perturbed model. We assume
that there is a wq in € such that .(0,woly.) = £.(0]y.) for all 6. Let 5((.0) denote
the maximum of the function Q(8, w|5) = E[(.(0,wly.)|V,C, 5] The influence graph
is then defined as a(w) = (w', fo(w))", where fo(w) is the Q-displacement function

defined as follows:
fow) =2[Q (618) - @ (0()[8)] .

Following the approach of Cook (1986) and Zhu and Lee (2001), the normal curvature
Cjo.a of a(w) at wy in the direction of some unit vector d can be used to summarize

the local behavior of the ()-displacement function. It can be shown that

. .. e ~~ Y1
Croa=—2d"Qu,d and G, = AL, {-00@0)}  Auw,
s o 0°Q(010) _ 3°Q(8,w]6)
where (6|6) = 5000 |0:9 and Ay = 5090 |0:9(w)'

Following the same procedure as in Cook (1986), the quantity —Qwo is quite useful
for detecting influential observations. From the spectral decomposition of a symmetric
matrix —2Qw, = S 7_, Ceexel, where {((p, €r),k = 1,. .., g} are eigenvalue-eigenvector
pairs of —QQwO with ¢ > ... > ( > (.41 = ... = 0 and orthonormal eigenvectors
{ex, k =1,...,g}, Zhu and Lee (2001) proposed to inspect all eigenvectors corresponding
to nonzero eigenvalues for capturing more information. Based on the work of Zhu and
Lee (2001), we consider the following aggregated contribution vector of all eigenvectors

that corresponding to nonzero eigenvalues. Let ¢y = Cu/(Ci+. . 4C), €2 = (€2, ...  Eig)
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and M(0) = Y;_, Cxe?. The Ith component of M(0), M(0);, is equal to S_r_, (re?;.
The assessment of influential cases is based on the visual inspection of the {M(0),,] =
1,...,g} plotted against the index [. The lth case may be regarded as influential if
M (0); is larger than the benchmark.

The inconvenience on the use of the normal curvature is in deciding about the
influence of the observations, since C,, 4(0) may assume any value and it is not invariant
under a uniform change of scale. Based on the work of Poon and Poon (1999) in using
a conformal normal curvature, Zhu and Lee (2001) considered the following conformal
normal curvature By, a(6) = Cf,.a(0) /tr[—2Qw,], whose computation is quite simple
and also has the property that 0 < By, 4(8) < 1. Let d; be a basic perturbation vector
with /th entry as 1 and all other entries as zero. Zhu and Lee (2001) showed that for
all I, M(0); = By,.q,- We can therefore obtain M(0); via By, v,

So far, there is not a general rule to judge the largeness of the influence of a specific
case in the data. Let M (0) and SM(0) denote, respectively, the mean and the standard
error of {M(0);:1=1,...,g}, where M(0) = 1/g. Poon and Poon (1999) proposed to
use 2M (0) as benchmarks for M(0). However, we may use different functions of M (0).
For instance, Zhu and Lee (2001) proposed to use M (0) + 2SM(0) as a benchmark to
take into account the variance of {M(0), : [ = 1,...,¢g}. According to Lee and Xu
(2004), the exact choice of the function of M(0) as the benchmark is subjective. More
recently, Lee and Xu (2004) proposed to use M(0) + c*SM(0), where c* is a selected
constant, and depending on the application, ¢* may be taken to be any value. In this

work, we will consider ¢* = 3, 5.

2.4.3 Perturbation schemes

Now, in this subsection, we will evaluate the A matrix under the following
perturbation schemes for LMEC models. Case-weight made for detecting observations
with outstanding contribution on the log-likelihood function and that may exercise high
influence on the maximum likelihood estimates. Scale perturbation made on the scale
matrix 3; = 0%1,,; + Z,DZ;. Tt also can be made on either ¢ or D which may reveal
individuals that are most influential, in the sense, of the likelihood displacement on
the scale structure. Finally, perturbation of response variables made on the response

values, which may indicate observations with large influence on the MLE. In our case
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the response variables are V's.

For each perturbation scheme, one has the partitioned form

A (AgvAa%Al)T?

82Q(8,w|06) 82Q(8,w|0) .
where AB = W‘wo € Rng, 60.2 = W’wo e R *g and Aa =
0*Q(0,w|6
al,.. ,’Alp*)T’ with A,, = %@0 € R™, r=1,...,p" and g being the

dimensions of the perturbation vector w.
Case weight perturbation
First, we consider an arbitrary attribution of weights for the expected value of

the complete-data log-likelihood function (perturbed @—function), which may capture

departures in general directions, represented by writing

Q(6,w|0) = E[(.(6,w|y.)|V,C, 6] = sz i(Bly)|V,C.0] = wQi(6]0).
Here w = (wi,...,w,)" is an n x 1 vector and w, = (1,...,1)". In addition, it is

possible to show that the local influence for this perturbation scheme is equivalent to

the deletion method discussed in previous subsection. For this perturbation scheme,

we find

Ay = %XTD(el,...,en),
A, = —%HT + %mi
0|6 0|6
A, = [aQé((xr‘ >,...,8Q5((IJ >], r=1,...,p",
where n = (ny,...,n,)", m= (A4y,.. iln) , D(€1,...,€,) is a block-diagonal matrix,
with €; = ¥, — Z;b; — X;B; and 8%;’9) = —%tr[D_lD(T) ~ D 'D(r)D b2,

Scale matriz perturbation
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To study the effects of departures from the assumption regarding the scale matrix,
we consider the perturbations D(w;) = w; 'D or 0%(w;) = w; ', fori = 1,...,n. Under
this perturbation scheme, the non-perturbed model is obtained when w, = (1, DT
Moreover, the perturbed @Q-function is as in (2.8), switching D(w;) and ¢?(w;) with D

and o2, respectively. The matrix Ay, has its elements as follows:

e Perturbation on D: Ay =0, A,z =0 and A,, = %[gl, .+, 0n], where g; =
D 'D()D b2, r=1,...,p"

1
e Perturbation on 0%: Ag = %XTD(GI, e €n), Az = 2—m and Aq = 0.
ot

Response perturbation

A perturbation of the response variables Vj;, i = 1,...,n, 7 = 1,...,n;, can be
introduced by replacing V;; by Vij(w) = Vi; + w;s;j, where s;; is a scale factor. Now

substituting V;;(w) into (2.5), we can write perturbed model as

yij(w) < Vi if Gy =1,
yij(w) = Vi if Cj =0

where y;;(w) = yi; — Wisij. Hence the perturbed Q-function @; (0\0 w) is as in
subsection 2.3.2, Wlth yi, ¥ and y,bT replaced by with yw = ¥y — w;S;, yw =

y? — wi(yis] + siy, ) + w?s;s! and beT = yle — w;S; bl respectively, with s; =

7 )

(Sity - - .,sim)T. Under this perturbation scheme the vector wy, representing no

perturbation, is given by wo = 0 and Ay, has the following elements:

1
AB — —;XTD(Sl,...,Sn),

1
Ay, = _;(Y—Zb—XB)TD(sl,...,sn),
A, = 0,

where Y = (37,...,31)7, b = (by,...,b,)" and D(si,...,s,) is a block-diagonal

matrix.
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2.5 The nonlinear case

The NLME (Pinheiro and Bates, 2000) is defined as:

where b; ~ N,(0,D) and €; ~ N,,(0,0°I) are independent; y, is a (n; x 1) vector of
observed continuous responses for subject 7; 1 is a nonlinear function of the individual
random parameter ¢,; A; and B, are known design matrices of dimensions r x p and
r X q respectively, possibly depending on some covariable values; 3 is the (p x 1) vector
of fixed effects and b; is the (¢ x 1) vector of random effects.

As mentioned by Vaida and Liu (2009), the linearization (L) procedure to obtain
the approximate MLE of 8 = (BT, 0%, )" involves of taking the first-order Taylor
expansion of 7; around the current parameter estimate B and the random effect estimates
b, (empirical predictors), which is equivalent to iteratively solving the following LME
model (L-step)

v, =W,8+Hb,+e, i=1,....n, (2.22)
where y; = yi — 1(¢(8.b;),X,), b; % N,(0,D) and € " N,,(0,04,), H; =
(977(Azﬂ(;]‘3}3ibi, X,) ’bZ:Bi and WZ _ 877(Ai/8(;/_8?ibi, X)) ’ﬁi:Bi’ and 77(¢<B’ Bz)’ X;) =

n(é(8,b;), X,) — W3 — H;b;. Thus, for censored response the linearized model (2.22)

is an LME with censored data, with same structure as (2.4), which is then solved as

detailed in the previous section. The model matrices in (2.22) depends on the current
parameter value, and need to be recalculated at each iteration. The algorithm iterates
to convergence between L-, E-; and CM-steps. Moreover, the influence diagnostic
procedures discussed earlier in Section 2.4 can be incorporated along with
the approximation in (2.22) to obtain approximate influence diagnostics measures for
NLMEC.

2.6 Application

We illustrate the performance of the proposed methods with the analysis of two HIV
datasets, previously analyzed by Vaida and Liu (2009), and the analysis of a simulated

example.
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2.6.1 UTI data

The first application is a study of 72 perinatally HIV-infected children (Saitoh et al.,
2008). The data set is available in the R package Imec. Primarily due to treatment
fatigue, unstructured treatment interruptions (UTI) is common in this population.
Suboptimal adherence can lead to antiretroviral (ARV) resistance and diminished
treatment options in the future. The subjects in the study had taken ARV
therapy for at least 6 months before UTI, and the medication was discontinued for
more than 3 months. Out of 362 observations, 26 (7%) observations were below the
detection limits (50 or 400 copies/mL) and considered left-censored at these values.
The individual profiles of viral load at different follow-up times after UTI is presented
in Figure 3.1 (right panel). We consider a profile LME model with random intercepts
b; as y;; = b + B; + €, where y;; is the log,, HIV RNA for subject ¢ at time t;,
t1 =0,ty =1,t3 =3,t4 = 6,15 = 9,16 = 12,17 = 18, tg = 24. The log,, transformation
of HIV viral load is used to stabilized the variance of viral load and make the viral
load more normally distributed. A summary of these parameter estimates and their
respective p-values are presented in Table 2.1. These results are coherent with those
indicated in Vaida and Liu (2009). From Table 2.1, we note that all the regression

parameters are significant at 5% level.

Tabela 2.1: Parameter estimates of the LMEC model and p-values for the UTI data.
SE indicates the standard error.

Parameter Estimate SE p-value
8 3.6038  0.1253 < 0.01
Bs 41664  0.1285 < 0.01
Bs 42413 0.1304 < 0.01
Ba 43604  0.1307 < 0.01
Bs 45662  0.1398 < 0.01
Be 45692  0.1485 < 0.01
Bz 4.6773  0.1646 < 0.01
Bs 47935  0.2018 < 0.01
o2 0.3414

a 0.76535
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Global influence

In order to identify outlying observations under the fitted model, the index plot of
the Mahalanobis distance d; = (y; — Xi,@)TEi_l(@ - XZB), i=1,...,72, is displayed
in Figure 2.1(a). We can see from this figure that observations #42 appear as possible
outliers. To evaluate the effect on the ML estimates when some observation is eliminated,
we analyze the QD) and GD} index plots, which are shown in Figures 2.1(b) and 2.2(a),
respectively. We note from these figures that two cases (#20,#42) are potentially
influential on the parameter estimates. Figures 2.2(b)-(d) present the index plots of
GD}(v), for v = B,0% a, respectively. From these figures we see that observation
#42 is influential with regard to the parameters 3 and o2, while observation #20 is

influential with regard to the parameter a.
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Figura 2.1: UTI data. (a) Mahalanobis distance and (b) Approximate likelihood displace-
ment @QD}. The influential observations are numbered.

Local influence

Next, we conduct a local influence study on the UTI data, based on M(0) with
interest focussing on @. Here we use the criterion M(0); > M(0) + 3SM(0), i =
1,...,72, to discriminate whether an observation is influential or not. Figure 2.3 pre-

sents the index plots of M (0) under the four perturbation schemes discussed in 2.4.3.
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From this figure it is noted that observation #42 appears as influential under case

weight and scale matrix o2 perturbation, while observation #20 is more influential un-

der perturbation on the scale matrix D. However, no one observation appears to be

influential under response variable perturbation.
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Figura 2.2: UTI data. (a) Approximate generalized Cook distance GD}, (b) GD} for subset
B, (c) GD} for subset 02 and (d) GD;} for subset a. The influential observations are numbered.

In order to assess the impact of the two observations that have been highlighted as

potentially influential on the ML estimates, we refitted the proposed LMEC model by
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Tabela 2.2: RC (in %) for the UTI data.

Dropped RC’BA RC~ RC+ RC> RC3+ RC+= RC+ RC;+ RCs RCh
1 B2 B3 Ba Bs Be Bz Bs o

{#20} 1.28 1.13 1.14 1.14 1.07 0.74 0.71 0.75 0.41 19.07

{#42} 0.49 0.44 0.72 1.10 0.29 0.26 0.59 1.04 10.40 0.93

{#20,#42} 093 1.69 197 236 089 062 024 0.16 10.05 1848

dropping each one of these cases. Let I} = {20}, I, = {42} and I3 = {20,42} denotes
the sets of observations identified as influential. Table 2.2 presents the relative changes

(RC) in percentage of these estimates defined by

¥ =

RC; = |°—

Y

where v = (i, ..., s, 0%, and Ay denotes the ML estimate of 7 after the set I;, (i =
1,2,3) has been removed. Even though some RC are large, significants changes in
B are not observed. It is of interesting to notice from Table 2.2 the coherence with
the diagnostic graphics shown in Figure 2.2 (as we would expect). For instance,
the elimination of the observation #20 leads to a large change in the RC of o and
elimination of the observation #42 leads to a large change in the RC of o2. Moreover,
the elimination of the set of observations #20, #42 leads to a large change in the RC

of a and 2.

2.6.2 AIEDRP study

The second AIDS case study is from the AIEDRP program, a large multicenter
observational study of subjects with acute and early HIV infection. We consider 320
untreated individuals with acute HIV infection; for more details on this dataset see
Vaida and Liu (2009). Of the 830 recorded observations, 185 (22%) were above the
limit of assay quantification, hence they were considered as right-censored. Following
Vaida and Liu (2009), we choose a five-parameter NLME model (inverted S-shaped

curve) as follows:

(1 +exp((tij — as)/aa))

yij = (15 —I— + Oz5i<tij — 50) + 6ij7 (223)
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Figura 2.3: UTI data. Index plot of M (0) for assessing local influence on 8 under (a) Case
weight perturbation, (b) Perturbation on D, (c) Perturbation on o2 and (d) Perturbation on
the response variable for the UTI data. The influential observations are numbered.

where y;; is the log,, HIV RNA for subject ¢ at time ¢;;. The parameters ay; and ay

are the setpoint value and the decrease from the maximum HIV RNA. In the absence

of treatment (following acute infection), the HIV RNA varies around a set-point which

may differ among individuals, hence the set point is chosen to be subject-specific. The

location parameter ag indicates the time point at which half of the change in HIV RNA
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is attained, ay is a scale parameter modeling the rate of decline and as; allows for
increasing HIV RNA trajectory after day 50. To force the parameters to be positive,
= log(ay;) = B + bi; B = log(aw), k = 2,3,4 and

as; = P5 + bo;. Table 2.3 lists the ML estimates for the parameters, together with their

we re-parameterize as follows: [Jy;

corresponding standard errors, calculated via Equation (2.12). From Table 2.3, we note

that all the regression parameters are significant at 5% level, except the parameter (3.

Tabela 2.3: Parameter estimates of the NLMEC model and p-values for the AIEDRP
data. SE indicates the standard error.

Parameter Estimate SE p-value
B 1.6096  0.0137 <0.01
Ba 0.1422  0.0949 0.1340
B3 3.5262  0.0237 <0.01
B4 1.0559  0.2677  0.01
Bs -0.0035 0.0014  0.01
o? 0.2652
any 0.0177
Qo 0.0002
Qi 0.00004
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Figura 2.4: AIEDRP data. (a) Mahalanobis distance and
displacement QDil. The influential observations are numbered.

(b) Approximate likelihood
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Global influence

In order to identify outlying observations under the fitted model, the index plot of
the Mahalanobis distance is displayed in Figure 2.4(a). We can see from this figure
that observations #9, #166, #230 and #259 appear as possible outliers. As

in the previous application, to evaluate the effect on the ML estimates when some
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Figura 2.6: AIEDRP data. Index plot of M (0) for assessing local influence on 6 under (a)
Case weight perturbation, (b) Perturbation on D, (c) Perturbation on o2 and (d) Perturbation
on the response variable. The influential observations are numbered.

observation is eliminated, we analyze the case deletion measures Q D} and G D}, which
are shown in Figures 2.4(b) and 2.5(a), respectively. We note from these figures that
cases #9, #166, #195, #230 and #259 are all potentially influential with regard to the
full parameter estimate 8. On the other hand, from figures 2.5(b)-(d), where we present

the index plots of GD}(v), for v = 3,02, a, respectively, we can see that observations
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#166, #195 and #230 are influential with regard to the regression parameters 3, while

only observation #259 is influential with regard to the parameter a.

Local influence

Next, we conduct a local influence study for the AIEDRP data, based on M (0)
with interest focussing on 6. Figure 2.6 presents the index plots of M(0) under the
four perturbation schemes discussed in 2.4.3. From this figure it is noted that observa-
tions #9, #166, #195, #230 and #259 all appear as influential under case weight and
scale- 0% perturbation, while only observations #198 and #259 are more influential
under perturbation on the scale matrix D. It is noted also that different observations
#1174, #175, #176 and #259 appear out as influential under response variable
perturbation. It is important to emphasize that, as in the uncensored case, the influence
measure G D] considered here is closely related to the local influence measure based on

the case weight perturbation.

2.6.3 Simulation Study

Results from analysis of a simulated example are presented here to illustrate the
performance of the proposed diagnostic measures. We consider a logistic model similar

to the one in 2.23, with random set points «a;; and random decline rates ay;, as follows

(1 +exp((tij — as)/aui))

Yij = 05 + + €,

where ¢ = 1,...,100, j = 1,...,10, ay; = exp(5y + b1;), Br = log(ay),k = 2,3 and
g = exp(By + bay), (bii, ba) ™ Ny (0,D) and e;; " N,,.(0,02L,,).
We set B = (1.6094,0.6931,3.8067,2.3026) ", 02 = 0.55, and D with elements D;; =
0.0025, D12 = —0.001 and Dy = 0.0100. In addition, and twenty percent (20%) of all
observations were censored.

After generating v;;, ¢+ = 1,...,100, 7 = 1,...,10, we perturbed the response
variable of the individual #85 as follows: ygs; < yss; + 1.5. By using the approach

describe in previous sections, we compute for global influence the case deletion measure

@D} and local influence based on M (0) for the response and case weight perturbations.
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As expected, we observe from Figure 2.7 the influence of the observation #85, This
reveals that the influence measures have detected what they are supposed to detect,

but at the same time suggest and give no false influential cases.
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Figura 2.7: Simulated data sets. (a)Approximate likelihood displacement, (b) Case weight
perturbation, (c) Perturbation on the response variable. The influential observations are
numbered.

2.7 Conclusions

This chapter provides a new insight into classical diagnostics methods for censored
linear and nonlinear mixed effects models, typically used for analyzing censored HIV
viral load outcomes, and also presents an useful expectation conditional maximization
(EMC) algorithm, which enable the development of diagnostics influence measures.
Explicit expressions are obtained for the Hessian matrix Q and for matrix the A un-
der different perturbation schemes. For NLMEC, the analysis is mathematically (and
computationally) feasible through a linearization procedure. The proposed methodology
has been applied to two recent (left and right-censoring) AIDS studies, which is fre-
ely downloadable from R. Our findings about the influential observations for these two
datasets agree with those presented in Lachos et al. (2011) from a Bayesian perspective.

The proposed methods can be extended to interval-censored longitudinal data,
following the work of Sinha et al. (1999). On the other hand, the models developed
here do not consider skewness in the responses because typically in HIV-AIDS studies,
the responses (censored viral load) is log-transformed to achieve a ‘close to normality’
shape. However, features of non-normality, such as skewness and thick-tails, need to be

incorporated into the proposed methodology to come up with a more general framework
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for censored mixed models. So in the next chapter we will propose a robust parametric
modeling of LMEC/NLMEC based on the multivariate-t distribution.



2. The normal linear and nonlinear mixed-effect models with censored data 34




Capitulo 3

The Student-t linear and nonlinear
mixed-effect models with censored

data

3.1 Introduction

In this chapter we propose a robust parametric modeling of LMEC/NLMEC based
on the multivatiate-t distribution, so that the t-LMEC/t-NLMEC is defined and a fully
likelihood based approach is considered, including the implementation of an exact ECM
algorithm for maximum likelihood (ML) estimation. As in Vaida and Liu (2009), we
show that the E-step reduces to computing the first two moments of certain truncated
multivariate-t distributions. The general formulas for these moments were derived by
Lin et al. (2011) (eq. 12 and 13). They require the multivariate-t cumulative density
function (cdf), for which we use the mvtnorm() package (Genz et al., 2008) in R (R
Development Core Team, 2009). The likelihood function is easily computed as a by-
product of the E-step and is used for monitoring convergence and for model selection,
such as, the Akaike information criterion (AIC), the Bayesian information criterion
(BIC) and the likelihood ratio test (LR). The methodology has been illustrated with

the analysis of two examples involving HIV viral measure and an empirical study.

35
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3.2 The multivariate t and truncated t-distribution

A random variable Y is said to follow a p-variate ¢ distribution with location vector
p, scale matrix 3 (positive definite) and degrees of freedom v (v > 0), denoted by
tp(p, 3, v), if it can be represented by

Y=p+U'?Z Z~Ny0,%), U~ Gamma(v/2,v/2), (3.1)

where Z and U are independent and Gamma(a, 3) stands for a gamma distribution
with mean «/f, and density denoted by G(.|a, 5). We then obtain the probability
density function (pdf) of Y, given by
ptv —(p+v)/2
ol B) = s (14 5)
where I'(.) is the standard gamma function and § = (y — p)"2 7 '(y — p) is the
Mahalanobis distance. The cdf will be denoted by T,(.|p, 2, v). If v > 1, p is the
mean of Y, and if v > 2, v(v — 2)71X is its covariance matrix. As v tends to infinity,
U converges to one with probability one, and so Y becomes marginally multivariate
normal with mean p and covariance matrix 3. The family of t¢-distributions thus
provides a heavy-tailed alternative to the normal family with mean g and covariance
matrix that is equal to a scalar multiple of ¥ (if v > 2). In order to introduce some
notation, for a Student-t random vector, we establish the following proposition which

is important for our subsequent research.

Proposition 2 Let Y ~ t,(u,X,v) and Y is partitioned as Y = (Y{,Y,)", with
i X

dim(Y1) = p1, dim(Ys) = pa, p1 +p2 = p, and X = o and  p =
DI SENDILY

(], p9) 7" be the corresponding partitions of ¥ and w. Then

Z) Yl ~ tpl(“’la Z)117 V);

it) The conditional cdf of Yo|Y1 =y1 is given by

P(Y <l Y1 = y1) = T (velttar, Bor v+ 1) (3:2)
. = = v+ 6
L.e., Y2‘Y1 =y1 ~ 1y, <H2.17E22.17V+p1>, where og 1 = v +p Yoo1, 01 =
1



3.2. The multivariate t and truncated t-distribution 37

(y1— ) TS0 (v — 1), Baza = Do — Zon B Ta, oy = o + S B (y1 —
), and Ty(.|p, X, v) denotes the cdf of the p-variate Student-t distribution with

parameters p, 3 and v.

Proof 1 The proof of i) is straightforward from (3.1). The proof of (ii), follows from
Proposition 4 given in Arellano-Valle and Genton (2010) by setting A = 7 = 0.

Now, let T't,(p, 3, v; A) represent a p-variate truncated t distribution for ¢,(u, 3, v)
lying within a right-truncated hyperplane

A={x=(z1,...,7) |71 < ar,...,z, < a,}. (3.3)

Specifically, we say that the p-dimensional vector X ~ T't,(p, 3, v; A), if its density

is given by:
tp(x|p, 2, v)
flx|p, 3, v;A) = 222 T (x), 3.4
( | ) Tp(a’lL,E,V) A( ) ( )
where a = (ay,...,a,)" and [4(x) is the indicator function whose value equals one if

x € A and zero elsewhere. The following propositions are crucial for evaluating some
conditional expectations of the proposed ECM algorithm for censored mixed effects

models.

Proposition 3 If X ~ Tt,(p, X, v; A), with A as defined in (3.3), then

v+p\ Tp(alp, X" v +2r) (k)
E X = Ew{W k=0,1,2
{(V+(S> CP(V7 T) Tp(a|u,2,y) W{ }7 y Ly 4y

_(v+p\ (T(p+v)/2T((v+2r)/2) N o
where c,(v, 1) = ( > ) ( TN (0t v 121)/2) ),W Tt,(p, X", v+ 2r;A),

6= (X - u)TZil(X - l“l')J a = (ala s )ap)T; Z* = :2 27 W(O) = ]-; W(l) - W;
v r
W@ = WWT andv+2r > 0.

Proof 2 First note that if X ~ t,(p, X, v), then we can write

(V ig) ty(x|p, X, v) = cp(v, r)t, (x|, X%, v + 2r). (3.5)
v

It follows that

" T 3 2
B { (I/ —H?) X(k)} = ¢, (1) plajp, 3 v+ T)E {X(k)|X <a},
Tp(a“‘l’vzay)
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which concludes the proof.

Proposition 4 Let X ~ Tt,(pu, X, v;A), with A as defined in (5.3). Consider the
partition XT = (X],XJ) with dim(X,) = p1, dim(Xs) = pa, p1 + po = p, and the
corresponding partition of the parameters p, ¥, a = (a®,a™) and A = (A" A" ).

Then under the notation given in Proposition 2 we have

r d T (a® > 2
p{ (0] x| = o el e B T L) gy
v+ (V+ 1) sz(ax2|/-142.17222-17y+p1)

_ » (T +v)/2)T((p1 + v +2r)/2) N s
where dy(p1,v,7) = (v + D) (F((m )2 (p v+ 27")/2))’ W ~ Tt (s gy 1,

v p 2 A7) 6 = (X = p) BT (X = p), 6= (X — ) T2 (X - y), @™ =
~ % +94
cvay)T, S = (2T ) sy, WO = 1, WD = W WE = WWT
(ar,...,ap)", Bgg, 1/+2r+p1> 22.1 5 ; ;
v+pr+2r>0andk=0,1,2.

Proof 3 First note that if X ~ t,(@,3,v), then using the result given in Proposition

2-(11), we have

v+p\" ( = ) d,(p1,v,7) ~x
— |t by = ———"t by 2
(1/+ 5) 2 ( Xollg 1, Xo01, v + 1 (v +0,)" p2(X2|Ho 1, oo 1,V + p1 + 2r)
(3.6)

and the proof concludes by noting that

~ %
E { <” +P>r X(k:)|X1} _ oo,y 1) Ty (2|1, B, v 91 +27) {x{x; < a2}
v+o) 2 (V+01)" T, (a2 |py g, B, v + p1) i -

~ %

where X;k) ~ lp, <N2.1a Yoo,V + 01+ 2r) .

Formulas for E{W} and E{WW '} where W ~ Tt,(u, ¥, v; A), have been recently
developed in closed form by Lin et al. (2011) (eq. 12 and 13), which depend on
the multivariate-t cdf. The computation uses existing functions for the multivariate-t

cumulative distribution, for which the pmut() of the muvtnorm library (Genz et al.,
2008) from R can be used.
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3.3 Linear mixed effects with censored response

For robust estimation of the parameters, we proceed as in Pinheiro et al. (2001) by

considering a generalization of the classical N-LME as follows:
yi =XiB+Zb; + €, (3.7)

with the assumption that

~ Up,; s V), =4L....Nn, .
€ A\ o 0 o2,

where the subscript ¢ is the subject index; I, denotes the p x p identity matrix;
y, = (Yi,... ,Ymi)T is a n; x 1 vector of observed continuous responses for sample
unit ¢, X; is the n; X p design matrix corresponding to the fixed effects, 3 is a p x 1
vector of population-averaged regression coefficients called fixed effects, Z; is the n; x ¢
design matrix corresponding to the ¢ x 1 vector of random effects b;, €; is the n; x 1
vector of random errors, and the dispersion matrix D = D(a) depends on unknown

and reduced parameters .

From (3.8), it is clear that marginally

b; u t,(0,D,v) and g w tn,(0,0°L,,v), i=1,...,n. (3.9)
Note that b; and €; are uncorrelated, once Cov(b;, €;) = E{b;€e/ } = E{E{bs¢, |U;}} =
0, where U; is defined in 3.1. Classical inference on the parameter vector 8 =
(B",0%,a",v)" is based on the marginal distribution for y;, which are marginally
distributed as

fort=1,...,n, where 3J; = 02Im-+ZiDZZT. The estimates from the multivariate t-LME
are more robust against outliers than those based on the standard LME. In a simulation
study, Pinheiro et al. (2001) showed that the t-LME substantially outperforms the
normal or standard LME when outliers are present in the data. The gains in efficiency

in estimating the parameter is particularly high for the variance - covariance parameters.
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This problem has been also discussed by Wu (2010) in the context of censored mixed

effects models.

Following Vaida and Liu (2009), we consider the case in which the response Yj;
is not fully observed for all ¢, j. Thus, let the observed data for the i-th subject be
(V;, C;), where V; represents the vector of uncensored reading or censoring level, and

C,; the vector of censoring indicators:

vy < Vi if Gy =1,

so that, the t-LMEC is defined. For simplicity we will assume that the data are left-
censored. The extensions to arbitrary censoring are immediate. It follows that for

responses with censoring pattern as in (3.11), we have that marginally
yi~ Ttnz(XZ/gv Eia v; Az)a

where A; = A; x ..., xA;,;, with A;; as the interval (—oo,00) if C;; = 0 and the
interval (—oo, Vj;] if Cj; = 1.

3.3.1 The likelihood function

The likelihood function, can be easily computed by using a sequence of simple
steps. The first step is to treat separately the observed and censored components of y;.
Partition y; into the observed and censored parts: y; = vec(y?,ys), that is, C;; = 0 for
all elements in y?, and 1 for all elements in y¢; write accordingly V; = vec(V?, V§),
where vec(.) denote the function which stacks vectors or matrices of the same number
of columns. Then, from Proposition 2, we have that y7 ~ t,.(X¢3, %, v), yily{, ~

tne (5%, 8§°, v + n?), where

pe = X8+ Tyl — X98), (3.12)
S0 — <M> steco, (3.13)

v+ng
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with X0 = 3% — 3% 1% and §(y?) = (y? — X98) T2 (y? — X93). Thus, the

likelihood for cluster ¢ is given by

Li(0) = [f(yil®) = f(y710)f(yilyi,0) = f(y{|0)P(y; < Vilyi,0)
= 1o (VIIXIB, 0%, 1) The (Vi | pi®, S, v +nf) = L. (3.14)

Therefore, the log-likelihood function for the observed data is given by ¢(0|y) =
> {log L;}. This can be computed at each step of the EM-type algorithm without
additional computational burden, because L;’s are computed at the E-step (see subsection
3.3.2). In addition, the log-likelihood can be used to monitor the convergence of the algorithm
and for model selection (AIC, BIC, LR).

Lucas (1997) developed an interesting study on the robust aspects of the Student-t M-
estimator in the univariate case using influence functions. He showed that the protection
against outliers is preserved only if the degrees of freedom parameter is fixed. Otherwise, if
the degrees of freedom is also estimated by maximum likelihood, the influence functions for v
and the change of variance function of the location parameter are not bounded. In this work
we will maintain fixed the degrees of freedom and the shape parameters for Student-t, and we
will use a model selection procedure based on the AIC or BIC to choose the most appropriate
values of v (see Lange et al., 1989; Meza and Osorio, 2011). Thus, hereafter we consider that

the parameter vector is @ = (87,02, a’)T.

3.3.2 The EM algorithm

The EM algorithm originally proposed by Dempster, Laird and Rubin (1977) has several
appealing features such as stability of monotone convergence with each iteration increasing
the likelihood and simplicity of implementation. However, ML estimation in model (3.7), (3.8)
and (3.11) is complicated such that the EM algorithm is less advisable due to a computational
difficulty in the M-step. To cope with this problem, we apply an extension of EM algorithm,
called the ECM (Meng and Rubin, 1993) algorithm, which shares the appealing features of the
EM and has a typically faster convergence rate than the EM in the sense of a small amount
of iterations or actual computer time.

Let y = (y{,...,y.)", b= (b/,....;.b"T u = (u,...,u,)", V= vec(Vy,...,V,)
and C = vec(Cy,...,C,), such that we observe (V;, C;) for the i-th subject. Treating b,
u and y as hypothetical missing data, and augmented with the observed data V,C, we set

ye = (CT,VT,yT. b, u")". Hence, the ECM algorithm is applied to the complete-data
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log-likelihood function £.(0]y.) = > i, 4i(0]y.), given by

1 Uy
i(Blye) = —5 |milogo® + —3(vi = XiB = Ziby) ' (yi = XiB — Ziby)
+1log |D| + ub] D7 1b;| + h(w;|v) + C, (3.15)

where C is a constant that is independent of the parameter vector 8 and h(u;|v) is a density of a

Ak)

Gamma(v/2,v/2). Given the current estimate @ = @, the E-step calculates the conditional

expectation of the complete log-likelihood function given by (see appendix)

~(k)
Qe[8") = Elt(oly.)v.C.8" ZQZ 616"
n A(k Ak
= ) Qu(B,o%0 )+ZQ2@-(al0 ), (3.16)
i=1 i=1
where
Qui(B,028") = 7;10g02212[a§’“)23(’“”><1 (" — Zub, ")
(o
La®BM T xTx B(k)}
and

~ —(k
Qgi(a|0(k)) = —%log|D| - %tr <ub?( )D_1> ,

(k)

— —(k (k) (k) .
withagk) = tr (uyf — 2uybi( )ZZ-T + ub? ZiTZZ->; ub? = E{uibibj\Vi,Ci,G(k)} =

—~(k) ~
02( )Agk)—l-cfo(k)(uyl( )—A(k ﬁ XT X; ﬁ

)

S E)F (k)T

k)/\ (k)T ~l—u( )Xi/B

E{u;b;|V;, C;, H(k)} = @Ek) (@E»k)—ﬁﬁ'“)Xiﬁ(k)); bez'( - E{u;y:b] |V;,Ci, g(k)} = (uy?( "

—5(k) ~ (k)

() 5R)T . ~(k ~ .
uygk)ﬁ( ) X))@, , where AE - (02 D71®) + ZT7,)7" and gol(»k) =A,'Z].
~(k
Note that in this case we do not consider the computation of E[h(u;|v)|V,C, 0( )], be-
cause v is fixed.
~(k
The conditional maximization (CM) steps then conditionally maximizes Q(G!O( )) with

~(k+1

respect to @ and obtains a new estimate @ ), as described below:
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n -1 n
3+ ax] X) X7 (@f»k) - Z@E“) , (3.17)
=1

1=

®
I
Yo

3 =

/E(k-l-l) (k)

i

)+ a® Y xTx,8% |, (3.18)

Q
Il
2|~

N

[a(.’f) 28" XT (3™ — Zub

%
1

-
Il

(k)

D+ ub? " (3.19)

|
S|

I
—

1

where N = > | n;. This process is iterated until some distance involving two successive
evaluations of the log-likelihood ¢(80|y) described in subsection 3.3.1, like |€(§(k+1))—€(§(k))| or
| (§(k+1)) /l (O(k)) —1|, is small enough. That is, convergence is declared when the improvement
in log-likelihood falls below a certain preset limit. In practice, pmuvt() shows small random
variability, which leads to non-increasing log-likelihood beyond a certain level. The variability
due to pmut() can be controlled using the algorithm = GenzBretz(value) argument.

From (3.17)-(3.19) it is clear that the E-step reduces only to the computation of Jy\?, uy;
and u;. These expected values can be determined in closed form, using propositions 2-4, as

follows.

1. If y; =y, i.e, the individual ¢ has only censored components. Then from Proposition

3, we have:
uy? = E{wyy] Vi, C;,0} = TnTiV(?V‘j‘Z;j;;JZ j)Q)E{Win'Th
ay; = E{wyi|Vi,C;,0} = Tn}?ﬂ,‘jf;iéz j)Q)E{Wz‘},
i = B{u|Vi,C;,0) = T”T(nv(\'/“ “LEEV ;2),
where W; ~ Tty (p;, 55, v + 2 A:), p; = X8, BF = VLHE % = 0L, + ZDZ]

and A; = {W; = (w1, ..., wn,) w1 < Vi1,...,wn, < Vi, }.

2. Ify; =y?, i.e, the individual ¢ has non censored components. Then,

- v+ n; v+ n; ~ v+ n;
uy; =

Yi, 4 = ——————»
) v+0(yi)

)Yzy1 y UY; V+5(Yi

v+ 6(yi
where 0(y:) = (yi — Xi8) "=, (yi — X;/3), and finally

3. Ify;, = (yfT,yfT)T, i.e., for individual ¢, we observed censored and uncensored
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components. Then from Proposition 4 and by the fact that {y;|Vi, C;},
{yilVi,Ci,y?} and {y§| Vi, C;, ¥} are equivalent processes, we have

05,01 7>

F N Eacl
YoV ui wy;w; )
b

—

2
uy;

oeyvo Tl ~ —5¢
U;iW;y,; UiW*=;

E{uiyz'y;r|}’f,Vz‘,Ci,a} = (
ay; = E{wyily?,Vi,Ci,0} = vec(y?t;, we),

ng + v )Iﬂvmg%§ﬂu+ng+a
v+ 0(y?) Tp(Vilpuso, 8, v +n?)

i E{uily?, Vi, Ci, 0} = <

v+0(y7)
v+2+ng
Ttne (5%, 8%, v+ ng + 2; AF) and X7°, uf® and S are as in (3.12)-(3.13).

where §¢ = ( ) 30 w§ = E{W,} and V/VEZC = B{W,W}, with W; ~

3.3.3 Estimation of random effects and the expected

information matrix

In this subsection we consider an empirical Bayes inference for the random effects, that is,
the minimum mean squared error (MSE) predictor of b;, that is useful for evaluating subject-
specific quantities such as individual intercepts and slopes. Thus, if values of parameter vector

0=(8",0%2,a")T and v were known, the conditional mean of b; given C;, V; is

bi(0) = E{bi|Vi,Ci} = E{E{E{b|ui}ly:, u}|Vi, Ci}
= B{NZ] (yi—XiB)|Vi,Ci} = AZ] (3 — XiB), (3.20)

where A; is defined in subsection 3.3.2 and y; = E{yi|Vi, C;} is the first moment of the
truncated multivariate-t distribution (Tt,,(X;3, 2;,v;A;)). In practice, the empirical Bayes
estimators of by, lA)i, can be obtained by substituting the ML estimate 0 into (3.20), which

leads to BZ = lA)Z(/G\) The conditional covariance matrix of b; given C;, V; is

Var{b;[V;,Ci} = E{bb]|V;,C;} —b;(8)b;(0)T
. v+n; ( v+ n;
v+n; —2 v+6(y:)

7V G A+ A2 (32 - 590 )M
where ;/? = E{yiy, | Vi, C;} is the second moment of the truncated multivariate-t distribution
(Tt (Xi08,%;,v;A;)) These expected values can be easily accomplished from steps [1]-[3]
given above as a by-product of our proposed ECM algorithm (E-step).
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Louis (1982) derives a result that can be used to adjust the variances of the estimated
fixed effects for the information lost due to censoring. Using this method, from the results
given in Appendix B in Lange et al. (1989), an asymptotic approximation for the variances

of the fixed effects is given by (see Appendix A.2):

n n -1
_ - L s gy Ty-lp s-lvw.

v+ n;

v+6(yi)

confidence intervals and hypothesis tests for the fixed effects are obtained assuming that the

where B; = Var { (vi — XiB)| Vi, Ci ¢, with y; ~ Tty (X;3, X5, v; A;). Asymptotic
MLE 3 has approximately a N,(83, JBIB) distribution. In practice, J 83 is usually unknown
and has to be replaced by its MLE 3,35 .

3.4 The nonlinear case

Extending the notation of the previous section and ignoring censoring, we first propose
the following general mixed-effects model in which the random terms are assumed to follow a
multivariate-t distribution (t-NLME).

Let y; = (i1,---,Yin;) denote the (continuous) response vector for subject i and 7 =
(n(Xi1, @;), -+ s 0(Xin,» @;)) T be a nonlinear vector valued differentiable function of the
individuals random parameter ¢; and a vector of covariates X;. The t-NLME can then be

expressed as:
yi = n($;, Xi) + €, ¢, = A;B+ B;b, (3.22)

where the joint distribution of (b;, €;) is as in (3.8), A; and B; are known design matrices of
dimensions r X p and r X g respectively, possibly depending on some covariable values, 3 is the
(px1) vector of fixed effects, b; is the (gx 1) vector of random effects. Thus, from the properties
of the multivariate-t distribution, we have that marginally, ¢; ind t.(A;3,B,DB/,v) and
€; ind tn,(0,0%L,,,v), and as in the linear case, they are uncorrelated because Cov(¢;, €;) = 0.

For NI-NLME with non censoring responses, the marginal distribution is given by

6) = 1/ na (¥ (s Xa), uy Lo ?Ty, 5 A;B,u; 'B,DB;
0 =IL [ [ on0an@ X0 0%0)6,(0; Aip. o BDB])

xG(ui|v/2,v/2)dp;du;, (3.23)

which generally does not have a closed form expression because the model function is not
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linear in the random effect. In the normal case, various approximations (viz. first-order
Taylor series expansion of the model function around the conditional mode of b;, says Bz)
have been proposed to achieve tractable numerical optimizations (Wu, 2010). Most algorithms
for computing the approximate MLE 0 and empirical Bayes estimators (predictors) for the
random effects Bz considers iterative maximization of the approximate log-likelihood functions
6(0,%) = > logf (yi|0,l~)z-). Following Taylor series expansions, we have the following
theorems. The first uses a point in a neighborhood of the conditional mode l~)l as the expansion
point and it has been proven useful for implementation of model selection, in a Bayesian
context (Lachos et al., 2011). The second, useful for the implementation of the EM algorithm,
uses simultaneously neighborhood of b; and 3 as expansions points, with the advantage that
the likelihood is completely linearized (in b; and 8). We call these LME approximations
and can be considered as extensions of the result given in Lindstrom and Bates (1990) and

Pinheiro and Bates (2000) for the Student-t case.

Theorem 2 Let ILN)Z be an expansion point in a neighborhood of b;, then under the t-NLME
model as in (3.22), the marginal distribution of y;, can be approzimated as'y; ~ tni(n(A;B +
Bif)i, Xz) — ﬁlf)l, {/—i, I/), where {/z = ﬁlDﬁI + U2In“

~ A; B;b;, X;
i, — On(AB + )

5. and ~ denotes approzimated in distribution.

by b

Proof 4 See Lachos et al. (2011).
The next theorem allows the implementation of the EM algorithm.

Theorem 3 Let l~)Z and B be expansion points in a neighborhood of b; and B, respectively,
then under the t-NLME model as (3.22)-(5.8), we have the following linearized model

Vi=W,8+Hb;+e, i=1,....n, (3.24)

ind ind.

where ¥; = y; — 7(AiB + B;b;, X;), bi "™ t,(0,D,v) and € "~ t,,(0,0°L,,,v), H; =
In(AiB + Bib;, X,) — (A8 +B;b;, X;) s _

B,b;, X;) — H;b; — W, 3,

Proof 5 Based on first-order Taylor expansion of the function n around b; and B, we have
that
1(AiB + B;b;, X;) ~ [n(A:B + B;b;, X;) + Hib; — Hyb; + W,;8 — W,(3]
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AL+ Bb, X)) . 91(AiB +Bibi, X)

. It follows that

e = yi—n(AiB+Bb, X))~y — [n(A;B + B;b;, X;) + Hib; — Hib, + W;8 — W, ]
= y;— [(B,b;) + W, 8+ H;b;] = y;, — [W,8 + H;bj,

which concludes the proof.

The empirical Bayes estimates of the random effects k~), given in (3.20), can be used
iteratively in the linearization procedure from Theorem 2. Note that the distribution of b;|y;
is approximately symmetric (Student-t), and thus E is the mode of the distribution at each
step. As commented by Vaida and Liu (2009), the linearization (L) procedure to obtain the
approximate MLE of 8 = (BT,O'2, a’)T consists to iteratively solving the LME model (L-
step) in (3.24). For censored response the linearized model (3.24) is an LME with censored
data, with same structure as (3.7)-(3.8), which is then solved as indicated in the previous
section. The model matrices in (3.24) depends on the current parameter value, and needs to
be recalculated at each iteration. The algorithm iterates to convergence between L-, E-; and

CM-steps.

3.5 Model choice

A variety of information criteria exist to properly determine the best choice among a set
of competing models. To identify the best selected model support by the data, we adopt the
AIC and the BIC, which are the two most commonly used model selection tools. Both criteria
can be applied to non-nested and to nested models, but not always lead to the same choice.
Basically, there is no clear consensus regarding which criterion is better to use. A combined
use of AIC and BIC would be of help to screening reasonable candidate models.

A formal test concerning the appropriateness of using the normal model Hy : v~ = 0
versus t model Hy : v~! > 0 is nontrivial since the null hypothesis is on the boundary of
the parameter space. For testing parameters under non-standard settings, Self and Liang
(1987) have shown the limiting distribution of the likelihood ratio test (LR) statistic will
follow a mixture of chi-square distributions. Referring to Case 5 of Self and Liang (1987), the
LR statistic under Hy : v~! = 0 is an equally weighted mixture of X(Q) and x? distributions,
where x3 denotes a degenerate distribution with all of its mass or probability at zero. In this
case, the critical values are 1.65, 2.71 and 5.41 at the 10%, 5% and 1% significance levels,

respectively.
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3.6 Application

We illustrate the performance of the proposed methods with the analysis of two HIV datasets,

previously analyzed in chapter 2, and the analysis of a simulated example.

3.6.1 UTI data

The first application is the same study used in 2.6.1, a study of 72 perinatally HIV-infected
children (Saitoh et al., 2008).

Vaida and Liu (2009) and we analyzed the same dataset by fitting a similar N-LMEC
via EM algorithm, but from Figure 1 given in Lachos et al. (2011) it is clear that inference
based on normality assumptions are questionable (presence of thick tails). We revisit the UTI
data with the aim of providing robust inferences, from a frequentist perspective, by using the
Student-t distribution. The ML estimates were obtained using the ECM algorithm described

in subsection 3.3.2. Starting values were obtained by using the library Imec.
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Figura 3.1: UTI data. (Left panel) Plot of the profile log-likelihood of the degrees of
freedom v. (Right panel) Individual profiles and overall mean (in log,, scale) using
the Normal and t distributions for HIV viral load at different follow-up times. The
trajectories for the influential individuals are numbered.

For the Student-t model, we assumed that the degree of freedom v is know and by using
the AIC criterion we found v = 10 (see left panel in Figure 1). It is a first indication that the

normal model is inadequate. Table 3.1 presents the ML estimate of 8 and the corresponding
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Tabela 3.1: ML estimates under normal and Student-t models fitted to the UTI data.
SE are the corresponding standard errors.

N-LMEC T-LMEC
Parameter estimate SE estimate SE
o1t 3.6038 0.1253  3.6182  0.1238
B 4.1664 0.1285 4.2532 0.1311
B3 42413 0.1304 4.3137 0.1332
o 4.3604 0.1307 4.4580 0.1338
Bs 4.5662  0.1398  4.6229 0.1435
Be 4.5692  0.1485 4.6112 0.1532
57 4.6773  0.1646  4.6978  0.1709
B 4.7935 0.2018 4.7874  0.2111
o? 0.3414 0.3503
« 0.7653 0.6662
v - - 10 -
AIC 844.1172 759.0148
BIC 883.0337 797.9312

standard errors of the fixed effects. Comparing these values we notice a similarity between the
estimates under normal and Student-t models. Additionally, the inferences for the variance
components are similar for the two models, but are not comparable since they are on different
scales. According to the AIC or BIC values, given at the bottom of Table 3.1, we notice
also that the t-LMEC model perform better than the N-LMEC model. For the LR statistics
described in Subsection 3.5, we have that the maximum log-likelihood for the N-LMEC model
is —412.059 and for the t-LMEC model is —369.507, corresponding to a likelihood ratio
statistics of LR = 42.552. Here the LR statistic follows a equally weighted mixture of X(2) and
x? distributions. Therefore, the resulting p-value 3.441 x 10~!! guarantees the appropriateness

of the use of the multivariate-t distribution.

With missing-at-random assumption as in Vaida and Liu (2009), our dropout (censored)
model does not bias the inference regarding the mean of ;. For both models the mean viral
load E(y;j) = B; increases gradually throughout 24 months for the two models. For the best
model (t-LMEC), the mean viral load increases from 3.62 at the time of UTI to 4.79 at 24
months. The estimates of the between-subject («) and within-subject (02) scale parameters

(in log10 scale) are 0.6662 and 0.3503, respectively.

To determine possible influential observations, we use the Mahalanobis distance d?(6) =
(Sf\i—XZ-B)TE;l(jf}—XZ-,@), i =1,...,72. Asin Pinheiro et al. (2001), replacing € and b; with
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Figura 3.2: UTI data. (a) Mahalanobis distance, (b) Estimated d2, (error) and (c) Estimated
d%i (R.E.), for the N-LMEC model.

their current estimates, we obtain the following decomposition for the Mahalanobis distance:

26) = (5i —XiB) (0L, + Z] DZ;) "\ (§; — XiB)
1 +. ~Ta~ _—
= *;281'1—61‘ +b; Db,;, = dzl + d%l
o

where €; = y; — Xz,@ — ZZ'B\,- where l;l is as in (3.20). The estimated distances dgi (Error)
and d%i (Random Effect-R.E.) provide a useful diagnostic statistics for identifying subjects
with outlying observations (see, for example, Meza and Osorio, 2011). Figure 3.2 presents
these diagnostic statistics for N-LMEC model. Subjects #42 present large values of d? and
2

s> suggesting an outlying observation at the within-subject level (e-outlier). Moreover,

observations #20, #35 and #41 presents large value of d%i, suggesting outlying observations
at the between-subject level (b-outlier). Under a Bayesian paradigm, these observations were

also detected as influential in the work by Lachos et al. (2011).

It is well known that outlying observations may affect the estimation of the parameters
under assumptions of normality. However, when we use the Student-t distribution, the EM
algorithm allows to accommodate these discrepant observations attributing to them small
weights in the estimation procedure. The estimated weights (u;, i = 1,...,72) for the t-
LMEC model are presented in Figure 3.3. We observe from Figure that observations #20,
#35, #41 and #42, indicated as outliers under the normal model, take smaller weights,
confirming the robust aspects of the MLE against outlying observations under the t-LMEC
model. The robustness of the t-LMEC is also observed in Figure 3.1 (right panel), where
the presence of these outliers might have underestimated the predicted mean curve for the

N-LMEC model as compared to the t-LMEC model. In summary, we can see from this
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Figura 3.3: UTI data. Estimated weight u; for the t-LMEC fit. The influential

observations for the N-LMEC are numbered.

example that the robust aspects of the t-LME models (Pinheiro et al., 2001) against outlying

observations are also extended to the case in which censoring components are present.

3.6.2 AIEDRP study

The second AIDS case study is from the AIEDRP program, and is the same study in
2.6.2.

Within a classical framework, we use the Student-t (t--NLMEC) with the ECM algorithm as
described in subsection 3.3.2. As in the previous application, the estimation of the parameters
v was chosen following the strategy proposed by Lange et al. (1989), which selects a small
value for v = 10 (see left panel in Figure 3.4). This parameter act as tuning constant in robust
estimation methods and in our case we see that this choice provide adequate protection against
outliers. For the sake of model comparison, we also fit the N-NLMEC counterparts, which
can be treated as the reduced t-NLMEC as v tends to infinity.

Table 3.2 lists the ML estimates parameters for the N-LMEC model and the t-LMEC
model, together with the corresponding standard errors of the fixed effects and the associated
AIC and BIC values. From this table, we observe that the standard errors of the t-NLMEC are
smaller, indicating that the Student-t model to produce more precise estimates. According to
the AIC or BIC values, the t-NLMEC provided much improved model fits over the N-NLMEC.
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Figura 3.4: AIEDRP data. (Left panel) Plot of the profile log-likelihood of the degrees
of freedom v. (Right panel) Individual profiles and overall mean (in log;, scale) using
the Normal and t distributions for HIV viral load at different follow-up times. The
trajectories for the influential individuals are numbered.

Tabela 3.2: ML estimates under normal and Student-t models fitted to the AIEDRP
data. SE are the corresponding standard errors.

N-LMEC T-LMEC
Parameter estimate SE estimate SE
531 1.60964 0.0147 1.61148 0.0133
B 0.14217 0.0949 0.16122 0.0849
B3 3.52617 0.0237 3.52370 0.0208
B4 1.05585 0.2677 0.98713 0.2458
Bs -0.0035 0.0014 -0.0031 0.0013
o? 0.26521 0.20726
11 0.01769 0.01611
19 0.00016 0.00013
99 0.00004 0.00004
v - - 10 -
AIC 1610.814 1581.416
BIC 1700.521 1623.908




3.6. Application 53

259 « 7 ©230 .

.
259

.
230 9
.
< 1668
1660 «

8
&
g
S -
2 % ©
g o o o
e ) @
s ° o |
g o ° 090 -
K & o < 4
S M TS 0%
R % 0.0 o o 8
o] Tooel o o B @0 o, 04 8 2o o 0 %o o wd o
0© o ®,00_9 O % o ° o
oo o o 0% o °% % ® @, o o
0 2o B 0% 0 %00 2 0 8o o ® o > g a0 o
o 2 B (9080000% © o0 B % o0 & Dog 0 %,000% 053" 8w o, 0 5 el ©
o o, o P = o
o | ST e R A oA R g etatn o J dadl EEANENN: PN -
: T :

T T T T T T
0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300

Index Index Index
@ ®) ©

Figura 3.5: AIEDRP data. (a) Mahalanobis distance, (b) Estimated d2, (error) and (c)
Estimated d%i (R.E.). The influential observations are numbered.

In fact, the maximum log-likelihood for the N-LMEC is -781.708 and for the t-LMEC model
is -775.951, corresponding to the likelihood ratio statistics of 11.508 (p-value = 0.00035), this
also reinforce the conclusion that the t-LMEC model fits the data significantly better than
N-LMEC model.

To identify outlying observations, we compute the Mahalanobis distance df(/é), 1=
1,...,320, the estimated distances dZ, (Error) and d%i (Random Effect), were also computed
for the normal case. Figure 3.5 presents these diagnostic statistics for the N-LMEC model.
We can see from this figures that observations #9, #166, #230 and #259 appear as possible
outliers. The observations #9, #166 and #230 presents large value of dzi, suggesting an
e-outlier. Moreover, observation #259 presents large value of d%i, suggesting an b-outlier.
From figure 3.4 (right panel), the fitted viral load curve appears to be underestimated as
compared to the t-NLMEC due to the presence of these outliers. This suggests that t-NLMEC,
which down-weights the influence of outliers, provides an appropriate way for achieving robust

inference.

The robustness of the t-LMEC model can be assessed by considering the influence of a
single outlying observation on the ML estimate of 8. In particular, we can assess how much
the ML estimates of 6 influences by a change of § units in a single observation y;;. We
replace a single observation y;; by yix(d) = vir + 0, and record the relative change in the
estimates ((8(8) — §)/6), where 8 denotes the original estimate and 6(5) the estimate for the
contaminated data. In this application we contaminated the first observation on subject 198
and varied § between -10 and 10. In Figure 3.6 we present the results of the relatives changes of
the estimates 3 and o2 for different values of §, under the N-NLMEC and t-NLMEC models.
As expected, the estimates from the t-NLMEC is less affected by variations of § than the
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Figura 3.6: AIEDRP data. Relative changes on the ML estimates of 8 from the N-

NLMEC (solid line) and the t-NLMEC (dashed line) for different contaminations 9.

3.6.3 Simulation studies

To study the performance of our proposed methodology we conduct a simulation study

to illustrate the linear and nonlinear cases. The goal of this simulation study is to investigate

the consequences on parameter inference when the normality assumption is inappropriate as

well as to investigate whether the model comparison measures, AIC and BIC determines the

best-fitting model to the simulated data.

The linear case

To study the linear regression, we consider the following linear mixed model:

Yij = Bo + Biti; + boi + biiti; + €ij,

1=1,...

(3.25)
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where (bg;, b1;) iid. t2(0,D,v), €; ~ (0,02, v). We set ti; = (2,4,6,8,10,24), 8’ = (Bo, B1) =

0.049 0.001

0.001 0.002
We choose various settings of censoring proportions, 5%, 10%, 20% and 50%, to study the

(—2.83,-0.18), D = [ ] , 02 =0.15 and v = 4.

effect of the level of censoring in the estimation. This way, we have 4 different simulation
settings with 100 simulated datasets for each setting. Once the simulated data is generated, we
fit the LMEC model assuming normal and Student-t distributions. For each of the simulations,
we fit the model given in (3.25) assuming normal and Student-t distributions. For each
simulation, the parameters estimation as well as AIC and BIC were recorded. Table 3.3
presents the summary statistics for § (the fixed-effects parameters) assuming normal and
Student-t distributions for the 4 censoring patterns. In the Table, MC Mean denotes the
arithmetic average of the 100 estimates given by Z;iol 4;/100 and MC Sd is the arithmetic
average of the 100 posterior standard deviations given by Z}iol sd(%;)/100, where v = 1, B2
2

or o“. In addition, we also estimate the MC coverage of 51 and s, i.e. the proportion of

times the 95% confidence interval includes the true value of the fixed effects.
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Figura 3.7: Simulation studies. (a) Represents the bias of §; in comparison with the
true value for the normal and Student-t models for the 4 censoring patterns (5%, 10%,
20%, 50%)in the LMEC setup. (b) Presents the Mean Square Error (MSE) for g; for
the normal and Student-t models.

From Table 3.3, we observe that the Student-t distribution over perform the normal

distribution at all levels of censoring. Figure 3.7 shows that for the normal distribution there
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Tabela 3.3:  Monte Carlo results based on 100 simulated Student-t samples. MC
mean and MC Sd (in parenthesis) and MC Coverage are the respective mean estimates,
standard deviations and coverage proportion average from fitting LMEC with Student-t
and normal assumptions with different settings of censoring proportions. IM Sd are the
average values of the approximate standard errors obtained through the information-
based method. MC AIC and MC BIC are the arithmetic average of the respective
model comparison measures.

Simulated Student-t data

Censoring Fit B Bo o? MC AIC MC BIC
5% Normal MC Mean -2.839  -0.179 0.285 604.261  626.484
IM Sd 0.068 0.010
MC Sd 0.065  (0.006) (0.072)
MC Coverage  98% 99%
Student-t MC Mean -2.831  -0.180 0.154  554.302  576.525
IM Sd 0.055 0.008
MC Sd (0.052) (0.005) (0.023)
MC Coverage  95% 100%
10% Normal MC Mean -2.822  -0.180 0.281  569.744  591.966
IM Sd 0.070 0.010
MC Sd (0.061) (0.006) (0.078)
MC Coverage  99% 99%
Student-t MC Mean -2.830 -0.179 0.150 526.334  548.557
IM Sd 0.057 0.008
MC Sd (0.059)  (0.006) (0.024)
MC Coverage  97% 100%
20% Normal MC Mean -2.824  -0.180 0.270 505.704  527.927
IM Sd 0.079 0.013
MC Sd (0.076)  (0.009) (0.073)
MC Coverage  97% 99%
Student-t MC Mean -2.832  -0.180 0.151  474.053  496.276
IM Sd 0.068 0.011
MC Sd (0.063) (0.007) (0.031)
MC Coverage 100% 99%
50% Normal ~MC Mean -2.810 -0.183  0.285  407.693  429.916
IM Sd 0.090 0.016
MC Sd (0.088) (0.012) (0.072)
MC Coverage  98% 99%
Student-t MC Mean -2.840 -0.178 0.154 387.582  409.805
IM Sd 0.081 0.015
MC Sd (0.066) (0.007) (0.023)

MC Coverage  98% 100%

is a strong increase of the bias (the deviations of the parameter estimates from the true
value) as well as the mean square error (MSE). Clearly, the Student-t model shows much less
bias and thus more precise estimations. Therefore, models with heavier tails than normal
produce more accurate estimates in the context of censored data; the degree and direction

of the bias in fixed effects depends both on the relative proportions of censoring as well as
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model assumption. Observe that from Table 3.3 62 for the normal distribution is almost

twice the true o2. 2

This is due to the fact that in the normal scenario o“ represents the
variance and therefore should be compared with ﬁa% which is 0.30. Notice also that, the
Student-t model has a smaller confidence interval due to the smaller standard deviation but
its coverage is slightly better than the normal method. This fact provides (once again) that
the estimation of the Student-t method is more robust when dealing with censored data.
Table 3.3 also provides the average values of the approximate standard deviations of the
ML estimates obtained through the information-based method described in Subsection 3.3.3
(IM Sd) and the Monte Carlo standard deviation (Mc Sd) for the parameters. As we can
see, the estimation method of the standard deviation provides relatively close results for the
normal and Student-t methods, showing that the proposed asymptotic approximation for the
variances of the fixed effects is reliable.

We also present the arithmetic average (MC AIC and MC BIC) of the model comparison
criterions mentioned earlier. All the measures strongly favored the Student-t model,
demonstrating the ability of these measures to detect an obvious departure from normality.

The percentage of samples when these criteria chooses the t-LMEC also remains high.

The nonlinear case

As in the linear case we fix the censoring proportion as presented in Section 3.6.3 and also
generated 100 simulated data sets. Following Vaida and Liu (2009), to study the nonlinear

regression, we consider the following nonlinear mixed model:

(1 + exp((tzj — Oz3)/064i))

yij = oi + tej, i=1,...,100, j=1,...,10, (3.26)

where (b14, ba;) i t2(0,D,v) and €;; ~ t(0,02,v). We reparametrize f$1; = log(an;) = B1 +
bii; Br = log(ag),k = 2,3, ay; = Ba4 + by and in addition, we set v = 4, o2 = 0.55,
[ 0.0025 —0.0010

~0.0010  0.0100
(1,10, 20, 30, 40, 50, 60, 70, 80, 90).

We fit the NLMEC model (3.26) assuming normal and Student-t distributions. For each

], BT = (81, B2, B3, Ba) = (1.6094,0.6931, 3.8067,2.3026) and t;; =

of the simulations, we fit the re-parameterized model given in (3.26) assuming normal and
Student-t distributions. The model selection criterion AIC and BIC as well as the parameters
estimation were recorded for each simulation. For the 4 censoring patterns, the summary
statistics for 8 (the fixed-effects parameters) are presented in Table 3.4 assuming normal and

Student-t distributions.
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Tabela 3.4: Monte Carlo results based on 100 simulated Student-t samples. MC mean,

MC Sd (in parenthesis) and MC Coverage are the respective mean estimates, standard

deviations and coverage proportion average from fitting NLMEC with Student-t and normal

assumptions with different settings of censoring proportions. IM Sd are the average values of

the approximate standard error obtained through the information-based method. MC AIC

and MC BIC are the arithmetic average of the respective model comparison measures.
Simulated Student-t data

Censoring Fit I5it 5 03 B4 o? MC AIC MC BIC
5% Normal MC Mean 1.627 0.642 3.796 2.205 0.967  2865.279 2904.541
IM Sd 0.017 0.068 0.041 0.191
MC Sd (0.016) (0.073) (0.043) (0.192) (0.146)
MC coverage  81% 8% 96% 95%
Student-t MC Mean 1.615 0.667 3.805 2.230 0.642  2654.928 2694.190
IM Sd 0.015 0.058 0.035 0.161
MC Sd (0.012) (0.056) (0.031) (0.150) (0.060)
MC coverage  96% 93% 99% 95%
10% Normal MC Mean 1.623 0.657 3.801 2.235 0.970 2815475 2854.737
IM Sd 0.018 0.070 0.042 0.191
MC Sd (0.017)  (0.069) (0.046) (0.178) (0.141)
MC coverage  86% 88% 92% 95%
Student-t MC Mean 1.613 0.676 3.803 2.253 0.629 2608.471 2647.733
IM Sd 0.015 0.059 0.035 0.160
MC Sd (0.014) (0.057) (0.036) (0.150) (0.057)
MC coverage  94% 94% 95% 97%
20% Normal MC Mean 1.616 0.683 3.806 2.240 0.975  2705.762 2494.963
IM Sd 0.019 0.070 0.042 0.190
MC Sd (0.016) (0.069) (0.042) (0.183) (0.145)
MC coverage  95% 95% 98% 96%
Student-t MC Mean 1.616 0.678 3.797 2.259 0.579 2494963 2534.225
IM Sd 0.015 0.059 0.035 0.157
MC Sd (0.015) (0.060) (0.032) (0.162) (0.044)
MC coverage  89% 92% 99% 95%
50% Normal MC Mean 1.614 0.684 3.781 2.131 0.978 1982.382 2021.644
IM Sd 0.022 0.073 0.043 0.208
MC Sd (0.023) (0.069) (0.045) (0.160) (0.186)
MC coverage  94% 95% 90% 93%
Student-t MC Mean 1.624 0.650 3.789 2.226 0.546  1879.266 1918.528
IM Sd 0.022 0.075 0.041 0.187
MC Sd (0.016) (0.066) (0.040) (0.151) (0.038)
MC coverage  90% 93% 95% 95%

From Table 3.4, we observe that for all levels of censoring the Student-t distribution
performs better than the normal distribution and have a small standard deviation in the
estimates providing more accurate estimation. The arithmetic average (MC AIC and MC
BIC) of the model comparison criteria are also presented and strongly favors the Student-t

model in comparison to the normal model. This, reinforce that these measures are capable
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of detecting departures from normality. Like in the linear case, we have that the estimates
&2 of o2 for the normal distribution must be compared with ﬁaz, which now is 1.10. As
in the linear setup we can see that the Student-t model continues to have smaller confidence
interval with a usually bigger coverage of the parameters. This is a strong evidence of the
robustness in estimation of the Student-t method. Again, as observed in the linear case the
IM Sd and MC Sd for the nonlinear regression provides close results for both models (normal
and Student-t). This emphasize that the estimation of the standard error provided by the

proposed asymptotic approximation of the fixed effects (Equation 3.21) is reliable.

In Figure 3.8 we represent the bias and MSE for the parameter estimates of 84 for the
normal and Student-t distributions. It is clear that the normal model has a much bigger
bias and MSE than the Student-t model. Therefore, for censored data the Student-t model
is more robust, providing more accurate estimations when the data has departures from the
normality assumption. Although Figure 3.8 only presents the results for the estimates of (4

a similar pattern was observed for all the other parameters.
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Figura 3.8: Simulation studies. (a) Represents the bias of ; in comparison with the
true value for the normal and Student-t models for the 4 censoring patterns (5%, 10%,
20%, 50%) in the NLMEC setup. (b) Presents the Mean Square Error (MSE) for f;
for the normal and Student-t models.
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3.7 Conclusions

We have proposed in this chapter a robust approach to linear and nonlinear mixed
effects models with censored observation based on the multivariate-t distribution, called the
t-LMEC/t-NLMEC. It offers a great deal of flexibility in dealing with longitudinal data in the
presence of outliers. A novel ECM algorithm to obtain approximated MLEs is developed by
exploring the statistical properties of the multivariate truncated Student-t distribution. Our
proposed algorithm has a closed-form expression for the E-step, based on formulas for the
mean and variance of the truncated Student-t distribution. Thus, the proposed methodologies
allow the practitioner to fit longitudinal data in a broad variety of considerations. For NL-
MEC, the analysis is computationally feasible through approximating the t-NLMEC for a
multivariate t distribution with specified parameters. We apply our methodology to two re-
cent AIDS studies as well as simulated data to illustrate how the procedures can be used to
evaluate model assumptions, identify outliers, and obtain robust parameter estimates. From
these results it is encouraging that the use of t-LMEC/t-NLMEC models offer better fitting,
protection against outliers and more precise inferences than the usual normal counterpart.

We conjecture that the methodology presented in this chapter should yield satisfactory
results in other areas where multivariate data appears frequently, for instance, survival models,
dynamics linear models, spatially censored data, etc., at expense of moderate complexity of
implementation. Finally, the proposed EM algorithm has been coded and implemented in the

R package t-Imec(R Development Core Team, 2009).



Capitulo 4

Consideracoes finais

Neste trabalho discutimos varios aspectos envolvendo modelos lineares e nao lineares
com efeito misto para resposta censuradas. Desenvolvemos métodos de diagnosticos cldssicos
para modelos lineares e nao lineares com efeito misto para resposta censuradas, usando a
distribuicao normal multivariada.

Propusemos uma abordagem robusta para modelos lineares e nao lineares com efeito misto
de resposta censuradas com base na distribuigdo t-multivariada , denominado t-LMEC/t-
NLMEC, oferecendo uma grande flexibilidade em lidar com dados longitudinais na presenca
de outliers.

Os resultados foram aplicados a dois conjuntos de dados de HIV considerados por Vaida
and Liu (2009). Os estudos de simulagao foram realizados utilizando programas estatisticos

tais como R.

4.1 Trabalhos futuros

Varios trabalhos de pesquisa poderao ser obtidos a partir dos resultados desta dissertacao,

entre eles podemos sugerir os seguintes:

e Realizar um estudo de diagnéstico em modelos lineares e nao lineares de efeito misto

para resposta censuradas, com base na distribuicao t-multivariada.

e Realizar um estudo de inferéncia e de diagndstico em modelos lineares e nao lineares
de efeito misto para respostas censuradas, com base na familia de distribui¢cdes normal

e t assimétrica (Lachos et al., 2010).

61
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e Realizar um estudo de inferéncia e diagnésticos em modelos com erros nas varidveis

para respostas censuradas.
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Apeéendice A

Additional results of Chapter 2 and
Chapter 3

A.1 The EM algorithm

A.1.1 Normal distribution

We include here the derivation of the EM equations (2.9) - (2.11).

Recall that the vector of parameters to be estimated is 8 = (ﬁT,az, «a) and that y =
(yi,..,y)", b= (b/,....b")" u = (u1,...,un)", V = vee(Vy,...,V,) and C =
vec(Cy,...,Cy), such that we observe (V;, C;) for the ith subject. In their estimation proce-
dure, b, V and C are treated as hypothetical missing data, and augmented with the observed
data set y. = (CT,VT,y" b")T,

n

L(yc0) = [[ f(vi;bi) = [ [ £ (il Vi, Ci i) £ ().
i=1

i=1
The complete log-likelihood is given by

n

1
£(Blye) = 1og(L(yel0) = C = 5> [nsloga? +log ID| + b/ Db,
=1

1
+§(Yi ~X;8—2Z;b;) (y; — XiB — Zibi)] ,

67
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where C is a constant that is independent of the parameter vector 8. The EM function is

given by
Q0|6") = Et.(0ly.)|V,C,07].

So we have that,

n

1
QoY) = ¢ -2% {n log o2 + log |D| + tr (E[bibiT|V,-,Ci,9*}D‘1>

2 4
=1
1
+E [2()’1 — XiB - Zby) " (yi — XiB — Z;b;)|V;, C;, 9*] } :
ag

where C* is a constant that is independent of the parameter vector 6.

In order to introduce some important results, we establish the following lemma,

ind.

Lemma 1 Let Y %' N, (11, 8) and X S N,(n, Q). So,

Op(yln + Az, B)gy(2,Q) = ¢p(ylu+An, S +AQAT)
Xpg(zln + AATS (y —p— An), %),

where A = (Q71 + ATE7TA) L
Then to compute the expectation term above, note first that,
ind.

and using the Lemma 1,

1 —1
ind. _ 1 1 B 1
bily: '~ N, ((D s UQZiTZi> ;Zj(yz' - X;0), (D B UQZiTZz) > ,

ind.

bily: ~ Ng(p;(yi — Xi8), As),

with A; = (D™ + LZ7Z,) ™" and ¢, = LAZ].

Now using the proposition (1) we compute this expectation term:
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)

b, = E{bi|V;,C;i, 0"} = Ey, v, c;[Bb,ly;(0:)] = Ey,1v,.c; [ei(yi — XiB)]
@i [By,v.c, (vi) = XiB] = ¢; (i — XiB),
b} = E{bib][Vi,Ci.0"} = By, v, c,[Foy, (b:b])
= Ey,v,c [(Az + i (yi — XiB)(yi — Xv:ﬂ)T%Tﬂ
= Ai+¢ibEyv,.c [(yz‘ - XiB)(yi — Xiﬁ)—r:| 0
= A+, {Eyi\Vi,Ci (YinT) — Ey,v.c, vi) B'X]
~X8 [Ey,v.c: (y)] + XzﬁﬁTXI} ©;

= A+ [y 58X - X85+ XiBBTX] | ]

= Ey,v,c, [yi(Yi - Xzﬂ)T%T] = [Eyim,ci (viyi) — By, jvi.c; (yz')ﬁTXﬂ ©;

= (v -587XT) ¢l

Replacing the expectation in Q(6|6*)
Q(G‘O*) = C" - li n'10g02 + log ]D‘ +tr (B\?D_l) + é
2 P v % o2 |7

where
— - —T -
A = t(y?) -y, XiB - tr(yb; Z)-B'X/]yi+B8'X[ X8
~ — ~T —~
+8"X /] Z;b; — tr(yb,Z) +b; Z]X:3 + tr(b2Z] Z;).
The differential with respect to 3, o2 and D are

0Q(6)67) 1 & T ~
QA = T3 E -X; (yi — XiB — Z;by),
0B =T ( )
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0Q6l6") 1 [ A
do? 2 — ’

9Q(6|0" G+ v, — diag(b?
31(3‘—3 = _%(—QD + diag(D)) — 5 Z (‘W T - dwg(b?)) '

9Q(616")

93 =0is

The solution of

n -1 n
B= (Z X Xz-> [Z X;(yi — zl-b?)] :

9Q(6]6")

902 =0is
o

The solution of
e nA,
02 = 7271 .
D i1 T
0Q(0|0%)

D1 - 0, for all D, is

For unstructured D, the solution of

B _ i1 b}
n

A.1.2 Student-t distribution

We include here the derivation of the EM equations (3.17) - (3.19).

2 a) and that y =

Recall that the vector of parameters to be estimated is 8 = (ﬁT,U
(yi,oo 0y, b= (b),...,bDT, u = (ug,...,un)", V = vec(Vy,...,V,) and C =
vec(Cy,...,Cy), such that we observe (V;, C;) for the ith subject. In their estimation proce-
dure, b, V and C are treated as hypothetical missing data, and augmented with the observed
dataset y.= (C",VT,y" b, u")T,

n

L(yel8) = [ [ f (i bisws) = [ [ £ (vil Vi, Ciy b, i) £ (bilus) f (ws).
i1

=1
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The complete log-likelihood is given by

(0ly.) = log(L(y.0))=C+ Z {h ui|lv) — = [nl log o® + log |D| + u;b, D™ 'b;
U

5 (yi— X8~ 2% Zb)|}.

where C is a constant that is independent of the parameter vector 8 and h(u;|v) is a density

of a Gamma(v/2,v/2). The EM function is given by
Q(616%) = E[l:(0]y.)|V,C, 0.

So we have that,

e U bbTIV. C 0D~
Q016" = C —2;{nzloga +10g]D\+tr(E[uzbzbi Vi, C;, 0D )

+E [%(Yi - X8 - Zb;) (yi — Xi8 — Z;b;)|V;, Ci, 9*} } ;

where C* is a constant that is independent of the parameter vector 6.

Then to compute the expectation term above, note first that,

1nd
yi|VZ-,C Ttn (X 3, El,y)
vV+n;
E(uily:) =
(ul|yl) I/+5 9

where 6 = (y; — XiB)TEZI(yi — X;0), and using the Lemma 1
ind. uZ T -1 T T -1
bilys i % Ny ( D~ +—z z) Z] (yi — X:B), (ulD +7z z) ,

ind. 0'2

Uj

with A; = (6?D' + Z]Z;)~! and ¢; = A;Z;. Using the propositions (2)-(4) we compute
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72

this expectation term:

v+n;
= Byvic [Euilyi(uiYi)] = Ly v..c <( ! Z)

(v+9)
Ty, (a|lp, X", v+ 2)
T (al 5.0

uy? = E{uyiy] [Vi,Ci,0"} = Ey v, c.{ Euly. [Fb,lyu (uyiyi )]}
v+n;)

EREE
T, (alp, X5 v + 2) T
= I E{W,W, },
ool 2.0y D WiWi

(v +ny)
= Eyz‘|V¢,Cz‘ [Eui\yz' (U’Z)] = Eyz'|Vz‘7Ci (

(v +9)
Tni(a’ﬁl‘?E*uV_‘_Q) Tni(a‘/j,,z*,V—i—Q)
Tni (a|“7 27 l/)

T, (alp,2,v)

E{W}} =

ub; = E{ubi|V;,C;, 0%} = E}'ilviyci{E’uib’i [Ebi|y1',ui (uibi)]}
- Eyilviﬁci{Euilbﬂ' [uiEbi\yi,ui (bs)]}
= EYilviyci{Euil}’i [ui¢i(yi - XZ,@)]}
= Eyz'|Vi7Ci [Qoi(Yi - Xi/B)Eui\yi (Uz)]
_ (4mn) \  af @+mn)
= Eyvi.c {901' [< v +9) Yi X8 v +9)

- el (5550) b (£3)

T, (alp, X% v+ 2) T, (alp, X v + 2)
o [ Ty, (alp, =, v) Ty, (alp, =, v) ]
= ¢; (uy; — XiBu;)

E{W;} -X;3
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ub? = E{ubb] |[V;,Ci,0%} = By v, c{Fu,iy. Fbyly,.u, (uibb] )]}
= Ey,vi.cdBuly: [, y, ., (bib) )]}
= Eyvio { Bupy [w (8 0? + 2] (v~ XiB)(vi — XiB) el ) |}
= M+ By v, | By, (w) (#:yi = XiB) (v ol )]

o (v+mni) (VJFnZ) b
= Ao+, {EyiVi,Ci < w+0) Yiyi ) EyZIVZ,C ( v+ ) >,@ X,

X8 By () y)] + Byvic ( ) X! } ol
Ty, (a|p, v +2)
T, (alp, 2, v)
T, (alp, X5 v+ 2
Ty (alp, 35, v)

Ty, (a|p, 25 v+ 2)
Ty, (alp, 35, v)

T *
)E{Wz‘}} 1 Tnlalp, 3 ’V+2)Xi/8,6TXz‘T}SOiT

Ty, (a3, v)

E{W,W,} - E{W}B'X]

= Ai02+%{

-X;8 [

= Ao’ + (uy? —uyiB' X} - X;Buy; | + @‘XzﬂﬁTXz’T> ©;

uyb; = E{ulylb;r|vhclvo*} =E i|Vi,Ci{Eu7;|y¢[Ebi\yi,ui(uiyibz—'r)]}
= Eyz‘\VmCi{yiEuz'lyi [uiEbi|Yi7Ui(b;r ]}
To] H

= Eyvic {yz‘Euzwyi [uz’(yi -X;

)
B)

= v, [YBun (i - Xl

= s {[(5557) - (G55 o] )

(v+ni) T (v + ni) TxT| T
|: yl‘VZ,CZ < (V+ 5) y yZ y,|V1,C, (V+6) y I8 (A (pl
[Tni(a’“az*vlj—i_z) Tni(a“'l’72*7y+2)

E{W.) E{W,W]}87X] } of

Tm‘(a’u’azuy) Tni(am,E,y)
= (w?-wisX]) ol
Replacing the expectation in Q(6|6*)
* Ly 2 1o -1 A;
Q@e") = C —52 n;logo® + log |[D| + tr (sz‘D )4-; 7
i=1

where

— ——T
A = tr(uy?) —ay; XiB — tr(uyb; Z;) — B8 X uy; + 8" X] ;X3
— — —T —
+B8"X ] Z;iub; — tr(uyb;Z] ) +ub; Z] X, + tr(ub?Z; Z;).
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The differential with respect to 3, 02 and D are

0Q(0|6%) 1< . —
8 = > =X (uyi — GXiB — Ziub;),
i=1
0Q(0l6") 1 [mi A
o2 2 — o2  (02)%2]’
9Q(616") n : R s
DT —;(—QD + diag(D)) — 3 Zz; (uyi +uy;, — dzag(ub?)) :
0|0*
The solution of &Qéﬁ[) =0is
n -1 n
B = (Z X, ﬁX) [Z X;(uy; — Ziub;) | .
i=1 i=1
The solution of M =0is
0o
;5 _ 22:1 Ai‘
D i1 M
0Q(0|0*
For unstructured D, the solution of g]()‘—l) =0, for all D, is
D— die Ub?‘

n

A.2 The expected information matrix of the fixed

effects

We developed the derivation of the expected information matrix of the fixed effects. Using

the method given from McLachlan and Krishnan (1996) we have

1B;y) = I(Bsy) + In(B;y),
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where I(3;y) is the information matrix about 3 in the observed data y, I.(3;y) is the
conditional expectation of the complete-data information matrix, and I,,,(3;y) is the missing

information matrix.

The missing data information I,,,(3;y) can be expressed as

In(By) =Y _ Var{S.(y; 8)|Vi,Ci},

where S.(y;3) = OZO%LB Ye) is the gradient vector of the complete-data log likelihood function.

So we have that

n(By) = ZVar((”“Z)XI 275~ X)L, )

Now using Lange et al. (1989), the expected (complete-data) information matrix is given

then by

n
vV+n;

X/ 271X
u+nz+2

=1

Thus the observed information matrix is given by

n n
N v+n; Ts—lvy Ty-lp v—1v.
I(,B,y)_z;WXi ¥, X—ZX 1B, 321X,

V—+n;

h B, = _—
where Var {1/ T oyy)

(vi — XiB)| Vs, Ci} with y; ~ Tt (Xi8, 3i, v; Ay).

A.3 DMatrix algebra and vector differential calculus

We present some useful results, which may be helpful in understanding some of the results

and derivations presented in this work.

Let f(X) be a scalar function of a vector variable x = (x1,...,%,)". Let

fo (010, o)
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and let

*f(x) _ 9% f(x) _ (82f(><))

ox2  Oxox'  \0x;0x;

2
be the p X p matrix with (7, j)-th element being %52.
Let A and B are matrices. We first present the following rules for matrix algebra, which

are often useful,

det(AB) = det(A)det(B),

det(A™Y) = det(A)7!,
det(I+ ABT) = det(I+BTA),

tr(AB) = tr(BA),

where det(A) is the determinant of matrix A, tr(A) is the trace of A, and I denote the
identity matrix.
Let x and y are vector functions and X and Y be matrix functions. Let A and B be

constant matrices. The following are some useful differentials results

d(tr(X)) = tr(d(X)),
dXY) = (@dX)Y +X(dY),
dX7t = —X1dX)X1,
ddet(A) = det(A)tr(A"'dA),
and
I(ATx)
ox = A
«T
( a:Y) _ Ay,
ox'x)
ox = X
O AX)
ox ’
0log(det(A(x))) 1, (O0A(x)
ox - tr<A Hx) ox )’

where A(x), means that matrix A is a function of variable x.

9f(A)

Let f(A) be a scalar function of a matrix A = (aj)pxp, and let =5

be the matrix with
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(i,7)-th element being %ﬁ), We have
o(x" Ay
A =
oAy _
0A -
-
A
a(xaAX) = 2xx' —diag(xx"), if A is symmetric,
9\A| -1 . -1 . . .
DA |A[(2A™" — diag(A™")), if A is symmetric,
AB
atra(A) = B+B' —diag(B), if A is symmetric,
log(|A
a;iﬂ—l‘) —2A + diag(A), if A is symmetric,

where diag(A) is the diagonal matrix of A.
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