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❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦

❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s ❡
á❧❣❡❜r❛s ❞❡ ♠✉❧t✐✲❝♦rr❡♥t❡s✳

♣♦r

❆♥❣❡❧♦ ❈❛❧✐❧ ❇✐â♥❝❤✐

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛✳

❈♦♦r✐❡♥t❛❞♦r❛✿ Pr♦❢❛✳ ❉r❛✳ ❱②❥❛②❛♥t❤✐ ❈❤❛r✐✳

❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ❢✐♥❛♥❝❡✐r♦ ❞❛ ❋❆P❊❙P✳
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❡ á❧❣❡❜r❛s ❞❡ ♠✉❧t✐✲❝♦rr❡♥t❡s✳

❚❊❙❊ ❉❊ ❉❖❯❚❖❘❆❉❖ ❆P❘❊❙❊◆❚❆❉❆ ❆❖ ■◆❙❚■❚❯❚❖ ❉❊ ▼❆❚❊▼➪❚■❈❆✱
❊❙❚❆❚❮❙❚■❈❆ ❊ ❈❖▼P❯❚❆➬➹❖ ❈■❊◆❚❮❋■❈❆ ❉❆ ❯◆■❈❆▼P P❆❘❆

❖❇❚❊◆➬➹❖ ❉❖ ❚❮❚❯▲❖ ❉❊ ❉❖❯❚❖❘ ❊▼ ▼❆❚❊▼➪❚■❈❆✳

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛✳

❈♦♦r✐❡♥t❛❞♦r❛✿ Pr♦❢❛✳ ❉r❛✳ ❱②❥❛②❛♥t❤✐ ❈❤❛r✐✳

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧ ❞❛ t❡s❡ ❞❡❢❡♥❞✐❞❛ ♣❡❧♦ ❛❧✉♥♦

❆♥❣❡❧♦ ❈❛❧✐❧ ❇✐â♥❝❤✐ ❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛✳

❈❛♠♣✐♥❛s✱ ✷✵✶✷✳
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❆❣r❛❞❡❝✐♠❡♥t♦s✳

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ❚❯❉❖✳

❆❣r❛❞❡ç♦ ❛ ❢♦rç❛ ✈✐♥❞❛ ❞❡ ♠❡✉ ♣❛✐ P❡❞r♦ ❡ ♠✐♥❤❛ ♠ã❡ ❆♥❛✱ ♠✐♥❤❛ ✐r♠ã ❆❧✐♥❡✱
♠✐♥❤❛ ❛✈ó ■❣♥❡s✱ ♠✐♥❤❛ ❜✐s❛✈ó ❙❛♥t❛ ❡ ♦✉tr♦s✱ ♦s q✉❛✐s s❡♠♣r❡ ❝♦♥st✐t✉ír❛♠ ♠❛r❛✈✐✲
❧❤♦s♦s ❡①❡♠♣❧♦s ❡ ✉♠ ♣♦rt♦ s❡❣✉r♦ ♣❛r❛ ♠✐♠✳ ❊♠ s❡✉ ❞❡✈✐❞♦ ❧✉❣❛r ❡s♣❡❝✐❛❧✱ ❞❡✐①♦
♠✐♥❤❛ ❣r❛t✐❞ã♦ à ♠✐♥❤❛ q✉❡r✐❞❛ ❡ ❛♠❛❞❛ ❡s♣♦s❛ ■s❛✱ q✉❡ ♣♦r ❧♦♥❣♦ t❡♠♣♦ ❞❡ss❡ ❞♦✉t♦✲
r❛❞♦ ❤♦♥r♦✉ ❛♣❡♥❛s ♦ tít✉❧♦ ❞❡ ♥❛♠♦r❛❞❛ ❡ s❡♠♣r❡ ❛❣✉❡♥t♦✉ ✭✳✳✳♥❡♠ s❡♠♣r❡ ✈❛✐✮ ♠❡✉
❡str❡ss❡✳

❙♦✉ ♠✉✐t♦ ❣r❛t♦

❛♦s ❣r❛♥❞❡s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s s❡♠♣r❡ ♣r❡s❡♥t❡s✳ ❊♠ ❧✉❣❛r ♠✉✐t♦ ❡s♣❡❝✐❛❧✿
❆❞✐❧s♦♥ Pr❡s♦t♦✱ ❆❧❡①❛♥❞r❡ ❱❡♥t✉r❛✱ ❘✐❝❛r❞♦ ▼✐r❛♥❞❛ ❡ ❚✐❛❣♦ ❋✉③❛r♦✳ ❆❧é♠ ❞❡ t♦❞♦
♦ ♣❡ss♦❛❧ ❞❛s ❣♦♠❛s ❡♠ q✉❡ ♠♦r❡✐✿ ❍♦st❡❧✱ ▲❛ ▼❛✐s♦♥✱ P✐❛ ❞♦s ▼❛❝❛❝♦s ❡ ❘❡♣◆❡✇s✳

❛♦s ❝♦♠♣❛♥❤❡✐r♦s ❞❡ t❛♥t♦s ❛♥♦s ♥♦ ■▼❊❈❈✳ ◆ã♦ ♠❡ ❛tr❡✈❡r❡✐ ❝✐t❛r ♥♦♠❡s✱
sã♦ ♠✉✐t♦s ❡ ❛✐♥❞❛ ❝♦rr♦ ♦ r✐s❝♦ ❞❡ ❡sq✉❡❝❡r ❛❧❣✉♠✳ ▼♦♠❡♥t♦s ❞❡ ❡st✉❞♦s ❡ ❛❧é♠✱ ✐ss♦
s❡♠♣r❡ s❡rá ✐♥❡sq✉❡❝í✈❡❧✳

❛♦ ❊❞✱ à ▲í✈✐❛ ❡ à ❚â♥✐❛✱ ♣♦r t❛♥t♦s ❝♦♥s❡❧❤♦s✱ ♣r♦s❛s ❡✱ ♥♦ ✜♥❛❧✱ ♣♦❡s✐❛✳

❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞♦ ■▼❊❈❈ ♣❡❧♦ ✐♠❡♥s♦ ❛♣r❡♥❞✐③❛❞♦ ♦❢❡r❡❝✐❞♦ ❡ ♣❡❧❛s
✈❛❧✐♦s❛s ❝♦♥✈❡rs❛s✳ ❊s♣❡❝✐❛❧♠❡♥t❡✱ ♠❡✉ ❡①✲♦r✐❡♥t❛❞♦r Pr♦❢✳ ❇r✉♠❛tt✐✱ Pr♦❢✳ P❧❛♠❡♥ ❡
Pr♦❢✳ ❙❛♥ ▼❛rt✐♥✳

❊♠ ❧✉❣❛r ♠✉✐t♦ ❡s♣❡❝✐❛❧✱ s♦✉ ❣r❛t♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣r♦❢❡ss♦r✱ ❛♠✐❣♦ ❡ ♣r❛
s❡♠♣r❡ ♠❡str❡✱ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛✱ ♣❡❧❛s ♦♣♦rt✉♥✐❞❛❞❡s✱ ❛t❡♥çã♦✱
♣❛❝✐ê♥❝✐❛✱ ♣r♦✜ss✐♦♥❛❧✐s♠♦ ❡ ❞❡❞✐❝❛çã♦ s❡♠♣r❡ ♣r❡s❡♥t❡s✳ ❖ ♠✉♥❞♦ s❡r✐❛ ✉♠ ❧✉❣❛r
♠❡❧❤♦r s❡ ❡①✐st✐ss❡♠ ♠❛✐s ♣❡ss♦❛s ❛ss✐♠✳

❆❧s♦ ✐♥ ❛ ✈❡r② s♣❡❝✐❛❧ ✇❛②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ Pr♦❢❡ss♦r ❈❤❛r✐
❢♦r t❤❡ ❣r❡❛t ♦♣♣♦rt✉♥✐t② s❤❡ ❣❛✈❡ ♠❡ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❛t ❘✐✈❡rs✐❞❡ ❛♥❞
❢♦r ❛❧❧ t❤❡ ❛tt❡♥t✐♦♥ s❤❡ ❣❛✈❡ ♠❡ ✇❤✐❧❡ ■ ✇❛s t❤❡r❡✳ ■ ❛❧s♦ t❤❛♥❦ t❤❡ st❛✛ ❛♥❞ ❡✈❡r②❜♦❞②
❛t ❯❈❘ ❢♦r t❤❡ ❣r❡❛t t✐♠❡ ■ ❤❛❞ t❤❡r❡✳

◆♦✇ ✐s t❤❡ t✐♠❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ ❢♦r ❛❧❧ ♠② ❢♦r❡✐❣♥ ❢r✐❡♥❞s✿

●❤✐s❧❛✐♥ ❋♦✉r✐❡r✱ ✐t ✇❛s r❡❛❧❧② ❣♦♦❞ t♦ s❤❛r❡ t❤❡ ♦✣❝❡ ✇✐t❤ ②♦✉ ❛♥❞ t♦ ❤❛✈❡

✈



❥♦✐♥❡❞ ❡✛♦rts t♦ s♦❧✈❡ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ♥♦✇ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✳ ■ ✇✐❧❧
❛❧✇❛②s r❡♠❡♠❜❡r ❛❧❧ t❤❡ ❜✉r❣❡rs ✇❡ ❛t❡ ❛♥❞ t❤❡ ❜❡❛❝❤❡s ✇❡ ✈✐s✐t❡❞ t♦❣❡t❤❡r✳ ■ t❛❦❡
t❤✐s ♠♦♠❡♥t t♦ ❛❧s♦ t❤❛♥❦ t❤❡ ❤♦s♣✐t❛❧✐t② ❛♥❞ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt t❤❛t ■ ❤❛❞ ✐♥ ❈♦❧♦❣♥❡
❛t t❤❡ ❯♥✐✈❡rs✐tät ③✉ ❑ö❧♥ ✲ ●❡r♠❛♥② ❞✉r✐♥❣ t❤❡ ✏❙✉♠♠❡r ❙❝❤♦♦❧ ✲ ●❡♦♠❡tr② ❛♥❞
❈♦♠❜✐♥❛t♦r✐❝s ✐♥ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r② ♦❢ ▲✐❡ ❆❧❣❡❜r❛s✑ ✐♥ ❖❝t♦❜❡r✱ ✷✵✶✵✳

❆♣♦♦r✈❛ ❑❤❛r❡ ❛♥❞ Pr❛s❛❞ ❙❡♥❡s✐✱ t❤❛♥❦s ❢♦r ❛❧❧ t❤❡ ❛♥s✇❡rs ❛♥❞ ❡①♣❧❛♥❛t✐♦♥s
t♦ t❤❡ q✉❡st✐♦♥s ■ ♠❛❞❡✳ P❡r❤❛♣s ❛❧❧ ②♦✉r ❛♥s✇❡rs ✇❡r❡ ❥✉st s✐♠♣❧❡ ❡✲♠❛✐❧s ❢♦r ❜♦t❤ ♦❢
②♦✉✱ ❜✉t t❤❡② ✇❡r❡ ✐♠♣♦rt❛♥t ♣✐❡❝❡s t♦ ❝♦♠♣❧❡t❡ ♠② ✇♦r❦✳

❆❧❡①✱ ✐t ✇❛s ❛ ❣r❡❛t t✐♠❡ s❤❛r✐♥❣ t❤❡ ❛♣❛rt♠❡♥t ✇✐t❤ ②♦✉✳ ▼❛②❜❡ ■ ✇❛s ❥✉st
♦♥❡ ♠♦r❡ r♦♦♠♠❛t❡ ❢♦r ②♦✉✱ ❜✉t ②♦✉ ✇❡r❡ ✈❡r② ✐♠♣♦rt❛♥t t♦ ♠❡ ✇✐t❤ ❛❧❧ ❤❡❧♣ t❤❛t ②♦✉
❣❛✈❡ ♠❡✳

▼❛tt✱ ◆❛t❤❛♥✱ ▼✐❦❡✱ ❙❛♠✱ ❈❤r✐s ❛♥❞ ♦t❤❡rs✱ t❤❛♥❦s ❢♦r ❛❧❧ t❤❡ s✉♣♣♦rt✱ t❤❡ ❢r✐✲
❡♥❞s❤✐♣✱ ❢♦r ♠② ✜rst ❋r✐❞❛②✬s ♥✐❣❤t ❛t ❘✐✈❡rs✐❞❡ ❛♥❞ ❢♦r ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ♣✐♥❡❛♣♣❧❡
♣✐③③❛ ✇✐t❤ ❜❛❝♦♥ ❛♥❞ ❢♦r ❛❧❧ t❤❡ ✐❝❡❞ ❝♦✛❡❡s✳

❊♠ ú❧t✐♠♦ ❧✉❣❛r✱ ♠❛s ♦❜✈✐❛♠❡♥t❡ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡✱ ❛❣r❛❞❡ç♦ à ❋❆P❊❙P✳

✈✐



✏▲✐❢❡ ✐s ✇❤❛t ❤❛♣♣❡♥s t♦ ②♦✉ ✇❤✐❧❡ ②♦✉✬r❡
❜✉s② ♠❛❦✐♥❣ ♦t❤❡r ♣❧❛♥s✳✑ ✭❏♦❤♥ ▲❡♥♥♦♥✮

✈✐✐



✈✐✐✐



❘❡s✉♠♦✳

❊st❡ tr❛❜❛❧❤♦ é ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♥s ❛ss✉♥t♦s ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡
❝❡rt❛s á❧❣❡❜r❛s q✉❡ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛s ❞❡
❑❛❝✲▼♦♦❞② ❛✜♠✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♦ tr❛❜❛❧❤♦ é ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✿ ♥❛ ♣r✐♠❡✐r❛
❞❡❧❛s✱ ❛❜♦r❞❛♠♦s q✉❡stõ❡s s♦❜r❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛s ❤✐♣❡rá❧❣❡❜r❛s
❞❡ ❧❛ç♦s t♦r❝✐❞❛s ❡✱ ♥❛ ♦✉tr❛✱ ❛❜♦r❞❛♠♦s ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s ❞❛ ❝❛t❡❣♦r✐❛
❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ♠✉❧t✐✲❣r❛❞✉❛❞❛✱ ❛s q✉❛✐s sã♦ ❡①tr❡♠❛♠❡♥t❡
út❡✐s ♣❛r❛ ♦❜t❡r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳

✐①



①



❆❜str❛❝t✳

❚❤✐s ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ s♦♠❡ ❛s♣❡❝ts ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r② ♦❢
❝❡rt❛✐♥ ❛❧❣❡❜r❛s ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛✣♥❡ ❑❛❝✲
▼♦♦❞② ❛❧❣❡❜r❛s✳ ❚❤❡ ✇♦r❦ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ t❤❡ ✜rst ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡
✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t✇✐st❡❞ ❤②♣❡r ❧♦♦♣ ❛❧❣❡❜r❛s ❛♥❞ t❤❡ ♦t❤❡r ❢♦❝✉s❡s
♦♥ ❝❡rt❛✐♥ ❤♦♠♦❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝❛t❡❣♦r② ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛ ♠✉❧t✐❣r❛❞❡❞ ▲✐❡
❛❧❣❡❜r❛ ✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ t♦ st✉❞② ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥
♠♦❞✉❧❡s✳

①✐



①✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦✳ ✶

❖r❣❛♥✐③❛çã♦ ❞♦ t❡①t♦✳ ✺

◆♦t❛çõ❡s✳ ✼

✶ Pr❡❧✐♠✐♥❛r❡s✳ ✾

✶✳✶ ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✶✳✶ ❘❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❡ ♣❡s♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✶✳✷ ●r✉♣♦ ❞❡ ❲❡②❧✱ r❛í③❡s r❡❛✐s ❡ ✐♠❛❣✐♥ár✐❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✶✳✸ ❘❡s✉❧t❛❞♦s ♣❛rt✐❝✉❧❛r❡s ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ t✐♣♦ ✜♥✐t♦✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷ ▼ó❞✉❧♦s ❞❡ ♣❡s♦ ❡ ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸ ❘❡❛❧✐③❛çã♦ ❞❛s á❧❣❡❜r❛s ❛✜♠ ♥ã♦ t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✸✳✶ ➪❧❣❡❜r❛s ❞❡ ❧❛ç♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✸✳✷ ❘❡✈✐s✐t❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✹ ❘❡❛❧✐③❛çã♦ ❞❛s á❧❣❡❜r❛s ❛✜♠ t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✹✳✶ ❆✉t♦♠♦r✜s♠♦s ❞❡ ❞✐❛❣r❛♠❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✹✳✷ ➪❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷ ❍✐♣❡rá❧❣❡❜r❛s✳ ✷✾

✷✳✶ ❈♦♥s✐❞❡r❛çõ❡s ✐♥✐❝✐❛✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷ ❇❛s❡s ❞❡ ❈❤❡✈❛❧❧❡② ♣❛r❛ á❧❣❡❜r❛s t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸ ❍✐♣❡rá❧❣❡❜r❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✸✳✶ ❋♦r♠❛s ✐♥t❡❣r❛✐s ❡ ❛ ❝♦♥str✉çã♦ ❞❛s ❤✐♣❡rá❧❣❡❜r❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸✳✷ ❆❧❣✉♠❛s ✐❞❡♥t✐❞❛❞❡s ❛✉①✐❧✐❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
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❙❯▼➪❘■❖

✷✳✸✳✸ ❉♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ❡ ❢✉♥çõ❡s ❞❡ ❛✈❛❧✐❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✸✳✹ ❊str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✹ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UF(g) ❡ UF(g̃)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✹✳✶ ▼ó❞✉❧♦s ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✹✳✷ ▼ó❞✉❧♦s ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s ♥ã♦ t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✹✳✸ ❯♠ t❡♦r❡♠❛ t❡♥s♦r✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✺ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UF(g̃
σ)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✺✳✶ ▼ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✺✳✷ ▼ó❞✉❧♦s ❞❡ ❛✈❛❧✐❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✺✳✸ ▼ó❞✉❧♦s ❞❡ ❲❡②❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✻ ❚♦r❝✐❞❛s ✈❡rs✉s ♥ã♦ t♦r❝✐❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✷✳✻✳✶ ❙♦❜r❡ ❝❡rt♦s ❤♦♠♦♠♦r✜s♠♦s s♦❜r❡❥❡t✐✈♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✷✳✻✳✷ ▼ó❞✉❧♦s s✐♠♣❧❡s ♣❛r❛ á❧❣❡❜r❛s t♦r❝✐❞❛s ✈✐❛ r❡str✐çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸ ▼✉❧t✐✲❝♦rr❡♥t❡s✳ ✼✸
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✸✳✷ ❆ ❝❛t❡❣♦r✐❛ G ❡ s❡✉s ♦❜❥❡t♦s s✐♠♣❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
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P❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s✳ ✾✾

❆♣ê♥❞✐❝❡✳ ✶✵✶
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■♥tr♦❞✉çã♦✳

❆s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❢♦r♠❛♠ ✉♠ ❡①tr❡♠❛♠❡♥t❡ r✐❝♦ ❡ ✐♠♣♦rt❛♥t❡
❝❛♠♣♦ ❞❛ ♠❛t❡♠át✐❝❛✳ ❊ss❛ ár❡❛ ♣♦❞❡ s❡r ♠✉✐t❛s ✈❡③❡s t❡❝♥✐❝❛♠❡♥t❡ ❛❜str❛t❛✱ ♠❛s
é t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ♣♦r s✉❛s ❝♦♥❡①õ❡s ❡ ❛♣❧✐❝❛çõ❡s ❛ ♠✉✐t❛s ♦✉tr❛s ár❡❛s✱ t❛✐s ❝♦♠♦
●❡♦♠❡tr✐❛✱ ❚♦♣♦❧♦❣✐❛✱ ❋ís✐❝❛✲▼❛t❡♠át✐❝❛ ❡ ❈♦♠❜✐♥❛tór✐❛ ❆❧❣é❜r✐❝❛✳ ◆♦s ú❧t✐♠♦s ✸✵
❛♥♦s t❡♠ ❤❛✈✐❞♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡✱ ✉♠❛ ✐♥t❡r❛çã♦ ♠✉✐t♦ ❢r✉tí❢❡r❛ ❡♥tr❡ ❋ís✐❝❛ ❡ ▼❛t❡♠á✲
t✐❝❛✱ r❡s✉❧t❛♥❞♦ ♥♦ s✉r❣✐♠❡♥t♦ ❞❡ ✈ár✐❛s ár❡❛s ❞❡ ♣❡sq✉✐s❛ ❡ ♥❛ ❞❡s❝♦❜❡rt❛ ❞❡ ❞✐❢❡r❡♥t❡s
❢❡rr❛♠❡♥t❛s ❡♠ ♦✉tr❛s ár❡❛s ❥á ❡①✐st❡♥t❡s✳

❉❡✈✐❞♦ ❛♦ ❣r❛♥❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ s❡♠✐ss✐♠♣❧❡s ❡
s✉❛s r❡♣r❡s❡♥t❛çõ❡s✱ ✈ár✐❛s t❡♥t❛t✐✈❛s ❞❡ ❣❡♥❡r❛❧✐③á✲❧❛s ❢♦r❛♠ ❢❡✐t❛s✳ ❯♠❛ ❞❡ss❛s t❡♥t❛✲
t✐✈❛s✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡ s✉❝❡ss♦✱ é ❛ t❡♦r✐❛ ❞❛s á❧❣❡❜r❛s
❞❡ ❑❛❝✲▼♦♦❞② ♥♦ ✜♥❛❧ ❞♦s ❛♥♦s ✻✵✳ ❊ss❡♥❝✐❛❧♠❡♥t❡✱ ❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② sã♦
♦❜t✐❞❛s ❞❛ ❛♣r❡s❡♥t❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ s✐♠♣❧❡s ❡♠ t❡r♠♦s ❞❡ ❣❡r❛❞♦r❡s ❡ r❡❧❛çõ❡s
✭❚❡♦r❡♠❛ ❞❡ ❙❡rr❡✮ ♣♦r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✳ ❉❡♥tr❡ ❛s á❧❣❡❜r❛s ❞❡
❑❛❝✲▼♦♦❞② ❡stã♦ ❝♦♠♣r❡❡♥❞✐❞❛s ❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❛s ❝❤❛✲
♠❛❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠✱ ❛s q✉❛✐s ♣♦❞❡♠ s❡r s✉❜❞✐✈✐❞✐❞❛s ❡♠ ♥ã♦ t♦r❝✐❞❛s
❡ t♦r❝✐❞❛s✳ ❊ss❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ s✉❛s r❡♣r❡s❡♥t❛✲
çõ❡s✱ t❡♠ s✐❞♦ ✐♥t❡♥s✐✈❛♠❡♥t❡ ❡st✉❞❛❞❛s✱ ❞❡✈✐❞♦ t❛♥t♦ à r✐q✉❡③❛ ❡str✉t✉r❛❧✱ ❝♦♠♦ ♣❡❧❛s
s✉❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❋ís✐❝❛✲▼❛t❡♠át✐❝❛ ♥❛ t❡♦r✐❛ ❞❡ ♠♦❞❡❧♦s ✐♥t❡❣rá✈❡✐s✱ ❡q✉❛çõ❡s ❞❡
❨❛♥❣✲❇❛①t❡r ❡t❝✳

◆♦ q✉❡ s❡ s❡❣✉❡ ✈❛♠♦s ♣r❡❝✐s❛r ❞❡ ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡
a✱ ❞❡♥♦t❛r❡♠♦s ♣♦r U(a) s✉❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ ❡ ♣♦r ã = a ⊗ C[t, t−1] ❡
a[t] = a⊗ C[t] s✉❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s ❡ ❞❡ ❝♦rr❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ a

é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C ❡ ❞❡ t✐♣♦ A,D ♦✉ E✱ ❞❡✈✐❞♦
às s✐♠❡tr✐❛s ❞♦s ❞✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥ ❞❡ss❛s á❧❣❡❜r❛s✱ ❡❧❛s s❡♠♣r❡ ❛❞♠✐t❡♠ ❛✉t♦♠♦r✲
✜s♠♦s ♥ã♦ tr✐✈✐❛✐s✱ ❞❡♥♦♠✐♥❛❞♦s ❛✉t♦♠♦r✜s♠♦s ❞❡ ❞✐❛❣r❛♠❛s✳ ❯♠ t❛❧ ❛✉t♦♠♦r✜s♠♦
❞❡ ❞✐❛❣r❛♠❛ s❡ ❡st❡♥❞❡ ♥❛t✉r❛❧♠❡♥t❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s ã ❞❡ a ❡ ❛ ♣❛rt✐r ❞✐ss♦
❞❡✜♥❡✲s❡ ❛ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ✜①♦s ❞❡ss❡
❛✉t♦♠♦r✜s♠♦ ❡♠ ã✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r ãσ✳

❖ ♣r✐♥❝✐♣❛❧ ❢❛t♦r q✉❡ t♦r♥❛ ❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠ ✐♥t❡r❡ss❛♥t❡s é q✉❡✱
♣♦r ✉♠ ❧❛❞♦✱ ❡❧❛s sã♦ ❛ ♣r✐♦r✐ ❞❡✜♥✐❞❛s ♣♦r ❣❡r❛❞♦r❡s ❡ r❡❧❛çõ❡s ❝♦❞✐✜❝❛❞❛s ♥❛ ♠❛tr✐③ ❞❡
❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❡✱ ♣♦r ♦✉tr♦✱ ❡❧❛s ❛❞♠✐t❡♠ ✉♠❛ r❡❛❧✐③❛çã♦ ✭❝♦♥str✉çã♦✮ ❝♦♥❝r❡t❛
❛ ♣❛rt✐r ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣♦r ♠❡✐♦ ❞❡ s✉❛ á❧❣❡❜r❛ ❞❡

✶



❧❛ç♦s✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❛s
á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠ s❡ r❡❞✉③ ❛♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s
❡ ❞❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s✳

▼✉✐t❛s q✉❡stõ❡s s♦❜r❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛s á❧❣❡✲
❜r❛s ❛✜♠ ❢♦r❛♠ tr❛t❛❞❛s ♣♦r ❈❤❛r✐ ❡♠ ❬✻❪✱ ❈❤❛r✐ ❡ ▼♦✉r❛ ❡♠ ❬✶✼❪ ❡ ❈❤❛r✐ ❡ Pr❡s❧❡②
❡♠ ❬✶✽❪✱ ❡♥tr❡ ♦✉tr♦s✳ ❊♠ ❬✷✵❪✱ ❈❤❛r✐ ❡ Pr❡ss❧❡② ❞❡✜♥✐r❛♠ ♦s ❝❤❛♠❛❞♦s ♠ó❞✉❧♦s ❞❡
❲❡②❧✱ ♥♦♠❡ ❞❛❞♦ ❞❡✈✐❞♦ ❛ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ♠♦❞✉❧❛r❡s ❞❡
❣r✉♣♦s ❛❧❣é❜r✐❝♦s✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦s ♠ó❞✉❧♦s ❞❡ ❱❡r♠❛ ♥❛
❝♦♥s♦❧✐❞❛❞❛ ❈❛t❡❣♦r✐❛ O ❞❡ ❇❡r♥st❡✐♥✲●❡❧❢❛♥❞✲●❡❧❢❛♥❞ ✭❡ ♦✉tr❛s✮ é ❡♠ ❣r❛♥❞❡ ♣❛rt❡
s✉❜st✐t✉í❞❛ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡♥tã♦ ❞❡✜♥✐❞♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧✳ ❖s ♠ó❞✉❧♦s s✐♠✲
♣❧❡s sã♦ ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦ ❡♠ ✉♠ ❝❡rt♦ s❡♥t✐❞♦ ✕ ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞♦s ❞❡
♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✳ ❖s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ sã♦ ♦s ♦❜❥❡t♦s ✉♥✐✈❡rs❛✐s ❝♦♠ r❡❧❛çã♦
à ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r❡♠ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ♥♦ s❡♥t✐❞♦ q✉❡ q✉❛❧q✉❡r
♦✉tr♦ ♠ó❞✉❧♦ s❛t✐s❢❛③❡♥❞♦ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é ✉♠ q✉♦❝✐❡♥t❡ ❞❡ ❛❧❣✉♠ ♠ó❞✉❧♦ ❞❡ ❲❡②❧✳
❖ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠ t♦r❝✐✲
❞❛s✱ ✐♥❝❧✉✐♥❞♦ ❛ ❝♦♥str✉çã♦ ❞♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♠ó❞✉❧♦s s✐♠♣❧❡s✱
❢♦✐ ❢❡✐t♦ r❡❝❡♥t❡♠❡♥t❡ ♥♦s ❛rt✐❣♦s ❬✽❪✱ ♣♦r ❈❤❛r✐✱ ❋♦✉r✐❡r ❡ ❙❡♥❡s✐✱ ❡ ❬✺✷❪✱ ♣♦r P✳ ❙❡♥❡s✐✳

❆ ♣❛rt✐r ❞❡ss❛ ❞✐s❝✉ssã♦✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣❛ss❛r ❛♦ ❝❡♥ár✐♦ ❞❛s ❤✐♣❡rá❧❣❡✲
❜r❛s✳ ❱❛♠♦s ❛ s❡❣✉✐r ❞❛r ✉♠❛ ✐❞❡✐❛ ♠❛✐s ♣r❡❝✐s❛ ❞♦ q✉❡ sã♦ ❡ss❛s ❤✐♣❡rá❧❣❡❜r❛s ❡ ❝♦♠♦
❡❧❛s s✉r❣❡♠✳ P❛r❛ ✐ss♦✱ ❢❛r❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ❞✐❣r❡ssã♦ s♦❜r❡ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s✿ s❡❥❛ G
✉♠ ❣r✉♣♦ ❛❧❣é❜r✐❝♦ ❝♦♥❡①♦ ❡ s❡♠✐ss✐♠♣❧❡s s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ F✳
❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ G ♥♦ s❡✉ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ F✱ ❛ q✉❛❧
❞❡♥♦t❛r❡♠♦s ♣♦r L(G)✳ ❙❡ ♦ ❝♦r♣♦ F é ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s
✏s✉❛✈❡s✑ ❞❡ G é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ L(G)✳ P♦r
s✉❛ ✈❡③✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❝♦r♣♦ ❜❛s❡✱ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❡ L(G) é ❡q✉✐✈❛❧❡♥t❡
❛ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❡ s✉❛ á❧❣❡❜r❛ ❡♥✈❡❧♦♣❛♥t❡ U(L(G))✱ ❛ q✉❛❧ é ✉♠❛ á❧❣❡❜r❛
❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❝♦♥t❡♥❞♦ L(G) ❝♦♠♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧
❡ ❣❡r❛❞❛ ♣♦r L(G) ❡ F ♥♦ ❝♦♥t❡①t♦ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✳ ❊♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✱ ❛
♣r✐♠❡✐r❛ ❡q✉✐✈❛❧ê♥❝✐❛ ♠❡♥❝✐♦♥❛❞❛ ❛❝✐♠❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ P❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛
é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❛ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❡ ❞✐str✐❜✉✐çõ❡s ❞❡ G✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s
♣♦rD(G)✳ ❊ss❛ á❧❣❡❜r❛ t❛♠❜é♠ ❝♦♥té♠ L(G) ❝♦♠♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♠❛s só é ❣❡r❛❞❛
♣♦r L(G) s❡ F ❢♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❝❛s♦ ♥♦ q✉❛❧ ❛s á❧❣❡❜r❛s U(L(G)) ❡ D(G) s❡
t♦r♥❛♠ ✐s♦♠♦r❢❛s✳ P♦rt❛♥t♦✱ ♦ ❡st✉❞♦ ❞❛s ❤✐♣❡rá❧❣❡❜r❛s é ❞❡ ❢❛t♦ ❞✐st✐♥t♦ ❞♦ ❡st✉❞♦ ❞❡
á❧❣❡❜r❛s ❞❡ ▲✐❡ ❛♣❡♥❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ❆ á❧❣❡❜r❛ D(G) ❛❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❡♠
t♦❞♦ G✲♠ó❞✉❧♦ ❡ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ♣♦r ❱❡r♠❛ ❡ ♣r♦✈❛❞♦ ♣♦r ❙✉❧❧✐✈❛♥ ❡♠ ❬✺✹❪✱ q✉❡ t♦❞❛
r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ D(G) ♣♦❞❡ s❡r ✏❧❡✈❛♥t❛❞❛✑ ❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦
r❛❝✐♦♥❛❧ ❞❡ G✳ ❆t❡♥❞♦✲s❡ ❛♦ ❝❛s♦ ❡♠ q✉❡ G é ✉♠ ❣r✉♣♦ ❞❡ ❈❤❡✈❛❧❧❡② s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①♦ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C✱ é ♣r♦✈❛❞♦ q✉❡
❛ á❧❣❡❜r❛ D(G) é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❝♦♥str✉í❞❛ t♦♠❛♥❞♦ ❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❞❡ ❑♦st❛♥t
❞❡ g := L(G)✱ ❞❡♥♦t❛❞❛ ♣♦r UZ(g)✱ ❡ t❡♥s♦r✐③❛♥❞♦✲❛ ❝♦♠ F s♦❜r❡ Z✱ ✐✳❡✳✱ UZ(g) ⊗Z F✱
q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r UF(g)✳ ➱ ♥✉♠ ❝♦♥t❡①t♦ ♣✉r❛♠❡♥t❡ ❛❧❣é❜r✐❝♦ ❝♦♠♦ ❡ss❡ q✉❡ ♣❛rt❡
❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ❢♦❝❛❞♦✳ ❖ ❝♦♥t❡ú❞♦ ❡①tr❡♠❛♠❡♥t❡ r❡s✉♠✐❞♦ ❞❡ss❡ ♣❛rá❣r❛❢♦
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♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✸✵✱ ✹✶✱ ✺✹✱ ✺✻❪✳

❘❡❝❡♥t❡♠❡♥t❡ ❏❛❦❡❧✐➣ ❡ ▼♦✉r❛ ❡♠ ❬✸✷❪ ✐♥✐❝✐❛r❛♠ ♦ ❡st✉❞♦ ❞❛s ❝❤❛♠❛❞❛s ❤✐♣❡rá❧✲
❣❡❜r❛s ❞❡ ❧❛ç♦s UF(g̃)✱ ❝♦♠ F s❡♥❞♦ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛
♣♦s✐t✐✈❛ p✱ ❡ ❛❜♦r❞❛r❛♠ ✈ár✐❛s q✉❡stõ❡s ✈♦❧t❛❞❛s às r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛
❞❡ss❛s á❧❣❡❜r❛s✳ ❉❡♥tr❡ ❡ss❛s q✉❡stõ❡s✱ ❢♦r❛♠ ❝❧❛ss✐✜❝❛❞♦s ♦s ♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱
❝♦♥str✉í❞♦s ♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ❡ ✐♥✐❝✐❛❞❛ ✉♠❛ t❡♦r✐❛ ❞❡ r❡❞✉çã♦ ♠ó❞✉❧♦ p✳ ❊ss❛s
❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s sã♦ ❝♦♥str✉í❞❛s ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r às ❤✐♣❡rá❧❣❡❜r❛s ❛tr❛✈és ❞❡
✉♠❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ♣❛r❛ U(g̃)✱ ❞❡♥♦t❛❞❛ ♣♦r UZ(g̃)✱ q✉❡ ✈❡♠ ❛ s❡r ❛ ❢♦r♠❛ ✐♥t❡❣r❛❧
✐♥tr♦❞✉③✐❞❛ ♣♦r ●❛r❧❛♥❞ ❡♠ ❬✸✵❪ ✭✈❡r t❛♠❜é♠ ❬✺✺❪✮✳ ❋♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ❡♠ ❬✸✷❪ ❝❡rt❛s
♣r♦♣r✐❡❞❛❞❡s ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ♠ó❞✉❧♦ p ❞♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ✐♥tr♦❞✉③✐❞♦ ♣♦r
❈❤❛r✐ ❡ Pr❡ss❧❡②✳ ❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡ss❡ tr❛❜❛❧❤♦ ✈❡rs❛ s♦❜r❡ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s
❞❡ ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ❡ ❡r❛ ♣❛rt❡ ❞❡ss❛ ❝♦♥❥❡❝t✉r❛ ❡♠ ❬✸✷❪✳ ❘❡s✉♠✐❞❛♠❡♥t❡✱ ❝♦♠ ✉♠❛
♣❛rt❡ ❞❡ss❛ ❝♦♥❥❡❝t✉r❛ ♦❜t❡♠♦s ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❞❡ ✉♠
t❡♦r❡♠❛ ♣r♦✈❛❞♦ ♣♦r ❈❤❛r✐ ❡ Pr❡ss❧❡② ❡♠ ❬✷✵❪ ❡ ❡ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ❡r❛✱ t❛♠❜é♠✱ ♣❛rt❡
❞❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❬✸✷❪✳ ❖s ❞❡t❛❧❤❡s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✷✳✹✳✸✳

P♦st❡r✐♦r♠❡♥t❡ ❛ ●❛r❧❛♥❞✱ ▼✐t③♠❛♥ ❡♠ ❬✹✷❪ ❝♦♥str✉✐✉ ❢♦r♠❛s ✐♥t❡❣r❛✐s ♣❛r❛ ❛s
á❧❣❡❜r❛s ❡♥✈❡❧♦♣❛♥t❡s ❞❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s U(g̃σ) ❛ss♦❝✐❛❞❛s ❛ ❛✉t♦♠♦r✜s♠♦s
♥ã♦ tr✐✈✐❛✐s ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ g✱ ♦ q✉❡ t♦r♥❛ ♥❛t✉r❛❧ ❞❡✜♥✐r ❛s ❤✐♣❡rá❧❣❡❜r❛s
❞❡ ❧❛ç♦s t♦r❝✐❞❛s UF(g̃

σ) ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ❛s á❧❣❡❜r❛s ♥ã♦ t♦r❝✐❞❛s✳
❖ ❡st✉❞♦ ❞❡ q✉❡stõ❡s s♦❜r❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ss❛s ❤✐♣❡r✲
á❧❣❡❜r❛s é ♦ ❛ss✉♥t♦ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ❞❡st❛ t❡s❡✳ ❆♣ós ❞❛r♠♦s ♦s ❞❡t❛❧❤❡s
❞❛ ❝♦♥str✉çã♦ ❞❡ss❛s á❧❣❡❜r❛s ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✶✱ sã♦ ❞✐s❝✉t✐❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠ó✲
❞✉❧♦s ❞❡ ❛✈❛❧✐❛çã♦ ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✸✱ ❞❡✜♥✐❞♦s ♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ❡ ❝❧❛ss✐✜❝❛❞♦s ♦s
UF(g̃

σ)✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❡♠ t❡r♠♦s ❞❡ s❡✉s ℓ✲♣❡s♦s ♠á①✐♠♦s ♥❛ ❙❡çã♦ ✷✳✺✳ ❚❛♠❜é♠
♠♦str❛♠♦s ♥♦ ❚❡♦r❡♠❛ ✷✳✸✳✶✵ q✉❡ ❛ á❧❣❡❜r❛ UF(g̃

σ) ♣♦❞❡ s❡r ✈✐st❛ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧
❝♦♠♦ s✉❜á❧❣❡❜r❛ ❞❡ UF(g̃)✳ ❖ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❞❡ss❛ ♣❛rt❡ ❞❛ t❡s❡✱ ❛♣r❡s❡♥t❛❞♦ ♥♦
❚❡♦r❡♠❛ ✷✳✻✳✼✱ ❞✐③ q✉❡✱ s❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ é ✐❣✉❛❧ à ♦r❞❡♠ ❞❡ σ✱ ♦s ♠ó❞✉❧♦s
s✐♠♣❧❡s ❞❡ UF(g̃

σ) sã♦ ✐s♦♠♦r❢♦s à r❡str✐çã♦ ❞❛ ❛çã♦ ❞❡ UF(g̃) ❛ UF(g̃
σ) ❞❡ ❝❡rt♦s ♠ó❞✉❧♦s

s✐♠♣❧❡s ♣❛r❛ UF(g̃)✳ ❊ss❡s r❡s✉❧t❛❞♦s ❡stã♦ ♣r❡st❡s ❛ s❡r❡♠ s✉❜♠❡t✐❞♦s ♣❛r❛ ♣✉❜❧✐❝❛çã♦
❬✸❪✳

❆❣♦r❛✱ ✈♦❧t❛♥❞♦✲s❡ ♣❛r❛ ❛ á❧❣❡❜r❛ g[t]✱ ♦❜s❡r✈❛✲s❡ q✉❡ ✉♠ ❣r❛♥❞❡ ✈♦❧✉♠❡ ❞❡ ❛r✲
t✐❣♦s ❢♦✐ ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣♦r ❡①❡♠♣❧♦
❬✾✱ ✶✹✱ ✶✺✱ ✷✹✱ ✷✽❪✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧
♣❛r❛ g̃ ❢♦r❛♠ ♦❜t✐❞❛s ❛tr❛✈és ❞♦ ❡st✉❞♦ ❞❛ r❡str✐çã♦ ❞❛ ❛çã♦ ❛ g[t]✳ ❖✉tr♦s ♣r♦❡♠✐♥❡♥t❡s
❡①❡♠♣❧♦s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛s á❧❣❡❜r❛s ❞❡ ❝♦rr❡♥t❡s ✭♣r❡s❡♥t❡s ♥❡s✲
s❡s ♠❡s♠♦s ❛rt✐❣♦s ❝✐t❛❞♦s✮ sã♦ ♦s ♠ó❞✉❧♦s ❞❡ ❉❡♠❛③✉r❡ ❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳ ❚♦❞❛s
❡ss❛s r❡♣r❡s❡♥t❛çõ❡s ♣❡rt❡♥❝❡♠ à ❝❛t❡❣♦r✐❛ ❞❡ g[t]✲♠ó❞✉❧♦s Z+✲❣r❛❞✉❛❞♦s✱ ♣❛r❛ ♦s q✉❛✐s
❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❈❤❛r✐ ❡ ●r❡❡♥st❡✐♥ ❛ sér✐❡ ❞❡ ❛rt✐❣♦s ❬✾✱ ✶✵✱ ✶✶❪ ❞❡❞✐❝❛❞♦s ❛♦ ❡st✉✲
❞♦s ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s ❞❛ ❝❛t❡❣♦r✐❛ ❞❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s✳ ❊ss❡s tr❛❜❛❧❤♦s
♦❢❡r❡❝❡♠ ✉♠❛ ❞✐❢❡r❡♥t❡ ♣❡rs♣❡❝t✐✈❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❛s á❧❣❡❜r❛s ❛✜♠
q✉❛♥t✐③❛❞❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✈❡r ♦s ❧✐♠✐t❡s ❝❧áss✐❝♦s ❞❛s ❝❤❛♠❛❞❛s ❛✜♥✐③❛çõ❡s ♠✐♥✐✲
♠❛✐s ❝♦♠♦ ♦❜❥❡t♦s ♣r♦❥❡t✐✈♦s ❡♠ ❝❡rt❛s ❝❛t❡❣♦r✐❛s ❞❡ g[t]✲♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s✳ ❈♦♠♦
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❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡s tr❛❜❛❧❤♦s✱ ❈❤❛r✐✱ ❑❤❛r❡ ❡ ❘✐❞❡♥♦✉r ❡♠ ❬✶✷❪ ❡st✉❞❛r❛♠ ❛❧❣✉♠❛s
s✉❜❝❛t❡❣♦r✐❛s ❞❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❝❡rt❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ Z+✲❣r❛❞✉❛❞❛s
✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛✐s q✉❡ g[t] ❡ ♦❜t✐✈❡r❛♠ r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ á❧❣❡❜r❛s ❞❡
❑♦s③✉❧ ❡ ❞❡ ❍❡❝❦❡✳

❆ ❝♦♥tr✐❜✉✐çã♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ♥❡ss❡ â♠❜✐t♦ é ❛ ♦❜t❡♥çã♦ ❞❡ ♣❛rt❡ ❞♦s r❡s✉❧t❛❞♦s
❞❡ ❬✶✷❪ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ a ♠✉❧t✐✲❣r❛❞✉❛❞❛✱ ✐st♦ é✱ ❣r❛❞✉❛❞❛ ♣♦r
Zℓ
+✱ ❝✉❥❛ ♣❛rt❡ ❣r❛❞✉❛❞❛ ❞❡ ❣r❛✉ ③❡r♦ é ✉♠❛ á❧❣❡❜r❛ ▲✐❡ s✐♠♣❧❡s g ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

s♦❜r❡ C ❡ ❛s ❞❡♠❛✐s ♣❛rt❡s ❣r❛❞✉❛❞❛s sã♦ g✲♠ó❞✉❧♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❈❧❛r❛♠❡♥t❡
❛s á❧❣❡❜r❛s ❞❡ ♠✉❧t✐✲❝♦rr❡♥t❡s g[t1, · · · , tn] = g ⊗ C[t1, · · · , tn] ❡stã♦ ❝♦♠♣r❡❡♥❞✐❞❛s
♥❡ss❡ ❝❛s♦✳ ❊ss❡s r❡s✉❧t❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
♥♦ ❚❡♦r❡♠❛ ✸✳✻✳✺ ✭r❡✈✐s✐t❛❞♦ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✼✳✺✮✱ ♦❜t❡♠♦s ✉♠❛ ❢ór♠✉❧❛ ❞❡ ❝❛rá❝t❡r
♠✉❧t✐✲❣r❛❞✉❛❞❛ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ r❡❝✉rs✐✈♦ ❡✱ ♥♦ ❚❡♦r❡♠❛ ✸✳✼✳✸✱ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦
❞♦ ❝♦♥❝❡✐t♦ ❞❡ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ❡♠ ♠✉❧t✐✲✈❛r✐á✈❡✐s✳
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❖r❣❛♥✐③❛çã♦ ❞♦ t❡①t♦✳

◆♦ ❈❛♣ít✉❧♦ ✶ ✜①❛♠♦s ❛ ♥♦t❛çã♦ ❡ ❛♣r❡s❡♥t❛♠♦s ♦s ♣r❡❧✐♠✐♥❛r❡s ❜ás✐❝♦s ♣❛r❛ ♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❛s ❞✉❛s ♣❛rt❡s ❞♦ tr❛❜❛❧❤♦ ♣r♦♣♦st♦✳ ❆❜♦r❞❛♠♦s ♥❡❧❡ ♦s r✉❞✐♠❡♥t♦s ❞❛
t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✱ ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ❡ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❡ ✉♠❛ r❡❛❧✐③❛çã♦
❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠✳ ❖s ❈❛♣ít✉❧♦ ✷ ❡ ✸ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❝❛♣ít✉❧♦s q✉❡
tr❛t❛♠ ❞♦s ♣r♦❜❧❡♠❛s ♣r✐♥❝✐♣❛✐s✱ ❝♦♥❢♦r♠❡ ❡①♣❧✐❝❛❞♦ ♥❛ ■♥tr♦❞✉çã♦✳

❖♣t❛♠♦s t❛♠❜é♠ ❡♠ ✐♥s❡r✐r ❛❧❣✉♥s ❛♣ê♥❞✐❝❡s ❝♦♠ r❡s✉❧t❛❞♦s ❞✐✈❡rs♦s q✉❡ ❢♦r❛♠
✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ ❆ss✐♠✱ tr❛t❛♠♦s s♦❜r❡ á❧❣❡❜r❛s ❞❡ ❍♦♣❢ ♥♦ ❆♣ê♥❞✐❝❡ ❆✳✸
❡ ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt ♥♦ ❆♣ê♥❞✐❝❡
❆✳✷✳ ❖s ❆♣ê♥❞✐❝❡s ❆✳✶ ❡ ❆✳✽ ❛♣r❡s❡♥t❛♠ ✉♠❛ ♠✐s❝❡❧â♥❡❛ ❞❡ t❡r♠✐♥♦❧♦❣✐❛s s♦❜r❡ ♠ó✲
❞✉❧♦s✱ ❝❛t❡❣♦r✐❛s ❡ ❢✉♥t♦r❡s✳ ❏á ♦ ❛♣ê♥❞✐❝❡ ❆✳✼ ❛♣r❡s❡♥t❛ r❡s✉❧t❛❞♦s ❡①tr❡♠❛♠❡♥t❡
✐♠♣♦rt❛♥t❡s s♦❜r❡ ❞♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛✱ ❢♦rt❡♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳
◆❡ss❡ ♠❡s♠♦ s❡♥t✐❞♦✱ ♦ ❆♣ê♥❞✐❝❡ ❆✳✹ ❛♣r❡s❡♥t❛ r❡s✉❧t❛❞♦s q✉❡ ❢♦r❛♠ ♥❡❝❡ssár✐♦s ♣❛r❛
♦ ❈❛♣ít✉❧♦ ✸✱ ❛❜♦r❞❛♥❞♦ ❡①t❡♥sõ❡s ❡♥tr❡ ♠ó❞✉❧♦s✳ ❖✉tr♦s ❞♦✐s ❛♣ê♥❞✐❝❡s✱ ❆✳✻ ❡ ❆✳✺✱
tr❛t❛♠ s✐♠♣❧❡s♠❡♥t❡ ❞❡ ❞✉❛s ❢ór♠✉❧❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❝♦♠❜✐♥❛tór✐❛✱ ❛s q✉❛✐s ❢♦r❛♠
✉t✐❧✐③❛❞❛s ✈ár✐❛s ✈❡③❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳

❊✈✐❞❡♥t❡♠❡♥t❡ q✉❡ t❛♥t♦ ♦ ❈❛♣ít✉❧♦ ✶✱ q✉❛♥t♦ ♦s ❛♣ê♥❞✐❝❡s✱ ❡stã♦ ❧♦♥❣❡ ❞❡ s❡r❡♠
s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ♦ ❧❡✐t♦r ❛♣r❡♥❞❛ s♦❜r❡ ♦s ❛ss✉♥t♦s ❛❧✐ ❝♦♥t✐❞♦s✳ ❆ ♣r✐♥❝í♣✐♦✱ s❡r✈❡♠
♣❛r❛ ♦ ❧❡✐t♦r ❢❛③❡r ❛ ❧❡✐t✉r❛ ❞♦ tr❛❜❛❧❤♦ ❡ ❛♣r❡s❡♥t❛r r❡❢❡rê♥❝✐❛s ❛♣r♦❢✉♥❞❛❞❛s✳
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◆♦t❛çõ❡s✳

N : ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✳

Z : ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✳

Z+ : ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✳

A× : ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ ✉♠ ❛♥❡❧ A✳

|X| : ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X✳

A→ B : ❢✉♥çã♦ ❞♦ ❝♦♥❥✉♥t♦ A ♥♦ ❝♦♥❥✉♥t♦ B✳

A →֒ B : ❢✉♥çã♦ ✐♥❥❡t♦r❛ ❞♦ ❝♦♥❥✉♥t♦ A ♥♦ ❝♦♥❥✉♥t♦ B✳

A։ B : ❢✉♥çã♦ s♦❜r❡❥❡t♦r❛ ❞♦ ❝♦♥❥✉♥t♦ A ♥♦ ❝♦♥❥✉♥t♦ B✳

ker(f) : ♥ú❝❧❡♦ ❞❡ ✉♠❛ ❢✉♥çã♦ f ✳

✐♠f : ✐♠❛❣❡♠ ❞❡ ✉♠❛ ❢✉♥çã♦ f ✳

f |A : r❡str✐çã♦ ❞❛ ❢✉♥çã♦ f ❛♦ ❝♦♥❥✉♥t♦ A✳

a 7→ b : r❡❣r❛ ❞❡ ❢♦r♠❛çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛ a ❛ b✳

{−}i∈I : ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ✐♥❞❡①❛❞♦ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s I✳

⊔ : ✉♥✐ã♦ ❞✐s❥✉♥t❛✳

dim(V ) : ❞✐♠❡♥sã♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✳

✼



✽



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s✳

❊♠ ✶✾✻✼✱ ❱✳●✳ ❑❛❝ ❡ ❘✳ ❱✳ ▼♦♦❞② ✐♥✐❝✐❛r❛♠ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♦ ❡st✉❞♦ ❞❡ ❝❡rt❛s
á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❛s q✉❛✐s ❤♦❥❡ sã♦ ❞❡♥♦♠✐♥❛❞❛s ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✳ ◆♦ ♣r❡s❡♥t❡
❝❛♣ít✉❧♦✱ s❡rá ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ❞❛ t❡♦r✐❛ ❜ás✐❝❛ ❞❡ss❛s á❧❣❡❜r❛s ❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡
♣❡s♦ ♠á①✐♠♦✱ ❡♠ s❡❣✉✐❞❛ ❞❛r❡♠♦s ❡♥❢♦q✉❡ ♣❛r❛ ❛s ❝❤❛♠❛❞❛s ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②
❛✜♠✳ ◆ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❞❡♠♦♥str❛çõ❡s✱ q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✺✱ ✸✺❪✳

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ K ✐♥❞✐❝❛rá ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ ❞❡ ❝❛r❛❝✲
t❡ríst✐❝❛ ③❡r♦✳

✶✳✶ ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✳

■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛s ❡ ❞❡♣♦✐s ♣❛ss❛✲
r❡♠♦s ♣❛r❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛ss♦❝✐❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❙❡❥❛ I ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❯♠❛ ♠❛tr✐③ C = (cij)i,j∈I ❝♦♠ ❡♥tr❛❞❛s
❡♠ Z é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛✱ ❛❜r❡✈✐❛❞❛ ♣♦r ▼❈●✱ s❡✱ ♣❛r❛ t♦❞♦s
i, j ∈ I✱ t❡♠✲s❡

(i) cii = 2, (ii) cij ≤ 0 s❡♠♣r❡ q✉❡ i 6= j ❡ (iii) cij = 0⇔ cji = 0.

❙❡ ❡①✐st✐r sk ∈ Z>0✱ ♣❛r❛ ❝❛❞❛ k ∈ I✱ t❛❧ q✉❡ skckj = sjcjk✱ ♣❛r❛ t♦❞♦ j ∈ I✱ ❡♥tã♦
C é ❞✐t❛ s✐♠❡tr✐③á✈❡❧ ✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ s✐♠❡tr✐③á✈❡❧ C
é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ s❡ ❛ ♠❛tr✐③ s✐♠étr✐❝❛ SC✱ ❝♦♠ S = ❞✐❛❣(si | i ∈ I)✱
é ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ✉♠❛ ♠❛tr✐③ C = (cij)i,j∈I é ❞✐t❛ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
s❡✱ ♣❛r❛ q✉❛❧q✉❡r ❡s❝♦❧❤❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s I1, I2 ⊂ I t❛✐s q✉❡ I = I1 ⊔ I2✱
❡①✐st❡♠ i ∈ I1 ❡ j ∈ I2 s❛t✐s❢❛③❡♥❞♦ cij 6= 0✳ ❈❛s♦ ❝♦♥trár✐♦✱ C é ❞✐t❛ ❞❡❝♦♠♣♦♥í✈❡❧ ✳

❖ t❡r♠♦ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ s❡rá ❛❜r❡✈✐❛❞♦ ♣♦r ▼❈●✳ ❖❜s❡r✈❡ q✉❡✱
♥♦ ❝❛s♦ ❡♠ q✉❡ C é s✐♠❡tr✐③á✈❡❧✱ ♣♦❞❡✲s❡ ❡s❝♦❧❤❡r ♦s ♥ú♠❡r♦s si ∈ Z ❞❡ ♠♦❞♦ q✉❡
mdc(si | i ∈ I) = 1✳ ❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✈❛♠♦s s✉♣♦r q✉❡ C é ✉♠❛ ▼❈● s✐♠❡tr✐③á✈❡❧ ❡
❡s❝♦❧❤❡r si ❞❡ss❛ ❢♦r♠❛✳

✾
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❊①❡♠♣❧♦ ✶✳✶✳✷✳

✶✳ ❙❡ |I| = 1✱ ❡♥tã♦ ❛ ú♥✐❝❛ ▼❈● ♣♦ssí✈❡❧ é C = (2)✱ ❛ q✉❛❧ é✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ ✉♠❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥✳

✷✳
(

2 −1
−1 2

)
é ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✳

✸✳
(

2 0
0 2

)
é ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡❝♦♠♣♦♥í✈❡❧✳

✹✳
(

2 −2
−2 2

)
é ✉♠❛ ▼❈● s✐♠étr✐❝❛ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ ♥ã♦ é ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛r✲

t❛♥✳ ⋄

Pr♦♣♦s✐çã♦ ✶✳✶✳✸✳ ❆♣❡♥❛s ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ♦♣çõ❡s é ✈á❧✐❞❛ ♣❛r❛ ❝❛❞❛ ▼❈● s✐♠❡✲
tr✐③á✈❡❧ ❡ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ C✿

✭❛✮ SC é ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛ ✭t♦❞♦s ♦s ♠❡♥♦r❡s ♣r✐♥❝✐♣❛✐s sã♦ ♣♦s✐t✐✈♦s✮❀

✭❜✮ SC é s❡♠✐ ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛ ❞❡ ❝♦♣♦st♦ 1 ✭t♦❞♦s ♦s ♠❡♥♦r❡s ♣r✐♥❝✐♣❛✐s ♣ró♣r✐♦s sã♦
♣♦s✐t✐✈♦s ❡ det(C) = 0✮❀

✭❝✮ SC é ✐♥❞❡✜♥✐❞❛✳

❆ ♣❛rt✐r ❞❡ss❛ tr✐❝♦t♦♠✐❛ é ❡st❛❜❡❧❡❝✐❞♦ ♦ s❡❣✉✐♥t❡✿

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❯♠❛ ♠❛tr✐③ é ❞✐t❛ s❡r ❞❡ t✐♣♦ ✜♥✐t♦ s❡ s❛t✐s❢❛③ ✭❛✮✱ ❞❡ t✐♣♦ ❛✜♠ s❡
s❛t✐s❢❛③ ✭❜✮ ❡ ❞❡ t✐♣♦ ✐♥❞❡✜♥✐❞♦ s❡ s❛t✐s❢❛③ ✭❝✮✳

❆s ❡♥tr❛❞❛s ❞❡ ✉♠❛ ▼❈● ♣♦❞❡♠ s❡r ❛r♠❛③❡♥❛❞❛s ♥✉♠ ❣r❛❢♦ ❝❤❛♠❛❞♦ ❞✐❛❣r❛♠❛
❞❡ ❉②♥❦✐♥ ❣❡♥❡r❛❧✐③❛❞♦✱ ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✿

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❉❛❞❛ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ C = (cij)i,j∈I ✱ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡
C é ✉♠ ❣r❛❢♦ ❝♦♠ I ✈ért✐❝❡s t❛❧ q✉❡ ❞♦✐s ✈ért✐❝❡s i ❡ j sã♦ ❧✐❣❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✭✐✮ ❙❡ cijcji ≤ 4✱ ♦s ✈ért✐❝❡s i ❡ j sã♦ ❧✐❣❛❞♦s ♣♦r max(|cij|, |cji|) ❛r❡st❛s ❝♦♠ ✉♠❛ s❡t❛
> ❛♣♦♥t❛♥❞♦ ♣❛r❛ i s❡ |cij| > 1✳

✭✐✐✮ ❙❡ cijcji > 4✱ ♦s ✈ért✐❝❡s i ❡ j sã♦ ❧✐❣❛❞♦s ♣♦r ✉♠❛ ❛r❡st❛ ❝♦♠ ♦ ♣❛r (|cij|, |cji|)
s♦❜r❡ ❡❧❛✳

❯♠ s✉❜❞✐❛❣r❛♠❛ ❞❡ ✉♠ ❞✐❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❝♦♥s✐st❡ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s
❝♦♠ t♦❞❛s ❛s ❛r❡st❛s ❞♦ ❞✐❛❣r❛♠❛ ♦r✐❣✐♥❛❧ q✉❡ ❧✐❣❛♠ ❡ss❡s ✈ért✐❝❡s✳

✶✵
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◆ã♦ é ❞✐❢í❝✐❧ ♥♦t❛r q✉❡ ✭✐✮ ❡ ✭✐✐✮ ❞❡t❡r♠✐♥❛♠ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ♠❛tr✐③ C✳ ◆♦ ❝❛s♦
❞❡ ♠❛tr✐③❡s ❞❡ t✐♣♦ ✜♥✐t♦ ❡ ❛✜♠✱ q✉❡ sã♦ ♦s ❝❛s♦s r❡❧❡✈❛♥t❡s ♣❛r❛ ♥♦ss♦s ♦❜❥❡t✐✈♦s✱
t❡♠✲s❡ cijcji ≤ 4 ♣❛r❛ t♦❞♦s i, j ∈ I✱ s✐♠♣❧✐✜❝❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✳

❆s t❛❜❡❧❛s ❛ s❡❣✉✐r s✉♠❛r✐③❛♠ ♦ t❡♦r❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ▼❈●✬s ❞❡ t✐♣♦ ✜♥✐t♦
❡ ❛✜♠✳ ◆❛ ❚❛❜❡❧❛ ✶✳✶ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ ❞✐❛❣r❛♠❛ ❞❡ t✐♣♦ Xn é n✳ ◆❛s ❚❛❜❡❧❛s
✶✳✷ ❡ ✶✳✸ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ ❞✐❛❣r❛♠❛ ❞❡ t✐♣♦ X(1)

n ✱ A(2)
2n , A

(2)
2n−1 ❡ D(2)

n+1 é n+ 1✳

❚❛❜❡❧❛ ✶✳✶✿ ❉✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥ ❞❡ t✐♣♦ ✜♥✐t♦✳

An✿ ❡ ❡ ❡ ❡

Bn✿ ❡ ❡ ❡ ❡>

Cn✿ ❡ ❡ ❡ ❡<

Dn✿ ❡ ❡ ❡ ❡

❡

E6✿ ❡ ❡ ❡ ❡ ❡

❡

E7✿ ❡ ❡ ❡ ❡ ❡ ❡

❡

E8✿ ❡ ❡ ❡ ❡ ❡ ❡ ❡

❡

F4✿ ❡ ❡ ❡ ❡>

G2✿ ❡ ❡>

❚❛❜❡❧❛ ✶✳✷✿ ❉✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥ ❞❡ t✐♣♦ ❛✜♠ ♥ã♦ t♦r❝✐❞♦✳

A
(1)
1 ✿ ❡ ❡<>

A
(1)
n ✿

(n ≥ 2) ❡ ❡ ❡ ❡

❡

✦
✦
✦
✦✦ ❛

❛
❛

❛❛

B
(1)
n ✿

(n ≥ 3) ❡ ❡ ❡ ❡ ❡

❡

>

C
(1)
n ✿

(n ≥ 2) ❡ ❡ ❡ ❡ ❡> <

D
(1)
n ✿

(n ≥ 4) ❡ ❡ ❡ ❡

❡ ❡

E
(1)
6 ✿ ❡ ❡ ❡ ❡ ❡

❡

❡

E
(1)
7 ✿ ❡ ❡ ❡ ❡ ❡ ❡ ❡

❡

E
(1)
8 ✿ ❡ ❡ ❡ ❡ ❡ ❡ ❡ ❡

❡

F
(1)
4 ✿ ❡ ❡ ❡ ❡ ❡>

G
(1)
2 ✿ ❡ ❡ ❡>

✶✶
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❚❛❜❡❧❛ ✶✳✸✿ ❉✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥ ❞❡ t✐♣♦ ❛✜♠ t♦r❝✐❞♦✳

A
(2)
2 ✿ ❡ ❡<

A
(2)
2n ✿

(n ≥ 2) ❡ ❡ ❡ ❡ ❡< <

A
(2)
2n−1✿

(n ≥ 3) ❡ ❡ ❡ ❡ ❡

❡

<

D
(2)
n+1✿

(n ≥ 2) ❡ ❡ ❡ ❡ ❡< >

E
(2)
6 ✿ ❡ ❡ ❡ ❡ ❡<

D
(3)
4 ✿ ❡ ❡ ❡<

❆s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❝♦♠ ♦s ❞✐❛❣r❛♠❛s ❞❡ t✐♣♦ An, Bn, Cn ❡ Dn sã♦ ❛s ♠❛tr✐③❡s
❞❛s ❝♦♥❤❡❝✐❞❛s á❧❣❡❜r❛s ❝❧áss✐❝❛s sln+1, so2n+1, sp2n ❡ so2n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛ss❛r❡♠♦s ❛❣♦r❛ ❛♦ ❡st✉❞♦ ❞❛ á❧❣❡❜r❛ ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥
❣❡♥❡r❛❧✐③❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❙❡❥❛♠ r = posto(C) ❡ J ⊆ I t❛❧ q✉❡ |J | = r ❡ (cij)i,j∈J é ✐♥✈❡rtí✈❡❧✳
❉❡✜♥❡✲s❡ ❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g(C) ❝♦♠♦ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ K ❞❛❞❛ ♣♦r ❣❡r❛✲
❞♦r❡s {x±i , hi, dj | i ∈ I, j ∈ I \ J} s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ t♦❞♦s i, j ∈ I ❡ k, l ∈ I \ J ✱ ❛s
s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

[hi, hj] = 0, [hi, x
±
j ] = ±cijx±j , [dk, dl] = 0, [hi, dk] = 0,

[dk, x
±
i ] = ±δijx±j , [x+i , x

−
j ] = δijhi ❡ ad(x±i )

1−cij(x±j ) = 0 (i 6= j).

❖s ❣❡r❛❞♦r❡s x±i ❡ hi✱ i ∈ I✱ sã♦ ❝❤❛♠❛❞♦s ❞❡ ❣❡r❛❞♦r❡s ❞❡ ❈❤❡✈❛❧❧❡②✲❑❛❝ ❡ ❛s r❡❧❛çõ❡s
sã♦ ❝❤❛♠❛❞❛s ❞❡ r❡❧❛çõ❡s ❞❡ ❈❤❡✈❛❧❧❡②✲❙❡rr❡✳

❉❡♥♦t❡ ♣♦r d✱ h′✱ n+ ❡ n− ❛s s✉❜á❧❣❡❜r❛s ❞❡ g(C) ❣❡r❛❞❛s ♣♦r {dj | j ∈ I \ J}✱
{hi | i ∈ I}✱ {x+i | i ∈ I} ❡ {x−i | i ∈ I}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥❛ h = h′ ⊕ d ❡ ♦❜s❡r✈❡
q✉❡

dim(h) = dim(h′) + |I \ J | = 2n− r,
❝♦♠ n = |I|✳ ❆ á❧❣❡❜r❛ ❞❡r✐✈❛❞❛ ❞❡ g(C)✱ ✐✳❡✳✱ (g(C))′ = [g(C), g(C)]✱ é ❛ s✉❜á❧❣❡❜r❛
❞❡ g(C) ❣❡r❛❞❛ ♣♦r {x±i | i ∈ I} ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ g(C)/g(C)′ ∼= d✱ ♦✉ s❡❥❛✱

0 −→ g(C)′ −→ g(C) −→ d −→ 0

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✼✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g ❛❞♠✐t❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛
❞✐r❡t❛ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

g = n− ⊕ h⊕ n+.

P❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ K ❞❡ I✱ ❝♦♥s✐❞❡r❡ gK s❡♥❞♦ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r {x±k |
k ∈ K} ❡✱ s✐♠✐❧❛r♠❡♥t❡✱ ❞❡✜♥❛ ❛s s✉❜á❧❣❡❜r❛s hK ❡ n±K ✳ ◆♦t❡ q✉❡ gK é ✐s♦♠♦r❢❛ à
á❧❣❡❜r❛ ❞❡r✐✈❛❞❛ ❞❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛ss♦❝✐❛❞❛ à ♠❛tr✐③ C = (cij)i,j∈K ✳

✶✷
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❊①❡♠♣❧♦ ✶✳✶✳✽✳ ❙❡❥❛ K = {k} ⊆ I✱ ❡♥tã♦ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r x±k é ✐s♦♠♦r❢❛ à
á❧❣❡❜r❛ ❞❡ ▲✐❡ sl2✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ sl2 é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛ss♦❝✐❛❞❛ à
♠❛tr✐③ ❞❡ ❈❛rt❛♥ (2) ∈M1(Z)✳ ⋄

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ♣♦❞❡ s❡r
r❡s✉♠✐❞♦ ❛♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛ss♦❝✐❛❞❛s às ♠❛tr✐③❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✾✳ ❙❡❥❛ C = (ci,j)i,j∈I ✉♠❛ ▼❈● ❡ I1, I2 ⊆ I t❛✐s q✉❡ I1, I2 6= ∅✱
I = I1 ⊔ I2 ❡ cij = 0 ♣❛r❛ i ∈ I1 ❡ j ∈ I2✳ ❙❡ C1 = (cij)i,j∈I1 ❡ C2 = (cij)i,j∈I2 ✱ ❡♥tã♦
g(C) ∼= g(C1)⊕ g(C2) ❝♦♠ ♦ ❝♦❧❝❤❡t❡ ♥❛t✉r❛❧ ❞❛ s♦♠❛ ❞✐r❡t❛✳

❏✉st✐✜❝❛❞♦ ♣♦r ❡ss❛ ♣r♦♣♦s✐çã♦✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ s❡rá s✉♣♦st♦ q✉❡ C é ✉♠❛ ▼❈●
s✐♠❡tr✐③á✈❡❧ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ q✉❡ g(C)✱ h ❡ n± sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ ♥❡ss❛ s❡çã♦✳

❚❡♦r❡♠❛ ✶✳✶✳✶✵✳ ❙❡❥❛ C ✉♠❛ ▼❈● ❡ g = g(C) ❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛ss♦❝✐❛❞❛✳

✭❛✮ C é ❞❡ t✐♣♦ ✜♥✐t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◆❡ss❡ ❝❛s♦✱ g é s✐♠♣❧❡s✳

✭❜✮ C é ❞❡ t✐♣♦ ❛✜♠ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ det(C) = 0 ❡ gK é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ t♦❞♦
K ( I✳

✭❝✮ C é ❞❡ t✐♣♦ ✐♥❞❡✜♥✐❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ C t❡♠ ✉♠ ♠❡♥♦r ♣r✐♥❝✐♣❛❧ ♥❡❣❛t✐✈♦✳

❆ ♣❛rt✐r ❞❡ss❡ t❡♦r❡♠❛ ❝♦♥❝❧✉✐✲s❡ q✉❡ C é ❞❡ t✐♣♦ ✜♥✐t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ C é ✉♠❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥ ♥♦ s❡♥t✐❞♦ ✉s✉❛❧ ❞❛ ❚❡♦r✐❛ ❞❡ ▲✐❡ ❝❧áss✐❝❛✳

❆ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ U(g(C)) ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g(C)
✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳✷✮ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ ❞❛❞❛ ♣♦r ❣❡r❛❞♦r❡s ❡
r❡❧❛çõ❡s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶✳ ❆ á❧❣❡❜r❛ U(g(C)) é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❛❞❛ ♣♦r
❣❡r❛❞♦r❡s {x±i , hi, dj | i ∈ I, j ∈ I \ J} s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ t♦❞♦ i, j ∈ I✱ ❛s r❡❧❛çõ❡s ❞❛
❉❡✜♥✐çã♦ ✶✳✶✳✻✱ s❡♥❞♦ q✉❡ ❛ ú❧t✐♠❛ ❞❡❧❛s é s✉❜st✐t✉í❞❛ ♣♦r

1−cij∑

k=0

(−1)k
(
1− cij
k

)
(x±i )

1−cij−kx±j (x
±
i )

k = 0.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✳✷✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✶✳✼✱ t❡♠♦s

U(g) = U(n−)U(h)U(n+). ✭✶✳✶✳✶✮

✶✸
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✶✳✶✳✶ ❘❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❡ ♣❡s♦s✳

◆❡st❛ s❡çã♦ r❡✈✐s❛♠♦s ❛ ❝♦♥str✉çã♦ ❞♦s r❡t✐❝✉❧❛❞♦s ❞❡ r❛í③❡s ❡ ❞❡ ♣❡s♦s✱ ❜❡♠ ❝♦♠♦
s✐st❡♠❛s ❞❡ r❛í③❡s ❞❡ á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②✳

❈♦♠❡ç❛♠♦s ❝♦♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✷✳ ❉❛❞♦ i ∈ I✱ ❡①✐st❡ ú♥✐❝♦ αi ∈ h∗ t❛❧ q✉❡ αi(hj) = cij✱ ♣❛r❛ t♦❞♦
j ∈ I✱ ❡ αi(dj) = δij✱ ♣❛r❛ t♦❞♦ j ∈ I \ J ✳ ❆❧é♠ ❞✐ss♦✱ {αi | i ∈ I} é ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡ ❡ [h, x±i ] = ±αi(h)x

±
i ♣❛r❛ t♦❞♦s i ∈ I ❡ h ∈ h✳

P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❛ r❡str✐çã♦ ❞❡ αi ❛ h′ ❝♦♥t✐♥✉❛rá s❡♥❞♦ ❞❡♥♦t❛❞❛ ♣♦r αi✳
◆♦t❡ q✉❡✱ q✉❛♥❞♦ C é s✐♥❣✉❧❛r✱ ♦ ❝♦♥❥✉♥t♦ {αi | i ∈ I} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡
q✉❛♥❞♦ ✈✐st♦ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ (h′)∗✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✸✳ ❖ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s Q ❞❡ g é ♦ s✉❜❣r✉♣♦ ❞❡ h∗ ❣❡r❛❞♦ ♣♦r {αi |
i ∈ I}✱ ✐✳❡✳✱ Q =

∑
i∈I Zαi ⊆ h∗✳ ❖ s✉❜♠♦♥ó✐❞❡

∑
i∈I Z+αi s❡rá ❞❡♥♦t❛❞♦ ♣♦r Q+✳

❉❛❞♦ η =
∑

i∈I aiαi ∈ Q✱ ♦ ♥ú♠❡r♦ ht(η) = |η| =
∑

i∈I

ai é ❝❤❛♠❛❞♦ ❞❡ ❛❧t✉r❛ ❞❡ η✳

❉❡✜♥❡✲s❡ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ h∗ ♣♦r

µ ≤ λ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ− µ ∈ Q+.

❉❡✜♥✐çã♦ ✶✳✶✳✶✹✳ P❛r❛ ❝❛❞❛ i ∈ I✱ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ωi ∈ h∗ s❛t✐s❢❛③❡♥❞♦ ωi(hj) = δij
❡ ωi(dj) = 0✱ ♣❛r❛ t♦❞♦ j ∈ I \J ✱ é ❝❤❛♠❛❞♦ ❞❡ ✐✲és✐♠♦ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❖ Z✲♠ó❞✉❧♦
❣❡r❛❞♦ ♣❡❧♦s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ✐✳❡✳✱ P =

∑
i∈I Zωi ⊆ h∗, é ❝❤❛♠❛❞♦ ❞❡ r❡t✐❝✉❧❛❞♦

❞❡ ♣❡s♦s ❞❡ g ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ P sã♦ ❝❤❛♠❛❞♦s ♣❡s♦s ✐♥t❡❣r❛✐s✳ ❖ s✉❜♠♦♥ó✐❞❡ P+ =∑
i∈I Z+ωi ⊆ P é ❞❡♥♦♠✐♥❛❞♦ ❝♦♥❡ ❞❡ ♣❡s♦s ❞♦♠✐♥❛♥t❡s ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❞✐t♦s

♣❡s♦s ❞♦♠✐♥❛♥t❡s✳

❉❛❞♦ α ∈ h∗✱ ❝♦♥s✐❞❡r❡

gα = {x ∈ g | [h, x] = α(h)x ♣❛r❛ t♦❞♦ h ∈ h}.

❙❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐ q✉❡

[gα, gβ] ⊆ gα+β ♣❛r❛ t♦❞♦ α, β ∈ h∗.

❆❧é♠ ❞✐ss♦✱ g±αi é ❣❡r❛❞♦ ♣♦r x±i ♣❛r❛ t♦❞♦ i ∈ I✳
❉❡✜♥✐çã♦ ✶✳✶✳✶✺✳ ❯♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ α ∈ h∗ t❛❧ q✉❡ gα 6= 0 é ❝❤❛♠❛❞♦ ❞❡ r❛✐③
❞❡ g✱ ❡♥q✉❛♥t♦ q✉❡ gα é ♦ ❡s♣❛ç♦ ❞❡ r❛✐③ ❛ss♦❝✐❛❞♦ à r❛✐③ α✳ ❖ ❝♦♥❥✉♥t♦ R ❞❡ t♦❞❛s
❛s r❛í③❡s ❞❡ g é ❞✐t♦ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❡ g✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ R+ = R ∩ Q+ sã♦
❝❤❛♠❛❞♦s ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s ❡ ♦s ❞❡ R− = −R+ sã♦ ❝❤❛♠❛❞♦s ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s ❞❡
g✳ ❖s ❡❧❡♠❡♥t♦s αi (i ∈ I) sã♦ ❝❤❛♠❛❞♦s ❞❡ r❛í③❡s s✐♠♣❧❡s ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ss❛s s❡rá
❞❡♥♦t❛❞♦ ♣♦r Π✳

✶✹
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Pr♦♣♦s✐çã♦ ✶✳✶✳✶✻✳ P❛r❛ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② t❡♠✲s❡ R ⊆ Q ❡ R = R+∪−R+✳
▼❛✐s ❛✐♥❞❛✱ g0 = h✱ g±αi = Kx±i ✱ n

± = ⊕α∈R+g±α ❡ dim(gα) <∞ ♣❛r❛ t♦❞❛ r❛✐③ α ∈ R✳

❋✐♥❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ ❛ á❧❣❡❜r❛ U(g) é Q✲❣r❛❞✉❛❞❛ ❝♦♠ ♣❛rt❡s ❣r❛❞✉❛❞❛s
❞❛❞❛s ♣♦r

U(g)β = {x ∈ U(g) | [h, x] = β(h)x ♣❛r❛ t♦❞♦ h ∈ h}, ❝♦♠ [h, x] = hx− xh,

♣❛r❛ ❝❛❞❛ β ∈ Q✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♥❞♦ U(n±)β = U(n±)∩U(g)β✱ t❡♠♦s U(h) ⊆ U(g)0
❡ U(n±)β 6= 0 s♦♠❡♥t❡ s❡ β ∈ ±Q+✳

✶✳✶✳✷ ●r✉♣♦ ❞❡ ❲❡②❧✱ r❛í③❡s r❡❛✐s ❡ ✐♠❛❣✐♥ár✐❛s✳

❆ ❢♦r♠❛ ❞❡ ❑✐❧❧✐♥❣ é ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❡ á❧❣❡❜r❛s ❞❡
▲✐❡ s❡♠✐ss✐♠♣❧❡s✱ ♠❛s ♥ã♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ♥♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳
❊♥tr❡t❛♥t♦✱ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❝♦♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ✐♠♣♦rtâ♥❝✐❛ t❛♠❜é♠
♣♦❞❡ s❡r ❛ss♦❝✐❛❞❛ ❛ g(C)✱ ❝♦♠♦ s❡❣✉❡✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✼✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ✐♥✈❛r✐❛♥t❡ (·, ·) s♦❜r❡
g s❛t✐s❢❛③❡♥❞♦✿

(hi, hi′) =
cij
sj
, (x+i , x

−
i′ ) =

δij
sj
, (x±i , x

±
i′ ) = 0, (hi, x

±
i′ ) = 0,

(dj, dj′) = 0, (dj, x
±
i ) = 0 ❡ (hi, dj) =

δij
sj

♣❛r❛ t♦❞♦s i, i′ ∈ I ❡ j, j′ ∈ I \ J ✳ ▼❛✐s ❛✐♥❞❛✱ (·, ·) é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡ s✉❛ r❡str✐çã♦ ❛
h t❛♠❜é♠ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✽✳

✶✳ ◆♦t❡ q✉❡ s❡ J 6= I✱ ❡♥tã♦ ❛ r❡str✐çã♦ ❞❡ (·, ·) ❛ g′ é ❞❡❣❡♥❡r❛❞❛✳ ❉❡ ❢❛t♦✱ ❛ ♠❛tr✐③
❞❛ r❡str✐çã♦ ❞❡ (·, ·) ❛ h′ ❝♦♠ r❡s♣❡✐t♦ à ❜❛s❡ {hi | i ∈ I ′} é ❞❛❞❛ ♣♦r CS−1✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ r❡str✐çã♦ ❞❡ (·, ·) ❛ h′ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ C é
✐♥✈❡rtí✈❡❧✳

✷✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ g é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ (·, ·) é ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r ❞❛ ❢♦r♠❛ ❞❡
❑✐❧❧✐♥❣✳

❈♦♠♦ (·, ·)|h×h é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r

h∗ −→ h

λ 7−→ tλ,
✭✶✳✶✳✷✮

✶✺
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❝♦♠ tλ s❡♥❞♦ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ h s❛t✐s❢❛③❡♥❞♦ (tλ, h) = λ(h) ♣❛r❛ t♦❞♦ h ∈ h✳ ❆ss✐♠✱
✐♥❞✉③✲s❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ (·, ·) ❡♠ h∗ ❞❡✜♥✐♥❞♦

(λ, µ) = (tλ, tµ) ♣❛r❛ t♦❞♦s λ, µ ∈ h∗.

❖❜s❡r✈❡ q✉❡
(λ, µ) = λ(tµ) = µ(tλ), ♣❛r❛ t♦❞♦s λ, µ ∈ h∗,

❡ ❛ ♠❛tr✐③ ❞❛ r❡str✐çã♦ ❞❡ (·, ·) ❛♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r Q ❝♦♠ r❡s♣❡✐t♦ à ❜❛s❡ {αi |
i ∈ I} é SC✱ ✐✳❡✳✱

(αi, αj) = sicij ♣❛r❛ t♦❞♦s i, j ∈ I.

❉❛❞♦ i ∈ I✱ ❝♦♥s✐❞❡r❡ ri ∈ EndK(h
∗) ❞❡✜♥✐❞♦ ♣♦r

ri(λ) = λ− λ(hi)αi = λ− 2
(λ, αi)

(αi, αi)
αi.

◆♦t❡ q✉❡ ri2 = ✐❞, ri(λ) = λ s❡ (λ, αi) = 0✱ ri(αi) = −αi ❡ αi = ωi − ri(ωi)✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✾✳ ❆s tr❛♥s❢♦r♠❛çõ❡s ri (i ∈ I) sã♦ ❝❤❛♠❛❞❛s ❞❡ r❡✢❡①õ❡s s✐♠♣❧❡s✳ ❖
❣r✉♣♦ ❞❡ ❲❡②❧ W ❞❡ g é ♦ s✉❜❣r✉♣♦ ❞❡ AutK(h

∗) ❣❡r❛❞♦ ♣❡❧❛ r❡✢❡①õ❡s s✐♠♣❧❡s✳ ❉❛❞♦
w ∈ W ✱ ✉♠❛ ❡①♣r❡ssã♦ w = ri1ri2 · · · ril é ❞✐t❛ ✉♠❛ ❡①♣r❡ssã♦ r❡❞✉③✐❞❛ ♣❛r❛ ✇ s❡ l
é ♠í♥✐♠♦ ❡✱ ♥❡ss❡ ❝❛s♦✱ l é ❞✐t♦ s❡r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ w ❡ ❞❡♥♦t❛❞♦ ♣♦r ℓ(w)✳ ❉♦✐s
❡❧❡♠❡♥t♦s µ, ν ∈ h∗ ♥❛ ♠❡s♠❛ W✲ór❜✐t❛ sã♦ ❞✐t♦s W✲❝♦♥❥✉❣❛❞♦s✳ ❯♠❛ r❛✐③ α ❞❡ g é
❝❤❛♠❛❞❛ ❞❡ r❛✐③ r❡❛❧ s❡ ❢♦r ❝♦♥❥✉❣❛❞❛ ❛ ✉♠❛ r❛✐③ s✐♠♣❧❡s✳ ❈❛s♦ ❝♦♥trár✐♦✱ é ❞✐t❛ r❛✐③
✐♠❛❣✐♥ár✐❛✳

❊①❡♠♣❧♦ ✶✳✶✳✷✵✳ ℓ(ri) = 1✱ ♣❛r❛ ❝❛❞❛ i ∈ I✱ ❡ ℓ(✐❞) = 0✳ ❆ ❡①♣r❡ssã♦ rirjrj é ✉♠❛
❡①♣r❡ssã♦ ♥ã♦ r❡❞✉③✐❞❛ ♣❛r❛ ri✳ ⋄

❖❜s❡r✈❛çã♦ ✶✳✶✳✷✶✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ❣r✉♣♦ ❞❡ ❈♦①❡t❡r✱ ♠❛s ♣r♦✲
♣r✐❡❞❛❞❡s ❞❡❝♦rr❡♥t❡s ❞✐ss♦ ♥ã♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛q✉✐✳

❯♠ ✐♠♣♦rt❛♥t❡ ❢❛t♦ é q✉❡ ❛ ❢♦r♠❛ (·, ·) é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❡ W ✱ ✐✳❡✳✱

(α, β) = (wα,wβ) ♣❛r❛ t♦❞♦s α, β ∈ h∗ ❡ w ∈ W .

❚❡♦r❡♠❛ ✶✳✶✳✷✷✳ ❆s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ dim(g) <∞, ✭❜✮|R| <∞, ✭❝✮|W| <∞ ❡ ✭❞✮ ❚♦❞❛ r❛✐③ é r❡❛❧.

P❛r❛ ✜♥❛❧✐③❛r ❡ss❛ s❡çã♦✱ s❡❣✉❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ r❛í③❡s r❡❛✐s
❡ s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡s♣❛ç♦s ❞❡ r❛í③❡s✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✸✳ ❙❡❥❛♠ α, β ∈ R r❛í③❡s r❡❛✐s✳ ❊♥tã♦✱

✭❛✮ kα ∈ R s❡✱ ❡ s♦♠❡♥t❡ s❡✱ k = ±1✳

✶✻
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✭❜✮ ❙❡ β 6= ±α✱ ❡♥tã♦ ❡①✐st❡♠ p, q ∈ Z+ t❛✐s q✉❡ β + kα ∈ R ♣❛r❛ t♦❞♦ k ∈ Z

s❛t✐s❢❛③❡♥❞♦ −p ≤ k ≤ q✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✹✳ P❛r❛ t♦❞♦s α ∈ R ❡ w ∈ W t❡♠✲s❡ dim gα = dim gwα✳ ❊♠
♣❛rt✐❝✉❧❛r✱ s❡ α é ✉♠❛ r❛✐③ r❡❛❧✱ ❡♥tã♦ dim gα = 1✳ ◆❡ss❡ ❝❛s♦✱ ❛ s✉❜á❧❣❡❜r❛ ❞❡ g ❣❡r❛❞❛
♣♦r g±α é ✐s♦♠♦r❢❛ ❛ sl2✳

✶✳✶✳✸ ❘❡s✉❧t❛❞♦s ♣❛rt✐❝✉❧❛r❡s ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ t✐♣♦ ✜♥✐t♦✳

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❞❡ t✐♣♦
✜♥✐t♦✳

• ❊①✐st❡ ú♥✐❝♦ w0 ∈ W ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠á①✐♠♦✳ ❆❧é♠ ❞✐ss♦✱ ℓ(w0) = |R+|✱ w2
0 = ✐❞

❡✱ s❡ w0 = ri1 · · · ril é ✉♠❛ ❡①♣r❡ssã♦ r❡❞✉③✐❞❛ ♣❛r❛ w0✱ ❡♥tã♦

R+ = {αi1 , ri1αi2 , ri1ri2αi3 , ri1 . . . ril−1
αil}.

• ❚♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ P é W✲❝♦♥❥✉❣❛❞♦ ❛ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ P+✳ ▼❛✐s ❛✐♥❞❛✱
s❡❥❛ λ ∈ P+ ❡ ❞❡✜♥❛ P (λ) = {w(µ) | w ∈ W , µ ∈ P+, µ ≤ λ}✳ ❊♥tã♦✱
✭✐✮ w(λ) ≤ λ ♣❛r❛ t♦❞♦ w ∈ W ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ν ≤ λ ♣❛r❛ t♦❞♦ ν ∈ P (λ)✳
✭✐✐✮ P (λ) é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ w0(λ) ∈ −P+ ❡ w0(λ) ≤ µ ♣❛r❛ t♦❞♦ µ ∈ P (λ)✳
✭✐✐✐✮ ❙❡ i ∈ I ❡ w ∈ W sã♦ t❛✐s q✉❡ ℓ(riw) = ℓ(w) + 1✱ ❡♥tã♦ w−1(αi) ∈ R+✳ ❊♠

♣❛rt✐❝✉❧❛r✱ w(λ) + αi /∈ P (λ)✳
• ❊①✐st❡ ✉♠❛ ú♥✐❝❛ r❛✐③ ♠❛①✐♠❛❧ θ ❡♠ R ❝♦♠ r❡s♣❡✐t♦ à ♦r❞❡♠ ♣❛r❝✐❛❧ ≤ ❡♠ h∗✳
❆❧é♠ ❞✐ss♦✱ θ é ❛ r❛✐③ ❞❡ ❛❧t✉r❛ ♠á①✐♠❛ ❞❡ g✳

• ❖ ❝♦♥❥✉♥t♦ {(α, α) | α ∈ R} ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ❞♦✐s ❡❧❡♠❡♥t♦s✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡
é ✉♠ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g é ❞❡ t✐♣♦ ADE✳

❆ss✐♠✱ ❞❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s ❞❡ g✱ ❞✐st✐♥❣✉❡♠✲s❡ ❛s r❛í③❡s ❝✉rt❛s
❡ ❧♦♥❣❛s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α é ❞✐t❛ ❝✉rt❛ s❡ (α, α) < (θ, θ)✳
❈❛s♦ ❝♦♥trár✐♦✱ α é ❞✐t❛ ❧♦♥❣❛✳ ◆♦s ❝❛s♦s ADE✱ ❣❡r❛❧♠❡♥t❡ é ✉s❛❞❛ ❛ ❝♦♥✈❡♥çã♦
❞❡ q✉❡ t♦❞❛s ❛s r❛í③❡s sã♦ ❝✉rt❛s ❡ ❧♦♥❣❛s✳

• ❉❛❞♦ α ∈ R✱ ❝♦♥s✐❞❡r❡ hα = 2tα
(α,α)

✭r❡❧❡♠❜r❡ ❛ ❞❡✜♥✐çã♦ ❞❡ tα ❡♠ ✭✶✳✶✳✷✮✮✳ ◆♦t❡
q✉❡ hαi = hi ♣❛r❛ t♦❞♦ i ∈ I✳ ❆❧é♠ ❞✐ss♦✱ s❡ α =

∑
i niαi✱ ❡♥tã♦

hα =
∑

i

n∨
i hi ❝♦♠ n∨

i =
(αi, αi)

(α, α)
ni. ✭✶✳✶✳✸✮

➱ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ✈❡t♦r❡s x±α ∈ gα✱ ♣❛r❛ t♦❞♦ α ∈ R+✱ ❞❡ ♠♦❞♦ q✉❡ [x+α , x
−
α ] = hα

❡✱ s❡ cα,β é ❞❡✜♥✐❞♦ ♣♦r [x±α , x
±
β ] = cα,βx

±
α+β✱ ❡♥tã♦ cα,β = −c−α,−β

❯♠❛ ❜❛s❡ {x±α , hi | α ∈ R+, i ∈ I} s❛t✐s❢❛③❡♥❞♦ ❡ss❛s ❝♦♥❞✐çõ❡s é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡
❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g✳ ◆❡ss❡ ❝❛s♦✱ t❡♠✲s❡✿

✶✼
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✭❛✮ [hi, hj] = 0✱

✭❜✮ [hi, x
±
α ] = ±α(hi)x±α ❡

✭❝✮ [x+α , x
−
α ] = hα é ✉♠❛ Z✲❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ hi✱ i ∈ I✳

• ❆ ❢♦r♠❛ ❞❡ ❑✐❧❧✐♥❣ (·, ·) ❞❡ g é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ❛✉t♦♠♦r✜s♠♦s ❞❡ g✱ ✐✳❡✳✱

(σx, σy) = (x, y) ♣❛r❛ t♦❞♦s x, y ∈ g ❡ σ ∈ Aut(g). ✭✶✳✶✳✹✮

✶✳✷ ▼ó❞✉❧♦s ❞❡ ♣❡s♦ ❡ ❞❡ ♣❡s♦ ♠á①✐♠♦✳

❙❡❥❛ V ✉♠ g✲♠ó❞✉❧♦ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g✳ ❉❛❞♦ µ ∈ h∗✱ ❝♦♥s✐❞❡r❡

Vµ = {v ∈ V | hv = µ(h)v ♣❛r❛ t♦❞♦ h ∈ h}.

Vµ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ♣❡s♦ ❞❡ ♣❡s♦ µ ❞❡ V ✳ ❙❡ Vµ 6= 0✱ µ é ❞✐t♦ ✉♠ ♣❡s♦ ❞❡ V ❡
dimVµ é ❞❡♥♦♠✐♥❛❞❛ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ µ ❝♦♠♦ ♣❡s♦ ❞❡ V ✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣❡s♦s ❞❡
V s❡rá ❞❡♥♦t❛❞♦ ♣♦r wt(V ) = {µ ∈ P | Vµ 6= 0}✳ ❯♠ ♠ó❞✉❧♦ V é ❞✐t♦ ✉♠ ♠ó❞✉❧♦ ❞❡
♣❡s♦ s❡ ❛❞♠✐t❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❡s♣❛ç♦ ❞❡ ♣❡s♦s

V =
⊕

µ∈h∗

Vµ.

❆ ♣❛rt✐r ❞❛s r❡❧❛çõ❡s

[h, x±i ] = ±αi(h)x
±
i ♣❛r❛ t♦❞♦s i ∈ I ❡ h ∈ h,

t❡♠♦s
x±i Vµ ⊆ Vµ±αi , ♣❛r❛ t♦❞♦ i ∈ I. ✭✶✳✷✳✶✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦s µ, ν ∈ h∗ t❡♠✲s❡

Vµ ⊗ Vν ⊆ (V ⊗ V )µ+ν .

❯♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ❞❡ Vµ é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ♣❡s♦ µ ❡✱ s❡ n+v = 0✱ ❡♥tã♦ v é
❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ µ✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡r❛❞❛ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦
♠á①✐♠♦ é ❝❤❛♠❛❞❛ ❞❡ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛ V ✉♠ g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦✱

✭❛✮ V é ❛ s♦♠❛ ❞✐r❡t❛ ❞❡ s❡✉s ❡s♣❛ç♦s ❞❡ ♣❡s♦s✳

✭❜✮ ❙❡ V é ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ V é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✳

✶✽
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❙❡❣✉❡ ❞❡ ✭✶✳✷✳✶✮ q✉❡ ❛ s♦♠❛ ❞♦s ❡s♣❛ç♦s ❞❡ ♣❡s♦ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ é ✉♠❛
s✉❜✲r❡♣r❡s❡♥t❛çã♦ ❡ q✉❡ ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦ sã♦ ♠ó❞✉❧♦s ❞❡ ♣❡s♦✳ ◆❡ss❡ ❝❛s♦✱ ❛
❞❡❝♦♠♣♦s✐çã♦ ✭✶✳✶✳✶✮ ❞❡ U(g) ✐♠♣❧✐❝❛ q✉❡ V = U(n−)v ❡✱ ❝♦♠ ✐ss♦✱ s❡ ♦ ♣❡s♦ ❞❡ v é λ✱
❡♥tã♦

dimVλ = 1, dimVµ <∞, ♣❛r❛ t♦❞♦ µ ∈ wt(V ), ❡ V =
⊕

µ≤λ

Vµ.

✭■ss♦ ❡①♣❧✐❝❛ ♦ t❡r♠♦ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✦✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ M ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ✳

✭❛✮ ❚♦❞♦ q✉♦❝✐❡♥t❡ ♥ã♦ ♥✉❧♦ ❞❡ M é t❛♠❜é♠ ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦
♠á①✐♠♦ λ✳

✭❜✮ ❚♦❞♦ s✉❜♠ó❞✉❧♦ ❞❡ M é s♦♠❛ ❞✐r❡t❛ ❞❡ s❡✉s s✉❜❡s♣❛ç♦s ❞❡ ♣❡s♦s✳

✭❝✮ M ♣♦ss✉✐ ✉♠ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ♠❛①✐♠❛❧ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡
✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ M é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

✭❞✮ ❚♦❞♦s ♦s ♠ó❞✉❧♦s s✐♠♣❧❡s ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ sã♦ ✐s♦♠♦r❢♦s✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✳ ❆s ♥♦çõ❡s ❞❡ ✈❡t♦r ❞❡ ♣❡s♦ ♠í♥✐♠♦ ❡ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠í♥✐♠♦ sã♦
❞❡✜♥✐❞❛s tr♦❝❛♥❞♦ ♦s ♣❛♣é✐s ❞♦s ❣❡r❛❞♦r❡s x±i ✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ t♦❞♦s ♦s r❡s✉❧t❛❞♦s
♣r♦✈❛❞♦s ♣❛r❛ ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦ sã♦ ♥❛t✉r❛❧♠❡♥t❡ ✏tr❛❞✉③✐❞♦s✑ ♣❛r❛ ♠ó❞✉❧♦s
❞❡ ♣❡s♦ ♠í♥✐♠♦✳

❱❛♠♦s ❛ s❡❣✉✐r ❝♦♥str✉✐r ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❛♠í❧✐❛ ❞❡ ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦✳
❉❛❞♦ λ ∈ h∗✱ s❡❥❛ M(λ) ♦ g✲♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s ❞❡
s❡r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ λ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ M(λ) é ♦ q✉♦❝✐❡♥t❡ ❞❡
U(g) ♣❡❧♦ ✐❞❡❛❧ à ❡sq✉❡r❞❛ I(λ) ❞❡ U(g) ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{x+i , h− λ(h) | i ∈ I, h ∈ h}.

❉❡❝♦rr❡ q✉❡ M(λ) é ✉♠ U(n−)✲♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ ♣♦st♦ 1✳ P♦r ❞❡✜♥✐çã♦✱ q✉❛❧q✉❡r ♦✉tr♦
g✲♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ é ✉♠ q✉♦❝✐❡♥t❡ ❞❡ M(λ)✱ ♦✉ s❡❥❛✱ M(λ)
é ♦ ♠ó❞✉❧♦ ✉♥✐✈❡rs❛❧ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ✳ ❉❡♥♦t❛r❡♠♦s s❡✉ ú♥✐❝♦
q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ ✭❝♦♥❢♦r♠❡ ♦ ✐t❡♠ ✭❝✮ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✮ ♣♦r V (λ)✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❖ ♠ó❞✉❧♦ M(λ) é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ ❞❡ ♣❡s♦ ♠á①✐♠♦ λ✳

❊①❡♠♣❧♦ ✶✳✷✳✺✳ ❈♦♥s✐❞❡r❡ g = sl2✳ ❈♦♠♦ I = {i} é ✉♥✐tár✐♦✱ ❞❡♥♦t❛r❡♠♦s x±i = x±✱
hi = h ❡ αi = α✳ ❆❧é♠ ❞✐ss♦✱ ♦s ❢✉♥❝✐♦♥❛✐s λ ∈ h∗ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡
K ✐❞❡♥t✐✜❝❛♥❞♦ λ = λ(h)✳

❙❡❥❛ λ ∈ K✳ ❖ ♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ ❞❡ ♣❡s♦ ♠á①✐♠♦ λ é ❞❛❞♦ ♣♦r

M(λ) = ⊕j≥0K(x−)jv,

✶✾
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❝♦♠ v = 1 ∈M(λ)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞♦s ♦s ❡s♣❛ç♦s ❞❡ ♣❡s♦s ❞❡ M(λ) sã♦ ✉♥✐❞✐♠❡♥s✐✲
♦♥❛✐s✳ ❙✉♣♦♥❤❛ q✉❡ N s❡❥❛ ✉♠ s✉❜♠ó❞✉❧♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ M(λ)✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✷✳✷✱ N =

⊕
µ∈K(M(λ)µ ∩ N) ❡ ♦s ♣❡s♦s ❞❡ M(λ) sã♦ ❞❛ ❢♦r♠❛ µ = λ − 2m✱ ❝♦♠

m ∈ Z+✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s ♣❡s♦s ❞❡ N t❛♠❜é♠ sã♦ ❞❡ss❛ ❢♦r♠❛✳ ❆❣♦r❛✱ ❝♦♥s✐✲
❞❡r❡ j0 ∈ Z≥0 ♠✐♥✐♠❛❧ t❛❧ q✉❡ (x−)j0v ∈ N ✳ ❙❡ j0 = 0✱ ❡♥tã♦ N = M(λ)✳ ❙❡ j0 > 0✱
❡♥tã♦

x+(x−)j0v = j0(λ− (j0 − 1))(x−)j0−1v = 0,

❡✱ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ j0✱ t❡♠♦s (x−)j0−1v 6= 0✳ ▲♦❣♦✱ λ − (j0 − 1) = 0✱ ♦✉ s❡❥❛✱
j0 = λ + 1 ∈ Z≥0✳ ❆ss✐♠✱ s❡ λ /∈ Z≥0✱ ❡♥tã♦ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r j0 > 0 ❡✱ ❝♦♠ ✐ss♦✱
N =M(λ) é ♦ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♥ã♦ tr✐✈✐❛❧ ❞❡M(λ)✱ ♦✉ s❡❥❛✱M(λ) = V (λ) é ✐rr❡❞✉tí✈❡❧
❡ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❙❡ λ ∈ Z≥0✱ ❡♥tã♦

N =
⊕

µ∈K

(M(λ)µ ∩N) =
⊕

j≥λ+1

K(x−)jv ∼= M(−λ− 2)

é ♦ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ M(λ)✳ ❆❧é♠ ❞✐ss♦✱

V (λ) =
M(λ)

N
=

λ⊕

j=0

K(x−)jv

❡ dim(V (λ)) = λ + 1✳ ❖❜s❡r✈❡ q✉❡ h(x−)jv = (λ− 2j)(x−)jv✳ ▲♦❣♦✱ ♦s ♣❡s♦s ❞❡ V (λ)
sã♦ λ, λ− 2, · · · ,−(λ− 2),−λ✳

❆❣♦r❛ s❡❥❛ V ✉♠ sl2✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n + 1✱ n ∈ Z≥0✳ P❡❧❛
Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ V é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ v0✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ♣❡s♦
❞❡ v0 s❡❥❛ λ✳ ❊♥tã♦✱ V é ✐s♦♠♦r❢♦ ❛♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ ❞❡ M(λ)✱ ✐✳❡✳✱ V = V (λ)✳
❈♦♠♦ V t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ n + 1✱ s❡❣✉❡ ❞❛ ♣❛rt❡ ❛❝✐♠❛ q✉❡ λ = n ∈ Z≥0✳ ❆❧é♠
❞✐ss♦✱ s❡ vi+1 = x−vi✱ ♣❛r❛ i = 0, · · · , n − 1✱ ❡♥tã♦ {v0, · · · , vn} é ✉♠❛ ❜❛s❡ ❞❡ V t❛❧
q✉❡ hvi = (n − 2i)vi ❡✱ ♣♦r ✐♥❞✉çã♦ ❡♠ i✱ t❡♠✲s❡ q✉❡✱ x+vi = i(n − i + 1)vi−1✳ P♦r
ú❧t✐♠♦✱ s❡❥❛ v ∈ V (λ)µ \ {0}✳ ❙❡ µ(h) < 0✱ ❡♥tã♦ (x+)−µ(h)v 6= 0 ❡✱ s❡ µ(h) > 0✱ ❡♥tã♦
(x−)µ(h)v 6= 0✳ ⋄

▲❡♠❜r❡♠♦s q✉❡✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ a ✭❛r❜✐trár✐❛✮ ❡ ✉♠ a✲♠ó❞✉❧♦ V ✱ é ❞✐t♦
q✉❡ ✉♠ ❡❧❡♠❡♥t♦ x ∈ a ❛❣❡ ❧♦❝❛❧♠❡♥t❡ ♥✐❧♣♦t❡♥t❡♠❡♥t❡ ❡♠ V s❡✱ ♣❛r❛ q✉❛❧q✉❡r v ∈ V ✱
❡①✐st❡ n ∈ N t❛❧ q✉❡ q✉❡ xnv = 0✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❯♠ g′✲♠ó❞✉❧♦ é ❞✐t♦ ✐♥t❡❣rá✈❡❧ s❡ x±i ❛❣❡ ❧♦❝❛❧♠❡♥t❡ ♥✐❧♣♦t❡♥t❡♠❡♥t❡
❡♠ V ♣❛r❛ t♦❞♦ i ∈ I✳ ❯♠ g✲♠ó❞✉❧♦ é ❞✐t♦ ✐♥t❡❣rá✈❡❧ s❡ é ✐♥t❡❣rá✈❡❧ ❝♦♠♦ g′✲♠ó❞✉❧♦✳

❚❡♦r❡♠❛ ✶✳✷✳✼✳ ❙❡❥❛ λ ∈ h∗ ❡ v ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❞❡ M(λ)✳ ❊♥tã♦✱ V (λ)
é ✐♥t❡❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ ∈ P+✳ ◆❡ss❡ ❝❛s♦✱ V (λ) é ♦ q✉♦❝✐❡♥t❡ ❞❡ M(λ) ♣❡❧♦
s✉❜♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r (x−i )

λ(hi)+1v ♣❛r❛ t♦❞♦ i ∈ I✳

❊♠ ✈✐st❛ ❞❡ss❡ t❡♦r❡♠❛✱ ♣❛r❛ ❝❛❞❛ λ ∈ R+✱ V (λ) é ♦ g✲♠ó❞✉❧♦ s✐♠♣❧❡s ❞❡ ♣❡s♦
♠á①✐♠♦ λ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r vλ s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s

n+vλ = 0, hvλ = λ(h)vλ ❡ (x−αi)
λ(hi)+1vλ = 0 ♣❛r❛ t♦❞♦s h ∈ h ❡ i ∈ I. ✭✶✳✷✳✷✮

✷✵
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◆♦ ❝❛s♦ ❞❡ g s❡r ❞❡ t✐♣♦ ✜♥✐t♦✱ V (λ) t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ t♦❞♦ g✲♠ó❞✉❧♦ s✐♠♣❧❡s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ é ✐s♦♠♦r❢♦ ❛ V (λ) ♣❛r❛ ❛❧❣✉♠ λ ∈ P+✳

❆s ✐♠❛❣❡♥s ❞♦s ✈❡t♦r❡s (x−i )
λ(hi)v ❡♠ V (λ) sã♦ t♦❞❛s ♥ã♦ ♥✉❧❛s✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛

❞♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ sl2 ❝♦♥❢♦r♠❡ ♦ ❊①❡♠♣❧♦ ✶✳✷✳✺✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ V (0) é ❛
r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✉♠✳

❈♦♥❝❧✉í♠♦s ❡ss❛ s❡çã♦ ❝♦♠ ❞♦✐s ❧❡♠❛s s♦❜r❡ ♠ó❞✉❧♦s ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲
▼♦♦❞② g ❞❡ t✐♣♦ ✜♥✐t♦ q✉❡ s❡rã♦ r❡❧❡✈❛♥t❡s ♥❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s
♣r✐♥❝✐♣❛✐s✳ ❆ ♣❛rt❡ ✭✐✐✮ ❞♦ s❡❣✉♥❞♦ ❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✺✵❪✳

▲❡♠❛ ✶✳✷✳✽✳ ❙❡❥❛ V ✉♠ g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ s✉♣♦♥❤❛ l ∈ N✱ νk ∈ P ❡
vk ∈ Vνk ♣❛r❛ k ∈ {1, . . . , l} t❛✐s q✉❡ V =

∑l
k=1 U(n

−)vk✳ ❋✐①❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦
V = ⊕m

j=1Vj ♣❛r❛ ❛❧❣✉♠ m ≥ 1✱ ❝♦♠ Vj = V (µj) ♣❛r❛ ❛❧❣✉♠ µj ∈ P+✱ ❡ πj : V → Vj ❛
♣r♦❥❡çã♦ ❛ss♦❝✐❛❞❛ ♣❛r❛ j = 1, . . . ,m✳ ❊♥tã♦✱ ❡①✐st❡♠ ❞✐st✐♥t♦s k1, . . . , km ∈ {1, . . . , l}
t❛✐s q✉❡ νkj = µj ❡ πj(vkj) 6= 0✳

▲❡♠❛ ✶✳✷✳✾✳ ❙❡❥❛♠ V ✉♠ g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ λ, µ ∈ P+✳ ❉❡✜♥❛

V + := {v ∈ V | n+v = 0}.

✭✐✮ dimHomg(V (λ), V ) = dim(V + ∩ Vλ)✳

✭✐✐✮ ❈♦♠♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱

Homg(V ⊗ V (µ), V (λ)) ∼= {v ∈ Vλ−µ | (x+αi)µ(hi)+1v = (x−αi)
λ(hi)+1v = 0}.

✶✳✸ ❘❡❛❧✐③❛çã♦ ❞❛s á❧❣❡❜r❛s ❛✜♠ ♥ã♦ t♦r❝✐❞❛s✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❛♣r❡s❡♥t❛r ✉♠❛ r❡❛❧✐③❛çã♦ ❡①♣❧í❝✐t❛ ❞❛s á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②
❞❡ t✐♣♦ ❛✜♠ ♥ã♦ t♦r❝✐❞❛s✳

✶✳✸✳✶ ➪❧❣❡❜r❛s ❞❡ ❧❛ç♦s✳

❋✐①❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ C = (cij)i,j∈I ❡ ❞❡♥♦t❡ g = g(C) ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ á❧❣❡❜r❛
❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛♠ R ❡ Π = {α1, · · · , αℓ} ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦
✶✳✶✳✶✺✳

❈♦♥s✐❞❡r❡ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s ❞❡ g✱ ✐✳❡✳✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ g̃ = g⊗K[t, t−1] ♠✉♥✐❞♦ ❞♦
❝♦❧❝❤❡t❡ ❞❛❞♦ ♣❡❧❛ ❡①t❡♥sã♦ ❜✐❧✐♥❡❛r ❞❡

[x⊗ f(t), y ⊗ g(t)] = [x, y]⊗ f(t)g(t) ♣❛r❛ t♦❞♦s x, y ∈ g ❡ f, g ∈ K[t, t−1].

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ✐ss♦ ❞❡✜♥❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡♠ g̃✳ ◆♦t❡ q✉❡ g⊗ 1 é
✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g̃ ✐s♦♠♦r❢❛ ❛ g ❡✱ s♦❜ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦✱ ✉♠ ❡❧❡♠❡♥t♦ x ∈ g ❝♦♥t✐♥✉❛rá

✷✶
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s❡♥❞♦ ❞❡♥♦t❛❞♦ ♣♦r x ❛♦ ✐♥✈és ❞❡ x ⊗ 1✳ ❉❡♥♦t❛r❡♠♦s t❛♠❜é♠ ñ± = n± ⊗ K[t, t−1] ❡
h̃ = h⊗K[t, t−1]✱ ❞❡ ♠♦❞♦ q✉❡

g̃ = ñ− ⊕ h̃⊕ ñ+.

❖❜s❡r✈❡ q✉❡ t❡♠♦s ✉♠❛ Z✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❡♠ g̃ ❞❛❞❛ ♣♦r

g̃ =
⊕

k∈Z

g̃k, ❝♦♠ g̃k = g⊗ tk.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ĝ′ = g̃ × K ❡ ❞❡♥♦t❡ c = (0, 1) ∈ ĝ′✳ ❊♥tã♦✱
♣♦❞❡♠♦s ❡s❝r❡✈❡r ĝ′ = g̃⊕Kc✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ĝ′ t❛❧ q✉❡
[g̃, c] = 0 ✭c é ❝❡♥tr❛❧✮ ❡

[x⊗ tr, y ⊗ ts] = [x, y]⊗ tr+s + rδr,−s(x, y)c

♣❛r❛ t♦❞♦s x, y ∈ g ❡ r, s ∈ Z✳

❖❜s❡r✈❡ q✉❡ ❛ Z✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡ g̃ s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ❣r❛❞✉❛çã♦ ❡♠ ĝ′ ❛♦
❞❡✜♥✐r ♦ ❣r❛✉ ❞❡ c ❝♦♠♦ ③❡r♦✳ ❉❡✜♥❛ ĝ = ĝ′ × K ❡ ❞❡♥♦t❡ ♣♦r d ♦ ❡❧❡♠❡♥t♦ (0, 1) ∈ ĝ

t❛❧ q✉❡ ĝ = ĝ′ ⊕ Kd✳ ◆♦✈❛♠❡♥t❡ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r ❛ Z✲❣r❛❞✉❛çã♦ ❞❡ ĝ′ ♣❛r❛ ✉♠❛
❣r❛❞✉❛çã♦ ❡♠ ĝ ❡①✐❣✐♥❞♦ q✉❡ ♦ ❣r❛✉ ❞❡ d s❡❥❛ ③❡r♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ĝ t❛❧ q✉❡ ĝ′×{0}
é ✉♠ ✐❞❡❛❧ ✐s♦♠♦r❢♦ ❛ ĝ′ ❡ d ❛❣❡ ❝♦♠♦ ✉♠❛ 0✲❞❡r✐✈❛çã♦ s♦❜r❡ ĝ′✱ ✐✳❡✳✱

[d, x⊗ f(t) + λc] = x⊗
(
t
d

dt
f(t)

)

♣❛r❛ t♦❞♦s x ∈ g, f(t) ∈ K[t, t−1] ❡ λ ∈ K✳

❘❡❧❡♠❜r❡ q✉❡ θ ❞❡♥♦t❛ ❛ r❛✐③ ♠❛①✐♠❛❧ ❞❡ g ✭❙❡çã♦ ✶✳✶✳✸✮ ❡ s✉♣♦♥❤❛ q✉❡ ❡ss❛ s❡
❡s❝r❡✈❡ ❝♦♠♦ θ =

∑
i∈I ciαi✳ ❊s❝♦❧❤❛ x±θ ∈ g±θ t❛✐s q✉❡ [x+θ , x

−
θ ] = hθ ❡ ❞❡✜♥❛

x0
± = x∓θ ⊗ t±1 ❡ h0 = [x+0 , x

−
0 ].

❆❧é♠ ❞✐ss♦✱

h0 = [x−θ ⊗ t, x+θ ⊗ t−1] = [x−θ , x
+
θ ]⊗ 1 + (x+θ , x

−
θ )c =

2c

(θ, θ)
− hθ,

♣♦✐s

(θ, θ)(x+θ , x
−
θ ) = θ(tθ)(x

+
θ , x

−
θ )

= (θ(tθ)x
+
θ , x

−
θ )

= ([tθ, x
+
θ ], x

−
θ )

= (tθ, [x
+
θ , x

−
θ ])

= (tθ, hθ)

= (tθ,
2tθ

(tθ, tθ)
) = 2.

✷✷
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❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠❛ ▼❈● Ĉ ❞❡ t✐♣♦ ❛✜♠ ♥ã♦ t♦r❝✐❞❛
❛❞✐❝✐♦♥❛♥❞♦✲s❡ ✉♠❛ ❧✐♥❤❛ ❡ ✉♠❛ ❝♦❧✉♥❛ ♥❛ ♠❛tr✐③ C✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ Î = I ⊔ {0}
❡ ❞❡✜♥❛ ❛ ♠❛tr✐③ Ĉ = (ĉij)i,j∈Î ♣♦r

ĉij = cij, ĉ00 = 2, ĉ0j = −αj(hθ) =
−2(αj, θ)

(θ, θ)
❡ ĉi0 = −θ(hi) =

−2(αi, θ)

(αi, αi)

♣❛r❛ t♦❞♦s i, j ∈ I✳
❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❆ ♠❛tr✐③ Ĉ é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡st❡♥❞✐❞❛ ❞❡ C✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

[hi, x
±
j ] = ±ĉijx±j ❡ ad(x±i )

1−ĉij(x±j ) = 0 ♣❛r❛ t♦❞♦s i, j ∈ Î .

▼❛✐s ❛✐♥❞❛✱ s❡❣✉✐♥❞♦ ❛ ♥♦♠❡♥❝❧❛t✉r❛ ❞❛s ❚❛❜❡❧❛s ✶✳✶✲✶✳✸✱ t❡♠✲s❡

Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❙❡ C é ❞❡ t✐♣♦ T ∈ {Aℓ, Bℓ, Cℓ, Dℓ, E6, E7, E8, F4, G2}✱ ❡♥tã♦ ❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡st❡♥❞✐❞❛ Ĉ é ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ t✐♣♦ ❛✜♠ ♥ã♦
t♦r❝✐❞❛ T (1)✳

❙❡❣✉❡ ❡♥tã♦ q✉❡ ❛ s✉❜á❧❣❡❜r❛ ❞❡ ĝ ❣❡r❛❞❛ ♣♦r d ❡ x±i ✱ ❝♦♠ i ∈ I✱ é ✉♠ q✉♦❝✐❡♥t❡
❞❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠ ❛ss♦❝✐❛❞❛ ❛ Ĉ✳ ❉❡ ❢❛t♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✶✳✸✳✺✳ ❆ á❧❣❡❜r❛ ĝ é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♠ ❛ss♦❝✐❛❞❛ ❛ Ĉ
❡ t♦❞❛ ▼❈● ❞❡ t✐♣♦ ❛✜♠ ❞❛ ❚❛❜❡❧❛ ✶✳✷ é ✉♠❛ ♠❛tr✐③ ❡st❡♥❞✐❞❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡
❈❛rt❛♥✳

❖s ❞♦✐s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r sã♦ ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❥✉st✐✜❝❛r ♣♦rq✉❡
s♦♠♦s ❧❡✈❛❞♦s ❛ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ g̃ ❛♦ ✐♥✈és ❞❡ ĝ′ ♦✉ ĝ✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳

✭❛✮ ❙❡ V é ✉♠ ĝ′✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ ♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ c ❛❣❡ tr✐✈✐❛❧♠❡♥t❡✳

✭❜✮ ❙❡ V é ✉♠ ĝ✲♠ó❞✉❧♦ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ V é ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡ ĝ′V = 0✳

✶✳✸✳✷ ❘❡✈✐s✐t❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s✳

❈♦♥s✐❞❡r❡ ĥ = h⊕Kc⊕Kd ❡ ❞❡✜♥❛ δ ∈ ĥ
∗
♣♦r δ(d) = 1 ❡ δ(h⊕Kc) = 0✳ ❈❧❛r❛♠❡♥t❡

t❡♠♦s q✉❡ ĥ é ❛❜❡❧✐❛♥❛ ❡✱ ❞❛❞♦ µ ∈ h∗✱ ❡st❡♥❞❡♠♦s µ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ĥ
∗
❞❡ ♠♦❞♦

q✉❡ µ(d) = µ(c) = 0✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❝♦♥t✐♥✉❛♠♦s ❛ ❞❡♥♦t❛r ❡ss❡ ❡❧❡♠❡♥t♦ ♣♦r
µ✳ ❉❛❞♦ λ ∈ ĥ

∗
✱ ❝♦♥s✐❞❡r❡

ĝλ = {x ∈ ĝ | [h, x] = λ(h)x ♣❛r❛ t♦❞♦ h ∈ ĥ}

✷✸
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❡ ❞❡✜♥❛
R̂ = {λ ∈ ĥ∗ | ĝλ 6= 0} \ {0}.

❈❛❧❝✉❧❛♥❞♦ ❛❧❣✉♥s s✐♠♣❧❡s ❝♦❧❝❤❡t❡s ❡♥tr❡ ❡❧❡♠❡♥t♦s ❞❡ g✱ t❡♠✲s❡

ĝ0 = ĥ, ĝkδ = h⊗ tk ❡ ĝα+mδ = gα ⊗ tm

♣❛r❛ t♦❞♦s k,m ∈ Z, k 6= 0 ❡ α ∈ R✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦❜té♠✲s❡

R̂ = {α + kδ | α ∈ R, k ∈ Z} ∪ {kδ | k ∈ Z \ {0}} ❡ ĝ = ĥ⊕
⊕

α∈R̂

ĝα.

❖❜s❡r✈❡ q✉❡ ♦s ❛✉t♦✲❡s♣❛ç♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ δ sã♦ ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ dim h ❡✱
♣♦rt❛♥t♦✱ ♠❛✐♦r q✉❡ 1 ❡♠ ❣❡r❛❧✳ ❚❛♠❜é♠ é ♣r♦✈❛❞♦ q✉❡✱ ❞❡✜♥✐♥❞♦ α0 = −θ+δ✱ q✉❛❧q✉❡r
❡❧❡♠❡♥t♦ ❞❡ R̂ é ❡s❝r✐t♦ ✉♥✐❝❛♠❡♥t❡ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ❡❧❡♠❡♥t♦s ❞❡

Π̂ = {αi | i ∈ Î},

❝♦♠ ❝♦❡✜❝✐❡♥t❡s s❡♥❞♦ t♦❞♦s ♦✉ ♥ã♦ ♥❡❣❛t✐✈♦s ♦✉ ♥ã♦ ♣♦s✐t✐✈♦s✳

✶✳✹ ❘❡❛❧✐③❛çã♦ ❞❛s á❧❣❡❜r❛s ❛✜♠ t♦r❝✐❞❛s✳

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ r❡❛❧✐③❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ t✐♣♦ ❛✜♠ t♦r❝✐❞❛s✳ P❛r❛
t❛❧ ♦❜❥❡t✐✈♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ r❡❝♦r❞❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s s♦❜r❡ ❛✉t♦♠♦r✜s♠♦s
❞❡ ❞✐❛❣r❛♠❛s✳

✶✳✹✳✶ ❆✉t♦♠♦r✜s♠♦s ❞❡ ❞✐❛❣r❛♠❛✳

❙❡❥❛♠ I ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡ C = (cij)i,j∈I ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✳ ❈♦♥s✐❞❡r❡ g = g(C)
❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C ❛ss♦❝✐❛❞❛ à ♠❛tr✐③ C✳ ❙✉♣♦♥❤❛
q✉❡ σ ∈ Aut(g) é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛✱ ✐✳❡✳✱ σm = ✐❞ ♣❛r❛ ❛❧❣✉♠ m ∈ Z+✱
❡ q✉❡ ζ é ✉♠❛ m✲és✐♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✳

▲❡♠❛ ✶✳✹✳✶✳ ❖ ❛✉t♦♠♦r✜s♠♦ σ é ❞✐❛❣♦♥❛❧✐③á✈❡❧ ❝♦♠ ❛✉t♦✈❛❧♦r❡s ζj ♣❛r❛ 0 ≤ j < m✳
❊♠ ♣❛rt✐❝✉❧❛r✱ g ❞❡❝♦♠♣õ❡✲s❡ ❝♦♠♦ ❛ s♦♠❛ ❞✐r❡t❛ ❞❡ σ✲❛✉t♦❡s♣❛ç♦s ❞❛❞❛ ♣♦r

g =
m−1⊕

i=0

gi, ❝♦♠ gi =
{
x ∈ g | σ(x) = ζ ix

}
.

◆♦t❡ q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ❧❡♠❛ ❛❝✐♠❛ ❢♦r♥❡❝❡ ✉♠❛ Zm✲❣r❛❞✉❛çã♦ ❡♠ g✱ ♣♦✐s

[gǫ, gǫ′ ] ⊆ gǫ+ǫ′ , ✭✶✳✹✳✶✮

✷✹
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❝♦♠ ǫ+ ǫ′ s❡♥❞♦ ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ ǫ + ǫ′ ♣♦r m✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❛❜✉s❛r❡♠♦s ✉♠
♣♦✉❝♦ ❞❛ ♥♦t❛çã♦ ❡s❝r❡✈❡♥❞♦ ǫ+ ǫ′ ❡♠ ✈❡③ ❞❡ ǫ+ ǫ′✳

❱❛♠♦s ❛❣♦r❛ ❢♦❝❛r ♥♦ ❡st✉❞♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ g✿ ♦s
❛✉t♦♠♦r✜s♠♦s ❞❡ ❞✐❛❣r❛♠❛ ❞❡ g✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❯♠❛ ❜✐❥❡çã♦ τ : I → I é ❝❤❛♠❛❞❛ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ s❡

cij = cτ(i)τ(j) ♣❛r❛ t♦❞♦s i, j ∈ I.

❙❡ τ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛
❞❡ ▲✐❡ σ ∈ Aut(g) s❛t✐s❢❛③❡♥❞♦

σ(x±i ) = x±τ(i). ✭✶✳✹✳✷✮

❉❡✜♥✐çã♦ ✶✳✹✳✸✳ ❯♠ ❛✉t♦♠♦r✜s♠♦ σ ❞❡ g é ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛
❞❡ g s❡ σ é ❝♦♥❥✉❣❛❞♦ ❛ ✉♠ ❛✉t♦♠♦r✜s♠♦ µ s❛t✐s❢❛③❡♥❞♦ ✭✶✳✹✳✷✮✱ ✐✳❡✳✱ σ = φµφ−1 ♣❛r❛
❛❧❣✉♠ φ ∈ Aut(g) ❡ µ é ✐♥❞✉③✐❞♦ ♣♦r ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ I✳

❯♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❣r❛♠❛ ❞❡ g ✐♥❞✉③ ✉♠❛ ♣❡r♠✉t❛çã♦ ❡♠ R ❞❛❞❛ ♣♦r

σ

(
∑

i∈I

niαi

)
=
∑

i∈I

niασ(i)

❡ t❡♠✲s❡
σ(gα) = gσ(α), σ(h) = h ❡ σ(n±) = n±.

❖ t❡r♠♦ ✏❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛✑ é ✉s❛❞♦ ♣❛r❛ ❜✐❥❡çõ❡s ❞❛ ❢♦r♠❛ ✭✶✳✹✳✷✮✱
♣♦✐s ❡st❛s ♦❢❡r❡❝❡♠ ✉♠❛ s✐♠❡tr✐❛ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥✳ ❯♠❛ ✐♥s♣❡çã♦ ❝❛s♦✲❛✲❝❛s♦
♥❛s s✐♠❡tr✐❛s ❞❡ss❡s ❞✐❛❣r❛♠❛s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ♦s ú♥✐❝♦s t✐♣♦s ♣❛r❛ ♦s q✉❛✐s ✉♠
❛✉t♦♠♦r✜s♠♦ ♥ã♦ tr✐✈✐❛❧ ♦❝♦rr❡ sã♦ An(n ≥ 2)✱ Dn(n ≥ 4) ♦✉ E6✳ ❆❧é♠ ❞✐ss♦✱ σ ♣♦ss✉✐
♦r❞❡♠ 2 q✉❛♥❞♦ g é ❞❡ t✐♣♦ An(n ≥ 2)✱ Dn(n > 4) ♦✉ E6✱ ❡ ♦r❞❡♠ 2 ♦✉ 3 q✉❛♥❞♦ g é
❞❡ t✐♣♦ D4✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ σ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛✳

❙❡❣✉❡ ❞❡ ✭✶✳✹✳✶✮ q✉❡ g0 é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g ❡ q✉❡ gǫ é ✉♠ g0✲♠ó❞✉❧♦ ♣❛r❛
0 ≤ ǫ < m✳ ❊ss❛ á❧❣❡❜r❛ g0 ❞❡s❡♠♣❡♥❤❛rá ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ q✉❡ ❢❛r❡♠♦s ♥♦
❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✳ ❈♦♥❢♦r♠❡ ❛ ❉❡✜♥✐çã♦ ✶✳✶✳✶✺✱ R0 ✐♥❞✐❝❛rá ♦ s✐st❡♠❛ ❞❡ r❛í③❡s g0✱ R

+
0

♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s ❡✱ ❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ Rs ❡ Rl ✐♥❞✐❝❛rã♦ ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡
R+

0 ❝♦rr❡s♣♦♥❞❡♥t❡s às r❛í③❡s ❝✉rt❛s ❡ ❧♦♥❣❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❛❞❛ ✉♠❛ s✉❜á❧❣❡❜r❛ a ❞❡ g ❡ 0 ≤ ǫ < m✱ ❝♦♥s✐❞❡r❡ aǫ = a ∩ gǫ✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✹✳ ✭❛✮ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ g0 é s✐♠♣❧❡s ❡ s❡ ❡s❝r❡✈❡ ❝♦♠♦ g0 = n+0 ⊕h0⊕
n−0 ✳

✭❜✮ gǫ é ✉♠ g0✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ♣❛r❛ 0 ≤ ǫ < m✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ m = 3✱ ❡♥tã♦
g2
∼=g0

g1✳

✷✺
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✭❝✮ ❙❡ µ ∈ wt(gǫ) ❡ µ 6= 0✱ ❡♥tã♦ dim(gǫ)µ = 1 ♣❛r❛ t♦❞♦ ǫ✳ ❆❧é♠ ❞✐ss♦✱ (gǫ)0 = hǫ✳

✭❞✮ ❆ t❛❜❡❧❛ ❛ s❡❣✉✐r s✉♠❛r✐③❛ ❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ gǫ ❞❡ ❛❝♦r❞♦ ❝♦♠ g ❡ σ✿

g |σ| ❚✐♣♦ ❞❡ g0 wt(g1) \ {0}
A2 2 A1 R0 ∪ {2α | α ∈ Rs}
A2n, n ≥ 2 2 Bn R0 ∪ {2α | α ∈ Rs}
A2n−1, n ≥ 2 2 Cn Rs

Dn+1, n ≥ 3 2 Bn Rs

E6 2 F4 Rs

D4 3 G2 Rs

✶✳✹✳✷ ➪❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s✳

❖ ❛✉t♦♠♦r✜s♠♦ σ ❞❡ g ❡st❡♥❞❡✲s❡ ♥❛t✉r❛❧♠❡♥t❡ ❛ ✉♠ ❛✉t♦♠♦r✜s♠♦ σ̃ ❞❛ á❧❣❡❜r❛ ❞❡
❧❛ç♦s g̃ ❛ss♦❝✐❛❞❛ ❛ g ❞❡✜♥✐♥❞♦

σ̃(x⊗ tj) = ζjσ(x)⊗ tj ♣❛r❛ t♦❞♦s j ∈ Z ❡ x ∈ g✳

P♦r s✉❛ ✈❡③✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❡ss❡ ❛✉t♦♠♦r✜s♠♦ ♣❛r❛ ✉♠ ❛✉t♦♠♦r✜s♠♦ σ̂ ❞❡
ĝ ❞❡✜♥✐♥❞♦

σ̂|g̃ = σ̃, σ̂(c) = c ❡ σ̂(d) = d.

❖❜s❡r✈❡ q✉❡ σ̃ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ♦r❞❡♠ m✳

❉❡♥♦t❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ✜①♦s ❞❡ σ̃ ❡ σ̂ ♣♦r g̃σ ❡ ĝσ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛
♠❛♥❡✐r❛ ❝♦♠♦ ĝ ❢♦✐ ❝♦♥str✉í❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡

ĝσ = g̃σ ⊕Kc⊕Kd.

◆♦t❡ t❛♠❜é♠ q✉❡✱ s❡ m = 1✱ ❡♥tã♦ g̃σ = g̃ ❡ ĝσ = ĝ✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✺✳ ❆ Pr♦♣♦s✐çã♦ ✶✳✸✳✻ ♣❡r♠❛♥❡❝❡ ✈á❧✐❞❛ ❛♦ s✉❜st✐t✉✐r♠♦s ĝ ♣♦r ĝσ✳

❉❡✜♥✐çã♦ ✶✳✹✳✻✳ ❙❡ m 6= 1✱ ❛ á❧❣❡❜r❛ g̃σ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ❛ss♦✲
❝✐❛❞❛ ❛ g ❡ σ✳

❆ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ♣♦❞❡✱ ❡♥tã♦✱ s❡r ❞❡s❝r✐t❛ ❝♦♠♦

g̃σ =
m−1⊕

ǫ=0

g̃σǫ , ❝♦♠ g̃σǫ = gǫ ⊗ tm−ǫK[tm, t−m].

◆♦t❡ q✉❡✱ s❡ ✉♠❛ s✉❜á❧❣❡❜r❛ s ❞❡ g é σ✲✐♥✈❛r✐❛♥t❡✱ ❡♥tã♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ s̃σ ❞❡ ♠❛♥❡✐r❛
♥❛t✉r❛❧✳ ❈♦♠♦ σ(n±) = n± ❡ σ(h) = h✱ ♦❜té♠✲s❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ tr✐❛♥❣✉❧❛r

g̃σ = (ñ−)σ ⊕ h̃σ ⊕ (ñ+)σ

✷✻
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❡✱ s✐♠✐❧❛r♠❡♥t❡✱ t❛♠❜é♠ ♦❜té♠✲s❡

g̃σǫ = (ñ−ǫ )
σ ⊕ h̃σǫ ⊕ (ñ+ǫ )

σ.

❋✐♥❛❧♠❡♥t❡✱ ✉♠ t❡♦r❡♠❛ ❞❡ r❡❛❧✐③❛çã♦✿

❚❡♦r❡♠❛ ✶✳✹✳✼✳ ❙❡❥❛♠ A ✉♠❛ ♠❛tr✐③ ❞❡ t✐♣♦ ❛✜♠ ❞❡ t✐♣♦ X
(k)
n ✱ ❝♦♠ k = 2, 3✱ a

❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❛ss♦❝✐❛❞❛ à ♠❛tr✐③ ❞❡ t✐♣♦ Xn ❡ σ ✉♠
❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ a ❞❡ ♦r❞❡♠ k✱ ❡♥tã♦ âσ é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❞❡ ❑❛❝✲
▼♦♦❞② ❞❡ t✐♣♦ ❛✜♠ g(A) ❛ss♦❝✐❛❞❛ ❛ A✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ãσ ∼= g(A)′

Kc
✳

✷✼
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❈❛♣ít✉❧♦ ✷

❍✐♣❡rá❧❣❡❜r❛s✳

◆❡st❡ ❝❛♣ít✉❧♦ tr❛t❛r❡♠♦s ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛ ❤✐♣❡rá❧❣❡✲
❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡
C ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ tr❛❜❛❧❤♦ ❞❡ ❉✳ ❏❛❦❡❧✐➣ ❡ ❆✳ ▼♦✉r❛ ❬✸✷❪ ♣❛r❛ ❛s ❤✐♣❡rá❧❣❡❜r❛s
❞❡ ❧❛ç♦s ♥ã♦ t♦r❝✐❞❛s✳ ❊ss❡ é ♦ ❝♦♥t❡ú❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❝❛♣ít✉❧♦ ❡ s❡rá ❢❡✐t♦ ♥❛ ❙❡çã♦
✷✳✺✳ ◆❛ ❙❡çã♦ ✷✳✷ ❝♦♠❡ç❛♠♦s ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ♣❛r❛ g ❡ g̃σ

❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❉✳ ▼✐t③♠❛♥ ❬✹✷❪✳ ◆❛ ❙❡çã♦ ✷✳✸ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦
❞❛s ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s ❛ ♣❛rt✐r ❞❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❝♦♥str✉í❞❛ t❛♠❜é♠ ♣♦r
❉✳ ▼✐t③♠❛♥ ❡ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡
s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◆❛ ❙❡çã♦ ✷✳✹ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ r❡✈✐sã♦
s♦❜r❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ ❤✐♣❡rá❧❣❡❜r❛s ❡ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s ♥ã♦
t♦r❝✐❞❛s✱ ❛❧é♠ ❞❡ ✉♠ t❡♦r❡♠❛ t❡♥s♦r✐❛❧ ♣❛r❛ ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ♣❛r❛ ❛ ❤✐♣❡rá❧❣❡❜r❛ ❞❡
❧❛ç♦s ♥ã♦ t♦r❝✐❞❛✱ ♦ q✉❛❧ é ❛♥á❧♦❣♦ ❛ ✉♠ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❱✳ ❈❤❛r✐ ❡ ❆✳ Pr❡ss❧❡②
❡♠ ❬✷✵❪ ♣❛r❛ g̃✳ ❆ ❙❡çã♦ ✷✳✻ ❛♣r❡s❡♥t❛ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ♣❛r❛
❛s ❤✐♣❡rá❧❣❡❜r❛s ♥ã♦ t♦r❝✐❞❛s ❡ ♦s ❞❛s t♦r❝✐❞❛s✳

✷✳✶ ❈♦♥s✐❞❡r❛çõ❡s ✐♥✐❝✐❛✐s✳

❙❡❥❛ I ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ t✐♣♦ ✜♥✐t♦ ❡ g ❛ á❧❣❡✲
❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C ❛ss♦❝✐❛❞❛✳ ▲❡♠❜r❡✲s❡ q✉❡ t❡♠♦s ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ tr✐❛♥❣✉❧❛r

g = n− ⊕ h⊕ n+.

❈♦♥❢♦r♠❡ ❛ ❉❡✜♥✐çã♦ ✶✳✶✳✶✺✱ ❞❡♥♦t❡ ♣♦r R ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❡ g ❡ ♣♦r R+ ♦ ❝♦♥❥✉♥t♦
❞❡ r❛í③❡s ♣♦s✐t✐✈❛s✳ ❈♦♥s✐❞❡r❡ αi✱ i ∈ I✱ ❛s r❛í③❡s s✐♠♣❧❡s ❡ ωi✱ i ∈ I✱ ♦s ♣❡s♦s ❢✉♥❞❛✲
♠❡♥t❛✐s ❞❡ g✳ ❉❡♥♦t❡ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❡ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ ♣❡s♦s ♣♦r Q ❡ P ✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✱ ❝♦♠ ❝♦♥❡s ♣♦s✐t✐✈♦s Q+ ❡ P+✳ P❛r❛ ❝❛❞❛ α ∈ R✱ s❡❥❛ gα ♦ ❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ à
r❛✐③ α ❡ θ ❛ r❛✐③ ♠❛①✐♠❛❧ ❞❡ g✳ ❋✐①❡ ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② C = {x±α , hi | α ∈ R+, i ∈ I}
♣❛r❛ g ❡✱ ❞❛❞♦ α ∈ R+✱ ❞❡✜♥❛ hα = [x+α , x

−
α ]✳

✷✾
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❋✐①❡ t❛♠❜é♠ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ ♥ã♦ tr✐✈✐❛❧ σ ❞❡ g ❞❡ ♦r❞❡♠ |σ| =
m ∈ {2, 3} ❡ ζ ✉♠❛ m✲és✐♠❛ r❛✐③ ♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✳ ❙❡❥❛ g0 ❛ s✉❜á❧❣❡❜r❛ ❞❡ ♣♦♥t♦s
✜①♦s ❞❡ σ ❡♠ g✱ ❛ q✉❛❧ s❡ ❡s❝r❡✈❡ ❝♦♠♦

g0 = n+0 ⊕ h0 ⊕ n−0 .

◆♦ â♠❜✐t♦ ❞❛ á❧❣❡❜r❛ g0✱ I0 ✐♥❞✐❝❛rá s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❡✱
❝♦♥❢♦r♠❡ ❛ ❉❡✜♥✐çã♦ ✶✳✶✳✶✺✱ R0 ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❡ R+

0 ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s✳
❆s r❛í③❡s s✐♠♣❧❡s ❡ ♦s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s ❝♦♥t✐♥✉❛rã♦ s❡♥❞♦ ❞❡♥♦t❛❞❛s ♣♦r αi ❡ ωi ❝♦♠
i ∈ I0 ✭♥♦ r❡s♣❡❝t✐✈♦ ❝♦♥t❡①t♦✱ ✐ss♦ ♥ã♦ ❣❡r❛rá ❝♦♥❢✉sã♦✮✳ ❖ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❡ ♦ ❞❡
♣❡s♦s s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r Q0 ❡ P0 ❡✱ s✐♠✐❧❛r♠❡♥t❡✱ ♦s s❡✉s ❝♦♥❡s ♣♦s✐t✐✈♦s s❡rã♦ Q+

0 ❡
P+
0 ✳ ❚❛♠❜é♠ ❡s❝r❡✈❡r❡♠♦s Rs ❡ Rl ♣❛r❛ ✐♥❞✐❝❛r ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ R+

0 ❝♦rr❡s♣♦♥❞❡♥t❡s
às r❛í③❡s ❝✉rt❛s ❡ ❧♦♥❣❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥❢♦r♠❡ ❛ ❙❡çã♦ ✶✳✷✱ wt(V ) ✐♥❞✐❝❛rá ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❡s♦s ❞❡ ✉♠ ♠ó❞✉❧♦ V ❡ ✜❝❛rá
❝❧❛r♦ ♥♦ r❡s♣❡❝t✐✈♦ ❝♦♥t❡①t♦ s♦❜r❡ q✉❛❧ á❧❣❡❜r❛ ❡ss❡ ♠ó❞✉❧♦ ❡stá s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ ✭s❡
é ✉♠ g✲♠ó❞✉❧♦ ♦✉ ✉♠ g0✲♠ó❞✉❧♦✮✳

❋✐♥❛❧♠❡♥t❡✱ g̃ = g ⊗C C[t, t−1] ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s ❛ss♦❝✐❛❞❛ ❛ g ❡ g̃σ ❛
á❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ❛ss♦❝✐❛❞❛ ❛ g ❡ σ✳ ▲❡♠❜r❡ q✉❡

g̃ = ñ− ⊕ h̃⊕ ñ+ ❡ g̃σ = (ñ−)σ ⊕ h̃σ ⊕ (ñ+)σ,

❡ q✉❡ h̃ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❛❜❡❧✐❛♥❛ ❞❡ g̃✳ ❘❡❢❡r✐r❡♠♦s à ❜❛s❡ ❞❡ g̃ ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡✲
♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦

C̃ = {x±α ⊗ tr, hi ⊗ tr | α ∈ R+, i ∈ I, r ∈ Z},

❝♦♠♦ ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g̃✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ ❙❡❣✉♥❞♦ ▼✐t③♠❛♥✱ ❛ ❞❡✜♥✐çã♦ ❞❡ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ♣❛r❛ á❧❣❡❜r❛s
❞❡ ❧❛ç♦s é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ ✉♠ ♣♦✉❝♦ ♠❛✐s ❛❜str❛t❛✱ ♣♦ré♠ ❛ q✉❡ tr❛❜❛❧❤❛♠♦s s❛t✐s❢❛③
❛s ❝♦♥❞✐çõ❡s r❡q✉❡r✐❞❛s✳

✷✳✷ ❇❛s❡s ❞❡ ❈❤❡✈❛❧❧❡② ♣❛r❛ á❧❣❡❜r❛s t♦r❝✐❞❛s✳

❆ s❡❣✉✐r r❡✈✐s❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ (gǫ)µ✱ ♣❛r❛ ❝❛❞❛ µ ∈ wt(gǫ)✱ ❡♠
t❡r♠♦s ❞❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② C ❡ ❝♦♥str✉✐r❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ g̃σ✱ ❛ q✉❛❧ s❡rá ❡ss❡♥❝✐❛❧
♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❞❡ U(g̃σ)✳ ❊st❛ s❡çã♦ é ❜❛s❡❛❞❛ ❡♠ ❬✹✷✱ ✺✶❪✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ❛ ✐♥❝❧✉sã♦ h0 ⊂ h ✐♥❞✉③ ✉♠❛ ❢✉♥çã♦ ♥❛t✉r❛❧ h∗ ։ h∗0
q✉❡ ❛ss♦❝✐❛ ✉♠ ❢✉♥❝✐♦♥❛❧ ❛ s✉❛ r❡str✐çã♦ ❛ h0✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡✿

▲❡♠❛ ✷✳✷✳✶✳ ❙❡ µ ∈ wt(gǫ) é ♥ã♦ ♥✉❧♦✱ ❡♥tã♦ µ = α|h0 ♣❛r❛ ❛❧❣✉♠ α ∈ R✳ ❊♠
♣❛rt✐❝✉❧❛r✱ ❞❛❞♦s α, β ∈ R✱ t❡♠✲s❡ α|h0 = β|h0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ β = σj(α) ♣❛r❛ ❛❧❣✉♠
0 ≤ j < m✳

✸✵
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❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n✳ ❊♥tã♦✱ ❞❛❞♦ α ∈ R+, 0 ≤ ǫ < m✱
❞❡✜♥✐♠♦s

x±α,ǫ =





m−1∑
j=0

ζjǫx±
σj(α)

, s❡ σ(α) 6= α,

δ0,ǫx
±
α , ❝❛s♦ ❝♦♥trár✐♦✱

❡ ~α,ǫ =





m−1∑
j=0

ζjǫhσj(α), s❡ σ(α) 6= α,

δ0,ǫhα, ❝❛s♦ ❝♦♥trár✐♦✳

❙❡❥❛ Γα ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ♥❛ σ✲ór❜✐t❛ ❞❡ α✳ ❉❡❝♦rr❡ q✉❡

x±σ(α),ǫ = ζ−ǫx±α,ǫ, ~σ(α),ǫ = ζ−ǫ~α,ǫ, x±α =
1

Γα

m−1∑

ǫ=0

x±α,ǫ ❡ hα =
1

Γα

m−1∑

ǫ=0

~α,ǫ. ✭✷✳✷✳✶✮

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ g é ❞❡ t✐♣♦ A2n✳ ◆❡ss❡ ❝❛s♦✱ ♣❛r❛ α ∈ R+✱ t❡♠♦s

α = σ(α) ⇔ α|h0 ∈ 2Rs ⇔ α = β + σ(β) ♣❛r❛ ❛❧❣✉♠ β ∈ R+. ✭✷✳✷✳✷✮

❉❡st❛ t❡r❝❡✐r❛ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♦❜t❡♠♦s x±α ∈ g1 ❡ hα ∈ g0✳

❉❡ss❡ ♠♦❞♦✱ ❞❡✜♥✐♠♦s

x±α,ǫ = δ1,ǫx
±
α ❡ ~α,ǫ = δ0,ǫhα.

❙❡ α 6= σ(α)✱ ❞❡✜♥✐♠♦s

x±α,ǫ =

{
x±α + (−1)ǫx±σ(α), s❡ α|h0 ∈ Rl,√
2
(
x±α + (−1)ǫx±σ(α)

)
, s❡ α|h0 ∈ Rs,

❡

~α,ǫ =

{
hα + (−1)ǫhσ(α), s❡ α|h0 ∈ Rl,

2
(
hα + (−1)ǫhσ(α)

)
, s❡ α|h0 ∈ Rs.

❖❜s❡r✈❡ q✉❡ ❛s r❡❧❛çõ❡s ✭✷✳✷✳✶✮ ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ✈á❧✐❞❛s ♥❡ss❡ ❝❛s♦ ❡✱ s❡ α+σ(α) ∈ R+✱
t❡♠♦s

x±α+σ(α),1 =
s

4
[x±α,0, x

±
α,1] = s[x±α , x

±
σ(α)] ♣❛r❛ ❛❧❣✉♠ s ∈ {±1}. ✭✷✳✷✳✸✮

❆❣♦r❛✱ ❧❡♠❜r❛♥❞♦ q✉❡ gǫ é ✉♠ g0✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✱ ♣❛r❛ 0 ≤ ǫ < m✱ t❡♠♦s ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ♣❡s♦s

gǫ =
⊕

α ∈ h∗0

(gǫ)α.

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✹ ✭❝✮ ❡ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ✭✷✳✷✳✶✮✳

▲❡♠❛ ✷✳✷✳✷✳ ❙❡ α|h0 = µ ∈ wt(gǫ) ∩ Q+
0 \ {0}✱ ❡♥tã♦ (gǫ)±µ = Cx±α,ǫ✳ ❆❧é♠ ❞✐ss♦✱

(gǫ)0 = hǫ é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s hαi,ǫ ❝♦♠ i ∈ I✳

✸✶
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ ✜①❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ❡ss❡s ❡s♣❛ç♦s✱ ♣r♦❝❡❞❡♠♦s ❞♦ s❡✲
❣✉✐♥t❡ ♠♦❞♦✿ s❡❥❛ O ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❛s ór❜✐t❛s ❞❛ ❛çã♦ ❞❡ σ
s♦❜r❡ R+✳ ❊♥tã♦✱ s❡ µ ∈ wt(gǫ) ∩Q+

0 \ {0}✱ ❞❡✜♥❛

x±µ,ǫ = x±α,ǫ ♣❛r❛ α ∈ O t❛❧ q✉❡ α|h0 = µ. ✭✷✳✷✳✹✮

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ✐♥❥❡t✐✈❛ o : I0 → I t❛❧ q✉❡ αo(i) ∈ O ♣❛r❛
t♦❞♦ i ∈ I0✳ ❊♥tã♦✱ ❞❡✜♥❛

hi,ǫ =

{
1
2
~o(i),ǫ, s❡ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs,

~o(i),ǫ, ❝❛s♦ ❝♦♥trár✐♦✱
♣❛r❛ i ∈ I0 t❛❧ q✉❡ ~o(i),ǫ 6= 0.

❆ ♣❛rt✐r ❞❡ss❛ ❝♦♥str✉çã♦ t❡♠♦s

Cσ(O) = {x±µ,ǫ, hi,ǫ | 0 ≤ ǫ < m, µ ∈ wt(gǫ) ∩Q+
0 \ {0}, i ∈ I0}

é ✉♠❛ ❜❛s❡ ❞❡ g✳ ◆♦s r❡❢❡r✐r❡♠♦s ❛ Cσ(O) ❝♦♠♦ ❜❛s❡ σ✲t♦r❝✐❞❛ ❞❡ g✳

P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ♥♦t❛❝✐♦♥❛❧✱ ♣❛r❛ g ❞❡ t✐♣♦ A2n✱ ✈❛♠♦s s✉♣♦r O ❡s❝♦❧❤✐❞♦ ❞❡ ♠♦❞♦
q✉❡ s = 1 ❡♠ ✭✷✳✷✳✸✮✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ g é ❞❡ t✐♣♦ D4 ❡ m = 3✱ t❛♠❜é♠ ❡s❝♦❧❤❡r❡♠♦s O
❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❡s♣❡❝í✜❝❛✱ ❞❡ ♠♦❞♦ q✉❡ s❡ j ∈ I é ♦ ú♥✐❝♦ ✈ért✐❝❡ ✜①❛❞♦ ♣♦r σ ❡ i ∈ I
é t❛❧ q✉❡ σ(i) 6= i✱ ❡♥tã♦ O s❡rá ✉♠ ❞♦s ❝♦♥❥✉♥t♦s

Oi = {α ∈ R+ | σ(α) = α} ∪ {αi, αj + αi, αj + σ(αi) + σ2(αi)}.

❆ r❛③ã♦ ♣❛r❛ ❡ss❛ ❡s❝♦❧❤❛ é ♦ ❚❡♦r❡♠❛ ✷✳✸✳✶✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳ ❆ ♠❡♥♦s q✉❡ g s❡❥❛ ❞❡ t✐♣♦ A2n✱ ♦ ❝♦♥❥✉♥t♦

Cσ0 (O) = {x±µ,0, hi,0 | µ ∈ R+
0 , i ∈ I0}

é ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g0 ✭❛ q✉❛❧ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❡s♣❡❝í✜❝❛ ❞❡ O ♥♦ ❝❛s♦
❡♠ q✉❡ m = 3✮✳ P❛r❛ g ❞❡ t✐♣♦ A2n✱ ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g0 é ♦❜t✐❞❛ ❛ ♣❛rt✐r
❞❡ Cσ0 (O) ❛♦ s✉❜st✐t✉✐r♠♦s ♦ ❡❧❡♠❡♥t♦ hj,0✱ ❝♦♠ j s❡♥❞♦ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ I0 t❛❧ q✉❡
αj ∈ Rs✱ ♣❡❧♦ ❡❧❡♠❡♥t♦ ~o(j),ǫ = 2hj,0✳

❙❡❥❛ gσZ ♦ Z✲❣❡r❛❞♦ ❞❡ Cσ(O)✳ ❯t✐❧✐③❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ C s❡r ✉♠❛ ❜❛s❡ ❞❡
❈❤❡✈❛❧❧❡② ❞❡ g✱ ❡♠ ❬✹✷❪ ❢♦✐ ♣r♦✈❛❞♦ ❝❛s♦✲❛✲❝❛s♦ ❝♦♥❢♦r♠❡ ♦ t✐♣♦ ❞❡ g ♦ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✷✳✷✳✹✳ ❖s ❝♦❧❝❤❡t❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Cσ(O) ♣❡rt❡♥❝❡♠ ❛ gσZ✳ ▼❛✐s ❛✐♥❞❛✱
❞❛❞❛ ✉♠❛ ❜❛s❡ ❞❛ ❢♦r♠❛ Cσ(O)✱ ♦s ❡❧❡♠❡♥t♦s x±µ,ǫ ⊗ tr ❡ hi,ǫ ⊗ tr✱ ❝♦♠ xµ,ǫ, hi,ǫ ∈
Cσ(O), r ∈ Z ❡ ǫ ≡m −r✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❡ g̃σ✳

❉❡✜♥✐çã♦ ✷✳✷✳✺✳ ❯♠❛ ❜❛s❡ ❞❡ g̃σ ❝♦♠♦ ♥❡ss❛ ♣r♦♣♦s✐çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡ ❞❡ ❈❤❡✲
✈❛❧❧❡② ❞❡ g̃σ ❡ ♦ Z✲❣❡r❛❞♦ ❞❡ss❛ ❜❛s❡ s❡rá ❞❡♥♦t❛❞♦ g̃σZ✳
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❋✉t✉r❛♠❡♥t❡✱ ❛❧❣✉♥s ❞❡ss❡s ❝♦❧❝❤❡t❡s ❡♠ gσZ s❡rã♦ ♥❡❝❡ssár✐♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡✱
♣♦r ✐ss♦✱ ♦s ❡st❛❜❡❧❡❝❡r❡♠♦s ❛ s❡❣✉✐r✳ P❛r❛ ✐ss♦✱ ❛♥t❡s ♦❜t❡r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❛✉①✐❧✐❛r
s♦❜r❡ ♦s ♥ú♠❡r♦s ❞❡ ❑✐❧❧✐♥❣✱ ♦s q✉❛✐s s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r 〈α, β〉 = 2(β, α)/(α, α) ♣❛r❛
t♦❞♦ α, β ∈ R✳ P❛r❛ η =

∑
i∈I ηiαi ∈ Q✱ ❞❡♥♦t❛r❡♠♦s supp(η) = {i ∈ I | ηi 6= 0}✳

❯s❛r❡♠♦s r❡♣❡t✐❞❛♠❡♥t❡ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s✿ s❡ α, β ∈ R sã♦ r❛í③❡s
♥ã♦ ♣r♦♣♦r❝✐♦♥❛✐s ❡ (α, β) > 0✱ ❡♥tã♦ α − β ∈ R ✭❝❢✳ ❬✸✶✱ ▲❡♠❛ ✾✳✹❪✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ g

é ❞❡ t✐♣♦ A,D ♦✉ E ❡ α, β ∈ R✱ ❡♥tã♦ ♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ♣❛r❛ 〈α, β〉 sã♦ 0,±1 ❡ ±2✱
❝♦♠ ±2 ❛❝♦♥t❡❝❡♥❞♦ ❛♣❡♥❛s q✉❛♥❞♦ α ❡ β sã♦ ♣r♦♣♦r❝✐♦♥❛✐s ✭❝❢✳ ❬✸✶✱ ➓✾✳✹❪✮✳

▲❡♠❛ ✷✳✷✳✻✳ ❙❡❥❛ α ∈ R t❛❧ q✉❡ α 6= σ(α)✳

✭❛✮ ❙✉♣♦♥❤❛ q✉❡ ♦✉ g ♥ã♦ é ❞❡ t✐♣♦ A2n ♦✉ q✉❡ é ❞❡ t✐♣♦ A2n ❡ ♦s ❞♦✐s ✈ért✐❝❡s ❝❡♥tr❛✐s
❞♦ s❡✉ ❞✐❛❣r❛♠❛ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ supp(α)✳ ❊♥tã♦✱ α − σ(α) /∈ R ❡ 〈σ(α), α〉 =
〈α, σ(α)〉 = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ α + σ(α) /∈ R✳

✭❜✮ ❙❡ g é ❞❡ t✐♣♦ A2n ❡ ❛♣❡♥❛s ✉♠ ❞♦s ✈ért✐❝❡s ❝❡♥tr❛✐s ❞♦ ❞✐❛❣r❛♠❛ ♣❡rt❡♥❝❡ ❛ supp(α)✱
❡♥tã♦ α− σ(α) /∈ R ❡ 〈σ(α), α〉 = −1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ α + σ(α) ∈ R✳

✭❝✮ ❙❡ g é ❞❡ t✐♣♦ D4 ❡ m = 3✱ ❡♥tã♦ α − σ(α) /∈ R ❡ 〈σ(α), α〉 = 〈α, σ(α)〉 =
〈σ2(α), α〉 = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ α + σ(α) /∈ R✳

❉❡♠♦♥str❛çã♦✳ P♦r ✭✶✳✶✳✹✮✱ s❡ |σ| = 2✱ ❡♥tã♦ 〈σ(α), α〉 = 〈α, σ(α)〉 ♣❛r❛ t♦❞♦ α ∈ R✳
P❡❧❛ ♠❡s♠❛ r❛③ã♦✱ s❡ |σ| = 3✱ ❡♥tã♦ 〈σ2(α), α〉 = 〈α, σ(α)〉 ♣❛r❛ t♦❞♦ α ∈ R✳ P❛r❛
♦ ✐t❡♠ ✭❛✮✱ ❞❡✈✐❞♦ às ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡❣r❛✐s ❞❡ 〈·, ·〉✱ ❞❡✈❡♠♦s t❡r 〈σ(α), α〉 = 0 ♦✉
〈σ(α), α〉 = ±1✳ ❊♥tr❡t❛♥t♦✱ s❡ 〈σ(α), α〉 = 1✱ ❡♥tã♦ α−σ(α) ∈ R ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
σ(α − σ(α)) = −(α − σ(α)) ∈ R✱ ♠❛s ✐ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ σ(R+) = R+✳ ❙❡
〈σ(α), α〉 = −1✱ ❡♥tã♦ σ(α) + α ∈ R✱ ♠❛s ✐ss♦ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❞❡✈✐❞♦ às s✐♠❡tr✐❛s
❞♦s ❞✐❛❣r❛♠❛s ❡♠ ❝❛❞❛ ❝❛s♦✳ P♦rt❛♥t♦✱ 〈α, σ(α)〉 = 0✳ ❖ ✐t❡♠ ✭❜✮ é ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛
❞❡ 〈αi, αj〉 = 0 ♣❛r❛ j 6= i− 1, i+ 1 ❡ 〈αi, αi−1〉 = 〈αi, αi+1〉 = −1✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦
✐t❡♠ ✭❝✮✱ 〈σ(α), α〉 = 0 ♦✉ ± 1✳ ❈♦♠♦ ❛♥t❡s✱ s❡ 〈σ(α), α〉 = −1✱ ❡♥tã♦ σ(α) + α ∈ R✱
❞❡ ♠♦❞♦ q✉❡ 〈σ(α) + α, σ2(α)〉 = −2 ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ σ(α) + α = −(σ2(α))✱
❝♦♥tr❛❞✐③❡♥❞♦ q✉❡ σ(R+) = R+✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ s❡ 〈σ(α), α〉 = 1✱ ❡♥tã♦ σ(α)−α ∈ R
❡✱ ❡♥tã♦✱ 〈σ(σ(α)− α), σ(α)− α〉 = −1✱ ♠❛s ✐ss♦ ❢♦✐ ♠♦str❛❞♦ s❡r ✐♠♣♦ssí✈❡❧✱ P♦rt❛♥t♦✱
〈σ(α), α〉 = 0 s❡♠♣r❡ q✉❡ σ(α) 6= α✳

❈♦♠ ❡ss❡ ❧❡♠❛ t❡♠♦s ❞❡t❡r♠✐♥❛❞❛s t♦❞❛s ❛s ❝♦♥st❛♥t❡s q✉❡ ♣r❡❝✐s❛♠♦s ♣❛r❛ ❡s✲
t❛❜❡❧❡❝❡r ♦s ❝♦❧❝❤❡t❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦s✳

▲❡♠❛ ✷✳✷✳✼✳ ❙❡❥❛♠ 0 ≤ ǫ, ǫ′ < m✳ ❉❛❞♦ µ ∈ R+
0 ✱ ν ∈ wt(gǫ) ∩ Q+

0 \{0} ❡ η ∈
wt(gǫ) ∩ wt(gǫ′) ∩Q+

0 \{0}✱ t❡♠♦s✿

✭❛✮ [hµ,0, x
±
ν,ǫ] = ±ν(hµ,0)x±ν,ǫ✳
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✭❜✮ [x+η,ǫ, x
−
η,ǫ′ ] =





2hη,ǫ+ǫ′ , s❡ η ∈ Rs ❡ g é ❞♦ t✐♣♦ A2n,

δǫǫ′,1h η
2
,0, s❡ η ∈ 2Rs ❡ g é ❞♦ t✐♣♦ A2n,

hη,ǫ+ǫ′ , ❝❛s♦ ❝♦♥trár✐♦✳

✭❝✮ ❙❡ hν,1 6= 0✱ ❡♥tã♦ [hν,1, x
±
ν,ǫ] =

{
±3x±ν,ǫ+1, s❡ ν ∈ Rs ❡ g é ❞♦ t✐♣♦ A2n,

±2x±ν,ǫ+1, ❝❛s♦ ❝♦♥trár✐♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ ❞❡ ✭❛✮ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞♦✐s ❝❛s♦s✿ m = 2 ❡ m = 3✳ ❙✉♣♦♥❤❛
q✉❡ α, β ∈ R sã♦ t❛✐s q✉❡ α|h0 = µ ❡ β|h0 = ν✳

❱❛♠♦s tr❛t❛r ♣r✐♠❡✐r❛♠❡♥t❡ ❞♦ ❝❛s♦ m = 2✳ ❙❡ α = σ(α) ❡ β = σ(β)✱ ❡♥tã♦
hµ,0 = hα ❡ x±ν,ǫ = x±β ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝❧❛r❛♠❡♥t❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ β 6= σ(β)✱
❡♥tã♦

[hµ,0, x
±
ν,ǫ] =[hα, x

±
β,ǫ] = ±(β(hα)x±β + (−1)ǫσ(β)(hα)x±σ(β))

=± β(hα)(x±β + (−1)ǫx±σ(β)) = ±β(hα)x±β,ǫ = ±ν(hµ,0)x±ν,ǫ.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ α 6= σ(α)✱ s✉♣♦♥❤❛ q✉❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ♦✉ g é ❞❡ t✐♣♦ A2n ❡
α + σ(α) /∈ R✱ ❡♥tã♦

[hµ,0, x
±
ν,ǫ] = [hα + hσ(α), x

±
β + (−1)ǫx±σ(β)]

= ±(β(hα)x±β + β(hσ(α))x
±
β + (−1)ǫσ(β)(hσ(α))x±σ(β) + (−1)ǫσ(β)(hα)x±σ(β))

= ±(β(hα)x±β + β(hσ(α))x
±
β + (−1)ǫβ(hα)x±σ(β) + (−1)ǫσ(β)(hα)x±σ(β))

= ±(β(hα)(x±β + (−1)ǫx±σ(β)) + β(hσ(α))(x
±
β + (−1)ǫx±σ(β)))

= ±β(hα + hσ(α))(x
±
β + (−1)ǫx±σ(β))

= ±β(hα,0)x±β,ǫ
= ±ν(hµ,0)x±ν,ǫ.

❙❡ g é ❞❡ t✐♣♦ A2n ❡ α + σ(α) ∈ R✱ ❡♥tã♦ hα,0 = 2(hα + hσ(α)) ❡✱ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦
❛❝✐♠❛✱ ♦❜t❡♠♦s

[hµ,0, x
±
ν,ǫ] = [hα,0, x

±
β,ǫ] = ±β(hα,0)x±β,ǫ = ±ν(hµ,0)x±ν,ǫ.

❖ ❝❛s♦ m = 3 é tr❛t❛❞♦ ❞❡ ♠❡s♠❛ ♠❛♥❡✐r❛✳ P❛r❛ α = σ(α) ❡ β = σ(β)✱ ♦
r❡s✉❧t❛❞♦ é ❝❧❛r❛♠❡♥t❡ ✈❡r❞❛❞❡✐r♦✳ ❙❡ α = σ(α) ❡ β 6= σ(β)✱ ❡♥tã♦

[hµ,0, x
±
ν,ǫ] =[hα, x

±
β + ζǫx±σ(β) + ζ2ǫx±σ2(β)]

=± (〈β, α〉x±β + ζǫσ(β)(hα)x
±
σ(β) + ζ2ǫσ2(β)(hα)x

±
σ2(β))

=± (β(hα)(x
±
β + ζǫx±σ(β) + ζ2ǫx±σ2(β))

=± β(hα)x±β,ǫ
=± ν(hµ,0)x±ν,ǫ.

✸✹
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❙❡ α 6= σ(α)✱ ❡♥tã♦

[hµ,0, x
±
ν,ǫ] = [hα,0, x

±
β,ǫ]

= ±(β(hα) + β(hσ(α)) + β(hσ2(α)))x
±
β

± (σ(β)(hα) + σ(β)(hσ(α)) + σ(β)(hσ2(α)))ζ
ǫx±σ(β)

± (σ2(β)(hα) + σ2(β)(hσ(α)) + σ2(β)(hσ2(α)))ζ
2ǫx±σ2(β)

= ±(β(hα) + β(hσ(α)) + β(hσ2(α)))x
±
β

± (β(hσ2(α)) + β(hα) + β(hσ(α)))ζ
ǫx±σ(β)

± (β(hσ(α)) + β(hσ2(α)) + β(hα))ζ
2ǫx±σ2(β)

= ±β(hα + hσ(α) + hσ2(α))(x
±
β + ζǫx±σ(β) + ζ2ǫx±σ2(β))

= ±β(hα,0)x±β,ǫ
= ±ν(hµ,0)x±ν,ǫ.

❖ ✐t❡♠ ✭❜✮ é ♦❜t✐❞♦ ❞❡ ♠❛♥❡✐r❛ t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣❛ ❡ ♦♠✐t✐r❡♠♦s ♦s ❞❡t❛❧❤❡s✳ ❏á
♣❛r❛ ♦ ✐t❡♠ ✭❝✮✱ ❝♦♠♦ hν,1 6= 0✱ ❡①✐st❡ α ∈ R t❛❧ q✉❡ α 6= σ(α) ❡ α|h0 = ν✳ ❊♥tã♦✱
♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛❝✐♠❛ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦❜t❡♠♦s

[hµ,1, x
±
ν,ǫ] = [hα,1, x

±
α,ǫ] = ±α(hα,1)x±α,ǫ+1 = ±

m−1∑

i=1

ζ i〈α, σi(α)〉x±α,ǫ+1.

❉❛í ❜❛st❛ ❛♣❧✐❝❛r ♦ ▲❡♠❛ ✷✳✷✳✻✳

◆♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ sl2 ❞❡s❡♠♣❡♥❤❛♠ ♣❛♣❡❧
❢✉♥❞❛♠❡♥t❛❧✳ P♦r s✉❛ ✈❡③✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞❡
❧❛ç♦s s̃l2 t❛♠❜é♠ ❢♦r♥❡❝❡♠ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❡st✉❞❛r ♠ó❞✉❧♦s ♣❛r❛ g̃

❡♠ ❣❡r❛❧✳ ◆♦ ❝♦♥t❡①t♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s t♦r❝✐❞❛s t❛♠❜é♠ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♦ ✉s♦
❞❡ r❡s✉❧t❛❞♦s ❞♦ ✏♠❡♥♦r✑ ♠♦❞❡❧♦ ❞❡ á❧❣❡❜r❛ t♦r❝✐❞❛✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❢♦✐ ✉t✐❧✐③❛❞♦
♣r✐♠❡✐r❛♠❡♥t❡ ❡♠ ❬✽❪ ♣❛r❛ U(g̃σ)✱ ♣♦ré♠ ♥ã♦ ❢♦✐ ❞❛❞❛ ✉♠❛ ♣r♦✈❛✳

▲❡♠❛ ✷✳✷✳✽✳ ❙❡❥❛ α ∈ R+
0 ✳

✭❛✮ ❙✉♣♦♥❤❛ q✉❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n✳ ❙❡ α ∈ Rl✱ ❡♥tã♦ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r

{x±α,0 ⊗ tmk, hα,0 ⊗ tmk | k ∈ Z}

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g̃σ ✐s♦♠♦r❢❛ ❛ s̃l2✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ α ∈ Rs✱ ♦ s✉❜❡s♣❛ç♦
❣❡r❛❞♦ ♣♦r

{x±α,ǫ ⊗ tmk−ǫ, hα,ǫ ⊗ tmk−ǫ | k ∈ Z, 0 ≤ ǫ < m}
é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g̃σ ✐s♦♠♦r❢❛ ❛ s̃l2✳

✸✺
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✭❜✮ ❙✉♣♦♥❤❛ q✉❡ g é ❞❡ t✐♣♦ A2n✳ ❙❡ α ∈ Rl✱ ❡♥tã♦ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r

{x±α,ǫ ⊗ tmk−ǫ, hα,ǫ ⊗ tmk−ǫ | k ∈ Z, 0 ≤ ǫ < m}

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g̃σ ✐s♦♠♦r❢❛ ❛ s̃l2✳ ❙❡ α ∈ Rs✱ ❡♥tã♦ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r
{x±α,ǫ⊗ t2k+ǫ, x±α+σ(α),1⊗ t2k+1, hα,ǫ⊗ t2k+ǫ | k ∈ Z, 0 ≤ ǫ ≤ m−1} é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ g̃σ ✐s♦♠♦r❢❛ ❛ s̃l
τ

3✱ ❝♦♠ τ s❡♥❞♦ ♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ ♥ã♦ tr✐✈✐❛❧ ❞❡ sl3✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {x±, h} ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ❞❡ sl2✳ ◆❛ ♣❛rt❡ ✭❛✮✱ ♥♦t❡ q✉❡ ♦
▲❡♠❛ ✷✳✷✳✼ ✐♠♣❧✐❝❛ q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡t❡r♠✐♥❛❞❛ ♣♦r

x± 7→ x±α,0 ❡ h 7→ hα,0

é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❆ss✐♠✱ ♦ ♣r✐♠❡✐r♦ ✐s♦♠♦r✜s♠♦ é ❞❛❞♦ ♣♦r

x± ⊗ tk 7→ x±α,0 ⊗ tmk ❡ h⊗ tk 7→ hα,0 ⊗ tmk.

❖ s❡❣✉♥❞♦ ✐s♦♠♦r✜s♠♦ t❛♠❜é♠ ❡♠ ✭❛✮ ❡ ♦ ♣r✐♠❡✐r♦ ✐s♦♠♦r✜s♠♦ ❞❡ ✭❜✮ sã♦ ❞❛❞♦s ♣♦r

x± ⊗ tk 7→ x±α,−k ⊗ tk ❡ h⊗ tk 7→ hα,−k ⊗ tk.

P❛r❛ ♦ s❡❣✉♥❞♦ ✐s♦♠♦r✜s♠♦ ❡♠ ✭❜✮✱ r❡❧❡♠❜r❡ q✉❡

x±α+σ(α),1 = [x±α , x
±
σ(α)],

❞❡✈✐❞♦ ❛ ✭✷✳✷✳✸✮ ❡ ❛ ❡s❝♦❧❤❛ ❞❡ O✳ ❆ss✐♠✱ s❡❥❛ {x±α1
, x±α2

, x±α1+α2
, h1, h2} ✉♠❛ ❜❛s❡ ❞❡

❈❤❡✈❛❧❧❡② ❞❡ sl3✱ ❡s❝♦❧❤✐❞❛ ❞❡ ♠♦❞♦ q✉❡ x±α1+α2
= [x±α1

, x±α2
]✳ ➱ ❢á❝✐❧ ❝❤❡❝❛r ✉s❛♥❞♦ ♦

▲❡♠❛ ✷✳✷✳✼ q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡t❡r♠✐♥❛❞❛ ♣♦r

x±α1,ǫ
7→ x±α,ǫ, x±α1+α2,1

7→ x±α+σ(α),1 ❡ hα1,ǫ 7→ hα,ǫ

é t❛♠❜é♠ ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡✱ ♣♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ú❧t✐♠♦
✐s♦♠♦r✜s♠♦ ❡♠ ✭❜✮ é ❞❛❞♦ ♣♦r

x±α1,ǫ
⊗ t2k+ǫ 7→ x±α,ǫ ⊗ t2k+ǫ, x±α1+α2,1

⊗ t2k+1 7→ x±α+σ(α),1 ⊗ t2k+1 ❡

hα1,ǫ ⊗ t2k+ǫ 7→ hα,ǫ ⊗ t2k+ǫ.

✷✳✸ ❍✐♣❡rá❧❣❡❜r❛s✳

◆❡st❛ s❡çã♦ r❡✈✐s❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛s ❢♦r♠❛s ✐♥t❡❣r❛✐s ♣❛r❛ g✱ g̃ ❡ g̃σ ❡ s❡rã♦ ❝♦♥str✉í✲
❞♦s ♦s ♦❜❥❡t♦s ❛♦s q✉❛✐s ❝❤❛♠❛♠♦s ❞❡ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s ✭♥ã♦ t♦r❝✐❞❛s ❡ t♦r❝✐❞❛s✮✳
❉✐s❝✉t✐r❡♠♦s t❛♠❜é♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s út❡✐s ♣❛r❛ s❡ tr❛❜❛❧❤❛r ❝♦♠ r❡♣r❡s❡♥t❛çõ❡s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ ❤✐♣❡rá❧❣❡❜r❛s✳

✸✻
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✷✳✸✳✶ ❋♦r♠❛s ✐♥t❡❣r❛✐s ❡ ❛ ❝♦♥str✉çã♦ ❞❛s ❤✐♣❡rá❧❣❡❜r❛s✳

❱❛♠♦s ✐♥tr♦❞✉③✐r ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ♥♦t❛çã♦ ❣❡r❛❧✿ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡
✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♣❛r❛ ❝❛❞❛ a ∈ A ❡ k ∈ Z+✱ ❡s❝r❡✈❡r❡♠♦s a(k) = ak

k!
❡

( a
k ) =

a(a−1)···(a−k+1)
k!

✳

◆❡ss❡ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉✐r ❛s ❤✐♣❡rá❧❣❡❜r❛s s❡rá r♦t✐♥❡✐r♦ ♦ ✉s♦ ❞❡ ❛❧❣✉♠❛s sér✐❡s
❣❡r❛❞♦r❛s✳ ❉❛❞♦ α ∈ R+✱ ❝♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s
❡♠ U(h̃)✿

Λ±
α (u) =

∞∑

r=0

Λα,±ru
r = exp

(
−

∞∑

s=1

hα ⊗ t±s

s
us

)
. ✭✷✳✸✳✶✮

❙✐♠✐❧❛r♠❡♥t❡✱ s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ R+
0 ✱ ❝♦♥s✐❞❡r❡

❛s sér✐❡s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ U(h̃σ) ❞❛❞❛s ♣♦r

Λσ±
µ (u) =

∞∑

r=0

Λσ
µ,±ru

r = ❡①♣

(
−

∞∑

k=1

m−1∑

ǫ=0

hµ,∓ǫ ⊗ t±(mk+ǫ)

mk + ǫ
umk+ǫ

)
.

❙❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rl✱ ❝♦♥s✐❞❡r❡

Λσ±
µ (u) = ❡①♣

(
−

∞∑

k=1

hµ,0 ⊗ t±mk

k
uk

)
.

❙❡❥❛ τk ∈ End(U(g̃)) ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r t 7→ tk ❡ ❞❡✜♥❛ Λi,±r;k ∈ U(g̃)✱
♣❛r❛ t♦❞♦s i ∈ I ❡ r, k ∈ Z+✱ ❝♦♠ k > 0✱ ♣♦r

Λ±
i;k(u) =

∑

r≥0

Λi,±r;ku
r = τk(Λ

±
i (u)) = exp

(
−
∑

s>0

hi ⊗ t±rk

s
us

)
.

❋♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✸✵❪ q✉❡ ❡ss❡s ❡❧❡♠❡♥t♦s Λi,r;k ❢❛③❡♠ ♣❛rt❡ ❞❡ ✉♠❛ Z✲❜❛s❡ ❞❡ UZ(g̃)✳

❉❛❞♦ i ∈ I0✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛s sér✐❡s Λσ±
αi

❡ Λ±
αo(i)

sã♦ r❡❧❛❝✐♦♥❛❞❛s ❞♦ s❡❣✉✐♥t❡
♠♦❞♦✿ s❡ o(i) ♥ã♦ é ✜①❛❞♦ ♣♦r σ✱ ❡♥tã♦

Λσ±
αi

(u) =
m−1∏

j=0

Λ±
σj(αo(i))

(ζm−ju). ✭✷✳✸✳✷✮

❙❡ o(i) é ✜①❛❞♦ ♣♦r σ✱ ❡♥tã♦

Λσ±
αi

(u) = Λ±
αo(i);m

(u). ✭✷✳✸✳✸✮

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ♣❛ss❛r❡♠♦s ❛ ❡s❝r❡✈❡r Λ±
αi

= Λ±
i ✭♣❛r❛ t♦❞♦ i ∈ I✮ ❡ Λσ±

αi
= Λσ±

i

✭♣❛r❛ t♦❞♦ i ∈ I0✮✳

✸✼
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❆ ♣❛rt✐r ❞❡ ✉♠❛ ♦r❞❡♠ ✜①❛❞❛ s♦❜r❡ ❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g̃σ ❡ ✉♠ P❇❲✲♠♦♥ô✲
♠✐♦ ✭✈❡❥❛ ❛♣ê♥❞✐❝❡ ❆✳✷✮ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡ss❛ ♦r❞❡♠✱ ❝♦♥str✉í♠♦s ✉♠ ♠♦♥ô♠✐♦ ♦r❞❡♥❛❞♦
♥♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦

M̃σ

=
{
(x±µ,−r ⊗ tr)(k),Λσ±

i,k ,
(
hi,0
k

)
| µ ∈ wt(g−r) ∩Q+

0 \{0}, r ∈ Z, i ∈ I0, k ∈ Z+

}
\{0}

✉s❛♥❞♦ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

(x±µ,−r ⊗ tr)k ↔ (x±µ,−r ⊗ tr)(k), hki,0 ↔
(
hi,0
k

)
❡ (hi,−r ⊗ tr)k ↔ (Λσ

i,r)
k

♣❛r❛ t♦❞♦ k 6= 0✳ ❚❛♠❜é♠ ✉s❛♥❞♦ ❛s ❝♦rr❡s♣♦♥❞ê♥❝✐❛s s✐♠✐❧❛r❡s ♥♦ ❝♦♥t❡①t♦ ❞❡ U(g)✱
❝♦♥s✐❞❡r❛♠♦s ♦s ♠♦♥ô♠✐♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡

M =
{
(x±α )

(k),
(
hi
k

)
| k ∈ Z+, α ∈ R+, i ∈ I

}

❡✱ ❡♠ U(g̃)✱ ♦s ♠♦♥ô♠✐♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡

M̃ =
{
(x±α ⊗ tr)(k),Λ±

i,k,
(
hi
k

)
| α ∈ R+, i ∈ I, k ∈ Z+, r ∈ Z

}
.

❖❜s❡r✈❡ q✉❡M ♣♦❞❡ s❡r ♥❛t✉r❛❧♠❡♥t❡ ✈✐st♦ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ M̃✳

❙❡❥❛♠ UZ(g) ⊆ U(g)✱ UZ(g̃) ⊆ U(g̃) ❡ UZ(g̃
σ) ⊆ U(g̃σ) ❛s Z✲s✉❜á❧❣❡❜r❛s ❣❡r❛❞❛s

r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r {(x±α )(k) | α ∈ R+, k ∈ Z+}✱ {(x±α ⊗ tr)(k) | α ∈ R+, r, k ∈ Z, k ≥ 0}
❡ {(x±µ,−r ⊗ tr)(k) | µ ∈ wt(g−r) ∩Q+

0 \ {0}, r, k ∈ Z, k ≥ 0}✳
❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❇✳ ❑♦st❛♥t ❬✹✵❪ ♣❛r❛ U(g)✱ ♣♦r ❍✳ ●❛r❧❛♥❞

❬✸✵❪ ♣❛r❛ U(g̃) ❡ ♣♦r ❉✳ ▼✐t③♠❛♥ ❬✹✷❪ ♣❛r❛ U(g̃σ)✳ ❯♠❛ ✈❡rsã♦ r❡✈✐s✐t❛❞❛ ❞❡ss❡s ❞♦✐s
ú❧t✐♠♦s tr❛❜❛❧❤♦s é ❢❡✐t❛ ♣♦r ❙✳ Pr❡✈♦st ❡♠ ❬✺✶❪✳

❚❡♦r❡♠❛ ✷✳✸✳✶✳ ❆s á❧❣❡❜r❛s UZ(g)✱ UZ(g̃) ❡ UZ(g̃
σ) sã♦ Z✲♠ó❞✉❧♦s ❧✐✈r❡s ❡ ♦ ❝♦♥❥✉♥t♦

❞❡ ♠♦♥ô♠✐♦s ♦r❞❡♥❛❞♦s ❞❡s❝r✐t♦s ❛❝✐♠❛ ❛ ♣❛rt✐r ❞❡ M̃σ
✭r❡s♣❡❝t✳✱ M ❡ M̃✮ é ✉♠❛

Z✕❜❛s❡ ❞❡ UZ(g̃
σ) ✭r❡s♣❡❝t✳ UZ(g) ❡ UZ(g̃)✮ ❡ ✉♠❛ C✕❜❛s❡ ❞❡ U(g̃σ) ✭r❡s♣❡❝t✳ U(g) ❡

U(g̃)✮ ✳

P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❛ ❢✉♥çã♦ ♥❛t✉r❛❧ C ⊗Z UZ(l) → U(l) é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛
l ∈ {g, g̃, g̃σ}✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ UZ(l) é ♦ q✉❡ s❡ ❞❡♥♦♠✐♥❛ ✉♠❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❞❡
U(l)✳

❙❡ a é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g ♣r❡s❡r✈❛❞❛ ♣♦r σ✱ ❞❡✜♥✐♠♦s

UZ(ã
σ) = U(ãσ) ∩ UZ(g̃

σ) ✭✷✳✸✳✹✮

❡✱ s✐♠✐❧❛r♠❡♥t❡✱ s❡ a é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ g ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r❡s❡r✈❛❞❛ ♣♦r σ✮✱
❞❡✜♥✐♠♦s

UZ(a) = U(a) ∩ UZ(g) ❡ UZ(ã) = U(ã) ∩ UZ(g̃).

✸✽
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❊♥tã♦✱

a ∈ {g0, n±0 , hǫ, h̃σǫ , (ñ±)σ, n±, h, ñ±, h̃} ⇒ C⊗Z UZ(a)
∼=−→ U(a). ✭✷✳✸✳✺✮

❉❡ ❢❛t♦✱ UZ(a) é ✉♠ Z✲♠ó❞✉❧♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r ♠♦♥ô♠✐♦s ❢♦r♠❛❞♦s ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡
M̃σ

✭♦✉ ❞❡ M̃✮ ♣❡rt❡♥❝❡♥t❡s ❛ U(a)✳

❉❛❞♦ ✉♠ ❝♦r♣♦ F✱ ❞❡✜♥✐♠♦s ❛ F✲❤✐♣❡rá❧❣❡❜r❛ ❞❡ a ♣♦r

UF(a) = UZ(a)⊗Z F

♣❛r❛ q✉❛❧q✉❡r ✉♠ ❞♦s s✉❜❡s♣❛ç♦s a ❝♦♥s✐❞❡r❛❞♦s ❛❝✐♠❛✳

❉❡✜♥✐çã♦ ✷✳✸✳✷✳ UF(g̃) é ❝❤❛♠❛❞❛ ❞❡ ❤✐♣❡rá❧❣❡❜r❛ ❞❡ ❧❛ç♦s ✭♥ã♦ t♦r❝✐❞❛✮ ❞❡ g s♦❜r❡ F
❡ UF(g̃

σ) ❞❡ ❤✐♣❡rá❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ ❞❡ g s♦❜r❡ F✳

❈❧❛r❛♠❡♥t❡✱ s❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F é ③❡r♦✱ ❛ á❧❣❡❜r❛ UF(g̃
σ) é ♥❛t✉r❛❧♠❡♥t❡

✐s♦♠♦r❢❛ ❛ U(g̃σF)✱ ❝♦♠ g̃σF = g̃σZ ⊗Z F✳ P❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✱ ❛♣❡♥❛s
t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s U(aF) → UF(a) ♦ q✉❛❧ ♥ã♦ é ✐♥❥❡t✐✈♦ ❡ ♥❡♠
s♦❜r❡❥❡t✐✈♦✳ ❈♦♥t✐♥✉❛r❡♠♦s ❞❡♥♦t❛♥❞♦ ♣♦r x ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ x ∈ UZ(a) ❡♠
UF(a)✳ ❆ ♣❛rt✐r ❞❛ ❞✐s❝✉ssã♦ ❛❝✐♠❛ ❡ ❞♦ ❚❡♦r❡♠❛ P❇❲ t❡♠♦s

UF(g̃) = UF(ñ
−)UF(h̃)UF(ñ

+) ❡ UF(g̃
σ) = UF((ñ

−)σ)UF(h̃
σ)UF((ñ

+)σ).

❈♦♥❝❧✉í♠♦s ❡ss❛ s❡çã♦ ❝♦♠ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ♣❡rt✐♥❡♥t❡s✿

❖❜s❡r✈❛çã♦ ✷✳✸✳✸✳

• ❆ Z✲á❧❣❡❜r❛ UZ(g) = U(g) ∩ UZ(g̃)✱ ✐✳❡✳✱ ❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❞❡✜♥✐❞❛ ♣♦r ❑♦st❛♥t
♣❛r❛ g✱ ❝♦✐♥❝✐❞❡ ❝♦♠ s✉❛ ✐♥t❡rs❡çã♦ ❝♦♠ ❛ ❢♦r♠❛ ✐♥t❡❣r❛❧ ❞❡✜♥✐❞❛ ♣♦r ●❛r❧❛♥❞
♣❛r❛ U(g̃)✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ✈❡r UZ(g) ❝♦♠♦ ✉♠❛ Z✲s✉❜á❧❣❡❜r❛ ❞❡ UZ(g̃)✳ ❙❡ g

♥ã♦ é ❞❡ t✐♣♦ A2n✱ ❡♥tã♦ UZ(g0) t❛♠❜é♠ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❢♦r♠❛ ❞❡ ❑♦st❛♥t ♣❛r❛
g0✳ ❊♥tr❡t❛♥t♦✱ s❡ g é ❞❡ t✐♣♦ A2n ✐ss♦ ♥ã♦ é ✈❡r❞❛❞❡ ♣❡❧❛ r❛③ã♦ ❞❡s❝r✐t❛ ♥❛
❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳

• ❙❡ g é ❞❡ t✐♣♦ A2n ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F é 2✱ ❡♥tã♦ UF(g0) ♥ã♦ é ✐s♦♠♦r❢❛ ❛♦
q✉❡ é ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞♦ ❞❡ ❤✐♣❡rá❧❣❡❜r❛ ❞❡ g0 s♦❜r❡ F ✭❛ q✉❛❧ é ❝♦♥str✉í❞❛
✉s❛♥❞♦ ❛ ❢♦r♠❛ ❞❡ ❑♦st❛♥t ♣❛r❛ U(g0) ♥♦ ❧✉❣❛r ❞❡ UZ(g)✮✳ ❉❡ ❢❛t♦✱ s❡ i ∈ I0 é ♦
ú♥✐❝♦ ❡❧❡♠❡♥t♦ t❛❧ q✉❡ αi ∈ Rs✱ ❡♥tã♦ [x+αi,0, x

−
αi,0

] = ~o(i),ǫ = 2hi,0 = 0 ❡♠ UF(g0)✱
♠❛s ✐ss♦ é ♥ã♦ ♥✉❧♦ ♥❛ ❤✐♣❡rá❧❣❡❜r❛ ✉s✉❛❧ ❞❡ g0 s♦❜r❡ F✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛
❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ é 2✱ ❡♥tã♦ UF(g0) é ✐s♦♠♦r❢❛ à ❤✐♣❡rá❧❣❡❜r❛ ✉s✉❛❧ ❞❡ g0
s♦❜r❡ F✳ P♦r ❡ss❛ r❛③ã♦✱ ♥ã♦ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 2 q✉❛♥❞♦
g é ❞❡ t✐♣♦ A2n✳

✸✾
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✷✳✸✳✷ ❆❧❣✉♠❛s ✐❞❡♥t✐❞❛❞❡s ❛✉①✐❧✐❛r❡s✳

❖s ❞♦✐s ❧❡♠❛s ❛ s❡❣✉✐r sã♦ ❝r✉❝✐❛✐s ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ ❡✱ t❛♠❜é♠✱ ♣❛r❛ ♦ ❡st✉❞♦
❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ ❤✐♣❡rá❧❣❡❜r❛s✳ ❖ ▲❡♠❛ ✷✳✸✳✹ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡
♣r♦✈❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ U(g̃) ❡♠ ❬✸✵✱ ▲❡♠❛ ✼✳✺❪✱ ♣♦ré♠ ❛ ✈❡rsã♦ ❛♥✉♥❝✐❛❞❛ ❛q✉✐ s❡❣✉❡ ❛
❞❡ ❬✸✷✱ ▲❡♠❛ ✶✳✸❪✳ ❉❛❞♦s α ∈ R+ ❡ s ∈ Z✱ ❝♦♥s✐❞❡r❡ ❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s
❡♠ U(ñ−)

Xα;s,±(u) =
∞∑

r=1

(x−α ⊗ t±(r+s))ur. ✭✷✳✸✳✻✮

▲❡♠❛ ✷✳✸✳✹✳ ❙❡❥❛♠ α ∈ R+✱ k, l ∈ Z ❡ k ≥ l ≥ 1✳ ❊♥tã♦✱

(x+α ⊗ t∓s)(l)(x−α ⊗ t±(s+1))(k) = (−1)l
(
(X−

α;s,±(u))
(k−l)Λ±

α (u)
)
k

mod U(g̃)ZU(ñ
+)0Z,

❝♦♠ ♦ s✉❜í♥❞✐❝❡ k s✐❣♥✐✜❝❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ uk ♥❛ r❡❢❡r✐❞❛ sér✐❡ ❡ UZ(ñ
+)0 ♦ ✐❞❡❛❧ ❞❡

❛✉♠❡♥t❛çã♦ ❞❡ UZ(ñ
+) ❝♦♥❢♦r♠❡ ❛ ❉❡✜♥✐çã♦ ❆✳✸✳✶✵✳

P♦r s✉❛ ✈❡③✱ ♦ ❧❡♠❛ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ❛ ✏✈❡rsã♦ t♦r❝✐❞❛✑ ❞♦ ▲❡♠❛ ✷✳✸✳✹✳ P❛r❛
✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞♦ ❛♥á❧♦❣♦ ❞❛ sér✐❡ ❡♠ ✭✷✳✸✳✻✮✿ s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ g é
❞❡ t✐♣♦ A2n ❡ µ ∈ R+

0 ✱ ❞❡✜♥✐♠♦s

Xσ
µ;s,±(u) =

∞∑

k=0

m−1∑

ǫ=0

(x−µ,∓(s+ǫ) ⊗ t±(mk+s+ǫ))umk+ǫ,

❡✱ s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rl✱ ❞❡✜♥✐♠♦s

Xσ
µ;ms,±(u) =

∞∑

k=0

(x−µ,0 ⊗ t±(m(k+s)))umk

♣❛r❛ t♦❞♦ s ∈ Z✳

▲❡♠❛ ✷✳✸✳✺✳ ❙❡❥❛♠ l, k ∈ Z t❛✐s q✉❡ 0 ≤ l ≤ k✳

✭❛✮ ❙❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ s❡ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rl✱ ❡♥tã♦

(x+µ,±s ⊗ t∓s)(l)(x−µ,∓(s+1)1 ⊗ t±(s+1))(k) = (−1)l
(
(Xσ

µ;s,±(u))
(k−l)(u)Λσ±

µ (u)
)
k

mod UZ(g̃
σ)UZ((ñ

+)σ)0.

✭❜✮ ❙❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rl✱ ❡♥tã♦

(x+µ,0 ⊗ t∓ms))(l)(x−µ,0 ⊗ t±m(s+1))(k) = (−1)l
(
(Xσ

µ;ms,±(u))
(k−l)Λσ±

µ (u)
)
k

mod UZ(g̃
σ)UZ((ñ

+)σ)0.

✭❝✮ ❙❡ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs✱ ❡♥tã♦

✹✵
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✭✐✮ (x+µ,0 ⊗ t±s)(2k−a)(x−2µ,1 ⊗ t∓(2s−1))(k) = −
(
(Xσ

µ;0,±(u))
(a)Λσ±

µ (u)
)
k

mod UZ(g̃
σ)UZ((ñ

+)σ)0✱ ❝♦♠ a = 0, 1✳

✭✐✐✮ (x+µ,0 ⊗ 1)(2k)(x−2µ,1 ⊗ t)(k+r) = (x−2µ,1 ⊗ t)(r)Λσ
µ,k +

∑k−1
j=1 XjΛ

σ
µ,k−j

mod UZ(g̃
σ)UZ((ñ

+)σ)0 ❝♦♠ r ∈ Z+ ❡ Xj ✉♠❛ Z✲❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡✲
♠❡♥t♦s ❞❛ ❢♦r♠❛

(x−µ,1 ⊗ t)(s1) · · · (x−µ,k ⊗ tk)(sk)(x−2µ,1 ⊗ t)(s
′
1) · · · (x−2µ,1 ⊗ tk)(sk′ )

s❛t✐s❢❛③❡♥❞♦
∑

m sm + 2
∑

n sn = 2r ❡
∑

mms
′
m +

∑
n nsn = r + j✳

✭✐✐✐✮ (x+2µ,1 ⊗ t∓(2s+1)))(l)(x−2µ,1 ⊗ t±(2s+3))(k) = (−1)l
(
(Xσ

2µ;ms,±(u))
(k−l)Λσ±

2µ (u)
)
k

mod UZ(g̃
σ)UZ((ñ

+)σ)0, ❝♦♠

Xσ
2µ;ms,±(u) =

∑

k = 1

xµ,1 ⊗ t±(m(k+s)+1)uk

❡ Λσ±
2µ (u) = ❡①♣

(
−
∞∑

k = 1

hµ,0 ⊗ t±mk

k
uk

)
.

✭✐✈✮ (x+2µ,1 ⊗ t1−2s)(rk)(x−µ,1 ⊗ ts)(2rk+r) =
∑k+1

j=1(x
−
µ, ⊗ ts+j−1)(r)Λσ

rk+r−rj +X

mod UZ(g̃
σ)UZ((ñ

+)σ)0 ❝♦♠ X s❡♥❞♦ ✉♠❛ s♦♠❛ ❞❡ ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛
(

∏

i

(x−2µ,−ai
⊗ tai)(ri)

)(
∏

j

(x−µ,−bj
⊗ tbj)(sj)

)
UF(h̃

σ)

♣❛r❛ ai, bj ∈ Z ❡ ri, sj ∈ Z+ s❛t✐s❢❛③❡♥❞♦ 0 ≤ ri, sj < k✳

❉❡♠♦♥str❛çã♦✳ ❖s ✐t❡♥s ✭❛✮ ❡ ✭❜✮ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞✐r❡t❛s ❞♦s ✐s♦♠♦r✜s♠♦s ❞❛❞♦s ♥♦
▲❡♠❛ ✷✳✷✳✽ ❡ ❞♦ ▲❡♠❛ ✷✳✸✳✹✳ ❚♦❞❛s ❛s ♣❛rt❡s ❞♦ ✐t❡♠ ✭❝✮ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ♣❛rt✐❝✉❧❛r❡s
❞❡ ❬✹✷✱ ▲❡♠❛ ✹✳✹✳✶❪✱ ♦ q✉❛❧ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ❣❡r❛❧ ✭❞❡ ❡①tr❡♠❛ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛
♠❛♥✉s❡á✲❧❛✮ ♣❛r❛ ❝♦♠✉t❛r (x+µ,±ǫ ⊗ t±(m−ǫ))(k)(x−ν,±ǫ′ ⊗ t∓(m−ǫ′))(k

′)✳

❯♠❛ ♣r♦✈❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❛ s❡❣✉✐r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸✶✱ ▲❡♠❛ ✷✻✳✷❪✳

(x+α )
(l)(x−α )

(k) =

min{k,l}∑

m=0

(x−α )
(k−m)( hα−k−l+2m

m )(x+α )
(l−m) ✭✷✳✸✳✼✮

♣❛r❛ t♦❞♦s k, l ≥ 0 ❡ α ∈ R+✳ ❘❡❡s❝r❡✈❡♥❞♦ ❡ss❛ ✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ g0
♦❜t❡♠♦s

(x+α,0)
(l)(x−α,0)

(k) =

min{k,l}∑

m=0

(x−α,0)
(k−m)( ~α,0−k−l+2m

m )(x+α,0)
(l−m)

♣❛r❛ t♦❞♦s k, l ≥ 0 ❡ α ∈ R+
0 ✳

✹✶
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❖❜s❡r✈❛çã♦ ✷✳✸✳✻✳ ❖s ▲❡♠❛s ✷✳✸✳✹ ❡ ✷✳✸✳✺ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ✈❡rsõ❡s ❞❡ ✭✷✳✸✳✼✮
♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s✳

❆ ❢ór♠✉❧❛ ❛ s❡❣✉✐r é ❞❡❞✉③✐❞❛ ❢❛❝✐❧♠❡♥t❡✿
(
hi
l

)
(x±α ⊗ tr)(k) = (x±α ⊗ tr)(k)

(
hi±kµ(hi)

l

)
✭✷✳✸✳✽✮

♣❛r❛ t♦❞♦s k, l > 0, r ∈ Z, i ∈ I ❡ α ∈ R+✳ ❏á ♥♦ ❝❛s♦ t♦r❝✐❞♦✱ é ❞❡❞✉③✐❞❛ ✭♣♦r ✐♥❞✉çã♦
✜♥✐t❛✮ ❞♦ ▲❡♠❛ ✷✳✷✳✼✭❛✮✿

(
hi,0
l

)
(x±µ,−r ⊗ tr)(k) = (x±µ,−r ⊗ tr)(k)

(
hi,0±kµ(hi,0)

l

)
✭✷✳✸✳✾✮

♣❛r❛ t♦❞♦s k, l > 0, r ∈ Z, i ∈ I0 ❡ x±µ,−r ∈ Cσ(O)✳
❉❛❞♦s x±µ,−r ∈ Cσ(O) ❡ k ≥ 0✱ ❞❡✜♥❛ ♦ ❣r❛✉ ❞❡ (x±µ,−r ⊗ tr)(k) ❝♦♠♦ k✳ P❛r❛ ✉♠

♠♦♥ô♠✐♦ ❞❛ ❢♦r♠❛ (x±µ1,−r1 ⊗ tr1)(k1) · · · (x±µl,−rl
⊗ trl)(kl) ✭❝♦♠ ❛ ❡s❝♦❧❤❛ ❞❡ ± ✜①❛❞❛✮✱

❞❡✜♥❛ s❡✉ ❣r❛✉ ❝♦♠♦ k1 + · · · + kl✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✹✷✱ ▲❡♠❛
✹✳✷✳✶✸❪✳

▲❡♠❛ ✷✳✸✳✼✳ ❙❡❥❛♠ r, s ∈ Z, µ ∈ wt(g−r), ν ∈ wt(g−s) ❡ k, l ∈ Z+✳ ❊♥tã♦✱

(x±µ,−r ⊗ tr)(k)(x±ν,−s ⊗ ts)(l)

♣❡rt❡♥❝❡ ❛♦ Z✲❣❡r❛❞♦ ❞❡ (x±ν,−s ⊗ ts)(l)(x±µ,−r ⊗ tr)(k) ❥✉♥t❛♠❡♥t❡ ❞❡ ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉
❡str✐t❛♠❡♥t❡ ♠❡♥♦r q✉❡ k + l✳

❯♠❛ ✐❞❡♥t✐❞❛❞❡ tr✐✈✐❛❧♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞❛ é

(x±µ,−r ⊗ tr)(k)(x±µ,−r ⊗ tr)(l) =
(
k+l
k

)
(x±µ,−r ⊗ tr)(k+l)

♣❛r❛ t♦❞♦s r ∈ Z ❡ x±µ,−r ∈ Cσ(O)✳ ❆ ♣❛rt✐r ❞❡❧❛✱ s❡ F t❡♠ ❝❛r❛❝t❡ríst✐❝❛ p > 0✱ ❡♥tã♦
((x±µ,−r ⊗ tr)(k))p = 0 ❡♠ UF(g̃

σ)✳

✷✳✸✳✸ ❉♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ❡ ❢✉♥çõ❡s ❞❡ ❛✈❛❧✐❛çã♦✳

❙❡❥❛ F ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ A ✉♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ❍❡♥✲
s❡❧✐❛♥♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t❡♥❞♦ F ❝♦♠♦ s❡✉ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s ✭✈❡❥❛ ❛♣ê♥❞✐❝❡ ❆✳✼✮✳
❉❡✜♥✐♠♦s UA(a) = A⊗Z UZ(a) s❡♠♣r❡ q✉❡ UZ(a) ❡st✐✈❡r ❞❡✜♥✐❞♦✳ ❈❧❛r❛♠❡♥t❡ t❡♠♦s

UF(a) ∼= F⊗A UA(a). ✭✷✳✸✳✶✵✮

▲❡♠❛ ✷✳✸✳✽✳ ❙❡❥❛♠ A ❡ F ❝♦♠♦ ❛❝✐♠❛✳

✭❛✮ ❙❡ m 6= 3 ♦✉ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ é 3✱ ❡♥tã♦ ζ ∈ A✳

✭❜✮ ❙❡ m = 3 ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F é 3✱ ❡♥tã♦ A[ζ] é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛
❝♦♠ ♦ ♠❡s♠♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s F✳

✹✷



❈❆P❮❚❯▲❖ ✷✳ ❍■P❊❘➪▲●❊❇❘❆❙✳

✭❝✮ ❙❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ é 2✱ ❡♥tã♦
√
2 ∈ A✳

❉❡♠♦♥str❛çã♦✳ ❙❡ m 6= 3✱ ❡♥tã♦ ζ = −1 ❡ ❛ ♣❛rt❡ ✭❛✮ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡✳ ❙❡ ❛
❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ é 3 ❡m = 3✱ ❡♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ 3✲❝✐❝❧♦tô♠✐❝♦ Φ3(x) = x2+x+1 ∈
A[x] ♣♦ss✉✐ ✉♠❛ r❛✐③ ❡♠ A✱ ♣♦✐s s✉❛ r❡❞✉çã♦ ❛ F s❡ ❢❛t♦r❛ ❡♠ ❢❛t♦r❡s s✐♠♣❧❡s ✭F é
❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✮ ❡ ❛ ❝♦♥❝❧✉sã♦ ❞❛ ♣❛rt❡ ✭❛✮ s❡❣✉❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❍❡♥s❡❧ ❞❡
A ✭❝❢✳ ▲❡♠❛ ❆✳✼✳✺✮✳ ❙✐♠✐❧❛r♠❡♥t❡✱ s❡ ❛ ❝❛r❛❝t❡rít✐❝❛ ❞❡ F ♥ã♦ é 2✱ ❡♥tã♦ φ(x) = x2−2 ∈
A[x] t❛♠❜é♠ s❡ ❢❛t♦r❛ ❡♠ F[x] ❡ ❝♦♥❝❧✉í♠♦s q✉❡

√
2 ∈ A ✉s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❍❡♥s❡❧

♠❛✐s ✉♠❛ ✈❡③✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♣r♦✈❛r ✭❜✮✱ ♥♦t❡ q✉❡ φ(x) := Φ3(x+ 1) = x2 + 3x+ 3
é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❊✐s❡♥st❡✐♥ r❡❧❛t✐✈♦ ❛♦ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❞❡ A ✭♣♦✐s 3 ♣❡rt❡♥❝❡ ❛ ❡ss❡
✐❞❡❛❧✮✳ P♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✐s♦♠♦r✜s♠♦ ρ : A[x] → A[x] ❞❡✜♥✐❞♦ ♣♦r x 7→ x + 1✱
t❡♠♦s A[ζ] ∼= A[x]

(Φ3(x))
∼= A[x]

(φ(x))
❡ ❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✼✳✸✳

❉❡✈✐❞♦ ❛♦s ✐t❡♥s ✭❛✮ ❡ ✭❜✮ ❞❡ss❡ ❧❡♠❛✱ ♣♦❞❡♠♦s s✉♣♦r ζ ∈ A ❡ ❛ss✐♠ ♦ ❢❛r❡♠♦s
❞❛q✉✐ ❡♠ ❞✐❛♥t❡✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✾✳ ❆♦ tr❛❜❛❧❤❛r♠♦s ❝♦♠ A ❡♠ ✈❡③ ❞❡ Z ❡ ❛♦ s✉♣♦r♠♦s q✉❡ ζ ∈ A✱
t♦r♥❛✲s❡ ✈✐á✈❡❧ ✉♠❛ sér✐❡ ❞❡ ❝♦♥str✉çõ❡s✱ t❛❧ ❝♦♠♦ ❛ ❝♦♥str✉çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❛✈❛❧✐❛çã♦
q✉❡ ❢❛r❡♠♦s ❛ s❡❣✉✐r✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❡s❝♦❧❤❛ ❡s♣❡❝í✜❝❛ ❞❡ O ♥♦ ❝❛s♦ m = 3 s❡ t♦r♥❛
❞❡s♥❡❝❡ssár✐❛✱ ✐✳❡✳✱ ❛ ✈❡rsã♦ ❝♦♠ ❡ss❡ A ♥♦ ❧✉❣❛r ❞❡ Z ♥♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ é ✈❡r❞❛❞❡✐r❛
♠❡s♠♦ s❡♠ ❛ ❡s❝♦❧❤❛ ❡s♣❡❝✐❛❧ ❞❡ O✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✵✳ ❆ á❧❣❡❜r❛ UA(g̃
σ) é ✉♠❛ A✲s✉❜á❧❣❡❜r❛ ❞❡ UA(g̃) ❡ ❛ ✐♥❝❧✉sã♦

UA(g̃
σ) →֒ UA(g̃) ✐♥❞✉③ ✉♠❛ ✐♥❝❧✉sã♦ ❞❡ F✲á❧❣❡❜r❛s UF(g̃

σ) →֒ UF(g̃)✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s k ∈ Z ❡ µ ∈ wt(gk)✱ s❡❥❛ α ∈ O t❛❧ q✉❡ α|h0 = µ ❡

x±µ,k ⊗ t−k =
Γα∑

j=0

ζjkx±
σj(α)

⊗ t−k.

❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ α + σ(α) /∈ R✳ ❊♥tã♦✱ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s x±
σj(α)

✱
❝♦♠ j = {0, . . . ,m − 1}✱ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ g q✉❡ ❝♦♠✉t❛♠✱ ♣♦r ✭❆✳✺✳✶✮
✭✉s❛♥❞♦ q✉❡ ζ ∈ A✮ t❡♠♦s

(
x±µ,k ⊗ t−k

)(n) ∈ UA(g̃)✳ ❙❡ α + σ(α) ∈ R✱ ❡♥tã♦ g é ❞❡ t✐♣♦
A2n ❡ α|h0 ∈ Rs✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ F ♣♦ss✉✐ ❝❛r❛❝t❡ríst✐❝❛
❞✐❢❡r❡♥t❡ ❞❡ 2 ♣❛r❛ ❡ss❡ ❝❛s♦✱ t❡♠♦s 2,

√
2 ∈ A×✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✽✳ ▲♦❣♦✱

x±µ,k ⊗ t−k =
√
2
(
x±α ⊗ t−k + (−1)kx±σ(α) ⊗ t−k

)
∈ UA(g̃).

❆❧é♠ ❞✐ss♦✱ ❛ s✉❜á❧❣❡❜r❛ ❞❡ n± ❣❡r❛❞❛ ♣♦r x±α ❡ x±σ(α) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣

❝♦♠ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ x±α+σ(α)✳ ❆ss✐♠✱ ♣♦r ✭❆✳✻✳✶✮✱
(
x±µ,k ⊗ t−k

)(n)
♣❡rt❡♥❝❡ ❛♦ A✲❣❡r❛❞♦

❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x±α ⊗ t−k)(n1)(x±σ(α) ⊗ t−k)(n2)(x±α+σ(α) ⊗ t−2k)(n3) ❝♦♠ n1 + n2 + 2n3 = n

✹✸
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❡ ❝♦❡✜❝✐❡♥t❡s ❡♠ A×✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
(
x±µ,k ⊗ t−k

)(n) ∈ UA(g̃)✳ ■ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛
♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦✳

P❛r❛ ♣r♦✈❛r ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛ A✲
❜❛s❡ ❞❡ UA(g̃

σ) é ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ A✲❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ A ❜❛s❡
❞❡ UA(g̃) ❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ♣❡rt❡♥❝❡ ❛ A×✳ ❏á ❢♦✐ ♦❜s❡r✈❛❞♦ ❛❝✐♠❛ q✉❡
✐ss♦ é ✈❡r❞❛❞❡ ♣❛r❛ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(
x±µ,k ⊗ t−k

)(n)
✳ ❱❛♠♦s ❡♥tã♦ ❞❡❞✉③✐r ❛ ♠❡s♠❛

♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ss❛ ❜❛s❡ q✉❡ ♣❡rt❡♥❝❡♠ ❛ UA((ñ
±)σ) ❡ sã♦ ❞❛ ❢♦r♠❛∏

j(x
±
µj ,kj
⊗ t−kj)(nj)✱ ❝♦♠ µj ∈ wt(gkj) ∩ Q+

0 ❡ µj 6= µi ♣❛r❛ t♦❞♦ i 6= j✳ ❈❛❞❛ ❢❛t♦r
❞❡ss❡ ♣r♦❞✉t♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ✭❝♦♥❢♦r♠❡ ♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✮ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦
❧✐♥❡❛r ❞❡ ❝❡rt♦s ❡❧❡♠❡♥t♦s ❡♠ UA(g̃) ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ A×✳ ❚♦♠❡ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡ss❛s
❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ✉♠ t❡r♠♦ q✉❡ ♣♦ss✉✐ ♣♦tê♥❝✐❛ ♠á①✐♠❛✳ P♦r ❡①❡♠♣❧♦✱ ♥✉♠❛ s♦♠❛

∑

i

ai(x
±
βi
⊗ t−ki)(ni)(x±σ(βi) ⊗ t

−ki)(n−ni), ❝♦♠ ai ∈ A× ❡ 0 ≤ ni ≤ n,

t♦♠❡ (x±βi ⊗ t−ki)(ni)✱ ❝♦♠ ni = n✱ ♦✉ (x±σ(βi)⊗ t
−ki)(ni) ❝♦♠ ni = n✳ ❊♥tã♦✱ ❝❧❛r❛♠❡♥t❡ ♦

♣r♦❞✉t♦ ❞❡ss❡s t❡r♠♦s t❡♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ A× ❡ ❛♣❛r❡❝❡ ❛♣❡♥❛s ✉♠❛ ✈❡③ ♥❛ ❡①♣❛♥sã♦
❞♦ ♣r♦❞✉t♦

∏
j(x

±
µj ,kj
⊗ t−kj)(nj)✳ ❙❡ ❡ss❡ t❡r♠♦ ❥á ❡st✐✈❡r ♥❛ P❇❲✲♦r❞❡♠ ❞❛ ❜❛s❡ ❞❡

❈❤❡✈❛❧❧❡② ❞❡ g̃✱ ♥ã♦ ❤á ♠❛✐s ♥❛❞❛ ♦ q✉❡ ❢❛③❡r✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❜❛st❛ ✉s❛r ♦ ▲❡♠❛
✷✳✸✳✼ ❡ ♣r♦❞✉③✐r ✉♠ t❡r♠♦ ♥❛ ♦r❞❡♠ ❝♦rr❡t❛ ❡ ♦❜s❡r✈❛r q✉❡ ❡ss❡ t❡r♠♦ ♣♦ss✉✐ ♦ ♠❡s♠♦
❝♦❡✜❝✐❡♥t❡ ❞❛ ♦r❞❡♠ ❛♥t❡r✐♦r✱ ♦ q✉❛❧ ❡stá✱ ♣♦rt❛♥t♦✱ ❡♠ A×✳

❘❡st❛ ❢❛③❡r ♦ ♠❡s♠♦ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ A✲❜❛s❡ ❞❡ UA(h̃
σ)✳ P❛r❛ ♦s ❡❧❡✲

♠❡♥t♦s ❞❛ ❢♦r♠❛
(

ho(i)
k

)
✱ r❡❝♦r❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ i ∈ I0✱

hi,ǫ =

Γαo(i)−1∑

j=0

ζjǫhσj(o(i)).

❯s❛♥❞♦ ✭❆✳✺✳✷✮ ✈❡♠♦s q✉❡
(
hi,0
k

)
♣❡rt❡♥❝❡ ❛♦ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

Γαo(i)∏

j=1

(
hσj(o(i))
kj

)
❝♦♠

Γαo(i)∑

j=1

kj = k.

❉✐ss♦ s❡❣✉❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞♦ t❡r♠♦
(

ho(i)
k

)
é 1✳ ❏á ♣❛r❛ ♦s ❞❡♠❛✐s ❡❧❡♠❡♥t♦s ❞❡

UA(h̃
σ)✱ ♥♦t❡ q✉❡✱ s❡ o(i) ♥ã♦ é ✜①❛❞♦ ♣♦r σ✱ ♣♦r ✭✷✳✸✳✷✮ t❡♠♦s

Λσ±
αi

(u) =
m−1∏

j=0

Λ±
σj(αo(i))

(ζm−ju).

▲♦❣♦✱ ❞❛❞♦ r > 0✱ s❡❣✉❡ q✉❡ Λσ
αi,±r ♣❡rt❡♥❝❡ ❛♦ A✲❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

m∏

j=1

Λσj(αo(i)),±rj ❝♦♠
m∑

j=1

rj = r

✹✹
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❡✱ ❛❧é♠ ❞✐ss♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞♦ t❡r♠♦ Λαo(i),±r é ζ±mr ∈ A×✱ ❝♦♠♦ q✉❡rí❛♠♦s✳ ❋✐♥❛❧♠❡♥t❡✱
s❡ o(i) é ✜①❛❞♦ ♣♦r σ✱ s❡❣✉❡ ❞❡ ✭✷✳✸✳✸✮ q✉❡ Λσ

i,±r = Λo(i),±r;m é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛
A✲❜❛s❡ ❞❡ UA(h̃)✳

❊♠ ❬✸✷✱ Pr♦♣♦s✐çã♦ ✸✳✸❪✱ ❢♦✐ ♦❜t✐❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❞❡ A✲á❧❣❡❜r❛s

ev : UA(g̃)→ UA(g)⊗A A[t, t−1].

❆ss✐♠✱ ❞❡♥♦t❛♥❞♦ ♣♦r evσ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ev ❝♦♠ ❛ ✐♥❝❧✉sã♦ ❞❛❞❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦
❛❝✐♠❛✱ t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ F✲á❧❣❡❜r❛s

evσ : UF(g̃
σ)→ UF(g)⊗ F[t, t−1]. ✭✷✳✸✳✶✶✮

◆♦t❡ q✉❡✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❡st❛♠♦s ❞❡♥♦t❛♥❞♦ ♣♦r evσ ❛ ❢✉♥çã♦ evσ ⊗ 1✳ ❊♠
♣❛rt✐❝✉❧❛r✱ ❞❛❞♦ a ∈ F×✱ t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ F✲á❧❣❡❜r❛s

evσa : UF(g̃
σ)→ UF(g) ✭✷✳✸✳✶✷✮

❞❛❞♦ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞❡ evσ ❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ❛✈❛❧✐❛çã♦ UF(g) ⊗ F[t, t−1] → UF(g) t❛❧
q✉❡ x⊗ f(t) 7→ f(a)x✳ ❙✐♠✐❧❛r♠❡♥t❡ t❛♠❜é♠ ♦❜t❡♠♦s eva : UF(g̃)→ UF(g̃)✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✶✳ ❆ ❢✉♥çã♦ ev ✭evσ✮ é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ❢♦r♠❛❧ ✭t♦r❝✐❞❛✮
❡ eva ✭evσa✮ é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ✭t♦r❝✐❞❛✮ ❡♠ a✳

❖❜s❡r✈❡ q✉❡

eva((x
±
α ⊗ tr)(k)) = ark(x±α )

(k) ❡ eva(Λα,r) = (−a)r
(

hα
|r|

)
. ✭✷✳✸✳✶✸✮

❉❡ss❡ ♠♦❞♦✱

evσa((x
±
µ,−r ⊗ tr)(k)) = ark(x±µ,−r)

(k) ♣❛r❛ t♦❞♦ r ∈ Z.

✷✳✸✳✹ ❊str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢✳

❆ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ ✭✈❡❥❛ ❊①❡♠♣❧♦ ❆✳✸✳✶✷✮ ❡♠ U(g̃) ✐♥❞✉③ ✉♠❛ ❡str✉t✉r❛
❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ s♦❜r❡ A ❡♠ UA(a) ❝♦♠ a ∈ {g, n±, h, g̃, ñ±, h̃, g̃σ, (ñ±)σ, h̃σ}✱ ♣♦✐s
♣r❡s❡r✈❛ Z✲❢♦r♠❛s ❞❡ UZ(a)✳ P♦r s✉❛ ✈❡③✱ ✐ss♦ ✐♥❞✉③ ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢
❡♠ UF(a)✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡✱ s❡ x ∈ a é t❛❧ q✉❡ x(k) ∈ UA(a) ♣❛r❛ t♦❞♦ k > 0✱ ❡♥tã♦

△(x(k)) =
k∑

l = 0

x(l) ⊗ x(l−k). ✭✷✳✸✳✶✹✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ k ≥ 0✱

△(Λ±
α;k(u)) = Λ±

α;k(u)⊗ Λ±
α;k(u) ❡ △(Λσ±

µ (u)) = Λσ±
µ (u)⊗ Λσ±

µ (u). ✭✷✳✸✳✶✺✮

❖❜s❡r✈❡ q✉❡ ✭✷✳✸✳✶✺✮ é ❡q✉✐✈❛❧❡♥t❡ ❛

△(Λα,±r) =
r∑

s=0

Λα,±s ⊗ Λα,±(r−s) ❡ △(Λσ
µ,±r) =

r∑

s=0

Λσ
µ,±s ⊗ Λσ

µ,±(r−s)

♣❛r❛ t♦❞♦ r ≥ 0✳

✹✺
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✷✳✹ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UF(g) ❡ UF(g̃)✳

◆❡st❛ s❡çã♦ r❡✈✐s❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❛
❤✐♣❡rá❧❣❡❜r❛ UF(g) ❡ ❞❛ ❤✐♣❡rá❧❣❡❜r❛ ❞❡ ❧❛ç♦s ✭♥ã♦ t♦r❝✐❞❛✮ UF(g̃)✱ ♦s q✉❛✐s s❡r✈✐rã♦
❞❡ ♠♦❞❡❧♦ ♣❛r❛ ♦ r❡st❛♥t❡ ❞♦ ❝❛♣ít✉❧♦✳ P❛r❛ ♦s r❡s✉❧t❛❞♦s ❛q✉✐ tr❛t❛❞♦s✱ F s❡♠♣r❡
❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳

◆♦ ❝❛s♦ ❡♠ q✉❡ F ♥ã♦ é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ s❡❥❛ F ⊆ K ✉♠❛ ❡①t❡♥sã♦ ❞❡
❝♦r♣♦s ❡ ❝♦♥s✐❞❡r❡ ♦ ❢✉♥t♦r ❡①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s ❡♥tr❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UF(g) ❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UK(g)✳
❊ss❡ ❢✉♥t♦r ♥ã♦ é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s✱ ♠❛s t❡♠ ❛ ❜♦❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r
♣❧❡♥❛♠❡♥t❡ ✜❡❧ ❡ s♦❜r❡❥❡t✐✈♦ q✉❛♥❞♦ r❡str✐t♦ às ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ r❡♣r❡s❡♥t❛✲
çõ❡s ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡ ❢✉♥t♦r ♣r❡s❡r✈❛ ❝❛r❛❝t❡r❡s ❡ ❧❡✈❛ ❝♦♠♣♦s✐çõ❡s
❡♠ sér✐❡ ❡♠ ❝♦♠♣♦s✐çõ❡s ❡♠ sér✐❡✳ ❈♦♠ ✐ss♦✱ ♣❛rt❡ ❞❛ t❡♦r✐❛ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ❝❛r❛❝✲
t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ ❜❛s❡✳ ❊♥tr❡t❛♥t♦✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s✱ ❛ s✐t✉❛çã♦ é
❞✐❢❡r❡♥t❡ ❡ ❡ss❡ ❢✉♥t♦r ♥ã♦ é ❜✐❥❡t✐✈♦ ♥❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s✱ ♥❡♠
❧❡✈❛ ❝♦♠♣♦s✐çõ❡s ❡♠ sér✐❡ ❡♠ ❝♦♠♣♦s✐çõ❡s ❡♠ sér✐❡✳ ❉❡ss❡ ♠♦❞♦✱ ♦ ❡st✉❞♦ ❞❛ ♠✉❞❛♥ç❛
❞❡ ❝♦r♣♦ ❜❛s❡ s❡ t♦r♥❛ ✐♥t❡r❡ss❛♥t❡ ❡✱ ❞❡ ❢❛t♦✱ ❡♠ ❬✸✸❪ ❉✳ ❏❛❦❡❧✐➣ ❡ ❆✳ ▼♦✉r❛ tr❛t❛r❛♠
q✉❡stõ❡s s❡♠❡❧❤❛♥t❡s às ❞❡ ❬✸✷❪ ✉s❛♥❞♦ ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❛ ❡①t❡♥sã♦ F ⊂ F✱ ❝♦♠ F

s❡♥❞♦ ✉♠ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ F✱ ❡ r❡s✉❧t❛❞♦s s♦❜r❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡
á❧❣❡❜r❛s ♣♦❧✐♥♦♠✐❛✐s ❡♠ ✐♥✜♥✐t❛s ✈❛r✐á✈❡✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦s ❛✉t♦r❡s ❝♦♠♣❛r❛♠ t❛♥t♦
♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧✱ q✉❛♥t♦ ♦s ♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ♣❛r❛ UF(g̃) ❡ UF(g̃)✳ ❖s ❞❡t❛❧❤❡s
♥ã♦ s❡rã♦ ❛q✉✐ ❛❜♦r❞❛❞♦s✳ ❆ ❡①t❡♥sã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❬✸✸❪ ❛♦ ❝♦♥t❡①t♦ ❞❛s á❧❣❡❜r❛s
❞❡ ❧❛ç♦s t♦r❝✐❞❛s é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ tr✐✈✐❛❧✱ ♣♦r ✐ss♦ tr❛t❛r❡♠♦s ❛q✉✐ ❛♣❡♥❛s ♦ ❝❛s♦ ❡♠
q✉❡ F é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳

✷✳✹✳✶ ▼ó❞✉❧♦s ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s✳

❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸✶❪ ♣❛r❛ ♦ ❝♦♥t❡①t♦
❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❆ ❧✐t❡r❛t✉r❛ ♣❛r❛ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ é ♠❛✐s ❝♦♠✉♠❡♥t❡ ❡♥✲
❝♦♥tr❛❞❛ s♦❜ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s✱ t❛❧ ❝♦♠♦ ❡♠ ❬✸✹❪✳ ❯♠ tr❛t❛♠❡♥t♦
r❡❧❛t✐✈❛♠❡♥t❡ ❞❡t❛❧❤❛❞♦ ❝♦♠ ❛ ❧✐♥❣✉❛❣❡♠ ❛q✉✐ ❛❞♦t❛❞❛ é ❢❡✐t♦ ❡♠ ❬✸✷✱ ❙❡çã♦ ✷❪✳

❙❡❥❛ V ✉♠ UF(g)✕♠ó❞✉❧♦✳ ❯♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ∈ V é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ♣❡s♦
s❡ ❡①✐st❡ µ ∈ UF(h)

∗ t❛❧ q✉❡ hv = µ(h)v ♣❛r❛ t♦❞♦ h ∈ UF(h)✳ ❖ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s
✈❡t♦r❡s ❞❡ ♣❡s♦ ❝♦♠ ♣❡s♦ µ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣❡s♦ µ ❡ s❡rá ❞❡♥♦t❛❞♦
♣♦r Vµ✳ ❙❡ ✉♠ ♠ó❞✉❧♦ V s❡ ❡s❝r❡✈❡ ❝♦♠♦

V =
⊕

µ ∈ UF(h)
∗

Vµ,

❡♥tã♦ é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ♣❡s♦✳ ❙❡ Vµ 6= 0✱ µ é ❞✐t♦ ✉♠ ♣❡s♦ ❞❡ V ❡ ❞❡♥♦t❛✲s❡
wt(V ) = {µ ∈ h∗ | Vµ 6= 0}✳

✹✻
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P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ t❡♠♦s ✉♠❛ ✐♥❝❧✉sã♦ P →֒ UF(h)
∗ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

µ
((

hi
k

))
=
(
µ(hi)
k

)
❡ µ(xy) = µ(x)µ(y) ♣❛r❛ t♦❞♦s i ∈ I, k ≥ 0 ❡ x, y ∈ UF(h),

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ≤ s♦❜r❡ UF(h)
∗ ❞❛❞❛ ♣♦r µ ≤ λ✱ s❡ λ−µ ∈ Q+✳ ❆

♣❛rt✐r ❞❛ ❢ór♠✉❧❛ ✭✷✳✸✳✽✮✱ ♣r♦✈❛✲s❡ ❛ ✐♥❝❧✉sã♦

(x±α )
(k)Vµ ⊆ Vµ±kα ♣❛r❛ t♦❞♦s α ∈ R+, k > 0 ❡ µ ∈ UF(h)

∗.

❙❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ❝♦♠ ❡s♣❛ç♦s ❞❡ ♣❡s♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s❡✉ ❝❛rá❝t❡r
é ❛ ❢✉♥çã♦ ch(V ) : UF(h)

∗ → Z ❞❛❞❛ ♣♦r ch(V )(µ) = dimVµ✳ ❯s✉❛❧♠❡♥t❡✱ s❡ V é
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ch(V ) ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❛♥❡❧ ❞❡ ❣r✉♣♦
Z[UF(h)

∗]✱ ❞❡♥♦t❛♥❞♦ ♦ ❡❧❡♠❡♥t♦ ❞❡ Z[UF(h)
∗] ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ µ ∈ UF(h)

∗ ♣♦r eµ✳
❖❜s❡r✈❡ q✉❡ ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ Z[P ] ♣♦❞❡ s❡r ♥❛t✉r❛❧♠❡♥t❡ ✈✐st♦ ❝♦♠♦ ✉♠ s✉❜❛♥❡❧ ❞❡
Z[UF(h)

∗] ❡✱ ♠❛✐s ❛✐♥❞❛✱ ❛ ❛çã♦ ❞❡ W s♦❜r❡ P s❡ ❡st❡♥❞❡ ♥❛t✉r❛❧♠❡♥t❡ ♣❛r❛ ✉♠❛ ❛çã♦
❞❡ W s♦❜r❡ Z[P ] ✈✐❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s✳

❙❡ v é ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ t❛❧ q✉❡ (x+α )
(k)v = 0 ♣❛r❛ t♦❞♦s α ∈ R+ ❡ k > 0✱ ❡♥tã♦

v é ❞✐t♦ ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❡ V é ❞✐t♦ ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ s❡ é ❣❡r❛❞♦
♣♦r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✳

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s s✐♠✐❧❛r♠❡♥t❡ ❛s ♥♦çõ❡s ❞❡ ✈❡t♦r❡s ❡ ♠ó❞✉❧♦s ❞❡
♣❡s♦ ♠í♥✐♠♦ s✉❜st✐t✉✐♥❞♦ (x+α )

(k) ♣♦r (x−α )
(k)✳

❚❡♦r❡♠❛ ✷✳✹✳✶✳ ❙❡❥❛ V ✉♠ UF(g)✲♠ó❞✉❧♦✳

✭❛✮ ❙❡ V ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦✳ ❆❧é♠ ❞✐ss♦✱ Vµ 6= 0
s♦♠❡♥t❡ s❡ µ ∈ P ✱ ❡ dimVµ = dimVwµ ♣❛r❛ t♦❞♦ w ∈ W ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ch(V ) ∈
Z[P ]W ✳

✭❜✮ ❙❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ✱ ❡♥tã♦ dim(Vλ) = 1 ❡
Vµ 6= 0 s♦♠❡♥t❡ s❡ µ ≤ λ✳ ▼❛✐s ❛✐♥❞❛✱ V ♣♦ss✉✐ ✉♠ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦
♠❛①✐♠❛❧ ❡✱ ♣♦rt❛♥t♦✱ t❛♠❜é♠ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ V é
✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

✭❝✮ P❛r❛ ❝❛❞❛ λ ∈ P+✱ ♦ UF(g)✲♠ó❞✉❧♦ WF(λ) ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v s❛t✐s❢❛③❡♥❞♦ ❛s
r❡❧❛çõ❡s

(x+α )
(k)v = 0, hv = λ(h)v ❡ (x−i )

(l)v = 0,

♣❛r❛ t♦❞♦ α ∈ R+, h ∈ UF(h), i ∈ I ❡ k > 0, l > λ(hi)✱ é ♥ã♦ ♥✉❧♦ ❡ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛✳ ❆❧é♠ ❞✐ss♦✱ t♦❞♦ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λ é ✉♠ q✉♦❝✐❡♥t❡
❞❡ WF(λ)✳

✭❞✮ ❙❡ V é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ λ ∈ P+ t❛❧ q✉❡ V é
✐s♦♠♦r❢♦ ❛♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ VF(λ) ❞❡ WF(λ)✳

✭❡✮ P❛r❛ t♦❞♦ λ ∈ P+✱ ♦ ❝❛rá❝t❡r ❞❡ WF(λ) é ❞❛❞♦ ♣❡❧❛ ❢ór♠✉❧❛ ❞♦ ❝❛rá❝t❡r ❞❡ ❲❡②❧✳
P❛rt✐❝✉❧❛r♠❡♥t❡✱ µ ∈ wt(WF(λ)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ wµ ≤ λ ♣❛r❛ t♦❞♦ w ∈ W ✳ ❊
♠❛✐s✱ WF(λ) é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠í♥✐♠♦ ❝♦♠ ♣❡s♦ ♠í♥✐♠♦ w0λ✳

✹✼
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❖ ♠ó❞✉❧♦ WF(λ) ❞❡✜♥✐❞♦ ♥♦ ✐t❡♠ ✭❝✮ é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ ❞❡ ♣❡s♦
♠á①✐♠♦ λ✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡s❝r✐t❛ ♥❡ss❡ ♠❡s♠♦ ✐t❡♠ é ♦ q✉❡ t♦r♥❛ ♦ ♠ó❞✉❧♦ ❞❡ ❲❡②❧
WF(λ) ♦ ♠ó❞✉❧♦ ✉♥✐✈❡rs❛❧ ❝♦♠ r❡s♣❡✐t♦ à ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❞❡
♣❡s♦ ♠á①✐♠♦ λ✳ ❏á ♦s ✐t❡♥s ✭❜✮ ❡ ✭❞✮ ❡st❛❜❡❧❡❝❡♠ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ P+ ❡ ♦
❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ UF(g)✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❊s♣❡❝✐✜❝❛♠❡♥t❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ♦ q✉❛❧ s❡rá ❢♦r✲
t❡♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✿

❚❡♦r❡♠❛ ✷✳✹✳✷✳ ❙✉♣♦♥❤❛ q✉❡ F t❡♥❤❛ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦✱ ❝❛❞❛ UF(g)✲♠ó❞✉❧♦
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ WF(λ) é s✐♠♣❧❡s ♣❛r❛
t♦❞♦ λ ∈ P+✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✸✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ s❡ ❝❛❧❝✉❧❛r ♦ ❝❛rá❝t❡r ❞❡ VF(λ)✱ ♣❛r❛ λ ∈ P+✱ ❡stá
❝♦♠♣❧❡t❛♠❡♥t❡ r❡s♦❧✈✐❞♦ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♠❛s ❛✐♥❞❛ ♥ã♦ ❡stá r❡s♦❧✈✐❞♦ ❡♠ ❣❡r❛❧
♣❛r❛ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ❊ss❡ é ❞❡ ❢❛t♦ ✉♠ ♣r♦❜❧❡♠❛ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡ ❡ ❡st✉❞❛❞♦
♥❛ ár❡❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s✳

✷✳✹✳✷ ▼ó❞✉❧♦s ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s ♥ã♦ t♦r❝✐❞❛s✳

❆ s❡❣✉✐r s❡rã♦ r❡✈✐s❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ UF(g̃)✲♠ó❞✉❧♦s ❞❡ ❞✐✲
♠❡♥sã♦ ✜♥✐t❛✱ ❝♦♠ ♦ ♠❡s♠♦ ❡s♣ír✐t♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❖s r❡s✉❧t❛❞♦s ❛q✉✐ ❝♦❧❡t❛❞♦s
❢♦r❛♠ ♦❜t✐❞♦s ♣♦r ❉✳ ❏❛❦❡❧✐➣ ❡ ❆✳ ▼♦✉r❛ ❡♠ ❬✸✷❪✳

❙❡❥❛ P+ ♦ ♠♦♥ó✐❞❡ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❛s I✲✉♣❧❛s ❞❛ ❢♦r♠❛ ω = (ωi)i∈I ❝♦♠ ❝❛❞❛
ωi s❡♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ F[u] ❝♦♠ t❡r♠♦ ❝♦♥st❛♥t❡ 1✳ ❉❡♥♦t❛r❡♠♦s ♣♦r P ♦ ❣r✉♣♦
♠✉❧t✐♣❧✐❝❛t✐✈♦ ❛ss♦❝✐❛❞♦ ❛ P+✳ ❉❛❞♦s µ ∈ P ❡ a ∈ F×✱ s❡❥❛ ωµ,a ♦ ❡❧❡♠❡♥t♦ ❞❡ P
❞❡✜♥✐❞♦ ♣♦r

(ωµ,a)i(u) = (1− au)µ(hi) ♣❛r❛ t♦❞♦ i ∈ I.
❙❡ µ = ωi é ✉♠ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❡s❝r❡✈❡r❡♠♦s ❛♣❡♥❛s ωi,a ❡♠ ✈❡③ ❞❡ ωωi,a✳

❉❡✜♥✐çã♦ ✷✳✹✳✹✳ ❖ ♠♦♥ó✐❞❡ P+ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ ℓ✲♣❡s♦s ❞♦♠✐♥❛♥t❡s ❞❡
UF(g̃) ❡ P ✱ ❞❡ r❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s ❞❡ UF(g̃) s♦❜r❡ F✳ ❖ ❡❧❡♠❡♥t♦ ωi,a é ❞❡♥♦♠✐♥❛❞♦
ℓ✲♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ P+ sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❉r✐♥❢❡❧❞✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✺✳ ❖ ♣r❡✜①♦ ℓ é ❡s❝♦❧❤✐❞♦ ❛q✉✐ ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ❡ss❡s ❝♦♥❝❡✐t♦s ❞❡✈❡♠
s❡r ♣❡♥s❛❞♦s ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❧❛ç♦s ❝♦♠♦ ❛♥á❧♦❣♦s ❞❡ s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ❝❧áss✐❝♦s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❡✈✐❞♦ ❛♦ ❝♦r♣♦ F s❡r ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ t❡♠♦s✿

▲❡♠❛ ✷✳✹✳✻✳ ❖ ❣r✉♣♦ P é ❛❜❡❧✐❛♥♦ ❧✐✈r❡ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ℓ✲♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s✳

❙❡❥❛ wt : P → P ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦ t❛❧ q✉❡ wt(ωi,a) = ωi ♣❛r❛
t♦❞♦s i ∈ I ❡ a ∈ F×✳ ❙❡❥❛ t❛♠❜é♠ ω 7→ ω− ♦ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦ ❞❡ P t❛❧
q✉❡ ωi,a 7→ ωi,a−1 ♣❛r❛ t♦❞♦s i ∈ I ❡ a ∈ F×✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ♥♦t❛❝✐♦♥❛❧✱ t❛♠❜é♠
❡s❝r❡✈❡r❡♠♦s ω+ = ω✳

✹✽
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❖ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ P ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ s✉❜❣r✉♣♦ ❞♦ ♠♦♥ó✐❞❡ ❞❡ I✲
✉♣❧❛s ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ F ❛♦ ✐❞❡♥t✐✜❝❛r♠♦s ❛ ❢✉♥çã♦
r❛❝✐♦♥❛❧ (1 − au)−1 ❝♦♠ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ sér✐❡ ❣❡♦♠étr✐❝❛ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s✳ ■ss♦
♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ✉♠❛ ✐♥❝❧✉sã♦ P →֒ (UF(h̃))

∗ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

ω
((

hi
k

))
=
(
wt(ω)(hi)

k

)
, ω(Λi,r) = ωi,r, ♣❛r❛ t♦❞♦s i ∈ I ❡ r, k ∈ Z ❝♦♠ k ≥ 0,

❡
ω(xy) = ω(x)ω(y), ♣❛r❛ t♦❞♦s x, y ∈ UF(h̃).

❆q✉✐✱ ωi,±r ❞❡♥♦t❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ur ♥❛ i✲és✐♠❛ sér✐❡ ❞❡ ω±✳

❈♦♠ ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✱ ✈❛♠♦s ♣❛ss❛r ❛ ❛❧❣✉♠❛s t❡r♠✐♥♦❧♦❣✐❛s ♥♦ â♠❜✐t♦
❞❡ ♠ó❞✉❧♦s ♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦s✳ ❉❛❞♦s ✉♠ UF(g̃)✲♠ó❞✉❧♦ V ❡ ξ ∈ UF(h̃)

∗✱ ❝♦♥s✐❞❡r❡

Vξ = {v ∈ V | ♣❛r❛ t♦❞♦ x ∈ UF(h̃), ❡①✐st❡ k > 0 s❛t✐s❢❛③❡♥❞♦ (x− ξ(x))kv = 0}.

❉❡✜♥✐çã♦ ✷✳✹✳✼✳ ❉✐r❡♠♦s q✉❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ s❡

V =
⊕

ω ∈ P
Vω.

❯♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❞❡ Vω é ❞✐t♦ s❡r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ❞❡ ℓ✲♣❡s♦ ω✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱
✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ v é ❞✐t♦ s❡r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✱ s❡ UF(h̃)v = Fv ❡ (x+α,r)

(k)v =
0 ♣❛r❛ t♦❞♦s α ∈ R+ ❡ r, k ∈ Z ❝♦♠ k > 0✳ ❙❡ V é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦
♠á①✐♠♦ ❞❡ ℓ✲♣❡s♦ ω✱ V é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦
ω✳

◆♦ ❝❛s♦ ❡♠ q✉❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦✱ t❡♠✲s❡

Vµ =
⊕

ω∈P:
wt(ω)=µ

Vω, ♣❛r❛ t♦❞♦ µ ∈ P, ❡ V =
⊕

µ ∈ P

Vµ.

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✶ ♣❛r❛ ❛s ❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s✳

❚❡♦r❡♠❛ ✷✳✹✳✽✳ ❙❡❥❛ V ✉♠ UF(g̃)✲♠ó❞✉❧♦✳

✭❛✮ ❚♦❞♦ UF(g̃)✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦✳

✭❜✮ ❚♦❞♦ UF(g̃)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦
❝✉❥♦ ℓ✲♣❡s♦ ♠á①✐♠♦ ♣❡rt❡♥❝❡ ❛ P+✳

✭❝✮ ❙❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦ ω ∈ P+✱ ❡♥tã♦ dimVω =
1 ❡ Vµ 6= 0 s♦♠❡♥t❡ s❡ µ ≤ wt(ω)✳ ❆❧é♠ ❞✐ss♦✱ V t❡♠ ✉♠ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦
♠❛①✐♠❛❧ ❡✱ ♣♦rt❛♥t♦✱ t❛♠❜é♠ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ V é
✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

✹✾
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✭❞✮ P❛r❛ ❝❛❞❛ ω ∈ P+✱ ♦ UF(g̃)✲♠ó❞✉❧♦ WF(ω) ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v s❛t✐s❢❛③❡♥❞♦ ❛s
r❡❧❛çõ❡s ♣❛r❛ s❡r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ℓ✲♣❡s♦ ω ❡

(x−α )
(l)v = 0, ♣❛r❛ t♦❞♦s α ∈ R+ ❡ l > wt(ω)(hα),

é ♥ã♦ ♥✉❧♦ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ▼❛✐s ❛✐♥❞❛✱ t♦❞♦ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦ ω é ✉♠ q✉♦❝✐❡♥t❡ ❞❡ WF(ω)✳

✭❡✮ ❙❡ V é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ω ∈ P+ t❛❧ q✉❡ V é
✐s♦♠♦r❢♦ ❛♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ VF(ω) ❞❡ WF(ω)✳

✭❢✮ P❛r❛ µ ∈ P ❡ ω ∈ P+✱ t❡♠♦s µ ∈ wt(WF(ω)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ µ ∈ wt(WF(wt(ω)))✳

❖ ♠ó❞✉❧♦ WF(ω) ❞❡✜♥✐❞♦ ❛❝✐♠❛ é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦
ω✳ ❆ r❛③ã♦ ❞❡ss❡ ♥♦♠❡ ✈❡♠ ❞❡ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❢❡✐t❛ ♣♦r ❈❤❛r✐ ❡
Pr❡ss❧❡② ❡♠ ❬✷✵❪✱ ❛ q✉❛❧✱ ❞❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛✱ ❡st❛❜❡❧❡❝✐❛ q✉❡ ♦s ♠ó❞✉❧♦s WC(ω) sã♦ ♦
❧✐♠✐t❡ ❝❧áss✐❝♦ ❞❡ ❝❡rt♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ♣❛r❛ á❧❣❡❜r❛s ❛✜♠ q✉â♥t✐❝❛s✳ ❊ss❡ ♣r♦❝❡ss♦ ❞❡
♦❜t❡r ♦s ♠ó❞✉❧♦s WC(ω) é s✐♠✐❧❛r ❛♦ ♣r♦❝❡ss♦ ❞❡ ❲❡②❧ ♣❛r❛ ♦❜t❡r ♦s ♦❜❥❡t♦s ✉♥✐✈❡rs❛✐s
❞❡ ♣❡s♦ ♠á①✐♠♦ ♣❛r❛ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s ❛tr❛✈és ❞❡ r❡❞✉çã♦ ♠ó❞✉❧♦ p ❞♦s ♠ó❞✉❧♦s
VC(λ)✳ ❊ss❛ ❝♦♥❥❡❝t✉r❛ ❢♦✐ ♣r♦✈❛❞❛ ♣♦r ❈❤❛r✐ ❡ ▲♦❦t❡✈ ❡♠ ❬✶✹❪ ♣❛r❛ g ❞❡ t✐♣♦ A ❡ ♣♦r
●✳ ❋♦✉r✐❡r ❡ P✳ ▲✐tt❡❧♠❛♥ ❡♠ ❬✷✽❪ ♣❛r❛ g ❞❡ t✐♣♦ ADE✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ❑✳ ◆❛♦✐ ♣r♦✈♦✉
❡♠ ❬✹✼❪ ♦ ❝❛s♦ ❣❡r❛❧ ✉t✐❧✐③❛♥❞♦ ❛ ❚❡♦r✐❛ ❞❡ ❈r✐st❛✐s✳ ❆♥t❡r✐♦r♠❡♥t❡ ❛ ❡ss❛ ♣r♦✈❛✱ ❍✳
◆❛❦❛❥✐♠❛ ❥á ❤❛✈✐❛ ✐♥❞✐❝❛❞♦ ❛r❣✉♠❡♥t♦s q✉❡ ❞❡❞✉③✐r✐❛♠ ♦ ❝❛s♦ ❣❡r❛❧ ❛ ♣❛rt✐r ❞❛ t❡♦r✐❛
❞❡ ❜❛s❡s ❣❧♦❜❛✐s ❡ ❝r✐st❛❧✐♥❛s ❬✷✱ ✸✻✱ ✸✼✱ ✹✺✱ ✹✻❪✱ ❡♥tr❡t❛♥t♦ ❡ss❡s ❛r❣✉♠❡♥t♦s ♥ã♦ ❢♦r❛♠
♣✉❜❧✐❝❛❞♦s ❡♠ ❞❡t❛❧❤❡s✳

❯♠❛ ✐♠♣♦rt❛♥t❡ ❝❧❛ss❡ ❞❡ UF(g̃)✲♠ó❞✉❧♦s é ❛ ❝❤❛♠❛❞❛ ❞❡ ♠ó❞✉❧♦s ✭♦✉ r❡♣r❡s❡♥t❛✲
çõ❡s✮ ❞❡ ❛✈❛❧✐❛çã♦✱ ❛ q✉❛❧ s❡rá ❞✐s❝✉t✐❞❛ ❛ s❡❣✉✐r✳ ❉❛❞♦ ✉♠ UF(g)✲♠ó❞✉❧♦ V ❡ a ∈ F×✱
❞❡♥♦t❡ ♣♦r V (a) ♦ ♣✉❧❧✲❜❛❝❦ ❞❡ V ♣♦r eva ✭❝❢✳ ❙❡çã♦ ✷✳✸✳✸✮✳ ❖s UF(g̃)✲♠ó❞✉❧♦s ❝♦♥str✉í✲
❞♦s ❞❡ss❛ ♠❛♥❡✐r❛ sã♦ r❡❢❡r✐❞♦s ❝♦♠♦ ♠ó❞✉❧♦s ❞❡ ❛✈❛❧✐❛çã♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ V = VF(λ)✱
♣❛r❛ ❛❧❣✉♠ λ ∈ P+✱ ❞❡♥♦t❛✲s❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠ó❞✉❧♦ ❞❡ ❛✈❛❧✐❛çã♦ ♣♦r VF(λ, a)✳

❯t✐❧✐③❛♥❞♦ ✭✷✳✸✳✶✸✮ ✈❡♠♦s q✉❡✱ s❡ v é ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ❝♦♠ ♣❡s♦ λ✱ ❡♥tã♦

eva(Λ
+
i (u)) v = (ωi,a(u))

λ(hi) v. ✭✷✳✹✳✶✮

❊♠ ♣❛rt✐❝✉❧❛r✱
VF(λ, a) ∼= VF(ωλ,a). ✭✷✳✹✳✷✮

Pr♦♣♦s✐çã♦ ✷✳✹✳✾✳ ❙❡❥❛ ω =
∏n

j=1 ωλj ,aj ∈ P+✱ ❝♦♠ ai 6= aj ♣❛r❛ i 6= j✳ ❊♥tã♦✱

VF(ω) ∼=
n⊗

j = 1
VF(λj, aj).

✺✵
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✷✳✹✳✸ ❯♠ t❡♦r❡♠❛ t❡♥s♦r✐❛❧✳

❊♠ ❬✸✷❪✱ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ♣♦r ❉✳ ❏❛❦❡❧✐➣ ❡ ❆✳ ▼♦✉r❛ q✉❡ ♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ♣❛r❛
UF(g̃) sã♦ ♦❜t✐❞♦s ♣♦r ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ♠ó❞✉❧♦ p ❛ ♣❛rt✐r ❞❡ ❝❡rt♦s ♠ó❞✉❧♦s ❞❡
❲❡②❧ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊st❛ ❝♦♥❥❡❝t✉r❛ é ❛♥á❧♦❣❛ à ❝♦♥❥❡❝t✉r❛ ❞❡ ❈❤❛r✐ ❡ Pr❡ss❧❡②
❝✐t❛❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❡ t❛♠❜é♠ ❛❝r❡❞✐t❛✲s❡ q✉❡ ♣♦ss❛ s❡r ❞❡♠♦♥str❛❞❛ ✉s❛♥❞♦ ♦s
❛r❣✉♠❡♥t♦s ❞❡ ◆❛❦❛❥✐♠❛✳ ◆ã♦ ❛❜♦r❞❛r❡♠♦s ❡st❛ ❝♦♥❥❡❝t✉r❛ ♣♦r ❝♦♠♣❧❡t♦✱ ♠❛s ❛ ♣❛rt❡
q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s é ❛ s❡❣✉✐♥t❡✿

❈♦♥❥❡❝t✉r❛ ✷✳✹✳✶✵✳

✭❛✮ ❙❡ ω,π ∈ P+ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ✐✳❡✳✱ ❛s ❝♦♦r❞❡♥❛❞❛s ωi ❡ πj sã♦ r❡❧❛t✐✈❛✲
♠❡♥t❡ ♣r✐♠❛s ♣❛r❛ t♦❞♦s i, j ∈ I✱ ❡♥tã♦ WF(ω)⊗WF(π) ∼= WF(ωπ)✳

✭❜✮ dimWF(ω) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ wt(ω) ✭♥ã♦ ❞❡♣❡♥❞❡ ❞❡ F✮✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝♦r♣♦ ❜❛s❡ é C ✭♦✉ q✉❛❧q✉❡r ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❞❡
❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✮✱ ♦ ❡q✉✐✈❛❧❡♥t❡ ❞♦ ❡♥✉♥❝✐❛❞♦ ❡♠ ✭❛✮ é ✉♠ t❡♦r❡♠❛ ♣r♦✈❛❞♦ ♣♦r ❈❤❛r✐
❡ Pr❡ss❧❡② ❡♠ ❬✷✵✱ ❚❡♦r❡♠❛ ✷❪✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ❛ ♣❛rt❡ ✭❛✮ ❞❛ ❝♦♥❥❡❝t✉r❛
é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ ❚❡♦r❡♠❛ ❞❡ ❈❤❛r✐ ❡ Pr❡ss❧❡② ❡ ❞♦ ✐t❡♠ ✭❜✮ ❞❛ ♣ró♣r✐❛ ❝♦♥❥❡❝t✉r❛✳
❖ ❛r❣✉♠❡♥t♦ ✉t✐❧✐③❛❞♦ é ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ ♣❛rt❡ ❞♦ ❛r❣✉♠❡♥t♦ ❞❡ ❈❤❛r✐ ❡ Pr❡ss❧❡② ❡✱
♣❛r❛ ✐ss♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❡ ✉♠ ♣r❡♣❛r♦ ♣ré✈✐♦✳

❋✐①❡ ω ∈ P+ ❡ w ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❣❡r❛♥❞♦ WF(ω)✳ ❉❛❞♦ β ∈ R+✱ s❡❥❛
ωβ(u) ∈ F[u] t❛❧ q✉❡

ωβ(u)w = Λ+
β (u)w.

❋♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✷✵✱ ▲❡♠❛ ✸✳✶❪ q✉❡✱ s❡ ϑ é ❛ r❛✐③ ❝✉rt❛ ♠❛✐s ❧♦♥❣❛ ❞❡ g ❡ β ∈ R+✱ ❡♥tã♦
❡①✐st❡ ωϑ,β ∈ P+ t❛❧ q✉❡

ωϑ,βωβ = ωϑ.

▲❡♠❛ ✷✳✹✳✶✶✳ P❛r❛ t♦❞♦s β ∈ R+, l, k, s ∈ Z ❝♦♠ l ≤ k ❡ k > λ(hβ)✱ t❡♠♦s
(
ωϑ(u)X

−
β;s(u)

(k−l)
)
k+deg(ωϑ,β)

w = 0.

✭❘❡❧❡♠❜r❡ ❛ ❞❡✜♥✐çã♦ ❞❡ X−
β;s(u)

(k−l) ❡♠ ✭✷✳✸✳✶✮✳✮

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✹ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ωβ✱ t❡♠♦s
(
ωβ(u)X

−
β;s(u)

(k−l)
)
k
w = 0 ♣❛r❛ t♦❞♦s β ∈ R+, k, l, s ∈ Z ❝♦♠ l ≤ k ❡ k > λ(hβ).

✭✷✳✹✳✸✮

✺✶
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P♦rt❛♥t♦✱

(
ωϑ(u)X

−
β;s(u)

(k−l)
)
k+deg(ωϑ,β)

w

=
(
ωϑ,θ(u)ωβ(u)X

−
β;s(u)

(k−l)
)
k+deg(ωϑ,β)

w

=

deg(ωϑ,β)∑

j=0

(ωϑ,β(u))j

(
ωβ(u)X

−
β;s(u)

(k−l)
)
k+deg(ωϑ,β)−j

w.

❉❡ss❡ ♠♦❞♦✱ s❡ k > λ(hβ)✱ t❡♠♦s k + deg(ωϑ,β)− j > λ(hβ) ❡✱ ♣♦r ✭✷✳✹✳✸✮✱
(
ωβ(u)X

−
β;s(u)

(k−l)
)
k+deg(ωϑ,β)−j

w = 0.

❙❡❥❛♠ R = R+ × Z × Z+ ❡ Ξ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ξ : N → R✱ ❞❛❞❛s ♣♦r
j 7→ ξj = (βj, sj, kj)✱ t❛✐s q✉❡ kj = 0 ♣❛r❛ t♦❞♦ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡✜♥❛ ♦ ❣r❛✉
❞❡ ξ ❝♦♠♦ d(ξ) =

∑
j kj✳ ❙❡❥❛♠ Ξd ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❣r❛✉ d ❡ Ξ<

d =
⋃

d′<d

Ξd′ ✳

P❛r❛ ❝❛❞❛ ξ ∈ Ξ✱ ❝♦♠ ξj = (βj, sj, kj)✱ ♣❛r❛ t♦❞♦ j ∈ N✱ ❡ kj = 0 ♣❛r❛ j > m✱ ❞❡✜♥❛

xξ = (x−β1,s1
)(k1) · · · (x−βm,sm

)(km) ❡ wξ = xξw.

❖ ❧❡♠❛ ❛ s❡❣✉✐r é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ✷✳✸✳✼✿

▲❡♠❛ ✷✳✹✳✶✷✳ ❙❡❥❛♠ α ∈ R+, k, s ∈ Z ❡ ξ ∈ Ξd✳ ❊♥tã♦✱ xξ(x−α,s)
(k) ♣❡rt❡♥❝❡ ❛♦ Z✲❣❡r❛❞♦

♣♦r {(x−α,s)(k)xξ} ∪ {xς | ς ∈ Ξ<
d+k}✳

❈♦r♦❧ár✐♦ ✷✳✹✳✶✸✳ ❙❡❥❛♠ β ∈ R+✱ k ∈ Z✱ d, r, s ∈ Z+✱ r ≤ s✱ s > λ(hβ) ❡ ξ ∈ Ξd✳

❊♥tã♦✱
(
ωϑ(u)X

−
β;k(u)

(r)
)
s
wξ ♣❡rt❡♥❝❡ ❛♦ Z✲❣❡r❛❞♦ ♣♦r ✈❡t♦r❡s ❞❛ ❢♦r♠❛ wς ❝♦♠ ς ∈

Ξ<
r+d✳

❉❡♠♦♥str❛çã♦✳ ❙❡ d = 0✱ ♣♦r ✭✷✳✹✳✸✮ t❡♠♦s
(
ωϑX

−
β;k

(r)
)
s
wξ = 0,

♦ q✉❡ ♣r♦✈❛ ♦ ❧❡♠❛ ♥❡ss❡ ❝❛s♦✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ d✳ ❙❡❥❛ d > 0 ❡ ❡s❝r❡✈❛
wξ = (x−β1,s1

)(k1) · · · (x−βl,sl)(kl)w✱ ❝♦♠ k1 6= 0✳ ❚♦♠❡ ξ′ ∈ Ξ t❛❧ q✉❡

ξ′j =

{
ξj, s❡ j 6= 1,

(β1, s1, 0), s❡ j = 1.

✺✷



❈❆P❮❚❯▲❖ ✷✳ ❍■P❊❘➪▲●❊❇❘❆❙✳

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✹✳✶✷✱ t❡♠♦s
(
ωϑX

−
β;k

(r)
)
s
wξ =

(
ωϑX

−
β;k

(r)
)
s
(x−β1,s1

)(k1)wξ′

= (x−β1,s1
)(k1)

(
ωϑX

−
β;k

(r)
)
s
wξ′ +Xwξ′ ,

❝♦♠ X ♣❡rt❡♥❝❡♥t❡ ❛♦ Z✲❣❡r❛❞♦ ♣♦r {xς | ς ∈ Ξ<
r+k1
}✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Xwξ′ ♣❡rt❡♥❝❡

❛♦ Z✲❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❞❛ ❢♦r♠❛ ❞❡s❡❥❛❞❛✳ ❈♦♠♦ d(ξ′) = d − k1 < d✱ ❛ ❤✐♣ót❡s❡

❞❡ ✐♥❞✉çã♦ ✐♠♣❧✐❝❛ q✉❡
(
ωϑX

−
β;k

(r)
)
s
wξ′ ♣r❡t❡♥❝❡ ❛♦ Z✲❣❡r❛❞♦ ❞♦s ✈❡t♦r❡s ❛ss♦❝✐❛❞♦s

❛♦s ❡❧❡♠❡♥t♦s ❞❡ Ξ<
r+d−k1

✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ (x−β1,s1
)(k1)

(
πθX

−
β;k

(r)
)
s
wξ′ ♣❡rt❡♥❝❡ ❛♦

Z✲❣❡r❛❞♦ ❞❡ ✈❡t♦r❡s ❛ss♦❝✐❛❞♦s ❛♦s ❡❧❡♠❡♥t♦s ❞❡ Ξ<
r+d✱ ❝♦♠♦ ❞❡s❡❥á✈❛♠♦s✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❞❡s❡♠♣❡♥❤❛rá ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♣r♦✲
♣♦st♦ ♥♦ ❝♦♠❡ç♦ ❞❛ s❡çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✹✳ ❙✉♣♦♥❤❛ ω,π ∈ P+ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✳ ❊♥tã♦✱

WF(ω)⊗WF(π)

é ❣❡r❛❞♦ ♣❡❧♦ s❡✉ ❡s♣❛ç♦ ❞❡ ♣❡s♦ ♠á①✐♠♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ wω ❡ wπ ✈❡t♦r❡s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ WF(ω) ❡ WF(π)✱ r❡s♣❡❝✲
t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡

W = UF(g̃)(wω ⊗ wπ) = UF(ñ
−)(wω ⊗ wπ).

❱❛♠♦s ♣r♦✈❛r ❛ ✐❣✉❛❧❞❛❞❡ W = WF(ω) ⊗ WF(π)✳ ❈♦♠♦ ♦s ✈❡t♦r❡s wξ
ω ⊗ wξ′

π✱ ❝♦♠
ξ, ξ′ ∈ Ξ✱ ❣❡r❛♠ WF(ω) ⊗WF(π)✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❡ss❡s ✈❡t♦r❡s ❡stã♦ ❡♠ W ✳
❋❛r❡♠♦s ✐ss♦ ✉s❛♥❞♦ ✐♥❞✉çã♦ ❡♠ d(ξ) + d(ξ′)✱ q✉❡✱ ❞❡ ♠❛♥❡✐r❛ ❝❧❛r❛✱ ✐♥✐❝✐❛ q✉❛♥❞♦
d(ξ) + d(ξ′) = 0✱ ♣♦✐s ♥❡ss❡ ❝❛s♦ wξ

ω ⊗ wξ′

π = wω ⊗ wπ✳

❙❡❥❛ n ≥ 0 ❡ s✉♣♦♥❤❛✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

wξ
ω ⊗ wξ′

π ∈ W ♣❛r❛ t♦❞♦s ξ, ξ′ ∈ Ξ t❛✐s q✉❡ d(ξ) + d(ξ′) ≤ n. ✭✷✳✹✳✹✮

P❛r❛ ❝♦♠♣❧❡t❛r ♦ ♣❛ss♦ ✐♥❞✉t✐✈♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

wξ
ω ⊗ (x−β,l)

(r)wξ′

π ∈ W ❡ ((x−β,l)
(r)wξ

ω)⊗ wξ′

π ∈ W ✭✷✳✹✳✺✮

♣❛r❛ t♦❞♦s β ∈ R+✱ r, l ∈ Z, r ≥ 1 ❡ ξ, ξ′ ∈ Ξ t❛✐s q✉❡ d(ξ) + d(ξ′) + r = n + 1✳
Pr♦✈❛r❡♠♦s ✭✷✳✹✳✺✮ ❝♦♠ ✉♠❛ ✐♥❞✉çã♦ ❛❞✐❝✐♦♥❛❧ s♦❜r❡ r ≥ 1✳ ❆ ♣❛rt✐r ❞❛q✉✐ ✜①❛♠♦s
β ∈ R+✳

◆♦t❡ q✉❡ ❛ ❤✐♣ót❡s❡ s♦❜r❡ ω ❡ π ✐♠♣❧✐❝❛ q✉❡ ωϑ ❡ πϑ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✳
❉❡ ❢❛t♦✱ ❡s❝r❡✈❡♥❞♦ ϑ =

∑
i∈I niαi✱ ❞❡ ✭✶✳✶✳✸✮ t❡♠♦s

Λ±
ϑ (u) =

∏

i∈I

(Λ±
i (u))

n∨
i , ❝♦♠ n∨

i =
(αi, αi)

(ϑ, ϑ)
ni.

✺✸
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❆ ♣❛rt✐r ❞✐ss♦✱

ωϑ(u)wω = Λ±
ϑ (u)wω =

∏

i∈I

(Λ±
i (u))

n∨
i wω =

∏

i∈I

(ωi(u))
n∨
i wω

❡
πϑ(u)wπ = Λ±

ϑ (u)wπ =
∏

i∈I

(Λ±
i (u))

n∨
i wπ =

∏

i∈I

(πi(u))
n∨
i wπ.

❆❣♦r❛ ✜❝❛ ❝❧❛r♦ q✉❡ ωϑ ❡ πϑ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ❞❡✈✐❞♦ às ❝♦♦r❞❡♥❛❞❛s ωi ❡ πj

♦ s❡r❡♠✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r R, S ∈ F[u] t❛✐s q✉❡

Rωϑ + Sπϑ = 1.

❉❡✜♥❛

δ = deg(Rωϑ) = deg(Sπϑ) ❡ m = max{wt(ω)(hβ),wt(π)(hβ)}.

❆✜r♠❛♠♦s q✉❡✱ ♣❛r❛ t♦❞♦s ξ ∈ Ξ ❡ k ∈ Z✱ t❡♠♦s q✉❡

(RωϑX
−
β;k

(r)
)sw

ξ
ω ❡stá ♥♦ Z✲❣❡r❛❞♦ ♣♦r wς

ω ❝♦♠ ς ∈ Ξ<
d(ξ)+r ♣❛r❛ t♦❞♦ s > m+ δ.

✭✷✳✹✳✻✮
❉❡ ❢❛t♦✱

(RωθX
−
β;k

(r)
)sw

ξ
ω =

degR∑

j=0

Rj(ωϑX
−
β;k

(r)
)s−jw

ξ
ω

❡✱ ❝♦♠♦ s− j > m+ δ− j ≥ m+deg(ωϑ) ≥ wt(ω)(hβ)✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦
✷✳✹✳✶✸✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣r♦✈❛✲s❡ q✉❡

(SπϑX
−
β;k

(r)
)sw

ξ
π ❡stá ♥♦ Z✲❣❡r❛❞♦ ♣♦r wς

π ❝♦♠ ς ∈ Ξ<
d(ξ)+r ♣❛r❛ t♦❞♦ s > m+ δ.

✭✷✳✹✳✼✮

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ✭✷✳✹✳✺✮✳ ❙✉♣♦♥❤❛ d(ξ) + d(ξ′) = n ❡ t♦♠❡
ℓ > m+ δ✳ ❊♥tã♦✱

(RωϑX
−
β;k)ℓ(w

ξ
ω ⊗ wξ′

π) = ((RωϑX
−
β;k)ℓw

ξ
ω)⊗ wξ′

π + wξ
ω ⊗ ((1− Sπϑ)X

−
β;k)ℓw

ξ′

π

= ((RωϑX
−
β;k)ℓw

ξ
ω)⊗ wξ′

π − wξ
ω ⊗ (SπϑX

−
β;k)ℓw

ξ′

π+

+wξ
ω ⊗ x−β;ℓ+kw

ξ′

π.

❙❡❣✉❡ ❞❡ ✭✷✳✹✳✻✮✱ ✭✷✳✹✳✼✮ ❡ ✭✷✳✹✳✹✮ q✉❡

((RωϑX
−
β;k)ℓw

ξ
ω)⊗ wξ′

π ∈ W ❡ wξ
ω ⊗ (SπϑX

−
β;k)ℓw

ξ′

π ∈ W.

▼❛s✱ ♣♦r ❞❡✜♥✐çã♦✱ (RωϑX
−
β;k)ℓ(w

ξ
ω ⊗ wξ′

π) ∈ W ✱ ❧♦❣♦

wξ
ω ⊗ x−β;ℓ+k−1w

ξ′

π ∈ W ♣❛r❛ t♦❞♦ k ∈ Z,

✺✹
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♦ q✉❡ ♣r♦✈❛ ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❡♠ ✭✷✳✹✳✺✮ ❝♦♠ r = 1✳ ❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ é ♣r♦✈❛❞❛
s✐♠✐❧❛r♠❡♥t❡ ♦❧❤❛♥❞♦ ♣❛r❛ (SπϑX

−
β;k)ℓ(w

ξ
ω ⊗ wξ′

π)✳

❋✐♥❛❧♠❡♥t❡✱ s❡❥❛♠ r > 1 ❡ ξ, ξ′ ∈ Ξ t❛✐s q✉❡ r+ d(ξ) + d(ξ′) = n+1 ❡ s❡❥❛ ℓ = rℓ′

❝♦♠ ℓ′ t❛❧ q✉❡ ℓ > m+ δ✳ ❊♥tã♦✱

(RωϑX
−
β;k

(r)
)ℓ(w

ξ
ω ⊗ wξ′

π) = ((RωϑX
−
β;k

(r)
)ℓw

ξ
ω)⊗ wξ′

π + wξ′

π ⊗ (RωϑX
−
β;k

(r)
)ℓw

ξ′

π + v

= ((RωϑX
−
β;k

(r)
)ℓw

ξ
ω)⊗ wξ′

π+

+wξ
ω ⊗ ((1− Sπϑ)X

−
β;k

(r)
)ℓw

ξ′

π + v

= ((RωϑX
−
β;k

(r)
)ℓw

ξ
ω)⊗ wξ′

π − wξ
ω ⊗ (SπϑX

−
β;k

(r)
)ℓw

ξ′

π+

+wξ
ω ⊗ (X−

β;k
(r)
)ℓw

ξ′

π + v

= ((RωϑX
−
β;k

(r)
)ℓw

ξ
ω)⊗ wξ′

π − wξ
ω ⊗ (SπϑX

−
β;k

(r)
)ℓw

ξ′

π+

+wξ
ω ⊗ (x−β,ℓ′+k)

(r)wξ′

π + wξ
ω ⊗Xwξ′

π + v,

❝♦♠ v ♣❡rt❡♥❝❡♥t❡ ❛♦ Z✲❣❡r❛❞♦ ❞♦s ✈❡t♦r❡s ❞❛ ❢♦r♠❛
(
∏

i

(x−β,si)
(ai)wξ

ω

)
⊗
(
∏

j

(x−β,sj)
(bj)wξ′

π

)
❝♦♠ 1 ≤ ai, bj < r,

∑

i

ai +
∑

j

bj = r,

❡ X ♣❡rt❡♥❝❡♥t❡ ❛♦ Z✲❣❡r❛❞♦ ❞♦s ❡❧❡♠❡♥t♦s

(x−β,s1)
(r1)(x−β,s2)

(r2) · · · (x−β,sn)
(rn), ❝♦♠ r1 + · · ·+ rn = r, 0 < rj < r.

◆♦✈❛♠❡♥t❡✱
(RωϑX

−
β;k

(r)
)ℓ(w

ξ
ω ⊗ wξ′

π) ∈ W,
♣♦r ❞❡✜♥✐çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ✭✷✳✹✳✻✮✱ ✭✷✳✹✳✼✮ ❡ ✭✷✳✹✳✹✮✱ ✐♠♣❧✐❝❛♠

((RωϑX
−
β;k

(r)
)ℓw

ξ
ω)⊗ wξ′

π ∈ W ❡ wξ
ω ⊗ (SπϑX

−
β;k)ℓw

ξ′

π ∈ W.

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ s♦❜r❡ r✱ ❞❡❝♦rr❡ q✉❡ v ∈ W ❡ wξ
ω ⊗Xwξ′

π ∈ W ✱ ❧♦❣♦

wξ
ω ⊗ (x−β,ℓ′+k)

(r)wξ′

π ∈ W ♣❛r❛ t♦❞♦ k ∈ Z,

❝♦♠♣❧❡t❛♥❞♦ ❛ ♣r♦✈❛ ❞❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❡♠ ✭✷✳✹✳✺✮✳ ❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ é ♣r♦✈❛❞❛
❞❡ ♠❛♥❡✐r❛ ♣❛r❡❝✐❞❛ ♦❧❤❛♥❞♦ ♣❛r❛ (SπϑX

−
β;k

(r)
)ℓ(w

ξ
ω ⊗ wξ′

π)✳

❋✐♥❛❧♠❡♥t❡✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❈♦♥❥❡❝t✉r❛ ✷✳✹✳✶✵✭❛✮ ❝♦♠♦ ♣r♦✲
♣♦st♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ♦ ❡❧❡♠❡♥t♦ wω ⊗ wπ s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s q✉❡ ❞❡✜♥❡♠
WF(ωπ)✱ ♣♦✐s é ❝❧❛r♦ q✉❡ s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ♣❛r❛ s❡r ✉♠ ✈❡t♦r ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ℓ✲♣❡s♦
ωπ ❡✱ ♣❛r❛

l > wt(πω)(hα) = wt(π)(hα) + wt(ω)(hα),

t❡♠♦s

(x−α )
(l)(wω ⊗ wπ) =

l∑

j=0

(x−α )
(j)wω ⊗ (x−α )

(l−j)wπ = 0,

✺✺
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❞❡✈✐❞♦ ❛♦ ❢❛t♦ q✉❡✱ ♣❛r❛ t♦❞♦ 0 ≤ j ≤ l✱ t❡♠♦s j > wt(ω)(hα) ♦✉ l − j > wt(π)(hα)✳
❆ss✐♠✱ t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ UF(g̃)✲♠ó❞✉❧♦s

φ : WF(ωπ)→WF(ω)⊗WF(π)

wωπ 7→wω ⊗ wπ.
▼❛s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✶✹✱ wω ⊗ wπ ❣❡r❛ WF(ω) ⊗WF(π) ❡✱ ♣♦rt❛♥t♦✱ ❡ss❡ ❤♦♠♦✲
♠♦r✜s♠♦ é ✉♠ ❡♣✐♠♦r✜s♠♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ♣❛rt❡ ✭❜✮ ❞❛ ❝♦♥❥❡❝t✉r❛ t❡♠♦s

dim(WF(ωπ)) = dim(WC(ωπ)), dim(WC(ω)) = dim(WF(ω))

❡ dim(WC(π)) = WF(π)

❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❤❛r✐ ❡ Pr❡ss❧❡② ❝✐t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✱

dim(WC(ωπ)) = dim(WC(ω)) dim(WC(π)).

❏✉♥t❛♥❞♦ ❡ss❛s ✐❣✉❛❧❞❛❞❡s ♦❜t❡♠♦s

dim(WF(ωπ)) = dim(WF(ω)) dim(WF(π)).

P♦rt❛♥t♦✱ φ é ✉♠ ✐s♦♠♦r✜s♠♦✳

✷✳✺ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ UF(g̃
σ)✳

◆❡ss❛ s❡çã♦ s❡rá ✐♥✐❝✐❛❞♦ ♦ ❡st✉❞♦ ❞❡ UF(g̃
σ)✲♠ó❞✉❧♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❡❣✉✐♥❞♦ ♦

♠♦❞❡❧♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❖s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r ❢♦r❛♠ ♦❜t✐❞♦s
♦r✐❣✐♥❛❧♠❡♥t❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s t♦r❝✐❞❛ g̃σ ♣♦r ❱✳ ❈❤❛r✐✱ ●✳ ❋♦✉r✐❡r ❡ P✳ ❙❡♥❡s✐ ❡♠
❬✽❪✳ ❯♠❛ ♣❛rt❡ ❝r✉❝✐❛❧ ❞♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣♦r ❡❧❡s ♥ã♦ ❢✉♥❝✐♦♥❛ ❡♠ ♥♦ss♦ ❝♦♥t❡①t♦✱
❛ss✐♠ ❝♦♠♦ ♦s ♠ét♦❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ U(g̃) ♥ã♦ ❢✉♥❝✐♦♥❛♠ ♣❛r❛
UF(g̃)✱ ❝♦♠♦ ❡✈✐❞❡♥❝✐❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❉✳ ❏❛❝❦❡❧✐❝ ❡ ❆✳ ▼♦✉r❛ ❬✸✷❪✳ ❊♥tr❡t❛♥t♦✱ ♦s
♠ét♦❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r ❡ss❡s ú❧t✐♠♦s s❡ ❡st❡♥❞❡♠ ❛♦ ❝♦♥t❡①t♦ ❞❡ UF(g̃

σ)✲♠ó❞✉❧♦s✳

▲❡♠❜r❡ q✉❡ σ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ g ❡ m = |σ|✳

✷✳✺✳✶ ▼ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✳

❘❡❝♦r❞❡♠♦s ❞❛ ❙❡çã♦ ✷✳✶ q✉❡ P+
0 ❞❡♥♦t❛ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ ♣❡s♦s ❞♦♠✐♥❛♥t❡s ❞❡ g0✳ ❙❡❥❛

P σ,+
0 ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ P+

0 ❞❛❞♦ ♣♦r

P σ,+
0 =

{
λ ∈ P+

0 t❛❧ q✉❡ λ(hi,0) ∈ Z, s❡ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs,

P+
0 , ❝❛s♦ ❝♦♥trár✐♦✳

✭✷✳✺✳✶✮

❈❛❞❛ ❡❧❡♠❡♥t♦ λ ❞❡ P σ,+
0 s❡rá ✈✐st♦ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ λe ❞❡ P+ ❞❡✜♥✐❞♦ ♣♦r

λe(hi) =

{
λ(hi,0), s❡ i ∈ o(I0),
0, ❝❛s♦ ❝♦♥trár✐♦✳

✭✷✳✺✳✷✮

✺✻
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❖❜s❡r✈❛çã♦ ✷✳✺✳✶✳ ❆ ❡s❝♦❧❤❛ ❞❡ss❛ ❡①t❡♥sã♦ ♣♦❞❡r✐❛ s❡r ❛r❜✐trár✐❛ ❛ ♣r✐♦r✐✱ ♠❛s✱ ❡♠
r❛③ã♦ ❞♦ ❡st✉❞♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❉r✐♥❢❡❧❞ ❛ s❡❣✉✐r✱ ✜❝❛rá ❝❧❛r♦ ♦ s❡✉ ♣♦rq✉❡✳

❙❡❥❛ Pσ,+ ♦ ♠♦♥ó✐❞❡ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❝♦♥s✐st✐♥❞♦ ❞❡ t♦❞❛s I0✲✉♣❧❛s ❞❛ ❢♦r♠❛ ω =
(ωi)i∈I0 ✱ ❝♦♠ ❝❛❞❛ ωi s❡♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ F[u] ❝♦♠ t❡r♠♦ ❝♦♥st❛♥t❡ 1✳ ❚❛♠❜é♠
❞❡♥♦t❛r❡♠♦s ♣♦r Pσ ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❛ss♦❝✐❛❞♦ ❛ Pσ,+✳ P❛r❛ i ∈ I0✱ a ∈ F× ❡
λ ∈ P σ,+

0 ✱ ❞❡✜♥✐r❡♠♦s ♦ ❡❧❡♠❡♥t♦ ωσ
λ,a ❡♠ Pσ,+ ❝✉❥❛ i✲és✐♠❛ ❡♥tr❛❞❛ é ❞❛❞❛ ♣♦r

(ωσ
λ,a)i(u) =

{
(1− amu)λ(hi,0), s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl,

(1− au)λ(hi,0), ❝❛s♦ ❝♦♥trár✐♦.
✭✷✳✺✳✸✮

❙❡ µ = ωi é ✉♠ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✱ s✐♠♣❧✐✜❝❛r❡♠♦s ❛ ♥♦t❛çã♦ ❡s❝r❡✈❡♥❞♦ ωσ
i,a =

ωσ
ωi,a

✳

❉❡✜♥✐çã♦ ✷✳✺✳✷✳ ❖ ❝♦♥❥✉♥t♦ Pσ,+ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ ℓ✲♣❡s♦s ❞♦♠✐♥❛♥t❡s ❛s✲
s♦❝✐❛❞♦ ❛♦ ♣❛r (g, σ) ❡ Pσ ❞❡ r❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s s♦❜r❡ F ❛ss♦❝✐❛❞♦ ❛♦ ♣❛r (g, σ)✳
❖ ❡❧❡♠❡♥t♦ ωσ

i,a é ❞✐t♦ ✉♠ ℓ✲♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ Pσ,+ sã♦ t❛♠❜é♠
❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❉r✐♥❢❡❧❞✳

❖❜s❡r✈❡ q✉❡ Pσ é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ℓ✲♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s✳
❉❡ ❢❛t♦✱ ❛ ❢✉♥çã♦ F → F t❛❧ q✉❡ a 7→ ak✱ ♣❛r❛ k = 1, 2, 3✱ é s♦❜r❡❥❡t✐✈❛ ❞❡✈✐❞♦ ❛ F s❡r
❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ❝♦r♣♦ ♣❡r❢❡✐t♦✳

❙❡❥❛ wt : Pσ → P σ,+
0 ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s t❛❧ q✉❡

wt(ωσ
i,a) =

{
2ωi, s❡ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs,

ωi, ❝❛s♦ ❝♦♥trár✐♦,

♣❛r❛ t♦❞♦s i ∈ I0 ❡ a ∈ F×✳

❘❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❢❡✐t♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ UF(g̃)✲♠ó❞✉❧♦s✱ ❝♦♥s✐❞❡r❡ ω 7→ ω−

♦ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❡ Pσ ❞❡✜♥✐❞♦ ♣♦r ωσ
i,a 7→ ωσ

i,a−1 ♣❛r❛ t♦❞♦s i ∈ I ❡
a ∈ F×✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ♥♦t❛❝✐♦♥❛❧✱ ❞❡♥♦t❛r❡♠♦s ω+ = ω✳

❖ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ Pσ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ s✉❜❣r✉♣♦ ❞♦ ♠♦♥ó✐❞❡ ❞❡ I0✲
✉♣❧❛s ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ F ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡ ✭❙❡çã♦
✷✳✹✳✷✮✳ ■ss♦ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ✉♠❛ ✐♥❝❧✉sã♦ Pσ →֒ UF(h̃

σ)∗ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

ω
((

hi,0
k

))
=
(
wt(ω)(hi,0)

k

)
, ω(Λσ±

i,r ) = ωi,r, ♣❛r❛ t♦❞♦s i ∈ I0, r, k ∈ Z, k ≥ 0,

❡

ω(xy) = ω(x)ω(y), ♣❛r❛ t♦❞♦s x, y ∈ UF(h̃
σ),

s❡♥❞♦ ωi,±r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ur ♥❛ i✲és✐♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❞❡ ω±✳

❆❣♦r❛✱ ❞❛❞♦s ✉♠ UF(g̃
σ)✲♠ó❞✉❧♦ V ❡ ξ ∈ UF(h̃

σ)∗✱ ❞❡✜♥❛

Vξ = {v ∈ V | ♣❛r❛ t♦❞♦ x ∈ UF(h̃
σ), ❡①✐st❡ k > 0 s❛t✐s❢❛③❡♥❞♦ (x− ξ(x))kv = 0}.

✺✼
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❉❡✜♥✐çã♦ ✷✳✺✳✸✳ ❉✐③✲s❡ q✉❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ s❡

V =
⊕

ω ∈ Pσ

Vω.

❯♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❞❡ Vω é ❞✐t♦ s❡r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ❞❡ ℓ✲♣❡s♦ ω✳ ❯♠ ✈❡t♦r ❞❡
ℓ✲♣❡s♦ v é ❞✐t♦ ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ s❡ UF(h̃

σ)v = Fv ❡ UF(g̃
σ)0v = 0✳ ❙❡ V

é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ℓ✲♣❡s♦ ω✱ ❡♥tã♦ V é ❞✐t♦ ✉♠ ♠ó❞✉❧♦ ❞❡
ℓ✲♣❡s♦ ♠á①✐♠♦ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦ ω✳

◆♦ ❝❛s♦ ❡♠ q✉❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦✱

Vµ =
⊕

ω∈Pσ :
wt(ω)=µ

Vω, ♣❛r❛ t♦❞♦ µ ∈ P0, ❡ V =
⊕

µ ∈ P0

Vµ.

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✷✳✸✳✾✮✱ t❡♠♦s

(x±ν,−r ⊗ tr)(k)Vµ ⊆ Vµ±kν ♣❛r❛ t♦❞♦s x±ν,−r ∈ Cσ(O) ❡ k ∈ Z+.

Pr♦♣♦s✐çã♦ ✷✳✺✳✹✳ ❚♦❞♦ UF(g̃
σ)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ s✉❜♠ó❞✉❧♦

♣ró♣r✐♦ ♠❛①✐♠❛❧ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ q✉❡ s❡❣✉❡ é ♣❛❞rã♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ r❡s✉❧t❛❞♦✳ ❙❡❥❛
S ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s s✉❜♠ó❞✉❧♦s ♣ró♣r✐♦s ❞❡ W (ωσ)✳ ❊♥tã♦✱ S é ✉♠ s✉❜♠ó❞✉❧♦
♣ró♣r✐♦ ❞❡ W (ωσ)✱ ♣♦✐s ❝❛❞❛ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ♥ã♦ ♣♦❞❡ ❝♦♥t❡r ♦ ✈❡t♦r ❞❡ ♣❡s♦
♠á①✐♠♦ W (ωσ)✳ P♦rt❛♥❞♦✱ S é ✉♠ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ♠❛①✐♠❛❧✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
♦ q✉♦❝✐❡♥t❡ ❞❡ W (ωσ) ♣♦r S é ✐rr❡❞✉tí✈❡❧ ❡ ú♥✐❝♦✳

❖ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ ❞❡ ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦
ω ∈ Pσ s❡rá s❡♠♣r❡ ❞❡♥♦t❛❞♦ ♣♦r VF(ω) ✭♣♦✐s sã♦ s❡♠♣r❡ ✐s♦♠♦r❢♦s✮✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s s❛t✐s❢❡✐t❛s ♣♦r t♦❞♦s ♦s
♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✺✳ ❙❡❥❛♠ V ✉♠ UF(g̃
σ)✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ λ ∈ P+

0 ❡ v ∈ Vλ
t❛❧ q✉❡ UF((ñ

+)σ)0v = 0 ❡ Λσ
i,rv = ωi,rv ♣❛r❛ t♦❞♦s i ∈ I0✱ r ∈ Z ❡ ❝❡rt♦s ωi,r ∈ F✳

❊♥tã♦✱

✭❛✮ λ ∈ P σ,+
0 ✳

✭❜✮ (x−µ,0 ⊗ tms)(k)v = 0✱ ♣❛r❛ t♦❞♦s x−µ,0 ⊗ tms ∈ Cσ(O) ❡ k > dµλ(hµ,0) ❝♦♠ dµ = 2✱ s❡
g é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs✱ ❡ dµ = 1✱ ❝❛s♦ ❝♦♥trár✐♦✳

✭❝✮ Λσ
i,±rv = 0 ♣❛r❛ t♦❞♦s i ∈ I0 ❡ r > λ(hi,0)✳

✭❞✮ ωi,±λ(hi) 6= 0✳

✺✽
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❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ λ ∈ P σ,+
0 ✱ ❡①✐st❡♠ ♣♦❧✐♥ô♠✐♦s fi,r ∈ F[t0, t1, · · · , tλ(hi,0)] ❝♦♠

i ∈ I0 ❡ r = 1, · · · , λ(hi,0)✱ t❛✐s q✉❡✱ ♣❛r❛ t♦❞♦s V ❡ v ❝♦♠♦ ❛❝✐♠❛✱ t❡♠♦s

ωi,−rv = fi,r(ω
−1
i,λ(hi,0)

, ωi,1, · · · , ωi,λ(hi,0))v.

❉❡♠♦♥str❛çã♦✳ ❆ ♣❛rt❡ ✭❛✮ é ✐♠❡❞✐❛t❛ q✉❛♥❞♦ g ♥ã♦ é ❞❡ t✐♣♦ A2n✱ ❝♦♥❢♦r♠❡ ✭✷✳✺✳✶✮✳
P❛r❛ g ❞❡ t✐♣♦A2n ❡ µ ∈ Rs✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ❛ s✉❜á❧❣❡❜r❛ ❞❡ UF(g̃

σ) ❣❡r❛❞❛
♣♦r {hµ,0, x±2µ,1 ⊗ t∓1} é ✐s♦♠♦r❢❛ ❛ UF(sl2)✱ ♦ q✉❡ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♠♣❧✐❝❛ λ(hµ,0) ∈ Z✳

P❛r❛ ❛ ♣❛rt❡ ✭❜✮✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✼✱ s❡ r ∈ Z ❡ µ ∈ wt(g±r)∩Q+
0 \{0}✱ ♦s ❡❧❡♠❡♥t♦s

(x±µ,±r ⊗ t±r)(k)✱ ❝♦♠ k ∈ Z+✱ ❣❡r❛♠ ✉♠❛ s✉❜á❧❣❡❜r❛ UF(g̃µ,r) ❞❡ UF(g̃
σ) ✐s♦♠♦r❢❛ ❛

UF(sl2)✳ P♦rt❛♥t♦✱ ❛ ✐❣✉❛❧❞❛❞❡ (x−µ,0 ⊗ tms)(k)v = 0 s❡❣✉❡ ❡♠ ❝❛❞❛ ❝❛s♦ ❞♦ ❢❛t♦ q✉❡
v ❣❡r❛ ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ ❡ss❛ s✉❜á❧❣❡❜r❛✱ ♦ q✉❛❧ é
✐s♦♠♦r❢♦ ❛ ✉♠ q✉♦❝✐❡♥t❡ ❞♦ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ WF(dµλ(hµ,0))✳

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs ♦✉ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✱ ❡♥tã♦
Λσ

i,±rv = 0 ♣❛r❛ r > |λ(hi,0)|✱ ❞❡✈✐❞♦ ❛♦ ▲❡♠❛ ✷✳✸✳✺✭❛✮ ❝♦♠ α = αi, s = 0 ❡ l = k = r✳
❈♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ s❡♠❡❧❤❛♥t❡ ❞♦ ▲❡♠❛ ✷✳✸✳✺✭❜✮ ♦❜t❡♠♦s ❛ ❛✜r♠❛çã♦ q✉❛♥❞♦ g ♥ã♦
é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs✱ ❝♦♥❝❧✉í♠♦s
q✉❡ Λσ

i,±rv = 0✱ ♣❛r❛ r > |λ(hi,0)| ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✭✐✮ ❝♦♠ α = αi, s = a = 0 ❡
k = r✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❢❛t♦ ❞❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r {hαi,0, x±2αi,1⊗ t∓1} s❡r ✐s♦♠♦r❢❛
❛ UF(sl2)✳ ■ss♦ ♣r♦✈❛ ✭❝✮✳

P❛r❛ ♣r♦✈❛r ✭❞✮✱ s❡❥❛ W = UF(g̃
σ)v✳ ❖❜s❡r✈❡ q✉❡ W é ✉♠ UF(g0)✲♠ó❞✉❧♦ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ ♣♦ss✉✐♥❞♦ Wλ = Fv ❝♦♠♦ s❡✉ ❡s♣❛ç♦ ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❆ss✐♠✱ ✭✷✳✸✳✾✮
✐♠♣❧✐❝❛

λ− (λ(hi,0) + k)αi /∈ wt(W ) ♣❛r❛ q✉❛❧q✉❡r k > 0. ✭✷✳✺✳✹✮

❆ ♣❛rt✐r ❞❛q✉✐✱ ❞✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❛❞❛s ♣♦r ❝❛❞❛ ✐t❡♠ ❞♦
▲❡♠❛ ✷✳✸✳✺✳ ❙✉♣♦♥❤❛ q✉❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs ♦✉ q✉❡ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✳
❈♦♥s✐❞❡r❛♥❞♦ ❛ s✉❜á❧❣❡❜r❛ UF(g̃αi,0)

∼= UF(sl2)✱ t❡♠♦s (x−i,0 ⊗ 1)(λ(hi,0))v 6= 0✳ ❆ss✐♠✱ ❞❡
✭✷✳✺✳✹✮✱ t❡♠♦s (x−i,−1 ⊗ t)(k)(x−i,0 ⊗ 1)(λ(hi,0))v = 0 ♣❛r❛ t♦❞♦ k > 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
(x−i,0 ⊗ 1)(λ(hi,0))v ❣❡r❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ UF(g̃αi,1)

∼= UF(sl2) ❞❡ ♣❡s♦ ♠í♥✐♠♦ ❡
❞✐♠❡♥sã♦ ✜♥✐t❛✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ 0 6= (x+i,−1 ⊗ t)(λ(hi,0))(x−i,0 ⊗ 1)(λ(hi,0))v = Λσ

i,±λ(hi,0)
v✱

s❡♥❞♦ q✉❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ♦❜t✐❞❛ ❞♦ ▲❡♠❛ ✷✳✸✳✺✭❛✮✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ g ♥ã♦ é
❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✳ Pr♦❝❡❞❡♥❞♦ s✐♠✐❧❛r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ (x−i,0 ⊗ 1)(λ(hi,0))v 6= 0
❡ ❣❡r❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ UF(g̃αi,m) ❞❡ ♣❡s♦ ♠í♥✐♠♦ ❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❆ ❝♦♥❝❧✉sã♦
s❡❣✉❡ ❡♥tã♦ ❞♦ ▲❡♠❛ ✷✳✸✳✺✭❜✮ ❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ❛♥t❡s✳ ❋✐♥❛❧♠❡♥t❡✱ s❡❥❛ g ❞❡ t✐♣♦
A2n ❡ αi ∈ Rs✳ ❊♥tã♦✱ (x−2αi,1 ⊗ t)(λ(hi,0))v 6= 0 ❣❡r❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ UF(g̃αi,0) ❞❡
♣❡s♦ ♠í♥✐♠♦ ❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✭✐✮ ❝♦♠♣❧❡t❛♠♦s ❛ ♣r♦✈❛✳

❆ ú❧t✐♠❛ ♣❛rt❡ ❞♦ ✐t❡♠ ✭❞✮ s❡rá t❛♠❜é♠ ♣r♦✈❛❞❛ ❡♠ ❝❛s♦s✱ ❝♦♥t❡♠♣❧❛♥❞♦ ❛s
❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✸✳✺✳ ❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rs

♦✉ g é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✳ ◆❡ss❡ ❝❛s♦✱ t♦♠❛♥❞♦ α = αi, s = 0, l = λ(hi,0) ❡ k = l+ r

✺✾
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♥♦ ▲❡♠❛ ✷✳✸✳✺✭❛✮✱ ♦❜t❡♠♦s✱ ♣❛r❛ t♦❞♦ r ≥ 1✱ q✉❡

0 = (x+i,2 ⊗ 1)(l)(x−i,−1 ⊗ t)(k)v = ωi,l(x
−
i,−1 ⊗ t)(r)v +

l∑

j=1

ωi,l−jYjv = 0, ✭✷✳✺✳✺✮

❝♦♠ ωi,0 = 1 ❡ Yj ✉♠❛ Z✲❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x−i,−1 ⊗ t)(k1) · · · (x−i,−(r+1) ⊗ tr+1)(kr+1),

❝♦♠
∑

n kn = r ❡
∑

n nkn = r + j✱ ♥ã♦ ❞❡♣❡♥❞❡♥t❡ ❞❡ V ❡ ♥❡♠ ❞❡ v✳ ❆❣♦r❛✱ ❝♦♠♦
−r < r+j−2r✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ (x+i,2⊗t−2)(r)Yj ∈ UF(g̃

σ)UF((ñ
+)σ)0+Hr,j✱ ❝♦♠ Hr,j

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛ Λσ
i,r1
· · ·Λσ

i,rm t❛✐s q✉❡ −r < rj✳ ▼❛✐s
❛✐♥❞❛✱ (x+i,2 ⊗ t−2)(r)(x−i,−1 ⊗ t)(r) = (−1)rΛi,−r + UF(g̃)UF(ñ

+)0✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ▲❡♠❛
✷✳✸✳✺✭❛✮✳ P♦rt❛♥t♦✱ s✉❜st✐t✉✐♥❞♦ ✐ss♦ ❡♠ ✭✷✳✺✳✺✮✱ ♦❜t❡♠♦s

0 = (x+i,2⊗t−2)(r)

(
ωi,l(x

−
i,−1 ⊗ t)(r)v +

l∑

j=1

ωi,l−jYjv

)
= (−1)rωi,−rωi,lv+

l∑

j=1

ωi,l−jHr,jv,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

ωi,−rωi,lv = (−1)r
r∑

j=1

ωi,l−jHr,jv. ✭✷✳✺✳✻✮

❈♦♠♦ Hr,j ❡♥✈♦❧✈❡ s♦♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s Λi,sj ✱ ❝♦♠ sj > −r✱ ✉♠❛ s✐♠♣❧❡s ✐♥❞✉çã♦ ❡♠
r ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ♥❡ss❡ ❝❛s♦✳ ❙✐♠✐❧❛r♠❡♥t❡✱ q✉❛♥❞♦ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ αi ∈ Rl✱
r❡♣❡t✐♠♦s ❡ss❡ ❛r❣✉♠❡♥t♦ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✺✭❜✮✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ g é ❞❡ t✐♣♦ A2n ❡
αi ∈ Rs✱ t♦♠❛♥❞♦ α = αi ❡ k = λ(hi,0) ♥♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✭✐✐✮✱ ♦❜t❡♠♦s✱ ♣❛r❛ t♦❞♦ r ≥ 1✱

0 = (x−αi,1 ⊗ 1)(2k)(x−2αi,1 ⊗ t)(k+r)v =

(
ωi,k(x

−
2αi,1
⊗ t)(r) +

k − 1∑

j = 1
ωi,k−jXj

)
v, ✭✷✳✺✳✼✮

❝♦♠ ωi,0 = 1 ❡ Xαj s❡♥❞♦ ✉♠❛ Z✲❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x−αi,1 ⊗ t)(s1) · · · (x−αi,−k ⊗ tk)(sk)(x−2αi,1 ⊗ t)(s
′
1) · · · (x−2αi,−k ⊗ tk)(s

′
k),

❝♦♠ s′i < r✱
∑

m sm+2
∑

n s
′
n = 2r ❡

∑
mms

′
m+

∑
n nsn = r+j✱ ❛ q✉❛❧ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡

V ❡ ♥❡♠ ❞❡ v✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛❝✐♠❛✱ ❝♦♠♦ −r < r+j−2r✱ ♣r✐♠❡✐r♦ ❝♦♥❝❧✉í♠♦s q✉❡
(x+i,1 ⊗ t−1)(2r)Xj ∈ UF(g̃

σ)UF((ñ
+)σ)0 + Hr,j✱ ❝♦♠ Hr,j s❡♥❞♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

❞❡ ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛ Λσ
i,r1
· · ·Λσ

i,rm ✱ ❝♦♠ −r < rj✱ ❡✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✭✐✮✱
(x+αi,1 ⊗ t−1)(2r)(x−2αi,1 ⊗ t)(r) = −Λσ

i,−r + UF(g̃)UF(ñ
+)0✳ P♦rt❛♥t♦✱ s✉❜st✐t✉✐♥❞♦ ✐ss♦ ❡♠

✭✷✳✺✳✼✮✱ t❡♠♦s

0 = (x+αi,1 ⊗ t−1)(2r)

(
ωi,k(x

−
2αi,1
⊗ t)(r)v +

k∑

j=1

ωi,k+r−jXαi,jv

)

= −ωi,−rωi,kv +
k∑

j=1

ωi,k−jHr,jv

❡ ❛ ♣r♦✈❛ t❡r♠✐♥❛ ❝♦♠ ✉♠❛ ✐♥❞✉çã♦ s♦❜r❡ r t❛❧ ❝♦♠♦ ❢♦✐ ❢❡✐t❛ ❛♥t❡s ♣❛r❛ ✭✷✳✺✳✻✮✳

✻✵
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❙❡❣✉✐♥❞♦ ❛ ❡str❛té❣✐❛ ❛❞♦t❛❞❛ ❡♠ ❬✷✵✱ Pr♦♣♦s✐çã♦ ✶✳✶❪✱ ❞❛❞♦ v ❝♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦
❛❝✐♠❛✱ q✉❡r❡♠♦s ♣r♦✈❛r q✉❡✱ ♣❛r❛ t♦❞♦ i ∈ I0✱

Λσ
i,λ(hi,0)

Λσ
i,−kv = Λσ

i,λ(hi,0)−kv ♣❛r❛ 0 ≤ k ≤ λ(hi,0). ✭✷✳✺✳✽✮

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❛❞♦s v, λ ❡ ωi,r ❝♦♠♦ ♥❡ss❛ ♣r♦♣♦s✐çã♦ ❡ ❞❡✜♥✐♥❞♦

ωi(u) = 1 +

λ(hi,0)∑

r=1

ωi,ru
r,

q✉❡r❡♠♦s ♠♦str❛r q✉❡
Λσ−

i (u)v = ω−
i (u)v. ✭✷✳✺✳✾✮

❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✸✷❪✱ ❛s té❝♥✐❝❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ✉s❛❞❛s ❡♠ ❬✷✵✱ ✽❪
♣❛r❛ ♣r♦✈❛r ✭✷✳✺✳✽✮ ♥ã♦ ❢✉♥❝✐♦♥❛♠ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ✈✐st❛ ❞❛
ú❧t✐♠❛ ♣❛rt❡ ❞❛ ♣r♦♣♦s✐çã♦✱ é s✉✜❝✐❡♥t❡ ❡①✐❜✐r ♣❛r❛ ❝❛❞❛ I0✲✉♣❧❛ ω ∈ Pσ,+ ✉♠ ♠ó❞✉❧♦ ❞❡
ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦ ω ♣❛r❛ ♦ q✉❛❧ ✭✷✳✺✳✾✮ é s❛t✐s❢❡✐t❛✳
■ss♦ s❡rá ❢❡✐t♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✷✳✺✳✷ ▼ó❞✉❧♦s ❞❡ ❛✈❛❧✐❛çã♦✳

❙❡ V é ✉♠ UF(g̃
σ)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ V é ❣❡r❛❞♦ ♣♦r ✉♠

✈❡t♦r v s❛t✐s❢❛③❡♥❞♦

UF((ñ
+)σ)0v = 0,

(
hi,0
k

)
v =

(
λ(hi,0)

k

)
v ❡ Λσ

i,rv = ωi,rv

♣❛r❛ t♦❞♦s i ∈ I0, k ∈ Z+ ❡ ❝❡rt♦s λ ∈ P σ,+
0 ❡ ωi,r ∈ F✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ V é ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✱ ❡①✐st❡ ✉♠ ♣❡s♦ ♠❛①✐♠❛❧ λ ∈ P+
0 t❛❧ q✉❡ Vλ 6= 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ UF(h̃

σ)
é ❝♦♠✉t❛t✐✈♦✱ t❡♠♦s Λσ

i,rVλ ⊆ Vλ ♣❛r❛ t♦❞♦s r ∈ Z ❡ i ∈ I0✳ ▲♦❣♦✱ ❡①✐st❡ v ∈ Vλ
s❛t✐s❢❛③❡♥❞♦ UF(h̃

σ)v = Fv✳ P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✺✭❛✮✱ t❡♠♦s λ ∈ P σ,+
0 ❡ ♦

UF(g̃
σ)✲s✉❜♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r v ❞❡✈❡ ❝♦✐♥❝✐❞✐r ❝♦♠ V ❞❡✈✐❞♦ à ✐rr❡❞✉t✐❜✐❧✐❞❛❞❡✳ ❊♠

♣❛rt✐❝✉❧❛r✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✺✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✻✳ ❚♦❞♦ UF(g̃
σ)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠ UF(g̃

σ)✲
♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❝✉❥♦ ℓ✲♣❡s♦ ♠á①✐♠♦ ♣❡rt❡♥❝❡ ❛ Pσ,+✳

❙❡❥❛ V (a) ♦ ♣✉❧❧✲❜❛❝❦ ❞❡ ✉♠ UF(g)✲♠ó❞✉❧♦ V ♣♦r evσa ✭❝❢✳ ❙❡çã♦ ✷✳✸✳✸✮✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✼✳ ❙❡ V é ✉♠ UF(g)✲♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λe ∈
P+ ❞❛❞♦ ♣❡❧❛ ❡①t❡♥sã♦ ❞❡ λ ∈ P σ,+

0 ✱ ❝♦♠♦ ❡♠ ✭✷✳✺✳✷✮✱ ❡♥tã♦ V (a) é ✉♠ UF(g̃
σ)✲♠ó❞✉❧♦

❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❝♦♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❉r✐♥❢❡❧❞ ωσ
λ,a ∈ Pσ,+ ❡ ❛ ❛çã♦ ❞❡ Λσ−

i (u) s♦❜r❡ ♦
✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ é ❞❛❞❛ ♣♦r ✭✷✳✺✳✾✮✳

✻✶
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❞❡ V ❝♦♠ ♣❡s♦ ♠á①✐♠♦ λe ∈ P+✳
❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ o(i) ♥ã♦ s❡❥❛ ✜①❛❞♦ ♣♦r σ✳ ❊♥tã♦✱

Λσ,±
i (u) v = exp

(
−
∞∑

k = 1

hαi,∓k ⊗ a±k

k!
uk

)
v

= exp

(
−

m∑

j = 1

(
∞∑

k = 1

a±k

k!
(ξm−ju)k

)
hσj(αo(i))v

)

= exp

(
−
∞∑

k = 1

a±k

k!
uk

)λe(hαo(i) )

v = (1− a±1u)
λe(hαo(i) )v.

❆❣♦r❛✱ s❡ o(i) é ✜①❛❞♦ ♣♦r σ✱ ❡♥tã♦

Λσ,±
i (u) v = exp

(
−
∞∑

k = 1

hαi,0 ⊗ a±mk

k!
uk

)
v

= exp

(
−
∞∑

k = 1

(a±mu)k

k!

)λe(hαo(i) )

v

= (1− a±mu)
λe(hαo(i) )v.

❆❣♦r❛ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✷✳✺✳✾✮✳ ❉❛❞♦ π ∈ Pσ,+✱ ♣♦❞❡♠♦s
❡s❝r❡✈❡r

π =
ℓ∏

k=1

m−1∏

ǫ=0

ωσ
λk,ǫ,ζm−ǫak

, ❝♦♠ λk,ǫ ∈ P+
0 ❡ ak ∈ F× t❛✐s q✉❡ ami 6= amj ♣❛r❛ i 6= j.

✭✷✳✺✳✶✵✮
❯♠❛ ❡①♣r❡ssã♦ ❞❡ss❛ ❢♦r♠❛ é ❝❤❛♠❛❞❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ♣❛❞rã♦✳ ❙❡❥❛ V ♦ s✉❜♠ó❞✉❧♦
❞❡

ℓ⊗

k = 1

m− 1⊗

ǫ = 0
VF(ω

σ
λk,ǫ,ζǫak

)

❣❡r❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦s ✈❡t♦r❡s ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❊♥tã♦✱ V é ✉♠ ♠ó❞✉❧♦ ✭♥ã♦
♥✉❧♦✮ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ s❡❣✉❡ ❞❡ ✭✷✳✸✳✶✺✮ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✼
q✉❡ ♦ s❡✉ ℓ✲♣❡s♦ ♠á①✐♠♦ é π✳

✷✳✺✳✸ ▼ó❞✉❧♦s ❞❡ ❲❡②❧✳

❉❡s❡♥✈♦❧✈❡r❡♠♦s ❛❣♦r❛ ♦ ❡st✉❞♦ ❞♦s UF(g̃
σ)✲♠ó❞✉❧♦s ✉♥✐✈❡rs❛✐s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✳

✻✷
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❉❡✜♥✐çã♦ ✷✳✺✳✽✳ ❉❛❞♦ ω = (ωi(u))i∈I0 ∈ Pσ,+✱ s❡❥❛ WF(ω) ♦ UF(g̃
σ)✲♠ó❞✉❧♦ ❣❡r❛❞♦

♣♦r ✉♠ ✈❡t♦r v s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s ♣❛r❛ s❡r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ℓ✲♣❡s♦
ω ❡

(x−µ,0 ⊗ tmr)(l)v = 0 ✭✷✳✺✳✶✶✮

♣❛r❛ t♦❞♦s µ ∈ R+
0 ❡ l, r ∈ Z ❝♦♠ l > wt(ω)(hµ,0)✳ ❖ ♠ó❞✉❧♦ WF(ω) s❡rá ❝❤❛♠❛❞♦ ❞❡

♠ó❞✉❧♦ ❞❡ ❲❡②❧ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ω✳

P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✷✳✺✳✾✮ ✭✜♥❛❧ ❞❛ ❙❡çã♦ ✷✳✺✳✷✮✱ t❡♠♦s WF(ω) 6= 0 ♣❛r❛ t♦❞♦
ω ∈ Pσ,+✳ ❆❧é♠ ❞✐ss♦✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✺ ✐♠♣❧✐❝❛ q✉❡ t♦❞♦ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦
❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦ ω ∈ Pσ,+ é ✉♠ q✉♦❝✐❡♥t❡ ❞❡ WF(ω)✳

▲❡♠❛ ✷✳✺✳✾✳ ❙❡❥❛♠ ω ∈ Pσ,+ ❡ µ ∈ P0✳ ❙❡ WF(ω)µ 6= 0✱ ❡♥tã♦ W (ω)wµ 6= 0 ♣❛r❛ t♦❞♦
w ∈ W0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❡ ✭✷✳✺✳✶✶✮ q✉❡ t♦❞♦ ✈❡t♦r w ∈ WF(ω) ♣❡rt❡♥❝❡ ❛ ✉♠ UF(g0)✲
s✉❜♠ó❞✉❧♦ ❞❡ WF(ω) ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❆❣♦r❛✱ ❛ ❛✜r♠❛çã♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦
❝♦rr❡s♣♦♥❞❡♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ UF(g0)✲♠ó❞✉❧♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❊st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ❝✉❥❛ ❝♦♥s❡q✉ê♥❝✐❛ é q✉❡ ♦s ♠ó✲
❞✉❧♦s ❞❡ ❲❡②❧ sã♦ ♦s ♠ó❞✉❧♦s ✉♥✐✈❡rs❛✐s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❚❡♦r❡♠❛ ✷✳✺✳✶✵✳ ❖ ♠ó❞✉❧♦ WF(ω) ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ t♦❞♦ ω ∈ Pσ,+✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛ λ = wt(ω) ❡ s❡❥❛ v ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ q✉❡ ❣❡r❛WF(ω)✳
➱ s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ WF(ω) é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s

(x−µ1,−s1
⊗ ts1)(k1) · · · (x−µn,−sn ⊗ tsn)(kn)v,

❝♦♠ n, sn, kn ∈ Z+ ❡ µj ∈ R+
0 t❛✐s q✉❡ sj < λ(hµj ,0) ❡

∑
j kjµj ≤ λ − wℓλ✳ ❆ ú❧t✐♠❛

❝♦♥❞✐çã♦ é ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ✷✳✺✳✾✳ ❈❧❛r❛♠❡♥t❡✱ ♦s ❡❧❡♠❡♥t♦s

(x−µ1,−s1
⊗ ts1)(k1) · · · (x−µn,−sn ⊗ tsn)(kn)v

s❡♠ r❡str✐çõ❡s ♣❛r❛ sj ❣❡r❛♠ WF(ω)✳

❙❡❥❛♠ T = R+×Z×Z+ ❡ Ξ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s φ : N→ T ❞❛❞❛s ♣♦r j 7→ φj =
(µj, sj, kj) t❛✐s q✉❡ kj = 0 ♣❛r❛ t♦❞♦ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❙❡❥❛ Ξ′ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡
Ξ ❝♦♥s✐st✐♥❞♦ ❞♦s ❡❧❡♠❡♥t♦s φ t❛✐s q✉❡ 0 ≤ sj < λ(hµj ,0)✳ ❉❛❞♦ φ ∈ Ξ✱ ❝♦♠ kj = 0 ♣❛r❛
j > m✱ ❛ss♦❝✐❛♠♦s ♦ ❡❧❡♠❡♥t♦ vφ = (x−µ1,−s1 ⊗ ts1)(k1) · · · (x−µn,−sn ⊗ tsn)(kn)v ∈ WF(ω

σ)✳
❉❡✜♥❛ ♦ ❣r❛✉ ❞❡ φ ♣♦r d(φ) =

∑
j kj ❡ ♦ ❡①♣♦❡♥t❡ ♠❛①✐♠❛❧ ❞❡ φ ♣♦r e(φ) = max{kj}✳

❊♥tã♦✱ e(φ) ≤ d(φ) ❡ d(φ) 6= 0 ✐♠♣❧✐❝❛ e(φ) 6= 0✳ ❈♦♠♦ ♥ã♦ ❤á ♦ q✉❡ ♣r♦✈❛r q✉❛♥❞♦
d(φ) = 0✱ s✉♣♦r❡♠♦s d(φ) > 0✳ ❉❡ss❡ ♠♦❞♦✱ s❡❥❛ Ξd,e ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Ξ ❝♦♥s✐st✐♥❞♦
❞♦s ❡❧❡♠❡♥t♦s φ s❛t✐s❢❛③❡♥❞♦ d(φ) = d ❡ e(φ) = e✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ Ξd =

⋃
1≤e≤d

Ξd,e✳

✻✸
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Pr♦✈❛r❡♠♦s✱ ♣♦r ✐♥❞✉çã♦ ❡♠ d ❡ s✉❜✐♥❞✉çã♦ ❡♠ e✱ q✉❡✱ s❡ φ ∈ Ξd,e é t❛❧ q✉❡
❡①✐st❡ j ❝♦♠ sj < 0 ♦✉ sj ≥ λ(hµj ,0)✱ ❡♥tã♦ vφ ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s
❛ss♦❝✐❛❞♦s ❛ ❡❧❡♠❡♥t♦s ❡♠ Ξ′✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞♦ 0 < e ≤ d ∈ N✱ s✉♣♦r❡♠♦s✱
♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ ❡ss❛ ❛✜r♠❛çã♦ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ φ ♣❡rt❡♥❝❡♥t❡ ♦✉ ❛ Ξd,e′

❝♦♠ e′ < e ♦✉ ❛ Ξd′ ❝♦♠ d′ < d✳ ❆ ♣r♦✈❛ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞♦✐s ❝❛s♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦✉
e = d ♦✉ e < d✳

◗✉❛♥❞♦ e = d✱ t❡♠♦s vφ = (x−µ,−s ⊗ ts)(e)v ♣❛r❛ ❛❧❣✉♠ µ ∈ R+
0 ❡ s ∈ Z✳ ❙✉♣♦♥❤❛

♣r✐♠❡✐r❛♠❡♥t❡ e = 1✳ ❆q✉✐ ❞✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❡♠ ❝❛s♦s ❝♦♥t❡♠♣❧❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s
❞♦ ▲❡♠❛ ✷✳✸✳✺✳

❙❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ s❡ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rl✱ ❞❡✜♥✐♥❞♦
l = λ(hµ,0) ❡ k = l + 1 ♥♦ ▲❡♠❛ ✷✳✸✳✺✭❛✮✱ ♦❜t❡♠♦s

(
(X−

µ;r,±(u))Λ
σ±
µ (u)

)
k
v = 0, ∀ k, l, r ∈ Z, r ≤ k, k > λ(hµ,0).

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

(x−µ,−(r+1)⊗tr+1Λσ
µ,±l+x

−
µ,−(r+2)⊗tr+2Λσ

µ,±(l−1)+· · ·+x−µ,−(r+l+1)⊗tr+l+1)v = 0. ✭✷✳✺✳✶✷✮

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝❛s♦s s ≥ l ❡ s < 0 s❡♣❛r❛❞❛♠❡♥t❡ ❡ ♣r♦❝❡❞❡♠♦s ❝♦♠ ✐♥❞✉çõ❡s
❛❞✐❝✐♦♥❛✐s s♦❜r❡ s ❡ |s|✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ❢❛t♦✱ s❡ s ≥ l✱ ✐ss♦ é ❢❡✐t♦ t♦♠❛♥❞♦ ✭✷✳✺✳✶✷✮
❝♦♠ r = s − l − 1✳ ❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ♦❜s❡r✈❛♥❞♦ q✉❡ Λσ

µ,±lv 6= 0 ✭▲❡♠❛ ✷✳✺✳✺✭❝✮✮✱ ♦
❝❛s♦ s < 0 é tr❛t❛❞♦ t♦♠❛♥❞♦ r = s− 1 t❛♠❜é♠ ❡♠ ✭✷✳✺✳✶✷✮✳

Pr♦❝❡❞❡♥❞♦ s✐♠✐❧❛r♠❡♥t❡✱ s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µi ∈ Rl✱ r❡♣❡t✐♠♦s ❡ss❡ ❛r❣✉✲
♠❡♥t♦ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✺✳✺✭❜✮✱ ❡✱ s❡ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ µ ∈ 2Rs✱ ❛ ❝♦♥❝❧✉sã♦
s❡❣✉❡ ❞♦s ✐t❡♥s ✭✐✮ ❡ ✭✐✐✐✮ ❞♦ ▲❡♠❛ ✷✳✺✳✺✭❝✮✱ ♦♠✐t✐r❡♠♦s ♦s ❞❡t❛❧❤❡s✳ ■ss♦ ❝♦♥❝❧✉✐ ♦ ❝❛s♦
e = 1✳

❙✉♣♦♥❤❛ ❛❣♦r❛ e > 1✳ ❙❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs ♦✉ s❡ g é ❞❡ t✐♣♦ A2n ❡
µ ∈ Rl✱ ❞❡✜♥✐♥❞♦ l = eλ(hµ,0) ❡ k = l + e ♥♦ ▲❡♠❛ ✷✳✸✳✺✭❛✮✱ ♦❜t❡♠♦s

λ(hµ,0)∑

j=1

(x−µ,−(r+j+1) ⊗ tr+j+1)(e)Λµ,l−ejv +
♦✉tr♦s t❡r♠♦s ♥♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s

vφ′ ❝♦♠ φ′∈Ξe,e′ ♣❛r❛ e′<e = 0. ✭✷✳✺✳✶✸✮

❈♦♠♦ ❛♥t❡s✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝❛s♦s s ≥ λ(hµ,0) ❡ s < 0 s❡♣❛r❛❞❛♠❡♥t❡ ❡ ♣r♦✈❛♠♦s
❛ ❛✜r♠❛çã♦ ❝♦♠ ✐♥❞✉çõ❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ s ❡ |s|✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱
s❡ s ≥ λ(hµ,0)✱ ✐ss♦ é ❢❡✐t♦ ✉s❛♥❞♦ ✭✷✳✺✳✶✸✮ ❝♦♠ r = s − 1 − λ(hµ,0)✱ ♣♦✐s ♣❛r❛ t❛❧ r
t❡♠♦s 0 < r + j + 1 ≤ s✳ P❛r❛ s < 0✱ ❝♦♠♦ Λµ,l−eλ(hµ,0)v = v 6= 0✱ ♣♦❞❡♠♦s ❞❡✜♥✐r
j0 = min{j ∈ Z+ | j ≤ λ(hµ,0) ❡ Λµ,l−ejv 6= 0}✳ ❊♥tã♦ ✭✷✳✺✳✶✸✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

λ(hµ,0)∑

j=j0

(x−µ,−(r+j+1) ⊗ tr+j+1)(e)Λµ,l−ejv +
♦✉tr♦s t❡r♠♦s ♥♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s

vφ′ ❝♦♠ φ′∈Ξe,e′ ♣❛r❛ e′<e = 0, ✭✷✳✺✳✶✹✮

❝♦♠♦ ωµ,l−ej0 6= 0✱ ❛ ✐♥❞✉çã♦ s♦❜r❡ |s| ❛❣♦r❛ s❡ ❞á ✉s❛♥❞♦ ✭✷✳✺✳✶✹✮ ❝♦♠ r = s− 1− j0✳

✻✹
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❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❡ss❛s ♠❡s♠❛s ❧✐♥❤❛s ❞❡ ❛r❣✉♠❡♥t♦s ♣♦❞❡♠ s❡r r❡❡s❝r✐t❛s ✉s❛♥❞♦
♦ ▲❡♠❛ ✷✳✸✳✺✭❜✮ ❡ ❛ ♣❛rt❡ ✭✐✐✐✮ ❞♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✱ ❝♦❜r✐♥❞♦ ♦s ❝❛s♦s ❡♠ q✉❡ g ♥ã♦ é ❞❡
t✐♣♦ A2n ❡ µ ∈ Rl✱ ❡ ❡♠ q✉❡ g é ❞❡ t✐♣♦ A2n ❡ µ ∈ 2Rs✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❣♦r❛✱ r❡st❛
❛♣❡♥❛s ❝♦♥s✐❞❡r❛r g ❞❡ t✐♣♦ A2n ❡ µ ∈ Rs✳ ❊♥tr❡t❛♥t♦✱ ♦ ❛r❣✉♠❡♥t♦ ♥❡ss❡ ❝❛s♦ s❡❣✉✐rá
t♦♠❛♥❞♦ r = e✱ k = λ(hµ,0)✱ s = r ❡ α = µ ♥❛ ♣❛rt❡ ✭✐✈✮ ❞♦ ▲❡♠❛ ✷✳✸✳✺✭❝✮✱ ❞❡ ♠♦❞♦
q✉❡

k+1∑

j=1

(x−µ,−(r+j−1) ⊗ tr+j−1)(e)Λµ,ek+e−ejv +
♦✉tr♦s t❡r♠♦s ♥♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s

vφ′ ❝♦♠ φ′∈Ξe,e′ ♣❛r❛ e′<e = 0. ✭✷✳✺✳✶✺✮

◆♦✈❛♠❡♥t❡ ♣r♦❝❡❞❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ s ❡ |s| s❡♣❛r❛❞❛♠❡♥t❡ ✉s❛♥❞♦ ✭✷✳✺✳✶✺✮✱ t❛❧ ❝♦♠♦
✜③❡♠♦s ❛❝✐♠❛ ✉s❛♥❞♦ ✭✷✳✺✳✶✸✮✳ ■ss♦ ❛❣♦r❛ ❝♦♠♣❧❡t❛ ♦ ❝❛s♦ e > 1✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦ ❝❛s♦ e < d✱ ♣♦❞❡♠♦s s✉♣♦r✱ ❝♦♠♦ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ 0 ≤
sj < λ(hµj ,0) ♣❛r❛ j > 1 ❡✱ ♣♦rt❛♥t♦✱ ♦ ▲❡♠❛ ✷✳✸✳✼ ❝♦♠♣❧❡t❛ ♦ ❛r❣✉♠❡♥t♦✳

✷✳✻ ❚♦r❝✐❞❛s ✈❡rs✉s ♥ã♦ t♦r❝✐❞❛s✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ♠♦str❛r q✉❡✱ s❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ ém✱ ❡♥tã♦ ♦s ♠ó❞✉❧♦s
VF(ω)✱ ❝♦♠ ω ∈ Pσ,+✱ sã♦ ✐s♦♠♦r❢♦s à r❡str✐çã♦ ❞❛ ❛çã♦ ❞❡ UF(g̃

σ) ❛ ✉♠ ♠ó❞✉❧♦
✐rr❡❞✉tí✈❡❧ ❞❡ UF(g̃) ❡s❝♦❧❤✐❞♦ ❛♣r♦♣r✐❛❞❛♠❡♥t❡✳ ❊♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ss❡ r❡s✉❧t❛❞♦
❢♦✐ ♠♦str❛❞♦ ❡♠ ❬✽❪✳ ◆♦ss❛ ❞❡♠♦♥str❛çã♦ é ❜❛s❡❛❞❛ ♥❛q✉❡❧❛ ❞❡ ❬✽❪✱ ♠❛s ♣❛rt❡ ❞♦s
♠ét♦❞♦s ✉s❛❞♦s ♥❛q✉❡❧❡ ❛rt✐❣♦ ♥ã♦ sã♦ ❛♣❧✐❝á✈❡✐s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳

✷✳✻✳✶ ❙♦❜r❡ ❝❡rt♦s ❤♦♠♦♠♦r✜s♠♦s s♦❜r❡❥❡t✐✈♦s✳

❉❛❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ g(u) =
∏n

j=1(1 − aju) ∈ K[u]✱ ❞❡✜♥❛ g̃(t) =
∏n

j=1(t − aj) ∈ K[t]✳
P❛r❛ α ∈ R+, k ∈ Z✱ ❞❡✜♥❛

x±α,k,g = x±α ⊗ tkg̃(t).
◆♦t❡ q✉❡ s❡ aj ∈ A ♣❛r❛ t♦❞♦ j✱ ❡♥tã♦ (x±α,k,g)

(r) ∈ UA(g̃) ♣❛r❛ t♦❞♦s r, k ∈ Z, r ≥ 0✳
❆❧é♠ ❞✐ss♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛ ✐♠❛❣❡♠ 1⊗ (x±α,k,g)

(r) ∈ UF(g̃) é ♥ã♦ ♥✉❧❛✳ ❖ ❧❡♠❛ ❛ s❡❣✉✐r
é ✐♠❡❞✐❛t♦✳

▲❡♠❛ ✷✳✻✳✶✳ ❙❡❥❛♠ g(u) =
∏n

j=1(1 − aju) ❡ f(u) =
∏n

j=1(1 − bju) ∈ K[u]✱ ❝♦♠
k, r ∈ Z, r > 0✳ ❙✉♣♦♥❤❛ aj, bj ∈ A× ❡ aj = bj ♣❛r❛ t♦❞♦ j✳ ❊♥tã♦✱ 1 ⊗ (x±α,k,g)

(r) =

1⊗ (x±α,k,f )
(r)✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡❧❡♠❡♥t♦s (x±α,k,f )
(r) ∈ UF(g̃) ♣❛r❛ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ❝♦♠

t❡r♠♦ ❝♦♥st❛♥t❡ 1

f(u) =
n∏

j=1

(1− bju) ∈ F[u]

✻✺
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❝♦♠♦
(x±α,k,f )

(r) = 1⊗ (x±α,k,g)
(r), ✭✷✳✻✳✶✮

❝♦♠ g s❡♥❞♦ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ❞❛ ❢♦r♠❛ g(u) =
∏n

j=1(1− aju)✱ ❝♦♠ aj ∈ A× s❛t✐s❢❛✲
③❡♥❞♦ aj = bj ♣❛r❛ t♦❞♦ j✳ ❋❡✐t♦ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦ ✐❞❡❛❧ If ❞❡ UF(g̃) ❣❡r❛❞♦ ♣♦r

{(x±α,k,f )(r) | α ∈ R+, r, k ∈ Z, r > 0}

❡ ❞❡✜♥❛

UF(g̃)f =
UF(g̃)

If
.

❆❣♦r❛✱ ❞❡♥♦t❡ ♣♦r φf ❛ ❝♦♠♣♦s✐çã♦ UF(g̃
σ) →֒ UF(g̃) → UF(g̃)f ✱ ❝♦♠ ❛ ú❧t✐♠❛

❢✉♥çã♦ s❡♥❞♦ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s✉❜s❡çã♦ é ♣r♦✈❛r ❛ s❡❣✉✐♥t❡ ♣r♦✲
♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✷✳✻✳✷✳ ❙❡❥❛ f(u) =
∏n

j=1(1 − bju) ∈ F[u]✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛
❞❡ F ♥ã♦ é m ❡ q✉❡ bmi 6= bmj ♣❛r❛ t♦❞♦ i 6= j✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦ φf é s♦❜r❡❥❡t✐✈❛✳

❖ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r é ❢❛❝✐❧♠❡♥t❡ ❞❡❞✉③✐❞♦✳

❈♦r♦❧ár✐♦ ✷✳✻✳✸✳ ❙❡❥❛♠ V ✉♠ UF(g̃)✲♠ó❞✉❧♦ ❡ S ⊆ V t❛❧ q✉❡ V = UF(g̃)S✳ ❙✉♣♦♥❤❛
IfV = 0✳ ❊♥tã♦✱ V = UF(g̃

σ)S ❡✱ s❡ V é ✉♠ UF(g̃)✲♠ó❞✉❧♦ s✐♠♣❧❡s✱ V ❝♦♥t✐♥✉❛ s✐♠♣❧❡s
q✉❛♥❞♦ ✈✐st♦ ❝♦♠♦ ✉♠ UF(g̃

σ)✲♠ó❞✉❧♦✳

❋✐①❡ g ❝♦♠♦ ❡♠ ✭✷✳✻✳✶✮✱ ❝♦♥s✐❞❡r❡ ♦ ✐❞❡❛❧ Ig ❞❡ UA(g̃) ❞❡✜♥✐❞♦ s✐♠✐❧❛r♠❡♥t❡ ❡ s❡❥❛
UA(g̃)g = UA(g̃)

Ig
✳ ◆♦t❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ Ig ❡♠ UF(g̃) ❡stá ❝♦♥t✐❞❛ ❡♠ If ❡✱ ♣♦rt❛♥t♦✱

t❡♠♦s ✉♠ ❡♣✐♠♦r✜s♠♦ A✲❧✐♥❡❛r

UA(g̃)g → UF(g̃)f .

▼❛✐s ❛✐♥❞❛✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

UA(g̃
σ) //

��

UA(g̃)

��

// UA(g̃)g

��
UF(g̃

σ) // UF(g̃) // UF(g̃)f

P♦rt❛♥t♦✱ ♣❛r❛ ♣r♦✈❛r ❛ Pr♦♣♦s✐çã♦ ✷✳✻✳✷✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❛s
❢✉♥çõ❡s ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ é s♦❜r❡❥❡t✐✈❛✳ ❉❡♥♦t❛r❡♠♦s ❡ss❛ ❝♦♠♣♦s✐çã♦ ♣♦r φg✳ ◆♦ q✉❡
s❡❣✉❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r x̄ ❛ ✐♠❛❣❡♠ ❞❡ x ∈ UA(g̃) ❡♠ UA(g̃)g✳

▲❡♠❛ ✷✳✻✳✹✳ ❆ á❧❣❡❜r❛ UA(g̃)g é ❣❡r❛❞❛ ♣♦r (x±α ⊗ tk)(r) ♣❛r❛ t♦❞♦s α ∈ R+✱ r, k,∈ Z+

❡ 0 ≤ k < n✳

✻✻
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❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ UA(g̃) ❣❡r❛❞♦ ♣♦r (x±α ⊗ tk)(r) ❝♦♠ α ∈ R+, r ∈ Z+ ❡ ♥❡♥❤✉♠❛
r❡str✐çã♦ s♦❜r❡ k✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♦s ❡❧❡♠❡♥t♦s (x±α ⊗ tk)(r)✱ ❝♦♠ k < 0 ♦✉
k ≥ n✱ ♣❡rt❡♥❝❡♠ ❛♦ A✲❣❡r❛❞♦ ♣♦r (x±α ⊗ tk)(r)✱ ❝♦♠ 0 ≤ k < n✳ ❋✐①❡ α ∈ R+✱ r ∈ Z+

❡ s✉♣♦♥❤❛ g̃(t) = A0 + A1t+ · · ·+ An−1t
n−1 + tn✳

❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ k ≥ n ❡ ♦❜s❡r✈❡ q✉❡

(x±α,k−n,g)
(r) = (x±α ⊗ tk−ng̃)(r) ∈ Ig.

❉❡ ✭❆✳✺✳✶✮✱ ♦❜t❡♠♦s
(x±α ⊗ tk−ng̃)(r) = (x±α ⊗ tk)(r) + x, ✭✷✳✻✳✷✮

❝♦♠ x ♥♦ A✲❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x±α ⊗ tk1)(r1) · · · (x±α ⊗ tkl)(rl),

❝♦♠ l ≥ 1, r1 + · · · + rl = r ❡✱ ♦ ♠❛✐s ✐♠♣♦rt❛♥t❡✱ 0 ≤ kj < k ♣❛r❛ t♦❞♦ j = 1, . . . , l✳
▲♦❣♦✱

(x±α ⊗ tk)(r) = (x±α ⊗ tk)(r) − (x±α,k−n,g)
(r) = −x.

❯♠ ó❜✈✐❛ ✐♥❞✉çã♦ ❡♠ k ≥ n ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ♥❡ss❡ ❝❛s♦✳

❙❡ k < 0✱ ♥♦t❡ q✉❡

(x±α ⊗ tkg̃)(r) = Ar
0(x

±
α ⊗ tk)(r) + x, ✭✷✳✻✳✸✮

❝♦♠ x ♥♦ A✲❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x±α ⊗ tk1)(r1) · · · (x±α ⊗ tkl)(rl),

❝♦♠ l ≥ 1, r1 + · · ·+ rl = r ❡ k < kj < n ♣❛r❛ t♦❞♦ j = 1, . . . , l✳ ❈♦♠♦ A0 é ♦ ♣r♦❞✉t♦
❞❡ t♦❞❛s ❛s r❛í③❡s ❞❡ g̃ ✭❛s q✉❛✐s sã♦ ♦s ✐♥✈❡rs♦s ❞❛s r❛í③❡s ❞❡ g✮✱ t❡♠♦s A0 ∈ A×✳ ❉❛í

(x±α ⊗ tk)(r) = (x±α ⊗ tk)(r) − (A0)−r (x±α,k,g)
(r) = −(A0)−r x.

◆♦✈❛♠❡♥t❡ ✉♠❛ ó❜✈✐❛ ✐♥❞✉çã♦ ❡♠ |k| ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

❊st❛♠♦s ❛❣♦r❛ ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r q✉❡ φg é s♦❜r❡❥❡t✐✈❛✱ ❝♦♠♣❧❡t❛♥❞♦ ❛ ♣r♦✈❛ ❞❛
Pr♦♣♦s✐çã♦ ✷✳✻✳✷✳ ❆ ❤✐♣ót❡s❡ bmi 6= bmj ✱ ♣❛r❛ t♦❞♦ i 6= j✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❢❛t♦ q✉❡ A

é ✉♠ ❉❱❘ ❝♦♠ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s F ✐♠♣❧✐❝❛

ami − amj ∈ A× ♣❛r❛ t♦❞♦ i 6= j. ✭✷✳✻✳✹✮

❋✐①❡ α ∈ R+ ❡ k ∈ Z t❛❧ q✉❡ 0 ≤ k < n✳ ❱❛♠♦s ♠♦str❛r q✉❡ (x±α ⊗ tk)(r) ♣❡rt❡♥❝❡
à ✐♠❛❣❡♠ ❞❡ φg ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉✐rá ❞♦ ▲❡♠❛ ✷✳✻✳✹✳

✻✼
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❯s❛♥❞♦ ✭✷✳✷✳✶✮ t❡♠♦s

(x±α ⊗ tk)(r) =
(

1

Γα

m− 1∑

ǫ = 0
x±α,ǫ ⊗ tk

)(r)

♣❛r❛ t♦❞♦ r > 0.

❈♦♠♦ m ♥ã♦ é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ❡ A é ✉♠ ❛♥❡❧ ❧♦❝❛❧ ❝♦♠ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s F✱ t❡♠♦s
Γα ∈ A×✳ ▲♦❣♦✱ s❡ α + σ(α) /∈ R+✱ s❡❣✉❡ ❞❡ ✭❆✳✺✳✶✮ q✉❡ (x±α ⊗ tk)(r) ♣❡rt❡♥❝❡ ❛♦ A✲
❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ (x±α,0⊗tk)(r0) · · · (x±α,m−1⊗tk)(rm−1)✱ ❝♦♠ r0, . . . , rm−1 ≥ 0✳
❙✐♠✐❧❛r♠❡♥t❡✱ s❡ α + σ(α) ∈ R+✱ ❛ ❡q✉❛çã♦ ✭❆✳✻✳✶✮ ✐♠♣❧✐❝❛ q✉❡ (x±α ⊗ tk)(r) ♣❡rt❡♥❝❡
❛♦ A✲❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

(x±α,0 ⊗ tk)(r0) · · · (x±α,m−1 ⊗ tk)(rm−1)(x±α+σ(α),1 ⊗ tk)(q),

❝♦♠ r0, . . . , rm−1, q ≥ 0✳ ❊♥tr❡t❛♥t♦✱ ♣❡❧❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❞❡✜♥✐♠♦s x±α+σ(α),1 ❡♠ ✭✷✳✷✳✸✮✱

♣♦❞❡♠♦s ✉s❛r ♦ ▲❡♠❛ ✷✳✻✳✹ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ (x±α+σ(α),1 ⊗ t2k)(r) ❡stá ♥♦ ❣❡r❛❞♦ ♣❡❧♦s

❡❧❡♠❡♥t♦s (x±α+σ(α),1 ⊗ tl)(r) ❝♦♠ 0 ≤ l < n✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ♣r♦♣♦s✐çã♦ ❡st❛rá

♣r♦✈❛❞❛ ❛♦ ♠♦str❛r♠♦s q✉❡ (x±α,ǫ ⊗ tk)(r) ❡ (x±α+σ(α),1 ⊗ tk)(r) ✭q✉❛♥❞♦ α + σ(α) ∈ R✮
♣❡rt❡♥❝❡♠ à ✐♠❛❣❡♠ ❞❡ φg ♣❛r❛ t♦❞♦s r ≥ 1 ❡ 0 ≤ k < n✳

❉❛❞♦ ǫ = 0, . . . ,m−1✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣♦❧✐♥ô♠✐♦ Ψǫ
k ∈ tm−ǫA[tm] t❛❧ q✉❡ Ψǫ

k(ai) =
aki ♣❛r❛ i = 1, . . . , n✳ ❉❡ ❢❛t♦✱ Ψǫ

k(t) = tm−ǫ(cn−1t
(n−1)m+· · ·+c1tm+c0)✱ ❝♦♠ c0, · · · , cn−1

❞❛❞♦s ♣❡❧❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r



am−ǫ
1 a2m−ǫ

1 · · · anm−ǫ
1

am−ǫ
2 a2m−ǫ

2 · · · anm−ǫ
2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

am−ǫ
n a2m−ǫ

n · · · anm−ǫ
n







c0
c1
✳✳✳

cn−1


 =




ak1
ak2
✳✳✳
akn




❝✉❥❛ ♠❛tr✐③ é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ✭❞❡s❧♦❝❛❞❛✮✱ ❛ q✉❛❧ ♣♦ss✉✐ ❞❡t❡r♠✐♥❛♥t❡
✐❣✉❛❧ ❛

(a1 · · · an)m−ǫ ∏

1 ≤ i < j ≤ n

(amj − ami ) ∈ A×.

❆ss✐♠✱ ♦ ♣♦❧✐♥ô♠✐♦ Ψǫ
k(t) − tk s❡ ❛♥✉❧❛ ❡♠ ai ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳ P♦rt❛♥t♦✱ ❝♦♠♦

g̃(t) = (t − a1) · · · (t − an) é ♠ô♥✐❝♦✱ Ψǫ
k(t) − tk é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ g̃(t) ❡♠ A[t]✳ ❈♦♠♦

0 ≤ k < n✱ ❡♥tã♦ k < nm− ǫ ❡✱ ❞❛í✱

Ψǫ
k(t)− tk =

n(m−1)−ǫ∑

j=0

ejt
j g̃(t)

♣❛r❛ ❝❡rt♦s ej ∈ A, j = 0, . . . , n(m− 1)− ǫ✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ β ∈ R+✱

(x±β ⊗ (Ψǫ
k(t)− tk))(r) =∑

r0,··· ,rn(m−1)−ǫ∈Z+

r0+···+rn(m−1)−ǫ=r

(er00 · · · e
rn(m−1)−ǫ

n(m−1)−ǫ)(x
±
β,0,g)

(r0) · · · (x±β,n(m−1)−ǫ,g)
(rn(m−1)−ǫ) ∈ Ig. ✭✷✳✻✳✺✮

✻✽
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▼❛✐s ❛✐♥❞❛✱ ❞❛❞♦ 0 ≤ ǫ < m✱ ❞❡ ✭✷✳✻✳✺✮ ❡ ✭❆✳✺✳✶✮ ✭s❡ β + σ(β) /∈ R✮ ♦✉ ❞❡ ✭✷✳✻✳✺✮ ❡
✭❆✳✻✳✶✮ ✭❝❛s♦ ❝♦♥trár✐♦✮ ♦❜t❡♠♦s

(x±β,ǫ ⊗ (Ψǫ
k − tk))(r) ∈ Ig.

❆✜r♠❛♠♦s q✉❡✱ ❞❛❞♦ 0 ≤ ǫ < m✱

(x±α,ǫ ⊗ tk)(r) = (x±α,ǫ ⊗Ψǫ
k)

(r), ✭✷✳✻✳✻✮

❡✱ s❡ α + σ(α) ∈ R✱ ❡♥tã♦

(x±α+σ(α),1 ⊗ tk)(r) = (x±α+σ(α),1 ⊗Ψ1
k)

(r), ✭✷✳✻✳✼✮

♣❛r❛ t♦❞♦s r, k ∈ Z✱ ❝♦♠ 0 ≤ k < n ❡ r > 0✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ x±α,ǫ ⊗ tk ❡ x±α,ǫ ⊗ (tk −Ψǫ
k)

❝♦♠✉t❛♠✱ ♦❜t❡♠♦s ❞❡ ✭❆✳✺✳✶✮ q✉❡

(x±α,ǫ⊗Ψǫ
k)

(r) = (x±α,ǫ⊗ (tk− (tk−Ψǫ
k)))

(r) =
r∑

j=0

(−1)j(x±α,ǫ⊗ tk)(r−j)(x±α,ǫ⊗ (tk−Ψǫ
k))

(j).

❖ ú♥✐❝♦ s♦♠❛♥❞♦ ❝♦♠ ✐♠❛❣❡♠ ♥ã♦ ♥✉❧❛ ❡♠ UA(g̃)g é ♦ q✉❡ ♣♦ss✉✐ j = 0 ❡ ❞❛í ❝♦♥❝❧✉í♠♦s
✭✷✳✻✳✻✮✳ ❆ ❛✜r♠❛çã♦ ❡♠ ✭✷✳✻✳✼✮ é ♦❜t✐❞❛ ❛♥❛❧♦❣❛♠❡♥t❡✳

❆❣♦r❛✱ s❡❥❛ µ ∈ wt(gǫ)∩Q+
0 t❛❧ q✉❡ µ = α|h0 ✳ ❆ ♣❛rt✐r ❞❡ ✭✷✳✷✳✹✮✱ s❡ α ∈ O✱ t❡♠♦s

x±α,ǫ = x±µ,ǫ✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ α /∈ O✱ t❡♠♦s σj(α) ∈ O ♣❛r❛ ❛❧❣✉♠ j = 0, · · · ,m − 1
❡✱ ❡♥tã♦✱ x±α,ǫ = ζjǫx±

σj(α),ǫ
= ζjǫx±µ,ǫ ✭♣♦r ✭✷✳✷✳✶✮✮✳ ❘❡❧❡♠❜r❡ q✉❡✱ ❛♣ós ♦ ▲❡♠❛ ✷✳✸✳✽✱

s✉♣♦♠♦s ζ ∈ A×✳ P♦rt❛♥t♦✱ ❛ ♣r♦✈❛ ❡stá ❝♦♥❝❧✉í❞❛✱ ♣♦✐s

(x±µ,ǫ ⊗Ψǫ
k)

(r) ∈ UA(g̃
σ) ❡ (x±α,ǫ ⊗Ψǫ

k)
(r) = cαφg((x

±
µ,ǫ ⊗Ψǫ

k)
(r))

♣❛r❛ cα = 1✱ s❡ α ∈ O✱ ❡ cα = ζjǫ✱ s❡ σj(α) ∈ O ♣❛r❛ ❛❧❣✉♠ j 6= 0✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ s❡
α + σ(α) ∈ R+✱ ❡♥tã♦

(x±2µ,1 ⊗Ψ1
k)

(r) ∈ UA(g̃
σ) ❡ (x±α+σ(α),1 ⊗Ψ1

k)
(r) = φg((x

±
2µ,1 ⊗Ψ1

k)
(r)).

✷✳✻✳✷ ▼ó❞✉❧♦s s✐♠♣❧❡s ♣❛r❛ á❧❣❡❜r❛s t♦r❝✐❞❛s ✈✐❛ r❡str✐çõ❡s✳

❙❡❥❛ f(u) =
∏n

j=1(1 − bju) ∈ F[u]✱ ❝♦♠ bi 6= bj ♣❛r❛ i 6= j✳ ❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❧❡♠❛
❛ s❡❣✉✐r✱ ❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ ❞❡ UF(g̃) ♥❛t✉r❛❧♠❡♥t❡ ✐♥❞✉③ ❡st❛ ♠❡s♠❛
❡str✉t✉r❛ ❡♠ UF(g̃)f ✳ ▼❛✐s ❛✐♥❞❛✱ s❡ V ❡W sã♦ UF(g̃)✲♠ó❞✉❧♦s t❛✐s q✉❡ IfV = IfW = 0✱
❡♥tã♦ V ⊗W s❡ t♦r♥❛ ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ♠ó❞✉❧♦ ♣❛r❛ UF(g̃)f ✳

▲❡♠❛ ✷✳✻✳✺✳ ❖ ❝♦♥❥✉♥t♦ If é ✉♠ ✐❞❡❛❧ ❞❡ ❍♦♣❢ ❞❡ UF(g̃)✳

✻✾
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❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❡ If s❡❥❛ ✉♠ ✐❞❡❛❧ ❞❡ ❍♦♣❢✱ é ♥❡❝❡ssár✐♦ q✉❡ If s❡❥❛ ✉♠ ✐❞❡❛❧ ❞❡
UF(g̃) ❝♦♠♦ F✲á❧❣❡❜r❛✱ ♦ q✉❛❧ ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❛ ❝♦✉♥✐❞❛❞❡✱ q✉❡ s❡❥❛ ✐♥✈❛r✐❛♥t❡
♣❡❧❛ ❛♥tí♣♦❞❛ ❡ s❛t✐s❢❛ç❛ ∆(If ) ⊆ If ⊗ UF(g̃) + UF(g̃)⊗ If ✭❝❢✳ ❉❡✜♥✐çã♦ ❆✳✸✳✶✵✮✳

❉❡ ❢❛t♦✱ If é ✐❞❡❛❧ ♣♦r ❞❡✜♥✐çã♦✳ P❛r❛ ✈❡r✐✜❝❛r q✉❡ ∆(If ) s❛t✐s❢❛③ ♦ ❡s❝r✐t♦ ❛❝✐♠❛✱
♦❜t❡♠♦s ❞❡ ✭✷✳✸✳✶✹✮ q✉❡

∆((x±α,k,f )
(r)) =

r∑

i=0

(x±α,k,f )
(i)⊗ (x±α,k,f )

(r−i) =
r∑

i=1

(x±α,k,f )
(i)⊗ (x±α,k,f )

(r−i)+1⊗ (x±α,k,f )
(r),

♣❛r❛ t♦❞♦s α ∈ R+, r, k ∈ Z ❡ r > 0✱ ❡ ❞✐ss♦ s❡ ❞❡❞✉③

∆(If ) ⊆ If ⊗ UF(g̃) + UF(g̃)⊗ If .

❆s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ✐♠❡❞✐❛t❛s ❞❛s ❞❡✜♥✐çõ❡s ❞❛ ❝♦✉♥✐❞❛❞❡ ❡ ❞❛ ❛♥tí♣♦❞❛ ✭❝❢✳
❊①❡♠♣❧♦ ❆✳✸✳✶✷✮✳

❉❛❞♦ ω =
∏n

j=1 ωλj ,aj ∈ P+✱ ❝♦♠ ai 6= aj ♣❛r❛ i 6= j✱ s❡❥❛

fω(u) =
n∏

j=1

(1− aju) ❡ Iω = Ifω .

▲❡♠❛ ✷✳✻✳✻✳ P❛r❛ t♦❞♦ ω ∈ P+✱ IωVF(ω) = 0✳

❉❡♠♦♥str❛çã♦✳ ❊s❝r❡✈❛ f = fω✳ ❙✉♣♦♥❤❛ ♣r✐♠❡✐r♦ ω = ωλ,a ♣❛r❛ ❛❧❣✉♠ λ ∈ P+ ❡
a ∈ F×✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ VF(ω) ∼= VF(λ, a)✳ ❊♥tã♦✱ é ✐♠❡❞✐❛t♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ ❞❡
❛✈❛❧✐❛çã♦ q✉❡✱ s❡ g ∈ F[u] é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ f ❡ ♣♦ss✉✐ t❡r♠♦ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1✱ ❡♥tã♦

(x±α,k,g)
(r)VF(λ, a) = (akg̃(a))r(x±α )

(r)VF(λ, a) = 0, ✭✷✳✻✳✽✮

♣❛r❛ t♦❞♦s α ∈ R+, k, r ∈ Z, r > 0✱ ♣♦✐s g̃(a) = 0✳

P❛r❛ ✉♠ ω ∈ P+ ❛r❜✐trár✐♦✱ ❞✐❣❛♠♦s ω =
∏n

j=1 ωλj ,aj ❝♦♠ ai 6= aj ♣❛r❛ i 6= j✱

t❡♠♦s VF(ω) ∼= n⊗

i = 1
VF(λj, aj)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✾✳ ❊♥tã♦✱ ❞❛❞♦ v = v1 ⊗ · · · ⊗ vn✱

❝♦♠ vj ∈ VF(λj, aj)✱ s❡❣✉❡ ❞❡ ✭✷✳✻✳✽✮ ❡ ✭✷✳✸✳✶✹✮ ❝♦♠ x = xα,k,f ✱ q✉❡

(xα,k,f )
(r)v = 0 ♣❛r❛ t♦❞♦s α ∈ R+, k, r ∈ Z, r > 0,

♦ q✉❡ ✐♠♣❧✐❝❛ IωVF(ω) = 0✳

❊♥✜♠✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✷✳✻✳✼✳ ❙✉♣♦♥❤❛ q✉❡ m ♥ã♦ s❡❥❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ❡ s❡❥❛ π ∈ Pσ,+✳ ❊♥tã♦✱
❡①✐st❡ ω ∈ P+ t❛❧ q✉❡ VF(ω) é ✐s♦♠♦r❢♦ ❛ VF(π) q✉❛♥❞♦ ✈✐st♦ ❝♦♠♦ UF(g̃

σ)✲♠ó❞✉❧♦✳

✼✵
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❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ π ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❞❡❝♦♠♣♦✲
s✐çã♦ ♣❛❞rã♦ ✭✷✳✺✳✶✵✮✿

π =

{∏ℓ
k=1

∏m−1
ǫ=0

∏
i∈I0

(ωσ
ωi,ζm−ǫak

)ek,ǫ,i , s❡ g ♥ã♦ é ❞❡ t✐♣♦ A2n✱∏ℓ
k=1

∏m−1
ǫ=0

∏
i∈I0

(ωσ
2δi,jωi,ζm−ǫak

)ek,ǫ,i , s❡ g é ❞❡ t✐♣♦ A2n,

❝♦♠ ♦ j ♥❛ s❡❣✉♥❞❛ ❧✐♥❤❛ s❡♥❞♦ ♦ ú♥✐❝♦ í♥❞✐❝❡ t❛❧ q✉❡ αj ∈ Rs✳ ❉❡✜♥❛

ω =
ℓ∏

k=1

ωµk,ak ❝♦♠ µk =
m−1∑

ǫ=0

∑

i∈I0

ek,ǫ,iσ
ǫ(ωo(i)).

P❡❧♦ ▲❡♠❛ ✷✳✻✳✻ ❡ ♦ ❈♦r♦❧ár✐♦ ✷✳✻✳✸ t❡♠♦s VF(ω) s✐♠♣❧❡s q✉❛♥❞♦ ✈✐st♦ ❝♦♠♦ ✉♠
UF(g̃

σ)✲♠ó❞✉❧♦✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ s❡ v é ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ VF(ω)✱ ❡♥tã♦
UF((ñ

+)σ)0v = 0✳ P♦rt❛♥t♦✱ r❡st❛ ♣r♦✈❛r ❛ ✐❣✉❛❧❞❛❞❡

Λσ+
i (u) v = πi(u) v ♣❛r❛ t♦❞♦ i ∈ I0.

❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ o(i) ♥ã♦ s❡❥❛ ✜①❛❞♦ ♣♦r σ✳ ❊♥tã♦✱

Λσ,+
i (u)v =

m−1∏

j=0

Λσj(o(i))(ζ
m−ju)v =

m−1∏

j=0

ωσj(o(i))(ζ
m−ju)v

=
ℓ∏

k=1

m−1∏

j=0

(ωσj(o(i)),ζm−jak)
µk(hσj(o(i)))

σj(o(i))
v

=
ℓ∏

k=1

m−1∏

j=0

(1− ζm−jak)
ek,j,iv = πi(u)v,

❝♦♠ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❞❡✈✐❞♦ ❛ ✭✷✳✺✳✸✮✳ ❙✐♠✐❧❛r♠❡♥t❡✱ s❡ o(i) é ✜①❛❞♦ ♣♦r σ✱ ❡♥tã♦

Λσ,+
i (u) v = Λ+

o(i);m(u) v =
ℓ∏

k=1

(1− amk u)µk(h(o(i)))

=
ℓ∏

k=1

m−1∏

ǫ=0

(1− amk u)ek,ǫ,iv

=
ℓ∏

k=1

m−1∏

ǫ=0

(1− (ζm−ǫak)
mu)ek,ǫ,iv = πi(u)v,

♣♦✐s (ζm−ǫ)m = 1 ♣❛r❛ t♦❞♦ 0 ≤ ǫ < m− 1✱ ❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❞❡✈✐❞♦ ❛ ✭✷✳✺✳✸✮✳

▼❛♥t❡♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛✱ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ✐♠❡✲
❞✐❛t♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✾✳

❈♦r♦❧ár✐♦ ✷✳✻✳✽✳ VF(π) ∼=UF(g̃σ) ⊗ℓ
k=1VF(µk, ak)✳

✼✶
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❈❛♣ít✉❧♦ ✸

▼✉❧t✐✲❝♦rr❡♥t❡s✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞✐s❝✉t✐r❡♠♦s ✉♠❛ t❡♦r✐❛ s❡♠❡❧❤❛♥t❡ ❛ q✉❡ ❢♦✐ ♣r♦♣♦st❛ ♥♦ ❛rt✐❣♦ ❬✶✷❪
♣♦r ❱✳ ❈❤❛r✐✱ ❆✳ ❑❤❛r❡ ❡ ❚✳ ❘✐❞❡♥♦✉r✱ ♦❜t✐❞♦ ❛♣ós ❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ✐♥✐❝✐❛❧♠❡♥t❡
♣♦r ❱✳ ❈❤❛r✐ ❡ ❏✳ ●r❡❡♥st❡✐♥ ❡♠ ❬✾✱ ✶✵✱ ✶✶❪ ♣❛r❛ ❡st✉❞❛r ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s ❞❡
❝❡rt❛s ❝❛t❡❣♦r✐❛s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ Z✲❣r❛❞✉❛❞❛s✳

❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ s❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ♣♦ss✉✐ ♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s q✉❡ ♥ã♦
sã♦ s✐♠♣❧❡s✱ t♦r♥❛✲s❡ ♥❛t✉r❛❧ ♣❡r❣✉♥t❛r s❡ ❡ss❡s ♠ó❞✉❧♦s ♣♦ss✉❡♠ ❛❧❣✉♠❛ ♣r♦♣r✐❡❞❛❞❡
❤♦♠♦❧ó❣✐❝❛ r❡❧❡✈❛♥t❡✳ ❆ ✐❞❡✐❛ ❜ás✐❝❛ é ❝♦♥str✉✐r ✭❞❡♥tr♦ ❞❡ss❛ ❝❛t❡❣♦r✐❛✮ s✉❜❝❛t❡❣♦r✐❛s
q✉❡ ❝♦♥té♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s✱ s✉✜❝✐❡♥t❡s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s
❡ q✉❡ ♣♦ss❛♠ s❡r r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡
s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C✱ ❛s q✉❛✐s sã♦ ♠❡❧❤♦r ❡♥t❡♥❞✐❞❛s ❡♠ ❣❡r❛❧✳ ❊ss❛ é
❛ ❡str❛té❣✐❛ ✉t✐❧✐③❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✷✷❪ ♣❛r❛ ❡st✉❞❛r ❛ ❝❛t❡❣♦r✐❛ O ❞❡ ❇❡r♥st❡✐♥✱
●❡❧❢❛♥❞ ❡ ●❡❧❢❛♥❞ ❡✱ t❛♠❜é♠✱ r❡♣r❡s❡♥t❛çõ❡s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞✐s❝✉t✐r❡♠♦s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s s♦❜r❡ ✉♠❛ á❧✲
❣❡❜r❛ ❞❡ ▲✐❡ ♠✉❧t✐✲❣r❛❞✉❛❞❛ ✭❡ ❞❡ ❛❧❣✉♠❛s ❞❡ s✉❛s s✉❜❝❛t❡❣♦r✐❛s✮✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♥❛
❙❡çã♦ ✸✳✻ ♦❜t❡r❡♠♦s ✉♠❛ ❢ór♠✉❧❛ r❡❝✉rs✐✈❛ ❞♦ ❝❛rá❝t❡r ❣r❛❞✉❛❞♦ ❞❡ ❝❡rt♦s ♠ó❞✉❧♦s
❞❡st❛ ❝❛t❡❣♦r✐❛ q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ ❙❡çã♦ ✸✳✼✱ ♣♦❞❡♠ s❡ ✈✐st♦s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s
❞♦s ❧✐♠✐t❡s ❝❧áss✐❝♦s ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳

P♦r t♦❞♦ ❡ss❡ ❝❛♣ít✉❧♦ ♠❛♥t❡r❡♠♦s ❛s ♥♦t❛çõ❡s ❡st❛❜❡❧❡❝✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✳

✸✳✶ ❈♦♥s✐❞❡r❛çõ❡s ✐♥✐❝✐❛✐s✳

P❛r❛ ❝❛❞❛ ℓ ∈ Z+ \ {0}✱ s❡❥❛ {e1, . . . , eℓ} ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Zℓ ❡ deg : Zℓ → Z ❛
❢✉♥çã♦ ❞❛❞❛ ♣♦r r = (r1, . . . , rℓ) 7→ deg(r) = r1 + · · · + rℓ✳ ❋✐①❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡
Zℓ
+✲❣r❛❞✉❛❞❛

a =
⊕

r ∈ Zℓ
+

a[r]

✼✸
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t❛❧ q✉❡ g := a[0] é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❞❡ t✐♣♦ ✜♥✐t♦ s♦❜r❡ C ❡ a[r] é ✉♠
g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ ❝❛❞❛ r ∈ Zℓ

+✳ ➱ ✐♠❡❞✐❛t♦ q✉❡

a+ =
⊕

r∈Z
ℓ

+

deg(r) 6=0

a[r]

é ✉♠ ✐❞❡❛❧ ❞❡ a✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ Z+✲❣r❛❞✉❛❞❛ ã ✐♥❞✉③✐❞❛ ♣❡❧❛
❢✉♥çã♦ deg✱ ✐✳❡✳✱

ã =
⊕

r ∈ Z+0

ã[r], ❝♦♠ ã[r] =
⊕

r∈Z
ℓ

+

deg(r)=r

a[r].

❖ ✐❞❡❛❧ ✐♥❞✉③✐❞♦ ♣♦r a+ s❡rá ❞❡♥♦t❛❞♦ ♣♦r

ã+ =
⊕

r > 0
ã[r].

❆ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ U(a+) ✭❡✱ ♣♦rt❛♥t♦✱ U(ã+)✮ é ✉♠ g✲♠ó❞✉❧♦ s♦❜
❛ ❛çã♦ x · a = [x, a]✱ ❝♦♠ [x, a] = xa− ax ♦ ❝♦♠✉t❛❞♦r ❡♠ U(a)✳ ❆ á❧❣❡❜r❛ U(a) ♣♦ss✉✐
✉♠❛ Zℓ

+✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❤❡r❞❛❞❛ ❞❡ a✿ ❛ s❛❜❡r✱ ♦ ❣r❛✉ ❞❡ ✉♠ ♠♦♥ô♠✐♦ a1 · · · ak✱ ❝♦♠
ai ∈ a[si]✱ é s1 + · · · + sk✳ ▼❛✐s ❛✐♥❞❛✱ ♦s ✐❞❡❛✐s U(a+) ❡ U(ã+) sã♦ ✐❞❡❛✐s ❣r❛❞✉❛❞♦s✳
P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✱ t❡♠♦s ♦s ✐s♦♠♦r✜s♠♦s ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

U(a) = U(a+)⊗C U(g) ❡ U(ã) = U(ã+)⊗C U(g).

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❞❡s❝r❡✈❡ ❛s ♣❛rt❡s ❣r❛❞✉❛❞❛s ❞❡ U(a+)✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳ P❛r❛ t♦❞♦ r ∈ Zℓ
+✱ t❡♠♦s U(a+)[r] ∼=g S

(r)(a)✱ ❝♦♠

S(r)(a) :=
⊕

k




⊗

s∈Z
ℓ

+\{0}

k(s) 6=0

Symk(s)a[s]


,

s❡♥❞♦ ❛ s♦♠❛ s♦❜r❡ t♦❞❛s ❛s ❢✉♥çõ❡s k : Zℓ
+ \ {0} → Z+ t❛✐s q✉❡

∑

s∈Zℓ+\{0}
k(s)s = r✳

❊♠ ♣❛rt✐❝✉❧❛r✱ U(ã+)[r] ∼=g S
(r)(ã)✱ ❝♦♠

S(r)(ã) :=
⊕

k∈Zr+:∑r
j=1 jkj=r

Symk1 ã[1]⊗ · · · ⊗ Symkr ã[r].

❉❡♠♦♥str❛çã♦✳ ❖ ❝❛s♦ r = 0 é ó❜✈✐♦✱ ❡♥tã♦ s✉♣♦♥❤❛ r 6= 0✳ P❛r❛ ❝❛❞❛ s ∈ Z+✱
❝♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦ U(a+)≤s ❞❡ U(a+) ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{a1 · · · ak | k ≤ s, aj ∈ a+ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ k}
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❡ ❞❡✜♥❛
U(a+)[r]≤s = U(a+)[r] ∩ U(a+)≤s.

◆♦t❡ q✉❡ U(a+)[r]≤s é ✉♠ g✲s✉❜♠ó❞✉❧♦ ❞❡ U(a+)[r] ❡✱ ♣♦rt❛♥t♦✱ t❡♠♦s ❞❡✜♥✐❞❛ ✉♠❛
✜❧tr❛çã♦ ❞❡ U(a+)[r] ♣♦r g✲s✉❜♠ó❞✉❧♦s✳ ❆❧é♠ ❞✐ss♦✱

U(a+)[r] = U(a+)[r]≤deg(r).

❊♠ ♣❛rt✐❝✉❧❛r✱ U(a+)[r]≤s t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ t♦❞♦ s ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✷✱

U(a+)[r]≤s
∼=g U(a+)[r]≤s−1 ⊕ (U(a+)[r]≤s/U(a+)[r]≤s−1).

❙❡❣✉❡ ❡♥tã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt q✉❡

U(a+)[r]≤s
∼=g U(a+)[r]≤s−1 ⊕ Syms(a+)[r]

❡✱ ♣♦rt❛♥t♦✱

U(a+)[r] ∼=g

deg(r)⊕

s=1

Syms(a+)[r] = Sym(a+)[r].

❋✐①❡ ✉♠❛ ♦r❞❡♠ t♦t❛❧ ❡♠ Zℓ✳ P♦r ✉♠❛ ♣❛rt✐çã♦ ❞❡ r ∈ Nℓ ❡♥t❡♥❞❡♠♦s ✉♠❛ ❢❛♠í❧✐❛
r = (r1 ≤ r2 ≤ · · · ≤ rn) ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Nℓ t❛❧ q✉❡

∑
j rj = r✳ ❖ ♥ú♠❡r♦ n é ♦

t❛♠❛♥❤♦ ❞❛ ♣❛rt✐çã♦ r✳ ❉❛❞❛ t❛❧ ♣❛rt✐çã♦✱ ❝♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦ V (r) ❞❡ Sym(a+)[r]
❣❡r❛❞♦ ♣❡❧♦s s✐♠❡tr✐③❛❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

a1 · · · an,
❝♦♠ aj ∈ a[rj] ❡ ♦❜s❡r✈❡ q✉❡ V (r) é ✉♠ g✲s✉❜♠ó❞✉❧♦ ❞❡ Sym(a+)[r]✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱

Sym(a+)[r] =
⊕

r
V (r), ✭✸✳✶✳✶✮

s❡♥❞♦ q✉❡ ❡ss❛ s♦♠❛ é s♦❜r❡ t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡ r✳ ❆❧é♠ ❞✐ss♦✱

V (r) ∼=g

⊗

s∈Z
ℓ

+\{0}

k(s) 6=0

Symk(s)a[s], ✭✸✳✶✳✷✮

♣❛r❛ k(s) = |{j | rj = s}|✳
Pr♦♣♦s✐çã♦ ✸✳✶✳✷✳ P❛r❛ t♦❞♦ r ∈ Zℓ

+ ❡ j ∈ Z+✱ t❡♠♦s

(∧ja+)[r] ∼=g

⊕

k


 ⊗

s ∈ Zℓ
+ \ {0}

∧k(s) a[s]


 ,

❝♦♠ ❛ s♦♠❛ t♦♠❛❞❛ s♦❜r❡ t♦❞❛s ❛s ❢✉♥çõ❡s k : Zℓ
+ \ {0} → Z+ t❛✐s q✉❡

∑

s∈Zℓ+\{0}
k(s)s = r ❡

∑

s∈Zℓ+\{0}
k(s) = j.

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ ❛♦ ❝á❧❝✉❧♦ ❞❡ Sym(a+)[r] ♥❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷ ♥♦s r❡str✐♥❣✐♥❞♦
às ♣❛rt✐çõ❡s ❞❡ r ❞❡ ❝♦♠♣r✐♠❡♥t♦ j✳
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✸✳✷ ❆ ❝❛t❡❣♦r✐❛ G ❡ s❡✉s ♦❜❥❡t♦s s✐♠♣❧❡s✳

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ✉♠❛ ❝❛t❡❣♦r✐❛ ❡s♣❡❝✐❛❧ ❞❡ a✲♠ó❞✉❧♦s✱ ❞✐s❝✉t✐r❡♠♦s ❛❧❣✉♠❛s
♣r♦♣r✐❡❞❛❞❡s ❞❡ s❡✉s ♦❜❥❡t♦s ❡ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♦❜❥❡t♦s s✐♠♣❧❡s✳

▲❡♠❜r❡✲s❡ q✉❡✱ ❞❛❞♦ λ ∈ P+✱ V (λ) é ♦ g✲♠ó❞✉❧♦ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡
♣❡s♦ ♠á①✐♠♦ λ✱ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r vλ s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s ✭✶✳✷✳✷✮✳

◆♦ q✉❡ s❡ s❡❣✉❡✱ F(g) ❞❡♥♦t❛rá ❛ ❝❛t❡❣♦r✐❛ ❞❡ g✲♠ó❞✉❧♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ G
❛ ❝❛t❡❣♦r✐❛ ❞❡ a✲♠ó❞✉❧♦s Zℓ

+✲❣r❛❞✉❛❞♦s ❝♦♠ ♣❛rt❡s ❣r❛❞✉❛❞❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ✐✳❡✳✱
V é ✉♠ ♦❜❥❡t♦ ❞❡ G s❡

V =
⊕

r ∈ Zℓ
+

V [r], ❝♦♠ V [r] ∈ F(g),

❝✉❥♦s ♠♦r✜s♠♦s sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ a✲♠ó❞✉❧♦s q✉❡ ♣r❡s❡r✈❛♠ ♣❛rt❡s ❣r❛❞✉❛❞❛s✱ ✐✳❡✳✱

HomG(V,W ) = {f ∈ Homa(V,W ) | f(V [r]) ⊆ W [r] ♣❛r❛ t♦❞♦ r ∈ Zℓ
+}.

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❝❛t❡❣♦r✐❛ G̃ ❞❡ ã✲♠ó❞✉❧♦s Z+✲❣r❛❞✉❛❞♦s ❝♦♠ ♣❛rt❡s ❣r❛✲
❞✉❛❞❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✳ ◆♦t❡ ❛❝✐♠❛ q✉❡✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❡st❛♠♦s ✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s
✏A ∈ C✑ ❡ ✏A é ✉♠ ♦❜❥❡t♦ ❞❡ C✑ ♣❛r❛ ❞✐③❡r q✉❡ ✉♠ ♦❜❥❡t♦ A ♣❡rt❡♥❝❡ ❛ ❝❛t❡❣♦r✐❛ C✳
❋❛r❡♠♦s ✐ss♦ ♥♦ ❞❡❝♦rr❡r ❞❡ t♦❞♦ ♦ ❝❛♣ít✉❧♦✳

❊①❡♠♣❧♦ ✸✳✷✳✷✳ ❆ á❧❣❡❜r❛ g[t] = g⊗C[t] ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s g ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ C é ❝❧❛r❛♠❡♥t❡ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♠♦ a ♣❛r❛ ℓ = 1
❡ ❛ ❣r❛❞✉❛çã♦ é ❞❛❞❛ ♣❡❧❛s ♣♦tê♥❝✐❛s ❞❡ t✳ ❆ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❣r❛❞✉❛❞❛s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡st❛ á❧❣❡❜r❛ g[t] ♣♦ss✉✐ ♠✉✐t❛s ❢❛♠í❧✐❛s ✐♥t❡r❡ss❛♥t❡s ❞❡ ♠ó❞✉❧♦s
❜❛st❛♥t❡ ❡st✉❞❛❞♦s✿ ♦s ♠ó❞✉❧♦s ❞❡ ❉❡♠❛③✉r❡ ❡ ♦s ♣r♦❞✉t♦s ❞❡ ❢✉sã♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ g[t] ❡st✉❞❛❞♦s ❡♠ ❬✷✽❪✱ ♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ❡st✉✲
❞❛❞♦s ❡♠ ❬✶✺✱ ✶✻❪ ❡ ♦s ♠ó❞✉❧♦s ❞❡ ❲❡②❧ ✐♥tr♦❞✉③✐❞♦s ❡♠ ❬✷✵❪ ❡ ❡st✉❞❛❞♦s ❡♠ ❬✶✹✱ ✷✽❪✳
❚♦❞❛s ❡ss❛s r❡♣r❡s❡♥t❛çõ❡s sã♦ ❡♠ ❣❡r❛❧ r❡❞✉tí✈❡✐s✱ ♠❛s s❡♠♣r❡ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ ⋄

❖❜s❡r✈❡ q✉❡ ❝❛❞❛ ♦❜❥❡t♦ V ❞❡ G ♣♦❞❡ s❡r ♥❛t✉r❛❧♠❡♥t❡ ✈✐st♦ ❝♦♠♦ ✉♠ ♦❜❥❡t♦ ❞❡
G̃ ❛♦ ❞❡✜♥✐r

V [r] =
⊕

r∈Zℓ+
deg(r)=r

V [r].

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐ss♦ ❞❡✜♥❡ ✉♠ ❢✉♥t♦r ❡♥tr❡ ❛s ❝❛t❡❣♦r✐❛s G ❡ G̃✱ ♦ q✉❛❧ s❡rá ❞❡♥♦t❛❞♦
♣♦r

I : G → G̃.

Pr♦♣♦s✐çã♦ ✸✳✷✳✸✳ ❙❡ V ∈ G é t❛❧ q✉❡ I (V ) = I (V )[r] ♣❛r❛ ❛❧❣✉♠ r ∈ Z+✱ ❡♥tã♦ V
é s❡♠✐ss✐♠♣❧❡s✳
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❉❡♠♦♥str❛çã♦✳ ❆ ❝♦♥❞✐çã♦ I (V ) = I (V )[r] ✐♠♣❧✐❝❛ a+V = 0 ❡✱ ❛ ♣❛rt✐r ❞✐ss♦✱ ❛
❝♦♥❝❧✉sã♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✷✳

◆♦t❡ q✉❡ ❛ ❝❛t❡❣♦r✐❛ G s❡ t♦r♥❛ ✉♠❛ ❝❛t❡❣♦r✐❛ t❡♥s♦r✐❛❧ ❞❡✜♥✐♥❞♦✲s❡

(V ⊗W )[r] =
⊕

(s,s′)∈Zℓ+×Zℓ+:

s+s′=r

V [s]⊗ V [s′].

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❝❛t❡❣♦r✐❛ G̃ t❛♠❜é♠ é ✉♠❛ ❝❛t❡❣♦r✐❛ t❡♥s♦r✐❛❧ ❡✱ ❛❧é♠ ❞✐ss♦✱ ♦ ❢✉♥t♦r
I é ✉♠ ❢✉♥t♦r t❡♥s♦r✐❛❧✳

P❛r❛ ❝❛❞❛ V ∈ G✱ ❝♦♥s✐❞❡r❡ U(a)⊗U(g) V ❝♦♠♦ ✉♠ a✲♠ó❞✉❧♦ ✈✐❛ ♠✉❧t✐♣❧✐❝❛çã♦ à
❡sq✉❡r❞❛✳ ❖ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r é ✐♠❡❞✐❛t♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳

❈♦r♦❧ár✐♦ ✸✳✷✳✹✳ ❚❡♠♦s U(a+) ∈ G ❡ U(ã+) ∈ G̃✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ V ∈ G✱ ❡♥tã♦
U(a)⊗U(g) V ∈ G ❡✱ ♣❛r❛ t♦❞♦ V ∈ G̃✱ U(ã)⊗U(g) V ∈ G̃✳

❆ s❡❣✉✐r✱ ♣❛r❛ ❝❛❞❛ r ∈ Zℓ
+✱ s❡❥❛ τr : G → G ♦ ❢✉♥t♦r ♠✉❞❛♥ç❛ ❞❡ ❣r❛✉ t❛❧ q✉❡

τrV [s] = V [s+ r] ♣❛r❛ t♦❞♦s s ∈ Zℓ
+ ❡ V ∈ G.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡ ♦ ❢✉♥t♦r ev : F(g)→ G q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♠ó❞✉❧♦ V ∈ F(g)
♦ a✲♠ó❞✉❧♦ ev(V ) ∈ G✱ ❝♦♠ ❛ ❛çã♦ ❞❡ g ♠❛♥t✐❞❛ ❡ a+ev(V ) = 0✱ ❝✉❥❛s ♣❛rt❡s ❣r❛❞✉❛❞❛s
sã♦

ev(V )[0] = V ❡ ev(V )[k] = 0 ♣❛r❛ k 6= 0.

❈♦♠♣♦♥❞♦ ❡ss❡s ❞♦✐s ❢✉♥t♦r❡s ♦❜t❡♠♦s ♦ ❢✉♥t♦r evr = τr ◦ ev : F(g) → G✳ ❆♥❛❧♦❣❛✲
♠❡♥t❡✱ ❡ss❛ ❝♦♥str✉çã♦ s❡ r❡♣❡t❡ ♣❛r❛ G̃ ❡ ♦❜té♠✲s❡ ♦ ❢✉♥t♦r evr : F(g)→ G̃ ♣❛r❛ t♦❞♦
r ∈ Z+✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦

V (λ, r) = evrV (λ) ❡ V (λ, r) = evrV (λ), ♣❛r❛ t♦❞♦s λ ∈ P+, r ∈ Zℓ
+ ❡ r ∈ Z+,

❡ vλ,r ❡ vλ,r s❡♥❞♦ ❛ ✐♠❛❣❡♠ ❞♦ ❣❡r❛❞♦r vλ ❞❡ V (λ) ❡♠ V (λ, r) ❡ V (λ, r)✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❖ ❢✉♥t♦r I ❞❡✜♥✐❞♦ ❛❝✐♠❛ r❡❧❛❝✐♦♥❛ ❡ss❡s ❞♦✐s ♦❜❥❡t♦s✿

▲❡♠❛ ✸✳✷✳✺✳ P❛r❛ t♦❞♦s λ ∈ P+ ❡ r ∈ Zℓ
+✱ I (V (λ, r)) ∼= V (λ, deg(r))✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝♦♠♣❛r❛r ❛s ♣❛rt❡s ❣r❛❞✉❛❞❛s ❞❡ ❛♠❜♦s ♦s ♠ó❞✉❧♦s✳ ❉❡ ❢❛t♦✱
❡♠ G t❡♠♦s V (λ, r)[r] = V (λ) ❡ V (λ, r)[s] = 0 ♣❛r❛ t♦❞♦ s 6= r✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦
❢✉♥t♦r I ✱ t❡♠♦s✱ ❡♠ G̃✱ V (λ, r)[deg r] = V (λ) ❡ V (λ, r)[s] = 0✱ ♣❛r❛ t♦❞♦ s 6= deg(r)✳
P♦r ♦✉tr♦ ❧❛❞♦✱ V (λ, deg(r)) ❡♠ G̃ é ♦ ♠ó❞✉❧♦ t❛❧ q✉❡ V (λ, deg(r))[deg r] = V (λ) ❡
V (λ, deg(r))[s] = 0 ♣❛r❛ t♦❞♦ s 6= deg r✳

❊ss❡s ♠ó❞✉❧♦s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ s✉❛s r❡s♣❡❝t✐✈❛s ❝❛t❡❣♦✲
r✐❛s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳ ❉❡✜♥❛

Λ = P+ × Zℓ
+ ❡ Λ̃ = P+ × Z+.
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Pr♦♣♦s✐çã♦ ✸✳✷✳✻✳ ❙❡ V é ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ G✱ ❡♥tã♦ V é ✐s♦♠♦r❢♦ ❛ V (λ, r) ♣❛r❛
✉♠ ú♥✐❝♦ ♣❛r (λ, r) ∈ Λ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ V é ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ G̃✱ ❡♥tã♦ V é
✐s♦♠♦r❢♦ ❛ V (λ, r) ♣❛r❛ ✉♠ ú♥✐❝♦ ♣❛r (λ, r) ∈ Λ̃✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ V é ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ G t❛❧ q✉❡ V [r] 6= 0 ❡ V [s] 6= 0
♣❛r❛ ❝❡rt♦s r, s ∈ Zℓ

+ ❝♦♠ r 6= s✳ ❖❜s❡r✈❡ q✉❡ ♥ã♦ ❤á ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡♠ s✉♣♦r
r − s /∈ Zℓ

+✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s s− r /∈ Zℓ
+✳ ❆ss✐♠✱ ♦ s✉❜❡s♣❛ç♦

⊕

k:k−s∈Zℓ+

V [k] 6= 0

é ✉♠ a✲s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ❞❡ V ✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ V ✳ P♦rt❛♥t♦✱ ❡①✐st❡
✉♠ ú♥✐❝♦ r ∈ Zℓ

+ t❛❧ q✉❡ V [r] 6= 0✳ ▲♦❣♦✱ V [r] é ✉♠ g✲♠ó❞✉❧♦ s✐♠♣❧❡s ❡✱ ❡♥tã♦✱
V [r] ∼= V (λ) ♣❛r❛ ✉♠ ú♥✐❝♦ λ ∈ P+✱ ❞❛í V ∼=G V (λ, r)✱ ♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛
♣r✐♠❡✐r❛ ♣❛rt❡✳ ❆ ú❧t✐♠❛ ♣❛rt❡ é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ♣r✐♠❡✐r❛✳

❱✐s❛♥❞♦ tr❛❜❛❧❤❛r ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞❡ ❢❛t♦r❡s ✐rr❡❞✉tí✈❡✐s ❡♠ ♦❜❥❡t♦s ❞❡ G✱
♣r❡❝✐s❛r❡♠♦s ✐♥tr♦❞✉③✐r ♠❛✐s ✉♠❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ G✿
❉❡✜♥✐çã♦ ✸✳✷✳✼✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Gf ❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ G ❝✉❥♦s ♦❜❥❡t♦s sã♦ ❞❡ ❞✐♠❡♥✲
sã♦ ✜♥✐t❛✳ ❉❛❞♦ V ∈ Gf ❡ (λ, r) ∈ Λ✱ ❞❡♥♦t❛r❡♠♦s ♣♦r [V : V (λ, r)] ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡
❞❡ V (λ, r) ❡♠ ✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ V ✳

❈♦♥s✐❞❡r❡ t❛♠❜é♠✱ ♣❛r❛ ❝❛❞❛ r ∈ Zℓ
+✱ ❛ s✉❜❝❛t❡❣♦r✐❛ Gr ❞❡ G ❝✉❥♦s ♦❜❥❡t♦s

s❛t✐s❢❛③❡♠ V [s] = 0 s❡ r − s /∈ Zℓ
+✳ ❚❡♠♦s

Gs ⊆ Gr ⊆ Gf s❡♠♣r❡ q✉❡ r − s ∈ Zℓ
+. ✭✸✳✷✳✶✮

❉❛❞♦s r ∈ Zℓ
+ ❡ V ∈ G✱ ❞❡✜♥❛

V r =
⊕

s:r−s/∈Zℓ+

V [s] ❡ Vr = V/V r.

❖❜s❡r✈❡ q✉❡ V r é ✉♠ a✲s✉❜♠ó❞✉❧♦ ❞❡ V ✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ f ∈ HomG(V,W )✱ ❞❡✜♥❛

fr ∈ HomGr (Vr,Wr) ❞❡ ♠♦❞♦ q✉❡ fr(v + V r) = f(v) +Wr.

◆♦t❡ q✉❡ ❡ss❛ ❢✉♥çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡ v + V r = v′ + V r✱ ❡♥tã♦ v − v′ ∈ V r

❡ ❞❛í f(v − v′) ∈ Wr✱ ♦✉ s❡❥❛✱ fr(v + V r) = fr(v
′ + V r)✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✽✳ ❆s ❢✉♥çõ❡s V 7→ Vr ❡ f 7→ fr ❞❡✜♥❡♠ ✉♠ ❢✉♥t♦r Tr : G → Gr
q✉❡ é ♣❧❡♥♦✱ ❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦ ❡ ❡①❛t♦✳
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❉❡♠♦♥str❛çã♦✳ ❚❛♥t♦ ❛ ❝♦♠♣❧❡t✉❞❡✱ q✉❛♥t♦ ♦ ❢❛t♦ q✉❡ Tr é ❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦
❞❡❝♦rr❡ ❛♣❡♥❛s ❞❡ Gr s❡r ✉♠❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ G✳ P❛r❛ ✈❡r q✉❡ ❡ss❡ ❢✉♥t♦r é ❡①❛t♦✱ s❡❥❛

0→ A
f→ B

g→ C → 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❡♠ G ❡ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛

0→ Ar
fr→ Br

gr→ Cr → 0

❡♠ Gr ✐♥❞✉③✐❞❛ ♣❡❧♦ ❢✉♥t♦r Tr✳ P❛r❛ ✈❡r q✉❡ ker fr = 0✱ s✉♣♦♥❤❛ a + Ar t❛❧ q✉❡
fr(a + Ar) = 0✳ ❊♥tã♦✱ f(a) ∈ Br ❡✱ ❝♦♠♦ f é ❤♦♠♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦✱ t❡♠♦s
a ∈ Ar ♦✉ f(a) = 0✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ é ❝❧❛r♦ q✉❡ a + Ar = 0✱ ♥♦ s❡❣✉♥❞♦✱ t❡♠♦s
a = 0✱ ♣♦✐s ker f = 0✳ ❖✉ s❡❥❛✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s a + Ar = 0 ❡ ❞❛í ker fr =
0✳ ❆ ✐❣✉❛❧❞❛❞❡ ✐♠gr = Cr é ♦❜t✐❞❛ s✐♠✐❧❛r♠❡♥t❡✳ ❘❡st❛ ♠♦str❛r ker gr = ✐♠fr ❡
✈❛♠♦s ❢❛③❡r ✐ss♦ ❛ s❡❣✉✐r✳ ❙❡❥❛ b ∈ B t❛❧ q✉❡ b + Br ∈ ✐♠fr✱ ❡♥tã♦ ❡①✐st❡ a ∈ A
t❛❧ q✉❡ b + Br = fr(a + Ar) = f(a) + Br✳ ▲♦❣♦✱ b − f(a) ∈ Br ❡✱ ❞❡ss❡ ♠♦❞♦✱
0 = gr(b − f(a) + Br) = gr(b + Br)✱ ♣♦✐s ker g = ✐♠f ✱ ❡ ❛ss✐♠ b + Br ∈ ker gr✳
P♦rt❛♥t♦✱ ✐♠fr ⊂ ker gr✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ b ∈ B t❛❧ q✉❡ b + Br ∈ ker gr \ {0}✱
❡♥tã♦ g(b) ∈ Cr✳ ▲♦❣♦✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛ ❣r❛❞✉❛çã♦ ✉s❛❞♦ ❛❝✐♠❛✱ g(b) = 0 ❡✱
❝♦♠♦ ker g = ✐♠f ✱ t❡♠♦s b = f(a)✱ ♣❛r❛ ❛❧❣✉♠ a ∈ A✳ ❆ss✐♠✱ b + Br = f(a) + Br ❡✱
♣♦rt❛♥t♦✱ ker gr ⊂ ✐♠fr✳

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❥✉♥t♦ ❝♦♠ ❛ s❡❣✉♥❞❛ ✐♥❝❧✉sã♦ ❡♠ ✭✸✳✷✳✶✮ ♥♦s ♣❡r♠✐t❡ ❢♦r✲
♠✉❧❛r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✳✷✳✾✳ ❉❛❞♦ V ∈ G ❡ (λ, r) ∈ Λ✱ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ V (λ, r) ❡♠ V é ❞❡✜♥✐❞❛
♣♦r [V : V (λ, r)] := [Vr : V (λ, r)]✱ ❝♦♠ [Vr : V (λ, r)] ❝♦♥❢♦r♠❡ ❛ ❉❡✜♥✐çã♦ ✸✳✷✳✼✳

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✱ ♣❛r❛ ❛ á❧❣❡❜r❛ ã✱ t❛♠❜é♠ ♣♦❞❡✲s❡ r❡♣❡t✐r ❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱
❝✉❥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r G̃f ✱ V r, Vr,Tr ❡ [V : V (λ, r)]✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❊♥tr❡t❛♥t♦✱ ♦❜s❡r✈❡ q✉❡ I ◦ Tr 6= Tdeg(r) ◦ I ✱ ♦ q✉❡ s❡r✐❛ ♥❛t✉r❛❧ ❞❡ s❡
✐♥❞❛❣❛r✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ V ∈ G ❡ W ∈ G̃✱ ❞❡✜♥❛

Λ(V ) = {(λ, r) ∈ Λ | [V : V (λ, r)] 6= 0} ❡ Λ̃(W ) = {(λ, r) ∈ Λ | [W : V (λ, r)] 6= 0}.

✸✳✸ ▼ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✳

◆❡ss❛ s❡çã♦ s❡rã♦ ❝♦♥str✉í❞♦s ♦❜❥❡t♦s ♣r♦❥❡t✐✈♦s ❡ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞♦s ♦❜❥❡t♦s
s✐♠♣❧❡s ❞❡ G✳
❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❉❛❞♦s (λ, r), (µ, s) ∈ Λ✱ ❞✐r❡♠♦s q✉❡ (µ, s) ❝♦❜r❡ (λ, r) s❡ s − r ∈
Zℓ
+ \{0} ❡ µ−λ é ✉♠ ♣❡s♦ ❞♦ g✲♠ó❞✉❧♦ a[s−r]✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ s❡ (λ, r), (µ, s) ∈ Λ̃✱

❞✐r❡♠♦s q✉❡ (µ, s) ❝♦❜r❡ (λ, r) s❡ s > r ❡ µ− λ é ✉♠ ♣❡s♦ ❞♦ g✲♠ó❞✉❧♦ ã[s− r]✳

✼✾
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❈♦♥s✐❞❡r❡ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ 4 ❡♠ Λ ♦❜t✐❞❛ ♣❡❧♦ ❢❡❝❤♦ tr❛♥s✐t✐✈♦ ❡ r❡✢❡①✐✈♦ ❞❛
r❡❧❛çã♦ (λ, r) ≺ (µ, s) s❡ (µ, s) ❝♦❜r❡ (λ, r)✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r 4 ❛ ♦r❞❡♠
♣❛r❝✐❛❧ ❡♠ Λ̃ ♦❜t✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

❉❛❞♦s V ∈ G ❡ W ∈ G̃✱ s❡❥❛♠

P(V ) := U(a)⊗U(g) V ❡ P̃(W ) := U(ã)⊗U(g) W. ✭✸✳✸✳✶✮

P❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✹✱ P(V ) ∈ G ❡ P̃(W ) ∈ G̃✳ ❆ss✐♠✱ ❛s ❢✉♥çõ❡s V 7→ P(V ) ❡♠ G✱
❡ W 7→ P̃(W ) ❡♠ G̃✱ ♣♦❞❡♠ s❡r ❡st❡♥❞✐❞❛s ♣❛r❛ ❢✉♥t♦r❡s ❞❡♥♦t❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡
♣♦r P ❡ P̃✳ ◆♦t❡ q✉❡

P̃ ◦I = I ◦P. ✭✸✳✸✳✷✮

P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❞❡✜♥✐♥❞♦

P (λ, r) = P(V (λ, r)) ❡ P (λ, r) = P̃(V (λ, r)), ♣❛r❛ λ ∈ P+, r ∈ Zℓ
+ ❡ r ∈ Z+,

t❡♠♦s
I (P (λ, r)) ∼= P (λ, deg(r)).

❆❧é♠ ❞✐ss♦✱

P (λ, r) ∼=g U(a+)⊗C V (λ, r) ❡ P (λ, r)r ∼=g V (λ, r). ✭✸✳✸✳✸✮

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♠♦str❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ❛s ❝❛t❡❣♦r✐❛s G ❡ Gr ♣♦ss✉❡♠
s✉✜❝✐❡♥t❡s ♣r♦❥❡t✐✈♦s✳ ❖❜s❡r✈❛♠♦s q✉❡✱ ❡♠ ❬✶✷✱ ▲❡♠❛ ✷✳✾❪✱ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ ❛ ❝❛t❡❣♦r✐❛
G̃f ♣♦ss✉✐ ♦❜❥❡t♦s ♣r♦❥❡t✐✈♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ã+ = 0✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✳ ❙❡❥❛♠ λ ∈ P+, r, s ∈ Zℓ
+ ❡ V ∈ G✳

✭❛✮ P(V ) é ✉♠ ♦❜❥❡t♦ ♣r♦❥❡t✐✈♦ ❞❡ G ❡ ♣r♦❥❡t❛✲s❡ ❝❛♥♦♥✐❝❛♠❡♥t❡ s♦❜r❡ V ✳

✭❜✮ P (λ, r) é ❣❡r❛❞♦ ❝♦♠♦ a✲♠ó❞✉❧♦ ♣❡❧♦ ✈❡t♦r pλ,r = 1⊗ vλ,r ❞❡ ❣r❛✉ r s❛t✐s❢❛③❡♥❞♦
❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

n+pλ,r = 0, hpλ,r = λ(h)pλ,r, (x−αi)
λ(hi)+1pλ,r = 0 ♣❛r❛ t♦❞♦s h ∈ h ❡ i ∈ I.

✭❝✮ HomG(P (λ, r), V ) ∼= Homg(V (λ), V [r]) ❡ [V : V (λ, r)] = dimHomG(P (λ, r), V )✳

✭❞✮ ❙❡❥❛ K(λ, r) ♦ ♥ú❝❧❡♦ ❞❛ ♣r♦❥❡çã♦ P (λ, r) → V (λ, r) t❛❧ q✉❡ pλ,r 7→ vλ,r✳ ❊♥tã♦✱
HomG(K(λ, r), V (µ, s)) 6= 0 s♦♠❡♥t❡ s❡ Homg(a[s − r] ⊗ V (λ), V (µ)) 6= 0✳ ❊♠
♣❛rt✐❝✉❧❛r✱ (µ, s) ❝♦❜r❡ (λ, r)✳

✭❡✮ ❙❡ I (V ) = I (V )[r] ♣❛r❛ ❛❧❣✉♠ r ∈ Z+✱ ❡♥tã♦ P(V ) é ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ V
❡♠ G✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ P (λ, r) é ❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, r)✳

✭❢✮ ❙❡ s− r ∈ Zℓ
+✱ ❡♥tã♦ P (λ, r)s é ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, r) ❡♠ Gs✳
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❉❡♠♦♥str❛çã♦✳ ✭❛✮ ❙❡❥❛♠ M,N ∈ G✱ ❝♦♠ π : M ։ N ❡ η : P(V ) → N ❤♦♠♦♠♦r✲
✜s♠♦s ❞❡ a✲♠ó❞✉❧♦s✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ a✲♠ó❞✉❧♦s
η′ : P(V )→M t❛❧ q✉❡ π ◦η′ = η✳ ❈♦♠♦ g é s❡♠✐ss✐♠♣❧❡s ❡ ❛s ♣❛rt❡s ❣r❛❞✉❛❞❛s ❞❡
M ❡ N ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✳✷✱ π t❡♠ ✉♠❛ ❝✐sã♦ π′ : N →M
✭❝♦♠♦ g✲♠ó❞✉❧♦s✮ ❡✱ ❞❡ss❡ ♠♦❞♦✱ ❛ ❝♦♠♣♦s✐çã♦ π′ ◦ η|1⊗V : V → M é ✉♠ ❤♦✲
♠♦♠♦r✜s♠♦ ❞❡ g✲♠ó❞✉❧♦s ❡ ✐ss♦ ✐♥❞✉③ ♦ ❞❡s❡❥❛❞♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ a✲♠ó❞✉❧♦s
η′ : P(V ) = U(a)⊗U(g) V → U(a)M =M ✱ ❝♦♠♦ ❣♦st❛rí❛♠♦s✳

✭❜✮ ➱ ❝❧❛r♦ q✉❡ pλ,r ❣❡r❛ P (λ, r) ❝♦♠♦ a✲♠ó❞✉❧♦ ❡✱ ❝♦♠♦ vλ,r s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s
✭✶✳✷✳✷✮✱ pλ,r t❛♠❜é♠ s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ❞❛❞❛s ❡♠ ✭❜✮✳

✭❝✮ P❛r❛ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❜❛st❛ ♥♦t❛r q✉❡ ❛ ❢✉♥çã♦

HomG(P (λ, r), V )→ Homg(V (λ), V [r])

ϕ→ ϕ|1⊗V (λ,r)

❉❡ ❢❛t♦✱ ♣❛r❛ ✈❡r ❛ ✐♥❥❡t✐✈✐❞❛❞❡✱ s❡❥❛ φ ∈ HomG(P (λ, r), V ) t❛❧ q✉❡ φ|1⊗V (λ,r) = 0✳
❊♥tã♦✱ φ(1 ⊗ vλ,r) = 0 ❡✱ ♣❡❧♦ ✐t❡♠ ✭❜✮✱ φ = 0✳ P❛r❛ ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡✱ s❡
φ ∈ Homg(V (λ), V [r])✱ ❡♥tã♦ φ = Φ|1⊗V (λ,r)✱ ❝♦♠ Φ ∈ HomG(P (λ, r), V ) ♦ ❤♦✲
♠♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♣♦r Φ(1⊗ vλ,r) = 1⊗ φ(vλ)✳
❏á ♣❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ s❡❣✉❡ ❞♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛❝✐♠❛ q✉❡ ♦
❤♦♠♦♠♦r✜s♠♦

HomG(P (λ, r), V )→ HomGr (P (λ, r)r, Vr)

é ✐♥❥❡t✐✈♦ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡✈✐❞♦ à Pr♦♣♦s✐çã♦ ✸✳✷✳✽✳ ❈♦♠♦ [V :
V (λ, r)] = [Vr : V (λ, r)] = dimHomGr (V (λ, r), Vr) ✭✈❡❥❛ ❉❡✜♥✐çõ❡s ✸✳✷✳✼ ❡ ✸✳✷✳✾✮
❡ P (λ, r)r ∼= V (λ, r) ✭✈❡❥❛ ✭✸✳✸✳✸✮✮✱ t❡♠♦s [V : V (λ, r)] = dimHomG(P (λ, r), V )✳

✭❞✮ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ V (λ, r)✱ a+ ⊗ V (λ, r) ∈ K(λ, r) ❡✱ ❞❡ ❢❛t♦✱ K(λ, r) = U(a)(a+ ⊗
V (λ, r))✳ ■ss♦ ♣r♦✈❛ q✉❡ K(λ, r) é ❣❡r❛❞♦ ❝♦♠♦ ✉♠ a+✲♠ó❞✉❧♦ ♣♦r a+ ⊗ V (λ, r)✳
P♦rt❛♥t♦✱ s❡ ϕ ∈ HomG(K(λ, r), V (µ, s)) 6= 0✱ ❡♥tã♦ ϕ(a+[s− r]⊗ V (λ, r)) 6= 0✳

✭❡✮ ❙❡❥❛ π : P(V ) → V ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧✳ ❙✉♣♦♥❤❛ M ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ P(V ) t❛❧
q✉❡ M + ker π = P(V )✳ ❊♥tã♦✱ ❝♦♠♦ I (V ) ❡stá ❝♦♥❝❡♥tr❛❞♦ ♥♦ ❣r❛✉ r✱ ❞❡✈❡♠♦s
t❡r I (P(V ))r = 1 ⊗ V ❡ a+P(V ) = ker π✳ ▲♦❣♦✱ 1 ⊗ V ⊆ M ✳ ❈♦♠♦ P(V ) é
❣❡r❛❞♦ ♣♦r 1⊗ V ✱ ❡♥tã♦ M = P(V )✱ ✐✳❡✳✱ ker π é s✉♣ér✢✉♦✳

✭❢✮ ❇❛st❛ ♥♦t❛r q✉❡ P (λ, r)s = U(a)s−r ⊗ V (λ, r) ❡ ♣r♦❝❡❞❡r ❝♦♠♦ ❡♠ ✭❛✮ ❡ ✭❡✮✳

❉❛❞♦ j ∈ Z+ ❡ V ∈ G✱ ❞❡✜♥❛

Pj(V ) := P((∧ja+)⊗ V ) ✭✸✳✸✳✹✮

❡ ❝♦♥s✐❞❡r❡ Pj(λ, r) = Pj(V (λ, r))✳ ◆♦t❡ q✉❡✱ s❡ V = V [r] ♣❛r❛ ❛❧❣✉♠ r ∈ Zℓ
+✱ ❡♥tã♦

Pj(V )[s] = 0 ♣❛r❛ t♦❞♦ s ∈ Zℓ
+ t❛❧ q✉❡ deg(s) < j + deg(r). ✭✸✳✸✳✺✮

✽✶
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❆❧é♠ ❞✐ss♦✱

[Pj(λ, r) : V (µ, s)] 6= 0, ❝♦♠ j > 0 s♦♠❡♥t❡ s❡ (λ, r) ≺ (µ, s). ✭✸✳✸✳✻✮

❉❡ ❢❛t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✭❝✮✱

[Pj(λ, r) : V (µ, s)] = dimHomg((∧ja+)[s− r]⊗ V (λ, r), V (µ)).

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✾✭✐✐✮✱ ❡①✐st❡♠ si ∈ Zℓ
+, ξi ∈ wt(a+[si]), i = 1, . . . , j✱ t❛✐s q✉❡

(µ, s)− (λ, r) =

j∑

i=1

(ξi, si)

❡ ❛❣♦r❛ s❡ ❞❡❞✉③ ✭✸✳✸✳✻✮ ❢❛❝✐❧♠❡♥t❡✳

❋✐①❡ (λ, r) ∈ Λ✳ ❙❡❥❛ d0 : P (λ, r) → V (λ, r) ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡t❡r♠✐♥❛❞♦
♣♦r d0(u ⊗ v) = uv✱ ♣❛r❛ t♦❞♦s u ∈ a+ ❡ v ∈ V (λ, r)✱ ❡✱ ♣❛r❛ ❝❛❞❛ j > 0✱ s❡❥❛
dj : Pj(λ, r)→ Pj−1(λ, r) ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ a✲♠ó❞✉❧♦s ❞❡t❡r♠✐♥❛❞♦ ♣♦r

dj = Dj ⊗ ✐❞V (λ,r)

♦♥❞❡ D = (Dj)j>0 é ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❑♦s③✉❧ s♦❜r❡ ♦ ❝♦♠♣❧❡①♦ ❞❡ ❈❤❡✈❛❧❧❡②✲❊✐❧❡♥❜❡r❣
♣❛r❛ a+✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✸✳ ❆ s❡q✉ê♥❝✐❛

· · · −→P2(λ, r)
d2−→ P1(λ, r)

d1−→ P (λ, r)
d0−→ V (λ, r)→ 0

é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, r) ❡♠ G ❡ s✉❛ ✐♠❛❣❡♠ ❡♠ G̃ ♣❡❧♦ ❢✉♥t♦r I é ✉♠❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, deg(r))✳

❉❡♠♦♥str❛çã♦✳ ❉♦ q✉❡ ❥á ❢♦✐ ❞✐s❝✉t✐❞♦✱ r❡st❛ ♠♦str❛r q✉❡ ❛s s❡q✉ê♥❝✐❛s sã♦ ❡①❛t❛s✳
❈♦♠♦ ♦ ❢✉♥t♦r I é ❛ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ ♦s ♦❜❥❡t♦s ❞❡ G✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ✉♠❛ ❞❛s
❞✉❛s ❛✜r♠❛çõ❡s✳ ❆ s❡❣✉♥❞❛ ❞❡❧❛s ❢♦✐ ♣r♦✈❛❞❛ ❡♠ ❬✶✷✱ Pr♦♣♦s✐çã♦ ✷✳✼✭✐✐✮❪✳

✸✳✹ ❈❛t❡❣♦r✐❛s tr✉♥❝❛❞❛s✳

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❝❡rt❛s s✉❜❝❛t❡❣♦r✐❛s ❞❡ ❙❡rr❡ ❞❡ G ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛
❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s q✉❡ ♥♦s ❞❛rã♦ ♦ ❝♦♥t❡①t♦ ❝♦rr❡t♦ ♣❛r❛ ❞❡✜♥✐r♠♦s ❛s ❣❡♥❡r❛❧✐③❛çõ❡s
❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳

❙❡❥❛ Γ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Λ ❡ ❞❡✜♥❛ G[Γ] ❝♦♠♦ ❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ G ❝♦♥✲
s✐st✐♥❞♦ ❞❡ ♦❜❥❡t♦s V t❛✐s q✉❡

[V : V (λ, r)] 6= 0 =⇒ (λ, r) ∈ Γ.

❊✈✐❞❡♥t❡♠❡♥t❡✱ G = G[Λ]✳ ❖❜s❡r✈❡ q✉❡ s❡ (λ, r) ∈ Γ✱ ❡♥tã♦ V (λ, r) ∈ G[Γ]✱ ♦ q✉❡
♠♦str❛✿

✽✷
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▲❡♠❛ ✸✳✹✳✶✳ ❆s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s ❡♠ G[Γ] sã♦ ✐♥❞❡①❛❞❛s ♣♦r
❡❧❡♠❡♥t♦s ❞❡ Γ✳

❉❛❞♦s V ∈ G ❡ Γ ⊆ Λ✱ s❡❥❛♠

V +
Γ = {v ∈ V [r]λ | (λ, r) ∈ Γ, n+v = 0},

VΓ = U(g)V +
Γ ❡ V Γ = V/VΛ\Γ.

➱ ❝❧❛r♦ q✉❡ VΓ ❡ V Γ sã♦ g✲♠ó❞✉❧♦s Zℓ
+✲❣r❛❞✉❛❞♦s ❡✱ s❡ Γ é ✜♥✐t♦✱ ❡♥tã♦ ❡ss❡s ♠ó❞✉❧♦s sã♦

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡ f ∈ HomG(V,W )✱ ❡♥tã♦ f(V +
Γ ) ⊂ W+

Γ ❡✱ ♣♦rt❛♥t♦✱ ❛ r❡str✐çã♦ fΓ
❞❡ f ❛ VΓ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Homg(VΓ,WΓ)✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ f(VΛ\Γ) ⊂ WΛ\Γ✱ t❛♠❜é♠
t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ g✲♠ó❞✉❧♦s fΓ : V Γ → W Γ✳ ❊♠ ❣❡r❛❧✱ ♥ã♦ é ✈❡r❞❛❞❡ q✉❡ VΓ
❡ V Γ ❡stã♦ ❡♠ G[Γ]✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ VΓ ❡ WΓ ✭r❡s♣❡❝t✳✱ V Γ ❡ W Γ✮ sã♦ a✲♠ó❞✉❧♦s✱
fΓ ✭r❡s♣❡❝t✳✱ fΓ✮ é ✉♠ ♠♦r✜s♠♦ ❞❡ G[Γ]✳

❙✐♠✐❧❛r♠❡♥t❡✱ ❞❛❞♦ Γ ⊆ Λ̃✱ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛❝✐♠❛ ♦❜té♠✲s❡ ❛ s✉❜❝❛t❡❣♦r✐❛ G̃[Γ]
❡ ❝♦♥str♦❡♠✲s❡ ♦s ♠ó❞✉❧♦s VΓ ❡ V Γ ♣❛r❛ V ∈ G̃✳
❉❡✜♥✐çã♦ ✸✳✹✳✷✳ ❯♠ ♠ó❞✉❧♦ V ∈ G é ❞✐t♦ ❝♦❜❡rt♦ ♣♦r Γ ⊆ Λ s❡✱ ♣❛r❛ t♦❞♦ (λ, r) ∈
Λ(V )✱ ❡①✐st❡ (µ, s) ∈ Γ t❛❧ q✉❡ (λ, r) 4 (µ, s)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞✐③✲s❡ q✉❡ V ❝♦❜r❡ Γ s❡✱
♣❛r❛ t♦❞♦ (λ, r) ∈ Λ(V )✱ ❡①✐st❡ (µ, s) ∈ Γ t❛❧ q✉❡ (µ, s) 4 (λ, r)✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ Γ
❞❡ Λ é ❞✐t♦ ❝♦♥✈❡①♦ s❡

(λ, r) 4 (ν,p) 4 (µ, s) ❡ (λ, r), (µ, s) ∈ Γ =⇒ (ν,p) ∈ Γ.

◆❛ ❝❛t❡❣♦r✐❛ G̃ t❛♠❜é♠ ❝♦♥s✐❞❡r❛♠♦s ❡ss❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

❖ ❛♥á❧♦❣♦ ♥❛ ❝❛t❡❣♦r✐❛ G̃ ❞♦ ♣ró①✐♠♦ ❧❡♠❛ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✶✷✱ Pr♦♣♦s✐çõ❡s ✸✳✷ ❡
✸✳✸❪✳

▲❡♠❛ ✸✳✹✳✸✳ ❙❡❥❛ Γ ⊆ Λ ❡ V ∈ G✳

✭❛✮ ❙❡ (λ, r), (µ, s) ∈ Λ✱ ❡♥tã♦ Ext1G(V (λ, r), V (µ, s)) 6= 0 s♦♠❡♥t❡ s❡ (µ, s) ❝♦❜r❡ (λ, r)✳

✭❜✮ ❙❡ VΓ ♥ã♦ é ✉♠ a✲s✉❜♠ó❞✉❧♦ ❞❡ V ✱ ❡①✐st❡♠ (µ, s) ∈ Λ(V ) \ Γ ❡ (λ, r) ∈ Λ(V ) ∩ Γ
t❛✐s q✉❡ (µ, s) ❝♦❜r❡ (λ, r)✳

✭❝✮ ❙✉♣♦♥❤❛ q✉❡ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❝♦♠ r❡s♣❡✐t♦ ❛ 4✳

✭✐✮ ❙❡✱ ♣❛r❛ q✉❛❧q✉❡r (λ, r) ∈ Λ(V )\Γ✱ ❡①✐st❡ (µ, s) ∈ Γ ❝♦♠ (λ, r) 4 (µ, s)✱ ❡♥tã♦✱
VΓ ∈ G[Γ]✳ ❆❧é♠ ❞✐ss♦✱ s❡ U é ✉♠ a✲s✉❜♠ó❞✉❧♦ ❞❡ V ✱ ❡♥tã♦ UΓ, (V/U)Γ ∈ G[Γ]
❡ (V/U)Γ ∼= VΓ/UΓ✳

✭✐✐✮ ❙❡✱ ♣❛r❛ q✉❛❧q✉❡r (λ, r) ∈ Λ(V )\Γ✱ ❡①✐st❡ (µ, s) ∈ Γ ❝♦♠ (µ, s) 4 (λ, r)✱ ❡♥tã♦✱
V Γ ∈ G[Γ]✳ ❆❧é♠ ❞✐ss♦✱ s❡ U é ✉♠ a✲s✉❜♠ó❞✉❧♦ ❞❡ V ✱ ❡♥tã♦ UΓ, (V/U)Γ ∈ G[Γ]
❡ (V/U)Γ ∼= V Γ/UΓ✳
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❉❡♠♦♥str❛çã♦✳ ✭❛✮ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✱ t♦♠❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛

0→ K(λ, r)→ P (λ, r)→ V (λ, r)→ 0

❡ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛

0→ HomG(V (λ, r), V (µ, s))→ HomG(P (λ, r), V (µ, s))→
→ Hom(K(λ, r), V (µ, s))→ Ext1G(V (λ, r), V (µ, s))→ 0, ✭✸✳✹✳✶✮

❛ q✉❛❧ t❡r♠✐♥❛ ❡♠ 0 ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ P (λ, r) s❡r ♣r♦❥❡t✐✈♦✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✸✳✸✳✷✭❝✮ t❡♠♦s

Ext1G(V (λ, r), V (µ, s)) ∼= HomG(K(λ, r), V (µ, s)).

❆❣♦r❛ ❛ ❛✜r♠❛çã♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✭❞✮✳

✭❜✮ ❈♦♠♦ VΓ é ✉♠ g✲♠ó❞✉❧♦ Zℓ
+✲❣r❛❞✉❛❞♦ ❣❡r❛❞♦ ♣♦r V +

Γ ✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛
❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❡①✐st❡ a ∈ a[k] ❡ v ∈ V +

Γ ∩ V [r]λ ❝♦♠ av 6∈ VΓ ♣❛r❛ ❝❡rt♦s
k, r ∈ Zℓ

+ ❡ λ ∈ P+✳ ❙❡❥❛ U ✉♠ g✲♠ó❞✉❧♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ VΓ ❡♠ V ✱ ✐✳❡✳✱ V =
U ⊕ VΓ✳ ❊♥tã♦✱ ❛ ♣r♦❥❡çã♦ ❞❡ av ❡♠ U é ♥ã♦ ♥✉❧❛ ❡✱ ❞❡ss❡ ♠♦❞♦✱ ❡①✐st❡ µ ∈ P+ t❛❧
q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ g✲♠ó❞✉❧♦s

a[k]⊗ V (λ, r)→ V ։ U ։ U [r + k] ։ V (µ, r + k)

é ♥ã♦ ♥✉❧❛✱ s❡♥❞♦ q✉❡ ❛ ♣r✐♠❡✐r❛ ❢✉♥çã♦ é ❞❡✜♥✐❞❛ ♣♦r a ⊗ vλ,r 7→ av ♣❛r❛ t♦❞♦
a ∈ a[k] ✭❧❡♠❜r❡ q✉❡ vλ,r é ♦ ❣❡r❛❞♦r ❞❡ V (λ, r)✮✳ ❉❡♥♦t❡ ❡ss❛ ❝♦♠♣♦s✐çã♦ ♣♦r ψ✳
❙❡❥❛ vλ ∈ V (λ, r)λ✳ ❈♦♠♦ a[k]⊗Cvλ é ✉♠ U(h⊕n+)✲s✉❜♠ó❞✉❧♦ ❞❡ a[k]⊗V (λ, r)✱
t❡♠♦s q✉❡ ψ(a[k]⊗Cvλ) é ✉♠ U(h⊕n+)✲s✉❜♠ó❞✉❧♦ ♥ã♦ ♥✉❧♦ ❞❡ V (µ, r+k)✳ ❉❡✈✐❞♦
❛ ❞✐♠❡♥sã♦ ❞❡ ψ(a[k] ⊗ Cvλ) s❡r ✜♥✐t❛✱ ❞❡✈❡ ❡①✐st✐r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❡♠
V (µ, r+k)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ vµ ∈ ψ(a[k]⊗Cvλ)✱ ❝♦♠ Cvµ = V (µ, r+k)µ✳ P♦rt❛♥t♦✱
vµ ∈ a[k]vλ ⊂ V [r + k]✱ ❡ ❞❛í µ− λ ∈ wt(a[k])✱ ❧♦❣♦ (µ, r + k) ❝♦❜r❡ (λ, r)✳

✭❝✮ P❛r❛ ♦ ✐t❡♠ ✭✐✮✱ s✉♣♦♥❤❛ q✉❡ VΓ ♥ã♦ s❡❥❛ ✉♠ a✲s✉❜♠ó❞✉❧♦✳ P❡❧♦ ✐t❡♠ ✭❜✮✱ ❡①✐st❡♠
(λ, r) ∈ Λ(V ) ∩ Γ ❡ (ν, s) ∈ Λ(V ) \ Γ t❛✐s q✉❡ (ν, s) ❝♦❜r❡ (λ, r) ✳ P❡❧❛ ❤✐♣ót❡s❡✱
♣♦❞❡♠♦s ❡s❝♦❧❤❡r (µ,k) ∈ Γ ❝♦♠ (λ, r) 4 (ν, s) 4 (µ,k)✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ ♦ ❢❛t♦ ❞❡
Γ s❡r ❝♦♥✈❡①♦✳ ❙✉♣♦♥❤❛ q✉❡ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0→ U → V → W → 0

❞❡ ♦❜❥❡t♦s ❞❡ G✳ ❈♦♠♦ Λ(V ) = Λ(U) ∪ Λ(W )✱ é ❝❧❛r♦ q✉❡ U ❡ W s❛t✐s❢❛③❡♠ ❛
❤✐♣ót❡s❡ ❞❡ ✭✐✮ ❡✱ ♣♦rt❛♥t♦✱ UΓ, VΓ ∈ G[Γ]✳ ❆ ✐♥❝❧✉sã♦ ❞❡ U ❡♠ V ✐♥❞✉③ ✉♠ ♠♦r✜s♠♦
UΓ → VΓ✱ ♦ q✉❛❧ é ✐♥❥❡t✐✈♦✱ ♣♦✐s U+

Γ ⊂ V +
Γ ✳ ❙✐♠✐❧❛r♠❡♥t❡✱ WΓ é ✉♠ q✉♦❝✐❡♥t❡ ❞❡

VΓ ❝♦♠♦ ♦❜❥❡t♦ ❡♠ G[Γ] ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛♦ ♥♦t❛r♠♦s q✉❡ VΓ = UΓ⊕WΓ✱ ❝♦♠♦
g✲♠ó❞✉❧♦s✳ ❖ ✐t❡♠ ✭✐✐✮ é ♣r♦✈❛❞♦ ❛♥❛❧♦❣❛♠❡♥t❡✳
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Pr♦♣♦s✐çã♦ ✸✳✹✳✹✳ ❙❡❥❛ V ∈ G t❛❧ q✉❡ V Γ ∈ G[Γ]✳

✭❛✮ [V Γ : V (ν, t)] = [V : V (ν, t)], ♣❛r❛ t♦❞♦ (ν, t) ∈ Γ.

✭❜✮ ❙❡ V é ♣r♦❥❡t✐✈♦ ❡♠ G✱ ❡♥tã♦ V Γ é ♣r♦❥❡t✐✈♦ ❡♠ G[Γ]✳

✭❝✮ ❙❡ W ∈ G(Γ)✱ ❡♥tã♦ HomG(V,W ) ∼= HomG[Γ](V
Γ,W ).

❉❡♠♦♥str❛çã♦✳ ✭❛✮ ❉❛❞♦ s ∈ Zℓ
+✱ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ g✲♠ó❞✉❧♦s

❣r❛❞✉❛❞♦s
0→ VΛ\Γ[s]→ V [s]→ V Γ[s]→ 0.

❈♦♠♦ ❝❛❞❛ g✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é s❡♠✐ss✐♠♣❧❡s✱ t❡♠♦s

dimHomg(V (µ), V [s]) = dimHomg(V (µ), V Γ[s]) + dimHomg(V (µ), VΛ\Γ[s])

❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ VΛ\Γ✱ t❛♠❜é♠ t❡♠♦sHomg(V (µ), VΛ\Γ[s]) = 0 ♣❛r❛ t♦❞♦ (µ, s) ∈
Γ✳ P♦rt❛♥t♦✱ [V : V (µ, s)] = [V Γ : V (µ, s)]✳

✭❜✮ ❙❡❥❛♠ U,W ∈ G[Γ]✳ ❚♦♠❡ g : V Γ → U ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ a✲♠ó❞✉❧♦s ❡ h : W →
U ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ a✲♠ó❞✉❧♦s✳ ❈♦♠♦ V é ♣r♦❥❡t✐✈♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦
f : V → W ❡♠ G t❛❧ q✉❡ h ◦ f = g ◦ πV ✱ ❝♦♠ πV : V → V Γ s❡♥❞♦ ❛ ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ f(VΛ\Γ) = 0✱ ♣♦✐s W ∈ G[Γ]✱ ❡ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠
ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ f : V Γ → W ❡♠ G[Γ] t❛❧ q✉❡ f ◦ πV = f ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
hf ◦πV = h◦f = g ◦πV ✳ ▲♦❣♦✱ h◦f = g ❞❡✈✐❞♦ ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❡ πV ✳ P♦rt❛♥t♦✱
V Γ é ♣r♦❥❡t✐✈♦ ❡♠ G[Γ]✳

✭❝✮ ❙❡❥❛ f ∈ HomG(V,W )✳ P❡❧❛ ❤✐♣ót❡s❡ s♦❜r❡ W ✱ t❡♠♦s f(VΛ\Γ) = 0 ❡✱ ♣♦rt❛♥t♦✱
❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ψf : V Γ → W ✐♥ G[Γ] t❛❧ q✉❡ ψf ◦ πV = f ✳ ❆ss✐♠✱
❝♦♥s✐❞❡r❡

ψ : HomG(V,W )→ HomG[Γ](V
Γ,W ) ❞❛❞♦ ♣♦r f 7→ ψf .

❱❛♠♦s ♠♦str❛r q✉❡ ψ é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳ ❉❡ ❢❛t♦✱ é ❝❧❛r♦ q✉❡ ψ é ❧✐♥❡❛r✳
❉❛❞♦s f, g ∈ HomG(V,W ) t❛✐s q✉❡ ψf = ψg✱ t❡♠♦s

f = ψf ◦ πV = ψg ◦ πV = g,

♦ q✉❡ ♠♦str❛ q✉❡ ψ é ♠♦♥♦♠♦r✜s♠♦✳ ❚♦♠❡ ❛❣♦r❛ h ∈ HomG[Γ](V
Γ,W )✳ ❊♥tã♦✱

h ◦ πV = ψh◦πV ◦ πV .

▲♦❣♦✱ ♣❡❧❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❡ πV ✱ ❝♦♥❝❧✉í♠♦s q✉❡ ψh◦πV = h✳

❆ s❡❣✉✐r ❝♦♥str✉✐r❡♠♦s ♦❜❥❡t♦s ♣r♦❥❡t✐✈♦s ❡ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ ♦❜❥❡t♦s s✐♠✲
♣❧❡s ❞❡ G[Γ] q✉❛♥❞♦ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦✳ ❖ ❛♥á❧♦❣♦ ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ G̃ ❞❛ ♣ró①✐♠❛
♣r♦♣♦s✐çã♦ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✶✷✱ Pr♦♣♦s✐çã♦ ✸✳✹❪✳
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Pr♦♣♦s✐çã♦ ✸✳✹✳✺✳ ❙❡ Γ ⊆ Λ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❡ (λ, r), (µ, s) ∈ Γ✱ ❡♥tã♦

✭❛✮ P (λ, r)Γ é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, r) ❡♠ G[Γ]✳

✭❜✮ [P (λ, r) : V (µ, s)] = [P (λ, r)Γ : V (µ, s)] = dimHomG[Γ](P (µ, s)
Γ, P (λ, r)Γ)✳

✭❝✮ HomG(P (λ, r), P (µ, s)) ∼= HomG[Γ](P (λ, r)
Γ, P (µ, s)Γ)✳

✭❞✮ Pj(λ, r)
Γ ∈ G[Γ]✱ ♣❛r❛ t♦❞♦ j ∈ Z+✱ ❡ ❛ s❡q✉ê♥❝✐❛ ✐♥❞✉③✐❞❛

· · · −→P2(λ, r)
Γ dΓ2−→ P1(λ, r)

Γ dΓ1−→ P (λ, r)Γ
dΓ0−→ V (λ, r)→ 0

é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ✜♥✐t❛ ❞❡ V (λ, r) ❡♠ G[Γ]✳

❉❡♠♦♥str❛çã♦✳ ✭❛✮ ❱❛♠♦s ♠♦str❛r q✉❡ P (λ, r)Γ é ♣r♦❥❡t✐✈♦ ❡♠ G[Γ]✳ ❆ ❞❡♠♦♥str❛✲
çã♦ q✉❡ P (λ, r)Γ é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ V (λ, r) é s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ♥❛
Pr♦♣♦s✐çã♦ ✸✳✸✳✷✭❡✮ ❡✱ ♣♦r ✐ss♦✱ ❛ ♦♠✐t✐r❡♠♦s✳ P❡❧♦ ✐t❡♠ ✭❝✮ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✱
t❡♠♦s (λ, r) 4 (ν,k) ♣❛r❛ ❝❛❞❛ (ν,k) ∈ Λ(P (λ, r))✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✸✭❝✮✭✐✐✮✱
P (λ, r)Γ ∈ G[Γ] ❡ ♣r♦❥❡t❛✲s❡ s♦❜r❡ V (λ, r)✳ ❙❡❥❛ K = P (λ, r)Λ\Γ ∈ G ❡ ❝♦♥s✐❞❡r❡ ❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0→ K → P (λ, r)→ P (λ, r)Γ → 0. ✭✸✳✹✳✷✮

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛

0→ HomG(P (λ, r)
Γ, V (µ, s))→ HomG(P (λ, r), V (µ, s))→

→ HomG(K,V (µ, s))→ Ext1G(P (λ, r)
Γ, V (µ, s))→ 0→ · · · ,

✭✸✳✹✳✸✮

s❡♥❞♦ ♦ ú❧t✐♠♦ t❡r♠♦ ③❡r♦ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ P (λ, r) s❡r ♣r♦❥❡t✐✈♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ é ❝❧❛r♦ q✉❡

HomG(K,V (µ, s)) ∼= Homg(K[s], V (µ))

❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ K = P (λ, r)Λ\Γ✱ t❡♠♦s

Homg(K[s], V (µ)) = 0. ✭✸✳✹✳✹✮

P♦rt❛♥t♦✱ ❞❡ ✭✸✳✹✳✸✮ s❡❣✉❡✲s❡ q✉❡

Ext1G(P (λ, r)
Γ, V (µ, s)) = 0 ♣❛r❛ t♦❞♦ (µ, s) ∈ Γ.

❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ P (λ, r)Γ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✭Γ é ✜♥✐t♦✮✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

Ext1G[Γ](P (λ, r)
Γ, V (µ, s)) = 0,

❡ ❞❛í P (λ, r)Γ é ✉♠ ♦❜❥❡t♦ ♣r♦❥❡t✐✈♦ ❞❡ G[Γ]✱ ❞❡✈✐❞♦ ❛♦s ▲❡♠❛s ❆✳✹✳✶✭❜✮✲✭❝✮✳
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✭❜✮ ◆♦✈❛♠❡♥t❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ✭✸✳✹✳✷✮✱ ❝♦♠♦ F(g) é ✉♠❛ ❝❛t❡✲
❣♦r✐❛ s❡♠✐ss✐♠♣❧❡s✱ t❡♠♦s

dimHomg(V (µ), P (λ, r)[s])

= dimHomg(V (µ), P (λ, r)Γ[s]) + dimHomg(V (µ), K[s]). ✭✸✳✹✳✺✮

▼❛s✱ ❞❡✈✐❞♦ ❛ ✭✸✳✹✳✸✮ ❡ ✭✸✳✹✳✹✮✱ s❡❣✉❡ q✉❡

[P (λ, r) : V (µ, s)] = [P (λ, r)Γ : V (µ, s)].

❆ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❡ss❡ ✐t❡♠ s❡❣✉❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à ♣r♦✈❛ ❞❛
♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✭❝✮✳

✭❝✮ ❙❡❥❛ f ∈ HomG(P (λ, r), P (µ, s)) \ {0}✳ ❊♥tã♦✱ f(1⊗V (λ, r)) 6⊂ P (µ, s)Λ\Γ ❡✱ ❞❡ss❡
♠♦❞♦✱ fΓ 6= 0✳ ❆ss✐♠✱ t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦

HomG(P (λ, r), P (µ, s))→ HomG[Γ](P (λ, r)
Γ, P (µ, s)Γ).

❈♦♠♦ ❛♠❜♦s ❡ss❡s ❡s♣❛ç♦s tê♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦✱ ❞❡✈✐❞♦ ❛♦ ✐t❡♠ ✭❜✮ ❡ à Pr♦♣♦✲
s✐çã♦ ✸✳✸✳✷✭❝✮✱ ❡ss❡ ❤♦♠♦♠♦r✜s♠♦ é ✉♠ ✐s♦♠♦r✜s♠♦✳

✭❞✮ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✸✭❝✮✭✐✐✮ ❡ ✭✸✳✸✳✻✮✱ Pj(λ, r)
Γ ∈ G[Γ]✳ ❯♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦

❛♦ ❞❛ ♣❛rt❡ ✭❛✮ ♠♦str❛ q✉❡ Pj(λ, r)
Γ é ♣r♦❥❡t✐✈♦ ❡♠ G[Γ]✳ ❖ ❢❛t♦ q✉❡ ❛ r❡s♦❧✉çã♦

t❡r♠✐♥❛ ❛♣ós ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣❛ss♦s s❡❣✉❡ ❞❡ Γ s❡r ✜♥✐t♦ ❡ ❞❡ Pj(λ, r)[k] =
0 ♣❛r❛ t♦❞♦ k ∈ Zℓ

+ t❛❧ q✉❡ deg(k) < j+deg(r)✳ ❆ ❡①❛t✐❞ã♦ ❞❛ s❡q✉ê♥❝✐❛ t❛♠❜é♠
é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✸✭❝✮✭✐✐✮✳

❖❜s❡r✈❛çã♦ ✸✳✹✳✻✳ ❆s ♦❜s❡r✈❛çõ❡s ❛ s❡❣✉✐r sã♦ ❞❡ ❝❛rát❡r ♣✉r❛♠❡♥t❡ ✐♥❢♦r♠❛t✐✈♦ ❡
♥ã♦ ❞❡s❡♠♣❡♥❤❛rã♦ ♣❛♣❡❧ ❛❧❣✉♠ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ r❡st❛♥t❡ ❞♦ t❡①t♦✳

✶✳ ❙❡ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦✱ ❡♥tã♦ ♦s r❡s✉❧t❛❞♦s ❞❡ss❛ s❡çã♦ ✐♠♣❧✐❝❛♠ q✉❡ G[Γ] é ✉♠❛
❝❛t❡❣♦r✐❛ ❞❡ ♣❡s♦ ♠á①✐♠♦ ♥♦ s❡♥t✐❞♦ ❞❡✜♥✐❞♦ ♣♦r ❬✷✷❪✳

✷✳ ❉❛❞♦ Γ ⊆ Λ✱ ❞❡✜♥❛

P (Γ) =
⊕

(λ,r)∈Γ

P (λ, r)

❡ ❝♦♥s✐❞❡r❡

B(Γ) = EndG(P [Γ]) ❡ B(Γ)Γ = EndG[Γ](P [Γ]
Γ).

❖❜s❡r✈❡ q✉❡ B(Γ) ✭❡✱ ♣♦rt❛♥t♦✱ B(Γ)Γ✮ t❡♠ ✉♠❛ Zℓ
+✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❛❞❛ ♣♦r

B(Γ)[s] =
⊕

(λ,r),(µ,r−s)∈Γ

HomG(P (λ, r), P (µ, r − s)).

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✺✭❝✮✱ B(Γ) ∼= B(Γ)Γ s❡ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦✳ ❉❡ss❡ ♠♦❞♦✱
t♦♠❛♥❞♦MB(Γ) ❝♦♠♦ ❛ ❝❛t❡❣♦r✐❛ ❞❡B(Γ)✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ s❡❣✉❡ ❞❡ ❬✶✱ ❚❡♦r❡♠❛
■■✳✶✳✸❪ q✉❡

HomG[Γ](P (Γ)
Γ,−) : G[Γ]→MB(Γ)

❞❡✜♥❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s ❡♥tr❡ G[Γ] ❡ MB(Γ)✳
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✸✳✺ ❊①t❡♥sõ❡s ❡ á❧❣❡❜r❛s r❡str✐t❛s ❞❡ ❣r❛✉ ✉♠✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❢❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ a[r] = 0 s❡ deg(r) > 1✳
◆❡ss❡ ❝❛s♦✱ ❡s❝r❡✈❡r❡♠♦s Vj = a[ej]✱ ♣❛r❛ j = 1, . . . , ℓ✱ ❡ V = ⊕ℓ

j=1Vj✳ ❖❜s❡r✈❡ q✉❡
ã+ ∼= g ⋉ V ❡✱ ❝♦♠ ❡ss❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡✱ ❛s Pr♦♣♦s✐çõ❡s ✸✳✶✳✶ ❡ ✸✳✶✳✷ s✐♠♣❧✐✜❝❛♠✲s❡
❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡✿

U(a+)[r] ∼=g Sym
r1V1 ⊗ · · · ⊗ SymrℓVℓ ✭✸✳✺✳✶✮

❡

(∧ja+)[r] ∼=g

{
∧r1V1 ⊗ · · · ⊗ ∧rℓVℓ, s❡ deg(r) = j,

0, ❝❛s♦ ❝♦♥trár✐♦✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❛ s❡çã♦ é ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ q✉❡ ❝❛r❛t❡r✐③❛ ♦ ❡s♣❛ç♦
❞❡ ❡①t❡♥sõ❡s ❡♥tr❡ ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ G ❡♠ t❡r♠♦s ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ❝❡rt♦s
g✲♠ó❞✉❧♦s✳

Pr♦♣♦s✐çã♦ ✸✳✺✳✶✳ ❙❡❥❛♠ (λ, r), (µ, s) ∈ Λ, r = deg(r), s = deg(s) ❡ j ≥ 0✳ ❊♥tã♦✱

ExtjG(V (λ, r), V (µ, s)) ∼=
{
Homg((∧ja+)[s− r]⊗ V (λ), V (µ)), s❡ j = s− r,
0, ❝❛s♦ ❝♦♥trár✐♦✳

▼❛✐s ❛✐♥❞❛✱ s❡ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❡ (λ, r), (µ, s) ∈ Γ✱ ❡♥tã♦

ExtjG[Γ](V (λ, r), V (µ, s)) ∼= ExtjG(V (λ, r), V (µ, s)).

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s tr✉♥❝❛r ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❛❞❛ ♥❛ Pr♦♣♦s✐✲
çã♦ ✸✳✸✳✸✱ ❞❡ ♠♦❞♦ q✉❡ ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

· · · dj−→ Pj−1(λ, r)
dj−1−→ ✐♠dj−1 −→ 0. ✭✸✳✺✳✷✮

❈♦♠ ✐ss♦✱ s❡❣✉❡ q✉❡

ExtjG(V (λ, r), V (µ, s)) ∼= Ext1G(✐♠dj−1, V (µ, s)).

P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0→ ✐♠dj → Pj−1(λ, r)→ ✐♠dj−1 → 0

t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛

0→ HomG(✐♠dj−1, V (µ, s))→ HomG(Pj−1(λ, r), V (µ, s))→
→ HomG(✐♠dj, V (µ, s))→ Ext1G(✐♠dj−1, V (µ, s))→ 0→ · · · , ✭✸✳✺✳✸✮

s❡♥❞♦ ♦ ú❧t✐♠♦ ③❡r♦ ❞❡❝♦rr❡♥t❡ ❞♦ ❢❛t♦ ❞❡ Pj−1(λ, r) s❡r ♣r♦❥❡t✐✈♦✳
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Pr♦✈❡♠♦s ❛ ✐♠♣❧✐❝❛çã♦

HomG(✐♠dj, V (µ, s)) 6= 0 =⇒ j = deg(s)− deg(r).

❙❡❥❛ f ∈ HomG(✐♠dj, V (µ, s)) ♥ã♦ ♥✉❧♦ ❡ ❡s❝♦❧❤❛ v ∈ ✐♠dj[s] ❝♦♠ f(v) 6= 0✳
❊s❝r❡✈❛ v =

∑
p(up⊗1)dj(1⊗wp), up ∈ Sym(V )[s−r−np], wp ∈ ∧j(a+)[np]⊗V (λ, r)✱

♣❛r❛ ❛❧❣✉♠ np ∈ Zℓ
+ t❛❧ q✉❡ deg(np) = j✳ P♦rt❛♥t♦✱

f(v) =
∑

p

(up ⊗ 1)f(dj(1⊗ wp)).

❈♦♠♦ dj(1 ⊗ wp) ∈ ✐♠dj[np + r] ♣❛r❛ t♦❞♦ p✱ t❡♠♦s f(v) ∈ V (µ, s)[np + r]✳ ▲♦❣♦✱
❝♦♠♦ f(v) 6= 0✱ t❡♠♦s np = s− r ❡✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ p✱ np = n ♣❛r❛ ❛❧❣✉♠ n ∈ Zℓ

+ ❡
j = deg(n) = s− r✳

❈♦♠♦ ∧j−1V ⊗ V (λ, r) ❡stá ❝♦♥❝❡♥tr❛❞♦ ♥♦s ❣r❛✉s k+ r ∈ Zℓ
+ t❛✐s q✉❡ deg(k) =

j−1✱ t❡♠♦s q✉❡ Pj(λ, r) é ❣❡r❛❞♦ ♣♦r ✈❡t♦r❡s ❞❡ ❣r❛✉ t♦t❛❧ j−1+r✳ ❆ss✐♠✱ s❡ j = s−r✱
t❡♠♦s j − 1 + r < s ❡✱ ♣♦rt❛♥t♦✱

HomG(Pj−1(λ, r), V (µ, s)) = 0.

❱♦❧t❛♥❞♦ ♥❛ s❡q✉ê♥❝✐❛ ✭✸✳✺✳✸✮ ♦❜t❡♠♦s

Ext1G(✐♠ds−r−1, V (µ, s)) ∼= Homg((✐♠ds−r)[s], V (µ)).

❈♦♠ ✐ss♦ ❡ ✭✸✳✺✳✷✮✱ ♦❜t❡♠♦s

Exts−r
G (V (λ, r), V (µ, s)) ∼= Ext1G(✐♠ds−r−1, V (µ, s))

∼= HomG(✐♠ds−r, V (µ, s))
∼= Homg((✐♠ds−r)[s], V (µ))

∼= Homg(∧jV [s− r]⊗ V (λ), V (µ)).

■ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡✳

P❛r❛ ❛ ♣❛rt❡ ✜♥❛❧✱ ♣❡❧♦ ▲❡♠❛ ❆✳✹✳✶✭❞✮✱ t❡♠♦s

ExtjG(V (λ, r), V (µ, s)) ❡ ExtjG[Γ](V (λ, r), V (µ, s))

sã♦ ❛s ❤♦♠♦❧♦❣✐❛s ❞♦s ❝♦♠♣❧❡①♦s

0→ HomG(P (λ, r), V (µ, s))→ HomG(P1(λ, r), V (µ, s))→ · · ·
❡

0→ HomG[Γ](P (λ, r)
Γ, V (µ, s))→ HomG[Γ](P1(λ, r)

Γ, V (µ, s))→ · · ·
❛ss♦❝✐❛❞♦s às r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❛❞❛s ♥❛s Pr♦♣♦s✐çõ❡s ✸✳✸✳✸ ❡ ✸✳✹✳✺✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛ s❡ ❞á ❛♦ ♠♦str❛r♠♦s q✉❡✱ ♣❛r❛ t♦❞♦s (µ, s), (λ, r) ∈
Γ✱

HomG(P•(λ, r), V (µ, s))→ HomG[Γ](P•(λ, r)
Γ, V (µ, s)) ✭✸✳✺✳✹✮

é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♣♦✐s ♥❡ss❡ ❝❛s♦ ♦s ❞♦✐s ❝♦♠♣❧❡①♦s sã♦ ✐s♦♠♦r❢♦s ❡✱ ❡♥tã♦✱ s✉❛s ❤♦✲
♠♦❧♦❣✐❛s ❝♦✐♥❝✐❞❡♠✳ ❊♥tr❡t❛♥t♦✱ ♦ ✐s♦♠♦r✜s♠♦ ❡♠ ✭✸✳✺✳✹✮ é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛
Pr♦♣♦s✐çã♦ ✸✳✹✳✹ ✭❝✮ ❡ ❛ ♣r♦✈❛ ❡stá ❝♦♥❝❧✉í❞❛✳

✽✾
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✸✳✻ ❯♠❛ ❢ór♠✉❧❛ ❞❡ ❝❛rá❝t❡r✳

❙✉♣♦r❡♠♦s ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ wt(V ) 6= {0} ❡ q✉❡ ❡stá ✜①❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ Ψ ⊆ wt(V )
s❛t✐s❢❛③❡♥❞♦

∑

ν∈Ψ

mνν =
∑

µ∈wt(V )

nµµ (mν , nµ ∈ Z+) ⇒
∑

ν∈Ψ

mν ≤
∑

µ∈wt(V )

nµ

❡ ✭✸✳✻✳✶✮
∑

ν∈Ψ

mν =
∑

µ∈wt(V )

nµ s♦♠❡♥t❡ s❡ nµ = 0 ♣❛r❛ t♦❞♦ µ /∈ Ψ.

❖❜s❡r✈❛çã♦ ✸✳✻✳✶✳ ❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ ❬✸✽❪ é q✉❡ t❛✐s s✉❜❝♦♥❥✉♥t♦s sã♦ ♣r❡❝✐s❛✲
♠❡♥t❡ ❛q✉❡❧❡s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ❢❛❝❡ ♣ró♣r✐❛ ❞♦ ♣♦❧✐t♦♣♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r wt(V )✳

❈♦♥s✐❞❡r❡ ❛ r❡❧❛çã♦ ❜✐♥ár✐❛ r❡✢❡①✐✈❛ ❡ tr❛♥s✐t✐✈❛ ❡♠ P ✱ ❞❛❞❛ ♣♦r

µ ≤Ψ λ s❡ λ− µ ∈ Z+Ψ,

❝♦♠ Z+Ψ s❡♥❞♦ ♦ Z+✲❣❡r❛❞♦ ❞❡ Ψ✳ ❉❡✜♥❛ t❛♠❜é♠

dΨ(µ, λ) = min

{
∑

ν∈Ψ

mν | λ− µ =
∑

ν∈Ψ

mνν,mν ∈ Z+

}
.

❋♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✶✷✱ Pr♦♣♦s✐çã♦ ✺✳✷❪ q✉❡ ≤Ψ é ❞❡ ❢❛t♦ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ❡

dΨ(ν, µ) + dΨ(µ, λ) = dΨ(ν, λ) s❡♠♣r❡ q✉❡ ν ≤Ψ µ ≤Ψ λ. ✭✸✳✻✳✷✮

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ✐ss♦ ✐♥❞✉③ ✉♠ r❡✜♥❛♠❡♥t♦ ❞❛ ♦r❞❡♠ ♣❛r❝✐❛❧ 4 s♦❜r❡ Λ✱ ❞❡♥♦t❛❞♦ ♣♦r
4Ψ✱ ❞❛❞♦ ♣♦r

(λ, r) 4Ψ (µ, s) s❡ λ ≤Ψ µ, s− r ∈ Z
ℓ
+ ❡ dΨ(λ, µ) = deg(s− r). ✭✸✳✻✳✸✮

◆♦✈❛♠❡♥t❡✱ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛ s❡ r❡♣r♦❞✉③ ♥❛t✉r❛❧♠❡♥t❡ ❡♠ G̃ ❡ t❡♠♦s ✉♠❛
♦r❞❡♠ ♣❛r❝✐❛❧ t❛♠❜é♠ ❞❡♥♦t❛❞❛ ♣♦r 4Ψ s♦❜r❡ Λ̃✳

❖ ❛♥á❧♦❣♦ ♣❛r❛ G̃ ❞❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✶✷✱ ▲❡♠❛ ✼✳✺❪ ❡ ❛ ♣r♦✈❛
s❡ ❡st❡♥❞❡ ♥❛t✉r❛❧♠❡♥t❡ ❛♦ ♣r❡s❡♥t❡ ❝❛s♦✳

Pr♦♣♦s✐çã♦ ✸✳✻✳✷✳ ❙❡❥❛ Γ ⊆ Λ ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❝♦♠ r❡s♣❡✐t♦ ❛ 4Ψ ❡ s✉♣♦♥❤❛ q✉❡
❡①✐st❡ (λ, r) ∈ Λ t❛❧ q✉❡ (λ, r) 4Ψ (ν, t) ♣❛r❛ t♦❞♦s (ν, t) ∈ Γ✳

✭❛✮ ❙❡ HomG[Γ](P (µ, s)
Γ, P (µ′, s′)Γ) 6= 0✱ ❡♥tã♦ (µ′, s′) 4Ψ (µ, s)✳

✭❜✮ ❙❡ ExtjG[Γ](V (µ′, s′), V (µ, s)) 6= 0✱ ❡♥tã♦ (µ, s) 4Ψ (µ′, s′) ❡ j = dΨ(µ, ν)✳

✾✵
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❉❡♠♦♥str❛çã♦✳

✭✐✮ ❙✉♣♦♥❤❛ HomG[Γ](P (µ, s)
Γ, P (µ′, s′)Γ) 6= 0 ❡ ❡s❝r❡✈❛ s = deg(s) ❡ s′ = deg(s′)✳

❊♥tã♦✱ ♣❡❧❛s Pr♦♣♦s✐çõ❡s ✸✳✹✳✺✭❜✮✱ ✸✳✸✳✷✭❝✮ ❡ ✭✸✳✺✳✶✮✱ t❡♠♦s

s− s′ ∈ Zℓ
+ ❡ Homg(V (µ), Syms1−s′1V1 ⊗ · · · ⊗ Symsℓ−s′ℓVℓ ⊗ V (µ′)) 6= 0,

❝♦♠ s = (s1, · · · , sℓ) ❡ s′ = (s′1, · · · , s′ℓ)✳ ❈♦♠♦

Syms1−s′1V1 ⊗ · · · ⊗ Symsℓ−s′ℓVℓ ⊆ Syms−s′V,

s❡❣✉❡
Homg(V (µ), Syms−s′V ⊗ V (µ′)) 6= 0

❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✾✭❜✮✱ t❡♠♦s

µ− µ′ =
s−s′∑

i=1

ξi ♣❛r❛ ❝❡rt♦s ξi ∈ wt(V ).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ (µ′, s′) ∈ Γ✱ t❡♠♦s (λ, r) 4Ψ (µ′, s′)✱ ❡✱ ♣♦r ❤✐♣ót❡s❡✱
(λ, r) 4Ψ (µ, s)✳ ❊♥tã♦✱

µ− λ =
s−r∑

j=1

ηj, µ′ − λ =
s′−r∑

k=1

η′k ♣❛r❛ ❝❡rt♦s ηj, η′k ∈ Ψ ♣❛r❛ t♦❞♦ j, k.

❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ ❡ss❛s ✐❣✉❛❧❞❛❞❡s✱ t❡♠♦s

µ− λ =
s−r∑

j=1

ηj =
s−s′∑

i=1

ξi +
s′−r∑

k=1

η′k.

▲♦❣♦✱ ❝♦♠♦ Ψ s❛t✐s❢❛③ ✭✸✳✻✳✶✮✱ ♦❜t❡♠♦s ξi ∈ Ψ ♣❛r❛ t♦❞♦ i✳ P♦rt❛♥t♦✱ ♠♦str❛♠♦s
❛❝✐♠❛ q✉❡ s − s′ ∈ Zℓ

+✱ µ
′ ≤Ψ µ ❡✱ ❞❡ ✭✸✳✻✳✷✮✱ t❡♠♦s dΨ(µ′, µ) = s − s′ ✱ ♦✉ s❡❥❛✱

(µ′, s′) 4Ψ (µ, s)✳

✭✐✐✮ ❙✉♣♦♥❤❛ ExtjG[Γ](V (µ′, s′), V (µ, s)) 6= 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✶✱ j = s − s′✱ ❝♦♠
s = deg s ❡ s′ = deg s′✱ ❡

Homg(∧jV ⊗ V (µ), V (µ′)) 6= 0.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✷✳✾✱ µ′ − µ = ξ1 + · · · + ξj ♣❛r❛ ❝❡rt♦s ξi ∈ wt(V )✳ ❈♦♠♦ Ψ
s❛t✐s❢❛③ ✭✸✳✻✳✶✮✱ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛♦ ❞❛ ♣❛rt❡ ✭✐✮ ♥♦s ❞á ξi ∈ Ψ ♣❛r❛ t♦❞♦s i
❡ µ ≤Ψ µ

′✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ j = dΨ(µ, µ
′)✱ ♣♦r ✭✸✳✻✳✸✮✱ t❡♠✲s❡ (µ, s) 4Ψ (µ′, s′)✳

✾✶
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❉♦r❛✈❛♥t❡✱ s✉♣♦♥❤❛ q✉❡ Γ ⊆ Λ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❝♦♠ r❡s♣❡✐t♦ ❛ 4Ψ ❡ ✜①❡ ✉♠❛
❡♥✉♠❡r❛çã♦ ❞❡ Γ ❝♦♠♣❛tí✈❡❧ ❝♦♠ 4Ψ✳ P♦r ❜r❡✈✐❞❛❞❡✱ ♣❛r❛ ❝❛❞❛ r ∈ Zℓ

+✱ t
r ❞❡♥♦t❛rá

♦ ♠♦♥ô♠✐♦ tr11 · · · trℓℓ ∈ Z[t1, . . . , tℓ] ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ (−t)r :=
∏ℓ

j=1(−tj)rj =

(−1)deg(r)tr✳

❉❡✜♥✐çã♦ ✸✳✻✳✸✳ ❖ ❝❛rá❝t❡r ❣r❛❞✉❛❞♦ ❞❡ V ∈ G é ❞❡✜♥✐❞♦ ❝♦♠♦

gchV =
∑

r∈Zℓ+

chV [r] tr =
∑

(λ,r)∈Λ

[V : V (λ, r)] chV (λ)tr ∈ Z[P ][[t1, . . . , tℓ]].

❉❡✜♥❛ ❛s ♠❛tr✐③❡s

A(t) =
(
ts−r[P (λ, r) : V (µ, s)]

)
(µ,s),(λ,r)∈Γ

❡

E(t) =
(
ts−r dimExt

deg(s−r)
G (V (λ, r), V (µ, s))

)
(µ,s),(λ,r)∈Γ

.

❖❜s❡r✈❡ q✉❡✱ s❡ s − r /∈ Zℓ
+✱ ❡♥tã♦ ❛ ❡♥tr❛❞❛ ((µ, s), (λ, r)) ❞❡ ❛♠❜❛s ❛s ♠❛tr✐③❡s s❡

❛♥✉❧❛♠ ❞❡✈✐❞♦ às Pr♦♣♦s✐çõ❡s ✸✳✸✳✷✭❝✮ ❡ ✸✳✺✳✶ ❡✱ ♣♦rt❛♥t♦✱ ❞❛❞❛ ❛ ❡s❝♦❧❤❛ ❞❛ ❡♥✉♠❡r❛çã♦
❡♠ Γ ✜①❛❞❛✱ ❛♠❜❛s sã♦ tr✐❛♥❣✉❧❛r❡s ✐♥❢❡r✐♦r❡s✳

▲❡♠❛ ✸✳✻✳✹✳ ❆s ♠❛tr✐③❡s ❛❝✐♠❛ s❛t✐s❢❛③❡♠ A(t)E(−t) = ✐❞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (λ, r) 4Ψ (µ, s)✳ ❊♥tã♦✱

(E(−t)A(t))(µ,s),(λ,r) =
=

∑

(ν,p)∈Γ

(−t)s−p dimExt
deg(s−p)

G[Γ] (V (ν,p), V (µ, s))tp−r[P (λ, r) : V (ν,p)]

= ts−r
∑

(ν,p)∈Γ

[P (λ, r) : V (ν,p)]
∑

j≥0

(−1)j dimExtjG[Γ](V (ν,p), V (µ, s)),

s❡♥❞♦ q✉❡ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡❝♦rr❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛s ♠❛tr✐③❡s ❡ ❛ s❡❣✉♥❞❛ é ❝♦♥✲
s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✷✭❜✮✱ ❥á q✉❡ ExtjG[Γ](V (ν,p), V (µ, s)) = 0✱ s❡ j 6= deg(s−p)✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ΨM ❡♠ ✭❆✳✹✮✱ t❡♠♦s

(E(−t)A(t))(µ,s),(λ,r) = ts−r
∑

(ν,p)∈Γ

[P (λ, r) : V (ν,p)] ΨV (µ,s)(V (ν,p))

= ts−r
∑

j≥0

(−1)j dimExtjG[Γ](P (λ, r), V (µ, s)),

❝♦♠ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ♦❜t✐❞❛ ❞♦ ❈♦r♦❧ár✐♦ ❆✳✹✳✹✳ ❈♦♠♦ P (λ, r) é ♣r♦❥❡t✐✈♦✱ ❡♥tã♦
ExtjG[Γ](P (λ, r), V (µ, s)) = 0✱ ♣❛r❛ j > 0✱ ❡✱ ♣♦rt❛♥t♦✱

dimExtjG[Γ](P (λ, r), V (µ, s)) = δj,0δ(λ,r),(µ,s),

♦ q✉❡ ❝♦♠♣❧❡t❛ ❞❡♠♦♥str❛çã♦✳

✾✷
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❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é ✉♠❛ ❢ór♠✉❧❛ r❡❝✉rs✐✈❛ ♣❛r❛ gch P (λ, r)Γ✱ ❛
q✉❛❧ é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳ ❖r✐❣✐♥❛❧♠❡♥t❡ ❡❧❡ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ℓ = 1
❡♠ ❬✶✶✱ ❚❡♦r❡♠❛ ✷❪✳

❚❡♦r❡♠❛ ✸✳✻✳✺✳ P❛r❛ t♦❞♦ λ ∈ P+ t❛❧ q✉❡ (λ,n) ∈ Γ✱ t❡♠♦s

(−t)nch(V (λ)) =
∑

(µ,r)∈Γ

(−1)deg(r) cλ,nµ,r gchP (µ, r)Γ,

❝♦♠

cλ,nµ,r = dimExtjG(V (λ,n), V (µ, r)) = dimHomg((
ℓ⊗

i = 1
∧ri−ni Vi)⊗ V (λ), V (µ)),

r = (r1, · · · , rℓ)✱ n = (n1, · · · , nℓ) ❡ j = deg r − degn✳

❉❡♠♦♥str❛çã♦✳ ❱✐♠♦s ❛❝✐♠❛ q✉❡ A(t)E(−t) = Id✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∑

(µ,r)∈Γ

ts−r [P (µ, r)Γ : V (ν, s)] (−t)r−n cλ,nµ,r = δ(ν,s),(λ,n)

♣❛r❛ t♦❞♦s (ν, s), (λ,n) ∈ Γ✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ♣♦r (−t)nchV (ν) ❡ t♦♠❛♥❞♦
❛ s♦♠❛ s♦❜r❡ t♦❞♦s (ν, s) ∈ Γ✱ ♦❜t❡♠♦s
∑

(ν,s)∈Γ

(−t)n chV (ν) δ(ν,s),(λ,n) =

∑

(µ,r)∈Γ

(−1)deg(r) cλ,nµ,r

∑

(ν,s)∈Γ

[P (µ, r)Γ : V (ν, s)] chV (ν) ts, ✭✸✳✻✳✹✮

♦✉ s❡❥❛✱
(−t)nchV (λ) =

∑

(µ,r)∈Γ

(−1)deg(r) cλ,nµ,r gchP (µ, r)Γ.

❊♥❝❡rr❛♠♦s ❛ s❡çã♦ ❝♦♠ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ✉s❛r ❛ ❢ór♠✉❧❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r
♣❛r❛ ❝❛❧❝✉❧❛r gchP (λ, r)Γ✳

❊①❡♠♣❧♦ ✸✳✻✳✻✳ ❙✉♣♦♥❤❛ q✉❡ g é ❞♦ t✐♣♦ A2 ❡ q✉❡ a = g ⊗ C[t1,··· ,tℓ]
(titj |i,j=1,··· ,ℓ)

✳ ◆♦t❡ q✉❡

a ∼= g ⋉ ⊕ℓ
j=1Vj✱ ❝♦♠ Vj s❡♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❞❡ g ♣❛r❛ t♦❞♦ j = 1, · · · , ℓ✳

❚♦♠❡ Γ = {(2ω1,✵), (ω2, e1), · · · , (ω2, eℓ)}✳ ➱ ❝❧❛r♦ q✉❡ ❡ss❡ ❝♦♥❥✉♥t♦ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦✳

❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❝♦♠ λ = 2ω1✱ ♦❜t❡♠♦s

ch(V (2ω1)) = c2ω1,✵
2ω1,✵

gch(P (2ω1,✵)
Γ)−

ℓ∑

j=1

c2ω1,✵
ω2,ej gchP (ω2, ej)

Γ

=⇒ gch(P (2ω1,✵)
Γ) = ch(V (2ω1)) +

ℓ∑

j=1

gch(P (ω2, ej)
Γ).

✾✸
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❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, · · · , ℓ}✱

(−t)ei ch(V (ω2)) = cω2,ei
2ω1,✵

gch(P (2ω1,✵)
Γ)−

ℓ∑

j=1

cω2,ei
ω2,ej gch(P (ω2, ej)

Γ)

=⇒ tich(V (ω2)) = gch(P (ω2, ei)
Γ).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

gch(P (2ω1,✵)
Γ) = ch(V (2ω1)) +

ℓ∑

j=1

tj ch(V (ω2)).
⋄

✸✳✼ ❘❡❧❛çõ❡s ♣❛r❛ ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s tr✉♥❝❛❞♦s✳

❙❡❥❛ Ψ ⊆ wt(V ) s❛t✐s❢❛③❡♥❞♦ ✭✸✳✻✳✶✮ ❡✱ ❛❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛

Ψ ∩ P+ = ∅ ❡ ξ + αi /∈ Ψ ♣❛r❛ t♦❞♦s ξ ∈ wt(V ) ∩ P+, i ∈ I. ✭✸✳✼✳✶✮

❊①❡♠♣❧♦ ✸✳✼✳✶✳ ❙❡❥❛ V ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❞❡ g ❡✱ ♣♦rt❛♥t♦✱ wt(V ) = R ∪ {0}✳
❉❛❞♦s µ ∈ P+ \ {0}✱ ❝♦♥s✐❞❡r❡

Ψ(µ) = {α ∈ R | (α, µ) = min
β∈R

(β, µ)} ⊆ −R+

❋♦✐ ♠♦str❛❞♦ ❡♠ ❬✶✵✱ ▲❡♠❛ ✷✳✸❪ q✉❡ Ψ(µ) s❛t✐s❢❛③ ✭✸✳✻✳✶✮ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❝❧❛r❛♠❡♥t❡
s❛t✐s❢❛③ ✭✸✳✼✳✶✮✳ ❆ r❡❧❡✈â♥❝✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❞♦ t✐♣♦ Ψ(µ) s❡rá ❡①♣❧✐❝❛❞❛ ♥❛s ❝♦♥❝❧✉sõ❡s
✜♥❛✐s ❞❡st❛ s❡çã♦ ✭✈❡❥❛ t❛♠❜é♠ ❬✶✶✱ ❙❡❝t✐♦♥ ✸✳✻❪✮✳ ⋄

❉❛❞♦ λ ∈ P+, r ∈ Zℓ
+, r ∈ Z+✱ ❞❡✜♥❛

ΓΨ(λ, r) = {(µ, s) ∈ Λ | (λ, r) 4Ψ (µ, s)}
❡ Γ̃Ψ(λ, r) = {(µ, s) ∈ Λ̃ | (λ, r) 4Ψ (µ, s)}.

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✜①❡ (λ, r) ∈ Λ ❡ Γ = ΓΨ(λ, r), Γ̃ = Γ̃Ψ(λ, deg(r))✳

▲❡♠❛ ✸✳✼✳✷✳ ❙❡❥❛ (µ, s) ∈ Γ✳

✭❛✮ Γ é ✜♥✐t♦ ❡ ❝♦♥✈❡①♦ ❝♦♠ r❡s♣❡✐t♦ ❛ 4Ψ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ P (µ, s)Γ ∈ G[Γ] ❡ s✉❛
❞✐♠❡♥sã♦ é ✜♥✐t❛✳

✭❜✮ ❙❡ (µ, s′) ∈ Γ✱ ❡♥tã♦ deg(s′) = deg(s)✳

✭❝✮ ❙❡ (ν, s′) ∈ Γ é t❛❧ q✉❡ (µ, s) 4Ψ (ν, s′)✱ ❡♥tã♦ (ν, s′ − s) ∈ ΓΨ(µ,0)✳

✾✹
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❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❡ Γ ♦ t❡♠♦s s❡♥❞♦ ❝♦♥✈❡①♦ ❡✱ t❛♠❜é♠✱ q✉❡ P (µ, s)
❝♦❜r❡ Γ✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✹✳✸ q✉❡ P (µ, s)Γ ∈ G[Γ]✳ ❈♦♠♦ (λ, r) 4Ψ (ν, t) ✐♠♣❧✐❝❛
q✉❡ λ− ν ∈ wt(V ) ❡ λ− ν ♣❡rt❡♥❝❡ ❛♦ ❣❡r❛❞♦ ❧✐♥❡❛r ❞♦s ♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ♦❜t❡♠♦s
q✉❡ Γ é ✜♥✐t♦✱ ♦ q✉❡ ♣r♦✈❛ ✭❜✮✳ ❈♦♠♦ (µ, deg(s)), (µ, deg(s′)) ∈ Γ̃✱ s❡❣✉❡ ❞❡ ❬✶✶✱
Pr♦♣♦s✐çã♦ ✷✳✷✭✐✐✐✮❪ q✉❡ deg(s′) = deg(s) ❡ ✐ss♦ ♣r♦✈❛ ✭❝✮ ✭❞❡ ❢❛t♦✱ ❬✶✶✱ Pr♦♣♦s✐çã♦
✷✳✷✭✐✐✐✮❪ é ❡①❛t❛♠❡♥t❡ ♦ ✐t❡♠ ✭❝✮ ♥♦ ❝❛s♦ ℓ = 1✮✳

◆❡ss❡ ♠♦♠❡♥t♦ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ ❛♥á❧♦❣♦ ❞❡ ❬✶✶✱ ❚❡♦r❡♠❛
✶❪✳

❚❡♦r❡♠❛ ✸✳✼✳✸✳ P❛r❛ t♦❞♦ (µ, s) ∈ Γ ♦ ♠ó❞✉❧♦ P (µ, s)Γ é ✐s♦♠♦r❢♦ ❛♦ a✲♠ó❞✉❧♦
M(µ, s) ❣❡r❛❞♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ w ❞❡ ❣r❛✉ s s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s

n+w = 0, hw = µ(h)w ❡ (x−αi)
µ(hi)+1w = 0, ♣❛r❛ t♦❞♦s h ∈ h, i ∈ I,

❡ xw = 0, ♣❛r❛ t♦❞♦ x ∈ Vξ, ❝♦♠ ξ ∈ wt(V ) \Ψ.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ✉♠ ❣❡r❛❞♦r ❞❡ P (µ, s)✱ ❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✭❜✮✱ ❡ ❝♦♥t✐♥✉✲
❡♠♦s ❞❡♥♦t❛♥❞♦ ♣♦r v s✉❛ ✐♠❛❣❡♠ ❡♠ P (µ, s)Γ✱ q✉❡ é ♥ã♦ ♥✉❧❛ ♣♦✐s (µ, s) ∈ Γ✳ ❱❛♠♦s
♣r✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r q✉❡ v s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ❛❝✐♠❛ ❞❛❞❛s ♣❛r❛ w✳

❉❡ ❢❛t♦✱ é ❡✈✐❞❡♥t❡ q✉❡ s❛t✐s❢❛③ ❛s ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡
ξ ∈ wt(V ) \Ψ ❡ x ∈ Vξ t❛✐s q✉❡ xv 6= 0 ❡ ❡s❝♦❧❤❛♠♦s ξ ♠❛①✐♠❛❧ ✭❝♦♠ r❡s♣❡✐t♦ à ♦r❞❡♠
♣❛r❝✐❛❧ ✉s✉❛❧ ❡♠ P ✮ s❛t✐s❢❛③❡♥❞♦ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❆ ♣r✐♠❡✐r❛ ♣r♦♣r✐❡❞❛❞❡ ❡♠ ✭✸✳✼✳✶✮
❡ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ ξ ✐♠♣❧✐❝❛♠ ξ ∈ P+✳ ❆ s❡❣✉♥❞❛ ♣r♦♣r✐❡❞❛❞❡ ❡♠ ✭✸✳✼✳✶✮ ✐♠♣❧✐❝❛
n+xv = 0✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ i ∈ I✱ t❡♠♦s

x+αixv = [x+αi , x]v ∈ Vξ+αi .

❈♦♠♦ ξ + αi /∈ Ψ ♣♦r ✭✸✳✼✳✶✮✱ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ ξ ✐♠♣❧✐❝❛ [x+αi , x]v = 0✳ ❊♥tã♦✱
µ+ ξ ∈ P+ ❡✱ ❝♦♠♦ P (µ, s)Γ ∈ G[Γ]✱ s❡❣✉❡ (µ+ ξ, s+ei) ∈ Γ ❡ (µ, s) ≺Ψ (µ+ ξ, s+ei)✳
P❡❧♦ ▲❡♠❛ ✸✳✼✳✷✱ t❡♠♦s (µ+ ξ, ei) ∈ ΓΨ(µ,0)✱ ♦✉ s❡❥❛✱ (µ,0) 4Ψ (µ+ ξ, ei)✳ ▲♦❣♦✱ ♣❡❧❛
❞❡✜♥✐çã♦ ❞❡ 4Ψ ❡♠ ✭✸✳✻✳✸✮✱ t❡♠♦s ξ ∈ Z+Ψ ❡ ξ =

∑
ν mνν✱ ❝♦♠ ν ∈ Ψ✱ mν ∈ Z+ ❡∑

ν mν = deg(ei) = 1✳ ■ss♦ ✐♠♣❧✐❝❛ ξ ∈ Ψ✱ ♣r♦❞✉③✐♥❞♦ ❛ ❝♦♥tr❛❞✐çã♦ ❞❡s❡❥❛❞❛✳

❆ ♣❛rt✐r ❞❡ s✉❛ ❞❡✜♥✐çã♦✱ é ❝❧❛r♦ q✉❡ M(µ, s) ∈ G✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ♣❛rá❣r❛❢♦
❛♥t❡r✐♦r✱ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0→ K → M(µ, s)→ P (µ, s)Γ → 0✳ ❈♦♠♦
P (µ, s)Γ é ♣r♦❥❡t✐✈♦ ❡♠ G[Γ]✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❡ss❛ é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❡♠
G[Γ] ✭✐✳❡✳✱ q✉❡ M(µ, s) ∈ G[Γ]✮ ❡ q✉❡ M(µ, s) é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦
❞❡ M(µ, s) q✉❡ V (µ, s) é s❡✉ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ M(µ, s) é
✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ r❡st❛ ♠♦str❛r q✉❡ M(µ, s) ∈ G[Γ]✳ ❈♦♠♦ τsM(µ,0) é ♦❜✈✐❛♠❡♥t❡
✐s♦♠♦r❢♦ ❛ M(µ, s)✱ ❛ ú❧t✐♠❛ ♣❛rt❡ ❞♦ ▲❡♠❛ ✸✳✼✳✷ ✐♠♣❧✐❝❛ q✉❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡
M(µ,0) ∈ G[ΓΨ(µ,0)]✳ ❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ ♦ r❡st❛♥t❡ ❞❛ ♣r♦✈❛✱ s✉♣♦♥❤❛ Γ = Γ(µ,0) ❡✱
♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❛ M =M(µ,0)✳ ❉❡ss❡ ♠♦❞♦✱ ♠♦str❛r❡♠♦s✿

[M : V (ν,k)] 6= 0 s♦♠❡♥t❡ s❡ (µ,0) 4Ψ (ν,k). ✭✸✳✼✳✷✮

✾✺
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❊s❝♦❧❤❛ ✉♠❛ ❜❛s❡ ❞❡ a ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❈❤❡✈❛❧❧❡② ♣❛r❛ g ❡ ❜❛s❡s ♣❛r❛ ♦s
❡s♣❛ç♦s ❞❡ ♣❡s♦ ❞❡ Vj, j = 1, . . . , ℓ✳ ❉❡✜♥❛ U(Ψ) s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ P❇❲✲♠♦♥ô♠✐♦s
✭❝♦♠ r❡s♣❡✐t♦ ❛ ❛❧❣✉♠❛ ♦r❞❡♠✮ ❢♦r♠❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ ⊕ν∈ΨVν q✉❡ ❡stã♦ ♥❡ss❛ ❜❛s❡✳
❯♠❛ ❛♣❧✐❝❛çã♦ r♦t✐♥❡✐r❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ P❇❲ ✐♠♣❧✐❝❛

M = U(n−)U(Ψ)w. ✭✸✳✼✳✸✮

■ss♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ▲❡♠❛ ✶✳✷✳✽✱ ❝❧❛r❛♠❡♥t❡ ✐♠♣❧✐❝❛ ✭✸✳✼✳✷✮✳

❖ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ss❡ ❚❡♦r❡♠❛ ❡ ❞♦ ▲❡♠❛ ✸✳✼✳✷✭❝✮✳

❈♦r♦❧ár✐♦ ✸✳✼✳✹✳ ❙❡❥❛♠ (µ, s), (ν, s′) ∈ Γ t❛✐s q✉❡ (µ, s) 4Ψ (ν, s′)✳ ❊♥tã♦✱

gchP (ν, s′)Γ = tsgchP (ν, s′ − s)Γψ(µ,0).

❆♣❧✐❝❛♥❞♦ ❡ss❡ ❝♦r♦❧ár✐♦ ❛♦ ❚❡♦r❡♠❛ ✸✳✻✳✺✱ ❝♦♥❝❧✉í♠♦s✿

❈♦r♦❧ár✐♦ ✸✳✼✳✺✳ P❛r❛ t♦❞♦ λ ∈ P+ t❛❧ q✉❡ (λ,0) ∈ Γ✱ t❡♠♦s

ch(V (λ)) =
∑

(µ,r)∈Γ

(−1)deg(r) cλ,0µ,r gchP (µ,0)ΓΨ(µ,0).

❯t✐❧✐③❛♥❞♦ ❡ss❡ s❡❣✉♥❞♦ ❝♦r♦❧ár✐♦✱ ♦ ❊①❡♠♣❧♦ ✸✳✻✳✻ ♣♦❞❡ s❡r r❡✈✐s✐t❛❞♦ ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿

❊①❡♠♣❧♦ ✸✳✼✳✻✳ ❙✉♣♦♥❤❛ Ψ = −R+ ❡ ♥♦t❡ q✉❡ Ψ s❛t✐s❢❛③ t♦❞❛s ❛s ❤✐♣ót❡s❡s r❡q✉❡✲
r✐❞❛s✱ ✐✳❡✳ ✭✸✳✻✳✶✮ ❡ ✭✸✳✼✳✶✮✳ ❆❧é♠ ❞✐ss♦✱ Γ ❞♦ ❊①❡♠♣❧♦ ✸✳✻✳✻ é ✐❣✉❛❧ ❛ ΓΨ(2ω1,0)✳
P♦rt❛♥t♦✱

gch(P (2ω1,✵)
Γ) = ch(V (2ω1)) +

ℓ∑

j=1

gch(P (ω2, ej)
Γ).

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✸✳✼✳✹✱

gch(P (ω2, ej)
Γ) = tjgch(P (ω2,0)

ΓΨ(ω2,0)).

P♦ré♠✱ ΓΨ(ω2,0) = {(ω2,0)}✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✼✳✺✱

gch(P (ω2,0)
ΓΨ(ω2,0)) = ch(V (ω2)).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

gch(P (ω2, ej)
Γ) = ch(V (2ω1)) +

ℓ∑

j=1

tj ch(V (ω2)).
⋄

✾✻
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❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♥♦s ❞✐③ q✉❡ ♦s ♠ó❞✉❧♦s P (µ, s)Γ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ❣❡♥❡✲
r❛❧✐③❛çõ❡s ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✳ ❈♦♥s✐❞❡r❡ ♦ ❝❛s♦
♣❛rt✐❝✉❧❛r ❡♠ q✉❡ ℓ = 1 ❡ V é ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❞❡ g✳ ◆❡st❡ ❝❛s♦ t❡♠♦s ✉♠
✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡

a ∼= g[t]/(g⊗ t2C[t]).

▼♦t✐✈❛❞♦s ♣♦r ❝♦♥t❡①t♦s ❢ís✐❝♦s✱ ❑✐r✐❧❧♦✈ ❡ ❘❡s❤❡t✐❦❤✐♥ ❬✸✾❪ ❝♦♥❥❡❝t✉r❛r❛♠ ❛ ❡①✐s✲
tê♥❝✐❛ ❞❡ ❝❡rt❛s r❡♣r❡s❡♥t❛çõ❡s s✐♠♣❧❡s ❞♦ ❣r✉♣♦ q✉â♥t✐❝♦ ❛ss♦❝✐❛❞♦ à á❧❣❡❜r❛ ❞❡ ❑❛❝✲
▼♦♦❞② ❛✜♠ ĝ ❡ q✉❡ ♦ ❝❛rá❝t❡r ❞❡ s❡✉s ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❞❡✈❡r✐❛♠ s❛t✐s❢❛③❡r ✉♠❛ ❝❡rt❛
❢ór♠✉❧❛ ❢❡r♠✐ô♥✐❝❛✳ ❊ss❡s ♠ó❞✉❧♦s ♣❛ss❛r❛♠ ❡♥tã♦ ❛ s❡r ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♠ó❞✉❧♦s
❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳ P♦st❡r✐♦r♠❡♥t❡ ❢♦✐ ❞❡s❝♦❜❡rt♦ q✉❡ ❡❧❡s ♥❛❞❛ ♠❛✐s ❡r❛♠ q✉❡
❛s ❛✜♥✐③❛çõ❡s ♠✐♥✐♠❛✐s ✭♥♦ s❡♥t✐❞♦ ❞❡✜♥✐❞♦ ♣♦r ❈❤❛r✐ ❡♠ ❬✶✾❪✮ ❞❛s r❡♣r❡s❡♥t❛çõ❡s
✐rr❡❞✉tí✈❡✐s ❞♦ ❣r✉♣♦ q✉â♥t✐❝♦ ❛ss♦❝✐❛❞♦ ❛ g ♥♦ ❝❛s♦ ❞♦ ♣❡s♦ ♠á①✐♠♦ s❡r ✉♠ ♠ú❧t✐♣❧♦
❞❡ ✉♠ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✳

P❛r❛ g ❞❡ t✐♣♦ ❝❧áss✐❝♦ ♦✉ ❞❡ t✐♣♦ G2✱ é ❝♦♥❤❡❝✐❞♦ q✉❡ ♦ ❧✐♠✐t❡ ❝❧áss✐❝♦ ✏tr❛♥s✲
❧❛❞❛❞♦✑ ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ sã♦ ♠ó❞✉❧♦s ♣❛r❛ ❛ á❧❣❡❜r❛ a ✭✈❡❥❛ ❬✹✸❪
❡ r❡❢❡rê♥❝✐❛s ❧á ❝✐t❛❞❛s✮✳ ❊st❡ ❢❛t♦ t❛♠❜é♠ é ✈❡r❞❛❞❡ ♣❛r❛ t♦❞❛s ❛s ❛✜♥✐③❛çõ❡s ♠✐♥✐✲
♠❛✐s q✉❛♥❞♦ g é ❞❡ t✐♣♦ ❝❧áss✐❝♦ ❡ ♣❛r❛ ✈ár✐♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ♥♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s
❡①❝❡♣❝✐♦♥❛✐s✳

❊♠ ❬✶✺✱ ✶✻❪ ❢♦✐ ♠♦str❛❞♦ q✉❡ ♦ ❝❛rá❝t❡r ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ✭♣❛r❛
g ❞❡ t✐♣♦ ❝❧áss✐❝♦ ♦✉ G2✮ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞♦s tr❛❜❛❧❤❛♥❞♦✲s❡ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❝❛t❡❣♦r✐❛
G[Γ] ❝♦♠ Γ = ΓΨ(mωi,0) ❡ Ψ = Ψ(ωi)✱ ❝♦♠mωi ♦ ♣❡s♦ ♠❛①✐♠❛❧ ❞♦ ♠ó❞✉❧♦ ❞❡ ❑✐r✐❧❧♦✈✲
❘❡s❤❡t✐❦❤✐♥ ❡♠ q✉❡stã♦✳ ❖ ♠ét♦❞♦✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛❝❛❜❛✈❛ ♣♦r ❞❛r ✉♠❛ ❛♣r❡s❡♥t❛çã♦
❞♦ ❧✐♠✐t❡ ❝❧áss✐❝♦ ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ❡♠ t❡r♠♦s ❞❡ ❣❡r❛❞♦r❡s ❡ r❡❧❛✲
çõ❡s✳ ❊ss❛s r❡❧❛çõ❡s sã♦ ❡①❛t❛♠❡♥t❡ ❛s ❞❡s❝r✐t❛s ♥♦ ❚❡♦r❡♠❛ ✸✳✼✳✸✳ P♦r ✐ss♦ ❞✐③❡♠♦s
q✉❡ ♦s ♠ó❞✉❧♦s P (λ, r)Γ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦s ✭❧✐♠✐t❡s ❝❧áss✐❝♦s
❞♦s✮ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳

❖ ♠ét♦❞♦ ❞❡ ❬✶✺✱ ✶✻❪ ♣r♦❞✉③ ❢ór♠✉❧❛s ❜❛st❛♥t❡ ❡①♣❧í❝✐t❛s ♣❛r❛ ♦s ❝❛r❛❝t❡r❡s ❣r❛❞✉✲
❛❞♦s ❞♦s ♠ó❞✉❧♦s P (mωi, r)

Γ✱ ❛♦ ❝♦♥trár✐♦ ❞❛ ❢ór♠✉❧❛ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✻✳✺✳ P♦ré♠✱
❡ss❡ ♠ét♦❞♦ s❡ t♦r♥❛ ✐♠♣r❛t✐❝á✈❡❧ q✉❛♥❞♦ ℓ > 1 ❡✱ ♣♦r ✐ss♦✱ ♦❜t✐✈❡♠♦s ❛ ❢ór♠✉❧❛ ❞♦
❚❡♦r❡♠❛ ✸✳✻✳✺✳ ◆♦ ❝❛s♦ ℓ = 1✱ ❛❧❣✉♠❛s ❢ór♠✉❧❛s ❝♦♠♦ ❛s ❞❡ ❬✶✺✱ ✶✻❪ ♣❛r❛ ❛✜♥✐③❛çõ❡s
♠✐♥✐♠❛✐s q✉❡ ♥ã♦ sã♦ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ❢♦r❛♠ ♦❜t✐❞❛s ❡♠ ❬✹✸✱ ✹✹❪✳

✾✼
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❆ ❝♦♥t✐♥✉❛çã♦ ♥❛t✉r❛❧ ❞♦ ❛ss✉♥t♦ tr❛t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷ é ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ♦ ❝♦♥✲
t❡①t♦ ❞❛s ❤✐♣❡rá❧❣❡❜r❛s ✭t♦r❝✐❞❛s ❡ ♥ã♦ t♦r❝✐❞❛s✮ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❞♦s ✈ár✐♦s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s r❡❝❡♥t❡♠❡♥t❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♦♥❞❡ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ❤✐♣❡rá❧❣❡✲
❜r❛s s❡ r❡❞✉③ à ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❉❡♥tr❡ ❛❧❣✉♥s ❞❡ss❡s r❡s✉❧t❛❞♦s ❡stã♦ ❛ ❚❡♦r✐❛ ❞❡
▼ó❞✉❧♦s ❞❡ ❲❡②❧ ●❧♦❜❛✐s ❬✼✱ ✷✾❪✱ ❛ ❚❡♦r✐❛ ❞❡ ▼ó❞✉❧♦s ❞❡ ❉❡♠❛③✉r❡ ❬✷✻✱ ✷✼✱ ✷✽❪ ❡t❝✳
❙♦❜ ❡ss❛ ♣❡rs♣❡❝t✐✈❛✱ ✉♠ ❝❛♠✐♥❤♦ ❛ s❡r tr✐❧❤❛❞♦ ♣♦❞❡ s❡r✿

• ❊st❛❜❡❧❡❝✐♠❡♥t♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ ❣❧♦❜❛❧ ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s ❞❡
❧❛ç♦s t♦r❝✐❞❛s ❡ ♥ã♦ t♦r❝✐❞❛s ❡ ✐♥✈❡st✐❣❛r r❡❧❛çõ❡s ❡♥tr❡ ❡st❡s❀

• ❆❞❡q✉❛çã♦ ❞❛s ✐❞❡✐❛s ❞❛ t❡♦r✐❛ ❞❡ ♠ó❞✉❧♦s ❞❡ ❉❡♠❛③✉r❡ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❡
❤✐♣❡rá❧❣❡❜r❛s ❞❡ ❧❛ç♦s❀

• ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❝❛t❡❣ór✐❝❛ ❡ ❤♦♠♦❧ó❣✐❝❛ ♣❛r❛ ❤✐♣❡rá❧❣❡❜r❛s
❞❡ ❧❛ç♦s ♥ã♦ t♦r❝✐❞❛s ❡ ✉♠❛ ❛♥á❧✐s❡ ❞❡st❛ ❧✐♥❣✉❛❣❡♠ r❡str✐t❛ às ❤✐♣❡rá❧❣❡❜r❛s ❞❡
❧❛ç♦s t♦r❝✐❞❛s❀

• ■♥í❝✐♦ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t❡♦r✐❛s ❞❡ ♣❡s♦ ♠á①✐♠♦ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❢✉♥çõ❡s
❡q✉✐✈❛r✐❛♥t❡s✳

◆♦ q✉❡ t❛♥❣❡ ❛♦ ❈❛♣ít✉❧♦ ✸✱ ♠✉✐t❛s ❢r❡♥t❡s ♣♦❞❡♠ s❡r t♦♠❛❞❛s✳ P♦r ❡①❡♠♣❧♦✿

• ■♥✈❡st✐❣❛r s♦❜r❡ ♣♦ssí✈❡✐s ♠❡❧❤♦r❛s ❞❛s ❝♦♥❞✐çõ❡s ✐♠♣♦st❛s ❛♦ ❧♦♥❣♦ ❞❛s ❙❡çõ❡s
✸✳✺✱ ✸✳✻ ❡ ✸✳✼❀

• ❊①♣❧♦r❛r r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❑♦s③✉❧✐❞❛❞❡ t❛❧ ❝♦♠♦ ❬✶✷✱ ❚❡♦r❡♠❛s ✶✳✻ ❡
✺✳✻❪❀

• ■❞❡♥t✐✜❝❛r ♣♦ssí✈❡✐s ❝♦♥❡①õ❡s ❝♦♠ ♠ó❞✉❧♦s ❞❡ ❉❡♠❛③✉r❡ ♣❛r❛ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡
a✲♠ó❞✉❧♦s ♠❛✐s ❛❜r❛♥❣❡♥t❡ ❞♦ q✉❡ ♦ ❝❛s♦ ❡♠ q✉❡ a = g ⋉ V ✱ ❝♦♠ V s❡♥❞♦ ❛
r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ❞❡ g ✭❝❢✳ ❬✶✹✱ ✷✼✱ ✷✽❪✮❀

• ❆♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ ❛ Zℓ
+✲❣r❛❞✉❛çã♦ é s✉❜st✐t✉í❞❛ ♣♦r ✉♠❛ Zℓ✲❣r❛❞✉❛çã♦✳

✾✾



✶✵✵



❆♣ê♥❞✐❝❡✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r r✉❞✐♠❡♥t♦s ❞❡ ♦✉tr❛s t❡♦r✐❛s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡s❡♥✲
✈♦❧✈❡r ❡ss❛ t❡s❡✳ ❖s ❛ss✉♥t♦s s❡rã♦ ❞✐✈✐❞✐❞♦s ♣♦r s❡çõ❡s q✉❡ ♥ã♦ ✈✐s❛♠ ❝♦❜r✐r ♦s ♣♦♥t♦s
♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡ s✉❛s r❡s♣❡❝t✐✈❛s t❡♦r✐❛s✱ ♠❛s tã♦ s♦♠❡♥t❡ ♦s ♣♦♥t♦s q✉❡ ❢♦r❛♠
✉t✐❧✐③❛❞♦s✳

❆✳✶ ▼ó❞✉❧♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳

◆❡st❛ s❡çã♦ ✈❛♠♦s r❡✈❡r r❛♣✐❞❛♠❡♥t❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ g✲♠ó❞✉❧♦ ❡ ❛❧❣✉♠❛s ♥♦♠❡♥❝❧❛t✉r❛s✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✳ ❙❡❥❛ g ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛r❜✐trár✐❛✳ ❯♠ g✲♠ó❞✉❧♦ é ✉♠ ❡s♣❛ç♦
✈❡t♦r✐❛❧ V ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦ ✭♦✉ ❛çã♦✮ · : g × V → V ✱ ♣❛r❛ ❛ q✉❛❧ ❡s❝r❡✈❡♠♦s
(x, v) 7→ x · v✱ t❛❧ q✉❡

✭✐✮ (ax+ by) · v = a(x · v) + b(y · v)✱

✭✐✐✮ x · (av + bw) = a(x · v) + b(x · w) ❡

✭✐✐✐✮ [x, y] · v = x · (y · v)− y · (x · v)

♣❛r❛ t♦❞♦s a, b ∈ F✱ x, y ∈ g ❡ v, w ∈ V ✳

◆❛t✉r❛❧♠❡♥t❡✱ ❞❛❞♦s ❞♦✐s g✲♠ó❞✉❧♦s V ❡ W ✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : V →
W é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ g✲♠ó❞✉❧♦s s❡ f(xv) = xf(v) ♣❛r❛ t♦❞♦s x ∈ g ❡ v ∈ V ✳

❊①❡♠♣❧♦ ❆✳✶✳✷✳ ❆ á❧❣❡❜r❛ ❞❡ ▲✐❡ g é ✉♠ g✲♠ó❞✉❧♦ ❝♦♠ ❛çã♦ ❞❛❞❛ ♣❡❧♦ s❡✉ ❝♦❧❝❤❡t❡✱
✐✳❡✳✱ (x, y) 7→ x · y = [x, y]✳ ⋄

❖s ❝♦♥❝❡✐t♦s ❞❡ g✲♠ó❞✉❧♦ ❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ g sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❉❡ ❢❛t♦✱ s❡
ρ : g → gl(V ) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ V ✱ ❡♥tã♦ V s❡ t♦r♥❛ ✉♠ g✲♠ó❞✉❧♦ ❝♦♠ ❛ ❛çã♦
❞❡✜♥✐❞❛ ♣♦r x · v = ρ(x)v ♣❛r❛ t♦❞♦ x ∈ g ❡ v ∈ V ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ V é ✉♠
g✲♠ó❞✉❧♦✱ ❡♥tã♦ ρ : g → gl(V ) ❞❡✜♥✐❞❛ ♣♦r ρ(x)(v) = x · v é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ g

❡♠ V ✳ ❯s❛r❡♠♦s ♠❛✐s ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ g✲♠ó❞✉❧♦s ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✳

✶✵✶



❆P✃◆❉■❈❊

❉❡✜♥✐çã♦ ❆✳✶✳✸✳ ❯♠ g✲s✉❜♠ó❞✉❧♦ ❞❡ V é ✉♠ s✉❜❡s♣❛ç♦ S ❞❡ V t❛❧ q✉❡ gS ⊆ S✱ ❡♠
♦✉tr❛s ♣❛❧❛✈r❛s✱ S é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ ❛çã♦ ❞❡ g✳ ❯♠ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ❞❡ V é ✉♠
s✉❜♠ó❞✉❧♦ ❞✐st✐♥t♦ ❞❡ V ✳ ❯♠ g✲♠ó❞✉❧♦ V é ❝❤❛♠❛❞♦ ❞❡✿

• ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮✱ s❡ ♥ã♦ ♣♦ss✉✐ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ❞✐❢❡r❡♥t❡ ❞❡ {0}❀

• ✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ s❡ ♥ã♦ s❡ ❡s❝r❡✈❡ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ❞♦✐s s✉❜♠ó❞✉❧♦s ♣ró♣r✐♦s
♥ã♦ ♥✉❧♦s❀

• ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✱ s❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ s✉❜♠ó❞✉❧♦s
✐rr❡❞✉tí✈❡✐s✳

❆✳✷ ❆ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡✳

❙❡❥❛ a ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ ✉♠ ❝♦r♣♦ F✳ ❋r❡q✉❡♥t❡♠❡♥t❡ é ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r
❝♦♠ ❛ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ U(a) ❞❡ a✳ ❊ss❛s á❧❣❡❜r❛s ❝♦♥st✐t✉❡♠
✉♠❛ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♥❛ ❝♦♥str✉çã♦ ❡ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s✳ ❱❡r❡♠♦s q✉❡ ❛
á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ é ❣❡r❛❞❛ ♣♦r a✳
❙❡ a 6= 0✱ ❡♥tã♦ U(a) ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡✱ s❡ a é ♥ã♦ ❛❜❡❧✐❛♥❛✱ ❡♥tã♦ U(a) é ♥ã♦
❝♦♠✉t❛t✐✈❛✳

❉❛❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V s♦❜r❡ F✱ ❝♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ T (V ) ❞❡ V ✱ ✐st♦
é✱ ❛ F✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✭❝♦♠ 1✮ ❝✉❥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s✉❜❥❛❝❡♥t❡ é T (V ) = ⊕k≥0V

⊗k✱
❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r

V ⊗k ⊗ V ⊗l → V ⊗(k+l)

(v1 ⊗ . . .⊗ vk)⊗ (w1 ⊗ . . .⊗ wl) 7−→ v1 ⊗ . . .⊗ vk ⊗ w1 ⊗ . . .⊗ wl

♣❛r❛ t♦❞♦s v1⊗ . . .⊗ vk ∈ V ⊗k ❡ w1⊗ . . .⊗wl ∈ V ⊗l✳ ▲❡♠❜r❡✲s❡ q✉❡✱ s❡ X é ✉♠❛ ❜❛s❡
❞❡ V ✱ ❡♥tã♦ T (V ) é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ s♦❜r❡ X✳

❉❡✜♥✐çã♦ ❆✳✷✳✶✳ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ a✱ ❞❡✜♥❡✲s❡ ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡
❞❡ a✱ ❡ ❞❡♥♦t❛✲s❡ ♣♦r U(a)✱ ❝♦♠♦ ♦ q✉♦❝✐❡♥t❡ ❞❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ T (g) ♣❡❧♦ ✐❞❡❛❧
❜✐❧❛t❡r❛❧ ❣❡r❛❞♦ ♣♦r

{x⊗ y − y ⊗ x− [x, y] | x, y ∈ a}.

❯s✉❛❧♠❡♥t❡ ♦ sí♠❜♦❧♦ ⊗ é ♦♠✐t✐❞♦ ❞❡♥tr♦ ❞❡ U(a) ❡ ❛ss✐♠ ♦ ❢❛r❡♠♦s ❛q✉✐✳

❊①❡♠♣❧♦ ❆✳✷✳✷✳ ❙❡❥❛ a ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛❜❡❧✐❛♥❛✳ ❊♥tã♦✱ U(a) ∼= S(a) ✕ ❛ á❧❣❡❜r❛
s✐♠étr✐❝❛ ❞❡ a✳ ⋄

❈♦♥s✐❞❡r❡ i : a→ U(a) s❡♥❞♦ ❛ ❢✉♥çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞❛s ❛♣❧✐❝❛çõ❡s
❝❛♥ô♥✐❝❛s

a →֒ T (a)→ U(a).

❖❜s❡r✈❡ q✉❡ i([x, y]) = i(x)i(y) − i(y)i(x)✱ ✐✳❡✳✱ i é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡
▲✐❡✳

✶✵✷
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Pr♦♣♦s✐çã♦ ❆✳✷✳✸✳ ❖ ♣❛r (U(a), i) s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ✿ ❞❛❞❛
✉♠❛ F✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A ❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ϕ : a→ A✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s φ : U(a)→ A t❛❧ q✉❡ φ ◦ i = ϕ✳

a

ϕ

��

i // U(a)

φ}}{
{

{
{

A

❆❧é♠ ❞✐ss♦✱ ♦ ♣❛r (U(a), i) é ú♥✐❝♦✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ é q✉❡ ❡st✉❞❛r
r❡♣r❡s❡♥t❛çõ❡s ❞❡ a é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ U(a)✱
♣♦✐s ❞❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ : U(a) → gl(V )✱ ♦❜té♠✲s❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ′ : a →
gl(V ) ❞❡✜♥✐♥❞♦ ρ′ = ρ ◦ i✱ ❡✱ r❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ φ′ : a → gl(V )✱
❞❡✈✐❞♦ à ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ♦❜té♠✲s❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ : U(a) → gl(V ) t❛❧ q✉❡
ρ′ ◦ i = ρ✳ ❊♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ❝❛t❡❣♦r✐❛s✱ t❡♠♦s✿

❈♦r♦❧ár✐♦ ❆✳✷✳✹✳ ❆ ❝❛t❡❣♦r✐❛ ❞❡ g✲♠ó❞✉❧♦s é ❡q✉✐✈❛❧❡♥t❡ à ❝❛t❡❣♦r✐❛ ❞❡ U(g)✲♠ó❞✉❧♦s✳

❆ s❡❣✉✐r t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ♣❛r❛ ❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s ❡♥✈❡❧♦♣❛♥t❡s✿

❚❡♦r❡♠❛ ❆✳✷✳✺ ✭P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✮✳ ❙❡❥❛ a ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ F ❡ {xj |
j ∈ J} ✉♠❛ F✲❜❛s❡ ♦r❞❡♥❛❞❛ ♣♦r ✉♠❛ ♦r❞❡♠ ❡♠ J ✳ ❊♥tã♦✱ ♦s ❡❧❡♠❡♥t♦s

xk1j1x
k2
j2
. . . xkmjm ,

❝♦♠ m ∈ Z≥0, ji ∈ J, j1 < . . . < jm ❡ ki ∈ Z>0 ♣❛r❛ i = 1, . . . ,m✱ ❢♦r♠❛♠ ✉♠❛ F✲❜❛s❡
❞❡ U(a)✳

❊ss❛ ❜❛s❡ ❞❛❞❛ ♥♦ t❡♦r❡♠❛ é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡ ❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✱ ♦✉✱
s✐♠♣❧❡s♠❡♥t❡✱ P❇❲✲❜❛s❡✳

❈♦r♦❧ár✐♦ ❆✳✷✳✻✳

✶✳ ❆ ❢✉♥çã♦ i : a→ U(a) é ✐♥❥❡t✐✈❛✳

✷✳ ❙❡ a1 ❡ a2 sã♦ s✉❜á❧❣❡❜r❛s ❞❡ a t❛✐s q✉❡ a = a1⊕a2 ❝♦♠♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❡♥tã♦ ❛
♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ U(a)→ U(a1)⊗U(a2)✳
❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ h é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ a✱ ❡♥tã♦ U(h) →֒ U(a)✳

❉❛❞❛ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ x1, · · · , xm ❞❡ a✱ ❞✐③✲s❡ q✉❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ U(a) ❡s❝r✐t♦
❝♦♠♦

(x1)
r1 · · · (xm)rm

❡stá ❡s❝r✐t♦ ❡♠ ✉♠❛ P❇❲✲♦r❞❡♠✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ q✉❡ é ✉♠ P❇❲✲♠♦♥ô♠✐♦✳

✶✵✸
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❆✳✸ ➪❧❣❡❜r❛s ❞❡ ❍♦♣❢✳

❊ss❛ s❡çã♦ s❡ ❞❡st✐♥❛ ❛ ✉♠❛ ✐♥tr♦❞✉çã♦ ❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❛ ❚❡♦r✐❛ ❞❡ ➪❧❣❡❜r❛s ❞❡
❍♦♣❢✳

❙❡❥❛ F ✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦✳

❉❡✜♥✐çã♦ ❆✳✸✳✶✳ ❯♠❛ F✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ é ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A
♠✉♥✐❞♦ ❞❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s u : F→ A ❡ µ : A⊗F A→ A✱ ❝❤❛♠❛❞❛s r❡s♣❡❝t✐✈❛✲
♠❡♥t❡ ❞❡ ✉♥✐❞❛❞❡ ❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ t❛✐s q✉❡ ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s ❝♦♠✉t❛♠✿

A⊗F A⊗F A
µ⊗id−−−→ A⊗F A

id⊗µ

y
yµ

A⊗F A
µ−−−→ A

A⊗F A

µ

��

F⊗F A

u⊗id
99rrrrrrrrrr

≃
&&LLLLLLLLLLL

A⊗F F

≃
xxrrrrrrrrrrr

id⊗u
eeLLLLLLLLLL

A

s❡♥❞♦ ♦ ✐s♦♠♦r✜s♠♦≃: A⊗FF→ A ❞❛❞♦ ♣♦r a⊗λ 7→ λa ❡ ♦ ✐s♦♠♦r✜s♠♦ ≃: F⊗FA→ A
❞❛❞♦ ♣♦r λ ⊗ a 7→ λa ♣❛r❛ t♦❞♦s λ ∈ F ❡ a ∈ A✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ A é ✉♠❛ F✲á❧❣❡❜r❛
❝♦♠✉t❛t✐✈❛ s❡ ♦ ❞✐❛❣r❛♠❛

A⊗F A
F //

µ
##HHHHHHHHH

A⊗F A

µ
{{wwwwwwwww

A

❝♦♠✉t❛r ❛♦ t♦♠❛r♠♦s F ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r F(a ⊗ a′) = a′ ⊗ a ♣❛r❛ t♦❞♦s
a, a′ ∈ A✳
❖❜s❡r✈❛çã♦ ❆✳✸✳✷✳ ❆ ❤✐♣ót❡s❡ ❞❡ q✉❡ F é ✉♠ ❝♦r♣♦ ♥ã♦ é ❡ss❡♥❝✐❛❧✳ ➱ ♣♦ssí✈❡❧
r❡❡s❝r❡✈❡r ❣r❛♥❞❡ ♣❛rt❡ ❞♦s r❡s✉❧t❛❞♦s s✉♣♦♥❞♦ q✉❡ F é ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡✳

❉❡✜♥✐çã♦ ❆✳✸✳✸✳ ❙❡❥❛♠ A ❡ B ❞✉❛s F✲á❧❣❡❜r❛s✳ ❯♠❛ ❢✉♥çã♦ F✲❧✐♥❡❛r ϕ : A → B é
❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦ ❞❡ F✲á❧❣❡❜r❛s ✱ s❡ ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s ❝♦♠✉t❛♠✿

A⊗F A
ϕ⊗ϕ //

µA

��

B ⊗F B

µB

��
A ϕ

// B

A
ϕ // B

F

uA

__??????? uB

??�������

❊①❡♠♣❧♦ ❆✳✸✳✹✳

✶✳ ❙❡❥❛ V ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❊♥tã♦✱ ♦ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ EndF(V ) ♣♦ss✉✐ ✉♠❛
❡str✉t✉r❛ ❞❡ F✲á❧❣❡❜r❛✱ ❝♦♠ µ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s✱ ❡ u :
F→ EndF(V ) é ❞❛❞❛ ♣♦r u(λ) = λ.✐❞V ♣❛r❛ t♦❞♦ λ ∈ F✳

✶✵✹
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✷✳ ❙❡❥❛♠ (A, µA, uA) ❡ (B, µB, uB) F✲á❧❣❡❜r❛s✳ ❖ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A⊗FB é t❛♠❜é♠
✉♠❛ F✲á❧❣❡❜r❛ ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ✉♥✐❞❛❞❡s ❞❛❞❛s ♣♦r µ((a ⊗ b) ⊗ (a′ ⊗ b′)) =
µA(a⊗a′)⊗µB(b⊗ b′)✱ ♣❛r❛ t♦❞♦s a, a′ ∈ A ❡ b, b′ ∈ B✱ ❡ u(λ) = uA(λ)⊗uB(1) =
uA(1)⊗ uB(λ)✱ ♣❛r❛ t♦❞♦ λ ∈ F✳ ⋄

❉❡✜♥✐çã♦ ❆✳✸✳✺✳ ❯♠❛ ❝♦á❧❣❡❜r❛ é ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ C ♠✉♥✐❞♦ ❞❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s
❧✐♥❡❛r❡s ∆ : C → C ⊗ C ❡ ε : C → F✱ ❝❤❛♠❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ ❝♦♠✉❧t✐♣❧✐❝❛çã♦ ❡
❝♦á❧❣❡❜r❛✱ s❛t✐s❢❛③❡♥❞♦ ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s ❝♦♠✉t❛t✐✈♦s

C ⊗F C ⊗F C
∆⊗id←−−− C ⊗F C

id⊗∆

x
x∆

C ⊗F C ←−−−
∆

C

C ⊗F C
ε⊗id

xxrrrrrrrrrr
id⊗ε

&&LLLLLLLLLL

F⊗F C C ⊗F F

C

∆

OO

≃1

ffLLLLLLLLLLL
≃2

88rrrrrrrrrrr

❝♦♠ ≃1: C → F ⊗F C ❞❛❞♦ ♣♦r c 7→ 1 ⊗ c ❡ ≃2: C → C ⊗F F ❞❛❞♦ ♣♦r c 7→ c ⊗ 1
♣❛r❛ t♦❞♦ c ∈ C✳ ❆ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ♣r✐♠❡✐r♦ ❞✐❛❣r❛♠❛ é ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞❛ ❞❡
❝♦❛ss♦❝✐❛t✐✈❛❞❡ ❞❛ ❝♦á❧❣❡❜r❛✳ ❆ ❝♦á❧❣❡❜r❛ C é ❝❤❛♠❛❞❛ ❞❡ ❝♦❝♦♠✉t❛t✐✈❛ s❡ ♦ ❞✐❛❣r❛♠❛

C ⊗F C C ⊗F C
Foo

C

∆

;;vvvvvvvvv
∆

ccHHHHHHHHH

❝♦♠✉t❛r✳ ❊ss❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ é ❝❤❛♠❛❞❛ ❞❡ ❝♦❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ ❝♦á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ❆✳✸✳✻✳

✶✳ ❖ ❝♦r♣♦ F ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❝♦á❧❣❡❜r❛ ❝♦♠ εF(λ) = λ ❡ ∆F(λ) = λ⊗ 1 =
1⊗ λ ♣❛r❛ t♦❞♦ λ ∈ F✳

✷✳ ❙❡❥❛♠ C ❡ D ❞✉❛s F✲❝♦á❧❣❡❜r❛s✳ ❊♥tã♦✱ C ⊗F D t❛♠❜é♠ ♦ é ❝♦♠ ∆ = (idC ⊗
FC,D ⊗ idD) ◦ (∆C ⊗∆D) ❡ ε = εC ⊗ εD✱ ❝♦♠ FC,D(c ⊗ d) = (d ⊗ c) ♣❛r❛ t♦❞♦s
c ∈ C ❡ d ∈ D✳ ⋄

❉❡✜♥✐çã♦ ❆✳✸✳✼✳ ❙❡❥❛♠ C ❡ D ❞✉❛s F✲❝♦á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ F✲❧✐♥❡❛r
ϕ : C → D é ❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦á❧❣❡❜r❛s s❡ t♦r♥❛ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛
❝♦♠✉t❛t✐✈♦

C
ϕ //

∆C
��

D

∆D
��

C ⊗F C ϕ⊗ϕ
// D ⊗F D

C
ϕ //

εC ��?
??

??
??

D

εD����
��

��
��

F

Pr♦♣♦s✐çã♦ ❆✳✸✳✽✳ ❙❡❥❛♠ (B, µ, u) ✉♠❛ F✲á❧❣❡❜r❛ ❡ (B,∆, ε) ✉♠❛ ❝♦á❧❣❡❜r❛✳ ❙ã♦
❡q✉✐✈❛❧❡♥t❡s✿
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✶✳ µ ❡ u sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❝♦á❧❣❡❜r❛s❀

✷✳ ∆ ❡ ε sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ❆✳✸✳✾✳ ❯♠❛ ❜✐á❧❣❡❜r❛ é ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❡str✉✲
t✉r❛ ❞❡ F✲á❧❣❡❜r❛ (B, µ, u) ❡ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❝♦á❧❣❡❜r❛ (B,∆, ε) s❛t✐s❢❛③❡♥❞♦ ✉♠❛
❞❛s ❝♦♥❞✐çõ❡s ✭❡✱ ♣♦rt❛♥t♦✱ ❛♠❜❛s✮ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✸✳✽✳ ❯♠ ❢✉♥çã♦ F✲❧✐♥❡❛r é ✉♠
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❜✐á❧❣❡❜r❛s s❡ ❢♦r s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡
❝♦á❧❣❡❜r❛s✳

❯♠❛ ❢✉♥çã♦ ❧✐♥❡❛r S : H → H é ❝❤❛♠❛❞❛ ❞❡ ❛♥tí♣♦❞❛ s❡ ♦ ❞✐❛❣r❛♠❛

H ⊗H S⊗id−−−→ H ⊗H
∆

x
yµ

H
u◦ε−−−→ H

H ⊗H id⊗S−−−→ H ⊗H
∆

x
yµ

H
u◦ε−−−→ H

❝♦♠✉t❛r✳

❉❡✜♥✐çã♦ ❆✳✸✳✶✵✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ H é ✉♠❛ ❜✐á❧❣❡❜r❛ q✉❡ ❛❞♠✐t❡ ✉♠❛ ❛♥tí♣♦❞❛✳
❖ ♥ú❝❧❡♦ ❞❛ ❝♦✉♥✐❞❛❞❡ ε ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ H é ❝❤❛♠❛❞♦ ❞❡ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛çã♦
❞❡ H ❡ ❞❡♥♦t❛❞♦ ♣♦r H0✳ ❯♠ ✐❞❡❛❧ ❞❡ ❍♦♣❢ I é ✉♠ ✐❞❡❛❧ ♣❛r❛ ❛ ❡str✉t✉r❛ ❞❡ F✲
á❧❣❡❜r❛ q✉❡ ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❛ ❝♦✉♥✐❞❛❞❡✱ é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛♥tí♣♦❞❛ ❡ s❛t✐s❢❛③
∆(I) ⊆ I ⊗H +H ⊗ I✳
❖❜s❡r✈❛çã♦ ❆✳✸✳✶✶✳ ❯♠ ❛♥tí♣♦❞❛ ♣♦❞❡ ♥ã♦ ❡①✐st✐r✱ ♠❛s é ú♥✐❝❛ q✉❛♥❞♦ ❡①✐st❡✳

❊①❡♠♣❧♦ ❆✳✸✳✶✷✳ ❙❡❥❛ g ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ U(g) s✉❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡✳
❊♥tã♦✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

ε : U(g)→ F, ∆ : U(g)→ U(g)⊗ U(g) ❡ S : U(g)→ U(g)

❞❡✜♥✐❞♦s ♣♦r

ε(x) = 0, S(x) = −x ❡ ∆(x) = x⊗ 1 + 1⊗ x ♣❛r❛ t♦❞♦ x ∈ g.

■ss♦ t♦r♥❛ U(g) ✉♠❛ á❧❣❡❜r❛ ❞❡ ❍♦♣❢ ✭❝♦❝♦♠✉t❛t✐✈❛✮✳ ⋄

P❛ss❛r❡♠♦s ❛❣♦r❛ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ❆✳✸✳✶✸✳ ❙❡❥❛ V ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ A ✉♠❛ F✲á❧❣❡❜r❛✳ ❯♠❛ r❡♣r❡s❡♥t❛✲
çã♦ ✭à ❡sq✉❡r❞❛✮ ❞❡ A é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ F✲á❧❣❡❜r❛s A→ EndF(V )✳

❯s✉❛❧♠❡♥t❡ ❞✐③✲s❡ q✉❡ V é ✉♠ A✲♠ó❞✉❧♦✱ s❡ ❡①✐st❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ : A →
EndF(V )✱ ♦♠✐t✐♥❞♦ ♣r♦♣r✐❛♠❡♥t❡ ♦ sí♠❜♦❧♦ ρ✳ ❆ ❡str✉t✉r❛ ❞❡ ❝♦á❧❣❡❜r❛ ❡ ❛ ❛♥tí♣♦❞❛
❞❡s❡♠♣❡♥❤❛♠ ♣❛♣é✐s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ❡♥r✐q✉❡❝❡♠ ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡✲
❜r❛s ❞❡ ❍♦♣❢✳

✶✵✻



❆P✃◆❉■❈❊

❆✳✹ ❊①t❡♥sõ❡s✳

◆❡st❡ ❛♣ê♥❞✐❝❡ r❡❧❡♠❜r❛♠♦s ❛❧❣✉♥s ❢❛t♦s s♦❜r❡ ❝á❧❝✉❧♦s ❞❡ ❡①t❡♥sõ❡s ❡♠ ✉♠❛ ❝❛t❡❣♦r✐❛
C ❞❡ ♠ó❞✉❧♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦r♣♦ K✳

▲❡♠❜r❡ q✉❡✱ ❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0→ A→ B → C → 0

❞❡ ♦❜❥❡t♦s ❞❡ C✱ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛ ♣❡❧♦ ❢✉♥t♦r HomC(−,M) é ❞❛❞❛ ♣♦r

0→ HomC(C,M)→ HomC(B,M)→ HomC(A,M)→
→ ExtC(C,M)→ ExtC(B,M)→ ExtC(A,M)→ · · · ✭❆✳✹✳✶✮

❝♦♠ ❛ s❡q✉ê♥❝✐❛ ❝♦♥t✐♥✉❛♥❞♦ ❝♦♠ Ext2C ❡t❝✳

❆ s❡❣✉✐r ❧✐st❛♠♦s ❛❧❣✉♥s ❢❛t♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ❡①t❡♥sõ❡s ♥♦ ❈❛♣ít✉❧♦
✸✳

▲❡♠❛ ❆✳✹✳✶✳

✭❛✮ ❙❡ P é ♣r♦❥❡t✐✈♦ ❡♠ C✱ ❡♥tã♦ ExtjC(P,M) = 0 ♣❛r❛ j > 0 ❡ M ∈ C✳

✭❜✮ ❙✉♣♦♥❤❛ Ext1C(P,M) = 0 ♣❛r❛ t♦❞♦ M ∈ C✳ ❊♥tã♦ P é ♣r♦❥❡t✐✈♦ ❡♠ C✳

✭❝✮ ❙✉♣♦♥❤❛ q✉❡ t♦❞♦ ♦❜❥❡t♦ ❞❡ C ♣♦ss✉❛ ❝♦♠♣♦s✐çã♦ ❡♠ sér✐❡ ❡ Ext1C(P, S) = 0 ♣❛r❛
t♦❞♦ ♦❜❥❡t♦ s✐♠♣❧❡s S ∈ C✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ M ∈ C✱ t❡♠✲s❡ Ext1C(P,M) = 0 ❡✱
♣♦rt❛♥t♦✱ P é ♣r♦❥❡t✐✈♦ ❡♠ C✳

✭❞✮ ❙❡ · · · → Pn → · · · → P0 → A → 0 é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A✱ ❡♥tã♦
ExtjC(A,B) é ❛ j✲és✐♠❛ ❤♦♠♦❧♦❣✐❛ ❞♦ ❝♦♠♣❧❡①♦

0→ HomC(P0, B)→ HomC(P1, B)→ · · · .

❉❛❞♦ ✉♠ ❝♦♠♣❧❡①♦ ✜♥✐t♦ 0 → Vn → · · · → V0 → 0 ❞❡ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ s✉❛
❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❞❡✜♥✐❞❛ ♣♦r

n∑

j=0

(−1)j dimVj.

▲❡♠❛ ❆✳✹✳✷✳ ❙❡ 0→ Vn → · · · → V0 → 0 é ❡①❛t❛✱ ❡♥tã♦ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é
③❡r♦✳

✶✵✼
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❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ M ∈ C s❛t✐s❢❛ç❛✿

♣❛r❛ t♦❞♦ N ∈ C ❡①✐st❡ n ≥ 0 t❛❧ q✉❡ ExtjC(N,M) = 0 s❡ j ≥ n. ✭❆✳✹✳✷✮

P♦❞❡♠♦s ❡♥tã♦ ❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ΨM ♥♦s ♦❜❥❡t♦s ❞❡ C ❞❛❞❛ ♣♦r

ΨM(N) =
∑

j≥0

(−1)j dimExtj(N,M).

Pr♦♣♦s✐çã♦ ❆✳✹✳✸✳ ❙❡ 0→ A→ B → C → 0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ♦❜❥❡t♦s ❞❡ C✱
❡♥tã♦ ΨM(B) = ΨM(A) + ΨM(C)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❛ss♦❝✐❛❞❛ ✭❆✳✹✳✶✮ q✉❡ é ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛ ❞❡ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❊st❛ s❡q✉ê♥❝✐❛ é ✜♥✐t❛ ❞❡✈✐❞♦ ❛ ✭❆✳✹✳✷✮ ❡✱ ♣❡❧♦ ▲❡♠❛
❆✳✹✳✷✱ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ③❡r♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ❢á❝✐❧ ✈❡r q✉❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛
❞❡ ❊✉❧❡r é ❡①❛t❛♠❡♥t❡ ΨM(A)−ΨM(B) + ΨM(C)✳

❈♦r♦❧ár✐♦ ❆✳✹✳✹✳ ❙❡ N ∈ C t❡♠ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦✱ ❡♥tã♦

ΨM(N) =
∑

S∈C s✐♠♣❧❡s

[N : S] ΨM(S),

❝♦♠ [N : S] s❡♥❞♦ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ S ♥✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ N ✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♣r♦❝❡❞❡r ♣♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ N ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦
❛♥t❡r✐♦r✳

❆✳✺ ❋ór♠✉❧❛s ❜✐♥♦♠✐❛✐s✳

❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ A s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛
③❡r♦✱ ♦ ♦❜❥❡t✐✈♦ ❞❡ss❛ s❡çã♦ é ♦❜t❡r ❛s ❢ór♠✉❧❛s

(
r∑

j=1

aj

)(n)

=
∑

(n1,...,nr)∈Zm≥0
n1+···nr=n

(a1)
(n1) · · · (ar)(nr), ✭❆✳✺✳✶✮

♣❛r❛ a1, . . . , ar ∈ A ❡ n ∈ Z+✱ ❡
(
a1 + a2
m

)
=

m∑

l=0

(
a1
l

)(
a2

m− l

)
, ✭❆✳✺✳✷✮

♣❛r❛ a1, a2 ∈ A ❡ m ∈ Z+✳

❆ ♣r♦✈❛ ❞❡ss❛s ❢ór♠✉❧❛s ♣❛r❛ A = Z+ r❡q✉❡r ❛♣❡♥❛s ✉♠ ❛r❣✉♠❡♥t♦ ❝♦♠❜✐♥❛t♦r✐❛❧
✐♥❞✉t✐✈♦ s♦❜r❡ n ❡ m ❡ ♦♠✐t✐r❡♠♦s ♦s ❞❡t❛❧❤❡s✳ ❏á ❛ ♣r♦✈❛ ♣❛r❛ A s❡♥❞♦ ✉♠❛ á❧❣❡❜r❛
❝♦♠✉t❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ r❡q✉❡r ✉♠ ❝✉✐❞❛❞♦
❡s♣❡❝✐❛❧✳

✶✵✽
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▲❡♠❛ ❆✳✺✳✶✳ ❙❡❥❛ P (x1, · · · , xn) ∈ K[x1, · · · , xn] t❛❧ q✉❡ P (k1, · · · , kn) = 0 ♣❛r❛ t♦❞♦s
k1, · · · , kn ∈ Z+✱ ❡♥tã♦ P ≡ 0✳

❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n✳ ❖ ❝❛s♦ n = 1 é ó❜✈✐♦✳ ◆♦ ❝❛s♦ ❣❡r❛❧✱
❝♦♥s✐❞❡r❡ P (x1, · · · , xn) ❝♦♠♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ xn ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ P [x1, · · · , xn−1]✱
❞❡ ♠♦❞♦ q✉❡

P (x1, · · · , xn) =
∑

i

Pi(x1, · · · , xn−1)x
i
n.

❋✐①❛♥❞♦ x1, · · · , xn−1 ❡ ✈❛r✐❛♥❞♦ xn ❝♦♥❝❧✉í♠♦s q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ Pi(x1, · · · , xn−1)
s❛t✐s❢❛③ Pi(k1, · · · , kn−1) = 0 ♣❛r❛ t♦❞♦s k1, · · · kn−1 ∈ Z+ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣❡❧❛
❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✳

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦ ♣❛r❛ ♣r♦✈❛r ❛s ✐❞❡♥t✐❞❛❞❡s ❛❝✐♠❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦s ♣♦❧✐♥ô✲
♠✐♦s

P1(x1, · · · , xr) =
(

r∑

j=1

xj

)(n)

−
∑

(n1,...,nr)∈Zm≥0
n1+···nr=n

(x1)
(n1) · · · (xr)(nr)

❡

P2(x1, x2) =

(
x1 + x2
m

)
−

m∑

a=0

(
x1
a

)(
x2

m− a

)
,

s❡❣✉❡ ❞♦ ❝♦♠❡♥tár✐♦ ❛❝✐♠❛ ❞♦ ▲❡♠❛ ❆✳✺✳✶ q✉❡ P1(k1, · · · , kr) = 0 ❡ P2(k1, k2) = 0 ♣❛r❛
t♦❞♦s k1, k2, · · · , kr ∈ Z+✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❆✳✺✳✶✱ P1 ≡ 0 ❡♠ Q[x1, · · · , xr] ❡ P2 ≡ 0
❡♠ Q[x1, x2]✳ ❖ r❡s✉❧t❛❞♦ ❛❣♦r❛ é ❢❛❝✐❧♠❡♥t❡ ❞❡❞✉③✐❞♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛s Q✲s✉❜á❧❣❡❜r❛s
❞❡ A ❣❡r❛❞❛s ♣❡❧♦s ❡❧❡♠❡♥t♦s ai✬s✳

❆✳✻ ➪❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣ ✸✲❞✐♠❡♥s✐♦♥❛❧✳

❯♠❛ á❧❣❡❜r❛ ❞❡ ❍❡✐s❡♥❜❡r❣ 3✲❞✐♠❡♥s✐♦♥❛❧ H é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❣❡r❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s
x, y ❡ z t❛✐s q✉❡ [x, y] = z ❡ [z, x] = [z, y] = 0 ✭✐✳❡✳✱ z é ❝❡♥tr❛❧✮✳ ▼♦str❛r❡♠♦s ❛ s❡❣✉✐r
q✉❡ t❡♠♦s ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❢ór♠✉❧❛ ❜✐♥♦♠✐❛❧ ♥ã♦ ❝♦♠✉t❛t✐✈❛ ❡♠ U(H) ❞❛❞❛ ♣♦r

(x+ y)(n) =
∑

0≤k≤n
n≡2k

(−z/2)(n−k2
)

k∑

r=0

x(r)y(k−r). ✭❆✳✻✳✶✮

❉❡ ❢❛t♦✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡
❡❧❡♠❡♥t♦s x, y ∈ A✱ ❡①✐st❡ ✉♠❛ ❢ór♠✉❧❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❞❡✈✐❞❛ ❛ ❩❛ss❡♥❤❛✉s ❞❛❞❛ ♣♦r

et(x+y) = etxetye−
t2

2
[x,y]e

t3

6
(2[y,[x,y]]+[x,[x,y]])e

−t4

24
([[[x,y],x],x]+3[[[x,y],x],y]+3[[[x,y],y],y]) · · · ,

✶✵✾
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❛ q✉❛❧ ♥♦ ❝❛s♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❍❡✐♥s❡♥❜❡r❣ s❡ r❡❞✉③ ❛

e(x+y)t = exteyte−[x,t]t2/2, ✭❆✳✻✳✷✮

❝♦♠ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ s❡♥❞♦ ❛ ❢✉♥çã♦ ❣❡r❛❞♦r❛ ♣❛r❛ (x + y)n ❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ♦s t❡r♠♦s
❞❛ ❢♦r♠❛ f(n,m, p)AnBmCp✳ ❆ss✐♠✱ ✭❆✳✻✳✶✮ é ♦❜t✐❞❛ ✐❣✉❛❧❛♥❞♦✲s❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ tn

❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ✭❆✳✻✳✷✮✳

❆✳✼ ❉♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛✳

❖s ❞♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ♣♦ss✉❡♠ ✉♠❛ r✐❝❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ ❡ t♦♣♦❧ó❣✐❝❛
q✉❡✱ ❞❡♥tr❡ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s✱ ✈✐❛❜✐❧✐③❛ ♦ ❡st✉❞♦ ❞❡ ❝♦r♣♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡s ❢❡❝❤❛❞♦s ❞❡
❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ❆ r❡❢❡rê♥❝✐❛ ❝❧áss✐❝❛ ♣❛r❛ ❡ss❡ ❛ss✉♥t♦ é ❬✺✸❪ ❡ ✉♠❛ r❡❢❡rê♥❝✐❛
♠❛✐s ❛❜r❛♥❣❡♥t❡ ❡ ❝♦♠♣❧❡t❛ é ❬✷✸❪✳

❉❡✜♥✐çã♦ ❆✳✼✳✶✳ ❯♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ é ✉♠ ❞♦♠í♥✐♦ ❧♦❝❛❧ ❞❡ ✐❞❡❛✐s
♣r✐♥❝✐♣❛✐s✳

❖s ❡①❡♠♣❧♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❞♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ sã♦✿

❊①❡♠♣❧♦ ❆✳✼✳✷✳

✶✳ ❖ ❛♥❡❧ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s K[[t]] ❡♠ ✉♠❛ ✈❛r✐á✈❡❧ t s♦❜r❡ ✉♠ ❝♦r♣♦ K✱
❝✉❥♦ ✐❞❡❛❧ ♠❛①✐♠❛❧ é ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r t ❡ ❛ ✈❛❧♦r❛çã♦ ❛ss♦❝✐❛ ❛ ❝❛❞❛ sér✐❡ ❞❡
♣♦tê♥❝✐❛s ♦ í♥❞✐❝❡ ❞♦ ♣r✐♠❡✐r♦ ❝♦❡✜❝✐❡♥t❡ ♥ã♦ ♥✉❧♦ ❞❛ sér✐❡✳

✷✳ ❆ ❧♦❝❛❧✐③❛çã♦ Z(p) ❞❡ Z ♥♦ ✐❞❡❛❧ ♣r✐♠♦ ❣❡r❛❞♦ ♣♦r p é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦
❞✐s❝r❡t❛ ❝♦♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ ❞❛❞♦ ♣❡❧❛ ❡①t❡♥sã♦ ❞♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r p ❡♠ Z ✈✐❛ ♦
❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ Z→ Z(p)✳ ⋄

❋✐①❡♠♦s✱ ❡♥tã♦✱ A ✉♠ ❛♥❡❧ ❧♦❝❛❧ ❝♦♠ ✐❞❡❛❧ ♠❛①✐♠❛❧ m ❡ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s K ❡
f ∈ A[x] ✉♠ ♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ ❞❡ ❣r❛✉ n✳ ❖ q✉♦❝✐❡♥t❡ A[x]

(f)
é ✉♠❛ A✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠

❜❛s❡ {1, x, · · · , xn−1}✳
Pr♦♣♦s✐çã♦ ❆✳✼✳✸✳ ❬✺✸✱ Pr♦♣✳ ✶✼✱ ❈❛♣✳ ✶❪ ❙❡❥❛ f(x) = xn + a1x

n−1 + · · ·+ an t❛❧ q✉❡
ai ∈ m ❡ ai /∈ m2✳ ❊♥tã♦✱ A[x]

(f)
é ✉♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ❝♦♠ ✐❞❡❛❧ ♠❛①✐♠❛❧

❣❡r❛❞♦ ♣❡❧❛ ✐♠❛❣❡♠ ❞❡ x ❡ ♣♦ss✉✐ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s K✳

❖❜s❡r✈❛çã♦ ❆✳✼✳✹✳ ❯♠ ♣♦❧✐♥ô♠✐♦ ♥❛ ❢♦r♠❛ ❞❛❞❛ ❛❝✐♠❛ é ❝❤❛♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❞❡
❊✐s❡♥st❡✐♥✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r tr❛t❛ ❞♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❢❛t♦r❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠ K ♣❛r❛ A✳

Pr♦♣♦s✐çã♦ ❆✳✼✳✺✳ ❬▲❡♠❛ ❞❡ ❍❡♥s❡❧❪ ❙✉♣♦♥❤❛ q✉❡ f(x) ∈ A[x] s❡❥❛ ✉♠ ♣♦❧✐♥ô♠✐♦
♠ô♥✐❝♦ ❡ f(x) ∈ K[x] s✉❛ r❡❞✉çã♦ ♠ó❞✉❧♦ m✳ ❙❡ f = g′h′✱ ❝♦♠ g′, h′ ∈ K[x] ♠ô♥✐❝♦s ❡
r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ❡♥tã♦ ❡①✐st❡♠ g, h ∈ A[x] ❛♠❜♦s ♠ô♥✐❝♦s ❡ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s
t❛✐s q✉❡ f = gh ❡ g = g′ ❡ h = h′✳

✶✶✵
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❉❡✜♥✐çã♦ ❆✳✼✳✻✳ ❯♠ ❛♥❡❧ ❍❡♥s❡❧✐❛♥♦ é ✉♠ ❛♥❡❧ ❧♦❝❛❧ ♥♦ q✉❛❧ ✈❛❧❡ ♦ ▲❡♠❛ ❞❡ ❍❡♥s❡❧✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥♦s ♠♦str❛ q✉❡ ❝♦r♣♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦s ❞❡ ❝❛r❛❝t❡rís✲
t✐❝❛ ♣♦s✐t✐✈❛ ♣♦❞❡♠ s❡r ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❞♦♠í♥✐♦s ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛✳

❚❡♦r❡♠❛ ❆✳✼✳✼✳ ❬✷✸✱ ❚❡♦r❡♠❛ ✶✷✳✹✳✶❪ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ♣❡r❢❡✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p✳
❊♥tã♦✱ ❡①✐st❡ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✈❛❧♦r❛çã♦ ❞✐s❝r❡t❛ ❝♦♠♣❧❡t♦ W (F) ❝♦♠ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s
F ❡ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❖ ❛♥❡❧ W (F) é ❝❤❛♠❛❞♦ ❞❡ ❛♥❡❧ ❞❡ ✈❡t♦r❡s
❞❡ ❲✐tt✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✷✸✱ ❈♦r✳ ✶✽✳✸✳✷✱ ❊①✳ ✶✽✳✸✳✹✭✸✮❪✳

Pr♦♣♦s✐çã♦ ❆✳✼✳✽✳ ❖ ❛♥❡❧ ❞❡ ✈❡t♦r❡s ❞❡ ❲✐tt W (F) é ❍❡♥s❡❧✐❛♥♦✳

❆✳✽ ▼✐♥✐❞✐❝✐♦♥ár✐♦ ♣❛r❛ ❝❛t❡❣♦r✐❛s✳

❱❛♠♦s ❛q✉✐ ❝♦❧❡t❛r ♦s ❝♦♥❝❡✐t♦s ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦ ✸✳

▼ó❞✉❧♦ ♣r♦❥❡t✐✈♦✿ ✉♠ ♠ó❞✉❧♦ P é ❞✐t♦ ♣r♦❥❡t✐✈♦ s❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿ s❡
f : X → Y é ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s ❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ g : P → Y ✱ ❡♥tã♦
❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ h : P → X t❛❧ q✉❡ f ◦ h = g✳

P
h

~~~
~

~
~

g

��
X

f
// Y // 0

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ P é ♣r♦❥❡t✐✈♦ s❡ ♦ ❢✉♥t♦r Hom(P,−) é ❡①❛t♦✳

❖❜s❡r✈❡ q✉❡ ♥ã♦ ❡st❛♠♦s ❞✐③❡♥❞♦ q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ h é ú♥✐❝♦✱ ✐ss♦
♥ã♦ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳

❘❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛✿ ❞❛❞♦ ✉♠ ♠ó❞✉❧♦ M ✱ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M é ✉♠❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ♠ó❞✉❧♦s

· · ·Pn → Pn−1 → · · · → P0 →M → 0,

❝♦♠ ❝❛❞❛ Pi s❡♥❞♦ ♣r♦❥❡t✐✈♦✳

❈♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛✿ ✉♠ ♠ó❞✉❧♦ P é ❞✐t♦ s❡r ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ X s❡
P é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ❡ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ p : P → X t❛❧ q✉❡ ker p é ✉♠
s✉❜♠ó❞✉❧♦ s✉♣ér✢✉♦ ❞❡ P ✱ ✐✳❡✳✱ s❡ ✉♠ s✉❜♠ó❞✉❧♦ S é t❛❧ q✉❡ ker p + S = P ✱ ❡♥tã♦
S = P ✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ P é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ X s❡ P é ♣r♦❥❡t✐✈♦ ❡✱ ❞❛❞♦

✶✶✶
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♦✉tr♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ P ′ ❡ ❡♣✐♠♦r✜s♠♦s p : P → X ❡ g : P ′ → X✱ ❡♥tã♦ ❡①✐st❡ ✉♠
❡♣✐♠♦r✜s♠♦ h : P ′ → P t❛❧ q✉❡ p ◦ h = g✳

P ′

g

��

h

~~}
}

}
}

P p
// X //

��

0

0

❙✉✜❝✐❡♥t❡s Pr♦❥❡t✐✈♦s✿ ❉✐③✲s❡ q✉❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ C ♣♦ss✉✐ s✉✜❝✐❡♥t❡s ♣r♦✲
❥❡t✐✈♦s s❡✱ ♣❛r❛ t♦❞♦ ♦❜❥❡t♦ A ❞❡ C✱ ❡①✐st❡ ✉♠ ♦❜❥❡t♦ ♣r♦❥❡t✐✈♦ P ❞❡ C ❡ ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛ P −→ A −→ 0✳

❙❡❥❛♠ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ ❡ C ′ ✉♠❛ s✉❛ s✉❜❝❛t❡❣♦r✐❛✳

❙✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛✿ C ′ é ❝❤❛♠❛❞❛ ❞❡ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ s❡ ♣♦ss✉✐ t♦❞♦s ♦s ♠♦r✜s♠♦s
❡♥tr❡ s❡✉s ♦❜❥❡t♦s✳

❙✉❜❝❛t❡❣♦r✐❛ ❞❡ ❙❡rr❡✿ C ′ é ❝❤❛♠❛❞❛ ❞❡ s✉❜❝❛t❡❣♦r✐❛ ❞❡ ❙❡rr❡ ❞❡ C s❡✱ ♣❛r❛ t♦❞❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❡♠ C

0→M ′ →M →M ′′ → 0,

t❡♠♦s q✉❡ M ♣❡rt❡♥❝❡ ❛ C ′ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ M ′ ❡ M ′′ ♣❡rt❡♥❝❡♠ ❛ C ′✳

❙❡❥❛♠ C ❡ D ❞✉❛s ❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s ❡ F : C → D ✉♠ ❢✉♥t♦r✳ ❊♥tã♦✱ F é ❞✐t♦
s❡r

P❧❡♥♦ s❡ ❛ ❢✉♥çã♦ ✐♥❞✉③✐❞❛

FX,Y : HomC(X, Y )→ HomD(F (X), F (Y )) ✭❆✳✽✳✶✮

é s♦❜r❡❥❡t✐✈❛ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s X, Y ∈ C✳

❋✐❡❧ s❡ ❛ ❢✉♥çã♦ ✐♥❞✉③✐❞❛ ✭❆✳✽✳✶✮ é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s X, Y ∈ C✳

❊ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦ s❡ ❝❛❞❛ ♦❜❥❡t♦ ❞❡ D é ✐s♦♠♦r❢♦ ❛ ✉♠ ♦❜❥❡t♦ ❞❛ ❢♦r♠❛
F (C) ♣❛r❛ ❛❧❣✉♠ ♦❜❥❡t♦ C ∈ C✳

✶✶✷
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❊①❛t♦ s❡ ♣r❡s❡r✈❛ s❡q✉ê♥❝✐❛s ❡①❛t❛s✱ ✐✳❡✳✱s❡

0→ A→ B → C → 0

é ❡①❛t❛ ❡♠ C✱ ❡♥tã♦
0→ F (A)→ F (B)→ F (C)→ 0

é ❡①❛t❛ ❡♠ D✳

✶✶✸



✶✶✹



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❍✳ ❇❛ss✱ ❆❧❣❡❜r❛✐❝ ❑✲❚❤❡♦r②✱ ❲✳❆✳ ❇❡♥❥❛♠✐♥ ✭✶✾✻✽✮✳

❬✷❪ ❏✳ ❇❡❝❦ ❡ ❍✳ ◆❛❦❛❥✐♠❛✱ ❈r②st❛❧ ❜❛s❡s ❛♥❞ t✇♦✲s✐❞❡❞ ❝❡❧❧s ♦❢ q✉❛♥t✉♠ ❛✣♥❡ ❛❧❣❡❜r❛s✱
❉✉❦❡ ▼❛t❤✳ ❏✳ ✶✷✸ ✭✷✵✵✹✮✱ ✸✸✺✕✹✵✷✳

❬✸❪ ❆✳ ❇✐❛♥❝❤✐ ❡ ❆✳ ▼♦✉r❛✱ ❋✐♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❤②♣❡r ❧♦♦♣ ❛❧❣❡❜r❛s✱
♣r❡♣r✐♥t✳

❬✹❪ ❆✳ ❇✐❛♥❝❤✐✱ ❱✳ ❈❤❛r✐✱ ●✳ ❋♦✉r✐❡r ❡ ❆✳ ▼♦✉r❛✱ ▼✉❧t✐✈❛r✐❛❜❧❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥
♠♦❞✉❧❡s✱ ♣r❡♣r✐♥t✳

❬✺❪ ❘✳ ❈❛rt❡r✱ ▲✐❡ ❛❧❣❡❜r❛s ♦❢ ✜♥✐t❡ ❛♥❞ ❛✣♥❡ t②♣❡✱ ❈❛♠❜r✐❞❣❡ ❙t✉❞✳ ✐♥ ❆❞✈✳ ▼❛t❤✳
✾✻✱ ✭✷✵✵✺✮✳

❬✻❪ ❱✳ ❈❤❛r✐✱ ■♥t❡❣r❛❜❧❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛✣♥❡ ▲✐❡ ❛❧❣❡❜r❛s✱ ■♥✈❡♥t✳ ▼❛t❤ ✽✺ ✭✶✾✽✻✮✱
♥♦✳ ✷✱ ✸✶✼✕✸✸✺✳

❬✼❪ ❱✳ ❈❤❛r✐✱ ●✳ ❋♦✉r✐❡r ❡ ❚✳ ❑❤❛♥❞❛✐✱ ❆ ❝❛t❡❣♦r✐❝❛❧ ❛♣♣r♦❛❝❤ t♦ ❲❡②❧ ♠♦❞✉❧❡s✱ ❚r❛♥s✲
❢♦r♠✳ ●r♦✉♣s ✶✺ ✭✷✵✶✵✮✱ ♥♦✳ ✸✱ ✺✶✼✕✺✹✾✳

❬✽❪ ❱✳ ❈❤❛r✐✱ ●✳ ❋♦✉r✐❡r ❡ P✳ ❙❡♥❡s✐✱ ❲❡②❧ ▼♦❞✉❧❡s ❢♦r t❤❡ t✇✐st❡❞ ❧♦♦♣ ❛❧❣❡❜r❛s✱ ❏✳
❆❧❣❡❜r❛ ✸✶✾ ✭✷✵✵✽✮✱ ♥♦✳ ✶✷✱ ✺✵✶✻✕✺✵✸✽✳

❬✾❪ ❱✳ ❈❤❛r✐ ❡ ❏✳ ●r❡❡♥st❡✐♥✱ ❈✉rr❡♥t ❛❧❣❡❜r❛s✱ ❤✐❣❤❡st ✇❡✐❣❤t ❝❛t❡❣♦r✐❡s ❛♥❞ q✉✐✈❡rs✱
❆❞✈✳ ✐♥ ▼❛t❤✳ ✷✶✻ ✭✷✵✵✼✮✱ ♥♦✳ ✷✱ ✽✶✶✕✽✹✵✳

❬✶✵❪ ❱✳ ❈❤❛r✐ ❡ ❏✳ ●r❡❡♥st❡✐♥✱ ❆ ❢❛♠✐❧② ♦❢ ❑♦s③✉❧ ❛❧❣❡❜r❛s ❛r✐s✐♥❣ ❢r♦♠ ✜♥✐t❡✲
❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ s✐♠♣❧❡ ▲✐❡ ❛❧❣❡❜r❛s✱ ❆❞✈✳ ✐♥ ▼❛t❤✳ ✷✷✵ ✭✷✵✵✾✮✱
♥♦✳ ✹✱ ✶✶✾✸✕✶✷✷✶✳

❬✶✶❪ ❱✳ ❈❤❛r✐ ❡ ❏✳ ●r❡❡♥st❡✐♥✱ ▼✐♥✐♠❛❧ ❛✣♥✐③❛t✐♦♥s ❛s ♣r♦❥❡❝t✐✈❡ ♦❜❥❡❝ts✱ ❏✳ ●❡♦♠✳
P❤②s✳ ✻✶ ✭✷✵✶✶✮✱ ♥♦✳ ✸✱ ✺✾✹✕✻✵✾✳

❬✶✷❪ ❱✳ ❈❤❛r✐✱ ❆✳ ❑❤❛r❡ ❡ ❚✳ ❘✐❞❡♥♦✉r✱ ❋❛❝❡s ♦❢ ♣♦❧②t♦♣❡s ❛♥❞ ❑♦s③✉❧ ❛❧❣❡❜r❛s✱ ❛r✲
❳✐✈✿✶✶✵✺✳✷✽✹✵✳

✶✶✺
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❬✶✸❪ ❱✳ ❈❤❛r✐ ❡ ▼✳ ❑❧❡❜❡r✱ ❙②♠♠❡tr✐❝ ❋✉♥❝t✐♦♥s ❛♥❞ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ◗✉❛♥t✉♠ ❆❢✲
✜♥❡ ❆❧❣❡❜r❛s✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳ ✷✾✼ ✭✷✵✵✷✮✱ ✷✼✕✹✺✳

❬✶✹❪ ❱✳ ❈❤❛r✐ ❡ ❙✳ ▲♦❦t❡✈✱ ❲❡②❧✱ ❉❡♠❛③✉r❡ ❛♥❞ ❢✉s✐♦♥ ♠♦❞✉❧❡s ❢♦r t❤❡ ❝✉rr❡♥t ❛❧❣❡❜r❛
♦❢ slr+1✱ ❆❞✈✳ ✐♥ ▼❛t❤✳ ✷✵✼ ✭✷✵✵✻✮✱ ✾✷✽✕✾✻✵✳

❬✶✺❪ ❱✳ ❈❤❛r✐ ❡ ❆✳ ▼♦✉r❛✱ ❚❤❡ r❡str✐❝t❡❞ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ♠♦❞✉❧❡s ❢♦r t❤❡ ❝✉rr❡♥t
❛♥❞ t✇✐st❡❞ ❝✉rr❡♥t ❛❧❣❡❜r❛s✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✷✻✻ ✭✷✵✵✻✮✱ ✹✸✶✕✹✺✹✳

❬✶✻❪ ✱ ❑✐r✐❧❧♦✈✕❘❡s❤❡t✐❦❤✐♥ ♠♦❞✉❧❡s ❛ss♦❝✐❛t❡❞ t♦ G2✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳ ✹✹✷ ✭✷✵✵✼✮✱
✹✶✕✺✾✳

❬✶✼❪ ✱ ❙♣❡❝tr❛❧ ❝❤❛r❛❝t❡rs ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛✣♥❡ ❛❧❣❡❜r❛s✱
❏✳ ❆❧❣❡❜r❛ ✷✾✹ ✭✷✵✵✺✮✱ ♥♦✳ ✶✱ ✺✶✕✼✷✳

❬✶✽❪ ❱✳ ❈❤❛r✐ ❡ ❆✳ Pr❡ss❧❡②✱ ◆❡✇ ✉♥✐t❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❧♦♦♣ ❣r♦✉♣s✱ ▼❛t❤✳ ❆♥♥✳
✷✼✺ ✭✶✾✽✻✮✱ ✽✼✕✶✵✹✳

❬✶✾❪ ✱▼✐♥✐♠❛❧ ❛✣♥✐③❛t✐♦♥s ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ q✉❛♥t✉♠ ❣r♦✉♣s✿ t❤❡ r❛♥❦ ✷ ❝❛s❡✱
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❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦

F✲❤✐♣❡rá❧❣❡❜r❛✱ ✸✾
ℓ✲♣❡s♦

❞♦♠✐♥❛♥t❡✱ ✹✽✱ ✺✼
❢✉♥❞❛♠❡♥t❛❧✱ ✹✽✱ ✺✼

á❧❣❡❜r❛
❞❡ ❍♦♣❢✱ ✶✵✻
❞❡ ❑❛❝✲▼♦♦❞②✱ ✶✷
❞❡ ❧❛ç♦s✱ ✷✶
❞❡ ❧❛ç♦s t♦r❝✐❞❛✱ ✷✻
❤♦♠♦♠♦r✜s♠♦✱ ✶✵✹
✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡✱ ✶✵✷

s✉✜❝✐❡♥t❡s ♣r♦❥❡t✐✈♦s✱ ✶✶✷

❛✉t♦♠♦r✜s♠♦
❞❡ ❞✐❛❣r❛♠❛✱ ✷✺

❜❛s❡
σ✲t♦r❝✐❞❛✱ ✸✷
❞❡ ❈❤❡✈❛❧❧❡② ❞❡ g̃σ✱ ✸✷

❜✐á❧❣❡❜r❛✱ ✶✵✻

❝❛rá❝t❡r✱ ✹✼
❝❛t❡❣♦r✐❛
F(g)✱ ✼✻
G✱ ✼✻
G[Γ]✱ ✽✷
Gr✱ ✼✽
G❢✱ ✼✽

❝♦á❧❣❡❜r❛✱ ✶✵✺
❤♦♠♦♠♦r✜s♠♦✱ ✶✵✺

❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛✱ ✶✶✶
❝♦♠✉❧t✐♣❧✐❝❛çã♦✱ ✶✵✺
❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✱ ✽✸

❞❡❝♦♠♣♦s✐çã♦ ♣❛❞rã♦✱ ✻✷

❡s♣❛ç♦
❞❡ ♣❡s♦✱ ✶✽
❞❡ r❛✐③✱ ✶✹

❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣❡s♦✱ ✹✻

❢ór♠✉❧❛ ❞❡ ❝❛rá❝t❡r ❣r❛❞✉❛❞♦✱ ✾✷
❢♦r♠❛ ✐♥t❡❣r❛❧✱ ✸✽
❢✉♥çã♦

deg✱ ✼✸
❞❡ ❛✈❛❧✐❛çã♦✱ ✹✺

❢✉♥t♦r
ev✱ ✼✼
evr✱ ✼✼
evr✱ ✼✼
I ✱ ✼✻
P✱ ✽✵
P̃✱ ✽✵
❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦✱ ✶✶✷
❡①❛t♦✱ ✶✶✸
✜❡❧✱ ✶✶✷
♠✉❞❛♥ç❛ ❞❡ ❣r❛✉✱ ✼✼
♣❧❡♥♦✱ ✶✶✷

❣r✉♣♦ ❞❡ ❲❡②❧✱ ✶✻

❤✐♣❡rá❧❣❡❜r❛ ❞❡ ❧❛ç♦s
♥ã♦ t♦r❝✐❞❛✱ ✸✾
t♦r❝✐❞❛✱ ✸✾

♠ó❞✉❧♦
❞❡ ❱❡r♠❛✱ ✶✾
❞❡ ℓ✲♣❡s♦✱ ✹✾✱ ✺✽
❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✱ ✹✾✱ ✺✽
❞❡ ❛✈❛❧✐❛çã♦✱ ✺✵
❞❡ ♣❡s♦✱ ✶✽✱ ✹✻
❞❡ ♣❡s♦ ♠á①✐♠♦✱ ✶✽✱ ✹✼
❞❡ ♣❡s♦ ♠í♥✐♠♦✱ ✶✾✱ ✹✼
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❞❡ ❲❡②❧✱ ✹✽✱ ✺✵✱ ✻✸
✐♥t❡❣rá✈❡❧✱ ✷✵
♣r♦❥❡t✐✈♦✱ ✶✶✶

♠❛tr✐③
❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛✱ ✾
❞❡ ❈❛rt❛♥✱ ✾
❞❡ ❈❛rt❛♥ ❡st❡♥❞✐❞❛✱ ✷✸
❞❡ t✐♣♦ ❛✜♠✱ ✶✵
❞❡ t✐♣♦ ✜♥✐t♦✱ ✶✵
❞❡ t✐♣♦ ✐♥❞❡✜♥✐❞♦✱ ✶✵
❞❡❝♦♠♣♦♥í✈❡❧✱ ✾
✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ ✾
s✐♠❡tr✐③á✈❡❧✱ ✾

♠✉❧t✐♣❧✐❝✐❞❛❞❡✱ ✼✾
❞❡ ✉♠ ♣❡s♦✱ ✶✽
❡♠ ✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦✱ ✼✽

♦r❞❡♠ ♣❛r❝✐❛❧
4✱ ✽✵

P❇❲✲❜❛s❡✱ ✶✵✸
P❇❲✲♠♦♥ô♠✐♦✱ ✶✵✸
P❇❲✲♦r❞❡♠✱ ✶✵✸
♣❡s♦ ❞❡ ✉♠ ♠ó❞✉❧♦✱ ✶✽
♣❡s♦s

❞♦♠✐♥❛♥t❡s✱ ✶✹
❢✉♥❞❛♠❡♥t❛✐s✱ ✶✹
✐♥t❡❣r❛✐s✱ ✶✹
r❡t✐❝✉❧❛❞♦ ❞❡✱ ✶✹

♣♦❧✐♥ô♠✐♦s ❞❡ ❉r✐♥❢❡❧❞✱ ✺✼
♣♦❧✐♥ô♠✐♦s ❞❡ ❉r✐♥❢❡❧❞✳✱ ✹✽

r❛í③❡s✱ ✶✹
♥❡❣❛t✐✈❛s✱ ✶✹
♣♦s✐t✐✈❛s✱ ✶✹
s✐♠♣❧❡s✱ ✶✹
s✐st❡♠❛ ❞❡✱ ✶✹

r❡✢❡①õ❡s s✐♠♣❧❡s✱ ✶✻
r❡❧❛çã♦ ❞❡ ❝♦❜❡rt✉r❛✱ ✼✾
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛✱ ✶✶✶
r❡t✐❝✉❧❛❞♦

❞❡ ℓ✲♣❡s♦✱ ✹✽
❞❡ ℓ✲♣❡s♦s✱ ✺✼

s✉❜❝❛t❡❣♦r✐❛
❞❡ ❙❡rr❡✱ ✶✶✷
♣❧❡♥❛✱ ✶✶✷

s✉❜♠ó❞✉❧♦✱ ✶✵✷
✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ ✶✵✷
✐rr❡❞✉tí✈❡❧✱ ✶✵✷
♣ró♣r✐♦✱ ✶✵✷
r❡❞✉tí✈❡❧✱ ✶✵✷

❚❡♦r❡♠❛
❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✱ ✶✵✸

✈❡t♦r ❞❡ ℓ✲♣❡s♦✱ ✹✾✱ ✺✽
♠á①✐♠♦✱ ✹✾✱ ✺✽

✈❡t♦r ❞❡ ♣❡s♦✱ ✶✽✱ ✹✻
♠á①✐♠♦✱ ✶✽✱ ✹✼
♠í♥✐♠♦✱ ✶✾✱ ✹✼
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