
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ❋✐❜r❛çã♦ ❞❡ ❍♦♣❢

❉♦✉❣❧❛s ▼❡♥❞❡s
▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❘❛❢❛❡❧ ❞❡ ❋r❡✐t❛s ▲❡ã♦

❊str❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦ ❞♦ ❈◆Pq✳

❈❛♠♣✐♥❛s

✷✵✶✷











✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣r♦❢❡ss♦r ❘❛❢❛❡❧ ❞❡ ❋r❡✐t❛s ▲❡ã♦✱ ♣♦r t❡r ❛❝❡✐t❛❞♦ s✉♣❡r✈✐s✐♦♥❛r ♠❡✉s

❡st✉❞♦s ❡♠ ✉♠ ♠♦♠❡♥t♦ ❝♦♠♣❧✐❝❛❞♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛ ❡ ♣♦r t♦❞♦ ♦ r❡s♣❡✐t♦ ❡ ♣❛❝✐ê♥❝✐❛ q✉❡

t❡✈❡ ❞✐❛♥t❡ ❞❛s ♠✐♥❤❛s ❞✐✜❝✉❧❞❛❞❡s✳

❆♦ ❈◆Pq ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈



✈✐



❘❡s✉♠♦

❖s ❣r✉♣♦s ❙♣✐♥ ❛♣❛r❡❝❡♠ ❞❡ ✈ár✐❛s ❢♦r♠❛s ❡♠ ▼❛t❡♠át✐❝❛ ❡ ❡♠ ❋ís✐❝❛✲▼❛t❡♠át✐❝❛✱ t❡♥❞♦

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ t❡♦r✐❛ ❞❡ ✜❜r❛❞♦s ❡ ❞❡ ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐❛✐s s♦❜r❡ ♦s ♠❡s♠♦s✳ ❖

❝♦♥❝❡✐t♦ ❞❡ ❡str✉t✉r❛ s♣✐♥ é ❞❡❧❡s ❞❡r✐✈❛❞♦✱ s❡♥❞♦ ❡❧❡ ❛ ❜❛s❡ ❞❡ t♦❞❛ ✉♠❛ t❡♦r✐❛✱ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ❣❡♦♠❡tr✐❛ s♣✐♥✳ ❊st❛ ❞✐ss❡rt❛çã♦ ✐♥tr♦❞✉③ ♦s ♣r✐♠❡✐r♦s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ❛♦ ❡st✉❞♦

❞❡ t❛✐s ❣r✉♣♦s✱ ❛ss✐♠ ❝♦♠♦ ❛❧❣✉♥s ❛s♣❡❝t♦s ✐♠♣♦rt❛♥t❡s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡❧❡s✳

❉❛❞❛ ❛ ♥❛t✉r❡③❛ ❞♦s ❣r✉♣♦s ❙♣✐♥ ❡ ❞♦s ♣r♦❜❧❡♠❛s ❛♦s q✉❛✐s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s✱ ✈ár✐♦s

tó♣✐❝♦s ♥❛ ✐♥t❡r❢❛❝❡ ❡♥tr❡ á❧❣❡❜r❛ ❡ ❣❡♦♠❡tr✐❛ t✐✈❡r❛♠ ❞❡ s❡r ❛❜♦r❞❛❞♦s✳ ❊st✉❞❛♠♦s ❡♠ ✉♠

♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞✱ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ ❡ ♦s ❣r✉♣♦s

❙♣✐♥ ❝♦♠♦ s✉❜❣r✉♣♦s ❞♦ ❣r✉♣♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ t❛✐s á❧❣❡❜r❛s✳ ➚ ❡st❡s ❡st✉❞♦s✱ s❡❣✉✐✉✲s❡

✉♠❛ ❛♥á❧✐s❡ ❞❡t❛❧❤❛❞❛ ❞❛ t❡♦r✐❛ ❞❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♠❡s♠♦s✳

P✉❞❡♠♦s ❝♦♠ ✐ss♦ ❡♥t❡♥❞❡r ♦ ❣r✉♣♦ ❙♣✐♥✱ ✈✐❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛✱ ❝♦♠♦ ♦ r❡❝♦✲

❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ ❡s♣❡❝✐❛❧ ♦rt♦❣♦♥❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳

◆♦s ❝♦♥❝❡♥tr❛♠♦s ❞❛í ♥❛ t❡♦r✐❛ ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ❡ ❛ r❡❧❛çã♦ ❞❡st❡s ❝♦♠ ❛s ♣r♦♣r✐❡✲

❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❛s ✈❛r✐❡❞❛❞❡s s♦❜r❡ ❛s q✉❛✐s ❡❧❡s ❡stã♦ ❝♦♥str✉í❞♦s✳ P❛r❛ s✐♥t❡t✐③❛r ♦

q✉❡ ❢♦✐ ❡st✉❞❛❞♦✱ ❝♦♥str✉í♠♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ❛♦ ✜♥❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦✱

❡①♣❧✐❝✐t❛♥❞♦ s✉❛ r❡❧❛çã♦ ❝♦♠ ❛ ❡str✉t✉r❛ s♣✐♥ ❞❛ ❡s❢❡r❛ S2✳

✈✐✐



✈✐✐✐



❆❜str❛❝t

❙♣✐♥ ❣r♦✉♣s ❝♦♠❡ ✐♥ ♠❛♥② ❢♦r♠s ✐♥ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ❤❛✈✐♥❣ ❣r❡❛t

✐♠♣♦rt❛♥❝❡ ✐♥ t❤❡ t❤❡♦r② ♦❢ ✜❜❡r ❜✉♥❞❧❡s ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❞❡✜♥❡❞ ♦♥ t❤❡♠✳ ❚❤❡

❝♦♥❝❡♣t ♦❢ s♣✐♥ str✉❝t✉r❡ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡♠✱ ❜❡✐♥❣ t❤❡ ❜❛s✐s ♦❢ ❛❧❧ ❛ t❤❡♦r②✱ ❦♥♦✇♥ ❛s s♣✐♥

❣❡♦♠❡tr②✳ ❚❤✐s t❤❡s✐s ✐♥tr♦❞✉❝❡s t❤❡ ✜rst ❝♦♥❝❡♣ts ♥❡❝❡ss❛r② ❢♦r t❤❡ st✉❞② ♦❢ s✉❝❤ ❣r♦✉♣s✱ ❛s

✇❡❧❧ ❛s ✐♠♣♦rt❛♥t ❛s♣❡❝ts r❡❧❛t❡❞ t♦ t❤❡♠✳

●✐✈❡♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❙♣✐♥ ❣r♦✉♣s ❛♥❞ ♣r♦❜❧❡♠s ✇❤✐❝❤ t❤❡②✬r❡ r❡❧❛t❡❞ t♦✱ s❡✈❡r❛❧ t♦♣✐❝s

❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♦♠❡tr② ❤❛❞ t♦ ❜❡ ❛❞❞r❡ss❡❞✳ ❆t ✜rst✱ ✇❡ st✉❞✐❡❞

❈❧✐✛♦r❞ ❛❧❣❡❜r❛s✱ t❤❡✐r t✇✐st❡❞ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❙♣✐♥ ❣r♦✉♣s ❛s s✉❜❣r♦✉♣s ♦❢ t❤❡

❣r♦✉♣ ♦❢ ✉♥✐ts ♦❢ s✉❝❤ ❛❧❣❡❜r❛s✳ ❋♦❧❧♦✇❡❞ t❤❡s❡ st✉❞✐❡s ❛ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ t❤❡ t❤❡♦r② ♦❢

❝♦✈❡r✐♥❣ s♣❛❝❡s ❛♥❞ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡♠✳ ❉♦♥❡ t❤❛t✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ✉♥❞❡rst❛♥❞ t❤❡

❣r♦✉♣ ❙♣✐♥✱ ✈✐❛ t❤❡ t✇✐st❡❞ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✱ ❛s t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r✐♥❣ s♣❛❝❡ ♦❢ t❤❡

s♣❡❝✐❛❧ ♦rt❤♦❣♦♥❛❧ ❣r♦✉♣ ♦❢ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ q✉❛❞r❛t✐❝ s♣❛❝❡✳ ❋r♦♠ t❤❡r❡✱ ✇❡ ❢♦❝✉s❡❞ ♦♥ t❤❡

t❤❡♦r② ♦❢ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♠❛♥✐❢♦❧❞s

♦♥ ✇❤✐❝❤ t❤❡② ❛r❡ ❜✉✐❧t✳ ❚♦ s✉♠♠❛r✐③❡ ✇❤❛t ✇❛s st✉❞✐❡❞✱ ✇❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝♦♥str✉❝t t❤❡

❍♦♣❢ ✜❜r❛t✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s t❤❡s✐s✱ ❡①♣❧❛✐♥✐♥❣ ✐ts r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ t❤❡ s♣✐♥ str✉❝t✉r❡ ♦❢

t❤❡ s♣❤❡r❡ S2✳

✐①



①



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✸

✶✳✶ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ❊s♣❛ç♦s t❛♥❣❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✸ ❋✐❜r❛❞♦s t❛♥❣❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✹ ■♠❡rsõ❡s ❡ s✉❜✈❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✺ ❖r✐❡♥t❛çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✻ ●r✉♣♦s ❞❡ ▲✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✼ ❆çã♦ ❞❡ ❣r✉♣♦s ❡ ❣r✉♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✹✼

✷✳✶ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷ ❊s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✷✳✹ ❆çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❜r❡ ✜❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✷✳✺ ❘❡❝♦❜r✐♠❡♥t♦s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✷✳✻ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✷✳✼ ❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✷✳✽ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸ ❋✐❜r❛❞♦s ✾✺

✸✳✶ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✸✳✷ ❉❡s❝r✐çã♦ ❧♦❝❛❧ ❞❡ ✜❜r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✸✳✸ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✸✳✹ ❈á❧❝✉❧♦ ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛s ♣♦r ✜❜r❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

①✐



①✐✐ ❙✉♠ár✐♦

✹ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ✶✶✼

✹✳✶ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✹✳✷ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✶

✹✳✸ ❖s ❣r✉♣♦s P✐♥ ❡ ❙♣✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✹✳✹ ❊str✉t✉r❛s ❙♣✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✻

✹✳✺ ❆ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

❆ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ✶✺✶

❆✳✶ ❊s♣❛ç♦s q✉❛❞rát✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

❆✳✷ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✻

❆✳✸ ■s♦tr♦♣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✶

❆✳✹ ❚❡♦r❡♠❛s ❞❡ ❲✐tt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺

❆✳✺ ❖ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✽

❘❡❢❡rê♥❝✐❛s ✶✼✺



■♥tr♦❞✉çã♦

❙❡ (V, q) é ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ❝♦♠ ❢♦r♠❛ q✉❛❞rát✐❝❛ ♥ã♦✲❞❡❣❡♥❡r❛❞❛ q✱ ♣♦❞❡♠♦s ❝♦♥s✐✲

❞❡r❛r ♦ q✉♦❝✐❡♥t❡ ❞❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ T (V ) ♣❡❧♦ s❡✉ ✐❞❡❛❧ Tq(V ) = 〈v ⊗ v + q(v)1〉 ❡ ♦❜t❡r

♦ q✉❡ ❞❡♥♦♠✐♥❛♠♦s ❞❡ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ Cl(V, q) = T (V )/Tq(V ) ❛ss♦❝✐❛❞❛ ❛ (V, q)✳ ❊♠

t❡r♠♦s ❞❡❧❛✱ ♣♦❞❡♠♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥tr♦❞✉③✐r ♦s ❣r✉♣♦s ❙♣✐♥✱ s❡♥❞♦ ❡❧❡s ♦ s✉❜❣r✉♣♦ ❞♦s

❡❧❡♠❡♥t♦s ♣❛r❡s ❞♦ ❣r✉♣♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡st❛s á❧❣❡❜r❛s✳ ❆❧é♠ ❞❡ s✐♠♣❧✐✜❝❛r ❝á❧❝✉❧♦s✱ ❡st❛

❢♦r♠✉❧❛çã♦ ❛❧❣é❜r✐❝❛ é ❝♦♥✈❡♥✐❡♥t❡✱ ♣♦✐s ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ ♣♦ss✉❡♠ ❛ ❝❤❛♠❛❞❛ r❡♣r❡✲

s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛✱ q✉❡✱ ✉♠❛ ✈❡③ r❡str✐t❛ ❛♦s ❣r✉♣♦s ❙♣✐♥✱ ❢♦r♥❡❝❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❡st❡

❣r✉♣♦ ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ❡s♣❡❝✐❛❧ SO(V, q) ❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q)✳ P♦❞❡✲s❡ ♠♦str❛r

q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ é ❞❡ ❢❛t♦ ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡♥t❡♥❞❡r ♦ r❡❝♦❜r✐♠❡♥t♦ ❝✐t❛❞♦✱ ❡st✉❞❛♠♦s ❛ t❡♦r✐❛ ❣❡r❛❧ ❞❡ ❡s♣❛ç♦s ❞❡

r❡❝♦❜r✐♠❡♥t♦✳ ❉❡♥tr♦ ❞❡st❡ ❡st✉❞♦ ❡♥❢❛t✐③❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✱ q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ s✐♠♣❧❡s✲

♠❡♥t❡ ❝♦♥❡①♦✳ ■st♦ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛ r❡❝♦♥❤❡❝❡r♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ❝❛❞❛ ❣r✉♣♦ ❙♣✐♥✱ ♣❛r❛

❞✐♠❡♥sã♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ três✱ é✱ ❞❡ ❢❛t♦✱ ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞♦ ❣r✉♣♦ SO(V, q)✳

❯♠❛ ✈❡③ ❡♥t❡♥❞✐❞❛ ❛ ❢♦r♠✉❧❛çã♦ ❞♦s ❣r✉♣♦s ❙♣✐♥ ❡♠ t❡r♠♦s á❧❣❡❜r✐❝♦s✱ ❜❡♠ ❝♦♠♦ ❛ s✉❛

r❡❧❛çã♦ ❝♦♠ ♦s ❣r✉♣♦s ❡s♣❡❝✐❛✐s ♦rt♦❣♦♥❛✐s✱ ♣r♦❝❡❞❡♠♦s ♣❛r❛ ❡♥t❡♥❞❡r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s

♠❡s♠♦s ❡♠ ●❡♦♠❡tr✐❛ ❡ ❋ís✐❝❛✲▼❛t❡♠át✐❝❛✳ P❛r❛ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ❢❛③❡♠♦s ✉♠❛ ❞✐s❝✉ssã♦ ❞♦

❝♦♥❝❡✐t♦ ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s s♦❜r❡ ✈❛r✐❡❞❛❞❡s✳ ❊st❡ ❝♦♥❝❡✐t♦✱ ❛♣❡s❛r ❞❡ s❡r ❜❛st❛♥t❡ ❛♠♣❧♦✱

♥♦s ♣❡r♠✐t❡ ❡♥t❡♥❞❡r ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❛ ✈❛r✐❡❞❛❞❡ ❜❛s❡ ❡♠ t❡r♠♦s ❞♦ ❣r✉♣♦

✶
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❞❡ ❡str✉t✉r❛ ❞♦ s❡✉ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ ❚✐♣✐❝❛♠❡♥t❡✱ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❣❡♦♠étr✐❝❛

♥❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦s ♣❡r♠✐t❡ s✐♠♣❧✐✜❝❛r ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛✳ P♦r ❡①❡♠♣❧♦✿ ❡♠

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❛❝t❛✱ ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ é✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❣r✉♣♦ ❧✐♥❡❛r

❣❡r❛❧ GL(n)✳ ❙❡ ✐♥tr♦❞✉③✐r♠♦s ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛ ♥❛ ♠❡s♠❛✱ ♣♦❞❡♠♦s r❡❞✉③✐r ❡st❡

❣r✉♣♦ ♣❛r❛ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(n)✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❛ ✈❛r✐❡❞❛❞❡ ❡♠ q✉❡stã♦ ❢♦r ♦r✐❡♥tá✈❡❧✱

♣♦❞❡♠♦s r❡❞✉③✐✲❧♦ ❛✐♥❞❛ ♠❛✐s✱ ❞❡st❛ ✈❡③ ♣❛r❛ ♦ ♣ró♣r✐♦ SO(n)✳

◆❡st❡ ❡①❡♠♣❧♦ ✐♥✐❝✐❛♠♦s ❝♦♠ ✉♠ ❣r✉♣♦ ♥ã♦✲❝♦♥❡①♦ ❡ ♥ã♦✲❝♦♠♣❛❝t♦✱ ❞❛í ♣❛ss❛♠♦s ♣❛r❛

✉♠ ❣r✉♣♦ ❝♦♠♣❛❝t♦✱ ♠❛s ❛✐♥❞❛ ♥ã♦✲❝♦♥❡①♦✱ ♣❛r❛✱ ❡♥✜♠✱ t❡r♠✐♥❛♠♦s ❝♦♠ ✉♠ ❣r✉♣♦ ❝♦♥❡①♦

❡ ❝♦♠♣❛❝t♦✳ ➱ ✉♠ ❢❛t♦ ❡❧❡♠❡♥t❛r ♠♦str❛r♠♦s q✉❡ SO(n) ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ■st♦

♥♦s ❧❡✈❛ ❛ ♣❡r❣✉♥t❛r s❡ é ♣♦ssí✈❡❧ s✐♠♣❧✐✜❝❛r ❛✐♥❞❛ ♠❛✐s t❛❧ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛✱ ❞❡st❛ ✈❡③

♣❛r❛ ✉♠ ❣r✉♣♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ➱ ♥❡st❡ ♣♦♥t♦ q✉❡ ❡♥tr❛♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

✉♥✐✈❡rs❛❧ ❡ ❞❡ ❣r✉♣♦ ❙♣✐♥✳

❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s✐♠♣❧✐✜❝❛r♠♦s ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛

♦r✐❡♥tá✈❡❧✱ ❞❡ ♠♦❞♦ ❛ ♦❜t❡r♠♦s ✉♠ ❣r✉♣♦ ❝♦♠♣❛❝t♦✱ ❝♦♥❡①♦ ❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ é q✉❡ ♥♦s

❧❡✈❛ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❡str✉t✉r❛ s♣✐♥✳ ❯♠❛ ❡str✉t✉r❛ s♣✐♥ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❡♠ t❡r♠♦s ❞❡ ✉♠

r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s q✉❡ ♣r❡s❡r✈❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡♥tr❡ ♦s ❣r✉♣♦s

❙♣✐♥ ❡ SO✳ ❆ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ s♣✐♥ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ é ❞❡t❡r♠✐♥❛❞❛

♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❡♠ q✉❡stã♦✳ ◆ã♦ ❢❛③❡♠♦s ❛q✉✐ ♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ t❛✐s

❡str✉t✉r❛s ♦✉ ❞❡ s✉❛ ❝❧❛ss✐✜❝❛çã♦✳ ❆♦ ✐♥✈és ❞✐ss♦✱ ❛♥❛❧✐s❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❡s♣❡❝í✜❝♦✱ q✉❡

❛❧é♠ ❞❡ s❡r ♣♦✉❝♦ ❝♦♥❤❡❝✐❞♦✱ ✐❧✉str❛ ❜❡♠ ❛s ❞✐✜❝✉❧❞❛❞❡s ♣r❡s❡♥t❡s ♥❛ ❝♦♥str✉çã♦ ❡ ♥♦ ❡st✉❞♦

❞❡st❛s ❡str✉t✉r❛s✳ ❖ ❡①❡♠♣❧♦ ❛ q✉❡ ♥♦s r❡❢❡r✐♠♦s é ❛ ❝❤❛♠❛❞❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ✉♠❛ ❜♦❛ ❝♦♠✲

♣r❡❡♥sã♦ ❞❡st❡ t❡①t♦✳ ❙❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧✱ ♣r♦❝✉r❛♠♦s ❢♦r♥❡❝❡r ❡①❡♠♣❧♦s ♣❛r❛ t❛✐s ❝♦♥❝❡✐t♦s

❡ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ t❛✐s r❡s✉❧t❛❞♦s✳ ■♥❞✐❝❛♠♦s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❛s ♣♦✉❝❛s ❛✜r♠❛çõ❡s ♥ã♦

♣r♦✈❛❞❛s✳

✶✳✶ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

❖ ❡st✉❞♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❝♦♠❜✐♥❛ ♠✉✐t❛s ár❡❛s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛✱ ❣❡♥❡r❛❧✐③❛♥❞♦

❝♦♥❝❡✐t♦s ❝♦♠♦ ♦s ❞❡ ❝✉r✈❛s ❡ s✉♣❡r❢í❝✐❡s✱ ❜❡♠ ❝♦♠♦ ✐❞é✐❛s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ❡ t♦♣♦❧♦❣✐❛✳

P❛r❛ ♥ós✱ ❛s ✈❛r✐❡❞❛❞❡s ♠❛✐s ✐♠♣♦rt❛♥t❡s s❡rã♦ ❛q✉❡❧❛s ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M é ❧♦❝❛❧♠❡♥t❡ ❡✉❝❧✐❞✐❛♥♦ ❡ ❞❡ ❞✐♠❡♥sã♦ n s❡

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ⊂ M ❞❡ t♦❞♦ ♣♦♥t♦ p ∈ M ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ϕ ❞❡ U

❡♠ ✉♠ ❛❜❡rt♦ ❞❡ Rn✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r (U, ϕ) é ✉♠❛ ❝❛rt❛ ✭❡♠ p ♦✉ ❞❡ M✮✱ ♦ ❛❜❡rt♦

U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛ ✭❞❡ p✮ ❡ ❛ ❢✉♥çã♦ ϕ = (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ✭❡♠ U✮✳

✸



✹ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ n é ✉♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡

❡✉❝❧✐❞✐❛♥♦ ❞❡ ❞✐♠❡♥sã♦ n✱ ❞❡ ❍❛✉s❞♦r✛ ❡ q✉❡ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

P❛r❛ q✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✐♠❡♥sã♦ ♣✉❞❡ss❡ s❡r ❜❡♠ ❞❡✜♥✐❞♦ ♥❡st❡ ♠♦♠❡♥t♦✱ ♥ós ♣r❡❝✐s❛✲

rí❛♠♦s ♠♦str❛r q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ Rn ♥ã♦ é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠ ❛❜❡rt♦ ❞❡ Rm✱

s❡ n 6= m✳ ➱ ♦ q✉❡ ♦❝♦rr❡ ♥❛ r❡❛❧✐❞❛❞❡✱ ♠❛s ♥ã♦ ❢❛r❡♠♦s ❡st❛ ❞❡♠♦♥str❛çã♦✳ ❆♦ ✐♥✈és

❞✐ss♦✱ ✈❛♠♦s ♣r♦✈❛r ♣♦st❡r✐♦r♠❡♥t❡✱ ♥♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✶✸✱ ♦ ♣r♦❜❧❡♠❛ ❛♥á❧♦❣♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡

✈❛r✐❡❞❛❞❡s s✉❛✈❡s✳

❊①❡♠♣❧♦ ✶✳✶✳✸✳ ❖ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ Rn ♣♦❞❡ s❡r ❝♦❜❡rt♦ ♣♦r ✉♠❛ ú♥✐❝❛ ❝❛rt❛✱ (Rn, idRn)✱

q✉❡ ❢❛③ ❞❡❧❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛✳ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ❞❡ Rn t❛♠❜é♠ é ✉♠❛

✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛✱ ♣♦✐s U ♣♦❞❡ s❡r ❝♦❜❡rt♦ ♣❡❧❛ ❝❛rt❛ (U, idU) ❡ q✉❛❧q✉❡r s✉❜❡s♣❛ç♦ ❞❡

Rn t❛♠❜é♠ é ❞❡ ❍❛✉s❞♦r✛ ❡ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❉✉❛s ❝❛rt❛s (U, ϕ) ❡ (V, ψ) ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ sã♦ ✭C∞✲✮❝♦♠♣❛tí✈❡✐s

s❡ ❛s ❢✉♥çõ❡s

ϕ ◦ ψ−1 : ψ(U ∩ V ) // ϕ(U ∩ V ) ❡ ψ ◦ ϕ−1 : ϕ(U ∩ V ) // ψ(U ∩ V )

sã♦ ❞❡ ❝❧❛ss❡ C∞ ✭♦✉ s❡❥❛✱ s❡ sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ Rn✮✳ ❊st❛s ❢✉♥çõ❡s sã♦

❝❤❛♠❛❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳

❖❜s❡r✈❡ q✉❡ sã♦ tr✐✈✐❛❧♠❡♥t❡ ❝♦♠♣❛tí✈❡✐s ❞✉❛s ❝❛rt❛s (U, ϕ) ❡ (V, ψ) ❝✉❥❛ ✐♥t❡rs❡❝çã♦ U∩V

é ✈❛③✐❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❯♠ ✭C∞✲✮❛t❧❛s ❞❡ ✉♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❡✉❝❧✐❞✐❛♥♦ M é ✉♠❛ ❝♦❧❡çã♦

{(Uα, ϕα)} ❞❡ ❝❛rt❛s ❝♦♠♣❛tí✈❡✐s t❛✐s q✉❡ M = ∪αUα✳

❆ r❡❧❛çã♦ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ❝❛rt❛s é r❡✢❡①✐✈❛ ❡ s✐♠étr✐❝❛✱ ♠❛s ♥ã♦ é tr❛♥s✐t✐✈❛✳ ❉❡

❢❛t♦✱ ♣♦✐s s❡ (U, ϕ) é ✉♠❛ ❝❛rt❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦✉tr❛ ❝❛rt❛ (V, ψ) ❡ ❡st❛ é ❝♦♠♣❛tí✈❡❧ ❝♦♠



✶✳✶✳ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✺

✉♠❛ ❝❛rt❛ (W,σ)✱ ❛ ❢✉♥çã♦

σ ◦ ϕ−1 = (σ ◦ ψ−1) ◦ (ψ ◦ ϕ−1)

é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞✱ ♠❛s q✉❡ s♦♠❡♥t❡ ♣♦❞❡ ❡st❛r ❞❡✜♥✐❞❛ ♥❛ ✐♥t❡rs❡❝çã♦ U ∩ V ∩W ✳

❖ ♣ró①✐♠♦ ❝♦♥❝❡✐t♦ tr❛③ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝❛rt❛ (V, ψ) é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ✉♠ ❛t❧❛s {(Uα, ϕα)}

s❡ ❡❧❛ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ t♦❞❛s ❛s ❝❛rt❛s (Uα, ϕα) ❞♦ ❛t❧❛s✳

▲❡♠❛ ✶✳✶✳✼✳ ❙❡❥❛ {(Uα, ϕα)} ✉♠ ❛t❧❛s ❞❡ ✉♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❡✉❝❧✐❞✐❛♥♦✳ ❙❡ ❞✉❛s ❝❛rt❛s

(V, ψ) ❡ (W,σ) sã♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❝♦♠♣❛tí✈❡✐s ❝♦♠ ♦ ❛t❧❛s {(Uα, ϕα)}✱ ❡♥tã♦ ❡❧❛s sã♦

❝♦♠♣❛tí✈❡✐s ❡♥tr❡ s✐✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈ V ∩W ✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ σ ◦ ψ−1 é ❞❡ ❝❧❛ss❡ C∞ ♥♦ ♣♦♥t♦

ψ(p)✳ ❈♦♠♦ {(Uα, ϕα)} é ✉♠ ❛t❧❛s ❞❡M ✱ ♦ ♣♦♥t♦ p ❞❡✈❡ ♣❡rt❡♥❝❡r Uα✱ ♣❛r❛ ❛❧❣✉♠ α✳ ❆ss✐♠✱

p é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Uα ∩ V ∩W ✳ P❡❧♦ ❝♦♠❡♥tár✐♦ ❛♥t❡r✐♦r✱ ❛ ❢✉♥çã♦ σ ◦ ψ−1 é ❞❡ ❝❧❛ss❡ C∞

❡♠ ψ(Uα ∩ V ∩W ) ❡✱ ♣♦rt❛♥t♦✱ ❡♠ ψ(p)✳ ❈♦♠♦ p é ❛r❜✐trár✐♦✱ ❛ ❢✉♥çã♦ σ ◦ ψ−1 é ❞❡ ❝❧❛ss❡

C∞ ❡♠ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ψ(V ∩W )✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ψ ◦ σ−1 ∈ C∞ ❡♠ σ(V ∩W )✳

❉❡✜♥✐çã♦ ✶✳✶✳✽✳ ❯♠ ❛t❧❛s A ❞❡ ✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ é ♠❛①✐♠❛❧ s❡ ❡❧❡ ♥ã♦ ❡stá ❝♦♥✲

t✐❞♦ ❡♠ ♥❡♥❤✉♠ ♦✉tr♦ ❛t❧❛s✱ ♦✉ s❡❥❛✱ s❡ A′ é ✉♠ ♦✉tr♦ ❛t❧❛s ❝♦♥t❡♥❞♦ A✱ ❡♥tã♦ A′ = A

♦❜r✐❣❛t♦r✐❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✾✳ ❯♠❛ ✭C∞✲✮✈❛r✐❡❞❛❞❡✱ ♦✉ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✱ ♦✉ ❛✐♥❞❛✱ ✈❛r✐❡❞❛❞❡✱ ❞❡

❞✐♠❡♥sã♦ n é ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ M ❡q✉✐♣❛❞❛ ❝♦♠ ✉♠ ❛t❧❛s ♠❛①✐♠❛❧✳ ❉✐③❡♠♦s q✉❡

❡st❡ ❛t❧❛s ♠❛①✐♠❛❧ é ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ M ✳ ❆s ❝❛rt❛s ❞♦ ❝♦rr❡s♣♦♥❞❡♥t❡

❛t❧❛s ♠❛①✐♠❛❧ sã♦ ❝❤❛♠❛❞❛s ❝❛rt❛s ❛❞♠✐ssí✈❡✐s ❞❡ M ❡ ❝❛❞❛ ❛t❧❛s ❞❡ M ❝♦♥t✐❞♦ ♥❡st❡

❛t❧❛s ♠❛①✐♠❛❧ é ❝❤❛♠❛❞♦ ❞❡ ❛t❧❛s ❛❞♠✐ssí✈❡❧✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ t❡♠ ❞✐♠❡♥sã♦ n s❡ t♦❞❛s

❛s s✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s tê♠ ❞✐♠❡♥sã♦ n✳
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◆❛ ♣rát✐❝❛ ✈❛♠♦s t♦♠❛r ❝♦♠♦ ❛❞♠✐ssí✈❡✐s t♦❞❛s ❛s ❝❛rt❛s ❡ ❛t❧❛s ❝♦♠ ❛s q✉❛✐s tr❛❜❛❧❤❛r♠♦s

❞❛q✉✐ ❡♠ ❞✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✵✳ ❚♦❞♦ ❛t❧❛s A = {(Uα, ϕα)} ❞❡ ✉♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❡✉❝❧✐❞✐❛♥♦ ❡stá

❝♦♥t✐❞♦ ❡♠ ✉♠ ú♥✐❝♦ ❛t❧❛s ♠❛①✐♠❛❧✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♥str✉❛ ✉♠❛ ♥♦✈❛ ❝♦❧❡çã♦ M ❞❡ ❝❛rt❛s ❛ ♣❛rt✐r ❞♦ ❛t❧❛s A ♣❡❧❛

✐♥❝❧✉sã♦ ❞❡ t♦❞❛s ❛s ❝❛rt❛s (Vi, ψi) q✉❡ sã♦ ❝♦♠♣❛tí✈❡✐s ❝♦♠ A✳ P❡❧♦ ▲❡♠❛ ✶✳✶✳✼✱ ❛s ❝❛rt❛s

(Vi, ψi) sã♦ ❝♦♠♣❛tí✈❡✐s ❡♥tr❡ s✐✳ P♦rt❛♥t♦✱ ❡st❡ ♥♦✈♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛rt❛s t❛♠❜é♠ é ✉♠ ❛t❧❛s✳

❚♦❞❛ ❝❛rt❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❡❧❡ t❛♠❜é♠ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ❛t❧❛s ♦r✐❣✐♥❛❧ A✳ ❊♥tã♦✱ ♣♦r

❝♦♥str✉çã♦✱ ❡❧❛ ❞❡✈❡ ♣❡rt❡♥❝❡r ❛♦ ♥♦✈♦ ❛t❧❛s✳ ■st♦ ♠♦str❛ q✉❡ M é ♠❛①✐♠❛❧✳

❆❣♦r❛✱ s❡ M′ é ✉♠ ♦✉tr♦ ❛t❧❛s ♠❛①✐♠❛❧ ❝♦♥t❡♥❞♦ A✱ ❡♥tã♦ t♦❞❛s ❛s ❝❛rt❛s ❡♠ M′ sã♦

❝♦♠♣❛tí✈❡✐s ❝♦♠ A ❡ ❞❡✈❡♠ ♣❡rt❡♥❝❡r ❛ M✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ♣ró♣r✐❛ ❝♦♥str✉çã♦ ❞❡ M✳ ■st♦

♠♦str❛ q✉❡ M′ ⊂ M✳ ▼❛s s❡♥❞♦ ❛♠❜♦s ♠❛①✐♠❛✐s✱ ♣♦❞❡♠♦s r❡♣❡t✐r ❡st❡ ♠❡s♠♦ ❛r❣✉♠❡♥t♦

♣❛r❛ M′ ❡ ❝♦♥❝❧✉✐r q✉❡ M ⊂ M′✳ ▲♦❣♦ M′ = M ❡ ♦ ❛t❧❛s ♠❛①✐♠❛❧ ❝♦♥t❡♥❞♦ A é ú♥✐❝♦✳

❖❜s❡r✈❡ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ❡①✐❜✐r ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ ♣❛r❛ ♠♦str❛r q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

t♦♣♦❧ó❣✐❝❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✳ ➱ s✉✜❝✐❡♥t❡ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ q✉❛❧q✉❡r ❛t❧❛s ♣❛r❛

M ✳

❊♠♣r❡❣❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❢❛❝✐❧♠❡♥t❡ ❡①✐❜✐r ❡①❡♠♣❧♦s ❞❡ ✈❛r✐❡❞❛❞❡s✳

❆ss✉♠✐♠♦s ♥❡st❡s ❡①❡♠♣❧♦s✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ♦s ❡s♣❛ç♦s ❝✐t❛❞♦s sã♦ ♣r❡✈✐❛♠❡♥t❡ ❝♦♥❤❡❝✐❞♦s

❞♦ ❝✉rs♦ ❞❡ t♦♣♦❧♦❣✐❛ ❜ás✐❝❛ ❝♦♠♦ s❡♥❞♦ ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛ q✉❡ s❛t✐s❢❛③❡♠ ♦ s❡❣✉♥❞♦

❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✶✳ ❖ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ Rn✱ ❛❧é♠ ❞❡ s❡r ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛✱ ❝♦♠♦

❝♦♠❡♥t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ t❛♠❜é♠ é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✱ ❝✉❥♦ ❛t❧❛s ❝♦♥té♠ ❛♣❡♥❛s ✉♠❛

❝❛rt❛✿ (Rn, idRn)✳

❊①❡♠♣❧♦ ✶✳✶✳✶✷✳ ❯♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s f : V // Rn ✐♥❞✉③ ♥❛t✉r❛❧♠❡♥t❡

✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ V ✳ ◆❡st❛ t♦♣♦❧♦❣✐❛✱ {(V, idRn ◦ f)} é ❝❧❛r❛♠❡♥t❡ ✉♠ ❛t❧❛s ❞❡ V ✳



✶✳✶✳ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✼

❊①❡♠♣❧♦ ✶✳✶✳✶✸✳ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ V ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M t❛♠❜é♠ é ✉♠❛ ✈❛r✐❡✲

❞❛❞❡✱ ♣♦✐s s❡ {(Uα, ϕα)} é ✉♠ ❛t❧❛s ❞❡ M ✱ ❡♥tã♦ ❝❧❛r❛♠❡♥t❡

{(
Uα ∩ V, ϕα|Uα∩V

)}

é ✉♠ ❛t❧❛s ❞❡ V ✳ ❉✐③❡♠♦s q✉❡ V é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❛❜❡rt❛ ❞❡ M ✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹✳ ❖ ❣r✉♣♦ ❧✐♥❡❛r ❣❡r❛❧ GL(n,R) é ♣♦r ❞❡✜♥✐çã♦ ♦ ❝♦♥❥✉♥t♦

GL(n,R) = {A ∈ Rn×n | detA 6= 0} = det−1(R \ {0}).

❈♦♠♦ ❛ ❢✉♥çã♦ ❞❡t❡r♠✐♥❛♥t❡ é ❝♦♥tí♥✉❛✱ ♣♦r s❡r ✉♠ ♣♦❧✐♥ô♠✐♦✱ GL(n,R) é ✉♠ s✉❜❝♦♥❥✉♥t♦

❛❜❡rt♦ ❞❡ Rn×n ≃ Rn2
❡ ❛ss✐♠ é ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❛ss❡❣✉r❛ q✉❡ ♦ ❣r✉♣♦

❧✐♥❡❛r ❝♦♠♣❧❡①♦

GL(n,C) = {A ∈ Cn×n | detA 6= 0}

é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✺✳ ❆ ❡s❢❡r❛ Sn é ✉♠❛ ✈❛r✐❡❞❛❞❡✳ P❛r❛ ✈❡r ✐ss♦✱ ❞❡♥♦t❡ ♣♦r N = (0, . . . , 0, 1) ❡

S = (0, . . . , 0,−1) s❡✉s ♣ó❧♦s ♥♦rt❡ ❡ s✉❧ ❡ ❝♦♥s✐❞❡r❡ ♦s ❛❜❡rt♦s UN = Sn\{N} ❡ US = Sn\{S}✱

q✉❡ ❝♦❜r❡♠✲♥❛✳

❆ ♣r♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛ ❞❡ Sn ❛ ♣❛rt✐r ❞❡ s❡✉ ♣ó❧♦ ♥♦rt❡ é ✉♠❛ ❢✉♥çã♦ ϕN : UN // Rn

q✉❡ ❢❛③ ❝♦rr❡s♣♦♥❞❡r ❛ ❝❛❞❛ ♣♦♥t♦ (x1, . . . , xn+1) ❞❡ s❡✉ ❞♦♠í♥✐♦ ♦ ♣♦♥t♦ ϕN(x1, . . . , xn+1)

q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s x ❡ N ❝♦♠ ♦ ❤✐♣❡r♣❧❛♥♦ {xn =

0} ≃ Rn✳ ❊①♣❧✐❝✐t❛♠❡♥t❡✱

ϕN(x1, . . . , xn+1) =
1

1− xn+1

(x1, . . . , xn, 0) .
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❆ ♣r♦❥❡çã♦ ❡s❢❡r❡♦❣rá✜❝❛ ❞❡ Sn ❛ ♣❛rt✐r ❞♦ ♣ó❧♦ s✉❧ é ❞❡✜♥✐❞❛ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❡ é t❛❧ q✉❡

ϕS(x1, . . . , xn+1) =
1

1 + xn+1

(x1, . . . , xn, 0) .

❆s ❢✉♥çõ❡s ✐♥✈❡rs❛s ❞❛s ♣r♦❥❡çõ❡s ❡s❢❡r❡♦❣rá✜❝❛s sã♦ ❞❛❞❛s ♣♦r

ϕ−1
N (y1, . . . , yn) =

1

1 +
∑n

i=1 y
2
i

(
2y1, . . . , 2yn,

n∑

i=1

y2i − 1

)

❡

ϕ−1
S (y1, . . . , yn) =

1

1 +
∑n

i=1 y
2
i

(
2y1, . . . , 2yn,

n∑

i=1

y2i + 1

)
.

❱❡♠♦s ❞❛í q✉❡ ϕN ❡ ϕS sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳

❆s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ϕS ◦ϕ−1
N ❡ ϕN ◦ϕ−1

S ❝♦✐♥❝✐❞❡♠ ♥❛ ✐♥t❡rs❡❝çã♦ UN∩US = Sn\{N,S}

❡ sã♦ ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛ ❡①♣r❡ssã♦

(x1, . . . , xn) 7→
1∑n
i=1 x

2
i

(x1, . . . , xn) ,

s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C∞ ❡♠ Rn \ {(0, . . . , 0)}✳

▲♦❣♦✱ {(UN , ϕN), (US, ϕS)} é ✉♠ ❛t❧❛s ♣❛r❛ Sn✳

❋r❡qü❡♥t❡♠❡♥t❡ t❡r❡♠♦s ❞❡ tr❛❜❛❧❤❛r ❝♦♠ ✈❛r✐❡❞❛❞❡s r❡s✉❧t❛♥t❡s ❞♦ q✉♦❝✐❡♥t❡ ❞❡ ♦✉tr❛s

✈❛r✐❡❞❛❞❡s ♣♦r r❡❧❛çõ❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❙❛❜❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ ❞❡st❡ t✐♣♦ ❞❡ ❝♦♥str✉çã♦

♥ã♦ ❢♦r♥❡❝❡ s❡♠♣r❡ ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛ ♦✉ ❡s♣❛ç♦s q✉❡ s❛t✐s❢❛③❡♠ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛

❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳ P♦r ✐ss♦ r❡❝♦r❞❛♠♦s ❛q✉✐ ❞♦✐s r❡s✉❧t❛❞♦s✱ t❛♠❜é♠ ✈✐st♦s ❡♠ ❝✉rs♦s ❜ás✐❝♦s

❞❡ t♦♣♦❧♦❣✐❛✱ q✉❡ tr❛t❛♠ ❞❡ ❝♦♥❞✐çõ❡s q✉❡ ❣❛r❛♥t❡♠ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✻✳ ❯♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❡♠ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ S é ❞✐t❛ ❛❜❡rt❛

s❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ♣r♦❥❡çã♦ π : S // S/ ∼ é ❛❜❡rt❛✳



✶✳✶✳ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✾

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✼✳ ❙✉♣♦♥❤❛ q✉❡ ∼ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❛❜❡rt❛ ❡♠ S✳ ❊♥tã♦ ♦

❡s♣❛ç♦ q✉♦❝✐❡♥t❡ S/ ∼ é ❞❡ ❍❛✉s❞♦r✛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❝♦♥❥✉♥t♦

{(x, y) ∈ S × S | x ∼ y}

é ❢❡❝❤❛❞♦ ❡♠ S × S✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✻✼✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✽✳ ❙❡ ∼ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❛❜❡rt❛ ❡♠ ✉♠ ❡s♣❛ç♦ S q✉❡ s❛t✐s❢❛③

♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ S/ ∼ t❛♠❜é♠ s❛t✐s❢❛③ ❡st❛

♣r♦♣r✐❡❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✻✼✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ✐♠♣♦rt❛♥t❡ ❞❡ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡♠ q✉❡ ♣r❡❝✐s❛♠♦s ✐♠♣❧✐❝✐t❛♠❡♥t❡

✉t✐❧✐③❛r ❡st❛s ♣r♦♣♦s✐çõ❡s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❡❧❡ s❡❥❛ ❞❡ ❍❛✉s❞♦r✛ ❡ q✉❡ s❛t✐s❢❛ç❛ ♦ s❡❣✉♥❞♦

❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✾✳ ❱❛♠♦s ❞❡✜♥✐r ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ Rn+1 \ {0} ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ ❞❛❞♦s x✱ y ∈ Rn+1 \ {0}✱ ❞✐③❡♠♦s q✉❡ x ∼ y s❡✱ ❡ s♦♠❡♥t❡ s❡✱ y = λx✱ ♣❛r❛ ❛❧❣✉♠

λ ∈ R✳ ❖ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ r❡❛❧ RP n ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ Rn+1 \ {0} ♣♦r ❡st❛

r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❋❛③❡♥❞♦ ✉s♦ ❞❛s Pr♦♣♦s✐çõ❡s ✶✳✶✳✶✼ ❡ ✶✳✶✳✶✽✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

RP n é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ q✉❡ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

❱❛♠♦s ❞❡t❡r♠✐♥❛r ✉♠ ❛t❧❛s ♣❛r❛ ❡st❡ ❡s♣❛ç♦✳ P❛r❛ ❝❛❞❛ i ∈ {0, . . . , n}✱ ❝♦♥s✐❞❡r❡ ♦s

s❡❣✉✐♥t❡s ❛❜❡rt♦s ❞❡ RP n✿

Ui = {[x0 : . . . : xn] ∈ RP n | xi 6= 0}.



✶✵ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❆s ❢✉♥çõ❡s ϕi : Ui // Rn ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛ ❡①♣r❡ssã♦

[x0 : . . . : xn] 7→
(
x0
xi
, . . . ,

xi−1

xi
,
xi+1

xi
, . . . ,

xn
xi

)

tê♠ ❢✉♥çõ❡s ✐♥✈❡rs❛s ϕ−1
i

(y1, . . . , yn) 7→ [y1 : · · · : yi−1 : 1 : yi : · · · : yn]

❡ sã♦✱ ♣♦rt❛♥t♦✱ ❤♦♠❡♦♠♦r✜s♠♦s✳ ◆❛ ✐♥t❡rs❡❝çã♦ ❞❡ Ui ❝♦♠ Uj✱ ♣❛r❛ i 6= j✱ t❡♠♦s q✉❡ xi 6= 0

❡ xj 6= 0✳ P♦r ✐ss♦

ϕj ◦ ϕ−1
i (x1, . . . , xn) =

(
x1
xj
, . . . ,

xi−1

xj
,
1

xj
,
xi
xj
, . . . ,

xj−1

xj
,
xj+1

xj
,
xn
xj

)
,

♣❛r❛ i < j✱ ❡

ϕj ◦ ϕ−1
i (x1, . . . , xn) =

(
x1
xj
, . . . ,

xj−1

xj
,
xj+1

xj
, . . . ,

xi−1

xj
,
1

xj
,
xi
xj
, . . . ,

xn
xj

)
,

♣❛r❛ i > j✱ ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C∞✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❝♦❧❡çã♦ ❞♦s

❛❜❡rt♦s Ui ❝♦❜r❡ RP n✱ ♦ ❝♦♥❥✉♥t♦ {(Ui, ϕi)} é ✉♠ ❛t❧❛s ♣❛r❛ ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ r❡❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✷✵✳ ❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ ❝♦♠♣❧❡①♦ CP n ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛ RP n✿

s❡✉s ♣♦♥t♦s sã♦ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ♥ã♦✲♥✉❧♦s ❡♠Cn+1 ♦❜t✐❞❛s ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦

❞❡ ♠ú❧t✐♣❧♦s ❡s❝❛❧❛r❡s ❡ s✉❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ é ❝♦♥str✉í❞❛ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳

■st♦ ❢❛③ ❞❡ CP n ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ ❞❡ ❞✐♠❡♥sã♦ 2n✳

❈♦♠♦ s❡rá út✐❧ ♠❛✐s ❛❞✐❛♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❡♠ ❞❡t❛❧❤❡s ❛ r❡t❛ ♣r♦❥❡t✐✈❛ ❝♦♠♣❧❡①❛✿

CP 1✳ ❙❡✉s ♣♦♥t♦s sã♦ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ♣❛r❡s ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ♥ã♦✲♥✉❧♦s

(z0, z1)✱ ♦♥❞❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ é ❞❡✜♥✐❞❛ ♣♦r (z0, z1) ∼ (λz0, λz1)✱ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦

♥ã♦✲♥✉❧♦ λ✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛✿ w0(z0, z1) = z1/z0✳ ❊st❛ ❢✉♥çã♦ ❡st❛ ❞❡✜♥✐❞❛



✶✳✶✳ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✶✶

❡♠ C2✱ ❡①❝❡t♦ ♣❡❧♦ ♣♦♥t♦ (0, 1)✱ ❡ t❛♠❜é♠ é ✉♠❛ ❜✐❥❡çã♦ ❡♠ CP 1✱ ❡①❝❡t♦ ♣❡❧❛ ❝❧❛ss❡ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ (0, 1)✳ ❉❡✜♥✐♠♦s w0 ♣❛r❛ q✉❡ ❛ss✉♠❛ ♦ ✈❛❧♦r ∞ ♥❡st❡ ♣♦♥t♦✳ ❆ss✐♠✱ ♣♦r

♠❡✐♦ ❞❡st❛ ❢✉♥çã♦✱ ❛ r❡t❛ ♣r♦❥❡t✐✈❛ ❝♦♠♣❧❡①❛ ✜❝❛ ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❡st❡♥❞✐❞♦

C ∪ {∞}✳ ▼❛✐s ❛✐♥❞❛✿ ✈ê✲s❡ q✉❡ CP 1 é ❤♦♠❡♦♠♦r❢❛ ❛ ❡s❢❡r❛ S2✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ r❡❣✐ã♦

U0 ⊂ CP 1 q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ♣❛r❡s (z0, z1) ♥ã♦✲♥✉❧♦s✱ ❝♦♠

z0 6= 0✳ ❊♠ U0✱ ✐♥tr♦❞✉③❛ ❝♦♦r❞❡♥❛❞❛s (u0, v0) ❞❡✜♥✐❞❛s ♣♦r

u0 + iv0 = w0(z0, z1) = z1/z0.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❡♠ ✉♠❛ r❡❣✐ã♦ U1 ⊂ CP 1 ❝♦♥st✐t✉í❞❛ ❞❡ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ♣❛r❡s

(z0, z1)✱ ❝♦♠ z1 6= 0✱ ❞❡✜♥❛ ❝♦♦r❞❡♥❛❞❛s (u1, v1) t❛✐s q✉❡

u1 + iv1 = w1(z0, z1) = z0/z1.

❈❧❛r❛♠❡♥t❡✱ ❛s r❡❣✐õ❡s U0 ❡ U1 ❝♦❜r❡♠ CP 1✳ ❆s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❡ (u0, v0) ♣❛r❛ (u1, v1)

♥❛ r❡❣✐ã♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❡ U0 ❡ U1 sã♦ ❞❛❞❛s ♣♦r

(u1, v1) =

(
u0

u20 + v20
,− v0

u20 + v20

)
.

❘❡♣❛r❡ q✉❡ ❡st❛ ❢ór♠✉❧❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❛s ♣r♦❥❡çõ❡s ❡st❡r❡♦❣rá✜❝❛s ❞♦

❊①❡♠♣❧♦ ✶✳✶✳✶✺✱ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ n = 2✳ P♦rt❛♥t♦ CP 1 ❡ S2 sã♦ ❤♦♠❡♦♠♦r❢♦s✳

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❛ ❝❛❞❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✈❡t♦r❡s ❞❡ Cn+1✱ ♥ós ♣♦❞❡♠♦s ❡s❝♦❧❤❡r

✉♠ ✈❡t♦r r❡♣r❡s❡♥t❛♥t❡ ❞❡ ♠ó❞✉❧♦ ✉♥✐tár✐♦✱ ♦✉ s❡❥❛✱ q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ |z0|2+· · ·+|zn|2 =

1✱ s✐♠♣❧❡s♠❡♥t❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ q✉❛❧q✉❡r ✈❡t♦r z = (z1, . . . , zn) ❞❛ ❝❧❛ss❡ ❝♦♥s✐❞❡r❛❞❛ ♣❡❧♦

❡s❝❛❧❛r λ = (
∑

α |zα|)
−1/2✳ ❖ ✈❡t♦r r❡s✉❧t❛♥t❡ é ú♥✐❝♦✱ ❛ ♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❡s❝❛❧❛r❡s

❝♦♠♣❧❡①♦s ❞❡ ♠ó❞✉❧♦ ✶✳ ❆ ❝♦♥❝❧✉sã♦ q✉❡ t✐r❛♠♦s ❞❛í é q✉❡ ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ ❝♦♠♣❧❡①♦

CP n ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞❛ ❡s❢❡r❛ S2n+1 ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s eiθz✱ θ ∈ [0, 2π]✱
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❞❛ ❡s❢❡r❛ ❝♦♠ z✳ ❖❜t❡♠♦s ❛ss✐♠ ✉♠❛ ❛♣❧✐❝❛çã♦

S2n+1 // CP n,

❝✉❥❛ ♣ré✲✐♠❛❣❡♠ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ CP n é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐✲

tár✐❛ S1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ n = 1✱ ❡st❛ ❛♣❧✐❝❛çã♦ é

S3 // S2, (z0, z1) 7→ w =
z1
z0
, |z0|2 + |z1|2 = 1.

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✶✳ ❙❡ {(Uα, ϕα)} ❡ {(Vβ, ψβ)} sã♦ ❛t❧❛s ❡♠ ❞✉❛s ✈❛r✐❡❞❛❞❡s M ❡ N ✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦

{(Uα × Vβ, ϕα × ψβ : Uα × Vβ // Rm+n)}

é ✉♠ ❛t❧❛s ♣❛r❛ ♦ ♣r♦❞✉t♦ M × N ❞❡st❡s ❡s♣❛ç♦s✱ ♦ q✉❡ ❢❛③ ❞❡ M × N ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡

❞✐♠❡♥sã♦ m+ n✳

❉❡♠♦♥str❛çã♦✳ ❆ ú♥✐❝❛ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ ✐♥t❡✐r❛♠❡♥t❡ ó❜✈✐❛ q✉❡ ♣r❡❝✐s❛ s❡r ❛✈❡r✐❣ü❛❞❛ tr❛t❛

❞❛ s✉❛✈✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳ ❊❧❛s sã♦ s✉❛✈❡s✱ ♣♦✐s ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦

(ϕα × ψβ) ◦ (ϕα′ × ψβ′)−1 = (ϕα ◦ ϕ−1
α′ )× (ψβ ◦ ψβ′)

t❡♠ ❢✉♥çõ❡s ❝♦♠♣♦♥❡♥t❡s s✉❛✈❡s✳

❈♦♠ ❡st❛ ♣r♦♣♦s✐çã♦ ❣❛♥❤❛♠♦s ♠✉✐t♦s ♦✉tr♦s ❡①❡♠♣❧♦s ❞❡ ✈❛r✐❡❞❛❞❡s✳ ❉❡st❛❝❛♠♦s ❞♦✐s

❞❡❧❡s✳

❊①❡♠♣❧♦ ✶✳✶✳✷✷✳ ❖ ❝✐❧✐♥❞r♦ ✐♥✜♥✐t♦ S1 ×R ❡ ♦ n✲t♦r♦ T n = S1 × · · · × S1 ✭n ✈❡③❡s S1✮ sã♦

✈❛r✐❡❞❛❞❡s✳

❆tr❛✈és ❞❛s ❝❛rt❛s ❛❞♠✐ssí✈❡✐s ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ é ♣♦ssí✈❡❧ tr❛♥s❢❡r✐r ❛ ♥♦çã♦ ❞❡

❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ♣❛r❛ ❡st❛ ✈❛r✐❡❞❛❞❡✳



✶✳✶✳ ❱❛r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✶✸

❉❡✜♥✐çã♦ ✶✳✶✳✷✸✳ ❙❡❥❛♠M ❡N ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦m ❡ n r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠❛ ❢✉♥çã♦

F : N //M é ❞❡ ❝❧❛ss❡ C∞ ❡♠ ✉♠ ♣♦♥t♦ p ❞❡ N s❡ ❡①✐st❡ ✉♠❛ ❝❛rt❛ ❛❞♠✐ssí✈❡❧ (V, ψ)

❞❡ M ❝♦♥t❡♥❞♦ F (p) ❡ ✉♠❛ ❝❛rt❛ ❛❞♠✐ssí✈❡❧ (U, ϕ) ❞❡ N ❝♦♥t❡♥❞♦ p t❛❧ q✉❡ ❛ ❝♦♠♣♦s✐çã♦

ψ ◦ F ◦ ϕ−1 : ϕ(U) ⊂ Rn // ψ(V ) ⊂ Rm

é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞ ❡♠ ϕ(p)✳ ❉✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦ F : N //M é ❞❡ ❝❧❛ss❡ C∞ ♦✉

s✉❛✈❡ s❡ ❡❧❛ é ❞❡ ❝❧❛ss❡ C∞ ❡♠ t♦❞♦ ♣♦♥t♦ ❞❡ N ✳ ❙❡ F ❢♦r ✉♠❛ ❜✐❥❡çã♦ s✉❛✈❡✱ ❝♦♠ ✐♥✈❡rs❛

t❛♠❜é♠ s✉❛✈❡✱ ❡♥tã♦ ❝❤❛♠❛♠♦s F ❞❡ ❞✐❢❡♦♠♦r✜s♠♦✳

P♦❞❡♠♦s ✈❡r q✉❡ ❡st❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ (U, ϕ) ❝♦♥s✐❞❡r❛❞❛✱ ♣♦✐s s❡ (V, ϕ′) é

✉♠❛ ♦✉tr❛ ❝❛rt❛ ❡♠ p ∈M ✱ ❡♥tã♦✱ ❡♠ ϕ′(U ∩ V )✱

ψ ◦ F ◦ (ϕ′)−1 = (ψ ◦ F ◦ ϕ−1) ◦ (ϕ ◦ (ϕ′)−1),

q✉❡ é ❞❡ ❝❧❛ss❡ C∞ ❡♠ ϕ′(p)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✿ ❛t❧❛s ❝♦♠♣❛tí✈❡✐s ❢♦r♥❡❝❡♠ ❛ ♠❡s♠❛

♥♦çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✳ ➱ ♣♦r ❡st❛ r❛③ã♦ q✉❡ ❞❡✜♥✐♠♦s ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ ✉♠❛

✈❛r✐❡❞❛❞❡ ❝♦♠♦ s❡♥❞♦ ✉♠ ❛t❧❛s ♠❛①✐♠❛❧✳

❆❧é♠ ❞✐ss♦✱

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✹✳ ❙❡ F : N //M ❡ G :M // P sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C∞ ❞❡✜♥✐❞❛s ❡♠

✈❛r✐❡❞❛❞❡s✱ ❡♥tã♦ ❛ ❝♦♠♣♦s✐çã♦ G ◦ F : N // P t❛♠❜é♠ é ❞❡ ❝❧❛ss❡ C∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ❞❡ N ✳ ❈♦♠♦ F ❡ G sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C∞✱ ❡①✐st❡♠ ❝❛rt❛s

(U, ϕ) ❞❡ N ✱ (V, ψ) ❞❡ M ❡ (W,σ) ❞❡ P ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ p✱ F (p) ❡ G(F (p))✱ t❛✐s q✉❡

ψ ◦ F ◦ ϕ−1 : ϕ(U) // ψ(V ) ❡ σ ◦G ◦ ψ : ψ(V ) // σ(W )
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sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡s C∞✳ ❆ss✐♠✱

σ ◦ (G ◦ F ) ◦ ϕ−1 = (σ ◦G ◦ ψ−1) ◦ (ψ ◦ F ◦ ϕ−1) : ϕ(U) // σ(W )

é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞ ❡♠ σ(ϕ(p))✳ ❈♦♠♦ p é ❛r❜✐trár✐♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ G ◦ F é

✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C∞ ❡♠ t♦❞♦ N ✳

✶✳✷ ❊s♣❛ç♦s t❛♥❣❡♥t❡s

❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ Rn ❡♠ ✉♠ ♣♦♥t♦ p ∈ Rn é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ TpRn =

{(p, v) | v ∈ Rn}✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s ❞❡♥♦♠✐♥❛♠♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s✳ ❊st❡ ❝♦♥❥✉♥t♦ ❛❞♠✐t❡ ✉♠❛

❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ó❜✈✐❛✱ ❛ ♣❛rt✐r ❞❛ q✉❛❧ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ♣♦❞❡ s❡r ♥❛t✉r❛❧♠❡♥t❡

✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ Rn✳ P♦❞❡♠♦s t❛♠❜é♠ ♦❧❤❛r ♣❛r❛ TpRn ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❞❡

Rn ❝♦♠ ♦r✐❣❡♠ ❡♠ p✳ ❊st❛ ❞✐st✐♥çã♦ é ♣❛rt✐❝✉❧❛r♠❡♥t❡ út✐❧ ♥❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛

✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ S ⊂ Rn ❞❡ ❞✐♠❡♥sã♦ k✱ ❡♠ ✉♠ ❞❛❞♦ ♣♦♥t♦ p ∈ S✿ TpS é ♦ s✉❜❡s♣❛ç♦ ❞❡

TpR
n ❝♦♥st✐t✉í❞♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s (p, v) ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠❛ ❝✉r✈❛ s✉❛✈❡

γ : (0, 1) // S s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s γ(0) = p ❡ γ′(0) = v✳

❱❡t♦r❡s t❛♥❣❡♥t❡s (p, v) ∈ TpR
n ❛t✉❛♠ ❡♠ ❢✉♥çõ❡s f : U //R ❞❡✜♥✐❞❛s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❛❜❡rt❛ U ❞♦ ♣♦♥t♦ p ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞❛❞❛ ✉♠❛ ❝✉r✈❛ γ : (0, 1) // U t❛❧ q✉❡ γ(0) = p ❡

γ′(0) = v✱ ❢❛③❡♠♦s (p, v)(f) ❝♦rr❡s♣♦♥❞❡r à ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡ f ❡♠ p ♥❛ ❞✐r❡çã♦ v✱ ✐st♦

é✱

(p, v)(f) =
d

dt
(f ◦ γ)(0).

❊st❛ ♦♣❡r❛çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❝✉r✈❛ γ✱ ❡st❛♥❞♦✱ ♣♦r ✐ss♦✱ ❜❡♠✲❞❡✜♥✐❞❛✳

❈♦♠♦ s❛❜❡♠♦s ❞♦ ❝✉rs♦ ❞❡ ❛♥á❧✐s❡✱ ❞✉❛s ❢✉♥çõ❡s q✉❡ t♦♠❛♠ ✈❛❧♦r❡s r❡❛✐s ❡ q✉❡ ❝♦✐♥❝✐❞❡♠

❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ p tê♠ ❛s ♠❡s♠❛s ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ❡♠ p✳ ❆ r❡❧❛çã♦

q✉❡ ✐❞❡♥t✐✜❝❛ t❛✐s ❢✉♥çõ❡s é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❝✉❥❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ sã♦ ♦s



✶✳✷✳ ❊s♣❛ç♦s t❛♥❣❡♥t❡s ✶✺

❣❡r♠❡s ❡♠ p✳ ❆ ❝❛❞❛ ✈❡t♦r t❛♥❣❡♥t❡ (p, v) ❡♠ TpR
n✱ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❡♠ p ❢♦r♥❡❝❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Dv ❞❡✜♥✐❞❛ ♥❛ á❧❣❡❜r❛ r❡❛❧ G̃p ❞❡ t♦❞♦s ♦s ❣❡r♠❡s ❡♠ p✱ q✉❡ s❛t✐s❢❛③ ❛

r❡❣r❛ ❞❡ ▲❡✐❜♥✐③✿

Dv([f ][g]) = Dv([f ])g(p) + f(p)Dv([g]),

♣❛r❛ t♦❞♦ [f ], [g] ∈ G̃p✳ ❙❡❣✉♥❞♦ ❡st❛ ❛ss♦❝✐❛çã♦✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❞❡

❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ♥♦ ♣♦♥t♦ p✱
∂

∂x1

∣∣∣∣
p

, . . . ,
∂

∂xn

∣∣∣∣
p

,

❝♦♥st✐t✉❡♠ ✉♠❛ ❜❛s❡ ♣❛r❛ TpRn✳

❊s♣❛ç♦s t❛♥❣❡♥t❡s ❡ ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s sã♦ ❝♦♥❝❡✐t♦s ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ❡♠ ❣❡♦♠❡tr✐❛✳

P♦r ✐ss♦ ✈❛♠♦s ❣❡♥❡r❛❧✐③á✲❧♦s ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛r❜✐trár✐❛ M ❞❡ ❞✐♠❡♥sã♦ n✳ ❊①✐st❡♠

♠✉✐t❛s ♠❛♥❡✐r❛s ❞❡ s❡ ❢❛③❡r ✐ss♦✱ ♠❛s ❛♣r❡s❡♥t❛♠♦s ❛♣❡♥❛s ❞✉❛s ❞❡❧❛s✱ ❝✉❥❛s ✐❞é✐❛s sã♦

❛♥á❧♦❣❛s ❛s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞✐s❝✉t✐r✳ ▼♦str❛✲s❡ ❡♠ ❬✸❪✱ ♣✳ ✼✲✾✱ q✉❡ ❡❧❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡s❝r✐çã♦ ✶✿ ❆ ♣r✐♠❡✐r❛ ❞❡s❝r✐çã♦ q✉❡ ❢♦r♥❡❝❡♠♦s é ♠❛✐s ❣❡♦♠étr✐❝❛✳ ❈♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦

p ♥❛ ✈❛r✐❡❞❛❞❡ M ✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠❛ ❝✉r✈❛ ❡♠ M q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ p ∈ M é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

γ : (0, 1) // M t❛❧ q✉❡ γ(0) = p✳ ❉✉❛s ❝✉r✈❛s γ1 ❡ γ2 ❡♠ M q✉❡ ♣❛ss❛♠ ♣❡❧♦ ♣♦♥t♦ p

❞❡t❡r♠✐♥❛♠ ❛ ♠❡s♠❛ ❞✐r❡çã♦ t❛♥❣❡♥t❡ ❡♠ p s❡✱ ♣❛r❛ ❛❧❣✉♠❛ ❝❛rt❛ ❛❞♠✐ssí✈❡❧ (U, ϕ) ❞❡ M

❡♠ p✱ t❡♠✲s❡
d

dt
(ϕ ◦ γ1)(0) =

d

dt
(ϕ ◦ γ1)(0)

❖❜s❡r✈❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝✉r✈❛s t❛♥❣❡♥t❡s ✐♥❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ (U, ϕ) ❝♦♥s✐❞❡r❛❞❛✳ ◆♦t❡

t❛♠❜é♠ q✉❡ ❛ r❡❧❛çã♦ ❞❡ t❛♥❣ê♥❝✐❛ ❡♥tr❡ ❝✉r✈❛s ❡♠ M q✉❡ ♣❛ss❛♠ ♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦ p é

✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❯♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ r❡❧❛çã♦ é ❞❡♥♦t❛❞❛ ♣♦r [γ]✱

♦♥❞❡ γ é ❛❧❣✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❝❧❛ss❡ ❡♠ q✉❡stã♦✳
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❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❈❤❛♠❛♠♦s ❛ ❝❧❛ss❡ [γ] ❞❡ ✈❡t♦r t❛♥❣❡♥t❡ ❛ M ♥♦ ♣♦♥t♦ p ❡ ♦ ❝♦♥❥✉♥t♦

TpM ❞♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ M ❡♠ p ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ M ♥♦ ♣♦♥t♦ p✳

❈♦♠♦ ♥♦ ❝❛s♦ r❡❛❧✱ TpM t❛♠❜é♠ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✱ s❡♥❞♦

✐s♦♠♦r❢♦ ❛♦ ♣ró♣r✐♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ Rn✳ ❉❡st❛ ✈❡③✱ ❡♥tr❡t❛♥t♦✱ ♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ TpM ❡

Rn ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❉❡s❝r✐çã♦ ✷✿ ❊st❛ s❡❣✉♥❞❛ ❞❡s❝r✐çã♦ é ♠❛✐s ✈❛♥t❛❥♦s❛ ♣♦r ♥ã♦ r❡❝♦rr❡r ❛ ♥❡♥❤✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❊♥tr❡t❛♥t♦✱ ❡❧❛ é ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ♠❡♥♦s ✐♥t✉✐t✐✈❛✳ ◆♦✈❛♠❡♥t❡✱ ✜①❡ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛♠ f : U //R ❡ g : V //R ❞✉❛s ❢✉♥çõ❡s s✉❛✈❡s ❞❡✜♥✐❞❛s ❡♠ ✈✐③✐♥❤❛♥ç❛s

❛❜❡rt❛s U ⊂ M ✱ V ⊂ M ❞❡ p✳ ❉✐③❡♠♦s q✉❡ f ❡ g ❞❡✜♥❡♠ ♦ ♠❡s♠♦ ❣❡r♠❡ ❡♠ p s❡ ❡①✐st❡

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ W ⊂M ❞❡ p ❝♦♥t✐❞❛ ♥❛ ✐♥t❡rs❡❝çã♦ U ∩ V ✱ ♦♥❞❡ ❛s r❡str✐çõ❡s f |W ❡

g|W ❝♦✐♥❝✐❞❡♠✳

❈❧❛r❛♠❡♥t❡✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ❢✉♥çõ❡s q✉❡ ❞❡✜♥❡♠ ♦ ♠❡s♠♦ ❣❡r♠❡ ❡♠ ✉♠ ♣♦♥t♦ p ❞❡ M é

✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❡♥♦t❛♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ r❡❧❛çã♦ ♣♦r [f ]✱

♦♥❞❡ f é ❛❧❣✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ♣ró♣r✐❛ ❝❧❛ss❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❉✐③❡♠♦s q✉❡ [f ] é ♦ ❣❡r♠❡ ❞❛ ❢✉♥çã♦ f ♥♦ ♣♦♥t♦ p✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s ♥♦ ♣♦♥t♦ p é r❡♣r❡s❡♥t❛❞♦ ♣♦r G̃p✳ P♦❞❡♠♦s ❢❛③❡r ❞❡❧❡

✉♠❛ á❧❣❡❜r❛ r❡❛❧ s❡ ❞❡✜♥✐r♠♦s s♦♠❛✱ ♣r♦❞✉t♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

[f ] + [g] := [f + g], [f ][g] := [fg] ❡ λ[f ] := [λf ],

❝♦♠ λ ∈ R ❡ (fg)(q) = f(q)g(q)✱ q ∈M ✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❯♠ ✈❡t♦r t❛♥❣❡♥t❡ ❛ M ♥♦ ♣♦♥t♦ p é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ G̃p✱ ♦✉ s❡❥❛✱

✉♠❛ ❢✉♥çã♦ v : G̃p // Rn t❛❧ q✉❡



✶✳✷✳ ❊s♣❛ç♦s t❛♥❣❡♥t❡s ✶✼

✶✳ v(λ[f ] + µ[g]) = λv([f ]) + µv([g])✱ ♣❛r❛ t♦❞♦ λ, µ ∈ R ❡ [f ], [g] ∈ G̃p✳

✷✳ v([f ][g]) = v([f ])g(p) + f(p)v(g)✱ ♣❛r❛ t♦❞♦ [f ], [g] ∈ G̃p✳

❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❛ M ♥♦ ♣♦♥t♦ p é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ M

♥♦ ♣♦♥t♦ p✳

◆❛t✉r❛❧♠❡♥t❡ ✈ê✲s❡ q✉❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✱ ♣♦rq✉❡ ❝♦♠❜✐♥❛çõ❡s

❧✐♥❡❛r❡s ❞❡ ❞❡r✐✈❛çõ❡s t❛♠❜é♠ sã♦ ❞❡r✐✈❛çõ❡s✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

TpM ✱ ❝♦♥s✐❞❡r❡ ♦s ✐❞❡❛✐s

Gp = {[f ] ∈ G̃p | f(p) = 0} ❡ G2
p = GpGp

❞❡ G̃p✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✻✳ ❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM é ✐s♦♠♦r❢♦ ❛♦ ❡s♣❛ç♦ ❞✉❛❧ ❞♦ q✉♦❝✐❡♥t❡ Gp/G2
p ✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡✱ s❡ [c] ∈ G̃p é ♦ ❣❡r♠❡ ❞❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ f(x) = c ∈ R✱ ❡♥tã♦

v([c]) = 0 ♣❛r❛ t♦❞♦ v ∈ TpM ✳ ❉❡ ❢❛t♦✱ ♣♦✐s t❡♠♦s q✉❡ v([c]) = cv([1]) ❡ q✉❡ v([1]) = 0✱ ❥á

q✉❡

v([1]) = v([1] · [1]) = v([1])1 + 1v([1]) = 2v([1]).

❆ss✐♠✱ s❡ [f ] ∈ G̃p ❡ f(p) = c✱ ✈❡♠♦s q✉❡

v([f ]) = v([f ])− v([c]) = v([f ]− [c]),

♦ q✉❡ ♠♦str❛ q✉❡ ♦ ✈❡t♦r t❛♥❣❡♥t❡ v ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ✐❞❡❛❧ Gp✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❛s ❞❡r✐✈❛çõ❡s s❡ ❛♥✉❧❛♠ ♥♦s ❣❡r♠❡s ❞❡ G2
p ✱ ❥á q✉❡ ♣❛r❛ [f ], [g] ∈ Gp t❡♠♦s f(p) = g(p) = 0

❡ v([f ][g]) = v[f ]g(p) + f(p)v([g])✳ P♦rt❛♥t♦✱ t♦❞♦ ✈❡t♦r t❛♥❣❡♥t❡ v ∈ TpM ❞❡t❡r♠✐♥❛ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r v : Gp // R q✉❡ s❡ ❛♥✉❧❛ ❡♠ G2
p ✳
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❆❣♦r❛✱ ❞❛❞❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T ∈ (Gp/G2
p)

∗✱ ❞❡✜♥❛ v : G̃p // R ♣♦r v([f ]) =

T ([f ]) − [f(p)]✳ ❈❧❛r❛♠❡♥t❡ v é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ v t❛♠❜é♠ é ✉♠❛

❞❡r✐✈❛çã♦ ❡♠ G̃p✱ ✉♠❛ ✈❡③ q✉❡

0 = T (([f ]− [f(p)])([g]− [g(p)]))

= T ([f ][g]− [f ]g(p)− f(p)[g] + [f(p)g(p)])

= T (([f ][g]− [f(p)g(p)])− (([f ]− [f(p)])g(p) + f(p)([g]− g[g(p)])))

= v([f ][g])− (v([f ])g(p) + f(p)v([g])).

♣❛r❛ t♦❞♦ [f ], [g] ∈ G̃p✳

❖❜t❡♠♦s ❛ss✐♠ ❛♣❧✐❝❛çõ❡s ❞❡ TpM ❡♠ (Gp/G2
p)

∗ ❡ ✈✐❝❡✲✈❡rs❛✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❡❧❛s sã♦

✐♥✈❡rs❛s ✉♠❛ ❞❛ ♦✉tr❛ ❡ q✉❡✱ ♣♦rt❛♥t♦✱ sã♦ ✐s♦♠♦r✜s♠♦s✳

❊st❡ r❡s✉❧t❛❞♦ ❡ ♦ s❡❣✉✐♥t❡ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ M ❡♠

✉♠ ♣♦♥t♦ p ❛ ♣❛rt✐r ❞❛ ❞✐♠❡♥sã♦ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳

▲❡♠❛ ✶✳✷✳✼✳ ❙❡ g é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ Ck✱ k ≥ 2✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U

❞❡ ✉♠ ♣♦♥t♦ p ∈ Rn✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ q ∈ U ✱ t❡♠✲s❡

g(q) = g(p) +
n∑

i=1

∂g

∂xi

∣∣∣∣
p

(xi(q)− xi(p))

+
∑

i,j

(xi(q)− xi(p))(xj(q)− xj(p))

∫ 1

0

(1− t)
∂2g

∂xi∂xj

∣∣∣∣
(p+t(q−p))

dt.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ g é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ ❡♥tã♦ ❛ s❡❣✉♥❞❛ s♦♠❛ ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❞❡t❡r♠✐♥❛

✉♠ ❡❧❡♠❡♥t♦ ❞❡ G2
p ✱ ✉♠❛ ✈❡③ q✉❡ ❛ ✐♥t❡❣r❛❧✱ ❡♥q✉❛♥t♦ ❢✉♥çã♦ ❞❡ q✱ é ❞❡ ❝❧❛ss❡ C∞✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻❪✱ ♣✳ ✶✸✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✽✳ ❆s ❞✐♠❡♥sõ❡s dimTpM ❡ dimM sã♦ ❛s ♠❡s♠❛s✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (U, ϕ) = (U, x1, . . . , xn) ✉♠❛ ❝❛rt❛ ❛❞♠✐ssí✈❡❧ ❞❡ M ✱ ❝♦♠ p ∈ U ✳ ❙❡❥❛

[f ] ∈ Gp ❡ ❞❡♥♦t❡ ♣♦r (r1, . . . , rn) ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛♥ô♥✐❝♦ ❞❡ Rn✳ ❆♣❧✐❝❛♥❞♦ ♦

❧❡♠❛ ❛♥t❡r✐♦r à ❢✉♥çã♦ f ◦ ϕ−1 ❡ ❝♦♠♣♦♥❞♦ ❝♦♠ ϕ ♦❜t❡♠♦s q✉❡

f =
n∑

i=1

∂(f ◦ ϕ−1)

∂ri

∣∣∣∣
ϕ(p)

(xi − xi(p)) +
∑

i,j

(xi − xi(p))(xj − xj(p))hij

♥❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱ ♦♥❞❡ hij sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳ ❆ss✐♠✱

[f ] =
n∑

i=1

∂(f ◦ ϕ−1)

∂ri

∣∣∣∣
ϕ(p)

[xi − xi(p)]mod G2
p.

P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦

{[xi − xi(p)] | i = 1, . . . , n}

❣❡r❛ Gp/G2
p ✳ ❆✜r♠❛♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡st❡ ❝♦♥❥✉♥t♦ t❛♠❜é♠ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡s✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡
n∑

i=1

ai[xi − xi(p)] ∈ G2
p .

❈♦♠♦
n∑

i=1

ai(xi − xi(p)) ◦ ϕ−1 =
n∑

i=1

ai(ri − ri(ϕ(p))),

❡♥tã♦
n∑

i=1

ai[ri − ri(ϕ(p))] ∈ G2
ϕ(p).

■st♦ ✐♠♣❧✐❝❛ q✉❡
∂

∂rj

∣∣∣∣
ϕ(p)

(
n∑

i

ai(ri − ri(ϕ(p)))

)
= 0,

♣❛r❛ t♦❞♦ j = 1, . . . , n✳ ▲♦❣♦✱ ai = 0 ♣❛r❛ t♦❞♦ i = 1, . . . , n✳

❖❜s❡r✈❡ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ é ✐♥trí♥s❡❝♦✱ ♦✉ s❡❥❛✱ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ✉s♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♠✉✐t♦

❡♠❜♦r❛ ♦ ✉s♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❢♦✐ ♥❡❝❡ssár✐♦ ❡♠ s✉❛ ❞❡♠♦♥str❛çã♦✳
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◆❛ ♣rát✐❝❛✱ ♥ós ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦s ❛r❣✉♠❡♥t♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s sã♦ ❢✉♥çõ❡s✱ ❛♦ ✐♥✈és

❞❡ ❣❡r♠❡s✳ ❙❡ f é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ∈ M ❡ v ∈ TpM ✱

❞❡✜♥✐♠♦s v(f) = v([f ])✳ ❆ss✐♠✱ v(f) = v(g) s❡♠♣r❡ q✉❡ f ❡ g ❝♦✐♥❝✐❞❡♠ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ p ❡✱ ❝❧❛r❛♠❡♥t❡✱ ♣❛r❛ λ✱ µ ∈ R✱

v(λf + µg) = λv(f) + µv(g) ❡ v(fg) = f(p)v(g) + g(p)v(f),

♥❛ ✐♥t❡rs❡❝çã♦ ❞♦s ❞♦♠í♥✐♦s ❞❡ f ❡ g✳

❉❡✜♥✐çã♦ ✶✳✷✳✾✳ ❙❡❥❛ (U, ϕ) = (U, x1, . . . , xn) ✉♠❛ ❝❛rt❛ ❞❡ M ❡♠ p ❡ f ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✳ P❛r❛ ❝❛❞❛ i = 1, . . . , n ❞❡✜♥✐♠♦s ✉♠ ✈❡t♦r t❛♥❣❡♥t❡

∂/∂xi|p ∈ TpM ♣♦r
∂

∂xi

∣∣∣∣
p

(f) =
∂f

∂xi

∣∣∣∣
p

=
∂(f ◦ ϕ−1)

∂ri

∣∣∣∣
ϕ(p)

.

❈❤❛♠❛♠♦s ∂f/∂xi|p ❞❡ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡ f ❡♠ p ♥❛ ❞✐r❡çã♦ ❞❡ xi✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛s ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ∂f/∂xi|p ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞♦ ❣❡r♠❡ ❞❛

❢✉♥çã♦ f ❡♠ p ❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {∂/∂x1, . . . , ∂/∂xn} ❞❡ t♦❞❛s ❡❧❛s é ✉♠❛ ❜❛s❡ ❞❡ TpM ✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❙❡❥❛ F : N // M ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s✳ ❆ ❝❛❞❛

♣♦♥t♦ p ❞❡ N ✱ ❛ ❢✉♥çã♦ F ✐♥❞✉③ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❡♥tr❡ ❡s♣❛ç♦s t❛♥❣❡♥t❡s✱ ❝❤❛♠❛❞❛

❞✐❢❡r❡♥❝✐❛❧ ❞❡ F ❡♠ p✱ ❞❛❞❛ ♣♦r

dFp : TpN // TF (p)M, v 7→ dFp(v)(f) := v(f ◦ F ),

♣❛r❛ t♦❞❛ ❢✉♥çã♦ s✉❛✈❡ f ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ F (p)✳

❙❡❥❛♠ F : N //M ❡ G :M //P ❢✉♥çõ❡s s✉❛✈❡s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ❡ p ∈ N ✳ ❆s ❞✐❢❡r❡♥❝✐❛✐s

❞❡ F ❡♠ p ❡ ❞❡ G ❡♠ F (p) sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✿

TpN
dFp // TF (p)M

dGF (p) // TG(F (p))P.
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Pr♦♣♦s✐çã♦ ✶✳✷✳✶✶ ✭❘❡❣r❛ ❞❛ ❝❛❞❡✐❛✮✳ ❙❡ F : N //M ❡ G : M // P sã♦ ❢✉♥çõ❡s s✉❛✈❡s

❞❡ ✈❛r✐❡❞❛❞❡s ❡ p ∈ N ✱ ❡♥tã♦

d(G ◦ F )p = dGF (p) ◦ dFp.

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❈♦r♦❧ár✐♦ ✶✳✷✳✶✷✳ ❙❡ F : N // M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❡ p ∈ N ✱ ❡♥tã♦

dFp : TpN // TF (p)M é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❈♦r♦❧ár✐♦ ✶✳✷✳✶✸ ✭■♥✈❛r✐â♥❝✐❛ ❞❛ ❞✐♠❡♥sã♦✮✳ ❙❡ ✉♠ ❛❜❡rt♦ U ❞❡ Rn é ❞✐❢❡♦♠♦r❢♦ ❛ ✉♠

❛❜❡rt♦ V ❞❡ Rm✱ ❡♥tã♦ n = m✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❙❡❥❛♠ (U, x1, . . . , xn) ❡ (V, y1, . . . , ym) ❝❛rt❛s ❡♠ p ❡ ϕ(p)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛❞❛ ✉♠❛

❛♣❧✐❝❛çã♦ s✉❛✈❡ F :M //N ✱ ♠♦str❛✲s❡ q✉❡

dFp

(
∂

∂xi

∣∣∣∣
p

)
=

n∑

j

∂(yj ◦ F )
∂xi

∣∣∣∣
p

∂

∂yj

∣∣∣∣
F (p)

.

❉❡✜♥✐çã♦ ✶✳✷✳✶✹✳ ❆ ♠❛tr✐③ [
∂(yj ◦ F )
∂xi

]

é ❝❤❛♠❛❞❛♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ F ❡♠ r❡❧❛çã♦ ❛s ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s (U, x1, . . . , xn)

❡ (V, y1, . . . , ym)✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✺✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛

✉♠ ✈❡t♦r t❛♥❣❡♥t❡ v ∈ TpM ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✳
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✶✳✸ ❋✐❜r❛❞♦s t❛♥❣❡♥t❡s

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✳ ❈♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ é ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ❛ ❢❛✲

♠í❧✐❛ ❞❡ t♦❞♦s ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❛ M ✳ ◆♦ q✉❡ s❡❣✉❡✱ (r1, . . . , rn) ❞❡♥♦t❛ ♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ❝❛♥ô♥✐❝♦ ❞❡ Rn✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❖ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡M é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ t♦❞♦s

♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❛ M ✿

TM =
⊔

p∈M

TpM =
⋃

p∈M

{p} × TpM.

❱❛♠♦s ❢❛③❡r ❞❡ TM ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✳ ❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♥❡st❛ ❞✐r❡çã♦ é ❢♦r♥❡❝❡r ✉♠❛

t♦♣♦❧♦❣✐❛ ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦✳ ❙❡❥❛ (U, ϕ) = (U, x1, . . . , xn) ✉♠❛ ❝❛rt❛ ❛❞♠✐ssí✈❡❧ ❞❡ M ✳ ❙❡

p é ✉♠ ♣♦♥t♦ ❡♠ U ✱ ❥á ❛r❣✉♠❡♥t❛♠♦s q✉❡ ✉♠❛ ❜❛s❡ ♣❛r❛ TpM é {∂/∂x1|p, . . . , ∂/∂xn|p}✳

❆ss✐♠✱ ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ v ∈ TpM é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

v =
n∑

i=1

ai
∂

∂xi

∣∣∣∣
p

,

♦♥❞❡ ai = ai(v) ∈ R ❞❡♣❡♥❞❡ ❞❡ v✳ ◆♦t❡ q✉❡✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛ á❧❣❡❜r❛ ❞❡ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s

f : U //R ❞❡✜♥✐❞❛s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ p é ✐❞ê♥t✐❝❛ ❛ á❧❣❡❜r❛ ❞❡ ❣❡r♠❡s ❞❡ ❢✉♥çõ❡s

g :M // R ❞❡✜♥✐❞❛s ♥♦ ♠❡s♠♦ ♣♦♥t♦✳ P♦r ✐ss♦✱ TpU = TpM ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱

TU =
⊔

p∈U

TpU =
⊔

p∈U

TpM.

❈♦♠♦ TpM ❡ Rn t❛♠❜é♠ sã♦ ✐s♦♠♦r❢♦s✱ ❢❛③ s❡♥t✐❞♦ ❡♥tã♦ ❞❡✜♥✐r

ϕ̃ = (ϕ, dϕp) : TU // ϕ(U)× Rn

(p, v) 7→ (x1(p), . . . , xn(p), a1(v), . . . , an(v)).
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❖❜✈✐❛♠❡♥t❡✱ ϕ̃ é ✉♠❛ ❜✐❥❡çã♦✱ ❝♦♠ ✐♥✈❡rs❛ ❞❛❞❛ ♣♦r

(ϕ(p), a1, . . . , an) 7→
(
p,

n∑

i=1

ai
∂

∂xi

∣∣∣∣
p

)
.

P♦❞❡♠♦s ♣♦rt❛♥t♦ ✉s❛r ϕ̃ ♣❛r❛ ❡q✉✐♣❛r TU ❝♦♠ ✉♠❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❡

ϕ(U) × Rn✳ ❆ss✐♠✱ ✉♠ ❝♦♥❥✉♥t♦ A ❡♠ TU é ❛❜❡rt♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ̃(A) é ✉♠ ❛❜❡rt♦ ❞❡

ϕ(U)× Rn✳

❙❡❥❛ B ❛ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞❡ T (Uα)✱ ❞❡ t♦❞♦s ❛s ✈✐③✐♥❤❛♥ç❛s

❝♦♦r❞❡♥❛❞❛s Uα ❞❡ M ✳

▲❡♠❛ ✶✳✸✳✷✳ ❙❡❥❛♠ U ❡ V ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s ❡♠ M ✳ ❙❡ A é ❛❜❡rt♦ ❡♠ TU ❡ B é

❛❜❡rt♦ ❡♠ TV ✱ ❡♥tã♦ A ∩ B é ❛❜❡rt♦ ❡♠ T (U ∩ V )✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✶✷✵✳

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡st❡ ❧❡♠❛ q✉❡ B é ✉♠❛ ❜❛s❡ ♣❛r❛ ❛❧❣✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ TM ✳ ❊q✉✐♣❛♠♦s

♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❣❡r❛❞❛ ♣❡❧❛ ❜❛s❡ B✱ ♣❛r❛ ❛ q✉❛❧ ❝❛❞❛ ϕ̃α é ✉♠

❞✐❢❡♦♠♦r✜s♠♦✳

▲❡♠❛ ✶✳✸✳✸✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ M t❡♠ ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❝♦♥st✐t✉í❞❛ ❞❡ ✈✐③✐♥❤❛♥ç❛s ❝♦♦r✲

❞❡♥❛❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✶✷✵✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❖ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {Ui} ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ M ❝♦♥st✐t✉í❞❛ ❞❡ ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛✲

❞❛s✳ ❯♠❛ ✈❡③ q✉❡ TUi ❡ Ui × Rn sã♦ ❞✐❢❡♦♠♦r❢♦s✱ TUi é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ R2n✳

▲♦❣♦✱ t♦❞♦ TUi s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✳ P❛r❛ ❝❛❞❛ i✱ ❡s❝♦❧❤❛ ✉♠❛

❜❛s❡ ❡♥✉♠❡rá✈❡❧ {Bi,j} ❞❡ ❛❜❡rt♦s ♣❛r❛ TUi✳ ❊♥tã♦ ∪i,j{Bi,j} é ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ♣❛r❛ ♦

✜❜r❛❞♦ t❛♥❣❡♥t❡✳



✷✹ ✶✳ Pr❡❧✐♠✐♥❛r❡s

Pr♦♣♦s✐çã♦ ✶✳✸✳✺✳ ❖ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ (p, v) ❡ (p′, v′) ♣♦♥t♦s ❞✐st✐♥t♦s ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ✳ ❙❡ p 6= p′✱ ❡♥✲

tã♦ ❡st❡s ❞♦✐s ♣♦♥t♦s ♣♦❞❡♠ s❡r s❡♣❛r❛❞♦s ♣♦r ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉st❛s U ❡ V ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

■st♦ ✐♠♣❧✐❝❛ q✉❡ TU ❡ TV sã♦ s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡ ❛❜❡rt♦s ❞❡ TM ❝♦♠ (p, v) ∈ TU ❡

(p′, v′) ∈ V ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ p = p′✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛ U ⊂ M ❞❡

p✳ ❊♥tã♦✱ (p, v) ❡ (p′, v′) sã♦ ♣♦♥t♦s ❞✐st✐♥t♦s ♥♦ ❛❜❡rt♦ TU ≃ U × Rn✱ q✉❡ é ❞❡ ❍❛✉s❞♦r✛✳

❆ss✐♠✱ (p, v) ❡ (p′, v′) ♣♦❞❡♠ s❡r s❡♣❛r❛❞♦s ♣♦r ❛❜❡rt♦s ❞❡ TU ✳

❆❣♦r❛ é ♣r❡❝✐s♦ s♦♠❡♥t❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ M ♣❛r❛ ❝♦♥❝❧✉✐r

❡♥tã♦ q✉❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ A = {(Uα, ϕα)} ♣❛r❛ M ✳ ❊♥tã♦

{(TUα, ϕ̃α)} é ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ TM ✳

❉❡♠♦♥str❛çã♦✳ ➱ ❝❧❛r♦ q✉❡ TM = ∪αTUα✳ ❘❡st❛ ❡♥tã♦ ❛♣❡♥❛s ✈❡r✐✜❝❛r q✉❡ ♥❛ ✐♥t❡rs❡❝çã♦

(TUα) ∩ (TUβ)✱ ϕ̃α ❡ ϕ̃β sã♦ ❝♦♠♣❛tí✈❡✐s✳

❙❡❥❛♠ (U, x1, . . . , xn)✱ (V, y1, . . . , yn) ❞✉❛s ❝❛rt❛s ❞❡ M ✳ ❊♥tã♦✱ ♣❛r❛ p ∈ U ∩ V ✱ ❤á ❞✉❛s

❜❛s❡s ♣❛r❛ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱

{∂/∂x1|p, . . . , ∂/∂xn|p} ❡ {∂/∂y1 |p, . . . , ∂/∂yn|p},

❛ ♣❛rt✐r ❞❛s q✉❛✐s q✉❛❧q✉❡r ✈❡t♦r t❛♥❣❡♥t❡ v ∈ TpM t❡♠ ❞✉❛s ❞❡s❝r✐çõ❡s✿

n∑

j=1

aj
∂

∂xj

∣∣∣∣
p

= v =
n∑

i=1

bi
∂

∂yi

∣∣∣∣
p

.

❈♦♠♣❛r❛♥❞♦✲❛s✱ ✈❡♠♦s q✉❡

ak =

(
n∑

j=1

aj
∂

∂xj

∣∣∣∣
p

)
xk =

(
n∑

i=1

bi
∂

∂yi

∣∣∣∣
p

)
xk =

n∑

i=1

bi
∂xk
∂yi



✶✳✹✳ ■♠❡rsõ❡s ❡ s✉❜✈❛r✐❡❞❛❞❡s ✷✺

❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱

bk =
n∑

j=1

aj
∂yk
∂xj

∣∣∣∣
p

.

❊♥tã♦✱ ❡♠ Uα ∩ Uβ✱ ♥ós t❡♠♦s q✉❡

ϕ̃β ◦ ϕ̃−1
α : ϕα(Uα ∩ Uβ)× Rn // ϕβ(Uα ∩ Uβ)× Rn

é ❞❛❞❛ ♣♦r

(x, a1, . . . , an) 7→ (ϕβ ◦ ϕ−1
α (x), b1, . . . , bn),

♦♥❞❡ bk é ❝♦♠♦ ❛❝✐♠❛✳ P♦r ❝♦♥str✉çã♦✱ ❛s ❢✉♥çõ❡s ϕβ ◦ϕ−1
α ✱ ❝✉❥❛s ❢✉♥çõ❡s ❝♦♠♣♦♥❡♥t❡s sã♦ ♦s

yi✬s✱ sã♦ s✉❛✈❡s✳ ▲♦❣♦ ♦s yi✬s sã♦ ❢✉♥çõ❡s s✉❛✈❡s ♥❛s ✈❛r✐á✈❡✐s xj✬s✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ t♦❞❛s ❛s

❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ∂yi/∂xj|p sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳ P♦rt❛♥t♦✱ ϕ̃β ◦ ϕ̃−1
α sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳

❖❜s❡r✈❡ q✉❡✱ ✐♠♣❧✐❝✐t❛♠❡♥t❡✱ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛❞❛ ❛ TM ❡stá s❡♥❞♦ ❞❡✜♥✐❞❛ ❛

♣❛rt✐r ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳

✶✳✹ ■♠❡rsõ❡s ❡ s✉❜✈❛r✐❡❞❛❞❡s

❆s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s r❡✢❡t❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

❧♦❝❛✐s ❞❛ ❛♣❧✐❝❛çã♦✳ ❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❞✐st✐♥❣✉❡ ♦s ♣r✐♥❝✐♣❛✐s t✐♣♦s ❞❡ ❛♣❧✐❝❛çõ❡s s✉❛✈❡s

❡♥tr❡ ✈❛r✐❡❞❛❞❡s✿

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛ F :M //N ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳

✶✳ F é ❞✐t❛ ✉♠❛ ✐♠❡rsã♦ s❡ dFp : TpN //TF (p)M é ✉♠❛ ❢✉♥çã♦ ✐♥❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈ N ✳

✷✳ F é ❞✐t❛ ✉♠❛ s✉❜♠❡rsã♦ s❡ dFp : TpN //TF (p)M é ✉♠❛ ❢✉♥çã♦ s♦❜r❡❥❡t♦r❛ ♣❛r❛ t♦❞♦

p ∈ N ✳

❆s ✐♠❡rsõ❡s ❡ s✉❜♠❡rsõ❡s ♣♦ss✉❡♠ ❢♦r♠❛s ❝❛♥ô♥✐❝❛s ❧♦❝❛✐s✳ ❚♦❞❛s ❡❧❛s sã♦ ❝❛s♦s ♣❛rt✐❝✉✲

❧❛r❡s ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❣❡r❛❧✿
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❚❡♦r❡♠❛ ✶✳✹✳✷ ✭❚❡♦r❡♠❛ ❞♦ ♣♦st♦✮✳ ❙❡❥❛ F : N //M ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡ p ∈ N ✳ ❙❡ ❛

❛♣❧✐❝❛çã♦ dFq : TqN // TF (q)M t❡♠ ♣♦st♦ ❝♦st❛♥t❡ r ♣❛r❛ t♦❞♦ ♣♦♥t♦ q ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ p✱ ❡♥tã♦ ❡①✐st❡♠ ❝❛rt❛s (U, ϕ) ❡♠ p ❡ ❝❛rt❛s (V, ψ) ❡♠ F (p) t❛✐s q✉❡

ψ ◦ F ◦ ϕ−1(x1, . . . , xn) = (x1, . . . , xr, 0 . . . , 0).

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✶✵✻✳

❈♦r♦❧ár✐♦ ✶✳✹✳✸✳ ❙❡ F : N //M é ✉♠❛ ✐♠❡rsã♦✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ p ∈ N ✱ ❡①✐st❡♠

❝❛rt❛s (U, ϕ) ❡♠ p ❡ ❝❛rt❛s (V, ψ) ❡♠ F (p) t❛✐s q✉❡

(ψ ◦ F ◦ ϕ−1)(x1, . . . , xn) = (x1, . . . , xn, 0, . . . , 0).

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✶✵✾✳

❈♦r♦❧ár✐♦ ✶✳✹✳✹✳ ❙❡ F : N //M é ✉♠❛ s✉❜♠❡rsã♦✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ p ∈ N ✱ ❡①✐st❡♠

❝❛rt❛s (U, ϕ) ❡♠ p ❡ ❝❛rt❛s (V, ψ) ❡♠ F (p) t❛✐s q✉❡

(ψ ◦ F ◦ ϕ−1)(x1, . . . , xn) = (x1, . . . , xm).

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ♣✳ ✶✵✾✳

❖ q✉❡ ♦ ❈♦r♦❧ár✐♦ ✶✳✹✳✸ ❛✜r♠❛ é q✉❡ ✉♠❛ ✐♠❡rsã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n ❡♠

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m é ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ❛ ✐♥❝❧✉sã♦ ❞❡ Rn ❡♠ Rm✳ ❖ ❈♦r♦❧ár✐♦

✶✳✹✳✹✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦s ❞✐③ q✉❡ t♦❞❛ s✉❜♠❡rsã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n ❡♠ ✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m é ❝♦♠♦ ❛ ♣r♦❥❡çã♦ ❞❡ Rn ❡♠ Rm✳

❉❡✜♥✐çã♦ ✶✳✹✳✺✳ ❆ ✐♠❛❣❡♠ L ❞❡ ✉♠❛ ✐♠❡rsã♦ F : N // M é ❝❤❛♠❛❞❛ s✉❜✈❛r✐❡❞❛❞❡

✐♠❡rs❛ ❞❡ L✳

❊①✐st❡♠ ❞✉❛s t♦♣♦❧♦❣✐❛s ♥❛t✉r❛✐s ❡♠ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ✐♠❡rs❛ L✿



✶✳✹✳ ■♠❡rsõ❡s ❡ s✉❜✈❛r✐❡❞❛❞❡s ✷✼

✶✳ ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❡♠ L ♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❡ M ✳

✷✳ ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❡♠ L ♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❡ N ✳ ❖s ❛❜❡rt♦s ♥❡st❛ t♦♣♦❧♦❣✐❛ sã♦ ♦s

❝♦♥❥✉♥t♦s A ⊂ L t❛✐s q✉❡ F−1(A) sã♦ ❛❜❡rt♦s ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✹✳✻✳ ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❡♠ L ♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❛ ✈❛r✐❡❞❛❞❡ N é ❞❡♥♦♠✐♥❛❞❛

t♦❧♦♣♦❣✐❛ ✐♥trí♥s❡❝❛✳

❈♦♠♦ ✐♠❡rsã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ t♦❞♦ ❛❜❡rt♦ ❞❡ L ♣❡❧❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r M

é ✉♠ ❛❜❡rt♦ ❞❛ t♦♣♦❧♦❣✐❛ ✐♥trí♥s❡❝❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛s ❞✉❛s t♦♣♦❧♦❣✐❛s ♣♦❞❡♠ s❡r ❞✐❢❡r❡♥t❡s✳

❊①❡♠♣❧♦ ✶✳✹✳✼✳ ❙❡❥❛ N = R ❡ M = T 2✳ ◆ós ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r M ❝♦♠♦ ✉♠ q✉❛❞r❛❞♦

❞❡ ✈ért✐❝❡s ❡♠ (0, 0)✱ (1, 0)✱ (1, 1) ❡ (0, 1)✱ ♦♥❞❡ ♦s ♣♦♥t♦s ❞❡ s✉❛ ❢r♦♥t❡✐r❛✱ ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s

❞✐❢❡r❡♠ ♣♦r ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ ❡stã♦ ✐❞❡♥t✐✜❝❛❞♦s✱ ✐st♦ é✱ t♦♠❛r T 2 = R2/Z2✳ ❙❡❥❛ F :

N //M ❞❛❞❛ ♣♦r F (t) = (t, γt)modZ2✱ ♦♥❞❡ γ é ✉♠ ♥ú♠❡r♦ ✐rr❛❝✐♦♥❛❧✳ ❙❛❜❡♠♦s ❞❛ t❡♦r✐❛

❞♦s ♥ú♠❡r♦s q✉❡ {γm(mod1) | m ∈ Z} é ❞❡♥s♦ ❡♠ [0, 1]✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

T 2 ❝♦♠♦ ✉♠ q✉❛❞r❛❞♦ ♥♦ ♣❧❛♥♦ ✭❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❛♣r♦♣r✐❛❞❛ ❞❡ s❡✉s ❧❛❞♦s✮✱ ❛ ✐♠❛❣❡♠ ❞❡

F ✐♥t❡rs❡❝t❛ ♦ ✐♥t❡r✈❛❧♦ [0, 1] ❞♦ ❡✐①♦ ✈❡rt✐❝❛❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ❞❡ ♣♦♥t♦s✳ ❈♦♠♦ F (N)

❝♦♥s✐st❡ ❞❡ s❡❣♠❡♥t♦s r❡t✐❧í♥❡♦s ❡ ♣❛r❛❧❡❧♦s ♥♦ q✉❛❞r❛❞♦✱ F (N) é ❞❡♥s♦ ❡♠ M ✳ P♦rt❛♥t♦✱ ❛

t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❡♠ F (N) ♣❡❧❛ t♦♣♦❧♦❣✐❛ ❞❡ M ♥ã♦ é ❛ ♠❡s♠❛ q✉❡ ❛ t♦♣♦❧♦❣✐❛ ♦r✐❣✐♥❛❧ ❞❡

N ✳

❉❡✜♥✐çã♦ ✶✳✹✳✽✳ ❯♠❛ s✉❜✈❛r✐❡❞❛❞❡ ✐♠❡rs❛ é ❝❤❛♠❛❞❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡ r❡❣✉❧❛r ♦✉ s✉❜✲

✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ s❡ ❛s t♦♣♦❧♦❣✐❛s ✐♥❞✉③✐❞❛ ❡ ✐♥trí♥s❡❝❛ ❝♦✐♥❝✐❞❡♠✳ ◆❡st❡ ❝❛s♦ ❛

✐♠❡rsã♦ é ❝❤❛♠❛❞❛ ❞❡ ♠❡r❣✉❧❤♦ ♦✉ ✐♠❡rsã♦ r❡❣✉❧❛r✳ P♦r s✉❛ ✈❡③✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✐♠❡rs❛

é ❞✐t❛ s✉❜✈❛r✐❡❞❛❞❡ q✉❛s❡✲r❡❣✉❧❛r s❡ ❡❧❛ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿ s❡ K é ✉♠ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ❡ G : K //M é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ ❛ss✉♠❡ ✈❛❧♦r❡s ❡♠

L✱ ❡♥tã♦ G : K // L é ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ ❛ t♦♣♦❧♦❣✐❛ ✐♥trí♥s❡❝❛✳

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡st❛ ❞❡✜♥✐çã♦✱ q✉❡ t♦❞❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ é q✉❛s❡✲r❡❣✉❧❛r✳



✷✽ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❊①❡♠♣❧♦ ✶✳✹✳✾✳ ◆♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ F (N) é q✉❛s❡✲r❡❣✉❧❛r✳ P❛r❛ ✈❡r ✐ss♦ t♦♠❡ f : N ′ //T 2

❝♦♥tí♥✉❛✱ ❝♦♠ f(N ′) ⊂ F (N) ❡ N ′ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦✳ P❛r❛ ✈❡r✐✜❝❛r q✉❡ f é ❝♦♥tí♥✉❛ ♥❛

t♦♣♦❧♦❣✐❛ ✐♥trí♥s❡❝❛✱ ♣♦❞❡✲s❡ t♦♠❛r r❡str✐çõ❡s ❛ ✈✐③✐♥❤❛♥ç❛s ❞❡ N ′ ❡ T 2 ❡ ❛ss✉♠✐r q✉❡ f(N ′)

❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ r❡tâ♥❣✉❧♦ ❛❜❡rt♦ ❞♦ t✐♣♦

R = {(x− γy, γx+ y) | x ∈ I1, y ∈ I2} = I1(1, γ) + I2(−γ, 1),

❝♦♠ I1 ❡ I2 ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s ❞❡ R✳ ❙❡ I1 ❡ I2 sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s✱ ❛ ❛♣❧✐❝❛çã♦

(x, y) ∈ I1 × I2 7→ x(1, γ) + y(−γ, 1) ∈ T 2

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ P♦rt❛♥t♦✱ ❛ ♣r♦❥❡çã♦ pr2 s♦❜r❡ ❛ r❡t❛ ❣❡r❛❞❛ ♣♦r (−γ, 1) é ❜❡♠✲

❞❡✜♥✐❞❛ ❡♠ R ❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳ ❉❛í q✉❡ pr2 ◦ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ s♦❜r❡

♦ ✐♥t❡r✈❛❧♦ I2(−γ, 1)✳ ❆❣♦r❛✱ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ F (N) ❝♦♠ ♦ r❡tâ♥❣✉❧♦ R t❡♠ ♥♦ ♠á①✐♠♦

✉♠❛ q✉❛♥t✐❞❛❞❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ❈❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ é ❞❛ ❢♦r♠❛

(F (N) ∩ I2(−γ, 1)) + I1(1, γ)✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ pr2 ◦ f ❛ss✉♠❡ ✈❛❧♦r❡s ❡♠ ✉♠ ❝♦♥❥✉♥t♦

❡♥✉♠❡rá✈❡❧✳ ❈♦♠♦ ❡ss❛ ❛♣❧✐❝❛çã♦ é ❝♦♥tí♥✉❛✱ ❡❧❛ ❞❡✈❡ s❡r ❝♦♥st❛♥t❡✳ P♦rt❛♥t♦✱ f(N ′) ∩ R

❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞♦ t✐♣♦ I1(1, γ)+(−γy0, y0)✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❥❛ A ⊂ R ✉♠ ❛❜❡rt♦

♥❛ t♦♣♦❧♦❣✐❛ ✐♥trí♥s❡❝❛✳ ❊♥tã♦✱ f−1(A) = f−1(B)✱ ♦♥❞❡ B é ✉♠ ❛❜❡rt♦ ❞❡ T 2✱ ❣❛r❛♥t✐♥❞♦

q✉❡ f é ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ à t♦♣♦❧♦❣✐❛ ✐♥trí♥s❡❝❛✳

✶✳✺ ❖r✐❡♥t❛çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s

❚♦❞❛ ❜❛s❡ ♦r❞❡♥❛❞❛ (v1, . . . , vn) ❞❡ Rn ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ♠❛tr✐③ A ∈ GL(n,R) ❝✉❥❛

i✲és✐♠❛ ❝♦❧✉♥❛ é vi ❡ ✈✐❝❡✲✈❡rs❛✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❜❛s❡s ♦r❞❡♥❛❞❛s ❞❡ Rn ❡stá

❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❡ GL(n,R)✳ P♦❞❡♠♦s✱ ♣♦r ✐ss♦✱ ♣❛rt✐❝✐♦♥á✲

❧♦ ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s✿ GL+(n,R)✱ ❞❡ ❜❛s❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ♠❛tr✐③❡s ❞❡ ❞❡t❡r♠✐♥❛♥t❡



✶✳✺✳ ❖r✐❡♥t❛çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ✷✾

♣♦s✐t✐✈♦✱ ❡ GL−(n,R)✱ ❞❡ ❜❛s❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ♠❛tr✐③❡s ❞❡ ❞❡t❡r♠✐♥❛♥t❡ ♥❡❣❛t✐✈♦✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ P♦r ✉♠❛ ♦r✐❡♥t❛çã♦ ❡♠ Rn q✉❡r❡♠♦s ✐♥❞✐❝❛r ✉♠❛ ❡s❝♦❧❤❛ ♣r❡❢❡r❡♥❝✐❛❧

❞❡ GL+(n,R) ♦✉ GL−(n,R) ♣❛r❛ s❡ t♦♠❛r ✉♠❛ ❜❛s❡ ♣❛r❛ Rn✳ ❆ ♦r✐❡♥t❛çã♦ ♣❛❞rã♦ ♣❛r❛

Rn é ❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ GL+(n,R)✳ ❖s ❝♦♥❥✉♥t♦s GL+(n,R) ❡ GL−(n,R) sã♦

❝❤❛♠❛❞♦s ❝❧❛ss❡s ❞❡ ♦r✐❡♥t❛çã♦✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ GL+(n,R) ❡ GL−(n,R)✱ ✈✐❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❜❛s❡s ❝♦♠ ♠❛tr✐③❡s✱ sã♦

❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ♣♦r ❝❛♠✐♥❤♦s ❞♦ ❣r✉♣♦ ❧✐♥❡❛r GL(n,R)✳ ❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛ ❞✐ss♦✱

t❡♠♦s q✉❡ ❞✉❛s ❜❛s❡s ❞❡ Rn ♣♦❞❡♠ s❡r ❝♦♥t✐♥✉❛♠❡♥t❡ tr❛♥s❢♦r♠❛❞❛s ✉♠❛ ♥❛ ♦✉tr❛✱ ❛tr❛✈és

❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❜❛s❡s✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡st❛s ❞✉❛s ❜❛s❡s ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡

♦r✐❡♥t❛çã♦✳

◆ós t❛♠❜é♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ♦r✐❡♥t❛çã♦ ♣❛r❛ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ V ✱ ❛❜str❛t♦ ❡

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✿ ❞✐③❡♠♦s q✉❡ ✉♠ ♣❛r ❞❡ ❜❛s❡s ❞❡ V sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ s✉❛s ✐♠❛❣❡♥s

❡♠ Rn ♣❡❧♦ ✐s♦♠♦r✜s♠♦ f : V // Rn ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦✳ ❈❧❛r❛♠❡♥t❡

✐st♦ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ♣❛rt✐❝✐♦♥❛ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❜❛s❡s ♦r❞❡♥❛❞❛s ❞❡ V ❡♠

❞♦✐s s✉❜❝♦♥❥✉♥t♦s✱ ❞❡♥♦♠✐♥❛❞♦s ❝❧❛ss❡s ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ V ✳

❉❡✜♥✐çã♦ ✶✳✺✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ M é ♦r✐❡♥tá✈❡❧ s❡ ♣♦❞❡♠♦s ♦r✐❡♥t❛r

❝❛❞❛ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ M ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❝♦♥tí♥✉❛✱ ✐st♦ é✱ s❡ ♣♦❞❡♠♦s ❡s❝♦❧❤❛r ✉♠❛ ❝❧❛ss❡

❞❡ ♦r✐❡♥t❛çã♦ ♣❛r❛ ❝❛❞❛ ❡s♣❛ç♦ t❛♥❣❡♥t❡✱ q✉❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛ ❝❛❞❛

p ∈ M ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ⊂ M ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X1, . . . , Xn ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s ❞❡✜♥✐❞♦s ❡♠ U t❛✐s q✉❡✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ q ∈ U ✱ {X1(q), . . . , Xn(q)} ♣❡rt❡♥ç❛

❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ TqM ✳

❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s ♦r✐❡♥tá✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✺✳✸✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ F : M // N ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ s❡✱ ♣❛r❛ t♦❞♦
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{X1, · · · , Xn} ♥❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ TpM ✱

{dFp(X1), . . . , dFp(Xn)}

❡st✐✈❡r ♥❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ Tf(p)N ✳ ❈❛s♦ ❝♦♥trár✐♦✱ F r❡✈❡rt❡ ♦r✐❡♥t❛çã♦✳

▲❡♠❛ ✶✳✺✳✹✳ ❙❡ M é ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ❡①✐st❡ ✉♠❛ ❝❛rt❛ (U, ϕ) t❛❧ q✉❡

ϕ : U // Rn ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (U, ϕ) ✉♠❛ ❝❛rt❛ ❞❡ M ✱ ♦♥❞❡ U é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♣❛r❛ q✉❡

❡①✐st❛ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❝♦♥tí♥✉♦s {X1, . . . , Xn} t❛✐s q✉❡ {X1(q), . . . , Xn(q)} ❡st❡❥❛ ♥❛ ❝❧❛ss❡

❞❡ ♦r✐❡♥t❛çã♦ ❞❡ M ✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ q ∈ U ✳ ❊♥tã♦✱ {dϕ(X1), . . . , . . . , dϕ(Xn)} é ✉♠❛

❜❛s❡ ❝♦♥tí♥✉❛ ♣❛r❛ Rn ❡✱ ❛ss✐♠✱ {dϕ(X1)(q), . . . , dϕ(Xn)(q)} ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡

♦r✐❡♥t❛çã♦ ❞❡ Rn✱ ♣❛r❛ t♦❞♦ q ∈ U ✳ ❙❡ ♥❡❝❡ssár✐♦ ❢♦r✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ϕ ♣❡❧❛ ❝♦♠♣♦s✐çã♦

❞❡ ϕ ❝♦♠ ✉♠❛ r❡✢❡①ã♦ ❡♠ Rn ❡ ❛ss✐♠ ❛ss✉♠✐r q✉❡ {dϕ(X1)(q), . . . , dϕ(Xn)(q)} ❡stá ♥❛

♦r✐❡♥t❛çã♦ ♣❛❞rã♦ ❞❡ Rn✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ q ∈ U ✳

❈♦r♦❧ár✐♦ ✶✳✺✳✺✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♥❡①❛ ❡ ♦r✐❡♥tá✈❡❧ ❛❞♠✐t❡ ❡①❛t❛♠❡♥t❡ ❞✉❛s ♦r✐❡♥t❛çõ❡s

❞✐❢❡r❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t❡♥❤❛♠♦s ❞✉❛s ♦r✐❡♥t❛çõ❡s ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♥❡①❛M ✳ ❙❡❥❛

A ⊂ M ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s p ∈ M ♥♦s q✉❛✐s ❡st❛s ❞✉❛s ♦r✐❡♥t❛çõ❡s ❝♦✐♥❝✐❞❡♠ ❡♠ TpM ✳

P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠❛ ❝❛rt❛ (U, ϕ) ♣♦r p t❛❧ q✉❡ ϕ : U //Rn ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ♣❛r❛

❝❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ M ✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ A é ❛❜❡rt♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱

♠♦str❛✲s❡ t❛♠❜é♠ q✉❡ M \A t❛♠❜é♠ é ❛❜❡rt♦✳ ❈♦♠♦ M é ❝♦♥❡①♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ A =M

♦✉ A = ∅✳ ❊♥tã♦✱ q✉❛✐sq✉❡r ❞✉❛s ♦r✐❡♥t❛çõ❡s ❞❡ M ❞❡✈❡♠ ❝♦✐♥❝✐❞✐r ❡♠ t♦❞♦s ♦s ❡s♣❛ç♦s

t❛♥❣❡♥t❡s✱ ♦✉ s❡r❡♠ ❞✐❢❡r❡♥t❡s ❡♠ t♦❞♦s ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s✳ ❈♦♠♦ ❝❛❞❛ ❡s♣❛ç♦ t❛♥❣❡♥t❡

s♦♠❡♥t❡ ♣♦❞❡ s❡r ♦r✐❡♥t❛❞♦ ❞❡ ❞♦✐s ♠♦❞♦s ❞✐❢❡r❡♥t❡s✱ M t❛♠❜é♠ só ❛❞♠✐t❡ ❞✉❛s ❝❧❛ss❡s ❞❡

♦r✐❡♥t❛çã♦✳



✶✳✺✳ ❖r✐❡♥t❛çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ✸✶

Pr♦♣♦s✐çã♦ ✶✳✺✳✻✳ M é ♦r✐❡♥tá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ ❛❞♠✐t❡ ✉♠ ❛t❧❛s t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦

♣❛r ❞❡ ❝❛rt❛s (U, ϕ) ❡ (V, ψ) ❞❡ M ✱ ❛ ❢✉♥çã♦ ϕ ◦ ψ−1 ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ M é ♦r✐❡♥tá✈❡❧✳ ❊♥tã♦ é ♣♦ssí✈❡❧ ❝♦❜r✐r M ♣♦r ✉♠❛ ❝♦❧❡çã♦ ❞❡

❝❛rt❛s q✉❡ ♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦✳ ❆✜r♠❛♠♦s q✉❡ ✐st♦ ❢♦r♥❡❝❡ ♦ ❛t❧❛s ❞❡s❡❥❛❞♦✳ P❛r❛ ✈❡r ✐ss♦✱

❝♦♥s✐❞❡r❡ ❝❛rt❛s (U, ϕ) ❡ (V, ψ) ♣❡rt❡♥❝❡♥t❡s ❛ ❡st❡ ❛t❧❛s ❞❡ ❝❛rt❛s q✉❡ ♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦✳

❖❜s❡r✈❡ q✉❡ dϕ = d(ϕ ◦ ψ−1) ◦ dψ✳ ❉❛í ❝♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ {X1, . . . , Xn} ♥❛ ❝❧❛ss❡ ❞❡

♦r✐❡♥t❛çã♦ ❞❡M ♥♦ ♣♦♥t♦ p ∈ U ∩V ✳ ❊♥tã♦✱ {dϕ(X1), . . . , dϕ(Xn)} ❡ {dψ(X1), . . . , dψ(Xn)}

♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❡✱ ♣♦r ✐ss♦✱ ❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r ✐♠♣❧✐❝❛ q✉❡ ♦

❞❡t❡r♠✐♥❛♥t❡ ❞❡ d(ϕ ◦ ψ−1) é ♣♦s✐t✐✈♦✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ✉♠ ❛t❧❛s ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ♣r♦♣♦s✐çã♦ ❡①✐st❛✳ ❊♥tã♦✱

❛ ❝❛❞❛ ♣♦♥t♦ ❞❡ M ♥ós ❞❡✜♥✐♠♦s ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ TpM ♣❡❧♦ ♣✉❧❧✲❜❛❝❦ ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛

❞❡ Rn ✈✐❛ ✉♠❛ ❝❛rt❛ ❡♠ p✳ ■st♦ ❢♦r♥❡❝❡ ✉♠❛ ♦r✐❡♥t❛çã♦ ❛ ❝❛❞❛ ♣♦♥t♦✳ P❛r❛ ✈❡r ✐st♦✱ t♦♠❡

❝❛rt❛s (U, ϕ) ❡ (V, ψ) ❡♠ p ∈ U ∩ V ✳ Pr❡❝✐s❛♠♦s ✈❡r✐✜❝❛r q✉❡

{dϕ−1
ϕ(p)(e1), . . . , dϕ

−1
ϕ(p)(en)} ❡ {dψ−1

ψ(p)(e1), . . . , dψ
−1
ψ(p)(en)}

♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ TpM ✳ P❛r❛ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ♥ós ❢❛③❡♠♦s ✉♠

♣✉s❤✲❢♦r✇❛r❞ ❞❡st❛ ❜❛s❡ ✈✐❛ dϕp✱ ♦❜t❡♥❞♦ ❡♥tã♦

{e1, . . . , en} ❡ {dϕ ◦ ψ−1
ψ(p)(e1), . . . , dϕ ◦ ψ−1

ψ(p)(en)},

q✉❡ ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦✱ ✉♠❛ ✈❡③ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ϕ◦ψ−1 ♣r❡s❡r✈❛ ♦r✐✲

❡♥t❛çã♦✳ ❆ss✐♠✱ ❛ ♦r✐❡♥t❛çã♦ ❢♦r♥❡❝✐❞❛ ❛ ❝❛❞❛ TpM ❡stá ❜❡♠✲❞❡✜♥✐❞❛✳ ❘❡st❛ ❛♣❡♥❛s ♠♦str❛r

q✉❡ ❡st❛ ♦r✐❡♥t❛çã♦ é ❝♦♥tí♥✉❛✳ ■st♦ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦✱ ♣♦rq✉❡ {dϕ−1
ϕ(p)(e1), . . . , dϕ

−1
ϕ(p)(en)} é

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❝♦♥tí♥✉♦s ❡♠ U ✱ q✉❡ ♣❡rt❡♥❝❡♠ ❛ ❝❧❛ss❡ ❞❡ ♦r✐❡♥t❛çã♦ ❞❡

TpM ♣❛r❛ ❝❛❞❛ p ∈ U ✳
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▲❡♠❛ ✶✳✺✳✼✳ ❙❡❥❛♠ M ❡ N ✈❛r✐á✈❡✐s ❝♦♥❡①❛s ❡ ♦r✐❡♥tá✈❡✐s ❡ F :M //N ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❊♥tã♦✱ ♦✉ f ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦✱ ♦✉ r❡✈❡rt❡ ♦r✐❡♥t❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p ∈ M ❡ s❡❥❛♠ (U, ϕ)✱ (V, ψ) ❝❛rt❛s ❡♠ p ❡ f(p)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡

♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦✳ ❉❡✜♥❛ F̃ : ψ ◦ F ◦ ϕ−1✳ ❊♥tã♦ F̃ : Rn // Rn é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ❞❡

♠♦❞♦ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ s❡✉ ❥❛❝♦❜✐❛♥♦ é ♣♦s✐t✐✈♦ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Rn ♦✉ é ♥❡❣❛t✐✈♦

♥❡st❡s ♠❡s♠♦s ♣♦♥t♦s✳ ❊♥tã♦✱ F̃ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Rn ♦✉ r❡✈❡rt❡

❛ ♦r✐❡♥t❛çã♦ ❡♠ t♦❞♦s ❡st❡s ♣♦♥t♦s✳ ❈♦♠♦ ϕ ❡ ψ ❛♠❜❛s ♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦✱ ❡♥tã♦ ♦✉ F

♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ❡♠ t♦❞♦ U ♦✉ r❡✈❡rt❡ ♦r✐❡♥t❛çã♦ ❡♠ t♦❞♦ U ✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡

♣♦♥t♦s ❞❡ M ♦♥❞❡ F ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♦♥❞❡ F r❡✈❡rt❡ ♦r✐❡♥t❛çã♦

sã♦ ❛♠❜♦s ❛❜❡rt♦s✳ P♦rt❛♥t♦✱ ❝♦♠♦ ❡st❡s ❝♦♥❥✉♥t♦s sã♦ ❝♦♠♣❧❡♠❡♥t♦s ✉♠ ❞♦ ♦✉tr♦✱ ❡❧❡s sã♦

t❛♠❜é♠ ❢❡❝❤❛❞♦s✳ ❊♥tã♦ ✉♠ ❞❡st❡s ❝♦♥❥✉♥t♦s t❡♠ ❞❡ s❡r ♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦ ❡ ♦ ♦✉tr♦ t❡♠ ❞❡

❝♦✐♥❝✐❞✐r ❝♦♠ M ✱ q✉❡ é ❝♦♥❡①♦✳

❈♦r♦❧ár✐♦ ✶✳✺✳✽✳ ❙❡ M ♣♦❞❡ s❡r ❝♦❜❡rt♦ ♣♦r s♦♠❡♥t❡ ❞✉❛s ❝❛rt❛s (U, ϕ) ❡ (ψ, V ) ❡ U ∩ V é

❝♦♥❡①♦✱ ❡♥tã♦ M é ♦r✐❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ψ(U∩V ) é ❝♦♥❡①♦ ❡ ϕ◦ψ−1 : ψ(U∩V ) //ϕ(U∩V ) é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱

❡♥tã♦✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♦✉ ❡❧❡ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ♦✉ r❡✈❡rt❡ ♦r✐❡♥t❛çã♦✳ ❙❡ ϕ◦ψ−1 ♣r❡s❡r✈❛

♦r✐❡♥t❛çã♦ ❡♥tã♦ ♥ã♦ ♥♦s r❡st❛ ♠❛✐s ♥❛❞❛ ♣❛r❛ ❢❛③❡r✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ϕ

♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞❡ ϕ ❝♦♠ ✉♠❛ r❡✢❡①ã♦✳

❊①❡♠♣❧♦ ✶✳✺✳✾✳ ❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱ ✈❡♠♦s q✉❡ ❛ ❡s❢❡r❛ Sn é

♦r✐❡♥tá✈❡❧✳

❊①❡♠♣❧♦ ✶✳✺✳✶✵✳ ▼♦str❛♠♦s ❝♦♠ ❡st❡ ❡①❡♠♣❧♦ q✉❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ é

♦r✐❡♥tá✈❡❧✳ ❋❛③❡♠♦s ✐st♦ ♠♦str❛♥❞♦ q✉❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❛❞♠✐t❡ ✉♠ ❛t❧❛s ❝✉❥❛s ❢✉♥çõ❡s ❞❡

tr❛♥s✐çã♦ ♣r❡s❡r✈❛♠✱ t♦❞❛s ❡❧❛s✱ ♦r✐❡♥t❛çã♦✳ ❙❡❥❛ {(Uα, ϕα)} ✉♠ ❛t❧❛s ❞❡ M ✳ ❊♥tã♦ ♦ ❛t❧❛s

❞❡ TM é {(TUα, ϕ̃α)}✱ ♦♥❞❡ TU = ∪p∈UTpM ❡ ϕ̃α(p, v) = (ϕ(p), dϕ(v))✳ ❆ss✐♠✱ s❡ (TV, ψ̃) é
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✉♠❛ ♦✉tr❛ t❛❧ ❝❛rt❛ ♣❛r❛ TM ✱ ❡♥tã♦

ϕ̃ ◦ ψ̃−1(x1, . . . , x2n) = ((ϕ ◦ ψ−1)(x1, . . . , xn), d(ϕ ◦ ψ−1)(xn+1, . . . , x2n)).

■st♦ ✐♠♣❧✐❝❛ q✉❡

d(ϕ̃ ◦ ψ̃−1)(x1, . . . , x2n) = (d(ϕ ◦ ψ−1)(x1, . . . , xn), d(ϕ ◦ ψ−1)(xn+1, . . . , x2n)).

❈♦♥s❡qü❡♥t❡♠❡♥t❡ ♦s ❛✉t♦✈❡t♦r❡s ❞❡ d(ϕ̃ ◦ ψ̃−1) sã♦ (0, vi) ❡ (vi, 0)✱ ♦♥❞❡ vi sã♦ ❛✉t♦✈❡t♦r❡s

❞❡ d(ϕ ◦ ψ−1)✳ ■st♦ ♠♦str❛ q✉❡ ❝❛❞❛ ❛✉t♦✈❛❧♦r ❞❡ d(ϕ ◦ ψ−1) ♦❝♦rr❡ ❞✉❛s ✈❡③❡s ♥❛ ❧✐st❛ ❞❡

❛✉t♦✈❛❧♦r❡s ❞❡ d(ϕ̃ ◦ ψ̃−1)✳ ❊♥tã♦✱

det(d(ϕ̃ ◦ ψ̃−1)) = det(d(ϕ ◦ ψ−1))2 > 0.

✶✳✻ ●r✉♣♦s ❞❡ ▲✐❡

●r✉♣♦s ❞❡ ▲✐❡ sã♦ ❣r✉♣♦s ❝♦♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❡str✉t✉r❛ ❛❞✐❝✐♦♥❛❧✳ ❊❧❡s ❢♦r❛♠ ❛ss✐♠

♥♦♠❡❛❞♦s ❞❡✈✐❞♦ ❛♦ ♠❛t❡♠át✐❝♦ ▼✳ ❙♦♣❤✉s ▲✐❡✱ q✉❡ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ❡st✉❞❛r ❡st❡s ❣r✉♣♦s

s✐st❡♠❛t✐❝❛♠❡♥t❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ s✐♠❡tr✐❛s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳ ❆ t❡♦r✐❛ ❞❡

❣r✉♣♦s ❞❡ ▲✐❡ s❡ ❞❡st❛❝❛ ♥❛ ❞❡s❝r✐çã♦ ❞❡ s✐♠❡tr✐❛s ❡♠ ❋ís✐❝❛✱ ●❡♦♠❡tr✐❛✱ ❚♦♣♦❧♦❣✐❛ ❡ ❚❡♦r✐❛

❞♦s ◆ú♠❡r♦s✳ ▼✉✐t♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❝❡rt♦s ❣r✉♣♦s ❞❡ ▲✐❡ sã♦ ✏❝❛♣t✉r❛❞❛s✑ ♣♦r s✉❛ á❧❣❡❜r❛

❞❡ ▲✐❡✳ ❊♠❜♦r❛ ❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡st❛s ú❧t✐♠❛s s❡❥❛ ♠❛✐s ❢á❝✐❧ ❞♦ q✉❡ ❛ ❞♦s ♣ró♣r✐♦s ❣r✉♣♦s✱

♥ã♦ tr❛t❛♠♦s ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ♥❡st❡ t❡①t♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✳ ❯♠ ❣r✉♣♦ ❞❡ ▲✐❡ é ✉♠ ❣r✉♣♦ G ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝✉❥❛s

♦♣❡r❛çõ❡s ❞❡ ❣r✉♣♦✱

✶✳ ♠✉❧t✐♣❧✐❝❛çã♦✿ µ : G×G //G t❛❧ q✉❡ µ(g, h) = gh✱
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✷✳ ✐♥✈❡rsã♦✿ ι : G //G t❛❧ q✉❡ ι(g) = g−1✱

sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳

❊①❡♠♣❧♦ ✶✳✻✳✷✳ ❆ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ S1 é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛ ✭♣♦r

♠❡✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✮ ❝♦♠ ♦ ❣r✉♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ✉♥✐tár✐♦s✳ ■st♦ ♣❡r♠✐t❡

❞❡t❡r♠✐♥❛r ✉♠❛ ❡str✉t✉r❛ ❞❡ ❣r✉♣♦ ❡♠ S1 ❛ ♣❛rt✐r ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱

q✉❡ é s✉❛✈❡✳ P♦rt❛♥t♦✱ S1 é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❊①❡♠♣❧♦ ✶✳✻✳✸✳ ❏á ✈✐♠♦s q✉❡ ♦ ❣r✉♣♦ GL(n,R) é ✉♠❛ ✈❛r✐❡❞❛❞❡✳ P❛r❛ ❝♦♥❝❧✉✐r ❡♥tã♦

q✉❡ ❡st❛ ✈❛r✐❡❞❛❞❡ é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ é ♣r❡❝✐s♦ ❛♣❡♥❛s ♠♦str❛r q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s

❡ ❛ ♦♣❡r❛çã♦ ❞❡ ✐♥✈❡rsã♦ ❞❡ ♠❛tr✐③❡s sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s ❝♦rr❡s♣♦♥❞❡ ❛

❛✈❛❧✐❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ♠❛tr✐③❡s A,B ∈ GL(n,R)✱

(AB)ij =
n∑

k=1

aikbkj,

s❡♥❞♦ ❡♥tã♦ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳ ❉❡♥♦t❡ ♣♦r A(i|j) ❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ n − 1 q✉❡ s❡ ♦❜té♠

❞❛ ♠❛tr✐③ A r❡t✐r❛♥❞♦✲s❡ ❞❡❧❛ s✉❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛✳ ❉❛ ❢ór♠✉❧❛ A · adj(A) =

det(A)I ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ❞❡t❡r♠✐♥❛♥t❡s✱ ✈❡♠♦s q✉❡

(A−1)ij =
1

detA
· (−1)i+j detA(j|i),

♦ q✉❡ ♥♦s ♠♦str❛ q✉❡ ❛ ♦♣❡r❛çã♦ ❞❡ ✐♥✈❡rsã♦ ❞❡ ♠❛tr✐③❡s ❞❡st❛ ✈❡③ ❝♦rr❡s♣♦♥❞❡ ❛ ❛✈❛❧✐❛çã♦

❞❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠❛tr✐③ A✳ ■st♦ ❣❛r❛♥t❡ q✉❡ ❛ ♦♣❡r❛çã♦ ❞❡ ✐♥✈❡rsã♦

❞❡ ♠❛tr✐③❡s t❛♠❜é♠ é ❞❡ ❝❧❛ss❡ C∞✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♠♦str❛✲s❡ q✉❡ GL(n,C) t❛♠❜é♠ é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✻✳✹✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ f : G // H

❡♥tr❡ ❞♦✐s ❣r✉♣♦s ❞❡ ▲✐❡✱ q✉❡ t❛♠❜é♠ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❏á ✉♠ ✐s♦♠♦r✜s♠♦
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❞❡ ❣r✉♣♦s ❞❡ ▲✐❡ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f : G // H ❡♥tr❡ ❣r✉♣♦s ❞❡ ▲✐❡✱ q✉❡ t❛♠❜é♠ é ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

❉❡✜♥✐çã♦ ✶✳✻✳✺✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ H ⊂ G ✉♠ s✉❜❣r✉♣♦ ❛❜str❛t♦✳ ❊♥tã♦ H é ✉♠

s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ❞❡ G s❡ H é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ✐♠❡rs❛ ❞❡ G t❛❧ q✉❡ ♦ ♣r♦❞✉t♦ H×H //H

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ r❡❧❛çã♦ à ❡str✉t✉r❛ ✐♥trí♥s❡❝❛ ❞❡ H✳

❚❡♦r❡♠❛ ✶✳✻✳✻✳ ❯♠ s✉❜❣r✉♣♦ ❛❜str❛t♦ H ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ G é ✉♠ s✉❜❣r✉♣♦ ❞❡ ▲✐❡

♠❡r❣✉❧❤❛❞♦ s❡ H é ❢❡❝❤❛❞♦ ❡♠ G✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✶❪✱ ♣✳ ✺✷✻✳

❱❛♠♦s ❡♠♣r❡❣❛r ❡st❡ t❡♦r❡♠❛ ♣❛r❛ ❢♦r♥❡❝❡r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❞❡ ▲✐❡✳ ❖❜s❡r✈❡

q✉❡ ❝♦♠ ❡❧❡ ❢♦✐ ♣♦ssí✈❡❧ ❞❡✐①❛r ❞❡ ❝♦♥str✉✐r ❡str✉t✉r❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ♣❛r❛ ♦s ❡①❡♠♣❧♦s ♠❡♥✲

❝✐♦♥❛❞♦s✳

❊①❡♠♣❧♦ ✶✳✻✳✼✳ ❖ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

O(n,R) = {A ∈ GL(n,R) | AAt = I}

é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦✳ ❉❡ ❢❛t♦✱ O(n,R) é ✉♠ s✉❜❣r✉♣♦ ❞❡ GL(n,R)✳ ❙❡ (Am) = (amij )

é ✉♠❛ s❡qüê♥❝✐❛ ❞❡ ♠❛tr✐③❡s ♦rt♦❣♦♥❛✐s q✉❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ✉♠❛ ♠❛tr✐③ A = (aij)✱ ❡♥tã♦

amij
m //∞−−−−−→ aij✱ ♣❛r❛ t♦❞♦ i, j = 1, . . . , n✳ ❆ss✐♠✱ s❡ (bmij ) = AtmAm = I✱ t❡♠♦s q✉❡

δij = lim
m //∞

bmij = lim
m //∞

n∑

k=1

amkia
m
kj =

n∑

k=1

akiakj,

♦ q✉❡ ♠♦str❛ q✉❡ A é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✳ ▲♦❣♦✱ O(n,R) t❛♠❜é♠ é ❢❡❝❤❛❞♦ ❡♠ GL(n,R)✳

P❛r❛ ✈❡r q✉❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ é ❝♦♠♣❛❝t♦✱ ❜❛st❛ ♥♦t❛r q✉❡ s✉❛s ❝♦❧✉♥❛s sã♦ t♦❞❛s ✉♥✐tár✐❛s

❡ q✉❡✱ ♣♦rt❛♥t♦✱ O(n,R) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞♦ ❝♦♠♣❛❝t♦ Sn−1 × · · · × Sn−1 ⊂ Rn2
✳
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◆♦t❛♥❞♦ ❛✐♥❞❛ q✉❡ ✉♠❛ s❡qüê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ♠❛tr✐③❡s ♦rt♦❣♦♥❛✐s ❞❡ ❞❡t❡r♠✐♥❛♥t❡ +1

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❞❡ ❞❡t❡r♠✐♥❛♥t❡ +1 ✭♣❡❧♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ❡ ♣♦rq✉❡

❞❡t❡r♠✐♥❛♥t❡ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✮✱ ❝♦♥❝❧✉í♠♦s t❛♠❜é♠ q✉❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ❡s♣❡❝✐❛❧

SO(n,R) = {A ∈ O(n,R) | detA = 1}

é ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦ ❞❡ O(n,R)✱ s❡♥❞♦ ❛ss✐♠ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦✳

❈♦♠♦ s❛❜❡♠♦s ❞♦s ❝✉rs♦s ❜ás✐❝♦s ❞❡ ❣❡♦♠❡tr✐❛✱ O(n,R) é ♦ ❣r✉♣♦ ❞❛s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s

❞❡ Rn ❡ SO(n,R) é ♦ s✉❜❣r✉♣♦ ❞❡ t♦❞❛s ❛s r♦t❛çõ❡s ❞♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧✳

❊①❡♠♣❧♦ ✶✳✻✳✽✳ ❆r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛♦ ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ♠♦str❛♠ q✉❡ ♦s ❣r✉♣♦s

✶✳ ♦rt♦❣♦♥❛❧ ❝♦♠♣❧❡①♦✱ O(n,C) = {A ∈ GL(n,C) | AAt = I}✱

✷✳ ♦rt♦❣♦♥❛❧ ❝♦♠♣❧❡①♦ ❡s♣❡❝✐❛❧✱ SO(n,C) = {A ∈ O(n,C) | detA = 1}✱

✸✳ ✉♥✐tár✐♦✱ U(n) = {A ∈ GL(n,C) | AĀt = I} ❡

✹✳ ✉♥✐tár✐♦ ❡s♣❡❝✐❛❧✱ SU(n) = {A ∈ U(n) | detA = 1}✱

sã♦ ❣r✉♣♦s ❞❡ ▲✐❡✳ ❖❜s❡r✈❡ q✉❡ U(n) ❡ O(n,C) sã♦ ❣r✉♣♦s ❞✐st✐♥t♦s✳

❊①❡♠♣❧♦ ✶✳✻✳✾✳ ❆ á❧❣❡❜r❛ H ❞♦s q✉❛tér♥✐♦s é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦

q✉❛tr♦ ❝♦♠ ❜❛s❡ {1, i, j, k} ❡ r❡❣r❛s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦

ij = k, jk = i, ki = j ❡ i2 = j2 = k2 = −1

❡st❡♥❞✐❞❛s ❛ H ♣♦r ♠❡✐♦ ❞❛s ❧❡✐s ❛ss♦❝✐❛t✐✈❛ ❡ ❞✐str✐❜✉t✐✈❛s✳ ❉❡st❛ ❢♦r♠❛✱ t♦❞♦ q✉❛tér♥✐♦

q ∈ H ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♥❛ ❢♦r♠❛

q = t+ xi+ yj + zk,
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♣❛r❛ t, x, y, z ∈ R ú♥✐❝♦s✳ ❖ ❝♦♥❥✉❣❛❞♦ ❞❡ q = t+ xi+ yj + zk é ♦ q✉❛tér♥✐♦

q̄ = t− xi− yj − zk.

❆ ♥♦r♠❛ ❞❡ q é N(q) = qq̄ ∈ R✳ P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡

N(q) = t2 + x2 + y2 + z2,

♣❛r❛ q = t+ xi+ yj + zk✳ P♦rt❛♥t♦✱ N(q) ≥ 0 ❡ N(q) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q = 0✳ ❚❛♠❜é♠

s❡ ✈❡r✐✜❝❛ q✉❡ N(pq) = N(p)N(q)✳ ❙❡❣✉❡ ❞❛í q✉❡✱ s❡ q 6= 0✱ ❡♥tã♦ N(q)−1q̄ é ♦ ✐♥✈❡rs♦

♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ q ❡♠ R✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ H× = H \ {0} é ✉♠ ❣r✉♣♦ ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡

q✉❛tér♥✐♦s ❡ ❛ ♥♦r♠❛ N : H× // R×
>0 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ H× ♥♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦

R×
>0 ❞❡ ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s✱ ❝✉❥♦ ♥ú❝❧❡♦

kerN = {q ∈ H× | qq̄ = 1} = {t+ xi+ yj + zk ∈ H | t2 + x2 + y2 + z2 = 1}

♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ❛ ❡s❢❡r❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ S3 ⊂ R4✱ q✉❡ s❛❜❡♠♦s s❡r ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❊①✐st❡♠ ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s ❣r✉♣♦s ❞❡ ▲✐❡ ❞♦s ❡①❡♠♣❧♦s q✉❡ ❢♦r♥❡❝❡♠♦s q✉❡ ♣r❡❝✐✲

s❛♠♦s ❞❡st❛❝❛r✳ ❆ ♣r✐♠❡✐r❛ ❞❡❧❛s é ❜❛st❛♥t❡ ó❜✈✐❛ ❡ ♥❛❞❛ ♥♦s r❡st❛ ❛ ❢❛③❡r ❛ s❡✉ r❡s♣❡✐t♦✿

❡❧❛ s✐♠♣❧❡s♠❡♥t❡ ✐♥❞✐❝❛ q✉❡ U(1) ❡ S1 sã♦ ❣r✉♣♦s ❞❡ ▲✐❡ ✐s♦♠♦r❢♦s✳ ❆ s❡❣✉♥❞❛ r❡❧❛çã♦✱ ♣♦r

s✉❛ ✈❡③✱ tr❛t❛ ❞❡ ❡①✐❜✐r ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❣r✉♣♦s ❞❡ ▲✐❡ U(1) ❡ SO(2)✱ ♦ q✉❡ ♣❡r♠✐t❡

❝♦♥❝❧✉✐r q✉❡ SO(2) é ❞✐❢❡♦♠♦r❢♦ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ S1✳ ❏á ❛ t❡r❝❡✐r❛ ❡ ú❧t✐♠❛ r❡❧❛çã♦

❞❡s❝r❡✈❡ ❡♠ ❞❡t❛❧❤❡s ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ SO(3) ❡ SU(2)/{±1}✱ q✉❡ é t❛❧✈❡③ ♦ ❡①❡♠♣❧♦

♠❛✐s s✐♠♣❧❡s ❡ r❡❧❡✈❛♥t❡ ❞❛ t❡♦r✐❛ s♣✐♥✳ P♦r ❤♦r❛✱ ❡st❛ ú❧t✐♠❛ r❡❧❛çã♦ é ❡①♣❧✐❝❛❞❛ ❛♣❡♥❛s ❞♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❛❧❣é❜r✐❝♦✱ ♣♦rq✉❡ ❛✐♥❞❛ ♥ã♦ ❝♦♥t❛♠♦s ❝♦♠ ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛

✉♠❛ ❛❜♦r❞❛❣❡♠ t♦♣♦❧ó❣✐❝❛✳

❱❡❥❛♠♦s ❛ s❡❣✉♥❞❛ ❞❡st❛s r❡❧❛çõ❡s✳ P❛r❛ ❝♦♥s❡❣✉✐r ❡♥❝♦♥tr❛r ♦ ✐s♦♠♦r✜s♠♦ ♠❡♥❝✐♦♥❛❞♦✱ é
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♣r❡❝✐s♦ ♣r✐♠❡✐r♦ r❡❛❧✐③❛r C ❝♦♠♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ R2✱ ♣♦rq✉❡ SO(2,R) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡

R2✳ ❋❛③❡♥❞♦ ✐ss♦✱ ❝❛❞❛ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧ ❞❡ C s❡ t♦r♥❛ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧

❞❡ R2✳ ❖s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ✐♥✈❡rsí✈❡✐s ❞❡ GL(1,C) sã♦ s✐♠♣❧❡s♠❡♥t❡ ❛s ♠✉❧t✐♣❧✐❝❛çõ❡s ♣♦r

✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ♥ã♦✲♥✉❧♦ λ ✜①❛❞♦✿ z 7→ λz✱ z ∈ C✳ ❊s❝r❡✈❡♥❞♦ z = x+ iy ❡ λ = a+ ib✱

❝♦♠ a2 + b2 6= 0✱ ❡st❛ ♠✉❧t✐♣❧✐❝❛çã♦ t♦♠❛ ❛ ❢♦r♠❛

x+ iy 7→ (ax− by) + i(bx+ ay).

■st♦ ♥♦s ♠♦str❛ q✉❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ R2 t❡♠ ❢♦r♠❛




a b

−b a


 , a2 + b2 6= 0.

❈♦♠♦ ♥♦s ✐♥t❡r❡ss❛ ❛♣❡♥❛s ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ✉♥✐tár✐♦s✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡

λ = cos θ + i sin θ✱ ♣❛r❛ ❛❧❣✉♠ θ ∈ R✳ ❆ss✐♠✱ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❛♥t❡r✐♦r t❡♠ ❞❡ s❡r ❞❛ ❢♦r♠❛




cos θ sin θ

− sin θ cos θ


 ,

♦✉ s❡❥❛✱ tr❛t❛✲s❡ ❞❡ ✉♠❛ r♦t❛çã♦ ❡♠ R2✳ P♦rt❛♥t♦✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ U(1) ♣♦❞❡ s❡r ❛ss♦❝✐❛❞♦

❛ ✉♠❛ ú♥✐❝❛ r♦t❛çã♦✱ s❡♥❞♦ ❛ ❛ss♦❝✐❛çã♦ ❝♦♥trár✐❛ ó❜✈✐❛✳ ▲♦❣♦✱ ❛ ✏❛♣❧✐❝❛çã♦ ❞❡ r❡❛❧✐③❛✲

çã♦✑ r : U(1) // SO(2,R) é ✉♠❛ ❜✐❥❡çã♦✱ ❛❧é♠ ❞❡ s❡r✱ ❡✈✐❞❡♥t❡♠❡♥t❡✱ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ✉♠

❤♦♠♦♠♦r✜s♠♦✳ ❈♦♥❝❧✉í♠♦s ❛ss✐♠ q✉❡ U(1) ✭♦✉ S1✮ ❡ SO(2) sã♦ ❣r✉♣♦s ❞❡ ▲✐❡ ✐s♦♠♦r❢♦s✳

❱❛♠♦s ❛♥❛❧✐s❛r ❛❣♦r❛ ❛ t❡r❝❡✐r❛ ❞❛s r❡❧❛çõ❡s ❝✐t❛❞❛s✱ ❝✉❥❛ ❡❧❛❜♦r❛çã♦ é ✉♠ ♣♦✉❝♦ ❡①t❡♥s❛✳

❆q✉✐ s❡❣✉✐♠♦s ❬✶✷❪✱ ♣✳ ✶✺✲✷✶✳ ❈♦♠ ✉♠ ♣♦✉❝♦ ❞❡ ❛❧❣❡❜r✐s♠♦ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛s ♠❛tr✐③❡s

❞❡ SU(2) sã♦ ❞❛ ❢♦r♠❛ 


a b

−b̄ ā


 , |a|2 + |b|2 = 1.
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❙❡ ❡s❝r❡✈❡r♠♦s a = x0 + ix3 ❡ b = x1 + ix2✱ ✜❝❛ ❝❧❛r♦ q✉❡ ❛ ❡q✉❛çã♦

|a|2 + |b|2 = x20 + x21 + x22 + x23 = 1

é s✐♠♣❧❡s♠❡♥t❡ ❛ ❡q✉❛çã♦ ❞❛ ❡s❢❡r❛ S3 ♥♦ ❡s♣❛ç♦ R4 ❞❡ ❝♦♦r❞❡♥❛❞❛s x0✱ x1✱ x2✱ x3✳ ■st♦ q✉❡r

❞✐③❡r q✉❡ SU(2) é ❤♦♠❡♦♠♦r❢♦ ❛ S3✳

❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s✱ ❞✐t❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐✿

σx =




0 1

1 0


 , σy =




0 i

−i 0


 ❡ σz =




−1 0

0 1


 .

P♦❞❡✲s❡ ❡s❝r❡✈❡r t♦❞❛ ♠❛tr✐③ ❝♦♠♣❧❡①❛ ❞❡ ♦r❞❡♠ ❞♦✐s ❡ tr❛ç♦ ③❡r♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ t❛✐s ♠❛tr✐③❡s✳ ❆ss✐♠✱ s❡ H é ✉♠❛ ❞❡st❛s ♠❛tr✐③❡s✱

H = xσx + yσy + zσz =




−z x+ iy

x− iy z


 .

P❛r❛ s✐♠♣❧✐✜❝❛r✱ r❡♣r❡s❡♥t❛♠♦s ❛ ♠❛tr✐③H ♣❡❧♦ ♣❛r (r, σ)✱ ♦♥❞❡ r = (x, y, z) ❡ σ s✐♠♣❧❡s♠❡♥t❡

❢❛③ ♠❡♥çã♦ ❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐✳

❈♦♠♦ é ❢á❝✐❧ ❝♦♥st❛t❛r✱ ❞❛❞♦ A ∈ SU(2)✱ ❛ ♠❛tr✐③ H̄ = AHĀt t❡♠ tr❛ç♦ ♥✉❧♦✳ P♦r

❝❛✉s❛ ❞✐ss♦✱ H̄ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s ♠❛tr✐③❡s ❞❡ P❛✉❧✐✿

H̄ = (r′, σ)✱ ❝♦♠ r′ = (x′, y′, z′)✱ ♦✉ ❛✐♥❞❛✱




−z′ x′ + iy′

x′ − iy′ z′


 =




a b

−b∗ a∗







−z x+ iy

x− iy z






a∗ −b

b∗ a


 .

❆ r❡s♦❧✉çã♦ ❞❡st❡ s✐st❡♠❛ ❧✐♥❡❛r ♥❛s ✈❛r✐á✈❡✐s x′✱ y′ ❡ z′ ❞❡t❡r♠✐♥❛ x′✱ y′ ❡ z′ ❝♦♠♦ ❢✉♥çõ❡s



✹✵ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❞❡ x✱ y ❡ z✱ ♦✉ t❛♠❜é♠✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r RA q✉❡ ❧❡✈❛ r ❡♠ r′✿

x′ = 1
2

(
a2 + ā2 − b2 − b̄2

)
x+ i

2

(
a2 − ā2 + b2 − b̄2

)
y + (āb̄+ ab)z,

y′ = i
2

(
ā2 − a2 + b2 − b̄2

)
x+ 1

2

(
a2 + ā2 + b2 + b̄2

)
y + i(āb̄− ab)z,

z′ = −(āb+ ab̄)x+ i(āb− ab̄)y + (aā− bb̄)z.

❖❜s❡r✈❛♥❞♦ q✉❡ ♦s ❞❡t❡r♠✐♥❛♥t❡s ❞❡ H ❡ H̄ sã♦ ♦s ♠❡s♠♦s✱ ✐st♦ é✱ q✉❡

(x′)2 + (y′)2 + (z′)2 = x2 + y2 + z2,

❝♦♥❝❧✉í♠♦s q✉❡ RA é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♦rt♦❣♦♥❛❧ ❝♦♠♣❧❡①❛ ❡ q✉❡ r′ ∈ R3✱ s❡ r ∈ R3✳

◆♦ ❝❛s♦ ❡♠ q✉❡ r ∈ R3✱ ✐st♦ q✉❡r ❞✐③❡r q✉❡ ❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❞❡ RA ✭❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡

✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ❛ ♣ró♣r✐❛ tr❛♥s❢♦r♠❛çã♦RA✮ é r❡❛❧✳ ❚❡♥❞♦ ❡❧❛ ❞❡t❡r♠✐♥❛♥t❡+1 ✭♣♦rq✉❡RA é

❝♦♥t✐♥✉❛♠❡♥t❡ tr❛♥s❢♦r♠❛❞❛ ♥❛ ✐❞❡♥t✐❞❛❞❡ I ∈ SO(3,R)✱ s❡ A é ❝♦♥t✐♥✉❛♠❡♥t❡ tr❛♥s❢♦r♠❛❞❛

♥❛ ✐❞❡♥t✐❞❛❞❡ I ∈ SU(2)✮✱ RA só ♣♦❞❡ s❡r ✉♠❛ r♦t❛çã♦ ❞❡ R3✳ ❆ss✐♠✱ à t♦❞❛ ♠❛tr✐③ ❞❡ SU(2)

❝♦rr❡s♣♦♥❞❡ ✉♠❛ r♦t❛çã♦ ❞❡ SO(3,R)✳

❙❡❥❛♠ A,B ∈ SU(2) ❡ RA ❡ RB r♦t❛çõ❡s ❞❡ R3 ❛ ❡❧❛ ❛ss♦❝✐❛❞❛s✳ ❊♥tã♦✱

(RABr, σ) = (AB)(r, σ)(AB)t = AB(r, σ)B̄tĀt = A(RB, σ)Ā
t = (RARBr, σ),

♦ q✉❡ q✉❡r ❞✐③❡r q✉❡ ❛ ❛♣❧✐❝❛çã♦ SU(2) // SO(3,R) ❞❛❞❛ ♣♦r A 7→ RA é ✉♠ ❤♦♠♦♠♦r✜s♠♦

❞❡ ❣r✉♣♦s✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ A s❡❥❛ ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✿

A1(α) =



e−iα/2 0

0 eiα/2


 .
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❙❡❣✉❡ ❞❛s ❡q✉❛çõ❡s x′ = x′(x, y, z)✱ y′ = y′(x, y, z) ❡ z′ = z′(x, y, z) q✉❡

RA1 =




cosα sinα 0

− sinα cosα 0

0 0 1



,

♦✉ s❡❥❛✱ q✉❡ RA1 é ✉♠❛ r♦t❛çã♦ ❛♦ r❡❞♦r ❞♦ ❡✐①♦ z ❞❡ R3 ♣♦r ✉♠ â♥❣✉❧♦ α✳ ❙✉♣♦♥❤❛ ❡♥tã♦

q✉❡ A s❡❥❛ ✉♠❛ ♠❛tr✐③ r❡❛❧✿

A2(β) =




cos β
2

− sin β
2

sin β
2

cos β
2


 .

❙❡❣✉❡ ❞❛s ♠❡s♠❛s ❡①♣r❡ssõ❡s ❞❡ x′✱ y′ ❡ z′ ❡♥q✉❛♥t♦ ❢✉♥çõ❡s ❞❡ x✱ y ❡ z q✉❡

RA2 =




cos β 0 − sin β

0 1 0

sin β 0 cos β



,

♦s s❡❥❛✱ q✉❡ RA2 é ✉♠❛ r♦t❛çã♦ ❛♦ r❡❞♦r ❞♦ ❡✐①♦ y ❞❡ R3 ♣♦r ✉♠ â♥❣✉❧♦ β✳

❯♠ ♣r♦❞✉t♦ ❞❛ ❢♦r♠❛ A1(α)A2(β)A1(γ) ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ r♦t❛çã♦ ❛♦ r❡❞♦r ❞♦ ❡✐①♦ z

♣♦r ✉♠ â♥❣✉❧♦ γ✱ s❡❣✉✐❞❛ ❞❡ ✉♠❛ r♦t❛çã♦ ❛♦ r❡❞♦r ❞♦ ❡✐①♦ y ♣♦r ✉♠ â♥❣✉❧♦ β✱ ♣♦r s✉❛

✈❡③ s❡❣✉✐❞❛ ❞❡ ✉♠❛ r♦t❛çã♦ ❛♦ r❡❞♦r ❞♦ ❡✐①♦ z ♣♦r ✉♠ â♥❣✉❧♦ α✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡st❡

♣r♦❞✉t♦ é ✉♠❛ r♦t❛çã♦ ♣♦r â♥❣✉❧♦s ❞❡ ❊✉❧❡r α✱ β✱ γ✳ P♦rt❛♥t♦✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❡♥❝♦♥tr❛❞♦

é s♦❜r❡❥❡t♦r✳ ❈♦♥t✉❞♦✱ ❡❧❡ ♥ã♦ é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♣♦rq✉❡ ✉♠❛ rá♣✐❞❛ ✐♥s♣❡çã♦ ♠♦str❛ q✉❡

❡①✐st❡ ♠❛✐s ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ A ∈ SU(2) q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♠❡s♠❛ r♦t❛çã♦ ❞❡ SO(3,R)✿ A

❡ −A✱ ♣♦r ❡①❡♠♣❧♦✳ ❱❡❥❛♠♦s q✉❛♥t❛s sã♦ ❡❧❛s✱ ❝♦♥t❛♥❞♦ ♣r✐♠❡✐r♦ q✉❛♥t❛s sã♦ ❛s ♠❛tr✐③❡s

A ∈ SU(2) q✉❡ ❝♦rr❡s♣♦♥❞❡♠ à I ∈ SO(3,R)✱ ✐st♦ é✱ à tr❛♥s❢♦r♠❛çã♦ x′ = x✱ y′ = y✱ z′ = z✳

P❛r❛ ❡st❛s ♠❛tr✐③❡s✱ ❛ ✐❞❡♥t✐❞❛❞❡ AHĀt = H ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞❛ ♠❛tr✐③ ❝♦♠♣❧❡①❛
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H ❞❡ tr❛ç♦ ♥✉❧♦✳ ■st♦ ♦❝♦rr❡ s♦♠❡♥t❡ s❡ A = ±I ∈ SU(2)✳ ❊st❛s ❞✉❛s ♠❛tr✐③❡s ❢♦r♠❛♠

✉♠ s✉❣❜r✉♣♦ ✐♥✈❛r✐❛♥t❡ ❞❡ SU(2)✱ ❡ s♦♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ✉♠❛ ♠❡s♠❛ ❝❧❛ss❡

❧❛t❡r❛❧ ❞❡st❡ s✉❜❣r✉♣♦✱ ✐st♦ é✱ A ❡ −A✱ ❝♦rr❡s♣♦♥❞❡♠ à ♠❡s♠❛ r♦t❛çã♦✳

✶✳✼ ❆çã♦ ❞❡ ❣r✉♣♦s ❡ ❣r✉♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s

❉❡✜♥✐çã♦ ✶✳✼✳✶✳ ❯♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ ✉♠ ❣r✉♣♦G ❝♦♠ ✐❞❡♥t✐❞❛❞❡ e s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦

M é ✉♠❛ ❛♣❧✐❝❛çã♦ G×M //M ✱ (g,m) 7→ g ·m t❛❧ q✉❡

✶✳ e · p = p✱ ♣❛r❛ t♦❞♦ p ∈M ✱

✷✳ g · (h · p) = (gh) · p✱ ♣❛r❛ t♦❞♦ g, h ∈ G ❡ p ∈M ✳

❆♥❛❧♦❣❛♠❡♥t❡ ❞❡✜♥❡✲s❡ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ M ✳ ❯♠ ❝♦♥❥✉♥t♦ M ❝♦♠ ✉♠❛ ❛çã♦ ❞❡

✉♠ ❣r✉♣♦ G é ❝❤❛♠❛❞♦ ✉♠ G✲❝♦♥❥✉♥t♦✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ ❛çã♦ ❞♦ ❣r✉♣♦ G s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ M é ❡q✉✐✈❛❧❡♥t❡

❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s G // Bij(M)✱ ♦♥❞❡ Bij(M) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❜✐❥❡çõ❡s

❞❡ M ❡♠ M ✳

❊①❡♠♣❧♦ ✶✳✼✳✷✳ ❚♦❞♦ ❣r✉♣♦ G ❛❣❡ s♦❜r❡ s✐ ♠❡s♠♦ ♣♦r tr❛♥s❧❛çõ❡s à ❡sq✉❡r❞❛✿ ❛ ❛çã♦

G×G //G é ❞❛❞❛ ♣♦r (g, h) 7→ gh✳ ❖ ❤♦♠♦♠♦r✜s♠♦

L : G // Bij(G), g 7→ Lg

❛ss♦❝✐❛❞♦ ❛ ❡❧❛ é t❛❧ q✉❡ Lg(h) = gh✱ ♣❛r❛ t♦❞♦ h ∈ G✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ t♦❞♦ ❣r✉♣♦ G t❛♠❜é♠

❛❣❡ s♦❜r❡ s✐ ♠❡s♠♦ ♣❡❧❛ ❡sq✉❡r❞❛ ♣♦r tr❛♥s❧❛çõ❡s à ❞✐r❡✐t❛✿ ❞❡st❛ ✈❡③ ❛ ❛çã♦ G×G //G

é ❞❛❞❛ ♣♦r (g, h) 7→ hg−1✱ ♦✉ ❛✐♥❞❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦

R : G // Bij(G), g 7→ Rg



✶✳✼✳ ❆çã♦ ❞❡ ❣r✉♣♦s ❡ ❣r✉♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✹✸

❛ss♦❝✐❛❞♦ ❛ ❡❧❛ é t❛❧ q✉❡ Rg(h) = hg−1✱ ♣❛r❛ t♦❞♦ g, h ∈ G✳ ❊st❛s ❞✉❛s ❛çõ❡s ❞❡ G ❝♦♠✉t❛♠✱

✉♠❛ ✈❡③ q✉❡

(Lg ◦Rh)(x) = gxh−1 = (Rh ◦ Lg)(x),

♣❛r❛ t♦❞♦ g, h, x ∈ G✳

❊①❡♠♣❧♦ ✶✳✼✳✸✳ ❖✉tr❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ G s♦❜r❡ s✐ ♠❡s♠♦ é ❛ ❛çã♦ ❛❞❥✉♥t❛ G×G //G

❞❛❞❛ ♣♦r (g, x) 7→ gxg−1✳ ❖ ❤♦♠♦♠♦r✜s♠♦

Ad : G // Bij(G), g 7→ Adg

❛ss♦❝✐❛❞♦ ❛ ❡❧❛ é t❛❧ q✉❡ Adg(x) = gxg−1✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ G✳ ❊st❛ ❛çã♦✱ ❞✐❢❡r❡♥t❡♠❡♥t❡

❞❛s tr❛♥s❧❛çõ❡s à ❡sq✉❡r❞❛ ❡ à ❞✐r❡✐t❛✱ r❡s♣❡✐t❛ ❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ G✱ ♦✉ s❡❥❛✱ ❡❧❛ s❛t✐s❢❛③

❛ r❡❧❛çã♦ Adg(xy) = Adg(x) Adg(y) ♣❛r❛ t♦❞♦ g, x, y ∈ G✳ P♦rt❛♥t♦✱ ❝❛❞❛ Ag é t❛♠❜é♠ ✉♠

✐s♦♠♦r✜s♠♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ G ❡♠ s✐ ♣ró♣r✐♦ é ✉♠ s✉❜❣r✉♣♦ ❞❡ Bij(G) q✉❡

❞❡♥♦t❛♠♦s ♣♦r Aut(G)✳ ❆ss✐♠✱ Ad : G // Aut(G)✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❢❛③❡r ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ❛çõ❡s à ❡sq✉❡r❞❛ ❞❡ ✉♠ ❣r✉♣♦ G s♦❜r❡ ✉♠

❝♦♥❥✉♥t♦ M ✱ ♣♦rq✉❡ t♦❞♦s ♦s ❝♦♥❝❡✐t♦s q✉❡ ❡♥✈♦❧✈❡♠ t❛✐s ❛çõ❡s ♣♦❞❡♠ s❡r ❛❞❛♣t❛❞♦s ♣❛r❛

❛çõ❡s à ❞✐r❡✐t❛ ❞❡ G s♦❜r❡ M ❞❡ ♠❛♥❡✐r❛ ó❜✈✐❛✳ ◆❡st❡ s❡♥t✐❞♦✱ s❡q✉❡r ♠❡♥❝✐♦♥❛♠♦s q✉❡ s❡

tr❛t❛♠ ❞❡ ❛çõ❡s à ❡sq✉❡r❞❛ ❞❡ G s♦❜r❡ M ✱ r❡❢❡r✐♥❞♦✲♥♦s ❛ ❡❧❛s ❛♣❡♥❛s ♣♦r ❛çõ❡s ❞❡ G s♦❜r❡

M ✳

❉❡✜♥✐çã♦ ✶✳✼✳✹✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ❞✐③❡♠♦s q✉❡ ❛ ❛çã♦ ❞♦

❣r✉♣♦ G s♦❜r❡ M é ✉♠❛ ❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❛ ❛♣❧✐❝❛çã♦ G ×M //M é s✉❛✈❡✳ ◆❡st❡

❝❛s♦✱ ❝❛❞❛ ❢✉♥çã♦ g := (g, ·) :M //M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ M ✱ r❛③ã♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❞✐③❡r

q✉❡ G é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ Diff(M) ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ M ✳

❊①❡♠♣❧♦ ✶✳✼✳✺✳ P❛r❛ G = M = S1 ≃ SU(1)✱ ❛ ❛♣❧✐❝❛çã♦ S1 × S1 // S1 ❞❛❞❛ ♣♦r

(eiθ1 , eiθ2) 7→ ei(θ1+θ2) é ✉♠❛ ❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ S1 s♦❜r❡ ❡❧❛ ♣ró♣r✐❛✳



✹✹ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ M ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❛çã♦ ❞❡ ❣r✉♣♦ ♣♦r ✉♠ ❣r✉♣♦ G✱ ❡①✐st❡♠

❛❧❣✉♥s s✉❜❣r✉♣♦s ❞❡ G ❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ M q✉❡ q✉❡r❡♠♦s ❝♦♥s✐❞❡r❛r✳

❉❡✜♥✐çã♦ ✶✳✼✳✻✳ ❖ ❡st❛❜✐❧✐③❛❞♦r ❞❡ p ∈ M é ♦ s✉❜❣r✉♣♦ ❞❡ G ❞❛❞♦ ♣♦r Gp = {g ∈ G |

g · p = p}✳ ❆ ór❜✐t❛ ❞❡ p ∈M é ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ M ❞❛❞♦ ♣♦r G(p) = {g · p | g ∈ G}✳

❊①❡♠♣❧♦ ✶✳✼✳✼✳ ❙❡❥❛ G = SO(2,R) ❡ ❢❛ç❛ G ❛❣✐r s♦❜r❡ R2 ❞❡ ♠❛♥❡✐r❛ ó❜✈✐❛✳ ❆s ór❜✐t❛s

❞❡st❛ ❛çã♦ sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝✐r❝✉♥❢❡rê♥❝✐❛s ❝❡♥tr❛❞❛s ♥❛ ♦r✐❣❡♠ ❞❡ R2✱ ✐♥❝❧✉✐♥❞♦ ❛ ♣ró♣r✐❛

♦r✐❣❡♠ ❝♦♠♦ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ r❛✐♦ ③❡r♦✳ ❏á ♦s ❡st❛❜✐❧✐③❛❞♦r❡s ❞❡ ♣♦♥t♦s ❞❡ R2 \{0} sã♦

s✉❜❣r✉♣♦s tr✐✈✐❛✐s ❡ ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❛ ♦r✐❣❡♠ é t♦❞♦ ♦ ❣r✉♣♦ G✳

❘❡♣❛r❡ q✉❡✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❛çã♦ ❞❡ G s♦❜r❡ M é ✉♠❛ ❛çã♦ ❞✐❢❡♥❝✐á✈❡❧ ❞❡ ✉♠ ❣r✉♣♦ ❞❡

▲✐❡ G s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡M ✱ t♦❞♦ ❡st❛❜✐❧✐③❛❞♦r é ✉♠ s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ♠❡r❣✉❧❤❛❞♦✱ ✉♠❛ ✈❡③

q✉❡ ❡❧❡ é ❢❡❝❤❛❞♦ ❡♠ G✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

∼ ♥♦ ❝♦♥❥✉♥t♦ M ❛ ♣❛rt✐r ❞❛ ❛çã♦ ❞❡ G s♦❜r❡ ❡❧❡✿ ❞❛❞♦s p, q ∈ M ✱ p ∼ q s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❡①✐st❡ g ∈ G t❛❧ q✉❡ q = g · p✳ ❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ r❡❧❛çã♦ ❝♦rr❡s♣♦♥❞❡♠ às

ór❜✐t❛s ❞❛ ❛çã♦ ❝♦♥s✐❞❡r❛❞❛✳

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ór❜✐t❛s ❞❡ ✉♠❛ ❛çã♦ ❞❡ G s♦❜r❡ M ♣♦r M/G✳ ❙❡ ❛ ❛çã♦ G ×

M // M é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡q✉✐♣❛♠♦s M/G ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✳ ❊st❛ é ❛ t♦♣♦❧♦❣✐❛

♠❛✐s ✜♥❛ q✉❡ ❢❛③ ❞❛ ❛♣❧✐❝❛çã♦ π :M //M/G ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳

❉❡✜♥✐çã♦ ✶✳✼✳✽✳ ❈❤❛♠❛♠♦s M/G ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡ ❞❡ ❡s♣❛ç♦ ❞❛s ór❜✐t❛s ❞❛

❛çã♦ ❞❡ G s♦❜r❡ M ✳

➱ ❢á❝✐❧ ✈❡r q✉❡ ♦s ❡st❛❜✐❧✐③❛❞♦r❡s Gp ❡ Gq ❞❡ ❞♦✐s ♣♦♥t♦s p, q ∈M sã♦ ❝♦♥❥✉❣❛❞♦s s❡ ❡st❡s

♣♦♥t♦s ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ♠❡s♠❛ ór❜✐t❛✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ p ∈M ✱ ❛ ❛♣❧✐❝❛çã♦ G //M

❞❛❞❛ ♣♦r g 7→ g · p ✐♥❞✉③ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ G/Gp ❡ G(p)✳

❉❡✜♥✐çã♦ ✶✳✼✳✾✳ ❙❡ G ❛❣❡ s♦❜r❡M ❡✱ ♣❛r❛ q✉❛✐sq✉❡r p, q ∈M ✱ ❡①✐st❡ g ∈ G t❛❧ q✉❡ g ·p = q✱

❡♥tã♦ ❛ ❛çã♦ G ×M // M é ❞✐t❛ ✉♠❛ ❛çã♦ tr❛♥s✐t✐✈❛✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ M é ✉♠

❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦✳



✶✳✼✳ ❆çã♦ ❞❡ ❣r✉♣♦s ❡ ❣r✉♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✹✺

❖❜✈✐❛♠❡♥t❡ ❛çõ❡s tr❛♥s✐t✐✈❛s s♦♠❡♥t❡ tê♠ ✉♠❛ ór❜✐t❛✳ ◆❡st❡ ❝❛s♦✱ M ≃ G/Gp✳

❊①❡♠♣❧♦ ✶✳✼✳✶✵✳ ◆♦ ❊①❡♠♣❧♦ ✶✳✼✳✼ ♦❜s❡r✈❛♠♦s q✉❡✱ ♣❡❧❛ ❛çã♦ ♥❛t✉r❛❧ ❞❡ SO(2,R) s♦❜r❡

R2✱ ❛s ór❜✐t❛s ❞❡ t♦❞♦ ♣♦♥t♦ ❞❡ R2 sã♦ ❝✐r❝✉♥❢❡rê♥❝✐❛s ❝❡♥tr❛❞❛s ♥❛ ♦r✐❣❡♠ ❞❡ R2✳ ◆❛

r❡❛❧✐❞❛❞❡✱ ✐st♦ ✈❛❧❡ ❡♠ ❣❡r❛❧ ❡ ❛ ♣r♦✈❛ ♣❛r❛ t❛❧ ❢❛t♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ q✉❡ ❛r❣✉♠❡♥t❛♠♦s

❛❣♦r❛✳ ❆✜r♠❛♠♦s q✉❡ ❛ ❛çã♦ ❞❡ SO(n,R) s♦❜r❡ Sn−1 é tr❛♥s✐t✐✈❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❜❛s❡

❝❛♥ô♥✐❝❛ {e1, . . . , en} ❞❡ Rn ❡ ✉♠ ✈❡t♦r u ∈ Sn−1 ❛r❜✐trár✐♦✳ ❊♥tã♦ ❡st❡♥❞❛ {u} ❛ ✉♠❛ ♦✉tr❛

❜❛s❡ ♦rt♦♥♦r♠❛❧ {u, ẽ2, . . . , ẽn} ❞❡ Rn✳ ❈❧❛r❛♠❡♥t❡✱ ❛ ♠❛tr✐③ Ã q✉❡ tr❛♥s❢♦r♠❛ ❛ s❡❣✉♥❞❛

❜❛s❡ ♥❛ ♣r✐♠❡✐r❛ é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✳ ❙❡ det(Ã) = 1✱ ❢❛ç❛ A = Ã✳ ❉♦ ❝♦♥trár✐♦✱

✐♥✈❡rt❛ ❛ ♦r❞❡♠ ❞❡ q✉❛✐sq✉❡r ❞♦✐s ✈❡t♦r❡s ❞❛ ❜❛s❡ q✉❡ ❝♦♥té♠ u✱ q✉❡ s❡❥❛♠ ❞✐❢❡r❡♥t❡s ❞❡st❡✱

❡ r❡❝❛❧❝✉❧❡ Ã✳ ❉❛í ❢❛ç❛ A = Ã✳ ❆ ♠❛tr✐③ A ❛ss✐♠ ♦❜t✐❞❛ é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❞❡

❞❡t❡r♠✐♥❛♥t❡ ✉♥✐tár✐♦ t❛❧ q✉❡ Ae1 = u✳ ❙❡ u′ ∈ Sn−1✱ ❝♦♥str✉❛ ✉♠❛ ♠❛tr✐③ A′ t❛❧ q✉❡

A′e1 = u′ ♣♦r ❡st❡ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❚❡♠♦s q✉❡ A′A−1 ∈ SO(n,R) ❡ A′A−1u = u′✳ ■st♦

♠♦str❛ q✉❡ Sn−1 é ✉♠ ❡s♣❛ç♦ ❤♦♠♦❣ê♥❡♦ ♣❡❧❛ ❛çã♦ ♥❛t✉r❛❧ ❞❡ SO(n,R) ✭❝♦♥s❡qü❡♥t❡♠❡♥t❡✱

❛✐♥❞❛✱ Sn−1 ≃ SO(n)/SO(n− 1)✮✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✶✳ ❯♠❛ ❛çã♦ ❞❡ G s♦❜r❡ M é ❞✐t❛ ❧✐✈r❡ s❡ ♥❡♥❤✉♠ g ∈ G ❞✐❢❡r❡♥t❡ ❞❛

✐❞❡♥t✐❞❛❞❡ ✜①❛ ❡❧❡♠❡♥t♦s ❞❡ M ✱ ✐st♦ é✱ s❡ g ∈ G é t❛❧ q✉❡ g · p = p ♣❛r❛ ❛❧❣✉♠ p ∈M ✱ ❡♥tã♦

g = e✳

❈❧❛r❛♠❡♥t❡ t♦❞♦s ♦s ❡st❛❜✐❧✐③❛❞♦r❡s ❞❡ ✉♠❛ ❛çã♦ ❧✐✈r❡ sã♦ tr✐✈✐❛✐s✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✷✳ ❉❛❞♦ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X ❡ ✉♠ ❣r✉♣♦ G ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ X✱

❛ ❛çã♦ ❞❡ G s♦❜r❡ X é ❞✐t❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ s❡✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ U ❞❡ x t❛❧ q✉❡ g(U) ∩ U = ∅✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ g 6= e✳

❉❛❞❛ ✉♠❛ ❛çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ ✉♠ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ X✱ ♦❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ g0✱ g1 ∈ G✱ ❝♦♠ g0 6= g1✱ ♦s ❝♦♥❥✉♥t♦s g0(U) ❡ g1(U) sã♦

❞✐s❥✉♥t♦s✳ ❉❡ ❢❛t♦✱ ♣♦✐s s❡ ❡st❡ ♥ã♦ ❢♦ss❡ ♦ ❝❛s♦✱ U ❡ g−1
0 (g1(U)) t❛♠❜é♠ ♥ã♦ s❡r✐❛♠ ❝♦♥❥✉♥t♦s

❞✐s❥✉♥t♦s ❡ ✐st♦ ❝♦♥tr❛r✐❛r✐❛ ♦ ❢❛t♦ ❞❛ ❛çã♦ ❞❡ G s♦❜r❡ X s❡r ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳



✹✻ ✶✳ Pr❡❧✐♠✐♥❛r❡s

❯♠ ❝♦♥❝❡✐t♦ r❡❧❛❝✐♦♥❛❞♦ à ❛çõ❡s ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛s ❞❡ ❣r✉♣♦s é ♦ s❡❣✉✐♥t❡✿

❉❡✜♥✐çã♦ ✶✳✼✳✶✸✳ ❯♠❛ ❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ G ×M // M é ❞✐t❛ ✉♠❛ ❛çã♦ ♣ró♣r✐❛ s❡ ❛

❛♣❧✐❝❛çã♦

G×M //M ×M, (g, p) 7→ (p, g · p),

é ✉♠❛ ❛♣❧✐❝❛çã♦ ♣ró♣r✐❛✱ ✐st♦ é✱ s❡ ❛ ♣ré✲✐♠❛❣❡♠ ❞❡ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ M ×M

♣♦r ❡st❛ ❛♣❧✐❝❛çã♦ é ❝♦♠♣❛❝t❛ ❡♠ G×M ✳

❊st❛❜❡❧❡❝❡♠♦s ❛❣♦r❛ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❡①✐st❛ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧

♥♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ M/G✱ ♣❛r❛ ❛ q✉❛❧ π :M //M/G é ✉♠❛ s✉❜♠❡rsã♦✳

❚❡♦r❡♠❛ ✶✳✼✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ G ❛❥❛ ❞✐❢❡r❡♥❝✐❛❧♠❡♥t❡✱ ❧✐✈r❡♠❡♥t❡ ❡ ♣r♦✲

♣r✐❛♠❡♥t❡ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ M ✳ ❊♥tã♦ ♦ ❡s♣❛ç♦ ❞❛s ór❜✐t❛s M/G é ✉♠❛ ✈❛r✐❡❞❛❞❡

t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦

dimM/G = dimM − dimG

q✉❡ ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ ❛ q✉❛❧ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ é ✉♠❛ s✉❜✲

♠❡rsã♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✶❪✱ ♣✳ ✷✷✵✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳ ❈♦♥s✐❞❡r❛♠♦s ❛ ❛çã♦ ❞❡ G ❡♠ s✐ ♣ró♣r✐♦ ♣♦r tr❛♥s❧❛çõ❡s à

❡sq✉❡r❞❛✳ ❊st❛ ❛çã♦ é ♣ró♣r✐❛ ❡ ❧✐✈r❡✳ ❙❡ H ⊂ G é ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦✱ ❡♥tã♦ H é ✉♠

s✉❜❣r✉♣♦ ❞❡ ▲✐❡ ❡ ❛ ❛çã♦ ❞❡ H ❡♠ G ♣♦r tr❛♥s❧❛çõ❡s à ❡sq✉❡r❞❛ é ♣ró♣r✐❛ ❡ ❧✐✈r❡✳ ❖ ❡s♣❛ç♦

q✉♦❝✐❡♥t❡ ♣❛r❛ ❡st❛ ❛çã♦ é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s à ❞✐r❡✐t❛ ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛

q✉♦❝✐❡♥t❡✿ G/H = {Hg | g ∈ G}✳ ❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♠❡❞✐❛t❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱

❝♦♥❝❧✉í♠♦s q✉❡

❈♦r♦❧ár✐♦ ✶✳✼✳✶✺✳ ❙❡ G ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ H ⊂ G é ✉♠ s✉❜❣r✉♣♦ ❢❡❝❤❛❞♦✱ ❡♥tã♦ G/H

♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✱ t❛❧

q✉❡ π : G //G/H é ✉♠❛ s✉❜♠❡rsã♦✳



❈❛♣ít✉❧♦ ✷

●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡

r❡❝♦❜r✐♠❡♥t♦

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❜ás✐❝♦s ❞❡ t♦♣♦❧♦❣✐❛ é ❞✐st✐♥❣ü✐r ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❆ t♦♣♦✲

❧♦❣✐❛ ❛❧❣é❜r✐❝❛✱ ❛♦ r❡❧❛❝✐♦♥❛r ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♠ ♦❜❥❡t♦s ❛❧❣é❜r✐❝♦s✱ ♣❡r♠✐t❡ q✉❡ ♣r♦✲

❜❧❡♠❛s ❞❡ ♥❛t✉r❡③❛ t♦♣♦❧ó❣✐❝❛ ❝♦♠♦ ❡st❡ ♣♦ss❛♠ s❡r tr❛❞✉③✐❞♦s ❡♠ ♣r♦❜❧❡♠❛s ❛❧❣é❜r✐❝♦s✱

❣❡r❛❧♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s ❞❡ s❡r❡♠ r❡s♦❧✈✐❞♦s✳ ❋❛③❡♠♦s ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ à ❡❧❛ ♥❡st❡

❝❛♣ít✉❧♦✱ ❡st❛❜❡❧❡❝❡♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s✱ ♣❛r❛ ❞❛í tr❛t❛r ❞♦

❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ q✉❡ é ✉♠❛ ❞❛s ❢❡rr❛♠❡♥t❛s ♣♦r ♠❡✐♦ ❞❛ q✉❛❧

t❛❧ ❞✐st✐♥çã♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛✳

■♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡stã♦ ♦s ❡s♣❛ç♦s

❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡st❡ ❡s♣❛ç♦✳ ❚❛✐s ❡s♣❛ç♦s tê♠ ✉♠❛ ❡str✉t✉r❛ ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ ♦s

❡s♣❛ç♦s ♣♦r ❡❧❡s ❝♦❜❡rt♦s✱ ♣♦❞❡♥❞♦ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝r✐t♦s ♣♦r s✉❜❣r✉♣♦s ❞♦s ❣r✉♣♦s

❢✉♥❞❛♠❡♥t❛✐s ❞❡st❡s ú❧t✐♠♦s✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✳ ❊①♣❧♦r❛♠♦s ❡st❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✱

❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝❧❛ss✐✜❝❛r ♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❚r❛t❛♠♦s ♠✉✐t♦ ❜r❡✈❡♠❡♥t❡✱ ❛✐♥❞❛✱ ❞♦s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ss♦❝✐❛❞♦s

❛ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ q✉❡ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✳

✹✼



✹✽ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

✷✳✶ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❡ f0✱ f1 : X // Y ❢✉♥çõ❡s ❝♦♥tí♥✉❛s q✉❡

❝♦✐♥❝✐❞❡♠ ❡♠ A ⊂ X✳ ❉✐③❡♠♦s q✉❡ f0 é ❤♦♠♦tó♣✐❝❛ ❛ f1 ❝♦♠ r❡❧❛çã♦ ❛ A s❡ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ F × [0, 1] // Y t❛❧ q✉❡

F (x, 0) = f0(x), F (x, 1) = f1(x)

♣❛r❛ t♦❞♦ x ∈ X ❡

F (a, t) = f0(a) = f1(a)

♣❛r❛ t♦❞♦ a ∈ A ❡ t♦❞♦ t ∈ [0, 1]✳ ❙❡ f0 ❡ f1 sã♦ ❤♦♠♦tó♣✐❝❛s ❝♦♠ r❡❧❛çã♦ ❛ A✱ ❡s❝r❡✈❡♠♦s

f0 ≃ f1 rel A ♣❛r❛ ❞❡♥♦t❛r ✐ss♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ A = ∅✱ ❡s❝r❡✈❡♠♦s ❛♣❡♥❛s f0 ≃ f1 ❡ ❞✐③❡♠♦s

s✐♠♣❧❡s♠❡♥t❡ q✉❡ f0 ❡ f1 sã♦ ❤♦♠♦tó♣✐❝❛s✳ ❆ ❢✉♥çã♦ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f0 ❡ f1✳

P♦❞❡♠♦s ♣❡♥s❛r ❡♠ ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f0 ❡ f1 ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡✱ ❞✉r❛♥t❡ ♦

✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [0, 1]✱ tr❛♥s❢♦r♠❛ ❛ ❢✉♥çã♦ f0 ❝♦♥t✐♥✉❛♠❡♥t❡ ♥❛ ❢✉♥çã♦ f1✱ ♣r❡s❡r✈❛♥❞♦ ❛

t♦❞♦ ✐♥st❛♥t❡ ♦ s✉❜❝♦♥❥✉♥t♦ A ❞❡ X✳

❊①❡♠♣❧♦ ✷✳✶✳✷✳ ◗✉❛✐sq✉❡r ❞✉❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s f0 ❡ f1 ❞❡✜♥✐❞❛s ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦

❝♦♥✈❡①♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ sã♦ ❤♦♠♦tó♣✐❝❛s ♣♦r

F (s, t) = (1− t)f0(s) + tf1(s).

❊st❛ ❢✉♥çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐♥❡❛r ♣♦r ❞❡s❧♦❝❛r ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ ♦ ♣♦♥t♦

f0(s) ♣❛r❛ ♦ ♣♦♥t♦ f1(s) ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ r❡t✐❧í♥❡♦✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♦ ✐♥t❡r✈❛❧♦ [0, 1] ♣♦r I ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✳ ❆❧❣✉♠❛s ✈❡③❡s

t❛♠❜é♠ ✐♥❞✐❝❛r❡♠♦s ❛ ❤♦♠♦t♦♣✐❛ F ❛tr❛✈és ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ft = F (·, t) : X // Y q✉❡

❡❧❛ r❡♣r❡s❡♥t❛✳



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✹✾

❉❡✜♥✐çã♦ ✷✳✶✳✸✳ ❉✐③❡♠♦s q✉❡ ❞♦✐s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s X ❡ Y sã♦ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡

❡q✉✐✈❛❧❡♥t❡s ♦✉ tê♠ ♠❡s♠❛ ❤♦♠♦t♦♣✐❛ s❡ ❡①✐st❡♠ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s f : X // Y ❡

g : Y //X t❛✐s q✉❡

f ◦ g : X //X ❡ g ◦ f : Y // Y

sã♦ ❤♦♠♦tó♣✐❝❛s ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ✐❞❡♥t✐❞❛❞❡s✱ idX ❡ idY ✳

◆♦t❡ q✉❡ ❛ ♥♦çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❡s♣❛ç♦s ♣♦r ❤♦♠♦t♦♣✐❛s ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡

❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s ❞❡ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ ♥❛t✉r❛❧✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ tr♦❝❛r ✐❣✉❛❧❞❛❞❡s ♣♦r

❤♦♠♦t♦♣✐❛s✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s sã♦ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱

♠❛s q✉❡ ❛ r❡❝í♣r♦❝❛ ❞❡st❛ ❛✜r♠❛çã♦ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❉❡ ❢❛t♦✱ Rn ❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡

Rn ❝♦♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ tê♠ ❝❧❛r❛♠❡♥t❡ ❛ ♠❡s♠❛ ❤♦♠♦t♦♣✐❛✱ ♠❛s ♥ã♦ ♣♦❞❡ ❤❛✈❡r ♥❡♥❤✉♠❛

❜✐❥❡çã♦ ❡♥tr❡ ❡❧❡s✳ ❋✐❝❛ ❛ss✐♠ ❝❡rt♦ q✉❡ ❛ r❡❧❛çã♦ ✏s❡r ❡s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✑

é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ r❡❧❛çã♦ ✏s❡r ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s✑✳

▲❡♠❛ ✷✳✶✳✹✳ ❆s r❡❧❛çõ❡s ✏s❡r ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦✑ ❡ ✏s❡r

❡s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✑ sã♦ r❡❧❛çõ❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛♠♦s s❡ ❛ ♣r✐♠❡✐r❛ r❡❧❛çã♦ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛✲

❧ê♥❝✐❛✳ ❉❛❞♦ f ✱ é ❝❧❛r♦ q✉❡ f ≃ f rel A✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ F (x, t) = f(x)✳ ❚❛♠❜é♠✱

s❡ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g ❝♦♠ r❡❧❛çã♦ ❛ A✱ ❡♥tã♦ G(x, t) = F (x, 1 − t) é ✉♠❛

❤♦♠♦t♦♣✐❛ ❡♥tr❡ g ❡ f ❝♦♠ r❡❧❛çã♦ ❛ A✳ ❆❣♦r❛✱ s❡ f ≃ g rel A ❡ g ≃ h rel A r❡s♣❡❝t✐✈❛♠❡♥t❡

♣❡❧❛s ❤♦♠♦t♦♣✐❛s F ❡ G✱ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ H : X × I // Y ❛ss✐♠ ❞❡✜♥✐❞❛

H(x, t) =





F (x, 2t), s❡ t ∈ [0, 1
2
]

G(x, 2t− 1), s❡ t ∈ [1
2
, 1]

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g ❝♦♠ r❡❧❛çã♦ ❛ A✳ ❉❡ ❢❛t♦✱ H ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡♥q✉❛♥t♦ ❢✉♥çã♦✱

♣♦✐s F (x, 1
2
) = G(x, 1

2
)✱ ❡ é ❝♦♥tí♥✉❛✱ ♣♦r s❡r ❝♦♥tí♥✉❛ ♥♦s ✐♥t❡r✈❛❧♦s ❢❡❝❤❛❞♦s

[
0, 1

2

]
❡
[
1
2
, 1
]



✺✵ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❞❡ [0, 1]✱ ❝✉❥❛ ✐♥t❡rs❡❝çã♦ ❝♦♥té♠ ❛♣❡♥❛s ♦ ♣♦♥t♦ t = 1
2
✱ ♥♦ q✉❛❧ F (x, ·) ❡ G(x, ·) ❝♦✐♥❝✐❞❡♠✳

❆❧é♠ ❞✐ss♦✱

H(x, 0) = f(x), H(x, 1) = g(x) ❡ H(a, t) = f(a)

♣❛r❛ t♦❞♦ x ∈ X✱ a ∈ A ❡ t ∈ I✳ P♦rt❛♥t♦✱ ❛ r❡❧❛çã♦ ✏s❡r ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ❝♦♠ r❡❧❛çã♦ ❛

✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦✑ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s r❡✢❡①✐✈❛✱ s✐♠étr✐❝❛ ❡ tr❛♥s✐t✐✈❛ ❡ é✱ ❛ss✐♠✱ ✉♠❛

r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❱❛♠♦s ✈❡r✐✜❝❛r ❛❣♦r❛ ❛ s❡❣✉♥❞❛ r❡❧❛çã♦✳ ❆ ú♥✐❝❛ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ q✉❡ ♣r❡❝✐s❛ s❡r

❛♥❛❧✐s❛❞❛ é ❛ tr❛♥s✐t✐✈✐❞❛❞❡✳ P♦✐s ❜❡♠✱ s❡ X ❡ Y sã♦ ❡s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s

❡ Y ❡ Z t❛♠❜é♠ ♦ sã♦✱ ❡♥tã♦ ❡①✐st❡♠ ❢✉♥çõ❡s f : X // Y ✱ g : Y // X✱ f ′ : Y // Z ❡

g′ : Z // Y t❛✐s q✉❡ g ◦ f ≃ idX ✱ f ◦ g ≃ idY ✱ g′ ◦ f ′ ≃ idY ❡ f ′ ◦ g′ ≃ idZ ♣❡❧❛s ❤♦♠♦t♦♣✐❛s

F ✱ G✱ F ′ ❡ G′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❡♠♦s ❞❛í q✉❡ f ′ ◦ f : X // Z ❡ g ◦ g′ : Z //X✱ ❡♥q✉❛♥t♦

g ◦ (g′ ◦ f ′) ◦ f : X //X ❡ f ′ ◦ (f ◦ g) ◦ g′ : Z // Z,

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❞❡✜♥✐r ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s✿

F ′′ : X × I // Z

(x, t) 7→ g ◦ F ′(f(x), t)
❡

G′′ : Z × I // X

(z, t) 7→ f ′ ◦G(g′(z), t).

❯s❛♥❞♦ ❛ tr❛♥s✐t✐✈✐❞❛❞❡ ❞❛ ♣r✐♠❡✐r❛ r❡❧❛çã♦✱ é ✐♠❡❞✐❛t♦ ✈❡r ❡♥tã♦ q✉❡ ❛s ❢✉♥çõ❡s g ◦g′ ◦f ′ ◦f

❡ f ′ ◦f ◦g ◦g′ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❤♦♠♦tó♣✐❝❛s ❛ idX ❡ idZ ♣♦r F ′′ ❡ G′′✳ ❆ss✐♠✱ ✏s❡r ❡s♣❛ç♦s

❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✑ t❛♠❜é♠ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❱❛♠♦s ♥♦s r❡❢❡r✐r ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ f : X // Y ♣❡❧❛ r❡❧❛çã♦ ✏s❡r

❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦✑ ♣♦r ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❞❡♥♦tá✲❧❛

♣♦r [f ]✳ ❊st❛♠♦s ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♥t❡r❡ss❛❞♦s ♥❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❢✉♥çõ❡s ❜❛st❛♥t❡

s✐♠♣❧❡s✿



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✺✶

❉❡✜♥✐çã♦ ✷✳✶✳✺✳ ❙❡❥❛ f : I // X ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ f(0) = x0 ❡ f(1) = x1✳

❉✐③❡♠♦s q✉❡ f é ✉♠ ❝❛♠✐♥❤♦ ❞❡ x0 ❛ x1 ✭❡♠ X✮ ❡ q✉❡ x0 ❡ x1 sã♦ ♦s ♣♦♥t♦s ✐♥✐❝✐❛❧ ❡

✜♥❛❧ ❞♦ ❝❛♠✐♥❤♦ f ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◗✉❛♥❞♦ ❡st❡s ♣♦♥t♦s ❝♦✐♥❝✐❞❡♠✱ t❛♠❜é♠ ❞✐③❡♠♦s q✉❡

♦ ❝❛♠✐♥❤♦ f é ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❧❛ç♦✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ ♦ ♣♦♥t♦

x0 ✜❝❛ s✉❜❡♥t❡♥❞✐❞♦✳

◆♦s r❡❢❡r✐♠♦s ❛ ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ❝❛♠✐♥❤♦s f ✱ g : I // X q✉❡ ♣r❡s❡r✈❛ ♦s ♣♦♥t♦s

✐♥✐❝✐❛✐s ❡ ✜♥❛✐s ❞❡st❡s✱ ♦✉ s❡❥❛✱ ❛ ✉♠❛ ❤♦♠♦t♦♣✐❛ t❛❧ q✉❡ f ≃ g rel {0, 1}✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r

❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s✳ ❚♦❞❛s ❛s ❤♦♠♦t♦♣✐❛s ❡♥tr❡ ❝❛♠✐♥❤♦s s❡rã♦ ❞❡st❛ ❢♦r♠❛ ❞❛q✉✐

❡♠ ❞✐❛♥t❡✳

❊①❡♠♣❧♦ ✷✳✶✳✻✳ ❯♠ ❛s♣❡❝t♦ ❜❛st❛♥t❡ ✐♥t✉✐t✐✈♦ ❛ r❡s♣❡✐t♦ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ♠❡s♠♦s ❡①tr❡♠♦s

❡♠ ❡s♣❛ç♦s ❝♦♥✈❡①♦s é q✉❡ q✉❛✐sq✉❡r ❞♦✐s ❞❡❧❡s sã♦ ❤♦♠♦tó♣✐❝♦s ❛tr❛✈és ❞❛ ❤♦♠♦t♦♣✐❛ ❧✐♥❡❛r✳

P♦❞❡♠♦s ❢❛❝✐❧♠❡♥t❡ ❞❡✜♥✐r ✉♠❛ ♦♣❡r❛çã♦ ❡♥tr❡ ❝❛♠✐♥❤♦s✱ ✉♠❛ ✈❡③ ❣❛r❛♥t✐❞♦ q✉❡ ♦ ♣♦♥t♦

✜♥❛❧ ❞❡ ✉♠ ❞❡❧❡s s❡❥❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❞♦ ♦✉tr♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❙❡ f é ✉♠ ❝❛♠✐♥❤♦ ❡♠ X ❞❡ x0 ❛ x1 ❡ g é ✉♠ ❝❛♠✐♥❤♦ ❡♠ X ❞❡ x1 ❛ x2✱

❞❡✜♥✐♠♦s ❛ ❝♦♥❝❛t❡♥❛çã♦ f ∗ g ❞❡st❡s ❝❛♠✐♥❤♦s ❝♦♠♦ s❡♥❞♦ ♦ ❝❛♠✐♥❤♦ ❡♥tr❡ x0 ❡ x2 q✉❡

s❡ ♦❜té♠ ♣❡r❝♦rr❡♥❞♦ ♣r✐♠❡✐r♦ f ❡ ❞❡♣♦✐s g ❝♦♠ ♦ ❞♦❜r♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❡♠ ❝❛❞❛ tr❡❝❤♦✿

(f ∗ g)(s) =





f(2s), s❡ s ∈
[
0, 1

2

]

g(2s− 1), s❡ s ∈
[
1
2
, 1
]
.

❊st❛ ♦♣❡r❛çã♦ ✐♥❞✉③ ✉♠ ♣r♦❞✉t♦ ❜❡♠✲❞❡✜♥✐❞♦ ♥❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❝❛♠✐♥❤♦s f ❡ g

♣❛r❛ ♦s q✉❛✐s f(1) = g(0)✱ ❛tr❛✈és ❞❛ ❡q✉❛çã♦

[f ] ∗ [g] = [f ∗ g].

P❛r❛ ✈❡r ✐st♦✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ F ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s f ❡ f ′ ❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ G ❡♥tr❡



✺✷ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

♦s ❝❛♠✐♥❤♦s g ❡ g′✳ ❆ ❢✉♥çã♦

H(s, t) =





F (2s, t), s❡ s ∈
[
0, 1

2

]

G(2s− 1, t), s❡ s ∈
[
1
2
, 1
]

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ∗ g ❡ f ′ ∗ g′✱ ♦ q✉❡ ♥♦s ♠♦str❛ q✉❡ ❡st❡ ú❧t✐♠♦ ♣r♦❞✉t♦ ✐♥❞❡♣❡♥❞❡

❞♦ r❡♣r❡s❡♥t❛♥t❡ ❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❝❛♠✐♥❤♦s✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r f−1 ♦ ❝❛♠✐♥❤♦ f ♣❡r❝♦rr✐❞♦ ❡♠ s❡♥t✐❞♦ ❝♦♥trár✐♦✱ f−1(s) = f(1− s)✱ ❡

❞❡✜♥✐r ex ❝♦♠♦ s❡♥❞♦ ♦ ❧❛ç♦ ❝♦♥st❛♥t❡ ❜❛s❡❛❞♦ ❡♠ x✱ ex(s) = x✳ P♦r π1(X, x0) q✉❡r❡♠♦s

✐♥❞✐❝❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s [f ] ❞❡ ❧❛ç♦s f : I // X ❜❛s❡❛❞♦s ❡♠

✉♠ ♣♦♥t♦ x0 ❞❡ X✳

❋✐❝❛ ❢á❝✐❧ ❢❛③❡r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s❡ ♥♦t❛r♠♦s q✉❡ t♦❞❛ r❡♣❛r❛♠❡✲

tr✐③❛çã♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ f ♣♦r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ϕ : I // I q✉❡ ✜①❛ ♦s ♣♦♥t♦s ✵ ❡

✶ ❞á ♦r✐❣❡♠ ❛ ✉♠ ❝❛♠✐♥❤♦ f ◦ ϕ ❤♦♠♦tó♣✐❝♦ ❛ f ✳ ❆ ❤♦♠♦t♦♣✐❛ ❡♠ q✉❡stã♦ é ❛ s❡❣✉✐♥t❡✿

F (s, t) = f((1− t)ϕ(s) + ts)✳ ❖❜s❡r✈❡ q✉❡ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ é ♠♦❞✐✜❝❛r

❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♠ q✉❡ ✉♠❛ ❞❡❢♦r♠❛çã♦ ♦❝♦rr❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✽✳ π1(X, x0) é ✉♠ ❣r✉♣♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣r♦❞✉t♦ ∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡ f ✱ g ❡ h sã♦ ❝❛♠✐♥❤♦s ❡♠X ❝♦♠ f(1) = g(0) ❡ g(1) = h(0)✱ ❡♥tã♦ f ∗(g∗h)

❡ (f ∗ g) ∗ h ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞♦s✱ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ❞❡st❡s ❝❛♠✐♥❤♦s ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦

❞♦ s❡❣✉♥❞♦ ♣♦r

ϕ(s) =





s
2
, s ∈

[
0, 1

2

]
,

s− 1
4
, s ∈

[
1
2
, 3
4

]
,

2s− 1, s ∈
[
3
4
, 1
]
.

P♦rt❛♥t♦✱ f ∗ (g ∗ h) ❡ (f ∗ g) ∗ h sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❧❛ç♦s f ✱ g

❡ h ❞❡ ♠❡s♠♦ ♣♦♥t♦ ❜❛s❡ x0✱

[f ] ∗ ([g] ∗ [h]) = [f ∗ (g ∗ h)] = [(f ∗ g) ∗ h] = ([f ] ∗ [g]) ∗ [h],



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✺✸

♠♦str❛♥❞♦ q✉❡ ♦ ♣r♦❞✉t♦ ❡♠ π1(X, x0) é ❛ss♦❝✐❛t✐✈♦✳

P♦r s✉❛ ✈❡③✱ s❡ f é ✉♠ ❝❛♠✐♥❤♦ q✉❛❧q✉❡r ❡♠ X ❡ e0 = ef(0) ❡ e1 = ef(1)✱ ❡♥tã♦ e0 ∗ f é

✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ f ♣♦r

ϕ(s) =





0, s ∈
[
0, 1

2

]
,

2s− 1, s ∈
[
1
2
, 1
]
,

❡♥q✉❛♥t♦ f ∗ e1 é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ f ♣♦r

ϕ(s) =





2s, s ∈
[
0, 1

2

]
,

1, s ∈
[
1
2
, 1
]
.

❉❡st❛ ❢♦r♠❛✱ e0 ∗ f ❡ f ∗ e1 sã♦ ❛♠❜♦s ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❛ f ✳ ▼❡❧❤♦r ❛✐♥❞❛✿ ♣❛r❛ ✉♠

❧❛ç♦ f ❜❛s❡❛❞♦ ❡♠ x0✱ e1 = e0 ❡✱ ❛ss✐♠✱ [ex0 ] é ♦ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ ❡♠ π1(X, x0)✳

P♦r ✜♠✱

H(s, t) =





f
(

2s
1−t

)
, s ∈

[
0, 1−t

2

]
,

e0(s), s ∈
[
1−t
2
, 1+t

2

]
,

f
(
2s−t−1
1−t

)
, s ∈

[
t+1
2
, 1
]

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ∗ f−1 ❡ e0✱ ❝✉❥❛ s✐♠♣❧❡s s✉❜st✐t✉✐çã♦ ❞❡ f ♣♦r f−1 ❡ e0 ♣♦r e1 ❡♠

s✉❛ r❡❣r❛ t❛♠❜é♠ ❢♦r♥❡❝❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f−1 ∗ f ❡ e1✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♣❛r❛ ✉♠ ❧❛ç♦ f

❜❛s❡❛❞♦ ❡♠ x0✱ ✐st♦ ♥♦s ♠♦str❛ q✉❡ [f−1] é ♦ ❡❧❡♠❡♥t♦ ✐♥✈❡rs♦ ❞❡ [f ] ❡♠ π1(X, x0)✱ ✐st♦ é✱

[f ]−1 = [f−1]✳

❉❡✜♥✐çã♦ ✷✳✶✳✾✳ ❖ ❣r✉♣♦ π1(X, x0) é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ♦✉ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❞❡

❤♦♠♦t♦♣✐❛ ❞❡ X r❡❧❛t✐✈♦ ❛♦ ♣♦♥t♦ ❜❛s❡ x0✳

❙❡ ✐❞❡♥t✐✜❝❛r♠♦s ♦ ✐♥t❡r✈❛❧♦ [0, 1] ❝♦♠ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ S1 ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ❛tr❛✈és ❞♦

q✉♦❝✐❡♥t❡ I/∂I✱ ❡ ❞❡♥♦t❛r♠♦s ♣♦r s0 ∈ S1 ❛ ✐♠❛❣❡♠ ❞❡ ∂I ♣♦r ❡st❛ ✐❞❡♥t✐✜❝❛çã♦✱ ♣♦❞❡r❡♠♦s

♦❧❤❛r ♣❛r❛ ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ❧❛ç♦s ❜❛s❡❛❞♦s ❡♠ x0 ∈ X ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ S1 × I //X



✺✹ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

q✉❡ tr❛♥s❢♦r♠❛ {s0} × I ❡♠ x0✳ ❚❡r❡♠♦s ❞❛í q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X

s❡rã♦ ❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❢✉♥çõ❡s ❞❡ S1 ❡♠ X q✉❡ tr❛♥s❢♦r♠❛♠ s0 ❡♠ x0✳

➱ ♥❛t✉r❛❧ s❡ ♣❡r❣✉♥t❛r ❞❡ q✉❡ ♠❛♥❡✐r❛ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ❜❛s❡✳ ▼❛s

❛♦ ❝♦♥trár✐♦ ❞♦ q✉❡ ♣♦❞❡♠♦s ✐♠❛❣✐♥❛r✱ ❡st❛ ❡s❝♦❧❤❛ ♥ã♦ é ✐♠♣♦rt❛♥t❡ ❡♠ ❣❡r❛❧✳ P❛r❛ ✈❡r

✐ss♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ❝❛♠✐♥❤♦ h ❞❡ x0 ❛ x1 ❡♠ X ❡ ❞❡✜♥❛ ĥ : π1(X, x0) // π1(X, x1) ♣♦r

ĥ([f ]) = [h−1 ∗ f ∗h]✳ P♦r ∗ s❡r ✉♠❛ ♦♣❡r❛çã♦ ❜❡♠ ❞❡✜♥✐❞❛ ❡ h−1 ∗ f ∗h s❡r ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦

❡♠ x1✱ ❛ ❢✉♥çã♦ ĥ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❢❛③ ❛ ♠✉❞❛♥ç❛ ❞♦ ♣♦♥t♦ ❜❛s❡ x0 ♣❛r❛ x1 ❞❡ ✉♠❛

♠❛♥❡✐r❛ ♠✉✐t♦ ❝♦♥✈❡♥✐❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✵✳ ❙❡ x0 ❡ x1 ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ❞❡ X✱

❡♥tã♦ ♦s ❣r✉♣♦s π1(X, x0) ❡ π1(X, x1) sã♦ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❆ ❢✉♥çã♦ ĥ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ♣♦rq✉❡

ĥ([f ] ∗ [g]) = [h−1 ∗ (f ∗ g) ∗ h] = [h−1 ∗ f ∗ h] ∗ [h−1 ∗ g ∗ h] = ĥ([f ]) ∗ ĥ([g])

❡ é ✉♠❛ ❜✐❥❡çã♦✱ ❥á q✉❡

(ĥ−1 ◦ ĥ)([f ]) = ĥ−1([h−1 ∗ f ∗ h]) = [(h ∗ h−1) ∗ f ∗ (h ∗ h−1)] = [f ]

❡✱ s✐♠✐❧❛r♠❡♥t❡✱ (ĥ ◦ ĥ−1)([f ]) = [f ]✳

❊♠ ✈✐st❛ ❞❡st❛ ♣r♦♣♦s✐çã♦✱ ✈❛♠♦s s❡♠♣r❡ s✉♣♦r q✉❡ ♦ ❡s♣❛ç♦ X é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s

❡ ♣♦r ✐ss♦ ♦♠✐t✐r❡♠♦s ♦ ♣♦♥t♦ ❜❛s❡ ❡♠♣r❡❣❛❞♦ ♥❛ ❝♦♥str✉çã♦ ❞❡ s❡✉ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱

❡s❝r❡✈❡♥❞♦ ❛♣❡♥❛s π1(X) ♣❛r❛ ❡❧❡✳ ◆♦t❡✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ♦s ❣r✉♣♦s π1(X, x0) ❡ π1(X, x1)

♥ã♦ ♣♦❞❡♠ s❡r ❝❛♥♦♥✐❝❛♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦s✱ ❛ ♠❡♥♦s q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X s❡❥❛

❛❜❡❧✐❛♥♦✱ ♣♦✐s ♦ ✐s♦♠♦r✜s♠♦ ĥ ❞❡♣❡♥❞❡ ❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ h✳

❆♥t❡s ❞❡ ❢♦r♥❡❝❡r ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♠❛✐s ✉♠ ❝♦♥❝❡✐t♦

q✉❡ s❡ ♠♦str❛rá ❜❛st❛♥t❡ út✐❧ ♠❛✐s ❛❞✐❛♥t❡✳



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✺✺

❉❡✜♥✐çã♦ ✷✳✶✳✶✶✳ ❯♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❝♦♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ tr✐✈✐❛❧ é ❞✐t♦

s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❯♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ é ♣♦rt❛♥t♦ ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ♥♦ q✉❛❧ t♦❞♦s

♦s ❝❛♠✐♥❤♦s ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞❛❞♦s ♣♦❞❡♠ s❡r ❝♦♥t✐♥✉❛♠❡♥t❡ tr❛♥s❢♦r♠❛❞♦s ✉♠ ♥♦ ♦✉tr♦✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡①♣❧✐❝❛ ❡st❛ t❡r♠✐♥♦❧♦❣✐❛✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❊♥tã♦ X é s✐♠♣❧❡s♠❡♥t❡

❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❤á ✉♠❛ ú♥✐❝❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s ❡♠ X ❞❡ ♠❡s♠♦s

♣♦♥t♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ X s❡❥❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❯♠❛ ✈❡③ q✉❡ X

é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡①✐st❡♠ ❝❛♠✐♥❤♦s ❡♠ X ❧✐❣❛♥❞♦ q✉❛✐sq✉❡r ❞♦✐s ❞❡ s❡✉s ♣♦♥t♦s✳

❈♦♥s✐❞❡r❡✱ ♣♦r ✐ss♦✱ ❝❛♠✐♥❤♦s f ❡ g ❞❡ x0 ❛ x1 ❡♠ X✳ ❆ ♣❛rt✐r ❞❡st❡s ❞♦✐s ❝❛♠✐♥❤♦s ♣♦❞❡♠♦s

❡s❝r❡✈❡r ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0✱ ❡①♣❧✐❝✐t❛♠❡♥t❡✱ f ∗g−1✱ q✉❡ s❛❜❡♠♦s s❡r ❤♦♠♦tó♣✐❝♦ ❛♦ ❧❛ç♦

❝♦♥st❛♥t❡ ex0 ✱ ✉♠❛ ✈❡③ q✉❡ X é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❆ss✐♠✱

[f ] = [f ∗ g−1] ∗ [g] = [ex0 ] ∗ [g] = [g].

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ❤á ✉♠❛ ú♥✐❝❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s ❡♠ X ❧✐❣❛♥❞♦ x0 ❛ ❡❧❡

♠❡s♠♦✱ ❡♥tã♦ t♦❞♦s ♦s ❧❛ç♦s ❜❛s❡❛❞♦s ❡♠ x0 sã♦ ❤♦♠♦tó♣✐❝♦s ❛ ex0 ❡✱ ❞❛í✱ π1(X, x0) = {ex0}✳

■st♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X s❡❥❛ tr✐✈✐❛❧✱ ❞❡✈✐❞♦ ❛ X s❡r ✉♠

❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ ♥ã♦ ❞❡♣❡♥❞❡r ❞♦ ♣♦♥t♦ ❜❛s❡ x0✳

❊①❡♠♣❧♦ ✷✳✶✳✶✸✳ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ X ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t❡♠ ❣r✉♣♦ ❢✉♥❞❛✲

♠❡♥t❛❧ tr✐✈✐❛❧✱ ♣♦rq✉❡ t♦❞♦ ❧❛ç♦ f ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0 é ❤♦♠♦tó♣✐❝♦ ❛♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡

ex0 ♣❡❧❛ ❤♦♠♦t♦♣✐❛ ❧✐♥❡❛r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❞✐s❝♦ ✉♥✐tár✐♦ Dn ❡♠ Rn ❡ ♦ ♣ró♣r✐♦ Rn tê♠

❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s tr✐✈✐❛✐s✳ ❆ss✐♠✱ ❡st❡s ❡s♣❛ç♦s sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ p : X // Y s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ tr❛♥s❢♦r♠❛ ✉♠ ♣♦♥t♦ x0 ❞❡

X ❡♠ ✉♠ ♣♦♥t♦ y0 ❞❡ Y ✳ ■♥❞✐❝❛♠♦s ❡st❛ s✐t✉❛çã♦ ♣❡❧❛ ❡①♣r❡ssã♦ p : (X, x0) // (Y, y0)✳



✺✻ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✹✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

p∗ : π1(X, x0) // π1(Y, y0)

[f ] 7→ [p ◦ f ]

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♥❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❧❛ç♦s ❜❛s❡❛❞♦s ❡♠ x0 ❡ é ✉♠ ❤♦♠♦♠♦r✜s♠♦

❞❡ ❣r✉♣♦s ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❙❡ r : (X, x0) // (Y, y0) ❡ s : (Y, y0) // (Z, z0)✱ ❡♥tã♦ (s ◦ r)∗ = s∗ ◦ r∗❀

✷✳ (idX)∗ = idπ1(X)✳

❉❡♠♦♥str❛çã♦✳ ➱ ❝❧❛r♦ q✉❡ s❡ f ❢♦r ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ x0✱ p ◦ f s❡rá ✉♠ ❧❛ç♦ ❜❛s❡❛❞♦

❡♠ y0✳ ❆ss✐♠ p∗ t❡♠ ✐♠❛❣❡♠ ❡♠ π1(Y, y0)✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❢✉♥çã♦ p ❡stá

❜❡♠✲❞❡✜♥✐❞❛✱ ♣♦rq✉❡ s❡ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s f ❡ g✱ ❡♥tã♦ p ◦ F é ✉♠❛

❤♦♠♦t♦♣✐❛ ❡♥tr❡ p ◦ f ❡ p ◦ g✳ ❖ ❢❛t♦ ❞❡ p∗ s❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛

❡q✉❛çã♦ (p ◦ f) ∗ (p ◦ g) = p ◦ (f ∗ g)✳ P❛r❛ ❝❤❡❝❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❤♦♠♦♠♦r✜s♠♦ p∗✱ ✈❡❥❛

q✉❡✱ ♣♦r ❞❡✜♥✐çã♦✱

(s ◦ r)∗([f ]) = [(s ◦ r) ◦ f ] = [s ◦ (r ◦ f)] = s∗(r∗([f ])) = (s∗ ◦ r∗)([f ])

❡ ❛♥❛❧♦❣❛♠❡♥t❡

(idX)∗([f ]) = [idX ◦ f ] = [f ] = idπ1(X)([f ])

♣❛r❛ t♦❞♦ [f ] ∈ π1(X, x0)✳

P❛r❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦r ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❤♦♠♦t♦♣✐❛s✱

♥ós ♣♦❞❡♠♦s ❢❛③❡r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ♣♦♥t♦ ❜❛s❡ ♥♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ Y ❡

❛ss✐♠ r❡❧❛❝✐♦♥❛r ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s ♣♦r ❞✉❛s ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ❞❡✜♥✐❞❛s ❡♠

(X, x0) q✉❡ ♥ã♦ ♣r❡s❡r✈❛♠ ❛ ✐♠❛❣❡♠ ❞♦ ♣♦♥t♦ ❜❛s❡ ❞✉r❛♥t❡ ❛ ❤♦♠♦t♦♣✐❛✳



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✺✼

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✺✳ ❙❡ H : X × I // Y é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ❢✉♥çõ❡s u ❡ v q✉❡ tr❛♥s❢♦r✲

♠❛♠ ✉♠ ♣♦♥t♦ x0 ∈ X ♥♦s ♣♦♥t♦s y0✱ y1 ∈ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ h(t) = H(x0, t) é ✉♠

❝❛♠✐♥❤♦ ❡♠ Y ✱ ❡♥tr❡ y0 ❡ y1✱ t❛❧ q✉❡ v∗ = ĥ ◦ u∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f : I // X ✉♠ ❧❛ç♦ ❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✳ ❆♦ ✐♥✈és ❞❡ ♠♦str❛r q✉❡

v∗ = ĥ◦u∗✱ ✈❛♠♦s ❛r❣✉♠❡♥t❛r q✉❡ [h]∗[v◦f ] = [u◦f ]∗[h]✱ ♦ q✉❡ é ✉♠❛ ❛✜r♠❛çã♦ ❡q✉✐✈❛❧❡♥t❡✳

P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦s ❧❛ç♦s

f0(s) = (f(s), 0), f1(s) = (f(s), 1)

❡ ♦ ❝❛♠✐♥❤♦ c(t) = (x0, t) ♥♦ ❡s♣❛ç♦ X × I✳ ❚❡♠♦s q✉❡

H ◦ f0 = u ◦ f, H ◦ f1 = v ◦ f ❡ H ◦ c = h.

P♦r s✉❛ ✈❡③✱ ♣❛r❛ ❛ ❢✉♥çã♦ F : I × I //X × I ❞❛❞❛ ♣♦r F (s, t) = (f(s), t) ❡ ♦s ❝❛♠✐♥❤♦s

g1(s) = (s, 0), g2(s) = (s, 1), g3(t) = (0, t) ❡ g4(t) = (1, t)

❡♠ I × I t❡♠♦s q✉❡

F ◦ g1 = f0, F ◦ g2 = f1 ❡ F ◦ g3 = F ◦ g4 = c.

❈♦♠♦ I × I é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ g1 ∗ g4 ❡ g3 ∗ g2 sã♦ ❝❛♠✐♥❤♦s ❡♠ I × I ❡♥tr❡ ♦s ♠❡s♠♦s

♣♦♥t♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✱ (0, 0) ❡ (1, 1)✱ ❞❡✈❡ ❡①✐st✐r ✉♠❛ ❤♦♠♦t♦♣✐❛ G ❡♥tr❡ ❡❧❡s✳ ❆ ❝♦♠♣♦s✐çã♦

❞❡ F ❡ G é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡

F (g1 ∗ g4) = (F ◦ g1) ∗ (F ◦ g4) = f0 ∗ c ❡ F (g3 ∗ g2) = (F ◦ g3) ∗ (F ◦ g2) = c ∗ f1,

❡♥q✉❛♥t♦ H ◦ (F ◦G) é ✉♠ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s (r ◦ f) ∗ h ❡ h ∗ (s ◦ f) ❞❡ Y ✳



✺✽ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❙❡❣✉❡ ❞❛s ❞✉❛s ú❧t✐♠❛s ♣r♦♣♦s✐çõ❡s q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ é ✉♠ ✐♥✈❛r✐❛♥t❡ ❤♦♠♦tó♣✐❝♦

❡ t♦♣♦❧ó❣✐❝♦ ❞❡ ✉♠ ❡s♣❛ç♦ X✳

❈♦r♦❧ár✐♦ ✷✳✶✳✶✻✳ ❊s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s tê♠ ♠❡s♠♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱

❛ss✐♠ ❝♦♠♦ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ X ❡ Y ❞♦✐s ❡s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✳ ❊♥tã♦ ❡①✐st❡♠

❢✉♥çõ❡s p : X // Y ❡ q : Y //X t❛✐s q✉❡ q ◦ p ≃ idX ❡ p ◦ q ≃ idY ✳ ❙✉♣♦♥❤❛ q✉❡

(X, x0)
p−−−−→ (Y, y0)

q−−−−→ (X, x1)
p−−−−→ (Y, y1).

❚♦♠❛♥❞♦ ♦ ❝✉✐❞❛❞♦ ❞❡ ❞✐st✐♥❣✉✐r ❡♥tr❡ ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s ♣♦r p ♣❛r❛ ❝❛❞❛ ♣♦♥t♦

❜❛s❡✱ t❡♠♦s✿

π1(X, x0)
(px0 )∗−−−−−→ π1(Y, y0)

q∗−−−−−→ π1(X, x1)
(px1 )∗−−−−−→ π1(Y, y1).

❈♦♠♦ q ◦ p é ❤♦♠♦tó♣✐❝❛ à ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ X✱ ❞❡✈❡ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦ h ❡♥tr❡ x0 ❡ x1

♥❡st❡ ♠❡s♠♦ ❡s♣❛ç♦✱ t❛❧ q✉❡

(q ◦ p)∗ = ĥ ◦ (idX)∗ = ĥ.

■st♦ ✐♠♣❧✐❝❛ q✉❡ (q◦p)∗ = q∗◦(px0)∗ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ ❞❛í s❡❣✉❡ q✉❡ q∗ é ✉♠ ❤♦♠♦♠♦r✜s♠♦

s♦❜r❡❥❡t♦r✳ ❙✐♠✐❧❛r♠❡♥t❡✱ (p ◦ q)∗ = (px1)∗ ◦ q∗ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ q∗ é ✐♥❥❡t♦r✳ P♦rt❛♥t♦✱

q∗ t❛♠❜é♠ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❈♦♠♦ ❝♦♠♣♦s✐çã♦ ❞❡ ✐s♦♠♦r✜s♠♦s é ✐s♦♠♦r✜s♠♦ ❡ (px0)∗ =

(q∗)
−1 ◦ ĥ✱ t❡♠♦s q✉❡ (px0)∗ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ X ❡ Y ✳

❖ ❝❛s♦ ❡♠ q✉❡ X ❡ Y sã♦ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡st❡✱ ♣♦✐s ❥á ♦❜s❡r✲

✈❛♠♦s q✉❡ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s sã♦ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✳

▲♦❣♦ é ♣♦ssí✈❡❧ ❞✐③❡r q✉❛♥❞♦ ❞♦✐s ❡s♣❛ç♦s ♥ã♦ sã♦ ❤♦♠❡♦♠♦r❢♦s ❡st✉❞❛♥❞♦✲s❡ ❛♣❡♥❛s s❡✉s

❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s✱ q✉❡ sã♦ ❡str✉t✉r❛s ♠❛t❡♠át✐❝❛s ♠✉✐t♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛s ♣♦r ❤♦♠♦t♦✲

♣✐❛s✳ ❊♥tr❡t❛♥t♦✱ ❤á ❛❧❣✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ❝♦♠ ❡st❡ ♥♦✈♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ❥✉st❛♠❡♥t❡ ♥♦ q✉❡ ❞✐③



✷✳✶✳ ❍♦♠♦t♦♣✐❛s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✺✾

r❡s♣❡✐t♦ ❛♦ ❝á❧❝✉❧♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦s ❡s♣❛ç♦s ❡♥✈♦❧✈✐❞♦s✿ ❡♠ ❣❡r❛❧✱ ♥ã♦ é ✉♠❛ t❛r❡❢❛

❢á❝✐❧ ❡♥❝♦♥trá✲❧♦s✳ ❱❡r❡♠♦s ♥❛ ❙❡çã♦ ✷✳✷ ❝♦♠♦ ❧✐❞❛r ❝♦♠ ❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♥t❡♥t❛♥❞♦✲♥♦s ♣♦r

♦r❛ ❝♦♠ ♦ ♣ró①✐♠♦ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✶✳✶✼✳ ❆ ❡s❢❡r❛ Sn é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ s❡ n ≥ 2✳ ❉❡ ❢❛t♦✱ s❡❥❛ f ✉♠ ❧❛ç♦

❡♠ Sn ❜❛s❡❛❞♦ ❡♠ ✉♠ ♣♦♥t♦ s0✳ ❙❡ ❡①✐st✐r ✉♠ ♣♦♥t♦ s ∈ Sn q✉❡ ♥ã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ s✉❛

✐♠❛❣❡♠✱ ❡♥tã♦ f s❡rá ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ❧❛ç♦ ❝♦♥st❛♥t❡✱ ♣♦✐s Sn \ {s} é ❤♦♠❡♦♠♦r❢♦ ❛ Rn✱

q✉❡ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ t♦❞♦ ❧❛ç♦ ❡♠ Sn é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ❧❛ç♦

♥ã♦✲s♦❜r❡❥❡t♦r✱ ❞❡ ♦♥❞❡ ❛ ❛ss❡rt✐✈❛ s❡❣✉❡✳

❙❡❥❛ B ⊂ Sn ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ✉♠ ♣♦♥t♦ s 6= s0 ❞❡ Sn✳ ❖ ❝♦♥❥✉♥t♦ f−1(B) é

❛❜❡rt♦ ❡♠ (0, 1)✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ✉♠❛ ✉♥✐ã♦ ❞❡ ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s ❡ ❞✐s❥✉♥t♦s (ai, bi)✳ P♦r

❝♦♥str✉çã♦✱ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ f−1(s) ❡stá ❝♦♥t✐❞♦ ♥❛ ✉♥✐ã♦ ❞❡st❡s ✐♥t❡r✈❛❧♦s✱ ♦ q✉❡ ✐♠♣❧✐❝❛

q✉❡ ❡❧❡ t❛♠❜é♠ ❞❡✈❡ ❡st❛r ❝♦♥t✐❞♦ ❡♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡❧❡s✳ ❙❡❥❛ (ai, bi) ✉♠ ❞❡st❡s

✐♥t❡r✈❛❧♦s✳ ❖ ❝❛♠✐♥❤♦ fi ♦❜t✐❞♦ r❡str✐♥❣✐♥❞♦✲s❡ f ❛♦ ✐♥t❡r✈❛❧♦ [ai, bi] t❡♠ s✉❛ ✐♠❛❣❡♠ ♥♦

❢❡❝❤♦ ❞❡ B ❡ s❡✉s ♣♦♥t♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✱ f(ai) ❡ f(bi)✱ ❡stã♦ ❧♦❝❛❧✐③❛❞♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❡st❡

❝♦♥❥✉♥t♦✳ ❈♦♠♦ n ≥ 2 ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ ♦ ❢❡❝❤♦ ❞❡ B é ✉♠❛ (n − 1)✲❡s❢❡r❛ ❝♦♥❡①❛

♣♦r ❝❛♠✐♥❤♦s✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ♥❡st❡ ❢❡❝❤♦ ✉♠ ❝❛♠✐♥❤♦ gi ❞❡ f(ai) ❛ f(bi)✱

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐s❥✉♥t♦ ❞❡ s✳ ❯♠❛ ✈❡③ q✉❡ ♦ ❢❡❝❤♦ ❞❡ B t❛♠❜é♠ é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠

❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❞❡ Rn✱ q✉❡ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♦ ❝❛♠✐♥❤♦ fi é ❤♦♠♦tó♣✐❝♦ ❛♦ ❝❛♠✐♥❤♦

gi ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✷✳ ❆ss✐♠ ♣♦❞❡♠♦s ❞❡❢♦r♠❛r ❝♦♥t✐♥✉❛♠❡♥t❡ ♦ tr❡❝❤♦ fi ❞♦ ❧❛ç♦ f ♥♦

❝❛♠✐♥❤♦ gi ❡ ♦❜t❡r ✉♠ ♥♦✈♦ ❧❛ç♦ ❜❛s❡❛❞♦ ❡♠ s0 q✉❡ ♣❛ss❛ ✉♠❛ ✈❡③ ❛ ♠❡♥♦s s♦❜r❡ s✳ ❈♦♠♦

❤á ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐♥t❡r✈❛❧♦s (ai, bi) q✉❡ ❝♦♥té♠ f−1(s)✱ ♣♦❞❡♠♦s r❡♣❡t✐r ❡st❡ ♣r♦❝❡ss♦

♣❛r❛ ❝❛❞❛ ✉♠ ❞❡❧❡s ❡ ♦❜t❡r ❛♦ ✜♥❛❧ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉♠ ❧❛ç♦ g ❤♦♠♦tó♣✐❝♦ ❛ f q✉❡ ♥ã♦ ♣❛ss❛

s♦❜r❡ s✳ ▲♦❣♦ f é ✉♠ ❧❛ç♦ ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ❧❛ç♦ ♥ã♦✲s♦❜r❡❥❡t♦r✳



✻✵ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

✷✳✷ ❊s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❯♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ X̃ ❞❡ ✉♠ ❡s♣❛ç♦ X é✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ ✉♠ ❡s♣❛ç♦ q✉❡ ❧♦❝❛❧♠❡♥t❡

s❡ ♣❛r❡❝❡ ❝♦♠ X✱ ♠❛s q✉❡✱ ❣❧♦❜❛❧♠❡♥t❡✱ ♣♦❞❡ s❡r ♠✉✐t♦ ❞✐❢❡r❡♥t❡✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ π : X̃ // X ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳ ❉✐③❡♠♦s q✉❡

✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ⊂ X é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ♣♦r π s❡ ❛ ♣ré✲✐♠❛❣❡♠

π−1(U) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s Vα ❞❡ X̃✱ t♦❞♦s

❡❧❡s ❤♦♠❡♦♠♦r❢♦s ❛ U ♣♦r π✳ ❉✐③❡♠♦s q✉❡ ❝❛❞❛ Vα é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ π−1(U)✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❙❡❥❛ π : X̃ // X ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳ ❙❡ ❡①✐st✐r ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ♣♦r π ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ∈ X✱ ❝❤❛♠❛♠♦s π ❞❡ ♠❛♣❛ ❞❡ r❡❝♦❜r✐✲

♠❡♥t♦ ❡ X̃ ❞❡ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ X✳ ❚❛♠❜é♠ ❞✐③❡♠♦s q✉❡ ❛ t❡r♥❛ (X̃, π,X) é

✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ X✳

➱ ❢á❝✐❧ ✈❡r q✉❡ t♦❞♦ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❛❜❡rt❛✳ ❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✷✳✷✳✸✳ ❆✜r♠❛♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ π : R //S1 ❞❛❞❛ ♣♦r π(r) = e2πir

é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❉❡ ❢❛t♦✱ ❝❧❛r❛♠❡♥t❡ ❡❧❛ é ✉♠❛ ❢✉♥çã♦ s♦❜r❡❥❡t♦r❛ ❡ ❝♦♥tí♥✉❛✳

❆❧é♠ ❞✐ss♦✱ s❡ s é ✉♠ ♣♦♥t♦ ❞❡ S1 ❡ r ∈ R é t❛❧ q✉❡ π(r) = −s✱ ❡♥tã♦ U = S1 \ {−s} é ✉♠

❛❜❡rt♦ ❞❡ S1 ❡ π−1(U) é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ✐♥t❡r✈❛❧♦s ❞❛ ❢♦r♠❛ Vn = (r + n, r + n+ 1)✱

❝♦♠ n ∈ Z✳ ❆ r❡str✐çã♦ ❞❡ π ❛ ❝❛❞❛ Vn é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t♦r❛ ❡ ❛❜❡rt❛✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱

✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❊①❡♠♣❧♦ ✷✳✷✳✹✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ✈✐♠♦s q✉❡ ♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ r❡❛❧ RP n ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡s♣❛ç♦

q✉♦❝✐❡♥t❡ ❞❡ t♦❞❛s ❛s r❡t❛s ❞❡ Rn+1 q✉❡ ♣❛ss❛♠ ♣❡❧❛ ♦r✐❣❡♠✳ ❯♠❛ ✈❡③ q✉❡ t♦❞❛ r❡t❛ ❞❡ Rn+1

q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ t❛♠❜é♠ ✐♥t❡rs❡❝❝✐♦♥❛ ❛ ❡s❢❡r❛ Sn✱ ♣♦❞❡rí❛♠♦s t❡r r❡str✐♥❣✐❞♦ ❛ r❡❧❛çã♦

❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠♣r❡❣❛❞❛ ♥❛ ❝♦♥str✉çã♦ ❞❡ RP n ❛♣❡♥❛s à Sn✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❞♦✐s ♣♦♥t♦s

x, y ∈ Sn s❡r✐❛♠ ❡q✉✐✈❛❧❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ y = ±x✳ ❋❛ç❛♠♦s ✐st♦ ❛❣♦r❛✱ ❞❡ ♠♦❞♦ q✉❡



✷✳✷✳ ❊s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✻✶

❝❛❞❛ ♣♦♥t♦ ❞❡ RP n ✜q✉❡ r❡♣r❡s❡♥t❛❞♦ ♣♦r ❞♦✐s ♣♦♥t♦s ❞❡ Sn✳ ❙❡❥❛ π : Sn //RP n ❛ ❛♣❧✐❝❛çã♦

q✉♦❝✐❡♥t❡ ❛ss✐♠ ♦❜t✐❞❛✳ P♦r ❝♦♥str✉çã♦✱ ❡❧❛ é ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❛ t❛♠❜é♠

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✱ ♣♦✐s✱ s❡ a : Sn //Sn é ♦ ❤♦♠❡♦♠♦r✜s♠♦ a(x) = −x ❡ U é ✉♠ ❛❜❡rt♦

❞❡ Sn✱ ❡♥tã♦

π−1(π(U)) = U ∪ a(U)

é ✉♠ ❛❜❡rt♦ ❞❡ Sn✳ ❱❡❥❛♠♦s ❝♦♠ ✐st♦ q✉❡ π é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❛❞♦ [l] ∈ RP n✱ t♦♠❡ s ∈ π−1([l]) ❡ ❝♦♥s✐❞❡r❡ ✉♠ ❛❜❡rt♦ V ❞❡ Sn ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦

❞❡ Sn ❝♦♠ ✉♠❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ Rn+1 ❞❡ r❛✐♦ ε < 1 ❝❡♥tr❛❞❛ ❡♠ s✳ ❖ ❛❜❡rt♦ V ♥ã♦ ❝♦♥té♠

♥❡♥❤✉♠ ♣❛r ❞❡ ♣♦♥t♦s ❛♥tí♣♦❞❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ q✉❛✐sq✉❡r ❞♦✐s ❞❡❧❡s é ❞♦✐s✳

❈♦♠♦ r❡s✉❧t❛❞♦✱ π : V //π(V ) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t♦r❛✳ ❙❡♥❞♦ ❝♦♥tí♥✉❛ ❡ ❛❜❡rt❛✱ é t❛♠❜é♠

✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱

π : a(V ) // π(a(V )) = π(V )

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❆ss✐♠✱ π(V ) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ [l] ♣♦r π✳ ❈♦♠♦ [l] é

❛r❜✐trár✐♦✱ π é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

➱ ♣♦ssí✈❡❧ ❝♦♥str✉✐r ♠✉✐t♦s ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❤❡❝❡♥❞♦ ❛❧❣✉♥s ❞❡❧❡s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✺✳ ❙❡ π : X̃ //X ❡ π′ : X̃ ′ //X ′ sã♦ ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦

π × π′ : X̃ × X̃ ′ //X ×X ′

t❛♠❜é♠ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✸✸✾✳

❊①❡♠♣❧♦ ✷✳✷✳✻✳ ❙❡❥❛ π ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ ❊①❡♠♣❧♦ ✷✳✷✳✸✳ ❉❡✜♥❛ Π : Rn // T n

♣❡❧❛ ❡①♣r❡ssã♦

Π(r1, . . . , rn) = (π(r1), . . . , π(rn)).



✻✷ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❊♥tã♦ Π é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ♣❛r❛ ♦ t♦r♦ ❞❡ ❞✐♠❡♥sã♦ n✱ ✉♠❛ ✈❡③ q✉❡ ✉♠ ♣r♦❞✉t♦

❞❡ ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦ t❛♠❜é♠ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✼✳ ❙❡ π : X̃ // X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡

π−1(x) é ❛ ♠❡s♠❛ ♣❛r❛ t♦❞♦ x ❡♠ ✉♠❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ X✳ ▼❛✐s ❛✐♥❞❛✿ ♦s

❝♦♥❥✉♥t♦s π−1(x) sã♦ s✉❜❡s♣❛ç♦s ❞✐s❝r❡t♦s ❞❡ X̃ ❤♦♠❡♦♠♦r❢♦s ❡♥tr❡ s✐✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ x ∈ X ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ Ux ❞❡ x t❛❧ q✉❡ π−1(Ux)

é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ❛❜❡rt♦s Vα,x ❤♦♠❡♦♠♦r❢♦s ❛ Ux ♣♦r π✳ ❈❛❞❛ Vα,x ❝♦♥té♠ ❡①❛t❛♠❡♥t❡

✉♠ ♣♦♥t♦ ❞♦ ❝♦♥❥✉♥t♦ π−1(x)✱ ❝❛s♦ ❝♦♥trár✐♦ ❛ r❡str✐çã♦ ❞❡ π ❛ ✉♠ t❛❧ Vα,x ♥ã♦ s❡r✐❛ ✐♥❥❡t♦r❛✳

❆ss✐♠ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ π−1(x) é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ π−1(Ux)✳ P❡❧♦ ♠❡s♠♦

♠♦t✐✈♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ π−1(x′) é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ π−1(Ux)✱ ♣❛r❛ t♦❞♦

x′ ∈ Ux✳ P♦rt❛♥t♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ t❛✐s ❝♦♥❥✉♥t♦s é ❝♦♥st❛♥t❡ ❡♠ Ux✳

❙❡❥❛ C ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ X ❡ x0 q✉❛❧q✉❡r ♣♦♥t♦ ✜①♦ ❡♠ C✳ ❉❡✜♥❛ A ❝♦♠♦ s❡♥❞♦

♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s x ∈ X ❝✉❥♦s ❝♦♥❥✉♥t♦s π−1(x) tê♠ ❛ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ q✉❡ π−1(x0)✳

❙❛❜❡♠♦s q✉❡ A é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✱ ♣♦✐s x0 ∈ A✳ ❱❛♠♦s ♠♦str❛r q✉❡ A t❛♠❜é♠ é

✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❡♠ C✱ ♦ q✉❡ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r✐♠❡✐r❛ ♣❛rt❡

❞♦ ❡♥✉♥❝✐❛❞♦✱ ❥á q✉❡ A = C ♥❡st❡ ❝❛s♦✳ P♦✐s ❜❡♠✱ ♣❡❧♦ q✉❡ ❥á ❞✐s❝✉t✐♠♦s✱ s❡ x ∈ A✱ ❡♥tã♦

Ux ⊂ A ❡ ✐st♦ ♠♦str❛ q✉❡ A é ❛❜❡rt♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x /∈ A✱ ❡♥tã♦ ❛ ✐♥t❡rs❡❝çã♦ Ux ∩A é

✈❛③✐❛✳ ❆ss✐♠ C \A é ❛❜❡rt♦✱ ♦✉ ❛✐♥❞❛✱ A é ❢❡❝❤❛❞♦ ❡♠ C✳ ▲♦❣♦✱ A é s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛❜❡rt♦

❡ ❢❡❝❤❛❞♦ ♥❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C✳

❆❣♦r❛✱ ❛ ❝♦♥❝❧✉sã♦ q✉❡ ♦s ❝♦♥❥✉♥t♦s π−1(x) sã♦ s✉❜❡s♣❛ç♦s ❞✐s❝r❡t♦s ❞❡ X̃ ❤♦♠❡♦♠♦r❢♦s

❡♥tr❡ s✐ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞♦ ❛❜❡rt♦ Vα,x ✐♥t❡rs❡❝❝✐♦♥❛r π−1(x) ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦

❡ ❞❡ q✉❡ t♦❞❛ ❜✐❥❡çã♦ ❡♥tr❡ ❡s♣❛ç♦s ❞✐s❝r❡t♦s é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✽✳ ❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ x ∈ X✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦s

❝♦♥❥✉♥t♦s π−1(x) é ❝❤❛♠❛❞❛ ❞❡ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞♦ r❡❝♦❜r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✷✳✷✳✾✳ ❖ r❡❝♦❜r✐♠❡♥t♦ ❞♦ t♦r♦ RP n ❡①✐❜✐❞♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✷✳✹ é ✉♠ r❡❝♦❜r✐♠❡♥t♦



✷✳✷✳ ❊s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✻✸

❞❡ ❞✉❛s ❢♦❧❤❛s✱ ❡♥q✉❛♥t♦ ♦ r❡❝♦❜r✐♠❡♥t♦ ❞❡ S1 ♣❡❧❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ✉♠ r❡❝♦❜r✐♠❡♥t♦

❞❡ ✉♠ ♥ú♠❡r♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❢♦❧❤❛s✳

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♣❡r♠✐t❡ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❛♥❛❧♦❣✐❛ ❡♥tr❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ ❡s♣❛ç♦s

❝♦♥❡①♦s ❡ ✜❜r❛❞♦s✱ q✉❡ é ♦ t❡♠❛ ❞❡ ❡st✉❞♦ ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ❱❛♠♦s ❡①♣❧♦r❛r ❡st❛ r❡❧❛çã♦

♠❛✐s t❛r❞❡✱ ♣♦r ❤♦r❛ ❛♣❡♥❛s ✐♥❢♦r♠❛♥❞♦ q✉❡ é ❡❧❛ q✉❡♠ ♠♦t✐✈❛ ❛s ♣ró①✐♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✵✳ ❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❞✐③❡♠♦s q✉❡ X̃ é ♦ ❡s♣❛ç♦

t♦t❛❧ ❡ q✉❡ X é ♦ ❡s♣❛ç♦ ❞❡ ❜❛s❡ ❞♦ r❡❝♦❜r✐♠❡♥t♦✳ ❖s ❝♦♥❥✉♥t♦s π−1(x) sã♦ ❛s ✜❜r❛s ❞♦

r❡❝♦❜r✐♠❡♥t♦ s♦❜r❡ x ∈ X✳

❈♦♠♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ❣❛r❛♥t❡ q✉❡ t♦❞❛s ❛s ✜❜r❛s ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ sã♦ ❤♦♠❡♦♠♦r❢❛s✱

✈❛♠♦s ♥♦s r❡❢❡r✐r ❛ q✉❛❧q✉❡r ✉♠❛ ❞❡❧❛s ❛♣❡♥❛s ♣♦r ✜❜r❛ ❞♦ r❡❝♦❜r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✷✳✷✳✶✶✳ ❉♦s ❊①❡♠♣❧♦s ✷✳✷✳✸ ❡ ✷✳✷✳✻✱ ✈❡♠♦s q✉❡ π : R // S1 ❡ Π : Rn // T n tê♠

✜❜r❛ Z ❡ Zn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛r❛ ❛♣r♦✈❡✐t❛r ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ ✜❜r❛❞♦s✱ ❛ss✉♠✐♠♦s

❞❛q✉✐ ♣♦r ❞✐❛♥t❡ q✉❡ ♦ ❡s♣❛ç♦ X ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ π : X̃ //X s❡rá s❡♠♣r❡ ❝♦♥❡①♦✳ ◆❛

✈❡r❞❛❞❡✱ ❝♦♠♦ ♦ ❧❡♠❛ s❡❣✉✐♥t❡ ♥♦s ♠♦str❛✱ ❡st❛ é ✉♠❛ ❝♦♥❞✐çã♦ q✉❡ tr❛♥s❝♦rr❡ ♥❛t✉r❛❧♠❡♥t❡

s♦❜r❡ ♦ ❡s♣❛ç♦ X✱ ♣♦rq✉❡ ❢❛③ s❡♥t✐❞♦ ❝♦♥s✐❞❡rá✲❧♦ ❝♦♠♦ ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡

❝♦♥❡①✐❞❛❞❡ ♣♦r ❝❛♠✐♥❤♦s ✐♠♣❧✐❝❛ ❡♠ ❝♦♥❡①✐❞❛❞❡✳

▲❡♠❛ ✷✳✷✳✶✷✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❙❡ X0 é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X ❡

X̃0 = π−1(X0)✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ π0 : X̃0
//X0 ♦❜t✐❞❛ ♣❡❧❛ r❡str✐çã♦ ❞❡ π ❛ X̃0 é ✉♠ ♠❛♣❛

❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✸✸✽✳

◆ós ✈❛♠♦s ❛ss✉♠✐r t❛♠❜é♠ q✉❡ ♦ ❡s♣❛ç♦ ❞❡ ❜❛s❡ ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦

♣♦r ❝❛♠✐♥❤♦s✱ ♣♦rq✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❝❧❛ss✐✜❝❛r ♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡st❛



✻✹ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❝❧❛ss❡ ❞❡ ❡s♣❛ç♦s✳ ❯♠❛ ✈❡③ ❢❡✐t♦ ✐st♦✱ ❛✐♥❞❛ é ♣❡r❢❡✐t❛♠❡♥t❡ ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s

❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ ❡♠ ✈✐st❛ ❞❛ ♣r♦♣♦s✐çã♦ q✉❡ s❡ s❡❣✉❡✳

▲❡♠❛ ✷✳✷✳✶✸✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳

❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ X̃0 é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ❞❡

X̃✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ π : X̃0
//X ♦❜t✐❞❛ r❡str✐♥❣✐♥❞♦✲s❡ π ❛ X̃0 é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✹✽✹✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ❝♦♥s✐❞❡r❛♠♦s t❛♠❜é♠ q✉❡ X̃ é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳

Pr❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

▲❡♠❛ ✷✳✷✳✶✹✳ ❘❡❝♦❜r✐♠❡♥t♦s s❡♠♣r❡ ❛❞♠✐t❡♠ s❡çõ❡s ❧♦❝❛✐s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❙❡ U ⊂ X é ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞✐st✐♥❣✉✐❞❛ ❞❡ x0 ∈ X ❡ x̃ é q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❛ ✜❜r❛ π−1(x0)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡çã♦ ❧♦❝❛❧

σ : U // X̃ ❞❡ π t❛❧ q✉❡ σ(x0) = x̃✳ ❉❡ ❢❛t♦✱ s❡❥❛ V ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ π−1(U) ❝♦♥t❡♥❞♦ x̃✳

❈♦♠♦ ❛ r❡str✐çã♦ ❞❡ π ❛ V é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♣♦❞❡♠♦s t♦♠❛r σ = (π|V )−1✱ q✉❡ σ s❡rá

✉♠❛ s❡çã♦ ❧♦❝❛❧ ❞❡ π s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ σ(x0) = x̃✳

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s

Pr❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s ♣❛r❛ ♣♦❞❡r♠♦s ❡①♣❧♦r❛r ❛ r❡❧❛çã♦ ❡♥tr❡

r❡❝♦❜r✐♠❡♥t♦s ❡ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s✳ ❆♥t❡s ❞✐ss♦✱ ♣♦ré♠✱ ♥❡❝❡ss✐t❛♠♦s ❞❡ ✉♠ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ f : Y // X ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛✳ ❯♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f é ✉♠❛ ❢✉♥çã♦ f̃ : Y // X̃✱ t❛♠❜é♠ ❝♦♥tí♥✉❛✱ t❛❧ q✉❡

π ◦ f̃ = f ✱ ♦✉ s❡❥❛✱ q✉❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛ ❛ s❡❣✉✐r ❝♦♠✉t❛r✿

Y X
f

//

X̃

Y

??
f̃

⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
X̃

X

π

��



✷✳✸✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s ✻✺

❉❡ ❝❡rt♦ ♠♦❞♦✱ ♠✉✐t♦ ♣♦✉❝♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❝♦♠ r❡❝♦❜r✐♠❡♥t♦s s❡ ♥ã♦ ❞✐s♣✉s❡r♠♦s ❞❛s

♣r♦♣r✐❡❞❛❞❡s ❛❜❛✐①♦✱ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✷ ✭❯♥✐❝✐❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s✮✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡ s✉♣♦♥❤❛ q✉❡ Y é ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦✱ f : Y // X é ❝♦♥tí♥✉❛ ❡ q✉❡ f̃1, f̃2 : Y // X̃ sã♦

❧❡✈❛♥t❛♠❡♥t♦s ❞❡ f q✉❡ ❝♦✐♥❝✐❞❡♠ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ y0 ❞❡ Y ✳ ❊♥tã♦✱ f̃1 = f̃2✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ S = {y ∈ Y | f̃1(y) = f̃2(y)}✳ P♦r ❤✐♣ót❡s❡✱ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲

✈❛③✐♦ ❞❡ Y ✳ ❈♦♠♦ Y é ❝♦♥❡①♦✱ s❡ ♠♦str❛r♠♦s q✉❡ S é ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❡♠ Y ✱ t❡r❡♠♦s S = Y ✳

P❛r❛ ♠♦str❛r q✉❡ S é ❛❜❡rt♦✱ t♦♠❡ y ∈ Y ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ U ❞❡ f(y)✳ ❙❡❥❛ Vα

❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ π−1(U) ❝♦♥t❡♥❞♦ π−1(f(y))✳ ❈♦♠♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ π−1(U) ✐♥t❡rs❡❝t❛

π−1(f(y)) ❡♠ s♦♠❡♥t❡ ✉♠ ♣♦♥t♦ ❡ π(f̃1(y)) = f(y) = π(f̃2(y))✱ ❡♥tã♦

f̃1(y) = π−1(f(y)) = f̃2(y).

◆❛ ✈✐③✐♥❤❛♥ç❛ V = f̃−1
1 (Vα)∩ f̃−1

2 (Vα) ❞❡ y✱ t❡♠♦s q✉❡ π ◦ f̃1 = f = π ◦ f̃2✳ ❈♦♠♦ π é ✐♥❥❡t♦r❛

❡♠ Vα✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ f̃1 = f̃2 ❡♠ V ❡✱ ❛ss✐♠✱ S é ❛❜❡rt♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ y /∈ S ❡ U

é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ f(y)✱ ❡①✐st❡♠ ❝♦♠♣♦♥❡♥t❡s ❞✐s❥✉♥t❛s Vα✱ Vβ ❞❡ π−1(U) q✉❡

❝♦♥té♠ f̃1(y) ❡ f̃2(y)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ q✉❡ sã♦ ❤♦♠❡♦♠♦r❢❛s ❛ U ♣♦r π✳ ❙❡

V = f̃−1
1 (Vα) ∩ f̃−1

2 (Vβ),

❡♥tã♦ f̃1 6= f̃2 ❡♠ V ✱ ♣♦✐s f̃1(V ) ⊂ Vα ❡ f̃2(V ) ⊂ Vβ✳ ■st♦ ♠♦str❛ q✉❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦

❝♦♥❥✉♥t♦ S é ❛❜❡rt♦ ❡♠ Y ✱ ♦✉ ❛✐♥❞❛✱ q✉❡ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ Y ✳

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣ró①✐♠❛ ♣r♦♣r✐❡❞❛❞❡ ♥❡❝❡ss✐t❛♠♦s ❞❡ ✉♠ ❧❡♠❛ ✉♠ ♣♦✉❝♦ té❝♥✐❝♦✳

▲❡♠❛ ✷✳✸✳✸ ✭◆ú♠❡r♦ ❞❡ ▲❡❜❡s❣✉❡✮✳ ❙❡❥❛ A ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ♣❛r❛ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

X✳ ❙❡ X é ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ δ > 0 t❛❧ q✉❡ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ❝♦♠

❞✐â♠❡tr♦ ✐♥❢❡r✐♦r ❛ δ ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ ❛❜❡rt♦ ❞❡ A✳



✻✻ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✶✼✺✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹ ✭▲❡✈❛♥t❛♠❡♥t♦ ❞❡ ❝❛♠✐♥❤♦s✮✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❙❡ f : I //X é ✉♠ ❝❛♠✐♥❤♦ ❝♦♠ x0 = f(0) ❡ x̃ ∈ X̃ é ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❛ ✜❜r❛ π−1(x0)✱

❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ f̃ : I // X̃ ❞❡ f t❛❧ q✉❡ f̃(0) = x̃✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❧❡♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ▲❡❜❡s❣✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ♥ú♠❡r♦ n s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❛ ♣❛rt✐r ❞♦ q✉❛❧ f ❧❡✈❛ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ Ik = [k/n, (k + 1)/n] ❞❡ I ❡♠

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ X✳ ❱❛♠♦s ❞❡✜♥✐r f̃ ✐♥❞✉t✐✈❛♠❡♥t❡✳ Pr✐♠❡✐r❛♠❡♥t❡ ❢❛③❡✲

♠♦s f̃(0) = x̃✳ ❉❛í✱ ♣❛r❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ Uk ❝♦♥t❡♥❞♦ f(Ik) ❡ ✉♠❛ s❡çã♦ ❧♦❝❛❧

σk : Uk // X̃ t❛❧ q✉❡ σk(f(k/n)) = f̃(k/n)✱ ❞❡✜♥✐♠♦s f̃ = σk ◦ f ❡♠ Ik✳ ❆✜r♠❛♠♦s q✉❡ f̃ é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ I = ∪kIk✱ ❛ r❡str✐çã♦ f̃k ❞❡ f̃ ❛ ❝❛❞❛ Ik é ❝♦♥tí♥✉❛ ❡ f̃k ❡ f̃k+1

❝♦✐♥❝✐❞❡♠ ❡♠ (k + 1)/n✳ ❆❧é♠ ❞✐ss♦✱

(π ◦ f̃)(s) = ((π ◦ σk) ◦ f)(s) = f(s)

♣❛r❛ s ∈ Ik ⊂ I✳ P♦rt❛♥t♦✱ f̃ é r❡❛❧♠❡♥t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ✱ q✉❡ é ú♥✐❝♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✸✳✷✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✺ ✭▲❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s✮✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐✲

♠❡♥t♦✳ ❙✉♣♦♥❤❛ q✉❡ f0, f1 : I //X sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ♣♦r ✉♠❛ ❤♦♠♦t♦♣✐❛ H ❡ q✉❡

f̃0, f̃1 : I // X̃ sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ f0 ❡ f1 q✉❡ ❝♦✐♥❝✐❞❡♠ ❡♠ 0 ∈ I✳ ❊♥tã♦ f̃1 ❡ f̃2 sã♦

❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❡♠ X̃✳ ▼❛✐s ❛✐♥❞❛✿ ❛ ❤♦♠♦t♦♣✐❛ H̃ ❡♥tr❡ f̃0 ❡ f̃1 é ú♥✐❝❛ ❡ π◦H̃ = H✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H ❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ♦s ❝❛♠✐♥❤♦s f0 ❡ f1✳ P❡❧♦ ❧❡♠❛ ❞♦ ♥ú♠❡r♦ ❞❡

▲❡❜❡s❣✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ n ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ t❛❧ q✉❡ H ❧❡✈❛ ❝❛❞❛ r❡tâ♥❣✉❧♦

Iij = [i/n, (i+ 1)/n]× [j/n, (j + 1)/n]

❞❡ I× I ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ X✳ ❉❡✜♥✐♠♦s ✐♥❞✉t✐✈❛♠❡♥t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ H̃



✷✳✹✳ ❆çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❜r❡ ✜❜r❛s ✻✼

❞❡ H ❛ ♣❛rt✐r ❞❡st❡s q✉❛❞r❛❞♦s✱ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r àq✉❡❧❛ r❡❛❧✐③❛❞❛ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

Pr✐♠❡✐r❛♠❡♥t❡ ✜①❛♠♦s ♦ í♥❞✐❝❡ i ❡♠ ③❡r♦ ❡ ♣❡r❝♦rr❡♠♦s ❝♦♠ j ♦ ❝♦♥❥✉♥t♦ {0, . . . , n − 1}✱

❞❡♣♦✐s ✐♥❝r❡♠❡♥t❛♠♦s i ❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❡ ❞❛í ♣❡r❝♦rr❡♠♦s ♥♦✈❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❛♥t❡r✐♦r

❝♦♠ ♦ í♥❞✐❝❡ j✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✱ ❛té q✉❡ i = n− 1 ❡ j = n− 1✳ ❊♥tã♦✱ ❡♠ ❝❛❞❛ r❡tâ♥❣✉❧♦

Iij✱ ❞❡✜♥✐♠♦s H̃ = σij ◦H✱ ♣❛r❛ ❛❧❣✉♠❛ s❡çã♦ ❧♦❝❛❧ σij t❛❧ q✉❡ σij(i/n, j/n) = H̃(i/n, j/n)✳

◆♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ♦♥❞❡ ❞✉❛s t❛✐s ❞❡✜♥✐çõ❡s s❡ s♦❜r❡♣õ❡♠✱ ❛♠❜❛s ❛s ❞❡✜♥✐çõ❡s sã♦ ❧❡✈❛♥✲

t❛♠❡♥t♦s ❞♦ ❝❛♠✐♥❤♦ ♦❜t✐❞♦ ♣❡❧❛ r❡str✐çã♦ ❞❡ H ❛♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❡♠ q✉❡stã♦ ❡ tê♠ ♦s

♠❡s♠♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s✳ ❊♥tã♦ ❡st❡s ❧❡✈❛♥t❛♠❡♥t♦s sã♦ ✐❣✉❛✐s ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✉♥✐❝✐❞❛❞❡

❞❡ ❧❡✈❛♥t❛♠❡♥t♦s✳ P♦r s✉❛ ✈❡③✱ ❛s r❡str✐çõ❡s H̃(0, ·) ❡ H̃(1, ·) ❞❡ H̃ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❧❡✈❛♥t❛♠❡♥t♦s ❞♦s ❧❛ç♦s ❝♦♥st❛♥t❡s ef(0) ❡ ef(1)✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ♦s ❧❛ç♦s ❝♦♥st❛♥t❡s ef̃(0)

❡ ef̃(1)✱ ♥❡st❛ ♦r❞❡♠✳ ❏á ❛ r❡str✐çã♦ H̃(·, 0) ❞❡ H̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❝❛♠✐♥❤♦ f0 ❝♦♠

♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ f̃0(0)✱ ❡✱ ♣♦r ✐ss♦✱ ✐❣✉❛❧ ❛ f̃0✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ H̃(·, 1) = f̃1✳ ❊♥tã♦ H̃ é

✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f̃0 ❡ f̃1 ❡ ❛✐♥❞❛ é ú♥✐❝❛✳ P♦r ❝♦♥str✉çã♦✱ π ◦ H̃ = H t❛♠❜é♠✱ ❥á q✉❡

π ◦ σij = idIij ✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ✉♠ ❝♦r♦❧ár✐♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s✳

❈♦r♦❧ár✐♦ ✷✳✸✳✻✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❙✉♣♦♥❤❛ q✉❡ f0 ❡ f1 sã♦

❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❡♠ X ❡ q✉❡ f̃0 ❡ f̃1 sã♦ s❡✉s ❧❡✈❛♥t❛♠❡♥t♦s✱ ❝♦♠ ♠❡s♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳

❊♥tã♦✱ f̃0 ❡ f̃1 tê♠ ♠❡s♠♦ ♣♦♥t♦ ✜♥❛❧ ❡ ❛✐♥❞❛ sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❡♠ X̃✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✸✹✹✳

✷✳✹ ❆çã♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❜r❡ ✜❜r❛s

▼♦str❛♠♦s ❛q✉✐ q✉❡ ❡①✐st❡ ✉♠❛ ❛çã♦ ♥❛t✉r❛❧ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ ❜❛s❡ ❞❡ ✉♠

r❡❝♦❜r✐♠❡♥t♦ s♦❜r❡ ❛ ✜❜r❛ ❞♦ ♠❡s♠♦ ❡ ❝♦♠ ✐ss♦ ❝❛❧❝✉❧❛♠♦s ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ♣❧❛♥♦

♣r♦❥❡t✐✈♦ r❡❛❧ RP n ❞❡ ❞✐♠❡♥sã♦ n ≥ 2✳



✻✽ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❚❡♦r❡♠❛ ✷✳✹✳✶✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ x0 ∈ X✳ ❊♥tã♦ π1(X, x0) ❛❣❡

tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ s♦❜r❡ ❛ ✜❜r❛ π−1(x0)✱ ❛tr❛✈és ❞❛ r❡❣r❛ x̃0 · [f ] = f̃(1)✱ ♦♥❞❡ f̃ é ♦

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ∈ π−1(x0)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❝❛♠✐♥❤♦s✱ s❡ x̃0 é ✉♠ ♣♦♥t♦ ♥❛ ✜❜r❛

π−1(x0)✱ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ f ❡♠ X ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 ❛❞♠✐t❡ ✉♠ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛

✉♠ ❝❛♠✐♥❤♦ f̃ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❖ ❈♦r♦❧ár✐♦ ✷✳✸✳✻ ❣❛r❛♥t❡ q✉❡ ♦ ♣♦♥t♦ ✜♥❛❧ f̃(1) ❞❡st❡

❧❡✈❛♥t❛♠❡♥t♦ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞♦ ❝❛♠✐♥❤♦ f ❡✱ ♣♦rt❛♥t♦✱ x̃0 · [f ] ❡stá

❜❡♠✲❞❡✜♥✐❞♦✳

❆❣♦r❛✱ ♣❛r❛ ✈❡r q✉❡ ❡st❛ r❡❣r❛ ❞❡✜♥❡ ❞❡ ❢❛t♦ ✉♠❛ ❛çã♦ ❞❡ ❣r✉♣♦ à ❞✐r❡✐t❛✱ ♣r❡❝✐s❛♠♦s

♠♦str❛r q✉❡

x̃0 · [ex0 ] = x̃0 ❡ (x̃0 · [f ]) · [g] = x̃0 · ([f ] ∗ [g])

♣❛r❛ t♦❞♦ x̃0 ∈ π−1(x0) ❡ [f ], [g] ∈ π1(X, x0)✳ P❛r❛ ❝❤❡❝❛r ❛ ♣r✐♠❡✐r❛ ❞❡st❛s ✐❣✉❛❧❞❛❞❡s✱

♦❜s❡r✈❡ q✉❡ ♦ ❧❛ç♦ ❝♦♥st❛♥t❡ ex̃0 é ♦ ú♥✐❝♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ex0 ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡✱ ♣♦r ✐ss♦✱

x̃0 · [ex0 ] = ex̃0(1) = x̃0✳ P♦r s✉❛ ✈❡③✱ ♣❛r❛ ❝❤❡❝❛r ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡✱ s✉♣♦♥❤❛ q✉❡ f ❡ g

sã♦ ❞♦✐s ❧❛ç♦s ❡♠ X ❜❛s❡❛❞♦s ❡♠ x0✳ ❙❡❥❛♠ f̃ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡ g̃ ♦

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ f̃(1)✳ P♦r ❞❡✜♥✐çã♦✱ (x̃0 · [f ]) · [g] = g̃(1)✳ P♦r ♦✉tr♦ ❧❛❞♦✱

f̃ ∗ g̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f̃ ∗ g ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ■st♦ q✉❡r ❞✐③❡r q✉❡

x̃0 · ([f ] ∗ [g]) = x̃0 · [f ∗ g] = (f̃ ∗ g̃)(1) = g̃(1).

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♠♦str❛r q✉❡ ❛ ❛çã♦ é tr❛♥s✐t✐✈❛✱ ♥♦t❡ q✉❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s x̃0✱ x̃′0

♥❛ ✜❜r❛ π−1(x0) ♣♦❞❡♠ s❡r ❧✐❣❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦ f̃ ❡♠ X̃✱ ♣♦rq✉❡ X̃ é ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦

♣♦r ❝❛♠✐♥❤♦s✳ ❉❡✜♥✐♥❞♦ f = π ◦ f̃ ✱ t❡♠♦s q✉❡ f̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ❧❛ç♦ f ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧

x̃0 ❡✱ ♣♦rt❛♥t♦✱ x̃0 · [f ] = x̃′0✳

❈♦r♦❧ár✐♦ ✷✳✹✳✷✳ ❙❡ (X̃, π,X) é ✉♠ r❡❝♦❜r✐♠❡♥t♦✱ ♦♥❞❡ X̃ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡♥tã♦ ❖

♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞♦ r❡❝♦❜r✐♠❡♥t♦ é ✐❣✉❛❧ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X✳



✷✳✺✳ ❘❡❝♦❜r✐♠❡♥t♦s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✻✾

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ ♣♦♥t♦s x0 ∈ X ❡ x̃0 ∈ π−1(x0)✳ ❆ ❛♣❧✐❝❛çã♦

π1(X, x0) // π−1(x0), [f ] 7→ x̃0 · [f ]

é s♦❜r❡❥❡t♦r❛✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❛çã♦ ❞❡ π1(X, x0) s♦❜r❡ ❛ ✜❜r❛ π−1(x0) é tr❛♥s✐t✐✈❛✳ ❊st❛

❛♣❧✐❝❛çã♦ t❛♠❜é♠ é ✐♥❥❡t✐✈❛✱ ♣♦rq✉❡✱ s❡ x̃0 · [f ] = x̃0 · [g] ♣❛r❛ [f ], [g] ∈ π1(X, x0)✱ ❡♥tã♦ ♦s

❧❡✈❛♥t❛♠❡♥t♦s f̃ ❡ g̃ ❞❡ f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ tê♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡ ♠❡s♠♦ ♣♦♥t♦ ✜♥❛❧✳

❙❡♥❞♦ X̃ ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ f̃ ❡ g̃ sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s

❡♠ X̃ ❡✱ ♣♦rt❛♥t♦✱ [f ] = π∗([f̃ ]) = π∗([g̃]) = [g]✳

❊①❡♠♣❧♦ ✷✳✹✳✸✳ ❏á ✈✐♠♦s ♥♦s ❊①❡♠♣❧♦s ✷✳✷✳✹ ❡ ✷✳✶✳✶✼ q✉❡ Π : Sn //RP n é ✉♠ r❡❝♦❜r✐♠❡♥t♦

❞❡ ❞✉❛s ❢♦❧❤❛s ❡ q✉❡ Sn é ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ s❡♠♣r❡ q✉❡ n ≥ 2✳ P♦rt❛♥t♦✱

♣❡❧♦ ú❧t✐♠♦ ❝♦r♦❧ár✐♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ RP n t❡♠ ❛♣❡♥❛s ❞♦✐s

❡❧❡♠❡♥t♦s✳ ❯♠❛ ✈❡③ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❞❡ ❣r✉♣♦ ❝♦♠ ❞♦✐s ❡❧❡♠❡♥t♦s ❡ Z2 é

✉♠ t❛❧ ❣r✉♣♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ r❡❛❧ é ✐s♦♠♦r❢♦ ❛ Z2✱

q✉❛❧q✉❡r q✉❡ s❡❥❛ n ≥ 2✳

✷✳✺ ❘❡❝♦❜r✐♠❡♥t♦s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧

❊♥❝❡rr❛♠♦s ❛ s❡çã♦ ❛♥t❡r✐♦r ❝❛❧❝✉❧❛♥❞♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ RP n✱ ♣❛r❛ n ≥ 2✳ ❋✐③❡♠♦s

✐st♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ✐♥❢♦r♠❛çã♦ ♦❜t✐❞❛ ❞♦ r❡❝♦❜r✐♠❡♥t♦ π : Sn // RP n✱ ♦ q✉❡ s✉❣❡r❡ q✉❡✱

❡♠ ❣❡r❛❧✱ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ X ❡ s❡✉ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✳

❉❡ ❢❛t♦✱ ♦ t❡♦r❡♠❛ ❛❜❛✐①♦ ♠♦str❡ q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦

♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ ❜❛s❡ ♣❡❧♦ ❤♦♠♦✲

♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❚❡♦r❡♠❛ ✷✳✺✳✶✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ π(x̃0) = x0✳ ❊♥tã♦ ♦

❤♦♠♦♠♦r✜s♠♦ π∗ : π1(X̃, x̃0) // π1(X, x0) ✐♥❞✉③✐❞♦ ♣♦r π é ✐♥❥❡t✐✈♦✳



✼✵ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ [f ] ∈ π1(X̃, x̃0) ❡st❡❥❛ ♥♦ ♥ú❝❧❡♦ ❞❡ π∗✳ ❊♥tã♦✱ π∗([f ]) = [ex0 ]✱

♦✉ s❡❥❛✱ π◦f ❡ ex0 sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❡♠ X✳ ❱❡♠♦s q✉❡ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ π◦f

❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ x̃0 ❡ ex̃0 é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ex0 ❝♦♠ ♠❡s♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳ P♦rt❛♥t♦✱

♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s✱ f é ✉♠ ❝❛♠✐♥❤♦ ❤♦♠♦tó♣✐❝♦ ❛ ex̃0 ❡♠ X̃✱

♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ [f ] = [ex̃0 ]✳

❉❡✜♥✐çã♦ ✷✳✺✳✷✳ ❖ s✉❜❣r✉♣♦ π∗(π1(X̃, x̃0)) ❞❡ π1(X, x0) é ♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦ ♣♦r π✳

❈♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ♦ r❡❝♦❜r✐♠❡♥t♦ π : X̃ //X ♣♦❞❡ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐✲

♥❛❞♦ ❛ ♣❛rt✐r ❞♦ s✉❜❣r✉♣♦ q✉❡ ❡❧❡ ✐♥❞✉③✳ ■st♦ s❡ ❞❡✈❡✱ ❡♠ ♣❛rt❡✱ ❛♦ ❢❛t♦ ❞❡ ❝♦♠ ❡❧❡ ♣♦❞❡r♠♦s

❞✐③❡r q✉❛♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : Y //X ❛❞♠✐t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ ✉♠ ❡s♣❛ç♦

❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞♦ ❡s♣❛ç♦ X✳

❚❡♦r❡♠❛ ✷✳✺✳✸ ✭❈r✐tér✐♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦✮✳ ❙❡❥❛♠ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡ f : Y // X ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛✐s q✉❡ π(x̃0) = x0 ❡ f(y0) = x0✳ ❙✉♣♦♥❤❛ q✉❡ Y

s❡❥❛ ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❊♥tã♦ f ❛❞♠✐t❡ ✉♠

❧❡✈❛♥t❛♠❡♥t♦ f̃ : Y // X̃ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ f̃(y0) = x̃0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

f∗(π1(Y, y0)) ⊂ π∗(π1(X̃, x̃0)).

❆✐♥❞❛ ♠❛✐s✿ s❡ ✉♠ t❛❧ ❧❡✈❛♥t❛♠❡♥t♦ ❡①✐st❡✱ ❡❧❡ é ú♥✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❖ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛ s❡ ❡①✐st❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f̃ ❞❡ f q✉❡ s❛t✐s❢❛③

❛s ❝♦♥❞✐çõ❡s ❞♦ ❡♥✉♥❝✐❛❞♦✿

π1(Y, y0) π1(X, x0)f∗
//

π1(X̃, x̃0)

π1(Y, y0)

99

f̃∗

ss
ss
ss
ss
ss
ss
ss
ss
π1(X̃, x̃0)

π1(X, x0)

π∗

��

P♦rt❛♥t♦✱ f∗(π1(Y, y0)) = π∗(f̃∗(π1(Y, y0))) ⊂ π∗(π1(X̃, x̃0))✳ P❛r❛ ✈❡r q✉❡ ♦ ❧❡✈❛♥t❛♠❡♥t♦ f̃

é ú♥✐❝♦✱ t♦♠❡ ✉♠ ♣♦♥t♦ y1 ∈ Y ❡ ✉♠ ❝❛♠✐♥❤♦ g ❡♠ Y ❞❡ y0 ❛ y1✳ ▲❡✈❛♥t❡ ♦ ❝❛♠✐♥❤♦ f ◦ g



✷✳✺✳ ❘❡❝♦❜r✐♠❡♥t♦s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✼✶

❡♠ X ♣❛r❛ ✉♠ ❝❛♠✐♥❤♦ f̃ ◦ g ❡♠ X̃ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❊♥tã♦ f̃(y1) ❞❡✈❡ s❡r ♦ ♣♦♥t♦ ✜♥❛❧

❞❡ f̃ ◦ g✱ ♣♦rq✉❡ f̃ ◦ g é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ◦ g ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡

❝❛♠✐♥❤♦s sã♦ ú♥✐❝♦s✳

❆❣♦r❛✱ ♣❛r❛ ♣r♦✈❛r ❛ r❡❝í♣r♦❝❛✱ t♦♠❡✱ ♣❛r❛ t♦❞♦ y ∈ Y ✱ ✉♠ ❝❛♠✐♥❤♦ g ❞❡ y0 ❛ y ❡ ❧❡✈❛♥t❡

f ◦ g ♣❛r❛ ✉♠ ❝❛♠✐♥❤♦ f̃ ◦ g ❡♠ X̃ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ x̃0✳ ❉❡✜♥❛ f̃(y) = f̃ ◦ g(1)✳ ❙❡❣✉❡

❡♥tã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ q✉❡

(π ◦ f̃)(y) = (π ◦ f̃ ◦ g)(1) = (f ◦ g)(1) = f(y).

P♦❞❡♠♦s ❝♦♥❝❧✉✐r ❞❛í q✉❡ f̃ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ✱ s❡ ♠♦str❛r♠♦s q✉❡ f̃ ✐♥❞❡♣❡♥❞❡ ❞❛

❡s❝♦❧❤❛ ❞♦ ❝❛♠✐♥❤♦ g ❡ q✉❡ f̃ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

P❛r❛ ♠♦str❛r q✉❡ f̃ ❡stá ❜❡♠✲❞❡✜♥✐❞❛✱ ❝♦♥s✐❞❡r❡ ❞♦✐s ❝❛♠✐♥❤♦s g ❡ g′ ❡♠ Y ✱ ❞❡ y0 ❛ ❛❧❣✉♠

y ∈ Y ✳ ❊♥tã♦ g′ ∗ g−1 é ✉♠ ❧❛ç♦ ❡♠ Y ❜❛s❡❛❞♦ ❡♠ y0 ❡

f∗([g
′ ∗ g−1]) ∈ f∗(π1(Y, y0)) ⊂ π∗(π1(X̃, x̃0)),

♣♦r ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ [f ◦ (g′ ∗ g−1)] = [π ◦h] ♣❛r❛ ❛❧❣✉♠ ❧❛ç♦ h ❡♠ X̃ ❜❛s❡❛❞♦ ❡♠ x̃0✳ ■st♦

q✉❡r ❞✐③❡r q✉❡✱ ❡♠ X✱

π ◦ h ≃ f ◦ (g′ ∗ g−1) = (f ◦ g′) ∗ (f ◦ g)−1,

♦✉ ❛✐♥❞❛✱ q✉❡ (π ◦ h) ∗ (f ◦ g) ≃ (f ◦ g′) ❡♠ X✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✻✱ ♦s ❧❡✈❛♥t❛♠❡♥t♦s

❞❡st❡s ❞♦✐s ❝❛♠✐♥❤♦s ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 tê♠ ♠❡s♠♦ ♣♦♥t♦ ✜♥❛❧✳ ❈♦♠♦ ♦ ❧❛ç♦ h é ♦ ♣ró♣r✐♦

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ π ◦ h✱ t❡♠♦s

f̃ ◦ g′(1) = (h ∗ f̃ ◦ g)(1) = f̃ ◦ g(1)



✼✷ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡ f̃ ❡stá ❜❡♠✲❞❡✜♥✐❞♦ ♣♦r ❝❛✉s❛ ❞✐ss♦✳

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ Y é ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ f̃ s❡❥❛ ❝♦♥tí♥✉❛✱

é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ y ∈ Y ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ y ♥❛ q✉❛❧ f̃ é

❝♦♥tí♥✉❛✳ P❛r❛ ✈❡r q✉❡ ❡ss❡ é ♦ ❝❛s♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦ y1 ❞❡ Y ✱ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛

U ❞❡ f(y1) ❡ ❛ ❝♦♠♣♦♥❡♥t❡ Vα ❞❡ π−1(U) q✉❡ ❝♦♥té♠ f̃(y1)✳ ❆✜r♠❛♠♦s q✉❡✱ s❡ C é ❛

❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ❞❡ f−1(U) ❝♦♥t❡♥❞♦ y1✱ ❡♥tã♦ f̃(C) ⊂ Vα✳ ❉❡ ❢❛t♦✱ ❞❛❞♦

y2 ∈ C✱ ❝♦♥s✐❞❡r❡ ✉♠ ❝❛♠✐♥❤♦ h ❡♠ C ❞❡ y1 ❛ y2 ❡ ✉♠ ❝❛♠✐♥❤♦ g ❡♠ Y ❞❡ y0 ❛ y1✳ ❈♦♠♦

f̃ ❡stá ❜❡♠✲❞❡✜♥✐❞❛✱ f̃(y2) ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ t♦♠❛♥❞♦✲s❡ ♦ ❝❛♠✐♥❤♦ g ∗ h ❞❡ y0 ❛ y2 ❡

❧❡✈❛♥t❛♥❞♦✲s❡ ♦ ❝❛♠✐♥❤♦

f ◦ (g ∗ h) = (f ◦ g) ∗ (f ◦ h)

♣❛r❛ ✉♠ ❝❛♠✐♥❤♦ ❡♠ X̃ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❖❜s❡r✈❡ q✉❡ x̃0 ❡ f̃(y1) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦s ♣♦♥t♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧ ❞❡ f̃ ◦ g✳ ❈♦♠♦ f ◦ h é ✉♠ ❝❛♠✐♥❤♦ ❡♠ U ✱ ♦ ❝❛♠✐♥❤♦ π−1 ◦ f ◦ h ❞❡

♣♦♥t♦ ✐♥✐❝✐❛❧ f̃(y1) é s❡✉ ❧❡✈❛♥t❛♠❡♥t♦✳ ❉❡st❛ ❢♦r♠❛✱ f̃ ◦ g ∗ (π−1 ◦ f ◦h) é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡

f ◦ (g ∗h) ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡ ❞❛í s❡❣✉❡ q✉❡ f̃(y2) = (π−1 ◦f ◦h)(1) ♣❡rt❡♥❝❡ ❛ Vα✳ P♦rt❛♥t♦✱

f̃(C) ⊂ Vα✱ ♣♦✐s y2 ∈ C é ❛r❜✐trár✐♦✳ ❆❧é♠ ❞✐ss♦✱ C é ❛❜❡rt♦ ❡♠ Y ✱ ♣♦rq✉❡ Y é ❧♦❝❛❧♠❡♥t❡

❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❙❡❥❛ σ : U // Vα ❛ s❡çã♦ ❧♦❝❛❧ ❞❡ π q✉❡ ❧❡✈❛ f(y) ❡♠ f̃(y)✳ ❆ ❢✉♥çã♦

σ ◦ f t❛♠❜é♠ ❧❡✈❛ C ♥❛ ❝♦♠♣♦♥❡♥t❡ Vα✳ ❈♦♠♦ ❡♠ C ❛ ✐❣✉❛❧❞❛❞❡ π ◦ f̃ = f = π ◦ σ ◦ f é

✈❡r❞❛❞❡✐r❛ ❡ π é ✐♥❥❡t♦r❛ ❡♠ Vα✱ ♣♦❞❡♠♦s ❡♥✜♠ ❝♦♥❝❧✉✐r q✉❡ f̃ = σ ◦ f ❡♠ C✱ q✉❡ é ✉♠❛

❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✳

❈♦r♦❧ár✐♦ ✷✳✺✳✹✳ ❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ Y é ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡

❝♦♥❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ t♦❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f : Y // X ❛❞♠✐t❡ ✉♠

❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ X̃✳ ❉❛❞♦ y0 ∈ Y ✱ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ❞❡ ♠❛♥❡✐r❛ ❛ ❧❡✈❛r

y0 ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❛ ✜❜r❛ s♦❜r❡ f(y0)✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❈♦r♦❧ár✐♦ ✷✳✺✳✺✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ X̃ ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡



✷✳✺✳ ❘❡❝♦❜r✐♠❡♥t♦s ❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✼✸

❝♦♥❡①♦✳ ❯♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f : Y //X ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦

Y ❛❞♠✐t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ X̃ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f∗ é ♦ ❤♦♠♦♠♦r✜s♠♦ tr✐✈✐❛❧ ♣❛r❛ t♦❞♦

♣♦♥t♦ ❜❛s❡ y0 ∈ Y ✳ ❙❡ ❡st❡ é ♦ ❝❛s♦✱ ❡♥tã♦ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❧❡✈❛r y0

❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❛ ✜❜r❛ s♦❜r❡ f(y0)✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦ ♣♦r ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛

❞♦ ♣♦♥t♦ ❜❛s❡ ❞♦ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❆✐♥❞❛ ❛ss✐♠✱ ❡st❛ ❞❡♣❡♥❞ê♥❝✐❛ ♥ã♦ é ❝♦♠♣❧❡t❛✲

♠❡♥t❡ ❛r❜✐trár✐❛✳

❚❡♦r❡♠❛ ✷✳✺✳✻✳ ❙❡❥❛ π : X̃ // X ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ P❛r❛ t♦❞♦ x0 ∈ X✱ s❡ x̃0

é ✉♠ ♣♦♥t♦ ❞❛ ✜❜r❛ π−1(x0)✱ ❡♥tã♦ ♦s s✉❜❣r✉♣♦s π∗(π1(X̃, x̃0)) ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❡①❛t❛♠❡♥t❡

✉♠❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ π1(X, x0)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛♠♦s ♣r✐♠❡✐r♦ q✉❡✱ ❞❛❞♦s x̃0, x̃′0 ∈ π−1(x0)✱ ♦s s✉❜❣r✉♣♦s π∗(π1(X̃, x̃0)) ❡

π∗(π1(X̃, x̃
′
0)) sã♦ ❝♦♥❥✉❣❛❞♦s✳ ❙❡❥❛ g̃ ✉♠ ❝❛♠✐♥❤♦ ❡♠ X̃ ❞❡ x̃0 ❛ x̃′0 ❡ s❡❥❛ g = π ◦ g̃ ✉♠ ❧❛ç♦

❡♠ X ❜❛s❡❛❞♦ ❡♠ x0✳ ❈♦♠♦

π∗(ˆ̃g([f ])) = [(π ◦ g̃−1) ∗ (π ◦ f) ∗ (π ◦ g̃)] = [g−1] ∗ π∗([f ]) ∗ [g] = ĝ(π∗([f ])),

♦ ❤♦♠♦♠♦r✜s♠♦ ĝ ❧❡✈❛ ♦ s✉❜❣r✉♣♦ π∗(π1(X̃, x̃0)) ♥♦ s✉❜❣r✉♣♦ π∗(π1(X̃, x̃
′
0)) ❡ ♦ s❡❣✉✐♥t❡

❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

π∗(π1(X̃, x̃0)) π∗(π1(X̃, x̃
′
0))ĝ

//

π1(X̃, x̃0)

π∗(π1(X̃, x̃0))

π∗

��

π1(X̃, x̃0) π1(X̃, x̃
′
0)

ˆ̃g // π1(X̃, x̃
′
0)

π∗(π1(X̃, x̃
′
0))

π∗

��

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✱ ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s ♣❡❧♦ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ π sã♦ ♥❛

✈❡r❞❛❞❡ ✐s♦♠♦r✜s♠♦s ♥❡st❡ ❞✐❛❣r❛♠❛✳ ❏á ˆ̃g é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✵✳ ❆ss✐♠✱



✼✹ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

ĝ ♥❡❝❡ss❛r✐❛♠❡♥t❡ t❛♠❜é♠ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ■st♦ ♠♦str❛ q✉❡ π∗(π1(X̃, x̃0)) ❡ π∗(π1(X̃, x̃′0))

sã♦ s✉❜❣r✉♣♦s ❝♦♥❥✉❣❛❞♦s ❞❡ π1(X, x0)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ x̃0 ∈ π−1(x0) ❡H é ✉♠ s✉❜❣r✉♣♦ ❞❡ π1(X, x0) ❝♦♥❥✉❣❛❞♦ ❛ π∗(π1(X̃, x̃0))✱

❡♥tã♦ ❡①✐st❡ [g] ∈ π1(X, x0) t❛❧ q✉❡ H = ĝ(π∗(π1(X̃, x̃0)))✳ ❙❡❥❛ g̃ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g

❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0 ❡ ❞❡✜♥❛ x̃′0 = g̃(1)✳ ❊♥tã♦ x̃′0 ∈ π−1(x0) ❡✱ ♣❡❧❛ ❝♦♥str✉çã♦ ❛♥t❡r✐♦r✱

H = π∗(π1(X̃, x̃
′
0))✳

❯♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♦ s✉❜❣r✉♣♦ π∗(π1(X̃, x̃0)) ✐♥❞✉③✐❞♦ ♣♦r ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✐♥❞❡♣❡♥❞❡

❞❛ ❡s❝♦❧❤❛ ❞❡ x̃0 ♥❛ ✜❜r❛ π−1(x0) é q✉❛♥❞♦ π∗(π1(X̃, x̃0)) é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ π1(X, x0)✱

♣♦✐s ♦ ú♥✐❝♦ s✉❜❣r✉♣♦ ❝♦♥❥✉❣❛❞♦ ❛ ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ é ❡❧❡ ♣ró♣r✐♦✳ ■st♦ ♥♦s ❧❡✈❛ ❛ ❢❛③❡r

❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✺✳✼✳ ❉✐③❡♠♦s q✉❡ ✉♠♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ π : X̃ //X é ♥♦r♠❛❧ s❡ π∗(π1(X̃, x̃))

é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ π1(X, π(x̃))✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ x̃ ∈ X̃✳

◆❛t✉r❛❧♠❡♥t❡✱ r❡❝♦❜r✐♠❡♥t♦s ♥♦r♠❛✐s sã♦ ❝❛s♦s ✐♠♣♦rt❛♥t❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s✳ ❖ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ♥♦r♠❛✐s✳

▲❡♠❛ ✷✳✺✳✽✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ s✉♣♦♥❤❛ q✉❡ ♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦

♣♦r π s❡❥❛ ♥♦r♠❛❧ ♣❛r❛ ❛❧❣✉♠ ♣♦♥t♦ x̃ ∈ X̃✳ ❊♥tã♦ π é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ♥♦r♠❛❧✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵❪✱ ♣✳ ✷✹✺✳

✷✳✻ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s

❉❡✜♥✐çã♦ ✷✳✻✳✶✳ ❙✉♣♦♥❤❛ q✉❡ π : X̃ // X s❡❥❛ ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❯♠ ❤♦♠❡♦✲

♠♦r✜s♠♦ ϕ : X̃ // X̃ é ❝❤❛♠❛❞♦ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ s❡ ❡❧❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦



✷✳✻✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✼✺

❝♦♠✉t❛r
X̃

X

π

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
X̃ X̃

ϕ // X̃

X

π

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

♦✉ s❡❥❛✱ s❡ π ◦ ϕ = π✳

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❛ss♦❝✐❛❞❛s ❛ ✉♠ r❡❝♦❜r✐♠❡♥t♦

π : X̃ //X ♣♦r G(X̃)✳

❊①❡♠♣❧♦ ✷✳✻✳✷✳ ❙❡❥❛ π : R // S1 ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❙❡ h : R //R é ✉♠ ❤♦♠❡♦♠♦r✲

✜s♠♦ ♣❛r❛ ♦ q✉❛❧ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ π ◦ h = π✱ ♦✉ s❡❥❛✱ e2πih(r) = e2πir✱ ❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

h(r)− r ∈ Z✳ ❈♦♠♦ h− id ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ R ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦✱ ❛ ✐♠❛❣❡♠ ❞❡st❡

ú❧t✐♠♦ ♣♦r h − id ❞❡✈❡ s❡r ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ❞❡ Z✳ ❈♦♠♦ Z é ❞❡s❝♦♥❡①♦✱ h − id é ✉♠❛

❢✉♥çã♦ ❝♦♥st❛♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ h(r) = r+n✱ ♣❛r❛ ❛❧❣✉♠ n ∈ Z✳ P♦rt❛♥t♦✱ ❛s tr❛♥s❢♦r♠❛çõ❡s

❞❡ ❞❡❝❦ ♣❛r❛ ❡st❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ S1 sã♦ tr❛♥s❧❛çõ❡s ❞❡ R ♣♦r ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ ♦ q✉❡ ✐♠♣❧✐❝❛

q✉❡ G(R) ≃ Z ♥❡st❡ ❝❛s♦✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ❛s tr❛♥s❧❛çõ❡s (r1, . . . , rn) 7→ (r1 + k1, . . . , rn + kn)✱

❝♦♠ k1, . . . , kn ∈ Z✱ sã♦ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ♣❛r❛ ♦ r❡❝♦❜r✐♠❡♥t♦ Π : Rn // T n

❡✱ ❛ss✐♠✱ G(R) = Zn✳

G(X̃) é ✉♠ ❣r✉♣♦ ♣♦r ❝♦♠♣♦s✐çã♦✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Pr♦♣♦s✐çã♦ ✷✳✻✳✸✳ ❙❡❥❛ π : X̃ //X ✉♠ r❡❝♦❜r✐♠❡♥t♦✳ ❱❡r✐✜❝❛✲s❡ q✉❡

✶✳ ◗✉❛✐sq✉❡r ❞✉❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ q✉❡ ❝♦✐♥❝✐❞❡♠ ❡♠ ✉♠ ♣♦♥t♦ sã♦ ✐❞ê♥t✐❝❛s❀

✷✳ ❖ ❣r✉♣♦ G(X̃) ❛❣❡ ♣❡❧❛ ❡sq✉❡r❞❛✱ ❧✐✈r❡♠❡♥t❡ ❡ ❝♦♥t✐♥✉❛♠❡♥t❡ s♦❜r❡ X̃✱ ❞❡ ♠❛♥❡✐r❛

♥❛t✉r❛❧✿ ϕ · x̃ = ϕ(x̃)✱ ♣❛r❛ ϕ ∈ G(X̃) ❡ x̃ ∈ X̃❀

✸✳ ❚♦❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ♣❡r♠✉t❛ ♦s ♣♦♥t♦s ❞❛ ✜❜r❛ π−1(x)✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦

♣♦♥t♦ x ∈ X❀



✼✻ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

✹✳ ❙❡ U ⊂ X é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ X✱ ❡♥tã♦ t♦❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦

t❛♠❜é♠ ♣❡r♠✉t❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ π−1(U)✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵❪✱ ♣✳ ✷✹✽✳

Pr♦♣♦s✐çã♦ ✷✳✻✳✹✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

✶✳ ❙❡ x̃0, x̃′0 ∈ X̃ sã♦ ❞♦✐s ♣♦♥t♦s ❞❡ ✉♠❛ ♠❡s♠❛ ✜❜r❛ π−1(x0)✱ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ❞❡❝❦ q✉❡ ❧❡✈❛ x̃0 ❡♠ x̃′0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s s✉❜❣r✉♣♦s ✐♥❞✉③✐❞♦s π∗(π1(X̃, x̃0)) ❡

π∗(π1(X̃, x̃
′
0)) sã♦ ✐❣✉❛✐s❀

✷✳ G(X̃) ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ❡♠ ❝❛❞❛ ✜❜r❛ ❞❡ π s❡✱ ❡ s♦♠❡♥t❡ s❡✱ π é ✉♠ r❡❝♦❜r✐♠❡♥t♦

♥♦r♠❛❧✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡

❞❡❝❦ ϕ t❛❧ q✉❡ ϕ(x̃0) = x̃′0✳ ❊♥tã♦ π∗ : π1(X̃, x̃0) // π1(X̃, x̃
′
0) é ✉♠ ✐s♦♠♦r✜s♠♦ ❡✱ ♣♦r ✐ss♦✱

π∗(π1(X̃, x̃0)) = π∗(ϕ∗(π1(X̃, x̃0))) = π∗(π1(X̃, x̃
′
0)),

❥á q✉❡ t❛♠❜é♠ π◦ϕ = π ❡ (π◦ϕ)∗ = π∗◦ϕ∗✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ π∗(π1(X̃, x̃0)) ❡ π∗(π1(X̃, x̃′0))

sã♦ ✐❣✉❛✐s✱ ❡♥tã♦ ♦ ❝r✐tér✐♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s π̃ : X̃ //X̃✱

π̃′ : X̃ // X̃ ❞❡ π t❛✐s q✉❡

π ◦ π̃ = π, π ◦ π̃′ = π, π̃(x̃0) = x̃′0 ❡ π̃′(x̃′0) = x̃0.

P❛r❛ ♠♦str❛r q✉❡ π̃ ❡ π̃′ sã♦ ✐♥✈❡rs❛s ✉♠❛ ❞❛ ♦✉tr❛✱ ♦❜s❡r✈❡ q✉❡

π ◦ (π̃′ ◦ π̃) = π ❡ (π̃′ ◦ π̃)(x̃0) = x̃0,

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ π̃′ ◦ π̃ ❡ idX̃ sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ π ❞❡ ♠❡s♠♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❆ss✐♠✱



✷✳✻✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✼✼

♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦s✱ π̃′ ◦ π̃ = idX̃ ❡✱ s✐♠✐❧❛r♠❡♥t❡✱ π̃ ◦ π̃′ = idX̃ ✳

P♦rt❛♥t♦✱ π̃ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ q✉❡ ❧❡✈❛ x̃0 ❡♠ x̃′0✳

❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ π s❡❥❛ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ♥♦r♠❛❧✳ ❊♥tã♦✱ ♣❛r❛ q✉❛✐sq✉❡r ♣♦♥t♦s x̃0

❡ x̃′0 ❡♠ ✉♠❛ ♠❡s♠❛ ✜❜r❛ πx0 ✱ ♦s s✉❜❣r✉♣♦s π∗(π1(X̃, x̃0)) ❡ π∗(π1(X̃, x̃′0)) sã♦ ♥♦r♠❛✐s ❡♠

π1(X, x0) ❡ ❛✐♥❞❛ sã♦ ❝♦♥❥✉❣❛❞♦s ✉♠ ❞♦ ♦✉tr♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✻✳ P♦rt❛♥t♦✱ π∗(π1(X̃, x̃0)) =

π∗(π1(X̃, x̃
′
0))✳ ❆ss✐♠✱ ♣❡❧❛ ♣❛rt❡ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ q✉❡ ❧❡✈❛ x̃0 ❡♠

x̃′0✳ P♦rt❛♥t♦✱ G(X̃) ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ♥❛ ✜❜r❛ π−1(x0)✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ G(X̃) ❛❣❡

tr❛♥s✐t✐✈❛♠❡♥t❡ ♥❛ ✜❜r❛ π−1(x0)✱ ♦s s✉❜❣r✉♣♦s ✐♥❞✉③✐❞♦s π∗(π1(X̃, x̃0)) ❝♦✐♥❝✐❞❡♠ ♣❛r❛ t♦❞♦

x̃0 ∈ π−1(x0)✱ ♦ q✉❡ q✉❡r ❞✐③❡r q✉❡ π é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ♥♦r♠❛❧✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❢♦r♥❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ❡①♣❧í❝✐t❛ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❣r✉♣♦ ❞❛s tr❛♥s✲

❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❞❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡♠ t❡r♠♦s ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ r❡❝♦✲

❜r✐♠❡♥t♦✳ ❆ ♣❛rt✐r ❞❡❧❡ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❞❡t❡r♠✐♥❛❞♦s ❡s♣❛ç♦s

❛♣r♦✈❡✐t❛♥❞♦✲s❡ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝í✜❝❛s ❞❡ s❡✉s r❡❝♦❜r✐♠❡♥t♦s✳

❚❡♦r❡♠❛ ✷✳✻✳✺✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ x̃0 ∈ X̃✳ ❙❡ N(π∗(π1(X̃, x̃0)))

❞❡♥♦t❛ ♦ ♥♦r♠❛❧✐③❛❞♦r ❞♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦ π∗(π1(X̃, x̃0))✱ ❡♥tã♦ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s

❞❡ ❞❡❝❦ G(X̃) é ✐s♦♠♦r❢♦ ❛♦ q✉♦❝✐❡♥t❡

N(π∗(π1(X̃, x̃0)))/π∗(π1(X̃, x̃0)).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H = π∗(π1(X̃, x̃0)) ❡ ξ : N(H) //G(X̃) ❛ ❛♣❧✐❝❛çã♦ q✉❡ tr❛♥s❢♦r♠❛ [f ]

♥❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ϕ q✉❡ ❧❡✈❛ x̃0 ❡♠ x̃0 · [f ]✱ ♦♥❞❡ x̃0 · [f ] é ❞❡✜♥✐❞♦ ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛

✷✳✹✳✶✳ ❱❛♠♦s ♠♦str❛r q✉❡ ξ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❝♦♠ ♥ú❝❧❡♦ H✱ ♦ q✉❡ ♣r♦✈❛ ♦

t❡♦r❡♠❛✳

❖❜s❡r✈❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡✱ ❞❛❞♦ [g] ∈ N(H) ⊂ π1(X, x0)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r✲

♠❛çã♦ ❞❡ ❞❡❝❦ ϕ ❡♠ G(X̃) t❛❧ q✉❡ ϕ(x̃0) = x̃′0 = x̃0 · [g]✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✻✳✹✱ ❡①✐st❡

✉♠❛ t❛❧ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ s❡ π∗(π1(X̃, x̃0)) = π∗(π1(X̃, x̃
′
0))✳ ❈♦♠♦ x̃′0 ❡ x̃0 sã♦ ❛♠❜♦s



✼✽ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡❧❡♠❡♥t♦s ❞❛ ✜❜r❛ π−1(x0)✱ ♦ ❚❡♦r❡♠❛ ✷✳✺✳✻ ❥á ♥♦s ❞✐③ q✉❡ ❡❧❡s sã♦ s✉❜❣r✉♣♦s ❝♦♥❥✉❣❛❞♦s

♣♦r [g]✳ ❈♦♠♦ [g] é ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ♥♦r♠❛❧✐③❛❞♦r ❞❡ H✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦❝♦rr❡ ❞❡❧❡s s❡r❡♠

✐❣✉❛✐s✳ ❊①✐st❡ ❛ss✐♠ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ϕ t❛❧ q✉❡ ϕ(x̃0) = x̃′0✳ ❊❧❛ é ú♥✐❝❛ ♣♦rq✉❡ ❝♦✲

♥❤❡❝❡♠♦s ❛ ✐♠❛❣❡♠ ❞❡ x̃0 ♣♦r ϕ ❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛

✐♠❛❣❡♠ ❞❡ q✉❛❧q✉❡r ✉♠ ❞♦s ♣♦♥t♦s ❞❡ s❡✉ ❞♦♠í♥✐♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r✐♠❡✐r❛ ♣r♦♣r✐❡❞❛❞❡

❞❛ Pr♦♣♦s✐çã♦ ✷✳✻✳✸✳ ❉❡✜♥❛ ❡♥tã♦ ξ([g]) = ϕ✳

❙❡❥❛♠ [g1], [g2] ∈ N(H) t❛✐s q✉❡ ξ([gi]) = ϕi ❡ ϕ12 = ξ([g1 ∗ g2])✳ P❛r❛ ✈❡r✐✜❝❛r q✉❡ ξ é ✉♠

❤♦♠♦♠♦r✜s♠♦✱ ♣r❡❝✐s❛♠♦s ❝♦♥❝❧✉✐r q✉❡ ϕ12 = ϕ1 ◦ϕ2✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣r♦♣r✐❡❞❛❞❡

❞❛ Pr♦♣♦s✐çã♦ ✷✳✻✳✸✱ é s✉✜❝✐❡♥t❡ ❛♣❡♥❛s ♠♦str❛r q✉❡ ϕ12(x̃0) = (ϕ1 ◦ ϕ2)(x̃0)✳ P♦✐s ❜❡♠✱ s❡❥❛

g̃2 ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g2 ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❯♠❛ ✈❡③ q✉❡ π ◦ ϕ1 = π✱ ♦ ❝❛♠✐♥❤♦ ϕ1 ◦ g̃2
t❛♠❜é♠ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g2✱ só q✉❡ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ ϕ1(x̃0) = g̃1(1)✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

❛ss✐♠ ❛ ❝♦♥❝❛t❡♥❛çã♦ g̃1 ∗ (ϕ1 ◦ g̃2) ❞♦s ❝❛♠✐♥❤♦s g̃1 ❡ ϕ1 ◦ g̃2✱ q✉❡ ❝❧❛r❛♠❡♥t❡ ❝♦rr❡s♣♦♥❞❡ ❛♦

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g1 ∗ g2✳ P♦r ✐ss♦✱

ϕ12(x̃0) = g̃1 ∗ g2(1) = (g̃1 ∗ (ϕ ◦ g̃2))(1) = (ϕ ◦ g̃2)(1) = ϕ1(ϕ2(x̃0))

❡ ξ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

❆❣♦r❛✱ ♣❛r❛ ♠♦str❛r q✉❡ ξ é s♦❜r❡❥❡t♦r✱ ❝♦♥s✐❞❡r❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ϕ ∈ G(X̃)

❛r❜✐trár✐❛ ❡ ❞❡♥♦t❡ ♣♦r x̃′0 ❛ ✐♠❛❣❡♠ ❞❡ x̃0 ♣♦r ❡st❛ tr❛♥s❢♦r♠❛çã♦✳ ❙❡❥❛ g̃ ✉♠ ❝❛♠✐♥❤♦

❡♠ X̃ ❧✐❣❛♥❞♦ x̃0 ❛ x̃′0✳ ❊♥tã♦ g = π ◦ g̃ é ✉♠ ❧❛ç♦ ❡♠ X✳ ❆❧é♠ ❞✐ss♦✱ π∗(π1(X̃, x̃0)) =

π∗(π1(X̃, x̃
′
0))✱ ♣♦rq✉❡ x̃0 ❡ x̃′0 ❡stã♦ ❡♠ ✉♠❛ ♠❡s♠❛ ✜❜r❛ ❞❡ π✳ ❚❛♠❜é♠✱ π∗(π1(X̃, x̃′0)) =

ĝ(π∗(π1(X̃, x̃0)))✳ P♦rt❛♥t♦✱ ĝ(π∗(π1(X̃, x̃0))) = π∗(π1(X̃, x̃0)) ❡✱ ❞❛í✱ [g] ∈ N(H)✳ ▲♦❣♦✱

ξ([g]) = ϕ ♣♦r ❝♦♥str✉çã♦✳

❋✐♥❛❧♠❡♥t❡✱ ✈❡❥❛♠♦s q✉❡ ♦ ♥ú❝❧❡♦ ❞❡ ξ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❣r✉♣♦ H✳ ❙❡❥❛♠ [g] ∈ N(H) ❡ g̃

♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❊♥tã♦ ϕ = idX̃ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ(x̃0) = g̃(1) = x̃0✱

♦ q✉❡ q✉❡r ❞✐③❡r q✉❡ g̃ é ✉♠ ❧❛ç♦ ❡♠ X̃✳ P♦rt❛♥t♦✱ ϕ é ❛ ✐❞❡♥t✐❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱



✷✳✻✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✼✾

[g] = [π ◦ g̃] = π∗([g̃]) ♣❛r❛ ❛❧❣✉♠ [g̃] ∈ π1(X̃, x̃0)✱ ✐st♦ é✱ [g] ∈ H✳

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ r❡❝♦❜r✐♠❡♥t♦s ♥♦r♠❛✐s✱ ♦ q✉❡ ❡stá s❡♥❞♦ ❞✐t♦ ♥❡st❡ t❡♦r❡♠❛ é q✉❡ ♦ ❣r✉♣♦

❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ é ✐s♦♠♦r❢♦ ❛♦ q✉♦❝✐❡♥t❡ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ ❜❛s❡

♣❡❧♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ r❡❝♦❜r✐♠❡♥t♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♦ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡

✉♠ r❡❝♦❜r✐♠❡♥t♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡♥tã♦ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❞❡st❡

r❡❝♦❜r✐♠❡♥t♦ é ✐s♦♠♦r❢♦ ❛♦ ♣ró♣r✐♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ s❡✉ ❡s♣❛ç♦ ❞❡ ❜❛s❡✳

❈♦r♦❧ár✐♦ ✷✳✻✳✻ ✭❈❛s♦ ♥♦r♠❛❧✮✳ ❙❡ π : X̃ // X é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ♥♦r♠❛❧✱ x̃0 ∈ X̃ ❡

x0 = π(x̃0)✱ ❡♥tã♦

G(X̃) ≃ π1(X, x0)/π∗(X̃, x̃0).

❈♦r♦❧ár✐♦ ✷✳✻✳✼ ✭❈❛s♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✮✳ ❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦

❡ X̃ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡♥tã♦

G(X̃) ≃ π1(X).

❯♠❛ ❛♣❧✐❝❛çã♦ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✳✺ ❢♦r♥❡❝❡ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✻✳✽✳ ❈♦♠♦ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❞♦ r❡❝♦❜r✐♠❡♥t♦ π : R // S1 é

✐♥✜♥✐t❛♠❡♥t❡ ❝í❝❧✐❝♦ ❡ R é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ♣❡❧♦ ❝♦r♦❧ár✐♦ ❛❝✐♠❛ q✉❡

♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ é π1(S1) = Z✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s

❞❡t❡r♠✐♥❛r q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ t♦r♦ ❞❡ ❞✐♠❡♥sã♦ n é π1(T n) = Zn✳

❆♣❡s❛r ❞❡ ♥ã♦ s❡r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✳✺✱ ❛❣♦r❛ q✉❡ ❝♦♥❤❡❝❡♠♦s ♦ ❣r✉♣♦ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞❡ S1✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ RP 1✳ ❊st❡ é π1(RP 1) = Z✱

♣♦✐s RP 1 ❡ S1 sã♦ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s✱ ❥á q✉❡ RP 1 ❡ S1/Z2 sã♦ ❤♦♠❡♦♠♦r❢♦s ♣❡❧❛ ❛♣❧✐❝❛çã♦

❛♥tí♣♦❞❛ ❡ S1/Z2 é ❤♦♠❡♦♠♦r❢♦ ❛ S1 ♣❡❧❛ ❢✉♥çã♦ [u] 7→ 2u✱ ❝✉❥❛ ✐♥✈❡rs❛ é v 7→ [v/2]✳ ❈♦♠

✐ss♦✱ ❛❝❛❜❛♠♦s ❞❡ ❝❛❧❝✉❧❛r ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ Sn✱ T n ❡ RP n✱ ♣❛r❛ t♦❞♦ n ∈ N✳



✽✵ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❆✐♥❞❛ ❛♣r♦✈❡✐t❛♥❞♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ S1✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ π1(SO(2,R)) ≃ Z✱

♣♦✐s SO(2,R) ≃ S1✳

✷✳✼ ❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s

●❡♥❡r❛❧✐③❛♠♦s ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❞❡ ♠♦❞♦ ❛ ♣♦❞❡r♠♦s ❝♦♠♣❛r❛r

❞♦✐s r❡❝♦❜r✐♠❡♥t♦s ❡♥tr❡ s✐✳

❉❡✜♥✐çã♦ ✷✳✼✳✶✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ s❡❥❛♠ π1 : X̃1
//X ❡ π2 : X̃2

//X ❞♦✐s

r❡❝♦❜r✐♠❡♥t♦s ❞❡ X✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ π1 ♣❛r❛ π2 é ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ ϕ : X̃1
// X̃2 t❛❧ q✉❡ π2 ◦ ϕ = π1✿

X̃1

X

π1

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
X̃1 X̃2

ϕ // X̃2

X

π2

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s q✉❡ é t❛♠❜é♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ é ❝❤❛♠❛❞♦ ❞❡ ✐s♦✲

♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✳ ❉✐③❡♠♦s q✉❡ ❞♦✐s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ sã♦ ✐s♦♠♦r❢♦s s❡

❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❡s✳

❈❧❛r❛♠❡♥t❡✱ ❛ r❡❧❛çã♦ ❞❡ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞♦ ❡s♣❛ç♦ X é ✉♠❛

r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s r❡❝♦❜r✐♠❡♥t♦s ❞❡ X✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥t❡r❡ss❛♥t❡ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦s é q✉❡ ❡❧❡s t❛♠❜é♠

sã♦ ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

▲❡♠❛ ✷✳✼✳✷✳ ❙❡❥❛♠ π1 : X̃ //X ❡ π2 : X̃2
//X r❡❝♦❜r✐♠❡♥t♦s ❞❡ X✳ ❙❡ ϕ : X̃1

// X̃2 é

✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✱ ❡♥tã♦ ϕ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵❪✱ ♣✳ ✷✺✽✳



✷✳✼✳ ❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✽✶

❆ q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ s❡ ❞❡t❡r♠✐♥❛r q✉❛♥❞♦ ❞♦✐s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ sã♦ ✐s♦✲

♠♦r❢♦s é s❛❜❡r q✉❛♥❞♦ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡♥tr❡ ❡❧❡s✳

❚❡♦r❡♠❛ ✷✳✼✳✸✳ ❙❡❥❛♠ π1 : X̃1
// X ❡ π2 : X̃2

// X ❞♦✐s ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✉♠

♠❡s♠♦ ❡s♣❛ç♦ X ❡ x̃1 ∈ X̃1 ❡ x̃2 ∈ X̃2 t❛✐s q✉❡ π1(x̃1) = π2(x̃2) = x0 ∈ X✳ ❊①✐st❡ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ π1 ♣❛r❛ π2 q✉❡ ❧❡✈❛ x̃1 ❡♠ x̃2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

π1∗(π1(X̃1, x̃1)) ⊂ π2∗(π1(X̃2, x̃2)).

❉❡♠♦♥str❛çã♦✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ π1 ♣❛r❛ π2 t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦

❝♦♠♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ π1✿

X̃1 Xπ1
//

X̃2

X̃1

??

ϕ

⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
X̃2

X

π2

��

❆ss✐♠ ❡st❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❝r✐tér✐♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❝♦♠♣❧❡t❛♠❡♥t❡ r❡s♦❧✈❡ ❛ q✉❡stã♦ ❞❛ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ❡s♣❛ç♦s ❞❡ r❡❝♦✲

❜r✐♠❡♥t♦✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❚❡♦r❡♠❛ ✷✳✼✳✹✳ ❙❡❥❛♠ π1 : X̃1
// X ❡ π2 : X̃2

// X ♠❛♣❛s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❊♥tã♦ X̃1

❡ X̃2 sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❛❧❣✉♠ x0 ∈ X ❡ ♣♦♥t♦s ❜❛s❡s x̃1 ∈ π−1
1 (x0) ❡

x̃2 ∈ π−1
2 (x0)✱ ♦s s✉❜❣r✉♣♦s ✐♥❞✉③✐❞♦s π1∗(π1(X̃1, x̃1)) ❡ π2∗(π1(X̃2, x̃2)) sã♦ ❝♦♥❥✉❣❛❞♦s ❡♠

π1(X, x0)✳ ❙❡ ❡st❡ é ♦ ❝❛s♦✱ ❡st❡s s✉❜❣r✉♣♦s sã♦ ❝♦♥❥✉❣❛❞♦s ♣❛r❛ t♦❞♦ x0✱ x̃1 ❡ x̃2 ❝♦♠♦ ♥❡st❡

❡♥✉♥❝✐❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ❡①✐st❡ ✉♠ ✐s♦♠♦✜s♠♦ ϕ : X̃1
// X̃2✱ t♦♠❡ ❛r❜✐tr❛r✐❛♠❡♥t❡ x̃1 ∈ X̃1 ❡

❞❡✜♥❛ x̃2 = ϕ(x̃1)✳ ❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❛♣❧✐❝❛❞♦ ❛ ϕ ❡ ϕ−1✱ ❣❛r❛♥t❡ q✉❡ ♦s s✉❜❣r✉♣♦s

π1∗(π1(X̃1, x̃1)) ❡ π2∗(π1(X̃2, x̃2)) ❡stã♦ ❝♦♥t✐❞♦s ✉♠ ♥♦ ♦✉tr♦ ❡✱ ♣♦rt❛♥t♦✱ sã♦ ✐❣✉❛✐s✳ ❆❧é♠



✽✷ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✻✱ ♦s s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s ❛ ♦✉tr❛s ❡s❝♦❧❤❛s ❞❡ ♣♦♥t♦s ❜❛s❡s ♥❛s

♠❡s♠❛s ✜❜r❛s sã♦ ❝♦♥❥✉❣❛❞♦s✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ❞♦✐s s✉❜❣r✉♣♦s sã♦ ❝♦♥❥✉❣❛❞♦s ♣❛r❛ ❛❧❣✉♠❛ ❡s❝♦❧❤❛ ❞❡ x0✱ x̃1

❡ x̃2✳ ◆♦✈❛♠❡♥t❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✺✳✻✱ ♥ós ♣♦❞❡♠♦s tr♦❝❛r x̃2 ♣♦r ♦✉tr♦ ♣♦♥t♦ ❜❛s❡ x̃′2 ∈ X̃2 t❛❧

q✉❡ π2∗(π1(X̃2, x̃
′
2)) = π1∗(π1(X̃1, x̃1))✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✼✳✸✱ ❡①✐st❡♠ ❤♦♠♦♠♦r✜s♠♦s

ϕ✱ ❞❡ π1 ♣❛r❛ π2✱ ❡ ψ✱ ❞❡ π2 ♣❛r❛ π1✱ ❝♦♠ ϕ(x̃1) = x̃′2 ❡ ψ(x̃′2) = x̃1✳ ❆ ❝♦♠♣♦s✐çã♦ ψ ◦ ϕ é

❡♥tã♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ❞❡ π1 q✉❡ ✜①❛ x̃1✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ψ ◦ ϕ é ❛ ✐❞❡♥t✐❞❛❞❡✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ϕ ◦ ψ é ❛ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ ϕ é ♦ ✐s♦♠♦r✜s♠♦ r❡q✉❡r✐❞♦✳

❖s r❡s✉❧t❛❞♦s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ✈❡r✱ ❛♣❧✐❝❛❞♦s ❛ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ s✐♠♣❧❡s♠❡♥t❡

❝♦♥❡①♦s✱ ❢♦r♥❡❝❡♠ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ♠❡s♠♦s ❜❛st❛♥t❡ út❡✐s✳

Pr♦♣♦s✐çã♦ ✷✳✼✳✺✳ ❙❡❥❛ π : X̃ //X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❝♦♠ X̃ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❙❡ π1 : X̃1
// X é ✉♠ ♦✉tr♦ r❡❝♦❜r✐♠❡♥t♦ q✉❛❧q✉❡r✱ ❡①✐st❡ ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ π̃ :

X̃ // X̃1 t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

X̃1

X

π1

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

X̃

X̃1

π̃

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄❄
X̃

X

π

��

❆❧é♠ ❞✐ss♦✱ q✉❛✐sq✉❡r ❞♦✐s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s ❞❡ ✉♠ ♠❡s♠♦

❡s♣❛ç♦ sã♦ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♦ s✉❜❣r✉♣♦ tr✐✈✐❛❧ ❡stá ❝♦♥t✐❞♦ ❡♠ q✉❛❧q✉❡r ♦✉tr♦ s✉❜❣r✉♣♦✱ ❛ ♣r✐♠❡✐r❛

❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✼✳✸ ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ t♦❞♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s é

✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ é ❛✐♥❞❛ ♠❛✐s ✐♠❡❞✐❛t❛✱ s❡♥❞♦ ✐♠♣❧✐❝❛❞❛

♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✼✳✹✳



✷✳✼✳ ❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✽✸

❖ q✉❡ ❡st❛ ♣r♦♣♦s✐çã♦ ♥♦s ❞✐③ é q✉❡ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ é

♦ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ q✉❛❧q✉❡r ♦✉tr♦ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ X✳ P♦r ❡st❛ r❛③ã♦

❢❛③❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✷✳✼✳✻✳ ❯♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦X ♣♦r ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ X̃ é

❞✐t♦ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❡ X̃ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳

❊①❡♠♣❧♦ ✷✳✼✳✼✳ ❖s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞♦ t♦r♦ T n ❡ ❞♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ r❡❛❧

RP n sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ Rn ❡ Sn✳

❚♦❞♦ ❡s♣❛ç♦ ✏r❛③♦á✈❡❧✑ ❛❞♠✐t❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳ ❊st❡ é ♦ ❝❛s♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❞❡

✈❛r✐❡❞❛❞❡s✳ P♦r ✏r❛③♦á✈❡❧✑✱ q✉❡r❡♠♦s ❞✐③❡r q✉❡ ♦ ❡s♣❛ç♦ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✼✳✽✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ X é s❡♠✐✲❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦

s❡ ❡❧❡ ❛❞♠✐t❡ ✉♠❛ ❜❛s❡ ❞❡ ❛❜❡rt♦s U ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦ ❧❛ç♦ ❡♠ U é ❤♦♠♦tó♣✐❝♦

❛ ✉♠ ❧❛ç♦ ❝♦♥st❛♥t❡ ❡♠ X✳

❈❧❛r❛♠❡♥t❡✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ é s❡♠✐✲❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ♣♦rq✉❡ ❡❧❛ t❡♠ ✉♠❛

❜❛s❡ ❞❡ ❛❜❡rt♦s ❞✐❢❡♦♠♦r❢♦s ❛♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✱ q✉❡ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✷✳✼✳✾ ✭❊①✐stê♥❝✐❛ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✮✳ ❯♠ ❡s♣❛ç♦ ❝♦♥❡①♦ ❡

❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❛❞♠✐t❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é

s❡♠✐✲❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✹✾✺✳

❖❜s❡r✈❡ q✉❡ ♦ ❚❡♦r❡♠❛ ✷✳✼✳✹ ❢♦r♥❡❝❡ s✐♠♣❧❡s♠❡♥t❡ ✉♠ ❝r✐tér✐♦ ♣❛r❛ s❡ ❞✐st✐♥❣✉✐r ❡s♣❛ç♦s ❞❡

r❡❝♦❜r✐♠❡♥t♦ ✐s♦♠♦r❢♦s✳ ❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❛✐♥❞❛ ❝❛r❛❝t❡r✐③❛r ♦s ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡

✉♠ ❞❛❞♦ ❡s♣❛ç♦ X✱ ♣r❡❝✐s❛♠♦s ❞❡s❡♥✈♦❧✈❡r ✉♠❛ té❝♥✐❝❛✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❡s♣❛ç♦ Y ✱ q✉❡ ❝♦♥s✲

tr✉❛ ❡s♣❛ç♦s q✉❡ tê♠ Y ❝♦♠♦ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ◆♦ss♦ ✐♥t❡r❡ss❡ ❡♠ ❞❡✜♥✐r ❡s♣❛ç♦

❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ t❛❧ té❝♥✐❝❛ ❛♦ r❡❝♦❜r✐♠❡♥t♦

✉♥✐✈❡rs❛❧ ❞♦ ❡s♣❛ç♦ X ♣❡r♠✐t❡ q✉❡ ❞❡❞✉③❛♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❝✐t❛❞❛✳



✽✹ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

P❛r❛ t❡r ✉♠❛ ♠♦t✐✈❛çã♦ ❞❡ ❝♦♠♦ ❝♦♥str✉✐r ❡s♣❛ç♦s ❝♦❜❡rt♦s ♣♦r Y ✱ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡

❝❛s♦✱ q✉❡ ❡♥✈♦❧✈❡ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ♥♦r♠❛❧ π : X̃ //X✳ ❈♦♠♦ ❥á ♦❜s❡r✈❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱

♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ G(X̃) ❛❣❡ à ❡sq✉❡r❞❛✱ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡ ❧✐✈r❡♠❡♥t❡ s♦❜r❡

X̃✳ ❆ Pr♦♣♦s✐çã♦ ✷✳✻✳✹ ♥♦s ❞✐③ t❛♠❜é♠ q✉❡ G(X̃) ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ ♥❛s ✜❜r❛s✱ q✉❛♥❞♦ ♦

r❡❝♦❜r✐♠❡♥t♦ é ♥♦r♠❛❧✳ ❉❡st❛ ❢♦r♠❛✱ ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❢❡✐t❛s ♣♦r π sã♦ ❡①❛t❛♠❡♥t❡ ❛q✉❡❧❛s

❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

x ∈ y ⇐⇒ y = ϕ(x) ♣❛r❛ ❛❧❣✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ϕ ∈ G(X̃).

❈♦♠♦ π é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡✱ ✐st♦ ♥♦s ❞✐③ q✉❡ X é ❤♦♠❡♦♠♦r❢♦ ❛♦ ❡s♣❛ç♦ ❞❛s ór❜✐t❛s

❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ G(X̃) s♦❜r❡ X̃✳

❈♦♠ ❡st❡ ❡①❡♠♣❧♦ ❡♠ ♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ s❡❥❛ ❞❛❞❛ ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ ✉♠ ❣r✉♣♦ Γ

s♦❜r❡ Y ✳ ❱❛♠♦s ❡♥❝♦♥tr❛r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ π : Y // Y/Γ s❡❥❛ ✉♠

♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❝✉❥♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❛ ❡❧❛ ❛ss♦❝✐❛❞♦ s❡❥❛ ♦ ❣r✉♣♦ Γ

✭❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ Y ✮✳ ➱ ❝❧❛r♦ q✉❡ ❛❣✐♥❞♦ ❞❡st❛ ❢♦r♠❛✱

❡st❛r❡♠♦s ❝♦♥str✉✐♥❞♦ ❛♣❡♥❛s r❡❝♦❜r✐♠❡♥t♦s ♥♦r♠❛✐s✳ ❈♦♥t✉❞♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s t❛r❞❡✱

✐st♦ ♥ã♦ s❡ ❝♦♥st✐t✉✐rá ❡♠ ♥❡♥❤✉♠❛ ❧✐♠✐t❛çã♦✳

❈♦♠♦ ❥á ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✱ ♥❡♠ t♦❞❛ ❛çã♦ ❞❡ ❣r✉♣♦ ✐♥❞✉③ ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ P❡❧❛

s❡❣✉♥❞♦ ✐t❡♠ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✻✳✸✱ ❛ ❛çã♦ ❞❡✈❡ ❛♦ ♠❡♥♦s s❡r ❧✐✈r❡ ❡ ❝♦♥tí♥✉❛ ♣❛r❛ q✉❡ ✐st♦

♦❝♦rr❛✳ ❖✉tr❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ é q✉❡ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ s❡❥❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ✷✳✼✳✶✵✳ ❙❡❥❛ Y ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r

❝❛♠✐♥❤♦s✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ Y ✳ ❆ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ π : Y //Y/Γ é

✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳ ◆❡st❡

❝❛s♦✱ ♦ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ π é ♥♦r♠❛❧ ❡ Γ é ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❛ss♦❝✐❛❞♦

❛ ❡st❡ r❡❝♦❜r✐♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✹❪✱ ♣✳ ✹✾✵✳



✷✳✼✳ ❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s ✽✺

❚❡♦r❡♠❛ ✷✳✼✳✶✶ ✭❈❧❛ss✐✜❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦s✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦✱

❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ s❡♠✐✲❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❙❡ x0 ∈ X é ✉♠

♣♦♥t♦ ✜①❛❞♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦s ❞❡ X ❡

❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ s✉❜❣r✉♣♦s ❞❡ π1(X, x0)✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❛ss♦❝✐❛ ❝❛❞❛ π′ : X ′ //X

❝♦♠ ❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞♦ s✉❜❣r✉♣♦ ✐♥❞✉③✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❖ ❚❡♦r❡♠❛ ✷✳✼✳✹ ♠♦str❛ q✉❡ ❡①✐st❡ ♥♦ ♠á①✐♠♦ ✉♠❛ ❝❧❛ss❡ ❞❡ ✐s♦♠♦r✜s♠♦ ❞❡

r❡❝♦❜r✐♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ q✉❛❧q✉❡r ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ s✉❜❣r✉♣♦s ✐♥❞✉③✐❞♦s✳ P♦r✲

t❛♥t♦✱ t✉❞♦ ♦ q✉❡ ♣r❡❝✐s❛♠♦s ❢❛③❡r ❛q✉✐ é ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ❝❧❛ss❡✳ ❋✐①❡ ✉♠❛ ❝❧❛ss❡

❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ s✉❜❣r✉♣♦s ❞❡ π1(X, x0) ❡ t♦♠❡ ✉♠ s✉❜❣r✉♣♦ q✉❛❧q✉❡r H ♥❡❧❛✳ ❈♦♥s✐❞❡r❡

❞❛í ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ π : X̃ // X ❞❡ X✳ ❙❡ x̃0 ∈ π−1(x0)✱ ❡♥tã♦ ♦ ❈♦r♦❧ár✐♦ ✷✳✻✳✼

✐♠♣❧✐❝❛ q✉❡ π1(X, x0) é ✐s♦♠♦r❢♦ ❛♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ G(X̃)✱ ♣❡❧❛ ❛♣❧✐❝❛çã♦

ξ : π1(X, x0) // G(X̃) q✉❡ tr❛♥s❢♦r♠❛ [f ] ♥❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ q✉❡ ❧❡✈❛ x̃0 ❡♠

x̃0 · [f ]✳ ❉❡✜♥❛ H̃ = ξ(H) ⊂ G(X̃)✳

❈♦♠♦ ❛ ❛çã♦ ❞❡ G(X̃) s♦❜r❡ X é ❧✐✈r❡ ❡ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✱ ❛ ❛çã♦ ❞❡ H̃ s♦❜r❡ X̃

t❛♠❜é♠ ♦ é✳ ❉❡✜♥❛✱ ♣♦r ✐ss♦✱ X ′ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ X̃/H̃ ❡ π′ : X̃ // X ′ ❛

❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ ❝♦rr❡s♣♦♥❞❡♥t❡✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✼✳✶✵✱ s❛❜❡♠♦s q✉❡ π é ✉♠ r❡❝♦❜r✐♠❡♥t♦

♥♦r♠❛❧✳ ❆❧é♠ ❞✐ss♦✱ ✈❡♠♦s q✉❡ π : X̃ //X é ❝♦♥st❛♥t❡ ♥❛s ✜❜r❛s ❞❡ π′✱ ♣♦rq✉❡ ❛s ✜❜r❛s ❞❡

π′ ❡stã♦ ❝♦♥t✐❞❛s ♥❛s ✜❜r❛s ❞❡ π✳ ❉❡st❛ ❢♦r♠❛✱ π ♣❛ss❛ ❛♦ q✉♦❝✐❡♥t❡ X ′✱ ♦ q✉❡ ❢♦r♥❡❝❡ ✉♠❛

❛♣❧✐❝❛çã♦ π′′ : X ′ //X q✉❡ ❢❛③ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✿

X ′

X
π′′

zz✉✉
✉✉
✉✉
✉✉
✉✉
✉

X̃

X ′

π′

$$■
■■

■■
■■

■■
■X̃

X

π

��

Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ π′ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❙❡❥❛♠ x1 ∈ X ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦✱

U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ x1 ♣♦r π ❡ U ′′ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ q✉❛❧q✉❡r ❞❡ π′′−1(U ′′)✳ P❛r❛



✽✻ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

♠♦str❛r q✉❡ π′′ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ U ′′ é ❤♦♠❡♦♠♦r❢♦ ❛ U

♣♦r π′′✳

❈♦♠♦ X ′ é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ U ′′ é ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❡♠ π′′−1(U)✳ ❆ss✐♠✱

π−1(U ′′) é ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❡♠ π−1(π′′−1(U)) = π−1(U)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ π−1(U ′′) é ✉♠❛

✉♥✐ã♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ π−1(U)✳ ❙❡ Ũ é ✉♠❛ ❞❡st❛s ❝♦♠♣♦♥❡♥t❡s✱ ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦

❝♦♠✉t❛✿

U ′′

U
π′′

zz✉✉
✉✉
✉✉
✉✉
✉✉
✉

Ũ

U ′′

π′

$$■
■■

■■
■■

■■
■Ũ

U

π

��

◆❡st❡ ❞✐❛❣r❛♠❛✱ π = π′′ ◦ π′ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ π′ é ✐♥❥❡t♦r❛ ❡♠ Ũ ✳

❈♦♠♦ π′ é s♦❜r❡❥❡t♦r❛ ❡♠ X̃✱ t❡♠♦s q✉❡

U ′′ = π′(π′−1(U ′′)) =
⋃

ϕ∈H̃

π′(ϕ(Ũ)) = π′(Ũ),

❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ π′ é s♦❜r❡❥❡t♦r❛ ❡♠ Ũ t❛♠❜é♠✳ ❆ss✐♠✱ π′ : Ũ // U ′ é ✉♠❛ ❜✐❥❡çã♦

❡✱ ♣♦rq✉❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✱ ❛✐♥❞❛ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❯♠❛ ✈❡③ q✉❡ π ❡ π′ sã♦

❤♦♠❡♦♠♦r✜s♠♦s✱ π′′ t❛♠❜é♠ ♦ é✳

❋❛❧t❛ ♠♦str❛r q✉❡ π′′
∗(π1(X

′, x′0)) = H ♣❛r❛ ❛❧❣✉♠ x′0 ∈ X ′ t❛❧ q✉❡ π′′(x′0) = x0✳ ❙❡❥❛

x′0 = π′(x̃0) ❡ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

π1(X, x0) G(X̃)
ξ

//

π1(X
′, x′0)

π1(X, x0)

π′′
∗

��

π1(X
′, x′0) G′(X̃)

ξ′ // G′(X̃)

G(X̃)

ι

��

♦♥❞❡ G′(X̃) é ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❞❡❝❦ ❞♦ r❡❝♦❜r✐♠❡♥t♦ π′ : X̃ //X ′✱ ξ ❡ ξ′ sã♦



✷✳✽✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✽✼

❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✻✳✺ ❡ ι é ❛ ✐♥❝❧✉sã♦✳

❆✜r♠❛♠♦s q✉❡ ❡st❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ [f ] ∈ π1(X
′, x′0) ❡ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s✲

❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ϕ = ξ′([f ]) q✉❡ ❧❡✈❛ x̃0 ❡♠ x̃0 · [f ] = f̃(1)✱ ♦♥❞❡ f̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f

♣❛r❛ ✉♠ ❝❛♠✐♥❤♦ ❡♠ X̃ ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ❊♥tã♦✱ (ι◦ ξ′)([f ]) = ϕ ✭✈✐st♦ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦

❞❡ G(X̃)✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ (ξ ◦ π′′
∗)([f ]) = ξ([π′′ ◦ f ]) é ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❞❡❝❦ ψ ∈ G(X̃)

q✉❡ ❧❡✈❛ x̃0 ❡♠ π̃′′ ◦ f(1)✳ ❈♦♠♦

π ◦ f̃ = π′′ ◦ π′ ◦ f̃ = π′′ ◦ f,

s❡❣✉❡ q✉❡ f̃ é ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ π′′◦f ❞❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ x̃0✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ π̃′′ ◦ f(1) = f̃(1)✳

P♦rt❛♥t♦✱ ϕ = ψ ❡ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✳

❈♦♠♦ ♦ ❞✐❛❣r❛♠❛ ❛❝✐♠❛ ❝♦♠✉t❛✱ ♥ós t❡♠♦s q✉❡

π′′
∗(π1(X

′, x′0)) = ξ−1 ◦ ι ◦ ξ′(π1(X ′, x′0)) = ξ−1 ◦ ι(G′(X̃)) = ξ−1(H̃) = H,

♦ q✉❡ ❡♥❝❡rr❛ ❛ ❞❡♠♦♥str❛çã♦✳

✷✳✽ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r

●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✳

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ I = [0, 1] ❡ In = [0, 1]× · · · × [0, 1] ♦ ♣r♦❞✉t♦ ❞❡ n ❝ó♣✐❛s ❞❡

I✳ ◆♦t❡ q✉❡ ❛ ❢r♦♥t❡✐r❛ ∂In ❞❡ In é ♦ ❝♦♥❥✉♥t♦

∂In = {(s1, . . . , sn) ∈ In | si = 0 ♦✉ si = 1 ♣❛r❛ ❛❧❣✉♠ i ∈ {1, . . . , n}}.

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♥ós ✜①❛♠♦s ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ x0 ∈ X ❡

♥♦s r❡❢❡r✐♠♦s ❛ ❡❧❡ ♣♦r ♣♦♥t♦ ❜❛s❡✳ ❉❡♥♦t❡ ♣♦r Ωn(X, x0) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s



✽✽ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❝♦♥tí♥✉❛s f : In //X t❛✐s q✉❡ f(∂In) = x0✳ ❉❛❞♦s f, g ∈ Ω(X, x0)✱ ❞❡✜♥✐♠♦s f + g ♣♦r

(f + g)(s1, . . . , sn) =





f(2s1, s2, . . . , sn), s1 ∈
[
0, 1

2

]
,

g(2s1 − 1, s2, . . . , sn), s1 ∈
[
1
2
, 1
]
.

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ f + g é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♣♦✐s q✉❛♥❞♦ s1 = 1/2✱

f(1, s2, . . . , sn) = x0 = g(0, s2, . . . , sn),

❥á q✉❡ (1, s2, . . . , sn), (0, s2, . . . , sn) ∈ ∂In✳ ❆❧é♠ ❞✐ss♦✱ s❡ (s1, . . . , sn) ∈ ∂In✱ ❡♥tã♦

f(2s1, s2, . . . , sn) ♦✉ g(2s1 − 1, s2, . . . , sn)

t❛♠❜é♠ sã♦ ♣♦♥t♦s ❞❡ ∂In✱ ❞❡ ♠♦❞♦ q✉❡ (f+g)(s1, . . . , sn) = x0 ♣❛r❛ q✉❛❧q✉❡r (s1, . . . , sn) ∈

∂In✳ ■st♦ ❣❛r❛♥t❡ q✉❡ f + g ∈ Ω(X, x0)✳

◆ós ❥á s❛❜❡♠♦s q✉❡ ✏s❡r ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦✑ é ✉♠❛

r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❡♥♦t❡ ♣♦r [f ] ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ f ∈ Ω(X, x0) ❝♦♠ r❡❧❛çã♦ ❛

∂In✳ ❙❡❥❛ ❡♥tã♦ πn(X, x0) = {[f ] | f ∈ Ω(X, x0)}✳ ❊q✉✐♣❛♠♦s πn(X, x0) ❝♦♠ ❛ ♦♣❡r❛çã♦ [f ]+

[g] = [f + g]✳ ❊st❛ ♦♣❡r❛çã♦ ❡stá ❜❡♠✲❞❡✜♥✐❞❛✱ ♣♦✐s s❡ f1, f2 ∈ [f ] sã♦ ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s

♣♦r G ❡ g1, g2 ∈ [g] sã♦ ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ♣♦r H✱ ❡♥tã♦

F (s1, . . . , sn, t) =





G(2s1, s2, . . . , sn, t), s1 ∈
[
0, 1

2

]
,

H(2s1 − 1, s2, . . . , sn, t), s1 ∈
[
1
2
, 1
]
,

é ✉♠❛ ❤♦♠♦t♦♣✐❛✳

❚❡♦r❡♠❛ ✷✳✽✳✶✳ ❖ ❝♦♥❥✉♥t♦ πn(X, x0) ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❛❝✐♠❛ é ✉♠ ❣r✉♣♦ ♣❛r❛ t♦❞♦

n ≥ 1✳ ❙✉❛ ✉♥✐❞❛❞❡ é ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ [ex0 ] ❞❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ ex0(I
n) = x0 ❡ ♦



✷✳✽✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✽✾

❡❧❡♠❡♥t♦ ✐♥✈❡rs♦ ❞❡ [f ] ∈ πn(X, x0) é ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ [−f ] ❞❛ ❢✉♥çã♦

−f(s1, . . . , sn) = f(1− s1, s2, . . . , sn).

❉❡♠♦♥str❛çã♦✳ ❖❜✈✐❛♠❡♥t❡ ♦ ❝❛s♦ n = 1 tr❛t❛✲s❡ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡X ❜❛s❡❛❞♦ ❡♠ x0✳

❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❝♦♠ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♣r❡❝✐s❛♠♦s ✈❡r✐✜❝❛r q✉❡ ♦s três ❛①✐♦♠❛s ❞❡

❣r✉♣♦s sã♦ ✈á❧✐❞♦s ♥♦s ❞❡♠❛✐s ❝❛s♦s✱ ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s s❡ r❡❞✉③ ❛ ❡♥❝♦♥tr❛r ✉♠❛ ❤♦♠♦t♦♣✐❛

❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ❛❞❡q✉❛❞❛s✳ ❈❤❡❝❛♠♦s ❛♣❡♥❛s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ✐♥✈❡rs♦s✱ ✈✐st♦ q✉❡

❛ ✈❡r✐✜❝❛çã♦ ❞♦s ♦✉tr♦s ❞♦✐s ❛①✐♦♠❛s é ❜❛st❛♥t❡ ✐♠❡❞✐❛t❛✳ P♦✐s ❜❡♠✱ ❝♦♠ ❛❧❣✉♠❛s ❝♦♥t❛s

♠♦str❛✲s❡ q✉❡

F (s1, . . . , sn, t) =





x0, s1 ∈
[
0, s

2

]
,

f(2s1 − t, s2, . . . , sn), s1 ∈
[
s
2
, 1
2

]
,

−f(2s1 + t− 1, s2, . . . , sn), s1 ∈
[
1
2
, 1− s

2

]
,

x0, s1 ∈
[
1− s

2
, 1
]
.

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f + (−f) ❡ ex0 ❝♦♠ r❡❧❛çã♦ ❛ ∂In✳

❉❡✜♥✐çã♦ ✷✳✽✳✷✳ ❉✐③❡♠♦s q✉❡ πn(X, x0) é ♦ n✲és✐♠♦ ❣r✉♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ X ❜❛s❡❛❞♦

❡♠ x0 ∈ X✳

❊①❝❧✉✐♥❞♦✲s❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ π1(X, x0)✱ t♦❞♦s ♦s ❞❡♠❛✐s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡

♦r❞❡♠ s✉♣❡r✐♦r πn(X, x0) sã♦ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ P♦r ❝❛✉s❛ ❞✐ss♦✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ n ≥ 2✱

r❡♣r❡s❡♥t❛♠♦s ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ tr✐✈✐❛❧ ♣♦r {0} ❡ ✐♥❞✐❝❛♠♦s s✉❛ ♦♣❡r❛çã♦ ♣❡❧♦ sí♠❜♦❧♦

❞❡ s♦♠❛✳

Pr♦♣♦s✐çã♦ ✷✳✽✳✸✳ P❛r❛ n ≥ 2✱ ♦ ❣r✉♣♦ πn(X, x0) é ❛❜❡❧✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s [f ], [g] ∈ πn(X, x0) ❛r❜✐trár✐♦s✱ ❛ ❤♦♠♦t♦♣✐❛ q✉❡ ♠♦str❛ q✉❡ f + g ❡



✾✵ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

g + f sã♦ ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s r❡❧❛t✐✈❛♠❡♥t❡ ❛ ∂In é ❞❛ ❢♦r♠❛

F (s1, s2, s3, . . . , sn, t) = (G(s1, s2, t), s3, . . . , sn),

♦♥❞❡ G : I2 × I // I2 é ❛ ❤♦♠♦t♦♣✐❛ ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ❛ s❡❣✉✐r✿

❈❛❞❛ ✉♠ ❞♦s q✉❛❞r❛❞♦s ❛❝✐♠❛ r❡♣r❡s❡♥t❛ I2 ❝♦♠ ❛ ❞✐r❡çã♦ ❤♦r✐③♦♥t❛❧ ❝♦rr❡s♣♦♥❞❡♥❞♦

à s1 ❡ ❛ ❞✐r❡çã♦ ✈❡rt✐❝❛❧✱ à s2✳ ❙❡ ♣❡♥s❛r♠♦s ♥♦ ♣❛râ♠❡tr♦ t ❝♦♠♦ s❡♥❞♦ ♦ t❡♠♣♦✱ ❡♥tã♦

❡st❡s q✉❛❞r❛❞♦s r❡♣r❡s❡♥t❛♠ ❝✐♥❝♦ ✐♥st❛♥t❡s ❞❛ ❤♦♠♦t♦♣✐❛ G✳ ❊♥q✉❛♥t♦ t ✈❛r✐❛ ❞❡ t = 0 ❛

t = 1✱ ❛ ❤♦♠♦t♦♣✐❛ G tr♦❝❛ ❛s ♠❡t❛❞❡s ❡sq✉❡r❞❛ ❡ ❞✐r❡✐t❛ ❞❡ I2✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❡♥❝♦❧❤❡♥❞♦

❛♠❜❛s ✭s❡❣✉♥❞♦ ✐♥st❛♥t❡✮✱ ❞❡♣♦✐s r♦t❛❝✐♦♥❛♥❞♦ ❡❧❛s ❡♥tr❡ s✐ ✭t❡r❝❡✐r♦ ❡ q✉❛rt♦ ✐♥st❛♥t❡s✮✱ ♣❛r❛

✜♥❛❧♠❡♥t❡ ❡①♣❛♥❞✐✲❧❛s ❛ s❡✉s t❛♠❛♥❤♦s ♦r✐❣✐♥❛✐s✳ ❆s r❡❣✐õ❡s ♣r❡t❛ ❡ ❜r❛♥❝❛ ❝♦rr❡s♣♦♥❞❡♠ às

❢✉♥çõ❡s f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥q✉❛♥t♦ ❛s ár❡❛s ❝✐♥③❛s sã♦ ❧❡✈❛❞❛s ♥♦ ♣♦♥t♦ ❜❛s❡ x0✳

❋✉♥çõ❡s (In, ∂In) // (X, x0) sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ ❢✉♥çõ❡s ❞♦ q✉♦❝✐❡♥t❡ In/∂In = Sn ❡♠ X

q✉❡ ❧❡✈❛♠ ♦ ♣♦♥t♦ ❜❛s❡ s0 = ∂In/∂In ❡♠ x0✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ πn(X, x0) é ❝♦♥st✐t✉í❞♦ ❞❡

❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❢✉♥çõ❡s (Sn, s0) // (X, x0)✱ ♦♥❞❡ ❛s ❤♦♠♦t♦♣✐❛s sã♦ ♣♦r ❢✉♥çõ❡s ❞♦

♠❡s♠♦ t✐♣♦✳ ◆❡st❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ πn(X, x0)✱ ❛ s♦♠❛ f + g é ❛ ❝♦♠♣♦s✐çã♦

Sn c // Sn ∨ Sn f∨g //X,

♦♥❞❡ c ❝♦❧❛♣s❛ ♦ ❡q✉❛❞♦r Sn−1 ❞❡ Sn ❡♠ ✉♠ ♣♦♥t♦ ❡ (f ∨ g)(s) é ✐❣✉❛❧ ❛ f(s)✱ s❡ s é ✉♠

♣♦♥t♦ ❞❛ ♣r✐♠❡✐r❛ ❝ó♣✐❛ ❞❡ Sn ❡♠ Sn ∨ Sn✱ ♦✉ é ✐❣✉❛❧ ❛ g(s)✱ ❝❛s♦ ❝♦♥trár✐♦✳ ❖ ♣♦♥t♦ ❜❛s❡

s0 é t♦♠❛❞♦ ❡♠ Sn−1✳

❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡ ❝♦♠ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡✱ s❡ X é ✉♠ ❡s♣❛ç♦



✷✳✽✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✾✶

❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❞✐❢❡r❡♥t❡s ❡s❝♦❧❤❛s ❞❡ ♣♦♥t♦s ❜❛s❡ x0 r❡s✉❧t❛♠ ❡♠ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛

πn(X, x0) ✐s♦♠♦r❢♦s✳ ◆❡st❡ ❝❛s♦ ❡s❝r❡✈❡♠♦s ❛♣❡♥❛s πn(X) ♣❛r❛ t❛✐s ❣r✉♣♦s✳

❚♦❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ϕ : X //Y ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ∗ : πn(X, x0) // πn(Y, p(x0))

♣❡❧❛ ❡①♣r❡ssã♦ ϕ∗([f ]) = [ϕ ◦ f ].

Pr♦♣♦s✐çã♦ ✷✳✽✳✹✳ ❙❡ r : X //Y ❡ s : Y //Z sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✱ ❡♥tã♦ (s◦r)∗ = s∗◦r∗
❡ (idX)∗ = idπn(X)✳

❊st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ♣r♦✈❛❞♦ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛♦ t❡♦r❡♠❛ ❛♥á❧♦❣♦ ♣❛r❛ ❣r✉♣♦s ❢✉♥❞❛✲

♠❡♥t❛✐s✳ ❈♦♠♦ ✉♠ ✐♠♣♦rt❛♥t❡ ❝♦r♦❧ár✐♦ ❞❡❧❡✱ t❡♠♦s q✉❡

❈♦r♦❧ár✐♦ ✷✳✽✳✺✳ ❙❡ ϕ : X //Y é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ϕ∗ : πn(X, x0) //πn(Y, ϕ(x0)) é

✉♠ ✐s♦♠♦r✜s♠♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ X ❡ Y sã♦ ❡s♣❛ç♦s ❤♦♠❡♦♠♦r❢♦s ❡ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱

❡♥tã♦ πn(X) ≃ πn(Y ) ♣❛r❛ t♦❞♦ n ≥ 1✳

❆ss✐♠✱ ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r t❛♠❜é♠ sã♦ ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❡❧❡s s♦♠❡♥t❡ ❞❡♣❡♥❞❡♠ ❞♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠

❡s♣❛ç♦✿

Pr♦♣♦s✐çã♦ ✷✳✽✳✻✳ ❙❡ X ❡ Y sã♦ ❡s♣❛ç♦s ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❡ ❝♦♥❡①♦s ♣♦r ❝❛✲

♠✐♥❤♦s✱ ❡♥tã♦ πn(X) ≃ πn(Y ) ♣❛r❛ t♦❞♦ n ≥ 1✳

❆ ✈❡r✐✜❝❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r t❛♠❜é♠ é s✐♠✐❧❛r ❛ ❛✜r♠❛çã♦ ❛♥á❧♦❣❛ ♣❛r❛ ❣r✉♣♦s

❢✉♥❞❛♠❡♥t❛✐s✳

❊①❡♠♣❧♦ ✷✳✽✳✼✳ ❖❜s❡r✈❛♠♦s ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r q✉❡✱ ♣❛r❛ n ≥ 1✱ ♦ ❣r✉♣♦ ❞❡ ❤♦♠♦t♦♣✐❛

πn(X, x0) ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥trát✐❧ é tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✷✳✽✳✽✳ πk(S
n) = {0} ♣❛r❛ t♦❞♦ k < n✳ P❛r❛ ✈❡r ✐ss♦ é ♣r❡❝✐s♦ ❡♠♣r❡❣❛r ♦ t❡♦r❡♠❛

❛❜❛✐①♦✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ❡s❝❛♣❛ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡st❡ t❡①t♦✿



✾✷ ✷✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦

❚❡♦r❡♠❛ ✷✳✽✳✾✳ ❙❡❥❛ f : Ik //Sn ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡ f(∂In) = s0 ∈ Sn✳ ❊♥tã♦

❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲s♦❜r❡❥❡t✐✈❛ g : Ik //Sn q✉❡ é ❤♦♠♦tó♣✐❝❛ ❛ f ❝♦♠ r❡❧❛çã♦

❛ ∂Ik✳

▲♦❣♦✱ ❡♠ t♦❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ [f ] ∈ πk(S
n) ❡①✐st❡ ✉♠ r❡♣r❡s❡♥t❛♥t❡ f1 : Ik //Sn ♥ã♦✲

s♦❜r❡❥❡t✐✈♦✳ ❙❡❥❛ s1 ∈ Sn ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r q✉❡ ♥ã♦ s❡ ❡♥❝♦♥tr❡ ♥❛ ✐♠❛❣❡♠ ❞❡ f1✳ ❊♥tã♦✱

Sn \ {s1} é ❤♦♠❡♦♠♦r❢♦ ❛♦ ❞✐s❝♦ Dn ❡ ♣♦❞❡ s❡r ❝♦♥tr❛í❞♦ ❛ s0✳ ❙❡❣✉❡ ❞❛í q✉❡ πk(Sn) ≃ {0}✳

●❡♥❡r❛❧✐③❛çõ❡s út❡✐s ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ sã♦ ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ πn(X,A, x0)

r❡❧❛t✐✈♦s ❛♦ ♣❛r (X,A)✱ ♦♥❞❡ x0 ∈ A ⊂ X é ✉♠ ♣♦♥t♦ ❜❛s❡ ♣❛r❛ X✳ P❛r❛ ❞❡✜♥✐✲❧♦s ♣r❡✲

❝✐s❛♠❡♥t❡✱ ❞❡♥♦t❡ ♣♦r In−1 ❛ ❢❛❝❡ ❞♦ n✲❝✉❜♦ In ❝✉❥♦s ♣♦♥t♦s tê♠ ❝♦♦r❞❡♥❛❞❛ sn = 0✳ ❉❡✲

♥♦t❡ ❞❛í ❛ ✉♥✐ã♦ ❞❛s ❢❛❝❡s r❡♠❛♥❡s❝❡♥t❡s ❞❡ In ✭♦ ❢❡❝❤♦ ❞❡ ∂In \ In−1✮ ♣♦r Jn−1✳ ❊♥tã♦✱

♣❛r❛ n ≥ 1✱ ❞❡✜♥❛ πn(X,A, x0) ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❢✉♥çõ❡s

(In, ∂In, Jn−1) // (X,A, x0)✱ ♦♥❞❡ ❛s ❤♦♠♦t♦♣✐❛s sã♦ ♣♦r ❢✉♥çõ❡s ❞❡st❛ ♠❡s♠❛ ❢♦r♠❛✳ ❖❜✲

s❡r✈❡ q✉❡ πn(X, {x0}, x0) = πn(X, x0)✱ ❞❡ ♠♦❞♦ q✉❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ✏❛❜s♦❧✉t♦s✑ sã♦ ✉♠

❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ r❡❧❛t✐✈♦s✳

❯♠❛ ♦♣❡r❛çã♦ ❞❡ s♦♠❛ é ❞❡✜♥✐❞❛ ❡♠ πn(X,A, x0) ♣❡❧❛s ♠❡s♠❛s ❡①♣r❡ssõ❡s ❡♠♣r❡❣❛❞❛s

♣❛r❛ ❛ s♦♠❛ ❞❡ πn(X, x0)✱ ❞❡s❞❡ q✉❡ ❡st❛ ú❧t✐♠❛ ♥ã♦ t❡♥❤❛ s✐❞♦ ❞❛❞❛ ❛ ♣❛rt✐r ❞❡ sn✳ ◆❡st❡

❝❛s♦✱ πn(X,A, x0) é ✉♠ ❣r✉♣♦ ♣❛r❛ n ≥ 2 ❡ é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♣❛r❛ n ≥ 3✳

❆ss✐♠ ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡ πn(X, x0) ♣♦❞❡♠ s❡r ✈✐s✉❛❧✐③❛❞♦s ❝♦♠♦ ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡

❢✉♥çõ❡s (Sn, s0) //(X, x0)✱ πn(X,A, x0) ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡

❤♦♠♦t♦♣✐❛ ❞❡ ❢✉♥çõ❡s (Dn, Sn−1, s0) // (X,A, x0)✱ ✉♠❛ ✈❡③ q✉❡ ❢❛③❡r ❝♦rr❡s♣♦♥❞❡r ✉♠ ú♥✐❝♦

♣♦♥t♦ ❛ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ Jn−1 é ❡q✉✐✈❛❧❡♥t❡ ❛ ✐❞❡♥t✐✜❝❛r (In, ∂In, Jn−1) ❝♦♠ (Dn, Sn−1, s0)✳

❉❡st❡ ♣♦♥t♦ ❞❡ ✈✐st❛✱ ❛❞✐çã♦ é ❢❡✐t❛ ♣♦r ♠❡✐♦ ❞♦ ♠❛♣❛ c : Dn //Dn ∨Dn✱ ❝✉❥❛ ✐♠❛❣❡♠ ❞❡

Dn−1 é ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

❋✉♥çõ❡s r : (X,A, x0) // (Y,B, y0) ✐♥❞✉③❡♠ ❛♣❧✐❝❛çõ❡s r∗ : πn(X,A, x0) // πn(Y,B, y0)

q✉❡ sã♦ ❤♦♠♦♠♦r✜s♠♦s ♣❛r❛ n ≥ 2 ❡ tê♠ ♣r♦♣r✐❡❞❛❞❡s ❛♥á❧♦❣❛s àq✉❡❧❛s ❞♦ ❝❛s♦ ❛❜s♦❧✉t♦✿



✷✳✽✳ ●r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ✾✸

(s ◦ r)∗ = s∗ ◦ r∗✱ id∗ = id ❡ r∗ = s∗✱ ♥❡st❡ ú❧t✐♠♦ ❝❛s♦✱ s❡ r ❡ s sã♦ ❢✉♥çõ❡s ❤♦♠♦tó♣✐❝❛s ♣♦r

✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s (X,A, x0) // (Y,B, y0)✳

❙❡❥❛♠ i : (A, x0) // (X, x0) ❡ j : (X, {x0}, x0) // (X,A, x0) ✐♥❝❧✉sõ❡s ❡ ∂ ♦ ❤♦♠♦♠♦r✜s♠♦

q✉❡ r❡str✐♥❣❡ ❢✉♥çõ❡s (In, ∂In, Jn−1) // (X,A, x0) ❛♦ ❡s♣❛ç♦ In−1 ✭♦✉ ❛✐♥❞❛✱ q✉❡ r❡str✐♥❣❡

❢✉♥çõ❡s (Dn, Sn−1, s0) //(X,A, x0) ❛ Sn−1✮✳ Pr♦✈❛✈❡❧♠❡♥t❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s út✐❧ ❞❡ ❣r✉♣♦s

❞❡ ❤♦♠♦t♦♣✐❛ r❡❧❛t✐✈♦s πn(X,A, x0) é ❛ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✷✳✽✳✶✵✳ ❖s ❤♦♠♦♠♦r✜s♠♦s j✱ i∗✱ ∂ sã♦ t❛✐s q✉❡

ker j = Im i∗, ker i∗ = Im ∂ ❡ ker ∂ = Im j,

♦✉ s❡❥❛✱ ❛ s❡❣✉✐♥t❡ s❡qüê♥❝✐❛

· · · ∂ // πk(A, x0)
i∗ // πk(X, x0)

j // πk(X,A, x0)
∂ // πk−1(A, x0) // · · ·

❞❡ ❣r✉♣♦s ❡ ❤♦♠♦♠♦r✜s♠♦s é ❡①❛t❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✺❪✱ ♣✳ ✶✾✶✳

❊①❡♠♣❧♦ ✷✳✽✳✶✶✳ ❚♦♠❛♥❞♦ X = Dn ❡ A = ∂Dn = Sn−1✱ ♥ós t❡♠♦s q✉❡ πk(Dn, Sn−1, x0) é

tr✐✈✐❛❧ ♣❛r❛ t♦❞♦ k < n✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ s❡qüê♥❝✐❛ ❡①❛t❛

πk(D
n, x0)

j // πk(D
n, Sn−1, x0)

∂ // πk−1(S
n−1, x0)

i∗ // πk−1(D
n−1, x0).

❈♦♠♦ ♣❛r❛ t♦❞♦ k ≥ 0✱ Dk é ❝♦♥trát✐❧✱ ♥ós t❡♠♦s ♣❛r❛ k > 1 q✉❡ πk(Dn, x0) ❡ πk−1(D
n−1) sã♦

❛♠❜♦s ❣r✉♣♦s tr✐✈✐❛✐s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Im j = {0} ❡ Im i∗ = {0}✳ ❯♠❛ ✈❡③ q✉❡ ker ∂ = Im j

❡ Im ∂ = ker i∗ = πk−1(S
n−1)✱ ♥ós ✈❡♠♦s ❡♥tã♦ q✉❡ ∂ : πk(D

n, Sn−1) // πk−1(S
n−1) é ✉♠

✐s♦♠♦r✜s♠♦✳ ❆ss✐♠✱ πk(Dn, Sn−1) é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ tr✐✈✐❛❧✳



✾✹



❈❛♣ít✉❧♦ ✸

❋✐❜r❛❞♦s

❋✐❜r❛❞♦s sã♦ ♦❜❥❡t♦s ❜ás✐❝♦s ♥♦ ❡st✉❞♦ ❞❡ ♠✉✐t❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛✱ ♣♦r ❝♦❞✐✜❝❛r❡♠ ✐♥✲

❢♦r♠❛çõ❡s ❣❡♦♠étr✐❝❛s ❡ t♦♣♦❧ó❣✐❝❛s ❞♦s ❡s♣❛ç♦s s♦❜r❡ ♦s q✉❛✐s ❡❧❡s ❡stã♦ ❞❡✜♥✐❞♦s✳ ❋✐❜r❛❞♦s

❣❡♥❡r❛❧✐③❛♠ ❛ ✐❞é✐❛ ❞❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ t❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❛♥á❧♦❣❛ ❛ ❞❡❧❡s ♣❛r❛ ❣r✉✲

♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r✳ ❆ t❡♦r✐❛ ❞❡ ✜❜r❛❞♦s é ❜❛st❛♥t❡ ❡①t❡♥s❛✱ r❛③ã♦ ♣❡❧❛ q✉❛❧

♦♣t❛♠♦s ♣♦r ❡st✉❞❛r ❛♣❡♥❛s s✉❛s ❞❡✜♥✐çõ❡s✱ ❝♦♥str✉çõ❡s ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡

s❡rã♦ ♥❡❝❡ssár✐❛s ❛♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s✳ ❊♥❢❛t✐③❛♠♦s ❛í ♦ ❡st✉❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❡ ♦r✐❡♥t❛çõ❡s

❞❡ ✈❛r✐❡❞❛❞❡s✳

✸✳✶ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❯♠ ✜❜r❛❞♦ é ✉♠❛ q✉á❞r✉♣❧❛ (E, π,M, F ) ❝♦♥st✐t✉í❞❛ ❞❡ ✈❛r✐❡❞❛❞❡s E✱

M ❡ F ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s♦❜r❡❥❡t♦r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ π : E //M ✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ P❛r❛ t♦❞♦ p ∈M ✱ Ep = π−1(p) é ❞✐❢❡♦♠♦r❢♦ ❛ F ❀

✷✳ P❛r❛ t♦❞♦ p ∈ M ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ⊂ M ❞❡ p ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

✾✺



✾✻ ✸✳ ❋✐❜r❛❞♦s

ϕ : π−1(U) // U × F q✉❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛

π−1(U)

U

π

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄
π−1(U) U × F

ϕ // U × F

U

pr1

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧

❝♦♠✉t❛r✱ ♦✉ s❡❥❛✱ ♣❛r❛ ♦ q✉❛❧ ϕp = ϕ|Ep
é t❛❧ q✉❡ ϕp(Ep) = {p}×F ✱ q✉❛❧q✉❡r q✉❡ s❡❥❛

p ∈ U ✳

❈❤❛♠❛♠♦s E ❞❡ ❡s♣❛ç♦ ❞❡ t♦t❛❧✱ M ❞❡ ❡s♣❛ç♦ ❞❡ ❜❛s❡ ❡ F ❞❡ ✜❜r❛ ✭tí♣✐❝❛✮✳ ❉❛❞♦

p ∈ M ✱ ❞✐③❡♠♦s q✉❡ Ep é ❛ ✜❜r❛ s♦❜r❡ p✳ ❆ ❛♣❧✐❝❛çã♦ π é ❝❤❛♠❛❞❛ ♣r♦❥❡çã♦ ❡ ♦s

❞✐❢❡♦♠♦r✜s♠♦s ϕ : π−1(U) // U × F ✱ tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s✳ ❈❛❞❛ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦

U ⊂M s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ ❛❝✐♠❛ é ✉♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ♣❛r❛ ♦ ✜❜r❛❞♦✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ ❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✱ ❝♦♥s✐❞❡r❡ ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ M × F ✳ ❙❡ π :

M×F //M é ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ ❡♥tã♦ (M×F, π,M) é ❝❧❛r❛♠❡♥t❡ ✉♠ ✜❜r❛❞♦✱ ❞❡♥♦♠✐♥❛❞♦

✜❜r❛❞♦ tr✐✈✐❛❧✳

❙❡❥❛ (E, π,M, F ) ✉♠ ✜❜r❛❞♦✳ ❍á ❞♦✐s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ✜❜r❛❞♦s q✉❡ ❣♦st❛rí❛♠♦s ❞❡

❞❡st❛❝❛r✿

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❙❡ F t❡♠ ❛ ❡str✉t✉r❛ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n ❡ ♦s ❞✐❢❡♦♠♦r✲

✜s♠♦s π−1(U) //U ×F sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s s♦❜r❡ ❛s ✜❜r❛s✱ ❝❤❛♠❛♠♦s (E, π,M, F )

❞❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❉✐③❡♠♦s q✉❡ (E, π,M, F ) é ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ s❡ F é ✉♠ ❣r✉♣♦ ❞❡

▲✐❡ ❡ s❡ ❡①✐st❡ ✉♠❛ ❛çã♦ E × F //E à ❞✐r❡✐t❛ ❞❡ F s♦❜r❡ E✱ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❧✐✈r❡ ❡ tr❛♥s✐t✐✈❛

s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ ♣❛r❛ t♦❞♦ g ∈ F ✱ π(p · g) = π(p)✱



✸✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✾✼

✷✳ ♣❛r❛ t♦❞❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ϕ : π−1(U) // U × F ✱ t♦❞♦ x ∈ π−1(U) ❡ t♦❞♦ g ∈ F ✱

✈❡r✐✜❝❛✲s❡ q✉❡ ϕ(x·g) = ϕ(x)·g✱ ♦♥❞❡ F ❛❣❡ à ❞✐r❡✐t❛ s♦❜r❡ U×F ♣♦r (p, g′)·g = (p, g′g)✳

◆❡st❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡ F é ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦✳

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡st❛ ❞❡✜♥✐çã♦ q✉❡ ❛ ♣r♦❥❡çã♦ ❞❡ E s♦❜r❡ M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✱

q✉❡ ♦ ❡s♣❛ç♦ ❞❛s ór❜✐t❛s E/G é ❤♦♠❡♦♠♦r❢♦ ❛ M ✱ q✉❡ ❛ ❛çã♦ ❞❡ G s♦❜r❡ q✉❛❧q✉❡r ✜❜r❛ Ep é

tr❛♥s✐t✐✈❛ ❡ q✉❡ t♦❞❛ ✜❜r❛ s♦❜r❡ ✉♠ ♣♦♥t♦ ❞❡M é ❞✐❢❡♦♠♦r❢❛ ❛♦ ❣r✉♣♦ ❡str✉t✉r❛❧ G✱ ❡♠❜♦r❛

❞❡ ♠♦❞♦ ♥ã♦ ❝❛♥ô♥✐❝♦✳

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❞✐st✐♥çã♦ ❡♥tr❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✱ ♦♣t❛♠♦s ♣♦r ❞❡♥♦t❛r

♦ ❡s♣❛ç♦ t♦t❛❧ ❡ ❛ ✜❜r❛ tí♣✐❝❛ ❞❡ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ♣♦r P ❡ G✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✸✳✶✳✺✳ ❙❡❥❛ π : X̃ // X ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❝♦♠ X ❝♦♥❡①♦✱ ❡ U ⊂ X

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ ❞❡ x0 ∈ X t❛❧ q✉❡ π−1(U) = ⊔αVα✱ ♦♥❞❡ π|Vα : Vα // U é ✉♠

❤♦♠❡♦♠♦r✜s♠♦ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ α ❞♦ ❡s♣❛ç♦ ❞✐s❝r❡t♦ F ❤♦♠❡♦♠♦r❢♦ ❛ π−1(x0)✳ ➱ ❝❧❛r♦

q✉❡

π−1(U) // U × F, x̃ ∈ Vβ 7→ (π|Vβ(x̃), β)

é t❛♠❜é♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡✱ ♥❡st❡ ❝❛s♦✱ (X̃, π,X, F ) é ✉♠ ✜❜r❛❞♦ ❞❡ ✜❜r❛ tí♣✐❝❛ F ✳

❊①❡♠♣❧♦ ✸✳✶✳✻✳ ❋✐❜r❛❞♦s t❛♥❣❡♥t❡s sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✳

❊①❡♠♣❧♦ ✸✳✶✳✼✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡ ♣r♦❥❡çã♦ π : S2n+1 //CP n é ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❣r✉♣♦

❞❡ ❡str✉t✉r❛ S1✳

❋r❡qü❡♥t❡♠❡♥t❡ ❞❡♥♦t❛♠♦s ✉♠ ✜❜r❛❞♦ (E, π,M, F ) ♣♦r π : E //M ✱ ❞❡✐①❛♥❞♦ s✉❜❡♥t❡♥✲

❞✐❞♦ q✉❡♠ é s✉❛ ✜❜r❛ tí♣✐❝❛✳

❉❡✜♥✐çã♦ ✸✳✶✳✽✳ ❯♠❛ s❡çã♦ ❧♦❝❛❧ σ ❞❡ ✉♠ ✜❜r❛❞♦ π : E // M é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

σ : U ⊂ M // E ❞❡✜♥✐❞❛ ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ❞❡ M t❛❧ q✉❡ π ◦ σ = idU ✳ ◆♦ ❝❛s♦

❡♠ q✉❡ U =M ✱ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡ q✉❡ σ é ✉♠❛ s❡çã♦ ❞♦ ✜❜r❛❞♦✳



✾✽ ✸✳ ❋✐❜r❛❞♦s

❖❜s❡r✈❡ q✉❡ ✉♠❛ s❡çã♦ ❞❡ ✉♠ ✜❜r❛❞♦ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❧❡✈❛ ♣♦♥t♦s

❞♦ ❡s♣❛ç♦ ❜❛s❡ ❡♠ ♣♦♥t♦s ❞❛ ✜❜r❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❜r❡ ❡❧❡s✳ ❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

❛s s❡çõ❡s ❞❡ E ♣♦r Γ(E)✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ Γ(E) é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s

s✉❛✈❡s ❞❡✜♥✐❞❛s ❡♠ E q✉❡ t♦♠❛♠ ✈❛❧♦r❡s ❡♠ R✳

❊①❡♠♣❧♦ ✸✳✶✳✾✳ ❈❧❛r❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ σ : M //M × F é ✉♠❛ s❡çã♦ ❞♦ ✜❜r❛❞♦

tr✐✈✐❛❧ π : M × F //M s❡✱ ❡ s♦♠❡♥t❡ s❡✱ σ é ❞❛ ❢♦r♠❛ σ(p) = (p, s(p)) ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦

s✉❛✈❡ s : M // F ✳ P♦r ❡st❛ r❛③ã♦ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ s❡çõ❡s ❞♦

✜❜r❛❞♦ tr✐✈✐❛❧ ❡ ❢✉♥çõ❡s s✉❛✈❡s M // F ✱ q✉❡ ♣♦❞❡ s❡r t♦♠❛❞❛ ❝♦♠♦ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦

❛❧t❡r♥❛t✐✈❛ ❞❡ s❡çõ❡s ♥❡st❡ ❝❛s♦✳ P❛r❛ ✜❜r❛❞♦s ♥ã♦✲tr✐✈✐❛✐s✱ ❡st❛ ❝❛r❛❝t❡r✐③❛çã♦ s♦♠❡♥t❡ é

✈á❧✐❞❛ ❧♦❝❛❧♠❡♥t❡✿ s❡ ϕ : π−1(U) // U × F é ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ❞♦ ✜❜r❛❞♦ ❡♠ q✉❡stã♦✱

❡♥tã♦ ϕ◦σ é ❛ ❞❡s❝r✐çã♦ ❧♦❝❛❧ ❞❡ σ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ U //F ✭♥❛ r❡❛❧✐❞❛❞❡✱ U //U×F ✱

♠❛s ❞❡s❝♦♥s✐❞❡r❛♠♦s ❛ ♣r✐♠❡✐r❛ ❢✉♥çã♦ ❝♦♠♣♦♥❡♥t❡ ❞❡ ϕ ◦σ ♣♦r s❡ tr❛t❛r ❞❛ ♣ró♣r✐❛ ❢✉♥çã♦

✐❞❡♥t✐❞❛❞❡ ❡♠ U✮✳

❋✐❜r❛❞♦s ✈❡t♦r✐❛✐s π : E //M s❡♠♣r❡ ❛❞♠✐t❡♠ s❡çõ❡s✳ ❉❡ ❢❛t♦✱ ❛ ❢✉♥çã♦ σ :M //E q✉❡

❧❡✈❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ p ∈ M ♥♦ ✈❡t♦r ♥✉❧♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ π−1(p) é ♦❜✈✐❛♠❡♥t❡ ✉♠❛ s❡çã♦

❞❡ π✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❡♠ s❡♠♣r❡ ❡①✐st❡♠ s❡çõ❡s ♣❛r❛ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✵✳ ❯♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ π : P //M ❛❞♠✐t❡ ✉♠❛ s❡çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❡❧❡ é tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ◆❛❞❛ ♥♦s r❡st❛ ❛ ♣r♦✈❛r s❡ ♦ ✜❜r❛❞♦ é tr✐✈✐❛❧✱ ♣♦✐s t♦❞♦ ✜❜r❛❞♦ tr✐✈✐❛❧ ❛❞♠✐t❡

✉♠❛ s❡çã♦✳ ❙✉♣♦♥❤❛ ♣♦r ✐ss♦ q✉❡ ♦ ✜❜r❛❞♦ ❛❞♠✐t❡ ✉♠❛ s❡çã♦ σ :M //P ✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦

p ∈ M ✱ σ(p) ∈ π−1(p)✳ ❉❛ ❛çã♦ ❧✐✈r❡ ❡ tr❛♥s✐t✐✈❛ ❞❡ G s♦❜r❡ ❛s ✜❜r❛s ❞❡ P ✱ s❛❜❡♠♦s q✉❡

♣❛r❛ t♦❞♦ q ∈ π−1(p) ❡①✐st❡ ✉♠ ú♥✐❝♦ g ∈ G t❛❧ q✉❡ q = σ(p) · g✳ ❙❡❥❛ ϕ : P //M × G✱

❝♦♠ x 7→ ϕ(x) = (π(x), g)✱ ♦♥❞❡ σ(p) · g = x ❡ p = π(x)✳ ❙❡❥❛ x′ 6= x✳ ❙❡ x′ ∈ π−1(p)✱ ❡♥tã♦

ϕ(x′) = (p, g′) 6= (p, g)✱ ❡✱ s❡ x′ /∈ π−1(p)✱ ❡♥tã♦ p′ = π(x′) 6= p✳ ❊♠ q✉❛❧q✉❡r ❞♦s ❝❛s♦s✱

ϕ(x′) 6= ϕ(x)✳ ❆ss✐♠✱ ϕ é ✐♥❥❡t✐✈❛✳ ❙❡❥❛ (p, g) ∈M ×G✳ ❊♥tã♦ ϕ(σ(p) · g) = (π(σ(p) · g), g) =



✸✳✷✳ ❉❡s❝r✐çã♦ ❧♦❝❛❧ ❞❡ ✜❜r❛❞♦s ✾✾

(p, g)✱ ✐st♦ é✱ ϕ é s♦❜r❡❥❡t♦r❛✳ ▲♦❣♦ é ✉♠❛ ❜✐❥❡çã♦✱ ❝♦♠ ϕ−1(p, g) = σ(p)·g✳ ❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡

ϕ−1 s❡❣✉❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ σ ❡ ϕ✱ ❡♥q✉❛♥t♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ϕ r❡s✉❧t❛ ❞❛s ❝♦♥t✐♥✉✐❞❛❞❡s

❞❡ π ❡ idG✳ ❈♦♥❝❧✉í♠♦s ❞❛í q✉❡ P ≃M ×G ♣♦r ϕ✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✶✳ ❙❡ π : E // M ❡ π′ : E ′ // M ′ sã♦ ❞♦✐s ✜❜r❛❞♦s✱ ✉♠ ♠♦r✜s♠♦ ❞❡

✜❜r❛❞♦s é ✉♠ ♣❛r ❞❡ ❢✉♥çõ❡s (f ′, f) q✉❡ ❢❛③❡♠ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✿

M M ′
f

//

E

M

π

��

E E ′f ′ // E ′

M ′

π′

��

❖❜s❡r✈❡ q✉❡ f ′ ❞❡✈❡ ❧❡✈❛r ✜❜r❛s ❡♠ ✜❜r❛s ♣♦r ❡st❛ ❞❡✜♥✐çã♦✳

P❛r❛ ✜❜r❛❞♦s ❝♦♠ ❡str✉t✉r❛ ❛❞✐❝✐♦♥❛❧ ❡♠ s✉❛s ✜❜r❛s✱ ♦s ♠♦r✜s♠♦s ❞❡ ✜❜r❛❞♦s q✉❡ ♥♦s

✐♥t❡r❡ss❛♠ sã♦ ❛q✉❡❧❡s q✉❡ ♣r❡s❡r✈❛♠ ❡st❛ ❡str✉t✉r❛✳ ◆❡st❡ s❡♥t✐❞♦✱ s❡ ❡st✐✈❡r♠♦s ❝♦♥s✐❞❡✲

r❛♥❞♦ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ❞❡✈❡✲s❡ ❡①✐❣✐r q✉❡ ❛ ❢✉♥çã♦ f ′ ❧❡✈❡ ❛ ✜❜r❛ Ep ❧✐♥❡❛r♠❡♥t❡ s♦❜r❡ ❛

✜❜r❛ E ′
f(p)✱ ♣❛r❛ ❝❛❞❛ p ∈ M ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❡st✐✈❡r♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ✜❜r❛❞♦s ♣r✐♥✲

❝✐♣❛✐s✱ ❛ ❢✉♥çã♦ f ❞❡✈❡ ❛❣♦r❛ ❡st❛r ❞❡✜♥✐❞❛ ❡♥tr❡ ♦s ❣r✉♣♦s ❞❡ ❡str✉t✉r❛✱ f : G //G′✱ ❡ s❡r

✉♠ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ f ′(x · g) = f ′(x)f(g) ♣❛r❛ t♦❞♦ x ∈ P ❡ g ∈ G✳

✸✳✷ ❉❡s❝r✐çã♦ ❧♦❝❛❧ ❞❡ ✜❜r❛❞♦s

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ π : E //M s❡❥❛ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠ p ∈M ❡ Ep s❡❥❛ ✐s♦♠♦r❢♦ ❛ Rn✳

P❛r❛ ❝❛❞❛ p ∈ M ✱ ❝♦♥s✐❞❡r❡ ✉♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ Up ❞♦ ✜❜r❛❞♦ q✉❡ ❝♦♥t❡♥❤❛ ♦ ♣♦♥t♦ p✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛ ❝♦❧❡çã♦ {Up} ❝♦❜r❡ M ✳ ❙❡❥❛ ϕp : π−1(Up) // Up × Rn ❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ Up ❡ s✉♣♦♥❤❛ q✉❡ p ∈ Uα ∩Uβ✳ ❙❡ g̃βα = ϕβ ◦ϕ−1
α ❡♥tã♦ g̃βα ❢❛③ ♦ ❞✐❛❣r❛♠❛



✶✵✵ ✸✳ ❋✐❜r❛❞♦s

❛❜❛✐①♦ ❝♦♠✉t❛r✿

(Uα ∩ Uβ)× Rn (Uα ∩ Uβ)× Rn
g̃βα

//

π−1(Uα ∩ Uβ)

(Uα ∩ Uβ)× Rn

ϕα

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

π−1(Uα ∩ Uβ)

(Uα ∩ Uβ)× Rn

ϕβ

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄

❖❜s❡r✈❡ q✉❡ g̃βα é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✱

❡ t❛♠❜é♠ é ✐♥✈❡rsí✈❡❧✱ ♣♦rq✉❡ ϕα ❡ ϕβ ♦ sã♦✳ ❆ss✐♠✱ ❝❛❞❛ g̃βα ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ gβα :

Uα ∩ Uβ //GL(n,R) ❞❛❞❛ ♣♦r

g̃βα(p, v) = (p, gβα(p)(v)).

❚❡♠♦s ✉♠❛ t❛❧ ❢✉♥çã♦ ♣❛r❛ ❝❛❞❛ Uα ∩ Uβ 6= ∅✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❆s ❢✉♥çõ❡s gβα ❛ss♦❝✐❛❞❛s ❛ ❝♦❜❡rt✉r❛ {Uα} ❞❡M ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s

❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳

❈á❧❝✉❧♦s s✐♠♣❧❡s ♠♦str❛♠ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦

gαγ(p) = gαβ(p) ◦ gβγ(p),

♣❛r❛ t♦❞♦ p ∈ Uα ∩ Uβ ∩ Uγ 6= ∅✳ ❊st❛ r❡❧❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✳ ❙ã♦

❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡❧❛✿

gαα(p) = gαβ(p) ◦ gβα(p) = gαβ(p) ◦ gβγ(p) ◦ gγα(p) = idGL(n,Rn).

❘❡❝✐♣r♦❝❛♠❡♥t❡✱

❚❡♦r❡♠❛ ✸✳✷✳✷✳ ❙❡❥❛ {Uα} ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ M ❡ {gαβ} ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❢✉♥çõ❡s s✉❛✈❡s

gαβ : Uα ∩ Uβ //GL(n,R)✱ ✉♠❛ ♣❛r❛ ❝❛❞❛ ✐♥t❡rs❡❝çã♦ Uα ∩ Uβ ♥ã♦✲✈❛③✐❛✳ ❙❡ ♦s ❡❧❡♠❡♥t♦s

❞❡ {gαβ} s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ ❝✉❥❛ ❝♦❧❡çã♦ ❞❡
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❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ {gαβ}✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ é ❞❛❞❛ ♣♦r ❝♦♥str✉çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ Z = ⊔αUα × Rn✱ q✉❡

é ✉♠❛ ✈❛r✐❡❞❛❞❡ ♣❡❧❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦✳ ❉❡✜♥❛ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ Z ❛ss✐♠✿

(p, v)α ∼ (p′, v′)β ⇐⇒ p = p′ ❡ v′ = gβα(p)(v).

❊♥tã♦ s❡❥❛ E ♦ q✉♦❝✐❡♥t❡ Z/∼✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✳

Pr❡❝✐s❛♠♦s ♠♦str❛r ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❛ss❡rt✐✈❛✳ ❱❡❥❛♠♦s ♣r✐♠❡✐r♦

q✉❡ E é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡✳ ❙❡ ❛ ❞✐♠❡♥sã♦ ❞❡ M é m✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛ ❝♦❜❡rt✉r❛ {Uα} ❞❡ M ❝♦♥s✐st❡ ❞❡ ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ M

❛ss♦❝✐❛❞❛s ❛ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ϕα : Uα // Rm✳ ❙❡❥❛ Vα = Uα × Rn/ ∼ ❡ ψα :

Vα // ϕα(Uα) × Rn ❞❛❞❛ ♣♦r [(p, v)α] 7→ (ϕα(p), v)✳ ❊♥tã♦ ❝❛❞❛ Vα é ✉♠ ❛❜❡rt♦ ❞❡ E✱

♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✱ ❡ ❝❛❞❛ ψα é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❝♦♠ ✐♥✈❡rs❛

ψ−1
α : ϕα(Uα)× Rn // Vα ❞❛❞❛ ♣♦r ψ−1

α (w, v) = [(ϕ−1
α (w), v)α]✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❢✉♥çõ❡s

ψβ ◦ ψ−1
α : (ϕα(Uα) ∩ ϕβ(Uβ))× Rn // (ϕα(Uα) ∩ ϕβ(Uβ))× Rn

sã♦ t❛✐s q✉❡

(ψβ ◦ ψ−1
α )(x, v) = ψβ([(ϕ

−1
α (x), v)α])

= ψβ([(ϕ
−1
α (x), gβα(ϕ

−1
α (x))(v))β])

= ((ϕβ ◦ ϕ−1
α )(x), gβα(ϕ

−1
α (x))(v)).

P♦rt❛♥t♦✱ ψβ ◦ ψ−1
α sã♦ ❢✉♥çõ❡s s✉❛✈❡s✱ ❥á q✉❡ ϕ−1

α ✱ ϕβ ❡ gβα sã♦ s✉❛✈❡s✳ ▲♦❣♦✱ E é ✉♠❛

✈❛r✐❡❞❛❞❡ ✭♥ã♦ ❝❤❡❝❛♠♦s ❛q✉✐ q✉❡ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛ ❡ q✉❡ s❛t✐s❢❛③ ♦ s❡❣✉♥❞♦

❛①✐♦♠❛ ❞❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡✱ ♣♦rq✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛í ❡♥✈♦❧✈✐❞♦ é ❛♥á❧♦❣♦ ❛♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦

♣❛r❛ ✜❜r❛❞♦s t❛♥❣❡♥t❡s✮✳
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❖ r❡st❛♥t❡ ❞♦s ♣❛ss♦s ♥ós ❞❡✐①❛♠♦s ❛♣❡♥❛s ✐♥❞✐❝❛❞♦s✳ ❙❡❥❛ π : E //M ❞❛❞❛ ♣♦r

[(p, v)α] 7→ p.

▲♦❝❛❧♠❡♥t❡✱ π = pr1 ◦ ψα✳ ❆❧é♠ ❞✐ss♦✱

ψ−1
α (pr−1

1 (p)) = {[(p, v)α] | v ∈ Rn} ⊂ π−1(p).

❆ss✐♠✱ s❡ [(p, v)β] ∈ π−1(p)✱ ❡♥tã♦ [(p, v′)β] = [(p, gβα(p)(v
′))α]✳ ❈♦♠♦ π−1(p) ≃ Rn✱ t❡♠♦s

q✉❡ ϕ̄α : π−1(Uα) //ϕα(Uα)×Rn✱ ❞❛❞❛ ♣♦r [(x, v)α] 7→ (x, v)✱ q✉❡ é t✉❞♦ ❞❡ q✉❡ ♥❡❝❡ss✐t❛♠♦s

♣❛r❛ ❡♥❝❡rr❛r ❡st❛ ❞❡♠♦♥str❛çã♦✳

P♦❞❡♠♦s r❡♣❡t✐r ❛ ❞✐s❝✉ssã♦ ❛♥t❡r✐♦r ♣❛r❛ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳ ❉❡ ❢❛t♦✱ s❡❥❛ π : P //M

✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ G ❡ {Uα} ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ M ♣♦r ❛❜❡rt♦s

tr✐✈✐❛❧✐③❛♥t❡s ❞♦ ✜❜r❛❞♦ ❡♠ q✉❡stã♦✳ ❆ ❝❛❞❛ Uα ❡stá ❛ss♦❝✐❛❞♦ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ϕα :

π−1(Uα) // Uα ×G t❛❧ q✉❡ ϕα(x · g) = ϕα(x) · g✱ ♣❛r❛ t♦❞♦ x ∈ π−1(Uα) ❡ g ∈ G✳ P♦r ❝♦♥t❛

❞✐ss♦✱

g̃βα = ϕβ ◦ ϕ−1
α : (Uα ∩ Uβ)×G // (Uα ∩ Uβ)×G

t❛♠❜é♠ s❛t✐s❢❛③ ❛ ✐❣✉❛❧❞❛❞❡ g̃βα((p, g′)·g) = g̃βα(p, g
′)·g ♣❛r❛ q✉❛❧q✉❡r g ∈ G✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

g̃βα(p, g) = g̃βα((p, e) · g) = g̃βα(p, e) · g,

♦♥❞❡ e é ❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ ❣r✉♣♦ G✳ ▲♦❣♦✱ g̃βα ✐♥❞✉③ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ gβα : Uα∩Uβ //G

❞❛❞❛ ♣♦r gβα(p) = gβα(p, e)✱ ♦♥❞❡ gβα(·, e) é ❞❡✜♥✐❞❛ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ♣❡❧❛ ❡①♣r❡ssã♦

g̃βα(p, g) = (p, gβα(p, e)) · g.

❱❡r✐✜❝❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❡ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ s❛t✐s❢❛③❡♠ ❛
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❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✳ ❆❧é♠ ❞✐ss♦✱ ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ❚❡♦r❡♠❛ ✸✳✷✳✷ t❛♠❜é♠ ❡①✐st❡ ♣❛r❛

✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳

❚❡♦r❡♠❛ ✸✳✷✳✸✳ ❙❡❥❛♠ {Uα} ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡M ❡ {gαβ} ✉♠ ❝♦♥❥✉♥t♦

❞❡ ❢✉♥çõ❡s s✉❛✈❡s gαβ : Uα ∩ Uβ //G s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦❝✐❝❧♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠

✜❜r❛❞♦ tr✐✈✐❛❧ (P, π,M,G) ❡ tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s ϕα : π−1(Uα) // Uα × G t❛✐s q✉❡ {gαβ}

❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❡st❡ ✜❜r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❊q✉✐♣❡ Z = ⊔αUα × G ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦ ❡ ♥❡❧❡ ❞❡✜♥❛ ❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛

(p, g)α ∼ (p′, g′)β ⇐⇒ p′ = p ❡ g′ = gβα(p) · g.

▼♦str❛✲s❡ ❝♦♠ ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s àq✉❡❧❡s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✷

q✉❡ P = Z/∼ é ♦ ❡s♣❛ç♦ t♦t❛❧ ❞❡ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛G✱ s❛t✐s❢❛③❡♥❞♦

❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡♥✉♥❝✐❛❞♦✳

P❛r❛ ❡①♣❧✐❝✐t❛r ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❡♠♣r❡❣❛❞❛s ♥❛ ❝♦♥tr✉çã♦ ❞❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♦✉

✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ♣❡❧♦s ❞♦✐s ú❧t✐♠♦s t❡♦r❡♠❛s✱ ♥ós ❡s❝r❡✈❡r❡♠♦s

E =
⊔

α

(Uα × Rn)/{gαβ} ❡ P =
⊔

α

(Uα ×G)/{gαβ}

♣❛r❛ ♦s ❡s♣❛ç♦s t♦t❛✐s ❞❡st❡s ✜❜r❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❡ q✉❡✱ ❞❛❞♦ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M ❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦

gαβ : Uα ∩Uβ //GL(n,R)✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛

GL(n,R)✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ t♦♠❛r

P =
⊔

α

(Uα ×GL(n,R))/{gαβ}

♥♦ ❚❡♦r❡♠❛ ✸✳✷✳✸✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❛ss♦❝✐❛r ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛

G ❛ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠ ✜❜r❛ tí♣✐❝❛ F é ♥❡❝❡ssár✐♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r✉♣♦s ρ :



✶✵✹ ✸✳ ❋✐❜r❛❞♦s

G //GL(F )✳ ◆❡st❡ ❝❛s♦✱ ❞❡✈❡♠♦s t♦♠❛r

E =
⊔

α

(Uα × F )/{ρ(gαβ)},

♦♥❞❡ ρ(gαβ) : Uα ∩ Uβ //GL(n,R)✳

✸✳✸ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s

❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✳ ❆ ♣❛rt✐r ❞❡❧❡✱ ❞❡✜♥❛ ♦ s❡❣✉✐♥t❡

❝♦♥❥✉♥t♦✿

F (V ) = {x : Rn // V | x é ✉♠ ✐s♦♠♦r✜s♠♦}.

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ F (V ) é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

V ✭❡st❛ t❡r♠✐♥♦❧♦❣✐❛ s❡ ❡①♣❧✐❝❛ ♣♦rq✉❡ ❝❛❞❛ ✐s♦♠♦r✜s♠♦ ❞❡ F (V ) ❢♦r♥❡❝❡ ✉♠❛ ❜❛s❡ ♣❛r❛ V

❛ ♣❛rt✐r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Rn✮✳

❖❜s❡r✈❡ q✉❡ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ V ❢♦r♥❡❝❡ ✉♠❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ F (V )

❝♦♠ GL(n,R)✱ q✉❡ ❥á ♦❜s❡r✈❛♠♦s s❡r ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❙❡❥❛ ❛❣♦r❛ (E, π,M) ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✳ ➱ ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛

❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ♥❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

F (E) =
⊔

p∈M

F (Ep) =
⋃

p∈M

{p} × F (Ep),

♣❛r❛ ❛ q✉❛❧ ❛ ❢✉♥çã♦ π : F (E) //M ✱ ❞❛❞❛ ♣♦r π(p, x) = p✱ é s✉❛✈❡✳ P❛r❛ ✐ss♦✱ r❡♣❛r❡ q✉❡

t♦❞❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ❞❡ E✱ ϕ : π−1(U) // U × Rn✱ ❞❡t❡r♠✐♥❛ ♥❛t✉r❛❧♠❡♥t❡ ✉♠❛ ❜✐❥❡çã♦

ϕ : π−1(U) // U × GL(n,R)✱ q✉❡ é ❞❛❞❛ ♣♦r ϕ(p, x) = (p, ϕp ◦ x)✱ ♦♥❞❡ ϕp : Ep // Rn é ❛

r❡str✐çã♦ ❞❡ ϕ ❛ Ep✳



✸✳✸✳ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s ✶✵✺

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✳ ❊①✐st❡ ✉♠❛ t♦♣♦❧♦❣✐❛ ❡ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥❛t✉r❛❧ ❡♠ F (E) ♣❛r❛

❛s q✉❛✐s

✶✳ F (E) é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ ❞❡ ❞✐♠❡♥sã♦ dimM + n2✳

✷✳ ❆s ❜✐❥❡çõ❡s ϕ : π−1(U) // U ×GL(n,R) sã♦ ❞✐❢❡♦♠♦r✜s♠♦s✳

✸✳ ❆ ❢✉♥çã♦ π é s✉❛✈❡ ❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛r✿

π−1(U)

U

π

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄
π−1(U) U ×GL(n,R)

ϕ // U ×GL(n,R)

U

pr1

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

✹✳ ❊①✐st❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡ GL(n,R) s♦❜r❡ F (E)✱

F (E)×GL(n,R) // F (E), (x, g) 7→ x · g = x ◦ g,

q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❧✐✈r❡ ❡ tr❛♥s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❝♦♥str✉çã♦ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ é ❛♥á❧♦❣❛ ❛ ❛♣r❡s❡♥t❛❞❛ ♣❛r❛ ♦

✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❖s ✐t❡♥s ✭✷✮ ❡ ✭✸✮ sã♦ ❝♦♥s❡qüê♥❝✐❛s ❞✐r❡t❛s ❞❡st❛ ❝♦♥s✲

tr✉çã♦✳ ❆ ú❧t✐♠❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡

❧❡✈❛ ✉♠❛ ❜❛s❡ ❡♠ ♦✉tr❛ ❜❛s❡✳

❉❡✜♥✐çã♦ ✸✳✸✳✸✳ ❆ t❡r♥❛ (F (E), π,M) é ♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❛ss♦❝✐❛❞♦ ❛♦ ✜❜r❛❞♦

✈❡t♦r✐❛❧ π : E //M ✳

❖❜s❡r✈❡ q✉❡ ♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s (F (E), π,M) é ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡

❡str✉t✉r❛ GL(n,R)✳ ◆♦t❡ t❛♠❜é♠ q✉❡ ✉♠❛ s❡çã♦ σ ❞❡ F (E) é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦

{σ1, . . . , σn} ❞❡ n s❡çõ❡s ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M t❛✐s q✉❡ {σ1(p), . . . , σn(p)} ⊂ Ep é

✉♠❛ ❜❛s❡ ❞❡ Ep ♣❛r❛ t♦❞♦ p ∈M ✳



✶✵✻ ✸✳ ❋✐❜r❛❞♦s

❉❡✜♥✐çã♦ ✸✳✸✳✹✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s❡çã♦ ❞❡ F (E) é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♠ó✈❡❧ ♣❛r❛ E✳

❈♦♠♦ t♦❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ é ❧♦❝❛❧♠❡♥t❡ tr✐✈✐❛❧✱ ❡❧❡ s❡♠♣r❡ ❛❞♠✐t❡ ❧♦❝❛❧♠❡♥t❡ ✉♠ r❡❢❡r❡♥✲

❝✐❛❧ ♠ó✈❡❧✳ ❉❡ ❢❛t♦✱ s❡❥❛ ϕ : π−1(U) // U ×GL(n,R) ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ❞❡ ✉♠ ✜❜r❛❞♦

✈❡t♦r✐❛❧ (E, π,M) ❞❡ ❞✐♠❡♥sã♦ n ❡ {v1, . . . , vn} ✉♠❛ ❜❛s❡ ❞❡ Rn✳ P❛r❛ ❝❛❞❛ i = 1, . . . , n✱ ❞❡✲

✜♥❛ σi : U // π−1(U) ♣♦r σi(p) = ϕ−1(p, vi)✳ ❊♥tã♦✱ {σ1, . . . , σn} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n s❡çõ❡s

❞♦ ✜❜r❛❞♦ (π−1(U), π|π−1(U), U)✳ ❊ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛❞♠✐t✐rá ❣❧♦❜❛❧♠❡♥t❡ ✉♠ r❡❢❡r❡♥❝✐❛❧

♠ó✈❡❧ ❛♣❡♥❛s s❡ ❡❧❡ ❢♦r tr✐✈✐❛❧✳

❊q✉✐♣❛♥❞♦✲s❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❛❞✐❝✐♦♥❛❧ ❛❞❡q✉❛❞❛✱ é ♣♦ssí✈❡❧ ❢❛③❡r

❝♦♠ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❛ ❡❧❡ ❛ss♦❝✐❛❞♦ t♦♠❡♠ ✈❛❧♦r❡s ❡♠

✉♠ s✉❜❣r✉♣♦ ❞❡ GL(n,R)✳

❉❡✜♥✐çã♦ ✸✳✸✳✺✳ ❈♦♥s✐❞❡r❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ (E, π,M)✳ ❯♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛ ❡♠

(E, π,M) é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ♣r♦❞✉t♦s ✐♥t❡r♥♦s 〈·, ·〉p ❞❡✜♥✐❞♦s ♥❛ ✜❜r❛ Ep s♦❜r❡ p ∈ M ✱ q✉❡

✈❛r✐❛♠ s✉❛✈❡♠❡♥t❡ ❡♥tr❡ s✐ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ♣❛r❛ q✉❛✐sq✉❡r σ1, σ2 ∈ Γ∞(E)✱ ❛ ❢✉♥çã♦

〈σ1, σ2〉 ❞❛❞❛ ♣❡❧❛ r❡❣r❛

〈σ1, σ2〉(p) = 〈σ1(p), σ2(p)〉p

é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❛❞♦s v1, v2 ∈ Ep✱ ❡s❝r❡✈❡♠♦s 〈v1, v2〉 ❛♦ ✐♥✈és ❞❡ 〈v1, v2〉p ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✳

❊①❡♠♣❧♦ ✸✳✸✳✻✳ ❖ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ tr✐✈✐❛❧ E = M × Rn ❡stá ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛

r✐❡♠❛♥✐❛♥❛ ♥❛t✉r❛❧✱ ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❞❡ Rn✱ ❛ s❛❜❡r✿ ♣❛r❛ σ, σ′ ∈

Γ∞(E)✱

〈σ, σ′〉(p) = 〈σ(p), σ′(p)〉 =
n∑

i=1

si(p)s
′
i(p),

♦♥❞❡ σ(p) = (p, s1(p), . . . , sn(p)) ❡ σ′(p) = (p, s′1(p), . . . , s
′
n(p))✱ ❝♦♠♦ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✳✾✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✼✳ ❚♦❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♣♦❞❡ s❡r ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛✳



✸✳✸✳ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s ✶✵✼

❉❡♠♦♥str❛çã♦✳ ❱❛r✐❡❞❛❞❡s sã♦ ❛ss✉♠✐❞❛s ♣❛r❛✲❝♦♠♣❛❝t❛s ♥❡st❡ t❡①t♦✳ P♦r ❡st❛ r❛③ã♦✱ ❞❛❞♦

✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M ❞❡ ❞✐♠❡♥sã♦ n✱ ❡①✐st❡ ❧♦❝❛❧♠❡♥t❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ {Uα}

❞❡ M ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s Uα ❞♦ ✜❜r❛❞♦ ❝♦♥s✐❞❡r❛❞♦✳ ❙❡❥❛♠ ϕα : π−1(Uα) // Uα ×Rn

❛s tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s ❛ss♦❝✐❛❞❛s ❡ ❡st❡s ❛❜❡rt♦s✳ ❊♠ Uα×Rn ❡①✐st❡ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛

ó❜✈✐❛✿ 〈(p, v), (p, v′)〉p = 〈p, p′〉✳ P❛r❛ ❝❛❞❛ x, y ∈ π−1(p)✱ ❞❡✜♥❛

〈x, y〉αp = 〈ϕα(x), ϕα(y)〉p.

❊♥tã♦✱ 〈·, ·〉α é ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛ ♣❛r❛ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧

π|π−1(Uα) : π
−1(Uα) // Uα × Rn.

❙❡❥❛ {tα} ✉♠❛ ♣❛rt✐çã♦ s✉❛✈❡ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛ ❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ {Uα} ✭♠♦str❛✲s❡ ❡♠

❬✼❪✱ ♣✳ ✺✶✱ q✉❡ ✉♠❛ t❛❧ ♣❛rt✐çã♦ s❡♠♣r❡ ❡①✐st❡✮✳ ❉❡✜♥✐♠♦s 〈·, ·〉 ♣♦r ✉♠❛ s♦♠❛ ✜♥✐t❛

〈x, y〉 =
∑

Uβ∈{Uα}

tβ(p)〈x, y〉βp ,

♦♥❞❡ x✱ y ∈ π−1(p) ❡ ❛s ❢✉♥çõ❡s tβ(p)〈x, y〉βp sã♦ ❝♦♥s✐❞❡r❛❞❛s ♥✉❧❛s ♥♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦

❛❜❡rt♦ Uβ✳ P❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦✱ 〈·, ·〉 é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❝❛❞❛ 〈·, ·〉p é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ❡♠ π−1(p)✳ ❖ ❢❛t♦ ❞❡ tα ≥ 0 ❡ tα > 0 ♣❛r❛ ❛♦ ♠❡♥♦s ✉♠ í♥❞✐❝❡ α ❣❛r❛♥t❡

q✉❡ 〈·, ·〉 é ♣♦s✐t✐✈❛✲❞❡✜♥✐❞❛ ❡♠ ❝❛❞❛ p✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❡❧❛ é ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛✳

❊♠ ✈✐st❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ (E, π,M)

❞❡ ❞✐♠❡♥sã♦ n ❝♦♠ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛ 〈·, ·〉✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✽✳ P❛r❛ t♦❞♦ p ∈ M ✱ ❡①✐st❡ ✉♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ U ❡ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦

❧♦❝❛❧ ϕ : π−1(U) // U × Rn t❛✐s q✉❡ ❛ r❡str✐çã♦ ❞❡ ϕ ❛ ✜❜r❛ Ep✱ ϕp : Ep // Rn✱ é ✉♠❛

✐s♦♠❡tr✐❛ ❧✐♥❡❛r ❝♦♠ r❡s♣❡✐t♦ ❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛ ♥❛t✉r❛❧ ❞❡ (π−1(U), π|π−1(U), U)✳
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❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ (E, π,M) é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ t♦❞♦ ♣♦♥t♦ ❞❡ M ❡stá ❝♦♥t✐❞♦ ❡♠

✉♠ ❛❜❡rt♦ U ⊂ M q✉❡ ❛❞♠✐t❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♠ó✈❡❧✱ ✐st♦ é✱ ♣❛r❛ ♦ q✉❛❧ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ s❡çõ❡s s1, . . . , sn ❞❡ ππ−1(U) q✉❡ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿ s1(p), . . . , sn(p) ∈ Ep

sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ p ∈ U ✳ P❡❧♦ ♣r♦❝❡ss♦ ❞❡ ♦rt♦❣♦♥❛❧✐③❛çã♦

❞❡ ●r❛♠✲❙❝❤♠✐❞t✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❡st❡ ❝♦♥❥✉♥t♦ ♣♦r {σ1, . . . , σn}✱ ♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ p ∈

U ✱ ♥ós t❡♠♦s q✉❡ σ1(p), . . . , σn(p) é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ Ep✳ ❈❧❛r❛♠❡♥t❡✱ ❛s s❡çõ❡s

σ1, . . . , σn sã♦ t♦❞❛s s✉❛✈❡s✳ ❆❧é♠ ❞✐ss♦✱ {σ1, . . . , σn} é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ s❡çã♦ σ ❞♦ ✜❜r❛❞♦

❞❡ r❡❢❡r❡♥❝✐❛✐s
(
F (π−1(U)), π|π−1(U), U

)
.

❈♦♥s✐❞❡r❡ ❡♥tã♦ ♦ ✐s♦♠♦r✜s♠♦ f : U ×Rn // π−1(U) ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ f(p, v) = σ(p)(v)✳

P❛r❛ t♦❞♦ p ∈ U ✱ ♥ós t❡♠♦s q✉❡ ❛ r❡str✐çã♦ fp ❞❡ f ❛ {p} ×Rn ≃ Rn ❧❡✈❛ ❜❛s❡s ♦rt♦♥♦r♠❛✐s

❡♠ ❜❛s❡s ♦rt♦♥♦r♠❛✐s✳ ❉❡ ❢❛t♦✱ s❡ {e1, . . . , en} é ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Rn✱ ❡♥tã♦ fp(ei) =

σ(p)(ei) = σi(p)✳ P♦rt❛♥t♦✱ fp : Rn // Ep é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r ♣❛r❛ ❝❛❞❛ p ∈ U ✳ ▲♦❣♦✱ ❛

❢✉♥çã♦ ϕ = f−1 : π−1(U) // U × Rn t❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡s❡❥❛❞❛s✳

❈♦♠ ❡st❡ r❡s✉❧t❛❞♦✱ ♣♦❞❡♠♦s ❛❣♦r❛ ❞❡✜♥✐r ✉♠ t✐♣♦ ♣❛rt✐❝✉❧❛r ❞❡ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s✱

q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❡q✉✐♣❛❞♦s ❝♦♠ ♠étr✐❝❛s r✐❡♠❛♥✐❛♥❛s✳

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉✳ ❉❡♥♦t❛♠♦s ♣♦r FO(V ) ♦ s✉❜❝♦♥❥✉♥t♦

❞❡ F (V ) ❞❡ t♦❞❛s ❛s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s x : Rn // V ✳ ❖❜s❡r✈❡ q✉❡✱ s❡ {e1, . . . , en} é ❛ ❜❛s❡

❝❛♥ô♥✐❝❛ ❞❡ Rn✱ ❡♥tã♦ x ∈ FO(V ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s ✈❡t♦r❡s

x1 = x(e1), . . . , xn = x(en)

❝♦♠♣õ❡♠ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ (V, 〈·, ·〉)✳

❉❡✜♥✐çã♦ ✸✳✸✳✾✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ x ❞❡ FO(V ) é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧

♣❛r❛ V ✳



✸✳✸✳ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s ✶✵✾

❈♦♠ r❡❧❛çã♦ ❛ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♠ V ✱ ♦ ❝♦♥❥✉♥t♦ FO(V ) ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦

❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(n,R)✱ q✉❡ ❥á ✈✐♠♦s s❡r ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✵✳ ❙❡ (E, π,M) é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛✱

♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ♦rt♦♥♦r♠❛✐s ❛ ❡❧❡ ❛ss♦❝✐❛❞♦ é ♦ s✉❜❝♦♥❥✉♥t♦

FO(E) =
⊔

p∈M

FO(Ep)

❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s F (E)✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✶✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ✈❡r❞❛❞❡✐r❛s✿

✶✳ FO(E) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ F (E) ❡ π|FO(E) : FO(E) //M é s✉❛✈❡✳

✷✳ ❊①✐st❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ O(n,R) s♦❜r❡ FO(E) ❝✉❥❛s ór❜✐t❛s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦s

❝♦♥❥✉♥t♦s FO(Ep)✱ p ∈M ✳

✸✳ P❛r❛ t♦❞♦ p ∈M ❡①✐st❡ ✉♠ ❛❜❡rt♦ U ⊂M ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧

ϕ : π−1(U) ∩ FO(E) // U ×O(n,R)

t❛❧ q✉❡ ϕp = ϕ|FO(Ep) ❧❡✈❛ FO(Ep) ❡♠ {p} × O(n,R) ❡✱ ♣❛r❛ t♦❞♦ x ∈ FO(Ep) ❡ g ∈

O(n,R)✱ ϕ(x · g) = ϕ(x) · g✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✽✱ ❝♦♥s✐❞❡r❡ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧

ϕ : π−1(U) // U × Rn

❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M ❞❡ ❞✐♠❡♥sã♦ n ❛♦ q✉❛❧ F (E) ❡stá ❛ss♦❝✐❛❞♦✳ ❆ tr✐✈✐❛❧✐③❛çã♦

❧♦❝❛❧ ϕ̄ : π̄−1(U) // U × GL(n,R) ❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ϕ é ❞❛❞❛
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❡♠ F (Ep) ♣♦r ϕ̄(x) = (p, ϕp ◦ x)✱ ♦♥❞❡ ϕp é ❛ r❡str✐çã♦ ❞❡ ϕ ❛ Ep✳ ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡

ϕp : Ep // Rn é ✉♠❛ ✐s♦♠❡tr✐❛✱ s❡❣✉❡ q✉❡ ϕ̄ ❧❡✈❛ FO(Ep) ❡♠ {p} ×O(n,R)✱ ♦✉ ♠❡❧❤♦r✱ q✉❡

ϕ̄ : π̄−1(U) ∩ FO(E) // U ×O(n,R)

é ✉♠❛ ❜✐❥❡çã♦✳ ❈♦♠♦ O(n,R) ⊂ GL(n,R) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ FO(E) ⊂

F (E) t❛♠❜é♠ é ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❆s ♦✉tr❛s ❛✜r♠❛çõ❡s ❞♦ ❡♥✉♥❝✐❛❞♦ sã♦ ✐♠❡❞✐❛t❛s✳

◆♦t❡ q✉❡ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡stá ❞✐③❡♥❞♦ q✉❡ ♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ♦rt♦♥♦r♠❛✐s

FO(E) é ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ O(n,R)✳

❘❡❝♦r❞❡ q✉❡ GL+(n,R) é ♦ s✉❜❣r✉♣♦ ❞❡ GL(n,R) ❞❛s ♠❛tr✐③❡s ✐♥✈❡rsí✈❡✐s ❞❡ ❞❡t❡r♠✐♥❛♥t❡

♣♦s✐t✐✈♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✷✳ ❉✐③❡♠♦s q✉❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E // M é ♦r✐❡♥tá✈❡❧ s❡✱ ♣❛r❛

❛❧❣✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s✱ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s

F (E) ❛ss♦❝✐❛❞♦ ❛ ❡❧❡ t♦♠❛♠ ✈❛❧♦r❡s ❡♠ GL+(n,R)✳

❊st✉❞❛♥❞♦✲s❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦s ✜❜r❛❞♦s ✈❡t♦r✐❛❧ π : E //M ✭❞❡ ❞✐♠❡♥sã♦ n✮✱

❞❡ r❡❢❡r❡♥❝✐❛✐s F (E) ❡ ❞❡ r❡❢❡r❡♥❝✐❛✐s ♦rt♦❣♦♥❛✐s FO(E)✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

✶✳ ❊①✐st❡ ❝♦❜❡rt✉r❛ tr✐✈✐❛❧✐③❛♥t❡ ♣❛r❛ F (E) ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❡♠ O(n) s❡✱ ❡ s♦✲

♠❡♥t❡ s❡✱ E ❡stá ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛✳

✷✳ ❊①✐st❡ ❝♦❜❡rt✉r❛ tr✐✈✐❛❧✐③❛♥t❡ ♣❛r❛ F (E) ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❡♠ GL+(n,R) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ E é ♦r✐❡♥tá✈❡❧✳

✸✳ ❊①✐st❡ ❝♦❜❡rt✉r❛ tr✐✈✐❛❧✐③❛♥t❡ ♣❛r❛ F (E) ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❡♠ SO(n) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ E é ♦r✐❡♥tá✈❡❧ ❡ t❡♠ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥✐❛♥❛✳

❙❡❥❛ π : E // M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ n ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛

r✐❡♠❛♥✐❛♥❛✳ ❊♥tã♦ s✉❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ gαβ t♦♠❛♠ ✈❛❧♦r❡s ❡♠ O(n,R)✳ ❱❛♠♦s ♣r♦❝✉r❛r



✸✳✸✳ ❋✐❜r❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛✐s ✶✶✶

❛❣♦r❛ ❞❡t❡r♠✐♥❛r q✉❛♥❞♦ é ♣♦ssí✈❡❧ s✉❜st✐t✉✐r ❛s tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s ❞♦ ✜❜r❛❞♦ ❞❛❞♦✱ àq✉❡❧❛s

q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s ❢✉♥çõ❡s gαβ✱ ♣♦r ♦✉tr❛s tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s✱ ❝✉❥❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦

❛ss♦❝✐❛❞❛s g′αβ ❛ss✉♠❡♠ ✈❛❧♦r❡s ❡♠ SO(n,R)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❡r❡♠♦s ✉♠ ❝r✐tér✐♦ ♣❛r❛

❞✐③❡r q✉❛♥❞♦ ✉♠ ❞❛❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ é ♦r✐❡♥tá✈❡❧✳ P❛r❛ ❡♥❝♦♥trá✲❧♦✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r

❢✉♥çõ❡s λα : Uα //O(n,R) ❛ ♣❛rt✐r ❞❛ ❝♦♠♣♦s✐çã♦

π−1(Uα)
ϕα // Uα × Rn (id,λα) // Uα × Rn

t❛✐s q✉❡ g′βα = λβ ◦ gβα ◦ λ−1
α t♦♠❡♠ ✈❛❧♦r❡s ❡♠ SO(n,R)✳ ❙❡ p ∈ Uα ∩ Uβ✱ ϕα,p = ϕα|Ep

❡ ϕβ,p = ϕβ|Ep
✱ ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ♠♦str❛ q✉❡ ❛s ❢✉♥çõ❡s g′αβ sã♦ ❞❡ ❢❛t♦ ❛s ♥♦✈❛s

❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✿

Ep

Rn

ϕβ,p

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄

Rn

Ep

??

ϕα,p

⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
Rn

Rn

gβα(p)

��
Rn

λβ(p)
//

��

Rnλα(p) // Rn

Rn

g′
βα

(p)=λβ(p)◦gβα(p)◦λ
−1
α (p)

��

P♦r s✉❛ ✈❡③✱ s❡ δαβ : Uα ∩ Uβ // Z2 é ❞❛❞❛ ♣♦r δαβ(p) = det(gαβ(p)) ❡ lα : Uα // Z2 é ❞❛❞❛

♣♦r lα(p) = det(λα(p))✱ ❡♥tã♦ ❛s ❢✉♥çõ❡s ❞♦ ❝♦♥❥✉♥t♦ {λα} sã♦ t❛✐s q✉❡

1 = det(g̃αβ(p)) = det(λα(p) ◦ gαβ(p) ◦ λ−1
β (p)) = lα(p)δαβ(p)l

−1
β (p),

♣❛r❛ t♦❞♦ ♣♦♥t♦ p ♥♦ ❞♦♠í♥✐♦ ❝♦♠✉♠ ❛ t♦❞❛s ❡❧❛s✳ P♦rt❛♥t♦✱ ❛ ✐❣✉❛❧❞❛❞❡ δαβ = lβ/lα ❞❡✈❡

✈❛❧❡r ♣❛r❛ q✉❡ ❛s ❢✉♥çõ❡s g′αβ t♦♠❡♠ ✈❛❧♦r❡s ❡♠ SO(n,R)✳

❘❡❡s❝r❡✈❡♥❞♦ δαβ = eiπuαβ ❡ lα = eiπvα ✱ ❝♦♠ uαβ : Uα∩Uβ //Z2 ❡ vα : Uα //Z2✱ ❛ ❝♦♥❞✐çã♦



✶✶✷ ✸✳ ❋✐❜r❛❞♦s

q✉❡ ❡st❛♠♦s t❡♥t❛♥❞♦ ❞❡t❡r♠✐♥❛r ♣♦❞❡ s❡r ❛ss✐♠ r❡❢♦r♠✉❧❛❞❛✿ ❞❛❞♦ {uαβ : Uα ∩ Uβ // Z2}✱

é ♣♦ssí✈❡❧ ❢❛③❡r ❛ tr♦❝❛ ❞❡ tr✐✈✐❧✐③❛çõ❡s ❧♦❝❛✐s ♠❡♥❝✐♦♥❛❞❛ s❡ ❡①✐st✐r {vα : Uα // Z2} t❛❧ q✉❡

uαβ = vβ − vα✳

◆❛ r❡❛❧✐❞❛❞❡ ❛♣❡♥❛s ♥♦s ✐♥t❡r❡ss❛ ♦s uαβ ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳ ❈♦♠♦ ❛

❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦ ✐♠♣❧✐❝❛ q✉❡

δαβ(p)δβγ(p)δγα(p) = I

♣❛r❛ t♦❞♦ p ∈ Uα ∩Uβ ∩Uγ 6= ∅✱ ✐st♦ q✉❡r ❞✐③❡r q✉❡ ❛s ❢✉♥çõ❡s uαβ t❛♠❜é♠ ❞❡✈❡♠ s❛t✐s❢❛③❡r

❛ r❡❧❛çã♦ uαβ + uβγ + uγα = 0 ❡♠ Uα ∩ Uβ ∩ Uγ 6= ∅✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ♣♦❞❡✲s❡ ♠♦str❛r t❛♠❜é♠ q✉❡✱ ❞❛❞♦ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ π : E //M ❡ ✉♠❛

❝♦❜❡rt✉r❛ {Uα} ❞❡ M ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s✱ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❞❡ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

{uαβ : Uα ∩ Uβ // Z2} ❡ {vα : Uα // Z2} t❛✐s q✉❡

uαβ + uβγ + uγα = 0

❡♠ t♦❞♦ Uα ∩ Uβ ∩ Uγ 6= ∅ ❡

uαβ = vβ − vα

❡♠ t♦❞❛ ✐♥t❡rs❡❝çã♦ Uα ∩ Uβ 6= ∅✳

✸✳✹ ❈á❧❝✉❧♦ ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛s ♣♦r ✜❜r❛çõ❡s

❊①✐st❡♠ ❛❧❣✉♠❛s ♠❛♥❡✐r❛s ❞❡ ❣❡♥❡r❛❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ✜❜r❛❞♦s✳ ❱❡❥❛♠♦s ✉♠❛ ❞❡❧❛s✳

❉❡✜♥✐çã♦ ✸✳✹✳✶✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ π : E //M t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛✲

♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠ ❡s♣❛ç♦ X s❡✱ ❞❛❞❛ ✉♠❛ ❤♦♠♦t♦♣✐❛ gt : X //M

❡ ✉♠❛ ❢✉♥çã♦ g̃0 : X // E t❛❧ q✉❡ π ◦ g̃0 = g0✱ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ g̃t : X // E t❛❧ q✉❡



✸✳✹✳ ❈á❧❝✉❧♦ ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛s ♣♦r ✜❜r❛çõ❡s ✶✶✸

π ◦ g̃t = gt✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ g̃0 ❡ g̃t sã♦ ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ g0 ❡ gt✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✹✳✷✳ ❯♠❛ ✜❜r❛çã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ π : E // M q✉❡ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s ❝♦♠ r❡s♣❡✐t♦ ❛ t♦❞♦ ❡s♣❛ç♦ X✳

❖❜s❡r✈❡ q✉❡ ✉♠❛ ✜❜r❛çã♦ é ❝♦♠♦ ✉♠ ✜❜r❛❞♦✱ ❡①❝❡t♦ q✉❡ ❛s ✜❜r❛s ♥ã♦ ♣r❡❝✐s❛♠ s❡r ✉♠

♠❡s♠♦ ❡s♣❛ç♦✱ s❡♥❞♦ s✉✜❝✐❡♥t❡ ❡❧❛s t❡r❡♠ ❛ ♠❡s♠❛ ❤♦♠♦t♦♣✐❛✳

❊①❡♠♣❧♦ ✸✳✹✳✸✳ ❆ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π :M×F //M é ✉♠❛ ✜❜r❛çã♦✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠♦s

t♦♠❛r ❧❡✈❛♥t❛♠❡♥t♦s ❞❛ ❢♦r♠❛ g̃t(x) = (gt(x), h(x))✱ ♦♥❞❡ g̃0(x) = (g0(x), h(x))✳

❊①❡♠♣❧♦ ✸✳✹✳✹✳ ❚♦❞♦ ✜❜r❛❞♦ é ✉♠❛ ✜❜r❛çã♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ π : E //M ✉♠ ✜❜r❛❞♦ ❞❡ ✜❜r❛

tí♣✐❝❛ F ✳ ◆ós q✉❡r❡♠♦s ♠♦str❛r q✉❡ π t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s ♣❛r❛

t♦❞♦ ❞✐s❝♦ Dn ✭♦✉ ❝✉❜♦ In✮✱ n ≥ 0✳ P❛r❛ t❛♥t♦✱ s✉♣♦♥❤❛ q✉❡ t❡♥❤❛♠♦s ❢✉♥çõ❡s g̃0 : In //E ❡

✉♠❛ ❤♦♠♦t♦♣✐❛ gt : In //M t❛❧ q✉❡ π◦ g̃0 = g0 ✭♦✉ G : In×I //M t❛❧ q✉❡ π◦ g̃0 = G|In×{0}✮✳

Pr❡❝✐s❛♠♦s ❝♦♥str✉✐r ✉♠❛ ❤♦♠♦t♦♣✐❛ g̃t : In // E t❛❧ q✉❡ π ◦ g̃t = gt✳

❈♦♠♦ π : E //M é ✉♠ ✜❜r❛❞♦✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ M ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s Uα

❞♦ ✜❜r❛❞♦✳ P♦r ❡st❛ r❛③ã♦✱ In×I ♣♦❞❡ s❡r ❝♦❜❡rt♦ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s G−1(Uα)✳ ❈♦♠♦

In × I é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❛❝t♦ ❡ ♠étr✐❝♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ δ > 0 t❛❧ q✉❡ t♦❞❛ ❜♦❧❛ ❞❡ r❛✐♦ δ

❡♠ In× I é ❧❡✈❛❞❛ ❡♠ ❛❧❣✉♠ Uα✳ ❆ss✐♠✱ s❡ In× I ❢♦r ❞✐✈✐❞✐❞♦ ❡♠ r❡tâ♥❣✉❧♦s s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦s✱ ❛ ✐♠❛❣❡♠ ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s r❡tâ♥❣✉❧♦s ♣♦r G ❡st❛rá ❝♦♥t✐❞❛ ❡♠ ❛❧❣✉♠ Uα ⊂M ✳

▲❡✈❛♥t❛♠♦s G ❛ ♣❛rt✐r ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s r❡tâ♥❣✉❧♦s✿ ♣❛r❛ ❝❛❞❛ r❡tâ♥❣✉❧♦ R ❞❡ In × I t❛❧

q✉❡ G(R) ⊂ Uα✱ ❧❡✈❛♥t❛♠♦s ❛ ❢✉♥çã♦ G|R : R // Uα ♣❛r❛ Uα × F ❞❡✜♥✐♥❞♦

R // Uα × F, (s1, . . . , sn, t) 7→ (G(s1, . . . , sn, t), f(s1, . . . , sn, 0)),

♦♥❞❡ f é ❛ ❝♦♠♣♦s✐çã♦ In × {0} // Uα × F // F ✳

❙❡❥❛♠ π : E //M ✉♠❛ ✜❜r❛çã♦✱ p0 ✉♠ ♣♦♥t♦ ❞❡ M ❡ x0 q✉❛❧q✉❡r ♣♦♥t♦ ❞❛ ✜❜r❛ F =

π−1(p0)✳ ❖s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛ πk(E, x0) ❡ πk(F, x0) ❡ ♦ ❣r✉♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ r❡❧❛t✐✈❛



✶✶✹ ✸✳ ❋✐❜r❛❞♦s

πk(E,F, x0) ❢❛③❡♠ ♣❛rt❡ ❞❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❞♦ ♣❛r (E,F )✱ ❛ s❛❜❡r✿

· · · −→ πk(F, x0)
i∗−→ πk(E, x0)

j−→ πk(E,F, x0)
∂−→ πk−1(F, x0) −→ · · · .

❈♦♠♦ ❛ ✜❜r❛ F = π−1(p0) é ❧❡✈❛❞❛ ♥♦ ♣♦♥t♦ p0 ♣❡❧❛ ♣r♦❥❡çã♦ π : E // M ✱ ♥ós t❡♠♦s

♥❛t✉r❛❧♠❡♥t❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ π∗ : πk(E,F, x0) // πk(M, p0)✳

❚❡♦r❡♠❛ ✸✳✹✳✺✳ ❖ ❤♦♠♦♠♦r✜s♠♦ π∗ é ♥❛ r❡❛❧✐❞❛❞❡ ✉♠ ✐s♦♠♦r✜s♠♦✳ P♦r ✐ss♦✱ ❛ s❡qüê♥❝✐❛

· · · −−→ πk(F, x0)
i∗−−→ πk(E, x0)

π∗◦j−−→ πk(M, p0)
∂−−→ πk−1(F, x0) −−→ · · · .

♦❜t✐❞❛ ❞❛ s❡qüê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❞♦ ♣❛r (E,F ) ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦ ❣r✉♣♦ πk(E,F, x0) ❝♦♠

πk(M, p0) t❛♠❜é♠ é ✉♠❛ s❡qüê♥❝✐❛ ❡①❛t❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✺❪✱ ♣✳ ✶✾✻✳

❉❡✜♥✐çã♦ ✸✳✹✳✻✳ ❆ s❡qüê♥❝✐❛ ❞♦ ❡♥✉♥❝✐❛❞♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r é ❞❡♥♦♠✐♥❛❞❛ s❡qüê♥❝✐❛

❡①❛t❛ ❧♦♥❣❛ ❞❛ ✜❜r❛çã♦ π : E //M ✳

❈♦r♦❧ár✐♦ ✸✳✹✳✼✳ ❙❡ π : X̃ //X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦

πk(X̃, x̃0) ≃ πk(X, x0),

♣❛r❛ t♦❞♦ k ≥ 2✳

❉❡♠♦♥str❛çã♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ π : X̃ // X é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦✱ ❥á ❢♦✐ ♠♦str❛❞♦

♥❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✼ q✉❡ ❛ ✜❜r❛ F = π−1(x0) é ❞✐s❝r❡t❛✳ P♦r ✐ss♦✱ q✉❛❧q✉❡r ❢✉♥çã♦ ❝♦♥tí♥✉❛

(Dk, ∂Dk, s0) // (X̃, F, x̃0)✱ ❝♦♠ x̃0 ∈ F ❡ k ≥ 2✱ ❞❡✈❡ ♥❛ r❡❛❧✐❞❛❞❡ ❧❡✈❛r t♦❞❛ ❛ ❢r♦♥t❡✐r❛

❞❡ Dk ♥♦ ♣♦♥t♦ x0✳ ❉❡st❛ ❢♦r♠❛✱ πk(X̃, F, x̃0) = πk(X, x0)✳ ❈♦♠♦ ❛❝❛❜❛♠♦s ❞❡ ✈❡r q✉❡

πk(X̃, F, x̃0) ❡ πk(X, x0) sã♦ ✐s♦♠♦r❢♦s✱ ❝♦♥❝❧✉í♠♦s q✉❡ πk(X̃, x̃0) ≃ πk(X, x0) ♣❛r❛ t♦❞♦

k ≥ 2✳



✸✳✹✳ ❈á❧❝✉❧♦ ❞❡ ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛s ♣♦r ✜❜r❛çõ❡s ✶✶✺

◆♦t❡ q✉❡ ♥ã♦ ♥♦s ♣r❡♦❝✉♣❛♠♦s ❡♠ ✐♥❝❧✉✐r ♥♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❣r✉♣♦s

❢✉♥❞❛♠❡♥t❛✐s π1(X̃, x̃0) ❡ π1(X, x0)✱ ♣♦rq✉❡ ❡st❛ ❥á ❢♦✐ ❡①❛♠✐♥❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✺✳✶✳

❊①❡♠♣❧♦ ✸✳✹✳✽✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✹✳✼ ❣❛r❛♥t❡ q✉❡

πk(S
1) ≃ πk(R) = {0} ❡ πk(T

n) ≃ πk(R
n) = {0},

♣❛r❛ k ≥ 2✱ ❡♥q✉❛♥t♦

πk(RP
n) ≃ πk(S

n) = {0},

♣❛r❛ t♦❞♦ 2 ≤ k < n✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✜❝❛♠ ❛ss✐♠ ❞❡t❡r♠✐♥❛❞♦s t♦❞♦s ♦s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛

❞♦ t♦r♦ ❞❡ ❞✐♠❡♥sã♦ n✱ ❥á q✉❡ s❡✉ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❥á ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✻✳✽✳



✶✶✻



❈❛♣ít✉❧♦ ✹

➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡

❍♦♣❢

❆s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s q✉❡ ❣❡♥❡r❛❧✐③❛♠ s✐st❡♠❛s ♥✉♠ér✐❝♦s ❝♦♠♦ ♦

❞❡ ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♠♣❧❡①♦s ❡ q✉❛tér♥✐♦s ❡ q✉❡ ♣♦ss✉❡♠ ✈ár✐❛s ❡ ✐♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s ❡♠

❞✐✈❡rs❛s ár❡❛s ❞❡ ♣❡sq✉✐s❛✱ ❝♦♠♦ ❛ ❣❡♦♠❡tr✐❛ ❡ ❛ ❢ís✐❝❛ t❡ór✐❝❛✳ ❖❢❡r❡❝❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦

✉♠❛ ❜r❡✈❡ ❛❜♦r❞❛❣❡♠ ❛ ❡❧❛s✱ ❡①♣❧♦r❛♥❞♦ ❛❧❣✉♠❛s ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ✭♣♦✐s sã♦ ♠✉✐t❛s✮ ❡

❢♦r♥❡❝❡♥❞♦ ❛ ❝♦♠♣❧❡t❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ r❡❛✐s ❡ ❝♦♠♣❧❡①❛s✳

❈♦♠♦ ✉♠ s✉❜❣r✉♣♦ ❞✐st✐♥t♦ ❞♦ ❣r✉♣♦ ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rsí✈❡✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢✲

❢♦r❞ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ (V, q)✱ ♥ós ❡♥❝♦♥tr❛♠♦s ♦ ❣r✉♣♦ ❙♣✐♥✳

❊st❡ ❣r✉♣♦ ❞❡ ▲✐❡ é ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞✉♣❧♦ ❞♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ❡s♣❡❝✐❛❧ ❞❡ V ❝♦♠

r❡s♣❡✐t♦ ❛ q✳ P♦❞❡♠♦s r❡❧❛❝✐♦♥á✲❧♦ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ✜❜r❛❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ♣❛r❛ ✐ss♦ ♦ q✉❡ ❞❡✲

♥♦♠✐♥❛♠♦s ❞❡ ❡str✉t✉r❛ s♣✐♥ ❡♠ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♦r✐❡♥tá✈❡❧✳ ❈♦♥❝❧✉í♠♦s ❡st❛ ❞✐ss❡rt❛çã♦

❡①♣❧♦r❛♥❞♦ ❡st❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢✱ q✉❡

é ✉♠ S1✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❡♥tr❡ ❡s❢❡r❛s s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭❛✐♥❞❛ ❛ s❡r ❞❡✜♥✐❞❛✮ ❞❡

❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❤♦♠♦t♦♣✐❛s✳

✶✶✼



✶✶✽ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

✹✳✶ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s

❙❡❥❛ (V, q) ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ❛r❜✐trár✐♦✱ ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠ ❝♦r♣♦ F ❞❡ ❝❛r❛❝t❡ríst✐❝❛

❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✳ ❉❡♥♦t❛♠♦s ♣♦r T (V ) ❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❡ ♣♦r Iq(V )

♦ ✐❞❡❛❧ ❞❡ T (V ) ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ v ⊗ v + q(v)1✱ ❝♦♠ v ∈ V ✳

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❆ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q) ❛ss♦❝✐❛❞❛ ❛ (V, q) é ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❡ ❝♦♠ ✉♥✐❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ q✉♦❝✐❡♥t❡ T (V )/Iq(V ) ❡ ❡q✉✐♣❛❞❛ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ ♣♦r ❡st❡✳

❆ss✐♠ ❝♦♠♦ ♦❝♦rr❡ ❝♦♠ ❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧✱ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r F ❡ V ❝♦♠♦ s✉❜❡s♣❛ç♦s

❞❡ Cl(V, q)✱ ♣♦rq✉❡ ❡①✐st❡♠ ✐♥❥❡çõ❡s ♥❛t✉r❛✐s ❞❡ F ❡ V ❡♠ Cl(V, q) ♣❡❧❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡

T (V ) ❡♠ Cl(V, q)✳ ◆ós ❛❞♦t❛♠♦s ❡st❛ ❝♦♥✈❡♥çã♦ ❞✉r❛♥t❡ t♦❞♦ ♦ r❡st❛♥t❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✱

♣❛r❛ ❡✈✐t❛r t❡r ❞❡ ❞✐st✐♥❣✉✐r ❡♥tr❡ F ❡ V ❡ s✉❛s ❝ó♣✐❛s ❡♠ Cl(V, q)✳

❆s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❝♦♥t❛♠ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✷✳ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✱ ❞❡✜♥✐❞❛ s♦❜r❡ ♦ ❝♦r♣♦ F✳

❚♦❞❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : V // A s❛t✐s❢❛③❡♥❞♦ ❛ r❡❧❛çã♦

f(v) · f(v) = −q(v)1A

♣❛r❛ t♦❞♦ v ∈ V ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s f̃ : Cl(V, q) //A✱

♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ f̃ : Cl(V, q) //A q✉❡ ❢❛③ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉✲

t❛r✿

V A
f

//

Cl(V, q)

V

OO

� ?

Cl(V, q)

A

f̃

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄

❉❡♠♦♥str❛çã♦✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦

❞❡ á❧❣❡❜r❛s f : T (V ) //A✳ ❊st❛ ❡①t❡♥sã♦ é t❛❧ q✉❡ ❛ r❡str✐çã♦ ❞❡ f ❛ Iq(V ) é ✐❞❡♥t✐❝❛♠❡♥t❡



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✶✾

♥✉❧❛✱ ♣♦✐s ♦s ❡❧❡♠❡♥t♦s v ⊗ v + q(v)1 ❣❡r❛♠ ♦ ✐❞❡❛❧ Iq(V ) ❡

f(v ⊗ v + q(v)1) = f(v) · f(v) + q(v)1A,

♦♥❞❡ f(v) · f(v) = −q(v)1A ♣♦r ❤✐♣ót❡s❡✳ ❆ss✐♠✱ f ✐♥❞✉③ ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦

f̃ : Cl(V, q) // A ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡s❡❥❛❞❛s✳

P♦r ❝❛✉s❛ ❞❡st❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ✉♠❛ ú♥✐❝❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞

❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q)✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✸✳ ❆ á❧❣❡❜r❛ Cl(V, q) é✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✱ ❛ ú♥✐❝❛ á❧❣❡❜r❛ ❛ss♦❝✐❛✲

t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✱ q✉❡ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ A′ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡ ♣❛r❛ ❛ q✉❛❧ ❡①✐st❡ ✉♠❛ ✐♥❥❡çã♦

i : V //A′✳ ❙✉♣♦♥❤❛ q✉❡✱ ♣❛r❛ t♦❞❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : V //A s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦

f(v) ·f(v) = −q(v)1A✱ ♣❛r❛ t♦❞♦ v ∈ V ✱ ❡①✐st❛ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡ f ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦

❞❡ á❧❣❡❜r❛s f̃ ′ : A′ // A✳ ❊♥tã♦✱ ♦ ✐s♦♠♦r✜s♠♦ ❞❡ V ⊂ Cl(V, q) // i(V ) ⊂ A′ ✐♥❞✉③

♥❛t✉r❛❧♠❡♥t❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s Cl(V, q) // A′✳

❊♠ ✈✐st❛ ❞❡st❛ ♣r♦♣♦s✐çã♦✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❛ss✐♠✿

❉❡✜♥✐çã♦ ✹✳✶✳✹✳ ❆ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q) ❛ss♦❝✐❛❞❛ ❛ (V, q) é ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❡ ❝♦♠ ✉♥✐❞❛❞❡ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❣❡r❛❞❛s ♣♦r 1 ∈ F ❡ V ✱ ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r

❥✉st❛♣♦s✐çã♦✱ s❛t✐s❢❛③❡♥❞♦ ❛ r❡❧❛çã♦ v2 = −q(v) ♣❛r❛ t♦❞♦ v ∈ V ✳

❙❡ g ❞❡♥♦t❛ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❛ss♦❝✐❛❞❛ ❛ q✱ ♦❜s❡r✈❡ q✉❡ ❛ r❡❧❛çã♦ ❛♣r❡s❡♥t❛❞❛

♥❡st❛ ❞❡✜♥✐çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛

uv + vu = −2g(u, v), u, v ∈ V,



✶✷✵ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

♣♦rq✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ F ❝♦♥s✐❞❡r❛❞♦ é ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✳ ❉❛♠♦s ♣r❡❢❡rê♥❝✐❛ ❛ ❡st❛

✐♥t❡r♣r❡t❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✱ ❡♠❜♦r❛ t❛♠❜é♠ ❢❛ç❛♠♦s ✉s♦ ❞❛

♣r✐♠❡✐r❛ ❞❡✜♥✐çã♦✳ ■st♦ ❥✉st✐✜❝❛✱ ❡♠ ♣❛rt❡✱ ❛ s❡❣✉✐♥t❡ t❡r♠✐♥♦❧♦❣✐❛✿

❉❡✜♥✐çã♦ ✹✳✶✳✺✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ w ∈ Cl(V, q) t❡♠ ❣r❛✉ ③❡r♦✱ s❡ w ∈ F✱ ❡ ❣r❛✉ r✱

s❡ ❡❧❡ é ❞❛ ❢♦r♠❛ w = v1 · · · vr✳ ❉❡♥♦t❛♠♦s ♦ ❣r❛✉ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ w ❞❡ Cl(V, q) ♣♦r degw✳

❆ ♠❡s♠❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸ ♥♦s ♠♦str❛ ❛✐♥❞❛ q✉❡✱ ❞❛❞♦ ✉♠❛ ✐s♦♠❡tr✐❛ σ : (V, q) // (V ′, q′)

❡♥tr❡ ❡s♣❛ç♦s q✉❛❞rát✐❝♦s ❞❡✜♥✐❞♦s s♦❜r❡ ♦ ❝♦r♣♦ F✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦

σ̃ : Cl(V, q) // Cl(V ′, q′)

✐♥❞✉③✐❞♦ ♣♦r ❡❧❛✱ ❡ q✉❡✱ s❡ σ′ : (V ′, q′) // (V ′′, q′′) é ✉♠❛ ♦✉tr❛ t❛❧ ✐s♦♠❡tr✐❛✱ ❡♥tã♦ σ̃′ ◦ σ =

σ̃′ ◦ σ̃✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❡s♣❛ç♦s q✉❛❞rát✐❝♦s ❡♥✈♦❧✈✐❞♦s ❝♦✐♥❝✐❞❡♠ ❡ sã♦ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✱ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r ❝❛♥♦♥✐❝❛♠❡♥t❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(V, q) ❛ ✉♠ s✉❜❣r✉♣♦

❞♦s ❣r✉♣♦s ❞❡ ❛✉t♦♠♦r✜s♠♦s ❞❡ Cl(V, q)✳

❯♠ ❡❧❡♠❡♥t♦ ❞❡ Aut(Cl(V, q)) ❞❡ ♣❛rt✐❝✉❧❛r ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞

é ♦ ❛✉t♦♠♦r✜s♠♦ α : Cl(V, q) // Cl(V, q) q✉❡ ❡st❡♥❞❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r α(v) = −v ❞❡✜♥✐❞♦

❡♠ V ✳ ❈♦♠♦ ❡st❡ ❛✉t♦♠♦r✜s♠♦ é ✉♠❛ ✐♥✈♦❧✉çã♦✱ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦

Cl(V, q) = Cl0(V, q)⊕ Cl1(V, q)

❞❡ Cl(V, q) ❡♠ ❛✉t♦✲❡s♣❛ç♦s

Cli(V, q) = {w ∈ Cl(V, q) | α(w) = (−1)iw}

❞❡ α✳ ❈❧❛r❛♠❡♥t❡✱ Cl0(V, q) é ❛ s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ q✉❡ ❝♦♥té♠ t♦❞❛s ❛s

❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣❛❧❛✈r❛s ❞❡ ❣r❛✉ ♣❛r✱ ❡♥q✉❛♥t♦ Cl1(V, q) é ♦ s✉❜❡s♣❛ç♦ ❞❡ Cl(V, q)



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✷✶

q✉❡ ❝♦♥té♠ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣❛❧❛✈r❛s ❞❡ ❣r❛✉ í♠♣❛r✳ ❚❛♠❜é♠✱

Cli(V, q) · Clj(V, q) ⊂ Clk(V, q), k = (i+ j)mod 2,

❥á q✉❡ α(w1w2) = α(w1)α(w2)✱ ♦ q✉❡ ♠♦str❛ q✉❡ ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ sã♦ á❧❣❡❜r❛s Z2✲

❣r❛❞✉❛❞❛s✳

❉❡✜♥✐çã♦ ✹✳✶✳✻✳ ❉✐③❡♠♦s q✉❡ Cl0(V, q) ❡ Cl1(V, q) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ♣❛rt❡ ♣❛r ❡ ❛

♣❛rt❡ í♠♣❛r ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q)✳

❖✉tr❛ ✐♥✈♦❧✉çã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ é ❛ tr❛♥s✲

♣♦s✐çã♦ (·)t : Cl(V, q) // Cl(V, q)✱ ❞❡✜♥✐❞❛ ❡♠ ❡❧❡♠❡♥t♦s ❞❡ ❣r❛✉ ♣❛r ♦✉ ❣r❛✉ í♠♣❛r ❞❡

Cl(V, q) ♣❡❧❛ r❡❣r❛ (v1 · · · vr)t = vr · · · v1✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ α✱ ❛ tr❛♥s♣♦s✐çã♦ é ✉♠ ❛♥t✐✲

❛✉t♦♠♦r✜s♠♦✳

➱ ♣♦r ♠❡✐♦ ❞❡ α ❡ ❞❛ tr❛♥s♣♦s✐çã♦ q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❢✉♥çã♦ ♥♦r♠❛ ♥❛s á❧❣❡❜r❛s

❞❡ ❈❧✐❢❢♦r❞✿

N : Cl(V, q) // Cl(V, q), w 7→ wα(wt).

❱❛♠♦s ❛ss✉♠✐r ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ q✉❡ t♦❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q) ❞❡✜♥✐❞♦ s♦❜r❡ ♦ ❝♦r♣♦

F s❡rá ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛ {e1, . . . , en} ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ♣❛r❛ ✉♠ t❛❧ ❡s♣❛ç♦ ♥ã♦✲

tr✐✈✐❛❧ ❡ I = {1, . . . , n}✳ ❉❛s r❡❧❛çõ❡s ❝♦♠ ❛s q✉❛✐s ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ ❞❡

Cl(V, q)✱ ✈❡♠♦s q✉❡ e2i = −q(ei)1✱ ♣❛r❛ t♦❞♦ i ∈ I✱ ❡ ejei = −eiej✱ ♣❛r❛ t♦❞♦ i, j ∈ I✱ ❝♦♠

i 6= j✳ P♦r ❡st❛ r❛③ã♦✱ q✉❛❧q✉❡r ♣❛❧❛✈r❛ ♥❡st❛s ❧❡tr❛s ♣♦❞❡♠ s❡r ♦r❞❡♥❛❞❛s ❛ ♣❛rt✐r ❞❡ s❡✉s

í♥❞✐❝❡s✱ ♣♦❞❡♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡st❛ ♦r❞❡♥❛çã♦ ❞✐❢❡r✐r ❞❛ ♣❛❧❛✈r❛ ♦r✐❣✐♥❛❧ ❛♣❡♥❛s ♣♦r ❡s❝❛❧❛r❡s

❡ ♥❡♥❤✉♠❛ ♣❛❧❛✈r❛ ❝♦♥t❡r ♠❛✐s ❞♦ q✉❡ n ❧❡tr❛s ❞✐st✐♥t❛s✳ ❆ss✐♠✱ s❡ ✜③❡r♠♦s ♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦

∅ ❝♦rr❡s♣♦♥❞❡r ❛ 1 ∈ F✱ ♣♦❞❡r❡♠♦s ❞✐③❡r q✉❡ ❜❛s✐❝❛♠❡♥t❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♣❛❧❛✈r❛ ♣❛r❛ ❝❛❞❛

❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ P(I) ❞❛s ♣❛rt❡s ❞❡ I✳ ❙❡ J é ✉♠❛ ❞❡st❛s ♣❛rt❡s ❡ J = {i1, . . . , ir}✱ ♦♥❞❡

1 ≤ i1 < . . . < ir ≤ n ❡ 1 ≤ r ≤ n✱ ❞❡✜♥❛ eJ = ei1 · · · eir ✱ ❝❛s♦ ❝♦♥trár✐♦ ❞❡✜♥❛ eJ = e∅ = 1✳



✶✷✷ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❊st❡ ❛r❣✉♠❡♥t♦ ❡ ❛ ❞✐str✐❜✉t✐✈✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ s♦❜r❡ ❛ s♦♠❛ ❞❡ Cl(V, q) ❛ss❡❣✉r❛♠ q✉❡

{eJ ∈ Cl(V, q) | J ∈ P(I)}

é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q)✱ ❞❡ ♦♥❞❡ ✈❡♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦

❞❡ Cl(V, q) ♥ã♦ é s✉♣❡r✐♦r ❛ 2n✳ ◆❛ ✈❡r❞❛❞❡✱ ❡st❡ ❝♦♥❥✉♥t♦ é ✉♠❛ ❜❛s❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡

❈❧✐❢❢♦r❞✳ ▼♦str❡♠♦s ✐ss♦ ❛❣♦r❛✱ ♣♦ré♠ ❡st❛❜❡❧❡❝❡♥❞♦ ❛♥t❡s ❛❧❣✉♥s r❡s✉❧t❛❞♦s té❝♥✐❝♦s✳

❙❡❥❛ ∧V ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r ❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q) ❡ g ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

❛ss♦❝✐❛❞❛ ❛ q✳ ❙❛❜❡♠♦s ❞♦ ❝✉rs♦ ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r q✉❡✱ s❡

v1 ∧ · · · ∧ vr ❡ v′1 ∧ · · · ∧ v′s

sã♦ ❡❧❡♠❡♥t♦s ❞❡ ∧V ❡ N = (nij) é ❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ r×s ❞❡✜♥✐❞❛ ♣❡❧❛ r❡❣r❛ nij = g(vi, v
′
j)✱

❡♥tã♦

ĝ(v1 ∧ · · · ∧ vr, v′1 ∧ · · · ∧ v′s) =





det(N), s❡ r = s,

0, s❡ r 6= s,

❞❡t❡r♠✐♥❛ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡♠ ∧V ✳ ❈❧❛r❛♠❡♥t❡✱ s❡ êJ é ❞❡✜♥✐❞♦ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r

❛ ❛♣r❡s❡♥t❛❞❛ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r ❡ ♥❡♥❤✉♠ ✈❡t♦r ❞❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {e1✱ ✳ ✳ ✳ ✱ en} ❞❡ V é

✐s♦tró♣✐❝♦ ❡♠ V ✱ ❡♥tã♦

{êJ ∈ ∧V | J ∈ P(I)}

é ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ ∧V ♣♦r ❡st❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛✳

❉❛❞♦ v ∈ V ✱ ❝♦♥s✐❞❡r❡ ♦s ❡♥❞♦♠♦r✜s♠♦s εv ❡ ιv ❞❡ ∧V t❛✐s q✉❡

εv(w) = v ∧ w,

ιv(v1 ∧ · · · ∧ vr) =
r∑

i=1

(−1)i+1g(v, vi)v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vr

ιv(λ) = 0,



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✷✸

♣❛r❛ t♦❞♦ w✱ v1 ∧ · · · ∧ vr ∈ ∧V ❡ λ ∈ F✳

▲❡♠❛ ✹✳✶✳✼✳ ◗✉❛❧q✉❡r q✉❡ s❡❥❛ v ∈ V ✱ ιv é ❛ tr❛♥s❢♦r♠❛çã♦ ❛❞❥✉♥t❛ ❞❡ εv✳ ❆❧é♠ ❞✐ss♦✱

ε2v = 0, ι2v = 0 ❡ εv ◦ ιv + ιv ◦ εv = q(v)id∧V ,

♣❛r❛ t♦❞♦ v ∈ V ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛♠♦s ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡

ĝ(ιv(w), w
′) = ĝ(w, εv(w

′))

♣❛r❛ q✉❛✐sq✉❡r v ∈ V ❡ w = v1∧· · ·∧vr✱ w′ = v′1∧· · ·∧v′s ∈ ∧V ✳ ◆ã♦ ❤á ♥❛❞❛ ❛ ❢❛③❡r q✉❛♥❞♦

r 6= s+1✱ ♣♦✐s ♥❡st❡ ❝❛s♦ ♦s ❞♦✐s ♠❡♠❜r♦s ❞❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r sã♦ ♥✉❧♦s✳ ❙✉♣♦♥❤❛♠♦s ♣♦r

✐ss♦ q✉❡ r = s+ 1✳ ❖❜s❡r✈❛♥❞♦✲s❡ q✉❡

s+1∑

i=1

(−1)i+1g(v, vi)ĝ(v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vr, w′)

é ❛ ❡①♣❛♥sã♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❛ ĝ(v1 ∧ · · · ∧ vr, v ∧w′) ♣❡❧❛ s✉❛ ♣r✐♠❡✐r❛

❝♦❧✉♥❛✱ t❡♠♦s q✉❡

ĝ(ιv(w), w
′) =

s+1∑

i=1

(−1)i+1g(v, vi)ĝ(v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vr, w′)

= ĝ(v1 ∧ · · · ∧ vr, v ∧ w′) = ĝ(w, εv(w
′)).

P♦rt❛♥t♦✱ ιv = ε∗v✱ ❝♦♠♦ ❛✜r♠❛♠♦s✳

❆❣♦r❛✱ ε2v = 0 tr✐✈✐❛❧♠❡♥t❡✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦ ✈❡t♦r v ∈ V ✳ P♦rt❛♥t♦✱

ι2v = (ε∗v)
2 = (ε2v)

∗ = 0∗ = 0.



✶✷✹ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

P♦r ♦✉tr♦ ❧❛❞♦✱

(εv ◦ ιv)(v1 ∧ · · · ∧ vr) =
r∑

i=1

(−1)i+1g(v, vi)v ∧ v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vr,

❡♥q✉❛♥t♦

(ιv ◦ εv)(v1 ∧ · · · ∧ vr) = g(v, v)v1 ∧ · · · ∧ vr

+
r+1∑

i=2

(−1)i+1g(v, vi−1)v1 ∧ · · · ∧ vi−2 ∧ vi ∧ · · · ∧ vr

= g(v, v)v1 ∧ · · · ∧ vr

−
r∑

i=1

(−1)i+1g(v, vi)v1 ∧ · · · ∧ vi−1 ∧ vi+1 ∧ · · · ∧ vr

❞❡ ♠♦❞♦ q✉❡

(εv ◦ ιv + ιv ◦ εv)(v1 ∧ · · · ∧ vr) = g(v, v)v1 ∧ · · · ∧ vr

♣❛r❛ t♦❞♦ v1 ∧ · · · ∧ vr ∈ ∧V ✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s

εv − ιv = Lv : ∧V // ∧ V ❡ L : V // End(∧V ),

♦♥❞❡ L(v) = Lv ♣❛r❛ t♦❞♦ v ∈ V ✳

▲❡♠❛ ✹✳✶✳✽✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r L ♣♦❞❡ s❡r ♥❛t✉r❛❧♠❡♥t❡ ❡st❡♥❞✐❞❛ ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞

Cl(V, q)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ End(∧V ) é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡ ❡ ❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r L é t❛❧ q✉❡

L(v) ◦ L(v) = L2
v = ε2v + ι2v − (εv ◦ ιv + ιv ◦ εv) = −q(v)id∧V ,



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✷✺

♣❛r❛ t♦❞♦ v ∈ V ✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r L ❛ Cl(V, q) ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛s á❧❣❡❜r❛s ❞❡

❈❧✐❢❢♦r❞✳ ❖ ❤♦♠♦♠♦r✜s♠♦ L̃ : Cl(V, q) // End(∧V ) t❛❧ q✉❡

L̃(1) = id∧V ❡ L̃(v1 · · · vr) = L(v1) ◦ · · · ◦ L(vr),

♣❛r❛ v1 · · · vr ∈ Cl(V, q)✱ ❝♦✐♥❝✐❞❡ ❝♦♠ L ❡♠ V ✱ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ❛ r❡❢❡r✐❞❛ ❡①t❡♥sã♦✳

❋✐♥❛❧♠❡♥t❡ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çã♦ ❞❡ ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦

{eJ ∈ Cl(V, q) | J ∈ P(I)}

é ✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q)✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✾✳ ❆s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❡①t❡r✐♦r ❞❡ (V, q) sã♦ ✐s♦♠♦r❢❛s ❡♥q✉❛♥t♦ ❡s♣❛ç♦

✈❡t♦r✐❛✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ q é ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ ❡♥tã♦ Cl(V, 0) ❡ ∧V

t❛♠❜é♠ sã♦ ✐s♦♠♦r❢❛s ❡♥q✉❛♥t♦ á❧❣❡❜r❛s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f : Cl(V, q) // ∧ V ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡✜♥✐❞❛ ♣❡❧❛ ❡①♣r❡ssã♦

f(w) = (L̃(w))(1)✱ ♦♥❞❡ L̃ é ❝♦♠♦ ♥♦ ❧❡♠❛ ❛❝✐♠❛✳ ❊♥tã♦ f(1) = 1 ❡✱ ❝♦♠♦ ♠♦str❛✲s❡ ♣♦r

✐♥❞✉çã♦ ❡♠ r✱

f(eJ) = f(ei1 · · · eir)

= (Lei1 ◦ · · · ◦ Leir )(1)

= ei1 ∧ · · · ∧ eir + t❡r♠♦s ❞❡
⊕

i≥1

∧r−2iV,

q✉❛❧q✉❡r q✉❡ s❡❥❛ J ∈ P(I) \ {∅}✳ ❱ê✲s❡ ❛✐♥❞❛ q✉❡ ❝❛❞❛ ✉♠ ❞♦s t❡r♠♦s ❞❡
⊕

i≥1 ∧r−2iV

❡stá ♣ré✲♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ✉♠ ♥ú♠❡r♦ ❞❛ ❢♦r♠❛ g(ej, ek)✱ ❝♦♠ j 6= k✳ P♦r ❝❛✉s❛ ❞✐ss♦✱ t♦❞♦s

❡st❡s t❡r♠♦s sã♦ ♥✉❧♦s✱ ❥á q✉❡ t♦♠❛♠♦s {e1, . . . , en} ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ V ✳

❙❡❣✉❡ ❞❛í q✉❡ f é ✉♠❛ s♦❜r❡❥❡çã♦✳ ❈♦♠♦ dimCl(V, q) ≤ 2n✱ ❡♥tã♦ ❡st❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r



✶✷✻ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

t❛♠❜é♠ ❞❡✈❡ s❡r ✐♥❥❡t♦r❛✳ ▲♦❣♦✱ f é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳

◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ q = 0✱ ✈❛❧❡

f(v1 · · · vr) = v1 ∧ · · · ∧ vr = f(v1) ∧ · · · ∧ f(vr)

♣❛r❛ t♦❞♦ v1 · · · vr ∈ Cl(V, 0)✱ ♦ q✉❡ ♠♦str❛ q✉❡ ♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r f t❛♠❜é♠ é ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❈♦r♦❧ár✐♦ ✹✳✶✳✶✵✳ ❆ ❞✐♠❡♥sã♦ ❞❡ Cl(V, q) é 2n✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ ❡①❡♠♣❧♦ ❝♦♥❝r❡t♦ ❞❡ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞✳

❊①❡♠♣❧♦ ✹✳✶✳✶✶✳ ❙❡ V = R2 ❡ q(x1, x2) = x21+x
2
2✱ ❡♥tã♦ ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ Cl(V, q) é ✐s♦✲

♠♦r❢❛ ❛ á❧❣❡❜r❛ r❡❛❧ ❞♦s q✉❛tér♥✐♦s H✱ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✻✳✾✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❛♥❞♦✲s❡

q✉❡ ❛s ❞✐♠❡♥sõ❡s ❞❛s á❧❣❡❜r❛s ❡♥✈♦❧✈✐❞❛s sã♦ ❛s ♠❡s♠❛s✱ é s✉✜❝✐❡♥t❡ ❝♦♥str✉✐r ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ ❧✐♥❡❛r f : R2 //H q✉❡ ♣♦ss❛ s❡r ❡st❡♥❞✐❞❛ ❛ Cl(V, q) ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛s

á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ ♣❛r❛ ❥✉st✐✜❝❛r ❡st❡ ✐s♦♠♦r✜s♠♦✳ P♦✐s ❜❡♠✱ s❡❥❛ f ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r t❛❧ q✉❡ f(e1) = i ❡ f(e2) = j✳ ❊♥tã♦✱ s❡ v = ae1 + be2✱ t❡♠♦s q✉❡

f(v)2 = a2f(e1)
2 + abf(e1)f(e2) + baf(e2)f(e1) + b2f(e2)

2

= a2i2 + abij + abji+ b2j2

= −(a2 + b2)1

= −q(v)1.

▲♦❣♦✱ ❛ ❡①t❡♥sã♦ f̃ : Cl(V, q) //H ❞❡ f é ♦ ✐s♦♠♦r✜s♠♦ ♣r♦❝✉r❛❞♦✳

P♦❞❡♠♦s ❛♣r♦✈❡✐t❛r ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✾ ❡ ♦ r❡s✉❧t❛❞♦ ❞❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♣❛r❛✱ ❞❛q✉✐

❡♠ ❞✐❛♥t❡✱ r❡str✐♥❣✐r ♥♦ss♦ ❡st✉❞♦ ❛♣❡♥❛s às á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ ❛ss♦❝✐❛❞❛s ❛ ❡s♣❛ç♦s q✉❛✲



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✷✼

❞rát✐❝♦s (V, q) ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❝♦♠ ❢♦r♠❛s q✉❛❞rát✐❝❛s ♥ã♦✲❞❡❣❡♥❡r❛❞❛s✳ ◆♦ q✉❡ s❡❣✉❡✱

Cl(V1, q1) ⊗̂ Cl(V2, q2) ❞❡♥♦t❛ ❛ á❧❣❡❜r❛ t❡♥s♦r✐❛❧ Z2✲❣r❛❞✉❛❞❛ ❞❡ ❞✉❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞✱

Cl(V1, q1) ❡ Cl(V2, q2)✱ ❝✉❥♦ ♣r♦❞✉t♦

(w1 ⊗ w2) · (w′
1 ⊗ w′

2) = (−1)deg(w2)deg(w′
1)(w1w

′
1)⊗ (w2w

′
2)

❡stá ❞❡✜♥✐❞♦ s♦♠❡♥t❡ ♣❛r❛ ❡❧❡♠❡♥t♦s w2 ❡ w′
1 ❞❡ ❣r❛✉ ♣❛r ♦✉ í♠♣❛r✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✷✳ ❙❡ V1 ⊥ V2 é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ ❞♦ ❡s♣❛ç♦ V ❝♦♠ r❡❧❛çã♦

❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ q ❡ qi✱ i = 1, 2✱ é ❛ r❡str✐çã♦ ❞❡ q ❛♦ s✉❜❡s♣❛ç♦ Vi✱ ❡♥tã♦ ❡①✐st❡ ✉♠

✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞

Cl(V1 ⊥ V2, q1 ⊥ q2) = Cl(V, q) // Cl(V1, q1) ⊗̂ Cl(V2, q2).

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

f : V1 ⊥ V2 // Cl(V1, q1) ⊗̂ Cl(V2, q2)

❞❛❞❛ ♣♦r f(v1 + v2) = v1 ⊗ 1 + 1⊗ v2✳ ❊♥tã♦✱

f(v1 + v2)
2 = v21 ⊗ 1 + 1⊗ v22 = −(q1(v1) + q2(v2))1⊗ 1

❡✱ ❛ss✐♠✱ f ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

f̃ : Cl(V1 ⊥ V2, q1 ⊥ q2) // Cl(V1, q1) ⊗̂ Cl(V2, q2).

❆✜r♠❛♠♦s q✉❡ ❡st❛ ❡①t❡♥sã♦ ❞❡✈❡ s❡r ✉♠ ✐s♦♠♦r✜s♠♦✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ r ❡ s ❛s ❞✐♠❡♥sõ❡s

❞♦s s✉❜❡s♣❛ç♦s V1 ❡ V2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ {e1, . . . , er, e′1, . . . , e′s} ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ V



✶✷✽ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ V1 ⊥ V2✳ ❊♥tã♦

f̃(1) = 1⊗ 1,

f̃(ei1 · · · eij) = (ei1 ⊗ 1) · · · (eij ⊗ 1) = (ei1 · · · eij)⊗ 1,

f̃(e′k1 · · · e′kl) = (1⊗ e′k1) · · · (1⊗ e′kl) = 1⊗ (e′k1 · · · e′kl),

♣❛r❛ í♥❞✐❝❡s ❛♣r♦♣r✐❛❞♦s ❡✱ ❞❡st❛ ❢♦r♠❛✱

f̃(ei1 · · · eije′k1 · · · e′kl) = (ei1 · · · eij)⊗ 1 · 1⊗ (e′k1 · · · e′kl)

= ei1 · · · eij ⊗ e′k1 · · · e′kl ,

t❛♠❜é♠ ♣❛r❛ í♥❞✐❝❡s ❛♣r♦♣r✐❛❞♦s✳ P♦rt❛♥t♦✱ f̃ ❧❡✈❛ ❜❛s❡ ❡♠ ❜❛s❡✳

❉❡ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡ss❡ ❡♥tr❡ ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ r❡❛✐s ❡stã♦ ❛s á❧❣❡❜r❛s Clr,s = Cl(V, q)

❡♠ q✉❡ V = Rr+s ❡ q = qr,s✱ ♦♥❞❡

qr,s(x1, . . . , xr+s) = x21 + · · ·+ x2r − x2r+1 − · · · − x2r+s,

♣♦✐s ❛ ♣❛rt✐r ❞❡❧❛s ♣♦❞❡✲s❡ ❝❧❛ss✐✜❝❛r t♦❞❛s ❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ ❛ss♦❝✐❛❞❛s ❛ ❡s♣❛ç♦s q✉❛✲

❞rát✐❝♦s r❡❛✐s ❡ ❝♦♠♣❧❡①❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♠✉♥✐❞♦s ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s ♥ã♦✲❞❡❣❡♥❡r❛❞❛s✳

❊s❝r❡✈❡♠♦s Cln ♣❛r❛ Cln,0 ❡ Cl∗n ♣❛r❛ Cl0,n✳

❊st❛s á❧❣❡❜r❛s tê♠ ✉♠❛ ❞❡s❝r✐çã♦ ❜❛st❛♥t❡ s✐♠♣❧❡s✿

▲❡♠❛ ✹✳✶✳✶✸✳ ❙❡ {e1✱ . . .✱ er+s} é ✉♠❛ ❜❛s❡ q✲♦rt♦❣♦♥❛❧ ❞❡ Rr+s✱ ❡♥tã♦ Clr,s é ❣❡r❛❞♦✱

❡♥q✉❛♥t♦ á❧❣❡❜r❛✱ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡st❛ ❜❛s❡ s✉❥❡✐t♦s ❛s r❡❧❛çõ❡s

eiej + ejei =





−2δij, i ≤ r

2δij, i > r.



✹✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ✶✷✾

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❈♦♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ Z2✲❣r❛❞✉❛❞♦✱ ❛s á❧❣❡❜r❛s Clr,s t❛♠❜é♠ tê♠ ✉♠❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✹✳ ❊①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

Clr,s ≃ Cl1 ⊗̂ · · · ⊗̂ Cl1 ⊗̂ Cl∗1 ⊗̂ · · · ⊗̂ Cl∗1,

♦♥❞❡ Cl1 ❛♣❛r❡❝❡ r ✈❡③❡s ❡ Cl∗1 ❛♣❛r❡❝❡ s ✈❡③❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ R1,0 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❢♦r♠❛ q✉❛❞rát✐❝❛ q(x) = x2

❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ R0,1 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❢♦r♠❛ q✉❛❞rát✐❝❛ q(x) = −x2✳

❈♦♥s✐❞❡r❛♥❞♦✲s❡ ♦s s✉❜❡s♣❛ç♦s ❞❡ Rr+s✱ spanR{ei} ≃ R1,0✱ i = 1, . . . , r✱ ❡ spanR{er+i} ≃ R0,1✱

i = 1, . . . , s✱ ✈ê✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡

Rr+s ≃ R1,0 ⊥ · · · ⊥ R1,0 ⊥ R0,1 ⊥ · · · ⊥ R0,1,

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ q✲♦rt♦❣♦♥❛❧ ❞❡ Rr+s ❡♠ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✉♠✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦✲

s❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✷ s✉❝❡ss✐✈❛♠❡♥t❡ ✭❡①❛t❛♠❡♥t❡ r + s− 1 ✈❡③❡s✮✱

Clr,s ≃ Cl1 ⊗̂ · · · ⊗̂ Cl1 ⊗̂ Cl∗1⊗̂ · · · ⊗̂ Cl∗1,

♦♥❞❡ Cl1 ❛♣❛r❡❝❡ r ✈❡③❡s ❡ Cl∗1 ❛♣❛r❡❝❡ s ✈❡③❡s✳

❊♠❜♦r❛ ✐♥t❡r❡ss❛♥t❡✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♥ã♦ é ❛♣r♦♣r✐❛❞❛ ♣❛r❛ r❡♣r❡✲

s❡♥t❛r Clr,s ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ ♠❛tr✐❝✐❛❧✱ ♦ q✉❡ é ❛❧❣♦ q✉❡ ♣♦r ✈❡③❡s ❞❡s❡❥❛♠♦s ❢❛③❡r✳ ◆❛

s❡çã♦ s❡❣✉✐♥t❡ ❧✐❞❛♠♦s ❝♦♠ ❡st❛ q✉❡stã♦✳

❊①❡♠♣❧♦ ✹✳✶✳✶✺✳ ◆♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✶ ♥ós ✈✐♠♦s q✉❡ Cl2 ≃ H✳ ❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❧á✱

♠♦str❛✲s❡ q✉❡



✶✸✵ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

✶✳ Cl1 ≃ C✱ ❝♦♠ f : R // C t❛❧ q✉❡ f(e1) = i✱

✷✳ Cl∗1 ≃ R⊕ R✱ ❝♦♠ f : R // R⊕ R t❛❧ q✉❡ f(e1) = (1,−1)✱

✸✳ Cl∗2 ≃ R(2)✱ ❝♦♠ f : R2 // R(2) t❛❧ q✉❡

f(e1) =




0 1

1 0


 ❡ f(e2) =




1 0

0 −1


 ,

✹✳ Cl1,1 ≃ R(2)✱ ❝♦♠ f : R2 // R(2) t❛❧ q✉❡

f(e1) =




0 −1

1 0


 ❡ f(e2) =




0 1

1 0


 .

❆ ♦❜s❡r✈❛çã♦ ❛ s❡❣✉✐r é ❜ás✐❝❛✱ ♠❛s ✐♠♣♦rt❛♥t❡✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✻✳ ❆ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Clr,s é ✐s♦♠♦r❢❛ ❛ ♣❛rt❡ ♣❛r ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞

Clr+1,s✱ ♣❛r❛ q✉❛✐sq✉❡r ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s r ❡ s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Cln ≃ Cl0n+1✱ q✉❛❧q✉❡r

q✉❡ s❡❥❛ ♦ ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ n✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {e1✱ . . .✱ er+s+1} ✉♠❛ ❜❛s❡ q✲♦rt♦❣♦♥❛❧ ❞❡ Rr+s+1 t❛❧ q✉❡ q(ei) = 1✱ ♣❛r❛

i = 1, . . . , r + 1✱ ❡ q(ei) = −1✱ ♣❛r❛ i = r + 2, . . . , r + s + 1✳ ❙❡❥❛ Rr+s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ei✱ ❝♦♠ i 6= r+1✱ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❢♦r♠❛

q✉❛❞rát✐❝❛ ❞❡ Rr+s+1 ⊂ Clr+1,s ❡ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : Rr+s // Cl0r+1,s ❞❛❞❛

♣♦r f(ei) = er+1ei✳ P❛r❛ x =
∑

i 6=r+1 xiei ♥ós t❡♠♦s q✉❡

f(x)2 =
∑

i,j

xixjer+1eier+1ej =
∑

i,j

xixjeiej = x2 = −q(x)1.

❆ss✐♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞✱ f ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s f̃ : Clr,s //Cl0r+1,s✳ P❛r❛ ♠♦str❛r q✉❡ ❡st❡ ❤♦♠♦♠♦r✜s♠♦ ♥❛ r❡❛❧✐❞❛❞❡



✹✳✷✳ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ✶✸✶

s❡ tr❛t❛ ❞❡ ✉♠ ✐s♦♠♦r✜s♠♦ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ f̃ é s♦❜r❡❥❡t♦r❛✱ ♣♦✐s

dimClr,s = 2r+s =
2r+s+1

2
= dimCl0r+1,s.

➱ ❢á❝✐❧ ❢❛③❡r ✐ss♦✳ ❚❡♠♦s q✉❡

f̃(1) = f̃(−e21) = −f̃(e1)2 = −er+1e1er+1e1 = 1

❡✱ ❞❛❞♦ ✉♠ ♦✉tr♦ ❡❧❡♠❡♥t♦ ei1 · · · eijeij+1
· · · eij+k

❞❛ ❜❛s❡ ❞❡ Cl0r+1,s q✉❡ ♥ã♦ ❡♥✈♦❧✈❛ er+1✱

f̃(ei1 · · · eijeij+1
· · · eij+k

) = [f̃(ei1)f̃(ei2)] · · · [f̃(eij+k−1)f̃(eij+k
)]

= [−ei1ei2e2r+1] · · · [−eij+k−1
eij+k

e2r+1]

= ei1 · · · eijeij+1
· · · eij+k

,

♣♦✐s j + k ❞❡✈❡ s❡r ✉♠ ♥ú♠❡r♦ ♣❛r ♥❡st❡ ❝❛s♦✳ ❆❣♦r❛✱ s❡ ei1 · · · eijer+1eij+1
· · · eij+k−1

é ✉♠

❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞❡ Cl0r+1,s q✉❡ ❡♥✈♦❧✈❡ er+1✱ ❡♥tã♦ f̃(ei1 · · · eijeij+1
· · · eij+k−1

) é ✐❣✉❛❧ ❛

[f̃(ei1) · · · f̃(eij)]f̃(eij+1
)[f̃(eij+2

)f̃(eij+k−1
)] ♦✉ [f̃(ei1) · · · f̃(eij−1

)]f̃(eij)[f̃(eij+1
) · · · f̃(eij+k−1

)].

❊♠ q✉❛❧q✉❡r ❞♦s ❝❛s♦s✱ f̃(ei1 · · · eijeij+1
· · · eij+k−1

) é ✐❣✉❛❧ ❛ ei1 · · · eijer+1eij+1
· · · eij+k−1

✱ ❛

♠❡♥♦s ❞❡ s✐♥❛❧✱ ♦ q✉❡ ♣♦❞❡ s❡r ❝♦rr✐❣✐❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳

✹✳✷ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞

❆s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ r❡❛✐s ❡ ❝♦♠♣❧❡①❛s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❝❧❛ss✐✜❝❛❞❛s ♣♦rq✉❡ ❡❧❛s ❛♣r❡✲

s❡♥t❛♠ ✉♠❛ ❝❡rt❛ ♣❡r✐♦❞✐❝✐❞❛❞❡✳ ❆ ♦❜s❡r✈❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡st❛ ❝❧❛ss✐✜❝❛çã♦ ❝♦♥s✐st❡

❞♦s s❡❣✉✐♥t❡s ✐s♦♠♦r✜s♠♦s✿



✶✸✷ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❚❡♦r❡♠❛ ✹✳✷✳✶✳ ❊①✐st❡♠ ✐s♦♠♦r✜s♠♦s

Cl0,n+2 ≃ Cln,0 ⊗ Cl0,2, Cln+2,0 ≃ Cl0,n ⊗ Cl2,0 ❡ Clr+1,s+1 ≃ Clr,s ⊗ Cl1,1,

♣❛r❛ t♦❞♦ n, r, s ≥ 0✳

❉❡♠♦♥str❛çã♦✳ ❖s ❞♦✐s ♣r✐♠❡✐r♦s ✐s♦♠♦r✜s♠♦s sã♦ ❛♥á❧♦❣♦s✱ ♣♦r ✐ss♦✱ ✈❛♠♦s ❥✉st✐✜❝❛r s♦✲

♠❡♥t❡ ♦ ♣r✐♠❡✐r♦ ❞❡❧❡s✳ P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ {e1, . . . , en+2} ❞❡ Rn+2✱ ♦♥❞❡

Rn+2 ❡stá ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛

q(x1, . . . , xn+2) = −x21 − · · · − x2n+2,

❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ❣❡r❛❞♦r❡s {e′1, . . . , e′n} ❡ {e′′1, e′′2} ❞❡ Cln,0 ❡ Cl0,2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛

f : Rn+2 // Cln,0 ⊗ Cl0,2 ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r t❛❧ q✉❡

f(ei) =





e′i ⊗ e′′1e
′′
2, i = 1, . . . , n

1⊗ e′′i−n, i = n+ 1, n+ 2.

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ i, j = 1, . . . , n✱

f(ei)f(ej) + f(ej)f(ei) = (e′ie
′
j + e′je

′
i)⊗ (−1) = 2δij1⊗ 1,

❡♥q✉❛♥t♦ ♣❛r❛ i, j = 1, 2✱

f(en+i)f(en+j) + f(en+j)f(en+i) = 1⊗ (e′′i e
′′
j + e′′j e

′′
i ) = 2δij1⊗ 1

❡✱ ♣❛r❛ i = 1, . . . , n ❡ j = 1, 2✱

f(ei)f(en+j) + f(en+j)f(ei) = e′i ⊗ e′′1e
′′
2e

′′
j + e′i ⊗ e′′j e

′′
1e

′′
2 = 0.



✹✳✷✳ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ✶✸✸

P♦r ❡st❛ r❛③ã♦✱ s❡ x =
∑n+2

i=1 xiei✱ t❡♠♦s q✉❡

f(x)2 =

(
n+2∑

i=1

f(ei)

)(
n+2∑

j=1

f(ej)

)

=
n∑

i,j=1

xixjf(ei)f(ej) +
n+2∑

i,j=n+1

xixjf(ei)f(ej)

=
∑

1≤i≤j≤n

xixj(f(ei)f(ej) + f(ej)f(ei))

+
∑

n+1≤i≤j≤n+2

xixj(f(ei)f(ej) + f(ej)f(ei))

=
n∑

i,j=1

δijxixj1⊗ 1 +
n+2∑

i,j=n+1

δijxixj1⊗ 1

= −q(x1, . . . , xn+2)1⊗ 1,

♦ q✉❡ ❣❛r❛♥t❡ q✉❡ f ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

f̃ : Cl0,n+2
// Cln,0 ⊗ Cl0,2.

❊st❡ ❤♦♠♦♠♦r✜s♠♦ é s♦❜r❡❥❡t♦r✱ ♣♦✐s t♦❞♦s ♦s ❣❡r❛❞♦r❡s ❞❡ Cln,0 ⊗ Cl0,2 sã♦ ✐♠❛❣❡♥s ❞❡

❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❡ Cl0,n+2✳ ❉❡ ❢❛t♦✱ f̃(1) = f̃(e21) = f̃(e1)
2 = 1⊗ 1 ❡

f̃((−1)k+1ei1 · · · eiken+j1en+j2) = f̃((−1)k+1ei1 · · · eik)(1⊗ e′′j1)(1⊗ e′′j2)

= [(−1)k+1(−1)k−1ei1 · · · eik ⊗ 1][1⊗ e′′j1e
′′
j2
]

= e′i1 · · · e′ik ⊗ e′′j1e
′′
j2
.

❆❧é♠ ❞✐ss♦✱

dimCln+2,0 = 2n+2 = 2n · 22 = dim(Cl0,n) · dim(Cl0,2) = dim(Cl0,n ⊗ Cl0,2).

P♦rt❛♥t♦✱ f̃ ❞❡✈❡ s❡r ✉♠ ✐s♦♠♦r✜s♠♦✳



✶✸✹ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

P❛r❛ ✈❡r✐✜❝❛r ♦ t❡r❝❡✐r♦ ✐s♦♠♦r✜s♠♦ ❞♦ ❡♥✉♥❝✐❛❞♦ ❞❡st❡ t❡♦r❡♠❛✱ ❝♦♥s✐❞❡r❡ ❜❛s❡s ♦rt♦✲

♥♦r♠❛✐s {e1, . . . , er+s+2}✱ {e′1, . . . , e′r+s} ❡ {e′′1, e′′2} ❞♦s ❡s♣❛ç♦s q✉❛❞rát✐❝♦s (Rr+s+2, qr+1,s+1)✱

(Rr+s, qr,s) ❡ (R2, q1,1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : Rr+s+2 // Clr,s ⊗ Cl1,1

❞❛❞❛ ♣♦r

ei 7→ e′i ⊗ e′′1e
′′
2, i = 1, . . . , r

er+1 7→ 1⊗ e′′1,

e(r+1)+i 7→ e′(r+1)+i ⊗ e′′1e
′′
2, i = 1, . . . , s

e(r+1)+(s+1) 7→ 1⊗ e′′2.

❈á❧❝✉❧♦s ❛♥á❧♦❣♦s àq✉❡❧❡s q✉❡ ❛❝❛❜❛♠♦s ❞❡ r❡❛❧✐③❛r ❥✉st✐✜❝❛♠ ♦ ✐s♦♠♦r✜s♠♦ ❡♠ q✉❡stã♦✳

P❛r❛ ❛♣❧✐❝❛r ❡st❛ ♣r♦♣♦s✐çã♦✱ ✈❛♠♦s ♣r❡❝✐s❛r ❛✐♥❞❛ ❞❡ ❛❧❣✉♥s ✐s♦♠♦r✜s♠♦s ❡♥tr❡ á❧❣❡❜r❛s

♠❛tr✐❝✐❛✐s✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✷✳ ➱ ✈❡r❞❛❞❡ q✉❡

✶✳ R(n)⊗ R(m) ≃ R(nm)✱ ♣❛r❛ q✉❛✐sq✉❡r n ❡ m✱

✷✳ R(n)⊗R F ≃ F(n)✱ ♣❛r❛ F = C ♦✉ F = H ❡ t♦❞♦ n✱

✸✳ C⊗R C ≃ C⊕ C✱

✹✳ C⊗R H ≃ C(2)✱

✺✳ H⊗R H ≃ R(4)✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷❪✱ ♣✳ ✷✻✳

❊①❡♠♣❧♦ ✹✳✷✳✸✳ ❖ ❚❡♦r❡♠❛ ✹✳✷✳✶ ❣❛r❛♥t❡ q✉❡

Cl0,8 ≃ Cl2,0 ⊗ Cl0,2 ⊗ Cl2,0 ⊗ Cl0,2.



✹✳✷✳ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ✶✸✺

❈♦♠♦ ❥á ✈✐♠♦s q✉❡ Cl2,0 ≃ H ❡ Cl0,2 ≃ H✱ ❡♥tã♦

Cl0,8 ≃ H⊗ R(2)⊗H⊗ R(2) ≃ R(4)⊗ R(2)⊗ R(2) ≃ R(16),

♦♥❞❡ ♦s ❞♦✐s ú❧t✐♠♦s ✐s♦♠♦r✜s♠♦s sã♦ ❞❡✈✐❞♦s ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❋✐♥❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❢❛③❡r ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ r❡❛✐s ❡ ❝♦♠♣❧❡①❛s✳ ❆♥t❡s

❞✐ss♦✱ ♣♦ré♠✱ ♦❜s❡r✈❡ q✉❡ ❛ ❝♦♠♣❧❡①✐✜❝❛çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Clr,s é✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

✉♥✐✈❡rs❛❧ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞✱ ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ ✭s♦❜r❡ C✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❢♦r♠❛

q✉❛❞rát✐❝❛ ❝♦♠♣❧❡①✐✜❝❛❞❛✱ ♦✉ s❡❥❛✱

Clr,s ⊗R C ≃ Cl(Cr+s, q ⊗ C).

❈♦♠♦ t♦❞❛s ❛s ❢♦r♠❛s q✉❛❞rát✐❝❛s ♥ã♦✲❞❡❣❡♥❡r❛❞❛s ❡♠ Cn sã♦ ❡q✉✐✈❛❧❡♥t❡s s♦❜r❡ Cl(Cn, qC)✱

♣♦❞❡♠♦s s✉♣♦r q✉❡

qC(z1, . . . , zn) = z21 + · · ·+ z2n

❡ ❝♦♠ ❡❧❛ ❞❡✜♥✐r Cln = Cl(Cn, qC)✳

❚❡♦r❡♠❛ ✹✳✷✳✹✳ P❛r❛ t♦❞♦ n ≥ 0✱ ✈❛❧❡♠ ♦s ✐s♦♠♦r✜s♠♦s

Cln+8,0 ≃ Cln,0 ⊗ Cl8,0,

Cl0,n+8 ≃ Cl0,n ⊗ Cl0,8,

Cln+2 ≃ Cln ⊗C Cl2,

♦♥❞❡ Cl8,0 ≃ Cl0,8 ≃ R(16) ❡ Cl2 = C(2)✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦s ❞♦✐s ♣r✐♠❡✐r♦s ✐s♦♠♦r✜s♠♦s ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✶✱ ♥ós ✈❡♠♦s q✉❡✱ ♣❛r❛



✶✸✻ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

q✉❛❧q✉❡r ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ n✱

Cln+8,0 ≃ Cln,0 ⊗ Cl0,2 ⊗ Cl2,0 ⊗ Cl0,2 ⊗ Cl2,0.

❯s❛♥❞♦ ♦s ❊①❡♠♣❧♦s ✹✳✶✳✶✶ ❡ ✹✳✶✳✶✺ ❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✷✱ ✈❡♠♦s ❡♥tã♦ q✉❡

Cln+8,0 ≃ Cln,0 ⊗H⊗H⊗ R(2)⊗ R(2) ≃ Cln,0 ⊗ R(4)⊗ R(4) ≃ Cln,0 ⊗ R(16).

■st♦ ❣❛r❛♥t❡ q✉❡ Cln+8,0 ≃ Cln,0⊗Cl8,0✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♠♦str❛✲s❡ q✉❡ Cl0,n+8 ≃ Cl0,n⊗Cl0,8✳

P❛r❛ ✈❡r✐✜❝❛r ♦ ú❧t✐♠♦ ✐s♦♠♦r✜s♠♦✱ ♥♦t❡ q✉❡

Cln ≃ Cln,0 ⊗R C ≃ Cln−1,1 ⊗R C ≃ · · · ≃ Cl0,n ⊗R C

❡✱ ♣♦r ✐ss♦✱ q✉❡ Cln+2 ≃ Cln+2,0 ⊗ C ≃ Cln,0 ⊗ Cl0,2 ⊗ C ≃ Cln ⊗C Cl2✳

❈♦r♦❧ár✐♦ ✹✳✷✳✺✳ ❚♦❞❛s ❛s á❧❣❡❜r❛s Cln,0✱ Cl0,n ❡ Cln ♣♦❞❡♠ s❡r ❞❡❞✉③✐❞❛s ❞❛s t❛❜❡❧❛s s❡✲

❣✉✐♥t❡s✿

❚❛❜❡❧❛ ✹✳✶✿

Cln,0 C H H⊕ H H(2)

Cl0,n R⊕ R R(2) C(2) H(2)

Cln C⊕ C C(2) C(2)⊕ C(2) C(4)

1 2 3 4

❚❛❜❡❧❛ ✹✳✷✿

Cln,0 C(4) R(8) R(8)⊕ R(8) R(16)

Cl0,n H(2)⊕ H(2) H(4) C(8) R(16)

Cln C(4)⊕ C(4) C(8) C(8)⊕ C(8) C(16)

5 6 7 8

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❛♣❧✐❝❛r ♦s ❚❡♦r❡♠❛s ✹✳✷✳✶ ❡ ✹✳✷✳✹ ❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✷✳



✹✳✷✳ ❈❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ✶✸✼

❈♦♠❜✐♥❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❛s t❛❜❡❧❛s ❛❝✐♠❛ ❝♦♠ ♦s ✐s♦♠♦r✜s♠♦s

Clr,s ⊗ Cl1,1 ≃ Clr+1,s+1 ❡ Cl1,1 ≃ R(2),

♦❜t❡♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❝♦♠♣❧❡t❛ ❞❛s á❧❣❡❜r❛s ❞❡ ❈❧✐✛♦r❞ r❡❛✐s✱ ❝✉❥♦ ♣r✐♠❡✐r♦ ♣❡rí♦❞♦ r❡s✉✲

♠✐♠♦s ♥❛s t❛❜❡❧❛s ❛❜❛✐①♦✳

❚❛❜❡❧❛ ✹✳✸✿

✽ R(16) C(16) H(16) H(16)⊕ H(16) H(32)

✼ C(8) H(8) H(8)⊕ H(8) H(16) C(32)

✻ H(4) H(4)⊕ H(4) H(8) C(16) R(32)

✺ H(2)⊕ H(2) H(4) C(8) R(16) R(16)⊕ R(16)

✹ H(2) C(4) R(8) R(8)⊕ R(8) R(16)

✸ C(2) R(4) R(4)⊕ R(4) R(8) C(8)

✷ R(2) R(2)⊕ R(2) R(4) C(4) H(4)

✶ R⊕ R R(2) C(2) H(2) H(2)⊕ H(2)

✵ R C H H⊕ H H(2)

✳ 0 1 2 3 ✹

❚❛❜❡❧❛ ✹✳✹✿

✽ C(64) R(128) R(128)⊕R(128) R(256)

✼ R(64) R(64)⊕ R(64) R(128) C(128)

✻ R(32)⊕ R(32) R(64) C(64) H(64)

✺ R(32) C(32) H(32) H(32)⊕ H(32)

✹ C(16) H(16) H(16)⊕ H(16) H(32)

✸ H(8) H(8)⊕ H(8) H(16) C(32)

✷ H(4)⊕ H(4) H(8) C(16) R(32)

✶ H(4) C(8) R(16) R(16)⊕ R(16)

✵ C(4) R(8) R(8)⊕ R(8) R(16)

✳ 5 6 7 ✽



✶✸✽ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

✹✳✸ ❖s ❣r✉♣♦s P✐♥ ❡ ❙♣✐♥

❈♦♥t✐♥✉❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ❡s♣❛ç♦s q✉❛❞rát✐❝♦s ♥ã♦✲❞❡❣❡♥❡r❛❞♦s ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❙❡❥❛ Cl×(V, q) ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❛s ✉♥✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ Cl(V, q)✱ ✐st♦ é✱

Cl×(V, q) = {w ∈ Cl(V, q) | ❡①✐st❡ w−1 ∈ Cl(V, q) ❝♦♠ w−1w = ww−1 = 1}.

❖s ❡❧❡♠❡♥t♦s ❞❡ Cl×(V, q) ❛❣❡♠ ❝♦♠♦ ❛✉t♦♠♦r✜s♠♦s ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐❢❢♦r❞ ♣♦r ♠❡✐♦ ❞❛

r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛✿

Ãd : Cl×(V, q) // Aut(Cl(V, q)), Ãd(w)(x) = α(w)xw−1.

❙❡❥❛ Ãdw(x) := Ãd(w)(x)

Pr♦♣♦s✐çã♦ ✹✳✸✳✶✳ ❙❡ v ∈ V ⊂ Cl(V, q) é t❛❧ q✉❡ q(v) 6= 0✱ ❡♥tã♦

Ãdv(u) = u− 2
g(v, u)

q(v)
v,

q✉❛❧q✉❡r q✉❡ s❡❥❛ u ∈ V ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ q(v) 6= 0✱ v é ✐♥✈❡rsí✈❡❧ ❡ v−1 = −v/q(v)✳ ❆ss✐♠✱

q(v)Ãdv(u) = −q(v)vuv−1 = vuv = v(−vu− 2g(v, u)) = q(v)u− 2g(v, u)v,

♣❛r❛ t♦❞♦ u ∈ V ✳

❯s❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛✱ ❞❡✜♥❛ ♦ s✉❜❣r✉♣♦

P̃(V, q) = {w ∈ Cl×(V, q) | Ãdw(V ) = V }

❞❡ Cl×(V, q)✳ ❚❡♠✲s❡ ♦ s❡❣✉✐♥t❡✿



✹✳✸✳ ❖s ❣r✉♣♦s P✐♥ ❡ ❙♣✐♥ ✶✸✾

Pr♦♣♦s✐çã♦ ✹✳✸✳✷✳ ❖ ♥ú❝❧❡♦ ❞♦ ❤♦♠♦♠♦r✜s♠♦ Ãd : P̃(V, q) //GL(V ) é ❡①❛t❛♠❡♥t❡ ♦ ❣r✉♣♦

Ḟ ❞♦s ❡❧❡♠❡♥t♦s ♥ã♦✲♥✉❧♦s ❞♦ ❝♦r♣♦ F s♦❜r❡ ♦ q✉❛❧ V ❡stá ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ w ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Cl×(V, q) ❡ s✉♣♦♥❤❛ q✉❡ w ∈ ker(Ãd)✳ ❊♥tã♦ Ãdw =

idV ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ α(w)v = vw ♣❛r❛ t♦❞♦ v ∈ V ✳ ❉❡❝♦♠♣♦♥❤❛ w ❡♠ s✉❛s ♣❛rt❡s ♣❛r ❡

í♠♣❛r✱

w = w0 + w1, w0 ∈ Cl0(V, q), w1 ∈ Cl1(V, q).

❙❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ α(w)v = vw ♣❛r❛ t♦❞♦ v ∈ V q✉❡

vw0 = w0v ❡ − vw1 = w1v,

q✉❛❧q✉❡r q✉❡ s❡❥❛ v ∈ V ✳ ❏á ❛r❣✉♠❡♥t❛♠♦s q✉❡ w0 ❡ w1 ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦ ❝♦♠❜✐♥❛✲

çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣❛❧❛✈r❛s ♥♦s ✈❡t♦r❡s ❞❡ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {e1, . . . , en} ❞❡ V ✳ ❆♣❧✐❝❛çõ❡s

s✉❝❡ss✐✈❛s ❞❛ r❡❧❛çã♦

eiej = −ejei − 2g(vi, vj),

✈á❧✐❞❛ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✱ ❝♦❧♦❝❛♠ w0

❡ w1 ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ♥❛s ❢♦r♠❛s

w0 = w′
0 + e1w

′′
0 ❡ w1 = w′′

1 + e1w
′
1,

♦♥❞❡ w′
0✱ w

′′
0 ✱ w

′
1 ❡ w′′

1 ♥ã♦ ❡♥✈♦❧✈❡♠ e1✳ P♦r s✉❛ ✈❡③✱ ❛♣❧✐❝❛çõ❡s ❞♦ ❛✉t♦♠♦r✜s♠♦ α às

❡①♣r❡ssõ❡s ❛❝✐♠❛ ♠♦str❛♠ q✉❡

w′
0 + e1w

′′
0 = w0 = α(w0) = α(w′

0)− e1α(w
′′
0)

❡

−w′′
1 − e1w

′
1 = −w1 = α(w1) = α(w′′

1)− e1α(w
′
1).



✶✹✵ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❱❡♠♦s ❞❛í q✉❡ w′
0 ❡ w′

1 sã♦ ❡❧❡♠❡♥t♦s ♣❛r❡s✱ ❡♥q✉❛♥t♦ w′′
0 ❡ w′′

1 sã♦ ❡❧❡♠❡♥t♦s í♠♣❛r❡s✳ ❏á

e1w
′
0 + e21w

′′
0 = e1w0 = w0e1 = w′

0e1 + e1w
′′
0e1 = e1w

′
0 − e21w

′′
0

❡

−e1w′′
1 − e21w

′
1 = −e1w1 = w1e1 = w′′

1e1 + e1w
′
1e1 = −e1w′′

1 + e21w
′
1

✐♠♣❧✐❝❛♠ q✉❡ 2w′′
0 = 0 ❡ 2w′′

1 = 0✱ ♦✉ s❡❥❛✱ q✉❡ w′′
0 = 0 ❡ w′′

1 = 0✳ P♦rt❛♥t♦✱ w0 ❡ w1 ♥ã♦

❞❡♣❡♥❞❡♠ ❞❡ e1✳ ❈♦♠♦ V é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣♦❞❡♠♦s r❡♣❡t✐r ❡st❡

♣r♦❝❡❞✐♠❡♥t♦ ♠❛✐s ❛❧❣✉♠❛s ✈❡③❡s ❡ ❝♦♥❝❧✉✐r ❛♦ ✜♥❛❧ q✉❡ t❛♥t♦ w0 ❝♦♠♦ w1 ♥ã♦ ❞❡♣❡♥❞❡♠

❞❡ ♥❡♥❤✉♠ ❞♦s ✈❡t♦r❡s e1, . . . , en✳ ◆❡st❡ ❝❛s♦✱ ❛♠❜♦s ♣❡rt❡♥❝❡♠ ❛ F✳ ❆ss✐♠ t❛♠❜é♠ t❡♠♦s

q✉❡ w = w0 + w1 ∈ F✳ ❙ó q✉❡ w 6= 0✱ ♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ Cl×(V, q)✱ ❣r✉♣♦ ❛♦ q✉❛❧ w

♣❡rt❡♥❝❡✳ ❉❡st❛ ❢♦r♠❛✱ w ∈ Ḟ✱ ❝♦♠♦ ❣♦st❛rí❛♠♦s ❞❡ ♠♦str❛r✳

■♥tr♦❞✉③✐♠♦s ♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❛ ❢✉♥çã♦ ♥♦r♠❛✳ ❙✉❛ ✐♠♣♦rtâ♥❝✐❛ ✜❝❛ ❛❣♦r❛

❡✈✐❞❡♥t❡✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✸✳ ❆ r❡str✐çã♦ ❞❛ ❢✉♥çã♦ ♥♦r♠❛ N ❛♦ ❣r✉♣♦ P̃(V, q) ❢♦r♥❡❝❡ ✉♠ ❤♦♠♦♠♦r✲

✜s♠♦ N : P̃(V, q) // Ḟ✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ w ∈ P̃(V, q)✱ t❡♠✲s❡ ♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ P̃(V, q) q✉❡ α(w)vw−1 é

✉♠ ❡❧❡♠❡♥t♦ ❞❡ V ✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ v ∈ V ✳ ❈♦♠♦

α(w)vw−1 = (α(w)vw−1)t = (w−1)tvα(w)t = (wt)−1vα(wt),

❡♥tã♦✱ t❛♠❜é♠✱

v = wtα(w)vw−1(α(wt))−1 = α[α(wt)w]v[α(wt)w]−1 = Ãdα(wt)w(v),

♣❛r❛ t♦❞♦ v ∈ V ✳ ❆ss✐♠✱ α(wt)w ∈ ker(Ãd)✳ ❚❛♠❜é♠✱ ❝♦♠♦ ♦ ❛♥t✐✲❛✉t♦♠♦r✜s♠♦ tr❛♥s♣♦s✐✲
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çã♦ ♣r❡s❡r✈❛ P̃(V, q)✱ ❡♥tã♦ α(wt) ∈ P̃(V, q)✳ ❉❡ ❢❛t♦✿

✶✳ α((wt)−1) é ✐♥✈❡rs❛ ❞❡ α(wt)❀

✷✳ w ∈ P̃(V, q) ✐♠♣❧✐❝❛ q✉❡ Ãdα(w−t)(v) ∈ V ♣❛r❛ t♦❞♦ v ∈ V ✱ ❡♥q✉❛♥t♦ w−1 ∈ P̃(V, q)

✐♠♣❧✐❝❛ q✉❡

Ãdα(wt)(v) = α(α(wt))vα(wt)−1 = wtvα(wt)−1 = (α(w−1)vw)t ∈ V

♣❛r❛ t♦❞♦ v ∈ V ❀

✸✳ ❉❛❞♦ q✉❛❧q✉❡r v′ ∈ V ✱ ♥ós t❡♠♦s q✉❡

w−tv′α(w)t = α(α(w−t))v′α(wt) = Ãdα(w−t)v
′ ∈ V

❡ Ãdα(wt)(w
−tv′α(w)t) = v′✳

▲♦❣♦✱ α(wt)w ∈ P̃(V, q)✱ ♦ q✉❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❛ss❡❣✉r❛ q✉❡ α(wt)w ∈

Ḟ✳ ❆♣❧✐❝❛♥❞♦ α✱ ✈❡♠♦s t❛♠❜é♠ q✉❡ wtα(w) = N(wt) ∈ Ḟ✳ ▼❛s ♠❛✐s ✉♠❛ ✈❡③✱ ❝♦♠♦ ♦ ❛♥t✐✲

❛✉t♦♠♦r✜s♠♦ tr❛♥s♣♦s✐çã♦ ♣r❡s❡r✈❛ P̃(V, q)✱ ❝♦♥❝❧✉í♠♦s q✉❡N(w) ∈ Ḟ ♣❛r❛ t♦❞♦ w ∈ P̃(V, q)✳

P♦r ✜♠✱ ❞❛❞♦s w1✱ w2 ∈ P̃ (V, q)✱ ✈❡♠♦s q✉❡

N(w1w2) = w1w2α(w
t
2)α(w

t
1) = w1N(w2)α(w

t
1) = w1α(w

t
1)N(w2) = N(w1)N(w2).

▲♦❣♦✱ N é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

❈♦r♦❧ár✐♦ ✹✳✸✳✹✳ ❆s tr❛♥s❢♦r♠❛çõ❡s Ãdw : V // V ♣❛r❛ w ∈ P̃(V, q) ♣r❡s❡r✈❛♠ ❛ ❢♦r♠❛

q✉❛❞rát✐❝❛ q ❞❡ V ✳ P♦rt❛♥t♦✱ ❛ r❡str✐çã♦ Ãd|P̃(V,q) ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ t♦♠❛

✈❛❧♦r❡s ❡♠ O(V, q)✳



✶✹✷ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♣❛r❛ w ∈ P̃(V, q) ♥ós t❡♠♦s q✉❡

N(α(w)) = α(w)wt = α(N(w)) = N(w),

❡♥tã♦✱ ♣❛r❛ v ∈ V t❛❧ q✉❡ q(v) 6= 0✱ ♥ós t❡♠♦s q✉❡

N(Ãdw(v)) = N(α(w)vw−1) = N(α(w))N(v)N(w−1) = N(w)N(w−1)N(v) = N(v).

❈♦♠♦ N(w) = q(v) ♣❛r❛ v ∈ V ✱ ✈❡♠♦s q✉❡ Ãdw ♣r❡s❡r✈❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ t♦❞♦ ✈❡t♦r

♥ã♦✲♥✉❧♦✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡ Ãdw−1 ♠♦str❛ ❡♥tã♦ q✉❡ Ãdw(V ×) = V ×✱ ♦ q✉❡ q✉❡r ❞✐③❡r q✉❡ Ãdw

♣r❡s❡r✈❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❞❡ q✲♥♦r♠❛ ♥ã♦✲♥✉❧❛✳ P♦rt❛♥t♦✱ Ãdw é q✲♦rt♦❣♦♥❛❧✳

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡ t♦❞♦ v ∈ V t❛❧ q✉❡ q(v) 6= 0 é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Cl×(V, q)✱ ♣♦✐s −v/q(v) =

v−1✳ ❙❡❥❛ V × ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s ❡❧❡♠❡♥t♦s ❡ P(V, q) ♦ s✉❜❣r✉♣♦ ❞❡ Cl×(V, q) ❣❡r❛❞♦ ♣♦r V ×✱

♦✉ s❡❥❛✱

P(V, q) = {v1 · · · vr ∈ Cl(V, q) | v1, . . . , vr ∈ V ×}.

❉❡✜♥✐çã♦ ✹✳✸✳✺✳ ❖ ❣r✉♣♦ P✐♥ ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q) é ♦ s✉❜❣r✉♣♦ Pin(V, q) ❞❡

P(V, q) ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s v ∈ V × t❛✐s q✉❡ q(v) = ±1✳ ❖ ❣r✉♣♦ ❙♣✐♥ ❛ss♦❝✐❛❞♦ ❛ ❡❧❡ é

❞❡✜♥✐❞♦ ♣♦r

Spin(V, q) = Pin(V, q) ∩ Cl0(V, q).

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✿

Pin(V, q) = {v1 · · · vr ∈ P(V, q) | q(vi) = ±1 ♣❛r❛ t♦❞♦ i = 1, . . . , r},

Spin(V, q) = {v1 · · · vr ∈ Pin(V, q) | r é ✉♠ ♥ú♠❡r♦ ♣❛r}.

◆♦t❡ q✉❡ P(V, q) ⊂ P̃(V, q)✳ ❆ss✐♠ Ãd : P (V, q) //O(V, q) é t❛❧ q✉❡ Ãdv1···vr = ρv1◦· · ·◦ρvr ✱
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♦♥❞❡

ρv(w) = w − 2
g(w, v)

q(v)
v

é ❛ r❡✢❡①ã♦ ❡♠ v⊥✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ P(V, q) ♣❡❧❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛

t♦r❝✐❞❛ é ❡①❛t❛♠❡♥t❡ ♦ ❣r✉♣♦ ❣❡r❛❞♦ ♣♦r r❡✢❡①õ❡s✳ ❖❝♦rr❡ q✉❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(V, q)

❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛♠❜é♠ é ❣❡r❛❞♦ ♣♦r r❡✢❡①õ❡s

✭t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é✮✳ ❊♥tã♦✱ ❡st❛ ✐♠❛❣❡♠ ❞❡✈❡ ❝♦✐♥❝✐❞✐r ❝♦♠ ♦ ♣ró♣r✐♦ O(V, q)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡

SP (V, q) = P (V, q) ∩ Cl0(V, q),

❡♥tã♦ Ãd : SP (V, q) // SO(V, q) t❛♠❜é♠ é ✉♠❛ s♦❜r❡❥❡çã♦✱ ♣♦✐s det ρv = −1 ❡ SO(V, q) é

❣❡r❛❞♦ ♣♦r ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ t❛✐s r❡✢❡①õ❡s✳

◆❛ r❡❛❧✐❞❛❞❡✱ ❛s r❡str✐çõ❡s ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ ❛ Pin(V, q) ❡ Spin(V, q) sã♦

s♦❜r❡❥❡t♦r❛s s♦❜r❡ O(V, q) ❡ SO(V, q)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❡ é ♦ ❝❛s♦✱ ♣♦rq✉❡ ρtv = ρv ♣❛r❛

t♦❞♦ ❡s❝❛❧❛r ♥ã♦✲♥✉❧♦ t ∈ Ḟ✱ ♦♥❞❡ F é ✉♠ ❝♦r♣♦ s♣✐♥✱ ✐st♦ é✱ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s ♥♦ q✉❛❧ ❛♦ ♠❡♥♦s ✉♠❛ ❞❛s ❡q✉❛çõ❡s t2 = a ❡ t2 = −a ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ♣❛r❛

❝❛❞❛ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦ a ∈ Ḟ✳ ❖ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ❡ ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

sã♦ ❡①❡♠♣❧♦s ❞❡ ❝♦r♣♦s s♣✐♥✳

❚❡♦r❡♠❛ ✹✳✸✳✻✳ ❙❡❥❛ (V, q) ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡

✉♠ ❝♦r♣♦ s♣✐♥ F✳ ❊①✐st❡♠ s❡qüê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

1 // F // Spin(V, q) Ãd // SO(V, q) // 1,

1 // F // Pin(V, q) Ãd //O(V, q) // 1,

♦♥❞❡

F =





Z2 = {1,−1}, s❡
√
−1 6= F,

Z4 = {±1,±
√
−1}, ❝❛s♦ ❝♦♥trár✐♦.



✶✹✹ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ w = v1 · · · vk ∈ Pin(V, q) t❛♠❜é♠ s❡❥❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ker(Ãd)✳

❊♥tã♦ w ∈ F× ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✷✳ ❆ss✐♠✱

w2 = N(w) = N(v1) · · ·N(vr) = q(v1) · · · q(vr) = ±1

❡✱ ♣♦rt❛♥t♦✱ w é ✉♠❛ r❛✐③ ❞❡ ✉♠ ❞♦s ♣♦❧✐♥ô♠✐♦s x2±1 ❞❡ ❝♦❡✜❝✐❡♥t❡s ❡♠ F✳ ▲♦❣♦✱ F é ❝♦♠♦ ♥♦

❡♥✉♥❝✐❛❞♦✳ ❱❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ Ãdtv = Ãdv✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ t ∈ Ḟ✱ ❞❡ ♠♦❞♦ q✉❡ t♦❞♦

v ∈ V × ♣♦❞❡ s❡r ♥♦r♠❛❧✐③❛❞♦✳ ❉❡ ❢❛t♦✱ ♣❛r❛ q✉❡ ✐st♦ s❡❥❛ ♣♦ssí✈❡❧ ❜❛st❛ q✉❡ x2 = ±a ∈ F

t❡♥❤❛ r❛í③❡s ❡♠ F✱ ❥á q✉❡ q(tv) = t2q(v) = ±t2✱ ❡ ✐st♦ é ❣❛r❛♥t✐❞♦ ♣♦r ❤✐♣ót❡s❡✳ P♦r s✉❛

✈❡③✱ ♦ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é ❡ ♦ ❈♦r♦❧ár✐♦ ✹✳✸✳✹ ❣❛r❛♥t❡♠ q✉❡ t♦❞❛ tr❛♥s❢♦r♠❛çã♦

♦rt♦❣♦♥❛❧ f ∈ O(V, q) é t❛❧ q✉❡

f = Ãdv1···vr ,

♣❛r❛ ❛❧❣✉♠ v1 · · · vr ∈ P (V, q)✳ P❡❧♦ q✉❡ ❞✐ss❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱

f = Ãd(t1v1)···(trvr),

♣❛r❛ t1, . . . , tr ∈ F ❛♣r♦♣r✐❛❞❛♠❡♥t❡ ❡s❝♦❧❤✐❞♦s ♣❛r❛ q✉❡ q(tivi) = ±1✳ ▲♦❣♦✱ ❛ r❡str✐çã♦ ❞❛

r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ à Pin(V, q) é s♦❜r❡❥❡t♦r❛✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♠♦str❛✲s❡ ❛

s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛ r❡str✐çã♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ à Spin(V, q)✳

◆ós ❡①❛♠✐♥❛♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ (V, q) = (Rr+s, qr,s)✳ ❉❡✜♥✐♠♦s

Or,s := O(V, q), SOr,s := SO(V, q), Pinr,s := Pin(V, q) ❡ Spinr,s := Spin(V, q)

♥❡st❡ ❝❛s♦✳ ◗✉❛♥❞♦ Or,s = Or,0 ≃ O0,s ♦✉ SOr,s = SOr,0 ≃ SO0,s✱ t❛♠❜é♠ ❞❡✜♥✐♠♦s

Or,0 := Or, SOr,0 := SOr, Pinr,0 := Pinr ❡ Spinr,0 := Spinr .
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➱ ✉♠ ❢❛t♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ q✉❡ SOn é ❝♦♥❡①♦ ❡ q✉❡✱ ♣❛r❛ r, s ≥ 1✱ SOr,s t❡♠ ❡①❛t❛♠❡♥t❡

❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ❙❡❥❛ SO0
r,s ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ q✉❡ ❝♦♥té♠ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡

SOr,s✳ ❚❛♠❜é♠ é ✉♠ r❡s✉❧t❛❞♦ ❝❧áss✐❝♦ q✉❡✱ ♣❛r❛ n ≥ 3✱ π1(SOn) ≃ Z2 ❡ q✉❡

π1(SO
0
r,s) ≃ π1(SOr)× π1(SOs)

♣❛r❛ t♦❞♦ r, s✳ P♦rt❛♥t♦✱ π1(SO0
1,r) = π1(SO

0
r,1) = Z2 ❡ π1(SO0

r,s) = Z2 × Z2 ♣❛r❛ t♦❞♦

r, s ≥ 3✳ ❙❡❣✉❡ ❞❛í q✉❡✱

❚❡♦r❡♠❛ ✹✳✸✳✼✳ ❊①✐st❡♠ s❡qüê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

1 // Z2
// Spinr,s // SOr,s

// 1 ❡ 1 // Z2
// Pinr,s //Or,s

// 1

♣❛r❛ t♦❞♦ ♣❛r (r, s) ❞❡ ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s✳ ❙❡ (r, s) 6= (1, 1)✱ ❡st❡s r❡❝♦❜r✐♠❡♥t♦s ❞❡ ❞✉❛s

❢♦❧❤❛s sã♦ ♥ã♦✲tr✐✈✐❛✐s s♦❜r❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ Or,s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ❝❛s♦

1 // Z2
// Spinn

ξ0 // SOn
// 1,

♦ ♠❛♣❛ ξ0 := Ãd r❡♣r❡s❡♥t❛ ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ SOn✱ ♣❛r❛ t♦❞♦ n ≥ 3✳

❉❡♠♦♥str❛çã♦✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ t❛✐s s❡qüê♥❝✐❛s ❡stá ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✳✻✳ ❖❜✈✐❛✲

♠❡♥t❡✱ ♦ ♥ú❝❧❡♦ ❡♠ ❝❛❞❛ ❝❛s♦ é Z2✳ P❛r❛ ♠♦str❛r q✉❡ ♦s r❡❝♦❜r✐♠❡♥t♦s sã♦ ♥ã♦✲tr✐✈✐❛✐s✱ é

s✉✜❝✐❡♥t❡ ✉♥✐r −1 ❡ 1 ♣♦r ✉♠ ❝❛♠✐♥❤♦ ❡♠ Spinr,s✳ ❊s❝♦❧❤❡♥❞♦ ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s e1, e2 ∈ Rn✱

❝♦♠ q(e1) = q(e2) = ±1 ✭♦ q✉❡ é ♣♦ssí✈❡❧✱ ♣♦✐s (r, s) 6= (1, 1)✮✱ ❝♦♥s✐❞❡r❡

γ(t) = ± cos(2t) + e1e2 sin(2t) = (e1 cos t+ e2 sin t)(e2 sin t− e1 cos t).

❊st❡ ❝❛♠✐♥❤♦ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡s❡❥❛❞❛✳



✶✹✻ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

P♦❞❡♠♦s ❞❡✜♥✐r à ♣❛rt❡ ✉♠ ❣r✉♣♦ Spin2 ♣❛r❛ s❡r ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ♣❛r❛ SO2✿

Spin2 = {v1 · v2 ∈ Cl∗2 | v1, v2 ∈ R2, ‖v1‖ = ‖v2‖ = 1}.

❙❡❥❛ {e1, e2} ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ R2✳ ❙❡❣✉❡ ❞❛ ❡q✉❛çã♦

((cos θ)e1 + (sin θ)e2)((cosφ)e1 + (sinφ)e2) = − cos(θ − φ)− sin(θ − φ)e1e2

q✉❡ Spin2 = {a · 1+ b · e1e2 | a2 + b2 = 1} ≃ S1✳ ❯♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s ♣❛r❛ SO2 é

ξ0 : Spin2 ≃ S1 // SO2 ≃ S1, eiθ 7→ e2iθ.

✹✳✹ ❊str✉t✉r❛s ❙♣✐♥

❙❡❥❛ π : E // M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n✱ ♦r✐❡♥t❛❞♦ ❡ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♠étr✐❝❛

r✐❡♠❛♥✐❛♥❛✳ ❙❡❥❛ FSO(E) ♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ♦rt♦♥♦r♠❛✐s ♦r✐❡♥t❛❞♦ ❛ ❡❧❡ ❛ss♦❝✐❛❞♦✳

❉❡✜♥✐çã♦ ✹✳✹✳✶✳ ❙✉♣♦♥❤❛ q✉❡ n ≥ 2✳ ❙❡ ξ0 é ♦ r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ❞❡ SOn ✭❞❛❞♦ ♣❡❧❛

r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛ ♥♦ ❝❛s♦ ❞❡ n ≥ 3✮✱ ❡♥tã♦ ✉♠❛ ❡str✉t✉r❛ s♣✐♥ ♥♦ ✜❜r❛❞♦

✈❡t♦r✐❛❧ π : E // M é ✉♠ ✜❜r❛❞♦ Spin✲♣r✐♥❝✐♣❛❧ FSpinn(E)✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ ♠❛♣❛ ❞❡

r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s ξ : FSpinn(E)
// FSOn

(E)✱ ♣❛r❛ ♦s q✉❛✐s ♦ ❞✐❛❣r❛♠❛

Z2

FSpinn(E)
''❖❖

❖❖
❖❖

❖❖

Spinn

Z2

77

♦♦
♦♦
♦♦
♦♦
Spinn

FSpinn(E)

� _

��
FSOn

(E)//

� _

��

SOn
ξ0 // SOn

FSOn
(E)

� _

��

Mπ′ ''❖❖
❖❖

❖❖
❖

ξ

M
πww♦♦♦
♦♦
♦♦
♦

❝♦♠✉t❛ ❡ ξ(p · g) = ξ(p) · ξ0(g)✱ ♣❛r❛ t♦❞♦ p ∈ FSpinn(E) ❡ t♦❞♦ g ∈ Spinn✳



✹✳✹✳ ❊str✉t✉r❛s ❙♣✐♥ ✶✹✼

❖❜s❡r✈❡ q✉❡ s❡ π ❡ π′ sã♦ ❛s ♣r♦❥❡çõ❡s ❞♦s ✜❜r❛❞♦s FSOn
(E) ❡ FSpinn(E) s♦❜r❡ M ✱ ❡♥tã♦ ♦

❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛✿

FSpinn(E)

M

π′

��❄
❄❄

❄❄
❄❄

❄❄
❄❄

❄
FSpinn(E) FSOn

(E)
ξ // FSOn

(E)

M

π

��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

◆♦t❡ t❛♠❜é♠ q✉❡ ❛s r❡str✐çõ❡s ❞❡ ξ às ✜❜r❛s ❝♦rr❡s♣♦♥❞❡♠ ❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ t♦r❝✐❞❛✳

❉❡ ❢❛t♦✱ ♣♦✐s s❡ ✜①❛r♠♦s ✉♠ ❞❡ s❡✉s ♣♦♥t♦s✱ ❞✐❣❛♠♦s p0 ∈ π′−1(m)✱ ♣❛r❛ s❡r✈✐r ❞❡ ✐❞❡♥t✐❞❛❞❡

❡ ❢❛③❡r ❞❛ ✜❜r❛ π′−1(m) ✉♠ ❣r✉♣♦ ✐s♦♠♦r❢♦ ❛ Spinn✱ ✜①❛♠♦s t❛♠❜é♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ξ(p0)

♥❛ ✜❜r❛ ξ(π′−1(m))✳ ◆❡st❡ ❝❛s♦✱

ξ(g) = ξ(p0 · g) = ξ(p0) · ξ0(g) = ξ0(g),

♣❛r❛ t♦❞♦ g ∈ Spinn✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ξ : FSpinn(E)
//FSOn

(E) é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s✱

q✉❡ é ♥ã♦✲tr✐✈✐❛❧ ♥❛s ✜❜r❛s ❞❡ M ✱ ✐st♦ é✱ q✉❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛

Z2

FSpinn(E)
''❖❖

❖❖
❖❖

❖❖

Spinn

Z2

77

♦♦
♦♦
♦♦
♦♦
Spinn

FSpinn(E)

� _

��
FSOn

(E)//

� _

��

SOn
ξ0 // SOn

FSOn
(E)

� _

��

❝♦♠✉t❛r✳ ❚♦♠❛♥❞♦ π′ = π ◦ ξ ❢❛③❡♠♦s ❞❡ FSpinn(E) ✉♠ ✜❜r❛❞♦ s♦❜r❡ M ✳ P❛r❛ t♦r♥á✲❧♦ ✉♠

✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ Spinn✱ ♥ós ♣r❡❝✐s❛♠♦s ❧❡✈❛♥t❛r ❛ ❛çã♦ ❞❡ SOn s♦❜r❡

FSOn
(E) ♣❛r❛ ✉♠❛ ❛çã♦ ❝♦♠♣❛tí✈❡❧ ❞❡ Spinn s♦❜r❡ FSpinn(E)✳ P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡

FSOn
× Spinn

(id,ξ0) // FSOn
× SOn

// FSOn



✶✹✽ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❢♦r♥❡❝❡ ✉♠❛ ❛♣❧✐❝❛çã♦ Spinn
ξ1 // FSOn

✱ ❞❛❞❛ ♣♦r g 7→ pg✱ ♣❛r❛ ✉♠ ♣♦♥t♦ p ∈ FSOn
✜①❛❞♦✳

❈♦♠♦ ξ é ✉♠ ♠❛♣❛ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ♣♦r ❤✐♣ót❡s❡✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❝r✐tér✐♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦

✈✐st♦ ♣❛r❛ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ ❛ss✐♠ ♦❜t❡r ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ξ1∗ ❞❡ ξ1 ♣❛r❛ FSpinn ✱ s❡

ξ1∗(π1(Spinn)) ⊂ ξ∗(π1(FSpinn)).

❊st❡ é ♦ ❝❛s♦✱ ♣♦rq✉❡ Spinn é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♣❛r❛ n ≥ 3 ❡ Spin2 s❛t✐s❢❛③ ♦ ❝r✐tér✐♦ ❞❡

❧❡✈❛♥t❛♠❡♥t♦ ♠❡s♠♦ ♥ã♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❈♦♥❝❧✉í♠♦s ❞❛í ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✹✳✹✳✷✳ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❛s ❡str✉t✉r❛s s♣✐♥ ♥♦ ✜❜r❛❞♦

✈❡t♦r✐❛❧ E ❡ ♦s r❡❝♦❜r✐♠❡♥t♦s ❞❡ ❞✉❛s ❢♦❧❤❛s ❞❡ FSO(E) ♥ã♦✲tr✐✈✐❛✐s ♥❛s ✜❜r❛s ❞❡ π✳

✹✳✺ ❆ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❱❛♠♦s ❝♦♥❝❧✉✐r ❡st❛ ❞✐ss❡rt❛çã♦ ❝♦♥str✉✐♥❞♦ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ❛ ♣❛rt✐r ❞❛ á❧❣❡❜r❛ r❡❛❧

❞♦s q✉❛tér♥✐♦s✳ ❚❛♠❜é♠ ♣♦❞❡rí❛♠♦s ❢❛③❡r ✐ss♦ ❡♠♣r❡❣❛♥❞♦ ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ Cl3✱ ♠❛s

♦♣t❛♠♦s ♣❡❧♦ ♣r✐♠❡✐r♦ ♠♦❞♦ ♣♦r ❡❧❡ s❡r ✉♠ ♣♦✉❝♦ ♠❛✐s s✐♠♣❧❡s✳ ❊♠ H✱ ✐❞❡♥t✐✜❝❛♠♦s ❛

❡s❢❡r❛ S3 ❝♦♠ ♦s q✉❛tér♥✐♦s ✉♥✐tár✐♦s ❡ S2 ❝♦♠ ♦s q✉❛tér♥✐♦s ✉♥✐tár✐♦s ✐♠❛❣✐♥ár✐♦s✱ ✐st♦ é✱

S3 = {a+ bi+ cj + dk ∈ H | a2 + b2 + c2 + d2 = 1},

S2 = {bi+ cj + dk ∈ H | b2 + c2 + d2 = 1}.

❈á❧❝✉❧♦s s✐♠♣❧❡s ♠♦str❛♠ q✉❡✱ ♣❛r❛ t♦❞♦ q = a+ bi+ cj + dk ∈ S3✱

qiq̄ = (a2 + b2 − c2 − d2)i+ 2(ad+ bc)j + 2(bd− ac)k ∈ S2.

P♦rt❛♥t♦✱ ❝♦♠ ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❢❡✐t❛s✱ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❡s❢❡r❛s✱ S3 //S2✱ q 7→ qiq̄✱

q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s ❡stá ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ◆ã♦ é ❞✐❢í❝✐❧



✹✳✺✳ ❆ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ✶✹✾

❞❡ ✈❡r q✉❡✱ s❡ ✐❞❡♥t✐✜❝❛r♠♦s i, j, k ❝♦♠ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ R3✱ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❛♠❜é♠

r❡♣r❡s❡♥t❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♦rt♦❣♦♥❛❧ ❞❡ R3✳ ▲♦❣♦ ❡❧❛ t❛♠❜é♠ é s♦❜r❡❥❡t✐✈❛✳

P♦r ♠❡✐♦ ❞❛ ú❧t✐♠❛ ✐❞❡♥t✐✜❝❛çã♦✱ ♦ q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ ❢❛③ é r❡♣♦s✐❝✐♦♥❛r ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡

❝❛♥ô♥✐❝❛ ❞❡ R3✱ ♣r❡s❡r✈❛♥❞♦ ❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❡♥tr❡ ❡❧❡s✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦

❛❝❛❜❛ ❢♦r♥❡❝❡♥❞♦ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ ✐♠❛❣❡♠ ❞♦ ♣♦♥t♦ i✳ ❱❡❥❛♠♦s ❝♦♠ q✉❡

❧✐❜❡r❞❛❞❡ ✐st♦ ♣♦❞❡ s❡r ❢❡✐t♦✱ ❡♥❝♦♥tr❛♥❞♦✱ ♣❛r❛ ✐ss♦✱ ❛ ❡①♣r❡ssã♦ ❞♦s ❡❧❡♠❡♥t♦s q0 ❞❡ S3 q✉❡

♠❛♥tê♠ i ✜①♦✱ ✐st♦ é✱ ❞❛q✉❡❧❡s ❡❧❡♠❡♥t♦s t❛✐s q✉❡ q0iq̄0 = i✳ ❉❛❞♦ q0 = a + bi + cj + dk✱

❞❡✈❡♠♦s t❡r ❡♥tã♦ q✉❡

a2 − b2 − c2 + d2 = 1, ab− cd = 0, ac+ bd = 0 ❡ a2 + b2 + c2 + d2 = 1.

❘❡s♦❧✈❡♥❞♦ ❡st❡ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r✱ ♦❜t❡♠♦s

a2 + d2 = 1, b = 0 ❡ c = 0,

♦✉ ❛✐♥❞❛✱ q0 = a + dk✱ ❝♦♠ a2 + d2 = 1✳ ❱❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛í q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡

❡❧❡♠❡♥t♦s ❞❡ S3 q✉❡ ✜①❛ i é ❞✐❢❡♦♠♦r❢❛ à ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ S1✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ S1 →֒ S3 // S2 é ✉♠❛ ✜❜r❛çã♦✱ ❝❤❛♠❛❞❛ ❞❡ ✜❜r❛çã♦ ❞❡ ❍♦♣❢✳

❖❜s❡r✈❡ q✉❡✱ s❡ {j, k} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ i✱ ❡♥tã♦

{qjq̄, qkq̄} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ qiq̄✳ ❊♥t❡♥❞❛♠♦s

♣♦r ✐ss♦ ❛ ❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s q0 ✭q✉❡ ✜①❛♠ i✮ ♥♦ r❡❢❡r❡♥❝✐❛❧ {j, k}✳ ❙❡ q0 = a+ bi✱ t❡♠♦s q✉❡

q0jq̄0 = (a2 − b2)j + 2abk ❡ q0kq̄0 = (a2 − b2)k − 2abj.

❊st❛s ❡①♣r❡ssõ❡s ♥♦s ♠♦str❛♠ q✉❡ ❛ ❛çã♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ é ❛ ❛çã♦ ❝❛♥ô♥✐❝❛ ❞♦ ❣r✉♣♦ ♦r✲

t♦❣♦♥❛❧ ❡s♣❡❝✐❛❧ SO2 à ❞✐r❡✐t❛ ♥♦s r❡❢❡r❡♥❝✐❛✐s ❞♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛ i✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s



✶✺✵ ✹✳ ➪❧❣❡❜r❛s ❞❡ ❈❧✐❢❢♦r❞ ❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢

❡s❝♦❧❤❡r q✉❛❧q✉❡r r❡❢❡r❡♥❝✐❛❧ ❝♦♠ ❡st❛ ❧✐❜❡r❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛✳ ▲♦❣♦✱ ❛ ❛♣❧✐❝❛çã♦

S3 // S2, q 7→ qiq̄,

❢♦r♥❡❝❡ ✉♠ ♠❛♣❛ ❡♥tr❡ ✜❜r❛❞♦s

ξ : S3 // FSO2(S
2).

◆❛ ✈❡r❞❛❞❡✱ ❛ ♣ré✲✐♠❛❣❡♠ ❞❡ ✉♠ ❝❡rt♦ r❡❢❡r❡♥❝✐❛❧ é ❞❛❞❛ ❡①❛t❛♠❡♥t❡ ♣♦r ❞♦✐s ❡❧❡♠❡♥t♦s✳

❆ss✐♠ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥✲

❝✐❛✐s ❞❡ S2✳ ❈♦♠♦ Spin2 ≃ S1 ≃ SO2✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❞✉❛s ❢♦❧❤❛s

❝❛♥ô♥✐❝♦ ❞❡ SO2✱ ξ0 : Spin2
// SO2 ♣❛r❛ ❢❛③❡r ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛r✿

S3 FSO2(S
2)

ξ
//

S1

S3

� _

��

S1 SO2
ξ0 // SO2

FSO2(S
2)

� _

��

S2
��❄

❄❄
❄❄

❄❄
❄❄

❄❄
❄❄

S2
��⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧

❈♦♥❝❧✉í♠♦s ❞❛í q✉❡ S3 é ✉♠ ✜❜r❛❞♦ Spin2✲♣r✐♥❝✐♣❛❧✳ ❈♦♠♦ t❛♠❜é♠ ξ é Spin2✲❡q✉✐✈❛r✐❛♥t❡✱

❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ é ✉♠❛ ❡str✉t✉r❛ s♣✐♥ ♣❛r❛ S2✳ ❙❛❜❡♥❞♦✲s❡ q✉❡ S2 ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛

❡str✉t✉r❛ s♣✐♥✱ ♠♦str❛♠♦s q✉❡ ❛ ✜❜r❛çã♦ ❞❡ ❍♦♣❢ é ❛ ❡str✉t✉r❛ s♣✐♥ ❞❡ S2✱ ❡♥t❡♥❞❡♥❞♦✲❛

❝♦♥❝r❡t❛♠❡♥t❡ ❞❡st❛ ❢♦r♠❛✳



❆♣ê♥❞✐❝❡ ❆

❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦

♦rt♦❣♦♥❛❧

❉✉r❛♥t❡ ❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞❛s ❢♦r♠❛s q✉❛❞rát✐❝❛s✱ ❛♣r❡s❡♥t❛♥❞♦

❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❛ ❢✉♥❞❛♠❡♥t❛♠✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ❛q✉✐ é ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲

❉✐❡✉❞♦♥♥é✱ q✉❡ ❛✜r♠❛ q✉❡ ♦ ❣r✉♣♦ ❞❛s ✐s♦♠❡tr✐❛s ❧✐♥❡❛r❡s ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ❞❡

❞✐♠❡♥sã♦ n é ❣❡r❛❞♦ ♣♦r ✉♠ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ n r❡✢❡①õ❡s✳ ❍✐st♦r✐❝❛♠❡♥t❡✱ ✉♠❛ ♣r♦✈❛

❞❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❢♦r♥❡❝✐❞❛ ♣♦r ❈❛rt❛♥ ♣❛r❛ ❢♦r♠❛s q✉❛❞rát✐❝❛s ♥ã♦✲❞❡❣❡♥❡r❛❞❛s s♦❜r❡ ♦

❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ♦✉ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱ t❡♥❞♦ s✐❞♦ ♠❛✐s t❛r❞❡ ❣❡♥❡r❛❧✐③❛❞❛ ♣♦r

❉✐❡✉❞♦♥♥é ♣❛r❛ ❢♦r♠❛s q✉❛❞rát✐❝❛s s♦❜r❡ ❝♦r♣♦s ❛r❜✐trár✐♦s✳ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ✈❡rsã♦

q✉❡ ❛♣r❡s❡♥t❛♠♦s ❞❡st❡ t❡♦r❡♠❛✱ ♥❡❝❡ss✐t❛♠♦s ✐♥❞✐r❡t❛♠❡♥t❡ ❞♦s t❡♦r❡♠❛s ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦✱

❞❛ ❡①t❡♥sã♦ ❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❲✐tt✱ ♦s q✉❛✐s t❛♠❜é♠ ♠❡♥❝✐♦♥❛♠♦s✳

❆✳✶ ❊s♣❛ç♦s q✉❛❞rát✐❝♦s

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠ ❝♦r♣♦ F ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❉❡♥♦t❛✲

r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❡t♦r❡s ♥ã♦✲♥✉❧♦s ❞❡ V ♣♦r V̇ ❡✱ ✐❣✉❛❧♠❡♥t❡✱ ♣♦r Ḟ ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦

✶✺✶



✶✺✷ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❞♦s ❡s❝❛❧❛r❡s ♥ã♦✲♥✉❧♦s✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✳ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ❞❡✜♥✐❞❛ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V é ✉♠❛

❛♣❧✐❝❛çã♦ g : V × V // F q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

g(αu+ βv, w) = αg(u, w) + βg(v, w) ❡ g(v, u) = g(u, v),

♣❛r❛ t♦❞♦ u, v, w ∈ V ❡ α, β ∈ F✳ P♦r s✉❛ ✈❡③✱ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ q : V // F

é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ❛tr❛✈és ❞❛ ❡①♣r❡ssã♦

q(v) = g(v, v)✳

❆s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s s❡ ✈❡r✐✜❝❛♠✿

q(αv) = α2q(v) ❡ 2g(u, v) = q(u+ v)− q(u)− q(v).

❆ s❡❣✉♥❞❛ ❞❡st❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢ór♠✉❧❛ ❞❡ ♣♦❧❛r✐③❛çã♦✱ ❞✐③ q✉❡ ❛ ❢♦r♠❛

❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ❛ss♦❝✐❛❞❛ ❛ q é ú♥✐❝❛✱ ♦✉ s❡❥❛✱ s❡ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ q t❛♠❜é♠ ♣✉❞❡r

s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ♦✉tr❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g′✱ ❡♥tã♦ g′ = g✳ ❊①✐st❡✱ ❛ss✐♠✱ ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❡ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s✳

❉❡✜♥✐çã♦ ❆✳✶✳✷✳ ❯♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ é ✉♠ ♣❛r (V, q) q✉❡ ❝♦♥s✐st❡ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❡ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♥❡❧❡ ❞❡✜♥✐❞❛✳

❖❜✈✐❛♠❡♥t❡✱ t♦❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q) t❛♠❜é♠ ❡stá ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛✱ q✉❡ é ❡①❛t❛♠❡♥t❡ àq✉❡❧❛ ❛ss♦❝✐❛❞❛ ❛ q ✭♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ♣♦❧❛r✐③❛çã♦✮✳ ❊♠ ❣❡r❛❧✱

♥ã♦ ❢❛r❡♠♦s ♠❡♥çã♦ ❛ ❡st❛ ❛ss♦❝✐❛çã♦✱ ❞❡✐①❛♥❞♦✲❛ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s s✉❜❡♥t❡♥❞✐❞❛✳

❙✉♣♦♥❤❛ q✉❡ (V, qV ) ❡ (W, qW ) s❡❥❛♠ ❞♦✐s ❡s♣❛ç♦s q✉❛❞rát✐❝♦s ❝♦♠ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠é✲

tr✐❝❛s gV , gW ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ❆✳✶✳✸✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r f : V //W ♣r❡s❡r✈❛ ❛s ❢✉♥çõ❡s

q✉❛❞rát✐❝❛s ❞♦s ❡s♣❛ç♦s V ❡ W ✱ s❡ qW (f(v)) = qV (v)✱ ♣❛r❛ t♦❞♦ v ∈ V ✳



❆✳✶✳ ❊s♣❛ç♦s q✉❛❞rát✐❝♦s ✶✺✸

❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ ♣r❡s❡r✈❛ ❛s ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❞❡ V ❡ W

❣❛r❛♥t❡ q✉❡ ❡st❡s ❡s♣❛ç♦s t❡♥❤❛♠ ❛ ♠❡s♠❛ ❣❡♦♠❡tr✐❛✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ ❡s♣❛ç♦s

é ❞❡t❡r♠✐♥❛❞❛ ❛ ♣❛rt✐r ❞❡st❛s ❢✉♥çõ❡s✳

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❢ór♠✉❧❛ ❞❡ ♣♦❧❛r✐③❛çã♦ q✉❡✱ s❡ f : V //W é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r q✉❡ ♣r❡s❡r✈❛ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❞♦s ❡s♣❛ç♦s V ❡ W ✱ ❡♥tã♦

gW (f(v), f(v′)) = gV (v, v
′)

♣❛r❛ t♦❞♦ v, v′ ∈ V ✳ P♦r ✐ss♦ t❛♠❜é♠ ❞✐③❡♠♦s q✉❡ ❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❞♦s ❡s♣❛ç♦s

V ❡ W sã♦ ♣r❡s❡r✈❛❞❛s ♣♦r ✉♠❛ t❛❧ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✳

❉❡✜♥✐çã♦ ❆✳✶✳✹✳ ❯♠❛ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r σ : V //W q✉❡ ♣r❡s❡r✈❛ ❛s ❢✉♥çõ❡s q✉❛❞rát✐❝❛s

❞♦s ❡s♣❛ç♦s V ❡ W é ❝❤❛♠❛❞♦ ❞❡ ✐s♦♠❡tr✐❛✳ ❙❡ ❡①✐st❡ ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ ♦s ❡s♣❛ç♦s V ❡

W ✱ ❡♥tã♦ ❡❧❡s sã♦ ❞✐t♦s ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ✐st♦ q✉❡r ❞✐③❡r q✉❡ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s tê♠ ❛s ♠❡s♠❛s ❡str✉t✉r❛s ❛❧❣é❜r✐❝❛

❡ ❣❡♦♠étr✐❝❛✱ ❝♦♥st✐t✉✐♥❞♦✱ ♣♦rt❛♥t♦✱ ✉♠❛ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞❡ ❡s♣❛ç♦s ❛ s❡r❡♠ ❡st✉❞❛❞♦s✳

◆❛ r❡❛❧✐❞❛❞❡✱ ✐s♦♠❡tr✐❛ ❡♥tr❡ ❡s♣❛ç♦s é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s

❡♥❝♦♥tr❛♠✲s❡ ❡♠ ✉♠❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐s♦♠❡tr✐❛s ❞❡ V ♣❛r❛ W ♣♦r O(V,W )✳ ❙❡ W = V

❡ V é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡s❝r❡✈❡♠♦s ❛♣❡♥❛s O(V ) ♣❛r❛ ❡st❡ ❝♦♥❥✉♥t♦✱

❛♦ ✐♥✈és ❞❡ O(V, V )✳ ❖❜s❡r✈❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ O(V ) é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ GL(V ) ❞❛s

tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❞♦ ❡s♣❛ç♦ V ✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡ é ❢❡❝❤❛❞♦ ♣♦r ❝♦♠♣♦s✐çã♦ ❡ ✐♥✈❡rsã♦

❞❡ ✐s♦♠❡tr✐❛s✳ P❛r❛ ✐♥❞✐❝❛r ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ qV ♥❛ ❞❡✜♥✐çã♦ ❞♦ ❣r✉♣♦

O(V )✱ ♣♦❞❡♠♦s t❛♠❜é♠ r❡♣r❡s❡♥tá✲❧♦ ♣♦r O(V, qV )✳

❉❡✜♥✐çã♦ ❆✳✶✳✺✳ ❈❤❛♠❛♠♦s ♦ ❣r✉♣♦ O(V, qV ) ❞❡ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ❞❡ V ❝♦♠ r❡s♣❡✐t♦ ❛

❢✉♥çã♦ q✉❛❞rát✐❝❛ qV ✳



✶✺✹ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❯t✐❧✐③❛♠♦s ❡st❛ t❡r♠✐♥♦❧♦❣✐❛✱ q✉❡ é ❛ ♠❡s♠❛ ❡♠♣r❡❣❛❞❛ ♣❛r❛ ♦ ❣r✉♣♦ ♠❛tr✐❝✐❛❧ ❞❡ ▲✐❡

O(n,R) ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♣♦rq✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ♦s ❣r✉♣♦s O(V ) ❡

O(n,R) ❝♦✐♥❝✐❞❡♠ ♥♦ ❝❛s♦ ❡♠ q✉❡ V é ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ ❞✐♠❡♥sã♦ n✳

P❛r❛ ❝♦♠♣r❡❡♥❞❡r ❡st❛ ❛✜r♠❛çã♦ ♣r❡❝✐s❛♠♦s✱ ♣♦r ❤♦r❛✱ ❡♥t❡♥❞❡r ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡

❢✉♥çõ❡s q✉❛❞rát✐❝❛s ✭♦✉ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s✮ ❡ ♠❛tr✐③❡s s✐♠étr✐❝❛s✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✱ ❝♦♠ ❢✉♥çã♦ q✉❛❞rát✐❝❛ q ❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

g✳ ➱ ♣♦ssí✈❡❧ ❛ss♦❝✐❛r ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ N ❛ ❝❛❞❛ ❜❛s❡ {v1, . . . , vn} ❞❡ V ✱ t♦♠❛♥❞♦✲s❡

♣❛r❛ ✐ss♦ N = (g(vi, vj))✳

❉❡✜♥✐çã♦ ❆✳✶✳✻✳ ❉✐③❡♠♦s q✉❡ N é ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ❡♠ r❡❧❛çã♦

❛ ❜❛s❡ {v1, . . . , vn} ❞❡ V ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t❛♠❜é♠ é ♣♦ssí✈❡❧ ❛ss♦❝✐❛r ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❛ ✉♠❛ ♠❛tr✐③

s✐♠étr✐❝❛✳ ❉❡ ❢❛t♦✱ ❞❛❞❛ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ N = (nij)✱ ❞❡✜♥❛

g

(∑

i

αivi,
∑

j

βjvj

)
=
∑

i,j

αiβjnij,

♣❛r❛ q✉❛✐sq✉❡r ✈❡t♦r❡s
∑

i αivi,
∑

j βjvj ❞❡ V ❡s❝r✐t♦s ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ❜❛s❡

✜①❛❞❛✳ ❋✐❝❛ ❛ss✐♠ ❡st❛❜❡❧❡❝✐❞❛ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❡ ♦

❝♦♥❥✉♥t♦ ❞❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ ♦✉tr❛ ❜❛s❡ {v′1, . . . , v′n} ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❡ ❞❡♥♦t❡ ♣♦r N ′ ❛

♠❛tr✐③ ❞❡ g ❡♠ r❡❧❛çã♦ ❛ ❡st❛ ❜❛s❡✳ ❙❡ T = (tij) é ❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡s✱ ❞❡st❛ ♣❛r❛

{v1, . . . , vn}✱ ❡♥tã♦✱

g(v′i, v
′
j) = g

(∑

λ

tλivλ,
∑

µ

tµjvµ

)
=
∑

λ,µ

tλig(vλ, vµ)tµj,

♦✉ s❡❥❛✱ N ′ = T tNT ✳

P♦❞❡♠♦s ❞❡t❡r♠✐♥❛r s❡ ❞♦✐s ❡s♣❛ç♦s sã♦ ✐s♦♠étr✐❝♦s ❛♣❡♥❛s ✈❡r✐✜❝❛♥❞♦ ❛s ♠❛tr✐③❡s ❞❡ s✉❛s



❆✳✶✳ ❊s♣❛ç♦s q✉❛❞rát✐❝♦s ✶✺✺

❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s✳

Pr♦♣♦s✐çã♦ ❆✳✶✳✼✳ ❙❡❥❛♠ (V, q) ❡ (V ′, q′) ❡s♣❛ç♦s q✉❛❞rát✐❝♦s✳ ❊♥tã♦✱ V ❡ V ′ sã♦ ❡s♣❛ç♦s

✐s♦♠étr✐❝♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ♠❛tr✐③❡s ❞❡ s✉❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❡stã♦ r❡❧❛❝✐♦✲

♥❛❞❛s ♣❡❧❛ r❡❧❛çã♦ ❛❝✐♠❛✳

❉❡♠♦♥str❛çã♦✳ ❊♠ ✈✐st❛ ❞♦ q✉❡ ❞✐ss❡♠♦s ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ ❛♣❡♥❛s ♣r❡❝✐s❛♠♦s ♣r♦✈❛r ❛

♥❡❝❡ss✐❞❛❞❡✳ P♦r ✐ss♦ s✉♣♦♥❤❛ q✉❡ N = T tNT ✱ ♦♥❞❡ T é ✉♠❛ ♠❛tr✐③ ✐♥✈❡rsí✈❡❧ ❡ N ❡ N ′ sã♦

❛s ♠❛tr✐③❡s ❞❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s g ❡ g′ ❞❡ V ❡ V ′ ❝♦♠ r❡❧❛çã♦ ❛s ❜❛s❡s {v1, . . . , vn}

❡ {v′1, . . . , v′n}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛ σ : V // V ′ t❛❧ q✉❡ σ(u) = T [u]✱ ♦♥❞❡ [u] ❞❡♥♦t❛ ❛s

❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r u ♥❛ ❜❛s❡ ❡s❝♦❧❤✐❞❛ ♣❛r❛ V ✳ ➱ ❝❧❛r♦ q✉❡ T é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❆❧é♠

❞✐ss♦✱

g′(σ(u), σ(v)) = (σ(u))tN ′(σ(v)) = [u]tT tN ′T [v] = [u]tN [v] = g(u, v).

P♦rt❛♥t♦✱ V ❡ V ′ sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✳

❆tr❛✈és ❞❡st❛ r❡❧❛çã♦ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ❡s♣❛ç♦s q✉❛❞rát✐❝♦s✳ ❉❡ ❢❛t♦✱

s❡❥❛♠ w1, . . . , wm ✈❡t♦r❡s ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ✳

❉❡✜♥✐çã♦ ❆✳✶✳✽✳ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ (g(wi, wj)) é ❝❤❛♠❛❞♦ ❞❡ ❞✐s❝r✐♠✐♥❛♥t❡ ❞♦s

✈❡t♦r❡s w1, . . . , wm ❡ ❞❡♥♦t❛❞♦ ♣♦r d(w1, . . . , wm)✳

❱ê✲s❡ ❝❧❛r❛♠❡♥t❡ q✉❡ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❡ ✉♠❛ ❜❛s❡ ❞❡ V é ✐❣✉❛❧ ❛♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③

❞❡ s✉❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ♥❡st❛ ❜❛s❡✳ ❈♦♠♦ ❛s ♠❛tr✐③❡s ❞❡ g ❡♠ ❜❛s❡s ❞✐st✐♥t❛s

{v1, . . . , vn} ❡ {v′1, . . . , v′n} ❞❡ V ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ N ′ = T tNT ✱ ❡♥tã♦ ♦s ❞✐s✲

❝r✐♠✐♥❛♥t❡s ❞❡st❛s ❜❛s❡s t❛♠❜é♠ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s✱ ❞❡st❛ ✈❡③ ♣❡❧❛ ❡①♣r❡ssã♦

d(v′1, . . . , v
′
n) = α2d(v1, . . . , vn),

♦♥❞❡ α é ❛❧❣✉♠ ❡s❝❛❧❛r ♥ã♦✲♥✉❧♦✳ ❆ss✐♠✱ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞❡ ✉♠ t❛❧ ❞✐s❝r✐♠✐♥❛♥t❡✱ ✈✐st❛ ♥♦



✶✺✻ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❝♦♥❥✉♥t♦ {0} ∪ (Ḟ/Ḟ2)✱ ❡q✉✐♣❛❞♦ ❝♦♠ s✉❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ ❣r✉♣♦✱ ✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡

t♦♠❛❞❛ ♣❛r❛ V ✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ r❡♣r❡s❡♥t❛♠♦s ❡st❛ ❝❧❛ss❡ ♣♦r ✉♠ ❞❡ s❡✉s r❡♣r❡s❡♥t❛♥t❡s✳

❉❡✜♥✐çã♦ ❆✳✶✳✾✳ ❆ ✐♠❛❣❡♠ ❞❡ d(v1, . . . , vn) ❡♠ {0} ∪ (Ḟ/Ḟ2) é ❝❤❛♠❛❞❛ ❞✐s❝r✐♠✐♥❛♥t❡

❞♦ ❡s♣❛ç♦ V ❡ ❞❡♥♦t❛❞❛ ♣♦r dV ✳ ❉❡✜♥✐♠♦s dV = 1✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ V = {0}✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✵✳ ❯♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ pq é ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ 2 ❡♠

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛r✐á✈❡✐s ❝♦♠✉t❛♥t❡s✳

❊♠ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✱ t♦❞♦ t❡r♠♦ ♠✐st♦ αijxixj ❞❡ ✉♠❛ ❢♦r♠❛ q✉❛✲

❞rát✐❝❛ ♣♦❞❡ s❡r ❛ss✐♠ r❡❡s❝r✐t♦✿ αij

2
xixj +

αij

2
xjxi✳ ◆❡st❡s ❝❛s♦s✱ é ❡♥tã♦ ♣♦ssí✈❡❧ ❛ss♦❝✐❛r à

❢♦r♠❛ q✉❛❞rát✐❝❛ pq ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ N = (nij) ❞❡ ♦r❞❡♠ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s

❞♦ ♣♦❧✐♥ô♠✐♦ ❡♠ q✉❡stã♦✱ t♦♠❛♥❞♦✲s❡ nij =
αij

2
✳ ❈♦♠♦ ♠❛tr✐③❡s s✐♠étr✐❝❛s ❡ ❢♦r♠❛s ❜✐❧✐♥❡❛✲

r❡s s✐♠étr✐❝❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♥ós ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❡st❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❝♦♠♦ ❛ ❛ss♦❝✐❛çã♦

❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V à pq✱ q✉❡ t❡♠ ✉♠❛ ❜❛s❡ {v1, . . . , vn}✱ ♥❛ q✉❛❧ ❛ ♠❛tr✐③ ❞❡ g é N ❡

q

(∑

i

αivi

)
= pq(α1, . . . , αn).

■st♦ ❢♦r♥❡❝❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❢✉♥çõ❡s ❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s✳ P♦r r❛③õ❡s ó❜✈✐❛s✱ ♥ós ♥ã♦

❢❛r❡♠♦s ♥❡♥❤✉♠❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❢✉♥çõ❡s q✉❛❞rát✐❝❛s ❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s✳ ❱❛♠♦s ❡♥tã♦

❝❤❛♠á✲❧❛s s❡♠♣r❡ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s✳

❆✳✷ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s

❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ✱ ❝♦♠ ❢♦r♠❛ q✉❛❞rát✐❝❛ q ❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g✳

❉❡✜♥✐çã♦ ❆✳✷✳✶✳ ❉♦✐s ✈❡t♦r❡s u, w ∈ V sã♦ ♦rt♦❣♦♥❛✐s s❡ g(u, w) = 0✳ ❉♦✐s s✉❜❝♦♥❥✉♥t♦s

U ❡ W ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V sã♦ s✉❜❝♦♥❥✉♥t♦s ♦rt♦❣♦♥❛✐s s❡

g(U,W ) = {g(u, w) | u ∈ U, w ∈ W} = {0}.



❆✳✷✳ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s ✶✺✼

❉✐③❡♠♦s q✉❡ V ♣♦ss✉✐ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ V = V1 ⊥ · · · ⊥ Vr ❡♠ s✉❜❡s♣❛ç♦s

V1, . . . , Vr s❡ V é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡st❡s s✉❜❡s♣❛ç♦s ❡ ❡❧❡s sã♦ ❞♦✐s✲❛✲❞♦✐s ♦rt♦❣♦♥❛✐s✳ ❖s

s✉❜❡s♣❛ç♦s Vi sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ ❞❡ V ✳ ❚❛♠❜é♠

❞✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ U ❞❡ V ❞❡❝♦♠♣õ❡ ♦rt♦❣♦♥❛❧♠❡♥t❡ V ✱ s❡ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦

W ❞❡ V t❛❧ q✉❡ V ♣♦ss✉✐ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ ❡♠ U ❡ W ✱ ✐st♦ é✱ V = U ⊥ W ✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✷✳ ❙❡ V é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ q✉❡ ❛❞♠✐t❡ s✉❜❡s♣❛ç♦s q✉❛❞rát✐❝♦s V1, . . . , Vr✱

❝✉❥❛ s♦♠❛ ❞✐r❡t❛ ❞❡ t♦❞♦s ❡❧❡s ❝♦✐♥❝✐❞❡ ❝♦♠ V ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠é✲

tr✐❝❛ ❡♠ V ✱ ❝✉❥❛s r❡str✐çõ❡s ❛ ❝❛❞❛ Vi ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❞❛❞❛s

♥❡st❡s ❡s♣❛ç♦s✱ ❡ ❡❧❛ é t❛❧ q✉❡ V = V1 ⊥ · · · ⊥ Vr✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ g1, . . . , gr ❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❞♦s ❡s♣❛ç♦s V1, . . . , Vr✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ q✉❛✐sq✉❡r ✈❡t♦r❡s
∑

i ui,
∑

j vj ∈
⊕

i Vi✱ ❞❡✜♥❛

g

(∑

i

ui,
∑

j

vj

)
=
∑

i

gi(ui, vi).

❖❜✈✐❛♠❡♥t❡ g é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❝✉❥❛ r❡str✐çã♦ ❛ ✉♠ s✉❜❡s♣❛ç♦ Vi ❝♦✐♥❝✐❞❡ ❝♦♠

gi✳ P❛r❛ ✈❡r q✉❡ ❡❧❛ t❛♠❜é♠ é ú♥✐❝❛✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ♦✉tr❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g′ ❞❡✜♥✐❞❛

❡♠ V t❛❧ q✉❡ V = V1 ⊥ · · · ⊥ Vr ❡ g′|Vi = gi✳ ❊♥tã♦✱

g′

(∑

i

ui,
∑

j

vj

)
=
∑

i,j

g′i(ui, vj) =
∑

i

gi(ui, vi) = g

(∑

i

ui,
∑

j

vj

)
,

♣❛r❛ t♦❞♦
∑

i ui,
∑

j vj ∈
⊕

i Vi✳

❆ss✐♠ é ó❜✈✐♦ q✉❡✱ ❞❛❞♦s ❡s♣❛ç♦s q✉❛❞rát✐❝♦s V1, . . . , Vr✱ ❡①✐st❡ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V t❛❧

q✉❡ V = V1 ⊥ . . . ⊥ Vr✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✸✳ ❙❡ V1 ⊥ . . . ⊥ Vr é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ ❞❡ V ❡♠ s✉❜❡s♣❛ç♦s

q✉❛❞rát✐❝♦s ❝✉❥❛s ♠❛tr✐③❡s ❞❡ s✉❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s sã♦ N1, . . . , Nr✱ r❡s♣❡❝t✐✈❛✲



✶✺✽ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

♠❡♥t❡✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❜❛s❡ ❞❡ V ♥❛ q✉❛❧




N1 0 · · · 0

0 N2 · · · 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 · · · Nr




é ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡ V ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {vi1, . . . , vimi
} ❛ ❜❛s❡ ❞❡ Vi ♥❛ q✉❛❧ ❛ r❡str✐çã♦ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

g ❞❡ V ❛ Vi t❡♠ ♠❛tr✐③ Ni✳ ❊♥tã♦✱ ❛ ❝♦❧❡çã♦

{vi1, . . . , vimi
| i = 1, . . . , r}

é ✉♠❛ ❜❛s❡ ❞❡ V ❡✱ ♥❡st❛ ❜❛s❡✱ ❛ ♠❛tr✐③ ❞❡ g t❡♠ ❛ ❢♦r♠❛ ❞❡s❝r✐t❛ ♥♦ ❡♥✉♥❝✐❛❞♦✳

❱ê✲s❡ ❝❧❛r❛♠❡♥t❡ ❞❡st❛ ♣r♦♣♦s✐çã♦ q✉❡ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V q✉❡

❛❞♠✐t❡ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ ❡♠ s✉❜❡s♣❛ç♦s V1, . . . , Vr é t❛❧ q✉❡

dV = d(V1 ⊥ · · · ⊥ Vr) = dV1 · · · dVr.

❉❡✜♥✐çã♦ ❆✳✷✳✹✳ ❯♠❛ ❜❛s❡ {v1, . . . , vn} ♣❛r❛ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡

♦rt♦❣♦♥❛❧ s❡ g(vi, vj) = 0 s❡♠♣r❡ q✉❡ i 6= j✳

❈♦r♦❧ár✐♦ ❆✳✷✳✺✳ ❚♦❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✱ ♥ã♦✲tr✐✈✐❛❧✱ t❡♠ ✉♠❛ ❜❛s❡

♦rt♦❣♦♥❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡ q(V ) = {0}✱ ❡♥tã♦ ♥ã♦ ♥♦s r❡st❛ ♥❛❞❛ ❛ ❢❛③❡r✳ ❉♦ ❝♦♥trár✐♦✱ ❡①✐st❡ v ∈ V

t❛❧ q✉❡ q(v) 6= 0✳ ❊st❡♥❞❛ {v} ❛ ✉♠❛ ❜❛s❡ {v, v2, . . . , vn} ❞❡ V ❡ ❝♦♥s✐❞❡r❡ ♦s ✈❡t♦r❡s

v, v2 −
g(v, v2)

q(v)
v, . . . , vn −

g(v, vn)

q(vn)
v.



❆✳✷✳ ❉✐❛❣♦♥❛❧✐③❛çã♦ ❞❡ ❢♦r♠❛s q✉❛❞rát✐❝❛s ✶✺✾

❊st❡s ✈❡t♦r❡s ❝♦♥st✐t✉❡♠ ❡♠ ❝♦♥❥✉♥t♦ ✉♠❛ ♦✉tr❛ ❜❛s❡ ❞❡ V ❡ ♦s ú❧t✐♠♦s n− 1 ✈❡t♦r❡s ❣❡r❛♠

✉♠ s✉❜❡s♣❛ç♦ W ❞❡ V ♦rt♦❣♦♥❛❧ ❛ spanF{v}✳ P♦r ✐♥❞✉çã♦ ❝❤❡❣❛♠♦s ♥❛ ❛ss❡rt✐✈❛✳

❉❡✜♥✐çã♦ ❆✳✷✳✻✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ é ❞✐❛❣♦♥❛❧✐③á✈❡❧ s❡ ❡❧❛ ❢♦r ❞❛ ❢♦r♠❛
∑

i aix
2
i ✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ ❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❛ ❡❧❛ ❛ss♦❝✐❛❞❛ ❢♦r ❞✐❛❣♦♥❛❧✳

❈♦r♦❧ár✐♦ ❆✳✷✳✼✳ ❚♦❞❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ s♦❜r❡ F é ❞✐❛❣♦♥❛❧✐③á✈❡❧✳

❉❡✜♥✐çã♦ ❆✳✷✳✽✳ ❙❡❥❛ U ✉♠ s✉❜❡s♣❛ç♦ ❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ♦r✲

t♦❣♦♥❛❧ U⊥ ❞❡ U ❡♠ V é ♦ s✉❜❡s♣❛ç♦ {v ∈ V | g(v, U) = {0}}✳ ❖ r❛❞✐❝❛❧ ❞❡ V é ♦

s✉❜❡s♣❛ç♦ radV = {v ∈ V | g(v, V ) = {0}}✳ ❉✐③❡♠♦s q✉❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦

s❡ radV = {0} ❡ ❞❡❣❡♥❡r❛❞♦✱ ❝❛s♦ ❝♦♥trár✐♦✳

❖❜✈✐❛♠❡♥t❡✱ radV = V ⊥✳ ❈❧❛r❛♠❡♥t❡✱ s❡ S ⊂ T ✱ ❡♥tã♦ T⊥ ⊂ S⊥ ❡ S ⊂ (S⊥)⊥✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✾✳ ❙❡❥❛♠ V1, . . . , Vr s✉❜❡s♣❛ç♦s ❞♦✐s✲❛✲❞♦✐s ♦rt♦❣♦♥❛✐s ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛✲

❞rát✐❝♦ V t❛✐s q✉❡ V = V1 + · · ·+ Vr✳ ❊♥tã♦✱ radV = radV1 + · · ·+ radVr✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ∈ radV t❛❧ q✉❡ v =
∑

i vi✱ ❝♦♠ ❝❛❞❛ vi ∈ Vi✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛

i = 1, . . . , r✱

g(vi, Vi) = g

(∑

j

vj, Vi

)
⊂ g(v, V ) = {0}

❡✱ ❞❛í✱ vi ∈ radVi✳ P♦rt❛♥t♦✱ v ∈ radV1 + · · ·+ radVr✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ v =
∑

i vi ❡ ❝❛❞❛

vi ∈ radVi✱ ❡♥tã♦

g(v, V ) ⊂ g(vi, Vi) ∪ · · · ∪ g(vr, Vr) = {0},

❞❡ ♠❛♥❡✐r❛ q✉❡ v ∈ radV ✳

❈♦r♦❧ár✐♦ ❆✳✷✳✶✵✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞♦s ♦s s✉❜❡s♣❛ç♦s Vi sã♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦s✳

❈♦r♦❧ár✐♦ ❆✳✷✳✶✶✳ ❆✐♥❞❛ ♥❛s ❝♦♥❞✐çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ s❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲

❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦ V = V1 ⊥ · · · ⊥ Vr✳



✶✻✵ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❉❡♠♦♥str❛çã♦✳ Pr❡❝✐s❛♠♦s ❛♣❡♥❛s ♠♦str❛r q✉❡ ❛ s♦♠❛ é ❞✐r❡t❛✳ ❙❡❥❛ ❡♥tã♦ v1+ · · ·+vr = 0✱

❝♦♠ ❝❛❞❛ vi ∈ Vi✳ ❚❡♠♦s q✉❡

{0} = g(0, Vi) = g(v1 + . . .+ vr, Vi) = g(vi, Vi),

♦ q✉❡ ♠♦str❛ q✉❡ vi ∈ radVi✳ ❈♦♥t✉❞♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱ radVi = {0}✳ ❆ss✐♠ vi = 0✱

♣❛r❛ i = 1, . . . , r✱ ❡✱ ♣♦rt❛♥t♦✱ ❛ s♦♠❛ V1 + · · ·+ Vr é ❞✐r❡t❛✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✶✷✳ ❯♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡

s♦♠❡♥t❡✱ dV 6= 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡ V = {0}✱ ❡♥tã♦ dV = 1 ♣♦r ❞❡✜♥✐çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦rt❛♥t♦✱ q✉❡ ♦ ❡s♣❛ç♦ V

s❡❥❛ ♥ã♦✲tr✐✈✐❛❧✳ P❡❧❛ ❈♦r♦❧ár✐♦ ❆✳✷✳✺✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {v1, . . . , vn} ♣❛r❛

❡❧❡✳ ❉❡✜♥✐♥❞♦ Vi = spanF{vi} ♣❛r❛ t♦❞♦ i = 1, . . . , n✱ t❡♠♦s q✉❡ V = V1 ⊥ · · · ⊥ Vn✳ ❊♥tã♦✱

V é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❝❛❞❛ Vi é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ▼❛s Vi é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱

❡ s♦♠❡♥t❡ s❡✱ q(vi) 6= 0✳ P♦rt❛♥t♦✱ V é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q(v1) · · · q(vn) 6= 0✳

▼❛s q(v1) · · · q(vn) é ♣r❡❝✐s❛♠❡♥t❡ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❡ V ✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✶✸✳ ❙❡ V é ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦

W ❞❡ V t❛❧ q✉❡ V = radV ⊥ W ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♣♦r ❞❡✜♥✐çã♦ radV é ♦rt♦❣♦♥❛❧ ❛ t♦❞♦ ♦ ❡s♣❛ç♦ V ✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡

t♦❞♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ W ❞❡ radV é t❛❧ q✉❡ V = radV ⊥ W ✳ ❙❡❣✉❡ ❞♦ ❢❛t♦ ❞❡

rad(V ⊕W ) = radV ⊕ radW

q✉❡ t❛❧ W é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✶✹✳ ❙❡❥❛ U ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ❞❡ ❞✐✲

♠❡♥sã♦ ✜♥✐t❛ n✳ ❊♥tã♦ V = U ⊥ U⊥✳
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❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {u1, . . . , ur} ❞❡ U ❡ ❞❡✜♥❛ Ui = spanF{ui}✱ ♣❛r❛

t♦❞♦ i = 1, . . . , r✳ ❆ss✐♠ U = U1 ⊥ · · · ⊥ Ur✳ ❈♦♠♦ U é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ t♦❞♦ ui é t❛❧ q✉❡

q(ui) 6= 0✳ ❖❜✈✐❛♠❡♥t❡ t♦❞♦ v ∈ V ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ v = u+ w✱ ❝♦♠

u =
g(v, u1)

q(u1)
u1 + · · ·+ g(v, vr)

q(ur)
ur ❡ w = v − u.

➱ ❝❧❛r♦ q✉❡ u ∈ U ✱ ❡♥q✉❛♥t♦ w ∈ U⊥✱ ♣♦✐s

g(w, ui) = g(z, ui)− g(y, ui) = g(z, ui)− g(z, ui) = 0,

❞❡✈✐❞❛ ❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞♦s s✉❜❡s♣❛ç♦s Ui✳ ■st♦ ♠♦str❛ q✉❡ V = U + U⊥✳ P♦r ♦✉tr♦ ❧❛❞♦✱

U ∩ U⊥ = radU = {0}. P♦rt❛♥t♦✱ V = U ⊕ U⊥ ❡✱ ❞❛í✱ V = U ⊥ U⊥✳

❈♦r♦❧ár✐♦ ❆✳✷✳✶✺✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱

dimV = dimU + dimU⊥ ❡ U⊥⊥ = U.

❉❡♠♦♥str❛çã♦✳ ❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❝♦♥str✉çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥✲

t❡r✐♦r✳ ◗✉❛♥t♦ ❛♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦✱ U ⊂ U⊥⊥ ♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ U⊥✳ P❡❧♦ ♣r✐♠❡✐r♦

r❡s✉❧t❛❞♦✱ dimV = dimU⊥ + dimU⊥⊥✳ ❊♥tã♦✱ dimU = dimU⊥⊥ ❡ U = U⊥⊥✳

❆✳✸ ■s♦tr♦♣✐❛

❉❡✜♥✐çã♦ ❆✳✸✳✶✳ ❙❡❥❛ v ✉♠ ✈❡t♦r ♥ã♦✲♥✉❧♦ ❞❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ✳ ❉✐③❡♠♦s q✉❡ v

é ✐s♦tró♣✐❝♦ s❡ q(v) = 0✱ ❞♦ ❝♦♥trár✐♦✱ ❛♥✐s♦tró♣✐❝♦✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦

♥ã♦✲tr✐✈✐❛❧ é ✉♠ ❡s♣❛ç♦ ✐s♦tró♣✐❝♦✱ s❡ ❡❧❡ ♣♦ss✉✐ ❛♦ ♠❡♥♦s ✉♠ ✈❡t♦r ✐s♦tró♣✐❝♦❀ ❡s♣❛ç♦

❛♥✐s♦tró♣✐❝♦✱ s❡ t♦❞♦s ♦s s❡✉s ✈❡t♦r❡s sã♦ ❛♥✐s♦tró♣✐❝♦s❀ ❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✱

s❡ t♦❞♦s ♦s s❡✉s ✈❡t♦r❡s ♥ã♦✲♥✉❧♦s sã♦ ✐s♦tró♣✐❝♦s✳



✶✻✷ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❊①❡♠♣❧♦ ❆✳✸✳✷✳ ❯♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ❞❡ ❞✐♠❡♥sã♦ ❞♦✐s q✉❡ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ♥❛ q✉❛❧ ❛

♠❛tr✐③ ❞❡ s✉❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ é

J =




0 1

1 0




é ❝❧❛r❛♠❡♥t❡ ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ✐s♦tró♣✐❝♦ ❡ ❞❡ ❞✐s❝r✐♠✐♥❛♥t❡ −1✳ ❖ ❡s♣❛ç♦ V é

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

❖❜s❡r✈❡ q✉❡ t♦❞♦s ♦s ♣❧❛♥♦s ❤✐♣❡r❜ó❧✐❝♦s sã♦ ✐s♦♠étr✐❝♦s ❡♥tr❡ s✐✱ ♥ã♦✲❞❡❣❡♥❡r❛❞♦s ❡ t❡♠

❞✐s❝r✐♠✐♥❛♥t❡ −1✳

Pr♦♣♦s✐çã♦ ❆✳✸✳✸✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ♣❛r❛ ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V

❞❡ ❞✐♠❡♥sã♦ ❞♦✐s✿

✶✳ V é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱

✷✳ V é ✐s♦tró♣✐❝♦ ❡ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱

✸✳ dV = −1✳

❉❡♠♦♥str❛çã♦✳ ❯♠❛ ❧❡✐t✉r❛ ❞✐r❡t❛ ❞❛ ♠❛tr✐③ J ♠♦str❛ q✉❡ (1) =⇒ (2)✳

❱❡❥❛♠♦s q✉❡ (2) =⇒ (3)✳ ❈♦♠♦ V é ✐s♦tró♣✐❝♦✱ ❡①✐st❡ v ∈ V t❛❧ q✉❡ q(v) = 0✳ ❊st❡♥❞❛

{v} ❛ ✉♠❛ ❜❛s❡ ❞❡ V ✳ ❆ ♠❛tr✐③ ❞❡ V ♥❡st❛ ❜❛s❡ t❡♠ ❡♥tã♦ ❛ ❢♦r♠❛




0 β

β γ


 , β, γ ∈ F.

▲♦❣♦✱ dV = −β2✳ ❈♦♥t✉❞♦✱ V t❛♠❜é♠ é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

❆✳✷✳✶✷✱ ❞❡✈❡♠♦s t❡r β ∈ Ḟ✳ ❊♥tã♦ dV = −1✱ ♣♦✐s −β2 ❡ −1 sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡♠ Ḟ/Ḟ2✳

P♦r ✜♠✱ ✈❛♠♦s ♠♦str❛r q✉❡ (3) =⇒ (1)✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✷✳✶✷✱ V é ✉♠

❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ g(V, V ) 6= {0}✱ ♦✉✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡✱ q✉❡ q(V ) 6= 0✳



❆✳✸✳ ■s♦tr♦♣✐❛ ✶✻✸

❊①✐st❡ ❛ss✐♠ α ∈ Ḟ ❡ v ∈ V t❛❧ q✉❡ q(v) = α✳ ❈♦♠ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♥❛

❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ❆✳✷✳✺✱ ♥ós ♣♦❞❡♠♦s ❡st❡♥❞❡r {v} ❛ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {v, u} ❞❡

V ✳ ❖ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❡ V ♥❡st❛ ❜❛s❡ é dV = q(v)q(u)✳ ❈♦♠♦ dV = −1 ♣♦r ❤✐♣ót❡s❡✱ ❡♥tã♦

−q(v)q(u) = β2✱ ♣❛r❛ ❛❧❣✉♠ β ∈ Ḟ✳ ❙✉❜st✐t✉✐♥❞♦ u ♣♦r w = (β/α)u✱ ❛✐♥❞❛ ✜❝❛♠♦s ❝♦♠ ✉♠❛

❜❛s❡ ♦rt♦❣♦♥❛❧ ♣❛r❛ V ✱ ♠❛s ❝♦♠ q(w) = −α✳ ❆❣♦r❛✱ s❡ t♦♠❛r♠♦s

x =
v + w

2
❡ y =

v − w

α
,

❡♥❝♦♥tr❛♠♦s ✉♠❛ ❜❛s❡ ❞❡ V ♥❛ q✉❛❧ s✉❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ t❡♠ ♠❛tr✐③ J ✳ P♦rt❛♥t♦✱

V é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

Pr♦♣♦s✐çã♦ ❆✳✸✳✹✳ ❚♦❞♦ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ✐s♦tró♣✐❝♦ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ♦rt♦❣♦♥❛❧✲

♠❡♥t❡ ♣♦r ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ✉♠ ✈❡t♦r ✐s♦tró♣✐❝♦ ❞❡ V ✳ ❈♦♠♦ V é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡①✐st❡ w ∈ V

t❛❧ q✉❡ g(v, w) 6= 0✳ ❆ss✐♠✱ U = spanF{v, w} é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡ ✐s♦tró♣✐❝♦ ❞❡

❞✐♠❡♥sã♦ ❞♦✐s ❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❙❡♥❞♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❛

Pr♦♣♦s✐çã♦ ❆✳✷✳✶✹ ❛ss❡❣✉r❛ q✉❡ ❡❧❡ ❞❡✈❡ ❞❡❝♦♠♣♦r ♦rt♦❣♦♥❛❧♠❡♥t❡ V ✳

Pr♦♣♦s✐çã♦ ❆✳✸✳✺✳ ❙❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡ U ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V t♦t❛❧♠❡♥t❡

✐s♦tró♣✐❝♦ ❝♦♠ ❜❛s❡ {u1, . . . , ur}✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ H1 ⊥ · · · ⊥ Hr ❞❡ V ♥♦ q✉❛❧

❝❛❞❛ Hi é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥t❡♥❞♦ ui✳ ❆❧é♠ ❞✐ss♦✱ H1 ⊥ · · · ⊥ Hr = U ⊥ W ✱ ♦♥❞❡ W

é ♦✉tr♦ s✉❜❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦ ❞❡ V ❝♦♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❞❡ U ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡①✐st❡ w1 ∈ V t❛❧ q✉❡ g(u1, w1) 6= 0✳

❙❡ r = 1 ❞❡✜♥✐♠♦s H1 = spanF{u1, w1}✱ q✉❡ é ❡♥tã♦ ✉♠ ❡s♣❛ç♦ ✐s♦tró♣✐❝♦ ❡ ♥ã♦✲❞❡❣❡♥❡r❛❞♦

❞❡ ❞✐♠❡♥sã♦ ❞♦✐s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✸✳✸✱ H1 é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❙❡ r > 1✱ ✈❛♠♦s ❛♣❧✐❝❛r

✐♥❞✉çã♦ ❡♠ r✳ ❉❡✜♥❛

Ur−1 = spanF{u1, . . . , ur−1} ❡ Ur = U.



✶✻✹ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❊♥tã♦ Ur−1 ⊂ U ❡✱ ❛ss✐♠✱ U⊥
r ⊂ U⊥

r−1✳ ❚♦♠❡ wr ∈ U⊥
r−1 \ U⊥

r ❡ ❞❡✜♥❛ Hr = spanF{ur, wr}✳

❆ss✐♠✱ g(ui, wr) = 0 ♣❛r❛ t♦❞♦ i = 1, . . . , r − 1✱ ♠❛s g(ur, wr) 6= 0 ✭❝❛s♦ ❝♦♥trár✐♦✱ wr ∈ Ur✮✳

▲♦❣♦✱ Hr t❛♠❜é♠ é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥t❡♥❞♦ ur✳

P❡❧❛s Pr♦♣♦s✐çõ❡s ❆✳✸✳✹ ❡ ❆✳✷✳✶✹✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r V = Hr ⊥ H⊥
r ✳ ❊♥tã♦ Hr ⊂ U⊥

r−1✱

✉♠❛ ✈❡③ q✉❡ ur, wr ∈ U⊥
r−1✳ P♦rt❛♥t♦✱ Ur−1 ⊂ H⊥

r ✳ ❆ ❛♣❧✐❝❛çã♦ ❞❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❛

Ur−1 ✭✈✐st♦ ❝♦♠♦ s✉❜❡s♣❛ç♦ ❞❡ H⊥
r ✮ ❢♦r♥❡❝❡

H1 ⊥ · · · ⊥ Hr−1 ⊂ H⊥
r

❝♦♠ ui ∈ Hi ♣❛r❛ t♦❞♦ i = 1, . . . , r − 1✳ ❊♥tã♦ H1 ⊥ · · · ⊥ Hr−1 ⊥ Hr t❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡s❡❥❛❞❛s✳ ❚♦♠❛♥❞♦✲s❡✱ ❡♥✜♠✱ W = spanF{w1, . . . , wr}✱ t❡♠✲s❡ q✉❡ = U ⊥ W ✳

❈♦r♦❧ár✐♦ ❆✳✸✳✻✳ ❙❡❥❛ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ V ♠❛①✐♠❛❧ ❝♦♠

r❡❧❛çã♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✳ ❊♥tã♦ 2 dimW ≤ dimV ✳

❉❡♠♦♥str❛çã♦✳ ■♠❡❞✐❛t❛✳

❉❡✜♥✐çã♦ ❆✳✸✳✼✳ ❉✐③❡♠♦s q✉❡ V é ✉♠ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ dimV = 2dimW ✳

❈♦r♦❧ár✐♦ ❆✳✸✳✽✳ ❚♦❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ❛❞♠✐t❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧

V = radV ⊥ H1 ⊥ · · · ⊥ Hr ⊥ V ′,

♦♥❞❡ ❝❛❞❛ Hi é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ i = 1, . . . , r✱ ❡ V ′ é s✉❜❡s♣❛ç♦ ❛♥✐s♦tró♣✐❝♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✷✳✶✸✱ ♥ós ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ V é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❙❡

V é ❛♥✐s♦tró♣✐❝♦✱ ❡♥tã♦ ♥ã♦ ♥♦s r❡st❛ ♥❛❞❛ ❛ ❢❛③❡r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ V é ✐s♦tró♣✐❝♦✱ ❡♥tã♦

❡①✐st❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✸✳✹ ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ H ⊂ V q✉❡ ❞❡❝♦♠♣õ❡ ♦rt♦❣♦♥❛❧♠❡♥t❡ V ✳

❈♦♠♦ H é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❛ Pr♦♣♦s✐çã♦ ❆✳✷✳✶✹ ❛ss❡❣✉r❛ q✉❡ V = H ⊥ H⊥✱ ❡♠ q✉❡ H⊥

é ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❞❡ V ❞❡ ❞✐♠❡♥sã♦ ✐♥❢❡r✐♦r ❛ ❞✐♠❡♥sã♦ ❞❡ V ✳ ❖ r❡s✉❧t❛❞♦

s❡❣✉❡ ❡♥tã♦ ♣♦r ✐♥❞✉çã♦✳



❆✳✹✳ ❚❡♦r❡♠❛s ❞❡ ❲✐tt ✶✻✺

❙❡❥❛ v ✉♠ ✈❡t♦r ❛♥✐s♦tró♣✐❝♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦ n✳ ❉❡✜♥❛ ✉♠❛ ❛♣❧✐❝❛çã♦

µv(w) = w − 2g(w, v)

q(v)
v.

❋❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛✲s❡ q✉❡ µv é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ ♣r❡s❡r✈❛ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛

❞❡ V ❡ t❛♠❜é♠ q✉❡ ❡❧❛ é ✉♠❛ ✐♥✈♦❧✉çã♦✳ ❈♦♠♦ t♦❞❛ ✐♥✈♦❧✉çã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t♦r❛✱

µv é ❡♥tã♦ ✉♠❛ ✐s♦♠❡tr✐❛✳ ❆ss✐♠✱ µv ∈ O(V )✳ ●❡♦♠❡tr✐❝❛♠❡♥t❡✱ µv ✐♥✈❡rt❡ ♦ s❡♥t✐❞♦

❞❡ t♦❞♦ ✈❡t♦r ❝♦♥t✐❞♦ ♥♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v✱ ♠❛♥t❡♥❞♦ ✜①♦ ♦s ✈❡t♦r❡s ❞♦ ❤✐♣❡r♣❧❛♥♦

v⊥ := spanF{v}⊥✳ ❋❛③ s❡♥t✐❞♦ ❛ s❡❣✉✐♥t❡ t❡r♠✐♥♦❧♦❣✐❛✱ ❡♥tã♦✿

❉❡✜♥✐çã♦ ❆✳✸✳✾✳ ❉✐③❡♠♦s q✉❡ µv é ✉♠❛ r❡✢❡①ã♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ✈❡t♦r v✳

◆♦t❡ q✉❡ t♦❞❛ r❡✢❡①ã♦ t❡♠ ❞❡t❡r♠✐♥❛♥t❡ −1 ❡✱ s❡♥❞♦ ✉♠❛ ✐♥✈♦❧✉çã♦✱ tr❛t❛✲s❡ ❞❡ s✉❛

♣ró♣r✐❛ ✐♥✈❡rs❛✳

❆✳✹ ❚❡♦r❡♠❛s ❞❡ ❲✐tt

❊st❛❜❡❧❡❝❡♠♦s ❛q✉✐ ♦s três t❡♦r❡♠❛s ❞❡ ❲✐tt✳

❚❡♦r❡♠❛ ❆✳✹✳✶ ✭❚❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❲✐tt✮✳ ❙❡❥❛♠ U ✱ U ′✱ W ❡ W ′ ❡s♣❛ç♦s q✉❛✲

❞rát✐❝♦s✱ ❝♦♠ W ❡ W ′ ✐s♦♠étr✐❝♦s✳ ❙❡ U ⊥ W ❡ U ′ ⊥ W ′ sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✱ ❡♥tã♦ U

❡ U ′ t❛♠❜é♠ ♦ sã♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ W ❡ W ′ sã♦ ✐s♦♠étr✐❝♦s ❡ U ⊥ W ❡ U ′ ⊥ W ′ t❛♠❜é♠ ♦ sã♦✱ ❡♥tã♦

U ′ ⊥ W é ✐s♦♠étr✐❝♦ ❛ U ′ ⊥ W ′✱ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ é ✐s♦♠étr✐❝♦ ❛ U ⊥ W ✳ ❆ss✐♠✱ U ⊥ W

❡ U ′ ⊥ W t❛♠❜é♠ sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✱ ♣♦✐s ❛ r❡❧❛çã♦ ❞❡ ✐s♦♠❡tr✐❛ é ✉♠❛ r❡❧❛çã♦ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛✳ ▲♦❣♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ W ′ = W ❡ ♣r♦❝✉r❛r s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❝❧✉✐r q✉❡ U é

✐s♦♠étr✐❝♦ ❛ U ′ ♣❛r❛ ♣r♦✈❛r ❡st❡ t❡♦r❡♠❛✳ ❉✐✈✐❞✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❡♠ ✈ár✐♦s ❝❛s♦s✳

❈❛s♦ ✶✿ U é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡W é ✉♠ ❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✳ ❊s❝♦❧❤❡♥❞♦

❜❛s❡s ♣❛r❛ ❡st❡s ❡s♣❛ç♦s✱ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r N ❡ N ′ ❛s ♠❛tr✐③❡s ❞❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s



✶✻✻ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

s✐♠étr✐❝❛s ❞❡ U ❡ U ′ ♥❡st❛s ❜❛s❡s✳ ❊♥tã♦

Ñ =



N 0

0 0


 ❡ Ñ ′ =



N ′ 0

0 0




sã♦ ❛s ♠❛tr✐③❡s ❞❛s ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❞♦s ❡s♣❛ç♦s U ⊕W ❡ U ′ ⊕W ✱ ♥❡st❛ ♦r❞❡♠✳

❈♦♠♦ U ⊕W ❡ U ′ ⊕W sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✱ ❡①✐st❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✳✼✱ ✉♠❛ ♠❛tr✐③

✐♥✈❡rsí✈❡❧

T̃ =



T A

B C




❞❡ ♦r❞❡♠ ❛♣r♦♣r✐❛❞❛✱ t❛❧ q✉❡ Ñ = T̃ tÑ ′T̃ ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✐st♦ ♠♦str❛ q✉❡ N = T tN ′T ✳

❈♦♠♦ N é ✐♥✈❡rsí✈❡❧✱ ♣♦✐s U é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦ T t❛♠❜é♠ é ✐♥✈❡rsí✈❡❧ ❡ ❞❛í✱ ♣❡❧❛

♠❡s♠❛ Pr♦♣♦s✐çã♦ ❆✳✶✳✼✱ U ❡ U ′ sã♦ ✐s♦♠étr✐❝♦s✳

❈❛s♦ ✷✿ W é t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✳ ❊s❝♦❧❤❛ ❜❛s❡s ♦rt♦❣♦♥❛✐s ♣❛r❛ U ❡ U ′ ❡ s✉♣♦♥❤❛✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡ U ♥❡st❛ ❜❛s❡ t❡♠ ❛s

r ♣r✐♠❡✐r❛s ❡♥tr❛❞❛s ❞❡ s✉❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ♥✉❧❛s✱ ❡♥q✉❛♥t♦ ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❞❡ U ′ ♥❛ ❜❛s❡ t♦♠❛❞❛ ♣❛r❛ U ′ t❡♠ ❛♦ ♠❡♥♦s r ③❡r♦s ❡♠ s✉❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳

❊♥tã♦ ♣♦❞❡♠♦s s✉❜st✐t✉✐r W ♣♦r W ⊥ W ′✱ ♦♥❞❡ W ′ é ♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s r ♣r✐♠❡✐r♦s

✈❡t♦r❡s ❞❛ ❜❛s❡ t♦♠❛❞❛ ♣❛r❛ U ✱ ❡ ❛ss✉♠✐r q✉❡ U é ♦ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❣❡r❛❞♦ ♣❡❧♦s

❞❡♠❛✐s ✈❡t♦r❡s ❞❡st❛ ❜❛s❡✳ ❘❡❞✉③✐♠♦s ❛ss✐♠ ❡st❡ ❝❛s♦ ❛♦ ❛♥t❡r✐♦r✳

❈❛s♦ ✸✿ dimW = 1✳ ❙✉♣♦♥❤❛ q✉❡ [n] s❡❥❛ ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡ W ❡♠

✉♠❛ ❞❡ s✉❛s ❜❛s❡s✳ ❙❡ n = 0✱ ❡♥tã♦✱ ♣❡❧♦ ❈❛s♦ ✷✱ ♥ã♦ ♥♦s r❡st❛ ♥❛❞❛ ❛ ❢❛③❡r✳ ❆ss✉♠❛✱

♣♦r ✐ss♦✱ q✉❡ n 6= 0✳ ❚♦♠❡ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {w′, u2, . . . , un} ❞❡ V = W ′ ⊥ U ✱ ♦♥❞❡

W ′ = spanF{w′} ❡ qW (w′) = n✳ ❚♦♠❡ t❛♠❜é♠ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ {w′′, u′2, . . . , u
′
n} ❞❡

V ′ = W ′′ ⊥ U ′✱ ♦♥❞❡ W ′′ = spanF{w′′} ❡ qW (w′′) = n✳ ❉❡♥♦t❡ ♣♦r σ : W1
//W2 ❛ ✐s♦♠❡tr✐❛

q✉❡ ❡①✐st❡ ♣♦r ❤✐♣ót❡s❡ ❡♥tr❡ ❡st❡s ❡s♣❛ç♦s✳ ❉❡✜♥❛ v = σ−1(w′′) ❡ U ′′ = σ−1(U ′)✱ ❞❡ ♠♦❞♦

q✉❡ V = W ′ ⊥ U = V ′′ ⊥ U ′′✱ ♦♥❞❡ V ′′ = spanF{v}✳ ❈♦♠♦ ❥á ❛r❣✉♠❡♥t❛♠♦s✱ ❡①✐st❡ ✉♠❛



❆✳✹✳ ❚❡♦r❡♠❛s ❞❡ ❲✐tt ✶✻✼

s✐♠❡tr✐❛ µ ∈ O(V, q) t❛❧ q✉❡ µ(w′) = v✳ ❈♦♠♦ W ′ ❡ V ′′ sã♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦s✱ t❡♠♦s q✉❡

U = (W ′)⊥ ❡ U ′′ = (V ′′)⊥✱ ❞❡ ♠♦❞♦ q✉❡ µ(U) = U ′′✳ ❊♥tã♦✱ U é ✐s♦♠étr✐❝♦ ❛ U ′′✱ q✉❡✱ ♣♦r

s✉❛ ✈❡③✱ é ✐s♦♠étr✐❝♦ ❛ U ′✳ ❆ss✐♠✱ U ❡ U ′ sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✳

❈❛s♦ ✹✿ ❆❣♦r❛ ❜❛st❛ ❡s❝r❡✈❡r V ❝♦♠♦ ❛ s♦♠❛ ❞❡ ❡s♣❛ç♦s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❡ ❛♣❧✐❝❛r ✐♥❞✉t✐✲

✈❛♠❡♥t❡ ♦ ❈❛s♦ ✸✳

❈♦r♦❧ár✐♦ ❆✳✹✳✷✳ ❙❡❥❛♠ W ❡ W ′ s✉❜❡s♣❛ç♦s ♥ã♦✲❞❡❣❡♥❡r❛❞♦s ❡ ✐s♦♠étr✐❝♦s ❞❡ ✉♠ ♠❡s♠♦

❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ✳ ❊♥tã♦ W⊥ ❡ (W ′)⊥ t❛♠❜é♠ sã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛ U = W⊥ ❡ U ′ = (W ′)⊥✳ ❉❡✈✐❞♦ ❛ ♥ã♦✲❞❡❣❡♥❡r❡❝ê♥❝✐❛ ❞♦s s✉❜❡s♣❛ç♦s

W ❡ W ′✱ t❡♠♦s q✉❡ V = U ⊥ W ❡✱ t❛♠❜é♠✱ V = U ′ ⊥ W ′✳ P❡❧♦ t❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦

❞❡ ❲✐tt✱ U ❡ U ′ sã♦ ✐s♦♠étr✐❝♦s✳

❚❡♦r❡♠❛ ❆✳✹✳✸ ✭❚❡♦r❡♠❛ ❞❛ ❡①t❡♥sã♦ ❞❡ ❲✐tt✮✳ ❙❡❥❛♠ V ❡ V ′ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s t❛✐s q✉❡

V = U ⊕W ❡ V ′ = U ′ ⊕W ′✱ ❝♦♠ W ❡ W ′ ✐s♦♠étr✐❝♦s ♣♦r σW : W //W ′✳ ❊♥tã♦ ❡①✐st❡

✉♠❛ ✐s♦♠❡tr✐❛ σ : V // V ′ t❛❧ q✉❡ ❛ r❡str✐çã♦ ❞❡ σ ❛ W ❝♦✐♥❝✐❞❡ ❝♦♠ σW ❡ σ(U) = U ′✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ V ❡ V ′ sã♦ ✐s♦♠étr✐❝♦s✱ ♦ t❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❲✐tt ✐♠♣❧✐❝❛ q✉❡

U ❡ U ′ t❛♠❜é♠ ♦ sã♦✱ ❞✐❣❛♠♦s ♣♦r ✉♠❛ ✐s♦♠❡tr✐❛ σU : U //U ′✳ ❊♥tã♦✱ σ = σU⊕σW : V //V ′

é ✉♠❛ ✐s♦♠❡tr✐❛ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛✳

◆❛ r❡❛❧✐❞❛❞❡✱ ❡st❡s ❞♦✐s t❡♦r❡♠❛s ❞❡ ❲✐tt sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❉❡ ❢❛t♦✱ ❥á ♣r♦✈❛♠♦s ♦ t❡♦r❡♠❛

❞❛ ❡①t❡♥sã♦ ❛ ♣❛rt✐r ❞♦ t❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦✳ ❆ss✉♠❛✱ ♣♦rt❛♥t♦✱ q✉❡ ♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦

s❡❥❛ ✈❡r❞❛❞❡✐r♦ ❡ s✉♣♦♥❤❛ q✉❡ U ✱ U ′✱W ❡W ′ s❡❥❛♠ ❝♦♠♦ ♥♦ t❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦✳ ❉❡✜♥❛

V = U ⊕W ❡ V ′ = U ′ ⊕W ′ ❡ ❞❡♥♦t❡ ♣♦r σW ❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ W ❡ W ′✳ P❡❧♦ t❡♦r❡♠❛ ❞❛

❡①t❡♥sã♦ ❞❡ ❲✐tt✱ U ❡ U ′ sã♦ ❡♥tã♦ ❡s♣❛ç♦s ✐s♦♠étr✐❝♦s✳

❚❡♦r❡♠❛ ❆✳✹✳✹ ✭❚❡♦r❡♠❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❲✐tt✮✳ P❛r❛ t♦❞♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ V ❡①✐st❡

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧

V = radV ⊥ H1 ⊥ · · · ⊥ Hr ⊥ V ′,



✶✻✽ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

♦♥❞❡ ❝❛❞❛ Hi é ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ i = 1, . . . , r✱ ❡ V ′ é ✉♠ ❡s♣❛ç♦ ❛♥✐s♦tró♣✐❝♦✳ ▼❛✐s

❛✐♥❞❛✿ ♦ ♥ú♠❡r♦ r ❡ ❛ ❝❧❛ss❡ ❞❡ ✐s♦♠❡tr✐❛ ❞❡ V ′ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ❞❡❝♦♠♣♦s✐çã♦ ❥á ❢♦✐ ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✸✳✽✳ ❆s

❞❡♠❛✐s ❛✜r♠❛çõ❡s s❡❣✉❡♠ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ t❡♦r❡♠❛ ❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❲✐tt ❡ ❞❛ Pr♦♣♦✲

s✐çã♦ ❆✳✸✳✹✳

❆✳✺ ❖ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ♦ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ (V, q) é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ♥ã♦✲tr✐✈✐❛❧

❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✳

❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(V, q) ❛ss♦❝✐❛❞♦ ❛ (V, q) ❡ ✉♠❛ ❜❛s❡ {v1, . . . , vn} ❞❡ V ❡

❞❡♥♦t❡ ♣♦r N ❛ ♠❛tr✐③ ❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g ❞❡ V ♥❡st❛ ❜❛s❡✳ ❈♦♥s✐❞❡r❡ ✉♠❛

✐s♦♠❡tr✐❛ σ ❞❡ V ❡ ❛ ♠❛tr✐③ T = (tij) ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡❧❛ ♥❛ ❜❛s❡ ✜①❛❞❛✳ ◆♦t❛♥❞♦ q✉❡ σ é

✉♠ ✐s♦♠♦r✜s♠♦✱ ♣♦rq✉❡ V é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♥ós ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ {σ(v1), . . . , σ(vn)}

t❛♠❜é♠ é ✉♠❛ ❜❛s❡ ♣❛r❛ V ✳ ◆❡st❡ ❝❛s♦✱ T ❝♦rr❡s♣♦♥❞❡ ❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡s

❞❡ V ✱ ❞❛ s❡❣✉♥❞❛ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ♠❡♥❝✐♦♥❛❞❛s✳ ❚❛♠❜é♠✱ ❛ ♠❛tr✐③ ❞❡ g ♥❛ s❡❣✉♥❞❛ ❜❛s❡

é ❛ ♣ró♣r✐❛ ♠❛tr✐③ N ✱ ♣♦✐s σ ♣r❡s❡r✈❛ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ g✱ s❡♥❞♦ ✉♠❛ ✐s♦♠❡tr✐❛✳

❆ss✐♠✱ N = T tNT ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ (detT )2 detN = detN ✳ ❙❡♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡

N ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥ã♦✲♥✉❧♦✱ ❥á q✉❡ q é ❞✐❛❣♦♥❛❧✐③á✈❡❧ ❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ♥ós

t❡♠♦s q✉❡ det σ = ±1✱ s❡ σ ∈ O(V )✳

❉❡✜♥✐çã♦ ❆✳✺✳✶✳ ❉✐③❡♠♦s q✉❡ f é ✉♠❛ r♦t❛çã♦ s❡ det f = +1✳

❉❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s r♦t❛çõ❡s ♣♦r SO(V, q) ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s r❡✲

✢❡①õ❡s ♣♦r O−(V, q)✳ ❈❧❛r❛♠❡♥t❡✱ ♥❡♥❤✉♠ ❞❡st❡s ❝♦♥❥✉♥t♦s é ✈❛③✐♦ ❡ SO(V, q) é ❛✐♥❞❛

✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ O(V, q)✱ ♣♦✐s ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥ú❝❧❡♦ ❞♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

det : O(V, q) // {±1} ❡ t❡♠ í♥❞✐❝❡ ❞♦✐s ❡♠ O(V, q)✳



❆✳✺✳ ❖ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é ✶✻✾

❉❡✜♥✐çã♦ ❆✳✺✳✷✳ SO(V, q) é ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ ❡s♣❡❝✐❛❧ ❞❡ V ❝♦♠ r❡❧❛çã♦ ❛ q✳

❆ ❞✐s❝✉ssã♦ ❛♥t❡r✐♦r ♠♦str❛ q✉❡ ❛ ❜❛s❡ {v1, . . . , vn} ❞❡t❡r♠✐♥❛ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

❞❡ O(V, q) ❝♦♠ ♦ ❣r✉♣♦ ❞❡ ♠❛tr✐③❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡N = T tNT ✳ ❙❡ V é ♦ ❡s♣❛ç♦

❡✉❝❧✐❞✐❛♥♦✱ ❡♥tã♦ O(V, q) ❡ SO(V, q) ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❣r✉♣♦s ♠❛tr✐❝✐❛✐s ❞❡ ▲✐❡ O(n,Rn) ❡

SO(n,Rn)✱ ❥✉st✐✜❝❛♥❞♦✱ ❡♥✜♠✱ ❛ t❡r♠✐♥♦❧♦❣✐❛ ❡♠♣r❡❣❛❞❛✳

❈♦♠♦ ❡①✐st❡♠ t❛♥t❛s r❡✢❡①õ❡s q✉❛♥t♦ ❡①✐st❡♠ s✉❜❡s♣❛ç♦s ❛♥✐s♦tró♣✐❝♦s ❞❡ V ✉♥✐❞✐♠❡♥✲

s✐♦♥❛✐s✱ ♦ ♥ú♠❡r♦ ❞❡ r❡✢❡①õ❡s é✱ ❛♦ ♠❡♥♦s✱ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡st❡s s✉❜❡s♣❛ç♦s✳ P♦rt❛♥t♦✱

❝♦♠♦ ❤á ❛✐♥❞❛ t❛♥t❛s r♦t❛çõ❡s q✉❛♥t♦ ❤á r❡✢❡①õ❡s✱ ❥á q✉❡ [SO(V, q) : O(V, q)] = 2✱ ♦ ♥ú✲

♠❡r♦ ❞❡ r♦t❛çõ❡s t❛♠❜é♠ é ❛♦ ♠❡♥♦s ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ s✉❜❡s♣❛ç♦s ❛♥✐s♦tró♣✐❝♦s ❞❡ V ❞❡

✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

▲❡♠❛ ❆✳✺✳✸✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ σ ∈ O(V, q) ✉♠❛ ✐s♦♠❡tr✐❛ ❝✉❥❛ r❡str✐çã♦ ❛

✉♠ s✉❜❡s♣❛ç♦ U ❞❡ V t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦ ❡ ♠❛①✐♠❛❧ ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ é ❛ ✐❞❡♥t✐❞❛❞❡✳

❊♥tã♦ σ ∈ SO(V, q)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ r ❛ ❞✐♠❡♥sã♦ ❞❡ U ✳ ❊♥tã♦ dimV = 2r✳ ❈♦♠♦ V é ✉♠ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✱

❛ Pr♦♣♦s✐çã♦ ❆✳✸✳✺✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♦✉tr♦ s✉❜❡s♣❛ç♦ W ❞❡ V ✱ t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✱

t❛❧ q✉❡ V = U ⊥ W ✳ P❛r❛ t♦❞♦ u ∈ U ❡ w ∈ W ✱ t❡♠♦s q✉❡ σ(u) = u ♣♦r ❤✐♣ót❡s❡ ❡

g(u, σ(w)− w) = g(u, σ(w))− g(u, w) = g(σ(u), σ(w))− g(u, w) = 0.

P♦rt❛♥t♦✱ σ(w)−w ∈ U⊥✳ ▼❛s U ⊂ U⊥ ♣♦r ❝♦♥str✉çã♦ ❡ dimU⊥ = r✳ ❊♥tã♦✱ σ(w)−w ∈ U

♣❛r❛ t♦❞♦ w ∈ W ✳ ❉❛❞❛s ❜❛s❡s {u1, . . . , ur} ❡ {w1, . . . , wr} ❞❡ U ❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

✈❡♠♦s q✉❡ ❛ ♠❛tr✐③ ❞❡ σ ♥❛ ❜❛s❡ {ui} ∪ {wj} ❞❡ V t❡♠ ❛ ❢♦r♠❛



Ir ∗

0 Ir


 .

P♦rt❛♥t♦✱ det σ = 1 ❡ σ é ✉♠❛ r♦t❛çã♦✳



✶✼✵ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

▲❡♠❛ ❆✳✺✳✹✳ ❙❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❞❡ ❞✐♠❡♥sã♦ n ❡ σ ∈ O(V, q) s❛t✐s❢❛③ ❛

❝♦♥❞✐çã♦

v ∈ V̇ é ❛♥✐s♦tró♣✐❝♦ =⇒ σ(v)− v é ✐s♦tró♣✐❝♦ ❡♠ V̇ , ✭∗✮

❡♥tã♦ n é ♣❛r✱ n ≥ 4 ❡ σ é ✉♠❛ r♦t❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❈❡rt❛♠❡♥t❡ ♥ós ♥ã♦ ♣♦❞❡♠♦s t❡r n = 1✱ ♣♦✐s ♥❡st❡ ❝❛s♦ O(V, q) = {±id} ❡ ❛s

✐s♦♠❡tr✐❛s ±id ♦❜✈✐❛♠❡♥t❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s✳ ❙❡ n = 2✱ t♦♠❡ v ∈ V ❛♥✐s♦tró♣✐❝♦✳

❊♥tã♦✱ v ❡ σ(v) sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❥á q✉❡

0 = αv + βσ(v) = α2q(v) + β2q(σ(v)) = (α2 + β2)q(v)

❡ v é ✉♠ ✈❡t♦r ❛♥✐s♦tró♣✐❝♦✳ ❚❛♠❜é♠✱ σ(v)− v é ✐s♦tró♣✐❝♦ ❡ ♥ã♦✲♥✉❧♦ ♣♦r ❤✐♣ót❡s❡✳ ❆ss✐♠✱

0 = q(σ(v)− v) = q(σ(v)) + q(v) + 2g(σ(v),−v) = 2g(v − σ(v), v),

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞♦s ✈❡t♦r❡s v ❡ σ(v) é

d(v, σ(v)) = det




g(v, v) g(v, σ(v))

g(σ(v), v) g(σ(v), σ(v))


 = g(v, v)2 − g(v, σ(v))2 = 0.

❙❡❣✉♥❞♦ ❛ Pr♦♣♦s✐çã♦ ❆✳✷✳✶✷✱ V s❡r✐❛ ❡♥tã♦ ✉♠ ❡s♣❛ç♦ ❞❡❣❡♥❡r❛❞♦✱ ♦ q✉❡ ♥ã♦ é ♦ ❝❛s♦✳ ▲♦❣♦✱

n ≥ 3✳

❆✜r♠❛♠♦s q✉❡ q(σ(v)−v) = 0 ♣❛r❛ t♦❞♦ v ∈ V ✱ ♥ã♦ s♦♠❡♥t❡ ♣❛r❛ ♦s ✈❡t♦r❡s ❛♥✐s♦tró♣✐❝♦s✳

P❛r❛ ✈❡r ✐ss♦✱ t♦♠❡ v ∈ V ✐s♦tró♣✐❝♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✸✳✹✱ ❡①✐st❡ ✉♠ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦

q✉❡ ❝♦♥té♠ v ❡ ❞❡❝♦♠♣õ❡ ♦rt♦❣♦♥❛❧♠❡♥t❡ V ✳ P♦rt❛♥t♦✱ ❡①✐st❡ w ∈ V t❛❧ q✉❡ q(w) 6= 0 ❡

g(v, w) = 0✳ ❆ss✐♠✱ q(v + εw) 6= 0 ♣❛r❛ t♦❞♦ ε > 0✳ ▲♦❣♦✱

q(σ(v + εw)− (v + εz)) = 0 ❡ q(σ(w)− w) = 0,



❆✳✺✳ ❖ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é ✶✼✶

♣♦r ❤✐♣ót❡s❡ ❡✱ ❞❛í✱

q(σ(y)− y) + 2εg(σ(y)− y, σ(w)− w) = 0.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ε = 1✱ ♥ós t❡♠♦s q✉❡

q(σ(y)− y) + 2g(σ(y)− y, σ(w)− w) = 0,

❡♥q✉❛♥t♦ ♣❛r❛ ε = −1✱

q(σ(y)− y)− 2g(σ(y)− y, σ(w)− w) = 0.

❙♦♠❛♥❞♦ ❡st❛s ❡①♣r❡ssõ❡s ♦❜t❡♠♦s q(σ(v)− v) = 0✱ ❝♦♥❢♦r♠❡ ❛✜r♠❛❞♦✳

❆ss✐♠ ♦ ❡s♣❛ç♦ W = (σ − id)(V ) é t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ v ∈ V ❡

t♦❞♦ w ∈ W⊥ t❡♠♦s q✉❡

g(v, σ(w)− w) = g(σ(v), σ(w)− w)− g(σ(v)− v, σ(w)− w)

= g(σ(v), σ(w)− w) = g(σ(v), σ(w))− g(σ(v), w)

= −g(v − σ(v), w) = 0.

P♦rt❛♥t♦✱ σ(w) − w ∈ radV ✳ ❙ó q✉❡ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❊♥tã♦✱ ♥❡❝❡ss❛r✐❛✲

♠❡♥t❡✱ σ(w) = w ♣❛r❛ t♦❞♦ w ∈ W⊥✳ ❆ss✐♠ ♥♦ss❛ ❤✐♣ót❡s❡ ✐♠♣❧✐❝❛ q✉❡ q|W⊥ = 0 ❡✱ ❞❛í✱

W ⊂ W⊥ ⊂ W⊥⊥ = W ✱ ❞❡ ♠♦❞♦ q✉❡ W = W⊥✳ P♦rt❛♥t♦✱

dimV = dimW + dimW⊥ = 2dimW

é ♣❛r ❡✱ ❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✹✳ ❆✐♥❞❛ ♠❛✐s✿ V é ✉♠ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❡

W é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V ♠❛①✐♠❛❧ ❝♦♠ r❡❧❛çã♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦ ❡

♦♥❞❡ σ é ❛ ♣ró♣r✐❛ ✐❞❡♥t✐❞❛❞❡✳ ▲♦❣♦✱ σ ∈ SO(V, q) ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✳



✶✼✷ ❆✳ ❋♦r♠❛s q✉❛❞rát✐❝❛s ❡ ♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧

❚❡♦r❡♠❛ ❆✳✺✳✺ ✭❈❛rt❛♥✲❉✐❡✉❞♦♥♥é✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ q✉❛❞rát✐❝♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡ ❞❡

❞✐♠❡♥sã♦ n✳ ❊♥tã♦ t♦❞♦ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ♦rt♦❣♦♥❛❧ O(V, q) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦ ✉♠

♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n r❡✢❡①õ❡s✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ s❡ ❞á ♣♦r ✐♥❞✉çã♦ ❡♠ n✳ ❖ ❝❛s♦ n = 1 é tr✐✈✐❛❧✳ ❆ss✉♠❛✱ ♣♦rt❛♥t♦✱

q✉❡ n > 1 ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ✐s♦♠❡tr✐❛ σ ∈ O(V, q)✳ ❈♦♠♦ V é ✉♠ ❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱

❡①✐st❡ v ∈ V̇ ❛♥✐s♦tró♣✐❝♦✳ ❙✉♣♦♥❤❛ q✉❡ σ ✜①❡ ❡st❡ ✈❡t♦r✳ ◆❡st❡ ❝❛s♦✱ ♦ ❤✐♣❡r♣❧❛♥♦ v⊥ é

✐♥✈❛r✐❛♥t❡ ♣♦r σ✱ ❥á q✉❡✱ s❡ u ∈ v⊥✱ t❡♠♦s

g(σ(u), v) = g(u, σ−1(v)) = g(u, v) = 0.

❆ss✐♠✱ ❛ r❡str✐çã♦ ❞❡ σ ❛ v⊥ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ O(v⊥, q)✳ ❈♦♠♦ dim v⊥ = n − 1✱ ❛ ❤✐♣ót❡s❡

❞❡ ✐♥❞✉çã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛✳ ❊❧❛ ❛ss❡❣✉r❛ q✉❡ σ|v⊥ é ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n − 1

r❡✢❡①õ❡s✳ ◆ós ♣♦❞❡♠♦s ♥❛t✉r❛❧♠❡♥t❡ ♦❧❤❛r ♣❛r❛ σ|v⊥ ❝♦♠♦ ✉♠❛ r❡✢❡①ã♦ ❞❡✜♥✐❞❛ ❡♠ t♦❞♦ ♦

❡s♣❛ç♦ V ✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ t♦❞❛s ❡❧❛s✱ t♦♠❛❞❛s ♥❛ ♦r❞❡♠ ♦r✐❣✐♥❛❧ ♣r❡s❡♥t❡ ❡♠

σ|v⊥ ✱ ❝♦✐♥❝✐❞❡ ❝♦♠ σ ❡♠ v⊥ ❡ ♥♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v✳ ❉❡st❛ ❢♦r♠❛✱ σ ❞❡✈❡ s❡r ❡❧❛ ♠❡s♠❛

✐❣✉❛❧ ❛♦ ♣r♦❞✉t♦ ❞❡st❛s ❡①t❡♥sõ❡s✱ ♦✉ s❡❥❛✱ ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n− 1 r❡✢❡①õ❡s✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ σ(v)−v s❡❥❛ ✉♠ ✈❡t♦r ❛♥✐s♦tró♣✐❝♦ ❡ ❝♦♥s✐❞❡r❡ ❛ r❡✢❡①ã♦ µσ(v)−v✳ ❈♦♠♦

2g(σ(v), σ(v)− v) = g(σ(v)− v, σ(v)− v),

t❡♠♦s q✉❡

µσ(v)−v(σ(v)) = σ(v)− 2g(σ(v), σ(v)− v)

g(σ(v)− v, σ(v)− v)
(σ(v)− v) = v,

✐st♦ é✱ t❡♠♦s q✉❡ µσ(v)−v ◦σ ✜①❛ ♦ ✈❡t♦r v✳ P❡❧♦ ❝❛s♦ ❛♥t❡r✐♦r✱ µσ(v)−v ◦σ é ❡♥tã♦ ✉♠ ♣r♦❞✉t♦

❞❡ ♥♦ ♠á①✐♠♦ n− 1 r❡✢❡①õ❡s✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ σ é ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n r❡✢❡①õ❡s✳

▲♦❣♦✱ q✉❛❧q✉❡r ✐s♦♠❡tr✐❛ q✉❡ ♥ã♦ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ (∗) ❞♦ ▲❡♠❛ ❆✳✺✳✹ é ✉♠ ♣r♦❞✉t♦

❞❡ ♥♦ ♠á①✐♠♦ n r❡✢❡①õ❡s✳ ❱❡❥❛♠♦s ♦ ❝❛s♦ r❡st❛♥t❡✱ ❡♠ q✉❡ σ s❛t✐s❢❛③ ❡st❛ ❝♦♥❞✐çã♦✳ P♦r



❆✳✺✳ ❖ t❡♦r❡♠❛ ❞❡ ❈❛rt❛♥✲❉✐❡✉❞♦♥♥é ✶✼✸

s❛t✐s❢❛③ê✲❧❛✱ ❡st❡ ♠❡s♠♦ ❧❡♠❛ ❣❛r❛♥t❡ q✉❡ σ é ✉♠❛ r♦t❛çã♦ ❡ q✉❡ n é ✉♠ ♥ú♠❡r♦ ♣❛r✳ ❋✐①❡

✉♠❛ r❡✢❡①ã♦ µ ∈ O(V, q) q✉❛❧q✉❡r✳ ❊♥tã♦ µ ◦ σ t❡♠ ❞❡t❡r♠✐♥❛♥t❡ −1 ❡✱ ❛ss✐♠✱ t❛♠❜é♠ é

✉♠❛ r❡✢❡①ã♦✳ P♦r ✐ss♦✱ µ◦σ ♥ã♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (∗) ❡✱ ♣❡❧♦ q✉❡ ❥á ❛r❣✉♠❡♥t❛♠♦s✱ t❡♠ ❞❡

s❡r ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n r❡✢❡①õ❡s✳ ❉❡st❛ ❢♦r♠❛✱ µ ◦ σ é ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦

n+1 r❡✢❡①õ❡s✳ ❙ó q✉❡ σ ♥ã♦ ♣♦❞❡ s❡r ✉♠ ♣r♦❞✉t♦ ❞❡ n+1 r❡✢❡①õ❡s✱ ♣♦rq✉❡ σ é ✉♠❛ r♦t❛çã♦

❡ n + 1 é ✉♠ ♥ú♠❡r♦ í♠♣❛r✳ P♦rt❛♥t♦✱ σ é ✉♠ ♣r♦❞✉t♦ ❞❡ ♥♦ ♠á①✐♠♦ n r❡✢❡①õ❡s✱ ❝♦♠♦

❣♦st❛rí❛♠♦s ❞❡ ❞❡♠♦♥str❛r✳
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