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✸✳✼ ❋✐❣✉r❛s P❡rs♣❡❝t✐✈❛s ♣♦r O ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✽ ❋✐❣✉r❛s P❡rs♣❡❝t✐✈❛s ♣♦r ✉♠❛ ❘❡t❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✾ ❘❡t❛s ♣♦r ♣♦♥t♦s ❞✐st✐♥t♦s✱ ❝♦♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ D ✳ ✸✶

✸✳✶✵ Pr♦❥❡çã♦ ❞❡ ✉♠❛ r❡t❛ s♦❜r❡ ♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ à ❡s❢❡r❛✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✶✶ Pr♦❥❡çã♦ ❞❛ r❡t❛ ♥♦ ♣❧❛♥♦ ♣❛r❛❧❡❧♦ ❛♦ ♣❧❛♥♦ t❛♥❣❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✶✷ Pr♦❥❡çã♦ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦✱ ♥♦ ✐♥✜♥✐t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✶✸ Pr♦❥❡çã♦ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♠ r❡t❛s ❝♦♥❝♦rr❡♥t❡s✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✶✹ ◗✉❛❞r✐❧át❡r♦ ❈♦♠♣❧❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✶✺ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s P❡❧♦ P♦♥t♦ O ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✶✻ ❍❡①á❣♦♥♦ OCBAB ′GO ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✶✼ ❍❡①á❣♦♥♦ B ′AGOC ′A′B ′ ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✶✽ ❍❡①á❣♦♥♦ AIJKB ′GA ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✶✾ ◗✉❛❞r✐❧át❡r♦ ❈♦♠♣❧❡t♦ ❡ s❡✉s ❱ért✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✷✵ ◗✉❛❞r✐❧át❡r♦ ❝♦♠ s✉❛s ❘❡t❛s ❉✐❛❣♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✷✶ ❚r✐â♥❣✉❧♦ ❉✐❛❣♦♥❛❧ ABC ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✷✷ P♦♥t♦s B ❡ C ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✷✸ P♦♥t♦ D ✱ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s A1A4 ✱ A2A5 ❡ A3A6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✷✹ ❚r✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s ♣♦r l ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✷✺ P♦♥t♦ O ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AA′ ❡ CC ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✷✻ ❚r✐â♥❣✉❧♦s DAA′ ❡ FCC ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸



▲✐st❛ ❞❡ ❋✐❣✉r❛s ①

✸✳✷✼ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (AD) (BE ) (CF )✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✷✽ ◗✉❛❞râ♥❣✉❧♦ ❈♦♠♣❧❡t♦ ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✷✾ ◗✉❛❞râ♥❣✉❧♦ K ′L′M ′N ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✸✵ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s KLM ❡ K ′L′M ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✸✶ ■♥t❡rs❡❝çã♦ ❞❛s r❡t❛s KL ❡ K ′L′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✸✷ ◗✉❛❞râ♥❣✉❧♦ KLMN ❡ ♣♦♥t♦s A✱B ✱ C ❡ D ❝♦❧✐♥❡❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✸✸ ◗✉❛❞râ♥❣✉❧♦ K ′L′M ′N ′ ❡ ♣♦♥t♦s A✱B ❡ C ❝♦❧✐♥❡❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✸✳✸✹ ◗✉❛❞râ♥❣✉❧♦s KLMN ❡ K ′L′M ′N ′ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ AC ✳ ✹✾

✸✳✸✺ ❈♦♥❥✉❣❛❞♦s ❍❛r♠ô♥✐❝♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✸✻ ◗✉❛❞râ♥❣✉❧♦ EF ′IG ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸✼ P♦♥t♦ A q✉❛rt♦ ❤❛r♠ô♥✐❝♦ ❞❡ C ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✸✽ ◗✉❛❞r✐❧át❡r♦s ❈♦rr❡s♣♦♥❞❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✸✳✸✾ ❚r✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ L✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✹✵ ◗✉❛❞râ♥❣✉❧♦ PGIJ ❡ ♦ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r

(AD) (BE) (CF ) . ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✸✳✹✶ ◗✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ ijlk ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r

(ad) (be) (fc)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✹✷ ◗✉❛❞r✐❧át❡r♦ g ′h ′i ′j ′ ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (ad) (be) (fc)✳ ✳ ✺✻

✸✳✹✸ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (A′D′) (B′E ′) (C ′F ′)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✹✹ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ O ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✹✺ ◗✉❛❞râ♥❣✉❧♦ A′OED ❡ H (AB ,CD)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✹✻ ◗✉❛❞râ♥❣✉❧♦ ACEO ❡ H (A′B ,C ′D ′)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✹✼ ❚r♦❝❛ ❞❡ ♣♦♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✸✳✹✽ Pr♦❥❡çã♦ ❞❡ ABC ❡♠ A′B ′C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✹✾ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣♦r E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✺✵ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✺✶ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ D ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✸✳✺✷ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✺✸ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✸✳✺✹ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷



▲✐st❛ ❞❡ ❋✐❣✉r❛s ①✐

✸✳✺✺ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✺✻ P❡rs♣❡❝t✐✈✐❞❛❞❡s ♣❡❧♦ ♣♦♥t♦ O ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✺✼ P❡rs♣❡❝t✐✈✐❞❛❞❡s q✉❛♥❞♦ S ≡ S ′ ≡ S ′′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸✳✺✽ P❡rs♣❡❝t✐✈✐❞❛❞❡s ♣♦r S ❡ S ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✺✾ ❚r✐â♥❣✉❧♦s P1P
′

1P
′′

1 ❡ P2P
′

2P
′′

2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✻✵ ❚r✐â♥❣✉❧♦s P2P
′

2P
′′

2 ❡ P3P
′

3P
′′

4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✸✳✻✶ ❚✐â♥❣✉❧♦s P1P
′

1P
′′

1 ❡ P3P
′

3P
′′

3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✸✳✻✷ ◗✉❛❞râ♥❣✉❧♦ ❡ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✸✳✻✸ ❚r✐â♥❣✉❧♦ PQR ❡ ♣♦♥t♦s A✱ B ✱ C ✱ F ❡ S ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✻✹ ACF
P

[SCU ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✻✺ SCU
Q

[BCF ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✸✳✻✻ A′BC
O1

[A′B1C1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✻✼ A′B1C1

O2

[A′B ′C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✸✳✻✽ ◗✉❛❞râ♥❣✉❧♦ O1O2B1C1 ❡ (AA′) (BC ′) (CB′)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✸✳✻✾ ◗✉❛❞râ♥❣✉❧♦ ABCD ❡ ♣♦♥t♦s E , F , G , H , I ❡ J ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✼✵ EFGJI
A

[ LBNJD✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✼✶ LBNJD
E

[ ASNGC✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✼✷ ASNGC
B

[ FEJGH✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✸✳✼✸ ❘❡t❛s AA′ ❡ o✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✸✳✼✹ P♦♥t♦ C = o ∩ AB ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✼✺ P♦♥t♦ B ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✼✻ Pr♦❥❡çã♦ ♣❡❧♦ ♣♦♥t♦ O ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✼✼ ❍✐♣ót❡s❡ ❞♦ ❈♦r♦❧ár✐♦ ❡ ♣♦♥t♦s C ❡ C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✼✽ P♦♥t♦ L = AC ∩ A′C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✼✾ P♦♥t♦ M = BC ∩ B ′C ′✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✽✵ ◗✉❛❞râ♥❣✉❧♦ CC ′LM ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✽✶ P♦♥t♦s ❡ r❡t❛s ✐♥✈❛r✐❛♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✸✳✽✷ P♦❧♦ P ❡ ♣♦❧❛r p✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✸✳✽✸ P♦❧♦ Q ❡ ♣♦❧❛r q ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺



▲✐st❛ ❞❡ ❋✐❣✉r❛s ①✐✐

✸✳✽✹ P ∈ a✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✽✺ P♦❧❛r❡s a✱ b✱ r ❡ r❡s♣❡❝t✐✈♦s ♣♦❧♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✽✻ P♦❧❛r Q ❡ s❡✉ ♣♦❧♦✱ ♥❛ ❝♦♥str✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✽✼ ◗✉❛❞râ♥❣✉❧♦ QRST ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✽✽ ◗✉❛❞r✐❧át❡r♦ abcd ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✸✳✽✾ ◗✉❛❞râ♥❣✉❧♦ IJKL ❡ (AA′) (BB′) (CC ′)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✸✳✾✵ ❚r✐â♥❣✉❧♦s ABC ❡ A′B ′C ′ ♣♦❧❛r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✸✳✾✶ ◗✉❛❞râ♥❣✉❧♦ A′B ′C ′P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✸✳✾✷ ❚r✐â♥❣✉❧♦ ABC ❡ ♣♦♥t♦ D ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

✹✳✶ ❊❧✐♣s❡ ❡ ♣♦♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✷ ❍✐♣ér❜♦❧❡ ❡ ♣♦♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✸ ❊❧✐♣s❡ ❡ r❡t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✹ ❍✐♣ér❜♦❧❡ ❡ r❡t❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✺ P♦❧❛r ♣❡❧❛ ❊❧✐♣s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✻ P♦❧❛r ♣❡❧❛ ❍✐♣ér❜♦❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✼ ◗✉❛❞râ♥❣✉❧♦ ABCD ♥❛ ❊❧✐♣s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✽ ◗✉❛❞râ♥❣✉❧♦ ABCD ♥❛ P❛rá❜♦❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✹✳✾ ◗✉❛❞râ♥❣✉❧♦ ❇❋❈● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✹✳✶✵ ◗✉❛❞râ♥❣✉❧♦ ❇❋❈● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✹✳✶✶ ❚r✐â♥❣✉❧♦ ❆✉t♦ ♣♦❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✹✳✶✷ ❚✐â♥❣✉❧♦ ❆✉t♦ ♣♦❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✹✳✶✸ ❚r✐â♥❣✉❧♦ ♥❛ ❍✐♣ér❜♦❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✶✹ ❚r✐â♥❣✉❧♦ ♥❛ P❛rá❜♦❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✶✺ P♦♥t♦ ❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✶✻ P♦♥t♦ ❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✹✳✶✼ ◗✉❛❞râ♥❣✉❧♦ ❆❉❇❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✹✳✶✽ ◗✉❛❞râ♥❣✉❧♦ ❆❉❇❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✹✳✶✾ P♦❧♦ A ❡ ♣♦❧❛r CB ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✷✵ P♦❧♦ A ❡ ♣♦❧❛r CB ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✷✶ P♦♥t♦s ♥❛ ❊❧✐♣s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸



▲✐st❛ ❞❡ ❋✐❣✉r❛s ①✐✐✐

✹✳✷✷ P♦♥t♦s ♥❛ P❛rá❜♦❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸

✹✳✷✸ u⊼v ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✷✹ u⊼v ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✷✺ P♦♥t♦s ❡ ❚❛♥❣❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✷✻ P♦♥t♦s ❡ ❚❛♥❣❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✹✳✷✼ F = e ∩ d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✷✽ F = e ∩ d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✷✾ DEF auto− polar ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✸✵ DEF auto− polar ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✹✳✸✶ ❍❡①á❣♦♥♦ ABCDEFA✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✸✷ ❍❡①á❣♦♥♦ ABCDEFA✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✸✸ AIJB[aecb ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✸✹ AIJB[aecb ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✹✳✸✺ aecb
F

[gjih ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✹✳✸✻ aecb
F

[gjih ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✹✳✸✼ gjih[KGCB ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✹✳✸✽ gjih[KGCB ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾



①✐✈

❙✉♠ár✐♦

✶ Pr❡❢á❝✐♦ ✶

✷ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✸

✷✳✶ ❆rt❡ ❡ ♣r♦❥❡çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ ❯♠ ✐♥í❝✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❈♦♥s♦❧✐❞❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
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♦ s♦❢t✇❛r❡ ❧✐✈r❡ ●❡♦●❡❜r❛ ❝♦♠♦ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ✈✐s✉❛❧✐③❛çã♦ ❞♦s ❚❡♦✲

r❡♠❛s ❞❡ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❈ô♥✐❝❛s✳
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♣r♦❥❡çã♦✱ ♥❛ ❛rt❡✱ ❡ ❞❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✶✳ ❊♠ s❡❣✉✐❞❛ é ❛♣r❡s❡♥t❛❞❛ ❛

❜❛s❡ t❡ór✐❝❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛s ❈ô♥✐❝❛s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✷✱ ♦ q✉❡ é tr❛t❛❞♦

❡♠ s❡❣✉✐❞❛✳

P❛r❛ ✜♥❛❧✐③❛r✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❝♦♥str✉çõ❡s✱ q✉❡ ♣♦❞❡♠ s❡r ❡①❡✲

❝✉t❛❞❛s ♥♦ s♦❢t✇❛r❡ ❧✐✈r❡✱ ❞❡ ❣❡♦♠❡tr✐❛ ❞✐♥â♠✐❝❛✱ ●❡♦●❡❜r❛✳

❆♣❡s❛r ❞❡ss❡ s♦❢t✇❛r❡ tr❛❜❛❧❤❛r ❝♦♠ ❣❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛✱ ❝♦♠♦ ♠♦s✲

tr❛r❡♠♦s ♥❡ss❡ tr❛❜❛❧❤♦✱ ❡❧❡ é ✉♠❛ ót✐♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ ✈✐s✉❛❧✐③❛çã♦ ❞❡

t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s✳

✶❇❛s❡❛❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✾❪✱ ❬✶✵❪ ❡ ❬✶✼❪✳
✷❇❛s❡❛❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✹❪✱ ❬✻❪✱ ❬✸❪✱ ❬✺❪✱ ❬✶❪✱ ❬✷❪✱ ❬✼❪✱ ❬✽❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✺❪✱ ❬✶✻❪✱ ❬✶✽❪ ❡ ❬✶✹❪✳



✶✳ Pr❡❢á❝✐♦ ✷



✸

❈❛♣ít✉❧♦ ✷

P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛

P♦r ✈♦❧t❛ ❞❡ ✸✵✵ ❛✳❈✳✱ Euclides de Alexandria ♦r❣❛♥✐③❛ ❡♠ Os Elementos ✱

✉♠❛ ❝♦❧❡tâ♥❡❛ ❞❡ ✶✸ ❧✐✈r♦s✱ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❡ss❛ é♣♦❝❛ s♦❜r❡ ❣❡♦♠❡tr✐❛

♣❧❛♥❛ ❡ ❡s♣❛❝✐❛❧✱ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ❡ á❧❣❡❜r❛ ❣❡♦♠étr✐❝❛ ❣r❡❣❛✳ ➱✱ ❤♦❥❡✱ ♦

s❡❣✉♥❞♦ ❧✐✈r♦ ❝♦♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❡❞✐çõ❡s ♥❛ ❤✐stór✐❛ ❞♦ ♠✉♥❞♦ ♦❝✐❞❡♥t❛❧✳

●r❛♥❞❡ ♣❛rt❡ ❞❛ ❣❡♦♠❡tr✐❛ ❡♥s✐♥❛❞❛ ❡♠ ♥♦ss❛s ❡s❝♦❧❛s ❞❡ ❡♥s✐♥♦ ❢✉♥❞❛✲

♠❡♥t❛❧ ❡ ♠é❞✐♦ sã♦ ❜❛s❡❛❞❛s ♥❡ss❡ tr❛❜❛❧❤♦ ❞❡ ❊✉❝❧✐❞❡s✳

❋✐❣✉r❛ ✷✳✶✿ ❊✉❝❧✐❞❡s✳



✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✹

P♦r ♠✉✐t♦ t❡♠♣♦ ❛ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛ s❡ ♠♦str♦✉ s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡s✲

❝r❡✈❡r ♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ ♥♦s r♦❞❡✐❛✱ ♠❛s✱ ♣❡r❝❡❜❡✉✲s❡ q✉❡ q✉❛♥❞♦

s❡ ♥❡❝❡ss✐t❛✈❛ r❡♣r❡s❡♥t❛r ✜❣✉r❛s tr✐❞✐♠❡♥s✐♦♥❛✐s ❡♠ ✐♠❛❣❡♥s ❜✐❞✐♠❡♥s✐♦♥❛✐s✱

❛❧❣✉♠❛s ♥♦çõ❡s ❞❡ss❛ ❣❡♦♠❡tr✐❛ ♥ã♦ ❡r❛♠ ✈á❧✐❞❛s ✭♣♦r ❡①❡♠♣❧♦ ♣❛r❛❧❡❧✐s♠♦

❡ ✐♥t❡r♠❡❞✐❛çã♦✮✳ ❊ss❛s ♦❜s❡r✈❛çõ❡s ✐♠♣✉❧s✐♦♥❛r❛♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛

●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳

❆ ❤✐stór✐❛ ❞❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ❝♦♠❡ç❛✱ ❞❡ ❢❛t♦✱ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❛

♣❡r❝❡♣çã♦ ❞❡ ♣r♦❢✉♥❞✐❞❛❞❡ ❡♠ ♣✐♥t✉r❛s ❡ ❞❡s❡♥❤♦s✱ ❞✉r❛♥t❡ ♦ ❘❡♥❛s❝✐♠❡♥t♦✳

●r❛♥❞❡s ❛rt✐st❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦s ✐t❛❧✐❛♥♦s✱ ❝♦♠❡ç❛♠ ❛ ❞❡s❡♥✈♦❧✈❡r ❛

♣r♦❥❡çã♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡ ❢♦r♠❛ ♣rát✐❝❛ ❡✱ ❞❡♣♦✐s✱ ❝♦♠ ❛❧❣✉♠ ❡♠❜❛s❛♠❡♥t♦

t❡ór✐❝♦✳

◗✉❛♥❞♦ ❉❡s❛r❣✉❡s ♣✉❜❧✐❝❛ s❡✉ Brouillon✱ ♦ q✉❡ ❡st❛✈❛ ✈♦❧t❛❞♦ ❛ ❛♣❧✐❝❛çã♦

❡♠ ♦❜r❛s ❞❡ ❛rt❡✱ ❝♦♠❡ç❛ ❛ ❣❛♥❤❛r ❢♦r♠❛ ❞❡ ✉♠❛ ♥♦✈❛ ❣❡♦♠❡tr✐❛✳

✷✳✶ ❆rt❡ ❡ ♣r♦❥❡çã♦

❊♠ s✉❛ ♦❜r❛ De Architectura ✭✷✼ ❛ ✶✻ ❛✳❈✳✮ ✲ ú♥✐❝♦ ❣r❛♥❞❡ tr❛t❛❞♦

❞❡ ❛rq✉✐t❡t✉r❛ ❛♥t✐❣❛ q✉❡ ♥♦s ❝❤❡❣♦✉ ❡ q✉❡ s❡r✈✐✉ ❞❡ ♠♦❞❡❧♦ ❛té ♦

sé❝✉❧♦ XVII ✲ Vitrúvio ✭❛rq✉✐t❡t♦ ❡ ❡♥❣❡♥❤❡✐r♦ r♦♠❛♥♦ ❞♦ sé❝✉❧♦ I

❛✳❈✳✮ ❛♣r❡s❡♥t❛ té❝♥✐❝❛s ❞❡ ❝♦♥str✉çã♦✱ ✉s❛❞❛s ♣❡❧♦s r♦♠❛♥♦s✳ P♦r

s❡r ❝♦♠♣♦st♦ ♣♦r ❞❡③ ❧✐✈r♦s✱ ❡st❡ tr❛t❛❞♦ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

Dez livros sobre a arquitetura de Vitr úvio✳



✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✺

❋✐❣✉r❛ ✷✳✷✿ ❱✐trú✈✐♦ ✭❞✐r❡✐t❛✮ ❛♣r❡s❡♥t❛♥❞♦De Architectura ♣❛r❛ ♦ ✐♠♣❡r❛❞♦r
r♦♠❛♥♦ ❆✉❣✉st♦✳

❱✐trú✈✐♦ ❞❡✐①❛ ❝❧❛r♦✱ ♥♦ ♣r✐♠❡✐r♦ ❧✐✈r♦✱ q✉❡ ❛ icnographie ❡ ❛ ortographie

✭♣❧❛♥t❛ ❡ ❛❧ç❛❞♦✮ ❡r❛♠ ✉s❛❞♦s ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❡❞✐❢í❝✐♦s ✲ tr❛❞✐çã♦

❤❡r❞❛❞❛ ❞❛s ♣r✐♠❡✐r❛s ❝✐✈✐❧✐③❛çõ❡s ❞♦ ❖r✐❡♥t❡ ▼é❞✐♦✱ ♣❡❧♦s ❣r❡❣♦s✳

❱✐trú✈✐♦ ❝✐t❛ q✉❡ ❛s q✉❡stõ❡s ❧✐❣❛❞❛s à ♣❡rs♣❡❝t✐✈❛ ❢♦r❛♠ ❛❜♦r❞❛❞❛s ♣♦r

DemócritodeAbdera ✭✜❧ós♦❢♦ ❡ ♠❛t❡♠át✐❝♦ ❣r❡❣♦ q✉❡ ✈✐✈❡✉ ❞❡ ✹✻✵ ❛✳❈✳

❛ ✸✼✵ ❛✳❈✳✮ ❡ Anaxágoras deClasômenas ✭✜❧ós♦❢♦ ❣r❡❣♦ q✉❡ ✈✐✈❡✉ ❞❡ ✺✵✵

❛✳❈✳ ❛ ✹✷✽ ❛✳❈✳✮✱ ❡♠ ♦❜r❛s ❞❡s❛♣❛r❡❝✐❞❛s✱ ❡ ♥♦ tr❛t❛❞♦ ❞❡ Óptica ✭❝❡r❝❛ ❞❡ ✷✾✺

❛✳❈✳✮ ❞❡ ❊✉❝❧✐❞❡s ✲ ❛s ♣r✐♥❝✐♣❛✐s ❛♣❧✐❝❛çõ❡s ❞❡st❛s q✉❡stõ❡s ❞✐③✐❛♠ r❡s♣❡✐t♦

❛♦s ❝❡♥ár✐♦s ♣❛r❛ ♦ t❡❛tr♦✳

❉✉r❛♥t❡ ❛ Idade M édia ♦ ❡st✉❞♦ ❞❛ ♣❡rs♣❡❝t✐✈❛ ❝♦♥t✐♥✉♦✉ ♥♦ â♠❜✐t♦ ❞♦s

❢❡♥ô♠❡♥♦s ❧✉♠✐♥♦s♦s✱ ❡♠ q✉❡ ❛ ♦❜r❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ t❡✈❡ ❝♦♠♦ ❛✉t♦r ♦

❢ís✐❝♦ ❡ ♠❛t❡♠át✐❝♦ ár❛❜❡ Ibn− alHaytham ✭✾✻✺✲✶✵✹✵✮✱ ♦✉ Alhazen✳





✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✼

❋✐❣✉r❛ ✷✳✹✿ ●✐♦tt♦✳

❊ss❛ ♥♦✈❛ ❢♦r♠❛ ❞❡ ♣✐♥t❛r ✈❛✐ s❡ t♦r♥❛♥❞♦ ♠❛✐s ♣♦♣✉❧❛r ❛♦ ❧♦♥❣♦ ❞♦ sé❝✉❧♦

XIV ✱ ❡ t❡♠ s❡✉ ❛✉❣❡ ♥❛s ♦❜r❛s ❞♦s ❛rt✐st❛s ✢♦r❡♥t✐♥♦s ❞♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦

XV ✳

❊♠ ✶✹✸✹✱ FilippoBrunelleschi ✭✶✸✼✼✲✶✹✻✻✮ ❝♦♠♣❧❡t❛ ❛ ❝ú♣✉❧❛ ❞❛ ❝❛✲

♣❡❧❛ ❞❡ ❋❧♦r❡♥ç❛ ❡ ❝♦♥s❡❣✉❡ ❢❛♠❛ ❡ ♥♦t♦r✐❡❞❛❞❡✳ ➱ ✉♠ ❞♦s ♣r✐♠❡✐r♦s ❛

❡st✉❞❛r✱ ❝♦♠ ❜❛s❡ ♥❛ ❣❡♦♠❡tr✐❛✱ ❛s r❡❣r❛s ❞❛ ♣❡rs♣❡❝t✐✈❛✳

❋✐❣✉r❛ ✷✳✺✿ ❇r✉♥❡❧❧❡s❝❤✐✳

❆♣❧✐❝♦✉ ❝♦♥❝❡✐t♦s ❞❡ ♣♦♥t♦ ❞❡ ❢✉❣❛ ❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❞✐stâ♥❝✐❛ ❡ r❡❞✉çã♦
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❞♦ t❛♠❛♥❤♦ ❞❡ ♦❜❥❡t♦s✱ ❡♠ ✉♠❛ ❡①♣❡r✐ê♥❝✐❛ q✉❡ r❡♣r♦❞✉③✐❛ ♦ Batist ério✱

s✐t✉❛❞♦ ❡♠ ❢r❡♥t❡ ❞❛ ♣♦rt❛ ♣r✐♥❝✐♣❛❧ ❞❛ Catedral de Florença✳

◆❛ ♠❡s♠❛ é♣♦❝❛✱ LeonBattistaAlberti ✭✶✹✵✺✲✶✹✼✷✮✱ ❧✐t❡r❛t♦ ❡ ❛rq✉✐✲

t❡t♦✱ ❡s❝r❡✈❡ três tr❛t❛❞♦s s♦❜r❡ ♣✐♥t✉r❛✱ ❛rq✉✐t❡t✉r❛ ❡ ❡s❝✉❧t✉r❛✱ ♥ã♦ s❡ ❧✐♠✐✲

t❛♥❞♦ ❛ ❢♦r♥❡❝❡r r❡❣r❛s té❝♥✐❝❛s✱ ♠❛s ❡♥✉♥❝✐❛ ♣r✐♥❝í♣✐♦s ❡ ♣r♦❝❡ss♦s✱ ❞❡✐①❛♥❞♦

❝❧❛r♦ ❛ ❡str✉t✉r❛ ❡ ♦ s✐❣♥✐✜❝❛❞♦ ❞❛ ❢♦r♠❛ ❛rtíst✐❝❛✳

❋✐❣✉r❛ ✷✳✻✿ ❆❧❜❡rt✐✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ❇r✉♥❡❧❧❡s❝❤✐✱ ❆❧❜❡rt✐ t✐♥❤❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s t❡ó✲

r✐❝❛✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡ s✉❛ ♦❜r❛ Della Pittura ✭✶✹✸✺✮ é ✉♠❛ ❡①♣♦s✐çã♦

♠❛t❡♠át✐❝❛ s♦❜r❡ ♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ♣❡rs♣❡❝t✐✈❛✱ ♦♥❞❡ ✐♥❝❧✉✐ ♠✉✐t♦ ❞❛ tr❛✲

❞✐çã♦ ❞❛ ♣❡rs♣❡❝t✐✈❛ ó♣t✐❝❛ ❞❡ ❆❧❤❛③❡♥✳

❖✉tr♦ ❛rt✐st❛ q✉❡ ❝♦♥tr✐❜✉✐✉ ❝♦♠ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❡st✉❞♦ ❞❛ ♣❡rs✲

♣❡❝t✐✈❛ ❢♦✐ PierodellaFrancesca ✭✶✹✶✺❄✲✶✹✾✷✮✱ ♠❡str❡ ❞❡ ♠❛t❡♠át✐❝❛ ❞♦

♠♦♥❣❡ ❢r❛♥❝✐s❝❛♥♦ ❡ ♠❛t❡♠át✐❝♦ ✐t❛❧✐❛♥♦ LucaPacioli ✭✶✹✹✺✲✶✺✶✼✮✱ t❡♠

❝♦♠♦ ♦❜r❛ ♠❛✐s ❝♦♥❤❡❝✐❞❛ ♦ tr❛t❛❞♦ De prospectiva pingendi ✭❙♦❜r❡ ❛ ♣❡rs✲

♣❡❝t✐✈❛ ❞♦s ♣✐♥t♦r❡s✮✱ ✉♠ tr❛t❛❞♦ ❝♦♠♣❧❡t♦ ❞❡ ♣❡rs♣❡❝t✐✈❛✱ ❝♦♠ ❞❡s❡♥❤♦s

❡①❡❝✉t❛❞♦s ♣♦r ❡❧❡✳ ❖ ❧✐✈r♦ é ❞✐✈✐❞✐❞♦ ❡♠ três ♣❛rt❡s✿ ❛ ♣r✐♠❡✐r❛ tr❛t❛ ❞❡

♣❡rs♣❡❝t✐✈❛s ❞❡ ✜❣✉r❛s s♦❜r❡ ♦ ♣❧❛♥♦✱ ❡ ❛s ♦✉tr❛s ❞✉❛s s♦❜r❡ ♣❡rs♣❡❝t✐✈❛s ❞❡

só❧✐❞♦s✳
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◆♦ ❧✐✈r♦ ❤á ♣r♦♣♦s✐çõ❡s ❡ ❞❡♠♦♥str❛çõ❡s ♥♦ ♠❡s♠♦ ❡st✐❧♦ ❞❡Os Elementos

❞❡ ❊✉❝❧✐❞❡s✱ ♣♦r s✉❛ ❡str✉t✉r❛ ❧ó❣✐❝❛✳

❋✐❣✉r❛ ✷✳✼✿ ❋❧❛❣❡❧❛çã♦ ❞❡ ❈r✐st♦✳

❊♠ Flagelação de Cristo ✭♣r♦✈❛✈❡❧♠❡♥t❡ ❡♥tr❡ ✶✹✹✺ ❡ ✶✹✻✵✮✱ ✉♠❛ ❞❡ s✉❛s

♦❜r❛s ♠❛✐s ❝♦♥❤❡❝✐❞❛s✱ ❛♣❧✐❝❛ ❞❡ ❢♦r♠❛ ❡①❡♠♣❧❛r ❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ s❡✉

tr❛t❛❞♦✳

❉❡♣♦✐s ❞❛ ♠♦rt❡ ❞❡ P✐❡r♦ ❞❡❧❧❛ ❋r❛♥❝❡s❝❛✱ ▲✉❝❛ P❛❝✐♦❧✐ ♣✉❜❧✐❝❛✱ ❡♠ ✶✺✵✾✱

De divina proportione✱ ♦♥❞❡ r❡♣r♦❞✉③ ♦ ♠❛♥✉s❝r✐t♦ ❞♦ ❛rt✐st❛✱ s♦❜r❡ só❧✐❞♦s

♣❧❛tô♥✐❝♦s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ✭Libellus de quinque corporibus✮✳

❊♠ ✶✺✷✺✱ AlbrechtDürer ✭✶✹✼✶✲✶✺✷✽✮ ♣✉❜❧✐❝❛ ❛ ♣r✐♠❡✐r❛ ❡❞✐çã♦ ❞❡ s❡✉

✐♠♣♦rt❛♥t❡ tr❛t❛❞♦ ❞❡ ❣❡♦♠❡tr✐❛ ♣❛r❛ ❛rt✐st❛s✱ Underweissung der Messung

mit Zirckel und Richtscheyt in Linien, Ebnen, ung Gantzen Corporen ✭❚r❛✲

t❛❞♦ ❞❛s ♠❡❞✐❞❛s ❝♦♠ ré❣✉❛ ❡ ❝♦♠♣❛ss♦✱ ❞❛s ❧✐♥❤❛s✱ s✉♣❡r❢í❝✐❡s ❡ ❝♦r♣♦s

✐♥t❡✐r♦s✮✳
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❋✐❣✉r❛ ✷✳✽✿ ❉ür❡r✳

❉ür❡r ❞❡s❝r❡✈❡ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛ ❣❡♦♠❡tr✐❛ à ❛rt❡✱ ♣♦r

♠❡✐♦ ❞❛ ♣❡rs♣❡❝t✐✈❛✳ ❊♠ ❛❧❣✉♠❛s ❞❡ss❛ ❝♦♥str✉çõ❡s ✭tr❛ç❛❞♦s ❞❡ ❝ô♥✐❝❛s✮

♣♦❞❡♠♦s ♣❡r❝❡❜❡r ✉♠❛ ❛♥t❡❝✐♣❛çã♦ à Geometria Descritiva ❞❡ Gaspard

Monge✳

❖ sé❝✉❧♦ q✉❡ s❡ s❡❣✉❡ à ♠♦rt❡ ❞❡ ❉ür❡r✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦ ❞♦s ❢✉♥❞❛♠❡♥t♦s t❡ór✐❝♦s ❞❛ ♣❡rs♣❡❝t✐✈❛✱ ♥ã♦ é ♠✉✐t♦ ❢r✉tí✲

❢❡r♦✳ ❆♣❡s❛r ❞✐ss♦✱ ❞♦✐s tr❛t❛❞♦s s❡ ❞✐st✐♥❣✉❡♠✳ ❯♠ ❞♦ ♠❛t❡♠át✐❝♦ ✐t❛❧✐✲

❛♥♦ GuidobaldoDelMonte ✭✶✺✹✺✲✶✻✵✼✮ ✭Perspectivae libri sex ✮ ❡ ♦✉tr♦ ❞♦

❡♥❣❡♥❤❡✐r♦ ❡ ♠❛t❡♠át✐❝♦ ✢❛♠❡♥❣♦ SimonStevin ✭✶✺✹✽✲✶✻✷✵✮✱ ❛♠❜♦s s❡♠

❣r❛♥❞❡ s✉❝❡ss♦ ♦✉ ❞✐✈✉❧❣❛çã♦✳

❖ ♠♦✈✐♠❡♥t♦ ❞❡ s✐st❡♠❛t✐③❛çã♦ ❝♦♥t✐♥✉❛✱ ❡♥q✉❛♥t♦ ❛ ♣❡rs♣❡❝t✐✈❛ é ✉t✐❧✐✲

③❛❞❛ ♥❛ ♣✐♥t✉r❛ ❡ ♥♦ ❞❡s❡♥❤♦✳

BrookTaylor ✭✶✻✽✺✲✶✼✸✶✮ ♣✉❜❧✐❝❛✱ ❡♠ ✶✽✶✶ ❡♠ ▲♦♥❞r❡s✱ ✉♠ ❢❛♠♦s♦

tr❛t❛❞♦ ❞❡ ♣❡rs♣❡❝t✐✈❛ ✭The principle of linear perspective✮✳
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❋✐❣✉r❛ ✷✳✾✿ ❇r♦♦❦ ❚❛②❧♦r✳

P❛r❛❧❡❧❛♠❡♥t❡✱ sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ✐♥str✉♠❡♥t♦s✱ ❜❛s❡❛❞♦s ♥♦s ♣r✐♥❝í✲

♣✐♦s ❞❛ ♣❡rs♣❡❝t✐✈❛✱ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ♣✐♥t✉r❛✳ ❯♠ ❞❡ss❡s ✐♥str✉♠❡♥t♦s ❢♦✐

❛ C âmara Obscura✱ r❡❢❡r✐❞❛ ♣♦r Leonardoda Vinci ✭✶✹✺✷✲✶✺✶✾✮ ❡ ♣♦r

GirolamoCardano ✭✶✺✵✶✲✶✺✼✻✮✳ ❚r❛t❛✈❛✲s❡ ❞❡ ✉♠❛ ❝❛✐①❛ ♦♥❞❡ ❛ ❧✉③ ❡♥✲

tr❛✈❛ ❛♣❡♥❛s ♣♦r ✉♠ ♣❡q✉❡♥♦ ♦r✐❢í❝✐♦✳ ❆ ✐♠❛❣❡♠ ❞♦ ❡①t❡r✐♦r✱ ✐♥✈❡rt✐❞❛✱ s❡

♣r♦❥❡t❛✈❛ ♥❛ ❢❛❝❡ ♦♣♦st❛ ❛♦ ❢✉r♦✳ ❊①✐st✐❛♠ ❝❛✐①❛s ❞❡ ❞✐✈❡rs♦s t❛♠❛♥❤♦s✱ ♠❛s

t♦❞❛s tr❛♥s♣♦rtá✈❡✐s✳

❋✐❣✉r❛ ✷✳✶✵✿ ❈â♠❛r❛ ❖❜s❝✉r❛✳
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✷✳✷ ❯♠ ✐♥í❝✐♦

❖ ❡♥❣❡♥❤❡✐r♦ ❡ ❛rq✉✐t❡t♦ ❢r❛♥❝êsGerardDesargues ✭✶✺✾✶✲✶✻✻✶✮ ♣✉❜❧✐❝❛ ❡♠

✶✻✸✻ ♦ Exemple de l ′une des mani ères universelles du S .G .D .L. touchant

la pratique de la perspective sans employer aucun tiers point , de distance,

ny d ′autre naturequi soit hors du champ de l ′ouvrage ✭❡♠ ✉♠❛ tr❛❞✉çã♦

❧✐✈r❡✿ ❊①❡♠♣❧♦ ❞❡ ✉♠❛ ❞❛s ♠❛♥❡✐r❛s ✉♥✐✈❡rs❛✐s ❞❡ ❙✳●✳❉✳▲ q✉❡ tr❛t❛♠ ❞❛

♣rát✐❝❛ ❞❛ ♣❡rs♣❡❝t✐✈❛ s❡♠ ♦ ✉s♦ ❞❡ q✉❛❧q✉❡r t❡r❝❡✐r♦ ♣♦♥t♦✱ ❞❛ ❞✐stâ♥❝✐❛ ♥❡♠

❞❡ ♦✉tr❛ ♥❛t✉r❡③❛✱ q✉❡ ❡st❡❥❛ ❢♦r❛ ❞♦ ❡s❝♦♣♦ ❞❡ss❡ tr❛❜❛❧❤♦✮✳ ❆ ❛❜r❡✈✐❛çã♦

S .G .D .L✱ s✐❣♥✐✜❝❛ q✉❡ ♦ ❛✉t♦r ❞❛ ♦❜r❛ ❡r❛ ♦ Senhor Gerard Desargues de

Lion✳

❋✐❣✉r❛ ✷✳✶✶✿ ❉❡s❛r❣✉❡s✳

❊❧❡ ❛♣r❡s❡♥t♦✉ ♥❡st❡ tr❛❜❛❧❤♦ ✈ár✐❛s ✐♥♦✈❛çõ❡s ♥♦ ❝❛♠♣♦ ❞❛ ♣❡rs♣❡❝t✐✈❛✱

q✉❡ ♥ã♦ ❢♦r❛♠ ❜❡♠ r❡❝❡❜✐❞❛s ❡ s✉s❝✐t❛r❛♠ ❧♦♥❣❛s ♣♦❧ê♠✐❝❛s✳

❯♠ tr❛❜❛❧❤♦ ✐♥t✐t✉❧❛❞♦ ❞❡ Manière universelle de M . Desargues pour

pratiquer la perspective ✭♥✉♠❛ tr❛❞✉çã♦ ❧✐✈r❡✿ ▼❛♥❡✐r❛ ✉♥✐✈❡rs❛❧ ❞❡ ▼✳ ❉❡✲

s❛r❣✉❡s ♣❛r❛ ❛ ♣rát✐❝❛ ❞❛ ♣❡rs♣❡❝t✐✈❛✮✱ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✻✹✽ ♣♦r s❡✉ ❛♠✐❣♦ ❡

❞✐s❝í♣✉❧♦✱ ♦ ♣✐♥t♦r ❢r❛♥❝ês✱ Abraham Bosse ✭✶✻✵✷✲✶✻✼✻✮✱ ❛♣r❡s❡♥t❛♥❞♦ s✉❛s

✐❞❡✐❛s ✱ ❢♦✐ ♠❛✐s ❜❡♠ ❛❝❡✐t♦✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❉❡s❛r❣✉❡s ❡r❛ ❞❡ ❛♣r❡s❡♥t❛r t❡♦r✐❛s ❡
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♠ét♦❞♦s ❣❡r❛✐s ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ♣❡rs♣❡❝t✐✈❛✱ r❡♠❡t❡♥❞♦ ❛♦s ❝♦♥❤❡❝✐♠❡♥t♦s

❞♦s ❛✉t♦r❡s ♠❛t❡♠át✐❝♦s ❣r❡❣♦s✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❞♦ ❛strô♥♦♠♦ ❡ ♠❛t❡♠át✐❝♦

Apolônio ✭❝❡r❝❛ ❞❡ ✷✷✺ ❛✳❈✳✮✳

❉❡♣♦✐s ❞❛ ♣✉❜❧✐❝❛çã♦ ❞❛ Géometrie ❞❡ RenéDescartes ✭✶✺✾✻✲✶✻✺✵✮✱

❉❡s❛r❣✉❡s ❡st✉❞❛ ❝✉✐❞❛❞♦s❛♠❡♥t❡ s✉❛s ✐❞❡✐❛s✱ ♠❛s ❛❢❛st❛✲s❡ ❞❡ss❡s ♠ét♦❞♦s

❛❧❣é❜r✐❝♦s ❛♣❧✐❝❛❞♦s à ❣❡♦♠❡tr✐❛✳

❊s❝r❡✈❡✱ ❡♥tã♦✱ Brouillon projet d ′une atteinte aux év énements des

recontres du Cone avec un plane ✭♥✉♠❛ tr❛❞✉çã♦ ❧✐✈r❡✿ ❘❛s❝✉♥❤♦ ❞♦s ❢❛t♦s

q✉❡ ❛❢❡t❛♠ ❛ ✐♥t❡rs❡❝çã♦ ❞♦ ❝♦♥❡ ❝♦♠ ✉♠ ♣❧❛♥♦✮✱ ❞♦ q✉❛❧ ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s

❛♣❡♥❛s ❝✐♥q✉❡♥t❛ ❡①❡♠♣❧❛r❡s✱ ❡♠ ✶✻✸✾✳

❉❡✈✐❞♦ ❛ ✈ár✐❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ ❡♥tr❡ ❡❧❛s ❛ ♦r✐❣✐♥❛❧✐❞❛❞❡ ❡ ❞✐✜❝✉❧❞❛❞❡ ❞❛

❧❡✐t✉r❛✱ ❛ ♥♦♠❡♥❝❧❛t✉r❛ ✉t✐❧✐③❛❞❛ ❡ ♦ ❡♥t✉s✐❛s♠♦ q✉❡ ❞❡s♣❡rt♦✉ ♥♦s ♠❛t❡♠á✲

t✐❝♦s ♦s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s ❞❡ ❉❡s❝❛rt❡s ❡♠ ❣❡♦♠❡tr✐❛✱ ♦ ❧✐✈r♦ ❝❛✐✉ r❛♣✐❞❛✲

♠❡♥t❡ ♥♦ ❡sq✉❡❝✐♠❡♥t♦ ✭♣♦ré♠✱ ❡♠ ✶✽✹✺ ♦ ❣❡ô♠❡tr❛ ❢r❛♥❝ês ▼✐❝❤❡❧ ❈❤❛s❧❡

❡♥❝♦♥tr❛ ♣♦r ❛❝❛s♦ ✉♠❛ ❝ó♣✐❛ ♠❛♥✉s❝r✐t❛ ❞♦ tr❛t❛❞♦ ❡✱ ❞❡s❞❡ ❡♥tã♦✱ ❡ss❡ tr❛✲

❜❛❧❤♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❝❧áss✐❝♦ ❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ✐♥✐❝✐❛❧ ❞❛ ●❡♦♠❡tr✐❛

Pr♦❥❡t✐✈❛ ❙✐♥tét✐❝❛✮✳

◆❡❧❡✱ ❉❡s❛r❣✉❡s✱ ✐♥tr♦❞✉③ ❛s ♥♦çõ❡s ❞❡ ♣♦♥t♦✱ r❡t❛ ❡ ♣❧❛♥♦ ♥♦ ✐♥✜♥✐t♦✱

tr❛t❛ s♦❜r❡ ❝♦♥❡s ❡ ❝✐❧✐♥❞r♦s ❝♦♠♦ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ s✉♣❡r❢í❝✐❡ ✭t♦♠❛♥❞♦ ♦

✈ért✐❝❡ ❞♦ ❝✐❧✐♥❞r♦ ❝♦♠♦ ✉♠ ♣♦♥t♦ ♥♦ ✐♥✜♥✐t♦✮✳

❖ t❡♦r❡♠❛ q✉❡ ❧❡✈❛ s❡✉ ♥♦♠❡ ✭s♦❜r❡ tr✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s✮ ♥ã♦ ❢♦✐ ♣✉✲

❜❧✐❝❛❞♦ ♥♦ Brouillon✱ ♠❛s s✐♠ ❝♦♠♦ ✉♠ ❛♣ê♥❞✐❝❡ ❞♦ ❧✐✈r♦ ❞❡ ❆❜r❛❤❛♠ ❇♦ss❡✳

❆ ❝♦♥tr✐❜✉✐çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❉❡s❛r❣✉❡s ❝♦♥s✐st❡ ♥♦ ♣♦❞❡r ✉♥✐✜❝❛❞♦r

❞❡ s❡✉s ♠ét♦❞♦s ✐♥♦✈❛❞♦r❡s✳ ❙✉❛ ✐❞❡✐❛ ❝❡♥tr❛❧ é ❞❡ ✐❞❡♥t✐✜❝❛r q✉❛✐s sã♦ ❛s

♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡ ❝♦♥s❡r✈❛♠ ♣♦r ♣r♦❥❡çã♦ ❡✱ ❛ ♣❛rt✐r ❞❛í✱ ❡st✉❞❛r ❛ ❢❛♠í❧✐❛

❞❛s ❝ô♥✐❝❛s✱ q✉❡ sã♦ t♦❞❛s ♣r♦❥❡çõ❡s ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳

❆✐♥❞❛ ❡♠ ✶✻✸✾✱ BlaisePascal ✭✶✻✷✸✲✶✻✻✷✮✱ ❡♥tã♦ ❝♦♠ ✶✻ ❛♥♦s✱ t♦♠♦✉

❝♦♥❤❡❝✐♠❡♥t♦ ❞♦ Brouillon ❡ ❢♦✐ ✉♠ ❞♦s ♣♦✉❝♦s✱ s❡❣✉♥❞♦ t♦❞♦s ♦s ❤✐st♦r✐❛✲

❞♦r❡s ❞❡ ♠❛t❡♠át✐❝❛✱ q✉❡ ❝♦♠♣r❡❡♥❞❡✉ ❡ ❛♣r❡❝✐♦✉ ✐♠❡❞✐❛t❛♠❡♥t❡ ♦ ❛❧❝❛♥❝❡

❞♦ tr❛❜❛❧❤♦ ❞❡ ❉❡s❛r❣✉❡s✳
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❋✐❣✉r❛ ✷✳✶✷✿ P❛s❝❛❧✳

◆♦ ❛♥♦ s❡❣✉✐♥t❡ ♣✉❜❧✐❝❛ ✉♠ ❝✉rt♦ ❡♥s❛✐♦ s♦❜r❡ ❝ô♥✐❝❛s ✭Essay pour l ês

coniques✮✱ ♦♥❞❡ ❝✐t❛ q✉❡ ✈❡♠ ❞❡ ❉❡s❛r❣✉❡s s❡✉ ✐♥t❡r❡ss❡ ❡ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s

♠ét♦❞♦s ♣r♦❥❡t✐✈♦s✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ss❡ tr❛❜❛❧❤♦✱ ❡ q✉❡ ❤♦❥❡ ❧❡✈❛ s❡✉ ♥♦♠❡✱ é ❛ ♣r♦♣♦✲

s✐çã♦ ✏Se um hex ágono est á inscrito em uma cônica✱ então os lados opostos

intersectam✲se em tr ês pontos colineares✑✳

❯♠❛ ♦✉tr❛ ♦❜r❛ ♠❛✐s ❝♦♠♣❧❡t❛ s♦❜r❡ ❝ô♥✐❝❛s✱ ❡s❝r✐t❛ ❝❡r❝❛ ❞❡ ✶✺ ❛♥♦s

♠❛✐s t❛r❞❡ ♣♦r P❛s❝❛❧✱ ♥✉♥❝❛ ❝❤❡❣♦✉ ❛ s❡r ♣✉❜❧✐❝❛❞❛✱ ❡ ♦s ♠❛♥✉s❝r✐t♦s ❞❡s❛✲

♣❛r❡❝❡r❛♠✳

❉❡♣♦✐s ❞❛ ♠♦rt❡ ❞❡ P❛s❝❛❧✱ ♦ ❡st✉❞♦ ❞❛s ♣r♦❥❡çõ❡s ❢♦✐ ❡sq✉❡❝✐❞♦ ✲ à ♣❛rt❡

❞❡ ✉♠ tr❛❜❛❧❤♦ s♦❜r❡ ❝ô♥✐❝❛s tr❛t❛❞❛s ♣r♦❥❡t✐✈❛♠❡♥t❡ ♣❡❧♦ ❢r❛♥❝ês Philippe

de La Hir ✭✶✻✹✵✲✶✼✶✽✮ ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧♦s ✐♥❣❧❡s❡s William

Braikenridge ✭✶✼✵✵✲✶✼✻✷✮ ❡ Maclaurin✭✶✻✾✽✲✶✼✹✻✮✱ s♦❜r❡ ❝♦♦r❞❡♥❛❞❛s ♥♦

♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱ ❡ Isaac Newton ✭✶✻✹✷✲✶✼✷✼✮✱ ♥♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ XVIII ✱

s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ tr❛ç❛r ✉♠❛ ❝ô♥✐❝❛ ♣♦r ❝✐♥❝♦ ♣♦♥t♦s ❞❛❞♦s ✲ r❡ss✉r❣✐♥❞♦

❛♣❡♥❛s ♥♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ XIX ✳
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✷✳✸ ❈♦♥s♦❧✐❞❛çã♦

❉❡✈❡✉✲s❡ ❛ Gaspard Monge ✭✶✼✹✻✲✶✽✶✽✮ ❛ r❡♥♦✈❛çã♦ ❞♦ ✐♥t❡r❡ss❡ ♣❡❧♦s ♠é✲

t♦❞♦s ❣❡♦♠étr✐❝♦s ♣✉r♦s✱ s❡♠ ❛ ✐♥t❡r✈❡♥çã♦ ❞✐r❡t❛ ❞❛ á❧❣❡❜r❛✳ ❉❡s❡♥✈♦❧✈❡

❛ ●❡♦♠❡tr✐❛ ❉❡s❝r✐t✐✈❛✱ q✉❡ r❡s♦❧✈✐❛ ❞❡✜♥✐t✐✈❛♠❡♥t❡ ❡ ❞❡ ♠♦❞♦ r✐❣♦r♦s♦✱ ♦s

♣r♦❜❧❡♠❛s ❣rá✜❝♦s ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♦❜❥❡t♦s tr✐❞✐♠❡♥s✐♦♥❛✐s ♥♦ ♣❧❛♥♦✳

❋✐❣✉r❛ ✷✳✶✸✿ ●❛s♣❛r❞ ▼♦♥❣❡✳

❙✉❛s ♣✉❜❧✐❝❛çõ❡s Géométrie Descriptive ✭✶✼✾✺✲✶✼✾✾✮✱ Application de

l ′analyse à la géométrie ✭✶✽✵✾✮✱ ❡ s✉❛s ❧✐çõ❡s ♥❛s École Polytechnique ❡

École Normale✱ ❡♠ P❛r✐s✱ ❧❡✈♦✉ ♠✉✐t♦s ❞❡ s❡✉s ❛❧✉♥♦s ❛♦ ❡st✉❞♦ ❞❛ ❣❡♦♠❡✲

tr✐❛ ♣✉r❛✳

❙❡✉s ❛❧✉♥♦s ❞❡ ❡♥❣❡♥❤❛r✐❛ ♠✐❧✐t❛r ♥❛ École Polytechnique✱ Charles Jules

Brianchon ✭✶✼✽✺✲✶✽✻✹✮✱ Michel Chasles ✭✶✼✾✸✲✶✽✽✵✮✱ Jean−Victor

Poncelet ✭✶✼✽✽✲✶✽✻✼✮ ❡ Pierre Charles François Dupin ✭✶✼✽✹✲✶✽✼✸✮✱ ✐rã♦

❢❛③❡r r❡♥❛s❝❡r ❛ Geometria Projetiva✳

❏❡❛♥✲❱✐❝t♦r P♦♥❝❡❧❡t ❢♦✐ ♦✜❝✐❛❧ ❞❡ ◆❛♣♦❧❡ã♦ ❞✉r❛♥t❡ ❛ ✐♥✈❛sã♦ à ❘úss✐❛✱

t✐❞♦ ❝♦♠♦ ♠♦rt♦ ♣♦r s❡✉s ❝♦❧❡❣❛s ❞❡ ❢❛r❞❛✱ ❛❧✐ ✜❝♦✉ ♣r❡s♦ ❞✉r❛♥t❡ ♦s ❛♥♦s ❞❡

✶✽✶✸ ❛ ✶✽✶✹✳
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❋✐❣✉r❛ ✷✳✶✹✿ ❏❡❛♥✲❱✐❝t♦r P♦♥❝❡❧❡t✳

◆♦ ❝❛t✐✈❡✐r♦✱ r❡❝♦r❞❛♥❞♦ ❞❛s ❧✐çõ❡s ❞❡ ▼♦♥❣❡ ❡ ❞❡ ❈❛r♥♦t✱ ❞❡s❡♥✈♦❧✈❡✉✱

♥♦✈❛♠❡♥t❡✱ ❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳

❉❡♣♦✐s ❞❡ r❡❣r❡ss❛r à ❋r❛♥ç❛ ❛♣r❡s❡♥t❛✱ ❡♠ ✶✽✷✵✱ ♥❛ Académie Royale des

Sciences ♦ s❡✉ Essai sur les Propri étes Projectives des Sections Coniques

✭tr❛❞✉çã♦ ❧✐✈r❡✿ ❊♥s❛✐♦ s♦❜r❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ♣r♦❥❡t✐✈❛s ❞❛s s❡çõ❡s ❝ô♥✐❝❛s✮✱

❡ ♣✉❜❧✐❝❛✱ ❞♦✐s ❛♥♦s ❞❡♣♦✐s✱ ✉♠ tr❛t❛❞♦ ❝♦♠ ♦ ♠❡s♠♦ tít✉❧♦✱ q✉❡ r❡st❛❜❡❧❡❝❡ ♦

✐♥t❡r❡ss❡ ❞❛ ✐♥✈❡st✐❣❛çã♦ ❡♠ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳ ❯♠ ❞♦s tó♣✐❝♦s ❡st✉❞❛❞♦s

♣♦r P♦♥❝❡❧❡t ❢♦✐ ❛ t❡♦r✐❛ ♣♦❧❛r ❞❛s ❝ô♥✐❝❛s✱ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ♣♦❧♦ ❡ ♣♦❧❛r✱

❥á ❛❜♦r❞❛❞♦s ♣♦r ❉❡s❛r❣✉❡s ♥♦ Brouillon✳

❖ tr❛❜❛❧❤♦ ❞❡ P♦♥❝❡❧❡t ❜❛s❡♦✉✲s❡ s♦❜r❡ ❛ ♥♦çã♦ ❞❡ ✜❣✉r❛s ❤♦♠ó❧♦❣❛s

✭✉♠❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛ ♦✉tr❛ ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❥❡çõ❡s ❡ s❡çõ❡s✮✱

♥♦ ♣r✐♥❝í♣✐♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ✭s❡ ✉♠❛ ✜❣✉r❛ é ♦❜t✐❞❛ ❞❡ ♦✉tr❛ ♣♦r ✏♠✉❞❛♥✲

ç❛s ❝♦♥tí♥✉❛s✑ q✉❛❧q✉❡r ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♣r✐♠❡✐r❛ ✈❛❧❡ ♣❛r❛ ❛ s❡❣✉♥❞❛✮ ❡ ♥❛

✐❞❡✐❛ ❞❛ r❡❝✐♣r♦❝❛çã♦ ♣♦❧❛r ❡♠ r❡❧❛çã♦ ❛ ✉♠❛ ❝ô♥✐❝❛ ✭❜❛s❡ ❞♦ Pr✐♥❝í♣✐♦ ❞❛

❉✉❛❧✐❞❛❞❡✮✳

❊♠ ✶✽✸✶✱ ♦ ❛❧❡♠ã♦ Julius Plücker ✭✶✽✵✶✲✶✽✻✽✮ ❞♦t❛ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦

❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ❧✐❞❛r ❞❡ ❢♦r♠❛ ❛❧❣é❜r✐❝❛ ❝♦♠ ♦s

♣♦♥t♦s ❞♦ ✐♥✜♥✐t♦✳
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❋✐❣✉r❛ ✷✳✶✺✿ P❧ü❝❦❡r✳

➚ ♣❛rt✐r ❞❡ ❉❡s❛r❣✉❡s✱ ♦s ♠❛t❡♠át✐❝♦s ♣r♦❝✉r❛♠✱ ♥♦ ❡st✉❞♦ ❞❛ ●❡♦♠❡tr✐❛

Pr♦❥❡t✐✈❛✱ ❝♦♠♣r❡❡♥❞❡r q✉❛✐s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ✜❣✉r❛s ♥ã♦ s❡ ❛❧t❡r❛✈❛♠

♣❡❧❛ ♣r♦❥❡çã♦✳ ❈♦♠♦ ♣❡r❝❡❜❡r❛♠ q✉❡ ♥ã♦ s❡ ♠❛♥t✐♥❤❛♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦s

❧❛❞♦s✱ ♦s â♥❣✉❧♦s ❡ ❛s ár❡❛s✱ ❛ ♣❡r❣✉♥t❛ q✉❡ s❡ ❢❛③✐❛ ❡r❛ s❡ ❛❧❣✉♠❛ ♣r♦♣r✐❡❞❛❞❡

❡♥✈♦❧✈❡♥❞♦ ❞✐stâ♥❝✐❛ s❡ ♠❛♥t✐♥❤❛✳ ◆❡ss❡ s❡♥t✐❞♦✱ ▼✐❝❤❡❧ ❈❤❛s❧❡s ❞❡s❝♦❜r✐✉

q✉❡ ❛ r❛③ã♦ ❞✉♣❧❛✱ ♦✉ r❛③ã♦ ❝r✉③❛❞❛ s❡ ♠❛♥té♠ ♣♦r ♣r♦❥❡çã♦✳ ❊st❛ ❞❡s❝♦✲

❜❡rt❛ ♣❡r♠✐t✐✉ ❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ ♠✉✐t♦s r❡s✉❧t❛❞♦s ❞✐s♣❡rs♦s ❞❛ ●❡♦♠❡tr✐❛

Pr♦❥❡t✐✈❛✱ ❛❧❣✉♥s ❞❡s❝♦❜❡rt♦s ❛♥t❡s ❞❡ ❉❡s❛r❣✉❡s t❡r ✐♥✐❝✐❛❞♦ ♦ ❡st✉❞♦ ❞❡ss❛

♥♦✈❛ ❣❡♦♠❡tr✐❛✳

❋♦r❛ ❞❛ ❋r❛♥ç❛✱ ❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ❝❤❛♠♦✉ ❛ ❛t❡♥çã♦ ❞❡ ✈ár✐♦s ♠❛t❡✲

♠át✐❝♦s✱ ❝♦♠♦ ♦ s✉íç♦ Jakob Steiner ✭✶✼✾✻✲✶✽✻✸✮✱ ❡s♣❡❝✐❛❧✐st❛ ❡♠ ♠ét♦❞♦s

s✐♥tét✐❝♦s ❡ ❞❡s❝♦❜r✐❞♦r ❞❛ ●❡♦♠❡tr✐❛ ■♥✈❡rs✐✈❛✱ ❡ ❞♦ ❛❧❡♠ã♦ Karl Georg

Christian von Staudt ✭✶✼✾✽✲✶✽✻✼✮✱ q✉❡ ♠♦str♦✉ ❝♦♠♦ s❡ ♣♦❞✐❛ ❞❡s❡♥✈♦❧✈❡r

❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ s❡♠ ♦ r❡❝✉rs♦ à ♥♦çã♦ ❞❛ ❞✐stâ♥❝✐❛✳



✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✶✽

❋✐❣✉r❛ ✷✳✶✻✿ ❙t❡✐♥❡r✳ ❋✐❣✉r❛ ✷✳✶✼✿ ✈♦♥ ❙t❛✉❞t✳

❊♠ ✶✽✺✾✱ Arthur Cayley ✭✶✽✷✶✲✶✽✾✺✮ ♠♦str♦✉ ❝♦♠♦ s❡ ♣♦❞✐❛ ❛♣❧✐❝❛r ❛

●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ❛♦ ❡st✉❞♦ ❞❛s ❣❡♦♠❡tr✐❛s ♥ã♦ ❡✉❝❧✐❞✐❛♥❛s✱ ❞❡✜♥✐♥❞♦ ❛

♥♦çã♦ ❞❡ ❞✐stâ♥❝✐❛ ❡♠ t❡r♠♦s ♣r♦❥❡t✐✈♦s✱ ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡✳ ▼❛s ❛♣❡♥❛s

❡♠ ✶✽✾✺✱ Mario Pieri ✭✶✽✻✵✲✶✾✶✸✮ ❡st❛❜❡❧❡❝❡✉ ✉♠ s✐st❡♠❛ ❞❡ ❛①✐♦♠❛s ♣❛r❛

❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳

❋✐❣✉r❛ ✷✳✶✽✿ ❆rt❤✉r ❈❛②❧❡②✳ ❋✐❣✉r❛ ✷✳✶✾✿ ▼❛r✐♦ P✐❡r✐✳

❊♠ ✶✽✼✶✱ Felix Christian Klein ✭✶✽✹✾✲✶✾✷✺✮ ♠♦str♦✉ q✉❡ ❡r❛ ♣♦ssí✈❡❧

❝♦♥s✐❞❡r❛r ❛ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡ ❛s ❣❡♦♠❡tr✐❛s ♥ã♦ ❡✉❝❧✐❞✐❛♥❛s ❝♦♠♦ ❝❛s♦s



✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✶✾

❡s♣❡❝✐❛✐s ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♣r♦❥❡t✐✈❛✳

❋✐❣✉r❛ ✷✳✷✵✿ ❋❡❧✐① ❑❧❡✐♥✳

❉❡s❡♥✈♦❧✈❡ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠

❞✐s❝♦ ❞❡ r❛✐♦ ✉♥✐tár✐♦ ♦♥❞❡ ❛s r❡t❛s sã♦ ❛r❝♦s ❞❡ ❝✐r❝✉♥❢❡rê♥❝✐❛s ✭♦✉ ❞✐â♠❡tr♦s✮

✉♥✐♥❞♦ ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s ♥♦ ❜♦r❞♦ ❞♦ ❞✐s❝♦✱ ✐❞❡♥t✐✜❝❛❞♦s ❞❡

❢♦r♠❛ ❛ ♦r✐❣✐♥❛r ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✭♣❛r❛ ❡✈✐t❛r ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ♣r✐♠❡✐r♦

♣♦st✉❧❛❞♦ ❞❡ ❊✉❝❧✐❞❡s✮ ❡✱ ❝♦♠ ♦s ♣♦♥t♦s ❞♦ ❜♦r❞♦ ♣❡rt❡♥❝❡♥t❡s ❛♦ ♣❧❛♥♦✳

❋✐❣✉r❛ ✷✳✷✶✿ ❘❡t❛s ♥♦ ❞✐s❝♦ ❞❡ ❑❧❡✐♥✳

❖ ♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ ❑❧❡✐♥ ❧❡✈♦✉ ❛ ❝♦♥s✐❞❡r❛r ✉♠❛ ❡s❢❡r❛ ❞❡ r❛✐♦ ✉♥✐tá✲

r✐♦ ❝♦♠♦ ✉♠ ♦✉tr♦ ♠♦❞❡❧♦ ♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ♣r♦❥❡t✐✈❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛❧❣✉♥s

❝✉✐❞❛❞♦s ❞❡✈❡♠ s❡r t♦♠❛❞♦s✿ ❛s r❡t❛s sã♦ ❝ír❝✉❧♦s ♠á①✐♠♦s ❝♦♠ ♦s ♣♦♥t♦s

❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s ✐❞❡♥t✐✜❝❛❞♦s ✭♣❛r❛ ❡✈✐t❛r ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦

♣r✐♠❡✐r♦ ♣♦st✉❧❛❞♦ ❞❡ ❊✉❝❧✐❞❡s✮✳



✷✳ P❡q✉❡♥❛ ■♥tr♦❞✉çã♦ ❍✐stór✐❝❛ ✷✵

❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❝♦♥s✐❞❡r❛r ✉♠❛ s❡♠✐ ❡s❢❡r❛ ❝♦♠♦ ♠♦✲

❞❡❧♦ ❡ t♦♠❛r♠♦s ♦s ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s✱ ❞❛ ❢r♦♥t❡✐r❛✱ ✐❞❡♥t✐✜❝❛✲

❞♦s✳

❋✐❣✉r❛ ✷✳✷✷✿ ❘❡t❛s ♥♦ ▼♦❞❡❧♦ ❞❛
❊s❢❡r❛✳

❋✐❣✉r❛ ✷✳✷✸✿ ❘❡t❛ ♥♦ ▼♦❞❡❧♦ ❞❛
❊s❢❡r❛✱ ♣r♦❥❡t❛❞❛ ♥♦ ▼♦❞❡❧♦ ❊✉✲
❝❧✐❞✐❛♥♦✳

❊♠ ✶✾✶✵✱ ♦s ❛♠❡r✐❝❛♥♦s Oswald Veblen ✭✶✽✽✵✲✶✾✻✵✮ ❡ John Wesley

Young ✭✶✽✼✾✲✶✾✸✷✮✱ ❜❛s❡❛❞♦s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❍✐❧❜❡rt✱ ♣❛r❛ ❛ ●❡♦♠❡tr✐❛ ❊✉✲

❝❧✐❞✐❛♥❛✱ ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ♣♦❞✐❛ s❡r tr❛t❛❞❛ ❞❡ ♠❛✲

♥❡✐r❛ ❛❜str❛t❛✱ ❛♣r❡s❡♥t❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛①✐♦♠❛s✱ ✐♥tr♦❞✉③✐♥❞♦ ♦ ♣❧❛♥♦

❛✜♠ ❡ ♦❜t❡♥❞♦ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ✭s✐♠♣❧❡s♠❡♥t❡ ❛❞✐❝✐♦♥❛♥❞♦ ❛♦ ♣❧❛♥♦ ❛✜♠ ❛

r❡t❛ ❞♦ ✐♥✜♥✐t♦✮✳

❋✐❣✉r❛ ✷✳✷✹✿ ❖s✇❛❧❞ ❱❡❜❧❡♥✳ ❋✐❣✉r❛ ✷✳✷✺✿ ❏♦❤♥ ❲✳ ❨♦✉♥❣✳



✷✶

❈❛♣ít✉❧♦ ✸

❆①✐♦♠át✐❝❛

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ s✐st❡♠❛ ❛①✐♦♠át✐❝♦ ✭❆①✐♦♠❛s✱ ❉❡✜♥✐çõ❡s

❡ ❚❡♦r❡♠❛s✮ ♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ♣r♦❥❡t✐✈❛✳ P❛r❛ ✐ss♦ ♥♦s ❜❛s❡❛r❡♠♦s ❡♠ ❞✉❛s

♥♦çõ❡s ✐♥❞❡✜♥✐❞❛s✱ ponto ❡ reta✱ ❡ ❞✉❛s r❡❧❛çõ❡s ✐♥❞❡✜♥✐❞❛s✱ incid ência ❡

separação✳

❆♣r❡s❡♥t❛r❡♠♦s ♦s ❛①✐♦♠❛s ❞✐✈✐❞✐❞♦s ❡♠ três ❣r✉♣♦s✿

❼ ❆①✐♦♠❛s ❞❡ ■♥❝✐❞ê♥❝✐❛❀

❼ ❆①✐♦♠❛s ❞❡ ❙❡♣❛r❛çã♦❀

❼ ❆①✐♦♠❛s ❞❡ ❈♦♥t✐♥✉✐❞❛❞❡✳

▲♦❣♦ ❛♣ós s❡rã♦ ❧✐st❛❞♦s ❛❧❣✉♥s t❡♦r❡♠❛s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✱ ♣❛r❛ ✉♠

♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❝♦♥str✉çõ❡s ❞❡ ❝ô♥✐❝❛s✳

■♥✐❝✐❛r❡♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ❛ r❡✈✐sã♦ ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♥❡❝❡ssár✐❛s

♣❛r❛ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ t❡①t♦✳

❉❡✜♥✐çã♦ ✸✳✶✳ P♦♥t♦s ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ r❡t❛ sã♦ ❞❡♥♦♠✐♥❛❞♦s ♣♦♥t♦s

colineares ✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❉✉❛s r❡t❛s q✉❡ ♣♦ss✉❡♠ ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ sã♦ ❞❡♥♦♠✐✲

♥❛❞❛s r❡t❛s concorrentes ✳



✸✳ ❆①✐♦♠át✐❝❛ ✷✷

❉❡✜♥✐çã♦ ✸✳✸✳ ❯♠❛ figura ✭♣❧❛♥❛✮ é q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡✴♦✉ r❡t❛s

♥♦ ♣❧❛♥♦✳

❋✐❣✉r❛ ✸✳✶✿ P♦♥t♦s ❡ ❘❡t❛s ❡♠ ✉♠ P❧❛♥♦

❉❡✜♥✐çã♦ ✸✳✹✳ ❯♠❛ ✜❣✉r❛ ❢♦r♠❛❞❛ ♣♦r três ♣♦♥t♦s ♥ã♦ ❝♦❧✐♥❡❛r❡s ❡ ♣❡❧❛s

r❡t❛s q✉❡ ♦s ✉♥❡♠ é ❞❡♥♦♠✐♥❛❞❛ tri ângulo✳

◆❛ ✜❣✉r❛ ❛❜❛✐①♦✱ r❡♣r❡s❡♥t❛♠♦s ♦ tr✐â♥❣✉❧♦ ABC ✳

❋✐❣✉r❛ ✸✳✷✿ ❚r✐â♥❣✉❧♦ ABC ✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❯♠ quadr ângulo completo é ❛ ✜❣✉r❛ ❢♦r♠❛❞❛ ♣♦r q✉❛tr♦

♣♦♥t♦s✱ s❡♥❞♦ três q✉❛✐sq✉❡r ❞❡❧❡s ♥ã♦ ❝♦❧✐♥❡❛r❡s✱ ❡ ❛s s❡✐s r❡t❛s q✉❡ ✉♥❡♠
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❡ss❡s ♣♦♥t♦s✳ ❉✐r❡♠♦s q✉❡ ♦s q✉❛tr♦ ♣♦♥t♦s sã♦ ♦s v értices ❡ q✉❡ ❛s s❡✐s r❡t❛s

sã♦ ♦s lados ❞♦ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦✳

❋✐❣✉r❛ ✸✳✸✿ ◗✉❛❞râ♥❣✉❧♦ ❈♦♠♣❧❡t♦✳

❉❡✜♥✐çã♦ ✸✳✻✳ ❉♦✐s ❧❛❞♦s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ sã♦ ❞✐t♦s

lados opostos s❡ ♦ ♣♦♥t♦ ❝♦♠✉♠ ❛♦s ♠❡s♠♦s é ✉♠ ✈ért✐❝❡✳ ◆❡st❡ ❝❛s♦✱ ❡st❡

♣♦♥t♦ é ❞❡♥♦♠✐♥❛❞♦ ponto diagonal✳ ❊①✐st❡♠ três ♣♦♥t♦s ❞✐❛❣♦♥❛✐s✳

❉❡✜♥✐çã♦ ✸✳✼✳ Triângulo diagonal do quadr ângulo é ❛ ✜❣✉r❛ ❢♦r♠❛❞❛ ♣❡❧♦s

três ♣♦♥t♦s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦✱ ❡ ❛s três r❡t❛s ♣♦r ❡❧❡s

❢♦r♠❛❞❛s✳

❋✐❣✉r❛ ✸✳✹✿ ❚r✐â♥❣✉❧♦ ❉✐❛❣♦♥❛❧ EFG ✳



✸✳ ❆①✐♦♠át✐❝❛ ✷✹

❉❡✜♥✐çã♦ ✸✳✽✳ ❯♠ hex ágono é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s❡✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❡ ♦r✲

❞❡♥❛❞♦s✱ A1 ✱ A2 ✱ A3 ✱ A4 ✱ A5 ✱ A6 ✳

❈❛❞❛ ✉♠ ❞❡ss❡s ♣♦♥t♦s s❡rá ❝❤❛♠❛❞♦ ❞❡ v értice do hexágono✱ ❡ ❝❤❛♠❛r❡✲

♠♦s ❞❡ lado do hex ágono ❝❛❞❛ ✉♠❛ ❞❛s s❡✐s r❡t❛s A1A2 ✱ A2A3 ✱ A3A4 ✱ A4A5 ✱

A5A6 ✱ A6A1 ✳

❉♦✐s ❧❛❞♦s ❞❡ ✉♠ ❤❡①á❣♦♥♦ sã♦ cont ı́guos s❡ t❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✱

❝❛s♦ ❝♦♥trár✐♦ sã♦ ❝❤❛♠❛❞♦s ❞❡ opostos ✳

❉❡✜♥✐çã♦ ✸✳✾✳ ❉❛❞❛ ✉♠❛ ✜❣✉r❛ F ❡ ✉♠ ♣♦♥t♦ O ✱ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ F ✱

❞✐st✐♥t♦ ❞❡ O ✱ ❞❡t❡r♠✐♥❛ ❝♦♠ O ✉♠❛ r❡t❛✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ss❛s r❡t❛s q✉❡

♣❛ss❛♠ ♣♦r O é ❝❤❛♠❛❞♦ projeção ❞❡ F ♣♦r O ✳

❋✐❣✉r❛ ✸✳✺✿ Pr♦❥❡çã♦ ❞❡ ✉♠❛ ❋✐❣✉r❛ ♣♦r ✉♠ P♦♥t♦✳

❉❡✜♥✐çã♦ ✸✳✶✵✳ ❉❛❞❛ ✉♠❛ ✜❣✉r❛ ✭♣❧❛♥❛✮ F ❡ ✉♠❛ r❡t❛ l ✭♥♦ ♣❧❛♥♦ ❞❡ F ✮✱ ♦

❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡♠ q✉❡ ❛s r❡t❛s ❞❡ F ✱ ❞✐st✐♥t❛s ❞❡ l ✱ ❝r✉③❛♠ l ✱ é ❝❤❛♠❛❞❛

❛ seção ❞❡ F ♣♦r l ✳ ❆ r❡t❛ l é ❝❤❛♠❛❞❛ ✉♠❛ transversal ✱ ❡ ♦s ♣♦♥t♦s sã♦

❝❤❛♠❛❞♦s ♦s traços ❞❛s r❡s♣❡❝t✐✈❛s r❡t❛s ❞❡ F ✳
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❋✐❣✉r❛ ✸✳✻✿ ❙❡çã♦ ❞❡ ✉♠❛ ❋✐❣✉r❛ P❧❛♥❛ ♣♦r ✉♠❛ ❘❡t❛✳

❉❡✜♥✐çã♦ ✸✳✶✶✳ ❉✉❛s ✜❣✉r❛s F1 ❡ F2 sã♦ ❞✐t❛s ❡♠ correspondência✱ s❡

❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ F1 ❡ F2 ✭❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ F1 s❡

❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ F2 ✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡

F2 é ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ F1 ✮✳

❉♦✐s ❡❧❡♠❡♥t♦s q✉❡ sã♦ ❛ss♦❝✐❛❞♦s ❞❡st❛ ❢♦r♠❛ sã♦ ❝❤❛♠❛❞♦s

correspondentes ♦✉ elementos homólogos✳

❯♠❛ ✜❣✉r❛ ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♥s✐❣♦ ♠❡s♠❛✱ s❡ ❝❛❞❛ ✉♠ ❞❡ s❡✉s

❡❧❡♠❡♥t♦s s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ✉♠ ú♥✐❝♦ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s ✭♥ã♦ ♥❡❝❡ss❛r✐❛✲

♠❡♥t❡ ♦ ♠❡s♠♦✮✱ ❡ s❡ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s é ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ ✉♠

ú♥✐❝♦ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s✳

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❙❡ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s ❤♦♠ó❧♦❣♦s ❞❡ ❞✉❛s ✜❣✉r❛s

❝♦rr❡s♣♦♥❞❡♥t❡s t❡♠ ❛ ♠❡s♠❛ ♣r♦❥❡çã♦ ♣♦r ✉♠ ♣♦♥t♦ ✜①♦ O ✱ t❛✐s q✉❡ t♦❞❛s

❛s ♣r♦❥❡çõ❡s sã♦ ❞✐st✐♥t❛s✱ ❛s ✜❣✉r❛s sã♦ ❞✐t❛s perspectivas pelo ponto O ✭♦✉

s✐♠♣❧❡s♠❡♥t❡ perspectivas por O✮✳

❖ ♣♦♥t♦ O é ❝❤❛♠❛❞♦ ♦ centro de perspectividade✳
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❋✐❣✉r❛ ✸✳✼✿ ❋✐❣✉r❛s P❡rs♣❡❝t✐✈❛s ♣♦r O ✳

❉❡✜♥✐çã♦ ✸✳✶✸✳ ❙❡ q✉❛✐sq✉❡r ❞✉❛s r❡t❛s ❤♦♠ó❧♦❣❛s ❡♠ ❞✉❛s ✜❣✉r❛s ❝♦rr❡s✲

♣♦♥❞❡♥t❡s t❡♠ ♦ ♠❡s♠♦ tr❛ç♦ ♥❛ r❡t❛ l ✱ t❛✐s q✉❡ t♦❞♦s ♦s tr❛ç♦s ❞❡ q✉❛❧q✉❡r

❞❛s ❞✉❛s ✜❣✉r❛s sã♦ ❞✐st✐♥t♦s✱ ❛s ✜❣✉r❛s sã♦ ❞✐t❛s perspectivas pela reta l ✭♦✉

s✐♠♣❧❡s♠❡♥t❡ perspectivas por l✮✳

❆ r❡t❛ l é ❝❤❛♠❛❞❛ ♦ ❡✐①♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✳

❋✐❣✉r❛ ✸✳✽✿ ❋✐❣✉r❛s P❡rs♣❡❝t✐✈❛s ♣♦r ✉♠❛ ❘❡t❛✳

❉❡✜♥✐çã♦ ✸✳✶✹✳ ❯♠ feixe de pontos ✭♦✉ ✉♠ intervalo de pontos✮ é ❛ ✜❣✉r❛

❢♦r♠❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ r❡t❛✳
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❆ r❡t❛ q✉❡ ❝♦♥té♠ ♦ ❢❡✐①❡ ❞❡ ♣♦♥t♦s é ❝❤❛♠❛❞❛ ♦ eixo do feixe✳

❉❡✜♥✐çã♦ ✸✳✶✺✳ ❯♠ feixe de retas ✭♦✉ feixe plano de retas✮ é ❛ ✜❣✉r❛ ❢♦r✲

♠❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s q✉❡ ♣❛ss❛♠ ♣♦r ✉♠ ♠❡s♠♦ ♣♦♥t♦✱ ♥♦ ♣❧❛♥♦✳

❖ ♣♦♥t♦ q✉❡ é ✐♥❝✐❞❡♥t❡ ❛ t♦❞❛s ❛s r❡t❛s ❞❡ ✉♠ ❢❡✐①❡ ❞❡ r❡t❛s é ❝❤❛♠❛❞♦

v értice do feixe ♦✉ centro do feixe✳

❖ ❢❡✐①❡ ❞❡ ♣♦♥t♦s ❡ ♦ ❢❡✐①❡ ❞❡ r❡t❛s sã♦ ❝❤❛♠❛❞♦s ❞❡ formas geométricas

primitivas ❞❡ ♣r✐♠❡✐r♦ ❣r❛✉ ♦✉ ❞❡ ✉♠❛ ❞✐♠❡♥sã♦✱ ♦✉ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ [P ] ♣❛r❛ ❢❡✐①❡ ❞❡ ♣♦♥t♦s ✭[p] ♣❛r❛ ❞❡t❡r♠✐♥❛r ✉♠

❢❡✐①❡ ❞❡ r❡t❛s✮✱ ❡ ❝❛❞❛ ♣♦♥t♦ ✭♦✉ r❡t❛✮ ❞♦ ❢❡✐①❡ ♣❡❧❛ ❧❡tr❛ P ✭♦✉ p✮ s♦③✐♥❤❛

♦✉ ❝♦♠ ✉♠ í♥❞✐❝❡ ♦✉ s✉❜s❝r✐t♦✳

❆ss✐♠ ❞♦✐s ❢❡✐①❡s ❞❡ ♣♦♥t♦s ✭♦✉ r❡t❛s✮ ♣♦❞❡♠ s❡r ❡①♣r❡ss❛❞♦s ♣♦r [P ] ❡

[Q]✭♦✉ [p] ❡ [q]✮ ✳

P❛r❛ ✐♥❞✐❝❛r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♣❡rs♣❡❝t✐✈❛✱ ♦✉ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✱ ❡♥tr❡

❢❡✐①❡s ❞❡ ♣♦♥t♦s✱ ❡s❝r❡✈❡♠♦s✿

[P ] [ [Q] ,

❡ ♣❛r❛ ✉♠ ❢❡✐①❡ ❞❡ r❡t❛s✿

[p] [ [q] .

❙❡ ❞✉❛s ❢♦r♠❛s t❡♠ ♦ ♠❡s♠♦ t✐♣♦✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠❛ t❡r❝❡✐r❛

❢♦r♠❛✱ ❞❡ ♠♦❞♦ q✉❡ q✉❛❧q✉❡r ♣❛r ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠ó❧♦❣♦s ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s

♣❛ss❛♠ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❛ t❡r❝❡✐r❛✳ ❊ss❛ t❡r❝❡✐r❛ ❢♦r♠❛✱ t❛♠❜é♠ ♣♦❞❡

s❡r ❡①✐❜✐❞❛ ♥❛ ♥♦t❛çã♦ ❝♦♠ ❛ ❝♦❧♦❝❛çã♦ ❞❡ ✉♠ sí♠❜♦❧♦ s♦❜r❡ ♦ s✐♥❛❧ ❞❡

♣❡rs♣❡❝t✐✈✐❞❛❞❡✳

❆ss✐♠ ♦s sí♠❜♦❧♦s
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[P ]
A

[ [Q] [ [r]
a

[ [s]

❞❡♥♦t❛♠ q✉❡ ♦ ❢❡✐①❡ ❞❡ ♣♦♥t♦s [P ] é ♣❡rs♣❡❝t✐✈♦✱ ♣♦r ♠❡✐♦ ❞♦ ❝❡♥tr♦ A✱ ❝♦♠

♦ ❢❡✐①❡ ❞❡ ♣♦♥t♦s [Q]✳ ◗✉❡ ❝❛❞❛ ♣♦♥t♦ Qi é ♣❡rs♣❡❝t✐✈♦ ❛ ✉♠❛ r❡t❛ ri ❞♦

❢❡✐①❡ [r] ❡ q✉❡ ♦ ❢❡✐①❡ ❞❡ r❡t❛s [r] é ♣❡rs♣❡❝t✐✈♦✱ ♣❡❧♦ ❡✐①♦ a✱ ❝♦♠ ♦ ❢❡✐①❡ ❞❡

r❡t❛s [s]✳

❙❡ ❤á ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦✱ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡

♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦s sí♠❜♦❧♦s ❞♦s ✈ár✐♦s ❡❧❡♠❡♥t♦s ❤♦♠ó❧♦❣♦s✳

❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦

1 2 3 4 [ A B C D

q✉❡ q✉❡r ❞✐③❡r q✉❡ ✶ ❡ A✱ ✷ ❡ B ✱ ✸ ❡ C ✱ ✹ ❡ D sã♦ ❤♦♠ó❧♦❣♦s✳

❉❡✜♥✐çã♦ ✸✳✶✻✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s A✱ B ✱ C ❡ D ✱ ❞✐st✐♥t♦s ❡ ✐♥❝✐❞❡♥t❡s à r❡t❛

l ✳ ❉✐r❡♠♦s q✉❡ ♦s ♣♦♥t♦s A ❡ B separam ♦s ♣♦♥t♦s C ❡ D ✱ ❞❡s❞❡ q✉❡ ♥ã♦

s❡❥❛ ♣♦ssí✈❡❧ ✐r✱ ♣❡r❝♦rr❡♥❞♦ ❛ r❡t❛ l ✱ ❞❡ C ❛ D s❡♠ ♣❛ss❛r ♣❡❧♦s ♣♦♥t♦s A

♦✉ B ✳

■♥❞✐❝❛r❡♠♦s ❛ r❡❧❛çã♦ ❞❡✜♥✐❞❛ ❝♦♠♦ ✏A ❡ B s❡♣❛r❛♠ C ❡D✑✱ ♣❡❧♦ sí♠❜♦❧♦✿

❆❇‖❈❉.

❉❡✜♥✐çã♦ ✸✳✶✼✳ ❉❛❞♦s três ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✱ A✱ B ❡ C ✱ ♦ segmento ]AB[\C

é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s D ✱ t❛✐s q✉❡ AB ‖ CD✳

❉❡✜♥✐çã♦ ✸✳✶✽✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s A✱ B ❡ C ✱ ❝♦❧✐♥❡❛r❡s✱ ♦ intervalo [AB] \C

é ♦ ❝♦♥❥✉♥t♦ ]AB[\C ∪ {A,B}✳
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❉❡✜♥✐çã♦ ✸✳✶✾✳ ❖ ✐♥t❡r✈❛❧♦ ]DE[\C é ❞✐t♦ interior ❛♦ ✐♥t❡r✈❛❧♦ [AB] \ C

s❡ D, E ∈ [AB] \ C✱ ❡ ✉♠ ♣♦♥t♦ F ❡stá entre ♦s ♣♦♥t♦s D ❡ E ❞❡ [AB] \ C

s❡ F ∈]DE[\C✳

❆❣♦r❛✱ ❝♦♠ ❛ ❛❥✉❞❛ ❞❡ss❛s ❞❡✜♥✐çõ❡s✱ ✈❛♠♦s ❛ ❛♣r❡s❡♥t❛çã♦ ❞♦s ❛①✐♦♠❛s✳

✸✳✶ ❆①✐♦♠❛s ❞❡ ■♥❝✐❞ê♥❝✐❛

■ ✶✳ ◗✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s sã♦ ✐♥❝✐❞❡♥t❡s ❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠❛

r❡t❛✳

■ ✷✳ ◗✉❛✐sq✉❡r ❞✉❛s r❡t❛s sã♦ ✐♥❝✐❞❡♥t❡s ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦✳

■ ✸✳ ❊①✐st❡♠ q✉❛tr♦ ♣♦♥t♦s✱ três ❛ três ♥ã♦ ❝♦❧✐♥❡❛r❡s✳

■ ✹✳ ✭❆①✐♦♠❛ ❞❡ ❋❛♥♦✮ ❖s três ♣♦♥t♦s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦

♥ã♦ sã♦ ❝♦❧✐♥❡❛r❡s✳

■ ✺✳ ✭❚❡♦r❡♠❛ ❞❡ P❛♣✉s✮ ❙❡ ♦s s❡✐s ✈ért✐❝❡s ❞❡ ✉♠ ❤❡①á❣♦♥♦ ❡stã♦ ❛❧t❡r♥❛❞❛✲

♠❡♥t❡ ❡♠ ❞✉❛s r❡t❛s✱ ♦s três ♣♦♥t♦s ❞❛ ✐♥t❡rs❡❝çã♦ ❞♦s ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s

sã♦ ❝♦❧✐♥❡❛r❡s✳

✸✳✷ ❆①✐♦♠❛s ❞❡ ❙❡♣❛r❛çã♦

❙ ✶✳ ❊①✐st❡ ✉♠❛ r❡t❛ q✉❡ ✐♥❝✐❞❡ ❝♦♠ ♣❡❧♦ ♠❡♥♦s q✉❛tr♦ ♣♦♥t♦s ❞✐st✐♥t♦s✳

❙ ✷✳ ❙❡ ❆❇‖❈❉✱ ♦s ♣♦♥t♦s ❆✱ ❇✱ ❈ ❡ ❉ sã♦ ❝♦❧✐♥❡❛r❡s ❡ ❞✐st✐♥t♦s✳

❙ ✸✳ ❙❡ ❆❇‖❈❉✱ ❡♥tã♦ ❆❇‖❉❈✳

❙ ✹✳ ❙❡ ♦s ♣♦♥t♦s ❆✱ ❇✱ ❈ ❡ ❉ sã♦ ❝♦❧✐♥❡❛r❡s ❡ ❞✐st✐♥t♦s✱ ✈❡r✐✜❝❛✲s❡ ❡①❛t❛✲

♠❡♥t❡ ✉♠❛ ❞❛s três r❡❧❛çõ❡s ❇❈‖❆❉✱ ❈❆‖❇❉ ♦✉ ❆❇‖❈❉✳

❙ ✺✳ ❙❡ ❆❇‖❈❉ ❡ ❆❈‖❇❊✱ ❡♥tã♦ ❆❇‖❉❊✳

❙ ✻✳ ❙❡ ❆❇‖❈❉ ❡ ❆❇❈❉⊼❆✬❇✬❈✬❉✬✱ ❡♥tã♦ ❆✬❇✬‖❈✬❉✬✳
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✸✳✸ ❆①✐♦♠❛ ❞❡ ❈♦♥t✐♥✉✐❞❛❞❡

❈ ✶✳ ❉❛❞❛ q✉❛❧q✉❡r ♣❛rt✐çã♦ ❞❡ ✉♠ s❡❣♠❡♥t♦ ▲✱ ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ♥ã♦

✈❛③✐♦s L1 ❡ L2✱ t❛❧ q✉❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ ♥❡♥❤✉♠ ❞❡❧❡s ❡stá ❡♥tr❡ ❞♦✐s ♣♦♥t♦s

❞♦ ♦✉tr♦✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ ♥✉♠ ❞♦s s✉❜❝♦♥❥✉♥t♦s ✭❞✐❣❛♠♦s ❡♠ L1✮ q✉❡ ❡stá

❡♥tr❡ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ L1 ❡ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ L2✳

❈♦♠♦ ❢♦✐ ❢♦r♠✉❧❛❞♦✱ ♦ ❆①✐♦♠❛ ❞❡ ❈♦♥t✐♥✉✐❞❛❞❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❆①✐♦♠❛

❞❡ ❉❡❞❡❦✐♥❞✱ ❞♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s✳ ▲♦❣♦✱ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

t❡ór✐❝♦ ❛♣r❡s❡♥t❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦ t❡rá ❝♦♠♦ ❡♥❢♦q✉❡ ♦ P❧❛♥♦ Pr♦❥❡t✐✈♦

❘❡❛❧✶✳

✸✳✹ ▼♦❞❡❧♦ ❞❛ ❊s❢❡r❛ ❞❡ ❑❧❡✐♥

❈♦♠♦✱ ♥❛ ❡s❢❡r❛✱ ❞❛❞♦s ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s✱ ♥ã♦ ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s✱

❤á ✉♠ ú♥✐❝♦ ❝ír❝✉❧♦ ♠á①✐♠♦ ♣❛ss❛♥❞♦ ♣♦r ❡ss❡s ♣♦♥t♦s t❡♠♦s ✈❛❧✐❞❛❞♦ ♦

♣r✐♠❡✐r♦ ❛①✐♦♠❛ ❞❡ ✐♥❝✐❞ê♥❝✐❛ (I 1)✳ ➱ ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡ ♣♦♥t♦s ❞✐❛✲

♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

✶❍á ♦✉tr❛s ♠❛♥❡✐r❛s ❡q✉✐✈❛❧❡♥t❡s ❞❡ s❡ ❡♥✉♥❝✐❛r ❡ss❡ ❆①✐♦♠❛ ❞❡ ❈♦♥t✐♥✉✐❞❛❞❡✳ ❯♠❛ ❞❡❧❛s
é ❛♣r❡s❡♥t❛❞❛ ♥❛ ♣á❣✐♥❛ ✾✹ ❞❛ ♦❜r❛ ■♥tr♦❞✉çã♦ à ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✱ ❞♦s ♣r♦❢❡ss♦r❡s P❧á✲
❝✐❞♦ ❆♥❞r❛❞❡ ❡ ❆❜❞ê♥❛❣♦ ❇❛rr♦s ✭❙❇▼✱ ✷✵✶✵✮✿ ✧❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❇✐✉♥í✈♦❝❛
❡♥tr❡ ♦s ♥ú♠❡r♦s r❡❛✐s ❡ ♦s ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛ ♠❡♥♦s ✉♠ ❞❡ s❡✉s ♣♦♥t♦s✧✳



✸✳ ❆①✐♦♠át✐❝❛ ✸✶

❋✐❣✉r❛ ✸✳✾✿ ❘❡t❛s ♣♦r ♣♦♥t♦s ❞✐st✐♥t♦s✱ ❝♦♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ D ✳

❚❡♠♦s✱ t❛♠❜é♠✱ q✉❡ q✉❛✐sq✉❡r ❞♦✐s ❝ír❝✉❧♦s ♠á①✐♠♦s ❞❡ ✉♠❛ ❡s❢❡r❛

✐♥t❡rs❡❝t❛♠✲s❡ ❡①❛t❛♠❡♥t❡ ❡♠ ❞♦✐s ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s✳ ❈♦♠♦✱

♥♦ ♠♦❞❡❧♦ ❞❛ ❡s❢❡r❛ ❞❡ ❑❧❡✐♥✱ ♦s ♣♦♥t♦s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦s sã♦ ❝♦♥s✐✲

❞❡r❛❞♦s ❝♦✐♥❝✐❞❡♥t❡s t❡♠♦s ❣❛r❛♥t✐❞♦ ♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❡ ✐♥❝✐❞ê♥❝✐❛ (I 2)✳

◗✉❛♥❞♦ t♦♠❛♠♦s ✉♠ ♣❧❛♥♦ ✜①♦✱ t❛♥❣❡♥t❡ à ❡s❢❡r❛✱ s❡ ✜③❡r♠♦s ❛ ♣r♦❥❡çã♦

❞❡ ✉♠❛ ❞❡ss❛s r❡t❛s ❞❛ ❡s❢❡r❛ ✭♥ã♦ ♥✉♠ ♣❧❛♥♦ ♣❛r❛❧❡❧♦ ❛ ❡ss❡ ♣❧❛♥♦ ✜①♦✮ ♣❡❧♦

s❡✉ ❝❡♥tr♦✱ s♦❜r❡ ♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ à ❡s❢❡r❛✱ t❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ r❡t❛

❡✉❝❧✐❞✐❛♥❛✳

❋✐❣✉r❛ ✸✳✶✵✿ Pr♦❥❡çã♦ ❞❡ ✉♠❛ r❡t❛ s♦❜r❡ ♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ à ❡s❢❡r❛✳
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◆♦ ❝❛s♦ ❞❛ r❡t❛ q✉❡ ✐♥❝✐❞❡ s♦❜r❡ ♦ ♣❧❛♥♦ ♣❛r❛❧❡❧♦ ❛♦ ♣❧❛♥♦ ✜①♦ ❞❛❞♦✱

❝♦♥s✐❞❡r❛♠♦s q✉❡ ❛ ♣r♦❥❡çã♦ é ❛ r❡t❛ ♥♦ ✐♥✜♥✐t♦✳

❋✐❣✉r❛ ✸✳✶✶✿ Pr♦❥❡çã♦ ❞❛ r❡t❛ ♥♦ ♣❧❛♥♦ ♣❛r❛❧❡❧♦ ❛♦ ♣❧❛♥♦ t❛♥❣❡♥t❡✳

◆♦ ❝❛s♦ ❞❡ ❞✉❛s r❡t❛s q✉❡ t❡♠ s❡✉ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ s♦❜r❡ ❛ r❡t❛

❞♦ ✐♥✜♥✐t♦✱ ♥❛ ❡s❢❡r❛✱ ❛ ♣r♦❥❡çã♦ ❞❡ss❡ ♣♦♥t♦✱ ❛tr❛✈és ❞♦ ❝❡♥tr♦ ❞❛ ❡s❢❡r❛✱

s❡ ❡♥❝♦♥tr❛rá ♥❛ r❡t❛ ❞♦ ✐♥✜♥✐t♦✱ ❞♦ ♣❧❛♥♦✳ ❊ ❛s ♣r♦❥❡çõ❡s ❞❛s r❡t❛s s❡rã♦

♣❛r❛❧❡❧❛s✳

❋✐❣✉r❛ ✸✳✶✷✿ Pr♦❥❡çã♦ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦✱ ♥♦ ✐♥✜♥✐t♦✳



✸✳ ❆①✐♦♠át✐❝❛ ✸✸

❈❛s♦ ❝♦♥trár✐♦✱ ❛ ♣r♦❥❡çã♦ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ s❡ ❞❛rá ♥❛ ✐♥t❡rs❡❝çã♦

❞❛ ♣r♦❥❡çã♦ ❞❛s ❞✉❛s r❡t❛s✳

❋✐❣✉r❛ ✸✳✶✸✿ Pr♦❥❡çã♦ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♠ r❡t❛s ❝♦♥❝♦rr❡♥t❡s✳

❋✐❝❛ ❢á❝✐❧ ✈❡r q✉❡ ❡ss❛s ❞✉❛s r❡t❛s ✐♥t❡rs❡❝t❛♠ ❛ r❡t❛ ❞♦ ✐♥✜♥✐t♦ ✭❞❛ ❡s❢❡r❛✮✱

❡♠ ♣♦♥t♦s ❞✐st✐♥t♦s✳

❊ss❛ ✐❞❡♥t✐✜❝❛çã♦ ❡♥tr❡ ♦ ♠♦❞❡❧♦ ❞❛ ❡s❢❡r❛ ❞❡ ❑❧❡✐♥ ❡ ♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦

✉♥✐❞♦ ❝♦♠ ❛ r❡t❛ ❞♦ ✐♥✜♥✐t♦ ❢❛❝✐❧✐t❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦✱ ❛tr❛✈és ❞❛ ✈✐s✉❛❧✐③❛çã♦✱

❞❛ ♠❛✐♦r✐❛ ❞♦s t❡♦r❡♠❛s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡♦♠❡tr✐❛ ♣r♦❥❡t✐✈❛✱

✸✳✺ Pr✐♥❝í♣✐♦ ❞❛ ❉✉❛❧✐❞❛❞❡

◗✉❛♥❞♦ tr♦❝❛♠♦s✱ ♥♦s ❆①✐♦♠❛s ❞❡ ■♥❝✐❞ê♥❝✐❛✱ ♦s t❡r♠♦s ponto ♣♦r reta✱ reta

♣♦r ponto ❡ s❡✉s ❞❡r✐✈❛❞♦s ✭concorrentes ♣♦r colineares ✱ v értices ♣♦r lados ✱

sobre ♣♦r passam✱ ligam ♣♦r intersectam✱ etc✮ ❝❤❛♠❛♠♦s ❛ ❡ss❡ ♣r♦❝❡ss♦ ❞❡

dualizar ✳

❊♥tã♦✱ ♣r♦✈❛❞♦ ✉♠ t❡♦r❡♠❛✱ ❝♦♠ ❛ ❛❥✉❞❛ ❞♦s ❆①✐♦♠❛s ❞❡ ■♥❝✐❞ê♥❝✐❛✱

♣♦❞❡♠♦s ❛♣❡♥❛s tr♦❝❛r ♦s t❡r♠♦s ✭ponto ✲ reta✱ concorrente ✲ colinear ✱ v értice

✲ lado✱ sobre ✲ passa✱ ligar ✲ intersectar ✱ etc✮ ❞♦ t❡♦r❡♠❛✱ ❡ ♦❜t❡r❡♠♦s ✉♠
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♥♦✈♦ t❡♦r❡♠❛✱ ♣♦✐s t❡♥❞♦ ♣r♦✈❛❞♦ ♦s ❆①✐♦♠❛s ❞✉❛✐s ✭✉t✐❧✐③❛♥❞♦ ♦s ❆①✐♦♠❛s

❞❡ ■♥❝✐❞ê♥❝✐❛ ♦r✐❣✐♥❛✐s✮✱ ♥ã♦ s❡rá ♥❡❝❡ssár✐♦ ♥♦✈❛ ❞❡♠♦str❛çã♦✳

P♦rt❛♥t♦✱ ❝❛❞❛ ❚❡♦r❡♠❛ ♣r♦✈❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠ ♥♦✈♦ ❚❡♦r❡♠❛✱ s❡♠ ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ♥♦✈❛ ❞❡♠♦♥str❛çã♦✳ ❆ ❡ss❡ ♥♦✈♦ ❚❡♦r❡♠❛ ❝❤❛♠❛r❡♠♦s ❞❡

dual ❞♦ ♣r✐♠❡✐r♦✳

◆❛ s❡q✉ê♥❝✐❛ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❞✉❛✐s ❞♦s ❆①✐♦♠❛s ❞❡ ■♥❝✐❞ê♥❝✐❛✱ ❝♦♠♦

t❡♦r❡♠❛s✱ ❝♦♠ s✉❛s ❞❡✈✐❞❛s ❞❡♠♦♥str❛çõ❡s✳ ■ss♦ ♥♦s ♣❡r♠✐t✐rá ✉t✐❧✐③❛r ♦

❝❤❛♠❛❞♦ Prinćıpio da Dualidade ♣❛r❛ ♦s ♣ró①✐♠♦s ❚❡♦r❡♠❛ ❞❡ss❡ ♥♦ss♦ tr❛✲

❜❛❧❤♦✳

❚❡♦r❡♠❛ ✸✳✶ ✭❉✉❛❧ ❞❡ ■ ✶✮✳ ◗✉❛✐sq✉❡r ❞✉❛s r❡t❛s ❞✐st✐♥t❛s sã♦ ✐♥❝✐❞❡♥t❡s

❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ❞✉❛s r❡t❛s s❡❥❛♠ ✐♥❝✐❞❡♥t❡s ❛ ❞♦✐s ♣♦♥t♦s

❞✐st✐♥t♦s ✭❢❛t♦ ❣❛r❛♥t✐❞♦ ♣♦r ■ ✷✮✳ ❈♦♠♦✱ ♣♦r ■ ✶✱ ❡ss❛s ❞✉❛s r❡t❛s sã♦ ❝♦✐♥✲

❝✐❞❡♥t❡s✱ t❡♠♦s q✉❡ ❞✉❛s r❡t❛s ❞✐st✐♥t❛s ♥ã♦ ♣♦❞❡♠ s❡r ✐♥❝✐❞❡♥t❡s ❛ ♠❛✐s ❞❡

✉♠ ♣♦♥t♦✳

❚❡♦r❡♠❛ ✸✳✷ ✭❉✉❛❧ ❞❡ ■ ✷✮✳ ◗✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s sã♦ ✐♥❝✐❞❡♥t❡s ❝♦♠ ♣❡❧♦

♠❡♥♦s ✉♠❛ r❡t❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥❝❧✉sã♦ ❞✐r❡t❛ ❞❡ ■ ✶✳

❚❡♦r❡♠❛ ✸✳✸ ✭❉✉❛❧ ❞❡ ■ ✸✮✳ ❊①✐st❡♠ q✉❛tr♦ r❡t❛s✱ três ❛ três ♥ã♦ ❝♦♥❝♦r✲

r❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❖ ❆①✐♦♠❛ ■ ✸ ♥♦s ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ q✉❛tr♦ ♣♦♥t♦s✱ três

❛ três ♥ã♦ ❝♦❧✐♥❡❛r❡s✳ ❙❡❥❛♠ ❡❧❡s ♦s ♣♦♥t♦s A✱ B ✱ C ❡ D ✳

❚♦♠❡♠♦s ❛s r❡t❛s AB ✱ AD ✱ CD ❡ BC ✭■ ✶✮✱ ♦♥❞❡✱ ❝♦♠♦ ♦s ♣♦♥t♦s três ❛

três ♥ã♦ sã♦ ❝♦❧✐♥❡❛r❡s✱ ❝❛❞❛ ♣❛r ❞❡ss❛s r❡t❛s é ✐♥❝✐❞❡♥t❡ ❛ ❛♣❡♥❛s ✉♠ ♣♦♥t♦✳

❊♥tã♦ t❡r❡♠♦s q✉❡✿

❼ [AB ∩ AD] ∩ CD = A ∩ CD = ∅

❼ [AB ∩ AD] ∩ BC = A ∩ BC = ∅



✸✳ ❆①✐♦♠át✐❝❛ ✸✺

❼ [BC ∩ CD] ∩ AB = C ∩ AB = ∅

❼ [AD ∩ CD] ∩BC = D ∩BC = ∅

❊ ♣♦rt❛♥t♦✱ AB ✱ AD ✱ CD ❡ BC sã♦ ❛s q✉❛tr♦ r❡t❛s ♣r♦❝✉r❛❞❛s✳

❉❡✜♥✐çã♦ ✸✳✷✵ ✭❉✉❛❧ ❞❛ ❉❡✜♥✐çã♦ ✸✳✺ ✮✳ ❯♠ quadril átero completo é ❛

✜❣✉r❛ ❢♦r♠❛❞❛ ♣♦r q✉❛tr♦ r❡t❛s✱ s❡♥❞♦ três q✉❛✐sq✉❡r ❞❡❧❛s ♥ã♦ ❝♦♥❝♦rr❡♥t❡s✱

❡ ♦s s❡✐s ♣♦♥t♦s ♣❡rt❡♥❝❡♥t❡s às ✐♥t❡rs❡❝çõ❡s ❞❡ss❛s r❡t❛s✳ ❉✐r❡♠♦s q✉❡ ❛s

q✉❛tr♦ r❡t❛s sã♦ ♦s lados ❡ q✉❡ ♦s s❡✐s ♣♦♥t♦s sã♦ ♦s v értices ❞♦ q✉❛❞r✐❧át❡r♦

❝♦♠♣❧❡t♦✳

❋✐❣✉r❛ ✸✳✶✹✿ ◗✉❛❞r✐❧át❡r♦ ❈♦♠♣❧❡t♦

❉❡✜♥✐çã♦ ✸✳✷✶ ✭❉✉❛❧ ❞❛ ❉❡✜♥✐çã♦ ✸✳✻ ✮✳ ❉♦✐s ✈ért✐❝❡s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦

❝♦♠♣❧❡t♦ sã♦ ❞✐t♦s opostos s❡ ❛ r❡t❛ q✉❡ é ✐♥❝✐❞❡♥t❡ ❛ ❡❧❡s ♥ã♦ é ✉♠ ❞♦s

❧❛❞♦s✱ s❡♥❞♦ ❛ss✐♠✱ ❡ss❛ r❡t❛ é ❝❤❛♠❛❞❛ reta diagonal ✳ ❊①✐st❡♠ três r❡t❛s

❞✐❛❣♦♥❛✐s✳

❚❡♦r❡♠❛ ✸✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✮✳ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ♣❡rs♣❡❝t✐✈♦s

♣♦r ✉♠ ♣♦♥t♦✱ ❡♥tã♦ ❡❧❡s sã♦ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ r❡t❛✳
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❋✐❣✉r❛ ✸✳✶✺✿ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s P❡❧♦ P♦♥t♦ O

❉❡♠♦♥str❛çã♦✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡✱ ❞❛❞♦s ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B ′C ′ ❡

♦ ♣♦♥t♦ O ✱ s❡ O é ✐♥❝✐❞❡♥t❡ às r❡t❛s AA′✱ BB ′ ❡ CC ′ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s

D = AB ∩ A′B ′✱ E = BC ∩ B ′C ′✱ F = AC ∩ A′C ′ sã♦ ❝♦❧✐♥❡❛r❡s✳

❙❡❥❛♠✱ ❡♥tã♦✱ ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B ′C ′ ❡ ♦ ♣♦♥t♦ O ✱ ❞❡ ♠♦❞♦ q✉❡ O

s❡❥❛ ✐♥❝✐❞❡♥t❡ às r❡t❛s AA′✱ BB ′ ❡ CC ′✳

❚♦♠❡♠♦s ♦s ♣♦♥t♦s G = AC ∩ B ′C ′✱ I = AB ∩OG ✱ J = AB ′ ∩OC ❡

K = A′B ′ ∩OG ✳ ❙❡❥❛ ♦ ❤❡①á❣♦♥♦ OCBAB ′GO ✱ ❝♦♠♦ ♦s ♣♦♥t♦s O ✱ B ❡ B ′

❡stã♦ ❡♠ ✉♠❛ r❡t❛ ❡ A✱ C ❡ G ❡stã♦ ❡♠ ♦✉tr❛ r❡t❛✱ ♣♦r ■ ✺✱ t❡♠♦s q✉❡

♦s ♣♦♥t♦s J = AB ′ ∩OC ✱ E = BC ∩ B ′G ❡ I = AB ∩OG sã♦ ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ G é ✐♥❝✐❞❡♥t❡ ❛ B ′C ′✱ t❡♠♦s q✉❡ E = BC ∩ B ′C ′✳
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❋✐❣✉r❛ ✸✳✶✻✿ ❍❡①á❣♦♥♦ OCBAB ′GO ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ t♦♠❛♥❞♦✲s❡ ♦ ❤❡①á❣♦♥♦ B ′AGOC ′A′B ′✱ ♦♥❞❡ ♦s ♣♦♥✲

t♦s O ✱ A ❡ A′ sã♦ ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ r❡t❛✱ ❡ ♦s ♣♦♥t♦s B ′✱ G ❡ C ′

sã♦ ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♦✉tr❛ r❡t❛✳ P❡❧♦ ❆①✐♦♠❛ ■ ✺✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s

J = AB ′ ∩OC ′✱ F = AG ∩ A′C ′ ❡ K = OG ∩ A′B ′ sã♦ ❝♦❧✐♥❡❛r❡s✳ ❈♦♠♦ G

é ✐♥❝✐❞❡♥t❡ ❛ AC ✱ t❡♠♦s q✉❡ F = AC ∩ A′C ′✳

❋✐❣✉r❛ ✸✳✶✼✿ ❍❡①á❣♦♥♦ B ′AGOC ′A′B ′ ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳

P❛r❛ ✜♥❛❧✐③❛r✱ s❡❥❛ ♦ ❤❡①á❣♦♥♦ AIJKB ′GA✱ ♦♥❞❡ ♦s ♣♦♥t♦s A✱ J ❡ B ′ sã♦

✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ r❡t❛✱ ❡ ♦s ♣♦♥t♦s I ✱ K ❡ G sã♦ ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ♦✉tr❛
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r❡t❛✳ P❡❧♦ ❆①✐♦♠❛ ■ ✺✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s L = AG ∩ JK ✱ M = B ′G ∩ IJ ♦✉

M = B ′C ′ ∩ IJ ✱ ♣♦✐s C ′ é ✐♥❝✐❞❡♥t❡ ❛ B ′G ✱ ❡ D = KB ′ ∩ AI sã♦ ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ I é ✐♥❝✐❞❡♥t❡ ❛ AB ❡ K é ✐♥❝✐❞❡♥t❡ ❛ A′B ′✱ t❡♠♦s q✉❡ D = A′B ′ ∩ AB ✳

❋✐❣✉r❛ ✸✳✶✽✿ ❍❡①á❣♦♥♦ AIJKB ′GA ❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ ♦s ♣♦♥t♦s J ✱ K ❡ F = AC ∩ A′C ′ sã♦ ❝♦❧✐♥❡❛r❡s✱ t❡♠♦s q✉❡ ♦ ú♥✐❝♦

♣♦♥t♦ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AG ❡ JK é ♦ ♣♦♥t♦ F ❡✱ ♣♦rt❛♥t♦ F é ❝♦✐♥❝✐✲

❞❡♥t❡ ❛ L✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ J ✱ I ❡ E = BC ∩ B ′C ′ sã♦ ❝♦❧✐♥❡❛r❡s ❡ E é ♦

ú♥✐❝♦ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ ❡♥tr❡ ❛s r❡t❛s IJ ❡ BC ✱ ❡ ♣♦rt❛♥t♦ E é ❝♦✐♥❝✐❞❡♥t❡

❛ M ✳ ❉❡ss❛ ❢♦r♠❛ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s E ✱ F ❡ D sã♦ ❝♦❧✐♥❡❛r❡s✳

❚❡♦r❡♠❛ ✸✳✺ ✭❉✉❛❧ ❞❡ ■ ✹ ✮✳ ❆s três r❡t❛s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦

❝♦♠♣❧❡t♦ ♥ã♦ sã♦ ❝♦♥❝♦rr❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦✱ ❞❛❞♦ ♣❡❧❛s r❡t❛s AB ✱ AD ✱ DC

❡ BC ✳ ❚❡♠♦s q✉❡ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E = AB ∩ DC ❡ F = AD ∩ BC

sã♦ ♦s ✈ért✐❝❡s ❞♦ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦✳
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❋✐❣✉r❛ ✸✳✶✾✿ ◗✉❛❞r✐❧át❡r♦ ❈♦♠♣❧❡t♦ ❡ s❡✉s ❱ért✐❝❡s

◆♦t❡♠♦s q✉❡ ♦s ♣♦♥t♦s E ❡ F sã♦ ❞✐st✐♥t♦s ❞❡ A✱ B ✱ C ❡ D ✱ ❝❛s♦ ❝♦♥trár✐♦

t❡rí❛♠♦s três ❧❛❞♦s ❞♦ q✉❛❞r✐❧át❡r♦ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

❚❡♠♦s ❡♥tã♦ ❛s r❡t❛s ❞✐❛❣♦♥❛✐s EF ✱ AC ❡ BD ✳

❋✐❣✉r❛ ✸✳✷✵✿ ◗✉❛❞r✐❧át❡r♦ ❝♦♠ s✉❛s ❘❡t❛s ❉✐❛❣♦♥❛✐s

❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❛ ✉♠ ♣♦♥t♦ G ✱ ❞❡ ♠♦❞♦ q✉❡ G = EF ∩ AC ∩ BD ✳

❚♦♠❡♠♦s ♦s tr✐â♥❣✉❧♦s ABD ❡ BCD ✱ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ G ✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✮✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s

E = DC ∩ AB ✱ F = CB ∩ AD ❡ DB ∩ BD sã♦ ❝♦❧✐♥❡❛r❡s✱ ❡ ♣♦rt❛♥t♦ ❤á ✉♠
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♣♦♥t♦✱ ❞✐st✐♥t♦ ❞❡ G ❡♠ BD ✱ ❝♦❧✐♥❡❛r ❛♦s ♣♦♥t♦s E ❡ F ✳

❚❡♠♦s✱ ❡♥tã♦ ❛s r❡t❛s BD ❡ EF ❝♦✐♥❝✐❞❡♥t❡s ❡✱ ♣♦rt❛♥t♦✱ ♦s ♣♦♥t♦s B ✱ D

❡ F ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ C é ✐♥❝✐❞❡♥t❡ ❛ BF ✱ t❡♠♦s q✉❡ D é ✐♥❝✐❞❡♥t❡ à r❡t❛ BC ✱ ❢❛③❡♥❞♦

❝♦♠ q✉❡ três ❧❛❞♦s ❞♦ q✉❛❞r✐❧át❡r♦ ❞❛❞♦ t❡♥❤❛♠ ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠✳ ❖

q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡✜♥✐çã♦ ❞❡ q✉❛❞r✐❧át❡r♦✳

P♦rt❛♥t♦ ❛s três r❡t❛s ❞✐❛❣♦♥❛✐s ♥ã♦ sã♦ ❝♦♥❝♦rr❡♥t❡s✳

❉❡✜♥✐çã♦ ✸✳✷✷ ✭❉✉❛❧ ❞❛ ❉❡✜♥✐çã♦ ✸✳✼ ✮✳ Triângulo diagonal do quadril átero

é ❛ ✜❣✉r❛ ❢♦r♠❛❞❛ ♣❡❧❛s três r❡t❛s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦✱ ❡

❝❛❞❛ ✉♠ ❞♦s ♣♦♥t♦s ✐♥❝✐❞❡♥t❡s ❛ ❝❛❞❛ ♣❛r ❞❡ r❡t❛s✳

❋✐❣✉r❛ ✸✳✷✶✿ ❚r✐â♥❣✉❧♦ ❉✐❛❣♦♥❛❧ ABC

❚❡♦r❡♠❛ ✸✳✻ ✭❉✉❛❧ ❞❡ ■ ✺ ✮✳ ❙❡❥❛ ✉♠ ❤❡①á❣♦♥♦ A1A2A3A4A5A6A1 ✱ ❞❡

♠♦❞♦ q✉❡ A1A2 ✱ A3A4 ✱ A5A6 s❡❥❛♠ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦✱ ❡ A2A3 ✱

A4A5 ✱ A6A1 s❡❥❛♠ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♦✉tr♦ ♣♦♥t♦✱ ❡♥tã♦ ❛s r❡t❛s A1A4 ✱

A2A5 ❡ A3A6 sã♦ ❝♦♥❝♦rr❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ t❡♠♦s B = A1A2 ∩ A3A4 ∩ A5A6 ❡

C = A2A3 ∩ A4A5 ∩ A6A1 ✳

❆✜r♠❛çã♦✿ B ❡ C ♥ã♦ sã♦ ✈ért✐❝❡s ❞♦ ❤❡①á❣♦♥♦ A1A2A3A4A5A6A1 ✳
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❉❡ ❢❛t♦✱ ✈❛♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ♦ ♣♦♥t♦ B s❡❥❛ ♦

✈ért✐❝❡ A2 ✱ ❡♥tã♦ t❡rí❛♠♦s ♦s ✈ért✐❝❡s A2 ✱ A3 ❡ A4 ❝♦❧✐♥❡❛r❡s✱ ✈✐st♦ q✉❡ ♦

♣♦♥t♦ B ✭A2 ✮é ✐♥❝✐❞❡♥t❡ à r❡t❛ A3A4 ✱ ♦ q✉❡ ♥ã♦ ❝❛r❛❝t❡r✐③❛r✐❛ ✉♠ ❤❡①á❣♦♥♦✳

❋✐❣✉r❛ ✸✳✷✷✿ P♦♥t♦s B ❡ C ✳

❚❡♠♦s✱ ❡♥tã♦✱ ♦s ♣♦♥t♦s B ✱ A5 ❡ A6 ❡♠ ✉♠❛ r❡t❛✱ ❡ ♦s ♣♦♥t♦s A2 ✱ A3 ❡

C ❡♠ ♦✉tr❛ r❡t❛✳

❚♦♠❛♥❞♦ ♦ ❤❡①á❣♦♥♦ BA2A5CA6A3B ✱ ♣♦r ■ ✺ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s

A1 = BA2 ∩ CA6 ✱ A4 = A5C ∩ BA3 ❡ D = A2A5 ∩ A6A3 sã♦ ❝♦❧✐♥❡❛r❡s ❡✱

♣♦rt❛♥t♦✱ ❛ r❡t❛ A1A4 ♣❛ss❛ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡ A2A5 ❝♦♠ A3A6 ✳
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❋✐❣✉r❛ ✸✳✷✸✿ P♦♥t♦ D ✱ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s A1A4 ✱ A2A5 ❡ A3A6 ✳

❚❡♦r❡♠❛ ✸✳✼ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✹ ✮✳ ❙❡ ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ♣❡rs♣❡❝t✐✈♦s

♣♦r ✉♠❛ r❡t❛ ❡♥tã♦ ❡❧❡s sã♦ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠ ♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B ′C ′ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛

r❡t❛ l ✱ ♦✉ s❡❥❛✱ ♦s ♣♦♥t♦s D = AB ∩A′B′✱ E = AC ∩A′C ′ ❡ F = BC ∩ B ′C ′

sã♦ ❝♦❧✐♥❡❛r❡s✳

❋✐❣✉r❛ ✸✳✷✹✿ ❚r✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s ♣♦r l ✳

❚♦♠❡♠♦s ♦ ♣♦♥t♦ O = AA′ ∩ CC ′✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ O é ✐♥❝✐❞❡♥t❡ à

r❡t❛ BB ′✳
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❋✐❣✉r❛ ✸✳✷✺✿ P♦♥t♦ O ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AA′ ❡ CC ′✳

❙❡❥❛♠ ♦s tr✐â♥❣✉❧♦s DAA′ ❡ FCC ′✱ t❡♠♦s q✉❡ E = DF ∩ A′C ′ ∩ AC ❡✱

♣♦rt❛♥t♦✱ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ E ✳

❋✐❣✉r❛ ✸✳✷✻✿ ❚r✐â♥❣✉❧♦s DAA′ ❡ FCC ′✳

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹ ✭❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✮✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s

B ′ = A′D ∩ C ′F ✱ B = AB ∩ CF ❡ O = AA′ ∩ CC ′ sã♦ ❝♦❧✐♥❡❛r❡s✳

✸✳✻ P❡rs♣❡❝t✐✈✐❞❛❞❡ ❡ ❘❡❧❛çã♦ ❍❛r♠ô♥✐❝❛

❉❡✜♥✐çã♦ ✸✳✷✸✳ ❯♠ conjunto quadrangular de pontos é ❛ s❡çã♦ ❞♦s s❡✐s ❧❛❞♦s

❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ ♣♦r q✉❛❧q✉❡r r❡t❛ q✉❡ ♥ã♦ ♣❛ss❛ ♣♦r q✉❛❧q✉❡r

✉♠ ❞♦s s❡✉s ✈ért✐❝❡s✳
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❙❡♥❞♦ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E ❡ F ❝♦❧✐♥❡❛r❡s✱ ❡♠ q✉❡ A ❡ D ✱ B ❡ E ❡ C

❡ F sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ✐♥t❡rs❡çõ❡s ❝♦♠ ❛s r❡t❛s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s

❞❡ ❧❛❞♦s ♦♣♦st♦s ❞♦ q✉❛❞râ♥❣✉❧♦✱ ✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ ♣❛r❛ ❞❡s✐❣♥❛r

❡ss❡ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✿ (AD) (BE ) (CF )✳

✺

❋✐❣✉r❛ ✸✳✷✼✿ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (AD) (BE ) (CF )✳

❚❡♦r❡♠❛ ✸✳✽✳ ❈❛❞❛ ♣♦♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s é ❞❡t❡r✲

♠✐♥❛❞♦ ❞❡ ❢♦r♠❛ ú♥✐❝❛ ♣❡❧♦s ♦✉tr♦s ♣♦♥t♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ KLMN ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦✱ ❡♠ q✉❡ ❛s r❡t❛s KN ✱

LN ✱ MN ✱ LM ✱ MK ❡ KL ❝r✉③❛♠ ✉♠❛ r❡t❛ g ✭q✉❡ ♥ã♦ é ✐♥❝✐❞❡♥t❡ ❛ q✉❛❧q✉❡r

✉♠ ❞♦s ✈ért✐❝❡s✮ ❡♠ s❡✐s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E ❡ F ✱ ♦♥❞❡ ❛❧❣✉♥s ❞❡ss❡s ♣♦♥t♦s

♣♦ss❛♠ s❡r ❝♦✐♥❝✐❞❡♥t❡s✳ ❚♦♠❛r❡♠♦s ♦s três ♣r✐♠❡✐r♦s ♣♦♥t♦s ✭A✱ B ❡ C ✮

♣❡rt❡♥❝❡♥t❡s às r❡t❛s ♣❛ss❛♥❞♦ ♣❡❧♦ ✈ért✐❝❡ N ✱ ❡ ♦s três ú❧t✐♠♦s ♣❡rt❡♥❝❡♥t❡s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s ❧❛❞♦s ♦♣♦st♦s✳

❋✐❣✉r❛ ✸✳✷✽✿ ◗✉❛❞râ♥❣✉❧♦ ❈♦♠♣❧❡t♦ ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r
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❱❛♠♦s ♠♦str❛r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ F é ❞❡t❡r♠✐♥❛❞♦ ❞❡ ❢♦r♠❛

ú♥✐❝❛ ♣❡❧♦s ♦✉tr♦s ❝✐♥❝♦ ♣♦♥t♦s✳ P❛r❛ ✐ss♦✱ t♦♠❛r❡♠♦s ✉♠ ♦✉tr♦ q✉❛❞râ♥❣✉❧♦

K ′L′M ′N ′✱ ❞❡ ❢♦r♠❛ q✉❡ N ′M ′✱ N ′L′✱ N ′K ′✱ K ′L′ ❡ K ′M ′ ♣❛ss❡♠ ♣♦r ❆✱ ❇✱

❈✱ ❉ ❡ ❊✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✷✾✿ ◗✉❛❞râ♥❣✉❧♦ K ′L′M ′N ′✳

❚❡♠♦s q✉❡ ♦s tr✐â♥❣✉❧♦s KMN ❡ K ′M ′N ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ g

✭A = MN ∩M ′N ′✱ C = KN ∩K ′N ′ ❡ E = KM ∩K ′M ′✮✱ ❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛

✸✳✼ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✮✱ ❡ss❡s ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ♣❡rs♣❡❝t✐✈♦

♣♦r ✉♠ ♣♦♥t♦ O ✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ r❡t❛ KK ′ ♣❛ss❡ ♣❡❧♦ ♣♦♥t♦ O = MM ′ ∩ NN ′✳

❋✐❣✉r❛ ✸✳✸✵✿ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s KLM ❡ K ′L′M ′✳
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❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦s tr✐â♥❣✉❧♦s LMN ❡ L′M ′N ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛

r❡t❛ g ✱ ❡ ♣♦rt❛♥t♦✱ LL′ t❛♠❜é♠ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ O ✳ ❆ss✐♠✱ ❛s r❡t❛s KK ′✱

LL′✱ MM ′ ❡ NN ′ ♣❛ss❛♠ ♣❡❧♦ ♣♦♥t♦ O ✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦s q✉❛❞râ♥❣✉❧♦s

KLMN ❡ K ′L′M ′N ′ s❡❥❛♠ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ O ✳ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ♦s

tr✐â♥❣✉❧♦s KLM ❡ K ′L′M ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ O ❡✱ ♣❡❧♦ ❞♦ ❚❡♦r❡♠❛

✸✳✼✱ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ DE ✭r❡t❛ g✮✳ P♦rt❛♥t♦✱ ❛s r❡t❛s KL ❡ K ′L′ s❡

✐♥t❡rs❡❝t❛♠ ❡♠ ✉♠ ♠❡s♠♦ ♣♦♥t♦ s♦❜r❡ ❛ r❡t❛ g ✳

❋✐❣✉r❛ ✸✳✸✶✿ ■♥t❡rs❡❝çã♦ ❞❛s r❡t❛s KL ❡ K ′L′✳

❈♦♠♦ KL ❝r✉③❛ g s♦❜r❡ ♦ ♣♦♥t♦ F ✱ t❡♠♦s q✉❡ K ′L′ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ F ✳

❖❜s❡r✈❛çã♦✳ P❡❧❛ ❞❡♠♦♥str❛çã♦ ❢❡✐t❛ ❛❝✐♠❛✱ é ❢á❝✐❧ ✈❡r q✉❡ ♦ ❚❡♦r❡♠❛ ✸✳✽

♣♦❞❡r✐❛ s❡r ❡♥✉♥❝✐❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✧❙❡ ❞♦✐s q✉❛❞râ♥❣✉❧♦s ❝♦♠♣❧❡t♦s A1A2A3A4 ❡ A′

1A
′

2A
′

3A
′

4 s❡ ❝♦rr❡s♣♦♥✲

❞❡♠ ✕ A1 ❝♦♠ A′

1 ✱ A2 ❝♦♠ A′

2 ✱ A3 ❝♦♠ A′

3 ❡ A4 ❝♦♠ A′

4 ✕ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

❝✐♥❝♦ ❞♦s ♣❛r❡s ❞❡ ❧❛❞♦s ❤♦♠ó❧♦❣♦s ✐♥t❡rs❡❝t❛♠✲s❡ ❡♠ ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛
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l ✱ ❡♥tã♦ ♦ s❡①t♦ ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s ✈ã♦ s❡ ✐♥t❡rs❡❝t❛r ❡♠ ✉♠ ♠❡s♠♦

♣♦♥t♦ ❞❡ l✧✳

❯♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♦❝♦rr❡ q✉❛♥❞♦ ♦s ♣♦♥t♦s A ❡ D sã♦

❝♦✐♥❝✐❞❡♥t❡s ❡ ♦s ♣♦♥t♦s C ❡ F sã♦ ❝♦✐♥❝✐❞❡♥t❡s✳

❈♦r♦❧ár✐♦ ✸✳✶✳ ❉❛❞♦s três ♣♦♥t♦s A✱ B ❡ C ❡♠ ✉♠❛ r❡t❛✱ ❞❡ ❢♦r♠❛ q✉❡ ✉♠

♣❛r ❞❡ ❧❛❞♦s ♦♣♦st♦s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ ♣❛ss❡ ♣❡❧♦ ♣♦♥t♦ A ❡ ♦✉tr♦

♣❛r ❞❡ ❧❛❞♦s ♦♣♦st♦s ♣❛ss❡ ♣❡❧♦ ♣♦♥t♦ C ✱ ✉♠ ❞♦s ♦✉tr♦s ❞♦✐s ❧❛❞♦s r❡st❛♥t❡s

♣❛ss❡ ♣♦r B ✱ ❡♥tã♦✱ ♦ ❧❛❞♦ q✉❡ r❡st♦✉ ♣❛ss❛rá ♣♦r ✉♠ ♣♦♥t♦ ✜①♦ ❞❛ r❡t❛ AC ✱

q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ q✉❛❞râ♥❣✉❧♦ ✉t✐❧✐③❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ KLMN ✱ ♦♥❞❡ ❛s r❡t❛s KN ❡

LM ✐♥t❡rs❡❝t❛♠✲s❡ ❡♠ ✉♠ ♣♦♥t♦ A ❡ ❛s r❡t❛s MN ❡ KL ✐♥t❡rs❡❝t❛♠✲s❡ ❡♠

✉♠ ♣♦♥t♦ C ✳

❚♦♠❡♠♦s ♦s ♣♦♥t♦ B = KM ∩ AC ❡ D = LN ∩ AC ✱ ❞❡✈❡♠♦s ♠♦str❛r

q✉❡ ❞❛❞♦ ✉♠ ♦✉tr♦ q✉❛❞râ♥❣✉❧♦ ✭❞✐st✐♥t♦ ❞❡ KLMN ✮✱ ♦♥❞❡ ✉♠ ♣❛r ❞❡ s❡✉s

❧❛❞♦s ♦♣♦st♦s ♣❛ss❡ ♣❡❧♦ ♣♦♥t♦ A✱ ♦✉tr♦ ♣❛r ❞❡ ❧❛❞♦s ♦♣♦st♦s ♣❛ss❡ ♣❡❧♦

♣♦♥t♦ C ❡ s❡ ✉♠ ❞♦s ❞♦✐s ❧❛❞♦s r❡st❛♥t❡s ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ B ✱ ❡♥tã♦ ♦ ❧❛❞♦

q✉❡ r❡st♦✉ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ D ✳

❋✐❣✉r❛ ✸✳✸✷✿ ◗✉❛❞râ♥❣✉❧♦ KLMN ❡ ♣♦♥t♦s A✱B ✱ C ❡ D ❝♦❧✐♥❡❛r❡s✳

❙❡❥❛ ♦ q✉❛❞râ♥❣✉❧♦ K ′L′M ′N ′ ❞❡ ♠♦❞♦ q✉❡ A = K ′N ′ ∩ L′M ′✱

C = K ′L′ ∩M ′N ′ ❡ B = K ′M ′ ∩ AC ✳
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❋✐❣✉r❛ ✸✳✸✸✿ ◗✉❛❞râ♥❣✉❧♦ K ′L′M ′N ′ ❡ ♣♦♥t♦s A✱B ❡ C ❝♦❧✐♥❡❛r❡s✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ♦s tr✐â♥❣✉❧♦s KMN ❡ K ′M ′N ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛

r❡t❛ AC ✭A = KN ∩K ′N ′✱ B = KM ∩K ′M ′ ❡ C = MN ∩M ′N ′✮✳ P♦rt❛♥t♦

❡①✐st❡ ✉♠ ♣♦♥t♦ O = KK ′ ∩MM ′ ∩ NN ′✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦s tr✐â♥❣✉❧♦s KLM ❡ K ′L′M ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛

AC ✭A = LM ∩ L′M ′✱ B = KM ∩K ′M ′ ❡ C = KL ∩K ′L′✮✳▲♦❣♦ ❡①✐st❡ ✉♠

♣♦♥t♦ O ′ = KK ′ ∩ LL′ ∩MM ′✱ ♦ q✉❡ ✐♠♣❧✐❝❛ O ′ s❡r ❝♦✐♥❝✐❞❡♥t❡ ❛ O ✱ ♣♦✐s

❞✉❛s r❡t❛s ❞✐st✐♥t❛s ✭KK ′ ❡ MM ′✮ ♥ã♦ ♣♦❞❡♠ t❡r ♠❛✐s q✉❡ ✉♠ ♣♦♥t♦ ❡♠

❝♦♠✉♠✳

P♦rt❛♥t♦ ♦s q✉❛❞râ♥❣✉❧♦sKLMN ❡K ′L′M ′N ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦

O ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ s❡r❡♠ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ r❡t❛✳
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❋✐❣✉r❛ ✸✳✸✹✿ ◗✉❛❞râ♥❣✉❧♦s KLMN ❡ K ′L′M ′N ′ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ AC ✳

❈♦♠♦ A = K ′N ′ ∩KN = L′M ′ ∩ LM ❡ B = K ′M ′ ∩KM ✱ t❡♠♦s q✉❡ t❛❧

r❡t❛ é AC ✱ ❧♦❣♦✱ s❡♥❞♦ D = LN ∩ AC ✱ t❡♠♦s D = L′N ′ ∩ LN ✳

❉❡✜♥✐çã♦ ✸✳✷✹✳ ◗✉❛tr♦ ♣♦♥t♦s A✱ B ✱ C ❡ D r❡❧❛❝✐♦♥❛❞♦s ❝♦♠♦ ♥♦ ❈♦r♦❧á✲

r✐♦ ✸✳✶ ✱ sã♦ ❝❤❛♠❛❞♦s quatro pontos harmônicos ✳ ❖ ♣♦♥t♦ D é ❝❤❛♠❛❞♦ ♦

quarto harmônico ❞❡ B ❡♠ r❡❧❛çã♦ ❛ A ❡ C ✳

❯♠❛ ✈❡③ q✉❡ B ❡ D t❡♠ ❡①❛t❛♠❡♥t❡ ♦ ♠❡s♠♦ ♣❛♣❡❧ ♥❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱

B é t❛♠❜é♠ ♦ q✉❛rt♦ ❤❛r♠ô♥✐❝♦ ❞❡ D ❡♠ r❡❧❛çã♦ ❛ A ❡ C ✳

❉❡✜♥✐çã♦ ✸✳✷✺✳ ❖s ♣♦♥t♦s B ❡ D ✱ ❝♦♠♦ ❞❡✜♥✐❞♦s ❛❝✐♠❛✱ sã♦ ❝❤❛♠❛❞♦s

conjugados harmônicos ❡♠ r❡❧❛çã♦ ❛♦s ♣♦♥t♦s A ❡ C ✳

❈❤❛♠❛r❡♠♦s ❡ss❛ r❡❧❛çã♦ ❞❡ relação harmônica✱ ❡ ❡❧❛ s❡rá ✐♥❞✐❝❛❞❛ ♣♦r

H (AC ,BD)✳

❚❡♦r❡♠❛ ✸✳✾✳ ❙❡ ♦s ♣♦♥t♦s B ❡ D sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠ r❡❧❛çã♦

❛♦s ♣♦♥t♦s A ❡ C ✱ ❡♥tã♦ ♦s ♣♦♥t♦s A ❡ C sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠

r❡❧❛çã♦ ❛♦s ♣♦♥t♦s B ❡ D ✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s B ❡ D ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠ r❡❧❛çã♦

❛♦s ♣♦♥t♦s A ❡ C ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ EFGI✱ ❞❡ t❛❧ ❢♦r♠❛

q✉❡ A = EF ∩GI ✱ C = EI ∩ FG✱ ♦ ♣♦♥t♦ B s❡❥❛ ✐♥❝✐❞❡♥t❡ à r❡t❛ FI ❡ ♦

♣♦♥t♦ D s❡❥❛ ✐♥❝✐❞❡♥t❡ à r❡t❛ EG ✳

❋✐❣✉r❛ ✸✳✸✺✿ ❈♦♥❥✉❣❛❞♦s ❍❛r♠ô♥✐❝♦s✳

❚♦♠❡♠♦s✱ ❡♥tã♦✱ ♦s ♣♦♥t♦s F ′ = EG ∩ FI ❡ G ′ = BE ∩ DI ✳ ❉❡ss❡

♠♦❞♦✱ ❝♦♥s❡❣✉✐♠♦s ❞❡t❡r♠✐♥❛r ♦ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ EF ′IG ′✱ ♦♥❞❡

D = G ′I ∩ EF ′ ✭D é ❝♦❧✐♥❡❛r ❛ E ❡ G ✱ ❡♥tã♦ t❡♠♦s q✉❡ D ∈ F ′E ✱ ❡ ❝♦♠♦

G ′ ∈ DI ✱ t❡♠♦s q✉❡ D ∈ GI ✮✱ B = EG ′ ∩ F ′I ✭❝♦♠♦ G ′ ∈ BE t❡♠♦s q✉❡

B ∈ G ′E ✱ ❡ ❝♦♠♦ F ′✱ F ✱ I ❡ B sã♦ ❝♦❧✐♥❡❛r❡s B ∈ F ′I ✮ ❡ ❛ r❡t❛ EI é ✐♥❝✐✲

❞❡♥t❡ ❛♦ ♣♦♥t♦ C ✳
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❋✐❣✉r❛ ✸✳✸✻✿ ◗✉❛❞râ♥❣✉❧♦ EF ′IG ′✳

❆❣♦r❛✱ s❡❥❛♠ ♦s tr✐â♥❣✉❧♦s EIG ′ ❡ FGF ′✳ ❈♦♠♦ B = FF ′ ∩ EG ′✱

C = EI ∩ FG ✱ D = G ′I ∩GF ′ ❡ B ✱ C ❡ D sã♦ ❝♦❧✐♥❡❛r❡s✱ t❡♠♦s q✉❡ ❡s✲

s❡s ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ BC ✱ ❡ ♣♦rt❛♥t♦✱ ♣❡rs♣❡❝t✐✈♦s

♣♦r ✉♠ ♣♦♥t♦✳ ❈♦♠♦ A = EF ∩GI ✱ t❡♠♦s q✉❡ A é ♦ ❝❡♥tr♦ ❞❛ ♣❡rs♣❡❝t✐✈❛

❡ q✉❡ F ′G ′ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ A✳

❋✐❣✉r❛ ✸✳✸✼✿ P♦♥t♦ A q✉❛rt♦ ❤❛r♠ô♥✐❝♦ ❞❡ C ✳

▲♦❣♦✱ ♦ ♣♦♥t♦ A é q✉❛rt♦ ❤❛r♠ô♥✐❝♦ ❞♦ ♣♦♥t♦ C ❡♠ r❡❧❛çã♦ ❛♦s ♣♦♥t♦s
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B ❡ D ❡✱ ♣♦rt❛♥t♦✱ A ❡ C sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠ r❡❧❛çã♦ ❛♦s ♣♦♥t♦s

B ❡ D ✳

❚❡♦r❡♠❛ ✸✳✶✵ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✽ ✮✳ ❙❡ ❞♦✐s q✉❛❞r✐❧át❡r♦s ❝♦♠♣❧❡t♦s

a1a2a3a4 ❡ a ′

1a
′

2a
′

3a
′

4 s❡ ❝♦rr❡s♣♦♥❞❡♠ ✕ a1 ❝♦♠ a ′

1 ✱ a2 ❝♦♠ a ′

2 ✱ a3 ❝♦♠ a ′

3 ✱ a4

❝♦♠ a ′

4 ✕ ❞❡ ♠♦❞♦ q✉❡ ❛s ❝✐♥❝♦ r❡t❛s q✉❡ ✉♥❡♠ ♦s ✈ért✐❝❡s ❤♦♠ó❧♦❣♦s ♣❛ss❛♠

♣♦r ✉♠ ♣♦♥t♦ L✱ ❡♥tã♦ ❛ r❡t❛ q✉❡ ✉♥❡ ♦ s❡①t♦ ♣❛r ❞❡ ✈ért✐❝❡s ❤♦♠ó❧♦❣♦s

t❛♠❜é♠ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ L✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ ♥❡♥❤✉♠ ❞♦s ✈ért✐❝❡s ♦✉

❧❛❞♦s ❞❡ ✉♠ ❞♦s q✉❛❞r✐❧át❡r♦s ❝♦✐♥❝✐❞❡ ❝♦♠ q✉❛❧q✉❡r ❞♦s ✈ért✐❝❡s ♦✉ ❧❛❞♦s

❞♦ ♦✉tr♦✳

❙❡❥❛♠ A = a1 ∩ a2 ✱B = a1 ∩ a3 ✱C = a1 ∩ a4 ✱D = a2 ∩ a3 ✱E = a2 ∩ a4 ✱

♦s ❝✐♥❝♦ ✈ért✐❝❡s q✉❡✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ ❥✉♥t❛♠✲s❡ ❝♦♠ ♦s ✈ért✐❝❡s ❤♦♠ó❧♦❣♦s

A′ = a ′

1 ∩ a ′

2 ✱ B ′ = a ′

1 ∩ a ′

3 ✱ C ′ = a ′

1 ∩ a ′

4 ✱ D ′ = a ′

2 ∩ a ′

3 ✱ E ′ = a ′

2 ∩ a′4 ❡♠

r❡t❛s ♣❛ss❛♥❞♦ ♣❡❧♦ ♣♦♥t♦ L✳

❱❛♠♦s ♠♦str❛r q✉❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s F = a3 ∩ a4 ❡

F ′ = a ′

3 ∩ a ′

4 ❝♦♥té♠ ♦ ♣♦♥t♦ L✳

❋✐❣✉r❛ ✸✳✸✽✿ ◗✉❛❞r✐❧át❡r♦s ❈♦rr❡s♣♦♥❞❡♥t❡s✳

❖s tr✐â♥❣✉❧♦s ABD ❡ A′B ′D ′ sã♦✱ ♣♦r ❤✐♣ót❡s❡✱ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦
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L✱ ❡ ♣♦rt❛♥t♦ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s AD ∩ A′D ′

(a2 ∩ a′2) ✱ AB ∩ A′B ′ (a1 ∩ a′1) ❡ BD ∩ B ′D ′ (a3 ∩ a′3)✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦s tr✐â♥❣✉❧♦s ACE ❡ A′C ′E ′ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦

♣♦♥t♦ L✱ ❡ ♣♦rt❛♥t♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s AC ∩ A′C ′

(a1 ∩ a′1)✱ AE ∩ A′E ′ (a2 ∩ a′2) ❡ CE ∩ C ′E ′ (a4 ∩ a′4)✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ♦s

♣♦♥t♦s a1 ∩ a ′

1 ✱ a2 ∩ a ′

2 ✱ a3 ∩ a ′

3 ❡ a4 ∩ a ′

4 sã♦ ❝♦❧✐♥❡❛r❡s✳

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ♦s tr✐â♥❣✉❧♦s DEF ❡ D ′E ′F ′ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛

r❡t❛✱ ❧♦❣♦✱ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠ ♣♦♥t♦✳ ▼❛s ❝♦♠♦ L é ✐♥❝✐❞❡♥t❡ ❛ DD ′ ❡ EE ′✱

t❡♠♦s q✉❡ FF ′ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ L✳ ❊✱ ♣♦rt❛♥t♦✱ ❡stá ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛✲

çã♦✳

❋✐❣✉r❛ ✸✳✸✾✿ ❚r✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦ ♣♦♥t♦ L✳

❆❣♦r❛✱ s❡ ✉♠ ✈ért✐❝❡ ♦✉ ❧❛❞♦ ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ ❝♦✐♥❝✐❞✐r ❝♦♠ ✉♠ ✈ért✐❝❡

♦✉ ❧❛❞♦ ❞♦ ♦✉tr♦✱ ❛ ♣r♦✈❛ é ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ t❡r❝❡✐r♦ q✉❛❞r✐❧át❡r♦✱

❝✉❥♦s ✈ért✐❝❡s ❡ ❧❛❞♦s sã♦ ❞✐st✐♥t♦s ❞❡ ❛♠❜♦s ♦s q✉❛❞r✐❧át❡r♦s✱ ❡ q✉❡ t❡♠ ❛s

r❡t❛s q✉❡ ✉♥❡♠ ❝✐♥❝♦ ❞❡ s❡✉s ✈ért✐❝❡s ❝♦♠ ♦s ✈ért✐❝❡s r❡s♣❡❝t✐✈♦s ❞♦s ❞♦✐s

q✉❛❞r✐❧át❡r♦s✱ ♣❛ss❛♥❞♦ ♣❡❧♦ ♣♦♥t♦ L✳ P❡❧❛ ❞❡♠♦♥str❛çã♦ ❢❡✐t❛ ❛❝✐♠❛✱ t❡♠♦s

q✉❡ ❛ r❡t❛ q✉❡ ✉♥❡ s❡✉ s❡①t♦ ✈ért✐❝❡ ❛♦s s❡①t♦s ✈ért✐❝❡s✱ r❡s♣❡❝t✐✈♦s ❞♦s ♦✉tr♦s

❞♦✐s q✉❛❞r✐❧át❡r♦s✱ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ L✳

❚❡♦r❡♠❛ ✸✳✶✶✳ ◗✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✱ q✉❡ s❡❥❛ ♣❡rs♣❡❝t✐✈♦

❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✱ é ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡

♣♦♥t♦s✳
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s

(AD) (BE) (CF )✱ q✉❛❧q✉❡r✱ ❡♠ ✉♠❛ r❡t❛ g ✱ ❡ ✉♠ ♣♦♥t♦ G ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡

❛ g ✳

❚❡♠♦s✱ ❡♥tã♦ ❛s r❡t❛s a = GA✱ b = GB ✱ c = GC ✱ d = GD ✱ e = GE ❡

f = GF ✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ q✉❛❞râ♥❣✉❧♦ t❡♥❞♦ G ❝♦♠♦ ✉♠ ❞♦s

✈ért✐❝❡s✱ ♦♥❞❡ ❛ ✐♥t❡rs❡❝çã♦ ❞♦s ❧❛❞♦s ❞❡ss❡ q✉❛❞râ♥❣✉❧♦ ❝♦♠ ❛ r❡t❛ g r❡s✉❧✲

t❛rá ♥♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r (AD) (BE) (CF )✳

❚♦♠❡♠♦s ✉♠ ♣♦♥t♦ H q✉❛❧q✉❡r ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ a ❡ ❞✐st✐♥t♦ ❞❡ A ❡ G ✳

❙❡❥❛♠✱ t❛♠❜é♠✱ ♦s ♣♦♥t♦s I = b ∩ h ❡ J = c ∩ i ✱ ♦♥❞❡ h = FH ❡ i = EH ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ D ∈ j ✱ ❡♠ q✉❡ j = IJ ✭❚❡♦r❡♠❛ ✸✳✽✮✱ ❡ ✱♣♦rt❛♥t♦✱ ♦ q✉❛✲

❞râ♥❣✉❧♦ GHIJ ❣❡r❛ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s (AD) (BE) (CF )

s♦❜r❡ ❛ r❡t❛ g ✳

❋✐❣✉r❛ ✸✳✹✵✿ ◗✉❛❞râ♥❣✉❧♦ PGIJ ❡ ♦ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r
(AD) (BE) (CF ) .

❱❛♠♦s ❝♦♥s✐❞❡r❛r✱ ❛❣♦r❛✱ ♦ q✉❛❞r✐❧át❡r♦ ❢♦r♠❛❞♦ ♣❡❧❛s r❡t❛s h = FH ✱

i = EH ✱ j = IJ ❡ g ✳

❊♥tã♦✱ t❡♠♦s ♦s ✈ért✐❝❡s ♦♣♦st♦s H = h ∩ i ❡ D = j ∩ g ✱ I = j ∩ h ❡

E = g ∩ i ✱ J = i ∩ j ❡ F = h ∩ g ✱ ❡ ❝♦♠♦ a = GH ❡ d = GD ✱ b = GI ❡
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e = GE ✱ c = GJ ❡ f = GF ✱ t❡♠♦s q✉❡ ❛s r❡t❛s q✉❡ ✉♥❡♠ ♦ ♣♦♥t♦ G ❛♦s

✈ért✐❝❡s ❞♦ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ hijg ✱ ❢♦r♠❛♠ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡

r❡t❛s (ad) (be) (cf)✳

❋✐❣✉r❛ ✸✳✹✶✿ ◗✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ ijlk ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r
(ad) (be) (fc)✳

❙❡❥❛✱ ❛❣♦r❛✱ ❛ r❡t❛ g ′✱ ❞✐st✐♥t❛ ❞❡ g ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ G ✳

❙❡❥❛♠✱ ❡♥tã♦ ♦s ♣♦♥t♦s A′ = a ∩ g ′✱ B ′ = b ∩ g ′✱ C ′ = c ∩ g ′✱ D ′ = d ∩ g ′✱

E ′ = e ∩ g ′ ❡ F ′ = f ∩ g ′✳ ❱❛♠♦s ❝♦♥str✉✐r ✉♠ q✉❛❞r✐❧át❡r♦ t❡♥❞♦ g ′ ❝♦♠♦

✉♠ ❞❡ s❡✉s ❧❛❞♦s✱ ♦♥❞❡ ❛s r❡t❛s ❢♦r♠❛❞❛s ♣❡❧♦s ✈ért✐❝❡s ❞♦ q✉❛❞r✐❧át❡r♦ ❝♦♠

♦ ♣♦♥t♦ G r❡s✉❧t❛rá ♥♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r (ad) (be) (fc)✳ P❛r❛ ✐ss♦✱ t♦✲

♠❡♠♦s ✉♠❛ r❡t❛ q✉❛❧q✉❡r h ′✱ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ A′ ❡ ❞✐st✐♥t❛ ❞❡ g ′ ❡ a✳

❙❡❥❛♠✱ t❛♠❜é♠✱ ❛s r❡t❛s i ′ = B ′H ′ ❡ j ′ = C ′I ′✱ ❡♠ q✉❡ H ′ = f ∩ h ′ ❡

I ′ = e ∩ h ′✳
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❋✐❣✉r❛ ✸✳✹✷✿ ◗✉❛❞r✐❧át❡r♦ g ′h ′i ′j ′ ❡ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (ad) (be) (fc)✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ J ′ ∈ d ✱ ♦♥❞❡ J ′ = i ′ ∩ j ′✭❚❡♦r❡♠❛ ✸✳✶✵✮✱ ❡✱ ♣♦rt❛♥t♦✱

❛s r❡t❛s q✉❡ ♣❛ss❛♠ ♣❡❧♦s ✈ért✐❝❡s ♦♣♦st♦s A′ ❡ J ′✱ B ′ ❡ I ′✱ C ′ ❡ H ′ ❞♦

q✉❛❞r✐❧át❡r♦ g ′h ′i ′j ′ ❡ ♣❡❧♦ ♣♦♥t♦ G ✱ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r

(ad) (be) (fc)✳

❋✐❣✉r❛ ✸✳✹✸✿ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r (A′D′) (B′E ′) (C ′F ′)✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ q✉❛❞râ♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦♥t♦s H ′✱ I ′✱ J ′ ❡ G ✱ t❡♠♦s

♦s ❧❛❞♦s ♦♣♦st♦s H ′I ′ ❡ GJ ′✱ H ′J ′ ❡ I ′G ✱ J ′I ′ ❡ GH ′✱ ✐♥❝✐❞❡♥t❡s ❛♦s ♣♦♥t♦s
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A′ ❡ D ′✱ B ′ ❡ E ′✱ C ′ ❡ F ′✱ ♣♦rt❛♥t♦✱ ❢♦r♠❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r

(A′D′) (B′E ′) (C ′F ′)✳

P♦❞❡♠♦s✱ ❡♥tã♦✱ ❝♦♥❝❧✉✐r q✉❡✿

❚❡♦r❡♠❛ ✸✳✶✷✳ ❆ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❝♦♥s❡r✈❛ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ Pr♦❥❡t❛♥❞♦✲s❡ ✉♠ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ ❞❡ ♣♦♥t♦s✱ ♦❜t❡♠♦s

✉♠ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ ❞❡ r❡t❛s ❡ ✐♥t❡rs❡❝t❛♥❞♦✲s❡ ❡st❡ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s

♣♦r ✉♠❛ ♦✉tr❛ r❡t❛✱ t❡r❡♠♦s ♥♦✈❛♠❡♥t❡ ✉♠ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ ❞❡ ♣♦♥t♦s

✭❝♦♠♦ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✮✳

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙❡ ABCD
O

[A′BC ′D ′ é ✉♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❡♥tr❡ ❞✉❛s

r❡t❛s ❞✐st✐♥t❛s ✭❝♦♠ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♠ B✮ ❡ H (AB ,CD)✱ ❡♥tã♦

H (A′B ,C ′D ′)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦ ♣♦♥t♦ E = OB ∩ AD′ ❡ ❛s r❡t❛s OAA′✱ OCC ′ ❡

ODD ′✳

❋✐❣✉r❛ ✸✳✹✹✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ O ✳

❚❡♠♦s ❡♥tã♦ ♦ q✉❛❞râ♥❣✉❧♦ ❝♦♠♣❧❡t♦ A′OED ′ ❝♦♠ B = OE ∩ A′D ′ ❡

A = OA′ ∩ ED′ ❞♦✐s✱ ❞❡ s❡✉s três✱ ♣♦♥t♦s ❞✐❛❣♦♥❛✐s✳
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❈♦♠♦ ❛s r❡t❛s r❡st❛♥t❡s ❞♦ q✉❛❞râ♥❣✉❧♦ sã♦ OD ′ ❡ A′E ✱ ❡

D = OD′ ∩ AB✱ s❡❣✉❡✲s❡ ❞❡ H (AB ,CD) ❡ ❞❛ s✉❛ ✉♥✐❝✐❞❛❞❡ q✉❡ C =

A′E ∩ AB✳

❋✐❣✉r❛ ✸✳✹✺✿ ◗✉❛❞râ♥❣✉❧♦ A′OED ❡ H (AB ,CD)✳

❈♦♥s✐❞❡r❡ ♦ q✉❛❞râ♥❣✉❧♦ ACEO ✳ ❉♦✐s ❞❡ s❡✉s ♣♦♥t♦s ❞✐❛❣♦♥❛✐s sã♦

A′ = CE ∩OA ❡ B = OE ∩ AC✳

❆ r❡t❛ A′B ✐♥t❡rs❡❝t❛ ♦✉tr❛s ❞✉❛s r❡t❛s ❞♦ q✉❛❞râ♥❣✉❧♦ ♥♦s ♣♦♥t♦s

C ′ = OC ∩ A′B ❡ D′ = AE ∩ A′B✳

❋✐❣✉r❛ ✸✳✹✻✿ ◗✉❛❞râ♥❣✉❧♦ ACEO ❡ H (A′B ,C ′D ′)✳
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P♦rt❛♥t♦✱ H (A′B ,C ′D ′)✳

❚❡♦r❡♠❛ ✸✳✶✹✳ P♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡✱ ♥♦ ♠á①✐♠♦✱ três ♣❡rs♣❡❝t✐✈✐❞❛❞❡s

♣♦❞❡♠♦s tr♦❝❛r ♣❛r❡s ❞❡ ♣♦♥t♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦s ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s A✱ A′✱ B ❡ B ′ ❡♠ ✉♠❛ r❡t❛ l ✳

❱❛♠♦s tr♦❝❛r ♦s ♣♦♥t♦s A ❝♦♠ A′ ❡ B ❝♦♠ B ′✳

❚♦♠❡♠♦s ✉♠ ♣♦♥t♦ C ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ l ✳ ❚r❛ç❛r ❛ r❡t❛ m✱ ✐♥❝✐❞❡♥t❡ ❛♦

♣♦♥t♦ B ′✱ q✉❡ ✐♥t❡rs❡❝t❛ ❛s r❡t❛s AC ✱ A′C ❡ BC ✳

❚♦♠❛♥❞♦✱ ❡♥tã♦✱ ♦s ♣♦♥t♦s D = m ∩ AC✱ E = m ∩ A′C✱ F = m ∩ BC ❡

G = CB ∩ AE✳

❋✐❣✉r❛ ✸✳✹✼✿ ❚r♦❝❛ ❞❡ ♣♦♥t♦s✳

❊♥tã♦✱ s❡❣✉❡✲s❡ q✉❡✿

AA′BB′

C

[ DEFB′

A

[ CGFB
E

[ A′AB′B

❈♦r♦❧ár✐♦ ✸✳✷✳ ❆s ♦✐t♦ r❡❧❛çõ❡s H (AB ,CD)✱ H (BA,CD)✱ H (AB ,DC )✱

H (BA,DC )✱H (CD ,AB)✱ H (CD ,BA)✱ H (DC ,AB)✱ H (DC ,BA) sã♦ ❡q✉✐✲

✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♣r❡s❡r✈❛ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛ ❡

❝♦♠♦✱ ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥♦ ♠á①✐♠♦ três ♣❡rs♣❡❝t✐✈✐❞❛❞❡s✱ ♣♦❞❡♠♦s tr♦✲

❝❛r ♣❛r❡s ❞❡ ♣♦♥t♦s✱ ❡♥tã♦ s❡ H (AB ,CD) ✱ ♦❜té♠✲s❡ H (CD ,AB)✳
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❆s ❞❡♠❛✐s ❡q✉✐✈❛❧ê♥❝✐❛s s❡❣✉❡♠✲s❡ ❞❛ s✐♠❡tr✐❛ ❛♣r❡s❡♥t❛❞❛ ♣❡❧♦s ♣♦♥t♦s

q✉❡ s❛t✐s❢❛③❡♠ ❞❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛✳

✸✳✼ ❈♦rr❡s♣♦♥❞ê♥❝✐❛ ❖r❞❡♥❛❞❛

❙♦❜r❡ ♦s ❝♦♥❝❡✐t♦s ❞❡ s❡♣❛r❛çã♦ ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s ❛①✐♦♠❛s

❡ ❞❡✜♥✐çõ❡s✳ ❯s❛r❡♠♦s ❡ss❡s r❡s✉❧t❛❞♦s ♣❛r❛ tr❛❜❛❧❤❛r ♥❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✶✺✳ ❙❡❥❛♠ A✱ B ✱ C ❡ D q✉❛tr♦ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ❞✐st✐♥t♦s✳ ❙❡

AB ‖ CD✱ ❡♥tã♦ CD ‖ AB✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s ♦s q✉❛tr♦ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✱ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✶✹ ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡s q✉❡ tr♦❝❛ A ❝♦♠ C ❡ B ❝♦♠ D ✱ ❡ ❝♦♠♦✱

♣❡❧❛ ❤✐♣ót❡s❡✱ AB ‖ CD✱ ♣♦r ❙ ✻ t❡♠♦s q✉❡ CD ‖ AB✳

❚❡♦r❡♠❛ ✸✳✶✻✳ ❙❡ A✱ B ✱ C ✱ D ❡ E sã♦ ❝✐♥❝♦ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ❡ ❞✐st✐♥t♦s✱

♥ã♦ s❡ ♣♦❞❡ t❡r s✐♠✉❧t❛♥❡❛♠❡♥t❡ BC ‖ DE✱ CA ‖ DE ❡ AB ‖ DE✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡✱ ❞❛❞♦s ♦s ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ❡ ❞✐st✐♥t♦s A✱

B ✱ C ✱ D ❡ E ✱ ♦❝♦rr❛♠ ❛s r❡❧❛çõ❡s BC ‖ DE✱ CA ‖ DE ❡ AB ‖ DE✱

s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❚♦♠❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛ r❡❧❛çã♦ BC ‖ AD ✭❣❛r❛♥t✐❞♦ ♣♦r

❙ ✹✮✱ ♦✉ s❡❥❛✱ AD ‖ BC✳

P♦r ❙ ✺ ✱ ❝♦♠♦ AD ‖ BC ❡ AB ‖ DE✱ t❡♠♦s q✉❡ AD ‖ CE✱ ❡✱ ♥♦✈❛♠❡♥t❡✱

♣♦r ❙ ✹ ♥ã♦ ♣♦❞❡♠♦s t❡r CA ‖ DE✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡

❛❝♦♥t❡❝❡♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡ BC ‖ DE✱ CA ‖ DE ❡ AB ‖ DE✳

❚❡♦r❡♠❛ ✸✳✶✼✳ ❙❡ AB ‖ CD✱ ♦s ♣♦♥t♦s A ❡ B ❞❡❝♦♠♣õ❡♠ ❛ r❡t❛✱ ✐♥❝✐❞❡♥t❡

❛ ❡❧❡s✱ ❡♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s s❡❣♠❡♥t♦s✱ ]AB[\C ❡ ]AB[\D✱ q✉❡ sã♦ ❝❤❛♠❛❞♦s

❞❡ s❡❣♠❡♥t♦s s✉♣❧❡♠❡♥t❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ❤❛❥❛ ✉♠ ♣♦♥t♦ X ✱ t❛❧ q✉❡ X ∈]AB[\C ❡

X ∈]AB[\D✱ ❡♥tã♦ t❡♠♦s q✉❡ XC ‖ AB✱ DX ‖ AB ✭❝♦♠♦ r❡s✉❧t❛❞♦ ❞✐r❡t♦
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❞❛ s✉♣♦s✐çã♦✮ ❡ CD ‖ AB ✭♣❡❧❛ ❤✐♣ót❡s❡ ❞♦ t❡♦r❡♠❛✮ s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ♦

q✉❡ ❝♦♥tr❛❞✐③ ♦ ❚❡♦r❡♠❛ ✸✳✶✻ ✳

P♦rt❛♥t♦✱ ❜❛st❛ ♠♦str❛r q✉❡ s❡X é ✉♠ ♣♦♥t♦ ✐♥❝✐❞❡♥t❡ à r❡t❛AB ✱ ❞✐st✐♥t♦

❞❡ A ❡ B ✱ ❞❡✈❡♠♦s t❡r X ∈]AB[\C ♦✉ X ∈]AB[\D✳

❱❛♠♦s s✉♣♦r q✉❡ X /∈]AB[\C✳ ❙❡ X ≡ C✱ ♥ã♦ ❤á ♥❛❞❛ ❛ ❞❡♠♦♥str❛r✳

❊♠ ❙ ✹✱ s❡ t♦♠❛r♠♦s X ≡ D✱ t❡r❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✲ ❙❡ BC ‖ AX✱ ❡ ❝♦♠♦ AB ‖ CD✱ t❡♠♦s BA ‖ CD ❡ BC ‖ AX✱ ♦ q✉❡

r❡s✉❧t❛ ❡♠ BA ‖ DX❀

✲ ❙❡ CA ‖ BX, t❡♠♦s AB ‖ CD ❡ AC ‖ BX✱ r❡s✉❧t❛♥❞♦ BA ‖ DX✳

▲♦❣♦✱ ❡♠ q✉❛❧q✉❡r ❞♦s ❞♦✐s ❝❛s♦s t❡r❡♠♦s X ∈]AB[\D✳

❉♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛❝✐♠❛✱ s❡❣✉❡ ♣♦r ✐♥❞✉çã♦ q✉❡✱ ❞❛❞♦s n ♣♦♥✲

t♦s ❝♦❧✐♥❡❛r❡s ♣♦❞❡♠♦s r❡♣r❡s❡♥tá✲❧♦s ♣❡❧❛ ♥♦t❛çã♦ A0 ✱ A1 ✱ . . .✱ An−1 ✱ ❞❡

t❛❧ ❢♦r♠❛ q✉❡ t❡♠♦s n s❡❣♠❡♥t♦s ❞♦ t✐♣♦ ]ArAr+1[\Ar−1 ✭❝♦♠ r (mod n)✮

❞✐✈✐❞✐♥❞♦ ❛ r❡t❛✳

❊st❛ ❞✐✈✐sã♦ ❞❛ r❡t❛ ❡♠ s❡❣♠❡♥t♦s é ♠❛♥t✐❞❛ s❡ ♠✉❞❛r♠♦s ❝❛❞❛ sí♠❜♦❧♦

Ar ♣♦r As+r ♦✉ As−r ✭❝♦♠ s (mod n)✮✳

P♦r ♠❡✐♦ ❞❡ss❛s ♠✉❞❛♥ç❛s✱ q✉❛✐sq✉❡r três ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✱ ❞♦s n ♣♦♥t♦s

❞❛❞♦s✱ ♣♦❞❡♠ s❡r ♥♦♠❡❛❞♦s ♣❡❧♦s sí♠❜♦❧♦s A0 ✱ Ab ❡ Ac✱ ♦♥❞❡ 0 < b < c < n✳

❊st❛ ♥♦t❛çã♦ ❢❛❝✐❧✐t❛ ❛ ❞❡✜♥✐çã♦ ❞❡ s❡♥t✐❞♦ ♥✉♠❛ r❡t❛✳

❉❡✜♥✐çã♦ ✸✳✷✻✳ ❙❡❥❛♠ ABC ❡ DEF ❞♦✐s t❡r♥♦s ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❝♦❧✐♥❡✲

❛r❡s ✭q✉❛❧q✉❡r ❞♦s ♣♦♥t♦s D ✱ E ♦✉ F ♣♦❞❡ ❝♦✐♥❝✐❞✐r ❝♦♠ q✉❛❧q✉❡r ✉♠ ❞♦s

♣♦♥t♦s A✱ B ♦✉ C ✮✳

❱❛♠♦s ❞❡s✐❣♥❛r ❡ss❡s ♣♦♥t♦s ♣♦r A0 ✱ A1 ✱ . . .✱ An−1 ✭n❂3 ✱ 4 ✱ 5 ♦✉ 6 ✮✱ ❞❡

t❛❧ ❢♦r♠❛ q✉❡ A = A0 ✱ B = Ab ❡ C = Ac✱ ❝♦♠ b < c✳

❱❛♠♦s s✉♣♦r✱ ❡♥tã♦✱ q✉❡ D = Ad ✱ E = Ae ❡ F = Af ✳ ❙❡ d < e < f ♦✉

e < f < d ♦✉ f < d < e ❞✐r❡♠♦s q✉❡ ♦s ❞♦✐s t❡r♥♦s tem o mesmo sentido✱ ❡

r❡♣r❡s❡♥t❛r❡♠♦s ❡st❡ ❢❛t♦ ♣♦r S (DEF ) = S (ABC )✳

❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ f < e < d ♦✉ d < f < e ♦✉ e < d < f ✱ ❞✐r❡♠♦s q✉❡

♦s t❡r♥♦s tem sentido oposto✱ ❡ r❡♣r❡s❡♥t❛r❡♠♦s S (DEF ) 6= S (ABC )✳
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❆ r❡❧❛çã♦ ter o mesmo sentido ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ternos de pontos em uma

reta é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ✭reflexiva✱ simétrica ❡ transitiva✮✱ ❡ ❝♦♠♦

S (ABC) = S (BCA) = S (CAB) 6= S (ACB)

❞❡❞✉③✲s❡ q✉❡ ❤á ❡①❛t❛♠❡♥t❡ ❞✉❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉✐r❡♠♦s✱ ❡♥tã♦✱

q✉❡ ❛ r❡t❛ é orientável ✳

❚❡♦r❡♠❛ ✸✳✶✽✳ ❙❡❥❛♠ ❞❛❞♦s q✉❛tr♦ ♣♦♥t♦s ❞✐st✐♥t♦s ❡ ❝♦❧✐♥❡❛r❡s A✱ B ✱ C ❡

D ✱ ❡♥tã♦ AB ‖ CD s❡✱ ❡ s♦♠❡♥t❡ s❡✱ S (ABC) 6= S (ABD)✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❈♦♠♦ AB ‖ CD✱ t❡♠♦s q✉❡ ❛ r❡t❛ ✜❝❛ ❞✐✈✐❞✐❞❛ ♥♦s

s❡❣♠❡♥t♦s ]AD[\C✱ ]DB[\A✱ ]BC[\D✱ ]CA[\B ✳

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ✐♥tr♦❞✉③✐❞❛ ❛❝✐♠❛✱ ❢❛ç❛♠♦s✿

A = A0, D = A1, B = A2, C = A3.

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

S (ABC) = S (ADB) 6= S (ABD) .

(⇐)❆❣♦r❛✱ t❡♥❞♦ q✉❡ S (ABC ) 6= S (ABD)✱ ♣♦❞❡♠♦s t♦♠❛r ❛ s❡❣✉✐♥t❡

♥♦t❛çã♦

A = A0, D = A1, B = A2, C = A3.

❚❡♠♦s✱ ❡♥tã♦✱ ♦s s❡❣♠❡♥t♦s ]AD[\C✱ ]DB[\A✱ ]BC[\D ❡ ]CA[\B✱ ❡ ♣♦r✲

t❛♥t♦ t❡♠♦s q✉❡ AB ‖ CD✳

❉❡✜♥✐çã♦ ✸✳✷✼✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s r❡♣r❡s❡♥t❛❞❛ ♣♦r

ABCD → A′B′C ′D′ ❞✐③✲s❡ ordenada s❡ AB ‖ CD ⇒ A′B′ ‖ C ′D′✳

❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛ ♣♦❞❡ s❡r direta ♦✉ oposta✿
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✲ direta q✉❛♥❞♦ S (ABC ) = S (A′B ′C ′)❀

✲ oposta q✉❛♥❞♦ S (ABC ) 6= S (A′B ′C ′)✳

❚❡♦r❡♠❛ ✸✳✶✾✳ ❯♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❉✐r❡t❛ ❞❡ ❙ ✻✳

❉❡✜♥✐çã♦ ✸✳✷✽✳ ❙❡ ❡♠ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡①✐st❡ ✉♠ ♣♦♥t♦ ❝♦rr❡s♣♦♥✲

❞❡♥❞♦ ❛ s✐ ♠❡s♠♦✱ ❡❧❡ s❡rá ❝❤❛♠❛❞♦ ❞❡ ponto invariante✳

❉❡✜♥✐çã♦ ✸✳✷✾✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s D ❡ E ✐♥❝✐❞❡♥t❡s ❛♦ s❡❣♠❡♥t♦ [AB] \C✱

❞✐r❡♠♦s q✉❡ D precede E ✭♦✉ E sucede D✮ s❡ S (DEC) = S (ABC)✳

❚❡♦r❡♠❛ ✸✳✷✵✳ ◆✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛ ❡♥tr❡ ✉♠ ✐♥t❡r✈❛❧♦ [AB]\C

❡ ✉♠ ✐♥t❡r✈❛❧♦ ✐♥t❡r✐♦r [A′B′]\C✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ M ∈[A′B′]\C✱

t❛❧ q✉❡ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ ♦✉tr♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ ❡♥tr❡ A ❡ M ✭❡♠ [AB]\C✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ ♣♦♥t♦ A′ ❝♦✐♥❝✐❞✐r ❝♦♠ A✱ ❡♥tã♦ ♦ ♣♦♥t♦ A é ♦ ♣♦♥t♦

✐♥✈❛r✐❛♥t❡ ♣r♦❝✉r❛❞♦✳

❙❡ ♦ ♣♦♥t♦ B ′ ❝♦✐♥❝✐❞✐r ❝♦♠ B ✱ ❡ t♦❞♦s ♦s ♦✉tr♦s ♣♦♥t♦s ♣♦♥t♦s ❞❡

[AB] \ C ♣r❡❝❡❞❡♠ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱ t❡♠♦s q✉❡ B é ♦ ♣♦♥t♦ ✐♥✲

✈❛r✐❛♥t❡ ♣r♦❝✉r❛❞♦✳

❆❣♦r❛✱ ❝❛s♦ ♥ã♦ ♦❝♦rr❛ ♥❡♥❤✉♠ ❞♦s ❞♦✐s ❝❛s♦s ❛❝✐♠❛✱ ❞✐✈✐❞❛♠♦s ♦ s❡❣✲

♠❡♥t♦ [AB] \ C ❡♠ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♣♦♥t♦s✿

✲ ❈♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s P ✱ t❛✐s q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ H ✱ q✉❡ ♣r❡❝❡❞❡ P ✱

♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ H ′✳

✲ ❈♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s Q ✱ t❛✐s q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ K ✱ q✉❡ ♥ã♦ ♣r❡❝❡❞❡ Q ✱

♥ã♦ ♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ K ′✳

❈♦♠♦ B ❡ B ′ ♥ã♦ sã♦ ❝♦✐♥❝✐❞❡♥t❡s✱ s❡ ❛ss✉♠✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧

♣♦♥t♦ K ✱ ♦ s❡❣✉♥❞♦ ❝♦♥❥✉♥t♦ ✐♥❝❧✉✐ q✉❛❧q✉❡r ♣♦♥t♦ ❡♥tr❡ K ❡ B ✳

P❛r❛ ♣❡r❝❡❜❡r q✉❡ ♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦ ❝♦♥té♠ ❛❧❣✉♠ ♣♦♥t♦✱ ❜❛st❛ ♦❜✲

s❡r✈❛r q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ ❡♥tr❡ A ❡ A′ é r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠ ♣♦♥t♦ ❡♥tr❡ A′ ❡

B ′✳
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❆ss✐♠✱ s❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ é ❞✐r❡t❛✱ ❞❡ ♠♦❞♦ q✉❡ A′ ❛♥t❡❝❡❞❡ B ′✱ A′

♣❡rt❡♥❝❡ ❛♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦✳ ❙❡ ❛♦ ❝♦♥trár✐♦✱ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❢♦r ♦♣♦st❛✱

❞❡ ♠♦❞♦ q✉❡ A′ s✉❝❡❞❡ B ′ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❛❧q✉❡r ♣♦♥t♦ P ✱ ❡♥tr❡ A ❡

B ✳ ❙❡ P ♣r❡❝❡❞❡ ✭♦✉ ❝♦✐♥❝✐❞❡ ❝♦♠✮ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ P ′✱ ❡♥tã♦

q✉❛❧q✉❡r ♣♦♥t♦ q✉❡ ♣r❡❝❡❞❡ P ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠ ♣♦♥t♦ q✉❡ ♥ã♦ ♣r❡❝❡❞❡

P ′✱ ♣♦rt❛♥t♦ ♦ ♣♦♥t♦ P ♣❡rt❡♥❝❡ ❛♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦✳

▼❛s s❡ ♦ ♣♦♥t♦ P ♥ã♦ ♣r❡❝❡❞❡ ♦ ♣♦♥t♦ P ′✱ ❡♥tã♦ P ′ ♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦

❝♦rr❡s♣♦♥❞❡♥t❡ P ❡✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ P ′ ♣❡rt❡♥❝❡ ❛♦ ♣r✐♠❡✐r♦ ❝♦♥✲

❥✉♥t♦✳

❆ss✐♠✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ M t❛❧ q✉❡ ❝❛❞❛ ♣♦♥t♦ q✉❡ ♣r❡❝❡❞❡ M ♣❡rt❡♥❝❡

❛♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦✱ ❡♥q✉❛♥t♦ ❝❛❞❛ ♣♦♥t♦ q✉❡ ♥ã♦ ♣r❡❝❡❞❡ M ♣❡rt❡♥❝❡ ❛♦

s❡❣✉♥❞♦✳

◆♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦✱ ❝❛❞❛ ♣♦♥t♦ H ✱ q✉❡ ♣r❡❝❡❞❡ M ✱ ♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦

❝♦rr❡s♣♦♥❞❡♥t❡ H ′✱ ♣♦rt❛♥t♦ ♥ã♦ ❤á ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ q✉❡ ♣r❡❝❡❞❡ M ✳

❱❛♠♦s ♠♦str❛r✱ ❡♥tã♦✱ q✉❡ M é ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳

❱❛♠♦s s✉♣♦r q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ s❡❥❛ ❞✐r❡t❛ ❡ q✉❡ M ♥ã♦ s❡❥❛ ✉♠

♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳ ❙❡ M ♥ã♦ ♣r❡❝❡❞❡ M ′ ✭♥❡ss❡ ❝❛s♦ M ′ ♣❡rt❡♥❝❡ ❛♦ ♣r✐♠❡✐r♦

❝♦♥❥✉♥t♦✮✱ ❡♥tã♦ M ′ ♥ã♦ ♣r❡❝❡❞❡ M ′′✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ♣r✐✲

♠❡✐r♦ ❝♦♥❥✉♥t♦✳ ▼❛s✱ s❡ M ♣r❡❝❡❞❡ M ′ ❡♥tã♦ q✉❛❧q✉❡r ♣♦♥t♦ H ❡♥tr❡ M ❡

M ′ ♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ H ′ ✭♥ã♦ ♣r❡❝❡❞❡♥t❡ ❛ M ′✮✱ ♦ q✉❡ ❢❛③ M ′

♣❡rt❡♥❝❡r ❛♦ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ M ♣r❡❝❡❞❡r M ′✳ P♦rt❛♥t♦✱

M é ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ✈❛♠♦s s✉♣♦ q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ s❡❥❛ ✐♥❞✐r❡t❛ ❡ q✉❡

M ♥ã♦ s❡❥❛ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳ ❈❛❞❛ ♣♦♥t♦ Q ❞♦ s❡❣✉♥❞♦ ❝♦♥❥✉♥t♦ ♥ã♦

♣r❡❝❡❞❡ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ Q ′✱ ✈✐st♦ q✉❡ Q ′ ♣r❡❝❡❞❡ ♦ ♣♦♥t♦ K ′✳❙❡❥❛

H ✉♠ ♣♦♥t♦ ❡♥tr❡ A ❡ M ✱ ❡ P ✉♠ ♣♦♥t♦ q✉❡ ✈❛r✐❛ ❡♥tr❡ H ❡ M ✳ ❊♥tã♦✱

❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ s❡♥❞♦ ♦♣♦st❛✱ H ′ ♥ã♦ ❛♥t❡❝❡❞❡ P ′✱ q✉❡ ♥ã♦ ❛♥t❡❝❡❞❡ P ✳

❆ss✐♠✱ H ′ ♥ã♦ ❛♥t❡❝❡❞❡ q✉❛❧q✉❡r ♣♦♥t♦ q✉❡ ♣r❡❝❡❞❛ M ❡✱ ♣♦r ✐ss♦✱ ♥ã♦

❛♥t❡❝❡❞❡ ♦✉ ❝♦✐♥❝✐❞❡ ❝♦♠ M ✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ K ✱

❡♥tr❡ B ❡ M ✱ ♦ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ K ′ ♣r❡❝❡❞❡ ♦✉ ❝♦✐♥❝✐❞❡ ❝♦♠ M ✳ ❙❡ M ′
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♣r❡❝❡❞❡ M ✱ ❡♥tã♦ q✉❛❧q✉❡r ♣♦♥t♦ H ′❡♥tr❡ M ❡ M ′✱ ❡st❛♥❞♦ t❛♠❜é♠ ❡♥tr❡ A′

❡ M ′✱ ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ✉♠ ♣♦♥t♦ H ❡♥tr❡ A ❡ M ✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❉❛

♠❡s♠❛ ❢♦r♠❛✱ ❡st❡ é ♦ ❛❜s✉r❞♦✱ s❡ s✉♣♦r♠♦s q✉❡ M ′ ♥ã♦ ♣r❡❝❡❞❡ M ′✳

P♦rt❛♥t♦✱ M é ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳

P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✱ ✜❝❛ ❢á❝✐❧ ✈❡r q✉❡✱ s❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❢♦r ♦♣♦st❛✱ M é ♦ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ❡♠ [AB] \ C✳

❚❡♦r❡♠❛ ✸✳✷✶✳ ❯♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦♣♦st❛ t❡♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s ♣♦♥t♦s

✐♥✈❛r✐❛♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ é ♦♣♦st❛✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ A ✐♥❝✐✲

❞❡♥t❡ ❛♦ s❡❣♠❡♥t♦ q✉❡ ♥ã♦ é ✐♥✈❛r✐❛♥t❡ ✭❝❛s♦ ❝♦♥trár✐♦ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

s❡r✐❛ ❛ ✐❞❡♥t✐❞❛❞❡✱ q✉❡ é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✐r❡t❛✮✳

❙❡❥❛♠ ♦s ♣♦♥t♦s A′ ✭✐♠❛❣❡♠ ❞❡ A✮✱ A′′ ✭✐♠❛❣❡♠ ❞❡ A′✮ ❡ C ✱ t❛❧ q✉❡

AA′ ‖ A′′C✳

❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦♣♦st❛ ✐rá r❡❧❛❝✐♦♥❛r ♦ ✐♥t❡r✈❛❧♦ [AA′] \ C ❝♦♠ ♦ ✐♥✲

t❡r✈❛❧♦ ✐♥t❡r✐♦r [A′A′′] \C✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✵ ❤á ❛♣❡♥❛s ✉♠ ♣♦♥t♦

M ✱ ✐♥✈❛r✐❛♥t❡✱ ❡♠ [AA′] \ C✳

❈♦♠♦ ♦ ✐♥✈❡rs♦ ❞❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✱ r❡❧❛❝✐♦♥❛ ♦ ✐♥t❡r✈❛❧♦ A′A′′ \ M ♥♦

✐♥t❡r✈❛❧♦ ✐♥t❡r✐♦r [AA′]\M ✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ N ✱ ✐♥✈❛r✐❛♥t❡✱

♥❡st❡ ✐♥t❡r✈❛❧♦✳

✸✳✽ Pr♦❥❡t✐✈✐❞❛❞❡ ♥❛ ❘❡t❛

❉❡✜♥✐çã♦ ✸✳✸✵✳ ❉✉❛s ❢♦r♠❛s ♣r✐♠✐t✐✈❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s [σ] ❡ [σ′] ✭❞♦

♠❡s♠♦ ♦✉ ❞✐❢❡r❡♥t❡s t✐♣♦s✮✱ sã♦ ❞✐t❛s projetivas ✱ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ❢♦r♠❛s [τ ]✱ [τ ′]✱ . . .✱[τ (n)]✱ t❛✐s q✉❡

[σ] [ [τ ] [ [τ ′] [ · · · [ [τ (n)] [ [σ′].

❊ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ [σ] ❡ [σ] é ❝❤❛♠❛❞❛ ❞❡ correspondência

projetiva✱ ♦✉ projetividade✱ ♦✉✱ ❛✐♥❞❛✱ transformação projetiva✳ ❉✐③❡♠♦s
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q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ σ é ♣r♦❥❡t❛❞♦ ❡♠ s❡✉ ❡❧❡♠❡♥t♦ ❤♦♠ó❧♦❣♦ σ′ ♣❡❧❛ ♣r♦✲

❥❡t✐✈✐❞❛❞❡✳ ❉❡♥♦t❛r❡♠♦s ❡ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♣♦r σ ⊼ σ✳

❚❡♦r❡♠❛ ✸✳✷✷✳ ❆ ♣r♦❥❡t✐✈✐❞❛❞❡ q✉❡ t❡♠ três ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s é ✉♠❛ ✐❞❡♥✲

t✐❞❛❞❡✱ ♦✉ s❡❥❛✱ t❡♠ t♦❞♦s ♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ t❡♥❤❛ três ♣♦♥t♦s ✜①♦s A✱

B ❡ C ❡ q✉❡ ❡①✐st✐❛ ✉♠ ♣♦♥t♦ P t❛❧ q✉❡ ABCP ⊼ ABCP ′✱ ♦♥❞❡ P 6= P ′✳

❱❛♠♦s ❛❞♠✐t✐r q✉❡ ♦s ♣♦♥t♦s A✱ B ❡ C ❡st❡❥❛♠ ♦r❞❡♥❛❞♦s ❞❡ ❢♦r♠❛

q✉❡ P ∈]AB[\C ❡ P ′ ∈]PB[\C✳ ❆ ♣r♦❥❡t✐✈✐❞❛❞❡ ✈❛✐ ❞♦ ✐♥t❡r✈❛❧♦ [PB] \ C

♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ ✐♥t❡r✐♦r [P ′B] \C✱ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✵ ❝♦♥té♠ ✉♠ ♣♦♥t♦

✐♥✈❛r✐❛♥t❡ M t❛❧ q✉❡ ♥ã♦ ❤á ♦✉tr♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s ❡♥tr❡ P ❡ M ✳ ❉♦

♠❡s♠♦ ♠♦❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ✐♥✈❡rs❛ ❞❡ [AP ′]\C ♣❛r❛ [AP ]\C✱

❡st❡ ✐♥t❡r✈❛❧♦ ❝♦♥té♠ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ N ✱ t❛❧ q✉❡ ♥ã♦ ❡①✐st❡♠ ♣♦♥t♦s

✐♥✈❛r✐❛♥t❡s ❡♥tr❡ N ❡ P ′✳ ❈♦♠♦ ♦s s❡❣♠❡♥t♦s ]NP ′[\C ❡ ]PM [\C ♥ã♦ sã♦

❞✐s❥✉♥t♦s✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ♥♦ s❡❣♠❡♥t♦ ]NM [\C ♥ã♦ ❡①✐st❡♠ ♣♦♥t♦s

✐♥✈❛r✐❛♥t❡s✳

❙❡❥❛ ❡♥tã♦ D ♦ ❝♦♥❥✉❣❛❞♦ ❤❛r♠ô♥✐❝♦ ❞❡ C r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ♣❛r M ❡

N ✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ D ⊼D′✳ ❈♦♠♦ MNCD ⊼MNCD′✱ ❞❡ H (NM,CD)

❝♦♥❝❧✉í♠♦s q✉❡ H (MN,CD′)✱ ❞❡ ♦♥❞❡ r❡s✉❧t❛ q✉❡ D = D ′✱ ♦✉ s❡❥❛✱ D é ✉♠

♣♦♥t♦ ♥♦ s❡❣♠❡♥t♦ ]NM [\C✱ ♦ q✉❡ é ❛❜s✉r❞♦✳

❚❡♦r❡♠❛ ✸✳✷✸ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛ ✮✳ ❆ ♣r♦❥❡t✐✲

✈✐❞❛❞❡ é ❞❡✜♥✐❞❛ s❡ três ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛ ❡ ♦s três ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s

❞❡ ♦✉tr❛✱ ♦✉ ❞❛ ♠❡s♠❛✱ sã♦ ❞❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ✉♠ ♣♦♥t♦ D ✱ ❡♠ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ t❡♥❤❛

❞✉❛s ✐♠❛❣❡♥s D ′ ❡ D ′′✳

❊♥tã♦ ABCD ⊼ A′B′C ′D′ ❡ ABCD ⊼ A′B′C ′D′′✳

❉❡ss❛s ❞✉❛s r❡❧❛çõ❡s t❡♠♦s q✉❡ A′B′C ′D′ ⊼ A′B′C ′D′′ ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

♦ ❚❡♦r❡♠❛ ✸✳✷✷✱ D ′ ❡ D ′′ sã♦ ❝♦✐♥❝✐❞❡♥t❡s✳

❚❡♦r❡♠❛ ✸✳✷✹✳ ❙❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ❡♥tr❡ ❞✉❛s r❡t❛s ❞✐st✐♥t❛s✱ t❡♠ ✉♠

♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✱ ❡♥tã♦ é ✉♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✳
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❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ A s❡❥❛ ♦ ♣♦♥t♦

✐♥✈❛r✐❛♥t❡ ❞❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ABC ⊼ AB′C ′✳ P♦❞❡♠♦s ❝♦♥str✉✐r ❛ ♣❡rs✲

♣❡❝t✐✈✐❞❛❞❡ ABC
O

[AB ′C ′✱ ♦♥❞❡ O é ♦ ♣♦♥t♦ ❞❛ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s BB ′ ❡

CC ′✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✸ ✱ ❡st❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ é ❛ ♠❡s♠❛ q✉❡ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡

❞❛❞❛✱ ❛ r❡t❛ ❢♦r♠❛❞❛ ♣❡❧❛ ✉♥✐ã♦ ❞❡ ❞♦✐s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s s❡♠♣r❡ ♣❛ss❛rá

♣❡❧♦ ♠❡s♠♦ ♣♦♥t♦ O ✳

❚❡♦r❡♠❛ ✸✳✷✺✳ ❙❡ A✱ B ✱ C sã♦ três ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛ l ❡ A′✱ B ′✱ C ′ três

♣♦♥t♦s ❞❡ ♦✉tr❛ r❡t❛ l ′✱ ❡♥tã♦ A ♣♦❞❡ s❡r ♣r♦❥❡t❛❞♦ ❡♠ A′✱ B ❡♠ B ′ ❡ C ❡♠

C ′ ❛tr❛✈és ❞❡ ❞♦✐s ❝❡♥tr♦s ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦s ♣♦♥t♦s✱ ❡♠ q✉❛❧q✉❡r ❞♦s ♣❛r❡s AA′✱ BB ′ ♦✉ CC ′ sã♦

❝♦✐♥❝✐❞❡♥t❡s✱ ✉♠ ❝❡♥tr♦ é s✉✜❝✐❡♥t❡✱ ❛ s❛❜❡r✱ ❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s ❞❡t❡r✲

♠✐♥❛❞❛s ♣❡❧♦s ♦✉tr♦s ❞♦✐s ♣❛r❡s✳

❙❡ ❝❛❞❛ ✉♠ ❞♦s ♣❛r❡s ❝♦♥s✐st❡ ❡♠ ♣♦♥t♦s ❞✐st✐♥t♦s✱ s❡❥❛ S q✉❛❧q✉❡r ♣♦♥t♦

♥❛ r❡t❛ AA′✱ ❞✐st✐♥t♦ ❞❡ A ❡ ❞❡ A′✳

P♦r S ♣r♦❥❡t❛r A✱ B ✱ C ❡♠ ✉♠❛ r❡t❛ l ′′ ❞✐st✐♥t❛ ❞❡ l ❡ l ′✱ ♠❛s ❝♦♥t❡♥❞♦

A′ ❡ ✉♠ ♣♦♥t♦ ❞❡ l ✳
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❙❡ B ′′✱ C ′′ sã♦ ♦s ♣♦♥t♦s ❞❡ l ′′ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ B ✱ C ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ S ′ ❞❛s r❡t❛s B ′B ′′ ❡ C ′C ′′ é ♦ s❡❣✉♥❞♦ ❝❡♥tr♦ ❞❡

♣❡rs♣❡❝t✐✈✐❞❛❞❡✳

❋✐❣✉r❛ ✸✳✹✽✿ Pr♦❥❡çã♦ ❞❡ ABC ❡♠ A′B ′C ′✳

❊st❡ ❛r❣✉♠❡♥t♦ t❛♠❜é♠ é ✈á❧✐❞♦ q✉❛♥❞♦ ❛❧❣✉♠ ❞♦s ♣♦♥t♦s A✱ B ♦✉ C

❝♦✐♥❝✐❞❡ ❝♦♠ ✉♠ ❞♦s ♣♦♥t♦s A′✱ B ′ ♦✉ C ′✱ q✉❡ ♥ã♦ s❡❥❛ s❡✉ ♣♦♥t♦ ❝♦rr❡s♣♦♥✲

❞❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✷✻ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✺ ✮✳ ❙❡ a✱ b✱ c sã♦ três r❡t❛s ❝♦♥❝♦r✲

r❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦ O ❡ a ′✱ b ′✱ c ′ três r❡t❛s ❝♦♥❝♦rr❡♥t❡s ❡♠ ♦✉tr♦ ♣♦♥t♦ O ′✱

❡♥tã♦ a ♣♦❞❡ s❡r ♣r♦❥❡t❛❞❛ ❡♠ a ′✱ b ❡♠ b ′ ❡ c ❡♠ c ′ ❛tr❛✈és ❞❡ ❞♦✐s ❡✐①♦s ❞❡

♣❡rs♣❡❝t✐✈✐❞❛❞❡✳

❚❡♦r❡♠❛ ✸✳✷✼✳ ❙❡ A✱ B ✱ C ❡ A′✱ B ′✱ C ′ ❡stã♦ t♦❞♦s s♦❜r❡ ✉♠❛ ♠❡s♠❛ r❡t❛

l ′✱ sã♦ ♥❡❝❡ssár✐♦s✱ ♥♦ ♠á①✐♠♦✱ três ❝❡♥tr♦s ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❛r❛ ♣r♦❥❡t❛r

A✱ B ✱ C ❡♠ A′✱ B ′✱ C ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ t♦♠❛r ✉♠ ♣♦♥t♦ D ✱ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s ❞❛❞♦s✱ ❡♠ l ′

❡ tr❛ç❛r ✉♠❛ r❡t❛ l ♣❛ss❛♥❞♦ ♣♦r D ✱ ❞✐st✐♥t❛ ❞❡ l ′✳

❚♦♠❛r ✉♠ ♣♦♥t♦ E ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ l ✱ ❡ t❛♠❜é♠ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ l ′✳ Pr♦✲

❥❡t❛r ♣♦r E ♦s ♣♦♥t♦s A✱ B ❡ C ♥♦s ♣♦♥t♦s A1 ✱ B1 ❡ C1 ❡♠ l ✳ ❈♦♥s❡❣✉✐♠♦s✱

❡♥tã♦✱ ♦ ♣r✐♠❡✐r♦ ❝❡♥tr♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ E ✳
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❋✐❣✉r❛ ✸✳✹✾✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣♦r E ✳

❖s ♦✉tr♦s ❞♦✐s ❝❡♥tr♦s ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❝♦♥s❡❣✉✐♠♦s ❛♣❧✐❝❛♥❞♦ ❛ ❞❡✲

♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✺ s♦❜r❡ ♦s ♣♦♥t♦s A1 ✱ B1 ✱ C1 ❡ A′✱ B ′✱ C ′✳

❈♦r♦❧ár✐♦ ✸✳✸✳ ❆ ♣r♦❥❡t✐✈✐❞❛❞❡ é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ❞✐r❡t❛ ❞♦ ❢❛t♦ ❞❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ s❡r

❡s❝r✐t❛ ❝♦♠♦ ❝♦♠♣♦s✐çã♦ ❞❡ ♥♦ ♠á①✐♠♦ três ♣❡rs♣❡❝t✐✈✐❞❛❞❡s ❡ ❞❡ t♦❞❛ ♣❡rs✲

♣❡❝t✐✈✐❞❛❞❡ s❡r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛✳

❚❡♦r❡♠❛ ✸✳✷✽ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✼ ✮✳ ❙❡ a✱ b✱ c ❡ a ′✱ b ′✱ c ′ sã♦ t♦❞❛s

r❡t❛s ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦ O ✱ sã♦ ♥❡❝❡ssár✐♦s✱ ♥♦ ♠á①✐♠♦✱ três ❡✐①♦s

❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❛r❛ ♣r♦❥❡t❛r a✱ b✱ c ❡♠ a ′✱ b ′✱ c ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✷✾✳ ❆ ♣r♦❥❡t✐✈✐❞❛❞❡ ABCD⊼BADC ✈❛❧❡ ♣❛r❛ q✉❛✐sq✉❡r q✉❛tr♦

♣♦♥t♦s ❞✐st✐♥t♦s ❞❡ ✉♠❛ r❡t❛✳

❉❡♠♦♥str❛çã♦✳ P♦r ✉♠ ♣♦♥t♦ E ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ l = AB ✱ ♣r♦❥❡t❛r ♦s

♣♦♥t♦s A✱ B ✱ C ❡ D ❡♠ A✱ B ′✱ C ′ ❡ D ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦♥t♦s ❡ss❡s✱

✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ r❡t❛ l ′✱ ❞✐st✐♥t❛ ❞❡ l ❡ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ A✳
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❋✐❣✉r❛ ✸✳✺✵✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ E ✳

❚❡♠♦s✱ ❡♥tã♦

ABCD
E

[ AB′C ′D′.

❆❣♦r❛✱ ❛tr❛✈és ❞❡ D ✱ ✈❛♠♦s ♣r♦❥❡t❛r ♦s ♣♦♥t♦s A✱ B ′✱ C ′ ❡ D ′ ♥♦s ♣♦♥t♦s

B ✱ B ′✱ C ′′ ❡ E ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛ r❡t❛ EB ✳

❋✐❣✉r❛ ✸✳✺✶✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ D ✳

❊♥tã♦✱ ❛té ❛❣♦r❛✱ t❡♠♦s

ABCD
E

[ AB′C ′D′

D

[ BB′C ′′E.
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❊ss❡s ú❧t✐♠♦s q✉❛tr♦ ♣♦♥t♦s ✭B ✱ B ′✱ C ′′ ❡ E ✮ sã♦ ♣r♦❥❡t❛❞♦s ❡♠ B ✱ A✱ D

❡ C ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧♦ ❝❡♥tr♦ C ′✳

❋✐❣✉r❛ ✸✳✺✷✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ C ′✳

❚❡♠♦s✱ ❡♥tã♦

ABCD
E

[ AB′C ′D′

D

[ BB′C ′′E
C′

[ BADC,

♦✉ s❡❥❛

ABCD ⊼BADC.

❚❡♦r❡♠❛ ✸✳✸✵✳ ❙❡ A✱ B ❡ C sã♦ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✱ ❡①✐st❡♠ ♣r♦❥❡t✐✈✐❞❛❞❡s

q✉❡ ❧❡✈❛♠ ❛ q✉❛❧q✉❡r ❞❛s s❡✐s ♣❡r♠✉t❛çõ❡s ❞❡ss❡s três ♣♦♥t♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ✉♠ ♣♦♥t♦ D ♥❛ r❡t❛ AB ✱ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s A✱ B ❡ C ✳

❚r❛ç❛r ❛ r❡t❛ l ✱ ✐♥❝✐❞❡♥t❡ ❛ D ✱ ❡ ❞✐st✐♥t❛ ❞❡ AB ✳

P♦r ✉♠ ♣♦♥t♦ E ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ AB ❡ à l ✱ ♣r♦❥❡t❛r ♦s ♣♦♥t♦s A✱ B ❡ C

♥♦s ♣♦♥t♦s A′✱ B ′ ❡ C ′ ✐♥❝✐❞❡♥t❡s à r❡t❛ l ✳
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❋✐❣✉r❛ ✸✳✺✸✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ E ✳

❚❡♠♦s ❡♥tã♦

ABC
E

[ A′B′C ′.

❱❛♠♦s s✉♣♦r q✉❡ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r

ABC ⊼ CAB.

❚♦♠❡♠♦s✱ ❡♥tã♦✱ ♥❛ r❡t❛ A′C ✉♠ ♣♦♥t♦ F ✱ ❞✐st✐♥t♦ ❞❡ A′ ❡ ❞❡ C ✳

P♦r F ♣r♦❥❡t❛r ♦s ♣♦♥t♦s A′✱ B ′ ❡ C ′ ❡♠ C ✱ A′′ ❡ B ′′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡♠ ✉♠❛ r❡t❛ l ′✱ ❞✐st✐♥t❛ ❞❡ AB ❡ ❞❡ l ✱ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ C ❡ q✉❡ t❡♥❤❛ ✉♠

♣♦♥t♦ ❡♠ ❝♦♠✉♠ ❝♦♠ l ✳

❋✐❣✉r❛ ✸✳✺✹✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ F ✳
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❚❡♠♦s✱ ❡♥tã♦

ABC
E

[ A′B′C ′

F

[ CA′′B′′.

❚♦♠❛r✱ ❛❣♦r❛✱ ♦ ♣♦♥t♦ G = AA′′∩BB′′ ❡✱ ❡♥tã♦✱ ♣r♦❥❡t❛r ♣♦r G ♦s ♣♦♥t♦s

C ✱ A′′ ❡ B ′′ ♥♦s ♣♦♥t♦s C ✱ A ❡ B ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✺✺✿ P❡rs♣❡❝t✐✈✐❞❛❞❡ ♣❡❧♦ ♣♦♥t♦ G ✳

❚❡♠♦s✱ ❡♥tã♦

ABC
E

[ A′B′C ′

F

[ CA′′B′′

G

[ CAB,

♦✉ s❡❥❛

ABC ⊼ CAB.

P❛r❛ ❛s ❞❡♠❛✐s ♣❡r♠✉t❛çõ❡s ♦ ♠ét♦❞♦ é ❛♥á❧♦❣♦✳

❚❡♦r❡♠❛ ✸✳✸✶ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✵ ✮✳ ❙❡ a✱ b✱ c sã♦ três r❡t❛s ❝♦♥✲

❝♦rr❡♥t❡s✱ ❡①✐st❡♠ tr❛♥s❢♦r♠❛çõ❡s ♣r♦❥❡t✐✈❛s q✉❡ ❧❡✈❛♠ ❛ q✉❛❧q✉❡r ❞❛s s❡✐s

♣❡r♠✉t❛çõ❡s ❞❡ss❛s três r❡t❛s✳

❖❜s❡r✈❛çã♦✳ ❉❛ ✉♥✐ã♦ ❞❡ss❡ ❞♦✐s t❡♦r❡♠❛s t❡♠♦s q✉❡✱ ❞❛❞♦s três ❡❧❡♠❡♥t♦s ❞❡

q✉❛❧q✉❡r ❢♦r♠❛ ♣r✐♠✐t✐✈❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❡①✐st❡♠ tr❛♥s❢♦r♠❛çõ❡s ♣r♦❥❡t✐✈❛s

q✉❡ ❛ ❧❡✈❛♠ ❛ q✉❛❧q✉❡r ❞❛s s❡✐s ♣❡r♠✉t❛çõ❡s ❞❡ss❡s três ❡❧❡♠❡♥t♦s✳
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❚❡♦r❡♠❛ ✸✳✸✷✳ ❯♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❧❡✈❛ ♣♦♥t♦s ❤❛r♠ô♥✐❝♦s ❡♠ ♣♦♥t♦s

❤❛r♠ô♥✐❝♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ é ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ♣❡rs♣❡❝✲

t✐✈✐❞❛❞❡s✱ ❜❛st❛ ♠♦str❛r q✉❡ ✉♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❡♥tr❡ r❡t❛s ❞✐st✐♥t❛s ❧❡✈❛

♣♦♥t♦s ❤❛r♠ô♥✐❝♦s ❡♠ ♣♦♥t♦s ❤❛r♠ô♥✐❝♦s✳

❱❛♠♦s✱ ❡♥tã♦✱ s✉♣♦r q✉❡ ❆❇❈❉
o

[❆✬❇✬❈✬❉✬ ❡ q✉❡ H (AB ,CD)✱ t♦♠❡♠♦s

❛ r❡t❛ AB ′✱ ❝♦♠ B 6= B′ ✭♦ ❝❛s♦ ♦♥❞❡ B = B ′ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♥♦ ❚❡♦r❡♠❛

✸✳✶✸✮✳

❚♦♠❛♥❞♦ ♦s ♣♦♥t♦s C ′′ = OC ∩ AB ′ ❡ D ′′ = OD ∩ AB ′ ♣♦❞❡♠♦s ❝♦♥s✲

tr✉✐r ❛s ♣❡rs♣❡❝t✐✈✐❞❛❞❡s

ABCD
O

[ AB′C ′′D′′

O

[ A′B′C ′D′.

❋✐❣✉r❛ ✸✳✺✻✿ P❡rs♣❡❝t✐✈✐❞❛❞❡s ♣❡❧♦ ♣♦♥t♦ O ✳

❈♦♠♦ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ♣❡rs♣❡❝t✐✈✐❞❛❞❡s s❛t✐s❢❛③❡♠ ♦ ❚❡♦r❡♠❛ ✸✳✶✸✱ t❡✲

♠♦s q✉❡ H (AB ′,C ′′D ′′) ❡ H (A′B ′,C ′D ′)✳

❚❡♦r❡♠❛ ✸✳✸✸✳ ❙❡ [P ]✱ [P ′]✱ [P ′′] sã♦ ❢❡✐①❡s ❞❡ ♣♦♥t♦s ❡♠ três r❡t❛s ❞✐st✐♥t❛s

❡ ❝♦♥❝♦rr❡♥t❡s l ✱ l ′✱ l ′′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡ [P ]
S

[[P ′] ❡ [P ′]
S′

[[P ′′]✱ ❡♥tã♦

[P ]
S′′

[ [P ′′]✱ ❡ ♦s três ❝❡♥tr♦s ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ S ✱ S ′ ❡ S ′′ sã♦ ❝♦❧✐♥❡❛r❡s✳
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❉❡♠♦♥str❛çã♦✳ ❙❡ S ❡ S ′ ❢♦r❡♠ ❝♦✐♥❝✐❞❡♥t❡s✱ ♥ã♦ ❤á ♦ q✉❡ ❞❡♠♦♥str❛r✱ ♣♦✐s

t❡r❡♠♦s [P ]
S

[[P ′] ❡ [P ′]
S

[[P ′′]✱ ❧♦❣♦ [P ] ⊼ [P ′′]✱ ♦✉ ❛✐♥❞❛ [P ]
S

[[P ′′]✱ ❞❡ ♦♥❞❡ s❛✐

q✉❡ S ✱ S ′ ❡ S ′′ sã♦ ❝♦✐♥❝✐❞❡♥t❡s✳

❋✐❣✉r❛ ✸✳✺✼✿ P❡rs♣❡❝t✐✈✐❞❛❞❡s q✉❛♥❞♦ S ≡ S ′ ≡ S ′′✳

❱❛♠♦s✱ ❡♥tã♦✱ ❝♦♥s✐❞❡r❛r q✉❡ S ❡ S ′ ♥ã♦ s❡❥❛♠ ❝♦✐♥❝✐❞❡♥t❡s✳

❙❡❥❛ O ♦ ♣♦♥t♦ ❝♦♠✉♠ ❞❛s r❡t❛s l ✱ l ′ ❡ l ′′✳ ❙❡ P1 ✱ P2 ❡ P3 sã♦ ♣♦♥t♦s ❞❡

[P ]✱ ❡ P ′

1 ✱ P
′

2 ✱ P
′

3 ❡ P ′′

1 ✱ P
′′

2 ✱ P
′′

3 ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣♦♥t♦s ❞❡ [P ′] ❡ [P ′′] ✜❝❛

❝❧❛r♦ q✉❡ ♦s tr✐â♥❣✉❧♦s P1P
′

1P
′′

1 ✱ P2P
′

2P
′′

2 ❡ P3P
′

3P
′′

3 sã♦ ♣❡rs♣❡❝t✐✈♦s ♣❡❧♦

♣♦♥t♦ O ✭❛♦ ♠❡♥♦s ❞♦✐s ❞❡ss❡s tr✐â♥❣✉❧♦s ❡①✐st❡♠✱ ♣❡❧♦ ❢❛t♦ ❞❡ S ❡ S ′ ♥ã♦

s❡r❡♠ ❝♦✐♥❝✐❞❡♥t❡s✮✳

❈❛s♦ ❛❝♦♥t❡ç❛ ❞❡ ✉♠ ❞♦s tr✐â♥❣✉❧♦s ♥ã♦ ❡①✐st✐r✱ ♣♦r ❛❧❣✉♠❛ ❞❛s tr✐♣❧❛s

s❡r❡♠ ❝♦❧✐♥❡❛r❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❝♦♠ S ❡ S ′✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡

❉❡s❛r❣✉❡s ♥♦s ♦✉tr♦s ❞♦✐s tr✐â♥❣✉❧♦s✳
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❋✐❣✉r❛ ✸✳✺✽✿ P❡rs♣❡❝t✐✈✐❞❛❞❡s ♣♦r S ❡ S ′✳

❈♦♠♦✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ P1P
′

1 ∩ P2P
′

2 = S✱ P ′

1P
′′

1 ∩P ′

2P
′′

2 = S ′✱ ♣❡❧♦ t❡♦r❡♠❛

❞❡ ❉❡s❛r❣✉❡s✱ t❡♠♦s q✉❡ P1P
′

1 ∩ P2P
′′

2 = S ′′ é ❝♦❧✐♥❡❛r ❛ S ❡ S ′✳

❋✐❣✉r❛ ✸✳✺✾✿ ❚r✐â♥❣✉❧♦s P1P
′

1P
′′

1 ❡ P2P
′

2P
′′

2 ✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣❡❧❛ ❤✐♣ót❡s❡ P2P
′

2 ∩ P3P
′

3 = S ❡ P ′

2P
′′

2 ∩ P ′

3P
′′

3 = S ′✱

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✱ P2P
′′

2 ∩ P3P
′′

3 = S∗ é ❝♦❧✐♥❡❛r ❛♦s ♣♦♥t♦s S ❡

S ′✳
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❋✐❣✉r❛ ✸✳✻✵✿ ❚r✐â♥❣✉❧♦s P2P
′

2P
′′

2 ❡ P3P
′

3P
′′

4 ✳

P❛r❛ ❝♦♥❝❧✉✐r✱ ♣❡❧❛ ❤✐♣ót❡s❡ S = P1P
′

1 ∩P3P
′

3 ❡ S ′ = P ′

1P
′′

1 ∩P ′

3P
′′

3 ✱ ❡ ♣❡❧♦

t❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s✱ S∗∗ = P1P
′′

1 ∩ P3P
′′

3 é ❝♦❧✐♥❡❛r ❛♦s ♣♦♥t♦s S ❡ S ′✳

❋✐❣✉r❛ ✸✳✻✶✿ ❚✐â♥❣✉❧♦s P1P
′

1P
′′

1 ❡ P3P
′

3P
′′

3 ✳

❈♦♠♦ S ′′ = P1P
′

1 ∩ SS ′ ❡ S∗∗ = P1P
′

1 ∩ SS ′ t❡♠♦s q✉❡ S ′′ ❡ S ∗∗ sã♦

❝♦✐♥❝✐❞❡♥t❡s✳



✸✳ ❆①✐♦♠át✐❝❛ ✼✽

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ S ′′ = P2P
′

2 ∩ SS ′ ❡ S ∗ = P2P
′

2 ∩ SS ′ ✐♠♣❧✐❝❛ q✉❡ S ′′ ❡

S ∗sã♦ ❝♦✐♥❝✐❞❡♥t❡s✳

P♦rt❛♥t♦✱ P1P
′

1 ∩ P2P
′

2 ∩ P3P
′

3 = S ′′ ❡ S ✱ S ′ ❡ S ′′ sã♦ ❝♦❧✐♥❡❛r❡s✳

❆♣r❡s❡♥t❛r❡♠♦s✱ ❛❣♦r❛✱ ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❝❧❛ss✐✜❝❛çã♦

❞❛s ♣r♦❥❡t✐✈✐❞❛❞❡s✳ ❈❛s♦ ♦❜s❡r✈❛çã♦ ❡♠ ❝♦♥trár✐♦✱ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ❛s

♣r♦❥❡t✐✈✐❞❛❞❡s q✉❡ r❡❧❛❝✐♦♥❛♠ ❢♦r♠❛s ❣❡♦♠étr✐❝❛s ♣r✐♠✐t✐✈❛s ❝♦✐♥❝✐❞❡♥t❡s✳

❱❛♠♦s ❝❧❛ss✐✜❝❛r ❛s ♣r♦❥❡t✐✈✐❞❛❞❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s

✐♥✈❛r✐❛♥t❡s q✉❡ ❛♣r❡s❡♥t❛♠✳

❱✐st♦ q✉❡ t♦❞❛ ♣r♦❥❡t✐✈✐❞❛❞❡ q✉❡ ❛♣r❡s❡♥t❛ três ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s é ✉♠❛

✐❞❡♥t✐❞❛❞❡✱ ♣❛r❛ ♥ã♦ s❡r tr✐✈✐❛❧✱ ❡❧❛ ❞❡✈❡ ❛♣r❡s❡♥t❛r✱ ♥♦ ♠á①✐♠♦✱ ❞♦✐s ♣♦♥✲

t♦s ✐♥✈❛r✐❛♥t❡s✳ ❆ ❝❤❛♠❛r❡♠♦s ❞❡ eĺ ıptica✱ parabólica ♦✉ hiperbólica✱ ❝❛s♦

❛♣r❡s❡♥t❡ ③❡r♦✱ ✉♠ ♦✉ ❞♦✐s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆s ♣r♦❥❡t✐✈✐❞❛❞❡s ❡❧í♣t✐❝❛ ❡ ♣❛r❛❜ó❧✐❝❛ sã♦ s❡♠♣r❡ ❞✐r❡t❛s ♣♦✐s✱ ❝♦♠♦

✈✐♠♦s✱ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦r❞❡♥❛❞❛ ♦♣♦st❛ t❡♠ ❞♦✐s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s ✭❚❡✲

♦r❡♠❛ ✸✳✷✶✮✱ ❧♦❣♦ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♦♣♦st❛ é ❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✸✳✸✹✳ ❊①✐st❡♠ ♣r♦❥❡t✐✈✐❞❛❞❡s ♣❛r❛❜ó❧✐❝❛s ❡ ❤✐♣❡r❜ó❧✐❝❛s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✱ ❡ ✉♠❛ r❡t❛ g ✱ ♥ã♦ ❝♦♥t❡♥❞♦ q✉❛❧✲

q✉❡r ❞♦s ✈ért✐❝❡s ❞♦ q✉❛❞râ♥❣✉❧♦✳

❚♦♠❡♠♦s ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s A = PS ∩ g✱ B = QS ∩ g✱ C = RS ∩ g✱

D = QR ∩ g✱ E = PR ∩ g ❡ F = PQ ∩ g✳

❋✐❣✉r❛ ✸✳✻✷✿ ◗✉❛❞râ♥❣✉❧♦ ❡ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r✳
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❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r (AD) (BE) (CF )

❡ ❛ s❡❣✉✐♥t❡ ♣r♦❥❡t✐✈✐❞❛❞❡✿

AEC
P

[ SRC
Q

[ BDC,

❞❡✐①❛♥❞♦ C ❝♦♠♦ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✳

❙❡ ♦s ♣♦♥t♦s P ❡ Q ♥ã♦ ❢♦r❡♠ ❝♦❧✐♥❡❛r❡s ❝♦♠ ♦ ♣♦♥t♦ C ✱ ❛ ✐♥t❡rs❡❝çã♦

PQ ∩ g é✱ t❛♠❜é♠✱ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ ❞❡ss❛ ♣r♦❥❡t✐✈✐❞❛❞❡✳

P♦rt❛♥t♦✱ ❛❧é♠ ❞❡ C ✱ ❛♣❡♥❛s F ♣♦❞❡ s❡r ✐♥✈❛r✐❛♥t❡✳

❉❡ss❛ ❢♦r♠❛✱ s❡ C ❡ F ❢♦r❡♠ ❝♦✐♥❝✐❞❡♥t❡s✱ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ AEC ⊼BDC

é ♣❛r❛❜ó❧✐❝❛✱ ❝❛s♦ ❝♦♥trár✐♦ s❡rá ❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✸✳✸✺✳ ❯♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r q✉❛tr♦

♣♦♥t♦s A✱ B ✱ C ❡ F s♦❜r❡ ✉♠❛ r❡t❛ g✱ ❝♦♠ C ❡ F ✐♥✈❛r✐❛♥t❡s ❡ A ❡ B

❝♦rr❡s♣♦♥❞❡♥t❡s✱ ♦✉ s❡❥❛ ACF ⊼BCF ✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ t♦♠❡♠♦s ✉♠ ♣♦♥t♦ S ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ g ✱ ❡♥tã♦

♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠ tr✐â♥❣✉❧♦ PQR t❛❧ q✉❡ A✱ B ❡ F s❡❥❛♠ ❛s ✐♥t❡rs❡❝çõ❡s

❞❛s r❡t❛s PS ✱ QS ❡ PQ ❝♦♠ ❛ r❡t❛ g ✳

❋✐❣✉r❛ ✸✳✻✸✿ ❚r✐â♥❣✉❧♦ PQR ❡ ♣♦♥t♦s A✱ B ✱ C ✱ F ❡ S ✳

❙❡♥❞♦ C ❞✐st✐♥t♦ ❞❡ F ✱ t♦♠❡♠♦s U = SC ∩ PQ✳
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❋✐❣✉r❛ ✸✳✻✹✿ ACF
P

[SCU ✳ ❋✐❣✉r❛ ✸✳✻✺✿ SCU
Q

[BCF ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

ACF
P

[ SCU
Q

[ BCF.

❉❡✜♥✐çã♦ ✸✳✸✶✳ ❉❛❞❛s ❞✉❛s ♣r♦❥❡t✐✈✐❞❛❞❡s✱ q✉❛♥❞♦ é ❛♣❧✐❝❛❞❛ ❛ ♣r✐♠❡✐r❛

❡ ❞❡♣♦✐s✱ s♦❜r❡ ♦ r❡s✉❧t❛❞♦ ❞❛ ❛♣❧✐❝❛çã♦✱ ❛♣❧✐❝❛❞❛ ❛ s❡❣✉♥❞❛✱ ❞✐③❡♠♦s q✉❡

❤♦✉✈❡ ♦ produto ❞❡ss❛s ❞✉❛s ♣r♦❥❡t✐✈✐❞❛❞❡s✳

❚❡♦r❡♠❛ ✸✳✸✻✳ ❖ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ♣r♦❥❡t✐✈✐❞❛❞❡s ♣❛r❛❜ó❧✐❝❛s q✉❡ ♣♦ss✉❡♠ ♦

♠❡s♠♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ é ♦✉tr❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ♣❛r❛❜ó❧✐❝❛✱ ❛ ♠❡♥♦s ❞❛ ✐❞❡♥t✐✲

❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ C ♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ ❞❛s ❞✉❛s ♣r♦❥❡t✐✈✐❞❛❞❡s✱ ❧♦❣♦ C é

✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ♣r♦❞✉t♦✳ ❚❡♠♦s✱ ❡♥tã♦ q✉❡ ♦ ♣r♦❞✉t♦ é ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡

♣❛r❛❜ó❧✐❝❛ ♦✉ ❤✐♣❡r❜ó❧✐❝❛✳

❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❛ ✉♠ ♣♦♥t♦ A 6= C✱ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ♣r♦❞✉t♦✱ ❡♥✲

tã♦ ❡①✐st❡ B 6= A t❛❧ q✉❡ CCAD ⊼ CCBD′✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ❡
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CCBD′ ⊼ CCAD✱ ♣❡❧❛ s❡❣✉♥❞❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♦ ♣r♦❞✉t♦

é ❛ ✐❞❡♥t✐❞❛❞❡✳

P♦rt❛♥t♦✱ ♥ã♦ ♣♦❞❡ ❤❛✈❡r ♦✉tr♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✱ ❛❧é♠ ❞❡ ❈✳

❚❡♦r❡♠❛ ✸✳✸✼✳ ❆ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ❡♠ ✉♠❛ r❡t❛✱ AA′BC ⊼ AA′B′C ′ ❝♦♠

A 6= A′ ❡①✐st❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (AA′) (BC ′) (CB′)✳

❉❡♠♦♥str❛çã♦✳ (⇒)❱❛♠♦s s✉♣♦r✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ ❡①✐st❛ ✉♠❛ ♣r♦❥❡t✐✈✐✲

❞❛❞❡ t❛❧ q✉❡ AA′BC ⊼ AA′B′C ′ ❝♦♠ A 6= A′✳

❙❡❥❛ n q✉❛❧q✉❡r r❡t❛ ♣❛ss❛♥❞♦ ♣♦r A′ ❡ ♥ã♦ ♣❛ss❛♥❞♦ ♣♦r B ✳ ❙❡❥❛ O1

q✉❛❧q✉❡r ♣♦♥t♦✱ ♥ã♦ ❡♠ n ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ AB ✱ ❡ s❡❥❛♠ B1 ❡ C1 ❛s ✐♥t❡rs❡❝✲

çõ❡s ❞❡ O1B ❡ O1C ❝♦♠ n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❥❛ O2 ❛ ✐♥t❡rs❡❝çã♦ ❞❡ B ′B1

❡ C ′C1 ✳

❋✐❣✉r❛ ✸✳✻✻✿ A′BC
O1

[A′B1C1 ✳ ❋✐❣✉r❛ ✸✳✻✼✿ A′B1C1

O2

[A′B ′C ′✳

❊♥tã♦

A′BC
O1

[ A′B1C1

O2

[ A′B′C ′,

♦✉ s❡❥❛✱ t❡♠♦s

A′BC ⊼ A′B′C ′,
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q✉❡ é ❛ ♠❡s♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ❞❡t❡r♠✐♥❛❞❛ ♥❛ r❡t❛ ❆❇✱ q✉❡

AA′BC ⊼ AA′B′C ′.

❈♦♠♦ ♦s ú♥✐❝♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s ♣♦ssí✈❡✐s ❞❛ ♣r♦❥❡t✐✈✐❞❛❞❡ sã♦ A′

❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ A′B ❝♦♠ O1O2 ✱ t❡♠♦s q✉❡ O1O2 ♣❛ss❛ ♣♦r A ❡

(AA′) (BC ′) (CB ′) é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ q✉❛❞râ♥❣✉❧♦ O1O2B1C1 ✳

❋✐❣✉r❛ ✸✳✻✽✿ ◗✉❛❞râ♥❣✉❧♦ O1O2B1C1 ❡ (AA′) (BC ′) (CB′)✳

(⇐)❱❛♠♦s s✉♣♦r✱ ❛❣♦r❛✱ q✉❡ t❡♠♦s(AA′) (BC ′) (CB ′)✳ ❊♥tã♦ ❡①✐st❡

✉♠ q✉❛❞râ♥❣✉❧♦ O1O2B1C1 ✭♦♥❞❡ A ∈ C1B1✱ A′ ∈ O1O2✱ B ∈ B1O1✱

B′ ∈ B1O2✱ C ∈ C1O1 ❡ C ′ ∈ C1O2✮✱ ❡ ❛ss✐♠

A′BC
O1

[ A′B1C1

O2

[ A′B′C ′

❡✱ ♣♦r ❡st❛ ❝♦♥str✉çã♦✱ ❆ é ✐♥✈❛r✐❛♥t❡✳ ❊♥tã♦✱ t❡♠♦s✱

AA′BC ⊼ AA′B′C ′.

Observação. ❙❡ ♥❛ ❝♦♥str✉çã♦ ❛❝✐♠❛ t✐✈❡r♠♦s A = A′✱ ♦❜t❡♠♦s ✉♠❛

♣r♦❥❡t✐✈✐❞❛❞❡ ❝♦♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ A = A′✳
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❈♦r♦❧ár✐♦ ✸✳✹✳ ❯♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ♣❛r❛❜ó❧✐❝❛ MMAB ⊼MMA′B′ ❡①✐st❡ s❡✱

❡ s♦♠❡♥t❡ s❡✱ (MM ) (AB ′) (BA′)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✼✳

✸✳✾ ■♥✈♦❧✉çã♦

❉❡✜♥✐çã♦ ✸✳✸✷✳ ❯♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ peri ódica é ❞❡✜♥✐❞❛ ♣❡❧❛ r❡❧❛çã♦

AA′A′′ · · ·A(n−1) ⊼ A′A′′A′′′ · · ·A(n−1)A(n),

❡♠ q✉❡ A(n) ≡ A✳

❈❤❛♠❛✲s❡ per ı́odo da projetividade ♦ ♠❡♥♦r ♥ú♠❡r♦ n ♣❛r❛ ♦ q✉❛❧ ❛ r❡❧❛✲

çã♦ s❡ ✈❡r✐✜❝❛✳

❉❡✜♥✐çã♦ ✸✳✸✸✳ ❙❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ ❡♠ ✉♠❛ ❢♦r♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ é ❞❡

♣❡rí♦❞♦ ✷✱ ❡❧❛ é ❝❤❛♠❛❞❛ ✉♠❛ involução✳

P♦r ❡①❡♠♣❧♦ s❡ XX ′ ⊼X ′X✱ ♣❛r❛ q✉❛❧q✉❡r ♣♦s✐çã♦ ❞❡ X ✳

◗✉❛❧q✉❡r ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦ é ❝❤❛♠❛❞♦ ✉♠ par

conjugado da involução ♦✉ ✉♠ par de conjugados ✳

❙❡ ✉♠❛ ✐♥✈♦❧✉çã♦ tr❛♥s❢♦r♠❛ ✉♠ ♣♦♥t♦ A ❡♠ ✉♠ ♣♦♥t♦ A′ ❡ A′ ❡♠ A✱

❞✐③❡♠♦s q✉❡ ♦s ♣♦♥t♦s A ❡ A′ s❡ ❝♦rr❡s♣♦♥❞❡♠ ♣♦r ordem dupla✳

❖ ❡❢❡✐t♦ ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦ é✱ ❡♥tã♦✱ s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ tr♦❝❛ ❞♦s ❡❧❡♠❡♥t♦s

❞❡ ✉♠❛ ❢♦r♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ t❛❧ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ s❡ ❝♦rr❡s♣♦♥❞❛ ❛♦ ♦✉tr♦

❡❧❡♠❡♥t♦ ❞♦ ♠❡s♠♦ ♣❛r✳

■st♦ ❥✉st✐✜❝❛ ❛ ❡①♣r❡ssã♦ um par conjugado ❛♣❧✐❝❛❞♦ ❛ ✉♠❛ ✐♥✈♦❧✉çã♦✳

❚❡♦r❡♠❛ ✸✳✸✽✳ ❯♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ q✉❡ s❛t✐s❢❛③ AA′X ⊼A′AX ′ é ✉♠❛ ✐♥✈♦✲

❧✉çã♦✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ t❛❧ q✉❡✱ AA′XX ′ ⊼

A′AX ′X✳
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❊st❛ ♣r♦❥❡t✐✈✐❞❛❞❡ é ❛ ♠❡s♠❛ ❞❛ ❞❛❞❛ ♥❛ ❤✐♣ót❡s❡✱ ✈✐st♦ q✉❡ t❡♠♦s ♦s

três ♣❛r❡s ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s A ❡ A′✱ A′ ❡ A✱ X ❡ X ′✳ ▼❛s✱ ♥❡st❛ s❡❣✉♥❞❛

♣r♦❥❡t✐✈✐❞❛❞❡ X ′ é ❧❡✈❛❞♦ ❡♠ X ✳

❆ss✐♠✱ ♠♦str❛♠♦s t❛♠❜é♠ q✉❡ q✉❛❧q✉❡r ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s ❞✉✲

♣❧✐❝❛✳

❈♦r♦❧ár✐♦ ✸✳✺✳ ❯♠❛ ✐♥✈♦❧✉çã♦ ✜❝❛ ❜❡♠ ❞❡t❡r♠✐♥❛❞❛ q✉❛♥❞♦ ❞♦✐s ♣❛r❡s ❞❡

♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s sã♦ ❞❛❞♦s✳

❯s❛r❡♠♦s✱ ❡♥tã♦✱ ❛ ✐♥❞✐❝❛çã♦ (AA′) (BB′)✱ ♦♥❞❡ A ❡ A′✱ B ❡ B ′ sã♦ ♣❛r❡s

❝♦♥❥✉❣❛❞♦s✱ ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠❛ ✐♥✈♦❧✉çã♦✳

❚❡♦r❡♠❛ ✸✳✸✾✳ ❯♠❛ ✐♥✈♦❧✉çã♦ q✉❡ t❡♠ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ t❡♠ t❛♠❜é♠

✉♠ ♦✉tr♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✱ ❡ ♦s ♣❛r❡s ❞❛ ✐♥✈♦❧✉çã♦ sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐✲

❝♦s ❡♠ r❡❧❛çã♦ ❛♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ K ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ ❞❛ ✐♥✈♦❧✉çã♦ (AA′) (BB′)✱ s✉✲

♣♦♥❞♦ q✉❡ A ❡ B ♥ã♦ s❡❥❛♠ ✐♥✈❛r✐❛♥t❡s✱ ❡ C ♦ ❝♦♥❥✉❣❛❞♦ ❤❛r♠ô♥✐❝♦ ❞❡ K

❡♠ r❡❧❛çã♦ ❛ A ❡ A′✱ ❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ❞✐st✐♥t♦ ❞❡ K ✱ A ❡ A′✳

❱❛♠♦s s✉♣♦r✱ t❛♠❜é♠✱ q✉❡ C ′ s❡❥❛ ♦ ♣♦♥t♦ ❤♦♠ó❧♦❣♦ ❛ C ✱ ♣❡❧❛ ✐♥✈♦❧✉çã♦✳

❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❡ss❛ ✐♥✈♦❧✉çã♦ ❝♦♠♦ AA′KC ⊼ A′AKC ′✳

❈♦♠♦ t❡♠♦s q✉❡ H (AA′, KC)✱ ❡ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❝♦♥s❡r✈❛ ❛ r❡❧❛çã♦

❤❛r♠ô♥✐❝❛✱ ✈❡♠ t❛♠❜é♠ q✉❡ H (A′A,KC ′)✳

▼❛s ❝♦♠♦✱ ♣❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡ ♣♦r s✉❛

✉♥✐❝✐❞❛❞❡✱ ❡ss❛s r❡❧❛çõ❡s ❡♥✈♦❧✈❡♠ ♦s ♠❡s♠♦s ♣♦♥t♦s✱ t❡♠♦s q✉❡ C ≡ C ′✱ ♦✉

s❡❥❛✱ C é ♦✉tr♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ ❞❛ ✐♥✈♦❧✉çã♦✳

❚❡♦r❡♠❛ ✸✳✹✵ ✭❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✾ ✮✳ ❯♠❛ ✐♥✈♦❧✉çã♦ q✉❡ t❡♠ ✉♠❛ r❡t❛

✐♥✈❛r✐❛♥t❡ t❡♠ t❛♠❜é♠ ✉♠❛ ♦✉tr❛ r❡t❛ ✐♥✈❛r✐❛♥t❡✱ ❡ ♦s ♣❛r❡s ❞❛ ✐♥✈♦❧✉çã♦

sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠ r❡❧❛çã♦ às r❡t❛s ✐♥✈❛r✐❛♥t❡s✳

❚❡♦r❡♠❛ ✸✳✹✶✳ ❚rês ♣❛r❡s ❞❡ ♣♦♥t♦s A ❡ A′✱ B ❡ B ′✱ C ❡ C ′ sã♦ ♣❛r❡s

❝♦♥❥✉❣❛❞♦s ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (AA′) (BB′) (CC ′)✳
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❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ AA′BC ⊼ A′AB′C ′✳

❚❡♠♦s✱ t❛♠❜é♠✱ q✉❡ ❡①✐st❡ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡✱ t❛❧ q✉❡ A′AB′C ′ ⊼

AA′C ′B′✱ q✉❡ ❝♦♠ ❛ ♣r✐♠❡✐r❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ♥♦s ❞á AA′BC ⊼ AA′C ′B′✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✼ ❡ss❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❡①✐st❡ s❡✱ ❡ s♦♠❡♥t❡ s❡

(AA′) (BB′) (CC ′)✳

❚❡♦r❡♠❛ ✸✳✹✷✳ ❖s três ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ✐♥t❡rs❡❝✲

t❛♠ q✉❛❧q✉❡r r❡t❛✱ q✉❡ ♥ã♦ ♣❛ss❛ ♣❡❧♦s ✈ért✐❝❡s✱ ♥♦s ♣♦♥t♦s ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡♠♦s ♦ q✉❛❞râ♥❣✉❧♦ ABCD ✱ ♦♥❞❡ s❡✉s s❡✐s ❧❛❞♦s ✐♥✲

t❡rs❡❝t❛♠ ❛ r❡t❛ k ♥♦s ♣♦♥t♦s E = k ∩ CD ✱ F = k ∩ AB ✱ G = k ∩ AC ✱

H = k ∩ BC ✱ I = k ∩ AD ❡ J = k ∩ BD ✳

❋✐❣✉r❛ ✸✳✻✾✿ ◗✉❛❞râ♥❣✉❧♦ ABCD ❡ ♣♦♥t♦s E , F , G , H , I ❡ J ✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛s s❡❣✉✐♥t❡s ♣❡rs♣❡❝t✐✈✐❞❛❞❡s EFGJI
A

[ LBNJD

✭♦♥❞❡ L = AE ∩ BD ❡ N = AG ∩ BD✮✱
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❋✐❣✉r❛ ✸✳✼✵✿ EFGJI
A

[ LBNJD✳

LBNJD
E

[ ASNGC ✭♦♥❞❡ S = AC ∩BE✮

❋✐❣✉r❛ ✸✳✼✶✿ LBNJD
E

[ ASNGC✳
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❡ ASNGC
B

[ FEJGH✱

❋✐❣✉r❛ ✸✳✼✷✿ ASNGC
B

[ FEJGH✳

❡♥tã♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦❥❡t✐✈✐❞❛❞❡

EFGJI ⊼ FEJGH,

♦✉ s❡❥❛✱ (EF ) (GJ) (HI) sã♦ ♣❛r❡s ❝♦♥❥✉❣❛❞♦s ❞❡ ✉♠❛ ♠❡s♠❛ ✐♥✈♦❧✉çã♦✳

✸✳✶✵ ❈♦❧✐♥❡❛çã♦

❉❡✜♥✐çã♦ ✸✳✸✹✳ ❯♠❛ colineação é q✉❛❧q✉❡r ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠✲❛✲✉♠ ❡♥tr❡

❞✉❛s ❢♦r♠❛s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❡♠ q✉❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛ ❝♦rr❡s♣♦♥❞❡

✉♠ ❡❧❡♠❡♥t♦✱ ❞♦ ♠❡s♠♦ t✐♣♦✱ ❞❛ ♦✉tr❛✳ ❯♠❛ colineação projetiva é ❛q✉❡❧❛

❡♠ q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ é ♣r♦❥❡t✐✈❛✳

❉❡✜♥✐çã♦ ✸✳✸✺✳ ❯♠❛ colineação perspectiva é ✉♠❛ ❝♦❧✐♥❡❛çã♦ ♣r♦❥❡t✐✈❛ q✉❡

❞❡✐①❛ ✐♥✈❛r✐❛♥t❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ r❡t❛ o✱ ❡ ❝❛❞❛ r❡t❛ q✉❡

❝♦♥té♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦ O ✳ ❆ r❡t❛ o ❡ ♦ ♣♦♥t♦ O sã♦ ❝❤❛♠❛❞♦s ♦

eixo ❡ ♦ centro✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛✳ ❙❡ ♦ ❝❡♥tr♦ ❡ ♦
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❡✐①♦ ♥ã♦ sã♦ ✐♥❝✐❞❡♥t❡s ❛ ❝♦❧✐♥❡❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ homologia✱ ❝❛s♦ ❝♦♥trár✐♦

s❡rá ❝❤❛♠❛❞❛ ❞❡ elação✳

❚❡♦r❡♠❛ ✸✳✹✸✳ ❯♠❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛ é ❞❡t❡r♠✐♥❛❞❛ s❡ ♦ ❝❡♥tr♦✱ ♦

❡✐①♦ ❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s ✭♥ã♦ ♥♦ ❡✐①♦ ♦✉ ❝❡♥tr♦✮ sã♦ ❞❛❞♦s✱

❝♦♠ ❛ ú♥✐❝❛ r❡str✐çã♦ q✉❡ ♦s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s s❡❥❛♠ ❝♦❧✐♥❡❛r❡s ❝♦♠ ♦ ♣♦♥t♦

O ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦ ♣♦♥t♦ O ❡ ❛ r❡t❛ o ✱ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳

❋✐❝❛ ❝❧❛r♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱ q✉❡ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s sã♦ ❝♦❧✐✲

♥❡❛r❡s ❛ O ✱ ✉♠❛ ✈❡③ q✉❡ ❝❛❞❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r O é ✐♥✈❛r✐❛♥t❡✳ ❉❛ ♠❡s♠❛

❢♦r♠❛ ✭♣❡❧❛ ❞✉❛❧✐❞❛❞❡✮✱ q✉❛✐sq✉❡r ❞✉❛s r❡t❛s ❤♦♠ó❧♦❣❛s ❞❡✈❡♠ s❡r ❝♦♥❝♦r✲

r❡♥t❡s ❝♦♠ o✳

❙❡❥❛♠ ❞❛❞♦sA ❡ A′✱ ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s✱ ❝♦❧✐♥❡❛r❡s ❝♦♠O ✳ ❉❡✈❡♠♦s

♠♦str❛r q✉❡ ♦ ♣♦♥t♦ B ′✱ ❤♦♠ó❧♦❣♦ ❛ q✉❛❧q✉❡r ♣♦♥t♦ B é✱ ❡♥tã♦✱ ❞❡t❡r♠✐♥❛❞♦

❞❡ ❢♦r♠❛ ú♥✐❝❛✳

❱❛♠♦s s✉♣♦r B ❞✐st✐♥t♦ ❞❡ O ❡ A✱ ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ o✳

❋✐❣✉r❛ ✸✳✼✸✿ ❘❡t❛s AA′ ❡ o✳

P❡❧❛ ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ B ′ é ✐♥❝✐❞❡♥t❡ à r❡t❛ OB ✳ ❙❡❥❛ C ♦ ♣♦♥t♦

❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AB ❡ o✱ ❡♥tã♦✱ ✉♠❛ ✈❡③ q✉❡ C é ✐♥✈❛r✐❛♥t❡✱ ♣♦r

❞❡✜♥✐çã♦✱ ❛ r❡t❛ AB ≡ AC é r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ A′C ✳
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❋✐❣✉r❛ ✸✳✼✹✿ P♦♥t♦ C = o ∩ AB ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ B′ = OB ∩ A′C✳

❋✐❣✉r❛ ✸✳✼✺✿ P♦♥t♦ B ′✳

■st♦ ❛♣❧✐❝❛✲s❡ ❛ ♠❡♥♦s q✉❡ B ❡st❡❥❛ ♥❛ r❡t❛ AA′✱ ♥❡st❡ ❝❛s♦ ❞❡t❡r♠✐♥❛♠♦s✱

❝♦♠♦ ❛❝✐♠❛✱ ✉♠ ♦✉tr♦ ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s✱ ♥ã♦ ❡♠ AA′✱ ❡ ❡♥tã♦ ✉s❛♠♦s

♦s ❞♦✐s ♣♦♥t♦s ❛ss✐♠ ❞❡t❡r♠✐♥❛❞♦s ♣❛r❛ ❝♦♥str✉✐r B ′✳

❈♦r♦❧ár✐♦ ✸✳✻✳ ❯♠❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛ tr❛♥s❢♦r♠❛ q✉❛❧q✉❡r ❢♦r♠❛ ✉♥✐✲

❞✐♠❡♥s✐♦♥❛❧ ❡♠ ✉♠❛ ❢♦r♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❡rs♣❡❝t✐✈❛✳
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❉❡♠♦♥str❛çã♦✳ ❉✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✸ ❡ ❞♦ s❡✉ ❞✉❛❧✳

❈♦r♦❧ár✐♦ ✸✳✼✳ ❯♠❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛ ❝♦♠ ❝❡♥tr♦ O ❡ ❡✐①♦ o tr❛♥s✲

❢♦r♠❛ q✉❛❧q✉❡r tr✐â♥❣✉❧♦✱ ❝♦♠ ♥❡♥❤✉♠ ❞❡ s❡✉s ✈ért✐❝❡s ♦✉ ❧❛❞♦s ❡♠ O ♦✉

❡♠ o ✱ ❡♠ ✉♠ tr✐â♥❣✉❧♦ ♣❡rs♣❡❝t✐✈♦✱ ♦♥❞❡ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡

❞♦s tr✐â♥❣✉❧♦s ❝♦✐♥❝✐❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦ ❞❛ ❝♦❧✐♥❡❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B ′C ′✱ ❝♦♠♦ ♥❛ ❤✐♣ót❡s❡✳

❆s r❡t❛s q✉❡ ❧✐❣❛♠ ♦s ✈ért✐❝❡s ❤♦♠ó❧♦❣♦s ❞♦s ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ❝♦♥❝♦r✲

r❡♥t❡s ❡♠ O ✱ ♣♦rt❛♥t♦ ♦ ❝❡♥tr♦ ❞❛ ♣r♦❥❡çã♦✳

❋✐❣✉r❛ ✸✳✼✻✿ Pr♦❥❡çã♦ ♣❡❧♦ ♣♦♥t♦ O ✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s t❡♠♦s q✉❡ ❛s ✐♥t❡rs❡❝çõ❡s ❞♦s ❧❛❞♦s ❝♦rr❡s✲

♣♦♥❞❡♥t❡s sã♦ ❝♦❧✐♥❡❛r❡s✱ ❡ ❝♦♠♦ ❡ss❛s ✐♥t❡rs❡❝çõ❡s ❛❝♦♥t❡❝❡♠ ❡♠ o ✭♣♦♥t♦s

✐♥✈❛r✐❛♥t❡s✮✱ ❡st❡ é ♦ ❡✐①♦ ❞❛ ♣r♦❥❡çã♦✳

❈♦r♦❧ár✐♦ ✸✳✽✳ ❆s ❝♦❧✐♥❡❛çõ❡s ✭♣r♦❥❡t✐✈❛s ♦✉ ♥ã♦✮ q✉❡ ❞❡✐①❛♠ ✐♥✈❛r✐❛♥t❡s ♦s

♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛ o ❡ ❛s r❡t❛s q✉❡ ♣❛ss❛♠ ♣♦r ✉♠ ♣♦♥t♦ O ✱ sã♦ ❤♦♠♦❧♦❣✐❛s

s❡ O ♥ã♦ é ✐♥❝✐❞❡♥t❡ ❛ o✱ ❡ ❡❧❛çõ❡s s❡ O ❡stá ❡♠ o✳
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❉❡♠♦♥str❛çã♦✳ ❙❛✐ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ ♥ã♦ t❡r s✐❞♦ ✉s❛❞♦ ❛ ❤✐♣ót❡s❡ ❞❛

❝♦❧✐♥❡❛çã♦ s❡r ♣r♦❥❡t✐✈❛✱ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✸✳

❈♦r♦❧ár✐♦ ✸✳✾✳ ❙❡ t✐✈❡r♠♦s ✉♠❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛✱ ❝♦♠ O ♦ ❝❡♥tr♦ ❡ o

♦ ❡✐①♦✱ A ❡ A′✱ B ❡ B ′ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s✱ ♦♥❞❡ A✱ A′✱ B ❡ B ′ sã♦ ❝♦❧✐♥❡❛r❡s

❝♦♠ ✉♠ ♣♦♥t♦ K ✐♥❝✐❞❡♥t❡ ❛ o✱ ❡♥tã♦ t❡r❡♠♦s (OK) (AB′) (BA′)✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❛♥❞♦ C ✱ q✉❛❧q✉❡r ♣♦♥t♦ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ AA′✱ ❡ C ′

s❡✉ ♣♦♥t♦ ❤♦♠ó❧♦❣♦✱

❋✐❣✉r❛ ✸✳✼✼✿ ❍✐♣ót❡s❡ ❞♦ ❈♦r♦❧ár✐♦ ❡ ♣♦♥t♦s C ❡ C ′✳

t❡♠♦s q✉❡ ❛s r❡t❛s AC ❡ A′C ′ ✐♥t❡rs❡❝t❛♠✲s❡ ❡♠ ✉♠ ♣♦♥t♦ L✱ ✐♥❝✐❞❡♥t❡

à r❡t❛ o✳

❋✐❣✉r❛ ✸✳✼✽✿ P♦♥t♦ L = AC ∩ A′C ′✳
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❉❛ ♠❡s♠❛ ❢♦r♠❛✱ BC ❡ B ′C ′ ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ✉♠ ♣♦♥t♦ M ❞❛ r❡t❛ o✳

❋✐❣✉r❛ ✸✳✼✾✿ P♦♥t♦ M = BC ∩ B ′C ′✳

P♦rt❛♥t♦✱ ♣❡❧♦ q✉❛❞râ♥❣✉❧♦ CC ′LM ✱ t❡♠♦s q✉❡ O = CC ′ ∩ OK ❡

K = o ∩ OK✱ A = LC ∩ OK ❡ B′ = MC ′ ∩ OK ❡✱ ♣❛r❛ ❝♦♠♣❧❡t❛r✱

A′ = C ′L ∩OK ❡ B = CM ∩OK✳

❋✐❣✉r❛ ✸✳✽✵✿ ◗✉❛❞râ♥❣✉❧♦ CC ′LM ✳

❉❡✜♥✐çã♦ ✸✳✸✻✳ ❯♠❛ ❤♦♠♦❧♦❣✐❛ ❡♠ q✉❡ ♦s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s s❡♣❛r❛♠ ❤❛r✲

♠♦♥✐❝❛♠❡♥t❡ ♦ ❝❡♥tr♦ ❡ ♦ ♣♦♥t♦ ❡♠ q✉❡ ♦ ❡✐①♦ ✐♥t❡rs❡❝t❛ ❛ r❡t❛ ❞❡t❡r♠✐♥❛❞❛

♣♦r ❡ss❡s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ ❝❤❛♠❛✲s❡ homologia hamônica✳
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❚❡♦r❡♠❛ ✸✳✹✹✳ ❙❡ ✉♠❛ ❝♦❧✐♥❡❛çã♦ é ✉♠❛ ✐♥✈♦❧✉çã♦✱ ❡♥tã♦ é ✉♠❛ ❤♦♠♦❧♦❣✐❛

❤❛r♠ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s s✉♣♦r q✉❡ ❛ ❝♦❧✐♥❡❛çã♦ é ❞❡✜♥✐❞❛ ♣♦r

AA′BB ′ ⊼ A′AB ′B ❝♦♠ AA′ ❡ BB ′ ❞✐st✐♥t❛s✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❛ r❡t❛ AA′ é ❤♦♠ó❧♦❣❛ à r❡t❛ A′A ❡ ❛ r❡t❛ BB ′ s❡

r❡❧❛❝✐♦♥❛ ❝♦♠ ❛ r❡t❛ B ′B ✱ ♦✉ s❡❥❛✱ ❡ss❛s ❞✉❛s r❡t❛s✱ AA′ ❡ BB ′ sã♦ ✐♥✈❛r✐❛♥t❡s✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s R = AA′ ∩ BB′✱ P = AB ∩ A′B′ =

A′B′ ∩AB✱ Q = AB′ ∩A′B = A′B ∩AB′ ❡ A0 = PQ∩AA′ = PQ∩A′A sã♦

✐♥✈❛r✐❛♥t❡s✱

❋✐❣✉r❛ ✸✳✽✶✿ P♦♥t♦s ❡ r❡t❛s ✐♥✈❛r✐❛♥t❡s✳

❡ ♣♦rt❛♥t♦✱ ❛ r❡t❛ PQ t❡♠ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s ✭s❡ ✉♠❛ r❡t❛

♣♦ss✉✐ três ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s✱ t♦❞♦s s❡✉s ♣♦♥t♦s sã♦ ✐♥✈❛r✐❛♥t❡s✮✱ ♦✉ s❡❥❛✱ é

♦ ❡✐①♦ ❞❛ ❝♦❧✐♥❡❛çã♦✳

P❡❧♦ ♣♦♥t♦ R ♣❛ss❛♠ três r❡t❛s ✐♥✈❛r✐❛♥t❡s ✭AA′✱ BB ′ ❡ PR✮✱ ❡♥tã♦ t♦❞❛s

❛s r❡t❛s q✉❡ ♣❛ss❛♠ ♣♦r R sã♦ ✐♥✈❛r✐❛♥t❡s✱ ❧♦❣♦ é ♦ ❝❡♥tr♦ ❞❛ ❝♦❧✐♥❡❛çã♦✳

P♦rt❛♥t♦✱ ♦❜t✐✈❡♠♦s ✉♠❛ ❤♦♠♦❧♦❣✐❛✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❡❧❛ é

❤❛r♠ô♥✐❝❛✳

◆♦ q✉❛❞râ♥❣✉❧♦ PB ′QB ✱ ❞♦✐s ❧❛❞♦s ♦♣♦st♦s ♣❛ss❛♠ ♣♦r A = PB ∩ B ′Q ✱

❞♦✐s ♣♦r A′ = BQ ∩ B ′P ❡ ♦s ♦✉tr♦s ❞♦✐s ♣♦r R ∈ BB ′ ❡ A0 ∈ PQ ✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳
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❈♦♥❝❧✉í♠♦s✱ ❡♥tã♦✱ q✉❡ H (AA′,RA0 )✳

▲♦❣♦ ❛ ❤♦♠♦❧♦❣✐❛ é ❤❛r♠ô♥✐❝❛✳

❉❡✜♥✐çã♦ ✸✳✸✼✳ ❯♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❢❡✐①❡ ❞❡

♣♦♥t♦s ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❢❡✐①❡ ❞❡ r❡t❛s é ❝❤❛♠❛❞❛ ✉♠❛ correlação✳ P❛r❛

❝❛❞❛ ♣♦♥t♦ P ❝♦rr❡s♣♦♥❞❡ ✉♠❛ ú♥✐❝❛ r❡t❛ p✱ ❡ s❡ P1 ✱ P2 ✱ P3 ✱ P4 sã♦ ♣♦♥t♦s

❝♦❧✐♥❡❛r❡s✱ ❛s r❡t❛s ❝♦rr❡s♣♦♥❞❡♥t❡s p1 ✱ p2 ✱ p3 ✱ p4 sã♦ ❝♦♥❝♦rr❡♥t❡s✳ ❘❡♣r❡✲

s❡♥t❛r❡♠♦s ✉♠❛ ❝♦rr❡❧❛çã♦ ♣♦r ➇(P1P2, P3P4) ♦✉ ➇(p1p2, p3p4)✳

❚❡♦r❡♠❛ ✸✳✹✺✳ ❯♠❛ ❝♦rr❡❧❛çã♦ é ❞❡t❡r♠✐♥❛❞❛ s❡ sã♦ ❞❛❞♦s ✉♠ q✉❛❞râ♥❣✉❧♦

❡ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ q✉❛❞r✐❧át❡r♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ABCD ❡ abcd ♦ q✉❛❞râ♥❣✉❧♦ ❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ q✉❛✲

❞r✐❧át❡r♦✳

❙❡❥❛♠✱ t❛♠❜é♠✱ E = AB ∩DC✱ F = AD ∩ BC✱ ♣♦♥t♦s ♥♦ q✉❛❞râ♥❣✉❧♦

❡ e = IJ ✱ f = KL✱ ♦♥❞❡ I = a∩ b✱ J = c∩ d✱ K = c∩ b ❡ L = a∩ d✱ r❡t❛s ♥♦

q✉❛❞r✐❧át❡r♦✳

P❛r❛ ❝♦♥str✉✐r ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ r❡t❛ p✱ t♦♠❛♠♦s ♦s ♣♦♥t♦s X = AB ∩ p

❡ Y = AE ∩ p ❡ ❝♦♥str✉í♠♦s s✉❛s ✐♠❛❣❡♥s ♥❛s ♣r♦❥❡t✐✈✐❞❛❞❡s ABEX ⊼abex

❡ ADFY ⊼adfy✱ ❡♥tã♦ ❛ r❡t❛ p = XY t❡♠ ❝♦♠♦ ✐♠❛❣❡♠ ♦ ♣♦♥t♦ P = x ∩ y ✳

❉❡✜♥✐çã♦ ✸✳✸✽✳ ❯♠❛ ❝♦rr❡❧❛çã♦ ❡♠ q✉❡ ✉♠ ♣♦♥t♦ P s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♠

✉♠❛ r❡t❛ a✱ ❡ ❛ r❡t❛ a s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♠ ♦ ♣♦♥t♦ P ✭❛ ❝♦rr❡❧❛çã♦ é ✉♠❛

✐♥✈♦❧✉çã♦✮ é ❝❤❛♠❛❞❛ ❞❡ polaridade✳ ❖ ♣♦♥t♦ P é ❝❤❛♠❛❞♦ ❞❡ polo ❡ ❛ r❡t❛

a é ❝❤❛♠❛❞❛ ❞❡ polar ✳ ❙❡♥❞♦ P ♣♦❧♦ ❡ a ♣♦❧❛r✱ t♦❞♦s ♦s ♣♦♥t♦s ✐♥❝✐❞❡♥t❡s ❛

a sã♦ ❝❤❛♠❛❞♦s conjugados de P ❡ t♦❞❛s ❛s r❡t❛s q✉❡ sã♦ ✐♥❝✐❞❡♥t❡s ❛ P sã♦

❝❤❛♠❛❞❛s conjugadas de a✳ ❙❡ P ∈ a✱ P é ❝❤❛♠❛❞♦ ❞❡ ponto auto conjugado

❡ a ❞❡ reta auto conjugada✳

❚❡♦r❡♠❛ ✸✳✹✻✳ ❊♠ ✉♠❛ ♣♦❧❛r✐❞❛❞❡ ♦♥❞❡ PpA⊼pPa✱ s❡ A ∈ p✱ ❡♥tã♦ P ∈ a✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P ♦ ♣♦❧♦ ❡ p ♦ ♣♦❧❛r✱ ❞❡ ♠♦❞♦ q✉❡ A ∈ p✳
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❋✐❣✉r❛ ✸✳✽✷✿ P♦❧♦ P ❡ ♣♦❧❛r p✳

❚♦♠❡♠♦s ❛ r❡t❛ q ✱ ✐♥❝✐❞❡♥t❡ ❛ A✳ ❊♥tã♦ t❡♠♦s ♦ ♣♦♥t♦ Q ✱ ♣♦❧♦ ❞❡ q ✳

❋✐❣✉r❛ ✸✳✽✸✿ P♦❧♦ Q ❡ ♣♦❧❛r q ✳

❈♦♠♦ ❛ ♣♦❧❛r✐❞❛❞❡ é ✉♠❛ ❝♦rr❡❧❛çã♦ ✭r❡❧❛❝✐♦♥❛ ✉♠ ❢❡✐①❡ ❞❡ r❡t❛s ❝♦♠ ✉♠

❢❡✐①❡ ❞❡ ♣♦♥t♦s✮✱ t❡♠♦s q✉❡ ❛ r❡t❛ PQ ✭❡✐①♦ ❞♦ ❢❡✐①❡ ❞❡ ♣♦♥t♦s✮ s❡ r❡❧❛❝✐♦♥❛

❝♦♠ ♦ ♣♦♥t♦ A ✭✈ért✐❝❡ ❞♦ ❢❡✐①❡ ❞❡ r❡t❛s✮✱ ♦✉ s❡❥❛ PQ é ♦ ♣♦❧❛r ❞❡ A✳ ❈♦♠♦

❛ ♣♦❧❛r✐❞❛❞❡ é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛✱ PQ ≡ a✳
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❋✐❣✉r❛ ✸✳✽✹✿ P ∈ a✳

P♦rt❛♥t♦ P ∈ a✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❚❡♦r❡♠❛ ✸✳✹✼✳ ❆ r❡t❛ q✉❡ é ✐♥❝✐❞❡♥t❡ ❛ ❞♦✐s ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s ♥ã♦ é

✉♠❛ r❡t❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ A ❡ B ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱ ❞❡ ❢♦r♠❛ q✉❡

AaB ⊼ aAb✱ ❡ ✈❛♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ s❡❥❛ a = AB ✳

❚❡♠♦s q✉❡ B ∈ a ❡ ❡♥tã♦ A ∈ b ✭❚❡♦r❡♠❛ ✸✳✹✻✮✱ ♦✉ s❡❥❛ b ≡ AB ≡ a✱ ♦

q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣❡❧♦ ❢❛t♦ ❞❛ ♣♦❧❛r✐❞❛❞❡ s❡r ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛✳

P♦rt❛♥t♦ ❛ r❡t❛ AB ♥ã♦ ♣♦❞❡ s❡r ❛✉t♦ ❝♦♥❥✉❣❛❞❛✳

❚❡♦r❡♠❛ ✸✳✹✽✳ ❯♠❛ r❡t❛ ♥ã♦ ♣♦❞❡ t❡r ♠❛✐s q✉❡ ❞♦✐s ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s A ❡ B ❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱ ❞❡ ❢♦r♠❛ ❛ t❡r♠♦s

AaB ⊼ aAb✳

❊♥tã♦ ❡①✐st❡ ✉♠❛ r❡t❛ r = AB ✱ ❡ ❝♦♠♦ A ∈ r ❡ B ∈ r✱ t❡♠♦s q✉❡ R ∈ a

❡ R ∈ b✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ R ∈ a∩ b✱ ♦♥❞❡ R é ♦ ♣♦❧♦ ❞♦ ♣♦❧❛r r ✳ ❆❧é♠ ❞✐ss♦✱

R /∈ r✱ ❝❛s♦ ❝♦♥trár✐♦ r s❡r✐❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛✱ ❝♦♥tr❛r✐❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✹✼✳
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❋✐❣✉r❛ ✸✳✽✺✿ P♦❧❛r❡s a✱ b✱ r ❡ r❡s♣❡❝t✐✈♦s ♣♦❧♦s✳

❙❡❥❛✱ ❡♥tã♦✱ Q ✉♠ ♣♦♥t♦ ❡♠ a ✭Q ∈ a✮✱ ❞✐st✐♥t♦ ❞❡ R ❡ A✱ ✐ss♦ ✐♠♣❧✐❝❛

q✉❡ ♦ ♣♦♥t♦ A é ✐♥❝✐❞❡♥t❡ à r❡t❛ q ✭A ∈ q✮✱ ♣♦❧❛r ❞❡ Q ✳

❋✐❣✉r❛ ✸✳✽✻✿ P♦❧❛r Q ❡ s❡✉ ♣♦❧♦✱ ♥❛ ❝♦♥str✉çã♦✳

❚♦♠❛♥❞♦ ♦ ♣♦♥t♦ S ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s q ❡ b✱ t❡♠♦s q✉❡✱ ❝♦♠♦ S ∈ q

❡ S ∈ b✱ Q ∈ s ❡ B ∈ s ❡✱ ♣♦rt❛♥t♦✱ ♦ ♣♦❧❛r s ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r

s = QB ✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣♦❧♦s ❡ r❡s♣❡❝t✐✈♦s ♣♦❧❛r❡s✿ T = q∩s

❡ t = QS✱ C = t ∩ r ❡ c = TR✱ D = c ∩ r ❡ d = CR✳

❈♦♥str✉í❞♦s ❞❡ss❛ ♠❛♥❡✐r❛ t❡♠♦s q✉❡ ♦ ♣♦♥t♦ C ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡
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❞❛ ❡s❝♦❧❤❛ ❞♦ ♣♦♥t♦ Q ❡ q✉❡ ❛ r❡t❛ c 6= AB✱ ❝❛s♦ ❝♦♥trár✐♦ AB s❡r✐❛ ❛✉t♦

❝♦♥❥✉❣❛❞❛✱ ♣♦✐s C ∈ AB✱ ❝♦♥tr❛r✐❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✹✼✳

❋✐❣✉r❛ ✸✳✽✼✿ ◗✉❛❞râ♥❣✉❧♦ QRST ✳

❚♦♠❛♥❞♦ ♦ q✉❛❞râ♥❣✉❧♦ QRST ✱ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s C ❡ D sã♦ ❝♦♥❥✉❣❛✲

❞♦s ❤❛r♠ô♥✐❝♦s ❞❡ A ❡♠ ❡❧❛çã♦ ❛ B ✱ ♣♦rt❛♥t♦ ♦s ♣♦♥t♦s C ❡ D sã♦ ❞✐st✐♥t♦s

❡ ♣♦rt❛♥t♦ C /∈ c✱ ❧♦❣♦ C ♥ã♦ é ❛✉t♦ ❝♦♥❥✉❣❛❞♦✳

❚❡♦r❡♠❛ ✸✳✹✾✳ ❆ ♣♦❧❛r✐❞❛❞❡ ✐♥❞✉③✱ s♦❜r❡ q✉❛❧q✉❡r r❡t❛ q✉❡ ♥ã♦ s❡❥❛ ❛✉t♦

❝♦♥❥✉❣❛❞❛✱ ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦ ♣♦❧♦ A ❡ ♦ s❡✉ r❡s♣❡❝t✐✈♦ ♣♦❧❛r a✱ ❞❡ ♠♦❞♦ q✉❡

A /∈ a✳ ❙❡❥❛ B ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❡♠ a✱ ♦✉ s❡❥❛ B ∈ a✳

❚❡♠♦s✱ ♣❡❧❛ ♣♦❧❛r✐❞❛❞❡✱ q✉❡ B ⊼ b ❡ q✉❡ A ∈ b✳ ❚♦♠❛♥❞♦ C = a ∩ b✱

❝♦♥str✉í♠♦s b
A

[ C ✳

❆❣♦r❛✱ ♣❡❧❛ ♣♦❧❛r✐❞❛❞❡✱ t❡♠♦s q✉❡ C ⊼ c ❡ ❝♦♠♦ C ∈ a ❡ C ∈ b✱ t❡♠♦s

q✉❡ A ∈ c ❡ B ∈ c✱ ❡ ♣♦rt❛♥t♦ c
A

[ B ✳

❊♥tã♦✱ t❡♠♦s B ⊼ b
A

[ C ❡ C ⊼ c
A

[ B✱ ❧♦❣♦ BCD ⊼ CBE✱ ♦♥❞❡ D ❡ E

t❛♠❜é♠ sã♦ ♣♦♥t♦s ❞❡ a✱ é ✉♠❛ ✐♥✈♦❧✉çã♦✳

❚❡♦r❡♠❛ ✸✳✺✵✳ ❙❡ ♦s q✉❛tr♦ ❧❛❞♦s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ sã♦ r❡t❛s ❛✉t♦ ❝♦♥❥✉✲

❣❛❞❛s✱ ♥♦ ♠á①✐♠♦ ❞♦✐s ✈ért✐❝❡s ♦♣♦st♦s ♣♦❞❡♠ s❡r ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳
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❉❡♠♦♥str❛çã♦✳ ❚♦♠❡♠♦s ♦ q✉❛❞r✐❧át❡r♦ abcd ✱ ♦♥❞❡ t♦❞❛s ❛s r❡t❛s sã♦ ❛✉t♦

❝♦♥❥✉❣❛❞❛s✳

❋✐❣✉r❛ ✸✳✽✽✿ ◗✉❛❞r✐❧át❡r♦ abcd ✳

❙❡❥❛♠ ♦s ✈ért✐❝❡s E = a ∩ d✱ F = b ∩ d ❡ G = c ∩ d ✐♥❝✐❞❡♥t❡s à r❡t❛

d ✱ ❛ss✐♠ ❝♦♠♦ s❡✉ ♣♦❧♦ D ✳ ❚❡♠♦s✱ ❡♥tã♦ q✉❡ ❛s ♣♦❧❛r❡s ❞❡ss❡s ♣♦♥t♦s sã♦

e = AD ✱ f = BD ❡ g = CD ✳

❆❣♦r❛✱ ✈❛♠♦s s✉♣♦r✱ q✉❡ ♦s ✈ért✐❝❡s ♦♣♦st♦s I = b ∩ c ❡ E s❡❥❛♠ ♣♦♥t♦s

❝♦♥❥✉❣❛❞♦s ✭I ∈ e ❡ E ∈ i✮✳ ❙❡❥❛✱ ❡♥tã♦✱ ❛ r❡t❛ j = EI ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❛ r❡t❛ e = AD ✐♥t❡rs❡❝t❛ ❛ r❡t❛ j = EI ✱ ♥♦ ♣♦♥t♦ I ✳

P♦rt❛♥t♦✱ ♣❡❧♦ ♣♦♥t♦ I ♣❛ss❛♠ ❛s r❡t❛s b✱ c✱ j ❡ e✱ ❞❛s q✉❛✐s b ❡ c sã♦

❛✉t♦ ❝♦♥❥✉❣❛❞❛s✱ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ✐♥✈♦❧✉çã♦ ❞❡ r❡t❛s ❝♦♥❥✉❣❛❞❛s ♣❡❧♦ ♣♦♥t♦

I ✳

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✵✱ t❡♠♦s H (bc, ej) ❡ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦✲

r❡♠❛ ✸✳✶✷✱ t❡♠♦s H (FG,ED) ♥❛ r❡t❛ d ✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡ K = a ∩ c ❡ F = b ∩ d sã♦ ❝♦♥❥✉❣❛❞♦s t❡♠♦s

H (GE,FD) ✱ ❡ s❡ L = a∩b é ❝♦♥❥✉❣❛❞♦ ❝♦♠G = c∩d✱ ♦❜t❡♠♦sH (EF,GD)✳

▼❛s✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✱ ❛♣❡♥❛s ✉♠❛ ❞❡ss❛s três r❡❧❛çõ❡s ❤❛r♠ô♥✐❝❛s é

♣♦ssí✈❡❧✳
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❚❡♦r❡♠❛ ✸✳✺✶ ✭❚❡♦r❡♠❛ ❞❡ ❍❡ss❡ ✮✳ ❙❡ ❞♦✐s ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s ❞❡ ✉♠

q✉❛❞râ♥❣✉❧♦ sã♦ ♣❛r❡s ❞❡ r❡t❛s ❝♦♥❥✉❣❛❞❛s✱ ❞❡ ✉♠❛ ♣♦❧❛r✐❞❛❞❡✱ ♦ t❡r❝❡✐r♦ ♣❛r

t❛♠❜é♠ é✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡♠♦s ♦ q✉❛❞râ♥❣✉❧♦ IJKL✱ ✈❛♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ s❡✉s ❧❛❞♦s ✐♥t❡rs❡❝t❛♥❞♦ ♦ ♣♦❧❛r ❞❡ L ♥♦s ♣♦♥t♦s✿ A = KJ ∩ l✱

B = IK ∩ l✱ C = IJ ∩ l✱ A′ = LI ∩ l✱ B′ = JL ∩ l ❡ C ′ = LK ∩ l ✳

❋✐❣✉r❛ ✸✳✽✾✿ ◗✉❛❞râ♥❣✉❧♦ IJKL ❡ (AA′) (BB′) (CC ′)✳

❙❡ ♦s ❧❛❞♦s IL ❡ JL sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦s ❛♦s ❧❛❞♦s JK ❡ IK ✱

s❡✉s ♣♦❧♦s sã♦ A ❡ B ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡ ❢❛t♦✱ ❝♦♠♦ L é ✉♠ ♣♦♥t♦ ❞❛ r❡t❛ IL✱ ❛ r❡t❛ l é ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦❧♦ ❞❡

IL✱ q✉❡ é ✐♥❝✐❞❡♥t❡ à r❡t❛ JK ✳ P♦rt❛♥t♦ A = l ∩ JK é ♦ ♣♦❧♦ ❞❡ IL✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦♠♦ L é ✉♠ ♣♦♥t♦ ❞❛ r❡t❛ JL✱ ❛ r❡t❛ l é ✐♥❝✐❞❡♥t❡ ❛♦

♣♦❧♦ ❞❡ JL✱ q✉❡ é ✐♥❝✐❞❡♥t❡ à r❡t❛ IK ✳

P♦rt❛♥t♦ B = l ∩ IK é ♦ ♣♦❧♦ ❞❡ JL✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ✐♥✈♦❧✉çã♦ ❞♦s ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s s♦❜r❡ ♦ ♣♦❧❛r ❞❡

L ❝♦♥té♠ ♦s ♣❛r❡s AA′ ❡ BB ′✱ q✉❡ sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥á✲❧❛✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✷ ❛ ✐♥✈♦❧✉çã♦ ❝♦♥té♠ ♦ ♣❛r CC ′✳

■ss♦ ✐♠♣❧✐❝❛ q✉❡ ♦ ♣♦♥t♦ C ′ é ❝♦♥❥✉❣❛❞♦ ❞❡ C ✱ ❡ ❝♦♠♦ C é ✐♥❝✐❞❡♥t❡ ❛ l ✱

t❡♠♦s q✉❡ C é ♣♦❧♦ ❞❛ r❡t❛ LC ′ ≡ KL✳

P♦rt❛♥t♦ KL é ♦ ♣♦❧❛r ❞❡ C ✱ ❡ é ❝♦♥❥✉❣❛❞❛ ❞❡ IJ ✱ q✉❡ ❝♦♥té♠ C ✳
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❚❡♦r❡♠❛ ✸✳✺✷ ✭❉✉❛❧ ❚❡♦r❡♠❛ ❞❡ ❍❡ss❡ ✮✳ ❙❡ ❞♦✐s ♣❛r❡s ❞❡ ✈ért✐❝❡s ♦♣♦st♦s

❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ sã♦ ♣❛r❡s ❞❡ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✱ ❞❡ ✉♠❛ ♣♦❧❛r✐❞❛❞❡✱ ♦

t❡r❝❡✐r♦ ♣❛r t❛♠❜é♠ é✳

❉❡✜♥✐çã♦ ✸✳✸✾✳ ❉♦✐s tr✐â♥❣✉❧♦s sã♦ ❞✐t♦s triângulos polares s❡ ♦s ✈ért✐❝❡s

❞❡ ✉♠ sã♦ ♣♦❧♦s ❞♦s ❧❛❞♦s ❞♦ ♦✉tr♦✱ ❡ ✈✐❝❡✲✈❡rs❛✳

❚❡♦r❡♠❛ ✸✳✺✸✳ ❖s tr✐â♥❣✉❧♦s ♣♦❧❛r❡s sã♦ ❚r✐â♥❣✉❧♦s ❞❡ ❉❡s❛r❣✉❡s✱ ♦✉ s❡❥❛✱

✉♠ tr✐â♥❣✉❧♦ ❡ s❡✉ tr✐â♥❣✉❧♦ ♣♦❧❛r✱ q✉❛♥❞♦ ♣r♦♣r✐❛♠❡♥t❡ ❞✐st✐♥t♦s✱ sã♦ ♣❡rs✲

♣❡❝t✐✈♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ABC ❡ A′B ′C ′ ❞♦✐s tr✐â♥❣✉❧♦s ♣♦❧❛r❡s✳

❋✐❣✉r❛ ✸✳✾✵✿ ❚r✐â♥❣✉❧♦s ABC ❡ A′B ′C ′ ♣♦❧❛r❡s✳

❚♦♠❡♠♦s ♦ ♣♦♥t♦ P = AA′ ∩BB′✳

❙❡❥❛✱ ❡♥tã♦✱ ♦ q✉❛❞râ♥❣✉❧♦ A′B ′C ′P ✱ ♦♥❞❡ ♦s ❧❛❞♦s AA′ ❡ a✱ BB ′ ❡ b

sã♦ ❞♦✐s ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s ❝♦♥❥✉❣❛❞♦s✳ ❉❡ ❢❛t♦✱ ♣♦✐s A é ♣♦❧♦ ❞❡ a ❡

q✉❛❧q✉❡r r❡t❛ q✉❡ ♣❛ss❡ ♣♦r A✱ t❡♠ s❡✉ ♣♦❧♦ ❡♠ a✳

❖ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♣❛r❛ ❛s r❡t❛s BB ′ ❡ b✳
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❋✐❣✉r❛ ✸✳✾✶✿ ◗✉❛❞râ♥❣✉❧♦ A′B ′C ′P ✳

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✶ t❡♠♦s q✉❡ ♦ t❡r❝❡✐r♦ ♣❛r ❞❡ ❧❛❞♦s ♦♣♦st♦s✱ PC ′ ❡ c✱ é

t❛♠❜é♠ ❝♦♥❥✉❣❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ PC ′ é ✐♥❝✐❞❡♥t❡ ❛ C ✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❛s r❡t❛s AA′✱ BB ′✱ CC ′ sã♦ ❝♦♥❝♦rr❡♥t❡s ❡♠ P ✳ ❖✉

s❡❥❛✱ ♦s tr✐â♥❣✉❧♦s ❞❛❞♦s sã♦ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠ ♣♦♥t♦✳

❚❡♦r❡♠❛ ✸✳✺✹✳ ❯♠❛ ❝♦rr❡❧❛çã♦ ♣r♦❥❡t✐✈❛ q✉❡ r❡❧❛❝✐♦♥❛ três ✈ért✐❝❡s ❞❡ ✉♠

tr✐â♥❣✉❧♦ ❝♦♠ ♦s r❡s♣❡❝t✐✈♦s ❧❛❞♦s ♦♣♦st♦s é ✉♠❛ ♣♦❧❛r✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ➇(ABCD)❂➇(abcd) ❛ ❝♦rr❡❧❛çã♦ ♦♥❞❡ ABC é ♦ tr✐â♥✲

❣✉❧♦ ❞❛❞♦✱ ❡ d é ✉♠❛ r❡t❛ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛♦s ♣♦♥t♦s A✱ B ✱ C ✳

❈♦♠♦ ❛ ❝♦rr❡❧❛çã♦ ❥á ❛❣❡ s♦❜r❡ ♦ tr✐â♥❣✉❧♦ ABC ❝♦♠♦ ✉♠❛ ♣♦❧❛r✐❞❛❞❡✱

❜❛st❛ ♠♦str❛r q✉❡ ❛ r❡t❛ d é tr❛♥s❢♦r♠❛❞❛ ♥♦ ♣♦♥t♦ D ✳

P❛r❛ ✐ss♦✱ t♦♠❡♠♦s ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s✿ L = a ∩ AD✱ M = b ∩ BD✱

N = c ∩ CD✱ L′ = a ∩ d✱ M ′ = b ∩ d ❡ N ′ = c ∩ d✳
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❋✐❣✉r❛ ✸✳✾✷✿ ❚r✐â♥❣✉❧♦ ABC ❡ ♣♦♥t♦ D ✳

❈♦♠♦ ❛ ❝♦rr❡❧❛çã♦ tr❛♥s❢♦r♠❛ ❝❛❞❛ ♣♦♥t♦ X ❞❡ c ❡♠ ✉♠❛ r❡t❛ x ✱ ✐♥❝✐✲

❞❡♥t❡ ❛ C ✱ t❡♠♦s q✉❡ ❡①✐st❡ ♦ ♣♦♥t♦ Y = c ∩ x✳

❈♦♠♦ ❛ ❝♦rr❡❧❛çã♦ é ♣r♦❥❡t✐✈❛✱ t❡♠♦s q✉❡ ❡①✐st❡ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ X ⊼ Y ✳

❆ss✐♠✱ s❡ ✜③❡r♠♦s X = A✱ t❡r❡♠♦s Y = B ✭B = a∩c✮✱ ❡ q✉❛♥❞♦ X = B ✱

t❡r❡♠♦s Y = A ✭A = b ∩ c✮✱ ❧♦❣♦ X ⊼ Y é ✉♠❛ ✐♥✈♦❧✉çã♦✳

P♦r s❡r ❝♦rr❡❧❛çã♦✱ r❡❧❛❝✐♦♥❛ ❢❡✐①❡ ❞❡ ♣♦♥t♦s ❝♦♠ ❢❡✐①❡ ❞❡ r❡t❛s✳

❖ ❢❡✐①❡ ❞❡ ♣♦♥t♦s q✉❡ ❝♦♥t❡♠ ♦s ♣♦st♦s C ✱ D ❡ N ✱ s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ ♦

❢❡✐①❡ ❞❡ r❡t❛s ✱ q✉❡ ❞❡✈❡ t❡r ❝♦♠♦ ❝❡♥tr♦ ✉♠ ♣♦♥t♦ ❞❡ c✳

❈♦♠♦ D s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ d ✱ ❡st❡ ♣♦♥t♦ é N ′ ✭N ′ = c ∩ d✮✳

❖✉ s❡❥❛✱ ❛ ❝♦rr❡❧❛çã♦ tr❛♥s❢♦r♠❛ N ❡♠ CN ′✱ ♣♦rt❛♥t♦ (NN ′) é ✉♠ ♣❛r

❞❛ ✐♥✈♦❧✉çã♦✳

▲♦❣♦✱ N ′ é tr❛♥s❢♦r♠❛❞♦ ❡♠ CN ≡ CD✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ L′ é ❧❡✈❛❞♦ ❡♠ AD ❡ M ′ ❡♠ BD ✱ ♦✉ s❡❥❛✱ ❛ r❡t❛

d = L′M ′ é tr❛♥s❢♦r♠❛❞❛ ♥♦ ♣♦♥t♦ D = AD ∩ BD✳

❉❡✜♥✐çã♦ ✸✳✹✵✳ Triângulo autopolar é ♦ tr✐â♥❣✉❧♦ ❡♠ q✉❡ ♦s ❧❛❞♦s sã♦ ♣♦✲

❧❛r❡s ❞♦s ✈ért✐❝❡s ♦♣♦st♦s✳
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P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✺✹✱ t❡♠♦s q✉❡ ❞❛❞♦s q✉❛❧q✉❡r tr✐â♥❣✉❧♦

❛✉t♦♣♦❧❛r✱ ✉♠ ♣♦♥t♦ P ✭♥ã♦ ❡♠ q✉❛❧q✉❡r ❧❛❞♦ ❞♦ tr✐â♥❣✉❧♦✮ ❡ q✉❛❧q✉❡r r❡t❛

p ✭♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ ♥❡♥❤✉♠ ✈ért✐❝❡ ❞♦ tr✐â♥❣✉❧♦✮✱ t❡♠♦s ❞❡t❡r♠✐♥❛❞❛ ✉♠❛

ú♥✐❝❛ ♣♦❧❛r✐❞❛❞❡✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❞❡✜♥✐♠♦s ♣r♦❥❡t✐✈✐❞❛❞❡ ❝♦♠♦ ❡❧í♣t✐❝❛✱ ♣❛r❛❜ó❧✐❝❛ ♦✉

❤✐♣❡r❜ó❧✐❝❛✱ ❞✐r❡♠♦s q✉❡ ✉♠❛ polaridade é hiperbólica q✉❛♥❞♦ ❤♦✉✈❡r ♣♦♥t♦s

❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱ ❝❛s♦ ❝♦♥trár✐♦ ❛ ♣♦❧❛r✐❞❛❞❡ s❡rá eĺ ıptica✳

❚❡♦r❡♠❛ ✸✳✺✺✳ ❙❡ ❡♠ ✉♠❛ ♣♦❧❛r✐❞❛❞❡✱ A é ✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦✱ ❡♥tã♦

❡♠ ❝❛❞❛ r❡t❛ ✐♥❝✐❞❡♥t❡ ❛ A ❡①✐st❡ ♠❛✐s ✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦✱ ♥ã♦ ❡♠

s❡✉ ♣♦❧❛r a✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ✉♠❛ r❡t❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛ ♥ã♦ ♣♦❞❡ ❝♦♥t❡r ❞♦✐s ♣♦♥t♦s

❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱ t❡♠♦s q✉❡ q✉❛❧q✉❡r ♦✉tr❛ r❡t❛ ♣❛ss❛♥❞♦ ♣♦r A ♣♦ss✉✐ ✉♠❛

✐♥✈♦❧✉çã♦ ❞❡ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

❈♦♠♦ q✉❛❧q✉❡r ✐♥✈♦❧✉çã♦ q✉❡ t❡♠ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ t❡♠✱ t❛♠❜é♠✱

♦✉tr♦ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ B 6= A✱ t❛❧ q✉❡ B é

✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ✐♥✈♦❧✉çã♦✱ ♣♦rt❛♥t♦ B é ✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦✳



✶✵✺

❈❛♣ít✉❧♦ ✹

❈ô♥✐❝❛s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❞❡ ❝ô♥✐❝❛s✱ ✉♠❛ ❞❡ ❱♦♥

❙t❛✉❞t ❡ ❛ ♦✉tr❛ ❞❛❞❛ ♣♦r ❙t❡✐♥❡r✳ ▼♦str❛r❡♠♦s q✉❡ ❛♠❜❛s r❡♣r❡s❡♥t❛♠ ❛

♠❡s♠❛ ❝♦♥str✉çã♦✳ ➚ ♣❛rt✐r ❞❡ss❛s ❞❡✜♥✐çõ❡s✱ ❞♦s ❛①✐♦♠❛s ❡ t❡♦r❡♠❛s tr❛✲

❜❛❧❤❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r✐♥❝✐♣❛✐s

♣r♦♣r✐❡❞❛❞❡s✳

✹✳✶ ❉❡✜♥✐çã♦ ❞❡ ❈ô♥✐❝❛

❉❡✜♥✐çã♦ ✹✳✶ ✭❱♦♥ ❙t❛✉❞t✮✳ C ônica é ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❢♦r♠❛❞♦ ♣❡❧♦s

♣♦♥t♦s ♦✉ r❡t❛s ❛✉t♦ ❝♦♥❥✉❣❛❞❛s ❞❡ ✉♠❛ ♣♦❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛✳

❈♦♠♦ ❡♠ ❝❛❞❛ r❡t❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛ ❤á ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦✱

❝❛❞❛ ♣♦♥t♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ t❡♠ ❝♦♠♦ t❛♥❣❡♥t❡ à ❝ô♥✐❝❛ s✉❛ ♣ró♣r✐❛ r❡t❛ ❛✉t♦

❝♦♥❥✉❣❛❞❛ ✭♣♦❧❛r✮✳ ❆s r❡t❛s q✉❡ sã♦ ✐♥❝✐❞❡♥t❡s ❛ ❞♦✐s ♣♦♥t♦s ❞❛ ❝ô♥✐❝❛✱ sã♦

❝❤❛♠❛❞♦s ❞❡ secante✳

❚❡♦r❡♠❛ ✹✳✶✳ ❯♠❛ r❡t❛ s❡❝❛♥t❡ à ❝ô♥✐❝❛ ♥ã♦ ♣♦❞❡ s❡r ❛✉t♦ ❝♦♥❥✉❣❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ✉♠❛ r❡t❛ ♥ã♦ ♣♦❞❡ t❡r ♠❛✐s q✉❡ ❞♦✐s ♣♦♥t♦s ❛✉t♦

❝♦♥❥✉❣❛❞♦s✳
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❚❡♦r❡♠❛ ✹✳✷✳ ❚rês ♣♦♥t♦s ❞❛ ❝ô♥✐❝❛ ♥✉♥❝❛ sã♦ ❝♦❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❝❛❞❛ ♣♦♥t♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ é ✉♠ ♣♦♥t♦ ❛✉t♦

❝♦♥❥✉❣❛❞♦ ❡ ✉♠❛ r❡t❛ ♥ã♦ ♣♦❞❡ t❡r ♠❛✐s q✉❡ ❞♦✐s ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱

t❡♠♦s q✉❡ ♥♦ ♠á①✐♠♦ t❡r❡♠♦s ❞♦✐s ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ❡♠ ✉♠❛ ❝ô♥✐❝❛✳

✹✳✷ P♦❧❛r✐❞❛❞❡ ❡♠ ✉♠❛ ❈ô♥✐❝❛

❚❡♦r❡♠❛ ✹✳✸✳ P♦r ✉♠ ♣♦♥t♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ ❡①✐st❡ ✉♠❛✱ ❡ só ✉♠❛✱ t❛♥❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ ♣♦♥t♦ A ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ❡♥tã♦ s❡✉ ♣♦❧❛r a ♥ã♦ é

✐♥❝✐❞❡♥t❡ ❛ ♥❡♥❤✉♠ ♦✉tr♦ ♣♦♥t♦ ❞❛ ❝ô♥✐❝❛ ✭♥ã♦ ❤á ♠❛✐s ❞❡ ✉♠ ♣♦♥t♦ ❛✉t♦

❝♦♥❥✉❣❛❞♦ ❡♠ ✉♠❛ r❡t❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛✮✳ ❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❛ ✉♠❛ r❡t❛

b✱ ❞✐st✐♥t❛ ❞❡ a✱ ✐♥❝✐❞❡♥t❡ ❛ A ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ ♥❡♥❤✉♠ ♦✉tr♦ ♣♦♥t♦ ❞❛

❝ô♥✐❝❛✱ ♣♦rt❛♥t♦ b é ✉♠❛ r❡t❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ ♣♦r

✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦ ♥ã♦ ♣♦❞❡r ♣❛ss❛r ❞✉❛s r❡t❛s ❛✉t♦ ❝♦♥❥✉❣❛❞❛s✳

❚❡♦r❡♠❛ ✹✳✹✳ ❊♠ q✉❛❧q✉❡r s❡❝❛♥t❡ ❛ ✉♠❛ ❝ô♥✐❝❛✱ ♦s ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s

s❡♣❛r❛♠ ❤❛r♠♦♥✐❝❛♠❡♥t❡ ♦s ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ ✉♠❛ ♣♦❧❛r✐❞❛❞❡ ✐♥❞✉③ s♦❜r❡ q✉❛❧q✉❡r r❡t❛✱ q✉❡

♥ã♦ s❡❥❛ ❛✉t♦ ❝♦♥❥✉❣❛❞❛✱ ✉♠❛ ✐♥✈♦❧✉çã♦ ❞❡ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✱ ♦♥❞❡ ♦s ♣♦♥t♦s

❛✉t♦ ❝♦♥❥✉❣❛❞♦s sã♦ ♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s ❞❛ ✐♥✈♦❧✉çã♦✳

❙❛❜❡♠♦s q✉❡ s❡ ✉♠❛ ✐♥✈♦❧✉çã♦ t❡♠ ✉♠ ♣♦♥t♦ ✐♥✈❛r✐❛♥t❡ t❡♠ ♦✉tr♦ t❛♠✲

❜é♠ ❡✱ ❛❧é♠ ❞✐ss♦✱ ♦s ♣❛r❡s ❞❛ ✐♥✈♦❧✉çã♦ sã♦ ❝♦♥❥✉❣❛❞♦s ❤❛r♠ô♥✐❝♦s ❡♠

r❡❧❛çã♦ ❛♦s ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s✳

❈♦♠ ❛ ❛❥✉❞❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛ ♣♦❧❛r ❞❡ ✉♠ ♣♦♥t♦

✐♥t❡r♥♦ ♦✉ ❡①t❡r♥♦ à ❝ô♥✐❝❛✳

P♦✐s ❜❡♠✱ s❡❥❛♠ ❞❛❞♦s ✉♠❛ ❝ô♥✐❝❛ q✉❛❧q✉❡r ❡ ✉♠ ♣♦♥t♦ ❖✱ ♥ã♦ ✐♥❝✐❞❡♥t❡

à ❝ô♥✐❝❛ ❞❛❞❛✳
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❋✐❣✉r❛ ✹✳✶✿ ❊❧✐♣s❡ ❡ ♣♦♥t♦ ❋✐❣✉r❛ ✹✳✷✿ ❍✐♣ér❜♦❧❡ ❡ ♣♦♥t♦

❚r❛❝❡♠♦s ❞✉❛s r❡t❛s ❞✐st✐♥t❛s✱ ♣❛ss❛♥❞♦ ♣♦r O ❡ s❡❝❛♥t❡s à ❝ô♥✐❝❛✳

❋✐❣✉r❛ ✹✳✸✿ ❊❧✐♣s❡ ❡ r❡t❛s ❋✐❣✉r❛ ✹✳✹✿ ❍✐♣ér❜♦❧❡ ❡ r❡t❛s✳

❙❡❥❛♠ AB ❡ CD ❡ss❛s r❡t❛s✱ ♦♥❞❡ A✱ B ✱ C ❡ D sã♦ ♣♦♥t♦s ✐♥❝✐❞❡♥t❡s à

❝ô♥✐❝❛✳

P❡❧♦ t❡♦r❡♠❛✱ ❡①✐st❡♠ ♦s ♣♦♥t♦s O ′ ❡ O”✱ t❛✐s q✉❡ H (AB,OO′) ❡

H (CD,OO”)✳ P♦r ❝♦♥s❡q✉ê♥❝✐❛✱ O ′ ❡ O” sã♦ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s ❞❡ O ✱

♦✉ s❡❥❛✱ ♣❡rt❡♥❝❡♠ à ♣♦❧❛r ❞❡ O ✳ ❈♦♠♦ ❞♦✐s ♣♦♥t♦s ❞❡t❡r♠✐♥❛♠ ✉♠❛ ú♥✐❝❛

r❡t❛✱ t❡♠♦s q✉❡ O ′O ′ = o✳
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❋✐❣✉r❛ ✹✳✺✿ P♦❧❛r ♣❡❧❛ ❊❧✐♣s❡ ❋✐❣✉r❛ ✹✳✻✿ P♦❧❛r ♣❡❧❛ ❍✐♣ér❜♦❧❡

❚❡♦r❡♠❛ ✹✳✺✳ ❙❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❡st❛ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ s❡✉ tr✐â♥❣✉❧♦

❞✐❛❣♦♥❛❧ é ❛✉t♦ ♣♦❧❛r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ q✉❛❞râ♥❣✉❧♦ ABCD ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ❡ s❡❥❛

EFG ♦ s❡✉ tr✐â♥❣✉❧♦ ❞✐❛❣♦♥❛❧✱ ♦♥❞❡ E = AD ∩ BC✱ F = AB ∩ CD ❡

G = BD ∩ AC ✳

❋✐❣✉r❛ ✹✳✼✿ ◗✉❛❞râ♥❣✉❧♦ ABCD ♥❛
❊❧✐♣s❡

❋✐❣✉r❛ ✹✳✽✿ ◗✉❛❞râ♥❣✉❧♦ ABCD ♥❛
P❛rá❜♦❧❛

❚♦♠❛♥❞♦ ♦ q✉❛❞râ♥❣✉❧♦ BFCG ❡ ♦ ♣♦♥t♦ I = FG ∩ AD✱ t❡♠♦s q✉❡

H (AD, IE)✳
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❋✐❣✉r❛ ✹✳✾✿ ◗✉❛❞râ♥❣✉❧♦ ❇❋❈● ❋✐❣✉r❛ ✹✳✶✵✿ ◗✉❛❞râ♥❣✉❧♦ ❇❋❈●

◆♦ q✉❛❞râ♥❣✉❧♦ ABCD t❡♠♦s✱ t❛♠❜é♠✱ q✉❡ H (GE,F ′F ′′) ✭♦♥❞❡

F ′ = EG ∩ AB ❡ F ′′ = EG ∩ DC✮ ❡ q✉❡ G ❡ E sã♦ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✱

♣♦rt❛♥t♦ E ∈ g ❡ G ∈ e ✳ ❈♦♠♦ G ❡ E sã♦ ❝♦♥❥✉❣❛❞♦s ❞❡ F ✭♣❡rt❡♥❝❡♠ à

♣♦❧❛r ❞❡ F ✮✱ F ∈ e ❡ F ∈ g✳

❋✐❣✉r❛ ✹✳✶✶✿ ❚r✐â♥❣✉❧♦ ❆✉t♦ ♣♦❧❛r ❋✐❣✉r❛ ✹✳✶✷✿ ❚✐â♥❣✉❧♦ ❆✉t♦ ♣♦❧❛r

❆ss✐♠ e = FG ❡ g = FE ❡ ♦ tr✐â♥❣✉❧♦ FEG é ❛✉t♦ ♣♦❧❛r✳

❈♦r♦❧ár✐♦ ✹✳✶✳ ❆ ♣♦❧❛r ❞❡ ✉♠ ♣♦♥t♦ ✐♥t❡r♥♦ ❛ ✉♠❛ ❝ô♥✐❝❛ é ✉♠❛ r❡t❛ ❡①✲

t❡r♥❛✱ ❛ ❞❡ ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ é ✉♠❛ r❡t❛ s❡❝❛♥t❡ ❡ ❛ ❞❡ ✉♠ ♣♦♥t♦ ♥❛ ❝ô♥✐❝❛

é ❛ t❛♥❣❡♥t❡ à ❝ô♥✐❝❛ ♥❡st❡ ♣♦♥t♦✳

❚❡♦r❡♠❛ ✹✳✻✳ ❙❡ ✉♠ tr✐â♥❣✉❧♦ ❡st❛ ✐♥s❝r✐t♦ ♥❛ ❝ô♥✐❝❛✱ q✉❛❧q✉❡r r❡t❛ ❝♦♥❥✉✲

❣❛❞❛ ❝♦♠ ✉♠ ❞♦s ❧❛❞♦s ✐♥t❡rs❡❝t❛ ♦s ♦✉tr♦s ❞♦✐s ❧❛❞♦s ❡♠ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ tr✐â♥❣✉❧♦ ABC ✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô✲

♥✐❝❛✳

❋✐❣✉r❛ ✹✳✶✸✿ ❚r✐â♥❣✉❧♦ ♥❛ ❍✐♣ér❜♦❧❡ ❋✐❣✉r❛ ✹✳✶✹✿ ❚r✐â♥❣✉❧♦ ♥❛ P❛rá❜♦❧❛

◗✉❛❧q✉❡r r❡t❛ l ✱ ❝♦♥❥✉❣❛❞❛ à r❡t❛ AB ✱ é ♣♦❧❛r ❞❡ ❛❧❣✉♠ ♣♦♥t♦ L ∈ AB✳

❙❡❥❛ D ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ ❝ô♥✐❝❛ ❝♦♠CL✱ ❞✐st✐♥t♦ ❞❡ A ❡ B ✳

❙❡ c = CL✱ t❡♠♦s q✉❡ L ∈ c ❡ ♣♦rt❛♥t♦ C ∈ l✳

❋✐❣✉r❛ ✹✳✶✺✿ P♦♥t♦ ❉ ❋✐❣✉r❛ ✹✳✶✻✿ P♦♥t♦ ❉

❙❡ c 6= CL✱ ❡♥tã♦ t❡♠♦s ♦ q✉❛❞râ♥❣✉❧♦ ADBC ✱ ♦♥❞❡ EFL ✭L = AB∩DC✱
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E = AD ∩ BC✱ F = AC ∩ BD✮ é ♦ s❡✉ tr✐â♥❣✉❧♦ ❞✐❛❣♦♥❛❧✳

❋✐❣✉r❛ ✹✳✶✼✿ ◗✉❛❞râ♥❣✉❧♦ ❆❉❇❈ ❋✐❣✉r❛ ✹✳✶✽✿ ◗✉❛❞râ♥❣✉❧♦ ❆❉❇❈

P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ❛ r❡t❛ EF é ♣♦❧❛r ❞❡ L✱ ♦✉ s❡❥❛✱ EF = l ✳

P♦rt❛♥t♦ ♦s ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s sã♦ F ❡ E ✭❞✐✈✐❞❡♠ ❤❛r♠♦♥✐❝❛♠❡♥t❡ ♦s ♣♦♥t♦s

l ∩ DC ❡ l ∩ AB ✮✳

❚❡♦r❡♠❛ ✹✳✼✳ ❙❡ ✉♠ tr✐❛♥❣✉❧♦ ❡st❛ ❝✐r❝✉♥s❝r✐t♦ ❛ ✉♠❛ ❝ô♥✐❝❛✱ q✉❛❧q✉❡r

♣♦♥t♦ ❝♦♥❥✉❣❛❞♦ ❞❡ ✉♠ ❞♦s ✈ért✐❝❡s✱ ❧✐❣❛❞♦ ❛♦s ❞♦✐s r❡st❛♥t❡s✱ ❢♦r♥❡❝❡ ❞✉❛s

r❡t❛s ❝♦♥❥✉❣❛❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❚❡♦r❡♠❛ ❞✉❛❧ ❛♦ ❚❡♦r❡♠❛ ✹✳✻

❚❡♦r❡♠❛ ✹✳✽✳ P♦r ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ ♥ã♦ s❡ ♣♦❞❡ tr❛ç❛r ♠❛✐s q✉❡ ❞✉❛s

t❛♥❣❡♥t❡s à ❝ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♣♦✐s ✉♠ ♣♦♥t♦ ♥ã♦ ♣♦❞❡ s❡r ✐♥❝✐❞❡♥t❡ ❝♦♠ ♠❛✐s ❞❡

❞✉❛s r❡t❛s ❛✉t♦ ❝♦♥❥✉❣❛❞❛s✳

❚❡♦r❡♠❛ ✹✳✾✳ ❆ ♣♦❧❛r ❞❡ ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦

❞❛s t❛♥❣❡♥t❡s tr❛ç❛❞❛s ❞❡st❡ ♣♦♥t♦ à ❝ô♥✐❝❛✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ A ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ à ❝ô♥✐❝❛✳

❙❡❥❛ b ✉♠❛ r❡t❛ t❛♥❣❡♥t❡ à ❝ô♥✐❝❛✱ ♣❛ss❛♥❞♦ ♣♦r A✳ P♦rt❛♥t♦ b é ❛✉t♦

❝♦♥❥✉❣❛❞❛✳

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❝♦♠♦ A ∈ b✱ B ∈ a✱ ♦✉ s❡❥❛✱ a ✐♥t❡rs❡❝t❛ ❛ ❝ô♥✐❝❛ ❡♠

✉♠ ♣♦♥t♦✳ ❊ss❡ ♣♦♥t♦ ♥ã♦ é ú♥✐❝♦✱ ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s ❞♦✐s ♣♦❧♦s ♣❛r❛

✉♠ ♠❡s♠♦ ♣♦❧❛r✳

❋✐❣✉r❛ ✹✳✶✾✿ P♦❧♦ A ❡ ♣♦❧❛r CB ✳ ❋✐❣✉r❛ ✹✳✷✵✿ P♦❧♦ A ❡ ♣♦❧❛r CB ✳

▲♦❣♦ ❡①✐st❡ ✉♠ ♣♦♥t♦ C ∈ a✱ q✉❡ t❛♠❜é♠ ♣❡rt❡♥❝❡ à ❝ô♥✐❝❛✱ ❞❡ t❛❧ ❢♦r♠❛

q✉❡ A ∈ c✳

❚❡♦r❡♠❛ ✹✳✶✵✳ ❆s t❛♥❣❡♥t❡s tr❛ç❛❞❛s ♣♦r ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ ❛ ✉♠❛ ❝ô♥✐❝❛

s❡♣❛r❛♠ ❤❛r♠♦♥✐❝❛♠❡♥t❡ ❛s r❡t❛s ❝♦♥❥✉❣❛❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✹✳✹✳

✹✳✸ ❖✉tr❛ ❉❡✜♥✐çã♦ ❞❡ ❈ô♥✐❝❛

❱❛♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦ ❞❡ ❝ô♥✐❝❛✱ ❞❛❞❛ ♣♦r ❙t❡✐♥❡r ✭✶✽✸✷✮✱ ❡

♠♦str❛r q✉❡ ❡st❛ ❞❡✜♥✐çã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❢❡✐t❛ ♣♦r ❱♦♥ ❙t❛✉❞t✳

▼♦str❛r❡♠♦s✱ ♥♦ ❚❡♦r❡♠❛ ✹✳✶✶ q✉❡ t♦❞❛ ❝ô♥✐❝❛ ❞❡ ❱♦♥ ❙t❛✉❞t é ❝ô♥✐❝❛ ❞❡

❙t❡✐♥❡r✱ ❡♥q✉❛♥t♦ q✉❡ ❛ r❡❝í♣r♦❝❛ s❡rá ♠♦str❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✸✳
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❉❡✜♥✐çã♦ ✹✳✷ ✭Steiner✮✳ ❯♠❛ cônica é ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s ❝♦✲

♠✉♥s ❛ r❡t❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡ ❞♦✐s ❢❡✐①❡s ♣r♦❥❡t✐✈♦s✱ ♠❛s ♥ã♦ ♣❡rs♣❡❝t✐✈♦s✳

❚❡♦r❡♠❛ ✹✳✶✶ ✭Teorema de Steiner✮✳ ❙❡❥❛♠ A ❡ B ❞♦✐s ♣♦♥t♦s s♦❜r❡

✉♠❛ ❝ô♥✐❝❛✳ ❙❡ P é ✉♠ ♣♦♥t♦ ✈❛r✐❛♥❞♦ s♦❜r❡ ❛ ❝ô♥✐❝❛✱ ❡♥tã♦ ♣❛r❛ u = AP

❡ v = BP t❡♠♦s ✉ ⊼ ✈✳

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ a ❡ b ❛s t❛♥❣❡♥t❡s ❡♠ A ❡ B ✱ t❡♠♦s q✉❡ ❡①✐st❡

C = a ∩ b✱ ♦✉ s❡❥❛ AB = c✳

❋✐❣✉r❛ ✹✳✷✶✿ P♦♥t♦s ♥❛ ❊❧✐♣s❡ ❋✐❣✉r❛ ✹✳✷✷✿ P♦♥t♦s ♥❛ P❛rá❜♦❧❛

❈♦♠♦ PAB é ✉♠ tr✐❛♥❣✉❧♦ ✐♥s❝r✐t♦ ♥❛ ❝ô♥✐❝❛ ❡ q✉❛❧q✉❡r r❡t❛ l ✐♥❝✐❞❡♥t❡

❛ C é ❝♦♥❥✉❣❛❞❛ ❞♦ ❧❛❞♦ c = AB ✱ t❡♠♦s q✉❡ l ✐♥t❡rs❡❝t❛ ♦s ♦✉tr♦s ❞♦✐s ❧❛❞♦s

❡♠ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

❈❤❛♠❛r❡♠♦s ❡st❡s ❞♦✐s ♣♦♥t♦s ❞❡ D ✭❡♠ u✮ ❡ E ✭❡♠ v✮✳
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❋✐❣✉r❛ ✹✳✷✸✿ u⊼v ❋✐❣✉r❛ ✹✳✷✹✿ u⊼v

❆s r❡t❛s u = AP ❡ v = BP ✱ sã♦ ✈❛r✐á✈❡✐s✱ ♠❛s s❡♠♣r❡ s❡ ✐♥t❡rs❡❝t❛♠ ❡♠

P ✱ ✉♠ ♣♦♥t♦ ❞❛ ❝ô♥✐❝❛✳

❚❡♠♦s ❡♥tã♦ q✉❡ u
A

[ D ⊼ E
B

[ v ✱ ♦✉ s❡❥❛ u⊼v ✳

❚❡♦r❡♠❛ ✹✳✶✷✳ ❆ ❝ô♥✐❝❛ é ❞❡t❡r♠✐♥❛❞❛ s❡ três ❞❡ s❡✉s ♣♦♥t♦s ❡ ❞✉❛s t❛♥✲

❣❡♥t❡s ❡♠ ❞♦✐s ❞❡st❡s ♣♦♥t♦s sã♦ ❞❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ❞❛❞♦s ♦s ♣♦♥t♦s A✱ B ✱ ❡ C ✱ ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ❝ô♥✐❝❛✱

❡ ❛s r❡t❛s b ❡ c✳ ❚❡♠♦s✱ ❡♥tã♦✱ ✉♠ ♣♦♥t♦ D = b ∩ c ❡ t❛♠❜é♠ d = BC ✳

❋✐❣✉r❛ ✹✳✷✺✿ P♦♥t♦s ❡ ❚❛♥❣❡♥t❡s ❋✐❣✉r❛ ✹✳✷✻✿ P♦♥t♦s ❡ ❚❛♥❣❡♥t❡s

❙❡❥❛♠ e = AD ❡ F = e ∩ d ✳
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❋✐❣✉r❛ ✹✳✷✼✿ F = e ∩ d ❋✐❣✉r❛ ✹✳✷✽✿ F = e ∩ d

❈♦♠♦ A ∈ e✱ D ∈ e t❡♠♦s E ∈ a✱ E ∈ d ✱ ❡ ♣♦rt❛♥t♦ E = a ∩ d ✳ ❆❧é♠

❞✐ss♦✱ ❝♦♠♦ F =d ∩ e✱ f = DE ✱ ♦✉ s❡❥❛✱ ♦ tr✐❛♥❣✉❧♦ DEF é ❛✉t♦ ♣♦❧❛r

✭d = EF ✱ e = DF ✱ f = DE ✮✳

❋✐❣✉r❛ ✹✳✷✾✿ DEF auto− polar ❋✐❣✉r❛ ✹✳✸✵✿ DEF auto− polar

❙❡ ❛ ♣♦❧❛r✐❞❛❞❡ é ❞❡t❡r♠✐♥❛❞❛✱ ❛ ❝ô♥✐❝❛ t❛♠❜é♠ é✳

❈♦♠♦ DEF é ✉♠ tr✐â♥❣✉❧♦ ❛✉t♦ ♣♦❧❛r ❡ t❡♠♦s ✉♠ ♣❛r ❞❡ ❡❧❡♠❡♥t♦s

❝♦♥❥✉❣❛❞♦s ✭AB ❡ a ∩ b✮✱ ❛ ❝ô♥✐❝❛ é ❞❡t❡r♠✐♥❛❞❛✳

❚❡♦r❡♠❛ ✹✳✶✸ ✭Construção de Steiner✮✳ ❙❡ u ❡ v sã♦ r❡t❛s ✈❛r✐á✈❡✐s

♣❛ss❛♥❞♦ ♣❡❧♦s ♣♦♥t♦s A ❡ B ✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ✉ ⊼ ✈✱ ♠❛s ♥ã♦ ✉ [ ✈✱ ❡♥tã♦

♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s ✈ ∩ ✉ é ✉♠❛ ❝ô♥✐❝❛ ✭❱♦♥ ❙t❛✉❞t✮ ✐♥❝✐❞❡♥t❡ ❛
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A ❡ B ✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ t❡♠ ♦ ❡❢❡✐t♦ ❛❝✉ ⊼ ❝❜✈✱ ♦♥❞❡ c = AB ✱

❡♥tã♦ a ❡ b sã♦ ❛s t❛♥❣❡♥t❡s ♥♦s ♣♦♥t♦s A ❡ B ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ u ⊼ v ♥ã♦ é ✉♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✱ ❡①✐s✲

t❡♠ r❡t❛s a ✭A ∈ a✮ ❡ b ✭B ∈ b✮ t❛✐s q✉❡ acu ⊼ cbv ✳

P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝ô♥✐❝❛ ♦♥❞❡ a ❡ b sã♦ t❛♥❣❡♥t❡s

à ❝ô♥✐❝❛ ♣♦r A ❡ B ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ P = u ∩ v ✳

P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✶✱ ❡st❛ ❝ô♥✐❝❛ ❞❡t❡r♠✐♥❛ ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❡♥tr❡ ♦ ❢❡✐①❡

❞❡ r❡t❛s ♣♦r A ❡ ♦ ❢❡✐①❡ ❞❡ r❡t❛s ♣♦r B ✳

▼❛s ♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❣❛r❛♥t❡ q✉❡ ❡ss❛s ❞✉❛s ♣r♦❥❡t✐✈✐❞❛❞❡s ❝♦✐♥✲

❝✐❞❡♠✳ ▲♦❣♦✱ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s u ∩ v é ❛ ❝ô♥✐❝❛ ✐♥❝✐❞❡♥t❡ ❝♦♠

A ❡ B ✳

✹✳✹ ❚❡♦r❡♠❛ ❞❡ P❛s❝❛❧

❈♦r♦❧ár✐♦ ✹✳✷✳ ❈✐♥❝♦ ♣♦♥t♦s✱ três ❛ três ♥ã♦ ❝♦❧✐♥❡❛r❡s✱ ❞❡t❡r♠✐♥❛♠ ✉♠❛

ú♥✐❝❛ ❝ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ❡ E ✱ ❝♦♠♦ ♥♦ ❝♦r♦❧ár✐♦✳ ❱❛♠♦s

s✉♣♦r A ❡ B ❞♦✐s ♣♦♥t♦s ✜①♦s ❡ C ✱ D ❡ E três ♣♦s✐çõ❡s ❞❡ u ∩ v ✱ ♦♥❞❡ u

❡ v sã♦ ❞✉❛s r❡t❛s ✈❛r✐á✈❡✐s✳ ❚❡♠♦s q✉❡✱ ❛ss✐♠ t♦♠❛❞❛s✱ u ∩ v ❞❡t❡r♠✐♥❛

❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ✭❡stá ❞❡t❡r♠✐♥❛❞♦ ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ três ♣❛r❡s ❞❡ r❡t❛s✮

u1u2u3⊼v1v2v3 ✱ ♦♥❞❡ C = u1 ∩ v1 ✱ D = u2 ∩ v2 ❡ E = u3 ∩ v3 ✱ q✉❡ ♣❡❧♦ ❚❡✲

♦r❡♠❛ ✹✳✶✸ ❞❡t❡r♠✐♥❛ ✉♠❛ ❝ô♥✐❝❛ ♣♦r ❡st❡s ❝✐♥❝♦ ♣♦♥t♦s✳

P❛r❛ ♠♦str❛r ❛ ✉♥✐❝✐❞❛❞❡✱ ♥♦t❡♠♦s q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ q✉❡ s❡❥❛ ✐♥❝✐❞❡♥t❡

❛ q✉❛❧q✉❡r ❝ô♥✐❝❛ ❞❡st❡ t✐♣♦✱ é ❧✐❣❛❞♦ ❛ A ❡ B ♣❡❧❛s r❡t❛s u ❡ v ✱ t❡♠♦s ♣❡❧♦

❚❡♦r❡♠❛ ✹✳✶✶ q✉❡ uu1u2u3⊼vv1v2v3 ✳

❈♦r♦❧ár✐♦ ✹✳✸✳ ❈✐♥❝♦ r❡t❛s✱ três q✉❛✐sq✉❡r ♥ã♦ ❝♦♥❝♦rr❡♥t❡s✱ ❞❡t❡r♠✐♥❛♠

✉♠❛ ú♥✐❝❛ ❝ô♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❉✉❛❧ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳
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❚❡♦r❡♠❛ ✹✳✶✹ ✭Teorema de Pascal✮✳ ❙❡ ✉♠ ❤❡①á❣♦♥♦ ❡stá ✐♥s❝r✐t♦ ❡♠

✉♠❛ ❝ô♥✐❝❛✱ ♦s três ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ ♣♦♥t♦s ❝♦❧✐♥❡✲

❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ ❍❡①á❣♦♥♦ ABCDEFA ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ❡ s❡❥❛♠

G = BC ∩ EF ✱ H = CD ∩ FA✱ I = AB ∩ DE ✳

❋✐❣✉r❛ ✹✳✸✶✿ ❍❡①á❣♦♥♦ ABCDEFA✳ ❋✐❣✉r❛ ✹✳✸✷✿ ❍❡①á❣♦♥♦ ABCDEFA✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡ ♦s ♣♦♥t♦s G ✱ H ❡ I sã♦ ❝♦❧✐♥❡❛r❡s✳

❚♦♠❡♠♦s ♦s ♣♦♥t♦s J = AB ∩ CD ❡ K = FA ∩ BC ❡ ❛s r❡t❛s a = DA✱

b = DB ✱ c = DC ❡ e = DE ✳

❋✐❣✉r❛ ✹✳✸✸✿ AIJB[aecb ❋✐❣✉r❛ ✹✳✸✹✿ AIJB[aecb
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❚♦♠❛♥❞♦ ❛s r❡t❛s g = FA✱ h = FB ✱ i = FC ❡ j = FE ✱ ♣♦❞❡♠♦s ❡st❛❜❡✲

❧❡❝❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡s q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

❋✐❣✉r❛ ✹✳✸✺✿ aecb
F

[gjih ❋✐❣✉r❛ ✹✳✸✻✿ aecb
F

[gjih

AIJB [ aecb
F

[ gjih [KGCB ,

❛ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡

AIJB ⊼KGCB

❡✱ ♣♦rt❛♥t♦✱ ♦ ♣♦♥t♦ B é ✐♥✈❛r✐❛♥t❡✳
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❋✐❣✉r❛ ✹✳✸✼✿ gjih[KGCB ✳ ❋✐❣✉r❛ ✹✳✸✽✿ gjih[KGCB ✳

❆ss✐♠✱ AIJ[KGC ✱ ❡✱ ❝♦♠♦ ❛s r❡t❛s q✉❡ ❧✐❣❛♠ ♦s ♣♦♥t♦s ❝♦rr❡s✲

♣♦♥❞❡♥t❡s sã♦ ❝♦♥❝♦rr❡♥t❡s ♥♦ ❝❡♥tr♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡✱ t❡♠♦s q✉❡

H = AK ∩ IG ∩ JC ✱ ❡✱ ♣♦rt❛♥t♦✱ H ✱ G ❡ I sã♦ ❝♦❧✐♥❡❛r❡s✳

❚❡♦r❡♠❛ ✹✳✶✺ ✭Teorema de Brianchon✮✳ ❙❡ ✉♠ ❤❡①á❣♦♥♦ ❡stá ❝✐r❝✉♥s✲

❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ♦s três ♣❛r❡s ❞❡ ✈ért✐❝❡s ♦♣♦st♦s ♣❡rt❡♥❝❡♠ ❛ r❡t❛s

❝♦♥❝♦rr❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❉✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✹
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✶✷✶

❈❛♣ít✉❧♦ ✺

❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛

❆♣❡s❛r ❞♦ s♦❢t✇❛r❡ ❞❡ ❣❡♦♠❡tr✐❛ ❞✐♥â♠✐❝❛ ●❡♦●❡❜r❛ ✭❝r✐❛❞♦ ♣♦r ▼❛r❦✉s

❍♦❤❡♥✇❛rt❡r ❡♠ ✷✵✵✶✱ ❡ ❡♠ ❝♦♥tí♥✉♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✮ s❡r ✈♦❧t❛❞♦ às ❝♦♥s✲

tr✉çõ❡s ❞❛ ●❡♦♠❡tr✐❛ ❊✉❝❧✐❞✐❛♥❛ ❡❧❡ ❢♦✐ ✉s❛❞♦✱ ♥❡st❡ tr❛❜❛❧❤♦✱ ♣❛r❛ ❛ ❝♦♥s✲

tr✉çã♦ ❞❛s ✜❣✉r❛s ❢❛❝✐❧✐t❛❞♦r❛s ❞❛ ❝♦♠♣r❡❡♥sã♦ ❞❛s ❉❡✜♥✐çõ❡s✱ ❚❡♦r❡♠❛s ❡

▲❡♠❛s ❞❛ ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳

❆ ✐♥t❡♥sã♦ ❞❡st❡ ú❧t✐♠♦ ❈❛♣ít✉❧♦ é ❡①❛t❛♠❡♥t❡ ❢♦r♥❡❝❡r ✉♠ ♠❛t❡r✐❛❧ ♣❛r❛

q✉❡ ♦ ❧❡✐t♦r✱ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ❛s ❝♦♥str✉çõ❡s ♥♦ s♦❢t✇❛r❡✱ ♣♦ss❛ ✈✐s✉❛❧✐③❛r ❡

❡♥t❡♥❞❡r ♠❡❧❤♦r ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s✳

P❛r❛ ❛q✉❡❧❡s q✉❡ ❛✐♥❞❛ ♥ã♦ ❝♦♥❤❡❝❡♠ ♦ ●❡♦●❡❜r❛✱ ❡s♣❡r♦ q✉❡✱ ♥❡st❡

♣r✐♠❡✐r♦ ❝♦♥t❛t♦✱ ♣❡r❝❡❜❛♠ s❡✉ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ♦ ❡♥s✐♥♦ ❞❛ ❣❡♦♠❡tr✐❛✳

✺✳✶ Pr❡♣❛r❛♥❞♦ ♦ ●❡♦●❡❜r❛

P❛r❛ q✉❡ ♦ ❧❡✐t♦r ♣♦ss❛ ❛❝♦♠♣❛♥❤❛r ❛s ❝♦♥str✉çõ❡s ❞❡ ❢♦r♠❛ s❛t✐s❢❛tór✐❛✱

❛♣r❡s❡♥t❛♠♦s ✉♠ ♣❛ss♦ ❛ ♣❛ss♦ ❞❡ ❝♦♠♦ ♣r❡♣❛r❛r ♦ ●❡♦●❡❜r❛ ♣❛r❛ ❛s ❛t✐✈✐✲

❞❛❞❡s✳

❈♦♠♦ ❢❛③❡r✿ ❆♦ ✐♥✐❝✐❛r ♦ s♦❢t✇❛r❡✱ ♠♦✈❡r ♦ ❝✉rs♦r ❛té Exibir ✱ ♥♦ t♦♣♦

❞❛ t❡❧❛ ❞♦ ●❡♦●❡❜r❛✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳
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▼♦✈❡r ♦ ❝✉rs♦r ❛té Eixos ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té Exibir ✱ ♥♦✈❛♠❡♥t❡✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té Janela de Álgebra ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té Opções ✱♥♦ t♦♣♦ ❞❛ t❡❧❛ ❞♦ ●❡♦●❡❜r❛✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦

❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té Rotular ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té Para Todos os ObjetosNovos ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❡r ♦ ❝✉rs♦r ❛té ♦ t♦♣♦ ✭❧❛❞♦ ❞✐r❡✐t♦✮ ❞❛ t❡❧❛ ❞♦ ●❡♦●❡❜r❛✱ ❡ ❝❧✐❝❛r ❡♠

Maximizar ✳

❊♥tr❡ ✉♠❛ ❛t✐✈✐❞❛❞❡ ❡ ♦✉tr❛ ❞❡✈❡✲s❡ ❧✐♠♣❛r ❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Arquivo✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Novo✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❆♦ ❛♣❛r❡❝❡r Fechar Arquivo✱ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ s♦❜r❡

N ão Gravar ✳

✺✳✷ ❚r✐â♥❣✉❧♦

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠ tr✐â♥❣✉❧♦✱ ❛tr❛✈és ❞❡ três ♣♦♥t♦s ❞❛❞♦s✱ ♥ã♦ ❝♦❧✐♥❡❛r❡s✳

▼❛r❝❛r ♦s ♣♦♥t♦s A✱ B ❡ C✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Pontos

✭s❡❣✉♥❞❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✷✸

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Novo Ponto✱ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❡s❝♦❧❤❛

✉♠❛ ♣♦s✐çã♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✱ ♣❛r❛ ❝r✐❛r ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦✳

❘❡♣✐t❛ ♦ ♣r♦❝❡ss♦ ❞❡s❝r✐t♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r ♣❛r❛ ❝♦♥str✉✐r ♦s ♣♦♥t♦s

B ❡ C ❡♠ ♣♦s✐çõ❡s ❞✐❢❡r❡♥t❡s✱ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

❈♦♥str✉✐r ❛s r❡t❛s AB✱ BC ❡ AC✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas

✭t❡r❝❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐✲

r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦

❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡

RetaDefinidaPor Dois Pontos✱ ❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ A ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ B ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❙❡ ♦ ♣♦♥t♦ C ❡st✐✈❡r s♦❜r❡ ❛ r❡t❛ AB ♣r♦❝❡❞❛ ❝♦♠♦ ❡♠ (i)✱ ❝❛s♦ ❝♦♥trár✐♦

s✐❣❛ ♣❛r❛ (ii)✳

(i) ❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s

Ponteiro ✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r

♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛

Mover ✱ ❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ C ❡ ♣r❡ss✐♦♥❡ ♦

❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡ ❛té q✉❡ ♦ ♣♦♥t♦ ♥ã♦ ❡st❡❥❛ ♠❛✐s s♦❜r❡

❛ r❡t❛✳

(ii) P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas ✭❛ t❡r❝❡✐r❛ ❝❛✐①❛

❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦
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❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Reta Definida Por Dois Pontos ✱

❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ B ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ C ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ A ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮

❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ C ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❚❡♠♦s✱ ❛ss✐♠✱ ♦ tr✐â♥❣✉❧♦ ABC ✳

▼♦✈❡♥❞♦ ♦ ❘♦t✉❧♦ ❞❡ ✉♠ ♣♦♥t♦ ♣❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❞♦ tr✐✲

â♥❣✉❧♦ ABC✳

❈♦♠♦ ❢❛③❡r✿ ❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s Ponteiro ✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛

❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦

♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r

❛té ❛ ♣❛❧❛✈r❛ Mover ❡✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ Rótulo ❞♦ ♣♦♥t♦ ❡ ♣r❡ss✐♦♥❡

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡ ❛té q✉❡ ♦ Rótulo ❞♦ ♣♦♥t♦ ❡st❡❥❛ ♥✉♠❛

♣♦s✐çã♦ ♠❛✐s ❛❞❡q✉❛❞❛ à ✈✐s✉❛❧✐③❛çã♦ ❞❛ ✜❣✉r❛✳

▼♦✈❡♥❞♦ r❡t❛s ❡ ♣♦♥t♦s ❞♦ tr✐â♥❣✉❧♦ ABC✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Ponteiro

✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛ Mover ❡✱ ❡♥tã♦

s♦❧t❡✳
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❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ✉♠ ♣♦♥t♦ ✭♦✉ r❡t❛✮ q✉❛❧q✉❡r

❞♦ tr✐â♥❣✉❧♦ ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ s♦❜r❡ ♦ ♦❜❥❡t♦✮ ❡ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦

❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡✱ ❛❧t❡r❛♥❞♦ ♦ ❢♦r♠❛t♦ ❞♦ tr✐â♥❣✉❧♦

ABC ✳

✺✳✸ ◗✉❛❞râ♥❣✉❧♦ ❈♦♠♣❧❡t♦

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠ q✉❛❞râ♥❣✉❧♦✱ ❛tr❛✈és ❞❡ q✉❛tr♦ ♣♦♥t♦s ❞❛❞♦s✱ três ❛ três ♥ã♦

❝♦❧✐♥❡❛r❡s✳

▼❛r❝❛r ♦s ♣♦♥t♦s A✱ B✱ C ❡ D✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Pontos

✭s❡❣✉♥❞❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Novo Ponto✱ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❡s❝♦❧❤❛

✉♠❛ ♣♦s✐çã♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✱ ♣❛r❛ ❝r✐❛r ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦✳

❘❡♣✐t❛ ♦ ♣r♦❝❡ss♦ ❞❡s❝r✐t♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r ♣❛r❛ ❝♦♥str✉✐r ♦s ♣♦♥t♦s

B ✱ C ❡ D ✱ ❡♠ ♣♦s✐çõ❡s ❞✐❢❡r❡♥t❡s✱ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

❈♦♥str✉✐r ❛s r❡t❛s AB✱ BC✱ CD ❡ DA✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s

Retas ✭t❡r❝❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r
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♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida

Por DoisPontos ✱ ❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ A ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ B ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❙❡ ♦ ♣♦♥t♦ C ✱ ♦✉ ♦ ♣♦♥t♦ D ✱ ❡st✐✈❡r s♦❜r❡ ❛ r❡t❛ AB ♣r♦❝❡❞❛ ❝♦♠♦ ❡♠

(i)✱ ❝❛s♦ ❝♦♥trár✐♦ s✐❣❛ ♣❛r❛ (ii)✳

(ii) ❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s

Ponteiro ✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r

♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛

Mover ✱ ❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ ✭C ♦✉ D✮ q✉❡ ❡st✐✈❡r

s♦❜r❡ ❛ r❡t❛ AB ❡ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡ ❛té q✉❡ ♦ ♣♦♥t♦ ♥ã♦ ❡st❡❥❛ ♠❛✐s s♦❜r❡

❛ r❡t❛✳

(ii) P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas ✭❛ t❡r❝❡✐r❛ ❝❛✐①❛

❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida Por Dois Pontos ✱ ❡ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ B ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ C ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❙❡ ♦ ♣♦♥t♦ D ❡st✐✈❡r s♦❜r❡ ❛ r❡t❛ BC ✱ ♣r♦❝❡❞❡r ❝♦♠♦ (iii)✱ ❝❛s♦ ❝♦♥trár✐♦

✐r ♣❛r❛ (iv)✳

(iii) ❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s

Ponteiro ✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r

♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛
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Mover ❡✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ D ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡ ❛té q✉❡ ♦ ♣♦♥t♦ ♥ã♦ ❡st❡❥❛ ♠❛✐s s♦❜r❡

❛ r❡t❛✳

(iv) P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas ✭t❡r❝❡✐r❛ ❝❛✐①❛

❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida Por Dois Pontos ✱ ❡ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ C ✭❛♣❛r❡❝❡rá ✉♠

❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ D ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ A ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮

❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ D ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❈♦♥str✉✐r ❛s r❡t❛s AC ❡ BD✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s

Retas ✭t❡r❝❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛

❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r

♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida

Por Dois Pontos ✱ ❡ ❡♥tã♦ s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ A ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮

❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ C ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ B ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦✮

❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ D ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳
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❚❡♠♦s✱ ❛ss✐♠✱ ♦s q✉❛tr♦ ♣♦♥t♦s ❡ ❛s s❡✐s r❡t❛s q✉❡ ❝♦♠♣õ❡ ♦ q✉❛❞râ♥❣✉❧♦

❝♦♠♣❧❡t♦ ABCD ✳

▼♦✈❡♥❞♦ ♦ ❘ót✉❧♦ ❞❡ ✉♠ ♣♦♥t♦ ♣❛r❛ ♠❡❧❤♦r ✈✐s✉❛❧✐③❛çã♦ ❞♦ q✉❛✲

❞râ♥❣✉❧♦ ABCD✳

❈♦♠♦ ❢❛③❡r✿ ❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s Ponteiro ✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛

❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦

♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r

❛té ❛ ♣❛❧❛✈r❛ Mover ❡✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ Rótulo ❞♦ ♣♦♥t♦ ❡ ♣r❡ss✐♦♥❡

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡ ❛té q✉❡ ♦ Rótulo ❞♦ ♣♦♥t♦ ❡st❡❥❛ ♥✉♠❛

♣♦s✐çã♦ ♠❛✐s ❛❞❡q✉❛❞❛ à ✈✐s✉❛❧✐③❛çã♦ ❞❛ ✜❣✉r❛✳

▼♦✈❡♥❞♦ r❡t❛s ❡ ♣♦♥t♦s ❞♦ q✉❛❞râ♥❣✉❧♦ ABCD✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Ponteiro

✭♣r✐♠❡✐r❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛ Mover ❡✱ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ✉♠ ♣♦♥t♦ ✭♦✉ r❡t❛✮ q✉❛❧✲

q✉❡r ❞♦ q✉❛❞râ♥❣✉❧♦ ✭❛♣❛r❡❝❡rá ✉♠ ❛❧♦ s♦❜r❡ ♦ ♦❜❥❡t♦✮ ❡ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡✱ ❛❧t❡r❛♥❞♦ ♦ ❢♦r♠❛t♦ ❞♦ q✉❛❞râ♥❣✉❧♦

ABCD ✳
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✺✳✹ ❚r✐â♥❣✉❧♦ ❉✐❛❣♦♥❛❧ ❞❡ ✉♠ ◗✉❛❞râ♥❣✉❧♦

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♦s três ♣♦♥t♦s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ♥ã♦ sã♦ ❝♦❧✐♥❡❛r❡s✳

▼❛r❝❛r ♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AB ❡ CD✱ AC ❡ BD✱

AD ❡ BC✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ ABCD ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Pontos ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té Intersecção de Dois Objetos ❡✱ ❡♥tã♦

s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ AB ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ CD ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

◆❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✉❛s r❡t❛s s❡rá ♠❛r❝❛❞♦ ♦ ♣♦♥t♦ E ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ AC ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ BD ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

◆❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✉❛s r❡t❛s s❡rá ♠❛r❝❛❞♦ ♦ ♣♦♥t♦ F ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ AD ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ BC ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

◆❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✉❛s r❡t❛s s❡rá ♠❛r❝❛❞♦ ♦ ♣♦♥t♦ G ✳
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❱✐s✉❛❧✐③❛r ♦s ♣♦♥t♦s E✱ F ❡ G✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Ponteiro

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té Mover ❡✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ✉♠ ❞♦s ♣♦♥t♦s A✱ B ✱ C ♦✉

D ❡ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❙❡♠ s♦❧t❛r ♦ ❜♦tã♦✱ ♠♦✈❛ ♦ ♠♦✉s❡✱ ♣❛r❛ q✉❡ ♦s ♣♦♥t♦s E ✱ F ❡ G ♣♦ss❛♠

❛♣❛r❡❝❡r t♦❞♦s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

P♦❞❡ s❡r q✉❡ s❡❥❛ ♥❡❝❡ssár✐♦ ♠♦✈✐♠❡♥t❛r ♠❛✐s q✉❡ ✉♠ ❞♦s ♣♦♥t♦s A✱ B ✱

C ♦✉ D ✳

❈♦♥str✉✐r ♦ tr✐â♥❣✉❧♦ EFG

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas ✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida Por Dois

Pontos ✱ ❡ ❡♥tã♦ s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ E ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ F ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ E ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ G ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ F ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

▼♦✈❛ ♦ ❝✉rs♦r ❛té ♦ ♣♦♥t♦ G ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❉✐❢❡r❡♥❝✐❛r ❛s r❡t❛s EF ✱ EG ❡ FG

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ EF ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

◆❛ ❥❛♥❡❧❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Propriedades ❡ ❝❧✐❝❛r ❝♦♠

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳
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◆❛ ❥❛♥❡❧❛ Propriedades ❝❧✐❝❛r ❡♠ Cor ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❈♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❝❧✐❝❛r s♦❜r❡ ✉♠❛ ❞❛s ❝♦r❡s ❡ ❞❡♣♦✐s

❝❧✐❝❛r ❡♠ Fechar ✳

❋❛③❡r ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ❛s r❡t❛s EG ❡ FG ✳

➱ ✐♥t❡r❡ss❛♥t❡ q✉❡ ❛ ❝♦r ❞❛s três r❡t❛s s❡❥❛ ❛ ♠❡s♠❛✳

▼♦✈❡♥❞♦ ♦s ♣♦♥t♦s ❞♦ q✉❛❞râ♥❣✉❧♦ ABCD✳

❈♦♠♦ ❢❛③❡r✿ ▼♦✈✐♠❡♥t❡ ✉♠ ❞♦s ♣♦♥t♦s ✭A✱ B ✱ C ♦✉ D✮ ❡ ✈❡r✐✜q✉❡

q✉❡ ♦s ♣♦♥t♦s E ✱ F ❡ G sã♦ ❝♦❧✐♥❡❛r❡s ❛♣❡♥❛s q✉❛♥❞♦ ♥ã♦ ❤á ♦ q✉❛❞râ♥❣✉❧♦

ABCD ✳

✺✳✺ ◗✉❛❞r✐❧át❡r♦ ❈♦♠♣❧❡t♦

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠ q✉❛❞r✐❧át❡r♦ ❛tr❛✈és ❞❡ q✉❛tr♦ r❡t❛s ❞❛❞❛s✱ três ❛ três ♥ã♦

❝♦♥❝♦rr❡♥t❡s✳

❈♦♥str✉✐r ❛s r❡t❛s a✱ b✱ c ❡ d✱ ❞✐st✐♥t❛s✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Retas ✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Reta Definida Por Dois

Pontos ✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ❡s❝♦❧❤❛

✉♠❛ ♣♦s✐çã♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✱ ♣❛r❛ ❝r✐❛r ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦✳ ▼♦✈❛

♦ ❝✉rs♦r ♣❛r❛ ♦✉tr❛ ♣♦s✐çã♦ ❞❛ ❥❛♥❡❧❛✱ ❡ ❝❧✐q✉❡ ♥♦✈❛♠❡♥t❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦

❞♦ ♠♦✉s❡ ✭❛♣❛r❡❝❡rá ❛ r❡t❛ a ♥❛ t❡❧❛✮✳
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❘❡♣✐t❛ ♦ ♣r♦❝❡ss♦ ❞❡s❝r✐t♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r ♣❛r❛ ❝♦♥str✉✐r ❛s r❡t❛s b✱

c ❡ d ✱ ❡♠ ♣♦s✐çõ❡s ❞✐❢❡r❡♥t❡s✱ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ t♦♠❛♥❞♦ ♦ ❝✉✐❞❛❞♦

❞❡ três ❞❛s r❡t❛s a✱ b✱ c✱ d ♥ã♦ s❡r❡♠ ❝♦♥❝♦rr❡♥t❡s✳

▼❛r❝❛r ♦s ♣♦♥t♦s I✱ J ✱ K✱ L✱ M ❡ N ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Pontos ✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉r✲

s♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡

Intersecção de Dois Objetos ✱ ❡ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ a ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳ ▼♦✈❛ ♦ ❝✉rs♦r ❛té ❛ r❡t❛ b ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❆♣❛r❡❝❡rá ♦ ♣♦♥t♦ I ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✉❛s r❡t❛s✳

❆❣♦r❛✱ ♣♦s✐❝✐♦♥❡✱ ♥♦✈❛♠❡♥t❡✱ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ a ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳ ▼♦✈❛ ♦ ❝✉rs♦r ❛té ❛ r❡t❛ c ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❆♣❛r❡❝❡rá ♦ ♣♦♥t♦ J ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s ❞✉❛s r❡t❛s✳

❘❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ❛s r❡t❛s a ❡ d ✱ b ❡ c✱ b ❡ d ✱ c ❡ d ✱

t❡r❡♠♦s ♦s ♣♦♥t♦s K ✱ L✱ M ❡ N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡ ❛❧❣✉♠ ❞♦s ♣♦♥t♦s ♥ã♦ ❡st✐✈❡r ❛♣❛r❡❝❡♥❞♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱

♠♦✈❛ ✉♠ ✭♦✉ ♠❛✐s✮ ❞♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E ✱ F ✱ G ♦✉ H ✱ ❛té q✉❡ t♦❞♦s

♦s ♣♦♥t♦s ♣♦ss❛♠ s❡r ✈✐s✉❛❧✐③❛❞♦s✳

❚❡♠♦s✱ ❛ss✐♠✱ ❛s q✉❛tr♦ r❡t❛s a✱ b✱ c ❡ d ✱ ❡ ♦s s❡✐s ♣♦♥t♦s I ✱ J ✱ K ✱ L✱ M

❡ N ✱ q✉❡ ❢♦r♠❛♠ ♦ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ abcd ✳

▼♦✈❡♥❞♦ ♦s ❘ót✉❧♦s ✳ ▼✉✐t❛s ✈❡③❡s é ✐♥t❡r❡ss❛♥t❡ ♠♦✈❡r ♦ Rótulo ❞♦s

♣♦♥t♦s ❡✴♦✉ r❡t❛s✱ ♣❛r❛ ✈✐s✉❛❧✐③❛r ♠❡❧❤♦r ✉♠ ♦❜❥❡t♦✳

▼♦✈❡♥❞♦ r❡t❛s ❡ ♣♦♥t♦s✳ P♦❞❡✲s❡ ♠♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❧✐✈r❡♠❡♥t❡✱

❛♣❡♥❛s ♦s ♣♦♥t♦s ♥❛s ✐♥t❡rs❡❝çõ❡s ♥ã♦ ♣♦❞❡♠ s❡r ♠♦✈✐❞♦s ❞✐r❡t❛♠❡♥t❡✱ ♣♦✐s

❞❡♣❡♥❞❡♠ ❞❛ ♣♦s✐çã♦ ❞❛s r❡t❛s às q✉❡ ❡❧❡s sã♦ ✐♥❝✐❞❡♥t❡s✳
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❖❜s❡r✈❛çã♦✳ P♦❞❡♠♦s ❞❡✐①❛r ❛ ❝♦♥str✉çã♦ ❝♦♠ ♠❡♥♦s ❡❧❡♠❡♥t♦s✱ ✈✐s✉❛❧♠❡♥t❡

♠❛✐s ❧✐♠♣❛✱ r❡t✐r❛♥❞♦✱ ♥♦ ✜♥❛❧✱ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E ✱ F ✱ G ❡ H ✳ ❇❛st❛

♠♦✈❡r ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ ❞❡s❡❥❛❞♦ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

◆❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦ ♣♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Exibir Objeto✱ ❡ ❝❧✐❝❛r ❝♦♠

♦ ❜♦tã♦ ❡sq✉❡r❞♦✳

❖ ♣♦♥t♦ ❝♦♥t✐♥✉❛ ♥❛ ❝♦♥str✉çã♦✱ ♠❛s ♥ã♦ ❛♣❛r❡❝❡ ♥❛ t❡❧❛✳

❈❛s♦ s❡❥❛ ♣r❡❝✐s♦ r❡t♦r♥❛r ♦ ♣♦♥t♦✱ ♣♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛

❞❡ ❢❡rr❛♠❡♥t❛s Mover ✭ú❧t✐♠❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐✲

r❡✐t❛✮ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ ❡✱ s❡♠ s♦❧tá✲❧♦ ♠♦✈❛ ♦ ❝✉rs♦r

♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ❛té ❛ ♣❛❧❛✈r❛

Eibir/Esconder Objeto ❡✱ ❡♥tã♦ s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ ✭♦✉ ♦✉tr♦ ♦❜❥❡t♦✮ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ♣❛r❛ q✉❡ ❡❧❡ r❡❛♣❛r❡ç❛ ♥❛ t❡❧❛✳

✺✳✻ ❘❡t❛s ❉✐❛❣♦♥❛✐s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❛s três r❡t❛s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ ♥ã♦ sã♦

❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦✳

❈♦♥str✉✐r ❛s ❘❡t❛s ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞r✐❧át❡r♦ ❝♦♠♣❧❡t♦ abcd✱ ❝♦♠ ♦s ♣♦♥t♦s

I = a ∩ b✱ J = a ∩ c✱ K = a ∩ d✱ L = b ∩ c✱ M = b ∩ d ❡ N = c ∩ d✳

❚r❛ç❛r ❛s r❡t❛s IN ✱ JM ❡ KL✳

❆❧t❡r❛r ❛ ❝♦r ❞❛s r❡t❛s IN ✱ JM ❡ KL✱ ❞❡ ♣r❡❢❡rê♥❝✐❛ ❛s três ❞❛ ♠❡s♠❛

❝♦r✳

▼❛r❝❛r ♦ ♣♦♥t♦ O ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s IN ❡ KL✳

▼♦✈❡♥❞♦ ♦s ♣♦♥t♦s ❞♦ q✉❛❞r✐❧át❡r♦ abcd✳
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❈♦♠♦ ❢❛③❡r✿ ▼♦✈✐♠❡♥t❡ ✉♠❛ ❞❛s r❡t❛s a✱ b✱ c ♦✉ d ✭♦✉ ❛❧❣✉♠ ❞♦s

♣♦♥t♦s q✉❡ sã♦ ✐♥❝✐❞❡♥t❡s ❛ ✉♠❛ ❞❡ss❛s r❡t❛s✮ ❡ ✈❡r✐✜q✉❡ q✉❡✱ q✉❛♥❞♦ ❡①✐st❡

♦ q✉❛❞r✐❧át❡r♦✱ ♦ ♣♦♥t♦ O ♥ã♦ é ✐♥❝✐❞❡♥t❡ à r❡t❛ JM ✳

✺✳✼ ❈♦♥str✉çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉❡s❛r❣✉❡s

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ❞♦✐s tr✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s✳

❚r✐â♥❣✉❧♦ ABC ❡ ♣♦♥t♦ O✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ tr✐â♥❣✉❧♦ ABC ✳

▼❛r❝❛r ✉♠ ♣♦♥t♦✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s ❞♦ tr✐â♥❣✉❧♦✳ ❖ ●❡♦●❡❜r❛

♥♦♠❡♦✉ ✭❝♦❧♦❝♦✉ ♦ Rótulo✮ ♦ ♣♦♥t♦ ❝♦♠ ❛ ❧❡tr❛ D ✳

❉❡✈❡♠♦s ❛❧t❡r❛r ♦ Rótulo ❞♦ ♣♦♥t♦ ❞❡ D ♣❛r❛ O ✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ ❡ ❝❧✐❝❛r ❝♦♠ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳ ◆❛

❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦ ♣♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Renomear ✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦✳

❉✐❣✐t❛r ♦ ♥♦✈♦ ♥♦♠❡ ♣❛r❛ ♦ ♣♦♥t♦ D ✭❞✐❣✐t❛r O✮✳

Pr♦❥❡çã♦ ❞♦ tr✐â♥❣✉❧♦ ABC ♣❡❧♦ ♣♦♥t♦ O✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s OA✱ OB ❡ OC ✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ OA ❡ ❝❧✐❝❛r ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

❈❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ s♦❜r❡ Propriedades ✳

◆❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ s♦❜r❡ Estilo✳

❈❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❛ s❡t❛ H ❡ ♠✉❞❛r ♦ Estilo

❞❛ r❡t❛✱ ❝❧✐❝❛♥❞♦ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ s♦❜r❡ −−−−−✳

❈❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ s♦❜r❡ Fechar ✳

❘❡♣❡t✐r ♦ ♣r♦❝❡ss♦ ❢❡✐t♦ ❝♦♠ ❛ r❡t❛ OA✱ ♣❛r❛ ❛s r❡t❛s OB ❡ OC ✳
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▼❛r❝❛r ♦s ♣♦♥t♦s A′✱ B′ ❡ C′✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Pontos ✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Novo Ponto✱ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ OA✱ ♥ã♦ s♦❜r❡ ♦s

♣♦♥t♦s O ♦✉ A✱ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❛♣❛r❡❝❡rá ✉♠

♣♦♥t♦ s♦❜r❡ ❛ r❡t❛✱ ❝♦♠ rót✉❧♦ D ✳ ❆❧t❡r❛r ♦ rót✉❧♦ ❞❡ss❡ ♣♦♥t♦ ♣❛r❛ A′✳

❘❡♣✐t❛ ❡ss❡ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ♠❛r❝❛r ♦s ♣♦♥t♦s B ′✱ ♥❛ r❡t❛ OB✱ ❡ C ′✱

♥❛ r❡t❛ OC ✳

❈♦♥str✉✐r ♦ tr✐â♥❣✉❧♦ A′B′C′✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s A′B ′✱ B ′C ′ ❡ A′C ′✳

❆❧t❡r❛r ❛s ❝♦r❡s ❞❛s r❡t❛s A′B ′✱ B ′C ′ ❡ A′C ′✱ ❞❡ ♣r❡❢❡rê♥❝✐❛ ❛ ♠❡s♠❛ ❝♦r

♣❛r❛ ❛s três✳

▼❛r❝❛r ♦s ♣♦♥t♦s D✱ E ❡ F ✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ D ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AB ❡ A′B ′✱ ♦

♣♦♥t♦ E ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s BC ❡ B ′C ′ ❡ ♦ ♣♦♥t♦ F ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s

r❡t❛s AC ❡ A′C ′✳

❙❡ ♦s ♣♦♥t♦s D ✱ E ❡ F ♥ã♦ ❛♣❛r❡❝❡♠ t♦❞♦s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱

♠♦✈❡r ♦s ♦✉tr♦s ♣♦♥t♦s✱ ❛té q✉❡ s❡ t❡♥❤❛ t♦❞♦s ♦s ♣♦♥t♦s ♥❛ ❥❛♥❡❧❛✳

❱❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s D✱ E ❡ F sã♦ ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ DF ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Inserir ✭❞é❝✐♠❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦
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❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛

❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Relação Entre Dois Objetos ✱ ❡♥tã♦

s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ DF ❡ ❝❧✐q✉❡ ❝♦♠ ♦

❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ E ❡ ❝❧✐q✉❡ ❝♦♠

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❆♣❛r❡❝❡rá ✉♠❛ ❝❛✐①❛ ❝♦♠ ✉♠❛ ♠❡♥s❛❣❡♠✱ ❝❧✐q✉❡ s♦❜r❡ ♦ OK ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❛ ♦s ♣♦♥t♦s ❞♦s ✈ért✐❝❡s ❞♦s tr✐â♥❣✉❧♦s ABC ❡✴♦✉ A′B ′C ′✱ ❡✴♦✉ ♦

♣♦♥t♦ O ✳

❱❡r✐✜q✉❡ q✉❡ ♦s ♣♦♥t♦s D ✱ E ❡ F ❝♦♥t✐♥✉❛♠ ❝♦❧✐♥❡❛r❡s✳

✺✳✽ ❍❡①á❣♦♥♦ A1A2A3A4A5A6

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ s❡ A1A2 ✱ A3A4 ✱ A5A6 sã♦ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♣♦♥t♦✱ ❡ A2A3 ✱

A4A5 ✱ A6A1 sã♦ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠ ♦✉tr♦ ♣♦♥t♦✱ ❡♥tã♦ ❛s r❡t❛s A1A4 ✱

A2A5 ❡ A3A6 sã♦ ❝♦♥❝♦rr❡♥t❡s✳

❈♦♥str✉✐r ❛s r❡t❛s A1A2✱ A3A4✱ A5A6✱ A2A3✱ A4A5 ❡ A6A1✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s A ❡ B ✱ ❞✐st✐♥t♦s✳

❚r❛ç❛r ❛s r❡t❛s AC ✱ AD ❡ AE ✱ ♥❡♥❤✉♠❛ ❞❡❧❛s ✐♥❝✐❞❡♥t❡s ❛♦ ♣♦♥t♦ B ✳

▼❛r❝❛r ♥❛ r❡t❛ AC ♦s ♣♦♥t♦s✱ ❞✐st✐♥t♦s✱ F ❡ G ✱ ♥ã♦ ❝♦✐♥❝✐❞❡♥t❡s ❛♦s

♣♦♥t♦s A ❡ C ✳

❆❧t❡r❛r ♦s rót✉❧♦s ❞♦s ♣♦♥t♦s F ❡ G ♣❛r❛ A1 ❡ A2 ✭♥❛ ❥❛♥❡❧❛ Renomear ✱

❞✐❣✐t❛r ❆❴✶ ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❡ ❆❴✷ ♣❛r❛ ♦ s❡❣✉♥❞♦ ♣♦♥t♦✮✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❚r❛ç❛r ❛s r❡t❛s BA1 ❡ BA2 ✳

▼❛r❝❛r ♦s ♣♦♥t♦s F = AD ∩ BA1 ❡ G = AE ∩ BA2✳
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❆❧t❡r❛r ♦s rót✉❧♦s ❞♦s ♣♦♥t♦s F ❡ G ♣❛r❛ A6 ❡ A3 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▼❛r❝❛r ♦ ♣♦♥t♦ F ✱ s♦❜r❡ ❛ r❡t❛ AE ✱ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s A✱ A3 ❡ E ✱ ❡ ♥ã♦

✐♥❝✐❞❡♥t❡ à r❡t❛ BA1 ✳

❚r❛ç❛r ❛ r❡t❛ BF ✳

▼❛r❝❛r ♦ ♣♦♥t♦ G ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s BF ❡ AD ✳

❆❧t❡r❛r ♦s rót✉❧♦s ❞♦s ♣♦♥t♦s F ❡ G ✱ ♣❛r❛ A4 ❡ A5 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥str✉✐r ♦ ❤❡①á❣♦♥♦ A1A2A3A4A5A6A1✳

❈♦♠♦ ❢❛③❡r✿ ❆s r❡t❛s A1A2 ✱ A2A3 ✱ A3A4 ✱ A4A5 ✱ A5A6 ❡ A1A6 ❥á

❢♦r♠❛♠ ♦ ❤❡①á❣♦♥♦✳

▼♦str❛r q✉❡ ❛s r❡t❛s A1A4✱ A2A5❡ A3A6 sã♦ ❝♦♥❝♦rr❡♥t❡s✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s A1A4 ✱ A2A5 ❡ A3A6 ✳

❆❧t❡r❛r ❛ ❝♦r ❞❛s r❡t❛s A1A4 ✱ A2A5 ❡ A3A6 ✱ ❞❡ ♣r❡❢❡rê♥❝✐❛ ❛s três r❡t❛s

❝♦♠ ❛ ♠❡s♠❛ ❝♦r✳

▼❛r❝❛r ♦ ♣♦♥t♦ F ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s A1A4 ❡ A2A5 ✳

❙❡ ♦ ♣♦♥t♦ F ♥ã♦ ❡st✐✈❡r ✈✐sí✈❡❧ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ♠♦✈❡r ♦s ♣♦♥t♦s✱

❛té q✉❡ ❡❧❡ s❡❥❛ ✈✐sí✈❡❧✳

❱❡r✐✜❝❛r ❝♦♠ ❛ Relação Entre Dois Objetos q✉❡ ♦ ♣♦♥t♦ F é ✐♥❝✐❞❡♥t❡ à

r❡t❛ A3A6 ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡✴♦✉ ❛s r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡✱ ♠❛♥t❡♥❞♦✲s❡ ♦ ❤❡①á❣♦♥♦✱

❛ ♣r♦♣r✐❡❞❛❞❡ ♣❡r♠❛♥❡❝❡ ✈á❧✐❞❛✳

✺✳✾ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ ❘❡t❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❞♦✐s tr✐â♥❣✉❧♦s ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ r❡t❛ sã♦ ♣❡rs♣❡❝t✐✈♦s ♣♦r

✉♠ ♣♦♥t♦✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✸✽

❈♦♥str✉✐r ♦s tr✐â♥❣✉❧♦s ABC ❡ A′B′C′✱ ♣❡rs♣❡❝t✐✈♦s ♣♦r ✉♠❛ r❡t❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ tr✐â♥❣✉❧♦ ABC ✳

❉❡s❡♥❤❛r ❛ r❡t❛ DE ✳

▼❛r❝❛r ♦s ♣♦♥t♦s F = AB ∩ DE ✱ G = BC ∩DE ❡ H = AC ∩DE✳

❙❡ ♦s ♣♦♥t♦s F ✱ G ❡ H ♥ã♦ ❛♣❛r❡❝❡♠✱ t♦❞♦s✱ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱

♠♦✈❡r ♦s ♣♦♥t♦s ❞♦ tr✐â♥❣✉❧♦ ❛té q✉❡ s❡❥❛♠ ✈✐sí✈❡✐s✳

▼❛r❝❛r ♦ ♣♦♥t♦ I ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s AB ✱ BC ✱ AC ♦✉ DE ✳

❘❡♥♦♠❡❛r ♦ ♣♦♥t♦ I ♣❛r❛ B ′✳

❚r❛ç❛r ❛s r❡t❛s B ′F ❡ B ′G ✳

▼❛r❝❛r ♥❛ r❡t❛ B ′F ♦ ♣♦♥t♦ A′✱ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s B ′ ❡ F

❚r❛ç❛r ❛ r❡t❛ A′H ❡ ♠❛r❝❛r ♦ ♣♦♥t♦ C ′ = B′G ∩ A′H✳

▼✉❞❛r ❛ ❝♦r ❞❛s r❡t❛s A′B ′✱ B ′C ′ ❡ A′C ′✳

❱❡r✐✜❝❛r q✉❡ ❛s r❡t❛s AA′✱ BB′ ❡ CC′ sã♦ ❝♦♥❝♦rr❡♥t❡s ❡♠ ✉♠

♣♦♥t♦✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s AA′✱ BB ′ ❡ CC ′✳

❊♠ Propriedades ✱ ♠✉❞❛r ♦ Estilo ❞❛s r❡t❛s AA′✱ BB ′ ❡ CC ′ ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ O ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s AA′ ❡ BB ′✳

❱❡r✐✜❝❛r ❝♦♠ Relação Entre Dois Objetos ✱ q✉❡ ♦ ♣♦♥t♦ O é ✐♥❝✐❞❡♥t❡ à

r❡t❛ CC ′✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡✴♦✉ r❡t❛s✱ ❞❛ ❝♦♥str✉çã♦✱ ❡ ✈❡r✐✜❝❛r q✉❡ s❡ ♠❛♥t❡♥❞♦

♦s tr✐â♥❣✉❧♦s✱ ♦ ♣♦♥t♦ O ❝♦♥t✐♥✉❛ ✐♥❝✐❞❡♥t❡ à r❡t❛ CC ′✳

✺✳✶✵ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r ❞❡ P♦♥t♦s

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✸✾

❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

❚r❛ç❛r ❛ r❡t❛ MN ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ q✉❛❧q✉❡r ❞♦s ♣♦♥t♦s P ✱ Q ✱ R ♦✉ S ✳

❊♠ Propriedades ✱ ♠✉❞❛r ♦ Estilo ❞❛ r❡t❛ MN ♣❛r❛ −−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s A = PQ ∩ MN ✱ B = PS ∩ MN ✱ C = PR ∩ MN ✱

D = RS ∩MN ✱ E = QR ∩MN ❡ F = QS ∩MN ✳

❙❡ ❛❧❣✉♠ ❞♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ✱ E ♦✉ F ♥ã♦ ❡st✐✈❡r❡♠ ✈✐sí✈❡✐s ♥❛

❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ♠♦✈❡r ❛ r❡t❛ MN ♦✉ ❛❧❣✉♠ ❞♦s ♦✉tr♦s ♣♦♥t♦s ♣❛r❛

q✉❡ ✜q✉❡♠ ✈✐sí✈❡✐s✳

✺✳✶✶ ❉♦✐s ◗✉❛❞râ♥❣✉❧♦s ❉✐st✐♥t♦s ❝♦♠ ♠❡s♠♦

❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r ❞❡ P♦♥t♦s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♦ s❡①t♦ ♣♦♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s é ❞❡t❡r✲

♠✐♥❛❞♦ ❞❡ ❢♦r♠❛ ú♥✐❝❛ ♣❡❧♦s ♦✉tr♦s ❝✐♥❝♦ ♣♦♥t♦s✳

❈♦♥str✉✐r ❞♦✐s q✉❛❞râ♥❣✉❧♦s ❞✐st✐♥t♦s ❝♦♠ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ q✉❛✲

❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ❡ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉✲

❧❛r ❞❡ ♣♦♥t♦s (AD)(BE)(CF )✳

▼❛r❝❛r ✉♠ ♣♦♥t♦ Q ′✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s PQ ✱ PR✱ PS ✱ QR✱ QS ✱ RS

❡ MN ✳

❊♠ Propriedades ✱ ♠✉❞❛r ❛ ❝♦r ❞♦ ♣♦♥t♦ Q ′✳

❚r❛ç❛r ❛s r❡t❛s Q ′A ❡ Q ′E ✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❛s ❞✉❛s r❡t❛s ♣❛r❛ ❛ ♠❡s♠❛

❝♦r ❞♦ ♣♦♥t♦ Q ′✳

▼❛r❝❛r ♦ ♣♦♥t♦ P ′ ♥❛ r❡t❛ Q ′A✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❡ ♣♦♥t♦ ♣❛r❛ ❛ ♠❡s♠❛

❝♦r ❞♦ ♣♦♥t♦ Q ′✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✹✵

❚r❛ç❛r ❛s r❡t❛s P ′C ❡ P ′B ✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❛s r❡t❛s ♣❛r❛ ❛ ♠❡s♠❛ ❝♦r

❞♦ ♣♦♥t♦ Q ′✳

▼❛r❝❛r ♦ ♣♦♥t♦ R′ = P ′C ∩Q ′E ✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❡ ♣♦♥t♦ ♣❛r❛ ❛ ♠❡s♠❛

❝♦r ❞♦ ♣♦♥t♦ Q ′✳

❚r❛ç❛r ❛ r❡t❛ R′D ✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❛ r❡t❛ ♣❛r❛ ❛ ♠❡s♠❛ ❝♦r ❞♦ ♣♦♥t♦

Q ′✳

▼❛r❝❛r ♦ ♣♦♥t♦ S ′ = R′D ∩ P ′B ✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❡ ♣♦♥t♦ ♣❛r❛ ❛ ♠❡s♠❛

❝♦r ❞♦ ♣♦♥t♦ Q ′✳

❚r❛ç❛r ❛ r❡t❛ Q ′S ′✱ ❡ ♠✉❞❛r ❛ ❝♦r ❞❡ss❛ r❡t❛ ♣❛r❛ ❛ ♠❡s♠❛ ❝♦r ❞♦ ♣♦♥t♦

Q ′✱ ❡ ♦ ❡st✐❧♦ ♣❛r❛ −−−−−✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ F é ✐♥❝✐❞❡♥t❡ à r❡t❛ Q ′S ′✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ r❡t❛s ♣❛r❛ ✈❡r✐✜❝❛r q✉❡✱ ♠❛♥t❡♥❞♦ ♦s ❝✐♥❝♦ ♣♦♥t♦s

❞♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r✱ ♦ ♣♦♥t♦ F ❝♦♥t✐♥✉❛ ✐♥❝✐❞❡♥t❡ à r❡t❛ Q ′S ′✳

✺✳✶✷ ❈♦♥❥✉♥t♦ ❍❛r♠ô♥✐❝♦

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ ❞❡ ♣♦♥t♦s✳

❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ ❞❡ ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A = PR ∩ RS ❡ B = PS ∩QR✳

❚r❛ç❛r ❛ r❡t❛ AB ✱ ❡ ♠❛r❝❛r ♦s ♣♦♥t♦s C = AB ∩ PR ❡ D = AB ∩QS ✳

❆❧t❡r❛r ❛ ❝♦r ❞❛ r❡t❛ AB ❡ ❞♦s ♣♦♥t♦s A✱ B ✱ C ❡ D ✳

❚❡♠♦s✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ H (AB,CD)✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ♣❡r❝❡❜❡r ❛ ♠✉❞❛♥ç❛ ❞♦s ♣♦♥t♦s ❤❛r♠ô✲

♥✐❝♦s✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✹✶

✺✳✶✸ Pr♦❥❡çã♦ ❞❡ ✉♠ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r

❞❡ P♦♥t♦s ❡♠ ✉♠❛ ❘❡t❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s ❞❛ ♣r♦❥❡çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❡♠ ✉♠❛

r❡t❛ ❞❛❞❛✱ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳

❈♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r (AD) (BE) (CF ) ❛

♣❛rt✐r ❞♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

Pr♦❥❡t❛r ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❡♠ ✉♠❛ r❡t❛✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ PQ ✱ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦

❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳ ❈❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡ s♦❜r❡ Exibir Objeto✳

❘❡♣❡t✐r ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❛s r❡t❛s PR✱ PS ✱ QR✱ QS ❡ RS ✱ ❡ ♣❛r❛

♦s ♣♦♥t♦s P ✱ Q ✱ R ❡ S ✳

▼❛r❝❛r ♦ ♣♦♥t♦ O ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ AB ✳

❚r❛ç❛r ❛s r❡t❛s OA✱ AB ✱ OC ✱ OD ✱ OE ❡ OF ✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❡ss❛s

r❡t❛s ♣❛r❛ −−−−−✳

❚r❛ç❛r ❛ r❡t❛ TU ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛ O ❡ ❞✐st✐♥t❛ ❞❛ r❡t❛ AB ✳ ❆❧t❡r❛r ❛ ❝♦r

❞❡st❛ r❡t❛✳

▼❛r❝❛r ♦s ♣♦♥t♦s A′ = OA ∩ TU ✱ B ′ = OB ∩ TU ✱ C ′ = OC ∩ TU ✱

D ′ = OD ∩ TU ✱ E ′ = OE ∩ TU ❡ F ′ = OF ∩ TU ✳ ❆❧t❡r❛r ❛ ❝♦r ❞❡ss❡s ♣♦♥✲

t♦s ♣❛r❛ ❛ ♠❡s♠❛ ❝♦r ❞❛ r❡t❛ TU ✳

▼❛r❝❛r ♦ ♣♦♥t♦ V ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ TU ✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❡ss❡

♣♦♥t♦ ♣❛r❛ ◦✳

❚r❛ç❛r ❛ r❡t❛ A′V ✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❡ss❛ r❡t❛ ♣❛r❛ · · · · · · · · · · · · · · ·✳
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▼❛r❝❛r ♦s ♣♦♥t♦s H ′ = A′V ∩OF ✱ I ′ = OE ∩ A′V ✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦

❞❡ss❡s ♣♦♥t♦s ♣❛r❛ ◦✳

❚r❛ç❛r ❛s r❡t❛s B ′H ′ ❡ C ′I ′✳

▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s B ′H ′ ❡ C ′I ′ ♣❛r❛ · · · · · · · · · · · · · · ·✳

▼❛r❝❛r ♦ ♣♦♥t♦ J ′ = B ′H ′ ∩ C ′I ′✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❡ss❡ ♣♦♥t♦ ♣❛r❛ ◦✳

▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s OD ✱ OF ❡ OE ♣❛r❛ · · · · · · · · · · · · · · ·✳

❆tr❛✈és ❞♦ Exibir Objeto✱ ❡s❝♦♥❞❡r ❛s r❡t❛s OA✱ OB ❡ OC ❡ ♦ ♣♦♥t♦ V ✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ J ′ é ✐♥❝✐❞❡♥t❡ à r❡t❛ OD ✳

▼♦✈✐♠❡♥t❛r ❛s r❡t❛s ❡ ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ J ′ ❝♦♥t✐♥✉❛ ✐♥❝✐❞❡♥t❡

à r❡t❛ OD ✳

✺✳✶✹ P❡rs♣❡❝t✐✈✐❞❛❞❡ ❡♠ H (AB,CD)

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ q✉❛♥❞♦ ABCD
O

[A′BC ′D ′ é ✉♠❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❡♥tr❡ ❞✉❛s

r❡t❛s ❞✐st✐♥t❛s ✭❝♦♠ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❡♠ B✮ ❡ H (AB ,CD)✱ ❡♥tã♦

H (A′B ,C ′D ′)✳

▼❛r❝❛r ♦s ♣♦♥t♦s A✱ B✱ C ❡ D ❡♠ ✉♠❛ r❡t❛✱ ❞❡ ❢♦r♠❛ q✉❡

H (AB,CD)✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ ❝♦♥❥✉♥t♦ ❤❛r♠ô♥✐❝♦ H (AB ,CD)✱ ❡ ❡s❝♦♥❞❡r

✭Exibir Objeto✮ ❛s r❡t❛s ❡ ♣♦♥t♦s q✉❡ ❢♦r♠❛♠ ♦ q✉❛❞râ♥❣✉❧♦✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ABCD
O

[ A′BC ′D ′✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ O✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ AB ✳

❚r❛ç❛r ❛ r❡t❛ OA✳

▼❛r❝❛r ♦ ♣♦♥t♦ A′ s♦❜ ❛ r❡t❛ OA✱ ❞✐st✐♥t♦ ❞❡ O ❡ A✳
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❚r❛ç❛r ❛ r❡t❛ BA′✳

❚r❛ç❛r ❛s r❡t❛s OC ✱ OB ❡ OD ✳

▼❛r❝❛r ♦s ♣♦♥t♦s C ′ = OC ∩ A′B ❡ D′ = OD ∩ A′B✳

❱❡r✐✜❝❛r q✉❡ H (A′B,C′D′)✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s ❡ OD ✳

❚r❛ç❛r ❛s r❡t❛s AD ′ ❡ CE ✳

▼❛r❝❛r ♦ ♣♦♥t♦ E = OB ∩ AD ′✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ A′ é ✐♥❝✐❞❡♥t❡ à r❡t❛ CE ✳

▼♦✈❡r ♦s ♣♦♥t♦s O ❡ A′✱ ❡ ✈❡r✐✜❝❛r q✉❡ s❡ ♠❛♥té♠ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛

H (A′B, )C ′D′✱ ♦✉ s❡❥❛✱ ♦ ♣♦♥t♦ A′ ♣❡r♠❛♥❡❝❡ ✐♥❝✐❞❡♥t❡ à r❡t❛ CE ✳

✺✳✶✺ ❚r♦❝❛r P❛r❡s ❞❡ P♦♥t♦s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♣♦r✱ ♥♦ ♠á①✐♠♦✱ três ♣❡rs♣❡❝t✐✈✐❞❛❞❡s ♣♦❞❡♠♦s tr♦❝❛r ♣❛r❡s ❞❡

♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ AA′BB′

O

[ DEFB′✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ AB ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A′ ❡ B ′✱ ✐♥❝✐❞❡♥t❡s à r❡t❛ AB ❡ ❞✐st✐♥t♦s ❞♦s ♣♦♥t♦s A

❡ B ✳

▼❛r❝❛r ♦ ♣♦♥t♦ C ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ AB ✳

❚r❛ç❛r ❛ r❡t❛ B ′C ✳

▼❛r❝❛r ♦ ♣♦♥t♦ O ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s AB ❡ CB ′✳

❚r❛ç❛r ❛s r❡t❛s OA✱ OA′✱ OB ❡ OB ′✳ ▼♦❞✐✜❝❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s D = B′C ∩OA✱ E = B ′C ∩ A′O ❡ F = B ′C ∩ BO ✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✹✹

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ DEFB′

A

[ CGFB✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s AE ❡ AF ✳

▼❛r❝❛r ♦ ♣♦♥t♦ G = BO ∩ AE ✳

❊s❝♦♥❞❡r ❛s r❡t❛s EA′ ❡ OB ′✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s AE ✱ AF ❡ AB ♣❛r❛ −−−−−✱ ❡ ♦ ❡st✐❧♦ ❞❛

r❡t❛ OB ♣❛r❛ ✖✖✖✖✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ CGFB
E

[ A′AB′B✳

❈♦♠ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ EB ✳

❊s❝♦♥❞❡r ❛s r❡t❛s OA ❡ AF ✳

▼♦str❛r ❛ r❡t❛ OA′✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s EB ′ ❡ EB ♣❛r❛ −−−−−✱ ❡ ♦ ❡st✐❧♦ ❞❛ r❡t❛

AB ♣❛r❛ ✖✖✖✖✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✶✻ Pr♦❥❡t✐✈✐❞❛❞❡ ❡♥tr❡ P♦♥t♦s ❞❡ ❞✉❛s ❘❡t❛s

❉✐st✐♥t❛s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❛tr❛✈és ❞❡ ❞♦✐s ❝❡♥tr♦s ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡s✱ ♣♦❞❡♠ s❡r ♣r♦❥❡t❛✲

❞♦s ♦s ♣♦♥t♦s A✱ B ❡ C ❞❡ ✉♠❛ r❡t❛✱ ♥♦s ♣♦♥t♦s A′✱ B ′ ❡ C ′ ❞❡ ♦✉tr❛ r❡t❛✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚r❛ç❛r r❡t❛s ❡ ♠❛r❝❛r ♣♦♥t♦s✳
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❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s PQ ❡ RS ✱ ❞✐st✐♥t❛s✳

▼❛r❝❛r ♦s ♣♦♥t♦ A✱ B ❡ C ✱ ✐♥❝✐❞❡♥t❡s à r❡t❛ PQ ✱ ♠❛s ♥ã♦ ✐♥❝✐❞❡♥t❡s à

r❡t❛ RS ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A′✱ B ′ ❡ C ′✱ ✐♥❝✐❞❡♥t❡s à r❡t❛ RS ✱ ♠❛s ♥ã♦ ✐♥❝✐❞❡♥t❡s à

r❡t❛ PQ ✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ABC
T

[ A′B ′′C ′′✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ AA′✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s T ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ AA′✱ ❡ ♦ ♣♦♥t♦ U ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às

r❡t❛s AA′✱ PQ ♦✉ RS ✳

❚r❛ç❛r ❛ r❡t❛ A′U ✳

❚r❛ç❛r ❛s r❡t❛s TB ❡ TC ✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s ❞✉❛s r❡t❛s ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s B′′ = BT ∩ A′U ❡ C ′′ = CT ∩ A′U ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ A′B ′′C ′′

V

[ A′B ′C ′✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s AA′✱ TB ❡ TC ✳

❚r❛ç❛r ❛s r❡t❛s B ′B ′′ ❡ C ′C ′′✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛ r❡t❛s ♣❛r❛−−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ V = B′B′′ ∩ C ′C ′′✳

❚r❛ç❛r ❛ r❡t❛ VA′ ❡ ❛❧t❡r❛r s❡✉ ❡st✐❧♦ ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✶✼ Pr♦❥❡t✐✈✐❞❛❞❡ ❡♥tr❡ P♦♥t♦s ❞❡ ✉♠❛

♠❡s♠❛ ❘❡t❛

❖❜❥❡t✐✈♦✿
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▼♦str❛r q✉❡ ♣♦r✱ ♥♦ ♠á①✐♠♦✱ três ♣❡rs♣❡❝t✐✈✐❞❛❞❡s ♣♦❞❡♠♦s ♣r♦❥❡t❛r ♦s

♣♦♥t♦s A✱ B ❡ C ❡♠ A′✱ B ′ ❡ C ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ t♦❞♦s ❡ss❡s ♣♦♥t♦s

sã♦ ❝♦❧✐♥❡❛r❡s✳

❚r❛ç❛r r❡t❛ ❡ ♠❛r❝❛r ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛s PQ ✳

▼❛r❝❛r ♦s ♣♦♥t♦ A✱ B ✱ C ✱ A′✱ B ′ ❡ C ′✱ ✐♥❝✐❞❡♥t❡s à r❡t❛ PQ✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ABC
F

[ A1B1C1 ✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ D ♥❛ r❡t❛ PQ ✱ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s A✱ B ✱

C ✱ A′✱ B ′ ❡ C ′✳

▼❛r❝❛r ♦ ♣♦♥t♦ E ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✳

❚r❛ç❛r ❛ r❡t❛ DE ✳

▼❛r❝❛r ♦ ♣♦♥t♦ F ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s PQ ♦✉ DE ✳

❚r❛ç❛r ❛s r❡t❛s AF ✱ BF ❡ CF ✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s A1 = AF ∩ DE ✱ B1 = BF ∩ DE ❡ C1 = CF ∩ DE ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ A1B1C1

T

[ A′B ′′C ′′✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s FA✱ FB ❡ FC ✳

❚r❛ç❛r ❛ r❡t❛ A1A
′✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛ r❡t❛ ♣❛r❛ −−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s T ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ A1A
′✱ ❡ ♦ ♣♦♥t♦ U ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡

às r❡t❛s A1A
′✱ PQ ♦✉ DE ✳

❚r❛ç❛r ❛ r❡t❛ A′U ✳

❚r❛ç❛r ❛s r❡t❛s TB1 ❡ TC1 ✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s ❞✉❛s r❡t❛s ♣❛r❛

−−−−−✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✹✼

▼❛r❝❛r ♦s ♣♦♥t♦s B′′ = B1T ∩ A′U ❡ C ′′ = C1T ∩ A′U ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ A′B ′′C ′′

V

[ A′B ′C ′✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s A1A
′✱ TB1 ❡ TC1 ✳

❚r❛ç❛r ❛s r❡t❛s B ′B ′′ ❡ C ′C ′′✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛ r❡t❛s ♣❛r❛−−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ V = B′B′′ ∩ C ′C ′′✳

❚r❛ç❛r ❛ r❡t❛ VA′ ❡ ❛❧t❡r❛r s❡✉ ❡st✐❧♦ ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✶✽ P❡rs♣❡❝t✐✈✐❞❛❞❡ q✉❡ ❚r♦❝❛ ♣❛r❡s ❞❡ P♦♥✲

t♦s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♣❛r❛ q✉❛✐sq✉❡r q✉❛tr♦ ♣♦♥t♦s ❞✐st✐♥t♦s ❡ ❝♦❧✐♥❡❛r❡s ✈❛❧❡ ❛ ♣r♦✲

❥❡t✐✈✐❞❛❞❡ ABCD ⊼BADC✳

❚r❛ç❛r r❡t❛ ❡ ♠❛r❝❛r ♦s ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ PQ ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A✱ B ✱ C ❡ D ✐♥❝✐❞❡♥t❡s à r❡t❛ PQ ✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ABCD
E

[ AB ′C ′D ′✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ R✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✳

❚r❛ç❛r ❛ r❡t❛ AR✳

▼❛r❝❛r ♦ ♣♦♥t♦ E ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s AR ♦✉ PQ ✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✹✽

❚r❛ç❛r ❛s r❡t❛s AE ✱ BE ✱ CE ❡ DE ✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛

−−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s B ′ = EB ∩ AR✱ C ′ = EC ∩ AR ❡ D ′ = ED ∩ AR✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ AB ′C ′D ′

D

[ BB ′C ′′E ✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s EC ❡ EA✳

❚r❛ç❛r ❛s r❡t❛s B ′D ❡ C ′D ✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛ −−−−−✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ AQ ♣❛r❛ −−−−−✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ EB ♣❛r❛ ✖✖✖✖✳

▼❛r❝❛r ♦ ♣♦♥t♦ C ′′ = DC ′ ∩ BE ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ BB ′C ′′E
C′

[ BADC ✳

❈♦♠♦ ❢❛③❡r✿ ❊①✐❜✐r ❛ r❡t❛ EC ❡ ❡s❝♦♥❞❡r ❛ r❡t❛ B ′D ❡ D ′E ✳

❚r❛ç❛r ❛ r❡t❛ C ′B ❡ ❛❧t❡r❛r s❡✉ ❡st✐❧♦ ♣❛r❛ −−−−−✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ AR ♣❛r❛ −−−−−✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ PQ ♣❛r❛ ✖✖✖✖✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✶✾ Pr♦❥❡t✐✈✐❞❛❞❡ P❛r❛❜ó❧✐❝❛

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ♣❛r❛❜ó❧✐❝❛✳

❈♦♥str✉✐r ✉♠ q✉❛❞râ♥❣✉❧♦ ❡ s❡✉ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r✳
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❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

▼❛r❝❛r ♦ ♣♦♥t♦ C = PQ ∩ SR✳

▼❛r❝❛r ♦ ♣♦♥t♦ A✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ PS ❡ ❞✐st✐♥t♦ ❞♦s ♣♦♥t♦s P ❡ S ✳

❚r❛ç❛r ❛ r❡t❛ AC ✳

▼❛r❝❛r ♦s ♣♦♥t♦s B = QS ∩ AC ✱ D = QR ∩ AC ❡ E = PR ∩ AC ✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ AEC
P

[ SRC✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s QS ❡ QR✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s PR✱ PQ ❡ PS ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ SRC
Q

[ BDC ✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s PS ❡ PR✳

❊①✐❜✐r ❛s r❡t❛ SQ ❡ QR✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✷✵ Pr♦❥❡t✐✈✐❞❛❞❡ ❍✐♣❡r❜ó❧✐❝❛

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛✳

❈♦♥str✉✐r ✉♠ q✉❛❞râ♥❣✉❧♦ ❡ s❡✉ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

❚r❛ç❛r ❛ r❡t❛ MN ✱ ❝♦♠ t♦❞♦s ♦s ✈ért✐❝❡s ❞♦ q✉❛❞râ♥❣✉❧♦ ♥ã♦ ✐♥❝✐❞❡♥t❡s

à r❡t❛ MN ✳
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▼❛r❝❛r ♦s ♣♦♥t♦s A = PS ∩MN ✱ B = QS ∩MN ✱ C = SR ∩MN ✱

D = QR ∩MN ✱ E = PR ∩MN ❡ F = PQ ∩MN ✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦s ♣♦♥✲

t♦s C ❡ F s❡❥❛♠ ❞✐st✐♥t♦s✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ AEC
P

[ SRC✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ PC ✳

▼❛r❝❛r ♦ ♣♦♥t♦ G = PQ ∩ RS ✳

❊s❝♦♥❞❡r ❛s r❡t❛s QS ❡ QR✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s PC ✱ PR✱ PQ ❡ PS ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ SRCF
Q

[ BDCF ✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s PS ❡ PR✳

❊①✐❜✐r ❛s r❡t❛ SQ ❡ QR✳ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✷✶ ❘❡❧❛çã♦ ❡♥tr❡ ✉♠ ◗✉❛❞râ♥❣✉❧♦ ❡ ✉♠❛ ■♥✲

✈♦❧✉çã♦

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♦s três ♣❛r❡s ❞❡ ❧❛❞♦s ♦♣♦st♦s ❞❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ✐♥t❡rs❡❝t❛♠

q✉❛❧q✉❡r r❡t❛✱ q✉❡ ♥ã♦ ♣❛ss❛ ♣❡❧♦s ✈ért✐❝❡s✱ ♥♦s ♣♦♥t♦s ❞❡ ✉♠❛ ✐♥✈♦❧✉çã♦✳

❈♦♥str✉✐r ✉♠ q✉❛❞râ♥❣✉❧♦ ❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳
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❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ PQRS ✳

❚r❛ç❛r ❛ r❡t❛ MN ✱ ❞❡ ❢♦r♠❛ q✉❡ q✉❛❧q✉❡r ❞♦s ✈ért✐❝❡s ❞♦ q✉❛❞râ♥❣✉❧♦

♥ã♦ s❡❥❛ ✐♥❝✐❞❡♥t❡ à r❡t❛ MN ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A = MN ∩ RS ✱ B = MN ∩ PQ ✱ C = MN ∩ PR✱

D = MN ∩QR✱ E = MN ∩ PS ❡ F = MN ∩QS ✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ABCFE
P

[ GQHFS✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s PA ❡ FP ✳

▼❛r❝❛r ♦s ♣♦♥t♦s G = PA ∩QS ❡ H = PC ∩QS ✳

❊s❝♦♥❞❡r ❛s r❡t❛s QR ❡ SR✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s PA✱ PQ ✱ PF ✱ PR ❡ PS ♣❛r❛ −−−−−✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ✱ ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ GQHFS
A

[ PIHCR✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s QA ❡ AH ✳

▼❛r❝❛r ♦ ♣♦♥t♦ I = PR ∩QA✳

❊s❝♦♥❞❡r ❛s r❡t❛s PF ✱ PE ❡ PB ✳

❊①✐❜✐r ❛ r❡t❛ SR✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s MN ✱ SR✱ AH ❡ AI ♣❛r❛ −−−−−✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ PR ♣❛r❛ ✖✖✖✖✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ✱ ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ PIHCR
Q

[ BAFCD✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ QC ✳

❊s❝♦♥❞❡r ❛s r❡t❛s AH ✱ RS ❡ PA✳

❊①✐❜✐r ❛s r❡t❛s QP ❡ QR✳

❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s QR✱ QS ❡ QC ♣❛r❛ −−−−−✳
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❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛ r❡t❛ MN ♣❛r❛ ✖✖✖✖✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s ✱ ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✷✷ ❈♦♠♦ ❞❡t❡r♠✐♥❛r ✉♠❛ ❈♦❧✐♥❡❛çã♦ P❡rs✲

♣❡❝t✐✈❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ q✉❛♥❞♦ sã♦ ❞❛❞♦s ♦ ❡✐①♦✱ ♦ ❝❡♥tr♦ ❡ ✉♠ ♣❛r ❞❡ ♣♦♥t♦s ❤♦♠ó❧♦❣♦s

✭❝♦❧✐♥❡❛r❡s ❝♦♠ ♦ ❝❡♥tr♦✱ ♠❛s ❞✐st✐♥t♦s ❞♦ ❝❡♥tr♦✱ ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡s ❛♦ ❡✐①♦✮✱

❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛ ✜❝❛ ❜❡♠ ❞❡t❡r♠✐♥❛❞❛✳

❈♦♥str✉✐r ❝❡♥tr♦✱ ❡✐①♦ ❡ ❞♦✐s ♣♦♥t♦s ❞❛ ❝♦❧✐♥❡❛çã♦✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s PQ ❡ AA′✳

❆❧t❡r❛r ❛ ❝♦r ❞❛ r❡t❛ PQ

▼❛r❝❛r ♦ ♣♦♥t♦ O ✐♥❝✐❞❡♥t❡ à r❡t❛ AA′✱ ♠❛s ❞✐st✐♥t♦ ❞❡ A✱ A′❡ ❞♦ ♣♦♥t♦

❞❡ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s PQ ❡ AA′✳

❉❡t❡r♠✐♥❛r ❛ ❝♦❧✐♥❡❛çã♦✳

❈♦♠♦ ❢❛③❡r✿ ❚♦♠❛r ✉♠ ♣♦♥t♦ B ✱ ❞✐st✐♥t♦ ❞❡ O ❡ ❞❡ A ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡

às r❡t❛s PQ ❡ AA′✳

❚r❛ç❛r ❛ r❡t❛ AB ✳

▼❛r❝❛r ♦ ♣♦♥t♦ C = AB∩PQ ✳

❚r❛ç❛r ❛s r❡t❛s A′C ❡ OB ✳

▼❛r❝❛r ♦ ♣♦♥t♦ B ′ = OB ∩ A′C ✳

❊s❝♦♥❞❡r ❛s r❡t❛s AB ✱ A′B ′ ❡ OB ❡ ♦ ♣♦♥t♦ C ✳

❘❡♣❡t✐r ❡ss❡ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ♦✉tr♦s ♣♦♥t♦s✱ ❡ ❝♦♥s❡❣✉✐r s❡✉s ❤♦♠ó✲

❧♦❣♦s✳
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▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s O ✱ A✱ A′✱ P ❡✴♦✉ Q ❡ ✈❡r✐✜❝❛r ❛ ♠✉❞❛♥ç❛ ❞❛

❝♦❧✐♥❡❛çã♦✳

P❛r❛ ♦s ♣♦♥t♦s ♥❛ r❡t❛ AA′✱ ❜❛st❛ ✉s❛r ❝♦♠♦ r❡❢❡r❡♥❝✐❛❧ ❛ r❡t❛ q✉❡ ♣❛ss❡

♣♦r ♦✉tr♦s ❞♦✐s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s✳

✺✳✷✸ ❚r✐â♥❣✉❧♦s P❡rs♣❡❝t✐✈♦s ❡ ❈♦❧✐♥❡❛çã♦

P❡rs♣❡❝t✐✈❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ✉♠❛ ❝♦❧✐♥❡❛çã♦ ♣❡rs♣❡❝t✐✈❛ tr❛♥s❢♦r♠❛ q✉❛❧q✉❡r tr✐â♥❣✉❧♦✱ ❝♦♠

♥❡♥❤✉♠ ❞❡ s❡✉s ✈ért✐❝❡s ♦✉ ❧❛❞♦s ♥♦ ❡✐①♦ ♦✉ ❝❡♥tr♦ ❞❛ ❝♦❧✐♥❡❛çã♦✱ ❡♠ ✉♠

tr✐â♥❣✉❧♦ ♣❡rs♣❡❝t✐✈♦✱ ♦♥❞❡ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞❡ ❞♦s tr✐â♥❣✉❧♦s

❝♦✐♥❝✐❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦ ❞❛ ❝♦❧✐♥❡❛çã♦✳

❈♦♥str✉✐r tr✐❛♥❣✉❧♦ABC ❡ ♦s ♣♦♥t♦s A′✱ B ′ ❡ C ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

❤♦♠ó❧♦❣♦s ♣♦r ✉♠❛ ❝♦❧✐♥❡❛çã♦✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ❛s r❡t❛s PQ ❡ RR′✳

▼❛r❝❛r ♦ ♣♦♥t♦ O ✱ ✐♥❝✐❞❡♥t❡ ❛ RR′ ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✳

▼❛r❝❛r ♦s ♣♦♥t♦s A✱ B ❡ C ❡ ❝♦♥str✉✐r ♦s r❡s♣❡❝t✐✈♦s ♣♦♥t♦s ❤♦♠ó❧♦❣♦s

A′✱ B ′ ❡ C ′✱ r❡❧❛t✐✈♦s à ❝♦❧✐♥❡❛çã♦ ❝♦♠ ❝❡♥tr♦ ❡♠ O ✱ ❡✐①♦ PQ ❡ q✉❡ r❡❧❛❝✐♦♥❛

R ❝♦♠ R′✳

❊s❝♦♥❞❡r ❛ r❡t❛ RR′✳

❚r❛ç❛r ❛s r❡t❛s AB ✱ A′B ′✱ AC ✱ A′C ′✱ BC ✱ B ′C ′ ❡ ♠❛r❝❛r ♦s ♣♦♥t♦s

D = AB ∩ A′B ′✱ E = AC ∩ A′C ′ ❡ F = BC ∩ B ′C ′✳

❱❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s D ✱ E ❡ F sã♦ ✐♥❝✐❞❡♥t❡s à r❡t❛ PQ ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s✱ ❡ ✈❡r✐✜❝❛r q✉❡ s❡ ♠❛♥té♠ ❡ss❛ r❡❧❛çã♦✳

❊s❝♦♥❞❡r ❛s r❡t❛s AB ✱ A′B ′✱ AC ✱ A′C ′✱ BC ✱ B ′C ′ ❡ ♦s ♣♦♥t♦s

D = AB ∩ A′B ′✱ E = AC ∩ A′C ′ ❡ F = BC ∩ B ′C ′✳
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❚r❛ç❛r ❛s r❡t❛s AA′✱ BB ′ ❡ CC ′✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ O é ✐♥❝✐❞❡♥t❡ ❛ ❡ss❛s três r❡t❛s✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ O ❝♦♥t✐♥✉❛ ✐♥❝✐❞❡♥t❡ às

r❡t❛s AA′✱ BB ′ ❡ CC ′✳

✺✳✷✹ ❈♦♥❥✉♥t♦ ◗✉❛❞r❛♥❣✉❧❛r ❞❡ P♦♥t♦s ❡ ❈♦❧✐✲

♥❡❛çã♦ P❡rs♣❡❝t✐✈❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❞♦✐s ♣❛r❡s ❞❡ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ❡ ❤♦♠ó❧♦❣♦s✱ ♣♦r ✉♠❛ ❝♦❧✐♥❡❛çã♦✱

❢♦r♠❛♠ ❝♦♠ ♦ ❢♦❝♦ ❡ ✉♠ ♣♦♥t♦ ❞♦ ❡✐①♦ ✭❝♦❧✐♥❡❛r ❛ ❡ss❡ ♣❛r ❞❡ ♣♦♥t♦s✮ ✉♠

❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✳

❈♦♥str✉✐r ♦s ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s ♥❛ ❝♦❧✐♥❡❛çã♦

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s ❘❡t❛s PQ ❡ RR′✱ ❡ ♠❛r❝❛r ♦ ♣♦♥t♦ O ✱ ✐♥❝✐❞❡♥t❡

à r❡t❛ RR′ ❡ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✳

▼❛r❝❛r ♦ ♣♦♥t♦ A✱ ❡ ❝♦♥str✉✐r ♦ ♣♦♥t♦ A′✱ ❤♦♠ó❧♦❣♦ ❛ A ♣❡❧❛ ❝♦❧✐♥❡❛çã♦✳

❊①✐❜✐r ❛ r❡t❛ AA′✳

▼❛r❝❛r ♦ ♣♦♥t♦ B ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ AA′✳

❈♦♥str✉✐r ♦ ♣♦♥t♦ B ′✱ ❤♦♠ó❧♦❣♦ ❛ B ♣❡❧❛ ❝♦❧✐♥❡❛çã♦✳

❊①✐❜✐r ❛ r❡t❛ AA′✳

▼❛r❝❛r ♦ ♣♦♥t♦ E = AA′ ∩ PQ ✳

❈♦♥str✉✐r q✉❛❞râ♥❣✉❧♦ FF ′HG q✉❡ ❣❡r❛ (OE) (AB′) (BA′)✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ F ❡ ❝♦♥str✉✐r ♦ ♣♦♥t♦ F ′✱ ❤♦♠ó❧♦❣♦ ❛♦

♣♦♥t♦ F ♣❡❧❛ ❝♦❧✐♥❡❛çã♦✳

❚r❛ç❛r ❛s r❡t❛s FA ❡ F ′A′✱ ❡ ♠❛r❝❛r ♦ ♣♦♥t♦ G = FA ∩ F ′A′✳
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❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ G é ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✳

❚r❛ç❛r ❛s r❡t❛s FB ❡ F ′B ′✱ ❡ ♠❛r❝❛r ♦ ♣♦♥t♦ H = FB ∩ F ′B ′✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ H é ✐♥❝✐❞❡♥t❡ à r❡t❛ PQ ✱ ❡ ❞✐st✐♥t♦ ❞❡ G ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ q✉❛❞r❛♥❣✉❧❛r ❞❡ ♣♦♥t♦s✱

(OE) (AB′) (BA′)✱ ♥ã♦ s❡ ❛❧t❡r❛✳

✺✳✷✺ ❘❡❧❛çã♦ ❡♥tr❡ ❈♦❧✐♥❡❛çã♦✱ ■♥✈♦❧✉çã♦ ❡ ❍♦✲

♠♦❧♦❣✐❛ ❍❛r♠ô♥✐❝❛✳

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ s❡ ✉♠❛ ❝♦❧✐♥❡❛çã♦ é ✉♠❛ ✐♥✈♦❧✉çã♦✱ ❡♥tã♦ é ✉♠❛ ❤♦♠♦❧♦❣✐❛

❤❛r♠ô♥✐❝❛✳

❈♦♥str✉✐r ❛ ❝♦❧✐♥❡❛çã♦ AA′BB′ ⊼ A′AB′B✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s O ❡ P ✱ ❞✐st✐♥t♦s✳

❚r❛ç❛r ❛ r❡t❛ PA✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ ❛♦ ♣♦♥t♦ O ✳

❚r❛ç❛r ❛ r❡t❛ OA✳

▼❛r❝❛r ♦ ♣♦♥t♦ A′✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ OA✱ ❞✐st✐♥t♦ ❞❡ O ❡ ❞❡ A✳

❚r❛ç❛r ❛ r❡t❛ PA′✳

▼❛r❝❛r ♦ ♣♦♥t♦ B ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ PA✱ ❞✐st✐♥t♦ ❞❡ P ❡ ❞❡ A✳

❚r❛ç❛r ❛ r❡t❛ OB ✳

▼❛r❝❛r ♦ ♣♦♥t♦ B ′ = PA ∩OB ✳

❚r❛ç❛r ❛s r❡t❛s AB ′ ❡ A′B ✱ ❡ ♠❛r❝❛r ♦ ♣♦♥t♦ I = AB ′ ∩ A′B ✳

❚r❛ç❛r ❛ r❡t❛ PI ✳

❱❡r✐✜❝❛r q✉❡ ❛ r❡t❛ PI é ♦ ❡✐①♦✱ ❡ ♦ ♣♦♥t♦ O é ♦ ❝❡♥tr♦ ❞❛ ❝♦❧✐♥❡❛çã♦ q✉❡

r❡❧❛❝✐♦♥❛ ♦s ♣♦♥t♦s A ❝♦♠ A′ ❡ B ❝♦♠ B ′✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ❝❡♥tr♦ ❡ ♦ ❡✐①♦ ❞❛ ❝♦❧✐♥❡❛çã♦ s❡

♠❛♥té♠ s♦❜r❡ ♦ ♣♦♥t♦ O ❡ ❛ r❡t❛ PI ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❱❡r✐✜❝❛r q✉❡ ❛ ❤♦♠♦❧♦❣✐❛ é ❤❛r♠ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ A0 = PI ∩OA✳

❚♦♠❛♥❞♦ ♦ q✉❛❞râ♥❣✉❧♦ PB ′IB ✱ t❡♠♦s H (AA′, OA0)✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛H (AA′, OA0)

s❡ ♠❛♥té♠✳

✺✳✷✻ P♦♥t♦s ❆✉t♦ ❈♦♥❥✉❣❛❞♦s ❡♠ ✉♠❛ ❘❡t❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❤á ♥♦ ♠á①✐♠♦ ❞♦✐s ♣♦♥t♦s ❛✉t♦ ❝♦♥❥✉❣❛❞♦s ❡♠ ✉♠❛ r❡t❛✳

❈♦♥str✉çã♦ ❞❡ ❞♦✐s ♣♦♥t♦s✱ A ❡ B✱ ❛✉t♦ ❝♦♥❥✉❣❛❞♦s✱ ❞❡ ❢♦r♠❛ q✉❡

AaB ⊼ aAb✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ AB ✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ Renomear ✱ ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳ ❉✐❣✐t❛r r ❡ ❝❧✐❝❛r ❡♠ OK ✳

▼❛r❝❛r ♦ ♣♦♥t♦ R✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à r❡t❛ r ✳

❚r❛ç❛r ❛ r❡t❛ AR✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ AR ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

❚r❛ç❛r ❛ r❡t❛ BR✳

P♦s✐❝✐♦♥❛r ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ BR ❡ ❝❧✐❝❛r ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✳

▼♦str❛r q✉❡ ♥ã♦ ❤á ♠❛✐s ✉♠ ♣♦♥t♦ ❛✉t♦ ❝♦♥❥✉❣❛❞♦✱ ♥❛ r❡t❛ r✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ Q ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ a✱ ❡ ❞✐st✐♥t♦ ❞❡ R ❡

A✳

▼❛r❝❛r ♦ ♣♦♥t♦ S ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ b✳
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❚r❛ç❛r ❛ r❡t❛ q = AS ✳

❚r❛ç❛r ❛ r❡t❛ s = QB ✳

▼❛r❝❛r ♦ ♣♦♥t♦ T = q ∩ s ✳

❚r❛ç❛r ❛ r❡t❛ t = QS ✳

▼❛r❝❛r ♦ ♣♦♥t♦ C = t ∩ r ✳

❚r❛ç❛r ❛ r❡t❛ c = TR✳

▼❛r❝❛r ♦ ♣♦♥t♦ D = c ∩ r ✳

❚r❛ç❛r ❛ r❡t❛ d = CR✳

❚♦♠❛r ♦ q✉❛❞râ♥❣✉❧♦ QRST ✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ C ♥ã♦ ♣♦❞❡ ♣❡rt❡♥✲

❝❡r à r❡t❛ c✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ r❡t❛s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ C ❝♦♥t✐♥✉❛ ❛ ♥ã♦ s❡r ❛✉t♦

❝♦♥❥✉❣❛❞♦✳

✺✳✷✼ ❊❧✐♣s❡

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠❛ ❊❧✐♣s❡✳

❈♦♥str✉✐r ✉♠❛ ❡❧✐♣s❡✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s C ônicas

✭sét✐♠❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛

❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Elipse✱ ❡ ❡♥tã♦

s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦✉tr♦ ❧♦❝❛❧ ❞❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❝❧✐q✉❡ ❝♦♠

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❊s❝♦❧❤❛ ♦ ❢♦r♠❛t♦ ❞❛ ❡❧✐♣s❡ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳
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▼♦✈✐♠❡♥t❡ ♦s ♣♦♥t♦s ❡ ♣❡r❝❡❜❛ ❛s ♠✉❞❛♥ç❛s q✉❡ ♦❝♦rr❡♠ ❝♦♠ ❛ ❡❧✐♣s❡✳

✺✳✷✽ ❍✐♣ér❜♦❧❡

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠❛ ❍✐♣ér❜♦❧❡✳

❈♦♥str✉✐r ✉♠❛ ❍✐♣ér❜♦❧❡✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s C ônicas

✭sét✐♠❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛

❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Hipérbole✱ ❡ ❡♥tã♦

s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦✉tr♦ ❧♦❝❛❧ ❞❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❝❧✐q✉❡ ❝♦♠

♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

❊s❝♦❧❤❛ ♦ ❢♦r♠❛t♦ ❞❛ ❤✐♣ér❜♦❧❡ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈✐♠❡♥t❡ ♦s ♣♦♥t♦s ❡ ♣❡r❝❡❜❛ ❛s ♠✉❞❛♥ç❛s q✉❡ ♦❝♦rr❡♠ ❝♦♠ ❛ ❤✐♣ér✲

❜♦❧❡✳

✺✳✷✾ P❛rá❜♦❧❛

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ✉♠❛ P❛rá❜♦❧❛✳

❈♦♥str✉✐r ✉♠❛ P❛rá❜♦❧❛✳
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❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ AB ✳

▼❛r❝❛r ♦ ♣♦♥t♦ C ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s C ônicas ✭sét✐♠❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐á❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ Parábola✱ ❡ ❡♥tã♦ s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ r❡t❛ AB ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ C ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

▼♦✈✐♠❡♥t❡ ♦s ♣♦♥t♦s ❡ ❛ r❡t❛ ♣❛r❛ ♣❡r❝❡❜❡r ❛s ♠✉❞❛♥ç❛s q✉❡ ♦❝♦rr❡♠

❝♦♠ ❛ P❛rá❜♦❧❛✳

✺✳✸✵ P♦❧❛r ❡ ❈ô♥✐❝❛

❖❜❥❡t✐✈♦✿

❈♦♥str✉✐r ♦ ♣♦❧❛r ❞❡ ✉♠ ♣♦♥t♦ ✐♥t❡r♥♦ ♦✉ ❡①t❡r♥♦ à ❝ô♥✐❝❛✳

❚r❛ç❛r ❞✉❛s s❡❝❛♥t❡s ❛ ✉♠❛ ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛ ✭❡❧✐♣s❡✱ ❤✐♣ér❜♦❧❡ ♦✉ ♣❛rá❜♦❧❛✮✳

▼❛r❝❛r ♦ ♣♦♥t♦ D ✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ à ❝ô♥✐❝❛✳

❚r❛ç❛r ❛s r❡t❛s b ❡ d ✱ ✐♥❝✐❞❡♥t❡s ❛♦ ♣♦♥t♦ D ❡ s❡❝❛♥t❡s à ❝ô♥✐❝❛✳

▼❛r❝❛r ♦s ♣♦♥t♦s G ❡ I ♥❛s ✐♥t❡rs❡❝çõ❡s ❞❛ r❡t❛ b ❡ ❞❛ ❝ô♥✐❝❛✳

▼❛r❝❛r ♦s ♣♦♥t♦s J ❡ K ♥❛s ✐♥t❡rs❡❝çõ❡s ❞❛ r❡t❛ d ❡ ❞❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ✱ C ✱ E ❡ F ✳

❈♦♥str✉✐r ♦s q✉❛❞râ♥❣✉❧♦s ILGM ❡ KLJM ✳
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❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s IJ ❡ KG ✱ ❡ ❛❧t❡r❛r ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛s

♣❛r❛ −−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ L = IJ ∩KG ✳

❚r❛ç❛r ❛s r❡t❛s IK ❡ GJ ✱ ❡ ❛❧t❡r❛ ♦ ❡st✐❧♦ ❞❡ss❛s r❡t❛ ♣❛r❛ −−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ M = IK ∩GJ ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ q✉❛❞râ♥❣✉❧♦ KLJM ✳

❈♦♥str✉✐r ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛ H (GI,D′D)✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ LM ❡ ❛❧t❡r❛r s❡✉ ❡st✐❧♦ ♣❛r❛ −−−−−✳

▼❛r❝❛r ♦ ♣♦♥t♦ D ′ = LM ∩ IG ✳

P❡❧♦ q✉❛❞râ♥❣✉❧♦ KLJM ✱ t❡♠♦s ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛ H (GI,D′D) ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ r❡t❛s ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛

H (GI,D′D) ♥ã♦ s❡ ❛❧t❡r❛✳

❈♦♥str✉✐r ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛ H (KJ,D′′D)✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ D ′′ = LM ∩KJ ✳

P❡❧♦ q✉❛❞râ♥❣✉❧♦ ILGM ✱ t❡♠♦s ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛ H (KJ,D′D) ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ r❡t❛s ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ ❛ r❡❧❛çã♦ ❤❛r♠ô♥✐❝❛

H (KJ,D′D) ♥ã♦ s❡ ❛❧t❡r❛✳

❉❡t❡r♠✐♥❛r ♦ ♣♦❧❛r ❞♦ ♣♦♥t♦ D✳

❈♦♠♦ ❢❛③❡r✿ ❊s❝♦♥❞❡r ❛s r❡t❛s KL✱ KD ′′✱ KM ✱ ID ′✱ IL ❡ MJ ✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s I ✱ K ✱ J ✱ G ❡ L✳

❊①✐❜✐r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

❖ ♣♦❧❛r ❞♦ ♣♦♥t♦ D é ❛ r❡t❛ D ′D ′′✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r ❛ ♠✉❞❛♥ç❛ ❞♦ ♣♦❧❛r ❞♦ ♣♦♥t♦ D ✳



✺✳ ❈♦♥str✉çõ❡s ♥♦ ●❡♦●❡❜r❛ ✶✻✶

✺✳✸✶ ◗✉❛❞râ♥❣✉❧♦ ■♥s❝r✐t♦ ❡ ❚r✐â♥❣✉❧♦ ❆✉t♦

P♦❧❛r

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ s❡ ✉♠ q✉❛❞râ♥❣✉❧♦ ❡st❛ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ s❡✉ tr✐â♥✲

❣✉❧♦ ❞✐❛❣♦♥❛❧ é ❛✉t♦ ♣♦❧❛r✳

❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ DEFG ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r ♦s ♣♦♥t♦s D ✱ E ✱ F ❡ G ✱ ✐♥❝✐❞❡♥t❡s à ❝ô♥✐❝❛✳

❚r❛ç❛r ❛s r❡t❛s DE ✱ DF ✱ DG ✱ EF ✱ EG ❡ FG ✳

❈♦♥str✉✐r ♦ tr✐â♥❣✉❧♦ ❞✐❛❣♦♥❛❧ HIJ ✳

❈♦♠♦ ❢❛③❡r✿ ❆❧t❡r❛r ♦ ❡st✐❧♦ ❞❛s r❡t❛s DE ✱ DF ✱ DG ✱ EF ✱ EG ❡ FG

♣❛r❛ −−−−−✳

▼❛r❝❛r ♦s ♣♦♥t♦s H = DF ∩ EG ✱ I = EF ∩ DG ❡ J = FG ∩ DE ✳

❚r❛ç❛r ❛s r❡t❛s HI ✱ IJ ❡ HJ ✳

❚r✐â♥❣✉❧♦ ❆✉t♦ ❈♦♥❥✉❣❛❞♦✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s I ′ = JH ∩ DG ❡ I ′′ = JH ∩ EF ✱ ❡ ♣❡❧♦s

q✉❛❞râ♥❣✉❧♦s EJFH ❡ JHDG ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ r❡t❛ HJ é ♦ ♣♦❧❛r ❞❡

I ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ s❡ ♠❛♥té♠✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s I ′ ❡ I ′′✳

▼❛r❝❛r ♦s ♣♦♥t♦s H ′ = JI ∩ EG ❡ H ′′ = JI ∩ DF ✱ ❡ ♣❡❧♦s q✉❛❞râ♥❣✉❧♦s

IDFJ ❡ IGEJ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ r❡t❛ IJ é ♦ ♣♦❧❛r ❞❡ H✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ s❡ ♠❛♥té♠✳
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❊s❝♦♥❞❡r ♦s ♣♦♥t♦s H ′ ❡ H ′′✳

▼❛r❝❛r ♦s ♣♦♥t♦s J ′ = IH ∩ DE ❡ J ′′ = IH ∩ FG ✱ ❡ ♣❡❧♦s q✉❛❞râ♥❣✉❧♦s

FGIH ❡ DIEH ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ r❡t❛ HI é ♦ ♣♦❧❛r ❞❡ J ✳

▼♦✈❡r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ♦ tr✐â♥❣✉❧♦ HIJ ❝♦♥t✐♥✉❛ ❛✉t♦ ♣♦❧❛r✳

✺✳✸✷ ❚r✐â♥❣✉❧♦ ■♥s❝r✐t♦ ❡♠ ✉♠❛ ❈ô♥✐❝❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ q✉❛♥❞♦ ✉♠ tr✐â♥❣✉❧♦ ❡st❛ ✐♥s❝r✐t♦ ♥❛ ❝ô♥✐❝❛✱ q✉❛❧q✉❡r r❡t❛

❝♦♥❥✉❣❛❞❛ ❝♦♠ ✉♠ ❞♦s ❧❛❞♦s✱ ❞❡ss❡ tr✐â♥❣✉❧♦✱ ✐♥t❡rs❡❝t❛ ♦s ♦✉tr♦s ❞♦✐s ❧❛❞♦s

❡♠ ♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

❈♦♥str✉✐r ✉♠ tr✐â♥❣✉❧♦ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r ♦s ♣♦♥t♦s D ✱ E ❡ F ✱ ❞✐st✐♥t♦s ❡ ✐♥❝✐❞❡♥t❡s à ❝ô♥✐❝❛✳

❚r❛ç❛r ❛s r❡t❛s DE ✱ EF ❡ DF ✳

❈♦♥str✉✐r ♦ q✉❛❞râ♥❣✉❧♦ DEFI ✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦ ♣♦♥t♦ G ✱ ✐♥❝✐❞❡♥t❡ à r❡t❛ DE ✱ ❡ ❞✐st✐♥t♦ ❞♦s

♣♦♥t♦s D ❡ E ✳

❚r❛ç❛r ❛ r❡t❛ GF ✳

▼❛r❝❛r ♦ ♣♦♥t♦ I ✱ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ GF ❝♦♠ ❛ ❝ô♥✐❝❛✱ ❞✐st✐♥t♦ ❞❡

F ✳

❚r❛ç❛r ❛s r❡t❛s DI ❡ EI ✳

❈♦♥str✉çã♦ ❞♦ tr✐â♥❣✉❧♦ ❞✐❛❣♦♥❛❧✳
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❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s J = DF ∩ EI ❡ K = EF ∩ DI ✳

❈♦♠♦ G = DE ∩ FI ✱ t❡♠♦s ♦ tr✐â♥❣✉❧♦ ❞✐❛❣♦♥❛❧ GJK ✳

❚r❛ç❛r ❛ r❡t❛ JK ✱ q✉❡ é ♦ ♣♦❧❛r ❞♦ ♣♦♥t♦ G ✱ ❡ ♣♦rt❛♥t♦ ❝♦♥❥✉❣❛❞❛ à r❡t❛

DE ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s J ❡ K ❝♦♥t✐♥✉❛♠ s❡♥❞♦

♣♦♥t♦s ❝♦♥❥✉❣❛❞♦s✳

✺✳✸✸ P♦♥t♦ ❊①t❡r♥♦ ❡ s❡✉ P♦❧❛r

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦❧❛r ❞❡ ✉♠ ♣♦♥t♦ ❡①t❡r♥♦ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦

❞❛s t❛♥❣❡♥t❡s tr❛ç❛❞❛s ❞❡st❡ ♣♦♥t♦ à ❝ô♥✐❝❛✳

❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛ ❡ ✉♠ ♣♦♥t♦ ❡①t❡r♥♦✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r ♦ ♣♦♥t♦ D ✱ ❡①t❡r♥♦ à ❝ô♥✐❝❛✳

❚r❛ç❛r ♦ ♣♦❧❛r ❞♦ ♣♦♥t♦ D✳

❈♦♠♦ ❢❛③❡r✿ P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Relações

✭q✉❛rt❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱

♣r❡ss✐♦♥❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦

❡✱ ❛♣❛r❡❝❡♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Reta Tangente✱

❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ D ❡ ❝❧✐q✉❡ ❝♦♠ ♦

❜♦tã♦ ❡sq✉❡r❞♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝ô♥✐❝❛✱ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼❛rq✉❡ ♦s ♣♦♥t♦s E ❡ F ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛s r❡t❛s t❛♥❣❡♥t❡s ❝♦♠ ❛ ❝ô♥✐❝❛✳

❚r❛ç❛r ❛ r❡t❛ EF ✱ q✉❡ é ♦ ♣♦❧❛r ❞♦ ♣♦♥t♦ D ✳
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❊①✐❜✐r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ♣❛r❛ ✈❡r✐✜❝❛r ❛ ♠✉❞❛♥ç❛ ❞♦ ♣♦❧❛r✳

✺✳✸✹ ❉♦✐s P♦♥t♦s ♥❛ ❈ô♥✐❝❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡✱ ❞❛❞♦s ♦s ♣♦♥t♦s ✜①♦s D ❡ E ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ❡ ✉♠ ♣♦♥t♦ F

✈❛r✐❛♥❞♦ s♦❜r❡ ❛ ❝ô♥✐❝❛✱ ❡♥tã♦ ♣❛r❛ ❛s r❡t❛s u = DF ❡ v = EF ✱ t❡♠✲s❡ u⊼ v✳

❈♦♥str✉✐r ❛ ❝ô♥✐❝❛ ❡ ♦s ♣♦♥t♦s✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r✱ ✐♥❝✐❞❡♥t❡s à ❝ô♥✐❝❛✱ ♦s ♣♦♥t♦s D ✱ E ❡ F ✳

❈♦♥str✉✐r ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ u ⊼ v✳

❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛ r❡t❛ d ✱ t❛♥❣❡♥t❡ à ❝ô♥✐❝❛✱ ♣❡❧♦ ♣♦♥t♦ D ✳

❚r❛ç❛r ❛ r❡t❛ e✱ t❛♥❣❡♥t❡ à ❝ô♥✐❝❛✱ ♣❡❧♦ ♣♦♥t♦ E ✳

▼❛r❝❛r ♦ ♣♦♥t♦ G = e ∩ d ✳

❚r❛ç❛r ❛s r❡t❛s g = DE ✱ u = DF ❡ v = EF ✳

▼❛r❝❛r ♦s ♣♦♥t♦s H = EG ∩ a✱ I = DG ∩ a ❡ J = DE ∩ FG ✳

❚r❛ç❛r ❛ r❡t❛ HI ✱ q✉❡ é ♣♦❧❛r ❞♦ ♣♦♥t♦ J ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s ❡ ✈❡r✐✜❝❛r q✉❡ ❛ ♣r♦❥❡t✐✈✐❞❛❞❡ ♣❡r♠❛♥❡❝❡✳

✺✳✸✺ ❍❡①á❣♦♥♦ ■♥s❝r✐t♦ ❡♠ ✉♠❛ ❈ô♥✐❝❛

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ s❡ ✉♠ ❤❡①á❣♦♥♦ ❡stá ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✱ ♦s três ♣❛r❡s ❞❡

❧❛❞♦s ♦♣♦st♦s s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ ♣♦♥t♦s ❝♦❧✐♥❡❛r❡s✳
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❈♦♥str✉✐r ✉♠ ❤❡①á❣♦♥♦✱ ✐♥s❝r✐t♦ ❡♠ ✉♠❛ ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r ♦s ♣♦♥t♦s ❞✐st✐♥t♦s A1 ✱ A2 ✱ A3 ✱ A4 ✱ A5 ❡ A6 ✱ ✐♥❝✐❞❡♥t❡s à ❝ô♥✐❝❛✳

❚r❛ç❛r ❛s r❡t❛s A1A2 ✱ A2A3 ✱ A3A4 ✱ A4A5 ✱ A5A6 ❡ A1A6 ✳

▼❛r❝❛r ♦s ♣♦♥t♦s ❞❛s ✐♥t❡rs❡❝çõ❡s ❞♦s ❧❛❞♦s ♦♣♦st♦s✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s D = A1A2 ∩ A4A5 ✱ E = A2A3 ∩ A5A6

❡ F = A3A4 ∩ A1A6 ✳

❚r❛ç❛r ❛ r❡t❛ DE ✳

❱❡r✐✜❝❛r q✉❡ ♦ ♣♦♥t♦ F é ✐♥❝✐❞❡♥t❡ à r❡t❛ DE ✳

❊①✐❜✐r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦s✱ ❡ ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦♥t♦s F ✱ D ❡ E ♣❡r♠❛♥❡❝❡♠

❝♦❧✐♥❡❛r❡s✳

▼♦✈✐♠❡♥t❛r ✉♠ ❞♦s ♣♦♥t♦s ❞♦ ✈ért✐❝❡ ❞♦ ❤❡①á❣♦♥♦✱ ❛♣r♦①✐♠❛♥❞♦✲♦ ❞❡

✉♠ ❞♦s ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s✳ P♦r ❡①❡♠♣❧♦✱ ❛♣r♦①✐♠❛r ♦ ✈ért✐❝❡ A2 ❞♦ ✈ért✐❝❡

A1 ✭♦✉ A3 ✮✱ ❡ ✈❡r✐✜❝❛r ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ❛ r❡t❛ A1A2 ✭♦✉ A2A3 ✮✳

✺✳✸✻ ❚❛♥❣❡♥t❡ ❛ ✉♠❛ ❈ô♥✐❝❛

❖❜❥❡t✐✈♦✿

❯t✐❧✐③❛r ❛ ❝♦♥str✉çã♦ ❛♥t❡r✐♦r✱ ♣❛r❛ tr❛ç❛r ❛ r❡t❛ t❛♥❣❡♥t❡ à ✉♠❛ ❝ô♥✐❝❛ ♣♦r

✉♠ ♣♦♥t♦ ✐♥❝✐❞❡♥t❡ à ❝ô♥✐❝❛✳

▼❛r❝❛r ✉♠ ♣♦♥t♦ ✐♥❝✐❞❡♥t❡ à ✉♠❛ ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ❈♦♥str✉✐r ✉♠❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s A✱ B ❡ C ✳

▼❛r❝❛r ♦ ♣♦♥t♦ A1 ✐♥❝✐❞❡♥t❡ à ❝ô♥✐❝❛✳
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❈♦♥str✉✐r ✉♠ ♣❡♥tá❣♦♥♦ ✐♥s❝r✐t♦ à ❝ô♥✐❝❛✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s A2 ✱ A3 ✱ A4 ❡ A5 ✱ ✐♥❝✐❞❡♥t❡s à ❝ô♥✐❝❛ ❡

❞✐st✐♥t♦s ❡♥tr❡ s✐ ❡ ❞♦ ♣♦♥t♦ A1 ✳

❚r❛ç❛r ❛s r❡t❛s A1A2 ✱ A2A3 ✱ A3A4 ✱ A4A5 ❡ A5A1 ✳

▼❛r❝❛r ♦s ♣♦♥t♦s ❞❛s ✐♥t❡rs❡❝çõ❡s ❞♦s ❧❛❞♦s ♦♣♦st♦s✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s D = A2A3 ∩ A1A5 ❡

E = A1A2 ∩ A4A5

❚r❛ç❛r ❛ r❡t❛ DE ✳

▼❛r❝❛r ♦ ♣♦♥t♦ F = DE ∩ A3A4 ✳

❚r❛ç❛r ❛ r❡t❛ A1F ✱ ♠♦❞✐✜❝❛r ❛ ❝♦r ❞❡ss❛ r❡t❛✳

❱❡r✐✜❝❛r q✉❡ ❛ r❡t❛ A1F t❡♠ ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ❡♠ ❝♦♠✉♠ ❝♦♠ ❛ ❡❧✐♣s❡✳

▼♦✈✐♠❡♥t❛r ♦s ♣♦♥t♦sA2 ✱ A3 ✱ A4 ❡ A5 ❡ ✈❡r✐✜❝❛r q✉❡ ❛ r❡t❛ A1F ❝♦♥t✐♥✉❛

t❛♥❣❡♥t❡ à ❝ô♥✐❝❛✳

▼♦✈✐♠❡♥t❛r ♦ ♣♦♥t♦ A1 ✱ ♣❛r❛ ✈❡r✐✜❝❛r ♦✉tr❛s t❛♥❣❡♥t❡s à ❝ô♥✐❝❛✳

✺✳✸✼ ❈ô♥✐❝❛ ♣♦r ❝✐♥❝♦ P♦♥t♦s

❖❜❥❡t✐✈♦✿

❱❡r✐✜❝❛r q✉❡ ❝✐♥❝♦ ♣♦♥t♦s✱ três ❛ três ♥ã♦ ❝♦❧✐♥❡❛r❡s✱ ❞❡t❡r♠✐♥❛♠ ✉♠❛ ❝ô♥✐❝❛✳

▼❛r❝❛r ❝✐♥❝♦ ♣♦♥t♦s✱ três ❛ três ♥ã♦ ❝♦❧✐♥❡❛r❡s✳

❈♦♠♦ ❢❛③❡r✿ ▼❛r❝❛r ♦s ♣♦♥t♦s✱ ❞✐st✐♥t♦s✱ A✱ B ✱ C ✱ D ❡ E ✱ três ❛ três

♥ã♦ ❝♦❧✐♥❡❛r❡s✳

❚r❛ç❛r ❛ ❝ô♥✐❝❛✿
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❈♦♠♦ ❢❛③❡r✿ ❚r❛ç❛r ❛s r❡t❛s AB ✱ BC ✱ CD ❡ DE ✳

▼❛r❝❛r ♦ ♣♦♥t♦ F = AB ∩ DE ✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s C ı́rculo ✭s❡①t❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦ ❛

❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ C ı́rculo dados Centro e Um de seus

Pontos ✱ ❡♥tã♦ s♦❧t❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠♦✉s❡✱ ♣♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ F ✱ ❡ ❝❧✐q✉❡ ❝♦♠ ♦

❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

▼♦✈❛ ♦ ❝✉rs♦r✱ ❛té q✉❡ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ❡ E s❡ ❡♥❝♦♥tr❡♠✱ t♦❞♦s✱

♥♦ ✐♥t❡r✐♦r ❞♦ ❝ír❝✉❧♦✳

❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❛♣❛r❡❝❡rá ♦ ♣♦♥t♦ G ✳

▼❛r❝❛r ♦ ♣♦♥t♦ H ✱ s♦❜r❡ ❛ ❧✐♥❤❛ ❞♦ ❝ír❝✉❧♦✱ ♥ã♦ ✐♥❝✐❞❡♥t❡ às r❡t❛s AB ✱

BC ✱ CD ❡ DE ✱ ❡ ❞✐st✐♥t♦ ❞❡ G ✳

❚r❛ç❛r ❛ r❡t❛ FH ✳

▼❛r❝❛r ♦s ♣♦♥t♦s I = BC ∩ FH ❡ J = CD ∩ FH ✳

❚r❛ç❛r ❛s r❡t❛s EI ❡ AJ ✳

▼❛r❝❛r ♦ ♣♦♥t♦ K = EI ∩ AJ ✳

❊s❝♦♥❞❡r ❛s r❡t❛s AB ✱ BC ✱ CD ✱ DE ✱ EI ✱ AJ ❡ FH ✳

❊s❝♦♥❞❡r ♦s ♣♦♥t♦s F ✱ G ✱ J ❡ I ✳

❊s❝♦♥❞❡r ♦ ❝ír❝✉❧♦✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s Relações ✭q✉❛rt❛ ❝❛✐①❛ ❞❡

❢❡rr❛♠❡♥t❛s ♥♦ t♦♣♦ ❞❛ t❡❧❛✱ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✮✱ ♣r❡ss✐♦♥❡ ♦ ❜♦tã♦

❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✱ ❡ s❡♠ s♦❧tá✲❧♦✱ ♠♦✈❛ ♦ ❝✉rs♦r ♣❛r❛ ❜❛✐①♦ ❡✱ ❛♣❛r❡❝❡♥❞♦

❛ ❝❛✐①❛ ❞❡ ❞✐❛❧♦❣♦✱ ♣♦s✐❝✐♦♥❡✲♦ s♦❜r❡ ❛ ❢r❛s❡ Lugar Geométrico✱ ❡♥tã♦ s♦❧t❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ K ❡ ❝❧✐q✉❡ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦ ♠♦✉s❡✳

P♦s✐❝✐♦♥❡ ♦ ❝✉rs♦r s♦❜r❡ ♦ ♣♦♥t♦ H ✱ ❡ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❡sq✉❡r❞♦ ❞♦

♠♦✉s❡✳

❱✐s✉❛❧✐③❡ ❛ ❝ô♥✐❝❛✳

❊s❝♦♥❞❡r ♦ ♣♦♥t♦ H ✳
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▼♦✈✐♠❡♥t❡ ♦s ♣♦♥t♦s A✱ B ✱ C ✱ D ❡ E ✱ ❡ ✈❡r✐✜q✉❡ q✉❡ ❛ ❝ô♥✐❝❛ ✈❛✐ s❡

❛❧t❡r❛♥❞♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥♦✈❛s ♣♦s✐çõ❡s ❞❡ss❡s ♣♦♥t♦s✳



✶✻✾

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆✳ ❈✳ ❆✉✣♥❣❡r ❛♥❞ ❋✳❇✳ ❱❛❧❡♥t✐♠✳ ■♥tr♦❞✉çã♦ à ●❡♦♠❡tr✐❛ Pr♦❥❡t✐✈❛✳

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ❊s♣ír✐t♦ ❙❛♥t♦✱ ❱✐tór✐❛✱ ✷✵✵✸✳

❬✷❪ ❘❡② ❈❛ss❡✳ Pr♦❥❡❝t✐✈❡ ●❡♦♠❡tr②✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t②

Pr❡ss✱ ✷✵✵✻✳

❬✸❪ ❍✳ ❙✳ ▼✳ ❈♦①❡t❡r✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ●❡♦♠❡tr②✳ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱

✶✾✻✾✳

❬✹❪ ❍✳ ❙✳ ▼✳ ❈♦①❡t❡r✳ Pr♦❥❡❝t✐✈❡ ●❡♦♠❡tr②✳ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ✶✾✼✸✳

❬✺❪ ❍✳ ❙✳ ▼✳ ❈♦①❡t❡r✳ ◆♦♥✲❊✉❝❧✐❞❡❛♥ ●❡♦♠❡tr②✳ ❚❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❆ss♦❝✐✲

❛t✐♦♥ ♦❢ ❆♠❡r✐❝❛✱ ✶✾✾✽✳

❬✻❪ ❍✳ ❙✳ ▼✳ ❈♦①❡t❡r ❛♥❞ ❙✳▲✳ ●r❡✐t③❡r✳ ●❡♦♠❡tr② ❘❡✈✐s✐t❡❞✳ ❚❤❡ ▼❛t❤❡✲

♠❛t✐❝❛❧ ❆ss♦❝✐❛t✐♦♥ ♦❢ ❆♠❡r✐❝❛✱ ✶✾✻✼✳
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