
❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦

❋❧✉①♦s ❞❡ ❝✉r✈❛t✉r❛✱ s♦❧✉çõ❡s q✉❡ s❡ ❛♥✉❧❛♠ ❡♠ t❡♠♣♦ ✜♥✐t♦
❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✳ †

❘❛❢❛❡❧ ❘♦❞r✐❣♦ ❖tt♦❜♦♥✐

■▼❊❈❈ ✲ ❯◆■❈❆▼P

◆♦✈❡♠❜r♦✴✷✵✶✶

† ❊st❡ tr❛❜❛❧❤♦ t❡✈❡ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❋❆P❊❙P ✵✻✴✺✽✽✻✶✲✽
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✈

❆❣r❛❞❡❝✐♠❡♥t♦s

➪♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣♦r s✉❛s ❧✐çõ❡s ❞❡ ❛♠♦r✱ ❞❡❞✐❝❛çã♦✱ tr❛❜❛❧❤♦✱ ❤✉♠✐❧❞❛❞❡ ❡ ❝♦r❛❣❡♠✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ♣♦r ♠♦♠❡♥t♦s ❞❡ ❛❧❡❣r✐❛ ❡ ❞❡ tr✐st❡③❛ ❝♦♠♣❛rt✐❧❤❛❞♦s✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣❡❧♦s s❡✉s ❡♥s✐♥❛♠❡♥t♦s✱ ❞❡❞✐❝❛çã♦ ❡ ♣❛❝✐ê♥❝✐❛✳

❆♦ ■▼❊❈❈✲❯◆■❈❆▼P✱ ♣♦r ♦❢❡r❡❝❡r ✉♠❛ ❡①❝❡❧❡♥t❡ ✐♥❢r❛❡str✉t✉r❛ ❡ ♣❡sq✉✐s❛ ❞❡

❛❧t♦ ♥í✈❡❧✳

➚ ❋❛♣❡s♣✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆♦ ♣❡ss♦❛❧ ❞❛ ✐♥❢♦r♠át✐❝❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❋❧á✈✐♦ ❆♥❞r❛❞❡ ❡ ❛♦ ❋❡r♥❛♥❞♦ ❇❛r❜♦s❛✱

♣❡❧♦ s❡r✈✐ç♦ ♣r❡st❛❞♦ ♥♦ ❞✐❛ ❞❛ ❛♣r❡s❡♥t❛çã♦ ❡ ❝♦♠ ♦s t❡st❡s ♣ré✈✐♦s

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❜❛♥❝❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ Pr♦❢✳ ❙❡❜❛st✐á♥✱ ♣❡❧❛s ❞✐❝❛s✱ s✉❣❡stõ❡s ❡

❡♠♣❡♥❤♦ ♣❛r❛ q✉❡ t✉❞♦ ❞❡ss❡ ❝❡rt♦ ♥♦ ❞✐❛ ❞❛ ❞❡❢❡s❛✳

❆♦ ❝♦❧❡❣❛s ❞❡ tr❛❜❛❧❤♦✱ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡ t♦r❝❡r❡♠ ♣❡❧♦ s✉❝❡ss♦ ❞♦ ♠❡✉ tr❛❜❛❧❤♦✳





✈✐✐

❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ●❛✉ss ❡

❤❛r♠ô♥✐❝❛ ❞❡ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ s✉❥❡✐t♦ ❛ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✱

◆❡✉♠❛♥♥ ♦✉ s✐♥❣✉❧❛r✳ ❙♦❧✉çõ❡s ❞❡ ❛❧❣✉♥s ❞♦s ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ ❛❧❣✉♠❛ ❞❡st❛s

❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦✉ s❡ ❛♥✉❧❛♠ ❡♠ t❡♠♣♦ ✜♥✐t♦ ♦✉ ❡①✐st❡♠ ❣❧♦❜❛❧♠❡♥t❡ ♥♦ t❡♠♣♦

❝♦♥✈❡r❣✐♥❞♦ ❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳





✐①

❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ♣r❡s❡♥t r❡s✉❧ts ♦♥ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✱ ●❛✉ss✐❛♥ ❝✉r✈❛t✉r❡ ✢♦✇

❛♥❞ ❤❛r♠♦♥✐❝ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ s✉❜❥❡❝t t♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❉✐r✐❝❤❧❡t t②♣❡✱

◆❡✉♠❛♥♥ ♦r s✐♥❣✉❧❛r✳ ❙♦❧✉t✐♦♥s t♦ s♦♠❡ ♦❢ ❝✉r✈❛t✉r❡ ✢♦✇s ✇✐t❤ s♦♠❡ ♦❢ t❤❡s❡ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s q✉❡♥❝❤ ✐♥ ✜♥✐t❡ t✐♠❡ ♦r ❡①✐st ❣❧♦❜❛❧❧② ✐♥ t✐♠❡ ❛♥❞ ❝♦♥✈❡r❣❡ t♦ ❛ str❛✐❣❤t

❧✐♥❡✳





①✐

◆♦t❛çõ❡s

• C(D)✱ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ❡♠ D✳

• Cn(D)✱ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ❛té ♦r❞❡♠ n ❝♦♥tí♥✉❛s

❡♠ D✳

• Cm,n(D)✱ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ❛té ♦r❞❡♠ m ❝♦♠

r❡❧❛çã♦ ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❝♦♥tí♥✉❛s ❡♠ D ❡ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ❛té ♦r❞❡♠ n ❝♦♠

r❡❧❛çã♦ ❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧ ❝♦♥tí♥✉❛s ❡♠ D✳

• H l(Ω) é ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝✉❥♦s ♦s ❡❧❡♠❡♥t♦s sã♦ ❢✉♥çõ❡s u ❝♦♥tí♥✉❛s ❡♠ Ω

❝♦♠ ❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ [l] ❝♦♥tí♥✉❛s ❡

| u |(l)Ω = 〈u〉(l)Ω +

[l]
∑

j=0

〈u〉(j)Ω <∞,

〈u〉(0)Ω =| u |(0)Ω = max
Ω

| u |<∞,

〈u〉(j)Ω =
∑

(j)

| Dj
xu |(0)Ω <∞,

〈u〉(l)Ω =

(l)
∑

Ω

=
∑

(l)

〈D[l]u
x 〉l−[l]

Ω <∞.

• H l,l/2(Ω× (0, T )) é ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s u(t, x) ❡♠

QT = Ω× (0, T ) q✉❡ t❡♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s Dr
tD

s
x ❝♦♥tí♥✉❛s ♣❛r❛ 2r + s < l ❡

| u |(l)QT
= 〈u〉(l)QT

+

[l]
∑

j=0

〈u〉(j)QT
<∞,

〈u〉(0)QT
=| u |(0)QT

= max
QT

| u |<∞,
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〈u〉(j)QT
=
∑

2r+s=j

| Dr
tD

s
xu |(0)QT

<∞,

〈u〉(l)QT
= 〈u〉(l)x,QT

+ 〈u〉(l/2)t,QT
<∞,

〈u〉(l)x,QT
=

∑

2r+s=[l]

〈Dr
tD

s
xu〉(l−[l])

x <∞,

〈u〉(l/2)t,QT
=

∑

0<l−2r−s<2

〈Dr
tD

s
xu〉t,QT

<∞,

〈u〉(α)x,QT
= sup

((x,t),(x′,t)∈QT ,|x−x′|≤ρ0

| u(x, t)− u(x
′

, t) |
| x− x′ |α <∞, 0 < α < 1,

〈u〉(α)t,QT
= sup

((x,t),(x,t′)∈QT ,|t−t′|≤ρ0

| u(x, t)− u(x, t′) |
| t− t′ |α <∞, 0 < α < 1.

• P❛r❛ α ∈ (0, 1], H2+α(Ω× (0, T )) = {u | | u |2+α<∞}, ♦♥❞❡

| u |2+α; Ω =
∑

β+2j≤2

sup
Ω

| Dβ
xD

j
t | +[u]2+α + 〈u〉2+α,

❝♦♠

[u]2+α =
∑

β+2j=2

sup
X 6=Y

| Dβ
xD

j
t (X)−Dβ

xD
j
t (Y ) |

| X − Y |α ,

♦♥❞❡ | X |= max{| x |, | t | 12} ❡

〈u〉2+α = sup
(x,t) 6=(x,s)

| Dxu(x, t)−Dtu(x, s) |
| t− s | 1+α

2

.



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❍✐stór✐❛ ❡ ▼♦t✐✈❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✶✳✶ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✶✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛ t❡s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✷✳✷ ❘❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ ❈♦♠♣❛r❛çõ❡s ❞♦s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✶✼

✷✳✶ ▼♦t✐✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✶✽

✷✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✸ ❊q✉❛çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✳ ✷✽

✷✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✸✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✸✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

①✐✐✐



❙❯▼➪❘■❖ ①✐✈
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❈❛♣ít✉❧♦

✶

■♥tr♦❞✉çã♦

✶✳✶ ❍✐stór✐❛ ❡ ▼♦t✐✈❛çõ❡s

❙❡❥❛♠ Mn, n ≥ 1, ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ n−❞✐♠❡♥s✐♦♥❛❧ ❡ F0 : Mn −→ R
n+1

✉♠❛ ✐♠❡rsã♦ s✉❛✈❡ ❞❡Mn ❡♠ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♥♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ R
n+1. ❉✐③❡♠♦s

q✉❡ M0 = F0(M
n) ❡✈♦❧✉✐ ❛tr❛✈és ❞❡ ✉♠ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ s❡ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ F (t, .)

❞❡ ✐♠❡rsõ❡s s✉❛✈❡s✱ ❝♦♠ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦rr❡s♣♦♥❞❡♥t❡s Mt = F (t, .), s❛t✐s❢❛③❡♥❞♦







∂F

∂t
(t, p) = −f(t, p)ν(t, p), p ∈Mn,

F (0, .) = F0,

✭✶✳✶✮

♦♥❞❡ f(t, p) ❡ ν(t, p) sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛❧❣✉♠❛ ❝✉r✈❛t✉r❛ ❡ ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r à

❤✐♣❡rs✉♣❡r❢í❝✐❡ Mt ❡♠ F (t, p).

❉❡✜♥✐♥❞♦ ♣♦r λ1, . . . , λn ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ Mt, t❡♠♦s q✉❡

q✉❛♥❞♦

f = f(λ1, . . . , λn) = −H = −λ1 + · · ·+ λn
n

♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ é ❝❤❛♠❛❞♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ q✉❛♥❞♦

✶



✶✳✶ ❍✐stór✐❛ ❡ ▼♦t✐✈❛çõ❡s ✷

f = f(λ1, . . . , λn) = −K = −λ1. . . . .λn

♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ é ❝❤❛♠❛❞♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss✱ q✉❛♥❞♦

f = f(λ1, . . . , λn) = − 1

H

♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ é ❝❤❛♠❛❞♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛ ❡ q✉❛♥❞♦

f = f(λ1, . . . , λn) = −K
H

♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮ é ❝❤❛♠❛❞♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛✳

❚❛✐s ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ t❡♠ s✐❞♦ ❡st✉❞❛❞♦s ♣♦r ♠✉✐t♦s ❛✉t♦r❡s✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s

❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s s♦❜r❡ ❡❧❡s ❡ ♦ q✉❡ ♠♦t✐✈♦✉ ❛ ❡st✉❞á✲❧♦s✳

✶✳✶✳✶ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❯♠❛ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ✢✉①♦ é ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✱ ❡♠ q✉❡ é ❡st✉❞❛❞❛ ✉♠❛

s✉♣❡r❢í❝✐❡ q✉❡ s❡ ❡♥❝♦♥tr❛ ❡♥tr❡ ♦s ❡st❛❞♦s ❢ís✐❝♦s✱ ❧íq✉✐❞♦ ❡ só❧✐❞♦✱ ♠♦✈❡♥❞♦✲s❡ ❛ ✉♠❛

✈❡❧♦❝✐❞❛❞❡ v ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛✳ ❙❡ ❡st❛ s✉♣❡r❢í❝✐❡ ❢♦r ❝♦♥✈❡①❛✱ ❡♥tã♦ ❡♠

❬✺✶❪✱ ❢♦✐ ♠♦str❛❞♦ q✉❡ ♣❡r♠❛♥❡❝❡ ❝♦♥✈❡①❛ ♣❛r❛ t♦❞♦ t❡♠♣♦✱ ❡ s❡ ❡♥❝♦❧❤❡ ❛ ✉♠ ♣♦♥t♦✳

❊♥tr❡t❛♥t♦✱ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ❝♦♥✈❡①❛ ♣♦❞❡ s❡ ❞✐✈✐❞✐r ❡♠ ♦✉tr❛s ❞✉❛s✳ P♦r ❡①❡♠♣❧♦✱

q✉❛♥❞♦ ❝♦♥st✐t✉í❞❛ ❞❡ ❞✉❛s ❡s❢❡r❛s ❣r❛♥❞❡s ❡ ✉♠ t✉❜♦ ❧✐❣❛♥❞♦✲❛s✱ ✉♠ ❤❛❧t❡r❡✳ ❊♠ ❬✹✹❪

❢♦✐ ♠♦str❛❞♦ q✉❡ ❛s ❞✉❛s ❡s❢❡r❛s ❡♥❝♦❧❤❡♠ ♠❛✐s ❞❡✈❛❣❛r ❞♦ q✉❡ ♦ t✉❜♦ q✉❡ ❛s ❧✐❣❛✳

❊♠ ❬✶✾❪ ❡ ❬✷✾❪✱ ♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡

r❡✈♦❧✉çã♦✳ ❊st❡ ✢✉①♦ ♥❡st❡ t✐♣♦ ❞❡ s✉♣❡r❢í❝✐❡ s❡ r❡❞✉③ ❛ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ❡♠

✉♠❛ ❞✐♠❡♥sã♦✳ ❉❡st❛ ❢♦r♠❛✱ ♦s ❛✉t♦r❡s ♥❡st❡s tr❛❜❛❧❤♦s ❝♦♥s❡❣✉✐r❛♠ ❞❡s❝r❡✈❡r ❡♠ ❞❡✲

t❛❧❤❡s ❝♦♠♦ ❛ ❡✈♦❧✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ✈✐❛ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♦❝♦rr❡✳ ❯♠❛ s♦❧✉çã♦

u ❞❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡

r❡✈♦❧✉çã♦ ❡①✐st❡ ❛té ✉♠ t❡♠♣♦ ✜♥✐t♦ T, ❝♦♠ u(t, x) → 0 q✉❛♥❞♦ t → T− s♦♠❡♥t❡ ❡♠

✉♠ ú♥✐❝♦ ♣♦♥t♦ x ❡ ❝♦♠ ❛❧❣✉♠❛ ❞❡ s✉❛s ❞❡r✐✈❛❞❛s ❡①♣❧♦❞✐♥❞♦ ♥❡st❡ ♣♦♥t♦✳

❊♠ s✉♣❡r❢í❝✐❡s ♠❛✐s ❣❡r❛✐s✱ ❍✉✐s❦❡♥ ♣r♦✈♦✉ ❡♠ ❬✺✶❪ q✉❡ ❛ ❢♦r♠❛ ❧✐♠✐t❡ ❞❡ ✉♠❛

s✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ ❝♦♥✈❡①❛ é ❛ ❞❡ ✉♠❛ ❡s❢❡r❛ q✉❛♥❞♦ ❛ ❡✈♦❧✉çã♦ s❡ ❞á ♣❡❧♦ ✢✉①♦ ❞❡

❝✉r✈❛t✉r❛ ♠é❞✐❛✳ ❊①tr❛í♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡ ❬✺✶❪✳



✶✳✶ ❍✐stór✐❛ ❡ ▼♦t✐✈❛çõ❡s ✸

❚❡♦r❡♠❛ ✶✳✶✳ ❙❡❥❛ n ≥ 2 ❡ s✉♣♦♥❤❛♠♦s q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥✲

❞❛♠❡♥t❛❧ ❞❡ M0 sã♦ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦s✳ ❊♥tã♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ✭✶✳✶✮✱ ❝♦♠

f = H, t❡♠ ✉♠❛ s♦❧✉çã♦ s✉❛✈❡ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ✜♥✐t♦ 0 ≤ t < T q✉❡ ❝♦♥✈❡r❣❡

❛ ✉♠ ♣♦♥t♦ P q✉❛♥❞♦ t→ T.

✶✳✶✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

❊♠ ❬✸✸❪✱ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❢♦✐ ❡st✉❞❛❞♦ ❝♦♠ ❛ ♠♦t✐✈❛çã♦ ❞❡ q✉❡ ❡st❡ ♠♦❞❡❧❛

❛ ♠✉❞❛♥ç❛ ♥♦ ❢♦r♠❛t♦ ❞❡ ✉♠❛ ♣❡❞r❛ ❛♦ s❡ ❝❤♦❝❛r ❝♦♥tr❛ ✉♠❛ s✉♣❡r❢í❝✐❡✳ ❙✉♣õ❡ q✉❡

❛ ♣❡❞r❛ é s✉❥❡✐t❛ ❛ ❝♦❧✐sõ❡s ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❝♦♠ ✐♥t❡♥s✐❞❛❞❡ ✉♥✐❢♦r♠❡✳ ◆❡st❡

❛rt✐❣♦ ♦ ❛✉t♦r ❝♦♥❥❡❝t✉r❛ q✉❡✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❢♦r♠❛ ✐♥✐❝✐❛❧✱ ❛ ❢♦r♠❛ ❧✐♠✐t❡ s❡r✐❛

❛ ❞❡ ✉♠❛ ❡s❢❡r❛✳ ❚❛❧ ❝♦♥❥❡❝t✉r❛ ❢♦✐ ♣r♦✈❛❞❛ ❡♠ ❬✺❪ ✉s❛♥❞♦ ✐❞é✐❛s ❞❡ ❬✼✾❪ q✉❡ ♣r♦✈❛

❛ ❡①✐stê♥❝✐❛✱ ✉♥✐❝✐❞❛❞❡ ❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♥✈❡①❛ ❢❡❝❤❛❞❛ ❛ ✉♠

♣♦♥t♦✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❢♦✐ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✺❪✳

❚❡♦r❡♠❛ ✶✳✷✳ ❙❡❥❛M0 = x0(M) ✉♠❛ s✉♣❡r❢í❝✐❡ ❡♠ R
3 ❝♦♠♣❛❝t❛✱ s✉❛✈❡ ❡ ❡str✐t❛♠❡♥t❡

❝♦♥✈❡①❛✱ ❞❛❞❛ ♣♦r ✉♠ ♠❡r❣✉❧❤♦ x0. ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ s✉❛✈❡ {Mt =

x(M, t)} ❞❛ ❡q✉❛çã♦ ✭✶✳✶✮✱ ❝❛s♦ f = K, ♣❛r❛ t ∈ [0, T ), ♦♥❞❡ T = V (M0)
4π

❡ V (M0) é

♦ ✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ ❢♦r♠❛❞❛ ♣♦r M0. ❆❧é♠ ❞✐ss♦ ❛s s✉♣❡r❢í❝✐❡s Mt sã♦ ❡str✐t❛♠❡♥t❡

❝♦♥✈❡①❛ ❡ ❝♦♥✈❡r❣❡ ❛ ✉♠ ♣♦♥t♦ q ∈ R
3 q✉❛♥❞♦ t→ T.

❊♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦✱ ❏❡✛r❡s ♣r♦✈❛ ❡♠ ❬✻✶❪✱ q✉❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❝♦♥✲

✈❡①✐❞❛❞❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ r❡✈♦❧✉çã♦ ✐♥✐❝✐❛❧ ❡st❛ ❡✈♦❧✉✐ ♣❡❧♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡

●❛✉ss ❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ♦✉ ❛ ✉♠ ❝✐❧✐♥❞r♦ ❡♠ t❡♠♣♦ ✐♥✜♥✐t♦✳

✶✳✶✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛

❖ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs♦ ✈❡♠ ❞♦ ♣❛♣❡❧ q✉❡ ❡❧❡ ❞❡✲

s❡♠♣❡♥❤❛ ♥❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ ❛❧❣✉♥s ❢❛t♦s ❞❛ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ r❡❧❛✲

❝✐♦♥❛❞♦s ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠❛ss❛ q✉❛s❡ ❧♦❝❛❧ ❞❡ ❍❛✇✐♥❣✱ ❝♦♥❢♦r♠❡ ❬✺✻❪✳ ◆❡st❡ ♠❡s♠♦

❛rt✐❣♦ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ❡st❡ ✢✉①♦ ❝♦♠ ❛ r❡str✐çã♦ ❞❡ q✉❡ ❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ ❢♦ss❡ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣♦s✐t✐✈❛✳ ❈♦♠ ❛ ❤✐♣ót❡s❡ ❛❞✐❝✐♦♥❛❧ ❞❡

❧✐♠✐t❛çã♦ ♣♦r ❜❛✐①♦ ❞❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧✱ ♦ ❛rt✐❣♦ ❬✺✹❪✱ ♠♦str❛

r❡s✉❧t❛❞♦s s♦❜r❡ r❡❣✉❧❛r✐❞❛❞❡ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛✳



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✹

✶✳✶✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛

❊st❡ ✢✉①♦ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❡q✉❛çã♦ t♦t❛❧♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r q✉❡ t♦r♥❛✲s❡ ❞❡❣❡♥❡r❛❞❛

q✉❛♥❞♦ K → 0 ❡ s✐♥❣✉❧❛r q✉❛♥❞♦ H → 0. ❊♠ ❬✸❪ ❢♦✐ ♠♦str❛❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

s✉❛✈❡ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ✢✉①♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ M0 ❢♦ss❡

❝♦♥✈❡①❛✳

❚❡♦r❡♠❛ ✶✳✸✳ ❙❡❥❛ M0 ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡♠ R
3 ❞❡ ❝❧❛ss❡ C2,1 t❛❧ q✉❡

H(M0) > 0. ❊♥tã♦✱ ❡①✐st❡ ✉♠ t❡♠♣♦ T > 0 t❛❧ q✉❡ ❛ ❞❡❢♦r♠❛çã♦ ❞❡st❛ ❤✐♣❡rs✉♣❡r❢í✲

❝✐❡ ♣❡❧♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❛❞♠✐t❡ s♦❧✉çã♦ ú♥✐❝❛ Mt ❞❡ ❝❧❛ss❡ C2,1 t❛❧ q✉❡

H(Mt) > 0, ♣❛r❛ t ∈ [0, T ).

❚❛♠❜é♠ ♥❡st❡ ❛rt✐❣♦✱ ❆♥❞r❡✇s ♠♦str❛ q✉❡ ❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❤❛r♠ô♥✐❝❛ ❡✈♦❧✉✐ ❛ ✉♠ ♣♦♥t♦ ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦ T0. ▼❛✐s t❛r❞❡✱ ❉✐❡t❡r ❡st❛t❛❜❡❧❡❝❡✉

❡♠ ❬✶✽❪ ❛ ❡①✐stê♥❝✐❛ ❧♦❝❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐s ❣❡r❛❧ ❞❡ ✢✉①♦s✳ ❊♠ ❬✶✸❪✱ ❢♦✐ ❡st✉❞❛❞♦

♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛ ❞❡ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❡ ❝♦♠ ❡st❡ ❡st✉❞♦ ♦s

❛✉t♦r❡s ❝♦♥❝❧✉✐r❛♠ q✉❡ ❡st❡ t✐♣♦ ❞❡ ✢✉①♦ ♥ã♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛

♠é❞✐❛ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞♦ t✐♣♦ ✏❤❛❧t❡r✑ s❡ ❡♥tr❛♥❣✉❧❛ q✉❛♥❞♦ ❢❛③❡♠♦s

❡st❛ ❡✈♦❧✉✐r ♣❡❧♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ✈✐❞❡ ❬✶✾❪✱ ❡ ♥ã♦ q✉❛♥❞♦ ❡st❛ s✉♣❡r❢í❝✐❡ ❡✈♦❧✉✐

♣❡❧♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛✳

✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s

❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✉♣❡r❢í❝✐❡s ❢♦r♠❛❞♦ ♣❡❧❛ r♦t❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❡♠ t♦r♥♦ ❞♦

❡✐①♦ Ox✳ P❛r❛ ❝❛❞❛ t ❛ s✉♣❡r❢í❝✐❡ é

σ(t, θ, x) = (x, u(t, x) cos θ, u(t, x) sin θ)

❉❡r✐✈❛♥❞♦✲s❡ ♦❜t❡♠♦s

σt = (0, ut cos θ, ut sin θ),

σθ = (0,−u sin θ, u cos θ)

❡

σx = (1, ux cos θ, ux sin θ).



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✺

❖ ✈❡t♦r ♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡ σ(t, θ, x) é ~n =

(

ux
√

1 + (ux)2
,

cos θ
√

1 + (ux)2
,

sin θ
√

1 + (ux)2

)

.

❉❡r✐✈❛♥❞♦✲s❡ ♠❛✐s ✉♠❛ ✈❡③ t❡♠♦s

σθθ = (0,−u cos θ,−u sin θ),

σθx = (0,−ux sin θ, ux cos θ)

❡

σxx = (0, uxx cos θ, uxx sin θ).

❆ss✐♠ ❝♦♥s❡❣✉✐♠♦s ❞❡t❡r♠✐♥❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❣❡♦✲

♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✸✮ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ E✮

E = 〈σθ, σθ〉 = u2,

F = 〈σθ, σx〉 = 0,

G = 〈σx, σx〉 = 1 + (ux)
2

❡ t❛♠❜é♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ✭✺✳✶✹✮

✭✈✐❞❡ ❆♣ê♥❞✐❞❡ ❋✮

e = 〈σθθ, ~n〉 = − u
√

1 + (ux)2
,

f = 〈σθx, ~n〉 = 0,

g = 〈σxx, ~n〉 =
uxx

√

1 + (ux)2
.

❆s ❝✉r✈❛t✉r❛s ♠é❞✐❛ (H)✱ ❞❡ ●❛✉ss (K)✱ ❤❛r♠ô♥✐❝❛ (A) ❡ ♠é❞✐❛ ✐♥✈❡rs❛ (H−1) sã♦

❞❛❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s

H =
1

2

eG− 2fF + Eg

EG− F 2
=

1

2
√

1 + (ux)2

(

−1

u
+

uxx
1 + (ux)2

)

,



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✻

K =
eg − f 2

EG− F 2
= − uxx

u(1 + (ux)2)2
,

A = 2
eg − f 2

eG− 2fF + Eg
= −2

uxx

(1 + (ux)2)
1
2

(

1

uuxx − (1 + (ux)2)

)

,

❡

H−1 = 2
EG− F 2

eG− 2fF + Eg
= 2

(1 + (ux)
2)

3
2u

uuxx − (1 + (ux)2)
.

❆ss✐♠ ❛s ❡q✉❛çõ❡s ❞❡ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ●❛✉ss✱ ❤❛r♠ô♥✐❝❛ ❡ ♠é❞✐❛ ✐♥✈❡rs❛

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ sã♦ ❞❛❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ❛❜❛✐①♦✿

∂γ
∂t

= −2H~n,

∂γ
∂t

= −K~n,

∂γ
∂t

= −1
2
A~n,

❡

∂γ
∂t

= −1
2
H−1~n

q✉❛♥❞♦ γ ❢♦r ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ r❡✈♦❧✉çã♦✱ ❡st❛s ❡q✉❛çõ❡s ♣♦❞❡♠ s❡r r❡❡s❝r✐t❛s ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

ut =
uxx

1 + (ux)2
− 1

u
,

︸ ︷︷ ︸

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

ut =
uxx

u(1 + (ux)2)
3
2

,

︸ ︷︷ ︸

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

ut =
uxx

−uuxx + (1 + (ux)2)
︸ ︷︷ ︸

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛

❡



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✼

ut =
(1 + (ux)

2)2u

uxxu− (1 + (ux)2)
.

︸ ︷︷ ︸

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛
❖ ♦❜❥❡t✐✈♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❢♦✐ ❡st✉❞❛r ♦s s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡

❞❡ ❢r♦♥t❡✐r❛✿

• ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥✲

t❡✐r❛✿ ❉✐r✐❝❤❧❡t ✭✶✳✷✮✱ ◆❡✉♠❛♥♥ ✭✶✳✸✮ ❡ ❙✐♥❣✉❧❛r ✭✶✳✹✮✱







ut =
uxx

1 + (ux)2
− 1

u
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, u(t, a) = 1, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

✭✶✳✷✮







ut =
uxx

1 + (ux)2
− 1

u
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, ux(t, a) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

✭✶✳✸✮







ut =
uxx

1 + (ux)2
− 1

u
, x ∈ (0, 1), t > 0,

ux(t, 0) = 0, ux(t, 1) = − 1

u(t, 1)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✶✳✹✮

♦♥❞❡ β ∈ R ❡ β > 0.

• ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❡

❢r♦♥t❡✐r❛✿ ❉✐r✐❝❤❧❡t ✭✶✳✺✮✱ ◆❡✉♠❛♥♥ ✭✶✳✻✮ ❡ ❙✐♥❣✉❧❛r ✭✶✳✼✮✱







ut =
uxx

u(1 + (ux)2)
3
2

, x ∈ (a, b), t > 0,

u(t, a) = u0(a), u(t, b) = u0(b), t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

✭✶✳✺✮







ut =
uxx

u(1 + (ux)2)
3
2

, x ∈ (a, b), t > 0,

ux(t, a) = 0, ux(t, b) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

✭✶✳✻✮



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✽







ut =
uxx

u(1 + (ux)2)
3
2

, x ∈ (0, 1), t > 0,

ux(t, 0) = 0, ux(t, 1) = − 1

u(t, 1)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✶✳✼✮

♦♥❞❡ β ∈ R ❡ β > 0.

• ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❡

❢r♦♥t❡✐r❛ ❉✐r✐❝❤❧❡t ✭✶✳✽✮ ❡ ❙✐♥❣✉❧❛r ✭✶✳✾✮







ut =
uxx

−uuxx + (ux)2 + 1
, x ∈ (0, 1), t > 0,

ux(t, 0) = 0, u(t, 1) = 1, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✶✳✽✮







ut =
uxx

−uuxx + (ux)2 + 1
, x ∈ (0, 1), t > 0,

ux(t, 0) = 0, ux(t, 1) = − 1

u(t, 1)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✶✳✾✮

♦♥❞❡ β ∈ R ❡ β > 0.

◆ã♦ ✐r❡♠♦s ❡st✉❞❛r ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ✐♥✈❡rs❛ ❡ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛

❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ◆❡✉♠❛♥♥✳

❆❧❣✉♥s ❞❡st❡s ♣r♦❜❧❡♠❛s ❥á ❢♦r❛♠ ❡st✉❞❛❞♦s ♣♦r ❛❧❣✉♥s ♣❡sq✉✐s❛❞♦r❡s ❞❛ ár❡❛ ❡

♦✉tr♦s sã♦ ♥♦✈♦s✳ ◆❡st❛ t❡s❡ ✐r❡♠♦s ❛♣r❡s❡♥t❛r t❛♥t♦ ♦s r❡s✉❧t❛❞♦s ♥♦✈♦s q✉❛♥t♦ ♦s r❡✲

s✉❧t❛❞♦s ❥á ❝♦♥❤❡❝✐❞♦s✳ ■st♦ s❡rá ❢❡✐t♦ ♣♦rq✉❡ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢❛③❡r ✉♠ ❡st✉❞♦ ❣❡r❛❧

❞❡ ❛❧❣✉♥s ✢✉①♦s ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❛s três ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❉✐r✐❝❤✲

❧❡t✱ ◆❡✉♠❛♥♥ ❡ ❙✐♥❣✉❧❛r✳ ◆❡st❛ ✐♥tr♦❞✉çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s

❞♦ tr❛❜❛❧❤♦✱ ❞✐✈✐❞✐♥❞♦✲♦s ❡♠ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛ t❡s❡ ❡ r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s✳ ❆s

❞❡♠♦♥str❛çõ❡s ❞❡ t❛✐s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❝♦r♣♦ ❞❛ t❡s❡✳



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✾

✶✳✷✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛ t❡s❡

❋❧✉①♦ ❞❡ ❈✉r✈❛t✉r❛ ▼é❞✐❛

❘❡s✉❧t❛❞♦s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❞✐③ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ♦ ❛♥✉❧❛♠❡♥t♦

❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❡ s✉❛ s♦❧✉çã♦✳ P❛r❛ ♠♦str❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ♣r✐♠❡✐r❛✲

♠❡♥t❡ ❡st✉❞❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r q✉❡ t❡♠ s♦❧✉çã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✷ ❞♦ ❆♣ê♥❞✐❝❡

❆ ❡ ♣r♦✈❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮

✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❚❡♦r❡♠❛ ✷✳✶✸ ❞❛ s❡çã♦ ✷✳✹✮✳ P❛r❛ ♠♦str❛r ♦ ❛♥✉❧❛♠❡♥t♦✱ ✉s❛♠♦s

té❝♥✐❝❛s s✐♠✐❧❛r❡s às té♥✐❝❛s ✉t✐❧✐③❛❞❛s ❡♠ ❬✶✼❪ ♣❛r❛ s❡ ♣r♦✈❛r ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦

✜♥✐t♦ ❞❡ ♦✉tr♦ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❚❡♦r❡♠❛ ✷✳✶✺ ❞❛ s❡çã♦ ✷✳✹✮✳

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡ u0 ∈ C2([0, 1]), ❡♥tã♦ ❡①✐st❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❡♠

C1,2([0, T )× [0, 1]), ♣❛r❛ ❛❧❣✉♠ T <∞ ❡ ❡st❛ s❡ ❛♥✉❧❛ ❡♠ T s♦♠❡♥t❡ ❡♠ x = 1✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❡①✐❜❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✉❛ s♦❧✉çã♦

♣ró①✐♠♦ ❞♦ ♣♦♥t♦ ❡ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ Pr♦♣♦s✐çã♦ ✷✳✶✻ ❞❛

s❡çã♦ ✷✳✹✮✳ ❆ té❝♥✐❝❛ ✉t✐❧✐③❛❞❛ ❢♦✐ ❛♣❧✐❝❛r ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇

❝♦♠♦ ❡♠ ❬✷✾❪ q✉❡ ❡st✉❞❛ ♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮ ❡ ✭✶✳✸✮✳

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❙❡ u0 ∈ C3([0, 1]), ❡♥tã♦ ❛ s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ s❛t✐s❢❛③ ❛s

s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

❛✮ u(t, x) ≥ C1(T − t)
1
2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❜✮ −ux(t, x) ≤ C2(T − t)
−β

2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ C1, C2 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s β ❡ T, ♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳

❋❧✉①♦ ❞❡ ❈✉r✈❛t✉r❛ ❞❡ ●❛✉ss

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✼✮

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ✈❡rs❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❣❧♦❜❛❧ ♥♦ t❡♠♣♦

❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ♥ã♦ ❝♦♥✈❡①♦s ❡ q✉❡ ❛ s♦❧✉çã♦ ♥❡st❡ ❝❛s♦ ❝♦♥✈❡r❣❡



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✶✵

❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❛♥❞♦ t → ∞. P♦r ♦✉tr♦ ❧❛❞♦ ✱ ❡st❡ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♠♦str❛

q✉❡✱ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ❝♦♥✈❡①♦s✱ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ q✉❡ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦

✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❚❡♦r❡♠❛s ✸✳✺✱ ✸✳✼ ❡ ✸✳✽ ❞❛ s❡çã♦ ✸✳✹✮✳ P❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱

✉s❛♠♦s té♥✐❝❛s s✐♠✐❧❛r❡s ❛s ❞❛s r❡❢❡rê♥❝✐❛s ❬✶✻❪✱ ❬✶✼❪✱ ❬✻✶❪ q✉❡ ♣r♦✈❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♣❛r❛ ♦✉tr♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s✳

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡ u0 ∈ C2([0, 1]), ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❛❞♠✐t❡ s♦❧✉çã♦ ❡♠ C1,2([0, T ]×
[0, 1]). ❊ ♠❛✐s✱

❛✮ ❙❡ u0 ❢♦r ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ é ❞❡✜♥✐❞❛ ♣❛r❛

t♦❞♦ t ❡ lim
t→∞

u(t, x) é ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

❜✮ ❆ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ✭✶✳✼✮ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦ s❡ ❛♥✉❧❛

❡♠ t❡♠♣♦ ✜♥✐t♦✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ é s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✉❛ s♦❧✉çã♦

♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❡ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦✱ ❝✉❥❛

❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛ s❡çã♦ ✸✳✹ ❚❡♦r❡♠❛ ✸✳✶✻✱ ✉t✐❧✐③❛♠♦s ♦ Pr✐♥❝í♣✐♦

❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✳

❚❡♦r❡♠❛ ✶✳✼✳ ❙❡ u0 ❢♦r ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦✱ ♣♦s✐t✐✈♦ ❡ u0 ∈ C3([0, 1])✱ ❡♥tã♦

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 t❛❧ q✉❡

u(t, 1) ≤ C1(T − t)
1

2(β+1) , ♣❛r❛ t♦❞♦ t ∈ [0, T ).

❋❧✉①♦ ❞❡ ❈✉r✈❛t✉r❛ ❍❛r♠ô♥✐❝❛

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✽✮

❖ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮ ✈❡rs❛ s♦❜r❡ ❡①✐stê♥❝✐❛ ❣❧♦❜❛❧ ♥♦ t❡♠♣♦ ❞❡ s✉❛

s♦❧✉çã♦ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛ s♦❧✉çã♦ q✉❛♥❞♦ t→ ∞. P❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱

♣r✐♠❡✐r❛♠❡♥t❡ ❡st✉❞❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r q✉❡ t❡♠ s♦❧✉çã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✷ ❞♦

❆♣ê♥❞✐❝❡ ❆ ❡ ❞❡♣♦✐s ♣r♦✈❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é t❛♠❜é♠ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ✭✶✳✽✮ ✭❞❡♠♦♥str❛çã♦ ❝♦♠♣❧❡t❛ ✈✐❞❡ ❚❡♦r❡♠❛ ✹✳✶ ❞❛ s❡çã♦ ✹✳✷✮✳ P❛r❛ ♠♦str❛r

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ✉t✐❧✐③❛♠♦s ✉♠ ❢✉♥❝✐♦♥❛❧ ❝♦♠♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻✶❪ ♦♥❞❡ é

❡st✉❞❛❞♦ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ♥♦s ❝❛s♦s ❉✐r✐❝❤❧❡t ❡ ◆❡✉♠❛♥♥ ✭❞❡♠♦♥str❛çã♦

✈✐❞❡ ❚❡♦r❡♠❛ ✹✳✷ ❞❛ s❡çã♦ ✹✳✷✮✳



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✶✶

❚❡♦r❡♠❛ ✶✳✽✳ ❙❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ∈ C2([0, 1]), ❡♥tã♦ ❡①✐st❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

✭✶✳✽✮ ❡♠ C1,2([0, T )× [0, 1]). ❊ ♠❛✐s✱ s❡ u0 ❢♦r ❝♦♥✈❡①♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❝♦♥✈❡r❣❡ ♣❛r❛

✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❛♥❞♦ t→ ∞.

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✾✮

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ✈❡rs❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ❛♥✉❧❛♠❡♥t♦

❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❡ s✉❛ s♦❧✉çã♦✳ P❛r❛ ♣r♦✈❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ✉s❛♠♦s ♦ ♠ét♦❞♦ ❞❡ s✉❜

❡ s✉♣❡rs♦❧✉çã♦ ✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ✹✳✻ ❞❛ s❡çã♦ ✹✳✸✮ ❡ ♣❛r❛ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦

✜♥✐t♦ ✜③❡♠♦s ❝♦♠♣❛r❛çã♦ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ t❡♠ s♦❧✉çã♦ ❡①♣❧í❝✐t❛ s❡ ❛♥✉❧❛♥❞♦ ❡♠

t❡♠♣♦ ✜♥✐t♦ ❡ ❛♣❧✐❝❛♠♦s ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ✭❞❡♠♦♥str❛çã♦

❝♦♠♣❧❡t❛ ✈✐❞❡ ✹✳✼ ❞❛ s❡çã♦ ✹✳✸✮✳

❚❡♦r❡♠❛ ✶✳✾✳ ❙❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ∈ C2([0, 1]), ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❛❞♠✐t❡ s♦❧✉çã♦

❡♠ C1,2([0, T ) × [0, 1]). ❆❧é♠ ❞✐ss♦✱ s❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ ❢♦r ❝♦♥✈❡①♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡

✭✶✳✾✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 1✳

❖s ❞♦✐s ú❧t✐♠♦s r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ sã♦ s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛

s♦❧✉çã♦ ❞❡ ✭✶✳✾✮ ♣ró①✐♠♦ ❞♦ ♣♦♥t♦ ❡ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ✭❞❡♠♦♥str❛çõ❡s Pr♦♣♦✲

s✐çõ❡s ✹✳✽ ❡ ✹✳✾ ❞❛ s❡çã♦ ✹✳✸✮✳ P❛r❛ ♦❜t❡r♠♦s t❛✐s ❡st✐♠❛t✐✈❛s✱ ✉s❛♠♦s ♦ Pr✐♥❝í♣✐♦ ❞♦

▼á①✐♠♦ ❝♦♠♦ ❡♠ ❬✸✵❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ ❙❡ u0 ∈ C5([0, 1]) ❡ u
(i)
0 ≤ 0, i = 1, ...5, sã♦ ♥ã♦ ♣♦s✐t✐✈❛s✱ ❡♥tã♦

♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

❛✮ u(t, x) ≥ C1(T − t)λ ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❜✮ −ux ≤ C2(T − t)λ−
1
2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ C1, C2 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ β ❡ u0✱ λ = 1
2(β+1)

❡ T ♦ t❡♠♣♦ ❞❡

❛♥✉❧❛♠❡♥t♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡ u0 ❡st✐✈❡r ♥❛s ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❡♥tã♦ ♦❜t❡♠♦s

❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

❛✮ u(t, 1) ≤ C3(T − t)
1
2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❜✮ −ut ≤ C4(T − t)−λ ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ C3, C4 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ β ❡ u0✳



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✶✷

✶✳✷✳✷ ❘❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❖s r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮ ❡ ✭✶✳✸✮ ❡♥✉♥❝✐❛❞♦s ❛❜❛✐①♦✱ sã♦ r❡t✐r❛❞♦s ❞❛s

r❡❢❡rê♥❝✐❛s ❬✶✾❪ ❡ ❬✷✾❪✳ ❚❛✐s r❡❢❡rê♥❝✐❛s ♥ã♦ tr❛t❛♠ ❞❛ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛✳ ◆❡st❛ t❡s❡ ♠❡❧❤♦r❛♠♦s ♦s tr❛❜❛❧❤♦s ❞❡ ❬✶✾❪ ❡ ❬✷✾❪ ♠♦str❛♥❞♦ ❛

❡①✐stê♥❝✐❛ ❡ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮ ❡ ✭✶✳✸✮✳

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✷✮

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s♦❜r❡ ✭✶✳✷✮ ✈❡rs❛ s♦❜r❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛

s♦❧✉çã♦ ❞❡ ✭✶✳✷✮ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦ ❝♦r♣♦ ❞❛ t❡s❡ ❚❡♦r❡♠❛ ✷✳✶✶

❞❛ s❡çã♦ ✷✳✸✳

❚❡♦r❡♠❛ ✶✳✶✷✳ P❛r❛ ❝❛❞❛ a, s❡❥❛♠ w1(x, a) ❡ w2(x, a) s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❡st❛❝✐♦✲

♥ár✐♦ ❛ss♦❝✐❛❞♦ ❛ ✭✶✳✷✮✳ ❙❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ∈ C3([0, a]) ❡ ❢♦r ♥ã♦ ♥❡❣❛t✐✈♦✱ ❡♥tã♦ ❛

s♦❧✉çã♦ ❞❡ ✭✶✳✷✮ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ ❙❡ a ≤ a0 ❡ 0 < u0(x) ≤ w2(x, a)✱ u0(0) < w2(0, a), ❡♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ✢✉①♦

❝✉r✈❛t✉r❛ ♠é❞✐❛ ✭✶✳✷✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0✳

❜✮ ❙❡ a < a0 ❡ w2(x, a) ≤ u0(x) ≤ 1✱ u0(x) 6= w2(x, a)✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✷✮

❝♦♥✈❡r❣❡ ♣❛r❛ w1(x, a) q✉❛♥❞♦ t→ ∞.

❝✮ ❙❡ a > a0 ❡ 0 < u0(x) ≤ 1✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✷✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦

s♦♠❡♥t❡ ❡♠ x = 0✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦✱ ❝✉❥❛ ❛ ❞❡♠♦♥str❛çã♦ s❡ ❡♥❝♦♥tr❛ ♥❛ s❡çã♦ ✷✳✸ ❚❡♦r❡♠❛ ✷✳✶✷✱

♠♦str❛ ❝♦♠♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✷✮ s❡ ❝♦♠♣♦rt❛ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T.

❚❡♦r❡♠❛ ✶✳✶✸✳ ❙❡ u0 s❛t✐❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥s✲

t❛♥t❡s L1, L2 ❡ L3 t❛✐s q✉❡ ❛ s♦❧✉çã♦ u ❞❡ ✭✶✳✷✮ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

❛✮ L1 ≤ u(t, x)(T − t)−
1
2 ✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❜✮ u(t, 0)(T − t)−
1
2 ≤ L2✱ ♣❛r❛ 0 < t < T ✳

❝✮ −ut(t, x)(T − t)
1
2 ≤ L3✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳



✶✳✷ ❖s ♣r♦❜❧❡♠❛s ❡st✉❞❛❞♦s ✶✸

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✸✮

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ✢✉①♦ ✭✶✳✸✮ ❞✐③ s♦❜r❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❡

s✉❛ s♦❧✉çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛ s❡çã♦ ✷✳✷ ❚❡♦r❡♠❛ ✷✳✸✳

❚❡♦r❡♠❛ ✶✳✶✹✳ ❙❡ u0 ∈ C2([0, 1]), u′0 6= 0 ❡ s✉❛s ❞❡r✐✈❛❞❛s u
(j)
0 , j = 1, 2, sã♦ ♥ã♦

♥❡❣❛t✐✈❛s✱ ❡♥tã♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ s♦❜r❡ ✭✶✳✸✮ ❡①✐❜❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✉❛ s♦❧✉çã♦ ♣ró①✐♠♦ ❞♦

t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T ❡ ❞♦ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ x = 0 ✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❚❡♦r❡♠❛

✷✳✺ ❞❛ s❡çã♦ ✷✳✷✮✳

❚❡♦r❡♠❛ ✶✳✶✺✳ ❙❡ u0 ∈ C5([0, 1]), u′0 6= 0 ❡ s✉❛s ❞❡r✐✈❛❞❛s u
(j)
0 , j = 1, . . . 5, sã♦ ♥ã♦

♥❡❣❛t✐✈❛s✱ ❡♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s K1, K2✱ K3 t❛✐s q✉❡✿

❛✮ K1 ≤ u(t, x)(T − t)−
1

1+β ✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❜✮ u(t, 0)(T − t)−
1

1+β ≤ K2✱ ♣❛r❛ 0 < t < T ✳

❝✮ −ut(t, x)(T − t)
β

1+β ≤ K3✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

◆❛ r❡❢❡rê♥❝✐❛ ❬✻✶❪ sã♦ ❡st✉❞❛❞♦s ♦s ♣r♦❜❧❡♠❛s ✭✶✳✺✮ ❡ ✭✶✳✻✮✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♥❡st❡ ❛rt✐❣♦ sã♦ ❛ ❡①✐stê♥❝✐❛✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s♦❧✉çã♦ ♣❛r❛

♦s ♣r♦❜❧❡♠❛s ✭✶✳✺✮ ❡ ✭✶✳✻✮✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❡♥✉♥❝✐❛❞♦s ❛❜❛✐①♦ ❡ ❞❡t❛❧❤❛❞♦s ♥♦ ❝♦r♣♦

❞❛ t❡s❡✳

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✺✮

❖ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ✢✉①♦ ✭✶✳✺✮ ❣❛r❛♥t❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❣❧♦❜❛❧♠❡♥t❡ ♥♦ t❡♠♣♦

♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ✢✉①♦ ❡ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡st❛ s♦❧✉çã♦ q✉❛♥❞♦

t→ ∞ ✭❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❚❡♦r❡♠❛s ✸✳✸ ❡ ✸✳✹ ❞❛ s❡çã♦ ✸✳✸✮✳

❚❡♦r❡♠❛ ✶✳✶✻✳ ❙❡ u0 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ H2+α(a, b) ❝♦♠ s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s

❝♦♥tí♥✉❛s ❛té ♦ ❜♦r❞♦ s❛t✐s❢❛③❡♥❞♦

u′′0(a) = u′′0(b) = 0.



✶✳✸ ❈♦♠♣❛r❛çõ❡s ❞♦s ❘❡s✉❧t❛❞♦s ✶✹

❊♥tã♦ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ H2+α((0, 1)× (0,∞)) ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮✳ ❆ s♦❧✉çã♦

é s✉❛✈❡ ♣❛r❛ t > 0 ❡ q✉❛♥❞♦ t → ∞ u(t, .) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ✉♥✐♥❞♦

(a, u0(a)), (b, u0(b)).

❘❡s✉❧t❛❞♦s s♦❜r❡ ✭✶✳✻✮

❊st❡ r❡s✉❧t❛❞♦✱ ❝✉❥❛ ❛ ❞❡♠♦♥str❛çã♦ s❡ ❡♥❝♦♥tr❛ ♥♦ ❝♦r♣♦ ❞❛ t❡s❡ ❚❡♦r❡♠❛s ✸✳✶ ❡

✸✳✷ ❞❛ s❡çã♦ ✸✳✷✱ ✈❡rs❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥✳

❚❡♦r❡♠❛ ✶✳✶✼✳ ❙❡ u0 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ H2+α(a, b) ❝♦♠ s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s

❝♦♥tí♥✉❛s ❛té ♦ ❜♦r❞♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡ u0 ❛ss✉♠❡ ✈❛❧♦r ③❡r♦

♥♦ ♣♦♥t♦s x = a ❡ x = b✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ H2+α((a, b) × (0,∞)) ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ✭✶✳✻✮✳ ❆ s♦❧✉çã♦ é s✉❛✈❡ ♣❛r❛ t > 0 ❡ u(t, .) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡

r❡t❛ ❤♦r✐③♦♥t❛❧ q✉❛♥❞♦ t→ ∞✳

✶✳✸ ❈♦♠♣❛r❛çõ❡s ❞♦s ❘❡s✉❧t❛❞♦s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❢❛③❡r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ r❡s✉❧t❛❞♦s ❥á ❡①✐st❡♥t❡s ❡ ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ♥❡st❛ t❡s❡ ✭♥♦✈♦s✮✳

❊♠ ❬✻✶❪✱ ❛ ❛✉t♦r❛ ♠♦str❛ ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s

✭✶✳✺✮ ❡ ✭✶✳✻✮✱ ♣♦ré♠ ♥♦s ❛rt✐❣♦s ❬✶✾❪ ❡ ❬✷✾❪ ❛ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡

s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮ ❡ ✭✶✳✸✮ ♥ã♦ é tr❛t❛❞❛✳ ◆❡st❛ t❡s❡ ♠❡❧❤♦r❛♠♦s ♦s

tr❛❜❛❧❤♦s ❬✶✾❪ ❡ ❬✷✾❪ ♣r♦✈❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s

✭✶✳✷✮ ❡ ✭✶✳✸✮✳

◆❛ ❞✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦ ❬✼✸❪ ❡st✉❞❛♠♦s✱ ❝♦♠ ❜❛s❡ ❡♠ ❬✸✵❪✱ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛

❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛✿







ut = uxx, x ∈ (0, 1), t > 0,

ux(0, t) = 0, ux(1, t) = −[u(1, t)]−β, t > 0,

u(x, 0) = u0(x) > 0, x ∈ [0, 1],

✭✶✳✶✵✮

♦♥❞❡ β > 0 ❡ u0 é s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✳ ◆❡st❛ ❞✐ss❡rt❛çã♦ ❢♦✐ ♣r♦✈❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✵✮ ✈✐❛ ♠ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦✱ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠



✶✳✸ ❈♦♠♣❛r❛çõ❡s ❞♦s ❘❡s✉❧t❛❞♦s ✶✺

t❡♠♣♦ ✜♥✐t♦ T ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✶✵✮ s♦♠❡♥t❡ ❡♠ x = 1 ❡ ♦❜t✐❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛

s♦❧✉çã♦ ♣ró①✐♠♦ ❞♦ ♣♦♥t♦ x = 1 ❡ ❞♦ t❡♠♣♦ T ❛tr❛✈és ❞❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

K1(1− x)2 ≤ u(x, t) ≤ K2(1− x)2λ,

K3(T − t)λ ≤ u(1, t) ≤ K4(T − t)λ

❡

−(T − t)1−λut(x, t) ≤ K5,

♣❛r❛ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ K1, K2, K3, K4 ❡ K5 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❡

λ =
1

2(β + 1)
.

❊st❡ tr❛❜❛❧❤♦ ❞❡ ♠❡str❛❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s r❡❢❡rê♥❝✐❛s ❬✶✾❪ ❡ ❬✷✾❪ ♥♦s ♠♦t✐✈♦✉ ❛

❡st✉❞❛r ♦s ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ❞❡ ●❛✉ss ❡ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✵✮✳ ◆❡st❛ t❡s❡ ♣r♦✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛

♦s ♣r♦❜❧❡♠❛s ✭✶✳✹✮✱ ✭✶✳✼✮ ❡ ✭✶✳✾✮✱ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❡st❛s s♦❧✉çõ❡s ♣❛r❛

❞❛❞♦s ✐♥✐❝✐❛✐s ❝♦♥✈❡①♦s ❡ ♦❜t✐✈❡♠♦s ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ♣❛r❡❝✐❞❛s ❝♦♠ ❛s ♦❜t✐❞❛s ❛❝✐♠❛

♠❛s ♣❛r❛ ❛s s♦❧✉çõ❡s ❞❡ ✭✶✳✹✮✱ ✭✶✳✼✮ ❡ ✭✶✳✾✮ ♣❡rt♦ ❞♦ s❡✉s t❡♠♣♦s ❡ s❡✉s ♣♦♥t♦s ❞❡

❛♥✉❧❛♠❡♥t♦✳ ❆ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡✱ ♦ ❛♥✉❧❛♠❡♥t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❛s s♦❧✉çõ❡s ❞♦

♣r♦❜❧❡♠❛s ✭✶✳✹✮✱ ✭✶✳✼✮ ❡ ✭✶✳✾✮ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ❝♦♥✈❡①♦s sã♦ ♥♦✈♦s✳

❊♠ ❬✻✶❪✱ ❛ ❛✉t♦r❛ ❞❡♠♦♥str❛✱ s❡♠ q✉❛❧q✉❡r ❤í♣♦t❡s❡ s♦❜r❡ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ s✉♣❡r✲

❢í❝✐❡ ✐♥✐❝✐❛❧✱ t❛♥t♦ ♦ ✢✉①♦ ✭✶✳✺✮ q✉❛♥t♦ ♦ ✢✉①♦ ✭✶✳✻✮ ❡①✐st❡♠ ❣❧♦❜❛❧♠❡♥t❡ ♥♦ t❡♠♣♦ ❡

❝♦♥✈❡r❣❡♠✱ q✉❛♥❞♦ t → ∞, ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳ ◆❡st❛ t❡s❡✱ ❝♦♠ ❛ ❤✐♣ót❡s❡

❞❡ ♥ã♦ ❝♦♥✈❡①✐❞❛❞❡ ♥♦ ❞❛❞♦ ✐♥✐❝✐❛❧✱ ♠♦str❛♠♦s q✉❡ ♦ ✢✉①♦ ✭✶✳✼✮ t❡♠ ♦ ♠❡s♠♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦✳ ❆ ❡①✐stê♥❝✐❛✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ✭✶✳✼✮ sã♦ ♥♦✈♦s✳

❖ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝♦ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✭✶✳✽✮

♥✉♥❝❛ ❢♦✐ ❡st✉❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ◆❡st❛ t❡s❡ ♣r♦✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡

s♦❧✉çã♦ ❣❧♦❜❛❧♠❡♥t❡ ♥♦ t❡♠♣♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮ ❡ ♦❜t✐✈❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❛ss✐♥tót✐❝♦ ❞❡ s✉❛ s♦❧✉çã♦✳



✶✳✸ ❈♦♠♣❛r❛çõ❡s ❞♦s ❘❡s✉❧t❛❞♦s ✶✻

❘❡s✉♠✐♥❞♦✱ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡st❛ t❡s❡ sã♦✿

• ❊①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐✲

çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✭❚❡♦r❡♠❛ ✷✳✻ ❞❛ s❡çã♦ ✷✳✸✮✳

• ❊①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐✲

çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✭❚❡♦r❡♠❛ ✷✳✶ ❞❛ s❡çã♦ ✷✳✷✮✳

• ❊①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐✲

çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✭❚❡♦r❡♠❛ ✷✳✶✸ ❞❛ s❡çã♦ ✷✳✹✮✳

• ❊①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✭❚❡♦r❡♠❛ ✹✳✶ ❞❛ s❡çã♦ ✹✳✷✮✳

• ❊①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✭❚❡♦r❡♠❛ ✹✳✻ ❞❛ s❡çã♦ ✹✳✸✮✳

• ❆♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✭❚❡♦r❡♠❛ ✷✳✶✺ ❡ ♣r♦♣♦s✐çã♦ ✷✳✶✻ ❞❛ s❡çã♦ ✷✳✹✮✳

• ❆♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡

●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①❛ ✭❚❡♦r❡♠❛s

✸✳✽ ❡ ✸✳✶✻ ❞❛ s❡çã♦ ✸✳✹✮✳

• ❈♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥✲

❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①❛ ✭❚❡♦r❡♠❛ ✸✳✼ ❞❛ s❡çã♦

✸✳✹✮✳

• ❈♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ❤❛r♠ô♥✐❝❛ ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✭❚❡♦r❡♠❛ ✹✳✷ ❞❛ s❡çã♦ ✹✳✷✮✳

• ❆♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛

❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✭❚❡♦r❡♠❛ ✹✳✼✱ Pr♦♣♦s✐çã♦ ✭✹✳✽✮ ❡

Pr♦♣♦s✐çã♦ ✹✳✾ ❞❛ s❡çã♦ ✹✳✸✮✳



❈❛♣ít✉❧♦

✷

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❞❡♠♦♥str❛r r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮✱ ✭✶✳✸✮ ❡ ✭✶✳✹✮✳

◆❛ s❡çã♦ ✷✳✶ ✐r❡♠♦s ❞❡♠♦♥str❛r ❝♦♠♦ ✜❝❛ ♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡

r❡✈♦❧✉çã♦✳ ❆ s❡çã♦ ✷✳✷ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛ ♣r✐♠❡✐r❛ ❞❡❧❛s ✐r❡♠♦s ❛♣r❡✲

s❡♥t❛r r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ❡ ♥❛ s❡❣✉♥❞❛ r❡s✉❧t❛❞♦s

s♦❜r❡ ❛♥✉❧❛♠❡♥t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❡ s✉❛ s♦❧✉çã♦ ♣❡rt♦ ❞♦ s❡✉ ♣♦♥t♦ ❡ s❡✉ t❡♠♣♦ ❞❡ ❛♥✉✲

❧❛♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❛ s✉❜s❡çã♦ ✷✳✷✳✶ sã♦ ♥♦✈♦s✱ ♣♦ré♠ ♦s ❞❛ s✉❜s❡çã♦ ✷✳✷✳✷ sã♦ ❥á

❝♦♥❤❡❝✐❞♦s ✭✈✐❞❡ ❬✶✾❪ ❡ ❬✷✾❪✮✳ ❆ s❡çã♦ ✷✳✸ t❛♠❜é♠ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛

s✉❜s❡çã♦ ✷✳✸✳✶ ✐r❡♠♦s ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ❡ ♥❛

s✉❜s❡çã♦ ✷✳✸✳✷ ♠♦str❛r❡♠♦s ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❡ s✉❛ s♦❧✉çã♦

♣❡rt♦ ❞♦ s❡✉ t❡♠♣♦ ❡ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❛ s✉❜s❡çã♦ ✷✳✸✳✶ sã♦ ♥♦✈♦s✱

♠❛s ♦s ❞❛ s✉❜s❡çã♦ ✷✳✸✳✷ ❥á sã♦ ❝♦♥❤❡❝✐❞♦s ✭✈✐❞❡ ❬✶✾❪ ❡ ❬✷✾❪✮✳ ❋✐♥❛❧✐③❛♥❞♦ ♦ ❝❛♣ít✉❧♦

t❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛ s✉❜s❡çã♦

✷✳✹✳✶ ❞❡♠♦♥str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❡

♥❛ s✉❜s❡çã♦ ✷✳✹✳✷ ♠♦str❛r❡♠♦s ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛s ❞❡ s✉❛

s♦❧✉çã♦ ♣❡rt♦ ❞♦ s❡✉ t❡♠♣♦ ❡ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❛s ❞✉❛s s✉❜s❡çõ❡s

✷✳✹✳✶ ❡ ✷✳✹✳✷ sã♦ ♥♦✈♦s✳ ❆ ❥✉st✐✜❝❛t✐✈❛ ❞❡ ❞❡t❛❧❤❛r♠♦s r❡s✉❧t❛❞♦s ❥á ❝♦♥❤❡❝✐❞♦s ♥❡st❡

✶✼



✷✳✶ ▼♦t✐✈❛çã♦ ✶✽

❝❛♣ít✉❧♦ é q✉❡ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢❛③❡r ✉♠ ❡st✉❞♦ ♠❛✐s ❣❡r❛❧ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛

❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❛s três ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✿ ❉✐r✐❝❤❧❡t✱ ◆❡✉♠❛♥♥ ❡

s✐♥❣✉❧❛r✳

✷✳✶ ▼♦t✐✈❛çã♦

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s γ(t, θ, x) ⊂ R
3, ❞❛❞❛ ♣♦r✿

γ(t, θ, x) = (x, u(t, x) cos θ, u(t, x) sin θ),

♦♥❞❡ θ ∈ [0, 2π] ❡ x ∈ [0, a]. ❋❛③❡♥❞♦ ❡st❛ ❡✈♦❧✉✐r ❛tr❛✈és ❞♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱

✐st♦ é

γt = −2H.~n, ✭✷✳✶✮

♦♥❞❡ H r❡s♣r❡s❡♥t❛ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ ~n ♦ ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r à s✉♣❡r❢í❝✐❡✱ ❝♦♥✲

❝❧✉í♠♦s q✉❡ u s❛t✐s❢❛③

ut =
uxx

1 + (ux)2
− 1

u
, ✭✷✳✷✮

♦❜s❡r✈❛♥❞♦ q✉❡H = 1
2
(1+(ux)

2)−
1
2

(

uxx
1 + (ux)2

−1

u

)

❡ ~n = 1√
1+(ux)2

(

ux,− cos θ,− sin θ

)

.

✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥✲

t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥

❆ ❡q✉❛çã♦ ❞❡❞✉③✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ◆❡✉♠❛♥♥ ❢♦✐ ❡st✉✲

❞❛❞❛ ♥♦s ❛rt✐❣♦s ❬✶✾❪ ❡ ❬✷✾❪✳ ❊♠ ♥❡♥❤✉♠❛ ❞❡st❛s r❡❢❡rê♥❝✐❛ ❛ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞♦

♣r♦❜❧❡♠❛ ❢♦✐ tr❛t❛❞❛✳ ❊st❛ s❡çã♦ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛ ♣r✐♠❡✐r❛ ❞❡❧❛s

✐r❡♠♦s ❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮ ❡ ♥❛

s❡❣✉♥❞❛ r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡

✢✉①♦ ♣❡rt♦ ❞♦ s❡✉ t❡♠♣♦ ❡ s❡✉ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❛ s✉❜s❡çã♦ ✭✷✳✷✳✶✮

sã♦ ♥♦✈♦s✱ ♠❛s ♦s ❞❛ s✉❜s❡çã♦ ✷✳✷✳✷ ❥á sã♦ ❝♦♥❤❡❝✐❞♦s ✭✈✐❞❡ ❬✶✾❪ ❡ ❬✷✾❪✮✳



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✶✾

✷✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❖ ♣r♦❜❧❡♠❛ ❛ s❡r ❡st✉❞❛❞♦ ♥❡st❛ s❡çã♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✱ ♦✉ s❡❥❛







ut =
uxx

1 + (ux)2
− 1

u
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, ux(t, a) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

❚❡♦r❡♠❛ ✷✳✶✳ ❙❡ u0 ∈ C2([0, a]), ❡♥tã♦ ❡①✐st❡ T > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮ ❛❞♠✐t❡

s♦❧✉çã♦ ❡♠ C1,2([0, T )× [0, a]).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r







vt = F (t, x, v, vx, vxx), x ∈ (0, a), t > 0,

vx(t, 0) = 0, vx(t, a) = 0, t > 0,

v(0, x) = v0(x) > 0, x ∈ [0, a],

✭✷✳✸✮

♦♥❞❡ F (t, x, z, p, r) =
r

1 + p2
− 1

z
♣❛r❛ x ∈ (0, a),

m

2
< z < M ❡ | p |< C, ❝♦♠

m = min
x∈[0,a]

v0(x),

M = max
x∈[0,a]

v0(x)

❡

C = max
x∈[0,a]

u′0(x).

❈♦♠ ❡st❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ❛ F, ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

❛✉①✐❧✐❛r ✭✷✳✸✮ ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆✳

❉❡ ❢❛t♦✱ ❛s ❝♦♥❞✐çõ❡s (i), (ii), (iii) ❡ (iv) ♥♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆ sã♦ s❛t✐s✲

❢❡✐t❛s✱ t♦♠❛♥❞♦

µ(| z |) = 2

m
+ | z |,

a1 =
2

m
+ | p |,



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✵

Λ0 = 1+ | p |,

a0 =
1

1 + C2
,

a1 = 1

❡ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ ❝r❡s❝❡♥t❡ a0 ❡ q✉❛✐sq✉❡r ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛s M0 ❡ M1.

❆ ❝♦♥❞✐çã♦ (v) ❞♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆ é s❛t✐s❢❡✐t❛ s❡ t♦♠❛r♠♦s c1 =
m2

4
❡

c2 = 2C.

❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡♠♦s q✉❡

∣
∣
∣
∣
∣
F (t, x, z, p, r)− F (t, y, w, q, r)

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

(q2 − p2)r

(1 + p2)(1 + q2)
+
z − w

wz

∣
∣
∣
∣
∣
.

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♦s ✈❛❧♦r❡s ❞❡ c1 ❡ c2 ♦❜t❡♠♦s

∣
∣
∣
∣
∣
F (t, x, z, p, r)− F (t, y, w, q, r)

∣
∣
∣
∣
∣
≤ (|x− y|+ |z − w|+ |p− q|)(c1 + c2).

❆ss✐♠✱ ❝♦♠♦ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆ sã♦ s❛t✐s❢❡✐t❛s✱ ❝♦♥❝❧✉í♠♦s

s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✸✮✳

❊♠ s❡❣✉✐❞❛ ✈❛♠♦s ♣r♦✈❛r q✉❡ v s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s q✉❡ ❢♦r❛♠ ✐♠♣♦st❛s s♦❜r❡ ❛

F ❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ q✉❡ v é t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✳

❖❜s❡r✈❡ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✷✳✸✮ s❛t✐s❢❛③
m

2
≤ v ≤ M ❡ |vx| ≤ C, ♣❛r❛ ❛❧❣✉♠ T > 0

❝♦♠ t ∈ [0, T ] ❡ x ∈ [0, a]. ❉❡ ❢❛t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✺ ❞♦ ❆♣ê♥❞✐❝❡ ❇

♦❜t❡♠♦s

m = min
x∈[0,a]

v0, M = max
x∈[0,a]

v0

❡

C = max
x∈[0,a]

v′0(x)

t❛✐s q✉❡



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✶

v(t, x) ≤M ❡ | vx(t, x) |≤ C, ✭✷✳✹✮

♣❛r❛ ❛❧❣✉♠ T0 ✜①❛❞♦ ❡ (t, x) ∈ [0, T0]× [0, a].

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦ w = v − m

2
+ kt, t❡♠♦s q✉❡ w s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛

❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛✿







wt − F (t, x, w, wx, wxx) ≥ 0, x ∈ (0, a), t ∈ (0, T ),

wx(t, 0) = 0, wx(t, a) = 0, t ∈ (0, T ),

w(0, x) = v0 −
m

2
> 0, x ∈ [0, a].

✭✷✳✺✮

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼❛①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s q✉❡ w ≥ 0, ♣❛r❛ x ∈ [0, a] ❡

t ∈ [0, T0].

❆ss✐♠✱ ❡①✐st❡♠ T < min{T0,
m

k
} t❛❧ q✉❡

v ≤ m

2
, ✭✷✳✻✮

♣❛r❛ x ∈ [0, a] ❡ t ∈ [0, T ].

▲♦❣♦✱ ❞❡ ✭✷✳✹✮ ❡ ✭✷✳✻✮ ❝♦♥❝❧✉í♠♦s q✉❡ v s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✐♠♣♦st❛s s♦❜r❡ F.

❆ss✐♠ v é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✸✮✳

�

✷✳✷✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛s té❝♥✐❝❛s ✉t✐❧✐③❛❞❛s ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✾❪ ❡ ❬✷✾❪ ♣❛r❛ ❛

♦❜t❡♥çã♦ ❞♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ T ❞❛s s♦❧✉çõ❡s ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

q✉❡ ❝♦♥té♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✸✮✳ ❆❧é♠ ❞✐ss♦ ❛♣r❡s❡♥t❛r❡♠♦s

r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ T ✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛✿







ut = (φ(ux))x −
1

uβ
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, ux(t, a) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

✭✷✳✼✮

♦♥❞❡ β > 0 ❡ φ é ✉♠❛ ❢✉♥çã♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

▲❡♠❛ ✷✳✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ φ ∈ C3([0,∞))✱ ❡♥tã♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✷

❛✮ ❙❡ u0 ∈ C1([0, a]) ❡ u0 ≥ 0✱ ❡♠ [0, a], ❡♥tã♦ ux ≥ 0 ❡♠ [0, a]× [0, T ).

❜✮ ❙❡ u0 ∈ C2([0, a]) ❡ [φ(u′0)]
′ − 1

uβ0
≤ 0, ❡♥tã♦ ut ≤ 0 ❡♠ [0, a]× [0, T ).

❝✮ ❙❡ u0 ∈ C3([0, a])✱ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦s ✐t❡♠ ❛♥t❡r✐♦r❡s ❡
{

[φ(u0)
′]′ − 1

uβ0

}′

≥ 0, ❡♥tã♦ uxt ≥ 0 ❡♠ [0, a]× [0, T ).

❉❡♠♦♥str❛çã♦✿ ❛✮ ❉❡✜♥✐♥❞♦ α = ux✱ t❡♠♦s q✉❡ α r❡s♦❧✈❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿







αt = (φx(ux))αxx + (φxx(ux))αx + βu−β−1α, x ∈ (0, a), t > 0,

α(t, 0) = 0, α(t, a) = 0, t > 0,

u(0, x) = (u0)x(x) ≥ 0, x ∈ [0, a],

✭✷✳✽✮

▲♦❣♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ❝♦♥❝❧✉í♠♦s q✉❡ ux ≥ 0 ❡♠ [0, a]×
[0, T )✳

❜✮ ❖❜s❡r✈❡ q✉❡✱ ❞❡✜♥✐♥❞♦ h = ux, t❡♠♦s q✉❡ h s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛







ht = (φx(ux))hxx + (φxx(ux))hx + βu−β−1h, x ∈ (0, a), t > 0,

h(t, 0) = 0, h(t, a) = 0, t > 0,

u(0, x) = [φ((u0)x)]x −
1

uβ0
≤ 0, x ∈ [0, a],

✭✷✳✾✮

❆ss✐♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ❝♦♥❝❧✉í♠♦s q✉❡ ux ≥ 0 ❡♠

[0, a]× [0, T )✳

❝✮ ❯s❛♥❞♦ ♦s ✐t❡♥s ❛♥t❡r✐♦r❡s ❞❡st❡ ❧❡♠❛ ❡ ❞❡✜♥✐♥❞♦ r = utx, ♦❜t❡♠♦s q✉❡ r s❛t✐s❢❛③

rt − φ′(ux)rxx − φ′′(ux)uxxrx − (φ′′′(ux)u
2
xx + βu−β−1)r = −β(β + 1)u−β−2uxut > 0,

❝♦♠ r(t, 0) = 0 = r(t, a) ❡

r(0, x) =

(

[φ((u0)x)]x −
1

uβ0

)′

(x) ≥ 0.

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ❝♦♥❝❧✉í♠♦s q✉❡ utx(t, x) ≥ 0,

♣❛r❛ t ∈ [0, T ) ❡ x ∈ [0, a].

�



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✸

❚❡♦r❡♠❛ ✷✳✸✳ ❙❡ φ ❡ u0 s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ✭❛✮✱ ✭❜✮ ❡ ✭❝✮ ❞♦ ▲❡♠❛ ✷✳✷ ❡ u′0 6= 0✱

❡♥tã♦ ❛ s♦❧✉çã♦ ✉ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✼✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0✳ ❊♠

♣❛rt✐❝✉❧❛r ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✸✮ t❛♠❜é♠ s❡ ❛♥✉❧❛♠ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♣❛r❛♠♦s ♦ ♣r♦❜❧❡♠❛ ✭✷✳✼✮ ❝♦♠







θt = − 1

θβ
, x ∈ (0, a), t > 0,

θx(t, 0) = 0, θx(t, a) = 0, t > 0,

θ(0, x) =M = max
x∈[0,a]

u0(x) > 0, x ∈ [0, a].

✭✷✳✶✵✮

❆ s♦❧✉çã♦ ❞❡ ✭✷✳✶✵✮ é ❡①♣❧í❝✐t❛ ❡ é ❞❛❞❛ ♣♦r✿

θ(t) = [M − (β + 1)t]
1

β+1 .

❯s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ u < θ ❡♠

[0, a]× [0, Tθ)✳ ❆ss✐♠✱ ❝♦♠♦ θ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦✱ ❡♥tã♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✳

❉♦ ✐t❡♠ ✭❛✮ ❞♦ ▲❡♠❛ ✷✳✷✱ t❡♠♦s u(t, 0) ≤ u(t, x) ♣❛r❛ t♦❞♦ x ∈ (0, a]. P♦rt❛♥t♦ u

s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡♠ x = 0✳

P❛r❛ ♠♦str❛♠♦s q✉❡ ❡❧❛ s❡ ❛♥✉❧❛ s♦♠❡♥t❡ ❡♠ x = 0✱ ❞✐✈✐❞✐r❡♠♦s ❡♠ ❞♦✐s ❝❛s♦s✿

❙❡ u′0 > 0 ❝♦♥❝❧✉í♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♣❡❧♦ ✐t❡♠ ✭❝✮ ❞♦ ▲❡♠❛ ✷✳✷✱

q✉❡

u(t, x)− u(t, 0) = ux(t, ξ)x ≥ u′0(ξ)x > 0,

♣❛r❛ x ∈ (0, a]✳ ❉❛í

lim
t→T

u(t, x) > 0,

♣❛r❛ x ∈ (0, a]✳

❈❛s♦ ❝♦♥trár✐♦✱ s❡ ❡①✐st❡ ✉♠ x0 = min{x > 0| u′0(x) = 0}✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♠ ♦

♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❝♦♥s❡❣✉✐♠♦s ♠♦str❛r q✉❡

lim
t→T

u(t, x) > 0,

♣❛r❛ x ∈ (0, x0], ❡ ♣❛r❛ ❝♦♥❝❧✉✐r ✉t✐❧✐③❛♠♦s ♦ ✐t❡♠ ✭❛✮ ❞♦ ▲❡♠❛ ✷✳✷ ♣❛r❛ ♦❜t❡r♠♦s

lim
t→T

u(t, x) > 0,



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✹

♣❛r❛ x ∈ (0, a]✳

�

❖ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❣❡r❛❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡

♣❡❧♦ s♦❢t✇❛r❡ ▼❛♣❧❡ s❡❣✉♥❞♦ ❛ ✜❣✉r❛ ❛❜❛✐①♦✳ ◆❡st❡ ❝❛s♦✱ ❛♣r♦①✐♠❛♠♦s ♦ ♣r♦❜❧❡♠❛

✭✶✳✸✮ ♣❡❧♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❝♦♠ ǫ > 0 :







(uǫ)t =
(uǫ)xx

1 + (uǫ)2x
− (uǫ)

((uǫ) + ǫ)β+1
, x ∈ (0, a), t > 0,

(uǫ)(t, 0) = 0, (uǫ)(t, a) = 0, t > 0,

u(0, x) = u0(x), x ∈ [0, a]

❡ ♦ r❡s♦❧✈❡♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❛♥❞♦ ✈❛❧♦r❡s u0(x) = x2 + 1, 5, β = 1 ❡ ǫ = 0, 2

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/(1 + (diff(u(x, t), x))2)− u(x, t)/(0.2 + u(x, t))2

> ■❇❈ := u(x, 0) = x2 + 1.5, (D[1](u))(0, t) = 0, (D[1](u))(1, t) = 0

> ♣❞s := pdsolve(PDE, IBC, numeric)

> ♣❞s: −plot3d(t = 0..1.3, x = 0..1)

❈♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷ ❡ ♥♦ ❚❡♦r❡♠❛ ✷✳✸ ❢♦r❛♠ ❝♦❧♦❝❛❞❛s ✈ár✐❛s ❤✐♣ót❡s❡s s♦❜r❡ φ ❡

u0, ♥♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛♠♦s q✉❡ ❞❡ ❢❛t♦ ❡①✐st❡ ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ q✉❡ s❛t✐❢❛③ t❛✐s

❤✐♣ót❡s❡s✳



✷✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✷✺

❚❡♦r❡♠❛ ✷✳✹✳ ❙❡ φ ∈ C1([0,∞)) ❡ φ′ > 0 ❡♠ [0,∞)✱ ❡♥tã♦ ❡①✐st❡ u0 s❛t✐s❢❛③❡♥❞♦ ❛s

❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✷ ❝♦♠ u′0 6= 0✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛







φ′(v′)v′′ − 1

vβ
= δ, x ∈ (0, a), t > 0,

v(0) = α > 0,

v′(0) = 0.

✭✷✳✶✶✮

t❡♠♦s q✉❡ ❡st❡ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s❡❣✉✐♥t❡ s✐st❡♠❛







v′ = w,

w′ =
1

φ′(w)
(v−β − δ)α > 0,

(v(0), w(0)) = (α, 0), α > 0.

✭✷✳✶✷✮

❖❜s❡r✈❛♥❞♦ q✉❡ ♦ ú♥✐❝♦ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ s✐st❡♠❛ é {(δ− 1
β )}✱ ♣♦✐s φ′ > 0 ❡♠ [0,∞),

t❡♠♦s q✉❡ ❛ ♠❛tr✐③ ❞❡ ❧✐♥❡❛r✐③❛çã♦ ❡♠ t♦r♥♦ ❞❡st❡ ♣♦♥t♦ ❝rít✐❝♦ é

(

0 1

−d 0

)

♦♥❞❡ d =
β

φ′(0)
δ

β+1
β ✳ ❆ss✐♠ ♦s ❛✉t♦✈❛❧♦r❡s sã♦ ±

√
di ❡ ♣♦rt❛♥t♦ (−δ− 1

β , 0) é ✉♠ ❝❡♥tr♦✳

❉❡✜♥✐♥❞♦

F (v, w) =







∫ w

0

rφ′(r)dr +
v−β+1

β − 1
+ δv, β 6= 1

∫ w

0

rφ′(r)dr − ln v + δv, β = 1

t❡♠♦s q✉❡ dF
dt
(v(t), w(t)) = 0, ♣♦rt❛♥t♦ F é ✉♠❛ ✐♥t❡❣r❛❧ ♣r✐♠❡✐r❛ ♣❛r❛ ♦ s✐st❡♠❛ ✭✷✳✶✷✮✳

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲②❛♣✉♥♦✈✱ ❡①✐st❡♠ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s (v(x, δ, µ), w(x, δ, µ))

❝♦♠ ♣❡rí♦❞♦ ♠í♥✐♠♦ 2π√
d
t❛✐s q✉❡

(

v(0, δ, µ), w(0, δ, µ)

)

= (δ−
1
β , 0)✳ ▲♦❣♦ v(x, δ, µ) é

s♦❧✉çã♦ ❞❡ ✭✷✳✶✶✮✳

P♦r ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ♣❛r❛ α ❜❡♠ ♣ró①✐♠♦ ❡ ♠❡♥♦r❡s q✉❡ δ−
1
β t❡r❡♠♦s

v(x, δ, α) ❜❡♠ ♣ró①✐♠♦ ❞❡ v(x, δ, µ). ❆ss✐♠ ♣❛r❛ α < δ−
1
β , ❝♦♠♦ v(x, δ, µ) sã♦ ♣❡r✐ó❞✐❝❛s

❞❡ ♣❡rí♦❞♦ 2π√
d
✱ t❡♠♦s q✉❡ v(x, δ, α) ♣❛r❛ α ❜❡♠ ♣ró①✐♠♦ ❞❡ δ−

1
β t❛♠❜é♠ ♦ sã♦✳
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❈♦♠♦ v′′(0, δ, α) > 0, ❡①✐st❡ b > 0 t❛❧ q✉❡ v′(x, δ, α) > 0 ♣❛r❛ t♦❞♦ 0 ≤ x ≤ 2πb√
d
✳

❉❛í✱ s❡ δ ❢♦r ♣❡q✉❡♥♦ t❡r❡♠♦s d ♣❡q✉❡♥♦ ❡ ❡♥tã♦ 2πb√
d
s❡rá ❣r❛♥❞❡✳ P♦rt❛♥t♦✱ ❝❡rt❛✲

♠❡♥t❡ a < 2πb√
d
✱ ❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ♦ r❡s✉❧t❛❞♦✳

�

❉❡♣♦✐s ❞❡ ❡①✐❜✐r ❛s té♥✐❝❛s ✉t✐❧✐③❛❞❛s ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✾❪ ❡ ❬✷✾❪ ♣❛r❛ ♣r♦✈❛r ♦ ❛♥✉✲

❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ ✉♠ ♣♦♥t♦✱ ✐r❡♠♦s ♦❜t❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s

s♦❧✉çõ❡s ❞❡ ✭✷✳✼✮ ♣ró①✐♠♦ ❞♦ s❡✉ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳

❚❡♦r❡♠❛ ✷✳✺✳ ❙❡ u0 s❛t✐❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✷ ❡ φ ∈ C3([0,+∞))✱ φ′(s) > 0,

s ≥ 0 ❡ φ′′(s) ≤ 0, s ≥ 0✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s K1, K2✱ K3 t❛✐s q✉❡✿

❛✮ K1 ≤ u(t, x)(T − t)−
1

1+β ✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❜✮ u(t, 0)(T − t)−
1

1+β ≤ K2✱ ♣❛r❛ 0 < t < T ✳

❝✮ −ut(t, x)(T − t)
β

1+β ≤ K3✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❉❡♠♦♥str❛çã♦✿ ❛✮ P❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ut < 0 ❡♠ (0, a)×
(0, T )✳ ❯s❛♥❞♦ ♦ ✐t❡♠ (c) ❞♦ ▲❡♠❛ ✷✳✷ ❝♦♥❝❧✉í♠♦s ut(t, 0) ≤ ut(t, x) ❡♠ [0, a)× (0, T )

❙❡❥❛ 0 < η < T ✱ ❝♦♠ η ♣❡q✉❡♥♦✳ ❖❜s❡r✈❡ q✉❡ −ut(η, x) ❡ uβ(η, x) sã♦ ♣♦s✐t✐✈♦s

♣❛r❛ x ∈ [0, a− η]✱ ♣♦✐s x = 0 é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ u ❡ ❞❡✜♥❛♠♦s

δ1 = min
x∈[0,a−η]

{−ut(η, x)uβ(η, x)}.

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♦ ✐t❡♠ ✭❜✮ ❞♦ ▲❡♠❛ ✷✳✷ ✐♠♣❧✐❝❛ 0 < u(T, a− η) ≤ u(t, a− η),

♣❛r❛ t♦❞♦ t ∈ [0, T )✳ ❈♦♠♦ x = 0 é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ❞❡ u ♣♦❞❡♠♦s ❞❡✜♥✐r

δ2 = min
t∈[η,T )

{−ut(t, a− η)uβ(t, a− η)}.

❚♦♠❛♥❞♦ δ = min{δ1, δ2, 1}✱ ❞❡✜♥✐♥❞♦ J(t, x) = ut(t, x) + δu−β(t, x) ❡ ❞❡r✐✈❛♥❞♦ J

♦❜t❡♠♦s

Jt − φ′(ux)Jxx−
[

φ′′(ux)

φ′(ux)
uxt + βu−β−1

]

J = (1− δ)
φ′′(ux)

φ′(ux)
uxtu

−β

− β(β + 1)φ′(ux)δu
−β−2(ux)

2 ≤ 0.
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❏á s❛❜❡♠♦s q✉❡

J(η, x) = ut(η, x) + δu−β(η, x) ≤ 0, ♣❛r❛ t♦❞♦ x ∈ [0, a− η] ❡

J(t, a− η) = ut(t, a− η) + δu−β(t, a− η) ≤ 0, ♣❛r❛ t♦❞♦ t ∈ [η, T ).

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ❝♦♥❝❧✉í♠♦s q✉❡ J ≤ 0 ❡♠ [η, T ) ×
[0, a− η].

❆ss✐♠ ut(t, x) ≤ −δu−β(t, x) ❡♠ [0, a− η]× [η, T ), ♦✉ s❡❥❛ ut(t, x)uβ(t, x) ≤ −δ ❡♠
[0, a − η] × [η, T )✳ P❛rt✐❝✉❧❛r♠❡♥t❡ t❡♠♦s ut(t, 0)uβ(t, 0) ≤ −δ✳ ❙❡ t > η✱ ✐♥t❡❣r❛♥❞♦

❞❡ t ❛ T t❡♠♦s

uβ+1

β + 1
(T, 0)− uβ+1

β + 1
(t, 0) ≤ −δ(T − t)

❡ ❝♦♠♦ u(T, 0) = 0 ♦❜t❡♠♦s

u(t, 0)(T − t)−
1

β+1 ≤ [δ(β + 1)]
1

β+1 ,

♣❛r❛ t♦❞♦ η < t < T.

❯♠❛ ✈❡③ q✉❡ u(t, 0)(T − t)−
1

β+1 é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣♦s✐t✐✈❛ ❡♠ [0, η]✳

❚♦♠❛♥❞♦ K1 = min

{

min
[0,η]

{u(t, 0)(T − t)−
1

β+1 , [δ(β + 1)]
1

β+1}
}

❝♦♥❝❧✉í♠♦s

u(t, 0)(T − t)−
1

β+1 ≥ K1.

P❛r❛ ♦❜t❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ t♦❞♦ x, ❜❛st❛ ♦❜s❡r✈❛r ♦ ✐t❡♠ (a) ❞♦ ▲❡♠❛ ✷✳✷✳

❜✮ ❋✐①❛♥❞♦ t✱ u(t, x) ❛ss✉♠❡ ✈❛❧♦r ♠í♥✐♠♦ ❡♠ x = 0✱ ♣♦✐s ♦ ✐t❡♠ ✭❛✮ ❞♦ ▲❡♠❛ ✷✳✷

é ✈á❧✐❞♦✳ ❆ss✐♠ uxx(t, 0) ≥ 0 ❡ ❡♥tã♦

ut(t, 0) ≥ u−β(t, 0).

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ T ✱ s❛❜❡♥❞♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ ♣❛r❛ x = 0 ❡ t♦♠❛♥❞♦

K2 = (β + 1)
1

β+1 ❝♦♥❝❧✉í♠♦s ♦ ✐t❡♠ ❜✮✳

❝✮ ❈♦♠♦ uxt ≥ 0 ❡♠ [0, a]× [0, T ) ♣❡❧♦ ✐t❡♠ ✭❝✮ ❞♦ ▲❡♠❛ ✷✳✷ t❡r❡♠♦s

ut(t, x) ≥ ut(t, 0) = φ′(ux(t, 0))uxx(t, 0)− u−β(t, 0)
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P♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ φ(s) > 0✱ ♣❛r❛ t♦❞♦ s ≥ 0 ❡ ❝♦♠♦ u(t, x) ❛t✐♥❣❡ s❡✉ ♠í♥✐♠♦

♣❛r❛ t ✜①❛❞♦ ❡♠ x = 0 ♦❜t❡♠♦s uxx(t, 0) ≥ 0✳

❯s❛♥❞♦ ♦ ✐t❡♠ ❛✮ ❝♦♥❝❧✉í♠♦s q✉❡

ut(t, x) ≥ −u−β(t, 0) ≥ −K−β
1 (T − t)−

β

β+1 .

❉❛í✱ t♦♠❛♥❞♦ K3 = K−β
1 ✱ ✜♥❛❧✐③❛♠♦s ♦ ✐t❡♠ ❝✮✳

�

✷✳✷✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

P❛r❛ ✜♥❛❧✐③❛r♠♦s✱ ✈❛♠♦s ✐♥t❡r♣r❡t❛r ♦s r❡s✉❧t❛❞♦s ✭✷✳✸✮ ❡ ✭✷✳✺✮ ❞❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r

✭✷✳✷✳✷✮✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ à ❡sq✉❡r❞❛ ❡✈♦❧✉✐ ♣❡❧♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r✲

❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ❛ s✉♣❡r❢í❝✐❡ à ❞✐r❡✐t❛

✷✳✸ ❊q✉❛çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥✲

t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t

❊st✉❞❛r ❛ ❡q✉❛çã♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❉✐r✐❝❤❧❡t t❛♠❜é♠

❢❡③ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ❞❛s r❡❢❡rê♥❝✐❛s ❬✶✾❪ ❡ ❬✷✾❪✳ P♦ré♠✱ ❝♦♠♦ ♥♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♥❞✐✲

çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ◆❡✉♠❛♥♥✱ ❛ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ♥ã♦ ❢♦✐ tr❛t❛❞❛✳

❊st❛ s❡çã♦ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛ ♣r✐♠❡✐r❛ ✐r❡♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛
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❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❛té ✉♠ t❡♠♣♦ ✜♥✐t♦ ❚ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ❡ ♥❛ s❡❣✉♥❞❛

❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡ té❝♥✐❝❛s ✉t✐❧✐③❛❞❛s ♥♦s tr❛❜❛❧❤♦s ❬✶✾❪ ❡ ❬✷✾❪ ♣❛r❛

❞❡s❝r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❡ t❛❧ ♣r♦❜❧❡♠❛ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛✲

♠❡♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❞❛ s✉❜s❡çã♦ ✷✳✸✳✶ sã♦ ♥♦✈♦s✱ ♣♦ré♠ ♦s ❞❛ s✉❜s❡çã♦ ✷✳✸✳✷ ❥á sã♦

❝♦♥❤❡❝✐❞♦s ✭✈✐❞❡ ❬✶✾❪ ❡ ❬✷✾❪✮✳

✷✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❖ ♣r♦❜❧❡♠❛ tr❛t❛❞♦ ♥❡st❛ s❡çã♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✱ ♦✉ s❡❥❛







ut =
uxx

(1 + (ux)2)
− 1

u
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, u(t, a) = 1, t > 0,

u(0, x) = u0(x), x ∈ [0, a],

❆ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ sã♦ ♦❜t✐❞❛s✱ ❝♦♠♦ ❡♠ ❬✶✻❪ ❚❡♦r❡♠❛ 2.1✱ ❡st✉❞❛♥❞♦ ❛

❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❡ ❞❡♣♦✐s ♣r♦✈❛♥❞♦ q✉❡ ❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r t❛♠❜é♠ é s♦❧✉çã♦ ❞❡ ✭✶✳✷✮✳

❚❡♦r❡♠❛ ✷✳✻✳ ❙❡ u0 ∈ C2([0, a]), ❡♥tã♦ ❡①✐st❡ T > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✷✮ t❡♠ s♦❧✉çã♦ ❡♠ C2([0, a]× [0, T )).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛







ut =
uxx

1 + (ux)2
− b(u), x ∈ (0, a), t > 0,

ux(t, 0) = 0, ux(t, a) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

✭✷✳✶✸✮

♦♥❞❡ b é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ s✉♣❡r✐♦r♠❡♥t❡ r❡s♣❡❝t✐✈❛♠❡♥t❡

♣♦r ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1 ❡ C2, ❝♦♠ ❞❡r✐✈❛❞❛ ♥❡❣❛t✐✈❛ ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r

✉♠❛ ❝♦♥st❛♥t❡ ♥❡❣❛t✐✈❛ C3.

❯t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❛✉①✐❧✐❛r ✭✷✳✶✸✮✳ ❉❡ ❢❛t♦✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❡ ♦s ❞❛❞♦s ❞❡ ❢r♦♥t❡✐r❛ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s

❞♦ ❚❡♦r❡♠❛ ✺✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ♣❛r❛ m = 0✱ ν = 1, µ = 3, µ1 = 2max{12, C2} ❡

ǫ = −C3). ❉❡ ❢❛t♦✱ ♥❡st❡ ❝❛s♦ t❡♠♦s

aij(t, x, u, p) = (1 + p2)−1
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❡

a = b(u).

❆ss✐♠✱ ❝♦♠♦ | p |≤ 1 + p2,
| x | +x2
1 + x2

≤ 2, t❡♠♦s

1 ≤ 1 + 2 | p | +p2
1 + p2

=
(1+ | p |)2
1 + p2

= 1 + 2
| p |
1 + p2

≤ 3

2|p|(1 + |p|)3
(1 + p2)2

+ b(u) ≤ 2
| x | (1+ | x |)

1 + x2
.
(1+ | x |)2
1 + x2

+ b(u) ≤ 2.2.3 + C2 ≤ µ1,

❡ s❛❜❡♥❞♦ q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ b é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ t❡♠♦s

−b′(u) ≤ −C3.

P♦rt❛♥t♦✱ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳

❊♠ s❡❣✉✐♥❞❛ ✐r❡♠♦s ♠♦str❛r q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é t❛♠❜é♠ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✳

❖❜s❡r✈❛♠♦s✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ❝♦♠♦ ❡♠ ✷✳✷✱ q✉❡

❛✮ ❙❡ u0 ∈ C1([0, a]) ❡ u′0 ≥ 0✱ ❡♠ [0, a], ❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ x

❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ux ≥ 0 ❡♠ [0, a]× [0, T ).

❜✮ ❙❡ u0 ∈ C2([0, a]) ❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡ r♦t❛çã♦ ✐♥✐❝✐❛❧ u0 ❢♦r

♥ã♦ ♣♦s✐t✐✈❛✱ ❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❛✉①✐❧✐❛r ut ≤ 0 ❡♠ [0, a]× [0, T ).

❆ss✐♠✱ s❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ v0 s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❛✮ ❡ ❜✮ ❛❝✐♠❛✱ ❡♥tã♦ ❛ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❛ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✶✸✮ é r❡❣✉❧❛r ❡ t❡♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ♣♦s✐t✐✈♦✱ ❡①✐st❡ T0 t❛❧ q✉❡

m = u(T0, 0) > 0. ◆♦t❡ q✉❡ ❞♦s ✐t❡♥s ❛✮ ❡ ❜✮ ♦❜t❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡

u(t, x) ≥ m

❡

u(t, x) ≤M,
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♣❛r❛ x ∈ [0, a] ❡ t ∈ [0, T0], ♦♥❞❡ M = max
x∈[0,a]

u0(x).

❆ss✐♠ s❡ b(u) = 1
u
t❡r❡♠♦s

1

M
≤ b(u) ≤ 1

m

❡

b′(u) ≥ − 1

m2
.

▲♦❣♦✱ ❡①✐st❡ T > 0 t❛❧ q✉❡ T ∈ [0, T0]✱ ♦♥❞❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✶✸✮

é t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ♣❛r❛ t ∈ [0, T ) ❡ x ∈ [0, a]✳

�

✷✳✸✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❡ té♥✐❝❛s ✉t✐❧✐③❛❞❛s ❡♠ ❬✶✾❪ ❡ ❬✷✾❪ s♦❜r❡ ✉♠

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❝♦♥tê♠ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ✭❢❛③❡♥❞♦ β = 1 ❡ φ(s) = arctg(s)✮

q✉❡ ❡①✐❜❡♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s s♦❧✉çõ❡s ❞❡st❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♣❡rt♦ ❞♦s s❡✉s

t❡♠♣♦s ❡ ❞♦s ♣♦♥t♦s ❞❡ ❛♥✉❧❛♠❡♥t♦✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛✿







ut = (φ(ux))x −
1

uβ
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, u(t, a) = 1, t > 0,

u(0, x) = u0(x), x ∈ [0, a],

✭✷✳✶✹✮

t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

▲❡♠❛ ✷✳✼✳ ❙❡ φ ∈ C3([0,∞))✱ t❡♠♦s✿

❛✮ ❙❡ u0 ∈ C2([0, a]) ❡ [φ(u′0)]
′ − 1

uβ0
≤ 0, ❡♥tã♦ ut ≤ 0 ❡♠ [0, a]× [0, T ).

❜✮ ❙❡ u0 s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ✐t❡♠ ❛✮ ❡ u0 ≥ 0 ❡♠ [0, a], ❡♥tã♦ ux ≥ 0 ❡♠

[0, a]× [0, T ).

❝✮ ❙❡ u0 ∈ C3([0, a])✱ s❛t✐❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦s ✐t❡♥s ❛✮ ❡ ❜✮ ❡ ❛✐♥❞❛
{

[φ(u′0)]
′ − 1

uβ0

}′

≥ 0, ❡♥tã♦ uxt ≥ 0 ❡♠ [0, a]× [0, T ).



✷✳✸ ❊q✉❛çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✸✷

❉❡♠♦♥str❛çã♦✿ ❛✮ ❈♦♠♦ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ é ✉♠❛ ❢✉♥çã♦ ♣❛r✱ u s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮

♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❞❡ ❢♦r♠❛ ♣❛r✱ ✐st♦ é u(t,−x) = u(t, x)✱ ♣❛r❛ x ∈ [0, a].

❉❡✜♥✐♥❞♦ α = ut ❡ ❞❡r✐✈❛♥❞♦ t❡♠♦s

αt − φ′(ux)αxx − φ′′(ux)uxxαx − βu−β−1α = 0,

α(t)(t,−a) = 0 = α(t, a) ❡ α(0, x) = (φ′(u′0)u
′′
0 − (u0)

−β) ≤ 0.

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ t❡♠♦s ut ≤ 0 ❡♠ [0, a]× [0, T ).

❜✮ ❙❡ β = ux✳ ❉❡r✐✈❛♥❞♦ β ♦❜t❡♠♦s







δt − φ′(ux)δxx − φ′′(ux)δx − u−β−1δ = 0, x ∈ (0, a), t > 0,

δ(t, 0) = 0, δ(t, a) ≥ 0, t > 0,

δ(0, x) = (u0)x(x) ≥ 0, x ∈ [0, a],

✭✷✳✶✺✮

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ux ≥ 0 ❡♠ [0, a]× [0, T ).

❝✮ ❉❡✜♥✐♥❞♦ θ = uxt ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s

θt − φ′(ux)θxx − 2φ′′(ux)uxxθx − (φ′′(ux)uxxx + φ′′′(ux)(uxx)
2 + βu−β−1)θ =

= −β(β + 1)u−β−2utux ≥ 0,

θ(t, 0) = 0, θ(t, a) ≥ 0 ❡ θ(0, x) = (φ′(u′0)u
′′
0 − (u0)

−β)′ ≥ 0. ▲♦❣♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦

▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ uxt ≥ 0 ❡♠ [0, a]× [0, T )✳

�

❈♦♠ ♦s s✐♥❛✐s ❞❛s ❞❡r✐✈❛❞❛s ♦❜t✐❞♦s ♥♦ ▲❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♥❝❧✉í♠♦s ♦ ❛♥✉❧❛♠❡♥t♦

❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮✱ ❡♠ ♣❛rt✐❝✉❧❛r ♦ ❛♥✉❧❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✷✮✱

❛tr❛✈és ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✷✳✽✳ ❙❡❥❛ ❚✱ ♦ t❡♠♣♦ ♠❛①✐♠❛❧ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ v ❡ h(x) = π
2a
cos

(

π
2a
x

)

✳

❙✉♣♦♥❤❛ q✉❡ φ(0) = 0, φ(t) ≤ k1t + k2 ❡ [φ((u0)x)]x − 1

uβ0
≤ 0 ❡♥tã♦ ❛s s❡❣✉✐♥t❡s

❛✜r♠❛çõ❡s s❡❣✉❡♠✿

✭❛✮ ❙❡

∫ a

0

u0(x)h(x)dx é ♣❡q✉❡♥♦✱ ❡♥tã♦ T < +∞.

✭❜✮ ❙❡ a é ❣r❛♥❞❡✱ ❡♥tã♦ T <∞✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

k1 ≤ 0 ❡ a > 3k2
2

⇒ T <∞,
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k1 ≤ 0 ❡ k2 ≤ 0 ❡ a >
√
k1 ⇒ T <∞ ❡

k1 ≤ 0 ❡ k2 ≥ 0 ❡ a > 4
3
k2 +

4
3

√

k22 +
16
3
k1 ⇒ T <∞✳

❉❡♠♦♥str❛çã♦✿ (a) ❉❡✜♥✐♥❞♦ I1(t) =
∫ a

0

u(t, x)h(x)dx, ❞❡r✐✈❛♥❞♦ ❡ s✉❜st✐t✉✐♥❞♦

ut ♦❜t❡♠♦s

I ′1(t) =

∫ a

0

(φ(ux))xhdx−
∫ a

0

u−βhdx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❝♦♥❝❧✉í♠♦s

I ′1(t) ≤ −
∫ a

0

φ(ux)hxdx−
∫ a

0

u−βhdx

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ✺✳✷✼ t❡♠♦s

[I1(t)]
−β =

[
∫ a

0

uhdx

]−β

≤
∫ a

0

u−βhdx

❡ ❡♥tã♦

I ′1(t) ≤ −
∫ a

0

φ(ux)hxdx− (I1(t))
−β.

❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ φ(t) ≤ k1t + k2✱ s✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ hx ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r

♣❛rt❡s t❡♠♦s

I ′1(t) ≤
π2

4a2
k1 −

π2

4a2
k1I1(t) +

π

2a
k2 − (I1)

−β.

❖ ✐t❡♠ (b) ❞♦ ▲❡♠❛ ✷✳✼ ✐♠♣❧✐❝❛ q✉❡

I1(t) =

∫ a

0

u(t, x)h(x)dx ≤
∫ a

0

u0(x)h(x)dx

❆ss✐♠ I1(t) é ♣❡q✉❡♥♦ ❡ ♣♦rt❛♥t♦ (I1(t))
−β é ❣r❛♥❞❡✳ ❉❛í ♦❜t❡♠♦s

I ′1(t) ≤ −c, c > 0.

❙❡ T = +∞ t❡r❡♠♦s lim
t→+∞

I ′1(t) = 0✱ ♣♦✐s I1(t) é ❞❡s❝r❡♥t❡ ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

■st♦ ♥ã♦ é ♣♦ssí✈❡❧✳ ▲♦❣♦ T < +∞✳

(b) ▼✉❧t✐♣❧✐❝❛♥❞♦ ut − (φ(ux))x = −u−β ♣♦r w(x) = a2 − x2✱ ❞❡✜♥✐♥❞♦ I2(t) =
∫ a

0

u(t, x)w(x)dx ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s
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I ′2(t) =

∫ a

0

ut(t, x)w(x)dx =

∫ a

0

(φ(ux))xw − u−βwdx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜s❡r✈❛♥❞♦ q✉❡ u(t, x) ≤ u(0, x) = u0(x) ≤ 1 ❡ ✉s❛♥❞♦ ❛

❤✐♣ót❡s❡ ❞❡ ❧✐♠✐t❛çã♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ♦❜t❡♠♦s

I2(t) ≤ 2

∫ a

0

k1uxxdx+ 2

∫ a

0

k2xdx−
∫ a

0

(a2 − x2)dx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❡ ❝❛❧❝✉❧❛♥❞♦ ♦s ♦✉tr♦s ❞♦✐s

t❡♠♦s

I ′2(t) ≤ 2k1a− 2k1

∫ a

0

udx+ k2a
2 − 2a3

3

❙❡ k1 ≤ 0 t❡♠♦s 2k1a − 2k1
∫ a

0
udx ≤ 0✳ ❉❛í I ′2(t) ≤ k2a

2 − 2
3
a3 = a2(k2 − 2

3
a)✳

❆ss✐♠ s❡ a > 3
2
k2 ❡ k1 ≤ 0 t❡♠♦s T < +∞

▲♦❣♦✱ s❡ k1 ≥ 0 t❡r❡♠♦s

I ′2(t) ≤ 2k1a+ k2a
2 − 2

3
a3 = a

(

2k1 + k2a−
2

3
a2

)

.

❆s r❛✐③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ sã♦ 4
3
k2 ± 4

3

√

k22 +
16
3
k1✳

❉❛í s❡ a > 4
3
k2 +

4
3

√

k22 +
16
3
k1 ❡ k1 ≥ 0 ❡♥tã♦ T < +∞✳

❙❡ k1 ≥ 0 ❡ k2 ≤ 0 t❡♠♦s I ′2(t) ≤ 2k1a − 2
3
a3. ❆ss✐♠✱ s❡ k1 ≥ 0, a >

√
k1 ❡ k2 ≤ 0

❡♥tã♦ T < +∞.

�

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞♦s tr❛❜❛❧❤♦s ❬✶✾❪ ❡ ❬✷✾❪ q✉❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r é ♦ ❛♥✉❧❛♠❡♥t♦

❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮ s♦♠❡♥t❡ ❡♠ x = 0. P❛r❛ s❡ ❝❤❡❣❛r ❛ ❡st❡ r❡s✉❧t❛❞♦

❢♦✐ ♣r❡❝✐s♦ ♣r✐♠❡✐r♦ ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ ❞♦ ♣r♦❜❧❡♠❛ ❡st❛❝✐♦♥ár✐♦ ❛ss♦❝✐❛❞♦✳

▲❡♠❛ ✷✳✾✳ ❙✉♣♦♥❤❛ q✉❡ β = 1 ❡ φ s❛t✐❢❛ç❛ ❛s ❝♦♥❞✐çõ❡s✿

❛✮ φ ∈ C1([0,∞))✱ φ′(r) > 0 ♣❛r❛ r ≥ 0✱

❜✮ lim
r→∞

ξ(r) = lim
r→∞

∫ r

0

ηφ′(η)dη = +∞✱

❝✮

∫ 1

0

1

ξ−1(η)
dη < +∞.
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❊♥tã♦✱ ❡①✐st❡ a0 > 0 t❛❧ q✉❡✿

✭❛✮ ❙❡ a < a0 ❡①✐st❡♠ ❞✉❛s s♦❧✉çõ❡s✱ w1(x, a) > w2(x, a)✱ ♣♦s✐t✐✈❛s ❞❡ ✭✷✳✶✻✮✳

✭❜✮ ❙❡ a > a0 ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❢r♦♥t❡✐r❛ ✭✷✳✶✻✮ ♥ã♦ t❡♠ s♦❧✉çã♦✳

✭❝✮ ❙❡ a = a0 ❡①✐st❡ ❡①❛t❛♠❡♥t❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✻✮✳







(φ(wx))x =
1

w
, x ∈ (0, a)

wx(0) = 0,

w(a) = 1.

✭✷✳✶✻✮

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❤✐♣ót❡s❡ a) ❡ ♣❡❧❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ u t❡♠♦s q✉❡ wxx > 0 ❡♠

(0, a)× (0, T )✳ ❆ss✐♠✱ wx é ❝r❡s❝❡♥t❡ ❡ ❝♦♠♦ wx > 0 ❡♠ (0, a)✳

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ♥♦t❛çã♦ ❝❤❛♠❛♠♦s w0 = w(0)✳

❖❜s❡r✈❡ q✉❡ ❛ s❡❣✉✐♥t❡ ❡q✉✐✈❛❧ê♥❝✐❛ é ✈á❧✐❞❛✿ w é s♦❧✉çã♦ ❞❡







(φ(wx))x =
1

w
, x ∈ (0, a)

wx(0) = 0,
✭✷✳✶✼✮

s❡ ❡ s♦♠❡♥t❡ s❡ w ❢♦r s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

ϕ(wx) :=

∫ wx

0

ηφ′(η)dη = ln

(

w(x)

w0

)

.

❉❡ ❢❛t♦✱ ♣❛r❛ ✐❞❛ ♠✉❧t✐♣❧✐q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✶✼✮ ♣♦r wx✳ ■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ x

t❡♠♦s

∫ x

0

φ′(w′)w′′w′ds = ln(w(x))− ln(w0).

❉❡✜♥✐♥❞♦ η = w′(s) t❡♠♦s

ϕ(wx) =

∫ wx

0

ηφ′(η)dη = ln

(

w(x)

w0

)

.

P❛r❛ ❛ ✈♦❧t❛ ❜❛st❛ ❞❡✜♥✐r η = w′✳

❉❛í✱ ❝♦♠♦ ϕ é ✐♥✈❡rtí✈❡❧✱ ♦❜t❡♠♦s wx = ϕ−1

(

ln

(

w(x)
w0

))

✳ ■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ x

t❡♠♦s
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∫ x

0

w′

ϕ−1

(

ln

(

w(x)
w0

))ds = x.

❉❡✜♥✐♥❞♦ η = w(s) ♦❜t❡♠♦s

∫ w

w0

1

ϕ−1

(

ln

(

η
w0

))ds = x.

❉❡st❛ ❢♦r♠❛ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞❡ ✭✷✳✶✻✮ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s w0 ❞❛

❡q✉❛çã♦ ✐♥t❡❣r❛❧

∫ 1

w0

1

ϕ−1

(

ln

(

η
w0

))ds = a.

❙✉❜st✐t✉✐♥❞♦ y = ln

(

η
w0

)

t❡♠♦s

w0

∫ ln

(

1
w0

)

0

ey

ϕ−1(y)
dy = a.

❈♦♠♦ w′ > 0 ❡♠ (0, a) t❡r❡♠♦s q✉❡ w(x) ≤ w(a) = 1✳ ❉❡✜♥✐♥❞♦ z = 1
w0

♦❜t❡♠♦s

1 ≤ 1
w0
. ❉❛í ❞❡✈❡♠♦s ❝♦♥t❛r ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞❡

H(z) :=

∫ ln z

0

ey

ϕ−1(y)
dy = az.

❉❡r✐✈❛♥❞♦ H ♦❜s❡r✈❛♠♦s q✉❡ ❡❧❛ é ❝r❡s❝❡♥t❡ ❡ ❝ô♥❝❛✈❛ ❡♠ z✳ ◆♦t❛♥❞♦ ❛s ♦✉tr❛s

✐♥❢♦r♠❛çõ❡s s♦❜r❡ H ❝♦♥s❡❣✉✐♠♦s ❡s❜♦ç❛r ✉♠ ❣rá✜❝♦✳
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❆ss✐♠ ❡①✐st❡ ✉♠ ú♥✐❝♦ a0 t❛❧ q✉❡ ❛ r❡t❛ y = a0z t❛♥❣❡♥❝✐❛ H(z)✳ ▼❛✐s ❛✐♥❞❛✱ ♣❛r❛

a < a0 t❡♠♦s ❞✉❛s s♦❧✉çõ❡s ❞❡ H(z) = az ❛s q✉❛✐s ❞❡♥♦t❛r❡♠♦s ♣♦r z1(a) ❡ z2(a) ❝♦♠

z1(a) < z2(a) ❡ ♣❛r❛ a > a0 ♥ã♦ t❡r❡♠♦s s♦❧✉çã♦ ❞❡ H(z) = az✳

❖❜s❡r✈❡♠♦s t❛♠❜é♠ q✉❡ lim
a→0

z1(a) = 1 ❡ lim
a→0

z2 = +∞, ❝♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡ t❡♠♦s

♣❛r❛ a < a0 ❞✉❛s s♦❧✉çõ❡s w1(x, a) ❡ w2(x, a) ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✻✮ t❛✐s q✉❡ wi(0, a) =
1

zi(a)
.

❈♦♠♦ z1(a) < z2(a) t❡♠♦s w2(0, a) < w1(0, a)✳ ▼♦str❡♠♦s q✉❡ w1(x, a) > w2(x, a)

❡♠ (0, a). ❙✉♣♦♥❤❛ q✉❡ ♥ã♦✱ ✐st♦ é✱ ❡①✐st❡ y ❡♠ (0, a)♠í♥✐♠♦ t❛❧ q✉❡ w1(y, a) = w2(y, a)✳

◆♦t❡ q✉❡ w2(x, a) < w1(x, a), ♣❛r❛ t♦❞♦ 0 ≤ x < y✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ y✳ ❉❛í y é ♣♦♥t♦

❞❡ ♠í♥✐♠♦ ❞❡ w1 − w2 ❡♠ [0, y]✳ ▲♦❣♦ (w1)x(y, a) = (w2)x(y, a)✳ P♦rt❛♥t♦

ϕ((w1)x(y, a))− lnw1(y, a) = ϕ((w2)x(y, a))− lnw2(y, a)

❡ ❞❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧ ❝♦♥❝❧✉í♠♦s

w1(0, a) = w2(0, a)

❝♦♥tr❛❞✐çã♦✳ ❊♥tã♦ w1(x, a) > w2(x, a) ❡♠ (0, a)✳

�

❉❡♣♦✐s ❞❡ t❡r s✐❞♦ ❢❡✐t❛ ✉♠❛ ❛♥á❧✐s❡ ❞♦ ♣r♦❜❧❡♠❛ ❡stá❝✐♦♥ár✐♦✱ ❛♥t❡s ❞❡ ♠♦str❛r ❛

❡①✐stê♥❝✐❛ ❞♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ♣❛r❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠

r❡s✉❧t❛❞♦ q✉❡ ♠♦str❛ q✉❡ s❡ ❤á ❛♥✉❧❛♠❡♥t♦ ❡♥tã♦ ❡st❡ só ♣♦❞❡ ❛❝♦♥t❡❝❡r ❡♠ x = 0.
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▲❡♠❛ ✷✳✶✵✳ ❙✉♣♦♥❤❛♠♦s q✉❡ β = 1 ❡ q✉❡ φ s❛✜s❢❛ç❛ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✾ ❡

♠❛✐s ♦✉ φ é ❝♦♥✈❡①❛ ♦✉ s ≥ φ(s) ♣❛r❛ s ≥ 0✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦

▲❡♠❛ ✷✳✼ sã♦ s❛t✐s❢❡✐t❛s ❡ q✉❡ u s❡ ❛♥✉❧❛ ❡♠ T ∈ (0,+∞]✳ ❊♥tã♦ u s❡ ❛♥✉❧❛ s♦♠❡♥t❡

❡♠ x = 0✳

❉❡♠♦♥str❛çã♦✿ ❈❛s♦ φ ❝♦♥✈❡①❛✿ ■♥✐❝✐❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ t❡♠♦s ♦ r❡✲

s✉❧t❛❞♦ s❡ ♣r♦✈❛r♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ b ∈ (0, a) ❡ ♣❛r❛ ❛❧❣✉♠ ǫ(b, δ) ❛ ❞❡s✐❣✉❛❧❞❛❞❡

J(t, x) := ux(t, x)− ǫ(x− b) é ✈á❧✐❞❛ ❡♠ Qb = [b, a]× [0, T )✳

❉❡ ❢❛t♦✱ s❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ t❡♠♦s

∫ x

b

us(t, s)ds ≥
ǫ(x− b)2

2
.

❆ss✐♠

u(t, x) ≥ ǫ(x− b)2

2
+ u(t, b) > 0,

♣❛r❛ x ∈ (b, a), ✐st♦ é u ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ (b, a)✳ ❈♦♠♦ b é ❛r❜✐trár✐♦ ❡ u s❡ ❛♥✉❧❛ ♥♦

t❡♠♣♦ T ❡♥tã♦ u ✈❛✐ s❡ ❛♥✉❧❛r s♦♠❡♥t❡ ♥❛ ♦r✐❣❡♠✳

❱♦❧t❛♠♦s ❛ ❛♥❛❧✐s❛r ♦ s✐♥❛❧ ❞❡ J ❡♠ Qb✳ ❉❡r✐✈❛♥❞♦ t❡♠♦s

Jt − φ′(ux)Jxx =
ux
u2

+ φ′′(ux)(uxx)
2.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✼ ♦❜t❡♠♦s

Jt − φ′(ux)Jxx ≥ 0.

❆♥❛❧✐s❛♥❞♦ ♥❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ t❡♠♦s

J(t, b) = ux(t, b) ≥ 0

J(t, a) = ux(t, a)− ǫ(a− b)

J(0, x) = ux(0, x)− ǫ(x− b) ≥ (u0)x(x)− ǫ(a− b)

❚♦♠❛♥❞♦ ǫ = min

{

δ
a−n , min

x∈[b,a]

(u0)x
a− b

}

t❡♠♦s
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J(t, b), J(t, a) ❡ J(0, x) ≥ 0.

▲♦❣♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s J ≥ 0 ❡♠ [b, a]× [0, T ).

❈❛s♦ s ≥ φ(s) ≥ 0✿ ❉❡✜♥✐♥❞♦ J̃(t, x) := φ(ux)− ǫ(x− b) ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s

J̃t − φ′(ux)J̃xx = φ′(ux)
ux
u2
.

❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❡ ♦ ▲❡♠❛ ✷✳✼ ❝♦♥❝❧✉í♠♦s q✉❡

J̃t − φ′(ux)J̃xx ≥ 0.

❆ ❛♥á❧✐s❡ ♥❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ ✜❝❛

J̃(t, b) = φ(ux(t, b)) ≥ 0,

J̃(t, a) = φ(ux(t, a))− ǫ(a− b) ≥ φ(δ)− ǫ(a− b)

❡

J̃(0, x) = φ(ux(0, x))− ǫ(x− b) ≥ φ((u0)x(x))− ǫ(a− b).

❚♦♠❛♥❞♦ ǫ = min

{

φ(δ)
a−b , min

x∈[b,a]

φ((u0)x(x))

a− b

}

❡ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻

❞♦ ❆♣ê♥❞✐❝❡ ❇ ❝♦♥❝❧✉í♠♦s q✉❡ J̃ ≥ 0 ❡♠ [b, a] × [0, T )✳ ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡

✐♥t❡❣r❛♥❞♦ t❡♠♦s

u(t, x)− u(t, b) ≥ ǫ
(x− b)2

2
,

♣❛r❛ t♦❞♦ x ∈ [b, a]✳ ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ T ✱ ❡♥tã♦ u s❡ ❛♥✉❧❛

s♦♠❡♥t❡ ♥❛ ♦r✐❣❡♠✳

�
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❋✐♥❛❧♠❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s✱ ♠♦str❛r❡♠♦s ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦

✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮ P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❡st❛r❡♠♦s ♠♦str❛♥❞♦ ♦ ❛♥✉❧❛♠❡♥t♦ ❞❛

s♦❧✉çã♦ ❞❡ ✭✶✳✷✮✳

❚❡♦r❡♠❛ ✷✳✶✶✳ ❙❡ β = 1 ❡ φ ❡ u0 s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✶✵✱ ❡♥tã♦✿

❛✮ ❙❡ a ≤ a0 ❡ 0 < u0(x) ≤ w2(x, a)✱ u0(0) < w2(0, a), ❡♥tã♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦

✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0✳

❜✮ ❙❡ a < a0 ❡ w2(x, a) ≤ u0(x) ≤ 1✱ u0(x) 6= w2(x, a)✱ ❡♥tã♦ u ❝♦♥✈❡r❣❡ ❛ss✐♥t♦t✐✲

❝❛♠❡♥t❡ ♣❛r❛ w1(x, a) q✉❛♥❞♦ t→ ∞.

❝✮ ❙❡ a > a0 ❡ 0 < u0(x) ≤ 1✱ ❡♥tã♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠ x = 0✳

❉❡♠♦♥str❛çã♦✿ ■t❡♠ ❛✮✿ ❙✉♣♦♥❤❛ q✉❡ u ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦

❈♦♥s✐❞❡r❡♠♦s X = {u0 ∈ C(−a, a), u0 > 0} ❡ ❞❡✜♥✐♠♦s F : X → R ❞❛❞❛ ♣♦r

F (u0) = 2π

∫ a

−a

u0(x)
√

1 + ((u0)x)2
dx.

❉❡r✐✈❛♥❞♦ t❡♠♦s q✉❡ J é ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈✳ ❉❛í ♣❡❧♦ ❚❡♦r❡♠❛ 5.1 ❞♦ ❧✐✈r♦

❬✻✹❪ t❡♠♦s q✉❡ u ❝♦♥✈❡r❣❡ ♣❛r❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ w1 ♦✉ w2✳ ❙❡ ❝♦♥✈❡r❣✐r ♣❛r❛ w1

t❡r❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ♦r❞❡♠ ❞❡ w1 ❡ w2 ❡ s❡ ❡❧❛ ❝♦♥✈❡r❣✐r ♣❛r❛ w2 t❡r❡♠♦s

✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞♦ ✐t❡♠ ❛✮✳ P♦rt❛♥t♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✳

✐t❡♠ ❜✮✿ ❉♦ ✐t❡♠ ❛✮ ♦ ♣r♦❜❧❡♠❛ ❡st❛❝✐♦♥ár✐♦ ❛❞♠✐t❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈✳

❉❛í ❡st❛♠♦s ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 5.1 ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✻✹❪✳ ❆ss✐♠ u ✐rá ❝♦♥✈❡r❣✐r

♣❛r❛ w1 ♦✉ w2✳ ❈♦♥❝❧✉í♠♦s ♣❡❧❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ w1✱ q✉❡ u ❝♦♥✈❡r❣❡ ♣❛r❛ w1✳

✐t❡♠ ❝✮✿ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ✐t❡♠ a) ♦❜s❡r✈❛♥❞♦ q✉❡ ♥❛ ❝♦♥❝❧✉sã♦ t❡r❡♠♦s u ❝♦♥✲

✈❡r❣✐♥❞♦ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡st❛❝✐♦♥ár✐♦✱ ♣♦ré♠ ♥❡st❡ ❝❛s♦ ♥ã♦ ❤á s♦❧✉çã♦

❞❡st❡ ♣r♦❜❧❡♠❛ ❝r✐❛♥❞♦ ❛ss✐♠ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ u ♥ã♦ s❡ ❛♥✉❧❛r ❡♠ t❡♠♣♦

✜♥✐t♦✳ ❉❛í u ✈❛✐ s❡ ❛♥✉❧❛r ❡♠ t❡♠♣♦ ✜♥✐t♦✳

�

❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s♦❢t✇❛r❡ ▼❛♣❧❡✱ ✈❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❛♥t❡r✐♦r❡♠❡♥t❡ ✭❚❡✲

♦r❡♠❛ ✷✳✶✶✮ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♥ú♠❡r✐❝♦✳ ❆q✉✐ ❡st❛♠♦s ❛♣r♦①✐♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛

✭✶✳✷✮ ♣❡❧♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛
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(uǫ)t =
(uǫ)xx

1 + (uǫ)2x
− (uǫ)

((uǫ) + ǫ)β+1
, x ∈ (0, a), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)(t, a) = 1, t > 0,

u(0, x) = u0(x), x ∈ [0, a].

❡ ❡♠ s❡❣✉✐❞❛ r❡s♦❧✈❡♥❞♦ ❡st❡ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ✉s❛♥❞♦ ♦ ▼❛♣❧❡✱ ❢❛③❡♥❞♦ β = 1,

ǫ = 0, 2 ❡ u0(x) = −x2 + 2.5

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

> P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/(1+ (diff(u(x, t), x))2)− u(x, t)/(0.2+ u(x, t))2

> ■❇❈ := u(1, t) = 1, u(x, 0) = −x2 + 2.5, (D[1](u))(0, t) = 0

> ♣❞s := pdsolve(PDE, IBC, numeric)

> ♣❞s: −plot3d(t = 0..1.2, x = 0..1)

P❛r❛ ❝♦♥❝❧✉✐r ❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✹✮ ♣ró✲

①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ❚ ❡ ❞♦ ♣♦♥t♦ x = 0.

❚❡♦r❡♠❛ ✷✳✶✷✳ ❙❡ β = 1 ❡ u0 s❛t✐❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✼ ❡ φ ∈ C3([0,+∞))✱

φ′(s) > 0, s ≥ 0 ❡ φ′′(s) ≤ 0, s ≥ 0✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s L1, L2 ❡ L3 t❛✐s q✉❡✿

❛✮ L1 ≤ u(t, 0)(T − t)−
1
2 ≤ L2✱ ♣❛r❛ 0 < t < T ✳
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❜✮ −ut(t, x)(T − t)
1
2 ≤ L3✱ ♣❛r❛ x ∈ [0, a] ❡ 0 < t < T ✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❖❜s❡r✈❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ w = ut s❛t✐❢❛③

wt − φ′(ux)wxx − φ′′(ux)wx − βuβ−1w = 0

❡♠ (0, T )× (0, a).

❆ss✐♠✱ ♦ ♠í♥✐♠♦ ❡ ♦ ♠á①✐♠♦ ❞❡ w sã♦ ❛t✐♥❣✐❞♦s ♥❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ ❡ ♣♦rt❛♥t♦

ut < 0 ❡♠ (0, T ) × (0, a), ♣♦✐s s❡ vt(t0, x0) = 0 ♣❛r❛ (t0, x0) ∈ (0, T ) × (0, a) t❡rí❛♠♦s

(t0, x0) ♣♦♥t♦ ✐♥t❡r✐♦r ❞❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ s❡♥❞♦ ♠á①✐♠♦✳ ❙❛❜❡♥❞♦ q✉❡ ut ≤ ❡♠

[0, T )× [0, a] ♣❡❧♦ ▲❡♠❛ ✷✳✼ ❡ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ t❡♠♦s ut = 0 ❡♠ [0, T )×
[0, a] ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ u(t, x) = u(T, x), ♣❛r❛ t♦❞♦ t < T.

❈♦♠♦ u(T, 0) = 0 t❡rí❛♠♦s u(t, 0) = 0, ♣❛r❛ t♦❞♦ t < T.

▼❛s T é ♦ ♠í♥✐♠♦ t❛❧ q✉❡ u(t, 0) = 0. ❆ss✐♠ ut < 0 ♣❛r❛ t ∈ (0, T ) ❡ x ∈ (0, a).

❙❛❜❡♥❞♦ q✉❡ uxt ≥ 0 ❡♠ [0, T ) × [0, a] t❡♠♦s ut,0 ≤ ut(t, x) ≤ 0, ♣❛r❛ t ∈ (0, T ) ❡

x ∈ (0, a).

▲♦❣♦ ut(t, 0) < 0, ❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ q✉❡ ut < 0 ❡♠ (0, T )× (0, a).

❉❡✜♥✐♥❞♦ 0 < η < T, ♦❜s❡r✈❛♥❞♦ q✉❡ −ut(η, x) ❡ uβ(η, x) sã♦ ♣♦s✐t✐✈♦s ♣❛r❛ x ∈
[0, a− η], ❞❡✜♥✐♥❞♦

δ1 = min
x∈[0,a−η]

{−ut(η, x)uβ(η, x)}

❡ ♥♦t❛♥❞♦ q✉❡ δ1 = min
x∈[η,T )

{−ut(t, a−η)} ❡①✐st❡ ❡ é ♣♦s✐t✐✈❛✱ ♣♦✐s ut s❛t✐s❢❛③ ✉♠❛ ❡q✉❛çã♦

♣❛r❛❜ó❧✐❝❛✳

❈♦♠♦ ut ≤ 0 t❡♠♦s

0 < u(T, a− η) ≤ u(t, a− η) ≤ u(0, a− η) = u0(a− η).

❙❡❥❛ δ2 = min
t∈[η,T )

{−ut(t, a− η)uβ(t, a− η)}, t♦♠❛♥❞♦ δ = min{δ1, δ2, 1} t❡♠♦s

δ ≤ δ1 ⇒ δ ≤ −ut(η, x)uβ(η, x),

x ∈ [0, a− η], ♦✉ s❡❥❛

ut(η, x) + δu−β(η, x) ≤ 0,
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♣❛r❛ t♦❞♦ x ∈ [0, a− η].

❚❡♠♦s ❛✐♥❞❛ q✉❡ δ ≤ δ2 ✐♠♣❧✐❝❛ q✉❡

δ ≤ −ut(t, a− η)uβ(t, a− η),

♣❛r❛ t ∈ [η, T ), ♦✉ s❡❥❛

ut(t, a− η) + δu−β(t, a− η) ≤ 0,

♣❛r❛ t♦❞♦ t ∈ [0, T ).

❉❡✜♥✐♥❞♦ J(t, x) = ut(t, x) + δu−β(t, x) t❡♠♦s

J(η, x) = ut(η, x) + δu−β(η, x) ≤ 0,

♣❛r❛ t♦❞♦ t ∈ [0, a− η]

J(t, a− η) = ut(t, a− η) + δu−β(t, a− η) ≤ 0,

♣❛r❛ t♦❞♦ t ∈ [η, T )

❡

Jx(t, 0) = 0,

♣❛r❛ t♦❞♦ t ∈ [0, T ) ❡ s❛❜❡♥❞♦ q✉❡ Jt − φ′(ux)Jxx −
[

φ′′uxx
φ′(ux)

uxt + βu−β−1

]

J ≤ 0, ❝♦♥✲

❝❧✉í♠♦s ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ q✉❡

J ≤ 0 ❡♠ [η, T )× [0, a− η],

♦✉ s❡❥❛

ut(t, x) ≤ −δu−β(t, x),

♣❛r❛ t ∈ [η, T ) ❡ x ∈ [0, a− η].

P❛rt✐❝✉❧❛r♠❡♥t❡ t❡♠♦s

ut(t, 0)u
β(t, 0) ≤ −δ.

❙❡ t > η. ■♥t❡❣r❛♥❞♦ ❞❡ t ❛ T ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ u(T, 0) = 0 ♦❜t❡♠♦s
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−uβ+1(t, 0) ≤ −δ(β + 1)(T − t),

♦✉ s❡❥❛

u(t, 0)(T − t)−
1

β+ ≥ [δ(β + 1)]frac1β+1,

♣❛r❛ η < t < T.

❈♦♠♦ u(t, 0)(T − t)
1

β+1 é ✉♠❛ ❢✉♥çã♦ ❝♦♥í♥✉❛ ♣♦s✐t✐✈❛ ❡♠ [0, η], t♦♠❛♥❞♦

L1 = min

{

min
[0,η]

{u(t, 0)(T − t)−
1

β+1}, [δ(β + 1)]
1

β+1

}

t❡♠♦s

u(t, 0)(T − t)−
1

β+1 ≥ C1.

❈♦♠♦ u(t, .) é ♠í♥✐♠♦ ❡♠ x = 0, ♣♦✐s ux ≥ 0, t❡♠♦s uxx(t, 0) ≥ 0 ❡ ♣♦rt❛♥t♦

ut(t, 0) = φ′(ux(t, 0))uxx(t, 0)− u−β(t, 0) ≥ −uβ(t, 0),

✐st♦ é

ut(t, 0)u
β(t, 0) ≥ −1.

■♥t❡❣r❛♥❞♦ ❞❡ t ❛ T ❡ s❛❜❡♥❞♦ q✉❡ u(T, 0) = 0, ❡①✐st❡ C2 = (β + 1)
1

β+1 t❛❧ q✉❡

u(t, 0)(T − t)−
1

β+1 ≤ L2.

❜✮ ❈♦♠♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✼ t❡♠♦s q✉❡ uxt ≥ 0, ❡♠ [0, T )× [0, a] t❡♠♦s

ut(t, x) ≥ ut(t, 0) = φ′(ux(t, 0))uxx(t, 0)− u−β(t, 0) ≥ −u−β(t, 0).

❙❛❜❡♥❞♦ q✉❡ φ(s) > 0 ♣❛r❛ t♦❞♦ s ≥ 0 ❡ ❝♦♠♦ u(t, .) ❛t✐♥❣❡ ♠í♥✐♠♦ ❡♠ x = 0, ❡♥tã♦

uxx(t, 0) ≥ 0.

❯t✐❧✐③❛♥❞♦ ♦ ✐t❡♠ ❛♥t❡r✐♦r ♦❜t❡♠♦s

L1(T − t)
−β

β+1 ≤ u(t, 0) ≤ L2(T − t)
−β

β+1

❉❛í
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−L−β
1 (T − t)

−β

β+1 ≤ −u−β(t, 0) ≤ −L−β
2 (T − t)

−β

β+1

❡ ♣♦rt❛♥t♦ ❡①✐st❡ L3 = L−β
2 t❛❧ q✉❡

−(T − t)
β

β+1ut(t, x) ≤ L3.

�

✷✳✸✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❧❡♠❛ ✷✳✶✵ ❡ ♦ t❡♦r❡♠❛ ✷✳✶✷ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ✷✳✸✳✷✱ ♦ ✢✉①♦ ❞❡ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t

tr❛♥s❢♦r♠❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ à ❡sq✉❡r❞❛ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❛ ❞✐r❡✐t❛ ❞❛ ✜❣✉r❛

❛❜❛✐①♦✳

✷✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥✲

t❡✐r❛ s✐♥❣✉❧❛r

❖ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ s✐♥❣✉❧❛r ❢♦✐ ♠♦t✐✈❛❞♦

♣❡❧♦ q✉❡ ✜③❡♠♦s ♥❛ ❞✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦ ❬✼✸❪✱ ♣❡❧♦s ❛rt✐❣♦s ❬✶✾❪ ❡ ❬✷✾❪ ❡ ♣❡❧♦ ♠♦t✐✈♦
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❞❡ q✉❡ ♥ã♦ ❤á ❜✐❜❧✐♦❣r❛✜❛ q✉❡ ❝♦♥st❛ t❛❧ ❡st✉❞❛✳ ❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦

sã♦ ♥♦✈♦s✳ ❊st❛ s❡çã♦ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♣r♦✈❛r❡♠♦s ❛

❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❛té ✉♠ t❡♠♣♦ ✜♥✐t♦ T ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❡ ❞❡♣♦✐s

♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✹✮ ♣ró①✐♠♦ ❞♦ s❡✉

t❡♠♣♦ ❡ s❡✉ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳

✷✳✹✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❖ ♣r♦❜❧❡♠❛ ❛ s❡r ❡st✉❞❛❞♦ ♥❡st❛ s❡çã♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮✱ ♦✉ s❡❥❛







ut =
uxx

1 + (ux)2
− 1

u
, x ∈ (0, a), t > 0,

ux(t, 0) = 0, ux(t, a) = − 1

u(t, x)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, a],

♦♥❞❡ β > 0.

❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ t❛❧ ♣r♦❜❧❡♠❛ é ♦❜t✐❞❛ ❡st✉❞❛♥❞♦✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉✲

çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❡ ❞❡♣♦✐s ♣r♦✈❛♥❞♦ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✹✮✳

❚❡♦r❡♠❛ ✷✳✶✸✳ ❙❡ u0 ∈ C2([0, a]), ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ t❡♠ s♦❧✉çã♦ ❡♠ C2,1([0, a]×
[0, T )).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧







vt = F (t, x, v, vx, vxx), x ∈ (0, a), t > 0,

vx(t, 0) = 0, vx(t, a) = −g(t, x, u(t, a)), t > 0,

v(0, x) = v0(x) > 0, x ∈ [0, a],

✭✷✳✶✽✮

♦♥❞❡ F (t, x, z, p, r) =
r

1 + p2
− 1

z
♣❛r❛ x ∈ (0, a)

m

2
< u < M ❡ | p |< C, ❝♦♠

m = min
x∈[0,a]

v0(x),

M = max
x∈[0,a]

v0(x)

❡

C = max
x∈[0,a]

u′0(x)
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❡ g ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛✳

❈♦♠ ❡st❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ❛ F, ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

✭✷✳✶✽✮ ❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆✳ ❉❡ ❢❛t♦✱ ❛s ❝♦♥❞✐çõ❡s (i), (ii), (iii) ❡ (iv)

♥♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆ sã♦ s❛t✐s❢❡✐t❛s t♦♠❛♥❞♦✲s❡

µ(| z |) = 2

m
+ | z |,

a1 =
2

m
+ | p |, Λ0 = 1+ | p |, a0 =

1

1 + C2
✱ a1 = 1 ❡ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ ❝r❡s❝❡♥t❡

a0 ❡ q✉❛✐sq✉❡r ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛s M0 ❡ M1.

❆ ❝♦♥❞✐çã♦ (v) ❞♦ ❚❡♦r❡♠❛ ✺✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆ é s❛t✐s❢❡✐t❛ s❡ t♦♠❛r♠♦s c1 =
m2

4
❡

c2 = 2C. ❉❡ ❢❛t♦✿

∣
∣
∣
∣
∣
F (t, x, z, p, r)− F (t, y, w, q, r)

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

(q2 − p2)r

(1 + p2)(1 + q2)
+
z − w

wz

∣
∣
∣
∣
∣

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♦s ✈❛❧♦r❡s ❞❡ c1 ❡ c2
❖❜t❡♠♦s

∣
∣
∣
∣
∣
F (t, x, z, p, r)− F (t, y, w, q, r)

∣
∣
∣
∣
∣
≤ (|x− y|+ |z − w|+ |p− q|)(c1 + c2).

▲♦❣♦✱ ❡①✐st❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✶✽✮✳

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛✱ ❜❛st❛ ♦❜s❡r✈❛♠♦s q✉❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦

✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ q✉❡

m

2
≤ u(t, x) ≤M e | ux |≤ C.

❆ss✐♠ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ❛✉①✐❧✐❛r t❛♠❜é♠ é s♦❧✉çã♦ ❞❡

✭✶✳✹✮ ✳

�

✷✳✹✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s q✉❡ ❝♦♥s❡❣✉✐♠♦s ♦❜t❡r s♦❜r❡ ❛♥✉❧❛♠❡♥t♦ s♦♠❡♥t❡

❡♠ x = 1 ❞❛ s♦❧✉çõ❡s ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ✐♥❝❧✉✐ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ✭❚♦♠❛♥❞♦

α = 1 ❡ φ(s) = arctg(s)✮✳
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❈♦♥s✐❞❡r❛♥❞♦ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s







ut = (φ(ux))x −
1

uα
, x ∈ (0, 1), t > 0,

ux(t, 0) = 0, ux(t, 1) = −(u(t, 1))−β, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✷✳✶✾✮

♦♥❞❡ α, β > 0✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

▲❡♠❛ ✷✳✶✹✳ ❛✮ ❙❡ φ′(u′0)u
′′
0 − 1

uα0
≤ 0 ❡♠ [0, 1], ❡♥tã♦ ut ≤ 0 ❡♠ [0, 1]× [0, T ).

❜✮ ❙❡ u′0 ≤ 0 ❡♠ [0, 1], ❡♥tã♦ ux ≤ 0 ❡♠ [0, 1]× [0, T ).

❝✮ ❙❡

(

φ′(u′0)u
′′
0 − 1

uα0

)′

≤ 0 ❡♠ [0, 1] ❡ ❛s ❤✐♣ót❡s❡s ❞♦ ✐t❡♠ ❛✮ ❡ ❜✮ sã♦ s❛t✐s❢❡✐t❛s✱

❡♥tã♦ uxt ≤ 0 ❡♠ [0, 1]× [0, T ).

❉❡♠♦♥str❛çã♦✿ ❛✮ ❉❡✜♥✐♥❞♦ w = ut t❡♠♦s

wt − φ′(ux)wxx − φ′′(ux)wx − u−β−1w = 0,

wx(t, 0) = 0, wx(t, 1) = βu−β−1(t, 1)w(t, 1) ❡ w(0, x) = φ′(u′0)u
′′
0 − 1

uα0
≤ 0.

❉❡✜♥✐♥❞♦ v = eψ(x)w t❡♠♦s

vt −
1

1 + u2x
vxx +

[

2ψ2

1 + u2x
− 2uxuxx

(1 + u2x)
2

]

vx +

[

ψ′′ − (ψ′)2

1 + u2x
+

2uxuxxφ
2

(1 + u2x)
2
− 1

u2

]

v = 0,

vx(t, 0)− ψ(0)v(t, 0) = 0 ❡ vx(t, 1)− [βu−β−1(t, 1) + ψ′(1)]v(t, 1).

❚♦♠❛♥❞♦ ψ ❞❡ ❢♦r♠❛ q✉❡ φ′(0) ≤ 0 ❡ [βu−β−1(t, 1)+ψ′(1)] < 0 ❡ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦

❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s q✉❡ v ≤ 0 ❡♠ [0, 1]× [0, T ), ♦✉ s❡❥❛

ut(t, x) ≤ 0,

❡♠ [0, 1]× [0, T ).

❜✮ ❉❡✜♥✐♥❞♦ h = ux, t❡♠♦s

ht − φ′(ux)hxx − φ′′(ux)hx − u−β−1h = 0
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❈♦♠♦ h(t, 0) = 0, h(t, 1) = −uβ(t, 1) ≤ 0 ❡ h(0, x) = u′0(x) ≤ 0. ❆ss✐♠✱ ♣❡❧♦

Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ B t❡♠♦s

ux(t, x) ≤ 0,

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ).

❝✮ ❉❡✜♥✐♥❞♦ ❞❡ r = uxt ❡ ✉s❛♥❞♦ ♦s ✐t❡♥s ❛♥t❡r✐♦r❡s t❡♠♦s

rt − φ′(ux)rxx − φ′′(uxx)uxxrx − (φ′′′(ux)u
2
xx + βu−β−1)r = −β(β + 1)u−β−2utux ≤ 0

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡

r(t, 0) = uxt(t, 0) = 0,

r(t, 1) = uxt(t, 1) = βuβ+1(t, 1)ut(t, 1) ≤ 0

❡

r(0, x) =

(

φ′(u′0)u
′′
0 −

1

uα0

)′

≤ 0.

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ uxt ≤ 0, ♣❛r❛ t ∈ [0, T ) ❡ x ∈ [0, 1].

�

❚❡♦r❡♠❛ ✷✳✶✺✳ ❙❡ φ é ♥ã♦ ❞❡❝r❡s❝❡♥t❡ φ(0) = 0 ❡ φ(u) < 0, ♣❛r❛ u < 0✱ ❡♥tã♦ ❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✾✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✳ ❊♠ ❛❞✐❝✐♦♥❛❧✱ s❡ ❛s ❤✐♣ót❡s❡s

❞♦ ▲❡♠❛ ✷✳✶✹ sã♦ s❛t✐s❢❡✐t❛s ❡♥tã♦ ❡st❛ s♦❧✉çã♦ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ❡♠

x = 1. P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✹✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ s♦♠❡♥t❡ ♣❛r❛

x = 1.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ F (t) =
∫ 1

0
u(t, x)dx.

❉❡r✐✈❛♥❞♦ ♦❜t❡♠♦s

F ′(t) =

∫ 1

0

utdx =

∫ 1

0

(φ(ux))x−
1

uα
dx ≤

∫ 1

0

(φ(ux))x = φ(ux(t, 1))−φ(ux(t, 0)) = φ(−(u(t, 1))β).

❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡ −(u(t, x))−β ❞❡❝r❡s❝❡♥t❡ ❡ φ ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❝♦♥❝❧✉í♠♦s q✉❡
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F ′(t) ≤ φ(−u0(1)−β).

❆ss✐♠ F (t) ≤ F (0)− φ(−u0(1)−β))t ❡ ❞❛í ❡①✐st❡ t0 > 0 t❛❧ q✉❡ F (t0) = 0. ❈♦♠♦ u

é ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ux ≤ 0 ❡①✐st✐rá ✉♠ T ✭0 < T ≤ t0✮ t❛❧ q✉❡ lim
t→T−

u(t, 1) = 0.

P❛r❛ ❛ ✉♥✐❝✐❞❛❞❡ ❜❛st❛ ❛♣❧✐❝❛r♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✿

u(t, 1)− u(t, x) = ux(t, ξ)(1− x) ≤ u′0(ξ)(1− x) < 0,

♣❛r❛ 0 ≤ x < 1.

❉❛í lim
t→T−

u(t, x) > 0, ♣❛r❛ 0 ≤ x < 1.

�

◆❛ ✜❣✉r❛ ❛❜❛✐①♦✱ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❡❧♦ s♦❢t✇❛r❡ ▼❛♣❧❡ ❛♣r♦①✐✲

♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✮ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

(1 + (uǫ)2x)
− (uǫ)

(uǫ + ǫ)2
, x ∈ (0, 1), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)x(t, 1) = − (uǫ)(t, 1)

(uǫ + ǫ)β+1
, t > 0,

(uǫ)(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✷✳✷✵✮

❢❛③❡♥❞♦ u0(x) = −x10+1, 5, β = 1 ❡ ǫ = 0, 2, ❝♦♥❝♦r❞❛ ❝♦♠ ♦ q✉❡ ❝♦♥s❡❣✉✐♠♦s ♠♦str❛r

❛♥t❡r✐♦r♠❡♥t❡ ✭❚❡♦r❡♠❛ ✷✳✶✺✮✳

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/(1 + (diff(u(x, t), x))2)− u(x, t)/(0.2 + u(x, t))2

>■❇❈ := (0.2 + u(1, t))2 ∗ (D[1](u))(1, t) = −u(1, t), u(x, 0) = −x10 + 1.5, (D[1](u))(0, t) = 0

> ♣❞s := pdsolve(PDE, IBC, numeric)

> ♣❞s: −plot3d(t = 0...8, x = 0..1)



✷✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✺✶

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ ❝♦♥❝❧✉✐r ❡st❡ ❝❛♣ít✉❧♦ s♦❜r❡ ❡q✉❛çõ❡s ✢✉①♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♠♦s✲

tr❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦

❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ♠✐st❛ s✐♥❣✉❧❛r ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T.

Pr♦♣♦s✐çã♦ ✷✳✶✻✳ ❙❡ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✶✹ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧✱

❡♥tã♦ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

❛✮ C1 ≤ u(t, 1)(T − t)
−1
α+1 ≤ C2 ♣❛r❛ t♦❞♦ t ∈ [0, T ),

❜✮ −ut(t, x)(T − t)
α

α+1 ≤ C3 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❝✮ C4 ≤ −ux(t, 1)(T − t)
−β

α+1 ≤ C5 ♣❛r❛ t♦❞♦ t ∈ [0, T ),

♦♥❞❡ C1, C2 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ α ❡ β ❡ T ♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛✲

♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ w = ut s❛t✐s❢❛③

wt − φ′(ux)wxx − φ′′′(ux)wx − αu−α−1w = 0

❡♠ (0, 1)× (0, T ).

❆ss✐♠ ♦ ♠í♥✐♠♦ ❡ ♦ ♠á①✐♠♦ ❞❡ w sã♦ ❛t✐♥❣✐❞♦s ♥❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ ❡ ♣♦rt❛♥t♦

ut < 0 ♣❛r❛ t ∈ (0, 1)×(0, T )✱ ♣♦✐s s❡ ut(t0, x0) = 0 ♣❛r❛ (t0, x0) ∈ (0, 1)×(0, T ) t❡rí❛♠♦s

(t0, x0) ♣♦♥t♦ ✐♥t❡r✐♦r ❞❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ s❡♥❞♦ ♦ ♠á①✐♠♦✱ ✈✐st♦ q✉❡ ut ≤ 0 ❡♠

[0, 1]× [0, T ) ♣❡❧♦ ▲❡♠❛ ✷✳✶✹✳

❉❛í✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡rí❛♠♦s ut = 0 ❡♠ [0, 1]× [0, T )

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ u(t, x) ≤ u(T, x), ♣❛r❛ t♦❞♦ t < T.
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❈♦♠♦ u(T, 1) = 0, ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ t❡rí❛♠♦s u(t, 1) = 0, ♣❛r❛ t♦❞♦ t < T.

P♦rt❛♥t♦✱ ❝♦♠♦ T é ♦ ♠í♥✐♠♦ t❛❧ q✉❡ u(t, 0)✱ t❡♠♦s ut < 0, ♣❛r❛ t ∈ (0, T ) ❡ x ∈ (0, 1).

❈♦♠♦ ♣❡❧♦ ✐t❡♠ ❝✮ ❞♦ ▲❡♠❛ ✷✳✶✹ t❡♠♦s uxt ≤ 0, ❡♠ [0, 1]× [0, T ) t❡rí❛♠♦s

ut(t, 1) ≤ ut(t, x) < 0,

♣❛r❛ t ∈ (0, T ) ❡ ♣♦rt❛♥t♦ ut < 0 ❡♠ (0, 1]× (0, T ).

❖❜s❡r✈❡ q✉❡ −ut(η, x) ❡ uβ(η, x) sã♦ ♣♦s✐t✐✈♦s ♣❛r❛ x ∈ [η, 1− η] ❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡

ut s❛t✐s❢❛③ ✉♠❛ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ❡ ut < 0 ❡♠ (0, 1]× (0, T ) t❡♠♦s q✉❡

min
t∈[η,T )

{−ut(t, η)}, min
t∈[η,T )

{−ut(t, 1− η)}

❡①✐st❡♠

❆ss✐♠✱ ❞❡✜♥✐♥❞♦ δ1 = min
x∈[η,1−η]

{−ut(η, x), uβ(η, x)}, δ2 = min
x∈[η,T )

{−ut(t, η)uα(t, η)} ❡

δ3 = min
x∈[η,T )

{−ut(1, 1− η)uα(t, 1− η)}, t♦♠❛♥❞♦ δ = min{δ1, δ2, δ3} ❡ ❞❡✜♥✐♥❞♦

J(t, x) = ut(t, x) + δu−α(t, x)

t❡♠♦s J ≤ 0 ❡♠ [0, 1]× [0, T ).

❈♦♠♦✱ ♣❡❧♦s ✐t❡♥s ❜✮ ❡ ❝✮ ❞♦ ▲❡♠❛ ✷✳✶✹✱ t❡♠♦s u(t, 1) ≤ u(t, x) ❡ ut(t, 1) ≤ ut(t, x)

❡♠ [0, 1]× [0, T ) ♦❜t❡♠♦s

ut(t, 1)u
α(t, 1) ≤ −δ.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ T t❡♠♦s ♣❛r❛ t > η ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

u(t, 1)α+1 ≥ α(α + 1)(T − t),

❈♦♠♦✱ ♣❡❧♦ ✐t❡♠ ❛✮ ❞♦ ▲❡♠❛ ✷✳✶✹

ut ≤ 0

❡♠ [0, 1]× [0, T ), t❡♠♦s q✉❡ ❡①✐st❡ C1 = [α(α + 1)]
1

1+α t❛❧ q✉❡

u(t, 1) ≥ C1(T − t)
1
α ,

♣❛r❛ t♦❞♦ t ∈ [0, T ).



✷✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✺✸

❯t✐❧✐③❛♥❞♦ ♦ ✐t❡♠ ❜✮ ❞♦ ▲❡♠❛ ✷✳✶✹✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ u(t, .) ❛t✐♥❣❡ s❡✉ ♠í♥✐♠♦

❡♠ x = 1 ❡ ♣♦rt❛♥t♦ uxx(t, 1) ≥ 0.

❆ss✐♠✱

ut = φ′(ux)uxx − u−α ≥ −u−α,

♦✉ s❡❥❛

utu
α ≥ −1,

❡♠ [0, 1]× (0, 1).

■♥t❡❣r❛♥❞♦ ❞❡ t ❛ T ♦❜t❡♠♦s C2 = (1 + α)
1

α+1 t❛❧ q✉❡

u(t, 1) ≤ C2(T − t)
1

α+1

❜✮ ❈♦♠♦ ♣❡❧♦ ✐t❡♠ ❝✮ ❞♦ ▲❡♠❛ ✷✳✶✹ t❡♠♦s uxt ≤ 0 ❡♠ [0, 1]× [0, T ) ♦❜t❡♠♦s

ut(t, x) ≤ ut(t, 1) = φ′(ux(t, 1))uxx(t, 1)− u−β(t, 1) ≥ −u−β(t, 1).

◆♦t❡ q✉❡ ♣❛r❛ ♦❜t❡r♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ♦❜s❡r✈❛♠♦s q✉❡ φ(s) > 0, ♣❛r❛

t♦❞♦ s > 0 ❡ ❝♦♠♦ u(t, .) ❛t✐♥❣❡ ♠í♥✐♠♦ ❡♠ x = 1 t❡♠♦s uxx(t, 1) ≥ 0.

❉♦ ✐t❡♠ ❛♥t❡r✐♦r ❛✮ t❡♠♦s

C1(T − t)
1

1+α ≤ u(t, 1) ≤ C2(T − t)
1

1+α

❡ ♣♦rt❛♥t♦

−C−α
1 (T − t)−

α
1+α ≤ −u(t, 1)−α ≤ −C−α

2 (T − t)−
α

1+α ,

✐st♦ é ❡①✐st❡ C3 = Cα
1 t❛❧ q✉❡

ut(t, x) ≤ −u−α(t, 1) ≥ −C3(T − t)−
α

1+α .

❝✮ ❙❛❜❡♥❞♦ q✉❡ ux(t, 1) = −u−β(t, 1) ✉t✐❧✐③❛♥❞♦ ♦ ✐t❡♠ ❛✮ ♦❜t❡♠♦s C4 = C−β
2 ❡

C5 = C−β
1 t❛❧ q✉❡

C4 ≤ −ux(t, 1)(T − t)
β

α+1 ≤ C5,

♣❛r❛ t♦❞♦ t ∈ [0, T ).

�



✷✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✺✹

✷✳✹✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❙❛❜❡♥❞♦ q✉❡ ❛ ❡✈♦❧✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦ ✈✐❛ ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ ♣♦❞❡♠ s❡r

❡♥❝❛r❛❞❛s ❝♦♠♦ ❡✈♦❧✉çã♦ ❞❡ ❝✉r✈❛s✳ ❖ ❚❡♦r❡♠❛ ✷✳✶✺ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✻ ❞❛ s❡çã♦

❛♥t❡r✐♦r ✷✳✹✳✷ ❣❛r❛♥t❡♠ q✉❡ ✉♠❛ s✉♣❡r❢í❝✐❡s ✐♥✐❝✐❛❧ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✜❣✉r❛ ❛❜❛✐①♦

❡✈♦❧✉✐ ♣❡❧♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❛♦ ❧❛❞♦✳



❈❛♣ít✉❧♦

✸

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❡st✉❞❛r ♦s ♣r♦❜❧❡♠❛s ✭✶✳✻✮✱ ✭✶✳✺✮ ❡ ✭✶✳✼✮✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡

❝❛♣ít✉❧♦✱ ❞❡❞✉③✐r❡♠♦s ❛ ❡q✉❛çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦✲

❧✉çã♦✳ ❆s ❞✉❛s s❡çõ❡s ♣♦st❡r✐♦r❡s✱ ✸✳✷ ❡ ✸✳✸✱ s❡rã♦ ❛♠❜❛s ❞✐✈✐❞✐❞❛s ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱

♥❛ s✉❜s❡çã♦ ✸✳✷✳✶ ✭✸✳✸✳✶✮ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❣❧♦❜❛❧ ♥♦ t❡♠♣♦ ❞❛

s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮✭✭✶✳✺✮✮ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ ♥❛ s✉❜s❡çã♦ ✸✳✷✳✷ ✭✸✳✸✳✷✮ ❡①✐❜✐✲

r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡st❛ s♦❧✉çã♦✳ ❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❛s s❡çõ❡s ✸✳✷

❡ ✸✳✸ ❥á sã♦ ❝♦♥❤❡❝✐❞♦s✱ ✈✐❞❡ ❬✻✶❪✳ ❖s r❡s✉❧t❛❞♦s ♥♦✈♦s ❞❡st❡ ❝❛♣ít✉❧♦ ❡♥❝♦♥tr❛♠✲s❡ ♥❛

s❡çã♦ ✸✳✹✳ ❊st❛ ú❧t✐♠❛ s❡çã♦ é ❞✐✈✐❞✐❞❛ ❡♠ três s✉❜s❡çõ❡s✱ ♥❛ ♣r✐♠❡✐r❛ ♠♦str❛r❡♠♦s

r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✱ ♥❛ s❡✲

❣✉♥❞❛ ❡①✐❜✐r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s

♥ã♦ ❝♦♥✈❡①♦s ❡ ♥❛ ú❧t✐♠❛ s✉❜s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ♦ ❛♥✉❧♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡

❡st✐♠❛t✐✈❛s ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ❝♦♥✈❡①♦s✳ ❖s r❡s✉❧t❛❞♦s ❥á ❝♦♥❤❡✲

❝✐❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❞❡t❛❧❤❛❞♦s ♥❡st❛ t❡s❡✱ ♣♦✐s t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢❛③❡r ✉♠

❡st✉❞♦ ♠❛✐s ❣❡r❛❧ ❞❡ ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ ❛s três ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✿ ❉✐r✐❝❤❧❡t✱

◆❡✉♠❛♥♥ ❡ s✐♥❣✉❧❛r✳

✺✺



✸✳✶ ▼♦t✐✈❛çã♦ ✺✻

✸✳✶ ▼♦t✐✈❛çã♦

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s γ(t, θ, x) ⊂ R
3 ❞❛❞❛ ♣♦r✿

γ(t, θ, x) = (x, u(t, x) cos θ, u(t, x) sin θ), ✭✸✳✶✮

♦♥❞❡ x ∈ [a, b] ❡ θ ∈ [0, 2π]. ❋❛③❡♥❞♦ ❡st❛ ❡✈♦❧✉✐r ❛tr❛✈és ❞♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss✱

✐st♦ é

γt = −K.~n, ✭✸✳✷✮

♦♥❞❡ K r❡s♣r❡s❡♥t❛ ❛ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❡ ~n ♦ ✈❡t♦r ♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡✱ ❝♦♥❝❧✉✐♠♦s

q✉❡ u s❛t✐s❢❛③

ut =
uxx

u

[

1 + (ux)2

] 3
2

, ✭✸✳✸✮

♦❜s❡r✈❛♥❞♦ q✉❡K = − uxx
u(1 + ux)2

❡ ~n =

(

− ux
√

1 + (ux)2
,

cos θ
√

1 + (ux)2
,

sin θ
√

1 + (ux)2

)

.

✸✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥

❆ ❡q✉❛çã♦ ❞❡❞✉③✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ◆❡✉♠❛♥♥✱ ♣r♦❜❧❡♠❛

✭✶✳✻✮✱ ❢♦✐ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥♦ ❛rt✐❣♦ ❬✻✶❪✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♠ ❬✻✶❪ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛

✭✶✳✻✮ sã♦ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s✉❛ s♦❧✉çã♦ ♣❛r❛ t♦❞♦ t❃ ✵ ❡ ❝♦♠♣♦rt❛♠❡♥t♦

❛ss✐♥tót✐❝♦ ❞❡st❛ s♦❧✉çã♦✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡t❛❧❤❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛

r❡❢❡rê♥❝✐❛ ❬✻✶❪✳ Pr✐♠❡✐r❛♠❡♥t❡ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡

❞❡ s♦❧✉çã♦ ♣❛r❛ ✭✶✳✻✮✳
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✸✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❈♦♥s✐❞❡r❛♠♦s ♥❡st❛ s❡çã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✻✮✱ ♦✉ s❡❥❛







ut =
uxx

u

[

1 + (ux)2

] 3
2

, x ∈ (a, b), t > 0,

ux(t, a) = 0, ux(t, b) = 0, t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

✭✸✳✹✮

❊♠ ❬✻✶❪ ♣r♦✈❛✲s❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❣❧♦❜❛❧ ♥♦ t❡♠♣♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ ✉t✐❧✐✲

③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦ ❆♣ê♥❞✐❝❡ ❆✳ Pr♦✈❛✲s❡ t❛♠❜é♠ q✉❡ ❛ s♦❧✉çã♦ t❡♠ r❡❣✉❧❛r✐❞❛❞❡

H2+α((a, b)× [0,∞)) ✭❱❡r ◆♦t❛çõ❡s✮

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛ u0(x) ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ♣♦s✐t✐✈♦ ❡♠ [a, b], ❝♦♠ u0 ∈ H2+α(a, b) ❡

❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥tí♥✉❛s s❛t✐s❢❛③❡♥❞♦

u′0(a) = u′0(b) = 0.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ H2+α((a, b)× [0,∞)) ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ M = max
x∈[a,b]

{u0(x)} ❡ ǫ > 0. ❉❡✜♥✐♥❞♦

v(t, x) =M + ǫ+ ǫ
t

t+ 1
− Aǫ sin

(

π
x− a

b− a

)

,

♦♥❞❡ A é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ s❛t✐s❢❛③❡♥❞♦

A < min

{

1,
M(b− a)2

π2(T + 1)2

}

.

❉❡st❛ ♠❛♥❡✐r❛ −vt +
1

v(1 + v2x)
3
2

vxx < 0 ❡ ♣♦rt❛♥t♦ u(t, x) ≤ v(t, x), ♣❛r❛ t♦❞♦

x ∈ [a, b]× [0, T ). ❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ t❡♠♦s q✉❡

(u− v)t −
1

u(1 + u2x)
3
2

uxx +
1

v(1 + v2x)
3
2

vxx ≤ 0

❙❛❜❡♥❞♦ q✉❡ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ t❡♠♦s ux(t, a) = 0, ux(t, b) = 0, vx(t, a) < 0

❡ vx(t, b) > 0, t❡♠♦s ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ q✉❡



✸✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✺✽

u(t, x) ≤ v(t, x) ≤ sup
[a,b]×[0,T )

v(t, x) =M + 2ǫ.

❈♦♠♦ ǫ ❢♦✐ t♦♠❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ t❡♠♦s u(t, x) ≤ M, ♣❛r❛ t♦❞♦ x ∈ [a, b] ❡

t ∈ [0, T ). ❆ss✐♠ ❡st❛♠♦s ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✺✳✷ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ ♣♦rt❛♥t♦

❝♦♥❝❧✉í♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮✳

�

✸✳✷✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦

❚❛♠❜é♠ ❡♠ ❬✻✶❪ ❢♦✐ ♦❜t✐❞♦✱ s❡♠ q✉❛❧q✉❡r ❤✐♣ót❡s❡ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ s♦❜r❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧✱

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✻✮ ♣❡❧♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✷✳ ❙❡ u0 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ H2+α(a, b) ❝♦♠ s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s

❝♦♥tí♥✉❛s ❛té ♦ ❜♦r❞♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡ u0 ❛ss✉♠❡ ✈❛❧♦r ③❡r♦ ♥♦

♣♦♥t♦s x = a ❡ x = b✳ ❊♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✻✮ u(t, .) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡

r❡t❛ ❤♦r✐③♦♥t❛❧✱ q✉❛♥❞♦ t→ ∞.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐♥❞♦ E(t) =
∫ b

a

(1+u2x)dx, ❞❡r✐✈❛♥❞♦✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s

❡ ✉t✐❧✐③❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ ♦❜t❡♠♦s

E ′(t) = 2

∫ b

a

uxuxt = 2

∫ b

a

uxutxdx = −
∫ b

a

utuxxdx

❙❛❜❡♥❞♦ q✉❡ ut ❡ uxx t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧ t❡♠♦s E ′(t) ≤ 0 ❡ ❝♦♠♦ E é ❧✐♠✐t❛❞❛

✐♥❢❡r✐♦r♠❡♥t❡ ❞❡✈❡♠♦s t❡r E(t) ❞❡❝r❡s❝❡ ♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ❡ E ′(t) → 0 q✉❛♥❞♦

t→ +∞.

❆ss✐♠ utuxx → 0 q✉❛♥❞♦ t → ∞ ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ✭✶✳✻✮ t❡♠♦s q✉❡ ut → 0 ❡

uxx → 0 q✉❛♥❞♦ t→ ∞.

▲♦❣♦✱ ❝♦♠♦ u s❡ t♦r♥❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t ❝♦♠ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ u′′∞(x) = 0 t❡♠♦s

q✉❡ u(t, .) ❝♦♥✈❡r❣❡ ❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

�



✸✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✺✾

❆♣r♦①✐♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✮ ❞♦ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

(uǫ) + ǫ)

[

1 + (uǫ)x)2

] 3
2

, x ∈ (a, b), t > 0,

(uǫ)x(t, a) = 0, (uǫ)x(t, b) = 0, t > 0,

(uǫ)(0, x) = u0(x) > 0, x ∈ [0, 1]

✭✸✳✺✮

❡ ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ▼❛♣❧❡✱ ❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ❛s s♦❧✉çã♦ ♥ú♠❡r✐❝❛s ♥♦s ❝❛s♦s

❞❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①♦ ✭ǫ = 0, 2, u0(x) = x10 + 2, a = 0 ❡ b = 1✮ ❡ ♥♦ ❝♦♥✈❡①♦

✭ǫ = 0, 2, u0(x) = −x10 + 2, a = 0 ❡ b = 1✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❛♠❜❛s ❛s ✜❣✉r❛s

♣♦❞❡♠♦s ♦❜s❡r✈❛r ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ♥ú♠❡r✐❝♦ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦

♦❜t✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻✶❪✳

▲✐♥❤❛s ❞❡ ❝♦♠❛♥❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

❉✐r✐❝❤❧❡t ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①❛✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5

>■❇❈ := u(x, 0) = x10 + 2, (D[1](u))(0, t) = 0, (D[1](u))(1, t) = 0

>♣❞s := pdsolve(PDE, IBC, numeric)

>♣❞s: −plot3d(t = 0..3, x = 0..1)



✸✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ◆❡✉♠❛♥♥ ✻✵

▲✐♥❤❛s ❞❡ ❝♦♠❛♥❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

❉✐r✐❝❤❧❡t ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①❛✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5

>■❇❈✷ := u(x, 0) = −x10 + 2, (D[1](u))(0, t) = 0, (D[1](u))(1, t) = 0

>♣❞s✷ := pdsolve(PDE, IBC2, numeric)

>♣❞s✷: −plot3d(t = 0..3, x = 0..1)

✸✳✷✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❙❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✷ ❡ ♦ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ▼❛♣❧❡✱ ♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss

❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ◆❡✉♠♠❛♥♥ tr❛♥s❢♦r♠❛ s✉♣❡r❢í❝✐❡s ✐♥✐❝✐❛✐s ❞♦ ❧❛❞♦ ❡sq✉❡r❞❛

❞❛s ✜❣✉r❛s ❡♠ s✉♣❡r❢í❝✐❡s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



✸✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✻✶

✸✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t

❆ ❡q✉❛çã♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ❉✐r✐❝❤❧❡t✱ ♣r♦✲

❜❧❡♠❛ ✭✶✳✺✮✱ t❛♠❜é♠ ❢♦✐ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❛ r❡❢❡rê♥❝✐❛ ❬✻✶❪✳ ◆❡st❡ ❛rt✐❣♦ ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮ ❢♦r❛♠ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s✉❛ s♦❧✉çã♦✱ ♥❛ s✉❜✲

s❡çã♦ ✸✳✸✳✶✱ ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡st❛ s♦❧✉çã♦✱ ♥❛ s✉❜s❡çã♦ ✸✳✸✳✷✳ ◆❡st❛

s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞♦ tr❛❜❛❧❤♦ ❬✻✶❪✳

✸✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❈♦♥s✐❞❡r❛♠♦s ♥❡st❛ s❡çã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✺✮✱ ♦✉ s❡❥❛







ut =
uxx

u

[

1 + (ux)2

] 3
2

, x ∈ (a, b), t > 0,

u(t, a) = u0(a), u(t, b) = u0(b), t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

❊♠ ❬✻✶❪ ♣r♦✈❛✲s❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❣❧♦❜❛❧ ♥♦ t❡♠♣♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮ ✉t✐✲

❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦ ❆♣ê♥❞✐❝❡ ❆✳

❚❡♦r❡♠❛ ✸✳✸✳ ❙❡ u0(x) ❢♦r ♣♦s✐t✐✈❛ ❡♠ [a, b], ❝♦♠ f ∈ H2+α((a, b)) ❡ ❝♦♠ s❡❣✉♥❞❛

❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦



✸✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✻✷

u′′0(a) = u′′0(b) = 0.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ H2+α((a, b)× [0,∞)) ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r







ut =
uxx

g(u)

[

1 + (ux)2

] 3
2

, x ∈ (a, b), t > 0,

u(t, a) = u0(a), u(t, b) = u0(b), t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✸✳✻✮

♦♥❞❡ m = min
x∈[a,b]

u0(x) ❡ g(z) é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❡♠ [0,∞), g(z) = m
4
, ♣❛r❛

z ≤ m
4
, g(z) = z, ♣❛r❛ z ≥ m

2
❡ g(z) é ❡st❡♥❞✐❞❛ ❞❡ ♠❛♥❡✐r❛ s✐♠étr✐❝❛ ♣❛r❛ ✈❛❧♦r❡s

♥❡❣❛t✐✈♦s✳

P❡❧♦ Pr✐♥❝✁♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s q✉❡ u ❛t✐♥❣❡ s❡✉ ♠á①✐♠♦ ♥❛

❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛✳ ❈♦♠♦ u(t, a) = u0(a) ❡ u(t, b) = u0(b), t❡♠♦s q✉❡ ♦ ♠á①✐♠♦ ❞❡ u

é r❡❛❧✐③❛❞♦ ♣♦r f ❡ ♣♦rt❛♥t♦

u(t, x) ≤M = max
x∈[a,b]

u0(x),

♣❛r❛ x ∈ [a, b] ❡ t ∈ [0, T ).

❙❛❜❡♥❞♦ q✉❡ g ❢♦✐ ❞❡✜♥✐❞❛ s✐♠❡tr✐❝❛♠❡♥t❡✱ ❡♥tã♦ −u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✮

❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s

m ≤ u(t, x),

♣❛r❛ x ∈ [a, b]× [0, T )

❉❡✜♥✐♥❞♦ v(t, x) = max
Γ

ux(t, x), ♦♥❞❡ Γ é ❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛✱ ♦❜t❡♠♦s ✉s❛♥❞♦

♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ q✉❡ u(t, x) ≤ v(t, x). ❆ss✐♠✱ ❡st❛♠♦s ♥❛s

❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✺✳✷ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ♣♦rt❛♥t♦ ❝♦♥❝❧✉í♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮✳

�



✸✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✻✸

✸✳✸✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦

❚❛♠✁❜❡♠ ❡♠ ❬✻✶❪ ❢♦✐ ♦❜t✐❞♦✱ s❡♠ q✉❛❧q✉❡r ❤í♣♦t❡s❡ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ♥♦ ❞❛❞♦ ✐♥✐❝✐❛❧✱ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ♣❡❧♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡ u0 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ H2+α(a, b) ❝♦♠ s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s

❝♦♥tí♥✉❛s ❛té ♦ ❜♦r❞♦✳ ❙✉♣♦♥❤❛ q✉❡

u′′0(a) = u′′0(b) = 0.

❊♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✺✮ u(t, .) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ✉♥✐♥❞♦ (a, f(a)), (b, f(b)),

q✉❛♥❞♦ t→ ∞.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐♥❞♦ E(t)
∫ b

a

(1 + u2x)dx, ❞❡r✐✈❛♥❞♦✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡

s✉❜st✐t✉✐♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮ t❡♠♦s

E ′(t) = 2

∫ b

a

uxuxtdx = 2

∫ b

a

uxutxdx = −
∫ b

a

utuxxdx.

❈♦♠♦ ut ❡ uxx t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧ t❡♠♦s q✉❡ E(t) ❞❡❝r❡s❝❡ ♣❛r❛ ✉♠ ❝♦♥st❛♥t❡ ❡

E ′(t) → 0, q✉❛♥❞♦ t→ ∞.

❉❛í ♣❡❧❛ ❡q✉❛çã♦ ✭✶✳✺✮ t❡♠♦s ut → 0 ❡ uxx → 0, q✉❛♥❞♦ t→ ∞.

❈♦♠♦ u s❡ t♦r♥❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t ❝♦♠ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ u′′∞(x) = 0. P♦rt❛♥t♦ ❛

s♦❧✉çã♦ ❞❡ ✭✶✳✺✮ u(t, .) ❝♦♥✈❡r❣❡ ❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

�

❆♣r♦①✐♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮ ❞♦ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

((uǫ) + ǫ)

[

1 + (uǫ)x)2

] 3
2

, x ∈ (a, b), t > 0,

(uǫ)x(t, a) = u0(a), (uǫ)x(t, b) = u0(b), t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

✭✸✳✼✮

❡ ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ▼❛♣❧❡✱ t❛♥t♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ é ❝♦♥✈❡①♦

✭ǫ = 0, 2, u0(x) = x10 + 2, a = 0 ❡ b = 1✮ ❝♦♠♦ ♥♦ ♥ã♦ ❝♦♥✈❡①♦ ✭ǫ = 0, 2, u0(x) =

−x10 + 2, a = 0 ❡ b = 1✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ♣♦❞❡♠♦s ♦❜s❡r✈❛r

♥❛s ✜❣✉r❛s q✉❡ ♦s r❡s✉❧t❛❞♦s ♥ú♠❡r✐❝♦s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ ♦❜t✐❞♦ ♥♦

tr❛❜❛❧❤♦ ❬✻✶❪✳
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▲✐♥❤❛s ❞❡ ❝♦♠❛♥❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

❉✐r✐❝❤❧❡t ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①❛✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5

>■❇❈ := u(0, t) = 2, u(1, t) = 3, u(x, 0) = x10 + 2

>♣❞s := pdsolve(PDE, IBC, numeric)

>♣❞s: −plot3d(t = 0..3, x = 0..1)

▲✐♥❤❛s ❞❡ ❝♦♠❛♥❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

❉✐r✐❝❤❧❡t ❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①❛✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5

>■❇❈✷ := u(0, t) = 2, u(1, t) = 1, u(x, 0) = −x10 + 2

>♣❞s✷ := pdsolve(PDE, IBC2, numeric)

>♣❞s✷: −plot3d(t = 0..3, x = 0..1)
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✸✳✸✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❈♦♠ ❜❛s❡ ♥♦ ❚❡♦r❡♠❛ ✸✳✹ ❡ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s♦❢t✇❛r❡ ▼❛♣❧❡ ❝♦♥❝❧✉í♠♦s q✉❡ ❛s s✉✲

♣❡r❢í❝✐❡s ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛s ✜❣✉r❛s ❡✈♦❧✉❡♠ ✈✐❛ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❉✐r✐❝❤❧❡t ❛ s✉♣❡r❢í❝✐❡s ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✸✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r

❖ ❡st✉❞♦ ❞❛ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦

s✐♥❣✉❧❛r✱ ✐st♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✱ ♥ã♦ ❝♦♥st❛ ❡♠ ♥❡♥❤✉♠❛ r❡❢❡rê♥❝✐❛ ❞❛ ár❡❛✳ ❚♦❞♦s ♦s



✸✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✻✻

r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ sã♦ ♥♦✈♦s✳ ◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

s♦❜r❡ ♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✳

✸✳✹✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❡st✉❞❛r s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✼✮✱

♦✉ s❡❥❛







ut =
uxx

u

[

1 + (ux)2

] 3
2

, x ∈ (a, b), t > 0,

ux(t, a) = 0, ux(t, b) = − 1

u(t, b)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

♦♥❞❡ β > 0.

❈♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ✭✶✳✼✮ ♥ã♦ ❡stá ♥❛s ❝♦♥❞✐çõ❡s ❞♦s t❡♦r❡♠❛s ✺✳✶✱ ✺✳✷ ❡ ✺✳✸

❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡♥tã♦✱ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮✱ ♣r♦✈❛♠♦s q✉❡ ❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✸✳✽✮✱ ♦❜t✐❞❛ ❞✐r❡t❛♠❡♥t❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦

❆♣ê♥❞✐❝❡ ❆✱ é t❛♠❜é♠ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮✳

❚❡♦r❡♠❛ ✸✳✺✳ ❙❡❥❛ u0 ∈ C2([0, 1]), ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ t❡♠ s♦❧✉çã♦ ❡♠ C1,2([0, T )×
[0, 1]) ♣❛r❛ ❛❧❣✉♠ T > 0.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r







ut =
uxx

g(u)

[

1 + (ux)2

] 3
2

, x ∈ (a, b), t > 0,

ux(t, a) = 0, ux(t, b) = − 1

(g(u(t, b)))β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [a, b],

✭✸✳✽✮

♦♥❞❡ β > 0✱ g(u) = m
4
, ♣❛r❛ u ≤ m

4
✱ g(u) = u, ♣❛r❛ u ≥ m

2
✱ g ❡st❡♥❞✐❞❛ ♣♦r s✐♠❡tr✐❛

♣❛r❛ ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❡ m = min
x∈[a,b]

u0(x).

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ♦❜t❡♠♦s ✉♠❛ s♦❧✉çã♦

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✸✳✽✮✳ ❊♠ s❡❣✉✐❞❛ ✐r❡♠♦s ♣r♦✈❛r q✉❡ t♦❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❛✉①✐❧✐❛r ✭✸✳✽✮ é t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✳
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Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✸✳✽✮ s❛t✐s❢❛③ ❛s

❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ✐st♦ é✱ q✉❡ ❛ s♦❧✉çã♦ u ❞❡ ✭✸✳✽✮ é t❛❧ q✉❡

min
x∈[a,b]

u0(x) = m ≤ u ≤M = max
x∈[a,b]

u0(x).

❉❡ ❢❛t♦✱ ❞❡✜♥✐♥❞♦

v(t, x) =M + ǫ+ ǫ
t

t+ 1
− Aǫ sin

(

π
x− a

b− a

)

,

♦♥❞❡ A < min

{

1,
M(b− a)2

π2(T + 1)2

}

❡ s✉✜❝✐❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ❢♦r♠❛ q✉❡

vt >
vxx

g(v)

[

1 + (vx)2

] 3
2

. ✭✸✳✾✮

◆♦t❡ q✉❡ v é t❛❧ q✉❡ vxx ≤ 0 ❡ M ≤ v ≤M + 2ǫ.

◆♦t❡ t❛♠❜é♠ q✉❡ u(t, x) < v(t, x) ♣❛r❛ (t, x) ∈ [a, b] × [0, T ]. ❉❡ ❢❛t♦✱ u ❡ v ♥ã♦

s❡ ✐♥t❡r❝❡♣t❛♠ ❡♠ t = 0 ♣♦✐s u0(x) ≤ M ❡ v0(x) > M ❡ ❛❧é♠ ❞✐ss♦ u ❡ v ♥ã♦ s❡

✐♥t❡r❝❡♣t❛♠ ❡♠ t0 > 0 ❡ x ∈ (a, b)✱ ♣♦✐s s❡ ✐st♦ ♦❝♦rr❡ss❡ s✉♣♦♥❞♦ q✉❡ t0 é ♦ ♣r✐♠❡✐r♦

t❡♠♣♦ q✉❡ u ❡ v s❡ ✐♥t❡r❝❡♣t❛♠ ♥♦ ✐♥t❡r✐♦r ❞❡ [a, b] ❡①✐st✐rá ✉♠ x0 ∈ (a, b) t❛❧ q✉❡

v(t, x0) > u(t, x0), ♣❛r❛ t < t0✱ vt(t0, x0) − ut(t0, x0) ≤ 0✱ vx(t0, x0) = ux(t0, x0) ❡

vxx(t0, x0) = uxx(t0, x0). ❆ss✐♠

vt(t0, x0) < ut(t0, x0) =
uxx(t0, x0)

g(u(t0, x0))(1 + (ux(t0, x0))2)
3
2

=
vxx(t0, x0)

g(v(t0, x0))(1 + (vx(t0, x0))2)
3
2

,

♦ q✉❡ ❝♦♥tr❛r✐❛ ✭✸✳✾✮✳

u ❡ v t❛♠❜é♠ ♥ã♦ s❡ ✐♥t❡r❝❡♣t❛♠ ❡♠ t0 > 0 ❡ x = a ♦✉ b ♣♦✐s ❛s ❝♦♥❞✐çõ❡s ❞❡

❢r♦♥t❡✐r❛ ux(t, a) = 0, ux(t, b) ≤ 0, vx(t, a) < 0 ❡ vx(t, b) > 0 ✐♥❞✐❝❛♠ q✉❡ s❡ u ❡ v s❡

✐♥t❡r❝❡♣t❛♠ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ [a, b] ❡♥tã♦ ❝❡rt❛♠❡♥t❡ u ❡ v t❛♠❜é♠ s❡ ✐♥t❡r❝❡♣t❛♠ ♥♦

✐♥t❡r✐♦r ❞❡ [a, b], ♦ q✉❡ ❥á ♣r♦✈❛♠♦s q✉❡ ♥ã♦ ♦❝♦rr❡✳

❆ss✐♠ ❝♦♠♦ u0 ≤M t❡♠♦s u < v ❡♠ [0, T ]× [a, b].

▲♦❣♦✱ v ≤M + 2ǫ ❡ u < v ✐♠♣❧✐❝❛♠ q✉❡ u < M + 2ǫ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ ǫ s❡r ❛r❜✐trár✐♦

❝♦♥❝❧✉í♠♦s q✉❡ u ≤M ❡♠ [0, T ]× [a, b].

P❛r❛ ♦❜t❡r ❛ ❡st✐♠❛t✐✈❛ ❞❡ ✉ ♣♦r ❜❛✐①♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ❣ é ✉♠❛ ❢✉♥çã♦ s✐♠étr✐❝❛✱
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min
x∈[a,b]

u0(x) = − max
x∈[a,b]

−u0(x)✱ inf u = − sup(−u).

❡

m = min
x∈[a,b]

u0(x) ❡ M = max
x∈[a,b]

u0(x).

❋✐♥❛❧♠❡♥t❡✱ ✜♥❛❧✐③❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮

♦❜s❡r✈❛♥❞♦ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ✭✸✳✽✮ é t❛♠❜é♠ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮✱ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✸✳✽✮ s❛t✐s❢❛③ u ≥ m > m
2
❡ ❝♦♠♦ ♣♦r ❞❡✜♥✐çã♦ g(u) = u,

♣❛r❛ u ≥ m
2
s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

�

✸✳✹✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦✭❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①❛✮

❖s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ ❞✐❢❡r❡♠ ✉♠ ♣♦✉❝♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♠ s❡çã♦ ❛♥t❡r✐✲

♦r❡s ✭s❡çõ❡s ✸✳✷ ❡ ✸✳✸✮✳ ❆ ❤✐♣ót❡s❡ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ s♦❜r❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ é ❞❡ ❡①tr❡♠❛

✐♠♣♦rtâ♥❝✐❛✱ ✉♠❛ ✈❡③ q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♦ ❝❛s♦ ❞❛❞♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦ ❡ ♥ã♦

❝♦♥✈❡①♦ sã♦ ❞✐❢❡r❡♥t❡s✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s ♠♦str❛r r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ t✐♣♦ s✐♥❣✉❧❛r ❡ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①♦✳

▲❡♠❛ ✸✳✻✳ ❙❡ u0 ∈ C2([a, b]) ❡ u′′0 ≥ 0, ❡♥tã♦ ut ≥ 0 ❡♠ [a, b]× [0, T ).

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐♥❞♦ h = ut ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s

ht =
1

u(1 + u2x)
3
2

hxx +
3ux

u2(1 + u2x)
5
2

hx +

[

uxx

u2(1 + u2x)
3
2

+
u(1 + u2x)

3
2

]

h.

◆❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ t❡♠♦s

hx(t, 0) = 0 ❡ hx(t, 0) = βu−β−1(t, 1)h ❡ ♥❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

h(0, x) =
u′′0(x)

u0(x)(1 + (u′0)
2)

3
2

.

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

�

❚❡♦r❡♠❛ ✸✳✼✳ ❙❡ u0 ❡stã♦ ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✸✳✻ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ é

❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ t ❡ lim
t→∞

u(t, x) é ✉♠❛ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳
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❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ E(t) =
∫ b

a

(1 + (ux)
2)dx✳ ❉❡r✐✈❛♥❞♦ ❡ ❞❡♣♦✐s ✐♥t❡❣r❛♥❞♦

♣♦r ♣❛rt❡s ♦❜t❡♠♦s

E ′(t) = 2

∫ b

a

uxuxtdx = 2

(

ux(t, b)ut(t, b)− ux(t, a)ut(t, a)−
∫ b

a

utuxxdx

)

.

❉❛ ❡q✉❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❝♦♥❝❧✉í♠♦s q✉❡ ut ❡ uxx t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧✳ ❯s❛♥❞♦

❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ✭✶✳✼✮ ♦❜t❡♠♦s E ′(t) ≤ 0. ❆ss✐♠✱ E é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s✲

❝❡♥t❡✳

❈♦♠♦ E é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ ♦✉ s❡❥❛

E(t) ≥ b− a,

❡ E é ✉♠❛ ❢✉♥çã♦ ❞❡s❝r❡s❝❡♥t❡✱ t❡♠♦s q✉❡ lim
t→∞

E ′(t) = 0✳ ❆ss✐♠ utuxx → 0✳

❙❛❜❡♥❞♦ q✉❡ ut =
1

u(1 + (ux)2)
3
2

❝♦♥❝❧✉í♠♦s q✉❡ ut → 0 ❡ ux → 0.

❈♦♠♦ u(t, x) é ❧✐♠✐t❛❞♦ ♣♦r ❝✐♠❛ ❡ ♣♦r ❜❛✐①♦ ❡ ♥ã♦ ❞❡s❝r❡s❝❡♥t❡ ❡♠ t✳ ❆ss✐♠ ❡①✐st❡

u∞(x) t❛❧ q✉❡ lim
t→∞

u(t, x) = u∞(x) ❡ ❡st❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ♣♦✐s [0, 1] é ❝♦♠♣❛❝t♦✳

❆ss✐♠✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✷✺ t❡♠♦s q✉❡ u′′∞(x) = 0, ♦✉ s❡❥❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

�

❆♣r♦①✐♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❞♦ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

((uǫ) + ǫ)

[

1 + (uǫ)x)2

] 3
2

, x ∈ (0, 1), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)x(t, 1) = − uǫ(t, 1)

((uǫ) + ǫ)β+1
, t > 0,

(uǫ)(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✸✳✶✵✮

❡ r❡s♦❧✈❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❡❧♦ s♦❢t✇❛r❡ ▼❛♣❧❡ ❢❛③❡♥❞♦

ǫ = 0, 2, u0(x) = x5 + 1, 5 ❡ β = 1✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦ ❞❡st❛

s❡çã♦ ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♥ú♠❡r✐❝♦ ♣❧♦t❛❞♦ ♣❡❧♦ s♦❢t✇❛r❡ ❛tr❛✈és ❞❛ ✜❣✉r❛

❛❜❛✐①♦✿



✸✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✼✵

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

> P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5)

>■❇❈✷ ✿❂ {(0.2 + u(1, t))2 ∗ (D[1](u))(1, t) = −u(1, t), u(x, 0) = x5 + 1.5, (D[1](u))(0, t) = 0}
> ♣❞s✷ := pdsolve(PDE, IBC2, numeric)

> ♣❞s✷✿−plot3d(t = 0..3.6, x = 0..1)

✸✳✹✳✸ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s✭❈♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①❛✮

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡

●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r✳ ◆♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♠♦str❛r❡♠♦s q✉❡ ❛

s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ ♥♦ ❝❛s♦ ❝♦♥✈❡①♦ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ T ❡ ❞❡ q✉❡ ❢♦r♠❛ t❛❧ s♦❧✉çã♦

s❡ ❝♦♠♣♦rt❛ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T.

❖s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s sã♦ s♦❜r❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛

s♦❧✉çã♦ ❞❡ ✭✶✳✼✮✳

❚❡♦r❡♠❛ ✸✳✽✳ ❙❡ β ≥ 1 ❡ u′′0 ≤ 0, ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✿







ht =
hxx

h

[

1 + (hx)2

] 3
2

, x ∈ (0, 1), t > 0,

hx(t, 0) = 0, hx(t, 1) = − 1

h(t, 1)
, t > 0,

h(0, x) =
√
r2 − x2, x ∈ [0, 1],

✭✸✳✶✶✮



✸✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✼✶

❝✉❥❛ s♦❧✉çã♦ ❡①♣❧í❝✐t❛ é h(t, x) =
√

(r3 − 3t)
2
3 − x2✳ ❙❡ t♦♠❛r♠♦s

r ≥ max

{
√

1 + max
x∈[0,1]

(u0(x))
2,

1
3
√
3

}

,

❝♦♠♣❛r❛r♠♦s ❡st❡ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✭0 < β ≤ 1✮ ✉s❛♥❞♦ ♦

Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ❝♦♥❝❧✉í♠♦s q✉❡ u ≤ h ❡♠ [0, 1] × [0, Th)✳

❈♦♠♦ h s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✱ u ✈❛✐ s❡ ❛♥✉❧❛r ❝❛s♦ β ≥ 1✳

�

▲❡♠❛ ✸✳✾✳ ❛✮ ❙❡ u0 ∈ C1([0, 1]) ❡ u′0 ≤ 0 ❡♠ [0, 1], ❡♥tã♦ ux ≤ 0 ❡♠ [0, 1]× [0, T ).

❜✮ ❙❡ u0 ∈ C2([0, 1]) ❡ u′′0 ≤ 0, ❡♥tã♦ ut ≤ 0 ❡♠ [0, 1]× [0, T ).

❝✮ ❙❡ u0 ∈ C3([0, 1]) ❡

{

u′′0

u0{1+[(u′0)]
2}

3
2

}

x

≥ 0✱ ❡♥tã♦ uxt ≥ 0 ❡♠ [0, 1]× [0, T ).

❉❡♠♦♥str❛çã♦✿

❛✮ ❉❡✜♥✐♥❞♦ α = ux t❡♠♦s q✉❡ α s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛✿







αt =
1

u

[

1 + (ux)2

] 3
2

αxx −
3uxxux

u

[

1 + (ux)2

] 5
2

αx −
uxx

u2

[

1 + (ux)2

] 3
2

α, x ∈ (0, 1), t > 0,

α(t, 0) = 0, α(t, 1) = − 1

u(t, 1)β
≤ 0, t > 0,

α(0, x) = u′0(x) ≤ 0, x ∈ [0, 1],

❆ss✐♠✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ t❡♠♦s ux ≤ 0 ❡♠ [0, 1]×[0, T ).

❜✮ ❉❡✜♥✐♥❞♦ h = ut t❡♠♦s q✉❡ h s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛







ht =
1

u

[

1 + (ux)2

] 3
2

hxx −
3uxxux

u

[

1 + (ux)2

] 5
2

hx −
uxx

u2

[

1 + (ux)2

] 3
2

h, x ∈ (0, 1), t > 0,

hx(t, 0) = 0, hx(t, 1) = β
1

u(t, 1)β+1
h(t, 1) ≤ 0, t > 0,

h(0, x) =
u′′0(x)

u0(1 + (u10)
2)

3
2

≤ 0, x ∈ [0, 1],



✸✳✹ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✼✷

❆ss✐♠✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ t❡♠♦s ut ≤ 0 ❡♠ [0, 1]×
[0, T ).

❝✮ ❖❜s❡r✈❛♥❞♦ q✉❡ uxt s❛t✐s❢❛③ ✉♠❛ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ❡ s✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

sã♦

uxt(t, 0) = 0 ❡ uxt(t, 1) = βu−β−1ut(t, 1),

❝♦♥❝❧✉í♠♦s✱ ♣❡❧♦s Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ q✉❡ utx ≥ 0 ❡♠ [0, 1]× [0, T ).

�

❚❡♦r❡♠❛ ✸✳✶✵✳ ❙❡ u0 s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✾ ❡ u s♦❧✉çã♦ ❞❡ ✭✶✳✼✮ s❡ ❛♥✉❧❛

❡♠ t❡♠♣♦ ✜♥✐t♦✱ ❡♥tã♦ ❡❧❛ s❡ ❛♥✉❧❛ s♦♠❡♥t❡ ❡♠ x = 1✳

❉❡♠♦♥str❛çã♦✿ ❙❡ (u0)x < 0 ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♣❡❧♦ ✐t❡♠ ❝✮ ❞♦

▲❡♠❛ ✸✳✾ ❡①✐st❡ ✉♠ η ∈ (a, x) t❛❧ q✉❡

u(t, a)− u(t, x) ≤ (u0)x(η)(a− x) < 0.

❉❛í lim
t→T

u(t, x) > 0, ♣❛r❛ t♦❞♦ x ∈ [0, 1). ❙❡ ♥ã♦✱ ❡①✐st❡ ✉♠ 0 < x0 ≤ 1 t❛❧ q✉❡

(u0)x(x) < 0✱ ♣❛r❛ x ∈ [x0, 1]✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♦ ✐t❡♠ ❝✮

❞♦ ▲❡♠❛ ✸✳✾✱ t❡♠♦s q✉❡ lim
t→T

u(t, x) > 0, ♣❛r❛ t♦❞♦ x ∈ [x0, 1). ❖❜s❡r✈❛♥❞♦ ♦ ✐t❡♠ ❛✮

❞♦ ▲❡♠❛ ✸✳✾ ❝♦♥❝❧✉í♠♦s q✉❡ lim
t→T

u(t, x) > 0, ♣❛r❛ t♦❞♦ x ∈ [0, 1).

�

❆♣r♦①✐♠❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❞♦ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

((uǫ) + ǫ)

[

1 + (uǫ)x)2

] 3
2

, x ∈ (0, 1), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)x(t, 1) = − uǫ(t, 1)

((uǫ) + ǫ)β+1
, t > 0,

(uǫ)(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✸✳✶✷✮

❡ r❡s♦❧✈❡♥❞♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ♣❛r❛ ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦

❛tr❛✈és ❞♦ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ▼❛♣❧❡ ❢❛③❡♥❞♦ ǫ = 0, 2 u0(x) = −x5 + 1, 5 ❡ β = 1,

♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ r❡s✉❧t❛❞♦ ❛♥❛❧ít✐❝♦ q✉❡ ♦❜t❡♠♦s ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦

♥ú♠❡r✐❝♦ ❣❡r❛❞♦ ♣❡❧♦ s♦❢t✇❛r❡✳
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▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

>P❉❊ := diff(u(x, t), t) = (diff(u(x, t), x, x))/((u(x, t) + 0.2) ∗ (1 + (diff(u(x, t), x))2)1.5)

>■❇❈ := (.2 + u(1, t))2 ∗ (D[1](u))(1, t) = −u(1, t), u(x, 0) = −x5 + 1.5, (D[1](u))(0, t) = 0

> ♣❞s := pdsolve(PDE, IBC, numeric)

> ♣❞s: −plot3d(t = 0..1.6, x = 0..1)

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♠♦str❛♠♦s sã♦ ❞✐r❡❝✐♦♥❛❞♦s ❛♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❝♦♥✈❡①♦ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛✲

♠❡♥t♦ T ✳

Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ t❡♠ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈✳

▲❡♠❛ ✸✳✶✶✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✳✼✮ ❛❞♠✐t❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧

J(u(t, x)) =

∫ 1

0

1

2
u2x(t, x)dx+

1

1− β
u1−β(t, 1)

❡ ❞❡r✐✈❛♥❞♦✲♦ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ❛♦ ❧♦♥❣♦ ❞❛s ór❜✐t❛s ♦❜t❡♠♦s dJ
dt
(u(t, x)) ≤ 0✱

♣♦rt❛♥t♦ J é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮

❈♦♥s✐❞❡r❛♥❞♦ ♦s s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s ❛✉①✐❧✐❛r❡s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛✿







vt =
vxx
v
, x ∈ (0, 1), t > 0,

vx(t, 0) = 0, vx(t, 1) = − 1

v(t, 1)β
, t > 0,

v(0, x) = v0(x) > 0, x ∈ [0, 1],

✭✸✳✶✸✮
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wt = C
wxx

[

1 + (wx)2

] 3
2

, x ∈ (0, 1), t > 0,

wx(t, 0) = 0, wx(t, 1) = − 1

w(t, 1)β
, t > 0,

w(0, x) = w0(x) > 0, x ∈ [0, 1],

✭✸✳✶✹✮

♦♥❞❡ β > 0 ❡ C =

(

max

{

u0(x), x ∈ [0, 1]

})−1

✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

�

❖ ♣r✐♠❡✐r♦ ❞❡❧❡s ✈❡rs❛ s♦❜r❡ ♦s s✐♥❛✐s ❞❛s ❞❡r✐❞❛❞❛s ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✼✮

▲❡♠❛ ✸✳✶✷✳ ❙❡❥❛ Tw ♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ❞❡ w✱ ❡♥tã♦✿

❛✮ ❙❡ w0 ∈ C1([0, 1]) ❡ (w0)x ≤ 0 ❡♠ [0, 1], ❡♥tã♦ wx ≤ 0 ❡♠ [0, 1]× [0, Tw).

❜✮ ❙❡ w0 ∈ C2([0, 1]) ❡ (w0)xx ≤ 0, ❡♥tã♦ wt ≤ 0 ❡♠ [0, 1]× [0, Tw).

❝✮ ❙❡ w0 ∈ C3([0, 1]) ❡

{

(u0)xx

{1+[(u0)x]2}
3
2

}

x

≥ 0✱ ❡♥tã♦ wxt ≥ 0 ❡♠ [0, 1]× [0, Tw).

❉❡♠♦♥str❛çã♦✿ ❛✮ ❉❡✜♥✐♥❞♦ α = ux t❡♠♦s q✉❡ α s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛✿







αt =

[

C

(1 + w2
x)

3
2

]

αxx +

[

Cwxxwx

(1 + w2
x)

5
2

]

αx, x ∈ (0, 1), t > 0,

α(t, 0) = 0, α(t, 1) = − 1

u(t, 1)β
≤ 0, t > 0,

α(0, x) = (u0)x(x) ≤ 0, x ∈ [0, 1],

❆ss✐♠✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ t❡♠♦s ux ≤ 0 ❡♠ [0, 1]×[0, T ).

❜✮ ❉❡✜♥✐♥❞♦ h = ut ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s







ht =

[

C

(1 + w2
x)

3
2

]

hxx +

[

Cwxxwx

(1 + w2
x)

5
2

]

hx, x ∈ (0, 1), t > 0,

hx(t, 0) = 0, hx(t, 1) = β
1

u(t, 1)β+1
h(t, 1), t > 0,

h(0, x) =
u′′0

u0(1 + (u′0)
2)

3
2

≤ 0, x ∈ [0, 1],
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❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ♦❜t❡♠♦s

ut ≤ 0,

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, Tw).

�

❊♠ s❡❣✉✐❞❛ t❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♣❡r✲

t✉r❜❛❞♦s ❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✼✮✳

▲❡♠❛ ✸✳✶✸✳ ❙❡❥❛ Tv ♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ ❞❡ v✱ ❡♥tã♦✿

❛✮ ❙❡ v0 ∈ C1([0, 1]) ❡ (v0)x ≤ 0 ❡♠ [0, 1], ❡♥tã♦ vx ≤ 0 ❡♠ [0, 1]× [0, Tv).

❜✮ ❙❡ v0 ∈ C2([0, 1]) ❡ (v0)xx ≤ 0, ❡♥tã♦ vt ≤ 0 ❡♠ [0, 1]× [0, Tv).

❝✮ ❙❡ v0 ∈ C3([0, 1]) ❡

[

(v0)xx
v0

]

x

✱ ❡♥tã♦ vxt ≥ 0 ❡♠ [0, 1]× [0, Tv).

❉❡♠♦♥str❛çã♦✿ ❛✮ ❉❡✜♥✐♥❞♦ α = vx t❡♠♦s q✉❡ α s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛✿







αt =

[

1

v

]

αxx +

[

vxx
v2

]

α, x ∈ (0, 1), t > 0,

α(t, 0) = 0, α(t, 1) = − 1

u(t, 1)β
≤ 0, t > 0,

α(0, x) = (u0)x(x) ≤ 0, x ∈ [0, 1],

❆ss✐♠✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ t❡♠♦s ux ≤ 0 ❡♠ [0, 1]×[0, T ).

❜✮ ❉❡✜♥✐♥❞♦ h = ut ❡ ❞❡r✐✈❛♥❞♦ ♦❜t❡♠♦s







ht =

[

1

v

]

hxx +

[

vxx
v2

]

h, x ∈ (0, 1), t > 0,

hx(t, 0) = 0, hx(t, 1) = β
1

u(t, 1)β+1
h(t, 1), t > 0,

h(0, x) =
u′′0

u0(1 + (u′0)
2)

3
2

≤ 0, x ∈ [0, 1],

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ♦❜t❡♠♦s

ut ≤ 0,
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♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, Tw).

�

▲❡♠❛ ✸✳✶✹✳ ❙❡ w0 s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✶✷✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1

t❛❧ q✉❡

w(t, 1) ≤ C1(Tw − t)
1

2(β+1) , ♣❛r❛ t♦❞♦ t ∈ [0, Tw).

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ J(t, x) = ux(t, x)+φ(x)w
−β(t, x)✳ ❉❡r✐✈❛♥❞♦ J ❡ t♦♠❛♥❞♦

φ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❢♦✐ t♦♠❛❞❛ ❡♠ ❬✸✵❪✭▲❡♠❛ 2.5i)✮ ♦❜t❡♠♦s✿

C(1+w2
x)

3
2Jt−Jxx = −3C(1+w2

x)
1
2wxwxt−β(β+1)φw−β−1(wx)

2+2βφxw
−β−1wx−

φxxw
−β ≤ 0 ❡ ❝♦♥❝❧✉í♠♦s ❝♦♠ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ q✉❡ J ≤ 0

❡♠ [0, 1]× [0, Tw)✳

❏á q✉❡ J ≤ 0 ❡♠ [0, 1]× [0, Tw) ❡ J(t, 1) = 0 t❡♠♦s q✉❡ Jx(t, 1) ≥ 0. ❆ss✐♠

Jx(t, 1) = wxx − βφw−β−1(t, 1)wx(t, 1) ≥ 0,

♦♥❞❡ s✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ ❢r♦♥t❡✐r❛s t❡♠♦s

(w2(β+1)(t, 1))t ≥ −2β(β + 1)C.

❉❛í✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ T ✱ ❝♦♥❝❧✉í♠♦s t♦♠❛♥❞♦ C1 = (2βC(β + 1))
1

2(β+1) q✉❡

w(t, 1) ≤ C1(Tw − t)
1

2(β+1) ,

♣❛r❛ t♦❞♦ t ∈ [0, Tw).

�

▲❡♠❛ ✸✳✶✺✳ ❙❡ v0 s❛t✐s❢❛③ ❛s ❤✐♣♦tós❡s ❞♦ ▲❡♠❛ ✸✳✶✸✱ ❡♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C2 ❡

C3 t❛✐s q✉❡

❛✮ v(t, 1)(Tv − t)−
1

2β+3 ≥ C2, ♣❛r❛ t♦❞♦ t ∈ [0, Tv)✳

❜✮ −vx(t, x)(Tv − t)
β

2β+3 ≤ C3, ♣❛r❛ t♦❞♦ t ∈ [0, Tv)✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❈♦♥s✐❞❡r❛♥❞♦ ψ(u) = 1
2
u2 ❡ g(u) = −u−β ♥♦ ❛rt✐❣♦ ❬✶✼❪✱

❡st❛r❡♠♦s ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ (3.2) ♣á❣✐♥❛ 579 ❞❡ ❬✶✼❪✳ ❆ss✐♠✱
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∫ v(t,1)

0

s

(−s−β)(−βs−β−1)
ds ≥ K(Tv − t),

♦♥❞❡ K é ❛ ❝♦♥st❛♥t❡ ♦❜t✐❞❛ ♥♦ ❚❡♦r❡♠❛ (3.2) ❡♠ ❬✶✼❪✳ P♦rt❛♥t♦✱

v(t, 1)(Tv − t)−
1

2β+3 ≥ C2,

♦♥❞❡ C2 = [β(2β + 3)K]
1

2β+3 .

❜✮ P❡❧♦ ▲❡♠❛ ✸✳✶✸ t❡♠♦s q✉❡ uxx ≤ 0 ❡♠ [0, 1]× [0, Tv)✳ ❆ss✐♠✱

−vx(t, x) ≤ −vx(t, 1) = u−β(t, 1).

❯s❛♥❞♦ ♦ ✐t❡♠ ❛✮ ❝♦♥❝❧✉í♠♦s

−vx(t, x)(Tv − t)
β

2β+3 ≤ C3,

♦♥❞❡ C3 = C−β
2 ✳

�

❚❡♦r❡♠❛ ✸✳✶✻✳ ❙❡ u0 s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✶✷ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C1 t❛❧ q✉❡

u(t, 1) ≤ C1(T − t)
1

2(β+1) , ♣❛r❛ t♦❞♦ t ∈ [0, T ).

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ ❝♦♠♣❛r❛♠♦s ♦s ♣r♦❜❧❡♠❛s ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮ ❡ ❝♦♥❝❧✉í✲

♠♦s✱ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ q✉❡ u ≤ w ❡♠ [0, 1] × [0, T )✳

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶✹✱ ♦❜t❡♠♦s

u(t, 1) ≤ C1(T − t)
1

2(β+1) ,

♣❛r❛ t♦❞♦ t ∈ [0, T ).

�

✸✳✹✳✹ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✼ ❡ ♦ s♦❢t✇❛r❡ ▼❛♣❧❡✱ ✉♠❛ s✉♣❡r❢í❝✐❡ ✐♥✐❝✐❛❧ ♥ã♦ ❝♦♥✈❡①❛

❛ ❡sq✉❡r❞❛ ❞❛ ✜❣✉r❛ ❛❜❛✐①♦ ❡✈♦❧✉✐ ♣❡❧♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳
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P♦r ♦✉tr♦ ❧❛❞♦ ❝♦♠ ♦s ❚❡♦r❡♠❛s ✸✳✽ ❡ ✸✳✶✵ ❡ ♦ s♦❢t✇❛r❡ ▼❛♣❧❡ ❝♦♥❝❧✉í♠♦s q✉❡

✉♠❛ s✉♣❡r❢í❝✐❡s ✐♥✐❝✐❛❧ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥♦ ❧❛❞♦ ❡sq✉❡r❞❛ ❞❛ ✜❣✉r❛ ❛❜❛✐①♦ ❡✈♦❧✉✐ ✈✐❛

✢✉①♦ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞♦ ❧❛❞♦

❡sq✉❡r❞♦ ❞❛ ♠❡s♠❛ ✜❣✉r❛✳



❈❛♣ít✉❧♦

✹

❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❍❛r♠ô♥✐❝❛

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❞❡♠♦♥str❛❞♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ♣r♦❜❧❡♠❛ ✭✶✳✽✮ ❡ ✭✶✳✾✮✳ ❆ ♣r✐✲

♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❞❡❞✉③✐r❡♠♦s ❛ ❡q✉❛çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠♥ô♥✐❝❛

❡♠ s✉♣❡r❢í❝✐❡s ❞❡ r❡✈♦❧✉çã♦✳ ❆ s❡çã♦ ♣♦st❡r✐♦r ✹✳✷ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✱ ♥❛

♣r✐♠❡✐r❛ ❞❡♠♦♥str❛r❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮

❡ ♥❛ s❡❣✉♥❞❛ ❡①✐❜✐r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✽✮✳ ◆❛ ú❧t✐♠❛

s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❞✐✈✐❞✐❞♦s ❡♠

❞✉❛s s✉❜s❡çõ❡s✱ ♥❛ s✉❜s❡çã♦ ✹✳✸✳✶ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❡ ♥❛ s✉❜s❡çã♦ ✹✳✸✳✷ ♠♦str❛r❡♠♦s ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❡

❡st✐♠❛t✐✈❛s ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✾✮ ♣❡rt♦ ❞♦ s❡✉ t❡♠♣♦ ❡ s❡✉ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳ ❚♦❞♦s

♦s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦ ♥♦✈♦s✳

✹✳✶ ▼♦t✐✈❛çã♦

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s γ(t, θ, x) ⊂ R
3 ❞❛❞❛ ♣♦r✿

γ(t, θ, x) = (x, u(t, x) cos θ, u(t, x) sin θ), ✭✹✳✶✮

✼✾



✹✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✽✵

♦♥❞❡ θ ∈ [0, 2π] ❡ x ∈ [0, 1]. ❋❛③❡♥❞♦ ❡st❛ ❡✈♦❧✉✐r ❛tr❛✈és ❞♦ ✢✉①♦ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛✱

✐st♦ é

γt = − K

2H
.~n, ✭✹✳✷✮

♦♥❞❡ K r❡♣r❡s❡♥t❛ ❛ ❝✉r✈❛t✉r❛ ❞❡ ●❛✉ss✱ H ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❡ ~n ♦ ✈❡t♦r ♥♦r♠❛❧ à

s✉♣❡r❢í❝✐❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ u s❛t✐s❢❛③

ut =
uxx

−uuxx + (ux)2 + 1
, ✭✹✳✸✮

♦❜s❡r✈❛♥❞♦ q✉❡ K = − uxx
u(1 + ux)2

✱ H = 1
2
(1 + (ux)

2)−
1
2

(

uxx
1 + (ux)2

− 1

u

)

❡

~n =

(

− ux
√

1 + (ux)2
,

cos θ
√

1 + (ux)2
,

sin θ
√

1 + (ux)2

)

.

✹✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t

❖ ❡st✉❞♦ ❞❡ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦

❉✐r✐❝❤❧❡t✱ ✐st♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮✱ ♥ã♦ ❝♦♥st❛ ❡♠ ♥❡♥❤✉♠❛ r❡❢❡rê♥❝✐❛ ❞❛ ár❡❛✳ P♦rt❛♥t♦

t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ sã♦ ♥♦✈♦s✳ ◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡

❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮✱ ❛ss✐♠ ❝♦♠♦ r❡s✉❧t❛❞♦s s♦❜r❡

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❡ t❛❧ ♣r♦❜❧❡♠❛✳

✹✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❡st✉❞❛♥❞♦ ✉♠

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r q✉❡ t❡♠ s♦❧✉çã♦ r❡❣✉❧❛r ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✸ ❞♦ ❆♣ê♥❞✐❝❡ B ❝♦♠♦ ❡♠

❬✶✻❪ ❡ ❞❡♣♦✐s ♣r♦✈❛♥❞♦ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é t❛♠❜é♠ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✽✮✱ ♦✉ s❡❥❛



✹✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✽✶







ut =
uxx

[

−uuxx + (ux)2 + 1

] , x ∈ (0, 1), t > 0,

ux(t, 0) = 0, u(t, 1) = 1, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

❚❡♦r❡♠❛ ✹✳✶✳ ❙❡❥❛ u0(x) ∈ C2([0, 1]) ❡ ❝♦♥✈❡①♦ ❡♥tã♦ ❡①✐st❡ ✉♠ T > 0 t❛❧ q✉❡ ♦

♣r♦❜❧❡♠❛ ✭✶✳✽✮ ❛❞♠✐t❡ s♦❧✉çã♦ ❡♠ C1,2([0, T )× [0, 1]).

❉❡♠♦♥str❛çã♦✿ ❖❜t❡♠♦s ❡①✐stê♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❡st✉❞❛♥❞♦ ♦ s❡❣✉✐♥t❡

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r







ut = F (t, x, u, ux, uxx), x ∈ (0, 1), t > 0,

ux(t, 0) = 0, u(t, 1) = 1, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✹✳✹✮

♦♥❞❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ µ t❛❧ q✉❡ | F (X, z, p, 0) |≤ µ(| z |)(| p |2 +1)

✭✐✐✮ ❊①✐st❡♠ ❢✉♥çõ❡s a0, a1 ❡ Λ0 ❝r❡s❝❡♥t❡s t❛✐s q✉❡

sgnzF (X, z, p, 0) ≤ a0(| p |) | z | +a1(| p |),

| Fr(X, z, p, r) |≤ Λ0(| p |)

✭✐✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s b0 ❡ b1 t❛✐s q✉❡ b0 ≤ Fr ≤ b1,

✭✐✈✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛s M0 ❡ M1 t❛✐s q✉❡

sgnzg(X, z) ≥ −M1,

♣❛r❛ | z |≥M0.

✭✈✮ ❙✉♣♦♥❞♦ q✉❡ ❡①✐st❛ ✉♠❛ ❝♦♥st❛♥t❡ K ≥ 0✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1 ❡ c2 t❛✐s q✉❡

| F (X, z, p, r)− F (Y, w, q, r) |≤ [| X − Y | + | z − w | + | p− q |]β[c1 + c2 | r |],

♣❛r❛ X ❡ Y ❡♠ Ω ❡ s❡♠♣r❡ q✉❡ | z | + | w | + | p | + | q |≤ K.



✹✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✽✷

✭✈✐✮ g ∈ H1+α(∂Ω× [−K,K]), ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ K.❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r

ψ ∈ H2+α.

◆❡st❡ ❝❛s♦ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✹✮ t❡♠ s♦❧✉çã♦ ♣❡❧❛ t❡♦r✐❛ ❞❡ ❡q✉❛çã♦ t♦t❛❧♠❡♥t❡ ♥ã♦

❧✐♥❡❛r❡s✱

▼❛s ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r q✉❡ t♦❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♣❡rt✉r❜❛❞♦ ✭✹✳✹✮ ❡

t❛♠❜é♠ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ✭✶✳✽✮✳ P❛r❛ ✐st♦✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ s♦❧✉çã♦ ✉

❞❡ ✭✹✳✹✮ ♣❛r❛ F (t, x, z, p, r) =
r

−rz + p2 + 1
s❛t✐❢❛③ ❛s ❝♦♥❞✐çõ❡s (i)− (iv) ❛❝✐♠❛✳

❖❜s❡r✈❡ q✉❡ s❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ❢♦r ♣♦s✐t✐✈♦ ❡ ❝♦♥✈❡①♦✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

C1✱ C2 ❡ C3 t❛✐s q✉❡ ❛ s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿

C1 ≤ u ≤ C2, | u2x |≤ C3❡ − uxx ≤ C4,

♣❛r❛ x ∈ [0, 1] ❡ t ∈ R. ❊♠ ♣❛rt✐❝✉❧❛r ❛ s♦❧✉çã♦ ❞❡ ✭✹✳✹✮ é t❛♠❜é♠ s♦❧✉çã♦ ❞❡ ✭✶✳✽✮✳ ❉❡

❢❛t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ♣❛r❛ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s✱ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✽✮ ❛t✐♥❣❡

s❡✉ ♠á①✐♠♦ ♥❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛✳ ❆ss✐♠ ❡①✐st❡ C2 = max

{

1, max
x∈[0,1]

u0(x)

}

t❛❧ q✉❡

u(t, x) ≤ C2, ♣❛r❛ x ∈ [0, 1] ❡ t ∈ R✳ ❉❡s❞❡ q✉❡ −u t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦

❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮ ❡ min u = −max−u✱ ❡①✐st❡ C1 = min

{

1, min
x∈[0,1]

u0(x)

}

t❛❧ q✉❡

u(t, x) ≥ C1, ♣❛r❛ x ∈ [0, 1] ❡ t ∈ R✳ ❚❛♠❜é♠✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ♣❛r❛ ❡q✉❛çõ❡s

♣❛r❛❜ó❧✐❝❛s ♦❜t❡♠♦s C3 = max
x∈[0,1]

{u′0(x)}. ❡ C4 = max
x∈[0,1]

{u′′0(x)} t❛✐s q✉❡ | uxmid2 ≤ C3

❡ −uxx ≤ C3, ♣❛r❛ x ∈ [0, 1] ❡ t ∈ R.

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞❡ ✭✹✳✹✮ é t❛♠❜é♠ s♦❧✉çã♦ ❞❡ ✭✶✳✽✮✱ ❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮✳

�

✹✳✷✳✷ ❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦

◆❡st❛ s❡çã♦ ✐r❡♠♦s ♠♦str❛r✱ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ s♦❜r❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0,

r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✽✮✳

❚❡♦r❡♠❛ ✹✳✷✳ ❙❡ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 é ♣♦s✐t✐✈♦ ❡ ❝♦♥✈❡①♦✱ ❡♥tã♦ ❛ s♦❧✉çã♦ u(t, .) ❞❡

✭✶✳✽✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❛♥❞♦ t→ ∞.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦ E(t) =
∫ 1

0

(1+(ux)
2)dx ❡ ❞✐❢❡r❡♥❝✐❛♥❞♦✲❛

♦❜t❡♠♦s



✹✳✷ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✽✸

E ′(t) = 2

(

uxut |10 −
∫ 1

0

utuxxdx

)

.

❙❛❜❡♥❞♦ q✉❡ ux(t, 0) = 0 = ut(t, 1) t❡♠♦s

E ′(t) = −2

∫ 1

0

utuxxdx.

❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✽✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ E(t) é ✉♠❛ ❢✉♥çã♦

❞❡❝r❡s❝❡♥t❡✳ P♦rt❛♥t♦ E(t) é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❡ ❞❡s❝r❡s❝❡✱ ❧♦❣♦

E ′(t) → 0 q✉❛♥❞♦ t→ ∞.

❉❛í✱ ❝♦♠♦ ut ❡ uxx t❡♠ ♠❡s♠♦ s✐♥❛❧✱ ❝♦♥❝❧✉í♠♦s q✉❡ utuxx → 0.

❉❡st❛ ❢♦r♠❛ ut → 0 ❡ uxx → 0, ❥á q✉❡ C1 ≤ u ≤ C2, | u2x |≤ C3 ❡ −uxx ≤ C4 ❝♦♠

❝♦♥st❛♥t❡s C1, C2 C3 ❡ C4 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t. ❆ss✐♠✱ u(., t) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦

❝✉❥❛ ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ é ♥✉❧❛✱ ✐st♦ é ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

�

❯t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ▼❛♣❧❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ r❡s✉❧t❛❞♦ ❣❡r❛❞♦

♥✉♠❡r✐❝❛♠❡♥t❡ ♣❡❧♦ ▼❛♣❧❡ ♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

−(uǫ + ǫ)(uǫ)xx + (uǫ)2x + 1
, x ∈ (0, 1), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)(t, 1) = 1, t > 0,

(uǫ)(0, x) = u0(x), x ∈ [0, 1],

✭✹✳✺✮

❛tr❛✈és ❞❛ ✜❣✉r❛ ❛❜❛✐①♦ t❡♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ r❡s✉❧t❛❞♦ q✉❡ ♦❜t✐✈❡♠♦s

❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ◆❡st❡ ❝❛s♦ ✜③❡♠♦s ǫ = 0, 2 ❡ u0(x) = 1
2
x2 + 1

2

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦✿

> PDE := ((−u(x, t) + 0.2) ∗ (diff(u(x, t), x, x)) + (diff(u(x, t), x))2 + 1) ∗ (diff(u(x, t), t)) =
diff(u(x, t), x, x)

IBC := u(1, t) = 1, u(x, 0) = (1/2) ∗ x2 + 1/2, (D[1](u))(0, t) = 0

pds := pdsolve(PDE, IBC, numeric)

pds : −plot3d(t = 0..4, x = 0..1)

❆ ✜❣✉r❛ ❛ s❡❣✉✐r ♠♦str❛ ❛ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ uǫ.
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✹✳✷✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✹✳✷ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ✹✳✷✳✷ ❡ ♦ s♦❢t✇❛r❡ ▼❛♣❧❡✱ ♦ ✢✉①♦ ❞❡

❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞✐r✐❝❤❧❡t ❞❡❢♦r♠❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞♦

❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✜❣✉r❛ ❛❜❛✐①♦ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❛♦ s❡✉ ❧❛❞♦✳

✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r

❖ ❡st✉❞♦ s♦❜r❡ ❛ ❡q✉❛çã♦ ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

t✐♣♦ s✐♥❣✉❧❛r✱ ✐st♦ é ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮✱ ♥ã♦ ❝♦♥st❛ ❡♠ ♥❡♥❤✉♠❛ ❜✐❜❧✐♦❣r❛✜❛ ❞❛ ár❡❛✳

❚♦❞♦s ♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ♥❡st❛ s❡çã♦ sã♦ ♥♦✈♦s✳ ◆❡st❡ s❡çã♦ ♠♦str❛r❡♠♦s ♣r✐✲

♠❡✐r❛♠❡♥t❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❛té ✉♠ t❡♠♣♦ ✜♥✐t♦



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✽✺

T ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❡ ❞❡♣♦✐s ♠♦str❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦

❞❡ ✭✶✳✾✮ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ s❡✉ t❡♠♣♦ ❡ s❡✉ ♣♦♥t♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳

✹✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❘❡❣✉❧❛r✐❞❛❞❡

❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ s❡rá ♠♦str❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ s✉❜

❡ s✉♣❡rs♦❧✉çã♦ ❝♦♠♦ ♥♦ tr❛❜❛❧❤♦ ❬✼✸❪ ❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✼✹❪ ♣❛r❛ ♠♦str❛r ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♣❛r❛ ♦✉tr♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s✳ ❆s té❝♥✐❝❛s ✉t✐❧✐③❛❞❛s ♥♦ ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱

♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ♥ã♦ s❡ ❛♣❧✐❝❛♠ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✳

❈♦♥s✐❞❡r❛♥❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛ ✭✶✳✾✮✱ ♦✉ s❡❥❛






ut =
uxx

[

−uuxx + (ux)2 + 1

] , x ∈ (0, 1), t > 0,

ux(t, 0) = 0, ux(t, 1) = − 1

u(t, 1)β
, t > 0,

u(0, x) = u0(x) > 0, x ∈ [0, 1],

♦♥❞❡ β > 0✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

▲❡♠❛ ✹✳✸✳ ❙❡ u0 ❢♦r t❛❧ q✉❡ u0(x) > 0 u′0(x), u
′′
0(x) ≤ 0 ❡♠ [0, 1] ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛

H(u0) > 0 ❡♥tã♦ ut, ux ❡ uxx ≤ 0 ❡♠ [0, 1]× [0, T ).

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐♥❞♦ v = ut t❡♠♦s

vt −
(ux)

2 + 1

(−uuxx + (ux)2 + 1)2
vxx +

2uxuxx
(−uuxx + (ux)2 + 1)2

vx −
(uxx)

2

(−uuxx + (ux)2 + 1)2
v = 0

❡ w = eϕ(x)v ♦♥❞❡ ϕ s❡rá t♦♠❛❞❛ ♣♦st❡r✐♦r♠❡♥t❡ ♦❜t❡♠♦s

−uuxx + (ux)
2 + 1)2wt =

{[

(ux)
2 + 1

]

wxx −
[

2uxuxx + 2ϕ′

(

(ux)
2 + 1

)]

wx

+

[

2ϕ′uxuxx + uxx +

(

(ϕ′)2 − ϕ′′

)(

(ux)
2 + 1

)]

w

}

,

wx(t, 0)− eϕ(0) uxt(t, 0)
︸ ︷︷ ︸

=0

−ϕ′(0)w(t, 0) = 0
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wx(t, 1)− [β(u(t, 1))−(β+1) + ϕ′(1)]w(t, 1) = 0

❡

w(0, x) =
u′′0(x)

(

−u0(x)u′′0(x) + (u′0(x))
2 + 1

) =
u′′0(x)

u0(x)

(

1 + (u′0(x))
2

) 3
2

1

H(u0(x))
≤ 0.

❆ss✐♠✱ t♦♠❛♥❞♦ ϕ t❛❧ q✉❡ [β(u(t, 1))−(β+1) +ϕ′(1)] ≤ 0 ❡st❛r❡♠♦s ♥❛s ❤✐♣ót❡s❡s ❞♦

▲❡♠❛ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✳ ▲♦❣♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ut ≤ 0, ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡

t ∈ [0, T ).

❈♦♠♦

H(u) =
−uuxx + 1 + (ux)

2

u(1 + (ux)2)
3
2

❡ H(u0) > 0 ⇒ H(u) > 0✭r❡s✉❧t❛❞♦ ❞❡ ❬✶✽❪✮ ❝♦♥❝❧✉í♠♦s q✉❡ uxx ≤ 0, ♣❛r❛ t♦❞♦

x ∈ [0, 1] ❡ t ∈ [0, T ).

❉❡✜♥✐♥❞♦ f = ux t❡♠♦s

(−uuxx + (ux)
2 + 1)2ft =

[(

(ux)
2 + 1

)

fxx − 2uxuxxux + uxxf

]

,

f(t, 0) = 0 ❡ f(t, 1) ≤ 0

❡

f(0, x) = ux(0, x) = u′0(x) ≤ 0.

P♦rt❛♥t♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇ ♦❜t❡♠♦s ux ≤ 0✱ ♣❛r❛ t♦❞♦

x ∈ [0, 1] ❡ t ∈ [0, T ).

�

▲❡♠❛ ✹✳✹✳ ❖ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❛❞♠✐t❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡ ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛ s✉♣❡rs♦❧✉çã♦✳ ◆♦t❡♠♦s q✉❡

❡st❛ é ❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞❛✱ ❥á q✉❡ u(t, x) = K = max{u0(x), x ∈ [0, 1]} é s✉♣❡rs♦❧✉✲

çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮✳ ❉❡ ❢❛t♦✱
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(u)t = 0 =
uxx

−u(u)xx + (u)2x + 1
,

∂u

∂ν
(t, 0) = 0

❡

∂u

∂ν
(t, 1) =≥ −K−β = −(u(t, 1))−β

Pr♦❝✉r❡♠♦s ✉♠❛ s✉❜s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✼✸❪ ♣r♦✈❛✲s❡ q✉❡

u(t, x) = − θ
2
xn + θ − σt, ♦♥❞❡ σ = θ

2
n(n− 1), θ = min u0, x ∈ [0, 1] ❡ n é t❛❧ q✉❡

−θ
2
n ≤ −

(

θ

4

)−β

,

é s✉❜s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿







vt = vxx, x ∈ (0, 1), t > 0,

vx(t, 0) = 0, vx(t, 1) = − 1

u(t, 1)β
, t > 0,

v(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✹✳✻✮

P♦ré♠✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸ t❡♠♦s uxx ≤ 0. ❆ss✐♠✱

(u)t ≤ (u)xx ≤
(u)xx

−u(u)xx + (u)2x + 1

❡ ♣♦rt❛♥t♦ u é s✉❜s♦❧✉çã♦ ❞❡ ✭✶✳✾✮✳

�

▲❡♠❛ ✹✳✺✳ ❆ s✉❜s♦❧✉çã♦ ❡ ❛ s✉♣❡rs♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❡stã♦ ♦r❞❡♥❛❞❛s

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ F (t, x, p, pi, pij) = − pij
−ppij+(pi)2+1

, v = u ❡ w = u t❡♠♦s

vt = ut > F (t, x, u, ux, uxx) = F (t, x, v, vx, vxx)

❡♠ (0, 1)× (0, T ) ❡

wt = ut ≤ F (t, x, u, ux, uxx) = F (t, x, w, wx, wxx)

❡♠ (0, 1)× (0, T ).
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❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✽ ❞♦ ❆♣ê♥❞✐❝❡ B, ♦❜t❡♠♦s

v > w,

❡♠ (0, 1)× (0, T ).

�

❚❡♦r❡♠❛ ✹✳✻✳ ❙❡ u0 ∈ C2([0, 1]), ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ❛❞♠✐t❡ s♦❧✉çã♦ ❡♠ C1,2([0, T )×
[0, 1], ♣❛r❛ ❛❧❣✉♠ T.

❉❡♠♦♥str❛çã♦✿ ❉♦ ▲❡♠❛ ✹✳✹ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s✉❜s♦❧✉çã♦ ❡ ❞❡

✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮✳ ❯s❛♥❞♦✱ ♦ ▲❡♠❛ ✹✳✺ ❝♦♥❝❧✉í♠♦s q✉❡ u < u,

❡♠ (0, 1) × (0, T ). ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✭✺✳✾✮ ❞♦ ❆♣ê♥❞✐❝❡ C✱ ❛s s❡q✉ê♥❝✐❛s {u(k)} ❡ {u(k)}
❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ ❡stã♦ ❡♠ C1,2((0, T )× (0, 1)). ▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✶✸ ❞♦

❆♣ê♥❞✐❝❡ C, t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮✳

�

✹✳✸✳✷ ❆♥✉❧❛♠❡♥t♦ ❡ ❊st✐♠❛t✐✈❛s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ♠♦str❛r r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦

❞❡ ✭✶✳✾✮ ❡ s❡♠ s❡❣✉✐❞❛ r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♠♦ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✾✮ s❡ ❝♦♠♣♦rt❛ ♣ró①✐♠❛

❛♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T.

Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r❡♠♦s ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞❡ ✭✶✳✾✮✱

✉t✐❧✐③❛♥❞♦ ❝♦♠♣❛r❛çã♦ ❞❡ ♣r♦❜❧❡♠❛s✳

❚❡♦r❡♠❛ ✹✳✼✳ ❙❡ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✹✳✸ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ u0 ❡

u′0 6= 0✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✶✳✾✱ ♣❛r❛ β ≥ 1✱ s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦

s♦♠❡♥t❡ ❡♠ x = 1✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛







vt =
vxx

−vvxx + v2x + 1
, x ∈ (0, 1), t ∈ (0, r),

vx(t, 0) = 0, vx(t, 1) = − 1

v(t, 1)
, t ∈ (0, r),

v(0, x) =
√

r + (1− x2), x ∈ [0, 1],

✭✹✳✼✮

❝✉❥❛ ✉♠❛ s♦❧✉çã♦ ❛❧❣é❜r✐❝❛ é v(t, x) =
√

(r − t) + (1− x2) ❡ ❞❡✜♥✐♥❞♦ w = u−v, t❡♠♦s



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✽✾

wt =
uxx

−uuxx + u2x + 1
− vxx

−vvxx + v2x + 1
=

=
1

−uuxx + u2x + 1
.

1

−vvxx + v2x + 1

[

(−vvxx + v2x + 1)uxx −−uuxx + u2x + 1)vxx

]

❉❡✜♥✐♥❞♦ a(t, x) =
1

−uuxx + u2x + 1
.

1

−vvxx + v2x + 1
♦❜t❡♠♦s

wt = a(wxx − vxxuxxw + v2xuxx − u2xvxx)

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ ξ(t, x) t❛❧ q✉❡

wt = a

(

(1 + v2x))wxx + 2vxxξ(t, x)wx − vxxuxxw

)

◆❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ t❡♠♦s

wx(t, 0) = ux(t, 0)− vx(t, 0) = 0− 0 = 0

❡

wx(t, 1) = ux(t, 1)− vx(t, 1) = −u−β(t, 1) + v−1(t, 1)

❈♦♠♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸ t❡♠♦s ut ≤ 0, ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ) ♣♦❞❡♠♦s s✉♣♦r

q✉❡ 0 < u(t, x) ≤ 1, ♣❛r❛ x ∈ [0, 1] ❡ t ∈ [0, T ). ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ β > 1 ♦❜t❡♠♦s

u−β > u−1 ❡ ♣♦rt❛♥t♦

wx(t, 1) ≤ −u−1(t, 1) + v−1(t, 1) =
1

uv
[−v + u].

❉❡✜♥✐♥❞♦ h = eφ(x)w t❡♠♦s

∂h

∂ν
(t, 0) + φ′(0)h(t, 0) ≤ 0

❡

∂h

∂ν
(t, 1)−

[

1

uv
+ φ1(1)

]

h(t, 1) ≤ 0

◆❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ t♦♠❛♠♦s r ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡
√

r + (1− x2) ≥ u0(x).



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✾✵

❆ss✐♠✱ t♦♠❛♥❞♦ φ t❛❧ q✉❡ φ′(0) ≥ 0 ❡ φ′(1) ≤ − 1
uv

❡ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦

✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇✱ ♦❜t❡♠♦s

u ≤ v,

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ).

▲♦❣♦✱ ❝♦♠♦ v s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦✱ ❡♥tã♦ u s❡ ❛♥✉❧❛rá ❡♠ t❡♠♣♦ ✜♥✐t♦✳

P❛r❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❛♥✉❧❛♠❡♥t♦✱ ✉t✐❧✐③❛♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦

u(t, 1)− u(t, x) = ux(t, ξ)(1− x),

♣❛r❛ ❛❧❣✉♠ ξ ∈ (0, 1) ❡ ❡♠ s❡❣✉✐♥❞❛ ♦ ▲❡♠❛ ✹✳✸

ux(t, ξ) ≤ u′0(ξ)(1− x) < 0.

❆ss✐♠✱ ❝♦♠♦ u s❡ ❛♥✉❧❛ ❡♠ t❡♠♣♦ ✜♥✐t♦ t❡♠♦s q✉❡ ✐st♦ só ♦❝♦rr❡ ❡♠ x = 1.

�

❯s❛♥❞♦ ♦ s♦❢t✇❛r❡ ♠❛t❡♠át✐❝♦ ▼❛♣❧❡✱ ✐r❡♠♦s ❛♣r♦①✐♠❛r ♦ ♣r♦❜❧❡♠❛ ✭✶✳✾✮ ♣❡❧♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛







(uǫ)t =
(uǫ)xx

−(uǫ)(uǫ)xx + (uǫ)2x + 1
, x ∈ (0, 1), t > 0,

(uǫ)x(t, 0) = 0, (uǫ)x(t, 1) = − 1

(ǫ+ (uǫ)(t, 1))β
, t > 0,

(uǫ)(0, x) = u0(x), x ∈ [0, 1],

✭✹✳✽✮

❡ ❡♥tã♦ r❡s♦❧✈❡r ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❛♥❞♦ ✈❛❧♦r❡s β = 2, ǫ = 0.2 ❡ u0 = −x3 + 20.

▲✐♥❤❛s ❞❡ ❈♦♠❛♥❞♦

> PDE := (−u(x, t)∗(diff(u(x, t), x, x))+(diff(u(x, t), x))2+1)∗(diff(u(x, t), t)) = diff(u(x, t), x, x)

> IBC := (0.2 + u(1, t))2 ∗ (D[1](u))(1, t) = −u(1, t), u(x, 0) = −x3 + 20, (D[1](u))(0, t) = 0

> pds := pdsolve(PDE, IBC, numeric)

> pds : −plot3d(t = 0..0.5e− 2, x = 0..1)

❆ ✜❣✉r❛ ❛ s❡❣✉✐r ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ uǫ ❛♥t❡s ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦✳



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✾✶

❋✐♥❛❧♠❡♥t❡ ♣❛r❛ ❝♦♥❝❧✉✐r ♦ tr❛❜❛❧❤♦ t❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛

s♦❧✉çã♦ ❞❡ ✭✶✳✾✮ ♣ró①✐♠♦ ❞♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦ T.

Pr♦♣♦s✐çã♦ ✹✳✽✳ ❙❡ u
(i)
0 ≤ 0, i = 1, ...5 ❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✼ sã♦ s❛t✐s❢❡✐t❛s✱

❡♥tã♦ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿

❛✮ u(t, x) ≥ C1(T − t)λ ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❜✮ −ux ≤ C2(T − t)λ−
1
2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ C1, C2 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ β ❡ u0✱ λ = 1
2(β+1)

❡ T ♦ t❡♠♣♦ ❞❡

❛♥✉❧❛♠❡♥t♦✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛







vt = vxx, x ∈ (0, 1), t > 0,

vx(t, 0) = 0, vx(t, 1) = − 1

v(t, 1)β
, t > 0,

v(0, x) = u0(x) > 0, x ∈ [0, 1],

✭✹✳✾✮

❡ ❞❡✜♥✐♥❞♦ w = u− v, t❡♠♦s q✉❡ ❡①✐st❡ θ(t, 1) ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ t❛❧ q✉❡







wt = wxx, x ∈ (0, 1), t ∈ (0, TM),

wx(t, 0) = 0, wx(t, 1) + θ(t, 1)w ≥ 0, t ∈ (0, TM),

w(0, x) = 0, x ∈ [0, 1],

✭✹✳✶✵✮



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✾✷

♦♥❞❡ Tm = max{Tu, Tv}. ❆ss✐♠ ❛♣❧✐❝❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✺✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❇

t❡♠♦s q✉❡

u(t, x) ≥ v(t, x), ✭✹✳✶✶✮

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, TM) ❡ ♣♦rt❛♥t♦ Tu ≥ Tv.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✹ ✐✮ ❞❛ r❡❢❡rê♥❝✐❛ ❬✸✵❪✱ t❡♠♦s

vt(t, 1) ≤ − β2 + ǫ

2(2β + 1)
v−2β−1(t, 1)

■♥t❡❣r❛♥❞♦ ❞❡ t ❛ T = Tu t❡♠♦s

v(T, 1)

2β + 2
− v2β+2(t, 1)

2β + 2
≤ − β2 + ǫ

2(2β + 1)
(T − t).

❙❛❜❡♥❞♦✱ ❞❛ r❡❢❡rê♥❝✐❛ ❬✷✺❪✱ q✉❡ ❛ s♦❧✉çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❡ v(t, 1) = 0, ♣❛r❛

t♦❞♦ t > T t❡♠♦s

v2β+2

2β + 2
(t, 1) ≥ β2 + ǫ

2(2β + 1)
(T − t),

♦✉ s❡❥❛

v(t, 1) ≥
(

β2 + ǫ

2(2β + 1)

) 1
2(β+1)

(2β + 2)
1

2(β+1) (T − t)
1

2(β+1) .

❉❛í✱ ❡①✐st❡ C1 =

(

β2+ǫ
2(2β+1)

) 1
2(β+1)

(2β + 2)
1

2(β+1) t❛❧ q✉❡

u(t, 1) ≥ v(t, 1) ≥ C1(T − t)λ.

❈♦♠♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸ t❡♠♦s ux ≤ 0 ❡♠ [0, T )× [0, 1], ❡♥tã♦ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ ✐t❡♠ ❛✮✱ ✐st♦ é

f(t, x) ≥ C(T − t)λ,

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ).

❜✮ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ uxx ≤ 0 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ) ♣r♦✈❛❞❛ ♥♦ ▲❡♠❛

✹✳✸ t❡♠♦s



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✾✸

ux(t, 1) ≤ ux(t, x).

❙✉❜st✐t✉✐♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❡ ✉s❛♥❞♦ ♦ ✐t❡♠ ❛♥t❡r✐♦r ❛✮ ♦❜t❡♠♦s

−ux(t, x) ≤ −ux(t, 1) = u−β(t, 1) ≤ C−β
1 (T − t)−λβ = C−β

1 (T − t)λ−
1
2 ,

✐st♦ é✱ ❡①✐st❡ C2 = C−β
1 t❛❧ q✉❡

−ux(t, x)(T − t)−λ+
1
2 ≤ C2,

♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ).

�

Pr♦♣♦s✐çã♦ ✹✳✾✳ ❙❡ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦✹✳✽ ❡♥tã♦ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡st✐♠❛✲

t✐✈❛s✿

❛✮ u(t, 1) ≤ C3(T − t)
1
2 ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

❜✮ −ut ≤ C4(T − t)−λ ♣❛r❛ t♦❞♦ x ∈ [0, 1] ❡ t ∈ [0, T ),

♦♥❞❡ C3, C4 sã♦ ❝♦♥st❛♥t❡s ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ β ❡ u0 ❡ T é ♦ t❡♠♣♦ ❞❡ ❛♥✉❧❛♠❡♥t♦

❞❡ u✳

❉❡♠♦♥str❛çã♦✿ ❛✮ P❡❧♦ ▲❡♠❛ 4.3 t❡♠♦s q✉❡ uxx(t, x) ≤ 0 ♣❛r❛ x ∈ [0, 1] ❡

t ∈ [0, T ).

❆ss✐♠

−uuxx + u2x + 1 ≥ −uuxx ⇒
1

−uuxx + u2x + 1
≤ 1

−uuxx
⇒

⇒ uxx
−uuxx + u2x + 1

≥ −1

u
⇒ ut ≥ −1

u
⇒ uut ≥ −1 ⇒

(

1

2
u2

)

t

≥ −1.

■♥t❡❣r❛♥❞♦ ❞❡ t ❛ T t❡♠♦s

u2(T, x)

2
− u2(t, x)

2
≥ −(T − t).

❆✈❛❧✐❛♥❞♦ ❡♠ x = 1 ❡ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✼ t❡♠♦s



✹✳✸ ❋❧✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r ✾✹

−u
2(t, 1)

2
≥ −(T − t),

♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 =
√
2 t❛❧ q✉❡

u(t, 1) ≤ C3(T − t)
1
2 .

❜✮ ❈♦♠♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦✹✳✽ t❡♠♦s

u(t, x) ≥ C1(T − t)λ

❡ s❛❜❡♥❞♦✱ ♣❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r ❛✱ q✉❡ ut ≥ −1

u
t❡♠♦s

ut(t, x) ≥ − 1

C1

(T − t)−λ,

✐st♦ é✱ ❡①✐st❡ C4 =
1
C1

t❛❧ q✉❡

ut(t, x) ≤ C4(T − t)−λ.

�

✹✳✸✳✸ ■♥t❡r♣r❡t❛çã♦ ❞♦s ❘❡s✉❧t❛❞♦s

❈♦♠ ❜❛s❡ ♥♦ ❚❡♦r❡♠❛ ✹✳✼✱ ♥❛s Pr♦♣♦s✐çõ❡s ✹✳✽ ❡ ✹✳✾ ❡ ❢❛③❡♥❞♦ ✉s♦ ❞♦ ▼❛♣❧❡ ❝♦♥❝❧✉í♠♦s

q✉❡ ♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❞❡❢♦r♠❛ ✉♠❛ s✉♣❡r❢í❝✐❡s ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✜❣✉r❛

❛❜❛✐①♦ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ♠❡s♠❛ ✜❣✉r❛✳



❈❛♣ít✉❧♦

✺

❆♣ê♥❞✐❝❡s

❊st❡ ❝❛♣ít✉❧♦ s❡rá ❞✐✈✐❞✐❞♦ ❡♠ ✻ s❡çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ ❞❡❧❛s✱ ♦ ❛♣ê♥❞✐❝❡ A✱ ❛♣r❡s❡♥t❛✲

r❡♠♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s

q✉❛s✐❧✐♥❡❛r❡s ❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s t♦t❛❧♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r❡s✳ ◆❛ s❡❣✉♥❞❛✱ ♦ ❛♣ê♥❞✐❝❡

B✱ ✈❡rs❛r❡♠♦s s♦❜r❡ r❡s✉❧t❛❞♦s s♦❜r❡ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ❡ ❚❡♦r❡♠❛s ❞❡ ❈♦♠♣❛r❛çã♦

♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s✳ ◆♦ ❛♣ê♥❞✐❝❡ C, ♥♦s ♣r❡♦❝✉♣❛r❡♠♦s ❡♠ ❧✐❞❛r

❝♦♠ r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ♠ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡r s♦❧✉çã♦✱ ◆♦ ❛♣ê♥❞✐❝❡D ❡①✐❜✐r❡♠♦s r❡s✉❧✲

t❛❞♦s s♦❜r❡ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s✳ ◆❛ ♣❡♥ú❧t✐♠❛ s❡çã♦✱ ♦ ❛♣ê♥❞✐❝❡ E, ✐♥tr♦❞✉③✐r❡♠♦s

♥♦çõ❡s ✐♠♣♦rt❛♥t❡s ❞❡ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❡ ♥❛ ú❧t✐♠❛✱ ♦ ❛♣ê♥❞✐❝❡ F, ❡♥✉♥❝✐❛r❡♠♦s

♦✉tr♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ ✉t✐❧✐③❛♠♦s ❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳

✺✳✶ ❆♣ê♥❞✐❝❡ ❆✿ ❚❡♦r❡♠❛s ❞❡ ❊①✐stê♥❝✐❛

◆❡st❡ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ♦s q✉❛✐s ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♣r♦✈❛r♠♦s

❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞♦s ✢✉①♦s ❞❡ ❝✉r✈❛t✉r❛ ❡st✉❞❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱

❞❡❝✐❞✐♠♦s ❝♦❧♦❝á✲❧♦s s❡♣❛r❛❞❛♠❡♥t❡ ♣♦r q✉❡stõ❡s ❞❡ ❡stét✐❝❛ ❞♦ t❡①t♦✳

✾✺



✺✳✶ ❆♣ê♥❞✐❝❡ ❆✿ ❚❡♦r❡♠❛s ❞❡ ❊①✐stê♥❝✐❛ ✾✻

❚❡♦r❡♠❛ ✺✳✶✳ ✭❚❡♦r❡♠❛ ✹✳✶✱ ♣á❣✐♥❛ ✺✺✽ ❞♦ ❧✐✈r♦ ❬✻✸❪✮ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛

❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ❞❡ ❢r♦♥t❡✐r❛







ut − aij(t, x, u, ux)uxixj + a(t, x, u, ux) = 0, em Ω× (0, T ),

uΓT
= ψΓT

,
✭✺✳✶✮

♦♥❞❡ ΓT é ❛ ❢r♦♥t❡✐r❛ ♣❛r❛❜ó❧✐❝❛ ❡ ❞❡✜♥✐❞❛ ♣♦r ΓT = Ω× [0, T ]− Ω× (0, T ].

❙✉♣♦♥❤❛ q✉❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

❛✮ aij(t, x, u, 0)ξiξj ≥ 0.

❜✮ ua(t, x, u, 0) ≥ −b1u2 − b2, ♦♥❞❡ b1 ❡ b2 sã♦ ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛✳

❝✮ aij(t, x, u, p) ❡ a(t, x, u, p) sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♠ r❡s♣❡✐t♦ ❛ t♦❞❛s

❛s s✉❛s ✈❛r✐á✈❡✐s✳

❞✮ ❊①✐st❛♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ν✱ µ✱ µ1✱ m, ǫ ❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥ã♦ ♥❡❣❛t✐✈❛

P (ρ) ♦♥❞❡ P (ρ) → 0✱ q✉❛♥❞♦ |ρ| → ∞✱ t❛✐s q✉❡

ν(1 + |p|)m−2ξ2 ≤ aij(t, x, u, p)ξiξj ≤ µ(1 + |p|)m−2ξ2,

∣
∣
∣
∣
∣

∂aij
∂pk

∣
∣
∣
∣
∣
(1 + |p|)3 + |a|+

∣
∣
∣
∣
∣

∂a

∂pk

∣
∣
∣
∣
∣
(1 + |p|) ≤ µ1(1 + |p|)m,

∣
∣
∣
∣
∣

∂aij
∂xk

∣
∣
∣
∣
∣
(1 + |p|)2 +

∣
∣
∣
∣
∣

∂a

∂xk

∣
∣
∣
∣
∣
≤ (ǫ+ P (|p|))(1 + |p|)m+1,

∣
∣
∣
∣
∣

∂aij
∂u

∣
∣
∣
∣
∣
≤ (ǫ+ P (|p|))(1 + |p|)m−2

❡

−∂a
∂u

≤ (ǫ+ P (|p|))(1 + |p|)m

❡✮ ❆ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ψ(t, x) ❡stá ❡♠ H2+β,1+β/2(Q̄T ) ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♠✲

♣❛t✐❜✐❧✐❞❛❞❡ sã♦ s❛t✐s❢❡✐t❛s✳



✺✳✶ ❆♣ê♥❞✐❝❡ ❆✿ ❚❡♦r❡♠❛s ❞❡ ❊①✐stê♥❝✐❛ ✾✼

❢✮ S = ∂Ω ∈ H2+β.

❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✶✮ ❡♠ H2+β,1+β/2(Q̄T ).

❚❡♦r❡♠❛ ✺✳✷✳ ✭ ❚❡♦r❡♠❛s ✽✳✷ ❡ ✽✳✸✱ ♣á❣✐♥❛s ✷✵✵ ❡ ✷✵✶ ❞♦ ❧✐✈r♦ ❬✼✵❪✮ ❙✉♣♦♥❤❛ q✉❡

ΓT ∈ Hδ ❡ ψ ∈ Hδ(ΓT ) ♣❛r❛ ❛❧❣✉♠ δ ∈ (1, 2). ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛

ǫ t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✺✳✶✮ t❡♠ s♦❧✉çã♦ ❡♠ H2+α,−δ ♣❛r❛ T = ǫ. ❙❡ ΓT , ψ ∈ H2+α ❡

❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ sã♦ s❛t✐s❢❡✐t❛s✱ ❡♥tã♦ u ∈ H2+α. ▼❛✐s ❛✐♥❞❛✱ s❡ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ Mδ✭✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ✮ t❛❧ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ✭✺✳✶✮ é t❛❧ q✉❡

|u|δ ≤Mδ,

❡♥tã♦ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✺✳✶✮✳

❚❡♦r❡♠❛ ✺✳✸✳ ✭ ❚❡♦r❡♠❛ 14.24 ♣á❣✐♥❛ 379 ❞❛ r❡❢❡rê♥❝✐❛ ❬✼✵❪✮❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛







−ut + F (t, x, u, ux, uxx) = 0, em QT = Ω× (0, T ),

uΓT
= ψΓT

.
✭✺✳✷✮

❙❡ ΓT ∈ H2+α ❡ q✉❡ ❋ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s λ ❡ Λ t❛✐s q✉❡ λ ≤ F (X, z, p, r) ≤ Λ,

✭✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s k ❡ b1 t❛✐s q✉❡ zF (X, z, 0, 0) ≤ k | z |2 +b1,

✭✐✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s a0 ❡ a1 t❛✐s q✉❡ a0 ≤ Fr ≤ a1,

✭✐✈✮ ❙✉♣♦♥❞♦ q✉❡ ❡①✐st❛ ✉♠❛ ❝♦♥st❛♥t❡ K ≥ 0✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1 ❡ c2 t❛✐s q✉❡

| F (X, z, p, r)− F (Y, w, q, r) |≤ [| X − Y | + | z − w | + | p− q |]β[c1 + c2 | r |],

♣❛r❛ X ❡ Y ❡♠ Ω ❡ s❡♠♣r❡ q✉❡ | z | + | w | + | p | + | q |≤ K. ❊♥tã♦ ♣❛r❛

q✉❛❧q✉❡r ψ ∈ H2+α, ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ C2,1 ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✸✮✳

❚❡♦r❡♠❛ ✺✳✹✳ ✭❚❡♦r❡♠❛ 14.25 ♣á❣✐♥❛ 379 ❞❛ r❡❢❡rê♥❝✐❛ ❬✼✵❪✮❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛







−ut + F (t, x, u, ux, uxx) = 0, em Ω× (0, T ),

ux = g(t, x, u), em ∂Ω× (0, T ),

u(0, x) = u0(x), em Ω.

✭✺✳✸✮

❙❡ ΓT ∈ H2+α ❡ q✉❡ ❋ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿



✺✳✷ ❆♣ê♥❞✐❝❡ ❇✿ Pr✐♥❝í♣✐♦s ❞♦ ▼á①✐♠♦ ❡ ❞❛ ❈♦♠♣❛r❛çã♦ ✾✽

✭✐✮ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ µ t❛❧ q✉❡ | F (X, z, p, 0) |≤ µ(| z |)(| p |2 +1)

✭✐✐✮ ❊①✐st❡♠ ❢✉♥çõ❡s a0, a1 ❡ Λ0 ❝r❡s❝❡♥t❡s t❛✐s q✉❡

sgnzF (X, z, p, 0) ≤ a0(| p |) | z | +a1(| p |),

| Fr(X, z, p, r) |≤ Λ0(| p |)

✭✐✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s b0 ❡ b1 t❛✐s q✉❡ b0 ≤ Fr ≤ b1,

✭✐✈✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♥ã♦ ♥❡❣❛t✐✈❛s M0 ❡ M1 t❛✐s q✉❡

sgnzg(X, z) ≥ −M1,

♣❛r❛ | z |≥M0.

✭✈✮ ❙✉♣♦♥❞♦ q✉❡ ❡①✐st❛ ✉♠❛ ❝♦♥st❛♥t❡ K ≥ 0✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1 ❡ c2 t❛✐s q✉❡

| F (X, z, p, r)− F (Y, w, q, r) |≤ [| X − Y | + | z − w | + | p− q |]β[c1 + c2 | r |],

♣❛r❛ X ❡ Y ❡♠ Ω ❡ s❡♠♣r❡ q✉❡ | z | + | w | + | p | + | q |≤ K.

✭✈✐✮ g ∈ H1+α(∂Ω× [−K,K]), ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ K.❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r

ψ ∈ H2+α, ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u ∈ C2,1 ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✹✮✳

✺✳✷ ❆♣ê♥❞✐❝❡ ❇✿ Pr✐♥❝í♣✐♦s ❞♦ ▼á①✐♠♦ ❡ ❞❛ ❈♦♠✲

♣❛r❛çã♦

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡①✐❜✐r r❡s✉❧t❛❞♦s s♦❜r❡ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ❡ ❚❡♦r❡♠❛s ❞❡ ❈♦♠♣❛✲

r❛çã♦ q✉❡ sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❞❡s❞❡

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❛té ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ♦✉ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦

❞❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛✳

❚❡♦r❡♠❛ ✺✳✺✳ ✭❚❡♦r❡♠❛ 9.6 ♣á❣✐♥❛ ✷✶✺ ❞❛ r❡❢❡rê♥❝✐❛ ❬✼✵❪✮ ❙❡❥❛

Pu = −ut + aij(t, x, u,Du)Diju+ a(t, x, u,Du)



✺✳✷ ❆♣ê♥❞✐❝❡ ❇✿ Pr✐♥❝í♣✐♦s ❞♦ ▼á①✐♠♦ ❡ ❞❛ ❈♦♠♣❛r❛çã♦ ✾✾

✉♠ ♦♣❡r❛❞♦r q✉❛s✐❧✐♥❡❛r✳ ❙✉♣♦♥❞♦ q✉❡ P s❡❥❛ ♣❛r❛❜ó❧✐❝♦ ❡ q✉❡ ❡①✐st❛ ❝♦♥st❛♥t❡ ♥ã♦

♥❡❣❛t✐✈❛ µ t❛❧ q✉❡

a(t, x, z, p)sgnz

aij(x, z, p)pipj
≤ µ

| p | .

❙❡ Pu ≥ 0 ❡♠ Ω, ❡♥tã♦

sup
Ω
u ≤ sup

PΩ
u+.

▲❡♠❛ ✺✳✻✳ ✭▲❡♠❛ ✷✳✶ ♣á❣✐♥❛ ✺✹ ❞❛ r❡❢❡rê♥❝✐❛ ❬✼✹❪✳✮ ❙❡❥❛ w ∈ C(Ω̄×(0, T ))
⋂
C1,2(Ω×

(0, T ))✱ ♦♥❞❡ Ω é ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ w✳ ❙✉♣♦♥❤❛ q✉❡







wt(t, x)− L(w(t, x)) ≥ 0, x ∈ Ω, t ∈ (0, T ),

α0(t, x)
∂w

∂ν
(t, x) + β0(t, x)w(t, x) ≥ 0, x ∈ ∂Ω, t ∈ (0, T ),

w(0, x) ≥ 0, x ∈ Ω̄,

♦♥❞❡ L(w(t, x)) =
n∑

i,j=1

ai,j(t, x)wxixj(t, x)−
n∑

j=1

bj(t, x)uxj(t, x)+c(t, x)w(t, x)✱ α0 ≥

0✱ β0 ≥ 0✱ α0 + β0 > 0 ❡♠ ∂Ω × (0, T ) ❡ c ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ❡♠ Ω̄ × (0, T )✱ ❡♥tã♦

w(t, x) ≥ 0 ❡♠ Ω̄× [0, T )✳

❚❡♦r❡♠❛ ✺✳✼✳ ✭ ❚❡♦r❡♠❛ ✶✳✹ ♣á❣✐♥❛ ✺✸ ❞❛ r❡❢❡rê♥❝✐❛ ❬✼✹❪✮ ❙❡❥❛ w ∈ C2,1(QT ) t❛❧ q✉❡

wt − Lw + cw ≥ 0 (t, x) ∈ QT

♦♥❞❡ L é ♦ ♠❡s♠♦ ♦♣❡r❛❞♦r ❞♦ ▲❡♠❛ ❛♥t❡r✐♦r✳ ❙❡ ✇ ❛t✐♥❣❡ ✉♠ ✈❛❧♦r ♠í♥✐♠♦ m0

❡♠ ✉♠ ♣♦♥t♦ ❡♠ QT ❡♥tã♦ w(t, x) = m0 ❡♠ QT . ❙❡ ∂Ω t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❡s❢❡r❛

✐♥❢❡r✐♦r ❡ u ❛t✐♥❣❡ ♦ ♠í♥✐♠♦ ❡♠ ✉♠ ♣♦♥t♦ (t0, x0) ∈ ST , ❡♥tã♦
∂w

∂ν
< 0 ❡♠ (t0, x0)

q✉❛♥❞♦ w ♥ã♦ ❢♦r ❝♦♥st❛♥t❡✳

❚❡♦r❡♠❛ ✺✳✽✳ ✭♣á❣✐♥❛ ✺✷ ❞❛ r❡❢❡rê♥❝✐❛ ❬✸✹❪✮ ❙❡❥❛ v(t, x), w(t, x) ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠

QT . ❙✉♣♦♥❤❛ q✉❡ ux, vx, ut ❡ vt ❝♦♥tí♥✉❛s ❡♠ QT . ❙❡❥❛ F (t, x, p, pi, pij)(i = 1, . . . , n)

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ uphk ❝♦♥tí♥✉❛ ❡♠ ✉♠ ❞♦♠í♥✐♦ E ❝♦♥t❡♥❞♦ ♦ ❢❡❝❤♦ ❞♦s ♣♦♥t♦s

(t, x, p, pi, pij), ♦♥❞❡
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(t, x) ∈ QT , p ∈
(

v(t, x), w(t, x)

)

,

pi ∈
(

vxi(t, x), wxi(t, x)

)

, pij ∈
(

vxixj(t, x), wxixj(t, x)

)

;

♦♥❞❡ (a, b) ❞❡♥♦t❛ ♦ ✐♥t❡r✈❛❧♦ q✉❡ ❧✐❣❛ a ❡ b. ❙✉♣♦♥❤❛ q✉❡

(

Fphk

)

é ✉♠❛ ♠❛tr✐③ s❡♠✐

❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❙❡

vt > F

(

t, x, v, vxi , vxixj

)

emQT , ✭✺✳✹✮

wt ≤ F

(

t, x, w, wxi , wxixj

)

emQT , ✭✺✳✺✮

❡ s❡

v > w ∈ QT , ✭✺✳✻✮

❡♥tã♦ v > w ❡♠ QT .

✺✳✸ ❆♣ê♥❞✐❝❡ ❈✿ ▼ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦

❊st❛ s❡çã♦ s❡rá ❞❡❞✐❝❛❞❛ ❛ ❡①✐❜✐r ♦ ♠ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦✱ ✉t✐❧✐③❛❞♦ ❛❧❣✉♠❛s

✈❡③❡s ♣❛r❛ ♣r♦✈❛r✲s❡ ❡①✐stê♥❝✐❛ ❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s✳ ❊st❛ s❡çã♦ ❢♦✐ ❜❛s❡❛❞❛

♥❛s r❡❢❡rê♥❝✐❛s ❬✼✸❪ ❡ ❬✼✹❪✳ ❆ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ✢✉①♦

❝✉r✈❛t✉r❛ ❤❛r♠ô♥✐❝❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ s✐♥❣✉❧❛r ❡st✉❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡

✭s❡çã♦ 3 ❞♦ ❈❛♣ít✉❧♦ 4✮ ❢♦✐ r❡s♣♦♥❞✐❞❛ ♣r♦✈❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ♣♦r ❡st❡ ♠ét♦❞♦✳

P❛r❛ ♦❜t❡r s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛







ut(x, t) = L(u(x, t)), Ω× (0, T ],

∂u

∂ν
(x, t) = g(x, t, u), ∂Ω× (0, T ],

u(x, 0) = u0(x), Ω,

✭✺✳✼✮

♦♥❞❡ g é ❝♦♥tí♥✉❛ ❡♠ ∂Ω × (0, T ] × J ✱ ❡♠ q✉❡ J é ✉♠ s❡t♦r ❡♥tr❡ ❛ s✉❜s♦❧✉çã♦ u ❡ ❛

s✉♣❡r s♦❧✉çã♦ u✱ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❛❜❛✐①♦
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• ❊①✐st❡♠ ❢✉♥çõ❡s b ❡ b ∈ C(∂Ω× (0, T ]) t❛✐s q✉❡

−u(u1 − u2) ≤ g(t, x, u1)− g(t, x, u2) ≤ b(u1 − u2) ✭✺✳✽✮

❡♠ ∂Ω× (0, T ], ♦♥❞❡ u2 ≤ u1 ❡ u1 ❡ u2 ❡stã♦ ❡♠ ❏✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ s✉❜✲

s✉♣❡rs♦❧✉çã♦✳ ➱ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❡♠ q✉❡ ❝r✐❛r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❛

♣❛rt✐r ❞❡ ✉♠❛ s✉❜s♦❧✉çã♦ ❡ ♦✉tr❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ s✉♣❡rs♦❧✉çã♦✳ ❖ ♠ét♦❞♦ ❝♦♥s✐st❡

❡♠ ♣r♦✈❛r q✉❡ ❡st❛s s❡q✉ê♥❝✐❛s ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ q✉❡ ❡❧❛s ❝♦♥✈❡r❣✐rã♦ ♣❛r❛ ✉♠❛

♠❡s♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✼✮✳

❖ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡❥❛

G(x, t, u) = b(x, t)u+ g(x, t, u)

❡♥tã♦✱ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✺✳✽✱ ❝❤❡❣❛♠♦s à s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

G(x, t, u1)−G(x, t, u2) ≥ 0,

♣❛r❛ u2 ≤ u1 ❡ u1, u2 ∈ J ✳ ❉❡ ❢❛t♦✱

G(x, t, u1)−G(x, t, u2) = b(x, t)u1 + g(x, t, u1)− b(x, t)u2 − g(x, t, u2)

≥ b(x, t)(u1 − u2)− b(x, t)(u1 − u2) = 0.

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ g s❛t✐s❢❛③❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ✺✳✽ ♦❜t❡♠♦s ♦✉tr❛ ❞❡s✐❣✉❛❧❞❛❞❡✿

|G(x, t, u1)−G(x, t, u2)| ≤ k(x, t)|u1 − u2|,

♦♥❞❡ k(x, t) = |b(x, t) + b(x, t)|✳
❙✉♣♦♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✺✳✼✮✱ ♦❜t❡♠♦s

❛s s❡q✉ê♥❝✐❛s ✐t❡r❛t✐✈❛s✳

❙❡❥❛ u ✉♠❛ s✉❜s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✼✮✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦✿







u
(1)
t = L(u(1)), Ω× (0, T ],

∂u(1)

∂ν
+ b u(1) = G(x, t, u), ∂Ω× (0, T ],

u(1)(x, 0) = u0(x), Ω.

✭✺✳✾✮



✺✳✸ ❆♣ê♥❞✐❝❡ ❈✿ ▼ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ✶✵✷

❈♦♠♦ u✱ b ❡ g sã♦ ❝♦♥tí♥✉❛s ❡♠ Ω × (0, T ]✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ G é ❝♦♥tí♥✉❛ ❡♠

Ω× (0, T ]✳ ❆ss✐♠✱ ♣♦r t❡♦r❡♠❛s ❝❧áss✐❝♦s ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s✱ ❡①✐st❡ u(1)✳

❯s❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ t❡♦r❡♠❛s ❝❧áss✐❝♦s ❞❡ ❡①✐stê♥❝✐❛ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ u(k)

❞❡ ❢✉♥çõ❡s✱ ❛ q✉❛❧ ❢♦r♠❛rá ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ ❡ ♥❡st❡ ❝❛s♦ ♦❜t✐❞❛ ❛tr❛✈és

❞❛ s✉❜s♦❧✉çã♦ ❡ q✉❡ s❛t✐s❢❛③❡♠✿







u
(k)
t = L(u(k)), Ω× (0, T ],

∂u(k)

∂ν
+ b u(k) = G(x, t, u(k−1)), ∂Ω× (0, T ],

u(k)(x, 0) = u0(x), Ω,

✭✺✳✶✵✮

❚❛♠❜é♠✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ s✉❝❡ss✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠❛ ♦✉tr❛

s❡q✉ê♥❝✐❛ u(k) ♥ã♦✲❝r❡s❝❡♥t❡ ❞❡ ❢✉♥çõ❡s✱ ♣❛rt✐♥❞♦✲s❡ ❞❛ s✉♣❡rs♦❧✉çã♦ ❡ t❛❧ q✉❡✿







u
(k)
t = L(u(k)), Ω× (0, T ],

∂u(k)

∂ν
+ b u(k) = G(x, t, u(k−1)), ∂Ω× (0, T ],

u(k)(x, 0) = u0(x), Ω,

✭✺✳✶✶✮

♦♥❞❡ u(0) = u ❡ u(0) = u✳

◆♦t❡♠♦s q✉❡ ❡ss❛s s❡q✉ê♥❝✐❛s ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ ❛❧é♠ ❞✐ss♦ ♣♦ss✉❡♠ ❡①♣r❡ssõ❡s

❛♥❛❧ít✐❝❛s✳ ■st♦ é ❞❡✈✐❞♦ ❛ ✉♠ t❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ♣❛r❛✲

❜ó❧✐❝❛s✳ ❖ ▲❡♠❛ s❡❣✉✐♥t❡✱ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✹❪✱ ❞❡s❝r❡✈❡ ❛s ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ❞❛s

s❡q✉ê♥❝✐❛s ❡♥❝♦♥tr❛❞❛s ♣❡❧♦ ♠ét♦❞♦ ✐t❡r❛t✐✈♦✳

▲❡♠❛ ✺✳✾✳ ❆s ❞✉❛s s❡q✉ê♥❝✐❛s {u(k)} ❡ {u(k)} ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ ❡stã♦ ❡♠ C2,1(Ω×
(0, T ])✱ ♣❛r❛ ❝❛❞❛ k✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡♠♦s q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ u ❡ b sã♦ ❝♦♥tí♥✉❛s ❡♠ ∂Ω × (0, T ]✳

❉❛í G(x, t, u) = b(x, t) u + g(x, t, u) é ❝♦♥tí♥✉❛ ❡♠ ∂Ω × (0, T ]✱ ♣♦✐s g é ❝♦♥tí♥✉❛ ❡♠

∂Ω × (0, T ] × J ✳ ❚❛♠❜é♠ ♣♦r ❤✐♣ót❡s❡ u0 é ❝♦♥tí♥✉❛ ❡♠ Ω✳ ▲♦❣♦✱ ♣♦r ❚❡♦r❡♠❛s ❞❡

❊①✐stê♥❝✐❛ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s✱ t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✺✳✾✮ t❡♠ s♦❧✉çã♦ u(1)✱ ❛

q✉❛❧ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣♦r✿

u(1)(x, t) =

∫

Ω

Γ(x, t, ξ, 0)u0(ξ)dξ +

∫ t

0

∫

∂Ω

Γ(x, t, ξ, τ)ψ(1)(ξ, τ)dξdτ,

♦♥❞❡ ψ(1) é ❞❛❞❛ ♣♦r✿



✺✳✸ ❆♣ê♥❞✐❝❡ ❈✿ ▼ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ✶✵✸

ψ(1)(x, t) = 2H(1)(x, t) + 2

∫ t

0

∫

∂Ω

[ ∞∑

j=1

Qj(x, t, ξ, τ)

]

H(1)(ξ, τ)dξdτ,

❝♦♠

H(1)(x, t) =

∫

∂Ω

Q(x, t, ξ, 0)u0(ξ)dξ −G(x, t, u),

Q1(x, t, ξ, τ) = Q(x, t, ξ, τ) = 2
∂Γ

∂ν
(x, t, ξ, τ) + 2b(x, t)Γ(x, t, ξ, τ)

❡

Qj+1(x, t, ξ, τ) =

∫ t

0

∫

∂Ω

Q(x, t, y, s)Qj(y, s, ξ, τ)dyds.

❙✉❝❡ss✐✈❛♠❡♥t❡✱ ✉s❛♥❞♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛✱ ♦❜t❡♠♦s✿

u(k)(x, t) =

∫

Ω

Γ(x, t, ξ, 0)u0(ξ)dξ +

∫ t

0

∫

∂Ω

Γ(x, t, ξ, τ)ψ(k)(ξ, τ)dξdτ,

♦♥❞❡ ψ(k) é ❞❛❞❛ ♣♦r✿

ψ(k)(x, t) = 2H(k)(x, t) + 2

∫ t

0

∫

∂Ω

[ ∞∑

j=1

Qj(x, t, ξ, τ)

]

H(k)(ξ, τ)dξdτ,

❝♦♠

H(k)(x, t) =

∫

∂Ω

Q(x, t, ξ, 0)u0(ξ)dξ −G(x, t, u(k−1)).

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ ❚❡♦r❡♠❛s ❞❡ ❊①✐stê♥❝✐❛✱ ♦❜t❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ u(k)✿

u(k)(x, t) =

∫

Ω

Γ(x, t, ξ, 0)u0(ξ)dξ +

∫ t

0

∫

∂Ω

Γ(x, t, ξ, τ)ψ
(k)
(ξ, τ)dξdτ,

♦♥❞❡ ψ
(k)

é ❞❛❞❛ ♣♦r✿

ψ
(k)
(x, t) = 2H

(k)
(x, t) + 2

∫ t

0

∫

∂Ω

[ ∞∑

j=1

Qj(x, t, ξ, τ)

]

H
(k)
(ξ, τ)dξdτ,

❝♦♠

H
(k)
(x, t) =

∫

Ω

Q(x, t, ξ, 0)u0(ξ)dξ −G(x, t, u(k−1)).



✺✳✸ ❆♣ê♥❞✐❝❡ ❈✿ ▼ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ✶✵✹

❋✐♥❛❧♠❡♥t❡✱ t❡♠♦s ❡♠ ♠ã♦s ❛s s❡q✉ê♥❝✐❛s ❞❡ ❢✉♥çõ❡s✳ ❆ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦

✈❛♠♦s ♥♦s ❝♦♥❝❡♥tr❛r ♥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✳✼✮✳ ❈♦♠❡ç❛✲

r❡♠♦s ❝♦♠ ✉♠ ▲❡♠❛ ❞❡ ❬✼✹❪ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛s s❡q✉ê♥❝✐❛ ♦❜t✐❞❛s

❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ✐t❡r❛çã♦✱ ✈✐❛ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦✳

�

▲❡♠❛ ✺✳✶✵✳ ❙❡ g s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✺✳✽✱ ❡♥tã♦ ❛s s❡q✉ê♥❝✐❛s {u(k)} ❡ {u(k)} sã♦

♠♦♥ót♦♥❛s ❡ s❛t✐s❢❛③❡♠

u ≤ · · · ≤ u(k) ≤ u(k+1) ≤ · · · ≤ u(k+1) ≤ u(k) ≤ · · · ≤ u.

❆❧é♠ ❞✐ss♦✱ u(k) ❡ u(k) sã♦ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦ ❞❡ ✭✺✳✼✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❛❜❡♥❞♦ q✉❡ ❛s s❡q✉ê♥❝✐❛s ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦ sã♦ ♠♦♥ót♦♥❛s ❡♥tã♦ ♦s

❧✐♠✐t❡s ❞❡ss❛s s❡q✉ê♥❝✐❛s ❡①✐st❡♠✳ ❚❡r❡♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ ❡ss❛s s❡q✉ê♥❝✐❛s ✈ã♦ ❝♦♥✈❡r❣✐r

♣❛r❛ ❛ ❝❤❛♠❛❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✺✳✼✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♠❡ç❛r❡♠♦s ❝♦♠ ✉♠ ▲❡♠❛

❞❡ ❬✼✹❪ q✉❡ ❝♦♥❝❧✉✐ q✉❡ ♦s ❧✐♠✐t❡s s❛t✐s❢❛③❡♠ ✉♠❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧✳

▲❡♠❛ ✺✳✶✶✳ ❖s ❧✐♠✐t❡s u1 = lim
k→∞

u(k) ❡ u2 = lim
k→∞

u(k) sã♦ ❝♦♥tí♥✉♦s ❡♠ Ω × (0, T ] ❡

s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧✿

u(x, t) =

∫

Ω

Γ(x, t, ξ, 0)u0(ξ)dξ +

∫ t

0

∫

∂Ω

Γ(x, t, ξ, τ)ψ(ξ, τ)dξdτ, ✭✺✳✶✷✮

♦♥❞❡

ψ(x, t) = 2H(x, t) + 2

∫ t

0

∫

∂Ω

[ ∞∑

j=1

Qj(x, t, ξ, τ)

]

H(ξ, τ)dξdτ,

H(x, t) =

∫

Ω

Q(x, t, ξ, 0)u0(ξ)dξ −G(x, t, u),

Q(x, t, ξ, τ) = 2
∂Γ

∂ν
(x, t, ξ, τ) + 2b(x, t)Γ(x, t, ξ, τ)

Qj+1(x, t, ξ, τ) =

∫ t

0

∫

∂Ω

Q(x, t, y, s)Qj(y, s, ξ, τ)dyds,

Q1 = Q



✺✳✹ ❆♣ê♥❞✐❝❡ ❉✿ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ✶✵✺

❉❛í✱ ❝♦♠ ♦ ▲❡♠❛ ✺✳✶✷✱ t❡♠♦s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞❡ ✭✺✳✼✮✳

▲❡♠❛ ✺✳✶✷✳ ❙❡❥❛ V (x, t) =
∫ t

0

∫

∂Ω
Γ(x, t, ξ, τ)ψ(ξ, τ)dξdτ ✳ ❊♥tã♦ V é ❝♦♥tí♥✉❛ ❡♠

Ω× (0, T ]✳

❈♦♥❝❧✉✐r❡♠♦s ❛ q✉❡stã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✺✳✼✮ ❛tr❛✈és ❞♦

❚❡♦r❡♠❛ ✺✳✶✸✱ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✹❪✱ ❡ q✉❡ ♠♦str❛ q✉❡ ♦s ❧✐♠✐t❡s ❞❛s ❞✉❛s s❡q✉ê♥❝✐❛s

❞❡ ❢✉♥çõ❡s✱ ✉♠❛ ❞❡ s✉❜s♦❧✉çõ❡s ❡ ♦✉tr❛ ❞❡ s✉♣❡rs♦❧✉çõ❡s✱ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ❛ ♠❡s♠❛

❢✉♥çã♦✱ ❡ ❡st❛ é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✺✳✼✮✳ ◆♦t❡♠♦s q✉❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ t❛❧ s♦❧✉çã♦

❥á ❢♦✐ ♣r♦✈❛❞❛ ♥♦ ▲❡♠❛ ✺✳✶✶ ❝♦♠ ❛ ❛❥✉❞❛ ❞♦ ▲❡♠❛ ✺✳✶✷✳

❚❡♦r❡♠❛ ✺✳✶✸✳ ❙❡ u ❡ u sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✉♣❡rs♦❧✉çã♦ ❡ s✉❜s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

✭✺✳✼✮ ❡ g s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✺✳✽✱ ❡♥tã♦ ❛s s❡q✉ê♥❝✐❛s

{u(k)} ❡ {u(k)}

❝♦♥✈❡r❣❡♠ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ♣❛r❛ ✉♠❛ ♠❡s♠❛ s♦❧✉çã♦ ❞❡ ✭✺✳✼✮✳

✺✳✹ ❆♣ê♥❞✐❝❡ ❉✿ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s

◆❡st❡ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s✱ ✉s❛♥❞♦ ❝♦♠♦ ❜✐❜❧✐♦❣r❛✜❛

❛ r❡❢❡rê♥❝✐❛ ❬✻✹❪✳ ❆ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❢♦✐ ✐♠♣♦rt❛♥t❡ ♥♦ tr❛❜❛❧❤♦ ♣❛r❛ ♠♦str❛r ♦

❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡

❢r♦♥t❡✐r❛ t✐♣♦ ❉✐r✐❝❤❧❡t ✭❚❡♦r❡♠❛ ✷✳✶✶✮✳

❉❡✜♥✐çã♦ ✺✳✶✹✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ s❡❥❛ Vt : X → X ✉♠❛

❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♥tí♥✉♦s✳ ❉✐③❡♠♦s q✉❡ {Vt} é ✉♠❛ s❡♠✐❣r✉♣♦ s❡

Vt1(Vt2(x)) = Vt1+t2(x),

♣❛r❛ t♦❞♦ t1, t2 ∈ R
+ ❡ x ∈ X✳

❉❡✜♥✐çã♦ ✺✳✶✺✳ ❖ ❝♦♥❥✉♥t♦ γ+(x) = {y ∈ X|y = Vt(x), t ∈ R
+} é ❝❤❛♠❛❞♦ ❞❡ s❡♠✐✲

tr❛❥❡tór✐❛ ♣♦s✐t✐✈❛ ❞❡ x ❡ ♦ ❝♦♥❥✉♥t♦ γ+t (x) = {y ∈ X|u = Vτ , τ ∈ [t,∞)} é ❝❤❛♠❛❞♦

❞❡ s❡♠✐✲tr❛❥❡tór✐❛ ♣♦s✐t✐✈❛ ❞❡ x ❛ ♣❛rt✐r ❞♦ t❡♠♣♦ t✳



✺✳✺ ❆♣ê♥❞✐❝❡ ❊✿ ❋♦r♠❛s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✶✵✻

❉❡✜♥✐çã♦ ✺✳✶✻✳ ❉✐③❡♠♦s q✉❡ A ❛tr❛✐ M ✱ ❝♦♠ A,M ⊂ X✱ s❡ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡

✉♠ t1 = t1(ε,M) ∈ R
+ t❛❧ q✉❡ Vt(M) ⊂ Oε(A)✱ ♣❛r❛ t♦❞♦ t ≥ t1✳ ❙❡♥❞♦ Oε(A) ❛ ✉♥✐ã♦

❞❡ t♦❞❛s ❛s ❜♦❧❛s ❛❜❡rt❛s ❞❡ r❛✐♦ ε ❝❡♥tr❛❞❛s ❡♠ ♣♦♥t♦s ❞❡ A✳

❙❡ A ❛tr❛✐ ❝❛❞❛ ♣♦♥t♦ ❞❡ x ∈ X✱ ❡♥tã♦ A é ❝❤❛♠❛❞♦ ❛tr❛t♦r ❣❧♦❜❛❧✳

❉❡✜♥✐çã♦ ✺✳✶✼✳ ❖ ❝♦♥❥✉♥t♦ ω−❧✐♠✐t❡ ω(x) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s y ∈ X t❛❧ q✉❡

y = lim
tk→∞(x)

Vtk(x)✱ ♣❛r❛ ✉♠❛ s❡q✉ê♥❝✐❛ tk → ∞✳

▲❡♠❛ ✺✳✶✽✳

ω(x) =
⋂

t≥0

[γ+t (x)]X

❡

ω(A) =
⋂

t≥0

[γ+t (A)]X ,

♦♥❞❡ ♦ sí♠❜♦❧♦ []X é ♦ ❢❡❝❤♦ ❡♠ X✳

❉❡✜♥✐çã♦ ✺✳✶✾✳ ❉✐③❡♠♦s q✉❡ ✉♠ s❡♠✐❣r✉♣♦ {Vt} ♣❡rt❡♥❝❡ ❛ ❝❧❛ss❡ K s❡ ♣❛r❛ ❝❛❞❛

t > 0 ♦ ♦♣❡r❛❞♦r Vt é ❝♦♠♣❛❝t♦✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ⊂ X t❡♠

s✉❛ ✐♠❛❣❡♠ Vt(B) ♣r❡❝♦♠♣❛❝t❛✳

❉❡✜♥✐çã♦ ✺✳✷✵✳ ❯♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲✐❛♣✉♥♦✈ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ L : X → R✱ ♦

q✉❛❧ ❞❡❝r❡s❝❡ ❛♦ ❧♦♥❣♦ ❞❡ ❝❛❞❛ tr❛❥❡tór✐❛ γ+(x)✱ ✐st♦ é L(Vt(x)) ց q✉❛♥❞♦ t ր✭❡①❝❡t♦

♥♦s ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s z = Vt(z)✮✳

❚❡♦r❡♠❛ ✺✳✷✶✳ ❙✉♣♦♥❤❛ q✉❡ ♦ s❡♠✐❣r✉♣♦ {Vt} ♣❡rt❡♥ç❛ ❛ ❝❧❛ss❡ K ❡ γ+(x) é ✉♠

❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ♣❛r❛ t♦❞♦ x ∈ X✳ ❙❡ ♣❛r❛ ❡st❡ s❡♠✐❣r✉♣♦ ❡①✐st✐r ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡

▲✐❛♣✉♥♦✈ L✱ ❡♥tã♦ ❛ ✉♥✐ã♦ ❞♦s ω−❧✐♠✐t❡ ω(x) é ♥ã♦ ✈❛③✐❛ ❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦

Z ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s✳

✺✳✺ ❆♣ê♥❞✐❝❡ ❊✿ ❋♦r♠❛s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ ●❡♦♠❡✲

tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

✺✳✺✳✶ Pr✐♠❡✐r❛ ❋♦r♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

◆❡ss❛ s❡çã♦✱ ❝♦♠ ❜❛s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✶❪ ❡ ❬✽✵❪ ✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ♣r✐♠❡✐r❛ ❢♦r♠❛

q✉❛❞rát✐❝❛✱ ❞❡♥♦♠✐♥❛❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✱ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡❢❡t✉❛r ❛❧❣✉♥s



✺✳✺ ❆♣ê♥❞✐❝❡ ❊✿ ❋♦r♠❛s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✶✵✼

❝á❧❝✉❧♦s ❣❡♦♠étr✐❝♦s✱ t❛✐s ❝♦♠♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦s✱ â♥❣✉❧♦s ❡♥tr❡ ❝✉r✈❛s ❡ ár❡❛s

❞❡ r❡❣✐õ❡s ♥❛ s✉♣❡r❢í❝✐❡✳

❉❡✜♥✐çã♦ ✺✳✷✷✳ ❙❡❥❛ ❙ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ❡ TpS ♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛ ❙ ♥♦ ♣♦♥t♦

♣✳ ❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ Ip é ✉♠❛ ❛♣❧✐❝❛çã♦ Ip : TpS → R ❞❡✜♥✐❞❛ ♣♦r✿

Ip(w) =< w,w >p=|| w ||2

é ❝❤❛♠❛❞❛ ❞❡ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✳

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ é ❜❛s✐❝❛♠❡♥t❡ ♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ ✉s✉❛❧ ❞♦ R3 r❡str✐t♦ ❛♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ ❙✳

❉❛í ♣♦❞❡♠♦s ❡①♣r❡ss❛r ❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❜❛s❡ {Xu, Xg} ❛ss♦❝✐❛❞❛

❛ ♣❛r❛♠❡tr✐③❛çã♦ X(u, v) ❡♠ p.

❙❡❥❛ ♦ ✈❡t♦r w ∈ TpS✱ ❢❛ç❛♠♦s ✉♠❛ ❝✉r✈❛ γ t❛❧ q✉❡ γ(0) = p, γ′(0) = w ❡ ❞❡✜♥✐♠♦s

✉♠❛ ❢✉♥çã♦ β : (−ǫ, ǫ) → U ⊂ R
2 ❞❛❞❛ ♣♦r β = X−1 ◦ γ, t❛❧ q✉❡

β(0) = q ❡ X(q) = p.

◆♦t❡♠♦s ❛✐♥❞❛ q✉❡ ∀(−ǫ, ǫ) t❡r❡♠♦s γ′(t) = X ′(β(t))β′(t) = Xu(β(t))u
′(t)+Xv(β(t))v

′(t),

♦♥❞❡ β′(t) = (u′(t), v′(t)).

❆ss✐♠✱

Ip(w) =< w,w >p =< γ′(0), γ′(0) >γ(0)=

=< Xu(β(0))u
′(0) +Xv(β(0))v

′(0), Xu(β(0))u
′(0) +Xv(β(0))v

′(0) >p=

=< Xu, Xu > (u′)2 + 2 < Xu, Xv > u′v′+ < Xv, Xv > (v′)2

❱❛♠♦s ❞❡♥♦t❛r

E =< Xu, Xu >,F =< Xu, Xv > G =< Xv;Xv >, ✭✺✳✶✸✮

q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥✲

❝✐❛❧✳



✺✳✺ ❆♣ê♥❞✐❝❡ ❊✿ ❋♦r♠❛s ❋✉♥❞❛♠❡♥t❛✐s ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✶✵✽

✺✳✺✳✷ ❙❡❣✉♥❞❛ ❋♦r♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

◆❡st❛ s❡çã♦✱ t❛♠❜é♠ ❝♦♠ ❜❛s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✶❪ ❡ ❬✽✵❪✱ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉♥❞❛ ❢♦r♠❛

❢✉♥❞❛♠❡♥t❛❧✳

❉❡✜♥✐çã♦ ✺✳✷✸✳ ❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ IIp, ❞❡✜♥✐❞❛ ❡♠ TpS ♣♦r IIp = − < dNp(v), v >,

♦♥❞❡ N = Xu×Xv

||Xu×Xv || , é ❝❤❛♠❛❞❛ ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❙ ❡♠ ♣✳

❱❛♠♦s ❝❛❧❝✉❧❛r ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ✉♠ ✈❡t♦r γ′(t) ❡♠ TpS. ❙❡❥❛♠ ❳✭✉✱

✈✮ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ p ∈ S ❡ γ(t) = X(u(t), v(t)) ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛❡♠ ❙✱

❝♦♠ γ(0) = p.

❚❡♠♦s q✉❡ γ′ = Xuu
′ +Xvv

′,

❆ss✐♠✱ ❛ ❡①♣r❡ssã♦ ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❜❛s❡ (Xu, Xv) é ❞❛❞❛ ♣♦r

IIp(γ
′) = − < dNp(γ

′), γ′ >=

= − < Nuu
′ +Nvv

′, Xuu
′ +Xvv

′ >

= −(u′)2 < Nu, Xu > +u′v′ < Nu;Xv > +v′u′ < Nv;Xu > +(v′)2 < Nv, Xv >).

◆♦ ❡♥t❛♥t♦✱ < Nu, Xv >=< Nv, Xu >✱ ❡♥tã♦

IIp(γ′) = −((u′)2 < Nu, Xu > +2u′v′ < Nu;Xv > +(v′)2 < Nv, Xv >

❱❛♠♦s ❞❡♥♦t❛r

−e =< Nu, Xu >,

−f =< Nu, Xv >

❡

−g =< Nv, Xv >

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ < N,Xu >=< N,Xv >= 0, ❡♥tã♦ ♦❜t❡♠♦s

< N,Xu >u=< Nu, Xu > + < N,Xuu >= 0

< N,Xv >v=< Nv, Xv > + < N,Xvv >= 0



✺✳✻ ❆♣ê♥❞✐❝❡ ❋✿ ❖✉tr♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ✶✵✾

❡

< N,Xu >v=< Nv, Xu > + < N,Xuv >= 0

P♦rt❛♥t♦ ❞❛s ❡q✉❛➹➜➹➭❡s ❛❝✐♠❛ t❡♠♦s q✉❡✿

< Nu, Xu >= − < N,Xuu >,

< Nv, Xv >= − < N,Xvv >,

❡

< Nv, Xu >= − < N,Xuv > .

▲♦❣♦✱

e =< N,Xuu >, f =< N,Xvv >, g =< N,Xuv > . ✭✺✳✶✹✮

sã♦ ♦s ❝❤❛♠❛❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧✳

✺✳✻ ❆♣ê♥❞✐❝❡ ❋✿ ❖✉tr♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s

◆❡st❛ s❡çã♦✱ ❝♦♠ ❜❛s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✼✻❪✱ ❬✼✼❪ ❡ ❬✼✽❪✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s

q✉❡ ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ✭✈✐❞❡ ❆♣ê♥✲

❞✐❝❡ D✮✱ ♣❛r❛ ❝♦♥❝❧✉✐r ♦ ❛♥✉❧❛♠❡♥t♦ ❡♠ t❡♠♣♦ ✜♥✐t♦ ❞❛ s♦❧✉çã♦ ❞♦ ✢✉①♦ ❞❡ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ t✐♣♦ ❉✐r✐❝❤❧❡t ✭❚❡♦r❡♠❛ ✷✳✽✮ ❡ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛

❞❡ ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧ q✉❡ s❛t✐s❢❛③ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❡♥✉♥❝✐❛❞❛s ✭❚❡♦r❡♠❛ ✷✳✹✮✳

❚❡♦r❡♠❛ ✺✳✷✹✳ ✭❚❡♦r❡♠❛ ❞❡ ❉✐♥✐✮ ❙❡❥❛ X ⊂ R ❝♦♠♣❛❝t♦✳ ❙❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s ❝♦♥tí♥✉❛s fn : X → R ❝♦♥✈❡r❣❡ ♠♦♥♦t♦♥❛♠❡♥t❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

f : X → R✱ ❡♥tã♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡✳

❚❡♦r❡♠❛ ✺✳✷✺✳ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡r✐✈á✈❡✐s ♥♦ ✐♥t❡r✈❛❧♦ [a, b]. ❙❡✱

♣❛r❛ ✉♠ ❝❡rt♦ c ∈ [a, b], ❛ s❡q✉ê♥❝✐❛ ♥✉♠ér✐❝❛ (fn(c)) ❝♦♥✈❡r❣❡ ❡ s❡ ❛s ❞❡r✐✈❛❞❛s f ′
n

❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [a, b] ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❞❡r✐✈á✈❡❧ g, ❡♥tã♦ (fn) ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [a, b] ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❞❡r✐✈á✈❡❧ ❢✱ t❛❧ q✉❡ f ′ = g.

❚❡♦r❡♠❛ ✺✳✷✻✳ ✭❚❡♦r❡♠❛ ❝❡♥tr❛❧ ❞❡ ▲✐❛♣✉♥♦✈✮ ❙❡❥❛ x0 ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛

❡q✉❛çã♦ x′ = f(x)✱ ♦♥❞❡ f : W ⊂ R
n → R

n é ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ♥♦ ❛❜❡rt♦ W ✳

❙✉♣♦♥❤❛ q✉❡ ♦ ✐♠❛❣✐♥ár✐♦ ♣✉r♦ iα é ✉♠ ❛✉t♦✈❛❧♦r s✐♠♣❧❡s ❞❡ Df(x0)✳ ❙✉♣♦♥❤❛ q✉❡



✺✳✻ ❆♣ê♥❞✐❝❡ ❋✿ ❖✉tr♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ✶✶✵

λ
iα

/∈ Z ♣❛r❛ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A = Df(x0) ❞✐❢❡r❡♥t❡s ❞❡ ±iα✳ ❙✉♣♦♥❤❛ ❛✐♥❞❛

q✉❡ ❡①✐st❛ ✉♠❛ ✐♥t❡❣r❛❧ ♣r✐♠❡✐r❛ F (x) ❞❛ ❡q✉❛çã♦ x′ = f(x) t❛❧ q✉❡

D2F (x0).(v, v) 6= 0,

♦♥❞❡ v é ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ ✉♠ ❛✉t♦✈❡t♦r ❞❡ iα✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ✉♥✐✲

♣❛r❛♠étr✐❝❛ ❞❡ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s x(t, µ) t❛❧ q✉❡ x(0, µ) = x0 ❝♦♠ ♣❡rí♦❞♦ τ(µ) ❡

lim
µ→0

τ(µ) =
2

α
✳

▲❡♠❛ ✺✳✷✼✳ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✮ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧

q✉❡

∫ ∞

−∞
f(x)dx = 1✳ ❙❡ g é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❡ ψ é ❝♦♥✈❡①❛✱ ❡♥tã♦

ψ

(
∫ ∞

−∞
g(x)f(x)dx

)

≤
∫ ∞

−∞
ψ(g(x))f(x)dx.
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