
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡

❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ✲ ■▼❊❈❈

❯♠ ❊st✉❞♦ s♦❜r❡ ♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦
♥♦s ❘❡t✐❝✉❧❛❞♦s ❘❛í③❡s Zn✱ An ❡ Dn✿ ❆❧❣♦r✐t♠♦s ❡

❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s

❉r✐❡❧s♦♥ ❉á✈✐s♦♥ ❙✐❧✈❛ ●♦✉✈ê❛

❞r✐❡❧s♦♥❞s❣❅❣♠❛✐❧✳❝♦♠

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

❖r✐❡♥t❛❞♦r✭❛✮✿ Pr♦❢✳ ❉r✳❈r✐st✐❛♥♦ ❚♦r❡③③❛♥

❆❣♦st♦ ❞❡ ✷✵✶✶

❈❛♠♣✐♥❛s ✲ ❙P



❯♠ ❊st✉❞♦ s♦❜r❡ ♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ ♥♦s ❘❡t✐❝✉❧❛❞♦s

❘❛í③❡s Zn✱ An ❡ Dn ✿ ❆❧❣♦r✐t♠♦s ❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

Pr♦❢◦✳ ❉r✳ ❈r✐st✐❛♥♦ ❚♦r❡③③❛♥ ✭❯◆■❈❆▼P ✲ ❋❈❆✮

Pr♦❢◦✳ ❉r✳ ❏♦ã♦ ❊❧♦✐r ❙tr❛♣❛ss♦♥ ✭❯◆■❈❆▼P ✲ ❋❈❆ ✮

Pr♦❢❛✳ ❉r❛✳ ❈❛r✐♥❛ ❆❧✈❡s ✭❯◆❊❙P✲❘■❖ ❈▲❆❘❖✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡

▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦

❈✐❡♥tí✜❝❛✱ ❯◆■❈❆▼P✱ ❝♦♠♦ r❡q✉✐✲

s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❚ít✉❧♦

❞❡▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡r✲

s✐tár✐❛✳

✐



✐✐



✐✐✐



✐✈

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❏♦✐s❡ ❡ ❛♦s ♠❡✉s ✜❧❤♦s

❆❞r②❛♥ ❡ ❍❛♥♥❛❤✳

❉❡❞✐❝♦✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❊♠❜♦r❛ ✉♠❛ ❞✐ss❡rt❛çã♦ s❡❥❛✱ ♣❡❧❛ s✉❛ ✜♥❛❧✐❞❛❞❡ ❛❝❛❞ê♠✐❝❛✱ ✉♠ tr❛❜❛❧❤♦ ✐♥❞✐✲

✈✐❞✉❛❧✱ ❤á ❝♦♥tr✐❜✉t♦s ❞❡ ♥❛t✉r❡③❛ ❞✐✈❡rs❛ q✉❡ ♥ã♦ ♣♦❞❡♠ ♥❡♠ ❞❡✈❡♠ ❞❡✐①❛r ❞❡ s❡r

r❡❛❧ç❛❞♦s✳ P♦r ❡ss❛ r❛③ã♦✱ ❞❡s❡❥♦ ❡①♣r❡ss❛r ♦s ♠❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s✳

❆♥t❡s ❞❡ t✉❞♦✱ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ❉❊❯❙ ♣♦r t❡r ♠❡ ❝♦♥❝❡❞✐❞♦ ❡st❛ ♦♣♦rt✉♥✐❞❛❞❡ ❡

t❡r ♠❡ ❛❜❡♥ç♦❛❞♦ ❡♠ t♦❞♦s ♦s ❞✐❛s ❞❛ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ♠❡✉s q✉❡r✐❞♦s ♣❛✐s ❘✐t❛❝í♥✐♦ ❡ ▼❛r✐❛ ●❛❧✐❧é✐❛✱ ✈♦❝ês sã♦ ♦s t❡s♦✉r♦s ❞❛ ♠✐♥❤❛

✈✐❞❛✱ t❡♥t♦ ❛q✉✐ r❡❝♦♠♣❡♥sá✲❧♦s ♣♦r t♦❞♦ ♦ ✐♥❝❡♥t✐✈♦✱ ❝❛r✐♥❤♦ ❡ ❡s❢♦rç♦ ❞❛❞♦ ♥❛ ❝♦♥s✲

tr✉çã♦ ❞❛ ♠✐♥❤❛ ❡❞✉❝❛çã♦✳

❆ ▼✐♥❤❛ ❡s♣♦s❛ ❏♦✐s❡✱ q✉❡ ❢♦✐ ❛ ♣r✐♠❡✐r❛ ❛ ♠❡ ✐♥❝❡♥t✐✈❛r ♥❡st❡ ♣r♦❥❡t♦✱ ✈♦❝ê é ❛

❜❛s❡ ❞❛ ♥♦ss❛ ❢❛♠í❧✐❛✱ ♥ã♦ t❡r✐❛ ❝❤❡❣❛❞♦ ❛q✉✐ s❡♠ ♦ s❡✉ ❛♣♦✐♦✱ s❡♠ s✉❛ ❝♦♠♣r❡❡♥sã♦ ❡

♣r✐♥❝✐♣❛❧♠❡♥t❡ s❡♠ s❡✉ ❝❛r✐♥❤♦✳

❆♦s ♠❡✉s ❧✐♥❞♦s ✜❧❤♦s✱ ❆❞r②❛♥ ▲✉❝❛s ❡ ❍❛♥♥❛❤ ❨❛s♠✐♠✱ ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦ ♥♦s

♠♦♠❡♥t♦s ❛✉s❡♥t❡s ❡ ❛♦s ♠❡✉s q✉❡r✐❞♦s ✐r♠ã♦s ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❞✐ár✐♦✳

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❡ ❛♠✐❣♦ Pr♦❢◦✳❈r✐st✐❛♥♦ ❚♦r❡③③❛♥ ♣❡❧♦ s❡✉ ✐♥❝❡t✐✈♦✱ s❡✉

❛♣♦✐♦✱ s✉❛ ♣❛❝✐ê♥❝✐❛✱ ♣❡❧❛ ♣❛rt✐❧❤❛ ❞♦ s❛❜❡r ❡ ❞❛s ✈❛❧✐♦s❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ♦ tr❛❜❛❧❤♦✳

❙❡♠♣r❡ ♦ t❡r❡✐ ❝♦♠♦ ❡①❡♠♣❧♦ ❞✉r❛♥t❡ ❛ ♠✐♥❤❛ ❝❛rr❡✐r❛ ❞♦❝❡♥t❡✳

❆ Pr♦❢❡ss♦r❛ ❙✉❡❧✐ ❈♦st❛ ♣❡❧♦ ✐♥❝❡♥t✐✈♦✱ ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ▼❡str❛❞♦ ♣❡❧♦ ❡♥s✐♥♦ ❡

❛♦s ♠♦♥✐t♦r❡s ❏♦ã♦ P❛✉❧♦✱ ❆❣♥❛❧❞♦ ❋❡rr❛r✐ ❡ ▲í✈✐❛ ▼✐♥❛♠✐ ♣❡❧❛ ❞❡❞✐❝❛çã♦ ❡ ❛♠✐③❛❞❡✳

❆ ❉♦♥❛ ◆❡✐❞❡✱ ❞❛ ♣♦✉s❛❞❛ ◆♦✈❛ ❇❛rã♦✱ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧❛s ❝♦♥st❛♥t❡s ♦r❛çõ❡s

❞✉r❛♥t❡ ♠✐♥❤❛ ❡st❛❞❛ ❡♠ ❈❛♠♣✐♥❛s✳

❆♦ ❙✐st❡♠❛ ❞❡ ❊♥s✐♥♦ ❯♥✐✈❡rs♦ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ♠❡ ❧✐❜❡r❛r ♣❛r❛ r❡❛❧✐③❛r ❡st❡

♠❡str❛❞♦✱ t❡♥❤♦ ✉♠ ❣r❛♥❞❡ ♦r❣✉❧❤♦ ❞❡ ❢❛③❡r ♣❛rt❡ ❞❡st❛ ❢❛♠✐❧✐❛✳ ❊♠ ❡s♣❡❝✐❛❧✱ q✉❡r♦

❛❣r❛❞❡❝❡r ❛♦s ❞✐r❡t♦r❡s ▼❛♥♦❡❧ ▲✐s❜♦❛✱ ❍❡r❛❧❞♦ ❈❛ñ✐③♦✱ ❏✉r✉❡♥♦ ❙❛♠♣❛✐♦ ❡ ❏ú❧✐♦ ❘❡✐s

♣❡❧♦ ❣r❛♥❞❡ ❛♣♦✐♦ ❞❛❞♦ ❞✉r❛♥t❡ ❡st❡ ♠❡str❛❞♦✳

✈



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛✲s❡ ♦ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ❡♠ r❡t✐❝✉❧❛❞♦s✳ ❊st❡

♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠ ♣♦♥t♦

❞❛❞♦ ❞♦ Rn ❡ é ❝♦♥❤❡❝✐❞♦ t❛♠❜é♠ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ r❡t✐❝✉❧❛❞♦s✳

❊st✉❞❛✲s❡ ❞❡ ❢♦r♠❛ ❡s♣❡❝í✜❝❛ ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♣❛r❛

♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An ❡ Dn✳ ❆❧é♠ ❞❡ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛✱ ♦s ❛❧❣♦✲

r✐t♠♦s ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ♥❡ss❡s r❡t✐❝✉❧❛❞♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❡♠ ❞❡t❛❧❤❡s✱ ✐♥❝❧✉✐♥❞♦

❡①❡♠♣❧♦s ❡ t❛♠❜é♠ ♦s ❝ó❞✐❣♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❡s ♠ét♦❞♦s ♥❛ ❧✐♥✲

❣✉❛❣❡♠ ❞♦ s♦❢t✇❛r❡ ❧✐✈r❡ ❙❝✐❧❛❜✳ ❆❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❢♦r❛♠ ❢❡✐t❛s ✉t✐❧✐③❛♥❞♦

❡ss❡s ❝ó❞✐❣♦s ♣❛r❛ ✐♥✈❡st✐❣❛r ♦ t❡♠♣♦ ❣❛st♦ ♥❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ ❢✉♥çã♦ ❞❛ ❞✐♠❡♥sã♦

❞♦ r❡t✐❝✉❧❛❞♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❘❡t✐❝✉❧❛❞♦s✱ Pr♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦✱ ❛❧❣♦r✐t♠♦s ❡ ❞❡❝♦✲

❞✐✜❝❛çã♦✳

✈✐



❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ♥❡❛r❡st ✈❡❝t♦r ♣r♦❜❧❡♠ ✐♥ ❧❛tt✐❝❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ❝♦♥s✐sts

✐♥ ✜♥❞✐♥❣ ❛ ✈❡❝t♦r ♦❢ ❛ ❧❛tt✐❝❡ ❝❧♦s❡st t♦ ❛ ❣✐✈❡♥ ♣♦✐♥t ♦❢ Rn ❛♥❞ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s

t❤❡ ❞❡❝♦❞✐♥❣ ♣r♦❜❧❡♠ ✐♥ ❧❛tt✐❝❡s✳ ■t ✐s st✉❞✐❡❞ ✐♥ ❛ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ♥❡❛r❡st

✈❡❝t♦r ♣r♦❜❧❡♠ ❢♦r ❧❛tt✐❝❡s r♦♦ts Zn✱ An ❛♥❞ Dn✳ ❇❡s✐❞❡s ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡✱

❛❧❣♦r✐t❤♠s ❢♦r ❞❡❝♦❞✐♥❣ t❤❡s❡ ❧❛tt✐❝❡s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧✱ ✐♥❝❧✉❞✐♥❣ ❡①❛♠♣❧❡s ❛♥❞

❛❧s♦ t❤❡ ❝♦❞❡s ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t t❤❡s❡ ♠❡t❤♦❞s ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ t❤❡ ❢r❡❡ s♦❢t✇❛r❡

❙❝✐❧❛❜✳ ❙♦♠❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ t❤❡s❡ ❝♦❞❡s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ t✐♠❡

s♣❡♥t ✐♥ ❞❡❝♦❞✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❧❛tt✐❝❡✳

❑❡②✇♦r❞s✿ ▲❛tt✐❝❡s✱ ❝❧♦s❡st ✈❡❝t♦r ♣r♦❜❧❡♠✱ ❛❧❣♦r✐t❤♠s ❛♥❞ ❞❡❝♦❞✐♥❣ ✳

✈✐✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐

❆❜str❛❝t ✈✐✐

■♥tr♦❞✉çã♦ ✶

✶ ❚❡♦r✐❛ ❞♦s ❘❡t✐❝✉❧❛❞♦s ✸

✶✳✶ ❘❡t✐❝✉❧❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✶✳✶ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ P❧❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✶✳✷ ❘❡❣✐õ❡s ❋✉♥❞❛♠❡♥t❛✐s ❡ ❉❡♥s✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✶✳✸ ❘❡t✐❝✉❧❛❞♦s ❊q✉✐✈❛❧❡♥t❡s ❡ ❖rt♦❣♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✶✳✹ ❘❡t✐❝✉❧❛❞♦ ❉✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✷✳✶ ◆ú♠❡r♦ ❞❡ ❚♦q✉❡s ♦✉ ❊♥tr❡❝❤♦q✉❡s ✭✧❑✐ss✐♥❣ ◆✉♠❜❡r✧✮ ✳ ✳ ✳ ✳ ✷✻

✶✳✸ Pr♦❜❧❡♠❛ ❞❛ ❈♦❜❡rt✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷ ❘❡t✐❝✉❧❛❞♦s ❘❛í③❡s ✸✷

✷✳✶ ❖ r❡t✐❝✉❧❛❞♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ Zn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✷✳✶ ❖ ❘❡t✐❝✉❧❛❞♦ A∗
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s Dn ❡ D∗
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✸✳✶ ❖ ❘❡t✐❝✉❧❛❞♦ D∗
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✹ ❆♥á❧✐s❡ ❣❡♦♠étr✐❝❛ ❞❛s ❞❡♥s✐❞❛❞❡s ❞♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An✱ Dn ❡

s❡✉s ❞✉❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸ Pr♦❜❧❡♠❛s ❡♠ ❘❡t✐❝✉❧❛❞♦s ✹✸

✸✳✶ ❖ Pr♦❜❧❡♠❛ ❞❛ ❘❡❞✉çã♦ ❞❡ ❇❛s❡ ❡♠ ❘❡t✐❝✉❧❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✈✐✐✐



✸✳✶✳✶ ❘❡❞✉çã♦ ❞❡ ❜❛s❡s ❡♠ r❡t✐❝✉❧❛❞♦s ❞❡ ❞✉❛s ❞✐♠❡♥sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✶✳✷ ▼ét♦❞♦s ❞❡ ❘❡❞✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✷ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ❡ ♠❛✐s Pró①✐♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✷✳✶ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✷✳✷ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✳ ✺✹

✹✳✶ ❯♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✷ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s Zn✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s Dn✳ ✳ ✳ ✳ ✳ ✳ ✼✹

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ❡ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s ✽✵



■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞❡ r❡t✐❝✉❧❛❞♦s t❡♠ ❛♣r❡s❡♥t❛❞♦ ❝♦♥❡①õ❡s ❝♦♠ ♠✉✐t❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛

❡ ❞❛ ❡♥❣❡♥❤❛r✐❛✳ ❆❧é♠ ❞❡ s✉❛ ❝♦♥❤❡❝✐❞❛ r❡❧❛çã♦ ❝♦♠ ♣r♦❜❧❡♠❛s ❡♠♣❛❝♦t❛♠❡♥t♦s ❡

❝♦❜❡rt✉r❛s ❡s❢ér✐❝❛s✱ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s tê♠ s✉r❣✐❞♦✱ ❞❡♥tr❡ ❛s q✉❛✐s ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡✲

❝♦❞✐✜❝❛çã♦ ❡♠ r❡t✐❝✉❧❛❞♦s q✉❡ ❝♦♥s✐st❡ ♥♦ ❢❛t♦ ❞❡✱ ❞❛❞♦s ✉♠ r❡t✐❝✉❧❛❞♦ ❡ ✉♠ ✈❡t♦r ♥♦

❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ♥✲❞✐♠❡♥s✐♦♥❛❧✱ ❞❡✈❡✲s❡ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ❞♦ r❡t✐❝✉❧❛❞♦ ♠❛✐s ♣ró①✐♠♦

❞❡ t❛❧ ✈❡t♦r ❝♦♠ r❡s♣❡✐t♦ ❛ ❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛✳ ❊st❡ é ✉♠ ♣r♦❜❧❡♠❛ ◆P✲❈♦♠♣❧❡t♦

♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ ♠❛s ♣♦❞❡ s❡r ❡✜❝✐❡♥t❡♠❡♥t❡ r❡s♦❧✈✐❞♦ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ❝♦♠♦ ♥♦s

r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An ❡ Dn✱ ✐✳❡✳✱

• Zn = {x ∈ Rn : xi ∈ Z} .

• An =

{

x ∈ Zn+1 :
n+1
∑

i=1

xi = 0

}

.

• Dn =

{

x ∈ Zn :
n
∑

i=1

xi ∈ 2 · Z
}

.

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♠♦str❛r ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ✭❛❧❣♦r✐t♠♦s✮

❡✜❝✐❡♥t❡s ♣❛r❛ ❞❡❝♦❞✐✜❝❛r ♥♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An ❡ Dn ✉t✐❧✐③❛♥❞♦ ❛ ❧✐♥❣✉❛❣❡♠

❞♦ s♦❢t✇❛r❡ ❧✐✈r❡ ❙❝✐❧❛❜✳ ❊ss❛s s✐♠✉❧❛çõ❡s ❞❡❝♦rr❡♠ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝✐❛✐s ❞❡st❡s

r❡t✐❝✉❧❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ♥ã♦ s❡ ❝♦♥❤❡❝❡ ❛❧❣♦r✐t♠♦ ❝❛♣❛③ ❞❡ ❞❡❝♦❞✐✜❝❛r r❡t✐❝✉❧❛❞♦s

♥✲❞✐♠❡♥s✐♦♥❛✐s q✉❛✐sq✉❡r ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳

❊st❛ ❞✐ss❡rt❛çã♦ é ❝♦♥st✐t✉í❞❛ ❞❡ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ❖ ❈❛♣ít✉❧♦ ✶ é ❞❡❞✐❝❛❞♦ ❛♦s ❝♦♥✲

❝❡✐t♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✱ ❝♦♠❡ç❛♥❞♦ ♣♦r ✉♠ ❡st✉❞♦

❞❡t❛❧❤❛❞♦ s♦❜r❡ r❡t✐❝✉❧❛❞♦s✱ q✉❡ ✈❡♠ s❡♥❞♦ ♠✉✐t♦ ✉t✐❧✐③❛❞♦s ♥❛ ❚❡♦r✐❛ ❞❛s ❈♦♠✉♥✐✲

❝❛çõ❡s✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❞❛r❡♠♦s ê♥❢❛s❡ ❛♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An ❡ Dn ❡ s❡✉s ❞✉❛✐s✱

♦♥❞❡ ❡st✉❞❛r❡♠♦s ❡♠ ❞❡t❛❧❤❡s s✉❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ❡ ❞❡ ●r❛♠✱ ❛❧é♠ ❞❡ ♦✉tr❛s

♣r♦♣r✐❡❞❛❞❡s ❝♦♠♦ ✈❡t♦r ❞❡ ♥♦r♠❛ ♠í♥✐♠❛✱ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❡ ❞❡ ❝❡♥tr♦✳
✶



■♥tr♦❞✉çã♦ ✷

❖ ❈❛♣ít✉❧♦ ✸ ❛❜♦r❞❛ ❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s ♣r♦❜❧❡♠❛s ❡♠ r❡t✐❝✉❧❛❞♦s ❝♦♠❡ç❛♥❞♦

❝♦♠ ❛ ❡①♣❧❛♥❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❛ r❡❞✉çã♦ ❞❡ ❜❛s❡ ❡♠ r❡t✐❝✉❧❛❞♦s✱ ✐♥❝❧✉✐♥❞♦ ♦ ♠ét♦❞♦

❞❡ ●❛✉ss ♣❛r❛ ❛ r❡❞✉çã♦ ❞❡ ❜❛s❡s ❡♠ r❡t✐❝✉❧❛❞♦s ❞❡ ❞✉❛s ❞✐♠❡♥sõ❡s ❡ ♦ ❛❧❣♦r✐t♠♦ ▲▲▲

✭▲❡♥str❛✱ ▲❡♥str❛ ❡ ▲♦✈ás③ ✮✳ ❊♠ s❡❣✉✐❞❛ ✐♥tr♦❞✉③✐♠♦s ❛ ❞❡✜♥✐çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞♦

❱❡t♦r ♠❛✐s ❈✉rt♦ ✭P❱▼❈✮ q✉❡ ❝♦♥s✐st❡ ❡♠ ✧❞❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ∈ Rn✱ ❞❡t❡r♠✐♥❛r

♦ ✈❡t♦r ♥ã♦ ♥✉❧♦ ❞❡ ♥♦r♠❛ ♠í♥✐♠❛ ❞❡ Λ✧✳ ❊st❡ ♣r♦❜❧❡♠❛ é ◆P ✲ ❝♦♠♣❧❡t♦ ❬✶✺❪✳ ❆

ú❧t✐♠❛ ♣❛rt❡ ❞♦ ❝❛♣ít✉❧♦ ✸ é ❞❡❞✐❝❛❞❛ ❛♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ ✭P❱▼P✮

q✉❡ ❝♦♥s✐st❡ ❡♠ ✧❞❛❞♦ b ∈ Rn✱ ❞❡t❡r♠✐♥❛r ♦ ✈❡t♦r u ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠ r❡t✐❝✉❧❛❞♦ Λ

❝✉❥❛ ❞✐stâ♥❝✐❛ ❛ b é ♠í♥✐♠❛✧✳ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ t❛♠❜é♠ é ◆P ✲

❝♦♠♣❧❡t♦ ❬✶✺❪✳ ❉❛r❡♠♦s ✉♠❛ ê♥❢❛s❡ ♠❛✐♦r ❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ❥á q✉❡ ❛ ✐❞é✐❛ ❝❡♥tr❛❧ ❞❡st❛

❞✐ss❡rt❛çã♦ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♠❡s♠♦✳

❖ ❈❛♣ít✉❧♦ ✹ ❞❡st✐♥❛✲s❡ ❛ ❛♣r❡s❡♥t❛r ❡♠ ❞❡t❛❧❤❡s ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❞❡❝♦❞✐✲

✜❝❛çã♦ ♥♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An ❡ Dn q✉❡ s♦❧✉❝✐♦♥❛♠ ♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s

Pró①✐♠♦✳ ◆❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ❢❡✐t❛s ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ✉t✐❧✐③❛♥❞♦ ♦s ❝ó❞✐✲

❣♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♥❛ ❧✐♥❣✉❛❣❡♠ ❞♦ s♦❢t✇❛r❡ ❧✐✈r❡ ❙❝✐❧❛❜✳ ❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛s

s✐♠✉❧❛çõ❡s é ✐♥✈❡st✐❣❛r ♦ t❡♠♣♦ ❣❛st♦ ♥❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ ❢✉♥çã♦ ❞❛ ❞✐♠❡♥sã♦ ❞♦

r❡t✐❝✉❧❛❞♦✳



❈❛♣ít✉❧♦ ✶

❚❡♦r✐❛ ❞♦s ❘❡t✐❝✉❧❛❞♦s

❊st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡❞✐❝❛❞♦ ❛ ❚❡♦r✐❛ ❞❡ ❘❡t✐❝✉❧❛❞♦s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛

❡st❡ ❝❛♣ít✉❧♦ sã♦✿ ❬✶✱ ✹✱ ✶✺✱ ✷✸✱ ✷✹✱ ✷✺❪✳

❖ ❡st✉❞♦ ❞♦s r❡t✐❝✉❧❛❞♦s tê♠ ❡♥❝♦♥tr❛❞♦ ✐♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s ♥❛ ♠❛t❡♠át✐❝❛ ❡ ♥❛

❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦✱ q✉❡ ✈ã♦ ❞❡s❞❡ ❛ t❡♦r✐❛ ❞♦s ♥ú♠❡r♦s ❡ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞✐♦❢❛♥t✐♥❛

❛té ❛ ♦t✐♠✐③❛çã♦ ❝♦♠❜✐♥❛tór✐❛ ❡ ❛ ❝r✐♣t♦❣r❛✜❛✳ ❆♣❡s❛r ❞❛ s✉❛ ❛♣❛r❡♥t❡ s✐♠♣❧✐❝✐❞❛❞❡✱

♦s r❡t✐❝✉❧❛❞♦s ❡s❝♦♥❞❡♠ ✉♠❛ r✐❝❛ ❡str✉t✉r❛ ❝♦♠❜✐♥❛t♦r✐❛❧✳ ❙❡✉ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ tê♠

❛tr❛í❞♦ ❛ ❛t❡♥çã♦ ❞❡ ❣r❛♥❞❡s ♠❛t❡♠át✐❝♦s ❞❡✈✐❞♦ ❛♦s ❡♥♦r♠❡s ❛✈❛♥ç♦s ♥♦s ú❧t✐♠♦s ❞♦✐s

sé❝✉❧♦s✳

◆❡st❡ ❝❛♣ít✉❧♦✱ t❡♥t❛r❡♠♦s ✈❡r ✉♠ ♣❛♥♦r❛♠❛ ❣❡r❛❧ ❞♦s r❡t✐❝✉❧❛❞♦s ♥♦ Rm ❡ ❞❡ ❛❧✲

❣✉♥s ❞♦s ♣r♦❜❧❡♠❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❡❧❡s✱ ❝♦♠♦✿ ❡♠♣❛❝♦t❛♠❡♥t♦

❞❡ ❡s❢❡r❛s✱ ❝♦❜❡rt✉r❛ ❝♦♠ ❡s❢❡r❛s ❡ ♦ ❦✐ss✐♥❣ ♥✉♠❜❡r ✭♥ú♠❡r♦ ❞❡ ❝♦♥t❛t♦✮✳ P❛r❛ ✐st♦✱

❝♦♠❡ç❛r❡♠♦s ❝♦♠ ❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ❞❡ tó♣✐❝♦s ✐♠♣♦rt❛♥t❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛✲

♠❡♥t❛✐s s♦❜r❡ ❡st❡ ❛ss✉♥t♦✳

✸



✶✳✶ ❘❡t✐❝✉❧❛❞♦s ✹

✶✳✶ ❘❡t✐❝✉❧❛❞♦s

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ Rm ✉♠ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ m✲❞✐♠❡♥s✐♦♥❛❧✳ ❯♠ r❡t✐❝✉❧❛❞♦ Λ ❡♠

Rm é ✉♠ s✉❜❣r✉♣♦ ❛❞✐t✐✈♦✱ ❡♠ r❡❧❛çã♦ ❛ ♦♣❡r❛çã♦ ✉s✉❛❧ ❞❡ ❛❞✐çã♦✱ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s

❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s✱ à ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s✱ ❞❡ ♥ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s

b1, b2, ..., bn ∈ Rm (m ≥ n)✱ ✐✳ ❡✳✱

Λ(b1, ..., bn) =

{

n
∑

i=1

αibi : αi ∈ Z

}

❖s ✐♥t❡✐r♦s n ❡ m sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦st♦ ❡ ❞✐♠❡♥sã♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡ ❬✶✺❪✳ ❖s ✈❡t♦r❡s b1, b2, ..., bn sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❡t♦r❡s ❞❛ ❜❛s❡ ❞❡ Λ ❡ ♦ ❝♦♥❥✉♥t♦

β = { b1, ..., bn} é ❝❤❛♠❛❞♦ ❞❡ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦ Λ ❡ é ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ r❡♣r❡s❡♥t❛❞❛

♣❡❧❛ ♠❛tr✐③

B = (b1, ..., bn) ∈ Rn×m

❞❡♥♦♠✐♥❛❞❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✱ q✉❡ ♣♦ss✉✐ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❝♦♠♦ ❝♦❧✉♥❛s✳ ◗✉❛❧q✉❡r

r❡t✐❝✉❧❛❞♦ ❡stá ❜❡♠ ❞❡t❡r♠✐♥❛❞♦ s❡ ❝♦♥❤❡❝❡r♠♦s ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ ✉♠ r❡t✐❝✉❧❛❞♦ n ✲ ❞✐♠❡♥s✐♦♥❛❧ é ❛ ✐♠❛❣❡♠ ❞❡ Zn ♣♦r ✉♠❛ tr❛♥❢♦r♠❛çã♦ ❧✐♥❡❛r

ϕ : Rn −→ Rm✱ (m ≥ n)✱ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦✳

❯s❛♥❞♦ ❡st❛ ♥♦t❛çã♦✱ ♣♦❞❡♠♦s r❡❞❡✜♥✐r ✉♠ r❡t✐❝✉❧❛❞♦ Λ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

Λ(B) = B · Zn , {Bα : α ∈ Zn}

♦♥❞❡ Bα é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❡♥tr❡ ✉♠ ✈❡t♦r ❡ ✉♠❛ ♠❛tr✐③✳

❈♦♠♦ q✉❛❧q✉❡r s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❛❞✐t✐✈♦ ❞♦ Rn✱ ✉♠ r❡t✐❝✉❧❛❞♦ Λ é ✉♠ ❝♦♥❥✉♥t♦

✐♥✜♥✐t♦ ❞❡ ✈❡t♦r❡s ❞♦ Rn✱ t❛❧ q✉❡ ❛ s♦♠❛ ❞❡ ❞♦✐s ✈❡t♦r❡s ❞❡ Λ t❛♠❜é♠ é ✉♠ ✈❡t♦r ❞❡

Λ✳ ❆ ♦r✐❣❡♠ é ♦ ✈❡t♦r ✐❞❡♥t✐❞❛❞❡ ❞❡ Λ✱ ❡ s❡ v ∈ Λ✱ ❡♥tã♦ (−v) ∈ Λ❀ é ❝❧❛r♦✱ ❡♥tã♦✱

q✉❡ t♦❞♦s ♦s ♠ú❧t✐♣❧♦s ✐♥t❡✐r♦s ❞❡ ✉♠ ✈❡t♦r ❞❡ Λ sã♦ ✈❡t♦r❡s ❞✐st✐♥t♦s ❞❡ Λ✱ ❡ q✉❡ ❛

❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❞♦✐s ✈❡t♦r❡s ❞❡ Λ t❛♠❜é♠ é ✉♠ ✈❡t♦r ❞❡ Λ✳ ❆ r❡str✐çã♦ ❞❡ ❡①✐st✐r✱

♣❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦✱ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ Rn

é ❡①❛t❛♠❡♥t❡ ♦ q✉❡ ♦ ❞✐❢❡r❡♥❝✐❛ ❞♦s ❞❡♠❛✐s s✉❜❣r✉♣♦s ❛❞✐t✐✈♦s ❞♦ Rn✳



✶✳✶ ❘❡t✐❝✉❧❛❞♦s ✺

❊①❡♠♣❧♦ ✶✳✶ ❖ ❝♦♥❥✉♥t♦ Zn ❞❡ t♦❞❛s ❛ ♥✲✉♣❧❛s ❞❡ ✐♥t❡✐r♦s é ✉♠ r❡t✐❝✉❧❛❞♦ ❞♦ Rn✱

t❡♥❞♦ ❛ ❜❛s❡ ✈❡t♦r✐❛❧ ❝❛♥ô♥✐❝❛ { e1, ..., en} ❞♦ Rn ✭♦♥❞❡ ei, i = 1, ..., n ✱ é ♦ ✈❡t♦r ❝♦♠

✶ ♥❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❡ ✵ ♥❛s ❞❡♠❛✐s ❝♦♦r❞❡♥❛❞❛s✮ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♦✉

❜❛s❡✳

❊st❡ r❡t✐❝✉❧❛❞♦ s❡rá ❝❤❛♠❛❞♦ r❡t✐❝✉❧❛❞♦ ❝❛♥ô♥✐❝♦ ♦✉ ♣❛❞rã♦✱ s❡✉ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦

s❡rá ✈✐st♦ ♠❛✐s ❛❞✐❛♥t❡ ♥❛ s❡❝çã♦ q✉❡ ❢❛❧❛ s♦❜r❡ r❡t✐❝✉❧❛❞♦s r❛í③❡s✳

●r❛✜❝❛♠❡♥t❡✱ ✉♠ r❡t✐❝✉❧❛❞♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s q✉❡

❡stã♦ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❡ ✉♠❛ ✐♥✜♥✐t❛ ♠❛❧❤❛ r❡❣✉❧❛r n✲ ❞✐♠❡♥s✐♦♥❛❧✳

◆❛s ✜❣✉r❛s ✶✳✶ ❡ ✶✳✷ ❛ s❡❣✉✐r✱ t❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ r❡t✐❝✉❧❛❞♦s ♥♦ ♣❧❛♥♦✳ ❉❡st❛✲

❝❛♠♦s ❛q✉✐ ✉♠ r❡t✐❝✉❧❛❞♦ q✉❡ s❡rá ❝♦♥st❛♥t❡♠❡♥t❡ ❝✐t❛❞♦ ❛♦ ❧♦♥❣♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✱

❡ q✉❡ r❡♣r❡s❡♥t❛r❡♠♦s ♣♦r Λ̄✳

❊①❡♠♣❧♦ ✶✳✷ ❘❡t✐❝✉❧❛❞♦ ♣❛❞rã♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ Z2 ⊂ R2✳

❋✐❣✉r❛ ✶✳✶✿ ❘❡t✐❝✉❧❛❞♦ Z2 ⊂ R2✳

❊①❡♠♣❧♦ ✶✳✸ Λ̄ ⊂ R2 é ✉♠ r❡t✐❝✉❧❛❞♦ ❣❡r❛❞♦ ♣❡❧❛ ❜❛s❡ ❞❡ ✈❡t♦r❡s b1 = (1, 2)T ❡

b2 = (−3, 1)T ✱ ♦✉ s❡❥❛✱ s✉❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ A ❞❛❞❛ ♣♦r

A =





1 −3

2 1



 ,

❆❧❣✉♥s ♣♦♥t♦s ❞❡ Λ̄ ❡stã♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✷✳
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❋✐❣✉r❛ ✶✳✷✿ ❘❡t✐❝✉❧❛❞♦ Λ̄ ⊂ R2✳ ❉❡st❛q✉❡ ♣❛r❛ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ b1 ❡ b1✳

❆ ❞✐♠❡♥sã♦ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞❡ q✉❛❧q✉❡r r❡t✐❝✉❧❛❞♦✳ ❆ ❞✐♠❡♥sã♦ ❞❡

✉♠ r❡t✐❝✉❧❛❞♦ Λ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ✈❡t♦r❡s q✉❡ ❝♦♠♣õ❡♠ ❛ ❜❛s❡ s❡♥❞♦ ❞❡♥♦t❛❞♦

♣♦r dim (Λ)✳ ❯♠ r❡t✐❝✉❧❛❞♦ é ❞✐t♦ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦ ✭♦✉ ♦r❞❡♥❛❞❛♠❡♥t❡

❝♦♠♣❧❡t♦✮ q✉❛♥❞♦ dim (Λ) = n✱ ❬✶✵❪✳

◗✉❛♥❞♦ dim (Λ) ≥ 2✱ ♦ r❡t✐❝✉❧❛❞♦ ❛❞♠✐t❡ ✐♥✜♥✐t❛♠❡♥t❡ ♠✉✐t❛s ❜❛s❡s ✭t♦❞❛s ❝♦♠

♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ✈❡t♦r❡s✮ ❡ t♦❞❛s ❛s ❜❛s❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣♦r ✉♠❛ ♠❛tr✐③ ✉♥✐✲

♠♦❞✉❧❛r✳

▼❛✐s ❡s♣❡❝✐✜❝❛❞❛♠❡♥t❡✱ ❞❛❞❛s ❞✉❛s ♠❛tr✐③❡s A ❡ B ❛ss♦❝✐❛❞❛s ❛ ❞✉❛s ❜❛s❡s ❞❡

✉♠ r❡t✐❝✉❧❛❞♦✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ U ✉♥✐♠♦❞✉❧❛r✭ ♠❛tr✐③ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ❡

❞❡t❡r♠✐♥❛♥t❡ ±1✮✱ t❛❧ q✉❡ B = A · U ✱ ❬✶✺❪✳

❆ tít✉❧♦ ❞❡ ❡①❡♠♣❧♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ♠❛tr✐③

A =





1 −3

2 1





❣❡r❛❞♦r❛ ❞♦ r❡t✐❝✉❧❛❞♦ Λ̄ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❡①❡♠♣❧♦ ✶✳✸✳

P❛r❛ q✉❛❧q✉❡r ♠❛tr✐③ ✉♥✐♠♦❞✉❧❛r U ✱ ❛ ♠❛tr✐③ B = A · U é t❛♠❜é♠ ✉♠❛ ❜❛s❡ ♣❛r❛

Λ̄✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s U =





1 1

2 3



 ✭ U t❡♠ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ❡
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❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✶✮✱ t❡♠♦s B = A ·U =





−5 −8

4 5



 q✉❡ ❣❡r❛ ♦ ♠❡s♠♦ r❡t✐❝✉❧❛❞♦

❣❡r❛❞♦ ♣♦r A✳

P❛r❛ ❣❛r❛♥t✐r♠♦s q✉❡ ♠❛tr✐③ B =





−5 −8

4 5



 ❣❡r❛ ♦ ♠❡s♠♦ r❡t✐❝✉❧❛❞♦ Λ̄ é s✉✲

✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡
{

(1, 2)T , (−3, 1)T
}

♣♦❞❡♠ s❡r ❡s❝r✐t♦s ♥❛

❢♦r♠❛ Bα, α ∈ Z2✳ ❉❡ ❢❛t♦✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ s✐st❡♠❛ ❧✐♥❡❛r





−5 −8

4 5



 ·





x

y



 =





1

2





t❡r❡♠♦s ❝♦♠♦ s♦❧✉çã♦ ♦s ✈❛❧♦r❡s x = 3 ❡ y = −2✳

❆❧é♠ ❞✐ss♦✱




−5 −8

4 5



 ·





x

y



 =





−3

1





❞❡ ♦♥❞❡ t❡r❡♠♦s x = −1 ❡ y = 1✳

❆ ♠❛tr✐③ U ′ =





3 −1

−2 1



 é ❡①❛t❛♠❛♥t❡ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ U =





1 1

2 3



 ✱

❛ss✐♠




−5 −8

4 5



 ·





3 −1

−2 1



 =





1 −3

2 1





❆ ♠❛tr✐③ ✉♥✐♠♦❞✉❧❛r U é ❞❡♥♦♠✐♥❛❞❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦✳

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r♠♦s q✉❡✱ ❡♠❜♦r❛ ❛s ❞✉❛s ♠❛❧❤❛s s❡❥❛♠ ❞✐❢❡r❡♥t❡s✱ ♦s ♣♦♥t♦s

❞♦ ❝♦♥❥✉♥t♦ ✐♥t❡rs❡❝çã♦ sã♦ ❡①❛t❛♠❡♥t❡ ♦s ♠❡s♠♦s✱ ♦✉ s❡❥❛✱ { b1, b2} ❡ { b′1, b
′
2} sã♦ ❞✉❛s

❜❛s❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ♦ ♠❡s♠♦ r❡t✐❝✉❧❛❞♦ Λ̄(b1, b2) = Λ̄(b′1, b
′
2)✳

❉❡✜♥✐çã♦ ✶✳✷ ❙❡ B é ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞♦ r❡t✐❝✉❧❛❞♦ Λ✱ ❛ ♠❛tr✐③ ❞❡✜♥✐❞❛ ♣♦r

G = BT ·B ✱ ♦♥❞❡ T ❞❡♥♦t❛ ❛ transposta ❞❡ B✱ é ❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❛ss♦❝✐❛❞❛

❛♦ r❡t✐❝✉❧❛❞♦ Λ✳
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❉❡✜♥✐çã♦ ✶✳✸ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ✱ ❞❡♥♦t❛❞♦ ♣♦r det (Λ)✱ é ❞❡✜♥✐❞♦

❝♦♠♦ s❡♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ●✱ ♦✉ s❡❥❛✱

det (Λ) = det (G) .

❖❜s❡r✈❛çã♦ ✶✳✶ P❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦✱ ♦✉ s❡❥❛✱ ❝♦♠

dim (Λ) = n ❡ s❡♥❞♦ B ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛✳ ❊♥tã♦✱

det (Λ) = det
(

BT · B
)

= det
(

BT
)

· det (B) = (det (B))2 .

➱ ❝❧❛r♦ q✉❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♣♦ss✉✐ ✈ár✐❛s ❜❛s❡s ❞✐❢❡r❡♥t❡s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ✈ár✐❛s

♠❛tr✐③❡s ❞❡ ●r❛♠ ❞✐❢❡r❡♥t❡s✱ ❛ss✐♠✱ ❛ ♥♦t❛çã♦ GA ♦✉ GB s❡r❛ ✉t✐❧✐③❛❞❛ q✉❛♥❞♦ ❢♦r

♥❡❝❡ssár✐❛ ✉♠❛ r❡❢❡rê♥❝✐❛ ❡s♣❡❝í✜❝❛✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s é

♦ ♠❡s♠♦ ❡ só ❞❡♣❡♥❞❡ ❞♦ r❡t✐❝✉❧❛❞♦✳

P❛r❛ ✈❡r✐✜❝❛r ✐ss♦✱ ❝♦♥s✐❞❡r❡ A ❡ B ❞✉❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ❞❡ Λ ❞❡ ❢♦r♠❛ q✉❡

B = A · U ✱ ❝♦♠ U s❡♥❞♦ ❛ ♠❛tr✐③ ✉♥✐♠♦❞✉❧❛r✳

❆ss✐♠✱

det (GB) = det
(

BT · B
)

= det
(

UT · AT · A · U
)

= det
(

UT
)

·det
(

AT · A
)

·det (U) =

1 · det
(

AT · A
)

· 1 = det
(

AT · A
)

= det (GA)✳

�

❊①❡♠♣❧♦ ✶✳✹ ❈♦♥s✐❞❡r❡ ♦ r❡t✐❝✉❧❛❞♦ Λ ❣❡r❛❞♦ ♣♦r A = {u1, u2}✱ ❝♦♠ u1 = (1, 1)T ❡

u2 = (2, 0)T ✱ ❡ ♣♦r B = {v1, v2} ❝♦♠ v1 = (1,−3)T ❡ v2 = (0,−2)T ✳❙❡❥❛♠ GA ❡ GB ❛s

r❡s♣❡❝t✐✈❛s ♠❛tr✐③❡s ❞❡ ●r❛♠ ✱ ❡♥tã♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡

GA =





1 2

1 0





T

·





1 2

1 0



 =





2 2

2 4





GB =





1 0

−3 −2





T

·





1 0

−3 −2



 =





10 6

6 4





♦♥❞❡✱

det (Λ) = det (GA) = det (GB) = 4.
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✶✳✶✳✶ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ P❧❛♥♦

❯♠ ❡♠♣❛❝♦t❛♠❡♥t♦ ❡s❢ér✐❝♦ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ é ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉✲

♠❡rá✈❡❧ ❞❡ ❜♦❧❛s ❛❜❡rt❛s✱ ❞❡ ♠❡s♠♦ r❛✐♦✱ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s✳

❉❡✜♥✐çã♦ ✶✳✹ ❉❡♥♦♠✐♥❛✲s❡ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ q✉❛♥❞♦ ♦ ❝❡♥tr♦ ❞❛s ❜♦❧❛s sã♦

♦s ♣♦♥t♦s ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✳ ❆ t♦❞♦ r❡t✐❝✉❧❛❞♦ Λ t❡♠✲s❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ ❡s❢ér✐❝♦

❛ss♦❝✐❛❞♦✱ q✉❡ é ❞❛❞♦ ♣♦r ❜♦❧❛s ❝✉❥♦ r❛✐♦ é ✐❣✉❛❧ ❛ ♠❡t❛❞❡ ❞❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ♦s ❡♥tr❡

♣♦♥t♦s ❞❡ Λ✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✸

❋✐❣✉r❛ ✶✳✸✿ ❊♠♣❛❝♦t❛♠❡♥t♦ ❛ss♦❝✐❛❞♦ ❛♦ r❡t✐❝✉❧❛❞♦ Λ̄ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❡①❡♠♣❧♦ ✶✳✸

❉❡✜♥✐çã♦ ✶✳✺ ❙❡❥❛ x = (x1, ..., xn) ∈ Λ ✱ ♦♥❞❡ Λ é ✉♠ r❡t✐❝✉❧❛❞♦✳ ❆ ♥♦r♠❛ ❞❡ ① é

❞❛❞❛ ♣♦r✿

||x|| = x · x =
∑

x2

❈❤❛♠❛♠♦s ❞❡ ♥♦r♠❛ ♠✐♥✐♠❛❧ ♦✉ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ dΛ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ à ♠❡♥♦r

❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s q✉❛✐sq✉❡r ❞❡ Λ✳

dΛ , min {||x− y|| : x, y ∈ Λ; x 6= y}
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❯♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ é ♦ r❛✐♦ ❞❡ ❡♠✲

♣❛❝♦t❛♠❡♥t♦✱ ✐st♦ é✱ ♦ ♠❛✐♦r r❛✐♦ ♣♦ssí✈❡❧ t❛❧ q✉❡ ❛s ❜♦❧❛s ❝❡♥tr❛❞❛s ♥♦s ♣♦♥t♦s ❞♦

r❡t✐❝✉❧❛❞♦ s❡❥❛♠ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s✳

Pr♦♣♦s✐çã♦ ✶✳✶ ❖ r❛✐♦ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦✱ é ❞❛❞♦ ♣♦r ρ = dΛ
2
✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♣r♦✈❛r♠♦s q✉❡ s❡ t♦♠❛r♠♦s r = dΛ
2

❡♥t❛♦ r s❛t✐s❢❛③ q✉❡

Bρ(u) ∩ Bρ(v) = ∅✱ ♦♥❞❡ Bρ(u) r❡♣r❡s❡♥t❛ ❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ r❛✐♦ ρ ❝❡♥tr❛❞❛ ❡♠ u ❡

❞❡♣♦✐s ♣r♦✈❛r♠♦s q✉❡ r = dΛ
2

é ♦ ♠❛✐♦r ♣♦ssí✈❡❧✳

❈♦♥s✐❞❡r❡ r = dΛ
2
✳ ❙❡ t♦♠❛r♠♦s q✉❛❧q✉❡r x ∈ Rn t❛❧ q✉❡ x ∈ Br(u)✱ s❛❜❡♠♦s q✉❡

d (u, x) + d (x, v) ≥ d (u, v) ≥ dΛ ❡ q✉❡ d (u, x) < r = dΛ
2
✳ ❱❛♠♦s s✉♣♦r q✉❡ x ∈ Br(v)✱

❧♦❣♦ d (x, v) < r = dΛ
2
✳ ❆ss✐♠✱ t❡♠♦s d (u, x) + d (x, v) < dΛ

2
+ dΛ

2
= dΛ✱ ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ t♦♠❛♥❞♦ r = dΛ
2

t❡♠♦s q✉❡ Bρ(u) ∩Bρ(v) = ∅✳
❆❣♦r❛ ♣r♦✈❛r❡♠♦s q✉❡ r = dΛ

2
é ♦ ♠❛✐♦r r❛✐♦ ♣♦ssí✈❡❧✳ ❈❛s♦ r = dΛ

2
✱ s❡❥❛♠ u, v ∈ Λ

t❛✐s q✉❡ d (u, v) = dΛ✳ P❛r❛ u+v
2

∈ Rn t❡♠♦s q✉❡ d (h, u) = d (h, v) = dΛ
2
< r.

P♦rt❛♥t♦✱ ❡①✐st✐r✐❛ h ∈ Rn t❛❧ q✉❡ h ∈ Br(u)∩Br(v)✱ ❧♦❣♦ r = dΛ
2
= ρ é ♦ ♠❛✐♦r r❛✐♦

♣♦ssí✈❡❧✳

�

✶✳✶✳✷ ❘❡❣✐õ❡s ❋✉♥❞❛♠❡♥t❛✐s ❡ ❉❡♥s✐❞❛❞❡

❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛ Λ ✉♠ r❡t✐❝✉❧❛❞♦ ❡♠ Rm✳ ❯♠❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❋ ❞❡ Λ é ✉♠

s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ Rm q✉❡ ❧❛❞r✐❧❤❛ Rm✱ ✐st♦ é✱ t♦♠❛♥❞♦ ❛s tr❛♥s❧❛çõ❡s F + v✱ ❝♦♠

v ∈ Λ✱ ❝♦♥s❡❣✉✐♠♦s ❝♦❜r✐r t♦❞♦ ♦ Rm ❞❡ ♠♦❞♦ q✉❡ ❞♦✐s ❧❛❞r✐❧❤♦s ♦✉ ♥ã♦ tê♠ ✐♥t❡rs❡❝çã♦

♦✉ s❡ ✐♥t❡rs❡❝t❛♠ ❛♣❡♥❛s ♥♦s ❜♦r❞♦s✳

❖✉tr❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ é ❛ ♣r♦♣♦rçã♦ ❞♦ ❡s♣❛ç♦

Rm q✉❡ é ♦❝✉♣❛❞❛ ♣❡❧❛s ❜♦❧❛s ❞♦ ❡♠♣❛❝♦t❛♠❡♥t♦✱ q✉❡ é ❞❡♥♦♠✐♥❛❞❛ ❞❡♥s✐❞❛❞❡ ❞♦

❡♠♣❛❝♦t❛♠❡♥t♦✳ ❆✜♠ ❞❡ ❡st✉❞❛r♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦✱

✈❛♠♦s ❞❡✜♥✐r ✐♥✐❝✐❛❧♠❡♥t❡ ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✼ ❙❡❥❛♠ Λ ⊂ Rm ✉♠ r❡t✐❝✉❧❛❞♦✱ B ✉♠❛ ❜❛s❡ ♣❛r❛ Λ ❡ Rn ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r ❡st❛ ❜❛s❡ ❡ v ∈ Λ✳ ❉❡✜♥✐♠♦s ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❡ v✱ ❞❡♥♦t❛❞❛
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♣♦r (vor (v))✱ ❝♦♠♦ s❡♥❞♦ ❛ r❡❣✐ã♦ q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Rn q✉❡ ❡stã♦ ♠❛✐s

♣ró①✐♠♦s ❞❡ v ❞♦ q✉❡ q✉❛❧q✉❡r ♦✉tr♦ ♣♦♥t♦ u ❞♦ r❡t✐❝✉❧❛❞♦✱ ♦✉ s❡❥❛✱

vor (v)Λ = {x ∈ Rn : ||v − x|| ≤ ||u− x||, ∀u ∈ Λ}

❯♠ ❡①❡♠♣❧♦ ♣❛r❛ ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞♦ r❡t✐❝✉❧❛❞♦ Z2 é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✶✳✹

❡ ✉♠ ❡①❡♠♣❧♦ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ♣❛r❛ ♦ r❡t✐❝✉❧❛❞♦ Λ̄ ♥❛ ✜❣✉r❛ ✶✳✺✳

❋✐❣✉r❛ ✶✳✹✿ ❘❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❞♦ ♣♦♥t♦ v ∈ Z2✳

❋✐❣✉r❛ ✶✳✺✿ ❘❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❡ ✉♠ ♣♦♥t♦ ❞♦ r❡t✐❝✉❧❛❞♦ Λ̄✳

❚❡♥❞♦ ❝♦♥str✉í❞♦ ✉♠❛ ❞❡st❛s r❡❣✐õ❡s✱ t♦❞❛s ❛s ♦✉tr❛s sã♦ ♦❜t✐❞❛s ♣♦r tr❛♥s❧❛çõ❡s✳

❙❡ ❝♦♠❡ç❛r♠♦s ❞❡ vor (0)✱ ♣♦r ❡①❡♠♣❧♦✱ t❡r❡♠♦s ♣❛r❛ t♦❞♦ v ∈ Λ✱

vor (v)Λ = v + vor (0) = {x+ v ∈ Rn; x ∈ vor (0)}
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❖ ✐♠♣♦rt❛♥t❡ é q✉❡ ❡st❛s r❡❣✐õ❡s ❝♦♥st✐t✉❡♠ ✉♠ ❧❛❞r✐❧❤❛♠❡♥t♦ ♣❡r❢❡✐t♦ ♥♦ ♣❧❛♥♦✳

❆s r❡❣✐õ❡s vor (v)Λ ❝♦❜r❡♠ ♦ ♣❧❛♥♦ ✐♥t❡✐r♦ ❡ s❡ s♦❜r❡♣õ❡♠ ❛♣❡♥❛s ❛♦ ❧♦♥❣♦ ❞❡ ♣♦♥t♦s

❞❛ ❢r♦♥t❡✐r❛ ✭✈ért✐❝❡s ♦✉ ❛r❡st❛s✮✳

❆s ✜❣✉r❛s ✶✳✻ ❡ ✶✳✼ ❛ s❡❣✉✐r ✐❧✉str❛♠ ♦ ❧❛❞r✐❧❤❛♠❡♥t♦ ♣♦r r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❞❡ r❡t✐✲

❝✉❧❛❞♦s ♥♦ ♣❧❛♥♦✳ ❊♠ ✉♠❛ ❜r❡✈❡ ❛♥á❧✐s❡ ♥❛s ✜❣✉r❛s ♦❜s❡r✈❛✲s❡ ❞♦✐s t✐♣♦s ♦✉ ❢♦r♠❛s ❞❡

r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❛ss♦❝✐❛❞❛ ❝♦♠ r❡t✐❝✉❧❛❞♦s ❜✐ ✲ ❞✐♠❡♥s✐♦♥❛✐s✳ ❯♠❛ ❞❡❧❛s é ❤❡①❛❣♦♥❛❧

❡ ❛ ♦✉tr❛ r❡t❛♥❣✉❧❛r ❬✼❪✳ ●❡r❛❧♠❡♥t❡✱ ✉♠ r❡t✐❝✉❧❛❞♦ ♥♦ ♣❧❛♥♦ ♣♦ss✉✐ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐

❤❡①❛❣♦♥❛❧✳ ◆♦ ♣❧❛♥♦✱ ❛ ❢♦r♠❛ ❤❡①❛❣♦♥❛❧ é ❝❤❛♠❛❞❛ ❞❡ ♣r✐♠✐t✐✈❛ ♣♦rq✉❡ ❝♦rr❡s♣♦♥❞❡

❛♦ ❝❛s♦ ❣❡r❛❧✳ P♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ t❛♠❜é♠ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛ ❝♦❧♦❝❛çã♦

❞❡ ❛③✉❧❡❥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ♣♦ssí✈❡❧ ❞❡ ♣♦❧í❣♦♥♦s ❡♠ ❝❛❞❛ ✈ért✐❝❡✱

sã♦ três ♥❡st❡ ❝❛s♦✳

❋✐❣✉r❛ ✶✳✻✿ ▲❛❞r✐❧❤❛♠❡♥t♦ ❞♦ ♣❧❛♥♦ ♣♦r r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❞♦ r❡t✐❝✉❧❛❞♦ Z2✳

❋✐❣✉r❛ ✶✳✼✿ ▲❛❞r✐❧❤❛♠❡♥t♦ ❞♦ ♣❧❛♥♦ ♣♦r r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❣❡r❛❞♦ ♣❡❧❛ ❜❛s❡ ❞♦ r❡t✐✲
❝✉❧❛❞♦ Λ̄✳
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◆❛ ❞✐♠❡♥sã♦ ✸✱ ❡①✐st❡♠ ❝✐♥❝♦ t✐♣♦s ❞❡ r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❝✐♥❝♦

♣❛r❛❧❧❡❧♦❤❡❞r♦s ❞❡ ❋❡❞♦r♦✈❬✼❪✱ ❞❡ ♦♥❞❡ t❡♠♦s q✉❡ ❛♣❡♥❛s ✉♠❛ r❡❣✐ã♦ é ♣r✐♠✐t✐✈❛✳ ❆s

r❡❣✐õ❡s ❡stã♦ ♠♦str❛❞❛s ♥❛ ✜❣✉r❛ ✶✳✽✳

❋✐❣✉r❛ ✶✳✽✿ ❖s ❝✐♥❝♦ ♣❛r❛❧❧❡❧♦❤❡❞r♦s ❞❡ ❋❡❞♦r♦✈✱ sã♦ ❡❧❡s ♣ró♣r✐♦s ❛s ❝✐♥❝♦ r❡❣✐õ❡s ❞❡
✈♦r♦♥♦✐ ❞❡ r❡t✐❝✉❧❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✸✳ ❙♦♠❡♥t❡ ♦ ♦❝t❛❡❞r♦ tr✉♥❝❛❞♦ é ♣r✐♠✐t✐✈♦✳

◆❛ ❞✐♠❡♥sã♦ ✹ ♦ ♣r♦❜❧❡♠❛ ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ❉❡❧♦♥❡ ✭❧✐❣❡✐r❛♠❡♥t❡ ❡❞✐t❛❞♦ ♣♦r ❙t♦❣r✐♥✮

❝♦♠ ✉♠❛ ❧✐st❛ ❞❡ ✺✷ t✐♣♦s ❞❡ r❡t✐❝✉❧❛❞♦s✳ ❖ ♥ú♠❡r♦ ❞❡ ❢♦r♠❛s ♣r✐♠✐t✐✈❛s ❛✐♥❞❛ ♥ã♦ é

✉♠✱ ♠❛s três✳ P❛r❛ ✉♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❝♦♥s✉❧t❛r ❬✸✱ ✶✸❪✳

❈♦♠♦ ❛s r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ ❧❛❞r✐❧❤❛♠ ♦ ❡s♣❛ç♦ ❡♠ q✉❡ s❡ ❡♥❝♦♥tr❛♠✱ ♣♦❞❡♠♦s

❞❡st❛❝❛r ✉♠❛ ❜♦❧❛ ❞♦ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✶✳✾ ❡ ❡♥tã♦

❝❛❧❝✉❧❛r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❝❤❛♠❛❞❛ ❞❡♥s✐❞❛❞❡ ❞❡

❡♠♣❛❝♦t❛♠❡♥t♦✳

❉❡✜♥✐çã♦ ✶✳✽ ❆ ❞❡♥s✐❞❛❞❡ ❞♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ∈ R2✱ é ❛ r❛③ã♦

❡♥tr❡ ❛ ár❡❛ ❞♦ ❞✐s❝♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ (AD) ❡ ❛ ❡ ❛ ár❡❛ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ (Avor(0))✳

❆ss✐♠✱

∆ =
AD

Avor(0)

,

♦♥❞❡ D é ♦ ❞✐s❝♦ ❞❡ r❛✐♦ ρ = dΛ
2

❡ vor (0) é ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❡ ✵✳

❆ ❞❡♥s✐❞❛❞❡ ❞♦ r❡t✐❝✉❧❛❞♦ Λ ∈ R2 ❢♦r♥❡❝❡ ❡♥tã♦ ✉♠❛ ♠❡❞✐❞❛ ❞❡ q✉❛♥t♦ ❞♦ ♣❧❛♥♦

❢♦✐ ♣r❡❡♥❝❤✐❞♦ ♣❡❧❛ ✉♥✐ã♦ ❞✐s❝♦s ❞❡ r❛✐♦ ρ✳
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❝♦♠♦ ❛ ár❡❛ ❞❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣♦r ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❞❡ ✈ért✐❝❡s ♣❡r❝♦rr✐❞♦s ♥♦

s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ é ❞❛❞❛ ♣♦r ❬✺❪✿

A =
1

2





∣

∣

∣

∣

∣

∣

x0 y0

x1 y1

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

x1 y1

x2 y2

∣

∣

∣

∣

∣

∣

+ ✳✳✳+

∣

∣

∣

∣

∣

∣

xn−1 yn−1

xn yn

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

xn yn

x0 y0

∣

∣

∣

∣

∣

∣





❡♥tã♦✱

Avor(0) =
1

2





∣

∣

∣

∣

∣

∣

−0, 79 1, 64

−1, 21 1, 36

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

−1, 21 1, 36

−1, 79 −0, 36

∣

∣

∣

∣

∣

∣



+

+
1

2





∣

∣

∣

∣

∣

∣

−1, 79 −0, 36

0, 79 −1, 64

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

0, 79 −1, 64

1, 21 −1, 36

∣

∣

∣

∣

∣

∣



+

+
1

2





∣

∣

∣

∣

∣

∣

1, 21 −1, 36

1, 79 0, 36

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

1, 79 0, 36

−0, 79 1, 64

∣

∣

∣

∣

∣

∣





❧♦❣♦✱

Avor(0) = 7✉♥✐❞❛❞❡s ❞❡ ár❡❛✳

❊♠ ♣♦ss❡ ❞♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❡ ❞❛ ár❡❛ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❥á ♣♦❞❡♠♦s

❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ár❡❛ ❞♦ ❞✐s❝♦ ✐♥s❡r✐❞♦ ♥❛ r❡❣✐ã♦

❞❡ ❱♦r♦♥♦✐ ❥á ❡st❛ ❞❡✜♥✐❞❛ ❝♦♠♦ AD = πρ2Λ✳ ❆ss✐♠✱

∆ =
AD

Avor(0)

=
π
(√

5
2

)2

7
=

5π

28
∼= 0, 561.

➱ ✐♠♣♦rt❛♥t❡ s❛❜❡r♠♦s q✉❡ ♥ã♦ ❛♣❡♥❛s ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❧❛❞r✐❧❤❛ ♦ ♣❧❛♥♦ ♣❡❧❛s

tr❛♥s❧❛çõ❡s ♣♦r ✈❡t♦r❡s ❞❡ Λ✱ ♠❛s q✉❡ t❛♠❜é♠ ♣♦❞❡♠♦s t♦♠❛r ❝♦♠♦ ❧❛❞r✐❧❤♦s✱ r❡❧❛t✐✈♦s

❛ ❡st❛s ♠❡s♠❛s tr❛♥s❧❛çõ❡s✱ ♦ ♣❛r❛❧❡❧♦❣r❛♠♦ P ❛♣♦✐❛❞♦ ♥❛ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦✱✐st♦ é✱

P = {av1 + bv2|0 ≤ a < 1, 0 ≤ b < 1} .
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❆ ♥í✈❡❧ ❞❡ ❝♦♠♣❛r❛çã♦✱ ✈❛♠♦s ❝♦♥t✐♥✉❛r ❝♦♠ ❛ ❜❛s❡ ❞❛❞❛ ♥♦ ❡①❡♠♣❧♦ ✶✳✺

❖❜s❡r✈❡ ♥❛ ✜❣✉r❛ ✶✳✶✵ ♦ ♣❛r❛❧❡❧♦❣r❛♠♦ P ❣❡r❛❞♦ ♣❡❧❛ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦ Λ̄✳

❋✐❣✉r❛ ✶✳✶✵✿ P❛r❛❧❡❧♦❣r❛♠♦ ❣❡r❛❞♦ ♣❡❧❛ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦ Λ̄✳

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ár❡❛ ❞❡ ✉♠ ♣❛r❛❧❡❧♦❣r❛♠♦ ❝♦♠ s✉♣♦rt❡ ❡♠ b1 = (b11, b21) ❡

b2 = (b12, b22) é ♠✉✐t♦ s✐♠♣❧❡s✱ ❜❛st❛ ❝❛❧❝✉❧❛r♠♦s ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛

♠❛tr✐③ ❢♦r♠❛❞❛ ♣❡❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❛ ❜❛s❡✱ ♦✉ s❡❥❛✿

A =
1

2

∣

∣

∣

∣

∣

∣





b11 b12

b21 b22





∣

∣

∣

∣

∣

∣

❙❡ ❝❛❧❝✉❧❛r♠♦s ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❜❛s❡ ❞❛❞❛✱ t❡r❡♠♦s✿

A =
1

2

∣

∣

∣

∣

∣

∣





1 −3

2 1





∣

∣

∣

∣

∣

∣

= 7✉♥✐❞❛❞❡s ❞❡ ár❡❛✳

❖❜s❡r✈❡ q✉❡ ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ é ❛ ♠❡s♠❛ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞♦ ❡①❡♠♣❧♦

✶✳✺✱ ❧♦❣♦ ♣♦❞❡♠♦s✱ t❛♠❜é♠✱ ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ Λ̄✱ ♦✉ s❡❥❛✱

∆ =
AD

AP
=

π
(√

5
2

)2

7
=

5π

28
∼= 0, 561.

❖❜s❡r✈❛çã♦ ✶✳✷ ❆ ár❡❛ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❛ ♦r✐❣❡♠ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ❣❡r❛❞♦

♣♦r q✉❛❧q✉❡r ❜❛s❡ β ∈ Λ é ✐❣✉❛❧ à ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❛♣♦✐❛❞♦ ❡♠ β✱ Avor(0) = AP ✳
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❋✐❣✉r❛ ✶✳✶✶✿ ❆ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❡ ♦ P❛r❛❧❡❧♦❣r❛♠♦ ❞❡ ♠❡s♠❛ ár❡❛

❆s ✐❞é✐❛s ❞❡ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❡ ♣❛r❛❧❡❧♦❣r❛♠♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦❞❡♠ s❡r ❡①t❡♥❞✐❞❛s

❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ∈ Rm ✳

◆♦ ❝❛s♦ ❞♦ Rm ✉♠❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❜❛st❛♥t❡ út✐❧ ♣❛r❛ ♥ós é ♦ ♣❛r❛❧❡❧♦t♦♣♦

❢✉♥❞❛♠❡♥t❛❧ ❣❡r❛❞♦ ♣♦r ✉♠❛ ❜❛s❡ ❞❡ Λ✳

❉❡✜♥✐çã♦ ✶✳✾ ❉❛❞❛ ✉♠❛ ❜❛s❡ β = {b1, ..., bn}✱ ♦ ♣❛r❛❧❡❧♦t♦♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✭♦✉ r❡❣✐ã♦

❢✉♥❞❛♠❡♥t❛❧✮ ❣❡r❛❞♦ ♣♦r ❡st❛ ❜❛s❡ é ♦ só❧✐❞♦

P = [0, 1)n · B , {θ1b1 + ...+ θmbm, 0 ≤ θi < 1}

❊①❡♠♣❧♦ ✶✳✻ P❛r❛ ♦ r❡t✐❝✉❧❛❞♦ Λ̄ ❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ✜❣✉r❛ ✶✳✶✵✳

❊①❡♠♣❧♦ ✶✳✼ Λ ❂ Z3 é ✉♠ r❡t✐❝✉❧❛❞♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s e1 = (1, 0, 0)✱ e2 = (0, 1, 0)

❡ e3 = (0, 0, 1)✱ ❝♦♠ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡s❝r✐t❛ ♣❡❧❛ ✜❣✉r❛ ✶✳✶✷✳

❉❡✜♥✐çã♦ ✶✳✶✵ ❙❡❥❛♠ Λ ⊆ Rn ✉♠ r❡t✐❝✉❧❛❞♦✱ β = {v1, ..., vn} ✉♠❛ ❜❛s❡ ❞❡ Λ ❡ P ❛

r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❙❡ vi = (vi1, vi2, ..., vin)✱ ♣❛r❛ i = 1, 2, ..., n ❞❡✜♥✐♠♦s ♦ ✈♦❧✉♠❡ ❞❛

r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧✱ P ❝♦♠♦ ♦ ♠ó❞✉❧♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③

B =





















v11 v21 ... vn1

v12 v22 ... vn2

. . ... .

. . ... .

v1n v2n ... vnn





















.
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❋✐❣✉r❛ ✶✳✶✷✿ ❘❡❣✐ã♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ Λ ❂ Z3

❊①❡♠♣❧♦ ✶✳✽ ❙❡❥❛ Λ ⊆ R3 ✉♠ r❡t✐❝✉❧❛❞♦✱ β = {(1, 1, 2), (0, 3, 1), (1, 3, 2)} ✉♠❛ ❜❛s❡

❞❡ Λ ❡ P ❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❆ss✐♠

vol (P) =

∣

∣

∣

∣

∣

∣

∣

∣

1 0 1

1 3 3

2 1 2

∣

∣

∣

∣

∣

∣

∣

∣

= |−4| = 4.

Pr♦♣♦s✐çã♦ ✶✳✷ ❖ ✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ vol (P) é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❜❛s❡ β ❞❡

Λ ✳❬✷✶❪

❉❡♠♦♥str❛çã♦✿ ❙❡ ❛❧é♠ ❞❛ ❜❛s❡ β ♣❡❣❛r♠♦s ✉♠❛ ♦✉tr❛ ❜❛s❡ α ❞♦ r❡t✐❝✉❧❛❞♦ Λ✱

❞❡✜♥✐❞❛ ♣♦r α = {t1, ..., tn}✱ ❡♥tã♦ ti =
∑n

j=1 αijvj✱ ❝♦♠ αij ∈ Z✳ ❆ss✐♠✱ vol (Pα) =

|det(αij)| · vol (Pβ)✳ ❈♦♠♦ ❛ ♠❛tr✐③ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ (αij) é ✐♥✈❡rsí✈❡❧✱ s❡❣✉❡ q✉❡

det(αij) = ±1✳ P♦rt❛♥t♦ vol (Pα) = vol (Pβ)✳

�

❖ ✈♦❧✉♠❡ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ✱ ❞❡♥♦t❛❞♦ ♣♦r vol (Λ)✱ é ♦ ✈♦❧✉♠❡ m✲❞✐♠❡♥s✐♦♥❛❧ ❞♦

♣❛r❛❧❡❧♦t♦♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❣❡r❛❞♦ ♣♦r q✉❛❧q✉❡r ❞❡ s✉❛s ❜❛s❡s✳ P♦r ❞❡✜♥✐çã♦✱ é ❛ r❛✐③

q✉❛❞r❛❞❛ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ❞❡ ●r❛♠✱ ♣♦r q✉❛❧q✉❡r ❞❡ s✉❛s ❜❛s❡s✳ ❆ss✐♠

s❡♥❞♦✱ q✉❛♥❞♦ ♦ r❡t✐❝✉❧❛❞♦ ❞✐♠❡♥s✐♦♥❛❧ é ❝♦♠♣❧❡t♦✱ s❡❣✉❡✲s❡ q✉❡

vol (Λ) =
√

det (G) =
√

det (Λ)
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♣❛r❛ q✉❛❧q✉❡r ✉♠❛ ❞❛s ♠❛tr✐③❡s ❞❛ s✉❛ ❜❛s❡✳

◆♦ ❡♥t❛♥t♦ q✉❛♥❞♦ ♠✉❞❛♠♦s ❛ ❜❛s❡ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♦ ❢♦r♠❛t♦ ❞♦ ♣❛r❛❧❡❧♦t♦♣♦

❢✉♥❞❛♠❡♥t❛❧ s❡ ❛❧t❡r❛✳

✶✳✶✳✸ ❘❡t✐❝✉❧❛❞♦s ❊q✉✐✈❛❧❡♥t❡s ❡ ❖rt♦❣♦♥❛✐s

❉❡✜♥✐çã♦ ✶✳✶✶ ❙❡❥❛ Λ ⊂ Rm ✉♠ r❡t✐❝✉❧❛❞♦✳ ❯♠ s✉❜r❡t✐❝✉❧❛❞♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦

Γ ⊂ Λ✱ q✉❡ é ✉♠ r❡t✐❝✉❧❛❞♦✳

◆✉♠ r❡t✐❝✉❧❛❞♦ Λ ❞❡ ❞✐♠❡♥sã♦ m ❡♠ Rm✱ t❡♠♦s ♥❛t✉r❛❧♠❡♥t❡ ✉♠❛ ❡str✉t✉r❛ ❞❡

❛♥❡❧ ✐♥❞✉③✐❞❛ ♣♦r Zn ❡ ♣♦rt❛♥t♦✱ ✉♠ ❣r✉♣♦ ❛❞✐t✐✈♦ ❛❜❡❧✐❛♥♦ ❛ ❡❧❡ ❛ss♦❝✐❛❞♦✳ ❆ss✐♠✱

✉♠ s✉❜r❡t✐❝✉❧❛❞♦ Γ é ❡♥tã♦ ✉♠ s✉❜❣r✉♣♦ ❞❡ Λ ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡

Λ/Γ✳

❖ í♥❞✐❝❡ ❞♦ s✉❜r❡t✐❝✉❧❛❞♦ Γ é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❣r✉♣♦ q✉♦❝✐❡♥t❡ Λ/Γ ❡

Λ/Γ =
vol(Γ)

vol(Λ)
=

√

det(Γ)
√

det(Λ)
= |det(B)|.

➱ s❡♠♣r❡ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ s✉❜r❡t✐❝✉❧❛❞♦ ❞❡ ✉♠ ❞❛❞♦ r❡t✐❝✉❧❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦

s✉❛ ✈❡rsã♦ ❡s❝❛❧♦♥❛❞❛ ♣♦r ✉♠ ❢❛t♦r ✐♥t❡✐r♦✳

❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ Λ✱ ✉♠ r❡t✐❝✉❧❛❞♦ ❡s❝❛❧♦♥❛❞♦ Γ ♣♦❞❡ s❡r ♦❜t✐❞♦ ♠✉❧t✐♣❧✐❝❛♥❞♦

♦s ✈❡t♦r❡s ❞♦ r❡t✐❝✉❧❛❞♦ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡✱ ✐st♦ é✱ Γ = c · Λ ♦♥❞❡ c ∈ Rn✳ ❆ss✐♠✱ Γ é

✉♠ s✉❜r❡t✐❝✉❧❛❞♦ ❞❡ Λ q✉❛♥❞♦ c ∈ Zn✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✶✷ ❙❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞❡ ♦✉tr♦ ♣♦r r♦t❛çõ❡s✱ r❡✢❡①õ❡s ♦✉

♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠ ❡s❝❛❧❛r✱ ❞✐③❡♠♦s q✉❡ ❡❧❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❞✉❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s M ❡ M ′ ❞❡✜♥❡♠ r❡t✐❝✉❧❛❞♦s ❡q✉✐✈❛✲

❧❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡s sã♦ ❞❡s❝r✐t♦s ♣♦r M ′ = cUMB✱ ♦♥❞❡✿

• c é ✉♠❛ ❝♦♥st❛♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦❀

• U é ❛ ♠❛tr✐③ ✉♥✐♠♦❞✉❧❛r❀

• B é ✉♠❛ ♠❛tr✐③ r❡❛❧ ♦rt♦❣♦♥❛❧✳
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❖❜s❡r✈❛çã♦ ✶✳✸ ❆s ❝♦rr❡s♣♦♥❞❡♥t❡s ♠❛tr✐③❡s ❞❡ ●r❛♠ sã♦ r❡❧❛❝✐♦♥❛❞❛s ♣♦r G′ =

c2UGUT ✳

❊①❡♠♣❧♦ ✶✳✾ ❈♦♥s✐❞❡r❛♠♦s ❡♠ ❞✐♠❡♥sã♦ ✷ ♦s ❞♦✐s s❡❣✉✐♥t❡s r❡t✐❝✉❧❛❞♦s✿

• ❍✱ ♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s (1, 0) ❡
(

1
2
,
√
3
2

)

✱ ❡

• A2 = {(x0, x1, x2) ∈ Z3 : x0 + x1 + x2 = 0}✳

❱❛❧❡ ♥♦t❛r q✉❡ ❛♣❡s❛r ❞❡ ✉t✐❧✐③❛r três ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❞❡s❝r❡✈ê✲❧♦✱ A2 ❡stá ❝♦♥t✐❞❛ ♥♦

❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ✷✲❞✐♠❡♥s✐♦♥❛❧ {(x0, x1, x2) ∈ R3 : x0 + x1 + x2 = 0}✳
❯♠❛ ❜❛s❡ ♣❛r❛ A2 é {(1,−1, 0); (0, 1,−1)}✳ ▲♦❣♦ t❡r❡♠♦s ❝♦♠♦ ♠❛tr✐③❡s ❣❡r❛❞♦r❛s

❞❡ H ❡ A2 r❡s♣❡❝t✐✈❛♠❡♥t❡

MH =





1 1
2

0
√
3
2



 e MT
A2

=





1 −1 0

0 1 −1





T

.

▲♦❣♦✱ s✉❛s ♠❛tr✐③❡s ❞❡ ●r❛♠ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡

GH =





1 1
2

1
2

1



 e GA2 =





2 −1

−1 2



 .

❆ss✐♠✱ ❝❛❧❝✉❧❛♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ det(H) = 3
4
❡ det(A2) = 3.

◆ã♦ é ❞✐✜❝✐❧ ❞❡ s❡ ✈❡r q✉❡ ❡st❡s ❞♦✐s r❡t✐❝✉❧❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ P♦r ❡①❡♠♣❧♦✱

♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r H ♣♦r
√
2✱ ♦✉ s❡❥❛✿

√
2MH =





√
2 0

√
2
2

√
6
2



 .

♦❜t❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♠❛tr✐③ ❞❡ ●r❛♠

G′
H =





2 1

1 2



 .

q✉❡ é ❛ ♠❡s♠❛ ♦❜t✐❞❛ s❡ t♦♠❛r♠♦s ❡♠ A2 ❛ ❜❛s❡ {(1,−1, 0); (0,−1, 1)}✳
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❈♦♠♦ s❡ ♣♦❞❡ ✈❡r✱ ✉♠❛ ✈❛♥t❛❣❡♠ ❞❡ ✉s❛r A2 ❡♠ ❧✉❣❛r ❞❡ H é q✉❡ ✈♦❝ê t❡♠ ❝♦♦r❞❡✲

♥❛❞❛s ✐♥t❡✐r❛s✱ ❡♠ ✈❡③ ❞❡ s❡ tr❛❜❛❧❤❛r ❝♦♠
√
3
2
✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ A2 s❡ ♦❜s❡r✈❛ ❞❡ ❢♦r♠❛

✐♠❡❞✐❛t❛ ❛ s✐♠❡tr✐❛ ❡♥tr❡ ❛s três ❝♦♦r❞❡♥❛❞❛s✳

●r❛✜❝❛♠❡♥t❡✱ ♣♦❞❡♠♦s ✈✐s✉❛❧✐③❛r ♦ ❡①❡♠♣❧♦ ❛❝✐♠❛ ❛tr❛✈és ❞❛ ✜❣✉r❛ ✶✳✶✸✳

❋✐❣✉r❛ ✶✳✶✸✿ ❊q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ♦s r❡t✐❝✉❧❛❞♦s H ❡ A2

❯♠ ♦✉tr♦ t✐♣♦ ❞❡ r❡t✐❝✉❧❛❞♦ q✉❡ ✉s❛r❡♠♦s é ♦ ♦rt♦❣♦♥❛❧✱ ✈❛♠♦s ❞❡✜♥✐✲❧♦✳

❉❡✜♥✐çã♦ ✶✳✶✸ ❯♠ s✉❜r❡t✐❝✉❧❛❞♦ Γ ⊂ Λ é ❞✐t♦ ♦rt♦❣♦♥❛❧ ✭♦✉ r❡t❛♥❣✉❧❛r✮ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ ❞❡ ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s β′ ♣❛r❛ Γ✳

P❛r❛ q✉❛❧q✉❡r ❜❛s❡ ♦r❞❡♥❛❞❛ β = {u1, ..., um} ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ✱ é ♣♦ssí✈❡❧ ❛ss♦✲

❝✐❛r ✉♠ ❝♦♥❥✉♥t♦ GSβ = {b1, ..., bm} ❞❡ ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s✱ ❛♣❧✐❝❛♥❞♦ r❡❝✉rs✐✈❛♠❡♥t❡ ♦

♣r♦❝❡ss♦ ❞❡ ♦rt♦❣♦♥❛❧✐③❛çã♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t

b1 = u1

bi = bi −
i−1
∑

j=1

〈ui, bj〉
〈bj, bj〉

uj, i = 2, ...,m

❖s ✈❡t♦r❡s bi ♣♦❞❡♠ ♥ã♦ ♣❡rt❡♥❝❡r ❛♦ r❡t✐❝✉❧❛❞♦ Λβ✳ ◆♦ ❡♥t❛♥t♦✱ s❡ 〈ui, uj〉 ❢♦r ✉♠

♥ú♠❡r♦ r❛❝✐♦♥❛❧ ♣❛r❛ t♦❞♦ i ❡ j✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ♠ú❧t✐♣❧♦ ❞❡ bi q✉❡ ♣❡rt❡♥❝❡ ❛

Λβ✱ ♦ q✉❡ ♣❡r♠✐t❡ ❡s❝r❡✈❡r✿
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Pr♦♣♦s✐çã♦ ✶✳✸ ❙❡ ✉♠❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ♣♦ss✉✐ s♦♠❡♥t❡ ❡❧❡♠❡♥t♦s

r❛❝✐♦♥❛✐s ✭s❡ Λ ❡ r❛❝✐♦♥❛❧✮✱ ❡♥tã♦ Λ ♣♦ss✉✐ ✉♠ s✉❜r❡t✐❝✉❧❛❞♦ ♦rt♦❣♦♥❛❧ Γ

❊①❡♠♣❧♦ ✶✳✶✵ ❈♦♥s✐❞❡r❡ ❛ ♠❛tr✐③ ❞❡ ●r❛♠ ❞♦ ♥♦ss♦ r❡t✐❝✉❧❛❞♦ Λ̄✱ ❣❡r❛❞♦ ♣❡❧♦s ✈❡✲

t♦r❡s b1 = (1, 2)T ❡ b2 = (−3, 1)T ♥♦ ♣❧❛♥♦✱

GΛ̄ =





10 −1

−1 5





❈♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ GΛ̄ sã♦ t♦❞♦s r❛❝✐♦♥❛✐s✱ Λ̄ ♣♦ss✉✐ ✉♠ s✉❜r❡t✐❝✉❧❛❞♦ ♦rt♦❣♦♥❛❧✳

✶✳✶✳✹ ❘❡t✐❝✉❧❛❞♦ ❉✉❛❧

❆❣♦r❛ ✈❛♠♦s ❞❡✜♥✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞✉❛❧ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❡ ❛♥❛❧✐s❛r ❛❧❣✉♠❛s ❞❛s s✉❛s

♣r♦♣r✐❡❞❛❞❡s ❬✶✾❪✳

❉❡✜♥✐çã♦ ✶✳✶✹ P❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦ ❞❡✜♥✐♠♦s ♦ s❡✉ r❡t✐❝✉❧❛❞♦ ❞✉❛❧

✭às ✈❡③❡s ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ r❡t✐❝✉❧❛❞♦ r❡❝í♣r♦❝♦✮✱

Λ∗ = {y ∈ Rn|∀x ∈ Λ, 〈x, y〉 ∈ Z}

❡♠ ❣❡r❛❧✱ ❞❡✜♥✐♠♦s

Λ∗ = {y ∈ posto(Λ)|∀x ∈ Λ, 〈x, y〉 ∈ Z}

❖✉ s❡❥❛✱ ♦ ❞✉❛❧ ❞❡ Λ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ✭♥♦ ❡s♣❛ç♦ ❞❡ Λ✮✱ ❝✉❥♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❝♦♠ q✉❛❧q✉❡r ✉♠ ❞♦s ♣♦♥t♦s é ✉♠ ✐♥t❡✐r♦✳ ❈♦♠♦ ♠♦str❛r❡♠♦s ♠❛✐s t❛r❞❡✱ Λ∗

é r❡❛❧♠❡♥t❡ ✉♠ r❡t✐❝✉❧❛❞♦✱ ❝♦♠♦ ♦ ♥♦♠❡ s✉❣❡r❡✳

❊①❡♠♣❧♦ ✶✳✶✶ ❖ r❡t✐❝✉❧❛❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡✐r♦s s❛t✐s❢❛③ (Zn)∗ = Zn ✭❡✱ ♣♦rt❛♥t♦✱ ♣♦❞❡

s❡r ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦✲❞✉❛❧✮✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ (2Zn)∗ = 1
2
Zn✱ ❡ ✐ss♦ ❞á ✉♠❛ ❥✉st✐✜❝❛t✐✈❛

♣❛r❛ ♦ ♥♦♠❡ ❞♦ r❡t✐❝✉❧❛❞♦ r❡❝í♣r♦❝♦✳

❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ ✉♠ r❡t✐✲

❝✉❧❛❞♦ ❞✉❛❧✳ P❛r❛ q✉❛❧q✉❡r ✈❡t♦r x✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦



✶✳✶ ❘❡t✐❝✉❧❛❞♦s ✷✸

❝♦♠ ❢♦r♠❛s ✐♥t❡✐r❛s é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❤✐♣❡r♣❧❛♥♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s à x ❡ s❡♣❛r❛❞♦s ♣♦r

✉♠❛ ❞✐stâ♥❝✐❛ 1
||x|| ✳ ❆ss✐♠✱ q✉❛❧q✉❡r ✈❡t♦r x ❡♠ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ✐♠♣õ❡ ❛ r❡str✐çã♦ ❞❡

q✉❡ t♦❞♦s ♦s ♣♦♥t♦s ❞♦ Λ∗ ❡stã♦ ❡♠ ✉♠ ❞♦s ❤✐♣❡r♣❧❛♥♦s ❞❡✜♥✐❞♦s ♣♦r x✳ ❱❡❥❛ ❛ ✜❣✉r❛

✶✳✶✹ ♣❛r❛ ✉♠❛ ✐❧✉str❛çã♦✳

❋✐❣✉r❛ ✶✳✶✹✿ ❖ r❡t✐❝✉❧❛❞♦ Λ ❡ s❡✉ ❞✉❛❧ Λ∗

❉❡✜♥✐çã♦ ✶✳✶✺ P❛r❛ ✉♠❛ ❜❛s❡ B = (b1, b2, ..., bn) ∈ Rm×n✱ ❞❡✜♥✐♠♦s ❛ ❜❛s❡ ❞✉❛❧

B∗ = (b∗1, b
∗
2, ..., b

∗
n) ∈ Rm×n ❝♦♠♦ ❛ ú♥✐❝❛ ❜❛s❡ q✉❡ s❛t✐s❢❛ç❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

• posto (B∗) = posto (B)

• BT · B∗ = Id

❆ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❞✐③❡♥❞♦ q✉❡ 〈bi, bj〉 = δij✱ ♦♥❞❡

δij = 1 s❡ i = j ❡ ✵ ❡♠ ❝♦♥trár✐♦✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ B∗ é r❡❛❧♠❡♥t❡ ú♥✐❝❛✳ ❉❡

❢❛t♦✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦✱ B∗ é ❞❛❞❛ ♣♦r (BT )−1 ✱

❡♠ ❣❡r❛❧✱ t❡♠♦s B∗ = B · (BTB)−1 ✭❊ ♣♦❞❡♠♦s ✉s❛r ✐ss♦ ❝♦♠♦ ♥♦ss❛ ❞❡✜♥✐çã♦ ❞❡ ❜❛s❡

❞✉❛❧✮✳

❊①❡♠♣❧♦ ✶✳✶✷ ❯t✐❧✐③❛♥❞♦ ❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ ♥♦ r❡t✐❝✉❧❛❞♦ Λ̄ ❞❡ ❜❛s❡ {b1, b2} ♦♥❞❡

b1 = (1, 2)T ❡ b2 = (−3, 1)T ✱ ♦❜t❡♠♦s ❝♦♠♦ ❜❛s❡ ❞✉❛❧ {b∗1, b∗2} ❞❡ ♦♥❞❡ t❡♠♦s b∗1 =
(

1
7
, 3
7

)T

❡ b∗2 =
(−2

7
, 1
7

)T
✳



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✹

Pr♦♣♦s✐çã♦ ✶✳✹ P❛r❛ t♦❞♦ r❡t✐❝✉❧❛❞♦ Λ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦✱ det(Λ∗) = 1
det(Λ)

✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ t♦❞♦ r❡t✐❝✉❧❛❞♦ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❧❡t♦✱

det(Λ∗) =| det((BT )−1) |=
∣

∣

∣

∣

1

det(BT )

∣

∣

∣

∣

=

∣

∣

∣

∣

1

det(B)

∣

∣

∣

∣

=
1

det(Λ)
.

❞❡ ❢♦r♠❛ ❣❡r❛❧ t❡♠♦s✱

det(Λ∗) =
√

det((B∗)TB∗) =
√

det(((BTB)−1)TBT · B.(BTB)−1) =

=
√

det(BTB)−1 =
1

√

det(BTB)
=

1

det(Λ)

�

❖❜s❡r✈❛çã♦ ✶✳✹ P♦❞❡♠♦s t❛♠❜é♠ ❡st❛❜❡❧❡❝❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ♠❛tr✐③❡s ❞❡ ●r❛♠

❞❡ r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s ❞✉❛✐s✳ ❙❡❥❛♠ G ❡ G∗ ❛s ♠❛tr✐③❡s ❞❡ ●r❛♠ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡ ❞❡ Λ ❡ Λ∗✱ t❡♠♦s✿

det(G.G∗) = det(G).det(G∗) =

= det(BTB).det((B∗)TB∗)

= det(BT ).det(B).det((B∗)T ).det(B∗) = 1

❡

det(G) = det(G∗)−1

❖❜s❡r✈❛çã♦ ✶✳✺ ❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ Λ = Λ∗✱ ❞✐③❡♠♦s q✉❡ Λ ❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❛✉t♦✲

❞✉❛❧

✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s ❡♠ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s ❞❡ ❞✐♠❡♥sõ❡s

♠❛✐♦r❡s ♦✉ ✐❣✉❛❧ ❛ ✸✱ s❡❣✉❡ ❛ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞♦ ❝❛s♦ ♣❧❛♥❛r ♦♥❞❡✱ ❞❛❞♦ ✉♠ ♥ú♠❡r♦

❣r❛♥❞❡ ❞❡ ❡s❢❡r❛s ✐❣✉❛✐s✱ ❞❡s❡❥❛ ✲ s❡ s❛❜❡r q✉❛❧ é ♦ ♠♦❞♦ ♠❛✐s ❡✜❝✐❡♥t❡ ✭q✉❡r ❞✐③❡r✱ ♠❛✐s

❞❡♥s♦✮ ❞❡ ❡♠♣❛❝♦tá✲❧❛s✳

❈♦♠♦ s❡ ♣♦❞❡ ♥♦t❛r✱ ❡st❡ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s✳ ❊♠ ❞✐♠❡♥sã♦

✐❣✉❛❧ ❛ ✸✱ ♦ ♣r♦❜❧❡♠❛ t❡♠ ✉♠❛ ❤✐stór✐❛ ❡①tr❡♠❛♠❡♥t❡ r✐❝❛✳ ❊♠ ✶✺✵✵ ❙✐r ❲❛❧t❡r ❘❛❧❡✐❣❤



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✺

❧❡✈❛♥t♦✉ ❛ s❡❣✉✐♥t❡ q✉❡stã♦✿ ✧❞❡ q✉❡ ❢♦r♠❛ s❡r✐❛ ♠❛✐s ❡✜❝✐❡♥t❡ ❝♦❧♦❝❛r ✉♠❛ ♣✐❧❤❛ ❞❡

❝❛♥❤õ❡s ♥♦ ❝♦♥✈és ❞❡ ✉♠ ♥❛✈✐♦ ❄✧✳ ❖ ▼❛t❡♠át✐❝♦ ✐♥❣❧ês ❚❤♦♠❛s ❍❛rr✐♦t✱ ❛ q✉❡♠ ❡❧❡

❤❛✈✐❛ ❡①♣❧✐❝❛❞♦ ❛ s✐t✉❛çã♦✱ ❡s❝r❡✈❡✉ ♣♦r s✉❛ ✈❡③ ❛♦ ❛strô♥♦♠♦ ❏♦❤❛♥♥❡s ❑❡♣❧❡r s♦❜r❡

♦ ♣r♦❜❧❡♠❛✳ ❑❡♣❧❡r ❝♦♥❥❡❝t✉r♦✉ q✉❡ ❛ ❡♠❜❛❧❛❣❡♠ ♠❛✐s ❞❡♥s❛ ❡r❛ ♣❛r❛ s❡r ❡♥❝♦♥tr❛❞❛

♥❛ ♠❛♥❡✐r❛ ✉s✉❛❧ ❡ q✉❡ ♦s ♠❛r✐♥❤❡✐r♦s t✐♥❤❛♠ ❡♥tã♦ ❞❡ ❢❛③❡r ✉♠ ❡♠♣✐❧❤❛♠❡♥t♦ ❞❡

❜❛❧❛s ❞❡ ❝❛♥❤ã♦ ❞❡ ❢♦r♠❛ ✐❣✉❛❧ ❛s ❞❛s ♠❡r❝❡❛r✐❛s ♣❛r❛ ❡♠♣✐❧❤❛r ❧❛r❛♥❥❛s ✭❋✐❣✉r❛ ✶✳✶✺✮✳

■ss♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❛ ❝♦♥❥❡❝t✉r❛ ❑❡♣❧❡r✱ ❡ ♠❛♥t❡✈❡✲s❡ ✉♠ ✐♠♣♦rt❛♥t❡ ♣r♦❜❧❡♠❛

♣❡♥❞❡♥t❡ ❤á ♠✉✐t♦s ❛♥♦s✱ ❛♣❡s❛r ❞❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡sq✉✐s❛ ♠❛t❡♠át✐❝❛ q✉❡ ❡❧❡

✐♥s♣✐r♦✉✳

◆♦t❛✈❡❧♠❡♥t❡✱ s❡♥❞♦ ❡st❛ ❛ r❡s♣♦st❛ ❝♦rr❡t❛ ❢♦✐ ♥❡❝❡ssár✐♦ ❞❡ ❝❡r❝❛ ❞❡ ✹✵✵ ❛♥♦s ❞❡

♠❛t❡♠át✐❝❛ ♣❛r❛ ♣r♦✈á✲❧❛✳ ❆♦ ❧♦♥❣♦ ❞♦ ❝❛♠✐♥❤♦✱ ❢♦r❛♠ ♠✉✐t❛s ❛s ✧❡✈✐❞ê♥❝✐❛s✧q✉❡ ❢❛✲

❧❤❛r❛♠✳ ❘❡❝❡♥t❡♠❡♥t❡ ✭✶✾✾✽✮ ❚❤♦♠❛ ❍❛❧❡s✱ ✉t✐❧✐③❛♥❞♦ ❛s ✐❞é✐❛s ❞❡ ❞❡♠♦str❛çã♦ ❢✉♥❞❛✲

♠❡♥t❛❞❛s ♥❛ r❡s♦❧✉çã♦ ❞❡ ✉♠❛ sér✐❡ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ✉s❛♥❞♦ ❝♦♠♣✉t❛❞♦r❡s

✭ ♠ét♦❞♦ ❞❡ ❡①❛✉stã♦✮✱ ❛♥✉♥❝✐♦✉ q✉❡ t❡✈❡ ✉♠❛ ♣r♦✈❛ ❞❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❑❡♣❧❡r✳ ❖s ❘❡✲

❢❡r❡❡s ❞✐ss❡r❛♠ q✉❡ ❛ ♣r♦✈❛ ❞❡ ❍❛❧❡s ❡stá ✧✾✾✪ ❝❡rt❛✧✳ ❆ss✐♠ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❑❡♣❧❡r

❡stá ❛❣♦r❛ ♠✉✐t♦ ♣❡rt♦ ❞❡ tr❛♥s❢♦r♠❛✲s❡ ❡♠ ✉♠ t❡♦r❡♠❛✳ ❊♠ ✷✵✵✸✱ ❚✳ ❍❛❧❡s ♣✉❜❧✐❝♦✉

✉♠ ❛rt✐❣♦ ❞❡t❛❧❤❛❞♦ ❞❡s❝r❡✈❡♥❞♦ ❛ ♣❛rt❡ ♥ã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡st❛ ♣r♦✈❛✳ ❊❧❡ tr❛❜❛❧❤❛

❡♠ ✉♠❛ ♣r♦✈❛ ❢♦r♠❛❧ ♣❛r❛ r❡♠♦✈❡r q✉❛❧q✉❡r r❡st♦ ❞❡ ✐♥❝❡rt❡③❛✱ ❡ ❡st✐♠❛ q✉❡ t❛❧ ♣r♦✈❛

❧❡✈❛rá ❝❡r❝❛ ❞❡ ✷✵ ❛♥♦s ❞❡ tr❛❜❛❧❤♦✳

❋✐❣✉r❛ ✶✳✶✺✿ ❊♠♣✐❧❤❛♠❡♥t♦ ❞❡ ❧❛r❛♥❥❛s ❡ ❞❡ ❜♦❧❛s ❞❡ ❝❛♥❤ã♦✳



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✻

❖ ♠❡❧❤♦r ❡♠♣❛❝♦t❛♠❡♥t♦ t❛♠❜é♠ ♣♦❞❡ ♦❜t❡r ❝♦❧♦❝❛♥❞♦ ❡s❢❡r❛s ❞❡ ♠❡s♠♦ r❛✐♦

❝❡♥tr❛❞♦ ❡♠ ♣♦♥t♦s ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❝❤❛♠❛❞♦ ❞❡ ❢❛❝❡✲❝❡♥tr❛❞❛ ❝ú❜✐❝❛ ✭❧❛tt✐❝❡ ❢❝❝✮✳

❱❡❥❛ ❛ ❋✐❣✉r❛ ✶✳✶✻✳

❋✐❣✉r❛ ✶✳✶✻✿ ❇♦❧❛s ❞✐s♣♦st❛s ❝♦♠ s❡✉s ❝❡♥tr♦s ♥♦ ❢❝❝ ❧❛tt✐❝❡✳

❖ ♥♦♠❡ r❡t✐❝✉❧❛❞♦ ✧❢❝❝✧s❡ ❞❡✈❡ ❛ q✉❡ s❡ ♦❜tê♠ ❛ ♣❛rt✐r ❞♦ r❡t✐❝✉❧❛❞♦ ❝ú❜✐❝♦✱ ❥✉♥✲

t❛♥❞♦ ♦s ♣♦♥t♦s ♥♦s ❝❡♥tr♦s ❞❛s ❢❛❝❡s✳ ❊st❡ r❡t✐❝✉❧❛❞♦ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ❢❛♠í❧✐❛ ♠✉✐t♦

✐♠♣♦rt❛♥t❡ ❞❡ r❡t✐❝✉❧❛❞♦s✱ ❛ ❢❛♠í❧✐❛ An, (n ∈ N)✱ ❞❡ ♦♥❞❡ dimAn = n✱ q✉❡ ♣♦r s✉❛ ✈❡③

❢♦r♠❛♠ ♣❛rt❡ ❞♦s ❝❤❛♠❛❞♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s q✉❡ ✈❡r❡♠♦s ♠❡❧❤♦r ♠❛✐s ❛❞✐❛♥t❡✳

✶✳✷✳✶ ◆ú♠❡r♦ ❞❡ ❚♦q✉❡s ♦✉ ❊♥tr❡❝❤♦q✉❡s ✭✧❑✐ss✐♥❣ ◆✉♠❜❡r✧✮

❊st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r✱ ♣❛r❛ ❝❛❞❛ ❞✐♠❡♥sã♦ n✱ q✉❛♥t❛s ❡s❢❡r❛s s❡

♣♦❞❡♠ ❝♦❧♦❝❛r ❛♦ r❡❞♦r ❞❡ ✉♠❛ ✜①❛ ✭t♦❞❛s ❝♦♠ ♦ ♠❡s♠♦ r❛✐♦✮ ❞❡ ♠♦❞♦ q✉❡ t♦❞❛s

t♦q✉❡♠ ♦✉ ✧❜❡✐❥❡♠✧❛ ❡s❢❡r❛ ✜①❛✳

❊♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ♦ ❦✐ss✐♥❣ ♥✉♠❜❡r é ✷ ✱ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✶✳✶✼✿

❋✐❣✉r❛ ✶✳✶✼✿ ❑✐ss✐♥❣ ♥✉♠❜❡r ❡♠ ❞✐♠❡♥sã♦ ✶



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✼

❊♠ ❞✐♠❡♥sã♦ ✷ ❛ s♦❧✉çã♦ é s✐♠♣❧❡s✱ s❡♥❞♦ ♦ ❦✐ss✐♥❣ ♥✉♠❜❡r ✐❣✉❛❧ ❛ ✻✱ ❝♦♥❢♦r♠❡

♠♦str❛ ❛ ✜❣✉r❛ ✶✳✶✽✳

❋✐❣✉r❛ ✶✳✶✽✿ ❑✐ss✐♥❣ ♥✉♠❜❡r ❡♠ ❞✐♠❡♥sã♦ ✷

❊♠ ❞✐♠❡♥sã♦ ✸ ♦ ♣r♦❜❧❡♠❛ ✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❛s ✶✸ ❡s❢❡r❛s✱ ♣♦ss✉✐ ✉♠❛

❤✐stór✐❛ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✱ ✐♥❝❧✉✐♥❞♦ ✉♠❛ ❢❛♠♦s❛ ❝♦♥tr♦✈érs✐❛ ❡♠ ✶✻✾✹ ❡♥tr❡ ❉❛✈✐❞

●r❡❣♦r② ❡ ❙✐r ■s❛❛❝ ◆❡✇t♦♥✳ ◆ã♦ é ♠✉✐t♦ ❞✐❢í❝✐❧ r❡❞✉③✐r ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ q✉❡ ♣♦❞❡ ❤❛✈❡r

♥♦ ♠á①✐♠♦ ✶✸ ❡s❢❡r❛s ❛♦ r❡❞♦r ❞❡ ✉♠❛ ✜①❛✳ P♦r ♦✉tr❛ ♣❛rt❡✱ s❡ ❢♦r❡♠ ❝♦❧♦❝❛❞❛s ✶✸

❡s❢❡r❛s ❞❡ ♠❡s♠♦ r❛✐♦✱ ✉♠❛ ♥♦ ❝❡♥tr♦✱ ❡ ❛s ♦✉tr❛s ✶✷ ♥♦ q✉❡ s❡r✐❛♠ ♦s ✈ért✐❝❡s ❞❡

✉♠ ✐❝♦s❛❡❞r♦✱ s❡ ♦❜s❡r✈❛♠ q✉❡ ❡st❛s ✶✷ t♦❝❛♠ ❛ ❡s❢❡r❛ ❝❡♥tr❛❧✱ ❡ ❛✐♥❞❛ ♥ã♦ s❡ t♦❝❛♠✱

❞❡✐①❛♥❞♦ ❡s♣❛ç♦ s✉✜❝✐❡♥t❡ ❛té ♣❛r❛ ♠✉❞❛r q✉❛❧q✉❡r ✉♠❛ ❞❡❧❛s ❞❡ ✉♠ ❧✉❣❛r ♣❛r❛ ♦✉tr♦✱

❝♦♠♦ ✧❡♠ ór❜✐t❛✧❛♦ r❡❞♦r ❞❛ ❝❡♥tr❛❧ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✶✳✶✾✳

❋✐❣✉r❛ ✶✳✶✾✿ ❉✉❛s ❢♦r♠❛s ❞✐❢❡r❡♥t❡s ♠♦str❛♠ q✉❡ ♦ ❦✐ss✐♥❣ ♥✉♠❜❡rs ♥❛ ❞✐♠❡♥sã♦ ✸ é
n ≥ 12✳ ❖ s❡❣✉♥❞♦✱ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✐❝♦s❛❡❞r♦✳

❉✐t♦ ✐st♦✱ ❤á ♦✉ ♥ã♦ ❡s♣❛ç♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❝♦❧♦❝❛r ❡♠ ór❜✐t❛ ✉♠❛ ♦✉tr❛ ❡s❢❡r❛ ❛♦

r❡❞♦r ❞❛ ❝❡♥tr❛❧❄ ❙❡ ❜❡♠ q✉❡ ❡①✐st❡♠ ♠✉✐t❛s ♣r♦✈❛s s♦❜r❡ ♦ ♥ú♠❡r♦ ❝♦rr❡t♦✱ ♥❡♥❤✉♠❛

❞❡❧❛s é ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❡❧❡♠❡♥t❛r✱ ❝♦♠♦ ❛ ❣❡♥t❡ ❣♦st❛r✐❛ ❞❡ ✈❡r ♣♦r ✉♠ ♣r♦❜❧❡♠❛ ❞❡st❡

t✐♣♦✱ ❞❡ ♥❛t✉r❡③❛ ✜♥✐t❛ ❡ ♠✉✐t♦ ❝♦♥❝r❡t♦✳



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✽

❆ss✐♠ ❝♦♠♦ ♥♦ R2✱ ✉♠ ❜♦♠ ❡♠♣❛❝♦t❛♠❡♥t♦ é ❛q✉❡❧❡ ❡♠ q✉❡ ❛ ♣r♦♣♦rçã♦ ❞♦ ✈♦❧✉♠❡

♦❝✉♣❛❞♦ ♣❡❧❛s ❡s❢❡r❛s ♥✉♠❛ ♣♦rçã♦ ❞♦ ❡s♣❛ç♦ ❡stá ♣ró①✐♠❛ ❞♦ ♠❛✐♦r ✈❛❧♦r ♣♦ssí✈❡❧✳ ❆

t❛①❛ q✉❡ ♥♦s ❢♦r♥❡❝❡ ❡st❛ ♣r♦♣♦rçã♦ é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ❡♠♣❛❝♦t❛♠❡♥t♦✳ ❱❛♠♦s ❞❡✜♥✐✲❧❛

♣❛r❛ ♦ Rm✿

❉❡✜♥✐çã♦ ✶✳✶✻ ❙❡❥❛ r = ρΛ✱ ♦ r❛✐♦ ❞♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ Λ ∈ Rm✱ ❡♥tã♦ ❛ ❞❡♥s✐❞❛❞❡

❞❡ Λ é ❞❛❞❛ ♣♦r

∆(Λ) =
vol(Bρ(0))

vol(R(0))
,

♦♥❞❡ vol(Bρ(0)) é ♦ ✈♦❧✉♠❡ ♥ ✲ ❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❡s❢❡r❛ ❞❡ ❝❡♥tr♦ ❖ ❡ r❛✐♦ ρΛ ❡ s❡♥❞♦

vol(R(0)) ♦ ✈♦❧✉♠❡ ♥✲ ❞✐♠❡♥s✐♦♥❛❧ ❞♦ ♣❛r❛❧❡❧♦t♦♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Λ✳

➱ ❝❧❛r♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❞❡t❡r♠✐♥❛r ❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♥ã♦ é

✉♠ ♣r♦❜❧❡♠❛ tr✐✈✐❛❧ ❡✱ ♥❛ ❢♦r♠❛ ❡♠ q✉❡ ❢♦✐ ❞❡✜♥✐❞❛ ❛ ❞❡♥s✐❞❛❞❡✱ ❡st❛ é ❞❡ ❞✐❢í❝✐❧

❛♣❧✐❝❛❜✐❧✐❞❛❞❡✳ ❈♦♠ ✐ss♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✶✳✶✷✱ ♦ ✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ ❞❡ ❱♦r♦♥♦✐ R(0) é

✐❣✉❛❧ ❛♦ ✈♦❧✉♠❡ ❞❡ P ✱ ❛ss✐♠✱ ♦ ✈♦❧✉♠❡ ❞❡ R(0) é ✐❣✉❛❧ à r❛✐③ q✉❛❞r❛❞❛ ❞♦ ❞❡t❡r♠✐♥❛♥t❡

❞❡ Λ✳

P♦rt❛♥t♦✱ ❡①♣r❡ss❛♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ Λ ❝♦♠♦

∆(Λ) =
vol(Bρ(0))

(detΛ)
1
2

,

❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❛❧❝✉❧❛r ∆ ✜❝❛ r❡s♦❧✈✐❞♦ s❡ t✐✈❡r♠♦s ✉♠❛ ❜❛s❡ ❞♦ r❡t✐❝✉❧❛❞♦ Λ ❡

s✉❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛✳

P❛r❛ r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s ❡♠ Rn✱ t♦r♥❛✲s❡ ♥❡❝❡ssár✐❛ ❛ ❡①♣r❡ssã♦ ❞♦ ✈♦❧✉♠❡

❞❡ ✉♠❛ ❡s❢❡r❛ ♥✲❞✐♠❡♥s✐♦♥❛❧✳

❖ ✈♦❧✉♠❡ V ❞❡ ✉♠❛ ❡s❢❡r❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ r❛✐♦ ρ é ❞❛❞♦ ♣♦r✿

V = Vnρ
n

♦♥❞❡ Vn é ♦ ✈♦❧✉♠❡ ❞❡ ✉♠❛ ❡s❢❡r❛ ❞❡ r❛✐♦ ✶✱ ❞❛❞❛ ♣♦r

Vn =
π

n
2

(n
2
)!

=
2nπ

(n−2)
2

(

(n−2)
2

)

!

n!
.

❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❡✈✐t❛ ♦ ✉s♦ ❞❡ (n
2
)! q✉❛♥❞♦ n é í♠♣❛r✳



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✷✾

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ✈♦❧✉♠❡ V ❞❡ ✉♠❛ ❡s❢❡r❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❛ ❞❡ ❞❡♥s✐❞❛❞❡✱

♣♦❞❡♠♦s r❡❞❡✜♥✐✲❧❛ ❝♦♠♦

∆Λ =
Vnρ

n

(detΛ)
1
2

Pr♦♣♦s✐çã♦ ✶✳✺ ❘❡t✐❝✉❧❛❞♦s ❡q✉✐✈❛❧❡♥t❡s tê♠ ❛ ♠❡s♠❛ ❞❡♥s✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ Λ1 ❡ Λ2 r❡t✐❝✉❧❛❞♦s ❡q✉✐✈❛❧❡♥t❡s ❝♦♠ ♠❛tr✐③❡s ❞❡ ●r❛♠ G1 ❡

G2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱t❡♠♦s✿

∆2 =
Vnρ

n
2

|det(G2)|1/2
=

Vnλ
nρn1

λn|det(G1)|1/2
=

Vnρ
n
1

|det(G1)|1/2
= ∆1

�

◆❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❞❡♥s✐❞❛❞❡s ❞❡ r❡t✐❝✉❧❛❞♦s ♥❛ ♠❡s♠❛ ❞✐♠❡♥sã♦✱ ♦ ✈♦❧✉♠❡ Vn ❞❛

❡s❢❡r❛ ✉♥✐tár✐❛ ❛♣❛r❡❝❡ ❝♦♠♦ ❢❛t♦r ❝♦♠✉♠✳ ❆♦ ❞✐✈✐❞✐r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦

∆ ♣♦r Vn✱ t❡♠✲s❡ ✉♠❛ ♠❡❞✐❞❛ δ ❞❡♥♦♠✐♥❛❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ ❞♦ r❡t✐❝✉❧❛❞♦✳ ❱❛♠♦s

❞❡✜♥✐✲❧❛✳

❉❡✜♥✐çã♦ ✶✳✶✼ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ δ é ❞❛❞❛ ♣♦r✿

δ =
∆(Λ)

Vn

P❛r❛ ❡♠♣❛❝♦t❛♠❡♥t♦s r❡t✐❝✉❧❛❞♦s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

δ = ρn (det(Λ))
−1
2 .

❊①❡♠♣❧♦ ✶✳✶✸ ❙❡ Λ = Z2 ❝♦♠ ❜❛s❡ β = {(1, 0), (0, 2)}✱ t❡♠♦s q✉❡ ρΛ = 1
2
✱ Vn =

π · 1 = π✱ ♦ ✈♦❧✉♠❡ ❞♦ r❡t✐❝✉❧❛❞♦ é vol(Λ) = (detΛ)1/2 = 41/2 = 2✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡

❡♠♣❛❝♦t❛♠❡♥t♦ é

∆Λ =
Vnρ

n

(detΛ)
1
2

=
π ·
(

1
2

)2

2
=

π

8

❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ é

δ =
∆(Λ)

Vn

=
π
8

π
=

1

8



✶✳✷ ❊♠♣❛❝♦t❛♠❡♥t♦ ❘❡t✐❝✉❧❛❞♦ ♥♦ Rm ✭m ≥ 3✮ ✸✵

◆♦t❡♠♦s q✉❡✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r

❞♦✐s ✈❛❧♦r❡s✿ ♦ ✈♦❧✉♠❡ ❞❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦ q✉❡ ❡♠ ❣❡r❛❧ ♥ã♦ é ♠✉✐t♦ ❝♦♠♣❧❡①♦✱ ❡ ❛

♠❡♥♦r ♥♦r♠❛ ❞❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s ❞♦ r❡t✐❝✉❧❛❞♦✳ ❊st❡ ú❧t✐♠♦ ♣♦r s✉❛ ✈❡③ é ✉♠

♣r♦❜❧❡♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠✉✐t♦ ❝♦♠♣❧❡①♦✳ ◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ❝♦♠❡♥t❛r❡♠♦s ❛

r❡s♣❡✐t♦ ❞❡st❡ ♣r♦❜❧❡♠❛✳





❈❛♣ít✉❧♦ ✷

❘❡t✐❝✉❧❛❞♦s ❘❛í③❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ✐♥tr♦❞✉③✐r ❛s ❞❡✜♥✐çõ❡s ❞♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn(n ≥ 1)✱

An(n ≥ 1) ❡ Dn(n ≥ 3) ❡ s❡✉s ❞✉❛✐s✳ ❋❛r❡♠♦s ✉♠ r❡s✉♠♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s r❡t✐❝✉❧❛❞♦s✳ ❊st❡s r❡t✐❝✉❧❛❞♦s s❡ ❞❡st❛❝❛♠ ♣♦✐s ♣♦ss✉❡♠ ❞❡♥s✐❞❛❞❡

❞❡ ❝❡♥tr♦ r❡❝♦r❞❡✱ ❛❧é♠ ❞✐ss♦✱ é ♣r♦✈❛❞♦ q✉❡ ❡ss❛s ❞❡♥s✐❞❛❞❡s sã♦ ❛s ♠❡❧❤♦r❡s ❛té ❛

❞✐♠❡♥sã♦ ✽✳ ❊♠ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s q✉❡ ✽✱ ❡①✐st❡♠ r❡t✐❝✉❧❛❞♦s ❝♦♠ ❞❡♥s✐❞❛❞❡s ❞❡ ❝❡♥tr♦

ót✐♠❛s sã♦ ❡❧❡s✱ K12 ❡ Λ24✱ ❡ ❡①✐st❡♠ r❡t✐❝✉❧❛❞♦s ❝♦♠ ❞❡♥s✐❞❛❞❡s ❞❡ ❝❡♥tr♦ r❡❝♦r❞❡s✱

♠❛s ♥ã♦ s❡ s❛❜❡ s❡ ❡ss❛s ❞❡♥s✐❞❛❞❡s sã♦ ót✐♠❛s✳

❖s r❡t✐❝✉❧❛❞♦s r❛í③❡s✱ sã♦ s♦♠❛s ♦rt♦❣♦♥❛✐s ❞❡ r❡t✐❝✉❧❛❞♦s ✐rr❡❞✉tí✈❡✐s✳ ❊❧❡s ❞❡s❡♠✲

♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❝r✉❝✐❛❧ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ ♣♦✐s✱ ❝♦♠♦ ♣♦ss✉❡♠

♣r♦♣r✐❡❞❛❞❡s ❜❛st❛♥t❡ ❞❡✜♥✐❞❛s ♣♦❞❡♠ s❡r ✉s❛❞♦s ❡♠ ❛❧❣♦r✐t♠♦s ♣❛r❛ ✉♠❛ ❞❡❝♦❞✐✜✲

❝❛çã♦ q✉❡ ❜✉sq✉❡ ♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ❞❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦ sã♦ ❬✹✱ ✶✷✱ ✶✹✱ ✶✻✱ ✷✵❪✳

✷✳✶ ❖ r❡t✐❝✉❧❛❞♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ Zn

❉❡✜♥✐çã♦ ✷✳✶ ❖ ❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s✱ ...,−2,−1, 0, 1, 2, ...✱ é ❞❡♥♦t❛❞♦ ♣♦r Z✱ ❡

Zn = {x ∈ Rn : xi ∈ Z}

é ♦ r❡t✐❝✉❧❛❞♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ ♦✉ r❡t✐❝✉❧❛❞♦ ✐♥t❡✐r♦✳

✸✷



✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✸✸

❖❜s❡r✈❛çã♦ ✷✳✶ Z2 é ♠❡❧❤♦r ❝❤❛♠❛❞♦ ✧r❡t✐❝✉❧❛❞♦ q✉❛❞r❛❞♦✧✱ ❝♦♠♦ ✈✐st♦ ♥♦ ♣❛♣❡❧ ❞❡

❣rá✜❝♦ ❝♦♠✉♠✳

❖❜s❡r✈❛çã♦ ✷✳✷ ❈♦♠♦ ♠❛tr✐③ ❣❡r❛❞♦r❛ M ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳

❖ r❡t✐❝✉❧❛❞♦ Zn ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ det(Zn) = 1✳

✷✳ ❆ ♥♦r♠❛ ♠í♥✐♠❛ é ✐❣✉❛❧ ❛ ✶ ❡ ♦s ✈❡t♦r❡s ♠✐♥✐♠❛✐s sã♦ ❞❛ ❢♦r♠❛ (0, ...,±1, ..., 0)✳

✸✳ ❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ρ = 1
2
❡ ♦ r❛✐♦ ❞❡ ❝♦❜❡rt✉r❛ é R =

√
n
2

= ρ
√
n✳

✹✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ∆ = Vn · 2−n ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ δ = 2−n✳

✺✳ ❖ ❦✐ss✐♥❣ ♥✉♠❜❡r τ = 2n✳

✻✳ ❖ r❡t✐❝✉❧❛❞♦ Zn é ❛✉t♦❞✉❛❧✳

❆ss✐♠✱ Z t❡♠ ❞❡♥s✐❞❛❞❡ ∆ = 1✱ ♠❛s ❛s ❞❡♥s✐❞❛❞❡s ❞❡ Z2✱ Z3 ❡ Z4 sã♦ ❛♣❡♥❛s
π
4
= 0.785...✱ π

6
= 0.524... ❡ π2

32
= 0.308...✳

✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n

❉❡✜♥✐çã♦ ✷✳✷ P❛r❛ n ≥ 1✱ t❡♠♦s q✉❡✿

An =

{

x ∈ Zn+1 :
n+1
∑

i=1

xi = 0

}

.

❖❜s❡r✈❛çã♦ ✷✳✸ ❊st❡ r❡t✐❝✉❧❛❞♦ ✉t✐❧✐③❛ n + 1 ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❞❡✜♥✐r ✉♠ r❡t✐❝✉❧❛❞♦

♥ ✲ ❞✐♠❡♥s✐♦♥❛❧✳



✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✸✹

❖ r❡t✐❝✉❧❛❞♦ An ♠♦r❛ ♥♦ ❤✐♣❡r♣❧❛♥♦ H ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦
n
∑

i=0

xi = 0 ∈ Rn+1 ❡ ❝♦♠♦

s❡ ♣♦❞❡ ♣❡r❝❡❜❡r ♥❛ ❞❡✜♥✐çã♦ ❡❧❡ é ❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡
n
∑

i=0

xi = 0 ❡ Zn+1✳ ❙✉❛ ♠❛tr✐③

❣❡r❛❞♦r❛ M ✭q✉❡ ♥ã♦ é q✉❛❞r❛❞❛✮ é ❞❛❞❛ ♣♦r✿

MAn =

































−1 0 0 ... 0

1 −1 0 ... 0

0 1 −1 ... 0

0 0 1 ... 0

. . . ... .

0 0 0 ... −1

0 0 0 ... 1

































❝✉❥❛ ♠❛tr✐③ ❞❡ ●r❛♠ é ❞❛❞❛ ♣♦r✱

GAn =



























2 −1 0 ... 0 0

−1 2 −1 ... 0 0

0 −1 2 ... 0 0

. . . ... . .

0 0 0 ... 2 −1

0 0 0 ... −1 2



























❖ r❡t✐❝✉❧❛❞♦ An ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ det(An) = n+ 1✳

✷✳ ❆ ♥♦r♠❛ ♠í♥✐♠❛ é ✐❣✉❛❧ ❛ ✷ ❡ ♦s ✈❡t♦r❡s ♠✐♥✐♠❛✐s sã♦ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞❡

(1,−1, ..., 0, 0)✳

✸✳ ❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ρ =
√
2
2

❡ ♦ r❛✐♦ ❞❡ ❝♦❜❡rt✉r❛ é R = ρ ·
√

2a(n+1−a)
n+1

✱

♦♥❞❡ a é ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ (n+1)
2

✳

✹✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ é δ = 2
−n
2 · (n+ 1)

−1
2 ✳

✺✳ ❖ ❦✐ss✐♥❣ ♥✉♠❜❡r τ = n · (n+ 1)✳



✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✸✺

✻✳ ❖ r❡t✐❝✉❧❛❞♦ An é ❛✉t♦❞✉❛❧✳

❱❛♠♦s ❞❡♠♦♥str❛r ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ ✐♥✐❝✐❛♥❞♦ ♣❡❧♦ ❝á❧❝✉❧♦ ❞♦ ❞❡t❡r✲

♠✐♥❛♥t❡✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ é ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ r❡t✐❝✉❧❛❞♦ An✱ s❡ ❞❡s❡♥✈♦❧✈❡r♠♦s ♦

❞❡t❡r♠✐♥❛♥t❡ ♣❡❧❛ ♣r✐♠❡r❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❝✉rsã♦✿

det(An) = 2 · det(An−1)− det(An−2)

❉❡ ♦♥❞❡ s❛✐ q✉❡

det(An) = n+ 1.

�

❙❡❥❛ B ✉♠❛ ❜❛s❡ ❞❡ Zn+1✱ ✉♠ ✈❡t♦r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ❡♠ An t❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s

❝♦♠♣♦♥❡♥t❡s ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦ ❡♠ B✳ ■st♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠♦str❛ q✉❡ An t❡♠ ♥♦r♠❛

✷✳ P♦r ♦✉tr❛ ♣❛rt❡✱ é ❝❧❛r♦ q✉❡ ♦s ✈❡t♦r❡s ❞❡ ♥♦r♠❛ ♠í♥✐♠❛ ❡♠ An sã♦ ♦s ❞❛ ❢♦r♠❛

(1,−1, ..., 0, 0) ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ An é ρ =
√
2
2
✳

❱❛♠♦s ❝❛❧❝✉❧❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ ♣❛r❛ t♦❞♦ n✿

δ(An) =
∆(An)

Vn

=
ρn

√

det(An)
=

1

(
√
2)n

1√
n+ 1

= 2
−n
2 · (n+ 1)

−1
2

�

❯♠ ❣r❛♥❞❡ ❡①❡♠♣❧♦ ♣❛r❛ ♦ r❡t✐❝✉❧❛❞♦ An é ♦ r❡t✐❝✉❧❛❞♦ A2 ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ r❡t✐❝✉✲

❧❛❞♦ ❤❡①❛❣♦♥❛❧✳ ❱❛♠♦s ❞❡t❛❧❤á✲❧♦ ❛❣♦r❛✳

❖ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧

❖ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ é ❛ss✐♠ ❝❤❛♠❛❞♦ ♣♦rq✉❡ ❛s r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ sã♦ ❤❡①á❣♦♥♦s✱

❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✷✳✶✳



✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✸✻

❋✐❣✉r❛ ✷✳✶✿ ❆s r❡❣✐õ❡s ❞❡ ❱♦r♦♥♦✐ sã♦ ❤❡①❛❣♦♥♦s✳

❖ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ Λ = A2 é ✉♠ r❡t✐❝✉❧❛❞♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s u1 = (1, 0) ❡

u2 =
(

−1
2
,
√
3
2

)

✳ ❯♠❛ ♣♦ssí✈❡❧ ♠❛tr✐③ ❣❡r❛❞♦r❛ é

MA2 =





1 −1
2

0
√
3
2





❆ ✜❣✉r❛ ✷✳✷ ♠♦str❛ ♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ ♥♦ ♣❧❛♥♦✳

❋✐❣✉r❛ ✷✳✷✿ ❘❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ Λ = A2✳ ❉❡st❛q✉❡ ♣❛r❛ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡✳

❏❛ ❞❡✜♥✐♠♦s ♣r♦♣r✐❡❞❛❞❡s ❝♦♠♦ ♦ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠✲

♣❛❝♦t❛♠❡♥t♦✳ P❛r❛ ♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❜❡♠ ❞❡✜♥✐❞❛s✳

Pr♦♣♦s✐çã♦ ✷✳✶ ❖ ♠❡❧❤♦r ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ ❡♠ ❞✐♠❡♥sã♦ ✷ é ♦ ❤❡①❛❣♦♥❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ Λ s❡❥❛ ✐❞❡❛❧✳ ❙❡ ❡♠ Λ ♥ã♦ ❡①✐st✐r ❞✉❛s ❡s❢❡r❛s q✉❡ s❡

t♦❝❛♠✱ ❡♥tã♦ ♥ã♦ é ✐❞❡❛❧✱ ❥á q✉❡ ❤❛✈❡rá ✉♠❛ ❡s❝❛❧❛r t✱ 0 < t < 1 t❛❧ q✉❡ t ·Λ t❡r✐❛ ✉♠❛

❞❡♥s✐❞❛❞❡ ♠❛✐♦r q✉❡ Λ✳ ❊♥tã♦ ❡①✐st❡♠ ❞✉❛s ❡s❢❡r❛s q✉❡ s❡ t♦❝❛♠✱ ❛ss✐♠ ♥ós t❡♠♦s ✉♠❛



✷✳✷ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s An ❡ A∗
n ✸✼

✜❧❛ ❞❡ ❡s❢❡r❛s✱ ✉♠❛ ❛♣ós ❛ ♦✉tr❛✳ ❆❧é♠ ❞✐ss♦✱ Λ é ❛ ✉♥✐ã♦ ❞❡ss❛s ✜❧❛s ❞❡ ❡s❢❡r❛s✱ t♦❞❛s

♣❛r❛❧❡❧❛s✳ ❆❣♦r❛✱ s❡ ❡ss❛s ✜❧❛s ♣❛r❛❧❡❧❛s ♥ã♦ s❡ t♦❝❛♠✱ ❡♥tã♦✱ ♥♦✈❛♠❡♥t❡ Λ ♥ã♦ s❡r✐❛

✐❞❡❛❧✳ P♦rt❛♥t♦✱ ❞❡✈❡♠ s❡ t♦❝❛r✳ ❆♦ t♦❝❛r✲s❡✱ ✈❡♠♦s q✉❡ ❤á ✐♥✜♥✐t❛s ♣♦s✐çõ❡s ♣♦ssí✈❡✐s✱

♠❛s é ❡✈✐❞❡♥t❡ q✉❡ ♦ ♠❡❧❤♦r é ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧✳

�

❚❡♦r❡♠❛ ✷✳✶ ✭❚❤✉❡✱ ✶✽✾✵✮✳ ❆ ♠❛✐♦r ❞❡♥s✐❞❛❞❡ ♣♦ssí✈❡❧ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡

❡s❢❡r❛s ❡♠ ❞✐♠❡♥sã♦ ✷ é ❞❛❞❛ ♣❡❧♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ❤❡①❛❣♦♥❛❧✱ ❝♦♠ ∆ = π√
12

∼= 0, 907.

❊♠❜♦r❛ ♣❛r❡ç❛ ♠✉✐t♦ ❢á❝✐❧✱ ❡ss❡ t❡♦r❡♠❛ ♥ã♦ é✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ ♣r♦✈❛ ❡♠

❬✾❪✱ q✉❡ é ❧❡✈❛r ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ ❛r❜✐trár✐♦ ❞♦ ♣❧❛♥♦ ❝♦♠ ❛s ❡s❢❡r❛s ❞❡ r❛✐♦ ✶ ❡ ❧♦❣♦

♣❛rt✐❝✐♦♥❛r ♦ ♣❧❛♥♦ ❡♠ três t✐♣♦s ❞❡ r❡❣✐õ❡s✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ✉♠❛ ❞❡♥s✐❞❛❞❡ ✐♥❢❡r✐♦r ♦✉

✐❣✉❛❧ ❛ π√
12
✳

✷✳✷✳✶ ❖ ❘❡t✐❝✉❧❛❞♦ A∗
n

❖ ❞✉❛❧ ❞♦ r❡t✐❝✉❧❛❞♦ An é ♦ r❡t✐❝✉❧❛❞♦ A∗
n ❞❡✜♥✐❞♦ ♣♦r✿

A∗
n =

n
⋃

i=0

([i] + An)

❙✉❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ (n)× (n+ 1) é ❞❛❞❛ ♣♦r✿

MA∗

n
=

































1 1 ... 1 −n
n+1

−1 0 ... 0 1
n+1

0 −1 ... 0 1
n+1

0 0 ... 0 1
n+1

. . . ... .

0 0 ... −1 1
n+1

0 0 ... 0 1
n+1



































✷✳✸ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s Dn ❡ D∗
n ✸✽

❝✉❥❛ ♠❛tr✐③ ❞❡ ●r❛♠ é✱

GA∗

n
=



























2 1 1 ... 1 −1

1 2 1 ... 1 −1

1 1 2 ... 1 −1

. . . ... . .

1 1 1 ... 2 −1

−1 −1 −1 ... −1 n
n+1



























.

❈♦♠♦ ✈✐♠♦s ♥❛ s✉❜s❡çã♦ ✶✳✶✳✹✱ ❛s ♠❛tr✐③❡s ❞❡ ●r❛♠ ❞❡ r❡t✐❝✉❧❛❞♦s ❞✉❛✐s ❡stã♦

r❡❧❛❝✐♦♥❛❞♦s ❞❡ ❢♦r♠❛ q✉❡

det(G∗) = det(G)−1,

❧♦❣♦

det(A∗) = det(A)−1 =
1

n+ 1

❖ r❡t✐❝✉❧❛❞♦ A∗
n ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❆ ♥♦r♠❛ ♠í♥✐♠❛ q✉❛❞r❛❞❛ é ✐❣✉❛❧ ❛ n
n+1

✳

✷✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ é δ = n
n
2

2n(n+1)
n−1
2

✳

✸✳ ❖ ❦✐ss✐♥❣ ♥✉♠❜❡r τ = 2 ♣❛r❛ n = 1 ❡ τ = 2n+ 2 ♣❛r❛ n ≤ 2 ✳

✹✳ ❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ρ = 1
2

√

n
n+1

❡ ♦ r❛✐♦ ❞❡ ❝♦❜❡rt✉r❛ é R = ρ
√

n+2
3
✳

✺✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ∆ = Vn (ρ)
n (n+ 1)2 ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝♦❜❡rt✉r❛

é Θ = Vn

√
n+ 1

[

n(n+2)
12(n+1)

]n
2
✳

✷✳✸ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s Dn ❡ D∗
n

P❛r❛ t♦❞♦ n ≥ 3✱ t❡♠♦s q✉❡

Dn =

{

x ∈ Zn :
n
∑

i=1

xi ∈ 2 · Z
}

.

é ✉♠ r❡t✐❝✉❧❛❞♦✳



✷✳✸ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s Dn ❡ D∗
n ✸✾

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡st❡ r❡t✐❝✉❧❛❞♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦❧♦r✐♥❞♦ ♦s ♣♦♥t♦s ❞❡ Zn ❛❧t❡r✲

♥❛❞❛♠❡♥t❡ ❝♦♠ ✈❡r♠❡❧❤♦ ❡ ❜r❛♥❝♦ ❡ t♦♠❛♥❞♦ ♦s ♣♦♥t♦s ✈❡r♠❡❧❤♦s ❝♦♠♦ ♥✉♠ t❛❜✉❧❡✐r♦

❞❡ ①❛❞r❡③ ✭❝❤❡❝❦❡r❜♦❛r❞✮✱ ❞❡✈✐❞♦ ❛ ✐ss♦✱ ♦ r❡t✐❝✉❧❛❞♦ Dn ❛s ✈❡③❡s é ❝❤❛♠❛❞♦ ❞❡ r❡t✐❝✉✲

❧❛❞♦ ❝❤❡❝❦❡r❜♦❛r❞✳

P♦ss✉✐ ♠❛tr✐③ ❣❡r❛❞♦r❛✱ ❞❛❞❛ ♣♦r✿

MDn =



























−1 1 0 ... 0 0

−1 −1 1 ... 0 0

0 0 −1 ... 0 0

. . . ... . .

0 0 0 ... 0 −1

0 0 0 ... 0 −1



























.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ s✉❛ ♠❛tr✐③ ❞❡ ●r❛♠ é✿

GDn =



























2 0 −1 ... 0 0

0 2 −1 ... 0 0

−1 −1 2 ... 0 0

. . . ... . .

0 0 0 ... 2 −1

0 0 0 ... −1 2



























.

❖ r❡t✐❝✉❧❛❞♦ Dn ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ Dn é ✹✳

✷✳ ❆ ♥♦r♠❛ ♠í♥✐♠❛ é
√
2 ❡ ♦s ✈❡t♦r❡s ♠✐♥✐♠❛✐s sã♦ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞❡ (±1,±1, 0, ...0)❀

✸✳ ❖ ✧❦✐ss✐♥❣ ♥✉♠❜❡r✧τ = 2n(n− 1)❀

✹✳ ❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é
√
2
2

❡ ♦ r❛✐♦ ❞❡ ❝♦❜❡rt✉r❛ R = ρ
√
2 ♣❛r❛ ♥ ❂ ✸ ❡ ρ

√

n
2

♣❛r❛ n ≥ 4 ❀

✺✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ δ = 2−(
n+2
2 )

◗✉❛♥❞♦ n = 2 ♦✉ 3✱ D2 é s❡♠❡❧❤❛♥t❡ ❛ Z2✱ ❡ D3 é ✐s♦♠étr✐❝❛ ❛ A3✳





✷✳✸ ❖s r❡t✐❝✉❧❛❞♦s ♥✲❞✐♠❡♥s✐♦♥❛✐s Dn ❡ D∗
n ✹✶

♥✉❧❛✱ ❡st❛ ❞❡✈❡ s❡r ♣❛r✱ ❧♦❣♦ s✉❛ ♥♦r♠❛ s❡rá ❛♦ ♠❡♥♦s ✹❀ ❡ s❡ t✐✈❡r ❞✉❛s ❝♦♦r❞❡♥❛❞❛s

♥ã♦ ♥✉❧❛s✱ ❡♥tã♦ s✉❛ ♥♦r♠❛ é ❛♦ ♠❡♥♦s ✷✳ ■st♦ ♥♦s ❞✐③ q✉❡ ♦ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦

❞❡ D4 é
√
2
2
✳

◆♦s ❢❛❧t❛ ❝❛❧❝✉❧❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ D4✳ P❛r❛ ✐ss♦✱ ♥♦t❡♠♦s q✉❡ ♦s ✈❡t♦r❡s ❞❛ ❢♦r♠❛

(2, 0, 0, 0) ❡stã♦ ❡♠ D4 ❡ q✉❡ ✉♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❡ D4 é ❞❛❞❛ ♣♦r

MD4 =















2 0 −1 0

0 2 −1 0

−1 −1 2 −1

0 0 −1 2















P♦rt❛♥t♦✱ det(D4) = det(MD4)
2 = 4✳

▲♦❣♦✱ vol(D4) = 2✳

✷✳✸✳✶ ❖ ❘❡t✐❝✉❧❛❞♦ D∗
n

❖ ❞✉❛❧ ❞♦ r❡t✐❝✉❧❛❞♦ Dn é ♦ r❡t✐❝✉❧❛❞♦ D∗
n ❞❡✜♥✐❞♦ ♣♦r✿

D∗
n = Dn ∪ ([1] + Dn) ∪ ([2] + Dn) ∪ ([3] + Dn)

❙✉❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ é ❞❛❞❛ ♣♦r✿

GD∗

n
=





















1 0 ... 0 1
2

0 1 ... 0 1
2

. . . ... .

0 0 ... 1 1
2

0 0 ... 0 1
2





















.

❖ r❡t✐❝✉❧❛❞♦ D∗
n ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ D∗
n é 1

4
✳

✷✳ ❆ ♥♦r♠❛ ♠í♥✐♠❛ é
√

3
4
♣❛r❛ ♥ ❂ ✸ ♦✉ 1 ♣❛r❛ n ≥ 4❀

✸✳ ❖ ✧❦✐ss✐♥❣ ♥✉♠❜❡r✧τ = 8 ♣❛r❛ ♥ ❂ ✸✱ τ = 24 ♣❛r❛ ♥ ❂ ✹ ♦✉ τ = 2n ♣❛r❛ n ≥ 5❀



✷✳✹ ❆♥á❧✐s❡ ❣❡♦♠étr✐❝❛ ❞❛s ❞❡♥s✐❞❛❞❡s ❞♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s Zn✱ An✱ Dn ❡
s❡✉s ❞✉❛✐s ✹✷

✹✳ ❖ r❛✐♦ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é
√
3
4

♣❛r❛ n = 3 ❡ 1
2
♣❛r❛ n ≥ 4✱ ♦ r❛✐♦ ❞❡ ❝♦❜❡rt✉r❛

R = ρn
1
2√
2
♣❛r❛ n ♣❛r ❡ R = ρ

√

5
3
♣❛r❛ n = 4 ❡ R = ρ (2n−1)1/2

2
♣❛r❛ n í♠♣❛r n ≥ 5❀

✺✳ ❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ δ = 31.52−5 ♣❛r❛ n = 3 ♦✉ δ = 2−(n−1) ♣❛r❛ n ≥ 4❀

✷✳✹ ❆♥á❧✐s❡ ❣❡♦♠étr✐❝❛ ❞❛s ❞❡♥s✐❞❛❞❡s ❞♦s r❡t✐❝✉❧❛❞♦s

r❛í③❡s Zn✱ An✱ Dn ❡ s❡✉s ❞✉❛✐s

❏á s❛❜❡♠♦s q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ✉♠ ❡♠♣❛❝♦t❛♠❡♥t♦ r❡t✐❝✉❧❛❞♦ é ❛ ♣r♦♣♦rçã♦ ❞♦

❡s♣❛ç♦ ♦❝✉♣❛❞♦ ♣❡❧❛s ❡s❢❡r❛s✳ ❙❛❜❡♠♦s t❛♠❜é♠✱ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ ❞❡ ✉♠

r❡t✐❝✉❧❛❞♦ é ♦ ♥ú♠❡r♦ ❞♦s ♣♦♥t♦s ❞♦ r❡t✐❝✉❧❛❞♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ✈♦❧✉♠❡ ❡ q✉❡ ♣♦❞❡ s❡r

♦❜t✐❞♦ ❞✐✈✐❞✐♥❞♦✲s❡ s✉❛ ❞❡♥s✐❞❛❞❡ ♣❡❧♦ ✈♦❧✉♠❡ ❞❛ ❡s❢❡r❛ ✉♥✐tár✐❛✳ P♦rt❛♥t♦✱ ❛ ♠❛✐♦r

❞❡♥s✐❞❛❞❡ ✭❝❡♥tr♦✮ ✐♠♣❧✐❝❛ q✉❡ ♦ s❡✉ ❞✉❛❧ é ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❛♠♦str❛❣❡♠ ♠❛✐s ❡✜❝✐❡♥t❡✳

❆ ✜❣✉r❛ ✷✳✸ ♠♦str❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❝❡♥tr♦ ❞♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s q✉❡ ❢♦r❛♠ ❝♦♥✲

s✐❞❡r❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❖ ❣rá✜❝♦ ✐♥❞✐❝❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞❡ ❛♠♦str❛❣❡♠ ♠❛✐s ♣♦❜r❡s ❞♦

r❡t✐❝✉❧❛❞♦ ❝❛rt❡s✐❛♥♦ Zn ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦✉tr♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s✳

❋✐❣✉r❛ ✷✳✸✿ ❉❡♥s✐❞❛❞❡ ❞♦s ✈ár✐♦s r❡t✐❝✉❧❛❞♦s r❛✐③❡s ❛té ❞✐♠❡♥sã♦ ✶✵✳❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡
❬✶✽❪



❈❛♣ít✉❧♦ ✸

Pr♦❜❧❡♠❛s ❡♠ ❘❡t✐❝✉❧❛❞♦s

✸✳✶ ❖ Pr♦❜❧❡♠❛ ❞❛ ❘❡❞✉çã♦ ❞❡ ❇❛s❡ ❡♠ ❘❡t✐❝✉❧❛❞♦s

❆ r❡❞✉çã♦ ❞❡ ❜❛s❡ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ r❡❞✉çã♦ ❞❡ ❜❛s❡✱ é ✉♠ ♣r♦✲

❝❡ss♦ ♣❡❧♦ q✉❛❧ ✉♠❛ ❜❛s❡ r❡❞✉③✐❞❛✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ✈❡t♦r❡s ❝✉rt♦s ❡ ♦rt♦❣♦♥❛❧♠❡♥t❡

♣ró①✐♠♦s✱ é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ❞❛❞❛✳ P❛r❛ ❛♣r❡s❡♥t❛r ❡st❡ ❛ss✉♥t♦ ♥♦s

❧✐♠✐t❛r❡♠♦s ❛ três ❢♦r♠❛s ❞❡ r❡❞✉çã♦ ❞❡ ❜❛s❡✱ sã♦ ❡❧❛s✿

• ❆ r❡❞✉çã♦ ❞❛s ❜❛s❡s ❞❡ ❞✐♠❡♥sã♦ ✷ q✉❡ ❢♦✐ ❞❛❞❛ ♣♦r ▲❛❣r❛♥❣❡ ❡ ●❛✉ss✱ ❞❡ ♦♥❞❡

♦❜s❡r✈❛r❡♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❡stá ♠✉✐t♦ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❛❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✳

• ❆ r❡❞✉çã♦ ▲▲▲ ❞❡✈✐❞❛ ❛ ▲❡♥str❛✱ ▲❡♥str❛ ❡ ▲♦✈ás③ q✉❡ é ✐♠♣♦rt❛♥t❡ ❞♦ ♣♦♥t♦ ❞❡

✈✐st❛ ♣rát✐❝♦ ❡ ❛ r❡❞✉çã♦ ❞❡ ▼✐♥❦♦✇s❦✐✳

❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦✱ sã♦ ❬✷✱ ✽✱ ✶✶✱ ✷✷❪

✸✳✶✳✶ ❘❡❞✉çã♦ ❞❡ ❜❛s❡s ❡♠ r❡t✐❝✉❧❛❞♦s ❞❡ ❞✉❛s ❞✐♠❡♥sõ❡s

❙❡❥❛♠ b1, b2 ∈ R2 ❞♦✐s ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ❞❡♥♦t❛♠♦s ♣♦r Λ ♦

r❡t✐❝✉❧❛❞♦ ❣❡r❛❞♦ ♣♦r b1 ❡ b2✳ ❖ ♦❜❥❡t✐✈♦ é t♦♠❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ r❡t✐❝✉❧❛❞♦ t❛❧ q✉❡ ♦s

❝♦♠♣r✐♠❡♥t♦s ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ s❡❥❛♠ ♦s ♠❛✐s ❝✉rt♦s ♣♦ssí✈❡✐s ✭ ♥❡st❡ ❝❛s♦ t❡♥❞❡♠ ❛

s❡r ♠✐♥✐♠♦s✮✳ ●❛✉ss ♠♦str♦✉ ♦s s❡❣✉✐♥t❡s ❝r✐tér✐♦s ♣❛r❛ ❛ r❡❞✉çã♦ ❞❡ ✉♠❛ ❜❛s❡ ❡ ❡♥tã♦

❞❡s❡♥✈♦❧✈❡✉ ✉♠❛ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❡st❛ ❜❛s❡✳
✹✸



✸✳✶ ❖ Pr♦❜❧❡♠❛ ❞❛ ❘❡❞✉çã♦ ❞❡ ❇❛s❡ ❡♠ ❘❡t✐❝✉❧❛❞♦s ✹✹

❉❡✜♥✐çã♦ ✸✳✶ ❯♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ b1, b2 ∈ R2 é ●❛✉ss r❡❞✉③✐❞❛ s❡ ||b1|| ≤ ||b2|| ≤
||b2 + qb1|| ♣❛r❛ t♦❞♦ q ∈ Z✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♠♦str❛ q✉❡ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ●❛✉ss r❡❞✉③✐❞❛ sã♦ ♦s ♠❛✐s ❝✉rt♦s

♣♦ssí✈❡✐s✳ ❊st❡ r❡s✉❧t❛❞♦ s❡r✈❡ ♣❛r❛ q✉❛❧q✉❡r ♥♦r♠❛✱ ❛♣❡s❛r ❞♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦

❛❜❛✐①♦ s❡❥❛ ❛♣❡♥❛s ♣❛r❛ ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛✳

❚❡♦r❡♠❛ ✸✳✶ ❙❡❥❛♠ λ1, λ2 ♦s ♠í♥✐♠♦s s✉❝❡ss✐✈♦s ❞❡ Λ✳ ❙❡ Λ ♣♦ss✉✐r ✉♠❛ ❜❛s❡ ♦r❞❡✲

♥❛❞❛ {b1, b2} q✉❡ s❡❥❛ ●❛✉ss r❡❞✉③✐❞❛ ❡♥tã♦ ||bi|| = λi ♣❛r❛ i = 1, 2✳

❉❡♠♦♥str❛çã♦✿ P♦r ❞❡✜♥✐çã♦ t❡♠♦s q✉❡

||b2 + qb1|| ≥ ||b2|| ≥ ||b1||

♣❛r❛ t♦❞♦ q ∈ Z

❙❡❥❛ v = l1 · b1 + l2 · b2 q✉❛❧q✉❡r ♣♦♥t♦ ♥ã♦✲♥✉❧♦ ❡♠ Λ✳

• ❙❡ l2 = 0✱ ❡♥tã♦ ||v|| ≥ ||b1||❀

• ❙❡ l2 6= 0 ❡♥tã♦ ❡s❝r❡✈❡♠♦s l1 = q · l2 + r ❝♦♠ q, r ∈ Z t❛❧ q✉❡ 0 ≤ r ≤ |l2|✳ ▲♦❣♦

v = r · b1 + l2 · (b2 + qb1) ❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

||v|| ≥ |l2| · ||b2 + qb1|| − r · ||b1||

= (|l2| − r)||b2 + qb1||+ r(||b2 + qb1|| − ||b1||)

≥ ||b2 + qb1|| ≥ ||b2|| ≥ ||b1||.

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦str❛çã♦✳

�

❉❡✜♥✐çã♦ ✸✳✷ ❙❡❥❛ b1, ..., bn ✉♠❛ ❧✐st❛ ❞❡ ✈❡t♦r❡s ∈ Rn✳ ❊s❝r❡✈❡♠♦s Bi = ||bi||2 =

〈bi, bi〉✳

❯♠ ❝♦♠♣♦♥❡♥t❡ ❝r✉❝✐❛❧ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ●❛✉ss é q✉❡

||b2 − µb1||2 = B2 − 2µ 〈b1, b2〉+ µ2B1





✸✳✶ ❖ Pr♦❜❧❡♠❛ ❞❛ ❘❡❞✉çã♦ ❞❡ ❇❛s❡ ❡♠ ❘❡t✐❝✉❧❛❞♦s ✹✻

❆s ✜❣✉r❛s ✸✳✷✱ ✸✳✸ ❡ ✸✳✹ ♠♦str❛♠ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❝❛❞❛ ❡t❛♣❛ ❞❡st❛ r❡❞✉çã♦✳

❋✐❣✉r❛ ✸✳✷✿ Pr✐♠❡✐r❛ ❡t❛♣❛ ❞❡ r❡❞✉çã♦

❋✐❣✉r❛ ✸✳✸✿ ❙❡❣✉♥❞❛ ❡t❛♣❛ ❞❡ r❡❞✉çã♦

❋✐❣✉r❛ ✸✳✹✿ ❚❡r❝❡✐r❛ ❡t❛♣❛ ❞❡ r❡❞✉çã♦

❊①❡♠♣❧♦ ✸✳✶ ❆♣❧✐q✉❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❘❡❞✉çã♦ ❞❡ ●❛✉ss às ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③

A =





1 6

5 21



 ,

❝♦♠ b1 = (1, 5) ❡ b2 = (6, 21)✳ ◆❛ ♣r✐♠❡✐r❛ ✐t❡r❛çã♦ ❢❛③❡♠♦s ⌊µ⌉ = 111
26

≈ 4.27 ❡

❛ss✐♠ ♥ós ❛t✉❛❧✐③❛♠♦s b2 = b2 − 4b1 = (2, 1)✳ ❊♠ s❡❣✉✐❞❛ tr♦❝❛♠♦s b1 ❡ b2 ♣❛r❛ q✉❡
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♦s ✈❛❧♦r❡s ♥♦ ❧♦♦♣ s❡❥❛♠ ❛❣♦r❛ b1 = (2, 1) ❡ b2 = (1, 5)✳ ❉❡ss❛ ✈❡③✱ ⌊µ⌉ = 7
5
= 1.4 ❡

❛ss✐♠ b2 = b2 − b1 = (−1, 4)✳ ❉❡s❞❡ ||b2|| > ||b1|| ♦ ❛❧❣♦r✐t♠♦ ♣ár❛ ❡ ❛s s❛✐❞❛s sã♦

{(2, 1), (−1, 4)}✳

❊♠ ✶✾✽✷✱ ▲❡♥str❛✱ ▲❡♥str❛ ❡ ▲♦✈ás③ ❞❡s❝♦❜r✐r❛♠ ✉♠❛ ❝❧❛ss❡ ❞❡ r❡❞✉çã♦ ❞❡ ❜❛s❡s✱ ♦

❝❤❛♠❛❞♦ ❛❧❣♦r✐t♠♦ ▲▲▲✱ q✉❡ ♦❢❡r❡❝❡ ✉♠ ♠ét♦❞♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ✈❡t♦r❡s ❝✉rt♦s

❡♠ ✉♠ r❡t✐❝✉❧❛❞♦✳ ❊st❡ ♠ét♦❞♦ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦s ♥♦ss♦s ♣r♦♣ós✐t♦s✱ ♥❛ ♣ró①✐♠❛

s❡çã♦ ✐r❡♠♦s ❞❡✜♥✐✲❧♦ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s✳

✸✳✶✳✷ ▼ét♦❞♦s ❞❡ ❘❡❞✉çã♦✳

❘❡❞✉çã♦ ▲▲▲ ✭▲❡♥str❛✱ ▲❡♥str❛ ❡ ▲♦✈ás③ ✮ ♦✉ ▼ét♦❞♦ ❞❡ ❘❡❞✉çã♦ ❞❡ ❇❛s❡✳

❙❡❥❛ (b1, ..., bm) ✉♠❛ ❜❛s❡ ♣❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ❡ s❡❥❛ (b∗1, ..., b
∗
m) ❛ s✉❛ ♦rt♦❣♦♥❛✲

❧✐③❛çã♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✳ ❆ ❜❛s❡ (b1, ..., bm) é ❞✐t❛ ▲▲▲ ✲ r❡❞✉③✐❞❛ s❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡

●r❛♠✲❙❝❤♠✐❞t s❛t✐s❢❛③❡r❡♠ |µi,j| ≤ 1
2
♣❛r❛ 1 ≤ j < i ≤ n✱ ❡

||b∗i + µi,i−1b
∗
i−1||2 ≥

3

4
||b∗i−1||2

♣❛r❛ 1 < i ≤ n✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

||b∗i ||2 ≥
(

3

4
− µ2

i,i−1

)

||b∗i−1||2

♣❛r❛ 1 < i ≤ n✳

◆♦t❡ q✉❡ ♦s ✈❡t♦r❡s b∗i+µi,i−1b
∗
i−1 ❡ b

∗
i−1 sã♦ ❛s ♣r♦❥❡çõ❡s ❞❡ bi ❡ bi−1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

s♦❜r❡ ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞♦ ♣♦st♦ ❞❡ (b1, ..., bi−2)✳

❯♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠✉✐t♦ út✐❧ ❞❡ ✉♠❛ ❜❛s❡ ▲▲▲✲r❡❞✉③✐❞❛✱ ❝♦♥❢♦r♠❡ ♦ t❡♦r❡♠❛ ❛

s❡❣✉✐r ❞❡♠♦♥str❛✱ é q✉❡ ❡①✐st❡♠ ❧✐♠✐t❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❡ ❡st❡s

❧✐♠✐t❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❛ ❞✐♠❡♥sã♦ ❞♦ r❡t✐❝✉❧❛❞♦ ❡ ❞♦ ✈♦❧✉♠❡✳ ❖ r❡s✉❧t❛❞♦ é ♣❛r❛

r❡t✐❝✉❧❛❞♦s ✐♥t❡✐r♦s Λ ⊆ Zn✱ ♦ q✉❡ s✐❣♥✐✜❝❛✱ s✐♠♣❧❡s♠❡♥t❡✱ q✉❡ ❝❛❞❛ ✈❡t♦r ❞♦ r❡t✐❝✉❧❛❞♦

t❡♠ ❛♣❡♥❛s ❝♦♠♣♦♥❡♥t❡s ✐♥t❡✐r♦s✳
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❚❡♦r❡♠❛ ✸✳✷ ❬✽❪ ❙❡❥❛ (b1, ..., bm) ✉♠❛ ❜❛s❡ ▲▲▲✲r❡❞✉③✐❞❛ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ⊆ Zn✳

❊♥tã♦

||b1|| ≤ 2(m−1)/4vol(Λ)1/m,

❡ q✉❛♥❞♦ ||b1|| ≥ 2(l−2)/2✱ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ r❡st❛♥t❡ s❛t✐s❢❛③❡♠

||bl|| ≤ 2(m+l−2)/4vol(Λ)1/(m−l+1).

❖ ❧✐♠✐t❡ ❞♦ ✈❡t♦r ❞❡ ❜❛s❡ ♠❡♥♦r ❢♦✐ ♠♦str❛❞♦ ♣♦r ▲❡♥str❛✱ ▲❡♥str❛ ❡ ▲♦✈ás③✱ ❡♥✲

q✉❛♥t♦ ♦s ❧✐♠✐t❡s ♣❛r❛ ♦s ♦✉tr♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❢♦r❛♠ ♠♦str❛❞♦s ♣♦r ❏✳❆ Pr♦♦s✳

◆❛ s✐t✉❛çã♦ ✐♠♣r♦✈á✈❡❧ ❞❡ q✉❡ ||2|| < 2(l−2)/2✱ ♦ ❧✐♠✐t❡

||bl|| ≤ 2
m(m−1)
4(m−l−1)vol(Λ)1/(m−l+1).

♣♦❞❡ s❡r ✉s❛❞♦ s❡♠ r❡str✐çõ❡s✳

❚❡♦r❡♠❛ ✸✳✸ ❬✽❪ ❙❡❥❛ (b1, ..., bm) ✉♠❛ ❜❛s❡ ▲▲▲✲r❡❞✉③✐❞❛ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ⊆ Zn✳

P❛r❛ t♦❞♦ x ∈ Λ, x 6= 0✱

||b1|| ≤ 2(m−1)/2||x||.

❆❧é♠ ❞❡ss❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❛s ❜❛s❡s ▲▲▲✲r❡❞✉③✐❞❛s sã♦ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❧❛ss❡ ❞❡

❜❛s❡s r❡❞✉③✐❞❛s✱ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ♣rát✐❝♦✱ ♣♦rq✉❡ ❡❧❛s ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❞❡

❢♦r♠❛ ❡✜❝✐❡♥t❡✳

P❛r❛ ✉♠ r❡t✐❝✉❧❛❞♦ ♠✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ✈❡t♦r❡s ♥✲❞✐♠❡♥s✐♦♥❛✐s ✭Λ ∈ Zn✱ ♣♦r ❡①❡♠✲

♣❧♦✮✱ ♦ ❛❧❣♦r✐t♠♦ ▲▲▲ t❡♠ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ♦r❞❡♠ O(nm5B3)✱ ♦♥❞❡ B é ✉♠

❧✐♠✐t❡ ♥♦ t❛♠❛♥❤♦ ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❞❡ ❡♥tr❛❞❛ ❬✽❪✳ ❊♠❜♦r❛ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦

s❡❥❛ ♣♦❧✐♥♦♠✐❛❧ ♥♦ t❛♠❛♥❤♦ ❞❛ ❡♥tr❛❞❛ ✭❛ ❜❛s❡ ✐♥✐❝✐❛❧ ♣❛r❛ ♦ r❡t✐❝✉❧❛❞♦✮✱ ♦ ❛❧❣♦r✐t♠♦

é ✐♥❡✜❝✐❡♥t❡ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ r❡t✐❝✉❧❛❞♦ é ♠✉✐t♦ ❣r❛♥❞❡ ❡ q✉❛♥❞♦ ♦s ✈❡t♦r❡s

❞♦s r❡t✐❝✉❧❛❞♦ sã♦ ♠✉✐t♦ ❣r❛♥❞❡s✳ ❖ ❛❧❣♦r✐t♠♦ ♠❛✐s rá♣✐❞♦ q✉❡ ❝❛❧❝✉❧❛ ✉♠❛ ❜❛s❡

▲▲▲✲r❡❞✉③✐❞❛ é ♦ ◆❣✉②❡♥ ❡ ❙t❡❤❧é✬s ❞♦ ❛❧❣♦r✐t♠♦ L2✱ q✉❡ é ✉♠❛ ✈❛r✐❛♥t❡ ❞❡ ♣♦♥t♦

✢✉t✉❛♥t❡ ❞♦ ❛❧❣♦r✐t♠♦ ▲▲▲ ❬✽❪✳ ❖ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦ é ❞❡ ♦r❞❡♠

O(nm4(m+B)B)✱ q✉❡ ♦❢❡r❡❝❡ ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ q✉❛♥❞♦ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ sã♦

♠✉✐t♦ ❣r❛♥❞❡s✳
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❘❡❞✉çã♦ ❞❡ ▼✐♥❦♦✇s❦✐

❙❡❥❛ ❢ ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ s♦❜r❡ R✳ ❉✐③❡♠♦s q✉❡

❢ é ✉♠❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ ▼✐♥❦♦✇s❦✐ s❡ ❡❧❛ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ❜❛s❡

(b1, ..., bm) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ t✱ 1 ≤ t ≤ n✱

f(bt) ≤ f(v)

♣❛r❛ t♦❞♦s ♦s ✈❡t♦r❡s ✐♥t❡✐r♦s v ♣❛r❛ ♦ q✉❛❧ b1, ..., bt−1, v ♣♦❞❡♠ s❡r ❡①t❡♥❞✐❞♦s ❛ ✉♠❛

❜❛s❡ ❞❡ Λ✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❝❛❞❛ bt s✉❝❡ss✐✈♦ é ❡s❝♦❧❤✐❞♦ t❛❧ q✉❡ f(bt) s❡❥❛ tã♦ ♣❡q✉❡♥♦

q✉❛♥t♦ ♣♦ssí✈❡❧✳ ❉❡✐①❛♥❞♦ v ♣❡r❝♦rr❡r t♦❞♦s ♦s ✈❡t♦r❡s ❞♦ r❡t✐❝✉❧❛❞♦s✱ ❛ ❝♦♥❞✐çã♦ ❞❛❞❛

❛❝✐♠❛ ✐♠♣❧✐❝❛ ❡♠ ❞❡s✐❣✉❛❧❞❛❞❡s s♦❜r❡ ❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s aij✳

❉❡✜♥✐çã♦ ✸✳✸ ❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ❡♠ Rn ❡ f(x) = 〈x, x〉✱ ❞✐r❡♠♦s q✉❡ B =

{b1, ..., bn} é ✉♠❛ ❜❛s❡ ❞❡ ▼✐♥❦♦✇s❦✐ s❡ ♣❛r❛ ❝❛❞❛ t✱ 1 ≤ t ≤ n✱

||bt||2 ≤ ||r||2

♣❛r❛ t♦❞♦s ♦s ✈❡t♦r❡s ✐♥t❡✐r♦s r ♣❛r❛ ♦ q✉❛❧ b1, ..., bt−1, r ♣♦❞❡♠ s❡r ❡st❡♥❞✐❞♦s ❛ ✉♠❛

❜❛s❡ ❞❡ Λ✳

❉❛❞❛ ✉♠❛ ❜❛s❡ q✉❛❧q✉❡r ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✱ ✉♠❛ ❜❛s❡ ❞❡ ▼✐♥❦♦✇s❦✐ ♣♦❞❡ s❡r ♦❜t✐❞❛

❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛✳ ❖ ❛❧❣♦r✐t♠♦ ❛♣❧✐❝❛❞♦ ♥❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ é ❞❡ ❛❧t❛ ❝♦♠♣❧❡①✐❞❛❞❡

❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦ q✉❡ ❞✐✜❝✉❧t❛ ❛ ♦❜t❡♥çã♦ ❞❡ r❡❞✉çã♦ ♣❛r❛ ❞✐♠❡♥sõ❡s ❛❧t❛s✳

❊①✐st❡♠ ♦✉tr❛s ❢♦r♠❛s ❞❡ r❡❞✉çã♦✱ ❝♦♠♦ ❛ r❡❞✉çã♦ ❍❑❩ q✉❡ ♥ã♦ ❝✐t❛♠♦s ♥❡st❡

tr❛❜❛❧❤♦✳ P♦ré♠ ✉♠❛ r❡❢❡rê♥❝✐❛ s♦❜r❡ ♦ ❛ss✉♥t♦ ✈❡r ❬✶✺❪✳

✸✳✷ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ❡ ♠❛✐s Pró①✐♠♦✳

◆❡st❛ s❡çã♦✱ ✐r❡♠♦s ❡st✉❞❛r ♦s ♣r♦❜❧❡♠❛s ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ✭P❱▼❈✮ ❡ ❞♦ ❱❡t♦r

♠❛✐s Pró①✐♠♦ ✭P❱▼P✮✳ ■♥✐❝✐❛❧♠❡♥t❡ ❝✐t❛r❡♠♦s ♦ ❡st✉❞♦ ❞♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s

❈✉rt♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ ❡ ♦ r❡❧❛❝✐♦♥❛r❡♠♦s ❝♦♠ ♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ ✳
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▼♦str❛r❡♠♦s t❛♠❜é♠✱ q✉❡ ❡①✐st❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣♦❧✐♥♦♠✐❛❧✱ q✉❡ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ✉♠

❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ♦ ✈❡t♦r ♠❛✐s ❝✉rt♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♣❛r❛ t❛❧ ♦ ✈❡t♦r

❞❡ ♥♦r♠❛ ♠í♥✐♠❛ ❞❛ ❜❛s❡ ❝♦♥str✉í❞❛✳ ❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬✶✺✱ ✶✼❪✳

✸✳✷✳✶ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦

❙❡❥❛ Λ ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❞✐♠❡♥sã♦ dim(Λ) = m ≥ 2✳ ❉❛❞♦ ✉♠❛ ❜❛s❡ ♣❛r❛ Λ✱

♦ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ✲ ✭P❱▼❈✮ ❝♦♠♦ ♦ ♥♦♠❡ s✉❣❡r❡✱ ❝♦♥s✐st❡ ❡♠

❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ✭❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✮ t ∈ Λ t❛❧ q✉❡ ||t|| = λ1(Λ). ❊①✐st❡♠ t❛♠❜é♠ ❞✉❛s

✈❡rsõ❡s ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ❝✉rt♦✱ ❛ ♣r✐♠❡✐r❛ ✭Pr♦❜❧❡♠❛

❞♦ ✈❡t♦r ♠❛✐s ❝✉rt♦ ❛♣r♦①✐♠❛❞♦ ✲ P❱▼❈❆✮ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r

♥ã♦✲♥✉❧♦ x ∈ Λ t❛❧ q✉❡ ||x|| = f(m)λ1(Λ) ♣♦r ❛❧❣✉♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛çã♦ f(m)✱ ♦♥❞❡

m é ❛ ❞✐♠❡♥sã♦ ❞♦ r❡t✐❝✉❧❛❞♦ ❡ ❛ s❡❣✉♥❞❛ ✭Pr♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ❝✉rt♦ ❞❡

❍❡r♠✐t❡ ✲ P❱▼❈❍✮ t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ♥ã♦✲♥✉❧♦ x ∈ Λ t❛❧ q✉❡

||x|| = f(m)vol(Λ)
1
n ✳

❯♠ r❡s✉❧t❛❞♦ ❝❧áss✐❝♦ ❞❡ ▼✐♥❦♦✇s❦✐ ❡st❛❜❡❧❡❝❡ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ♥♦r♠❛

❡✉❝❧✐❞✐❛♥❛ ♠✐♥✐♠❛ ❞❡ ✉♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✿

❚❡♦r❡♠❛ ✸✳✹ ❬✷❪ ❙❡❥❛ Λ ∈ Rn ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ❝♦♠♣❧❡t❛✳ ❊♥tã♦ ❡①✐st❡

t ∈ Λ\ {0}✱ t❛❧ q✉❡✿

||t|| ≤ 2

(

detΛ

V (n)

) 1
n

♦♥❞❡ V (n) r❡♣r❡s❡♥t❛ ♦ ✈♦❧✉♠❡ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ n

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ r = 1
2
min {||t|| : t ∈ Λ\ {0}}✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ x, y ∈ Λ ❝♦♠

x 6= y t❡♠✲s❡ ||x− y|| > r✳ P♦r ✐ss♦

Br(x) ∩ Br(y) = ⊘,

♦♥❞❡ Br(x) r❡♣r❡s❡♥t❛ ❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ r❛✐♦ r ❝❡♥tr❛❞❛ ❡♠ x✳ ❆ ♠❡❞✐❞❛ ❞❡
⋃

x∈Λ Br(x)

❡♠ Rn é ✐♥❢❡r✐♦r ♦✉ ✐❣✉❛❧ ❛ ♠❡❞✐❞❛ ❞❡
⋃

x∈Λ(x+π)✳ ❈♦♠♦ ❡st❡s ❝♦♥❥✉♥t♦s sã♦ ❞✐s❥✉♥t♦s

❡ tê♠ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✱ ❡♥tã♦

rnV (n)

detΛ
≤ 1
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q✉❡ é ❛ r❛③ã♦ ❡♥tr❡ ♦ ✈♦❧✉♠❡ ❞❡ Br(x) ❡ (x + π)✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ Λ✱ ❞❡ ♦♥❞❡

❞❡❝♦rr❡

||t|| ≤ 2

(

detΛ

V (n)

) 1
n

.

�

◆♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ♥ã♦ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ♥❡♥❤✉♠ ❛❧❣♦r✐t♠♦ ♣♦❧✐♥♦♠✐❛❧ q✉❡ ❞❡t❡r♠✐♥❡

✉♠ t q✉❡ s❛t✐s❢❛ç❛ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✳ ❖ ▼ét♦❞♦ ▲▲▲ ♣❡r♠✐t❡✲♥♦s ❡♥❝♦♥tr❛r✱ ❡♠ t❡♠♣♦

♣♦❧✐♥♦♠✐❛❧✱ ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ♥♦r♠❛ ❞❡ss❡ ✈❡t♦r ❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦

✈❡t♦r ♠❛✐s ❝✉rt♦✳

❚❡♦r❡♠❛ ✸✳✺ ❬✷❪ ❙❡❥❛ A ✉♠❛ ♠❛tr✐③ ♥ã♦ s✐♥❣✉❧❛r ❞❡ r❛❝✐♦♥❛✐s ❞❡ ♦r❞❡♠ n✳ ❊♥tã♦✱

❡①✐st❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣♦❧✐♥♦♠✐❛❧ q✉❡ ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ t q✉❡ ♣❡rt❡♥❝❡

❛♦ r❡t✐❝✉❧❛❞♦ ❣❡r❛❞♦ ♣❡❧❛s ❝♦❧✉♥❛s ❞❡ A✱ t❛❧ q✉❡

||t|| ≤ 2
(n−1)

4 (detΛ)
1
n .

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ {t1, ..., tn} ✉♠❛ ❜❛s❡ r❡❞✉③✐❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ LLL

♣❛r❛ ✉♠❛ ♠❛tr✐③ ❞❡ ●r❛♠ G = ATA✳ ❊♥tã♦✱

||Ati|| = ||t1|| = ||t∗1||.

❙❡ ❛ ❜❛s❡ é r❡❞✉③✐❞❛ ❡♥tã♦✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ||t∗i ||2 ≤ 2||t∗i+1||2 ♣❛r❛ 1 ≤ i ≤ n✱

t❡♠♦s ||t∗1|| ≤ 2(k−1)||t∗k||, k = 1, ..., n

❛ss✐♠✱

||At1|| =
(

n
∏

k=1

||t∗1||
) 1

n

≤
(

n
∏

k=1

2(k−1)/2||t∗k||
) 1

n

=

(

2n(n−1)/4

n
∏

k=1

||t∗k||
) 1

n
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=
(

2n(n−1)/4detΛ
)

1
n

= 2(n−1)/4 (detΛ)
1
n

�

❆ss✐♠ s❡♠♣r❡ q✉❡ ✉♠ ✈❡t♦r t ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦ Λ s❛t✐s✜③❡r ❛ ❡st❡ t❡♦r❡♠❛✱ ❞❡✈❡♠♦s

❝♦♥s✐❞❡r❛r q✉❡ t é ✉♠ ✈❡t♦r ❝✉rt♦ ❞❡ Λ✳

✸✳✷✳✷ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦

❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s Pró①✐♠♦ ✲ P❱▼P ❞❡ ✉♠ ♣♦♥t♦ r❡t✐❝✉❧❛❞♦ ❡stá

♠✉✐t♦ r❡❧❛❝✐♦♥❛❞♦ ❛♦ P❱▼❈✳ ➱ ✉♠ ❞♦s ♣r♦❜❧❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝❡♥tr❛✐s ♥❛ ❣❡♦♠❡tr✐❛

❞♦s ♥ú♠❡r♦s s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ NP − completo ❬✶✼❪✳ ❊st❡ ♣r♦❜❧❡♠❛ é ❞❡✜♥✐❞♦ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ✧❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ Λ ❜❛s❡ B ∈ Rm×n ❡ ✉♠ ✈❡t♦r t ∈ Rm✱ ❞❡✈❡✲s❡

❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r r❡t✐❝✉❧❛❞♦ B · x ♠❛✐s ♣ró①✐♠♦ ❞❡ t✱ ✐✳❡✱ ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r ✐♥t❡✐r♦

x ∈ Zn t❛❧ q✉❡ ||B · x− t|| ≤ ||B · y − t|| ♣❛r❛ t♦❞♦ y ∈ Zn✧✳

❖ P❱▼P ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❛ r❡s♣❡✐t♦ ❞❡ q✉❛❧q✉❡r ♥♦r♠❛✱ ♠❛s ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛

é ❛ ♠❛✐s ❝♦♠✉♠✳ ❯♠❛ ✈❡rsã♦ ♠❛✐s s✐♠♣❧✐✜❝❛❞❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✉s❛❞♦ ♠✉✐t♦ ❡♠ t❡♦r✐❛

❞❛ ❝♦♠♣❧❡①✐❞❛❞❡✮ s♦♠❡♥t❡ ♣❡❞❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❞✐stâ♥❝✐❛ ❞♦ ❛❧✈♦ ❛ ♣❛rt✐r ❞♦ r❡t✐❝✉❧❛❞♦✱

s❡♠ ❡♥❝♦♥tr❛r ♦ ✈❡t♦r r❡t✐❝✉❧❛❞♦ ♠❛✐s ♣ró①✐♠♦ ❞❛ ✈❡r❞❛❞❡✳

❖ P❱▼P t❡♠ s✐❞♦ ❡st✉❞❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ✭❧✐♥❣✉❛❣❡♠ ❡q✉✐✈❛❧❡♥t❡ ❞❡ ❢♦r♠❛s

q✉❛❞rát✐❝❛s✮ ❞❡s❞❡ ♦ sé❝✉❧♦ ❳■❳✳ ❯♠❛ ❞❛s ♣r✐♠❡✐r❛s r❡❢❡rê♥❝✐❛s ❛♦ ♥♦♠❡ P❱▼P ♥❛

❧✐t❡r❛t✉r❛ ❞❛ ❝✐ê♥❝✐❛ ❞❛ ❝♦♠♣✉t❛çã♦ s✉r❣✐r❛♠ ♥♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❢♦✐ ✐♥❞✐✲

❝❛❞♦ ♣❛r❛ s❡r ✧NP − ❞✐❢í❝✐❧✧❞❡ s❡ r❡s♦❧✈❡r ❬✶✼❪✳

▼✉✐t❛s ❛♣❧✐❝❛çõ❡s ❞♦ P❱▼P ❡①✐❣❡♠ ❛♣❡♥❛s ❛ ❞❡s❝♦❜❡rt❛ ❞❡ ✉♠ ✈❡t♦r ❞♦ r❡t✐❝✉❧❛❞♦

q✉❡ ♥ã♦ ❡st❡❥❛ tã♦ ❞✐st❛♥t❡ ❞♦ ❛❧✈♦✱ ♠❡s♠♦ s❡ ♥ã♦ ❢♦r ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ ♠❛✐s ♣ró①✐♠♦✳

❯♠❛ ❣ ✲ ❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♦ P❱▼P ❡♥❝♦♥tr❛ ✉♠ ✈❡t♦r r❡t✐❝✉❧❛❞♦ ❞❡♥✲

tr♦ ❞❛ ❞✐stâ♥❝✐❛ ✧❣✧ ✈❡③❡s ❛ ❞✐stâ♥❝✐❛ ❞❛ s♦❧✉çã♦ ót✐♠❛✳ ❖s ❛❧❣♦r✐t♠♦s ♣♦❧✐♥♦♠✐❛✐s ♠❛✐s

❝♦♥❤❡❝✐❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ P❱▼P sã♦ ❞❡✈✐❞♦s ❛ ❇❛❜❛✐ ❡ ❑❛♥♥❛❦ ❬✶✼❪✱ q✉❡ sã♦ ❜❛s❡❛❞♦s

❡♠ r❡t✐❝✉❧❛❞♦s r❡❞✉③✐❞♦s ❛❧❝❛♥ç❛♥❞♦ ♦s ❢❛t♦r❡s ❞❡ ❛♣r♦①✐♠❛çã♦ q✉❡ sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡

❡①♣♦♥❡♥❝✐❛✐s ♥❛ ❞✐♠❡♥sã♦ ❞♦ r❡t✐❝✉❧❛❞♦✳ ◆❛ ♣rát✐❝❛✱ ❛s ❛♣r♦①✐♠❛çõ❡s ❤❡✉r✐st✐❝❛s ♣❛r❡✲



✸✳✷ ❖ Pr♦❜❧❡♠❛ ❞♦ ❱❡t♦r ♠❛✐s ❈✉rt♦ ❡ ♠❛✐s Pró①✐♠♦✳ ✺✸

❝❡♠ ❡♥❝♦♥tr❛r r❡❧❛t✐✈❛♠❡♥t❡ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ❛♦ P❱▼P ❡♠ ✉♠❛ q✉❛♥t✐❛ ❞❡ t❡♠♣♦

r❛③♦á✈❡❧ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ r❡t✐❝✉❧❛❞♦ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✳

❖ P❱▼P é ❛ ❜❛s❡ ❞❡ ✈ár✐♦s ❝r✐♣t♦s✐st❡♠❛s ♠♦❞❡r♥♦s ❬✻❪ ♦♥❞❡ ❛ ❞❡❝r✐♣t❛çã♦ ❝♦r✲

r❡s♣♦♥❞❡ ✐♥❝✐t♦s❛♠❡♥t❡ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ P❱▼P✳ ❊ss❡s ❝r✐♣t♦s✐st❡♠❛s sã♦ ❜❛s❡❛❞♦s

♥♦ ❢❛t♦ ❞❡ q✉❡ q✉❛❧q✉❡r r❡t✐❝✉❧❛❞♦ ❛❞♠✐t❡ ♠✉✐t❛s r❡♣r❡s❡♥t❛çõ❡s ❞✐❢❡r❡♥t❡s ❡ ❛❧❣✉♠❛s

❞❡❧❛s ♣♦❞❡♠ t❡r ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ✉♠❛ ♠❡❧❤♦r ❞♦ q✉❡ ❛ ♦✉tr❛✱ ✐ss♦ ❛❥✉❞❛ ♣❛r❛

q✉❡ ❡❧❛s ♣♦ss❛♠ s❡r ✉s❛❞❛s ❝♦♠♦ r❡s♣♦st❛ s❡❝r❡t❛ ❞❡ ✉♠❛ ❞❡❝r✐♣t❛çã♦✳ ❈♦♥t✉❞♦✱ ❤á

r❡t✐❝✉❧❛❞♦s q✉❡ ♥ã♦ ❛❞♠✐t❡♠ ❜♦❛s r❡♣r❡s❡♥t❛çõ❡s✱ ✐st♦ é✱ r❡s♦❧✈❡r ♦ P❱▼P ✭ ♠❡s♠♦

❛♣r♦①✐♠❛❞❛♠❡♥t❡✮ é ✧NP −❞✐❢í❝✐❧✧ ♥ã♦ ✐♠♣♦rt❛♥❞♦ ❛ ❜❛s❡ ❞❛❞❛✳ P♦rt❛♥t♦✱ ♦s ❡①❡♠✲

♣❧♦s ❞❡ P❱▼P ✉s❛❞♦s ❡♠ ❝r✐♣t♦s✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ r❡t✐❝✉❧❛❞♦s ✭♣❛r❛ ♦ q✉❛❧ ♦ P❱▼P

♣♦ss❛ s❡r ❡✜❝✐❡♥t❡♠❡♥t❡ r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ ❛ r❡s♣♦st❛ ❞❛ ❞❡❝r✐♣t❛çã♦✮ sã♦ ♣♦ss✐✈❡❧♠❡♥t❡

♠❛✐s ❢á❝❡✐s ❞♦ q✉❡ ♦s ❡①❡♠♣❧♦s ❣❡r❛✐s ❞♦ P❱▼P✳

❉❡❝✐sã♦ ✈❡rs✉s P❡sq✉✐s❛

❉❡ ♠❛♥❡✐r❛ ♣r❡❝✐s❛✱ ♣♦❞❡✲s❡ ❝♦♥s✐❞❡r❛r três ✈❛r✐❛♥t❡s ❞♦ PVMP ✱ ❞❡♣❡♥❞❡♥❞♦ s❡

t❡♠♦s r❡❛❧♠❡♥t❡ q✉❡ ❡♥❝♦♥tr❛r ✈❡t♦r ♦ ♠❛✐s ♣ró①✐♠♦ ✱ ❡♥❝♦♥tr❛r ❛ s✉❛ ❞✐stâ♥❝✐❛✱ ♦✉

❛♣❡♥❛s ❞❡❝✐❞✐r s❡ ❡❧❡ ❡stá ♠❛✐s ♣❡rt♦ ❞♦ q✉❡ ❛❧❣✉♠ ♥ú♠❡r♦ ❞❛❞♦✿

• P❱▼P ❞❡ ❉❡❝✐sã♦✿ ❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❜❛s❡ B ∈ Rm×n✱ ♦ ✈❡t♦r ❛❧✈♦ t ∈ Rm

✉♠ r❛❝✐♦♥❛❧ r ∈ Q✱ ❞❡t❡r♠✐♥❛r s❡ dist (t,Λ(B)) ≤ r ♦✉ dist (t,Λ(B)) > r✳

• P❱▼P ❞❡ ❖t✐♠✐③❛çã♦✿ ❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❜❛s❡ B ∈ Rm×n ❡ ♦ ✈❡t♦r ❛❧✈♦

t ∈ Rm✱ ❝❛❧❝✉❧❛r dist (t,Λ(B)) .

• P❱▼P ❞❡ ♣❡sq✉✐s❛✿ ❉❛❞♦ ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡ ❜❛s❡ B ∈ Rm×n ❡ ♦ ✈❡t♦r ❛❧✈♦

t ∈ Rm ❡♥❝♦♥tr❛r ✉♠ ✈❡t♦r x ∈ Rn q✉❡ ♠✐♥✐♠✐③❡ ||B · x− t|| ✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ✈❛r✐❛♥t❡ ❞❡ ♣❡sq✉✐s❛ ✐♠♣❧✐❝❛ ✐♠❡❞✐❛t❛♠❡♥t❡

✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ✈❛r✐❛♥t❡ ❞❡ ♦t✐♠✐③❛çã♦✱ ❛❧é♠ ❞✐ss♦✱ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ✈❛r✐❛♥t❡ ❞❡

♦t✐♠✐③❛çã♦ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ✈❛r✐❛♥t❡ ❞❡ ❞❡❝✐sã♦✳



❈❛♣ít✉❧♦ ✹

❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ♠❛✐s

♣ró①✐♠♦ ❞❡ ✉♠ r❡t✐❝✉❧❛❞♦✳

❊st❡ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡ ❛❧❣✉♥s ❞♦s ❛❧❣♦r✐t♠♦s q✉❡✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞❡

Rn✱ ❡♥❝♦♥tr❛♠ ✉♠ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞♦s r❡t✐❝✉❧❛❞♦s Zn✱ An ❡ Dn✳ P❛r❛ ❡st✉❞❛r ❛

❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡st❡s ❛❧❣♦r✐t♠♦s✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠

♦ s♦❢t✇❛r❡ ❧✐✈r❡ s❝✐❧❛❜✳ ❆ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦ é ❬✹❪✳

✹✳✶ ❯♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦

P❛r❛ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s é ❡ss❡♥❝✐❛❧ q✉❡ ❡①✐st❛♠ ❛❧❣♦r✐t♠♦s ✧❞❡❝♦❞✐✜❝❛❞♦r❡s✧rá♣✐❞♦s

t❛❧ q✉❡✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞♦ ❡s♣❛ç♦✱ ♣♦ss❛ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞♦

r❡t✐❝✉❧❛❞♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♥ós ✈❛♠♦s ❞❡s❝r❡✈❡r ❛❧❣♦r✐t♠♦s ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ♥♦s r❡t✐❝✉❧❛❞♦s

Zn✱ An(n ≥ 1)✱ Dn(n ≥ 3)✳

◆❛s ♣ró①✐♠❛s s❡çõ❡s ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s

r❛í③❡s✱ q✉❡ ❥❛ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✷ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛

✉t✐❧✐③❛❞❛ ❢♦✐ ♦ ❝❛♣ít✉❧♦ ✷✵ ❞❡ ❬✹❪✳

✺✹



✹✳✶ ❯♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ✺✺

■♥✐❝✐❛r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ ✜①❛♥❞♦ ❛❧❣✉♠❛s ♥♦t❛çõ❡s ♣❛r❛ ✉s♦ ❣❡r❛❧✳

P❛r❛ x ∈ R ❞❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ ⌈x⌋ ❡ ❛ ❢✉♥çã♦ w(x) q✉❡ ❛♣r♦①✐♠❛ ❞❡ ♠♦❞♦

✐♥✈❡rs♦ ❝♦♠♦ ❛ s❡❣✉✐r✳ ✭❈♦♥s✐❞❡r❡♠♦s m s❡♠♣r❡ ✐♥t❡✐r♦✮✳

• ❙❡ x = 0 ❡♥tã♦ ⌈x⌋ = 0✱ w(x) = 1✳

• ❙❡ 0 < m ≤ x ≤ m+ 1
2

❡♥tã♦ ⌈x⌋ = m✱ w(x) = m+ 1✳

• ❙❡ 0 < m+ 1
2
< x < m+ 1 ❡♥tã♦ ⌈x⌋ = m+ 1✱ w(x) = m✳

• ❙❡ −m− 1
2
≤ x ≤ −m < 0 ❡♥tã♦ ⌈x⌋ = −m✱ w(x) = −m− 1✳

• ❙❡ −m− 1 < x < −m− 1
2

❡♥tã♦ ⌈x⌋ = −m− 1✱ w(x) = −m✳

❖❜s❡r✈❛çã♦ ✹✳✶ ❖s ❡♠♣❛t❡s sã♦ ❝♦♥tr♦❧❛❞♦s ❛✜♠ ❞❡ ❞❛r ♣r❡❢❡rê♥❝✐❛ ❛♦s ♣♦♥t♦s ❞❡

♥♦r♠❛ ♠❡♥♦r✳

❚❛♠❜é♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

x = ⌈x⌋+ δ(x),

♣❛r❛ q✉❡ |δ(x)| ≤ 1
2
s❡❥❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ x ❛té ♦ ✐♥t❡✐r♦ ♠❛✐s ♣ró①✐♠♦✳

❉❛❞♦ x = (x1, ..., xn) ∈ Rn✱ s❡❥❛ k(1 ≤ k ≤ n) t❛❧ q✉❡

|δ(xk)| ≤ |δ(xi)|

♣❛r❛ t♦❞♦ 1 ≤ i ≤ n ❡

|δ(xk)| = |δ(xi)| =⇒ k ≤ i.

❊♥tã♦ g(x) é ❞❡✜♥✐❞❛ ♣♦r

g(x) = (⌈x1⌋ , ⌈x2⌋ , ..., w(xk), ..., ⌈xn⌋) .



✹✳✷ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s Zn✳ ✺✻

✹✳✷ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s

Zn✳

❉❛❞♦ x ∈ Rn✱ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ Zn é ⌈x⌋✳ ✭❙❡ x ❡stá ❡q✉✐❞✐st❛♥t❡ ❞❡ ❞♦✐s ♦✉

♠❛✐s ♣♦♥t♦s ❞❡ Zn✱ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❡♥❝♦♥tr❛ ✉♠ ♣♦♥t♦ ❞❡ ♥♦r♠❛ ♠❡♥♦r✮✳

P❛r❛ ✈❡r✐✜❝❛r s❡ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢✉♥❝✐♦♥❛✱ s❡❥❛ u = (u1, ..., un) q✉❛❧q✉❡r ♣♦♥t♦ ❞❡

Zn✳

❊♥tã♦

||(u− x)|| =
n
∑

i=1

(ui − xi)
2

q✉❡ é ♠✐♥✐♠✐③❛❞♦ ❡s❝♦❧❤❡♥❞♦✲s❡ ui = ⌈xi⌋ ♣❛r❛ i = 1, ...., n✳ P♦r ❝❛✉s❛ ❞❡ 0 < m+ 1
2
<

x < m + 1 ❡♥tã♦ ⌈x⌋ = m + 1, ❧♦❣♦ w(x) = m ♦s ❡♠♣❛t❡s sã♦ ♣❛rt✐❞♦s ❝♦rr❡t❛♠❡♥t❡✱

❢❛✈♦r❡❝❡♥❞♦ ♦ ♣♦♥t♦ ❞❡ ♠❡♥♦r ♥♦r♠❛✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ♣❛r❛ Z2✳

❊①❡♠♣❧♦ ✹✳✶ ❊♥❝♦♥tr❡ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ Z2 ❛té x = (1.7, 4.7) .

■♥✐❝✐❡♠♦s ❛♥❛❧✐③❛♥❞♦ ❛ ✜❣✉r❛ ✹✳✶✿

❋✐❣✉r❛ ✹✳✶✿ ✶◦ P❛ss♦✿ P♦♥t♦ ❛❧❡❛tór✐♦ x = (1.7; 4.7) ∈ Z2







✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✺✾

❖ ♣r♦❣r❛♠❛ ❞❛ ✜❣✉r❛ ✹✳✺ t❡♠ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛ num❴max ♦♥❞❡ é ❝♦♠♣✉t❛❞♦

♦ t❡♠♣♦ ♣❛r❛ ❢❛③❡r num❴max ❞❡❝♦❞✐✜❝❛çõ❡s ❞♦ Zn ♣❛r❛ t✐r❛r ✉♠❛ ♠é❞✐❛✳ ◆❛ t❛❜❡❧❛

❛❜❛✐①♦ t❡♠♦s ♦ t❡♠♣♦ ♣❛r❛ ❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ ✶✵✵✱ ✶✳✵✵✵✱ ✶✵✳✵✵✵ ✱ ✺✵✳✵✵✵ ❡ ✶✵✵✳✵✵✵✳

❚❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦
◆✉♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❚❡♠♣♦

✶✵✵ ✵
✶✵✵✵ ✵✳✵✶✻
✶✵✵✵✵ ✵✳✵✾✸
✺✵✵✵✵ ✵✳✹✵✻
✶✵✵✵✵✵ ✵✳✼✾✻

❚❛❜❡❧❛ ✹✳✶✿ ❚❛❜❡❧❛ ♣❛r❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦

✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s

An✳

❆♥t❡s ❞❡ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ❛❧❣♦r✐t♠♦s ♣❛r❛ An✱ ✈❛♠♦s t❡♥t❛r ❡♥❝♦♥tr❛r ♦ ✈❡t♦r

♠❛✐s ♣ró①✐♠♦ ♥♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ A2 ♣❡❧♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦ ❡♠ Z2 ❡ ♠♦str❛r q✉❡

❡st❡ ♠ét♦❞♦ ❢❛❧❤❛✳◆❛ ✜❣✉r❛ ✹✳✻ ♦❜s❡r✈❛♠♦s ♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ A2 ❣❡r❛❞♦ ♣❡❧❛ ❜❛s❡
{

(1, 0) ;
(

1
2
,
√
3
2

)}

✳ ❆ss✐♠ s❡♥❞♦✱ ✈❛♠♦s ♣❡❣❛r ♦ ♣♦♥t♦ r❡❝❡❜✐❞♦ x✱ ❧♦❝❛❧✐③❛r ❡♠ ✹✳✻ ❡

♣r♦❝✉r❛r ❛rr❡♥❞♦♥❞❛r ❛s ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ♦s ✐♥t❡✐r♦s ♠❛✐s ♣ró①✐♠♦s✳

❈♦♠♦ ❡①❡♠♣❧♦✱ ✈❛♠♦s t♦♠❛r ♦ ✈❡t♦r x = (2.1, 2.2)✳

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ A · z = x✱ ♦♥❞❡ A =





1 1
2

0
√
3
2



✱ t❡♠♦s z = (0.83, 2.54)✳

❆rr❡❞♦♥❞❛♥❞♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ z✱ t❡♠♦s ⌊z⌉ = (1, 3)✱ ♦ q✉❡ ✐♥❞✐❝❛r✐❛ q✉❡ ♦ ♣♦♥t♦

❞❡ A2 ♠❛✐s ♣ró①✐♠♦ ❞❡ x é ♦ ♣♦♥t♦ y = A ⌈z⌋ = (2.5, 2.598)✱ ❞❡ ♦♥❞❡ t❡♠♦s q✉❡

||x− y|| = 0.5643✳

◆♦ ❡♥t❛♥t♦✱ s❡ t♦♠❛r♠♦s k = (2, 1.73) ∈ A2 t❡♠♦s ||x − k|| = 0.478 ❡ ♣♦rt❛♥t♦✱ ♦

♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ x é k =
(

2,
√
3
)

❡ ♥ã♦ y =
(

2.5, 3
√
3

2

)

✳

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞♦ Z2 ♥ã♦ s❡r✈❡ ♣❛r❛ ♦ A2✱ ❡ q✉❡ ♥❛ ✈❡r❞❛❞❡

❝❛❞❛ r❡t✐❝✉❧❛❞♦ ♣♦ss✉✐ ✉♠ ❛❧❣♦r✐t♠♦ ♣ró♣r✐♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✳





✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✻✶

❆♥❛❧✐s❛♥❞♦ ♦ ❣rá✜❝♦ ✹✳✼✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ r❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ é ❛ ✉♥✐ã♦ ❞❡ ✉♠

s✉❜r❡t✐❝✉❧❛❞♦ r❡t❛♥❣✉❧❛r Γ ❡ ✉♠ tr❛♥s❧❛❞❛❞♦ ❞❡♥♦♠✐♥❛❞♦ ❝❧❛ss❡ ❧❛t❡r❛❧ C✳

❋✐❣✉r❛ ✹✳✼✿ ❘❡t✐❝✉❧❛❞♦ ❤❡①❛❣♦♥❛❧ A2✳

◆❛ ✜❣✉r❛✿

• ❖ s✉❜r❡t✐❝✉❧❛❞♦ Γ ⊂ A2 é ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s
〈

(1, 0) ,
(

0,
√
3
)〉

✳

• C é ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ Γ + r✱ ❝♦♠ C ⊂ A2 ❡ r =
(

1
2
,
√
3
2

)

✳

❖❜s❡r✈❡ q✉❡ ❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ Γ ♣♦❞❡ s❡r ❢❡✐t❛ ♣♦r ❛rr❡❞♦♥❞❛♠❡♥t♦ ♥❛ ❜❛s❡✱ ❥á q✉❡

♦ ♠❡s♠♦ é ♦rt♦❣♦♥❛❧✳

❆ss✐♠ s❡♥❞♦✱ ❞❡✈❡♠♦s r❡s♦❧✈❡r ♦ s✐st❡♠❛

(1, 0) · a+ (0,
√
3) · b = (1.7, 2.3)

❞❡ ♦♥❞❡ ♦❜t❡♠♦s

a = 1.7 e b = 1.32

❝✉❥♦ ❛rr❡❞♦♥❞❛♠❡♥t♦ é ✐❣✉❛❧ ❛ ⌈a⌋ = 2 e ⌈b⌋ = 1✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣❡❧❛ ❜❛s❡ t❡r❡♠♦s

(1, 0) · 2 + (0,
√
3) · 1 = (2,

√
3)
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❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ (2,
√
3) é ♦ ♣r✐♠❡✐r♦ ❝❛♥❞✐❞❛t♦ ❛ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ❞❡

(1.7, 2.3)✱ ✈❛♠♦s ❝❤❛♠á✲❧♦ ❞❡ y1✳

P❛r❛ ❛ ❝❧❛ss❡ ❧❛t❡r❛❧ C = Γ + r✱❝♦♠ r =
(

1
2
,
√
3
2

)

✉s❛♠♦s ❛ ❡①♣r❡ssã♦✱

y2 = φ+ r

♦♥❞❡ y2 é ✉♠ s❡❣✉♥❞♦ ❝❛♥❞✐t❛❞♦✳

■♥✐❝✐❛❧♠❡♥t❡ ✈❛♠♦s ❝❛❧❝✉❧❛r φ✱ ❞❡ ♦♥❞❡ t❡♠♦s x = (1.7, 2.3) ❡ r =
(

1
2
,
√
3
2

)

=

(0.5, 0.867)✳

• ❢❛ç❛♠♦s x− r = (1.7, 2.3)− (0.5, 0.867) = (1.2, 1.43)

• r❡s♦❧✈❡♠♦s ♦ s✐st❡♠❛

(1, 0) · a+ (0,
√
3) · b = (1.2, 1.43)

❞❡ ♦♥❞❡ ♦❜t❡♠♦s

a = 1.2 e b = 0.85

❝✉❥♦ ❛rr❡❞♦♥❞❛♠❡♥t♦ é ✐❣✉❛❧ ❛

⌈a⌋ = 1 e ⌈b⌋ = 1

▼✉❧t✐♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣❡❧❛ ❜❛s❡ t❡r❡♠♦s

(1, 0) · 1 + (0,
√
3) · 1 = (1,

√
3)

• ❆ss✐♠✱ t❡♠♦s q✉❡ φ = (1,
√
3)

❆❣♦r❛ ❞❡✈❡♠♦s ❢❛③❡r

y2 = φ+ r

y2 = (1,
√
3) +

(

1

2
,

√
3

2

)
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▲♦❣♦ ♥♦ss♦ s❡❣✉♥❞♦ ❝❛♥❞✐❞❛❞♦ é

y2 =

(

3

2
,
3
√
3

2

)

❆❣♦r❛ ✈❛♠♦s ❢❛③❡r ♦s ❝á❧❝✉❧♦s ❞❛s ♥♦r♠❛s ❡ ✈❡r✐✜❝❛r ❛q✉❡❧❡ q✉❡ ♣♦ss✉✐ ❛ ♠❡♥♦r ❞✐stâ♥✲

❝✐❛✳

||x− y1|| = ||(1.7, 2.3)− (2,
√
3)|| = 0.64

||x− y2|| = ||(1.7, 2.3)−
(

3

2
,
3
√
3

2

)

|| = 0.35

❈♦♠♦ ♦ s❡❣✉♥❞♦ ❝á❧❝✉❧♦ ♣♦ss✉✐ ♠❡♥♦r ♥♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ (3
2
, 3

√
3

2
) = (1.5, 2.59) é ♦

✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ❞❡ x = (1.7, 2.3) .

◆❛ ✜❣✉r❛ ✹✳✽✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ♥♦ s♦❢t✇❛r❡ ❧✐✈r❡

s❝✐❧❛❜ ♣❛r❛ ❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ A2✳

❋✐❣✉r❛ ✹✳✽✿ ❆❧❣♦r✐t♠♦ ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ A2

◆❛ ✜❣✉r❛ ✹✳✾ ♠♦str❛♠♦s ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s✱

❞❡♥tr❡ ❡❧❡s ♦ ✈❡t♦r ❞♦ ❡①❡♠♣❧♦ ✹✳✷✳
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❋✐❣✉r❛ ✹✳✾✿ ❉❡❝♦❞✐✜❝❛çã♦ ❡♠ A2 ❞❡ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s✳

❆ss✐♠ ❝♦♠♦ ❡♠ Z2 ♦ ❢❛t♦r ✧t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✧♥♦ A2 ❢♦✐ ❡st✉❞❛❞♦✱ ♣❛r❛ ✐ss♦✱

t❛♠❜é♠ ❢♦✐ ❝r✐❛❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡♥♦♠✐♥❛❞♦ r♦❞❛❞❡❝♦❞✐✜❝❛❆✷✳ ❊st❡ ❛❧❣♦r✐t♠♦ ♣♦❞❡

s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ✹✳✶✵✳

❋✐❣✉r❛ ✹✳✶✵✿ ❆❧❣♦r✐t♠♦ r♦❞❛❞❡❝♦❞✐✜❝❛❆✷ q✉❡ ❛♥❛❧✐s❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✳

❊st❡ ❛❧❣♦r✐t♠♦ t❡♠ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛ ♥✉♠❴♠❛① ♦♥❞❡ é ❝♦♠♣✉t❛❞♦ ♦ t❡♠♣♦ ♣❛r❛

❢❛③❡r ♥✉♠❴♠❛① ❞❡❝♦❞✐✜❝❛çõ❡s ❞♦ A2 ♣❛r❛ t✐r❛r ✉♠❛ ♠é❞✐❛✳ ◆❛ t❛❜❡❧❛ ✹✳✷✱ ❢❛③❡♠♦s ✉♠❛



✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✻✺

❛♥á❧✐s❡ ❞❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s

❡♠ ✉♠ ❝❡rt♦ t❡♠♣♦✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❚❡♠♣♦

✶✵✵ ✵✳✶✻
✶✳✵✵✵ ✵✳✵✻✷
✷✳✵✵✵ ✵✳✶✵✾
✸✳✵✵✵ ✵✳✶✼✶
✹✳✵✵✵ ✵✳✶✼✷
✺✳✵✵✵ ✵✳✷✸✹
✻✳✵✵✵ ✵✳✷✺
✼✳✵✵✵ ✵✳✸✷✽
✽✳✵✵✵ ✵✳✸✺✾
✾✳✵✵✵ ✵✳✸✼✹
✶✵✳✵✵✵ ✵✳✹✵✻
✺✵✳✵✵✵ ✶✳✾✽✶
✶✵✵✳✵✵✵ ✹✳✵✵✾
✺✵✵✳✵✵✵ ✶✾✳✼✺
✶✵✵✵✳✵✵✵ ✸✾✳✹✾✾

❚❛❜❡❧❛ ✹✳✷✿ ❚❡♠♣♦ ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ ✶✵✵ ❛ ✶✵✵✵✳✵✵✵

❉❡❝♦❞✐✜❝❛çã♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ q✉❡ ❥♦❣❛ ✉♠ ♣♦♥t♦ ❞♦ Rn+1 ♥♦ ♣❧❛♥♦ ❞❡ s♦♠❛

③❡r♦✳

❖ ❛❧❣♦r✐t♠♦ ❢♦✐ ♦❜t✐❞♦ ❞❡ ❈♦♥✇❛②✱ ❏✳ ❍✳ ❡ ❙❧♦❛♥❡❬✹❪ ✭❝❛♣✳✷✵✮✳ ❉✉r❛♥t❡ ❛ s✉❛ ❝♦♥s✲

tr✉çã♦ é ✐♠♣♦rt❛♥t❡ ♦ s❡❣✉✐♠❡♥t♦ ❞❡ ❛❧❣✉♥s ♣❛ss♦s✳ ❱❡❥❛✿

P❛ss♦ ✶✿ ❉❛❞♦ x ∈ Rn+1✱ ❝❛❧❝✉❧❡ s =
∑

xi ❡ s✉❜st✐t✉❛ x ♣♦r

x′ = x− s

n+ 1
(1, 1, ....., 1).

❖❜s❡r✈❛çã♦ ✹✳✷ ❖ ♣❛ss♦ ✶ ♣r♦❥❡t❛ x ❡♠ ✉♠ ♣♦♥t♦ x′ ❞❡♥tr♦ ❞♦ ❤✐♣❡r♣❧❛♥♦
∑

xi = 0

❝♦♥t❡♥❞♦ An✳ ❊♥tã♦ ⌈x′⌋ é ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ Zn+1 ❛té x′✳

P❛ss♦ ✷✿ ❈❛❧❝✉❧❡ ⌈x′⌋ = (⌈x′
0⌋ , ..., ⌈x′

n⌋) ❡ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ∆
∑ ⌈x′

i⌋✳
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P❛ss♦ ✸✿ ❙❡❧❡❝✐♦♥❡ x′
1 ♥✉♠❛ ♦r❞❡♠ ❞❡ ✈❛❧♦r❡s ❛s❝❡♥❞❡♥t❡ ❞❡ δ(x′

i) ✭❞❡✜♥✐❞♦ ♥♦ ♣❛ss♦

✷✮✳ ❖❜t❡♠♦s ✉♠❛ r❡♦r❣❛♥✐③❛çã♦ ❞♦s ♥ú♠❡r♦s 0, 1, 2, 3, ..., n✱ ♦♥❞❡ i0, i1, ..., in✱ t❛❧ q✉❡

−1

2
≤ δ(x′

i0
) ≤ ... ≤ δ(x′

in) ≤
1

2
.

P❛ss♦ ✹✿

• ❙❡ ∆ = 0, ⌈x′⌋ é ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ An ❛té x✳

• ❙❡ ∆ > 0✱ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ é ♦❜t✐❞♦ s✉❜tr❛✐♥❞♦ ✶ ❞❛s ❝♦♦r❞❡♥❛❞❛s

⌈

x′
i0

⌋

, ...,
⌈

x′
i∆−1

⌋

.

• ❙❡ ∆ < 0✱ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ é ♦❜t✐❞♦ ❛❞✐❝✐♦♥❛♥❞♦ ✶ ❞❛s ❝♦♦r❞❡♥❛❞❛s

⌈

x′
in

⌋

,
⌈

x′
in−1

⌋

, ...,
⌈

x′
in−∆+1

⌋

.

❖❜s❡r✈❛çã♦ ✹✳✸ ❖s ♣❛ss♦s ✸ ❡ ✹ ❢❛③❡♠ ❛s ♠✉❞❛♥ç❛s ♠❡♥♦r❡s ♥❡❝❡ssár✐❛s à ♥♦r♠❛

❞❡ ⌈x′⌋ ❛✜♠ ❞❡ q✉❡
∑ ⌈x′

i⌋ ❞✐♠✐♥✉❛✳

❱❛♠♦s ✈❡r ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥♦ s♦❢t✇❛r❡ ❧✐✈r❡ s❝✐❧❛❜ ♣❛r❛ ❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ A2 ♥❛

✜❣✉r❛ ✹✳✶✶✳
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❋✐❣✉r❛ ✹✳✶✶✿ ❆❧❣♦r✐t♠♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ❞❡ A2
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❱❛♠♦s ♦❜s❡r✈❛r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡st❡ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s✳

❋✐❣✉r❛ ✹✳✶✷✿ ❉❡❝♦❞✐✜❝❛çã♦ ❡♠ A2 ❞❡ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s

❆ss✐♠ ❝♦♠♦ ♥♦s ❛♥t❡r✐♦r❡s✱ ♣❛r❛ ❡st❡ ❛❧❣♦r✐t♠♦ t❛♠❜é♠ ❢♦✐ ❝r✐❛❞♦ ✉♠ ♦✉tr♦ ❛❧❣♦✲

r✐t♠♦ q✉❡ ❛♥❛❧✐s❛ ♦ ❢❛t♦r ✧t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✧✳ ❊st❡ ❛❧❣♦r✐t♠♦ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦

r♦❞❛❆✷s❧♦❛♥❡ ❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ✹✳✶✸✳

❋✐❣✉r❛ ✹✳✶✸✿ ❆❧❣♦r✐t♠♦ r♦❞❛❆✷s❧♦❛♥❡ q✉❡ ❛♥❛❧✐s❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✳
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❖❜s❡r✈❡ ❛ t❛❜❡❧❛ ✹✳✸ q✉❡ ❛♥❛❧✐s❛ ♦ ♥ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❡♠ ✉♠ ❝❡rt♦ t❡♠♣♦✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❚❡♠♣♦

✶✵✵ ✵✳✵✸✶
✶✳✵✵✵ ✵✳✶✵✾
✷✳✵✵✵ ✵✳✶✼✶
✸✳✵✵✵ ✵✳✷✻✺
✹✳✵✵✵ ✵✳✸✹✸
✺✳✵✵✵ ✵✳✸✾
✻✳✵✵✵ ✵✳✹✽✸
✼✳✵✵✵ ✵✳✺✻✶
✽✳✵✵✵ ✵✳✻✹
✾✳✵✵✵ ✵✳✼✵✷
✶✵✳✵✵✵ ✵✳✽✶✶
✺✵✳✵✵✵ ✸✳✽✽✺
✶✵✵✳✵✵✵ ✼✳✼✺✸
✺✵✵✳✵✵✵ ✸✽✳✾✽✺
✶✵✵✵✳✵✵✵ ✼✽✳✷✸✹

❚❛❜❡❧❛ ✹✳✸✿ ❚❡♠♣♦ ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ ✶✵✵ ❛ ✶✵✵✵✳✵✵✵

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ ♥ ❂ ✷ t❡♠♦s A2 é ♠❡❧❤♦r ❞❡❝♦❞✐✜❝❛❞♦ ✉s❛♥❞♦ ❛ ❞❡❝♦✲

❞✐✜❝❛çã♦ ♣♦r ❝❧❛ss❡s ❧❛t❡r❛✐s✳

●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ q✉❡ ❥♦❣❛ ✉♠ ♣♦♥t♦ ❞♦ Rn+1 ♥♦ ♣❧❛♥♦ ❞❡ s♦♠❛

③❡r♦✳

◆❛ ✜❣✉r❛ ✹✳✶✹ ♠♦str❛♠♦s✱ ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ s❝✐❧❛❜✱ ✉♠ ❛❧❣♦r✐t♠♦ ❣❡♥❡r❛❧✐③❛❞♦

q✉❡ ❡♥❝♦♥tr❛ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ An ❛ ✉♠ ♣♦♥t♦ ❞❛❞♦ x✳

◆❛ ✜❣✉r❛ ✹✳✶✺ ♠♦str❛♠♦s ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ q✉❛tr♦ ✈❡t♦r❡s ❞✐st✐♥✲

t♦s ❞❡ ❞✐♠❡♥sõ❡s ❞✐st✐♥t❛s✳
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❋✐❣✉r❛ ✹✳✶✹✿ ❆❧❣♦r✐t♠♦ ♣❛r❛ ❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ An



✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✼✶

❋✐❣✉r❛ ✹✳✶✺✿ ❉❡❝♦❞✐✜❝❛çã♦ ❡♠ An ♣❛r❛ q✉❛tr♦ ✈❡t♦r❡s ❞✐st✐♥t♦s ❞❡ ❞✐♠❡♥sõ❡s ❞✐st✐♥t❛s✳



✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✼✷

◆❛ ✜❣✉r❛ ✹✳✶✻ é ♠♦str❛❞♦ ♦ ❛❧❣♦r✐t♠♦ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ❢❛t♦r ✧t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜✲

❝❛çã♦✧✳

❋✐❣✉r❛ ✹✳✶✻✿ ❆❧❣♦r✐t♠♦ r♦❞❛❆♥ q✉❡ ❛♥❛❧✐s❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✳

❊st❡ ❛❧❣♦r✐t♠♦ t❡♠ ❛ ✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛ ♥✉♠❴♠❛① ♦♥❞❡ é ❝♦♠♣✉t❛❞♦ ♦ t❡♠♣♦

♣❛r❛ ❢❛③❡r ♥✉♠❴♠❛① ❞❡❝♦❞✐✜❝❛çõ❡s ❞♦ An s❡❣✉✐❞❛ ❞❛ ✈❛r✐á✈❡❧ ❞✐♠ q✉❡ r❡♣r❡s❡♥t❛ ❛

❞✐♠❡♥sã♦ ❡♠ q✉❡ ❡stá ♦❝♦rr❡♥❞♦ ❛ ❞❡❝♦❞✐✜❝❛çã♦✳

◆❛ t❛❜❡❧❛ ✹✳✹✱ ❢❛③❡♠♦s ❛ ❛♥á❧✐s❡ ❞♦ ♥ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❡♠ r❡❧❛çã♦ ❛♦

t❡♠♣♦ t♦♠❛♥❞♦ ❝♦♠♦ ❡①❡♠♣❧♦ ❛ ❞✐♠❡♥sã♦ ✶✵✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❉✐♠❡♥sã♦ ❚❡♠♣♦

✶✵✵ ✶✵ ✵✳✶✶
✶✳✵✵✵ ✶✵ ✵✳✵✺✻
✷✳✵✵✵ ✶✵ ✵✳✵✾✼
✸✳✵✵✵ ✶✵ ✵✳✶✹✼
✹✳✵✵✵ ✶✵ ✵✳✶✽✺
✺✳✵✵✵ ✶✵ ✵✳✷✸✻
✻✳✵✵✵ ✶✵ ✵✳✷✽
✼✳✵✵✵ ✶✵ ✵✳✸✷✹
✽✳✵✵✵ ✶✵ ✵✳✸✼
✾✳✵✵✵ ✶✵ ✵✳✹✶
✶✵✳✵✵✵ ✶✵ ✵✳✹✻
✺✵✳✵✵✵ ✶✵ ✷✳✷✸✽
✶✵✵✳✵✵✵ ✶✵ ✹✳✹✸✻
✺✵✵✳✵✵✵ ✶✵ ✷✷✳✷✾✽
✶✵✵✵✳✵✵✵ ✶✵ ✹✹✳✻✹✷

❚❛❜❡❧❛ ✹✳✹✿ ❚❡♠♣♦ ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❞❡ ✶✵✵ ❛ ✶✵✵✵✳✵✵✵



✹✳✸ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s An✳ ✼✸

❆❣♦r❛ ✈❛♠♦s ✐♥✈❡st✐❣❛r ❝♦♠♦ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛❝ã♦ ❝r❡s❝❡✱ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦

❛✉♠❡♥t❛ ♥♦ r❡t✐❝✉❧❛❞♦ An✳ ❆ t❛❜❡❧❛ ✹✳✺ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t❡♠♣♦ ❞❡ ✶✵✵✵
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✹✳✹ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s

Dn✳

❉❛❞♦ x ∈ Rn✱ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ Dn é q✉❛❧q✉❡r ✉♠❛ ❞❛s ❢✉♥çõ❡s ❢✭①✮ ❡ ❣✭①✮

q✉❡ ♣♦ss✉❛ s♦♠❛ ❞❡ ❝♦♦r❞❡♥❞❛s ♣❛r ✭ ✉♠❛ t❡rá s♦♠❛ í♠♣❛r ❡ ❛ ♦✉tr❛ s♦♠❛ ♣❛r✮✳ ❙❡ x

é ❡q✉✐❞✐st❛♥t❡ ❞❡ ❞♦✐s ♦✉ ♠❛✐s ♣♦♥t♦s ❞❡ Dn ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ♣r♦❞✉③ ✉♠ ♣♦♥t♦ ♠❛✐s

♣ró①✐♠♦ q✉❡ ♣♦ss✉✐ ♥♦r♠❛ ♠❡♥♦r✳

❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢✉♥❝✐♦♥❛ ♣♦rq✉❡ f(x) é ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ Zn ❛té x ❡

g(x) é ♦ s❡❣✉♥❞♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦✳ f(x) ❡ g(x) ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ❡ ❡①❛t❛♠❡♥t❡ ✉♠❛

❝♦♦r❞❡♥❛❞❛✱ ❡ ❡♥tã♦✱ ❡①❛t❛♠❡♥t❡
∑

f(xi) ❡
∑

g(xi) é ✐♠♣❛r ❡ ❛ ♦✉tr❛ ♣❛r✳

❊①❡♠♣❧♦ ✹✳✸ ❊♥❝♦♥tr❡ ♦ ♣♦♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ D4 ❛té

x = (0.6,−1.1, 1.7, 0.1) .

❈❛❧❝✉❧❛♠♦s f(x) = (1,−1, 2, 0) ❡ g(x) = (0,−1, 2, 0)✱ ❞❡s❞❡ q✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦♦r✲

❞❡♥❛❞❛ ❞❡ x s❡❥❛ ❛ ♠❛✐s ❞✐st❛♥t❡ ❞❡ ✉♠ ✐♥t❡✐r♦✳ ❆ s♦♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ f(x) é

1− 1 + 2 + 0 = 0 q✉❡ é ♣❛r✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❞❡ g(x) é 0− 1 + 2 + 0 = 1✱ q✉❡ é í♠♣❛r✳

P♦rt❛♥t♦✱ f(x) é ♦ ♣♦♥t♦ ❞❡ D4 ♠❛✐s ♣ró①✐♠♦ ❞❡ x✳ P❛r❛ ✐❧✉str❛r ❝♦♠♦ ♦s ❡♠♣❛t❡s sã♦

❝❛❧❝✉❧❛❞♦s✱ s✉♣♦♥❤❛

x =

(

1

2
,
1

2
,
1

2
,
1

2

)

.

❉❡ ❢❛t♦ x ❡stá ❛❣♦r❛ ❡q✉✐❞✐st❛♥t❡ ❞❡ ♦✐t♦ ♣♦♥t♦s ❞❡ D4✱ ✐st♦ é (0, 0, 0, 0)✱ q✉❛❧q✉❡r

♣❡r♠✉t❛çã♦ ❞❡ (1, 1, 0, 0)✱ ❡ (1, 1, 1, 1)✳ ❖ ❛❧❣♦r✐t♠♦ ❝❛❧❝✉❧❛

f(x) = (0, 0, 0, 0) , soma = 0, ♣❛r,

g(x) = (1, 0, 0, 0) , soma = 1, í♠♣❛r,

❡ s❡❧❡❝✐♦♥❛ f(x)✳ ❘❡❛❧♠❡♥t❡✱ f(x) ♣♦ss✉✐ ❛ ♠❡♥♦r ♥♦r♠❛ ❞♦s ♦✐t♦ ♣♦♥t♦s ✈✐③✐♥❤♦s✳

❖ ❛❧❣♦r✐t♠♦ ❝♦♥s♦♠❡ ❡♠ t♦r♥♦ ❞❡ 4n ♣❛ss♦s ♣❛r❛ ❞❡❝♦❞✐✜❝❛r Dn ❬✹❪✳
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❞❡❝♦❞✐❝❛çã♦ ❞❡ Dn ♥❛ ✜❣✉r❛ ✹✳✶✼✳

❋✐❣✉r❛ ✹✳✶✼✿ ❆❧❣♦r✐t♠♦ ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ Dn

❖ ❢❛t♦r ✧t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦✧é ❝❛❧❝✉❧❛❞♦ ♣♦r ♠❡✐♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡♥♦♠✐♥❛❞♦

r♦❞❛❉♥ ❞❛ ✜❣✉r❛ ✹✳✶✽✳

❋✐❣✉r❛ ✹✳✶✽✿ ❆❧❣♦r✐t♠♦ r♦❞❛❉♥ q✉❡ ❛♥❛❧✐s❛ ♦ t❡♠♣♦ ❞❡ ❝❛❞❛ ❞❡❝♦❞✐✜❝❛çã♦✳
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◆❛ ✜❣✉r❛ ✹✳✶✾ ♠♦str❛♠♦s ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ três ✈❡t♦r❡s ❞✐st✐♥t♦s

❞❡ ❞✐♠❡♥sõ❡s ❞✐st✐♥t❛s✳

❋✐❣✉r❛ ✹✳✶✾✿ ❉❡❝♦❞✐✜❝❛çã♦ ❡♠ Dn ♣❛r❛ três ✈❡t♦r❡s ❞✐st✐♥t♦s ❞❡ ❞✐♠❡♥sõ❡s ❞✐st✐♥t❛s✳

◗✉❛♥❞♦ ♥ ❂ ✷ ♦✉ ✸✱ D2 é s❡♠❡❧❤❛♥t❡ ❛♦ Z2✱ ❡ D3 é ✐s♦♠étr✐❝♦ ❛ A3✱ ♦♥❞❡ ♥❡st❡

ú❧t✐♠♦ ❝❛s♦ ❛ ♠❡❧❤♦r ❞❡❝♦❞✐✜❝❛çã♦ ❛❝♦♥t❡❝❡ ♣❡❧♦ ❛❧❣♦r✐t♠♦ D3✳ ◆❛s t❛❜❡❧❛s s❡❣✉✐♥t❡s✱

❢❛r❡♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦ ❡♥tr❡ ❡st❡s r❡t✐❝✉❧❛❞♦s✳

❆ t❛❜❡❧❛ ✹✳✻ ❝♦♠♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ Z2 ❡ D2✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ✭Z2✮ ❚❡♠♣♦ ◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ✭D2✮ ❚❡♠♣♦
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❚❛❜❡❧❛ ✹✳✻✿ ❚❛❜❡❧❛ ♣❛r❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦
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❖❜s❡r✈❛♥❞♦ ❛ t❛❜❡❧❛ ✹✳✻✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦ ♣❛r❛

Z2 é ♠❛✐s ❡✜❝✐❡♥t❡ ❞♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦ ♣❛r❛ D2✳

❆❣♦r❛ ✈❛♠♦s ♦❜s❡r✈❛r ❛ t❛❜❡❧❛ ✹✳✼ q✉❡ ❝♦♠♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s ✐s♦♠étr✐❝♦s A3 ❡ D3✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ✭A3✮ ❚❡♠♣♦ ◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ✭D3✮ ❚❡♠♣♦
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❚❛❜❡❧❛ ✹✳✼✿ ❚❛❜❡❧❛ ♣❛r❛ ♦ t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛çã♦

❈♦♥❢♦r♠❡ ❝✐t❛❞♦ ❛♥t❡s✱ s❡ ❛♥❛❧✐s❛r♠♦s ❛ t❛❜❡❧❛ ✹✳✼ ❛ ♠❡❧❤♦r ❞❡❝♦❞✐✜❝❛çã♦ ❛❝♦♥t❡❝❡

♣❡❧♦ ❛❧❣♦r✐t♠♦ D3✳

❯♠ ♦❜❥❡t✐✈♦ ✐♠♣♦rt❛♥t❡ ❛ s❡r ❡st✉❞❛❞♦ é ❛ ❛♥á❧✐s❡ ❞♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ❞✐♠❡♥✲

sã♦ ❞♦ r❡t✐❝✉❧❛❞♦ ❛✉♠❡♥t❛✳ ❆s ♣ró①✐♠❛s t❛❜❡❧❛s ❡ ❣rá✜❝♦s ♥♦s ❞❛rã♦ ✉♠❛ ❝♦♠♣❛r❛çã♦

❡♥tr❡ ♦s r❡t✐❝✉❧❛❞♦s An ❡ Dn✳

■♥✐❝✐❡♠♦s ♣❡❧❛ t❛❜❡❧❛ ✹✳✽ q✉❡ ♠♦str❛ ✶✵✵✵ ❞❡❝♦❞✐✜❝❛çõ❡s ❡♠ Dn ❞❡ ❞✐♠❡♥sõ❡s ❞✐s✲

t✐♥t❛s✳

◆ú♠❡r♦ ❞❡ ❞❡❝♦❞✐✜❝❛çõ❡s ❉✐♠❡♥sã♦ ❚❡♠♣♦

✶✳✵✵✵ ✺ ✵✳✵✹✹
✶✳✵✵✵ ✶✵ ✵✳✵✹✼
✶✳✵✵✵ ✺✵ ✵✳✵✺✹
✶✳✵✵✵ ✶✵✵ ✵✳✵✺✽
✶✳✵✵✵ ✷✵✵ ✵✳✵✻✻
✶✳✵✵✵ ✸✵✵ ✵✳✵✼✹
✶✳✵✵✵ ✹✵✵ ✵✳✵✼✼
✶✳✵✵✵ ✺✵✵ ✵✳✵✾✽
✶✳✵✵✵ ✶✳✵✵✵ ✵✳✶✶✻
✶✳✵✵✵ ✷✳✵✵✵ ✵✳✶✾✷
✶✳✵✵✵ ✸✳✵✵✵ ✵✳✷✺✽
✶✳✵✵✵ ✹✳✵✵✵ ✵✳✸✸✻
✶✳✵✵✵ ✺✳✵✵✵ ✵✳✹✹

❚❛❜❡❧❛ ✹✳✽✿ ❚❡♠♣♦ ♣❛r❛ ❢❛③❡r ✶✵✵✵ ❞❡❝♦❞✐✜❝❛çõ❡s ♥❛s ❞✐♠❡♥sõ❡s✿ ✺✱ ✶✵✱ ✺✵✱ ✶✵✵✱ ✷✵✵✱
✸✵✵✱ ✹✵✵✱ ✺✵✵✱ ✶✵✵✵✱ ✷✵✵✵✱ ✸✵✵✵✱ ✹✵✵✵ ❡ ✺✵✵✵



✹✳✹ ❖ ♣r♦❜❧❡♠❛ ❞♦ ✈❡t♦r ♠❛✐s ♣ró①✐♠♦ ♥♦s r❡t✐❝✉❧❛❞♦s Dn✳ ✼✽

❈♦♠ ❜❛s❡ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ❣rá✜❝♦s✱ ❝♦♥❝❧✉í♠♦s q✉❡ é ❧✐♥❡❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦

t❡♠♣♦ ❞❡ ❞❡❝♦❞✐✜❝❛❝ã♦ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❛✉♠❡♥t❛ ❡♠ ❛♠❜♦s ♦s r❡t✐❝✉❧❛❞♦s An ❡ Dn✳



✳

✼✾



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡

♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s

❈♦♠♦ ❞✐r❡çõ❡s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ✉♠ ♣r♦ss❡❣✉✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣♦❞❡♠♦s s✉❣❡r✐r

❛❧❣✉♠❛s ❡①t❡♥sõ❡s ❡ ❛♣❧✐❝❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❝♦♠♦ s❡ s❡❣✉❡✿

• ❛ ❝♦♥str✉çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦ ♦✉tr♦s r❡t✐❝✉❧❛❞♦s r❛í③❡s ♥ã♦ ❝✐t❛❞♦s ♥❡st❡

tr❛❜❛❧❤♦✱ ❝♦♠♦ ❛ ❢❛♠í❧✐❛ En ❡ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ ▲❡❡❝❤✳

• ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❛♣r❡s❡♥t❛r ✉♠❛ ♣♦ssí✈❡❧ ✭❡ ✐♠♣♦rt❛♥t❡✮ ❛♣❧✐❝❛çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❞❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ r❡t✐❝✉❧❛❞♦s q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦s r❡❝❡♥t❡s ♣r♦❣r❡ss♦s

❡♠ ❝r✐♣t♦❣r❛✜❛✱ s♦❜r❡t✉❞♦ ❛❧❣✉♥s ❝r✐♣t♦ss✐st❡♠❛s ❜❛s❡❛❞♦s ❡♠ r❡t✐❝✉❧❛❞♦s✳ ❊①✐st❡

❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣❧✐❝❛r ❞❡ ♠♦❞♦ ❣❡r❛❧ ♦ q✉❡ é ❛ ❝r✐♣t♦❣r❛✜❛ ♣ós✲q✉â♥t✐❝❛✱

✐st♦ é✱ ❛ ❝r✐♣t♦❣r❛✜❛ s❡❣✉r❛ ♣❡r❛♥t❡ ❈♦♠♣✉t❛❞♦r❡s ◗✉â♥t✐❝♦s ❡ ❛♣r❡s❡♥t❛r ❛s

✐❞❡✐❛s ♣r✐♥❝✐♣❛✐s ❞❡ ❝♦♠♦ ♦s r❡t✐❝✉❧❛❞♦s ♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞♦s ♣❛r❛ ❣❡r❛çã♦ ❞❡

❝r✐♣t♦ss✐st❡♠❛s r❡s✐st❡♥t❡s ❛ ✉♠ ❛t❛q✉❡ ❞❡ ❝♦♠♣✉t❛❞♦r q✉â♥t✐❝♦✳

• ❡st✉❞❛r ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s ♣❛r❛ ❞❡❝♦❞✐✜❝❛çã♦ ❡♠ r❡t✐❝✉❧❛✲

❞♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ tr❛♥s♠✐ssã♦ ❞❡ s✐♥❛✐s ❡♠ t❡❧❡❝♦♠✉♥✐❝❛çõ❡s✳

✽✵



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❧✈❡s✱ ❈✳ ❘❡t✐❝✉❧❛❞♦s ❡ ❈ó❞✐❣♦s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱

✷✵✵✽✳

❬✷❪ ❈♦❡❧❤♦✱ ❋✳ ❉✳ ▼✳ ❖ ❛❧❣♦r✐t♠♦ ❧❧❧ ❡ ❛♣❧✐❝❛çõ❡s✳ ▼❛st❡r✬s t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡

❈♦✐♠❜r❛ ✲ P♦rt✉❣❛❧✱ ✷✵✵✽✳

❬✸❪ ❈♦♥✇❛②✱ ❏✳ ❍✳ ❚❤❡ s❡♥s✉❛❧ q✉❛❞r❛t✐❝ ❢♦r♠✳ ❚❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❆ss♦❝✐❛t✐♦♥ ♦❢

❆♠❡r✐❝❛✱ ✶✾✾✼✳

❬✹❪ ❈♦♥✇❛②✱ ❏✳ ❍✳✱ ❛♥❞ ❙❧♦❛♥❡✱ ◆✳ ❏✳ ❆✳ ❙♣❤❡r❡ ♣❛❝❦✐♥❣s✱ ❧❛tt✐❝❡s ❛♥❞ ❣r♦✉♣s✱

t❤✐r❞ ❡❞✳✱ ✈♦❧✳ ✷✾✵ ♦❢ ●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥✲

t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s❪✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✾✳ ❲✐t❤

❛❞❞✐t✐♦♥❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❜② ❊✳ ❇❛♥♥❛✐✱ ❘✳ ❊✳ ❇♦r❝❤❡r❞s✱ ❏✳ ▲❡❡❝❤✱ ❙✳ P✳ ◆♦rt♦♥✱ ❆✳

▼✳ ❖❞❧②③❦♦✱ ❘✳ ❆✳ P❛r❦❡r✱ ▲✳ ◗✉❡❡♥ ❛♥❞ ❇✳ ❇✳ ❱❡♥❦♦✈✳

❬✺❪ ❈♦st❛✱ ❋✳ ❙✳ ➪r❡❛s ❡ ❝♦♥t♦r♥♦s✳ ▼❛st❡r✬s t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡

❈❛♠♣✐♥❛s✱ ✷✵✵✽✳

❬✻❪ ❉❛♥✐❡❧ ❏✳ ❇❡r♥st❡✐♥ ·❏♦❤❛♥♥❡s ❇✉❝❤♠❛♥♥✱ ❊✳ ❉✳ ❊✳ P♦st✲◗✉❛♥t✉♠ ❈r②♣✲

t♦❣r❛♣❤②✳ ✷✵✵✽✳

❬✼❪ ❋❡❞♦r♦✈✱ ❊✳ ❙✳ ❊❧❡♠❡♥ts ♦❢ t❤❡ st✉❞② ♦❢ ✜❣✉r❡s✳ ❩❛♣✳ ▼✐♥❡r❛❧♦❣✱ ✶✾✺✸✳

❬✽❪ ●❛❧❜r❛✐t❤✱ ❙✳ ▼❛t❤❡♠❛t✐❝s ♦❢ P✉❜❧✐❝ ❑❡② ❈r②♣t♦❣r❛♣❤②✳ ✵✳✽✱ ✷✵✵✾✳

❬✾❪ ❍❛❧❡s✱ ❚✳ ❈✳ ❈❛♥♥♦♥❜❛❧❧s ❛♥❞ ❤♦♥❡②❝♦♠❜s✳ ◆♦t✐❝❡s ♦❢ t❤❡ ❆▼❙ ✲ ◆✉♠❜❡r ✹ ✹✼

✭❛♣r✐❧ ✷✵✵✵✮✱ ✶✵✳

❬✶✵❪ ❍✐♥❡❦✱ ❏✳ ▼✳ ❈r②♣t♦❛♥❛❧②s✐s ♦❢ ❘❙❆ ❛♥❞ ✐ts ✈❛r✐❛♥ts✳ ✷✵✵✾✳

✽✶



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✽✷

❬✶✶❪ ❏♦✉①✱ ❆✳ ❆❧❣♦r✐t❤♠❝ ❈r②♣t♦❛♥❛❧②s✐s✳ ❈❤❛♣♠❛♥ ✫ ❍❛❧❧✴❈❘❈ ❈r②♣t♦❣r❛♣❤② ❛♥❞

◆❡t✇♦r❦ ❙❡❝✉r✐t②✱ ✷✵✵✾✳

❬✶✷❪ ❑✐♠✱ ❨✳ ❖♥ s❡♠✐st❛❜✐❧✐t② ♦❢ r♦♦t ❧❛tt✐❝❡s ❛♥❞ ♣❡r❢❡❝t ❧❛tt✐❝❡s✳ ✶✾ ♣❣s✳

❬✶✸❪ ▼❛r❦ ❞❡ ❇❡r❣✱ ❖t❢r✐❡❞ ❈❤❡♦♥❣ ▼❛r❝ ❱✳ ❑r❡✈❡❧❞✱ ▼✳ ❖✳ ❈♦♠♣✉t❛t✐♦♥❛❧

●❡♦♠❡tr② ✲ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸r❞ ❊❞✳ ✷✵✵✽✳

❬✶✹❪ ▼❛rt✐♥❡t✱ ❏✳ P❡r❢❡❝t ▲❛tt✐❝❡s ✐♥ ❊✉❝❧✐❞❡❛♥ ❙♣❛❝❡s✳ ❆ sér✐❡ ♦❢ ❈♦♠♣r❡❤❡♥s✐✈❡

❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✵✸✳

❬✶✺❪ ▼✐❝❝✐❛♥❝✐♦✱ ❉✳✱ ❛♥❞ ●♦❧❞✇❛ss❡r✱ ❙✳ ❈♦♠♣❧❡①✐t② ♦❢ ▲❛tt✐❝❡ Pr♦❜❧❡♠s✿ ❛ ❝r②♣✲

t♦❣r❛♣❤✐❝ ♣❡rs♣❡❝t✐✈❡✱ ✈♦❧✳ ✻✼✶ ♦❢ ❚❤❡ ❑❧✉✇❡r ■♥t❡r♥❛t✐♦♥❛❧ ❙❡r✐❡s ✐♥ ❊♥❣✐♥❡❡r✐♥❣

❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ❇♦st♦♥✱ ▼❛ss❛❝❤✉s❡tts✱ ▼❛r✳
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