
ERRATA nos 2 exemplares da tese cio aluno Mauricio de Araujo Ferreira:

Na capa:

r------

Onde se lê:

Mauricio de Araujo Ferreira

Leia-se:

Maurício de Araujo Ferreira

Em folha i:

Onde se lê:

-----_.-

Leia-se:
-------

Maurício de Araujo Ferreira Mauricio de Araujo Ferreira

Em folha ii:

Onde se lê: Leia-se:

Maurício de Araujo Ferreira Mauricio de Araujo Ferreira

~/~
~ror. Or. Luiz Koodi Hotta

Coordenador CPGIIMECC

Matric. 042471 ~UNICAMP



❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■◆❙❚■❚❯❚❖ ❉❊ ▼❆❚❊▼➪❚■❈❆✱ ❊❙❚❆❚❮❙❚■❈❆ ❊ ❈❖▼P❯❚❆➬➹❖

❈■❊◆❚❮❋■❈❆

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥ ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s

♣♦r

▼❛✉rí❝✐♦ ❞❡ ❆r❛✉❥♦ ❋❡rr❡✐r❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆♥t♦♥✐♦ ❏♦sé ❊♥❣❧❡r

■▼❊❈❈ ✲ ❯◆■❈❆▼P

❈♦♦r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥ ❘♦s❝♦❡ ❲❛❞s✇♦rt❤

❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❙❛♥ ❉✐❡❣♦

❋✐♥❛♥❝✐❛♠❡♥t♦✿ ❈❆P❊❙ ❡ ❋❆P❊❙P

❈❛♠♣✐♥❛s✱ ❙P

✷✵✶✶
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❊st❡ tr❛❜❛❧❤♦ é ❞❡❞✐❝❛❞♦ ❛s ❞✉❛s ♣❡ss♦❛s ❞ã♦

s❡♥t✐❞♦ ❛ ♠✐♥❤❛ ✈✐❞❛✱ ♠✐♥❤❛ ♠ã❡ ▲✉③✐❛ ▲♦♣❡s

❞❡ ❆r❛✉❥♦ ❡ ♠✐♥❤❛ ❡s♣♦s❛ ▼ár❝✐❛ ❇r❛❣❛ ❞❡

❈❛r✈❛❧❤♦ ❋❡rr❡✐r❛

✈



✳

✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❊✉ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢❡ss♦r ❆♥tô♥✐♦ ❏♦sé ❊♥❣❧❡r ♣❡❧❛

❡①❝❡❧❡♥t❡ ♦r✐❡♥t❛çã♦ q✉❡ ❢♦✐ ♠✉✐t♦ ❛❧é♠ ❞❡ ✉♠❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✳ ❖ ❛♣r❡♥❞✐③❛❞♦

♦❜t✐❞♦ ❞✉r❛♥t❡ ❡ss❡s ❧♦♥❣♦s ❛♥♦s ❞❡ ❝♦♥✈✐✈ê♥❝✐❛ ♠❡ ❣✉✐❛rá ❡♠ t♦❞❛ ❛ ♠✐♥❤❛ ✈✐❞❛

❛❝❛❞ê♠✐❝❛✳ ❖❜r✐❣❛❞♦ t❛♠❜é♠ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❞❡♣♦s✐t❛❞❛ ❡♠ ♠✐♠ ❡ ♣♦r t♦❞❛ ❛❥✉❞❛

❞✉r❛♥t❡ ❡ss❡s ❛♥♦s✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② t❤❡s✐s ❝♦✲❛❞✈✐s♦r Pr♦❢❡ss♦r ❆❞r✐❛♥ ❲❛❞s✇♦rt❤ ❢♦r

❛❧❧ ❤❡❧♣ ❞✉r✐♥❣ t❤❡ ❧❛st t❤r❡❡ ②❡❛rs✳ ❚❤❛♥❦ ②♦✉ ❢♦r r❡❝❡✐✈✐♥❣ ♠❡ s♦ ❦✐♥❞❧② ✐♥ ❙❛♥

❉✐❡❣♦ ❛♥❞ ❢♦r ❛❧❧ s✉♣♣♦rt ❞✉r✐♥❣ ♠② st❛②✐♥❣ t❤❡r❡✳ ❚❤❛♥❦ ②♦✉ ❢♦r ❜❡✐♥❣ ❛❧✇❛②s

❛✈❛✐❧❛❜❧❡ t♦ t❛❧❦ ❛♥❞ ❢♦r ❛♥s✇❡r✐♥❣ s♦ ♣❛t✐❡♥t❧② ❛❧❧ ♠② q✉❡st✐♦♥s✳ ❚❤❛♥❦ ②♦✉ ❛❧s♦

❢♦r ②♦✉r ✈✐s✐t ❞✉r✐♥❣ t❤❡ ✇✐♥t❡r ♦❢ ✷✵✶✵✱ ❛ t✐♠❡ ✇❤❡♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s

✇❡r❡ ♦❜t❛✐♥✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ▼❛t❤❡♠❛t✐❝s ❉❡♣❛rt♠❡♥t ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢

❈❛❧✐❢♦r♥✐❛✱ ❙❛♥ ❉✐❡❣♦ ❢♦r ✐ts ❤♦s♣✐t❛❧✐t② ❞✉r✐♥❣ ♠② ✈✐s✐t ✐♥ ✷✵✵✾✳

❊✉ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r t❛♠❜é♠ ❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ♣❡❧❛s ✈❛❧✐♦s❛s s✉❣❡stõ❡s

❡ ❝♦rr❡çõ❡s✳ ❊ ❛ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈✱ ♣♦r t❡r❡♠ s✐❞♦ s❡♠♣r❡ ♠✉✐t♦

❛t❡♥❝✐♦s♦s ❡♠ t✉❞♦ ♦ q✉❡ ❡✉ ♣r❡❝✐s❡✐✱ ❡♠ ❡s♣❡❝✐❛❧ ❊❞♥❛❧❞♦✱ ▲í✈✐❛✱ ❘❡❣✐♥❛❧❞♦ ❡

❚â♥✐❛✳

❋✐♥❛❧♠❡♥t❡✱ ❡✉ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛ ❈❆P❊❙ ❡ ❛ ❋❆P❊❙P ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥✲

❝❡✐r♦✳

✈✐✐



✳

✈✐✐✐



❘❡s✉♠♦

◆❡st❛ t❡s❡ ❡st✉❞❛♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ ❞✉❛s t❡♦r✐❛s ❞❡ ✈❛❧♦r✐③❛çã♦ ♥ã♦✲❝♦♠✉t❛t✐✈❛s✿
❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡ ❣❛✉❣❡s✳ ❖s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥
❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ❡♠ ✶✾✽✷✱ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❛♥é✐s ❛rt✐♥✐❛♥♦s s✐♠♣❧❡s
❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦✳ ●❛✉❣❡s sã♦ ❢✉♥çõ❡s
❝♦♠♦ ✈❛❧♦r✐③❛çõ❡s✱ q✉❡ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s ♥ã♦ só ❡♠ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✱ ♠❛s ♠❛✐s
❣❡r❛❧♠❡♥t❡ ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ ❛té ♠❡s♠♦ s❡♠✐✲s✐♠♣❧❡s✱ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦✲
❜r❡ ❝♦r♣♦s ✈❛❧♦r✐③❛❞♦s✳ ●❛✉❣❡s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♠✉✐t♦ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡ ❡♠
✷✵✶✵ ♣♦r ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤✳ ❆ss✐♠ ❝♦♠♦ ❡♠ ✈❛❧♦r✐③❛çõ❡s ❞❡ ❝♦r♣♦s✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ✉♠ ❛♥❡❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❣❛✉❣❡✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ❛♥❡❧ ❞❛ ❣❛✉❣❡✳ Pr♦✲
♣r✐❡❞❛❞❡s ❛r✐t♠ét✐❝❛s ❞♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ sã♦ ❡st✉❞❛❞❛s✳ ▼♦str❛♠♦s q✉❡ ♦ ❛♥❡❧ ❞❡
✉♠❛ ❣❛✉❣❡ é s❡♠♣r❡ ✉♠❛ ♦r❞❡♠ s❡♠✐✲❧♦❝❛❧ ✐♥t❡❣r❛❧ s♦❜r❡ s❡✉ ❝❡♥tr♦✳ ❚❛♠❜é♠
❞❡s❝r❡✈❡♠♦s ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ ❝♦♠ r❡❧❛çã♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❣❛✉❣❡s ❡ ❡①t❡♥sã♦ ❞❡
❡s❝❛❧❛r❡s✳ ■♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠✲
♣❧❡s✱ q✉❡ sã♦ ❣❛✉❣❡s ❝✉❥❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ t❡♠
♦ ♠❡♥♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s✳ ▼♦str❛♠♦s q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛
❣❛✉❣❡ ♠✐♥✐♠❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡
❉✉❜r♦✈✐♥✱ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❛❞✐❝✐♦♥❛❧✱ q✉❡ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ●rät❡r
❡♠ ✶✾✾✷✱ ❡ q✉❡ é ❝❤❛♠❛❞❛ ❞❡ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ❢♦r
❞❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡
❞❛ ✐♥t❡rs❡çã♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ❛ss♦❝✐❛❞❛✱ ❛ss✉♠✐♥❞♦✲s❡ q✉❡ ❛ ✈❛❧♦✲
r✐③❛çã♦ ❞❡ ❝❡♥tr♦ t❡♠ ♣♦st♦ ✜♥✐t♦✳ ❖ ♣❛ss♦ ❢✉♥❞❛♠❡♥t❛❧ ♥❡ss❡ s❡♥t✐❞♦ ❢♦✐ ♦❜t❡r♠♦s
✉♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ ❣❛✉❣❡s ♠✐♥✐♠❛✐s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s s♦❜r❡
❝♦r♣♦s ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱ ❣❡♥❡r❛❧✐③❛♠♦s ♣❛r❛ á❧❣❡✲
❜r❛s s✐♠♣❧❡s✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝❡♥tr❛✐s✱ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤
q✉❡ r❡❧❛❝✐♦♥❛ ❣❛✉❣❡s ❝♦♠ ❝❡rt❛s ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ✐♥tr♦❞✉③✐❞❛s ♣♦r ▼♦r❛♥❞✐ ❡♠
✶✾✽✾ ❡ q✉❡ ❡stã♦ ❛ss♦❝✐❛❞❛s ❛♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ✐♥t❡❣r❛✐s s♦❜r❡
♦ ❝❡♥tr♦✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦✱ ♦❜t✐✈❡♠♦s ✉♠ t❡♦r❡♠❛ ❞❡
❡①✐stê♥❝✐❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s❡♠✐✲s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦
❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✶✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❚❡♦r✐❛ ❞❛ ✈❛❧♦r✐③❛çã♦✱ ❆♥é✐s ❞❡ ❞✐✈✐sã♦✱ ➪❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱
❆♥é✐s ❣r❛❞✉❛❞♦s✱ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳

✐①



✳

①



❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦ t❤❡♦r✐❡s ♦❢ ♥♦♥✲
❝♦♠♠✉t❛t✐✈❡ ✈❛❧✉❛t✐♦♥✿ ❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❛♥❞ ❣❛✉❣❡s✳ ❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥
r✐♥❣s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ✐♥ ✶✾✽✷ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✐♥✈❛r✐❛♥t ✈❛❧✉❛t✐♦♥ r✐♥❣s t♦
❆rt✐♥✐❛♥ s✐♠♣❧❡ r✐♥❣s✳ ●❛✉❣❡s ❛r❡ ✈❛❧✉❛t✐♦♥✲❧✐❦❡ ♠❛♣s t❤❛t ❝❛♥ ❜❡ ❞❡✜♥❡❞ ♥♦t ♦♥❧②
♦♥ ❞✐✈✐s✐♦♥ ❛❧❣❡❜r❛s✱ ❜✉t ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ♦♥ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s❡♠✐s✐♠♣❧❡ ❛❧❣❡❜r❛s
♦✈❡r ✈❛❧✉❡❞ ✜❡❧❞s✳ ●❛✉❣❡s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ♠✉❝❤ ♠♦r❡ r❡❝❡♥t❧② ✐♥ ✷✵✶✵ ❜② ❚✐❣♥♦❧
❛♥❞ ❲❛❞s✇♦rt❤✳ ❏✉st ❛s ❢♦r ✈❛❧✉❛t✐♦♥s ♦♥ ✜❡❧❞s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ r✐♥❣ ❛ss♦❝✐❛t❡❞
t♦ ❛ ❣❛✉❣❡✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❣❛✉❣❡ r✐♥❣✳ ❆r✐t❤♠❡t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❛✉❣❡ r✐♥❣ ❛r❡
st✉❞✐❡❞✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ❣❛✉❣❡ r✐♥❣ ✐s ❛❧✇❛②s ❛ s❡♠✐✲❧♦❝❛❧ ♦r❞❡r ✐♥t❡❣r❛❧ ♦✈❡r ✐ts
❝❡♥t❡r✳ ❲❡ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ ❣❛✉❣❡ r✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❣❛✉❣❡s ❛♥❞
s❝❛❧❛r ❡①t❡♥s✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠✐♥✐♠❛❧ ❣❛✉❣❡ ♦♥ ❝❡♥tr❛❧ s✐♠♣❧❡
❛❧❣❡❜r❛s✱ ✇❤✐❝❤ ❛r❡ ❣❛✉❣❡s t❤❛t t❤❡ ❞❡❣r❡❡ ③❡r♦ ♣❛rt ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛❞❡❞ r✐♥❣
❤❛s t❤❡ ❧❡❛st ♥✉♠❜❡r ♦❢ s✐♠♣❧❡ ❝♦♠♣♦♥❡♥ts✳ ❲❡ s❤♦✇ t❤❛t t❤❡ r✐♥❣ ♦❢ ❛ ♠✐♥✐♠❛❧
❣❛✉❣❡ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛ ❢❛♠✐❧② ♦❢ ❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❤❛✈✐♥❣ t❤❡ ✐♥t❡r✲
s❡❝t✐♦♥ ♣r♦♣❡rt②✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣r♦♣❡rt② ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ●rät❡r ✐♥ ✶✾✾✷✳ ❲❡
❛❧s♦ ♣r♦✈❡❞ t❤❛t ✐❢ ✇❡ st❛rt ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ❤❛✈✐♥❣ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♣r♦♣❡rt②✱ t❤❡♥ t❤❡r❡ ❡①✐st ❛ ♠✐♥✐♠❛❧ ❣❛✉❣❡ ❛ss♦❝✐❛t❡❞✱ ❛ss✉♠✐♥❣ t❤❛t
t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ❤❛s ✜♥✐t❡ r❛♥❦✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ♦✉r ♠❛✐♥ r❡s✉❧t ✐s ❛♥
❡①✐st❡♥❝❡ t❤❡♦r❡♠ ♦❢ ♠✐♥✐♠❛❧ ❣❛✉❣❡s ♦♥ ❝❡♥tr❛❧ s✐♠♣❧❡ ❛❧❣❡❜r❛ ♦✈❡r ❛ ✜❡❧❞ ✇✐t❤
❛ ✜♥✐t❡ r❛♥❦ ✈❛❧✉❛t✐♦♥✳ ❲❡ ❛❧s♦ ❣❡♥❡r❛❧✐③❡ ❢♦r s✐♠♣❧❡ ❛❧❣❡❜r❛s✱ ♥♦♥✲♥❡❝❡ss❛r✐❧②
❝❡♥tr❛❧✱ ❛ r❡s✉❧t ♦❢ ❚✐❣♥♦❧ ❛♥❞ ❲❛❞s✇♦rt❤ ✇❤✐❝❤ r❡❧❛t❡ ❣❛✉❣❡s ✇✐t❤ ❝❡rt❛✐♥ ✈❛❧✉❡
❢✉♥❝t✐♦♥s ✐♥tr♦❞✉❝❡❞ ❜② ▼♦r❛♥❞✐ ✐♥ ✶✾✽✾✳ ❚❤✐s ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛r❡ ❛ss♦❝✐❛t❡❞ t♦
❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s ✐♥t❡❣r❛❧ ♦✈❡r ✐ts ❝❡♥t❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❧❛st
r❡s✉❧t✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ♦❢ ❣❛✉❣❡s ♦♥ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s❡♠✐s✐♠♣❧❡
❛❧❣❡❜r❛s ♦✈❡r ❛ ✜❡❧❞ ✇✐t❤ ❛ r❛♥❦ ♦♥❡ ✈❛❧✉❛t✐♦♥✳

❑❡② ✇♦r❞s✿ ❱❛❧✉❛t✐♦♥ t❤❡♦r②✱ ❉✐✈✐s✐♦♥ r✐♥❣s✱ ❆ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✱ ●r❛❞❡❞ r✐♥❣s✱
❉✉❜r♦✈✐♥ ✈❛❧✉❛t✐♦♥ r✐♥❣s✳

①✐



✳

①✐✐



❙✉♠ár✐♦

◆♦t❛çã♦ ①✈

❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✶

❈❛♣ít✉❧♦ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ✶✶

➓✷✳✶✳ ❆♥é✐s ❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s ✶✶

➓✷✳✷✳ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✶✺

➓✷✳✸✳ ❊①t❡♥sõ❡s ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s ✷✶

➓✷✳✹✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ✷✷

➓✷✳✺✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ á❧❣❡❜r❛s ✷✹

➓✷✳✻✳ ●❛✉❣❡s ✷✻

➓✷✳✼✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ✷✾

❈❛♣ít✉❧♦ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s ✸✶

➓✸✳✶✳ ❖ ❛♥❡❧ ❞❛ ❣❛✉❣❡ ✸✶

➓✸✳✷✳ ❈♦♠♣♦s✐çã♦ ✸✾

➓✸✳✸✳ ❊①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s ✹✸

➓✸✳✹✳ ❘❡str✐çã♦ ✹✺

➓✸✳✺✳ ❱❛❧♦r✐③❛çõ❡s s❡♠ ❞❡❢❡✐t♦ ✹✻

❈❛♣ít✉❧♦ ✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✺✶

❈❛♣ít✉❧♦ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✺✾

❆♣ê♥❞✐❝❡ ❆✳ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ✼✶

①✐✐✐



①✐✈ ❙✉♠ár✐♦

➓❆✳✶✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦ ✼✶

➓❆✳✷✳ ❖ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ✼✸

➓❆✳✸✳ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐ ✼✼

❆♣ê♥❞✐❝❡ ❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ✼✾

❆♣ê♥❞✐❝❡ ❈✳ ❯♠ t❡♦r❡♠❛ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ✽✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✽✾

❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦ ✾✸



◆♦t❛çã♦

❆♦ ❧♦♥❣♦ ❞❡ss❡ tr❛❜❛❧❤♦✱ Γ ❞❡♥♦t❛ s❡♠♣r❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❞✐✈✐sí✈❡❧ ❡ t♦✲

t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱ ❡s❝r✐t♦ ❛❞✐t✐✈❛♠❡♥t❡✱ q✉❡ ❝♦♥té♠ ♦s ✈❛❧♦r❡s ❞❡ t♦❞❛s ❛s ✈❛❧♦r✐✲

③❛çõ❡s ❡ ♦s ❣r❛✉s ✭í♥❞✐❝❡s✮ ❞❡ t♦❞❛s ❛s ❣r❛❞✉❛çõ❡s q✉❡ ❝♦♥s✐❞❡r❛r♠♦s✳ ❙❡ v é ✉♠❛

✈❛❧♦r✐③❛çã♦ ❡♠ ✉♠ ❝♦r♣♦ F ✱ ❡♥tã♦ V ❞❡♥♦t❛ s❡♠♣r❡ ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡t❡r♠✐✲

♥❛❞♦ ♣♦r v ❡ ✈✐❝❡✲✈❡rs❛✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Γv ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞❡ v

❡ ♣♦r F
v
♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s ❞❡ v✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ F q✉❛♥❞♦ ❤♦✉✈❡r ✉♠❛ ú♥✐❝❛

✈❛❧♦r✐③❛çã♦ ❡♥✈♦❧✈✐❞❛✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡ α é ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❡♠ ✉♠❛

á❧❣❡❜r❛ A ❡♥tã♦ ❡s❝r❡✈❡♠♦s Rα ♣❛r❛ ❞❡♥♦t❛r ♦ ❛♥❡❧ {a ∈ A | α(a) ≥ 0}. ❚❛♠❜é♠

❡s❝r❡✈❡♠♦s s❡♠♣r❡ Γα ♣❛r❛ ❞❡♥♦t❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s α(A \ {0})✱ ♦ q✉❛❧ ♥ã♦

é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ❣r✉♣♦✳ ❙❡ S é ✉♠ ❛♥❡❧✱ ❡♥tã♦ ❞❡♥♦t❛r❡♠♦s ♣♦r S ♦ ❛♥❡❧

q✉♦❝✐❡♥t❡ S/J(S)✱ ♦♥❞❡ J(S) é ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ S✳ ❆❧é♠ ❞✐ss♦✱ s❡ R é ✉♠

s✉❜❛♥❡❧ ❞❡ S ❝♦♥t❡♥❞♦ J(S)✱ ❡♥tã♦ R̃ ❞❡♥♦t❛ ♦ ❛♥❡❧ R/J(S)✳

▲✐st❛ ❞❡ ❙í♠❜♦❧♦s

(a, b)F á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s✳

(F h, vh) ❤❡♥s❡❧✐③❛çã♦ ❞♦ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ (F, v)✳

α ≤ β β é ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ α✱ ♣á❣✳ ✹✵✳

α⊗ β ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♥♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ♣á❣✳ ✹✸✳

δ(W/V ) ❞❡❢❡✐t♦✱ ♣á❣✳ ✹✼✳

ΓB ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ B✱ ♣á❣✳ ✻✳

①✈
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ΓR ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ❞❡ ✉♠❛ ❛♥❡❧ ❣r❛❞✉❛❞♦ R✱ ♣á❣✳ ✶✶✳

grα(A) á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ ❛ α✳

Q ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✳

Qp ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s p✲á❞✐❝♦s✳

Z ❛♥❡❧ ❞♦s ✐♥t❡✐r♦s✳

ω(α) ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s ❞❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❡ grα(A)✱ ♣á❣✳ ✺✾✳

❇r(K) ❣r✉♣♦ ❞❡ ❇r❛✉❡r ❞♦ ❝♦r♣♦ K✳

❞❡❣(r) ❣r❛✉ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ r✱ ♣á❣✳ ✶✶✳

st(B) ❡st❛❜✐❧✐③❛❞♦r ❞❡ B✱ ♣á❣✳ ✻✳

ξ(V ) ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ✭ξ(V,A)✮✱ ♣á❣✳ ✼✸✳

A
×

❝♦♥❥✉♥t♦ ❞❛s ✉♥✐❞❛❞❡s ❞♦ ❛♥❡❧ A✳

d′ ✐♠❛❣❡♠ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ♥❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✱ ♣á❣✳ ✷✸✳

j(V,A) ♣♦st♦ ❞❡❣r❛✉✱ ♣á❣✳ ✼✹✳

q(F ) ❝♦r♣♦ ❞❡ ❢r❛çõ❡s✱ ♣á❣✳ ✷✶✳

v ≤ w w é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ ❞❡ v✱ ♣á❣✳ ✸✾✳

VP ❧♦❝❛❧✐③❛çã♦ ❞♦ ❛♥❡❧ V ♣❡❧♦ ✐❞❡❛❧ ♣r✐♠♦ P ✳



❈❛♣ít✉❧♦ ✶
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❆ ❤✐stór✐❛ ❞❛ ❚❡♦r✐❛ ❞❡ ❱❛❧♦r✐③❛çõ❡s ❝♦♠❡ç♦✉ ❡♠ ✶✾✶✷✱ q✉❛♥❞♦ ♦ ♠❛t❡♠át✐❝♦

❤ú♥❣❛r♦ ❏♦s❡❢ ❑ürs❝❤á❦ ❢♦r♠✉❧♦✉ ♦s ❛①✐♦♠❛s ❞❡ ✈❛❧♦r✐③❛çã♦ ❡♠ ❝♦r♣♦s✳ ❆ ♣r✐♥❝✐♣❛❧

♠♦t✐✈❛çã♦ ❢♦✐ ❛ t❡♥t❛t✐✈❛ ❞❡ ♠❡❧❤♦r❛r ❛ ❢✉♥❞❛♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❝♦r♣♦s ♣✲á❞✐❝♦s

❞❡✜♥✐❞♦s ♣♦r ❑✉rt ❍❡♥s❡❧✳ ❱❛❧♦r✐③❛çõ❡s ♣❡r♠✐t✐r❛♠ q✉❡ ❛ ❡str✉t✉r❛ ❛r✐t♠ét✐❝❛ ❞❡

❝♦r♣♦s ❞❡ ♥ú♠❡r♦s ❢♦ss❡♠ ♠❡❧❤♦r ❡♥t❡♥❞✐❞❛s✳ ■st♦ ✐♠♣✉❧s✐♦♥♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❛ t❡♦r✐❛ ♥❛s ❞é❝❛❞❛s s❡❣✉✐♥t❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛tr❛✈és ❞♦s tr❛❜❛❧❤♦s ❞❡ ❍❡❧♠✉t

❍❛ss❡ ❡ ❆❧❡①❛♥❞❡r ❖str♦✇s❦✐✳

◆❛ t❡r♠✐♥♦❧♦❣✐❛ ♠♦❞❡r♥❛✱ ❛ ✈❛❧♦r✐③❛çã♦ ❞❡✜♥✐❞❛ ♣♦r ❑ürs❝❤á❦ é ❞❡♥♦♠✐♥❛❞❛

✈❛❧♦r ❛❜s♦❧✉t♦✱ ❡♥q✉❛♥t♦ ♦ t❡r♠♦ ✈❛❧♦r✐③❛çã♦ é ❞❡❞✐❝❛❞♦ ❛ ✉♠ ❝♦♥❝❡✐t♦ ♠❛✐s ❣❡r❛❧

❛♣r❡s❡♥t❛❞♦ ♣♦r ❲♦❧❢❣❛♥❣ ❑r✉❧❧ ❡♠ ✶✾✸✷✳ ❊st❡ ❝♦♥❝❡✐t♦ ♠❛✐s ❣❡r❛❧ ❞❡ ✈❛❧♦r✐③❛çã♦

s❡ ♠♦str♦✉ ❛♣❧✐❝á✈❡❧ ❡♠ ♦✉tr❛s ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛ ❝♦♠♦ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛

❡ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧✳ ❖ ✐♥í❝✐♦ ❞❛ ❤✐stór✐❛ ❞❛ ❚❡♦r✐❛ ❞❡ ✈❛❧♦r✐③❛çã♦ é ❝♦♥t❛❞❛ ♣♦r

❘♦q✉❡tt❡ ❡♠ ❬❘♦❪✳ ❆s r❡❢❡rê♥❝✐❛s ♣r✐♥❝✐♣❛✐s s♦❜r❡ ❚❡♦r✐❛ ❞❡ ❱❛❧♦r✐③❛çã♦ sã♦ ❊♥❞❧❡r

❬❊✶❪✱ ❊♥❣❧❡r ❡ Pr❡st❡❧ ❬❊P❪ ❡ ❊❢r❛t ❬❊❢❪✳

❆ ❡✜❝✐ê♥❝✐❛ ❞❛ ❚❡♦r✐❛ ❞❡ ❱❛❧♦r✐③❛çõ❡s ♥♦ ❡st✉❞♦ ❞❛ ❛r✐t♠ét✐❝❛ ❞❡ ❝♦r♣♦s ❧❡✲

✈♦✉ ♥❛t✉r❛❧♠❡♥t❡ ❛ t❡♥t❛t✐✈❛ ❞❡ ❣❡♥❡r❛❧✐③á✲❧❛ ♣❛r❛ ❡str✉t✉r❛s ♠❛✐s ❣❡r❛✐s✱ ❝♦♠♦

á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ ❡ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s✱ q✉❡ ♣♦❞❡♠♦s ❝❤❛♠❛r ❞❡ ✈❛❧♦r✐③❛✲

çõ❡s ♥ã♦✲❝♦♠✉t❛t✐✈❛s✳ ❖ ♣r✐♠❡✐r♦ ❝♦♥❝❡✐t♦ ❞❡ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦

❛♣❛r❡❝❡✉ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❍❛ss❡ ❡♠ ❬❍❛❪ ❡♠ ✶✾✸✶ ❡ ❢♦✐ ♠❡❧❤♦r ❡①♣❧♦r❛❞♦ ♣♦st❡r✐♦r✲

♠❡♥t❡ ♥♦ ❧✐✈r♦ ❞❡ ❙❝❤✐❧❧✐♥❣ ❬❙❝❤❪✳ ❆t✉❛❧♠❡♥t❡ ❡st❡s ❛♥é✐s sã♦ ❝♦♥❤❡❝✐❞♦s ♣♦r ❛♥é✐s

❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s✿ ✉♠ s✉❜❛♥❡❧ R ❞❡ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ D é ❞✐t♦ ✉♠ ❛♥❡❧

❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ s❡ s❛t✐s❢❛③

✭✶✳✶✮ ✭✐✮ ❙❡ d ∈ D
×

✱ ❡♥tã♦ d ∈ R ♦✉ d−1 ∈ R;

✶
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✭✐✐✮ dRd−1 = R ♣❛r❛ t♦❞♦ d ∈ D
×

.

❆ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s é q✉❡✱ ❛ss✐♠ ❝♦♠♦

❛❝♦♥t❡❝❡ ❝♦♠ ❝♦r♣♦s✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❛ ❡st❡s ❛♥é✐s✳ ❈♦♠♦ aR =

Ra ♣❛r❛ ❝❛❞❛ a ∈ D
×

✱ t❡♠♦s q✉❡ Λ = {aR | a ∈ D
×} é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦

(aR) · (bR) = abR. ❆❧é♠ ❞✐ss♦✱ ❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠✱ aR ≤ bR s❡ ❡ s♦♠❡♥t❡ s❡

aR ⊇ bR✱ ❢❛③ ❞❡ Γ ✉♠ ❣r✉♣♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳ ❆ ❢✉♥çã♦ v : D → Λ ∪ {∞},
❞❡✜♥✐❞❛ ♣♦r v(d) = dR s❡ d ∈ D

×

❡ v(0) = ∞ é ✉♠❛ ✈❛❧♦r✐③❛çã♦✱ ♣♦✐s ♣❛r❛ t♦❞♦

c, d ∈ D t❡♠♦s✿

✭✶✳✷✮ ✭✐✮ v(d) = ∞ s❡ ❡ s♦♠❡♥t❡ s❡ d = 0;

✭✐✐✮ v(cd) = v(c) + v(d);

✭✐✐✐✮ v(c+ d) ≥ ♠✐♥{v(c), v(d)}✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ v : D → Γ ∪ {∞} é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ D✱ ✐st♦ é✱ v s❛t✐s❢❛③

❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✮✱ ✭✐✐✮ ❡ ✭✐✐✐✮ ❞❡ ✭✶✳✷✮✱ ❡♥tã♦ ♦ s✉❜❝♦♥❥✉♥t♦

✭✶✳✸✮ Rv = {d ∈ D | v(d) ≥ 0}

é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❞❡ D✳ ❉❡♥♦t❛♠♦s ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s v(D
×

) ❞❡

v ♣♦r ΓD ❡ ♦ ❛♥❡❧ ❞❡ r❡sí❞✉♦s Rv/J(Rv) ♣♦r D, ♦♥❞❡ J(Rv) ❞❡♥♦t❛ ♦ ❘❛❞✐❝❛❧ ❞❡

❏❛❝♦❜s♦♥ ❞❡ Rv✳

❆ ❣r❛♥❞❡ ❞❡s✈❛♥t❛❣❡♠ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s é q✉❡ ❡st❡s ♥ã♦ t❡♠

❜♦❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡①t❡♥sã♦✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♥❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✱ ❡st❡♥❞❡♥❞♦ ✉♠❛ ✈❛❧♦r✐③❛çã♦

❞♦ ❝❡♥tr♦✳

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦

F ✳ ❯♠❛ ✈❛❧♦r✐③❛çã♦ v ❞❡ F s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ w ❡♠ D s❡ ❡ s♦♠❡♥t❡

s❡ v t❡♠ ❡①t❡♥sã♦ ú♥✐❝❛ ♣❛r❛ ❝❛❞❛ ❝♦r♣♦ ✐♥t❡r♠❡❞✐ár✐♦ F ⊂ L ⊂ D✳ ❆ss✐♠✱ v t❡♠

♥♦ ♠á①✐♠♦ ✉♠❛ ❡①t❡♥sã♦ ❡♠ D✳

❖ ❚❡♦r❡♠❛ ✶✳✹ ❢♦✐ ❞❡♠♦♥str❛❞♦ ♣♦r ❊rs❤♦✈ ❡♠ ❬❊r❪ ❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r

❲❛❞s✇♦rt❤ ❡♠ ❬❲✶❪✳ ◆♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹ ❛ ❡①✐stê♥❝✐❛ ❞❛ ❡①t❡♥sã♦ ❡stá

❝♦♥❞✐❝✐♦♥❛❞❛ ❛ ✉♠❛ ❤✐♣ót❡s❡ ♠✉✐t♦ r❡str✐t✐✈❛ s♦❜r❡ ❛s ❡①t❡♥sõ❡s ❞❛ ✈❛❧♦r✐③❛çã♦

♣❛r❛ ♦s ❝♦r♣♦s ✐♥t❡r♠❡❞✐ár✐♦s✳ P♦rt❛♥t♦✱ ♦ ❚❡♦r❡♠❛ ✶✳✹ s✉❣❡r❡ q✉❡ ✈❛❧♦r✐③❛çõ❡s

❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ sã♦ ♦❜❥❡t♦s ♠✉✐t♦ r❛r♦s✱ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ✈❛❧♦r✐③❛çõ❡s

❡♠ ❝♦r♣♦s✳
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▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ P✳ ▼♦r❛♥❞✐ ❢♦r♥❡❝❡✉ ❡♠ ❬▼✶❪ ✉♠ ♦✉tr♦ ❝r✐tér✐♦ út✐❧✱ ♣❛r❛

❞❡❝✐❞✐r q✉❛♥❞♦ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♥❛

á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳

❚❡♦r❡♠❛ ✶✳✺✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✹✱ s❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡

(F, v)✳ ❊♥tã♦ v s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ D s❡ ❡ s♦♠❡♥t❡ s❡ D ⊗F F h

é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦✳ ◗✉❛♥❞♦ ✐st♦ ♦❝♦rr❡✱ D ⊗F F h = D ❡ ΓD⊗FFh = ΓD✱ ❡ ❛

✈❛❧♦r✐③❛çã♦ ❡♠ D é ❛ r❡str✐çã♦ ❞❛ ✈❛❧♦r✐③❛çã♦ ❡♠ D⊗F F h✱ q✉❡ é ❛ ú♥✐❝❛ ❡①t❡♥sã♦

❞❡ vh ❡♠ F h✳

❖ ❚❡♦r❡♠❛ ✶✳✺ ❥á ❤❛✈✐❛ s✐❞♦ ❡st❛❜❡❧❡❝✐❞♦ ♣♦r P✳ ▼✳ ❈♦❤♥ ❡♠ ❬❈❪ ♣❛r❛ ✈❛❧♦r✐✲

③❛çõ❡s ❞❡ ♣♦st♦ ✶✱ tr♦❝❛♥❞♦✲s❡ ❛ ❤❡♥s❡❧✐③❛çã♦ ♣❡❧♦ ❝♦♠♣❧❡t❛♠❡♥t♦✳

◆♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺✱ s❡ ♦ ❝❡♥tr♦ é ✉♠ ❝♦r♣♦ ❤❡♥s❡❧✐❛♥♦✱ ❡♥tã♦ ❛ ✈❛❧♦r✐③❛✲

çã♦ s❡♠♣r❡ s❡ ❡st❡♥❞❡✳ ■ss♦ ♣❡r♠✐t✐✉ q✉❡ ✈❛❧♦r✐③❛çõ❡s ❢♦ss❡♠ ✉t✐❧✐③❛❞❛s ♥♦ ❡st✉❞♦

❞❡ ♣r♦♣r✐❡❞❛❞❡s ❛r✐t♠ét✐❝❛s ❞❡ ❛♥é✐s ❞❡ ❞✐✈✐sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝♦r♣♦ ❞❡ ❜❛s❡ é ❤❡♥s❡❧✐❛♥♦✳ ❯♠❛ ✈✐sã♦ ❣❡r❛❧ ❞♦ ❛ss✉♥t♦✱ ❝♦♥t❡♥❞♦

♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s r❡❝❡♥t❡s ❞❛ t❡♦r✐❛ ❡ ❛♣❧✐❝❛çõ❡s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❲✸❪✳

P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ ♦ ❝♦r♣♦ ❞❡ ❜❛s❡ ♥ã♦ é ❤❡♥s❡❧✐❛♥♦✱ ❛ ❡①t❡♥sã♦ ♣♦❞❡

s✐♠♣❧❡s♠❡♥t❡ ♥ã♦ ❡①✐st✐r✱ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✳

❊①❡♠♣❧♦ ✶✳✻✳ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q s♦❜r❡ ♦ ❝♦r♣♦ ❞❡ ♥ú✲

♠❡r♦s r❛❝✐♦♥❛✐s Q✳ ❚❡♠♦s q✉❡ Q(i) é ✉♠❛ ❡①t❡♥sã♦ q✉❛❞rát✐❝❛ ❞❡ Q ❞❡♥tr♦ ❞❡

(−1,−1)Q✳ ❈♦♠♦ 5 = (2− i)(2+ i) ❡♠ Q(i)✱ t❡♠♦s q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ ❞❡ Q

t❡♠ ❞✉❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s ♣❛r❛ Q(i)✳ P♦rt❛♥t♦✱ ❛ ✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ ♥ã♦ s❡ ❡s✲

t❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♥❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱

s❡ P ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♣r✐♠♦s ❡ Qp é ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s p✲á❞✐❝♦s✱

q✉❡ é ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡ Q ❝♦♠ r❡❧❛çã♦ à ✈❛❧♦r✐③❛çã♦ p✲á❞✐❝❛ vp✱ ❡♥tã♦ ❛ t❡♦r✐❛

❣❧♦❜❛❧ ❞❡ ❝♦r♣♦s ❞❡ ❝❧❛ss❡ ♥♦s ❞á ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t✐✈❛

❇r(Q) →֒
(⊕

p∈P

❇r(Qp)
)
⊕ ❇r(R),

q✉❡ ❛♣❧✐❝❛ ❝❛❞❛ ❝❧❛ss❡ [A] ∈ ❇r(Q) ♣❛r❛
(
([A⊗Qp])p∈P , [A⊗R]

)
❡ t❛❧ q✉❡ [A⊗Qp] =

0 ♣❛r❛ q✉❛s❡ t♦❞♦ p ∈ P ✭❝❢✳ ❬P✱ ❚❤♠✳ ✶✽✳✺ ❡ Pr♦♣✳ ✶✽✳✺❪✮✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺

q✉❡ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ s♦❜r❡ ♦ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✱ ♥♦ ♠á①✐♠♦

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r✐③❛çõ❡s p✲á❞✐❝❛s ♣♦❞❡ s❡ ❡①t❡♥❞❡r✳

❯♠ s❡❣✉♥❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ é ♦ ❛♥❡❧ ❞❡ ✈❛✲

❧♦r✐③❛çã♦ t♦t❛❧✱ ❝✉❥❛ t❡r♠✐♥♦❧♦❣✐❛ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r P✳ ▼✳ ❈♦❤♥ ❡♠ ❬❈❪✳ ❯♠
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s✉❜❛♥❡❧ T ❞❡ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ D é ❞✐t♦ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧ s❡ ♣❛r❛

t♦❞♦ d ∈ D
×

✱ t❡♠✲s❡ d ∈ T ♦✉ d−1 ∈ T ✳ ◆♦t❡ q✉❡ t♦❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐✲

❛♥t❡ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧

♠❛s ♥ã♦ ✐♥✈❛r✐❛♥t❡ é ❞❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✹✳

▲❡♠❜r❡ q✉❡ s❡ L é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ F ❡ V é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

F ✱ ❡♥tã♦ V s❡♠♣r❡ s❡ ❡st❡♥❞❡ ♣❛r❛ L✳ ❖ ♥ú♠❡r♦ ❞❡ ❡①t❡♥sõ❡s ❞✐st✐♥t❛s é ❧✐♠✐t❛❞♦

♣♦r [L : F ] ❡ ♦ ❢❡❝❤♦ ✐♥t❡❣r❛❧ ❞❡ V ❡♠ L é ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞❛s ❛s ❡①t❡♥sõ❡s✳ ❆❧é♠

❞✐ss♦✱ s❡ L é ✉♠❛ ❡①t❡♥sã♦ ♥♦r♠❛❧✱ ❡♥tã♦ ❛s ❡①t❡♥sõ❡s sã♦ ❝♦♥❥✉❣❛❞❛s✳ ❖ r❡s✉❧✲

t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛✐s t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦

s✐♠✐❧❛r ❛♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦✳

❚❡♦r❡♠❛ ✶✳✼✳ ❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F

❡ s❡❥❛ V ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❡♠ F ✳ ❊♥tã♦ V s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠ ❛♥❡❧ ❞❡

✈❛❧♦r✐③❛çã♦ t♦t❛❧ ❡♠ D s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❢❡❝❤♦ ✐♥t❡❣r❛❧ ❞❡ V ❡♠ D é ✉♠ s✉❜❛♥❡❧

❞❡ D✳ ▼❛✐s ❛✐♥❞❛✱ s❡ V ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ D ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ✈❛❧❡✿

✭✶✮ V t❡♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ B1, . . . , Bk ❞❡ ❡①t❡♥sõ❡s t♦t❛✐s✳

✭✷✮ k ≤ n =
√

[D : F ].

✭✸✮ B1 ∩ · · · ∩Bk é ♦ ❢❡❝❤♦ ✐♥t❡❣r❛❧ ❞❡ V ❡♠ D✳

✭✹✮ ❚♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ V sã♦ ❝♦♥❥✉❣❛❞❛s✱ ✐st♦ é✱ s❡ B ❡ B′ sã♦ ❡①t❡♥sõ❡s

❞❡ V ♣❛r❛ D ❡♥tã♦ B′ = dBd−1 ♣❛r❛ ❛❧❣✉♠ d ∈ D
×

✳

❙❡❣✉❡ ❞❡ ❬❲✷✱ ❚❤♠✳ ❊❪ q✉❡ k é ♦ t❛♠❛♥❤♦ ♠❛tr✐❝✐❛❧ ❞❡ D ⊗F F h✱ ✐st♦ é✱

D ⊗F F h ∼= Mk(E)✱ ♦♥❞❡ E é ✉♠❛ F h✲á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✺✱ k = 1 s❡ ❡ s♦♠❡♥t❡ s❡ ❛ ❡①t❡♥sã♦ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡✳

❆ss✐♠ ❝♦♠♦ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s✱ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛✐s

♥ã♦ ♣♦ss✉❡♠ ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡①t❡♥sã♦✳ P✳ ▼✳ ❈♦❤♥ ♠♦str♦✉ ❡♠ ❬❈✱ ❚❤♠✳

✸❪ q✉❡ s❡ D é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡ s❡ V

é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ❞❡ ♣♦st♦ ✶✱ ❡♥tã♦ t♦❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧ ❞❡

D ❡st❡♥❞❡♥❞♦ V é ✐♥✈❛r✐❛♥t❡✳ ❆ss✐♠✱ ♦ ❊①❡♠♣❧♦ ✶✳✻ ❢♦r♥❡❝❡ t❛♠❜é♠ ✉♠ ❡①❡♠♣❧♦

❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ q✉❡ ♥ã♦ ❛❞♠✐t❡ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧ ❡st❡♥❞❡♥❞♦ ❛

✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ ❞♦ ❝❡♥tr♦✳

❊♠ ✶✾✽✷✱ ✉♠❛ ♦✉tr❛ t❡♦r✐❛ ❞❡ ✈❛❧♦r✐③❛çã♦ ♥ã♦✲❝♦♠✉t❛t✐✈❛ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♣♦r

❉✉❜r♦✈✐♥ ❬❉✉✶❪✱ ❛ q✉❛❧ ❝♦♥s✐st❡ ❡♠ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

✐♥✈❛r✐❛♥t❡s✱ ♥ã♦ ❛♣❡♥❛s ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦✱ ♠❛s q✉❡ ✈❛❧❡♠ ♠❛✐s ❣❡r❛❧♠❡♥t❡

♣❛r❛ ❛♥é✐s ❛rt✐♥✐❛♥♦s s✐♠♣❧❡s✳ ❊ss❡s ❛♥é✐s sã♦ ❤♦❥❡ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❛♥é✐s ❞❡
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✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳ ❊❧❡s sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦ s❡❣✉❡✿ s❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦

s✐♠♣❧❡s✱ ✉♠ s✉❜❛♥❡❧ B ⊆ A é ❞✐t♦ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A s❡

✭✶✳✽✮ ✭✐✮ B/J(B) é ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s❀

✭✐✐✮ s❡ s ∈ A\B✱ ❡♥tã♦ ❡①✐st❡♠ b1, b2 ∈ B t❛✐s q✉❡ b1s, sb2 ∈ B\J(B),

♦♥❞❡ J(B) ❞❡♥♦t❛ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ B✳ ❖ ❛♥❡❧ B = B/J(B) é ❝❤❛♠❛❞♦ ❞❡

❛♥❡❧ ❞❡ r❡sí❞✉♦s ❞❡ B✳

❆♣❡s❛r ❞❡ ♥ã♦ ✜❝❛r ❝❧❛r♦ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ q✉❡ ❡st❡s ❛♥é✐s ♠❡r❡❝❡♠ ♦ ♥♦♠❡

❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦✱ ♣♦r ♥ã♦ t❡r❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❝♦♠♦ ✭✶✳✶✮✱ ❛ ♥♦♠❡♥❝❧❛t✉r❛

é ❥✉st✐✜❝❛❞❛ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❧✐st❛❞❛s ❛❜❛✐①♦ ✭✈❡r ❬❉✉✶❪ ❡ ❬❉✉✷❪✮✳ ❙❡❥❛ F =

Z(A) ❡ s❡❥❛ V = F ∩B = Z(B).

✭✶✳✾✮ V é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ✳

✭✶✳✶✵✮ ❖s ✐❞❡❛✐s ❜✐❧❛t❡r❛✐s ❞❡ B sã♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦s ♣♦r ✐♥❝❧✉sã♦✳

✭✶✳✶✶✮ ❙❡ B é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❡ S é ✉♠ s✉❜❛♥❡❧ ❞❡ A

❝♦♥t❡♥❞♦ B ❡♥tã♦ S é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❡ B̃ = B/J(S)

é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ S = S/J(S)✳ ❆❧é♠ ❞✐ss♦✱ J(S) é ✉♠

✐❞❡❛❧ ♣r✐♠♦ ❞❡ B ❡ CB(J(S)) = {c ∈ B | [c + J(S)] é r❡❣✉❧❛r ♠♦❞✉❧♦ J(S)} é ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❖r❡ r❡❣✉❧❛r ❞❡ B✳ ❊♥tã♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ ❛♥❡❧ q✉♦❝✐❡♥t❡ B ❝♦♠

r❡❧❛çã♦ CB(J(S))✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r BJ(S)✱ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ B ♣❡❧♦ ✐❞❡❛❧ ♣r✐♠♦

J(S)✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ❛✐♥❞❛ q✉❡ S = BJ(S)✳ ▼❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❧♦❝❛❧✐③❛çã♦

❞❡ ❛♥é✐s ♥ã♦ ❝♦♠✉t❛t✐✈♦s ♣♦r ❝♦♥❥✉♥t♦s ❞❡ ❖r❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬▼▼❯✱

§✶❪✳

✭✶✳✶✷✮ ❙❡ S é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❡ B̃ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐✲

③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ S = S/J(S) ❡♥tã♦ B = {r ∈ S | r + J(S) ∈ B̃} é ✉♠ ❛♥❡❧

❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✳

✭✶✳✶✸✮ ❙✉♣♦♥❤❛♠♦s [A : F ] < ∞✳ P❛r❛ t♦❞♦ ✐❞❡❛❧ ♣r✐♠♦ P ❞❡ B✱ ❝♦♥s✐❞❡r❡

P = P ∩ V ✳ ❊♥tã♦ P é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ V ✱ ❡ ❛ ❧♦❝❛❧✐③❛çã♦ ❝❡♥tr❛❧ BP é ✉♠

s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ B ❡ J(BP) = P ✳ ❊♥tã♦✱ ❝♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ ✭✶✳✶✶✮✱

♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐❥❡t✐✈❛ ❡♥tr❡ ♦s ✐❞❡❛✐s ♣r✐♠♦s ❞❡ B✱ ♦s

✐❞❡❛✐s ♣r✐♠♦s ❞❡ V ✱ ❡ ♦s s✉❜❛♥❡✐s ❞❡ A ❝♦♥t❡♥❞♦ B✳

✭✶✳✶✹✮ ❖ ❛♥❡❧ ❞❡ ♠❛tr✐③❡sMn(B) é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡Mn(A)✳

▼❛✐s ❛✐♥❞❛✱ s❡ A = Mn(D)✱ ♦♥❞❡ D é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❛♥❡❧ ❞❡

✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ R ❞❡ D ❝♦♠ B = q−1Mn(R)q✱ ♣❛r❛ ❛❧❣✉♠ q ∈ A
×

.
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❊♠❜♦r❛ ♥ã♦ ❡①✐st❛ ❡♠ ❣❡r❛❧ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❛♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

❞❡ ❉✉❜r♦✈✐♥✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❛ss♦❝✐❛❞♦ ❛ ❡ss❡s ❛♥é✐s✳ ❙❡❥❛ B

✉♠❛ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s A✳ ❉❡✜♥✐♠♦s

st(B) = {a ∈ A
× | aBa−1 = B},

♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ B s♦❜r❡ ❛ ❛çã♦ ❞❡ A
×

✱ q✉❡ é ✉♠ s✉❜❣r✉♣♦ ❞❡ A
×

✳ ◆♦t❡ q✉❡ B
×

é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ st(B)✳ ❊♥tã♦ ❞❡✜♥✐♠♦s ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞❡ B ♣♦r

ΓB = st(B)/B
×

.

❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡❥❛ (F h, vh)

❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v)✳ ❊♥tã♦ A⊗F F h ∼= Mn(D)✱ ♦♥❞❡ D é ✉♠ ✉♠❛ F h✲á❧❣❡❜r❛

❞❡ ❞✐✈✐sã♦ ❝❡♥tr❛❧✳ ❙❡❥❛ w ❛ ✈❛❧♦r✐③❛çã♦ ❡♠ D ❡st❡♥❞❡♥❞♦ ❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛

vh✳ ❙❡❥❛ D ♦ ❛♥❡❧ ❞❡ r❡sí❞✉♦s ❡ Γw ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞❡ w✳ ❙❡ B é ✉♠ ❛♥❡❧ ❞❡

✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❝♦♠ Z(B) = V ✱ ❡♥tã♦ t❡♠♦s ♣♦r ❬❲✷✱ ❚❤♠✳ ❇❪

q✉❡

✭✶✳✶✺✮ ΓB = Γw ❡ B ∼= Mt(D), ♣❛r❛ ❛❧❣✉♠ t ≥ 1.

◆♦t❛ ✶✳✶✻✳ ❙❡ R é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧ ❡♠ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ D✱ ❡♥tã♦ R

é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳ P❛r❛ ✈❡r✐✜❝❛r ✐ss♦✱ ✈❡❥❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦s

❞♦s ✐❞❡❛✐s à ❞✐r❡✐t❛ ❞❡ R é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦✳ ❙❡❥❛♠ I, J ✐❞❡❛✐s

♥ã♦ ♥✉❧♦s à ❞✐r❡✐t❛ ❞❡ R ❝♦♠ I * J ✳ ❙❡❥❛ x ∈ I \J ✳ P❛r❛ t♦❞♦ a ∈ J \{0} ❞❡✈❡♠♦s

t❡r a−1x ∈ R ♦✉ x−1a ∈ R✳ ▼❛s a−1x ∈ R ✐♠♣❧✐❝❛ x = a(a−1x) ∈ J ✱ ♦ q✉❡ ♥ã♦

é ♣♦ssí✈❡❧✳ ❊♥tã♦ a = x(x−1a) ∈ I✳ P♦rt❛♥t♦✱ J ⊆ I✳ ❙❡❣✉❡ q✉❡ J(R) é ♦ ú♥✐❝♦

✐❞❡❛❧ ♠❛①✐♠❛❧ à ❞✐r❡✐t❛ ❞❡ R ❡ ❡♥tã♦ J(R) = R \R×

. P♦rt❛♥t♦✱ R/J(R) é ✉♠ ❛♥❡❧

❞❡ ❞✐✈✐sã♦✱ ❧♦❣♦ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s✳ P❛r❛ ❛ s❡❣✉♥❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✭✶✳✽✮✱ ♥♦t❡ q✉❡

s❡ s ∈ D \R✱ ❡♥tã♦ s−1 ∈ R✱ ❧♦❣♦ 1 = ss−1 = s−1s ∈ R \ J(R)✳

❆❧é♠ ❞❡ ♣♦❞❡r❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ❡ ♥ã♦ ❛♣❡♥❛s

á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦✱ ♦✉tr❛ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱

❡♠ r❡❧❛çã♦ ❛♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛✐s ❡ ✐♥✈❛r✐❛♥t❡s✱ é q✉❡ ❡st❡s ♣♦ss✉❡♠ ♣r♦✲

♣r✐❡❞❛❞❡s ❞❡ ❡①t❡♥sã♦ ♠✉✐t♦ ❜♦❛s✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❢♦✐ ♦❜t✐❞♦ ♣r✐♠❡✐r❛♠❡♥t❡

♣♦r ❉✉❜r♦✈✐♥ ❬❉✉✷❪ ❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♠❛✐s s✐♠♣❧❡s ❢♦✐ ❞❛❞❛ ♣♦r ❇r✉♥❣s ❛♥❞

●rät❡r ❡♠ ❬❇●❪✳

❚❡♦r❡♠❛ ✶✳✶✼✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉

❝❡♥tr♦ F ❡ s❡❥❛ V ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦

❞❡ ❉✉❜r♦✈✐♥ B ❞❡ A ❝♦♠ B ∩ F = Z(B) = V ✳
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❆❧é♠ ❞✐ss♦✱ ❛♣❡s❛r ❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❡①t❡♥sõ❡s ♣♦❞❡r s❡r ✐♥✜♥✐t♦✱ t❡♠✲s❡ ✉♠❛

❝❡rt❛ ✉♥✐❝✐❞❛❞❡✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✽ ❛❜❛✐①♦✱ q✉❡ ❢♦✐ ❞❡♠♦♥str❛❞♦

♣♦r ❇r✉♥❣s ❡ ●rät❡r ❡♠ ❬❇●❪ ♥♦ ❝❛s♦ ❡♠ q✉❡ V t❡♠ ♣♦st♦ ✜♥✐t♦✱ ❡ ❡♠ ❣❡r❛❧ ♣♦r

❲❛❞s✇♦rt❤ ❡♠ ❬❲✷❪✳

❚❡♦r❡♠❛ ✶✳✶✽✳ ❙❡❥❛♠ B1 ❡ B2 ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡♠ ✉♠ ❛♥❡❧

❛rt✐♥✐❛♥♦ s✐♠♣❧❡s A ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ✱ t❛✐s q✉❡ Z(B1) =

Z(B2)✳ ❊♥tã♦ ❡①✐st❡ q ∈ A
×

t❛❧ q✉❡ B1 = qB2q
−1.

❆ ❣r❛♥❞❡ ❞❡s✈❛♥t❛❣❡♠ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ é q✉❡ ❡♠ ❣❡r❛❧

❡ss❡s ❛♥é✐s ♥ã♦ t❡♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❝♦♠♦ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✲

✈❛r✐❛♥t❡s✳ ❯♠ r❡s✉❧t❛❞♦ ♣❛r❝✐❛❧ ❢♦✐ ♦❜t✐❞♦ ♣♦r P✳ ▼♦r❛♥❞✐ ❡♠ ❬▼✷❪✱ ♥♦ q✉❛❧ ❡❧❡

❡st❛❜❡❧❡❝❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ❛♥❡❧ ❞❡ ✈❛❧♦✲

r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱ ❛♣❡♥❛s ♥♦ ❝❛s♦ ❡♠ ❡ss❡s sã♦ ✐♥t❡❣r❛✐s s♦❜r❡ ♦ ❝❡♥tr♦✳ ❆s

❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ s❡rã♦ ❞✐s❝✉t✐❞❛s ♥❛ ❙❡çã♦ ✷✳✼✳

❘❡❝❡♥t❡♠❡♥t❡✱ ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤ ✐♥tr♦❞✉③✐r❛♠ ❡♠ ❬❚❲✶❪ ✉♠❛ ♥♦✈❛ ❢❡rr❛✲

♠❡♥t❛ à q✉❛❧ ❝❤❛♠❛r❛♠ ❞❡ ❣❛✉❣❡✶✳ ●❛✉❣❡s sã♦ ❛♣❧✐❝❛çõ❡s s❡♠❡❧❤❛♥t❡s ❛ ✈❛❧♦r✐③❛✲

çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞❛s ♥ã♦ só ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ ♠❛s✱ ♠❛✐s ❣❡r❛❧♠❡♥t❡✱

❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s✱ ♦✉ ❛té ♠❡s♠♦ s❡♠✐✲s✐♠♣❧❡s✱ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ❝♦r✲

♣♦s ✈❛❧♦r✐③❛❞♦s✳ P❛r❛ s❡r♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ s❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ Γ

✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❞✐✈✐sí✈❡❧✱ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❝♦♥t❡♥❞♦ ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s

❞❡ v✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A é ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❯♠❛ ❛♣❧✐❝❛çã♦

α : A → Γ ∪ {∞} é ❞✐t❛ ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ s❡ ♣❛r❛ t♦❞♦

x, y ∈ A ❡ c ∈ F t❡♠♦s✿

✭✐✮ α(x) = ∞ s❡ ❡ s♦♠❡♥t❡ s❡ x = 0❀

✭✐✐✮ α(x+ y) ≥ ♠✐♥{α(x), α(y)};

✭✐✐✐✮ α(cx) = v(c) + α(x);

✭✐✈✮ α(xy) ≥ α(x) + α(y).

❆ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α ❞❡✜♥❡ ✉♠❛ ✜❧tr❛çã♦ ❡♠ A✿ ♣❛r❛ ❝❛❞❛ γ ∈ Γ s❡❥❛

✭✶✳✶✾✮ A≥γ = {x ∈ A | α(x) ≥ γ}, A>γ = {x ∈ A | α(x) > γ} ❡ Aγ = A≥γ/A>γ .

❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ ❛ss♦❝✐❛❞♦ ❛ α✿

✭✶✳✷✵✮ grα(A) =
⊕

γ∈Γ

Aγ .

✶❈♦♠♦ ♥ã♦ ❡♥❝♦♥tr❛♠♦s ✉♠ t❡r♠♦ ❡♠ ♣♦rt✉❣✉ês q✉❡ s✉❜st✐t✉íss❡ ❛❞❡q✉❛❞❛♠❡♥t❡ ❛ ♣❛❧❛✈r❛ ❣❛✉❣❡✱

❝♦♥t✐♥✉❛r❡♠♦s ✉s❛♥❞♦ ♦ t❡r♠♦ ♦r✐❣✐♥❛❧ ❡♠ ✐♥❣❧ês✳
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❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ tr♦❝❛♥❞♦✲s❡ A ♣♦r F ❡ α ♣♦r v ❡♠ ✭✶✳✶✾✮ ❡ ✭✶✳✷✵✮✱ ♦❜t❡♠♦s

✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ ❝♦♠✉t❛t✐✈♦ grv(F )✱ t❛❧ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦

t❡♠ ✐♥✈❡rs♦✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ❝♦r♣♦ ❣r❛❞✉❛❞♦✳ ❖ ❛♥❡❧ ❣r❛❞✉❛❞♦ grα(A) t❡♠ ✉♠❛

❡str✉t✉r❛ ❞❡ grv(F )✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✳ ❯♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛

é ❞✐t❛ ✉♠❛ v✲❣❛✉❣❡ s❡ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A) s❛t✐s❢❛③ ❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s

❛❞✐❝✐♦♥❛✐s s❡❣✉✐♥t❡s✿

✭✈✮ grα(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✱ ✐st♦ é✱ ♥ã♦ ❝♦♥té♠ ✐❞❡❛✐s

❜✐❧❛t❡r❛✐s ❤♦♠♦❣ê♥❡♦s ♥✐❧♣♦t❡♥t❡s ♥ã♦ ♥✉❧♦s❀

✭✈✐✮ dimgrv(F ) grα(A) = dimF A.

❱❡r❡♠♦s ♥❛ ❙❡çã♦ ✸✳✺✱ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✈✐✮ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❝♦♥❞✐✲

çã♦ s♦❜r❡ ❛ ✈❛❧♦r✐③❛çã♦ v s❡r s❡♠ ❞❡❢❡✐t♦ ♥❛ á❧❣❡❜r❛ A✳ ❖s ❝♦♥❝❡✐t♦s ❞❡ ❢✉♥çã♦

✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛ s❡rã♦ ❡st✉❞❛❞♦s ❝♦♠ ♠❛✐♦r❡s

❞❡t❛❧❤❡s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❱❡r❡♠♦s ♥♦ ❊①❡♠♣❧♦ ✷✳✹✷ q✉❡ t♦❞❛ ✈❛❧♦r✐③❛çã♦ s❡♠ ❞❡❢❡✐t♦

❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ sã♦ ❣❛✉❣❡s✳

❯♠❛ ❞❛s ❧✐♠✐t❛çõ❡s ♣❛r❛ ✉♠ ♠❛✐♦r ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❞❛ t❡♦r✐❛ ❞♦s ❛♥é✐s ❞❡

✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱ ❢♦✐ ❛ ❛✉sê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡s

❛♥é✐s✳ ❊♥tã♦ é ♥❛t✉r❛❧ q✉❡st✐♦♥❛r s❡ ❛ r❡❝❡♥t❡ t❡♦r✐❛ ❞❡ ❣❛✉❣❡s ♥ã♦ ❝✉♠♣r✐r✐❛ ❡ss❡

♣❛♣❡❧✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ♣♦r ✭✶✳✶✻✮ ❡ ✭✷✳✹✷✮ q✉❡ ❛ t❡♦r✐❛ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

❞❡ ❉✉❜r♦✈✐♥ ❡ ❛ t❡♦r✐❛ ❞❡ ❣❛✉❣❡s ♣♦❞❡♠ ❛♠❜❛s s❡r❡♠ ✈✐st❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çõ❡s

❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s✳

❆ss✐♠ ❝♦♠♦ ❡♠ ✈❛❧♦r✐③❛çõ❡s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❛♥❡❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❣❛✉❣❡ α

❡♠ ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ A ❝♦♠♦ s❡♥❞♦ Rα = {x ∈ A |α(x) ≥ 0}, q✉❡
❝❤❛♠❛r❡♠♦s ❞❡ ❛♥❡❧ ❞❛ ❣❛✉❣❡✳ ❈♦♠♦ ✈❡r❡♠♦s ♥♦ ❚❡♦r❡♠❛ ✸✳✻✱ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ é

s❡♠♣r❡ ✐♥t❡❣r❛❧ s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦✳ ▲♦❣♦ ♥ã♦ ♣♦❞❡rí❛♠♦s ❡s♣❡r❛r

q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛ ❣❛✉❣❡ s❡❥❛ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱ ❡①❝❡t♦ ♥♦ ❝❛s♦

tr❛t❛❞♦ ♣♦r ▼♦r❛♥❞✐✳ ❆ Pr♦♣♦s✐çã♦ ✷✳✺✺ ❡st❛❜❡❧❡❝❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

❞❡ ▼♦r❛♥❞✐ s❡♠ ❞❡❢❡✐t♦ é ✉♠❛ ❣❛✉❣❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦s ❛♥é✐s

❞❛ ❣❛✉❣❡ t❡♠ ♣r♦♣r✐❡❞❛❞❡s ❛r✐t♠ét✐❝❛s s❡♠❡❧❤❛♥t❡s ❛s ❞♦s ❛♥é✐s ❞❡✜♥✐❞♦s ❝♦♠♦

❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛

✐♥t❡rs❡çã♦✱ q✉❡ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡❣✉❡✿ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡ s❡❥❛♠ B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡

A✳ ❙❡❥❛ R =
⋂k

i=1Bi✳ ❉✐③❡♠♦s q✉❡ B1, . . . , Bk t❡♠ ❛ Pr♦♣r✐❡❞❛❞❡ ❞❛ ■♥t❡rs❡❝çã♦

✭■P✮ s❡ J(S) ∩ R é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ R✱ ♣❛r❛ ❝❛❞❛ ❛♥❡❧ S ❝♦♥t❡♥❞♦ Bi✱ ♣❛r❛

❛❧❣✉♠ i = 1, . . . , k. ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ●rät❡r ❡♠

❬●❪✳ ●rät❡r ♠♦str♦✉ q✉❡ s❡ V é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❡♠ F ❡♥tã♦ s❡♠♣r❡ ❡①✐st❡



✶✳ ■♥tr♦❞✉çã♦ ✾

✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡♠ A ❡st❡♥❞❡♥❞♦ V ❡ t❡♥❞♦ ❛

♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❛♥é✐s ❝♦♠

❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ q✉❡ é ❝❤❛♠❛❞♦ ❞❡ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❡ ❞❡♥♦t❛❞♦ ♣♦r ξ(V,A)✳

❆❝♦♥t❡❝❡ q✉❡ ❡ss❡ ♥ú♠❡r♦ é ❛t✐♥❣✐❞♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ss❡s ❛♥é✐s é

✐♥t❡❣r❛❧ s♦❜r❡ V ✳ ❖ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡ss❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❛♥❡❧

❞❡ ✉♠❛ ❣❛✉❣❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ t❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡

❞❛ ✐♥t❡rs❡çã♦✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡s❝r❡✈❡♠♦s ♦ ❝♦♥t❡ú❞♦ ❡st✉❞❛❞♦ ❡♠ ❝❛❞❛ ❝❛♣ít✉❧♦ ❡ ♦s r❡s✉❧✲

t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞♦ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❢✉♥çõ❡s ✈❛❧♦r✐③❛çõ❡s ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s sã♦ ❡st✉❞❛❞❛s✳ ❊st❡

❝❛♣ít✉❧♦ ♥ã♦ ❝♦♥té♠ r❡s✉❧t❛❞♦s ♥♦✈♦s✱ ♠❛s ❝♦♥té♠ ❞❡♠♦♥str❛çõ❡s ♠❛✐s ❞❡t❛❧❤❛❞❛s

❞❡ r❡s✉❧t❛❞♦s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠ ❞❡♠♦♥str❛çõ❡s ♠✉✐t♦ ❡♥①✉t❛s ♦✉ ❝✉❥❛

❞❡♠♦♥str❛çã♦ é s✐♠♣❧❡s♠❡♥t❡ ♦♠✐t✐❞❛✳ ❊st❡ ❝❛♣ít✉❧♦ t❛♠❜é♠ t❡♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡

❢❛♠✐❧✐❛r✐③❛r ♦ ❧❡✐t♦r ❝♦♠ ❛ r❡❝❡♥t❡ t❡♦r✐❛ ❞❡ ❣❛✉❣❡s ❡ ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❣❛✉❣❡✱ ❢❛❝✐❧✐t❛♥❞♦ ❛ ❧❡✐t✉r❛ ❞♦s ❝❛♣ít✉❧♦s s✉❜s❡q✉❡♥t❡s✳

❆ t❡♦r✐❛ ❞❡ ❣❛✉❣❡s é ✉♠ ❛ss✉♥t♦ ♥♦✈♦ ❡ ♠✉✐t♦ ♣♦✉❝♦ é ❝♦♥❤❡❝✐❞♦✳ ❆té ❡♥tã♦✱

♦s ú♥✐❝♦s tr❛❜❛❧❤♦s ❡♥✈♦❧✈❡♥❞♦ ❣❛✉❣❡s sã♦✿ ❬❚❲✶❪✱ ♥♦ q✉❛❧ ❣❛✉❣❡s ❢♦r❛♠ ✐♥tr♦✲

❞✉③✐❞❛s❀ ❬❚❲✷❪✱ q✉❡ ❝♦♥té♠ ♣r♦♣r✐❡❞❛❞❡s ❛❞✐❝✐♦♥❛✐s ❞❡ ❣❛✉❣❡s ❡ ❛♣❧✐❝❛çõ❡s ♥♦

❡st✉❞♦ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐♥✈♦❧✉çõ❡s ❡ ❬❑❪✱ ♥♦ q✉❛❧ ❣❛✉❣❡s ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ s❡

♦❜t❡r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇rö❦❡r✲Pr❡st❡❧✳ ❊♥tr❡t❛♥t♦✱ ♣r♦♣r✐❡❞❛❞❡s

❛r✐t♠ét✐❝❛s ❞♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ ♥ã♦ ❢♦r❛♠ ❡st✉❞❛❞❛s ♥❡ss❡s tr❛❜❛❧❤♦s✳ ■st♦ s❡rá ❢❡✐t♦

♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❛ s❡çã♦ é ♦ ❚❡♦r❡♠❛

✸✳✻✱ ♦ q✉❛❧ ❡st❛❜❡❧❡❝❡ q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛ v✲❣❛✉❣❡ é ✉♠❛ V ✲♦r❞❡♠ s❡♠✐✲❧♦❝❛❧✳ ◆❛s

s❡çõ❡s s❡❣✉✐♥t❡s ❞❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❣❛✉❣❡s ❡ ❞♦ ❛♥❡❧

❞❛ ❣❛✉❣❡ ❝♦♠ r❡❧❛çã♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❣❛✉❣❡s✱ ❡①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s ❡ r❡str✐çã♦ ❛

✉♠❛ s✉❜á❧❣❡❜r❛✳ ◆❛ ú❧t✐♠❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠❛

✈❛❧♦r✐③❛çã♦ s❡r s❡♠ ❞❡❢❡✐t♦ ❡♠ ✉♠❛ á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s✳ ❊st❡ ❝♦♥❝❡✐t♦ ❣❡♥❡r❛❧✐③❛

❛s ❡①t❡♥sõ❡s ❞❡ ❝♦r♣♦s s❡♠ ❞❡❢❡✐t♦ ❡ ❛s ✈❛❧♦r✐③❛çõ❡s ❡♠ ❛♥é✐s ❞❡ ❞✐✈✐sã♦ s❡♠ ❞❡✲

❢❡✐t♦✳ ❖s r❡s✉❧t❛❞♦s ❈♦r♦❧ár✐♦ ✸✳✹✻ ❡ ❚❡♦r❡♠❛ ✺✳✷✷ ✐♠♣❧✐❝❛♠ q✉❡ ✉♠❛ ✈❛❧♦r✐③❛çã♦

s❡r s❡♠ ❞❡❢❡✐t♦ ♥✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡

♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❣❛✉❣❡ ♥❛ á❧❣❡❜r❛✳

❖ ♠❛t❡r✐❛❧ ❞♦ ❝❛♣ít✉❧♦ ✹ é ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠

á❧❣❡❜r❛s s❡♠✐✲s✐♠♣❧❡s ❡ á❧❣❡❜r❛s s✐♠♣❧❡s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝❡♥tr❛✐s✳ ❖ r❡s✉❧t❛❞♦

♣r✐♥❝✐♣❛❧ ❞❡ss❡ ❝❛♣ít✉❧♦ é ♦ ❚❡♦r❡♠❛ ✹✳✶✺✱ q✉❡ ❣❡♥❡r❛❧✐③❛ ♣❛r❛ á❧❣❡❜r❛s s✐♠♣❧❡s ♥ã♦

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝❡♥tr❛✐s ❛ Pr♦♣♦s✐çã♦ ✷✳✺✺✱ ❛ q✉❛❧ r❡❧❛❝✐♦♥❛ ❣❛✉❣❡s ❝♦♠ ❛s ❢✉♥çõ❡s



✶✵ ✶✳ ■♥tr♦❞✉çã♦

✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ t❡♦r❡♠❛✱ ♦❜t❡♠♦s ♥♦ ❈♦r♦❧ár✐♦

✹✳✷✶ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s❡♠✐✲s✐♠♣❧❡s s♦❜r❡ ❝♦r♣♦s

❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✶✳

❖ ❝❛♣ít✉❧♦ ✺ tr❛t❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s✳ ◆❡st❡ ❝❛♣ít✉❧♦

✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣❛✉❣❡ ♠✐♥✐♠❛❧✱ q✉❡ é ✉♠❛ ❣❛✉❣❡ ❝✉❥❛ ♣❛rt❡ ❞❡ ❣r❛✉

③❡r♦ ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ t❡♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s

s✐♠♣❧❡s✳ ❖ ❚❡♦r❡♠❛ ✺✳✶✼ ❡st❛❜❡❧❡❝❡ q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠

❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ✜♥✐t❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ s❛t✐s❢❛③❡♥❞♦

❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳ ❖ ♦✉tr♦ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦

❚❡♦r❡♠❛ ✺✳✷✷✱ q✉❡ é ✉♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ ❣❛✉❣❡s ♠✐♥✐♠❛✐s ❡♠ á❧❣❡❜r❛s

❝❡♥tr❛✐s s✐♠♣❧❡s✱ ❛ss✉♠✐♥❞♦✲s❡ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ t❡♠ ♣♦st♦ ✜♥✐t♦ ❡ é s❡♠

❞❡❢❡✐t♦ ♥❛ á❧❣❡❜r❛✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ t❡♦r❡♠❛ ♦❜t❡♠♦s ♦ ❈♦r♦❧ár✐♦ ✺✳✸✹✱

q✉❡ é ❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✶✼✳

❖s ❛♣ê♥❞✐❝❡s ❛♦ ✜♥❛❧ ❞♦ tr❛❜❛❧❤♦ ❝♦♥té♠ ❞♦✐s t❡♦r❡♠❛s ❞❡ ❲❛❞s✇♦rt❤ q✉❡

sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s✳ ❊ss❡s t❡♦r❡♠❛s ❢♦r❛♠ ✐♥❝❧✉í❞♦s ❝♦♠

❞❡♠♦♥str❛çõ❡s✱ ♣♦✐s tr❛t❛♠✲s❡ ❞❡ r❡s✉❧t❛❞♦s r❡❝❡♥t❡s ❡ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ♣✉❜❧✐✲

❝❛❞♦s✳ ❖ ❚❡♦r❡♠❛ ❈✳✶ é ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✺ ♣❛r❛ ✈❛❧♦r✐③❛çõ❡s ❞❡ ♣♦st♦

❛r❜✐trár✐♦✳ ❖ ❚❡♦r❡♠❛ ❇✳✼ ❡st❛❜❡❧❡❝❡ q✉❡ s❡ L é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ✉♠ ❝♦r♣♦

✈❛❧♦r✐③❛❞♦ (F, v)✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ L⊗F F
h é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❝♦r♣♦s✳

❚❛♠❜é♠ ✐♥❝❧✉í♠♦s ♥♦ ❆♣ê♥❞✐❝❡ ❇ ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ❤❡♥s❡❧✐③❛çã♦✱ q✉❡ ❝♦♥té♠ ❛❧✲

❣✉♥s r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s s♦❜r❡ ♦ ❛ss✉♥t♦✱ ✉t✐❧✐③❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛ ❛♦ ❧♦♥❣♦

❞♦ t❡①t♦✳ ❖ ❆♣ê♥❞✐❝❡ ❆ ❝♦♥té♠ ✉♠ r❡s✉♠♦ s♦❜r❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦

❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳ ❊st❡ ❢♦✐ ✐♥❝❧✉í❞♦ ❝♦♠♦ ✉♠❛ ❝♦♥✈❡♥✐ê♥❝✐❛

❛♦ ❧❡✐t♦r✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❡st❡s r❡s✉❧t❛❞♦s s❡rã♦ ✉t✐❧✐③❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛ ♥♦s

❈❛♣ít✉❧♦s ✹ ❡ ✺✳ ❚♦❞♦s ♦s r❡s✉❧t❛❞♦s q✉❡ ❛♣❛r❡❝❡♠ ❛q✉✐ ❢♦r❛♠ ❡①tr❛í❞♦s ❞♦ ❧✐✈r♦

❞❡ ▼❛r✉❜❛②❛s❤✐✱ ▼✐②❛♠♦t♦ ❡ ❯❡❞❛ ❬▼▼❯❪✳ ❚❛♠❜é♠ ♣❛r❛ ❛ ❝♦♥✈❡♥✐ê♥❝✐❛ ❞♦ ❧❡✐✲

t♦r✱ ✐♥❝❧✉í♠♦s ♥♦ ❆♣ê♥❞✐❝❡ ❇ ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ❤❡♥s❡❧✐③❛çã♦✱ q✉❡ ❝♦♥té♠ ❛❧❣✉♥s

r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s s♦❜r❡ ♦ ❛ss✉♥t♦✱ ✉t✐❧✐③❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛ ❛♦ ❧♦♥❣♦ ❞♦

t❡①t♦✳



❈❛♣ít✉❧♦ ✷

❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

◆❛s ❞✉❛s ♣r✐♠❡✐r❛s s❡çõ❡s ❞❡ss❡ ❝❛♣ít✉❧♦ r❡✈✐s❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s

s♦❜r❡ ❛♥é✐s ❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s✳ Pr❛t✐❝❛♠❡♥t❡ t✉❞♦ q✉❡ é ❞✐t♦ ❛q✉✐ é ❝♦♥❤❡❝✐❞♦

♥❛ ❧✐t❡r❛t✉r❛ ✭✈❡r ♣♦r ❡①❡♠♣❧♦ ❬◆✈❖✶❪✱ ❬◆✈❖✷❪ ❡ ❬❍❲✷❪✮✱ ❡♠❜♦r❛ ❤á ❞✐❢❡r❡♥ç❛s

♥❛s ♥♦t❛çõ❡s✱ ❡♥✉♥❝✐❛❞♦s ❡ ❞❡♠♦♥str❛çõ❡s✳ ◆❛s s❡çõ❡s s❡❣✉✐♥t❡s✱ ❡st✉❞❛r❡♠♦s

♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ ❣❛✉❣❡s✳ ❆ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞❛ ♣❛r❛

❡ss❛s s❡çõ❡s ❢♦✐ ❬❚❲✶❪✱ ♥♦ q✉❛❧ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣❛✉❣❡ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦✳

◆♦ q✉❡ s❡❣✉❡✱ Γ ❞❡♥♦t❛ s❡♠♣r❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❞✐✈✐sí✈❡❧ ❡ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱

❡s❝r✐t♦ ❛❞✐t✐✈❛♠❡♥t❡✱ q✉❡ ❝♦♥té♠ ♦s ✈❛❧♦r❡s ❞❡ t♦❞❛s ❛s ✈❛❧♦r✐③❛çõ❡s ❡ ♦s ❣r❛✉s

✭í♥❞✐❝❡s✮ ❞❡ t♦❞❛s ❛s ❣r❛❞✉❛çõ❡s q✉❡ ❝♦♥s✐❞❡r❛r♠♦s✳

✷✳✶✳ ❆♥é✐s ❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s

❯♠ ❛♥❡❧ R é ❞✐t♦ ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ s❡ ❡st❡ t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛

❞✐r❡t❛ R =
⊕

γ∈ΓRγ ✱ ♦♥❞❡ ❝❛❞❛ Rγ é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ Rγ · Rδ ⊆ Rγ+δ✱ ♣❛r❛

t♦❞♦ γ, δ ∈ Γ✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ❞❡ R é ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Γ ❞❡✜♥✐❞♦ ♣♦r

ΓR = {γ ∈ Γ | Rγ 6= {0}}.

❖s ❡❧❡♠❡♥t♦s ❞❡
⋃

γ∈ΓRγ sã♦ ❝❤❛♠❛❞♦s ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ R✳ ❈❛❞❛ ❡❧❡✲

♠❡♥t♦ ♥ã♦ ♥✉❧♦ r ∈ Rγ é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ γ ❡ ❡s❝r❡✈❡♠♦s γ = ❞❡❣(r)✳ ❚♦❞♦

❡❧❡♠❡♥t♦ r ∈ R s❡ ❡s❝r❡✈❡ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ r =
∑

γ∈Γ rγ ✱ ♦♥❞❡ ❝❛❞❛ rγ ∈ Rγ

❡ rγ é ♥ã♦ ♥✉❧♦s ♣❛r❛ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ γ ∈ Γ✳ ❖s ❡❧❡♠❡♥t♦s ♥ã♦ ♥✉❧♦s

rγ ♥❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ r sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ r✳ ◆♦t❡

✶✶



✶✷ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

q✉❡ 1 ∈ R0 ♣♦✐s s❡ ❡s❝r❡✈❡r♠♦s 1 =
∑

γ∈Γ rγ ✱ ❡♥tã♦ rδ = 1rδ =
∑

γ∈Γ rγrδ✳ ▲♦❣♦

rγrδ = 0 ♣❛r❛ t♦❞♦ δ, γ ∈ Γ✱ ❝♦♠ γ 6= 0✳ ❙❡❣✉❡ q✉❡ rγ = rγ1 = 0 ♣❛r❛ t♦❞♦ γ 6= 0✳

P♦rt❛♥t♦ 1 = r0 ∈ R0✳ ❈♦♠♦ R0 · R0 ⊆ R0✱ ❝♦♥❝❧✉í♠♦s q✉❡ R0 é ✉♠ s✉❜❛♥❡❧ ❞❡

R✳

❯♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ D é ❞✐t♦ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ s❡ t♦❞♦ ❡❧❡♠❡♥t♦

❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ é ✐♥✈❡rtí✈❡❧✳ ❙❡ ❛❧é♠ ❞✐ss♦ D ❢♦r ❝♦♠✉t❛t✐✈♦✱ ❡♥tã♦ ❞✐③❡✲

♠♦s q✉❡ D é ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦✳ ❖s ❞♦✐s r❡s✉❧t❛❞♦s s❡❣✉✐♥t❡s ❢♦r♥❡❝❡♠ ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ ❛♥é✐s ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡❥❛ D =
⊕

γ∈ΓDγ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦✳ P❛r❛ t♦❞♦

a, b ∈ D✱ s❡ ab é ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦✱ ❡♥tã♦ a ❡ b sã♦ ❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ a, b ∈ D \ {0}✳ ❈♦♠♦ Γ é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r a = a1 + · · · + ak t❛❧ q✉❡ ai 6= 0 ❡ ❞❡❣(a1) < · · · < ❞❡❣(ak)✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡❥❛ b = b1 + · · · + br✳ ❈♦♠♦ D é ❛♥❡❧ ❞❡ ❞✐✈✐sã♦✱ ❝❛❞❛ ❡❧❡✲

♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ❞❡ D é ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦ a1b1 6= 0 ❡ akbr 6= 0✳ ▼❛s a1b1 ❡ akbr

sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ ab ❞❡ ♠❡♥♦r ❡ ♠❛✐♦r ❣r❛✉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ab é ❤♦♠♦❣ê♥❡♦✱ t❡♠♦s q✉❡ ❞❡❣(a1)+❞❡❣(b1) = ❞❡❣(ak)+❞❡❣(br)✳ P♦rt❛♥t♦✱

❞❡❣(a1) = ❞❡❣(ak) ❡ ❞❡❣(b1) = ❞❡❣(br)✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ a ❡ b sã♦ ❤♦♠♦❣ê♥❡♦s✳ �

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ D =
⊕

γ∈ΓDγ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦✳ ❊♥tã♦ D0 é

✉♠ s✉❜❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❞❡ D ❡ ❝❛❞❛ Dγ ♥ã♦ ♥✉❧♦ é ✉♠ D0✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛

✭à ❞✐r❡✐t❛✮ ❞❡ ❞✐♠❡♥sã♦ 1✳

❉❡♠♦♥str❛çã♦✿ ❏á ✈✐♠♦s q✉❡ D0 é ✉♠ s✉❜❛♥❡❧ ❞❡ D✳ ❈♦♠♦ ♦s ❡❧❡♠❡♥t♦s ♥ã♦

♥✉❧♦s ❞❡ D0 sã♦ ✉♥✐❞❛❞❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ D0 é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦✳ ❆❣♦r❛ s❡ ❡①✐st❡

a 6= 0 ❡♠ Dγ ✱ ❡♥tã♦ Dγa
−1 é ✉♠ D0✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛ ❞❡ D0✳ ▲♦❣♦

D0 = Dγa
−1✳ P♦rt❛♥t♦✱ Dγ = D0a✱ q✉❡ é ✉♠ D0✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛ ❞❡

❞✐♠❡♥sã♦ ✶✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ Dγ = aD0✳ �

❊①❡♠♣❧♦ ✷✳✸✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❖ ❛♥❡❧ ❞♦s ♣♦❧✐♥ô♠✐♦s R = A[t] é ✉♠ ❛♥❡❧ ❣r❛✲

❞✉❛❞♦✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ Rn = A · tn ♣❛r❛ n ≥ 0 ❡ Rn = {0} ♣❛r❛ n < 0✳

❊①❡♠♣❧♦ ✷✳✹✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❖ ❛♥❡❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t R = A[t, t−1]

é ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦✱ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ é Z✳ ❙❡ A é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦

✭❝♦r♣♦✮✱ ❡♥tã♦ R é ✉♠❛ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ✭❝♦r♣♦✮ ❣r❛❞✉❛❞♦✳



✷✳✶✳ ❆♥é✐s ❡ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s ✶✸

◆♦t❛ ✷✳✺✳ ❯♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦

✭❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❡sq✉❡❝✐❞❛✮✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✹✳ ❖ q✉❡ t❡♠♦s

❡♠ ❣❡r❛❧ é q✉❡ ❛♥é✐s ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦s ♥ã♦ t❡♠ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦✳ P❛r❛ ✈❡r✐✜❝❛r

✐ss♦✱ s❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❡ s❡❥❛♠ a, b ∈ D t❛✐s q✉❡ ab = 0✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✷✳✶✱ ❞❡✈❡♠♦s t❡r q✉❡ a ❡ b sã♦ ❤♦♠♦❣ê♥❡♦s✳ ❊♥tã♦ ♥ã♦ ♣♦❞❡♠♦s t❡r

a, b 6= 0 ♣♦✐s ♥❡st❡ ❝❛s♦✱ ❛♠❜♦s s❡r✐❛♠ ✉♥✐❞❛❞❡s✳

❊♠ ❣❡r❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ❞❡ ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡

✉♠ ❣r✉♣♦✱ ❝♦♠♦ ♠♦str❛ ♦ ❊①❡♠♣❧♦ ✷✳✸✳ ▼❛s ♥♦ ❝❛s♦ ❡♠ q✉❡D é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦✱

ΓD é ✉♠ s✉❜❣r✉♣♦ ❞❡ Γ ♣♦✐s s❡ γ, δ ∈ ΓD✱ ❡♥tã♦ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s

♥ã♦ ♥✉❧♦s aγ ∈ Dγ ❡ aδ ∈ Dδ✳ ▲♦❣♦ aγa
−1
δ é ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ❡♠

Dγ−δ✳ P♦rt❛♥t♦✱ γ − δ ∈ ΓD✳

❯♠ s✉❜❛♥❡❧ ❣r❛❞✉❛❞♦ ❞❡ ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦ R é ✉♠ s✉❜❛♥❡❧ S ⊆ R t❛❧ q✉❡

S =
⊕

γ∈ΓRγ ∩ S✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ s ∈ S t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡

s t❛♠❜é♠ ❡stã♦ ❡♠ S✳ ❖ ❝❡♥tr♦ Z(R) ❞❡ R é ✉♠ s✉❜❛♥❡❧ ❣r❛❞✉❛❞♦✳ ❆❧é♠ ❞✐ss♦✱

t❡♠♦s

Z(R)0 = Z(R) ∩R0 ⊆ Z(R0).

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ✉♠ ✐❞❡❛❧ I ✭à ❞✐r❡✐t❛✱ à ❡sq✉❡r❞❛ ♦✉ ❜✐❧❛t❡r❛❧✮ ❞❡ ✉♠ ❛♥❡❧ ❣r❛✲

❞✉❛❞♦ R é ❞✐t♦ ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ s❡ I =
⊕

γ∈ΓRγ ∩ I✳

❙❡❥❛ R ✉♠ ❛♥❡❧ ❣r❛❞✉❛❞♦✳ ❯♠ R✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ M é ❞✐t♦ ✉♠ R✲♠ó❞✉❧♦

❣r❛❞✉❛❞♦ à ❡sq✉❡r❞❛ s❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ M =
⊕

γ∈ΓMγ ✱ ♦♥❞❡ ❝❛❞❛ Mγ é

✉♠ s✉❜❣r✉♣♦ ❛❞✐t✐✈♦ ❞❡ M ❡ Rγ ·Mδ ⊆ Mγ+δ ♣❛r❛ γ, δ ∈ Γ✳ ▼ó❞✉❧♦s ❣r❛❞✉❛❞♦s à

❞✐r❡✐t❛ sã♦ ❞❡✜♥✐❞♦s ❞❡ ♠❛❞❡✐r❛ ❛♥á❧♦❣❛✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ΓM é ❞❡✜♥✐❞♦

♣♦r

ΓM = {γ ∈ Γ | Mγ 6= {0}}.

❯♠ s✉❜♠ó❞✉❧♦ N ⊆ M é ❞✐t♦ ✉♠ s✉❜♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ s❡ N =
⊕

γ∈ΓMγ ∩N ✳

❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❡ M ✉♠ D✲♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ à ❡sq✉❡r❞❛✳

❊♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ Mγ é ✉♠ D0✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛✳ ❖

❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ΓM ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ❣r✉♣♦✱ ♠❛s é ✉♠❛ ✉♥✐ã♦ ❞❡

❝❧❛ss❡s ❧❛t❡r❛✐s ❞♦ ❣r✉♣♦ ΓD✳ ❉❡♥♦t❛♠♦s ♣♦r |ΓM : ΓD| ♦ ♥ú♠❡r♦ ❞❡ss❛s ❝❧❛ss❡s

❧❛t❡r❛✐s✳ ❙❡❥❛ ΓM =
⋃

i∈I Γi✱ ♦♥❞❡ ❝❛❞❛ Γi é ✉♠❛ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞❡ ΓD ❡ ❛ ✉♥✐ã♦

é ❞✐s❥✉♥t❛✳ ❊ss❛ ❞❡❝♦♠♣♦s✐çã♦ ♥♦s ❞á ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❡♠ s✉❜♠ó❞✉❧♦s

❣r❛❞✉❛❞♦s

✭✷✳✻✮ M =
⊕

i∈I

Mi, ♦♥❞❡ Mi =
⊕

γ∈Γi

Mγ ♣❛r❛ i ∈ I.



✶✹ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

Pr♦♣♦s✐çã♦ ✷✳✼✳ ❚♦❞♦ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ s♦❜r❡ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ é ✉♠

♠ó❞✉❧♦ ❧✐✈r❡ q✉❡ t❡♠ ✉♠❛ ❜❛s❡ ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳ ▼❛✐s ❛✐♥❞❛✱

q✉❛✐sq✉❡r ❞✉❛s ❞❡ss❛s ❜❛s❡s t❡♠ ❛ ♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ ♣❛r❛ ❝❛❞❛ i ∈ I ❡ γi ∈
Γi✱ s❡❥❛

(
mij

)
j∈Ji

✉♠❛ D0✲❜❛s❡ à ❡sq✉❡r❞❛ ❞❡ Mγi ✳ ❊♥tã♦ Mγi =
⊕

j∈Ji
D0mij ✳

▲♦❣♦ Mγi+δ =
⊕

j∈Ji
Dδmij ♣❛r❛ t♦❞♦ δ ∈ ΓD✳ ❈♦♠♦ Γi = γi + ΓD✱ s❡❣✉❡ ❞❛

❞❡❝♦♠♣♦s✐çã♦ ✭✷✳✻✮ q✉❡ Mi =
⊕

j∈Ji
Dmij ✳ ▲♦❣♦

(
mij

)
j∈Ji

é ✉♠❛ D✲❜❛s❡ à ❡s✲

q✉❡r❞❛ ❞❡ Mi ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦

✭✷✳✻✮ t❡♠♦s q✉❡
(
mij

)
i∈I,j∈Ji

é ✉♠❛ D✲❜❛s❡ à ❡sq✉❡r❞❛ ❞❡ M ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥✲

t♦s ❤♦♠♦❣ê♥❡♦s✳ ❆❣♦r❛ s❡❥❛ (xt)t∈T ✉♠❛ D✲❜❛s❡ à ❡sq✉❡r❞❛ ❞❡ M ❢♦r♠❛❞❛ ♣♦r

❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳ P❛r❛ ❝❛❞❛ i ∈ I✱ s❡❥❛ Ti = {t ∈ T | ❞❡❣(xt) ∈ Γi}✳ ❈♦♠♦

Γi = γi + ΓD✱ ♣♦❞❡♠♦s t♦♠❛r ♣❛r❛ ❝❛❞❛ t ∈ Ti ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦

dt ❡♠ Dγi−❞❡❣(xt). ❊♥tã♦ dtxt ∈ Mγi ❡ (dtxt)t∈T é t❛♠❜é♠ ✉♠❛ D✲❜❛s❡ à ❡sq✉❡r❞❛

❞❡ M ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳ ▼❛s ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ✭✷✳✻✮✱ t❡♠♦s

q✉❡ (dtxt)t∈Ti
é ✉♠❛ D✲❜❛s❡ à ❡sq✉❡r❞❛ ❞❡ Vi✳ ▲♦❣♦ (dtxt)t∈Ti

é ✉♠❛ D0✲❜❛s❡ à

❡sq✉❡r❞❛ ❞❡ Mγi . P♦rt❛♥t♦✱ |T | =
∑

i∈I |Ti| =
∑

i∈I dimD0 Mγi . �

P♦r ❝♦♥t❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✼✱ ❢❛③ s❡♥t✐❞♦ ❝❤❛♠❛r♠♦s ♠ó❞✉❧♦s s♦❜r❡ ❛♥é✐s ❞❡

❞✐✈✐sã♦ ❣r❛❞✉❛❞♦s ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❣r❛❞✉❛❞♦s✳ ❖ ♣♦st♦✱ q✉❡ é ♦ ♥ú♠❡r♦ ❞❡

❡❧❡♠❡♥t♦s ❡♠ q✉❛❧q✉❡r ❜❛s❡ ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✱ s❡rá ❝❤❛♠❛❞♦

❞❡ ❞✐♠❡♥sã♦✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r dimD M ♦✉ [M : D]✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛

Pr♦♣♦s✐çã♦ ✷✳✼ ♠♦str❛ q✉❡

✭✷✳✽✮ dimD M =
∑

i∈I

dimD Mi =
∑

i∈I

dimD0 Mγi ,

♦♥❞❡ I é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❝♦♠ |ΓM : ΓD| ❡❧❡♠❡♥t♦s ❡ {γi}i∈I é ✉♠ ❝♦♥❥✉♥t♦

❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ΓM ❡♠ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ ΓD✳

❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❡ s❡❥❛ F ✉♠ s✉❜❛♥❡❧ ❞❡ D t❛❧ q✉❡ F

é t❛♠❜é♠ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦✳ ❊♥tã♦ D ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ F ✲

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ à ❡sq✉❡r❞❛✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

❢✉♥❞❛♠❡♥t❛❧ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❢r❡q✉❡♥t❡♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳

Pr♦♣♦s✐çã♦ ✷✳✾✳ [D : F ] = [D0 : F0]|ΓD : ΓF |✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✷✱ t❡♠♦s q✉❡ Eγ é ✉♠ E0✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à

❡sq✉❡r❞❛ ❞❡ ❞✐♠❡♥sã♦ 1✱ ♣❛r❛ ❝❛❞❛ γ ∈ ΓE ✳ ▲♦❣♦ [E0 : D0] = dimD0 Eγ ✳ ❙❡❥❛



✷✳✷✳ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✶✺

ΓE =
⋃

i∈I γi + ΓD✱ ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞✐st✐♥t❛s✳

❆♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ✭✷✳✽✮ ♦❜t❡♠♦s q✉❡

[E : D] =
∑

i∈I

dimD0 Eγi = [E0 : D0]|ΓE : ΓD|.

�

✷✳✷✳ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

❙❡❥❛ F ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦✳ ❉❡✜♥✐♠♦s ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❝♦♠♦ ✉♠

❛♥❡❧ ❣r❛❞✉❛❞♦ A ❝♦♠ 1 q✉❡ é t❛♠❜é♠ ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ ♥❛ q✉❛❧ ❛

♠✉❧t✐♣❧✐❝❛çã♦ ❞♦ ❛♥❡❧ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r❡s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣♦r

(λa)b = λ(ab) = a(λb) ♣❛r❛ t♦❞♦ λ ∈ F ❡ a, b ∈ A.

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r F ❝♦♠ ✉♠ s✉❜❛♥❡❧ ❣r❛❞✉❛❞♦ ❞❡ A ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦ q✉❡

❧❡✈❛ λ ∈ F ❡♠ λ1 ∈ A✳ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s❡ Z(A) = F ✳ ❙❡

A ❡ B sã♦ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛s✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ✉♠❛ ❣r❛❞✉❛çã♦ ♥♦ ♣r♦❞✉t♦ ❞✐r❡t♦

A×B ♣♦r

A×B =
⊕

γ∈Γ

Aγ ×Bγ .

❯♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A 6= {0} t❛❧ q✉❡ {0}
❡ A sã♦ ♦s ú♥✐❝♦s ✐❞❡❛✐s ❜✐❧❛t❡r❛✐s ❤♦♠♦❣ê♥❡♦s✳ ❙❡ ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A é

t❛♠❜é♠ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡

❞✐✈✐sã♦ ❣r❛❞✉❛❞❛✳ ◆♦t❡ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞❛✱ ❡♥tã♦ A é

✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳ ❉❡ ❢❛t♦✱ s❡❥❛ I ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥ã♦

♥✉❧♦ ❞❡ A ❡ s❡❥❛ x ∈ I\{0}✳ ❈♦♠♦ I é ❤♦♠♦❣ê♥❡♦✱ t❡♠♦s q✉❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s

❤♦♠♦❣ê♥❡❛s ❞❡ x ❡stã♦ ❡♠ I✳ ❙❡❥❛ xγ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♥ã♦ ♥✉❧❛ ❞❡ x✳

❈♦♠♦ A é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ❞❡ A

t❡♠ ✐♥✈❡rs♦✳ ▲♦❣♦ 1 = xγx
−1
γ ∈ I✳

❊①❡♠♣❧♦ ✷✳✶✵ ✭➪❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s ❣r❛❞✉❛❞❛✮✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦ t❛❧

q✉❡ ❝❛r(F0) 6= 2✳ ❙❡❥❛♠ a, b ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ♥ã♦ ♥✉❧♦s ❞❡ F ✳ ❙❡❥❛ Q ❛ F ✲

á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ❞♦✐s ❡❧❡♠❡♥t♦s i, j t❛✐s q✉❡

i2 = a, j2 = b ❡ ij = −ji.

❙❡❥❛ k = ij✳ ❋❛③❡♥❞♦

❞❡❣(i) =
1

2
❞❡❣(a), ❞❡❣(j) =

1

2
❞❡❣(b) ❡ ❞❡❣(k) =

1

2
❞❡❣(a) +

1

2
❞❡❣(b),



✶✻ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

♦❜t❡♠♦s q✉❡Q é ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ q✉❡ t❡♠ {1, i, j, k} ❝♦♠♦ F ✲❜❛s❡ ❢♦r♠❛❞❛

♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳ ❆ á❧❣❡❜r❛Q é ❞✐t❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s ❣r❛❞✉❛❞❛

❡ ❞❡♥♦t❛♠♦s ♣♦r (a, b)F ✳ ❱❛♠♦s ♠♦str❛r q✉❡ Q é ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳

P❛r❛ ✐ss♦✱ s❡❥❛ I ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ❞❡ Q ❡ s❡❥❛ u = x+ yi+

zj +wk ∈ I \ {0}. ❊♥tã♦ ❛❧❣✉♠ ❞♦s x, y, z, w é ♥ã♦ ♥✉❧♦✳ ❱❛♠♦s s✉♣♦r q✉❡ y 6= 0✳

❖s ❞❡♠❛✐s ❝❛s♦s sã♦ ❛♥á❧♦❣♦s✳ ❈♦♠♦ I é ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✱ t❡♠♦s

(a−1i)ui = x+ yi− zj − wk ∈ I.

▲♦❣♦ x+ yi ∈ I✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱

(b−1j)(x+ yi)j = x− yi ∈ I,

❞♦♥❞❡ ♦❜t❡♠♦s q✉❡ yi ∈ I✳ ❙❡❣✉❡ q✉❡ y = (a−1i)(yi) ∈ I✳ ❙❡❥❛ ❛❣♦r❛ yγ ✉♠❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♥ã♦ ♥✉❧❛ ❞❡ y✳ ❈♦♠♦ I é ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦✱ s❡❣✉❡ q✉❡

yγ ∈ I✳ ▲♦❣♦ 1 = yγy
−1
γ ∈ I✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ Z(Q) = F ✳ ❆

✐♥❝❧✉sã♦ F ⊆ Z(Q) é ❝❧❛r❛✳ P❛r❛ ❛ ♦✉tr❛ ✐♥❝❧✉sã♦✱ s❡❥❛ u = x+yi+zj+wk ∈ Z(Q)✳

❈♦♠♦ iu = ui✱ s❡❣✉❡ q✉❡ xi+ay+zk+waj = xi+ay−zk−waj✳ ▲♦❣♦ z = w = 0✳

❚❛♠❜é♠ ❞❡ ju = uj ♦❜t❡♠♦s xj − yk = xj + yk✳ ▲♦❣♦ y = 0✳ P♦rt❛♥t♦ u ∈ F ✳

❱❛♠♦s ❛❣♦r❛ ❞✐s❝✉t✐r ✉♠ ♣♦✉❝♦ s♦❜r❡ ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ♠ó❞✉❧♦s ❣r❛❞✉✲

❛❞♦s✳ ❙❡❥❛ M =
⊕

γ∈ΓMγ ❡ N =
⊕

γ∈ΓNγ ♠ó❞✉❧♦s à ❡sq✉❡r❞❛ s♦❜r❡ ✉♠ ❛♥❡❧

❣r❛❞✉❛❞♦ R✳ ❙❡❥❛ ❍♦♠R(M,N) ♦ ❣r✉♣♦ ❞♦s R✲❤♦♠♦♠♦r✜s♠♦s ❝♦♠ ❛ ❣r❛❞✉✲

❛çã♦ ❡sq✉❡❝✐❞❛✳ P❛r❛ ❝❛❞❛ γ ∈ Γ✱ ❞❡♥♦t❛♠♦s ♣♦r ❍♦♠R(M,N)γ ♦ ❣r✉♣♦ ❞♦s

R✲❤♦♠♦♠♦r✜s♠♦s q✉❡ ❧❡✈❛♥t❛♠ ♦ ❣r❛✉ ♣♦r γ✱ ✐st♦ é✱

❍♦♠R(M,N)γ = {f ∈ ❍♦♠R(M,N) | f(Mδ) ⊆ Nδ+γ ♣❛r❛ t♦❞♦ δ ∈ Γ}.

❉❡st❛ ❢♦r♠❛✱ ❍♦♠R(M,N)0 ❝♦♥s✐st❡ ❞♦s ❤♦♠♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ❛ ❣r❛❞✉✲

❛çã♦✳ ❙❡ ❡①✐st✐r ✉♠ ✐s♦♠♦r✜s♠♦ ❡♠ ❍♦♠R(M,N)0 ❡♥tã♦ ❞✐③❡♠♦s q✉❡ M ❡ N sã♦

✐s♦♠♦r❢♦s ❝♦♠♦ ♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s ❡ ❞❡♥♦t❛♠♦s ♣♦r M ∼=g N ✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛

❤♦♠♦♠♦r✜s♠♦s ❞❡ ❛♥é✐s ♦✉ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳

◆♦t❡ q✉❡
⊕

γ∈Γ❍♦♠R(M,N)γ é s❡♠♣r❡ ✉♠ s✉❜❣r✉♣♦ ❞❡ ❍♦♠R(M,N) ❡ t❡♠♦s

❛ ✐❣✉❛❧❞❛❞❡

❍♦♠R(M,N) =
⊕

γ∈Γ

❍♦♠R(M,N)γ ,

s❡ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ✭❝❢✳ ❬◆✈❖✶✱ ❈♦r✳ ■✳✷✳✶✶❪✮✳ ❈♦♠ ❡ss❛ ❞❡❝♦♠♣♦s✐çã♦✱

❍♦♠R(M,N) é ✉♠ Z(R)✲♠ó❞✉❧♦ ❣r❛❞✉❛❞♦✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ ♦ ❛♥❡❧ ❊♥❞R(M) =

❍♦♠R(M,M)✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ✐♥tr♦❞✉③✐❞❛ ❛❝✐♠❛✳ ◆♦t❡ q✉❡ ❛ ❣r❛❞✉❛çã♦ ❞❡

❊♥❞R(M) é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳ ❊♥tã♦ ❊♥❞R(M)



✷✳✷✳ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✶✼

t❡♠ t❛♠❜é♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❛♥❡❧ ❣r❛❞✉❛❞♦✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡

♥♦ ❝❛s♦ ❡♠ q✉❡ R é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦✱ ❊♥❞R(M) é s❡♠♣r❡ ✉♠❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✶✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦ ❡ D ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❣r❛✲

❞✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ M é ✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ à

❡sq✉❡r❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦ ❊♥❞D(M) é ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧ q✉❡ Z(❊♥❞D(M)) = Z(D)✳

❉❡♠♦♥str❛çã♦✿ ❈❛❞❛ ❡❧❡♠❡♥t♦ a ∈ Z(D) é ✐❞❡♥t✐✜❝❛❞♦ ❡♠ ❊♥❞D(M) ❝♦♠♦

s❡♥❞♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r a✳ ❙❡❥❛ (dh)
k
h=1 ✉♠❛ F ✲❜❛s❡ ❞❡ D ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s

❤♦♠♦❣ê♥❡♦s✳ ❙❡❥❛ n = dimD M ✳ P❛r❛ ❝❛❞❛ i, j = 1, . . . , n✱ s❡❥❛ ❊ij ❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r ❞❡ M ❞❡✜♥✐❞❛ ♣♦r

❊ij(mℓ) =

{
mi s❡ ℓ = j,

0 s❡ ℓ 6= j.

❊♥tã♦ (dr❊ij)r,i,j é ✉♠❛ F ✲❜❛s❡ ❞❡ ❊♥❞D(M) ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳

▲♦❣♦ ❊♥❞D(M) é ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ P❛r❛ ♠♦str❛r q✉❡ ❊♥❞D(M)

é s✐♠♣❧❡s✱ s❡❥❛ I ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ❞❡ ❊♥❞D(M)✳ ❙❡❥❛ f ∈
I \ {0}✳ ❈♦♠♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❡♠ I t❛♠❜é♠ ❡stã♦

❡♠ I✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ f é ❤♦♠♦❣ê♥❡♦✳ ❙❡❥❛ r ∈ {1, . . . , n} t❛❧ q✉❡ f(mr) 6= 0✳

❙❡❥❛ f(mr) =
∑n

s=1 dsrms✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r j ∈ {1, . . . , n} t❛❧ q✉❡ djr 6= 0✳

❈♦♠♦ f é ❤♦♠♦❣ê♥❡♦✱ t❡♠♦s q✉❡ djr t❛♠❜é♠ ❞❡✈❡ s❡r ❤♦♠♦❣ê♥❡♦✱ ❧♦❣♦ ✐♥✈❡rtí✈❡❧✳

❆❣♦r❛ ♥♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r
∑n

i=1 ❊ij ◦ f ◦❊ri ❡♥✈✐❛ ❝❛❞❛ ms ❡♠ djrms✱ ❧♦❣♦

é ✐♥✈❡rtí✈❡❧✳ P♦rt❛♥t♦✱ 1 ∈ I✳

❆ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Z(D) ❝❧❛r❛♠❡♥t❡ ❡stá ❡♠ ❊♥❞D(M)✳ P❛r❛

❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ s❡❥❛ f ∈ ❊♥❞D(M)✳ P❛r❛ ❝❛❞❛ j = 1, . . . , n ♣♦❞❡♠♦s ❡s❝r❡✈❡r

f(mj) =
∑n

r=1 drjmr✳ ❆❣♦r❛ ♥♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ i, j = 1, . . . , n t❡♠♦s

❊ij ◦ f(mj) = ❊ij(

n∑

r=1

drjmr) = djjmi,

❡

f ◦ ❊ij(mj) = f(mi) =

n∑

ℓ=1

drimr.

❈♦♠♦ ❊ij ◦ f = f ◦ ❊ij ✱ ♦❜t❡♠♦s q✉❡ dij = 0 ♣❛r❛ i 6= j ❡ dii = djj ✳ P♦rt❛♥t♦ f é

❛ ❛♣❧✐❝❛çã♦ q✉❡ ❡♥✈✐❛ mr ❡♠ d11mr✳ ❆❣♦r❛ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a ∈ D

s❡❥❛ ga ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ ❡♥✈✐❛ mr ❡♠ amr✳ ❈♦♠♦ ga ◦ f = f ◦ ga✱ t❡♠♦s

q✉❡ ad11 = d11a✳ ▲♦❣♦ d11 ∈ Z(D)✳ P♦rt❛♥t♦✱ f é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r d11✱ ❞♦♥❞❡



✶✽ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

❝♦♥❝❧✉í♠♦s q✉❡ f ∈ Z(D)✳ �

❆ s❡❣✉✐r t❡♠♦s ✉♠❛ ✈❡rsã♦ ❣r❛❞✉❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥ ✭❝❢✳ ❬◆✈❖✶✱

❚❤♠✳ ■✳✺✳✽❪✮✳

❚❡♦r❡♠❛ ✷✳✶✷ ✭❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✮✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❝❡♥✲

tr❛❧ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❞❡

❞✐✈✐sã♦ ❝❡♥tr❛❧ D ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦✮ t❛❧ q✉❡ ❡①✐st❡ ✉♠ ✐s♦♠♦r✲

✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

A ∼=g ❊♥❞D(M),

♣❛r❛ ❛❧❣✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ à ❡sq✉❡r❞❛ M ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

P❛r❛ ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✷ ❛❝✐♠❛✱ ✈❡r❡♠♦s q✉❡ ❛

♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ A0 ❞❡ A ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ s✐♠♣❧❡s✱ ♠❛s s✐♠ s❡♠✐✲s✐♠♣❧❡s✳

❆ ❡str✉t✉r❛ ❞❡ A0 é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♦❜t✐❞❛ ❡♠ ✭✷✳✻✮✳ ❈♦♠♦

M t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s❡❣✉❡ ❞❡ ✭✷✳✽✮ q✉❡ ΓM é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ ΓD✳ ❙❡❥❛♠ Γ1, . . . ,Γk ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s ❞✐st✐♥t❛s ❞❡

ΓD ❡♠ ΓM ✳ ❈♦♥s✐❞❡r❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❝♦♠♦ ❡♠ ✭✷✳✻✮

M =
k⊕

i=1

Mi, ♦♥❞❡ Mi =
⊕

γ∈Γi

Mγ .

P❛r❛ i = 1, . . . , k s❡❥❛ ri = dimD Mi ❡ s❡❥❛

Bi = {f ∈ A0 | f(Mi) ⊆ Mi, ❡ f(Mj) = 0 ♣❛r❛ j 6= i}
∼= (❊♥❞DMi)0.

Pr♦♣♦s✐çã♦ ✷✳✶✸✳ ◆❛s ❝♦♥❞✐çõ❡s ❞♦ ♣❛rá❣r❛❢♦ ❛❝✐♠❛✱ t❡♠♦s

A0 =
k∏

i=1

Bi
∼=

k∏

i=1

▼ri(D0).

❱❡r ❬❚❲✶✱ Pr♦♣✳ ✷✳✶❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✳

❯♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ❞✐t❛ s❡♠✐✲s✐♠♣❧❡s s❡ {0} é ♦

ú♥✐❝♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥✐❧♣♦t❡♥t❡ ❞❡ A✳ ◆♦t❡ q✉❡ t♦❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛

s✐♠♣❧❡s é s❡♠✐✲s✐♠♣❧❡s✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s❡♠✐✲

s✐♠♣❧❡s é t❛♠❜é♠ s❡♠✐✲s✐♠♣❧❡s✱ ♣♦✐s ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦

♥✐❧♣♦t❡♥t❡ ❞á ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥✐❧♣♦t❡♥t❡ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡✳



✷✳✷✳ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✶✾

❖ r❡st❛♥t❡ ❞❡ss❛ s❡çã♦ é ❞❡❞✐❝❛❞♦ ❛ ♠♦str❛r q✉❡ t♦❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲

s✐♠♣❧❡s é ✐s♦♠♦r❢❛ ❛ ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s✳ ❆ ❞❡♠♦♥s✲

tr❛çã♦ é ♦❜t✐❞❛ ✐♠✐t❛♥❞♦ ♦ ❝❛s♦ ♥ã♦ ❣r❛❞✉❛❞♦✱ ❝♦♠ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s✳ ❆q✉✐

✉t✐❧✐③❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❬❋❪✳

❯♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ à ❡sq✉❡r❞❛ ✭r❡s♣✳ à ❞✐r❡✐t❛✱ ❜✐❧❛t❡r❛❧✮ I ❞❡ ✉♠ ❛♥❡❧ A é

❞✐t♦ ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ✭r❡s♣✳ à ❞✐r❡✐t❛✱ ❜✐❧❛t❡r❛❧✮ s❡ I 6= {0}
❡ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ à ❡sq✉❡r❞❛ ✭r❡s♣✳ à ❞✐r❡✐t❛✱ ❜✐❧❛t❡r❛❧✮ I ′ ❞❡

A t❛❧ q✉❡ {0} 6= I ′  I. ◆♦t❡ q✉❡ s❡ A ❢♦r ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦

A ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧✱ ♣♦✐s t♦❞♦ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ❞❡

A é ✉♠ F ✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A✳

P❛r❛ ♦ r❡st❛♥t❡ ❞❡st❛ s❡çã♦✱ A ❞❡♥♦t❛ s❡♠♣r❡ ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲

s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✹✳ ❙❡❥❛ J ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ✭r❡s♣✳ ❞✐r❡✐t❛✮

❞❡ A✳ ❊♥tã♦ J = Ae ✭r❡s♣✳ J = eA✮ ♣❛r❛ ❛❧❣✉♠ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ e ∈ A✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ J ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ❞❡

A✳ ❖ ❝❛s♦ ❡♠ q✉❡ J é ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛ é ❛♥á❧♦❣♦✳ ❚❡♠♦s q✉❡ J2 6= {0}✱ ♣♦✐s
❝❛s♦ ❝♦♥trár✐♦ ♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ JA ❞❡ A s❡r✐❛ ♥✐❧♣♦t❡♥t❡ ♣♦✐s

(JA)2 = (JA)(JA) = J(AJ)A = J2A.

❊♥tã♦ ❡①✐st❡ a ∈ J t❛❧ q✉❡ Ja 6= {0}✳ ◆♦t❡ q✉❡ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r a ❤♦♠♦❣ê♥❡♦✳

▲♦❣♦ Ja é ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ à ❡sq✉❡r❞❛ ❞❡ A ❝♦♥t✐❞♦ ❡♠ J ✳ ▲♦❣♦ Ja = J ♣❡❧❛

♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ J ✳ ❊♥tã♦ ❡①✐st❡ e ∈ J t❛❧ q✉❡ ea = a✳ ❈♦♠♦ a é ❤♦♠♦❣ê♥❡♦✱

♣♦❞❡♠♦s tr♦❝❛r e ♣❡❧❛ s✉❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣r❛✉ ③❡r♦✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s s✉♣♦r

q✉❡ e é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ ③❡r♦✳ ❙❡❥❛ ❛♥J(a) = {x ∈ J | xa = 0}✱ q✉❡ é ✉♠

✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ à ❡sq✉❡r❞❛ ❞❡ A ❝♦♥t✐❞♦ ❡♠ J ✳ ❆❣♦r❛ ❛♥J(a) 6= J ♣♦✐s Ja 6= {0}✳
◆♦✈❛♠❡♥t❡ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ J ✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛♥J(a) = {0}✳ P♦r ♦✉tr♦ ❧❛❞♦✱

e2 − e ∈ ❛♥J(a) ♣♦✐s e2a = ea✳ P♦rt❛♥t♦✱ e é ✉♠ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦✳ ❈♦♠♦

e ∈ J ✱ ❝♦♥❝❧✉í♠♦s ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ J q✉❡ J = Ae✳ �

◆♦t❡ q✉❡ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ t♦❞♦ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦

❞❡✈❡ t❡r ❣r❛✉ ✵✳

Pr♦♣♦s✐çã♦ ✷✳✶✺✳ ❙❡❥❛ J ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ ❞❡ A✳ ❊♥tã♦

J = Ae ♣❛r❛ ❛❧❣✉♠ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ ❝❡♥tr❛❧ e ∈ A✳ ❆❧é♠ ❞✐ss♦✱ e é ✉♠❛

✉♥✐❞❛❞❡ ♣❛r❛ J ✱ ✐st♦ é✱ ex = xe = x ♣❛r❛ t♦❞♦ x ∈ J ✳



✷✵ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✹✱ t❡♠♦s q✉❡ J = Ae1 ❡ J = e2A✱ ♦♥❞❡

e1, e2 sã♦ ✐❞❡♠♣♦t❡♥t❡s ❤♦♠♦❣ê♥❡♦s ❡♠ A✳ ▲♦❣♦ e2 = ce1 ❡ e1 = e2d ♣❛r❛ ❛❧❣✉♥s

c, d ∈ A✳ ❊♥tã♦ e2 = ce1 = (ce1)e1 = e2e1✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ e1 = e2e1✳ P♦rt❛♥t♦✱

J = eA = Ae✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ e é ✉♠❛ ✉♥✐❞❛❞❡ ♣❛r❛ J ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ a ∈ A✱

t❡♠♦s

ae = e(ae) = (ea)e = ea.

P♦rt❛♥t♦ e ❝♦♠✉t❛ ❝♦♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ A✳ �

Pr♦♣♦s✐çã♦ ✷✳✶✻✳ ❙❡❥❛ J ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ ❞❡ A✳ ❊♥tã♦ J

é ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ J é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ❡♥tã♦ J é ✉♠ F ✲s✉❜❡s♣❛ç♦

✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ A✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✺✱ t❡♠♦s q✉❡ J = Ae ❡ ♦ ✐❞❡♠♣♦t❡♥t❡

❝❡♥tr❛❧ e é ✉♠❛ ✉♥✐❞❛❞❡ ♣❛r❛ J ✳ ❉♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ J t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡

❛♥❡❧ ❣r❛❞✉❛❞♦✳ ■❞❡♥t✐✜❝❛♥❞♦ F ❝♦♠ eF ❡♠ J ✱ ♦❜t❡♠♦s q✉❡ J é ✉♠❛ F ✲á❧❣❡❜r❛

❣r❛❞✉❛❞❛✳ ❘❡st❛ ♠♦str❛r q✉❡ ♦s ú♥✐❝♦s ✐❞❡❛✐s ❤♦♠♦❣ê♥❡♦s ❜✐❧❛t❡r❛✐s ❞❡ J sã♦ ♦s

tr✐✈✐❛✐s✳ ❙❡❥❛ I 6= {0} ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ❞❡ J ✳ ❈♦♠♦ J = Ae✱ ♣❛r❛

❛❧❣✉♠ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ ❝❡♥tr❛❧ e ∈ A✱ I t❛♠❜é♠ é ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦

❜✐❧❛t❡r❛❧ ❞❡ A✳ P❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ J ✱ ❝♦♥❝❧✉í♠♦s q✉❡ I = {0} ♦✉ I = J ✳ �

Pr♦♣♦s✐çã♦ ✷✳✶✼✳ ❙❡❥❛♠ J1, . . . , Jr ✐❞❡❛✐s ❤♦♠♦❣ê♥❡♦s ♠✐♥✐♠❛✐s ❜✐❧❛t❡r❛✐s ❞❡ A✱

❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✳ ❊♥tã♦ ❛ s♦♠❛ J1 + · · ·+ Jr é ❞✐r❡t❛✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✺✱ t❡♠♦s q✉❡ Ji = eiA = Aei✱ ♣❛r❛ i =

1, . . . , r✱ ♦♥❞❡ ei é ✉♠ ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ ❝❡♥tr❛❧✳ P❛r❛ ❝❛❞❛ i 6= j✱ t❡♠♦s

q✉❡ Ji ∩ Jj é ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ❜✐❧❛t❡r❛❧ ❞❡ A✳ P❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ Ji ❡ Jj ✱

❝♦♥❝❧✉í♠♦s q✉❡ eiej = 0✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ e1a1+ · · ·+erar = 0✱ ❝♦♠ ai ∈ A✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡ss❛ ❡①♣r❡ssã♦ à ❡sq✉❡r❞❛ ♣♦r ei✱ ❝♦♥❝❧✉í♠♦s q✉❡ eiai = e2i ai = 0✳

P♦rt❛♥t♦ ❛ s♦♠❛ J1 + · · ·+ Jr é ❞✐r❡t❛✳ �

❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✼ q✉❡ A ❝♦♥té♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s

❤♦♠♦❣ê♥❡♦s ♠✐♥✐♠❛✐s ❜✐❧❛t❡r❛✐s✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ❚♦❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s A é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s✱ q✉❡ sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s✳



✷✳✸✳ ❊①t❡♥sõ❡s ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s ✷✶

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ J1, . . . , Jk t♦❞♦s ♦s ✐❞❡❛✐s ❤♦♠♦❣ê♥❡♦s ♠✐♥✐♠❛✐s ❜✐❧❛t❡r❛✐s

❞❡ A✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✻✱ ❝❛❞❛ Ji é ✉♠❛ F ✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳ ❉❡st❛

❢♦r♠❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✼✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ A = J1 + · · · + Jk✳ ❈♦♠♦

♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✼✱ s❡❥❛ Ji = Aei ♦♥❞❡ ei é ✉♠ ✐❞❡♠♣♦t❡♥t❡

❤♦♠♦❣ê♥❡♦ ❝❡♥tr❛❧ ❡ eiej = 0 ♣❛r❛ i 6= j✳ ❙❡❥❛ e = e1+ · · ·+ ek✳ ❯♠ ❝❛❧❝✉❧♦ ❞✐r❡t♦

♠♦str❛ q✉❡ e é ✐❞❡♠♣♦t❡♥t❡ ❤♦♠♦❣ê♥❡♦ ❝❡♥tr❛❧ ❡♠ A ❡ eie = ei ♣❛r❛ i = 1, . . . , k✳

❱❛♠♦s ♠♦str❛r q✉❡ e = 1✱ ❛ ✉♥✐❞❛❞❡ ❞❡ A✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ e 6= 1✳

❊♥tã♦ J = (1 − e)A = A(1 − e) é ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ❜✐❧❛t❡r❛❧ ♥ã♦ ♥✉❧♦ ❞❡ A✳

❊♥tã♦ J ❝♦♥té♠ ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ♠✐♥✐♠❛❧ ❜✐❧❛t❡r❛❧✱ ❞✐❣❛♠♦s Jℓ✱ ♣❛r❛ ❛❧❣✉♠

1 ≤ ℓ ≤ k✳ ▲♦❣♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r eℓ = (1− e)a ♣❛r❛ ❛❧❣✉♠ a ∈ A✳ ▼✉❧t✐♣❧✐❝❛♥❞♦

à ❡sq✉❡r❞❛ ♣♦r eℓ✱ ♦❜t❡♠♦s

eℓ = e2ℓ = eℓ(1− e)a = 0,

♣♦✐s eℓ = eℓe✳ ❈♦♠ ❡st❛ ❝♦♥tr❛❞✐çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ e = 1✳ P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦

a ∈ A✱ t❡♠♦s a = a · 1 = ae1 + · · ·+ aek ∈ J1 + · · ·+ Jk✳ �

✷✳✸✳ ❊①t❡♥sõ❡s ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❢♦r♥❡❝❡r ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ❬❚❲✶✱ ❘❡♠❛r❦

✶✳✷✼❪✳ ❊st❡ r❡s✉❧t❛❞♦ é ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷✷✱ q✉❡ é ✉♠

❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❈♦♠❡ç❛r❡♠♦s ✐♥tr♦❞✉③✐♥❞♦ ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s s♦❜r❡ ❡①t❡♥sõ❡s ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛♠♦s ❝♦♠♦

r❡❢❡rê♥❝✐❛ ❬❍❲✶❪✳

❙❡❥❛ F =
⊕

γ∈Γ Fγ ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ✭✷✳✺✮✱ F ♥ã♦ t❡♠

❞✐✈✐s♦r❡s ❞❡ ③❡r♦✳ ▲♦❣♦ ♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ♣♦❞❡ s❡r ❢♦r♠❛❞♦✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s

♣♦r q(F )✳ ❯♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦ K é ❝❤❛♠❛❞♦ ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ❞❡ ✉♠ ❝♦r♣♦

❣r❛❞✉❛❞♦ F s❡ F é ✉♠ s✉❜❝♦r♣♦ ❣r❛❞✉❛❞♦ ❞❡ K✳ ◆♦t❡ q✉❡ ♥❡st❡ ❝❛s♦ K0 é ✉♠❛

❡①t❡♥sã♦ ❞❡ F0✱ ΓF é ✉♠ s✉❜❣r✉♣♦ ❞❡ ΓK ❡ q(K) é ✉♠❛ ❡①t❡♥sã♦ ❞❡ q(F )✳

Pr♦♣♦s✐çã♦ ✷✳✶✾✳ ❙❡❥❛ K ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ❞❡ F ❝♦♠ [K : F ] < ∞✳ ❊♥tã♦

✭✷✳✷✵✮ [K : F ] = [K0 : F0]|ΓK : ΓF | = [q(K) : q(F )],

❡ q(K) ∼= q(F )⊗F K.

❆ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ✭✷✳✷✵✮ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✾✳ ❆ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡

s❡❣✉❡ ❞♦ ✐s♦♠♦r✜s♠♦ q(K) ∼= q(F ) ⊗F K✳ ❱❡r ❬❍❲✶✱ Pr♦♣✳ ✷✳✶❪ ♣❛r❛ ✉♠❛

❞❡♠♦♥str❛çã♦ ❞♦ ✐s♦♠♦r✜s♠♦ q(K) ∼= q(F )⊗F K✳



✷✷ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

❙❡❥❛ K ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ❞❡ F ❝♦♠ [K : F ] < ∞✳ ❉✐③❡♠♦s q✉❡ K

é ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ♠❛♥s❛ ❞❡ F s❡ K0 é ✉♠❛ ❡①t❡♥sã♦ s❡♣❛rá✈❡❧ ❞❡ F0 ❡

❝❛r(F0) ∤ |ΓK : ΓF |✳

Pr♦♣♦s✐çã♦ ✷✳✷✶✳ ❙❡❥❛ K ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ❞❡ F ❝♦♠ [K : F ] < ∞✳ ❊♥✲

tã♦ K é ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ♠❛♥s❛ F s❡ ❡ s♦♠❡♥t❡ s❡ q(K) é ✉♠❛ ❡①t❡♥sã♦

s❡♣❛rá✈❡❧ ❞❡ q(F )✳

❱❡r ❬❇♦✶✱ ❚❤♠✳ ✹❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✶✳ ❖ r❡s✉❧t❛❞♦

s❡❣✉✐♥t❡ é ♦ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡st❛ s❡çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✷✳ ❙❡❥❛ L ✉♠❛ ❡①t❡♥sã♦ ❣r❛❞✉❛❞❛ ♠❛♥s❛ ❞❡ F ❡ K ✉♠❛ ❡①t❡♥sã♦

❣r❛❞✉❛❞❛ ❞❡ F ✳ ❙❡❥❛ A = L ⊗F K✳ ❊♥tã♦ A é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❝♦r♣♦s

❣r❛❞✉❛❞♦s✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✶✱ t❡♠♦s q✉❡ q(L) é ✉♠❛ ❡①t❡♥sã♦ s❡♣❛rá✈❡❧

✜♥✐t❛ ❞❡ q(F )✳ ▲♦❣♦ q(L)⊗q(F ) q(K) é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❝♦r♣♦s ✭✈❡r ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ ▲❡♠❛ ❇✳✽✮✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✵ q✉❡

A⊗K q(K) = (L⊗F K)⊗K q(K)

∼= L⊗F q(K)

∼= (L⊗F q(F ))⊗q(F ) q(K)

∼= q(L)⊗q(F ) q(K).

▲♦❣♦ A ⊗K q(K) é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❝♦r♣♦s✳ ❆❣♦r❛ s❡ I é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡✲

r❛❧ ❤♦♠♦❣ê♥❡♦ ♥✐❧♣♦t❡♥t❡ ❞❡ A✱ ❡♥tã♦ I ⊗K q(K) é t❛♠❜é♠ ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧

❤♦♠♦❣ê♥❡♦ ♥✐❧♣♦t❡♥t❡ ❞❡ A ⊗K q(K)✳ ❈♦♠♦ A ⊗K q(K) é s❡♠✐✲s✐♠♣❧❡s✱ t❡♠♦s

q✉❡ I ⊗K q(K) = {0}✳ ❈♦♠♦ dimK I = dimq(K) I ⊗K q(K) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡

I = {0}✳ P♦rt❛♥t♦✱ A é ✉♠❛ K✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ ❈♦♠♦ A é ❝♦♠✉✲

t❛t✐✈❛✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✽ q✉❡ A é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s✳

�

✷✳✹✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ ❝♦♠ ✉♠❛ ✈❛❧♦✲

r✐③❛çã♦ v : D → Γ ∪ {∞}✳ ❊st❛ ✈❛❧♦r✐③❛çã♦ ❞❡✜♥❡ ✉♠❛ ✜❧tr❛çã♦ ❡♠ D ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ ♣❛r❛ ❝❛❞❛ γ ∈ Γ s❡❥❛

D≥γ = {d ∈ D | v(d) ≥ γ}, D>γ = {d ∈ D | v(d) > γ} ❡ Dγ = D≥γ/D>γ .



✷✳✹✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ✷✸

❆ ♣❛rt✐r ❞❛í✱ ❞❡✜♥✐♠♦s ♦ ❛♥❡❧ ❣r❛❞✉❛❞♦ ❛ss♦❝✐❛❞♦

grv(D) =
⊕

γ∈Γ

Dγ ,

❝✉❥❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ❞❡✜♥✐❞❛ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♣♦r

Dγ ×Dδ → Dγ+δ

(c+D>γ , d+D>δ) 7→ cd+D>γ+δ,

❡ ❡st❡♥❞✐❞❛ ❛❞✐t✐✈❛♠❡♥t❡ ♣❛r❛ t♦❞♦ ♦ grv(D)✳ ◗✉❛♥❞♦ ❛ ✈❛❧♦r✐③❛çã♦ ❡♥✈♦❧✈✐❞❛ v ❢♦r

❝❧❛r❛✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ gr(D) ♥♦ ❧✉❣❛r ❞❡ grv(D)✳ ◆♦t❡ q✉❡ Γgr(D) = Γv

❡ D0 = D✳ ❉❡st❛ ❢♦r♠❛✱ ♥♦t❛♠♦s q✉❡ ♦ ❛♥❡❧ ❣r❛❞✉❛❞♦ é ✉♠ ♦❜❥❡t♦ ♥❛t✉r❛❧ ♣❛r❛

❡st✉❞❛r ✈❛❧♦r✐③❛çõ❡s✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❡st❡ ❝❛rr❡❣❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✐♥❢♦r♠❛çõ❡s

s♦❜r❡ ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❡ ♦ ❛♥❡❧ ❞❡ r❡sí❞✉♦s ❞❛ ✈❛❧♦r✐③❛çã♦✳

P❛r❛ ❝❛❞❛ d ∈ D
×

✱ ❡s❝r❡✈❡♠♦s d′ ♣❛r❛ ❛ ✐♠❛❣❡♠ ❞❡ d ❡♠ gr(D), ✐st♦ é✱ d′ =

d+D>v(d) ∈ Dv(d)✳ ❈♦♠♦ (d′)−1 = (d−1)′✱ t❡♠♦s q✉❡ gr(D) é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦

❣r❛❞✉❛❞♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ D é ❝♦♠✉t❛t✐✈♦ ❡♥tã♦ gr(D) é t❛♠❜é♠ ❝♦♠✉t❛t✐✈♦ ❡

❡♥tã♦ gr(D) é ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦✳

❊①❡♠♣❧♦ ✷✳✷✸✳ ❙❡❥❛ F ❝♦♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞✐s❝r❡t❛ v✳ ❙❡❥❛ t ∈ F t❛❧

q✉❡ v(t) = 1✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a ∈ grv(F ) ❝♦♠ ❞❡❣(a) = n✱

t❡♠♦s a = (a(t′)−n)(t′)n ∈ F0 · (t′)n✳ P♦rt❛♥t♦✱ grv(F ) =
⊕

n∈Z F0 · (t′)n✱ q✉❡ é

♦ ❛♥❡❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t F0[t
′, (t′)−1]. ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝♦r♣♦ ❣r❛❞✉❛❞♦

❛ss♦❝✐❛❞♦ ❛ ✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ ❡♠ Q é F5[s, s−1]✱ ♦♥❞❡ s é ❛ ✐♠❛❣❡♠ ❞♦ ♥ú♠❡r♦

♣r✐♠♦ 5 ♥❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✳

❆❣♦r❛ s❡❥❛ M ✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛✳ ❯♠❛ ❛♣❧✐❝❛çã♦

α : M → Γ ∪ {∞}

é ❞✐t❛ ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ s❡ ♣❛r❛ t♦❞♦ x, y ∈ M ❡ d ∈ D t❡♠♦s✿

✭✐✮ α(x) = ∞ s❡ ❡ s♦♠❡♥t❡ s❡ x = 0✱

✭✐✐✮ α(x+ y) ≥ ♠✐♥{α(x), α(y)},

✭✐✐✐✮ α(dx) = v(d) + α(x).

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ α ❞❡✜♥❡ ✉♠❛ ✜❧tr❛çã♦ ❡♠ M ✿ ♣❛r❛ ❝❛❞❛ γ ∈ Γ ❞❡✜♥✐♠♦s

M≥γ = {x ∈ M | α(x) ≥ γ}, M>γ = {x ∈ M | α(x) > γ}, ❡ Mγ = M≥γ/M>γ .

❉❡✜♥❛

grα(M) = gr(M) =
⊕

γ∈Γ

Mγ .



✷✹ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

P❛r❛ ❝❛❞❛ γ, δ ∈ Γ ❡①✐st❡ ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❜❡♠ ❞❡✜♥✐❞❛

Dδ ×Mγ → Mγ+δ

(d+D>δ, x+M>γ) 7→ dx+M>γ+δ.

❊st❛ ♦♣❡r❛çã♦ é ❡st❡♥❞✐❞❛ ❞✐str✐❜✉t✐✈❛♠❡♥t❡ ♣❛r❛ ✉♠❛ ♦♣❡r❛çã♦ gr(D)×gr(M) →
gr(M) q✉❡ ❢❛③ ❞❡ gr(M) ✉♠ gr(D)✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ à ❡sq✉❡r❞❛✳ ❉❛ ♠❡s♠❛

❢♦r♠❛✱ t♦❞♦ ❡❧❡♠❡♥t♦ x ∈ M \ {0} t❡♠ ✉♠❛ ✐♠❛❣❡♠ x′ ❡♠ gr(M)✱ ❞❡✜♥✐❞❛ ♣♦r

x′ = x+M>α(x) ∈ Mα(x).

❯♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α é ❞✐t❛ ✉♠❛ v✲♥♦r♠❛ s❡ M é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡

t❡♠ ✉♠❛ ❜❛s❡ (xi)
n
i=1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ d1, . . . , dn ∈ D✱

✭✷✳✷✹✮ α(

n∑

i=i

dixi) = min
1≤i≤n

(v(di) + α(xi)).

❆ ❜❛s❡ (xi)
n
i=1 é ❞✐t❛ ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♣❛r❛ α✳

◆♦t❛ ✷✳✷✺✳ ◆♦t❡ q✉❡ s❡♠♣r❡ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ♥♦r♠❛ ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ M ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ D ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦

v✳ P❛r❛ ✐ss♦✱ ❜❛st❛ t♦♠❛r♠♦s ✉♠❛ D✲❜❛s❡ (xi)
n
i=1 ❞❡ M ❡ ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s

γ1, . . . , γn ❡♠ Γ✳ ❉❡✜♥✐♠♦s α(xi) = γi ❡ ❡♥tã♦ ❞❡✜♥✐♠♦s α ♣❛r❛ t♦❞♦ M ♣❡❧❛

❢ór♠✉❧❛ ✭✷✳✷✹✮✳ ❉❡✜♥✐❞❛ ❞❡st❛ ❢♦r♠❛✱ α é ✉♠❛ v✲♥♦r♠❛ ❡♠ M ❡ (xi)
n
i=1 é ✉♠❛

❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♣❛r❛ α✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ✉♠❛ v ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α é ✉♠❛ v✲♥♦r♠❛

s❡ ❡ s♦♠❡♥t❡ s❡ [grα(M) : grv(D)] = [M : D] ✭❝❢✳ ❬❘❚❲✱ Pr♦♣✳ ✷✳✷ ❡ ❈♦r ✷✳✸❪✮✳

Pr♦♣♦s✐çã♦ ✷✳✷✻✳ ❙❡❥❛ α ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❡♠ M ✳ ❙❡❥❛♠ x1, . . . , xℓ ∈
M \ {0}.

✭✐✮ x′1, . . . , x
′
ℓ sã♦ grv(D)✲❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ grα(M) s❡ ❡ s♦♠❡♥t❡

s❡ α(
ℓ∑

i=1

dixi) = min
1≤i≤ℓ

(v(di) + α(xi)) ♣❛r❛ t♦❞♦ d1, . . . , dℓ ∈ D. ◗✉❛♥❞♦

✐st♦ ♦❝♦rr❡✱ x1, . . . , xℓ sã♦ D✲❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ M ✳

✭✐✐✮ dimgrv(D)(grα(M)) ≤ dimD(M). ❆ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ s❡ ❡ s♦♠❡♥t❡ s❡ α é

✉♠❛ v✲♥♦r♠❛ ❡♠ M ✳

✷✳✺✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ á❧❣❡❜r❛s

❙❡❥❛ F ✉♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✳ ❯♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α ❡♠ A é ❞✐t❛ ♠✉❧t✐♣❧✐❝❛t✐✈❛ s❡ α(1) = 0 ❡



✷✳✺✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ á❧❣❡❜r❛s ✷✺

α(xy) ≥ α(x) + α(y). ◆❡st❡ ❝❛s♦✱ grα(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s♦❜r❡ gr(F )✱

❝✉❥❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ x, y ∈ A ♣♦r

✭✷✳✷✼✮ x′y′ = xy +A>α(x)+α(y) =

{
(xy)′ s❡ α(xy) = α(x) + α(y),

0 s❡ α(xy) > α(x) + α(y).

❆ s❡❣✉✐r t❡♠♦s ✉♠ ❧❡♠❛ ❢á❝✐❧ q✉❡ é ♠✉✐t♦ út✐❧ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❛♥❞♦ ✉♠❛

♥♦r♠❛ ❡♠ ✉♠❛ á❧❣❡❜r❛ é ♠✉❧t✐♣❧✐❝❛t✐✈❛✳

▲❡♠❛ ✷✳✷✽ ✭❬❚❲✶❪✱ ▲❡♠♠❛ ✶✳✷✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ α : A → Γ ∪ {∞} é ✉♠❛ v✲

♥♦r♠❛ ❡♠ A t❛❧ q✉❡ α(1) = 0✳ ❙❡❥❛ (mi)
k
i=1 ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A

♣❛r❛ α✳ ❙❡ α(mimj) ≥ α(mi) + α(mj)✱ ♣❛r❛ t♦❞♦ i, j✱ ❡♥tã♦ α é ✉♠❛ v✲❢✉♥çã♦

✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ a =
∑k

i=1 aimi ❡ b =
∑k

j=1 bjmj ❡♠ A✱ ❝♦♠ ai, bj ∈ F ✳

❊♥tã♦

α(ab) = α(

k∑

i,j=1

aibjmimj)

≥ min
1≤i,j≤k

(α(aibjmimj))

≥ min
1≤i,j≤k

(v(ai) + v(bj) + α(mi) + α(mj))

≥ min
1≤i≤k

(v(ai) + α(mi)) + min
1≤j≤k

(v(bj) + α(mj))

= α(a) + α(b).

�

❆ s❡❣✉✐r t❡♠♦s ✉♠ ❧❡♠❛ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛✳ ❊st❡ r❡s✉❧t❛❞♦ s❡rá

✉s❛❞♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

▲❡♠❛ ✷✳✷✾✳ ❙❡❥❛ α ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

A✳ P❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ u ∈ A✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ u′ ∈ gr(A)
×

✱ ♦ ❣r✉♣♦ ❞❡ ✉♥✐❞❛❞❡s ❞❡ gr(A)❀

✭✐✐✮ α(au) = α(a) + α(u) ♣❛r❛ t♦❞♦ a ∈ A❀

✭✐✐✬✮ α(ua) = α(u) + α(a) ♣❛r❛ t♦❞♦ a ∈ A❀

✭✐✐✐✮ u ∈ A
×

❡ α(u) + α(u−1) = 0❀

❱❡r ❬❚❲✶✱ ▲❡♠♠❛ ✶✳✸❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✾✳



✷✻ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

◆♦t❛ ✷✳✸✵✳ ❙❡❥❛♠ α ❡ β ❞✉❛s v✲❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛s ❡♠ A✳ ❙✉♣♦✲

♥❤❛♠♦s q✉❡ α(x) ≤ β(x) ♣❛r❛ t♦❞♦ x ∈ A✳ ❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ✐♥❞✉③ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ grv(F )✲á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ϕ : grα(A) → grβ(A) t❛❧ q✉❡ a+Aα>α(a) 7→
a+Aβ>α(a)✳ ◆♦t❡ q✉❡ s❡ a+Aα>α(a) = b+Aα>α(a) ❡♥tã♦ α(a− b) ≥ α(a)✳ ❈♦♠♦

β(a− b) ≥ α(a− b)✱ ❝♦♥❝❧✉í♠♦s q✉❡ a+Aβ>α(a) = b+Aβ>α(a)✳ P♦rt❛♥t♦✱ ϕ ❡stá

❜❡♠ ❞❡✜♥✐❞❛✳ ❖❜s❡r✈❡ q✉❡ ϕ(a + Aα>α(a)) = 0 s❡ ❡ s♦♠❡♥t❡ s❡ a + Aβ>α(a) = 0

s❡ ❡ s♦♠❡♥t❡ s❡ β(a) > α(a)✳ ❆ss✐♠ ♦ ❤♦♠♦♠♦r✜s♠♦ ϕ é ✐♥❥❡t✐✈♦ s❡ ❡ s♦♠❡♥t❡ s❡

β = α✳

▲❡♠❛ ✷✳✸✶✳ ❙❡❥❛ α1, . . . , αk ✉♠❛ ❢❛♠í❧✐❛ ❞❡ v✲❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛

❡♠ A✳ ❊♥tã♦

✭✷✳✸✷✮ α(x) = min(α1(x), . . . , αk(x))

é ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠ A ❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦

❞❡ grv(F )✲á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

✭✷✳✸✸✮ grα(A) → grα1
(A)× · · · × grαk

(A),

q✉❡ s❛t✐s❢❛③

✭✷✳✸✹✮ x+Aα>α(x) 7→ (x+Aα1>α(x), . . . , x+Aαk>α(x)).

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ✈❡r✐✜❝❛çã♦ ❞✐r❡t❛ ♠♦str❛ q✉❡ α é ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

♠✉❧t✐♣❧✐❝❛t✐✈❛✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ t♦❞♦ x, y ∈ A t❡♠♦s

α(xy) = min
1≤i≤k

(αi(xy)) ≥ min
1≤i≤k

(αi(x) + αi(y))

= min
1≤i≤k

(αi(x)) + min
1≤i≤k

(αi(y)) = α(x) + α(y).

❆❣♦r❛✱ ❝♦♠♦ α(x) ≤ αi(x)✱ ♣❛r❛ t♦❞♦ x ∈ A ❡ 1 ≤ i ≤ k✱ t❡♠♦s ❞❡ ✭✷✳✸✵✮ q✉❡

❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s grα(A) → grαi
(A)✳ ❊ss❡s ❤♦♠♦✲

♠♦r✜s♠♦s ❝♦♠❜✐♥❛❞♦s ♥♦s ❞á ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ❞❡ ✭✷✳✸✸✮✳

❆❣♦r❛ ♣❛r❛ t♦❞♦ a ∈ A \ {0} ❡①✐st❡ ❛❧❣✉♠ í♥❞✐❝❡ i t❛❧ q✉❡ α(x) = αi(x)✱ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ✭✷✳✸✸✮ é ✐♥❥❡t✐✈♦✳ �

✷✳✻✳ ●❛✉❣❡s

❈♦♠♦ ❥á ❞❡✜♥✐♠♦s ♥❛ ■♥tr♦❞✉çã♦✱ ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ α

❡♠ ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ A é ❞✐t❛ ✉♠❛ v✲❣❛✉❣❡ s❡ α é ✉♠❛ v✲♥♦r♠❛ ❡♠

A ❡ grα(A) é ✉♠❛ grv(F )✲á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ P❛r❛ ❢❛❝✐❧✐t❛r r❡❢❡rê♥❝✐❛s

❢✉t✉r❛s✱ ✈❛♠♦s ❧✐st❛r ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ✉♠❛ ❣❛✉❣❡✳



✷✳✻✳ ●❛✉❣❡s ✷✼

✭✷✳✸✺✮ α(1) = 0 ❡ α(x) = ∞ s❡ ❡ s♦♠❡♥t❡ s❡ x = 0✳

✭✷✳✸✻✮ α(cx) = v(c) + α(x), ♣❛r❛ t♦❞♦ x ∈ A ❡ c ∈ F ✳

✭✷✳✸✼✮ α(x+ y) ≥ ♠✐♥(α(x), α(y)), ♣❛r❛ t♦❞♦ x, y ∈ A✳

✭✷✳✸✽✮ α(xy) ≥ α(x) + α(y), ♣❛r❛ t♦❞♦ x, y ∈ A✳

✭✷✳✸✾✮ [grα(A) : grv(F )] = [A : F ].

✭✷✳✹✵✮ grα(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳

◆♦t❛ ✷✳✹✶✳ ◆♦t❡ q✉❡ s❡ A t❡♠ ✉♠❛ ❣❛✉❣❡ α✱ ❡♥tã♦ A t❡♠ q✉❡ s❡r s❡♠✐✲s✐♠♣❧❡s✳

P❛r❛ ✐ss♦✱ s❡❥❛ I ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ♥✐❧♣♦t❡♥t❡ ♥ã♦ ♥✉❧♦ ❞❡ A✳ ❙❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ I2 = {0}✳ ❖ ✐❞❡❛❧ I ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠

F ✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✹✱ r❡str✐çã♦ α|I é ✉♠❛ v✲♥♦r♠❛✳

❚❡♠♦s q✉❡ gr(I) é ✉♠ gr(F )✲s✉❜❡s♣❛ç♦ ❣r❛❞✉❛❞♦ ❞❡ gr(A)✱ ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦

a + I>α(a) = a + A>α(a) ♣❛r❛ t♦❞♦ a ∈ I ✭❱❡r ◆♦t❛ ✸✳✸✺✮✳ ❙❡❣✉❡ q✉❡ gr(I) é ✉♠

✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ❞❡ gr(A) ❡ gr(I)2 = {0}✳ ❉♦♥❞❡ t❡rí❛♠♦s q✉❡

gr(A) ♥ã♦ é s❡♠✐✲s✐♠♣❧❡s✳

❈♦♥❝❧✉✐r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♥❞♦ ✉♠❛ sér✐❡ ❞❡ ❡①❡♠♣❧♦s ❢✉♥❞❛♠❡♥t❛✐s

❞❡ ❣❛✉❣❡s✳

❊①❡♠♣❧♦ ✷✳✹✷✳ ❖ ❡①❡♠♣❧♦ ♠❛✐s ♥❛t✉r❛❧ ❞❡ ❣❛✉❣❡ sã♦ ✈❛❧♦r✐③❛çõ❡s ❡♠ á❧❣❡❜r❛s

❞❡ ❞✐✈✐sã♦✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s r❡str✐t✐✈❛s✳ ❙❡❥❛ D ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝♦♠

❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ Z(D) = F ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ D t❡♠ ✉♠❛ ✈❛❧♦r✐✲

③❛çã♦ w ❡st❡♥❞❡♥❞♦ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v ❞❡ F ✳ ❊♥tã♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✈❛❧♦r✐③❛çã♦✱

❥á t❡♠♦s q✉❡ w s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✷✳✸✺✮✱ ✭✷✳✸✻✮✱ ✭✷✳✸✼✮ ❡ ✭✷✳✸✽✮ ❞❛ ❞❡✜♥✐çã♦

❞❡ ❣❛✉❣❡ ❛❝✐♠❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ grw(D) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞❛✱ ❡❧❛

é ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ ❚❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✾ q✉❡

✭✷✳✹✸✮ [grw(D) : grv(F )] = [D : F ]|Γw : Γv|.

❆ss✐♠✱ w é ✉♠❛ v✲❣❛✉❣❡ s❡ ❡ s♦♠❡♥t❡ s❡

✭✷✳✹✹✮ [D : F ] = [D : F ]|Γw : Γv|.

P♦rt❛♥t♦ ♥❡♠ t♦❞❛ ✈❛❧♦r✐③❛çã♦ é ✉♠❛ ❣❛✉❣❡✳ ❱❡r❡♠♦s ♥❛ ❙❡çã♦ ✸✳✺ q✉❡ ❛ ❝♦♥❞✐çã♦

✭✷✳✹✹✮ s✐❣♥✐✜❝❛ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ w é s❡♠ ❞❡❢❡✐t♦✳ P♦rt❛♥t♦✱ t♦❞❛ ✈❛❧♦r✐③❛çã♦ s❡♠

❞❡❢❡✐t♦ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ é ✉♠❛ ❣❛✉❣❡✱ ♠❛s ♥❡♠ t♦❞❛ ✈❛❧♦r✐③❛çã♦ é ❣❛✉❣❡✳

❊①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ q✉❡ t❡♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❝♦♠ ❞❡❢❡✐t♦ sã♦ ❞❛❞♦s

❡♠ ❬▼✹❪✳



✷✽ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

◆♦ ❊①❡♠♣❧♦ ✷✳✹✷ ✈✐♠♦s q✉❡ t♦❞❛ ✈❛❧♦r✐③❛çã♦ s❡♠ ❞❡❢❡✐t♦ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡

❞✐✈✐sã♦ é ✉♠❛ ❣❛✉❣❡✳ ❊♥tr❡t❛♥t♦✱ ❡①✐st❡♠ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ q✉❡ ♥ã♦

sã♦ ✈❛❧♦r✐③❛çõ❡s ❝♦♠♦ ♠♦str❛ ♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r✳

❊①❡♠♣❧♦ ✷✳✹✺ ✭●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❞❡ q✉❛tér♥✐♦s✮✳ ❱❡r❡♠♦s ❛❣♦r❛ q✉❡ s❡♠♣r❡

♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❣❛✉❣❡ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s✳ ❙❡❥❛ (F, v) ✉♠

❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ t❛❧ q✉❡ ❝❛r(F ) 6= 2 ❡ ❝❛r(F ) 6= 2✳ ❙❡❥❛ Q = (a, b)F ✉♠❛ F ✲á❧❣❡❜r❛

❞❡ q✉❛tér♥✐♦s✳ ❉❡✜♥❛ ❛ v✲♥♦r♠❛ α ❡♠ Q ♣♦r

α(x+yi+ zj+wk) = min(v(x), v(y)+
1

2
v(a), v(z)+

1

2
v(b), v(w)+

1

2
v(a)+

1

2
v(b)).

❉❡st❛ ❢♦r♠❛✱ {1, i, j, k} é ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ D ♣❛r❛ α✳ ❆❣♦r❛ ♥♦t❡

q✉❡ α(ij) = α(i) + α(j)✱ α(ik) = α(i) + α(k) ❡ α(jk) = α(j) + α(k)✳ ❊♥tã♦

s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✷✽ q✉❡ α é ♠✉❧t✐♣❧✐❝❛t✐✈❛✳ ❈♦♠♦ α é ✉♠❛ v✲♥♦r♠❛✱ t❡♠♦s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✷✳✷✻ q✉❡ ❛s ✐♠❛❣❡♥s 1′, i′, j′, k′ ❢♦r♠❛♠ ✉♠❛ gr(F )✲❜❛s❡ ❞❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ grα(Q)✳ ❈♦♠♦ α(i2) = 2α(i)✱ α(j2) = 2α(j) ❡ α(ij) = α(i)+α(j)✱ s❡❣✉❡

q✉❡

(i′)2 = (i2)′ = a′, (j′)2 = (j2)′ = b′ ❡ i′j′ = k′ = −j′i′.

❊♥tã♦ grα(Q) é ❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s ❣r❛❞✉❛❞❛ (a′, b′)gr(F )✱ q✉❡ é ✉♠❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ s✐♠♣❧❡s ♣❡❧♦ ❊①❡♠♣❧♦ ✷✳✶✵✳ P♦rt❛♥t♦ α é ✉♠❛ v✲❣❛✉❣❡ ♥❛ á❧❣❡❜r❛ ❞❡

q✉❛tér♥✐♦s (a, b)F .

❈♦♠♣❛r❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✻ ❝♦♠ ♦ ❊①❡♠♣❧♦ ✷✳✹✺ ♣♦❞❡♠♦s ✈❡r q✉❡ ❣❛✉❣❡s

❡♠ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ sã♦ ♦❜❥❡t♦s ♠✉✐t♦ ♠❛✐s ❛❜✉♥❞❛♥t❡s ❞♦ q✉❡ ✈❛❧♦r✐③❛çõ❡s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✻ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ v ❡♠ Q ♥ã♦ s❡

❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♥❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q. P♦r ♦✉tr♦ ❧❛❞♦✱

❛♣❧✐❝❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✺✱ ♦❜t❡♠♦s q✉❡

α(a0 + a1i+ a2j + a3k) = min(v(a0), v(a1), v(a2), v(a3)).

é ✉♠❛ v✲❣❛✉❣❡ ♥❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q✳

❊①❡♠♣❧♦ ✷✳✹✻✳ ●❛✉❣❡s t❛♠❜é♠ ♣♦❞❡♠ s❡r ❝♦♥str✉í❞❛s ❡♠ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s

❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ❛♥é✐s ❞❡ ❞✐✈✐sã♦✳ ❙❡❥❛ D ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ✉♠❛

✈❛❧♦r✐③❛çã♦ s❡♠ ❞❡❢❡✐t♦ w✱ ❝♦♥❢♦r♠❡ ✈❡r❡♠♦s ♥❛ ❙❡çã♦ ✸✳✺✳ ❙✉♣♦♥❤❛♠♦s q✉❡ M

é ✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ à ❡sq✉❡r❞❛ ❝♦♠ dimD M = k✳ ❙❡❥❛ α ✉♠❛ w✲♥♦r♠❛ ❡♠

M ❝♦♠ ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ (mi)
k
i=1 ✭q✉❡ s❡♠♣r❡ ❡①✐st❡ ♣♦r ✭✷✳✷✺✮✮✳ ❙❡❥❛

A = EndDM ∼= Mk(D). ❆ ❢✉♥çã♦ ❊♥❞(α) : A → Γ ∪ {∞} ❞❡✜♥✐❞❛ ♣♦r

✭✷✳✹✼✮ ❊♥❞(α)(f) = min
1≤i≤k

(α(f(mi))− α(mi))



✷✳✼✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ✷✾

é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✳ ❆ ✈❡r✐✜❝❛çã♦ ♥ã♦ é tr✐✈✐❛❧ ❡ ✉♠❛ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬❚❲✶✱ Pr♦♣✳ ✶✳✶✾❪✳

❊①❡♠♣❧♦ ✷✳✹✽✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛ K ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡

F ✳ ❙❡❥❛♠ v1, . . . , vk t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ v ❡♠ K✳ ❆ ❢✉♥çã♦ y : K → Γ ∪ {∞}
❞❡✜♥✐❞❛ ♣♦r

✭✷✳✹✾✮ y(x) = min
1≤i≤k

(vi(x))

é ✉♠❛ v✲❣❛✉❣❡ s❡ ❡ s♦♠❡♥t❡ s❡ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧✱ ✐st♦

é✱

✭✷✳✺✵✮ [K : F ] =

k∑

i=1

[K
vi : F

v
]|Γvi : Γv|,

♦♥❞❡ F
v
✭r❡s♣✳ K

vi✮ é ♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s ❞❡ v ✭r❡s♣✳ vi✮ ❡ Γv ✭r❡s♣✳ Γvi✮ é ♦

❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞❡ v ✭r❡s♣✳ vi✮✳ ❆❧é♠ ❞✐ss♦✱ y é ❛ ú♥✐❝❛ ♣♦ssí✈❡❧ v✲❣❛✉❣❡ ❡♠ K✳

▼❛✐s ❛✐♥❞❛✱ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

✭✷✳✺✶✮ gry(K) ∼=g grv1(K)× · · · × grvk(K).

❆ ✈❡r✐✜❝❛çã♦ ❞❡ q✉❡ y é ✉♠❛ v✲❣❛✉❣❡ t❛♠❜é♠ ♥ã♦ é tr✐✈✐❛❧✳ ❯♠ ♣r♦✈❛ é ❞❛❞❛ ❡♠

❬❚❲✶✱ Pr♦♣✳ ✶✳✽ ❡ ❈♦r✳ ✶✳✾❪✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ ✐s♦♠♦r✜s♠♦ ✭✷✳✺✶✮ ✉s❛ ❛ ❢♦r♠❛

♠❛✐s ❣❡r❛❧ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ♦❜t✐❞♦ ♣♦r ❘✐❜❡♥❜♦✐♠ ❡♠ ❬❘✱ ❚❤é♦rè♠❡

✺❪✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ v é ❤❡♥s❡❧✐❛♥❛ ❡ car(F
v
) ∤ [K : F ]✱ t❡♠♦s q✉❡ ❛

❡①t❡♥sã♦ ú♥✐❝❛ ❞❡ v ❡♠ K é ✉♠❛ v✲❣❛✉❣❡✳

✷✳✼✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐

▼♦r❛♥❞✐ ❞❡✜♥✐✉ ❡♠ ❬▼✷❪ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❛♦s ❛♥é✐s ❞❡ ✈❛❧♦✲

r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ q✉❡ sã♦ ✐♥t❡❣r❛✐s s♦❜r❡ ♦ ❝❡♥tr♦✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❢✉♥çã♦

✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✳

❙❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s ❡ Γ ✉♠ ❣r✉♣♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳ ❯♠❛

❛♣❧✐❝❛çã♦ w : A → Γ ∪ {∞} é ❞✐t❛ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ s❡ s❛t✐s❢❛③

❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ t♦❞♦ a, b ∈ A :

✭✐✮ w(−1) = 0 ❡ w(a) = ∞ s❡ ❡ s♦♠❡♥t❡ s❡ a = 0✳

✭✐✐✮ w(a+ b) ≥ ♠✐♥{w(a), w(b)},

✭✐✐✐✮ w(ab) ≥ w(a) + w(b),

✭✐✈✮ Γw = w(st(w)), ♦♥❞❡ st(w) = {a ∈ A
× | w(a−1) = −w(a)}.



✸✵ ✷✳ ❋✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

❊①❡♠♣❧♦ ✷✳✺✷✳ ❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ w✳ P❡❧❛ ❞❡✜♥✐çã♦

❞❡ ✈❛❧♦r✐③❛çã♦✱ t❡♠♦s q✉❡ w s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✮✲✭✐✐✐✮ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ w(ab) = w(a)+w(b) ♣❛r❛ t♦❞♦ a, b ∈ D✱ t❡♠♦s q✉❡ st(w) = D
×

✳

P♦rt❛♥t♦ w t❛♠❜é♠ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭✐✈✮ ❡ ❡♥tã♦ w é ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

❞❡ ▼♦r❛♥❞✐✳

❊①❡♠♣❧♦ ✷✳✺✸✳ ❱✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✻ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ 5✲á❞✐❝❛ v ❡♠ Q ♥ã♦ s❡

❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♥❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q. ❯♠❛ ✈❡r✐✜❝❛çã♦

❞✐r❡t❛ ♣❡r♠✐t❡ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ α : (−1,−1)Q → Γ ∪ {∞}, ❞❡✜♥✐❞❛ ♣♦r

α(a0 + a1i+ a2j + a3k) = min(v(a0), v(a1), v(a2), v(a3)),

s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✮✲✭✐✐✐✮ ✭❝❢✳ ❊①❡♠♣❧♦ ✷✳✹✺✮✳ ❈♦♠♦ Q
× ⊆ st(α) ❡ Γα = Z✱

t❡♠♦s q✉❡ α(st(α)) = Γα✳ P♦rt❛♥t♦✱ α é ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ♥❛

á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (−1,−1)Q ❡ α ♥ã♦ é ✉♠❛ ✈❛❧♦r✐③❛çã♦✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛ ❛

❝❛❞❛ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ✐♥t❡❣r❛❧ s♦❜r❡ s❡✉ ❝❡♥tr♦✳ P❛r❛ ✉♠❛ ♣r♦✈❛

✈❡r ❬▼▼❯✱ ❚❤♠✳ ✷✸✳✷ ❡ ❚❤♠✳ ✷✸✳✸❪✳

❚❡♦r❡♠❛ ✷✳✺✹ ✭▼♦r❛♥❞✐✮✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛

s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡ s❡❥❛ R ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✳ ❊♥tã♦

❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ w ❡♠ A ❝♦♠ R = {a ∈ A | w(a) ≥ 0}
❡ J(R) = {a ∈ A | w(a) > 0} s❡ ❡ s♦♠❡♥t❡ s❡ R é ✐♥t❡❣r❛❧ s♦❜r❡ s❡✉ ❝❡♥tr♦✳ ◆❡st❡

❝❛s♦✱ w é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r R ❡ w|F ✱ q✉❡ é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ F ✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ r❡❧❛❝✐♦♥❛ ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❝♦♠ ❣❛✉❣❡s✳

❯♠❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❚❲✶✱ Pr♦♣✳ ✷✳✺❪✳

Pr♦♣♦s✐çã♦ ✷✳✺✺✳ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ ✉♠ ❝♦r♣♦ F ❝♦♠ ✉♠❛

✈❛❧♦r✐③❛çã♦ v ❡ s❡❥❛ α ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠ A✳ ❊♥tã♦ α é

✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❡♠ A ❝♦♠ δ(Rα/V ) = 1 ✭✈❡r Pr♦♣✳ ✸✳✹✼✮ s❡

❡ s♦♠❡♥t❡ s❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A ❝♦♠ A0 s✐♠♣❧❡s✳



❈❛♣ít✉❧♦ ✸

Pr♦♣r✐❡❞❛❞❡s

❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

✸✳✶✳ ❖ ❛♥❡❧ ❞❛ ❣❛✉❣❡

❆ss✐♠ ❝♦♠♦ ❡♠ ✈❛❧♦r✐③❛çõ❡s ❡♠ ❝♦r♣♦s ♦✉ ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠ ❛♥❡❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❣❛✉❣❡✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❛♥❡❧ ❞❛ ❣❛✉❣❡✳ ◆❡st❛

s❡çã♦ ❡st✉❞❛r❡♠♦s ♣r♦♣r✐❡❞❛❞❡s ❛r✐t♠ét✐❝❛s ❞❡ss❡s ❛♥é✐s✳ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡st❛ s❡çã♦ é ♦ ❚❡♦r❡♠❛ ✸✳✻✱ ♦ q✉❛❧ ❡st❛❜❡❧❡❝❡ q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛ ❣❛✉❣❡ é ✉♠❛

♦r❞❡♠ s❡♠✐✲❧♦❝❛❧✳

❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦✳ ❱❛♠♦s ❞❡♥♦t❛r s❡♠♣r❡ ♣♦r V ♦ ❛♥❡❧ ❞❡

✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞♦ ❛ ✈❛❧♦r✐③❛çã♦ v✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❙❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✱ ❡♥tã♦ ❞❡✜♥✐♠♦s

✭✸✳✶✮ Rα = {x ∈ A | α(x) ≥ 0} ❡ Jα = {x ∈ A | α(x) > 0}.

Pr♦♣♦s✐çã♦ ✸✳✷✳ Rα é ✉♠ s✉❜❛♥❡❧ ❞❡ A ❡ Jα é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ Rα✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ✭✷✳✸✼✮ ❡ ✭✷✳✸✽✮✱ Rα é ❢❡❝❤❛❞♦ ♣❛r❛ ❛❞✐çã♦ ❡

♠✉❧t✐♣❧✐❝❛çã♦✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ✭✷✳✸✻✮ ✐♠♣❧✐❝❛ q✉❡ α(−x) = α(x) ♣❛r❛ t♦❞♦ x ∈ A✱

❧♦❣♦ Rα t❛♠❜é♠ é ❢❡❝❤❛❞♦ ♣❛r❛ s✉❜tr❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ 1 ∈ Rα ♣♦✐s α(1) = 0✳

P♦rt❛♥t♦✱ Rα é ✉♠ s✉❜❛♥❡❧ ❞❡ A✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣❡❧❛s ❝♦♥❞✐çõ❡s ✭✷✳✸✼✮ ❡ ✭✷✳✸✽✮✱

Jα é ❢❡❝❤❛❞♦ ♣❛r❛ s♦♠❛ ❡ ♣❛r❛ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ Rα à ❞✐r❡✐t❛ ❡ à

❡sq✉❡r❞❛✳ ❆❧é♠ ❞✐ss♦✱ 0 ∈ Jα ♣♦rq✉❡ α(0) = ∞✳ P♦rt❛♥t♦✱ Jα é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧

❞❡ Rα✳ �

✸✶



✸✷ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❖ s✉❜❛♥❡❧ Rα ⊆ A é ❞✐t♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ α✳ ❱❡r❡♠♦s q✉❡ ♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧

Jα ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ Rα✳ ▲❡♠❜r❡ q✉❡ ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥

J(S) ❞❡ ✉♠ ❛♥❡❧ S é ❞❡✜♥✐♥❞♦ ❝♦♠♦ ❛ ✐♥t❡rs❡çã♦ ❞♦s ✐❞❡❛✐s ♠❛①✐♠❛✐s à ❞✐r❡✐t❛

✭♦✉ à ❡sq✉❡r❞❛✮ ❞❡ S✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❢♦r♥❡❝❡ ✉♠❛ út✐❧ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦

r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡♠ t❡r♠♦s ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ S✱ q✉❡ s❡rá ✉t✐❧✐③❛❞♦

♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✹✳

▲❡♠❛ ✸✳✸✳ ❙❡❥❛ S ✉♠ ❛♥❡❧ ❡ s❡❥❛ x ∈ S✳ ❊♥tã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ x ∈ J(S)

✭✐✐✮ 1 + yxz ∈ S
×

✭♦ ❣r✉♣♦ ❞❛s ✉♥✐❞❛❞❡s ❞❡ S✮ ♣❛r❛ t♦❞♦ y, z ∈ S✳

❱❡r ❬▲✱ ▲❡♠♠❛ ✹✳✸❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✸✳

▲❡♠❛ ✸✳✹✳ P❛r❛ Rα ❡ Jα ❝♦♠♦ ❡♠ ✭✸✳✶✮✱ t❡♠✲s❡ Jα = J(Rα).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x ∈ Jα ❡ y, z ∈ Rα✳ ❈♦♠♦ Jα é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✱ t❡♠♦s

q✉❡ yxz ∈ Jα✳ ❆ss✐♠✱ ❛ ✐♠❛❣❡♠ ❞❡ 1+ yxz ♥❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A) s❡rá ❞❛❞❛

♣♦r

(1 + yxz)′ = (1 + yxz) + Jα = 1 + Jα = 1′ ∈ grα(A)
×

.

❊♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✷✾✱ t❡♠♦s 1+yxz ∈ A
×

❡ α((1+yxz)−1) = −α(1+yxz). ❈♦♠♦

0 = α(1) ≤ α(yxz)✱ s❡❣✉❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✭✷✳✸✼✮ q✉❡

α(1 + yxz) = min(α(1) + α(yxz)) = α(1) = 0.

▲♦❣♦ 1 + yxz ∈ Rα
×

✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✱ Jα ⊆ J(Rα)✳ P❛r❛ ❛ ♦✉tr❛ ✐♥✲

❝❧✉sã♦✱ ♥♦t❡ q✉❡ J(Rα/Jα) = J(Rα)/Jα✳ ❈♦♠♦ Rα/Jα é ❛ ♣❛rt❡ ❞❡ ❣r❛✉ ✵ ❞❛

á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A)✱ q✉❡ é s❡♠✐✲s✐♠♣❧❡s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✱ ❝♦♥❝❧✉í♠♦s q✉❡

J(Rα/Jα) = 0. P♦rt❛♥t♦ Jα = J(Rα)✳ �

Pr♦♣♦s✐çã♦ ✸✳✺✳ Rα ∩ F = V ❡ J(Rα) ∩ V = J(V )✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ t♦❞♦ x ∈ F t❡♠♦s ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✭✷✳✸✻✮ q✉❡ α(x) = v(x)✳

▲♦❣♦ x ∈ Rα s❡ ❡ s♦♠❡♥t❡ s❡ x ∈ V ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ Rα ∩ F = V ✳ ❉❛ ♠❡s♠❛

❢♦r♠❛✱ ♣❛r❛ x ∈ V t❡♠♦s x ∈ J(Rα) s❡ ❡ s♦♠❡♥t❡ s❡ x ∈ J(V )✳ P♦rt❛♥t♦

J(Rα) ∩ V = J(V )✳ �

❊♠ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ✉♠ ❛♥❡❧ é ❞✐t♦ s❡♠✐✲❧♦❝❛❧ q✉❛♥❞♦ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ✐❞❡❛✐s ♠❛①✐♠❛✐s✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ ❝♦♥❝❡✐t♦ ♥♦ ❝❛s♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦



✸✳✶✳ ❖ ❛♥❡❧ ❞❛ ❣❛✉❣❡ ✸✸

é ❞❛❞❛ ♣♦r ✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛✱ ❛ s❛❜❡r✱ ✉♠ ❛♥❡❧ S é s❡♠✐✲❧♦❝❛❧ s❡ S/J(S) é

❛rt✐♥✐❛♥♦ à ❡sq✉❡r❞❛ ✭à ❞✐r❡✐t❛✮✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ S/J(S) é s❡♠✐✲s✐♠♣❧❡s✳ ❊stá

❞❡♠♦♥str❛❞♦ ❡♠ ❬▲✱ Pr♦♣✳ ✷✵✳✷❪ q✉❡ s❡ ✉♠ ❛♥❡❧ R t❡♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦

❞❡ ✐❞❡❛✐s ♠❛①✐♠❛✐s à ❡sq✉❡r❞❛✱ ❡♥tã♦ R é s❡♠✐✲❧♦❝❛❧✳ ❆ r❡❝í♣r♦❝❛ ✈❛❧❡ q✉❛♥❞♦

R/J(R) é ❝♦♠✉t❛t✐✈♦✳ ❯♠ s✉❜❛♥❡❧ R ❞❡ ✉♠❛ F ✲á❧❣❡❜r❛ A é ❞✐t❛ ✉♠❛ ♦r❞❡♠ ❡♠

A s❡ FR = A ❡ F é ♦ ❛♥❡❧ q✉♦❝✐❡♥t❡ ❞❡ V ✱ ♦♥❞❡ V = R ∩ F ✳ ❆❧é♠ ❞✐ss♦✱ s❡ R é

✐♥t❡❣r❛❧ s♦❜r❡ V ✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ R é ✉♠❛ V ✲♦r❞❡♠ ❡♠ A✳

❚❡♦r❡♠❛ ✸✳✻✳ ❙❡❥❛ α ✉♠❛ v✲❣❛✉❣❡ ❡♠ A t❛❧ q✉❡ Γα ⊆ Γv ⊗ZQ✳ ❊♥tã♦ Rα é ✉♠❛

V ✲♦r❞❡♠ s❡♠✐✲❧♦❝❛❧ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ Rα/J(Rα) é ❛ ♣❛rt❡ ❞❡ ❣r❛✉ 0 ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A)✱

q✉❡ é s❡♠✐✲s✐♠♣❧❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ Rα/J(Rα) t❛♠❜é♠ é s❡♠✐✲s✐♠♣❧❡s ♣❡❧❛ Pr♦✲

♣♦s✐çã♦ ✷✳✶✸✳ ▲♦❣♦ Rα é ✉♠ ❛♥❡❧ s❡♠✐✲❧♦❝❛❧✳ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ Rα é ✉♠❛

♦r❞❡♠ ❡♠ A✳ ❆ ✐♥❝❧✉sã♦ FRα ⊆ A é ❝❧❛r❛✳ P❛r❛ ❛ ♦✉tr❛ ✐♥❝❧✉sã♦✱ s❡❥❛ x ∈ A\{0}✳
❈♦♠♦ Γα ⊆ Γv ⊗Z Q, ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n t❛❧ q✉❡ nα(x) ∈ Γv✳ ❙❡❥❛ c ∈ F

t❛❧ q✉❡ v(c) = n|α(x)|. ❈♦♠♦ α(cx) = v(c) + α(x) = n|α(x)|+ α(x) ≥ 0, ❝♦♥❝❧✉í✲

♠♦s q✉❡ x = c−1(cx) ∈ FRα✳ ❈♦♠♦ V = Rα ∩ F é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

F ✱ t❡♠♦s q✉❡ F é ♦ ❛♥❡❧ q✉♦❝✐❡♥t❡ ❞❡ V ✳ ❘❡st❛ ♠♦str❛r q✉❡ Rα é ✐♥t❡❣r❛❧ s♦❜r❡

V ✳ ❙❡❥❛ B = ❊♥❞F (A)✳ P❛r❛ ❝❛❞❛ a ∈ A ❝♦♥s✐❞❡r❡ ℓa ∈ B ❞❛❞❛ ♣♦r ℓa(x) = ax✳

❈♦♠♦ α é ✉♠❛ v✲♥♦r♠❛✱ t❡♠♦s ❞❡ ✭✷✳✷✹✮ q✉❡ ❡①✐st❡ ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦

{a1, . . . , an} ❞❡ A ♣❛r❛ α✳ ▲♦❣♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❣❛✉❣❡ yα ❡♠ B ❝♦♠♦ ❡♠

✭✷✳✹✼✮✱ ❞❛❞❛ ♣♦r

✭✸✳✼✮ yα(f) = min
1≤i≤n

(α(f(ai))− α(ai)),

♣❛r❛ t♦❞♦ f ∈ B✳ ◆♦t❡ q✉❡ s❡ a ∈ Rα✱ ❡♥tã♦

yα(ℓa) = min
1≤i≤n

(α(aai)− α(ai)) ≥ min
1≤i≤n

(α(a) + α(ai)− α(ai)) = α(a) ≥ 0.

▲♦❣♦ ℓa ∈ Ryα ✱ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ yα✳ P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✱ é s✉✜❝✐❡♥t❡

♠♦str❛r q✉❡ Ryα é ✐♥t❡❣r❛❧ s♦❜r❡ V ✳ ❙❡❥❛ f ∈ Ryα ✳ P♦❞❡♠♦s ❡s❝r❡✈❡r f ❝♦♠♦

✉♠❛ ♠❛tr✐③ (fij)
n
i,j=1 ❝♦♠ r❡❧❛çã♦ à ❜❛s❡ (aj)

n
j=1✱ ✐st♦ é✱ f(aj) =

∑n
i=1 aifij ♣❛r❛

j = 1, . . . , n. ❊♥tã♦✱ ❞❡ ✭✸✳✼✮ t❡♠♦s

yα(f) = min
1≤i,j≤n

(α(ai) + v(fij)− α(aj)).



✸✹ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❈♦♠♦ yα(f) ≥ 0✱ s❡❣✉❡ q✉❡ v(fij) ≥ α(aj)− α(ai)✱ ♣❛r❛ t♦❞♦ i, j ∈ {1, . . . , n}✳ ❖
♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ f é ❞❛❞♦ ♣♦r

p(X) =
∑

σ∈Sn

s✐❣♥(σ)
n∏

i=1

cσ(i)i,

♦♥❞❡ cij = −fij s❡ i 6= j ❡ cii = X − fii✳ P❛r❛ ❝❛❞❛ σ ∈ Sn ♣♦❞❡♠♦s ❡s❝r❡✈❡r

{1, . . . , n} ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ {r1, . . . , rk} ∪ {rk+1, . . . , rn} ❞❡ ❢♦r♠❛ q✉❡

σ(ri) 6= ri ♣❛r❛ 1 ≤ i ≤ k ❡ σ(ri) = ri ♣❛r❛ k + 1 ≤ i ≤ n✳ ❊♥tã♦ t❡♠♦s

n∏

i=1

cσ(i)i = (−1)k

(
k∏

i=1

fσ(ri),ri

)(
n∏

i=k+1

(X − fri,ri)

)
.

❈♦♠♦ v(fri,ri) ≥ α(ari)− α(ari) = 0✱ s❡❣✉❡ q✉❡ X − fri,ri ∈ V [X]✳ ❆❧é♠ ❞✐ss♦✱

v(

k∏

i=1

fσ(ri),ri) =

k∑

i=1

v(fσ(ri),ri) ≥
k∑

i=1

α(ari)− α(aσ(ri)) = 0,

♣♦✐s σ|{r1,...,rk} é ✉♠❛ ❜✐❥❡çã♦✳ ▲♦❣♦
∏k

i=1 fσ(ri),ri ∈ V ✳ P♦rt❛♥t♦✱ p(X) ∈ V [X]✳ �

❈♦r♦❧ár✐♦ ✸✳✽✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✻✱ ❝♦♠ F = Z(A)✱ t❡♠♦s V =

Z(Rα)✳

❉❡♠♦♥str❛çã♦✿ ❙❡ x ∈ V ⊆ F ❡♥tã♦ x ❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ A✳ ▲♦❣♦ x

❝♦♠✉t❛ ❝♦♠ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Rα✳ ❊♥tã♦ V ⊆ Z(Rα)✳ P❛r❛ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱

s❡❥❛ x ∈ Z(Rα)✳ ❈♦♠♦ Rα é ✉♠❛ V ✲♦r❞❡♠ ❡♠ A✱ t♦❞♦ ❡❧❡♠❡♥t♦ a ∈ A ♣♦❞❡ s❡r

❡s❝r✐t♦ ❞❛ ❢♦r♠❛ a =
∑r

i=1 ciyi✱ ❝♦♠ ci ∈ F ❡ yi ∈ Rα✳ ◆♦t❡ q✉❡ x ❝♦♠✉t❛ ❝♦♠

❝❛❞❛ ci ❡ yi✳ ▲♦❣♦ x ∈ Z(A) = F ✳ P♦rt❛♥t♦✱ x ∈ Rα ∩ F = V ✳ �

◆♦t❛ ✸✳✾✳ ◆♦t❡ q✉❡ ❛ r❡str✐çã♦ s♦❜r❡ ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s Γα ♥♦ ❚❡♦r❡♠❛ ✸✳✻ só ❢♦✐

✉t✐❧✐③❛❞❛ ♣❛r❛ ♠♦str❛r q✉❡ Rα é ✉♠❛ ♦r❞❡♠✳ ❱❡r❡♠♦s ♥♦ ❊①❡♠♣❧♦ ✸✳✶✵ q✉❡ ❡ss❛

❝♦♥❞✐çã♦ é ❞❡ ❢❛t♦ ♥❡❝❡ssár✐❛✳ ❊♥tr❡t❛♥t♦✱ ❞✐rí❛♠♦s q✉❡ ❡ss❛ ♥ã♦ ❝❤❡❣❛ ❛ s❡r ✉♠❛

❝♦♥❞✐çã♦ tã♦ r❡str✐t✐✈❛✳ ◆❛ ✈❡r❞❛❞❡ ❣❛✉❣❡s ♣♦❞❡r✐❛♠ t❡r s✐❞♦ ❞❡✜♥✐❞❛s ❛ss✉♠✐♥❞♦

s❡♠♣r❡ ✈❛❧♦r❡s ♥♦ ❢❡❝❤♦ ❞✐✈✐sí✈❡❧ Γv⊗Z Q✳ ❊ss❛ ❝♦♥❞✐çã♦ ❛♣❛r❡❝❡ ♥❛t✉r❛❧♠❡♥t❡ ♥♦s

❡①❡♠♣❧♦s ❢✉♥❞❛♠❡♥t❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s ♠♦str❛r ♥♦ ❚❡♦r❡♠❛ ✺✳✷✷ q✉❡ ❣❛✉❣❡s

s❡♠♣r❡ ❡①✐st❡♠ s♦❜ ❡ss❛ ❝♦♥❞✐çã♦✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ Ryα é ✐♥t❡❣r❛❧ V ❥á

t✐♥❤❛ s✐❞♦ ♦❜t✐❞❛ ♣♦r ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤ ❡♠ ❬❚❲✶✱ ▲❡♠♠❛ ✶✳✷❪✳ ❊♥tr❡t❛♥t♦✱ ❛

❞❡♠♦♥str❛çã♦ ❞❡ ❬❚❲✶✱ ▲❡♠♠❛ ✶✳✷❪ ❢❛③ ✉s♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ♣r♦❢✉♥❞♦ ❞❡ ❆♠✐ts✉r

❡ ❙♠❛❧❧ ❬❆❙✱ ❚❤♠✳ ✷✳✸❪✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❛❞❛ ❝✐♠❛ é ❜❛s✐❝❛♠❡♥t❡

❡❧❡♠❡♥t❛r✳
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❊①❡♠♣❧♦ ✸✳✶✵✳ ❱❛♠♦s ❛♣❧✐❝❛r ❛ ❝♦♥str✉çã♦ ❞❛ ❣❛✉❣❡ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✻ ♣❛r❛ ♦

❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ D = F ❡ dimF M = 2✳ ❙❡❥❛ {m1,m2} ✉♠❛ F ✲❜❛s❡ ❞❡

M ❡ ❞❡✜♥✐♠♦s ❛ v✲♥♦r♠❛ α ❡♠ M t❛❧ q✉❡ α(m1) = 0 ❡ α(m2) = δ ∈ Γ✳ ❈❛❞❛

f ∈ EndDM ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❛ ✉♠❛ ♠❛tr✐③
( a11 a12

a21 a22

)
t❛❧ q✉❡

f(m1) = a11m1 + a21m2 ❡ f(m2) = a12m1 + a22m2.

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❛ ❢ór♠✉❧❛ ✭✷✳✹✼✮ ♥♦s ❞á ✉♠❛ v✲❣❛✉❣❡ ❡♠ M2(F )

✭✸✳✶✶✮ yδ

( a11 a12

a21 a22

)
= min(v(a11), v(a21) + δ, v(a12)− δ, v(a22)).

❊♥tã♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ yδ é ❞❛❞♦ ♣♦r

Ryδ =

(
F≥0 F≥−δ

F≥δ F≥0

)
.

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ δ ≥ 0 ❡ q✉❡ δ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ Γv✳ ❊♥tã♦

δ é ♠❛✐♦r ❞♦ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❡♠ Γv✳ ▲♦❣♦ F≥δ = {0} ❡ F≥−δ = F ✳ ❆ss✐♠✱

Ryδ =

(
V F

0 V

)
.

▲♦❣♦

FRyδ =

(
F F

0 F

)
 M2(F ).

P♦rt❛♥t♦✱ Ryδ ♥ã♦ é ✉♠❛ ♦r❞❡♠ ❡♠ M2(F )✳

❊①❡♠♣❧♦ ✸✳✶✷✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ L ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ F

❝♦♠ v s❡♠ ❞❡❢❡✐t♦ ❡♠ L✳ ❊♥tã♦ ♣❡❧♦ ❊①❡♠♣❧♦ ✷✳✹✽ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ v✲❣❛✉❣❡ ❡♠

L ❞❡✜♥✐❞❛ ♣♦r

y(x) = min
1≤i≤k

(vi(x)),

♦♥❞❡ v1, . . . , vk sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ v ❡♠ L✳ P♦rt❛♥t♦ ❛ ❛♥❡❧ ❞❛ ❣❛✉❣❡ y é ❛

✐♥t❡rs❡çã♦ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ Ry =
⋂k

i=1 Vi✱ q✉❡ é ♦ ❢❡❝❤♦ ✐♥t❡❣r❛❧ ❞❡ V ❡♠

L✳

❊①❡♠♣❧♦ ✸✳✶✸✳ ❙❡ ✉♠❛ ❣❛✉❣❡ α é t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✱

q✉❡ ❛❝♦♥t❡❝❡ s❡ ❡ s♦♠❡♥t❡ s❡ Rα/J(Rα) é s✐♠♣❧❡s✱ ❡♥tã♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ é ✉♠ ❛♥❡❧

❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ✐♥t❡❣r❛❧ s♦❜r❡ ♦ ❝❡♥tr♦✳ ❊st❡ é ♦ ❝❛s♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✺

❡ ❞♦ ❊①❡♠♣❧♦ ✸✳✶✵ ❝♦♠ δ = 0✳



✸✻ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❊①❡♠♣❧♦ ✸✳✶✹✳ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❝♦♠ ❝❛r(K) 6= 2✳ ❙❡❥❛ x ✉♠ ❡❧❡♠❡♥t♦ tr❛♥s✲

❝❡♥❞❡♥t❡ s♦❜r❡ K ❡ s❡❥❛ F = K(x)((y)) ♦ ❝♦r♣♦ ❞❛s sér✐❡s ❞❡ ▲❛✉r❡♥t s♦❜r❡ K(x)✳

❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s D = (x+ 1, y)K s♦❜r❡ F ✳ ❙❡❥❛ w ❛ ✈❛❧♦r✐③❛çã♦

y✲á❞✐❝❛ ❡♠ F ✳ ❚❡♠♦s q✉❡ Γw = Z ❡ F
w
= K(x)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ w é ❤❡♥s❡❧✐❛♥❛✱

t❡♠♦s q✉❡ ❡st❛ s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ w′ ❡♠ D✳ ◆♦t❡ q✉❡

w′(i) =
1

2
w′(i2) =

1

2
w(x+ 1) = 0, w′(j) =

1

2
w′(j2) =

1

2
w(y) =

1

2
❡

w′(k) = w′(i) + w′(j) =
1

2
.

❊♥tã♦ Γw′ = 1
2Z✳ ◆♦t❡ t❛♠❜é♠ q✉❡ i ∈ D

w′

\ Fw
. ❈♦♠♦

[D
w′

: F
w
]|Γw′ : Γv| = [D : F ] = 4,

❞❡✈❡♠♦s t❡r D
w′

= F
w
(i) = K(x)(

√
x+ 1)✳ ❆❧é♠ ❞✐ss♦✱ {1′, i′, j′, k′} ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ❤♦♠♦❣ê♥❡❛ ♣❛r❛ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grw′(D)✳ ❊♥tã♦ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✷✻ q✉❡ {1, i, j, k} é ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ D ♣❛r❛ w′ ❧♦❣♦

w′(a+ bi+ cj + dk) = min
(
w(a), w(b), w(c) +

1

2
, w(d) +

1

2

)
.

❈♦♠ ✐ss♦ t❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❞❡ D ❛ss♦❝✐❛❞♦ ❛

w′

✭✸✳✶✺✮ Rw′ = W ⊕Wi⊕Wj ⊕Wk ❡ J(Rw′) = J(W )⊕ J(W )i⊕Wj ⊕Wk.

❆❣♦r❛ s❡❥❛ u ❛ ✈❛❧♦r✐③❛çã♦ x✲á❞✐❝❛ ❡♠ K(x)✳ ❚❡♠♦s q✉❡ Γu = Z ❡ K(x) = K✳ ❆

❝♦♠♣♦s✐çã♦ ❞❡ w ❝♦♠ u ❞á ✉♠❛ ✈❛❧♦r✐③❛çã♦ v ❡♠ F t❛❧ q✉❡ Γv = Z×Z ✭❝♦♠ ❛ ♦r❞❡♠

❧❡①✐❝♦❣rá✜❝❛ ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❛ ❡sq✉❡r❞❛✮ ❡ F
v
= K✳ ❆ ✈❛❧♦r✐③❛çã♦ u t❡♠ ❞✉❛s

❡①t❡♥sõ❡s ❞✐st✐♥t❛s u1 ❡ u2 ❡♠ K(x)(
√
x+ 1)✱ ♣♦✐s x = (

√
x+ 1 + 1)(

√
x+ 1− 1)

❡♠ K(x)(
√
x+ 1)✳ ❙❡❣✉❡ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ v t❡♠ ❞✉❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s ❡♠

F (
√
x+ 1)✳ P♦rt❛♥t♦✱ v ♥ã♦ s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ D✳ P♦❞❡♠♦s ✉s❛r

♦ ❊①❡♠♣❧♦ ✷✳✹✺ ♣❛r❛ ❝♦♥str✉✐r ✉♠❛ ❣❛✉❣❡ α ♥❛ á❧❣❡❜r❛ ❞❡ q✉❛tér♥✐♦s (x+ 1, y)F ✳

◆❡st❡ ❝❛s♦✱ t❡♠♦s

α(a+ bi+ cj + dk) = min(v(a), v(b), v(c) + (0,
1

2
), v(d) + (0,

1

2
)).

◆♦t❡ q✉❡ v(x) ≥ (0,−1
2) s❡ ❡ s♦♠❡♥t❡ s❡ w(x) ≥ 0✳ ❊♥tã♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ α é

❞❛❞♦ ♣♦r

Rα = V ⊕ V i⊕Wj ⊕Wk.

❱❛♠♦s ❛❣♦r❛ ♠♦str❛r q✉❡ Rα é ❛ ✐♥t❡rs❡çã♦ ❞❡ ❞♦✐s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✲

✈✐♥ ❞❡ (x+ 1, y)F ✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ♦❜t❡r ✉♠❛ ❞❡s❝r✐çã♦ ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

U1 ❡ U2✳ Pr✐♠❡✐r♦ ✈❛♠♦s ♠♦str❛r q✉❡ U1 ∩ U2 = U [
√
x+ 1]✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦
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q✉❡ U1 ∩ U2 é ♦ ❢❡❝❤♦ ✐♥t❡❣r❛❧ ❞❡ U ❡♠ K(x)(
√
x+ 1) ✭❝❢✳ ❬❊P✱ ❚❤♠✳ ✸✳✶✳✸ ❪✮✳

❈♦♠♦
√
x+ 1 é r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ P (X) = X2 − (x+ 1)✱ t❡♠♦s ❛ ✐♥❝❧✉sã♦

U [
√
x+ 1] ⊆ U1∩U2✳ P❛r❛ ❛ ♦✉tr❛ ✐♥❝❧✉sã♦✱ s❡❥❛ a+b

√
x+ 1 ∈ U1∩U2✳ ◆♦t❡ q✉❡ ♦

♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ a+b
√
x+ 1 é ❞❛❞♦ ♣♦r P (X) = X2−2aX+(a2−(x+1)b2)✳

▼❛s ❡♥tã♦ P (X) ❞❡✈❡ t❡r ❝♦❡✜❝✐❡♥t❡s ❡♠ U1 ∩ U2✱ ✭❝❢✳ ❬❊✷✱ ❚❡♦r❡♠❛ ✶✳✾❪✮ ❞♦♥❞❡

♦❜t❡♠♦s q✉❡ a, b ∈ U1∩U2✳ ❈♦♠♦ Ui∩K(x) = U ♣❛r❛ i = 1, 2✱ s❡❣✉❡ q✉❡ a, b ∈ U ✳

P♦rt❛♥t♦ a+ b
√
x+ 1 ∈ U [

√
x+ 1]✳ ❆❣♦r❛ ❝♦♠♦ x = (

√
x+ 1+1)(

√
x+ 1+1) ❡♠

K(x)(
√
x+ 1)✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ U1 ❡ U2 sã♦ ❛s ❧♦❝❛❧✐③❛çõ❡s

❞❡ U [
√
x+ 1] ♣❡❧♦s ✐❞❡❛✐s ♣r✐♠♦s (

√
x+ 1 + 1) ❡ (

√
x+ 1− 1)✳ ❆❣♦r❛ s❡❥❛

π : Rw′ → Rw′/J(Rw′) = K(x)
√
x+ 1

❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❙❡❥❛ Bi = π−1(Ui) ♣❛r❛ i = 1, 2✳ ❙❡❣✉❡ ❞❡ ✭✶✳✶✷✮ q✉❡

B1 ❡ B2 sã♦ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ D✳ ❈♦♠♦ U1 ❡ U2 sã♦ ❛♥é✐s ❞❡

✈❛❧♦r✐③❛çã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱ t❡♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✹ q✉❡ B1, B2 t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡

❞❛ ✐♥t❡rs❡çã♦✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ B1 ❡ B2 sã♦ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

t♦t❛✐s✳ P❛r❛ ✐ss♦✱ s❡❥❛ x ∈ D\Bi✳ ❈♦♠♦ Rw′ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ t♦t❛❧✱ x ∈ Rw′

♦✉ x−1 ∈ Rw′ ✳ ❙❡ x /∈ Rw′ ✱ ❡♥tã♦ x−1 ∈ J(Rw′)✱ ❧♦❣♦ x−1 ∈ Bi✳ ❙❡ x ∈ Rw′ ❡♥tã♦

π(x) /∈ Ui✳ ❈♦♠♦ Ui é ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦✱ ❞❡✈❡♠♦s t❡r π(x)−1 = π(x−1) ∈ Ui✳

▲♦❣♦ x−1 ∈ Bi✳ ❆❧é♠ ❞✐ss♦✱ B1, B2 ♥ã♦ ♣♦❞❡♠ s❡r ✐♥✈❛r✐❛♥t❡s ♣♦✐s Z(Bi) = V ❡

❥á ✈✐♠♦s q✉❡ V ♥ã♦ ♣♦❞❡ s❡ ❡①t❡♥❞❡r ♣❛r❛ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❡♠

D✳ ❆❣♦r❛ ❝♦♠♦

B1 ∩B2 = π−1(U1) ∩ π−1(U2) = π−1(U1 ∩ U2) = π−1(U ⊕ Ui),

❡ t❡♠♦s π−1(U) = V ✱ ❝♦♥❝❧✉í♠♦s q✉❡ Rα = B1 ∩B2✳

❖ ❚❡♦r❡♠❛ ✸✳✻✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ❊①❡♠♣❧♦s ✸✳✶✹ ❡ ✸✳✶✷✱ ✸✳✶✸ ♠♦t✐✈❛r❛♠ ❛

♥♦ss❛ ❝♦♥❥❡❝t✉r❛ ❞❡ q✉❡ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ ❡st❛r✐❛ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠❛ ✐♥t❡rs❡çã♦

❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳

❊♠ ✈❛❧♦r✐③❛çõ❡s ❞❡ ❝♦r♣♦s✱ ❛ ✈❛❧♦r✐③❛çã♦ é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦

❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❞♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s✳ ❊♥tã♦ é ♥❛t✉r❛❧ q✉❡st✐♦♥❛r s❡ ♦ ♠❡s♠♦

❛❝♦♥t❡❝❡ ❝♦♠ ❣❛✉❣❡s✳ ❚❡♠✲s❡ ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♣❛rt❡ ❞❡

❣r❛✉ ③❡r♦ ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❛ss♦❝✐❛❞❛ é s✐♠♣❧❡s✳ ❙❛❜❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✺✺ q✉❡ ✉♠❛ ❣❛✉❣❡ ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡

▼♦r❛♥❞✐✳ ❖ ❚❡♦r❡♠❛ ✷✳✺✹ ❣❛r❛♥t❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ é

✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❛♥❡❧ ❡ ♣❡❧❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦✳ ❖ ❊①❡♠♣❧♦ ✸✳✶✻ ❛

s❡❣✉✐r ♠♦str❛ q✉❡ ♦ ♠❡s♠♦ ♥ã♦ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ t❡♠ ♠❛✐s ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s✳



✸✽ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❊①❡♠♣❧♦ ✸✳✶✻✳ ❚❡♠♦s ❝♦♥str✉í❞♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✹ ✉♠❛ ❣❛✉❣❡ ♥❛ á❧❣❡❜r❛ ❞❡

q✉❛tér♥✐♦s ❞❡ ❞✐✈✐sã♦ D = (x+1, y)F ✳ ❯t✐❧✐③❛♥❞♦ ✉♠ ♦✉tr♦ ♠ét♦❞♦✱ ♦✉tr❛s ❣❛✉❣❡s

♣♦❞❡♠ s❡r ❝♦♥str✉í❞❛s ❡♠ D✳ ❙❡❥❛ L = F (t), ♦♥❞❡ t2 = x + 1✳ ❈♦♠♦ (L, v′) é

✉♠❛ ❡①t❡♥sã♦ ✐♠❡❞✐❛t❛ ❞❡ (F, v) ❡♥tã♦ gr(L) = gr(F )✳ ❚❛♠❜é♠ t❡♠♦s q✉❡ L é

✉♠ s✉❜❝♦r♣♦ ♠❛①✐♠❛❧ ❞❡ D✳ ❊♥tã♦ D ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ F ✲s✉❜á❧❣❡❜r❛ ❞❡

S = M2(L) ❛tr❛✈és ❞❛s ✐❞❡♥t✐✜❝❛çõ❡s

1 =
( 1 0

0 1

)
, i =

( t 0

0 −t

)
, j =

( 0 y

1 0

)
, k =

( 0 ty

−t 0

)
.

❈♦♠♦ ♥♦t❛♠♦s ♥♦ ❊①❡♠♣❧♦ ✸✳✶✹ ❛ ✈❛❧♦r✐③❛çã♦ v ❞❡ F t❡♠ ❞✉❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s

❡♠ L✳ ❙❡❥❛ v′ ❛ ❡①t❡♥sã♦ t❛❧ q✉❡ t = 1 ♥♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s✳ ❱❛♠♦s ✜①❛r ❛❧❣✉♠

✈❛❧♦r γ ∈ Q t❛❧ q✉❡ 0 ≤ γ ≤ 1
2 ❡ s❡❥❛ δ = (γ, 12)✳ P♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ v′✲❣❛✉❣❡

❡♠ S ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✵ ❞❡✜♥✐❞❛ ♣♦r

α′
( p q

r s

)
= min(v′(p), v′(q)− δ, v′(r) + δ, v′(s)).

❙❡❥❛ α = α′|D✱ q✉❡ é ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠ D✳ Pr❡❝✐s❛♠♦s

✈❡r✐✜❝❛r q✉❡ α é ✉♠ ❣❛✉❣❡✳ ◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ z = a+ bi+ cj = dk ∈ D✱ t❡♠♦s

z =
( a+ bt (c+ dt)y

c− dt a− bt

)
❡♠ S✳ ❈♦♠♦ v(y) = (0, 1)✱ t❡♠♦s

α(z) = min(v′(a+ bt), v′((c+ dt)y)− δ, v′(c− dt) + δ, v′(a− bt)).

❙❡❣✉❡ q✉❡ α(1) = α(i) = 0 ❡

α(j) = α(k) = min((−γ,
1

2
), (γ,

1

2
)) = (−γ,

1

2
).

❈♦♠♦ v′(1− t) = (1, 0)✱ t❡♠♦s

α(j − k) = min((−γ,
1

2
) + (1, 0), (γ,

1

2
)) = (γ,

1

2
).

❈♦♠♦ ♥♦t❛❞♦ ❡♠ ✭✸✳✸✺✮✱ grα(D) é ✉♠❛ gr(F )✲s✉❜á❧❣❡❜r❛ ❞❡ grα′(S)✳ ◆♦t❡ q✉❡

(1 + i)′ =
( 2 0

0 0

)
∈ D0, (1− i)′ =

( 0 0

0 2

)
∈ D0

j′ = k′ =
( 0 y′

0 0

)
∈ D(−γ, 1

2
), (j − k)′ =

( 0 0

2 0

)
∈ D(γ, 1

2
).

❈♦♠♦ 1 + i, 1 − i, j, j − k t❡♠ ✐♠❛❣❡♥s ❡♠ grα(D) q✉❡ sã♦ gr(F )✲❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡♥tã♦ {1+ i, 1− i, j, j− k} é ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ D ♣❛r❛

α✳ ▲♦❣♦ α é ✉♠❛ ♥♦r♠❛ ❡♠ D✳ ❆❧é♠ ❞✐ss♦✱

[grα(D) : gr(F )] = 4 = [grα′(S) : gr(K)] = [grα′(S) : gr(F )].



✸✳✷✳ ❈♦♠♣♦s✐çã♦ ✸✾

❆ss✐♠✱ grα(D) = grα′(S)]✱ q✉❡ é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳ P♦rt❛♥t♦✱ α é

✉♠❛ ❣❛✉❣❡ ❡♠ D✳ ❆❣♦r❛ ♥♦t❡ q✉❡

Rα = {a+ bi+ cj + dk | v′(a+ bt) ≥ 0, v′(a− bt) ≥ 0,

v′(c+ dt) ≥ (γ,−1

2
), v′(c+ dt) ≥ (−γ,−1

2
)}.

▼❛s v′(c + dt) ≥ (γ,−1
2) s❡ ❡ s♦♠❡♥t❡ s❡ w′(c + dt) ≥ 0✱ ♦♥❞❡ w′ é ❛ ✈❛❧♦r✐③❛çã♦

♠❡♥♦s ✜♥❛ q✉❡ v′ ❡st❡♥❞❡♥❞♦ w ❡♠ L✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ v′(c− dt) ≥ (−γ,−1
2) s❡

❡ s♦♠❡♥t❡ s❡ w′(c − dt) ≥ 0✳ ❆ss✐♠✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ γ ❛ ❣❛✉❣❡

α t❡♠ s❡♠♣r❡ ♦ ♠❡s♠♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱

Γα = Γα′ = Z× Z ∪ (δ + Z× Z) ∪ (−δ + Z× Z).

❉❡st❛ ❢♦r♠❛✱ ❞✐❢❡r❡♥t❡s ❡s❝♦❧❤❛s ❞❡ γ ♥♦s ❞á ❣❛✉❣❡s t❡♥❞♦ ❝♦♥❥✉♥t♦s ❞❡ ✈❛❧♦r❡s

❞✐st✐♥t♦s✳ P♦rt❛♥t♦✱ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ Rα ♥ã♦ ❞❡t❡r♠✐♥❛ ❛ ❣❛✉❣❡ α✳

✸✳✷✳ ❈♦♠♣♦s✐çã♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❡st✉❞❛r ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❡♠ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s ❡ ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❚✉❞♦ q✉❡ ❛♣❛r❡❝❡ ♥❡st❛ s❡çã♦✱ ❝♦♠

❡①❝❡çã♦ ❞❛s Pr♦♣♦s✐çõ❡s ✸✳✷✺ ❡ ✸✳✷✼✱ ❡stá ❡♠ ❬❚❲✷✱ § ✹❪✳

❙❡❥❛ v : F → Γ ∪ {∞} ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ ✉♠ ❝♦r♣♦ F ❡ s❡❥❛ ∆ ⊂ Γ ✉♠

s✉❜❣r✉♣♦ ❝♦♥✈❡①♦✱ ✐st♦ é✱ s❡ γ ∈ Γ✱ δ ∈ ∆ ❡ 0 ≤ γ ≤ δ✱ ❡♥tã♦ γ ∈ ∆✳ ❙❡❥❛ Λ = Γ/∆✱

❡ s❡❥❛ ε : Γ → Λ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❆ ♦r❞❡♠ ❞❡ Γ ✐♥❞✉③ ✉♠❛ ♦r❞❡♠ t♦t❛❧ ❡♠ Λ

t❛❧ q✉❡ ♣❛r❛ γ1, γ2 ∈ Γ✱ s❡ γ1 ≤ γ2✱ ❡♥tã♦ ε(γ1) ≤ ε(γ2)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

✭✸✳✶✼✮ s❡ ε(γ2) < ε(γ1) ❡♥tã♦ γ2 < γ1.

❈♦♠♦ Γ é ❛ss✉♠✐❞♦ s❡r ❞✐✈✐sí✈❡❧✱ s❡❣✉❡ q✉❡ ∆ ❡ Λ sã♦ t❛♠❜é♠ ❞✐✈✐sí✈❡✐s✳ ❆

❝♦♠♣♦s✐çã♦ ❞❡ v ❝♦♠ ε ❢♦r♥❡❝❡ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ ❡♠ F

w = ε ◦ v : F → Λ ∪ {∞}.

◆❡st❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s v ≤ w ✳ ❙❡❥❛ F
v
✭r❡s♣✳ F

w
✮ ♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s ❞❡ F ❝♦♠

r❡❧❛çã♦ ❛ ✈❛❧♦r✐③❛çã♦ v ✭r❡s♣✳ w✮✳ ❆ ✈❛❧♦r✐③❛çã♦ v ✐♥❞✉③ ✉♠❛ ✈❛❧♦r✐③❛çã♦ q✉♦❝✐❡♥t❡

u : F
w → ∆ ∪ {∞},

❞❛❞❛ ♣♦r u(x) = v(x) ❡ q✉❡ t❡♠ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s

F
wu

= F
v
.

❉❡t❛❧❤❡s ❞♦ q✉❡ ❢♦✐ ❞✐t♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬❊P✱ ♣♣✳ ✹✹✲✹✺❪✳



✹✵ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❆❣♦r❛ s❡❥❛ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ F ❡ s❡❥❛ α : M → Γ ∪ {∞} ✉♠❛

v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦✳ ❊♥tã♦ ❞❡✜♥✐♠♦s

✭✸✳✶✽✮ β = ε ◦ α : M → Λ ∪ {∞}.

❖ ❢❛t♦ ❞❡ α s❡r ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ✐♠♣❧✐❝❛ ♥❛t✉r❛❧♠❡♥t❡ q✉❡ β é ✉♠❛ w✲

❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦✳ ❆ ❝♦♠♣♦s✐çã♦ β = ε ◦ α é ❞✐t❛ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s

✜♥❛ q✉❡ α✳ ❊st❛ r❡❧❛çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r α ≤ β✳

❈❛❞❛ ❡❧❡♠❡♥t♦ λ ∈ Λ = Γ/∆ é ✉♠❛ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞❡ ∆✱ ❧♦❣♦ ♣♦❞❡ s❡r ✈✐st♦

❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Γ✳ ❉❡st❛ ❢♦r♠❛✱ ♣❛r❛ ❝❛❞❛ x ∈ M ✱ t❡r❡♠♦s

β(x) = λ ∈ Λ s❡ ❡ s♦♠❡♥t❡ s❡ α(x) ∈ λ ⊂ Γ.

P❛r❛ ❝❛❞❛ λ ∈ Λ✱ s❡❥❛

Mβ≥λ = {x ∈ M | β(x) ≥ λ}, Mβ>λ = {x ∈ M | β(x) > λ}, Mβ
λ = Mβ≥λ/Mβ>λ.

❖ ❣r✉♣♦ Mβ
λ é ✉♠ F

w
✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❆❣♦r❛ ♣❛r❛ ❝❛❞❛ λ ∈ Λ s❡❥❛

✭✸✳✶✾✮ αλ : M
β
λ → λ ∪ {∞} ♣♦r x+Mβ>λ 7→




α(x) s❡ β(x) = λ,

∞ s❡ β(x) > λ.

❆ ❛♣❧✐❝❛çã♦ αλ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s s❡ x✱ y ∈ Mβ≥λ sã♦ t❛✐s q✉❡ x ≡ y 6≡
0 mod Mβ>λ✱ ❡♥tã♦ x − y ∈ Mβ>λ. ▲♦❣♦ β(x − y) > λ = β(y)✳ ❈♦♠♦ β = ε ◦ α✱
✭✸✳✶✼✮ ✐♠♣❧✐❝❛ q✉❡ α(x − y) > α(y)✳ ❆ss✐♠✱ α(x) = min

(
α(x − y), α(y)

)
= α(y)✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ α é ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ αλ é ✉♠❛ u✲❢✉♥çã♦

✈❛❧♦r✐③❛çã♦ ❡♠ Mβ
λ ✳ P❛r❛ γ ∈ λ t❡♠♦s

(Mβ
λ )

αλ
γ = Mα

γ .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

✭✸✳✷✵✮ grα(M) =
⊕

λ∈Λ

grαλ
(Mβ

λ ) ♦♥❞❡ grαλ
(Mβ

λ ) =
⊕

γ∈λ

Mα
γ

❡♥q✉❛♥t♦

grβ(M) =
⊕

λ∈Λ

Mβ
λ .

Pr♦♣♦s✐çã♦ ✸✳✷✶ ✭❚❲✷✱ Pr♦♣✳ ✹✳✸✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ M é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦✲

❜r❡ F ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡ α é ✉♠❛ v✲♥♦r♠❛✱ ❡♥tã♦ β é ✉♠❛ w✲♥♦r♠❛ ❡ αλ é

✉♠❛ u✲♥♦r♠❛✳



✸✳✷✳ ❈♦♠♣♦s✐çã♦ ✹✶

❆ ❝♦♥str✉çã♦ ❞❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ♣❛r❛ á❧❣❡❜r❛s

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ s✉♣♦♥❤❛♠♦s q✉❡

α ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠ A✳ ❊♥tã♦ ❛ w✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

♠❡♥♦s ✜♥❛ β✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❡♠ ✭✸✳✶✽✮✱ é t❛♠❜é♠ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱ ♣♦✐s ♣❛r❛ t♦❞♦

x, y ∈ A✱

β(xy) = ε(α(xy)) ≥ ε(α(x) + α(y)) = ε(α(x)) + ε(α(y)) = β(x) + β(y).

Pr♦♣♦s✐çã♦ ✸✳✷✷ ✭❚❲✷✱ Pr♦♣✳ ✹✳✹✮✳ ❙❡ α é ✉♠❛ v✲❣❛✉❣❡✱ ❡♥tã♦ ❛ ❝♦♠♣♦s✐çã♦

β = ε ◦ α é ✉♠❛ w✲❣❛✉❣❡✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✷✱ s❡ α é ✉♠❛ ❣❛✉❣❡✱ ❡♥tã♦ β é ✉♠ ❣❛✉❣❡ ❡ ❡♥tã♦ Aβ
0 é ✉♠❛

á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s✳ P♦rt❛♥t♦✱ ❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α0 ❡stá ❞❡✜♥✐❞❛ ♥ã♦ ❛♣❡♥❛s

❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♠❛s ❡♠ ✉♠❛ á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s✳ ◆♦t❡ q✉❡ ♣♦r ✭✸✳✶✾✮✱ ❛

❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ α0 é ❞❡s❝r✐t❛ ♣♦r

✭✸✳✷✸✮ α0 : A
β
0 → ∆ ∪ {∞} ♣♦r x+Aβ>0 7→




α(x) s❡ β(x) = 0,

∞ s❡ β(x) > 0.

❆❧é♠ ❞✐ss♦✱

✭✸✳✷✹✮ grα0
(Aβ

0 ) =
⊕

γ∈∆

Aα
γ ,

q✉❡ é ✉♠ s✉❜❛♥❡❧ ❣r❛❞✉❛❞♦ ❞❡ grα(A). ❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ α0 é

❞❡ ❢❛t♦ ✉♠❛ ❣❛✉❣❡✳

Pr♦♣♦s✐çã♦ ✸✳✷✺✳ ❙❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A ❡♥tã♦ α0 é ✉♠❛ u✲❣❛✉❣❡ ❡♠ Aβ
0 ✳

❉❡♠♦♥str❛çã♦✿ ❆ Pr♦♣♦s✐çã♦ ✸✳✷✶ ❡st❛❜❡❧❡❝❡ q✉❡ α0 é ✉♠❛ u✲♥♦r♠❛✳ ❆❧é♠ ❞✐ss♦✱

❝♦♠♦ α ❡ β sã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛s✱ s❡❣✉❡ q✉❡ α0 é ♠✉❧t✐♣❧✐❝❛t✐✈❛✳ ❉❡ ❢❛t♦✱ s❡❥❛♠

x′, y′ ∈ Aβ
0 \ {0}✳ ❊♥tã♦ β(xy) ≥ β(x) + β(y) = 0✳ ❙❡ β(xy) > 0✱ ❡♥tã♦✱ ❝♦♠♦

❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✼✮✱ t❡♠♦s x′y′ = 0′✳ ▲♦❣♦

α0(x
′y′) = ∞ ≥ α0(x

′) + α0(y
′).

❈❛s♦ β(xy) = 0✱ t❡♠♦s q✉❡ x′y′ = (xy)′✳ ❊♥tã♦

α0(x
′y′) = α0((xy)

′) = α(xy) ≥ α(x) + α(y) = α0(x
′) + α0(y

′).

❉❡st❛ ❢♦r♠❛✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✱ r❡st❛ ♠♦str❛r q✉❡ grα0
(Aβ

0 ) é ✉♠❛

á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ ➱ s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ E = grα(A)

é ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧♦ ✈❡rsã♦ ❣r❛❞✉❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❲❡❞❞❡r✲

❜✉r♥ ✭❚❡♦r❡♠❛ ✷✳✶✷✮✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r E ❝♦♠ ❊♥❞D(J)✱ ♦♥❞❡ D é ✉♠ ❛♥❡❧



✹✷ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❡ J é ✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❙❡❥❛ {b1, . . . , bn} ✉♠❛ D✲❜❛s❡ ❞❡ J ❢♦r♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❡ s❡❥❛

γi = ❞❡❣(bi)✳ ❆❣♦r❛ ♣❛rt✐❝✐♦♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s γi ❡♠ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ ΓD+∆.

❉❡st❛ ❢♦r♠❛✱ ❡s❝r❡✈❡♠♦s {b1, . . . , bn} ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ S1∪· · ·∪Sk✱ ♦♥❞❡ bi

❡ bj ❡stã♦ ♥♦ ♠❡s♠♦ Sr s❡ ❡ s♦♠❡♥t❡ s❡ γi−γj ∈ ΓD+∆✳ ❙❡❥❛ Ji ♦D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧

❣❡r❛❞♦ ♣♦r Si✳ ❊♥tã♦ t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ J =
⊕k

i=1 Ji✳ ❙❡❥❛ E′ = grα0
(Aβ

0 )✳

P♦r ✭✸✳✷✹✮✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ f ∈ E′ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❡

❊♥❞D(J)✱ t❛❧ q✉❡ ❞❡❣(f) ∈ ∆✳ ❉❡st❛ ❢♦r♠❛✱ f ❛♣❧✐❝❛ ❝❛❞❛ Ji ♥❡❧❡ ♣ró♣r✐♦✳ ▲♦❣♦

♣♦❞❡♠♦s ❡s❝r❡✈❡r

✭✸✳✷✻✮ E′ =
k∏

i=1

Bi, ♦♥❞❡ Bi =
⊕

γ∈∆

❊♥❞D(Ji)γ .

❆ ❞❡♠♦♥str❛çã♦ ❡st❛rá ❝♦♠♣❧❡t❛ ❛♦ ♠♦str❛r♠♦s q✉❡ ❝❛❞❛ Bi é ✉♠❛ á❧❣❡❜r❛ ❣r❛✲

❞✉❛❞❛ s✐♠♣❧❡s✳ ❙❡❥❛

D′ =
⊕

γ∈∆

Dγ ,

q✉❡ é ✉♠ s✉❜❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❣r❛❞✉❛❞♦ ❞❡ D✳ P❡❧❛ ❢♦r♠❛ ❝♦♠♦ ♦ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧

Ji ❢♦✐ ❝♦♥str✉í❞♦✱ ♦ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❣r❛❞✉❛çã♦ ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛ ❝❧❛ss❡ ❧❛t❡r❛❧

λi + (ΓD +∆)✳ ❙❡❥❛

J ′
i =

⊕

γ∈λi+∆

Jγ ⊆ Ji,

q✉❡ é ✉♠ D′✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦✳ ◆♦t❡ q✉❡ t♦❞❛ D′✲❜❛s❡ ❞❡ J ′
i t❛♠❜é♠ s❡rá

✉♠❛ D✲❜❛s❡ ❞❡ Ji✳ ❊♥tã♦ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Ji ❝♦♠ J ′
i ⊗D′ D✳ ◆♦t❡ q✉❡ t♦❞❛

❛♣❧✐❝❛çã♦ ❞❡ Bi ❛♣❧✐❝❛ J ′
i ♥❡❧❡ ♣ró♣r✐♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s

❣r❛❞✉❛❞♦s Bi → ❊♥❞D′(J ′
i)✱ ❞❡✜♥✐❞♦ ♣♦r g 7→ g|J ′

i
✳ ❊st❛ ❛♣❧✐❝❛çã♦ t❡♠ ✉♠❛ ✐♥✲

✈❡rs❛ ❞❛❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ q✉❡ ❡♥✈✐❛ h ∈ ❊♥❞D′(J ′
i) ♣❛r❛ h⊗ ✐❞ ∈ ❊♥❞D(J ′

i ⊗D′ D)✳

❊♥tã♦ Bi
∼=g ❊♥❞D′(J ′

i)✱ q✉❡ é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳ �

▲❡♠❜r❡ q✉❡ s❡ w é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ v✱ ❡♥tã♦ t❡♠♦s ❛ ✐♥❝❧✉sã♦

V ⊆ W ❡♥tr❡ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞♦s✳ ▼❛✐s ❛✐♥❞❛✱ W é ❛ ❧♦❝❛❧✐③❛çã♦

❞❡ V ❝♦♠ r❡❧❛çã♦ ❛♦ ✐❞❡❛❧ ♣r✐♠♦ P = J(W ) ❞❡ V ✳ ❆ Pr♦♣♦s✐çã♦ ✸✳✷✼ ♠♦str❛ q✉❡

❛♥é✐s ❞❡ ❣❛✉❣❡s t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✼✳ ❙❡❥❛ α ✉♠❛ v✲❣❛✉❣❡ ❡♠ ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s A✳ ❙✉✲

♣♦♥❤❛♠♦s q✉❡ Γα ⊆ Γv⊗ZQ. ❙❡❥❛ β ✉♠❛ ❣❛✉❣❡ ♠❡♥♦s ✜♥❛ q✉❡ α t❛❧ q✉❡ β|F = w✳

❊♥tã♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ Rβ é ❛ ❧♦❝❛❧✐③❛çã♦ ❝❡♥tr❛❧ ❞❡ Rα ♣♦r P = J(W )✱ ✐st♦ é✱

Rβ = RαVP .



✸✳✸✳ ❊①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s ✹✸

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ A✱ s❡ α(x) ≥ 0✱ ❡♥tã♦ β(x) = ε◦α(x) ≥ 0.

▲♦❣♦ Rα ⊆ Rβ . ❈♦♠♦ W = VP ⊂ Rβ ✱ s❡❣✉❡ q✉❡ RαVP ⊂ Rβ ✳ P❛r❛ ❛ ✐♥❝❧✉sã♦

❝♦♥trár✐❛✱ s❡❥❛ b ∈ Rβ ✳ ❙❡ β(x) > 0✱ ❡♥tã♦ α(x) > 0✱ ❧♦❣♦ x ∈ Rα✳ ❙✉♣♦♥❤❛✲

♠♦s ❡♥tã♦ q✉❡ β(x) = 0✳ ❆ss✐♠✱ α(x) ∈ ∆✳ ❈♦♠♦ Γα ⊆ Γv ⊗Z Q, ❡①✐st❡ ✉♠

✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n t❛❧ q✉❡ nα(x) ∈ Γv✳ ▲♦❣♦ nα(x) ∈ Γv ∩∆✳ ❙❡❥❛ c ∈ F t❛❧ q✉❡

v(c) = n|α(x)|. ❈♦♠♦ −n|α(x)| ≤ α(x) ≤ n|α(x)|✱ t❡♠♦s α(cx) = v(c)+α(x) ≥ 0.

❈♦♠♦ w(c) = ε(v(c)) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ x = (xc)c−1 ∈ RαVP . �

✸✳✸✳ ❊①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s

❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α ❡ s❡❥❛ L ✉♠❛

❡①t❡♥sã♦ ❞❡ F ✳ ◆❡st❛ s❡çã♦ ❞✐s❝✉t✐r❡♠♦s q✉❛♥❞♦ α ♣♦❞❡ s❡ ❡st❡♥❞❡r ♣❛r❛ ✉♠❛

❣❛✉❣❡ ♥❛ á❧❣❡❜r❛ A ⊗F L✳ ❈♦♠❡ç❛r❡♠♦s ❛♣r❡s❡♥t❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❣❡r❛❧ s♦❜r❡

❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ♥♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳

❙❡❥❛♠ P ❡ Q ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❣r❛❞✉❛❞♦s s♦❜r❡ ✉♠ ❝♦r♣♦ ❣r❛❞✉❛❞♦ K✳ ❊♥tã♦

P ⊗K Q t❡♠ ✉♠❛ ❣r❛❞✉❛çã♦ ❞❛❞❛ ♣♦r (P ⊗K Q)γ =
∑

δ∈Γ Pδ ⊗K0 Qγ−δ✳

Pr♦♣♦s✐çã♦ ✸✳✷✽ ✭❚❲✶✱ Pr♦♣✳ ✶✳✷✸✮✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛♠ M

❡ N ❞♦✐s F ✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s t❛✐s q✉❡ M t❡♠ ✉♠❛ v✲♥♦r♠❛ α ❡ N t❡♠ ✉♠❛ v✲

❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ β✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ρ ❡♠ M ⊗F N

t❛❧ q✉❡ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ gr(F )✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s

✭✸✳✷✾✮ grρ(M ⊗F N) ∼=g grα(M)⊗gr(F ) grβ(N)

s❛t✐s❢❛③❡♥❞♦ (m ⊗ n)′ 7→ m′ ⊗ n′ ♣❛r❛ t♦❞♦ m ∈ M ❡ n ∈ N ✳ ❊♥tã♦ ρ(m ⊗ n) =

α(m) + β(n). ❙❡ β é ✉♠❛ v✲♥♦r♠❛✱ ❡♥tã♦ ρ t❛♠❜é♠ é ✉♠❛ v✲♥♦r♠❛✳

❆ ú♥✐❝❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ρ ❡♠ M ⊗F N s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦✲

s✐çã♦ ✸✳✷✽ s❡rá ❞❡♥♦t❛❞❛ ♣♦r α⊗ β✳

Pr♦♣♦s✐çã♦ ✸✳✸✵ ✭❚❲✶✱ ❈♦r ✶✳✷✻✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (F, v) é ✉♠ ❝♦r♣♦ ✈❛❧♦r✐✲

③❛❞♦ ❡ A é ✉♠❛ F ✲á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙❡❥❛ (L,w) ✉♠❛

❡①t❡♥sã♦ ❞❡ (F, v). ❊♥tã♦ α ⊗ w✱ é ✉♠❛ w✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡♠

A⊗F L ❡ ♦ ✐s♦♠♦r✜s♠♦

✭✸✳✸✶✮ gr(A)⊗gr(F ) gr(L) ∼=g gr(A⊗F L)

é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ gr(L)✲á❧❣❡❜r❛s✳ ❆❧é♠ ❞✐ss♦✱ s❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✱ ❡♥tã♦

α ⊗ w é ✉♠❛ w✲❣❛✉❣❡ s❡ ❡ s♦♠❡♥t❡ s❡ gr(A) ⊗gr(F ) gr(L) é s❡♠✐✲s✐♠♣❧❡s✱ s❡ ❡

s♦♠❡♥t❡ s❡ Z(gr(A))⊗gr(F ) gr(L) é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ❝♦r♣♦s ❣r❛❞✉❛❞♦s✳



✹✹ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✵ ❡ ❡ ❞❛

Pr♦♣♦s✐çã♦ ✷✳✷✷✳

Pr♦♣♦s✐çã♦ ✸✳✸✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (F, v) é ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A é ✉♠❛ F ✲

á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (L,w) é ✉♠❛

❡①t❡♥sã♦ ❞❡ (F, v) t❛❧ q✉❡ L
w
é ✉♠❛ ❡①t❡♥sã♦ s❡♣❛rá✈❡❧ ❞❡ F

v
❡ ❝❛r(F

v
) ∤ |Γw : Γv|✳

❊♥tã♦ α⊗ w é ✉♠❛ w✲❣❛✉❣❡ ❡♠ A⊗F L✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❡st❛❜❡❧❡❝❡ q✉❡ q✉❛♥❞♦ t❡♠♦s ✉♠❛ ❡①t❡♥sã♦ (L,w)/(F, v)

♥ã♦✲r❛♠✐✜❝❛❞❛✱ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ α⊗w ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡

α ❡ ❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞♦ ❛ w✳

Pr♦♣♦s✐çã♦ ✸✳✸✸✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (F, v) é ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A é ✉♠❛ F ✲

á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (L,w) é ✉♠❛

❡①t❡♥sã♦ ♥ã♦✲r❛♠✐✜❝❛❞❛ ❞❡ (F, v)✱ ✐st♦ é✱ Γw = Γv ❡ L
w

é ✉♠❛ ❡①t❡♥sã♦ s❡♣❛rá✈❡❧

❞❡ F
v
✳ ❊♥tã♦ α⊗w é ✉♠❛ w✲❣❛✉❣❡ ❡♠ A⊗F L ❡ Rα⊗w = Rα ⊗V W. ❖ r❡s✉❧t❛❞♦

✈❛❧❡ ❡♠ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦ (L,w) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ✈❛♠♦s ❡s❝r❡✈❡r α′ = α ⊗ w ❡ A′ =

A ⊗F L✳ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✷ q✉❡ α′ é ✉♠❛ w✲❣❛✉❣❡ ❡♠ A′✳

❊♥tã♦ t❡♠♦s ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ✭✷✳✸✼✮ ❡ ✭✷✳✸✻✮ q✉❡ ♣❛r❛ t♦❞♦
∑r

i=1 xi⊗ci ∈ A⊗FL✱

α′(

r∑

i=1

xi ⊗ ci) ≥ min
1≤i≤r

α′(xi ⊗ ci) = min
1≤i≤r

(α(xi) + w(ci)).

❆ss✐♠✱ Rα⊗V W ⊆ Rα′ ✳ P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ s❡❥❛ {m1, . . . ,mk} ✉♠❛

❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A ♣❛r❛ α✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✻✱ m′
1, . . . ,m

′
k sã♦

gr(F )✲❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ gr(A)✳ ❆ss✐♠✱ m′
1⊗1′, . . . ,m′

k⊗1′ sã♦ gr(L)✲

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ gr(A)⊗gr(F )gr(L)✳ ❙❡❣✉❡ ❞♦ ✐s♦♠♦r✜s♠♦ ✭✸✳✸✶✮ q✉❡

(m1 ⊗ 1)′, . . . , (mk ⊗ 1)′ sã♦ gr(L)✲ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ gr(A′)✳ ❈♦♠♦

α′ é ✉♠❛ w✲♥♦r♠❛✱ t❡♠♦s

[gr(A′) : gr(L)] = [A′ : L] = [A : F ] = k.

▲♦❣♦ {(m1⊗1)′, . . . , (mk⊗1)′} é gr(L)✲❜❛s❡ ❞❡ gr(A′)✳ ❆ss✐♠✱ {m1⊗1, . . . ,mk⊗1}
é ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A′ ♣❛r❛ α′✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✻✳ ▲♦❣♦ t♦❞♦ ❡❧❡✲

♠❡♥t♦ x ∈ Rα′ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛ x =
∑k

i=1mi ⊗ ci✱ ❝♦♠ c1, . . . , ck ∈ L✳

❈♦♠♦ α′(x) ≥ 0✱ s❡❣✉❡ q✉❡ w(ci) ≥ −α′(mi⊗1) = −α(mi)✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , k✳

❆❣♦r❛ ♣❛r❛ ❝❛❞❛ ci 6= 0✱ ❝♦♠♦ Γw = Γv✱ ❡①✐st❡ di ∈ F t❛❧ q✉❡ v(di) = w(ci). ❊♥✲

tã♦ α(dimi) = α(mi) + v(di) = α(mi) + w(ci) ≥ 0 ❡ w(cid
−1
i ) = 0✳ ❆ss✐♠✱

mi⊗ci = dimi⊗cid
−1
i ∈ Rα⊗V W ✳ ▲♦❣♦ x ∈ Rα⊗V W ✳ P♦rt❛♥t♦ Rα′ ⊆ Rα⊗V W,



✸✳✹✳ ❘❡str✐çã♦ ✹✺

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �

✸✳✹✳ ❘❡str✐çã♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞✐s❝✉t✐r q✉❛♥❞♦ ❛ r❡str✐çã♦ ❞❡ ✉♠❛ ❣❛✉❣❡ ❛ ✉♠❛ s✉❜á❧❣❡❜r❛ é

t❛♠❜é♠ ✉♠❛ ❣❛✉❣❡✳ ■♥❢❡❧✐③♠❡♥t❡✱ ♥ã♦ s❡ t❡♠ ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ ❡♠ ❣❡r❛❧✳ ❯♠

❝♦♥tr❛✲❡①❡♠♣❧♦ é ❞❛❞♦ ❡♠ ✭✸✳✸✻✮✳ ❊♥tr❡t❛♥t♦✱ ♦❜t❡r❡♠♦s ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛

❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝❛s♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ✉♠ r❡s✉❧t❛❞♦ ❣❡r❛❧ s♦❜r❡

❛ r❡str✐çã♦ ❞❡ ♥♦r♠❛s ❛ s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s ✭❝❢✳ ❬❘❚❲✱ Pr♦♣✳ ✷✳✺❪✮✳

Pr♦♣♦s✐çã♦ ✸✳✸✹✳ ❙❡❥❛ D ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v✳ ❙❡❥❛ M

✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ α ✉♠❛ v✲♥♦r♠❛ ❡♠ M ✳ ❊♥tã♦ ♣❛r❛

t♦❞♦ s✉❜❡s♣❛ç♦ N ⊆ M ✱ ❛ r❡str✐çã♦ α|N é ✉♠❛ v✲♥♦r♠❛✳

◆♦t❛ ✸✳✸✺✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✹✱ ♥♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ γ ∈ Γ✱

t❡♠♦s N≥γ = M≥γ ∩N ❡ N>γ = M>γ ∩N ✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t✐✈❛

Nγ →֒ Mγ ✱ q✉❡ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ✐♥❝❧✉sã♦✳ ❊♥tã♦ gr(N) é ✉♠ gr(D)✲

s✉❜❡s♣❛ç♦ ❣r❛❞✉❛❞♦ ❞❡ gr(M)✳

❖ ❡①❡♠♣❧♦ s❡❣✉✐♥t❡ ♠♦str❛ q✉❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✹ ♥ã♦ s❡ ❛♣❧✐❝❛ ♣❛r❛ ❣❛✉❣❡s✳

❊①❡♠♣❧♦ ✸✳✸✻✳ ❱✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✷✳✹✺ q✉❡ α : (−1,−1)Q → Γ ∪ {∞} ❞❡✜♥✐❞❛

♣♦r

α(a0 + a1i+ a2j + a3k) = min(v(a0), v(a1), v(a2), v(a3)).

é ✉♠❛ v✲❣❛✉❣❡ ❡♠ (−1,−1)Q✳ ❙❡❥❛ L = Q(2i− j)✱ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ q✉❛❞rát✐❝❛

❞❡ Q ❡♠ (−1,−1)Q✳ ❙❡❥❛ v′ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ L ❡st❡♥❞❡♥❞♦ ❛ ✈❛❧♦r✐③❛çã♦ 5✲

á❞✐❝❛ v ❞❡ Q✳ ❈♦♠♦ (2i − j)2 = −5✱ s❡❣✉❡ q✉❡ v′(2i − j) = 1/2✳ P♦rt❛♥t♦

(L, v′)/(Q, v) é ✉♠❛ ❡①t❡♥sã♦ t♦t❛❧♠❡♥t❡ r❛♠✐✜❝❛❞❛✳ ▲♦❣♦ v′ é ❛ ú♥✐❝❛ ❡①t❡♥sã♦

v ❡♠ L✳ ❈♦♠♦ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✷✳✹✽✱ s❡ α|L ❢♦ss❡ ✉♠❛ ❣❛✉❣❡ ❡♠ L✱ ❡♥tã♦

❞❡✈❡rí❛♠♦s t❡r α|L = v′✱ ♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♣♦rq✉❡ α(2i− j) = 0✳ ❖✉tr❛ ❢♦r♠❛

❞❡ ✈❡r q✉❡ α|L ♥ã♦ é ✉♠❛ ❣❛✉❣❡ é ♦❜s❡r✈❛r q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ (2i − j) ♥❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ grα|L(L) é ♥✐❧♣♦t❡♥t❡ ♣♦✐s α((2i − j)2) = 1 > 2α(2i − j)✳ P♦rt❛♥t♦

grα|L(L) ♥ã♦ ♣♦❞❡ s❡r s❡♠✐✲s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ✸✳✸✼✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙❡❥❛ K = Z(A) ❡ s❡❥❛ L ✉♠ ❝♦r♣♦ t❛❧ q✉❡

F ⊆ L ⊆ K✳ ❊♥tã♦ α|L é ✉♠❛ v✲❣❛✉❣❡ ❡♠ L✳



✹✻ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✹✱ α|L é ✉♠❛ v✲♥♦r♠❛✳ ❈♦♠♦ α é ♠✉❧t✐♣❧✐✲

❝❛t✐✈❛✱ α|L t❛♠❜é♠ é ♠✉❧t✐♣❧✐❝❛t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ L ⊆ Z(A)✱ t❡♠♦s q✉❡

grα|L(L) ⊂ Z(grα(A))✳ ▲♦❣♦ grα|L(L) é ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s ♣♦✐s s❡ ❡①✐st✐ss❡

✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥ã♦ ♥✉❧♦ ♥✐❧♣♦t❡♥t❡ x ∈ grα|L(L) ❡♥tã♦ xgrα(A) s❡r✐❛ ✉♠

✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ♥ã♦ ♥✉❧♦ ♥✐❧♣♦t❡♥t❡ ❞❡ grα(A)✱ ♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♣♦✐s grα(A) é

❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ P♦rt❛♥t♦✱ α|L é ✉♠❛ v✲❣❛✉❣❡ ❡♠ L✳ �

Pr♦♣♦s✐çã♦ ✸✳✸✽✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✼✱ s✉♣♦♥❤❛ q✉❡ v t❡♠ ❡①t❡♥✲

sã♦ ú♥✐❝❛ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦ vL ❡♠ L✳ ❊♥tã♦ α|L = vL ❡ α é ✉♠❛ vL✲❣❛✉❣❡✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✼✱ α|L é ✉♠❛ v✲❣❛✉❣❡ ❡♠ L✳ ❈♦♠♦ vL é ❛

ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡ v ♣❛r❛ L✱ t❡♠♦s ♣♦r ✭✷✳✹✽✮ q✉❡ α|L = vL✳ P❛r❛ ♠♦str❛r q✉❡

α é ✉♠❛ vL✲❣❛✉❣❡✱ ❜❛st❛ ✈❡r✐✜❝❛r♠♦s q✉❡ α s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✭✷✳✸✻✮ ❡ ✭✷✳✸✾✮✳

❆ss✐♠✱ ♣❛r❛ c ∈ L
×

✱ t❡♠♦s

α(c−1) = vL(c
−1) = −vL(c) = −α(c).

P❡❧♦ ▲❡♠❛ ✷✳✷✾✱ t❡♠♦s

α(ca) = α(c) + α(a) = vL(c) + α(a).

❈♦♠♦ α ❡ vL sã♦ ♥♦r♠❛s✱ t❡♠♦s

[L : F ][grα(A) : grvL(L)] = [grvL(L) : grv(F )][grα(A) : grvL(L)]

= [grα(A) : grv(F )] = [A : F ] = [A : L][L : F ].

P♦rt❛♥t♦✱ [grα(A) : grvL(L)] = [A : L]✳ �

✸✳✺✳ ❱❛❧♦r✐③❛çõ❡s s❡♠ ❞❡❢❡✐t♦

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠❛ ✈❛❧♦r✐③❛çã♦ s❡r s❡♠ ❞❡❢❡✐t♦ ❡♠

✉♠❛ á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s✱ ❡♠ ❣❡♥❡r❛❧✐③❛çã♦ ❛♦s ❝♦♥❤❡❝✐❞♦s ❝♦♥❝❡✐t♦s ✈❛❧♦r✐③❛çã♦

s❡♠ ❞❡❢❡✐t♦ ❡♠ r❡❧❛çã♦ ❛ ❡①t❡♥sõ❡s ✜♥✐t❛s ❞❡ ❝♦r♣♦s ❡ á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦✳ ❱❡✲

r❡♠♦s q✉❡ ❡ss❡ ❝♦♥❝❡✐t♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❣❛✉❣❡ ♥❛ á❧❣❡❜r❛✳

❈♦♠❡ç❛♠♦s ❧❡♠❜r❛♥❞♦ ❞♦ ❝❛s♦ ❞❡ ❡①t❡♥sõ❡s ✜♥✐t❛s ❞❡ ❝♦r♣♦s✳

❙❡❥❛ K/F ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❝♦r♣♦s ❡ s❡❥❛ v ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❡♠ F ✳ ❙❡❥❛♠

v1, . . . , vk ❛s ❡①t❡♥sõ❡s ❞❡ v ❡♠ K✳ ❊♥tã♦✱ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✿

✭✸✳✸✾✮ [K : F ] ≥
k∑

i=1

[K
vi : F ] · |Γvi : Γv|.



✸✳✺✳ ❱❛❧♦r✐③❛çõ❡s s❡♠ ❞❡❢❡✐t♦ ✹✼

❙❡ t✐✈❡r♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✸✾✮ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ K✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ K/F é ✉♠❛ ❡①t❡♥sã♦ ♥♦r♠❛❧ ❞❡ ❝♦r♣♦s✳ ◆❡st❡ ❝❛s♦✱

t♦❞♦s ♦s í♥❞✐❝❡s ❞❡ r❛♠✐✜❝❛çã♦ |Γvi : Γv| ❡ t♦❞♦s ♦s ❣r❛✉s r❡s✐❞✉❛✐s [K
vi : F ] ❝♦✐♥✲

❝✐❞❡♠✳ ❙❡❥❛ e = |Γvi : Γv| ❡ f = [K
vi : F ] ♣❛r❛ t♦❞♦ 1 ≤ i ≤ k✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s ❢♦rt❡✱ q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❖str♦✇s❦✐ ✿

✭✸✳✹✵✮ [K : F ] = k · e · f · δ(W/V ),

♦♥❞❡ δ(W/V ) é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ q✉❡ é ❝❤❛♠❛❞♦ ❞❡ ❞❡❢❡✐t♦ ❞❛ ❡①t❡♥sã♦ (K,w)/(F, v)✳

❆❧é♠ ❞✐ss♦✱ δ(W/V ) = pℓ✱ ♦♥❞❡ ℓ é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ p = max(1, ❝❛r(F ))✳ ▲♦❣♦

v é s❡♠ ❞❡❢❡✐t♦ ❡♠ K s❡ δ(W/V ) = 1✳

❉❡t❛❧❤❡s ❞♦ q✉❡ ❢♦✐ ❞✐t♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬❊P✱ ♣♣✳ ✶✶✾✲✶✷✷❪ ❡

❬❊❢✱ ♣♣✳ ✶✺✶✲✶✺✽❪✳

❆❣♦r❛ s❡❥❛ D ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ✳

❙✉♣♦♥❤❛♠♦s q✉❡ F t❡♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v q✉❡ s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦

w ❡♠ D✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ t❡♠♦s t❛♠❜é♠ ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❖str♦✇s❦✐

✭❬❉✱ ❚❤♠✳ ✷❪✱ ❬▼✶✱ ❚❤♠✳ ✸❪✮✿

✭✸✳✹✶✮ [D : F ] = [D : F ] · |Γw : Γv| · δ(Rw/V )

❈♦♠♦ ♥♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦✱ δ(Rw/V ) é ❝❤❛♠❛❞♦ ❞❡ ❞❡❢❡✐t♦ ❞❡ D/F ✳ ❚❛♠❜é♠

t❡♠♦s δ(Rw/V ) = pℓ✱ ♦♥❞❡ ℓ é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ p = max(1, ❝❛r(F ))✳ ❙❡

δ(Rw/V ) = 1✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ D é s❡♠ ❞❡❢❡✐t♦ s♦❜r❡ (F, v)✳

❆ s❡❣✉✐r t❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s s♦❜r❡ ❞❡❢❡✐t♦ ❡♠ á❧❣❡❜r❛s ❞❡ ❞✐✲

✈✐sã♦✳ ❊st❡s r❡s✉❧t❛❞♦s s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✺✷✳

Pr♦♣♦s✐çã♦ ✸✳✹✷✳ ❙❡❥❛♠ B ⊂ R ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡s ❞❡ ✉♠❛ F ✲

á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝❡♥tr❛❧ D✳ ❙❡❥❛♠ V = Z(B) ❡ W = Z(R)✳ ❙❡❥❛ B̃ = B/J(R)✱

q✉❡ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❞❡ R = R/J(R)✳ ❙❡❥❛ Ṽ = V/J(W ) ❡

s❡❥❛ U ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡ Ṽ ♣❛r❛ Z(R)✳ ❊♥tã♦

δ(B/V ) = δ(R/W ) · δ(B̃/U) · δ(U/Ṽ ).

❱❡r ❬▼✹✱ ▲❡♠♠❛ ✶❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✷✳ ❆❣♦r❛ ❞❡

❬❏❲✱ ❚❤♠✳ ✸✳✶ ❡ ❘❡♠❛r❦ ✸✳✹❪ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✹✸✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ❤❡♥s❡❧✐❛♥♦ ❡ s❡❥❛ D ✉♠❛ F ✲á❧❣❡❜r❛ ❞❡

❞✐✈✐sã♦ ❝❡♥tr❛❧✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (K,w) é ✉♠❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ ✐♥❡r❝✐❛❧ ❞❡ (F, v)✱

✐st♦ é✱ K
w
é ✉♠❛ ❡①t❡♥sã♦ s❡♣❛rá✈❡❧ ❞❡ F

v
❡ ♣❛r❛ t♦❞♦ ❝♦r♣♦ L t❛❧ q✉❡ F ⊆ L ⊆ K



✹✽ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

❡ [L : F ] < ∞✱ t❡♠♦s [L
w′

: F
v
] = [L : F ]✱ ♦♥❞❡ W ′ = W ∩ K✳ ❙❡❥❛ DK ❛ K✲

á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝❡♥tr❛❧ ❛ss♦❝✐❛❞❛ ❛ D⊗F K✳ ❙❡❥❛ v′ ✭r❡s♣✳ w′✮ ❛ ✈❛❧♦r✐③❛çã♦ ❡♠

D ✭r❡s♣✳ DK✮ ❡st❡♥❞❡♥❞♦ ❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ v ✭r❡s♣✳ w✮✳ ❊♥tã♦ δ(Rv′/V ) =

δ(Rw′/W )✳

❆ s❡❣✉✐r t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s s♦❜r❡

❝♦r♣♦s ❤❡♥s❡❧✐❛♥♦s✳ ❱❡r ❬❚❲✶✱ ❚❤♠✳ ✸✳✶❪ ♣❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✹✹✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ ✈✳ ❙❡❥❛ A ✉♠❛

F ✲á❧❣❡❜r❛ s✐♠♣❧❡s ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙❡❥❛ D ❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❛ss♦❝✐❛❞❛ ❛ A ❡

s❡❥❛ vD ❛ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❡♠ D ❡st❡♥❞❡♥❞♦ v✳ ❊♥tã♦ grα(A) é ✉♠❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ s✐♠♣❧❡s ❡ D é s❡♠ ❞❡❢❡✐t♦ s♦❜r❡ F ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦

A = ❊♥❞D(M) ♣❛r❛ ❛❧❣✉♠ D✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ❡①✐st❡ ✉♠❛ vD✲♥♦r♠❛ αM ❡♠ M

t❛❧ q✉❡

✭✸✳✹✺✮ α = ❊♥❞(αM ) ❡ grα(A) = ❊♥❞gr(D)(grαM
(M)).

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s A✳ ❙❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦

❞❡ (F, v) ❡ s❡❥❛ Dh ❛ F h✲á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❇r❛✉❡r ❡q✉✐✈❛❧❡♥t❡ ❛ A⊗F F h✳ ❉✐③❡♠♦s

q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A s❡ Dh é s❡♠ ❞❡❢❡✐t♦ s♦❜r❡ F h✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é

✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✹ ❡ ❡st❛❜❡❧❡❝❡ q✉❡ v s❡r s❡♠ ❞❡❢❡✐t♦ ❡♠

A é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❣❛✉❣❡ ❡♠ A✳ ❱❡r❡♠♦s ♥♦

❚❡♦r❡♠❛ ✺✳✷✷ q✉❡ ❡st❛ é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡✳

❈♦r♦❧ár✐♦ ✸✳✹✻✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡ A t❡♠ ✉♠❛ v✲❣❛✉❣❡

α ❡♥tã♦ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v)✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✸✳✸✸✱ α ⊗ vh é ✉♠❛ vh✲❣❛✉❣❡ ❡♠ A⊗F F h✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✹✹ q✉❡ Dh é s❡♠

❞❡❢❡✐t♦ s♦❜r❡ F h✳ ▲♦❣♦ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ �

❆ r❡❧❛çã♦ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ✭✶✳✶✺✮ ♣❛r❛ ♦ ❛♥❡❧ ❞❡ r❡sí❞✉♦s ❡ ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞♦

❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡ ❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ♥❛ ❤❡♥s❡❧✐③❛çã♦✱

♣❡r♠✐t❡ ♦❜t❡r ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❖str♦✇s❦✐ ♣❛r❛ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥✱ q✉❡ ❢♦✐ ♦❜t✐❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❬❲✷❪✳

Pr♦♣♦s✐çã♦ ✸✳✹✼✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❡ s❡❥❛ v ✉♠❛ ✈❛❧♦r✐③❛çã♦

❡♠ F ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ R é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A t❛❧ q✉❡



✸✳✺✳ ❱❛❧♦r✐③❛çõ❡s s❡♠ ❞❡❢❡✐t♦ ✹✾

Z(R) = V ✳ ❊♥tã♦

✭✸✳✹✽✮ [A : F ] = [R : F ] · |ΓR : Γv| · ξ(V,A)2 · δ(R/V ),

❝♦♠ δ(R/V ) = pℓ✱ ♦♥❞❡ ℓ é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ p = max(1, ❝❛r(F
v
))✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v) ❡ s❡❥❛ Dh ❛ F h✲á❧❣❡❜r❛ ❞❡

❞✐✈✐sã♦ ❇r❛✉❡r ❡q✉✐✈❛❧❡♥t❡ ❛ A⊗F F h✳ ❙❡❥❛ w ❛ ✈❛❧♦r✐③❛çã♦ ❡♠ Dh ❡st❡♥❞❡♥❞♦ ❛

✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ vh✳ P❡❧❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❖str♦✇s❦✐ ♣❛r❛ á❧❣❡❜r❛ ❞❡

❞✐✈✐sã♦ t❡♠♦s q✉❡

✭✸✳✹✾✮ [Dh : F h] = [D : F ] · |Γw : Γv| · δ(Rw/V ).

P♦r ✭❆✳✶✵✮ A⊗F F h = MnR
(Dh) ❡♥tã♦

✭✸✳✺✵✮ [A : F ] = [A⊗F F h : F h] = n2
R[D

h : F h].

❙❡❣✉❡ ❞❡ ✭✶✳✶✺✮ ❡ ✭❆✳✾✮ q✉❡ R = MtR(D) ❡ Γw = ΓR ❡♥tã♦ ❥✉♥t❛♥❞♦ ✐ss♦ ❝♦♠

✭✸✳✹✾✮ ❡ ✭✸✳✺✵✮ ♦❜t❡♠♦s

[A : F ] = n2
R[D : F ] · |Γw : Γv| · δ(Rw/V )

= (nR/tR)
2[R : F ] · |ΓR : Γv| · δ(Rw/V ).

❈♦♠♦ ξ(V,A) = nB/tB✱ ❛ ❢ór♠✉❧❛ ✭✸✳✹✽✮ é ♦❜t✐❞❛ ❛♦ t♦♠❛r♠♦s δ(R/V ) = δ(Rw/V )✳

�

◆♦t❛ ✸✳✺✶✳ ❙❡❣✉❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣ ✸✳✹✽ q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A s❡ ❡

s♦♠❡♥t❡ s❡ t❡♠♦s q✉❡ ♦ ❞❡❢❡✐t♦ δ(R/V ) = 1 ♣❛r❛ t♦❞♦ ❛♥❡❧ ❞❡ ❉✉❜r♦✈✐♥ R ❞❡ A

❡st❡♥❞❡♥❞♦ V ✳

Pr♦♣♦s✐çã♦ ✸✳✺✷✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❡ s❡❥❛ v ✉♠❛ ✈❛❧♦r✐③❛çã♦

❡♠ F ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ w é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ v✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱

s❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A ❡♥tã♦ w é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (F h
v , v

h) ✭r❡s♣✳ (F h
w, w

h)✮ ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v) ✭r❡s♣✳

(F,w))✳ ❙❡❥❛ w′ ❛ ✈❛❧♦r✐③❛çã♦ ❞❡ F h
v q✉❡ t❡♠ ❝♦♠♦ ❛♥❡❧ W ′ = WV h✳ ❊♥tã♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ❇✳✷✱ t❡♠♦s q✉❡ (F h
v , w

′) é ✉♠❛ ❡①t❡♥sã♦ ❤❡♥s❡❧✐❛♥❛ ❞❡ (F h
w, w

h) ✭✈❡r

❞✐❛❣r❛♠❛ ❇✳✺✮✳ ❙❡❥❛ Dh
v ✭r❡s♣✳ Dh

w✮ ❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❛ss♦❝✐❛❞❛ ❛ A⊗F F
h
v ✭r❡s♣✳

A⊗F F
h
w✮✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s ✉s❛r ♦s ♠❡s♠♦s sí♠❜♦❧♦s ✭vh✱ wh ❡ w′✮

♣❛r❛ ❞❡♥♦t❛r t❛♥t♦ ❛ ✈❛❧♦r✐③❛çã♦ ♥♦ ❝♦r♣♦ ❤❡♥s❡❧✐❛♥♦ q✉❛♥❞♦ ❛ s✉❛ ú♥✐❝❛ ❡①t❡♥sã♦

♥❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳ ❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✱ t❡♠♦s q✉❡



✺✵ ✸✳ Pr♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣❛✉❣❡s

δ(Rvh/V
h) = 1✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✷✱ ❞❡✈❡♠♦s t❡r δ(Rw′/W ′) = 1✳ ▲❡♠❜r❡

❞❛ Pr♦♣♦s✐çã♦ ❇✳✻ q✉❡ (F h
v , w

′) é ✉♠❛ ❡①t❡♥sã♦ ✐♥❡r❝✐❛❧ ❞❡ (F h
w, w

h)✳ ❊♥tã♦ s❡❣✉❡

❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✸ q✉❡ Dh
w é s❡♠ ❞❡❢❡✐t♦ s♦❜r❡ F h

w✳ P♦rt❛♥t♦✱ w é s❡♠ ❞❡❢❡✐t♦ ❡♠

A✳ �

❆❣♦r❛ ❝♦♥s✐❞❡r❡ A ✉♠❛ F ✲á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ s❡❥❛ K = Z(A)✱

q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ F ✳ ❙❡❥❛♠ v1, . . . , vk ❛s ❡①t❡♥sõ❡s ❞❡ v ❡♠ K✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱ ❞✐③❡♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A s❡ v ❢♦r s❡♠ ❞❡❢❡✐t♦ ❡♠ K ❡ ❝❛❞❛

vi ❢♦r s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ ❆❣♦r❛ s❡❥❛ Q ✉♠❛ F ✲á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✳ ❉✐③❡♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ Q s❡ v ❢♦r s❡♠ ❞❡❢❡✐t♦ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡

s✐♠♣❧❡s ❞❡ Q✳



❈❛♣ít✉❧♦ ✹

●❛✉❣❡s ❡♠ á❧❣❡❜r❛s

s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ♦❜t❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s s♦❜r❡ ❛ ❡str✉t✉r❛

❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s✳ ❈♦♠♦ ♥♦t❛❞♦ ❡♠ ✭✷✳✹✶✮✱ s❡ ✉♠❛

á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❡♠ ✉♠❛ ❣❛✉❣❡✱ ❡♥tã♦ ❡❧❛ ❞❡✈❡ s❡r s❡♠✐✲s✐♠♣❧❡s✳ ❖s

❞♦✐s r❡s✉❧t❛❞♦s s❡❣✉✐♥t❡s ❡st❛❜❡❧❡❝❡♠ q✉❡ ♦ ❡st✉❞♦ ❞❡ ❣❛✉❣❡s ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛

á❧❣❡❜r❛s s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ✹✳✶ ✭❚❲✶✱ Pr♦♣✳ ✶✳✻✮✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛ A ✉♠❛

F ✲á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A é ♦ ♣r♦❞✉t♦ ❞✐r❡t♦

❞❡ F ✲s✉❜á❧❣❡❜r❛s

A = B1 × · · · ×Bk.

❊♥tã♦✱ αi = α|Bi
é ✉♠❛ v✲❣❛✉❣❡ ❡♠ Bi✱ ♣❛r❛ 1 ≤ i ≤ k✳ ❆❧é♠ ❞✐ss♦✱

α(b1, . . . , bk) = min(α1(b1), . . . , αk(bk)) ❡ grα(A) = grα1
(B1)× · · · × grαk

(Bk).

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é ❛ r❡❝í♣r♦❝❛ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✳

Pr♦♣♦s✐çã♦ ✹✳✷✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ A1, . . . , Ak

sã♦ F ✲á❧❣❡❜r❛s s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ P❛r❛ ❝❛❞❛ i = 1, . . . , k✱ s❡❥❛ αi : Ai →
Γ ∪ {∞} ✉♠❛ v✲❣❛✉❣❡ ❡♠ Ai✳ ❙❡❥❛ A = A1 × . . . × Ak✳ ❊♥tã♦✱ ❛ ❛♣❧✐❝❛çã♦

α : A → Γ ∪ {∞} ❞❡✜♥✐❞❛ ♣♦r

✭✹✳✸✮ α(x1, . . . , xk) = min(α1(x1), . . . , αk(xk)), ♣❛r❛ a1 ∈ A1, . . . , ak ∈ Ak,

é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A ❡ ❡①✐st❡ ✉♠❛ ✐❞❡♥t✐✜❝❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ gr(F )✲á❧❣❡❜r❛s

grα(A) = grα1
(A1)× · · · × grαk

(Ak).

✺✶



✺✷ ✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

❉❡♠♦♥str❛çã♦✿ ❆ ✈❡r✐✜❝❛çã♦ ❞❡ q✉❡ α é ✉♠❛ v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛

é ❞✐r❡t❛ ❡ ♣♦❞❡ s❡r ❢❡✐t❛ ♥♦s ♠♦❧❞❡s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✸✶✳ ◆♦t❡ q✉❡

♣❛r❛ γ ∈ Γ✱ t❡♠♦s q✉❡ α(x1, . . . , xk) ≥ γ s❡ ❡ s♦♠❡♥t❡ s❡ αi(xi) ≥ γ ♣❛r❛ t♦❞♦

i = 1, . . . , k✳ ▲♦❣♦ A≥γ = A≥γ
1 × · · · × A≥γ

k ✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ t❡♠♦s A>γ =

A>γ
1 × · · · ×A>γ

k ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

✭✹✳✹✮ grα(A) = grα1
(A1)× · · · × grαk

(Ak).

❆❣♦r❛✱ ❝♦♠♦ ❝❛❞❛ αi é ✉♠❛ v✲♥♦r♠❛✱ [Ai : F ] = [grαi
(Ai) : gr(F )]✳ ❊♥tã♦

[grα(A) : gr(F )] =
k∑

i=1

[grαi
(Ai) : gr(F )]

=

k∑

i=1

[Ai : F ]

= [A : F ],

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ α é ✉♠❛ v✲♥♦r♠❛ ❡♠ A✳ ❙❡❥❛ I é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦

♥✐❧♣♦t❡♥t❡ ❞❡ grα(A)✳ ❙❡❥❛ Ii ❛ ♣r♦❥❡çã♦ ❞❡ I ❡♠ grαi
(Ai)✱ ❛tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦

✭✹✳✹✮✳ ❊♥tã♦ Ii é t❛♠❜é♠ ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❤♦♠♦❣ê♥❡♦ ♥✐❧♣♦t❡♥t❡ ❞❡ grαi
(Ai)✱ q✉❡

t❡♠ q✉❡ s❡r tr✐✈✐❛❧ ♣♦✐s grαi
(Ai) é s❡♠✐✲s✐♠♣❧❡s✳ P♦rt❛♥t♦ grα(A) é s❡♠✐✲s✐♠♣❧❡s✱

q✉❡ ❡r❛ ♦ q✉❡ ❢❛❧t❛✈❛ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s q✉❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✳ �

P❛r❛ ♦ r❡st❛♥t❡ ❞❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s s✉♣♦r q✉❡ (F, v) é ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡

A é ✉♠❛ F ✲á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛ K ♦ ❝❡♥tr♦ ❞❡ A✳ ❊♥tã♦ K é

✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ F ✳ ❙❡❥❛♠ v1, . . . , vn t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s ❞❡ v ♣❛r❛

K✳ ❖ ❚❡♦r❡♠❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛ v✲❣❛✉❣❡s ❡♠ A ❡♠ t❡r♠♦s ❞❡ vi✲❣❛✉❣❡s✳

❚❡♦r❡♠❛ ✹✳✺✳ ❙✉♣♦♥❤❛♠♦s q✉❡ v é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✶✳ ❙❡❥❛ α ✉♠❛ v✲

❣❛✉❣❡ ❡♠ A s❛t✐s❢❛③❡♥❞♦ Γα ⊆ Γv ⊗Z Q✳ ❊♥tã♦ ❡①✐st❡♠ vi✲❣❛✉❣❡s αi ❡♠ A✱ ♣❛r❛

i = 1, . . . , n✱ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s✱ t❛✐s q✉❡

✭✹✳✻✮ α(a) = min
(
α1(a), . . . , αn(a)

)
, ♣❛r❛ t♦❞♦ a ∈ A.

❆❧é♠ ❞✐ss♦✱

✭✹✳✼✮ grα(A) ∼=g grα1
(A)× · · · × grαn

(A).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v) ❡ s❡❥❛ Ah = A⊗F F h✳ P❡❧♦

❚❡♦r❡♠❛ ❇✳✼✱ t❡♠♦s K ⊗F F h ∼=
∏n

i=1Ki✱ ♦♥❞❡ ❝❛❞❛ (Ki, v
′
i) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡

(K, vi)✳ ❙❡❣✉❡ q✉❡

Ah ∼= A⊗K (K ⊗F F h) ∼= A⊗K (K1 × · · · ×Kn) ∼= A⊗K K1 × · · · ×A⊗K Kn.



✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✺✸

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✸✱ αh = α⊗ vh é ✉♠❛ vh✲❣❛✉❣❡ ❡♠ Ah s❛t✐s❢❛③❡♥❞♦

✭✹✳✽✮ grαh(Ah) ∼=g grα(A)⊗gr(F ) gr(F
h) ∼=g grα(A).

❙❡❥❛ Ai = A ⊗K Ki✱ q✉❡ é ✉♠❛ Ki✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡❥❛ πi : A
h → Ai ❛

♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❉❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶ q✉❡ βi = αh|Ai
é

✉♠❛ vh✲❣❛✉❣❡ ❡♠ Ai ♣❛r❛ 1 ≤ i ≤ n✳ ❆❧é♠ ❞✐ss♦✱

✭✹✳✾✮ αh(x) = min
1≤i≤n

(βi(πi(x))), ♣❛r❛ t♦❞♦ x ∈ Ah,

❡

✭✹✳✶✵✮ grαh(Ah) = grβ1
(A1)× · · · × grβn

(An).

❈♦♠♦ v′i é ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ vh ♣❛r❛ Ki✱ t❡♠♦s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✸✽ q✉❡ βi é ✉♠❛ v′i✲❣❛✉❣❡✳ ❈♦♠♦ Γα ⊆ Γv ⊗Z Q✱ s❡❣✉❡ q✉❡ Γβi
⊆

Γvi ⊗ZQ✳ ❈♦♠♦ ❝❛❞❛ vi t❡♠ ♣♦st♦ ✶✱ ♣♦r ❬❚❲✷✱ Pr♦♣✳ ✺✳✹❪ t❡♠♦s q✉❡ αi = βi|A é

✉♠❛ vi✲♥♦r♠❛ ❡♠ A t❛❧ q✉❡ βi = αi ⊗ v′i✳ ❊♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✵✱ ❡①✐st❡ ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

grβi
(Ah) ∼=g grαi

(A)⊗grvi (K) grv′i(Ki).

❈♦♠♦ ❛ ❡①t❡♥sã♦ (Ki, v
′
i)/(K, vi) é ✐♠❡❞✐❛t❛✱ grvi(K) = grv′i(Ki)✳ ▲♦❣♦

✭✹✳✶✶✮ grαi
(A) ∼=g grβi

(Ah).

❈♦♠♦ βi é ✉♠❛ v′i✲❣❛✉❣❡✱ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grβi
(Ah) é s❡♠✐✲s✐♠♣❧❡s✳ ❆ss✐♠✱

grαi
(A) é t❛♠❜é♠ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ αi é ✉♠❛ vi✲❣❛✉❣❡ ❡♠

A✳ ❙❡❣✉❡ ❞❡ ✭✹✳✾✮ q✉❡ ♣❛r❛ t♦❞♦ a ∈ A✱

✭✹✳✶✷✮ α(a) = αh(a⊗ 1) = min
1≤i≤n

(βi(a⊗ 1)) = min
1≤i≤n

(αi(a)).

❆❧é♠ ❞✐ss♦✱ ❛ ♣❛rt✐r ❞❡ ✭✹✳✽✮✱ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

✭✹✳✶✸✮ grα(A) ∼=g grα1
(A)× · · · × grαn

(A).

P❛r❛ ♠♦str❛r q✉❡ ❛s ❣❛✉❣❡s αi sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡

♣❛r❛ ❝❛❞❛ a ∈ A t❡♠✲s❡

✭✹✳✶✹✮ αi(a) = max{α(ca) | c ∈ K
×

❡ vi(c) = 0}.

Pr✐♠❡✐r♦ ♥♦t❡ q✉❡ s❡ vi(c) = 0 ❡♥tã♦ α(ca) ≤ αi(ca) = αi(a)✳ ❘❡st❛✲♥♦s ♠♦str❛r

q✉❡ αi(a) = α(ca) ♣❛r❛ ❛❧❣✉♠ c ∈ K
×

❝♦♠ vi(c) = 0✳ P❛r❛ ❝❛❞❛ j = 1, . . . , n✱

s❡❥❛ δj = αi(a) − αj(a)✳ ❈♦♠♦ Γα/Γv é ❞❡ t♦rsã♦✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m

t❛❧ q✉❡ m|δj | ∈ Γv✱ ♣❛r❛ t♦❞♦ j✳ ❈♦♠♦ ❛s ✈❛❧♦r✐③❛çõ❡s v1, . . . , vn sã♦ ❞✉❛s ❛ ❞✉❛s



✺✹ ✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

✐♥❞❡♣❡♥❞❡♥t❡s✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❬❊P✱ ❚❤♠✳ ✷✳✹✳✶❪ q✉❡ ❡①✐st❡

c ∈ K
×

t❛❧ q✉❡ vi(c+ 1) > 0 ❡ vj(c) > m|δj |✱ ♣❛r❛ j 6= i✳ ❙❡❣✉❡ q✉❡ vi(c) = 0 ❡

αj(ca) = vj(c) + αj(a) > δj + αj(a) = αi(a) = αi(ca).

P♦rt❛♥t♦✱ α(ca) = αj(a)✳ �

❖ ❚❡♦r❡♠❛ ✹✳✺ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ ♥❛ ♥♦ss❛ ♣❡sq✉✐s❛ ♣❛r❛ ❞❡♠♦♥str❛r✲

♠♦s ♦ ❚❡♦r❡♠❛ ✺✳✶✼ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ t❡♠ ♣♦st♦

✜♥✐t♦✳ P♦st❡r✐♦r♠❡♥t❡✱ ❲❛❞s✇♦rt❤ ♦❜t❡✈❡ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✺ q✉❡

✈❛❧❡ ♣❛r❛ ✈❛❧♦r✐③❛çõ❡s ❞❡ ♣♦st♦ ❛r❜✐trár✐♦✳ ❊st❡ é ♦ ❚❡♦r❡♠❛ ❈✳✶✱ q✉❡ ✐♥❝❧✉í♠♦s

❝♦♠ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♥♦ ❛♣ê♥❞✐❝❡ ❞❡ss❡ tr❛❜❛❧❤♦✱ ✉♠❛ ✈❡③ q✉❡ tr❛t❛✲s❡ ❞❡ ✉♠

r❡s✉❧t❛❞♦ r❡❝❡♥t❡ ❡ ❛✐♥❞❛ ♥ã♦ ♣✉❜❧✐❝❛❞♦✳ ❊st❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥♦s ♣❡r♠✐t✐✉ ❞❡♠♦♥s✲

tr❛r ♦ ❚❡♦r❡♠❛ ✺✳✶✼ s❡♠ r❡str✐çã♦ s♦❜r❡ ♦ ♣♦st♦ ❞❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦✳

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ é ✉♠ ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❡ ❣❡♥❡✲

r❛❧✐③❛ ♣❛r❛ á❧❣❡❜r❛s s✐♠♣❧❡s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝❡♥tr❛✐s ❛ Pr♦♣♦s✐çã♦ ✷✳✺✺✱ q✉❡

r❡❧❛❝✐♦♥❛ ❣❛✉❣❡s ❝♦♠ ❛s ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✳

❚❡♦r❡♠❛ ✹✳✶✺✳ ❙✉♣♦♥❤❛♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ P❛r❛ i = 1, . . . , n✱ s❡❥❛

αi ✉♠❛ vi✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❡♠ A ❡ s❡❥❛ Bi ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥ ❛ss♦❝✐❛❞♦ ❛ αi✳ ❙❡❥❛ α = min(α1, . . . , αn). ❊♥tã♦ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠

A s❡ ❡ s♦♠❡♥t❡ s❡ B1, . . . , Bn t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳

❉❡♠♦♥str❛çã♦✿ (⇐=) P❡❧♦ ▲❡♠❛ ✷✳✸✶✱ t❡♠♦s q✉❡ α = min(α1, . . . , αn) é ✉♠❛

v✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ ❞❡ gr(F )✲

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

✭✹✳✶✻✮ ϕ : grα(A) → grα1
(A)× · · · × grαn

(A).

❆✜r♠❛çã♦✿ ❖ ❤♦♠♦♠♦r✜s♠♦ ϕ é s♦❜r❡❥❡t✐✈♦✳

❙✉♣♦♥❤❛♠♦s ♣♦r ✉♠ ♠♦♠❡♥t♦ q✉❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ é ✈❡r❞❛❞❡✐r❛✳ ◆❡st❡

❝❛s♦✱ t❡♠♦s q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ gr(F )✲á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ ❈♦♠♦ ❡st❛♠♦s

❛ss✉♠✐♥❞♦ q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦ q✉❡ ❝❛❞❛ vi é s❡♠

❞❡❢❡✐t♦ ❡♠ A✳ ❆ Pr♦♣♦s✐çã♦ ✷✳✺✺ ♥♦s ❞á q✉❡ ❝❛❞❛ αi é ✉♠❛ vi✲❣❛✉❣❡ ❡♠ A ❡

❡♥tã♦ grαi
(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠♣❧❡s✳ ❆ss✐♠✱ ♦ ✐s♦♠♦r✜s♠♦ ϕ ♥♦s ❞á

q✉❡ grα(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✳ P❛r❛ ❝♦♥❝❧✉✐r♠♦s q✉❡ α é ✉♠❛

❣❛✉❣❡✱ r❡st❛✲♥♦s ♠♦str❛r q✉❡ [grα(A) : grv(F )] = [A : K]✳ ❈♦♠♦ αi é ✉♠❛ vi✲

❣❛✉❣❡✱ [grαi
(A) : grvi(K)] = [A : K]. ❈♦♠♦ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✱ ❞❡✈❡♠♦s t❡r



✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✺✺

v s❡♠ ❞❡❢❡✐t♦ ❡♠ K✳ ▲♦❣♦ [K : F ] =
∑n

i=1[grvi(K) : grv(F )]. ❏✉♥t❛♥❞♦ ❡st❛s

✐♥❢♦r♠❛çõ❡s ♦❜t❡♠♦s q✉❡

[grα(A) : grv(F )] =

n∑

i=1

[grαi
(A) : grv(F )]

=
n∑

i=1

[grαi
(A) : grvi(K)][grvi(K) : grv(F )]

=
n∑

i=1

[A : K][grvi(K) : grv(F )]

= [A : K][K : F ]

= [A : F ].

❉❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ϕ

✉s❛ ♦ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐ ♣❛r❛ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

✭❚❡♦r❡♠❛ ❆✳✶✾✮✳ ❱❛♠♦s ✜①❛r ❛❧❣✉♠ k, ❝♦♠ 1 ≤ k ≤ n ❡ ❛❧❣✉♠ b ∈ A \ {0}. ❙❡❥❛
γi = αi(b)✳ P❛r❛ ❝❛❞❛ i, j ∈ {1, . . . , n}✱ ❝♦♠ i 6= j✱ s❡❥❛ Vij ♦ ♠❡♥♦r s✉❜❛♥❡❧ ❞❡ K

❝♦♥t❡♥❞♦ Vi ❡ Vj ✳ ❙❡❥❛ ∆ij ♦ s✉❜❣r✉♣♦ ❝♦♥✈❡①♦ ❞♦ ❢❡❝❤♦ ❞✐✈✐sí✈❡❧ Γ ❞❡ Γv ❛ss♦❝✐❛❞♦

❛ Vij ✳ ❱❛♠♦s ♠♦str❛r q✉❡ γi−γj ∈ ∆ij ✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ❛s ❝♦♠♣♦s✐çõ❡s θij ◦αi

❡ θij ◦ αj ✱ ♦♥❞❡ θij : Γ → Γ/∆ij é ❛ ❛♣❧✐❝❛çã♦ ❝❛♥ô♥✐❝❛✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✷✱

t❡♠♦s q✉❡ θij ◦αi ❡ θij ◦αj sã♦ vij✲❣❛✉❣❡s ❡♠ A✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✼✱

Rθij◦αi
= BiVij ❡ Rθij◦αj

= BjVij ✳ ❈♦♠♦ Bi ⊆ BiVij ❡ Bj ⊆ BjVij ✱ s❡❣✉❡ q✉❡ BiVij

❡ BjVij sã♦ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ✐♥t❡❣r❛✐s s♦❜r❡ Vij ✳ ▲♦❣♦ θij ◦αi

❡ θij ◦αj sã♦ t❛♠❜é♠ ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❡♠ A✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡

BiVij ❡ BjVij t❡♠ ❛ ■P ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✳ ❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦

❆✳✻ q✉❡ BiVij = BjVij = Bij ✱ q✉❡ é ♦ ♠❡♥♦r s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ Bi ❡ Bj ✳

P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r θij ◦ αi = θij ◦ αj ✱ ♣♦✐s ❛s ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐

sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s ♣❡❧♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❛ss♦❝✐❛❞♦ ❡

♣❡❧❛ r❡str✐çã♦ ❛♦ ❝❡♥tr♦✳ ❆ss✐♠✱ θij(γi − γj) = θij ◦ αi(b) − θij ◦ αj(b) = 0, ♦

q✉❡ ♥♦s ❞á γi − γj ∈ ∆ij ✳ ❆❣♦r❛ s❡❥❛ εi = γk − γi✳ ❊♥tã♦ t❛♠❜é♠ t❡♠♦s q✉❡

εi − εj ∈ ∆ij ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ 0 ≤ ||εi| − |εj || ≤ |εi − εj | ❡ ∆ij é ❝♦♥✈❡①♦✱

♦❜t❡♠♦s ||εi| − |εj || ∈ ∆ij . ❙✉♣♦♥❤❛♠♦s q✉❡ Γi é ♦ ❣r✉♣♦ ❞❡ ✈❛❧♦r❡s ❞❡ vi✳ ❈♦♠♦

Γ/Γi é ❞❡ t♦rsã♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m t❛❧ q✉❡ m|εi| ∈ Γi.

❙❡❥❛ ci ∈ K
×

t❛❧ q✉❡ vi(ci) = m|εi|✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s t♦♠❛r ck = 1✳ P❛r❛

i 6= j✱ t❡♠♦s cic
−1
j ∈ Vij \ J(Vij), ♣♦rq✉❡ vij(cic

−1
j ) = θij(m|εi| − m|εj |) = 0.

P❛r❛ ❛♣❧✐❝❛r♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❆♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐✱ ❝♦♥s✐❞❡r❡ Ii = bciJ(Bi)✱

q✉❡ é ✉♠ ✐❞❡❛❧ ❛ ❞✐r❡✐t❛ ❞❡ Bi. P❛r❛ ❝❛❞❛ i 6= j t❡♠♦s q✉❡ Vi ❡ Vj sã♦ ❛♥é✐s ❞❡



✺✻ ✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

✈❛❧♦r✐③❛çã♦ ✐♥❝♦♠♣❛rá✈❡✐s✳ ❊♥tã♦ J(Vij) ( J(Vi)✳ ❙❡❥❛ a ∈ J(Vi) \ J(Vij). ▲♦❣♦

1 = aa−1 ∈ J(Vi)Vij ⊆ J(Bi)Bij ✳ ❆ss✐♠✱ J(Bi)Bij = Bij . ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦

♥♦s ❞á J(Bj)Bij = Bij ✳ ❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s q✉❡

IiBij = bciJ(Bi)Bij = bciBij = bcj(c
−1
j ci)Bij = bcjBij = bcjJ(Bj)Bij = IjBij .

❆❣♦r❛ s❡❥❛ qk = b ❡ qi = 0 s❡ i 6= k✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐✱

❡①✐st❡ x ∈ A ❝♦♠ x ≡ qi (♠♦❞ Ii) ♣❛r❛ t♦❞♦ i✳ ❆❣♦r❛ s❡ i 6= k ❡♥tã♦ x ∈ Ii✳ ❆ss✐♠✱

αi(x) > αi(bci) = vi(ci) + αi(b) = m|εi|+ γi ≥ εi + γi = γk = αk(b).

P♦r ♦✉tr♦ ❧❛❞♦✱ x ≡ b (♠♦❞ Ik)✳ ❆ss✐♠✱ αk(x − b) > αk(b)✳ ❊♥tã♦ αk(x) = αk(b)

❡ x′ = b′ ❡♠ grαk
(A)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ α(x) = αk(b) ❡ x′ ∈ grα(A) é ❧❡✈❛❞♦ ❡♠

(0, . . . , 0, b′, 0, . . . , 0) ∈ grα1
(A)× · · · × grαn

(A) ✭b′ ♥❛ k✲é③✐♠❛ ♣♦s✐çã♦✮ ❛tr❛✈és ❞♦

❤♦♠♦♠♦r✜s♠♦ ϕ ❞❡ ✭✹✳✶✻✮✳ ❈♦♠♦ ❛s n✲✉♣❧❛s (0, . . . , 0, b′, 0, . . . , 0)✱ ♣❛r❛ t♦❞♦ k ❡

b✱ ❣❡r❛♠ grα1
(A)× · · · × grαn

(A)✱ ❛ ❛♣❧✐❝❛çã♦ ϕ é s♦❜r❡❥❡t✐✈❛✳

(=⇒) ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ α é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✱ ♣❛r❛

♠♦str❛r♠♦s q✉❡ B1, . . . , Bn t❡♠ ❛ ■P✱ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r♠♦s q✉❡ Bi, Bj t❡♠ ❛ ■P

♣❛r❛ ❝❛❞❛ i, j ∈ {1, . . . n}✱ ❝♦♠ i 6= j✳ ❈♦♠♦ ❝❛❞❛ Bi é ✐♥t❡❣r❛❧ s♦❜r❡ Vi✱ t❡♠♦s ♣❡❧❛

Pr♦♣♦s✐çã♦ ❆✳✻ q✉❡ Bi ❡ Bj t❡♠ ❛ ■P s❡ ❡ s♦♠❡♥t❡ s❡ BiVij = BjVij = Bij ✱ ♦♥❞❡ Vij

✭r❡s♣✳ Bij✮ ❞❡♥♦t❛ ♦ ♠❡♥♦r s♦❜r❡❛♥❡❧ ❞❡ Vi ❡ Vj ✭r❡s♣✳ Bi ❡ Bj✮✳ ❈♦♠♦ Vi, Vj ⊆ Bij ✱

t❡♠♦s Vij ⊆ Z(Bij)✳ ❆ss✐♠✱ ❛s ✐♥❝❧✉sõ❡s BiVij ⊆ Bij ❡ BjVij ⊆ Bij sã♦ ❝❧❛r❛s✳

❉❡st❛ ❢♦r♠❛✱ ❛ ❞❡♠♦♥str❛çã♦ ❡st❛rá ❝♦♠♣❧❡t❛ ❛♦ ♠♦str❛r♠♦s q✉❡ BiVij = BjVij ✱

♣♦✐s t❡rí❛♠♦s q✉❡ BiVij é ✉♠ ❛♥❡❧ ❝♦♥t❡♥❞♦ Bi ❡ Bj ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ Bij ⊆ BiVij ✳

❙❡❥❛ ❡♥tã♦ W = Vij ∩ F ✱ q✉❡ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❝♦♥t❡♥❞♦ V ✳ ❆ss♦❝✐❛❞♦ ❛

W t❡♠♦s ✉♠ s✉❜❣r✉♣♦ ❝♦♥✈❡①♦ ∆ ⊆ Γ ❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦ ε : Γ → Γ/∆

t❛❧ q✉❡ w = ε ◦ v✳ ❚❛♠❜é♠ t❡♠♦s vij = ε ◦ vi ❡ vij = ε ◦ vj . ❆❣♦r❛ s❡❥❛ β = ε ◦ α✳
❈♦♠♦ α = min(α1, . . . , αn) t❡♠♦s

✭✹✳✶✼✮ β = ε ◦ α = min(ε ◦ α1, . . . , ε ◦ αn).

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✷✱ ❝❛❞❛ ε ◦ αi é ✉♠❛ ε ◦ vi✲❣❛✉❣❡ ❡♠ A✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡

w1, . . . , wr sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ w ♣❛r❛ K✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❈✳✶✱ ❡①✐st❡♠ wi✲

❣❛✉❣❡s βi ❡♠ A ♣❛r❛ i = 1, . . . , r t❛✐s q✉❡

✭✹✳✶✽✮ β(a) = min
(
β1(a), . . . , βr(a)

)
♣❛r❛ t♦❞♦ a ∈ A.

❆❧é♠ ❞✐ss♦✱

✭✹✳✶✾✮ grβ(A) ∼=g grβ1
(A)× · · · × grβr

(A).



✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s ✺✼

❆ ✈❛❧♦r✐③❛çã♦ vij ❝♦✐♥❝✐❞❡ ❝♦♠ wℓ✱ ♣❛r❛ ❛❧❣✉♠ ℓ ∈ {1, . . . , r}✳ ▲♦❣♦ ε ◦ αi ❡ ε ◦ αj

sã♦ wℓ✲❣❛✉❣❡s ❡♠ A✳ ❈♦♠♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✼✱ Rε◦αi
= BiVij ❡ Rε◦αj

= Rαj
Vij ✱

❛ ❞❡♠♦♥str❛çã♦ ❡st❛rá ❝♦♠♣❧❡t❛ ❛♦ ♠♦str❛♠♦s q✉❡ ε ◦ αi ❡ ε ◦ αj ❝♦✐♥❝✐❞❡♠ ❝♦♠

βℓ✳ P♦r ✭✹✳✶✼✮✱ t❡♠♦s q✉❡ ε ◦ αi(a) ≥ β(a) ♣❛r❛ t♦❞♦ a ∈ A✳ ❙❡❥❛ {b′1, . . . , b′m}
✉♠❛ ❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❞❡ grβℓ

(A) ❝♦♠♦ grwℓ
(K)✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣r❛❞✉❛❞♦✳ ❊♥tã♦

❡①✐st❡♠ a1, . . . , am ∈ A t❛✐s q✉❡

✭✹✳✷✵✮ a′t 7→ (0, . . . , 0, b′t, 0, . . . , 0), ✭❝♦♠ b′t ♥❛ ℓ✲é③✐♠❛ ♣♦s✐çã♦✮,

❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦ ✭✹✳✶✾✮✳ ❊♥tã♦✱ ❞❡ ✭✹✳✷✵✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t t❡♠♦s

βν(at) > βℓ(at), ♣❛r❛ ν 6= ℓ, ❡ β(at) = βℓ(at) = βℓ(bt).

▲♦❣♦ ε ◦ αi(at) ≥ β(at) = βℓ(at)✱ ♣❛r❛ t♦❞♦ t✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ✭✹✳✷✵✮ t❛♠❜é♠

✐♠♣❧✐❝❛ q✉❡ a′t = b′t ❡♠ grβℓ
(A)✱ t❡♠♦s q✉❡ {a′1, . . . , a′m} é grwℓ

(K)✲❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✻✱ t❡♠♦s q✉❡ {a1, . . . , am} é ✉♠❛ ❜❛s❡

❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A ♣❛r❛ βℓ✳ P♦rt❛♥❞♦✱ t♦❞♦ a ∈ A ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

a =
∑m

t=1 ctat✱ ❝♦♠ ct ∈ K✳ ❙❡❣✉❡ q✉❡

βℓ(a) = min
1≤t≤m

(wℓ(ct) + βℓ(at)) ≤ min
1≤t≤m

(wℓ(ct) + ε ◦ αi(at))

≤ ε ◦ αi(
m∑

t=1

ctat) = ε ◦ αi(a).

❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ✭✷✳✸✵✮✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ϕ :

grβℓ
(A) → grε◦αi

(A)✱ q✉❡ é ✐♥❥❡t✐✈♦ ♣♦rq✉❡ grβℓ
(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s✐♠✲

♣❧❡s✳ ▲♦❣♦ ε ◦ αi = βℓ✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ε ◦ αj = βℓ✳

P♦rt❛♥t♦✱ ε ◦ αi = ε ◦ αi, ♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✺✱ t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛

❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s❡♠✐✲s✐♠♣❧❡s s♦❜r❡ ❝♦r♣♦s ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✶✳

❈♦r♦❧ár✐♦ ✹✳✷✶✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v ❞❡ ♣♦st♦ ✶✳ ❙❡❥❛ A ✉♠❛

F ✲á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠

A✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ v✲❣❛✉❣❡ α ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ A é ✉♠❛ F ✲

á❧❣❡❜r❛ s✐♠♣❧❡s✱ ♣♦✐s s❡ ♦❜t✐✈❡r♠♦s ✉♠❛ v✲❣❛✉❣❡ ♣❛r❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s✱

❛ ❢ór♠✉❧❛ ✹✳✸ ❢♦r♥❡❝❡ ✉♠❛ v✲❣❛✉❣❡ ♣❛r❛ ❛ á❧❣❡❜r❛ s❡♠✐✲s✐♠♣❧❡s✳ ❙❡❥❛ K = Z(A)

❡ s❡❥❛♠ V1, . . . , Vk ♦s ♣r♦❧♦♥❣❛♠❡♥t♦s ❞❡ V ♣❛r❛ K✳ ❈♦♠♦ ❝❛❞❛ ✈❛❧♦r✐③❛çã♦ Vi

t❡♠ ♣♦st♦ ✶✱ ❡①✐st❡ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ Bi ❡♠ A ✐♥t❡❣r❛❧ s♦❜r❡



✺✽ ✹✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ❡ s❡♠✐✲s✐♠♣❧❡s

s❡✉ ❝❡♥tr♦ Vi✳ ❙❡❥❛ αi ❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❛ss♦❝✐❛❞❛ ❛ Bi✳ ❈♦♠♦ ♦s

❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ V1, . . . , Vk sã♦ ❞♦✐s ❛ ❞♦✐s ✐♥❞❡♣❡♥❞❡♥t❡s✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐✲

çã♦ ❆✳✶ q✉❡ B1, . . . , Bk t❡♠ ❛ ■P✳ ❊♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✺ ❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

α = min(α1, . . . , αk) é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✳ �

◆♦t❛ ✹✳✷✷✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤ ♦❜t✐✈❡r❛♠ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦

❈♦r♦❧ár✐♦ ✹✳✷✶ ♣❛r❛ ✈❛❧♦r✐③❛çõ❡s ❞❡ ♣♦st♦ ❛r❜✐trár✐♦✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ r❡s✉❧t❛❞♦

♣r♦❢✉♥❞♦ q✉❡ ❛♣❛r❡❝❡rá ❡♠ ✉♠ ❧✐✈r♦ s♦❜r❡ ✈❛❧♦r✐③❛çõ❡s ♥ã♦✲❝♦♠✉t❛t✐✈❛s q✉❡ ❡stá

s❡♥❞♦ ❡s❝r✐t♦ ♣♦r ❚✐❣♥♦❧ ❡ ❲❛❞s✇♦rt❤✳



❈❛♣ít✉❧♦ ✺

●❛✉❣❡s ❡♠ á❧❣❡❜r❛s

❝❡♥tr❛✐s s✐♠♣❧❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥❝❡♥tr❛r❡♠♦s ♥♦ss♦ ❡st✉❞♦ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s

s✐♠♣❧❡s ❡ s✉❛s r❡❧❛çõ❡s ❝♦♠ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✳ ■♥tr♦❞✉③✐r❡♠♦s ♦

❝♦♥❝❡✐t♦ ❞❡ ❣❛✉❣❡s ♠✐♥✐♠❛✐s✱ q✉❡ sã♦ ❣❛✉❣❡s ❝✉❥❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ t❡♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s✳ ❱❡r❡♠♦s q✉❡ ♦

❛♥❡❧ ❞❡ss❛s ❣❛✉❣❡s ❝♦rr❡s♣♦♥❞❡♠ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥

s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳

❙❡❥❛ α ✉♠❛ ❣❛✉❣❡ ❡♠ A✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✱ A0✱ ❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❡

grα(A)✱ é s❡♠✐✲s✐♠♣❧❡s✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r ω(α) ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠✲

♣❧❡s ❞❡ A0✳

✭✺✳✶✮ ❆❣♦r❛ ✈❛♠♦s ❝♦♠♣♦r ✉♠ q✉❛❞r♦ q✉❡ r❡❧❛❝✐♦♥❛ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ♦❜❥❡t♦s ❡

r❡s✉❧t❛❞♦s ✈✐st♦s ❛té ❛q✉✐✳ ❊st❛s r❡❧❛çõ❡s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦ r❡st❛♥t❡ ❞♦

❝❛♣ít✉❧♦✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s ❝♦♠

✉♠❛ v✲❣❛✉❣❡ α✳ ❙❡❥❛ w ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ v ❡ u = v/w ❛ ✈❛❧♦r✐③❛çã♦

q✉♦❝✐❡♥t❡ ❡♠ F
w
✳ ❙❡❥❛ β ❛ ❣❛✉❣❡ ♠❡♥♦s ✜♥❛ q✉❡ α t❛❧ q✉❡ β|F = w ❡ s❡❥❛ α0 ❛

u✲❣❛✉❣❡ ❡♠ Aβ
0 ✐♥❞✉③✐❞❛ ♣♦r α✱ ❝♦♠♦ ❞❡s❝r✐t♦ ❞❛ ❙❡çã♦ ✸✳✷✳ ❙❡❥❛♠ C1, . . . , Cω(β)

❛s ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s ❞❡ Aβ
0 ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✱ ❡①✐st❡♠ u✲❣❛✉❣❡s αi

0 ❡♠ Ci

♣❛r❛ i = 1, 2, . . . , ω(β) t❛✐s q✉❡

✭✺✳✷✮ α0(a1, . . . , aω(β)) = min
(
α1
0(a1), . . . , α

ω(β)
0 (aω(β))

)

✺✾



✻✵ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s

♣❛r❛ a1 ∈ C1, . . . , aω(β) ∈ Cω(β), ❡

✭✺✳✸✮ grα0
(Aβ

0 )
∼=g grα1

0
(C1)× · · · × gr

α
ω(β)
0

(Cω(β)).

P♦r ✭✸✳✷✹✮✱ ❛s á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ❛ss♦❝✐❛❞❛s ❛ α ❡ α0 t❡♠ ❛s ♠❡s♠❛s ♣❛rt❡s ❞❡

❣r❛✉ ③❡r♦✳ ❏✉♥t❛♥❞♦ ✐ss♦ ❝♦♠ ✭✺✳✸✮✱ ♦❜t❡♠♦s q✉❡

✭✺✳✹✮ ω(α) = ω(α0) = ω(α1
0) + · · ·+ ω(α

ω(β)
0 ).

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ♦❜t❡r ✉♠❛ ❞❡s❝r✐çã♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s Ci✳ ❙❡❥❛

(F h
w, w

h) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F,w)✳ ❈♦♥s✐❞❡r❡ ❡①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s Ah = A ⊗F

F h
w

∼= ▼n(D
h)✱ ♦♥❞❡ n é ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ Dh é ✉♠❛ F h

w✲á❧❣❡❜r❛ ❞❡ ❞✐✈✐✲

sã♦ ❝❡♥tr❛❧✳ ❊♥tã♦ ❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ wh s❡ ❡st❡♥❞❡ ♣❛r❛ ✉♠❛ ✈❛❧♦r✐③❛çã♦

w′ ❡♠ Dh✳ ❙❡❥❛ Rw′ ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ✐♥✈❛r✐❛♥t❡ ❞❡ Dh ❛ss♦❝✐❛❞♦ ❛ w′ ❡

Dh = Rw′/J(Rw′) ♦ ❛♥❡❧ ❞❡ r❡sí❞✉♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✸

q✉❡ βh = β ⊗ wh é ✉♠❛ wh✲❣❛✉❣❡ ❡♠ Ah ❡ grβh
(Ah) ∼=g grβ(A)✳ P❡❧♦ ❚❡♦r❡♠❛

✸✳✹✹✱ grβh(Ah) = ❊♥❞grw′ (Dh)(grαM
(M))✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✱ t❡♠♦s

✭✺✳✺✮ Aβ
0 =

(
❊♥❞grw′ (Dh)(grαM

(M))
)
0
=

k∏

i=1

▼ri(D0),

♦♥❞❡ D0 é ❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❡ grw′(Dh)✱ q✉❡ é Dh✳ ❈♦♠♣❛r❛♥❞♦ ✭✺✳✺✮ ❝♦♠

❛ ❞❡❝♦♠♣♦s✐çã♦ Aβ
0 = C1 × · · · × Cω(β) ❡st❛❜❡❧❡❝✐❞❛ ❛❝✐♠❛✱ t❡♠♦s q✉❡ k = ω(β)

❡ Ci = ▼ri(D0)✱ ❛♣ós ✉♠❛ ♣♦ssí✈❡❧ ❛❧t❡r❛çã♦ ❞♦s í♥❞✐❝❡s✳ ❊♥tã♦ t❡♠♦s Z(C1) =

· · · = Z(Cω(β)) = Z(Dh)✳ ❱❛♠♦s ❝❤❛♠❛r ❡ss❡ ❝♦r♣♦ ❝♦♠✉♠ ❞❡ K✳ ❚❛♠❜é♠ t❡♠♦s

♣♦r ✭✶✳✶✺✮ q✉❡ K = Z(S), ♦♥❞❡ S é q✉❛❧q✉❡r ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡

A ❝♦♠ Z(S) = W ✳ ❊♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❡①t❡♥sõ❡s ❞❡ u ♣❛r❛ K é ❞❛❞♦ ♣♦r ℓ(v, w)✱

❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ ✭❆✳✶✸✮✳ ❙❡❥❛♠ u1, . . . , uℓ(v,w) ❡st❛s ❡①t❡♥sõ❡s✳ P❡❧♦ ❚❡♦r❡♠❛ ❈✳✶✱

❡①✐st❡♠ uj✲❣❛✉❣❡s α
ij
0 ❡♠ Ci ♣❛r❛ j = 1, . . . , ℓ(v, w) t❛✐s q✉❡

✭✺✳✻✮ αi
0(a) = min

(
αi1
0 (a), . . . , α

iℓ(v,w)
0 (a)

)
♣❛r❛ t♦❞♦ a ∈ Ci.

❆❧é♠ ❞✐ss♦✱

✭✺✳✼✮ grαi
0
(Ci) ∼=g grαi1

0
(Ci)× · · · × gr

α
iℓ(v,w)
0

(Ci).

▲♦❣♦

✭✺✳✽✮ ω(αi
0) = ω(αi1

0 ) + · · ·+ ω(α
iℓ(v,w)
0 ).

❖ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ✐❧✉str❛ ♣❛rt❡ ❞♦ q✉❡ ❢♦✐ ❞✐t♦ ❛❝✐♠❛✳



✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✻✶

A α ≤ β

Aβ
0 α0 Ci αi1

0 , . . . , α
iℓ(v,w)
0

F v ≤ w Z(Aβ
0 ) K u1, . . . , uℓ(v,w)

W u W u

❆s ♥♦t❛çõ❡s ❡ r❡❧❛çõ❡s ❡st❛❜❡❧❡❝✐❞❛s ❛❝✐♠❛ s❡rã♦ ✉t✐❧✐③❛❞❛s ❧✐✈r❡♠❡♥t❡ ♥❛ ❞❡✲

♠♦♥str❛çã♦ ❞♦s três t❡♦r❡♠❛s s❡❣✉✐♥t❡s✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ω(α) é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ♣❡❧♦ ♥ú♠❡r♦

❞❛ ❡①t❡♥sã♦ ξ(v) ❞❡ v ❡♠ A✳

❚❡♦r❡♠❛ ✺✳✾✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳

❊♥tã♦ ♣❛r❛ t♦❞❛ v✲❣❛✉❣❡ α ❡♠ A✱ t❡♠♦s ω(α) ≥ ξ(v)✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ♣♦r ✐♥❞✉çã♦ ❡♠ ξ(v). ❙❡ ξ(v) = 1✱ ❡♥tã♦ t❡♠♦s

❝❧❛r❛♠❡♥t❡ ω(α) ≥ ξ(v)✳ P♦❞❡♠♦s ❡♥tã♦ ❛ss✉♠✐r q✉❡ ξ(v) > 1. P❡❧♦ ❚❡♦r❡♠❛ ❆✳✼

❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ R1, . . . , Rξ(v) ❡♠ A t❡♥❞♦

❛ ■P t❛✐s q✉❡ Z(Rt) = V ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✼✱ ♣❛r❛ ❝❛❞❛ t = 1, . . . , ξ(v) ❡①✐st❡

✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ St ❞❡ A✱ ♠✐♥✐♠❛❧ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ St

é ✐♥t❡❣r❛❧ s♦❜r❡ Wt = Z(St)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✽✱ t❡♠♦s S1 = · · · = Sξ(v) = S✳

▲♦❣♦W1 = · · · = Wξ(v) = W ✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✼✱ t❡♠♦s ℓ(v, w) ≥ 2✳

P♦❞❡♠♦s ❛❣♦r❛ ❛♣❧✐❝❛r ❛ ❝♦♥str✉çã♦ ❞❡ ✭✺✳✶✮ ❝♦♠ ❛ ✈❛❧♦r✐③❛çã♦ w q✉❡ ♦❜t✐✈❡♠♦s

❛❝✐♠❛✳ ◆♦t❡ q✉❡ Z(R̃1), . . . , Z(R̃ξ(v)) sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ Ṽ ❡♠ K = Z(S)✱

❝♦♠ ♣♦ssí✈❡✐s r❡♣❡t✐çõ❡s✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ às ❡①t❡♥sõ❡s U1, . . . , Uℓ(v,w) ❡♠ ✭✺✳✶✮✳

❉❡st❛ ❢♦r♠❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✺✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ j = 1, . . . , ℓ(v, w)✱

✭✺✳✶✵✮ ξ(v) = ξ(w) · ξ(uj , S) · ℓ(v, w) = ξ(uj , S) · ℓ(v, w),

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❡♠ ❞❡ ξ(w) = 1✱ ♣♦✐s S é ✐♥t❡❣r❛❧ s♦❜r❡ W ✳ ❊♥tã♦

s❡❣✉❡ ❞❡ ✭✺✳✶✵✮ q✉❡ ξ(uj , S) < ξ(v)✱ ♣♦✐s ℓ(v, w) ≥ 2✳ ❈♦♠♦ ❥á ♥♦t❛♠♦s ❡♠

✭✺✳✶✮✱ ❝❛❞❛ Ci é ❇r❛✉❡r ❡q✉✐✈❛❧❡♥t❡ ❛ S✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❞❡♣❡♥❞❡

❛♣❡♥❛s ❞❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ ❡ ❞❛ ❝❧❛ss❡ ❞❡ ❇r❛✉❡r ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ á❧❣❡❜r❛✱

t❡♠♦s q✉❡ ξ(uj , S) = ξ(uj , Ci)✳ ❈♦♠♦ ❝❛❞❛ αij
0 ♦❜t✐❞❛ ❡♠ ✭✺✳✶✮ é ✉♠❛ uj✲❣❛✉❣❡

❡♠ Ci✱ t❡♠♦s ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡ ω(αij
0 ) ≥ ξ(uj , Ci)✳ ◆♦t❡ q✉❡ ✭✺✳✶✵✮

✐♠♣❧✐❝❛ q✉❡ t♦❞❛s ❛s ✈❛❧♦r✐③❛çõ❡s uj t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦✱ ✐st♦ é✱



✻✷ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s

ξ(u1, S) = · · · = ξ(uℓ(v,w), S). ❊♥tã♦ s❡❣✉❡ ❞❡ ✭✺✳✹✮ ❡ ✭✺✳✽✮ q✉❡

ω(α) ≥ ω(β) · ℓ(v, w) · ξ(u1, S) ≥ ℓ(v, w) · ξ(u1, S) = ξ(v),

❝♦♠ q✉❡rí❛♠♦s✳ �

❯♠❛ v✲❣❛✉❣❡ α ❡♠ A é ❞✐t❛ ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ q✉❛♥❞♦ ❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦

❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ t❡♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s✱ ✐st♦

é✱ ω(α) = ξ(v)✳

❊①❡♠♣❧♦ ✺✳✶✶✳ ❙❡ ✉♠❛ ❣❛✉❣❡ é t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐

❡♥tã♦ é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ♣♦✐s ω(α) = ξ(v) = 1✳

❊①❡♠♣❧♦ ✺✳✶✷✳ ❆ ❣❛✉❣❡ ❝♦♥str✉í❞❛ ♥♦ ❊①❡♠♣❧♦ ✸✳✶✹ é t❛♠❜é♠ ♠✐♥✐♠❛❧ ♣♦✐s

ω(α) = ξ(v) = 2✳

❊①❡♠♣❧♦ ✺✳✶✸✳ ◆♦ ❊①❡♠♣❧♦ ✸✳✶✵ ❝♦♥str✉í♠♦s ✉♠❛ ❣❛✉❣❡ ♥❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s

M2(F ) ❞❡✜♥✐❞❛ ♣♦r

✭✺✳✶✹✮ yδ

( a11 a12

a21 a22

)
= min(v(a11), v(a21) + δ, v(a12)− δ, v(a22)).

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ v é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞✐s❝r❡t❛✳ ❈♦♠♦ t♦❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛✲

çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡st❡♥❞❡♥❞♦ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✶ é s❡♠♣r❡ ✐♥t❡❣r❛❧✱ t❡♠♦s

q✉❡ ξ(v) = 1✳ ❚♦♠❡ δ = 1/2✳ ❙❡❣✉❡ q✉❡

Ry 1
2

=

(
V F≥− 1

2

F≥ 1
2 V

)
❡ J(Ry 1

2

) =

(
J(V ) F>− 1

2

F> 1
2 J(V )

)
.

◆♦t❡ q✉❡ ♣❛r❛ x ∈ F t❡♠♦s v(x) ≥ 0 s❡ ❡ s♦♠❡♥t❡ s❡ v(x) > 0✳ ▲♦❣♦ F≥ 1
2 = F> 1

2 ✳

❈♦♠ ✐ss♦ ♦❜t❡♠♦s q✉❡ A0 = Ry 1
2

/J(Ry 1
2

) ∼= F × F ✳ P♦rt❛♥t♦ ω(y 1
2
) = 2 > ξ(v) ❡

❡♥tã♦ y 1
2
♥ã♦ é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ✉♠❛ ❣❛✉❣❡ ♠❡♥♦s ✜♥❛ q✉❡ ✉♠❛ ❣❛✉❣❡

♠✐♥✐♠❛❧ é t❛♠❜é♠ ♠✐♥✐♠❛❧✳

❚❡♦r❡♠❛ ✺✳✶✺✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠✲

♣❧❡s ❝♦♠ ✉♠❛ v✲❣❛✉❣❡ α✳ ❙❡❥❛ β ✉♠❛ ❣❛✉❣❡ ♠❡♥♦s ✜♥❛ q✉❡ α ❡♠ A ❡ w = β|F ✱
q✉❡ é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ v✳ ❊♥tã♦ ω(α)/ω(β) ≥ ξ(v)/ξ(w)✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡✱ s❡ α é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧✱ ❡♥tã♦ β t❛♠❜é♠ é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❝♦♥str✉çã♦ ❞❡ ✭✺✳✶✮✱ ❝❛❞❛ αij
0 é ✉♠❛ uj✲❣❛✉❣❡ ❡♠ Ci✳ ❊♥tã♦

♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✾✱ ω(αij
0 ) ≥ ξ(uj , Ci)✳ ❈♦♠♦ ❥á ♥♦t❛♠♦s ❡♠ ✭✺✳✶✮✱ ξ(u1, C1) =



✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✻✸

ξ(uj , Ci) ♣❛r❛ ❝❛❞❛ i = 1, . . . , ω(w) ❡ j = 1, . . . , ℓ(v, w)✳ ❊♥tã♦ s❡❣✉❡ ❞❡ ✭✺✳✹✮ ❡

✭✺✳✽✮ q✉❡

✭✺✳✶✻✮ ω(α) ≥ ω(β)ℓ(v, w)ξ(u1, C1).

❈♦♠♦ ξ(v) = ξ(w)ℓ(v, w)ξ(u1, C1) ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✺✱ ❝♦♥❝❧✉í♠♦s q✉❡

ω(α)

ω(β)
≥ ω(β)ℓ(v, w)ξ(u1, C1)

ω(β)
=

ξ(w)ℓ(v, w)ξ(u1, C1)

ξ(w)
=

ξ(v)

ξ(w)
.

�

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ✉♠ ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡ss❡ tr❛❜❛❧❤♦ ❡ ❡st❛❜❡✲

❧❡❝❡ q✉❡ ♦ ❛♥❡❧ ❞❡ ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ✐♥t❡rs❡çã♦ ❞❡ ❛♥é✐s ❞❡

✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳

❚❡♦r❡♠❛ ✺✳✶✼✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠✲

♣❧❡s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ α é ✉♠❛ v✲❣❛✉❣❡ ♠✐♥✐♠❛❧ ❡♠ A✳ ❊♥tã♦ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡

Rα =
⋂ξ(v)

i=1 Bi✱ ♦♥❞❡ B1, . . . , Bξ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

❞❡ A ❝♦♠ Z(Bi) = V ❡ t❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♣♦st♦ ❞❡❣r❛✉ j(A, v)✳ ❙❡

j(A, v) = 1✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✶ t♦❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A

❝♦♠ ❝❡♥tr♦ V é ✐♥t❡❣r❛❧✱ ❧♦❣♦ ω(α) = ξ(v) = 1✳ ❊♥tã♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✺

q✉❡ α é ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✳ ▲♦❣♦ Rα é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥ ✐♥t❡❣r❛❧ s♦❜r❡ V ✳ P♦❞❡♠♦s ❡♥tã♦ ❛ss✉♠✐r q✉❡ j(A, v) > 1. ❙❡❥❛

Q1  Q2  · · ·  Qk = J(V )

♦s ✐❞❡❛✐s ❞❡❣r❛✉ ❞❡ V ❝♦♠ r❡s♣❡✐t♦ ❛ A✳ ❙❡❥❛ W = VQk−1
✱ ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ V ♣❡❧♦

✐❞❡❛❧ ♣r✐♠♦ Qk−1✳ ❚❡♠♦s q✉❡ W é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ❝♦♥t❡♥❞♦ V ❡ q✉❡

t❡♠ Qk−1 ❝♦♠♦ ✐❞❡❛❧ ♠❛①✐♠❛❧✳ ❊♥tã♦ ♦s ✐❞❡❛✐s ❞❡❣r❛✉ ❞❡ W ❝♦♠ r❡s♣❡✐t♦ ❛ A sã♦

Q1  Q2  · · ·  Qk−1 = J(W ).

▲♦❣♦ j(A,w) = j(A, v) − 1. ❙❡❥❛ β ❛ ❣❛✉❣❡ ♠❡♥♦s ✜♥❛ q✉❡ α t❛❧ q✉❡ β|F = w,

❝♦♠♦ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✳✷✳ P❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✺✱ β t❛♠❜é♠ é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧✳

❊♥tã♦✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ t❡♠♦s Rβ =
⋂ξ(w)

i=1 Ri, ♦♥❞❡ R1, . . . , Rξ(w) sã♦

❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ t❡♥❞♦ ❛ ■P t❛✐s q✉❡ Z(Ri) = W. ❆ss✐♠ J(Rβ) =⋂ξ(w)
i=1 J(Ri). ❈♦♠♦ Aβ

0 = Rβ/J(Rβ), ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

✭✺✳✶✽✮
Aβ

0 → R1/J(R1)× · · · ×Rξ(w)/J(Rξ(w))

x+ J(Rβ) 7→ (x+ J(R1), . . . , x+ J(Rξ(w))).



✻✹ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s

❉❡st❛ ❢♦r♠❛✱ ❛♣ós ✉♠❛ ♣♦ssí✈❡❧ ❛❧t❡r❛çã♦ ♥♦s í♥❞✐❝❡s✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r Ci =

Ri/J(Ri), s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞❡ ✭✺✳✶✮✳ ◆♦t❡ q✉❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✶✻✱

j(Ci, uj) = j(A, v)− j(A,w) = 1.

▲♦❣♦ ξ(uj) = 1. ❊♥tã♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❆✳✶✺ q✉❡ ξ(v) = ξ(w)ℓ(v, w). ❈♦♠♦

ω(α) = ξ(v) ❡ ω(β) = ξ(β)✱ t❡♠♦s ♣♦r ✭✺✳✹✮ ❡ ✭✺✳✽✮ q✉❡ ω(αij
0 ) = 1✱ ♣❛r❛ t♦❞♦

i = 1, . . . , ξ(w) ❡ j = 1, . . . , ℓ(v, w)✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✺✺ ❝❛❞❛ αij
0 é ✉♠❛

❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐✳ ❙❡❥❛ Sij ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ Ci

❛ss♦❝✐❛❞♦ ❛ αij
0 . ❙❡❥❛

Bij = {a ∈ A | a+ J(Ri) ∈ Sij},

q✉❡ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠ Z(Bij) = V ♣♦r ✭✶✳✶✷✮✳ ❱❛♠♦s

♠♦str❛r q✉❡ ❛ ❢❛♠í❧✐❛ ❢♦r♠❛❞❛ ♣❡❧♦s ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥ Bij ✱ ♣❛r❛ i = 1, . . . , ξ(w)

❡ j = 1, . . . , ℓ(v, w)✱ t❡♠ ❛ ■P✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✺ Si1, . . . , Siℓ(v,w) sã♦ ❞♦✐s ❛ ❞♦✐s

✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♠ ❛ ■P ♣❛r❛ t♦❞♦ i✳ ❆ss✐♠✱ Bi1, . . . , Biℓ(v,w) sã♦ ❞♦✐s ❛ ❞♦✐s

✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♠ ❛ ■P ♣❛r❛ t♦❞♦ i✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✷✳ ❆❣♦r❛ s❡❥❛ i, h ∈
{1, . . . , ξ(w)} ❝♦♠ i 6= h✳ ◆♦t❡ q✉❡ Bij ⊆ Ri ❡ Bht ⊆ Rh ♣❛r❛ j, t = 1, . . . , ℓ(v, w)✳

❈♦♠♦ Ri ❡ Rh sã♦ ✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♠ ❛ ■P✱ Bij ❡ Bht sã♦ t❛♠❜é♠ ✐♥❝♦♠♣❛rá✈❡✐s

❡ t❡♠ ❛ ■P ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥

{Bij}i,j sã♦ ❞♦✐s ❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♠ ❛ ■P ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✳ P❛r❛ ❝♦♠♣❧❡t❛r

❛ ❞❡♠♦♥str❛çã♦✱ r❡st❛ ♠♦str❛r♠♦s q✉❡ Aα =
⋂ξ(w)ℓ(v,w)

i=1j=1 Bij . ◆♦t❡ q✉❡

✭✺✳✶✾✮ J(Rβ) ⊆ J(Rα) ⊆ Rα ⊆ Rβ ,

♣♦✐s α(x) ≥ 0 ✐♠♣❧✐❝❛ β(x) ≥ 0 ❡ β(x) > 0 ✐♠♣❧✐❝❛ α(x) > 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛

❝❛❞❛ i = 1, . . . , ξ(w) t❡♠♦s

J(Ri) ⊆ J(Bij) ⊆ Bij ⊆ Ri,

♣❛r❛ t♦❞♦ j ∈ {1, . . . , ℓ(v, w)}. ❊♥tã♦

✭✺✳✷✵✮ J(Rβ) =

ξ(w)⋂

i=1

J(Ri) ⊆
ξ(w),ℓ(v,w)⋂

i,j=1

Bij ⊆
ξ(w)⋂

i=1

Ri = Rβ .

❙❡❥❛ a ∈ Rβ\J(Rβ)✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧❛s ✐♥❝❧✉sõ❡s q✉❡ t❡♠♦s ❡♠ ✭✺✳✶✾✮ ❡ ✭✺✳✷✵✮✱

❛ ❞❡♠♦♥str❛çã♦ ❡st❛rá ❝♦♠♣❧❡t❛ ❛♦ ♠♦str❛r♠♦s q✉❡ a ∈ Rα s❡ ❡ s♦♠❡♥t❡ s❡

a ∈
⋂ξ(w)ℓ(v,w)

i=1j=1 Bij ✳ P❡❧❛ ❢♦r♠❛ ❝♦♠♦ α0 ❢♦✐ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✷✸✮✱ t❡♠♦s q✉❡ α(a) =

α0(a+J(Rβ))✳ ❯s❛♥❞♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡A
β
0 ❝♦♠R1/J(R1)× · · · ×Rξ(w)/J(Rξ(w))✱



✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✻✺

❞❛❞❛ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ✭✺✳✶✽✮✱ ♦❜t❡♠♦s

α(a) = α0(a+ J(Rβ))

= α0(a+ J(R1), . . . , a+ J(Rξ(w)))

= min
1≤i≤ξ(w)

(αi
0(a+ J(Ri))).

❆ss✐♠✱ α(a) ≥ 0 s❡ ❡ s♦♠❡♥t❡ s❡ αi
0(a + J(Ri)) ≥ 0 ♣❛r❛ t♦❞♦ i = 1, . . . , ξ(w).

◆♦t❡ q✉❡ ♣♦r ✭✺✳✻✮✱ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ Rαi
0
=
⋂ℓ(v,w)

j=1 Sij . ❊♥tã♦ a ∈ Rα s❡ ❡ s♦♠❡♥t❡

s❡ a + J(Ri) ∈
⋂ℓ(v,w)

j=1 Sij , ♣❛r❛ t♦❞♦ i = 1, . . . , ξ(w). ▼❛s a + J(Ri) ∈ Sij s❡ ❡

s♦♠❡♥t❡ s❡ a ∈ Bij ✳ P♦rt❛♥t♦✱ a ∈ Rα s❡ ❡ s♦♠❡♥t❡ s❡ a ∈
⋂ξ(w)ℓ(v,w)

i=1j=1 Bij , ❝♦♠♦

q✉❡rí❛♠♦s✳ �

◆♦t❛ ✺✳✷✶✳ ◆♦t❡ q✉❡ ♦s Bi ❞♦ ❚❡♦r❡♠❛ ✺✳✶✼ sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ♣♦r α

♣♦✐s ❡st❡s sã♦ ❛s ❧♦❝❛❧✐③❛çõ❡s ❞❡ Rα ♣❡❧♦s s❡✉s ✐❞❡❛✐s ♠❛①✐♠❛✐s✳

❖ r❡st❛♥t❡ ❞❡st❡ ❝❛♣ít✉❧♦ s❡rá ❞❡❞✐❝❛❞♦ ❛ ♦❜t❡r♠♦s ✉♠❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛

✺✳✶✼ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ t❡♠ ♣♦st♦ ✜♥✐t♦✳ ❖ ♣❛ss♦ ❢✉♥✲

❞❛♠❡♥t❛❧ ♥❡ss❡ s❡♥t✐❞♦ é ♦ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡✱ q✉❡ é ✉♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡

❣❛✉❣❡s ♠✐♥✐♠❛✐s✳

❚❡♦r❡♠❛ ✺✳✷✷✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ v ❞❡ ♣♦st♦ ✜♥✐t♦ ❡ s❡❥❛

A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ ❊♥tã♦

❡①✐st❡ ✉♠❛ v✲❣❛✉❣❡ ♠✐♥✐♠❛❧ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ♣♦r ✐♥❞✉çã♦ s♦❜r❡ r❦(Γ)✱ ♦ ♣♦st♦ ❞❡ v✳ ❙❡

r❦(Γ) = 1✱ ❡♥tã♦ t♦❞♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠ ❝❡♥tr♦ V é

✐♥t❡❣r❛❧✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❞❡ ▼♦r❛♥❞✐ ❡♠ A✱ q✉❡ é t❛♠❜é♠

✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✺✺✳ P♦❞❡♠♦s ❡♥tã♦ ❛ss✉♠✐r q✉❡ r❦(Γ) > 1✳

❙❡❥❛ ∆ ⊆ Γ ✉♠ s✉❜❣r✉♣♦ ❝♦♥✈❡①♦ ❞❡ ♣♦st♦ 1✳ ❙❡❥❛ Λ = Γ/∆ ❡ ε : Γ → Λ ♦

❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✳ ❙❡❥❛

w = ε ◦ v : F → Λ ∪ {∞},

q✉❡ é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ v ❡♠ F t❛❧ r❦(w) = r❦(v) − 1 ✳ ❈♦♠♦

❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ v é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✷✱ q✉❡ w

t❛♠❜é♠ é s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ ❆ss✐♠✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❡①✐st❡ ✉♠❛ w✲❣❛✉❣❡

♠✐♥✐♠❛❧ β ❡♠ A✳ ❆❣♦r❛ s❡❥❛ (F h
v , v

h) ✭r❡s♣✳ (F h
w, w

h)✮ ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v)

✭r❡s♣✳ (F,w)✮✳ ❙❡❥❛ w′ ❛ ✈❛❧♦r✐③❛çã♦ ♠❡♥♦s ✜♥❛ q✉❡ vh ❞❛❞❛ ♣♦r

w′ = ε ◦ vh : F h
v → Λ ∪ {∞}.



✻✻ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s

❈♦♠♦ vh é ❤❡♥s❡❧✐❛♥❛✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✷ q✉❡ w′ t❛♠❜é♠ é ❤❡♥s❡❧✐❛♥❛

❡ (F h
w, w

h) ⊆ (F h
v , w

′). P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✵✱ t❡♠♦s ✉♠❛ w′✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

♠✉❧t✐♣❧✐❝❛t✐✈❛

β ⊗ w′ : Ah → Λ ∪ {∞},

❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

grβ⊗w′(Ah) = grβ(A)⊗grw(F ) grw′(F h
v ).

P❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✻✱ (F h
v , w

′) é ✉♠❛ ❡①t❡♥sã♦ ✐♥❡r❝✐❛❧ ❞❡ (F h
w, w

h)✳ ▲♦❣♦ ❛ ❡①t❡♥sã♦

F h
v

w′

/F
w
é s❡♣❛rá✈❡❧ ❡ Γw′ = Γwh ✳ P♦rt❛♥t♦✱ β ⊗ w′ é ✉♠❛ w′✲❣❛✉❣❡ ❡♠ Ah✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✸✷✳ P❛r❛ ♦ r❡st❛♥t❡ ❞❛ ♣r♦✈❛✱ ❛ ✐❞é✐❛ é ❝♦♥str✉✐r ❛ ♣❛rt✐r ❞❡ β ⊗ w′

✉♠❛ vh✲❣❛✉❣❡ α ❡♠ Ah✳ ❆ r❡str✐çã♦ α|A ♥♦s ❞❛rá ❛ v✲❣❛✉❣❡ ❡♠ A ❞❡s❡❥❛❞❛✳ ❙❡❥❛

❡♥tã♦ Dh
v ✭r❡s♣✳ Dh

w✮ ❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝❡♥tr❛❧ s♦❜r❡ F h
v ✭r❡s♣✳ F h

w✮ ❛ss♦❝✐❛❞❛

❛ A ⊗F F h
v ✭r❡s♣✳ A ⊗F F h

w✮✳ P♦r s✐♠♣❧✐✜❝❛çã♦✱ ✈❛♠♦s ✉s❛r vh ❡ w′ ✭r❡s♣✳ wh✮

♣❛r❛ ❞❡♥♦t❛r ❛s ✈❛❧♦r✐③❛çõ❡s ♥❛s á❧❣❡❜r❛s ❞❡ ❞✐✈✐sã♦ Dh
v ✭r❡s♣✳ Dh

w✮ ❡st❡♥❞❡♥❞♦ ❛s

✈❛❧♦r✐③❛çõ❡s ❤❡♥s❡❧✐❛♥❛s vh ❡ w′ ✭r❡s♣✳ wh✮✳ P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Ah = ❊♥❞Dh
v
M ✱

♦♥❞❡M é ❛❧❣✉♠Dh
v ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❈♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦✱ ♦❜t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛

✸✳✹✹ q✉❡ ❡①✐st❡ ✉♠❛ w′✲♥♦r♠❛ βM : M → Λ ∪ {∞} t❛❧ q✉❡

✭✺✳✷✸✮ β ⊗ w′ = ❊♥❞(βM ) ❡ grβ⊗w′(Ah) ∼=g ❊♥❞grw′ (Dh,v)(grβM
(M)).

❈♦♠♦ ♥❛ s❡çã♦ ✷✳✶✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ΛM = βM (M) é ✉♠❛ ✉♥✐ã♦ ΛM =

Λ1∪· · ·∪Λk✱ ♦♥❞❡ ❝❛❞❛ Λi é ✉♠❛ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞♦ ❣r✉♣♦ ΛDh
v ,w

′ = w′(Dh
v

×

)✳ ❙❡❣✉❡

q✉❡ grβM
(M) t❡♠ ✉♠ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ grw′(Dh,v)✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❣r❛❞✉❛❞♦s✿

✭✺✳✷✹✮ grβM
(M) =

k⊕

i=1

MΛi
♦♥❞❡ MΛi

=
⊕

λ∈Λi

Mλ.

❆❧é♠ ❞✐ss♦✱ t❡♠♦s ❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✱

✭✺✳✷✺✮ (Ah)β⊗w′

0
∼=

k∏

i=1

❊♥❞
Dh,v

w′ (Mλi1
).

❙❡❥❛ (ei)
n
i=1 ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♣❛r❛ βM ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✻✱

(e′i)
n
i=1 é ✉♠❛ grw′(Dh,v)✲❜❛s❡ ❞❡ grβM

(M)✳ ❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♠♦

s♦♠❛ ❞✐r❡t❛ ❞❡ ✭✺✮✱ ♣♦❞❡♠♦s ❛❧t❡r❛r❛ ♦s í♥❞✐❝❡s

(ei)
n
i=1 = {e11, . . . , e1t1 , . . . , ek1, . . . , ektk},

❞❡ t❛❧ ❢♦r♠❛ q✉❡ e′i1, . . . , e
′
iti

∈ MΛi
✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, . . . , k}✳ P♦r ✱ ♣❛r❛ ❝❛❞❛

i✱ ♦s ✈❛❧♦r❡s βM (ei1), . . . , βM (eiti) ❡stã♦ ♥✉♠❛ ♠❡s♠❛ ❝❧❛ss❡ ❧❛t❡r❛❧ ❞❡ ΛDh
v ,w

′ ✳

❊♥tã♦ ♣♦❞❡♠♦s ❛❧t❡r❛r ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ (ei)ni=1✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛❞❡q✉❛❞❛♠❡♥t❡



✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✻✼

♣♦r ❡❧❡♠❡♥t♦s ❞❡ Dh
v ✱ ❞❡ ♠♦❞♦ q✉❡ βM (ei1) = · · · = βM (eiti)✱ ♣❛r❛ ❝❛❞❛ i✳ ❆

✈❛❧♦r✐③❛çã♦ v ✭r❡s♣✳ vh✮ ✐♥❞✉③ ✉♠❛ ✈❛❧♦r✐③❛çã♦ u ✭r❡s♣ u′✮ ♥♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s

F
w

✭r❡s♣✳ F h
v

w′

✮✳ ❉❛ Pr♦♣♦s✐çã♦ ❇✳✻ t❡♠♦s q✉❡ (F h
v

w′

, u′) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡

(F h
w
, u)✳ ❙❡❥❛ L = Z(Dh,w

wh

)✱ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ Fh
w
✳ ❚❡♠♦s t❛♠❜é♠

q✉❡ u t❡♠ ℓ(v, w) ❡①t❡♥sõ❡s ♣❛r❛ L✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ❆✳✶✳ ◆♦ q✉❡ s❡❣✉❡✱

✈❛♠♦s ♠♦str❛r q✉❡ ω(β ⊗ w′) = ω(β)ℓ(v, w) ❙❡❥❛♠ u1, . . . , uℓ(v,w) t♦❞❛s ❡①t❡♥sõ❡s

❞✐st✐♥t❛s ❞❡ u ♣❛r❛ L✳ P❡❧♦ ❚❡♦r❡♠❛ ❇✳✼✱

✭✺✳✷✻✮ L⊗F
w F h

v

w′ ∼=
ℓ(v,w)∏

i=1

Li,

♦♥❞❡ ❝❛❞❛ Li ✐s ❛ ❤❡♥s❡❧✐③❛çã♦ L ❝♦♠ r❡❧❛çã♦ ❛ ui✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸✱ ♣♦❞❡♠♦s

❡s❝r❡✈❡r

✭✺✳✷✼✮ Aβ
0 =

ω(β)∏

j=1

Bj ,

♦♥❞❡ ❝❛❞❛ Bj é ✉♠❛ L✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❈♦♠♦ Γw′ = Γwh ✱ t❡♠♦s q✉❡

grw′(F h
v )

∼=g grwh(F h
w)⊗

Fh
w

wh F h
v

w′

= grw(F )⊗F
w F h

v

w′

.

❆ss✐♠✱

✭✺✳✷✽✮ grβ⊗w′(Ah) ∼=g grβ(A)⊗F
w F h

v

w′

.

❙❡❣✉❡ q✉❡

✭✺✳✷✾✮ (Ah)β⊗w′

0
∼= Aβ

0 ⊗F
w F h

v

w′ ∼= Aβ
0 ⊗L (L⊗F

w F h
v

w′

).

❏✉♥t❛♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s ❞❡ ✭✺✳✷✻✮✱ ✭✺✳✷✼✮ ❡ ✭✺✳✷✾✮✱ ♦❜t❡♠♦s q✉❡

(Ah)β⊗w′

0
∼= Aβ

0 ⊗L (

ℓ(v,w)∏

i=1

Li)✭✺✳✸✵✮

∼= (

ω(β)∏

j=1

Bj)⊗L (

ℓ(v,w)∏

i=1

Li)✭✺✳✸✶✮

∼=
ω(β)∏

j=1

ℓ(v,w)∏

i=1

Bj ⊗L Li.✭✺✳✸✷✮

❈♦♠♦ ❝❛❞❛ Bj ⊗L Li é ✉♠❛ Li✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✱ ❛♦ ❝♦♠♣❛r❛r♠♦s ✭✺✳✷✺✮ ❡

✭✺✳✸✷✮✱ ♦❜t❡♠♦s q✉❡

✭✺✳✸✸✮ k = ω(β ⊗ w′) = ω(β)ℓ(v, w).



✻✽ ✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , k✱ s❡❥❛ ❛❧❣✉♠ γi ∈ Γ✱ t❛❧ q✉❡ ε(γi) = βM (ei1)✳ ❉❡✜♥✐✲

♠♦s ❛ vh✲♥♦r♠❛ αM : M → Γ∪{∞} ♣❡❧❛ ❝♦♥❞✐çã♦ q✉❡ {e11, . . . , e1t1 , . . . , ek1, . . . , ektk}
é ✉♠❛ ❜❛s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ♣❛r❛ αM ❡

αM (eij) = γi ♣❛r❛ i = 1✱ ✳ ✳ ✳ ✱ k ❡ j = 1, . . . , ti✳

❊♥tã♦✱ ε ◦ αM = βM ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ΓM = αM (M) é ✉♠❛ ✉♥✐ã♦ ❞✐s✲

❥✉♥t❛ ❞❡ ❝❧❛ss❡s ❧❛t❡r❛✐s ΓM = γ1+ΓDh
v ,v

h ∪· · ·∪γk+ΓDh
v ,v

h . ❆ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦

α = ❊♥❞(αM )✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ✭✷✳✹✼✮ é ✉♠❛ vh✲❣❛✉❣❡ ❡♠ Ah✱ ♣♦✐s Dh,v é s❡♠ ❞❡❢❡✐t♦

s♦❜r❡ (F h
v , v

h)✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✸ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s

❞❛ ♣❛rt❡ ❞❡ ❣r❛✉ ③❡r♦ ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A
h) ∼= ❊♥❞gr

vh
(Dh

v )
(grαM

(M)) ❝♦r✲

r❡s♣♦♥❞❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ΓM ❡♠ ❝❧❛ss❡s ❧❛t❡r❛✐s ❞✐st✐♥t❛s ❞❡ ΓDh
v ,v

h ✱ ❧♦❣♦ ω(α) =

k✳ ❈♦♠♦ βM = ε ◦αM ✱ s❡❣✉❡ ❞❛ ❢ór♠✉❧❛ ✭✷✳✹✼✮ q✉❡ ❊♥❞(βM ) = ε ◦❊♥❞(αM )✱ ✐st♦

é✱

β ⊗ w′ = ε ◦ α.

P♦r ❬❚❲✷✱ Pr♦♣✳ ✺✳✺❪ t❡♠♦s q✉❡ α|A é ✉♠❛ v✲♥♦r♠❛ ❡♠ A t❛❧ q✉❡ α = α|A ⊗ vh✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ F h
v /F é ✉♠❛ ❡①t❡♥sã♦ ✐♠❡❞✐❛t❛✱ t❡♠♦s q✉❡

grα(A
h) = grα|A(A)⊗gr(F ) grvh(F

h) = grα|A(A).

❈♦♠♦ α é ✉♠❛ vh✲❣❛✉❣❡✱ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ grα(A
h) é s❡♠✐✲s✐♠♣❧❡✳ ❆ss✐♠✱

grα|A(A) é ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ s❡♠✐✲s✐♠♣❧❡s✱ ❧♦❣♦ α|A é ✉♠❛ v✲❣❛✉❣❡ ❡♠ A✳

❆❧é♠ ❞✐ss♦✱ ω(α|A) = ω(α) = k = ω(β)ℓ(v, w)✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✺✱ t❡♠♦s

ξ(v) = ξ(w)ℓ(v, w)✳ ❈♦♠♦ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ β é ✉♠❛ ❣❛✉❣❡ ♠✐♥✐♠❛❧✱ q✉❡ é✱

ω(β) = ξ(w)✱ t❡♠♦s

ω(α|A) = ω(β)ℓ(v, w) = ξ(w)ℓ(v, w) = ξ(v),

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ α|A é ✉♠❛ v✲❣❛✉❣❡ ♠✐♥✐♠❛❧ ❡♠ A✱ ❝♦♠♦ q✉❡rí❛♠♦s✳ �

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é ❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✶✼ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛

✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦ t❡♠ ♣♦st♦ ✜♥✐t♦✳

❈♦r♦❧ár✐♦ ✺✳✸✹✳ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ❝♦♠ ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❞❡ ♣♦st♦ ✜♥✐t♦ v✳ ❙❡❥❛

A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙✉♣♦♥❤❛♠♦s v s❡❥❛ s❡♠ ❞❡❢❡✐t♦ ❡♠ A✳ ❙❡❥❛

B1, . . . , Bn ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❝♦♠ Z(Bi) = V ✱

t❡♥❞♦ ❛ ■P ❡ t❛❧ q✉❡ B =
⋂n

i=1Bi é ✐♥t❡❣r❛❧ s♦❜r❡ V ✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ v✲❣❛✉❣❡

♠✐♥✐♠❛❧ α ❡♠ A t❛❧ q✉❡ Rα =
⋂n

i=1Bi✳



✺✳ ●❛✉❣❡s ❡♠ á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s ✻✾

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✺✳✷✷ ❡①✐st❡ ✉♠❛ v✲❣❛✉❣❡ ♠✐♥✐♠❛❧ β ❡♠ A✳ P♦❞❡♠♦s

❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✺✳✶✼ ❝♦♠ ❛ ❣❛✉❣❡ β ❡ ♦❜t❡r q✉❡ ♦ ❛♥❡❧ ❞❛ ❣❛✉❣❡ Rβ =
⋂ξ(v)

i=1 Ri✱

♦♥❞❡ R1, . . . , Rξ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠

Z(Bi) = V ❡ t❡♥❞♦ ❛ ■P✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥❥✉❣❛çã♦ ✭❚❡♦r❡♠❛ ❆✳✽✮✱ B ❡ Rα

sã♦ ❛♥é✐s ❝♦♥❥✉❣❛❞♦✱ ✐st♦ é✱ ❡①✐st❡ q ∈ A
×

t❛❧ q✉❡ B = qRβq
−1✳ ❆ ❝♦♠♣♦s✐çã♦ ❞❡

β ❝♦♠ ♦ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦ ıq : A → A ❞❡✜♥✐❞♦ ♣♦r x 7→ q−1xq✱ ♥♦s ❞á ✉♠❛

v✲❣❛✉❣❡ ♠✐♥✐♠❛❧ α = β ◦ ıq ❡♠ A t❛❧ q✉❡ Rα = qRβq
−1 = B✳ �
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✳



❆♣ê♥❞✐❝❡ ❆

❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥

❆✳✶✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ✐♥t❡rs❡❝çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐✲

③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥✱ q✉❡ s❛t✐s❢❛③❡♠ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥tr♦❞✉③✐❞❛ ♣♦r ●r❛t❡r ❡♠ ❬●❪ ❡

❝❤❛♠❛❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦✳ ❚✉❞♦ q✉❡ ❛♣❛r❡❝❡ ♥❡st❛ s❡çã♦ ❢♦✐ ❡①tr❛í❞♦ ❞♦

❧✐✈r♦ ❞❡ ▼❛r✉❜❛②❛s❤✐✱ ▼✐②❛♠♦t♦ ❡ ❯❡❞❛ ❬▼▼❯❪✱ q✉❡ é ✉♠❛ r❡❢❡rê♥❝✐❛ ❝♦♠♣❧❡t❛

s♦❜r❡ ❛ ❚❡♦r✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çõ❡s ❞❡ ❉✉❜r♦✈✐♥✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡ s❡❥❛♠

B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✳ ❙❡❥❛ R =
⋂k

i=1Bi✳ ❉✐③❡♠♦s

q✉❡ B1, . . . , Bk t❡♠ ❛ Pr♦♣r✐❡❞❛❞❡ ❞❛ ■♥t❡rs❡❝çã♦ ✭■P✮ s❡ J(S)∩R é ✉♠ ✐❞❡❛❧ ♣r✐♠♦

❞❡ R✱ ♣❛r❛ ❝❛❞❛ ❛♥❡❧ S ❝♦♥t❡♥❞♦ Bi✱ ♣❛r❛ ❛❧❣✉♠ i = 1, . . . , k.

❆ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦ ❢♦✐ ❞❡✜♥✐❞❛ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ●rät❡r ❡♠ ❬●❪✳

●rät❡r ❞❡✜♥✐✉ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦ ❡♠ t❡r♠♦s ❞❡ três ❝♦♥❞✐çõ❡s q✉❡ ✐♥❝❧✉í❛

❛ ❝♦♥❞✐çã♦ ✉t✐❧✐③❛❞❛ ❛❝✐♠❛ ✭❝❢✳ ❬▼▼❯✱ ♣❣✳ ✽✾❪✮✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❨✳ ❩❤❛♦

♠♦str♦✉ ❡♠ ❬❩❪ q✉❡ ❛ ❝♦♥❞✐çã♦ q✉❡ ✉s❛♠♦s ❛❝✐♠❛ ✐♠♣❧✐❝❛ ❛s ♦✉tr❛s ❞✉❛s✳

◆♦t❡ q✉❡ ✉♠ ú♥✐❝♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ B t❡♠ ❛ ■P✱ ♣♦✐s s❡ S é

✉♠ s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ B✱ ❡♥tã♦ t❡♠♦s ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✭✶✳✶✶✮ q✉❡ J(S) é ✉♠

✐❞❡❛❧ ♣r✐♠♦ ❞❡ B✳

❆ s❡❣✉✐r ❧✐st❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❢♦r♥❡❝❡♠ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❛ Pr♦♣r✐❡✲

❞❛❞❡ ❞❛ ■♥t❡rs❡çã♦ s❡❥❛ ❞❡t❡❝t❛❞❛✳ ❊st❡s r❡s✉❧t❛❞♦s s❡rã♦ ✉t✐❧✐③❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛

❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ P❛r❛ ❞❡♠♦♥str❛çõ❡s✱ ✈❡r ❬▼▼❯✱ §✶✻ ❡ §✶✼❪✳ P❛r❛ ♦ r❡st❛♥t❡

✼✶



✼✷ ❆✳ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

❞❡st❛ s❡çã♦✱ A ❞❡♥♦t❛ s❡♠♣r❡ ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉

❝❡♥tr♦ F ❡ B1, . . . , Bk é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✳

Pr♦♣♦s✐çã♦ ❆✳✶✳ ❙❡❥❛ Vi = Z(Bi)✱ ♣❛r❛ i = 1, . . . , k✳ ❙❡ V1, . . . , Vk sã♦ ❞♦✐s ❛

❞♦✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ F ✱ ❡♥tã♦ B1, . . . , Bk t❡♠ ❛ ■P✳

Pr♦♣♦s✐çã♦ ❆✳✷✳ ❙❡❥❛♠ S,B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠

Bi ⊆ S✱ ♣❛r❛ i = 1, . . . , k✳ ❙❡❥❛ B̃i = Bi/J(S)✱ ♣❛r❛ i = 1, . . . , k✳ ❊♥tã♦ B1, . . . , Bk

t❡♠ ❛ ■P s❡ ❡ s♦♠❡♥t❡ s❡ B̃1, . . . , B̃k t❡♠ ❛ ■P✳

❚❡♦r❡♠❛ ❆✳✸✳ ❙❡❥❛♠ B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✳

✭✐✮ ❙❡❥❛♠ S ❡ S′ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠ Bi ⊆ S,

Bj ⊆ S′ ♣❛r❛ ❛❧❣✉♠ i, j ❝♦♠ 1 ≤ i, j ≤ k✳ ❙❡ B1, . . . , Bk t❡♠ ❛ ■P ❡♥tã♦

S ❡ S′ t❡♠ ❛ ■P✳

✭✐✐✮ ❙❡ Bi ❡ Bj t❡♠ ❛ ■P ♣❛r❛ t♦❞♦ i, j✱ ❝♦♠ 1 ≤ i, j ≤ k ❡ i 6= j✱ ❡♥tã♦

B1, . . . , Bk t❡♠ ❛ ■P✳

✭✐✐✐✮ ❙❡❥❛ B′ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♥t✐❞♦ ❡♠ B1 ❡ s✉♣♦✲

♥❤❛♠♦s q✉❡ B1, Bi sã♦ ✐♥❝♦♠♣❛rá✈❡✐s ♣❛r❛ ❝❛❞❛ i = 2, . . . , k✳ ❙❡ B1, . . . , Bk

t❡♠ ❛ ■P✱ ❡♥tã♦ B′, B2, . . . , Bk t❡♠ ❛ ■P✳

❈♦r♦❧ár✐♦ ❆✳✹✳ ❙❡❥❛♠ B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❞♦✐s ❛

❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s✱ ❡ s❡❥❛ Bij ♦ ♠❡♥♦r s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ Bi ❡ Bj✳ ❙❡❥❛♠

B̃i = Bi/J(Bij) ❡ B̃j = Bj/J(Bij)✳ ❊♥tã♦ B1, . . . , Bk t❡♠ ❛ ■P s❡ ❡ s♦♠❡♥t❡ s❡

Z(B̃i) ❡ Z(B̃j) sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ Z(Bij) ♣❛r❛ t♦❞♦ i 6= j✳

❖ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❛❥✉❞❛ ❛ ✈✐s✉❛❧✐③❛r♠♦s ♦s ❛♥é✐s ❝♦♥s✐❞❡r❛❞♦s ♥♦ ❈♦r♦❧ár✐♦

❆✳✹✳

✭❆✳✺✮ A Bi , Bj ⊆ Bij

Bij B̃i , B̃j

F V ⊆ W Z(Bij) Z(B̃i) , Z(B̃j)

W Ṽ

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❢♦r♥❡❝❡ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❛ ■P ❢á❝✐❧ ❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥♦

❝❛s♦ ❡♠ q✉❡ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ sã♦ ✐♥t❡❣r❛✐s s♦❜r❡ ♦ ❝❡♥tr♦✳



❆✳✷✳ ❖ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ✼✸

Pr♦♣♦s✐çã♦ ❆✳✻✳ ❙❡❥❛♠ B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❞♦✐s

❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s✱ ❡ s❡❥❛ B = ∩k
i=1Bi✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Bi é ✐♥t❡❣r❛❧ s♦❜r❡ Vi

♣❛r❛ t♦❞♦ i✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ Z(B̃i) ❡ Z(B̃j) sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ Z(Bij) ♣❛r❛ t♦❞♦ i 6= j✳

✭✐✐✮ BiVij = BjVij = Bij✳

✭✐✐✐✮ Bi = BVi.

♦♥❞❡ Vij ✭r❡s♣✳ Bij✮ ❞❡♥♦t❛ ♦ ♠❡♥♦r s♦❜r❡❛♥❡❧ ❞❡ Vi ❡ Vj ✭r❡s♣✳ Bi ❡ Bj✮✳

❆✳✷✳ ❖ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦

♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞❡ ❞♦✐s t❡♦r❡♠❛ ❢✉♥❞❛✲

♠❡♥t❛✐s ♦❜t✐❞♦s ♣♦r ●rät❡r✱ ♦s q✉❛✐s ❡st❛❜❡❧❡❝❡♠ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ✭❛ ♠❡♥♦s

❞❡ ❝♦♥❥✉❣❛çã♦✮ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❡♠ ✉♠ ❛♥❡❧

❛rt✐♥✐❛♥♦ s✐♠♣❧❡s✱ t❡♥❞♦ ❛ Pr♦♣r✐❡❞❛❞❡ ❞❛ ■♥t❡rs❡çã♦✳ P❛r❛ ❞❡♠♦♥str❛çõ❡s✱ ✈❡r

❬▼▼❯✱ ❚❤♠✳ ✶✻✳✶✹ ❡ ❚❤♠✳ ✶✻✳✶✺❪✳

❚❡♦r❡♠❛ ❆✳✼ ✭❚❡♦r❡♠❛ ❞❛ ❊①✐stê♥❝✐❛✮✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s ❝♦♠

❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ V1, . . . , Vn sã♦ ❛♥é✐s ❞❡ ✈❛✲

❧♦r✐③❛çã♦ ❞❡ F ✱ ❞♦✐s ❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s✱ ❡ s❡❥❛ D =
⋂n

i=1 Vi✳

✭✐✮ ❙❡❥❛♠ B1, . . . , Bk ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A t❡♥❞♦ ❛ ■P ❡ s❡❥❛

B =
⋂k

i=1Bi✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Z(B) = V1 ∩ · · · ∩ Vℓ✱ ♣❛r❛ ❛❧❣✉♠ ℓ ❝♦♠

1 ≤ ℓ ≤ n✳ ❊♥tã♦ ❡①✐st❡♠ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ Bk+1, . . . , Bm

❞❡ A t❛✐s q✉❡ B1, . . . , Bm t❡♠ ❛ ■P✱ ❡ s❡ B′ =
⋂m

i=1Bi✱ ❡♥tã♦ Z(B′) = D

❡ B′ é ✐♥t❡❣r❛❧ s♦❜r❡ D✳

✭✐✐✮ ❙❡❥❛♠ B1, . . . , Bk ✭r❡s♣✳ B′
1, . . . , B

′
m✮ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

❞❡ A✱ ❞♦✐s ❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s✱ t❡♥❞♦ ❛ ■P✱ ❡ s❡❥❛♠ B =
⋂k

i=1Bi ❡

B′ =
⋂m

i=1B
′
i✳ ❙❡ Z(B) = Z(B′) = D ❡ B′ ❡ B sã♦ ❛♠❜♦s ✐♥t❡❣r❛✐s s♦❜r❡

D✱ ❡♥tã♦ k = m✳

❚❡♦r❡♠❛ ❆✳✽ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥❥✉❣❛çã♦✮✳ ❙❡❥❛ B ✭r❡s♣✳ B′✮ ❛ ✐♥t❡rs❡çã♦ ❞❡

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A t❡♥❞♦ ❛ ■P✳ ❙❡ Z(B) =

Z(B′) = D ❡ B ❡ B′ sã♦ ❛♠❜♦s ✐♥t❡❣r❛✐s s♦❜r❡ D✱ ❡♥tã♦ B ❡ B′ sã♦ ❝♦♥❥✉❣❛❞♦s✱

q✉❡ é✱ B = qB′q−1✱ ♣❛r❛ ❛❧❣✉♠ q ∈ A
×

.

❙❡❥❛ A ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡

s❡❥❛ V ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ✳ P❡❧❛ ♣❛rt❡ ✭✐✮ ❞♦ ❚❡♦r❡♠❛ ❆✳✼✱ ❡①✐st❡ ✉♠❛



✼✹ ❆✳ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ B1, . . . , Bn ❞❡ A t❡♥❞♦ ❛ ■P✱ t❛✐s q✉❡

Z(Bi) = V ❡ B =
⋂n

i=1Bi é ✐♥t❡❣r❛❧ s♦❜r❡ V ✳ ❖ ✐♥t❡✐r♦ n é ❝❤❛♠❛❞♦ ♦ ♥ú♠❡r♦ ❞❛

❡①t❡♥sã♦ ❞❡ V ♣❛r❛ A✳ P❡❧❛ ♣❛rt❡ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ❆✳✼✱ ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❡stá

❜❡♠ ❞❡✜♥✐❞♦✳

❊①✐st❡ ✉♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❲❛❞s✇♦rt❤

❡♠ ❬❲✷❪✳ ❙❡❥❛ B ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s A ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ s❡✉ ❝❡♥tr♦ F ❡ s❡❥❛ V = B ∩F = Z(B). ❈♦♠♦ B = B/J(B)

é ✉♠ ❛♥❡❧ ❛rt✐♥✐❛♥♦ s✐♠♣❧❡s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

✭❆✳✾✮ tB = t❛♠❛♥❤♦ ♠❛tr✐❝✐❛❧ ❞❡ B,

✐st♦ é✱ B ∼= MtB (E)✱ ♣❛r❛ ❛❧❣✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ E✳ ❆❣♦r❛ s❡❥❛ F h ❛ ❤❡♥s❡❧✐③❛çã♦

❞❡ F ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ V ✳ ❉❡✜♥✐♠♦s

✭❆✳✶✵✮ nB = t❛♠❛♥❤♦ ♠❛tr✐❝✐❛❧ ❞❡ A⊗F F h,

✐st♦ é✱ A ⊗F F h ∼= MnB
(Dh)✱ ♦♥❞❡ Dh é ✉♠ ❛♥❡❧ ❞❡ ❞✐✈✐sã♦ ❝♦♠ ❝❡♥tr♦ F h✳

❆❝♦♥t❡❝❡ q✉❡ nB/tB é s❡♠♣r❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❛

❡①t❡♥sã♦ ❞❡ V ♣❛r❛ A ❞❡✜♥✐❞♦ ❛❝✐♠❛✳

◆♦t❡ q✉❡ nB só ❞❡♣❡♥❞❡ ❞❛ á❧❣❡❜r❛ A ❡ ❞❛ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝❡♥tr♦✳ ❖ ♠❡s♠♦

❛❝♦♥t❡❝❡ ❝♦♠ tB✱ ✉♠❛ ✈❡③ q✉❡ ❞♦✐s ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥ s♦❜r❡ ♦ ♠❡s♠♦ ❝❡♥tr♦ sã♦

s❡♠♣r❡ ❝♦♥❥✉❣❛❞♦s✱ ❧♦❣♦ ✐s♦♠♦r❢♦s✳ ❊♥tã♦ ❡s❝r❡✈❡r❡♠♦s ξ(V,A) ♣❛r❛ ❞❡♥♦t❛r ♦

♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❞❡ V ♣❛r❛ A✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ξ(V )✱ q✉❛♥❞♦ ❛ á❧❣❡❜r❛ A

❡♥✈♦❧✈✐❞❛ ❡st✐✈❡r ✜①❛❞❛✳

P❛r❛ s❡r♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ ξ(V,A) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ V ❡ ❞❛ ❝❧❛ss❡ ❞❡ ❇r❛✉❡r

❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ A✳ ❉❡ ❢❛t♦✱ s❡ B é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❝♦♠

❝❡♥tr♦ V ✱ ❡♥tã♦ S = Mk(B) é ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ Mk(A) ❝♦♠

❝❡♥tr♦ V ✳ ❈♦♠♦

Mk(A)⊗F F h ∼= Mk(A⊗F F h),

t❡♠♦s q✉❡ nS = k · nB✳ P♦r ♦✉tr♦ ❧❛❞♦✱

S = Mk(B)/J(Mk(B)) ∼= Mk(B/J(B)),

♦ q✉❡ ✐♠♣❧✐❝❛ tS = k · tB✳ P♦rt❛♥t♦✱ ξ(V,Mk(A)) = ξ(V,A)✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣♦st♦ ❞❡❣r❛✉ ❡ ✐❞❡❛❧ ❞❡❣r❛✉ ❡

❡st✉❞❛r ❛ s✉❛ r❡❧❛çã♦ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳ ❊ss❡s ❝♦♥❝❡✐t♦s

❛♣❛r❡❝❡r❛♠ ♦r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❬❲✷❪✱ q✉❡ ✉s❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❛q✉✐✳

❙❡❥❛ (F, V ) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡❥❛

{Pi}i∈I ♦ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ♦r❞❡♥❛♥❞♦ ❞♦s ✐❞❡❛✐s ♣r✐♠♦s ❞❡ V ✳ P❛r❛ ❝❛❞❛ i ∈ I✱



❆✳✷✳ ❖ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦ ✼✺

s❡❥❛ (Fi, Vi) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, VPi
) ❡ s❡❥❛ A⊗F Fi

∼= Mni
(Di)✱ ♦♥❞❡ Di é ✉♠❛ Fi✲

á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❝❡♥tr❛❧✳ ❈♦♠♦ [A⊗F Fi : Fi] = [A : F ]✱ t❡♠♦s q✉❡ ni ≤ [A : F ]✳

❆❧é♠ ❞✐ss♦✱ s❡ Pi ⊆ Pj ✱ ❡♥tã♦ VPi
⊇ VPi

✳ ❊♥tã♦ ♣♦r ✭❇✳✺✮✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r

Fi ⊆ Fj ✱ ❡ ❛ss✐♠ ni|nj ✳ ❊♥tã♦✱ s❡ n ∈ {ni | i ∈ I}✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐❞❡❛❧ ♣r✐♠♦ Pj

❞❡ V ♠❛①✐♠❛❧ t❛❧ q✉❡ nj = n✳ P❛r❛ ✈❡r✐✜❝❛r ✐ss♦✱ s❡❥❛ In = {i ∈ I | ni = n} ❡ s❡❥❛

Pj =
⋃

i∈In
Pi✱ q✉❡ é ✉♠ ✐❞❡❛❧ ♣r✐♠♦ ❞❡ V ♣♦✐s ♦s Pi sã♦ ❧✐♥❡❛r♠❡♥t❡ ♦r❞❡♥❛❞♦s✳

❈♦♠♦ Fj é ♦ ❧✐♠✐t❡ ❞✐r❡t♦ ❞♦s Fi✱ ❝♦♠ i ∈ In✱ ❝♦♥❝❧✉í♠♦ q✉❡ nj = n✳ ❖ ✐❞❡❛❧

♣r✐♠♦ Pj é ❞✐t♦ ✉♠ ✐❞❡❛❧ ❞❡❣r❛✉ ❞❡ V ❝♦♠ r❡s♣❡✐t♦ ❛ á❧❣❡❜r❛ A✳ ◆♦t❡ q✉❡ Pj é ✉♠

✐❞❡❛❧ ❞❡❣r❛✉ s❡ ❡ s♦♠❡♥t❡ s❡ ♣❛r❛ ❝❛❞❛ Ps ! Pj t❡♠♦s ns > nj ✳ ❉❡♥♦t❛♠♦s ♣♦r

j(V,A) ♦ ♥ú♠❡r♦ ❞❡ ✐❞❡❛✐s ❞❡❣r❛✉✳ j(V,A) é ❝❤❛♠❛❞♦ ❞❡ ♣♦st♦ ❞❡❣r❛✉ ❞❡ V ❝♦♠

r❡s♣❡✐t♦ ❛ A✳ ◆♦t❡ q✉❡ ♦ ♣♦st♦ ❞❡❣r❛✉ é s❡♠♣r❡ ✜♥✐t♦ ♣♦✐s ♣♦❞❡♠♦s t❡r ❛♣❡♥❛s

✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ni ≤ [A : F ] ❞✐st✐♥t♦s✳ ■ss♦ t♦r♥❛ ♦ ♣♦st♦ ❞❡❣r❛✉ ♠✉✐t♦

út✐❧ ♣❛r❛ ❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ♦ ♣♦st♦ ❞❛ ✈❛❧♦r✐③❛çã♦ é

✐♥✜♥✐t♦✳ ❙❡❥❛ B ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠ Z(B) = V ✳ ❈♦♠♦

❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ✐❞❡❛✐s ♣r✐♠♦s ❞❡ B ❡ ♦s ✐❞❡❛✐s ♣r✐♠♦s ❞❡ V

✭❝❢✳ ❬▼▼❯✱ ❚❤♠✳ ✼✳✽❪✮✱ ❞✐③❡♠♦s q✉❡ Q é ✉♠ ✐❞❡❛❧ ❞❡❣r❛✉ ❞❡ B s❡ Q ∩ V é ✐❞❡❛❧

❞❡❣r❛✉ ❞❡ V ❝♦♠ r❡s♣❡✐t♦ ❛ A✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❝✉❥♦

❝❡♥tr♦ t❡♠ ♣♦st♦ ❞❡❣r❛✉ ✐❣✉❛❧ ❛ ✶ sã♦ s❡♠♣r❡ ✐♥t❡❣r❛✐s✳ P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦

✈❡r ❬▼▼❯✱ ❚❤♠✳ ✶✶✳✺❪✳

❚❡♦r❡♠❛ ❆✳✶✶ ✭❲❛❞s✇♦rt❤✮✳ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡❥❛ R ✉♠

❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❡ s❡❥❛ V = Z(A)✳ ❙✉♣♦♥❤❛♠♦s q✉❡ j(V,A) =

1✳ ❊♥tã♦ R é ✐♥t❡❣r❛❧ s♦❜r❡ V ✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s r❡❧❛❝✐♦♥❛r ♦s ✐❞❡❛✐s ❞❡❣r❛✉ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❛ ❡①t❡♥sã♦

✐♥tr♦❞✉③✐❞♦ ♥❛ ❙❡çã♦ ❆✳✷✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❡♠♦s ✜①❛r ❛❧❣✉♠❛ ♥♦t❛çã♦✿

✭❆✳✶✷✮ ❙❡❥❛ B ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A t❛❧ q✉❡ Z(B) = V ✳ ❙❡❥❛

S ✉♠ s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ B✳ ❊♥tã♦ S é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡

A ❡ W = Z(S) é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ❝♦♥t❡♥❞♦ V ✳ ❙❡❥❛ B̃ = B/J(S)✱ q✉❡

é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ S = S/J(S)✳ ❙❡❥❛ Ṽ = V/J(W )✱ q✉❡ é

✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ W = W/J(W )✳

◆❛s ❝♦♥❞✐çõ❡s ❞❡ ✭❆✳✶✷✮✱ ❞❡✜♥✐♠♦s

✭❆✳✶✸✮ ℓ(V,W ) = ♦ ♥ú♠❡r♦ ❞❡ ❡①t❡♥sõ❡s ❞❡ Ṽ ♣❛r❛ Z(S)✳



✼✻ ❆✳ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

❈♦♠♦ ❞♦✐s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ s♦❜r❡ ♦ ♠❡s♠♦ ❝❡♥tr♦ sã♦ s❡♠♣r❡

❝♦♥❥✉❣❛❞♦s✱ ℓ(V,W ) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦s ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ V ❡ W ❡ ❞❛ á❧❣❡❜r❛

A✳

❚❡♦r❡♠❛ ❆✳✶✹ ✭❲❛❞s✇♦rt❤✮✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞❡ ✭❆✳✶✷✮✱ s❡❥❛♠ Q1  Q2  

· · ·  Qk ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s ♣r✐♠♦s ❞❡ V q✉❡ ❝♦♥té♠ t♦❞♦s ♦s ✐❞❡❛✐s

❞❡❣r❛✉✳ ❙❡❥❛ Vi = VQi
❡ ℓi = ℓ(VQi

, VQi−1). ❊♥tã♦

ξ(V,A) = ℓ2ℓ3 · · · ℓk.

❚❡♦r❡♠❛ ❆✳✶✺ ✭❲❛❞s✇♦rt❤✮✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❡ ✭❆✳✶✷✮✱ t❡♠♦s

✭✐✮ tB = t
B̃
≥ tS❀

✭✐✐✮ nB = n
B̃
(nS/tS)ℓ(V,W );

✭✐✐✐✮ ξ(V ) = ξ(W )(n
B̃
/t

B̃
)ℓ(V,W ).

❈♦r♦❧ár✐♦ ❆✳✶✻ ✭❲❛❞s✇♦rt❤✮✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❡ ✭❆✳✶✷✮✱ s❡❥❛ Q ✉♠ ✐❞❡❛❧ ♣r✐♠♦

❞❡ B ❝♦♥t❡♥❞♦ J(S)✳ ❙❡ Q/J(S) é ✉♠ ✐❞❡❛❧ ❞❡❣r❛✉ ❞❡ B̃✱ ❡♥tã♦ Q é ✉♠ ✐❞❡❛❧ ❞❡❣r❛✉

❞❡ B✳

P❛r❛ ❝♦♥❝❧✉✐r ❡st❛ s❡çã♦✱ t❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s s♦❜r❡ s♦❜r❡❛♥é✐s ❞❡ ❛♥é✐s ❞❡

✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ q✉❡ sã♦ ✐♥t❡❣r❛✐s✳ ❊ss❡s r❡s✉❧t❛❞♦s s❡rã♦ út❡✐s ❡♠ ❛r❣✉✲

♠❡♥t♦s ✐♥❞✉t✐✈♦s✳ P❛r❛ ❞❡♠♦♥str❛çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ❆✳✶✼ ❡ Pr♦♣♦s✐çã♦ ❆✳✶✽ ✈❡r

❬▼▼❯✱ Pr♦♣✳ ✶✷✳✹❪ ❡ ❬▼▼❯✱ ❈♦r✳ ✶✻✳✻❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ❆✳✶✼✳ ❙❡❥❛ R ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♠ V =

Z(R)✱ t❛❧ q✉❡ R ♥ã♦ é ✐♥t❡❣r❛❧ s♦❜r❡ V ✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡

❉✉❜r♦✈✐♥ S ❞❡ A ❝♦♥t❡♥❞♦ R✱ t❛❧ q✉❡ S é ✐♥t❡❣r❛❧ s♦❜r❡ W = Z(S) ❡ é ♠✐♥✐♠❛❧

❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s

✭✐✮ W  Z(S).

✭✐✐✮ Ṽ t❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❡①t❡♥sõ❡s ♣❛r❛ Z(S)✱ ✐st♦ é✱ ℓ(V,W ) ≥ 2.

Pr♦♣♦s✐çã♦ ❆✳✶✽✳ ❙❡❥❛♠ R1, . . . , Rn ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❞♦✐s

❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♥❞♦ ❛ ■P✱ t❛✐s q✉❡ V = Z(∩Ri) é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦

❞❡ F ✳ ❙❡❥❛ Si ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A ❝♦♥t❡♥❞♦ Ri✱ ✐♥t❡❣r❛❧

s♦❜r❡ Wi = Z(Si) ❡ ♠✐♥✐♠❛❧ ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳ ❊♥tã♦

S1 = · · · = Sn✳



❆✳✸✳ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐ ✼✼

❆✳✸✳ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦

❞❡ ❉✉❜r♦✈✐♥ ♦❜t✐❞♦ ♣♦r ▼♦r❛♥❞✐ ❡♠ ❬▼✸❪✳ ▼♦r❛♥❞✐ ❡st❛✈❛ tr❛❜❛❧❤❛♥❞♦ ✐♥❞❡♣❡♥✲

❞❡♥t❡♠❡♥t❡ ❞❡ ●rät❡r✱ t❡♥t❛♥❞♦ ♦❜t❡r ♣❛r❛ ❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ✉♠❛

✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❜❛s❡❛❞❛ ♥❛ ✈❡rsã♦ ♠❛✐s ❣❡r❛❧ ❞♦ ❚❡♦r❡♠❛ ❞❛

❛♣r♦①✐♠❛çã♦ ♥♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦✱ q✉❡ ❢♦✐ ♦❜t✐❞♦ ♣♦r ❘✐❜❡♥❜♦✐♠ ❡♠ ❬❘✱ ❚❤é♦rè♠❡

✺❪✳ ❆ ❝♦♥❞✐çã♦ s♦❜r❡ ❛ ❢❛♠í❧✐❛ ❞❡ ❛♥é✐s ❞❡ ❉✉❜r♦✈✐♥ ✉t✐❧✐③❛❞❛ ♣♦r ▼♦r❛♥❞✐ ♣❛r❛ ♦

❡st❛❜❡❧❡❝✐♠❡♥t♦ ❞♦ t❡♦r❡♠❛ ♠♦str♦✉✲s❡ ❡q✉✐✈❛❧❡♥t❡ ❛ Pr♦♣r✐❡❞❛❞❡ ❞❛ ■♥t❡rs❡❝çã♦

✐♥tr♦❞✉③✐❞❛ ♣♦r ●rät❡r ✭❈♦♠♣❛r❡ ♦ ❡♥✉♥❝✐❛❞♦ ❛❜❛✐①♦ ❝♦♠ ❬▼✸✱ ❚❤♠✳ ✷✳✸❪ ❡ ♦

❈♦r♦❧ár✐♦ ❆✳✹ ❛❝✐♠❛✮✳

❚❡♦r❡♠❛ ❆✳✶✾✳ ✭❚❡♦r❡♠❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ▼♦r❛♥❞✐✮ ❙❡❥❛♠ B1, . . . , Bk

❛♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥ ❞❡ A✱ ❞♦✐s ❛ ❞♦✐s ✐♥❝♦♠♣❛rá✈❡✐s ❡ t❡♥❞♦ ❛ ■P✳ ❙❡❥❛

Bij ♦ ♠❡♥♦r s✉❜❛♥❡❧ ❞❡ A ❝♦♥t❡♥❞♦ Bi ❡ Bj✳ ❆ss✉♠✐♠♦s q✉❡ ♣❛r❛ t♦❞♦ 1 ≤ i ≤ k

❡①✐st❡ ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛ Ii ❞❡ Bi ♣❛r❛ ♦s q✉❛✐s ✈❛❧❡ IiBij = IjBij ♣❛r❛ t♦❞♦ i 6= j✳

❙❡❥❛♠ a1, . . . , ak ∈ A t❛✐s q✉❡ ai − aj ∈ IiBij ♣❛r❛ t♦❞♦ i 6= j✳ ❊♥tã♦ ❡①✐st❡ x ∈ A

t❛❧ q✉❡ x− ai ∈ Ii ♣❛r❛ t♦❞♦ i✳

P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆✳✶✾✱ ✈❡r ❬▼▼❯✱ ❚❤♠✳ ✶✺✳✷❪✳



✼✽ ❆✳ ❆♥é✐s ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ ❉✉❜r♦✈✐♥

✳



❆♣ê♥❞✐❝❡ ❇

❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧

❘❡✉♥✐♠♦s ♥❡st❡ ❛♣ê♥❞✐❝❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❤❡♥s❡❧✐③❛çã♦

q✉❡ sã♦ ✉t✐❧✐③❛❞❛s ❝♦♠ ❢r❡q✉ê♥❝✐❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳

❯♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ (F, V ) é ❞✐t♦ ❤❡♥s❡❧✐❛♥♦ q✉❛♥❞♦ ✈❛❧❡ ♦ ▲❡♠❛ ❞❡ ❍❡♥s❡❧✱

✐st♦ é✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ f ∈ V [x]✱ t❛❧ q✉❡ s✉❛ ✐♠❛❣❡♠ f ∈ F
v
[x]

t❡♠ ✉♠❛ ❢❛t♦r❛çã♦ f = gh✱ ❝♦♠ g ❡ h r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ❡♠ F
v
[x], ❡①✐st❡♠

g1, h1 ∈ V [x] t❛✐s q✉❡ f = g1h1✱ g = g1✱ h = h1 ❡ ❞❡❣(g1) = ❞❡❣(g)✳ ◆❡st❡ ❝❛s♦✱ ❛

✈❛❧♦r✐③❛çã♦ v é ❞✐t❛ ❤❡♥s❡❧✐❛♥❛✳ ❆ s❡❣✉✐r t❡♠♦s ✉♠❛ út✐❧ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❝♦r♣♦s

❤❡♥s❡❧✐❛♥♦s✳

Pr♦♣♦s✐çã♦ ❇✳✶ ✭❬❊P❪✱ ❚❤♠✳ ✹✳✶✳✸✮✳ ❯♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ (F, V ) é ❤❡♥s❡❧✐❛♥♦ s❡

❡ s♦♠❡♥t❡ s❡ V t❡♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ú♥✐❝♦ ♣❛r❛ t♦❞❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ L ❞❡ F ✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❡st❛❜❡❧❡❝❡ q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✈❛❧♦r✐③❛çõ❡s t❡♠ ✉♠ ❜♦♠

❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠ r❡❧❛çã♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❤❡♥s❡❧✐❛♥♦✳

Pr♦♣♦s✐çã♦ ❇✳✷ ✭❬❊P❪✱ ❈♦r✳ ✹✳✶✳✹✮✳ ❙❡❥❛ (F, V ) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ W ✉♠

❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ❝♦♥t❡♥❞♦ V ❡ U = V/J(W ) ♦ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ q✉♦✲

❝✐❡♥t❡ ❡♠ F
w
✳ ❊♥tã♦ (F, V ) é ❤❡♥s❡❧✐❛♥♦ s❡ ❡ s♦♠❡♥t❡ s❡ (F,W ) ❡ (F

w
, U) sã♦

❛♠❜♦s ❤❡♥s❡❧✐❛♥♦s✳

❆ ❤❡♥s❡❧✐③❛çã♦ ❞❡ ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❡ ✉♠❛

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ❯♠❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ (F, V ) é ✉♠❛

❡①t❡♥sã♦ ❤❡♥s❡❧✐❛♥❛ (F h, V h) ❞❡ (F, V )✱ t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❡①t❡♥sã♦ ❤❡♥s❡❧✐❛♥❛

✼✾



✽✵ ❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

(F ′, V ′) ❞❡ (F, V )✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ F ✲♠❡r❣✉❧❤♦ ϕ : (F h, V h) → (F ′, V ′)✱ ✐st♦ é✱ ϕ

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ t❛❧ q✉❡ ϕ(V h) = V ′ ❡ ϕ|F = ✐❞✳

✭❇✳✸✮ (F h
v , V

h) �
� ϕ

// (F ′, V ′)

(F, V )

❈♦♠♦ ❡st❛❜❡❧❡❝✐❞♦ ❡♠ ❬❊✶✱ ✭✶✼✳✶✵✮❪✱ t♦❞♦ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ t❡♠ ✉♠❛ ú♥✐❝❛

❤❡♥s❡❧✐③❛çã♦ ❛ ♠❡♥♦s ❞❡ F ✲✐s♦♠♦r✜s♠♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❢❛③ s❡♥t✐❞♦ ❡s❝r❡✈❡r♠♦s q✉❡

(F h, V h) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, V )✳

Pr♦♣♦s✐çã♦ ❇✳✹ ✭❬❊✶❪✱ ❚❤♠✳ ✶✼✳✶✾✮✳ ❆ ❤❡♥s❡❧✐③❛çã♦ (F h, V h) é ✉♠❛ ❡①t❡♥sã♦

✐♠❡❞✐❛t❛ ❞❡ (F, V )✱ ✐st♦ é✱ F h = F ❡ Γv = Γvh ✳

❙❡❥❛ (F, V ) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ W ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F ❝♦♥t❡♥❞♦

V ✳ ❙❡❥❛ (F h
v , V

h) ✭r❡s♣✳ (F h
w,W

h)✮ ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, V ) ✭r❡s♣✳ (F,W )✮✳ ❙❡❥❛

W ′ = WV h✱ q✉❡ é ✉♠ ❛♥❡❧ ❞❡ ✈❛❧♦r✐③❛çã♦ ❞❡ F h
v ❝♦♥t❡♥❞♦ V h✳ ❊♥tã♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ❇✳✷✱ t❡♠♦s q✉❡ (F h
v ,W

′) é ✉♠❛ ❡①t❡♥sã♦ ❤❡♥s❡❧✐❛♥❛ ❞❡ (F,W )✳ ❙❡❣✉❡

❞❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛ ❤❡♥s❡❧✐③❛çã♦ q✉❡ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ ϕ : (F h
w,W

h) →
(F h

v ,W
′)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r (F h

w,W
h) ❝♦♠ s✉❛ ❝ó♣✐❛ ✐s♦♠♦r❢❛ ❞❡♥tr♦ ❞❡

(F h
v ,W

′)✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ✈❡r (F h
v ,W

′) ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞❡ (F h
w,W

h)✳

❙❡❥❛ V ′ = V h ∩ F h
w ⊆ W ′ ∩ F h

w = W h✳ ❙❡❥❛ Ṽ ′ = V ′/J(W h)✱ q✉❡ é ✉♠ ❛♥❡❧

❞❡ ✈❛❧♦r✐③❛çã♦ ❞♦ ❝♦r♣♦ ❞❡ r❡sí❞✉♦s F h
w

wh

= F
w
✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ s❡❥❛ Ṽ h =

V h/J(W ′) ⊆ F h
v

w′

.

✭❇✳✺✮ (F h
v , V

h) ⊆ (F h
v ,W

′)

(F h
w, V

′) ⊆ (F h
w,W

h), (F h
v

w′

, Ṽ h)

(F, V ) ⊆ (F,W ) (F
w
, Ṽ ′)

Pr♦♣♦s✐çã♦ ❇✳✻ ✭❬▼✶❪✱ ❚❤♠✳ ✷✮✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ♣❛rá❣r❛❢♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡

(F h
v ,W

′) é ✉♠❛ ❡①t❡♥sã♦ ✐♥❡r❝✐❛❧ ❞❡ (F h
w,W

h)✱ ✐st♦ é✱ F h
v

w′

é ✉♠❛ ❡①t❡♥sã♦ s❡✲

♣❛rá✈❡❧ ❞❡ F
w

❡ ♣❛r❛ t♦❞♦ ❝♦r♣♦ K t❛❧ q✉❡ F h
w ⊆ K ⊆ F h

v ❡ [K : F h
w] < ∞✱

t❡♠♦s [K
w′′

: F
w
] = [K : F h

w]✱ ♦♥❞❡ W ′′ = W ′ ∩ K✳ ❆❧é♠ ❞✐ss♦✱ (F h
v

w′

, Ṽ h) é ❛

❤❡♥s❡❧✐③❛çã♦ ❞❡ (F
w
, Ṽ ′)✳



❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ✽✶

➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ L/F é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❝♦r♣♦s✱ v é ✉♠❛ ✈❛❧♦r✐✲

③❛çã♦ ❞✐s❝r❡t❛ ❡♠ F ❡ v1, . . . , vk sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s ❞❡ v ❡♠ L✱ ❡♥tã♦

❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ L⊗F F̂ →
∏k

i=1 L̂i✱ ♦♥❞❡ F̂ ✭r❡s♣✳ L̂i✮ é ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡

F ✭r❡s♣✳ L✮ ❝♦♠ r❡s♣❡✐t♦ ❛ v ✭r❡s♣✳ vi✮ ✭✈❡r ❬❇✱ ❈❤❛♣t❡r ❱■✱ ➓✽✱ ♥♦✳ ✻✱ Pr♦♣✳ ✶✶❪✮✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ✉♠ ❛♥á❧♦❣♦ ❛♦ r❡s✉❧t❛❞♦ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✱ q✉❡ ✈❛❧❡ ♣❛r❛

✈❛❧♦r✐③❛çõ❡s ❞❡ ♣♦st♦ ❛r❜✐trár✐♦✱ tr♦❝❛♥❞♦✲s❡ ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ♣❡❧❛ ❤❡♥s❡❧✐③❛çã♦✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❡①t❡♥sã♦ ✜♥✐t❛ é s❡♣❛rá✈❡❧✱ ❡st❡ r❡s✉❧t❛❞♦ ❡stá ✐♠♣❧í❝✐t♦ ❡♠ ❬❊✶✱

❚❤♠✳ ✶✼✳✶✼❪✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❝❛s♦ ❣❡r❛❧✱ q✉❡ ❛♣r❡s❡♥t❛♠♦s ❛q✉✐✱ ❢♦✐ ♦❜t✐❞❛

♣♦r ❲❛❞s✇♦rt❤✳

❚❡♦r❡♠❛ ❇✳✼✳ ❙❡❥❛ (F, v) ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ s❡❥❛ L ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡

F ✳ ❙❡❥❛♠ y1, . . . , yℓ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ v ♣❛r❛ L✳ ❙❡❥❛ F h ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ F

❝♦♠ r❡s♣❡✐t♦ ❛ v✳ ❊♥tã♦✱ L⊗F F h ∼=
∏r

i=1 Li✱ ♦♥❞❡ ❝❛❞❛ Li é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ L

❝♦♠ r❡s♣❡✐t♦ ❛ yi✳

P❛r❛ ❞❡♠♦♥str❛r ❛ Pr♦♣♦s✐çã♦ ♣r❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛ té❝♥✐❝♦✳

▲❡♠❛ ❇✳✽✳ ❙❡❥❛ N/F ✉♠❛ ❡①t❡♥sã♦ ❣❛❧♦✐s✐❛♥❛ ❞❡ ❝♦r♣♦s ✭♣♦ss✐✈❡❧♠❡♥t❡ ❞❡ ❣r❛✉

✐♥✜♥✐t♦✮ ❡ s❡❥❛ ♦ ❣r✉♣♦ ❞❡ ●❛❧♦✐s G = G(N/F )✳ ❙❡❥❛ L ❡ K ❝♦r♣♦s ✐♥t❡r♠❡❞✐ár✐♦s

❝♦♠ [L : F ] < ∞✳ ❙❡❥❛ H = G(N/L) ≤ G ❡ Z = G(N/K) ≤ G✳ ❙✉♣♦♥❤❛♠♦s

q✉❡ τ1, . . . , τℓ r❡♣r❡s❡♥t❛♥t❡s ❞❛s Z − H ❝❧❛ss❡s ❧❛t❡r❛✐s ❞✐st✐♥t❛s ❡♠ G✱ ✐st♦ é✱

G =
⋃ℓ

i=1 ZτiH é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛✳ ❊♥tã♦ L⊗F K ∼=
∏ℓ

i=1 τi(L)K.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ L é s❡♣❛rá✈❡❧ s♦❜r❡ F ✱ t❡♠♦s q✉❡ L = F (a) ♣❛r❛ ❛❧❣✉♠

a ∈ L✳ ❙❡❥❛ f ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ a s♦❜r❡ F ✳ ❊♥tã♦ f s❡ ❢❛t♦r❛ ❡♠ N [X]

❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠ô♥✐❝♦s f(X) = (X − a1) · · · (X − an)✱ ❝♦♠ ♦s

ai t♦❞♦s ❞✐st✐♥t♦s✳ P♦❞❡♠♦s s✉♣♦r q✉❡ a1 = a✳ ❙❡❥❛ A = {a1, . . . , an}✳ ❙❡❥❛ f =

g1 · · · gℓ ❛ ❢❛t♦r❛çã♦ ❡♠ ♣♦❧✐♥ô♠✐♦s ♠ô♥✐❝♦s ✐rr❡❞✉tí✈❡✐s ❞❡ f ❡♠ K[X] ❡ s❡❥❛ bi ∈ A
❛❧❣✉♠❛ r❛✐③ ❞❡ gi ❡♠ N ♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ ℓ. ❊♥q✉❛♥t♦ G ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡

❡♠ A✱ t❡♠♦s q✉❡ A s❡ ❞❡❝♦♠♣õ❡ ❡♠ ℓ ór❜✐t❛s ❞✐s❥✉♥t❛s A = B1 ∪ · · · ∪ Bℓ✱ ♦♥❞❡

Bi = Zbi = { r❛í③❡s ❞❡ gi ❡♠ N}. P❛r❛ ❝❛❞❛ i✱ ❡s❝♦❧❤❛ τi ∈ G ❝♦♠ τi(a) = bi✳

❊♥tã♦ ZτiH = {σ ∈ G | σ(a) ∈ Bi}✱ ♣♦✐s H = {σ ∈ G | σ(a) = a}✳ ❊♥tã♦✱

Zτ1H, . . . , ZτℓH sã♦ t♦❞♦s ❛s Z −H ❝❧❛ss❡s ❧❛t❡r❛✐s ❞✐st✐♥t❛s ❡♠ G✳ ❈♦♠♦ gi ❡ gj

sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱ ♣❛r❛ i 6= j✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❝❤✐♥ês ❞♦s r❡st♦s

L⊗F K = F [X]/(f)⊗F K ∼= K[X]/fK[X]

∼= K[X]/(g1) · · · (gℓ) ∼= K[X]/(g1)× · · · ×K[X]/(gℓ)

∼= K(b1)× · · · ×K(bℓ) ∼= τ1(L)K × · · · × τℓ(L)K.



✽✷ ❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

�

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦✭❝❛s♦ s❡♣❛rá✈❡❧✮✿ ❙✉♣♦♥❤❛♠♦s ♣r✐♠❡✐r♦ q✉❡ L é ✉♠❛

❡①t❡♥sã♦ s❡♣❛rá✈❡❧ ❞❡ F ✳ ❙❡❥❛ F s ♦ ❢❡❝❤♦ s❡♣❛rá✈❡❧ ❞❡ F ❡ s❡❥❛ G = G(F s/F )✳

❋✐①❡ ❛❧❣✉♠❛ ❡①t❡♥sã♦ w ❞❡ v ❡♠ F s ❡ s❡❥❛ Z = {σ ∈ G | σ ◦ w = w}✳ P♦❞❡♠♦s

s✉♣♦r q✉❡ Z = G(F s/F h)✳ ❙❡❥❛ Ω ♦ ❝♦♥❥✉♥t♦ ❞❛s ❡①t❡♥sõ❡s ❞❡ v ♣❛r❛ F s✳ ❚❡♠♦s

q✉❡ G ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ à ❞✐r❡✐t❛ ❡♠ Ω✳ P❛r❛ ❝❛❞❛ i = 1, . . . , ℓ✱ s❡❥❛ Ωi = {y ∈
Ω | y|L = yi}✳ ❙❡❥❛ H = G(F s/L)✳ ◆♦t❡ Ω1, . . . ,Ωℓ sã♦ ❛s ❞✐st✐♥t❛s H✲ór❜✐t❛s ❡♠

Ω✳ P❛r❛ ❝❛❞❛ 1 ≤ i ≤ ℓ ❡s❝♦❧❤❛ τi ∈ G t❛❧ q✉❡ w ◦ τi|L = yi✳ ❙❡q✉❡ q✉❡

{σ ∈ G | w ◦ σ|L = yi} = {σ ∈ G | w ◦ σ ∈ Ωi} = ZτiH.

❊♥tã♦ G s❡ ❡s❝r❡✈❡ ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ G =
⋃ℓ

i=1 ZτiH ❞❡ Z − H ❝❧❛ss❡s

❧❛t❡r❛✐s✳ P♦❞❡♠♦s ❡♥tã♦ ❛♣❧✐❝❛r ♦ ▲❡♠❛ ❇✳✽ ❝♦♠ N = F s ❡ K = F h✳ ❊♥tã♦

L⊗F F h ∼=
ℓ∏

i=1

τi(L)F
h ∼=

ℓ∏

i=1

Lτ−1
i (F h).

◆♦t❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢❛t♦r❡s ❞✐r❡t♦s ❞❡ L ⊗F F h é ♦ ♥ú♠❡r♦ ❞❡ Z − H ❝❧❛ss❡s

❧❛t❡r❛✐s✱ q✉❡ ♥❡st❡ ❝❛s♦ é ♦ ♥ú♠❡r♦ ❞❡ ❡①t❡♥sõ❡s ❞❡ v ♣❛r❛ L✳ ❆❣♦r❛ ♥♦t❡ q✉❡

G(F s/Lτ−1
i (F h)) = G(F s/L) ∩G(F s/τ−1

i (F h)) = H ∩ τ−1
i Zτi.

❈♦♠♦ Z é ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ w ❡♠ G✱ t❡♠♦s q✉❡ τ−1
i Zτi é ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ w ◦ τi

❡♠ G✳ ▲♦❣♦ H ∩ τ−1
i Zτi é ♦ ❣r✉♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ w ◦ τi s♦❜r❡ yi✳ ❆ss✐♠✱

Lτ−1
i (F h) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ w ◦ τi s♦❜r❡ yi✳ ■ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ ❝❛s♦ ❡♠

q✉❡ L é s❡♣❛rá✈❡❧ s♦❜r❡ F ✳ �

P❛r❛ ❞❡♠♦♥str❛r♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ L é ♥ã♦ é s❡♣❛rá✈❡❧ s♦❜r❡ F ✱ ♣r❡❝✐s❛r❡♠♦s

❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ❇✳✾✳ ❙❡❥❛ (F h, vh) ✉♠❛ ❤❡♥s❡❧✐③❛çã♦ ❞♦ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ (F, v)✳ ❙❡❥❛ K

✉♠❛ ❡①t❡♥sã♦ ❞❡ F ❞❡♥tr♦ ❞♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ F h ❡ s❡❥❛ w ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡

vh ♣❛r❛ K · F h✳ ❊♥tã♦ (K · F h, w) é ✉♠❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (K,w|K)✳

❉❡♠♦♥str❛çã♦✿ ❆ ✈❛❧♦r✐③❛çã♦ w ❡♠ K ·F h é ❤❡♥s❡❧✐❛♥❛ ♣♦✐s K ·F h é ✉♠❛ ❡①t❡♥✲

sã♦ ❛❧❣é❜r✐❝❛ ❞❡ F h ❡ vh é ❤❡♥s❡❧✐❛♥❛✳ ❙❡❥❛ (Kh, wh) ✉♠❛ ❤❡♥s❡❧✐③❛çã♦ (K,w|K)✳

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❛❝✐♠❛ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ (Kh, wh) →֒ (K · F h, w)✳

❊♥tã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ K ⊆ Kh ⊆ K · F h ❡ wh = w|Kh ✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ (F h, vh) →֒ (Kh, wh)✱ ❞♦♥❞❡ ♦❜t❡♠♦s

✉♠ ♠❡r❣✉❧❤♦ F h ·K →֒ Kh✳ ❈♦♠♦ Kh ⊆ K · F h✱ ❝♦♥❝❧✉í♠♦s q✉❡ Kh = K · F h ❡



❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ✽✸

w = wh✳ P♦rt❛♥t♦✱ (K · F h, w) é ✉♠❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (K,w|K)✳ �

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦✭❝❛s♦ ♥ã♦ s❡♣❛rá✈❡❧✮✿ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ L ♥ã♦

é s❡♣❛rá✈❡❧ s♦❜r❡ F ❡ s❡❥❛ S ♦ ❢❡❝❤♦ s❡♣❛rá✈❡❧ ❞❡ F ❡♠ L✳ ❙❡❥❛ ui = yi|S ✱ ♣❛r❛
1 ≤ i ≤ ℓ✳ ❈♦♠♦ L é ♣✉r❛♠❡♥t❡ ✐♥s❡♣❛rá✈❡❧ s♦❜r❡ S✱ t❡♠♦s q✉❡ ❛s ✈❛❧♦r✐③❛çõ❡s

u1, . . . , uℓ sã♦ t♦❞❛s ❞✐st✐♥t❛s ❡ ❡st❛s sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ v ♣❛r❛ S✳ P♦❞❡♠♦s

❡♥tã♦ ❛♣❧✐❝❛r ♦ ❝❛s♦ s❡♣❛rá✈❡❧ ❝♦♠ S ♥♦ ❧✉❣❛r ❞❡ L✳ ❊♥tã♦ t❡♠♦s S ⊗F F h ∼=
∏ℓ

i=1Ei✱ ♦♥❞❡ ❝❛❞❛ (Ei, u
h
i ) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (S, ui)✳ ❙❡❣✉❡ q✉❡

L⊗F F h ∼= L⊗S (S ⊗F F h) ∼= L⊗S (
ℓ∏

i=1

Ei) ∼= (

ℓ∏

i=1

L⊗S Ei).

❈♦♠♦ L é ♣✉r❛♠❡♥t❡ ✐♥s❡♣❛rá✈❡❧ s♦❜r❡ S✱ ❡♥q✉❛♥t♦ q✉❡ Ei é s❡♣❛rá✈❡❧ s♦❜r❡ S✱

❡st❡s ❝♦r♣♦s sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞✐s❥✉♥t♦s✳ ▲♦❣♦ L⊗S Ei é ✉♠ ❝♦r♣♦✱ q✉❡ é ✐s♦♠♦r❢♦

❛ L · Ei✳ ❙❡❥❛ wi ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❡ uhi ♣❛r❛ L ⊗S Ei✳ ❈♦♠♦ wi|S = ui ❡♥tã♦

wi|L = yi✳ ❈♦♥❝❧✉í♠♦s ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ❇✳✾ q✉❡ (L⊗S Ei, wi) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡

(L, yi) ♣❛r❛ 1 ≤ i ≤ ℓ✳ �



✽✹ ❇✳ ❍❡♥s❡❧✐③❛çã♦ ❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

✳



❆♣ê♥❞✐❝❡ ❈

❯♠ t❡♦r❡♠❛ s♦❜r❡ ❛

❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠

á❧❣❡❜r❛s s✐♠♣❧❡s

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✺ q✉❡ ✈❛❧❡ ♣❛r❛ ✈❛❧♦✲

r✐③❛çõ❡s ❞❡ ♣♦st♦ ❛r❜✐trár✐♦✳ ❆ ❞❡♠♦♥str❛çã♦ q✉❡ ✐♥❝❧✉í♠♦s ❛q✉✐ ❢♦✐ ♦❜t✐❞❛ ♣♦r

❲❛❞s✇♦rt❤✳

❚❡♦r❡♠❛ ❈✳✶ ✭❲❛❞s✇♦rt❤✮✳ ❙❡❥❛ (F, v) é ✉♠ ❝♦r♣♦ ✈❛❧♦r✐③❛❞♦ ❡ A é ✉♠❛ F ✲

á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛♠ v1, . . . , vr t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞✐st✐♥t❛s

❞❡ v ♣❛r❛ K = Z(A)✳ ❊♥tã♦ ❡①✐st❡♠ vi✲❣❛✉❣❡s αi ❡♠ A ♣❛r❛ i = 1, . . . , r t❛✐s q✉❡

✭❈✳✷✮ α(a) = min
(
α1(a), . . . , αr(a)

)
♣❛r❛ t♦❞♦ a ∈ A.

❆❧é♠ ❞✐ss♦✱

✭❈✳✸✮ grα(A) ∼=g grα1
(A)× · · · × grαr

(A).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (F h, vh) ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (F, v) ❡ s❡❥❛

B = A⊗F F h ❡ L = Z(B) = K ⊗F F h.

P❡❧♦ ❚❡♦r❡♠❛ ❇✳✼✱ L é ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ❝♦r♣♦s✳

❙❡❥❛ e1, . . . , er ♦s ✐❞❡♠♣♦t❡♥t❡s ♣r✐♠✐t✐✈♦s ❞❡ ❞❡ L✱ ❡♥tã♦

L = L1 × · · · × Lr, ♦♥❞❡ Li = eiL,

✽✺



✽✻ ❈✳ ❯♠ t❡♦r❡♠❛ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s

❡ ❝❛❞❛ Li é ✉♠ ❝♦r♣♦✳ ❖s Li sã♦ ✐♥❞❡①❛❞♦s ♣❡❧♦s vi✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ B é ✉♠

♣r♦❞✉t♦ ❞❡ á❧❣❡❜r❛s s✐♠♣❧❡s

B = B1 × · · · ×Br, ♦♥❞❡ Bi = eiB,

❊♥tã♦✱ ❝❛❞❛ Bi é ✉♠❛ Li✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❱❛♠♦s ✐❞❡♥t✐✜❝❛r K,A, F h ❝♦♠

s✉❛s ❝ó♣✐❛s ✐s♦♠♦r❢❛s K⊗1, A⊗1, 1⊗F h ❡♠ B✳ ▼❛s ♥ã♦ ✈❛♠♦s ✐❞❡♥t✐✜❝á✲❧♦s ❝♦♠

s✉❛s ❝ó♣✐❛s ✐s♦♠♦r❢❛s eiK, eiA, eiF
h ❡♠ Bi✳ P❛r❛ ❝❛❞❛ i t❡♠♦s ✐♥❝❧✉sõ❡s ❝❛♥ô♥✐❝❛s

pi : A →֒ Bi, a 7→ ei(a⊗ 1) ❡ qi : F
h →֒ Bi, c 7→ ei(1⊗ c).

❊♥tã♦✱ Bi t❡♠ s✉❜á❧❣❡❜r❛s pi(A), pi(K), ❡ Li✱ ❝♦♠

Bi = pi(A)⊗pi(K) Li
∼= A⊗K Li, ❛ss✐♠✱ [Bi : Li] = [A : K].

❈❛❞❛ ❝♦r♣♦ Li é ✉♠ ❝♦♠♣♦s✐t✉♠ ❞❡ ❝♦r♣♦s✱ Li = pi(K) ·qi(F h). ❆ ❝♦♠♣♦s✐çã♦

vh ◦ q−1
i é ✉♠❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ ❡♠ qi(F

h)✱ q✉❡ s❡ ❡st❡♥❞❡ ✉♥✐❝❛♠❡♥t❡ ♣❛r❛

✉♠❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ wi ❡♠ Li. ❆ r❡str✐çã♦ ❞❡ wi ♣❛r❛ K ❞á ✉♠❛ ✈❛❧♦r✐③❛çã♦

wi ◦ pi q✉❡ ❡st❡♥❞❡ v ❞❡ F ✳ ❆s ✈❛❧♦r✐③❛çõ❡s wi ◦ p1, . . . , wr ◦ pr sã♦ t♦❞❛s ❞✐st✐♥t❛s

❡ sã♦ t♦❞❛s ❛s ❡①t❡♥sõ❡s ❞❡ v ♣❛r❛ K✳ ❉❡st❛ ❢♦r♠❛✱ ❛♣ós r❡♥✉♠❡r❛r♠♦s ♦s ei s❡

♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r wi ◦ pi = vi✱ ♣❛r❛ i = 1, . . . , r✱ ✐st♦ é✱

✭❈✳✹✮ vi(d) = wi(ei(d⊗ 1)), ♣❛r❛ t♦❞♦ d ∈ K.

❖ ❚❡♦r❡♠❛ ❇✳✼ t❛♠❜é♠ ♥♦s ❞á q✉❡ (Li, wi) é ❛ ❤❡♥s❡❧✐③❛çã♦ ❞❡ (K, vi)✳

❙❡❥❛ β = α⊗ vh✱ q✉❡ é ✉♠❛ vh✲❣❛✉❣❡ ❡♠ B✱ s❛t✐s❢❛③❡♥❞♦

✭❈✳✺✮ grβ(B) ∼=g grα(A)⊗gr(F ) gr(F
h) ∼=g grα(A),

♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✸✳ ❙❡❥❛ βi = β|Bi
✱ q✉❡ é ✉♠❛ vh✲❣❛✉❣❡ ❡♠ Bi ❛tr❛✈és ❞♦

♠❡r❣✉❧❤♦ qi : F
h →֒ Bi✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✱

✭❈✳✻✮ β(b) = min
1≤i≤r

(βi(eib)), ♣❛r❛ t♦❞♦ b ∈ B,

❡

✭❈✳✼✮ grβ(A) = grβ1
(B1)× · · · × grβr

(Br).

❈♦♠♦ wi é ❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❞❛ ✈❛❧♦r✐③❛çã♦ ❤❡♥s❡❧✐❛♥❛ vh ♣❛r❛ Li✱ t❡♠♦s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✸✽ q✉❡ ❝❛❞❛ βi é ✉♠❛ wi✲❣❛✉❣❡✳

❉❡✜♥❛ ❛s v✲❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ α1, . . . , αr ❡♠ A ♣♦r

αi(a) = β(pi(a)) = βi(ei(a⊗ 1)).



❈✳ ❯♠ t❡♦r❡♠❛ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s ✽✼

❊♥tã♦✱ ❝❛❞❛ αi é ♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣♦✐s βi é ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ ♣❛r❛ t♦❞♦ a ∈ A✱

✭❈✳✽✮ α(a) = β(a⊗ 1) = min
1≤i≤r

(βi(ei(a⊗ 1))) = min
1≤i≤r

(αi(a)).

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ βi é ✉♠❛ wi✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦✱ s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ c ∈ K ❡

a ∈ A✱

αi(ca) = βi(ei(ca⊗ 1)) = βi(ei(c⊗ 1) · ei(a⊗ 1))

= wi(ei(c⊗ 1)) + βi(ei(a⊗ 1)) = vi(c) + αi(a).

▲♦❣♦ αi é ✉♠❛ vi✲❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦ ❡♠ A✳ ❖ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ♠♦str❛ ❛s á❧❣❡❜r❛s

r❡❧❛❝✐♦♥❛❞❛s ❛ Bi ❡ ❛s ❢✉♥çõ❡s ✈❛❧♦r✐③❛çã♦ ❛ss♦❝✐❛❞❛s✳

✭❈✳✾✮ Bi, βi

A,αi

- 

pi
;;

Li, wi

K, vi

, �

pi
;;

F h, vh
2 R

qi
dd

❆❣♦r❛✱ ♣❛r❛ t♦❞♦ γ ∈ Γ ❛ ❞❡✜♥✐çã♦ ❞♦s βi ❡ ✭❈✳✻✮ ❡ ✭❈✳✽✮ ♠♦str❛♠ q✉❡ t❡♠♦s ✉♠

❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ♣❛r❛ ❝❛❞❛ i✿

✭❈✳✶✵✮

Aα
≥γ

✐❞−−−−→ Aαi

≥γy
y

Bβ
≥γ

ei−−−−→ Bβi

i,≥γ .

❆ ❛♣❧✐❝❛çã♦ ✈❡rt✐❝❛❧ ❞❛ ❞✐r❡✐t❛ é a 7→ ei(a ⊗ 1). ❚❛♠❜é♠ ❡①✐st❡ ✉♠ ❞✐❛❣r❛♠❛

❝♦♠✉t❛t✐✈♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❝♦♠ > γ ♥♦ ❧✉❣❛r ❞❡ ≥ γ✳ ❊st❡s ❞♦✐s ❞✐❛❣r❛♠❛s ❥✉♥t♦s

❞ã♦ ✉♠ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❞❡ gr(F ) á❧❣❡❜r❛s✿

✭❈✳✶✶✮

grα(A) −−−−→
r∏

i=1

grαi
(A)

∼=

y
y

grβ(B)
∼=−−−−→

r∏

i=1

grβi
(Bi).

❆ ❛♣❧✐❝❛çã♦ s✉♣❡r✐♦r é ✐♥❥❡t✐✈❛ ♣♦r ✭❈✳✽✮✳ ❆ ❛♣❧✐❝❛çã♦ ✈❡rt✐❝❛❧ ❞❛ ❡sq✉❡r❞❛ é ♦

✐s♦♠♦r✜s♠♦ ❞❡ ✭❈✳✺✮✳ ❆ ❛♣❧✐❝❛çã♦ ✈❡rt✐❝❛❧ ❞❛ ❞✐r❡✐t❛ é ✐♥❥❡t✐✈❛✱ ♣♦✐s ♣❛r❛ ❝❛❞❛ i✱ ❛

❞❡✜♥✐çã♦ ❞❡ αi ♠♦str❛ q✉❡ grαi
(A) → grβi

(Bi) é ✐♥❥❡t✐✈❛✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡ ❜❛✐①♦ é ♦

✐s♦♠♦r✜s♠♦ ❞❡ ✭❈✳✼✮✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ❞♦ ❞✐❛❣r❛♠❛ ❞❡✈❡♠

s❡r ✐s♦♠♦r✜s♠♦s✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ i✱ grαi
(A) ∼=g grβi

(Bi)✱ q✉❡ é s❡♠✐✲s✐♠♣❧❡s ♣♦✐s



✽✽ ❈✳ ❯♠ t❡♦r❡♠❛ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ❣❛✉❣❡s ❡♠ á❧❣❡❜r❛s s✐♠♣❧❡s

βi é ✉♠❛ ❣❛✉❣❡✳ ❈♦♠♦ (Li, v
′
i) ✭r❡s♣✳ (F

h, vh)✮ é ✉♠❛ ❡①t❡♥sã♦ ✐♠❡❞✐❛t❛ ❞❡ (K, vi)

✭r❡s♣✳ (F, v)✮✱ t❡♠♦s

[Li : F
h] ≥ [grwi

(Li) : grvh(F
h)] = [grvi(K) : grv(F )].

❆ss✐♠✱ ❝♦♠♦ βi é ✉♠❛ vh✲♥♦r♠❛✱

[grαi
(A) : grvi(K)][grvi(K) : grv(F )] = [grαi

(A) : grv(F )]

= [grβi
(Bi) : grvh(F

h)] = [Bi : F
h]

= [Bi : Li][Li : F
h] = [A : K][Li : F

h]

≥ [A : K][grvi(K) : grv(F )].

❆ss✐♠✱ [grαi
(A) : grvi(K)] ≥ [A : K]. ❈♦♠♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥trár✐❛ é s❡♠♣r❡ ✈❡r✲

❞❛❞❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ✈❛❧♦r✐③❛çã♦✱ t❡♠♦s q✉❡ [grαi
(A) : grvi(K)] = [A : K]. ▲♦❣♦

αi é ✉♠❛ vi✲♥♦r♠❛ ❡♠ A✳ ❈♦♠♦ ♥♦t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ grαi
(A) é s❡♠✐✲s✐♠♣❧❡s✳

P♦rt❛♥t♦✱ αi é ✉♠❛ vi✲❣❛✉❣❡✳ �
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