
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❆❧❣♦r✐t♠♦s ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡ ●❡♦♠❡tr✐❛
▼♦❧❡❝✉❧❛r

❋❡❧✐♣❡ ❉❡❧✜♥✐ ❈❛❡t❛♥♦ ❋✐❞❛❧❣♦
▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❈❛r❧✐❧❡ ❈❛♠♣♦s ▲❛✈♦r

❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦ ❞♦ ❈◆Pq ✲ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦

❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦✳

❈❛♠♣✐♥❛s✲❙P

▼❛✐♦ ❞❡ ✷✵✶✶



✐



❋■❈❍❆ ❈❆❚❆▲❖●❘➪❋■❈❆ ❊▲❆❇❖❘❆❉❆ P❊▲❆
❇■❇▲■❖❚❊❈❆ ❉❖ ■▼❊❈❈ ❉❆ ❯◆■❈❆▼P

❇✐❜❧✐♦t❡❝ár✐❛✿ ▼❛r✐❛ ❋❛❜✐❛♥❛ ❇❡③❡rr❛ ▼ü❧❧❡r ✕ ❈❘❇✽ ✴ ✻✶✻✷

❋✐❞❛❧❣♦✱ ❋❡❧✐♣❡ ❉❡❧✜♥✐ ❈❛❡t❛♥♦

❋✹✹✽❛ ❆❧❣♦r✐t♠♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❣❡♦♠❡tr✐❛ ♠♦❧❡❝✉❧❛r✴❋❡❧✐♣❡ ❉❡❧✜♥✐

❈❛❡t❛♥♦ ❋✐❞❛❧❣♦ ✕ ❈❛♠♣✐♥❛s✱ ❬❙✳P✳ ✿ s✳♥✳❪✱ ✷✵✶✶✳

❖r✐❡♥t❛❞♦r✿ ❈❛r❧✐❧❡ ❈❛♠♣♦s ▲❛✈♦r✳

❉✐ss❡rt❛çã♦ ✭♠❡str❛❞♦✮ ✕ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✳

✶✳●❡♦♠❡tr✐❛ ♠♦❧❡❝✉❧❛r✳ ✷✳❆❧❣♦r✐t♠♦s✳ ■✳ ▲❛✈♦r✱ ❈❛r❧✐❧❡ ❈❛♠♣♦s✳

■■✳ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✳ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✳ ■■■✳ ❚ít✉❧♦

❚ít✉❧♦ ❡♠ ✐♥❣❧ês✿ ❆❧❣♦r✐t❤♠s ❢♦r ♠♦❧❡❝✉❧❛r ❣❡♦♠❡tr② ♣r♦❜❧❡♠s

P❛❧❛✈r❛s✲❝❤❛✈❡ ❡♠ ✐♥❣❧ês ✭❑❡②✇♦r❞s✮✿ ✶✳▼♦❧❡❝✉❧❛r ●❡♦♠❡tr②✳ ✷✳❆❧❣♦r✐t❤♠s✳

➪r❡❛ ❞❡ ❝♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛ ❞❛ ❈♦♠♣✉t❛çã♦✳

❚✐t✉❧❛çã♦✿ ▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛✳

❇❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✿ Pr♦❢✳ ❉r✳ ❈❛r❧✐❧❡ ❈❛♠♣♦s ▲❛✈♦r ✭■▼❊❈❈ ✲ ❯◆■❈❆▼P✮

Pr♦❢✳ ❉r✳ ▲✉✐③ ❙❛t♦r✉ ❖❝❤✐ ✭■❈ ✲ ❯❋❋✮

Pr♦❢✳ ❉r❛✳ ▼ár❝✐❛ ❆♣❛r❡❝✐❞❛ ●♦♠❡s ❘✉❣❣✐❡r♦ ✭■▼❊❈❈ ✲ ❯◆■❈❆▼P✮

❉❛t❛ ❞❛ ❞❡❢❡s❛✿ ✶✸✴✵✺✴✷✵✶✶

Pr♦❣r❛♠❛ ❞❡ Pós✲❣r❛❞✉❛çã♦✿ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

✐✐



✐✐✐



P❛r❛ ❛q✉❡❧❡s q✉❡ ♠❡ ✐♥s♣✐r❛♠ ♠❛✐s ❡ ♠❛✐s ❛ ❝❛❞❛ ❞✐❛✿ ♠✐♥❤❛ ❢❛♠í❧✐❛✦ ✳ ✳ ✳ ✳

✐✈



✏P♦rt❛♥t♦✱ s❡ ❛❧❣✉é♠ ❡stá ❡♠ ❈r✐st♦✱ é
♥♦✈❛ ❝r✐❛çã♦✳ ❆s ❝♦✐s❛s ❛♥t✐❣❛s ❥á ♣❛ss❛r❛♠❀
❡✐s q✉❡ s✉r❣✐r❛♠ ❝♦✐s❛s ♥♦✈❛s✳✑
■ ❈♦rí♥t✐♦s ✺✿✶✼✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛♦ ❛✉t♦r ❡ ❝♦♥s✉♠❛❞♦r ❞❡ ♠✐♥❤❛ ❢é✱ ❏❡s✉s ❈r✐st♦✱ ♣❡❧❛ r❡❛❧✐③❛çã♦

❞❡st❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s✱ ▲✉✐③ ❈❛r❧♦s ❡ ▼❛r❣❛r❡t✱ q✉❡ ♠❡ ❡♥s✐♥❛r❛♠✱ ❞❡s❞❡ ♠✉✐t♦ ❝❡❞♦✱

t✉❞♦ ♦ q✉❡ ❛♣r❡♥❞✐ ❞❡ ✈❛❧✐♦s♦✱ ♦ ✈❛❧♦r ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❛ r❡s♣❡✐t❛r ❡ ✈❛❧♦r✐③❛r ❛s ♦✉tr❛s

♣❡ss♦❛s ❡ ♥✉♥❝❛ ❞❡s✐st✐r ❞♦s ♠❡✉s s♦♥❤♦s✳ ❆❣r❛❞❡ç♦ à ♠✐♥❤❛ q✉❡r✐❞❛ ✐r♠ã✱ ❆♥❛ ❑❛r✐♥❛✱

♣❡❧♦ ❛♣♦✐♦ ❡ ♣❡❧❛ ❝✉♠♣❧✐❝✐❞❛❞❡ ❞❡ ✐r♠ã♦s✳ ❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❛✈ó✱ ❆♥❛❝②r✱ q✉❡ s❡♠♣r❡ ♠❡

♦r✐❡♥t♦✉ ❡ s❡♠♣r❡ ♠❡ ❡♥s✐♥♦✉ ❛ t❡r ❣❛rr❛✳

❙♦✉ ❣r❛t♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢✳ ❉r✳ ❈❛r❧✐❧❡ ▲❛✈♦r✱ ♣❡❧♦s ✈❛❧♦r❡s q✉❡ ♠❡ ❡♥s✐♥♦✉✳ P♦r

t❡r ♠❡ ♠♦str❛❞♦ q✉❡ ❛ ❣r❛♥❞❡③❛ ❞❡ ✉♠ ❝✐❡♥t✐st❛ ❡stá ❡♠ s✉❛ ❤✉♠✐❧❞❛❞❡✳

❆❣r❛❞❡ç♦✱ t❛♠❜é♠✱ à Pr♦❢✳ ❉r❛✳ ▼ár❝✐❛ ❆♣❛r❡❝✐❞❛ ●♦♠❡s ❘✉❣❣✐❡r♦ ♣❡❧❛s s✉❣❡stõ❡s ❞❡

❣r❛♥❞❡ ✈❛❧✐❛ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ❛♦ Pr♦❢✳ ❉r✳ ▲✉✐③ ❙❛t♦r✉ ❖❝❤✐ ♣❡❧❛s ❞✐❝❛s ❞✐s♣❡♥s❛❞❛s à

❞✐ss❡rt❛çã♦✱ ♣r♦❢❡ss♦r❡s q✉❡ ❝♦♠♣✉s❡r❛♠ ❛ ❜❛♥❝❛ ❞❡ ❞❡❢❡s❛✱ ❡ ❛♦ Pr♦❢✳ ❉r✳ ❆✉ré❧✐♦ ❘✐❜❡✐r♦

▲❡✐t❡ ❞❡ ❖❧✐✈❡✐r❛✱ ❝♦♦r❞❡♥❛❞♦r ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛ ❞♦

■▼❊❈❈✱ ♣♦r t♦❞♦ ❛♣♦✐♦✱ ✐♥❝❡♥t✐✈♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s ♥❛ ♣ré✲❞❡❢❡s❛✳

◆ã♦ ♣♦ss♦ ♠❡ ❡sq✉❡❝❡r ❞❡ t♦❞♦s ♦s ♠❡str❡s q✉❡ s❡ ♣❛ss❛r❛♠ ♣❡❧❛ ♠✐♥❤❛ ✈✐❞❛✱ t❛♥t♦ ♦s

❜♦♥s q✉❛♥t♦ ♦s ♠❛✉s ❡①❡♠♣❧♦s✳

❆❣r❛❞❡ç♦ ❛♦s ❣r❛♥❞❡s ❛♠✐❣♦s ❈❛r❧♦s ❘❡♥❛t♦ ▼❡❞❡✐r♦s ❡ ❇r✉♥♦ ❆♠❛r♦✱ ❛♠✐❣♦s ❞❡s❞❡ ♦s

t❡♠♣♦s ❞❡ ❣r❛❞✉❛çã♦✱ q✉❡ ♠❡ ❛❝♦♠♣❛♥❤❛♠ ❛té ❤♦❥❡ ❝♦♠ ❣r❛♥❞❡ ❛♠✐③❛❞❡✱ ❝✉♠♣❧✐❝✐❞❛❞❡ ❡

❛♣♦✐♦✳ ❙♦✉ ❣r❛t♦ ❛♦s ❝♦♠♣❛♥❤❡✐r♦s ❞♦ ▼✐▲❛❜ ✲ ■▼❊❈❈ ✭▼❛t❤❡♠❛t✐❝❛❧ ■♠❛❣✐♥❣ ❛♥❞ ❈♦♠✲

♣✉t❛t✐♦♥❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ▲❛❜♦r❛t♦r②✮ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧❛s ❜♦❛s ❞✐s❝✉ssõ❡s ♠❛t❡♠át✐❝❛s✳

❆❣r❛❞❡ç♦ ❛♦s q✉❡r✐❞♦s ❛♠✐❣♦s ❛♥❞r❛❞✐♥❡♥s❡s ❉❛♥✐❡❧ ❇❛rr♦s ●♦♠❡s✱ ❍❡r♠❡s ❉❛♥t❛s✱ ➱❞❡r

❈❛✈❛❧❝❛♥t❡✱ ❘♦❞r✐❣♦ ❋r❛♥❝♦✱ ❏♦sé ❘✐❝❛r❞♦ ❇❛rr♦s ●♦♠❡s ❡ ❆♠❛♥❞❛ ●✐❛❝♦♠❡tt❡ q✉❡ s❡♠♣r❡

♠❡ s✉♣♦rt❛r❛♠ ❝♦♠ s❡✉ ❛♠♦r✱ ❝❛r✐♥❤♦ ❡ ❞❡❞✐❝❛çã♦✳ P❡♥s❛♥❞♦ ❡♠ ❛♠✐③❛❞❡✱ ♥ã♦ ❞❡✐①♦ ❞❡

❧❡♠❜r❛r t♦❞♦s ♦s ❛♠✐❣♦s q✉❡ ♣❛ss❛r❛♠ ♣❡❧❛ ♠✐♥❤❛ ✈✐❞❛ ✭❡ ❛✐♥❞❛ ♣❛ss❛♠✮ t❛♥t♦ ❡♠ ❆♥❞r❛❞✐♥❛

q✉❛♥t♦ ❡♠ ❈❛♠♣✐♥❛s✳ ❆ ❛♠✐③❛❞❡ é ✉♠ ❜❡♠ ❝♦♥q✉✐st❛❞♦ q✉❡ ♦ t❡♠♣♦ ♥ã♦ ❛♣❛❣❛r✳

❊♥✜♠✱ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s q✉❡✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞❡

♠❛✐s ✉♠ ♠❡str❡ ♦ q✉❛❧ ♥✉♥❝❛ q✉❡r ♣❡r❞❡r ❛ ❝r✐❛t✐✈✐❞❛❞❡ ❡ ♦ ❞❡s❡❥♦ ♣♦r ❛♣r❡♥❞❡r ♠❛✐s✲❡✲♠❛✐s

❝♦♠♦ ✉♠ ♣❡q✉❡♥♦ ❛❧✉♥♦ ❛ ❞❡s❝♦❜r✐r ♦ q✉❡ ❤á ❞❡ ♠❛✐s ❜❡❧♦ ♥❡st❛ ✈✐❞❛✳

✈✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♥❛❧✐s❛♠♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❞❛ ❧✐t❡r❛t✉r❛ ♣❛r❛ ♦ ✏▼♦❧❡❝✉❧❛r ❉✐st❛♥❝❡ ●❡♦♠❡✲

tr② Pr♦❜❧❡♠✑ ✭▼❉●P✮ ❡ ♣r♦♣♦♠♦s ✉♠ ♥♦✈♦ ❛❧❣♦r✐t♠♦ q✉❡ ♠❛♥té♠ ❛ q✉❛❧✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s

♦❜t✐❞❛s ♣❡❧♦s ❞♦✐s ❛♥t❡r✐♦r❡s ❡ ❛♣r❡s❡♥t❛ ❣❛♥❤♦s ❡♠ t❡r♠♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❖

▼❉●P ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ❛s ♣♦s✐çõ❡s ❞♦s át♦♠♦s ❞❡ ✉♠❛ ♠♦❧é❝✉❧❛✱ ♥♦ ❡s♣❛ç♦ tr✐❞✐✲

♠❡♥s✐♦♥❛❧✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ❡♥tr❡ ❡❧❡s✳ ◗✉❛♥❞♦ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s

sã♦ ❝♦♥❤❡❝✐❞❛s✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳ ❈❛s♦ ❝♦♥trár✐♦✱ é ✉♠

♣r♦❜❧❡♠❛ ◆P✲❞✐❢í❝✐❧✳

✈✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛♥❛❧②s❡ t✇♦ ❛❧❣♦r✐t❤♠s ❢r♦♠ t❤❡ ❜✐❜❧✐♦❣r❛♣❤② t♦ s♦❧✈❡ t❤❡ s♦✲❝❛❧❧❡❞ ✏▼♦❧❡✲

❝✉❧❛r ❉✐st❛♥❝❡ ●❡♦♠❡tr② Pr♦❜❧❡♠✑ ✭▼❉●P✮✳ ❚❤❡♥✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ t❤❛t ❦❡❡♣s

t❤❡ q✉❛❧✐t② ♦♥ t❤❡ s♦❧✉t✐♦♥s ♦❜t❛✐♥❡❞ ❜② ❜♦t❤ t❤❡ ♣r❡✈✐♦✉s ♦♥❡s ❛♥❞ s❤♦✇s ❣❛✐♥s r❡❣❛r❞✐♥❣

❝♦♠♣✉t❛❝✐♦♥❛❧ ❡✣❝✐❡♥❝②✳ ❚❤❡ ▼❉●P ❝♦♥s✐sts ♦♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ♣♦s✐t✐♦♥s ♦❢ ❛t♦♠s ✐♥

❛ ♠♦❧❡❝✉❧❡✱ ♦♥ t❤❡ tr✐❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ❢r♦♠ ❛ s❡t ❝♦♥t❛✐♥✐♥❣ ❞✐st❛♥❝❡s ❛♠♦♥❣ t❤❡♠✳ ❲❤❡♥

❛❧❧ t❤❡ ❞✐st❛♥❝❡s ❛r❡ ❦♥♦✇♥✱ t❤❡ ♣r♦❜❧❡♠ ♠✐❣❤t ❜❡ s♦❧✈❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ❖t❤❡r✇✐s❡✱ ✐t

✐s ❛♥ ◆P✲❤❛r❞ ♣r♦❜❧❡♠✳

✈✐✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶

✶ Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛ ✺

✶✳✶ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✶✳✶ ❯♠ tr❛t❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ✈✐❛ ❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❱❛❧♦r❡s ❙✐♥❣✉❧❛r❡s ✽

✶✳✶✳✷ ❯♠ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✷✳✶ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ❆t✉❛❧✐③❛❞♦ ✷✾

✸ ❆❧❣♦r✐t♠♦ ❚ ✹✹

✹ ❖ ❆❧❣♦r✐t♠♦ ❚ ❡ ❝♦♠♣❛r❛çõ❡s ✺✸

✹✳✶ ❆❚ ✈❡rs✉s ❆■❉● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✼✶

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✸

✐①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✵✳✶ Pr♦t❡í♥❛ ❦✐♥❛s❡ ❈ ✭✶P❚◗✮ ❢♦r♠❛❞❛ ♣♦r ✹✵✷ át♦♠♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶ ▼♦❧❡❝✉❧❛ ❝♦♠ s❡t❡ át♦♠♦s ❝♦♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✷ ◗✉❛tr♦ át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ❝♦♠ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❝♦♥❤❡❝✐❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✸ ❈♦♥❥✉♥t♦ ❝♦♠ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✉♠ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❝♦♠

t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❞✐s♣♦♥í✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✹✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ q✉❛tr♦ át♦♠♦s ❞❛ ❡str✉t✉r❛ ❛rt✐✜❝✐❛❧ ✳ ✳ ✺✺

✹✳✷ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱

♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✸ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱

♣❛r❛ ♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✹ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱

♣❛r❛ ♦ t❡r❝❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✺ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
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✹✳✻ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱

♣❛r❛ ♦ q✉✐♥t♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✼ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱

♣❛r❛ ♦ s❡①t♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✽ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
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✹✳✾ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
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✹✳✶✵ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
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▲✐st❛ ❞❡ ❋✐❣✉r❛s ①✐
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t❡r❝❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✶✺ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

q✉❛rt♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✶✻ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

q✉✐♥t♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✶✼ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

s❡①t♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✶✽ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

sét✐♠♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✶✾ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

♦✐t❛✈♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✹✳✷✵ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

♦✐t❛✈♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✷✶ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

♥♦♥♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✷✷ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦

❞é❝✐♠♦ ❡①♣❡r✐♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✷✸ ●rá✜❝♦s ❞❛ ❘▼❙❉ ♠é❞✐❛ ❞❡ ❞♦ ❚❡♠♣♦ ♠é❞✐♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐✲

❞❛❞❡s ❞❡ át♦♠♦s✱ ❞♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✷✹ ●rá✜❝♦s ❞❛ ❘▼❙❉♠é❞✐❛ ❞❡ ❞♦ ❚❡♠♣♦ ♠é❞✐♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱

❞♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾



■♥tr♦❞✉çã♦

❊♠ ✷✵✵✶✱ ❝✐❡♥t✐st❛s ❞♦ ❝♦♥sór❝✐♦ ✐♥t❡r♥❛❝✐♦♥❛❧ ❍✉♠❛♥ ●❡♥♦♠❡ Pr♦❥❡❝t ❡ ❞❛ ❡♠♣r❡s❛ ❛♠❡✲

r✐❝❛♥❛ ❈❡❧❡r❛✱ ❡♠♣r❡s❛s ❝♦♥❝♦rr❡♥t❡s✱ ❞❡❝✐❢r❛r❛♠ ♠❛✐s ❞❡ ✸✱✶ ❜✐❧❤õ❡s ❞❡ ❜❛s❡s q✉í♠✐❝❛s ❞♦

❉◆❆✱ ♠❛♣❡❛♥❞♦✱ ❛ss✐♠✱ ♦ ❣❡♥♦♠❛ ❤✉♠❛♥♦✳ ❆♣❡s❛r ❞❛ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❉◆❆ ♣❛r❛

❛s q✉❡stõ❡s ✐♥❡r❡♥t❡s ❛♦ s❡r ❤✉♠❛♥♦ ❡ s✉❛ s❛ú❞❡✱ ❞❡❝✐❢r❛r ♦ s✐❣♥✐✜❝❛❞♦ ❞❡ ❝❛❞❛ ♥✉❝❧❡♦tí❞❡♦

✭❜❛s❡s ❞♦ ❉◆❆✮ ❡ s✉❛s ❢✉♥çõ❡s é ✉♠❛ t❛r❡❢❛ ár❞✉❛ ❛ s❡r ❞❡s❡♥✈♦❧✈✐❞❛✳

❙❡❣✉♥❞♦ ❬✶✷❪✱ s❛❜❡♠♦s q✉❡ ♦ ❉◆❆ ❛♣r❡s❡♥t❛ ♣♦✉❝❛ ♠♦❜✐❧✐❞❛❞❡✱ r❡str✐♥❣✐♥❞♦✲s❡ ❛♣❡♥❛s ❛♦

✐♥t❡r✐♦r ❞❛ ❝é❧✉❧❛✱ ❡ q✉❡ s✉❛ ❛çã♦ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❤❡r❡❞✐tár✐❛s é ❢❡✐t❛ ❞❡

✉♠ ♠♦❞♦ ✐♥❞✐r❡t♦✳ ❖ ❉◆❆ ✐♥❞✉③ à ❢♦r♠❛çã♦ ❞♦ ❝❤❛♠❛❞♦ ❘◆❆ ♠❡♥s❛❣❡✐r♦ ♦ q✉❛❧ ♠✐❣r❛ ♣❛r❛

♦ ❝✐t♦♣❧❛s♠❛ ❡ ✉♥❡✲s❡ ❛ ✉♠ r✐❜♦ss♦♠♦✳ ❆♠❜♦s ✐♥✐❝✐❛♠ ♦ ♣r♦❝❡ss♦ ❞❡ ♦r❞❡♥❛çã♦ ❡ ❧✐❣❛çã♦ ❞♦s

❛♠✐♥♦á❝✐❞♦s✱ ❡♠ ❝❛❞❡✐❛✱ q✉❡ ❢♦r♠❛rã♦ ❛ ♣r♦t❡í♥❛✳ ❚❛❧ ♣r♦❝❡ss♦ é ❝❤❛♠❛❞♦ ❞❡ tr❛❞✉çã♦✳ ❖s

❛♠✐♥♦á❝✐❞♦s sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ❢♦rt❡s ❧✐❣❛çõ❡s q✉í♠✐❝❛s ❡ ❡❧❡s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ s✉❛ ♦r❞❡♠ ♥❛

❝❛❞❡✐❛✱ sã♦ ✜①❛❞♦s ♣❛r❛ ❝❛❞❛ ♣r♦t❡í♥❛✳ ❊❧❡s sã♦ ❡s♣❡❝✐✜❝❛❞♦s ♣❡❧♦ ❣❡♥❡✱ q✉❡ sã♦ s❡q✉ê♥❝✐❛s

❞❡ ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆✳

❆s ♣r♦t❡í♥❛s ❢♦r♠❛♠ ✉♠❛ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♠♦❧é❝✉❧❛s✳ ❙ã♦ ❝♦❞✐✜❝❛❞❛s ♥♦s ❣❡♥❡s ❡

♣r♦❞✉③✐❞❛s ♥❛s ❝é❧✉❧❛s ♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ tr❛❞✉çã♦✱ ❞❡s❝r✐t♦ ❛❝✐♠❛✳ ❊ss❛s✱ ❞❡♣♦✐s ❞❡ ❢♦r♠❛❞❛s✱

é q✉❡ ❛t✉❛rã♦ ♥❛s ♠❛✐s ✈❛r✐❛❞❛s ❢✉♥çõ❡s ❞❡ ♥♦ss♦ ♦r❣❛♥✐s♠♦ ❝♦♠♦✿ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❝❛r❛❝✲

t❡r✐st✐❝❛s ❤❡r❡❞✐tár✐❛s✱ tr❛♥s♣♦rt❡ ❞❡ ♥✉tr✐❡♥t❡s ❡ ♠❡t❛❜ó❧✐t♦s✱ ❝♦♠♣♦s✐çã♦ ❞❛s ❝é❧✉❧❛s✱ ❡♥tr❡

♦✉tr♦s✳

❈♦♠ ❛ ❛❥✉❞❛ ❞❡ ♣r♦t❡í♥❛s✱ ✈ír✉s sã♦ ❝❛♣❛③❡s ❞❡ ❝r❡s❝❡r✱ tr❛❞✉③✐r✱ ✐♥t❡❣r❛r ❡ r❡♣❧✐❝❛r✱

✶



✷

❝❛✉s❛♥❞♦ ❞♦❡♥ç❛s✳ ❆❧❣✉♠❛s ♣r♦t❡í♥❛s sã♦ tó①✐❝❛s ♣♦r s✐ só ✭❡ ❛té ✐♥❢❡❝❝✐♦s❛s✮✱ ❝♦♠♦ ❛s

♣r♦t❡í♥❛s ❡♥❝♦♥tr❛❞❛s ❡♠ ♣❧❛♥t❛s ✈❡♥❡♥♦s❛s ❡ ♥❛ ❝❛r♥❡ ❜♦✈✐♥❛✱ q✉❡ sã♦ ❛s q✉❡ ❝❛✉s❛♠ ❛

❞♦❡♥ç❛ ❞❛ ❱❛❝❛ ▲♦✉❝❛ ❬✶✽❪✳

❆ ❤✐stór✐❛ ❞❛s ♣r♦t❡í♥❛s ❝♦♠❡ç❛ ♥♦ sé❝✉❧♦ ❳❱■■■✱ ❛ ♣❛rt✐r ❞❛ ❞❡s❝♦❜❡rt❛ ❞❡ q✉❡ ❛❧❣✉♥s

❝♦♠♣♦♥❡♥t❡s ❞♦ ♠✉♥❞♦ ✈✐✈♦ ❝♦❛❣✉❧❛♠ ❛ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❡ ❡♠ ♠❡✐♦ á❝✐❞♦✱ ❝♦♠♦ ❛ ❝❧❛r❛

❞❡ ♦✈♦ ✭❛❧❜ú♠❡♥✮✱ ♦ s❛♥❣✉❡✱ ♦ ❧❡✐t❡✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❙✉❜stâ♥❝✐❛s ❝♦♠ t❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❢♦r❛♠

❞❡♥♦♠✐♥❛❞❛s ❛❧❜✉♠✐♥ó✐❞❡s✳ ❏á ♥♦ sé❝✉❧♦ ❳■❳✱ ❞❡s❝♦❜r✐r❛♠ q✉❡ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♠♣♦♥❡♥t❡s ❞❛s

❝é❧✉❧❛s ❡r❛♠ ❛❧❜✉♠✐♥ó✐❞❡s✳ ❆❣♦r❛✱ ♦ ♣r✐♠❡✐r♦ ❛ ✉s❛r ♦ t❡r♠♦ ♣r♦t❡í♥❛ ✭❞♦ ❣r❡❣♦✱ ♣r♦t❡✐♦s ✱

q✉❡ s✐❣♥✐✜❝❛ ♣r✐♠✐t✐✈♦✮ ❢♦✐ ●❡r❛r❞✉s ❏♦❤❛♥♥❡s ▼✉❧❞❡r ✭✶✽✵✷✲✶✽✽✵✮✱ ✉♠ q✉í♠✐❝♦ ❤♦❧❛♥❞ês✱

❡♠ ❛rt✐❣♦ ❞❡ ✶✽✸✽✱ s✉❣❡r✐❞♦ ♣❡❧♦ s✉❡❝♦ ❏♦♥s ❏❛❝♦❜ ❇❡r③❡❧✐✉s ✭✶✼✼✾✲✶✽✹✽✮✱ ❥á q✉❡ ❡st❡ ❛❝r❡✲

❞✐t❛✈❛ q✉❡ ♦s ❛❧❜✉♠✐♥ó✐❞❡s ❡r❛♠ ❝♦♥st✐t✉✐♥t❡s ❢✉♥❞❛♠❡♥t❛✐s ❞♦s s❡r❡s ✈✐✈♦s✭❬✶✷❪✱ ♣✳ ✺✮✳ ◆♦

sé❝✉❧♦ ❳❳✱ ♦s ❝✐❡♥t✐st❛s ❝❤❡❣❛r❛♠ à ❝♦♥❝❧✉sã♦ q✉❡ ❛s ♣r♦t❡í♥❛s sã♦ ❢♦r♠❛❞❛s ♣♦r ❛♠✐♥♦á❝✐❞♦s

❡♥❝❛❞❡❛❞♦s✱ ♦ q✉❡ ❢♦✐ s✉❣❡r✐❞♦ ♣❡❧♦ q✉í♠✐❝♦ ❛❧❡♠ã♦ ❋r❛♥③ ❍♦❢♠❡✐st❡r ✭✶✽✺✵✲✶✾✷✷✮✳ ❊♠

✶✾✹✵✱ ❝♦♠♣❧❡t♦✉✲s❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ✷✵ ❛♠✐♥♦á❝✐❞♦s q✉❡ ❡stã♦ ♣r❡s❡♥t❡s ♥❛t✉r❛❧♠❡♥t❡ ♥❛s

♣r♦t❡í♥❛s ❞♦s s❡r❡s ✈✐✈♦s✳

❋✐❣✉r❛ ✵✳✶✿ Pr♦t❡í♥❛ ❦✐♥❛s❡ ❈ ✭✶P❚◗✮ ❢♦r♠❛❞❛ ♣♦r ✹✵✷ át♦♠♦s

❊♠ r❡❧❛çã♦ à ❣❡♦♠❡tr✐❛ ♣r♦té✐❝❛✱ ❛ ♠❛✐♦r✐❛ ❞❛s ♣r♦t❡í♥❛s ♥❛t✉r❛✐s tê♠ ❡str✉t✉r❛s tr✐❞✐♠❡♥✲



✸

s✐♦♥❛✐s ❡s♣❡❝í✜❝❛s q✉❡ ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ ❧✐❣❛❞❛s às s✉❛s ❢✉♥çõ❡s ❜✐♦❧ó❣✐❝❛s✳ ❊ss❛s ❡str✉t✉r❛s

❛♣r❡s❡♥t❛♠ ♣❡q✉❡♥❛s ✈❛r✐❛çõ❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♥❞✐çõ❡s ❞❡ t❡♠♣❡r❛t✉r❛ ❡ ❝♦♥✜❣✉r❛çõ❡s ❧♦✲

❝❛✐s tí♣✐❝❛s✳ ◆♦ ✐♥í❝✐♦ ❞❛ ❞é❝❛❞❛ ❞❡ ✻✵✱ ❈❤r✐st✐❛♥ ❇✳ ❆♥✜♥s❡♥✱ ❡ ❛❧❣✉♥s ❝♦❧❛❜♦r❛❞♦r❡s✱

❞❡s❝♦❜r✐r❛♠ ✉♠❛ r❡❧❛çã♦ ❞❡t❡r♠✐♥íst✐❝❛ ❡♥tr❡ ❛ ❞✐s♣♦s✐çã♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ♣r♦t❡í♥❛ ❡ ❛

s❡q✉ê♥❝✐❛ ❞❡ ❛♠✐♥♦á❝✐❞♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ s✉❛ ❡str✉t✉r❛ t♦r♥♦✉✲s❡ ✉♠ ♣❛ss♦

✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❝♦♠♣r❡❡♥sã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❜✐♦❧ó❣✐❝❛s ❞❡ t♦❞❛s ❛s ♣r♦t❡í♥❛s ❬✷❪✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❞✐s❝✉t✐r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❜❡♠ ❛❜r❛♥❣❡♥t❡ ❡♠ r❡❧❛çã♦ à ❡str✉t✉r❛ ❣❡♦♠é✲

tr✐❝❛ ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛s ♠❡s♠❛s✱ ♣❛rt✐♥❞♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s

❡♥tr❡ ♦s át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ♦❜t✐❞❛s ♣♦r ♠❡✐♦ ❞❡ ❡①♣❡r✐♠❡♥t♦s ❢ís✐❝♦s ❡ ♠♦❞❡❧♦s t❡ór✐❝♦s✳

❚❛✐s ♣r♦❜❧❡♠❛s sã♦ ❝❤❛♠❛❞♦s ❞❡ Pr♦❜❧❡♠❛s ▼♦❧❡❝✉❧❛r❡s ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛ ✭P▼●❉✮✳

❱❛♠♦s ❛♣r❡s❡♥t❛r ❡ ❛♥❛❧✐s❛r ✉♠❛ sér✐❡ ❞❡ ❛❧❣♦r✐t♠♦s ❛ ✜♠ ❞❡ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ ❝♦♠

❛ ♠❛✐♦r ❡✜❝á❝✐❛ ♣♦ssí✈❡❧✳ ❆s ♣r♦t❡í♥❛s sã♦✱ ❛♣❡♥❛s✱ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r ❣❡♦♠❡tr✐❛ ❞❡

♠♦❧é❝✉❧❛s✱ ❥á q✉❡ s✉❛ ❡str✉t✉r❛ ❞✐③ ♠✉✐t♦ s♦❜r❡ s✉❛ ❢✉♥çã♦✱ ❝♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❛♥❛❧✐s❛r❡♠♦s ♦ P▼●❉ ❝♦♥s✐❞❡r❛♥❞♦ s❡✉s ❞♦✐s ❝❛s♦s✳ Pr✐♠❡✐r♦✱ ♦ ❝❛s♦ ♣❛rt✐✲

❝✉❧❛r✱ ♦♥❞❡ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ q✉❛✐sq✉❡r ♣❛r❡s ❞❡ át♦♠♦s sã♦ ❝♦♥❤❡❝✐❞❛s✳ ▼♦str❛r❡♠♦s

❞♦✐s ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ❡st❡ ❝❛s♦✿ ✉♠✱ ✉s❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❙❱❉ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡

❞✐stâ♥❝✐❛s ❡✱ ♦ ♦✉tr♦✱ ❡①❡❝✉t❛❞♦ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r ❞❡✜♥✐❞♦ ♣❡❧❛ r❡s♦❧✉çã♦ ❞❡

✉♠ s✐st❡♠❛ ❧✐♥❡❛r 3×3✱ ❛♠❜♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✺❪✳ ❙❡❣✉♥❞♦✱ ♦ ❝❛s♦ ❣❡r❛❧✱ ♥♦ q✉❛❧ ❞✐s♣♦♠♦s

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s ✐♥t❡r✲❛tô♠✐❝❛s✱ ♣♦❞❡♥❞♦ s❡r ❝♦♠♣❧❡t♦ ♦✉ ✐♥❝♦♠♣❧❡t♦✳

▼♦str❛r❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦✲

♠étr✐❝❛ ✭❆■❉●✮✱ ❜❛s❡❛❞♦ ♥❛ r❡s♦❧✉çã♦ ✐t❡r❛t✐✈❛ ❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s 3 × 3✱ ♣✉❜❧✐❝❛❞♦ ❡♠

❬✻❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ♠♦str❛r❡♠♦s ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ❆■❉● ✐♥tr♦❞✉③✐❞❛ ♣♦r ❲✉ ❡ ❲✉ ❡♠ ❬✶✻❪✱

à q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ❆t✉❛❧✐③❛❞♦✱ q✉❡ ✈✐s❛

❞✐♠✐♥✉✐r ❛ ✐♥❝✐❞ê♥❝✐❛ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✱ q✉❡ ♣♦❞❡♠✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱

❛❝✉♠✉❧❛r ❛ ❝❛❞❛ ✐t❡r❛çã♦✳



✹

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❛♣r❡s❡♥t❛r❡♠♦s ♥♦ss❛ ♣r♦♣♦st❛ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ❛ s❡r ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛s

♠♦str❛❞❛s ♣r❡✈✐❛♠❡♥t❡✱ ❛ ✜♠ ❞❡ r❡s♦❧✈❡r ♦ P▼●❉ ❝♦♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦✳ ■♥tr♦❞✉③✐r❡♠♦s

✉♠ ❛❧❣♦r✐t♠♦ ❝❤❛♠❛❞♦ ❆❧❣♦r✐t♠♦ ❚ ✭❆❚✮ q✉❡ t❛♠❜é♠ ❝♦♥s✐st❡ ♥❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛

❧✐♥❡❛r✱ ❡♥tr❡t❛♥t♦✱ ❞❡ ❞✐♠❡♥sã♦ 4× 4✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✺✱ ✈❛♠♦s ❝♦♠♣❛r❛r ♦s ❛❧❣♦r✐t♠♦s ❆■❉● ❡ ❆❚✱ ❛♥❛❧✐s❛♥❞♦ t❡♠♣♦ ❞❡

❡①❡❝✉çã♦ ❡ ❡rr♦s ♥❛ ♣r❡❝✐sã♦✱ ❡♠ ✐♠♣❧❡♠❡♥t❛çã♦ ❢❡✐t❛ ❡♠ ▼❆❚▲❆❇✳



❈❛♣ít✉❧♦ ✶

Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡ ●❡♦♠❡tr✐❛ ❞❡

❉✐stâ♥❝✐❛

❙❡❥❛♠ n ♦ ♥ú♠❡r♦ ❞❡ át♦♠♦s ❡♠ ✉♠❛ ❞❛❞❛ ♠♦❧é❝✉❧❛ ❡ x1, ..., xn ♦s ✈❡t♦r❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡

t❛✐s át♦♠♦s✱ ♦♥❞❡ xi = (xi,1, xi,2, xi,3)✱ ❝♦♠ xi,k ∈ ❘ (k = 1, 2, 3)✱ ✐♥❞✐❝❛ ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦

i ❡♠ ❘
3✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, ..., n}✳ xi,k é ❛ k✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ át♦♠♦ i✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s x1, ..., xn✱ ❞♦s n át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ❡♠ q✉❡stã♦✱ sã♦

❝♦♥❤❡❝✐❞❛s✱ ♦✉ s❡❥❛✱ ❝♦♥❤❡❝❡♠♦s ❛s ♣♦s✐çõ❡s ❡♠ ❘
3 ❞❡ s❡✉s n át♦♠♦s✳ ❊♥tã♦✱ ❛s ❞✐stâ♥❝✐❛s

❡♥tr❡ ♦s át♦♠♦s i ❡ j✱ q✉❛✐sq✉❡r✱ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ♥❛ ❢♦r♠❛

di,j = ‖xi − xj‖ ,

♦♥❞❡ ‖·‖ é ❛ ♥♦r♠❛ ❊✉❝❧✐❞✐❛♥❛✳

❊♥tr❡t❛♥t♦✱ ❛ s✐t✉❛çã♦ q✉❡ ♠❛✐s ✐♥t❡r❡ss❛ é ❛ ✐♥✈❡rs❛✳ ❯♠❛ ♣❡r❣✉♥t❛ q✉❡ s✉r❣❡ ❞❡ ❢♦r♠❛

✏♥❛t✉r❛❧✑ é ❛ s❡❣✉✐♥t❡✿ s❡ ♦s ú♥✐❝♦s ❞❛❞♦s ❝♦♥❤❡❝✐❞♦s s♦❜r❡ ❛ ♠♦❧é❝✉❧❛ sã♦ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡

s❡✉s át♦♠♦s✱ s❡rá q✉❡ é ♣♦ssí✈❡❧ ❞❡s❝♦❜r✐r ❛s ♣♦s✐çõ❡s ❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡s ❡♠ ❘
3❄

▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ s❡❥❛ S ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s (i, j)✱ ❝♦♠ i, j ∈ {1, .., n}✱ ♣❛r❛ ♦s q✉❛✐s

❝♦♥❤❡❝❡♠♦s ❛ ❞✐stâ♥❝✐❛ di,j ∈ ❘ ❡♥tr❡ ❡❧❡s✳ ❊♥tã♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❛s ♣♦s✐çõ❡s x1, ..., xn ❞♦s

✺



✻

n át♦♠♦s ❞❡✜♥❡♠ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❞❡ ❡q✉❛çõ❡s

‖xi − xj‖ = di,j, (i, j) ∈ S. ✭✶✳✶✮

▲♦❣♦✱ ♦ ♣r♦❜❧❡♠❛ é ❞❡t❡r♠✐♥❛r t❛✐s s♦❧✉çõ❡s ❞❡ ♠♦❞♦ ❡✜❝✐❡♥t❡✳ ◆❡♠ s❡♠♣r❡ ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r

t♦❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s✱ ❥á q✉❡ ♥❡♠ s❡♠♣r❡ s❡ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ s✉✜❝✐❡♥t❡ ❞❡ ✈❛❧♦r❡s ❞❡

❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s át♦♠♦s q✉❡ ♥♦s ♣❡r♠✐t❛ ❞❡✜♥✐r ✉♠ s✐st❡♠❛ ✈✐á✈❡❧✳

❖ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ é ❝❤❛♠❛❞♦ ❞❡ Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛ ✭P▼❉●✮✳

❊st❡ ♣r♦❜❧❡♠❛ é ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞♦ ❝❤❛♠❛❞♦ Pr♦❜❧❡♠❛ ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛ ✭P❉●✮

q✉❡ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ❝❡rt♦s ♣♦♥t♦s✱ ❞❛❞❛s ❛s ❞✐stâ♥❝✐❛s ❝♦♠♦ ✐♥stâ♥✲

❝✐❛s ❝♦♥❤❡❝✐❞❛s✳

◆❛ ♣rát✐❝❛✱ ♦s ✈❛❧♦r❡s ❞❛s ❞✐stâ♥❝✐❛s ♣♦❞❡♠ ♥ã♦ s❡r ❡①❛t♦s✱ ✐st♦ é✱ ❡❧❡s ♣♦❞❡♠ ❝♦♥t❡r ❡rr♦s✳

❉❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ♦s ❞❛❞♦s ❝♦♥❤❡❝✐❞♦s ♣❛r❛ ♦ P▼●❉ ♣♦❞❡♠ s❡r ❝♦t❛s s✉♣❡r✐♦r❡s ✭ui,j✮ ❡

✐♥❢❡r✐♦r❡s ✭li,j✮ ♣❛r❛ ❛s ❞✐stâ♥❝✐❛s di,j ❞❡ ♠♦❞♦ q✉❡

li,j ≤ ‖xi − xj‖ ≤ ui,j, (i, j) ∈ S. ✭✶✳✷✮

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣❡♥❛s ♦s ❝❛s♦s ♦♥❞❡ ❛s ❞✐stâ♥❝✐❛s sã♦ ❞❛❞❛s ❡①❛t❛♠❡♥t❡ s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s✳

❆s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♠✉✐t♦s ❞♦s ♣❛r❡s ❞❡ át♦♠♦s ❡♠ ✉♠❛ ♠♦❧é❝✉❧❛ ✭❡s♣❡❝✐❛❧♠❡♥t❡ ♣r♦t❡í♥❛s✮

♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ◗✉í♠✐❝❛ ✉s❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱

❛❧❣✉♥s t✐♣♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦s ❡ â♥❣✉❧♦s ❞❡ ❧✐❣❛çõ❡s ❡ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❘❡ss♦♥â♥❝✐❛ ▼❛❣♥ét✐❝❛

◆✉❝❧❡❛r ✭❘▼◆✮ ❬✷❪✳ ❙❡ ❝♦♥s❡❣✉✐r♠♦s ♦❜t❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ✐♥t❡r✲❛tô♠✐❝❛s s✉✜✲

❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦ ❛ ❡str✉t✉r❛ ❞❡ t❛❧ ♠♦❧é❝✉❧❛ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ✈✐❛ r❡s♦❧✉çã♦ ❞❡

✉♠ P▼❉● ❬✸❪✳

◆❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s✱ Pr♦❜❧❡♠❛s ▼♦❧❡❝✉❧❛r❡s ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛s sã♦ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧♠❡♥t❡ ✐♥tr❛tá✈❡✐s ✭◆P✲❞✐❢í❝✐❧✮✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ s✉❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ ❬✶✸❪✳

P♦❞❡✲s❡ ❞✐✈✐❞✐r ♦ P▼❉● ❡♠ ❞✉❛s ❝❧❛ss❡s✿ ♦s q✉❡ ♣♦ss✉❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐s✲



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✼

tâ♥❝✐❛s ✐♥t❡r✲❛tô♠✐❝❛s✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ❡♠ q✉❡stã♦✱ ❛ ❞✐stâ♥❝✐❛

é ❝♦♥❤❡❝✐❞❛✱ ❡ ❛q✉❡❧❡s q✉❡ ♣♦ss✉❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s ✐♥t❡r✲❛tô♠✐❝❛s✱ ✐st♦

é✱ ♥❡♠ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♣❛r❡s ❞❡ át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ♣r❡❝✐s❛♠ ❡st❛r ❞✐s♣♦♥í✈❡✐s✳

✶✳✶ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦

❆ ♣r✐♠❡✐r❛ ❝❧❛ss❡ ❞♦ P▼●❉ ❝♦♠ ❞✐stâ♥❝✐❛s ❡①❛t❛s é ❛q✉❡❧❛ ❡♠ q✉❡ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s di,j

❡♥tr❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ át♦♠♦s i ❡ j ✭❝♦♠ ✈❡t♦r ❞❡ ❝♦♦r❞❡♥❛❞❛s xi ❡ xj✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ❞❛

♠♦❧é❝✉❧❛ sã♦ ❝♦♥❤❡❝✐❞❛s ❡①❛t❛♠❡♥t❡✳

❋✐❣✉r❛ ✶✳✶✿ ▼♦❧❡❝✉❧❛ ❝♦♠ s❡t❡ át♦♠♦s ❝♦♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s

▼❛t❡♠❛t✐❝❛♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ♦s ✈❡t♦r❡s ❝♦♦r❞❡♥❛❞❛s x1, ..., xn t❛✐s

q✉❡

‖xi − xj‖ = di,j, ∀i, j = 1, ..., n, ✭✶✳✸✮

♦♥❞❡ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ di,j sã♦ ❞❛❞♦s✳

❉✉❛s ❛❜♦r❞❛❣❡♥s s❡rã♦ ❛♣r❡s❡♥t❛❞❛s✱ ♥❡st❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❛ ✜♠ ❞❡ r❡s♦❧✈❡r t❛❧ ♣r♦❜❧❡✲

♠❛✿ ✉♠❛✱ ✈✐❛ ❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❱❛❧♦r❡s ❙✐♥❣✉❧❛r❡s ❞❡ ✉♠❛ ♠❛tr✐③ q✉❡ ❛❜r✐❣❛rá ♦s ❞❛❞♦s ❞❡

❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s át♦♠♦s ❡✱ ♦✉tr❛✱ ✉s❛♥❞♦ ✉♠ ❛❧❣♦r✐t♠♦ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r

❝✉❥♦ ❝❡r♥❡ é ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r 3× 3✳

❆♠❜❛s ❝♦♥str✉çõ❡s ❛ s❡r❡♠ ❞✐s❝✉t✐❞❛s ❢♦r❛♠ ♣✉❜❧✐❝❛❞❛s ♥♦ ❛rt✐❣♦ ❬✺❪ ♣♦r ❉♦♥❣ ❡t ❛❧✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✽

✶✳✶✳✶ ❯♠ tr❛t❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ✈✐❛ ❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❱❛❧♦r❡s

❙✐♥❣✉❧❛r❡s

❈♦♥s✐❞❡r❡ ❛s ❡q✉❛çõ❡s ✭✶✳✸✮✳ ❊❧❡✈❛♥❞♦ s✉❛s ❡q✉❛çõ❡s ❛♦ q✉❛❞r❛❞♦ ❡ ❛s ❡①♣❛♥❞✐♥❞♦✱ t❡♠♦s

‖xi‖2 − 2xT
i xj + ‖xj‖2 = d2i,j, i, j = 1, ..., n. ✭✶✳✹✮

P♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦❞♦ q✉❡ ♦ ú❧t✐♠♦ át♦♠♦ ❞❡ ♥♦ss❛ ❧✐st❛ s❡

t♦r♥❡ s✉❛ ♦r✐❣❡♠✱ ✐st♦ é✱ ❞❡ ❢♦r♠❛ q✉❡ xn = (0, 0, 0)T ✳ ❚❛❧ ♠✉❞❛♥ç❛ é ♣♦ssí✈❡❧✱ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❥á q✉❡ ❛ ❡str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞❡ ✉♠❛ ♣r♦t❡í♥❛ é ✐♥✈❛r✐❛♥t❡ s♦❜ ♠♦✈✐♠❡♥t♦s

rí❣✐❞♦s ✭r♦t❛çã♦✱ r❡✢❡①ã♦ ❡ tr❛♥s❧❛çã♦✮✳ ▲♦❣♦✱

‖xi‖2 =
∥∥xi − (0, 0, 0)T

∥∥2
= ‖xi − xn‖2 = d2i,n, ✭✶✳✺✮

♣❛r❛ i = 1, ..., n− 1✳

❉❛s ❡q✉❛çõ❡s ✭✶✳✹✮ ❡ ✭✶✳✺✮✱ ♦❜té♠✲s❡

d2i,n − d2i,j + d2j,n = 2xT
i xj, i, j = 1, ..., n− 1. ✭✶✳✻✮

❉❡✜♥❡✲s❡✱ ❡♥tã♦✱ ❛ ♠❛tr✐③ D = (Di,j)✱ ♦♥❞❡

Di,j =
d2i,n − d2i,j + d2j,n

2
, ✭✶✳✼✮

♣❛r❛ i, j = 1, ..., n− 1.

❙❡❣✉❡✱ ❞❡ ✭✶✳✻✮ ❡ ✭✶✳✼✮✱ q✉❡

Di,j = xT
i xj, ✭✶✳✽✮

♣❛r❛ i, j = 1, ..., n− 1✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✾

❙❡ X ∈ ❘(n−1)×3 é ❞❛❞❛ ♣♦r

X =




xT
1

xT
2

✳✳✳

xT
n−1




,

t❡♠✲s❡ q✉❡

D = XXT . ✭✶✳✾✮

❉❡ ❢❛t♦✱ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ D ❡ X✱ t❡♠♦s

D =




xT
1 x1 . . . xT

1 xn−1

✳✳✳
✳✳✳

✳✳✳

xT
n−1x1 . . . xT

n−1xn−1



=




xT
1

xT
2

✳✳✳

xT
n−1




·
[
x1 . . . xn−1

]
= XXT .

❈♦♠♦ X ∈ ❘(n−1)×3✱ t❡♠♦s posto(X) ≤ 3✳ ❆❧é♠ ❞✐ss♦✱ s❡ x ∈ Im(D)✱ ❡①✐st❡ y ∈ ❘n−1 t❛❧

q✉❡ Dy = x✱ ✐st♦ é✱ t❛❧ q✉❡ XXTy = x✳ ❆ss♦❝✐❛♥❞♦✱ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ♦s t❡r♠♦s ♥❛ ❡q✉❛çã♦

❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ X(XTy) = x✱ ♦✉ s❡❥❛✱ x ∈ Im(X)✳ P♦rt❛♥t♦✱ Im(D) ⊆ Im(X) ❡✱ ❧♦❣♦✱

posto(D) ≤ posto(X) ≤ 3✳

❉❡ss❡ ♠♦❞♦✱ ❝♦♠♦ D ❞❡✈❡ t❡r ♣♦st♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 3 ❡✱ ❛❧é♠ ❞✐ss♦✱ é s✐♠étr✐❝❛ ✭♣♦✐s D =

XXT = DT ✮✱ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ✭❙❱❉✮ r❡❞✉③✐❞❛✱

❝✉❥❛ ♣❛rt❡ t❡ór✐❝❛ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✶✹❪✱

D = ÛΣ̂ÛT , ✭✶✳✶✵✮

♦♥❞❡ Û ∈ ❘(n−1)×3 é ✉♠❛ ✐s♦♠❡tr✐❛ ✭ÛT Û = I3✮ ❡ Σ̂ ∈ ❘3×3 é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝✉❥♦s

três ❡❧❡♠❡♥t♦s ❞✐❛❣♦♥❛✐s sã♦ σ1 ≥ σ2 ≥ σ3 ≥ 0✱ q✉❡ sã♦ ♦s três ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ❞❡ D✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✵

❉❡ ✭✶✳✶✵✮✱ s❡❣✉❡ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✳✾✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ t♦♠❛♥❞♦

X = ÛΣ̂1/2, ✭✶✳✶✶✮

♣♦✐s

XXT = ÛΣ̂1/2(ÛΣ̂1/2)
T
= ÛΣ̂1/2(Σ̂1/2)

T
ÛT = ÛΣ̂1/2Σ̂1/2ÛT = ÛΣ̂ÛT = D✳

P♦❞❡♠♦s r❡s✉♠✐r ♦ ❞❡♠♦♥str❛❞♦ ❛❝✐♠❛ ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳ ❉❛❞❛ ✉♠❛ ♠♦❧é❝✉❧❛ ❝♦♠ n át♦♠♦s✱ s❡♥❞♦ q✉❡ ♦ ú❧t✐♠♦ é ❝♦❧♦❝❛❞♦ ❝♦♠♦

♦r✐❣❡♠ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ s❡❥❛♠ D ∈ ❘(n−1)×(n−1) ❛ ♠❛tr✐③ ❞❡✜♥✐❞❛ ♣❡❧❛ r❡❣r❛ ✭✶✳✼✮

❡

D = ÛΣ̂ÛT

s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s r❡❞✉③✐❞❛✳ ❊♥tã♦✱ ❛ ♠❛tr✐③

X = ÛΣ̂1/2✱

❝✉❥❛s ❧✐♥❤❛s sã♦ ❛s ♣♦s✐çõ❡s ❞♦s n − 1 ♣r✐♠❡✐r♦s át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛✱ r❡s♦❧✈❡ ❛ ❡q✉❛çã♦

♠❛tr✐❝✐❛❧

D = XXT ✳

P♦r ✭❬✼❪✱ ♣✳ ✷✺✹✮✱ sã♦ ♥❡❝❡ssár✐❛s 14mn2−2n3 ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡ ♣❛r❛

❝❛❧❝✉❧❛r ❛s ♠❛tr✐③❡s Σ̂ ❡ Û ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s r❡❞✉③✐❞❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❡♠

❘
m×n✱ ❧❛♥ç❛♥❞♦ ♠ã♦ ❞♦ ❆❧❣♦r✐t♠♦ ●♦❧✉❜✲❘❡✐♥s❝❤✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❧❝✉❧❛r t❛✐s t❡r♠♦s ❞❛ ❙❱❉

r❡❞✉③✐❞❛ ♣❛r❛ ♥♦ss❛ ♠❛tr✐③ D ∈ ❘(n−1)×(n−1)✱ é ♣r❡❝✐s♦ ❢❛③❡r O(12n3) ♦♣❡r❛çõ❡s✳ P♦rt❛♥t♦✱

q✉❛♥❞♦ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ sã♦ ❝♦♥❤❡❝✐❞❛s✱ ♦ P▼●❉ ✐♥✈♦❧✈✐❞♦

♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭❞❡ ❣r❛✉ três✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦

❛❝✐♠❛✮ ♣❡❧♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ♥❡st❛ s❡çã♦✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✶

✶✳✶✳✷ ❯♠ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r

❆♥❛❧✐s❛r❡♠♦s✱ ❛❣♦r❛✱ ♦ s❡❣✉♥❞♦ ♠ét♦❞♦ q✉❡ r❡s♦❧✈❡ ♦ P▼●❉ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡

❞✐stâ♥❝✐❛s ❡①❛t❛s ✐♥t❡r✲❛tô♠✐❝❛s ♣❛r❛ ✉♠❛ ♠♦❧é❝✉❧❛ ❝♦♠ n át♦♠♦s✱ ❞❡s❝r✐t♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛

s❡çã♦✳ ❆ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ é ❜❡♠ ❞✐❢❡r❡♥t❡ ❞❛ ❛♥t❡r✐♦r✿ ♥❡st❛✱ ✉t✐❧✐③❛✲s❡ ✐t❡r❛t✐✈❛s r❡s♦❧✉çõ❡s

❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r 3× 3✳ ❚❛❧ ❛❧❣♦r✐t♠♦ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r✱ ✐st♦

é✱ ✉s❛♥❞♦ O(n) ♦♣❡r❛çõ❡s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✱ s❡❣✉♥❞♦ ❉♦♥❣ ❡ ❲✉ ❡♠ ❬✺❪✳

❆♥t❡s ❞❡ ❞✐s❝✉t✐✲❧♦✱ ❢❛③✲s❡ ♥❡❝❡ssár✐❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❞♦✐s r❡s✉❧t❛❞♦s ✐♠♣r❡s❝✐♥❞í✈❡✐s

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠❡s♠♦✱ ❞❡s❝r✐t♦ ❡♠ ❬✶✻❪✳

❋✐❣✉r❛ ✶✳✷✿ ◗✉❛tr♦ át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ ❝♦♠ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❝♦♥❤❡❝✐❞❛s

❚❡♦r❡♠❛ ✶✳ ❊♠ ✉♠❛ ❞❛❞❛ ♠♦❧é❝✉❧❛✱ ❞❛❞❛s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ q✉❛tr♦ át♦♠♦s ❞♦✐s✲❛✲❞♦✐s✱

s✉❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s✱ ❛ ♠❡♥♦s ❞❡ ♠♦✈✐♠❡♥t♦s rí❣✐❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ di,j ❛s ❞✐stâ♥❝✐❛s ❝♦♥❤❡❝✐❞❛s ❡♥tr❡ ♦s át♦♠♦s i ❡ j✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✷✱

❡ xi = (ui, vi, wi)
T ♦s ✈❡t♦r❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ t❛✐s át♦♠♦s✱ ♣❛r❛ i, j = 1, ..., 4✳ ❚❛✐s ✈❡t♦r❡s

❡stã♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s tr✐❞✐♠❡♥s✐♦♥❛❧ ❛r❜✐trár✐♦✳ ❘❡❛❧✐③❛♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ♣♦r ♠♦✈✐♠❡♥t♦s rí❣✐❞♦s ✭r♦t❛çã♦✱ tr❛♥s❧❛çã♦ ❡ r❡✢❡①ã♦✮✱ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s

át♦♠♦s ♣❡r♠❛♥❡❝❡♠ ❛s ♠❡s♠❛s ♥♦ s✐st❡♠❛ ♥♦✈♦ ❡♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ❛♥t❡r✐♦r✳ ❖✉ s❡❥❛✱ ❛s

❞✐stâ♥❝✐❛s✱ ♥❡st❡ ❝❛s♦✱ sã♦ ✐♥✈❛r✐❛♥t❡s ❛ ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦r ♠♦✈✐♠❡♥t♦s rí❣✐❞♦s

❞❛ ❡str✉t✉r❛ ♠♦❧❡❝✉❧❛r✳

▲♦❣♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡ ❛ ♣♦s✐çã♦ ❞♦ ♣r✐♠❡✐r♦ át♦♠♦ ❝♦♠♦ ❛ ♦r✐❣❡♠

❞♦ s✐st❡♠❛✱ ❛ ♣♦s✐çã♦ ❞♦ s❡❣✉♥❞♦ át♦♠♦ ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❡✱ ♣♦r ✜♠✱ ❛



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✷

♣♦s✐çã♦ ❞♦ t❡r❝❡✐r♦ át♦♠♦ ❝♦♠♦ ♣❡rt❡♥❝❡♥t❡ ❛♦ ♣❧❛♥♦ ❛❜s❝✐ss❛✲♦r❞❡♥❛❞❛✳ ❆ ♣♦s✐çã♦ r❡❧❛t✐✈❛

❛♦ q✉❛rt♦ át♦♠♦ ♣♦❞❡ s❡ ❧♦❝❛❧✐③❛r ❡♠ q✉❛❧q✉❡r ❧✉❣❛r ♥♦ ❡s♣❛ç♦✳ ◆❡st❡ s✐st❡♠❛✱ ♦s ✈❡t♦r❡s ❞❡

❝♦♦r❞❡♥❛❞❛s ❞♦s três ♣r✐♠❡✐r♦s át♦♠♦s sã♦

x1 = (0, 0, 0),

x2 = (u2, 0, 0),

x3 = (u3, v3, 0)✱

❝♦♠ u2, u3 ❡ v3 ❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞♦s✳ ❏á q✉❡ ♦s ✈❛❧♦r❡s ❞❡ di,j✱ ♣❛r❛ i, j = 1, 2, 3✱ sã♦

❝♦♥❤❡❝✐❞♦s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r✱ ❡♥tã♦✱ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r





‖x2 − x1‖2 = d22,1

‖x3 − x1‖2 = d23,1

‖x3 − x2‖2 = d23,2

, ✭✶✳✶✷✮

♦✉ s❡❥❛✱ 



u2
2 = d22,1

u2
3 + v23 = d23,1

(u3 − u2)
2 + v23 = d23,2

✭✶✳✶✸✮

❘❡s♦❧✈❡♥❞♦ ❡st❡ s✐st❡♠❛✱ ❡♥❝♦♥tr❛♠♦s ♦s ✈❛❧♦r❡s

u2 = ±d2,1, ✭✶✳✶✹✮

u3 =
d23,1 − d23,2

2d2,1
+

d2,1

2
✭✶✳✶✺✮

❡

v3 = ±(d23,1 − u2
3)

1/2, ✭✶✳✶✻✮

♣♦❞❡♥❞♦ ❡s❝♦❧❤❡r t❛♥t♦ ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ q✉❛♥t♦ ❛ ♥❡❣❛t✐✈❛ ♣❛r❛ u2 ❡ ♣❛r❛ v3 s❡♠ ❛❧t❡r❛r ❛s



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✸

❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s át♦♠♦s✳

❈♦♠♦ ♦ ♣♦♥t♦ x4 ❡stá ❡♠ ❛❧❣✉♠ ❧✉❣❛r ♥♦ss♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❝♦♠ ❛ ú♥✐❝❛ ❝♦♥❞✐çã♦

❞❡ r❡s♣❡✐t❛r ❛s r❡str✐çõ❡s ❞❡ ❞✐stâ♥❝✐❛s ❛♦s ♦✉tr♦s três át♦♠♦s✱ ❡♥tã♦✱ ❡s❝r❡✈❡♥❞♦ x4 =

(u4, v4, w4)
T ❡ ✉t✐❧✐③❛♥❞♦ t❛✐s ❞✐stâ♥❝✐❛s✱ ❞❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r





‖x4 − x1‖2 = d24,1

‖x4 − x2‖2 = d24,2

‖x4 − x3‖2 = d24,3

✭✶✳✶✼✮

❖✉ s❡❥❛✱ t❡♠♦s ♦ s✐st❡♠❛





u2
4 + v24 + w2

4 = d24,1

(u4 − u2)
2 + v24 + w2

4 = d24,2

(u4 − u3)
2 + (v4 − v3)

2 + w2
4 = d24,3

✭✶✳✶✽✮

❘❡s♦❧✈❡♥❞♦ ✭✶✳✶✽✮✱ ❡♥❝♦♥tr❛♠♦s ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ x4 ❡♠ ❢✉♥çã♦✱ ❛♣❡♥❛s✱ ❞❛s ❞✐stâ♥❝✐❛s

✐♥t❡r✲❛tô♠✐❝❛s✱ ✐st♦ é✱

u4 =
d24,1 − d24,2

2d2,1
+

d2,1

2
, ✭✶✳✶✾✮

v4 =
d24,2 − d24,3 − (u4 − u2)

2 + (u4 − u3)
2

2v3
+

v3

2
✭✶✳✷✵✮

❡

w4 = ±(d24,1 − u2
4 − v24)

1/2. ✭✶✳✷✶✮

♣♦❞❡♥❞♦ ❡s❝♦❧❤❡r ❡♠ ✭✶✳✷✶✮ t❛♥t♦ ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ q✉❛♥t♦ ♥❡❣❛t✐✈❛ s❡♠ ❛❢❡t❛r ❛s r❡str✐çõ❡s

❞❡ ❞✐stâ♥❝✐❛s ❞❛ ❤✐♣ót❡s❡ ❞♦ t❡♦r❡♠❛✳

P♦rt❛♥t♦✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s q✉❛tr♦ át♦♠♦s✱ ❛ ♠❡♥♦s ❞❡ ♠♦✈✐♠❡♥t♦s

rí❣✐❞♦s✱ ❛♣❡♥❛s ❡♠ ❢✉♥çã♦ ❞❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ❛s ♣♦s✐çõ❡s ❞♦s át♦♠♦s ♥♦❘3✱ ❝♦♠♦ q✉❡rí❛♠♦s✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✹

❆♥t❡s ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❡♥✉♥❝✐❛r❡♠♦s ✉♠ ❧❡♠❛ té❝♥✐❝♦✿

▲❡♠❛ ✶✳ ❙❡ {x1, x2, x3, x4} ⊂ ❘
3 sã♦ ♣♦♥t♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s

B = {(x2 − x1), (x3 − x1), (x4 − x1)} ⊂ ❘3 é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❋✐❣✉r❛ ✶✳✸✿ ❈♦♥❥✉♥t♦ ❝♦♠ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✉♠ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❝♦♠
t♦❞❛s ❛s ❞✐stâ♥❝✐❛s ❞✐s♣♦♥í✈❡✐s

❚❡♦r❡♠❛ ✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♣♦ss✉í♠♦s ✉♠❛ ♠♦❧é❝✉❧❛ ❝♦♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s

❡①❛t❛s ❝♦♥❤❡❝✐❞♦✳ ❙❡ t❡♠♦s q✉❛tr♦ át♦♠♦s ✜①♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❡♥tã♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s

♦✉tr♦s n−4 át♦♠♦s ❞❡ t❛❧ ♠♦❧é❝✉❧❛ ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞❛s ✉♥✐❝❛♠❡♥t❡ ❛tr❛✈és ❞❛ r❡s♦❧✉çã♦

❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❛tr♦ át♦♠♦s ❥á ✜①♦s✱ ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❝✉❥❛s ♣♦s✐çõ❡s

❡♠ ❘
3 sã♦ x1, x2, x3 ❡ x4 ✳

❈❤❛♠❛r❡♠♦s ❡st❡s át♦♠♦s ❞❡ át♦♠♦s ❜❛s❡ ✭❡❧❡s s❡rã♦ ❞❡✜♥✐❞♦s ❢♦r♠❛❧♠❡♥t❡ ❡ s❡rã♦ ♠❛✐s

❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦s ♥❛ s❡çã♦ s❡❣✉✐♥t❡✮✳

❙❡❥❛✱ t❛♠❜é♠✱ xi ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡s❝♦♥❤❡❝✐❞❛s ❞❡ ✉♠ q✉✐♥t♦ át♦♠♦✱ ✉♠ ❞♦s n−4 át♦♠♦s

r❡st❛♥t❡s ✭♦s át♦♠♦s ❜❛s❡ ❡ ♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✷✳✶✲✸✮✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✺

❈♦♠♦ ❝♦♥❤❡❝❡♠♦s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦ át♦♠♦ i ❡ ♦s q✉❛tr♦ át♦♠♦s ❜❛s❡✱ ✐st♦ é✱ s❛❜❡♠♦s ♦s

✈❛❧♦r❡s ❞❛s ❞✐stâ♥❝✐❛s di,1, di,2, di,3 ❡ di,4✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s





d2i,1 = ‖xi − x1‖2 = ‖xi‖2 − 2xT
i x1 + ‖x1‖2

d2i,2 = ‖xi − x2‖2 = ‖xi‖2 − 2xT
i x2 + ‖x2‖2

d2i,3 = ‖xi − x3‖2 = ‖xi‖2 − 2xT
i x3 + ‖x3‖2

d2i,4 = ‖xi − x4‖2 = ‖xi‖2 − 2xT
i x4 + ‖x4‖2

✭✶✳✷✷✮

♦✉ s❡❥❛✱ 



‖xi‖2 − 2xT
i x1 + ‖x1‖2 = d2i,1

‖xi‖2 − 2xT
i x2 + ‖x2‖2 = d2i,2

‖xi‖2 − 2xT
i x3 + ‖x3‖2 = d2i,3

‖xi‖2 − 2xT
i x4 + ‖x4‖2 = d2i,4

✭✶✳✷✸✮

❊st❡ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ♣♦ss✉✐ s♦❧✉çã♦✱ ❥á q✉❡ ♦s át♦♠♦s ❡①✐st❡♠ ❡ s✉❛s ♣♦s✐çõ❡s r❡s♣❡✐t❛♠

❛s r❡str✐çõ❡s ❞❡ ❞✐stâ♥❝✐❛s✳

❙✉❜tr❛✐♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✷✸✮ ❞❛s ♦✉tr❛s três✱ t❡♠♦s ♦

s❡❣✉✐♥t❡ s✐st❡♠❛ ❧✐♥❡❛r





−2xT
i (x2 − x1) = (‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

−2xT
i (x3 − x1) = (‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

−2xT
i (x4 − x1) = (‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)

. ✭✶✳✷✹✮

▼❛s✱ ❝♦♠♦ vTw = wTv✱ ♣❛r❛ v, w ∈ ❘
3✱ ❡♥tã♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ✭✶✳✷✹✮ ♥❛

❢♦r♠❛ 



−2(x2 − x1)
Txi = (‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

−2(x3 − x1)
Txi = (‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

−2(x4 − x1)
Txi = (‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)

. ✭✶✳✷✺✮



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✻

❈♦❧♦❝❛♥❞♦ ♦ s✐st❡♠❛ ✭✶✳✷✺✮ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ t❡♠♦s




−2(x2 − x1)
T

−2(x3 − x1)
T

−2(x4 − x1)
T



· xi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



, ✭✶✳✷✻✮

♦✉ s❡❥❛✱

−2




(x2 − x1)
T

(x3 − x1)
T

(x4 − x1)
T



· xi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



. ✭✶✳✷✼✮

▲♦❣♦✱ t❡♠♦s q✉❡

Axi = bi, ✭✶✳✷✽✮

♦♥❞❡

A = −2




(x2 − x1)
T

(x3 − x1)
T

(x4 − x1)
T




✭✶✳✷✾✮

❡

bi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



. ✭✶✳✸✵✮

❈♦♠♦ ♦s ♣♦♥t♦s x1, x2, x3 ❡ x4 ♥ã♦ sã♦ ❝♦♣❧❛♥❛r❡s✱ ♣♦r ❤✐♣ót❡s❡✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶ q✉❡

{(x2 − x1), (x3 − x1), (x4 − x1)} é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❆ss✐♠✱ ❛ ♠❛tr✐③



(x2 − x1)
T

(x3 − x1)
T

(x4 − x1)
T




t❡♠ ♣♦st♦ ❝♦♠♣❧❡t♦✱ ❡✱ ❡♥tã♦✱ A é ♥ã♦✲s✐♥❣✉❧❛r✳

P♦rt❛♥t♦✱ t❡♠♦s q✉❡ ♦ s✐st❡♠❛ Axi = bi ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ x∗
i ✱ ✐st♦ é✱ ❝♦♥s❡❣✉✐♠♦s



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✼

❡♥❝♦♥tr❛r ✉♠❛ ú♥✐❝❛ ♣♦s✐çã♦ ♣♦ssí✈❡❧ ♣❛r❛ ♦ át♦♠♦ ❡♠ q✉❡stã♦✳ Pr♦❝❡❞❡♠♦s✱ ✐t❡r❛t✐✈❛♠❡♥t❡✱

❝♦♠♦ ❛❝✐♠❛ ♣❛r❛ t♦❞♦s ♦s n− 4 át♦♠♦s ❛✐♥❞❛ ✐♥❞❡t❡r♠✐♥❛❞♦s✱ ❞❡t❡r♠✐♥❛♥❞♦✱ ✉♥✐❝❛♠❡♥t❡✱ ❛

❡str✉t✉r❛ ❞❡ ♥♦ss❛ ♠♦❧é❝✉❧❛✳

❖❜s❡r✈❛çã♦ ✶✳ ❆ ❤✐♣ót❡s❡ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r é ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦

át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ❝✉❥❛s ♣♦s✐çõ❡s sã♦ ♣r❡✈✐❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛s✳ ❙❡ ❡♥❝♦♥tr❛r♠♦s t❛❧

❝♦♥❥✉♥t♦✱ ♠❛s ♥ã♦ ❝♦♥❤❡❝❡r♠♦s s✉❛s ❝♦♦r❞❡♥❛❞❛s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧á✲❧❛s ❝♦♠ ❜❛s❡ ♥♦ ❚❡♦r❡♠❛

✶✳

❊st❛❜❡❧❡❝✐❞❛s ❛s ❜❛s❡s t❡ór✐❝❛s ❞♦ ♠ét♦❞♦✱ s❡❣✉❡ ✉♠ r♦t❡✐r♦ ♣❛r❛ t❛❧ ❛❧❣♦r✐t♠♦ ♣✉❜❧✐❝❛❞♦

❡♠ ❬✶✻❪✿

❆❧❣♦r✐t♠♦ ❞❡ t❡♠♣♦ ❧✐♥❡❛r ♣❛r❛ P▼❉●s

❝♦♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s

✭✶✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ♥ã♦ ❝♦♣❧❛♥❛r❡s ♥❛ ♠♦❧é❝✉❧❛ ♣❛r❛ s❡r❡♠ át♦♠♦s ❜❛s❡✳ ❉❡t❡r♠✐♥❡

s✉❛s ❝♦♦r❞❡♥❛❞❛s ❛ ♣❛rt✐r ❞❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ s✐❀

✭✷✮ P❛r❛ ❝❛❞❛ át♦♠♦ r❡♠❛♥❡s❝❡♥t❡✱ ❞❡t❡r♠✐♥❡ s✉❛s ❝♦♦r❞❡♥❛❞❛s ❛tr❛✈és ❞♦ s✐st❡♠❛ ❧✐♥❡❛r

✭✶✳✷✽✮❀

✭❚♦❞♦s ♦s át♦♠♦s ❡stã♦ ❞❡t❡r♠✐♥❛❞♦s✳✮

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ t❛♠❜é♠ é ❞✐s❝✉t✐❞♦ ♣♦r ❲✉ ❡t ❛❧✳ ❡♠ ❬✶✻❪✳

❚❡♦r❡♠❛ ✸✳ ❊st❡ ❛❧❣♦r✐t♠♦ ♥❡❝❡ss✐t❛ ❞❡ O(n) ♣❛r❛ ❞❡t❡r♠✐♥❛r ✉♠❛ ♠♦❧é❝✉❧❛ ❝♦♠ n át♦♠♦s✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✳ ❆ ❝❛❞❛ ✐t❡r❛çã♦✱ r❡s♦❧✈❡♠♦s ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞♦ t✐♣♦ ✭✶✳✷✽✮✳ ❚❛❧

r❡s♦❧✉çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❡♠ O(1) ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✳ ❈♦♠♦✱ ♣r❡❝✐s❛♠♦s

r❡s♦❧✈❡r n− 4 s✐st❡♠❛s ❞❡st❡ t✐♣♦✱ sã♦ ♥❡❝❡ssár✐❛s O(n) ♦♣❡r❛çõ❡s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡✳



✶✳✶✳ ❈♦♥❥✉♥t♦ ❈♦♠♣❧❡t♦ ✶✽

◆ã♦ sã♦ ♥❡❝❡ssár✐❛s ♠❛✐s ❞♦ q✉❡ O(1) ♦♣❡r❛çõ❡s ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ♣♦s✐çõ❡s ❞♦s át♦♠♦s ❜❛s❡✳

❆❧é♠ ❞✐ss♦✱ ♥♦ ♣✐♦r ❝❛s♦✱ s❡rã♦ ♥❡❝❡ssár✐❛s O(n) ♦♣❡r❛çõ❡s ♣❛r❛ ❡♥❝♦♥tr❛r ♦ t❡r❝❡✐r♦ át♦♠♦

s❡♠ q✉❡ ❡st❡ s❡❥❛ ❝♦❧✐♥❡❛r ❝♦♠ ♦s ❞♦✐s ♣r✐♠❡✐r♦s ❡ ♦ q✉❛rt♦ át♦♠♦ q✉❡ ♥ã♦ s❡❥❛ ❝♦♣❧❛♥❛r ❝♦♠

♦s ♦✉tr♦s três✳

P♦rt❛♥t♦✱ ♦ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❛tr❛✈és ❞❡st❡ ♠ét♦❞♦ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡

❧✐♥❡❛r✳

❊st❡ ♠ét♦❞♦ é ♠❛✐s ❡✜❝✐❡♥t❡ ❞♦ q✉❡ ♦ ♠ét♦❞♦ ❛♥t❡r✐♦r✱ q✉❡ ❢❛③ ✉s♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦

❙❱❉✳ ❆♠❜♦s sã♦ ❝❛❧❝✉❧❛❞♦s ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✱ ♠❛s✱ ♦ ú❧t✐♠♦✱ é ❝❛❧❝✉❧❛❞♦ ❡♠ ♦r❞❡♠ ❞❡

❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r✱ ❡♥q✉❛♥t♦ ♦ ♣r✐♠❡✐r♦ é ❝❛❧❝✉❧❛❞♦ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❝ú❜✐❝❛✳



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✶✾

✶✳✷ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦

❆ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞♦ P▼●❉ ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦ é ❛q✉❡❧❛ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡

❞✐stâ♥❝✐❛s ❡①❛t❛s di,j é ❛r❜✐trár✐♦✳ ❚❛♥t♦ ♣♦❞❡♠♦s ♣♦ss✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s

q✉❛♥t♦ ✐♥❝♦♠♣❧❡t♦✳

❆ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❝✉❥❛

♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ é ❧✐♥❡❛r✱ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✶✳✶✳✷✳ ❊♥tr❡t❛♥t♦✱ ❤á ✉♠ r❡❧❛①❛♠❡♥t♦

♥❛s ❝♦♥❞✐çõ❡s ❡ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ✐♥❝♦♠♣❧❡t♦ ❞❡ ❞✐stâ♥❝✐❛s

❡①❛t❛s✳

❊st❡ ♥♦✈♦ ❛❧❣♦r✐t♠♦ é ❝❤❛♠❛❞♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ✭❆■❉●✮

❡ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♥♦ ❛rt✐❣♦ ❬✻❪ ♣♦r ❉♦♥❣ ❡t ❛❧✳ ❖r✐❣✐♥❛❧♠❡♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦

●❡♦♠❡tr✐❝ ❇✉✐❧❞✲❯♣ ❆❧❣♦r✐t❤♠✳

✶✳✷✳✶ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛

P❛r❛ ❞❡✜♥✐r ❡st❡ ❛❧❣♦r✐t♠♦✱ ✉s❛✲s❡✱ ♣r❛t✐❝❛♠❡♥t❡✱ ❛s ♠❡s♠❛s ✐❞é✐❛s ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦r❞❡♠

❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r✱ ❝♦♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♣❛r❛ ❛ ❜❛s❡ t❡ór✐❝❛

❞❡ t❛❧ ♠ét♦❞♦ sã♦ ♥❡❝❡ssár✐❛s✱ ❞❡s❝r✐t❛s ❡♠ ❬✷✵❪✱ ❜❛s❡❛❞❛s ❡♠ ❬✶❪✳

❉❡✜♥✐çã♦ ✶✳ ❈❤❛♠❛♠♦s ❞❡ át♦♠♦s ♣♦s✐❝✐♦♥❛❞♦s ♦s át♦♠♦s q✉❡ ♣♦ss✉❡♠ ❛s ❝♦♦r❞❡♥❛❞❛s

❡♠ ❘3 ❥á ❝♦♥❤❡❝✐❞❛s ❡♠ ✉♠❛ ♠♦❧é❝✉❧❛✳ ❖s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ♣♦s✐çã♦ ❝♦♥❤❡❝✐❞❛ sã♦ ❝❤❛♠❛❞♦s

❞❡ át♦♠♦s ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦s ✳

❆ ✐❞é✐❛ ❜ás✐❝❛ ❞♦ ❆■❉● é✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ❛❞✐❝✐♦♥❛r ✉♠ át♦♠♦ à ❧✐st❛ ❞❡ át♦♠♦s ♣♦s✐✲

❝✐♦♥❛❞♦s ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♣❛rt✐♥❞♦ ❛♣❡♥❛s ❞❛s ❞✐stâ♥❝✐❛s ❞✐s♣♦♥í✈❡✐s ❡♥tr❡ ❡❧❡s✳

◆♦ ♠ét♦❞♦ ❝♦♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦✱ ♣r❡❝✐s❛✲s❡ ❞❡ q✉❛tr♦ át♦♠♦s

♥ã♦✲❝♦♣❧❛♥❛r❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r t♦❞♦s ♦s át♦♠♦s ❛✐♥❞❛ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦s ❞❛ ♠♦❧é❝✉❧❛✳ ◆❡st❡

♥♦✈♦ ❛❧❣♦r✐t♠♦✱ ❧❛♥ç❛✲s❡ ♠ã♦ ❞❡ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s át♦♠♦s

♥ã♦✲♣♦s✐❝✐♦♥❛❞♦s✳ ❚❛❧ ❝♦♥❥✉♥t♦ é ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✵

❉❡✜♥✐çã♦ ✷✳ ✭❇❛s❡ ▼étr✐❝❛✮ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s B ✭❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s sã♦ ❝♦♥❤❡❝✐✲

❞❛s✮ ❡♠ ✉♠ ❡s♣❛ç♦ ✭❣❡r❛❧♠❡♥t❡ ❘3✮ é ✉♠❛ ❜❛s❡ ♠étr✐❝❛ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ S ❞❡ ♣♦♥t♦s s❡

♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ S é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛s ❞✐stâ♥❝✐❛s

❝♦♥❤❡❝✐❞❛s ❞❡st❡ ♣♦♥t♦ ❛♦s ♣♦♥t♦s ❞❡ B✳

❊♠ t❛❧ ♠ét♦❞♦✱ ❜✉s❝❛✲s❡ q✉❛tr♦ át♦♠♦s ❝✉❥❛s ♣♦s✐çõ❡s ❢♦r♠❡♠ ✉♠❛ ❜❛s❡ ♠étr✐❝❛ ♣❛r❛ ♦

❝♦♥❥✉♥t♦ q✉❡ ❝♦♥té♠ ❛♣❡♥❛s ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❞❡ ❝❛❞❛ ✐t❡r❛çã♦✳

❉❡✜♥✐çã♦ ✸✳ ✭➪t♦♠♦s ❇❛s❡✮ ❆♦s át♦♠♦s ❝✉❥❛s ♣♦s✐çõ❡s ❢♦r♠❡♠ ❛ ❜❛s❡ ♠étr✐❝❛ ❝❤❛♠❛r❡✲

♠♦s ❞❡ át♦♠♦s ❜❛s❡ ✳

❉❡✜♥✐çã♦ ✹✳ ✭❈♦♥❥✉♥t♦ ■♥❞❡♣❡♥❞❡♥t❡✮ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦ ♣♦♥t♦s ❡♠ ❘3 é ❝❤❛♠❛❞♦

✐♥❞❡♣❡♥❞❡♥t❡ s❡ sã♦ ♥ã♦✲❝♦♣❧❛♥❛r❡s✳

❉❡✜♥✐çã♦ ✺✳ ✭P♦♥t♦ ❱✐③✐♥❤♦✮ ❯♠ ♣♦♥t♦ P é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ ✈✐③✐♥❤♦ ❞♦ ♣♦♥t♦ Q s❡

❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s✱ d(P,Q) é ❝♦♥❤❡❝✐❞❛✳

❉❡ ♣♦ss❡ ❞❡ss❛s ❞❡✜♥✐çõ❡s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳ ◗✉❛✐sq✉❡r q✉❛tr♦ át♦♠♦s✱ ❝✉❥♦s ♣♦♥t♦s sã♦ ♣♦s✐❝✐♦♥❛❞♦s✱ ✐♥❞❡♣❡♥❞❡♥t❡s ✭❡♠

❘
3✮ ❡ ✈✐③✐♥❤♦s ❞♦ ♣♦♥t♦ ❞❡ ✉♠ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ ♥❛ ♠♦❧é❝✉❧❛✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♠étr✐❝❛

♣❛r❛ ❡❧❡✳ ❆ ♣❛rt✐r ❞❡st❛ ❜❛s❡ ♠étr✐❝❛✱ ♦ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ✉♥✐❝❛✲

♠❡♥t❡ r❡s♦❧✈❡♥❞♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ xi ✉♠ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ ❡♠ ♥♦ss❛ ♠♦❧é❝✉❧❛ ❡ x1, x2, x3 ❡ x4 át♦✲

♠♦s ♣♦s✐❝✐♦♥❛❞♦s ❝✉❥♦s ♣♦♥t♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✈✐③✐♥❤♦s ❞❡ xi✳ ❖✉ s❡❥❛✱ ♦s ♣♦♥t♦s x1, x2, x3

❡ x4 sã♦ ♣♦s✐❝✐♦♥❛❞♦s✱ ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ❛s ❞✐stâ♥❝✐❛s di,1, di,2, di,3 ❡ di,4 sã♦ ❝♦♥❤❡❝✐❞❛s✳

❉❡✜♥✐♠♦s ❛s ❡q✉❛çõ❡s 



‖xi − x1‖ = di,1

‖xi − x2‖ = di,2

‖xi − x3‖ = di,3

‖xi − x4‖ = di,4

✭✶✳✸✶✮



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✶

❊❧❡✈❛♥❞♦✲❛s ❛♦ q✉❛❞r❛❞♦✱ t❡♠♦s





d2i,1 = ‖xi − x1‖2 = ‖xi‖2 − 2xT
i x1 + ‖x1‖2

d2i,2 = ‖xi − x2‖2 = ‖xi‖2 − 2xT
i x2 + ‖x2‖2

d2i,3 = ‖xi − x3‖2 = ‖xi‖2 − 2xT
i x3 + ‖x3‖2

d2i,4 = ‖xi − x4‖2 = ‖xi‖2 − 2xT
i x4 + ‖x4‖2

✭✶✳✸✷✮

❙❡❣✉❡ q✉❡ 



‖xi‖2 − 2xT
i x1 + ‖x1‖2 = d2i,1

‖xi‖2 − 2xT
i x2 + ‖x2‖2 = d2i,2

‖xi‖2 − 2xT
i x3 + ‖x3‖2 = d2i,3

‖xi‖2 − 2xT
i x4 + ‖x4‖2 = d2i,4

✭✶✳✸✸✮

❙✉❜tr❛✐♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✸✸✮ ❞❛s ♦✉tr❛s três✱ t❡♠♦s ♦

s❡❣✉✐♥t❡ s✐st❡♠❛ ❧✐♥❡❛r





−2xT
i (x2 − x1) = (‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

−2xT
i (x3 − x1) = (‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

−2xT
i (x4 − x1) = (‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)

. ✭✶✳✸✹✮

▼❛s✱ ❝♦♠♦ vTw = wTv✱ ♣❛r❛ v, w ∈ ❘
3✱ ❡♥tã♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ✭✶✳✸✹✮ ♥❛

❢♦r♠❛ 



−2(x2 − x1)
Txi = (‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

−2(x3 − x1)
Txi = (‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

−2(x4 − x1)
Txi = (‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)

. ✭✶✳✸✺✮



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✷

❈♦❧♦❝❛♥❞♦ ♦ s✐st❡♠❛ ✭✶✳✸✺✮ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ t❡♠♦s




−2(x2 − x1)
T

−2(x3 − x1)
T

−2(x4 − x1)
T



· xi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



, ✭✶✳✸✻✮

♦✉ s❡❥❛✱

−2




(x2 − x1)
T

(x3 − x1)
T

(x4 − x1)
T



· xi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



. ✭✶✳✸✼✮

▲♦❣♦✱ t❡♠♦s ♦ s✐st❡♠❛ ❧✐♥❡❛r ♠❛tr✐❝✐❛❧

Axi = bi, ✭✶✳✸✽✮

♦♥❞❡

A = −2




(x2 − x1)
T

(x3 − x1)
T

(x4 − x1)
T




✭✶✳✸✾✮

❡

bi =




(‖x1‖2 − ‖x2‖2)− (d2i,1 − d2i,2)

(‖x1‖2 − ‖x3‖2)− (d2i,1 − d2i,3)

(‖x1‖2 − ‖x4‖2)− (d2i,1 − d2i,4)



. ✭✶✳✹✵✮

❈♦♠♦ x1, x2, x3 ❡ x4 sã♦ ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ s❡❣✉❡ q✉❡ ♦s ✈❡t♦r❡s x2 − x1✱ x3 − x1, x4 − x1 sã♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♣❡❧♦ ▲❡♠❛ ✶✳ ❆ss✐♠✱ A é ♥ã♦✲s✐♥❣✉❧❛r✳

P♦rt❛♥t♦✱ xi ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞♦ ✉♥✐❝❛♠❡♥t❡ ❝♦♠♦ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✶✳✸✽✮ ❡

{x1, x2, x3, x4} é ❜❛s❡ ♠étr✐❝❛ ♣❛r❛ {xi}✳

❙❡❣✉❡ ✉♠ ❡s❜♦ç♦ ❞♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ♣❛r❛ r❡s♦❧✈❡r ♦



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✸

Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛s ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s

❡①❛t❛s✱ ❝♦♠♦ ♣✉❜❧✐❝❛❞♦ ❡♠ ❬✻❪✳

❆■❉● ♣❛r❛ P▼●❉s ❝♦♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s

✭✶✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✈✐③✐♥❤♦s ❡♥tr❡ s✐✳ ❉❡t❡r♠✐♥❡ s✉❛s ❝♦♦r❞❡♥❛❞❛s

❛ ♣❛rt✐r ❞❡ s✉❛s ❞✐stâ♥❝✐❛s s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✶❀

✭✷✮ ❘❡♣✐t❛✿

P❛r❛ ❝❛❞❛ át♦♠♦ r❡♠❛♥❡s❝❡♥t❡

✭✐✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ♣♦s✐❝✐♦♥❛❞♦s✱ ✈✐③✐♥❤♦s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s❀

✭✐✐✮ ❘❡s♦❧✈❛ ♦ s✐st❡♠❛ ✭✶✳✸✽✮✱ ✉s❛♥❞♦ ❛ ♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ♣♦ss✉❛ ♦ ♠❛✐♦r

❞❡t❡r♠✐♥❛♥t❡✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦✳

❙❡ ♥❡♥❤✉♠ át♦♠♦ é ❞❡t❡r♠✐♥❛❞♦ ❡♠ t♦❞♦ ♦ ❧♦♦♣✱ ♣❛r❡✳

❋✐♠✳

◆♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛✱ ♣r♦❝✉r❛✲s❡ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✈✐③✐♥❤♦s

❡♥tr❡ s✐✳ Pr♦❝❡❞❡✲s❡ ❝♦♠♦ ♥♦ ❝❛s♦ ❝♦♠♣❧❡t♦ ❡ ❡♥❝♦♥tr❛♠♦s ❛s ♣♦s✐çõ❡s ❞♦s q✉❛tr♦ át♦♠♦s

❝♦♠ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❚❡♦r❡♠❛ ✶✳

◆♦ s❡❣✉♥❞♦ ♣❛ss♦✱ ❝♦♠♦ ❛ ♠♦❧é❝✉❧❛ ♣♦ss✉✐ n át♦♠♦s ❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ q✉❛tr♦ ❞❡❧❡s ❥á

❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s✱ tr❛❜❛❧❤❛✲s❡ ❝♦♠ ♦s ♦✉tr♦s n− 4 át♦♠♦s✳

❙❡❥❛ xi ∈ ❘3 ❛ ♣♦s✐çã♦ ❛ s❡r ♦❜t✐❞❛ ❞❡ ✉♠ ❞♦s n − 4 át♦♠♦s ✐♥❞❡t❡r♠✐♥❛❞♦s✳ ❆ ♣❛rt✐r

❞✐ss♦✱ ❜✉s❝❛✲s❡ q✉❛tr♦ át♦♠♦s ❞❡t❡r♠✐♥❛❞♦s✱ ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✈✐③✐♥❤♦s ❞❡❧❡ ❝✉❥❛s ♣♦s✐çõ❡s

s❡❥❛♠ x1, x2, x3 ❡ x4✳ ❚❛✐s ♣♦s✐çõ❡s ❢♦r♠❛♠ ♦ ❝♦♥❥✉♥t♦ Bi = {x1, x2, x3, x4} q✉❡ s❡r✈✐rá ❞❡

❜❛s❡ ♠étr✐❝❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ {xi}✱ s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✹

❉❡ss❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ❛s ❡q✉❛çõ❡s





d2i,1 = ‖xi − x1‖2 = ‖xi‖2 − 2xT
i x1 + ‖x1‖2

d2i,2 = ‖xi − x2‖2 = ‖xi‖2 − 2xT
i x2 + ‖x2‖2

d2i,3 = ‖xi − x3‖2 = ‖xi‖2 − 2xT
i x3 + ‖x3‖2

d2i,4 = ‖xi − x4‖2 = ‖xi‖2 − 2xT
i x4 + ‖x4‖2

✭✶✳✹✶✮

❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳ ❱✐♥t❡✲❡✲q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s ❞✐❢❡r❡♥t❡s ♣♦❞❡♠ s❡r ❞❡r✐✈❛❞♦s ❞❡st❡ s✐st❡♠❛

♥ã♦✲❧✐♥❡❛r ❞❡ ❡q✉❛çõ❡s✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❡s❝♦❧❤❡✲s❡ ✉♠❛ ❞❛s q✉❛tr♦ ❡q✉❛çõ❡s ❛ q✉❛❧ s❡ ❝❤❛♠❛rá ❡q✉❛çã♦✲

♣✐✈ô✳ ❙✉❜tr❛✐✲s❡✱ ❡♥tã♦✱ ❛ ❡q✉❛çã♦✲♣✐✈ô ❞❛s ♦✉tr❛s três ❡q✉❛çõ❡s r❡♠❛♥❡s❝❡♥t❡s ❡♥❝♦♥tr❛♥❞♦

✉♠ s✐st❡♠❛ ❧✐♥❡❛r ♥❛s ✐♥❝ó❣♥✐t❛s xi1, xi2, xi3✳ ❈♦♠♦ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r q✉❛tr♦ ❡q✉❛çõ❡s✲♣✐✈ôs

❞✐❢❡r❡♥t❡s✱ ❡♥tã♦ ❡♥❝♦♥tr❛♠♦s q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s ❞✐❢❡r❡♥t❡s ♥❛s ✐♥❝ó❣♥✐t❛s xi1, xi2, xi3✳

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞❡ss❡s q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s✱ ❡①✐st❡♠ s❡✐s ♣❡r♠✉t❛çõ❡s ❞❡

❡q✉❛çõ❡s✱ ❛s q✉❛✐s ❣❡r❛♠ s❡✐s s✐st❡♠❛s ❧✐♥❡❛r❡s ❞✐st✐♥t♦s✳

P♦rt❛♥t♦✱ é ♣♦ssí✈❡❧ ❞❡r✐✈❛r ✈✐♥t❡✲❡✲q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s ♥❛s ✐♥❝ó❣♥✐t❛s xi1, xi2, xi3 ❛

♣❛rt✐r ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✹✶✮✳

P♦r ❡①❡♠♣❧♦✱ ✜①❛♠♦s ❛ q✉❛rt❛ ❡q✉❛çã♦ ❞❡ ✭✶✳✹✶✮ ❝♦♠♦ ❡q✉❛çã♦✲♣✐✈ô✳ ❆ss✐♠✱ ❛ s✉❜tr❛✐♠♦s

❞❛s ♦✉tr❛s três ♦❜t❡♥❞♦ ♦ s✐st❡♠❛





−2xT
i (x1 − x4) = (‖x4‖2 − ‖x1‖2)− (d2i,4 − d2i,1)

−2xT
i (x2 − x4) = (‖x4‖2 − ‖x2‖2)− (d2i,4 − d2i,2)

−2xT
i (x3 − x4) = (‖x4‖2 − ‖x3‖2)− (d2i,4 − d2i,3)

. ✭✶✳✹✷✮



✶✳✷✳ ❈♦♥❥✉♥t♦ ❆r❜✐trár✐♦ ✷✺

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ✭✶✳✹✷✮ ♥❛ ❢♦r♠❛





−2(x1 − x4)
Txi = (‖x4‖2 − ‖x1‖2)− (d2i,4 − d2i,1)

−2(x2 − x4)
Txi = (‖x4‖2 − ‖x2‖2)− (d2i,4 − d2i,2)

−2(x3 − x4)
Txi = (‖x4‖2 − ‖x3‖2)− (d2i,4 − d2i,3)

. ✭✶✳✹✸✮

❘❡❛rr❛♥❥❛♥❞♦ ❡st❡ s✐st❡♠❛ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ t❡♠♦s

Axi = bi, ✭✶✳✹✹✮

♦♥❞❡

A = −2




(x1 − x4)
T

(x2 − x4)
T

(x3 − x4)
T




❡

bi =




(‖x4‖2 − ‖x1‖2)− (d2i,4 − d2i,1)

(‖x4‖2 − ‖x2‖2)− (d2i,4 − d2i,2)

(‖x4‖2 − ‖x3‖2)− (d2i,4 − d2i,3)



.

❆ss✉♠✐♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ x1, x2, x3 ❡ x4 sã♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✳ ❙❡❣✉❡✱ ❞♦ ❧❡♠❛

✶✱ q✉❡ {(x1 − x4), (x2 − x4), (x3 − x4)} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳

P♦rt❛♥t♦✱ ❛ ♠❛tr✐③ A é ♥ã♦✲s✐♥❣✉❧❛r ❡✱ ❧♦❣♦✱ ♦ s✐st❡♠❛ Axi = bi ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ x∗
i ✳

❆ ♣❛rt✐r ❞❡ q✉❛❧q✉❡r ✉♠ ❞♦s ✈✐♥t❡✲❡✲q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s✱ q✉❡ ♣♦❞❡♠♦s ❞❡r✐✈❛r ❞♦

s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✹✶✮✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦

❡♠ q✉❡stã♦ ❞❡ ♠♦❞♦ ú♥✐❝♦✳ ❊♥tr❡t❛♥t♦✱ ❛❧❣✉♥s ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ♣♦❞❡♠ ❛♣❛r❡❝❡r

❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ❡❧❡✐t♦✳

❉♦♥❣ ❡t ❛❧✳ ♣r♦♣♦❡♠ ✉♠ ❝r✐tér✐♦ ❡♠ ❬✻❪ ♣❛r❛ ❡s❝♦❧❤❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r ❛❞❡q✉❛❞♦ ❛ s❡r

❞❡r✐✈❛❞♦ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✶✳✹✶✮ ❛ ✜♠ ❞❡ ♠✐♥✐♠✐③❛r t❛✐s ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦✳ P❛r❛
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q✉❡ ❤❛❥❛ ❡st❛❜✐❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ♥❛ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✱ é ♣r♦♣♦st♦ q✉❡ ❛ ♠❛tr✐③ ❞❡

❝♦❡✜❝✐❡♥t❡s A ❡st❡❥❛ ♦ ♠❛✐s ❞✐st❛♥t❡ ♣♦ssí✈❡❧ ❞❡ ✉♠❛ ♠❛tr✐③ s✐♥❣✉❧❛r✳ ▲♦❣♦✱ ❞❡♥tr❡ ❛s ✈✐♥t❡✲

❡✲q✉❛tr♦ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❡①tr❛✐r ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❛ ♣❛rt✐r ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❝✐t❛❞♦

❛❝✐♠❛✱ ❡s❝♦❧❤❡✲s❡ ❛q✉❡❧❛ ❝✉❥♦ s✐st❡♠❛ t❡♥❤❛ ❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s A ❝♦♠ ♦ ♠❛✐♦r ✈❛❧♦r

❛❜s♦❧✉t♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡✳

❆❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s s❡ ❢❛③❡♠ ♥❡❝❡ssár✐❛s s♦❜r❡ ❡st❡ ❝r✐tér✐♦✳

❖❜s❡r✈❛çã♦ ✷✳ ◆♦t❡♠♦s q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ❡s❝♦❧❤❡r ❞❡♥tr❡ ❛s ✈✐♥t❡✲❡✲q✉❛tr♦ ♠❛tr✐③❡s

❛q✉❡❧❛ ❝✉❥♦ ♠ó❞✉❧♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ é ♦ ♠❛✐♦r✱ ♠❛s✱ ❛♣❡♥❛s✱ ❡♥tr❡ q✉❛tr♦ ❞❡❧❛s✳ ■st♦ s❡❣✉❡

✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ s❡ P,A ∈ ❘n×n✱ ❞❡ ♠♦❞♦ q✉❡ P é ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✱

❡♥tã♦

|det(P · A)| = |det(P ) · det(A)| = |det(P )| · |det(A)| = |det(A)|, ✭✶✳✹✺✮

❥á q✉❡ P é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❡✱ ❧♦❣♦✱ det(P ) = ±1✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✹❪✳

❚❡♦r❡♠❛ ✺✳ ❙❡❥❛ A ♥ã♦✲s✐♥❣✉❧❛r✳ ❊♥tã♦✱

min

{‖δA‖2
‖A‖2

: A+ δA singular

}
=

1

K(A)
✳

▲♦❣♦✱ ❛ ❞✐stâ♥❝✐❛ ♣❛r❛ ❛ ♠❛tr✐③ s✐♥❣✉❧❛r ♠❛✐s ♣ró①✐♠❛ é d =
1

K(A)
✳

❖❜s❡r✈❛çã♦ ✸✳ ❈♦♥s✐❞❡r❡ ❛ ♠❛tr✐③

A =



103 0

0 10−1


✳

❚❡♠♦s q✉❡

det(A) = 102 ❡ K(A) = 104✳
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❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❡ A é ❣r❛♥❞❡✱ ❡♥tã♦ ❡❧❛ ❡stá ❜❡♠ ♣ró①✐♠❛ ❞❡ ✉♠❛ ♠❛tr✐③

s✐♥❣✉❧❛r✱ ♣❡❧♦ t❡♦r❡♠❛ ❡♥✉♥❝✐❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡ ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❡ s❡✉ ❞❡t❡r♠✐♥❛♥t❡ é

❣r❛♥❞❡✳

▲♦❣♦✱ ♦ ❝r✐tér✐♦ ♣r♦♣♦st♦ ♣♦r ❉♦♥❣ ❡t ❛❧✳ ♥ã♦ é tã♦ ❡❢❡t✐✈♦ ❥á q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r

♠❛tr✐③❡s ❝♦♠ ❞❡t❡r♠✐♥❛♥t❡s ❣r❛♥❞❡s✱ ♠❛s ♠❛❧✲❝♦♥❞✐❝✐♦♥❛❞❛s✳ ❖✉ s❡❥❛✱ ♠❡s♠♦ q✉❡ t❛❧ ❝r✐tér✐♦

s❡❥❛ s❛t✐s❢❡✐t♦✱ ♣♦❞❡♠♦s ♥♦s ❞❡♣❛r❛r ❝♦♠ s✐st❡♠❛s ❝♦♠ ♠❛tr✐③❡s ♣ró①✐♠❛s ❞❡ s✐♥❣✉❧❛r❡s q✉❡

✐♥tr♦❞✉③❛♠ ❣r❛♥❞❡s ❡rr♦s ♣r❡❥✉❞✐❝❛♥❞♦ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❡str✉t✉r❛✳

◆❡st❡ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ♣❛r❛ r❡s♦❧✈❡r ♦ P▼❉● ❝♦♠ ❞❛❞♦s ❛r❜✐trár✐♦s ❞❡ ❞✐stâ♥❝✐❛s✱ ✉♠

❡rr♦ ❢♦✐ ❝♦♥st❛t❛❞♦ ❡ ❡stá ❝✐t❛❞♦ ❡♠ ❬✻❪✳ ❊♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ♥❛ ❡①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱

q✉❛tr♦ ✈❡t♦r❡s ❞❡t❡r♠✐♥❛❞♦s sã♦ ❡s❝♦❧❤✐❞♦s ❝♦♠♦ át♦♠♦s ❜❛s❡✳ ❊st❡s ❢♦r❛♠ ❞❡t❡r♠✐♥❛❞♦s

♣❡❧♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❡♠ ✐t❡r❛çõ❡s ❛♥t❡r✐♦r❡s ❡ ❝❛rr❡❣❛♠ ❝♦♥s✐❣♦ ❡rr♦s ♥✉♠ér✐❝♦s✳ ◗✉❛♥❞♦

t❛✐s át♦♠♦s ❢♦r❡♠ ✉t✐❧✐③❛❞♦s ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ♦✉tr♦✱ ❡st❡s ❡rr♦s ♥✉♠ér✐❝♦s s❡rã♦ ♣❛ss❛❞♦s

❛❞✐❛♥t❡✳ ❖✉ s❡❥❛✱ é ♣♦ssí✈❡❧ t❡r ✉♠❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❡rr♦s ❞❡ ❣r❛♥❞❡s ♣r♦♣♦rçõ❡s ❞❡ ♠♦❞♦

❛ ♥ã♦ ♣❡r♠✐t✐r q✉❡ ❛ ♣r❡❝✐sã♦ ❞❡s❡❥❛❞❛ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✈ár✐♦s át♦♠♦s s❡❥❛ ❛❧❝❛♥ç❛❞❛✳

❚❛✐s ❡rr♦s ♥✉♠ér✐❝♦s ♣♦❞❡♠ s❡r ♦r✐✉♥❞♦s ❞❡ ✉♠ ❡✈❡♥t✉❛❧ ♠❛❧✲❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛ ♠❛tr✐③

❞♦s ❝♦❡✜❝✐❡♥t❡ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✉t✐❧✐③❛❞♦ ♥❛ ✐t❡r❛çã♦✳ ❯t✐❧✐③❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛ t❡♥t❛r

❝♦rr✐❣✐r ❡st❡ ♣r♦❜❧❡♠❛ r❡s♦❧✈❡ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s t❡st❛❞♦s ♥♦ ❛rt✐❣♦✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♣♦r

❉♦♥❣ ❡ ❲✉ ❡♠ ❬✻❪✱ ♠❛s ♥ã♦ é ✉♠ ❛rt✐❢í❝✐♦ ❣❡♥❡r✐❝❛♠❡♥t❡ ❡✜❝❛③✳ ❆ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❝✐t❛

✉♠ ❡①❡♠♣❧♦ ❞❡ ♠❛tr✐③ ♠❛❧✲❝♦♥❞✐❝✐♦♥❛❞❛ ❝♦♠ ♠ó❞✉❧♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❜❡♠ ❣r❛♥❞❡✳

❆ ❝❛❞❛ ✐t❡r❛çã♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ✉♠ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ sã♦ ❞❡t❡r♠✐♥❛❞❛s✳ ❚❛❧

♣r♦❝❡❞✐♠❡♥t♦ ❛✈❛♥ç❛ ❛té q✉❡ ❛ ❡str✉t✉r❛ ❞❡ t♦❞❛ ❛ ♠♦❧é❝✉❧❛ s❡❥❛ ❞❡t❡r♠✐♥❛❞❛ ♦✉✱ ❡♥tã♦✱

❛té q✉❡ ♥❡♥❤✉♠ át♦♠♦ s❡❥❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❢❛❧t❛ ❞❡ ❞❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❧♦♦♣✳ ◆ã♦

❤á ❣❛r❛♥t✐❛s ❞❡ q✉❡ q✉❛❧q✉❡r P▼●❉ s❡❥❛ r❡s♦❧✈✐❞♦ ❛tr❛✈és ❞❡st❡ ♠ét♦❞♦✳ ❊♠ ❝❛❞❛ ❧♦♦♣✱ ♦

❛❧❣♦r✐t♠♦ r❡q✉❡r q✉❡✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠ ❞♦s át♦♠♦s ♥ã♦✲✜①❛❞♦s ♣♦ss❛ s❡r ❞❡t❡r♠✐♥❛❞♦ ✉s❛♥❞♦
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♦s át♦♠♦s ✜①❛❞♦s✳ ❉❡ ♦✉tr❛ ❢♦r♠❛✱ ♦ ❛❧❣♦r✐t♠♦ ✈❛✐ ♣❛r❛r ❡ ✈❛✐ ✐♠♣r✐♠✐r ✉♠❛ ❡str✉t✉r❛

♣❛r❝✐❛❧ ❝♦♠♣♦st❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s át♦♠♦s ❞❡s❝♦❜❡rt❛s ❛té ❡♥tã♦✳

❆ ♠❡s♠❛ ✐❞é✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ é ✉t✐❧✐③❛❞❛ ❛q✉✐✳ ❊♥tr❡t❛♥t♦✱ ❛❣♦r❛✱ ♦

❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ❜❛s❡ ♥ã♦ é ✜①♦ ❞✉r❛♥t❡ t♦❞♦ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦ ❡ é r❡❛❥✉st❛❞♦

❛ ❝❛❞❛ ✐t❡r❛çã♦✳ ▼❡❧❤♦r ❞✐t♦✱ ❛ ❝❛❞❛ ✈❡③ q✉❡ r❡q✉❡r❡♠♦s ✉♠ át♦♠♦ ♥ã♦✲❞❡t❡r♠✐♥❛❞♦✱ ♦ ❛❧❣♦✲

r✐t♠♦ ♣r♦❝✉r❛ q✉❛tr♦ át♦♠♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s ❝✉❥❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ❡❧❡s ❡st❡❥❛♠ ❞✐s♣♦♥✐✈❡✐s

♣❛r❛ ❢✉♥❝✐♦♥❛r❡♠ ❝♦♠♦ át♦♠♦s ❜❛s❡ ❡✱ ❛ss✐♠✱ ♦ ❛❧❣♦r✐t♠♦ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ♦ ♦✉tr♦✳

❙❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ❢♦r ❝♦♠♣❧❡t♦✱ ♦ ❆■❉● r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❡♠ ♦r❞❡♠ ❞❡ ❝♦♠✲

♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r✳ ❆❣♦r❛✱ ♣❛r❛ ♦ ❝❛s♦ ❛r❜✐trár✐♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✻✳ ❙✉♣♦♥❤❛♠♦s q✉❡ q✉❛✐sq✉❡r q✉❛tr♦ át♦♠♦s ✐♥✐❝✐❛✐s ♣♦ss❛♠ ♥♦s ❝♦♥❞✉③✐r ♣❛r❛

❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❡str✉t✉r❛ ♠♦❧❡❝✉❧❛r ♣❡❧♦ ❆■❉●✳ ❊♥tã♦✱ ♥♦ ♣✐♦r ❝❛s♦✱ s❡rã♦ ♥❡❝❡ssár✐❛s

O(n3) ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s ♣❛r❛ t❛❧ ❞❡t❡r♠✐♥❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙ã♦ ♥❡❝❡ssár✐❛sO(n) ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s✱ ♥♦ ♠á①✐♠♦✱ ♣❛r❛ ❡♥❝♦♥tr❛r q✉❛✐s

át♦♠♦s ✐♥❞❡t❡r♠✐♥❛❞♦s ♣♦❞❡♠ s❡r ♣♦s✐❝✐♦♥❛❞♦s ❛tr❛✈és ❞♦s át♦♠♦s ♣r❡✈✐❛♠❡♥t❡ ❞❡t❡r♠✐♥❛✲

❞♦s✳ P❛r❛ ❝❛❞❛ ✉♠ ❞❡st❡s✱ ♣♦r s✉❛ ✈❡③✱ s❡rã♦ ♥❡❝❡ssár✐♦s O(n) ♦♣❡r❛çõ❡s ♣❛r❛ ❡♥❝♦♥tr❛r ♦s

q✉❛tr♦ át♦♠♦s q✉❡ s❡r✈✐rã♦ ❞❡ ❜❛s❡ ♠étr✐❝❛ ♥♦ ♣✐♦r ❝❛s♦✳ ❈❛❞❛ s✐st❡♠❛ ❧✐♥❡❛r t❡♠ ♦r❞❡♠ ❞❡

❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♥st❛♥t❡✳

❆❧é♠ ❞✐ss♦✱ t❡♠♦s n át♦♠♦s ❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞♦s✱ ♥♦ ♠á①✐♠♦✳

P♦rt❛♥t♦✱ ❡♠ ❝❛s♦ ❡①tr❡♠♦✱ s❡rá ♣r❡❝✐s♦ O(n3) ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡

♣❛r❛ ❞❡t❡r♠✐♥❛r t♦❞❛ ❛ ❡str✉t✉r❛ ❞❛ ♠♦❧é❝✉❧❛ ❛tr❛✈és ❞♦ ❆■❉●✳

❆❧❣✉♠❛s ❧✐♥❤❛s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✵❪✱ ❞❡

❲✉ ❡t ❛❧✳



❈❛♣ít✉❧♦ ✷

❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦

●❡♦♠étr✐❝❛ ❆t✉❛❧✐③❛❞♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❞❡s❝r❡✈❡r ❡ ❛♥❛❧✐s❛r ♦ ❝❤❛♠❛❞♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦

●❡♦♠étr✐❝❛ ❆t✉❛❧✐③❛❞♦ ✭❆■❉●❆✮ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ Pr♦❜❧❡♠❛s ▼♦❧❡❝✉❧❛r❡s ❞❡ ●❡♦♠❡tr✐❛

❞❡ ❉✐stâ♥❝✐❛s ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s ❡♥tr❡ ♦s át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛ é ❛r❜✐trár✐♦✳

❊st❡ ♠ét♦❞♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❲✉ ❡t ❛❧✳ ❡♠ ❬✶✻❪ ❝♦♠ ♦ ♥♦♠❡ ❞❡ ❯♣❞❛t❡❞ ●❡♦♠❡tr✐❝ ❇✉✐❧❞✲✉♣

❆❧❣♦r✐t❤♠✳ ➱ ❝❤❛♠❛❞♦ ❛t✉❛❧✐③❛❞♦✱ ♣♦✐s é ✉♠❛ ✈❡rsã♦ ♠♦❞✐✜❝❛❞❛ ❞♦ ❆■❉● ❣❡r❛❧✱ ❡♥✉♥❝✐❛❞♦

♥❛ ❙❡çã♦ ✶✳✷✳✶✳

P❛r❛ ❝❛❞❛ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦✱ ❜✉s❝❛✲s❡ ✉♠❛ ❜❛s❡ ♠étr✐❝❛✱ ❝✉❥♦s q✉❛tr♦ át♦♠♦s ❞❡✲

t❡r♠✐♥❛❞♦s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s s❡❥❛♠ ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❞❡ ♠♦❞♦ q✉❡ t❛✐s át♦♠♦s ✉♥✐❞♦s ❝♦♠ ♦

át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❢♦r♠❡♠ ✉♠ t❡tr❛❡❞r♦ T ❬✷✵❪✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❆■❉●✳ ❈♦♠♦ ♣r✐♥❝✐♣❛❧

♠♦❞✐✜❝❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ♠ét♦❞♦ ❛♥t❡r✐♦r✱ r❡❛❧✐③❛✲s❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✭tr❛♥s❧❛çã♦✱

r♦t❛çã♦✱ r❡✢❡①ã♦✮ ♥♦ t❡tr❛❡❞r♦ ❚✱ ❞❡s❝r✐t❛ ♥♦ ❚❡♦r❡♠❛ ✶✳ ➱ ♣♦ssí✈❡❧✱ ❡♥tã♦✱ ❝❛❧❝✉❧❛r ❛s ❝♦♦r✲

❞❡♥❛❞❛s ❞♦ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ❝á❧❝✉❧♦s ❛♥t❡r✐♦r❡s✱ ✉s❛♥❞♦ ❛s

❞✐stâ♥❝✐❛s ♦r✐❣✐♥❛✐s ❝♦♠♦ ✐♥stâ♥❝✐❛s ❞♦ ♣r♦❜❧❡♠❛✳

❚❛❧ ♠♦❞✐✜❝❛çã♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝♦♥tr♦❧❛r ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ❡rr♦s ♥❛ ❞❡s❝♦❜❡rt❛ ❞❡

✷✾
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♥♦✈❛s ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ♦s át♦♠♦s ✐♥❞❡t❡r♠✐♥❛❞♦s✳ ❏á q✉❡ s❡♠♣r❡ é ♥❡❝❡ssár✐♦ r❡❝❛❧❝✉❧❛r ❛s

♣♦s✐çõ❡s ❞♦s át♦♠♦s ❞❛ ❜❛s❡ ♠étr✐❝❛ ♥♦ ✐♥í❝✐♦ ❞❡ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦ át♦♠♦ ❛ s❡r ❝❛❧❝✉❧❛❞♦ ♥ã♦

✈❛✐ r❡❝❡❜❡r ♦s ❡rr♦s ♥✉♠ér✐❝♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❝á❧❝✉❧♦s ♣ré✈✐♦s✳

❉❡♣♦✐s ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♦ t❡tr❛❡❞r♦ ❚ s❡rá r❡❝♦❧♦❝❛❞♦ ❡♠ s✉❛ ❡str✉t✉r❛ ♦r✐✲

❣✐♥❛❧✱ ❛❧✐♥❤❛♥❞♦ ❛s ♥♦✈❛s ❝♦♦r❞❡♥❛❞❛s ❡ ❛s ❛♥t✐❣❛s ❞❛ ♠❡❧❤♦r ❢♦r♠❛ ❞❡ ♠♦❞♦ q✉❡ ❛ ✏❞✐stâ♥✲

❝✐❛✑ ✭❞❛ q✉❛❧ ❢❛❧❛r❡♠♦s ❛ s❡❣✉✐r✮ ❡♥tr❡ ❡❧❛s s❡❥❛ ♠í♥✐♠❛✳ P❛r❛ t❛♥t♦✱ tr❛♥s❧❛❞❛✲s❡ ♦s ❝✐♥❝♦

át♦♠♦s ✭❞❡ ❝❛❞❛ ✉♠❛✮ ♣❛r❛ q✉❡ ❛s ❞✉❛s ❡str✉t✉r❛s t❡♥❤❛♠ ♦ ♠❡s♠♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦ ❡✱

❡♥tã♦✱ r❡❛❧✐③❛✲s❡ ✉♠❛ r♦t❛çã♦ ♣❛r❛ ❡♥❝❛✐①á✲❧❛s ❞❡ ♠♦❞♦ ót✐♠♦✳ Pr♦❝❡❞❡♥❞♦ ❛ss✐♠✱ ♦s ❡rr♦s

❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ♥❛s ♣♦s✐çõ❡s ❞♦s ❝✐♥❝♦ át♦♠♦s sã♦ ♠✐♥✐♠✐③❛❞♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❚❛❧

♣r♦❝❡❞✐♠❡♥t♦ é ❞❡♥♦♠✐♥❛❞♦ r❡✐♥✐❝✐❛❧✐③❛çã♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s át♦♠♦s ❞♦ t❡tr❛❡❞r♦✳

❊♠ r❡s✉♠♦✱ ♦ ❆■❉●❆ ♣♦ss✉✐ ❞♦✐s ♣❛ss♦s ♣r✐♥❝✐♣❛✐s✳ Pr✐♠❡✐r♦✱ ❛s ♣♦s✐çõ❡s ❞♦s q✉❛tr♦

át♦♠♦s ❜❛s❡ sã♦ r❡❝❛❧❝✉❧❛❞❛s✱ ❜❛s❡❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✶✳ ❙✉❛s ♥♦✈❛s ♣♦s✐çõ❡s sã♦ ❝♦♠♣❧❡t❛♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ s✉❛s ♣♦s✐çõ❡s ❛♥t✐❣❛s✳ ❚❛❧ ♣❛ss♦ ❛ss❡❣✉r❛ q✉❡ ♦s q✉❛tr♦ át♦♠♦s ❜❛s❡ ❢♦r♠❡♠

✉♠ t❡tr❛❡❞r♦ ♦♥❞❡ ❛s ❞✐stâ♥❝✐❛s ✐♥t❡r✲❛tô♠✐❝❛s sã♦ ❛s ♠❛✐s ❡①❛t❛s ♣♦ssí✈❡❧✳ ❙❡❣✉♥❞♦✱ ♦ ✈❡t♦r

❞❡ tr❛♥s❧❛çã♦ ❡ ❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ ♣❛r❛ ❛ r❡✐♥✐❝✐❛❧✐③❛çã♦ ❞❡✈❡♠ s❡r ❡♥❝♦♥tr❛❞♦s✳

❱❛♠♦s ❡①♣❧✐❝❛r ♦ ♣r♦❝❡ss♦ ❞❡ r❡✐♥✐❝✐❛❧✐③❛çã♦ ♣❛r❛ ♦ t❡tr❛❡❞r♦ q✉❛♥❞♦ t♦❞❛s ❛s ❞✐stâ♥❝✐❛s

❡♥tr❡ ♦s q✉❛tr♦ át♦♠♦s ❡stã♦ ❞✐s♣♦♥í✈❡✐s✱ ❛ss✐♠ ❝♦♠♦ ❢❡✐t♦ ♣♦r ❉❛✈✐s✱ ❊r♥st ❡ ❲✉ ❡♠ ❬✷✵❪✳

❙❡❥❛♠ x1, x2, x3 ❡ x4 ♦s ✈❡t♦r❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞♦s q✉❛tr♦ át♦♠♦s ❜❛s❡✱ ♣r❡✈✐❛♠❡♥t❡ ❞❡✲

t❡r♠✐♥❛❞♦s✱ ♣❛r❛ ♦ ♣♦s✐❝✐♦♥❛♠❡♥t♦ ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ xk✱ ❡ di,j ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s

át♦♠♦s i ❡ j✱ ♣❛r❛ i, j = 1, 2, 3, 4✳ ❚❡♠♦s q✉❡ xi = (xi1, xi2, xi3)
T ✱ i = 1, 2, 3, 4✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ é r❡❝❛❧❝✉❧❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s át♦♠♦s ❞❛ ❜❛s❡ ♠étr✐❝❛ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s

❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ❡❧❡s✱ ❛ss✐♠ ❝♦♠♦ ❢❡✐t♦ ♥♦ ❚❡♦r❡♠❛ ✶✳ P❛r❛ t❛♥t♦✱ r❡❛❧✐③❛✲s❡ ✉♠❛ ♠✉❞❛♥ç❛

❞❡ ❝♦♦r❞❡♥❛❞❛s ✭tr❛♥s❧❛çã♦✱ r♦t❛çã♦✱ r❡✢❡①ã♦✮ ❝♦❧♦❝❛♥❞♦ ♦ ♣r✐♠❡✐r♦ át♦♠♦ ♥❛ ♦r✐❣❡♠ ❞♦

♥♦✈♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♦ s❡❣✉♥❞♦ át♦♠♦ ♥♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s ❡✱ ♦ t❡r❝❡✐r♦✱ ♥♦ ♣❧❛♥♦

❛❜s❝✐ss❛✲♦r❞❡♥❛❞❛✳ ❊st❛s ♥♦✈❛s ♣♦s✐çõ❡s s❡rã♦ ❝❤❛♠❛❞❛s ❞❡ y1, y2, y3 ❡ y4✱ ♦♥❞❡

• y1 = (0, 0, 0)T



✸✶

• y2 = (u2, 0, 0)
T

• y3 = (u3, v3, 0)
T

• y4 = (u4, v4, w4)
T ✳

❆ ♣❛rt✐r ❞❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ❡❧❡s✱ ❞❡✜♥❡✲s❡ ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s





‖y2 − y1‖ = d2,1

‖y3 − y1‖ = d3,1

‖y3 − y2‖ = d3,2

✭✷✳✶✮

❡ 



‖y4 − y1‖ = d4,1

‖y4 − y2‖ = d4,2

‖y4 − y3‖ = d4,3

✭✷✳✷✮

❊❧❡✈❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❛♠❜♦s ♦s s✐st❡♠❛s ❛♦ q✉❛❞r❛❞♦✱ t❡♠♦s





d22,1 = ‖y2 − y1‖2 = u2
2

d23,1 = ‖y3 − y1‖2 = u2
3 + v23

d23,2 = ‖y3 − y2‖2 = (u3 − u2)
2 + v23

✭✷✳✸✮

❡ 



d24,1 = ‖y4 − y1‖2 = u2
4 + v24 + w2

4

d24,2 = ‖y4 − y2‖2 = (u4 − u2)
2 + v24 + w2

4

d24,3 = ‖y4 − y3‖2 = (u4 − u3)
2 + (v4 − v3)

2 + w2
4

✭✷✳✹✮

❖✉ s❡❥❛✱ 



u2
2 = d22,1

u2
3 + v23 = d23,1

(u3 − u2)
2 + v23 = d23,2

✭✷✳✺✮



✸✷

❡ 



u2
4 + v24 + w2

4 = d24,1

(u4 − u2)
2 + v24 + w2

4 = d24,2

(u4 − u3)
2 + (v4 − v3)

2 + w2
4 = d24,3

✭✷✳✻✮

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✷✳✺✮✱ t❡♠♦s

u2 = ±d2,1, ✭✷✳✼✮

u3 =
d23,1 − d23,2

2d2,1
+

d2,1

2
✭✷✳✽✮

❡

v3 = ±
√

d23,1 − u2
3, ✭✷✳✾✮

♣♦❞❡♥❞♦ ♦♣t❛r t❛♥t♦ ♣❡❧❛ ♣❛rt❡ ♣♦s✐t✐✈❛ q✉❛♥t♦ ♣❡❧❛ ♣❛rt❡ ♥❡❣❛t✐✈❛ ♣❛r❛ u2 ❡ v3 s❡♠ ❛❧t❡r❛r

❛s r❡str✐çõ❡s ❞❡ ❞✐stâ♥❝✐❛s✳

❆ ♣❛rt✐r ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✷✳✻✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ y4

u4 =
d24,1 − d24,2

2d2,1
+

d2,1

2
, ✭✷✳✶✵✮

v4 =
d24,2 − d24,3 − (u4 − u2)

2 + (u4 − u3)
2

2v3
+

v3

2
, ✭✷✳✶✶✮

❡

w4 = ±
√

d24,1 − u2
4 − v24, ✭✷✳✶✷✮

♣♦❞❡♥❞♦ ❡s❝♦❧❤❡r ❡♥tr❡ ❛s ♣❛rt❡s ♥❡❣❛t✐✈❛ ❡ ♣♦s✐t✐✈❛ ❞❡ w4✱ ♣♦✐s ❛s ❞✐stâ♥❝✐❛s s❡rã♦ ♣r❡s❡r✲

✈❛❞❛s✳

❙❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ✹✱ q✉❡ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ xk ♥♦ ♥♦✈♦ s✐st❡♠❛ ❞❡



✸✸

❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦❞♦ ú♥✐❝♦✳

❙❡❥❛♠ X ❡ Y ∈ ❘
4×3 ❛s ♠❛tr✐③❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ✈❡t♦r❡s ❞❡ ❝♦♦r✲

❞❡♥❛❞❛s xi ❡ yi✱ ♣❛r❛ i = 1, 2, 3, 4✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ■st♦ é✱ t❛✐s ♠❛tr✐③❡s sã♦ ❞❡✜♥✐❞❛s ♣♦r





X(i, j) = xi(j)

Y (i, j) = yi(j)
✭✷✳✶✸✮

♦♥❞❡ i = 1, 2, 3, 4 ❡ j = 1, 2, 3✳

❖s ❝❡♥tr♦s ❣❡♦♠étr✐❝♦s ❞❡ss❛s ❞✉❛s ❡str✉t✉r❛s✱ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ♠❛tr✐③❡s X ❡ Y ✱ sã♦

❞❛❞♦s ♣❡❧♦s ✈❡t♦r❡s xc ❡ yc✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡✜♥✐❞♦s ♣♦r

xc(j) =
1

4

4∑

i=1

X(i, j)

❡

yc(j) =
1

4

4∑

i=1

Y (i, j),

♣❛r❛ j = 1, 2, 3✳

❘❡❞❡✜♥✐♥❞♦ ❛s ♠❛tr✐③❡s X ❡ Y ✭❝❤❛♠❛♥❞♦✲❛s✱ ❛❣♦r❛✱ ❞❡ X(1) ❡ Y (1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ♣♦r

♠❡✐♦ ❞❛s tr❛♥s❧❛çõ❡s✱ t❡♠♦s

X(1) = X − v · xcT ,

❡

Y (1) = Y − v · ycT ,

♦♥❞❡ v = (1, 1, 1, 1)T ✳ ❖✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❛s ♠❛tr✐③❡s X(1) ❡ Y (1) sã♦ ❞❛❞♦s ♣❡❧❛s ❡①✲

♣r❡ssõ❡s

X(1)(i, j) = X(i, j)− xc(j),

❡



✸✹

Y (1)(i, j) = Y (i, j)− yc(j)✱

♣❛r❛ j = 1, 2, 3✳

❙❡❣✉❡✱ ❡♥tã♦✱ ❛ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳ ❆s ❡str✉t✉r❛s r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ♠❛tr✐③❡s X(1) ❡ Y (1) tê♠ ❛ ♦r✐❣❡♠ ❝♦♠♦

♠❡s♠♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡

X(1)(i, j) = X(i, j)− 1

4

4∑

k=1

X(k, j)

❡

Y (1)(i, j) = Y (i, j)− 1

4

4∑

k=1

Y (k, j),

♣❛r❛ i = 1, ..., 4 ❡ j = 1, .., 3✳

❈❛❧❝✉❧❛♥❞♦ ♦s ❝❡♥tr♦s ❣❡♦♠étr✐❝♦s xc(1) ❡ yc(1)✱ ❞❡ X(1) ❡ Y (1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡

xc(1)(j) =
1

4

4∑

i=1

X(1)(i, j) =
1

4

4∑

i=1

(X(i, j)− xc(j))

❡

yc(1)(j) =
1

4

4∑

i=1

Y (1)(i, j) =
1

4

4∑

i=1

(Y (i, j)− yc(j))✱

♣❛r❛ ❝❛❞❛ j = 1, 2, 3✳

❖✉ s❡❥❛✱

xc(1)(j) =
1

4

4∑

i=1

X(1)(i, j) =
1

4

4∑

i=1

X(i, j)− 1

4

4∑

i=1

xc(j)

❡

yc(1)(j) =
1

4

4∑

i=1

Y (1)(i, j) =
1

4

4∑

i=1

Y (i, j)− 1

4

4∑

i=1

yc(j)✱

♣❛r❛ j = 1, 2, 3✳

▲♦❣♦✱

xc(1)(j) = xc(j)− 1

4
· 4xc(j) = xc(j)− xc(j) = 0



✸✺

❡

yc(1)(j) = yc(j)− 1

4
· 4yc(j) = yc(j)− yc(j) = 0✱

♣❛r❛ j = 1, 2, 3✳

P♦rt❛♥t♦✱ yc(1) = xc(1) = 0✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

P♦r ✜♠✱ ❢❛③❡♥❞♦ X = X(1) ❡ Y = Y (1)✱ r❡❛❧✐③❛✲s❡ tr❛♥s❧❛çã♦ ❡♠ X ❡ ❡♠ Y ❞❡ ♠♦❞♦ q✉❡

✜q✉❡♠ s♦❜r❡♣♦st♦s ❡ t❡♥❤❛♠ ♦ ♠❡s♠♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦✿ ❛ ♦r✐❣❡♠✳

P❛r❛ ❡♥❝♦♥tr❛r ❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ q✉❡ ✏♠❡❧❤♦r ❛❧✐♥❤❛✑ ❛s ❞✉❛s ❡str✉t✉r❛s✱ ❥á tr❛♥s❧❛❞❛❞❛s✱

✉♠❛ ♥♦✈❛ ❢❡rr❛♠❡♥t❛ é ✐♥tr♦❞✉③✐❞❛ ❬✷✵❪✳

❘▼❙❉ ✭❘♦♦t✲▼❡❛♥✲❙q✉❛r❡ ❉❡✈✐❛t✐♦♥✮ é ✉♠❛ ♠❡❞✐❞❛ ❞❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ❛s ❡str✉✲

t✉r❛s ❞❡ ❞✉❛s ♠♦❧é❝✉❧❛s s♦❜r❡♣♦st❛s✳ ❖ ♠♦❞♦ ♠❛✐s ❝♦♠✉♠ ❞❡ ❝♦♠♣❛r❛r ❞✉❛s ❡str✉t✉r❛s

❜✐♦♠♦❧❡❝✉❧❛r❡s é ❛♣❧✐❝❛r ✉♠❛ tr❛♥s❧❛çã♦✱ ♣❛r❛ q✉❡ ♦s ❝❡♥tr♦s ❣❡♦♠étr✐❝♦s ❝♦✐♥❝✐❞❛♠✱ s❡❣✉✐❞❛

❞❛ r♦t❛çã♦✱ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❝♦♠ r❡❧❛çã♦ à ♦✉tr❛✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❘▼❙❉ ❡♥tr❡ ❡❧❛s s❡❥❛

♠✐♥✐♠✐③❛❞♦✳

❉❡✜♥✐çã♦ ✻ ✭❘▼❙❉✮✳ ❙❡❥❛♠ X ❡ Y ❞✉❛s ♠❛tr✐③❡s ❡♠ ❘
n×3 r❡♣r❡s❡♥t❛♥❞♦ ❞✉❛s ❡str✉t✉r❛s

s♦❜r❡♣♦st❛s ❝♦♠ ♠❡s♠♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦✳ ❉❡✜♥✐♠♦s ♦ ❘▼❙❉ ❡♥tr❡ X ❡ Y ♣♦r

❘▼❙❉✭X, Y ) =
minQ ‖X − Y Q‖F√

n
,

♦♥❞❡ Q é ✉♠❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ ❡ ‖·‖F é ❛ ♥♦r♠❛ ❞❡ ❋r♦❜ë♥✐✉s✳

❆ ✉♥✐❞❛❞❡ ❞❡ ❞✐stâ♥❝✐❛ ❝♦♠✉♠❡♥t❡ ✉s❛❞❛ ♣❛r❛ ❡ss❡ ❞❡s✈✐♦ é ♦ ➶♥❣str♦♠ ✭❞❡♥♦t❛❞♦ ♣♦r
◦

A✮✳ ❚❡♠♦s q✉❡ 1
◦

A = 10−10 ♠❡tr♦s✳

❊♠ ♥♦ss♦ ❝❛s♦✱ n = 4 ♣♦✐s ✈❛♠♦s r❡✐♥✐❝✐❛❧✐③❛r✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♦s át♦♠♦s ❜❛s❡✳

❆♣ós ❛s tr❛♥s❧❛çõ❡s ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ❛♣❧✐❝❛✲s❡ ✉♠❛ r♦t❛çã♦ ❞❡ Y ❡♠ r❡❧❛çã♦ ❛ X✱

❞❡s❝r✐t❛ ♣❡❧❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ Q✱ ❞❡ ♠♦❞♦ ❛ ♠✐♥✐♠✐③❛r ♦ ✈❛❧♦r ❞♦ ❘▼❙❉✳ ▲♦❣♦✱ é ♣r❡❝✐s♦

❡♥❝♦♥tr❛r ❡♥❝♦♥tr❛r ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❞❡ r♦t❛çã♦ Q0 ✭QT
0Q0 = I✮ t❛❧ q✉❡



✸✻

‖X − Y Q0‖F√
4

=
minQ ‖X − Y Q‖F√

4
✱

♦♥❞❡ Q é ♦rt♦❣♦♥❛❧✳

❆ ♠❛tr✐③ q✉❡ ♠✐♥✐♠✐③❛
‖X − Y Q‖F√

4
é ❛ ♠❛tr✐③ q✉❡ ♠✐♥✐♠✐③❛ ‖X − Y Q‖F ✳ ❆ss✐♠✱ ❜❛st❛

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛

♠✐♥ ‖X − Y Q‖F
s✳❛✳ QQT

= I

❛ ✜♠ ❞❡ ❡♥❝♦♥tr❛r ❛ ♠❛tr✐③ ❞❡ r♦t❛çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ r❡✐♥✐❝✐❛❧✐③❛çã♦ ❞♦s át♦♠♦s ❜❛s❡✳

❙❛❜❡♠♦s q✉❡

‖C‖2F = tr(CTC) = tr(CCT ),

♣❛r❛ C ∈ ❘m×n✳

▲♦❣♦✱ ♣❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❢✉♥çã♦ tr❛ç♦✱

‖X − Y Q‖2F = tr((X − Y Q)T (X − Y Q)) = tr((XT −QTY T )(X − Y Q))

= tr(XTX −XTY Q−QTY TX +QTY TY Q)

= tr(XTX) + tr((Y Q)TY Q)− tr(XTY Q)− tr(QTY TX)

= tr((XTX) + tr(Y Q(Y Q)T )− tr(XTY Q)− tr(QTY TX)

= tr(XTX) + tr(Y QQTY T )− tr((QTY TX)T )− tr(QTY TX)

= tr(XTX) + tr(Y Y T )− tr(QTY TX)− tr(QTY TX)

= tr(XTX) + tr(Y TY )− 2tr(QTY TX)✱

✐st♦ é✱

‖X − Y Q‖2F = tr(XTX) + tr(Y TY )− 2tr(QTY TX)✳

❆ss✐♠✱ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛

♠✐♥ ‖X − Y Q‖F
s✳❛✳ QQT

= I



✸✼

é ♦ ♠❡s♠♦ q✉❡ r❡s♦❧✈❡r

♠✐♥ −tr(QTY TX),

s✳❛✳ QQT
= I

♦✉ s❡❥❛✱ r❡s♦❧✈❡r

♠❛① tr(QTY TX)✱

s✳❛✳ QQT
= I

❥á q✉❡ X ❡ Y sã♦ ♠❛tr✐③❡s ✜①❛s✳

❚♦♠❡♠♦s C = Y TX✳ ❙❡❥❛ C = UΣV T s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s✱ ♦♥❞❡ U ✱

V sã♦ ♦rt♦❣♦♥❛✐s ❡ Σ = diag(σ1, σ2, σ3)✱ ❝♦♠ σ1 ≥ σ2 ≥ σ3 ≥ 0✳ ❉❡✜♥✐♠♦s✱ ❛ss✐♠✱ ❛ ♠❛tr✐③

Z = V TQTU q✉❡ é ♦rt♦❣♦♥❛❧✱ ❥á q✉❡ ❝♦♥s✐st❡ ❡♠ ✉♠ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ♦rt♦❣♦♥❛✐s✳

❆❣♦r❛✱ t❡♠♦s q✉❡

tr(QTY TX) = tr(QTUΣV T ) = tr((QTUΣ)V T ) = tr(V T (QTUΣ)) = tr(V TQTUΣ) =

tr(ZΣ).

❆❧é♠ ❞✐ss♦✱

z2i1 + z2i2 + z2i3 = 1, ✭✷✳✶✹✮

♣❛r❛ i = 1, 2, 3✳

❊♥tã♦✱

z2ii ≤ 1, ✭✷✳✶✺✮

♦✉ s❡❥❛✱

−1 ≤ zii ≤ 1, ✭✷✳✶✻✮

♣❛r❛ i = 1, 2, 3✳

❙❡❣✉❡ q✉❡

0 < zii ≤ 1 ✭✷✳✶✼✮



✸✽

❡✱ ❛ss✐♠✱ q✉❡

ziiσi ≤ σi, ✭✷✳✶✽✮

♣❛r❛ i = 1, 2, 3✳

P♦rt❛♥t♦✱

tr(ZΣ) =
3∑

i=1

ziiσi ≤
3∑

i=1

σi✱

✐st♦ é✱

tr(QTY TX) ≤
3∑

i=1

σi✳

❆❣♦r❛✱ s❡ Q = UV T ✱ ❡♥tã♦

Z = V TQTU = V T (UV T )TU = V TV UTU = I,

♦✉ s❡❥❛✱

tr(ZΣ) =
3∑

i=1

σi✳

P♦rt❛♥t♦✱ Q = UV T r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛

♠✐♥ ‖X − Y Q‖F ,

s✳❛✳ QQT
= I

❥á q✉❡ é ❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ q✉❡ ♠❛①✐♠✐③❛ tr(QTY TX)✳

P♦❞❡♠♦s✱ ❡♥tã♦✱ ❡♥✉♥❝✐❛r t❛❧ r❡s✉❧t❛❞♦ ❝♦♠♦ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✼✳ P❛r❛ X, Y ∈ ❘n×3✱ ❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ Q = UV T r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛

♠✐♥ ‖X − Y Q‖F ,

s✳❛✳ QQT
= I

♦♥❞❡ U ❡ V sã♦ ♠❛tr✐③❡s ♦rt♦❣♦♥❛✐s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s Y TX = UΣV T ✳



✸✾

❙❡❣✉❡✱ ❞♦ t❡♦r❡♠❛ ✼✱ q✉❡

❘▼❙❉✭X, Y ) =
minQ ‖X − Y Q‖F√

4
=

‖X − Y Q0‖F√
4

,

♦♥❞❡ Q0 = UV T ✱ s❡♥❞♦ U ❡ V ❛s ♠❛tr✐③❡s ♦rt♦❣♦♥❛✐s r❡❧❛t✐✈❛s à ❞❡❝♦♠♣♦s✐çã♦ ❙❱❉ ❞❛

♠❛tr✐③ Y TX✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ ♠étr✐❝❛ B′ = {y1, y2, y3, y4}✱ ❞❡✈❡✲s❡ ❞❡t❡r♠✐♥❛r ♦ ✈❡t♦r ❞❡ ❝♦♦r❞❡✲

♥❛❞❛s xk q✉❡ ✐♥❞✐❝❛ ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ r❡❢❡r❡♥t❡ à ❜❛s❡ B = {x1, x2, x3, x4}✳

❙❡❥❛ x ∈ ❘3 t❛❧ q✉❡ 



dk,1 = ‖x− y1‖

dk,2 = ‖x− y2‖

dk,3 = ‖x− y3‖

dk,4 = ‖x− y4‖

✭✷✳✶✾✮

♦♥❞❡ dk,j é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❡ ♦ j✲és✐♠♦ át♦♠♦ ❞❛ ❜❛s❡ ♠étr✐❝❛ B✳

❆ss✐♠✱ 



d2k,1 = ‖x− y1‖2 = ‖x‖2 − 2xTy1 + ‖y1‖2

d2k,2 = ‖x− y2‖2 = ‖x‖2 − 2xTy2 + ‖y2‖2

d2k,3 = ‖x− y3‖2 = ‖x‖2 − 2xTy3 + ‖y3‖2

d2k,4 = ‖x− y4‖2 = ‖x‖2 − 2xTy4 + ‖y4‖2

✭✷✳✷✵✮

❆ ♣❛rt✐r ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ✭✷✳✷✵✮✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ❢❡✐t♦ ♥♦ ❆■❉●✱ ♣♦❞❡✲s❡

❞❡r✐✈❛r ✈✐♥t❡✲❡✲q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s✳ ❖✉tr❛ ♠♦❞✐✜❝❛çã♦ ♥♦ ❆■❉●❆ é ♣r♦♣♦st❛ ❡♠ ❬✶✻❪✱

❡♠ r❡❧❛çã♦ ❛♦ q✉❡ ❢♦✐ ♣r♦♣♦st♦ ♥♦ ❆■❉●✿ ❡①❛♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❡♠ ♥♦r♠❛✲✷ ❞❛

♠❛tr✐③✱ ❛♦ ✐♥✈és ❞❡ ❛♥❛❧✐s❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ♥♦ ♠♦♠❡♥t♦ ❞❡ ❡s❝♦❧❤❡r q✉❛❧ s✐st❡♠❛ ❧✐♥❡❛r

r❡s♦❧✈❡r ❛ ❝❛❞❛ ✐t❡r❛çã♦✳ ◗✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ é ❣r❛♥❞❡✱ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s

❜❛s❡ ❞✐❢❡r❡♥t❡ é ♣r♦❝✉r❛❞♦ ❞❡ ♠♦❞♦ ❛ ❡✈✐t❛r ♣♦ssí✈❡✐s ❡rr♦s ❞❡✈✐❞♦s ❛ ✉♠❛ ♠❛tr✐③ ♠❛❧✲

❝♦♥❞✐❝✐♦♥❛❞❛✳ ❊st❛ ♠♦❞✐✜❝❛çã♦ ❞❡✈❡✲s❡ ❛ ✉♠❛ ❝♦♥st❛t❛çã♦✿ ♦ ❢❛t♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ s❡r

❣r❛♥❞❡✱ ♥ã♦ ❡①❝❧✉✐ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st❛r♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ✉♠❛ ♠❛tr✐③

♠❛❧✲❝♦♥❞✐❝✐♦♥❛❞❛✳ ❯♠ ❡①❡♠♣❧♦ ❞✐st♦ ❢♦✐ ❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳



✹✵

❖❜s❡r✈❛çã♦ ✹✳ ◆❡st❡ ♠ét♦❞♦✱ t❛♠❜é♠ ❞❡✈❡✲s❡ ❛✈❛❧✐❛r ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❛s ♠❛tr✐③❡s

❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ tã♦ s♦♠❡♥t❡ q✉❛tr♦ s✐st❡♠❛s ❧✐♥❡❛r❡s ❞❡❞✉③✐❞♦s ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r q✉❡

♠♦❞❡❧❛ ♦ ♣r♦❜❧❡♠❛✳ ❖✉ s❡❥❛✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ❛✈❛❧✐❛r ❛s ✈✐♥t❡✲❡✲q✉❛tr♦ ♣♦ss✐❜✐❧✐❞❛❞❡s✳

❉❡ ❢❛t♦✿ s❡❥❛♠ P,A ∈ ❘n×n ❞❡ ♠♦❞♦ q✉❡ P é ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✳ ❊♥tã♦✱

K2(P · A) = K2(A), ✭✷✳✷✶✮

❥á q✉❡ P é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✳

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛s ♠♦❞✐✜❝❛çõ❡s✱ ❡♥❝♦♥tr❛✲s❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r

−2




(yj2 − yj1)
T

(yj3 − yj1)
T

(yj4 − yj1)
T



x =




(‖yj1‖2 − ‖yj2‖2)− (d2k,j1 − d2k,j2)

(‖yj1‖2 − ‖yj3‖2)− (d2k,j1 − d2k,j3)

(‖yj1‖2 − ‖yj4‖2)− (d2k,j1 − d2k,j4)



, ✭✷✳✷✷✮

♦♥❞❡ {j1, j2, j3, j4} = σ({1, 2, 3, 4}) ❡ σ é ✉♠❛ ♣❡r♠✉t❛çã♦✳

❆♣ós ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✷✷✮✱ r❡✐♥✐❝✐❛❧✐③❛✲s❡ ♦ ✈❡t♦r v ❡♥❝♦♥tr❛♥❞♦ ❛ ♣♦s✐çã♦ ❞❡

xk ❞❡ ❢♦r♠❛ ót✐♠❛ s❡❣✉♥❞♦ ❛s té❝♥✐❝❛s ❞❛ ❘▼❙❉✳ Pr✐♠❡✐r❛♠❡♥t❡✱ tr❛♥s❧❛❞❛✲s❡ v ♣❛r❛ q✉❡

❡st❡❥❛ ♥♦ ♠❡s♠♦ s✐st❡♠❛ ❞❛ ♠❛tr✐③ Y tr❛♥s❧❛❞❛❞❛✱ q✉❡ ♣♦ss✉✐ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦ ♥❛ ♦r✐❣❡♠✱

❢❛③❡♥❞♦

v = v − yc✳

❉❡♣♦✐s✱ ❛♣❧✐❝❛✲s❡ ❛ r♦t❛çã♦ QT ❛♦ ✈❡t♦r v ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❛♥t❡r✐♦r ❥á tr❛♥s❧❛❞❛❞♦

v = QTv.

P♦r ✜♠✱ tr❛♥s❧❛❞❛✲s❡ v ♣❛r❛ ♦ s✐st❡♠❛ ♦r✐❣✐♥❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s s❡❣✉♥❞♦ ♦ ✈❡t♦r ❞❡ tr❛♥s❧❛çã♦

xc✱ ❢❛③❡♥❞♦



✹✶

xk = v + xc✳

❙❡❣✉❡ ✉♠ r♦t❡✐r♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡✐♥✐❝✐❛❧✐③❛çã♦ ❛ s❡r ❢❡✐t♦ ❛ ❝❛❞❛ ✐t❡r❛çã♦ ❞♦ ❆■❉●❆✳



✹✷

❘❡✐♥✐❝✐❛❧✐③❛çã♦

✭✶✮ ❆r♠❛③❡♥❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❛♥t✐❣❛s ❞❛ ❜❛s❡ ♠étr✐❝❛ ♥❛ ♠❛tr✐③ X ∈ ❘
4×3 ❡ ❛s ♥♦✈❛s

❝♦♦r❞❡♥❛❞❛s ♥❛ ♠❛tr✐③ Y ∈ ❘4×3✳

✭✷✮ ❉❡t❡r♠✐♥❛r ♦s ✈❡t♦r❡s xc ❡ yc ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❝❡♥tr♦s ❣❡♦♠étr✐❝♦s ❞❡ X ❡ Y ✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✳

✭✸✮ ❚r❛♥s❧❛❞❛r X ❡ Y s❡❣✉♥❞♦ xc ❡ yc✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✭✹✮ ❈❛❧❝✉❧❛r ❛ ❉❡❝♦♠♣♦s✐çã♦ ❡♠ ❱❛❧♦r❡s ❙✐♥❣✉❧❛r❡s Y TX = UΣV T ❡ ❝♦♠♣✉t❛r ❛ ♠❛tr✐③ ❞❡

r♦t❛çã♦ Q = UV T ✳

✭✺✮ ❋❛③❡r ❛ tr❛♥s❧❛çã♦ x = x − yc✱ s❡♥❞♦ x ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✷✳✷✷✮ ♥❛s ♥♦✈❛s

❝♦♦r❞❡♥❛❞❛s ❞❛ ❜❛s❡ ♠étr✐❝❛✳

✭✻✮ ❋❛③❡r ❛ r♦t❛çã♦ x = QTx✳

✭✼✮ ❋❛③❡r ❛ tr❛♥s❧❛çã♦ xk = x + xc ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ❞❛

✐t❡r❛çã♦✳

❆ ❜✉s❝❛ ♣♦r q✉❛tr♦ át♦♠♦s ❞❛ ❜❛s❡ ♠étr✐❝❛✱ ♣♦❞❡ ♥❡❝❡ss✐t❛r ❞❡ O(n4) ♣❛ss♦s✱ ❢❛③❡♥❞♦ ❝♦♠

q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♥❡❝❡ss✐t❡ ❞❡ O(n6) ♣❛ss♦s ♣❛r❛ ❝♦♠♣❧❡t❛r s✉❛ ❡①❡❝✉çã♦ ✭❬✶✾❪✱ ♣✳✶✼✻✮✳

❉❡ss❡ ♠♦❞♦✱ t❡♠♦s ✉♠ r❡s✉♠♦ ❞♦ ❆■❉●❆✿

❆■❉●❆ ♣❛r❛ P▼●❉s ❝♦♠ ❝♦♥❥✉♥t♦

❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s

✭✶✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ❞❡t❡r♠✐♥❛❞♦s✱ ✈✐③✐♥❤♦s ❡♥tr❡ s✐ ❡ ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ❞❡t❡r♠✐♥❡

s✉❛s ❝♦♦r❞❡♥❛❞❛s s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳



✹✸

✭✷✮ ❘❡♣✐t❛✿

P❛r❛ ❝❛❞❛ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦

✭✐✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ✈✐③✐♥❤♦s ❛ ❡❧❡✱ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ❞❡t❡r♠✐♥❛❞♦s ❛ s❡r✈✐r ❞❡

❜❛s❡ ♠étr✐❝❛✳

✭✐✐✮ ❘❡s♦❧✈❛ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✷✳✷✷✮ ❝♦♠ ♦s át♦♠♦s ❜❛s❡ tr❛♥s❧❛❞❛❞♦s s❡❣✉♥❞♦ ♦ ❚❡♦r❡♠❛

✶✳

✭✐✐✐✮ ❘❡✐♥✐❝✐❛❧✐③❡ ♦s ❝✐♥❝♦ át♦♠♦s ❡ ❝♦❧♦q✉❡✲♦s ♥❛ ❡str✉t✉r❛ ✐♥✐❝✐❛❧✳

❙❡ ♥❡♥❤✉♠ át♦♠♦ é ❞❡t❡r♠✐♥❛❞♦ ❡♠ t♦❞♦ ♦ ❧♦♦♣✱ ♣❛r❡✳

❋✐♠✳



❈❛♣ít✉❧♦ ✸

❆❧❣♦r✐t♠♦ ❚

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ♦✉tr❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ r❡s♦❧✈❡r ✉♠ P▼●❉ ❝♦♠ ❝♦♥✲

❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s✳ ❊st❡ ❛❧❣♦r✐t♠♦ t❡♠ ❣r❛♥❞❡ s❡♠❡❧❤❛♥ç❛s ❝♦♠ ♦ ❆■❉●

❞❡s❝r✐t♦ ❡♠ ❬✻❪✱ ❥á q✉❡ s❡✉ ♣❛ss♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ é r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❛ ♣❛rt✐r ❞♦

❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ q✉❛tr♦ át♦♠♦s ✈✐③✐♥❤♦s ❡ ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ s✉❛s ❞✐stâ♥❝✐❛s ❛♦ át♦♠♦ ✐♥❞❡✲

t❡r♠✐♥❛❞♦✳ ❆ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ é q✉❡✱ ❛♦ ✐♥✈és ❞❡ r❡s♦❧✈❡r♠♦s ✉♠ s✐st❡♠❛ 3× 3✱ ✉t✐❧✐③❛♠♦s

✉♠ s✐st❡♠❛ 4× 4✳ ❖ ❝❤❛♠❛♠♦s ❞❡ ❆❧❣♦r✐t♠♦ ❚✳

❙✉♣♦♥❤❛♠♦s✱ ❡♥tã♦✱ q✉❡ t❡♠♦s ✉♠❛ ♠♦❧é❝✉❧❛ ❝♦♠ n át♦♠♦s ❡ ♣♦ss✉✐♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❞✐stâ♥❝✐❛s ❛r❜✐trár✐♦ ❡♥tr❡ ♣❛r❡s ❞❡ át♦♠♦s✳ ◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r s✉❛s ❝♦♦r❞❡♥❛❞❛s x1, ..., xn

❛ ♣❛rt✐r ❞❡ss❛s ❞✐stâ♥❝✐❛s✱ di,j✱ ❡♥tr❡ ♦s át♦♠♦s i ❡ j ❥á ❝♦♥❤❡❝✐❞❛s✳

P❛r❛ ❞❡✜♥✐r♠♦s ❛s ❜❛s❡s t❡ór✐❝❛s ❞❡st❡ ♠ét♦❞♦✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s✳

❚❡♦r❡♠❛ ✽✳ ❙❡ {x1, x2, x3, x4} ⊂ ❘
3 é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❡♥tã♦ ♦

❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s {x1 − x4, x2 − x4, x3 − x4} é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❚❡♦r❡♠❛ ✾✳ ❙❡ {x1, x2, x3, x4} ⊂ ❘3 é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ❡♥tã♦ ❛ ♠❛tr✐③

✹✹



✹✺

B =




1 xT
1

1 xT
2

1 xT
3

1 xT
4




é ♥ã♦✲s✐♥❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦s ✈❡t♦r❡s vi =
[
1 xT

i

]T
✱ ♣❛r❛ i = 1, 2, 3, 4✳ ❱❛♠♦s ♠♦str❛r

q✉❡ ♦ ❝♦♥❥✉♥t♦ {v1, v2, v3, v4} ⊂ ❘4 é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❉❡ ❢❛t♦✿ s❡❥❛

αv1 + βv2 + γv3 + θv4 = 0

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦ ✈❡t♦r ♥✉❧♦ ❞❡ ❘4✳ ▲♦❣♦✱ t❡♠♦s ❛s r❡❧❛çõ❡s



α + β + γ + θ

αx1 + βx2 + γx3 + θx4


 =



0

0


 ,

♦✉ s❡❥❛✱ t❡♠♦s ♦ s✐st❡♠❛ 



α + β + γ + θ = 0

αx1 + βx2 + γx3 + θx4 = 0
. ✭✸✳✶✮

■st♦ é✱ 



α + β + γ = −θ

αx1 + βx2 + γx3 = −θx4

. ✭✸✳✷✮

❊♥tã♦

αx1 + βx2 + γx3 = (α + β + γ)x4 = αx4 + βx4 + γx4. ✭✸✳✸✮

❉❡ ✭✸✳✸✮✱ s❡❣✉❡ q✉❡

0 = (αx1 − αx4) + (βx2 − βx4) + (γx3 − γx4) = α(x1 − x4) + β(x2 − x4) + γ(x3 − x4). ✭✸✳✹✮



✹✻

P♦r ❤✐♣ót❡s❡✱ x1, x2, x3 ❡ x4 sã♦ ♥ã♦✲❝♦♣❧❛♥❛r❡s✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✽✱ t❡♠♦s q✉❡ x1 −

x4, x2 − x4 ❡ x3 − x4 sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❙❡❣✉❡✱ ❡♠ ✭✸✳✹✮✱ q✉❡ α = β =

γ = 0✳ ❙✉❜st✐t✉✐♥❞♦ α, β ❡ γ ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✮✱ t❡♠♦s q✉❡ θ = 0✳

❊♥tã♦✱ {v1, v2, v3, v4} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❡✱ ♣♦rt❛♥t♦✱ ❛

♠❛tr✐③

B =




vT1

vT2

vT3

vT4




∈ ❘4×4

t❡♠ ♣♦st♦✲❝♦♠♣❧❡t♦✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❚❡♦r❡♠❛ ✶✵✳ ❙❡❥❛♠ {b1, b2, b3, b4} ❡ {y1, y2, y3, y4} s✉❜❝♦♥❥✉♥t♦s ❞❡ ❘3 ❡ ❘✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡ ♦ s✐st❡♠❛ q✉❛❞rát✐❝♦ 



‖a− b1‖ = y1

‖a− b2‖ = y2

‖a− b3‖ = y3

‖a− b4‖ = y4

✭✸✳✺✮

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ a∗✱ ❡♥tã♦ ♦ s✐st❡♠❛

Ax = b, ✭✸✳✻✮

♦♥❞❡

A = −2




1 bT1

1 bT2

1 bT3

1 bT4




❡ b =




y21 − ‖b1‖2

y22 − ‖b2‖2

y23 − ‖b3‖2

y24 − ‖b4‖2




✱



✹✼

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ x∗ ❡♠ ❢✉♥çã♦ ❞❡ a∗✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ a∗ ∈ ❘3 ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ✭✸✳✺✮✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ a∗ às

❡q✉❛çõ❡s ❞❡st❡ s✐st❡♠❛ ❡ ❡❧❡✈❛♥❞♦✲❛s ❛♦ q✉❛❞r❛❞♦✱ t❡♠♦s





‖a∗‖2 − 2bT1 a
∗ + ‖b1‖2 = y21

‖a∗‖2 − 2bT2 a
∗ + ‖b2‖2 = y22

‖a∗‖2 − 2bT3 a
∗ + ‖b3‖2 = y23

‖a∗‖2 − 2bT4 a
∗ + ‖b4‖2 = y24

, ✭✸✳✼✮

♦✉ s❡❥❛✱ 



‖a∗‖2 − 2bT1 a
∗ = y21 − ‖b1‖2

‖a∗‖2 − 2bT2 a
∗ = y22 − ‖b2‖2

‖a∗‖2 − 2bT3 a
∗ = y23 − ‖b3‖2

‖a∗‖2 − 2bT4 a
∗ = y24 − ‖b4‖2

✭✸✳✽✮

❋❛③❡♥❞♦ t = −‖a∗‖2
2

❡ s✉❜st✐t✉✐♥❞♦✲♦ ❡♠ ✭✸✳✽✮✱ t❡♠♦s





−2t− 2bT1 a
∗ = y21 − ‖b1‖2

−2t− 2bT2 a
∗ = y22 − ‖b2‖2

−2t− 2bT3 a
∗ = y23 − ‖b3‖2

−2t− 2bT4 a
∗ = y24 − ‖b4‖2

✭✸✳✾✮

▼❛tr✐❝✐❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ✭✸✳✾✮ ❝♦♠♦




−2 −2bT1

−2 −2bT2

−2 −2bT3

−2 −2bT4






t

a∗


 =




y21 − ‖b1‖2

y22 − ‖b2‖2

y23 − ‖b3‖2

y24 − ‖b4‖2




. ✭✸✳✶✵✮



✹✽

❙❡❣✉❡✱ ❡♥tã♦✱ q✉❡

−2




1 bT1

1 bT2

1 bT3

1 bT4






t

a∗


 =




y21 − ‖b1‖2

y22 − ‖b2‖2

y23 − ‖b3‖2

y24 − ‖b4‖2




. ✭✸✳✶✶✮

P♦rt❛♥t♦✱ x∗ =

[
t a∗T

]T
é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ✭✸✳✻✮ ❡♠ ❢✉♥çã♦ ❞❛ s♦❧✉çã♦ a∗ ❞♦

s✐st❡♠❛ ✭✸✳✺✮✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❚❡♦r❡♠❛ ✶✶✳ ❙❡❥❛♠ B = {b1, b2, b3, b4} ❡ Y = {y1, y2, y3, y4} s✉❜❝♦♥❥✉♥t♦s ❞❡ ❘3 ❡ ❘✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ B é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦✲❝♦♣❧❛♥❛r❡s✳ ❊♥tã♦✱ ♦ s✐st❡♠❛

Ax = b, ✭✸✳✶✷✮

♦♥❞❡

A = −2




1 bT1

1 bT2

1 bT3

1 bT4




❡ b =




y21 − ‖b1‖2

y22 − ‖b2‖2

y23 − ‖b3‖2

y24 − ‖b4‖2




✱

♣♦ss✉✐ s♦❧✉çã♦ ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦s ♣♦♥t♦s ❞❡ B sã♦ ♥ã♦✲❝♦♣❧❛♥❛r❡s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✾✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❛ ♠❛tr✐③ A é ♥ã♦✲s✐♥❣✉❧❛r✳ P♦rt❛♥t♦✱ t❛❧ s✐st❡♠❛ ❧✐♥❡❛r ♣♦ss✉✐ s♦❧✉çã♦ ú♥✐❝❛✳

❙❡❥❛♠ xj ❛ ♣♦s✐çã♦ ❞❡ ✉♠ át♦♠♦ ❛ s❡r ❞❡t❡r♠✐♥❛❞♦ ❞❡ ♥♦ss❛ ♠♦❧é❝✉❧❛ ❡ x1, x2, x3 ❡ x4 ❛s

♣♦s✐çõ❡s ❞❡ s❡✉s át♦♠♦s ❜❛s❡✱ ♦✉ s❡❥❛✱ át♦♠♦s ❞❡t❡r♠✐♥❛❞♦s✱ ♥ã♦✲❝♦♣❧❛♥❛r❡s ❡ ✈✐③✐♥❤♦s ❞❡



✹✾

t❛❧ át♦♠♦✳ ❆ ♣❛rt✐r ❞❛s ❞✐stâ♥❝✐❛s dj,1, dj,2, dj,3 ❡ dj,4✱ ❡♥tr❡ xj ❡ ♦s át♦♠♦s x1, x2, x3 ❡ x4✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s✐st❡♠❛ q✉❛❞rát✐❝♦





‖xj − x1‖ = dj,1

‖xj − x2‖ = dj,2

‖xj − x3‖ = dj,3

‖xj − x4‖ = dj,4

✭✸✳✶✸✮

❊st❡ s✐st❡♠❛ ♠♦❞❡❧❛ ♥♦ss♦ ♣r♦❜❧❡♠❛ q✉❡ é ❡♥❝♦♥tr❛r ❛s ❝♦♦r❞❡♥❛❞❛s xj✳

P❡❧♦ ❚❡♦r❡♠❛ ✶✵✱ ❛ s♦❧✉çã♦ x∗
j ❞❡ss❡ s✐st❡♠❛ ✐♥t❡❣r❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛

Ax = b, ✭✸✳✶✹✮

♦♥❞❡

A = −2




1 xT
1

1 xT
2

1 xT
3

1 xT
4




❡ b =




d2j,1 − ‖x1‖2

d2j,2 − ‖x1‖2

d2j,3 − ‖x1‖2

d2j,4 − ‖x1‖2




✳

❆❧é♠ ❞✐ss♦✱ ♦ s✐st❡♠❛ ✭✸✳✶✹✮ t❡♠ s♦❧✉çã♦ ❡ ❡st❛ é ú♥✐❝❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✶✳ ▲♦❣♦✱ ✉♠❛

♣❡r❣✉♥t❛ ✈❡♠ ♥❛t✉r❛❧♠❡♥t❡ ❛♦ ❝❡♥tr♦ ❞❡ ♥♦ss❛ ❞✐s❝✉ssã♦✿ s❡rá q✉❡ ♣♦ss✉✐♥❞♦ t❛❧ s♦❧✉çã♦✱

❡♥tã♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦

♣❛rt✐♥❞♦ ❞❡❧❛❄ ❚❛❧ r❡s♣♦st❛ ✈❡♠ ❛tr❛✈és ❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ {x1, x2, x3, x4} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡t❡r♠✐♥❛❞♦s ♥ã♦✲

❝♦♣❧❛♥❛r❡s ✈✐③✐♥❤♦s ❞♦ ♣♦♥t♦ ✐♥❞❡t❡r♠✐♥❛❞♦ xj✳



✺✵

❙❡ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r 



‖xj − x1‖ = dj,1

‖xj − x2‖ = dj,2

‖xj − x3‖ = dj,3

‖xj − x4‖ = dj,4

✭✸✳✶✺✮

❛❞♠✐t❡ s♦❧✉çã♦ ú♥✐❝❛ x∗
j ✱ ❡♥tã♦ x∗ =

[
tj x∗

j
T

]T
✱ ♦♥❞❡ tj = −

∥∥x∗
j

∥∥2

2
✱ é s♦❧✉çã♦ ú♥✐❝❛ ❞♦

s✐st❡♠❛

Ax = b, ✭✸✳✶✻✮

❝♦♠

A = −2




1 xT
1

1 xT
2

1 xT
3

1 xT
4




❡ b =




d2j,1 − ‖x1‖2

d2j,2 − ‖x2‖2

d2j,3 − ‖x3‖2

d2j,4 − ‖x4‖2




✳

❉❡♠♦♥str❛çã♦✿ P♦r ❤✐♣ót❡s❡✱ x1, x2, x3 ❡ x4 sã♦ ♣♦s✐çõ❡s ❞❡ át♦♠♦s ❞❡t❡r♠✐♥❛❞♦s✱ ♥ã♦✲

❝♦♣❧❛♥❛r❡s ❡ ✈✐③✐♥❤♦s ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ xj✳ ❊♥tã♦✱ ♦ s✐st❡♠❛ ✭✸✳✶✺✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛✱

s❡❣✉♥❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❡ ♠❡s♠♦ tr❛❜❛❧❤♦ ♥❛s ♣á❣✐♥❛s ✶✼ ✲ ✷✵ ❡ ❜❛s❡❛❞♦ ❡♠ ❬✻❪✳ ❆❧é♠ ❞✐ss♦✱

♣❡❧♦ ❚❡♦r❡♠❛ ✶✶✱ ♦ s✐st❡♠❛ ✭✸✳✶✻✮ ♣♦ss✉✐ s♦❧✉çã♦ ú♥✐❝❛ t❛♠❜é♠✳

❙✉♣♦♥❤❛♠♦s q✉❡ x∗
j é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✺✮✳ ❙❡❣✉❡✱ ❞♦ ❚❡♦r❡♠❛ ✶✵✱ q✉❡ ♦

✈❡t♦r x∗ =

[
tj x∗

j
T

]T
é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✻✮✱ ❝♦♠ tj = −

∥∥x∗
j

∥∥2

2
✳ ❈♦♠♦ q✉❡rí❛♠♦s

❞❡♠♦♥str❛r✳

❊st❡ r❡s✉❧t❛❞♦ ♥♦s ❞á ✉♠❛ ❞✐r❡çã♦ ❛ s❡❣✉✐r ❛ ✜♠ ❞❡ r❡s♦❧✈❡r ♦ Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡

●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛s ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s ❛r❜✐trár✐♦✳ P❛r❛ ❡♥❝♦♥tr❛r ❛s

❝♦♦r❞❡♥❛❞❛s ❞♦s át♦♠♦s ✐♥❞❡t❡r♠✐♥❛❞♦s✱ é ♣r❡❝✐s♦ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ✭✸✳✶✺✮✱ q✉❡ é ♥ã♦✲❧✐♥❡❛r✳



✺✶

❖ ❚❡♦r❡♠❛ ✶✷ ♥♦s ❞✐③ q✉❡ ✉♠❛ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ ❞❡ r❡s♦❧✈❡r t❛❧ ♣r♦❜❧❡♠❛ é ❡♥❝♦♥tr❛r♠♦s ❛

s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞♦ t✐♣♦ Axj = b✱ ♦♥❞❡

A = −2




1 xT
1

1 xT
2

1 xT
3

1 xT
4




❡ b =




d2j,1

d2j,2

d2j,3

d2j,4




✱

♣❛r❛ ❝❛❞❛ át♦♠♦ j ❛✐♥❞❛ ❞❡s❝♦♥❤❡❝✐❞♦ ❞❛ ♣r♦t❡í♥❛✳

❉❡t❡r♠✐♥❛♠♦s✱ ❛ss✐♠✱ ❛ ♣♦s✐çã♦ ❞♦ át♦♠♦ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦ ❢❛③❡♥❞♦ xj(i) = x(i+ 1)✱ ♣❛r❛

i = 1, 2, 3✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s r❡s♣♦♥❞❡r à ♥♦ss❛ ♣❡r❣✉♥t❛ ❢❡✐t❛ ❛❝✐♠❛✿ s✐♠✱ é ♣♦ssí✈❡❧

r❡s♦❧✈❡r ✉♠ P▼●❉ ♣❛rt✐♥❞♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✹✮ ✳

❙❡❣✉❡ ✉♠ ❡s❜♦ç♦ ❞♦ ❆❧❣♦r✐t♠♦ ❚ ✭❆❚✮✿

❆❧❣♦r✐t♠♦ ❚ ♣❛r❛ P▼●❉s ❝♦♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s

✭✶✮ ❊♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ❜❛s❡ ♥ã♦✲❝♦♣❧❛♥❛r❡s❀ ❞❡t❡r♠✐♥❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s át♦♠♦s ❜❛s❡

❝♦♠ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ s✐❀

✭✷✮ ❘❡♣✐t❛✿

✭✐✮ P❛r❛ ❝❛❞❛ át♦♠♦ r❡♠❛♥❡s❝❡♥t❡✱ ❡♥❝♦♥tr❡ q✉❛tr♦ át♦♠♦s ❞❡t❡r♠✐♥❛❞♦s✱ ♥ã♦✲❝♦♣❧❛♥❛r❡s

❡ ✈✐③✐♥❤♦s ❝♦♠♦ át♦♠♦s ❜❛s❡✳

✭✐✐✮ ❊♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ x ❞♦ s✐st❡♠❛ ❧✐♥❡❛r 4× 4 ✭✸✳✶✻✮❀

✭✐✐✐✮ ❚❡♠♦s✱ ❡♥tã♦✱ q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ át♦♠♦ ✐♥❞❡t❡r♠✐♥❛❞♦ xj ❞❛ ✐t❡r❛çã♦ sã♦ ❞❛❞❛s

♣♦r xj(i) = x(i+ 1)✱ ♣❛r❛ i = 1, 2, 3✳

❙❡ ♥❡♥❤✉♠ át♦♠♦ é ❞❡t❡r♠✐♥❛❞♦ ❡♠ t♦❞♦ ♦ ❧♦♦♣✱ ♣❛r❡✳

❋✐♠✳



✺✷

❖❜s❡r✈❛çã♦ ✺✳ ❆ ♣r✐♦r✐✱ ❡①✐st❡♠ ✈✐♥t❡ ❡ q✉❛tr♦ ♣❡r♠✉t❛çõ❡s ❛ s❡r❡♠ ❢❡✐t❛s ♥♦ s✐st❡♠❛ ❧✐♥❡❛r

✭✸✳✶✻✮ q✉❡ ❣❡r❛♠ s✐st❡♠❛s ❧✐♥❡❛r❡s ❡q✉✐✈❛❧❡♥t❡s ❛ ❡❧❡✳ ❖✉ s❡❥❛✱ t❡♠♦s ✈✐♥t❡ ❡ q✉❛tr♦ s✐st❡♠❛s

❧✐♥❡❛r❡s ♣❛r❛ r❡s♦❧✈❡r♠♦s ❛ ✜♠ ❞❡ ❡♥❝♦♥tr❛r t❛❧ ♣♦s✐çã♦✳

❯♠ ❝r✐tér✐♦ r❛③♦á✈❡❧ ♣❛r❛ ❡s❝♦❧❤❡r ♦ s✐st❡♠❛ ❛ s❡r r❡s♦❧✈✐❞♦ é ❛♥❛❧✐s❛r ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦

❞❡ s✉❛s ♠❛tr✐③❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❡ ❡s❝♦❧❤❡r ❛q✉❡❧❡ q✉❡ ♣♦ss✉✐ ♦ ♠❡♥♦r✳ ◗✉❡r❡♠♦s✱ ❛ss✐♠✱

r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ q✉❡ s❡❥❛ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♦r✐❣✐♥❛❧ ❡ ♦ ♠❛✐s ❡stá✈❡❧ ♣♦ssí✈❡❧✳

▼❛s✱ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐çã♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞♦s ✈✐♥t❡ ❡ q✉❛tr♦

s✐st❡♠❛s sã♦ ✐❣✉❛✐s✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✱ ❡♥tã♦ ♥ã♦ ❤á ♣♦rq✉❡ r❡s♦❧✈❡r ♠❛✐s ❞❡ ✉♠ s✐st❡♠❛

❧✐♥❡❛r✳

❚❡r ❛♣❡♥❛s ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❛ s❡r r❡s♦❧✈✐❞♦ é ❜❡♠ ♠❡❧❤♦r ❞♦ q✉❡ t❡r ❞❡ ❡s❝♦❧❤❡r ❡♥tr❡

q✉❛tr♦ s✐st❡♠❛s✱ ❝♦♠♦ ♦❝♦rr❡ t❛♥t♦ ♥♦ ❆■❉● ❝♦♠♦ ♥♦ ❆■❉●❆✳

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡st❡ ❛❧❣♦r✐t♠♦ é ❛ ♠❡s♠❛ ❞♦ ❆■❉●✳ Pr❡❝✐s❛♠♦s ❞❡✱ ♥♦ ♠á①✐♠♦✱ ✉♠❛

♦r❞❡♠ ❞❡ n ♦♣❡r❛çõ❡s ♣❛r❛ ❡♥❝♦♥tr❛r ♦s át♦♠♦s ❛✐♥❞❛ ♥ã♦✲♣♦s✐❝✐♦♥❛❞♦s q✉❡ ♣♦❞❡♠ s❡r ❡♥✲

❝♦♥tr❛❞♦s ❛ ♣❛rt✐r ❞♦ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s ❥á sã♦ ❝♦♥❤❡❝✐❞❛s✳ P❛r❛ ❝❛❞❛ ✉♠

❞❡ss❡s át♦♠♦s✱ s❡rã♦ ♥❡❝❡ssár✐❛s O(n) ♦♣❡r❛çõ❡s ♣❛r❛ ❡♥❝♦♥tr❛r s✉❛ ❜❛s❡ ♠étr✐❝❛✳ ❆ ♣❛rt✐r

❞❡st❛✱ r❡s♦❧✈❡♠♦s ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝✉❥❛ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ é ❝♦♥st❛♥t❡✳ ❈♦♠♦ t❡♠♦s

n át♦♠♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r✱ ❡♠ ✉♠ ❝❛s♦ ❡①tr❡♠♦✱ ❡♥tã♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✸✳ ❙ã♦ ♥❡❝❡ssár✐❛s O(n3) ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s ❞❡ ♣♦♥t♦ ✢✉t✉❛♥t❡ ♣❛r❛ q✉❡ ♦

❆❧❣♦r✐t♠♦ ❚ r❡s♦❧✈❛ ✉♠ Pr♦❜❧❡♠❛ ▼♦❧❡❝✉❧❛r ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛s ❝♦♠ ❝♦♥❥✉♥t♦ ❛r✲

❜✐trár✐♦ ❞❡ ❞✐stâ♥❝✐❛s ❡①❛t❛s✳



❈❛♣ít✉❧♦ ✹

❖ ❆❧❣♦r✐t♠♦ ❚ ❡ ❝♦♠♣❛r❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❝♦♠♣❛r❛r ♦ ❆❧❣♦r✐t♠♦ ❚ ❝♦♠ ♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦

●❡♦♠étr✐❝❛✳

P❛r❛ t❛❧ ❝♦♠♣❛r❛çã♦✱ ❣❡r❛♠♦s ✐♥stâ♥❝✐❛s ❛rt✐✜❝✐❛✐s ❝♦♠ ✈❛❧♦r❡s ✜①♦s ❞❡ ♠♦❞♦ q✉❡ ❛ ❞✐s✲

tâ♥❝✐❛ ❡♥tr❡ ✉♠ át♦♠♦ ❡ ♦ q✉❛rt♦ s✉❜s❡q✉❡♥t❡ ❛ ❡❧❡ ❡st❡❥❛ ❛❜❛✐①♦ ❞❡ 6
◦

A ❛♦ ❧♦♥❣♦ ❞❡ t♦❞❛

❛ ❡str✉t✉r❛✳ ❆❧❣✉♠❛s ❞❡✜♥✐çõ❡s s❡ ❢❛③❡♠ ♥❡❝❡ssár✐❛s ❛♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❛ r❡❣r❛ ❞❡ ❢♦r♠❛çã♦

❞❡❧❛s✳

❉❡✜♥✐çã♦ ✼ ✭❈♦♠♣r✐♠❡♥t♦ ❞❡ ▲✐❣❛çã♦✮✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❧✐❣❛çã♦ ❡♥tr❡ ❞♦✐s át♦♠♦s é

❛ ❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡♥tr❡ ❛s ♣♦s✐çõ❡s ❞❡❧❡s ♥♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧✳

❉❡✜♥✐çã♦ ✽ ✭➶♥❣✉❧♦ ❞❡ ❚♦rsã♦✮✳ ❯♠ ➶♥❣✉❧♦ ❞❡ ❚♦rsã♦✱ ♦✉ ➶♥❣✉❧♦ ❉✐❡❞r❛❧✱ ❝♦♥s✐st❡ ♥♦

â♥❣✉❧♦ ❡♥tr❡ ❞♦✐s ♣❧❛♥♦s✱ ✐st♦ é✱ ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ❡♥tr❡ ♦s ✈❡t♦r❡s ♥♦r♠❛✐s ❛ ❡st❡s ♣❧❛♥♦s✳

❊♠ ♥♦ss♦ ❝❛s♦✱ ♦ ➶♥❣✉❧♦ ❞❡ ❚♦rsã♦ é ♦ â♥❣✉❧♦ ❡♥tr❡ ♦s ♣❧❛♥♦s q✉❡ ❝♦♥té♠ ♦s át♦♠♦s ❜❛s❡✱

♥ã♦✲❝♦♣❧❛♥❛r❡s ♣♦r ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✾ ✭➶♥❣✉❧♦ ❞❡ ▲✐❣❛çã♦✮✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s ♣♦s✐çõ❡s ❞❡ três át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛

❝♦♠♦ ✈ért✐❝❡s ❞❡ ❞✉❛s ❧✐❣❛çõ❡s✱ ♦ â♥❣✉❧♦ ❞❡ ❧✐❣❛çã♦ ❝♦♥s✐st❡ ♥♦ â♥❣✉❧♦ ♣❧❛♥♦ ❢♦r♠❛❞♦ ❡♥tr❡

♦s ✈❡t♦r❡s q✉❡ r❡♣r❡s❡♥t❛♠ tr✐❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❡ss❛s ❧✐❣❛çõ❡s✳

✺✸



✺✹

❆ ❡str✉t✉r❛ ❛rt✐✜❝✐❛❧ ❣❡r❛❞❛ ♣❛r❛ ❢❛③❡r ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s é ✉♠❛ ❝❛❞❡✐❛ ❞❡

át♦♠♦s ❡st❛❜❡❧❡❝✐❞❛s ❡♠ ✉♠❛ ♦r❞❡♠ ❞❡ 1 ❛ n✱ s❡♥❞♦ n ❛ q✉❛♥t✐❞❛❞❡ ❞❡ át♦♠♦s ♣r❡s❡♥t❡s ♥❛

❡str✉t✉r❛✳ ❙❡❣✉❡♠ ❛s r❡❣r❛s✿

✭✐✮ ❖s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ❧✐❣❛çã♦ ❡♥tr❡ ♦s át♦♠♦s ❝♦♥s❡❝✉t✐✈♦s i−1 ❡ i✱ ❞❡♥♦t❛❞♦s ♣♦r di−1,i✱

❢♦r❛♠ ✜①♦s ✈❛❧❡♥❞♦ 1.5
◦

A ❝❛❞❛✱ ♣❛r❛ i ∈ {2, 3, ..., n}✳

✭✐✐✮ ❖s â♥❣✉❧♦s ♣❧❛♥♦s ❞❛s ❧✐❣❛çõ❡s ❡♥tr❡ ♦s át♦♠♦s i− 2, i− 1 ❡ i✱ ❝♦♠ ♦ ✈ért✐❝❡ ❡♠ i− 1✱

❞❡♥♦t❛❞♦s ♣♦r θi−2,i✱ ❢♦r❛♠ ✜①♦s ❡♠
2π

3
✱ ♣❛r❛ i ∈ {3, 4, ..., n}✳

✭✐✐✐✮ ❖s â♥❣✉❧♦s ❞❡ t♦rsã♦ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ át♦♠♦s i− 3, i− 2, i− 1 ❡ i✱ ❞❡♥♦t❛❞♦s ♣♦r

ωi−3,i✱ ✈❛r✐❛♠ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡♥tr❡ ♦s ✈❛❧♦r❡s
π

3
,
π

2
❡
5π

3
✱ ♣❛r❛ i ∈ {4, ..., n}✳

❚❛✐s ✐♥stâ♥❝✐❛s ❢♦r❛♠ ♠♦t✐✈❛❞❛s ♣♦r s✉❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ♣♦r r❡♣r❡✲

s❡♥t❛r❡♠✱ ♠✐♥✐♠❛♠❡♥t❡✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ r❡❛❧ ❬✶✶❪✳

◆❛ ✜❣✉r❛ s❡❣✉✐♥t❡✱ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦s át♦♠♦s i− 3, i− 2, i− 1

❡ i ❞❛ ❡str✉t✉r❛ ❛rt✐✜❝✐❛❧ ❞❡✜♥✐❞❛ ❛❝✐♠❛✳ ❖ q✉❡ s❛❜❡♠♦s✱ ❛ ♣r✐♦r✐✱ sã♦ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s

át♦♠♦s ❝♦♥s❡❝✉t✐✈♦s✱ ♦s â♥❣✉❧♦s ♣❧❛♥♦s ❡ ♦s â♥❣✉❧♦s ❞❡ t♦rsã♦✱ ❞❡✜♥✐❞♦s ❛❝✐♠❛✳

❉❡ss❡ ♠♦❞♦✱ ✈❛♠♦s ❣❡r❛r ❛s ♣♦s✐çõ❡s ❞♦s n át♦♠♦s ❞❡ ♥♦ss❛ ❡str✉t✉r❛ ❛ ♣❛rt✐r ❞♦ ♣r♦❞✉t♦

♠❛tr✐❝✐❛❧✱ q✉❡ ❡stá ❡♥✉♥❝✐❛❞❛ ❡♠ ❬✶✵❪✱ ♣á❣✐♥❛s ✺ ❡ ✻✱




xi1

xi2

xi3

1




= B1B2B3 . . . Bi




0

0

0

1




, ✭✹✳✶✮

♣❛r❛ i ∈ {4, ..., n}✱ ♦♥❞❡ (xi1, xi2, xi3) é ❛ ♣♦s✐çã♦ ❞♦ i✲és✐♠♦ át♦♠♦✱ B1 = I4✱



✺✺

❋✐❣✉r❛ ✹✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ q✉❛tr♦ át♦♠♦s ❞❛ ❡str✉t✉r❛ ❛rt✐✜❝✐❛❧

B2 =




−1 0 0 −1.5
◦

A

0 1 0 0

0 0 −1 0

0 0 0 1




✱ B3 =




1
2

−
√
3
2

0 3
4

◦

A
√
3
2

1
2

0 3
√
3

4

◦

A

0 0 1 0

0 0 0 1




❡

Bi =




1
2

−
√
3
2

0 3
4

◦

A
√
3
2

❝♦s ωi−3,i
1
2
❝♦s ωi−3,i − s❡♥ ωi−3,i

3
√
3

4

◦

A ❝♦s ωi−3,i

√
3
2

s❡♥ ωi−3,i
1
2
s❡♥ ωi−3,i ❝♦s ωi−3,i

3
√
3

4

◦

A s❡♥ ωi−3,i

0 0 0 1




,

♣❛r❛ i ∈ {4, ..., n}✳

❆♣ós t❡r♠✐♥❛r ❛ ❣❡r❛çã♦ ❞❛ ❡str✉t✉r❛ ❛rt✐✜❝✐❛❧✱ ❝❛❧❝✉❧❛♠♦s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s át♦♠♦s

❡ ❞❡s♣r❡③❛♠♦s ❛q✉❡❧❛s q✉❡ ❢♦r❡♠ ❡str✐t❛♠❡♥t❡ ♠❛✐♦r❡s ❞♦ q✉❡ 6
◦

A✳ ❆s ❞✐stâ♥❝✐❛s q✉❡ s♦❜r❛♠

sã♦ ❛s ✐♥stâ♥❝✐❛s q✉❡ ❢♦r♥❡❝❡r❡♠♦s ❝♦♠♦ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ❛♠❜♦s ♦s ❛❧❣♦r✐t♠♦s ❛ ✜♠

❞❡ ❛✈❛❧✐❛r s✉❛ ♣❡r❢♦r♠❛♥❝❡✿ t❛♥t♦ ❡♠ t❡♠♣♦ q✉❛♥t♦ ❡♠ ♣r❡❝✐sã♦✳



✹✳✶✳ ❆❚ ✈❡rs✉s ❆■❉● ✺✻

✹✳✶ ❆❚ ✈❡rs✉s ❆■❉●

❋✐③❡♠♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❣❡r❛❞♦s ❛❧❡❛tór✐❛♠❡♥t❡✳ ❚❡st❛♠♦s tr✐♥t❛ ❡ s❡✐s

❞✐♠❡♥sõ❡s ❞✐❢❡r❡♥t❡s ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❡①♣❡r✐♠❡♥t♦s✱ ❝♦♠ n ✈❛r✐❛♥❞♦ ❞❡ 5 ❛ 40✳ ❯♠❛ ♦❜s❡r✲

✈❛çã♦ ♣❡rt✐♥❡♥t❡ é ❛ ❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ❞✐♠❡♥sã♦ ❡♠ ❝❛❞❛ ❡①♣❡r✐♠❡♥t♦✱ t❡st❛♠♦s ❛ ♠❡s♠❛

❡str✉t✉r❛ ❛rt✐✜❝✐❛❧ t❛♥t♦ ♥♦ ❆■❉● q✉❛♥t♦ ♥♦ ❆❚✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❣rá✜❝♦s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✳ ❈❛❞❛ ✜❣✉r❛ ♣♦ss✉✐

❞♦✐s ❣rá✜❝♦s ♦♥❞❡ ❛s ❝✉r✈❛s ❛③✉✐s r❡♣r❡s❡♥t❛♠ ♦ ❆❧❣♦r✐t♠♦ ❚ ❡✱ ❛s ✈❡r♠❡❧❤❛s✱ ♦ ❆❧❣♦r✐t♠♦

■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛✳

❈♦♥s✐❞❡r❛♥❞♦ t♦❞❛s ❛s ❞✐♠❡♥sõ❡s✱ ♦s ❣rá✜❝♦s ❝♦♥t✐❞♦s ♥❛s ♣r✐♠❡✐r❛s ❞❡③ ✜❣✉r❛s ♠♦str❛♠✿

✭✐✮ ❖s ❞❡s❡♠♣❡♥❤♦s ❞❛ ❘▼❙❉ ♣❛r❛ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s✱ ♥♦ ♣r✐♠❡✐r♦ ❣rá✜❝♦✳

✭✐✐✮ ❖s t❡♠♣♦s r❡s♣❡❝t✐✈♦s ♥❡❝❡ssár✐♦s ♣❛r❛ q✉❡ ♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ❞❡t❡r♠✐♥❡♠ ❛s ❡str✉t✉r❛s✱

♥♦ s❡❣✉♥q❞♦ ❣rá✜❝♦✳

❆s ♦✉tr❛s ❞❡③ ✜❣✉r❛s sã♦ s❡♠❡❧❤❛♥t❡s às ❞❡③ ♣r✐♠❡✐r❛s✳ ❆ ❞✐❢❡r❡♥ç❛ é q✉❡ ❝♦♥s✐❞❡r❛♠♦s

❛♣❡♥❛s ❛té à q✉❛♥t✐❞❛❞❡ ❞❡ q✉✐♥③❡ át♦♠♦s ❞❡ ❝❛❞❛ ❡①♣❡r✐♠❡♥t♦✳ ❋✐③❡♠♦s ✐st♦ ❛ ✜♠ ❞❡ ♠♦str❛r

❞✐❢❡r❡♥ç❛s ❧♦❝❛✐s ♥❛s ♣r✐♠❡✐r❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ❛ ❡s❝❛❧❛ ❝r❡s❝❡

❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛té ❝♦♠♣❧❡t❛r ❛s q✉❛♥t✐❞❛❞❡s✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r ♦s ❝r❡s❝✐♠❡♥t♦s ❞♦s

❡rr♦s ♥♦ ✐♥í❝✐♦ ❞♦ ♣r♦❝❡ss♦✱ q✉❛♥❞♦ ♦ ♠❛❧✲❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛s ♠❛tr✐③❡s ❛✐♥❞❛ é r❡❧❛t✐✈❛♠❡♥t❡

♣❡q✉❡♥♦✳



✹✳✶✳ ❆❚ ✈❡rs✉s ❆■❉● ✺✼

❋✐❣✉r❛ ✹✳✷✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✸✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✳



✹✳✶✳ ❆❚ ✈❡rs✉s ❆■❉● ✺✽

❋✐❣✉r❛ ✹✳✹✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ t❡r❝❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✺✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ q✉❛rt♦ ❡①♣❡r✐♠❡♥t♦✳



✹✳✶✳ ❆❚ ✈❡rs✉s ❆■❉● ✺✾

❋✐❣✉r❛ ✹✳✻✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ q✉✐♥t♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✼✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ s❡①t♦ ❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✽✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ sét✐♠♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✾✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ ♦✐t❛✈♦ ❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✶✵✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ ♥♦♥♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✶✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s✱
♣❛r❛ ♦ ❞é❝✐♠♦ ❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✶✷✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦
♣r✐♠❡✐r♦ ❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✸✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦
s❡❣✉♥❞♦ ❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✶✹✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ t❡r❝❡✐r♦
❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✺✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ q✉❛rt♦
❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✶✻✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ q✉✐♥t♦
❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✼✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ s❡①t♦
❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✶✽✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ sét✐♠♦
❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✾✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ ♦✐t❛✈♦
❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✷✵✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ ♦✐t❛✈♦
❡①♣❡r✐♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✷✶✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ ♥♦♥♦
❡①♣❡r✐♠❡♥t♦✳
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❋✐❣✉r❛ ✹✳✷✷✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ❞❡ ❞♦ ❚❡♠♣♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱ ♣❛r❛ ♦ ❞é❝✐♠♦
❡①♣❡r✐♠❡♥t♦✳

❆ ♣❛rt✐r ❞❡ss❡s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✱ ❝❛❧❝✉❧❛♠♦s ✉♠❛ ♠é❞✐❛ ❡♥tr❡ ❡❧❡s✱ t❛♥t♦ ❞❛ ❘▼❙❉ q✉❛♥t♦

❞♦ t❡♠♣♦ ♣❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ❞❡ át♦♠♦s ♣❛r❛ ❝❛❞❛ ❛❧❣♦r✐t♠♦✳ ❖s r❡s✉❧t❛❞♦s ♠é❞✐♦s ❡stã♦

♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✺✳✶✳

◆❛s ✜❣✉r❛s ✺✳✶✲✷✷ ❡ ✺✳✶✲✷✸✱ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ❣rá✜❝♦s ❝❛❞❛✳ ❆ ♣r✐♠❡✐r❛ ✜❣✉r❛ ♣♦ss✉✐

✉♠ ❣rá✜❝♦ r❡♣r❡s❡♥t❛♥❞♦ ❛ ❘▼❙❉ ♠é❞✐❛ ❞♦ r❡s✉❧t❛❞♦s ❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s ♣❛r❛ t♦❞❛s ❛s

q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s ❡✱ ♦ ♦✉tr♦✱ ♦ t❡♠♣♦ ♠é❞✐♦ ❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ❞♦✐s ❛❧❣♦r✐t♠♦s✳ ❆

s❡❣✉♥❞❛ ✜❣✉r❛ ❛♣r❡s❡♥t❛ t❛♠❜é♠ ❣rá✜❝♦s ❞❡ ❘▼❙❉ ♠é❞✐❛ ❡ t❡♠♣♦ ♠é❞✐♦✱ ♠❛s ❛♣❡♥❛s ♣❛r❛

❛s q✉❛♥t✐❞❛❞❡s ❞❡ át♦♠♦s ❛té n = 15✳ ❈♦♠♦ ❢❡✐t♦ ❛❝✐♠❛✱ ❛s ❝✉r✈❛s r❡❢❡r❡♥t❡s ❛♦ ❆❧❣♦r✐t♠♦

❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ❡♠ ✈❡r♠❡❧❤♦ ❡ ❛s r❡❢❡r❡♥t❡s ❛♦ ❆❧❣♦r✐t♠♦

❚ r❡♣r❡s❡♥t❛❞❛s ❡♠ ❛③✉❧✳

❊♠ t♦❞♦s ♦s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♦ ❆❧❣♦r✐t♠♦ ❚ t❡♠ ♣❡r❢♦r♠❛♥❝❡ ♠❡❧❤♦r

❡♠ r❡❧❛çã♦ ❛♦ ❆■❉●✳ ❖ ▼❛t▲❛❜ ♥❡❝❡ss✐t❛ ❞❡ ♠❡♥♦s t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s

❡str✉t✉r❛s ❛tr❛✈és ❞♦ ❆❚ ❞♦ q✉❡ ❛tr❛✈és ❞♦ ❆■❉●✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❆❚ t❡♠ ♣r❡❝✐sã♦ ♠❡❧❤♦r ❞♦
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q✉❡ ♦ ❆■❉● ❡ ❡st❛ ♣r❡❝✐sã♦ ♣❡r❞✉r❛ ♣♦r ♠❛✐s t❡♠♣♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❞❡t❡r♠✐♥❛çã♦✳ ❖✉ s❡❥❛✱

❛tr❛✈és ❞♦ ❆❚✱ ❝♦♥s❡❣✉✐♠♦s r❡❝♦♥str✉✐r ❡str✉t✉r❛s ❝♦♠ ♠❛✐s át♦♠♦s ❞❡ ♠♦❞♦ ❛ t❡r ♣r❡❝✐sã♦

♠❛✐s ❡❢❡t✐✈❛ ❞♦ q✉❡ ❛tr❛✈és ❞♦ ❆■❉●✳

❆ ♣❛rt✐r ❞❡ ❝❡rt♦ ♣♦♥t♦✱ ❛s ♠❛tr✐③❡s ❞❡ ❛♠❜♦s ♦s s✐st❡♠❛s s❡ t♦r♥❛♠♠✉✐t♦ ♠❛❧✲❝♦♥❞✐❝✐♦♥❛❞❛s✱

♦ q✉❡ ♣r❡❥✉❞✐❝❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❡str✉t✉r❛s ♠❛✐♦r❡s ❞❡✈✐❞♦ à ❛❝✉♠✉❧❛çã♦ ❞❡ ❡rr♦s✳ ❚❛❧ ✐♥✲

st❛❜✐❧✐❞❛❞❡ é ♦r✐✉♥❞❛ ❞❛s ✐♥stâ♥❝✐❛s ❛rt✐✜❝✐❛✐s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ ❝♦♠♣❛r❛çã♦✳

❋✐❣✉r❛ ✹✳✷✸✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ♠é❞✐❛ ❞❡ ❞♦ ❚❡♠♣♦ ♠é❞✐♦✱ ❡♠ ❢✉♥çã♦ ❞❡ t♦❞❛s ❛s q✉❛♥t✐✲
❞❛❞❡s ❞❡ át♦♠♦s✱ ❞♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✳
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❋✐❣✉r❛ ✹✳✷✹✿ ●rá✜❝♦s ❞❛ ❘▼❙❉ ♠é❞✐❛ ❞❡ ❞♦ ❚❡♠♣♦ ♠é❞✐♦✱ ❡♠ ❢✉♥çã♦ ❞❡ ❛té q✉✐♥③❡ át♦♠♦s✱
❞♦s ❞❡③ ❡①♣❡r✐♠❡♥t♦s✳
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◆♦ ❘▼❙❉ ❆■❉● ❘▼❙❉ ❆❚ ❚❡♠♣♦ ❆■❉● ❚❡♠♣♦ ❚

✺ ✺✳✵✷✵✹✹✸✶✶✾✾✷❡✲✵✶✵ ✸✳✷✷✺✷✻✺✶✺✾✺✽❡✲✵✶✵ ✸✳✵✺✽✼✷✷✺✵✽✹✾❡✲✵✵✸ ✷✳✼✹✽✽✺✺✼✼✺✻✺❡✲✵✵✸

✻ ✺✳✹✽✻✷✾✻✾✸✸✷✻❡✲✵✵✾ ✶✳✶✷✶✷✺✸✼✽✽✶✸❡✲✵✵✾ ✸✳✾✺✻✽✾✷✷✵✷✹✸❡✲✵✵✸ ✷✳✼✵✷✽✹✷✷✹✶✺✶❡✲✵✵✸

✼ ✷✳✺✶✻✽✵✼✵✻✾✶✷❡✲✵✵✽ ✶✳✷✷✸✼✸✵✵✵✻✵✾❡✲✵✵✾ ✻✳✾✷✸✹✺✶✼✼✺✾✶❡✲✵✵✸ ✸✳✾✺✺✷✻✶✽✵✶✻✶❡✲✵✵✸

✽ ✼✳✾✻✼✾✻✹✺✽✹✾✹❡✲✵✵✽ ✸✳✶✼✸✻✷✷✹✷✻✼✼❡✲✵✵✾ ✶✳✵✸✽✼✵✶✶✽✻✹✽❡✲✵✵✷ ✻✳✶✻✾✶✻✹✾✺✸✾✾❡✲✵✵✸
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❚❛❜❡❧❛ ✹✳✶✿ ❘▼❙❉s ❡ ❚❡♠♣♦s ♠é❞✐♦s t❛♥t♦ ♣❛r❛ ❆■❉● q✉❛♥t♦ ♣❛r❛ ❆❚✳



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❊♠ r❡s✉♠♦✱ ❛♣r❡s❡♥t❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ✉♠❛ sér✐❡ ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛ tr❛t❛r Pr♦❜❧❡♠❛s

▼♦❧❡❝✉❧❛r❡s ❞❡ ●❡♦♠❡tr✐❛ ❞❡ ❉✐stâ♥❝✐❛s✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ❛❧❣♦r✐t♠♦s q✉❡ tr❛t❛♠ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡

❞✐stâ♥❝✐❛s ❞♦ P▼●❉ é ❝♦♠♣❧❡t♦✱ ♦✉ s❡❥❛✱ ♥♦ q✉❛❧ ❝♦♥❤❡❝❡♠♦s ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ q✉❛✐sq✉❡r

♣❛r❡s ❞❡ át♦♠♦s ❞❛ ♠♦❧é❝✉❧❛✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s ✉t✐❧✐③❛ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣r✐♥❝✐♣❛❧ ❛ ❉❡❝♦♠✲

♣♦s✐çã♦ ❙❱❉ ❞❛ ♠❛tr✐③ ❞❡ ❞✐stâ♥❝✐❛s✳ ❏á ♦ s❡❣✉♥❞♦✱ q✉❡ é ♦ ♣r❡❝✉rs♦r ❞❛ sér✐❡ ❞❡ ❛❧❣♦r✐t♠♦s

✐t❡r❛t✐✈♦s ❞❡ ❞❡t❡r♠✐♥❛çã♦ ❣❡♦♠étr✐❝❛✱ t❡♠ ❝♦♠♦ ❝❡r♥❡ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r 3×3✱

❞❡r✐✈❛❞♦ ❞❡ ✉♠ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r q✉❡ ♠♦❞❡❧❛ ♦ ♣r♦❜❧❡♠❛✳ ❊st❡ t❡♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡

❧✐♥❡❛r✳

❉❡♣♦✐s✱ ❛♣r❡s❡♥t❛♠♦s três ❛❧❣♦r✐t♠♦s ♣❛r❛ tr❛t❛r ♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ❞♦ P▼●❉✳ ❊st❡ é ♦ ❝❛s♦

q✉❡ ♥♦s ✐♥t❡r❡ss❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ♥♦ q✉❛❧ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐stâ♥❝✐❛s é t♦t❛❧♠❡♥t❡ ❛r❜✐trár✐♦✳ ❖

♣r✐♠❡✐r♦ ♠ét♦❞♦ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦r❞❡♠ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❧✐♥❡❛r ❝✐t❛❞♦

❛❝✐♠❛ ❡ é ❝❤❛♠❛❞♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ✭❆■❉●✮✳ ❖ s❡❣✉♥❞♦

♠ét♦❞♦ é ✉♠❛ ❛t✉❛❧✐③❛çã♦ ❞❡st❡✱ ✈✐s❛♥❞♦ ❞✐♠✐♥✉✐r ❛ ✐♥❝✐❞ê♥❝✐❛ ❞❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❡

é ❝❤❛♠❛❞♦ ❞❡ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ ❆t✉❛❧✐③❛❞♦ ✭❆■❉●❆✮✳ ❆♠❜♦s

sã♦ ❞❡✜♥✐❞♦s ❛ ♣❛rt✐r ❞❡ r❡s♦❧✉çõ❡s ❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s 3 × 3✳ P♦r ✜♠✱ ♦ t❡r❝❡✐r♦ é ✉♠

❛❧❣♦r✐t♠♦ ✐♥é❞✐t♦ q✉❡ t❡♠ ❝♦♠♦ ♣❛ss♦ ♣r✐♥❝✐♣❛❧ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r 4× 4✳ ❊st❡

ú❧t✐♠♦ é ❝❤❛♠❛❞♦ ❞❡ ❆❧❣♦r✐t♠♦ ❚ ❡ é ❛ ♣r♦♣♦st❛ q✉❡ ✜③❡♠♦s ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✳

◆♦s t❡st❡s r❡❛❧✐③❛❞♦s ❝♦♠ ❛s ✐♠♣❧❡♠❡♥t❛çõ❡s q✉❡ ✜③❡♠♦s✱ ♣✉❞❡♠♦s ❝♦♥st❛t❛r q✉❡ ♥♦ss♦

✼✶



✼✷

❆❧❣♦r✐t♠♦ ❚ é ♠❛✐s ❡✜❝✐❡♥t❡ ❞♦ q✉❡ ♦ ❆❧❣♦r✐t♠♦ ■t❡r❛t✐✈♦ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ●❡♦♠étr✐❝❛ t❛♥t♦

❡♠ ♣r❡❝✐sã♦ ✭♠❡❞✐❞♦ ♣❡❧❛ ❘▼❙❉✮ q✉❛♥t♦ ❡♠ t❡♠♣♦ q✉❡ ❛ ♠áq✉✐♥❛ ✉s♦✉ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s

❡str✉t✉r❛s✳

❆s ✐♥stâ♥❝✐❛s ❡s❝♦❧❤✐❞❛s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s t❡st❡s ❣❡r❛r❛♠ ♠❛tr✐③❡s ♠❛❧✲❝♦♥❞✐❝✐♦♥❛❞❛s

❡✱ ❞❡ss❡ ♠♦❞♦✱ s✐st❡♠❛s ❧✐♥❡❛r❡s ✐♥stá✈❡✐s✳ ▲♦❣♦✱ ❛ ♣❛rt✐r ❞❡ ❝❡rt♦ ♣♦♥t♦ ❛s s♦❧✉çõ❡s ✜❝❛♠

✐♠♣r❡❝✐s❛s ❡ ♥ã♦ r❡s♦❧✈❡♠ ♠❛✐s ♦ ♣r♦❜❧❡♠❛✳ ❆✐♥❞❛ ❛ss✐♠✱ ♦ ❆❚ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ✉♠❛

q✉❛♥t✐❞❛❞❡ ♠❛✐♦r ❞❡ át♦♠♦s ❞♦ q✉❡ ♦ ❆■❉●✳

◆♦ tr❛❜❛❧❤♦ ❞❡ ❉♦✉t♦r❛❞♦ ❛ s❡❣✉✐r✱ ✐r❡♠♦s ❡st✉❞❛r✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ ❞♦ ♠❛❧✲

❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❛ ✜♠ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♠❛✐♦r❡s ✉s❛♥❞♦ ♦ ❆❧❣♦r✐t♠♦ ❚✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ▲✳ ❇❧✉♠❡♥t❤❛❧✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❉✐st❛♥❝❡ ●❡♦♠❡tr② ✱ ✷♥❞✳ ❊❞✐t✐♦♥✳ ◆❡✇ ❨♦r❦✱

❈❤❡❧s❡❛ P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ✶✾✼✵✳

❬✷❪ ❚✳ ❈r❡✐❣❤t♦♥✿ Pr♦t❡✐♥s✿ ❙tr✉❝t✉r❡s ❛♥❞ ▼♦❧❡❝✉❧❛r Pr♦♣❡rt✐❡s✳ ✷♥❞✳ ❊❞✐t✐♦♥✳ ❋r❡❡♠❛♥

❛♥❞ ❈♦♠♣❛♥②✱ ✶✾✾✸✳

❬✸❪ ●✳ ❈r✐♣♣❡♥ ❛♥❞ ❚✳ ❍❛✈❡❧✿ ❉✐st❛♥❝❡ ●❡♦♠❡tr② ❛♥❞ ▼♦❧❡❝✉❧❛r ❈♦♥❢♦r♠❛t✐♦♥✳ ❏♦❤♥ ❲✐❧❡②

❛♥❞ ❙♦♥s✱ ✶✾✽✽✳

❬✹❪ ❏✳ ❉❡♠♠❡❧✿ ❆♣♣❧✐❡❞ ◆✉♠❡r✐❝❛❧ ▲✐♥❡❛r ❆❧❣❡❜r❛✳ ❙■❆▼✱ ✶✾✾✻✳

❬✺❪ ◗✳ ❉♦♥❣ ❛♥❞ ❩✳ ❲✉✿ ❆ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ♠♦❧❡❝✉❧❛r ❞✐st❛♥❝❡ ❣❡♦♠❡tr②

♣r♦❜❧❡♠ ✇✐t❤ ❡①❛❝t ✐♥t❡r✲❛t♦♠✐❝ ❞✐st❛♥❝❡s✱ ❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱ ❱♦❧✉♠❡ ✷✷✱

♣✳ ✸✻✺ ✲ ✸✼✺✱ ✷✵✵✷✳

❬✻❪ ◗✳ ❉♦♥❣ ❛♥❞ ❩✳ ❲✉✿ ❆ ❣❡♦♠❡tr✐❝ ❜✉✐❧❞✲✉♣ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ t❤❡ ♠♦❧❡❝✉❧❛r ❞✐st❛♥❝❡

❣❡♦♠❡tr② ♣r♦❜❧❡♠ ✇✐t❤ s♣❛rs❡ ❞✐st❛♥❝❡ ❞❛t❛✱ ❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱ ❱♦❧✉♠❡

✷✻✱ ♣✳ ✸✷✶ ✲ ✸✸✸✱ ✷✵✵✸✳

❬✼❪ ●✳ ●♦❧✉❜ ❛♥❞ ❈✳ ❱❛♥ ▲♦❛♥✿ ▼❛tr✐① ❈♦♠♣✉t❛t✐♦♥s✳ ❚❤❡ ❏♦❤♥s ❍♦♣❦✐♥s ❯♥✐✈❡rs✐t② Pr❡ss✱

✸r❞✳ ❊❞✐t✐♦♥✱ ✶✾✾✻✳

❬✽❪ ❇✳ ❍❡♥❞r✐❝❦s♦♥✿ ❚❤❡ ♠♦❧❡❝✉❧❡ ♣r♦❜❧❡♠✿ ❡①♣❧♦t✐♥❣ str✉❝t✉r❡ ✐♥ ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥✱ ❙■❆▼

❏♦✉r♥❛❧ ♦♥ ❖♣t✐♠✐③❛t✐♦♥✱ ❱♦❧✉♠❡ ✺✱ ✽✸✺✲✽✺✼✱ ✶✾✾✺✳

❬✾❪ ❈✳ ▲❛✈♦r✱ ❆✳ ▼✉❝❤❡r✐♥♦✱ ▲✳ ▲✐❜❡rt✐ ❛♥❞ ◆✳ ▼❛❝✉❧❛♥✿ ❖♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ♣r♦t❡✐♥

❜❛❝❦❜♦♥❡s ❜② ✉s✐♥❣ ❛rt✐✜❝✐❛❧ ❜❛❝❦❜♦♥❡s ♦❢ ❤②❞r♦❣❡♥s✱ ❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱

❛❝❡✐t♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦✱ ✷✵✶✵✳

❬✶✵❪ ❈✳ ▲❛✈♦r✱ ▲✳ ▲✐❜❡rt✐✱ ◆✳ ▼❛❝✉❧❛♥✱ ❛♥❞ ❆✳ ▼✉❝❤❡r✐♥♦✿ ❚❤❡ ❞✐s❝r❡t✐③❛❜❧❡ ♠♦❧❡❝✉❧❛r ❞✐s✲

t❛♥❝❡ ❣❡♦♠❡tr② ♣r♦❜❧❡♠✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ❛❝❡✐t♦ ♣❛r❛ ♣✉❜✲

❧✐❝❛çã♦✳

✼✸



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ❋❡❧✐♣❡ ❉❡❧✜♥✐ ❈❛❡t❛♥♦ ❋✐❞❛❧❣♦

❬✶✶❪ ❈✳ ▲❛✈♦r✿ ❖♥ ❣❡♥❡r❛t✐♥❣ ✐♥st❛♥❝❡s ❢♦r t❤❡ ♠♦❧❡❝✉❧❛r ❞✐st❛♥❝❡ ❣❡♦♠❡tr② ♣r♦❜❧❡♠✱ ◆♦♥✲

❝♦♥✈❡① ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ■ts ❆♣♣❧✐❝❛t✐♦♥s✱ ❱♦❧✉♠❡ ✽✹✱ ♣✳✹✵✺✲✹✶✹✱ ✷✵✵✻✳

❬✶✷❪ ▼✳ ❙♦✉③❛✿ ❙✉❛✈✐③❛çã♦ ❍✐♣❡r❜ó❧✐❝❛ ❆♣❧✐❝❛❞❛ à ❖t✐♠✐③❛çã♦ ❞❡ ●❡♦♠❡tr✐❛ ▼♦❧❡❝✉❧❛r ✱ ❚❡s❡

❞❡ ❉♦✉t♦r❛❞♦✱ ❈❖PP❊✲❯❋❘❏✱ ✷✵✶✶✳

❬✶✸❪ ❏✳ ❙❛①❡✿ ❊♠❜❡❞❞❛❜✐❧✐t② ♦❢ ❲❡✐❣❤t❡❞ ●r❛♣❤s ✐♥ ❦✲s♣❛❝❡ ✐s ❙tr♦♥❣❧② ◆P✲❤❛r❞ ✱ Pr♦❝❡❡❞✐♥❣s

♦❢ t❤❡ ✶✼t❤ ❆❧❧❡rt♦♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈♦♠♠✉♥✐❝❛t✐♦♥✱ ❈♦♥tr♦❧ ❛♥❞ ❈♦♠♣✉t✐♥❣✱ ❯♥✐✈❡rs✐t②

♦❢ ■❧❧✐♥♦✐s ❏♦s❡ ❇✳ ❈r✉③✱ ❏r✱ ♣✳✹✽✵✲✹✽✾✱ ❖✉t✉❜r♦✱ ✶✾✼✾✳
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