
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❞♦s ▼ét♦❞♦s ❞❡
P♦♥t♦s ■♥t❡r✐♦r❡s ❊s♣❡❝✐❛❧✐③❛❞♦s ♣❛r❛ ♦
Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp

❊❧✐❛♥❛ ❈♦♥t❤❛rt❡③❡ ●r✐❣♦❧❡tt♦
▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆✉r❡❧✐♦ ❘✐❜❡✐r♦ ▲❡✐t❡ ❞❡ ❖❧✐✈❡✐r❛

❈♦✲♦r✐❡♥t❛❞♦r❛✿ ❉r❛✳ ❉❛♥✐❡❧❛ ❘❡♥❛t❛ ❈❛♥t❛♥❡

❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦ ❞❛ ❋❆P❊❙P✳

❈❛♠♣✐♥❛s✲❙P

❏✉♥❤♦ ❞❡ ✷✵✶✶



■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❞♦s ▼ét♦❞♦s ❞❡
P♦♥t♦s ■♥t❡r✐♦r❡s ❊s♣❡❝✐❛❧✐③❛❞♦s ♣❛r❛ ♦
Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦

✜♥❛❧ ❞❛ t❡s❡ ❞❡✈✐❞❛♠❡♥t❡ ❝♦rr✐❣✐❞❛ ❡

❞❡❢❡♥❞✐❞❛ ♣♦r ❊❧✐❛♥❛ ❈♦♥t❤❛rt❡③❡

●r✐❣♦❧❡tt♦ ❡ ❛♣r♦✈❛❞❛ ♣❡❧❛ ❝♦♠✐ssã♦

❥✉❧❣❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ ✶✸ ❞❡ ❥✉♥❤♦ ❞❡ ✷✵✶✶✳

Pr♦❢✳ ❉r✳ ❆✉r❡❧✐♦ ❘✳ ▲✳ ❞❡ ❖❧✐✈❡✐r❛

❖r✐❡♥t❛❞♦r

❉ra ✳ ❉❛♥✐❡❧❛ ❘❡♥❛t❛ ❈❛♥t❛♥❡

❈♦✲❖r✐❡♥t❛❞♦r❛
❇❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✿

Pr♦❢✳ ❉r✳ ❆✉r❡❧✐♦ ❘✐❜❡✐r♦ ▲❡✐t❡ ❞❡ ❖❧✐✈❡✐r❛ ✭■▼❊❈❈ ✲ ❯◆■❈❆▼P✮

Pr♦❢❛✳ ❉r❛✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t ✭■▼❊❈❈ ✲ ❯◆■❈❆▼P✮

Pr♦❢✳ ❉r✳ ❆♥t♦♥✐♦ ❘♦❜❡rt♦ ❇❛❧❜♦ ✭❉❡♣t♦✳ ❞❡ ▼❛t❡♠át✐❝❛ ✲ ❯◆❊❙P✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦

❞❡ ▼❛t❡♠át✐❝❛ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉✲

t❛çã♦ ❈✐❡♥tí✜❝❛✱ ❯◆■❈❆▼P✱ ❝♦♠♦ r❡✲

q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tí✲

t✉❧♦ ❞❡ ▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛

❆♣❧✐❝❛❞❛✳

✐







❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ❉❡✉s✱ ♣♦r ♠❡ ❞❛r ❢♦rç❛s ❡ ❣✉✐❛r ❡♠ ♠❛✐s ❡ss❛ ❡t❛♣❛ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳

➚ ♠✐♥❤❛ ♠ã❡ ■♥ês ❡ ♠❡✉ ✐r♠ã♦ ❊❧✐❡❧✱ ❝✉❥♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦ ❛♦s ❡st✉❞♦s ❢♦r❛♠ ✐♠✲

♣r❡s❝✐♥❞í✈❡✐s ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ ❝♦♥❝❧✉✐r ♠❛✐s ❡ss❛ ❡t❛♣❛ ❞❛ ♠✐♥❤❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛✱ ❡ ♣♦r

❡st❛r❡♠ s❡♠♣r❡ ❝♦♠✐❣♦ ♥❡ss❛ ❝❛♠✐♥❤❛❞❛✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ▲✐③✱ ▲✉✐s✱ ▲✉❝✐❛♥❛✱ ▼❛rt❛✱ ❏✉❧✐❛♥♦✱ ❘❛❢❛❡❧✱ ❙♦✜❛✱ ❋á❜✐♦✱

❈í❝❡r♦✱ ❡♥tr❡ ♦✉tr♦s✱ ♣❡❧♦ â♥✐♠♦ ♣❛r❛ s❡❣✉✐r ❡♠ ❢r❡♥t❡ ❡ ♣❡❧♦ ❛♣♦✐♦ ♥❛s ❞ú✈✐❞❛s té❝♥✐❝❛s✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❆✉r❡❧✐♦✱ ♣♦r ❡st❛r s❡♠♣r❡ ♣r❡s❡♥t❡ ♣❛r❛ ♠❡ ❛❥✉❞❛r ♥♦ ♣r♦❥❡t♦ ❡

❞✐❛♥t❡ ❞♦s ♠♦♠❡♥t♦s ❞❡ ❝❛♥s❛ç♦ ❡ ❞❡sâ♥✐♠♦ s♦✉❜❡ t❡r ♣❛❝✐ê♥❝✐❛ ❡ ♠❡ ❞❛r ♦ ❛♣♦✐♦ ♥❡❝❡ssár✐♦

♣❛r❛ ❡✉ ✈❡♥❝❡r ♠❛✐s ❡ss❡ ❞❡s❛✜♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❞❛ ❣r❛❞✉❛çã♦ ❇❛❧❜♦✱ ♣❡❧❛ ❢♦rç❛✱ ♣♦r ♠❡ ✐♥❝❡♥t✐✈❛r ♥♦s ❡st✉❞♦s ❡

♣♦r t❡r ♠❡ ❞✐r❡❝✐♦♥❛❞♦ ❛♦ ♠❡str❛❞♦✳

➚ ❋❆P❊❙P ✲ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ ❡ ❆♣♦✐♦ à P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✱ ♣❡❧♦

❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈



❘❡s✉♠♦

❖s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣r✐♠❛✐s✲❞✉❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛✲

✲♣ ❞❡s❡♥✈♦❧✈✐❞♦s t❡rã♦ s✉❛ ❡str✉t✉r❛ ♠❛tr✐❝✐❛❧ r❡s✉❧t❛♥t❡ ❡①♣❧♦r❛❞❛ ♦❜❥❡t✐✈❛♥❞♦ ✉♠❛ ✐♠♣❧❡✲

♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ t❡♠ ✐♥ú♠❡r❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs❛s ár❡❛s✳

❆ ♥♦r♠❛✲✷ é ♠✉✐t♦ ♣♦♣✉❧❛r✱ ❡♥tr❡ ♦✉tr♦s ♠♦t✐✈♦s✱ ♣♦r ♣❡r♠✐t✐r ✉♠❛ s♦❧✉çã♦ ❞✐r❡t❛✳ P♦r

s✉❛ ✈❡③ ❛ ♥♦r♠❛✲✶ ♣❡r♠✐t❡ r❡❞✉③✐r ♦ ❡❢❡✐t♦ ❞❡ ♣♦♥t♦s ❞✐s❝r❡♣❛♥t❡s ❡♥q✉❛♥t♦ q✉❡ ❛ ♥♦r♠❛

✐♥✜♥✐t♦ ❣❛r❛♥t❡ ♣r♦t❡çã♦ ❝♦♥tr❛ ♦ ♣✐♦r ❝❛s♦✳ ❆ ♥♦r♠❛✲♣ ♣❡r♠✐t❡ ♣❡♥s❛r ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s

❞❡ ❞✐❢❡r❡♥t❡s ❢♦r♠❛s✱ ❛❞❛♣t❛♥❞♦ ♦ ♠ét♦❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❛ s❡r r❡s♦❧✈✐❞♦✳ ❆ ✐♠♣❧❡♠❡♥t❛çã♦

❞♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❛ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ s❡rá ❝♦♠♣❛r❛❞❛ ❝♦♠ ✐♠♣❧❡♠❡♥t❛çõ❡s

❡✜❝✐❡♥t❡s ❞❡ ♦✉tr♦s ♠ét♦❞♦s ❥á ❡①✐st❡♥t❡s✳

✈✐✐



✈✐✐✐



❆❜str❛❝t

❚❤❡ s♣❡❝✐✜❝ ♣r✐♠❛❧✲❞✉❛❧ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞s ❢♦r t❤❡ ♣✲♥♦r♠ ✜tt✐♥❣ ♣r♦❜❧❡♠ ♣r❡✈✐♦✉s❧②

❞❡✈❡❧♦♣❡❞ ✇✐❧❧ ❤❛✈❡ t❤❡✐r r❡s✉❧t✐♥❣ ♠❛tr✐① str✉❝t✉r❡ ❡①♣❧♦✐t❡❞ ❛✐♠✐♥❣ ❛t ❛♥ ❡✣❝✐❡♥t ✐♠♣❧❡✲

♠❡♥t❛t✐♦♥✳ ❚❤❡ ✜tt✐♥❣ ♣r♦❜❧❡♠ ❤❛s ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✈❛r✐♦✉s ❛r❡❛s✳ ❚❤❡ ✷✲♥♦r♠ ✐s

✈❡r② ♣♦♣✉❧❛r✱ ❛♠♦♥❣ ♦t❤❡r r❡❛s♦♥s✱ ❢♦r ❛❧❧♦✇✐♥❣ ❛ ❞✐r❡❝t s♦❧✉t✐♦♥✳ ❚❤❡ ✶✲♥♦r♠ ❛❧❧♦✇s t❤❡

r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ ♦✉t❧✐❡rs ✇❤✐❧❡ t❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ♣r♦✈✐❞❡s ♣r♦t❡❝t✐♦♥ ❛❣❛✐♥st t❤❡ ✇♦rst

❝❛s❡✳ ❚❤❡ ♣✲♥♦r♠ ❛❧❧♦✇s t♦ t❤✐♥❦ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ❞✐✛❡r❡♥t ✇❛②s ❛❞❛♣t✐♥❣ t❤❡ ♠❡t❤♦❞

t♦ t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞✳ ❚❤❡ ✐♥t❡r✐♦r ♣♦✐♥t ♠❡t❤♦❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ✇✐❧❧

❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛♥ ❡✣❝✐❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♦t❤❡r ❡①✐st✐♥❣ ♠❡t❤♦❞s✳

✐①



①



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r ✾

✷✳✶ ❆♥á❧✐s❡ ❈♦♥✈❡①❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✶✳✶ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✶✳✷ ❋✉♥çã♦ ❈♦♥✈❡①❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✳✸ ❋✉♥çã♦ ❈ô♥❝❛✈❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✷ ❖t✐♠✐③❛çã♦ ◆ã♦✲▲✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✹ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✺ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸ ▼ét♦❞♦s ❊①✐st❡♥t❡s ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ Lp ✷✺

✸✳✶ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✷ ▼ét♦❞♦s ❙✐♠✐❧❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✸ ▼ét♦❞♦ ■❘▲❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✹ ▼ét♦❞♦ ■❘▲❙▲ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✺ ▼ét♦❞♦ ●◆❈❙ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✻ ▼ét♦❞♦s ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❆♣❧✐❝❛❞♦s ❛♦ Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛

Lp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✻✳✶ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✻✳✷ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✻✳✸ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✻✳✹ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✳ ✳ ✳ ✳ ✳ ✺✶

✹ ▼♦❞✐✜❝❛çã♦ ♥♦s ▼P■ ❆♣❧✐❝❛❞♦s ❛♦ Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp ✻✶

✹✳✶ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✷ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

①✐



①✐✐ ❙✉♠ár✐♦

✹✳✸ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✹ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲ ❈♦rr❡t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺ ❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧ ✼✾

✺✳✶ ❈á❧❝✉❧♦ ❞❡ Ax ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺✳✷ ❈á❧❝✉❧♦ ❞❡ AtA ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✸ ■♥✈❡rs❛ ❞❡ ✉♠❛ ▼❛tr✐③ ❞❡ ❍❛♥❦❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✻ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s ✽✾

✻✳✶ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✶✳✶ ▼♦❞✐✜❝❛çã♦ ♥♦ P♦♥t♦ ■♥✐❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✶✳✷ ▼♦❞✐✜❝❛çã♦ ♥♦ ❈á❧❝✉❧♦ ❞♦ ❘❡sí❞✉♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✻✳✶✳✸ ▼♦❞✐✜❝❛çã♦ ♥♦ ❈á❧❝✉❧♦ ❞❛s ❉✐r❡çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✶✳✹ ❘❡s✉❧t❛❞♦s ❋✐♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✻✳✷ ❋✉♥çã♦ ❈♦ss❡♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✻✳✸ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✻✳✹ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✻✳✺ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✻✳✺✳✶ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✻✳✺✳✷ ❋✉♥çã♦ ❙❡♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✼ ❈♦♥❝❧✉sõ❡s ✶✷✺

❇✐❜❧✐♦❣r❛✜❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✷✾



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ tr❛❜❛❧❤♦ é ❛♣❡r❢❡✐ç♦❛r ❡ ✐♠♣❧❡♠❡♥t❛r ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s

♣❛r❛ r❡s♦❧✈❡r ❞❡ ♠❛♥❡✐r❛ ❡✜❝✐❡♥t❡ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❛ ❢♦r♠❛✿

min
x∈ℜn

‖Ax− b‖pp , ✭✶✳✶✮

♦♥❞❡ A ∈ ℜm×n é ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦✱ b ∈ ℜm✱ m > n ❡ 1 < p < ∞✳ ❖ s✐st❡♠❛

❧✐♥❡❛r Ax = b ♣♦❞❡ s❡r ✐♥❝♦♥s✐st❡♥t❡ ❡ ❛ ♠❛tr✐③ ❆ é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ♥♦ ❝❛s♦

♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧✳

P♦❞❡♠♦s ❞❡✜♥✐r ❛ ♥♦r♠❛✲♣ ❞❡ ✉♠ ✈❡t♦r v ∈ ℜn ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• ‖v‖p =

(
n∑

i=1

|vi|
p

) 1

p

⇒ ‖v‖pp =
n∑

i=1

|vi|
p✳

❊♠ ♣❛rt✐❝✉❧❛r✿

• ◆♦r♠❛✲✶✿ ‖v‖1 =
n∑

i=1

|vi|✳

• ◆♦r♠❛✲✷✿ ‖v‖2 =

(
n∑

i=1

(vi)
2

) 1

2

✳

✶



✷ ✶✳ ■♥tr♦❞✉çã♦

• ◆♦r♠❛✲∞✿ ‖v‖∞ = max
i=1,2,··· ,n

{|vi|}✳

❱❡❥❛♠♦s ♦ q✉❡ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ ✉♠ ❡①❡♠♣❧♦ ❞✐❞át✐❝♦✳

❊①❡♠♣❧♦

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s ♥♦ ℜ2✿ ✭✲✹✱✶✮✱ ✭✲✸✱✲✷✮✱ ✭✲✷✱✷✮✱ ✭✲✶✱✹✮✱ ✭✶✱✶✮✱ ✭✷✱✸✮✱

✭✸✱✲✶✮✱ ✭✹✱✷✮✳ ◆♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧ ❛ ♠❛tr✐③ A é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡✳

❱❛♠♦s ❡♥❝♦♥tr❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦✱ ❞❛❞♦s ♣❡❧❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

min ‖Ax− b‖pp✳

P♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✶✿ ■♥✐❝✐❛❧♠❡♥t❡ ♦ ♣♦❧✐♥ô♠✐♦ ❜✉s❝❛❞♦ é ❞❛ ❢♦r♠❛ p(x) = a0+a1x✳

❖ ✐❞❡❛❧ é q✉❡ ❡ss❡ ♣♦❧✐♥ô♠✐♦ ♣❛ss❡ ♣♦r t♦❞♦s ♦s ♣♦♥t♦s ♣❛r❛ ♠✐♥✐♠✐③❛r ♦ ♣r♦❜❧❡♠❛✳ ❙❡♥❞♦

❛ss✐♠✱ ❞❡✈❡♠♦s t❡r✿ a0 + a1(−4) = 1 ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦✱ · · · ❡ a0 + a14 = 2 ♣❛r❛ ♦ ú❧t✐♠♦

♣♦♥t♦✳ ❚❡♠♦s ❡♥tã♦ q✉❡ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ min ‖Ax− b‖pp✱ ♦♥❞❡✿

A =

























1 −4

1 −3

1 −2

1 −1

1 1

1 2

1 3

1 4

























✱ b =

























1

−2

2

4

1

3

−1

2

























❡ x =






a0

a1




 .

❆ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛♥❞♦ ♦ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✭s❡rá ❞❡s❝r✐t♦

♥♦ ❈❛♣ít✉❧♦ ✹✮ ♣❛r❛ p = 1, 5 é ❞❛❞❛ ♣♦r✿



✸

x∗ =






1, 25

0, 10




 ❡ ‖Ax∗ − b‖1,51,5 = 17, 2781.

●r❛✜❝❛♠❡♥t❡✿

p(x) = 1, 25 + 0, 1x.

P♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✷✿ ❖ ♣♦❧✐♥ô♠✐♦ ❛❣♦r❛ é ❞❛ ❢♦r♠❛ p(x) = a0 + a1x+ a2x
2✳ P❛r❛

❡ss❡ ♣r♦❜❧❡♠❛ t❡r❡♠♦s✿

A =

























1 −4 16

1 −3 9

1 −2 4

1 −1 1

1 1 1

1 2 4

1 3 9

1 4 16

























✱ b =

























1

−2

2

4

1

3

−1

2

























❡ x =









a0

a1

a2









.



✹ ✶✳ ■♥tr♦❞✉çã♦

❆ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ é✿

x∗ =









2, 0930

0, 1000

−0, 1124









❡ ‖Ax∗ − b‖1,51,5 = 16, 8352.

●r❛✜❝❛♠❡♥t❡✿

p(x) = 2, 093 + 0, 1x− 0, 1124x2.

P♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✻✿ ❖ ♣♦❧✐♥ô♠✐♦ é ❞❛ ❢♦r♠❛ p(x) = a0 + a1x + a2x
2 + a3x

3 +

a4x
4 + a5x

5 + a6x
6. P❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛ t❡r❡♠♦s✿

A =

























1 −4 16 −64 256 −1024 4096

1 −3 9 −27 81 −243 729

1 −2 4 −8 16 −32 64

1 −1 1 −1 1 −1 1

1 1 1 1 1 1 1

1 2 4 8 16 32 64

1 3 9 27 81 243 729

1 4 16 64 256 1024 4096

























✱ b =

























1

−2

2

4

1

3

−1

2

























❡ x =






















a0

a1

a2

a3

a4

a5

a6






















.



✺

❆ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ é✿

x∗ =

[

1, 6143 −0, 8735 1, 1611 0, 2153 −0, 2889 −0, 0096 0, 0135

]t

❡

‖Ax∗ − b‖1,51,5 = 3, 4915.

●r❛✜❝❛♠❡♥t❡✿

p(x) = 1, 6143− 0, 8735x+ 1, 1611x2 + 0, 2153x3 − 0, 2889x4 − 0, 0096x5 + 0, 0135x6.

●❡♥❡r❛❧✐③❛♥❞♦✱ s❡ t✐✈❡r♠♦s m ♣♦♥t♦s ♥♦ ℜ2 ❞❛❞♦s ♣♦r (x1, y1)✱ (x2, y2)✱ · · · ✱ (xm, ym)

❡ q✉✐s❡r♠♦s ❢❛③❡r r❡❣r❡ssã♦ ♣♦r ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n✱ p(x) = a0 + a1x + a2x
2 + · · · + anx

n✱

❡♥tã♦ t❡r❡♠♦s q✉❡ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ min ‖Ax− b‖pp✱ ♦♥❞❡✿

A =












1 x1 x1
2 · · · x1

n

1 x2 x2
2 · · · x2

n

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳

1 xm xm
2 · · · xm

n












✱ b =












y1

y2
✳✳✳

ym












❡ x =












a0

a1
✳✳✳

an












.

◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❛❧❣✉♥s ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r



✻ ✶✳ ■♥tr♦❞✉çã♦

✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r✱ ♠ét♦❞♦s ❡ss❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ✭✶✳✶✮✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❝✐t❛♠♦s ✈ár✐♦s ♠ét♦❞♦s ❡①✐st❡♥t❡s q✉❡ r❡s♦❧✈❡♠ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮✱ ♣❛r❛

♦s ❝❛s♦s ❡♠ q✉❡ 1 < p < ∞✱ p = 1 ❡ p = ∞✳ ❊♠ [✶✻] sã♦ ❞❡s❝r✐t♦s ♦s ♠ét♦❞♦s ■t❡r❛t✐✈❡❧②

❘❡✇❡✐❣❤t❡❞ ▲❡❛st✲❙q✉❛r❡s ✭■❘▲❙✮✱ ▼ét♦❞♦ ■❘▲❙ ❝♦♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ✭■❘▲❙▲✮

❡ ♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ●❧♦❜❛❧✐③❛❞♦ q✉❡ ✉s❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢♦❧❣❛s ❝♦♠♣❧❡♠❡♥t❛r❡s ✭●◆❈❙✮✳

❖ ♠ét♦❞♦ ■❘▲❙ ❢✉♥❝✐♦♥❛ ♠❡❧❤♦r q✉❛♥❞♦ ♣ ❡stá s✉✜❝✐❡♥t❡♠❡♥t❡ ❧♦♥❣❡ ❞❡ ✶✳ ❉❡♥tr❡ ❡ss❡s

♠ét♦❞♦s✱ ♦ q✉❡ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ é ♦ ●◆❈❙✳ ❊♥tr❡t❛♥t♦✱ ❡ss❡ ♠ét♦❞♦ ✉t✐❧✐③❛ ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r q✉❡ é ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠✉✐t♦ ❝❛r♦✳

❊♠ [✼] ❡ [✶✷] sã♦ ❞❡s❝r✐t♦s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✱ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛

❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp✱ ❝♦♠ 1 <

p < 2✳ ❊ss❡s ♠ét♦❞♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ ▼❆❚▲❆❇ ❡ ♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s

❝♦♠♣r♦✈❛♠ q✉❡ sã♦ ♠❛✐s ❡✜❝✐❡♥t❡s q✉❡ ♦ ●◆❈❙✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❙❡çã♦ ✸✳✻✳✷ ❡ ❙❡çã♦ ✸✳✻✳✹✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♠ét♦❞♦s ❜❛rr❡✐r❛ ❧♦❣❛✲

rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❥á ❡①✐st❡♥t❡s✱

♠❛s ❝♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✹ s❡rá ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❡s✲

tr❛té❣✐❛ ♣❛r❛ ❛♣❡r❢❡✐ç♦❛r ♦s ♠ét♦❞♦s ♣r♦♣♦st♦s ❡♠ [✼]✱ ♣♦r ♠❡✐♦ ❞❡ ♠♦❞✐✜❝❛çõ❡s ♥♦ ❝á❧❝✉❧♦

❞❛s ❞✐r❡çõ❡s✱ ❡ ❞♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s✱ ❝♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❡ ❢❛③❡r

❝♦♠ q✉❡ ❡st❡s ♠ét♦❞♦s s❡❥❛♠ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠❛✐s ❡✜❝✐❡♥t❡s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ ✉t✐✲

❧✐③❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳ ❊♠ s❡❣✉✐❞❛ s❡rá ❢❡✐t❛ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦

❡♠ ▼❆❚▲❆❇ ❡ ❡♠ ❈✳ ❖s ♥♦✈♦s ♠ét♦❞♦s ✐♠♣❧❡♠❡♥t❛❞♦s s❡rã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s ♠ét♦❞♦s



✼

❞❡s❝r✐t♦s ❡♠ [✼]✳

❖ ❡♥❢♦q✉❡ ❞❡st❡ tr❛❜❛❧❤♦ é ❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧✱ ❝♦♠

✐ss♦ ❣❛♥❤❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s q✉❡ ❢❛rã♦ ❝♦♠ q✉❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ❈

s❡❥❛ ♠❛✐s ❡✜❝✐❡♥t❡✳ ◆♦ ❈❛♣ít✉❧♦ ✺ ❢❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ ❛❝❡r❝❛ ❞❛s ♠❛tr✐③❡s ❡♥✈♦❧✈✐❞❛s ♥♦s

♠ét♦❞♦s ❞♦ ❈❛♣ít✉❧♦ ✹✱ ❡ss❛s ♦❜s❡r✈❛çõ❡s ♥♦s ❧❡✈❛♠ ❛ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ❡♠ ❈✳

◆♦ ❈❛♣ít✉❧♦ ✻ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠

▼❆❚▲❆❇ ❡ ❡♠ ❈ ❞♦s ♠ét♦❞♦s ❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✹ ❡ t❛♠❜é♠ ♣♦❞❡♠♦s ❝♦♠♣❛rá✲❧♦s ❝♦♠

♦s ♠ét♦❞♦s ❥á ❡①✐st❡♥t❡s✳

❆s ❝♦♥❝❧✉sõ❡s ❞❡st❡ tr❛❜❛❧❤♦ s❡rã♦ ❞✐s❝✉t✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✼✳



✽



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠

♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦✲❧✐♥❡❛r ✉t✐❧✐③❛♥❞♦ ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✱ ❡ss❡s ♠ét♦❞♦s

s❡rã♦ ✉s❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp✳

✷✳✶ ❆♥á❧✐s❡ ❈♦♥✈❡①❛

✷✳✶✳✶ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s

❉❡✜♥✐çã♦✿ ❯♠ ❝♦♥❥✉♥t♦ ❙ ❡♠ ℜn é ❞✐t♦ ❝♦♥✈❡①♦ s❡ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❡ ✉♥❡ ❞♦✐s

♣♦♥t♦s q✉❛✐sq✉❡r ❞❡ ❙ t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ ❙✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ x1 ❡ x2

♣❡rt❡♥❝❡♠ ❛ ❙✱ ❡♥tã♦ λx1 + (1− λ)x2 t❛♠❜é♠ ❞❡✈❡ ♣❡rt❡♥❝❡r ❛ ❙ ♣❛r❛ t♦❞♦ λ ∈ [0, 1]✳

❖ ❡❧❡♠❡♥t♦ x = λx1 + (1− λ)x2✱ ❝♦♠ λ ∈ [0, 1]✱ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ x1 ❡

x2✳ P♦r ✐♥❞✉çã♦✱ y =
k∑

j=1

λjxj✱ ♦♥❞❡
k∑

j=1

λj = 1✱ λj ≥ 0✱ j = 1, ..., k t❛♠❜é♠ é ❝❤❛♠❛❞♦ ❞❡

❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ x1✱✳✳✳✱xk✳ ❙❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♥ã♦✲♥❡❣❛t✐✈✐❞❛❞❡ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s λj✱

j = 1, ..., k ❢♦r r❡t✐r❛❞❛✱ ❡♥tã♦ ❛ ❝♦♠❜✐♥❛çã♦ é ❞✐t❛ ❝♦♠❜✐♥❛çã♦ ❛✜♠✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✱ ✈❡r [✷✸] ❡ [✶✵]✳

✾



✶✵ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

✷✳✶✳✷ ❋✉♥çã♦ ❈♦♥✈❡①❛

❉❡✜♥✐çã♦✿ ❙❡❥❛ f : S → E✱ ♦♥❞❡ ❙ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ♥ã♦ ✈❛③✐♦ ❡♠ ℜn✳ ❆ ❢✉♥çã♦

f é ❞✐t❛ ❝♦♥✈❡①❛ ❡♠ S s❡

f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2)

♣❛r❛ ❝❛❞❛ x1✱ x2 ∈ S ❡ ♣❛r❛ ❝❛❞❛ λ ∈ [0, 1]✳

❆ ❢✉♥çã♦ f é ❞✐t❛ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡♠ S s❡

f(λx1 + (1− λ)x2) < λf(x1) + (1− λ)f(x2)

♣❛r❛ ❝❛❞❛ x1✱ x2 ∈ S✱ ❝♦♠ x1 6= x2 ❡ λ ∈ (0, 1)✳

✷✳✶✳✸ ❋✉♥çã♦ ❈ô♥❝❛✈❛

❉❡✜♥✐çã♦✿ ❆ ❢✉♥çã♦ f : S → E é ❞✐t❛ ❝ô♥❝❛✈❛ ✭❡str✐t❛♠❡♥t❡ ❝ô♥❝❛✈❛✮ ❡♠ S s❡ −f é

❝♦♥✈❡①❛ ✭❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✮ ❡♠ S✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❝♦♥✈❡①✐❞❛❞❡ ✈❡r [✺]✳

✷✳✷ ❖t✐♠✐③❛çã♦ ◆ã♦✲▲✐♥❡❛r

❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❛❜❡rt♦ ❡♠ ℜn ❡ s❡❥❛♠ f : ℜn → ℜ ❡ h : ℜn → ℜm✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ✭P✮✿

min f(x)

s✳❛✳ h(x) = 0

❙❡❥❛ ❙ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞❡ ✭P✮✱ ✐st♦ é✱ S := {x ∈ ℜn, h(x) = 0} .

❆ ❢✉♥çã♦ ▲❛❣r❛♥❣✐❛♥❛ L : X×ℜm → ℜ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r f s✉❥❡✐t❛

❛ x ∈ S é ❞❡✜♥✐❞❛ ♣♦r



✷✳✷✳ ❖t✐♠✐③❛çã♦ ◆ã♦✲▲✐♥❡❛r ✶✶

L(x, λ) = f(x) + λth(x)✱

♦♥❞❡ λ ∈ ℜm é ♦ ✈❡t♦r ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✳

P♦♥t♦ ❘❡❣✉❧❛r ✭◗✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çõ❡s✮✿ ❯♠ ♣♦♥t♦ x1 ∈ S é ✉♠ ♣♦♥t♦ r❡❣✉✲

❧❛r ❝♦♠ r❡s♣❡✐t♦ às r❡str✐çõ❡s h(x) = 0 s❡ {∇h1(x1),∇h2(x1), ...,∇hm(x1)} é ✉♠ ❝♦♥❥✉♥t♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❚❡♦r❡♠❛✿ ◆✉♠ ♣♦♥t♦ r❡❣✉❧❛r x1 ∈ S✱ ♦ s✉❜❡s♣❛ç♦ t❛♥❣❡♥t❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r

M(x1) = {λ ∈ ℜ
m : J(h(x1))

tλ = 0}✱

♦♥❞❡ J(h(x1)) =












∇h1(x1)
t

∇h2(x1)
t

✳✳✳

∇hm(x1)
t












r❡♣r❡s❡♥t❛ ❛ ❏❛❝♦❜✐❛♥❛ ❞❡ h ❡♠ x1✳

❈♦♥❞✐çõ❡s ◆❡❝❡ssár✐❛s ❞❡ Pr✐♠❡✐r❛ ❖r❞❡♠✿ ❙✉♣♦♥❤❛♠♦s f, h ∈ C1✳ ❙❡❥❛ x∗

✉♠ ♠✐♥✐♠✐③❛❞♦r ❧♦❝❛❧ ❞❡ f s✉❥❡✐t♦ ❛ x ∈ S ❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ S✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✈❡t♦r

λ ∈ ℜm t❛❧ q✉❡✿

∇f(x∗) +
m∑

i=1

λi∇hi(x
∗) = ∇f(x∗) + J(h(x∗))tλ = 0.

❈♦♥❞✐çõ❡s ◆❡❝❡ssár✐❛s ❞❡ ❙❡❣✉♥❞❛ ❖r❞❡♠✿ ❙✉♣♦♥❤❛♠♦s f, h ∈ C2✳ ❙❡❥❛ x∗

✉♠ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ f ❡♠ X ❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ X✳ ❊♥tã♦ ❡①✐st❡ λ ∈ ℜm t❛❧ q✉❡✿

∇f(x∗) +
m∑

i=1

λi∇hi(x
∗) = 0,

❡ ❛ ❍❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ ▲❛❣r❛♥❣✐❛♥❛ ∇2L(x∗) = ∇2f(x∗) +
m∑

i=1

λi∇
2hi(x

∗) é s❡♠✐✲❞❡✜♥✐❞❛

♣♦s✐t✐✈❛ ❡♠ ▼✭x∗)✱ ✐st♦ é✱ yt∇2L(x∗)y ≥ 0, ∀y ∈M(x∗)✳

❋✉♥çã♦ ❈♦❡r❝✐✈❛✿ ❉✐③✲s❡ q✉❡ f é ❝♦❡r❝✐✈❛ ❡♠ X s❡ lim
k→∞

f(xk) = ∞ ♣❛r❛ t♦❞❛

s❡q✉ê♥❝✐❛
{
xk
}
❡♠ X t❛❧ q✉❡

∥
∥xk
∥
∥→∞✳



✶✷ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

• ❊①❡♠♣❧♦✿ ❈♦♥s✐❞❡r❡ f : ℜ → ℜ ❞❡✜♥✐❞❛ ♣♦r f(x) = x4 − x2✳ ❊ss❛ ❢✉♥çã♦ é ❝♦❡r❝✐✈❛

❡♠ ℜ✱ ♣♦✐s lim
|x|→∞

x4 − x2 = +∞✳

❚❡♦r❡♠❛ ❞❡ ❲❡✐❡rstr❛ss✿ ❙❡❥❛ X ⊂ ℜn ♥ã♦✲✈❛③✐♦ ❡ f : Df ⊃ X → ℜ ❝♦♥tí♥✉❛ ❡♠

X✳ ❆ss✉♠❛ q✉❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈❡r❞❛❞❡✐r❛✿

✐✮ X é ❝♦♠♣❛❝t♦✳

✐✐✮ X é ❢❡❝❤❛❞♦ ❡ f é ❝♦❡r❝✐✈❛ ❡♠ X✳

✐✐✐✮ ∃ θ ∈ ℜ t❛❧ q✉❡ Lθ := {x ∈ X : f(x) ≤ θ} é ❝♦♠♣❛❝t♦ ❡ ♥ã♦✲✈❛③✐♦✳

❊♥tã♦ ∃ x∗ ∈ X t❛❧ q✉❡ f(x∗) = inf {f(x) : x ∈ X}✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡st❡

t❡♦r❡♠❛ ❢♦r♥❡❝❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠í♥✐♠♦s ❣❧♦❜❛✐s ❞❡ f ❡♠ X ⊂ ℜn✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r ✈❡r [✶✼] ❡ [✻]✳

Pr♦♣♦s✐çã♦ ✲ ❋✉♥çã♦ ❈♦♥✈❡①❛✿ ❙❡❥❛ f : X → ℜ ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ s♦❜r❡ ♦

❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ X✳

✭✐✮ ❯♠ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ f s♦❜r❡ X é t❛♠❜é♠ ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ s♦❜r❡ X✳ ❙❡ ❛❧é♠

❞✐ss♦ f é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ f ✳

✭✐✐✮ ❙❡ f é ❝♦♥✈❡①❛ ❡ ♦ ❝♦♥❥✉♥t♦ X é ❛❜❡rt♦✱ ❡♥tã♦ ∇f(x∗) = 0 é ✉♠❛ ❝♦♥❞✐çã♦

♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♦ ✈❡t♦r x∗ ∈ X s❡❥❛ ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ f s♦❜r❡ X✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❛ ♣r♦♣♦s✐çã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ [✻]✳

✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡

min f(x)

s✳❛✳ x ∈ ℜn.



✷✳✸✳ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✶✸

❙❡ xk é t❛❧ q✉❡ ∇f(xk) 6= 0✱ ♦s ♣❛ss♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r xk+1 sã♦✿

P❛ss♦ ✶✿ ❉❡t❡r♠✐♥❛r dk t❛❧ q✉❡

∇2f(xk)dk = −∇f(x
k)✱

♦✉ s❡❥❛✱ r❡s♦❧✈❡r ❡st❡ s✐st❡♠❛ ❧✐♥❡❛r✳ ◆♦t❡♠♦s q✉❡ ❡st❡ ♣❛ss♦ ♣♦❞❡ ♥ã♦ ❡st❛r ❜❡♠ ❞❡✜♥✐❞♦ s❡

∇2f(xk) ❢♦r s✐♥❣✉❧❛r✳

P❛ss♦ ✷✿ ❋❛③❡r xk+1 = xk + dk✳

❆ ✐❞❡✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é q✉❡ ❛ ❢✉♥çã♦ f ❛ s❡r ♠✐♥✐♠✐③❛❞❛ é ❛♣r♦①✐♠❛❞❛

❧♦❝❛❧♠❡♥t❡ ♣♦r ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ q✉❡ é ❡①❛t❛♠❡♥t❡ ♠✐♥✐♠✐③❛❞❛✳ ❆ss✐♠✱ ♥❛ ✈✐③✐♥❤❛♥ç❛

❞❡ xk ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r f ♣❡❧❛ sér✐❡ ❞❡ ❚❛②❧♦r tr✉♥❝❛❞❛✿

f(x) ≈ f(xk) +∇f(xk)t(x− xk) + 1
2
(x− xk)t∇2f(xk)(x− xk)✳

❉❡ss❛ ❡q✉❛çã♦ t❡♠♦s✿

f(x) ≈ f(xk) +∇f(xk)tx−∇f(xk)txk + 1
2
xt∇2f(xk)x− xt∇2f(xk)xk + 1

2
xk

t
∇2f(xk)xk✳

❉❡r✐✈❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ss❛ ❡q✉❛çã♦ ❝♦♠ r❡❧❛çã♦ ❛ x✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡

❞❡✈❡♠♦s t❡r ∇f(x) = 0✱ ♣♦✐s ❡st❛♠♦s ❜✉s❝❛♥❞♦ ✉♠ ♠✐♥✐♠✐③❛❞♦r ♣❛r❛ f ✱ ♦❜t❡♠♦s✿

0 ≈ 0 +∇f(xk) +∇2f(xk)x−∇2f(xk)xk✳

❋❛③❡♥❞♦ x = xk+1✱ t❡♠♦s✿

xk+1 = xk −∇2f(xk)
−1
∇f(xk)✳

❖❜s❡r✈❡ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ té❝♥✐❝❛ ✐t❡r❛t✐✈❛ ♣❛r❛

r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❛ ❢♦r♠❛ F (x) = 0✱ ♦♥❞❡ F : ℜn → ℜn✳ ❇❛st❛ ❢❛③❡r

F (x) = ∇f(x)✳ ◆❡st❛ ♥♦t❛çã♦✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ t♦♠❛ ❛ ❢♦r♠❛✿

xk+1 = xk −∇F (xk)
−1
F (xk)✱ ♦♥❞❡ ∇F (xk) é ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡ f ✳



✶✹ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

P❛r❛ ❡ss❡ ♠ét♦❞♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛✿ ❙❡❥❛ f ∈ C3 ❡♠ ℜn✱ ❡ ❛ss✉♠❛♠♦s q✉❡ ♥♦ ♠✐♥✐♠✐③❛❞♦r x∗ ❛ ❍❡ss✐❛♥❛

∇2f(x∗) é ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ❊♥tã♦✱ s❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❡ x∗✱ ♦s

♣♦♥t♦s ❣❡r❛❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❝♦♥✈❡r❣❡♠ ♣❛r❛ x∗✳ ❆ ♦r❞❡♠ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♣❡❧♦

♠❡♥♦s q✉❛❞rát✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r [✶✼]✳

✷✳✹ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r✿

min f(x)

s✳❛ h(x) = 0 ✱

x ≥ 0

♦♥❞❡ f : ℜn → ℜ ❡ h : ℜn → ℜm✳

◆♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦ ✐♥t❡r✐♦r ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ r❡❧❛①❛✲s❡ ❛ r❡str✐çã♦ ❞❡ ♥ã♦ ♥❡❣❛t✐✲

✈✐❞❛❞❡ x ≥ 0✱ ✐♥s❡r✐♥❞♦✲❛ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f ❛tr❛✈és ❞♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ✱ ❝♦♠ µ→ 0✳

❖❜t❡♠♦s ❞❡ss❛ ❢♦r♠❛ ✉♠ ♥♦✈♦ ♣r♦❜❧❡♠❛ ❝✉❥❛ s♦❧✉çã♦ é ❛ ♠❡s♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✿

min f(x)− µ
n∑

i=1

ln(xi)

s✳❛ h(x) = 0.

❊ss❡ ♥♦✈♦ ♣r♦❜❧❡♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ▲❛❣r❛♥❣✐❛♥♦✿

minL(x, λ) = f(x)− µ
n∑

i=1

ln(xi) + λth(x)✱ ✭✷✳✶✮

♦♥❞❡ λ é ♦ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✳

❯t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛✱ t❡r❡♠♦s✿



✷✳✹✳ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✶✺

∇2L(x, λ)d = −∇L(x, λ).

❉❡✜♥✐♥❞♦ X−1 ❞❛ ❢♦r♠❛✿

X−1 = diag

(
1

xi

)

=







1

xi
, s❡ i = j,

0, s❡ i 6= j,

❡ J(h(x)) =












∇h1(x)
t

∇h2(x)
t

✳✳✳

∇hm(x)
t












❛ ❏❛❝♦❜✐❛♥❛ ❞❡ h ❡♠ x✱ t❡♠♦s ❡♥tã♦✿

∇L(x, λ) =







∇f(x)− µX−1e+
m∑

i=1

λi∇hi(x)

h(x)






,

♦♥❞❡ ❡ ❂ [1, 1, ..., 1]t✱ e ∈ ℜn✳

❖❜s❡r✈❡ q✉❡✿

∇2L(x, λ) =







∇2f(x) + µX−2 +
m∑

i=1

λi∇
2hi(x) J(h(x))t

J(h(x)) 0






.

P❛r❛ ❡♥❝♦♥tr❛r ❛ ❞✐r❡çã♦ ❞❡ ❜✉s❝❛ ❞❡ss❡ ♠ét♦❞♦ ❞❡✈❡♠♦s r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛

❧✐♥❡❛r✿







∇2f(x) + µX−2 +
m∑

i=1

λi∇
2hi(x) J(h(x))t

J(h(x)) 0












dx

dλ




 =

= −







∇f(x)− µX−1e+
m∑

i=1

λi∇hi(x)

h(x)






. ✭✷✳✷✮



✶✻ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

❘❡s♦❧✈❡♥❞♦ ❡ss❡ s✐st❡♠❛✱ ❡♥❝♦♥tr❛♠♦s ❛ ❞✐r❡çã♦ ❞❡ ◆❡✇t♦♥✳ P❛r❛ ❡♥❝♦♥tr❛r ♦ ♥♦✈♦

♣♦♥t♦ ❞❡✈❡♠♦s ❢❛③❡r xk+1 = xk + αdk✱ λk+1 = λk + αdk✱ ♦♥❞❡

α = min {1, τρ} ✱ ❝♦♠ τ = 0, 99995 ❡ ρ = min
dxi<0

{

−
xi
dxi

}

. ✭✷✳✸✮

❖ ✈❛❧♦r s✉❣❡r✐❞♦ ♣❛r❛ τ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✻❪✳

❆ ❛t✉❛❧✐③❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❡♠ ❬✷✽❪✱ ❞❛ ❢♦r♠❛✿

µk+1 = βµk✱ ❝♦♠ β ∈ (0, 1)✳

❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ❜❛s❡❛❞♦ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✿

‖∇L‖ < ǫ, ✭✷✳✹✮

♦♥❞❡ ǫ é ✉♠❛ t♦❧❡râ♥❝✐❛ ♣ré✲❞❡t❡r♠✐♥❛❞❛✳

❊❳❊▼P▲❖✿ ❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r

❡♠ ℜ2✳

min x2

s✳❛✳ y = 1 + x

x ≥ 0

✭✷✳✺✮

●r❛✜❝❛♠❡♥t❡✿

❈♦♠♦ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ f(x) = x2 é ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛ ♥♦ ❝♦♥❥✉♥t♦ ✈✐á✈❡❧✱ ❡ ♦

❝♦♥❥✉♥t♦ ✈✐á✈❡❧ é ❢❡❝❤❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❲❡✐❡rstr❛ss✱ ♦ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ ♠í♥✐♠♦ ❣❧♦❜❛❧✳



✷✳✹✳ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✶✼

❖❜s❡r✈❡ q✉❡ ❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ss❡ ♣r♦❜❧❡♠❛ é ♦ ♣♦♥t♦ (x∗, y∗) = (0, 1) ♣❡rt❡♥❝❡♥t❡

à r❡t❛ y = 1 + x✱ ♣❛r❛ ❡ss❡ ♣♦♥t♦ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ s❡rá 0✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛

❧♦❣❛rít♠✐❝❛ ❛ss♦❝✐❛❞♦ é✿

min x2 − µln(x)

s✳❛✳ y = 1 + x.
✭✷✳✻✮

❙❡ ✜③❡r♠♦s µ → 0✱ q✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ às ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛✲

❧✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛✱ ❛ s♦❧✉çã♦ t❡♥❞❡ à s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ❖❜s❡r✈❡

❣r❛✜❝❛♠❡♥t❡ q✉❡ q✉❛♥❞♦ ❢❛③❡♠♦s µ→ 0✱ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛ t❡♥❞❡ à

❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✱ ♠❛♥t❡♥❞♦ s❡♠♣r❡ x > 0✿

µ = 1.

µ = 0, 1. µ = 0, 01.

❱❛♠♦s ❞❛r ✉♠ ♣❛ss♦ ❞♦ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛✳ ❆ ❢✉♥çã♦ ▲❛❣r❛♥❣✐❛♥❛ ❛ss♦✲

❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✷✳✻✮ é✿

L(x, y, λ) = x2 − µln(x) + λ(y − 1− x),



✶✽ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

♦♥❞❡ λ é ♦ ✈❡t♦r ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✳

❖❜t❡♠♦s ❛ss✐♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✿

∇L(x, y, λ) =









2x−
µ

x
− λ

λ

y − 1− x









=









0

0

0









.

❘❡❡s❝r❡✈❡♥❞♦ ❡ss❡ s✐st❡♠❛ ♦❜t❡♠♦s✿

∇L(x, y, λ) =









2x2 − λx

λ

y − 1− x









=









µ

0

0









. ✭✷✳✼✮

❆♣❧✐❝❛♥❞♦ ♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♦ s✐st❡♠❛ ✭✷✳✼✮✿









4x− λ 0 −x

0 0 1

−1 1 0

















dx

dy

dλ









=









−2x2 + λx+ µ

−λ

−y + 1 + x









. ✭✷✳✽✮

❉❡✈❡♠♦s ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r q✉❛❧q✉❡r✱ s❡❥❛ ❡♥tã♦ (x0, y0, λ0) = (2, 2, 2)✱ ❡

s❡❥❛ µ0 = 1✱ t❡♠♦s✿









6 0 −2

0 0 1

−1 1 0

















dx

dy

dλ









=









−3

−2

1









⇒









dx0

dy0

dλ0









=









−1, 1667

−0, 1667

−2, 0000









.

❈á❧❝✉❧♦ ❞♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ α✿



✷✳✺✳ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✶✾

ρ = min

{

−
2

(−1, 1667)

}

= 1, 7142⇒ α = min {1 ; (0, 99995)(1, 7142)} = 1.

❖❜t❡♠♦s ♦ ♣ró①✐♠♦ ♣♦♥t♦✿









x1

y1

λ1









=









x0

y0

λ0









+ 1









dx0

dy0

dλ0









=









0, 8333

1, 8333

0









.

P❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ♣♦❞❡♠♦s ✉s❛r β =
1

10
♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛✱

❛ss✐♠✿

µ1 =
µ0

10
=

1

10
= 0, 1.

❚❡♥❞♦ (x1, y1, λ1) ❡ µ1 ❞❡✈❡✲s❡ ✐r ♣❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❡ ❝♦♥t✐♥✉❛r ❛té q✉❡ s❛t✐s❢❛ç❛

♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛❞♦ ♣♦r ✭✷✳✹✮✳

✷✳✺ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❖ ♣❛ss♦ ♣r❡❞✐t♦r ❝♦♥s✐st❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ ❞✐r❡çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡

♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ✭✷✳✶✮ s❡♠ ♣❡rt✉r❜❛çã♦✱ ♦✉ s❡❥❛✱ ❞❡✈❡♠♦s ❢❛③❡r

µ = 0 ♥♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✿

∇L(x, λ) =







∇f(x)− µX−1e+
m∑

i=1

λi∇hi(x)

h(x)






=






0

0




 . ✭✷✳✾✮

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❡ss❡ s✐st❡♠❛ ❞❛ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✿







∇f(x) +
m∑

i=1

λi∇hi(x)

h(x)






=






µX−1e

0








✷✵ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

⇒







X∇f(x) +X

m∑

i=1

λi∇hi(x)

h(x)






=






µe

0




 .

❋❛③❡♥❞♦ µ = 0✱ t❡r❡♠♦s✿







X∇f(x) +X

m∑

i=1

λi∇hi(x)

h(x)






=






0

0




 . ✭✷✳✶✵✮

❆♣❧✐❝❛♠♦s ❡♥tã♦ ♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✵✮ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❞✐r❡çã♦

❞♦ ♣❛ss♦ ♣r❡❞✐t♦r✳

◆♦ ♣❛ss♦ ❝♦rr❡t♦r t❡♠♦s q✉❡ ❝❛❧❝✉❧❛r ❛ ❝♦rr❡çã♦ ♥ã♦✲❧✐♥❡❛r ❡ ♣❡rt✉r❜❛r♠♦s✳ P❛r❛

❡♥❝♦♥tr❛r♠♦s ❛ ❝♦rr❡çã♦ ♥ã♦✲❧✐♥❡❛r s✉❜st✐t✉í♠♦s x ♣♦r x+ dx ❡ λ ♣♦r λ+ dλ ♥♦ s✐st❡♠❛ ❞❡

❡q✉❛çõ❡s ✭✷✳✾✮ ❡ ❝♦♠♣❛r❛♠♦s ❝♦♠ ❛ ❞✐r❡çã♦ ❡♥❝♦♥tr❛❞❛ ♥♦ ♣❛ss♦ ♣r❡❞✐t♦r q✉❛♥❞♦ r❡s♦❧✈❡♠♦s

♦ s✐st❡♠❛ ✭✷✳✷✮✳

❖ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✷✳✸✮✳

❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ❝♦♠♦ ❡♠ ✭✷✳✹✮✳

P❛r❛ s❛❜❡r ♠❛✐s s♦❜r❡ ♠ét♦❞♦ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✱ ✈❡r ❬✷✽❪✳

❊❳❊▼P▲❖✿ ❈♦♥s✐❞❡r❡ ♦ ♠❡s♠♦ ❡①❡♠♣❧♦ ❞❛❞♦ ❡♠ ✭✷✳✺✮✳

P❛ss♦ ♣r❡❞✐t♦r✿ ❉❡✈❡♠♦s ❢❛③❡r µ = 0 ♥♦ s✐st❡♠❛ ✭✷✳✼✮ ❡ ❛♣❧✐❝❛r ♦ ▼ét♦❞♦ ❞❡

◆❡✇t♦♥✱ ♦❜t❡♥❞♦ ♦ s✐st❡♠❛✿









4x− λ 0 −x

0 0 1

−1 1 0

















d̄x

d̄y

d̄λ









=









−2x2 + λx

−λ

−y + 1 + x









.

P❛rt✐♥❞♦ ❞❡ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r q✉❛❧q✉❡r✱ (x0, y0, λ0) = (2, 2, 2)✱ t❡♠♦s✿



✷✳✺✳ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✷✶









6 0 −2

0 0 1

−1 1 0

















d̄x

d̄y

d̄λ









=









−4

−2

1









⇒









d̄x

d̄y

d̄λ









=









−1, 3333

−0, 3333

−2, 0000









.

❱❛♠♦s ✉s❛r ❛ ❞✐r❡çã♦ d̄ ❡♥❝♦♥tr❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ r❡sí❞✉♦✿

❙✉❜st✐t✉✐♥❞♦ x ♣♦r x+ dx ❡ λ ♣♦r λ+ dλ ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✼✮✿

2(x+ dx)2 − λ(x+ dx) = µ.

◆❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✽✮ t❡♠♦s✿

(4x− λ)dx− xdλ = µ− 2x2 + λx.

❉❡ss❛ ❢♦r♠❛ ♦ r❡sí❞✉♦ ♥❡ss❛ ❡q✉❛çã♦ s❡rá✿

R1 = (2(x+ dx)2 − λ(x+ dx)− µ)− ((4x− λ)dx− xdλ− µ+ 2x2 − λx)⇒

R1 = (2x2+4xdx+2dx2−λx−λdx−xdλ−dxdλ−µ)−(4xdx−λdx−xdλ−µ+2x2−λx)⇒

R1 = 2dx2 − dxdλ.

❙✉❜st✐t✉✐♥❞♦ λ ♣♦r λ+dλ ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✼✮ ❡ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ❛ s❡❣✉♥❞❛

❡q✉❛çã♦ ❞❡ ✭✷✳✽✮✿

R2 = (λ+ dλ)− (dλ+ λ)⇒ R2 = 0.

❙✉❜st✐t✉✐♥❞♦ x ♣♦r x+ dx ❡ y ♣♦r y + dy ♥❛ t❡r❝❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✼✮ ❡ ❝♦♠♣❛r❛♥❞♦

❝♦♠ ❛ t❡r❝❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✽✮✿

R3 = (y + dy − 1− x− dx)− (−dx+ dy − x− 1 + y)⇒ R3 = 0.



✷✷ ✷✳ ❈♦♥❝❡✐t♦s ❞❡ Pr♦❣r❛♠❛çã♦ ◆ã♦✲▲✐♥❡❛r

❖❜s❡r✈❡ q✉❡ R2 ❡ R3 ✈❛❧❡♠ 0 ♣♦rq✉❡ ❛ s❡❣✉♥❞❛ ❡ ❛ t❡r❝❡✐r❛ ❡q✉❛çõ❡s ❞❡ ✭✷✳✼✮ sã♦

❧✐♥❡❛r❡s✳

P❛ss♦ ❝♦rr❡t♦r✿ ❆❣♦r❛ t❡♠♦s q✉❡ r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛

❞✐r❡çã♦ ✐♥✐❝✐❛❧✿









4x− λ 0 −x

0 0 1

−1 1 0

















dx

dy

dλ









=









−2x2 + λx+ µ−R1

−λ

−y + 1 + x









.

P❛r❛ ❡♥❝♦♥tr❛r R1 ✉s❛♠♦s d̄ ❝❛❧❝✉❧❛❞♦ ♥♦ ♣❛ss♦ ♣r❡❞✐t♦r✿

R1 = 2dx2 − dxdλ = 2(−1, 3333)2 − (−1, 3333)(−2, 0000) = 0, 8888.

P❛rt✐♠♦s ❞❡ (x0, y0, λ0) = (2, 2, 2) ❡ s❡❥❛ µ0 = 1✿









6 0 −2

0 0 1

−1 1 0

















dx

dy

dλ









=









−3, 8888

−2

1









⇒









dx0

dy0

dλ0









=









−1, 3148

−0, 3148

−2, 0000









.

❖ ❝á❧❝✉❧♦ ❞❡ α é ❛♥á❧♦❣♦ ❛♦ ❞♦ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛✿

ρ = min

{

−
2

(−1, 3148)

}

= 1, 5211⇒ α = min {1 ; (0, 99995)(1, 5211)} = 1.

❖❜t❡♠♦s ♦ ♣ró①✐♠♦ ♣♦♥t♦✿



✷✳✺✳ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✷✸









x1

y1

λ1









=









x0

y0

λ0









+ 1









dx0

dy0

dλ0









=









0, 6852

1, 6852

0









.

P❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ♣♦❞❡♠♦s ✉s❛r β =
1

10
♣❛r❛ ❛ ❛t✉❛❧✐③❛çã♦ ❞♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛✱

❛ss✐♠✿

µ1 =
µ0

10
=

1

10
= 0, 1.

❉❡ ♣♦ss❡ ❞♦ ♥♦✈♦ ♣♦♥t♦✱ ✈❛♠♦s ♣❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❡ ♣❛r❛♠♦s q✉❛♥❞♦ ♦ ❝r✐tér✐♦

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✮ ❢♦r s❛t✐s❢❡✐t♦✳

❖❜s❡r✈❡ q✉❡ ♦ ♣♦♥t♦ (x1, y1, λ1) = (0, 6852 ; 1, 6852 ; 0) ♦❜t✐❞♦ ♣♦r ❡ss❡ ♠ét♦❞♦ ❡stá

♠❛✐s ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦ ót✐♠❛ (0, 1, 0) ❞♦ q✉❡ ♦ ♣♦♥t♦ (x1, y1, λ1) = (0, 8333 ; 1, 8333 ; 0)

♦❜t✐❞♦ ♣❡❧♦ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛✳

P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✱ ✈❡r [✷✹]✳



✷✹



❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s ❊①✐st❡♥t❡s ♣❛r❛ ♦ Pr♦❜❧❡♠❛

❞❡ ❘❡❣r❡ssã♦ Lp

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp ❡ ♦s ♠ét♦❞♦s

❡①✐st❡♥t❡s q✉❡ r❡s♦❧✈❡♠ ♦ ♣r♦❜❧❡♠❛✳

✸✳✶ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp

❖ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

min
x∈ℜn

‖Ax− b‖pp ✱ ✭✸✳✶✮

♦♥❞❡ A ∈ ℜm×n é ✉♠❛ ♠❛tr✐③ ❞❡ ♣♦st♦ ❝♦♠♣❧❡t♦✱ 1 < p <∞✱ b ∈ ℜm ❡ m > n✳

◗✉❛♥❞♦ p = 1 ❡ p =∞✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❢♦r♠✉❧❛❞♦ ♣♦r ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ❡ ♦s

♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❛♣❧✐❝❛❞♦s ❛ ❡ss❡s ♣r♦❜❧❡♠❛s ♣❡r♠✐t❡♠ ❛ ❡①♣❧♦r❛çã♦ ❞❛ ❡str✉t✉r❛

♠❛tr✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❢♦r♠❛ ♠✉✐t♦ ❡✜❝✐❡♥t❡✳ ❆ ♥♦r♠❛✲✷ ♣❡r♠✐t❡ s♦❧✉çã♦ ❞✐r❡t❛✳

❆ ♥♦r♠❛ Lp✱ ❝♦♠ 1 < p < ∞ é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f(x) =

‖x‖p✱ ♦♥❞❡ f : ℜn → ℜ ❡ 1 < p < ∞✳ ❉❛❞♦s x, y ∈ ℜn ❡ ❞❛❞♦ ✉♠ α q✉❛❧q✉❡r ♥♦ ✐♥t❡r✈❛❧♦

✷✺



✷✻ ✸✳ ▼ét♦❞♦s ❊①✐st❡♥t❡s ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ Lp

[0, 1]✱ t❡♠♦s q✉❡✿

f(αx+ (1− α)y) = ‖αx+ (1− α)y‖p ≤ |α| ‖x‖p + |(1− α)| ‖y‖p =

= α ‖x‖p + (1− α) ‖y‖p = αf(x) + (1− α)f(y)⇒

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y).

❊♥tr❡t❛♥t♦✱ s❡ t♦♠❛r♠♦s x ❡ y q✉❛✐sq✉❡r ❡♠ ℜn✱ ❝♦♠ x 6= y✱ ❡ α ∈ (0, 1)✱ ❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❛❝✐♠❛ s❡rá ❡str✐t❛✱ ♦✉ s❡❥❛✱ f(αx + (1 − α)y) < αf(x) + (1 − α)f(y)✳ P♦❞❡♠♦s ❞✐③❡r

❡♥tã♦ q✉❡ ❛ ♥♦r♠❛ Lp é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛s ❢✉♥çõ❡s f(x) = ‖x‖p ❡ g(x) = xp ♦♥❞❡ h : ℜn → ℜ ❡ g : Ω ⊂

ℜ+ → ℜ✳ ❆ ❢✉♥çã♦ g é ❝♦♥✈❡①❛ ♣❛r❛ p > 1✱ ♣♦✐s g′′(x) = p(p− 1)xp−2 ≥ 0 ✭✈❡❥❛ q✉❡ x ≥ 0✱

♣♦✐s ♦ ❞♦♠í♥✐♦ Ω ❞❡ g ❡stá ❝♦♥t✐❞♦ ❡♠ ℜ+✮✳ ❆❧é♠ ❞✐ss♦✱ g é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ♣❛r❛ p > 1✱

♣♦rt❛♥t♦ ❛ ❢✉♥çã♦ ❝♦♠♣♦st❛ g(f(x)) = ‖x‖pp = h(x) é ❝♦♥✈❡①❛✳ P♦❞❡♠♦s ❛✜r♠❛r ✐ss♦ ❝♦♠

❜❛s❡ ♥♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r✿

❚❡♦r❡♠❛✿ ❙❡ f : Df ⊂ ℜ
n → ℜ é ❝♦♥✈❡①❛ ❡ g : Dg ⊂ ℜ → ℜ é ❝♦♥✈❡①❛ ❡ ♥ã♦✲

✲❞❡❝r❡s❝❡♥t❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ q✉❡ ❝♦♥té♠ ❛ ✐♠❛❣❡♠ ❞❡ f ✱ ❡♥tã♦ h : Dh ⊂ ℜ
n → ℜ✱

h(x) = g(f(x)) é ❝♦♥✈❡①❛✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ x✱ y ∈ Dh✱ α ∈ [0, 1]✱ x1 = f(αx+(1−αy)) ❡ x2 = αf(x)+ (1−α)f(y)✱ ❝♦♠♦

f é ❝♦♥✈❡①❛✱ x1 ≤ x2 ❡ ❝♦♠♦ g é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ g(x1) ≤ g(x2)✱ ❡♥tã♦✿

h(αx+ (1− αy)) = g(f(αx+ (1− αy))) = g(x1) ≤ g(x2) =

= g(αf(x) + (1− α)f(y)) ≤ αg(f(x)) + (1− α)g(f(y)) = αh(x) + (1− α)h(y).

❚❡♠♦s ❡♥tã♦✿ h(αx+ (1− αy)) ≤ αh(x) + (1− α)h(y)✱ ❛ss✐♠ h é ❝♦♥✈❡①❛✳

❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮ ♣♦ss✉✐ ❢♦r♠✉❧❛çã♦ ❝♦♥✈❡①❛ ❡ ♣♦rt❛♥t♦

é ❣❛r❛♥t✐❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠í♥✐♠♦ ❣❧♦❜❛❧✳



✸✳✷✳ ▼ét♦❞♦s ❙✐♠✐❧❛r❡s ✷✼

❖ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

min ‖r‖pp

s✳❛ Ax+ r = b.

✭✸✳✷✮

❉❡✜♥✐♥❞♦ r = u− v✱ ❝♦♠ u ≥ 0 ❡ v ≥ 0✿

minφ(u, v) =
m∑

i=1

(ui + vi)
p

s✳❛ Ax+ u− v − b = 0

(u, v) ≥ 0.

✭✸✳✸✮

❖❜s❡r✈❡ q✉❡ ♠✐♥✐♠✐③❛r ‖r‖pp ❂
m∑

i=1

|ui − vi|
p é ❡q✉✐✈❛❧❡♥t❡ ❛ ♠✐♥✐♠✐③❛r φ(u, v) =

m∑

i=1

(ui + vi)
p✱ ❞❡s❞❡ q✉❡ s❡ ✈❡r✐✜q✉❡♠ ❛s r❡str✐çõ❡s uivi = 0✱ i = 1, ...,m✳ ▼❛s✱ ❞❛❞♦ ri✱

s❡♠♣r❡ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ ui−vi ❞❡ ❢♦r♠❛ q✉❡ uivi = 0✳ P♦r ❡①❡♠♣❧♦✱ s❡ ri < 0✱ ❜❛st❛

❢❛③❡r ui = 0 ❡ vi = −ri❀ ♣♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ri ≥ 0✱ ♣♦❞❡♠♦s ❢❛③❡r ui = ri ❡ vi = 0✱ ❛ss✐♠

t❡r❡♠♦s ‖r‖pp ❂
m∑

i=1

|ui − vi|
p =

m∑

i=1

(ui + vi)
p✳

✸✳✷ ▼ét♦❞♦s ❙✐♠✐❧❛r❡s

❆ ♣r✐♠❡✐r❛ ❡s♣❡❝✐❛❧✐③❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s

❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ L1 ✈❡♠ ❞♦ ❛❧❣♦r✐t♠♦ s✐♠♣❧❡① ✭✈❡r [✷✼]✱ [✹]✱ [✷] ❡ [✶]✮✳

❊♠ [✷✼] ❡ [✸] ❡stã♦ ♣r♦♣♦st❛s ❢♦r♠✉❧❛çõ❡s ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦

♣❡❧❛ ♥♦r♠❛ L∞ ✉t✐❧✐③❛♥❞♦ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✳ ❊♠ [✹] ❡stá ♣r♦♣♦st♦ ✉♠ ♠ét♦❞♦ s✐♠♣❧❡①

❡s♣❡❝✐❛❧✐③❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ L∞✳

❊♠ ❬✽❪ ❡ ❬✾❪ sã♦ ❞❡s❝r✐t♦s ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ♣❛r❛ ♦s

♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣❡❧❛s ♥♦r♠❛s L1 ❡ L∞✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♠ ❬✷✵❪ ❡stá ❞❡s❝r✐t❛ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛
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♥♦r♠❛ L∞ ❡✱ ❡♠ ❬✷✶❪✱ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛

L1✳ ❊♠ ❛♠❜♦s ✉t✐❧✐③❛♠✲s❡ ♠ét♦❞♦s ❞❡ ♣♦♥t♦ ✐♥t❡r✐♦r✳

❊♠ ❬✶✶❪ ❡♥❝♦♥tr❛♠♦s ♦ ▼ét♦❞♦ ❞❡ ❘❡❧❛①❛♠❡♥t♦ ❞❛ ❈♦❧✉♥❛ ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡ ◆♦r♠❛

▼í♥✐♠❛✳ P♦ré♠✱ ❡ss❡ ♠ét♦❞♦ é ♣♦✉❝♦ ❡✜❝✐❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❛❧t❡r❛r ♦ ✈❛❧♦r ❞❡ ✉♠❛ ú♥✐❝❛

✈❛r✐á✈❡❧ ❡❧❡ ♣r❡❝✐s❛ ❞❡ ✉♠❛ ✐t❡r❛çã♦✱ s❡♥❞♦ ❛ss✐♠ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ♦♥❞❡ t❡♠♦s ✉♠ ♥ú♠❡r♦

♠✉✐t♦ ❣r❛♥❞❡ ❞❡ ✈❛r✐á✈❡✐s✱ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥❡❝❡ssár✐❛s ✉t✐❧✐③❛❞❛s ♣♦r ❡ss❡ ♠ét♦❞♦ ♣❛r❛

❝❤❡❣❛r ❛♦ ✈❛❧♦r ót✐♠♦ s❡rá ♠✉✐t♦ ❡❧❡✈❛❞♦✳

✸✳✸ ▼ét♦❞♦ ■❘▲❙

❙❡❣✉❡ ❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞♦ ♠ét♦❞♦ ■❘▲❙ ✭■t❡r❛t✐✈❡❧② ❘❡✇❡✐❣❤t❡❞ ▲❡❛st✲❙q✉❛r❡s✮ ❞❡s❡♥✲

✈♦❧✈✐❞♦ ❡♠ ❬✶✾❪ ❡ ❬✷✷❪✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✷✮✳ ❆ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ é ❞❡♥♦t❛❞❛ ❡♠ t❡r♠♦s ❞❡ r ♣♦r

φ(r) = ‖r‖pp (= ψ(x))✳ ❆ ♥♦r♠❛ Lp é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ♣❛r❛ 1 < p < ∞✱ ♣♦✐s ❡st❛♠♦s

s✉♣♦♥❞♦ q✉❡ ♣♦st♦✭A✮ = n✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡ ♥ã♦ ❡①✐st❡ x t❛❧ q✉❡ Ax− b = 0✳

❉❡✜♥❛ r = Ax− b ❡ σi ❝♦♠♦ ♦ s✐♥❛❧ ❞❡ ri = (Ax− b)i✱ i✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ r✳ ❙❡❥❛

σ = (σi)i=1,··· ,m✳ ❆ s♦❧✉çã♦ ♦❝♦rr❡ ♥♦ ♣♦♥t♦ ♦♥❞❡ ♦ ❣r❛❞✐❡♥t❡ ∇ψ(x) = pAt(|Ax− b|)p−1σ

✈❛❧❡ ③❡r♦✱ ♦♥❞❡ (|Ax− b|)p−1 é ✉♠ ✈❡t♦r ❝✉❥❛s ❡♥tr❛❞❛s sã♦ |atix− bi|
p−1✱ i = 1, 2, ...,m✱ ai

r❡♣r❡s❡♥t❛ ❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ A✳ ❉✐③❡r q✉❡ ∇ψ(x) = pAt(|Ax− b|)p−1σ ✈❛❧❡ ③❡r♦

s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ t♦❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ss❡ ✈❡t♦r ✈❛❧❡♠ ③❡r♦✳ ❙✉♣♦♠♦s q✉❡ ❡①✐st❡ ✉♠

♣♦♥t♦ ❝♦♠ ri 6= 0✱ 1 ≤ i ≤ m✳ ❆ss✐♠✱

∇ψ(x) = pAt(|Ax− b|)p−1σ = 0

⇒ At(|Ax− b|)p−1 = 0

é ❡q✉✐✈❛❧❡♥t❡ ❛

Atdiag((|Ax− b|)p−1)r = 0.
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❉❡✜♥❛ D = diag((|Ax− b|)(2−p)/2)✱ ♦✉ s❡❥❛✱ dii = ((|Ax− b|)i)
(2−p)/2 ❡ dij = 0 ♣❛r❛

i 6= j✱ ❝♦♠ i, j = 1, 2, · · · ,m✳ ❊♥tã♦ ❛ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ ♦❝♦rr❡ ♦♥❞❡ At(D)−2r = 0✳

❊ss❛ ❡q✉❛çã♦ ✈❡♠ ❞♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ q✉❛❞r❛❞♦s ♠í♥✐♠♦s✿

(D)−1Ax = (D)−1b.

▼ét♦❞♦ ■❘▲❙

❉❛❞♦ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0

P❛ss♦ ✶✿ ❈❛❧❝✉❧❡ rk = Axk − b❀

P❛ss♦ ✷✿ ❉❡✜♥❛ Dk = diag((
∣
∣Axk − b

∣
∣)(2−p)/2)✱ ❡♥❝♦♥tr❡ xk+1 ❞❡✿

(Dk)−1Axk+1 = (Dk)−1b❀ k ← k + 1❀

❱á ♣❛r❛ ♦ ♣❛ss♦ ✶✳

❈r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ✉s❛❞♦ ❡♠ ❬✶✻❪ é✿

∣
∣φ(rk+1)− φ(rk)

∣
∣

φ(rk+1)
< τs✱ ♦✉ η

k < τs✱ ♦✉ k > 50, ✭✸✳✹✮

♦♥❞❡ τs ❢♦✐ ❞❡✜♥✐❞♦ ❝♦♠♦
1

2
10−11 ❡ k ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳

❊♠ ❬✷✷❪ ❡stá ❞❡♠♦♥str❛❞♦ q✉❡ s❡ ❛ss✉♠✐r♠♦s 1 < p < 2 ❡ rki 6= 0✱ 1 ≤ i ≤ m✱ ♦ ❧✐♠✐t❡

❞❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s
{
xk
}

❣❡r❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ■❘▲❙ é ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❡ ❛

❝♦♥✈❡r❣ê♥❝✐❛ é ❧✐♥❡❛r ❝♦♠ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥st❛♥t❡ 2− p✳

✸✳✹ ▼ét♦❞♦ ■❘▲❙▲

❙❡❣✉❡ ❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞♦ ♠ét♦❞♦ ■❘▲❙▲ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✶✻❪✳

❖ ♠ét♦❞♦ ■❘▲❙▲ é ♦ ♠ét♦❞♦ ■❘▲❙ ♠♦❞✐✜❝❛❞♦ ❝♦♠ ✉♠❛ ❜✉s❝❛ ❧✐♥❡❛r✳ ❈♦♥s✐❞❡r❡ ♦

♣r♦❜❧❡♠❛ ✭✸✳✷✮✳
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❉❛❞♦ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ r0 = Ax0 − b✱ ❝♦♠ |r0| > 0✱ ♦✉ s❡❥❛ ri 6= 0✱ ∀i = 1, 2, · · · ,m✳

❈❛❧❝✉❧❡✿

• gk = p(
∣
∣rk
∣
∣)p−1σk✱ ♦♥❞❡ gik = p(

∣
∣ri

k
∣
∣)p−1σi

k✱ i = 1, 2, · · · ,m✳

• Dk
r = diag(

∣
∣rk
∣
∣)✱ ♦♥❞❡

(
Dk

r

)

ij
=







∣
∣ri

k
∣
∣ , s❡ i = j,

0, s❡i 6= j.

• Dk = (Dk
rdiag((p− 1)

∣
∣gk
∣
∣)−1)1/2✱ ♦♥❞❡

(

Dk
r ij

)

=







( ∣
∣ri

k
∣
∣

(p− 1) |gik|

)1/2

, s❡ i = j,

0, s❡ i 6= j.

❈❛❧❝✉❧❡ ❛ ❞✐r❡çã♦ dk r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✿







(Dk)−1Adxk = −Dkgk

dk = Adkx;

❘❡❛❧✐③❛r ❛ ❜✉s❝❛ ❧✐♥❡❛r ♣❛r❛ ❡♥❝♦♥tr❛r αk✳

Pr♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✿

❉❛❞♦s τ k✱ βf ∈ (0, 1)✱ dk✱ rk✱ α̃k✱ ρb > 0 ✭♣♦r ❡①✳ 106✮ ❡ αi
k✱ ♦♥❞❡✿

Γ =

{

αk
i : αk

i = −
rki
dki
, rki d

k
i < 0

}

.

❋❛ç❛ τ = 0, 975 ✭✈❡r ❬✶✻❪✮ ❡ ❝❛❧❝✉❧❡✿

τ k = max

{

τ, 1−

∥
∥Atgk

∥
∥
2

1 + ‖Atgk‖2

}
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α̃k = −
(gk)tdk

(dk)tdiag(p(|rk|)p−2)dk

P❛ss♦ ✶✿ ❙❡❥❛ αk
∗ ♦ ♠❡♥♦r ♣♦♥t♦ ♣♦s✐t✐✈♦ ❡♠ [α̃k, ρb] ❝♦♠ g(rk + α̃kdk)tdk ≥ 0✳

❙❡ αk
∗ ❡①✐st❡ ❡

φ(rk+1) ≤ φ(rk) + βfα
k
∗∇φ(r

k)tdk,

♦♥❞❡ rk+1 = rk + αk
∗d

k é s❛t✐s❢❡✐t❛✱ ❞❡✜♥❛

α♯
k ← max

{
αk
i : 0 ≤ αk

i ≤ αk
∗

}
❡

αk ← α♯
k + τ k(αk

∗ − α♯
k)✳

❈❛s♦ ❝♦♥trár✐♦✱ r❡t♦r♥❡✳

P❛ss♦ ✷✿ ❙❡ φ(rk+1) > φ(rk) + βf∇φ(r
k)tdk✱ ♦♥❞❡ rk+1 = rk + dk✱ ✈á ♣❛r❛ ♦

♣ró①✐♠♦ ♣❛ss♦✳

❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❛

αk ←







1, s❡ min(
∣
∣rk + dk

∣
∣) > 0,

α♯
k + τ k(1− α♯

k), ❝❛s♦ ❝♦♥trár✐♦.

♦♥❞❡ α♯
k ← max

{
αk
i : 0 ≤ αk

i ≤ 1
}
✱ r❡t♦r♥❛✳

P❛ss♦ ✸✿ ❉❡✜♥❛

αk ←







α̃k, s❡ min(
∣
∣rk + α̃kdk

∣
∣) > 0,

α♯
k + τ k(α̃k − α♯

k), ❝❛s♦ ❝♦♥trár✐♦.
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♦♥❞❡ α♯
k ← max

{
αk
i : 0 ≤ αk

i ≤ α̃k
}
✱ r❡t♦r♥❛✳

❋✐♠

❈♦♠ αk ❝❛❧❝✉❧❛❞♦ ♣❡❧♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✱ ❢❛ç❛

• rk+1 ← rk + αkdk✱ k ← k + 1❀

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ❢❛③ ❝♦♠ q✉❡ ♦ ♠ét♦❞♦ t❡♥❤❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❧♦❜❛❧ ❡

s❡ ♥ã♦ ❡①✐st✐r r❡sí❞✉♦ ♥✉❧♦ ♥❛ s♦❧✉çã♦✱ ❡ss❡ ♠ét♦❞♦ t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ q✉❛❞rát✐❝❛ ✭✈❡r ❬✶✻❪✮✳

❈r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♦ ♠❡s♠♦ q✉❡ ✭✸✳✹✮✱ ❞❡s❝r✐t♦

♥♦ ▼ét♦❞♦ ■❘▲❙✳

✸✳✺ ▼ét♦❞♦ ●◆❈❙

❖ ♠ét♦❞♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ●◆❈❙ é ✉♠ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❣❧♦❜❛❧✐③❛❞♦ q✉❡ ✉s❛ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❢♦❧❣❛s ❝♦♠♣❧❡♠❡♥t❛r❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ♥♦r♠❛ Lp✳

❖ ♠ét♦❞♦ ■❘▲❙▲ ❢✉♥❝✐♦♥❛ ❜❡♠ q✉❛♥❞♦ p ❡stá s✉✜❝✐❡♥t❡♠❡♥t❡ ❧♦♥❣❡ ❞❡ 1✳ ❖ ♠ét♦❞♦

●◆❈❙✱ ❞❡s❝r✐t♦ ❡♠ ❬✶✻❪✱ é ♠❛✐s rá♣✐❞♦ q✉❡ ♦ ♠ét♦❞♦ ■❘▲❙▲ q✉❛♥❞♦ p ❡stá ♣ró①✐♠♦ ❞❡ 1✳

▼ét♦❞♦ ●◆❈❙

❉❛❞♦ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ r0 = Ax0− b✱ ❝♦♠ |r0| > 0 ❡ λ0 = τ
g0

max(|r0|)
✱ ❝♦♠ τ = 0, 975✳

P❛ss♦ ✶✿ ❈❛❧❝✉❧❡✿

• Dk
r = diag(

∣
∣rk
∣
∣)✱ ♦♥❞❡ rk = Axk − b

• gk = p(
∣
∣rk
∣
∣
p−1

)σ

✭◆♦ ♠ét♦❞♦ ■❘▲❙ t❡♠♦s At(D)−2r = 0✱ ❡ss❛ ❡q✉❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡s❝r❡✈❡r g−Ztw =

= 0✱ ♦♥❞❡ ❛s ❧✐♥❤❛s ❞❛ ♠❛tr✐③ ❩ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ♥✉❧♦ ❞❡ At✱ ✐st♦ é✱

AtZt = 0✱ ♥♦t❡ q✉❡ x ∈ ℜn ❡ w ∈ ℜm−n ❡ λk = Ztwk✮



✸✳✺✳ ▼ét♦❞♦ ●◆❈❙ ✸✸

• φ(r0) = ‖r0‖
p
p✳

❉❛❞♦ 0 < γ < 1 ✭♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ✉s❛✲s❡ γ = 0.99✮✱ ❝❛❧❝✉❧❡✿

• ηk = max

{

max

{∣
∣Dk

r (g
k − λk)

∣
∣

φ(r0)

}

,max
{
max

{∣
∣λk
∣
∣−
∣
∣gk
∣
∣ , 0
}}

}

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ηk é ♦ ♠á①✐♠♦ ❞❛ ✈✐♦❧❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❢♦❧❣❛ ❝♦♠♣❧❡♠❡♥t❛r

✭Dr(g−λ) = 0✮ ❡ ❞❛ ✈✐❛❜✐❧✐❞❛❞❡ ❞✉❛❧ ✭|λ| ≤ |g|✮✳ ◆♦t❡ q✉❡ |g| = |p(|r|)p−1| = [1, 1, ..., 1]

q✉❛♥❞♦ p = 1✳ ◆❡st❡ ❝❛s♦✱ θ = 0 ✭♦✉ η = 0✮ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ❞❡

♦t✐♠❛❧✐❞❛❞❡ ✭P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬✾❪✮✳

• θk = diag

(
1

(γ |gk|+ ηke)

)

ηke✱ ♦♥❞❡ e = [1, 1, ..., 1]t ∈ ℜm✳

• Dk
θ = diag(

∣
∣pgk − diag(λk)(e− θk)

∣
∣)

• Dk = (Dk
r (D

k
θ )

−1)1/2

❈❛❧❝✉❧❡ ❛ ❞✐r❡çã♦ dk ♣♦r✿







(Dk)−1Adxk = −Dkgk

dk = Adkx;

❆t✉❛❧✐③❡ λk+1✿

λk+1 ← (Dk
r )

−1Dk
θd

k + gk

❋❛ç❛ τ = 0, 975 ❡ ❝❛❧❝✉❧❡✿

τ k = max

{

τ, 1−
ηk

γ + ηk

}

α̃k = −
(gk)tdk

(dk)tdiag(p(|rk|)p−2)dk
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Pr♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✿

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r αk é ♦ ♠❡s♠♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ ❞❡s❝r✐t♦ ♥♦ ▼ét♦❞♦ ■❘▲❙ ♥❛ ❙❡çã♦ ✸✳✺✳

❈♦♠ αk ❝❛❧❝✉❧❛❞♦ ♣❡❧♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r✱ ❢❛ç❛✿

• rk+1 ← rk + αkdk✱ k ← k + 1✳

❈r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♦ ♠❡s♠♦ q✉❡ ✭✸✳✹✮✱

❞❡s❝r✐t♦ ♥♦ ▼ét♦❞♦ ■❘▲❙✳ ❊ss❡ ♠ét♦❞♦ t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ s✉♣❡r❧✐♥❡❛r ✭✈❡r ❬✶✻❪✮✳

✸✳✻ ▼ét♦❞♦s ❞❡ P♦♥t♦s ■♥t❡r✐♦r❡s ❆♣❧✐❝❛❞♦s ❛♦

Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp

❚♦❞♦s ♦s ♠ét♦❞♦s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♥❡ss❛ s❡çã♦ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ❡♠ ❬✼❪✳ ❊♥✲

tr❡t❛♥t♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♠ét♦❞♦s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣r✐♠❛❧✲❞✉❛❧ ❜❛r✲

r❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ♥♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✳

P❛r❛ t♦❞♦s ❡ss❡s ♠ét♦❞♦s ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❙❡çã♦ ✸✳✶✳

✸✳✻✳✶ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❖ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✮ é✿

min
m∑

i=1

(ui + vi)
p − µ

m∑

i=1

ln(ui)− µ
m∑

i=1

ln(vi) ✱

s✳❛✳ Ax+ u− v − b = 0
✭✸✳✺✮

♦♥❞❡ µ > 0 é ♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛✱ A ∈ ℜm×n✱ u, v, b ∈ ℜm✱ m > n ❡ 1 < p <∞✳

❆ ❢✉♥çã♦ ▲❛❣r❛♥❣✐❛♥❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛ é✿
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Lp ✸✺

L(x, y, u, v) =
m∑

i=1

(ui + vi)
p − µ

m∑

i=1

ln(ui)− µ
m∑

i=1

ln(vi) + yt(Ax+ u− v − b),

♦♥❞❡ y é ✈❡t♦r ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✳

❚❡♠♦s q✉❡

∇φ(u, v) =






∂φ(u, v)/∂u

∂φ(u, v)/∂v




 =






p(u+ v)p−1

p(u+ v)p−1




 =






g

g






é ♦ ❣r❛❞✐❡♥t❡ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ ❞❛❞❛ ♣♦r φ(u, v) =
m∑

i=1

(ui + vi)
p✱

g = p(u+ v)p−1✱ ♦♥❞❡ gi = p(ui + vi)
p−1✱ i = 1, ...,m✳

∇2φ(u, v) = G =







p(p− 1)

(ui + vi)2−p
, s❡ i = j,

0, s❡ i 6= j.

❖❜s❡r✈❡ q✉❡ G é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳

❆♣❧✐❝❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛✱ ❞❡✈❡♠♦s t❡r✿

∇L
︸︷︷︸

J(x,y,u,v)

=












Aty

Ax+ u− v − b

g − µU−1e+ y

g − µV −1e− y












=












0

0

0

0












✱

♦♥❞❡✿

e =












1

1

✳✳✳

1












✱ U = diag(u) =







ui, s❡ i = j,

0, s❡ i 6= j.

❡ V = diag(v) =







vi, s❡ i = j,

0, s❡ i 6= j.
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❊ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

∇L
︸︷︷︸

J(x,y,u,v)

=












Aty

Ax+ u− v − b

U(g + y)

V (g − y)












=












0

0

µe

µe












❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛ ❡ss❡ ♣r♦❜❧❡♠❛ t❡♠♦s✿











0 At 0 0

A 0 I −I

0 U diag(g + y) + UG UG

0 −V V G diag(g − y) + V G























dx

dy

du

dv












=












r1

r2

r3

r4












✱

♦♥❞❡✿

r1 = −Aty,

r2 = −Ax− u+ v + b,

r3 = −U(g + y) + µe,

r4 = −V (g − y) + µe,

diag(g + y) =







gi + yi, s❡ i = j,

0, s❡ i 6= j.

diag(g − y) =







gi − yi, s❡ i = j,

0, s❡ i 6= j.

❉❡ss❡ s✐st❡♠❛ ❝❛❧❝✉❧❛♠♦s ❛s ❞✐r❡çõ❡s ❡ ❛t✉❛❧✐③❛♠♦s ❛s ✈❛r✐á✈❡✐s s❡❣✉✐♥❞♦ ♦ ♠ét♦❞♦✳

❆❧❣♦r✐t♠♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

P♦♥t♦ ✐♥✐❝✐❛❧✿
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Lp ✸✼

x0 = (AtA)−1Atb,

r0 = b− Ax0,

ui
0 =







ζ + 1

2
ri

0, s❡ ri0 > 0,

1− ζ

2
ri

0, ❝❛s♦ ❝♦♥trár✐♦ .

vi
0 =







ζ − 1

2
ri

0, s❡ ri0 > 0,

−1− ζ

2
ri

0, ❝❛s♦ ❝♦♥trár✐♦ .

y0 =
δr0

‖r0‖∞
✱ ❝♦♠ δ = 0.975.

✭✸✳✻✮

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ❬✼❪✳ ❉❡✈❡♠♦s ✉s❛r ζ > 1 ♣❛r❛ q✉❡ u ❡ v s❡❥❛♠

♣♦♥t♦s ✐♥t❡r✐♦r❡s ❢❛❝tí✈❡✐s✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0, µ0✱ β > 1 ❡ τ = 0, 99995.

❖ ✈❛❧♦r s✉❣❡r✐❞♦ ♣❛r❛ τ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✻❪✳

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

r1
k = −Atyk

r2
k = −Axk − uk + vk + b

r3
k = −Uk(gk + yk) + µke

r4
k = −V k(gk − yk) + µke
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Du
k =

[
diag(gk + yk) + UkGk

]

Dv
k =

[
diag(gk − yk) + V kGk

]

Dφ
k =

[
Dk

v − V
kUk(Gk)2(Dk

u)
−1
]

Dk =
[
−(Dk

u)
−1Uk − (Dφ

k)−1V k(I + (Dk
u)

−1UkGk)2
]−1

rk = −
{
rk1 − A

tDk
[
rk2 − (Dk

u)
−1rk3 + (Dφ

k)−1(I + (Dk
u)

−1UkGk)(rk4 − (Dk
u)

−1V kGkrk3)
]}

dxk = (AtDkA)−1rk

dyk = Dk
[
rk2 − Adx

k − (Dk
u)

−1rk3 + (Dφ
k)−1(I + (Dk

u)
−1UkGk)(rk4 − (Dk

u)
−1V kGkrk3)

]

dvk = (Dφ
k)−1

[
rk4 + V kdyk + (Dk

u)
−1(−V kGkrk3 + V kUkGkdyk)

]

duk = (Dk
u)

−1(rk3 − U
kdyk − UkGkdvk)

αk = min

{

τ

(

min
dui

k<0
−
ui

k

dui
k

)

, τ

(

min
dvi

k<0
−
vi

k

dvi
k

)

, 1

}

xk+1 = xk + αkdxk

yk+1 = yk + αkdyk

uk+1 = uk + αkduk

vk+1 = vk + αkdvk

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

❯t✐❧✐③❛♠♦s ❞♦✐s ❝r✐tér✐♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ✉♠ ❜❛s❡❛❞♦ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡

❡ ♦ ♦✉tr♦ ❜❛s❡❛❞♦ ♥❛ ❞✐❢❡r❡♥ç❛ ❞♦s ✈❛❧♦r❡s ❞❡ N ❛t✉❛❧ ❡ ❞❛ ✐t❡r❛çã♦ ❛♥t❡r✐♦r✳

Nk =

∥
∥∇Lk

∥
∥

(1 + ‖xk‖+ ‖uk‖+ ‖vk‖+ ‖yk‖)(2m)
≤ ǫ ✱

∣
∣Nk+1 −Nk

∣
∣ ≤ ǫ1.

✭✸✳✼✮
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Lp ✸✾

❊♠ Nk✱ m r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❞❛ ♠❛tr✐③ A✱ ǫ ❡ ǫ1 sã♦ t♦❧❡râ♥❝✐❛s ♣ré✲

❞❡t❡r♠✐♥❛❞❛s✳

✸✳✻✳✷ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❊ss❡ ♠ét♦❞♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✼❪✱ ❡ s❡rá ❛♣r❡s❡♥t❛❞♦ ❛q✉✐ ❝♦♠ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s

♥♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❜❛rr❡✐r❛ ✭✸✳✺✮✳

P❛ss♦ ♣r❡❞✐t♦r✿ ❉❡✈❡♠♦s ✜①❛r ♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ = 0 ❡ ❝❛❧❝✉❧❛r♠♦s ❛ ❞✐r❡çã♦

r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✿












0 At 0 0

A 0 I −I

0 U diag(g + y) + UG UG

0 −V V G diag(g − y) + V G























d̄x

d̄y

d̄u

d̄v












=












r̄1

r̄2

r̄3

r̄4












✱

♦♥❞❡✿

r̄1 = −Aty,

r̄2 = −Ax− u+ v + b,

r̄3 = −U(g + y),

r̄4 = −V (g − y).

❆ss✐♠ t❡♠♦s ♦ s✐st❡♠❛✿

Atd̄y = r̄1 (1)

Ad̄x+ d̄u− d̄v = r̄2 (2)

Ud̄y + [diag(g + y) + UG]d̄u+ UGd̄v = r̄3 (3)

−V d̄y + V Gd̄u+ [diag(g − y) + V G]d̄v = r̄4 (4)

■s♦❧❛♥❞♦ d̄u ❞❛ ❡q✉❛çã♦ ✭✸✮✱ s✉❜st✐t✉✐♥❞♦ d̄u ♥❛ ❡q✉❛çã♦ ✭✹✮ ❡ ✐s♦❧❛♥❞♦ d̄v✱ s✉❜st✐✲
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t✉✐♥❞♦ d̄v ♥❛ ❡q✉❛çã♦ ✭✷✮ ❡ ✐s♦❧❛♥❞♦ d̄y✱ s✉❜st✐t✉✐♥❞♦ d̄y ♥❛ ❡q✉❛çã♦ ✭✶✮✱ ♦❜t❡♠♦s d̄x✳ ❚❡♠♦s

♣♦rt❛♥t♦ ♦ ♣❛ss♦ ♣r❡❞✐t♦r✿

d̄x = (AtDA)−1r̄,

d̄y = D[r̄2 − Ad̄x−Du
−1r̄3 + (Dv − V UG

2Du
−1)−1(I +Du

−1UG)(r̄4 −Du
−1V Gr̄3)],

d̄v = (Dv − V UG
2Du

−1)−1[r̄4 + V d̄y +Du
−1(−V Gr̄3 + V UGd̄y)],

d̄u = Du
−1(r̄3 − Ud̄y − UGd̄v),

♦♥❞❡✿

Du = [diag(g + y) + UG],

Dv = [diag(g − y) + V G],

D = [−Du
−1U − (Dv − V UG

2Du
−1)−1V (I +Du

−1UG)2]−1,

r̄ = −
{
r̄1 − A

tD[r̄2 −Du
−1r̄3 + (Dv − V UG

2Du
−1)−1(I +Du

−1UG)(r̄4 −Du
−1V Gr̄3)]

}
,

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦s s❡❣✉✐♥t❡s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s✿

∇L
︸︷︷︸

J(x,y,u,v)

=












Aty

Ax+ u− v − b

U(g + y)

V (g − y)












=












0

0

µe

µe












❡ ✭✸✳✽✮












0 At 0 0

A 0 I −I

0 U diag(g + y) + UG UG

0 −V V G diag(g − y) + V G























dx

dy

du

dv












=












r1

r2

r3

r4












✱ ✭✸✳✾✮
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Lp ✹✶

♦♥❞❡✿

r1 = −Aty,

r2 = −Ax− u+ v + b,

r3 = −U(g + y) + µe,

r4 = −V (g − y) + µe.

❖ s✐st❡♠❛ ✭✸✳✾✮ é ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣❧✐❝❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✸✳✽✮✳

❆❣♦r❛ ✈❛♠♦s ❡♥❝♦♥tr❛r ♥♦✈♦s r❡sí❞✉♦s ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ♣❛ss♦ ❝♦rr❡t♦r✳ P❛r❛ ❝❛❧❝✉❧❛r

♦s r❡sí❞✉♦s ❞❡✈❡♠♦s ❝♦♠♣❛r❛r ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ✭✸✳✽✮✱ s✉❜st✐t✉✐♥❞♦ x ♣♦r x + dx✱ y

♣♦r y + dy✱ u ♣♦r u + du ❡ v ♣♦r v + dv ❝♦♠ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✸✳✾✮✳ ❆s ❞✐❢❡r❡♥ç❛s

❡♥❝♦♥tr❛❞❛s s❡rã♦ ♥♦ss♦s r❡sí❞✉♦s✳

Pr✐♠❡✐r♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✽✮✿

At(y + dy) = 0

⇒ Atdy = −Aty.

❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ s✐st❡♠❛ ✭✸✳✾✮✱ ✈❡♠♦s q✉❡ ♥ã♦ ❡①✐st❡ r❡sí❞✉♦✳

❙❡❣✉♥❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✽✮✿

A(x+ dx) + u+ du− v − dv − b = 0

⇒ Adx+ du− dv = b− Ax− u+ v.

❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ s✐st❡♠❛ ✭✸✳✾✮✱ ✈❡♠♦s q✉❡ ♥❡ss❡ s✐st❡♠❛ t❛♠❜é♠ ♥ã♦ ❡①✐st❡ r❡sí✲

❞✉♦✳

❚❡r❝❡✐r♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✽✮✿

(U + dU)(g̃ + y + dy) = µe ✱

♦♥❞❡ g̃i = p(ui + dui + vi + dvi)
p−1✱ ❛ss✐♠ g̃ = g̃i✱ ✐ ❂ ✶✱✷✱✳✳✳✱♠ ✳ ❊♥tr❡t❛♥t♦✱ p(ui + dui +

vi + dvi)
p−1 ♣♦❞❡ r❡s✉❧t❛r ❡♠ ✉♠ ♥ú♠❡r♦ ✐♠❛❣✐♥ár✐♦✱ ♣❛r❛ ❝♦rr✐❣✐r ❡ss❡ ♣r♦❜❧❡♠❛ ❞❡✈❡♠♦s

❢❛③❡r g̃i = p(ui + βdui + vi + βdvi)
p−1✱ ♦♥❞❡ β é ❝❛❧❝✉❧❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
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β = min

{

τ

(

min
(dui+dvi)<0

−
(ui + vi)

(dui
+ dvi)

)

, 1

}

✱ ♦♥❞❡ τ❂✵✱✾✾✾✾✺✳ ✭✸✳✶✵✮

❈♦♠ ❜❛s❡ ♥♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❛❝r❡❞✐t❛♠♦s q✉❡ g̃i ♥ã♦ ❛❢❡t❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

❞❡st❡ ♠ét♦❞♦✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R1 = ((U + dU)(g̃ + y + dy) − µe) − (Udy + diag(g)du + diag(y)du + UGdu + UGdv +

Ug + Uy − µe)

⇒ R1 = (U + dU)g̃ + dUdy − dUg − UGdu− UGdv − Ug.

◗✉❛rt♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✽✮✿

(V + dV )(g̃ − y − dy) = µe ✱

♦♥❞❡ g̃ = p(u+ βdu+ v + βdv)p−1✱ ❡ β é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❡♠ ✭✸✳✶✵✮✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R2 = ((V +dV )(g̃−y−dy)−µe)−(−V dy+V Gdu+diag(g−y)dv+V Gdv+V g−V y−µe)

⇒ R2 = (V + dV )g̃ − dV dy − V Gdu− dV g − V Gdv − V g.

P❛ss♦ ❝♦rr❡t♦r✿ ❆❣♦r❛ ♣♦❞❡♠♦s ✐♠♣♦r ✉♠ ✈❛❧♦r ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ ❡

r❡s♦❧✈❡r ♦ s✐st❡♠❛✿












0 At 0 0

A 0 I −I

0 U diag(g + y) + UG UG

0 −V V G diag(g − y) + V G























d̂x

d̂y

d̂u

d̂v












=












r̂1

r̂2

r̂3

r̂4












✱
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♦♥❞❡✿

r̂1 = −Aty,

r̂2 = −Ax− u+ v + b,

r̂3 = −U(g + y) + µe−R1,

r̂4 = −V (g − y) + µe−R2,

R1 = (U + dU)g̃ + dUdy − dUg − UGdu− UGdv − Ug,

R2 = (V + dV )g̃ − dV dy − V Gdu− dV g − V Gdv − V g,

g̃ = p(u+ βdu+ v + βdv)p−1,

β = min

{

τ

(

min
( ¯dui+

¯dvi)<0
−

(ui + vi)
(
d̄ui

+ d̄vi
)

)

, 1

}

♦♥❞❡ τ❂✵✳✾✾✾✺,

❖❜t❡♠♦s ❞❡ss❛ ❢♦r♠❛ ❛s ❞✐r❡çõ❡s✿

d̂x = (AtDA)−1r̂,

d̂y = D[r̂2 − Ad̂x−Du
−1r̂3 + (Dv − V UG

2Du
−1)−1(I +Du

−1UG)(r̂4 −Du
−1V Gr̂3)],

d̂v = (Dv − V UG
2Du

−1)−1[r̂4 + V d̂y +Du
−1(−V Gr̂3 + V UGd̂y)],

d̂u = Du
−1(r̂3 − Ud̂y − UGd̂v),

♦♥❞❡✿

Du = [diag(g + y) + UG],

Dv = [diag(g − y) + V G],

D = [−Du
−1U − (Dv − V UG

2Du
−1)−1V (I +Du

−1UG)2]−1,

r̂ = −
{
r̂1 − A

tD[r̂2 −Du
−1r̂3 + (Dv − V UG

2Du
−1)−1(I +Du

−1UG)(r̂4 −Du
−1V Gr̂3)]

}
.

P❛r❛ ❣❛r❛♥t✐r q✉❡ ♦ ♥♦✈♦s ✈❡t♦r❡s u ❡ v s❡❥❛♠ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦s✱ ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r

♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ α ❞❛❞♦ ♣♦r✿

α = min

{

τ

(

min
ˆdui<0
−
ui

d̂ui

)

, τ

(

min
ˆdvi<0
−
vi

d̂vi

)

, 1

}

✱ ♦♥❞❡ τ❂✵✱✾✾✾✾✺.



✹✹ ✸✳ ▼ét♦❞♦s ❊①✐st❡♥t❡s ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❘❡❣r❡ssã♦ Lp

❚❛♥t♦ ♥♦ ♣❛ss♦ ♣r❡❞✐t♦r q✉❛♥t♦ ♥♦ ♣❛ss♦ ❝♦rr❡t♦r t❡♠♦s ❛ ♠❡s♠❛ ♠❛tr✐③ ♣❛r❛ ❝❛❧❝✉❧❛r

❛s ❞✐r❡çõ❡s✱ ♦ q✉❡ s❡ ❛❧t❡r❛ é ❛♣❡♥❛s ♦ ✈❡t♦r ❞♦ ❧❛❞♦ ❞✐r❡✐t♦✳ ❉❡ss❡ s✐st❡♠❛ ❝❛❧❝✉❧❛♠♦s ❛s

❞✐r❡çõ❡s ❡ ❛t✉❛❧✐③❛♠♦s ❛s ✈❛r✐á✈❡✐s s❡❣✉✐♥❞♦ ♦ ♠ét♦❞♦ ❛ s❡❣✉✐r✳

❆❧❣♦r✐t♠♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✸✳✻✮✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0✱ µ0✱ β > 1 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

P❛ss♦ Pr❡❞✐t♦r✿

gk = p(uk + vk)p−1

Uk = diag(uk)

V k = diag(vk)

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

¯r1k = −Atyk

¯r2k = −Axk − uk + vk + b

¯r3k = −Uk(gk + yk)

¯r4k = −V k(gk − yk)

Du
k =

[
diag(gk + yk) + UkGk

]

Dv
k =

[
diag(gk − yk) + V kGk

]

Dφ
k =

[
Dk

v − V
kUk(Gk)2(Dk

u)
−1
]

Dk = [−(Dk
u)

−1Uk − (Dφ
k)−1V k(I + (Dk

u)
−1UkGk)2]−1

r̄k = −
{ ¯r1k − A

tDk
[ ¯r2k − (Dk

u)
−1 ¯r3k + (Dφ

k)−1(I + (Dk
u)

−1UkGk)( ¯r4k − (Dk
u)

−1V kGk ¯r3k)
]}
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¯dxk = (AtDkA)−1r̄k

¯dyk = Dk[ ¯r2k − A ¯dxk − (Dk
u)

−1 ¯r3k + (Dφ
k)−1(I + (Du

k)−1UkGk)( ¯r4k − (Du
k)−1V kGk ¯r3k)]

¯dvk = (Dφ
k)−1[ ¯r4k + V ¯dyk + (Du

k)−1(−V kGk ¯r3k + V kUkG ¯dyk)]

¯duk = (Du
k)−1( ¯r3k − U

k ¯dyk − UkGk ¯dvk)

P❛ss♦ ❈♦rr❡t♦r✿

βk = min






τ



 min
( ¯dui

k+ ¯dvi
k)<0

−

(
ui

k + vi
k
)

(
¯dui

k + ¯dvi
k
)



 , 1







g̃k = p(uk + βk ¯duk + vk + βk ¯dvk)p−1

¯dUk = diag(d̄u
k
)

¯dV k = diag(d̄v
k
)

R1
k = (Uk + ¯dUk)g̃k + ¯dUk ¯dyk − ¯dUkgk − UkGk ¯duk − UkGk ¯dvk − Ukgk

R2
k = (V k + ¯dV k)g̃k − ¯dV kdyk − V kGk ¯duk − ¯dV kgk − V kGk ¯dvk − V kgk

r̂1
k = −Atyk

r̂2
k = −Axk − uk + vk + b

r̂3
k = −Uk(gk + yk) + µke−R1

k

r̂4
k = −V k(gk − yk) + µke−R2

k

r̂k = −
{

ˆr1k − A
tDk

[
ˆr2k − (Dk

u)
−1 ˆr3k + (Dφ

k)−1(I + (Dk
u)

−1UkGk)( ˆr4k − (Dk
u)

−1V kGk ˆr3k)
]}

ˆdxk = (AtDkA)−1r̂k

ˆdyk = Dk[ ˆr2k − A ˆdxk − (Dk
u)

−1 ˆr3k + (Dφ
k)−1(I + (Du

k)−1UkGk)( ˆr4k − (Du
k)−1V kGk ˆr3k)]

ˆdvk = (Dφ
k)−1[ ˆr4k + V ˆdyk + (Du

k)−1(−V kGk ˆr3k + V kUkG ¯dyk)]

ˆduk = (Du
k)−1( ˆr3k − U

k ˆdyk − UkGk ˆdvk)

αk = min

{

τ

(

min
ˆdui

k<0

−
ui

k

ˆdui
k

)

, τ

(

min
ˆdvi
k<0

−
vi

k

ˆdvi
k

)

, 1

}
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xk+1 = xk + αk ˆdxk

yk+1 = yk + αk ˆdyk

uk+1 = uk + αk ˆduk

vk+1 = vk + αk ˆdvk

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

❯t✐❧✐③❛♠♦s ♦ ♠❡s♠♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❞❡✜✲

♥✐❞♦ ❡♠ ✭✸✳✼✮ ♥❛ ❙❡çã♦ ✸✳✺✳✶✳

✸✳✻✳✸ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❖ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✸✳✽✮ ❞❛ ❙❡çã♦ ✸✳✺✳✷ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛✿

∇L
︸︷︷︸

J(x,y,u,v)

=












Aty

Ax+ u− v − b

g − µU−1e+ y

g − µV −1e− y












=












0

0

0

0












. ✭✸✳✶✶✮

❋❛③❡♥❞♦ zu = µU−1e ❡ zv = µV −1e ❝♦♠♦ ❡♠ ❬✶✸❪✱ ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✳✶✶✮✱ ♦❜t❡♠♦s

❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✿
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∇L
︸︷︷︸

J(x,y,u,v,zu,zv)

=



















Aty

Ax+ u− v − b

g − zu + y

g − zv − y

UZue

V Zve



















=



















0

0

0

0

µe

µe



















, ✭✸✳✶✷✮

♦♥❞❡✿

Zu = diag(zu) =







zui
, s❡ i = j,

0, s❡ i 6= j.

❡ Zv = diag(zv) =







zvi , s❡ i = j,

0, s❡ i 6= j.

❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ às ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✱ t❡r❡♠♦s ♦ s❡❣✉✐♥t❡

s✐st❡♠❛✿



















0 At 0 0 0 0

A 0 I −I 0 0

0 I G G −I 0

0 −I G G 0 −I

0 0 Zu 0 U 0

0 0 0 Zv 0 V





































dx

dy

du

dv

dzu

dzv



















=



















r1

r2

r3

r4

r5

r6



















,
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♦♥❞❡✿

r1 = −Aty,

r2 = −Ax− u+ v + b,

r3 = −g + zu − y,

r4 = −g + zv + y,

r5 = −UZue+ µe,

r6 = −V Zve+ µe.

❚❡♠♦s q✉❡ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❛❜❛✐①♦ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛s ❞✐r❡çõ❡s✳

Atdy = r1

Adx+ du− dv = r2

dy +Gdu+Gdv − dzu = r3

−dy +Gdu+Gdv − dzv = r4

Zudu+ Udzu = r5

Zvdv + V dzv = r6

❘❡s♦❧✈❡♥❞♦ ❡ss❡ s✐st❡♠❛ ❡♥❝♦♥tr❛♠♦s ❛s ❞✐r❡çõ❡s✿

dx = (AtDA)
−1
r,

dy = D
[

r2 − Adx−Dzu
−1 (r3 + U−1r5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
E
]

,

dv =
(
Dzv −G

2Dzu
−1
)−1 [

E + dy +Dzu
−1Gdy

]
,

du = Dzu
−1 (r3 − dy −Gdv + U−1r5) ,

dzv = V −1 (r6 − Zvdv) ,

dzu = U−1 (r5 − Zudu) ,

♦♥❞❡✿
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D =
[

−Dzu
−1 −

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)2
]−1

,

r = −
{

r1 − A
tD
[

r2 −Dzu
−1 (r3 + U−1r5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
E
]}

,

E =
[
r4 +Dzu

−1 (−Gr3 −GU
−1r5) + V −1r6

]
,

Dzu = (G+ U−1Zu) ,

Dzv = (G+ V −1Zv) .

❚❡♥❞♦ ❝❛❧❝✉❧❛❞❛s ❛s ❞✐r❡çõ❡s✱ ❞❡✈❡♠♦s ❛t✉❛❧✐③❛r ❛s ✈❛r✐á✈❡✐s ✉s❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦

♣❛ss♦ α ❞❡✜♥✐❞♦ ❞❡ ❢♦r♠❛ ❛ ♠❛♥t❡r ❛s ✈❛r✐á✈❡✐s u✱ v✱ dzu ❡ dzv ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛s✳

α = min

{

τ

(

min
dui<0

−
ui
dui

)

, τ

(

min
dvi<0

−
vi
dvi

)

, τ

(

min
dzui<0

−
zui
dzui

)

, τ

(

min
dzvi<0

−
zvi
dzvi

)

, 1

}

,

♦♥❞❡ τ = 0, 99995✳

❉❡✈❡♠♦s ❛t✉❛❧✐③❛r ❛s ✈❛r✐á✈❡✐s s❡❣✉✐♥❞♦ ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❛❜❛✐①♦✳

❆❧❣♦r✐t♠♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✸✳✻✮✳

zu
0 ❂ zv

0 = e✱ ♦♥❞❡ e = [1, 1, ..., 1]t✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0✱ µ0✱ (zu0, zv0) > 0 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

Zuk = diag(zu
k)

Zvk = diag(zv
k)

r1
k = −Atyk
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r2
k = −Axk − uk + vk + b

r3
k = −gk + zu

k − yk

r4
k = −gk + zv

k + yk

r5
k = −UkZuke+ µke

r6
k = −V kZvke+ µke

Dzu
k =

(
Gk + (Uk)−1Zu

k
)

Dzv
k =

(
Gk + (V k)−1Zv

k
)

F k =
(
Dzv

k − (Gk)2(Dzu
k)−1

)

Dk =
[

−(Dzu
k)−1 −

(
F k
)−1 (

I + (Dzu
k)−1Gk

)2
]−1

Ek =
[
r4

k + (Dzu
k)−1

(
−Gkr3

k −Gk(Uk)−1r5
k
)
+ (V k)−1r6

k
]

rk = −
{
r1

k − AtDk
[
r2

k − (Dzu
k)−1

(
r3

k + (Uk)−1r5
k
)
+ (F k)−1

(
I + (Dzu

k)−1Gk
)
Ek
]}

dxk =
(
AtDkA

)−1
rk

dyk = Dk
[
r2

k − Adxk − (Dzu
k)−1

(
r3

k + (Uk)−1r5
k
)
+ (F k)−1

(
I + (Dzu

k)−1Gk
)
Ek
]

dvk = (F k)−1
[
Ek + dyk + (Dzu

k)−1Gkdyk
]

duk = (Dzu
k)−1

(
r3

k − dyk −Gkdvk + (Uk)−1r5
k
)

dzv
k = (V k)−1

(
r6

k − Zv
kdvk

)

dzu
k = (Uk)−1

(
r5

k − Zu
kduk

)

αk = min

{

τ

(

min
dui

k<0
−
ui

k

dui
k

)

, τ

(

min
dvi

k<0
−
vi

k

dvi
k

)

, τ

(

min
dzui

k<0
−
zui

k

dzui
k

)

, τ

(

min
dzvi

k<0
−
zvi

k

dzvi
k

)

, 1

}

xk+1 = xk + αkdxk

yk+1 = yk + αkdyk

uk+1 = uk + αkduk

vk+1 = vk + αkdvk

zu
k+1 = zu

k + αkdzu
k

zv
k+1 = zv

k + αkdzv
k

µk+1 =
µk

β
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❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

❆q✉✐ t❛♠❜é♠ ✉t✐❧✐③❛♠♦s ❞♦✐s ❝r✐tér✐♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ✉♠ ❞❡❧❡s ❜❛s❡❛❞♦ ♥❛s ❝♦♥✲

❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❡ ♦ ♦✉tr♦ ❜❛s❡❛❞♦ ♥❛ ❞✐❢❡r❡♥ç❛ ❞♦s ✈❛❧♦r❡s ❞❡ N ❛t✉❛❧ ❡ ❞❛ ✐t❡r❛çã♦

❛♥t❡r✐♦r✳

Nk =

∥
∥∇Lk

∥
∥

(1 + ‖xk‖+ ‖uk‖+ ‖vk‖+ ‖yk‖+ ‖zuk‖+ ‖zvk‖)(2m)
≤ ǫ ✱

∣
∣Nk+1 −Nk

∣
∣ ≤ ǫ1.

✭✸✳✶✸✮

❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡ss❡ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ♦ ❝r✐tér✐♦ ✭✸✳✼✮ ❞❛ ❙❡çã♦ ✸✳✺✳✶

é q✉❡ ❛q✉✐ ❛♣❛r❡❝❡♠ ❛s ✈❛r✐á✈❡✐s zu ❡ zv✱ q✉❡ sã♦ ❝♦♥s✐❞❡r❛❞❛s ♥♦ ❝á❧❝✉❧♦ ❞❡ Nk✳

P❛r❛ s❛❜❡r ♠❛✐s s♦❜r❡ ♠ét♦❞♦ ❞❡ ♣♦♥t♦ ✐♥t❡r✐♦r ♣r✐♠❛❧✲❞✉❛❧✱ ✈❡r ❬✷✽❪✳

✸✳✻✳✹ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❆ss✐♠ ❝♦♠♦ ♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✱ ❡ss❡ ♠ét♦❞♦ t❛♠❜é♠ ❞❡✲

s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✼❪ ❢♦✐ ♠♦❞✐✜❝❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦ ❛tr❛✈és ❞♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✳

❈♦♠♦ ❢♦✐ ✈✐st♦ ♥❛ ❙❡çã♦ ✸✳✺✳✸✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛♣❧✐❝❛❞♦ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

✭✸✳✶✷✮ ♥♦s ❢♦r♥❡❝❡ ♦ s✐st❡♠❛✿
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dx

dy

du

dv

dzu

dzv



















=



















r1

r2

r3

r4

r5

r6



















, ✭✸✳✶✹✮
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♦♥❞❡✿

r1 = −Aty,

r2 = −Ax− u+ v + b,

r3 = −g + zu − y,

r4 = −g + zv + y,

r5 = −UZue+ µe,

r6 = −V Zve+ µe.

P❛ss♦ ♣r❡❞✐t♦r✿ ❉❡✈❡♠♦s ❢❛③❡r ♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ = 0 ❡ ❝❛❧❝✉❧❛r♠♦s ❛ ❞✐r❡çã♦

r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✿



















0 At 0 0 0 0

A 0 I −I 0 0

0 I G G −I 0

0 −I G G 0 −I

0 0 Zu 0 U 0

0 0 0 Zv 0 V





































d̄x

d̄y

d̄u

d̄v

d̄zu

d̄zv



















=



















r̄1

r̄2

r̄3

r̄4

r̄5

r̄6



















,

♦♥❞❡✿

r̄1 = −Aty,

r̄2 = −Ax− u+ v + b,

r̄3 = −g + zu − y,

r̄4 = −g + zv + y,

r̄5 = −UZue,

r̄6 = −V Zve.

❖❜t❡♠♦s ❛s ❞✐r❡çõ❡s ❞♦ ♣❛ss♦ ♣r❡❞✐t♦r✿
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Lp ✺✸

d̄x = (AtDA)
−1
r̄,

d̄y = D
[

r̄2 − Ad̄x−Dzu
−1 (r̄3 + U−1r̄5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
Ē
]

,

d̄v =
(
Dzv −G

2Dzu
−1
)−1 [

Ē + d̄y +Dzu
−1Gd̄y

]
,

d̄u = Dzu
−1
(
r̄3 − d̄y −Gd̄v + U−1r̄5

)
,

d̄zv = V −1
(
r̄6 − Zvd̄v

)
,

d̄zu = U−1
(
r̄5 − Zud̄u

)
,

♦♥❞❡✿

D =
[

−Dzu
−1 −

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)2
]−1

,

r̄ = −
{

r̄1 − A
tD
[

r̄2 −Dzu
−1 (r̄3 + U−1r̄5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
Ē
]}

,

Ē =
[
r̄4 +Dzu

−1 (−Gr̄3 −GU
−1r̄5) + V −1r̄6

]
,

Dzu = (G+ U−1Zu) ,

Dzv = (G+ V −1Zv) .

P❛r❛ ❝❛❧❝✉❧❛r ♦s r❡sí❞✉♦s ❞❡✈❡♠♦s ❝♦♠♣❛r❛r ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ✭✸✳✶✷✮✱ s✉❜st✐✲

t✉✐♥❞♦ x ♣♦r x + dx✱ y ♣♦r y + dy✱ u ♣♦r u + du ❡ v ♣♦r v + dv✱ zu ♣♦r zu + dzu ❡ zv ♣♦r

zv + dzv ❝♦♠ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✸✳✶✹✮✳ ❆s ❞✐❢❡r❡♥ç❛s ❡♥❝♦♥tr❛❞❛s s❡rã♦ ♥♦ss♦s r❡sí❞✉♦s✳

Pr✐♠❡✐r♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

At(y + dy) = 0

⇒ Atdy = −Aty.

❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ s✐st❡♠❛ ✭✸✳✶✹✮✱ ✈❡♠♦s q✉❡ ♥ã♦ ❡①✐st❡ r❡sí❞✉♦✳

❙❡❣✉♥❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

A(x+ dx) + u+ du− v − dv − b = 0

⇒ Adx+ du− dv = b− Ax− u+ v.

❈♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ s✐st❡♠❛ ✭✸✳✶✹✮✱ ✈❡♠♦s q✉❡ ♥❡ss❡ s✐st❡♠❛ t❛♠❜é♠ ♥ã♦ ❡①✐st❡ r❡sí✲
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❞✉♦✳

❚❡r❝❡✐r♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

g̃ − (zu + dzu) + y + dy = 0,

♦♥❞❡ g̃i = p(ui + dui + vi + dvi)
p−1✱ ❛ss✐♠ g̃ = g̃i✱ i = 1, 2, ...,m ✳ ❊♥tr❡t❛♥t♦✱ p(ui + dui +

vi + dvi)
p−1 ♣♦❞❡ r❡s✉❧t❛r ❡♠ ✉♠ ♥ú♠❡r♦ ✐♠❛❣✐♥ár✐♦✱ ♣❛r❛ ❝♦rr✐❣✐r ❡ss❡ ♣r♦❜❧❡♠❛✱ ❞❡✈❡♠♦s

❢❛③❡r g̃i = p(ui + βdui + vi + βdvi)
p−1✱ ❡ β é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✸✳✶✵✮✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R1 = (g̃ − zu − dzu + y + dy)− (dy +Gdu+Gdv − dzu + g − zu + y)

⇒ R1 = g̃ − zu − dzu + y + dy − dy −Gdu−Gdv + dzu − g + zu − y

⇒ R1 = g̃ −G(du+ dv)− g.

◗✉❛rt♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

g̃ − (zv + dzv)− (y + dy) = 0,

♦♥❞❡ g̃i = p(ui + βdui + vi + βdvi)
p−1✱ ❡ β é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✸✳✶✵✮✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R2 = (g̃ − zv − dzv − y − dy)− (−dy +Gdu+Gdv − dzv + g − zv − y)

⇒ R2 = g̃ − zv − dzv − y − dy + dy −Gdu−Gdv + dzv − g + zv + y

⇒ R2 = g̃ −G(du+ dv)− g = R1.

◗✉✐♥t♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

(U + dU)(Zu + dZu)e = µe,

♦♥❞❡ U = diag(u)✱ dU = diag(du)✱ Zu = diag(zu)✱ dZu = diag(dzu) ❡ e = [1, 1, ..., 1]t✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R3 = (UZue+ UdZue+ dUZue+ dUdZue− µe)− (Zudu+ Udzu + UZue− µe)

⇒ R3 = UZue+ UdZue+ dUZue+ dUdZue− µe− Zudu− Udzu − UZue+ µe
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Lp ✺✺

⇒ R3 = dUdZue = dUdzu.

❙❡①t♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✸✳✶✷✮✿

(V + dV )(Zv + dZv)e = µe,

♦♥❞❡ V = diag(v)✱ dV = diag(dv)✱ Zv = diag(zv)✱ dZv = diag(dzv) ❡ e = [1, 1, ..., 1]t✳

◆❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡sí❞✉♦✿

R4 = (V Zve+ V dZve+ dV Zve+ dV dZve− µe)− (Zvdv + V dzv + V Zve− µe)

⇒ R4 = V Zve+ V dZve+ dV Zve+ dV dZve− µe− Zvdv − V dzv − V Zve+ µe)

⇒ R4 = dV dZve = dV dzv.

P❛ss♦ ❝♦rr❡t♦r✿ ❆❣♦r❛ ♣♦❞❡♠♦s ✐♠♣♦r ✉♠ ✈❛❧♦r ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❜❛rr❡✐r❛ µ✱ ❝♦♠♦

❡♠ [✶✽]✱ ❡ r❡s♦❧✈❡r ♦ s✐st❡♠❛✿
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d̂v
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=



















r̂1

r̂2

r̂3

r̂4

r̂5

r̂6



















,

♦♥❞❡✿
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r̂1 = −Aty,

r̂2 = −Ax− u+ v + b,

r̂3 = −g + zu − y −R1,

r̂4 = −g + zv + y −R2,

r̂5 = −UZue+ µe−R3,

r̂6 = −V Zve+ µe−R4,

R1 = g̃ −G(du+ dv)− g,

R2 = g̃ −G(du+ dv)− g,

R3 = dUdzu,

R4 = dV dzv,

g̃ = p(u+ βdu+ v + βdv)p−1,

β = min

{

τ

(

min
(dui+dvi)<0

−
(ui + vi)

(dui
+ dvi)

)

, 1

}

✱ ♦♥❞❡ τ❂✵✳✾✾✾✺✳

❖❜t❡♠♦s ❛s ❞✐r❡çõ❡s ❞♦ ♣❛ss♦ ❝♦rr❡t♦r✿

d̂x = (AtDA)
−1
r̂,

d̂y = D
[

r̂2 − Ad̂x−Dzu
−1 (r̂3 + U−1r̂5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
Ê
]

,

d̂v =
(
Dzv −G

2Dzu
−1
)−1
[

Ê + d̂y +Dzu
−1Gd̂y

]

,

d̂u = Dzu
−1
(

r̂3 − d̂y −Gd̂v + U−1r̂5

)

,

d̂zv = V −1
(

r̂6 − Zvd̂v
)

,

d̂zu = U−1
(

r̂5 − Zud̂u
)

,

♦♥❞❡✿
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D =
[

−Dzu
−1 −

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)2
]−1

,

r̂ = −
{

r̂1 − A
tD
[

r̂2 −Dzu
−1 (r̂3 + U−1r̂5) +

(
Dzv −G

2Dzu
−1
)−1 (

I +Dzu
−1G

)
Ê
]}

,

Ê =
[
r̂4 +Dzu

−1 (−Gr̂3 −GU
−1r̂5) + V −1r̂6

]
,

Dzu = (G+ U−1Zu) ,

Dzv = (G+ V −1Zv) .

❈❛❧❝✉❧❛❞❛s ❛s ❞✐r❡çõ❡s✱ ❞❡✈❡♠♦s ❛t✉❛❧✐③❛r ❛s ✈❛r✐á✈❡✐s ✉s❛♥❞♦ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ α

❞❡✜♥✐❞♦ ❞❡ ❢♦r♠❛ ❛ ♠❛♥t❡r ❛s ✈❛r✐á✈❡✐s u✱ v✱ dzu ❡ dzv ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛s✳

α = min

{

τ

(

min
dui<0

−
ui
dui

)

, τ

(

min
dvi<0

−
vi
dvi

)

, τ

(

min
dzui<0

−
zui
dzui

)

, τ

(

min
dzvi<0

−
zvi
dzvi

)

, 1

}

,

♦♥❞❡ τ = 0, 99995✳

❉❡✈❡♠♦s ❛t✉❛❧✐③❛r ❛s ✈❛r✐á✈❡✐s s❡❣✉✐♥❞♦ ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ❛❜❛✐①♦✳

❆❧❣♦r✐t♠♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ♥♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♥❛ ❙❡çã♦

✸✳✺✳✸✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0✱ µ0✱ (zu0, zv0) > 0 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

P❛ss♦ Pr❡❞✐t♦r✿

gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)
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Zuk = diag(zu
k)

Zvk = diag(zv
k)

r̄1
k = −Atyk

r̄2
k = −Axk − uk + vk + b

r̄3
k = −gk + zu

k − yk

r̄4
k = −gk + zv

k + yk

r̄5
k = −UkZuke

r̄6
k = −V kZvke

Dzu
k =

(
Gk + (Uk)−1Zk

u

)

Dzv
k =

(
Gk + (V k)−1Zv

k
)

Dk =
[

−(Dzu
k)−1 −

(
Dzv

k − (Gk)2(Dzu
k)−1

)−1 (
I + (Dzu

k)−1Gk
)2
]−1

Ēk =
[
r̄k4 + (Dzu

k)−1
(
−Gkr̄k3 −G

k(Uk)−1r̄k5
)
+ (V k)−1r̄k6

]

r̄k = −
{

r̄k1 − A
tDk

[

r̄k2 − (Dzu
k)−1

(
r̄k3 + (Uk)−1r̄k5

)
+
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1

(
I +Dzu

−1G
)
Ēk
]}

d̄xk =
(
AtDkA

)−1
r̄k

d̄yk = Dk
[

r̄k2 − Ad̄x
k − (Dzu

k)−1
(
r̄k3 + (Uk)−1r̄k5

)
+
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1

(
I + (Dzu

k)−1Gk
)
Ēk
]

d̄vk =
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1 [
Ēk + d̄yk + (Dzu

k)−1Gkd̄yk
]

d̄uk = (Dzu
k)−1

(
r̄k3 − d̄y

k −Gkd̄vk + (Uk)−1r̄k5
)

¯dzv
k

= (V k)−1
(
r̄k6 − Zv

kd̄vk
)

¯dzu
k

= (Uk)−1
(
r̄k5 − Zu

kd̄uk
)

P❛ss♦ ❈♦rr❡t♦r✿
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Lp ✺✾

βk = min






τ



 min
( ¯dui

k
+ ¯dvi

k)<0

−

(
ui

k + vi
k
)

(

d̄ui

k
+ d̄vi

k
)



 , 1







g̃k = p(uk + βkd̄u
k
+ vk + βkd̄v

k
)p−1

d̄Uk = diag(d̄u
k
)

d̄V k = diag(d̄v
k
)

Rk = g̃k −Gk(d̄uk + d̄vk)− gk

R1
k = d̄U

k ¯dzu
k

R2
k = d̄V

k ¯dzv
k

r̂k1 = −Atyk

r̂k2 = −Axk − uk + vk + b

r̂k3 = −gk + zu
k − yk −Rk

r̂k4 = −gk + zv
k + yk −Rk

r̂k5 = −UkZu
ke+ µke−R1

k

r̂k6 = −V kZv
ke+ µke−R2

k

Êk =
[
r̂k4 + (Dzu

k)−1
(
−Gkr̂k3 −G

k(Uk)−1r̂k5
)
+ (V k)−1r̂k6

]

r̂k = −
{

r̂k1 − A
tDk

[

r̂k2 − (Dzu
k)−1

(
r̂k3 + (Uk)−1r̂k5

)
+
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1

(
I + (Dzu

k)−1Gk
)
Êk
]}

d̂xk =
(
AtDkA

)−1
r̂k

d̂yk = Dk
[

r̂k2 − Ad̂x
k − (Dzu

k)−1
(
r̂k3 + (Uk)−1r̂k5

)
+
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1

(
I + (Dzu

k)−1Gk
)
Êk
]

d̂vk =
(
Dzv

k − (Gk)2(Dzu
k)−1

)−1
[

Êk + d̂yk + (Dzu
k)−1Gkd̂yk

]

d̂uk = (Dzu
k)−1

(

r̂k3 − d̂y
k −Gkd̂vk + (Uk)−1r̂k5

)

d̂zkv = (V k)−1
(

r̂k6 − Zv
kd̂vk

)

d̂zku = (Uk)−1
(

r̂k5 − Zu
kd̂uk

)
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αk = min

{

τ

(

min
ˆdui

k<0

−
uki
ˆdui

k

)

, τ

(

min
ˆdvi
k<0

−
vi

k

ˆdvi
k

)

, τ

(

min
ˆdzui

k<0

−
zui

k

ˆdzui
k

)

, τ

(

min
ˆdzvi

k
<0

−
zvi

k

ˆdzvi
k

)

, 1

}

xk+1 = xk + αkd̂xk

yk+1 = yk + αkd̂yk

uk+1 = uk + αkd̂uk

vk+1 = vk + αkd̂vk

zu
k+1 = zu

k + αk ˆdzu
k

zv
k+1 = zv

k + αkd̂zv
k

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛

❯t✐❧✐③❛♠♦s ♦ ♠❡s♠♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛✲

rít♠✐❝❛ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✶✸✮ ♥❛ ❙❡çã♦ ✸✳✺✳✸✳



❈❛♣ít✉❧♦ ✹

▼♦❞✐✜❝❛çã♦ ♥♦s ▼ét♦❞♦s ❞❡ P♦♥t♦s

■♥t❡r✐♦r❡s ❆♣❧✐❝❛❞♦s ❛♦ Pr♦❜❧❡♠❛ ❞❡

❘❡❣r❡ssã♦ ♣❡❧❛ ◆♦r♠❛ Lp

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ♥♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❞❡s❝r✐t♦s

♥♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp✳ ❊♠ t♦❞♦s ❡❧❡s ♠♦❞✐✜❝❛✲

♠♦s ❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ❛s ❞✐r❡çõ❡s ♥♦ ✐♥t✉✐t♦ ❞❡ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ♥❡❝❡ssár✐❛s

♣♦r ✐t❡r❛çã♦✳ ▼♦❞✐✜❝❛♠♦s t❛♠❜é♠ ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s✳ ❆s ❞✐r❡çõ❡s ✜♥❛✐s ♦❜t✐❞❛s s❡rã♦ ❡q✉✐✈❛✲

❧❡♥t❡s às ❞❡s❝r✐t❛s ♣❡❧♦s ♠ét♦❞♦s ❞♦ ❈❛♣ít✉❧♦ ✸✳

❆♣r❡s❡♥t❛r❡♠♦s ❛♣❡♥❛s ❛s ♠♦❞✐✜❝❛çõ❡s ❡ ✉s❛r❡♠♦s ❛s ✐♥❢♦r♠❛çõ❡s ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡✲

r✐♦r✳

✹✳✶ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• ❈á❧❝✉❧♦ ❞❡ dv✿

dv =
[
Dv − V UG

2Du
−1
]−1 {

r4 + V dy +Du
−1 (−V Gr3 + V UGdy)

}
✳

✻✶
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▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ✐❣✉❛❧❞❛❞❡ ♣♦r
[
Dv − V UG

2Du
−1
]
✿

[
Dv − V UG

2Du
−1
]
dv = r4 + V dy +Du

−1 (−V Gr3 + V UGdy)✳

Pré✲♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r Du✿

(DuDv − V UG
2) dv = Dur4 +DuV dy − V Gr3 + V UGdy✳

❙✉❜st✐t✉✐♥❞♦ Dv ♣♦r [diag(g − y) + V G]✿

[Du (diag(g − y) + V G)− V UG2] dv = Dur4 +DuV dy − V Gr3 + V UGdy

⇒ [Dudiag(g − y) +DuV G− V UG
2] dv = Dur4 +DuV dy − V Gr3 + V UGdy.

❙✉❜st✐t✉✐♥❞♦Du ♣♦r [diag(g + y) + UG] ❛♣❡♥❛s ♥♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦

❞❛ ✐❣✉❛❧❞❛❞❡✿

[Dudiag(g − y) + (diag(g + y) + UG)V G− V UG2] dv = Dur4 +DuV dy − V Gr3 + V UGdy

⇒ [Dudiag(g − y) + diag(g + y)V G] dv = Dur4 +DuV dy − V Gr3 + V UGdy.

❚❡♠♦s ❡♥tã♦ q✉❡✿

dv = D1
−1 [Du (r4 + V dy)− V Gr3 + V UGdy] ,

♦♥❞❡ D1 = [Dudiag(g − y) + diag(g + y)V G] .

• ❈á❧❝✉❧♦ ❞❡ dy✿

dy = D
{

r2 − Adx−Du
−1r3 +

[
Dv − V UG

2Du
−1
]−1 (

I +Du
−1UG

) (
r4 −Du

−1V Gr3
)}

,

♦♥❞❡ D =
{

−Du
−1U −

[
Dv − V UG

2Du
−1
]−1

V
(
I +Du

−1UG
)2
}−1

✳

⇒ D−1dy =
{

r2 − Adx−Du
−1r3 +

[
Dv − V UG

2Du
−1
]−1 (

I +Du
−1UG

) (
r4 −Du

−1V Gr3
)}
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⇒
[

−Du
−1U −

[
Dv − V UG

2Du
−1
]−1

V
(
I +Du

−1UG
)2
]

dy =

=
{

r2 − Adx−Du
−1r3 +

[
Dv − V UG

2Du
−1
]−1 (

I +Du
−1UG

) (
r4 −Du

−1V Gr3
)}

.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ss❛ ✐❣✉❛❧❞❛❞❡ ♣♦r
[
Dv − V UG

2Du
−1
]
✿

[(
Dv − V UG

2Du
−1
) (
−Du

−1U
)
− V

(
I +Du

−1UG
)2
]

dy =

=
(
Dv − V UG

2Du
−1
) (
r2 − Adx−Du

−1r3
)
+
(
I +Du

−1UG
) (
r4 −Du

−1V Gr3
)
.

❖❜s❡r✈❡ q✉❡
(
I +Du

−1UG
)2

= I+2Du
−1UG+Du

−2U2G2✱ ♣♦✐s ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦

❝♦♠ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ✭U, V,G,Du ❡ Dv✮ ❡ ♣♦r ✐ss♦ ♣♦❞❡♠♦s ❝♦♠✉t❛r ❛s ♠❛tr✐③❡s✱ ♦ q✉❡

s✐♠♣❧✐✜❝❛ ♦s ❝á❧❝✉❧♦s✳ ❆ss✐♠✱
[
−DvDu

−1U +Du
−2V U2G2 − V − 2V Du

−1UG−Du
−2V U2G2

]
dy =

(
Dv − V UG

2Du
−1
)

(r2 − Adx) +
(
I +Du

−1UG
)
r4 −DvDu

−1r3 +Du
−2V UG2r3 −Du

−1V Gr3 −Du
−2V UG2r3

⇒
[
−DvDu

−1U − V − 2V Du
−1UG

]
dy =

(
Dv − V UG

2Du
−1
)
(r2 − Adx)+

(
I +Du

−1UG
)
r4

−DvDu
−1r3 −Du

−1V Gr3.

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r Du✿

[−DvU −DuV − 2V UG] dy = (DuDv − V UG
2) (r2 − Adx)+(Du + UG) r4−(Dv + V G) r3✳

❖❜s❡r✈❡ q✉❡ (DuDv − V UG
2) = D1✱ ❡♥tã♦✿

[−V (Du + UG)− U (Dv + V G)] dy = D1 (r2 − Adx) + (Du + UG) r4 − (Dv + V G) r3

⇒ [V (Du + UG) + U (Dv + V G)] dy = D1 (Adx− r2)− (Du + UG) r4 + (Dv + V G) r3.

❚❡♠♦s ❡♥tã♦✿

dy = D−1
2 {D1 (Adx− r2)− (Du + UG) r4 + (Dv + V G) r3} ,

♦♥❞❡ D2 = [V (Du + UG) + U (Dv + V G)] .

• ❈á❧❝✉❧♦ ❞❡ dx✿
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ATdy = r1

⇒ AtD−1
2 {D1 (Adx− r2)− (Du + UG) r4 + (Dv + V G) r3} = r1

⇒ AtD−1
2 D1Adx− A

tD−1
2 {D1r2 + (Du + UG) r4 − (Dv + V G) r3} = r1

⇒ AtD−1
2 D1Adx = r1 + AtD−1

2 {D1r2 + (Du + UG) r4 − (Dv + V G) r3} .

❚❡♠♦s ❡♥tã♦✿

dx =
(
AtD−1

2 D1A
)−1

r,

♦♥❞❡ r = r1 + AtD−1
2 {D1r2 + (Du + UG) r4 − (Dv + V G) r3} .

❈♦♠ ❡ss❛s ♠♦❞✐✜❝❛çõ❡s t❡r❡♠♦s 5m ♦♣❡r❛çõ❡s ❛ ♠❡♥♦s ♥♦ ❝á❧❝✉❧♦ ❞❡ dx ❡m ♦♣❡r❛çõ❡s

❛ ♠❡♥♦s ♥♦ ❝á❧❝✉❧♦ ❞❡ dy ❡♠ r❡❧❛çã♦ à ✈❡rsã♦ ❛♥t❡r✐♦r✱ ♣♦r ✐t❡r❛çã♦✳

P♦❞❡✲s❡ ✈❡r✐✜❝❛r ❡♠ [✶✹] ✉♠ ❞❡t❛❧❤❛♠❡♥t♦ s♦❜r❡ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❜❡♠ ❝♦♠♦ ❛

♦r❞❡♠ ❞❡ ♦♣❡r❛çõ❡s ♦❜t✐❞❛s ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❝á❧❝✉❧♦✳

❆ ♠♦❞✐✜❝❛çã♦ ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ s❡rá ❢❡✐t❛ s♦♠❡♥t❡ ♥♦s ✈❡t♦r❡s u ❡ v✿

ui =







ri + σ, s❡ ri ≥ 0,

σ, ❝❛s♦ ❝♦♥trár✐♦ .

vi =







σ, s❡ ri ≥ 0,

σ − ri, ❝❛s♦ ❝♦♥trár✐♦ .

♦♥❞❡ 0 < σ ≤ 1✳

❈♦♠♦ ❢♦✐ ✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❙❡çã♦ ✸✳✶✱ ♥❛ s♦❧✉çã♦ ót✐♠❛ ♦s ♣r♦❜❧❡♠❛s ✭✸✳✶✮ ❡ ✭✸✳✸✮

s❡rã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ t✐✈❡r♠♦s uivi = 0✱ ♣❛r❛ i = 1, 2, · · · ,m✳ ❈♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ❛❝✐♠❛ ❡♠

u ❡ v ✐♥✐❝✐❛✐s ♣❛rt✐♠♦s ❞❡ ✉♠ ri ✐♥✐❝✐❛❧ q✉❡ ❛♣r♦①✐♠❛ uivi ❞❡ ③❡r♦ ♣❛r❛ t♦❞♦ i = 1, 2, · · · ,m✳
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❆❧❣♦r✐t♠♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

P♦♥t♦ ✐♥✐❝✐❛❧✿

x0 = (AtA)−1Atb,

r0 = b− Ax0,

ui
0 =







ri
0 + σ, s❡ ri0 ≥ 0,

σ, ❝❛s♦ ❝♦♥trár✐♦ .

vi
0 =







σ, s❡ ri0 ≥ 0,

σ − ri
0, ❝❛s♦ ❝♦♥trár✐♦ .

y0 =
δr0

‖r0‖∞
✱ ❝♦♠ δ = 0.975.

✭✹✳✶✮

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0, µ0✱ β > 1✱ 0 < σ ≤ 1 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

r1
k = −Atyk

r2
k = −Axk − uk + vk + b

r3
k = −Uk(gk + yk) + µke

r4
k = −V k(gk − yk) + µke

Du
k =

[
diag(gk + yk) + UkGk

]

Dv
k =

[
diag(gk − yk) + V kGk

]

D1
k =

[
Du

kdiag(gk − yk) + diag(gk + yk)V kGk
]

D2
k =

[
V k
(
Du

k + UkGk
)
+ Uk

(
Dv

k + V kGk
)]
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rk = r1
k + At(D2

k)−1
{
D1

kr2
k +

(
Du

k + UkGk
)
r4

k −
(
Dv

k + V kGk
)
r3

k
}

dxk =
(
At(D2

k)−1D1
kA
)−1

rk

dyk = (D2
k)−1

{
D1

k
(
Adxk − r2

k
)
−
(
Du

k + UkGk
)
r4

k +
(
Dv

k + V kGk
)
r3

k
}

dvk = (D1
k)−1

[
Du

k
(
r4

k + V kdyk
)
− V kGkr3

k + V kUkGkdyk
]

duk = (Dk
u)

−1(rk3 − U
kdyk − UkGkdvk)

αk = min

{

τ

(

min
dui

k<0
−
ui

k

dui
k

)

, τ

(

min
dvi

k<0
−
vi

k

dvi
k

)

, 1

}

xk+1 = xk + αkdxk

yk+1 = yk + αkdyk

uk+1 = uk + αkduk

vk+1 = vk + αkdvk

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳
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✹✳✷ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❆s ♠♦❞✐✜❝❛çõ❡s ♥❛s ❞✐r❡çõ❡s ❞❡ss❡ ♠ét♦❞♦ sã♦ ❛♥á❧♦❣❛s às ❞♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛rít✲

♠✐❝❛✳

❆❧❣♦r✐t♠♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❡♠ ✭✹✳✶✮✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0, µ0✱ β > 1✱ 0 < σ ≤ 1✱ ❡ τ = 0, 99995.
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P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

P❛ss♦ Pr❡❞✐t♦r✿

gk = p(uk + vk)p−1

gk = gi
k, i = 1, ...,m.

Gk =







p(p− 1)

(uik + vik)2−p
s❡ i = j,

0 s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

r̄1
k = −Atyk

r̄2
k = −Axk − uk + vk + b

r̄3
k = −Uk(gk + yk)

r̄4
k = −V k(gk − yk)

Du
k =

[
diag(gk + yk) + UkGk

]

Dv
k =

[
diag(gk − yk) + V kGk

]

D1
k =

[
Du

kdiag(gk − yk) + diag(gk + yk)V kGk
]

D2
k =

[
V k
(
Du

k + UkGk
)
+ Uk

(
Dv

k + V kGk
)]

r̄k = r̄1
k + At(D2

k)−1
{
D1

kr̄2
k +

(
Du

k + UkGk
)
r̄4

k −
(
Dv

k + V kGk
)
r̄3

k
}

d̄xk =
(
At(D2

k)−1D1
kA
)−1

r̄k

d̄yk = (D2
k)−1

{
D1

k
(
Ad̄xk − r̄2

k
)
−
(
Du

k + UkGk
)
r̄4

k +
(
Dv

k + V kGk
)
r̄3

k
}

d̄vk = (D1
k)−1

[
Du

k
(
r̄4

k + V kd̄yk
)
− V kGkr̄3

k + V kUkGkd̄yk
]

d̄uk = (Dk
u)

−1(r̄3
k − Ukd̄yk − UkGkd̄vk)
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P❛ss♦ ❈♦rr❡t♦r✿

βk = min






τ



 min
( ¯dui

k+ ¯dvi
k)<0

−

(
ui

k + vi
k
)

(
¯dui

k + ¯dvi
k
)



 , 1







g̃k = p(uk + βk ¯duk + vk + βk ¯dvk)p−1

¯dUk = diag(d̄u
k
)

¯dV k = diag(d̄v
k
)

R1
k = (Uk + ¯dUk)g̃k + ¯dUk ¯dyk − ¯dUkgk − UkGk ¯duk − UkGk ¯dvk − Ukgk

R2
k = (V k + ¯dV k)g̃k − ¯dV kdyk − V kGk ¯duk − ¯dV kgk − V kGk ¯dvk − V kgk

r̂1
k = −Atyk

r̂2
k = −Axk − uk + vk + b

r̂3
k = −Uk(gk + yk) + µke−R1

k

r̂4
k = −V k(gk − yk) + µke−R2

k

r̂k = r̂1
k + At(D2

k)−1
{
D1

kr̂2
k +

(
Du

k + UkGk
)
r̂4

k −
(
Dv

k + V kGk
)
r̂3

k
}

d̂xk =
(
At(D2

k)−1D1
kA
)−1

r̂k

d̂yk = (D2
k)−1

{

D1
k
(

Ad̂xk − r̂2
k
)

−
(
Du

k + UkGk
)
r̂4

k +
(
Dv

k + V kGk
)
r̂3

k
}

d̂vk = (D1
k)−1

[

Du
k
(

r̂4
k + V kd̂yk

)

− V kGkr̂3
k + V kUkGkd̂yk

]

d̂uk = (Dk
u)

−1(r̂3
k − Ukd̂yk − UkGkd̂vk)

αk = min

{

τ

(

min
ˆdui

k<0

−
ui

k

ˆdui
k

)

, τ

(

min
ˆdvi
k<0

−
vi

k

ˆdvi
k

)

, 1

}

xk+1 = xk + αk ˆdxk

yk+1 = yk + αk ˆdyk

uk+1 = uk + αk ˆduk

vk+1 = vk + αk ˆdvk

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳



✹✳✸✳ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✻✾

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♦ ♠❡s♠♦ ❞♦ ♠ét♦❞♦

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✼✮ ♥❛ ❙❡çã♦ ✸✳✺✳✶✳

✹✳✸ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• ❈á❧❝✉❧♦ ❞❡ dv✿

dv = (F )−1 [E + dy + (Dzu)
−1Gdy] ,

♦♥❞❡ F = (Dzv − (G)2(Dzu)
−1) ❡ E = [r4 + (Dzu)

−1 (−Gr3 −G(U)
−1r5) + (V )−1r6] .

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦r ❋✿

[Dzv − (G)2(Dzu)
−1] dv = r4+(Dzu)

−1 (−Gr3 −G(U)
−1r5)+ (V )−1r6+dy+(Dzu)

−1Gdy.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦r Dzu✿

[DzuDzv − (G)2] dv = Dzur4 −Gr3 −G(U)
−1r5 +Dzu(V )−1r6 +Dzudy +Gdy.

❙✉❜st✐t✉✐♥❞♦ Dzu = (G+ U−1Zu) ❡ Dzv = (G+ V −1Zv)✿

[(G)2 +GV −1Zv +GU−1Zu+ U−1ZuV −1Zv − (G)2] dv = (G+ U−1Zu) (r4 + (V )−1r6 + dy)

−Gr3 −G(U)
−1r5 +Gdy.

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s ❝♦♠✉t❛r ❛s ♠❛tr✐③❡s U ✱ U−1✱ V ✱ V −1✱ G✱ Zu✱ Zv✱ Dzu ❡ Dzv✱

♣♦✐s sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳

⇒ [GV −1Zv +GU−1Zu+ U−1ZuV −1Zv] dv = (G+ U−1Zu) (r4 + (V )−1r6 + dy)−Gr3

−G(U)−1r5 +Gdy.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦r UV ✿

[UGZv + V GZu+ ZuZv] dv = (UV G+ V Zu) (r4 + (V )−1r6 + dy) − UV Gr3 − V Gr5 +

UV Gdy.

❉❡ Dzu = (G+ U−1Zu)✱ ♦❜t❡♠♦s q✉❡ UG = (UDzu − Zu)✳ ❙✉❜st✐t✉✐♥❞♦ UG ♥♦

❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦✿

[(UDzu − Zu)Zv + V GZu+ ZuZv] dv = UV Gr4 + UGr6 + UV Gdy + V Zur4 + Zur6 +

V Zudy − UV Gr3 − V Gr5 + UV Gdy
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⇒ (UDzuZv + V GZu) dv = UG (V r4 + r6)+Zu (V r4 + r6)+V (UG+ Zu) dy−V G (Ur3 + r5)+

UV Gdy

⇒ (UDzuZv + V GZu) dv = (UG+ Zu) (V r4 + r6 + V dy)− V G (Ur3 + r5) + UV Gdy

⇒ (UDzuZv + V GZu) dv = (UG+ Zu) (V r4 + r6)− V G (Ur3 + r5) +ZuV dy + 2UV Gdy

⇒ (UDzuZv + V GZu) dv = (UG+ Zu) (V r4 + r6)− V G (Ur3 + r5) + (Zu+ 2UG)V dy.

❋❛③❡♥❞♦ D1 = (UDzuZv + V GZu)✱ t❡♠♦s✿

dv = (D1)
−1 {(UG+ Zu) (V r4 + r6)− V G (Ur3 + r5) + (Zu+ 2UG)V dy} .

• ❈á❧❝✉❧♦ ❞❡ dy✿

dy = D [r2 − Adx− (Dzu)
−1 (r3 + (U)−1r5) + (F )−1 (I + (Dzu)

−1G)E] ,

♦♥❞❡✿

D =
[

−(Dzu)
−1 − (F )−1 (I + (Dzu)

−1G)
2
]−1

,

F = (Dzv − (G)2(Dzu)
−1) ,

E = [r4 + (Dzu)
−1 (−Gr3 −G(U)

−1r5) + (V )−1r6] .

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦r D−1 ✿
[

−(Dzu)
−1 − (Dzv − (G)2(Dzu)

−1)
−1

(I + (Dzu)
−1G)

2
]

dy = r2−Adx−(Dzu)
−1 (r3 + (U)−1r5)

+ (Dzv − (G)2(Dzu)
−1)

−1
(I + (Dzu)

−1G) [r4 + (Dzu)
−1 (−Gr3 −G(U)

−1r5) + (V )−1r6] .

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦r (Dzv − (G)2(Dzu)
−1) ✿

[− (Dzv − (G)2(Dzu)
−1) (Dzu)

−1 − I − 2(Dzu)
−1G− (Dzu)

−2G2] dy =

= (Dzv − (G)2(Dzu)
−1) [r2 − Adx− (Dzu)

−1 (r3 + (U)−1r5)]+(I + (Dzu)
−1G) [r4 + (Dzu)

−1

(−Gr3 −G(U)
−1r5) + (V )−1r6]

⇒ (−Dzv(Dzu)
−1 − I − 2(Dzu)

−1G] dy = (Dzv − (G)2(Dzu)
−1) [r2 − Adx− (Dzu)

−1(U)−1r5]+

(I + (Dzu)
−1G) [r4 − (Dzu)

−1G(U)−1r5 + (V )−1r6]−Dzv(Dzu)
−1r3+G

2(Dzu)
−2r3−G

2(Dzu)
−2r3

−(Dzu)
−1Gr3.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ♣♦r (−Dzu) ✿
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(Dzv +Dzu + 2G) dy = (DzvDzu −G
2) [−r2 + Adx+ (Dzu)

−1(U)−1r5]+(Dzu +G) [−r4+

(Dzu)
−1G(U)−1r5 − (V )−1r6] +Dzvr3 +Gr3

⇒ (Dzv +Dzu + 2G) dy = (DzvDzu −G
2) [−r2 + Adx]+Dzv(U)

−1r5−G
2(Dzu)

−1(U)−1r5+

(Dzu +G) [−r4 − (V )−1r6] +G(U)−1r5 +G2(Dzu)
−1(U)−1r5 + (Dzv +G) r3

⇒ (Dzv +Dzu + 2G) dy = (DzvDzu −G
2) [−r2 + Adx]+Dzv(U)

−1r5+(Dzu +G) [−r4 − (V )−1r6]

+G(U)−1r5 + (Dzv +G) r3.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ♣♦r UV ❡ s✉❜st✐t✉✐♥❞♦ UV (DzvDzu −G
2) ♣♦r D1✿

(UV G+ UZv + UV G+ V Zu+ 2UV G) dy = D1 (Adx− r2)+(V G+ Zv) r5+(UV G+ V Zu+

UV G) (−r4 − (V )−1r6) + V Gr5 + (UV G+ UZv + UV G) r3

⇒ (UZv + V Zu+ 4UV G) dy = D1 (Adx− r2) + 2V Gr5 + Zvr5 − (V Zu+ 2V UG) r4 −

2UGr6 − Zur6 + (UZv + 2V UG) r3

⇒ (UZv + V Zu+ 4UV G) dy = D1 (Adx− r2)+(Zv + 2V G) (r5 + Ur3)−(Zu+ 2UG) (r6 + V r4) .

❋❛③❡♥❞♦ D2 = (UZv + V Zu+ 4UV G)✱ t❡♠♦s✿

dy = (D2)
−1 {D1 (Adx− r2) + (Zv + 2V G) (r5 + Ur3)− (Zu+ 2UG) (r6 + V r4)} .

• ❈á❧❝✉❧♦ ❞❡ dx✿

Atdy = r1

⇒ At(D2)
−1 {D1 (Adx− r2) + (Zv + 2V G) (r5 + Ur3)− (Zu+ 2UG) (r6 + V r4)} = r1

⇒ At(D2)
−1D1Adx = r1+A

t(D2)
−1 {D1r2 − (Zv + 2V G) (r5 + Ur3) + (Zu+ 2UG) (r6 + V r4)} .

❋❛③❡♥❞♦ r = r1+A
t(D2)

−1 {D1r2 − (Zv + 2V G) (r5 + Ur3) + (Zu+ 2UG) (r6 + V r4)}✱

t❡♠♦s✿

dx = (At(D2)
−1D1A)

−1
r.

• ❈á❧❝✉❧♦ ❞❡ du✿

du = (Dzu)
−1 (r3 − dy −Gdv + U−1r5) .
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▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ ♣♦rDzu ❡ s✉❜st✐t✉✐♥❞♦Dzu ♣♦r (G+ U−1Zu)✿

(G+ U−1Zu) du = r3 − dy −Gdv + U−1r5.

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r U ✿

(UG+ Zu) du = U (r3 − dy −Gdv) + r5.

❖❜t❡♠♦s ❡♥tã♦✿

du = (UG+ Zu)−1 [U (r3 − dy −Gdv) + r5] .

❈♦♠ ❡ss❛s ♠♦❞✐✜❝❛çõ❡s t❡r❡♠♦s 6m ♦♣❡r❛çõ❡s ❛ ♠❡♥♦s ♥♦ ❝á❧❝✉❧♦ ❞❡ dx✱ ❡♥tr❡t❛♥t♦

t❡r❡♠♦s 4m ♦♣❡r❛çõ❡s ❛❞✐❝✐♦♥❛✐s ♥♦ ❝á❧❝✉❧♦ ❞❡ dv ♣♦r ✐t❡r❛çã♦✳ ▼❡s♠♦ ❛ss✐♠ ❝♦♠♣❡♥s❛ ❢❛③❡r

❡ss❛s ♠♦❞✐✜❝❛çõ❡s ♣♦rq✉❡ ❛♦ t♦❞♦ t❡r❡♠♦s 2m ♦♣❡r❛çõ❡s ❛ ♠❡♥♦s✳

▼♦❞✐✜❝❛r❡♠♦s ♦ ❝á❧❝✉❧♦ ❞❡ zv0 ❡ zu0✳ ◆❛ s♦❧✉çã♦ ót✐♠❛ µ→ 0✱ ❡♥tã♦ t❡r❡♠♦s Uzu = 0

❡ V zv = 0 ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❛❞❛s ❡♠ ✭✸✳✶✷✮✳ ❆ss✐♠✱ s❡ ✜③❡r♠♦s zv0 = e✱ ❞❡

Uzu = V zv = 0 t❡r❡♠♦s✿ zu0 = U−1V e✳

❆❧❣♦r✐t♠♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

❖s ♣♦♥t♦s ✐♥✐❝✐❛✐s x0, y0✱ (u0, v0) > 0, µ0 sã♦ ❝❛❧❝✉❧❛❞♦s ❝♦♠♦ ❡♠ ✭✹✳✶✮✳

zv
0 = e✱ zu0 = U−1V e✱ ♦♥❞❡ e = [1, 1, ..., 1]t✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0, µ0✱ β > 1✱ 0 < σ ≤ 1 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿
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gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

Zuk = diag(zu
k)

Zvk = diag(zv
k)

r1
k = −Atyk

r2
k = −Axk − uk + vk + b

r3
k = −gk + zu

k − yk

r4
k = −gk + zv

k + yk

r5
k = −UkZuke+ µke

r6
k = −V kZvke+ µke

Dzu
k =

(
Gk + (Uk)−1Zu

k
)

Dk
1 =

(
UkDzu

kZvk + V kGkZuk
)

Dk
2 =

(
UkZvk + V kZuk + 4UkV kGk

)

rk = r1
k + At(D2

k)−1
{
D1

kr2
k −

(
Zvk + 2V kGk

) (
r5

k + Ukr3
k
)
+
(
Zuk + 2UkGk

) (
r6

k+

+V kr4
k
)}

dxk =
(
At(D2

k)−1D1
kA
)−1

rk

dyk = (D2
k)−1

{
D1

k
(
Adxk − r2

k
)
+
(
Zvk + 2V kGk

) (
r5

k + Ukr3
k
)
−
(
Zuk + 2UkGk

) (
r6

k+

+V kr4
k
)}

dvk = (D1
k)−1

{(
UkGk + Zuk

) (
V kr4

k + r6
k
)
− V kGk

(
Ukr3

k + r5
k
)
+
(
Zuk + 2UkGk

)

V kdyk
}
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duk =
(
UkGk + Zuk

)−1 [
Uk
(
r3

k − dyk −Gkdvk
)
+ r5

k
]

dzv
k = (V k)−1

(
r6

k − Zv
kdvk

)

dzu
k = (Uk)−1

(
r5

k − Zu
kduk

)

αk = min

{

τ

(

min
dui

k<0
−
ui

k

dui
k

)

, τ

(

min
dvi

k<0
−
vi

k

dvi
k

)

, τ

(

min
dzui

k<0
−
zui

k

dzui
k

)

, τ

(

min
dzvi

k<0
−
zvi

k

dzvi
k

)

, 1

}

xk+1 = xk + αkdxk

yk+1 = yk + αkdyk

uk+1 = uk + αkduk

vk+1 = vk + αkdvk

zu
k+1 = zu

k + αkdzu
k

zv
k+1 = zv

k + αkdzv
k

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♦ ♠❡s♠♦ ❞♦ ♠ét♦❞♦

♣r✐♠❛❧✲

✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✶✸✮ ♥❛ ❙❡çã♦ ✸✳✺✳✸✳

✹✳✹ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲

❈♦rr❡t♦r

❆s ♠♦❞✐✜❝❛çõ❡s ♥❛s ❞✐r❡çõ❡s ❞❡ss❡ ♠ét♦❞♦ sã♦ ❛♥á❧♦❣❛s às ❞♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✳
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❆❧❣♦r✐t♠♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❖ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ♥♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♥❛ ❙❡çã♦

✹✳✸✳

❆ss✐♠✱ ❞❛❞♦s x0, y0✱ (u0, v0) > 0, µ0✱ β > 1✱ 0 < σ ≤ 1 ❡ τ = 0, 99995.

P❛r❛ k = 0, 1, 2, ... ❢❛ç❛✿

P❛ss♦ Pr❡❞✐t♦r✿

gk = p(uk + vk)p−1

Gk =







p(p− 1)

(uik + vik)2−p
, s❡ i = j,

0, s❡ i 6= j.

Uk = diag(uk)

V k = diag(vk)

Zuk = diag(zu
k)

Zvk = diag(zv
k)

r̄1
k = −Atyk

r̄2
k = −Axk − uk + vk + b

r̄3
k = −gk + zu

k − yk

r̄4
k = −gk + zv

k + yk

r̄5
k = −UkZuke

r̄6
k = −V kZvke

Dzu
k =

(
Gk + (Uk)−1Zu

k
)

Dzv
k =

(
Gk + (V k)−1Zv

k
)

Dk
1 =

(
UkDzu

kZvk + V kGkZuk
)

Dk
2 =

(
UkZvk + V kZuk + 4UkV kGk

)

r̄k = ¯r1k + At(D2
k)−1

{
D1

kr̄2
k −

(
Zvk + 2V kGk

) (
r̄5

k + Ukr̄3
k
)
+
(
Zuk + 2UkGk

) (
r̄6

k+

+V kr̄4
k
)}
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d̄xk =
(
At(D2

k)−1D1
kA
)−1

r̄k

d̄yk = (D2
k)−1

{
D1

k
(
Ad̄xk − r̄2

k
)
+
(
Zvk + 2V kGk

) (
r̄5

k + Ukr̄3
k
)
−
(
Zuk + 2UkGk

) (
r̄6

k+

+V kr̄4
k
)}

d̄vk = (D1
k)−1

{(
UkGk + Zuk

) (
V kr̄4

k + r̄6
k
)
− V kGk

(
Ukr̄3

k + r̄5
k
)
+
(
Zuk + 2UkGk

)

V kd̄yk
}

d̄uk = (Dzu
k)−1

(
r̄3

k − d̄yk −Gkd̄vk + (Uk)−1r̄5
k
)

¯dzv
k

= (V k)−1
(
r̄6

k − Zv
kd̄vk

)

¯dzu
k

= (Uk)−1
(
r̄5

k − Zu
kd̄uk

)

P❛ss♦ ❈♦rr❡t♦r✿

βk = min






τ



 min
( ¯dui

k
+ ¯dvi

k)<0

−

(
ui

k + vi
k
)

(

d̄ui

k
+ d̄vi

k
)



 , 1







g̃k = p(uk + βkd̄u
k
+ vk + βkd̄v

k
)p−1

d̄Uk = diag(d̄u
k
)

d̄V k = diag(d̄v
k
)

Rk = g̃k −Gk(d̄uk + d̄vk)− gk

R1
k = d̄U

k ¯dzu
k

R2
k = d̄V

k ¯dzv
k

r̂k1 = −Atyk

r̂k2 = −Axk − uk + vk + b

r̂k3 = −gk + zu
k − yk −Rk

r̂k4 = −gk + zv
k + yk −Rk

r̂k5 = −UkZu
ke+ µke−R1

k

r̂k6 = −V kZv
ke+ µke−R2

k
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r̂k = ˆr1k + At(D2
k)−1

{
D1

kr̂2
k −

(
Zvk + 2V kGk

) (
r̂5

k + Ukr̂3
k
)
+
(
Zuk + 2UkGk

) (
r̂6

k+

+V kr̂4
k
)}

d̂xk =
(
At(D2

k)−1D1
kA
)−1

r̂k

d̂yk = (D2
k)−1

{

D1
k
(

Ad̂xk − r̂2
k
)

+
(
Zvk + 2V kGk

) (
r̂5

k + Ukr̂3
k
)
−
(
Zuk + 2UkGk

) (
r̂6

k+

+V kr̂4
k
)}

d̂vk = (D1
k)−1

{(
UkGk + Zuk

) (
V kr̂4

k + r̂6
k
)
− V kGk

(
Ukr̂3

k + r̂5
k
)
+
(
Zuk + 2UkGk

)

V kd̂yk
}

d̂uk = (Dzu
k)−1

(

r̂3
k − d̂yk −Gkd̂vk + (Uk)−1r̂5

k
)

ˆdzv
k

= (V k)−1
(

r̂6
k − Zv

kd̂vk
)

ˆdzu
k

= (Uk)−1
(

r̂5
k − Zu

kd̂uk
)

αk = min

{

τ

(

min
ˆdui

k<0

−
uki
ˆdui

k

)

, τ

(

min
ˆdvi
k<0

−
vi

k

ˆdvi
k

)

, τ

(

min
ˆdzui

k<0

−
zui

k

ˆdzui
k

)

, τ

(

min
ˆdzvi

k
<0

−
zvi

k

ˆdzvi
k

)

, 1

}

xk+1 = xk + αkd̂xk

yk+1 = yk + αkd̂yk

uk+1 = uk + αkd̂uk

vk+1 = vk + αkd̂vk

zu
k+1 = zu

k + αk ˆdzu
k

zv
k+1 = zv

k + αkd̂zv
k

µk+1 =
µk

β

❆té ❝♦♥✈❡r❣✐r✳

❈r✐tér✐♦ ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛✿ ❖ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ é ♦ ♠❡s♠♦ ❞♦ ♠ét♦❞♦

♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✶✸✮ ♥❛ ❙❡çã♦ ✸✳✺✳✸✳



✼✽



❈❛♣ít✉❧♦ ✺

❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧

P❛r❛ ♦ ❡st✉❞♦ ❞❛ ❡str✉t✉r❛ ♠❛tr✐❝✐❛❧ ❞♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❞❡s❝r✐t♦s ♥♦

❈❛♣ít✉❧♦ ✹✱ ✈❛♠♦s ❢❛③❡r ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❛❝❡r❝❛ ❞❛s ♠❛tr✐③❡s ❡♥✈♦❧✈✐❞❛s ♥♦s ❝á❧❝✉❧♦s✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮ ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❈♦♠♦

♦ ❢♦❝♦ ❞❡ss❡ tr❛❜❛❧❤♦ é r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧✱ ❛ ♠❛tr✐③ A é ❞❡ ❱❛♥❞❡r✲

♠♦♥❞❡✳ ❆ss✐♠✱ A é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

A =












1 a1 a1
2 · · · a1

n−1

1 a2 a2
2 · · · a2

n−1

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

1 am am
2 · · · am

n−1












m×n

❯s❛♠♦s ♦ ❢❛t♦ ❞❡ ❛ ♠❛tr✐③ A s❡r ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ♣❛r❛ ♦❝✉♣❛r ♣♦✉❝❛ ♠❡♠ór✐❛✱

❛r♠❛③❡♥❛♥❞♦ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s ❞❛❞♦s ♣❡❧❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ A✳

P❛r❛ ❡♥❝♦♥tr❛r ♦s ♣♦♥t♦s ✐♥✐❝✐❛✐s✱ ❡♠ t♦❞♦s ♦s ♠ét♦❞♦s ✉t✐❧✐③❛♠♦s ❛ ♠❛tr✐③ AtA✳

✼✾



✽✵ ✺✳ ❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧

AtA =

















m

m∑

i=1

ai

m∑

i=1

ai
2 · · ·

m∑

i=1

ai
n−1

m∑

i=1

ai

m∑

i=1

ai
2

m∑

i=1

ai
3 · · ·

m∑

i=1

ai
n

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
m∑

i=1

ai
n−1

m∑

i=1

ai
n

m∑

i=1

ai
n+1 · · ·

m∑

i=1

ai
2n−2

















n×n

❆ ♠❛tr✐③ AtA é ✉♠❛ ♠❛tr✐③ ✐♥✈❡rsí✈❡❧✱ ♣♦✐s A t❡♠ ♣♦st♦ ❝♦♠♣❧❡t♦ ♣♦rq✉❡ ♥❡♥❤✉♠

♣♦♥t♦ s❡ r❡♣❡t❡✱ ♦✉ s❡❥❛✱ ai 6= aj, ∀ i, j = 1, ...,m✱ ❝♦♠ i 6= j. ❆❧é♠ ❞❡ AtA s❡r ✐♥✈❡rsí✈❡❧✱ t❡♠

✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❡s♣❡❝✐❛❧✱ é ✉♠❛ ♠❛tr✐③ ❞❡ ❍❛♥❦❡❧✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ ❝❛❞❛ ❛♥t✐❞✐❛❣♦♥❛❧

sã♦ ✐❣✉❛✐s✳

❊♠ [✷✺] ❡ [✶✺] ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ❞❡ r❡s♦❧✈❡r s✐st❡♠❛s ❧✐♥❡❛r❡s q✉❛♥❞♦

❛ ♠❛tr✐③ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ é ✉♠❛ ♠❛tr✐③ ❞❡ ❍❛♥❦❡❧✳ ■ss♦ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦

❝♦♠♣✉t❛❝✐♦♥❛❧✱ ✈✐st♦ q✉❡ ♥❛ r❡s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp ✉t✐❧✐③❛♥❞♦

♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✱ ♥♦ ❝á❧❝✉❧♦ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡ ❞❛s ❞✐r❡çõ❡s ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠

♠❛tr✐③❡s ❞❡ ❍❛♥❦❡❧✱ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ ❞❛ ♠❛tr✐③ ❆ s❡r ❞❡ ❱❛♥❞❡r♠♦♥❞❡✳

❚❛♠❜é♠ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ♠❛tr✐③❡s ❞♦ t✐♣♦ AtDA ♥♦s ❝á❧❝✉❧♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛s

❞✐r❡çõ❡s✱ ♦♥❞❡ D é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ♥ã♦✲s✐♥❣✉❧❛r✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡ ❞❡✜♥✐r♠♦sD ❞❛ ❢♦r♠❛✿

D =












d1 0 0 · · · 0

0 d2 0 · · · 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 · · · dm












m×m

,

❡♥tã♦ t❡r❡♠♦s✿



✺✳✶✳ ❈á❧❝✉❧♦ ❞❡ Ax ✽✶

AtDA =

















m∑

i=1

di

m∑

i=1

diai

m∑

i=1

diai
2 · · ·

m∑

i=1

diai
n−1

m∑

i=1

diai

m∑

i=1

diai
2

m∑

i=1

diai
3 · · ·

m∑

i=1

diai
n

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
m∑

i=1

diai
n−1

m∑

i=1

diai
n

m∑

i=1

diai
n+1 · · ·

m∑

i=1

diai
2n−2

















n×n

.

P♦❞❡♠♦s ♦❜s❡r✈❛r ❞❡ss❛ ❢♦r♠❛ q✉❡ ❛ ♠❛tr✐③ AtDA t❛♠❜é♠ é ✉♠❛ ♠❛tr✐③ ♥ã♦✲s✐♥❣✉❧❛r

❡ ❞❡ ❍❛♥❦❡❧✳

❱❡❥❛♠♦s ❛❣♦r❛ ❝❛❞❛ ❝❛s♦ q✉❡ ❝♦♥tr✐❜✉✐rá ♣❛r❛ ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ❞♦s ♠é✲

t♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✳

✺✳✶ ❈á❧❝✉❧♦ ❞❡ Ax

P❛r❛ ❡❢❡t✉❛r ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ ♠❛tr✐③ Am×n ♣♦r ✉♠ ✈❡t♦r xn✱ ✉s❛♠♦s ✉♠ ♠ét♦❞♦

❝❛♣❛③ ❞❡ ❡❢❡t✉❛r ❡ss❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ (2mn − 2m) ♦♣❡r❛çõ❡s✱ ❡♥q✉❛♥t♦ q✉❡ ❝♦♠✉♠❡♥t❡

❧❡✈❛rí❛♠♦s 2mn ♦♣❡r❛çõ❡s✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ❡ss❛ ❞✐❢❡r❡♥ç❛ ❞á

♠❛✐s ✈❡❧♦❝✐❞❛❞❡ ❛♦ ♠ét♦❞♦✳

P❛r❛ ✜❝❛r ❝❧❛r♦ ♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❡♥✈♦❧✈✐❞❛s✱ s❡❣✉❡ ❛❜❛✐①♦ ✉♠ ❡①❡♠♣❧♦ ❞❡

♣❡q✉❡♥♦ ♣♦rt❡✳

❈♦♥s✐❞❡r❡ ❛ ♠❛tr✐③ A1×3 ✿

A =

[

1 2 22
]

, ❡ x =









2

5

7









.

❖ ♣r♦❞✉t♦ Ax é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❉❛❞♦ a



✽✷ ✺✳ ❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧

❛✉① ❂ x[n]

P❛r❛ j = n− 1 : −1 : 1

❛✉① ❂ x[j] + a ∗ aux

◆❡ss❡ ❡①❡♠♣❧♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢❛③ ♦ s❡❣✉✐♥t❡✿

❛✉① ❂ 7

j = 2✿

❛✉① ❂ x[2] + a∗❛✉① ❂ 5 + 2 ∗ 7 = 19

j = 1✿

❛✉① ❂ x[1] + a∗❛✉① ❂ 2 + 2 ∗ 19 = 40

❊♥tã♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❢❡③ ♦ ❝á❧❝✉❧♦✿ 2 + 2 ∗ 5 + 22 ∗ 7✱ ♦✉ s❡❥❛✱ Ax ❡♠ (2mn − 2m)

♦♣❡r❛çõ❡s✱ ♣❛r❛ ❡ss❡ ❡①❡♠♣❧♦ m = 1 ❡ n = 3✳

✺✳✷ ❈á❧❝✉❧♦ ❞❡ AtA

❈♦♠♦ ✈✐♠♦s✱ ♦ ❢❛t♦ ❞❡ ❛ ♠❛tr✐③ A s❡r ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ❢❛③ ❝♦♠ q✉❡ AtA s❡❥❛ ✉♠❛ ♠❛tr✐③

❞❡ ❍❛♥❦❡❧✱ s❡♥❞♦ ❛ss✐♠✱ ♠✉✐t♦s ❡❧❡♠❡♥t♦s ❞❡ AtA sã♦ ✐❣✉❛✐s✱ ♣♦r ✐ss♦ ❡♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦

❛r♠❛③❡♥❛♠♦s ❛♣❡♥❛s ♦s ❡❧❡♠❡♥t♦s ❞✐❢❡r❡♥t❡s✱ ♦✉ s❡❥❛✱ 2n− 1 ❡❧❡♠❡♥t♦s✳ ❆ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡

AtA r❡q✉❡r 2mn2 ♦♣❡r❛çõ❡s ♥♦ ❝❛s♦ ❞❡ Am×n✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♦

♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ r❡❛❧✐③❛r ❡ss❛ ♠✉❧t✐♣❧✐❝❛çã♦ é (4mn− 3m) ♦♣❡r❛çõ❡s✳

❙❡❥❛ Am×n✱ ♣❛r❛ ❝❛❧❝✉❧❛r AtA ❢❛③❡♠♦s✿

h[0] = m

P❛r❛ i = 1 : m− 1

❛✉① ❂ A[i, 2]

h[1] = h[1]+ ❛✉①

P❛r❛ j = 2 : 2n

❛✉① = ❛✉①∗A[i, 2]



✺✳✷✳ ❈á❧❝✉❧♦ ❞❡ AtA ✽✸

h[j] = h[j]+ ❛✉①

❖ ✈❡t♦r h ❣✉❛r❞❛ ♦s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ AtA✳ ◆ã♦ é ♥❡❝❡ssár✐♦ ❛r♠❛③❡♥❛r t♦❞♦s

♦s ❡❧❡♠❡♥t♦s ❞❡ A ♣♦rq✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❝♦♥té♠ ❛♣❡♥❛s 1✱ ❡ ♣♦❞❡rí❛♠♦s ♦❜t❡r ❛ t❡r❝❡✐r❛

❝♦❧✉♥❛ ❛té ❛ n✲és✐♠❛ ❛ ♣❛rt✐r ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛✱ ♠❛s ♥❛ ♣át✐❝❛✱ t❛♥t♦ ♠✉❧t✐♣❧✐❝❛r A ♣♦r ✉♠

✈❡t♦r ❝♦♠♦ ❝❛❧❝✉❧❛r AtA✱ ❛s ❝♦❧✉♥❛s ❛❞✐❝✐♦♥❛✐s ❞❡ A ♥ã♦ ♣r❡❝✐s❛♠ s❡r ❝❛❧❝✉❧❛❞❛s✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ✉t✐❧✐③❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛ ♣❛r❛ ❝❛❧❝✉❧❛r AtA✳

❈♦♥s✐❞❡r❡ A3×3✿

A =









1 1 1

1 2 4

1 3 9









⇒ AtA =









3 6 14

6 14 36

14 36 98









❖❜s❡r✈❡ q✉❡ ♥❡ss❡ ❡①❡♠♣❧♦ m = n✱ ❞❡ss❛ ❢♦r♠❛ ❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ A é

✐♥✈❡rsí✈❡❧ ❡ ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lpé ❞✐r❡t❛✳ P♦ré♠✱ ♥♦ss♦

✐♥t✉✐t♦ é tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s ❣r❛♥❞❡s ❡♠ q✉❡ m > n✳

P❛r❛ ❡ss❡ ❡①❡♠♣❧♦ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❝á❧❝✉❧♦s✿

h[0] = 3

i = 1✿

❛✉① ❂ A[1, 2] = 1

h[1] = h[1] + 1 = 0 + 1 = 1

j = 2✿

❛✉① ❂ ❛✉①∗A[1, 2] = 1 ∗ 1 = 1

h[2] = h[2]+ ❛✉① = 0 + 1 = 1

j = 3✿

❛✉① ❂ ❛✉①∗A[1, 2] = 1 ∗ 1 = 1



✽✹ ✺✳ ❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧

h[3] = h[3]+ ❛✉① = 0 + 1 = 1

j = 4✿

❛✉① ❂ ❛✉①∗A[1, 2] = 1 ∗ 1 = 1

h[4] = h[4]+ ❛✉① = 0 + 1 = 1

i = 2✿

❛✉① ❂ A[2, 2] = 2

h[1] = h[1] + 2 = 1 + 2 = 3

j = 2✿

❛✉① ❂ ❛✉①∗A[2, 2] = 2 ∗ 2 = 4

h[2] = h[2]+ ❛✉① = 1 + 4 = 5

j = 3✿

❛✉① ❂ ❛✉①∗A[2, 2] = 4 ∗ 2 = 8

h[3] = h[3]+ ❛✉① = 1 + 8 = 9

j = 4✿

❛✉① ❂ ❛✉①∗A[2, 2] = 8 ∗ 2 = 16

h[4] = h[4]+ ❛✉① = 1 + 16 = 17

i = 3✿

❛✉① ❂ A[3, 2] = 3

h[1] = h[1] + 3 = 3 + 3 = 6

j = 2✿

❛✉① ❂ ❛✉①∗A[3, 2] = 3 ∗ 3 = 9

h[2] = h[2]+ ❛✉① = 5 + 9 = 14



✺✳✸✳ ■♥✈❡rs❛ ❞❡ ✉♠❛ ▼❛tr✐③ ❞❡ ❍❛♥❦❡❧ ✽✺

j = 3✿

❛✉① ❂ ❛✉①∗A[3, 2] = 9 ∗ 3 = 27

h[3] = h[3]+ ❛✉① = 9 + 27 = 36

j = 4✿

❛✉① ❂ ❛✉①∗A[3, 2] = 27 ∗ 3 = 81

h[4] = h[4]+ ❛✉① = 17 + 81 = 98

❉❡ss❛ ❢♦r♠❛ ❡♥❝♦♥tr❛♠♦s ♦ ✈❡t♦r h ❞❛❞♦ ♣♦r✿

h =















3

6

14

36

98















.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ j ❡❢❡t✉❛♠♦s 2 ♦♣❡r❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ i✱ ❞❛í t❡♠♦s ✉♠

t♦t❛❧ ❞❡ 2(2n− 2) ♦♣❡r❛çõ❡s ♣❛r❛ ❝❛❞❛ i✱ ✐ss♦ ✐♠♣❧✐❝❛ ❡♠ ✉♠ t♦t❛❧ ❞❡ 2m(2n− 2) ♦♣❡r❛çõ❡s

♣❛r❛ t♦❞♦s ♦s j ❞❡♥tr♦ ❞♦ ❧❛ç♦ ❞❡ i✱ t❡♠♦s ❛✐♥❞❛ m ♦♣❡r❛çõ❡s ❛❞✐❝✐♦♥❛✐s ❞❡♥tr♦ ❞♦ ❧❛ç♦ ❞❡ i ❡

❢♦r❛ ❞♦ ❧❛ç♦ ❡♠ j✱ ✐ss♦ r❡s✉❧t❛ ♥✉♠ t♦t❛❧ ❣❡r❛❧ ❞❡ 2m(2n− 2) +m = (4mn− 3m) ♦♣❡r❛çõ❡s✳

✺✳✸ ■♥✈❡rs❛ ❞❡ ✉♠❛ ▼❛tr✐③ ❞❡ ❍❛♥❦❡❧

❙❡rá ❛♣r❡s❡♥t❛❞♦ ♥❡ss❛ s❡çã♦ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ✐♥✈❡rs❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡

❍❛♥❦❡❧✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ❞❡♠♦♥str❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦✱ ✈❡r ❬✷✺❪✳

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ✉♠❛ ♠❛tr✐③ ❞❡ ❍❛♥❦❡❧ ❞❡ ♦r❞❡♠ n+ 1 ❞❛ ❢♦r♠❛✿



✽✻ ✺✳ ❊st✉❞♦ ❞❛ ❊str✉t✉r❛ ▼❛tr✐❝✐❛❧

Hn =












C0 C1 · · · Cn

C1 C2 · · · Cn+1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

Cn Cn+1 · · · C2n












n+1×n+1

= (Ci+j)
n
i,j=0 .

◗✉❛♥❞♦ ❛s ♠❛tr✐③❡s H0, H1, ..., Hn sã♦ ♥ã♦✲s✐♥❣✉❧❛r❡s✱ ♦ ♥ú♠❡r♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çõ❡s

♥❡❝❡s✲

sár✐❛s ♣❛r❛ ✐♥✈❡rt❡r Hn é ♣r♦♣♦r❝✐♦♥❛❧ ❛ (n+1)2✱ ❛♦ ✐♥✈és ❞❡ (n+1)3 ❝♦♠♦ ♦❝♦rr❡ ❡♠ ♠ét♦❞♦s

♣❛r❛ ✐♥✈❡rt❡r ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❛r❜✐trár✐❛ ❞❡ ♦r❞❡♠ n+ 1✳

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ n r❡♣r❡s❡♥t❛ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❛ r❡❣r❡ssã♦✱ ♦ q✉❡ ♥❛ ♣rát✐❝❛

s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ t❡♠ ✉♠ ✈❛❧♦r ♠✉✐t♦ ❛❧t♦✳

P❛r❛ ❝❛❧❝✉❧❛r ❛ ✐♥✈❡rs❛ ❞❡ Hn ❞❡✈❡♠♦s s❡❣✉✐r ♦ ♠ét♦❞♦ ❛❜❛✐①♦✳

▼ét♦❞♦ ♣❛r❛ ✐♥✈❡rsã♦ ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❍❛♥❦❡❧

❱❛♠♦s s✉♣♦r q✉❡ s❡❥❛ ♥❡❝❡ssár✐♦ ✐♥✈❡rt❡r ✉♠❛ ♠❛tr✐③ Hm+1✱ ❡ q✉❡ Hk−1, Hk, ..., Hm+1

sã♦ ♥ã♦✲s✐♥❣✉❧❛r❡s ♣❛r❛ k ≤ m.

• ❊♥❝♦♥tr❡ u0,k−1, u1,k−1, ..., uk−1,k−1 ❡ u0,k, u1,k, ..., uk,k r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✿
n∑

j=0

Cr+jujn = −Cn+r+1, 0 ≤ r ≤ n,

♣❛r❛ n = k − 1 ❡ n = k.

• ❊♥❝♦♥tr❡ λk✿

λk =
k∑

s=0

Ck+sus,k−1.

• ❊♥❝♦♥tr❡ γk✿

γk =
k∑

j=0

Ck+j+1uj,k−1.



✺✳✸✳ ■♥✈❡rs❛ ❞❡ ✉♠❛ ▼❛tr✐③ ❞❡ ❍❛♥❦❡❧ ✽✼

• P❛r❛ k ≤ n ≤ m− 1✱ ❝❛❧❝✉❧❡ r❡❝✉rs✐✈❛♠❡♥t❡✿

λn+1 =
n+1∑

j=0

Cn+j+1ujn,

γn+1 =
n+1∑

j=0

Cn+j+2ujn.

• P❛r❛ 0 ≤ s ≤ n+ 1✱ ❝❛❧❝✉❧❡✿

us,n+1 =
(
λ−1
n γn − λ

−1
n+1γn+1

)
usn + us−1,n − λ

−1
n λn+1us,n−1,

♦♥❞❡ us−1,n = un+1,n−1 = 0 ❡ un+1,n = 1.

• P❛r❛ 0 ≤ r ≤ s ≤ m✱ ❝❛❧❝✉❧❡✿

brsm = br−1,s+1,m + λ−1
m (ur,m−1us+1,m − ur,mus+1,m−1) ,

♦♥❞❡ br−1,s+1,m = br−1,m+1,m = 0.

• ❈❛❧❝✉❧❡ λm+1✿

λm+1 =
m+1∑

j=0

Cm+j+1ujm.

• P❛r❛ 0 ≤ r ≤ s ≤ m+ 1✱ ❝❛❧❝✉❧❡✿

brs,m+1 = brsm + λ−1
m+1urmusm.

• P❛r❛ 0 ≤ s ≤ r ≤ m+ 1✱ t❡♠♦s✿

brs,m+1 = bsr,m+1.

❉❡ss❛ ❢♦r♠❛✱ ❛ ♠❛tr✐③ H−1
m+1 é ❞❛❞❛ ♣♦r✿

H−1
m+1 = Bm+1 = (br,s,m+1)

m+1
r,s=o .

❯s❛r❡♠♦s ❡ss❡ ❛❧❣♦r✐t♠♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ✐♥✈❡rs❛ ❞❡

✉♠❛ ♠❛tr✐③ ❞❡ ❍❛♥❦❡❧✱ ♠❛tr✐③ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❝á❧❝✉❧♦ ❞❛s ❞✐r❡çõ❡s ❞♦s ♠ét♦❞♦s ❞❡

♣♦♥t♦s ✐♥t❡r✐♦r❡s✳



✽✽



❈❛♣ít✉❧♦ ✻

❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

◆♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❞❡s❝r✐t♦s ❡♠ ❬✼❪ ❥á ❝♦♠ ❛s

♠♦❞✐✜❝❛çõ❡s ♥♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✱ ❡ ♥♦ ❈❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❝á❧❝✉❧♦

❞❛s ❞✐r❡çõ❡s ❡ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳ ◆❡ss❡ tr❛❜❛❧❤♦ ✜③❡♠♦s ❡ss❛s três ♠♦❞✐✜❝❛çõ❡s ❝♦♠ ♦ ✐♥t✉✐t♦

❞❡ ❛♣❡r❢❡✐ç♦❛r ♦s ♠ét♦❞♦s✱ ❡ ✜③❡♠♦s ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡✳ ◆❡ss❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥✲

t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ▼❆❚▲❆❇ ❡ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦

❡✜❝✐❡♥t❡✳ ❖s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢♦r❛♠ ❢❡✐t♦s ♥♦ ▼❛t❧❛❜ ❘✷✵✵✾❛✱ s✐st❡♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧

▲✐♥✉①✱ ♠❡♠ór✐❛ ✹●❇✱ ♣r♦❝❡ss❛❞♦r ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮✷✳

❆ ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛ ❡♠ t♦❞♦s ♦s ❡①❡♠♣❧♦s s❡rá ❛ ♠❡s♠❛✿

P❛r❛ ♦s ♠ét♦❞♦s ❛t✉❛✐s✱ ❛♣❡r❢❡✐ç♦❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦✿

• ❇▲✿ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• ❇▲P❈✿ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

• P❉❇▲✿ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• P❉❇▲P❈✿ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

P❛r❛ ♦s ♠ét♦❞♦s ❥á ❡①✐st❡♥t❡s✿

✽✾



✾✵ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

• ❇▲✭❛♥t✐❣♦✮✿ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• ❇▲P❈✭❛♥t✐❣♦✮✿ ▼ét♦❞♦ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

• P❉❇▲✭❛♥t✐❣♦✮✿ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛

• P❉❇▲P❈✭❛♥t✐❣♦✮✿ ▼ét♦❞♦ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r

❯s❛r❡♠♦s ✐t ♣❛r❛ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡ ❋♦ ♣❛r❛ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❖ t❡♠♣♦

❡stá ❡♠ s❡❣✉♥❞♦s✳ ❊♠ t♦❞♦s ♦s ❝❛s♦s ✉s❛r❡♠♦s ζ = 2✱ ζ é ✉s❛❞♦ ♥♦ ❝á❧❝✉❧♦ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧

❞♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❥á ❡①✐st❡♥t❡s ✳

✻✳✶ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡

P❛r❛ ✜❝❛r ❝❧❛r♦ ♦ q✉❛♥t♦ ❝❛❞❛ ♠♦❞✐✜❝❛çã♦ ❝♦♥tr✐❜✉✐✉ ♦✉ ♥ã♦✱ ✈❛♠♦s ❢❛③❡r ✐♥✐❝✐❛❧♠❡♥t❡

três t❡st❡s✱ ✉♠ ❛♣❡♥❛s ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ♦✉tr♦ ❛♣❡♥❛s ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦

♥♦ r❡sí❞✉♦ ❡ ♦ ú❧t✐♠♦ ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ❛♣❡♥❛s ♥❛s ❞✐r❡çõ❡s✳ ❋❛r❡♠♦s ❡ss❡s t❡st❡s ❝♦♠

♦ ♣r♦❜❧❡♠❛ ❞❡ ❣r❛♥❞❡ ♣♦rt❡ q✉❡ ❡stá ❞❡s❝r✐t♦ ❡♠ ❬✼❪✳ ❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♠♣r❡❡♥❞❡ ✈❛❧♦r❡s

❞❡ ❥✉r♦s ❞✐ár✐♦s ❛♦ ❧♦♥❣♦ ❞❡ ✹✵ ❛♥♦s✱ t♦t❛❧✐③❛♥❞♦ ✶✵✾✺✽ ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s✱ ♦s ❞❛❞♦s ❢♦r❛♠

♥♦r♠❛❧✐③❛❞♦s ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s t❡st❡s ❝♦♠ t♦❞❛s ❛s ♠♦❞✐✜✲

❝❛çõ❡s✳

❯t✐❧✐③❛r❡♠♦s τ = 0, 99995✱ β = 10✱ ǫ = 10−10✱ ǫ1 = 10−8✱ ♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛

❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✼✮✱ ❡ σ = 10−1✳

✻✳✶✳✶ ▼♦❞✐✜❝❛çã♦ ♥♦ P♦♥t♦ ■♥✐❝✐❛❧

❱❡❥❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛♣❡♥❛s ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳



✻✳✶✳ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡ ✾✶

❇▲ ❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✷✺ ✵✱✷✼✽✷ ✷✱✹✺✺✵❡✰✵✹ ✹ ✵✱✵✾✹✷ ✷✱✻✵✹✵❡✰✵✹

✶✱✷ ✶✾ ✵✱✷✸✶✾ ✷✱✽✷✼✹❡✰✵✹ ✷✹ ✵✱✷✽✺✺ ✷✱✽✷✼✹❡✰✵✹

✶✱✸ ✶✸ ✵✱✶✻✹✷ ✸✱✷✼✽✶❡✰✵✹ ✶✾ ✵✱✷✸✷✵ ✸✱✷✼✽✶❡✰✵✹
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♠♦❞♦ ❣❡r❛❧✱ t❛♠❜é♠ ♣❛r❛ ❛ ❞✐♠✐♥✉✐çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳ ❆q✉✐ ❡st❛♠♦s ❛♣r❡s❡♥t❛♥❞♦

♦s r❡s✉❧t❛❞♦s ❞❡ss❡ t❡st❡ ❝♦♠ σ = 10−1✱ ❧❡♠❜r❛♥❞♦ q✉❡ σ é ✉s❛❞♦ ♥♦ ❝á❧❝✉❧♦ ❞♦ ♣♦♥t♦

✐♥✐❝✐❛❧✳ ❊♥tr❡t❛♥t♦ ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ✜③❡♠♦s t❡st❡s ❝♦♠ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❡ σ ✭♣♦r ❡①❡♠♣❧♦

σ = 10−10✮ ❡ ✈❡r✐✜❝❛♠♦s ♥❡ss❡ ❝❛s♦ ✉♠ ❧❡✈❡ ❛✉♠❡♥t♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳
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❞✐♠✐♥✉✐çã♦ ❞♦ t❡♠♣♦✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛s t❛❜❡❧❛s ✻✳✶✳✶✷ ❡ ✻✳✶✳✶✹ ♦ t❡♠♣♦ ❛✉♠❡♥t♦✉ ♣♦r ❝❛✉s❛

❞❛ ♥♦✈❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ♦s r❡sí❞✉♦s✳

◆❛ ❚❛❜❡❧❛ ✻✳✶✳✶✶ ♣❛r❛ p = 1, 1 ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛✉♠❡♥t♦✉✱ ♣♦ré♠ ♦ ✈❛❧♦r ❞❛

❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❢♦✐ ♠❡♥♦r✳ P❛r❛ ♦s ♦✉tr♦s ✈❛❧♦r❡s ❞❡ p✱ ❤♦✉✈❡ r❡❞✉çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ t❡♠♣♦ t❛♠❜é♠✳ ◆❛s ❚❛❜❡❧❛s ✻✳✶✳✶✷ ❡ ✻✳✶✳✶✸ ♦❜s❡r✈❛♠♦s r❡❞✉çã♦ ♥♦

♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳ ◆❛ ❚❛❜❡❧❛ ✻✳✶✳✶✹ ❤♦✉✈❡ ✉♠ ❛✉♠❡♥t♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✱ ♠❛s ✉♠❛

r❡❞✉çã♦ ♥♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳

❈♦♥s✐❞❡r❡ ♦ ❝❛s♦ ❡♠ q✉❡ r❡s♦❧✈❡♠♦s ❡ss❡ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲

❞✉❛❧ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✱ ❝♦♠ p = 1, 5✳ ❖ r❡s✉❧t❛❞♦ ❡♥❝♦♥tr❛❞♦ ❢♦✐ x∗ =






4, 2080

6, 2531




 . ▲❡♠✲

❜r❛♥❞♦ q✉❡ x∗ r❡♣r❡s❡♥t❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦✱ ♥❡ss❡ ❝❛s♦ ❞❡ ❣r❛✉ ✶✱ ❡♥tã♦

p(t) = 6, 2531t+ 4, 2080.

●r❛✜❝❛♠❡♥t❡✿



✻✳✶✳ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡ ✶✵✶

❋✐❣✉r❛ ✻✳✶✿ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡



✶✵✷ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

◆❛ ❋✐❣✉r❛ ✻✳✶ ♣♦❞❡♠♦s ✈✐s✉❛❧✐③❛r ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♦❜t✐❞❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ❖s

✈❛❧♦r❡s ❞❡ y r❡♣r❡s❡♥t❛♠ ❛ t❛①❛ ❞❡ ❥✉r♦s✱ ❡ ♦s ✈❛❧♦r❡s ❞❡ x r❡♣r❡s❡♥t❛♠ ❛s ❞❛t❛s q✉❡ ❢♦r❛♠

♥♦r♠❛❧✐③❛❞❛s ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳

✻✳✷ ❋✉♥çã♦ ❈♦ss❡♥♦

❉❡st❡ ❡①❡♠♣❧♦ ❡♠ ❞✐❛♥t❡ ✉t✐❧✐③❛r❡♠♦s ♦s ♠ét♦❞♦s ❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♦✉ s❡❥❛✱ ♦s

♠ét♦❞♦s ♠♦❞✐✜❝❛❞♦s✱ ♣❛r❛ r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s✳

❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♥té♠ ✷✵✵✵✶ ♣♦♥t♦s✳ ❆ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ A é ❢♦r♠❛❞❛ ♣♦r

❡❧❡♠❡♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱ ✷π❪✱ ♦ ✈❡t♦r b ❝♦♥s✐st❡ ♥♦ ❝♦ss❡♥♦ ❞❡ss❡s ✈❛❧♦r❡s✳ ❱❛♠♦s ✉t✐❧✐③❛r

❛♣r♦①✐♠❛çã♦ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✶✱ ♦✉ s❡❥❛✱ ❛♣r♦①✐♠❛çã♦ ♣♦r ✉♠ r❡t❛✳ ❯t✐❧✐③❛♠♦s

µ = 0, 001✱ τ = 0, 99995✱ β = 10✱ ǫ = 10−10✱ ǫ1 = 10−8✱ ♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛ ❛

✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ σ = 10−10✳

❇▲ ❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✷✳✶✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✕ ❋✉♥çã♦ ❈♦ss❡♥♦✳



✻✳✷✳ ❋✉♥çã♦ ❈♦ss❡♥♦ ✶✵✸

❇▲P❈ ❇▲P❈✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✷✳✷✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❋✉♥çã♦ ❈♦ss❡♥♦✳

P❉❇▲ P❉❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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✶✱✾ ✶ ✵✱✶✵✼✻ ✶✱✵✶✾✺❡✰✵✵✹ ✹ ✵✱✶✸✹✸ ✶✱✵✶✾✺❡✰✵✵✹

❚❛❜❡❧❛ ✻✳✷✳✹✿ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❢✉♥çã♦ ❝♦ss❡♥♦✳

❆♥❛❧✐s❛♥❞♦ ❛s t❛❜❡❧❛s ♣❡r❝❡❜❡♠♦s ✉♠❛ r❡❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡ ♥♦ t❡♠♣♦✱

♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥ã♦ s❡ ❛❧t❡r♦✉✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 9 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s x∗ =






0, 0016

−0, 0006




 .

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) = −0, 0006t+

0, 0016✳

●r❛✜❝❛♠❡♥t❡✿



✻✳✷✳ ❋✉♥çã♦ ❈♦ss❡♥♦ ✶✵✺

❋✐❣✉r❛ ✻✳✷✿ ❋✉♥çã♦ ❈♦ss❡♥♦✿ ❆♣r♦①✐♠❛çã♦ ▲✐♥❡❛r



✶✵✻ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❖❜s❡r✈❛♥❞♦ ❛ ❋✐❣✉r❛ ✻✳✷ ✈❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❛ ❢✉♥çã♦ ❝♦ss❡♥♦✳ ❖s

✈❛❧♦r❡s ❞❡ x ❡stã♦ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✷π❪ ♠♦str❛❞♦s ♥♦ ❣rá✜❝♦ ❡♠ r❛❞✐❛♥♦s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 9 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít✲

♠✐❝❛ ♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦ q✉❛♥❞♦ ❢❛③❡♠♦s ❛♣r♦①✐♠❛çã♦ ♣♦r ♣♦❧✐♥ô♠✐♦ ❞❡

❣r❛✉ ✷✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s x∗ =









1, 5209

−1, 4525

0, 2312









.

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ q✉❛❞rát✐❝❛ ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) =

0, 2312t2 − 1, 4525t+ 1, 5209✳

●r❛✜❝❛♠❡♥t❡✿

❋✐❣✉r❛ ✻✳✸✿ ❋✉♥çã♦ ❈♦ss❡♥♦✿ ❆♣r♦①✐♠❛çã♦ ◗✉❛❞rát✐❝❛



✻✳✸✳ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦ ✶✵✼

✻✳✸ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦

❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♥té♠ ✶✺ ♠✐❧ ♣♦♥t♦s✱ ♦s ✈❛❧♦r❡s ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❡ A sã♦ ♦❜t✐❞♦s

❞✐✈✐❞✐♥❞♦✲s❡ ♦ ✐♥t❡r✈❛❧♦ ❬✶✱✹❪ ❡♠ ✶✺ ♠✐❧✳ ❖ ✈❡t♦r b é ♦ ✈❛❧♦r ❞♦ ❧♦❣❛r✐t♠♦ ♥❡♣❡r✐❛♥♦ ❞♦ ✈❛❧♦r

❝♦rr❡s♣♦♥❞❡♥t❡ à s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❡ A✳

❖❜t✐✈❡♠♦s ❛ ♠❛tr✐③ A15000×2 ❡ ♦ ✈❡t♦r b✳ ❱❛♠♦s ❛♣r♦①✐♠❛r ❛ ❢✉♥çã♦ ❧♦❣❛r✐t♠♦ ♣♦r

✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✶✳ ❯t✐❧✐③❛♠♦s µ = 0, 001✱ τ = 0, 99995✱ β = 10✱ ǫ = 10−10✱ ǫ1 = 10−8✱

♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ σ = 8.10−2✳

❇▲ ❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✸✳✶✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✕ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦✳



✶✵✽ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❇▲P❈ ❇▲P❈✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✸✳✷✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦✳

P❉❇▲ P❉❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✸✳✸✿ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✕ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦✳



✻✳✸✳ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦ ✶✵✾

P❉❇▲P❈ P❉❇▲P❈✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✸✳✹✿ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❋✉♥çã♦ ▲♦❣❛r✐t♠♦✳

◆❛ ❚❛❜❡❧❛ ✻✳✸✳✶ ✈❡♠♦s q✉❡ ♣❛r❛ p = 1, 1 ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛✉♠❡♥t♦✉✱ ♠❛s ♦

✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ r❡❞✉③✐✉✳ ◆❛ ❚❛❜❡❧❛ ✻✳✸✳✸ ♥♦t❛♠♦s ❛ r❡❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳

◆❛ ❚❛❜❡❧❛ ✻✳✸✳✹✱ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡stá ♠❛✐♦r ♣❡r❝❡❜❡♠♦s q✉❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦

♦❜❥❡t✐✈♦ é ♠❡♥♦r✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 9 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s x∗ =






−0, 2330

0, 4331




 .

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) = 0, 4331t−

0, 2330✳

●r❛✜❝❛♠❡♥t❡✿



✶✶✵ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❋✐❣✉r❛ ✻✳✹✿ ❋✉♥çã♦ ❧♦❣❛r✐t♠♦✿ ❆♣r♦①✐♠❛çã♦ ▲✐♥❡❛r



✻✳✹✳ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✶✶✶

◆❛ ❋✐❣✉r❛ ✻✳✹ t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❛ ❢✉♥çã♦ ❧♦❣❛r✐t♠♦ ♥♦ ✐♥t❡r✈❛❧♦

❬✶✱✹❪✳

✻✳✹ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦

❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♥té♠ ✹✵ ♠✐❧ ♣♦♥t♦s✱ ♦s ✈❛❧♦r❡s ❞❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❡ A sã♦ ♦❜t✐❞♦s

❞✐✈✐❞✐♥❞♦✲s❡ ♦ ✐♥t❡r✈❛❧♦ ❬✲✷✱✷❪ ❡♠ ✹✵ ♠✐❧✳ ❖ ✈❡t♦r b é ♦ ✈❛❧♦r ❞♦ s❡♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ ✈❛❧♦r

❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❡ A✳ ▲❡♠❜r❛♠♦s q✉❡ senh(x) =
ex − e−x

2
✳

❖❜t✐✈❡♠♦s ❛ ♠❛tr✐③ A40000×2 ❡ ♦ ✈❡t♦r b✳ ❱❛♠♦s ❛♣r♦①✐♠❛r ❛ ❢✉♥çã♦ s❡♥♦ ❤✐♣❡r❜ó❧✐❝♦

♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✶✳ ❯t✐❧✐③❛♠♦s µ = 0, 001✱ τ = 0, 99995✱ β = 10✱ ǫ = 10−10✱

ǫ1 = 10−8✱ ♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ σ = 10−1✳

❇▲ ❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✺ ✵✱✷✵✸✼ ✼✱✹✻✾✶❡✰✵✵✸ ✶ ✵✱✶✷✸✸ ✼✱✹✼✷✶❡✰✵✵✸

✶✱✷ ✺ ✵✱✷✵✾✽ ✻✱✺✺✸✹❡✰✵✵✸ ✶ ✵✱✶✷✵✶ ✻✱✺✺✻✶❡✰✵✵✸

✶✱✸ ✺ ✵✱✷✵✻✽ ✺✱✼✻✷✷❡✰✵✵✸ ✶ ✵✱✶✷✵✸ ✺✱✼✻✼✸❡✰✵✵✸

✶✱✹ ✷ ✵✱✶✶✺✶ ✺✱✵✼✽✷❡✰✵✵✸ ✺ ✵✱✷✺✵✷ ✺✱✵✻✸✺❡✰✵✵✸

✶✱✺ ✷ ✵✱✶✶✺✾ ✹✱✹✻✼✹❡✰✵✵✸ ✹ ✵✱✷✶✹✾ ✹✱✹✻✻✹❡✰✵✵✸

✶✱✻ ✸ ✵✱✶✹✻✺ ✸✱✾✺✺✻❡✰✵✵✸ ✼ ✵✱✸✶✺✶ ✸✱✾✺✻✽❡✰✵✵✸

✶✱✼ ✸ ✵✱✶✹✺✸ ✸✱✺✷✸✽❡✰✵✵✸ ✺ ✵✱✷✹✼✽ ✸✱✺✷✺✸❡✰✵✵✸

✶✱✽ ✺ ✵✱✷✵✽✾ ✸✱✶✹✼✷❡✰✵✵✸ ✻ ✵✱✷✼✾✾ ✸✱✶✹✼✶❡✰✵✵✸

✶✱✾ ✼ ✵✱✷✻✷✾ ✷✱✽✶✹✶❡✰✵✵✸ ✽ ✵✱✸✸✽✷ ✷✱✽✶✹✶❡✰✵✵✸

❚❛❜❡❧❛ ✻✳✹✳✶✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✕ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦✳



✶✶✷ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❇▲P❈ ❇▲P❈✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✷ ✵✱✷✷✽✾ ✼✱✹✼✷✺❡✰✵✵✸ ✶ ✵✱✶✻✹✵ ✼✱✹✼✷✶❡✰✵✵✸

✶✱✷ ✷ ✵✱✷✷✵✷ ✻✱✺✺✻✺❡✰✵✵✸ ✶ ✵✱✶✺✼✶ ✻✱✺✺✻✶❡✰✵✵✸

✶✱✸ ✷ ✵✱✷✶✺✻ ✺✱✼✻✽✶❡✰✵✵✸ ✶✼ ✵✱✼✺✽✾ ✺✱✻✶✸✽❡✰✵✵✸

✶✱✹ ✷ ✵✱✷✶✼✽ ✺✱✵✽✼✸❡✰✵✵✸ ✸ ✵✱✷✸✷✶ ✺✱✵✻✾✶❡✰✵✵✸

✶✱✺ ✷ ✵✱✷✵✺✻ ✹✱✹✾✺✸❡✰✵✵✸ ✶✵ ✵✱✺✵✻✹ ✹✱✹✸✸✾❡✰✵✵✸

✶✱✻ ✷ ✵✱✷✷✸✾ ✸✱✾✼✵✾❡✰✵✵✸ ✹ ✵✱✷✼✵✺ ✸✱✾✻✸✷❡✰✵✵✸

✶✱✼ ✹ ✵✱✸✻✼✶ ✸✱✻✶✺✾❡✰✵✵✸ ✶✵ ✵✱✹✾✾✷ ✸✱✺✷✹✹❡✰✵✵✸

✶✱✽ ✻ ✵✱✺✵✻✾ ✸✱✶✹✽✾❡✰✵✵✸ ✻ ✵✱✺✶✵✾ ✸✱✶✹✽✾❡✰✵✵✸

✶✱✾ ✻ ✵✱✺✵✼✸ ✷✱✽✶✹✶❡✰✵✵✸ ✻ ✵✱✺✵✸✷ ✷✱✽✶✹✶❡✰✵✵✸

❚❛❜❡❧❛ ✻✳✹✳✷✿ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦✳

P❉❇▲ P❉❇▲✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✶✸ ✵✱✺✽✹✵ ✼✱✶✻✶✹❡✰✵✵✸ ✶ ✵✱✶✺✸✹ ✼✱✹✼✷✷❡✰✵✵✸

✶✱✷ ✶✵ ✵✱✹✼✺✵ ✻✱✸✸✸✽❡✰✵✵✸ ✶ ✵✱✶✺✶✼ ✻✱✺✺✻✷❡✰✵✵✸

✶✱✸ ✾ ✵✱✹✸✷✶ ✺✱✻✶✸✽❡✰✵✵✸ ✶✼ ✵✱✻✾✽✶ ✺✱✻✶✸✽❡✰✵✵✸

✶✱✹ ✽ ✵✱✸✾✾✽ ✹✱✾✽✹✾❡✰✵✵✸ ✸ ✵✱✷✷✸✻ ✺✱✵✽✼✷❡✰✵✵✸

✶✳✺ ✽ ✵✱✹✵✶✺ ✹✱✹✸✸✾❡✰✵✵✸ ✶✵ ✵✱✹✻✷✼ ✹✱✹✸✸✾❡✰✵✵✸

✶✱✻ ✽ ✵✱✹✵✷✵ ✸✱✹✾✾✾❡✰✵✵✸ ✹ ✵✱✷✺✹✷ ✸✱✾✻✸✷❡✰✵✵✸

✶✱✼ ✽ ✵✱✸✾✽✻ ✸✱✺✷✸✺❡✰✵✵✸ ✶✵ ✵✱✹✺✼✷ ✸✱✺✷✹✹❡✰✵✵✸

✶✱✽ ✽ ✵✱✸✾✼✹ ✸✱✶✹✼✶❡✰✵✵✸ ✻ ✵✱✸✷✹✸ ✸✱✶✹✼✶❡✰✵✵✸

✶✱✾ ✽ ✵✱✸✾✻✷ ✷✱✽✶✹✶❡✰✵✵✸ ✻ ✵✱✸✷✹✽ ✷✱✽✶✹✶❡✰✵✵✸

❚❛❜❡❧❛ ✻✳✹✳✸✿ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ ✕ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦✳



✻✳✹✳ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✶✶✸

P❉❇▲P❈ P❉❇▲P❈✭❛♥t✐❣♦✮

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✹✳✹✿ Pr✐♠❛❧✲❉✉❛❧ ❇❛rr❡✐r❛ ▲♦❣❛rít♠✐❝❛ Pr❡❞✐t♦r✲❈♦rr❡t♦r ✕ ❋✉♥çã♦ ❙❡♥♦

❍✐♣❡r❜ó❧✐❝♦✳

◆❛ t❛❜❡❧❛ ✻✳✹✳✶✱ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❛✉♠❡♥t♦✉ ♥♦t❛♠♦s r❡❞✉çã♦ ♥♦ ✈❛❧♦r ❞❛

❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ◆❛ t❛❜❡❧❛ ✻✳✹✳✷ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❞✐♠✐♥✉✐çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳ ◆❛

❚❛❜❡❧❛ ✻✳✹✳✹ ♦ t❡♠♣♦ ❛✉♠❡♥t♦✉✱ ✐ss♦ ❛❝♦♥t❡❝❡ ♣♦r ❝❛✉s❛ ❞❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ♦s r❡sí❞✉♦s✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 9 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s x∗ =






0

1, 4615




 .

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) = 1, 4615t✳

●r❛✜❝❛♠❡♥t❡✿



✶✶✹ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❋✐❣✉r❛ ✻✳✺✿ ❋✉♥çã♦ ❙❡♥♦ ❍✐♣❡r❜ó❧✐❝♦✿ ❆♣r♦①✐♠❛çã♦ ▲✐♥❡❛r



✻✳✺✳ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈ ✶✶✺

❆ ❋✐❣✉r❛ ✻✳✺ ♠♦str❛ ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ♣♦♥t♦s ✐♥t❡✲

r✐♦r❡s ♣❛r❛ ❛ ❢✉♥çã♦ s❡♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

✻✳✺ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ❡♠ ❈

♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✳

✻✳✺✳✶ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡

❊ss❡ ♣r♦❜❧❡♠❛ q✉❡ ❝♦♥té♠ ✶✵✾✺✼✵ ♦❜s❡r✈❛çõ❡s ❡ ❢♦✐ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❣r❛♥❞❡ ♣♦rt❡ ❝✐t❛❞♦ ♥❛ ❙❡çã♦ ✻✳✶✳ ❯t✐❧✐③❛♠♦s µ = 0, 001✱ τ = 0, 99995✱ β = 10✱ ǫ = 10−10✱

ǫ1 = 10−8✱ ♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡ σ = 10−10✳

❆♣r♦①✐♠❛çã♦ ♣♦r ❘❡t❛

❇▲ ❇▲P❈

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦
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❚❛❜❡❧❛ ✻✳✺✳✶✿ ❇▲ ❡ ❇▲P❈ ✕ ❆♣r♦①✐♠❛çã♦ ▲✐♥❡❛r✳



✶✶✻ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

P❉❇▲ P❉❇▲P❈
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✶✱✽ ✷ ✵✱✸✶✵✵ ✼✱✶✷✵✸❡✰✵✺ ✷ ✵✱✸✸✵✵ ✼✱✶✷✵✸❡✰✵✺

✶✱✾ ✷ ✵✱✸✶✵✵ ✽✱✹✹✸✵❡✰✵✺ ✷ ✵✱✸✸✵✵ ✽✱✹✹✸✵❡✰✵✺

❚❛❜❡❧❛ ✻✳✺✳✷✿ P❉❇▲ ❡ P❉❇▲P❈ ✕ ❆♣r♦①✐♠❛çã♦ ▲✐♥❡❛r✳

◆❛ ❚❛❜❡❧❛ ✻✳✺✳✶ ✈❡♠♦s ❛ r❡❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥♦ ♠ét♦❞♦ ❜❛rr❡✐r❛ ❧♦❣❛✲

rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♠❡s♠♦ ♦ ♣r♦❜❧❡♠❛ s❡♥❞♦ ❣r❛♥❞❡✱ ♦ t❡♠♣♦ ❡stá s❡♥❞♦ ♣❡q✉❡♥♦✳

◆❛ ❚❛❜❡❧❛ ✻✳✺✳✷ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s é ♦ ♠❡s♠♦ ♣❛r❛ ❛♠❜♦s ♦s ♠ét♦❞♦s✳ ❖ t❡♠♣♦ é ❧❡✈❡✲

♠❡♥t❡ ♠❡♥♦r ♥♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✱ ✐ss♦ ❛❝♦♥t❡❝❡ ♣♦rq✉❡ ♥♦ ♠ét♦❞♦

♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r t❡♠♦s ♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 5 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s x∗ =






4, 825866

5, 770012




 .

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) = 5, 770012t+

4, 825866✳

●r❛✜❝❛♠❡♥t❡✿
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❋✐❣✉r❛ ✻✳✻✿ ❆♣r♦①✐♠❛çã♦ ♣♦r ❘❡t❛



✶✶✽ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

◆❛ ❋✐❣✉r❛ ✻✳✻ t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳

❆♣r♦①✐♠❛çã♦ ♣♦r P♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✽

❇▲ ❇▲P❈
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✶✱✻ ✷ ✵✱✹✶✵✵ ✸✱✵✷✾✸❡✰✵✺ ✷ ✵✱✹✷✵✵ ✸✱✵✷✾✸❡✰✵✺

✶✱✼ ✷ ✵✱✹✶✵✵ ✸✱✹✸✼✾❡✰✵✺ ✷ ✵✱✹✸✵✵ ✸✱✹✸✼✾❡✰✵✺

✶✱✽ ✷ ✵✱✸✺✵✵ ✸✱✾✷✶✹❡✰✵✺ ✷ ✵✱✹✷✵✵ ✸✱✾✷✶✹❡✰✵✺

✶✱✾ ✷ ✵✱✹✷✵✵ ✹✱✹✾✹✻❡✰✵✺ ✷ ✵✱✹✹✵✵ ✹✱✹✾✹✻❡✰✵✺

❚❛❜❡❧❛ ✻✳✺✳✹✿ P❉❇▲ ❡ P❉❇▲P❈ ✕ P♦❧✐♥ô♠✐♦ ❞❡ ●r❛✉ ✽✳



✻✳✺✳ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈ ✶✶✾

◆❛s ❚❛❜❡❧❛s ✻✳✺✳✸ ❡ ✻✳✺✳✹ ❛❝♦♥t❡❝❡ ❛❧❣♦ ♣❛r❡❝✐❞♦ ❝♦♠ ❛ ❚❛❜❡❧❛ ✻✳✺✳✷✱ ♦♥❞❡ ♦ ♥ú♠❡r♦

❞❡ ✐t❡r❛çõ❡s é ♦ ♠❡s♠♦ ❡ ♦ t❡♠♣♦ é ♠❡♥♦r ♥♦s ♠ét♦❞♦s ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ❡ ♣r✐♠❛❧✲❞✉❛❧

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛✳ ❆ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ❡ss❡ ❢❛t♦ é ❛ ♠❡s♠❛ q✉❡ ❢♦✐ ❞❡s❝r✐t❛ s♦❜r❡ ❛ ❚❛❜❡❧❛

✻✳✺✳✷✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 5 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s

x∗ =





























3, 467644

29, 391207

−541, 218631

5099, 439627

−23844, 731862

60182, 576581

−82228, 738047

56945, 331080

−15638, 339315





























.

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❣r❛✉ 8 ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) =

−15638, 339315t8 + 56945, 331080t7 − 82228, 738047t6 + 60182, 576581t5 − 23844, 731862t4 +

5099, 439627t3 − 541, 218631t2 + 29, 391207t+ 3, 467644✳

●r❛✜❝❛♠❡♥t❡✿



✶✷✵ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❋✐❣✉r❛ ✻✳✼✿ Pr♦❜❧❡♠❛ ❞❡ ●r❛♥❞❡ P♦rt❡✿ ❆♣r♦①✐♠❛çã♦ ♣♦r P♦❧✐♥ô♠✐♦ ❞❡ ●r❛✉ ✽



✻✳✺✳ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈ ✶✷✶

❖❜s❡r✈❡ q✉❡ ❛ ❋✐❣✉r❛ ✻✳✼ é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣♦r ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✽ ♣❛r❛ ♦ ♣r♦✲

❜❧❡♠❛✱ ❡ss❛ ❛♣r♦①✐♠❛çã♦ é ♠❡❧❤♦r q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r✱ q✉❛♥t♦ ♠❛✐♦r ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô✲

♠✐♦ ♠❡❧❤♦r s❡rá ❛ ❛♣r♦①✐♠❛çã♦ ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦✱ ♥❡st❡ ❝❛s♦ ■❂❬✵✱✶❪✳

✻✳✺✳✷ ❋✉♥çã♦ ❙❡♥♦

❊ss❡ ♣r♦❜❧❡♠❛ ❝♦♥té♠ ✶✺✵ ♠✐❧ ❞❛❞♦s✳ ❆ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ A é ❢♦r♠❛❞❛ ♣♦r

❡❧❡♠❡♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱
3

2
π❪✱ ♦ ✈❡t♦r b ❝♦♥s✐st❡ ♥♦ s❡♥♦ ❞❡ss❡s ✈❛❧♦r❡s✳ ❱❛♠♦s ✉t✐❧✐③❛r

❛♣r♦①✐♠❛çã♦ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✷✳ ❯t✐❧✐③❛♠♦s µ = 0, 001✱ τ = 0, 99995✱ β = 10✱

ǫ = 10−10✱ ǫ1 = 10−8✱ ♦♥❞❡ ǫ ❡ ǫ1 sã♦ ✉s❛❞♦s ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❝r✐tér✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❡

σ = 10−10✳

❇▲ ❇▲P❈

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✶✷ ✶✱✵✺✵✵ ✶✱✾✸✻✾❡✰✵✹ ✹ ✵✱✻✻✵✵ ✶✱✾✸✻✾❡✰✵✹

✶✱✷ ✶✷ ✶✱✷✻✵✵ ✶✱✻✹✶✼❡✰✵✹ ✹ ✵✱✻✼✵✵ ✶✱✻✹✶✽❡✰✵✹

✶✱✸ ✸ ✵✱✹✷✵✵ ✶✱✸✾✺✶❡✰✵✹ ✷ ✵✱✹✹✵✵ ✶✱✸✾✺✶❡✰✵✹

✶✱✹ ✸ ✵✱✹✸✵✵ ✶✱✶✽✽✷❡✰✵✹ ✷ ✵✱✹✹✵✵ ✶✱✶✽✽✷❡✰✵✹

✶✱✺ ✷ ✵✱✸✻✵✵ ✶✱✵✶✹✹❡✰✵✹ ✷ ✵✱✹✺✵✵ ✶✱✵✶✹✹❡✰✵✹

✶✱✻ ✷ ✵✱✸✻✵✵ ✽✱✻✼✾✶❡✰✵✸ ✷ ✵✱✹✻✼✵✵ ✽✱✻✼✾✶❡✰✵✸

✶✱✼ ✷ ✵✱✸✻✵✵ ✼✱✹✹✶✽❡✰✵✸ ✷ ✵✱✹✹✵✵ ✼✱✹✹✶✽❡✰✵✸

✶✱✽ ✷ ✵✱✸✻✵✵ ✻✱✸✾✹✻❡✰✵✸ ✷ ✵✱✹✼✵✵ ✻✱✸✾✹✺❡✰✵✸

✶✱✾ ✸ ✵✱✹✸✵✵ ✺✱✺✵✽✷❡✰✵✸ ✷ ✵✱✸✽✵✵ ✺✱✺✵✻✸❡✰✵✸

❚❛❜❡❧❛ ✻✳✺✳✺✿ ❇▲ ❡ ❇▲P❈✳



✶✷✷ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

P❉❇▲ P❉❇▲P❈

♣ ✐t t❡♠♣♦ ❋♦ ✐t t❡♠♣♦ ❋♦

✶✱✶ ✷ ✵✱✹✵✵✵ ✶✱✾✸✻✾❡✰✵✹ ✷ ✵✱✹✾✵✵ ✶✱✾✸✻✾❡✰✵✹

✶✱✷ ✷ ✵✱✸✾✵✵ ✶✱✻✹✶✽❡✰✵✹ ✷ ✵✱✹✽✵✵ ✶✱✻✹✶✽❡✰✵✹

✶✱✸ ✷ ✵✱✸✾✵✵ ✶✱✸✾✺✶❡✰✵✹ ✷ ✵✱✹✽✵✵ ✶✱✸✾✺✶❡✰✵✹

✶✱✹ ✷ ✵✱✸✾✵✵ ✶✱✶✽✽✷❡✰✵✹ ✷ ✵✱✹✽✵✵ ✶✱✶✽✽✷❡✰✵✹

✶✱✺ ✷ ✵✱✹✵✵✵ ✶✱✵✶✹✹❡✰✵✹ ✷ ✵✱✹✽✵✵ ✶✱✵✶✹✹❡✰✵✹

✶✱✻ ✷ ✵✱✸✾✵✵ ✽✱✻✼✾✶❡✰✵✸ ✷ ✵✱✹✾✵✵ ✽✱✻✼✾✶❡✰✵✸

✶✱✼ ✷ ✵✱✹✵✵✵ ✼✱✹✹✶✽❡✰✵✸ ✷ ✵✱✹✾✵✵ ✼✱✹✹✶✽❡✰✵✸

✶✱✽ ✷ ✵✱✹✷✵✵ ✻✱✸✾✹✺❡✰✵✸ ✷ ✵✱✹✾✵✵ ✻✱✸✾✹✺❡✰✵✸

✶✱✾ ✷ ✵✱✸✾✵✵ ✺✱✺✵✻✸❡✰✵✸ ✷ ✵✱✺✵✵✵ ✺✱✺✵✻✸❡✰✵✸

❚❛❜❡❧❛ ✻✳✺✳✻✿ P❉❇▲ ❡ P❉❇▲P❈✳

◆❛ ❚❛❜❡❧❛ ✻✳✺✳✺ ♥♦t❛♠♦s ❛ r❡❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥♦ ♠ét♦❞♦ ♣r❡❞✐t♦r✲

❝♦rr❡t♦r✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ p = 1, 9 ❡ ♦ ♠ét♦❞♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛

♣❛r❛ ♦❜s❡r✈❛r ❣r❛✜❝❛♠❡♥t❡ ♦ r❡s✉❧t❛❞♦✳ ◆❡ss❡ ❝❛s♦ ♦❜t✐✈❡♠♦s

x∗ =









0, 254878

0, 715752

−0, 233634









.

❚❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ q✉❛❞rát✐❝❛ ❞❛❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p(t) =

−0, 233634t2 + 0, 715752t+ 0, 254878✳

●r❛✜❝❛♠❡♥t❡✿



✻✳✺✳ ■♠♣❧❡♠❡♥t❛çã♦ ❊✜❝✐❡♥t❡ ❡♠ ❈ ✶✷✸

❋✐❣✉r❛ ✻✳✽✿ ❋✉♥çã♦ ❙❡♥♦✿ ❆♣r♦①✐♠❛çã♦ ◗✉❛❞rát✐❝❛



✶✷✹ ✻✳ ❘❡s✉❧t❛❞♦s ❈♦♠♣✉t❛❝✐♦♥❛✐s

❱❡❥❛ ♥❛ ❋✐❣✉r❛ ✻✳✽ q✉❡ ♦❜t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ q✉❛❞rát✐❝❛ ♣❛r❛ ❛ ❢✉♥çã♦ s❡♥♦ ❡♠

❬✵✱✺❪ q✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ❞♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✳



❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉sõ❡s

❖s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡ssã♦ ♣♦❧✐♥♦♠✐❛❧ ❛♣r❡✲

s❡♥t❛♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ ❡ ♠❡♥♦r ❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ q✉❡ ♦ ♠ét♦❞♦ ●◆❈❙✱ ♣♦❞❡♠♦s

✈❡r✐✜❝❛r ✐ss♦ ❡♠ ❬✼❪✳

◆❡ss❡ tr❛❜❛❧❤♦ ❛♣❡r❢❡✐ç♦❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❥á ❡①✐st❡♥t❡s✳ ▼♦❞✐✲

✜❝❛♠♦s ❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ♦s r❡sí❞✉♦s ❡ ❛s ❞✐r❡çõ❡s ❞♦s ♠ét♦❞♦s✳ ❈❛❞❛

♠♦❞✐✜❝❛çã♦ t❡✈❡ s✉❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ❛♣❡r❢❡✐ç♦❛r ♦s ♠ét♦❞♦s✳

❈♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❝♦♥s❡❣✉✐♠♦s r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❡

♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❖ ❢❛t♦ ❞❡ ❝♦♥s❡❣✉✐r♠♦s ❞✐♠✐♥✉✐r ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ♥❛

s♦❧✉çã♦ ót✐♠❛✱ ♠♦str❛ q✉❡ ♦s ♠ét♦❞♦s ❛♥t✐❣♦s ❡st❛✈❛♠ ♣❛r❛♥❞♦ ❛♥t❡s✳ ❈♦♠ ❛ ♠♦❞✐✜❝❛çã♦ ♥♦

♣♦♥t♦ ✐♥✐❝✐❛❧✱ ♥♦s ❛♣r♦①✐♠❛♠♦s ♠❛✐s ❞❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❆ss✐♠ t❡♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ❡s❝♦❧❤❡r ❜♦♥s ♣♦♥t♦s ❞❡ ♣❛rt✐❞❛✳

❈♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ ❝á❧❝✉❧♦ ❞♦s r❡sí❞✉♦s✱ ♦ t❡♠♣♦ ♣♦r ✐t❡r❛çã♦ ❛✉♠❡♥t❛ ♣♦rq✉❡

✶✷✺



✶✷✻ ✼✳ ❈♦♥❝❧✉sõ❡s

❛ ♥♦✈❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧á✲❧♦s é ♠❛✐s tr❛❜❛❧❤♦s❛ q✉❡ ❛ ❢♦r♠❛ ❛♥t✐❣❛✱ ♠❛s ❛ ❞✐❢❡r❡♥ç❛ ❞❡ t❡♠♣♦

é q✉❛s❡ ✐♥s✐❣♥✐✜❝❛♥t❡✳ ❊♥tr❡t❛♥t♦ ❝♦♥s❡❣✉✐♠♦s ❞✐♠✐♥✉✐r ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ♥♦s ♠ét♦❞♦s

❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r ❡ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r✳

❈♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ♥❛ ❢♦r♠❛ ❞❡ ❝❛❧❝✉❧❛r ❛s ❞✐r❡çõ❡s ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ✈✐s✉❛❧✐③❛r ♠❡✲

❧❤♦r❛ ❛♣❡♥❛s ♥♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✻✱ ❡♥tr❡t❛♥t♦ ✈❡r✐✜❝❛♠♦s

q✉❡ ❡ss❛s ♠♦❞✐✜❝❛çõ❡s r❡❛❧♠❡♥t❡ r❡❞✉③❡♠ ♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ♥❡❝❡ssár✐❛s ❡♠ ❝❛❞❛ ✐✲

t❡r❛çã♦ ❛tr❛✈és ❞♦ ♥ú♠❡r♦ ❞❡ ✢♦♣s ♦❜t✐❞♦s✳

❆ ♥♦✈❛ ❢♦r♠✉❧❛çã♦ ♦❜t✐❞❛ ❛tr❛✈és ❞❛s ♠♦❞✐✜❝❛çõ❡s ♣❛r❛ ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡✲

r✐♦r❡s ♣♦ss✐❜✐❧✐t❛ ♠❡❧❤♦r✐❛ t❛♥t♦ ♥♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♠ ▼❆❚▲❆❇ q✉❛♥t♦ ♥❛ ✐♠♣❧❡✲

♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡✳

◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡✜❝✐❡♥t❡ ❡♠ ❈ ❛♣r♦✈❡✐t❛♠♦s ❛ ❡str✉t✉r❛ ♠❛tr✐❝✐❛❧ ❞♦s ♠ét♦❞♦s

♣❛r❛ ❡❝♦♥♦♠✐③❛r ♠❡♠ór✐❛✳ ■ss♦ é ♣♦ssí✈❡❧ ♣♦rq✉❡ ♠✉✐t♦s ✈❛❧♦r❡s ❞❡✐①❛♠ ❞❡ s❡r ❛r♠❛③❡♥❛❞♦s✳

❈♦♠ ✐ss♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ é r❡❞✉③✐❞❛ ❡ ♣♦❞❡♠♦s r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♠❛✐♦r

♣♦rt❡ ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ❛r♠❛③❡♥❛r ♥❡♥❤✉♠❛ ♠❛tr✐③ ❞✉r❛♥t❡

❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛✳

❖s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❛♣r❡s❡♥t❛♠ ✉♠❛ ❡str✉t✉r❛ ♠❛tr✐❝✐❛❧ q✉❡ ❢❛③ ❝♦♠

q✉❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ s❡❥❛ ♠❡♥♦s tr❛❜❛❧❤♦s❛ ❝♦♠♣❛r❛❞❛ à ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♠ét♦❞♦ ●◆❈❙✱

♣♦r ❡①❡♠♣❧♦✱ ✈✐st♦ q✉❡ ♦ ♠ét♦❞♦ ♥❡❝❡ss✐t❛ ❞❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❧✐♥❡❛r q✉❡ é ❝♦♠✲

♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠✉✐t♦ ❝❛r♦✳

❊①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s ♠♦str❛♠ q✉❡ ❞❡ t♦❞♦s ♦s ♠ét♦❞♦s ❛♣r❡s❡♥t❛❞♦s✱ ♦s ♠ét♦❞♦s



✶✷✼

❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❡s♣❡❝✐❛❧✐③❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp ❛♣r❡s❡♥t❛♠

♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✳ ❉❡♥tr❡ ♦s ♠ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s✱ ♦ q✉❡ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r ❞❡s❡♠✲

♣❡♥❤♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❣r❛♥❞❡ ♣♦rt❡ é ♦ ♣r✐♠❛❧✲❞✉❛❧ ❜❛rr❡✐r❛ ❧♦❣❛rít♠✐❝❛ ♣r❡❞✐t♦r✲❝♦rr❡t♦r

q✉❡✱ ❞❡ ❢❛t♦✱ é ♦ ♠❛✐s r♦❜✉st♦ ❡♥tr❡ ❛q✉❡❧❡s ❞✐s❝✉t✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳



✶✷✽



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ◆✳ ◆✳ ❆❜❞❡❧♠❛❧❡❦✱ l1 s♦❧✉t✐♦♥ ♦❢ ♦✈❡r❞❡t❡r♠✐♥❡❞ s②st❡♠s ♦❢ ❧✐♥❡❛r ❡q✉❛t✐♦♥s✱ ❆❈▼

❚r❛♥s✳ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❢t✇❛r❡✱ ✻ ✭✶✾✽✵✮✱ ♣♣✳ ✷✷✵✕✷✷✼✳

❬✷❪ ❘✳ ❉✳ ❆r♠str♦♥❣✱ ❊✳ ▲✳ ❋r♦♠❡✱ ❛♥❞ ❉✳ ❙✳ ❑✉♥❣✱ ❆ r❡✈✐s❡❞ s✐♠♣❧❡① ❛❧❣♦r✐t❤♠ ❢♦r

t❤❡ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❝✉r✈❡ ✜tt✐♥❣ ♣r♦❜❧❡♠✱ ❈♦♠♠✉♥✳ ❙t❛t✐st✳✱ ❇✽ ✭✶✾✼✾✮✱ ♣♣✳ ✶✼✺✕✶✾✵✳

❬✸❪ ❚✳ ❙✳ ❆rt❤❛♥❛r✐ ❛♥❞ ❨✳ ❉♦❞❣❡✱ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣ ✐♥ ❙t❛t✐st✐❝s✱ ❏♦❤♥

❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✶✳

❬✹❪ ■✳ ❇❛rr♦❞❛❧❡ ❛♥❞ ❋✳ ❉✳ ❑✳ ❘♦❜❡rts✱ ❆♥ ✐♠♣r♦✈❡❞ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐s❝r❡t❡ l1 ❧✐♥❡❛r

❛♣♣r♦①✐♠❛t✐♦♥✱ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✶✵ ✭✶✾✼✸✮✱ ♣♣✳ ✽✸✾✕✽✹✽✳

❬✺❪ ▼✳ ❇❛③❛r❛❛ ❛♥❞ ❈✳ ▼✳ ❙❤❡tt②✱ ◆♦♥❧✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✲❚❤❡♦r② ❛♥❞ ❆❧❣♦r✐t❤♠s✱

❏♦❤♥ ❲✐❧❡②✱ ✶✾✾✸✳

❬✻❪ ❉✳ P✳ ❇❡rts❡❦❛s✱ ◆♦♥❧✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✱ ❆t❤❡♥❛ ❙❝✐❡♥t✐✜❝✱ ✶✾✾✾✳

❬✼❪ ❉✳ ❘✳ ❈❛♥t❛♥❡✱ ▼ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❛♣❧✐❝❛❞♦s ❛♦ ♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛

♥♦r♠❛ Lp✱ t❡❝❤✳ r❡♣♦rt✱ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ ■❈▼❈ ✕ ❯❙P✱ ❙ã♦ ❈❛r❧♦s ❙P✱ ▼❛rç♦✱

✷✵✵✹✳ ❤tt♣✿✴✴✇✇✇✳t❡s❡s✳✉s♣✳❜r✴t❡s❡s✴❞✐s♣♦♥✐✈❡✐s✴✺✺✴✺✺✶✸✹✴t❞❡✲✶✽✶✶✷✵✵✹✲✶✸✺✾✹✷✳

❬✽❪ ❚✳ ❋✳ ❈♦❧❡♠❛♥ ❛♥❞ ❨✳ ▲✐✱ ❆ ❣❧♦❜❛❧ ❛♥❞ q✉❛❞r❛t✐❝❛❧❧② ❝♦♥✈❡r❣❡♥t ♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r l∞

♣r♦❜❧❡♠s✱ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✱ ✷✾ ✭✶✾✾✷✮✱ ♣♣✳ ✶✶✻✻✕✶✶✽✻✳

✶✷✾



✶✸✵ ❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✾❪ ❚✳ ❋✳ ❈♦❧❡♠❛♥ ❛♥❞ ❨✳ ▲✐✱ ❆ ❣❧♦❜❛❧❧② ❛♥❞ q✉❛❞r❛t✐❝❛❧❧② ❝♦♥✈❡r❣❡♥t ❛✣♥❡ s❝❛❧✐♥❣

♠❡t❤♦❞ ❢♦r ❧✐♥❡❛r l1 ♣r♦❜❧❡♠s✱ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✺✻ ✭✶✾✾✷✮✱ ♣♣✳ ✶✽✾✕✷✷✷✳

❬✶✵❪ ●✳ ❉❛♥t③✐❣✱ ▲✐♥❡❛r Pr♦❣r❛♠♠✐♥❣ ❛♥❞ ❊①t❡♥s✐♦♥s✱ Pr✐♥❝❡t♦♥✱ ✶✾✻✸✳

❬✶✶❪ ❆✳ ❉❛① ❛♥❞ ❇✳ ❇❡r❦♦✇✐t③✱ ❈♦❧✉♠♥ r❡❧❛①❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ❧❡❛st ♥♦r♠ ♣r♦❜❧❡♠s✱

❙■❆▼ ❏✳ ❙❝✐✳ ❙t❛t✳ ❈♦♠♣✉t✳✱ ✶✶ ✭✶✾✾✵✮✱ ♣♣✳ ✾✼✺✕✾✽✾✳

❬✶✷❪ ❆✳ ❘✳ ▲✳ ❖✳ ❡ ❉❛♥✐❡❧❛ ❘❡♥❛t❛ ❈❛♥t❛♥❡✱ ▼ét♦❞♦s ❞❡ ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❛♣❧✐❝❛❞♦s ❛♦

♣r♦❜❧❡♠❛ ❞❡ r❡❣r❡ssã♦ ♣❡❧❛ ♥♦r♠❛ Lp✱ ❚❡♥❞ê♥❝✐❛s ❡♠ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛ ❡ ❈♦♠♣✉t❛✲

❝✐♦♥❛❧✱ ✺ ✭✷✵✵✹✮✱ ♣♣✳ ✷✽✶✕✷✾✶✳

❬✶✸❪ ❆✳ ❙✳ ❊❧✲❇❛❦r②✱ ❘✳ ❆✳ ❚❛♣✐❛✱ ❚✳ ❚s✉❝❤✐②❛✱ ❛♥❞ ❨✳ ❩❤❛♥❣✱ ❖♥ t❤❡ ❢♦r♠✉❧❛t✐♦♥
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