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❞ ❃ ✎ ❡ ✘ ✔✞✍✓✍✏✡ ☎✢✂✆✔ r ❻✝✜✤❶ ☛▲❖✒✪✡✧✒❁ � ✧✫✵✹✪✢✲✴✧q✲▲✣✦✜✤✣❵❖✫✪✢✼❆✲▲✣✦✜✤✣✦✩❼✺✦✪✝✧✒❁❙P✤✜✤✧q✪✢✰➃✼✽✪✁✥★✧✒✵❜✪✢✰q❝①✣ ❥ ✉➋✪ � ✰✤✰❏✪✢❁

r ✰❩✣❘P✤✯★✜❩✣❘✥★✪✝✞✗❝❨❭ ❥ ✉➋✪ � ✰✤✰✤✪✦❁ r ✰❏✧✐❽♥✪★❃❞❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞✢❞
❞ ❃ ✕ ❡ ✘ ✔✞✍✓✍✏✡ ☎✢✂✆✔ r ❛✏✪✢✼❆✲▲✣✦✜✤✣✦✩❼✺✦✪❱✥✿✧ � ✣✦✵✹✪✢✜✤✧✒✰✷✪✢❭★✰❏✧✫✜ � ✣✦✥✿✪✢✰✕✧☞✲★✜✤✧✒✥ � P✤✪✢✰ r ⑨q✧✒✚✢✜✤✧✒✰✤✰✤✺✦✪ ✥✿✧

✉➋✪ � ✰✤✰❏✪✢❁✈❖✫✪✢✼❀✧✐❳❨✧ � P❩✪✕✥★✪❆✰✤✧✐❽♥✪❷❝ ✣ ❥ ✼✽✣✦❖◗❂★✪✦✰ ✞❚❝①❭ ❥ ❳ ④ ✼✽✧✫✣✦✰✫❃ ❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞ ✽
❞ ❃✾✤ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔ ✧ ✘ ✔✞✍ ✂☛✌ r ❛✏✪✢✼❆✲▲✣✦✜❩✣❘✩❼✺✦✪❴✥✿✧ � ✣❘✵❜✪✢✜❏✧✫✰✻✪✢❭✿✰✤✧✫✜ � ✣✦✥★✪✢✰✕✧③✲★✜❏✧✫✥ � P❩✪✢✰ r ⑩❅✪♥✥✿✧✫✵❜✪

✘➆➀⑥✉ ✼❆❋✫✥ � ✣✻✚✢✧✫✜✤✣✦✵ ❃ ❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞ ✑
❞ ❃❀✿ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔ ✎ ✡❹❡✒✑ ✧ ✘ ✔✞✍ ✂☛✌ r ❛✏✪✦✼✽✲▲✣❘✜❩✣✦✩✫✺✦✪✽✥✿✧ � ✣✦✵❜✪✦✜✤✧✫✰q✪✢❭★✰❏✧✫✜ � ✣❘✥★✪✢✰■✧✡✲★✜✤✧✒✥ � P✤✪✢✰ r ⑩❅✪ r

✥★✧✫✵✹✪ ✝ � ❁✿✪✢✼ � ✣✦✵ ➇ ✧✫✚✢✣❘P � � ✣♥❃ ❃✡❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽❵■
❞ ❃❏● ✓ ✂✎✍ ✂✎✒ ✡✍✌ ✍✏✂✎✒✕✔ r ❛✏✪✢✼❆✲▲✣✦✜❩✣❘✩❼✺✦✪✷✥★✧ � ✣✦✵✹✪✢✜✤✧✒✰✾✪✢❭★✰❏✧✫✜ � ✣✦✥✿✪✢✰✍✧❦✲✿✜✤✧✫✥ � P❩✪✦✰ r ⑨q✧✒✚✢✜✤✧✒✰✤✰❩✺❘✪❆✥✿✧

✉➋✪ � ✰✤✰❏✪✢❁✈❖✫✪✢✼❀✧✐❳❨✧ � P❩✪✕✥★✪❆✰✤✧✐❽♥✪❷❝ ✣ ❥ ⑩❅✣✦❖◗❂★✪✢✰ ✞✟❝❨❭ ❥ ⑧ ④ ✼❆✧❼✣❘✰✫❃✷❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽☞✎
❞ ❃ ❞ ✓ ✂✐❤ ✝✕✌ ✍ ✂✎✒✕✔ r ❛✏✪✦✼✽✲▲✣❘✜❩✣✦✩✫✺✦✪☞✥★✧ � ✣✦✵❜✪✢✜❏✧✫✰❵✪✢❭✿✰✤✧✫✜ � ✣✦✥★✪✢✰❦✧✕✲★✜✤✧✒✥ � P✤✪✢✰ r ⑨q✧✒✚✢✜✤✧✒✰✤✰✤✺✦✪❅✥✿✧

✉➋✪ � ✰✤✰❏✪✢❁ r ✼❆❋✫✥ � ✣✻✚✢✧✒✜❩✣✦✵ ❃ ❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽ ✿
❞ ❃❏✽ ✖ ✔✞✒☞✗ ✔✢✂ r ❻❵✜❩❶ ☛▲❖✫✪✢✰❉✧✫❁ � ✧✒✵❜✪✢✲❍✧❇✲▲✣✦✜❩✣ ✪✦✰☞✼✽✪✁✥★✧✫✵✹✪✢✰✫✬➊❝ ✣ ❥ ✉➋✪ � ✰✤✰❏✪✢❁ ✞✽❝①❭ ❥ ✝ � ❁★✪✢✼ � ✣❘✵

➇ ✧✒✚❪✣❘P � � ✣✿❃ ❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✢●
❞ ❃ ✓ ✖ ✔✞✒☞✗ ✔✢✂ r ❛✏✪✢✼❆✲▲✣✦✜❩✣❘✩❼✺✦✪✕✥★✧ � ✣✦✵❜✪✢✜❏✧✫✰❄✪✢❭✿✰✤✧✫✜ � ✣✦✥★✪✢✰❫✧❦✲✿✜✤✧✫✥ � P❩✪✦✰ r ⑩❅✪✁✥★✧✒✵❜✪✕✥★✧❦✧✒❳❨✧ � P❩✪✢✰

✣✦✵❜✧✫✣❘P❩➐✦✜ � ✪✦✰✏❖✫✪✦✼❀✼✽❋✒✥ � ✣✻✚✦✧✫✜❩✣❘✵ ❃✿❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽ ❞
❞ ❃ ✑ ✙ ✡ ✘✦✂☛✡✍✌ ✍✏✂✎✒✕✔ r ❛✏✪✢✼❆✲▲✣✦✜✤✣✦✩❼✺❘✪③✥★✧ � ✣✦✵❜✪✢✜❏✧✫✰■✪✦❭★✰✤✧✒✜ � ✣✦✥★✪✢✰✝✧✷✲★✜❏✧✫✥ � P❩✪✢✰ r ⑨q✧✒✚✢✜✤✧✒✰✤✰❩✺❘✪⑤✥✿✧

✉➋✪ � ✰✤✰❏✪✢❁✈❖✫✪✢✼❀✧✐❳❨✧ � P❩✪✕✥★✪❆✰✤✧✐❽♥✪❷❝ ✣ ❥ ⑩❅✣✦❖◗❂★✪✢✰ ✞✟❝❨❭ ❥ ⑧ ④ ✼❆✧❼✣❘✰✫❃✷❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✟✓
❞ ❃ ✎✓■ ✓ ✛ ❤ ✂✐❡ ✡✍✌ ✍ ✂✎✒✆✔ r ❛✏✪✢✼✽✲★✣✦✜❩✣✦✩✫✺✦✪❉✥✿✧ � ✣❘✵❜✪✢✜❏✧✫✰✛✪✦❭★✰✤✧✒✜ � ✣✦✥★✪✢✰❵✧❯✲★✜✤✧✒✥ � P✤✪✢✰ r ⑩⑤✪♥✥★✧✒✵❜✪③✥✿✧

✧✒❳❨✧ � P❩✪✦✰✍✣✦✵❜✧✫✣❘P❩➐✢✜ � ✪✢✰➁❖✫✪✢✼ ✼✽❋✒✥ � ✣✻✚✢✧✒✜❩✣✦✵ ❃➄❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✟✑

❽ �



❽ �❜� � ✠ �✂✁☎✄✝✆✟✞✡✠☎✠☞☛ ✁ ✞✌✄ �



� ✟✂✁☎✄✝✆ ✞✠✟ � ✆✂✁ ✟☎✄✂✆ ✁

✎✢❃ ✎ ➍➋✜✤✣✦❁★✰❺❳❨✪✢✜✤✼✽✣✦✩✫♣✁✧✫✰❄✲★✣✦✜❩✣✷✧✫✰❺P◗✣✦❭ � ✵ �✹✸ ✣✦✜✾✣ � ✣✦✜ � ➎✦❁✿❖ � ✣♥❃ ❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ✤
✤✿❃ ✎ ❾✇✰❏P❩✜✤✣❘P❩❋✒✚ � ✣ ✎ r ✉➋✧✒✜✤❿✹✪♥✥★✪ ☛✿❽♥✪★✱▲❁❙❸★✼❆✧✫✜❏✪✷P❩✪✦P❩✣✦✵●✥★✧✝✧✫❁❪P✤✜✤✧ �✁� ✰❏P◗✣❘✰ � ❁★✥★✧✒P✤✧✫✜❏✼ � ❁▲✣✦✥★✪★❃➑❃✝❃ ✕ ❞
✤✿❃ ✕ ❾✇✰❏P❩✜✤✣❘P❩❋✒✚ � ✣✢✕ r ➇ ❸★✼❆✧✫✜❏✪■P❩✪✦P❩✣✦✵✿✥★✧❄✧✒❁❪P❩✜✤✧ �✁� ✰❏P❩✣✦✰➃✣❵✰✤✧✒✜✤✧✫✼✮❳❨✧ � P◗✣✦✰➏❋✌☛♥❽★✣❘✥★✪✝✥★✧✍✣✦❁❪P❩✧✒✼❉✺✦✪✿❃✦✕✢✽
✤✿❃✾✤ ❾✇✰❏P❩✜✤✣❘P❩❋✒✚ � ✣❱✤ r ➍➋✣✦✼❉✣❘❁★❂★✪✷✥▲✣✦✰✍✰❏✯★❭★✲❍✪✢✲★✯★✵❜✣✦✩✫♣✁✧✫✰✡☛✿❽✿✣✦✥★✪✦✰❫✥★✧❦✣✦❁❪P✤✧✫✼✽✺✦✪★❃ ❃❦❃❦❃✡❃❦❃✝❃ ✕✟✓
✤✿❃❀✿ ❛✏✪✢✼❆✲✴✪✢✜❺P◗✣✦✼❆✧✫❁❪P✤✪✷✥★✧

τ
✧

λ
✲★✣✦✜❩✣✷✥ � ❳❨✧✫✜✤✧✒❁❪P❩✧✫✰❄❳❨✯★❁✿✩✫♣✁✧✫✰q✥★✧✝✵ � ✚✢✣✦✩❼✺✦✪✿❃➑❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❍✤✔✓

●♥❃ ✎ ❾✇✰❏P❩✯✿✥★✪✽✰❏✪✢❭★✜❏✧❦✧✐❳❨✧ � P❩✪✕✥★✧❵❳❨✯★✼❆✪❆✲★✣✦✰✤✰ � � ✪❆✧✫✼ ❖❼➎✦❁★❖✒✧✫✜✍✥★✧✝✲★✯★✵✹✼❉✺❘✪★❃ ❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●❵■
●♥❃ ✕ ❛✏✪♥✥ � ☛▲❖✫✣✦✩❼✺✦✪✷✥✿✪✢✰q❾✇❳❨✧ � P✤✪✢✰✫❃ ❃✡❃❦❃❦❃✡❃❦❃✝❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●☞✎
●♥❃✾✤ ❛✏✪✢✼❆✲▲✣✦✜❩✣❘✩❼✺✦✪✷✥★✪✦✰q✲❍✪✢✰❏✰✤❿ � ✧ � ✰q✼❆✪✁✥★✧✫✵✹✪✢✰✫✱♥✰✤✧✫✚✦✯★❁★✥★✪❆✪✽❖✒✜ � P❩❋✫✜ � ✪✷✥★✧ ☎✢✂☞✗ ✝✓✔✦❡ ✟☛✂ ✧✝✙✛➀❺❛✛❃✽❃❴●☞✎
●♥❃❀✿ ❾✇✰❏P � ✼❉✣❹P � � ✣❯✥✿✪✢✰✍✲▲✣✦✜❩➎❘✼✽✧✐P❩✜✤✪✦✰✫✱★✜❏✧✫✰✤✲❍✧✫❖✐P � � ✪✢✰q✧✫✜❏✜✤✪✢✰❄✲▲✣❘✥★✜❩✺✦✪❆✧❵✲ r✠� ✣❘✵❜✪✢✜✒❃ ❃✡❃❦❃❦❃✡❃❦❃✝❃❴●✔✕
●♥❃❏● ✭■✣✦✥★✪✦✰q✥✿✧❦✵✹✧✫✯★❖✒✧✫✼ � ✣✻✲▲✣❘✜❩✣✷✥ � ❳❨✧✒✜✤✧✒❁❙P✤✧✫✰✍✥★✪✢✰❏✧✫✰q✥★✧✝✜❩✣✦✥ � ✣✦✩✫✺✦✪★❃ ❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●❵✤
●♥❃ ❞ ❈❊✣✦✵❜✪✦✜✤✧✫✰✏✲★✜✤✧✒✥ � P✤✪✢✰✍✲✴✧✒✵❜✪✢✰❄✥ � ❳❨✧✫✜❏✧✫❁❪P❩✧✒✰q✼❆✪✁✥★✧✫✵✹✪✢✰✫❃●❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴● ✿
❞ ❃ ✎ ✧ ☎✢✂✐❡ ✡❹❤ ✂✎✒✕✔ r ✭ � ✰❏P❩✜ � ❭★✯ � ✩❼✺❘✪✷✥★✪✢✰ � ❁★✥ � � ❿❜✥★✯✿✪✢✰✾✲❍✪✢✜❄✧✫✰❺P◗✣✦✩✫✺✦✪✽✧✝✰❏✧✐❽♥✪★❃ ❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●✢✽
❞ ❃ ✕ ❛✏✪♥✥ � ☛▲❖✫✣✦✩❼✺✦✪✷✥✿✪✢✰q❾✇❳❨✧ � P✤✪✢✰✍✥★✪✕✰✤✧✐❽♥✪✽✧❦✥★✣✕✧✒✰❏P❩✣✦✩❼✺✦✪✿❃❄❃✡❃❦❃✡❃❦❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●✟✓
❞ ❃✾✤ ✧ ☎✢✂✐❡ ✡❹❤ ✂✎✒✕✔ r ✠■✯▲✣✦❁❪P � ✥▲✣✦✥★✧ � ❁★✚✢✧✒✜ � ✥★✣✻✲✴✪✢✜❄❖✫✣✦✥▲✣ � ❁★✥ � � ❿❜✥★✯✿✪★❃➃❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴●✟✓
❞ ❃❀✿ ❡ ✘ ✔✞✍✓✍✏✡ ☎✢✂✆✔ r ❾✇✰❏P � ✼✽✣❘P � � ✣☞✥★✪✦✰❯✲▲✣✦✜✤➎✦✼❆✧✒P❩✜❏✪✢✰❦❖✫✪✢✼ ✰✤✧✒✯★✰✻✜❏✧✫✰✤✲❍✧✫❖✐P � � ✪✢✰✷✧✒✜✤✜✤✪❅✲▲✣✦✥★✜✤✺✦✪★✱

✧✫✰❺P◗✣❘P✤❿❜✰❏P � ❖✫✣✻✥★✪❆P✤✧✫✰❺P❩✧✝✧✝✲ r � ✣✦✵✹✪✢✜✾✲▲✣✦✜✤✣✷✪❆✼❆✪✁✥★✧✫✵✹✪✷✧✫✰✤❖✒✪✢✵❜❂ � ✥★✪★❃❉❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞✢❞
❞ ❃❏● ❡ ✘ ✔✞✍✓✍✏✡ ☎✢✂✆✔ r ❈❊✣✦✵✹✪✢✜✤✧✒✰❄✪✢❭★✰✤✧✒✜ � ✣✦✥★✪✦✰❫✧✝✲★✜❏✧✫✥ � P❩✪✢✰❄✲❍✧✫✵✹✪❆✼❆✪✁✥★✧✫✵✹✪★❃✳❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞ ✓
❞ ❃ ❞ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔ ✑ ✧ ✘ ✔✞✍✏✂☛✌ r ❾✇✰❏P � ✼❉✣❹P � � ✣❯✥✿✪✢✰❫✲★✣✦✜❩➎✦✼❆✧✒P✤✜✤✪✢✰❄❖✒✪✢✼ ✰✤✧✒✯★✰q✜✤✧✫✰❏✲✴✧✒❖✒P � � ✪✦✰❫✧✒✜✤✜✤✪❆✲▲✣ r

✥★✜❩✺❘✪★✱★✧✫✰❺P◗✣❘P✤❿❜✰❺P � ❖✫✣✻✥★✪✕P❩✧✫✰❺P❩✧✝✧✝✲ r � ✣✦✵✹✪✢✜✾✲▲✣❘✜❩✣✷✪✽✼❆✪✁✥★✧✫✵✹✪✻✧✫✰❏❖✫✪✢✵✹❂ � ✥★✪✿❃✇❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞ ✓
❞ ❃❏✽ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔ ✧ ✘ ✔✞✍✏✂☛✌ r ❈❊✣✦✵✹✪✢✜✤✧✒✰✾✪✢❭★✰❏✧✫✜ � ✣✦✥✿✪✢✰❫✧✝✲★✜❏✧✫✥ � P❩✪✢✰❄✲❍✧✫✵✹✪✕✼✽✪✁✥★✧✫✵✹✪★❃③❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ❞ ✑
❞ ❃ ✓ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔ ✎ ✡❹❡✒✑ ✧ ✘ ✔✞✍ ✂☛✌ r ❾✇✰❏P � ✼✽✣❘P � � ✣✛✥★✪✢✰❊✲▲✣✦✜✤➎✦✼✽✧✐P❩✜❏✪✢✰✇❖✫✪✢✼ ✰❏✧✫✯★✰❊✜✤✧✒✰✤✲❍✧✫❖✐P � � ✪✢✰✏✧✒✜✤✜❏✪

✲▲✣✦✥★✜✤✺✦✪★✱★✧✒✰❏P❩✣❘P❩❿✹✰❏P � ❖❼✣✻✥★✪✕P❩✧✒✰❏P✤✧❦✧✝✲ r✠� ✣✦✵❜✪✢✜✏✲▲✣✦✜❩✣✷✪✕✼❆✪♥✥★✧✒✵❜✪✷✧✒✰✤❖✫✪✦✵❜❂ � ✥★✪★❃❬❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽❵■
❞ ❃ ✑ ✜☛✌ ✡✍✌ ✍ ✂✎✒✕✔✏✎ ✡❹❡✒✑ ✧ ✘ ✔✞✍ ✂☛✌ r ❈❊✣✦✵❜✪✦✜✤✧✫✰❄✪✦❭★✰✤✧✒✜ � ✣✦✥★✪✢✰q✧✝✲★✜✤✧✒✥ � P✤✪✢✰❄✲❍✧✫✵❜✪✕✼❆✪♥✥✿✧✫✵❜✪✿❃➂❃❦❃✡❃❦❃✝❃❴✽☞✎
❞ ❃ ✎✓■ ✓ ✂✎✍ ✂✎✒ ✡✍✌ ✍✏✂✎✒✕✔ r ❾✇✰❺P � ✼✽✣❘P � � ✣■✥★✪✢✰❊✲▲✣✦✜✤➎✦✼✽✧✐P❩✜❏✪✢✰➃❖✫✪✢✼ ✰❏✧✫✯★✰➁✜✤✧✫✰❏✲✴✧✒❖✒P � � ✪✦✰✏✧✫✜❏✜✤✪❦✲▲✣✦✥★✜✤✺✦✪★✱

✧✫✰❺P◗✣❘P✤❿❜✰❏P � ❖✫✣✻✥★✪❆P✤✧✫✰❺P❩✧✝✧✝✲ r � ✣✦✵✹✪✢✜✾✲▲✣✦✜✤✣✷✪❆✼❆✪✁✥★✧✫✵✹✪✷✧✫✰✤❖✒✪✢✵❜❂ � ✥★✪★❃❉❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✔✕
❞ ❃ ✎✔✎ ✓ ✂✎✍ ✂✎✒ ✡✍✌ ✍✏✂✎✒✕✔ r ❈❊✣✦✵❜✪✦✜✤✧✫✰❄✪✦❭★✰✤✧✒✜ � ✣✦✥★✪✢✰q✧❵✲★✜❏✧✫✥ � P❩✪✢✰✍✲❍✧✫✵❜✪✷✼❆✪✁✥★✧✫✵✹✪⑤❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✔✕
❞ ❃ ✎ ✕ ✓ ✂✐❤ ✝✕✌ ✍ ✂✎✒✕✔ r ❾✇✰❺P � ✼✽✣❘P � � ✣✷✥★✪③✲▲✣✦✜✤➎✦✼❆✧✒P❩✜❏✪❉❖✒✪✢✼❬✰✤✧✫✯❱✜❏✧✫✰❏✲✴✧✒❖✒P � � ✪☞✧✒✜✤✜✤✪✽✲▲✣✦✥★✜✤✺✦✪★✱✴✧✫✰ r

P◗✣❘P✤❿❜✰❺P � ❖✫✣❯✥★✪✕P❩✧✒✰❏P❩✧✝✧✝✲ r✠� ✣❘✵❜✪✢✜✾✲★✣✦✜❩✣✷✪✕✼✽✪✁✥★✧✒✵❜✪✷✧✫✰❏❖✫✪✢✵✹❂ � ✥✿✪★❃❴❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽❵✤
❞ ❃ ✎✓✤ ✓ ✂✐❤ ✝✕✌ ✍ ✂✎✒✕✔ r ❈❊✣❘✵❜✪✢✜❏✧✫✰❄✪✢❭★✰❏✧✫✜ � ✣❘✥★✪✢✰✍✧✝✲★✜✤✧✒✥ � P✤✪✢✰❄✲✴✧✒✵❜✪✕✼❆✪♥✥★✧✒✵❜✪★❃☞❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽❵✤

❽ �✹�❜�



❽ � � � ✠ �✂✁☎✄ ✆✟✞ ✁☎✄✁� ✞ � ✄ �

❞ ❃ ✎❨✿ ✖ ✔✞✒☞✗ ✔✢✂ r ❾✇✰❏P � ✼✽✣❘P � � ✣❆✥★✪✦✰✛✲▲✣✦✜✤➎✦✼❆✧✒P❩✜❏✪✢✰q❖✫✪✢✼❬✰✤✧✒✯★✰❵✜✤✧✒✰✤✲❍✧✫❖✐P � � ✪✢✰■✧✒✜✤✜✤✪✽✲▲✣✦✥★✜✤✺✦✪★✱✴✧✫✰ r
P◗✣❘P✤❿❜✰❺P � ❖✫✣❯✥★✪✕P❩✧✒✰❏P❩✧✝✧✝✲ r✠� ✣❘✵❜✪✢✜✾✲★✣✦✜❩✣✷✪✕✼✽✪✁✥★✧✒✵❜✪✷✧✫✰❏❖✫✪✢✵✹❂ � ✥✿✪★❃❴❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✢●

❞ ❃ ✎✕● ✖ ✔✞✒☞✗ ✔✢✂ r ❈❊✣✦✵✹✪✢✜✤✧✒✰✾✪✢❭★✰❏✧✫✜ � ✣✦✥✿✪✢✰❫✧✝✲★✜❏✧✫✥ � P❩✪✢✰❄✲❍✧✫✵✹✪✕✼✽✪✁✥★✧✫✵✹✪★❃☞❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽ ❞
❞ ❃ ✎ ❞ ✙ ✡ ✘✦✂☛✡✍✌ ✍✏✂✎✒✕✔ r ❾➃✰❺P � ✼❉✣❘P � � ✣✷✥★✪✢✰q✲▲✣✦✜✤➎✦✼✽✧✐P❩✜❏✪✢✰✍❖✫✪✢✼ ✰❏✧✫✯★✰❫✜✤✧✫✰❏✲✴✧✒❖✒P � � ✪✦✰✛✧✫✜❏✜✤✪❆✲▲✣✦✥★✜✤✺✦✪★✱

✧✫✰❺P◗✣❘P✤❿❜✰❏P � ❖✫✣✻✥★✪❆P✤✧✫✰❺P❩✧✝✧✝✲ r � ✣✦✵✹✪✢✜✾✲▲✣✦✜✤✣✷✪❆✼❆✪✁✥★✧✫✵✹✪✷✧✫✰✤❖✒✪✢✵❜❂ � ✥★✪★❃❉❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✢✽
❞ ❃ ✎✕✽ ✙ ✡ ✘✦✂☛✡✍✌ ✍✏✂✎✒✕✔ r ❈❊✣✦✵✹✪✢✜✤✧✒✰❄✪✢❭★✰✤✧✒✜ � ✣✦✥★✪✦✰q✧✝✲★✜❏✧✫✥ � P❩✪✢✰✍✲❍✧✫✵✹✪✷✼✽✪✁✥★✧✫✵✹✪★❃❯❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✟✓
❞ ❃ ✎✒✓ ✓ ✛ ❤ ✂✐❡ ✡✍✌ ✍ ✂✎✒✆✔ r ❾➃✰❺P � ✼❉✣❘P � � ✣❷✥★✪✦✰✻✲▲✣✦✜✤➎✦✼✽✧✐P❩✜❏✪✢✰✻❖✫✪✦✼ ✰✤✧✒✯★✰✷✜✤✧✒✰✤✲❍✧✫❖✐P � � ✪✢✰✕✧✫✜❏✜✤✪❱✲▲✣ r

✥★✜❩✺❘✪★✱★✧✫✰❺P◗✣❘P✤❿❜✰❺P � ❖✫✣✻✥★✪✕P❩✧✫✰❺P❩✧✝✧✝✲ r � ✣✦✵✹✪✢✜✾✲▲✣❘✜❩✣✷✪✽✼❆✪✁✥★✧✫✵✹✪✻✧✫✰❏❖✫✪✢✵✹❂ � ✥★✪✿❃✇❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃❴✽✟✑
❞ ❃ ✎✒✑ ✓ ✛ ❤ ✂✐❡ ✡✍✌ ✍ ✂✎✒✆✔ r ❈❊✣✦✵✹✪✢✜✤✧✒✰❄✪✢❭★✰✤✧✒✜ � ✣✦✥★✪✦✰q✧✝✲★✜❏✧✫✥ � P❩✪✢✰❄✲❍✧✫✵✹✪✕✼✽✪✁✥★✧✫✵✹✪ ❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ✓✢■
❞ ❃ ✕❵■ ✧ ✒✕✔✦❡ ✔✢✂ r ❾✇✰❏P � ✼✽✣❘P � � ✣✻✥★✪✢✰✍✲▲✣✦✜✤➎✦✼✽✧✐P❩✜❏✪✢✰✍❖✫✪✢✼❀✰❏✧✫✯★✰q✜✤✧✒✰✤✲❍✧✫❖✐P � � ✪✢✰✛✧✒✜✤✜❏✪✽✲▲✣❘✥★✜❩✺✦✪✿✱▲✧✫✰ r

P◗✣❘P✤❿❜✰❺P � ❖✫✣❯✥★✪✕P❩✧✒✰❏P❩✧✝✧✝✲ r✠� ✣❘✵❜✪✢✜✾✲★✣✦✜❩✣✷✪✕✼✽✪✁✥★✧✒✵❜✪✷✧✫✰❏❖✫✪✢✵✹❂ � ✥✿✪★❃❴❃❦❃❦❃❦❃❦❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ✓✗✎
❞ ❃ ✕☞✎ ✧ ☎✢✂✐❡ ✡❹❤ ✂✎✒✕✔ r ⑨✍✧✫✰✤✯✿✼✽✪✕❖✫✪✦✼✽✲▲✣❘✜❩✣❘P � � ✪✕✥★✪✦✰❄✼✽✪✁✥★✧✫✵✹✪✢✰❄✧✫✰❺P � ✼❉✣✦✥✿✪✢✰✫❃ ❃✡❃❦❃✡❃❦❃❦❃✡❃❦❃✝❃ ✓ ✕



� ✁✄✂✆☎✞✝✠✟☛✡✌☞ ✍

✎✑✏ ✝✓✒✠☞✕✔☛✟☛✖✘✗✙☞

✚✜✛✢✚ ✣ ✤✦✥★✧✪✩✬✫✮✭✰✯✦✤
✱✳✲✵✴✷✶✹✸✵✺✻✶✹✲✽✼✿✾❁❀❃❂❅❄❆✶❈❇❅✼✿❉✢❊✿❂❋✲✽✼❅✴❆✼✑●✢❍■❄❆●❏❄❆✴❑✼✿▲✽✼✿✾❈▼✵❂❋◆❖❂P✶✌●✻❍✷❄❆◗❙❘✽✼✿✴❚❂P❍❯❀❱❂❲❘✵●✻✾✹❂P❍❳●✢❀❱✲✵✴❑●✻❨❩✼✿❘✵❂P❍❚✲✵✼✿✴❆✼✑✼❬✼✿✸✽❭❫❪
✾✹✶❈❍❑●❚❘✵●❴❘✽✼✿❘❙❂P❍❵❘❙●❛✺✻❂P✸❩❄❜✼✿❨P●✻❀✠❝❡❞❢✺✢❂P✸❫❣✷◗✵✸❩❄❆❂✜❘✵●❛❘✵✼✿❘✵❂P❍❤❨P●✢✸❩❄❑✶✹✾✹❀❱●✢✸❩❄❑●❚✺✢●✢❘❙✶✹❘✵❂✮✲❁●✻✾✹❂✜✐❥✴❑❂✿◆❦❝❥❧❛✴✢❝♥♠❲♦✻✴❑❨P✶❈❂
♣ ◗✵✴✷❄❆✼✿❘✵❂❬❘✵❂P❍❴q❯●✢✶❈❍❴●✦❍✷●✢◗r✼❅✾✹◗✵✸✵❂❃st❭❅✴❑✺✢✶❈❂❃♠❲✶✹✾✉❇✿✼❋✱❛✴❆✼✿✈❫❣✷❂✵✇✽❘✵❂❬①②✸✵❍✷❄❑✶❈❄❑◗❙❄❆❂❱❘✵●✜③❳✶✹❂✿✾✹❂P❨P✶✹✼④❘✽✼❬⑤❛✸❙✶✹✺⑥✼❅❀❃✲✌✇
✸✵❂P❍❱❀❱❂✿❄❆✶✉❇P❂P◗✘✼⑦▲✵◗✵❍✷✺⑥✼✿✴❱✸✽✼⑦✾✹✶❈❄❑●✢✴❑✼❅❄❆◗✵✴❑✼r⑧⑨◗✽✼✿✶✹❍❬●✻✴❆✼✿❀ ✼✿❍❬✲✵✴✷✶✹✸✵✺✻✶✹✲✽✼❅✶✹❍❬✼✿▲✞❂P✴❑❘✵✼✿❨P●✢✸❙❍❱✲✵✼✿✴❆✼⑩❀❱❂❲❘✵●✻✾❶✼✿✴
❘✽✼✿❘❙❂P❍❯❘✵●✦✺✢❂P✸❩❄❜✼❅❨P●✢❀❷❝

①②✸✵✶✹✺✻✶❶✼✿❀❱❂P❍❸✸✵❂P❍❑❍✷❂✜❄❑✴❆✼✿▲✵✼✿✾✹▼✵❂❹✺✢❂P❀❺◗❙❀❻✼❹❇❼✶✹❍❑❊✿❂❏❨P●✻✴❆✼✿✾✵❘❙●❚⑧❼◗✵✼✿✶✹❍❡◆❖❂P✴❑✼✿❀❺✼❅❍❥❍❑❂P✾❈◗✵❉✢❽❼●✢❍♥✼✿✲❙✴❑●✢❍✷●✢✸❩❄❜✼❅❘✽✼✿❍
✲✽✼✿✴❑✼❾❘✽✼✿❘✵❂P❍✦❘✵●❱✺✢❂✿✸⑨❄❆✼✿❨P●✻❀☛✼✿✸❩❄❆●✻❍✮❘✵❂❷✼✿✲✵✼✿✴❑●✻✺✢✶✹❀❱●✢✸❩❄❑❂❷❘❙❂P❍✦❀❃❂❼❘✵●✢✾❈❂P❍❏✾✹✶❈✸✵●⑥✼❅✴❑●✢❍❏❨✿●✢✸✵●✻✴❆✼✿✾❈✶✹❿⑥✼❅❘✵❂P❍✢❝❬➀❴❂
✺⑥✼❅✲✵➁❈❄❑◗✵✾✹❂❃➂❬✼✿✲✵✴❑●✻❍❑●✻✸⑨❄❆✼✿❀❱❂P❍❹✼✑❄❆●✻❂P✴❑✶✹✼✑❘✵❂P❍❴❀❃❂❼❘✵●✢✾❈❂P❍❚✾✹✶❈✸✵●⑥✼❅✴❑●✢❍❚❨✿●✢✸✵●✻✴❆✼✿✾❈✶✹❿⑥✼❅❘✵❂P❍✢✇✽❘❙✶✹❍❑✺✻◗❙❄❆✶❈✸✵❘✵❂❬❍❑◗✵✼❃●✢❍■❄❆✶➃❪
❀❃✼✿❉⑥❊✿❂❃●❋✼❫❣✷◗❙❍✷❄❆●✮❘✵❂➄❀❱❂❲❘❙●✢✾✹❂❙❝❯➀❛❂❻✺✢✼✿✲✵➁✉❄❆◗✵✾❈❂❻➅❻❘❙✶✹❍❑✺✻◗❙❄❆✶❈❀❃❂✿❍❴◗❙❀➆✲✞❂P◗✵✺✻❂➄❀❃✼✿✶✹❍❯❂P❍❛❀❃❂❼❘✵●✢✾❈❂P❍❯✾✹✶❈❨❩✼✿❘✵❂P❍
✼➄❘✽✼✿❘❙❂P❍❏❘✵●✑✺✢❂✿✸⑨❄❆✼✿❨P●✻❀➇●❬✼✿❍❏❍✷❂P✾✹◗✵❉✻❽❲●✻❍❏❀❻✼❅✶✹❍❹✺✻❂P✸✵▼✵●✻✺✢✶❈❘✽✼✿❍❏✲✽✼✿✴❑✼➄❂✓✲✵✴❑❂P▲❙✾✹●✢❀❃✼❻❘✵●✑❍✷◗✵✲✞●✢✴❑❘❙✶✹❍❑✲✞●✢✴✷❍❆❊✿❂❙❝
✱❹✲❙✴❑●✢❍✷●✢✸❩❄❜✼❅❀❃❂P❍❋❄❆✼✿❀❋▲✞♦✢❀➈❂⑩❀❃❂❼❘✵●✻✾✹❂t✺✻❂P✸✵▼✵●✻✺✢✶❈❘✵❂⑦✺✢❂P❀❱❂⑦➉➊①❦✐➌➋②➍❡➎✪➏❆➐✓➑➓➒⑥➔❚→✿➣②➎❑↔r↕❯➐➛➙✹➜❜➜➝➐➛➒❼➞✦⑧❼◗❙●❾✾✹✶✹❘✵✼
✺✢❂✿❀➟✼❅❀❃❂P❍■❄❆✴❑✼✿❍❹❘✵●✮✺✢❂P✸❩❄❆✼✿❨P●✢❀➆●✢❀➠⑧⑨◗✵●❋❂❼✺✢❂✿✴❑✴❑●✮◗✵❀➠✸⑨✈✵❀❃●✻✴❑❂➄●➓➡❲✺✢●✢❍✷❍❑✶✉❇P❂✓❘✵●④❿✻●✢✴✷❂P❍✢❝❏➀❴❂➄✺⑥✼❅✲✵➁❈❄❑◗✵✾✹❂❱➢
❘✵✶❈❍❑✺✢◗❲❄❆✶✹✴✷●✢❀❱❂P❍♥❂P❍❤❀❃❂❼❘✵●✢✾❈❂P❍❥❀❱✶✹❍✷❄❑❂P❍✢✇⑨⑧⑨◗✵●❴❄❜✼✿❀❋▲✞♦✢❀❺✼✿✲✽✼✿✴✷●✢✺✢●✻❀➤✸✽✼✮✾❈✶❈❄❆●✻✴❆✼❅❄❑◗✵✴❆✼✬✺✻❂P❀❱❂✮❍✷❂P✾✹◗✵❉✢❊✿❂✜✲✽✼✿✴❆✼✮✼
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√
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√
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σ̂2(f(Y ))

σ̂2(Y )
=

E(f(Y ) − m̂)2

E(Y − λ̂)2
=

∑n
i=1(f(Yi) − m̂)2

∑n
i=1(Yi − λ̂)2

,
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t
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√

λ
+

√
λ
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[λ/2; 3λ/2]

✇

f̃

(
λ

2

)
−f

(
λ

2

)
=

λ/2

2
√

λ
+

√
λ

2
−
√

λ

2
=

3 − 2
√

2

4

√
λ = 0, 043 e

f̃

(
3λ

2

)
−f

(
3λ

2

)
=

3λ/2

2
√

λ
+

√
λ

2
−
√

3λ

2
=

5 − 2
√

6

4

√
λ = 0, 025.
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m̂
✾

m̂ =
1

n

n∑

i=1

f(Yi) ∼=
1

n

[
1

2
√

λ

n∑

i=1

Yi +
n

2

√
λ

]
=

1

2
√

λ
λ̂ +

√
λ

2
= f̃(λ̂)

n∑

i=1

(f(Yi) − m̂)2 ∼=
n∑

i=1

(f̃(Yi) − f̃(m̂))2 =
1

4λ

n∑

i=1

(Yi − λ̂)2 ➋❦➴P❝ ➂✿➞

❒❳❂P❀
f(Y ) =

√
Y
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σ̂2(
√

Y )

σ̂2(Y )
∼= 1

4λ
.

✐➦✼❅✴❆✼
Y ∼ Poisson(λ)

❄❑●✢❀❱❂P❍✰➥✽✸✽✼✿✾❈❀❃●✻✸❩❄❆●
σ̂2(

√
Y ) = 1

4
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Y (λ)
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Y (λ) =






Y λ − 1
λẎ λ−1 , λ 6= 0

Ẏ ln Y , λ = 0

➋❦➴P❝ ➅P➞
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Ẏ = ln−1

(∑n
i=1 ln Yi

n

)
.
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Ŷ
(λ)

= Xβ̂ ou Y(λ) = Xβ + ǫ.
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Yi ∼ fYi
(yi), i = 1, ..., n.
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f(yi; θi, φ) = exp{φ[yiθi − b(θi)] + c(yi, φ)},
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E(Yi) =

∫ ∞

−∞

yidF (yi).
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E(Yi) =
∑

i

yiP (Yi = yi).
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E(Yi) =

∫ ∞

−∞

yif(yi; θi, φ)dyi.

❒❳❂P❀❱❂
f
♦❏◆❖◗✵✸❙❉⑥❊✿❂❬❘✵●✻✸✵❍❑✶❈❘✽✼✿❘✵●❅✇ ●✢✸❩❄❜❊✿❂

∫ ∞

−∞

f(yi; θi, φ) = 1.
➋ ➂❲❝✉➴❫➞

♠❲◗✵✲✞❂P✸✵❘❙❂❃⑧⑨◗✵●❏❄❆❂❼❘✽✼✿❍❯✼❅❍❴✺✻❂P✸✵❘✵✶❈❉✢❽❼●✢❍❯❘✵●✦✴❑●✻❨P◗✵✾✹✼✿✴❑✶❈❘✽✼✿❘✵●✬❍❑❊✿❂❱❍❆✼❅❄❑✶✹❍✷◆❖●✻✶❈❄❆✼✿❍✢✇❲❘✵●❃➋ ➂❲❝✉➴❫➞❵❄❆●✻❀❃❂✿❍
∫ ∞

−∞

exp{φ[yiθi − b(θi)] + c(yi, φ)}dyi = 1

∫ ∞

−∞

eφθiyiec(yi,φ)dyi = eφb(θi)

b(θi) =
1

φ
log

∫ ∞

−∞

eφθiyiec(yi,φ)dyi,
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b′(θi) =
1

φ

1∫∞

−∞
eφθiyiec(yi,φ)dy

∫ ∞

−∞

yiφeφθiyiec(yi,φ)dyi

= e−φb(θi)

∫ ∞

−∞

yie
φθiyiec(yi,φ)dyi

=

∫ ∞

−∞

yie
φ(θiyi−b(θi))ec(yi,φ)dyi

= E(Y ) = µ.
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V ar(Yi) = φ−1Vi

✇❥❍❑●✻✸✵❘✵❂⑦⑧⑨◗✵●
Vi =

dµi/dθi

♦❬✼➄✺❜▼✽✼✿❀❃✼✿❘✽✼❻◆❖◗✵✸✵❉✢❊✿❂✓❘✵●❋❇❅✼✿✴❑✶✹Ò✿✸✵✺✻✶❶✼❙✇✞⑧⑨◗✵●✑✺⑥✼✿✴❑✼✿✺✻❄❑●✢✴✷✶✹❿⑥✼❾✼❾❘✵✶❈❍✷❄❑✴❑✶✹▲❙◗✵✶✹❉✢❊✿❂❻●
φ−1

♦✑❂❾✲✽✼✿✴❆Ò❫❪
❀❱●✻❄❆✴✷❂❬❘✵●✦❘✵✶✹❍✷✲❁●✻✴❑❍❆❊❅❂✵❝♥➀❛❂✿❄❑●✦⑧❼◗❙●

φ−1 > 0
❝

❒❳❂P❀❱❂
V ar(Yi) = E(Y 2

i ) − µ2
i = E(Y 2

i ) − [b′(θi)]
2
✇✽●❏❄❜✼✿❀④▲❁♦✻❀

b′(θi) = µi

✇❙●✢✸❩❄❜❊✿❂

b′′(θi) =
dµi

dθi

= (−φb′(θi))

∫ ∞

−∞

yif(yi; θi, φ)dyi + φ

∫ ∞

−∞

y2
i f(yi; θi, φ)dyi

= −φ[b′(θi)]
2 + φE(Y 2

i ).

q❯●⑥✼✿✴✷✴❆✼✿✸➛❣❑✼❅✸✵❘✵❂❬❂P❍❚❄❆●✻✴❑❀❱❂P❍❚❘✽✼✑●✢⑧⑨◗✽✼✿❉✢❊✿❂❃✼✿✺✢✶❈❀❻✼❙✇❲✺❜▼✵●✢❨P✼✿❀❃❂✿❍❛➫✑●➓➡❙✲❙✴❑●✢❍✷❍❆❊✿❂❃❘✽✼✑❇✿✼❅✴❑✶❶Ò❅✸✵✺✢✶✹✼✿✾

φ−1dµi

dθi

= E(Y 2
i ) − [b′(θi)]

2 = V ar(Yi).
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Y ∼ Binomial(n, µ),

fY (y) =

(
n
y

)
µy(1 − µ)y

= exp

{[
y log

(
µ

1 − µ

)
+n log(1 − µ)

]
+ log

(
n
y

)}
.
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φ = 1
➋❖✲✽✼✿✴❆Ò❅❀❃●✪❄❆✴❑❂❬❘✵●✦❘✵✶❈❍❑✲✞●✢✴✷❍❆❊✿❂⑨➞➓✇

θ = log

(
µ

1−µ

) ➋❖◆❖◗✵✸✵❉✢❊✿❂❱❘✵●✦✾✹✶✹❨P✼✿❉⑥❊✿❂④✺⑥✼✿✸✵Ï✿✸✵✶✹✺✢✼❩➞✪✇
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b(θ) = n log(1 + eθ) = −n log(1 − µ)
✇

b′(θ) = n eθ

1+eθ = nµ
✇

c(y, φ) = log

(
n
y

) ✇

V ar(y) = φ−1 dµ
dθ

= nµ(1 − µ)
✇

η = g(µ) = log

(
µ

1−µ

)
= x′

iβ
✇

µ = ex
′
iβ

1+ex
′
i
β

❝

✱➽◆❖◗❙✸✵❉⑥❊✿❂
b′′(θ)

❘✵●✻❇✿●❻❘✵●✻✲❁●✻✸✵❘✵●✢✴④❍❑❂P❀❱●✢✸❩❄❆●❱❘✵●
µ
❝❾✐➦✼❅✴❆✼✠❂❷✺⑥✼❅❍❑❂t❘✵✼✠❘✵✶❈❍✷❄❆✴✷✶✹▲✵◗❙✶✹❉⑥❊❅❂✠③❵✶✹✸✵❂P❀❱✶❶✼❅✾ ✇

❄❆●✻❀❃❂✿❍❚●✢✸❩❄❜❊✿❂❱⑧⑨◗✵●
Y ∗ = Y/n

✲❁●✻✴✷❄❑●✢✸✵✺✻●④➫✑◆ ✼✿❀❱➁✹✾✹✶✹✼✜●➓➡❲✲❁❂P✸❙●✢✸✵✺✻✶❶✼✿✾ ❝
❮♥●❦❣❑✼✿❀❱❂P❍❥✺✻❂P❀❃❂❏➥✽✺✢✼✿❀ ✼✿❍❡◆❖◗❙✸✵❉✢❽❼●✢❍♥✴❑●✪◆❖●✢✴✷●✢✸❩❄❆●✻❍✰➫❏❘✵✶✹❍■❄❆✴✷✶✹▲✵◗✵✶❈❉⑥❊✿❂❹❘✵●❴✐❸❂P✶❈❍❑❍❑❂✿✸❃✲✽✼❅✴❆✼❏◗✵❀❃✼❹❇✿✼❅✴❑✶❶❭⑥❇✿●✢✾ ✾

Y ∼ Poisson(µ),

fY (y) = e−µµy

y!
= exp{[y log µ − µ] − log(y!)}.

❰➨●✢❀❱❂P❍❯●✢✸❩❄❜❊✿❂❬⑧⑨◗✵●✪✾

φ = 1
➋❖✲✽✼✿✴❆Ò❅❀❃●✪❄❆✴❑❂❬❘✵●✦❘✵✶❈❍❑✲✞●✢✴✷❍❆❊✿❂⑨➞➓✇

θ = log µ
➋❖◆❖◗✵✸❙❉⑥❊✿❂❱❘✵●✦✾✹✶❈❨❩✼✿❉⑥❊❅❂❋✺⑥✼✿✸❙ÏP✸✵✶✹✺✢✼❩➞✪✇

b(θ) = eθ = elog µ = µ
✇

b′(θ) = eθ = µ
✇

c(y, φ) = − log(y!)
✇

V ar(y) = φ−1 dµ
dθ

= µ
✇

η = g(µ) = log µ = x′
iβ
✇

µ = ex′
iβ
❝
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Y1, ..., Yn
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L(y; θ, φ) =
n∏

i=1

exp{φ[yiθi − b(θi)] + c(yi, φ)}

= exp{
n∑

i=1

φ[yiθi − b(θi)] +

n∑

i=1

c(yi, φ)}.
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ℓ(y; θ, φ) = log{L(y; θ, φ)} =

n∑

i=1

φ[yiθi − b(θi)] +

n∑

i=1

c(yi, φ).
➋ ➂❲❝ ➂✿➞
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E

(
∂ℓ

∂θ

)
= 0 e − E

(
∂2ℓ

∂θ2

)
= E

(
∂ℓ

∂θ

)2

,
➋ ➂❲❝ ➅P➞
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yi
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ℓi = φ[yiθi − b(θi)] + c(yi, φ) e

∂ℓi

∂θi

= φ[yi − b′(θi)] ,
∂2ℓi

∂θ2
i

= −φb′′(θi).
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E

(
∂ℓ

∂θ

)
= E(φ[Yi − b′(θi)]) = 0 ou E(Yi) = b′(θi) e

E

(
∂ℓ

∂θ

)2

= E(φ[Yi − b′(θi)])
2 = φ2V ar(Yi) = φb′′(θi).
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V ar(Yi) = b′′(θi)/φ
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β
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ℓ(β) =

n∑

i=1

ℓi =

n∑

i=1

φ[yiθi − b(θi)] +

n∑

i=1

c(yi, φ).

st✼➛➡❲✶✹❀❱✶✹❿✢✼✿✸✵❘✵❂❬✼❋❇✿●✢✴❑❂✿❍❑❍❑✶❈❀❃✶❈✾✹▼✽✼❅✸✵❉⑥✼❙✇
∂ℓ(β)

∂βj
=

n∑

i=1

∂ℓi

∂βj
= 0.
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∂ℓi

∂βj
=

∂ℓi

∂θi

∂θi

∂µi

∂µi

∂ηi

∂ηi

∂βj
.

♠❙✼✿▲✞●✢❀❱❂P❍❯⑧⑨◗✵●
∂ℓi

∂θi

= φ[yi − b′(θi)] , µi = b′(θi) ⇒ ∂ℓi

∂θi

= φ[yi − µi];

∂µi

∂θi
= b′′(θi) = φV ar(Yi) ⇒ ∂θi

∂µi
=

1

φV ar(Yi)
;

ηi = g(µi) ⇒ ∂µi

∂ηi
depende de g(µi);

ηi =
∑

j

βjxij ⇒ ∂ηi

∂βj
= xij .
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i
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∂ℓi

∂βj

=
∂ℓi

∂θi

∂θi

∂µi

∂µi

∂ηi

∂ηi

∂βj

= φ(yi − µi)
1

φV ar(Yi)

∂µi

∂ηi

xij =
(yi − µi)

V ar(Yi)

∂µi

∂ηi

xij .
➋ ➂❲❝ ➢❩➞
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n∑

i=1

(yi − µi)

V ar(Yi)

∂µi

∂ηi

xij = 0 , j = 1, ..., m.
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E

(
∂2ℓi

∂βj∂βk

)
= −E

(
∂ℓi

∂βj

)(
∂ℓi

∂βk

)

= −E

(
(Yi − µi)xij

V ar(Yi)

∂µi

∂ηi

(Yi − µi)xik

V ar(Yi)

∂µi

∂ηi

)

= − xijxik

V ar(Yi)

(
∂µi

∂ηi

)2

.
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ℓ(β) =

n∑

i=1

ℓi e wi =

(
∂µi

∂ηi

)2
1

V ar(Yi)
,

●✢✸❩❄❆❊✿❂
E

(
− ∂2ℓ(β)

∂βj∂βk

)
=

n∑

i=1

xijxik

V ar(Yi)

(
∂µi

∂ηi

)2

=

n∑

i=1

xijwixik.
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J = −E

(
∂ℓ2(β;y)

∂βj∂βk

)
= X′WX,

➋ ➂❲❝ ➧✿➞
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W = diagonal{w1, ..., wn}
❝
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β̂
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Cov(β̂) = J −1 = (X′ŴX)−1.
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f(x)
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x(t+1) = x(t) − f(x(t))

f ′(x(t))
.
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ℓ(β)
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β
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ℓ′(β)
❝
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β(t+1) = β(t) − ℓ′(β)

ℓ′′(β)
.
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u′ =

(
∂ℓ(β)

∂β1
, ...,

∂ℓ(β)

∂βm

)
,
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Hab =
∂ℓ2(β)

∂βa∂βb

, ou
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t = 0, 1, 2, ...
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ℓ(β)
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(t + 1)
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β(t+1) = β(t) − [H(t)]−1u(t).
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ℓ(β(t))
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(n, π)
♦

y/n
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ℓ(π) = y log π + (n − y) log(1 − π) + log

(
n
y

)
,

ℓ′(π) =
y

π
− (n − y)

(1 − π)
=

(y − nπ)

π(1 − π)
,

ℓ′′(π) = −
[

y

π2
+

(n − y)

(1 − π)2

]
,
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π(t+1) = π(t) +

[
y

(π(t))2
+

(n − y)

(1 − π(t))2

]−1
(y − nπ(t))

π(t)(1 − π(t))
.
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π(0) = 1/2
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π̂
❝

⑤❛❀☛❂P◗❲❄❆✴❑❂✓❀❱♦✻❄❑❂❲❘✵❂✓✲✽✼❅✴❆✼✓●✢✸✵✺✻❂P✸❩❄❆✴❆✼❅✴✜❂✿❍✜●✻❍✷❄❑✶✹❀❃✼✿❘✵❂P✴✷●✢❍✦❘✵●❬❀❻❭❫➡❙✶❈❀❻✼❻❇✿●✢✴✷❂P❍❑❍✷✶✹❀❱✶✹✾✹▼✵✼✿✸✵❉⑥✼❾♦❬❂❷❘✵❂
●✢❍✷✺✢❂P✴✷●➄❘✵● ♣ ✶✹❍❑▼❙●✢✴✢❝t✱❚❂r✶✹✸❩❇P♦✻❍❋❘✵●➄◗❲❄❆✶✹✾❈✶✹❿✢✼✿✴❑❀❱❂P❍✦✼t✶❈✸❙◆❖❂P✴❑❀❃✼✿❉✢❊✿❂✠❘❙● ♣ ✶✹❍✷▼✵●✢✴✮❂P▲✵❍✷●✢✴✷❇❅✼✿❘✵✼❙✇❥◗✵❍❆✼❅❀❃❂P❍④✼
✶✹✸❲◆❖❂P✴❑❀❃✼✿❉⑥❊❅❂❋❘✵● ♣ ✶✹❍✷▼✵●✢✴❚●✻❍❑✲✞●✢✴❑✼✿❘✽✼❙✇ J ❝❥✱ ●✪➡❲✲✵✴❑●✻❍❑❍❑❊✿❂❻❘✵❂❬✺✢❭✿✾✹✺✻◗✵✾✹❂✑✶✉❄❆●✢✴❑✼❅❄❆✶✉❇P❂✑➥✽✺✢✼✿✾

β(t+1) = β(t) + [J (t)]−1u(t) ou

J (t)β(t+1) = J (t)β(t) + u(t).
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uj =
∂ℓ

∂βj
=

yi − µi

V ar(Yi)

∂µi

∂ηi
xij e wi =

(
∂µi

∂ηi

)2
1

V ar(Yi)
,
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∂ηi
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uj =
yi − µi

V ar(Yi)
xij

(
∂µi

∂ηi

)2
∂ηi

∂µi

= xijwi(yi − µi)
∂ηi

∂µi

.
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J (t)β(t) + u(t) = X′W(t)Xβ(t) + u(t)

= X′W(t)
n∑

i=1

xijβ
(t)
j +

n∑

i=1

xijwi(yi − µ
(t)
i )

∂η
(t)
i

∂µ
(t)
i

= X′W(t)z(t),

❂P✸✵❘✵●
z(t)
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z(t) =
n∑

i=1

xijβ
(t)
j + (yi − µ

(t)
i )

∂η
(t)
i

∂µ
(t)
i

= η
(t)
i + (yi − µ

(t)
i )

∂η
(t)
i

∂µ
(t)
i

.
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i
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yi
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g(yi) ∼= g(µi) + (yi − µi)g
′(µi) = ηi + (yi − µi)

∂ηi

∂µi
= zi.
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X′W(t)Xβ(t+1) = X′W(t)z(t),
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❘✵●✻✴❆✼✿❘✵❂✿❍✬✲✽✼✿✴❑✼➄✼❃❇❅✼✿✴❑✶✹❭⑥❇P●✢✾➨✴❑●✻❍❑✲✞❂P❍✷❄❆✼

z(t)
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X
●

W(t)
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β(t+1) = (X′W(t)X)−1X′W(t)z(t).
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z
(t)
i

✲✽✼✿✴❑✼✠❂❷✲✽✼✿❍❑❍✷❂
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z(t)
●✢❀
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❝
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ηi = θi =
∑

j=1

βjxij .
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φ = 1
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✴❑●✻❨P✴❑●✻❍❑❍❑❊✿❂❬❘✵●✦✐❸❂P✶❈❍❑❍✷❂P✸✌❝❥✱ ✲✽✼❅✴✷❄❆●❏❘✵✼④❇P●✢✴✷❂P❍❑❍✷✶✹❀❱✶✹✾❈▼✽✼✿✸✵❉✢✼✮⑧⑨◗✵●✦●✢✸❩❇P❂✿✾❈❇P●❏❂✿❍❚❘✽✼✿❘✵❂P❍❵➥✽✺⑥✼✑●✢✸❩❄❆❊✿❂ ∑

yiθi

✇
⑧⑨◗✵●✜❍❑✶✹❀❱✲✵✾❈✶❈➥✽✺✢✼✿❀❃❂✿❍❵✲✽✼❅✴❆✼

∑

i

yiθi =
∑

i

yi

(∑

j

βjxij

)
=
∑

j

βj

(∑

i

yixij

)
.
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β
♦ ∑

i yixij

✲✽✼❅✴❆✼
j = 1, ..., m

❝♥✐❸✼✿✴❆✼
✼❋◆❖◗✵✸✵❉✢❊✿❂❃❘❙●✜✾❈✶✹❨❩✼❅❉⑥❊✿❂❋✺✢✼✿✸✵ÏP✸❙✶✹✺⑥✼❲✇

∂µi

∂ηi
=

∂µi

∂θi
=

∂b′(θi)

∂θi
= b′′(θi).

✱❹❍✷❍❑✶✹❀❷✇★➋ ➂❲❝ ➢❩➞❳✲❁❂❼❘✵●✦❍❑●✻✴❴●✻❍❑✺✻✴❑✶❈❄❆✼✑✺✢❂P❀❱❂
∂ℓi

∂βj
=

yi − µi

V ar(Yi)
b′′(θi)xij = (yi − µi)xijφ.

�✬◗✽✼✿✸✵❘✵❂
φ
♦✦✶✹❘✱✰✻✸❩❄❆✶✹✺✻❂❬✲✽✼✿✴❆✼❋❄❑❂❲❘✽✼❅❍❯✼✿❍❯❂P▲✵❍❑●✻✴✷❇❅✼✿❉✻❽❲●✻❍✢✇✞✼✿❍❚●✢⑧⑨◗✽✼❅❉✢❽❼●✢❍❴❘✵●❏❇P●✢✴✷❂P❍❑❍✷✶✹❀❱✶✹✾❈▼✽✼✿✸✵❉✢✼❋❍❆❊✿❂

∑

i

xijyi =
∑

i

xijµi , j = 1, ..., m.
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∂2ℓi

∂βj∂βk
= −φxij

∂µi

∂βk
,

⑧⑨◗✵●✜✸✽❊✿❂❬❘✵●✢✲✞●✢✸❙❘✵●✢❀✕❀❃✼✿✶✹❍❳❘✽✼✿❍❯❂P▲✵❍✷●✢✴✷❇❅✼✿❉✻❽❲●✻❍
yi

✇✽✲✞❂P✴■❄❜✼✿✸❩❄❆❂❙✇
∂2ℓ(β)

∂βj∂βk
= E

(
∂2ℓ(β)

∂βj∂βk

)
.
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H0 : βj = 0, j = 1, . . . , p;

(
β̂j

dp(β̂j)

)2

∼ χ2
1.
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βj
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dp(β̂j)
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n−p
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λ(y) =
L(µ̂; θ, φ)

L(y; θ, φ)
,

n
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L(y; θ, φ)

♦❹✼✜❇✿●✢✴❑❂✿❍❑❍❑✶❈❀❃✶❈✾✹▼✽✼❅✸✵❉⑥✼✦❘✵❂④❀❱❂❼❘✵●✢✾❈❂✮❍❑✼❅❄❆◗✵✴❑✼✿❘✵❂✵✇❼●✢✸❙⑧❼◗✵✼✿✸❩❄❆❂✑⑧⑨◗✵●
L(µ̂; θ, φ)♦✜✼❋❇P●✢✴✷❂P❍❑❍✷✶✹❀❱✶✹✾❈▼✽✼✿✸✵❉✢✼❋❘✵❂❃❀❱❂❼❘✵●✢✾❈❂✑✼❫❣✷◗✵❍■❄❜✼✿❘✵❂❙❝❤✱➚↔❼➎✖✕➝➙ →✿➒✘✗❜➎❵♦❏❘✽✼✿❘✵✼❱✲✞❂P✴

D(y, µ̂) = −2 log λ(y) = −2[ℓ(µ̂; θ, φ) − ℓ(y; θ, φ)] = 2[ℓ(y; θ, φ)− ℓ(µ̂; θ, φ)]

= 2φ

{ n∑

i=1

[yiθi − b(θi)] −
n∑

i=1

[µ̂iθi − b(θi)]

}
.
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σ2
✇

f(y, µ) =
1√

2πσ2
exp

(
−(y − µ)2

2σ2

)
.
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ℓ(µ, y) = −1

2
log(2πσ2) − (y − µ)2

2σ2
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ℓ(y, y) = −1

2
log(2πσ2),
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D(y, µ) = 2[ℓ(y, y)− ℓ(µ, y)] =

(y − µ)2

σ2
.
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χ2 =
∑ (y − µ̂)2

V (µ̂)
,
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✐➦✼✿✴❑✼❃❂P❍❯❀❱❂❲❘❙●✢✾✹❂✿❍❚❘✵●✜✐❸❂P✶❈❍❑❍❑❂✿✸✌✇✞✼✿✸❩❄❆●✢❍❴❘✵●✜✲✵✴❑❂✿❍❑❍❑●✻❨P◗✵✶❈✴❑❀❱❂P❍❚✸✵❂❃✼❫❣✷◗✵❍✷❄❑●④✲✵✴✷●✢✺✻✶✹❍❆✼❅❀❃❂P❍✰❇✿●✢✴✷✶❈➥✽✺✢✼✿✴❛❍✷●
✼✠↔❼➎✖✕➝➙ →✿➒✘✗❜➎❳❘❙✶❈❇❼✶✹❘✵✶❈❘✽✼❋✲✞●✢✾✹❂✿❍❚❨P✴❆✼✿◗❙❍❴❘❙●✮✾❈✶✹▲✞●✢✴❑❘✵✼✿❘✵●✬♦✜✲✵✴✻✬⑥➡❲✶✹❀❃✼❋❘✽✼❬◗✵✸✵✶❈❘✽✼✿❘✵●❅❝✰♠❲●✦✸✽❊❅❂❱◆❖❂P✴✻✇✵✲✞❂❲❘✵●✻❀❃❂✿❍
❄❆●✻✴❳●✻❍❑✺✢❂✿✾✹▼✵✶❈❘✵❂④◗✵❀❃✼✦❘✵✶✹❍■❄❆✴❑✶❈▲✵◗✵✶❈❉⑥❊✿❂✜✶✹✸✽✼❅❘✵●✢⑧⑨◗✽✼✿❘✵✼✮✲✽✼✿✴❑✼④❂P❍❤❘✽✼✿❘✵❂✿❍✢✇❙❂✿◗➄●✢❍■❄❜✼✿✴❵❘✵✶❶✼✿✸❩❄❑●❛❘✵❂✮✲✵✴❑❂✿▲✵✾✹●✻❀❻✼✜❘✽✼
❍❑◗❙✲❁●✻✴❑❘✵✶❈❍❑✲✞●✢✴❑❍❑❊✿❂✵✇✽⑧⑨◗✵●✜❍❑●✻✴❆❭❬❀❃●✻✾✹▼✵❂P✴✰✼✿✸✽✼✿✾❈✶✹❍❆✼❅❘✵❂✑✸✵❂❬✲✵✴✻✬⑥➡❲✶✹❀❱❂✑✺⑥✼❅✲✵➁❈❄❑◗✵✾✹❂✵❝
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✱❹❍❏✺❜▼✵✼✿❀❻✼❅❘✽✼✿❍❛❄❑♦✢✺✻✸✵✶✹✺✢✼✿❍❏❘✵●❋❘✵✶✹✼✿❨P✸✱✬✿❍✷❄❆✶❈✺✢❂➄✴✷●✻◆❖●✻✴❑●✢❀✑❪②❍✷●❋▲✽✼✿❍✷✶✹✺✢✼✿❀❃●✻✸❩❄❆●✑➫➄✼❅✸✽❭✿✾✹✶❈❍❑●✮❘✵❂P❍✬✴✷●✢❍❑➁❈❘✵◗✵❂P❍❏●④❘✵●
✲✞❂P✸❩❄❆❂P❍❯✸✽✼❬✼✿❀❱❂P❍✷❄❑✴❆✼✑⑧⑨◗✵●✦✲❁❂✿❍❑❍❆✼❅❀ ❄❆●✻✴❴◗❙❀❻✼✑✶✹✸✡☛✽◗✱✰✢✸❙✺✢✶❶✼✑❀❋◗❙✶❈❄❆❂✑❨✿✴❆✼✿✸✵❘❙●❏✸✵❂❻✼➝❣✷◗✵❍✷❄❑●✜❘❙❂❃❀❱❂❲❘❙●✢✾✹❂❙❝

✐❸❂❼❘✵●✢❀❱❂P❍❯✲✞●✢✸✵❍❑✼✿✴❯▲✽✼✿❍❑✶❈✺⑥✼✿❀❱●✢✸❩❄❑●✜●✻❀➌➢❬✴❑●✻❍❑➁✹❘❙◗✵❂P❍✟✾
➴P❝

Yi − µ̂i

✇❙❂P◗✠✴✷●✢❍✷➁✹❘✵◗✵❂✿❍❴❘❙●✜✴✷●✢❍✷✲❁❂P❍■❄❜✼✌☞
➂❲❝

r̂Pi
= (Yi − µ̂i)/

√
V̂i

✇✽✴❑●✢❍✷➁✹❘✵◗❙❂P❍❯❘✵●✜✐❸●⑥✼❅✴❑❍❑❂✿✸✍☞
➅❙❝

(Yi − µ̂i)/(dµi/dηi)
✇✵✴✷●✢❍✷➁✹❘✵◗✵❂✿❍❚❘✵●✏✎❳➐➛➏✒✑➛➙ ➒ ✠✿✇❙⑧⑨◗✵●❏❇✒✰✻❀➌❘✵❂❬✈✵✾❈❄❑✶✹❀❱❂④●✻❍✷❄❜❭❅❨P✶✹❂✑❘✵❂❬✲✵✴✷❂❲✺✻●✢❍✷❍❑❂❱✶❈❄❆●✻✴❆✼➛❪

❄❆✶✉❇P❂✓☞
➢✵❝

d(Yi, µ̂i)
✇❸✴✷●✢❍✷➁✹❘✵◗✵❂✿❍❾↔❼➎✖✕➝➙ →✿➒✕✔❜➎✪✇★⑧⑨◗✵●❻❍❑❊✿❂r✼✓✴❆✼✿✶❈❿❃⑧⑨◗✽✼❅❘✵✴❆✼✿❘✵✼✠❘✵●❱✺⑥✼✿❘✵✼✠✺✢❂✿❀❃✲✞❂P✸✵●✻✸⑨❄❑●❻❘✽✼❾◆❖◗✵✸✵❉✢❊✿❂

❘✵●✻❍✷❇❼✶✹❂ √
D(yi, µ̂i)

✇★➋❖❘✵●✻➥✽✸❙✶✹❘✽✼✑●✢❀ ➋ ➂❲❝ ➬❩➞✷➞✪✇❙●❏❂❬❍✷✶✹✸✽✼✿✾❁❘✵❂P❍❚✴✷●✢❍❑➁❈❘✵◗✵❂P❍❚❍❑❊✿❂❬❂P❍✰❀❱●✢❍✷❀❃❂P❍❚❘❙●❱➋
Yi − µ̂i

➞✪❝
➱❥❀➚✴✷●✢✾❶✼❅❉⑥❊✿❂④✼✿❂P❍❳✴✷●✢❍✷➁✹❘✵◗✵❂✿❍✰❘✵❂P❍✰stÐ✺✦✦❍✻✇✵✐➦✼❅◗✵✾❶✼❾➋ ➂✿ÑPÑ✿➢❩➞♥❀❱❂P❍✷❄❑✴❆✼✜⑧❼◗❙●✬❂P❍❳⑧⑨◗✵●❹●✢❍✷❄❆❊✿❂✑❀❃✼✿✶✹❍♥✲✵✴✵✬➝➡❲✶➃❪

❀❱❂P❍❚❘✽✼✑✸✵❂P✴✷❀❻✼✿✾❈✶✹❘✽✼❅❘✵●✬❍❆❊❅❂❱❂✿❍❴✴✷●✢❍✷➁✹❘✵◗✵❂✿❍❴✲✵✼✿❘✵✴❑❂✿✸✵✶✹❿✢✼✿❘✵❂P❍❚❘✽✼❷↔❼➎✖✕➝➙ →✿➒✕✔❜➎✪❝
✐➦✼✿◗❙✾❶✼ ➋ ➂✿Ñ✿Ñ✿➢⑨➞❃❄❜✼❅❀❋▲❁♦✻❀ ❀❱❂P❍✷❄❑✴❆✼ ✺✢❂✿❀❃❂✵✇❴❘✽✼✿❍❾❄❑♦✢✺✢✸❙✶✹✺⑥✼❅❍❷❘❙● ❘❙✶❶✼✿❨P✸✿✬P❍✷❄❑✶✹✺✢❂ ●➓➡❲✶✹❍✷❄❑●✢✸❩❄❆●✻❍t✲✽✼❅✴❆✼ ❂

❀❱❂❲❘✵●✻✾✹❂ ✾❈✶✹✸✵●✢✼✿✴➄✺✻✾❶❭✿❍✷❍❑✶✹✺✻❂✵✇❴✲❁❂❼❘✵●✪❪❐❍❑●⑩❂P▲❲❄❆●✢✴➄❄❑♦✢✺✻✸✵✶✹✺✢✼✿❍✓✲✽✼✿✴❆✼ ❂✿❍ts✠Ð☞✦✏✖ ❍✢❝❺①②✸✵✶❈✺✢✶✹✼✿✾✹❀❱●✢✸❩❄❆●t✐❥✴❑●✢❨✿✶✹▲✞❂P✸
➋■➴⑥➷P➬❙➴❫➞❵●✻❍✷❄❑●✢✸✵❘✵●✻◗t✼❋❄❑♦✢✺✢✸❙✶✹✺⑥✼❋❘❙●✜❘❙✶❶✼✿❨P✸✿✬P❍✷❄❑✶✹✺✢❂④✲✽✼✿✴❆✼❋❂❬❀❱❂❲❘❙●✢✾✹❂✮✾✹❂P❨✿➁✹❍✷❄❑✶✹✺✻❂④●❏❀❱❂P❍✷❄❑✴❑❂P◗❾⑧⑨◗✵●✦✲✞❂❲❘✵●✻❀❃❂✿❍
◗✵❍❑✼✿✴♥✼❏❘✵✶❶✼✿❨✿❂P✸✽✼✿✾❼✲✵✴❑✶❈✸✵✺✢✶❈✲✽✼✿✾❲❘✽✼✬❀❻✼➛❄❆✴❑✶❈❿✰❘✵●❚✲✵✴✷❂➛❣✷●✢❉✢❊✿❂

H
✲✽✼✿✴❑✼❏❘✵●✻❄❑●✢✺✻❄❆✼✿✴❥✲✞❂P✸❩❄❆❂P❍♥❘✵●❯✼✿✾✹✼⑥❇✿✼❅✸✵✺⑥✼❙❝❸✐➦✼❅✴❆✼

❂P❍❯❀❱❂❲❘✵●✻✾✹❂P❍❳❨P●✢✸✵●✻✴❆✼✿✾❈✶✹❿✢✼✿❘✵❂P❍✻✇

H = W1/2X(X′WX)−1X′W1/2.

➱❥❍✷❄❜✼❅❍❴❄❑♦✢✺✢✸❙✶✹✺⑥✼❅❍❴✲✞❂❼❘✵●✢❀➚❍❑●✢✴❴●✪➡❼❄❑●✢✸✵❘✵✶❈❘✽✼✿❍❯✲✽✼✿✴❑✼✑❂P❍❯❂P◗❙❄❆✴✷❂P❍❯❀❃❂❼❘✵●✻✾✹❂P❍✰❘✵✼❬✺✻✾❶✼✿❍✷❍❑●✦❘✵❂P❍❛stÐ✺✦❏❍✢❝
⑤❛❀❃✼➄❀❃●✻❘✵✶✹❘✵✼❻⑧⑨◗✵●✑✲❁❂❼❘✵●❋❍✷●✢✴❏◗✵❍❑✼✿❘✽✼➄✲✽✼❅✴❆✼➄❂P❍❏❀❱❂❲❘❙●✢✾✹❂✿❍❛✸✽❊❅❂❾✾✹✶✹✸❙●⑥✼✿✴✷●✢❍✬♦❋✺❜▼✵✼✿❀❻✼❅❘✽✼➄❘✵●❬✼❅◆ ✼✿❍■❄❜✼➛❪

❀❱●✢✸❩❄❆❂❬❘✽✼✑❇P●✻✴❑❂P❍✷❍❑✶✹❀❱✶✹✾❈▼✽✼✿✸✵❉✢✼✓➋ ✑ ➙✗✑❩➎✍✑ ➙✗✘✽➐➝➐✢↔❃↔✿➙✹➜✚✙ ✑✉→✛✔❜➎✪➯❻➎✪➒✽➣❶➞ ✾

LDi = 2{L(β̂) − L(β̂(i))}.
❞✬◗❻❍❑●②❣❑✼❙✇❼✲✽✼✿✴❆✼✦✺⑥✼❅❘✽✼✮◗✵❀❃✼✦❘✽✼✿❍

n
❂P▲❙❍❑●✢✴■❇❅✼✿❉✢❽❼●✢❍❤❘✽✼④✼❅❀❃❂P❍■❄❆✴❑✼❏❇✿●✢✴✷✶❈➥✽✺✢✼➛❪②❍✷●❹⑧⑨◗✽✼✿✾ ♦❴❂④✼❅◆ ✼❅❍✷❄❜✼❅❀❃●✻✸⑨❄❑❂

❘✽✼④❇✿●✢✴❑❂✿❍❑❍❑✶❈❀❃✶❈✾✹▼✽✼❅✸✵❉⑥✼✦❄❆❂✿❄❆✼✿✾
L(β̂)
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G(x, y) ∼= G(x0, y0)+ < (Gx, Gy), (x − x0, y − y0) >

+
1

2
(x − x0 y − y0)

(
Gxx Gxy

Gxy Gyy

)(
x − x0

y − y0

)
.
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L(β)

●✢❀ ❄❑❂P✴❑✸✵❂❬❘✵●
β̂
✾

L(β) ∼= L(β̂) + L′(β̂)(β − β̂) +
1

2
(β − β̂)′L′′(β̂)(β − β̂).
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L(β̂)
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L′(β̂) = 0

●❏✲❁❂P✴■❄❜✼✿✸❩❄❑❂✵✇
2{L(β) − L(β̂)} ∼= (β − β̂)′L′′(β̂)(β − β̂).
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β
✲❁❂P✴

β̂(i)
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LDi

LDi
∼= 2{L(β̂) − L(β̂(i))} ∼= (β̂ − β̂(i))

′{φX′ŴX}(β̂ − β̂(i)).
➋ ➂❲❝ ➷P➞

✐➦✼✿✴❑✼❋❂P▲❙❄❑●✢✴❚❂P❍❳❇❅✼✿✾❈❂P✴❑●✻❍❳❘✵●
β̂(i)
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β
✾

β̂
1

(i) = β − r̂Pi

√
ŵiφ−1

(1 − ĥii)
(X′ŴX)−1xi.

♠❲◗✵▲❙❍✷❄❆✶✉❄❆◗✵✶❈✸✵❘✵❂❱✼✑●✪➡❲✲✵✴✷●✢❍❑❍❑❊✿❂➄✼❅✸⑨❄❑●✢✴✷✶✹❂P✴❚●✻❀✆➋ ➂❲❝ ➷❩➞❵❄❑●✢❀❱❂P❍

LDi
∼=

(
r̂Pi

√
ŵiφ−1

(1 − ĥii)
(X′ŴX)−1xi

)′

{φX′ŴX}
(

r̂Pi

√
ŵiφ−1

(1 − ĥii)
(X′ŴX)−1xi

)

=
r̂2
Pi

ŵi

(1 − ĥii)2
((X′ŴX)−1xi)

′(X′ŴX)((X′ŴX)−1xi)

=
r̂2
Pi

ŵi

(1 − ĥii)2
x′

i(X
′ŴX)−1xi

=

(
r̂Pi√

(1 − ĥii)

)2
1

(1 − ĥii)

√
ŵix

′
i(X

′ŴX)−1xi

√
ŵi

= t2Si

1

(1 − ĥii)
ĥii .
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.

✱ ▲✽✼❅✸✵❘✽✼❃❘❙●④✺✢❂✿✸❙➥ ✼✿✸✵❉✢✼❻❘✵●④➷❩➧✝✆ ❘✵❂➄❨✿✴❆❭❅➥✽✺✻❂❻❘✵❂❃●✢✸❩❇P●✻✾✹❂P✲✞●④♦✮✺⑥✼✿✾❈✺✢◗✵✾✹✼✿❘✽✼❬❂P✴❑❘❙●✢✸✽✼✿✸❙❘✵❂❅❪②❍✷●④❂P❍❛✴❑●➓❪
❍❑➁❈❘✵◗✵❂P❍❹❘✽✼➄❍❑✶❈❀❋◗✵✾❶✼❅❉⑥❊✿❂✵✇ ⑧⑨◗✵●✑✲✞❂❲❘❙●❋❍❑●✻✴✢✇✌✲✞❂P✴❹●➓➡❲●✢❀❱✲✵✾✹❂✵✇❁❘✵●✑✺✢●✻❀➟❀❱❂❼❘✵●✢✾❈❂P❍✢✇❁◗✵❍❆✼✿✸❙❘✵❂✓✼➄❘✵✶✹❍■❄❆✴✷✶✹▲✵◗✵✶❈❉⑥❊✿❂
●✢❀ ⑧❼◗❙●✢❍✷❄❆❊✿❂✵❝

➲❬✛✟✞ ✌✞➵✑✥★➸✰➶❸✩✬✫✜➪✪✤④➼ ➻✓➸ ✠✙✤④➵☛✡✠✫✮➵✓✭✰✫
✐➦✼❅✴❆✼✬✺⑥✼❅✾✹✺✢◗❙✾❶✼✿✴✷❀❃❂P❍➨❂P❍❥✶❈✸⑨❄❑●✢✴■❇✿✼❅✾✹❂P❍❸❘✵●✰✺✢❂✿✸❙➥ ✼✿✸✵❉✢✼❏✲✽✼✿✴❆✼✬❂✿❍❡✲✽✼✿✴❑Ò✿❀❃●✪❄❆✴✷❂P❍➦❂P◗❋◆❖◗❙✸✵❉✢❽❼●✢❍❥❘✵●✻❍✷❄❑●✢❍✢✇⑨✴✷●✢✺✢❂✿✴❑✴❑●➓❪
✴❑●✻❀❃❂✿❍➦✼✿❂✬s✠♦✻❄❑❂❲❘❙❂❏❧❹●✢✾✉❄❜✼❙❝➦♠❲●②❣❑✼

Tn

◗✵❀❃✼❴●✻❍✷❄❆✼❅❄❆➁❈❍✷❄❆✶❈✺⑥✼❙✇❅●✢❀ ⑧⑨◗✵●❳✴✷●✻◆❖●✻✴❑●✪❪❐❍❑●❚✼❅❂❛❄❜✼❅❀❻✼✿✸❙▼✵❂❛❘✵✼✬✼✿❀❱❂P❍✷❄❑✴❆✼❙❝
✐➦✼❅✴❆✼❃❨✿✴❆✼✿✸✵❘❙●✢❍❛✼✿❀❃❂✿❍✷❄❆✴❑✼✿❍✢✇

Tn

♦④✼❅✲✵✴❑❂⑥➡❲✶✹❀❃✼✿✸✵❘✽✼❅❀❃●✻✸⑨❄❑●✦✸✵❂P✴❑❀❃✼✿✾ ✇✵❘✵✶✹❍■❄❆✴✷✶✹▲✵◗✵➁❈❘✽✼✑●✢❀➌❄❑❂P✴❑✸✵❂❃❘✵●
θ
✇ ✺✢❂P❀

●✢✴✷✴❑❂r✲✵✼✿❘✵✴❆❊❅❂r✼✿✲✵✴✷❂⑥➡❙✶❈❀❻✼❅❘✵❂
σ/

√
n
❝✌☞➽❀❃●✻❘✵✶✹❘✵✼✠●✢❀✆⑧⑨◗✵●

n
❘✵✶❈❇✿●✢✴✷❨P●❻✲✽✼❅✴❆✼✠✶❈✸❙➥✽✸✵✶✉❄❆❂✵✇❸✼❷◆❖◗❙✸✵❉⑥❊✿❂t❘✵●

❘✵✶❈❍✷❄❆✴✷✶✹▲✵◗❙✶✹❉⑥❊❅❂④✼✿✺✻◗✵❀❋◗✵✾✹✼✿❘✽✼④❘❙● √
n(Tn − θ)

✺✻❂P✸❩❇P●✻✴❑❨P●❏✲✽✼❅✴❆✼❋✼④◆❖◗✵✸❙❉⑥❊✿❂❋❘❙✶✹❍✷❄❑✴❑✶❈▲✵◗✵✶✹❉✢❊✿❂❋✼❅✺✢◗✵❀❋◗❙✾❶✼✿❘✽✼✜❘✵●
◗✵❀❃✼❬❇❅✼✿✴✷✶❶❭⑥❇P●✻✾➨✼✿✾✹●✢✼❅❄ ✬P✴✷✶❶✼❋✸✵❂✿✴❑❀❃✼✿✾➮✺✢❂P❀✕❀❱♦✢❘❙✶❶✼❱Ñ❱●✦❇❅✼✿✴❑✶✹Ò✿✸✵✺✢✶✹✼

σ2
❝❚➱❥❍✷❄❑●④♦✜◗✵❀✕●✪➡❲●✢❀❱✲✵✾❈❂❃❘✵●✮✾✹✶❈❀❃✶✉❄❆●

●✢❀ ❘✵✶✹❍■❄❆✴❑✶❈▲✵◗✵✶❈❉⑥❊✿❂✵✇❲❂P✸✵❘✵●
√

n[Tn − θ]
D−→ N(0; σ2).

✱ ●✢❍■❄❜✼❅❄❑➁✹❍■❄❆✶✹✺✢✼
g(Tn)

❄❜✼❅❀❋▲❁♦✻❀✳❄❆●✢❀✙◗✵❀❃✼❛❘✵✶❈❍✷❄❑✴❑✶✹▲❙◗✵✶✹❉✢❊✿❂❹✾❈✶✹❀❱✶❈❄❆●❅❝★✐➦✼✿✴❑✼❹❀❱❂P❍✷❄❑✴❆✼✿✴✷❀❃❂P❍➨✶✹❍■❄❆❂✵✇➛❇❅✼✿❀❃❂✿❍
❍❑◗❙✲❁❂P✴❴⑧⑨◗✵●

g
♦✮✲❁●✻✾✹❂❱❀❃●✻✸✵❂P❍❴❘✵◗✽✼✿❍❴❇P●✻❿✢●✢❍❹❘✵✶❈◆❖●✻✴❑●✢✸❙✺✢✶❶❭⑥❇✿●✢✾➨●✢❀➠✴❑●✻✾❶✼✿❉✢❊✿❂❃✼

θ
❝❯⑤❴❍❆✼✿✴✷●✢❀❱❂P❍✬✼❱●✪➡❲✲✽✼✿✸❙❍❆❊✿❂

❘✵●✦❰❸✼ ✴❼✾❈❂P✴❚✲✽✼✿✴❑✼
g
✇✽✼⑥❇❅✼✿✾❈✶❶✼✿❘✽✼✮✸❼◗❙❀❻✼✑❇❼✶✹❿✢✶❈✸✵▼✽✼✿✸❙❉⑥✼✑❘✵●

θ
❝♥✐❸✼✿✴❆✼❱✼✿✾❈❨P◗✵❀

θ∗
●✻✸⑨❄❑✴❑●

t
●

θ
✇

g(t) = g(θ) + (t − θ)g′(θ) + (t − θ)2g′′(θ∗)/2

= g(θ) + (t − θ)g′(θ) + Op(|t − θ|2).
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g(Tn) = g(θ) + (Tn − θ)g′(θ) + (Tn − θ)2g′′(θ∗)/2

= g(θ) + (Tn − θ)g′(θ) + Op(|Tn − θ|2).
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θ = (θ1, ..., θN)′
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g(t1, ..., tN )
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φ = (φ1, ..., φN)′
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●✢❀
θ
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φi =
∂g

∂ti

∣∣∣∣
t=θ
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n(g(Tn) − g(θ))
D−→ N(0; φ

′
Σφ) e

g(Tn)
D−→ N

(
g(θ);

φ
′
Σφ

n

)
.
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ln λ = β0 + β1X1 + β2X2.
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X1 = 1
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X2 = 1
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Tn = (β̂0, β̂1, β̂2)
′
✇
g(Tn) = eβ̂0+β̂1+β̂2

✇

φβ̂ =





∂g
∂β0
∂g
∂β1
∂g
∂β2



 =




eβ̂0+β̂1+β̂2

eβ̂0+β̂1+β̂2

eβ̂0+β̂1+β̂2



 e

Σ̂β̂ =




V ar(β̂0) Cov(β̂0, β̂1) Cov(β̂0, β̂2)

Cov(β̂0, β̂1) V ar(β̂1) Cov(β̂1, β̂2)

Cov(β̂0, β̂2) Cov(β̂1, β̂2) V ar(β̂2)



 .

✱❹❍✷❍❑✶❈❀✠✇✵✶❈✸❩❄❆●✢✴■❇❅✼✿✾✹❂✑❘✵●✦✺✻❂P✸❙➥ ✼✿✸❙❉⑥✼❬✲✽✼✿✴❆✼
λ
♦❏❘✽✼❅❘✵❂❃✲✞❂P✴

IC100(1−α)% : eβ̂0+β̂1+β̂2 ± zα

√
φ′

β̂
Σ̂β̂φβ̂ .
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❅❣❈✸P✺✯❲✵❃❅

s
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(s, s+ t]
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(u, u + v]
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(s, s + t] ∩ (u, u + v] = ∅ ✳
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t
■
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X11
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µ11 = tλ1

❪ ➉ ✽✼❉▲✷✺✽
✻✧❅✗✽❚✻✕✷✺✽❄✽✼◆❃❙✚✯✾✽❚✳✶❖✗❸✈❅✗✽✜❙✚✯❛✵❃❅❁✻❂✽✼❅✗✹✧✷✺❙❃✱✶✳✴✿✗✷✺✵✸✷✺✽❯✷✺✯✾✽

nij
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Xij
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✹❚❅❁❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✺✵❃✯✕❙✐✯✾✹

f(n|µ) =
2∏

i=1

2∏

j=1

e−µij µ
nij

ij

nij !
,

❅✗✻ ③④◆❃❅
n = (n11, n12, n21, n22)

′
❅

µ = (µ11, µ12, µ21, µ22)
′
■❵✿✗✯✾✻

nij ∈ N0

❅
µij ∈ R+

■
i, j = 1, 2

❪❲❬❭✯✈✵❃❅❁✻✕✯✾✽t❉❚❅✗✽❝❉❋✷✺✹❀✷➝✉❃✳✶❙✐⑤❍❉▲❅✗✽✼❅✜✵❃❅✜✳✴❈❊❉❚❅✗✹❚❅❁✽❚✽✼❅✧✿❁✯✾✻✧✯❇✽❚❅✗❈❆✵❃✯✍✷✩✵❆❅✜③✈◆❆❅✕✷➝❙❆✹❚✯✾❙✚✯✾✹❚❖✗P✺✯❇✵❃❅
❙✚❅✗✽❚✽✼✯❊✷✺✽❡✷❄♥♣✷➭❱✺✯✾✹❵❨✭✷❩✻✧❅✗✽✼✻②✷✜❙✸✷❍✹▲✷❩✷✺✽✰✵❃◆✸✷❍✽❡✽✼◆❃▼❛①➞❙✚✯✾❙❃◆❆✱❥✷✺❖❁❸❛❅❁✽✟✬

H0 :
µ11

µ1.

=
µ21

µ2.

(
=

µ.1

µ..

)
,

✯✾❈❃✵❆❅
µ.j =

∑
i µij

■
µi. =

∑
j µij

❅
µ.. =

∑
i,j µij

❪ ❬➑✯❛✵❆❅✗✻✧✯✾✽✕❅ ⑥❛❙❃✹❚❅❁✽❚✽▲✷❍✹
H0

❉❋✷✺✻❯▼✐❨❁✻ ✵✸✷
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H0 : µij =
µi.µ.j

µ..

, para i, j = 1, 2.
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✿✗✯✺✻✕✯❩❈✸✷✜➪❭✷✺▼✐❅❁✱❥✷❩↔❆❪ ➋❛❪

➪❭✷✺▼✚❅✗✱❥✷❩↔❆❪ ➋ ✬ ➉ ✽✼❉❚✹▲✷❍❉❚❨✗●✾✳✴✷✧➋❯① r ✮❃✻✧❅✗✹❚✯✜❉❚✯✺❉❋✷✺✱➐✵❃❅❀❅✗❈❊❉▲✹✼❅❁❱✈✳✴✽❝❉❋✷✺✽❡✷✜✽❚❅✗✹✼❅✗✻❜♥♦❅❁✳✶❉❋✷❍✽✰❨❀❶❛⑥❃✷❍✵❃✯✕✵❆❅
✷✺❈❊❉▲❅❁✻②P✺✯❆❪

➸t❙❃✳✴❈❆✳❥P✺✯ ♥♣✷◗❱✺✯✾✹ ✿❁✯✾❈❊❉▲✹▲✷ ➪❭✯✺❉▲✷✺✱
✽❚◆❃▼❛①➢❙✐✯✺❙❃◆❃✱❥✷❍❖◗P✺✯✩➶

θ11 θ12 θ1.✽❚◆❃▼❛①➢❙✐✯✺❙❃◆❃✱❥✷❍❖◗P✺✯✕➋
θ21 θ22 θ2.➪❭✯❍❉❋✷✺✱
θ.1 θ.2
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✸➜❅❁❶❃❈❃✳✴✻✧✯✾✽❲✷✍❙❃✹✼✯✾▼✸✷✺▼❆✳✴✱✴✳✶✵✸✷✺✵❃❅❯✵❃✯↕✳✶❈❃✵❃✳✶❱✈q✶✵❃◆❃✯✍✷✺❙❃✹✼❅✗✽❚❅❁❈❊❉❋✷✺✹❲✷❘✿✗✷✺✹▲✷✺✿➅❉▲❅❁✹❚q✴✽❝❉▲✳✶✿◗✷
(i, j)

✿❁✯✾✻✧✯
θij =

P (X1 = i, X2 = j)
❪♠➸s◆✍✽❚❅➞➔❚✷❆■✸✿◗✷❍✵✸✷✧✳✶❈❃✵❃✳❞❱❛q✶✵❃◆❃✯❄❱❍✷✺✳✣✽✼❅✗✹❣✿✗✱❥✷❍✽❚✽❚✳❞❶✸✿◗✷❍✵❃✯❩✿✗✯✾✻✧✯❩❙✐❅❁✹✼❉▲❅❁❈❃✿✗❅❁❈❃✵❃✯❇✷✜◆❃✻✕✷

✽❚◆❆▼❛①➞❙✚✯✾❙❃◆❃✱✴✷✺❖◗P❍✯
X1

❅②✷✺❙❃✹✼❅✗✽❚❅❁❈❊❉❋✷✺❈❃✵❆✯❑◆❃✻✕✷✍✵✸✷❍✽❯❙✚✯✾✽❚✽✼q✶❱✾❅❁✳✴✽✭✿◗✷❍❉❚❅✗●✾✯✺✹❚✳❥✷❍✽✭✵❆❅✕✹✼❅✗✽❚❙✚✯✾✽❝❉❋✷
X2

❪ ➉ ❈❊❉❋P✺✯❆■
✵❃✯✾✽

N
❅✗❈❊❉▲✹✼❅❁❱✈✳✴✽❝❉❋✷✺✵❃✯✺✽✗■

nij

✵❃❅✗✱✶❅✗✽♠❙✚❅✗✹❝❉▲❅❁❈❃✿✗❅❁✹▲P✺✯✜➻✭✽❚◆❃▼✈①➞❙✚✯✾❙❃◆❃✱✴✷✺❖◗P✺✯
i
❅➜✵✸✷✺✹❚P✺✯❲✷❲✹❚❅❁✽❚❙✚✯✾✽✼❉▲✷

j
❪ ➪➑❅✗✻✧✯✾✽

❅✗❈❊❉▲P✺✯✕✿❁✯✾✻❄▼❃✳✶❈✸✷✺❖❁❸❛❅❁✽✰❙✐✯✾✽✼✽❚q❞❱✾❅✗✳✶✽❵✵❃❅s❱✺✷❍✱✴✯✾✹✼❅✗✽✰❙✸✷✺✹❚✷
nij

■❃✽❚❅❁❈❃✵❃✯✕③✈◆❆❅ ∑
i,j nij = N

❪
⑨❤✷✺✻✧✯✾✽✭♥♣✷❍✱❥✷✺✹✭✷✺●✾✯✺✹▲✷❘✵❃✷✍♥♦✹❚❅❁③④◆❃❦✗❈❃✿❁✳❥✷↕✹✼❅✗✱✴✷❍❉▲✳❞❱✺✷✩✵❃❅✕✿◗✷✺✵✸✷❘✹❚❅✗✽✼❙✐✯✺✽✼❉❋✷

θ̂ij = nij/N
❪❘➸⑦❱✾❅➅❉▲✯✾✹❲✵❃❅

❙❃✹✼✯✾▼✸✷✺▼❃✳✶✱✴✳✶✵✸✷✺✵❃❅❁✽❵✷✺✽❚✽✼✯❛✿❁✳❥✷✺✵❃✯✕➻✺✽❵❙❃✹✼✯✾❙✐✯✺✹❚❖✗❸✈❅✗✽❣✵❃❅✭✿◗✷✺✵❃✷✕✿◗✷⑧❉▲❅✗●✺✯✾✹❚✳✴✷❩✵❆❅❲✹✼❅✗✽❚❙✚✯✾✽❝❉❋✷✕❙✚✯✾✹❵❅✗✽❝❉▲✹❚✷❍❉▲✯✕❨❲✵✸✷❍✵❃✯
❙✚✯✾✹

θ = (θ11, θ12, θ21, θ22)
′
■✣✿❁✯✾✻ ∑

i,j θij = 1
❪❯➸✟❱✾❅❁❉❚✯✾✹❀✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯

X = (X11, X12, X21, X22)❉▲❦❁✻❜✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯✎✍❘◆❃✱✶❉❚✳✴❈❃✯✺✻✕✳✴✷✺✱

P (X11 = n11, X12 = n12, X21 = n21, X22 = n22) = N !

2∏

i,j=1

θ
nij

ij

nij !
,
∑

i,j

nij = N.
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H0 : θij = θi. × θ.j.
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N2
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j
❨s✿✗✯✾❈❃✵❆✳✴✿✗✳✶✯✾❈✸✷✺✱❫➻❩✱✶✳✴❈❃✉❃✷❄❅✗✻❜③④◆❃❅❀❅✗✱✶❅❀✽❚❅❀❅✗❈❃✿❁✯✾❈❊❉▲✹❚✷★✬

θ(i)j = P (X2 = j|X1 = i)
❪

➪✥✷✺▼✚❅✗✱✴✷❩↔❆❪ ↔ ✬ ➉ ✽❝❉▲✹❚✷❍❉▲❨❁●✾✳❥✷❩↔❯①❤➪✥✷❍✻②✷✺❈❆✉❃✯❩✵✸✷✺✽❵✽❚◆❃▼❆❙✐✯✾❙❆◆❃✱❥✷✺❖❁❸❛❅❁✽✰❶❆⑥❆✷✺✵❃✯✾✽❵✵❃❅✭✷✺❈❊❉▲❅❁✻②P❍✯❃❪
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n.1 n.2 . . . n.r N1 + N2

P (Xi1 = ni1, Xi2 = ni2, ..., Xir = nir) = Ni!
r∏

k=1

θnik

(i)k

nik!
,

r∑

j=1

nij = Ni.
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f(n|N, π) =

2∏

i=1

(
Ni!

r∏

k=1

θnik

(i)k

nik!

)
.
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Yij ∼ Poisson(µij), i = 1, . . . , r i = 1, . . . , s,

∑
Yij ∼ Poisson(

∑
µij) onde

∑
µij = µ.. e

P ((Y11, Y12, ..., Yrs) = (a11, a12, ..., ars)|
∑

Yij = n) =
P (Y = a

⋂∑
Yij = n)

P (
∑

Yij = n)
,
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ars = n− a11 − a12 − ...− aij − ...− ars

✿✗✯✾✻
i = 1, ..., r

❅
j = 1, ..., s
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Yij
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P (Y = a
⋂∑

Yij = n)

P (
∑

Yij = n)
=

P (Y11 = a11)P (Y12 = a12)...P (Yrs = n − a11 − a12 − ...)

P (
∑

Yij = n)

=
e−µ11 (µ11)a11

a11!
e−µ12 (µ12)a12

a12!
...e−µrs (µrs)(n−a11−...)

(n−a11−...)!

e−µ..
(µ..)n

n!

=
n!

a11!a12!...ars!

(
µ11

µ..

)a11
(

µ12

µ..

)a12

...

(
µrs

µ..

)ars

, tal que
µij

µ..
= θij
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➊
θ11, θ12, ...θrs
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✵❃❅✧❳✗❅❁✹❚✯✾✽②➊✗✖ ✱→❬ ①✙✘✛✚✢✜✤✣✦✥✢✧✩★✫✪✭✬✮✚✆✯✱✰✲✣✴✳✶✵✷✵✸✣✴✧✈➏➅❪✧✮➜✱✴❨❁✻✝✵❃✳✶✽❚✽❚✯❆■❭❨❩▼✚❅✗✻➙❙❃✹✼✯ ❱❍✇◗❱✾❅❁✱❧❅❁✽✼❉▲✷✺✹❚✻✧✯✾✽❀✵❃✳❥✷❍❈④❉❚❅❩✵❃❅
✵✸✷✺✵❆✯✾✽❵③✈◆❆❅✭✻✧✳✴✽❝❉▲◆❃✹✼❅✗✻❺❅✗✽✼❉❚❅✗✽❣✵❃✯✾✳✶✽✰❙❃✹❚✯✾▼❆✱✴❅✗✻✕✷✺✽✰✿❁✱❥✇✺✽✼✽❚✳✴✿❁✯✾✽✗❪

r ✯ ✿◗✷❍✽❚✯ ✵✸✷➺✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯➡✵❃❅➟❬➑✯✾✳✴✽✼✽❚✯✾❈❫■➜✷➺✽❚◆❃❙✚❅✗✹✼✵❃✳✴✽✼❙✐❅❁✹❚✽❚P✺✯ ❨✲◆❃✻ ♥♦❅❁❈✑✏✾✻✧❅✗❈❃✯➽③④◆❃❅ ✷✺❙✸✷❍✹❚❅✗✿❁❅
③④◆✸✷✺❈❃✵❆✯❯❅✗✽❝❉❋✷✺✻✧✯✾✽⑩✵❃✳✴✷✺❈❊❉▲❅❵✵❃❅❵◆❃✻✕✷s❱❍✷✺✹✼✳❥✷✺▼❆✳✴✱✴✳✶✵✸✷✺✵❃❅❧✵❃✯✾✽❤✵✸✷✺✵❃✯✺✽❤✻✕✷✺✳✶✯✾✹ ✵❃✯✭③④◆❃❅➜✷❀✻✧❨✗✵❃✳✴✷❆❪❭✮ ✉❃✳✶❙✐⑤✺❉❚❅✗✽✼❅
✳✴❈❆✳✴✿✗✳✴✷✺✱✸✵❃❅

φ = 1
❈✸P✺✯✜✻✕✷✺✳✴✽❤✽❚❅❡❱✾❅✗✹✼✳✶❶✸✿✗✷✜❅t❙❃✹❚❅❁✿✗✳✶✽▲✷✺✻✧✯✾✽♠❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✹❧♥♦✯✾✹❚✻✕✷✺✽♠❙✚✯✾✽✼✽❚q✶❱✺❅✗✳✶✽✬✵❃❅t✱✶✳✴✵✸✷✺✹❤✿✗✯✺✻

✷❄❱❍✷✺✹❚✳✴✷✺▼❃✳✴✱✶✳✴✵✸✷❍✵❃❅❡❅ ⑥✈❉▲✹▲✷❛❪❧➒♠✷✺✽❚✳✶✿◗✷✺✻✧❅✗❈❊❉▲❅s❉❚❅✗✻✧✯✾✽✬❉▲✹✼❦✗✽❵✽❚✯✾✱✶◆❃❖✗❸✈❅✗✽❵❙✚✯✾✽❚✽✼q✶❱✺❅✗✳✴✽✲✬
➶✾❪⑩✷✺▼✚✯✾✹✼✵✸✷✺●✾❅❁✻❺▼✸✷✩✹✺❅✗✽❚✳✴✷✺❈✸✷❆■ ✷❍✽❚✽❚◆❆✻✕✳✶❈❃✵❃✯✜③④◆❃❅❀✯✜❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✜✵❃✯✜✻✕✯✈✵❃❅❁✱✴✯❄❙✚✯✾✽❚✽✼◆❃✳✣◆❃✻✕✷❄✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯
✵❃❅❀❙❃✹✼✯✾▼✸✷✺▼❃✳✶✱✴✳✶✵✸✷✺✵❃❅ ✳
➋❛❪ ❅✗✽❝❉▲✳✶✻②✷✺❖✗P✺✯➟❙✐✯✺✹ ➛ ◆❃✷✺✽❚❅ ①➢❱✾❅❁✹❚✯✾✽✼✽❚✳✶✻✕✳✶✱✴✉✸✷✺❈❆❖◗✷❆■❤✳✴❈❃✿❁✱✴◆❃✳✶❈❃✵❃✯✲◆❃✻❂♥♣✷❍❉▲✯✾✹✜✵❆❅✍✵❆✳✴✽❚❙✚❅✗✹✼✽▲P✺✯ ✵❃✳❞♥♦❅✗✹❚❅❁❈❊❉▲❅✍✵✸✷
◆❃❈❃✳✶✵✸✷✺✵❃❅s✯✺◆❘◆❃✻✕✷❄♥♦◆❃❈❃❖✗P✺✯❩✵❃❅s❱✺✷❍✹❚✳✺☎❍❈❃✿✗✳✴✷❄✵❃✳✶❱✺❅✗✹❚✽❚✷★✳
↔❆❪❲✻✕✯✈✵❃❅✗✱✶✯✾✽➜✻✧✳✴✽❝❉▲✯✾✽➜✿✗✯✾✻ ✷✩✽✼❅✗❙✸✷❍✹▲✷✺❖✗P✺✯✩✵❃❅✜❅❁♥♦❅❁✳✶❉▲✯✺✽t❶❆⑥❛✯✾✽s❅✜❅❁♥♦❅❁✳✶❉▲✯✺✽❀✷✺✱✴❅✗✷❍❉▲⑤✾✹✼✳✴✯✾✽❡❙✸✷✺✹❚✷❇✷✺✽t❱❍✷✺✹❚✳✴✇➭❱✺❅✗✳✶✽
❅➅⑥❛❙❃✱✶✳✴✿✗✷❍❉▲✳❞❱✺✷❍✽✗❪ ➉ ✽✼❉❚❅❲✻✧✯✈✵❃❅✗✱✶✯❄❨✭✷✺❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✺✵❃✯✕❈❃✯❩❙❃✹❚⑤◗⑥❛✳✴✻✧✯❩✿◗✷✺❙❃q❞❉▲◆❃✱✶✯❃❪
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Y
❪
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Y |Z ∼ Poisson(Z)
❅➝③④◆❃❅➝✷❑✵❃✳✴✽❝❉▲✹❚✳✶▼❃◆❃✳✶❖◗P✺✯↕✷

❙❃✹✼✳✴✯✾✹✼✳➐✵❃❅
Z
❨ ✍✭✷✺✻✕✷❯✿❁✯✾✻❜❙✸✷✺✹✆☎✺✻✧❅❁❉▲✹✼✯✾✽

φµ
❅

φ
■❃✯✾◆✩✽❚❅➞➔❚✷❆■

E(Z) = µ
❅

V ar(Z) = µ/φ
❪❏✮❡✽❚✽✼✳✴✻✍■

Y |Z ∼ Poisson(Z) , i.e., f(y|z) = e−z zy

y!
1{0,1,...}(y),

Z ∼ Gama(φµ, φ) , i.e., g(z) =
φφµ

Γ(φµ)
zφµ−1e−φz1(0,∞)(z).

❬✥✷❍✹▲✷❄❅✗❈❆✿✗✯✾❈❊❉▲✹❚✷✺✹❵✷❄✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯❄✻②✷❍✹❚●✾✳✶❈✸✷✺✱ ✵❃❅
Y
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Y
❅

Z❅✗✻⑦✹❚❅✗✱✴✷✺❖◗P❍✯✕✷
Z
■❆❙❃✹❚✯✈✵❃◆❃❳❁✳✴❈❃✵❃✯

f(y) =

∫ ∞

0

f(y|z)g(z)dz =

∫ ∞

0

e−z zy

y!

φφµ

Γ(φµ)
zφµ−1e−φzdz

=
φφµ

y!Γ(φµ)

∫ ∞

0

zy+φµ−1e−(φ+1)zdz

=
φφµ

y!Γ(φµ)

Γ(y + φµ)

(φ + 1)φµ+y

∫ ∞

0

(φ + 1)φµ+y

Γ(y + φµ)
zy+φµ−1e−(φ+1)zdz.

➊♣↔❆❪❞➶ ➏
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✍❀✷✺✻②✷➟✿✗✯✺✻ ❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽

y + φµ
❅

φ + 1
❪✠✟❵❅◗✷❍✹❚✹▲✷❍❈⑧➔❚✷✺❈❃✵❃✯ ✯✾✽✕❉❚❅✗✹✼✻✕✯✾✽✕③④◆❃❅❑✽❚❅↕❅✗❈❃✿❁✯✾❈❊❉▲✹▲✷❍✻ ➻

❅✗✽✼③④◆❃❅✗✹✼✵✸✷ ✵❃✷↕✳✴❈❊❉▲❅❁●✾✹▲✷❍✱➌■ ✿❋✉❃❅❁●❊✷✺✻✧✯✾✽✜✷❑◆❃✻✕✷↕✵❃✳✶✽✼❉❚✹❚✳✴▼❆◆❃✳✴❖✗P✺✯❑➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅✗●❊✷⑧❉▲✳✶❱❍✷↕✿❁✯✾✻ ❙✸✷✺✹✤☎❍✻✕❅➅❉▲✹❚✯✺✽
φµ

❅
φ/(φ + 1)

■❃✳➌❪ ❅✺❪❞■

f(y) =
(y + φµ − 1)!

y!(φµ − 1)!

(
φ

φ + 1

)φµ(
1

φ + 1

)y

1{0,1,...}(y).

✸➜❅❁✽✼❉❋✷✜♥♦✯✾✹✼✻②✷❆■
E(Y ) = µ e V ar(Y ) = µ

(φ + 1)

φ
.

➊♣↔❆❪ ➋✺➏
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Y |Z ∼ Poisson(Z)
✿✗✯✾✻

Z
❉▲❅✗❈❆✵❃✯❵✵❃✳✴✽❝❉▲✹❚✳✶▼❃◆❃✳✶❖◗P✺✯✰✷✬❙❆✹❚✳✴✯✺✹❚✳ ✍❀✷✺✻✕✷❆■

✿✗✯✺✻ ❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽
ν
❅

µ/ν
■✚❉❋✷✺✱➑③④◆❃❅✺■

E(Z) = µ
❅

V ar(Z) = µ2/ν
❪➜✮☎✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯②✻✕✷✺✹❚●✾✳✶❈✸✷✺✱

✵❃❅
Y
✽✼❅✗✹▲✇✍❈❃✯➭❱❍✷✺✻✕❅❁❈❊❉▲❅✧▼❃✳✴❈❃✯✺✻✕✳✴✷✺✱ ❈❃❅❁●❊✷❍❉▲✳❞❱❍✷❆■➇✻②✷✺✽❀✿❁✯✾✻ ◆❃✻②✷❇♥♦◆❃❈❃❖✗P✺✯↕✵❆❅✧❱❍✷✺✹✼✳✺☎✺❈❃✿❁✳❥✷❇③④◆✸✷✺✵❃✹❚✇❍❉▲✳✶✿◗✷❆■

✳➌❪ ❅✺❪❞■
Y |Z ∼ Poisson(Z) , i.e., f(y|z) = e−z zy

y!
1{0,1,...}(y)



✍✑✏ ✍✑✏✑✂✫✗✫✩ ✂✫✗✌✣✴✣✁�✪☞ ✕✘✗ ✄✫☞ ✞ ✣★✣ ☞✖✚✎✗✓✣ ✠ ✄✝✗ ✂✛✕ ✞ ✣★✄✝✗✄✂✛✣✁�✪☞ ↔❆➶

Z ∼ Gama(ν, µ/ν) , i.e., g(z) =
1

Γ(ν)(µ
ν
)ν

zν−1e−z/ µ
ν 1(0,∞)(z).

❬❏✹❚✯✈✿✗❅❁✵❃❅✗✻✧✯✾✽❵✵✸✷✜✻✕❅❁✽❚✻✕✷✜✻②✷✺❈❆❅✗✳✴✹❚✷❄❙✸✷✺✹❚✷❩❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✹❣✷❩✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯❯✻②✷✺✹✼●✾✳✴❈❃✷✺✱✐✵❆❅
Y
■

f(y) =

∫ ∞

0

e−z zy

y!

1

Γ(ν)(µ
ν
)ν

zν−1e−z/ µ
ν dz

=
( ν

µ
)ν

y!Γ(ν)

∫ ∞

0

zy+ν−1e−z ν
µ dz

=
( ν

µ
)ν

y!Γ(ν)

Γ(y + ν)

( ν
µ

+ 1)y+ν

∫ ∞

0

( ν
µ

+ 1)y+ν

Γ(y + ν)
zy+ν−1e−z( ν

µ
+1)dz.

➊♣↔❆❪ ↔❊➏
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y+ν
❅
(ν/µ+1)
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✿❋✉❃❅❁●❊✷✺✻✧✯✾✽❣✷❩◆❆✻②✷✜✯✾◆❆❉❚✹▲✷✜✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯✜➒♠✳✴❈❆✯✾✻✕✳✴✷✺✱ r ❅✗●✾✷❍❉▲✳❞❱✺✷❛■❃✿✗✯✾✻❺❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✾✽ (

ν,
ν
µ

ν
µ

+1

) ✬

f(y) =
(y + ν − 1)!

y!(ν − 1)!

( ν
µ

ν
µ

+ 1

)ν(
1

ν
µ

+ 1

)y

1{0,1,...}(y).

r ❅❁✽✼❉❚❅❲✿✗✷✺✽❚✯❃■
E(Y ) = µ e V ar(Y ) = µ +

1

ν
µ2.
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E(Y ) = µ(β)
✳
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V ar(Y ) = φV (µ)

❪
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Q(µ; y) =

∫ µ

y

y − t

V (t)
dt,



↔❊➋ �✂✁☎✄✝✆✟✞☎✠☛✡✌☞✎✍✑✏✓✒✔☞✖✕✘✗✝✡✙✁✘✚✛✕✜☞✢✕✖✁✘✕✜☞✤✣✥✕✘✗✦�✖☞✖✚✧✞★✁✪✩✫✗✌✒

✵❃❅s❉❋✷❍✱➐♥♦✯✾✹❚✻✕✷❄③④◆❃❅
∂Q(µ; y)

∂µ
=

y − µ

V (µ)
.
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➶✾❪

E

(
∂Q(µ;y)

∂µ

)
= 0
✳

➋❛❪
E

(
∂Q(µ;y)

∂β

)
= 0
✳

↔❆❪
E

(
∂Q(µ;y)

∂µ

)2

= −E

(
∂Q2(µ;y)

∂µ2

)
= 1

V (µ)

✳

✁ ❪
E

(
∂Q(µ;y)
∂βiβj

)2

= −E

(
∂Q2(µ;y)

∂βiβj

)
= 1

V (µ)
∂µ
∂βi

∂µ
∂βj

✳
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E

(
∂Q(µ; y)

∂µ

)
= E

(
y − µ

V (µ)

)
= 0.
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µ
❨s♥♦◆❃❈❃❖◗P❍✯✕✵❃❅

β
■✸❅✗❈❊❉▲P✺✯✕❙✚❅✗✱✴✷✜✹❚❅✗●✺✹▲✷❩✵✸✷

✿◗✷❍✵❃❅✗✳✴✷
∂Q/∂βi = (∂Q/∂µ)(∂µ/∂βi)

✬

E

(
∂Q

∂βi

)
= E

(
∂Q

∂µ

∂µ

∂βi

)

=
∂µ

∂βi
E

(
∂Q

∂µ

)
= 0.
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E

(
∂Q

∂βi

∂Q

∂βj

)
=

∂µ

∂βi

∂µ

∂βj

E

(
∂Q

∂µ

)2

=
∂µ

∂βi

∂µ

∂βj
E

(
(y − µ)2

(V (µ))2

)

=
1

V (µ)

∂µ

∂βi

∂µ

∂βj
.
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E

(
∂2Q

∂βi∂βj

)
= E

(
∂

∂βj

[
∂Q

∂βi

])

= E

(
∂

∂βj

[
∂Q

∂µ

∂µ

∂βi

])

= E

(
∂

∂βj

[
(y − µ)

V (µ)

∂µ

∂βi

])

=
1

V (µ)
E

(
∂

∂βj
(y − µ)

∂µ

∂βi
+ (y − µ)

∂

∂βj

∂µ

∂βi

)

=
1

V (µ)
E

(
− ∂µ

∂βj

∂µ

∂βi

+ (y − µ)
∂2µ

∂βi∂βj

)
.
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−E

(
∂2Q

∂βi∂βj

)
=

1

V (µ)

∂µ

∂βj

∂µ

∂βi

.
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L(µ; y)
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−E

(
∂Q2(µ; y)

∂µ2

)
≤ −E

(
∂L2(µ; y)

∂µ2

)
.
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E

(
∂Q(µ; y)

∂µ

)
= E

(
Y − µ

V (µ)

)
= 0 ou E(Y ) = µ.

✸t✷❩❙❃✹❚✯✺❙❃✹❚✳✶❅✗✵✸✷✺✵❆❅❀↔✜❉❚❅✗✻✧✯✾✽❵③④◆❃❅ ✬

E

(
∂Q(µ; y)

∂µ

)2

= E

(
Y − µ

V (µ)

)2

=
E(Y − µ)2

V (µ)2
=

V ar(Y )

V (µ)2
=

1

V (µ)
ou V ar(Y ) = V (µ).

✵♠✯✾✻✧✯
∂E(Y )

∂µ
= 1,
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V ar(Y ) ≥ 1

E(∂L(µ;y)
∂µ

)2
,

❅❀✽▲✷✺▼✚❅✗✻✧✯✾✽✰③④◆❃❅
E

(
∂L(µ; y)

∂µ

)2

= −E

(
∂L2(µ; y)

∂µ2

)
.
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✮➜✽✼✽❚✳✶✻❘■
V ar(Y ) ≥ −1

E(∂L2(µ;y)
∂µ2 )

ou
1

V ar(Y )
≤ −E

(
∂L2(µ; y)

∂µ2

)

mas, V ar(Y ) = V (µ) e − E

(
∂Q2(µ; y)

∂µ2

)
=

1

V (µ)
,
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−E

(
∂Q2(µ; y)

∂µ2

)
≤ −E

(
∂L2(µ; y)

∂µ2

)
.
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V ar(Y ) = µ(1−µ)❅✗❈❊❉▲P✺✯❃■

Q(µ; y) =

∫ µ

y

y − t

t(1 − t)
dt =

∫ µ

y

(y − t)

(
1

t
− 1

(1 − t)

)
dt

=

[
y ln(t) − t + t − (y − 1) ln(1 − t)

]µ

y

=

[
y ln

(
t

1 − t

)
+ ln(1 − t)

]µ

y

= y ln

(
µ

1 − µ

)
+ ln(1 − µ) − y ln

(
y

1 − y

)
− ln(1 − y)

∝ y ln

(
µ

1 − µ

)
+ ln(1 − µ).

❬✥✷❍✹▲✷✧✷❩✵❆✳✴✽✼❉❚✹❚✳✶▼❃◆❃✳✴❖✗P✺✯✜❬➑✯✾✳✴✽✼✽❚✯✾❈✩❉▲❅❁✻✕✯✾✽
V ar(Y ) = µ

❅✺■

Q(µ; y) =

∫ µ

y

y − t

t
dt =

[
y ln(t) − t

]µ

y

= y ln(µ) − µ − y ln(y) + y

∝ y ln(µ) − µ.
r P❍✯➼✽❚P✺✯➼❉❚✯❛✵✸✷❍✽❘✷❍✽✍♥♦◆❃❈❆❖✗❸✈❅✗✽✍✵❃❅ ③④◆✸✷❍✽❚❅➅①➌❱✾❅❁✹❚✯✾✽✼✽❚✳✴✻✧✳✴✱✶✉✸✷✺❈❃❖✗✷➾③④◆❃❅ ✿✗✯✾✹✼✹❚❅❁✽❚❙✚✯✾❈❃✵❃❅❁✻ ✷➼✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖✗❸✈❅✗✽
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V ar(Y ) = µ2(1 − µ)2

Q(µ; y) =

∫ µ

y

y − t

t2(1 − t)2
dt =

∫ µ

y

(
2y − 1

t
+

y

t2
+

2y − 1

1 − t
+

y − 1

(1 − t)2

)
dt

=

[
(2y − 1) ln(t) − y

t
− (2y − 1) ln(1 − t) +

y − 1

1 − t

]µ

y

=

[
(2y − 1) ln

(
t

1 − t

)
−y

t
− 1 − y

1 − t

]µ

y

∝ (2y − 1) ln

(
µ

1 − µ

)
−y

µ
− 1 − y

1 − µ
.
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❙❃✱✴✷✺❈❊❉❋✷✜❙✐✯✈✵❃❅s❈✸P❍✯✕✷❍❙❃✹❚❅❁✽❚❅✗❈❊❉▲✷✺✹❣✷❩✱✶❅✗✽❚P✺✯❩❙✐✯✾✹✰③④◆❃❅❀❨❀✹❚❅❁✽❚✳✶✽✼❉▲❅❁❈❊❉▲❅❲➻✺③④◆❃❅✗✱✴✷❩✵❆✯❛❅❁❈❃❖◗✷✍➊✒☛➞❳✗❅❁✹❚✯❩❅✗✽❝❉▲✹❚◆❛❉▲◆❃✹❚✷✺✱✓✌→➏
✯✾◆ ✽❚✳✶✻✕❙❆✱✴❅✗✽✼✻✕❅❁❈❊❉▲❅❇❙✚✯✾✹✜③④◆❃❅✩✯ ✷❍●✾❅✗❈❊❉▲❅✩✿✗✷✺◆❃✽▲✷❍✵❃✯✾✹❩✵✸✷➟✵❃✯❛❅❁❈❃❖◗✷✲❈✸P❍✯ ✹✼❅✗✿✗✷✺✳✴◆ ✽❚✯✺▼❃✹❚❅✍✷✺③④◆❃❅❁✱❥✷✲❙❃✱❥✷❍❈④❉▲✷
➊✒☛➞❳✗❅❁✹❚✯✧✷✺✻✧✯✾✽✼❉❚✹▲✷✺✱✔✌❝➏➅❪

➛ ◆✸✷✺❈❃✵❃✯❲✉✸✇❲◆❆✻ ❈✑✮❆✻✕❅❁✹❚✯❯❅ ⑥❛✿✗❅✗✽✼✽❚✳❞❱✾✯❄✵❃❅❡❳✗❅❁✹❚✯✾✽❁■❆✷❀✽❚✯✾✱✶◆❃❖◗P❍✯❯✻✕✷✺✳✴✽ ♥♦✹✼❅✗③✓✒❃❅✗❈❊❉❚❅➜❨❡✷❲✵❃❅❣❅✗✽❝❉▲✳✴✻✕✷✺✹✼✻✕✯✾✽
◆❃✻ ✻✧✯❛✵❃❅❁✱✴✯✧③④◆❃❅❄✻✧✳✴✽✼❉❚◆❃✹❚❅❯✷②❬➑✯✾✳✴✽✼✽❚✯✾❈✲✿❁✯✾✻ ◆❃✻②✷✧✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯✧③④◆❃❅❄✱✶❅❁❱✾❅❲❅✗✻ ✿✗✯✾❈❊❉▲✷②✯➝❅➅⑥❛✿❁❅✗✽❚✽✼✯✩✵❃❅
❳✗❅❁✹❚✯✾✽❁❪ r ✯➜✿◗✷✺✽✼✯❃■✾❉▲❅❁✻❩①➢✽❚❅✬✷❡✉❃✳✴❙✚⑤✺❉▲❅❁✽❚❅✬③④◆❃❅❍■❊✿✗✯✾✻ ❙❃✹✼✯✾▼✸✷✺▼❃✳✶✱✴✳✶✵✸✷✺✵❃❅

p
❈❆✯✾✽❚✽❚✷➜❱✺✷❍✹❚✳❥✇◗❱✺❅✗✱❆✹✼❅✗✽✼❙✐✯✾✽❝❉❋✷s✷✺✽✼✽❚◆❃✻✧❅

✯✩❱✺✷❍✱✴✯✾✹s❳❁❅✗✹❚✯❘❅✕✿❁✯✾✻➙❙❃✹✼✯✾▼✸✷✺▼❃✳✶✱✴✳✶✵✸✷✺✵❃❅
(1 − p)

✷❍✽❚✽❚◆❆✻✕❅✧✯✍❱❍✷✺✱✶✯✾✹s✵❃❅✧◆❃✻✕✷✩❱❍✷✺✹✼✳❥✇◗❱✾❅❁✱⑩✷✺✱✴❅✗✷❍❉▲⑤✾✹✼✳❥✷➝✿❁✯✾✻
✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯✜✵❃❅✭❬❭✯✾✳✶✽❚✽❚✯✺❈✍✿❁✯✾✻❜✻✧❨✗✵❃✳✴✷

λ
❪❏✮❡✽❚✽❚✳✶✻❢✷✜✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯✜✵❆❅

Y
❨❀✵✸✷❍✵✸✷✧❙✚✯✾✹

P [Y = y] =






p + (1 − p)e−λ, se y = 0,

(1 − p)e−λ λy

y!
, se y > 0.

➊♣↔❆❪ ➹✺➏

❬✥✷❍✹▲✷❩❅✗✽✼❉▲✷✧✵❆❅✗❈❃✽✼✳✴✵✸✷✺✵❆❅✺■ ✷✜❅✗✽✼❙✐❅❁✹▲✷✺❈❃❖✗✷✕❨

E(Y ) =

∞∑

y=0

yP [Y = y] =

∞∑

y=1

yP [Y = y]

=
∞∑

y=1

y(1 − p)e−λ λy

y!

= (1 − p)e−λλ
∞∑

(y−1)=0

λ(y−1)

(y − 1)!

= (1 − p)e−λλeλ = (1 − p)λ = µ.



↔✾➎ �✂✁☎✄✝✆✟✞☎✠☛✡✌☞✎✍✑✏✓✒✔☞✖✕✘✗✝✡✙✁✘✚✛✕✜☞✢✕✖✁✘✕✜☞✤✣✥✕✘✗✦�✖☞✖✚✧✞★✁✪✩✫✗✌✒

❬✥✷❍✹▲✷❩❅✗❈❃✿❁✯✾❈❊❉▲✹▲✷❍✹❚✻✧✯✾✽❵✷❩❱❍✷✺✹✼✳✺☎✺❈❆✿✗✳❥✷❲❙❃✹❚❅❁✿✗✳✴✽❚✷✺✻✧✯✾✽✰✿◗✷✺✱✶✿✗◆❃✱✴✷✺✹
E(Y 2)

✬

E(Y 2) =
∞∑

y=0

y2P [Y = y] =
∞∑

y=1

y2P [Y = y] =
∞∑

y=1

y2(1 − p)e−λ λy

y!

= (1 − p)
∞∑

y−1=0

ye−λ λy

(y − 1)!

(y−1=m)
= (1 − p)

∞∑

m=0

(m + 1)e−λ λm+1

m!

= (1 − p)

( ∞∑

m=0

me−λλ
λm

m!
+

∞∑

m=0

e−λλ
λm

m!

)

= (1 − p)

(
λ

∞∑

m=0

me−λ λm

m!
+ λ

∞∑

m=0

e−λ λm

m!

)

= (1 − p)(λ2 + λ).

✸➜❅s❉❋✷❍✱❫♥♦✯✾✹❚✻✕✷❄③④◆❃❅

V ar(Y ) = E(Y 2) − (E(Y ))2 = (1 − p)(λ2 + λ) − ((1 − p)λ)2

= (1 − p)λ +
p

1 − p
((1 − p)λ)2

= µ +
p

1 − p
µ2.

r ✯❍❉▲❅✩③④◆❃❅❑✷✲❱❍✷✺✹❚✳✶☎✺❈❃✿✗✳✴✷❑✵✸✷➟✻✕✳✶✽✼❉▲◆❆✹▲✷✲❨❘✻✕✷✺✳✶✯✾✹❄③④◆❃❅❘✷ ✻✧❨✗✵❃✳✴✷✲✵✸✷ ✵❃✳✶✽✼❉❚✹❚✳✴▼❆◆❃✳✴❖✗P✺✯❃❪ ➛ ◆✸✷✺❈❊❉▲✯ ✻②✷❍✳✴✯✾✹
✷❘❙❆✹❚✯✾▼✸✷❍▼❃✳✴✱✶✳✴✵✸✷✺✵❆❅✜✵❃✯↕❅ ⑥❆✿❁❅✗✽✼✽❚✯✲✵❃❅✕❳✗❅✗✹✼✯✾✽✗■✥✻②✷✺✳✶✯✾✹❀✷✍❱❍✷✺✹✼✳✺☎✺❈❆✿✗✳❥✷❇✵✸✷✩❱❍✷✺✹❚✳✴✇➭❱✺❅✗✱❷❪✁�❺✻✧❅✗✵❆✳✴✵✸✷✩③④◆❃❅

p
✽❚❅

✷✺❙❃✹✼✯◗⑥❆✳✶✻②✷➝✵❆❅✧❳❁❅✗✹✼✯❃■➑✷❇❱❍✷✺✹✼✳✺☎✺❈❆✿✗✳❥✷✕✽❚❅✧✷✺❙❃✹✼✯➭⑥❛✳✶✻②✷➝✵❃❅
µ
■➑✯✺◆ ✽✼❅→➔❚✷❆■✣❱✺✯✾✱✶❉▲✷✺✻✕✯✺✽s✷❇✱✴✳✴✵❃✷✺✹➜✽✼✯✾✻✕❅❁❈❊❉▲❅❩✿✗✯✾✻

◆❃✻✕✷✜✵❃✳✴✽❝❉▲✹❚✳✶▼❃✹❚◆❆✳✴❖◗P❍✯✜❬❭✯✾✳✶✽❚✽✼✯✾❈❘❙❃✷✺✵❃✹▲P❍✯❃❪
⑨❤✷✺✻✧✯✾✽✍✷✺❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✺✹✍✯✾✽❘✻✧✯✈✵❃❅✗✱✶✯✾✽ ✖ ✱→❬⑦✿✗✯✺✻✕✯➾✵❃❅✗✽✼✿✗✹✼✳✶❉▲✯✺✽✍❙✚✯✾✹ ☞➇✷✺✻❄▼✚❅✗✹❝❉➺➊→➶ ✶✴�❊➋✺➏➅❪⑦❴❛❅→➔❚✷✺✻ ✷✺✽

❱❍✷✺✹❚✳✴✇◗❱✾❅✗✳✶✽❵✷✺✱✴❅✗✷❍❉▲⑤✺✹❚✳❥✷❍✽♠✳✴❈❆✵❃❅✗❙✚❅✗❈❃✵❆❅✗❈❊❉▲❅❁✽
Y = (Y1, Y2, ..., Yn)

✿✗✯✺✻

Yi = 0 com probabilidade pi e

Yi ∼ Poisson(λi) com probabilidade 1 − pi.✮➜✱✶❨✗✻❺✵❃✳✴✽✼✽❚✯❃■✚➸t✽❵❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✾✽
λ = (λ1, λ2, ..., λn)

❅
p = (p1, p2, ..., pn)

✽❚✷❍❉▲✳✶✽✼♥♣✷✺❳❁❅✗✻

log(λi) = Xβ e log

(
pi

1 − pi

)
= Zγ,

➊♣↔❆❪ ➎❊➏
❅

X
❅

Z
✽❚P✺✯ ✷✺✽➝✻✕✷❍❉❚✹❚✳✴❳❁❅✗✽✕✵❃❅↕❱❍✷✺✹❚✳✴✇◗❱✾❅✗✳✶✽②❅ ⑥❆❙❆✱✴✳✴✿✗✷❍❉▲✳✶✿◗✷✺✽❁❪ ➉ ✽✼❉▲✷✺✽➝❱❍✷✺✹❚✳✴✇➭❱✺❅✗✳✶✽➝❙✐✯✈✵❃❅❁✻ ✯✾◆✒❈✸P✺✯➽✽❚❅❁✹

✳✴✵❆❦✗❈❊❉▲✳✶✿◗✷✺✽❁❪❑❴❛❅✕♥♦✯✾✹❚❅❁✻❘■❭❙✐✯✈✵❃❅➅①➢✽❚❅✕❙✐❅❁❈❃✽▲✷✺✹❲❅✗✻
p
✿❁✯✾✻✧✯❘♥♦◆❃❈❃❖✗P✺✯❑✵❃❅

λ
❪ ➉ ✽✼❉▲✷❑❅➅⑥❛❙❃✹✼❅✗✽❚✽❚P✺✯❑❱❍✷✺✳❤❅✗✽✼❉▲✷✺✹

✿✗✯✺❈❃✵❃✳✴✿❁✳✴✯✾❈❃✷✺✵✸✷↕➻↕♥♦◆❆❈❃❖◗P✺✯✲✵❆❅➝✱✴✳✶●❊✷✺❖◗P❍✯❘❅❁✽❚✿✗✯✺✱✴✉❃✳✶✵✸✷↕❙✸✷✺✹❚✷✲✷↕❙❃✹✼✯✾▼✸✷✺▼❃✳✶✱✴✳✶✵✸✷✺✵❃❅✧✵❃❅➝❳❁❅✗✹❚✯✺✽✗❪ ➸ ✿❋✉❃✷✺✻②✷❍✵❃✯



✍✑✏ ✍✑✏✑✂✫✗✫✩ ✂✫✗✌✣✴✣✁�✪☞ ✕✘✗ ✄✫☞ ✞ ✣★✣ ☞✖✚✎✗✓✣ ✠ ✄✝✗ ✂✛✕ ✞ ✣★✄✝✗✄✂✛✣✁�✪☞ ↔ ✡
✻✧✯❛✵❃❅❁✱✴✯✦✖ ✱→❬❣➊

τ
➏❵❙✸✷✺✵❃✹❚P✺✯②❨❲✯✾▼❆❉❚✳✴✵❃✯✕③✈◆❃✷✺❈❃✵❃✯②❉❚❅✗✻✜①➞✽✼❅❯✿✗✯✺✻✕✯✧♥♦◆❃❈❃❖◗P❍✯➝✵❃❅❯✱✶✳✴●❊✷❍❖◗P✺✯❩✯➝✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯✜❙✸✷✺✹❚✷
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log(λi) = Xβ e log

(
pi

1 − pi

)
= −τXβ.

➊❷↔❆❪ ✡✾➏
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τ
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✿✗✯➭❱❍✷✺✹✼✳❥✇◗❱✾❅❁✳✴✽✗■❛❉▲❅✗✻✧✯✾✽✰✽✼✯✾✻✕❅❁❈❊❉▲❅❀◆❃✻⑦❱✺❅❁❉▲✯✺✹
β
❪❤✮➓❅ ⑥❛❙❃✹❚❅❁✽❚✽▲P❍✯②✵❃❅

pi

✿❁✯✾✻✕✯✜♥♦◆❃❈❆❖◗P✺✯❩✵❃❅
λi

❨✭✵❃✷✺✵✸✷✜❙✐✯✺✹

log(λi) = −1

τ
log

(
pi

1 − pi

)
,

log(λ−τ
i ) = log

(
pi

1 − pi

)
,

λ−τ
i =

(
pi

1 − pi

)
,

pi =
λ−τ

i

1 + λ−τ
i

=
1

1 + λτ
i

, para todo i = 1..., n.
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p
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log(− log(pi)) = τXiβ,

log(− log(pi)) = τ log(λi),

− log(pi) = λτ
i ou

pi = e−λτ
i .

➸t◆↕✷❄♥♦◆❃❈❆❖◗P✺✯❩✱✴✯✺●❍①➞✱✶✯✾●❄✿✗✯✺✻✕❙❃✱✶❅✗✻✧❅✗❈❊❉❋✷❍✹
log(− log(1 − pi) = −τXiβ = −τ log(λi),

− log(1 − pi) = λ−τ
i ,

1 − pi = e−λ−τ
i ou

pi = 1 − e−λ−τ
i .

✮ ➪✥✷✺▼✚❅✗✱✴✷❩↔❆❪ ✁ ✳✴✱✶◆❃✽✼❉❚✹▲✷✜✯✕③④◆❃❅❯✷✺✿✗✯✺❈④❉❚❅✗✿❁❅❲✿❁✯✾✻ ✷✕❙❃✹✼✯✾▼✸✷✺▼❆✳✴✱✴✳✶✵✸✷✺✵❃❅➜✵❃❅❲❳❁❅✗✹✼✯✾✽➜✵❃❅❲✷✺✿❁✯✾✹❚✵❃✯✧✿✗✯✺✻ ✷✺✽❡❙✚✯✾✽→①
✽❚q❞❱✾❅❁✳✴✽❵✿✗✯✾✻❯▼❃✳✴❈✸✷❍❖✗❸✈❅✗✽✰✵❃❅

τ
❅

λi

❪
r ✯✧✿◗✷✺✽✼✯②❅❁✻❢③✈◆❆❅

τ < 0
■✚✷❩✻✕❨❁✵❃✳❥✷❄✵✸✷✕❬❭✯✾✳✶✽❚✽✼✯✾❈↕✷❍◆❃✻✕❅❁❈❊❉❋✷✧➻✧✻✧❅✗✵❃✳✶✵✸✷✜③④◆❃❅❲✯✧❅➅⑥❛✿❁❅✗✽❚✽✼✯❇✵❃❅✭❳✗❅✗✹✼✯✾✽

❶✸✿✗✷✧✻✕✷✺✳✴✽♠❙❃✹❚✯➭❱❍✇◗❱✾❅✗✱❷❪
✮➓♥♦◆❃❈❃❖◗P❍✯✧✵❆❅✭❱✺❅✗✹❚✯✺✽❚✽❚✳✶✻✕✳✶✱✴✉✸✷❍❈❃❖◗✷❄✵❃✯❩✻✧✯❛✵❆❅✗✱✴✯ ✖ ✱→❬➾❨❀✵✸✷✺✵✸✷❩❙✐✯✺✹

L(y; β, γ) =

n∏

i=1

{(
pi + (1 − pi)e

−λi

)
1yi=0 +

(
(1 − pi)e

−λi
λyi

i

yi!

)
1yi>0

}
.
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τ
❅

λ
❙✸✷✺✹▲✷✜✵❃✳❞♥♦❅✗✹✼❅✗❈❊❉▲❅❁✽❵♥♦◆❆❈❃❖✗❸✈❅✗✽❵✵❃❅❀✱✴✳✶●❊✷✺❖✗P✺✯❃❪

✱✴✯✺●✾✳✶❉❚✯ ✱✶✯✾●❍①➞✱✶✯✾● ✱✴✯✺●❍①➞✱✶✯✾●❯✿❁✯✾✻✕❙❆✱➌❪
pi

1
1+λτ

i
e−λτ

i 1 − e−λ−τ
i

τ > 0 λi → ∞ pi → 0 pi → 0 pi → 0
τ → ∞ λi

❶❆⑥❛✯
pi → 0 pi → 0 pi → 0

τ → −∞ pi → 1 pi → 1 pi → 1

✮➜✹✼✹▲✷✺❈ ➔❚✷✺❈❃✵❃✯❄✯✺✽♠❉▲❅❁✹❚✻✧✯✾✽♠❅❁✻⑦✹❚❅❁✱❥✷✺❖✗P✺✯❄➻❍✽♠♥♦◆❃❈❃❖❁❸❛❅❁✽✬✳✴❈❃✵❆✳✴✿◗✷❍✵❃✯✾✹▲✷❍✽✗■✈✯✜✱✴✯✾●❊✷❍✹❚✳✶❉❚✻✕✯s✵❃✷❯♥♦◆❃❈❃❖◗P❍✯✜✵❃❅➜❱✾❅❁✹❚✯✾✽→①
✽❚✳✶✻✕✳✶✱✴✉✸✷❍❈❃❖◗✷❲❶❃✿◗✷

ℓ(y; β, γ) = log

{∏

yi=0

(pi + (1 − pi)e
−λi)

∏

yi>0

(1 − pi)e
−λi

λyi

i

yi!

}

= log

{ n∏

i=1

(1 − pi)
∏

yi=0

(
pi

1 − pi

+ e−λi)
∏

yi>0

e−λiλyi

i

∏

yi>0

1

yi!

}
.

❴❆✷✺▼✚❅✗✻✧✯✾✽✰③④◆❃❅
log(λi) = Xiβ e log

(
pi

1 − pi

)
= Ziγ,

λi = eXiβ ,
pi

1 − pi
= eZiγ e 1 − pi =

1

1 + Ziγ
,

= − log(

n∏

i=1

(1 + eZiγ)) + log(
∏

yi=0

(eZiγ + e−eXiβ

)) + log(
∏

yi>0

e−eXiβ

eXiβyi
) − log(

∏

yi>0

yi!)

= −
n∑

i=1

log(1 + eZiγ) +
∑

yi=0

log(eZiγ + e−eXiβ

)) +
∑

yi>0

(−eXiβ + Xiβyi) −
∑

yi>0

log(yi!).
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log(λ) = Xβ.
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L(y; p, β) =
n∏

i=1

{
(p + (1 − p)e−λi)1yi=0 + ((1 − p)e−λi

λyi

i

yi!
)1yi>0

}
.
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ℓ(yi; p, β) = log

{∏

yi=0

(p + (1 − p)e−λi)
∏

yi>0

(1 − p)e−λi
λyi

i

yi!

}

= log

{ n∏

i=1

(1 − p)
∏

yi=0

(
p

1 − p
+ e−λi)

∏

yi>0

e−λiλyi

i

∏

yi>0

1

yi!

}

= n log(1 − p) +
∑

yi=0

log(
p

1 − p
+ e−eXiβ

) + log(
∏

yi>0

e−eXiβ

eXiβyi
) −

∑

yi>0

log yi!

= n log(1 − p) +
∑

yi=0

log(
p

1 − p
+ e−eXiβ

) +
∑

yi>0

(−eXiβ + Xiβyi) −
∑

yi>0

log yi!.
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(p, β)
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∂ℓ(p, β;y)

∂p
=

n

p − 1
+

1

1 − p

∑

yi=0

1

p + e−eXiβ
(1 − p)

= 0

∂ℓ(p, β;y)

∂βj
=

∑

yi=0

e−eXiβ

(−eXiβ)xij

p
1−p

+ e−eXiβ
+
∑

yi>0

(−eXiβxij +
yi

Xiβ
xij) = 0.
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U(p, β) =

(
∂ℓ(p,β;y)

∂p
∂ℓ(p,β;y)

∂βj

)
.
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∂ℓ2(p, β;y)

∂p2
=

−n

(p − 1)2
− 1

1 − p

∑

yi=0

1 − 2(p + (1 − p)e−eXiβ

)

(p + e−eXiβ
(1 − p))2

1

(1 − p)2
,

∂ℓ2(p, β;y)

∂β2
j

=
∑

yi=0

(e−eXiβ

e2Xiβx2
ij − e−eXiβ

eXiβx2
ij)(

p
1−p

+ e−eXiβ

) + e−2eXiβ

e2Xiβx2
ij

( p
1−p

+ e−eXiβ
)2

+
∑

yi>0

(−eXiβx2
ij +

yi

(Xiβ)2
x2

ij),

∂ℓ2(p, β;y)

∂p∂βj

=
∑

yi=0

e−eXiβ

eXiβxij

(p + (1 − p)e−eXiβ
)2

,

∂ℓ2(p, β;y)

∂βj∂βk
=

∑

yi=0

e−eXiβ

eXiβxijxik(e
Xiβ − 1)( p

1−p
+ e−eXiβ

) + e−2eXiβ

e2Xiβxijxik

( p
1−p

+ e−eXiβ
)2

+
∑

yi>0

(−eXiβxijxik +
yi

(Xiβ)2
xijxik).
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−E

(( ∂ℓ2(p,β;y)
∂p2

∂ℓ2(p,β;y)
∂p∂βj

∂ℓ2(p,β;y)
∂p∂βj

∂ℓ2(p,β;y)
∂βj∂βk

))
.
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p
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P [Y = y] = (p + (1 − p)e−λ)1{y=0} + ((1 − p)e−λ λy

y!
)1{y>0}.

r ✯✩✳✶❈④❉❚◆❃✳✶❉❚✯❇✵❃❅✜♥♣✷✺✿✗✳✶✱✴✳❞❉❋✷✺✹➜✷✺✽❀✿✗✯✾❈❊❉❋✷❍✽✗■➇◆❃✽▲✷❍✹❚❅✗✻✧✯✾✽
q = 1 − p

❅✧✿❋✉❃✷✺✻②✷❍✹❚❅✗✻✧✯✾✽s✵❃❅
n0

✯✩❈✑✮❆✻✕❅❁✹❚✯✍✵❃❅
❉▲✯✈✵❃✯✾✽❀✯✾✽s❱❍✷✺✱✶✯✾✹❚❅❁✽

y = 0
③④◆❃❅✧✽❚❅✧❅✗❈❆✿✗✯✾❈❊❉▲✹❚✷✺✻➙❈✸✷✍✷✺✻✧✯✾✽✼❉❚✹▲✷❆❪✧➸t✽s❱❍✷✺✱✴✯✾✹✼❅✗✽❀✵❃✳❞♥♦❅✗✹❚❅❁❈❊❉▲❅✗✽✭✵❃❅❩❳✗❅❁✹❚✯❘✽▲P✺✯

✿❋✉✸✷✺✻✕✷✺✵❃✯✺✽❯✵❃❅
ny

❙❃✷✺✹▲✷
y = 1, ..., m

❪❘✮✰③✈◆❆✳
m

❨②✯✲✻✕✷✺✳✴✯✾✹s❱❍✷✺✱✶✯✾✹❲❈❃P✺✯❍①➞❈④◆❃✱✶✯↕③④◆❃❅
y
✷✺✽✼✽❚◆❃✻✧❅➝❈✸✷

✷✺✻✧✯✾✽✼❉❚✹▲✷❄✵❃❅
n
✳✴❈❆✵❃✳✶❱✈q✴✵❆◆❃✯✾✽✬❅ ∑m

y=1 ny = n − n0

❪❤✮➁❱✺❅✗✹✼✯✾✽❚✽✼✳✴✻✧✳✴✱✴✉❃✷✺❈❃❖◗✷❄❙✚✯✈✵❃❅❀✽❚❅✗✹❵❅❁✽❚✿✗✹✼✳✶❉▲✷❩✿❁✯✾✻✧✯

L(y; q, λ) =

n∏

i=1

{
(1 − q + qe−λ)1yi=0 + (qe−λ λyi

yi!
)1yi>0

}

=
∏

yi=0

(1 − q + qe−λ)
∏

yi>0

qe−λ λyi

yi!
.
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➪➑✯✾✻②✷❍❈❃✵❃✯❍①➢✽❚❅s✯❩✱✴✯✾●✾✷✺✹❚✳❞❉▲✻✧✯❯✵✸✷✜❱✾❅❁✹❚✯✾✽✼✽❚✳✴✻✧✳✴✱✶✉✸✷✺❈❃❖✗✷❆■❆✯✺▼❆❉▲❨❁✻❩①➢✽❚❅

ℓ(y; q, λ) = n0 ln(1 − q + qe−λ) +

m∑

y=1

ny ln

(
qe−λ λyi

yi!

)
.

✸➜❅❁✹❚✳✶❱❍✷✺❈❆✵❃✯❩✯✕✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯✭✵✸✷❩❱✺❅✗✹✼✯✾✽❚✽✼✳✴✻✧✳✴✱✴✉❃✷✺❈❃❖◗✷❯❉❚❅✗✻✧✯✾✽❵✷❄♥♦◆❃❈❃❖✗P✺✯✕❅❁✽❚✿❁✯✾✹❚❅

U(q, λ) =

(
∂ℓ(y;q,λ)

∂q
∂ℓ(y;q,λ)

∂λ

)
.

❬✥✷❍✹▲✷❩✻②✷⑧⑥❛✳✶✻✕✳✶❳◗✷✺✹❧✷❄❱✾❅✗✹✼✯✾✽❚✽✼✳✴✻✧✳✴✱✶✉✸✷✺❈❃❖✗✷❯❉▲✯✾✻✕✷✺✻✧✯✾✽
∂ℓ(y; q, λ)

∂q
= n0

(e−λ − 1)

1 − q + qe−λ
+

n − n0

q
= 0,

➊♣↔❆❪ ✶❊➏

∂ℓ(y; q, λ)

∂λ
= n0

(−qe−λ)

1 − q + qe−λ
− (n − n0) +

nȳ

λ
= 0.

➊♣↔❆❪✶➶◗➍❊➏
r ✷✜❅❁③✈◆❃✷✺❖◗P✺✯❑➊❷↔❆❪ ✶❊➏♠❅❁❈❃✿✗✯✾❈❊❉❚✹▲✷✺✻✧✯✾✽

q̂
✹✼❅✗✽❚✯✺✱✶❱✾❅❁❈❃✵❃✯

n0
(e−λ − 1)

1 − q + qe−λ
+

n − n0

q
= 0,

✵❃❅s❉❋✷❍✱➐♥♦✯✾✹❚✻✕✷❄③④◆❃❅
qn0(e

−λ − 1) + (n − n0)(1 − q + qe−λ) = 0

qn(1 − e−λ) = n − n0 ou q̂ =
1 − n0

n

1 − e−λ̂
.

r ✷✜❅❁③✈◆❃✷✺❖◗P✺✯❑➊❷↔❆❪❞➶➭➍❊➏❤❅✗❈❃✿❁✯✾❈❊❉▲✹▲✷❍✻✕✯✾✽
λ̂
■✸✵❃❅✗✵❆◆❃❳✗✳✶❈❃✵❃✯❩✵✸✷❩❅✗③④◆✸✷✺❖✗P✺✯②✷❍❈④❉❚❅✗✹✼✳✴✯✾✹✰③④◆❃❅

q − qe−λ =
n − n0

n
e − qe−λ =

n − n0 − nq

n
.

❴❛◆❃▼❆✽✼❉▲✳❞❉▲◆❃✳✶❈❃✵❃✯❩❅✗✽❝❉❋✷✺✽❵✳✶●✾◆✸✷✺✱✶✵✸✷✺✵❃❅❁✽✰✽❚✯✾✻✧❅✗❈❊❉▲❅❀❈❃✯❩❙❃✹✼✳✴✻✧❅✗✳✶✹❚✯❯❉❚❅✗✹❚✻✧✯❩✵❃❅✕➊❷↔❆❪❞➶➭➍❊➏❧❶❃✿◗✷✺✻✧✯✾✽✰✿✗✯✺✻

n0
(−qe−λ)

1 − q + qe−λ
=

n0
n−n0−nq

n

1 − n−n0

n

= n − n0 − nq.

⑨⑩✯✾✱❞❉❋✷✺❈❃✵❆✯❩✷❘➊♣↔❆❪❞➶➭➍❊➏❧❶✸✿✗✷✺✻✕✯✺✽✰✿✗✯✾✻

n − n0 − nq − (n − n0) +
nȳ

λ
= 0 ou λ̂ =

ȳ

q̂
✵♠✉❃❅❁●❊✷✺✻✧✯✾✽❵❅✗❈❊❉❋P✺✯✧✷❩◆❃✻❜✽✼✳✴✽✼❉❚❅✗✻✕✷❄❈✸P✺✯❍①➢✱✴✳✶❈❃❅◗✷✺✹❧✿✗✯✾✻⑦✵❃◆✸✷✺✽❵❅✗③④◆✸✷❍❖✗❸✈❅✗✽✟✬

q̂ =
1 − n0

n

1 − e−λ̂
e λ̂ =

ȳ

q̂
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λ̂ = eXβ̂

❪
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β
❪❏➸t✽❏❅❁♥♦❅❁✳✶❉▲✯✺✽

❶❆⑥❛✯✾✽❏✻✧✯❛✵❆❅✗✱❥✷❍✻✏✷❡✻✕❨❁✵❃✳❥✷➜✵❆❅
Y
❈❃✯s✿✗✷✺✽❚✯❀✵❃✯✾✽✥✻✕✯✈✵❃❅✗✱✶✯✾✽✥✱✶✳✴❈❃❅✗✷✺✹❚❅❁✽ ❈❃✯✾✹✼✻②✷❍✳✴✽➑❅✰✻✕✯✈✵❃❅✗✱✴✷✺✻➓◆❃✻✕✷❡♥♦◆❃❈❃❖✗P✺✯

✵✸✷➝✻✧❨✗✵❃✳✴✷✕✵❃❅
Y
❈❃✯➝✿✗✷✺✽❚✯❇✵❆✯✾✽ ✍ ☞ ✍s✽✗❪ r ❅❁✽✼❉❚❅✜✿◗✷✺✽✼✯❃■❫✽❚◆❆❙✐❸✈❅➅①➢✽❚❅❄③④◆❃❅❄❈❃P✺✯❇✉✸✇②✿❁✯✾✹❚✹✼❅✗✱❥✷❍❖◗P✺✯➝❅❁❈❊❉▲✹❚❅❄✷✺✽

✹❚❅❁✽❚❙✚✯✾✽✼❉▲✷✺✽✗❪ ✍↕✷✺✽❁■✣❈✸✷❇❙❃✹❚❅❁✽❚❅✗❈❆❖◗✷✩✵❃❅✜◆❃✻✕✷②❅✗✽❝❉▲✹❚◆❛❉▲◆❃✹❚✷✩✵❆❅✜✿✗✯✾✹✼✹❚❅✗✱✴✷✺❖◗P❍✯❇❅✗❈❊❉▲✹✼❅❩✷✺✽s✹❚❅❁✽❚❙✚✯✾✽✼❉▲✷✺✽✗■✣❙✚✯❛✵❆❅➅①➞✽✼❅
❉▲✹❚✷✺▼✸✷✺✱✶✉✸✷✺✹✬✿❁✯✾✻❜✯✾✽❵✻✧✯❛✵❆❅✗✱✴✯✺✽✬✻✕✳✶✽✼❉❚✯✾✽✗■❛③✈◆❆❅❲✳✶❈❃✿✗✱✶◆❃❅✗✻❺✯✾✽❵✿❋✉✸✷✺✻✕✷✺✵❃✯✾✽✰❅➅♥♦❅✗✳✶❉❚✯✾✽❵✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽✗❪

✮ ✵❃❅❁❶❃❈❃✳✴❖✗P✺✯✩✵❃❅✜③④◆✸✷✺✳✴✽s❅➅♥♦❅✗✳❞❉▲✯✾✽s✽✼❅✗✹▲P❍✯✩❉❚✹▲✷❍❉▲✷✺✵❃✯✾✽s✿❁✯✾✻✧✯➝❶❆⑥❛✯✾✽s✯✾◆ ✷✺✱✴❅✗✷❍❉▲⑤✺✹❚✳✴✯✺✽➜✵❃❅❁❙✐❅❁❈❃✵❃❅❩✵❃✯✩❙❃✹❚✯⑧①
▼❃✱✶❅✗✻✕✷➟✿❁✯✾✻ ✯ ③✈◆❃✷✺✱❵❅✗✽✼❉▲✷✺✻✧✯✾✽✕✱✶✳✴✵✸✷❍❈❃✵❃✯✲❅✺■♠❙❃✹❚✳✶❈❃✿✗✳✶❙✸✷✺✱✴✻✧❅✗❈❊❉❚❅✺■❤✵✸✷ ✷❍✻✕✯✾✽❝❉▲✹❚✷✺●✾❅✗✻➤✵❃✯✾✽✧✵✸✷✺✵❃✯✾✽❁❪ ❬➑✯✾✹
❅➅⑥❛❅❁✻✕❙❃✱✶✯❃■ ③④◆❃❅❁✹❚❅✗✻✧✯✾✽❯❉❚❅✗✽❝❉❋✷✺✹❲✯❑❅❁♥♦❅❁✳✶❉▲✯↕✵❃❅➝✵❃✳❞♥♦❅✗✹❚❅❁❈❊❉▲❅✗✽❯❙❃✹❚✯✈✿✗❅❁✵❃✳✴✻✧❅✗❈❊❉▲✯✺✽❯✿✗✳✶✹ ✮❃✹✼●✾✳✴✿❁✯✾✽✗■❭✯✾✽❯③④◆✸✷❍✳✴✽❯✿❋✉❃✷⑧①
✻✕✷✺✹❚❅❁✻✕✯✾✽❀✵❃❅✧❉▲✹❚✷❍❉❋✷✺✻✧❅✗❈❊❉❚✯✾✽✗❪✩✮➜✱✶❨✗✻ ✵❃✳✶✽❚✽❚✯❆■✥✵❃✳✶✽❚❙✚✯✾✻✕✯✺✽❲✵❃❅❁✽✼❉▲✷✺✽❯✳✶❈❆♥♦✯✾✹❚✻✕✷✺❖❁❸❛❅❁✽✭❙❃✷✺✹▲✷✩❉▲✹❚❦❁✽❄✉❃✯✾✽✼❙❃✳✶❉▲✷✺✳✴✽
✵❃❅➅❉▲❅✗✹✼✻✕✳✶❈✸✷✺✵❃✯✺✽✗❪⑩❬❭✯✈✵❃❅❁✻✕✯✾✽✰❉❚❅✗✽✼❉▲✷✺✹❣✷✧❅➅❶✸✿✗✳✶❦✗❈❃✿❁✳❥✷✜✵❃✯✾✽❵✵❃✳❞❱✾❅❁✹❚✽❚✯✺✽❣❉❚✹▲✷❍❉▲✷✺✻✕❅❁❈❊❉▲✯✾✽❁■✸✷✺✽❚✽✼✳✴✻❜✿❁✯✾✻✧✯✧✯❩❅➅♥♦❅✗✳✶❉❚✯
✵❃✯✾✽✥✉❃✯✾✽❚❙❆✳✶❉❋✷❍✳✴✽➑❅✬❙✐✯✺✽❚✽❚✳❞❱✾❅❁✱✴✻✧❅✗❈❊❉▲❅❍■✾✵❃❅✬◆❃✻✕✷➜✳✶❈④❉❚❅✗✹❚✷✺❖◗P✺✯➜❅✗❈❊❉▲✹✼❅♠❉▲✹❚✷❍❉❋✷✺✻✧❅✗❈❊❉❚✯✾✽ ❅♠✉❆✯✾✽❚❙❃✳❞❉❋✷✺✳✶✽✗❪ r ❅❁✽✼❉▲❅✰✿✗✷✺✽❚✯❆■
❅✗✽❝❉❋✷✺✻✧✯✾✽❣✵❃✳❥✷❍❈④❉❚❅❲✵❆❅❲✵❃✯✺✳✴✽❵❅❁♥♦❅❁✳✶❉▲✯✺✽❣❶❆⑥❛✯✾✽✲✬♠❉▲✹❚✷❍❉❋✷❍✻✕❅❁❈④❉❚✯✾✽❣❅❲✉❃✯✺✽❚❙❃✳❞❉❋✷✺✳✶✽✗❪♠✮❡●✾✯✾✹❚✷❆■ ✽❚◆❃❙✚✯✾❈❃✉✸✷✧③④◆❃❅❄✷✺✯✕✳✴❈❛①
❱✾❨❁✽✜✵❃❅➝✵❃❅➅❉▲❅❁✹❚✻✧✳✴❈✸✷✺✹✭✯✾✽❄✉❆✯✾✽❚❙❃✳❞❉❋✷✺✳✶✽✗■➑♥♣✷✺❳➅①➢✽❚❅➝◆❃✻✕✷❘❅❁✽❚✿❁✯✾✱✴✉✸✷✲✷❍✱✴❅◗✷⑧❉▲⑤✾✹✼✳❥✷✩✵❃❅❇✷✺✱✶●✾◆❃❈❃✽✭✵❃❅✗✱✶❅✗✽❄❈❃✷❑✿✗✳✴✵❃✷✺✵❃❅✺❪
r ❅❁✽✼❉❚❅✧✿✗✷✺✽❚✯❆■✣✯✾✽t❉▲✹❚✷❍❉❋✷✺✻✧❅✗❈❊❉❚✯✾✽t✿✗✯✺❈④❉❚✳✴❈④◆✸✷✺✻ ✽❚❅❁❈❃✵❃✯✍✿✗✯✾❈❆✽❚✳✴✵❆❅✗✹▲✷❍✵❃✯✾✽s✿✗✯✺✻✕✯❇❅➅♥♦❅✗✳✶❉❚✯✾✽➜❶❆⑥❛✯✾✽❁■✣✻②✷❍✽❀✷✺●✾✯✾✹❚✷
✯✾✽❵✉❃✯✾✽✼❙❃✳✶❉▲✷✺✳✴✽♠✽❚❅✗✹❚P✺✯✧❅❁♥♦❅✗✳❞❉▲✯✾✽❵✷❍✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽❁❪

✍❘✿ ✵♠◆❆✱✴✱✴✯✺●✾✉②❅➜❴❛❅◗✷❍✹❚✱✴❅❯➊➌➋❍➍✾➍❆➶ ➏ ❙❃✹✼✯✾❙✐❸✈❅✗✻ ◆❆✻②✷ ☛❝✇✺✹❝❱✾✯✾✹✼❅❡✵❆❅➜✵❃❅❁✿✗✳✴✽❚P✺✯✍✌❣❙✸✷❍✹▲✷❀✵❃❅✗✿❁✳✴✵❃✳✶✹❧✽✼❅➜◆❃✻ ❅➅♥♦❅✗✳✶❉❚✯
✵❃❅➅❱✾❅✭✽❚❅✗✹❣✿✗✯✺❈❃✽❚✳✶✵❃❅✗✹❚✷✺✵❃✯✧✿✗✯✾✻✧✯✜❶❆⑥❛✯✕✯✾◆❘✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯❃❪⑩❴❛❅s♥♦✯✾✹✰✹❚✷✺❳✗✯❊✇◗❱✺❅✗✱➑✷✺✽❚✽✼◆❃✻✧✳✴✹✰③④◆❃❅✭✯✾✽❵❈❃q✶❱✺❅✗✳✴✽❵✵❃❅❀◆❃✻
❅❁♥♦❅❁✳✶❉❚✯➟❱✺❦✗✻ ✵❃❅✍◆❃✻✕✷✲✵❃✳✴✽❝❉▲✹❚✳✶▼❃◆❃✳✶❖◗P✺✯❑✿❁✯✾❈❃✉❃❅❁✿✗✳✶✵✸✷❆■♠❅❁❈❊❉❋P✺✯ ❅✗✽❝❉▲❅✍✵❃❅❁❱✺❅❘✽✼❅✗✹❩❉▲✹▲✷⑧❉❋✷✺✵❃✯➟✿❁✯✾✻✕✯ ✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯❃❪
✵✬✷✺✽✼✯✕✿❁✯✾❈❊❉▲✹▲✇❍✹❚✳✴✯❆■✸✯✕❅➅♥♦❅✗✳✶❉❚✯❩✵❃❅❁❱✺❅❯✽❚❅❁✹❵✿✗✯✾❈❃✽✼✳✴✵❃❅❁✹▲✷✺✵❆✯✧❶❆⑥❛✯❃❪♠❬✥✷✺✹❚✷✧✯✺✽❣❅➅♥♦❅✗✳❞❉▲✯✾✽❣✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽✬❅➅⑥❛✳✶✽✼❉▲❅❁✻❢✵❃✯✾✳✶✽
♥♦✯✈✿✗✯✾✽❵✵❃❅✭✳✴❈❊❉▲❅❁✹❚❅❁✽❚✽❚❅✭❙✚✯✾✽❚✽✼q✶❱✾❅❁✳✴✽❁❪✰❴❛❅✭✉❃✯✾◆❆❱✺❅✗✹❡✳✴❈❊❉▲❅❁✹❚❅✗✽✼✽❚❅✭✽❚✯✾✻✧❅✗❈❊❉❚❅❲❈✸✷❩✵❃✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯✜✵❃✯✾✽❣❅❁♥♦❅✗✳❞❉▲✯✾✽❣✷✺✱✶❅◗✷⑧①
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E[Y|u] = Xβ + Zu e V ar[Y|u] = R.

r ✯❍❉▲❅➝③④◆❃❅❇✷❍✵❃✳✴✿❁✳✴✯✾❈✸✷❍✻✕✯✾✽✭✷↕✻✕✷❍❉❚✹❚✳✴❳
Z
■❏③④◆❃❅❇❨②◆❃✻②✷✍✻②✷⑧❉▲✹❚✳✶❳✕✿❁✯✾❈❃✉❃❅❁✿✗✳✶✵✸✷❆■❏❅➝✯↕❱✺❅❁❉❚✯✾✹

u
✵❃❅➝❅❁♥♦❅❁✳✶❉❚✯✾✽

✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽✗❪➑✮➜✱✶❨✗✻✌✵❃✳✴✽✼✽❚✯❃■✈❈❃✯✺❉❚❅➜③④◆❃❅❡❅✗✽✼❉▲✷✺✻✧✯✾✽♠✵❃✳✴✷✺❈❊❉▲❅❣✵❃❅t◆❃✻✕✷❀❅✗✽❚❙✚❅✗✹❚✷✺❈❃❖✗✷❄✿✗✯✾❈❃✵❆✳✴✿✗✳✶✯✾❈✸✷✺✱✸❈❆✯❯❱✾❅➅❉▲✯✾✹
u✯✾▼❃✽✼❅✗✹❝❱✺✷❍✵❃✯❃❪❤❬❏✹❚❅✗✿❁✳✴✽❚✷✺✻✕✯✺✽✬❉❋✷✺✻❄▼✚❨✗✻❺❅✗✽✼❙✐❅❁✿✗✳✶❶❃✿◗✷✺✹❣③④◆❃❅

u ∼ (0,D),

✯✾◆❘✽❚❅→➔❚✷❛■
E[u] = 0

❅
V ar[u] = D

❪✤✸➜❅❁✽❚✽❚✷✕♥♦✯✾✹❚✻✕✷✧✷✧❅❁✽❚❙✚❅✗✹▲✷❍❈❃❖◗✷②❅❯✷❩❱❍✷✺✹✼✳✺☎✺❈❆✿✗✳❥✷✜✵❃❅
Y
✽▲P✺✯✕✵✸✷✺✵✸✷✺✽

❙✚✯✾✹✟✬
E[Y] = E{E[Y|u]} = E{Xβ + Zu} = Xβ,

V ar[Y] = V ar{E[Y|u]} + E{V ar[Y|u]}
= V ar[Xβ + Zu] + E[R]

= ZV ar[u]Z′ + R

= ZDZ′ + R = V.

r ✯❍❉▲❅✧③✈◆❆❅②✯✾✽❀❅❁♥♦❅❁✳✶❉❚✯✾✽✭❶❛⑥❆✯✺✽❯❅✗❈❊❉❚✹▲✷✺✻➙✽✼✯✾✻✕❅❁❈❊❉▲❅✧❈✸✷❘✻✧❨✗✵❃✳✴✷❇✵❃❅
Y
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✷✺✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽♠❅✭✷✜❱✺✷❍✹❚✳✺☎❍❈❃✿✗✳✴✷❄✷✺❙✸✷✺✹✼❅✗✿❁❅✗✻❜✽✼✯✾✻✕❅❁❈❊❉▲❅✭❈✸✷✜❅➅⑥❛❙❃✹❚❅❁✽❚✽❚P✺✯②✵✸✷✜❱❍✷✺✹❚✳✶☎✺❈❃✿❁✳❥✷❯✵❃❅
Y
❪

r ✯s❅❁✻✕❙❃✹✼❅✗●✾✯➜✵❃❅✬✻✧✯❛✵❃❅❁✱✴✯✾✽❭✵❃❅✬❅➅♥♦❅✗✳✶❉❚✯✾✽✥✻✧✳✴✽❝❉▲✯✾✽❭❅➅⑥❛✳✴✽❝❉▲❅❁✻ ❱❍✇✺✹✼✳❥✷✺✽❭✉❃✳✴❙✚⑤✺❉▲❅❁✽❚❅❁✽ ③④◆❃❅✰❙✐✯✈✵❃❅❁✻✏✽✼❅✗✹✥♥♦❅❁✳✶❉❋✷❍✽
③④◆✸✷✺❈❊❉▲✯✕➻✜❅✗✽❝❉▲✹❚◆❛❉▲◆❃✹❚✷✕✵❃❅s❱❍✷✺✹❚✳✶☎✺❈❃✿❁✳❥✷⑧①➢✿✗✯➭❱❍✷✺✹❚✳✶☎✺❈❃✿✗✳✴✷❆■✾❱✾❅❁✹✝✍✍✿ ✵♠◆❃✱✶✱✴✯✾●✾✉❇❅❲❴❛❅✗✷✺✹❚✱✶❅✧➊➌➋✺➍✺➍❆➶ ➏➅❪
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✿✗✳✶✯✾❈✸✷✺✱✸✵❆❅

Y
✵✸✷✺✵❃✯

u
❪✝✸➜✷✺✵❃✯

u
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Y
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✿✗✯✺✻❜✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯❯❙✐❅❁✹✼❉▲❅❁❈❃✿✗❅❁❈❊❉▲❅❄➻❄♥♣✷✺✻✧q✴✱✶✳❥✷✭❅➅⑥❛❙✐✯✺❈❃❅✗❈❃✿❁✳❥✷✺✱ ✬

Yi|u ∼ fYi|u(yi|u), i = 1, ..., n, onde

fYi|u(yi|u) = exp{φ[yiθi − b(θi)] + c(yi, φ)}.
✮✰③④◆❃✳✚❅✗✽✼❉▲✷✺✻✧✯✾✽♠✻✧✯❛✵❆❅✗✱❥✷❍❈❃✵❃✯❀◆❃✻✕✷❀♥♦◆❃❈❆❖◗P✺✯✩➊ ♥♦◆❃❈❃❖✗P✺✯❯✵❃❅❣✱✴✳✶●❊✷✺❖✗P✺✯④➏✥✵✸✷✭✻✕❨❁✵❃✳❥✷❀✵✸✷❲✵❆✳✴✽✼❉❚✹❚✳✶▼❃◆❃✳✴❖✗P✺✯❃■

µ
■✈✯✾◆

✽❚❅➞➔❚✷❆■
g(µi) = x′

iβ + z′iu
■✸✯✾❈❃✵❃❅

E[Yi|u] = µi

❪
r ❅❁✿✗❅✗✽✼✽❚✳❞❉❋✷✺✻✧✯✾✽❧❉▲✷✺✻❄▼✚❨✗✻✌✵❃❅➅❶✸❈❃✳✴✹❤◆❃✻✕✷❲✵❃✳✶✽✼❉❚✹❚✳✴▼❆◆❃✳✴❖✗P✺✯❲❙❃✷✺✹▲✷✭✯✾✽♠❅➅♥♦❅✗✳✶❉❚✯✾✽❧✷✺✱✴❅✗✷❍❉▲⑤✾✹✼✳✴✯✾✽❡➊

u ∼ fU(u)
➏ ❪
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E[Yi]

■✸✯✾❈❃✵❃❅
E[Yi] = E[E[Yi|u]] = E[µi] = E[g−1(x′

iβ + z′iu)].r ✯❍❉▲❅✰③④◆❃❅❣❙✸✷✺✹▲✷s✯❀✿◗✷❍✽❚✯❀✵✸✷s✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯s✵❆❅❡❬➑✯✾✳✴✽✼✽❚✯✾❈➐■❊❅✗✻✟③④◆❃❅
g(µ) = log(µ)

❅
g−1(x) = exp(x)

■
E[Yi] = E[exp{x′

iβ + z′iu}]
= exp{x′

iβ}E[exp{z′iu}]
= exp{x′

iβ}Mu(zi),❅✗✻❂③④◆❃❅
Mu(zi)
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u
✿◗✷✺✱✶✿✗◆❃✱✴✷✺✵✸✷↕❅❁✻

zi

❪➡❴✈✳✴✻✧❙❃✱✴✳❞❶✸✿◗✷✺❈❆✵❃✯❃■
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ui ∼ N(0, σ2
u)
❅❲③✈◆❆❅✜✿◗✷✺✵✸✷✕✱✴✳✴❈❆✉✸✷✕✵✸✷✕✻②✷❍❉❚✹❚✳✶❳
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❙✸✷✺✹❚✷✜◆❃✻②✷✜❈❃✯✺✹❚✻✕✷✺✱➐✿❁✯✾✻❜✻✧❨✗✵❃✳✴✷❄❳✗❅✗✹✼✯✕❨

exp{σ2
u/2} ■❃❅❀❙✚✯✾✹✼❉▲✷✺❈❊❉▲✯✜❉▲❅❁✻✕✯✺✽

E[Yi] = exp{x′
iβ} exp{σ2

u

2
} = ex′

iβ+
σ2

u
2 , ou

log E[Yi] = x′
iβ +

σ2
u

2
.
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▼✚❅✗✻✧✯✾✽❘③④◆❃❅

Yit|ui ∼ Poisson(µit)
❪ ➉ ✽✼❉❋✷❍✻✕✯✾✽✍❈❃✯✾✽✍✹❚❅➅♥♦❅✗✹✼✳✴❈❃✵❃✯✒➻➾✯✺▼❃✽❚❅❁✹✼❱❍✷✺❖◗P❍✯

t
❈❃✯➼●✾✹❚◆❆❙✐✯

i❅✗✻➤③✈◆❆❅
t = 1, ..., n

❅
i
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g(µit) = log(µit)
✯✕✻✧✯✈✵❃❅✗✱✶✯❄✻✕✳✶✽✼❉❚✯✜❨✭✵❃✷✺✵❃✯✧❙✐✯✾✹

log[E[Yit|ui]] = x′
itβ + ui ou E[Yit|ui] = ex′

itβ+ui.
✂❡✽❚✷✺❈❃✵❃✯✕✷✜❙❃✹❚✯✺❙❃✹❚✳✶❅✗✵✸✷✺✵❆❅✭✵❃✷❩❅❁✽❚❙✚❅✗✹❚✷✺❈❃❖◗✷✧✿✗✯✾❈❆✵❃✳✴✿❁✳✴✯✾❈✸✷❍✱➌■

E[Yit] = E[E[Yit|ui]] = E[ex′
itβ+ui] = ex′

itβ+
σ2

u
2

❅
V ar[Yit] = E[V ar[Yit|u]] + V ar[E[Yit|u]]

= E[exp{x′
itβ + z′iu}] + V ar[exp{x′

itβ + z′iu}]
= E[exp{x′

itβ + z′iu}] + E[[exp{x′
itβ + z′iu}]2] − [E[exp{x′

itβ + z′iu}]]2
= exp{−x′

itβ}Mu(zi)) + exp{2x′
itβ}(Mu(2zi) − (Mu(zi))

2.
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V ar[Yit] = E[V ar[Yit|ui]] + V ar[E[Yit|ui]] = E[ex′
itβ+ui] + V ar[ex′

itβ+ui ]

= ex′
itβ+

σ2
u
2 + e2x′

itβV ar[eui]

= ex′
itβ+

σ2
u
2 + e2x′

itβ(E(e2ui) − [E(eui)]2)

= ex′
itβ+

σ2
u
2 + e2x′

itβ(e2σ2 − eσ2

)

= E[Yit] + E[Yit]
2(eσ2 − 1).
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Yit

✵✸✷✺✵❆✯
ui
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Yit
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Yit
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Y
■❃✯✾◆✍✽❚❅→➔❚✷❛■

f(Y ) =

∫

u

f(Y, u)du =

∫

u

f(Y |u)f(u)du

=

∫ ∞

−∞

e−µ µy

y!

1√
2πσ

e−
u2

2σ2 du

=

∫ ∞

−∞

e−e(x′β+u) (ex′β+u)y

y!

1√
2πσ

e−
u2

2σ2 du

=
ex′βy

y!
√

2πσ

∫ ∞

−∞

e−e(x′β+u)

eyue−
u2

2σ2 du.
➊ ✁ ❪❞➶ ➏
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e−e(x′β+u)

=
∞∑

n=0

(−1)nen(x′β+u)

n!
.

➊ ✁ ❪ ➋✺➏
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∞∑

n=0

(−1)n

n!

∫ ∞

−∞

enx′β+(n+y)u− u2

2σ2 du
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③④◆❃❅

f(Y ) =
∞∑

n=0

(−1)n

n!
enx′β+(n+y)2 σ2

2

∫ ∞

−∞

e
−( u√

2σ
− (n+y)σ√

2
)2

du.
➊ ✁ ❪ ↔❊➏

❬❭✯✈✵❃❅❁✻✕✯✾✽✰♥♣✷✺❳❁❅✗✹✰◆❃✻✕✷✜✻❄◆❃✵✸✷❍❈❃❖◗✷❩✵❃❅s❱❍✷✺✹❚✳✴✇➭❱✺❅✗✱❫❈❃✷✧✳✶❈④❉❚❅✗●✾✹❚✷✺✱✣✷✺✽✼✽❚◆❃✻✧✳✴❈❆✵❃✯

v =
u√
2σ

− (n + y)σ√
2

e dv =
du√
2σ

,

✵❃❅s❉❋✷❍✱➐♥♦✯✾✹❚✻✕✷❄③④◆❃❅❲✷❩❅❁③④◆✸✷✺❖◗P❍✯❑➊ ✁ ❪ ↔✾➏❧❶✸✿◗✷

f(Y ) =

∞∑

n=0

(−1)n

n!
enx′β+(n+y)2 σ2

2

∫ ∞

−∞

e−v2√
2σdv.

➊ ✁ ❪ ✁ ➏
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❴❆✷✺▼✚❅✗❈❆✵❃✯✕③④◆❃❅
∫ ∞

−∞

e−v2√
2σdv = σ

√
2π.

❉▲❅❁✻✕✯✺✽✰③✈◆❆❅

f(Y ) = σ
√

2πe
y2σ2

2

∞∑

n=0

(−1)n

n!
en(x′β+yσ2+ nσ2

2
)

= σ
√

2πe
y2σ2

2

∞∑

n=0

cnz
mn ,

➊ ✁ ❪ ➹✺➏

❅✗✻⑦③✈◆❆❅
cn = (−1)n

n!
en(x′β+yσ2) · 3 (nσ)2

2
■
z = e/3

❅
mn = (nσ)2/2

❪
✮ ✽❚✯✾✻✕✷❍❉❚⑤✾✹❚✳✴✷✕❅✗✻➠➊ ✁ ❪ ➹✾➏❡❈❃P✺✯❇❙✐✯✈✵❃❅❄✽✼❅✗✹s❅ ⑥❆❙❆✹❚❅✗✽✼✽▲✷✍❙✐✯✾✹➜◆❃✻ ❈✯✮❃✻✧❅✗✹✼✯➝❶✸❈❃✳✶❉❚✯❇✵❃❅✜✯✾❙✚❅✗✹❚✷✺❖✗❸✈❅✗✽t❅❁✱✴❅ ①

✻✧❅✗❈❊❉❋✷✺✹✼❅✗✽
(+,−, ∗, /, ,̂ . . . )

❅❁❈❊❱✾✯✾✱❞❱✾❅✗❈❆✵❃✯➽✽❚✯✾✻✧❅✗❈❊❉❚❅❘♥♦◆❃❈❃❖❁❸❛❅❁✽②❅❁✱✴❅✗✻✧❅✗❈❊❉▲✷✺✹❚❅❁✽
(log, cos, . . . )

■✬❙✚✯✾✳✶✽
✽❚❅❁●✾◆❃❈❃✵❆✯ ☛ ❅✗✳✶✽❚✽❵❅ ☛➡❅❁✳✴✽❚✽❲➊→➶ ✶✾➎✾↔❊➏❧❱❍✷✺✱✶❅t✯✧✽❚❅✗●✺◆❃✳✴❈❊❉▲❅❀✹✼❅✗✽❚◆❆✱✶❉❋✷❍✵❃✯✴✬
❴❛❅ ∑∞

n=0 cnzmn
■ |z| < 1

■
mn+1/mn > cte > 0

✽❚✷❍❉▲✳✶✽✼♥♣✷✺❳❁❅✗❈❃✵❆✯ ∑∞
n=0 |cn| = ∞ ■❡❅✗❈❊❉❋P✺✯➼✷

✽❚❨❁✹❚✳✶❅❲✷❍✽❚✽❚◆❆✻✕❅❀✿◗✷❍✵✸✷❄❱✺✷❍✱✴✯✾✹✬✿❁✯✾✻✧❙❃✱✴❅ ⑥❆✯
w
❙✸✷❍✹▲✷✜✳✴❈❆❶❃❈❃✳✶❉❚✯✾✽✰❙✐✯✺❈④❉❚✯✾✽

z
❈❃✯❩✵❃✳✴✽✼✿✗✯❩◆❃❈❃✳❞❉❋✇✺✹✼✳✴✯❃❪

➪❭✷✺✱t❙❃✹✼✯✾❙❃✹❚✳✶❅✗✵✸✷❍✵❃❅✲❈✸P✺✯ ✽❚❅✲❱✺❅✗✹❚✳❞❶✸✿◗✷ ❙✸✷✺✹❚✷➺◆❃✻✕✷ ❅ ⑥❛❙❃✹❚❅❁✽❚✽▲P❍✯➼❶✸❈❃✳❞❉❋✷➺❅❁❈④❱✺✯✾✱✶❱✺❅✗❈❃✵❆✯✒✽❚✯✺✻✕❅❁❈④❉❚❅✲✯✾❙✚❅✗✹▲✷ ①
❖✗❸✈❅✗✽❵❅s♥♦◆❃❈❃❖❁❸❛❅❁✽❵❅✗✱✴❅❁✻✕❅❁❈❊❉❋✷✺✹✼❅✗✽✗❪ r ❅✗✽✼❉❚❅❲✿✗✷✺✽❚✯↕➊ ✁ ❪✶➶ ➏♠❨s✿✗✷✺✱✴✿❁◆❃✱❥✷❍✵✸✷❄❈④◆❃✻✕❅❁✹❚✳✶✿◗✷✺✻✧❅✗❈❊❉▲❅❀❙✚❅✗✱✶✯✎✍↕✷❍❉✷☞➇✷✺▼➐❪
➸✝◆❃✽❚✯➡✵❃❅↕❅➅♥♦❅✗✳✶❉❚✯✾✽➝✷❍✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽❄❉▲✷✺✻❄▼✚❨✗✻ ✱✴❅➅❱✺✷ ❅✗✻ ✿✗✯✺❈❃✽❚✳✶✵❃❅✗✹❚✷✺❖◗P✺✯➺✷➡✿✗✯✾✹✼✹❚❅❁✱❥✷✺❖✗P✺✯ ❅❁❈❊❉▲✹❚❅❑✷✺✽②✯✾▼❆✽❚❅✗✹→①
❱❍✷✺❖✗❸✈❅✗✽❵③④◆❃❅s❉▲❅❁❈❃✉✸✷✺✻⑦✷✺✱✴●✺◆❃✻⑦❅➅♥♦❅✗✳✶❉❚✯❩✷✺✱✴❅✗✷❍❉▲⑤✺✹❚✳✴✯❲❅✗✻❜✿❁✯✾✻❄◆❃✻✍❪❏✮➜✽✼✽❚✳✶✻❘■

Yit

❅
Yis

✽❚P✺✯✕✳✶❈❃✵❃❅❁❙✐❅❁❈❃✵❃❅✗❈❊❉❚❅✗✽
✵✸✷✺✵❆✯

ui

■✸✻②✷✺✽✰✽❚P✺✯❩✻②✷❍✹❚●✾✳✶❈✸✷✺✱✴✻✧❅✗❈❊❉❚❅➜✿✗✯✺✹❚✹❚❅❁✱❥✷✺✿❁✳✴✯✾❈❃✷✺✵✸✷✺✽❁❪❏❬✥✷✺✹❚✷
t 6= s

■
Cov(Yit, Yis) = E[Cov(Yit, Yis|ui)] + Cov[E(Yit|ui), E(Yis|ui)]

= 0 + Cov[ex′
itβ+ui, ex′

isβ+ui].

✵♠✯✾✻✧✯❲✯✺✽⑩❉❚❅✗✹✼✻✕✯✾✽⑩✵✸✷✭✿✗✯➭❱❍✷✺✹❚✳✶☎✺❈❃✿❁✳❥✷t✽▲P❍✯❄✷✺✻❄▼✚✯✾✽❏♥♦◆❃❈❃❖❁❸❛❅❁✽❧✻✧✯✾❈❃⑤❍❉▲✯✾❈✸✷❍✽❏✿✗✹❚❅❁✽❚✿❁❅✗❈❊❉▲❅❁✽✰✵❃❅
ui

■❊❉▲❅✗✻✧✯✾✽❤③④◆❃❅
Yit

❅
Yis

✽❚P✺✯❩✿✗✯✾✹✼✹❚❅✗✱✴✷✺✿✗✳✶✯✾❈✸✷✺✵❆✯✾✽✬❈✸P✺✯⑧①➞❈❃❅❁●❊✷❍❉▲✳❞❱❍✷✺✻✕❅❁❈❊❉▲❅✺❪
➸✟✿◗✷✺❙❃q❞❉▲◆❃✱✶✯❘➶◗➍✕✵❃❅ ✍❘✿ ✵♠◆❃✱✶✱✴✯✾●✺✉↕❅✜❴✈❅◗✷✺✹✼✱✴❅②➊➌➋✺➍✾➍❛➶ ➏✰❉❚✹▲✷✺❳✭◆❃✻✕✷✕✵❃✳✶✽❚✿❁◆❃✽❚✽❚P✺✯➝▼✸✷✺✽❝❉❋✷✺❈❊❉❚❅✜✷✺▼❃✹❚✷✺❈❃●✾❅❁❈④❉❚❅

✵❃✯✾✽❀✻✧❨❁❉❚✯❛✵❃✯✺✽t❙✐✯✺✽❚✽❚q❞❱✾❅❁✳✴✽❀❙✸✷✺✹❚✷✍✷❇❅❁✽✼❉▲✳✶✻②✷❍❖◗P✺✯➝✵❆❅✧✻✧✯✈✵❃❅✗✱✶✯✾✽t●✾❅❁❈❃❅✗✹❚✷✺✱✴✳✶❳◗✷✺✵❃✯✺✽t✻✕✳✶✽✼❉❚✯✾✽✗❪ ✂❣✻②✷②❱✺❅✗❳✧③④◆❃❅
❅✗✽❝❉❋✷✺✻✧✯✾✽❄✵❆✳❥✷✺❈❊❉▲❅②✵❃❅➝✻✧✯❛✵❃❅❁✱✴✯✾✽✭❈✸P✺✯✲✱✶✳✴❈❃❅✗✷✺✹❚❅❁✽✗■✥❱❍✇✺✹✼✳❥✷✺✽❲✵❃✳✶❶❃✿✗◆❃✱✶✵✸✷✺✵❃❅❁✽❄✵❃❅❇✿◗✇❍✱✴✿✗◆❆✱✴✯❑✷❍❙✸✷✺✹❚❅❁✿✗❅❁✻❘❪➟✮✬❉▲◆✈①
✷✺✱✶✻✕❅❁❈④❉❚❅➝✯➟❙❃✹❚✯✺●✾✹▲✷✺✻✕✷✲❴❛✮t❴↕➔❚✇❑❙✚✯✾✽✼✽❚◆❃✳✰◆❃✻✕✷❑✹❚✯❍❉▲✳✴❈❃✷❑❙✸✷✺✹▲✷✲✻✧✯❛✵❆❅✗✱✴✯✺✽❯✻✧✳✴✽✼❉❚✯✾✽❄❈✸P❍✯ ✱✶✳✴❈❃❅✗✷✺✹❚❅❁✽✩➊ r ☞➐①
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☞❩✔✗✖ ✌ ➃❲✦❇✤❲❿⑦✦❇❽ ➈✎✍❲✙✩➈♠❽✬✢ ✦❇❽ ✠✍★❇❾✑✏ ✫❀✤
✮➜❈❃✷✺✱✴✳✶✽▲✷✺✹✼❅✗✻✧✯✾✽❏✯✾✽❤✵✸✷✺✵❃✯✾✽❤✵❃❅➜➣❡✳✴✹❚✷✩✹❊✷✺✻✕✷✧➊❝➶ ✶✴�❛➶ ➏ ✽❚✯✾▼❃✹✼❅➜✯✾✽❤❅❁♥♦❅❁✳✶❉❚✯✾✽⑩✵❃✯❲♥♦◆❃✻✧✯✭❙✸✷✺✽❚✽✼✳✶❱✺✯❯❈✸✷✭✳✴❈❃✿❁✳✴✵❃❦❁❈❃✿✗✳✴✷
✵❃❅✭✿✩☎✺❈❆✿✗❅✗✹❡✵❃❅✭❙❃◆❃✱✴✻✕P✺✯✜❙✸✷❍✹▲✷✕✻❯◆❃✱✴✉❃❅❁✹❚❅❁✽ ➔❚✷❍❙✐✯✾❈❆❅✗✽▲✷❍✽❡❈✸P❍✯✕♥♦◆❃✻✕✷✺❈❊❉▲❅❁✽✗❪ ➉ ✻ ◆❃✻❢❅❁✽✼❉▲◆❆✵❃✯②❙❃✹✼✯✾✽❚❙✚❅✗✿➅❉▲✳❞❱✾✯
❅✗✻➤➋ ✶↕✿❁❅✗❈❊❉▲✹✼✯✾✽❄✵❃❅②✽▲✷ ✮❃✵❆❅➝✵❃✯ �✾✷✺❙✸P❍✯❃■✥◆❃✻ ✵❃✯✾✽❯✯✾▼✈➔✼❅❁❉❚✳✶❱✺✯✾✽❄✵❃✯❑❅❁✽✼❉❚◆❃✵❃✯✲❅✗✹❚✷❘❱✾❅❁✹❚✳❞❶✸✿◗✷✺✹❯✯❑❅❁♥♦❅❁✳✶❉▲✯↕✵❃✯
♥♦◆❃✻✧✯➟❙✸✷✺✽❚✽✼✳✶❱✺✯➡❈✸✷➟✳✴❈❃✿❁✳✴✵❃❦❁❈❃✿✗✳✴✷✲✵❃❅✩✿✩☎✺❈❃✿❁❅✗✹✧✵❃❅✍❙❃◆❃✱✴✻✕P✺✯❃❪ ✸➜◆❆✹▲✷✺❈❊❉▲❅ ➶ ✁ ✷✺❈❃✯✾✽❘➊→➶ ✶✾➎✾➎⑧①▲➶ ✶ ✡ ✶✾➏➅■⑩❅✗❈❊❉▲✹✼❅
✶❆➶✾❪ ➹ ✁ ➍➝✻❯◆❃✱✴✉❃❅❁✹❚❅❁✽t✿◗✷✺✽❚✷✺✵✸✷✺✽❁■➇❈✸P✺✯❍①➌♥♦◆❃✻②✷❍❈④❉❚❅✗✽t❅✜③④◆❃❅✜❉❚✳✴❈❃✉✸✷❍✻ ✁ ➍❇✷❍❈❃✯✾✽s✯✾◆✲✻✧❅✗❈❃✯✺✽s❈❃✯❇✳✴❈❃q✶✿✗✳✶✯➝✵❃✯❇❅✗✽→①
❉▲◆❆✵❃✯❃■✸✯✈✿✗✯✾✹✼✹❚❅✗✹❚✷✺✻ ➶ ✡ ✁ ✻✕✯✺✹✼❉▲❅❁✽❵❙✐✯✾✹✰✿ ☎✺❈❃✿❁❅✗✹❵✵❃❅❀❙❃◆❃✱✶✻②P✺✯❆❪✥✮➜✱✶❨✗✻❜✵❆✯✧✽❝❉❋✷❍❉❚◆❃✽❵✵❃✯✧✻②✷✺✹✼✳✴✵❃✯❯③✈◆❃✷✺❈❊❉▲✯✕✷✺✯
♥♦◆❃✻✧✯❃■✥❉❚❅✗✻✧✯✾✽❯✯✾◆❛❉▲✹▲✷❍✽❯❱❍✷✺✹❚✳✴✇➭❱✺❅✗✳✶✽❯✿✗✯✺✻✕✯❘✯❑❉▲✳✴❙✚✯↕✵❆❅②❉▲✹❚✷✺▼✸✷✺✱✶✉❃✯↕✵❃✯✲✻✕✷✺✹✼✳✴✵❃✯➡➊♣✽✼❅❇❈✸✷❑✷✺●✾✹✼✳✴✿❁◆❃✱✶❉❚◆❃✹▲✷✍✯✾◆
❈✸P✺✯❊➏❤❅❀✷❲♥♣✷✺✳ ⑥❆✷❯✵❃❅t✳✶✵✸✷✺✵❃❅t✵❆✯✜✻②✷✺✹✼✳✴✵❃✯②➊♣✵❆❅ ✁ ➍❄✷❩➹ ✶❄✷❍❈❃✯✾✽✬✯✾◆❇✿❁✯✾✻❺➎✾➍✜✷✺❈❃✯✾✽♠✯✾◆➝✻✕✷✺✳✴✽✬➏➅❪ r ✷❲➪✥✷✺▼✚❅✗✱✴✷
➹❛❪❞➶✭❉❚❅✗✻✧✯✾✽❵✯②❈✯✮❃✻✧❅✗✹✼✯✕✵❃❅✭✿◗✷❍✽❚✯✾✽❡❙✸✷✺✹▲✷❩✿◗✷❍✵✸✷✧✽✼◆❃▼❛①➢❙✐✯✾❙❆◆❃✱❥✷✺❖✗P✺✯❃■ ✷✺✽✼✽❚✳✶✻❢✿✗✯✾✻✧✯✕✯✧❈✯✮❃✻✧❅✗✹❚✯✧✵❃❅✭❙✐❅❁✽❚✽✼✯❊✷✺✽
❅➅⑥❛❙✚✯✾✽✼❉▲✷✺✽✗❪

r ❅❁✽✼❉▲❅s✿✗✷✺✽❚✯✜❅❁✽❚❙✚❅✗✿❁q✶❶✸✿❁✯❃■❆❙✸✷❍✹▲✷
i = 1, ..., 12

■④❉▲❅❁✻✕✯✺✽♠③④◆❃❅
Yi

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✜✯❄❈✯✮❃✻✧❅✗✹✼✯✜✵❃❅t✿✗✷✺✽❚✯✾✽♠✵❃❅
✿✩☎❍❈❃✿✗❅❁✹❣❅

ni

✯✧❈✯✮❃✻✧❅✗✹❚✯❩✵❃❅❀❙✚❅✗✽✼✽❚✯❊✷✺✽❣❅➅⑥❛❙✚✯✾✽✼❉▲✷✺✽❣❅✗✻❜✿✗✷✺✵✸✷✜●✾✹❚◆❆❙✐✯❃❪❏✮➵✳✶❈❃✿✗✳✶✵❃❦✗❈❃✿❁✳❥✷❄✵❃❅❀✿ ☎✺❈❃✿✗❅❁✹❡❨❀✵✸✷❍✵✸✷
❙✚✯✾✹

λi

■✸❅✗✽✼✿✗✹❚❅➅❱✾❅ ①➞✽❚❅❲✯❩✻✕✯✈✵❃❅✗✱✶✯✴✬
Yi ∼ Poisson(niλi),

log

(
E(Yi)

ni

)
= x′

iβ ou log(E(Yi)) = x′
iβ + log(ni).

✮ ③④◆✸✷❍❈④❉❚✳✴✵✸✷❍✵❃❅
log(ni)

❨❵✿❋✉✸✷✺✻✕✷✺✵✸✷❀✵❃❅ ✣✓✒✫✵✸✚✢✬❷❪❭✮➜✽⑩❱❍✷✺✹❚✳✴✇➭❱✺❅✗✳✶✽❤❅ ⑥❛❙❃✱✴✳✶✿◗✷❍❉❚✳✶❱❍✷✺✽ ✽❚P✺✯❄✷❀✯❛✿❁◆❃❙✸✷✺❖✗P✺✯✭✵❃✯
✻✕✷✺✹❚✳✶✵❃✯➟➊

ocup
➏➅■❫✯✩✽❝❉❋✷❍❉❚◆❃✽❀✵❃✯✩✻②✷✺✹✼✳✴✵❃✯②③✈◆❃✷✺❈❊❉▲✯✍✷✺✯❇♥♦◆❃✻✧✯ ➊

fumo
➏❡❅✜✯✩●✾✹✼◆❃❙✐✯❇✵❆❅✧✳✶✵✸✷✺✵❃❅✍➊

idade
➏➅❪

➸t✽t❅❁♥♦❅❁✳✶❉❚✯✾✽❡✵❃✷✺✽t✵❃✳❞♥♦❅✗✹❚❅❁❈❊❉▲❅✗✽❡❱✺✷❍✹❚✳❥✇◗❱✺❅✗✳✴✽❣♥♦✯✾✹▲✷❍✻ ✿❁✯❛✵❆✳✶❶✸✿✗✷✺✵❃✯✾✽❡✿✗✯✾❈❆♥♦✯✺✹❚✻✧❅❯✷②➪❭✷✺▼✚❅✗✱✴✷❇➹❛❪ ➋❛❪ ✂❣✻ ✻✧✯✈✵❃❅✗✱✶✯
✿✗✯✺✻❜❅❁♥♦❅❁✳✶❉▲✯✺✽❣❙❆✹❚✳✴❈❆✿✗✳✴❙❃✷✺✳✴✽✰❅s❉▲✯✈✵✸✷✺✽❣✷✺✽❵❙✚✯✾✽❚✽✼q✶❱✺❅✗✳✴✽❣✳✴❈❊❉❚❅✗✹▲✷❍❖✗❸✈❅✗✽❲➊♣✻✧✯❛✵❆❅✗✱✴✯✜✽❚✷❍❉▲◆❆✹▲✷✺✵❃✯❊➏✬♥♦✯✺✳➇✷ ➔✼◆❃✽✼❉▲✷✺✵❃✯❃❪♠➸t✽
✹❚❅❁✽❚◆❃✱❞❉❋✷✺✵❆✯✾✽ ✻✧✯✾✽✼❉❚✹▲✷✺✹❚✷✺✻➵③✈◆❆❅❵✷✺✽ ✳✴❈❊❉❚❅✗✹▲✷❍❖✗❸✈❅✗✽ ❈✸P❍✯s✽▲P✺✯s✽✼✳✴●✾❈❃✳❞❶✸✿◗✷⑧❉▲✳✶❱❍✷✺✽❁❪❭➸ ✻✧❅✗✱✶✉❃✯✾✹✥✻✧✯✈✵❃❅✗✱✶✯❡♥♦✯✾✳❛✷✺③④◆❃❅✗✱✶❅
✷ ➔✼◆❃✽❝❉❋✷✺✵❆✯✜✽❚✯✾✻✧❅✗❈❊❉▲❅s✿❁✯✾✻❜✷❍✽♠❉▲✹✼❦✗✽✬❱❍✷✺✹❚✳✴✇◗❱✾❅✗✳✶✽✬❙❃✹✼✳✴❈❃✿❁✳✴❙✸✷✺✳✶✽✗❪ r ✷❄➪❭✷✺▼✐❅❁✱❥✷✜➹✈❪ ↔❯❉❚❅✗✻✧✯✾✽✬✯✾✽♠❱❍✷✺✱✶✯✾✹❚❅❁✽✬❙✸✷✺✹❚✷✜✷
✯ ✚✖✕✸✳ ✪✭✧ �✷✚❧❅❀✯✧✿❁✹❚✳❞❉▲❨✗✹✼✳✴✯✜✮✛✱ ✵ ✵❃✯✾✽✰❱❍✇✺✹✼✳✴✯✾✽✰✻✧✯❛✵❆❅✗✱✴✯✺✽✬✵❃❅❀❅❁♥♦❅❁✳✶❉▲✯✺✽✰❙❃✹❚✳✶❈❃✿✗✳✶❙✸✷✺✳✴✽♠❙✐✯✾✽✼✽❚q❞❱✾❅✗✳✶✽✗❪

✁ ✶
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✻✕✷✺✳✴✽♠✵❃❅✭➎✾➍✕✷❍❈❃✯✾✽ ❈✸P✺✯✜♥♦◆❃✻✕✷✺❈❊❉▲❅ ➶ ✁ ✁ ❪ ✁ ➍ ✡ ↔❛■ ➋
❅ ⑥✍✯✾◆➟➶❁①❋➶ ✶❄✿❁✳✴● �⑧✵❃✳❥✷ ↔✾➋ ✡❛❪ ➋ ✶❆➶ ✁ ■ ✁
✻②✷✺✳✶✽✬✵❃❅❲➋✺➍✜✿✗✳✶● �❍✵❃✳✴✷ � ➋❛❪ ➋ ✁ ➶ ↔❛■ ➎
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✻✕✷✺✳✴✽♠✵❃❅✭➎✾➍✕✷❍❈❃✯✾✽ ❈✸P✺✯✜♥♦◆❃✻✕✷✺❈❊❉▲❅ ✡ ↔❆❪ ✁ ➎✴� ➋✈■ ➍
❅ ⑥✍✯✾◆➟➶❁①❋➶ ✶❄✿❁✳✴● �⑧✵❃✳❥✷ ➶ ✁ ➎❆❪ ➋✈➶ ✡ ➋✈■ ↔
✻②✷✺✳✶✽✬✵❃❅❲➋✺➍✜✿✗✳✶● �❍✵❃✳✴✷ ➶➭➋ ➋❛❪ ➎✺↔✾➎ ✁ ■ ➎
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➪❭✷✺▼✐❅❁✱❥✷❩➹❛❪ ➋ ✬✌✵♠✯✈✵❃✳✶❶❃✿◗✷✺❖✗P✺✯❩✵❃✯✾✽ ➉ ♥♦❅✗✳✶❉❚✯✾✽✗❪
⑨❤✷✺✹✼✳❥✇◗❱✾❅❁✱ ✒ ✷❍❉▲✯✾✹✼❅✗✽ ✵♠✯✈✵❃✳✶❶❃✿◗✷✺❖✗P✺✯
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✯✺◆❆❉▲✹✼✯✾✽ ➶
✳✶✵✸✷✺✵❃❅ ✁ ➍⑧①→➹ ✶✜✷✺❈❃✯✾✽ ➍

✻②✷✺✳✶✽✬✵❃❅✭➎✾➍❩✷✺❈❃✯✺✽ ➶
♥♦◆❃✻✧✯ ❈✸P✺✯✜♥♦◆❃✻✕✷✺❈❊❉▲❅ ➍

❅➅⑥✍✯✺◆ ➶➅①❋➶ ✶❄✿❁✳✴● �❍✵❆✳❥✷ ➶
✻✕✷✺✳✶✽✬✵❃❅❲➋✺➍❩✿✗✳✴● �❍✵❃✳❥✷ ➶

➪❭✷✺▼✚❅✗✱❥✷✧➹❛❪ ↔★✬✌✵♠✯✾✻✧❙✸✷✺✹❚✷✺❖◗P❍✯✧✵❆✯✾✽❵❙✐✯✾✽✼✽❚q❞❱✾❅✗✳✶✽✰✻✕✯✈✵❃❅❁✱✴✯✾✽❁■❃✽❚❅❁●✾◆❃❈❃✵❃✯✧✯❩✿✗✹✼✳✶❉▲❨❁✹❚✳✶✯✜✵❃❅ ✯ ✚✖✕✸✳ ✪✭✧ �✷✚♠❅❀✮✛✱ ✵➜❪
✍❘✯✈✵❃❅✗✱✶✯ ✯ ✚✖✕✸✳ ✪✭✧ �✷✚ ✵♠✹❚✳✶❉❚❨✗✹✼✳✴✯✜✮☎✱ ✵
ocup 45, 8

➶➭➍✾➋❛■ ➋
fumo 49, 1

➶➭➍☛✡❛■ ➹
idade 17, 8

✡ ✁ ■ ➋
ocup, fumo 41, 4

➶◗➍❆➶✾■ ✶
ocup, idade 14, 2

✡✾➋❛■ ✡
fumo, idade 10, 3

✡✺➍❆■ �
ocup, fumo, idade 6, 1
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✳✴❈❊❉❚❅✗✹❚✿❁❅✗❙❆❉❚✯ −6, 8263

➍❆■ ➋❛➶➭↔✺➍
<
➍❆■ ➍✾➍✾➍❆➶

✯❛✿❁◆❃❙✸✷✺❖✗P✺✯❃➶ −0, 3166
➍❆■❞➶ ➹✺↔✁� ➍❆■ ➍✾↔✭✶✾➹
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✳✴✵❃✷✺✵❃❅✺➶ ➍❆■ ✶✾↔✾➎ ✁ ➍❆■✶➶➭➹ ✁ ✶

<
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❈❃✯➭❱❍✷➝❱✺✷❍✹❚✳❥✇◗❱✺❅✗✱❏❨✜✽❚✳✶●✾❈❃✳❞❶✸✿◗✷❍❉❚✳✶❱❍✷②✯✾◆ ❈✸P✺✯❆❪✜❬❭✯✾✹❀❅ ⑥❆❅❁✻✕❙❆✱✴✯❃■✣❈❃✯✩✻✧✯❛✵❆❅✗✱✴✯➝✷ ➔✼◆❃✽✼❉▲✷✺✵❃✯✍✿✗✯✾✻ ✷✺✽s❱❍✷✺✹❚✳✴✇➭❱✺❅✗✳✶✽
fumo

❅
idade

❉❚❅✗✻✧✯✾✽❏◆❃✻✕✷ ✯ ✚✖✕✸✳ ✪✭✧ �✷✚➑✵❃❅
10, 3395

❪✥❴❛❅✗✹❚✇❀③④◆❃❅❣✷✺✯s✳✶❈❊❉▲✹❚✯✈✵❃◆❃❳❁✳✴✹✼✻✕✯✾✽✥✷➜❱❍✷✺✹❚✳✴✇➭❱✺❅✗✱
ocup

■
✷✜✹❚❅❁✵❃◆❃❖◗P❍✯✕❈✸✷✌✯ ✚✖✕✸✳ ✪✭✧ �✷✚❧❨❀✽❚✳✴●✺❈❃✳✶❶✸✿✗✷❍❉▲✳❞❱❍✷✁� r ✯✺❉▲❅s③④◆❃❅

D(ocup|fumo, idade) = D(fumo, idade) − D(ocup, fumo, idade) =

= 10, 3395− 6, 0882 = 4, 2513.➸ ❱❍✷✺✱✴✯✺✹✜✵❃❅
4, 2513

❨❘✽✼✳✴●✾❈❃✳❞❶✸✿◗✷⑧❉▲✳✶❱✺✯ ✷✺✯➡❈❃q❞❱✾❅❁✱❣✵❆❅
0, 0392

■❧✵❆❅❑✷✺✿❁✯✾✹❚✵❃✯ ✿✗✯✺✻ ◆❃✻②✷ ✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯
χ2

(1)

❪➺❬➑✯✾✹✼❉▲✷✺❈❊❉▲✯✲✵❃❅➅❱✾❅❁✻✕✯✾✽❩✳✶❈❃✿✗✱✶◆❃✳✴✹❲✷❑❱✺✷❍✹❚✳❥✇◗❱✺❅✗✱
ocup

❈❃✯✲✻✕✯✈✵❃❅❁✱✴✯❃❪ ❬✥✷❍✹▲✷❑✯➟✻✕✯✈✵❃❅❁✱✴✯↕✿❁✯✾✻➤✻✧❅✗❈❆✯✾✹
✵✸✷ ✯ ✚✖✕✸✳ ✪✭✧ �✷✚➅■✐✷②➪❭✷✺▼✐❅❁✱❥✷❇➹✈❪ ✁ ✷❍❙❃✹❚❅❁✽❚❅✗❈❊❉▲✷✍✷❍✽t❅✗✽❝❉▲✳✴✻✕✷❍❉❚✳✶❱❍✷✺✽❣✵❃✯✾✽t❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽❁■➐✯✾✽t❅❁✹❚✹✼✯✾✽t❙✸✷✺✵❆✹▲P✺✯➝❅❯✯✾✽
❙❛①➌❱✺✷❍✱✴✯✾✹✼❅✗✽✰❙✸✷✺✹❚✷✜✯✾✽✬❉▲❅❁✽✼❉▲❅❁✽

H0 : βi = 0, i = 0, ..., 4
❪❏✮➵✳✴❈❊❉▲❅❁✹❚❙❃✹✼❅❁❉❋✷❍❖◗P✺✯❩✵❃✯✾✽❵❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽✰❨s✵✸✷❍✵✸✷✕✷

✽❚❅❁●✾◆❃✳✶✹✗■❃❅❁✻❢③✈◆❆❅

β̂ =





β̂0

β̂1

β̂2

β̂3

β̂4




=






β0 = log(λi)
❙✸✷✺✹❚✷❩✿✗✷✺✽❚❅❁✱❥✷❩✵❃❅❀✹❚❅➅♥♦❅✗✹❚❦❁❈❃✿✗✳✴✷❆■

β1 =
✳✴❈❃✿❁✹❚❅❁✻✕❅❁❈④❉❚✯❩❅✗✻

log(λi)
✵❃❅➅❱✈✳✴✵❃✯✕➻✺✽❵✯✾◆❆❉❚✹▲✷✺✽✰✯✈✿✗◆❃❙❃✷✺❖✗❸✈❅✗✽❁■

β2 =
✳✴❈❃✿❁✹❚❅❁✻✕❅❁❈④❉❚✯❩❅✗✻

log(λi)
✵❃❅➅❱✈✳✴✵❃✯✕✷✺✯❩❅❁♥♦❅❁✳✶❉▲✯❩✵❃❅s♥♦◆❃✻✧✯❇➶✾■

β3 =
✳✴❈❃✿❁✹❚❅❁✻✕❅❁❈④❉❚✯❩❅✗✻

log(λi)
✵❃❅➅❱✈✳✴✵❃✯✕✷✺✯❩❅❁♥♦❅❁✳✶❉▲✯❩✵❃❅s♥♦◆❃✻✧✯✧➋❛■

β4 =
✳✴❈❃✿❁✹❚❅❁✻✕❅❁❈④❉❚✯❩❅✗✻

log(λi)
✵❃❅➅❱✈✳✴✵❃✯✕✷✺✯❩❅❁♥♦❅❁✳✶❉▲✯❩✵❃❅❀✳✶✵✸✷✺✵❃❅❍❪

✵♠✯✾✻✧✯➟❙✐✯✈✵❃❅✗✻✧✯✾✽✜❱✾❅❁✹❚✳❞❶✸✿◗✷✺✹❩❙✚❅✗✱✴✷➟✳✶❈❊❉▲❅✗✹✼❙❃✹❚❅➅❉❋✷✺❖✗P✺✯ ✵❃✯✾✽❩❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✾✽✗■
β0

■♠✷➟✿◗✷❍✽❚❅✗✱✴✷ ✵❆❅✍✹✼❅❁♥♦❅❁✹❚❦✗❈❆✿✗✳❥✷❛■
✹❚❅➅♥♦❅✗✹✼❅➅①➞✽✼❅✧✷✺✯❇✱✴✯✾●✾✷✺✹❚✳❞❉▲✻✧✯✕✵✸✷❇③④◆✸✷✺❈❊❉❚✳✴✵✸✷✺✵❆❅✜✵✸✷✺✽❀✻❄◆❃✱✶✉❃❅✗✹✼❅✗✽s✿✗◆ ➔✼✯❇✻②✷✺✹✼✳✴✵❃✯✕❉▲✹▲✷❍▼✸✷✺✱✴✉❃✷➝❈✸✷❇✷✺●✾✹✼✳✴✿✗◆❆✱✶❉▲◆❆✹▲✷❆■
❅✗✽❝❉❋✇❩❈✸✷❄♥♣✷✺✳❞⑥❆✷✜✵❃❅❀✳✴✵❃✷✺✵❃❅s✵❃❅ ✁ ➍❩✷✧➹ ✶❩✷✺❈❃✯✾✽❵❅❀❈✸P✺✯❩❨s♥♦◆❃✻✕✷✺❈❊❉▲❅❍❪

✂❡✻✕✷❄❱✾❅✗❳✭③④◆❃❅❀❈✸P✺✯✧❅✗✽❝❉❋✷✺✻✧✯✾✽✰✵❃✳✴✷✺❈❊❉▲❅s✵❃❅✭✽❚◆❃❙✚❅✗✹✼✵❃✳✴✽✼❙✐❅❁✹❚✽❚P✺✯❃■✸❙✚✯✾✳✴✽
deviance/g.l. = 6, 0882/7 = 0, 8697,

❙✸✷✺✹✼❅✗✿❁❅❯✹▲✷❍❳✗✯❊✇◗❱✾❅❁✱➑✷✺✿✗❅❁✳✶❉❋✷❍✹❣◆❆✻②✷❩✹❚❅❁●✾✹❚❅❁✽❚✽▲P❍✯➝✵❃❅❲❬❭✯✾✳✶✽❚✽❚✯✺❈↕❙✸✷✺✹❚✷✧❅❁✽✼❉❚❅✗✽➜✵❃✷✺✵❃✯✾✽❁❪ r ✷✎✒✥✳✴●✾◆❆✹▲✷✧➹❛❪❞➶❲❉▲❅❁✻✕✯✺✽
✯↕●✺✹▲✇❍❶✸✿❁✯❑✵❃✯❘❅✗❈❊❱✾❅❁✱✴✯✾❙✚❅➝③④◆❃❅②✳✶❈❃✵❃✳✶✿◗✷✩③✈◆❆❅➝✯↕✻✧✯❛✵❆❅✗✱✴✯✍❅✗✽❝❉❋✇↕▼✚❅✗✻ ✷ ➔✼◆❆✽✼❉❋✷❍✵❃✯❃■❏✷✺❙✚❅✗✽❚✷✺✹✭✵❃❅②✉✸✷◗❱✺❅✗✹❄◆❃✻
❙✚✯✾❈❊❉▲✯✜♥♦✯✾✹▲✷✜❅❀✯✾◆❆❉❚✹❚✯❩❈❃✯❩✱✴✳✶✻✕✳❞❉▲❅❡✵✸✷✜▼✸✷✺❈❃✵✸✷❩✵❃❅❀✿✗✯✺❈❆❶ ✷✺❈❃❖✗✷❆❪



�✯✏✁�★✏ ✕✖✁☎✕✜☞✤✣✥✕✘✗ ✒ ☞✆✂✤✞ ✗✓✄✫☞✆✂ ✡☛✗✪✠ � ✗ ✒ ✞ ✁ ➹✺↔

➪✥✷✺▼✚❅✗✱✴✷✧➹❛❪ ➹✑✬✝✸t✷✺✵❃✯✾✽❵✵❃❅❀✱✶❅✗◆❃✿❁❅✗✻✧✳❥✷❄❙✸✷✺✹❚✷✜✵❃✳✶♥♦❅❁✹❚❅✗❈❊❉❚❅✗✽❣✵❃✯✾✽❚❅❁✽❵✵❃❅❲✹❚✷✺✵❃✳✴✷✺❖◗P✺✯❆❪
❈✯✮❃✻✕❅❁✹❚✯❩✵❃❅ ❙✚❅✗✽✼✽❚✯❊✷❍✽ ✵❃✯✾✽❚❅✭✵❃❅
✿◗✷❍✽❚✯✾✽ ❅➅⑥❛❙✐✯✺✽✼❉❋✷❍✽ ✹▲✷✺✵❆✳❥✷✺❖✗P✺✯
➶➭↔ ➋✺➎❊➹✾➋✺↔ ➍

✁ ➹ ➹✾➹❛➶➭↔ ✁ ➹
➶ ✶ ➶ ✁ ✁ ➍ ✡ ↔✾➍
✡ ↔✴�✭✶✾➎ ✡✾➹
➶➭↔ ➋ ✶✾➍✾➎ ➶ ➹✺➍

✁ ➋ ➋☛✡☛✡✺➍ ↔✾➍✾➍

☞❩✔▲❻ ✌ ➃❲✦❇✤❲❿⑦✦❇❽ ✏ ✤✭✢➑✛➇❽ ✠✲✤❀✢ ❾➅❽❵★✍➈❧❽ ✏ ➄✗➃
❬✥✷❍✹▲✷❇✳✴✱✶◆❃✽✼❉❚✹▲✷✺✹❡✯❘✷❍❙✸✷✺✹❚❅❁✿✗✳✶✻✕❅❁❈④❉❚✯❇✵✸✷❇✽❚◆❃❙✚❅✗✹✼✵❃✳✴✽✼❙✐❅❁✹❚✽❚P✺✯❃■➇◆❃✽▲✷❍✹❚❅✗✻✧✯✾✽s✵✸✷❍✵❃✯✾✽s✵❃❅✜✻✧✯✾✹✼❉❚❅✜❙✐✯✺✹t✱✴❅❁◆❃✿✗❅❁✻✕✳✴✷
❙✚✯✾✹➜✵❃✳❞♥♦❅✗✹✼❅✗❈❊❉▲❅❁✽t✵❃✯✾✽✼❅✗✽t✵❃❅❯✹▲✷✺✵❃✳✴✷✺❖◗P❍✯❃❪❡➪❭✷✺✻❄▼✚❨✗✻ ❈❃❅❁✽✼❉❚❅❄✿◗✷✺✽✼✯❇❅✗✽❝❉❋✷✺✻✧✯✾✽➜✱✶✳✴✵✸✷❍❈❃✵❃✯✧✿✗✯✾✻ ✳✴❈❃✿❁✳✴✵❃❦❁❈❃✿✗✳✴✷❆■ ❅
✯②✻✧✯✈✵❃❅✗✱✶✯❩❉❚❅✗✻ ◆❃✻

offset
✿❁✯✾✻ ✯②✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯❄✵❃✯✕❈✯✮❃✻✕❅❁✹❚✯➝✵❆❅❲❙✚❅✗✽✼✽❚✯❊✷✺✽➜❅➅⑥❛❙✐✯✺✽✼❉❋✷❍✽✗❪✛✸➜✳✶♥♦❅❁✹❚❅❁❈④❉❚❅❯✵❃✯

✻✧✯❛✵❃❅❁✱✴✯❩✷✺❈❊❉❚❅✗✹❚✳✶✯✾✹✗■ ✷✜❱❍✷✺✹❚✳✴✇◗❱✾❅✗✱✣❅ ⑥❛❙❃✱✴✳✶✿◗✷❍❉❚✳✶❱❍✷❄❈✸P✺✯✧❨❲✿✗✷❍❉▲❅❁●✾⑤✾✹✼✳✴✿◗✷❛■❃✻②✷❍✽❣✹✼❅❁♥♦❅❁✹❚❅➅①➢✽❚❅❲➻✺✽❵✵❃✳✶♥♦❅❁✹❚❅❁❈④❉❚❅✗✽❣✵❃✯✾✽✼❅✗✽
✵❃❅✭✹▲✷✺✵❆✳❥✷✺❖✗P✺✯❃❪ ➉ ✽✼❉❋✷❍✻✕✯✾✽❵✵❃✳✴✷✺❈❊❉▲❅❀✵❃❅❀✽❚❅❁✳✴✽❣●✾✹❚◆❆❙✐✯✾✽❵✵❃✳❞♥♦❅✗✹✼❅✗❈❊❉▲❅❁✽❡✵❃❅✭❙✚❅✗✽❚✽✼✯❊✷✺✽❣❅➅⑥❛❙✚✯✾✽✼❉▲✷✺✽❡❅❁✻❢③④◆❃❅✭♥♦✯✺✹▲✷✺✻
✷✺❈❃✯❍❉❋✷✺✵❃✯✺✽✰✯✾✽❵✿◗✷✺✽✼✯✾✽❵✵❃❅❀✱✴❅✗◆❆✿✗❅✗✻✧✳❥✷❄✿❁✯✾❈❆♥♦✯✾✹✼✻✕❅s✻✧✯✾✽❝❉▲✹▲✷✜✷✜➪❭✷✺▼✚❅✗✱❥✷✧➹❛❪ ➹❛❪⑩❬❭✷✺✹▲✷

i = 1, ..., 6
❉▲❅❁✻✕✯✾✽❵③④◆❃❅

Yi

❨✭✯❩❈✯✮❃✻✕❅❁✹❚✯✕✵❃❅❀✿◗✷✺✽✼✯✾✽❡✵❆❅❲✱✶❅✗◆❃✿❁❅✗✻✧✳❥✷✜❅
ni

❨✭✯✧❈✯✮❃✻✧❅✗✹❚✯✧✵❃❅✭❙✐❅❁✽❚✽✼✯❊✷✺✽➜❅ ⑥❛❙✐✯✾✽❝❉❋✷✺✽❣❅✗✻❢✿✗✷✺✵✸✷❩●✾✹❚◆❆❙✐✯❃❪
✵♠✯✾✻✧✯✧✷❩✳✶❈❃✿✗✳✶✵❃❦✗❈❆✿✗✳❥✷❄✵❆❅✭✱✶❅✗◆❃✿❁❅✗✻✧✳❥✷❄❨

λi

■✸❅✗✽✼✿✗✹✼❅❁❱✾❅ ①➞✽✼❅❯✯❩✻✕✯✈✵❃❅❁✱✴✯✴✬
Yi ∼ Poisson(niλi),

log

(
E(Yi)

ni

)
= x′

iβ ou log(E(Yi)) = x′
iβ + log(ni).

➸ ✻✧✯❛✵❃❅❁✱✴✯t✵❆❅❡❬➑✯✾✳✴✽✼✽❚✯✾❈✕✷✺❙❃✹✼❅✗✽✼❅✗❈❊❉❋✷❀✽❚◆❃❙✚❅✗✹✼✵❃✳✴✽✼❙✐❅❁✹❚✽❚P✺✯❃■✈❙✐✯✾✳✶✽ ✯s❱❍✷✺✱✴✯✾✹✥✵✸✷✦✯ ✚✖✕✸✳ ✪✭✧ �✷✚❭✵❃✳❞❱✈✳✴✵❃✳✶✵❃✯t❙✚❅✗✱✴✯✺✽
●✾✹❚✷✺◆❃✽❵✵❃❅❀✱✴✳✶▼✐❅❁✹❚✵✸✷✺✵❆❅t❨

4921, 9/4 = 1230, 5,③④◆❃❅❯❨✭✻❄◆❃✳❞❉▲✯❩✻✕✷✺✳✴✯✾✹♠③✈◆❆❅②➶✾❪ r ❅✗✽✼✽❚❅❲✿◗✷✺✽✼✯❃■✐✯✺✽❡✽✼❅✗✳✴✽❣❙✚✯✾❈❊❉▲✯✾✽❵✵❃✯✕✿✗✯✾❈⑧➔✼◆❆❈④❉❚✯②✵❃❅✭✵✸✷✺✵❆✯✾✽❡❅❁✽✼❉▲P✺✯②✿❁✯✾✻✕❙❆✱✴❅➅①
❉❋✷❍✻✕❅❁❈④❉❚❅t♥♦✯✾✹▲✷❄✵❃✷❩▼❃✷✺❈❃✵✸✷❩✵❃❅s✿✗✯✺❈❆❶ ✷✺❈❃❖✗✷❆❪ �✾✇✜❙✸✷✺✹▲✷✜✯✜✻✧✯❛✵❆❅✗✱✴✯✜✿❁✯✾✻❜➒❧✳✴❈❃✯✾✻✧✳❥✷❍✱ r ❅✗●❊✷⑧❉▲✳✶❱❍✷❆■❛❈❃✯✺❉▲✷✺✻✕✯✺✽
◆❃✻✕✷❇✻✕❅❁✱✴✉❃✯✾✹❚✷②✽❚❅❁❈❃✽❚q❞❱✾❅❁✱✰✬✭✽❚✯✾✻✧❅✗❈❊❉▲❅❩◆❃✻ ❙✐✯✺❈④❉❚✯❘✽✼❅❩❅✗❈❃✿❁✯✾❈❊❉▲✹▲✷✩✱✴✳✶●✾❅✗✳✶✹▲✷✺✻✧❅✗❈❊❉❚❅❲♥♦✯✾✹❚✷✩✵❆✯✍❅❁❈❊❱✾❅✗✱✶✯✾❙✚❅✺❪❩✮
✒✥✳✶●✾◆❃✹▲✷✍➹❛❪ ➋✍❈❆✯✾✽❲✻✧✯✾✽❝❉▲✹▲✷✍✿✗✱✴✷✺✹▲✷✺✻✧❅✗❈❊❉❚❅✧✿❁✯✾✻✧✯❘✯❘✻✕✯✈✵❃❅✗✱✶✯✩✵❃❅②❬➑✯✾✳✴✽✼✽❚✯✾❈➡✿✗✯✾✻➙✽✼◆❃❙✐❅❁✹❚✵❃✳✶✽❚❙✚❅✗✹✼✽▲P✺✯✲✷❍❙❃✹❚❅ ①
✽❚❅❁❈❊❉❋✷✕✹✼❅✗✽✼q✴✵❃◆❃✯✺✽❣✻❯◆❃✳✶❉❚✯✜●✾✹▲✷✺❈❆✵❃❅✗✽❁■✚❅❀❙✚✯✾✹✼❉▲✷✺❈❊❉▲✯✜♥♦✯✾✹❚✷❩✵❃✷❩▼❃✷✺❈❃✵✸✷❩✵❃❅✭✿✗✯✾❈❆❶✸✷✺❈❃❖◗✷❛❪ ➛ ◆✸✷❍❈❃✵❃✯✕✷✺❙❃✱✴✳✶✿◗✷✺✻✧✯✾✽
✷✜✽❚✯✾✱✶◆❃❖◗P❍✯✧✵❃✷✕➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅✗●❊✷❍❉❚✳✶❱❍✷✜❙✐❅❁✹❚✿❁❅✗▼✚❅✗✻✧✯✾✽❵◆❃✻❢✷ ➔✼◆❃✽❝❉▲❅❀▼✚❅✗✻❜✻✧❅✗✱✶✉❃✯✾✹✬❙✸✷❍✹▲✷❩✯✾✽✰✹❚❅❁✽❚q✴✵❆◆❃✯✾✽✗❪

➉ ✽✼❉▲✳✶✻②✷❍✻✕✯✾✽✣❉▲✷✺✻❄▼✚❨✗✻➓✵❃✯✾✳✶✽❭✻✧✯✈✵❃❅✗✱✶✯✾✽➇✵❃❅♠③④◆✸✷✺✽✼❅➅①➌❱✾❅✗✹✼✯✾✽❚✽✼✳✴✻✧✳✴✱✶✉✸✷✺❈❃❖✗✷❆■✺✯❡❙❃✹❚✳✶✻✕❅❁✳✴✹❚✯❵✿❁✯✾✻
V (µ) = µ2❅✜✯✩✯✾◆❆❉❚✹❚✯✩✿✗✯✾✻

V (µ) = µ3
❪ ➉ ✽❝❉▲❅❁✽✭❉▲✷✺✻❄▼✚❨✗✻ ❈❃P✺✯✩✷✺❙❃✹✼❅✗✽❚❅❁❈❊❉❋✷✺✹❚✷✺✻✝◆❃✻✕✷❇✽❚✯✾✱✶◆❃❖◗P✺✯❇✻✧❅✗✱✶✉❃✯✾✹t❙✚✯✾✳✶✽s✷

➪❭✷✺▼✐❅❁✱❥✷②➹❛❪ ➎✧✿✗✯✾✻✧❙✸✷✺✹❚✷✕✯✾✽❣❱❍✷✺✱✴✯✾✹✼❅✗✽❣✯✾▼❃✽✼❅✗✹✼❱❍✷✺✵❆✯✾✽➜✿❁✯✾✻ ✯✾✽❡❱❍✷✺✱✶✯✾✹❚❅❁✽❡❙❃✹✼❅✗✵❃✳❞❉▲✯✾✽❡❅❲❉▲✷✺✻❄▼✚❨✗✻❢❈❃✯✾✽❡✻✕✯✺✽✼❉▲✹❚✷
✯✜♥♦✹▲✷✺✿❁✯❩❙✐✯✈✵❃❅✗✹❵✵❃❅s❉❚✯❛✵❃✯✺✽✰✯✾✽❵✻✕✯✈✵❃❅✗✱✶✯✾✽✬❙✸✷❍✹▲✷✜❅✗✽❝❉▲❅✭❙✐❅❁③✈◆❆❅✗❈❃✯✧✿✗✯✾❈ ➔✼◆❃❈❊❉▲✯✧✵❃❅❀✵✸✷✺✵❃✯✾✽❁❪



➹ ✁ �✂✁☎✄ ✆✟✞☎✠ ✡✌☞✁�✯✏ ✁✘✄✝✡ ✞ �✂✁✄✂✆☎✤✗✌✣ ✕☎✗ ✂✛✗✫✩✆✂✛✗✌✣✴✣✁�✪☞ ✕✘✗ ✄✫☞ ✞ ✣✴✣ ☞✖✚

➪❭✷✺▼✐❅❁✱❥✷✧➹❛❪ ➎★✬ ⑨❤✷✺✱✶✯✾✹❚❅❁✽✰❙❃✹❚❅❁✵❃✳✶❉❚✯✾✽✰❙✐❅❁✱✴✯✾✽✰✵❆✳✶♥♦❅✗✹✼❅✗❈❊❉▲❅❁✽❡✻✧✯✈✵❃❅✗✱✶✯✾✽✗❪
⑨❤✷✺✱✶✯✾✹✬✯✾▼❆✽✗❪ ❬❭✯✾✳✶✽❚✽❚✯✺❈ ➒♠✳✴❈➐❪ r ❅✗●❊✷❍❉❚✳✶❱❍✷ ➛ ◆❃✷✺✽❚❅ ①➢❱✾❅❁✹❚✯ ➛ ◆✸✷❍✽❚❅➅①➌❱✾❅❁✹❚✯

µ2 µ3➶➭↔ ➋✺➍❆❪ ➍ ➋✺➍❆❪ ➎ ➋✺➍❆❪ ➎ ➋❍➍❆❪ ↔
✁ ➹ ✁ ↔❆❪ � ✁ ➹❛❪ ➍ ✁ ➹❛❪ ➍ ✁ ✁ ❪ ✡
➶ ✶ ➶ ✁ ❪ � ➶ ➹❛❪ ↔ ➶ ➹❛❪ ↔ ➶➭➹❛❪ ➹
✡ ➎❆❪ ↔ ➎❆❪ ➎ ➎❆❪ ➎ ➎❆❪ ✶
➶➭↔ ➶➭➍❆❪❞➶ ➶➭➍❆❪ � ➶➭➍❆❪ � ➶➭➋❛❪ ➍

✁ ➋ ✁ ✁ ❪❞➶ ✁ ✶❆❪ ➍ ✁ ✶❆❪ ➍ ➎❛➶✾❪ ✶

➉ ✽✼❉▲❅❩❅ ⑥❆❅❁✻✕❙❆✱✴✯✩❨✜✽❚✯✾✻✧❅✗❈❊❉❚❅✧✳✶✱✴◆❃✽❝❉▲✹❚✷❍❉▲✳❞❱✾✯❃■✐◆❃✻②✷②❱✺❅✗❳❩③④◆❃❅❩❅✗✽❝❉❋✷✺✻✧✯✾✽s✵❃✳✴✷✺❈❊❉▲❅✜✵❃❅✜◆❃✻ ✿✗✯✾❈⑧➔✼◆❆❈④❉❚✯✩✵❃❅
✵✸✷✺✵❆✯✾✽t✻❄◆❃✳❞❉▲✯✧❙✐❅❁③④◆❃❅✗❈❃✯❆❪✪✵♠✯✾✻✕✯✧❉▲✯✈✵❃✯✾✽❡✯✾✽➜❉▲❅❁✽✼❉❚❅✗✽s✵❃❅❲✉❃✳✴❙✚⑤✺❉▲❅❁✽❚❅❁✽t✽▲P✺✯②▼✸✷✺✽❚❅✗✷✺✵❃✯✾✽➜❅✗✻ ❙❃✹❚✯✾❙❆✹❚✳✴❅❁✵✸✷✺✵❃❅❁✽
✷✺✽✼✽❚✳✴❈❊❉❚⑤✺❉▲✳✶✿◗✷✺✽s✵❃✯✺✽✭❅❁✽✼❉❚✳✴✻✕✷✺✵❃✯✾✹✼❅✗✽t✵❃❅❩✻✕✇⑧⑥❛✳✴✻✕✷✕❱✾❅❁✹❚✯✾✽✼✽❚✳✶✻✕✳✶✱✴✉✸✷✺❖✗✷❆■❫❨❩✽❚❅❁✻✕❙❆✹❚❅❩✻②✷❍✳✴✽s✷✺✵❆❅✗③④◆✸✷✺✵❃✯❇❉❚✹▲✷✺▼✸✷ ①
✱✴✉❃✷✺✹❡✿❁✯✾✻ ✷✺✻✧✯✾✽✼❉❚✹▲✷✺✽❣✻②✷❍✳✴✯✾✹✼❅✗✽✗❪❣✮☎➪❭✷✺▼✚❅✗✱✴✷➝➹❛❪ ➎✕✿❁✯✾✻✕❙❃✷✺✹▲✷✧✯✾✽❡❱❍✷✺✱✶✯✾✹❚❅❁✽➜✯✾▼❃✽✼❅✗✹❝❱✺✷❍✵❃✯✾✽t✿❁✯✾✻ ✯✾✽❡❱❍✷✺✱✶✯✾✹❚❅❁✽
❙❃✹✼❅✗✵❃✳❞❉▲✯✾✽❁❪
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♥♦✯✾✳✰✳✶✵❃❅✗❈❊❉▲✳❞❶✸✿◗✷❍✵✸✷ ✿❁✯✾✻ ◆❃✻ ❈✯✮❃✻✧❅✗✹✼✯❃❪ r ✯ ✿◗✷❍✽❚✯➡✵❃✷ ➪❭✷✺▼✐❅❁✱❥✷ ➎❆❪ ↔➟❉❚❅✗✻✧✯✾✽❩❙✸✷✺✹▲✷ ❅❁♥♦❅❁✳✶❉▲✯➟✵❃❅❘✳✴✱✶◆❃✽✼❉❚✹▲✷⑧①
❖◗P❍✯❇✽❚✯✾✻✧❅✗❈❊❉▲❅❯◆❃✻②✷✕❙✸✷✺✹✼❉❚❅❄✵❃✯✾✽➜✵✸✷✺✵❃✯✾✽s✿❁✯✾✱✴❅➅❉❋✷✺✵❆✯✾✽✗❪ ✱➞✱✶◆❃✽✼❉❚✹▲✷✺✻✧✯✾✽❡✷✺✽❚✽✼✳✴✻ ❙✸✷✺✹▲✷ �✧♥♦❦✗✻✧❅◗✷✺✽t③④◆❃❅❄♥♦✯✺✹▲✷✺✻
✿✗✯✺✱✴❅❁❉▲✷✺✵✸✷✺✽s❈❃✷✍❅❁✽✼❉❋✷❍❖◗P✺✯✥✮❃✻✧✳✴✵✸✷➝✿❁✯✾✻✕✯❇✯✺✽✭✵❃✷✺✵❃✯✾✽❀✽❚❅✧✷✺❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷❍✻❘❪ r ✷✩❙❃✹✼✳✴✻✧❅✗✳✴✹❚✷②✿✗✯✺✱✴◆❃❈✸✷②❉❚❅✗✻✧✯✾✽❀✯
❈✯✮❃✻✧❅✗✹❚✯✕✳✴✵❃❅❁❈❊❉▲✳✶❶❃✿◗✷✺✵❃✯✺✹❣✵❆❅❲✿✗✷✺✵✸✷✕✳✶❈❃✵❃✳❞❱❛q✶✵❃◆❃✯✧❅❲❈❃✷✺✽❡✿❁✯✾✱✴◆❆❈✸✷✺✽❣✽❚◆❃▼❃✽✼❅✗③✓✒❃❅❁❈④❉❚❅✗✽❀✯✧③✈◆❃✷✺❈❊❉▲✯②♥♦✯✾✳✣✳✶❈❃●✾❅❁✹❚✳✴✵❆✯

➪✥✷❍▼✐❅❁✱❥✷❩➎❆❪❞➶✭✬✢✁ ✯ ✚✢✧ ✣☎✄✦✚✢✜ ✪❡① ✸➜✳✶✽✼❉▲✹✼✳✴▼❃◆❆✳✴❖◗P❍✯✜✵❃✯✾✽❵✳✴❈❃✵❆✳✶❱✈q✴✵❃◆❆✯✾✽✬❙✚✯✾✹✰❅✗✽❝❉❋✷✺❖✗P✺✯✕❅❀✽✼❅➅⑥❛✯❃❪
✍↕✷✺✿❋✉❆✯✾✽ ✒✥❦❁✻✕❅✗✷✺✽ ➪➑✯✺❉▲✷✺✱

❴❛❅✗✿✗✷ ➶➭➍ ✁ ➶ ✁
✣ ✻✧✳✴✵✸✷ ✁ ✶ ↔✭✶ �✴�
➪❭✯❍❉❋✷✺✱ ➹ ✶ ✁ ↔ ➶◗➍❊➋

➹☛✡



➹✁� �✂✁✘✄ ✆✟✞☎✠ ✡✌☞✁� ✏ ✁✘✄✝✡ ✞ �✂✁✄✂✆☎✖✗ ✣ ✁✎✕✤✁☎✕✜☞✤✣ ✂✫✗ ✁ ✞ ✣

➪❭✷✺▼✚❅✗✱✴✷✧➎❛❪ ➋ ✬✌✵♠✯✈✵❃✳❞❶✸✿◗✷✺❖✗P✺✯❩✵❃✯✾✽ ➉ ♥♦❅✗✳❞❉▲✯✾✽❵✵❃✯❩✽✼❅➅⑥❛✯②❅❀✵✸✷✜❅✗✽❝❉❋✷✺❖✗P✺✯❃❪
⑨❤✷✺✹❚✳✴✇◗❱✾❅✗✱ ❱❍✷✺✱✶✯✾✹
❴❛❅ ⑥❆✯ ✒✥❦✗✻✧❅◗✷ ➍

✍↕✷✺✿❋✉❃✯ ➶
➉ ✽❝❉❋✷✺❖✗P✺✯ ❴❛❅✗✿✗✷ ➍

✣ ✻✧✳✴✵❃✷ ➶

➪❭✷✺▼✐❅❁✱❥✷✜➎❆❪ ↔★✬✢✁ ✯ ✚✢✧ ✣☎✄✦✚✢✜ ✪t① ➛ ◆✸✷✺❈❊❉❚✳✴✵✸✷✺✵❆❅s✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❄❙✐✯✺✹✰✿◗✷✺✵✸✷❩✳✴❈❆✵❃✳✶❱✈q✴✵❆◆❃✯❃❪
✱➞❈❃✵ ➒♠✱✴✷❍❉❚❉ ✱➞✽❚✯✺❙✸✷✺✱ ✱➞✽❚✯✾❈❃✯✺❈ ➣❡❅➅❉▲❅ ➣❣❅✗✻✧✳ ☞➇✷✺✹❝❱ ✵♠✯✾✱✴❅ ➣ ✹✈✻✧❅ ✮➜✹❚✷✺❈
➶➭↔ ✁ ➶ ➍ ➍ ➍ ➍ ➍ ➋ ➋ ➍ ➍
➶➭↔✾➍✺➍ ➍ ➍ ✁ ➍ ➶ ➍ ➍ ➍ ➍
➶ ➋ ✶✁� ➶ ➍ ➍ ➋ ➍ ➍ ➶ ↔ ➶
➶ ➋ ✶❛➶ ➶ ➍ ➍ ➍ ➍ ➍ ➍ ➍ ➍
➶➭↔❆➶◗➍ ➍ ➍ ➍ ➍ ➍ ➍ ➍ ➶ ➶
➶➭↔✾➍ ✶ ➍ ➍ ➍ ➍ ➶ ➍ ➍ ✁ ➶
➶➭↔✾➍❛➶ ➍ ➍ ➍ ➍ ➍ ➍ ➍ ➍ ➋
➶ ➋✁�✁� ➍ ✁ ➍ ➍ ➍ ➍ ➍ ➶ ➶❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪ ❪❪❪

✵❃❅❀✿◗✷❍✵✸✷❩❉❚✳✴❙✚✯✜✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❆❪❏❬❭✯✺✹❣❅ ⑥❛❅✗✻✧❙❃✱✴✯❃■ ✷❄♥♦❦❁✻✕❅✗✷❩✳✶✵❃❅✗❈❊❉❚✳✶❶✸✿✗✷✺✵✸✷✜✿✗✯✾✻⑦✯✧❈✯✮❃✻✧❅✗✹✼✯❘➶◗↔ ✁ ➶❀✳✴❈❃●✺❅✗✹❚✳✶◆✍➋
◆❃❈❃✳✶✵✸✷✺✵❃❅❁✽❵✵✸✷✜✿✗✯✾✻✧✳✴✵✸✷ ✒ ✪✭✜ ✕✴✪ ✚♠❅✭✵❆◆✸✷✺✽❵◆❃❈❃✳✶✵✸✷✺✵❃❅❁✽❣✵❃✷✧✿❁✯✾✻✕✳✶✵✸✷ ✔ ✣ ✂✶✚✷✣✟✞ ✬✮✚✢✜ ✪✺❪

✮➵❙✸✷✺✹✼❉❚✳✴✿❁◆❃✱❥✷✺✹✼✳✴✵✸✷❍✵❃❅t✵❃❅❁✽✼❉▲❅❁✽❡✵❃✷✺✵❃✯✾✽❁■✚❨❀③④◆❃❅❀❙✸✷✺✹❚✷✧✿✗✷✺✵✸✷✧✷✺❈❃✳✶✻②✷✺✱✐❅✗✽❝❉▲◆❃✵✸✷❍✵❃✯❃■✸❙✚✯❛✵❃✳✴✷⑧①➞✽✼❅s❅✗❈❃✿❁✯✾❈❊❉▲✹❚✷✺✹
❉❋✷❍❈④❉❚✯❇❙✐✯✺◆❃✿◗✷✺✽❀✿✗✷❍❉▲❅❁●✾✯✾✹❚✳✴✷✺✽➜✵❆❅✜✿✗✯✾✻✧✳✴✵✸✷❍✽t✹❚❅❁❙❃✹❚❅❁✽❚❅✗❈❊❉▲✷✺✵✸✷✺✽✭③④◆✸✷✺❈❊❉▲✯✩❙✚✯✾◆❃✿◗✷❍✽s◆❃❈❃✳✴✵❃✷✺✵❃❅✗✽s✵❆❅✜✿◗✷✺✵✸✷➝❉❚✳✴❙✚✯
✵❃❅✍✿✗✯✾✻✧✳✴✵❃✷❑✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❆❪➼➸t✽✧✵❃✷✺✵❃✯✾✽❁■✬✵✸✷✲♥♦✯✾✹❚✻✕✷❑✿✗✯✾✻✧✯ ✽▲P✺✯ ✷✺❙❃✹✼❅✗✽❚❅❁❈❊❉❋✷✺✵❃✯✺✽✗■✬✽✼◆❃●✾❅✗✹✼❅✗✻ ◆❃✻➠✻✧✯✈✵❃❅✗✱✶✯
✻❄◆❃✱❞❉▲✳✶✻✕✯✾❈❆✳❥✷✺✱ ❙✸✷✺✹❚✷✜✿◗✷✺✵✸✷✜✳✶❈❃✵❃✳✶❱✈q✶✵❃◆❃✯❃❪ ✂❣✻②✷❄❱✺❅✗❳✭③✈◆❆❅✭❅❁✽✼❉❚❅✗✽❣✽▲P✺✯✧✳✴❈❃✵❆❅✗❙✚❅✗❈❃✵❃❅❁❈❊❉▲❅✗✽❁■ ✿◗✷✺✵✸✷❩✱✴✳✶❈❃✉✸✷❄✽✼❅✗✹❚✳✴✷
◆❃✻ ✻✕✯✈✵❃❅✗✱✶✯②✻❄◆❆✱✶❉▲✳✶❈❃✯✾✻✧✳❥✷✺✱✣✿❁✯✾✻ ✯➝❱✺❅❁❉❚✯✾✹

p = (p1, p2, ..., p9)
✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷❍❈❃✵❃✯❑✷❍✽t❙❃✹❚✯✺▼✸✷✺▼❃✳✶✱✴✳✴✵❃✷✺✵❃❅✗✽

✵✸✷✜✳✴❈❆●✾❅✗✽❝❉❋P✺✯❩✵❃❅❀✿◗✷❍✵✸✷✧✿❁✯✾✻✧✳✴✵✸✷❆❪
✮➜●✾✹✼❅✗✽❝❉▲✳➐➊➌➋✺➍✾➍✾➋✾➏➑✷❍❙❃✹❚❅❁✽❚❅✗❈❊❉▲✷➜◆❃✻➵❅➅⑥❛❅✗✻✧❙❃✱✶✯➜✵❃❅♠✷✺✱✴✳✶✻✕❅❁❈④❉▲✷✺❖◗P❍✯❣✵❆❅➇➔❚✷✺✿✗✷✺✹❚❨❁✽✥❅✗✻➵③④◆❃❅✬❅❁✱✴❅⑩❉▲❅❁✽✼❉❋✷❡✻✕✯✈✵❃❅➅①

✱✴✯✺✽✥✱✴✯✺●✾✳✶❉❚✯❡❈❃✯✺✻✕✳✶❈✸✷✺✱④❙✸✷✺✹❚✷t✹❚❅✗✽✼❙✐✯✺✽✼❉❋✷❍✽ ✻❄◆❃✱❞❉▲✳✴❈❆✯✾✻✕✳✴✷✺✳✴✽❁❪✣❬✥✷❍✹▲✷t✿◗✷❍✵✸✷t❙✸✷✺✹❭✵❃❅✰✿◗✷❍❉❚❅✗●✾✯✺✹❚✳❥✷❣✵❃❅✬✹✼❅✗✽❚❙✚✯✾✽❝❉❋✷s❅✗✱✶❅
✷✺❙❃✹✼❅✗✽✼❅✗❈❊❉❋✷❀✷➜✹❚✷✺❳◗P✺✯➜❅✗❈❊❉▲✹✼❅❵✷✺✽ ❙❃✹✼✯✾❙✐✯✺✹❚✿✗❖❁❸❛❅❁✽ ✳✴❈❆●✾❅✗✹✼✳✴✵✸✷✺✽❭✵❃❅✬✿❁✯✾✻✕✳✶✵✸✷❆■⑧✽❚❅❁✻✕❙❃✹✼❅✬✿✗✯✺✻✕❙✸✷❍✹▲✷✺❈❃✵❆✯t✿✗✯✾✻ ◆❃✻✕✷
✿◗✷⑧❉▲❅✗●✺✯✾✹❚✳✴✷❀❶❆⑥❆✷❆❪❏✮ ✵❃✳❞♥♦❅✗✹❚❅❁❈❃❖◗✷❲❅✗❈❊❉▲✹✼❅➜❅✗✽❝❉▲❅t❅ ⑥❛❅✗✻✧❙❃✱✴✯❲❅➜✯✾✽❤❈❃✯✾✽✼✽❚✯✾✽✬✵❃✷✺✵❃✯✾✽❤❨➜③④◆❃❅t❙❃✷✺✹▲✷✭✯✾✽✬➋✈➶ ✶✰➔❚✷✺✿✗✷✺✹❚❨❁✽
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X1, X2

❅
X3

✬

X1 =

{
1 =

✽❚❅❀✻✕✷✺✿❋✉❃✯❃■
0 =

✽❚❅s♥♦❦❁✻✕❅✗✷❆❪

X2 =

{
1 =

✽❚❅❀❅❁✽✼❉❋✷❍❖◗P✺✯ ✮❃✻✧✳✴✵✸✷❆■
0 =

✽❚❅❀❅❁✽✼❉❋✷❍❖◗P✺✯✧✽❚❅❁✿◗✷❆❪

X3 =

{
1 =

✽❚❅❀❅❁✽✼❉❋✷❍❖◗P✺✯ ✮❃✻✧✳✴✵✸✷❄❅❀✻✕✷✺✿❋✉❃✯❃■
0 =

✿◗✷❍✽❚✯❩✿✗✯✾❈❊❉❚✹▲✇✺✹✼✳✴✯❃❪ ➊♣➎❆❪✶➶➭➏
➸ ❙❃✹✼✳✴✻✧❅✗✳✴✹✼✯➟✻✕✯✈✵❃❅✗✱✶✯ ❉❚❅✗✽❝❉❋✷✺✵❃✯➡❨↕✷ ✹❚❅✗●✺✹❚❅✗✽✼✽▲P✺✯➽✵❆❅❑❬❭✯✺✳✴✽❚✽✼✯✾❈❫❪ r ✯ ✿◗✷✺✽✼✯❃■

Yit

❨❑✷ ③④◆✸✷✺❈❊❉▲✳✶✵✸✷✺✵❃❅❘✵✸✷
✿✗✯✺✻✕✳✶✵✸✷s③✈◆❆❅❡♥♦✯✾✳✸✳✶❈❃●✾❅✗✹✼✳✴✵✸✷s❙✚✯✾✹⑩✿◗✷✺✵❃✷❲✳✴❈❆✵❃✳✶❱✈q✴✵❆◆❃✯❀✳✸③✈◆❆❅➜❙✚❅✗✹✼❉❚❅✗❈❃✿❁❅✗❈❊❉▲❅t➻✭✽✼◆❃▼❃❙✚✯✾❙❃◆❃✱✴✷✺❖◗P✺✯✭✯✾◆②✷✺✯❲●✺✹❚◆❃❙✚✯
❉◗❪✕➪❭❅❁✻✕✯✺✽❲③④◆❃❅

Yit ∼ Poisson(λit)
■
i = 1, ..., n

❅❩❉❲✵❆❅✗❙✚❅✗❈❃✵❃❅✕✵❃❅✧③✈◆❃✷✺❈❊❉▲✯✾✽❲●✾✹❚◆❃❙✚✯✾✽✭✵❃✳✶♥♦❅❁✹❚❅❁❈④❉❚❅✗✽
❉▲✳❞❱✾❅❁✹❚✻✧✯✾✽✰❅✗✻❜◆❆✻❜✻✕✯✈✵❃❅❁✱✴✯❃❪

❬❭✯✾✹✥❅➅⑥❛❅✗✻✧❙❃✱✴✯❆■✾❅✗✻ ◆❃✻ ✻✕✯✈✵❃❅✗✱✶✯➜❅❁✻✏③④◆❃❅✰✯✾✽❭❅❁♥♦❅❁✳✶❉▲✯✺✽ ✵❃✯t✽✼❅➅⑥❛✯❀❅✬✵✸✷➜❅❁✽✼❉❋✷❍❖◗P✺✯s✽✼❅→➔❚✷✺✻✏✽❚✳✴●✺❈❃✳✶❶✸✿✗✷❍❉▲✳❞❱✾✯✾✽
❉▲❅❁✹❚❅❁✻✕✯✾✽❏❉✁� ✁ ■✈❙✚✯✾✳✶✽⑩❉❚❅✗✹✼❅✗✻✧✯✾✽⑩✯✾✽❧●✺✹❚◆❃❙✚✯✾✽⑩✵❃❅❵♥♦❦✗✻✧❅◗✷✺✽⑩❈✸✷✭❅✗✽✼❉▲✷✺❖◗P❍✯❲✽✼❅✗✿◗✷❛■❛♥♦❦✗✻✧❅◗✷❍✽❤❈❃✷✭❅❁✽✼❉❋✷❍❖◗P✺✯ ✮❃✻✕✳✶✵✸✷❆■
✻✕✷✺✿❋✉❃✯✾✽❤❈✸✷❲❅❁✽✼❉▲✷✺❖◗P✺✯❲✽❚❅❁✿◗✷❯❅❡✻②✷✺✿❋✉❆✯✾✽❧❈❃✷❲❅✗✽❝❉❋✷✺❖✗P✺✯ ✮❆✻✕✳✶✵✸✷❆❪ ❬❭✷✺✹▲✷✭✿◗✷✺✵❃✷❲◆❃✻✌✵❃❅❁✽✼❉▲❅❁✽♠●✾✹✼◆❃❙✚✯✾✽❤❉❚❅✗✹✼❅✗✻✧✯✾✽
nt

✳✴❈❆✵❃✳✶❱✈q✴✵❆◆❃✯✾✽✰❈✸✷❩✷✺✻✧✯✾✽✼❉❚✹▲✷❄✵❃❅s❉▲✷✺✱❫♥♦✯✾✹❚✻✕✷❄③④◆❃❅ ∑
t nt = n

❪
✮➵✹❚❅✗●✺✹❚❅✗✽✼✽▲P✺✯✧✵❃❅✭❬❭✯✺✳✴✽❚✽✼✯✾❈✩❶✸✿◗✷❩❅➅⑥❛❙❃✹✼❅✗✽❚✽❚✷✕❙✚✯✾✹

log(λit) = x′
itβ,❅✗✻✌③④◆❃❅

x′
it

❨❡✷
i
①➢❨✗✽✼✳✴✻✕✷✭✱✶✳✴❈❃✉✸✷❀✵✸✷✭✻②✷❍❉❚✹❚✳✶❳

X
✵❃❅➜❅➅♥♦❅✗✳✶❉❚✯✾✽⑩❶❆⑥❛✯✾✽♠✿❁✯✾❈❃✉❃❅❁✿✗✳✴✵❆✯✾✽✗❪❏➪➑❅✗✹✼❅✗✻✧✯✾✽♠◆❃✻

λ̂t

❙✸✷✺✹❚✷
✿◗✷❍✵✸✷✧●✺✹❚◆❃❙✚✯✴✬

λ̂t = ex′
tβ̂.



➎✾➍ �✂✁✘✄ ✆✟✞☎✠ ✡✌☞✁� ✏ ✁✘✄✝✡ ✞ �✂✁✄✂✆☎✖✗ ✣ ✁✎✕✤✁☎✕✜☞✤✣ ✂✫✗ ✁ ✞ ✣

✮➵❙❃✹❚✳✶✻✕❅❁✳✴✹▲✷❲✯✾❙✐❖✗P✺✯❩✵❃❅❀✻✕✯✈✵❃❅❁✱✴✯❩✷✜✽❚❅❁✹❵❉❚❅✗✽❝❉❋✷✺✵❃✯✧❨❀✯❩✻✕✯✈✵❃❅✗✱✶✯✜✽▲✷❍❉❚◆❃✹▲✷❍✵❃✯✴✬

log(λit) = β0 + X1it
β1 + X2it

β2 + X3it
β3.

➊♣➎❆❪ ➋✺➏
➸ ❱✾❅➅❉▲✯✾✹❵✵❃❅❀❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽✰❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✰❈❃❅❁✽✼❉▲❅❀✻✧✯❛✵❆❅✗✱✴✯✜❨ ✬

β̂ =





β̂0

β̂1

β̂2

β̂3










β0 =
✿◗✷✺✽✼❅✗✱❥✷✜✵❃❅❀✹✼❅❁♥♦❅✗✹✼❦✗❈❃✿❁✳❥✷❆■

β1 =
❅❁♥♦❅✗✳❞❉▲✯✜✵❃✯✧✽❚❅ ⑥❛✯❃■

β2 =
❅❁♥♦❅✗✳❞❉▲✯✜✵✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯

β3 =
✳✴❈❊❉▲❅❁✹▲✷✺❖✗P✺✯❩✽❚❅➅⑥❛✯✧❅❀❅✗✽✼❉▲✷✺❖◗P❍✯❃❪

❴❛❅✧❉▲✳✶❱✺❅✗✹✼✻✕✯✾✽❀❉▲✯✈✵❃✯✾✽❲❅❁♥♦❅❁✳✶❉▲✯✺✽❲✽✼✳✴●✾❈❃✳❞❶✸✿◗✷⑧❉▲✳✶❱✺✯✾✽s❉▲❅❁✹❚❅✗✻✧✯✾✽❯✷❘✽❚❅❁●✾◆❃✳✶❈④❉❚❅②✳✶❈④❉❚❅✗✹✼❙❃✹❚❅➅❉❋✷✺❖✗P✺✯❑❙✸✷✺✹❚✷↕✷✺✽✭③④◆✸✷❍❉❚✹❚✯
✽❚◆❆▼❛①➞❙✚✯✾❙❃◆❃✱✴✷✺❖✗❸✈❅✗✽✰❙✚✯✾✽✼✽❚q✶❱✺❅✗✳✶✽✟✬

β0

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷❲✯❲✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯➜✵❃✷✭③④◆✸✷✺❈❊❉❚✳✴✵✸✷✺✵❆❅❣✵❆❅❣✿❁✯✾✻✧✳✴✵✸✷s✳✴❈❆●✾❅✗✹✼✳✴✵✸✷t❙✚❅✗✱✶✯❲✷❍❈❃✳✴✻✕✷✺✱❆✵❆✯❲✽✼❅➅⑥❛✯❲♥♦❅❁✻✕✳✶❈❃✳✴❈❃✯
❈✸✷✜❅✗✽❝❉❋✷✺❖✗P✺✯✧✽❚❅✗✿✗✷★✳
β1

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵❃✯✧✽❚❅ ⑥❆✯✧✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯✴✳
β2

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯ ✮❆✻✕✳✶✵✸✷★✳
β3

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✿✗✯✺❈⑧➔✼◆❃❈❊❉▲✯✧✵❃✯✧✽❚❅➅⑥❛✯✧✻②✷❍✽❚✿✗◆❆✱✴✳✴❈❆✯✜❅✭✵❃✷❩❅❁✽✼❉▲✷✺❖◗P✺✯ ✮❃✻✧✳✴✵✸✷❛❪
❬✥✷✺✹❚✷✧❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✹✼✻✕✯✺✽❡✷❍✽✰✻✕❨❁✵❃✳❥✷✺✽✰✳✶❈❃●✾❅❁✹❚✳✴✵❃✷✺✽✬❙✚✯✾✹✰✿◗✷✺✵❃✷✧✽✼◆❃▼❛①➞❙✚✯✾❙❃◆❆✱❥✷✺❖✗P✺✯✜❉▲❅✗✻✧✯✾✽✲✬

eβ0
� ✻✧❨✗✵❃✳✴✷✜✵❃❅❀✿✗✯✾✻✧✳✴✵✸✷❄✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❯❙✐❅❁✱✴✯✧✷✺❈❃✳✶✻②✷❍✱➐✵❃✯❩✽❚❅ ⑥❛✯✕♥♦❅✗✻✧✳✴❈❆✳✴❈❃✯❄❈❃✷❩❅❁✽✼❉▲✷✺❖◗P✺✯✧✽❚❅❁✿◗✷★✳

eβ0+β2
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐✵❃✯❩✽✼❅➅⑥❛✯✕♥♦❅❁✻✕✳✶❈❃✳✴❈❃✯❯❈✸✷✜❅✗✽✼❉▲✷✺❖◗P❍✯ ✮❃✻✧✳✴✵❃✷★✳

eβ0+β1
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐✵❃✯❩✽✼❅➅⑥❛✯②✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯❄❈✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯✧✽❚❅✗✿✗✷★✳

eβ0+β1+β2+β3
� ✻✕❨❁✵❃✳❥✷❵✵❃❅❧✿✗✯✾✻✧✳✴✵✸✷❵✳✴❈❆●✾❅✗✹✼✳✴✵✸✷❵❙✐❅❁✱✴✯➜✷✺❈❃✳✴✻✕✷✺✱❊✵❃✯❡✽❚❅ ⑥❆✯s✻✕✷✺✽✼✿✗◆❃✱✶✳✴❈❃✯❵❈✸✷➜❅❁✽✼❉▲✷✺❖◗P✺✯☎✮❃✻✕✳✶✵✸✷❆❪

➸t◆❆❉▲✹✼✯✧✻✧✯✈✵❃❅✗✱✶✯❩✷❩✽✼❅✗✹❵❉▲❅❁✽✼❉❋✷❍✵❃✯✕❨s✯✧✻✧✯❛✵❃❅❁✱✴✯❄✵❆❅✭❅➅♥♦❅✗✳❞❉▲✯✾✽❵❙❃✹✼✳✴❈❃✿❁✳✴❙✸✷✺✳✶✽✟✬

log(λit) = β0 + X1it
β1 + X2it

β2.
➊♣➎❆❪ ↔✾➏

➸ ❱✾❅➅❉▲✯✾✹❵✵❃❅❀❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽✰❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✰❈❃❅❁✽✼❉▲❅❀✻✧✯❛✵❆❅✗✱✴✯✜❨ ✬

β̂ =




β̂0

β̂1

β̂2










β0 =
✿◗✷✺✽✼❅✗✱✴✷❩✵❆❅✭✹✼❅❁♥♦❅❁✹❚❦✗❈❆✿✗✳❥✷❛■

β1 =
❅❁♥♦❅❁✳✶❉▲✯❩✵❃✯❩✽✼❅➅⑥❛✯❃■

β2 =
❅❁♥♦❅❁✳✶❉▲✯❩✵✸✷✜❅❁✽✼❉❋✷❍❖◗P✺✯❃❪

❴❛❅✬❉▲✳❞❱✾❅❁✹❚✻✧✯✾✽✥❉▲✯✈✵❃✯✾✽✥❅❁♥♦❅✗✳❞❉▲✯✾✽✥✽❚✳✴●✺❈❃✳✶❶✸✿✗✷❍❉▲✳❞❱✾✯✾✽➑❉▲❅❁✹❚❅✗✻✧✯✾✽❏✷t✽✼❅✗●✾◆❆✳✴❈❊❉▲❅✰✳✶❈④❉❚❅✗✹✼❙❃✹❚❅➅❉❋✷✺❖✗P✺✯s❙✸✷✺✹❚✷s✷✺✽ ③④◆✸✷❍❉❚✹❚✯
✽❚◆❆▼❛①➞❙✚✯✾❙❃◆❃✱✴✷✺❖✗❸✈❅✗✽✰❙✚✯✾✽✼✽❚q✶❱✺❅✗✳✶✽✟✬

β0

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷❲✯❲✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯➜✵❃✷✭③④◆✸✷✺❈❊❉❚✳✴✵✸✷✺✵❆❅❣✵❆❅❣✿❁✯✾✻✧✳✴✵✸✷s✳✴❈❆●✾❅✗✹✼✳✴✵✸✷t❙✚❅✗✱✶✯❲✷❍❈❃✳✴✻✕✷✺✱❆✵❆✯❲✽✼❅➅⑥❛✯❲♥♦❅❁✻✕✳✶❈❃✳✴❈❃✯
❈✸✷✜❅✗✽❝❉❋✷✺❖✗P✺✯✧✽❚❅✗✿✗✷★✳
β1

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵❃✯✧✽❚❅ ⑥❆✯✧✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯✴✳



➎❆➶

β2

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯ ✮❆✻✕✳✶✵✸✷❆❪
❬✥✷✺✹❚✷✧❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✹✼✻✕✯✺✽❡✷❍✽✰✻✕❨❁✵❃✳❥✷✺✽✰✳✶❈❃●✾❅❁✹❚✳✴✵❃✷✺✽✬❙✚✯✾✹✰✿◗✷✺✵❃✷✧✽✼◆❃▼❛①➞❙✚✯✾❙❃◆❆✱❥✷✺❖✗P✺✯✜❉▲❅✗✻✧✯✾✽✲✬

eβ0
� ✻✧❨✗✵❃✳✴✷✜✵❃❅❀✿✗✯✾✻✧✳✴✵✸✷❄✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❯❙✐❅❁✱✴✯✧✷✺❈❃✳✶✻②✷❍✱➐✵❃✯❩✽❚❅ ⑥❛✯✕♥♦❅✗✻✧✳✴❈❆✳✴❈❃✯❄❈❃✷❩❅❁✽✼❉▲✷✺❖◗P✺✯✧✽❚❅❁✿◗✷★✳

eβ0+β2
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐✵❃✯❩✽✼❅➅⑥❛✯✕♥♦❅❁✻✕✳✶❈❃✳✴❈❃✯❯❈✸✷✜❅✗✽✼❉▲✷✺❖◗P❍✯ ✮❃✻✧✳✴✵❃✷★✳

eβ0+β1
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐✵❃✯❩✽✼❅➅⑥❛✯②✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯❄❈✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯✧✽❚❅✗✿✗✷★✳

eβ0+β1+β2
�✏✻✧❨✗✵❆✳❥✷❄✵❃❅❀✿✗✯✺✻✕✳✶✵✸✷❄✳✴❈❃●✺❅✗✹❚✳✶✵✸✷❄❙✚❅✗✱✴✯❩✷❍❈❃✳✴✻✕✷✺✱➐✵❆✯✧✽✼❅➅⑥❛✯②✻✕✷✺✽✼✿✗◆❃✱✶✳✴❈❃✯✜❈✸✷✜❅❁✽✼❉❋✷❍❖◗P✺✯ ✮❃✻✧✳✴✵✸✷❆❪

✸➜❅✗❙✚✯✾✳✶✽❣✽✼❅✗✹❚✇❩❉❚❅✗✽✼❉▲✷✺✵❃✯✧✯❩✻✕✯✈✵❃❅✗✱✶✯✜✽❚✯✾✻✧❅✗❈❊❉❚❅✭✿❁✯✾✻❜❅➅♥♦❅✗✳✶❉❚✯✜✵❃✯✧✽❚❅➅⑥❛✯✴✬
log(λit) = β0 + X1it

β1.
➊♣➎❆❪ ✁ ➏

➸ ❱✾❅➅❉▲✯✾✹❵✵❃❅❀❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽✰❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✰❈❃❅❁✽✼❉▲❅❀✻✧✯❛✵❆❅✗✱✴✯✜❨ ✬

β̂ =

(
β̂0

β̂1

){
β0 =

✿◗✷❍✽❚❅✗✱✴✷✜✵❃❅❀✹❚❅❁♥♦❅❁✹❚❦❁❈❃✿✗✳✴✷❆■
β1 =

❅❁♥♦❅❁✳✶❉❚✯✧✵❆✯✧✽✼❅➅⑥❛✯❃❪
✮➜●✺✯✾✹▲✷✲❉▲❅❁✻✕✯✾✽❩✽✼✯✾✻✕❅❁❈❊❉▲❅✍✵❃◆✸✷✺✽✧✽❚◆❃▼✈①➞❙✚✯✾❙❃◆❃✱✴✷✺❖✗❸✈❅✗✽✧❅↕✷➟✳✴❈❊❉❚❅✗✹❚❙❆✹❚❅❁❉▲✷✺❖◗P❍✯ ✵✸✷❍✵✸✷➡✷✺✯✺✽✧❙❃✷✺✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽❩❨❘✷
✽❚❅❁●✾◆❃✳✶❈④❉❚❅ ✬

β0

✹❚❅❁❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✭✯➜✱✴✯✾●❊✷❍✹❚✳✶❉❚✻✕✯❣✵✸✷➜③④◆✸✷❍❈④❉❚✳✴✵✸✷❍✵❃❅✰✵❃❅✬✿❁✯✾✻✕✳✶✵✸✷❡✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❡❙✚❅✗✱✴✯t✷✺❈❃✳✴✻✕✷✺✱④✵❃✯s✽✼❅➅⑥❛✯s♥♦❅✗✻✧✳✴❈❃✳✶❈❃✯✴✳
β1

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵❃✯✧✽❚❅ ⑥❆✯✧✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯❃❪
✮➜●✾✯✺✹▲✷✜❈✸P✺✯✜❉▲❅❁✻✕✯✺✽✬✻②✷❍✳✴✽✬✯❩❅❁♥♦❅❁✳✶❉❚✯✜✵✸✷✜❅✗✽✼❉▲✷✺❖◗P❍✯❃■✸❅✗❈❊❉❋P❍✯✧❙❃✷✺✹▲✷✜❅✗❈❆✿✗✯✾❈❊❉▲✹❚✷✺✹❚✻✧✯✾✽❵✷✺✽✰✻✧❨✗✵❆✳❥✷✺✽✰✳✶❈❃●✾❅✗✹✼✳❞①

✵✸✷✺✽❵❙✚✯✾✹✰✿◗✷❍✵✸✷✧✽✼◆❃▼❛①➢❙✐✯✾❙❆◆❃✱❥✷✺❖✗P✺✯❄❉▲❅❁✻✕✯✺✽✟✬

eβ0
� ✻✧❨✗✵❃✳✴✷✜✵❃❅❀✿✗✯✾✻✧✳✴✵✸✷❄✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❯❙✐❅❁✱✴✯✧✷✺❈❃✳✶✻②✷❍✱➐✵❃✯❩✽❚❅ ⑥❛✯✕♥♦❅✗✻✧✳✴❈❆✳✴❈❃✯✴✳

eβ0+β1
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐✵❃✯❩✽✼❅➅⑥❛✯②✻✕✷✺✽❚✿❁◆❃✱✴✳✶❈❃✯❃❪

➸t◆❆❉▲✹✼✯✧✻✧✯✈✵❃❅✗✱✶✯❩✷❩✽✼❅✗✹❵❉▲❅❁✽✼❉❋✷❍✵❃✯✕❨s✯✧✻✧✯❛✵❃❅❁✱✴✯❄✽✼✯✾✻✧❅✗❈❊❉▲❅❀✿✗✯✺✻❢✷✧❅❁✽✼❉▲✷✺❖◗P✺✯★✬
log(λit) = β0 + X2it

β2.
➊♣➎❆❪ ➹✺➏

➸ ❱✾❅➅❉▲✯✾✹❵✵❃❅❀❙✸✷❍✹✤☎✺✻✧❅❁❉❚✹❚✯✾✽✰❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✰❈❃❅❁✽✼❉▲❅❀✻✧✯❛✵❆❅✗✱✴✯✜❨ ✬

β̂ =

(
β̂0

β̂2

){
β0 =

✿◗✷❍✽❚❅✗✱✴✷✜✵❃❅❀✹❚❅❁♥♦❅❁✹❚❦❁❈❃✿✗✳✴✷❆■
β2 =

❅❁♥♦❅❁✳✶❉❚✯✧✵❃✷❩❅❁✽✼❉▲✷✺❖◗P✺✯❆❪
✮➵✳✴❈❊❉▲❅❁✹❚❙❃✹✼❅❁❉❋✷❍❖◗P✺✯❩✵✸✷✺✵❃✷✕✷✺✯✺✽✰❙✸✷✺✹✤☎❍✻✕❅➅❉▲✹❚✯✺✽✰❨❲✷✜✽✼❅✗●✾◆❃✳✶❈❊❉▲❅ ✬



➎❊➋ �✂✁✘✄ ✆✟✞☎✠ ✡✌☞✁� ✏ ✁✘✄✝✡ ✞ �✂✁✄✂✆☎✖✗ ✣ ✁✎✕✤✁☎✕✜☞✤✣ ✂✫✗ ✁ ✞ ✣

β0

✹❚❅❁❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✧✯❯✱✴✯✾●❊✷❍✹❚✳✶❉❚✻✕✯❀✵✸✷❄③④◆✸✷❍❈④❉❚✳✴✵✸✷❍✵❃❅t✵❃❅s✿❁✯✾✻✕✳✶✵✸✷❲✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❲❙✚❅✗✱✴✯❄✷✺❈❃✳✴✻✕✷✺✱ ❈✸✷❯❅❁✽✼❉▲✷✺❖◗P✺✯❩✽✼❅✗✿◗✷ ✳
β2

✹❚❅✗❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷✧✯✕❅➅♥♦❅✗✳❞❉▲✯✜✵✸✷❩❅✗✽❝❉❋✷✺❖✗P✺✯ ✮❆✻✕✳✶✵✸✷❆❪
❬✥✷✺✹❚✷✧❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✹✼✻✕✯✺✽❡✷❍✽✰✻✕❨❁✵❃✳❥✷✺✽✰✳✶❈❃●✾❅❁✹❚✳✴✵❃✷✺✽✬❙✚✯✾✹✰✿◗✷✺✵❃✷✧✽✼◆❃▼❛①➞❙✚✯✾❙❃◆❆✱❥✷✺❖✗P✺✯✜❉▲❅✗✻✧✯✾✽✲✬

eβ0
� ✻✧❨✗✵❃✳✴✷✜✵❃❅❀✿✗✯✾✻✧✳✴✵✸✷❄✳✶❈❃●✾❅❁✹❚✳✴✵❃✷❯❙✐❅❁✱✴✯✧✷✺❈❃✳✶✻②✷❍✱➐❈✸✷✜❅✗✽❝❉❋✷✺❖✗P✺✯✧✽❚❅✗✿✗✷★✳

eβ0+β2
�✏✻✧❨✗✵❃✳✴✷❄✵❃❅❀✿✗✯✾✻✧✳✴✵❃✷❄✳✴❈❃●✾❅❁✹❚✳✶✵✸✷❯❙✚❅✗✱✴✯✧✷✺❈❆✳✴✻✕✷✺✱➐❈✸✷✜❅❁✽✼❉❋✷❍❖◗P✺✯ ✮❃✻✧✳✴✵✸✷❆❪

✒✥✳✴❈❃✷✺✱✴✻✧❅✗❈❊❉▲❅❤❅✗✽❝❉▲✳✶✻②✷✺✹✼❅✗✻✧✯✾✽➑✯t❅❁♥♦❅❁✳✶❉▲✯❡✽❚✯✾✻✧❅✗❈❊❉❚✯t✿✗✯✾✻ ✯
β0

■✺③✈◆❆❅✬❈❃❅✗✽❝❉▲❅✰✿✗✷✺✽❚✯t✽✼✳✴●✾❈❆✳✶❶✸✿✗✷❡◆❃✻✕✷➜✻✧❨✗✵❃✳✴✷
●✾❅❁✹▲✷✺✱❷■➐✽❚❅❁✻ ✵❃✳✶✽✼❉❚✳✴❈❃❖✗P✺✯➝✵❃❅❄✽✼◆❃▼❛①➢❙✐✯✾❙❆◆❃✱❥✷✺❖❁❸❛❅❁✽✗❪❀✮✟③④◆✸✷✺❈❊❉❚✳✴✵✸✷✺✵❆❅❄✻✕❨❁✵❃✳❥✷✕✵❃❅❄✿✗✯✺✻✕✳✶✵✸✷②✳✴❈❆●✾❅✗✹✼✳✴✵✸✷❩❱✺✷❍✳✥✽❚❅❁✹
✵✸✷✺✵❃✷❩❙✚✯✾✹

eβ0
❪ ➉ ✽❝❉▲❅✭✻✕✯✈✵❃❅✗✱✶✯✜✽❚❅❁✹▲✇❩✿❋✉✸✷✺✻✕✷✺✵❃✯❩✵❃❅❀✻✕✯✈✵❃❅❁✱✴✯❄✿❁✯✾✻❢✷❩✻✕❨❁✵❃✳❥✷❄●✾❅❁✹▲✷✺✱➐❅✭✽✼❅✗✹❚✇✧✵✸✷❍✵❃✯❩❙✐✯✾✹✲✬

log(λit) = β0.
➊♣➎❆❪ ➎✾➏

❬✥✷✺✹❚✷✜❅✗❈❃✿❁✯✾❈❊❉▲✹▲✷❍✹❵✷✺✽✬③④◆✸✷✺❈❊❉▲✳✶✵✸✷✺✵❃❅❁✽❵❙❃✹❚❅❁✵❃✳✶❉▲✷✺✽✬❙✚❅✗✱✴✯✺✽✬✻✕✯✈✵❃❅❁✱✴✯✾✽♠❬❭✯✾✳✶✽❚✽❚✯✺❈❇✳✴✹❚❅❁✻✕✯✺✽✬✿◗✷✺✱✶✿✗◆❃✱✴✷✺✹✬✷❍✽✬❙❃✹❚✯⑧①
▼✸✷✺▼❆✳✴✱✴✳✶✵✸✷✺✵❃❅❁✽❩❙✸✷✺✹▲✷ ✿◗✷✺✵❃✷ ③④◆✸✷✺❈❊❉▲✳✶✵✸✷✺✵❃❅❘✯✾▼❃✽✼❅✗✹✼❱❍✷✺✵❃✷➡❈✸✷➡✿❁✯✾✻✕✳✶✵✸✷✲❅✗✻ ③④◆❃❅✗✽❝❉❋P✺✯➺❅❘✻❄◆❃✱❞❉▲✳✴❙❆✱✴✳✴✿✗✷✺✹❯❙✚❅✗✱✶✯
❈✯✮❃✻✧❅✗✹❚✯❯✵❃❅s✷✺❈❃✳✶✻②✷❍✳✴✽❏❈❃✯❄●✺✹❚◆❃❙✚✯❃❪❏❬➑✯✾✹✬❅➅⑥❛❅❁✻✕❙❃✱✶✯❃■❛✷❯❙❃✹❚❅➅❱✈✳✴✽▲P❍✯❄✵❃✯❄❈✯✮❃✻✧❅✗✹✼✯❄✵❃❅➜✳✶❈❃✵❃✳❞❱❛q✶✵❃◆❃✯✾✽❤❈❃✯❄●✺✹❚◆❃❙✚✯
❉❵③④◆❃❅✭❈✸P✺✯❩✳✴❈❃●✺❅✗✹❚✳✶✹▲✷✺✻❹❈❃❅❁❈❃✉④◆❃✻❢✳✶❉❚❅✗✻⑦✵❃✷✧✿❁✯✾✻✕✳✶✵✸✷❄❅✗✻⑦❅✗✽✼❉❚◆❃✵❃✯✧❨ ✬

̂P (Y = 0)nt = e−λ̂tnt.

➸➵❱❍✷✺✱✶✯✾✹✬❙❃✹✼❅✗✵❃✳❞❉▲✯❩❙✸✷✺✹❚✷✧✯❩✻✧✯❛✵❆❅✗✱✴✯❯✵❃✯✾✽❵③④◆❃❅❲✳✶❈❃●✾❅❁✹❚✳✴✹❚✷✺✻
y
✳❞❉▲❅✗❈❆✽❣❈❆✯✧●✺✹❚◆❃❙✚✯✜❉◗■✸❙✸✷✺✹❚✷

y = 1, 2, ...
■❃❨ ✬

̂P (Y = y)nt = e−λ̂t
λ̂y

t

y!
nt.

➸t◆❆❉▲✹✼✯t✻✕✯✈✵❃❅❁✱✴✯t✷❡✽❚❅✗✹❭❉▲❅✗✽❝❉❋✷✺✵❆✯❃■✾❙❃✹✼✳✴❈❃✿❁✳✴❙✸✷✺✱✶✻✕❅❁❈❊❉▲❅❤❈❃✯t✿◗✷❍✽❚✯s✵✸✷t✹✼❅✗●✾✹✼❅✗✽❚✽❚P✺✯s✵❃❅✰❬➑✯✾✳✴✽✼✽❚✯✾❈❄✷✺❙❃✹❚❅❁✽❚❅❁❈④❉▲✷✺✹
✽❚◆❆❙✐❅❁✹❚✵❃✳✶✽❚❙✚❅✗✹❚✽❚P✺✯❃■➑❨✕✯✩✻✧✯❛✵❆❅✗✱✴✯✍➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉❚✳✶❱❍✷❆❪❩➪✥✷❍✻❄▼✐❨❁✻✝❅✗✽❝❉▲✳✶✻②✷✺✹✼❅✗✻✧✯✾✽s✯✾✽❀✻✧✯❛✵❃❅❁✱✴✯✾✽s✽❚✷❍❉▲◆✈①
✹▲✷❍✵❃✯❃■❫✵❃❅✜❅➅♥♦❅✗✳❞❉▲✯✾✽s❙❃✹✼✳✴❈❃✿❁✳✴❙✸✷❍✳✴✽✗■✐❅❁♥♦❅❁✳✶❉▲✯❇✵❆✯❇✽❚❅➅⑥❛✯❃■➇❅➅♥♦❅✗✳✶❉❚✯❇✵✸✷➝❅✗✽❝❉❋✷✺❖✗P✺✯✩❅✜✻✕❨❁✵❃✳❥✷✕●✾❅✗✹❚✷✺✱➌❪✭➪❭❅❁✻✕✯✺✽❀✷✺●✾✯✾✹❚✷
③④◆❃❅

Y |Z ∼ Poisson(Z)
❅
Z ∼ Gama(ν, λ/ν)

✿✗✯✾✻✧✯➜✻✧✯✾✽✼❉❚✹▲✷✺✵❆✯❡❈❃✯➜✿◗✷✺❙❃q❞❉▲◆❃✱✶✯➜↔❛❪❭✮➼✵❃✳✴✽❝❉▲✹❚✳✶▼❃◆❃✳✶❖◗P✺✯
✻✕✷✺✹❚●✾✳✶❈✸✷✺✱✐✵❃❅✁�✏❨❲➒♠✳✴❈❆✯✾✻✕✳✴✷✺✱ r ❅✗●❊✷⑧❉▲✳✶❱❍✷✜✿✗✯✺✻❢✻✕❨❁✵❃✳❥✷

λ
❅✭❙✸✷✺✹✤☎❍✻✕❅➅❉▲✹❚✯❩✵❃❅✭✵❃✳✶✽❚❙✚❅✗✹❚✽❚P✺✯

ν
❪✰➸ ✻✕✯✈✵❃❅✗✱✶✯

❨s❉❋✷✺✻❯▼✐❨❁✻
log(λit) = x′

itβ,❅s❉▲❅❁✻✕✯✾✽✰❙❃✷✺✹▲✷✜✿◗✷❍✵✸✷✧●✺✹❚◆❃❙✚✯✜❉❵✯✧❱❍✷✺✱✶✯✾✹✬❅✗✽❝❉▲✳✶✻②✷✺✵❆✯✜✵❃❅
λ
■

λ̂t = ex′
tβ̂.

❬✥✷❍✹▲✷❯✯✾✽♠✻✕✯✈✵❃❅✗✱✶✯✾✽❧➒♠✳✴❈❃✯✺✻✕✳✴✷✺✱ r ❅❁●❊✷❍❉❚✳✶❱❍✷✭❉▲✷✺✻❄▼✚❨✗✻ ❱❍✷✺✱✴❅❁✻❹✯✺✽✬✻✕✯✈✵❃❅❁✱✴✯✾✽❡➊❷➎❛❪ ➋✾➏❤✷❇➊❷➎❛❪ ➎❊➏⑩❙✸✷✺✹❚✷❄✷❯✻✧❨✗✵❃✳✴✷
✳✴❈❆●✾❅✗✹✼✳✴✵✸✷❆■❛✷❄✵❃✳❞♥♦❅✗✹❚❅❁❈❃❖◗✷❄✵❆❅✗✽✼❉❚❅s✻✕✯✈✵❃❅❁✱✴✯❯❨s③④◆❃❅t❉❚❅✗✻✧✯✾✽✬◆❃✻✕✷❯✵❃✳✶✽❚❙✚❅✗✹✼✽▲P✺✯✜❅❁✽✼❉▲✳✶✻②✷❍✵✸✷❆■✈✯✾◆❇✽❚❅➞➔❚✷❆■✸✷✺✱✶❨✗✻❹✵❃✯
λ̂
❉❚❅✗✹❚❅❁✻✕✯✺✽s◆❃✻ ❱❍✷✺✱✴✯✺✹

ν̂
■✣✵❃❅✜❉❋✷❍✱✥♥♦✯✾✹❚✻✕✷➝③④◆❃❅❩✯✾✽t❱❍✷✺✱✴✯✺✹❚❅✗✽s❙❆✹❚❅✗✵❆✳✶❉▲✯✺✽s❙✐❅❁✱✴✯✩✻✕✯✈✵❃❅❁✱✴✯➝❙✸✷❍✹▲✷❇✯✩●✾✹❚◆❃❙✚✯❇❉

❶✸✿✗✷✺✻ ✬
̂P (Y = y)nt =

(y + ν̂ − 1)!

y!(ν̂ − 1)!

( ν̂

λ̂
ν̂

λ̂
+ 1

)ν̂(
1

ν̂

λ̂
+ 1

)y

nt.



➎✾↔
➸ ✻✧✯✈✵❃❅✗✱✶✯➺✻✕✳✶✽✼❉❚✯➽✯✾◆ ✵❃❅✲❅❁♥♦❅❁✳✶❉▲✯✺✽✩✷✺✱✴❅✗✷❍❉▲⑤✾✹✼✳✴✯✾✽✧♥♦✯✾✳➜✵❆✳✴✽❚✿❁◆❆❉▲✳✶✵❃✯ ❈❃✯ ✿◗✷✺❙❆q✶❉▲◆❆✱✴✯ ✁ ❪☎➪❭❅❁✻✕✯✾✽

Yit|ui ∼
Poisson(λit)

❅
ui ∼ Normal(0, σ2)

❅

log[E[Yit|ui]] = x′
itβ + ui com

λ̂t = ex′
tβ̂+ σ̂2

2 .
➊♣➎❆❪ ✡✺➏

r ✯✧✿◗✷✺✽✼✯✕✵❆✯✾✽❵✻✕✯✈✵❃❅✗✱✶✯✾✽✬❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✗■❆❙✸✷✺✹▲✷✜✿✗✷✺✱✴✿❁◆❃✱❥✷✺✹✬✷✺✽❵✻✕❨❁✵❃✳❥✷✺✽✰❙❃✷✺✹▲✷✜✿◗✷❍✵✸✷✧✽✼◆❃▼❛①➢❙✐✯✾❙❆◆❃✱❥✷✺❖✗P✺✯✜❉▲❅ ①
✻✧✯✾✽❀③✈◆❆❅✕✿❁✯✾❈❃✽❚✳✶✵❃❅✗✹❚✷✺✹✭✷✍❅❁③④◆✸✷✺❖◗P❍✯➽➊❷➎❛❪ ✡✾➏ ❪ r ❅✗✽❝❉▲❅✧✿◗✷✺✽✼✯❘✯

σ̂
❱✺✷❍✳❤✽✼❅✗✹❀✿✗✯✺❈❃✽❚✳✶✵❃❅✗✹❚✷✺✵❃✯↕❈❃✷✍✻✧❨✗✵❃✳✴✷❆■✣✻✕✷✺✽

✷✩✳✴❈❊❉▲❅❁✹❚❙❃✹✼❅❁❉❋✷❍❖◗P✺✯✍✵❃✯✾✽✭❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✾✽
β
❙✚❅✗✹✼✻②✷✺❈❆❅✗✿✗❅✕✷✩✻✕❅❁✽❚✻✕✷✩✵❃✷✺✵✸✷✩❙✸✷✺✹▲✷✩✯✾✽✭✻✕✯✈✵❃❅❁✱✴✯✾✽❀❬➑✯✾✳✴✽✼✽❚✯✾❈ ❅

➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉▲✳❞❱❍✷❆❪
➸t✽❵❱❍✷✺✱✶✯✾✹❚❅❁✽✰❙❃✹❚❅❁✵❃✳✶❉❚✯✾✽✰✽▲P❍✯✕✯✾▼❛❉▲✳✴✵❆✯✾✽✰❙✐❅❁✱❥✷❄✵❃✳✶✽✼❉❚✹❚✳✴▼❆◆❃✳✴❖✗P✺✯✜✻②✷❍✹❚●✾✳✶❈✸✷✺✱✚✵❃❅ �✜✬

̂P (Y = y)nt =

(
ex′

tβ̂y

y!
√

2πσ̂

∫ ∞

−∞

e−e(x′tβ̂+u)

eyue−
u2

2σ̂2 du

)
nt.

✵♠✯✾✻✧✯➜♥♦✯✾✳✈✻✕✯✺✽✼❉▲✹❚✷✺✵❃✯❡❈❃✯t✿◗✷❍❙❃q✶❉❚◆❃✱✴✯ ✁ ■✾✷t✵❃❅❁❈❃✽❚✳✶✵✸✷✺✵❃❅♠❅➅⑥❛❙❃✱✴q✶✿✗✳❞❉❋✷❵❈✸P✺✯t❙✚✯❛✵❆❅✬✽❚❅❁✹ ❅✗✽✼✿✗✹❚✳❞❉❋✷❆■❍✻②✷❍✽✥❙✚✯❛✵❃❅❁✻✕✯✺✽
✿◗✷❍✱✴✿✗◆❆✱❥✷✺✹✬❅❁✽✼❉▲✷✺✽❵❙❃✹❚✯✾▼❃✷✺▼❃✳✴✱✶✳✴✵✸✷❍✵❃❅✗✽✬❈❆✯ ✍↕✷⑧❉✷☞➇✷✺▼❫❪

✒✥✳✴❈❃✷✺✱✴✻✧❅✗❈❊❉▲❅❡❙✐✯✈✵❃❅❁✻✕✯✾✽✬❉❚❅✗✽❝❉❋✷✺✹✰✽✼❅✭❅ ⑥❛✳✴✽✼❉❚❅s◆❃✻⑦❈✯✮❃✻✧❅✗✹✼✯❩❅➅⑥❛✿✗❅❁✽❚✽❚✳❞❱✾✯✕✵❃❅❀❳✗❅✗✹✼✯✾✽✰❈✸✷❩✷✺✻✧✯✾✽✼❉❚✹▲✷❆❪ ➉ ✽❝❉▲✳ ①
✻✕✷✺✻✕✯✺✽✥✯s✻✧✯❛✵❃❅❁✱✴✯ ✖ ✱→❬ ❅✬❱✾❅❁✹❚✳✶❶❃✿◗✷✺✻✧✯✾✽ ✽✼❅❵✷❀❅❁✽✼❉❚✳✴✻✕✷❍❉▲✳❞❱✺✷❣✵❃❅

p
❨✰✽✼✳✴●✾❈❃✳❞❶✸✿◗✷⑧❉▲✳✶❱❍✷❆❪✂✵♠✯✾✻✧✯➜♥♦✯✾✳❛✻✕✯✾✽❝❉▲✹❚✷✺✵❃✯

❈❃✯❇✿✗✷✺❙❃q✶❉❚◆❃✱✴✯②↔❆■
p
❨❄✷➝❙❃✹❚✯✾▼❃✷✺▼❃✳✴✱✶✳✴✵✸✷❍✵❃❅❀❅➅⑥✈❉▲✹❚✷✩✵❆❅❄❳✗❅❁✹❚✯✾✽s③④◆❃❅✜❈✸P❍✯➝❨✜✱✴❅➅❱✺✷❍✵✸✷②❅✗✻ ✿✗✯✺❈④❉▲✷➝❙✐❅❁✱❥✷②✵❆✳✴✽✼❉❚✹❚✳ ①

▼❃◆❃✳✶❖◗P✺✯✧❬➑✯✾✳✴✽✼✽❚✯✾❈❫❪
➸✏✻✧✯❛✵❃❅❁✱✴✯❯❉❚❅✗✽❝❉❋✷✺✵❃✯✧❨❀✵✸✷✜♥♦✯✾✹❚✻✕✷

log(λit) = x′
itβ,

✿✗✯✺✻
Yit ∼ ZIP (p, λit)

■➇❈❃❅❁✽✼❉❚❅②✿◗✷❍✽❚✯❃■➑✷✺✱✶❨✗✻✝✵❃❅❩❅❁✽✼❉▲✳✶✻②✷❍✹
λit

■❭❅❁✽✼❉▲✳✶✻②✷❍✻✕✯✾✽
p
❪❩⑨❤✷✺✱✴❅✜✱✶❅✗✻❄▼❃✹❚✷✺✹s③④◆❃❅

☞➇✷✺✻❄▼✚❅✗✹❝❉❀➊❝➶✷✶✴�❊➋✾➏❏✻✕✯✺✽✼❉▲✹❚✷❯✯✾◆❆❉❚✹❚✯✾✽❧✻✕✯✈✵❃❅❁✱✴✯✾✽❧❙✸✷✺✹▲✷❲❅✗✽✼❉❚✳✴✻✕✷✺✹
p
■❆✿❁✯✾✻✧✯❄✻✕✯✺✽✼❉▲✹❚✷✺✵❃✯❲❈❃✯ ✵✬✷✺❙❃q❞❉▲◆❃✱✶✯❄↔❯❅❁✻

➊❷↔❛❪ ➎❊➏ ❅❯➊❷↔❆❪ ✡✾➏ ❪ r ✯❲❈❃✯✾✽✼✽❚✯❯✿✗✷✺✽❚✯❲❅✗✽❝❉▲✳✴✻✕✷✺✹✼❅✗✻✧✯✾✽
p
✽❚❅✗❙❃✷✺✹▲✷✺✵❃✷✺✻✕❅❁❈❊❉▲❅➜✿❁✯✾✻✧✯✭✻✧✯✾✽❝❉▲✹▲✷❍✵❃✯❲❅❁✻ ➊❷↔❆❪ �❊➏ ❪✛✂❡✻✕✷

❱✾❅❁❳t③④◆❃❅➜❉❚❅✗✻✧✯✾✽❧❅❁✻❺❈❆✯✾✽❚✽✼✯✾✽♠✵✸✷❍✵❃✯✾✽♠❙✚✯✾◆❃✿✗✷✺✽♠❱❍✷✺✹✼q❥✷◗❱✾❅❁✳✴✽❤❅➅⑥❛❙❃✱✴✳✶✿◗✷❍❉❚✳✶❱❍✷✺✽❁■✈❅❁✽✼❉❚❅✗✽✬✻✧✯❛✵❆❅✗✱✴✯✺✽❤✽✼❅t❅✗③④◆❃✳❞❱❍✷✺✱✴❅❁✻❘❪
✂❡✻❢❅ ⑥❛❅✗✻✧❙❃✱✴✯✕✳✴✱✴◆❆✽✼❉▲✹❚✷❍❉▲✳❞❱✾✯✜✵❃❅❲✻✕✯✈✵❃❅❁✱✴✯ ✖ ✱→❬ ❅✗✻❢③④◆❃❅❲✯

p
❨❲❅❁✽✼❉❚✳✴✻✕✷✺✵❃✯✧✿✗✯✾✻❢✱✶✯✾●✾✳✶❉❚✯❩❙✐✯✈✵❃❅❀✽❚❅❁✹❡❱✈✳✴✽❝❉▲✯

❅✗✻❢❴❛✱ ✹✈✻✧❅✗❈ ➊➌➋✺➍✺➍✾➎❊➏➅❪
✮➜✽✼✽❚✳✴✻ ✿❁✯✾✻✧✯ ❈❆✯✾✽✕✻✧✯✈✵❃❅✗✱✶✯✾✽❄✵❃❅✍❅❁♥♦❅❁✳✶❉▲✯✺✽✕✷❍✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽❁■❤❙❃✷✺✹▲✷➟✿◗✷✺✱✶✿✗◆❃✱✴✷✺✹✜✷✺✽✧✻✧❨✗✵❃✳✴✷✺✽✜✿✗✯✾❈❆✽❚◆❃✻✧✳✴✵✸✷❍✽

❉▲❅❁✹❚❅❁✻✕✯✾✽❏◆❆✻②✷t❙✚❅✗③④◆❃❅❁❈✸✷❲✻✧✯❛✵❆✳✶❶✸✿✗✷✺❖◗P✺✯➜❅✗✻✟✹✼❅✗✱❥✷❍❖◗P✺✯❀➻✺✽❏✻✧❨✗✵❆✳❥✷✺✽ ✿✗✷✺✱✴✿❁◆❃✱❥✷❍✵✸✷✺✽ ❈❃✯✺✽❤✻✧✯✈✵❃❅✗✱✶✯✾✽❏❬❭✯✺✳✴✽❚✽✼✯✾❈❩❅
➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉▲✳❞❱❍✷❆❪ ➪➑❅✗✻✧✯✾✽✰③④◆❃❅❀◆❆❉▲✳✶✱✴✳✴❳✗✷✺✹♠✯✜♥♣✷❍❉❚✯✜③④◆❃❅❲❅❁✽✼❉▲✷✺✻✕✯✺✽✰✱✴✳✴✵❃✷✺❈❃✵❃✯❄✿❁✯✾✻❜◆❃✻✕✷✜✵❃✳✴✽❝❉▲✹✼✳✴▼❃◆❃✳✶❖◗P✺✯
③④◆❃❅t❨s✷❲✻✕✳✶✽✼❉▲◆❆✹▲✷❲✵❆❅t◆❃✻✕✷❄❬❭✯✾✳✶✽❚✽✼✯✾❈❇✿✗✯✾✻❹✷❄❙❃✹✼✯✾▼✸✷✺▼❆✳✴✱✴✳✶✵✸✷✺✵❃❅❵❅ ⑥❛❉❚✹▲✷❯✵❆❅t❳✗❅❁✹❚✯✾✽❁■❃❅t✿✗✯✺✻✕✯✭♥♦✯✾✳✐✻✧✯✾✽❝❉▲✹▲✷❍✵❃✯
❈❃✯ ✿◗✷✺❙❃q❞❉▲◆❃✱✶✯➡↔❛■❵✷ ✻✧❨✗✵❃✳✴✷ ✿❁✯✾❈❃✽❚◆❆✻✕✳✶✵✸✷ ❙✚✯✾✹✧✿◗✷✺✵✸✷ ❙✐✯✺❙❃◆❃✱❥✷❍❖◗P✺✯ ❶✸✿◗✷ ✵✸✷✺✵✸✷➡❙✚✯✾✹

(1 − p)λt

❪ ❬✥✷❍✹▲✷
✿◗✷❍✱✴✿✗◆❆✱❥✷✺✹✼✻✕✯✾✽✬✷✺✽✰✻✕❨❁✵❃✳❥✷❍✽✰✿✗✯✾❈❃✽✼◆❃✻✧✳✴✵✸✷✺✽✰◆❆✽▲✷✺✻✧✯✾✽

(1 − p̂)λ̂t

❅✗✻⑦③✈◆❆❅
λ̂t = ex′

tβ̂
❪



➎ ✁ �✂✁✘✄ ✆✟✞☎✠ ✡✌☞✁� ✏ ✁✘✄✝✡ ✞ �✂✁✄✂✆☎✖✗ ✣ ✁✎✕✤✁☎✕✜☞✤✣ ✂✫✗ ✁ ✞ ✣

✂❡✻✕✷❀❱✺❅✗❳t③④◆❃❅❵❉▲❅❁✻✕✯✺✽❧✯✾✽⑩❱❍✷✺✱✴✯✺✹❚❅✗✽⑩❙✸✷❍✹▲✷
λ̂t

❅
p̂
■✈✿◗✷❍✱✴✿✗◆❆✱❥✷✺✻✧✯✾✽❏✯✾✽⑩❱❍✷✺✱✴✯✾✹✼❅✗✽⑩❙❃✹✼❅✗✵❃✳❞❉▲✯✾✽⑩❙✚❅✗✱✴✯✭✻✧✯❛✵❃❅❁✱✴✯✴✬

̂P (Y = 0)nt = (p̂ + (1 − p̂)e−λ̂t)nt e

̂P (Y = y)nt = ((1 − p̂)e−λ̂ λ̂y

y!
)nt, se y > 0.

➪❭✯✈✵❃✯✾✽⑩✯✾✽⑩✻✧✯❛✵❆❅✗✱✴✯✺✽✥♥♦✯✾✹▲✷❍✻☎❅✗✽❝❉▲✳✶✻②✷✺✵❆✯✾✽❏◆❆❉▲✳✶✱✴✳✶❳◗✷✺❈❃✵❆✯❍①➞✽✼❅♠✯❀❙❃✹❚✯✺●✾✹▲✷✺✻✕✷❀❴❛✮t❴✐❪✈➸t✽❤✻✧✯✈✵❃❅✗✱✶✯✾✽❏❬❭✯✺✳✴✽❚✽✼✯✾❈
❅✩➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉❚✳✶❱❍✷❘♥♦✯✾✹❚✷✺✻❂❅❁✽✼❉❚✳✴✻✕✷✺✵❃✯✾✽❄❙✚❅✗✱✶✯ ✞ ✜✤✣ �✷✚✆✯ ☎✁✜✤✚ ✍ ➉⑩r ✍❑➸ ✸❯❪❏❬✥✷❍✹▲✷✲✯✾✽✜✻✧✯❛✵❃❅❁✱✴✯✾✽❲✿✗✯✾✻
❅❁♥♦❅❁✳✶❉❚✯✾✽②✷❍✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽❩❅ ✖ ✱→❬ ◆❆❉❚✳✴✱✶✳✴❳◗✷❍✻✕✯✾✽✜✯ ✞ ✜✤✣ �✷✚✆✯ ☎✁✜✤✚ r ☞ ✍✥✱✁� ➉ ✸❯❪✰❬❭✷✺✹▲✷ ✿✗✯✾✻✧❙✸✷✺✹❚✷✺✹✕✯✺✽②✻✧✯❛✵❃❅❁✱✴✯✾✽
◆❃✽❚✷✺✻✕✯✺✽✰✯✕✿❁✹❚✳✶❉❚❨✗✹✼✳✴✯✜✮☎✱ ✵➜■✸❙❆✹❚✯✈✿✗◆❃✹❚✷✺❈❃✵❃✯❩✯✧✻✕✯✈✵❃❅✗✱✶✯❄✿✗✯✺✻❜✯❩✻✕❅❁❈❃✯✾✹✬❱❍✷✺✱✴✯✺✹✗■❃✯✾◆✩✽✼❅→➔❚✷❆■

AIC = −2ℓ(µ, y) + 2k,❅✗✻ ③✈◆❆❅
ℓ(µ, y)

❨❩✯❘✱✶✯✾●❊✷✺✹✼✳✶❉▲✻✧✯②✵❃✷❇❱✺❅✗✹✼✯✾✽❚✽✼✳✴✻✧✳✴✱✴✉❃✷✺❈❃❖◗✷❇✵❃✯✩✻✧✯❛✵❆❅✗✱✴✯❇❅❁✻➙③④◆❃❅✗✽❝❉❋P✺✯✍❅
k
❨❩✯✍❈✯✮❃✻✕❅❁✹❚✯

✵❃❅✧❙✸✷✺✹✆☎✺✻✕❅➅❉▲✹✼✯✾✽❀❅✗✽✼❉❚✳✴✻✕✷✺✵❃✯✾✽❁❪✩➸❺❙❃✹✼✯✾●✾✹❚✷✺✻②✷✍❴❛✮t❴ ✽✼✯✾✻✕❅❁❈❊❉▲❅✕♥♦✯✺✹❚❈❃❅❁✿✗❅✧✯✾✽✭❱❍✷✺✱✶✯✾✹❚❅❁✽❀✵❃✯↕✿❁✹❚✳✶❉❚❨✗✹✼✳✴✯✩✮☎✱ ✵
❙✸✷✺✹❚✷✕✯ ✞ ✜✷✣ �✷✚✆✯ ☎ ✜✤✚ r ☞✠✍ ✱✁� ➉ ✸❯■➐❅❁❈④❉▲P✺✯❃■✐✯✾✽❡✻✧✯✈✵❃❅✗✱✶✯✾✽❵❅✗✽✼❉❚✳✴✻✕✷✺✵❃✯✾✽❣❙✚❅✗✱✴✯ ✞ ✜✤✣ �✷✚✆✯ ☎✁✜✤✚ ✍ ➉⑩r ✍❑➸ ✸✟✽❚P✺✯
❉❋✷❍✻❄▼✐❨❁✻⑦❅❁✽✼❉▲✳✶✻②✷❍✵❃✯✾✽✰◆❃✽❚✷✺❈❃✵❃✯✧✯❩❙❃✹❚✯✾●✺✹▲✷✺✻✕✷ ✟✭❪

r ✷➝✱✶✳✶❉▲❅❁✹▲✷❍❉❚◆❃✹▲✷❛■✚✯❇✿❁✹❚✳❞❉▲❨✗✹✼✳✴✯✕✮☎✱ ✵➁❨❄◆❆❉❚✳✴✱✴✳✶❳◗✷✺✵❆✯✕❙✸✷❍✹▲✷➝✿✗✯✺✻✕❙✸✷❍✹▲✷✺✹❣✻✕✯✈✵❃❅❁✱✴✯✾✽❡❅✗❈❃✿✗✷✺✳❞⑥❆✷✺✵❃✯✺✽✗■➐✯✺◆✲✽❚❅→➔❚✷❛■
❙✸✷✺✹❚✷➺◆❃✻✕✷➺✿✗✯✾❈❆❶❃●✾◆❃✹▲✷❍❖◗P✺✯ ✵❃❅✲✻✧✯❛✵❆❅✗✱✴✯❆■✰❙✐✯✾✹❇❅ ⑥❛❅✗✻✧❙❃✱✴✯❃■❣❈✸✷➺✹✼❅✗●✾✹✼❅✗✽❚✽❚P✺✯➾✵❃❅➟❬❭✯✾✳✶✽❚✽✼✯✾❈❫■❣❅✗✽❚✿❁✯✾✱✴✉❆❅✗✻✧✯✾✽
✷✺③④◆❃❅❁✱✴❅❵✿✗✯✾✻ ✯✭✻✧❅✗❈❃✯✾✹ ❱❍✷✺✱✶✯✾✹❏✵❃✯✭✿✗✹✼✳✶❉▲❨❁✹❚✳✶✯✭✮✛✱ ✵➼❅✗❈❊❉❚✹❚❅❯➊❷➎❆❪ ➋✾➏ ✷✕➊❷➎❆❪ ➎❊➏➅❪ ➉ ✻☎❈❃✯✾✽❚✽❚✷❯✷✺❙❆✱✴✳✴✿✗✷✺❖◗P❍✯✭❅❁✽✼❉▲✷✺✻✕✯✺✽
✿✗✯✺✻✕❙✸✷❍✹▲✷✺❈❃✵❆✯❑③④◆✸✷❍❉▲✹✼✯✲❙✐✯✺✽❚✽❚✳✶▼❃✳✴✱✶✳✴✵✸✷❍✵❃❅✗✽✭✵❃✳✶♥♦❅❁✹❚❅❁❈④❉❚❅✗✽✲✬②✹❚❅❁●✾✹❚❅❁✽❚✽❚P✺✯➟✵❃❅❇❬❭✯✺✳✴✽❚✽✼✯✾❈❫■⑩➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅✗●❊✷❍❉❚✳✶❱❍✷❆■
✍❘✯✈✵❃❅✗✱✶✯➝✵❃❅ ➉ ♥♦❅❁✳✶❉▲✯✺✽t✮➜✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽❡❅ ✍❘✯❛✵❆❅✗✱✴✯✡✖ ✱→❬ ✿❁✯✾✻

p
✉❃✯✾✻✧✯✾●✾❦✗❈❆❅✗✯❃❪ ✸❡❅✗✽✼❉▲✷➝♥♦✯✾✹❚✻✕✷❆■✚❙❃✹❚✯✈✿✗◆❃✹❚✷✺✹❚❅ ①

✻✧✯✾✽❀✯↕✻✧❅✗❈❃✯✾✹s❱❍✷✺✱✶✯✾✹s✵❃❅✧✮☎✱ ✵✏❅❁❈④❉❚✹❚❅②✷✺✽❲✿❁✯✾❈❆❶✸●✺◆❃✹▲✷✺❖❁❸❛❅❁✽❲❙✚✯✾✽✼✽❚q✶❱✺❅✗✳✶✽✗■✥◆❆✻②✷❇❱✾❅❁❳②③④◆❃❅➝✷❍✽✭♥♦◆❃❈❆❖✗❸✈❅✗✽✭✵❃❅
❱✾❅❁✹❚✯✾✽✼✽❚✳✶✻✕✳✶✱✴✉✸✷✺❈❆❖◗✷❄✽▲P❍✯✕❙✸✷❍✹❚❅✗✿❁✳✴✵✸✷❍✽✗❪

➉ ✻❄▼✐✯✺✹▲✷ ✍❘✿ ✵♠◆❃✱✶✱❥✷✺●✺✉✕❅ r ❅❁✱✴✵❃❅❁✹t➊→➶ ✶✴�✭✶✾➏✥❙✐✯✾✽❝❉▲◆❃✱✶❅✗✻✟③④◆❃❅❡❈❃❅✗✻ ✽✼❅✗✻✧❙❃✹❚❅❣❨❵❙✐✯✺✽❚✽❚q❞❱✾❅❁✱✐❅❁✽✼❉❋✷❍▼✐❅❁✱✴❅✗✿❁❅✗✹❤✯
☛→✻✧❅✗✱✶✉❃✯✾✹✏✌❵✻✕✯✈✵❃❅❁✱✴✯✭❅✗❈❊❉▲✹✼❅t✯✾✽✬✷❍❈✸✷✺✱✴✳✶✽▲✷✺✵❆✯✾✽✗■④❅✗✽✼✿✗✯✾✱✶✉❃❅✗✻✧✯✾✽❧✯ ☛→✻✧❅✗✱✶✉❃✯✾✹✑✌✬✵❃❅✗❈❊❉❚✹❚❅s❅✗✱✶❅✗✽❧❙✸✷✺✹▲✷✭✿◗✷✺✵❃✷❲❉▲✳✶❙✐✯❲✵❃❅
✿✗✯✺✻✕✳✶✵✸✷❆■✐✷✕❉▲q❞❉▲◆❃✱✶✯②✵❃❅❄✳✶✱✴◆❃✽❝❉▲✹❚✷✺❖◗P✺✯❆❪s❬❭✯✾✹➜❅➅⑥❛❅✗✻✧❙❃✱✴✯❆■➐✮➜●✺✹❚❅✗✽❝❉▲✳✬➊➌➋✺➍✾➍✾➋✾➏❣✿❁✯✾✻✕❙❃✷✺✹▲✷✧✻✕✯✈✵❃❅✗✱✶✯✾✽➜✵❆✳✶♥♦❅✗✹✼❅✗❈❊❉▲❅❁✽
❙✸✷✺✹❚✷s✯❲✻✧❅✗✽✼✻✕✯s✿❁✯✾❈⑧➔✼◆❃❈❊❉▲✯✭✵❃❅❵✵✸✷✺✵❆✯✾✽⑩❅❣✿❁✯✾✻✧❅✗❈❊❉❋✷✭✷s❙✐❅❁✹✼❉▲✳✶❈❃❦✗❈❆✿✗✳❥✷s✵❃❅❵❙❃✹✼❅❁♥♦❅❁✹❚✳✴✹⑩✷❍③✈◆❆❅✗✱✴❅❵③④◆❃❅❣✷✺❙❃✹✼❅✗✽✼❅✗❈❊❉❋✷
✯❩✻✕❅❁❈❃✯✾✹✬❱❍✷✺✱✶✯✾✹✬✵✸✷✌✯ ✚✖✕✸✳ ✪✭✧ �✷✚❧❅✗❈❊❉▲✹✼❅✭❅❁✱✴❅❁✽✗❪

➪✥✷❍✻❄▼✐❨❁✻✟♥♣✷✺✹❚❅❁✻✕✯✺✽❧✷✭✳✴❈❃✽✼❙✐❅❁❖◗P✺✯❲✵❃❅❡✷ ➔✼◆❃✽✼❉❚❅➜✵❃✯✭✻✧✯❛✵❃❅❁✱✴✯❀✿✗✯✺✻✕❙✸✷❍✹▲✷✺❈❃✵❆✯✭❱❍✷✺✱✶✯✾✹❚❅❁✽❤✯✺▼❃✽❚❅❁✹✼❱❍✷✺✵❃✯✾✽❧✿✗✯✾✻
❱❍✷✺✱✴✯✺✹❚❅✗✽✕❅✗✽❝❉▲✳✴✻✕✷✺✵❃✯✺✽✗❪➁✮ ❉▲q✶❉❚◆❃✱✴✯ ✵❃❅❑✳✶✱✴◆❃✽❝❉▲✹▲✷❍❖◗P✺✯❃■♠❙✸✷✺✹▲✷ ✯✾✽➝✻✧✯❛✵❃❅❁✱✴✯✾✽✕❬❭✯✺✳✴✽❚✽✼✯✾❈ ❅✲➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅✗●❊✷ ①
❉▲✳❞❱❍✷❆■❆✿❁✯✾❈❃✽✼❉❚✹❚◆❃✳✶✹❚❅❁✻✕✯✾✽♠✯✾✽✰●✾✹▲✇⑧❶✸✿✗✯✾✽♠✵❃❅s❅✗❈❊❱✾❅❁✱✴✯✾❙✚❅❀✻✕❅❁❈❃✿✗✳✶✯✾❈✸✷✺✵❆✯✾✽✬❈❃✯✜✿✗✷✺❙❃q✶❉❚◆❃✱✴✯✜➋❛❪ ➉ ✽✼❉▲❅❁✽❵●✾✹▲✇❍❶❃✿✗✯✾✽✰✽❚P✺✯
✿✗✯✺❈❃✽✼❉❚✹❚◆❃q✶✵❃✯✾✽❀❈❃✯✍❙❃✹❚✯✾●✺✹▲✷✺✻✕✷ ✟✭■➐✿✗✯✾❈❆♥♦✯✺✹❚✻✧❅✕❬❭✷✺◆❃✱✴✷ ➊❷➋✺➍✾➍ ✁ ➏➅❪ ✵♠✯✾✻✝❅❁✽✼❉❚❅✕❙❃✹✼✯✾●✾✹❚✷✺✻②✷➝✿❁✯✾❈❃✽❝❉▲✹❚◆❆✳✴✹❚❅❁✻✕✯✺✽
❉❋✷❍✻❄▼✐❨❁✻ ✯✾✽➜●✾✹❚✇❍❶✸✿❁✯✾✽➜✵❃❅❯✵❃✳❥✷✺●✺❈❃⑤✾✽✼❉❚✳✴✿❁✯✕❙✸✷❍✹▲✷②✯②✷❍♥♣✷✺✽✼❉▲✷✺✻✧❅✗❈❊❉▲✯➝✵❃✷✕❱✾❅❁✹❚✯✾✽✼✽❚✳✴✻✧✳✴✱✶✉✸✷✺❈❃❖✗✷✧❅❯✯②●✾✹❚✇❍❶✸✿✗✯②✵❃❅
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r ✷✺✽⑩❙❃✹✼⑤◗⑥❆✳✶✻②✷❍✽ ✽❚◆❃▼❆✽❚❅✗❖❁❸❛❅❁✽✬✷✺❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷❍✹❚❅✗✻✧✯✾✽⑩❙✸✷✺✹❚✷s✿◗✷✺✵✸✷t❉❚✳✴❙✚✯s✵❃❅✰✿✗✯✾✻✧✳✴✵❃✷t✳✴❈❃●✾❅❁✹❚✳✶✵✸✷t✯✾✽❏✻✧✯❛✵❃❅❁✱✴✯✾✽
✵❃❅❩✿✗✯✺❈④❉▲✷✺●✾❅❁✻➙✵❃✳✴✽✼✿✗◆❆❉❚✳✴✵❃✯✾✽✭✷✺❈❊❉❚❅✗✹❚✳✶✯✾✹❚✻✧❅✗❈❊❉❚❅✺❪✕➸t◆ ✽✼❅→➔❚✷❆■➇❙✸✷✺✹❚✷✍✿✗✷✺✵✸✷✩✿◗✷❍❉❚❅✗●✾✯✺✹❚✳❥✷➝✵❆❅✕✿❁✯✾✻✕✳✶✵✸✷➝❅✗✽❝❉▲✳✶✻②✷⑧①
✹❚❅❁✻✕✯✺✽✜✯✲✻✕✯✈✵❃❅✗✱✶✯❑✵❃❅✍❬❭✯✺✳✴✽❚✽✼✯✾❈❫■❤➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉▲✳❞❱❍✷❆■ ➉ ♥♦❅✗✳✶❉❚✯✾✽❄✮❡✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽❄❅ ✖ ✱→❬➑❪ ➉ ❙❃✷✺✹▲✷❑✿✗✷✺✵✸✷
✻✧✯❛✵❃❅❁✱✴✯✍❅✗✻ ③④◆❃❅✗✽❝❉❋P✺✯↕❅✗✽✼❉❚✳✴✻✕✷✺✹❚❅❁✻✕✯✺✽✭✯↕✻✕✯✈✵❃❅✗✱✶✯✩✽▲✷❍❉❚◆❃✹▲✷✺✵❆✯❃■ ✯↕✵❆❅②❅❁♥♦❅❁✳✶❉❚✯✾✽❲❙❆✹❚✳✴❈❆✿✗✳✴❙❃✷✺✳✴✽❁■❭✯❘✵❃❅②❅➅♥♦❅✗✳✶❉❚✯
✽❚✯✺✻✕❅❁❈④❉❚❅❀✵❃✯✕✽✼❅➅⑥❛✯❃■✸✯❩✵❃❅✭❅❁♥♦❅❁✳✶❉▲✯✜✵❃✷✧❅❁✽✼❉❋✷❍❖◗P✺✯✧❅s✯✕✵❆❅✭✻✧❨✗✵❆✳❥✷❄●✾❅❁✹▲✷✺✱❷❪
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✹❚❅❁✽➜✯✾▼❆✽❚❅✗✹❝❱❍✷✺✵❃✯✾✽t❅❲❙❃✹❚❅❁✵❃✳✶❉❚✯✾✽✗■ ❱❍✷✺✱✴✯✺✹❡✵❃❅❲✮☎✱ ✵➚❅❲●✾✹▲✇❍❶❃✿✗✯✾✽❡✵❃❅❄✵❃✳✴✷✺●✾❈❃⑤✾✽❝❉▲✳✶✿✗✯❃■✸❙✸✷❍✹▲✷②▼❃◆❆✽❚✿◗✷❍✹➜❙✸✷✺✹❚✷✕✿✗✷✺✵✸✷
❉▲✳✶❙✐✯↕✵❃❅❇✿✗✯✾✻✧✳✴✵❃✷❘◆❃✻❂✻✕✯✈✵❃❅✗✱✶✯❑③④◆❃❅✩✷✺❙❃✹✼❅✗✽✼❅✗❈❊❉▲❅✩✯✲✻✧❅✗✱✴✉❆✯✾✹❄✷ ➔✼◆❆✽✼❉▲❅❍❪ r ✯✲✮➜❙✚❦✗❈❃✵❃✳✶✿✗❅➝✮ ✷❍❙❃✹❚❅❁✽❚❅✗❈❊❉▲✷⑧①
✻✧✯✾✽t❉▲✯✈✵❃✯✾✽s✯✾✽t❱❍✷✺✱✶✯✾✹❚❅❁✽t✵❃✯✩✿✗✹✼✳✶❉❚❨✗✹❚✳✶✯❇✮☎✱ ✵➵❙✸✷✺✹▲✷❇✯✾✽s✻✧✯✈✵❃❅✗✱✶✯✾✽t❅✗✽❝❉▲✳✶✻②✷✺✵❆✯✾✽t❅✗✻ ✿◗✷✺✵✸✷❇✽✼◆❃▼❃✽❚❅❁❖◗P✺✯❆❪ r ✯
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deviance/g.l. = 93, 5077/98 = 0, 9542.

➉ ❈❃✯✧✻✕✯✈✵❃❅❁✱✴✯❄✽✼✯✾✻✕❅❁❈❊❉▲❅❀✿✗✯✾✻⑦✯✕❅➅♥♦❅✗✳✶❉❚✯✜✵❃✯✧✽❚❅➅⑥❛✯❃■

deviance/g.l. = 97, 0024/98 = 0, 9700.
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log(λ̂it) = β̂0 + β̂1x1it
.

✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = −1, 1962 + 0, 5527x1it

.
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✒✥❦❁✻✕❅✗✷✺✽✟✬
λ̂f = eβ̂0 = 0, 3023

❪
✍↕✷✺✿❋✉❃✯✺✽✟✬

λ̂m = eβ̂0+β̂1 = 0, 5255
❪
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✵♠✯✾✻✧❙✸✷✺✹▲✷❍❈❃✵❃✯✜♥♦❦✗✻✧❅◗✷✺✽❲➊ ♥❋➏♠❅❀✻✕✷✺✿❋✉❃✯✾✽✭➊♦✻➝➏ ✬

λ̂f

λ̂m

=
eβ̂0

eβ̂0+β̂1
=

1

eβ̂1
=

1

e0,5527
= 0, 5754.
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90% : [0, 7933; 2, 6826]
❪
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log(λ̂it) = β̂0 e p̂.
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p̂

➍❛■ ✶✾➍✺↔✾↔ ➍❛■ ➍✾↔✾➋✁� ➋ ✡❛■ ➹❍↔
<
➍❛■ ➍✾➍✺➍❆➶

β̂0

➶✾■ ➍✾↔ ✡✺➋ ➍❆■ ➋✾➋✾➹✺➋ ✁ ■ ➎❆➶
<
➍❆■ ➍✾➍✾➍❛➶

✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = 1, 0372 e p̂ = 0, 9033.
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(1 − p̂)λ̂ = (1 − p̂)eβ̂0 = 0, 2728.
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log(λ̂it) = β̂0 e ν̂.
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ν̂

➶➭➹❛■ ↔✾➹☛✡✁� ➎❆■ ✡ ✁ ➍✴� ✝ ✝

✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = −1, 0433 e ν̂ = 15, 3578.

➸ ❱❍✷✺✱✴✯✺✹✬✻✕❨❁✵❃✳✴✯✜✳✶❈❃●✾❅❁✹❚✳✴✵❆✯✴✬
λ̂ = eβ̂0 = 0, 3523.
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log(λ̂it) = −1, 0531 − 0, 7218x1it

.
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λ̂f = eβ̂0 = 0, 3489

❪
✍↕✷✺✿❋✉❃✯✺✽✟✬

λ̂m = eβ̂0+β̂1 = 0, 1695
❪
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λ̂f

λ̂m

=
eβ̂0

eβ̂0+β̂1
=

1

eβ̂1
=

1

e−0,7218
= 2, 0581 IC90% : [0, 6759; 3, 4403]
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log(λ̂it) = β̂0 + u.

✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = −1, 4786 e σ̂ = 1, 3575.
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λ̂ = eβ̂0+

σ̂2

2 = 0, 5728.
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log(λ̂it) = β̂0 + β̂1x1it
.
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β̂0 −0, 7655
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log(λ̂it) = −0, 7655 + 0, 4491x1it

.
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λ̂f = eβ̂0 = 0, 4651

❪
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λ̂m = eβ̂0+β̂1 = 0, 7288
❪
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λ̂f

λ̂m

=
eβ̂0

eβ̂0+β̂1
=

1

eβ̂1
= 0, 6382.
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IC90% : [0, 8692; 2, 2646]
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log(λ̂it) = β̂0 + u.
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β̂0
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σ̂
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✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = −0, 0662 e σ̂ = 0, 9444.

➸ ❱❍✷✺✱✴✯✺✹✬✻✕❨❁✵❃✳✴✯✜✳✶❈❃●✾❅❁✹❚✳✴✵❆✯✴✬
λ̂ = eβ̂0+

σ̂2

2 = 1, 4620.
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log(λit) = β0 + β1x1it
.

✍❘✯✈✵❃❅✗✱✶✯✕✷➭➔✼◆❃✽✼❉▲✷✺✵❃✯✴✬
log(λ̂it) = −0, 1236 − 0, 7350x1it

.
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β̂0 −0, 1236
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λ̂f = eβ̂0 = 0, 8837

❪
✍↕✷✺✿❋✉❃✯✺✽✟✬

λ̂m = eβ̂0+β̂1 = 0, 4238
❪
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λ̂f

λ̂m

=
eβ̂0

eβ̂0+β̂1
=

1

eβ̂1
=

1

e−0,7350
= 2, 0855 IC95% : [1, 0328; 3, 1381].
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➪✰✳✶❙✐✯❩✵❃❅❀✿✗✯✺✻✕✳✶✵✸✷ ✍❘❅❁✱✴✉❃✯✾✹✰✻✧✯✈✵❃❅✗✱✶✯ ❅➅♥♦❅✗✳✶❉❚✯ ✯ ✚✖✕ �❍●❃❪ ✱➌❪
✆ ✂ ✪✭✬ ✬✮✣ ✯ ✚✆✪ ❬❭✯✺✳✴✽❚✽✼✯✾❈ ✽✼❅➅⑥❛✯ ➍❆■ ✶ ✡✺➍✾➍
✌✙✚✢✬ ✚✢✜✤✣✟✞ ✬✮✚✢✜ ✪ ❬❭✯✺✳✴✽❚✽✼✯✾❈ ✽✼❅➅⑥❛✯ ➍❆■ �❊➋✺➍✾➍
✔ ✣ ✂✶✚✷✣✟✞ ✬✮✚✢✜ ✪ ❬❭✯✺✳✴✽❚✽✼✯✾❈ ✽✼❅➅⑥❛✯ ➶✾■❞➶ ➹✺↔ ✡
✁ ✜ ✪✭✧ ✪ ✚ ❬❭✯✺✳✴✽❚✽✼✯✾❈ ✽✼❅➅⑥❛✯ ➶✾■❞➶ ➋☛✡✁�
✌✙✚✏✄ ✳✑✞ ✬ ✚✢✜ ✪ ❬❭✯✺✳✴✽❚✽✼✯✾❈ ✻✧❨✗✵❃✳✴✷❄●✾❅✗✹❚✷✺✱ ➍❆■ �❊➹❛➶✾➶
✥✤✵✸✣✟✞ ✬ ✚✢✜ ✪✝✁ ✂ ✪✭✬✮✚✷✵ ✖ ✱→❬ ✻✧❨✗✵❃✳✴✷❄●✾❅✗✹❚✷✺✱ ➶✾■ ↔✴�❊➋✾➹
✥✤✵✸✣✟✞ ✬ ✚✢✜ ✪ ✧ ✣✴✧☛✡☞✁ ✂ ✪✭✬✮✚✷✵ ➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅❁●❊✷❍❉▲✳❞❱❍✷ ✻✧❨✗✵❃✳✴✷❄●✾❅✗✹❚✷✺✱ ➶✾■ ✡✾➹ ✁ ➋
✒ ✪✭✜ ✕✴✪ ✚ ➉ ♥♦❅✗✳❞❉▲✯✾✽✰✮❡✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽ ✻✧❨✗✵❃✳✴✷❄●✾❅✗✹❚✷✺✱ ➋❛■ ✶✴�✾➍✾➍
✌ ✖ ✄✦✚✢✧ ✣✟✞ ✬✮✚✢✜ ✪ ➉ ♥♦❅✗✳❞❉▲✯✾✽✰✮❡✱✴❅◗✷⑧❉▲⑤✾✹✼✳✴✯✾✽ ✻✧❨✗✵❃✳✴✷❄●✾❅✗✹❚✷✺✱ ➋❛■ ↔❊➋ ✁ ➍

✯ ✚✖✕✸✳ ✪✭✧ �✷✚➐✵❃✳✶❱✈✳✴✵❆✳✴✵✸✷✰❙✚❅✗✱✴✯✺✽✣●✾✹▲✷✺◆❆✽❭✵❃❅❤✱✴✳✶▼✐❅❁✹❚✵✸✷❍✵❃❅❏✹❚❅➅♥♦❅✗✹❚❅❁❈❊❉▲❅✬✷❵◆❃✻➓✻✧✯❛✵❆❅✗✱✴✯❣❬➑✯✾✳✴✽✼✽❚✯✾❈❲✿✗✯✾✻➁✻✧❨✗✵❆✳❥✷❵●✾❅✗✹❚✷✺✱➌❪
➸t✽s✵✸✷✺✵❃✯✾✽s❙❃✷✺✹▲✷✩✷✺✱✶✳✴✻✧❅✗❈❊❉❋✷✺❖✗P✺✯②✵❆❅ ✁ ✯ ✚✢✧ ✣☎✄✦✚✢✜ ✪❄✻✕✯✺✽✼❉▲✹❚✷✺✻ ✽❚✯✾✻✧❅✗❈❊❉▲❅✜◆❆✻②✷➝❙✚❅✗③④◆❃❅❁❈✸✷✍✵❆✳✶♥♦❅✗✹✼❅✗❈❃❖✗✷

❅✗❈❊❉❚✹❚❅✭✯✾✽❵✽❚❅➅⑥❛✯✾✽❡❙✸✷✺✹❚✷ ✁ ❉▲✳✶❙✐✯✾✽✰✵❆❅❲✿❁✯✾✻✕✳✶✵✸✷❄✽❚❅❁❈❃✵❃✯✕③✈◆❆❅❲❙✸✷❍✹▲✷✧✷✺✽❵✵❃❅✗✻✕✷✺✳✴✽❵❈✸P❍✯✧❅❁❈❃✿✗✯✺❈④❉❚✹▲✷✺✻✧✯✾✽❣❅❁♥♦❅❁✳✶❉▲✯✺✽
✽❚✳✶●✾❈❃✳❞❶✸✿◗✷❍❉❚✳✶❱✺✯✾✽✗❪❡➸☎✻✧✯❛✵❃❅❁✱✴✯✦✖ ✱→❬ ♥♦✯✾✳➇❅✗✽❚✿❁✯✾✱✴✉❆✳✴✵❃✯✕✿✗✯✾✻✧✯②✯✕✻✕❅❁✱✴✉❃✯✾✹❵✻✧✯❛✵❆❅✗✱✴✯✧✽❚✯✺✻✕❅❁❈④❉❚❅❯❙✸✷❍✹▲✷②◆❃✻❢❉❚✳✴❙✚✯
✵❃❅❡✿✗✯✾✻✧✳✴✵✸✷❛❪ ➸➚✿✗✷✺✽❚✯❄❅❁✻✌③✈◆❆❅➜✯❯✻✧❅✗✱✶✉❃✯✾✹⑩✻✧✯❛✵❃❅❁✱✴✯s♥♦✯✾✳ ✯❯✵❆❅➜➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅✗●✾✷❍❉▲✳❞❱✺✷❀❨❣✳✴❈❊❉▲❅❁✹❚❅✗✽✼✽▲✷✺❈❊❉❚❅t❙✐✯✺✹
③④◆❃❅❀✷❄✽❚◆❆❙✐❅❁✹❚✵❃✳✶✽❚❙✚❅✗✹❚✽❚P✺✯❩❈✸P✺✯✜❨➜❉▲P✺✯✜●✾✹❚✷✺❈❃✵❃❅s✷❍✽❚✽❚✳✶✻❘❪ r ✯✾✽✰✵❃✯✺✳✴✽♠✿✗✷✺✽❚✯✺✽✰❅✗✻⑦③④◆❃❅❀✷❄✽✼◆❃❙✚❅✗✹❚✵❆✳✴✽❚❙✚❅✗✹✼✽▲P✺✯✜♥♦✯✾✳
◆❃✻❜❙✚✯✾◆❃✿❁✯❩✻②✷✺✳✶✽❵✷✺✱✶❉▲✷❆■❃✷✜✽✼✯✾✱✴◆❃❖✗P✺✯❩✵❃❅❀❅❁♥♦❅❁✳✶❉▲✯✺✽❵✷✺✱✴❅✗✷❍❉▲⑤✾✹✼✳✴✯✾✽♠✻✕✯✾✽❝❉▲✹✼✯✾◆❛①➞✽✼❅❀✷✜✻②✷✺✳✶✽✬✹▲✷❍❳✗✯❊✇◗❱✾❅❁✱➌❪
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✡ ✆✟☛ ✂ ✝✎☎➙✞✡✠✏✆

➉ ✽✼❉▲❅✲❉❚✹▲✷✺▼✸✷❍✱✴✉❃✯➽❙❃✹✼✯❛✿❁◆❃✹❚✯✺◆ ❅❁✽✼❉❚◆❃✵✸✷✺✹✩✯✾✽❇✻✧✯❛✵❆❅✗✱✴✯✺✽②✱✴✳✶❈❃❅◗✷❍✹❚❅✗✽❇❙❃✷✺✹▲✷➺✵✸✷❍✵❃✯✾✽✩✵❃❅✲✿✗✯✺❈④❉▲✷✺●✾❅❁✻❘❪ r ✷
✿✗✱✴✷✺✽❚✽✼❅❵✵❃✯✾✽⑩✻✕✯✈✵❃❅❁✱✴✯✾✽❏✱✶✳✴❈❃❅✗✷✺✹❚❅❁✽❏●✾❅✗❈❃❅❁✹▲✷✺✱✶✳✴❳✗✷✺✵❃✯✾✽❁■✾✿✗✯✾✻✧❅✗❖✗✷✺✻✧✯✾✽❏✿✗✯✾✻✟✷✭✹✼❅✗●✾✹✼❅✗✽❚✽❚P✺✯✭✵❃❅➜❬➑✯✾✳✴✽✼✽❚✯✾❈➐❪⑩❴❛❅❵❅✗✽❝❉❋✷
✷✺❙❃✹✼❅✗✽✼❅✗❈❊❉❋✷✺✽✼✽❚❅t✽✼◆❃❙✚❅✗✹❚✵❆✳✴✽❚❙✚❅✗✹✼✽▲P✺✯❆■❛▼❃◆❆✽❚✿◗✷❍✹❚q❥✷❍✻✕✯✾✽❤✷✺✽❤✽❚✯✺✱✴◆❃❖❁❸❛❅❁✽❧✻✕✷✺✳✴✽❏✿❁✯✾✻❄◆❃❈❆✽✟✬ ✻✧✯❛✵❆❅✗✱✴✯✭➒♠✳✶❈❃✯✾✻✧✳❥✷✺✱ r ❅ ①
●❊✷❍❉❚✳✶❱❍✷❆■ ➉ ♥♦❅❁✳✶❉❚✯✾✽✰✮➜✱✶❅◗✷❍❉❚⑤✾✹❚✳✶✯✾✽✬✯✾◆✌✖ ✱→❬❭❪

✮❢✷✺❙❃✱✶✳✴✿✗✷✺❖◗P✺✯❘❅✗✻❂❅✗✽✼❉❚◆❃✵❃✯➟✹❚❅➅♥♦❅✗✹✼❅✗❈❊❉▲❅✩➻❑✷❍✱✴✳✴✻✧❅✗❈❊❉▲✷✺❖◗P✺✯❘✵❃✯✾✽❄✽❚✷✺❙✚✯✾✽❄✵✸✷❑❅❁✽❚❙✚❨✗✿✗✳✶❅✂✁ ✯ ✚✢✧ ✣☎✄✦✚✢✜ ✪✕♥♦✯✾✳
▼✸✷✺✽❝❉❋✷✺❈❊❉❚❅✧✳✶✱✴◆❃✽❝❉▲✹❚✷❍❉▲✳❞❱✺✷❛■❫✳✴❈❃✿❁✱✴◆❃✽✼✳✶❱✺❅❩✷✺❙❃✹❚❅❁✽❚❅❁❈④❉❚✯✾◆➺✷❍✱✴●✾◆❃❈❆✽s✹❚❅✗✽✼◆❃✱✶❉▲✷✺✵❃✯✾✽s✿❁◆❃✹❚✳✶✯✾✽❚✯✺✽✗❪ r ✯✍✿◗✷✺✽✼✯❘✵❃✷✺✽❀✿✗✯✾✻✧✳❞①
✵✸✷✺✽❣❅✗✻ ③④◆❃❅✭✯✾✽❣✻✕✯✈✵❃❅✗✱✶✯✾✽❣❬❭✯✾✳✶✽❚✽✼✯✾❈❑✷✺❙❆✹❚❅✗✽✼❅✗❈❊❉❋✷◗❱❍✷✺✻ ✽❚◆❆❙✐❅❁✹❚✵❃✳✶✽❚❙✚❅✗✹❚✽❚P✺✯❃■✚❅✗✽❝❉❋✷②❈✸P❍✯✕❅❁✹▲✷✧❉▲P✺✯✕✷✺✱✶❉▲✷❆■✸✻②✷❍✽
✻✧❅✗✽❚✻✧✯✧✷✺✽❚✽✼✳✴✻✍■❆❅❁❈❃✿✗✯✾❈❊❉❚✹▲✷✺✻✧✯✾✽❣✷✺✱✶❉❚❅✗✹✼❈✸✷❍❉▲✳❞❱❍✷✺✽✬✻✧❅✗✱✴✉❆✯✾✹❚❅❁✽✗❪

r ✯❑✿✗✷✺✽❚✯✲❅❁✻❂③④◆❃❅②✯❑✻✕❅❁✱✴✉❃✯✺✹❲✻✧✯❛✵❆❅✗✱✴✯✍♥♦✯✾✳⑩✯✲❬❭✯✺✳✴✽❚✽✼✯✾❈➽✿✗✯✺❈❃✽✼❉▲✷❍❉❋✷✺✻✧✯✾✽❲◆❃✻❂✹✼❅✗✽✼◆❃✱✶❉▲✷✺✵❃✯❑▼✸✷❍✽✼❉❋✷❍❈④❉❚❅
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