
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ❡ ❚❡♦r✐❛ ❞❡
❘❡♣r❡s❡♥t❛çõ❡s

▼❛t❤❡✉s ❇❛t❛❣✐♥✐ ❇r✐t♦

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛

❈❛♠♣✐♥❛s✲❙P

▼❛rç♦✱ ✷✵✶✶

❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❋❆P❊❙P✳



✐



✐✐



✐✐✐



✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t♦❞❛s ♦♣♦rt✉♥✐❞❛❞❡s q✉❡ s✉r❣✐r❛♠ ❡♠ ♠✐♥❤❛ ✈✐❞❛ ❡ ♠❡
❣✉✐❛r❛♠ ❛té ❛q✉✐✳

❆❣r❛❞❡ç♦ ❛ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ♠✐♥❤❛ ♠ã❡✱ ❱❡r❛✱
♣❡❧❛ ❛♠✐③❛❞❡ ❞❡ s❡♠♣r❡✱ ❡♥♦r♠❡ ❞❡❞✐❝❛çã♦ ❡ ❝♦♥s❡❧❤♦s tã♦ ❝❡rt♦s q✉❛♥t♦ ✶ ♠❛✐s ✶ sã♦ ✷ ✭❡♠
✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♠❛✐♦r q✉❡ ✷✦✮✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♥❛♠♦r❛❞❛✱ ❱❛♥❡ss❛✱ ♣♦r s❡♠♣r❡ ❡st❛r ❛♦ ♠❡✉ ❧❛❞♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡
♠✐♥❤❛s ❡s❝♦❧❤❛s✱ ♣❡❧❛s ♣❛❧❛✈r❛s ❞❡ ✐♥❝❡♥t✐✈♦ ❡ ♣♦r s✉❛ ❛♠✐③❛❞❡ ❞❡ s❡♠♣r❡✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❣r❛❞✉❛çã♦ ♣♦r ❡①❝❡❧❡♥t❡s ♠♦♠❡♥t♦s ✈✐✈✐❞♦s ❡ ♣❡❧♦ ✐♥❝❡♥t✐✈♦
❡ ❛♣♦✐♦ ♥♦ ✐♥❣r❡ss♦ ❛♦ ▼❡str❛❞♦✳ ❆♦s ❛♠✐❣♦s ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ♣♦r ❤♦r❛s ❞❡ ❡st✉❞♦s ❝♦♥❥✉♥t♦✱
♣❛❝✐ê♥❝✐❛ ❞✉r❛♥t❡ ❛s ❞ú✈✐❞❛s ❡✱ ❛❝✐♠❛ ❞❡ t✉❞♦✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✳ ❊♠ ♣❛rt✐❝✉❧❛r ❛♦ ❢✉t✉r♦
❜r✐❧❤❛♥t❡ ♠❛t❡♠át✐❝♦ ▼❛r❝❡❧♦✱ ♣♦r s❡✐s ❛♥♦s ❞❡ ❛♠✐③❛❞❡ ✐♥❞✐s❝✉tí✈❡❧✳ ❆❣r❛❞❡ç♦ ❛✐♥❞❛✱ ❛♦s
♠❡✉s ✧✐r♠ã♦s✑ ❋❡r♥❛♥❞❛ ❡ ❚✐❛❣♦ ♣♦r s✉❛ r❡❛❧ ✐r♠❛♥❞❛❞❡✳ ❙❡♠♣r❡ ♣r❡st❛t✐✈♦s ❡ ❜❡♠ ❞✐s♣♦st♦s
❛ ❛❥✉❞❛r s❡ t♦r♥❛♥❞♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❡ t❡①t♦✳

❆❣r❛❞❡ç♦ ❛✐♥❞❛ ❛♦s ❢✉♥❝✐♦♥ár✐♦s ❡ ♣r♦❢❡ss♦r❡s ❞♦ ■▼❊❈❈✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦s ❢✉♥❝✐♦♥ár✐♦s
❞❛ s❡❝r❡t❛r✐❛ ❞❡ ♣ós✲❣r❛❞✉❛çã♦ s❡♠♣r❡ s✐♠♣át✐❝♦s ❡ ❡✜❝✐❡♥t❡s✳ ◆ã♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ ❝✐t❛r ♠❡✉
❜♦♠ ❛♠✐❣♦ Pr♦❢✳ ❉r✳ ▼❛r❝♦s ❏❛r❞✐♠ q✉❡ s❡ ❢❡③ ♣r❡s❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦s ú❧t✐♠♦s ❛♥♦s✱ s❡♠♣r❡
❝♦♠ ❜♦♥s ❝♦♥s❡❧❤♦s ❡ ♠♦t✐✈❛çõ❡s✳

❆❣r❛❞❡ç♦ ❛ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❞r❡❣❛ ❞❡ ▼♦✉r❛✳ Pr✐♠❡✐r❛♠❡♥t❡ ♣♦r t❡r
✈✐st♦ ♣♦t❡♥❝✐❛❧ ❡♠ ♠✐♠ ❛✐♥❞❛ ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✱ ❢❛t♦ q✉❡ ♠❡ ♠♦t✐✈♦✉ ❛ s❡❣✉✐r ❡♠ ❢r❡♥t❡✳
❊♠ s❡❣✉♥❞♦ ❧✉❣❛r ♣♦r r❡❛❧♠❡♥t❡ ♠❡ ♦r✐❡♥t❛r ❡ s❡r ♠✉✐t♦ ❜♦♠ ♥✐ss♦✱ ❡♥s✐♥❛♥❞♦ ❛ ♣❡♥s❛r ❞❡
❢♦r♠❛ ❡✜❝✐❡♥t❡✱ s❡♥❞♦ ♣❛❝✐❡♥t❡✱ ❞❡❞✐❝❛❞♦ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❡rs✐st❡♥t❡✳

❆❣r❛❞❡ç♦ à ❋❆P❊❙P ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ♣❛ss❛r❛♠ ❡♠ ♠✐♥❤❛ ✈✐❞❛ ❡ ♠❡ ❞❡✐①❛r❛♠ ❛❧❣✉♠ ❛♣r❡♥❞✐③❛❞♦ ♦✉ ❛❧❣✉♠❛
❡①♣❡r✐ê♥❝✐❛ ❡ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ q✉❡ ❡✉ ❡st✐✈❡ss❡ ❛q✉✐✳

✈



✈✐



❘❡s✉♠♦

◆❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ❞♦✐s ❡①❡♠♣❧♦s ❞❡ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❞❡
❝❧✉st❡r ❝♦♠ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s✳ ❆ s❛❜❡r✱ ❡st✉❞❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞♦s ❛rt✐❣♦s
❬✺✱ ✷✻❪✳ ❖ ♣r✐♠❡✐r♦ é ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❝❡rt♦s q✉✐✈❡rs
❝♦♠ r❡❧❛çõ❡s q✉❡ t❛♠❜é♠ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ tr✐❛♥❣✉❧❛çõ❡s ❞❡ ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s✳ ❖
s❡❣✉♥❞♦ ❡①❡♠♣❧♦ tr❛t❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧ ❞❡ ❝❡rt❛s á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r
✈✐❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞♦ ❣r✉♣♦ q✉â♥t✐❝♦ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ á❧❣❡❜r❛ ❞❡
❑❛❝✲▼♦♦❞② ❛✜♠ ❞❡ t✐♣♦ A✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ➪❧❣❡❜r❛s ❞❡ ❝❧✉st❡r✱ ❣r✉♣♦s q✉â♥t✐❝♦s✱ q✉✐✈❡rs✱

✈✐✐



✈✐✐✐



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ st✉❞② t✇♦ ❡①❛♠♣❧❡s ♦❢ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ t❤❡ t❤❡♦r② ♦❢ ❝❧✉st❡r ❛❧❣❡❜r❛s
❢r♦♠ ♦♥❡ s✐❞❡ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r② ♦♥ t❤❡ ♦t❤❡r✳ ◆❛♠❡❧②✱ ✇❡ st✉❞② t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤❡
❛rt✐❝❧❡s ❬✺✱ ✷✻❪✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❧✉st❡r ❛❧❣❡❜r❛s ♦❢ t②♣❡ ❆ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ ❝❡rt❛✐♥ q✉✐✈❡r ✇✐t❤ r❡❧❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛❧s♦ r❡❧❛t❡❞ t♦ tr✐❛♥❣✉❧❛t✐♦♥s ♦❢ r❡❣✉❧❛r ♣♦❧②❣♦♥s✳ ❚❤❡
s❡❝♦♥❞ ❡①❛♠♣❧❡ ❝♦♥❝❡r♥s ❛ ♠♦❞❡❧ ♦❢ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r✐✜❝❛t✐♦♥ ♦❢ ❝❡rt❛✐♥ ❝❧✉st❡r ❛❧❣❡❜r❛s ✈✐❛
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r② ♦❢ t❤❡ q✉❛♥t✉♠ ❣r♦✉♣ ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❛✣♥❡ ❑❛❝✲
▼♦♦❞② ❛❧❣❡❜r❛ ♦❢ t②♣❡ A✳

✐①



①



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐✐

❆❜str❛❝t ✐①

■♥tr♦❞✉çã♦ ✶

✶ ➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ✺

✶✳✶ ❉❡✜♥✐çõ❡s ❇ás✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ Pr✐♥❝✐♣❛✐s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✸ F ✲♣♦❧✐♥ô♠✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❉✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥❣ ❡ ➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ❞♦ ❚✐♣♦ ●❡♦♠étr✐❝♦ ❞❡ P♦st♦ n
❝♦♠ n ❈♦❡✜❝✐❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ ◗✉✐✈❡rs ❝♦♠ ❘❡❧❛çõ❡s ❱✐♥❞♦s ❞❡ ❈❧✉st❡rs ✶✾

✷✳✶ ◗✉✐✈❡rs ❆ss♦❝✐❛❞♦s às ❙❡♠❡♥t❡s ❞❡ ❈❧✉st❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✷ ❊q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❈❛t❡❣♦r✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷✳✶ ❚r✐❛♥❣✉❧❛çõ❡s ❡ ❉✐❛❣♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✷✳✷ ●r❛❢♦s ❡ ➪r✈♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷✳✸ ◗✉✐✈❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷✳✹ ❖ ❋✉♥t♦r Θ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✸ ❉❡♥♦♠✐♥❛❞♦r❡s ❞♦s P♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
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✸ ●r✉♣♦s ◗✉â♥t✐❝♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❉✐♠❡♥sã♦ ❋✐♥✐t❛ ✹✶

✸✳✶ ➪❧❣❡❜r❛ ❯♥✐✈❡rs❛❧ ❊♥✈❡❧♦♣❛♥t❡ ◗✉❛♥t✐③❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✷ ❘❡❛❧✐③❛çã♦ ❞❡ ❇❡❝❦✲❉r✐♥❢❡❧❞ ❞❛s á❧❣❡❜r❛s ❛✜♥s q✉❛♥t✐③❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✸ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❉✐♠❡♥sã♦ ❋✐♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✸✳✶ Uq(g)✲♠ó❞✉❧♦s ❞❡ P❡s♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✸✳✷ ❖ ❘❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✸✳✸ Uq(g̃)✲♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✹ ❆✜♥✐③❛çõ❡s ▼✐♥✐♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸✳✺ q✲❝❛r❛❝t❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✻ ❆❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹ ➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ❡ ❛s ❈❛t❡❣♦r✐❛s C ℓ ✺✾

✹✳✶ ❆s ❈❛t❡❣♦r✐❛s C ℓ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✷ q✲❝❛r❛❝t❡r ❚r✉♥❝❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✸ C 1 ❝♦♠♦ ❈❛t❡❣♦r✐✜❝❛çã♦ ▼♦♥♦✐❞❛❧ ❞❡ ➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹ q✲❝❛r❛❝t❡r❡s ✈✐❛ F ✲♣♦❧✐♥ô♠✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✹✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

❆ ❆♣ê♥❞✐❝❡ ✼✾

❆✳✶ ❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

❆✳✷ ❙✐st❡♠❛ ❞❡ ❘❛í③❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

❆✳✸ ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

❆✳✹ ◗✉✐✈❡rs ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ◗✉✐✈❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

❘❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ✶✵✶

❮♥❞✐❝❡ r❡♠✐ss✐✈♦ ✶✵✼
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■♥tr♦❞✉çã♦

❆s á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❙✳ ❋♦♠✐♥ ❡ ❆✳ ❩❡❧❡✈✐♥s❦② ❡♠ ❬✶✸❪ ❝♦♠♦ ♣❛rt❡ ❞❡
✉♠ ♣r♦❥❡t♦ q✉❡ ♦❜❥❡t✐✈❛✈❛ ❞❡s❡♥✈♦❧✈❡r ❢❡rr❛♠❡♥t❛s ❝♦♠❜✐♥❛tór✐❛s ♣❛r❛ ❡st✉❞❛r ♦s r❡s✉❧t❛❞♦s
❞❡ ●✳ ▲✉s③t✐❣ r❡❧❛❝✐♦♥❛❞♦s ❛ ♣♦s✐t✐✈✐❞❛❞❡ t♦t❛❧ ♣❛r❛ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s ❬✸✹❪ ♣♦r ✉♠ ❧❛❞♦ ❡ ❜❛s❡s
❝❛♥ô♥✐❝❛s ❬✸✸❪ ♣♦r ♦✉tr♦✳ ❊♠❜♦r❛ ♦ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧ ❛✐♥❞❛ ❡st❡❥❛ ✉♠ ♣♦✉❝♦ ❧♦♥❣❡ ❞❡ s❡r ❛t✐♥❣✐❞♦
✭❛♣❡s❛r ❞♦ ❣r❛♥❞❡ ♣r♦❣r❡ss♦ ♦❜t✐❞♦ ❡♠ ❬✷✶✱ ✷✵✱ ✶✾❪✮✱ ❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❞❡ ❝❧✉st❡rs s❡ t♦r♥♦✉ ✉♠
❞♦s ♣r✐♥❝✐♣❛✐s tó♣✐❝♦s ❞❡ ♣❡sq✉✐s❛ ♥♦s ú❧t✐♠♦s ❛♥♦s ❞❡✈✐❞♦ à ❞❡s❝♦❜❡rt❛ ❞❡ s❡✉ r❡❧❛❝✐♦♥❛♠❡♥t♦
❝♦♠ ❞✐✈❡rs❛s ♦✉tr❛s ár❡❛s ❝♦♠♦

• ●❡♦♠❡tr✐❛ ❞❡ P♦✐ss♦♥ ❬✷✷✱ ✷✸❪✱

• ❙✐st❡♠❛s ✐♥t❡❣rá✈❡✐s ❬✶✻❪✱

• ●❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛ ❝♦♠✉t❛t✐✈❛ ❡ ♥ã♦ ❝♦♠✉t❛t✐✈❛ ❬✸✱ ✹✱ ✷✾❪✱

• ❚❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs ❡ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❬✹✵✱ ✹✶❪✱

• ❚❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ á❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞② ❛✜♥s ❡ s❡✉s ❣r✉♣♦s
q✉â♥t✐❝♦s ❬✷✻❪✱

❡♥tr❡ ♦✉tr❛s ❧✐st❛❞❛s ♥♦ ♣♦rt❛❧ ❬✶✷❪✳

◆❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ ❡st✉❞❛r❡♠♦s t❛❧ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❝♦♠ ♦s ❞♦✐s ú❧t✐♠♦s ✐t❡♥s✳ ◆♦ q✉❡
t❛♥❣❡ ♦ r❡❧❛❝✐♦♥❛♠❡♥t♦ ❝♦♠ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✱ ❛♣r❡s❡♥t❛♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦
❛rt✐❣♦ ❬✺❪ ❡♥q✉❛♥t♦ q✉❡ ♥♦ q✉❡ s❡ r❡❢❡r❡ ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s ❛✜♥s q✉❛♥t✐③❛❞❛s
❛♣r❡s❡♥t❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦ ❬✷✻❪✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❛♣r❡s❡♥t❛r❡♠♦s ❜♦❛
♣❛rt❡ ❞♦s ❞❡t❛❧❤❡s ❞❛s ❞❡♠♦♥str❛çõ❡s✳ ❆♥t❡s ❞❡ ❞❛r ✉♠❛ ✐❞é✐❛ ❞❡st❡s r❡s✉❧t❛❞♦s✱ ❡①♣❧✐q✉❡♠♦s
❞❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛ ♦ q✉❡ é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡rs ❡ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❝♦♥❥❡❝t✉r❛s ❛ s❡✉
r❡s♣❡✐t♦ q✉❡✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ ♠♦t✐✈♦✉ ❛♠❜♦s ♦s ❛rt✐❣♦s ❬✺✱ ✷✻❪✳

❯♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r é ✉♠ s✉❜❛♥❡❧ ❞♦ ❝♦r♣♦ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❡♠ n ✈❛r✐á✈❡✐s ❣❡r❛❞♦✱
❝♦♠♦ ❛♥❡❧✱ ♣♦r ❝❡rt♦s ❡❧❡♠❡♥t♦s ❞❡ss❡ ❝♦r♣♦✳ ❊ss❡s ❣❡r❛❞♦r❡s ✭❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r✮✱ sã♦

✶



❛❣r✉♣❛❞♦s ❡♠ s✉❜❝♦♥❥✉♥t♦s ✭♦s ❝❧✉st❡rs✮ ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡ n ❝♦♥str✉í❞♦s ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛
✉s❛♥❞♦ ♠✉t❛çõ❡s✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ♣♦❞❡ s❡r ✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✳ ❯♠ r❡s✉❧t❛❞♦
✐♠♣♦rt❛♥t❡ é✿ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✱ q✉❛❧q✉❡r ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r é ❡①♣r❡ss❛ ❡♠ t❡r♠♦s
❞❡ ✉♠ ❞❛❞♦ ❝❧✉st❡r ♣♦r ♠❡✐♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲❛✉r❡♥t ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ✭❬✶✸❪✮✳
❚❛❧ r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢❡♥ô♠❡♥♦ ❞❡ ▲❛✉r❡♥t ❡ ❝♦♥❥❡❝t✉r❛✲s❡ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡st❡
♣♦❧✐♥ô♠✐♦ sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❊st❛ é ❛ ❝♦♥❥❡❝t✉r❛ ♠♦t✐✈❛❝✐♦♥❛❧ ❝✐t❛❞❛ ❛❝✐♠❛✳

P❛ss❡♠♦s ❛❣♦r❛ ❛ ❞❛r ✉♠❛ ✐❞é✐❛ r❡s✉♠✐❞❛ ❞♦ ❛rt✐❣♦ ❬✺❪ ❝✉❥❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❢♦r♠❛
♦ ❝♦r♣♦ ❞❛ ♣r✐♠❡✐r❛ ♠❡t❛❞❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❋♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✶✹❪ q✉❡ ❛s á❧❣❡❜r❛s ❞❡ ❝❧✉st❡rs
❞❡ t✐♣♦ ✜♥✐t♦ sã♦ ❝❧❛ss✐✜❝❛❞❛s ♣❡❧♦s ♠❡s♠♦s ♦❜❥❡t♦s q✉❡ ❝❧❛ss✐✜❝❛♠ ❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ s✐♠♣❧❡s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✿ ♠❛tr✐③❡s
❞❡ ❈❛rt❛♥ ✭♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s✐st❡♠❛s ❞❡ r❛í③❡s ♦✉ ❞✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥✮✳ ◆❛ t❡♦r✐❛ ❞❡
r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✱ ♣❛r❛ ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ ❆✱ ♦s ❛✉t♦r❡s ❞❡ ❬✺❪ ❛ss♦❝✐❛r❛♠ ✉♠
q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s ♣❛r❛ ❝❛❞❛ ❝❧✉st❡r ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞♦
q✉✐✈❡r ❡stã♦ ❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r ❢♦r❛ ❞❛q✉❡❧❡ ❝❧✉st❡r✳ ❊st❡ r❡s✉❧t❛❞♦
s❡ ❜❛s❡✐❛ ❡♠ ❡st✉❞❛r ♦s ❞❡♥♦♠✐♥❛❞♦r❡s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t ❝♦♠ ❜❛s❡ ♥♦ ❝❧✉st❡r ❞❛❞♦✳
❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❢♦✐ ❞❡♣♦✐s ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ❛s ❞❡♠❛✐s ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ s✐♠étr✐❝❛s ❡♠ ❬✻❪✳

❋✐♥❛❧♠❡♥t❡✱ ❡①♣❧✐❝❛♠♦s ❞❡ ♠❛♥❡✐r❛ r❡s✉♠✐❞❛ ♦ ❝♦♥t❡ú❞♦ ❝❡♥tr❛❧ ❞❛ s❡❣✉♥❞❛ ♠❡t❛❞❡ ❞❡st❛
❞✐ss❡rt❛çã♦✿ ♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞♦ ❛rt✐❣♦ ❬✷✻❪✳ ❙❡❥❛ g ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s✐♠♣❧❡s ❞♦ t✐♣♦ ADE
❡ Uq(ĝ) s✉❛ á❧❣❡❜r❛ q✉❛♥t✐③❛❞❛ ❛✜♠✱ ❝♦♠ ♣❛râ♠❡tr♦ q ∈ C× ♦♥❞❡ q ♥ã♦ é r❛✐③ ❞❛ ✉♥✐❞❛❞❡✳ ❆
❝❛t❡❣♦r✐❛ ♠♦♥♦✐❞❛❧ C ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ Uq(ĝ) t❡♠ s✐❞♦ ❡st✉❞❛❞❛ ♣♦r
❞✐✈❡rs♦s ❛✉t♦r❡s s♦❜ ❞✐❢❡r❡♥t❡s ♣❡rs♣❡❝t✐✈❛s ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✶✵✱ ✶✽✱ ✸✼❪ ✮✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡✉s
♦❜❥❡t♦s s✐♠♣❧❡s ❢♦r❛♠ ❝❧❛ss✐✜❝❛❞♦s ♣♦r ❈❤❛r✐ ❡ Pr❡ss❧❡②✱ ❡ ◆❛❦❛❥✐♠❛ ❝❛❧❝✉❧♦✉ s❡✉s ❝❛r❛❝t❡r❡s
❡♠ t❡r♠♦s ❞❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡ ❝❡rt❛s ✈❛r✐❡❞❛❞❡s ❞❡ q✉✐✈❡rs✳ ❆♣❡s❛r ❞❡st❡s r❡s✉❧t❛❞♦s ♥♦tá✈❡✐s✱
♠✉✐t❛s ♣❡r❣✉♥t❛s ❜ás✐❝❛s ❝♦♥t✐♥✉❛♠ ❡♠ ❛❜❡rt♦ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣♦✉❝♦ é ❝♦♥❤❡❝✐❞♦ s♦❜r❡ ❛
❡str✉t✉r❛ t❡♥s♦r✐❛❧ ❞❡ C ✳

◗✉❛♥❞♦ g = sl2✱ ❈❤❛r✐ ❡ Pr❡ss❧❡② ❬✶✶❪ ♣r♦✈❛r❛♠ q✉❡ t♦❞♦ ♦❜❥❡t♦ s✐♠♣❧❡s é ✐s♦♠♦r❢♦ ❛
✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❝❤❛♠❛❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲
❘❡s❤❡t✐❦❤✐♥✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡❧❡s ♣r♦✈❛r❛♠ q✉❡ ✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ S1⊗ · · ·⊗Sk ❞❡ ♠ó❞✉❧♦s
❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ é s✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Si ⊗ Sj é s✐♠♣❧❡s ♣❛r❛ t♦❞♦ 1 ≤ i < j ≤ k✳
❆❧é♠ ❞✐ss♦✱ Si ⊗ Sj é s✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Si ❡ Sj ❡stã♦ ❡♠ ✏♣♦s✐çã♦ ❣❡r❛❧✧✭✉♠❛ ❝♦♥❞✐çã♦
❝♦♠❜✐♥❛t♦r✐❛❧ s♦❜r❡ ❛s r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❉r✐♥❢❡❧❞ ❞❡ Si ❡ Sj✮✳

P❛r❛ g 6= sl2✱ ❛ s✐t✉❛çã♦ é ❜❡♠ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✳ ◗✉❛♥❞♦ g = sl3 ♥ã♦ ❝♦♥❤❡❝❡♠♦s ✉♠❛
❢❛t♦r❛çã♦ ❣❡r❛❧ ♣❛r❛ ♦❜❥❡t♦s s✐♠♣❧❡s✳ ❉❡ ❢❛t♦✱ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✸✷❪ q✉❡ ♦ q✉❛❞r❛❞♦ t❡♥s♦r✐❛❧
❞❡ ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ s✐♠♣❧❡s ❡♠ ❣❡r❛❧ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ ♣♦❞❡♠♦s
❡s♣❡r❛r r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s ❛♦ ❝❛s♦ sl2 ♣❛r❛ ♦✉tr❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ g✳

✷



P♦r ❝♦♥t❛ ❞❡st❛ ❞✐✜❝✉❧❞❛❞❡✱ ♦s ❛✉t♦r❡s ❞❡ [✷✻] s❡ ❝♦♥❝❡♥tr❛r❛♠ ❡♠ ❡st✉❞❛r ❛❧❣✉♠❛s s✉❜✲
❝❛t❡❣♦r✐❛s ❞❡ C ✳ ❊♠ ♣❛rt✐❝✉❧❛r ❛s s✉❜❝❛t❡❣♦r✐❛s ♠♦♥♦✐❞❛✐s C ℓ ✱ ℓ ∈ N✱ ❝✉❥♦s ♦❜❥❡t♦s sã♦
❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ❝❡rt❛s r❡str✐çõ❡s ♥❛s r❛í③❡s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❉r✐♥❢❡❧❞ ❞❡ s❡✉s ❝♦♥st✐t✉✐♥t❡s
✐rr❡❞✉tí✈❡✐s✳ P♦r ❝♦♥str✉çã♦✱ ♦ ❛♥❡❧ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ Rℓ ❞❡ C ℓ é ✉♠ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠
n(ℓ + 1) ✈❛r✐á✈❡✐s✱ ♦♥❞❡ n é ♦ ♣♦st♦ ❞❡ g✳ ❖ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ é q✉❡ Rℓ ❡stá ♠✉♥✐❞♦ ❝♦♠ ✉♠❛
❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✳ ❋♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ❡♠ ❬✸✶❪ q✉❡ ♦s ❝❛r❛❝t❡r❡s ❞♦s ♠ó❞✉❧♦s ❞❡
❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ sã♦ s♦❧✉çõ❡s ❞❡ ✉♠ T ✲s✐st❡♠❛ ❡ ♣r♦✈❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡ ♣♦r ◆❛❦❛❥✐♠❛ ❬✸✽❪
♥♦ ❝❛s♦ ADE ❡ ♣♦r ❍❡r♥❛♥❞❡③ ❬✷✹❪ ♥♦ ❝❛s♦ ❣❡r❛❧✳ ❋❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛✲s❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞♦
T ✲s✐st❡♠❛ ♥♦ ❝❛s♦ ADE sã♦ ❡①❛t❛♠❡♥t❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❛s r❡❧❛çõ❡s ❞❡ tr♦❝❛ ❡♠ ✉♠❛ á❧❣❡✲
❜r❛ ❞❡ ❝❧✉st❡r✳ ■st♦ ✐♥❞✉③✐✉ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❡♠ Rℓ ✉s❛♥❞♦
✉♠❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠❛ ❡s❝♦❧❤❛ ❞❡ n(ℓ+1) ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ❡♠
C ℓ✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✱ ♣♦❞❡✲s❡ ♦❜t❡r ♥♦✈❛s s❡♠❡♥t❡s ❛♣❧✐❝❛♥❞♦ s❡q✉ê♥❝✐❛s ❞❡
♠✉t❛çõ❡s ♥❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✳ ❆ss✐♠✱ ❝♦♥❥❡❝t✉r♦✉✲s❡ q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ♦❜t✐❞❛s
❞❡ss❛ ♠❛♥❡✐r❛ sã♦ ❝❧❛ss❡s ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ C ℓ✳

P❛r❛ ℓ = 0✱ ❛ ❡str✉t✉r❛ ❞❡ ❝❧✉st❡r ❞❡ R0 é tr✐✈✐❛❧✿ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❧✉st❡r ❝♦♥s✐st✐♥❞♦ ❛♣❡♥❛s
❞❡ ✈❛r✐á✈❡✐s ❝♦♥❣❡❧❛❞❛s ✭♦✉ ❝♦❡✜❝✐❡♥t❡s ♥♦ s❡♥t✐❞♦ ❞❡ ❬✶✸❪✮✳

❖ ❝❛s♦ ℓ = 1 ❥á é ❜❡♠ ✐♥t❡r❡ss❛♥t❡ ❡ é ♦ ❢♦❝♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦ ❡♠ q✉❡stã♦✳ ❆tr❛✈és ❞❛
❝❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r ❝✐t❛❞❛ ♥♦ ✐♥í❝✐♦ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ g✱ ♦ ❛♥❡❧ R1 t❡♠
✜♥✐t❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❡ s❡ R1 é ❞♦ t✐♣♦ Xn ❡♥tã♦ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❡ g é ❞♦ t✐♣♦ Xn✳
❉❡st❛ ♠❛♥❡✐r❛✱ ❡s♣❡r❛✈❛✲s❡ q✉❡ ❛ ❡str✉t✉r❛ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦s ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ C 1

♣✉❞❡ss❡ s❡r ❞❡s❝r✐t❛ ❞❡ ✏❢♦r♠❛ ✜♥✐t❛✧✳ ❉❡ ❢❛t♦✱ ❝♦♥❥❡❝t✉r❛✲s❡ q✉❡ ♣❛r❛ t♦❞♦ g ❛ ❝❛t❡❣♦r✐❛ C 1

s❡ ❝♦♠♣♦rt❛ ❞❡ ❢♦r♠❛ ✏❛❣r❛❞á✈❡❧✧❝♦♠♦ ❛ ❝❛t❡❣♦r✐❛ C ♣❛r❛ sl2✳ ❖s ❛✉t♦r❡s ❞❡ ❬✷✻❪ ♣r♦✈❛r❛♠
✐st♦ ♣❛r❛ g ❞♦ t✐♣♦ An ❡ ◆❛❦❛❥✐♠❛ ❬✸✾❪ ❡st❡♥❞❡✉ t❛✐s r❡s✉❧t❛❞♦s ♣❛r❛ ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❞♦
t✐♣♦ ADE ✉s❛♥❞♦ ✉♠❛ ❝❛t❡❣♦r✐❛ t❡♥s♦r✐❛❧ ❞❡ ❢❡✐①❡s ♣❡r✈❡rs♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❞❡ q✉✐✈❡r✳ ❈♦♠♦
❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛✱ s❡❣✉❡ q✉❡ ❛ ❝♦♥❥❡❝t✉r❛ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ❢❡♥ô♠❡♥♦ ❞❡
▲❛✉r❡♥t é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ ADE✳

❖ t❡①t♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r
❡ ❝✐t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ t❛✐s á❧❣❡❜r❛s✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❡st✉❞❛❞♦✳ ❯s❛r❡♠♦s ✉♠❛ ❝♦♥s✲
tr✉çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❝r✐❛r ✉♠❛ ❝❛t❡❣♦r✐❛✳ ❋✐①❛❞♦ ✉♠ ❝❧✉st❡r ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A
❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s
❞♦ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s ❛ss♦❝✐❛❞♦ ❛ ❡st❡ ❝❧✉st❡r ❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡st❛ á❧❣❡❜r❛ ❢♦r❛ ❞♦
❝❧✉st❡r ✜①❛❞♦✳

◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥str✉çõ❡s ❜ás✐❝❛s ❞❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧
❡♥✈❡❧♦♣❛♥t❡ q✉❛♥t✐③❛❞❛ ✭♦✉ ❣r✉♣♦ q✉â♥t✐❝♦✮✱ ❛❧é♠ ❞❛ r❡❛❧✐③❛çã♦ ❞❡ ❇❡❝❦✲❉r✐♥❢❡❧❞ ✭✏❧♦♦♣ ❧✐❦❡

✸



r❡❛❧✐③❛t✐♦♥✧✮ ❞❛s á❧❣❡❜r❛s ❛✜♥s q✉❛♥t✐③❛❞❛s✱ ❛ ♠❛✐s ✉s❛❞❛ ♥❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐✲
♠❡♥sã♦ ✜♥✐t❛ ❞❡st❛s á❧❣❡❜r❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♣♦✉❝♦ ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s
❞❛s á❧❣❡❜r❛s ❛✜♥s q✉❛♥t✐③❛❞❛s ❡ s❡✉s q✲❝❛r❛❝t❡r❡s✳

◆♦ q✉❛rt♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ❡st✉❞❛❞♦✳ ❉❡✜♥✐♠♦s ❛s ❝❛t❡❣♦r✐❛s
C ℓ✱ ℓ ∈ N✱ ❡ tr❛❜❛❧❤❛♠♦s ❡♠ ♣❛rt✐❝✉❧❛r ❝♦♠ ♦ ❝❛s♦ ℓ = 1✳ ◆❡st❛s ❝♦♥❞✐çõ❡s ❡st✉❞❛♠♦s
✉♠ tr✉♥❝❛♠❡♥t♦ ❞♦ q✲❝❛r❛❝t❡r ❞♦s ♦❜❥❡t♦s ❞❡ C 1 ❡ ♣r♦✈❛♠♦s q✉❡ ♣❛r❛ g ❞♦ t✐♣♦ A✱ C 1 é
❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A ❞♦ t✐♣♦ A ❡ q✉❡ ♦s ♦❜❥❡t♦s S(α) ✭✈❡❥❛
❙❡çã♦ ✹✳✸✮ sã♦ ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ ❝❧✉st❡r✳

P❛r❛ ❛✉①✐❧✐❛r ♥❛ ❧❡✐t✉r❛ ❞♦ t❡①t♦ ♣r✐♥❝✐♣❛❧ ❢♦✐ ✐♥❝❧✉í❞♦ ✉♠ ❛♣ê♥❞✐❝❡ ❞✐✈✐❞✐❞♦ ❡♠ q✉❛tr♦
s❡çõ❡s✳ ❆ ♣r✐♠❡✐r❛ s❡çã♦ é s♦❜r❡ t❡♦r✐❛ ❞❡ ❝❛t❡❣♦r✐❛s✱ ❛ s❡❣✉♥❞❛ é s♦❜r❡ s✐st❡♠❛ ❞❡ r❛í③❡s✱ ♥❛
t❡r❝❡✐r❛ ❞❡✜♥✐♠♦s ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❡✱ ♣♦r ✜♠✱ ♥❛ q✉❛rt❛ s❡çã♦ é ❞❛❞❛ ❛ t❡♦r✐❛ ❞❡
q✉✐✈❡rs ❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s✳

✹



❈❛♣ít✉❧♦ ✶

➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r

❊st❡ ❝❛♣ít✉❧♦ ❝♦♥té♠ ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s✱ ♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ á❧❣❡❜r❛s ❞❡ ❝❧✉s✲
t❡r✳ ❯s❛r❡♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❬✶✸✱ ✶✹✱ ✶✺✱ ✶✻✱ ✷✻❪✳ ❆s ❞❡♠♦♥str❛çõ❡s s❡rã♦ ♦♠✐t✐❞❛s✳

P❛r❛ ❡st❡ ❝❛♣ít✉❧♦ ✉t✐❧✐③❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s✿

[x]+ = max(x, 0)

sgn(x) =





−1 s❡ x < 0

0 s❡ x = 0

1 s❡ x > 0

[1, n] = {1, . . . , n}

✶✳✶ ❉❡✜♥✐çõ❡s ❇ás✐❝❛s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠❛ ♠❛tr✐③ B ∈ Mn(Z) s❡ ❞✐③ ❛♥t✐ss✐♠❡tr✐③á✈❡❧ s❡ ❡①✐st✐r ♠❛tr✐③ ❞✐❛❣♦♥❛❧
D = ❞✐❛❣(di : i = 1, . . . , n) ❝♦♠ di ∈ Z>0✱ t❛❧ q✉❡ DB é ❛♥t✐ss✐♠étr✐❝❛✱ ✐✳❡✳✱ dibij = −djbji ♣❛r❛
t♦❞♦ i, j ∈ {1, . . . , n}✳ ◆❡st❡ ❝❛s♦✱ D é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❛♥t✐ss✐♠❡tr✐③❛♥t❡

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❉✐③❡♠♦s q✉❡ (P,⊕, ·) é s❡♠✐❝♦r♣♦ s❡ (P, ·) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♠✉♥✐❞♦ ❝♦♠ ✉♠❛
♦♣❡r❛çã♦ ❜✐♥ár✐❛ ⊕ q✉❡ é ❝♦♠✉t❛t✐✈❛✱ ❛ss♦❝✐❛t✐✈❛ ❡ ♦ ♣r♦❞✉t♦ ❞❡ P é ❞✐str✐❜✉t✐✈♦ s♦❜r❡ ⊕✱ ✐✳❡✳✿

h(p⊕ q) = hp⊕ hq.

✺



❉❡♥♦t❛r❡♠♦s ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ (P, ·) ♣♦r 1✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ❆s ❡str✉t✉r❛s ❛❧❣é❜r✐❝❛s (R>0,+, ·) ❡ (R,max,+) sã♦ s❡♠✐❝♦r♣♦s✱ ♦♥❞❡ + ❡ ·
sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ s♦♠❛ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ R✳

❊①❡♠♣❧♦ ✶✳✶✳✹ ❙❡❥❛ J ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ í♥❞✐❝❡s ❡ t♦♠❡ Trop(uj : j ∈ J) ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
♠✉❧t✐♣❧✐❝❛t✐✈♦ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞♦ ♣♦r {uj : j ∈ J}✳ ❉❡✜♥✐♠♦s ⊕ ❡♠ Trop(uj : j ∈ J) ♣♦r✿

(
∏

j

u
aj
j

)
⊕

(
∏

j

u
bj
j

)
=
∏

j

u
min(aj ,bj)
j

❡ ❝❤❛♠❛♠♦s (Trop(uj : j ∈ J),⊕, ·) ✉♠ s❡♠✐❝♦r♣♦ tr♦♣✐❝❛❧✳ ❖❜s❡r✈❡ q✉❡ u2⊕u21u
−1
2 = u−1

2 ❡♠
Trop(u1, u2).

❉❛❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ (P, ·) ❧✐✈r❡ ❞❡ t♦rçã♦✱ ❝♦♥s✐❞❡r❡ ♦s ❛♥é✐s ❞❡ ❣r✉♣♦ ZP✱ QP ❡✱ ♣❛r❛ ❝❛❞❛
n✱ s❡❥❛ F(P, n) = QP(u1, . . . , un) ♦ ❝♦r♣♦ ❞❛s ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❡♠ n ✈❛r✐á✈❡✐s ❝♦♠ ❝♦❡✜❝❡♥t❡s
❡♠ QP✳

❉❡✜♥✐çã♦ ✶✳✶✳✺ ❉❛❞♦s ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ (P, ·) ❡ n ∈ Z>0✱ ✉♠❛ Y ✲s❡♠❡♥t❡ ❞❡ ♣♦st♦ n ❡♠ P

é ✉♠ ♣❛r (y, B)✱ ♦♥❞❡

• y = (y1, . . . , yn) ∈ Pn;

• B = (bij) ∈Mn(Z) é ❛♥t✐ss✐♠❡tr✐③á✈❡❧✳

❯♠❛ s❡♠❡♥t❡ ❞❡ ♣♦st♦ n ❡♠ F(P, n) é ✉♠❛ tr✐♣❧❛ Σ = (x,y, B) ♦♥❞❡

• (y, B) é ✉♠❛ Y ✲s❡♠❡♥t❡ ❞❡ ♣♦st♦ n❀

• x = (x1, . . . , xn) ✉♠❛ n✲✉♣❧❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ F(P, n) ❢♦r♠❛♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡
❞❡ F(P, n)✳ ■st♦ é✱ x1, . . . , xn sã♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ QP ❡ F(P, n) =

QP(x1, . . . , xn)✳

❆ n✲✉❧♣❛ x é ❝❤❛♠❛❞❛ ❞❡ ❝❧✉st❡r ❞❛ s❡♠❡♥t❡ Σ✱ y ❞❡ n✲✉♣❧❛ ❝♦❡✜❝✐❡♥t❡ ❡ B ❞❡ ♠❛tr✐③ ❞❡
tr♦❝❛✳

✻



P❛r❛ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ♥♦t❛çã♦✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✜①❛♠♦s n ❡ P ❡ ❞❡♥♦t❛♠♦s F(P, n) ♣♦r F ✱
y−s❡♠❡♥t❡ ❞❡ ♣♦st♦ n ♣♦r y−s❡♠❡♥t❡ ❡ s❡♠❡♥t❡ ❞❡ ♣♦st♦ n ♣♦r s❡♠❡♥t❡✳ ❚❛♠❜é♠ ❛ss✉♠✐♠♦s
q✉❡ (P,⊕, ·) é s❡♠✐❝♦r♣♦✳ ❖❜s❡r✈❡ q✉❡ ❛ s♦♠❛ ❞❡ F é ❞❡♥♦t❛❞❛ ♣♦r ✏+✧✳

❉❡✜♥✐çã♦ ✶✳✶✳✻ ❙❡❥❛ (x,y, B) ✉♠❛ s❡♠❡♥t❡ ❡♠ F ❡ k ∈ [1, n]✳ ❆ ♠✉t❛çã♦ µk ♥❛ ❞✐r❡çã♦ k
tr❛♥s❢♦r♠❛ (x,y, B) ❡♠ ✉♠❛ s❡♠❡♥t❡ µk(x,y, B) = (x′,y′, B′) ❞❡✜♥✐❞❛ ♣♦r✿

• B′ = (b′ij) sã♦ ❞❛❞❛s ♣♦r✿

b′ij =

{
−bij s❡ i = k ♦✉ j = k,

bij + sgn(bik)[bikbkj]+ ❝❛s♦ ❝♦♥trár✐♦;

• y′ = (y′1, . . . , y
′
2)✱ ♦♥❞❡✿

y′j =

{
y−1
k s❡ j = k,

yjy
[bkj ]+
k (yk ⊕ 1)−bkj sej 6= k;

• x′ = (x′1, . . . , x
′
n)✱ ♦♥❞❡✿

x′j =





xj s❡ j 6= k,

yk
∏n

i=1 x
[bik]+
i +

∏n
i=1 x

[−bik]+
i

xk(yk ⊕ 1)
s❡ j = k.

◆❡st❡ ❝❛s♦✱ ❞✐r❡♠♦s q✉❡ ❛s s❡♠❡♥t❡s (x,y, B) ❡ (x′,y′, B′) sã♦ ❛❞❥❛❝❡♥t❡s ✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✼ (i) ❆ ♠✉t❛çã♦ µk é ✐♥✈♦❧✉çã♦ ♣❛r❛ t♦❞♦ k ∈ [1, n]✳

(ii) P❛r❛ t♦❞♦ i, j, k ∈ [1, n]

bij + sgn(bik)[bikbkj]+ = bij +
|bik|bkj + bik|bkj|

2
.

❆ss✐♠✱ s❡ D é ♠❛tr✐③ t❛❧ q✉❡ DB é ❛♥t✐ss✐♠étr✐❝❛✱ DB′ t❛♠❜é♠ é ❛♥t✐ss✐♠étr✐❝❛✳ ❉❡
❢❛t♦✱ s❡ k = i ♦✉ k = j ❡♥tã♦✱

dibij = −djbji ⇔ di(−bij) = −dj(−bji)⇔ dib
′
ij = −djb

′
ji.

✼



❈❛s♦ ❝♦♥trár✐♦✱ t❡♠♦s

dib
′
ij = dibij +

di|bik|bkj + dibik|bkj|

2

= −djbji +
dk|bki|bkj − dkbki|bkj|

2

= −djbji +
−dj|bki|bjk − djbki|bjk|

2
= −djb

′
ji.

❉❡✜♥✐çã♦ ✶✳✶✳✽ ❯♠ ❣r❛❢♦ Γ é ❞✐t♦ ✉♠❛ ár✈♦r❡ s❡ ❢♦r ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦✳ ❉❛❞♦ ✉♠ ✈ért✐❝❡ i ❞❡
Γ ❝❤❛♠❛♠♦s ❞❡ ✈❛❧ê♥❝✐❛ ❞❡ i ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s q✉❡ ✐♥❝✐❞❡♠ ❡♠ i✳ ❉✐r❡♠♦s q✉❡ Γ é n✲r❡❣✉❧❛r
s❡ t♦❞♦ ✈ért✐❝❡ ❞❡ Γ t❡♠ ✈❛❧ê♥❝✐❛ n✳ ❉✐r❡♠♦s ❛✐♥❞❛ q✉❡ α = αn . . . α2α1 é ✉♠ ❝❛♠✐♥❤♦ ❡♠ Γ

s❡ αi sã♦ ❛r❡st❛s ❞❡ Γ t❛✐s q✉❡ αi+1 ❡ αi ♣♦ss✉❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✳

❉❛❞❛ ✉♠❛ ár✈♦r❡ n✲r❡❣✉❧❛r Tn✱ r♦t✉❧❡ ❝❛❞❛ ❛r❡st❛ ❞❡ Tn ♣♦r ✉♠ ✐♥t❡✐r♦ k ∈ [1, n] ❞❡ ❢♦r♠❛ q✉❡✱
s❡ k ❡ k′ sã♦ rót✉❧♦s ❞❡ ❞✉❛s ❛r❡st❛s ❝♦♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✱ ❡♥tã♦ k 6= k′✳

❉❡✜♥✐çã♦ ✶✳✶✳✾ ❙❡❥❛ Tn ✉♠❛ ár✈♦r❡ n✲r❡❣✉❧❛r✳ ❯♠ ♣❛❞rã♦ ❞❡ ❝❧✉st❡r ❡♠ Tn é ✉♠❛ ❛ss♦❝✐❛çã♦
❞❡ ✉♠❛ s❡♠❡♥t❡ Σt = (x(t),y(t), B(t)) ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ t ∈ Tn t❛❧ q✉❡ ❛s s❡♠❡♥t❡s ❛ss♦❝✐❛❞❛s
❛ ❞♦✐s ✈ért✐❝❡s ✉♥✐❞♦s ♣♦r ✉♠❛ ❛r❡st❛ ❝♦♠ rót✉❧♦ k sã♦ ♦❜t✐❞❛s ✉♠❛ ❞❛ ♦✉tr❛ ❛tr❛✈és ❞❡ ✉♠❛
♠✉t❛çã♦ ♥❛ ❞✐r❡çã♦ k✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ Σt sã♦ ❡s❝r✐t♦s ❞❛ ❢♦r♠❛✿

x(t) = (x1(t), . . . , xn(t)), y(t) = (y1(t), . . . , yn(t)), B(t) = (bij(t)).

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ❙❡❥❛ n = 2 ❡ ❝♦♥s✐❞❡r❡ ❛ ár✈♦r❡ T2✳ ❉❡♥♦t❛♥❞♦ s❡✉s ✈ért✐❝❡s ♣♦r
. . . , t−1, t0, t1, t2, . . . ❡ ✐♥❞❡①❛♠♦s s❡✉s ❝❛♠✐♥❤♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

· · · 2 t−1
1 t0

2 t1
1 t2

2 t3
1 · · ·

❉❡♥♦t❛♠♦s ❛s s❡♠❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣♦r Σm = Σtm = (x(m),y(m), B(m)) ♣❛r❛ m ∈ Z✳
❙❡❥❛ ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ Σ0 ❞❛ ❢♦r♠❛✿

x(0) = (x1, x2), y(0) = (y1, y2), B(0) =

[
0 1

−1 0

]
.

❊♥tã♦✱ r❡❝✉rs✐✈❛♠❡♥t❡✱ ❝❛❧❝✉❧❛♠♦s ❛s s❡♠❡♥t❡s Σ1, . . . ,Σ5 ❝♦♠♦ ♠♦str❛❞❛s ♥❛ t❛❜❡❧❛ ✶✳✶✳ ❖❜✲
s❡r✈❡ q✉❡ ❛ s❡♠❡♥t❡ Σ5 é ♦❜t✐❞❛ ❞❡ Σ0 ❛tr❛✈és ❞❛ tr♦❝❛ ❞❡ í♥❞✐❝❡s ✶ ❡ ✷✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡
♦❜t❡♠♦s Σ10 = Σ0✳

✽



t B(t) y(t) x(t)

✵

[
0 1

−1 0

]
y1 y2 x1 x2

✶

[
0 −1

1 0

]
y1(y2 ⊕ 1)

1

y2
x1

x1y2 + 1

x2(y2 ⊕ 1)

✷

[
0 1

−1 0

]
1

y1(y2 ⊕ 1)

y1y2 ⊕ y1 ⊕ 1

y2

x1y1y2 + y1 + x2
(y1y2 ⊕ y1 ⊕ 1)x1x2

x1y2 + 1

x2(y2 ⊕ 1)

✸

[
0 −1

1 0

]
y1 ⊕ 1

y1y2

y2
y1y2 ⊕ y1 ⊕ 1

x1y1y2 + y1 + x2
(y1y2 ⊕ y1 ⊕ 1)x1x2

y1 + x2
x1(y1 ⊕ 1)

✹

[
0 1

−1 0

]
y1y2
y1 ⊕ 1

1

y1
x2

y1 + x2
x1(y1 ⊕ 1)

✺

[
0 −1

1 0

]
y2 y1 x2 x1

❚❛❜❡❧❛ ✶✳✶✿ ❙❡♠❡♥t❡s ❞♦ t✐♣♦ A2

❉❡✜♥✐çã♦ ✶✳✶✳✶✶ ❉❛❞♦ ✉♠ ♣❛❞rã♦ ❞❡ ❝❧✉st❡r ❡♠ Tn✱ s❡❥❛

X =
⋃

t∈Tn

x(t) = {xi(t) : t ∈ Tn, i ∈ [1, n]} ⊆ F ,

❛ ✉♥✐ã♦ ❞♦s ❝❧✉st❡rs ❞❡ t♦❞❛s ❛s s❡♠❡♥t❡s ❞♦ ♣❛❞rã♦ ❞❡ ❝❧✉st❡r✳ ◆♦s r❡❢❡r✐♠♦s ❛♦s ❡❧❡♠❡♥t♦s
xi(t) ∈ X ♣♦r ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r✳ ❆ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❞❛❞♦ ♣❛❞rã♦ ❞❡ ❝❧✉st❡r
é ❛ ZP✲s✉❜á❧❣❡❜r❛ ❞♦ ❝♦r♣♦ ❛♠❜✐❡♥t❡ F ❣❡r❛❞❛ ♣♦r t♦❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r✿ A = ZP[X ]✳
❉❡♥♦t❛♠♦s A = A(x,y, B)✱ ♦♥❞❡ (x,y, B) = (x(t),y(t), B(t)) é ❛❧❣✉♠❛ s❡♠❡♥t❡ ❞♦ ♣❛❞rã♦ ❞❡
❝❧✉st❡r ❛ss♦❝✐❛❞♦✳ ❉✐③❡♠♦s q✉❡ A é ❞♦ t✐♣♦ ✜♥✐t♦ s❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✷ ❖r✐❣✐♥❛❧♠❡♥t❡ ✭❬✶✸❪✱ ❬✶✹❪✮✱ ❞❡✜♥✐✉✲s❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r
❞❡ ♣♦st♦ n ❝♦♠♦ ✉♠❛ 2n✲✉♣❧❛ p = (p±1 , . . . , p

±
n ) ❞❡ ❡❧❡♠❡♥t♦s ❞❡ P s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡

♥♦r♠❛❧✐③❛çã♦✿
p+j ⊕ p

−
j = 1, ∀ j ∈ [1, n].

❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ ❝♦♥✜❣✉r❛çã♦ ❝♦♠ ❛ ✉s❛❞❛ ♥❛ ❞❡✜♥✐çã♦ ❞❡ y ❛❝✐♠❛ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ❬✶✸❪
♣♦r✿

yj =
p+j
p−j
,

❡ ♦s ❝♦❡✜❝✐❡♥t❡s p±j sã♦ r❡❝✉♣❡r❛❞♦s ✈✐❛

p+j =
yj

yj ⊕ 1
, p−j =

1

yj ⊕ 1
.

✾



❈♦♠ ✐ss♦✱ ❛ ♠✉t❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ♥❛ ❞✐r❡çã♦ k é ❞❛❞❛ ♣♦r✿

x′kxk = p+k

n∏

i=1

x
[bik]+
i + p−k

n∏

i=1

x
[−bik]+
i .

❉❡✜♥✐çã♦ ✶✳✶✳✶✸ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✱ ✉♠ ♠♦♥ô♠✐♦ ❞❡ ❝❧✉st❡r é ✉♠ ♣r♦❞✉t♦ ❞❡
✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠ ú♥✐❝♦ ❝❧✉st❡r✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✹ ❉✐r❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r é ❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦ s❡ ♦ s❡♠✐❝♦r♣♦
❝♦❡✜❝✐❡♥t❡ P é ✉♠ s❡♠✐❝♦r♣♦ tr♦♣✐❝❛❧✳

◆♦ ❝❛s♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞❡ ♣♦st♦ n ❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦✱ é ❝♦♥✈❡♥✐❡♥t❡ ❞❡♥♦t❛r ♦s
❣❡r❛❞♦r❡s ❞❡ P ♣♦r xn+1, . . . , xm ✭♣❛r❛ ❛❧❣✉♠ m ≥ n✮ t❛❧ q✉❡ P = Trop(xn+1, . . . , xm)✳ ❉❡st❛
♠❛♥❡✐r❛✱ ❞❛❞❛ ✉♠❛ s❡♠❡♥t❡ Σ ❞❡st❛ á❧❣❡❜r❛✱ ❝❛❞❛ t❡r♠♦ ❞❛ n✲✉♣❧❛ ❝♦❡✜❝✐❡♥t❡ y é ✉♠ ♠♦♥ô♠✐♦
❞❡ ▲❛✉r❡♥t ❡♠ xn+1, . . . , xm✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ✐♥t❡✐r♦s bij ♣❛r❛ i ∈ [1, n] ❡ j ∈ [n+ 1,m] ♣♦r

yj =
m∏

i=n+1

x
bij
i .

❆ss✐♠✱ ❡st❡♥❞❡♠♦s ❛ ♠❛tr✐③ ❞❡ tr♦❝❛ B ❞❡ Σ ♣❛r❛ ❛ ♠❛tr✐③ B̃ = (bij) ❝♦♠ i ∈ [1,m] ❡ j ∈ [1, n]✳
❈♦♠ ✐ss♦ ♦❜t❡♠♦s

p+j =
m∏

i=n+1

x
[bij ]+
i ❡ p−j =

m∏

i=n+1

x
[−bij ]+
i .

❆ ♠✉t❛çã♦ ❞❡✜♥✐❞❛ ♣❛r❛ ❛ ♠❛tr✐③ B ✐♥❞✉③ ✉♠❛ ♠✉t❛çã♦ ❞❛ ♠❛tr✐③ B̃✱ µk(B̃)✱ ♣❛r❛ k ∈ [1, n]

❞❛❞❛ ✐❣✉❛❧♠❡♥t❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❉❡st❛ ❢♦r♠❛ ❛ ♠✉t❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r é ❞❛❞❛
♣♦r✿

xkx
′
k =

m∏

i=1

x
[bij ]+
i +

m∏

i=1

x
[−bij ]+
i , ∀ k = 1, . . . , n.

❆❧é♠ ❞✐ss♦✱ ❛ ♠✉t❛çã♦ ❞❛ ♠❛tr✐③ B̃ ✐♥❞✉③ ❛ ♠✉t❛çã♦ ❞❛ n✲✉♣❧❛ ❝♦❡✜❝✐❡♥t❡ y✱ ✐✳❡✳✱ ❝♦♥s✐❞❡r❡
B̃ = (bij)m×n ❡ B̃′ = µk(B̃) = (b′ij)m×n✳ ❊♥tã♦

y′j = µk(yj) =
m∏

i=n+1

x
b′ij
i .

✶✵



❉❡ ❢❛t♦✱ s❡ j = k✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✶✳✶✳✻ t❡♠♦s

y′j = y−1
j =

m∏

i=n+1

x
−bij
i =

m∏

i=n+1

x
b′ij
i .

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ j 6= k t❡♠♦s

y′j =
m∏

i=n+1

x
bij+bik[bkj ]++bkj [−bik]+
i .

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❡ αij = bij + bik[bkj]+ + bkj[−bik]+✳ ❊♥tã♦ t❡♠♦s três ❝❛s♦s✿

• s❡ bik ≥ 0 ❡♥tã♦ αij = bij + bik[bkj]+ = b′ij;

• s❡ bik < 0 ❡ bkj ≥ 0 ❡♥tã♦ αij = bij + bik[bkj]+ − bikbkj = b′ij;

• s❡ bik < 0 ❡ bkj < 0 ❡♥tã♦ αij = bij − bikbkj = b′ij✳

❉❡ q✉❛❧q✉❡r ♠❛♥❡✐r❛ t❡♠♦s y′j =
m∏

i=n+1

x
b′ij
i ✳

▲♦❣♦✱ t♦❞❛ Y ✲s❡♠❡♥t❡ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ú♥✐❝❛ ♠❛tr✐③ r❡t❛♥❣✉❧❛r B̃(t0)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦ é ✉♥✐❝❛♠❡♥t❡
❞❡t❡r♠✐♥❛❞❛ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ❢♦r ❝♦♥✈❡♥✐❡♥t❡✱ ♦♠✐t✐r❡♠♦s ❛
n✲✉♣❧❛ ❝♦❡✜❝✐❡♥t❡ y ❡ ❞❡♥♦t❛r❡♠♦s ✉♠❛ s❡♠❡♥t❡ Σ ❞❡st❛ á❧❣❡❜r❛ ♣♦r Σ = (x, B̃)✱ ♦♥❞❡
x = (x1, . . . , xn, xn+1, . . . , xm) t❛♠❜é♠ é ❝❤❛♠❛❞♦ ❞❡ ❝❧✉st❡r✳ ❆s ✈❛r✐á✈❡✐s xi ✱i ∈ [1, n]✱ sã♦
❝❤❛♠❛❞❛s ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ✭❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✮ ❡ ❛s ✈❛r✐á✈❡✐s xj ✱j ∈ [n + 1,m]✱ sã♦
❝❤❛♠❛❞❛s ❞❡ ❝♦❡✜❝✐❡♥t❡s ♦✉ ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❝♦♥❣❡❧❛❞❛s ✭♣♦✐s ❡stã♦ ♣r❡s❡♥t❡s ❡♠ t♦❞♦ ❝❧✉s✲
t❡r✮✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✺ ❉✐③❡♠♦s q✉❡ ✉♠ ♣❛❞rã♦ ❞❡ ❝❧✉st❡r t 7→ (x(t),y(t), B(t)) ❡♠ Tn ✭♦✉ ❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✮ t❡♠ ❝♦❡✜❝✐❡♥t❡s ♣r✐♥❝✐♣❛✐s ❡♠ ✉♠ ✈ért✐❝❡ t0 s❡ P = Trop(xn+1, . . . , x2n)

❡ y(t0) = (xn+1, . . . , x2n)✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s A = A•(B(t0))✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✻ ❆ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r r❡❢r❛s❡❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ✉♠❛ á❧❣❡❜r❛
❞❡ ❝❧✉st❡r A t❡♠ ❝♦❡✜❝✐❡♥t❡s ♣r✐♥❝✐♣❛✐s ♥♦ ✈ért✐❝❡ t0 ∈ Tn s❡ A é ❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦ ❡ ❡stá
❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ♠❛tr✐③ B̃(t0) ❞❡ ♦r❞❡♠ 2n×n ❝✉❥❛ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ✭✐✳❡✳✱ ❛ ♣❛rt❡ n×n s✉♣❡r✐♦r✮
é B(t0) ❡ ❝✉❥❛ ♣❛rt❡ ❝♦♠♣❧❡♠❡♥t❛r ✭✐✳❡✳✱ ❛ ♣❛rt❡ n× n ✐♥❢❡r✐♦r✮ é ❛ ♠❛tr✐③ Idn✳

✶✶



✶✳✷ Pr✐♥❝✐♣❛✐s ❘❡s✉❧t❛❞♦s

◆❡st❛ s❡çã♦ ❝✐t❛r❡♠♦s ❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ❛s á❧❣❡❜r❛s ❞❡ ❝❧✉st❡r ❡ s✉❛ ❝❧❛ss✐✲
✜❝❛çã♦ q✉❡ ♥♦s s❡rá út✐❧ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦ t❡①t♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦s ❝♦♥❝❡♥tr❛r❡♠♦s ♥❛q✉❡❧❛s
q✉❡ sã♦ ❞♦ t✐♣♦ ✜♥✐t♦ ❡ r❡❧❛❝✐♦♥❛r❡♠♦s s✉❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❛❧❣✉♠
s✐st❡♠❛ ❞❡ r❛í③❡s ✐rr❡❞✉tí✈❡❧✳

❚❡♦r❡♠❛ ✶✳✷✳✶ ❬✶✸✱ ❚❤❡♦r❡♠ ✸✳✶❪ ❊♠ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✱ q✉❛❧q✉❡r ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r é
❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❡ ✉♠ ❞❛❞♦ ❝❧✉st❡r ❝♦♠♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲❛✉r❡♥t ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠
ZP✳ ❚❛❧ ❡①♣r❡ssã♦ é ❞✐t❛ ❛ ❡①♣❛♥sã♦ ❞❡ ▲❛✉r❡♥t ❞❛q✉❡❧❛ ✈❛r✐á✈❡❧ ❡♠ r❡❧❛çã♦ ❛♦ ❝❧✉st❡r ❞❛❞♦✳

❖ t❡♦r❡♠❛ ❛❝✐♠❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢❡♥ô♠❡♥♦ ❞❡ ▲❛✉r❡♥t ✳ ❈♦♥❥❡❝t✉r❛✲s❡ ❬✶✸❪ q✉❡ ❝❛❞❛ ✉♠
❞❡ss❡s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t t❡♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ Z≥0P✳

❉❡✜♥✐çã♦ ✶✳✷✳✷ ❬✷✻✱ ❉❡✜♥✐t✐♦♥ ✷✳✶❪ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❡ M ✉♠❛ ❝❛t❡❣♦r✐❛
♠♦♥♦✐❞❛❧ ❛❜❡❧✐❛♥❛✳ ❉✐③❡♠♦s q✉❡M é ✉♠❛ ❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧ ❞❡ A s❡ ♦ ❛♥❡❧ ❞❡ ●r♦t❤❡♥❞✐❡❝❦
❞❡M é ✐s♦♠♦r❢♦ ❛ A ❡ s❡

(i) ♦s ♠♦♥ô♠✐♦s ❞❡ ❝❧✉st❡r ❞❡ A sã♦ ❛s ❝❧❛ss❡s ❞❡ t♦❞♦s ♦❜❥❡t♦s r❡❛✐s ❞❡M❀

(ii) ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ A sã♦ ❛s ❝❧❛ss❡s ❞❡ t♦❞♦s ♦❜❥❡t♦s r❡❛✐s ❡ ♣r✐♠♦s ❞❡M✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❬✷✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✷❪ ❙✉♣♦♥❤❛ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A t❡♥❤❛ ✉♠❛ ❝❛t❡✲
❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧M✳ ❊♥tã♦

(i) t♦❞❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r ❞❡ A t❡♠ ✉♠❛ ❡①♣❛♥sã♦ ❞❡ ▲❛✉r❡♥t ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♣♦s✐t✐✈♦s s♦❜
q✉❛❧q✉❡r ❝❧✉st❡r ❞❡ A❀

(ii) ♦s ♠♦♥ô♠✐♦s ❞❡ ❝❧✉st❡r ❞❡ A sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ Q✳

❉❡✜♥✐çã♦ ✶✳✷✳✹ ❬✶✹✱ ➓✶✳✸❪ ❙❡❥❛ B = (bij) ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s✳ ❙✉❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❛ ♠❛tr✐③ A = A(B) = (aij) ❞❡ ♠❡s♠♦ t❛♠❛♥❤♦
❞❡✜♥✐❞❛ ♣♦r✿

aij =

{
2 s❡ i = j;

−|bij| s❡ i 6= j.

❚❡♦r❡♠❛ ✶✳✷✳✺ ❬✶✹✱ ❚❤❡♦r❡♠ ✶✳✽❪ P❛r❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A ❞❡ ♣♦st♦ n✱ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
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(i) A é ❞♦ t✐♣♦ ✜♥✐t♦❀

(ii) ♣❛r❛ t♦❞❛ s❡♠❡♥t❡ (x,y, B) ❡♠ A ❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ B = (bi,j) s❛t✐s❢❛③❡♠ |bijbji| ≤ 3

♣❛r❛ t♦❞♦ i, j ∈ [1, n]❀

(iii) ♣❛r❛ ❛❧❣✉♠❛ s❡♠❡♥t❡ (x,y, B) ❡♠ A t❡♠♦s q✉❡ A(B) é ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡ q✉❡ ❛s ❡♥tr❛❞❛s
❞❛ ♠❛tr✐③ B = (bij) s❛t✐s❢❛③❡♠ bijbik ≥ 0 ♣❛r❛ t♦❞♦ i, j, k ∈ [1, n]✳

❙❡ A é ❞♦ t✐♣♦ ✜♥✐t♦✱ ❞✐r❡♠♦s q✉❡ é ❞♦ t✐♣♦ Xn s❡ ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ A(B) é ❞♦ t✐♣♦ Xn✳ ❙❡❥❛
Φ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦ ❛ A(B)✳ ▲❡♠❜r❡ q✉❡ ✭✈❡❥❛ s❡çã♦ ❆✳✷✮ Φ≥−1 = Φ+ ⊔ −Π✱ ♦♥❞❡
Π = {α1, . . . , αn} é ❜❛s❡ ❞❡ Φ ❡ Q ❞❡♥♦t❛ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦ ❛ Φ✳

❚❡♦r❡♠❛ ✶✳✷✳✻ ❬✶✹✱ ❚❤❡♦r❡♠ ✶✳✾❪ ❙❡❥❛ A✱ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ Xn ❡ Φ ♦ s✐st❡♠❛
❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦✳ ❋✐①❛❞♦ ✉♠ ❝❧✉st❡r x = (x1, . . . , xn) ❞❡ A✱ ❡①✐st❡ ú♥✐❝❛ ❜✐❥❡çã♦

Φ≥−1 → X

α 7→ x[α]

t❛❧ q✉❡ ❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r x[α] é ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❡ x ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

x[α] =
Pα(x)
n∏

i=1

x
[α:αi]
i

, ✭✶✳✷✳✶✮

♦♥❞❡ Pα é ✉♠ ♣♦❧✐♥ô♠✐♦ s♦❜r❡ ZP ❝♦♠ t❡r♠♦ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧♦✳ ❙♦❜ ❡st❛ ❜✐❥❡çã♦✱ P−αi
é

❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1 ♣❛r❛ t♦❞♦ i ∈ [1, n] ❡✱ ♣♦rt❛♥t♦✱ x[−αi] = xi ♣❛r❛ t♦❞♦ i ∈ [1, n]✳

❆ ❡q✉❛çã♦ ✭✶✳✷✳✶✮ é ✉♠ ❡①❡♠♣❧♦ ❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ▲❛✉r❡♥t✳ ❆❧é♠ ❞✐ss♦✱ ❬✶✹✱ ❚❤❡♦r❡♠ ✶✳✶✵❪ ♣r♦✈❛
❛ ❝♦♥❥❡❝t✉r❛ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ Pα s♦❜ ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛✳

❊①❡♠♣❧♦ ✶✳✷✳✼ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✵ t❡♠♦s

x[−α1] = x1

x[−α2] = x2

x[α1] =
(y1 ⊕ 1)−1(y1 + x2)

x1

✶✸



x[α2] =
(y2 ⊕ 1)−1(x1y2 + 1)

x2

x[α1 + α2] =
(y1y2 ⊕ y1 ⊕ 1)−1(x1y1y2 + y1x2)

x1x2

❉❡✜♥✐çã♦ ✶✳✷✳✽ ❬✶✻❪◆❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ ❞❛❞♦s α, β ∈ Φ≥−1✱ ❞✐r❡♠♦s q✉❡ α ❡ β
sã♦ ❝♦♠♣❛tí✈❡✐s s❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r x[α], x[β] ♣❡rt❡♥❝❡r❡♠ ❛ ✉♠ ♠❡s♠♦ ❝❧✉st❡r ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✷✳✾ ❬✶✻✱ ❉❡✜♥✐t✐♦♥ ✸✳✶✵❪ ❙❡❥❛ γ ∈ Q✳ ❯♠❛ ❡①♣❛♥sã♦ ❞❡ ❝❧✉st❡r ❞❡ γ é ✉♠❛ ❢♦r♠❛
❞❡ ❡s❝r❡✈❡r γ ❝♦♠♦

γ =
∑

α∈Φ≥−1

nαα,

♦♥❞❡ nα é ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♣❛r❛ t♦❞♦ α ❡ nαnβ = 0 s❡♠♣r❡ q✉❡ α ❡ β ♥ã♦ sã♦ ❝♦♠♣❛tí✈❡✐s✳

❚❡♦r❡♠❛ ✶✳✷✳✶✵ ❬✶✻✱ ❚❤❡♦r❡♠ ✸✳✶✶❪ ❈❛❞❛ ❡❧❡♠❡♥t♦ γ ∈ Q t❡♠ ✉♠❛ ú♥✐❝❛ ❡①♣❛♥sã♦ ❞❡ ❝❧✉st❡r✳

✶✳✸ F ✲♣♦❧✐♥ô♠✐♦s

❊♠ ❬✶✺❪ ❋♦♠✐♥ ❡ ❩❡❧❡✈✐♥s❦② ♠♦str❛r❛♠ q✉❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ A t❡♠ ✉♠❛ ❜♦❛ ❡①♣r❡ssã♦
❡♠ t❡r♠♦s ❞❡ ❝❡rt♦s ♣♦❧✐♥ô♠✐♦s✱ ❝❤❛♠❛❞♦s ❞❡ F ✲♣♦❧✐♥ô♠✐♦s✱ q✉❡ sã♦ ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s
❝♦♠ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❋✐❜♦♥❛❝❝✐ ❞❡ ❬✶✻❪✳ ❆❧é♠ ❞✐ss♦✱ ❬✶✻❪ ❞á ❛❧❣✉♠❛s ❢ór♠✉❧❛s ❡①♣❧✐❝✐t❛s ♣❛r❛
♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❋✐❜♦♥❛❝❝✐ ♥♦s t✐♣♦s A ❡ D✳

❋✐①❡ n ♥❛t✉r❛❧ ❡ ❝♦♥s✐❞❡r❡ I = [1, n]✳ ❙❡ F (t1, . . . , tn) é ❡①♣r❡ssã♦ r❛❝✐♦♥❛❧ ❧✐✈r❡ ❞❡ s✉❜tr❛çã♦
❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❡♠ ❛❧❣✉♠❛s ✈❛r✐á✈❡✐s ti✱ P s❡♠✐❝♦r♣♦ ❡ p1, . . . , pn ❡❧❡♠❡♥t♦s ❞❡ P✱ ❡♥tã♦
❞❡♥♦t❛♠♦s ♣♦r F |P(p1, . . . , pn) ❛ ❛✈❛❧✐❛çã♦ ❞❡ F ❡♠ p1, . . . , pn✳ P♦r ❡①❡♠♣❧♦✱ s❡ F (t1, t2) =

t21− t1t2+ t
2
2 ❡ P = Trop(y1, y2)✱ ❡♥tã♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r F ❝♦♠♦ F (t1, t2) =

t31+t
3
2

t1+t2
❡✱ ♣♦rt❛♥t♦✱

F |P(y1, y2) =
y31⊕y

3
2

y1⊕y2
= 1✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞❡ ♣♦st♦ n ❞♦ t✐♣♦ ✜♥✐t♦ ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧
Σ0 = (x0,y0, B0)✱ ♦♥❞❡

x0 = (x1, . . . , xn), y0 = (y1, . . . , yn), B0 = (b0ij).

P❛r❛ ❝❛❞❛ j ∈ I✱ ❞❡✜♥❛

ŷj = yj
∏

i∈I

x
b0ij
i .

✶✹



P❛r❛ ❞❡✜♥✐r ♦s F ✲♣♦❧✐♥ô♠✐♦s✱ ❝♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A• = A•(u(t0),v(t0), B(t0)) ❝♦♠
❝♦❡✜❝✐❡♥t❡s ♣r✐♥❝✐♣❛✐s ❡♠ t0✱ ♦♥❞❡

u(t0) = (u1, . . . , un), v(t0) = (v1, . . . , vn) ❡ B(t0) = B0,

✐st♦ é✱ ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r s♦❜r❡ ♦ s❡♠✐❝♦r♣♦ Trop(v1, . . . , vn)✳ ❈♦♠♦ A é ❞♦ t✐♣♦ ✜♥✐t♦✱ A•

t❛♠❜é♠ é ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ ❝❛❞❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r ❞❡ A• é ❞❛ ❢♦r♠❛

u[α] =
Pα(u1, . . . , un, v1, . . . , vn)

ua11 . . . uann

♣❛r❛ ❛❧❣✉♠ α =
∑

i∈I aiαi ∈ Φ≥−1 ❡ Pα✱ ♣♦❧✐♥ô♠✐♦ ❡♠ 2n ✈❛r✐á✈❡✐s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ✐♥t❡✐r♦s ❡
t❡r♠♦ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧♦✳ ❉❡✜♥✐♠♦s ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ α ∈ Φ≥−1✱ ♦ F ✲♣♦❧✐♥ô♠✐♦ Fα✱ ❡s♣❡❝✐❛❧✐✲
③❛♥❞♦ ui ❡♠ 1 ♣❛r❛ t♦❞♦ i ∈ I✱ ♦✉ s❡❥❛✿

Fα(v1, . . . , vn) = Pα(1, . . . , 1, v1, . . . , vn), ∀ α ∈ Φ≥−1.

❊①❡♠♣❧♦ ✶✳✸✳✶ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❡①❡♠♣❧♦ ✶✳✶✳✶✵✱ ♦ s❡♠✐❝♦r♣♦ ❝♦❡✜❝✐❡♥t❡ é P = Trop(v1, v2)✳
◆❡st❡ ❝❛s♦✱ ❛s ❢ór♠✉❧❛s ❞❛ t❛❜❡❧❛ ✶✳✶ sã♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ s✐♠♣❧✐✜❝❛❞❛s ❡ ♦❜t❡♠♦s ♦s F ✲
♣♦❧✐♥ô♠✐♦s ❛tr❛✈és ❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✼ ❡ ❞❛ t❛❜❡❧❛ ✶✳✷ ❛❜❛✐①♦✳

F−α1 = F−α2 = 1, Fα1 = v1 + 1, Fα2 = v2 + 1, Fα1+α2 = v1v2 + v2 + 1.

t B(t) v(t) u(t)

✵

[
0 1
−1 0
1 0
0 1

]
v1 v2 u1 u2

✶

[
0 −1
1 0
1 0
0 −1

]
v1

1

v2
x1

u1v2 + 1

u2

✷

[
0 1
−1 0
−1 0
0 −1

]
1

v1

1

v2

u1v1v2 + v1 + u2
u1u2

u1v2 + 1

u2

✸

[
0 −1
1 0
−1 0
−1 0

]
1

v1v2
v2

u1v1v2 + v1 + u2
u1u2

v1 + u2
u1

✹

[
0 1
−1 0
1 −1
1 0

]
v1v2

1

v1
u2

v1 + u2
u1

✺

[
0 −1
1 0
0 1
1 0

]
v2 v1 u2 u1

❚❛❜❡❧❛ ✶✳✷✿ ❙❡♠❡♥t❡s ❞♦ t✐♣♦ A2✱ ❝♦❡✜❝✐❡♥t❡s ♣r✐♥❝✐♣❛✐s✳

❉❛❞♦ α ∈ Φ≥−1 ✱ ❝♦♥s✐❞❡r❡ g(α) ❝♦♠♦ ❡♠ ❆✳✷✳✶✼✳ ❊s❝r❡✈❛ g(α) = (g1, . . . , gn) ❝♦♠
gi = [g(α) : αi] , i ∈ I✳ ❊♥tã♦✿

✶✺



❚❡♦r❡♠❛ ✶✳✸✳✷ ❬✶✺✱ ❈♦r♦❧❧❛r② ✻✳✸❪ ❆s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ A sã♦ ❞❛❞❛s ♣♦r

x[α] =
Fα(ŷ1, . . . , ŷn)

Fα|P(y1, . . . , yn)
xg(α)

♣❛r❛ t♦❞♦ α ∈ Φ≥−1✱ ♦♥❞❡ xg(α) := xg11 . . . xgnn ✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ t❡♦r❡♠❛ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ ❝❛❞❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r x[α] é ❝♦♠♣❧❡t❛♠❡♥t❡
❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ F ✲♣♦❧✐♥ô♠✐♦ Fα ❡ g✲✈❡t♦r g(α)✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ❬✶✺✱ ❈♦r♦❧❧❛r② ✶✵✳✶✵❪ P❛r❛ ❝❛❞❛ α ∈ Φ+✱ Fα é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ t❡r♠♦
❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1 ❡ t❡♠ ú♥✐❝♦ ♠♦♥ô♠✐♦ ❞❡ ❣r❛✉ ♠á①✐♠♦✱ ❛ s❛❜❡r

∏
i∈I v

[α:αi]
i ✳ ❆❧é♠ ❞✐ss♦✱

❡st❡ ♠♦♥ô♠✐♦ t❡♠ ❝♦❡✜❝✐❡♥t❡ ✐❣✉❛❧ ❛ 1 ❡ é ❞✐✈✐sí✈❡❧ ♣♦r q✉❛❧q✉❡r ♦✉tr♦ ♠♦♥ô♠✐♦ ❞❡ Fα✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✹ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✵❪ ❙❡❥❛♠ Φ s✐st❡♠❛ ❞❡ r❛í③❡s ❞♦ t✐♣♦ A ❡ α ∈ Φ≥−1✳ ❙❡
Qα = {γ ∈ Q : γ é α✲❛❝❡✐tá✈❡❧} ✭✈❡❥❛ ❉❡✜♥✐çã♦ ❆✳✷✳✶✽✮✱ ❡♥tã♦

Fα(v1, . . . , vn) =
∑

γ∈Qα

vγ,

♦♥❞❡ vγ =
∏

i∈I v
[γ:αi]
i ✳

✶✳✹ ❉✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥❣ ❡ ➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ❞♦ ❚✐♣♦

●❡♦♠étr✐❝♦ ❞❡ P♦st♦ n ❝♦♠ n ❈♦❡✜❝✐❡♥t❡s

❈♦♥str✉✐r❡♠♦s ❛❣♦r❛ ✉♠❛ ❝❡rt❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✳ ❊ss❛
❝♦♥str✉çã♦ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦s ♦❜❥❡t✐✈♦s ❞♦ ❈❛♣ít✉❧♦ ✹✳ ❙❡❥❛♠ C = (cij), i, j ∈ I = [1, n],

✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ ADE✱ Γ s❡✉ ❞✐❛❣r❛♠❛ ❞❡ ❉✐♥❦✐♥ ❡ Φ = Φ(C) ♦ s✐st❡♠❛ ❞❡ r❛í③❡s
❛ss♦❝✐❛❞♦✳ ❚♦♠❡ ✉♠❛ ❜✐♣❛rt✐çã♦ I0 ⊔ I1 = I ❞❡ Γ✳

❉❡✜♥✐r❡♠♦s ✉♠ q✉✐✈❡r Q ❝♦♠ 2n ✈ért✐❝❡s ❝♦♠♦ s❡ s❡❣✉❡✳ ❈♦♣✐❛♠♦s Γ ❡ ♦r✐❡♥t❛♠♦s ❝❛❞❛
❛r❡st❛ α ❞❡ ❢♦r♠❛ q✉❡ c(α) ∈ I0 ❡ t(α) ∈ I1✳ P❛r❛ ❝❛❞❛ i ∈ I ❛❞✐❝✐♦♥❛♠♦s ✉♠ ✈ért✐❝❡ i′ ❡ ✉♠❛
✢❡❝❤❛ i′ −→ i s❡ i ∈ I0 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ i −→ i′ s❡ i ∈ I1✮✳

✶✻



❊①❡♠♣❧♦ ✶✳✹✳✶ ❙❡❥❛ C ❞♦ t✐♣♦ A3 ❡ I0 = {1, 3}✳ ❖ q✉✐✈❡r Q é

1

��

1′oo

2 // 2′

3

OO

3′oo

❙❡❥❛ I ′ = {i′ : i ∈ I}✳ ➱ ❝♦♥✈❡♥✐❡♥t❡ ✐❞❡♥t✐✜❝❛r i′ ❝♦♠ i + n ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ I ′ ❝♦♠
[n + 1, 2n]✳ ❆ ♣❛rt✐r ❞❡ Q ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♠❛tr✐③ B̃ = (bij), i ∈ [1, 2n], j ∈ [1, n] ❞❡✜♥✐❞❛
♣♦r

bij =





1, s❡ ❡①✐st❡ ✢❡❝❤❛ ❞❡ j ♣❛r❛ i ❡♠ Q,

−1, s❡ ❡①✐st❡ ✢❡❝❤❛ ❞❡ i ♣❛r❛ j ❡♠ Q,

0, ❝❛s♦ ❝♦♥trár✐♦.

❊①❡♠♣❧♦ ✶✳✹✳✷ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❡♠♦s

B̃ =




0 −1 0

1 0 1

0 −1 0

−1 0 0

0 1 0

0 0 −1




❙❡❥❛ F = Q(x) ❝♦r♣♦ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❡♠ 2n ✈❛r✐á✈❡✐s x = (x1, . . . , xn, xn+1, . . . , x2n)✳
❈♦♥s✐❞❡r❡ AC = A(x, B̃) ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦ ❞❡ ♣♦st♦ n ❝♦♠ n ❝♦❡✜❝✐❡♥t❡s✳
P♦r ❝♦♥str✉çã♦✱ ❛ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ❞❡ B̃ t❡♠ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❛ss♦❝✐❛❞❛ ❞♦ t✐♣♦
✜♥✐t♦ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✺✱ AC t❡♠ ✜♥✐t❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✶✳✷✳✻✱ ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❡stã♦ ❡♠ ❜✐❥❡çã♦ ❝♦♠ Φ≥−1✳ P♦♥❤❛ fi = xn+i ❞❡♥♦t❛♥❞♦
♦s ❝♦❡✜❝✐❡♥t❡s ✐♥❞❡①❛❞♦s ♣♦r i′ ≡ i+ n ∈ I ′ ❡ ❞❡♥♦t❡ ♣♦r x[β] ❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛
β ∈ Φ≥−1✳

❊①❡♠♣❧♦ ✶✳✹✳✸ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r t❡♠♦s Φ≥−1 = {−α1,−α2,−α3, α1, α2, α3, α1+

α2, α2 + α3, α1 + α2 + α3}✳ ❆ á❣❡❜r❛ ❞❡ ❝❧✉st❡r AC é ♦ s✉❜❛♥❡❧ ❞❡ F = Q(x1, x2, x3, f1, f2, f3)

❣❡r❛❞♦ ♣♦r
x[−α1] = x1, x[−α2] = x2, x[−α3] = x3, f1, f2, f3

✶✼



❡ ♣❡❧❛s s❡❣✉✐♥t❡s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r

x[α1] =
x2 + f1
x1

,

x[α2] =
x1x3 + f2

x2
,

x[α3] =
x2 + f3
x3

,

x[α1 + α2] =
f2x2 + f1x1x3 + f1f2

x1x2
,

x[α2 + α3] =
f2x2 + f3x1x3 + f2f3

x2x3
,

x[α1 + α2 + α3] =
f2x

2
2 + f1f3x1x3 + f1f2x2 + f2f3x3 + f1f2f3

x1x2x3
.

Pr♦♣♦s✐çã♦ ✶✳✹✳✹ ❬✷✱ ❈♦r♦❧❧❛r② ✶✳✷✶❪ ❆ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r AC é ✐❣✉❛❧ ❛♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s
❡♠ 2n ✈❛r✐á✈❡✐s x[−αi], x[αi] ♣❛r❛ i ∈ I✳

❊①❡♠♣❧♦ ✶✳✹✳✺ ❈♦♥t✐♥✉❛r❡♠♦s ♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳ ❖s ❣❡r❛❞♦r❡s ❞❡ AC ♣♦❞❡♠ s❡r ❡①♣r❡ss♦s
♣♦r ♣♦❧✐♥ô♠✐♦s ❡♠

x[−α1], x[−α2], x[−α3], x[α1], x[α2], x[α3],

❝♦♠♦ s❡ s❡❣✉❡✿

f1 = x[−α1]x[α1]− x[−α2],

f2 = x[−α2]x[α2]− x[−α1]x[−α3],

f3 = x[−α3]x[α3]− x[α2],

x[α1 + α2] = x[α1]x[α2]− x[−α3],

x[α2 + α3] = x[α2]x[α3]− x[−α1],

x[α1 + α2 + α3] = x[α1]x[α2]x[α3]− x[−α1]x[α1]− x[−α3]x[α3] + x[−α2].

✶✽



❈❛♣ít✉❧♦ ✷

◗✉✐✈❡rs ❝♦♠ ❘❡❧❛çõ❡s ❱✐♥❞♦s ❞❡ ❈❧✉st❡rs

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦ ❬✺❪✳ ❈♦♥str✉✐r❡♠♦s ✉♠❛ ❜✐❥❡çã♦
❡♥tr❡ ❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡ ✉♠ ❝❡rt♦ q✉✐✈❡r ❝♦♠
r❡❧❛çõ❡s ❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r✳

❙❡❥❛♠ K ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞❡
♣♦st♦ n ❞♦ t✐♣♦ ADE ❡ Φ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❡ ♠❡s♠♦ ♣♦st♦ ❡ t✐♣♦ q✉❡A✳ ❖♠✐t✐r❡♠♦s ❛ n✲✉♣❧❛
y ❞❡ ❝❛❞❛ s❡♠❡♥t❡✱ ♣♦✐s ♥ã♦ ✐♥✢✉❡♥❝✐❛rá ♥♦s r❡s✉❧t❛❞♦s✳ ◗✉❛♥❞♦ A ❢♦r ❞♦ t✐♣♦ A ♠♦str❛r❡♠♦s
✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ✉♠ ❝❡rt♦ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s
❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ A✳

✷✳✶ ◗✉✐✈❡rs ❆ss♦❝✐❛❞♦s às ❙❡♠❡♥t❡s ❞❡ ❈❧✉st❡r

❙❡❥❛ Σ = (u, B) ❛❧❣✉♠❛ s❡♠❡♥t❡ ❞❡ A✱ ♦♥❞❡ B = (bij)✳ P❛r❛ ❡st❡ ❝❛♣ít✉❧♦ s❡rá ❝♦♥✈❡♥✐❡♥t❡
tr❛❜❛❧❤❛r ❝♦♠ ✉♠ q✉✐✈❡r QB ❛♦ ✐♥✈és ❞❡ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ❛ ♠❛tr✐③ B✳ ❉❡✜♥❛ QB = (Q0, Q1)B
❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• Q0 = {1, 2, . . . , n}❀

• ❡①✐st❡ ✢❡❝❤❛ ❞❡ i ♣❛r❛ j s❡✱ ❡ s♦♠❡♥t❡ s❡✱ bij > 0 ❡ ♥❡st❡ ❝❛s♦ ❡①✐st❡♠ |bij||bji| ✢❡❝❤❛s✳

❊①❡♠♣❧♦ ✷✳✶✳✶ ❙❡

B =




0 1 −1

−2 0 1

1 −1 0


 ,

✶✾



❡♥tã♦
QB : 1

//
// 2 // 3^^ .

❉❡✜♥✐♠♦s t❛♠❜é♠ ❛ ♠✉t❛çã♦ ❞♦ q✉✐✈❡r QB ♥❛ ❞✐r❡çã♦ k ∈ [1, n] ♣♦r µk(QB) = Qµk(B)✳
❊ss❛ ♠✉t❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

(i) ✐♥✈❡rt❡♠✲s❡ t♦❞❛s ❛s ✢❡❝❤❛s q✉❡ ❝❤❡❣❛♠ ♦✉ s❛❡♠ ❞❡ k❀

(ii) s❡ ❡①✐st❡ ✉♠❛ ✢❡❝❤❛ ❞❡ i ♣❛r❛ k ❡ ♦✉tr❛ ❞❡ k ♣❛r❛ j ❡♠ QC ✐♥❝❧✉í♠♦s ✉♠❛ ✢❡❝❤❛ ❞❡ i
♣❛r❛ j ♥♦ q✉✐✈❡r ♠✉t❛❞♦❀

(iii) ❡①❝❧✉í♠♦s ♦s 2✲❝✐❝❧♦s ♣♦ss✐✈❡❧♠❡♥t❡ ❣❡r❛❞♦s ❞♦ q✉✐✈❡r ♠✉t❛❞♦❀

(iv) ❛s ♦✉tr❛s ✢❡❝❤❛s ❞❡ QC sã♦ ♠❛♥t✐❞❛s ♥♦ q✉✐✈❡r ♠✉t❛❞♦✳

❊①❡♠♣❧♦ ✷✳✶✳✷

❙❡ B =




0 1 0

−1 0 1

0 −1 0


 , ❡♥tã♦ QB = 1 // 2 // 3 .

❉❡st❛ ❢♦r♠❛✱ µ2(B) ❡ µ2(QB) sã♦ ❞❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r✿




0 −1 1

1 0 −1

−1 1 0


 ❡ 1

��=
==

==
==

2oo

3

@@�������

.

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❉❛❞♦ ✉♠ q✉✐✈❡r Q✱ s❡❥❛ β ✉♠ ❝❛♠✐♥❤♦ s❡♠ r❡♣❡t✐çã♦ ❞❡ ✢❡❝❤❛s✱ ❛♥t✐♣❛r❛❧❡❧♦
❛ ✉♠❛ ✢❡❝❤❛ α ❡♠ Q✳ ❉✐③❡♠♦s q✉❡ β é ❝❛♠✐♥❤♦ ❝✉rt♦ s❡ ♥ã♦ ❝♦♥té♠ ♥❡♥❤✉♠ s✉❜❝❛♠✐♥❤♦
❝í❝❧✐❝♦ ♣ró♣r✐♦ ❡ s❡ t♦❞♦ ✈ért✐❝❡ ❞♦ s✉❜q✉✐✈❡r ❣❡r❛❞♦ ♣❡❧♦ ❝✐❝❧♦ αβ t❡♠ ✈❛❧ê♥❝✐❛ 2✳

❊①❡♠♣❧♦ ✷✳✶✳✹ ❙❡❥❛ Q ♦ s❡❣✉✐♥t❡ q✉✐✈❡r

1

&&MMMMMMMMMMMMM // 2

��
3

OO

4oo

✷✵



❊♥tã♦ ♦ ❝❛♠✐♥❤♦ (3, 1)(4, 3) é ✉♠ ❝❛♠✐♥❤♦ ❝✉rt♦ ❞❡ Q ✭❝♦♠ r❡❧❛çã♦ à ✢❡❝❤❛ (1, 4)✮✳ P♦r ♦✉tr♦
❧❛❞♦✱ ♦ ❝❛♠✐♥❤♦ (4, 3)(2, 4)(1, 2) ♥ã♦ é ❝❛♠✐♥❤♦ ❝✉rt♦ ❞❡ Q✱ ♣♦✐s✱ ❛♣❡s❛r ❞❡ s❡r ❛♥t✐♣❛r❛❧❡❧♦ à
✢❡❝❤❛ (3, 1)✱ ♦ s✉❜q✉✐✈❡r ❣❡r❛❞♦ ♣❡❧♦ ❝✐❝❧♦ (4, 3)(2, 4)(1, 2)(3, 1) é ♦ ♣ró♣r✐♦ q✉✐✈❡r Q ❡✱ ♣♦rt❛♥t♦✱
♦s ✈ért✐❝❡s 2 ❡ 4 tê♠ ✈❛❧ê♥❝✐❛ 3✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✺ ❋♦✐ ♦❜s❡r✈❛❞♦ ❡♠ ❬✺✱ ➓✶❪ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ ADE✱
❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ s❡♠❡♥t❡ (u, B) ❞❡ A✱ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ ✷ ❝❛♠✐♥❤♦s ❝✉rt♦s ❛♥t✐♣❛r❛❧❡❧♦s ❛
❝❛❞❛ ✢❡❝❤❛ ❞❡ QB✳

❉❡✜♥✐çã♦ ✷✳✶✳✻ ❙❡❥❛ Σ = (u, B) ✉♠❛ s❡♠❡♥t❡ ❞❡ A✳ P❛r❛ ❝❛❞❛ ✢❡❝❤❛ i −→ j ❡♠ QB✱ ❞❡✜♥✐✲
♠♦s ❛ r❡❧❛çã♦ Reli,j ❝♦♠♦ s❡ s❡❣✉❡✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ C ❞♦s ❝❛♠✐♥❤♦s ❝✉rt♦s ❛♥t✐♣❛r❛❧❡❧♦s
❛ i −→ j✿

• s❡ #C = 2✱ ❞✐❣❛♠♦s C = {c, c′}✱ ❡♥tã♦ Relij = {c− c
′}❀

• s❡ #C ≤ 1✱ ❡♥tã♦ Relij = C✳

P❛r❛ ❝❛❞❛ s❡♠❡♥t❡ Σ = (x, B)✱ ❝♦♥s✐❞❡r❡ ❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ RepK(QB, RB) ❞❛s r❡♣r❡s❡♥✲
t❛çõ❡s ❞♦ q✉✐✈❡r QB ❝♦♠ r❡❧❛çõ❡s RB ❞❡✜♥✐❞❛s ♣♦r

RB =
⋃

(i,j)∈(QB)1

Reli,j .

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❞♦ t✐♣♦ A ❡ ✜①❡ ✉♠ ❝❧✉st❡r x = (x1, . . . , xn)✳ ◆❛s ♥♦✲
t❛çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✻✱ ❝♦♥s✐❞❡r❡ X = {x[α]✿ α ∈ Φ≥−1} ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ✈❛r✐á✈❡✐s ❞❡
❝❧✉st❡r ❞❡ A✳ ❙❡❥❛♠ Σ = (u, B) ✉♠❛ s❡♠❡♥t❡ ❞❡ A ♦♥❞❡ u = (u1, . . . , un) ❡ B = B(u) =

(bij(u)), i, j ∈ I✳ ❚♦♠❡ β1, . . . , βn ∈ Φ≥−1 t❛❧ q✉❡ x[βi] = ui ♣❛r❛ t♦❞♦ i ∈ I := {1, . . . , n}✳
❉❡♥♦t❡ ♣♦r Ind(QB, RB) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s
❞❡ RepK(QB, RB)✳ ❋❛r❡♠♦s ❛❜✉s♦ ❞❛ ♥♦t❛çã♦ ❞❛ n✲✉♣❧❛ u ♣❛r❛ ♥♦s r❡❢❡r✐r♠♦s ❛♦ s✉❜❝♦♥❥✉♥t♦
{u1, . . . , un} ⊆ X ✳ ❚❡♠♦s ❡♥tã♦ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞♦ ❝❛♣ít✉❧♦ ❞❡♠♦♥str❛r ❛❧❣✉♠❛s ♣❛rt❡s
❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✶✳✼ ❊①✐st❡ ❜✐❥❡çã♦

Ind(QB, RB) −→ X \ u

[V ] 7→ wV

t❛❧ q✉❡

wV =
P (u1, . . . , un)∏n

i=1 u
ni(V )
i

,

♦♥❞❡ P é ✉♠ ♣♦❧✐♥ô♠✐♦ t❛❧ q✉❡ ♥❡♥❤✉♠ ui ♦ ❞✐✈✐❞❡ ❡ ni(V ) = dim(Vi)✳

✷✶



❖❜s❡r✈❛çã♦ ✷✳✶✳✽ ❆tr❛✈és ❞❛ ❜✐❥❡çã♦ ❡♥tr❡ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡ Q ❡ r❛í③❡s ♣♦✲
s✐t✐✈❛s ❛ss♦❝✐❛❞❛s ❛ Q ❞❡s❝r✐t❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧ ✭❆✳✹✳✷✽✮✱ ♦ ❚❡♦r❡♠❛ ✶✳✷✳✻ é ✉♠ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ q✉❛♥❞♦ ♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ QB é ❞♦ t✐♣♦ A✳

P❛r❛ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ♣r❡❝✐s❛r❡♠♦s ❞❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s q✉❡ s❡rã♦ ❢❡✐t♦s ❛♦ ❧♦♥❣♦
❞❛s ♣ró①✐♠❛s s❡çõ❡s✳

✷✳✷ ❊q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❈❛t❡❣♦r✐❛s

❆✜♠ ❞❡ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✼ ❞❡✜♥✐r❡♠♦s ✉♠❛ ❝❛t❡❣♦r✐❛ K✲❧✐♥❡❛r ❛❞✐t✐✈❛ ❛tr❛✈és ❞❡ ✉♠❛
❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛ ❡♥✈♦❧✈❡♥❞♦ ❞✐❛❣♦♥❛✐s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r✳ ▼♦str❛r❡♠♦s ❛✐♥❞❛ q✉❡
❡ss❛ ❝❛t❡❣♦r✐❛ é ❡q✉✐✈❛❧❡♥t❡ à ❝❛t❡❣♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s ❞❡✜♥✐❞♦ ♥❛
s❡çã♦ ❛♥t❡r✐♦r✳

✷✳✷✳✶ ❚r✐❛♥❣✉❧❛çõ❡s ❡ ❉✐❛❣♦♥❛✐s

❉❡✜♥✐çã♦ ✷✳✷✳✶ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦✳ ❉❛❞♦s ❞♦✐s ✈ért✐❝❡s v ❡ w ❞❡ P✱ ❞❡♥♦t❛r❡♠♦s
♣♦r 〈v, w〉 ♦ s❡❣✉✐♠❡♥t♦ q✉❡ ♦s ✉♥❡✳ ❖❜s❡r✈❡ q✉❡ 〈v, w〉 ♦✉ é ✉♠❛ ❛r❡st❛ ♦✉ é ✉♠❛ ❞✐❛❣♦♥❛❧
❞❡ P✳ ❉✐r❡♠♦s q✉❡ w é s✉❝❡ss♦r ❞❡ v s❡ ♣❛r❛ ✐r ❞❡ v ♣❛r❛ w ♣♦r 〈v, w〉 ♣❡r❝♦rr❡♠♦s P ♥♦
s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r s(v) ♦ s✉❝❡ss♦r ❞❡ ✉♠ ✈ért✐❝❡ v ❞❡ P✳ ❉❡♥♦t❡ ♣♦r
ΦP ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐❛❣♦♥❛✐s ❞❡ P✳ ◆♦s r❡❢❡r✐r❡♠♦s ❛♦s ❡❧❡♠❡♥t♦s ❞❡ ΦP ♣♦r r❛í③❡s✳
❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ r❡❞✉③✐❞❛ Φ ❛♦ ✐♥✈és ❞❡ ΦP q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✳ ❯♠❛ tr✐❛♥❣✉❧❛çã♦
T ❞❡ P é ✉♠❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ I ❞❡ Φ q✉❡ ❞á ♦r✐❣❡♠ ❛ ✉♠❛ ♣❛rt✐çã♦ ❞❡ P ❡♠ ✉♠
❝♦♥❥✉♥t♦ ❞❡ tr✐â♥❣✉❧♦s ❝♦♠ ✐♥t❡r✐♦r❡s ❞✐s❥✉♥t♦s✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛s ❛r❡st❛s ❞❡st❡s tr✐â♥❣✉❧♦s sã♦
♦✉ ❛r❡st❛s ❞❡ P ♦✉ ❞✐❛❣♦♥❛✐s ❞❡ P ❡ ♦s ✈ért✐❝❡s ❞❡ss❡s tr✐â♥❣✉❧♦s sã♦ t❛♠❜é♠ ✈ért✐❝❡s ❞❡ P✳
◆♦s r❡❢❡r✐r❡♠♦s ❛♦s ❡❧❡♠❡♥t♦s ❞❡ I ♣♦r r❛í③❡s ♥❡❣❛t✐✈❛s ❞❛ tr✐❛♥❣✉❧❛çã♦ ❡♥q✉❛♥t♦ ❛s ❞❡♠❛✐s
r❛í③❡s s❡rã♦ ❝❤❛♠❛❞❛s ❞❡ ♣♦s✐t✐✈❛s✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Φ+ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s ❝♦♠
r❡s♣❡✐t♦ ❛ T ✳ P♦r ❝♦♥✈❡♥çã♦✱ ❛s r❛í③❡s ♥❡❣❛t✐✈❛s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r −αi, i ∈ I✳ ❖ s✉♣♦rt❡
suppα ⊆ I ❞❡ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α é ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s q✉❡ ✐♥t❡r❝❡♣t❛ α✳

❊①❡♠♣❧♦ ✷✳✷✳✷ ✭❚r✐❛♥❣✉❧❛çã♦ ❝♦❜r❛✮ ❯♠ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ q✉❡ s❡rá ✉s❛❞♦ ♣❛r❛ ♦❜t❡r ✐♠✲
♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ✷ ❡ ✹ é ❛ ❝❤❛♠❛❞❛ tr✐❛♥❣✉❧❛çã♦ ❝♦❜r❛ ❬✶✹✱ ✶✻❪✳ ❉❛❞♦ n ∈ N✱
s❡❥❛ P ♦ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❝♦♥✈❡①♦ ❞❡ n+3 ❧❛❞♦s✳ ❊♥✉♠❡r❡ s❡✉s ✈ért✐❝❡s 1, . . . , n+3✱ ❞❡ ❢♦r♠❛

✷✷



❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ tr✐❛♥❣✉❧❛çã♦✳ ❋✐❣✉r❛ ✷✳✷✿ ◆ã♦ é ✉♠❛ tr✐❛♥❣✉❧❛çã♦✳

−α1

−α2

−α3
−α4

−α5

α

❋✐❣✉r❛ ✷✳✸✿ suppα = {−α1,−α2,−α5}

♦r❞❡♥❛❞❛ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✳ P❛r❛ i = 1, . . . , n✱ s❡❥❛ −αi ❛ s❡❣✉✐♥t❡ ❞✐❛❣♦♥❛❧ ❞❡ P✿

−αi =




〈(i+ 1)/2, n+ 3− (i+ 1)/2〉 s❡ i ❢♦r í♠♣❛r✱

〈i/2 + 1, n+ 3− i/2〉 ❝❛s♦ ❝♦♥trár✐♦✳

❋❛❝✐❧♠❡♥t❡ s❡ ✈❡r✐✜❝❛ q✉❡ I = {−αi : i = 1, . . . , n} ❞á ♦r✐❣❡♠ ❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ T ❞❡ P✳

❉❛❞♦ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r P s❡❥❛ J ⊆ ΦP ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ❞✉❛s ❛ ❞✉❛s ❛s ❞✐❛❣♦♥❛✐s ❞❡
J ♥ã♦ s❡ ❝r✉③❛♠✳ ❙❡ J ♥ã♦ ❞á ♦r✐❣❡♠ ❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ P ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦❧í❣♦♥♦ ❞❡
n > 3 ❧❛❞♦s ❝♦♥t✐❞♦ ❡♠ P✳ ❈♦♠ ✐st♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✷✳✸ ❈♦♥❥✉♥t♦s ♠❛①✐♠❛✐s ❞❡ ❞✐❛❣♦♥❛✐s q✉❡ ❞✉❛s ❛ ❞✉❛s ♥ã♦ s❡ ❝r✉③❛♠ ❞ã♦ ♦r✐❣❡♠ ❛
✉♠❛ tr✐❛♥❣✉❧❛çã♦✳

❙❡ C é ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ An ❡ Φ(C) é ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦✱ ♣♦❞❡♠♦s
✐❞❡♥t✐✜❝❛r ❛s ❞✐❛❣♦♥❛✐s ❞❡ P ❝♦♠ ❛s r❛í③❡s q✉❛s❡ ♣♦s✐t✐✈❛s ❞❡ Φ(C) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳
❆s r❛í③❡s ♥❡❣❛t✐✈❛s s✐♠♣❧❡s −αi ❞❡ Φ(C) sã♦ ✐❞❡♥t✐✜❝❛❞❛s ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s ❞✐❛❣♦♥❛✐s ❞❛
tr✐❛♥❣✉❧❛çã♦ T ✳ ❙❡ α ∈ Φ(C)+✱ ❡♥tã♦ α = αi + αi+1 + . . . + αj ♣❛r❛ ❛❧❣✉♠ 1 ≤ i ≤ j ≤ n✳

✷✸



❆ss✐♠ ✐❞❡♥t✐✜❝❛♠♦s ❛s r❛í③❡s ♣♦s✐t✐✈❛s ❞❡ Φ(C) ❝♦♠ ❛ ú♥✐❝❛ ❞✐❛❣♦♥❛❧ β ❞❡ P t❛❧ q✉❡ supp β =

{−αi,−αi+1, . . . ,−αj}✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✹❪ ❙♦❜ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❛❝✐♠❛✱ ♦s ❝♦♥❥✉♥t♦s ♠❛①✐♠❛✐s
❞❡ r❛í③❡s ❝♦♠♣❛tí✈❡s ✭♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✽✮ sã♦ ❝♦❧❡çõ❡s ♠❛①✐♠❛✐s ❞❡ ❞✐❛❣♦♥❛✐s q✉❡
♠✉t✉❛❧♠❡♥t❡ ♥ã♦ s❡ ❝r✉③❛♠✳ ❊♥tã♦✱ ♦s ❝❧✉st❡rs ❡stã♦ ❡♠ ❜✐❥❡çã♦ ❝♦♠ ❛s tr✐❛♥❣✉❧❛çõ❡s ❞❡ P✳

◆ã♦ ❢❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ♣♦r s❡r ♠✉✐t♦ ❡①t❡♥s❛ ❡ ♣❡❧❛ ❡①✐❣ê♥❝✐❛ ❞❡
❞❡✜♥✐çõ❡s q✉❡ ♥ã♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ❞✉r❛♥t❡ ♦ t❡①t♦✳

❊①❡♠♣❧♦ ✷✳✷✳✺ P❛r❛ n = 3✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❛s r❛í③❡s s✐♠♣❧❡s ♥❡❣❛t✐✈❛s ❝♦♠ ❛s ❞✐❛❣♦♥❛✐s ❞❛
tr✐❛♥❣✉❧❛çã♦ ❝♦❜r❛ ❞♦ ❤❡①á❣♦♥♦ é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✹✳ ❆s r❛í③❡s ♣♦s✐t✐✈❛s sã♦ r❡♣r❡s❡♥t❛❞❛s
♣❡❧❛s ❞✐❛❣♦♥❛✐s r❡st❛♥t❡s ❝♦♠♦ s❡ s❡❣✉❡✿

α1 ≡ 〈2, 6〉 , α2 ≡ 〈3, 5〉 , α1 + α2 ≡ 〈4, 6〉 , α2 + α3 ≡ 〈1, 3〉 , α1 + α2 + α3 ≡ 〈3, 6〉 .

1

2

34

5

6

−α1

−α2

−α3

❋✐❣✉r❛ ✷✳✹✿ ❚r✐❛♥❣✉❧❛çã♦ ❝♦❜r❛ ❞♦ ❤❡①á❣♦♥♦

❉❡✜♥✐çã♦ ✷✳✷✳✻ ❙❡❥❛♠ P ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❡ T ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ P✳ ❙❡ ❞✉❛s r❛í③❡s
♥❡❣❛t✐✈❛s −αi,−αj ❞❡❧✐♠✐t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ✱ ❞❡✜♥✐♠♦s ❛ r❡❧❛çã♦ < ❝♦♠♦ s❡ s❡❣✉❡✿
❙❡❥❛ x ♦ ✈ért✐❝❡ ❝♦♠✉♠ ❞❡ −αi,−αj✱ ❡♥tã♦ −αi < −αj s❡ ❛ r♦t❛çã♦ ❝♦♠ â♥❣✉❧♦ ♠í♥✐♠♦ ❡♠ x

♠❛♥❞❛ ❛ r❡t❛ ❡st❡♥❞✐❞❛ ♣♦r −αi ♥❛ r❡t❛ ❡st❡♥❞✐❞❛ ♣♦r −αj ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ✭❛♥t✐✲❤♦rár✐♦✮
✭✈❡❥❛ ❋✐❣✉r❛ ✷✳✺✮✳

❙❡❥❛♠ v ✉♠ ✈ért✐❝❡ ❞❡ P ❡ A ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s ❞❡ P✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦
Pv : Φ ∪ A ∪ {0} → Φ ∪ A ∪ {0} ♣♦r Pv(0) = 0 ❡✱ ♣❛r❛ ❞♦✐s ✈ért✐❝❡s u, w ❞❡ P t❛✐s q✉❡
〈u, w〉 ∈ Φ ∪ A✱

Pv(〈u, w〉) =





〈v, s(w)〉, s❡ u = v ❡ v 6= s(w),

〈s(u), v〉, s❡ w = v ❡ v 6= s(u),

0, ♥♦s ❞❡♠❛✐s ❝❛s♦s✳

✷✹



−αi

−αj

rotacão mı́nima

❋✐❣✉r❛ ✷✳✺✿ −αi < −αj

❆ ❢✉♥çã♦ Pv s❡rá ❝❤❛♠❛❞❛ ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r ♥♦ ♣✐✈ô v✳

❉❡✜♥✐♠♦s ❛✐♥❞❛ ❛ ❢✉♥çã♦ P v : Φ+ ∪ {0} → Φ+ ∪ {0} ♣♦r P v(0) = 0 ❡✱ ♣❛r❛ ❞♦✐s ✈ért✐❝❡s
u, w ❞❡ P t❛✐s q✉❡ 〈u, w〉 ∈ Φ+✱

P v(〈u, w〉) =

{
Pv(〈u, w〉), s❡ Pv(〈u, w〉) ∈ Φ+,

0, ♥♦s ❞❡♠❛✐s ❝❛s♦s✳

❙❡ α, α′ ∈ Φ+✱ ❞✐r❡♠♦s q✉❡ α ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛ α′ ♣♦r ✉♠ ♠♦✈✐♠❡♥t♦ ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r
s❡ α′ = Pv(α) ♣❛r❛ ❛❧❣✉♠ ✈ért✐❝❡ v✳ ❉❡♥♦t❛r❡♠♦s ♣♦r R ♦ s❡♠✐❣r✉♣♦ ❣❡r❛❞♦ ♣♦r P v ♣❛r❛ t♦❞♦
✈ért✐❝❡ v ❞❡ P ❡ ♣♦r KR ❛ á❧❣❡❜r❛ ❞❡ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞❛✳

❯♠❛ r❡❧❛çã♦ ❞❡ ♠❛❧❤❛ ❡♠ KR é ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❢♦r♠❛

P (β, β′) := P s(v2)P v1 − P s(v1)P v2 , β = 〈v1, v2〉, β
′ = 〈s(v1), s(v2)〉 ∈ Φ+. ✭✷✳✷✳✶✮

❉❡♥♦t❡ ♣♦r M ♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ KR ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s r❡❧❛çõ❡s ❞❡ ♠❛❧❤❛ P (β, β′) s❛t✐s✲
❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳

v1

v′1
v′2

v2

Pv1

Pv′2

α′
α

v1

v′1
v′2

v2

Pv′
1

Pv2 α′
α

=

❋✐❣✉r❛ ✷✳✻✿ r❡❧❛çã♦ ❞❡ ♠❛❧❤❛ P v′2
P v1 = P v′1

P v2

❯♠ ❝❛♠✐♥❤♦ ❞❡ r♦t❛çã♦ ❞❡ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α ♣❛r❛ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α′ é ✉♠ ❡❧❡♠❡♥t♦
P v1 · · ·P vk ∈ R t❛❧ q✉❡ P vk · · ·P v1(α) = α′✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Pvj · · ·Pv1(α) ∈ Φ+ ♣❛r❛ t♦❞♦
1 ≤ j ≤ k✳ ❉❡♥♦t❡ ♣♦r R(α, α′) ♦ s✉❜❡s♣❛ç♦ ❞❡ KR ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ r♦t❛çã♦
❞❡ α ♣❛r❛ α′

✷✺



α

α′

v1

v2

❋✐❣✉r❛ ✷✳✼✿ P v2P v1P v1 é ❝❛♠✐♥❤♦ ❞❡ r♦✲
t❛çã♦ ❞❡ α ♣❛r❛ α′✳

−α3

α

α′

v1

v2

v3

❋✐❣✉r❛ ✷✳✽✿ P v3P v2 ♥ã♦ é ❝❛♠✐♥❤♦ ❞❡ r♦✲
t❛çã♦ ❞❡ α ♣❛r❛ α′ ♣♦✐s Pv2(α) /∈ Φ+✳

P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❝❛t❡❣♦r✐❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❛❞✐t✐✈❛ K✲❧✐♥❡❛r CT ❝♦♠♦ s❡ s❡❣✉❡✳ ❖s ♦❜❥❡t♦s
sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ✐♥t❡✐r❛s ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s✳ P❡❧❛ ❛❞✐t✐✈✐❞❛❞❡✱ ❜❛st❛ ❞❡✜♥✐r ♦s ♠♦r✜s♠♦s
❡♥tr❡ r❛í③❡s ♣♦s✐t✐✈❛s✳ ❆ss✐♠✱ ❞❛❞❛s α, α′ ∈ Φ+✱ ❞❡✜♥❛ HomCT

(α, α′) ❝♦♠♦ ❛ ✐♠❛❣❡♠ ❞❡ R(α, α′)

♥♦ q✉♦❝✐❡♥t❡ ❞❡ CR ♣♦r M ✳

✷✳✷✳✷ ●r❛❢♦s ❡ ➪r✈♦r❡s

❙❡❥❛ T ✉♠❛ tr✐❛♥❣✉❧❛çã♦✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ár✈♦r❡ tT ❝♦♠♦ s❡ s❡❣✉❡✳ ❙❡✉s ✈ért✐❝❡s sã♦
♦s tr✐â♥❣✉❧♦s ❞❡ T ❡ ❛s ❛r❡st❛s ❧✐❣❛♠ ❞♦✐s ✈ért✐❝❡s s❡ ♦s tr✐â♥❣✉❧♦s ❛ss♦❝✐❛❞♦s sã♦ ❛❞❥❛❝❡♥t❡s✳
❖❜s❡r✈❡ q✉❡ ♦s ✈ért✐❝❡s ❞❡ tT t❡♠ ✈❛❧ê♥❝✐❛ ✶✱ ✷ ♦✉ ✸ ❡ ❝❛❞❛ ár✈♦r❡ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ✈ért✐❝❡
❞❡ ✈❛❧ê♥❝✐❛ ✶✳ ❈❤❛♠❛r❡♠♦s ❞❡ ❢♦❧❤❛ ✉♠❛ ❛r❡st❛ ❞❡ tT t❛❧ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s ✈ért✐❝❡s t❡♥❤❛
✈❛❧ê♥❝✐❛ ✶✳ ❉❡ T ♣♦❞❡♠♦s ❞❡✜♥✐r ❛✐♥❞❛ ✉♠ ❣r❛❢♦ ΓT ✳ ❆ ❝❛❞❛ ❞✐❛❣♦♥❛❧ ❞❡ T é ❛ss♦❝✐❛❞♦ ✉♠
✈ért✐❝❡ ❡♠ ΓT ❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❧✐❣❛❞♦s ♣♦r ✉♠❛ ❛r❡st❛ s❡ ❛s ❞✐❛❣♦♥❛✐s ❛ss♦❝✐❛❞❛s ❞❡❧✐♠✐t❛♠
✉♠ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ✳ ❯♠❛ ♠✉t❛çã♦ ❞❡ T s♦❜r❡ ✉♠❛ ❞❡ s✉❛s ❞✐❛❣♦♥❛✐s✱ ❞✐❣❛♠♦s −αk✱ é
❛ ú♥✐❝❛ tr✐❛♥❣✉❧❛çã♦ T ′ ❞❡ P q✉❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♠❛♥t❡♥❞♦ ❛s ❞✐❛❣♦♥❛✐s −αi, i 6= k✱ ❞❡ T ❡♠
T ′ ❡ s✉❜st✐t✉✐♥❞♦ −αk ♣❡❧❛ ú♥✐❝❛ ♦✉tr❛ ❞✐❛❣♦♥❛❧ ❞♦ q✉❛❞r✐❧át❡r♦ tr✐❛♥❣✉❧❛❞♦ ♣♦r −αk✳

✷✳✷✳✸ ◗✉✐✈❡rs

❙❡❥❛ T ✉♠❛ tr✐❛♥❣✉❧❛çã♦✳ ❉❡✜♥✐♠♦s ♦ q✉✐✈❡r QT ❝✉❥♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ é ♦ ❣r❛❢♦ ΓT ❞❡✜♥✐❞♦
❛♥t❡r✐♦r♠❡♥t❡✳ ❖❜s❡r✈❡ q✉❡ ♦s ✈ért✐❝❡s ❡stã♦ ❛ss♦❝✐❛❞♦s às ❞✐❛❣♦♥❛✐s ❞❡ T ❡✱ ♣♦rt❛♥t♦✱ ❡♠
❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ I ❞❛s r❛í③❡s ♥❡❣❛t✐✈❛s ❞❡ T ✳ ❖❜s❡r✈❡ q✉❡ s❡ ❤á ❛r❡st❛ ❞❡ i ♣❛r❛ j ❡♠
ΓT ✱ −αi ❡ −αj ❞❡❧✐♠✐t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ❡ ♣♦rt❛♥t♦ tê♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✳

✷✻



1

2

3

1

2

1a

b

c

d

e

❋✐❣✉r❛ ✷✳✾✿ ➪r✈♦r❡ tT ✳ ❖s ♥ú♠❡r♦s ✐♥✲
❞✐❝❛♠ ❛ ✈❛❧ê♥❝✐❛ ❞♦ ✈ért✐❝❡ ❡ ❛s ❛r❡st❛s a, b
❡ e sã♦ ❢♦❧❤❛s✳

❋✐❣✉r❛ ✷✳✶✵✿ ●r❛❢♦ ΓT

−α1

−α2

−α3

−α4

−α′
5

−α1

−α2

−α3

−α4

−α5

❋✐❣✉r❛ ✷✳✶✶✿ ❚r✐❛♥❣✉❧❛çã♦ T ❡ s✉❛ ♠✉t❛çã♦ ♥❛ r❛✐③ −α5

❆ss✐♠ −αi ❡ −αj sã♦ ❝♦♠♣❛rá✈❡✐s ❝♦♠ r❡❧❛çã♦ ❛ < ❞❡✜♥✐❞❛ ❡♠ ✷✳✷✳✶ ❡ ❛ ❛r❡st❛ é ♦r✐❡♥t❛❞❛
i←− j s❡ −αi < −αj✳ ❉❡st❛ ❞❡✜♥✐çã♦ s❡❣✉❡ q✉❡ t♦❞♦ tr✐â♥❣✉❧♦ ❡♠ QT é ♦r✐❡♥t❛❞♦✳

✷✼



❋✐❣✉r❛ ✷✳✶✷✿ ◗✉✐✈❡r ♦❜t✐❞♦ ❞♦ ❣r❛❢♦ QT

▲❡♠❛ ✷✳✷✳✼ ❆ ♠✉t❛çã♦ ❞❡ q✉✐✈❡rs ❞❡✜♥✐❞❛ ♥❛ s❡çã♦ ✷✳✶ ❝♦rr❡s♣♦♥❞❡ ❛♦ q✉✐✈❡r ♦❜t✐❞♦ ❛tr❛✈és
❞❛ ♠✉t❛çã♦ ❞❡ tr✐❛♥❣✉❧❛çõ❡s ❞❡s❝r✐t❛ ❛❝✐♠❛✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ T tr✐❛♥❣✉❧❛çã♦ ❞❡ P ❝♦♥s✐❞❡r❡ QT s❡✉ q✉✐✈❡r✳ ❉❡♥♦t❡ ❛ ♠✉t❛çã♦ ❞❡
I ♥❛ ❞✐❛❣♦♥❛❧ −αk ♣♦r µk(I) ❡ ♣♦r µk(T ) ❛ tr✐❛♥❣✉❧❛çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ❝♦♥❥✉♥t♦ µk(I)✳ ❈♦♠♦ I
❡stá ❡♠ ❜✐❥❡çã♦ ❝♦♠ (QT )0 t❡♠♦s q✉❡ ♣r♦✈❛r q✉❡ Qµk(T ) ❂ µk(QT )✳ ❉❡♥♦t❡ ♣♦r −α′

k ❛ ❞✐❛❣♦♥❛❧
❞❡ P t❛❧ q✉❡ {−α′

k} = µk(I) \ I✳ ❙❡ ❡①✐st❡ ✢❡❝❤❛ i −→ k ❡♠ QT ❡♥tã♦ −αk < −αi✳ ◆❡st❛
❝♦♥❞✐çã♦ t❡♠♦s −αi < −α′

k ❡ ❡♥tã♦ ❡①✐st❡ ✢❡❝❤❛ k −→ i ❡♠ Qµk(T )✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ k −→ i ❡♠
QT ✐♠♣❧✐❝❛ i −→ k ❡♠ Qµk(T )✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ✐♥✈❡rt❡♠♦s ❛s ✢❡❝❤❛s ✐♥❝✐❞❡♥t❡s ❡♠ k✳

❙❡ ❡①✐st❡♠ ✢❡❝❤❛s i −→ k −→ j ❡♠ QT ❡♥tã♦ t❡♠♦s −αj < −αk < −αi ❡♠ I✳ ❊st❛ ❝♦♥✜❣✲
✉r❛çã♦ ♥♦s ❞á −αj < −αi < −α′

k < −αj ❡♠ µk(I) ❡ ♣♦rt❛♥t♦ t❡♠♦s ✢❡❝❤❛ i −→ j ❡♠ Qµk(T )✳
❙❡ ♥ã♦ ❤á ✢❡❝❤❛ ❡♥tr❡ ♦s ✈ért✐❝❡s i ❡ k ❡♥tã♦ −αi ❡ −αk ♥ã♦ ❞❡❧✐♠✐t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠
T ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡♠ µk(T )✳ ▲♦❣♦ ♥ã♦ ❤á ✢❡❝❤❛s ❡♥tr❡ i ❡ k ❡♠ Qµk(T )✳ ⊏⊐

❉❡✜♥✐çã♦ ✷✳✷✳✽ ❉❛❞♦ Q ✉♠ q✉✐✈❡r✱ ❞❡✜♥✐♠♦s ❛s r❡❧❛çõ❡s tr✐❛♥❣✉❧❛r❡s R ❡♠ KQ ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿ ❡♠ q✉❛❧q✉❡r tr✐â♥❣✉❧♦ ♦r✐❡♥t❛❞♦✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❞✉❛s ✢❡❝❤❛s s✉❝❡ss✐✈❛s é ③❡r♦✳
❙❡❥❛♠ RepK(QT , R)✱ ❛ ❝❛t❡❣♦r✐❛ K✲❧✐♥❡❛r ❛❜❡❧✐❛♥❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ q✉✐✈❡r QT ❝♦♠ r❡❧❛çõ❡s
tr✐❛♥❣✉❧❛r❡s✱ ❡ Ind(QT , R)✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s
❞❡ RepK(QT , R)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✾ ❖❜s❡r✈❡ q✉❡ ❡ss❛s r❡❧❛çõ❡s sã♦ ❛s ♠❡s♠❛s ❞❡s❝r✐t❛s ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✻✳

▲❡♠❛ ✷✳✷✳✶✵ ❖ s✉♣♦rt❡ suppα ❞❡ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α é ❝♦♥❡①♦ ✈✐st♦ ❝♦♠♦ s✉❜❝♦♥❥✉♥t♦ ❞♦
q✉✐✈❡r QT ✳

✷✽



❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ −αi,−αj ❞✉❛s r❛í③❡s ♥❡❣❛t✐✈❛s ❞✐st✐♥t❛s ❡♠ suppα✳ ▼♦str❡♠♦s
q✉❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦ ♦r✐❡♥t❛❞♦ ❞❡ i ♣❛r❛ j ❡♠ QT ∩ suppα✳ ❆s ❞✐❛❣♦♥❛✐s −αi ❡ −αj
❝♦rt❛♠ ♦ ♣♦❧í❣♦♥♦ ❡♠ três ♣❛rt❡s✳ ❉❡♥♦t❡ ♣♦r Pij ❛ ♣❛rt❡ q✉❡ ❝♦♥té♠ −αi ❡ −αj✳ Pr♦❝❡❞❡r❡♠♦s
♣♦r ✐♥❞✉çã♦ ❡♠ m ♦ ♥ú♠❡r♦ ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s ❡♠ Pij✳ ❙❡ m = 1✱ ❡♥tã♦ −αi = −αj ❡ ♥ã♦ ❤á
♥❛❞❛ ❛ ♣r♦✈❛r✳ ❆ss✉♠❛ m > 1 ❡ s❡❥❛ ∆ ♦ ú♥✐❝♦ tr✐â♥❣✉❧♦ ❡♠ T q✉❡ ❝♦♥té♠ −αi ❡ ❡stá ❝♦♥t✐❞♦
❡♠ Pij✳ ❈♦♠♦ α ❛tr❛✈❡ss❛ t❛♥t♦ −αi ❝♦♠♦ −αj✱ ❡♥tã♦ α t❡♠ q✉❡ ❛tr❛✈❡ss❛r ❡①❛t❛♠❡♥t❡ ✉♠
❞♦s ❞♦✐s ❧❛❞♦s ❞✐❢❡r❡♥t❡s ❞❡ −αi ❡♠ ∆✳ ❊st❡ ❧❛❞♦ ♥ã♦ ♣♦❞❡ s❡r ♦ ❜♦r❞♦ ❞♦ ♣♦❧í❣♦♥♦✱ ❡♥tã♦ t❡♠
❞❡ s❡r ✉♠❛ r❛✐③ ♥❡❣❛t✐✈❛✱ s✉♣♦♥❤❛ −αk✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❛r❡st❛ ❡♥tr❡ −αi ❡ −αk ❡♠ QT ❡
i, k ∈ suppα✳ P♦❞❡♠♦s s✉♣♦r ♣♦r ✐♥❞✉çã♦ q✉❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦ ♦r✐❡♥t❛❞♦ ❡♠ suppα ❞❡
k ♣❛r❛ j ♦ q✉❡ t❡r♠✐♥❛ ❛ ❞❡♠♦♥str❛çã♦✳ ⊏⊐

✷✳✷✳✹ ❖ ❋✉♥t♦r Θ

❉❡✜♥✐r❡♠♦s ✉♠ ❢✉♥t♦r K✲❧✐♥❡❛r Θ ❞❡ CT ♣❛r❛ RepK(QT , R)✳ P❡❧❛ ❛❞✐t✐✈✐❞❛❞❡ é s✉✜❝✐❡♥t❡ ❞❡✜♥✐r
Θ ♥❛s r❛í③❡s ♣♦s✐t✐✈❛s✳ ❆ ✐♠❛❣❡♠ ❞❡ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α é ♦ ♠ó❞✉❧♦ (Mα, fα) = (Mα

i , f
α
ij)

❞❡✜♥✐❞♦s ♣♦r

Mα
i =

{
K s❡ i ∈ suppα✱
0 ❝❛s♦ ❝♦♥trár✐♦

e fαij =

{
idK s❡ Mα

i = K =Mα
j ✱

0 ❝❛s♦ ❝♦♥trár✐♦✳

■st♦ é✱ ❞❡ ❢❛t♦✱ ✉♠ ♦❜❥❡t♦ ❡♠ RepK(QT , R) ♣♦✐s ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ α ♣♦❞❡ ❛tr❛✈❡ss❛r ❛♣❡♥❛s
❞♦✐s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡♠ T ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❡♠ ❝❛❞❛ tr✐â♥❣✉❧♦ ❞❡ QT ❤á ♥♦ ♠á①✐♠♦
✉♠❛ ✢❡❝❤❛ i −→ j t❛❧ q✉❡ fαij 6= 0 ❡ ♣♦rt❛♥t♦ ❛s r❡❧❛çõ❡s tr✐❛♥❣✉❧❛r❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✳✽
sã♦ ♠❛♥t✐❞❛s✳ ❆❣♦r❛ ❞❡✜♥✐♠♦s ♦ ❢✉♥t♦r ♥♦s ♠♦r✜s♠♦s✳ P❡❧❛ ❛❞✐t✐✈✐❞❛❞❡✱ é s✉✜❝✐❡♥t❡ ❞❡✜♥✐r
♦ ❢✉♥t♦r ♥♦s ♠♦r✜s♠♦s ❞❡ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ ♣❛r❛ ♦✉tr❛ r❛✐③ ♣♦s✐t✐✈❛✳ ❉❡✜♥✐r❡♠♦s ♦ ❢✉♥t♦r
♥♦s ♠♦✈✐♠❡♥t♦s ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r ❡ ❞❡♣♦✐s ✈❡r✐✜❝❛r❡♠♦s q✉❡ ❛s r❡❧❛çõ❡s ❞❡ ♠❛❧❤❛ sã♦
r❡s♣❡✐t❛❞❛s✳

❙❡❥❛♠ α, α′ ∈ Φ+ t❛✐s q✉❡ P v(α) = α′✳ ❉❡✜♥❛ ♦ ♠♦r✜s♠♦Θ(P v) ❞❡ (Mα, fα) ♣❛r❛ (Mα′

, fα
′

)

s❡♥❞♦ Θ(P v)i = idK s❡♠♣r❡ q✉❡ i ∈ suppα∩ suppα′ ❡ 0 ❝❛s♦ ❝♦♥trár✐♦✳ ❱❡r✐✜q✉❡♠♦s ❛❣♦r❛ q✉❡
Θ(P v) é ❞❡ ❢❛t♦ ✉♠ ♠♦r✜s♠♦ ❡♠ RepK(QT , R)✳ P❛r❛ ✉♠❛ ❞❛❞❛ ✢❡❝❤❛ i −→ j ❡♠ QT ✱ t❡♠♦s
q✉❡ ✈❡r✐✜❝❛r ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛✿

Mα
i

fαij //

Θ(P v)i
��

Mα
j

Θ(P v)j
��

Mα′

i

fα
′

ij // Mα′

j

✷✾



❙❡Mα
i = 0 ♦✉Mα′

j = 0 ❡ ❛✐♥❞❛ s❡ ❛♠❜♦sMα
j ❡Mα′

i ❢♦r❡♠ 0✱ ♦ ❞✐❛❣r❛♠❛ ❝❧❛r❛♠❡♥t❡ ❝♦♠✉t❛✳
❙✉♣♦♥❤❛ Mα

i 6= 0 ❡ Mα′

j 6= 0✳ ❙❡ Mα
j 6= 0 ❡ Mα′

i 6= 0 ❡♥tã♦ ❛s q✉❛tr♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s
sã♦ idK ❡ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✳ ❖ ú♥✐❝♦ ❝❛s♦ r❡st❛♥t❡ é s❡ ❡①❛t❛♠❡♥t❡ ♦✉ Mα

j 6= 0 ♦✉ Mα′

i 6= 0✳
❙✉♣♦♥❤❛ q✉❡ Mα′

i = 0 ❡ Mα
j 6= 0✱ ✐st♦ é✱ i, j ∈ suppα✱ j ∈ suppα′ ❡ i /∈ suppα′✳ ❈♦♠♦ Pv é ✉♠

♠♦✈✐♠❡♥t♦ ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r t❡♠♦s q✉❡ −αi ❛tr❛✈❡ss❛ α✱ q✉❡ −αi ❡ α′ t❡♠ ✉♠ ✈ért✐❝❡ ❡♠
❝♦♠✉♠ ❡ q✉❡ −αj ❛tr❛✈❡ss❛ α ❡ α′✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ −αi < −αj ❡ ✐st♦ ❝♦♥tr❛❞✐③ ❛ ♦r✐❡♥t❛çã♦
i −→ j ♥♦ q✉✐✈❡r QT ✳ ❖ ♦✉tr♦ ❝❛s♦ ♣♦❞❡ s❡r ❡①❝❧✉í❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

P❛r❛ ♠♦str❛r q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ s❡ ❡st❡♥❞❡ ❛ ✉♠ ❢✉♥t♦r✱ r❡st❛ ❛♣❡♥❛s ✈❡r✐✜❝❛r q✉❡ ❛s
r❡❧❛çõ❡s ❞❡ ♠❛❧❤❛ sã♦ r❡s♣❡✐t❛❞❛s✳ ❙❡❥❛ P = P s(v2)P v1 ✉♠ ❝❛♠✐♥❤♦ ❞❡ r♦t❛çã♦ ❞❡ α = 〈v1, v2〉

♣❛r❛ α′ = 〈s(v1), s(v2)〉 ❡ ❝♦♥s✐❞❡r❡ β = Pv1(α) = 〈v1, s(v2)〉 ∈ Φ+✳ ❙❡❥❛ β′ = Pv2(α) ❡ s✉♣♦♥❤❛
✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ β′ ∈ Φ+✳ ❚❡♠♦s q✉❡ ✈❡r✐✜❝❛r ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛ ♣❛r❛ t♦❞♦ i✿

Mα
i

Θ(P v1 )i //

Θ(P v2 )i
��

Mβ
i

Θ(P s(v2)
)i

��

Mβ′

i

Θ(P s(v1)
)i

// Mα′

i

❖ ú♥✐❝♦ ❝❛s♦ ♥ã♦ tr✐✈✐❛❧ é q✉❛♥❞♦ i ∈ suppα ∩ supα′✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s t❛♠❜é♠ i ∈

supp β ∩ supp β′ ♣♦✐s q✉❛❧q✉❡r ❞✐❛❣♦♥❛❧ ❛tr❛✈❡ss❛♥❞♦ α ❡ α′ ❞❡✈❡ ❛tr❛✈❡ss❛r t❛♠❜é♠ β ❡ β′✳
❆ss✐♠✱ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s sã♦ idK ❡ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ β′ é
✉♠❛ ❛r❡st❛ ♦✉ ✉♠❛ r❛í③ ♥❡❣❛t✐✈❛✱ ❡ ♣♦rt❛♥t♦ P v2(α) = 0✳ ❚❡♠♦s q✉❡ ♠♦str❛r q✉❡ ❛ ❝♦♠♣♦s✐çã♦

Mα
i

Θ(P v1 )i−→ Mβ
i

Θ(P s(v2)
)i

−→ Mα′

i é ③❡r♦ ♣❛r❛ t♦❞♦ i✳ ▼❛s ♥❡st❡ ❝❛s♦ ♥❡♥❤✉♠❛ r❛✐③ ♥❡❣❛t✐✈❛ ♣♦❞❡
✐♥t❡r❝❡♣t❛r α ❡ α′✳ ❊♥tã♦ suppα∩supα′ é ✈❛③✐♦✱ ❡ ❡♥tã♦ ❛ ❝♦♠♣♦s✐çã♦ é ③❡r♦✳ ❆ss✐♠ ❛s r❡❧❛çõ❡s
♠❛❧❤❛ sã♦ r❡s♣❡✐t❛❞❛s✱ ❝♦♠ ❛s ❝♦♥✈❡♥çõ❡s ❢❡✐t❛s ❡♠ s✉❛ ❞❡✜♥✐çã♦✳

▲❡♠❛ ✷✳✷✳✶✶ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ HomCT
(α, α′) é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡

i ∈ suppα ∩ suppα′ t❛❧ q✉❡ ❛s ♣♦s✐çõ❡s r❡❧❛t✐✈♦s ❞❡ α, α′ ❡ −αi sã♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✸✳
■st♦ é✱ s❡❥❛♠ v1, v2 ♦s ✈ért✐❝❡s ❞❡ −αi ❡ u1, u2 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ u′1, u

′
2✮ ♦s ✈ért✐❝❡s ❞❡ α ✭r❡✲

s♣❡❝t✐✈❛♠❡♥t❡ α′✮✳ ❊♥tã♦ ❡①✐st❡ ♦r❞❡♥❛çã♦ ❞❡ t❛✐s ✈ért✐❝❡s ♥♦ s❡♥t✐❞♦ tr✐❣♦♥♦♠étr✐❝♦ ♣♦s✐t✐✈♦✱
❞✐❣❛♠♦s✱ ❝♦♠❡ç❛♥❞♦ ❡♠ v1 ❡ v1 < u1 ≤ u′1 < v2 < u2 ≤ u′2✳ ◆❡st❡ ❝❛s♦✱ HomCT

(α, α′) é ❞❡
❞✐♠❡♥sã♦ 1✳
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α

α′

−αi

❋✐❣✉r❛ ✷✳✶✸✿ P♦s✐çã♦ r❡❧❛t✐✈❛✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ HomCT
(α, α′) ♥ã♦ é ③❡r♦✳ ❙❡❥❛ P = P im . . . P i2P i1 6= 0

✉♠ ❝❛♠✐♥❤♦ ❞❡ r♦t❛çã♦ ❞❡ α ♣❛r❛ α′ ❡ ❞❡♥♦t❡ ♣♦r αk = Pik . . . Pi1(α) ♣❛r❛ t♦❞♦ k = 1, . . . ,m✳
P❡❧❛s r❡❧❛çõ❡s ❞❡ ♠❛❧❤❛✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♦s k ♣r✐♠❡✐r♦s ♠♦✈✐♠❡♥t♦s ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r
P i1 , . . . , P ik t❡♠ ♣✐✈ô ❡♠ i1 ❡ ♦s ✉❧t✐♠♦s (m−k)♠♦✈✐♠❡♥t♦s ❞❡ r♦t❛çã♦ ❡❧❡♠❡♥t❛r P ik+1

, . . . , P im

t❡♠ ♣✐✈ô ❡♠ ik+1✳ ❖❜s❡r✈❡ q✉❡ ♥❡st❡ ❝❛s♦ t❡♠♦s q✉❡ i1 é ✉♠ ❞♦s ✈ért✐❝❡s ❞❡ α ❡ ik+1 ♦ ✈ért✐❝❡
q✉❡ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❞❡ α′ ❡ αk✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s ♣♦ssí✈❡✐s✿

✭❛✮ ❙❡m = k✱ ❡♥tã♦ α ❡ α′ t❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✱ ♦ ♣✐✈ô ❞❡ P i1 ✳ ❙✉♣♦♥❤❛ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡
q✉❡ m = 1 ❡ ♦ ❝❛s♦ ❣❡r❛❧ é ♣r♦✈❛❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳ ❚❡♠♦s ❡♥tã♦ α′ = P i1(α)✳ ❙✉♣♦♥❤❛
♣♦r ❛❜s✉r❞♦ q✉❡ ♥ã♦ ❡①✐st❡ i ∈ suppα ∩ suppα′✳ ❈♦♠♦ α ❡ α′ ❞❡❧✐♠✐t❛♠ ✉♠ tr✐â♥❣✉❧♦
❡♠ P ❡①✐st❡ j ∈ I t❛❧ q✉❡ −αj t❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❝♦♠ α ❡ ❝r✉③❛ α′ ♦✉ t❡♠
✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❝♦♠ α′ ❡ ❝r✉③❛ α✳ ❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛
♣r✐♠❡✐r❛ ❝♦♥✜❣✉r❛çã♦✳ ❖❜s❡r✈❡ q✉❡ α ❡ −αj ❞✐✈✐❞❡♠ ♦ ♣♦❧í❣♦♥♦ ❡♠ ✷ ♣❛rt❡s✳ ❉❡♥♦t❡ ♣♦r
R1 ❛ ♣❛rt❡ q✉❡ ❝♦♥té♠ −αj ❡ R2 ❛ ♦✉tr❛ ♣❛rt❡✳ P❡❧❛ ❤✐♣ót❡s❡ ❡ ♣♦r −αj ∈ T ♥❡♥❤✉♠❛
❞✐❛❣♦♥❛❧ ❞❡ T ❝♦♠ ✈ért✐❝❡ ❡♠ R2 ♣♦❞❡ ❝r✉③❛r α✳ ❈♦♠ ✐st♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ T tr✐❛♥❣✉❧❛♠
❝♦♠♣❧❡t❛♠❡♥t❡ ♦s ♣♦❧í❣♦♥♦s R1 ❡ R2 ❡ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ α ∈ T ❝♦♥tr❛❞✐③❡♥❞♦ q✉❡ α é r❛✐③
♣♦s✐t✐✈❛✳ ▲♦❣♦✱ ❡①✐st❡ i ∈ suppα ∩ suppα′ ❡ ❛ s✐t✉❛çã♦ ❞❛ ❋✐❣✉r❛ ✷✳✶✸ é s❛t✐s❢❡✐t❛✳

✭❜✮ ❙❡ m > k✱ ❞❡♥♦t❡ ♣♦r V1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ V2✮ ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈ért✐❝❡s ❞❡ α, α1, . . . , αk ✭r❡✲
s♣❡❝t✐✈❛♠❡♥t❡ αk+1, . . . , αm✮ ❡①❝❡t♦ i1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ik+1✮✳ ❈♦♠♦ P 6= 0✱ ✐st♦ ✐♠♣❧✐❝❛
q✉❡ α ❡ α′ s❡ ✐♥t❡r❝❡♣t❛♠ ❡✱ ♣❡❧❛s r❡❧❛çõ❡s ❞❡ ♠❛❧❤❛✱ t♦❞❛s ❞✐❛❣♦♥❛✐s ❝♦♠ ✉♠ ✈ért✐❝❡ ❡♠
V1 ❡ ♦✉tr♦ ❡♠ V2 sã♦ ♣♦s✐t✐✈❛s✳ ❆❧é♠ ❞✐ss♦✱ ♦s ✈ért✐❝❡s ❞❡ α ❡ α′ ❢♦r♠❛♠ ✉♠ q✉❛❞r✐❧át❡r♦
♥♦ ♣♦❧í❣♦♥♦ s❡♠ q✉❡ ♥❡♥❤✉♠❛ ❞✐❛❣♦♥❛❧ ❞❛ tr✐❛♥❣✉❧❛çã♦ T ❛tr❛✈❡ss❡✲♦ ❞❡ V1 ♣❛r❛ V2✳ P❡❧♦
✐t❡♠ ✭❛✮✱ ❡①✐st❡ i ∈ suppα ∩ suppαk✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❡①✐st❡ j ∈ suppα′ ∩ suppαk✳ ❙❡
−αi ♦✉ ❝r✉③❛ α′ ♦✉ −αj ❝r✉③❛ α✱ ❡stá t❡r♠✐♥❛❞♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐rá −αk ∈ T ❝♦♠
✉♠ ✈ért✐❝❡ v2 t❛❧ q✉❡ u′1 < v2 < u2 ❡ ♦ ♦✉tr♦ ✈ért✐❝❡ v2 é t❛❧ q✉❡ w2 < v1 < w1✳ ▲♦❣♦✱
t❡♠♦s ❛ s✐t✉❛çã♦ ❞❛ ❋✐❣✉r❛ ✷✳✶✸✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛ ❝♦♥❞✐çã♦ ❞♦ ❞✐❛❣r❛♠❛✱ é ❝❧❛r♦ q✉❡ ❡①✐st❡ ✉♠ ♠♦r✜s♠♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦
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❞❡ α ♣❛r❛ α′✳ P♦r ✜♠✱ ❛ ❞✐♠❡♥sã♦ ❞❡ HomCT
(α, α′) é ♥♦ ♠á①✐♠♦ ✉♠✱ ♣♦✐s q✉❛✐sq✉❡r ❞♦✐s

❝❛♠✐♥❤♦s ❞❡ r♦t❛çã♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦ ❞❡ α ♣❛r❛ α′ ❡stã♦ ♥❛ ♠❡s♠❛ ❝❧❛ss❡✳ ⊏⊐

▲❡♠❛ ✷✳✷✳✶✷ ❙❡❥❛♠ α ❡ α′ r❛í③❡s ♣♦s✐t✐✈❛s✱ ❡♥tã♦ suppα ∩ suppα′ é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ ♣♦r r❡❞✉çã♦ ❛♦ ❛❜s✉r❞♦ q✉❡ suppα ∩ suppα′ é ❞❡s❝♦♥❡①♦✳
❊s❝r❡✈❛ S = suppα ❡ S ′ = suppα′ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✳ ❙❡❥❛♠✱ i, k ∈ S ∩ S ′ ❞♦✐s ✈ért✐❝❡s q✉❡
♣❡rt❡♥❝❡♠ ❛ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞✐❢❡r❡♥t❡s ❞❡ S ∩ S ′✳ ❈♦♠♦ S ❡ S ′ sã♦ ❝♦♥❡①♦s✱ ♣❡❧♦ ▲❡♠❛
✷✳✷✳✶✵✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❞♦✐s ❝❛♠✐♥❤♦s p : i = i1, i2, . . . , ip = k ❡♠ S ❡ p′ : i = j1, j2, . . . , jp′ = k

❡♠ S ′✳ ❙❡❥❛ m ♦ ♠❡♥♦r ✐♥t❡✐r♦ t❛❧ q✉❡ im+1 6= jm+1✳ ◆❛ tr✐❛♥❣✉❧❛çã♦ T ✱ ❝❛❞❛ ✉♠❛ ❞❛s ❞✐❛❣♦♥❛✐s
−αim−1 ,−αim+1 ,−αjm+1 t❡♠ ✉♠ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠ ❝♦♠ −αim ✳ ❈♦♠♦ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ ♣♦❞❡
❛tr❛✈❡ss❛r ❛♣❡♥❛s ❞♦✐s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦✱ t❡♠♦s q✉❡ −αim ,−αim+1 ❡ −αjm+1 ❢♦r♠❛♠ ✉♠
tr✐â♥❣✉❧♦ ∆ ❡♠ T ✳ ❆❧é♠ ❞✐ss♦ im+1 ∈ S \S

′ ❡ jm+1 ∈ S
′ \S✳ ❆❣♦r❛✱ r❡t✐r❛♥❞♦ ♦ tr✐â♥❣✉❧♦ ∆✱ ❞✐✲

✈✐❞✐♠♦s ♦ ♣♦❧í❣♦♥♦ ❡♠ três ♣❛rt❡s✿ Rim , Rim+1 ❡ Rjm+1 t❛❧ q✉❡ Rl ❝♦♥té♠ −αl, l = im, im+1, jm+1✳
❆❧é♠ ❞✐ss♦ −αil , l ≥ m+ 1 ♣❡rt❡♥❝❡♠ ❛ Rim+1 ❡ −αjl , l ≥ m+ 1 ♣❡rt❡♥❝❡♠ ❛ Rjm+1 ✳ ▼❛s ✐st♦
❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ −αjp′ = −αk = −αip ✱ ❡ ♣♦rt❛♥t♦ S ∩ S ′ é ❝♦♥❡①♦✳ ⊏⊐

▲❡♠❛ ✷✳✷✳✶✸ ❙❡❥❛♠ α, α′ r❛í③❡s ♣♦s✐t✐✈❛s ❞❡ T ✱ S = suppα ❡ S ′ = suppα′✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
HomRep

K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)) é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s
sã♦ ✈❡r✐✜❝❛❞❛s✿

(i) S ∩ S ′ 6= ∅❀

(ii) ♥ã♦ ❡①✐st❡ ✢❡❝❤❛ ❞❡ S \ S ′ ♣❛r❛ S ∩ S ′ ❡♠ QT ❀

(iii) ♥ã♦ ❡①✐st❡ ✢❡❝❤❛ ❞❡ S ∩ S ′ ♣❛r❛ S ′ \ S ❡♠ QT ❀

◆❡st❡ ❝❛s♦✱ HomRep
K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)) é ❞❡ ❞✐♠❡♥sã♦ ✉♠✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ P ∈ HomRep
K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)), P 6= 0✳ ❙❡❣✉❡ q✉❡ ❛
❝♦♥❞✐çã♦ (i) é s❛t✐s❢❡✐t❛✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❝♦♥❞✐çã♦ (ii) ♥ã♦ s❡❥❛ ✈❡r❞❛❞❡✐r❛✳ ❊♥tã♦ ❡①✐st❡ ✢❡❝❤❛
i −→ j ❡♠ QT ❝♦♠ i ∈ S \ S ′, j ∈ S ∩ S ′ t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛

Mα
i

idK //

Pi

��

Mα
j

Pj

��

0
0 // Mα′

j
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❆ss✐♠ Pi ❡ Pj sã♦ ❛♠❜♦s ③❡r♦✳ ❆❣♦r❛✱ t♦♠❡ k q✉❛❧q✉❡r ✈ért✐❝❡ ❡♠ S ∩ S ′✳ ▼♦str❡♠♦s q✉❡
Pk = 0✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✶✷ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦ ♦r✐❡♥t❛❞♦ k = k0 − k1 − · · · − km = i ❡♠ QT

t❛❧ q✉❡ ❝❛❞❛ ki ∈ S ∩ S ′✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ m✳ ◗✉❛♥❞♦ m = 0 ❡stá ❢❡✐t♦ ❛❝✐♠❛✳
❙✉♣♦♥❞♦ m > 0✱ ♣♦r ✐♥❞✉çã♦ Pk1 é ③❡r♦ ❡ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛

Mα
k

idK //

Pk

��

Mα
k1

0
��

Mα′

k

idK // Mα′

k1

✐♠♣❧✐❝❛ q✉❡ Pk é ③❡r♦ ♣❛r❛ ❛♠❜❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♦r✐❡♥t❛çã♦ ❞❡ k− k1 ❡♠ QT ✳ ❆ ❝♦♥❞✐çã♦
(iii) é ❞❡♠♦♥str❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

P❛r❛ ♣r♦✈❛r ❛ r❡❝í♣r♦❝❛✱ t♦♠❡ α, α′ s❛t✐s❢❛③❡♥❞♦ ❛s três ❝♦♥❞✐çõ❡s✳ ❉❡✜♥❛
P ∈ HomRep

K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)) ♣♦r

Pi =

{
idK, s❡ i ∈ S ∩ S ′

0, ❝❛s♦ ❝♦♥trár✐♦.

❆ss✐♠✱ (i) ✐♠♣❧✐❝❛ q✉❡ P 6= 0✳ ❘❡st❛ ❛♣❡♥❛s ♠♦str❛r q✉❡ P é ✉♠ ♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s ❞❡
q✉✐✈❡r✱ ♦✉ s❡❥❛✱ q✉❡ ♦ ❞✐❛❣r❛♠❛

Mα
i

fαij //

Pi

��

Mα
j

Pj

��

Mα′

i

fα
′

ij // Mα′

j

❝♦♠✉t❛ ♣❛r❛ t♦❞❛ i −→ j ❡♠ QT ✳ ▼❛s ✐st♦ é ✈❡r❞❛❞❡ ♣❡❧❛s ❝♦♥❞✐çõ❡s (ii) ❡ (iii)✳

P♦r ✜♠✱ ❛ ❞✐♠❡♥sã♦ ❞❡ HomRep
K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)) é ♥♦ ♠á①✐♠♦ ✉♠✱ ♣♦✐s ❝❛❞❛ ❡s✲
♣❛ç♦ ✈❡t♦r✐❛❧Mα

i ,M
α′

i é ❞❡ ❞✐♠❡♥sã♦ ③❡r♦ ♦✉ ✉♠✱ ❡ ♣❡❧❛ ❝♦♥❡①✐❞❛❞❡ ❞❛ ✐♥t❡rs❡çã♦ ❞♦s s✉♣♦rt❡s✳
⊏⊐

▲❡♠❛ ✷✳✷✳✶✹ ❆s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✷✳✷✳✶✶ ❡ ❞♦ ▲❡♠❛ ✷✳✷✳✶✸ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ α, α′ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✳✶✶✳ ❊♥tã♦ i ∈ S ∩ S ′ ♦ q✉❡ ✐♠♣❧✐❝❛ (i)✳
❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✢❡❝❤❛ j −→ k ❡♠ QT t❛❧ q✉❡ j ∈ S \ S ′ ❡ k ∈ S ∩ S ′✳ ❊♥tã♦ −αk ❛tr❛✈❡ss❛
t❛♥t♦ α q✉❛♥t♦ α′ ❡♥q✉❛♥t♦ −αj ❛tr❛✈❡ss❛ ❛♣❡♥❛s α✳ ❈♦♠♦ j −→ k✱ s❛❜❡♠♦s q✉❡ −αj ❡ −αk

✸✸



sã♦ ❞♦✐s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡♠ T ❡ q✉❡ −αk < −αj✳ ■st♦ é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♠❛♥❡✐r❛ ❝♦♠♦
−αi ✐♥t❡r❝❡♣t❛ α ❡ α′✳ ❆ss✐♠✱ ❛ ❝♦♥❞✐çã♦ (ii) é s❛t✐s❢❡✐t❛✱ ❡ ♣♦❞❡♠♦s ♠♦str❛r (iii) ❞❡ ♠❛♥❡✐r❛
❛♥á❧♦❣❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ α, α′ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s (i), (ii) ❡ (iii) ❞♦ ▲❡♠❛ ✷✳✷✳✶✸✳
P♦r (i)✱ ❡①✐st❡ −αi ∈ S ∩ S ′✳ ❙❡❥❛♠ v1, v2 ♦s ✈ért✐❝❡s ❞❡ −αi✳ ❈♦♥s✐❞❡r❡ ❛s ❞✉❛s ♣❛rt❡s ❞♦
♣♦❧í❣♦♥♦ Rl ❡ Rr ❞❡❧✐♠✐t❛❞❛s ♣♦r −αi✳ ❈❛❞❛ ✉♠❛ ❞❡❧❛s ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ ✉♠ ✈ért✐❝❡ ❞❡
α ❡ ✉♠ ✈ért✐❝❡ ❞❡ α′✳ ❈♦♥s✐❞❡r❡ ❛s r❛í③❡s ♣♦s✐t✐✈❛s α, α′ ❝♦♠♦ ❝❛♠✐♥❤♦s ❞❡ Rr ♣❛r❛ Rl✳ ❆
s❡q✉ê♥❝✐❛ ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡çã♦ s✉❝❡ss✐✈❛ ❞♦ ❝❛♠✐♥❤♦ α ✭r❡s♣❡❝t✐✈❛♠❡♥t❡
α′✮ ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡ T ♠❛♥té♠ ✉♠❛ ♦r❞❡♥❛çã♦ ❞❡ suppα ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ suppα′✮✳ ❙❡❥❛
Sl = {−αi = −αi1 ,−αi2 , . . . ,−αip} ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ S ′

l = {−αi = −αj1 ,−αj2 , . . . ,−αjq}✮ ♦
❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♥❡❣❛t✐✈❛s ❡♠ Rl ❛tr❛✈❡ss❛♥❞♦ α ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ α′✮ ♥❡st❛ ♦r❞❡♠✳ ❙❡❥❛ m
♦ ♠❛✐♦r ✐♥t❡✐r♦ t❛❧ q✉❡ −αim = −αjm ✳ ❚❡♠♦s q✉❛tr♦ ❝❛s♦s ♣♦ssí✈❡✐s✿

(i) m = p = q✱ ❡♥tã♦ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Rl✱ ✐♥❞♦ ❞♦s ✈ért✐❝❡s ❞❡ −αi ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦✱
❡♥❝♦♥tr❛♠♦s α ❡ α′ ❛♦ ♠❡s♠♦ t❡♠♣♦✳

(ii) m = p < q✱ ❡♥tã♦ −αjm+1 ❡ −αjm ❞❡❧✐♠✐t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ✳ ❆ ❛r❡st❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❡♠ QT é ♦r✐❡♥t❛❞❛ jm+1 −→ jm ♣♦r (iii)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ✐♥❞♦ ❞♦s ✈ért✐❝❡s ❞❡
−αi ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Rl✱ ❡♥❝♦♥tr❛♠♦s ♣r✐♠❡✐r♦ α ❡ ❞❡♣♦✐s α′✳

(iii) m = q < p✱ ❡♥tã♦ −αim+1 ❡ −αim ❞❡❧✐♠✐t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ✳ ❆ ❛r❡st❛ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❡♠ QT é ♦r✐❡♥t❛❞❛ im+1 ←− im ♣♦r (ii)✳ ■st♦ ✐♠♣❧✐❝❛ ♥♦✈❛♠❡♥t❡ q✉❡ ✐♥❞♦ ❞♦s
✈ért✐❝❡s ❞❡ −αi ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ♣❡❧❛ ❢r♦♥t❡✐r❛ ❞❡ Rl✱ ❡♥❝♦♥tr❛♠♦s ♣r✐♠❡✐r♦ α ❡ ❞❡♣♦✐s
α′✳

(iv) m < p ❡ m < q✱ ❡♥tã♦ −αim+1 ✱ −αim ❡ −αjm+1 sã♦ três ❞✐❢❡r❡♥t❡s ❞✐❛❣♦♥❛✐s q✉❡ ❞❡❧✐♠✐✲
t❛♠ ♦ ♠❡s♠♦ tr✐â♥❣✉❧♦ ❡♠ T ✳ ❖s ✈ért✐❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ QT sã♦ ♦r✐❡♥t❛❞♦s ♣♦r
im+1 ←− im ♣♦r (ii) ❡ jm+1 −→ jm ♣♦r (iii)✳ ■st♦ ✐♠♣❧✐❝❛ ♠❛✐s ✉♠❛ ✈❡③ q✉❡ ✐♥❞♦ ❞♦s
✈ért✐❝❡s ❞❡ −αi ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦ ♣❡❧❛ ❢r♦♥t❡✐r❛ ❞❡ Rl✱ ❡♥❝♦♥tr❛♠♦s ♣r✐♠❡✐r♦ α ❞❡♣♦✐s
α′✳

P♦r s✐♠❡tr✐❛✱ ♦❜t❡♠♦s ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ♥❛ ♦✉tr❛ ♣❛rt❡ Rr✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ♣♦s✐çã♦
r❡❧❛t✐✈❛ ❞❡ α, α′ ❡ −αi é ❡①❛t❛♠❡♥t❡ ❛ ❞❡s❝r✐t❛ ♥♦ ▲❡♠❛ ✷✳✷✳✶✶✳ ⊏⊐

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✺ ❖ ❢✉♥t♦r Θ é ♣❧❡♥♦ ❡ ✜❡❧✳
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❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ Θ é ❢✉♥t♦r K✲❧✐♥❡❛r✱ é s✉✜❝✐❡♥t❡ ❛♥❛❧✐s❛r ♥♦s ♦❜❥❡t♦s s✐♠♣❧❡s α, α′✳ ❙❡
HomRep

K
(QT ,R)((M

α, fα), (Mα′

, fα
′

)) 6= {0}✱ ❡♥tã♦ ❛s ❝♦♥❞✐çõ❡s (i) − (iii) ❞♦ ▲❡♠❛ ✷✳✷✳✶✸ sã♦
s❛t✐s❢❡✐t❛s ❡✱ ♣❡❧♦s ▲❡♠❛s ✷✳✷✳✹ ❡ ✷✳✷✳✶✶✱ HomC(α, α

′) 6= {0}✳ ▲♦❣♦✱ ❡①✐st❡♠ P 6= 0✱ ❝❛♠✐♥❤♦
❞❡ r♦t❛çã♦ ❞❡ α ♣❛r❛ α′✱ ❡ i ∈ suppα ∩ suppα′✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Θ✱ t❡♠♦s Θ(P )i = idK

♦ q✉❡ ✐♠♣❧✐❝❛ Θ(P ) 6= 0✳ ❈♦♠♦ s❛❜❡♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ❝❛❞❛ ❡s♣❛ç♦ ❞❡ ♠♦r✜s♠♦ é ♥♦
♠á①✐♠♦ 1 s❡❣✉❡ q✉❡ Θ é ♣❧❡♥♦✳ P❛r❛ ♣r♦✈❛r q✉❡ Θ é ✜❡❧ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❛ ✐♠❛❣❡♠ ❞❡
✉♠ ♠♦r✜s♠♦ ♥ã♦ ♥✉❧♦ ❡♥tr❡ r❛í③❡s ♣♦s✐t✐✈❛s é ✉♠ ♠♦r✜s♠♦ ♥ã♦ ♥✉❧♦✳ ❚♦♠❡ P ∈ Hom(α, α′)

✉♠ ♠♦r✜s♠♦✳ ❊♥tã♦ P é ❞❛❞♦ ♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠♦✈✐♠❡♥t♦s ❡❧❡♠❡♥t❛r❡s ❞❡ r♦t❛çã♦
α = α1 → · · · → αm = α′✳ ❊st❛ s❡q✉ê♥❝✐❛ s❡♥❞♦ ✉♠ ♠♦r✜s♠♦ ♥ã♦ ♥✉❧♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡
✉♠❛ r❛✐③ ♥❡❣❛t✐✈❛ −αi ❛tr❛✈❡ss❛♥❞♦ t♦❞♦ αk, k = 1, . . . ,m✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✶✶✳ P♦r ❞❡✜♥✐çã♦✱
Θ(P )i = idK✱ ♣♦rt❛♥t♦ ♥ã♦ ♥✉❧♦✳ ⊏⊐

❚❡♦r❡♠❛ ✷✳✷✳✶✻ ❬✺✱ ❚❤❡♦r❡♠ ✷✳✾❪ ❖ ❢✉♥t♦r Θ ♥♦s ❞á ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s ❞❡ CT
♣❛r❛ RepK(QT , R)✳

P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ r❡st❛ ❛♣❡♥❛s ♠♦str❛r q✉❡ Θ é ❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦✳ ❊ss❛ ❞❡♠♦♥✲
str❛çã♦ s❡rá ♦♠✐t✐❞❛ ♣♦✐s ❢❛③ ✉s♦ ❞❛ t❡♦r✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✱ ♦ q✉❡ ❢♦❣❡ ❞♦ ❛❧❝❛♥❝❡ ❞❡st❡
t❡①t♦✳ ❖s ❝♦r♦❧ár✐♦s ❛ s❡❣✉✐r s❡❣✉❡♠ tr✐✈✐❛❧♠❡♥t❡ ❞♦ t❡♦r❡♠❛✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶✼ ❆ ❝❛t❡❣♦r✐❛ CT é ❛❜❡❧✐❛♥❛✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶✽ ❊①✐st❡ ú♥✐❝❛ ❜✐❥❡çã♦ φ ❡♥tr❡ Ind(QT , R) ❡ ❛s ❞✐❛❣♦♥❛✐s ❞♦ ♣♦❧í❣♦♥♦ q✉❡ ♥ã♦
❡stã♦ ❡♠ T ✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ [V ] ❡♠ Ind(QT , R) ❡ q✉❛❧q✉❡r ✈ért✐❝❡ i ∈ QT ✱ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡
❞♦s ♠ó❞✉❧♦s s✐♠♣❧❡s Si ♥♦ ♠ó❞✉❧♦ V é 1 s❡ φ(V ) ❛tr❛✈❡ss❛ ❛ i✲és✐♠❛ ❞✐❛❣♦♥❛❧ ❞❡ T ❡ 0 ❝❛s♦
❝♦♥trár✐♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❞✉❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ [V ]✱ [V ′] ❡♠ Ind(QT , R)✱ t❡♠♦s
[V ] = [V ′] s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Vi ∼= V ′

i ♣❛r❛ t♦❞♦ i✳

✷✳✸ ❉❡♥♦♠✐♥❛❞♦r❡s ❞♦s P♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t

❖s ú❧t✐♠♦s r❡q✉✐s✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡♠♦♥str❛r♠♦s ♦ ❚❡♦r❡♠❛ ✷✳✶✳✼ s❡ ❝♦♥❝❡♥tr❛♠ ❡♠ ❝❛❧✲
❝✉❧❛r ♦s ❡①♣♦❡♥t❡s ❞♦s ❞❡♥♦♠✐♥❛❞♦r❡s ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ▲❛✉r❡♥t✳ P❛r❛ s✐♠♣❧✐✜❝❛r✱ ✉s❛r❡♠♦s ❛
♥♦t❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ tr♦❝❛ ✉t✐❧✐③❛❞❛ ❡♠ ❬✶✹❪✱ ❞❡♥♦t❛♥❞♦ bij(u) ♣♦r bβiβj(u) ♣❛r❛ t♦❞♦ i, j ∈ I✳
P❛r❛ ❡st❛ s❡çã♦ ❧❡♠❜r❡ ❛s ✐♥✈♦❧✉çõ❡s τ± ❞♦ ❝♦♥❥✉♥t♦ Φ≥−1 ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ❆✳✷✳ ❊♥tã♦ t❡♠♦s
❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✸✺



Pr♦♣♦s✐çã♦ ✷✳✸✳✶ (i) ❬✶✻✱ ➓✸✳✶❪ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ( || ) : Φ≥−1 × Φ≥−1 −→ Z≥0 t❛❧
q✉❡

❛✮ (−αi||β) = max(0, [β : αi]);

❜✮ (τ±(α)||τ±(β)) = (α||β).

❝✮ (α||β) = 0 s❡ α ❡ β sã♦ ❝♦♠♣❛tí✈❡✐s ❡ 1 ❝❛s♦ ❝♦♥trár✐♦✳

❆❧é♠ ❞✐ss♦ ( || ) é s✐♠étr✐❝❛ ♣❛r❛ s✐st❡♠❛s ❞❡ r❛í③❡s ❞♦ t✐♣♦ ❆❉❊✳

(ii) ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✺❪ ❖ ❝♦♥❥✉♥t♦ τ±(u) = {x[τ±(βi)] : i ∈ I} é ♦ ❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s
❞❡ ❝❧✉st❡r ❞❡ ❛❧❣✉♠ ❝❧✉st❡r ❞❡ A✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ♦r❞❡♥❛çã♦ ❞❛s ✈❛r✐á✈❡✐s q✉❡ ♦ t♦r♥❛
❝❧✉st❡r✳

◆ã♦ ❢❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ♣♦r s❡r ♠✉✐t♦ ❡①t❡♥s❛ ❡ ♣❡❧❛ ❡①✐❣ê♥❝✐❛ ❞❡
❞❡✜♥✐çõ❡s q✉❡ ♥ã♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ❞✉r❛♥t❡ ♦ t❡①t♦✳ ❯s❛r❡♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦✱ τ±(u)✱ ♣❛r❛
❢❛③❡r r❡❢❡rê♥❝✐❛ ❛♦ ❝❧✉st❡r ❡ ♥ã♦ ❛♦ ❝♦♥❥✉♥t♦✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ❡①✐st❡ ♠❛tr✐③ B(τ(u)) t❛❧ q✉❡
τ(Σ) := (τ(u), B(τ(u))) é ✉♠❛ s❡♠❡♥t❡ ❞❡ A ♣❛r❛ τ ∈ {τ+, τ−}✳

▲❡♠❛ ✷✳✸✳✷ ❬✶✹✱ ▲❡♠♠❛ ✹✳✽❪ P❛r❛ τ ∈ {τ+, τ−} t❡♠♦s

bτ(βi)τ(βj)(τ(u)) = −bβiβj(u).

❚❛♠❜é♠ ♦♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛ ♣❡❧♦s ♠♦t✐✈♦s ❛❝✐♠❛ ❝✐t❛❞♦s✳ P❡❧♦ ❢❡♥ô♠❡♥♦
❞❡ ▲❛✉r❡♥t✱ ♣❛r❛ t♦❞♦ α ∈ Φ≥−1✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

x[α] =
Rα,u∏n

i=1 u
[α,βi,C]
i

,

♦♥❞❡ Rα,u é ✉♠ ♣♦❧✐♥ô♠✐♦ ♥❛s ✈❛r✐á✈❡✐s u1, . . . , un t❛❧ q✉❡ ♥❡♥❤✉♠ ❞♦s ui ❞✐✈✐❞❡ Rα,u✱ ❡
[α, βi, C] ∈ Z✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

x[βi] =
1

u−1
i

.

▲❡♠❛ ✷✳✸✳✸ ❬✺✱ ▲❡♠❛ ✸✳✷❪ P❛r❛ ❝❛❞❛ ♣❛r ❞❡ r❛í③❡s q✉❛s❡ ♣♦s✐t✐✈❛s α, βi ❡ q✉❛❧q✉❡r ♣❛r ❞❡
❝❧✉st❡rs u,u′ t❛❧ q✉❡ ui ∈ u ∩ u′✱ t❡♠♦s

[α, βi,u] = [α, βi,u
′].

✸✻



❖♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛ ♣♦r ❡♥✈♦❧✈❡r ❛ t❡♦r✐❛ ❞❡ ❡s❢❡r❛s s✐♠♣❧✐❝✐❛✐s✳ ❈♦♠♦
❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡ ❧❡♠❛✱ ♦ ✐♥t❡✐r♦ [α, βi,u] s❡rá ❞❡♥♦t❛❞♦ s✐♠♣❧❡s♠❡♥t❡ ♣♦r [α, βi]✳

▲❡♠❛ ✷✳✸✳✹ ❙❡❥❛♠ α, β ∈ Φ≥−1✳ ❊♥tã♦

[α, β] = [τ±α, τ±β].

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ s❡♠❡♥t❡s ❛❞❥❛❝❡♥t❡s

Σ0 ↔ Σ1 ↔ · · · ↔ ΣN ,

❝♦♠ x[α] ∈ u0 ❡ x[β] ∈ uN ✱ ♦♥❞❡ Σi = (ui, B(ui)) ♣❛r❛ t♦❞♦ i = 0, . . . , N ✳ ❈♦♠♦ ❛ ♠✉t❛çã♦ ❞❡
❝❛❞❛ s❡♠❡♥t❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s s✉❛s ♠❛tr✐③❡s ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶ ✭✐✐✮✱ t❡♠♦s ✉♠❛
♥♦✈❛ ❝❛❞❡✐❛ ❞❡ s❡♠❡♥t❡s ❛❞❥❛❝❡♥t❡s

τ(Σ0)↔ τ(Σ1)↔ · · · ↔ τ(ΣN)

♦♥❞❡ τ(α) ∈ τ(Σ0)✱ τ(β) ∈ τ(ΣN) ❡

bτ(γ′),τ(γ′′)(τ(ui)) = −bγ′,γ′′(ui),

♣❛r❛ t♦❞❛s r❛í③❡s γ′, γ′′ t❛❧ q✉❡ x[γ′], x[γ′′] ∈ ui ♣❛r❛ ❝❛❞❛ i = 0, . . . , N ✳ ❊st❡ s✐♥❛❧ ❞❡ ♠❡♥♦s
♥ã♦ ❛❧t❡r❛ ❛s r❡❧❛çõ❡s ❞❡ tr♦❝❛ ❡ ♣♦rt❛♥t♦ ❛ ❡①♣r❡ssã♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r x[α] ♥❛s ✈❛r✐á✈❡✐s
❞♦ ❝❧✉st❡r uN é ❛ ♠❡s♠❛ q✉❡ ❛ ❡①♣r❡ssã♦ ❞❛ ✈❛r✐á✈❡❧ x[τ(α)] ♥❛s ✈❛r✐á✈❡✐s ❞♦s ❝❧✉st❡r τ(uN)✳ ⊏⊐

▲❡♠❛ ✷✳✸✳✺ ❙❡❥❛♠ −αi ∈ −Π ❡ α ∈ Φ≥−1✳ ❊♥tã♦

[α,−αi] = [α : αi].

❉❡♠♦♥str❛çã♦✿ ❖ ✈❛❧♦r [α,−αi] s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❜✐❥❡çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✻ ❞❡s❝r✐t❛
♣♦r

x[α] =
Rα,x∏n
i=1 x

[α:αi]
i

.

⊏⊐

❖❜s❡r✈❡ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ α 6= αi✱ t❡♠♦s [α : αi] = (−αi||α) ❡✱ ♣♦rt❛♥t♦✱

[α,−αi] = (α|| − αi).

✸✼



Pr♦♣♦s✐çã♦ ✷✳✸✳✻ ❙❡❥❛♠ α, β ∈ Φ≥−1 t❛❧ q✉❡ α 6= β✳ ❊♥tã♦

[α, β] = (α||β).

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ ✉♠❛ ❢✉♥çã♦ b : Φ≥−1 × Φ≥−1 −→ Z≥0 ♣♦r

b(α, β) =

{
[β, α] s❡ α 6= β

0 s❡ α = β

❊st❛ ❢✉♥çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✸✳ ❆❧é♠ ❞✐ss♦

❛✮ b(−αi, β) = [β,−αi] = (β|| − αi) = (−αi||β) = max(0, [β : αi]) ✭♣❡❧♦ ▲❡♠❛ ✷✳✸✳✺✮❀

❜✮ b(τ±(α), τ±(β)) = [τ±(β), τ±(α)] = [β, α] = b(α, β) ✭♣❡❧♦ ▲❡♠❛ ✷✳✸✳✹✮❀

P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✶ ✭✐✮✱ ❛ ❢✉♥çã♦ ( || ) : Φ≥−1 × Φ≥−1 −→ Z≥0 é ❛ ú♥✐❝❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦
❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✳ ▲♦❣♦ b(α, β) = (α||β) ❡✱ ♥♦ ❝❛s♦ ❆❉❊✱ s❡ α 6= β t❡♠♦s

[α, β] = b(β, α) = (β||α) = (α||β).

⊏⊐

❙❡❥❛♠ P ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ n + 3 ❧❛❞♦s ❡ I0 = {−α1, . . . ,−αn} ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✐❛❣♦♥❛✐s
q✉❡ ❢♦r♠❛♠ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❝♦❜r❛ ❞❡ P✳ ■❞❡♥t✐✜q✉❡ Φ≥−1 ❝♦♠ ΦP ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✷✳✷
❡✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✹✱ ♦ ❝♦♥❥✉♥t♦ Iu := {β1, . . . , βn} ❞á ♦r✐❣❡♠ ❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ Tu
❞❡ P✳ ▲❡♠❜r❡ q✉❡ (u, B) é ✉♠❛ s❡♠❡♥t❡ ❞❡ A✳ ❊♥tã♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✼ ❬✶✹✱ Pr♦♣♦s✐t✐♦♥ ✶✷✳✺❪ ❖s q✉✐✈❡rs QB ❡ QTu sã♦ ✐❣✉❛✐s✳

❖♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ♣♦r s❡r ♠✉✐t♦ ❡①t❡♥s❛ ❡ ♣❡❧❛ ❡①✐❣ê♥❝✐❛ ❞❡ ❞❡✜♥✐çõ❡s
q✉❡ ♥ã♦ s❡rã♦ ✉t✐❧✐③❛❞❛s ❞✉r❛♥t❡ ♦ t❡①t♦✳ ❏✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✾✱ s❡❣✉❡ q✉❡
(QB, RB) = (QTu , RTu)✳ ❆❣♦r❛ ❥á t❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦
❚❡♦r❡♠❛ ✷✳✶✳✼✳

❉❡♠♦♥str❛çã♦✿ ◆❛ s❡çã♦ ✷✳✷✱ ♠♦str❛♠♦s ❛ ❜✐❥❡çã♦ [Mα] 7→ α ❡♥tr❡ Ind(QB, RB) ❡
ΦP \ Iu✳ ▲♦❣♦✱ t❡♠♦s

Ind(QB, RB)
φ
−→ ΦP \ Iu ≡ Φ≥−1 \ {β1, . . . , βn}

x
−→ X \ u

✸✽



❉❡✜♥❛ ❛ ❜✐❥❡çã♦ κ = x ◦ φ✳ ❊♥tã♦ κ([Si]) = x[β]✱ ♦♥❞❡ β é ❛ ú♥✐❝❛ ❞✐❛❣♦♥❛❧ ❡♠ ΦP \ Iu q✉❡
❛tr❛✈❡ss❛ βi ❡ ♥ã♦ ❛tr❛✈❡ss❛ ♥❡♥❤✉♠❛ ♦✉tr❛ ❞✐❛❣♦♥❛❧ ❡♠ Iu \{βi}✳ ❙❡ [V ] ∈ Ind(QB, RB)✱ ❡♥tã♦
[V ] = [Mα] ♣❛r❛ ❛❧❣✉♠ α ∈ ΦP \ Iu✱ ❞♦♥❞❡ φ([V ]) = α ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✸✱ t❡♠♦s

xV = x[α] =
Rα,x∏n
i=1 u

[α,βi]
.

❘❡st❛ ♠♦str❛r q✉❡ [α, βi] = dim(Vi) ♣❛r❛ t♦❞♦ i = 1, . . . , n✳ ◆♦t❡ q✉❡ α 6= βi ♣♦✐s α /∈ Iu✱
❞♦♥❞❡✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✻ t❡♠♦s [α, βi] = (α||βi) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶ (i)(c) ✐st♦ é
✐❣✉❛❧ ❛ 1 s❡ ❛s ❞✐❛❣♦♥❛✐s α ❡ βi s❡ ❝r✉③❛♠ ❡ 0 ❝❛s♦ ❝♦♥tr❛r✐♦✳ ▲♦❣♦

[α, βi] =

{
1 s❡ i ∈ suppα

0 ❝❛s♦ ❝♦♥trár✐♦

}
= dim(Vi).

⊏⊐

✸✾



✹✵



❈❛♣ít✉❧♦ ✸

●r✉♣♦s ◗✉â♥t✐❝♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡
❉✐♠❡♥sã♦ ❋✐♥✐t❛

P❛r❛ ❡st❡ ❝❛♣ít✉❧♦ ❝♦♥s✐❞❡r❡ K ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡
I = {1, . . . , n}✳ ❋✐①❡ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ C = (cij)i,j∈I s✐♠étr✐❝❛✳ ❈♦♥s✐❞❡r❡ ❛
á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g = g(C) ❡ h✱ n± ❛s s✉❜á❧❣❡❜r❛s ❞❡ g ❝♦♠♦ ♥❛ s❡çã♦ ❆✳✸✳ ❆s ♣r✐♥❝✐♣❛✐s
r❡❢❡rê♥❝✐❛s ♣❛r❛ ❛s s❡çõ❡s 3.1 ❛ 3.4 sã♦ ❬✶✵✱ ✷✼✱ ✸✻❪✳ P❛r❛ ❛s ❞❡♠❛✐s✱ ❞❛r❡♠♦s ❛s r❡❢❡rê♥❝✐❛s ♥❛
♣ró♣r✐❛ s❡çã♦✳

✸✳✶ ➪❧❣❡❜r❛ ❯♥✐✈❡rs❛❧ ❊♥✈❡❧♦♣❛♥t❡ ◗✉❛♥t✐③❛❞❛

❈♦♥s✐❞❡r❡ q ∈ K ♥ã♦ r❛✐③ ❞❛ ✉♥✐❞❛❞❡ ❡✱ ❞❛❞♦ p ∈ qZ✱ ❞❡✜♥❛

[m]p =
pm − p−m

p− p−1
, [r]p! = [r]p[r − 1]p . . . [2]p[1]p,

[
m

r

]

p

=
[m]p!

[r]p![m− r]p!
,

♣❛r❛ m, r ∈ Z✱ r ≥ 0✳ ❖❜s❡r✈❡ q✉❡✱ ❝♦♠♦ qs 6= 1 ♣❛r❛ t♦❞♦ s ∈ Z✱ t❛✐s ♥ú♠❡r♦s ❡stã♦ s❡♠♣r❡
❜❡♠ ❞❡✜♥✐❞♦s ❡ sã♦ s❡♠♣r❡ ❞✐❢❡r❡♥t❡s ❞❡ 0✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ✭❉r✐♥❢❡❧❞✲❏✐♠❜♦✮ ❆ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ q✉❛♥t✐③❛❞❛✱ ♦✉ ❣r✉♣♦
q✉â♥t✐❝♦✱ Uq(g) s♦❜r❡ K é ❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✭❝♦♠ ✐❞❡♥t✐❞❛❞❡✮ ❞❛❞❛ ♣♦r ❣❡r❛❞♦r❡s x±i ✱
k±1
i ✱ i ∈ I✱ ❡ r❡❧❛çõ❡s✿

(i) kik
−1
i = 1 ♣❛r❛ t♦❞♦ i ∈ I❀

✹✶



(ii) kikj = kjki ♣❛r❛ t♦❞♦s i, j ∈ I❀

(iii) kix
±
j k

−1
i = q±cijx±j ♣❛r❛ t♦❞♦s i, j ∈ I❀

(iv) [x+i , x
−
j ] = δij

ki−k
−1
i

q−q−1 ♣❛r❛ t♦❞♦s i, j ∈ I❀

(v)
1−cij∑
m=0

(−1)m
[
1− cij
m

]

q

(x±i )
1−cij−mx±j (x

±
i )

m = 0 ♣❛r❛ t♦❞♦s i, j ∈ I✱ i 6= j✳

❆s r❡❧❛çõ❡s (v) sã♦ ❝❤❛♠❛❞❛s ❞❡ q✲r❡❧❛çõ❡s ❞❡ ❙❡rr❡✳ ❙❡ C é ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡
✉♠ ❣r❛❢♦ ❞♦ t✐♣♦ ❡✉❝❧✐❞✐❛♥♦ ✭✈❡❥❛ ❙❡çã♦ ❆✳✹✮✱ ❡♥tã♦ Uq(g) é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❛✜♠ q✉❛♥t✐✲
③❛❞❛✳

❙❡❥❛♠ Uq(n
±) ❛s s✉❜á❧❣❡❜r❛s ❞❡ Uq(g) ❣❡r❛❞❛s ♣♦r {x±i : i ∈ I}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ Uq(h) ❛

s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r {k±1
i : i ∈ I}✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ❖s ❣r✉♣♦s q✉â♥t✐❝♦s sã♦ t❛♠❜é♠ á❧❣❡❜r❛s ❞❡ ❍♦♣❢ ❡✱ ♣♦rt❛♥t♦✱ ❢❛③ s❡♥t✐❞♦
❢❛❧❛r ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s✳ ❖♠✐t✐r❡♠♦s ❛ ❢ór♠✉❧❛ ❞❛ ❝♦♠✉❧t✐♣❧✐❝❛çã♦
✉♠❛ ✈❡③ q✉❡ ♥ã♦ s❡rá ❡①♣❧✐❝✐t❛♠❡♥t❡ ✉s❛❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ❆ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✿

Uq(n
−)⊗K Uq(h)⊗K Uq(n

+) −→ Uq(g).

❙❡❥❛ J ⊆ I✳ ❈♦♥s✐❞❡r❡ ❛ s✉❜á❧❣❡❜r❛ Uq(gJ) ❣❡r❛❞❛ ♣♦r x±j ✱ k
±1
j ✱ ♣❛r❛ t♦❞♦ j ∈ J ✳ ❙❡

J = {j}✱ ❛ á❧❣❡❜r❛ Uq(gj) := Uq(gJ) é ✐s♦♠♦r❢❛ ❛ Uq(sl2)✳

✸✳✷ ❘❡❛❧✐③❛çã♦ ❞❡ ❇❡❝❦✲❉r✐♥❢❡❧❞ ❞❛s á❧❣❡❜r❛s ❛✜♥s q✉❛♥t✐✲

③❛❞❛s

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❙✉♣♦♥❤❛ q✉❡ C s❡❥❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡ s❡❥❛ θ =
∑

i∈I ciαi ❛ ú♥✐❝❛ r❛✐③
♠❛①✐♠❛❧ ❞❡ g✳ ❉❡✜♥❛ Ĉ = (ĉij)i,j∈Î ✱ ♦♥❞❡ Î = I ∪ {0} ♣♦r✿

(i) ĉij = cij ♣❛r❛ t♦❞♦s i, j ∈ I❀

(ii) ĉ00 = 2❀

✹✷



(iii) ĉi0 = −
∑
j∈I

cjcij ♣❛r❛ t♦❞♦ i ∈ I❀

(iv) ĉ0i = −
∑
j∈I

cjcji ♣❛r❛ t♦❞♦ i ∈ I✳

❆ ♠❛tr✐③ Ĉ é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡st❡♥❞✐❞❛✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ Ĉ é ❛ ♠❛tr✐③ ❞❡
❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ ❛ss♦❝✐❛❞❛ ❛♦ ❣r❛❢♦ ❡✉❝❧✐❞✐❛♥♦ X̃n s❡ C é ❞❡ t✐♣♦ Xn✳

◆♦ r❡st❛♥t❡ ❞♦ ❝❛♣ít✉❧♦ C s❡rá ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✱ Ĉ ❝♦♠♦ ❛❝✐♠❛✱ Î = I⊔̇{0}✱ g = g(C)

❡ ĝ = g(Ĉ)✳ ❉❡♥♦t❛r❡♠♦s ♣♦r P ❡ Q ♦s r❡t✐❝✉❧❛❞♦s ❞❡ ♣❡s♦s ❡ ❞❡ r❛í③❡s ❡ s❡✉s s✉❜❝♦♥❥✉♥t♦s
P+ ❡ Q+ ❝♦♠♦ ♥❛ s❡çã♦ ❆✳✸✳ ❈♦♥s✐❞❡r❡ θ ❛ ú♥✐❝❛ r❛✐③ ♠❛①✐♠❛❧ ❞❡ g ❡ ❡s❝r❡✈❛ θ =

∑
i∈I θiαi

❉❡✜♥✐çã♦ ✸✳✷✳✷ ❆ á❧❣❡❜r❛ ❞❡ ❧❛ç♦s q✉❛♥t✐③❛❞❛ Uq(g̃) é ♦ q✉♦❝✐❡♥t❡ ❞❡ Uq(ĝ) ♣❡❧♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧
❣❡r❛❞♦ ♣♦r k0kθ − 1✱ ♦♥❞❡ kθ :=

∏
i∈I k

θi
i ✳

❚❡♦r❡♠❛ ✸✳✷✳✸ ❆ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡ q✉❛♥t✐③❛❞❛ Uq(ĝ) é ✐s♦♠♦r❢❛ ❛ K✲á❧❣❡❜r❛ ❛s✲
s♦❝✐❛t✐✈❛ Aq(g) ❞❛❞❛ ♣♦r ❣❡r❛❞♦r❡s x±1

i,s ✱ k
±
i ✱ hi,r✱ c

±1/2✱ i ∈ I✱ r, s ∈ Z✱ r 6= 0✱ ❡ r❡❧❛çõ❡s✿

(i) c±1/2 sã♦ ❝❡♥tr❛✐s❀

(ii) c+1/2c−1/2 = 1 = kik
−1
i ♣❛r❛ t♦❞♦ i ∈ I❀

(iii) kikj = kjki ♣❛r❛ t♦❞♦s i, j ∈ I❀

(iv) kihj,r = hj,rki ♣❛r❛ t♦❞♦s i ∈ I ❡ r ∈ Z \ {0}❀

(v) [hi,r, hi,s] = δr,−s
[rcij]q
r

cr − c−r

q − q−1
♣❛r❛ t♦❞♦s i, j ∈ I ❡ r, s ∈ Z\{0}✱ ♦♥❞❡ c±r := (c±1/2)2r❀

(vi) kix
±
j,rk

−1
i = q±cijx±j,r ♣❛r❛ t♦❞♦s i, j ∈ I ❡ r ∈ Z❀

(vii) [hi,r, x
±
j,s] = ±

1
r
[rcij]q x

±
j,r+s (c

∓1/2)|r| ♣❛r❛ t♦❞♦s i, j ∈ I✱ r, s ∈ Z ❡ r 6= 0❀

(viii) x±i,r+1x
±
j,r − q

±cijx±j,sx
±
i,r+1 = q±cijx±i,rx

±
j,s+1 − x

±
j,s+1x

±
i,s ♣❛r❛ t♦❞♦s i, j ∈ I ❡ r, s ∈ Z❀

(ix) [x+i,r, x
−
j,s] = δij

c
r−s
2 ψ+

i,r+s − ψ
−
i,r+sc

s−r
2

q − q−1
♣❛r❛ t♦❞♦s i, j ∈ I ❡ r, s ∈ Z✱ ♦♥❞❡ c

l
2 := (c+1/2)l ❡

ψ±
i,l s❡rã♦ ❞❡✜♥✐❞♦s ❛❜❛✐①♦❀

(x)
∑

σ∈S1−cij

1−cij∑

m=0

(−1)m
[
1− cij
m

]

q

x±i,rσ(1)
. . . x±i,rσ(m)

x±j,sx
±
i,rσ(m+1)

. . . x±i,rσ(1−cij)
= 0 ♣❛r❛ t♦❞♦s i, j ∈

I✱ i 6= j ❡ r1, r2, . . . , r1−cij , s ∈ Z✳

✹✸



❆q✉✐ ψ±
i,r✱ r ∈ Z✱ sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❡♠ u✿

∑

r≥0

ψ±
i,±ru

r = k±1
i exp

(
±(q − q−1)

∑

s>0

hi,±su
s

)
= k±1

i

∑

l≥0

1

l!

(
±(q − q−1)

∑

s>0

hi,±su
s

)l

.

❊♠ ♣❛rt✐❝✉❧❛r✱ ψ+
i,−r = 0 ❡ ψ−

i,r = 0 s❡ r > 0✳ ❖s ♣r✐♠❡✐r♦s ❝❛s♦s sã♦✿

ψ±
i,0 = k±i , ψ±

i,±1 = ±k
±
i (q − q

−1)hi,±1, ψ±
i,±2 = ±k

±
i ((q − q

−1)hi,±2 + (q − q−1)2h2i,±1).

❈♦r♦❧ár✐♦ ✸✳✷✳✹ Uq(g̃) ∼=
Aq(g)

(c±1−1)
✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ✐❞❡♥t✐✜❝❛r❡♠♦s Uq(g̃) ❝♦♠ ❡st❡ q✉♦❝✐❡♥t❡ ❞❡ Aq(g)✳

❙❡❥❛♠ Uq(ñ
±) ❛s s✉❜á❧❣❡❜r❛s ❞❡ Uq(g̃) ❣❡r❛❞❛s ♣♦r {x±i,r : i ∈ I, r ∈ Z}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡

Uq(h̃) ❛ s✉❜á❧❣❡❜r❛ ❞❡ Uq(g̃) ❣❡r❛❞❛ ♣♦r {k±1
i , hi,s : i ∈ I, s ∈ Z \ {0}}✳ ❙❡ J ⊆ I ❞❡✜♥❛ ❛✐♥❞❛

Uq(g̃J) ❛ s✉❜á❧❣❡❜r❛ ❞❡ Uq(g̃) ❣❡r❛❞❛ ♣♦r {x±j,r, kj,r; j ∈ J, r ∈ Z}✳ ◗✉❛♥❞♦ J = {i} ❞❡♥♦t❛r❡♠♦s
Uq(g̃J) ♣♦r Uq(g̃i)✳ ◆❡st❡ ❝❛s♦ Uq(g̃i) ∼= Uq(s̃l2)✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✺ (i) ❆ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✿

Uq(ñ
−)⊗K Uq(h̃)⊗K Uq(ñ

+) −→ Uq(g̃).

(ii) ❆ s✉❜á❧❣❡❜r❛ ❞❡ Uq(g̃) ❣❡r❛❞❛ ♣♦r x±i := x±i,0✱ k
±1
i ✱ i ∈ I, é ✐s♦♠♦r❢❛ ❛ Uq(g)✳

(iii) ❉❛❞♦ a ∈ K×✱ ❡①✐st❡ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ τa ❞❡ Uq(ĝ) ❞❛❞♦ ♣♦r✿

x±i,r 7→ arx±i,r, hi,s 7→ ashi,s, ki 7→ ki, c±
1
2 7→ c±

1
2 , ∀ i ∈ I, r ≥ 0, s ≥ 1.

❊①✐st❡ t❛♠❜é♠ ✉♠ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ ✐♥✈♦❧✉t✐✈♦ σ ❞❛❞♦ ♣♦r✿

x±i,r 7→ x∓i,−r, hi,s 7→ −hi,−s, k±1
i 7→ k∓1

i , c±
1
2 7→ c∓

1
2 , ∀ i ∈ I, r ≥ 0, s ≥ 1.

❉❡✜♥❛ ❡❧❡♠❡♥t♦s Λi,r ∈ Uq(h̃)✱ i ∈ I, r ∈ Z✱ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❡♠ u✿

∑

r≥0

Λi,±ru
r = exp

(
−
∑

s≥1

hi,±s
[s]q

us

)
=
∑

l≥0

1

l!

(
−
∑

s≥1

hi,±s
[s]q

us

)l

.

P♦r ❡①❡♠♣❧♦✱

Λi,0 = 1, Λi,±1 = −hi,±1, Λi,±2 = −
hi,±2

[2]q
+

(hi,±1)
2

2!
.

✹✹



✸✳✸ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ❉✐♠❡♥sã♦ ❋✐♥✐t❛

✸✳✸✳✶ Uq(g)✲♠ó❞✉❧♦s ❞❡ P❡s♦

❉❡✜♥✐çã♦ ✸✳✸✳✶ ❯♠ Uq(g)✲♠ó❞✉❧♦ V é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ✐♥t❡❣rá✈❡❧ s❡ x±i ✱ i ∈ I✱ ❛❣❡
❧♦❝❛❧♠❡♥t❡ ♥✐❧♣♦t❡♥t❡♠❡♥t❡✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ i ∈ I ❡ v ∈ V ❡①✐st❡ m ∈ Z≥0 t❛❧ q✉❡ (x+i )

mv = 0

❡ (x−i )
mv = 0✱

Pr♦♣♦s✐çã♦ ✸✳✸✳✷ ❙❡❥❛ V ✉♠ Uq(g)✲♠ó❞✉❧♦ ✐♥t❡❣rá✈❡❧✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ i ∈ I✱ ki ❛❣❡ ❞❡
♠❛♥❡✐r❛ s❡♠✐ss✐♠♣❧❡s ❡♠ V ✱ ✐st♦ é✱ V ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡t♦r❡s ♣❛r❛ ❛ tr❛♥s❢♦r♠❛çã♦
❧✐♥❡❛r ki : V → V ✱ v 7→ kiv✳ ❆❧é♠ ❞✐ss♦✱ Uq(gi)v t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ t♦❞♦s v ∈ V ❡ i ∈ I✳

❉❡✜♥✐çã♦ ✸✳✸✳✸ ❙❡❥❛ V ✉♠ Uq(g)✲♠ó❞✉❧♦✳ P❛r❛ ❝❛❞❛ µ ∈ P ✱ ❞❡✜♥❛ ♦ ❡s♣❛ç♦ ❞❡ ♣❡s♦ ❞❡ V ❞❡
♣❡s♦ µ ♣♦r

Vµ := {v ∈ V : kiv = qµ(hi)v ♣❛r❛ t♦❞♦ i ∈ I}.

❙❡ Vµ 6= {0}✱ ❡♥tã♦ µ é ❝❤❛♠❛❞♦ ❞❡ ♣❡s♦ ❞❡ V ✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✹ ❙❡ V é ✉♠ Uq(g)✲♠ó❞✉❧♦✱ ❡♥tã♦ ❛ r❡❧❛çã♦ kix
±
j k

−1
i = q±cijx±j ✐♠♣❧✐❝❛

x±i Vµ ⊆ Vµ±αi
♣❛r❛ t♦❞♦s i ∈ I ❡ µ ∈ P ✳ ❆❧é♠ ❞✐ss♦✱ s❡ µ 6= µ′✱ ❡♥tã♦ Vµ ∩ Vµ′ = {0} ❡⊕

µ∈P

Vµ é ✉♠ Uq(g)✲s✉❜♠ó❞✉❧♦ ❞❡ V ✳

❉❡✜♥✐çã♦ ✸✳✸✳✺ ❯♠ Uq(g)✲♠ó❞✉❧♦ V é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ s❡ V =
⊕
µ∈P

Vµ✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✻ ❖ q✉❡ ❢♦✐ ❞❡✜♥✐❞♦ ❛q✉✐ ❝♦♠♦ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ é ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞♦ ❞❡
♠ó❞✉❧♦ ❞❡ ♣❡s♦ ❞❡ t✐♣♦ ✶✳ ◆ã♦ ✈❛♠♦s ❞✐③❡r ❛q✉✐ ♦ q✉❡ s✐❣♥✐✜❝❛ t✐♣♦ ✶✱ ♠❛s ♠❡♥❝✐♦♥❛♠♦s q✉❡
t♦❞♦ Uq(g)✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ♦❜t✐❞♦ ❞❡ ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ❞❡ t✐♣♦ ✶ t❡♥s♦r✐③❛♥❞♦✲s❡
♣♦r ✉♠ ♠ó❞✉❧♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✶✵✱ ✸✻❪✳

❉❡✜♥✐çã♦ ✸✳✸✳✼ ❆ ❝❛t❡❣♦r✐❛ Oq é ❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ mod-Uq(g) q✉❡ ❝♦♥s✐st❡ ❞♦s ♦❜❥❡t♦s
V s❛t✐s❢❛③❡♥❞♦✿

(i) V é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ❝♦♠ t♦❞♦s ♦s s❡✉s ❡s♣❛ç♦s ❞❡ ♣❡s♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

(ii) ❊①✐st❡♠ m ∈ Z≥0 ❡ λ1, . . . , λm ∈ P+✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ V ✱ t❛✐s q✉❡ Vµ 6= {0} s♦♠❡♥t❡ s❡
µ ≤ λj ♣❛r❛ ❛❧❣✉♠ j = 1, . . . ,m✳

✹✺



❆ ❝❛t❡❣♦r✐❛ Oint
q é ❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ Oq ❢♦r♠❛❞❛ ♣❡❧♦s ♠ó❞✉❧♦s ✐♥t❡❣rá✈❡✐s✳

❆s ❝❛t❡❣♦r✐❛s Oq ❛♥❞ Oint
q sã♦ ❢❡❝❤❛❞❛s s♦❜r❡ s✉❜♠ó❞✉❧♦s✱ s♦♠❛s ❞✐r❡t❛s ✜♥✐t❛s✱ q✉♦❝✐❡♥t❡s

❡ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s✳ ❖❜s❡r✈❡ q✉❡✱ s❡ V é ✉♠ Uq(g)✲♠ó❞✉❧♦ ❞❡ ♣❡s♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦
V ∈ Oint

q ✳

❉❡✜♥✐çã♦ ✸✳✸✳✽ ❙❡❥❛ V ✉♠ Uq(g)✲♠ó❞✉❧♦✳ ❯♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ∈ Vµ é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡
♣❡s♦ ❞❡ ♣❡s♦ µ✳ ❯♠ ✈❡t♦r ❞❡ ♣❡s♦ v é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ s❡ x+i v = 0 ♣❛r❛ t♦❞♦
i ∈ I✳ ❖ ♠ó❞✉❧♦ V é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ s❡ V é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♣❡s♦
♠á①✐♠♦ v✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✾ (i) ❉♦✐s ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦ ♣♦❞❡♠ s❡r ✐s♦♠♦r❢♦s s♦♠❡♥t❡ s❡ ❡❧❡s
tê♠ ♦ ♠❡s♠♦ ♣❡s♦ ♠á①✐♠♦✳

(ii) ❚♦❞♦ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ t❡♠ ✉♠ ú♥✐❝♦ s✉❜♠ó❞✉❧♦ ♣ró♣r✐♦ ♠❛①✐♠❛❧ ❡✱ ❝♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳

(iii) ❙❡ V é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦✱ ❡♥tã♦ V ∈ Oq✳

(iv) ❉♦✐s ♠ó❞✉❧♦s ❞❡ ♣❡s♦ ♠á①✐♠♦ ✐rr❡❞✉tí✈❡✐s sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡s tê♠ ♦
♠❡s♠♦ ♣❡s♦ ♠á①✐♠♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✵ ❉❛❞♦ λ ∈ P ❞❡✜♥❡✲s❡ ♦ ♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ Mq(λ) ❞❡ ♣❡s♦ ♠á①✐♠♦ λ ❝♦♠♦
s❡♥❞♦ ♦ q✉♦❝✐❡♥t❡ ❞❡ Uq(g) ♣❡❧♦ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❣❡r❛❞♦ ♣♦r {x+i , ki − q

λ(hi) : i ∈ I}✳

❖❜s❡r✈❡ q✉❡✱ s❡ v é ❛ ✐♠❛❣❡♠ ❞❡ 1 ❡♠ Mq(λ)✱ ❡♥tã♦ v é ✉♠ ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦ ❞❡ ♣❡s♦ λ
❡ Mq(λ) = Uq(g)v é ✉♠ ♠ó❞✉❧♦ ❞❡ ♣❡s♦ ♠á①✐♠♦ λ✳ ❆❧é♠ ❞✐ss♦✱ q✉❛❧q✉❡r ♦✉tr♦ Uq(g)✲♠ó❞✉❧♦
❞❡ ♣❡s♦ ♠á①✐♠♦ λ é ✐s♦♠♦r❢♦ ❛ ✉♠ q✉♦❝✐❡♥t❡ ❞❡ Mq(λ)✳ P♦r ❡st❡ ♠♦t✐✈♦✱ Mq(λ) t❛♠❜é♠ é
❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ó❞✉❧♦ ✉♥✐✈❡rs❛❧ ❞❡ ♣❡s♦ ♠á①✐♠♦ λ✳

❉❡♥♦t❛✲s❡ ♣♦r Vq(λ) ♦ ú♥✐❝♦ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ Uq(g)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ♣❡s♦
♠á①✐♠♦ λ✱ q✉❡ é ♦ ♠❡s♠♦ q✉❡ ♦ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ ❞♦ ♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ Mq(λ)✳

❚❡♦r❡♠❛ ✸✳✸✳✶✶ Vq(λ) é ✐♥t❡❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ ∈ P+✳ ◆❡st❡ ❝❛s♦✱ Vq(λ) é ♦ q✉♦❝✐❡♥t❡
❞❡ Uq(g) ♣❡❧♦ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❣❡r❛❞♦ ♣♦r

x+i , (x−i )
λ(hi)+1, ki − q

λ(hi), ♣❛r❛ t♦❞♦ i ∈ I.

❆❧é♠ ❞✐ss♦✱ Vq(λ) t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

✹✻



Pr♦♣♦s✐çã♦ ✸✳✸✳✶✷ ❙❡ V é ✉♠ Uq(g)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❡♠ Oq✱ ❡♥tã♦ V ∼= Vq(λ)✱ ♣❛r❛ ❛❧❣✉♠
λ ∈ P ✳

❚❡♦r❡♠❛ ✸✳✸✳✶✸ ❚♦❞♦ Uq(g)✲♠ó❞✉❧♦ ❡♠ Oint
q é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳

❆❧é♠ ❞✐ss♦✱ dimVµ = dimVσµ ♣❛r❛ t♦❞♦s µ ∈ P ❡ w ∈ W✳

❙❡❥❛ Z[P ] ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ ❞❡ P ✳ ❉❡♥♦t❡ ♣♦r eλ ❛ ✐♠❛❣❡♠ ❞❡ λ ❡♠ Z[P ]✳ ❖❜s❡r✈❡ q✉❡
eλeµ = eλ+µ✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✹ ❙❡❥❛ V é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ Uq(g)✳ ❖ ❝❛r❛❝t❡r ❞❡ V
é ♦ s❡❣✉✐♥t❡ ❡❧❡♠❡♥t♦ ❞❡ Z[P ]✿

ch(V ) =
∑

µ∈P

dim(Vµ)e
µ.

✸✳✸✳✷ ❖ ❘❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s

❉❡✜♥✐çã♦ ✸✳✸✳✶✺ ❖ r❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s ❛ss♦❝✐❛❞♦ ❛ Uq(g̃) é ❞❡✜♥✐❞♦ ♣♦r

P = {µ = (µi(u))i∈I : µi(u) ∈ K(u) ❡ µi(0) = 1 ♣❛r❛ t♦❞♦ i ∈ I}.

❆q✉✐✱ K(u) ❞❡♥♦t❛ ♦ ❛♥❡❧ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❡♠ u s♦❜r❡ K✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ P sã♦ ❝❤❛♠❛❞♦s
❞❡ ℓ✲♣❡s♦s✳ ❉❡✜♥❡✲s❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ℓ✲♣❡s♦s ❞♦♠✐♥❛♥t❡s P+ ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ P
❞❛❞♦ ♣♦r

P+ = {µ ∈ P : µi(u) ∈ K[u] ♣❛r❛ t♦❞♦ i ∈ I}.

❖✉ s❡❥❛✱ P+ é ❢♦r♠❛❞♦ ♣♦r n✲✉♣❧❛s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ K[u] ❝♦♠ t❡r♠♦s ❝♦♥st❛♥t❡s ✐❣✉❛✐s ❛ 1✳
❖s ❡❧❡♠❡♥t♦s ❡♠ P+ sã♦ ❝❤❛♠❛❞♦s ❞❡ ℓ✲♣❡s♦s ❞♦♠✐♥❛♥t❡s✳

❖ ❝♦♥❥✉♥t♦ P é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡✜♥✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡
K(u) ❝♦♦r❞❡♥❛❞❛ ❛ ❝♦♦r❞❡♥❛❞❛✳ ❉❡st❛ ❢♦r♠❛✱ P+ é ❡♥tã♦ s✉❜♠♦♥ó✐❞❡ ❞❡ P ✳ ❉❛❞♦s i ∈ I ❡
a ∈ K×, ❞❡♥♦t❡ ♣♦r ωi,a ♦ ❡❧❡♠❡♥t♦ ❞❡ P+ ❞❛❞♦ ♣♦r

(ωi,a)j(u) = 1− δijau.

❖s ❡❧❡♠❡♥t♦s ωi,a sã♦ ❝❤❛♠❛❞♦s ❞❡ ℓ✲♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s✳

❈♦♠♦ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❡♠ P ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦
❞❡ ℓ✲♣❡s♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ s❡✉s ✐♥✈❡rs♦s✳ ❉❛í✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡♣✐♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ✭❢✉♥çã♦
♣❡s♦✮ wt : P −→ P t❛❧ q✉❡ wt(ωi,a) = ωi ♣❛r❛ t♦❞♦s i ∈ I ❡ a ∈ K×✳

✹✼



❈♦♥s✐❞❡r❡ ♦s ❡❧❡♠❡♥t♦s ωλ,a✱ λ ∈ P ✱ a ∈ F×✱ ❞❡✜♥✐❞♦s ♣♦r

ωλ,a :=
∏

i∈I

(ωi,a)
λ(hi).

❉❛❞♦s λ ∈ P+ ❝♦♠ λi(u) =
∏

j(1 − ai,ju)✱ ♦♥❞❡ ai,j ♣❡rt❡♥❝❡ ❛ K✱ ❝♦♥s✐❞❡r❡ λ− ∈ P+

❞❡✜♥✐❞♦ ♣♦r λ−
i (u) =

∏
j(1 − a−1

i,j u)✳ ❚❛♠❜é♠ ✉s❛✲s❡ ❛ ♥♦t❛çã♦ λ+ = λ✳ ❉♦✐s ❡❧❡♠❡♥t♦s λ
❡ µ ❞❡ P+ sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s s❡ λi(u) ❡ µj(u) sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s ❡♠ K[u] ♣❛r❛
t♦❞♦s i, j ∈ I✳ ❖❜s❡r✈❡ q✉❡ ❝❛❞❛ ν ∈ P ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ν = λµ−1 ❝♦♠
λ,µ ∈ P+ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✳

❖s ❡❧❡♠❡♥t♦s ω−1
i,a ♣♦❞❡♠ s❡r ♥❛t✉r❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ✉♠❛ n✲✉♣❧❛ ❞❡ sér✐❡s ❞❡

♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❡♠ u ❝♦♠ t❡r♠♦s ❝♦♥st❛♥t❡s ✐❣✉❛✐s ❛ 1 ✭❡s❝r❡✈❡♥❞♦ 1
1−au

=
∑
k≥0

(au)k✮✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✻ ❉❛❞♦ ν ∈ P✱ ♦♥❞❡ ν = λµ−1 ❝♦♠ λ,µ ∈ P+ r❡❧❛t✐✈❛♠❡♥t❡ ♣r✐♠♦s✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s Ψν : Uq(h̃)→ K t❛❧ q✉❡

Ψν(k
±1
i ) = q±wt(ν)(hi),

∑

r≥0

Ψν(Λi,±r)u
r =

(λ±)i(u)

(µ±)i(u)
,

♦♥❞❡ ❛ ❞✐✈✐sã♦ é ❛ ❞❡ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❢♦r♠❛✐s ❡♠ u✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦ Ψ : P → (Uq(h̃))
∗

❞❛❞❛ ♣♦r ν 7→ Ψν é ✐♥❥❡t♦r❛✳

❱❛♠♦s ✐❞❡♥t✐✜❝❛r P ❝♦♠ s✉❛ ✐♠❛❣❡♠ ❡♠ (Uq(h̃))
∗ ♣♦r Ψ✳

❉❛❞♦s i ∈ I✱ a ∈ K× ❡ r ∈ Z≥0✱ ❝♦♥s✐❞❡r❡

ωi,a,r :=
r−1∏

j=0

ωi,aqr−1−2j .

❉❡✜♥❛ t❛♠❜é♠ ♦s ♣♦❧✐♥ô♠✐♦s

fa,r(u) :=
r−1∏

j=0

(1− aqr−1−2ju).

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✼ ❙❡❥❛ f(u) ∈ K[u] ✉♠ ♣♦❧✐♥ô♠✐♦ t❛❧ q✉❡ f(0) = 1✳ ❊♥tã♦✱ ❡①✐st❡♠ ú♥✐❝♦s
m ∈ Z≥0✱ a1, . . . , am ∈ K× ❡ r1, . . . , rm ∈ Z≥1 t❛✐s q✉❡

f(u) =
m∏

k=1

fak,rk(u) ❝♦♠
al
aj
6= q±(rl+rj−2p) ♣❛r❛ 0 ≤ p < min{rl, rj}.

❊st❛ ❞❡❝♦♠♣♦s✐çã♦ é ❝❤❛♠❛❞❛ ❞❡ q✲❢❛t♦r❛çã♦ ❞❡ f(u)✳

✹✽



❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❛❞♦ λ ∈ P+✱ ❡①✐st❡♠ ú♥✐❝♦s mi ∈ Z≥0✱ ai,k ∈ K× ❡ ri,k ∈ Z≥1 t❛✐s q✉❡

λ =
∏

i∈I

mi∏

k=1

ωi,ai,k,ri,k

❝♦♠
ai,j
ai,l
6= q±(ri,j+ri,l−2p) ❡

mi∑

k=1

ri,k = wt(λ)(hi)

♣❛r❛ t♦❞♦s i ∈ I✱ j 6= l ❡ 0 ≤ p < min{ri,j, ri,l}✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ é ❝❤❛♠❛❞❛
❞❡ q✲❢❛t♦r❛çã♦ ❞❡ λ✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✽ ❉❛❞♦s i ∈ I ❡ a ∈ K×✱ ❞❡✜♥❡✲s❡ ❛ ℓ✲r❛✐③ s✐♠♣❧❡s αi,a ♣♦r

αi,a = ωi,aq,2

(
∏

j 6=i

ωj,aq,−cji

)−1

.

❖ s✉❜❣r✉♣♦ ❞❡ P ❣❡r❛❞♦s ♣❡❧❛s ℓ✲r❛í③❡s s✐♠♣❧❡s é ❝❤❛♠❛❞♦ ❞❡ r❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲r❛í③❡s ❞❡ Uq(g̃)
❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r Qq✳ ❈♦♥s✐❞❡r❡ Q+

q ♦ s✉❜♠♦♥ó✐❞❡ ❞❡ Qq ❣❡r❛❞♦ ♣❡❧❛s ℓ✲r❛í③❡s s✐♠♣❧❡s ❡
(Q+

q )
−1 ♦ s✉❜♠♦♥ó✐❞❡ ❣❡r❛❞♦ ♣❡❧♦ ✐♥✈❡rs♦ ❞❛s ℓ✲r❛í③❡s s✐♠♣❧❡s✳ ❖❜s❡r✈❡ q✉❡ wt(αi,a) = αi ♣❛r❛

t♦❞♦s i ∈ I ❡ a ∈ K×✳

❉❡✜♥❡✲s❡ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P ♣♦r µ ≤ λ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λµ−1 ∈ Q+
q . ❙❡ J ⊆ I ❡

λ ∈ P ✱ s❡❥❛ λJ ❛ J✲✉♣❧❛ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❛ss♦❝✐❛❞❛✳ ❖❜s❡r✈❡ q✉❡ λJ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦
❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ r❡t✐❝✉❧❛❞♦ ❞❡ ℓ✲♣❡s♦s ❞❡ Uq(g̃J)✳

✸✳✸✳✸ Uq(g̃)✲♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✾ ❙❡❥❛ V ✉♠ Uq(ĝ)✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦ ♦s ❡❧❡♠❡♥t♦s c±1/2

❛❣❡♠ ❞❡ ♠❛♥❡✐r❛ s❡♠✐ss✐♠♣❧❡s ❡♠ V ❝♦♠ ❛✉t♦✈❛❧♦r❡s 1 ♦✉ −1✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✷✵ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✾ q✉❡ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡
Uq(ĝ) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ Uq(g̃)✳ ❆q✉❡❧❛s ♦♥❞❡ c1/2 ❛❣❡ ❝♦♠♦ −1 ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❛ q✉❡
❛❣❡ ❝♦♠♦ 1 ♣♦r t❡♥s♦r✐③❛çã♦ ❝♦♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆ss✐♠✱ só ❝♦♥s✐❞❡r❛r❡♠♦s
❛q✉❡❧❛s ♦♥❞❡ ❛❣❡♠ ❝♦♠♦ 1✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡st✉❞❛r r❡♣r❡s❡♥t❛çõ❡s ❞❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡
♣❡❧♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r c1/2 − 1✳
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❉❡✜♥✐çã♦ ✸✳✸✳✷✶ ❙❡❥❛ V ✉♠ Uq(g̃)✲♠ó❞✉❧♦✳ P❛r❛ ❝❛❞❛ µ ∈ P✱ ❝♦♥s✐❞❡r❡

Vµ := {v ∈ V : ♣❛r❛ ❝❛❞❛ η ∈ Uq(h̃) ❡①✐st❡ k ∈ Z>0 ❝♦♠ (η −Ψµ(η))
kv = 0}.

❯♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ∈ V é ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ s❡ v ∈ Vµ ♣❛r❛ ❛❧❣✉♠ µ ∈ P✳ ◆❡st❡ ❝❛s♦✱ µ é
♦ ℓ✲♣❡s♦ ❞❡ v✳

❉❡✜♥✐çã♦ ✸✳✸✳✷✷ ❯♠ Uq(g̃)✲♠ó❞✉❧♦ V é ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ s❡

V =
⊕

µ∈P

Vµ.

❉❡✜♥✐çã♦ ✸✳✸✳✷✸ ❙❡❥❛ V ✉♠ Uq(g̃)✲♠ó❞✉❧♦✳ ❯♠ ✈❡t♦r v ❞❡ ℓ✲♣❡s♦ λ é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ❞❡
ℓ✲♣❡s♦ ♠á①✐♠♦ s❡ ηv = Ψλ(η)v ♣❛r❛ t♦❞♦ η ∈ Uq(h̃) ❡ x+i,rv = 0 ♣❛r❛ t♦❞♦s i ∈ I ❡ r ∈ Z✳ V é
❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ s❡ V é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✹ ❙❡❥❛ V ✉♠ Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v s❛t✐s✲
❢❛③❡♥❞♦

x+i,rv = 0, kiv = qλ(hi)v, Λi,rv = λi,rv, ♣❛r❛ t♦❞♦s i ∈ I ❡ r ∈ Z,

♦♥❞❡ λ ∈ P+ ❡ λi,r ∈ K✳ ❊♥tã♦ λi,r = 0 s❡ r > λ(hi) ❡ λ ∈ P
+ ❞❛❞♦ ♣♦r

λi(u) = 1 +

λ(hi)∑

r=1

λi,ru
r

é ú♥✐❝♦ t❛❧ q✉❡ ηv = Ψλ(η)v ♣❛r❛ t♦❞♦ η ∈ Uq(h̃)✳ ❖✉ s❡❥❛✱ v é ✉♠ ✈❡t♦r ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡
ℓ✲♣❡s♦ λ ❡ wt(λ) = λ✳

❖ ❡❧❡♠❡♥t♦ λ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ é ❝❤❛♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❞❡ ❉r✐♥❢❡❧❞ ❛ss♦❝✐❛❞♦ ❛ v✳

❙❡ V é ✉♠ Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ V é ✉♠ Uq(g)✲♠ó❞✉❧♦ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ✭♣♦r r❡str✐çã♦ ❞❛ ❛çã♦ ❞❡ Uq(g̃) ♣❛r❛ Uq(g)✮✳ ❆❧é♠ ❞✐ss♦✱ V é ✉♠ ♠ó❞✉❧♦ ❞❡
♣❡s♦ ♣♦✐s

Vµ =
⊕

µ∈P+

wt(µ)=µ

Vµ.

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ x±i,rVµ ⊆ Vµ±αi
♣❛r❛ t♦❞♦ i ∈ I, r ∈ Z✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ V é ✉♠

Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ λ✱ ❡♥tã♦✱

dim(Vwt(λ)) = 1 ❡ Vµ 6= 0⇒ µ ≤ wt(λ).
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Pr♦♣♦s✐çã♦ ✸✳✸✳✷✺ (i) ❚♦❞♦ Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ Uq(g̃)✲s✉❜♠ó❞✉❧♦
♣ró♣r✐♦ ♠❛①✐♠❛❧ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞♦
Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

(ii) ❉♦✐s Uq(g̃)✲♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ✐rr❡❞✉tí✈❡✐s sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡s
tê♠ ♦ ♠❡s♠♦ ℓ✲♣❡s♦ ♠á①✐♠♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✷✻ ❙❡❥❛♠ λ ∈ P+ ❡ λ = wt(λ)✳ ❖ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ Wq(λ) ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦
λ é ♦ Uq(g̃)✲♠ó❞✉❧♦ ❞❛❞♦ ♣❡❧♦ q✉♦❝✐❡♥t❡ ❞❡ Uq(g̃) ♣❡❧♦ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❣❡r❛❞♦ ♣♦r

x+i,r, (x−i,r)
λ(hi)+1, η −Ψλ(η), ♣❛r❛ t♦❞♦s i ∈ I, r ∈ Z ❡ η ∈ Uq(h̃).

❉❡♥♦t❡ ♣♦r Vq(λ) ♦ ú♥✐❝♦ q✉♦❝✐❡♥t❡ ✐rr❡❞✉tí✈❡❧ ❞❡ Wq(λ)✳

P♦r ❞❡✜♥✐çã♦✱ ♦ ♠ó❞✉❧♦ ❞❡ ❲❡②❧Wq(λ) é ✉♠ ♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦✱ ❝♦♠ ℓ✲♣❡s♦ ♠á①✐♠♦
λ✳

❚❡♦r❡♠❛ ✸✳✸✳✷✼ P❛r❛ ❝❛❞❛ λ ∈ P+✱ ♦ ♠ó❞✉❧♦ ❞❡ ❲❡②❧ Wq(λ) t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❆❧é♠
❞✐ss♦✱ t♦❞♦ Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ λ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✐s♦♠♦r❢♦ ❛ ✉♠ q✉♦❝✐❡♥t❡ ❞♦
♠ó❞✉❧♦ ❞❡ ❲❡②❧ Wq(λ)✳

❈♦r♦❧ár✐♦ ✸✳✸✳✷✽ ❚♦❞♦ Uq(g̃)✲♠ó❞✉❧♦ ❞❡ ℓ✲♣❡s♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✐s♦♠♦r❢♦ ❛
Vq(λ) ♣❛r❛ ❛❧❣✉♠ λ ∈ P+✳

❚❡♦r❡♠❛ ✸✳✸✳✷✾ ❬✷✺✱ ❚❤❡♦r❡♠ ✶✳✶❪ ❙❡❥❛♠ V1, . . . , Vn Uq(g̃)✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛✳ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ V1⊗· · ·⊗Vn é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Vi⊗Vj é ✐rr❡❞✉tí✈❡❧ ♣❛r❛
t♦❞♦ i < j✳

✸✳✹ ❆✜♥✐③❛çõ❡s ▼✐♥✐♠❛✐s

❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛ ♥♦çã♦ ❞❡ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠ Uq(g)✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✐♥tr♦❞✉③✐❞❛
❡♠ ❬✼❪✳

❉❡✜♥✐çã♦ ✸✳✹✳✶ ❉❛❞♦ λ ∈ P+✱ ✉♠ Uq(g̃)✲♠ó❞✉❧♦ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠❛ ❛✜♥✐③❛çã♦ ❞❡
Vq(λ) s❡✱ ❝♦♠♦ ✉♠ Uq(g)✲♠ó❞✉❧♦✱

V ∼= Vq(λ)⊕
⊕

µ<λ

Vq(µ)
⊕mµ(V ),

✺✶



♣❛r❛ ❛❧❣✉♥s mµ(V ) ∈ Z≥0✳ ❉✉❛s ❛✜♥✐③❛çõ❡s ❞❡ Vq(λ) sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ sã♦ ✐s♦♠♦r❢❛s ❝♦♠♦
Uq(g)✲♠ó❞✉❧♦s✳

❊①❡♠♣❧♦ ✸✳✹✳✷ ❙❡❥❛♠ λ ∈ P+
q ✱ λ = wt(λ) ❡ V ✉♠ q✉♦❝✐❡♥t❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ Wq(λ)✳ ❈♦♠♦ V

é ❣❡r❛❞♦ ♣♦r ✉♠ ✈❡t♦r v ❞❡ ℓ✲♣❡s♦ ♠á①✐♠♦ ✭❡♠ ♣❛rt✐❝✉❧❛r v é ✈❡t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✮✱ t❡♠✲s❡

V = Uq(g̃)v = Uq(ñ
−)v.

❆❧é♠ ❞✐ss♦✱ v ∈ Vλ ❡ dimVλ = 1✳ ❈♦♠♦ x−i,rVµ ⊆ Vµ−αi
✱ s❡❣✉❡ q✉❡

V ∼= Vq(λ)⊕
⊕

µ<λ

Vq(µ)
⊕mµ(λ),

❝♦♠♦ Uq(g)✲♠ó❞✉❧♦✳ ▲♦❣♦ V é ✉♠❛ ❛✜♥✐③❛çã♦ ❞❡ Vq(λ)✳

❆ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ P+ ✐♥❞✉③ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛s
❞❛s✮ ❛✜♥✐③❛çõ❡s ❞❡ Vq(λ) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ s❡ V ❡W sã♦ ❛✜♥✐③❛çõ❡s ❞❡ Vq(λ)✱ ❡♥tã♦ V ≤ W

s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❢♦r❡♠ s❛t✐s❢❡✐t❛s✿

(i) mµ(V ) ≤ mµ(W ) ♣❛r❛ t♦❞♦ µ ∈ P+❀

(ii) ♣❛r❛ t♦❞♦ µ ∈ P+ t❛❧ q✉❡ mµ(V ) > mµ(W )✱ ❡①✐st❡ µ < ν < λ t❛❧ q✉❡ mν(V ) < mν(W )✳

❯♠ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧ ❝♦♠ r❡❧❛çã♦ ❛ ❡ss❛ ♦r❞❡♠ ♣❛r❝✐❛❧ é ❝❤❛♠❛❞♦ ❞❡ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡
Vq(λ)✳

❚❡♦r❡♠❛ ✸✳✹✳✸ ❙❡❥❛♠ λ ∈ P+✱ λ = wt(λ) ❡ V = Vq(λ)✳ ❙✉♣♦♥❤❛ q✉❡ g é ❞♦ t✐♣♦ A✳ ❊♥tã♦
V é ✉♠❛ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡ Vq(λ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ a ∈ K× ❡ ǫ ∈ {1,−1} t❛✐s q✉❡

λ =
n∏

i=1

ωi,ai,λ(hi) ❝♦♠ a1 = a ❡
ai+1

ai
= qǫ(λ(hi)+λ(hi+1)+1)

♣❛r❛ t♦❞♦ i ∈ I✱ i < n r❡s♣❡✐t❛♥❞♦ ❛ ❡♥✉♠❡r❛çã♦ ❞❛❞❛ ❡♠ ❆✳✷✳✶✶✳ ❙❡ g é ❞♦ t✐♣♦ D ♦✉ E✱
s✉♣♦♥❤❛ q✉❡ suppP (λ) ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ s✉❜❞✐❛❣r❛♠❛ ❝♦♥❡①♦ J ⊆ I ❞❡ t✐♣♦ A✳ ❊♥tã♦✱ V é
✉♠❛ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡ Vq(λ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Vq(λJ) é ✉♠❛ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡ Vq(λJ)✳

❉❡✜♥✐çã♦ ✸✳✹✳✹ ❉❛❞♦ µ ∈ P ✱ ❞❡✜♥✐♠♦s ♦ ❢❡❝❤♦ ❝♦♥❡①♦ ❞❡ suppP (µ)✱ ❞❡♥♦t❛❞♦ ♣♦r suppP (µ)✱
❝♦♠♦ s❡♥❞♦ ♦ ♠❡♥♦r s✉❜❞✐❛❣r❛♠❛ ❝♦♥❡①♦ ❞❡ I q✉❡ ❝♦♥té♠ suppP (µ)

✺✷



❈♦r♦❧ár✐♦ ✸✳✹✳✺ ❙❡❥❛ λ ∈ P+ t❛❧ q✉❡ suppP (λ) s❡❥❛ ❞♦ t✐♣♦ A✳ ❊♥tã♦✱ Vq(λ) t❡♠ ✉♠❛ ú♥✐❝❛
❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❛✜♥✐③❛çõ❡s ♠✐♥✐♠❛✐s✳

❈♦r♦❧ár✐♦ ✸✳✹✳✻ P❛r❛ ❝❛❞❛ a ∈ K×✱ i ∈ I ❡ m ∈ Z≥0✱ ♦ Uq(g̃)✲♠ó❞✉❧♦ Vq(ωi,a,m) é ✉♠❛
❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❞❡ Vq(mωi)✳

❖s ♠ó❞✉❧♦s Vq(ωi,a,m) sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✳

✸✳✺ q✲❝❛r❛❝t❡r

❉❡♥♦t❡ ♣♦r C (g) ❛ ❝❛t❡❣♦r✐❛ ❞❡ t♦❞♦s ♦s Uq(g̃)✲♠ó❧✉❞♦s ❞❡ ℓ✲♣❡s♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◗✉❛♥❞♦
♥ã♦ ❝❛✉s❛r ❝♦♥❢✉sã♦ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ r❡❞✉③✐❞❛ C ✳ ❈♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡st❛ s❡çã♦ ❝✐t❛♠♦s
❬✶✽✱ ✷✻❪✳

❉❡✜♥✐çã♦ ✸✳✺✳✶ ❙❡❥❛ Z[P ] ♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ s♦❜r❡ P✳ ❉❡✜♥❡✲s❡ ♦ q✲❝❛r❛❝t❡r ❞❡ V ∈ C ♣♦r

qch(V ) =
∑

µ∈P

dim(Vµ)µ ∈ Z[P ].

❖❜s❡r✈❛çã♦ ✸✳✺✳✷ ❈♦♠♦ Vµ =
⊕

µ∈P
wt(µ)=µ

Vµ s❡❣✉❡ q✉❡ ch(V ) = wt(qch(V )) ♦♥❞❡ wt é ❡st❡♥❞✐❞❛

❛ ✉♠❛ ❢✉♥çã♦ ❞❡ Z[P ] ♣❛r❛ Z[P ] ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✳

❉❛❞♦ ϕ =
∑
µ∈P ηµµ ∈ Z[P ] ❞❡✜♥❛ wtℓ(ϕ) = {µ ∈ P : ηµ 6= 0} ❡ [ϕ : µ] = ηµ✳ ❙❡

ϕ = qch(V ) ♣❛r❛ ❛❧❣✉♠ V ∈ C ✱ s✐♠♣❧✐✜❝❛r❡♠♦s ❛ ♥♦t❛çã♦ ❡s❝r❡✈❡♥❞♦ wtℓ(V ) ❛♦ ✐♥✈és ❞❡
wtℓ(qch(V ))✳ ❆ss✐♠✱ wtℓ(V ) = {µ ∈ P : Vµ 6= 0}✳

❚❡♦r❡♠❛ ✸✳✺✳✸ ❙❡❥❛♠ λ ∈ P+✱ µ ∈ P ❡ V ✉♠ q✉♦❝✐❡♥t❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ Wq(λ)✳ ❊♥tã♦
µ ∈ wtℓ(V ) s♦♠❡♥t❡ s❡ µ ≤ λ✳ ❊♠ ♣❛rt✐❝✉❧❛r

qch(V ) = λ

(
1 +

∑

p

µp

)

♦♥❞❡ ♦s µp ∈ (Q+
q )

−1 ♣❛r❛ t♦❞♦ p✳

✺✸



Pr♦♣♦s✐çã♦ ✸✳✺✳✹ ❙❡ V ∈ C ❡♥tã♦ qch(V ) ❞❡t❡r♠✐♥❛ ❛s ❝♦♥st✐t✉✐♥t❡s ✐rr❡❞✉tí✈❡s ❞❡ V ❝♦♠
♠✉❧t✐♣❧✐❝✐❞❛❞❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ V ❡ W sã♦ ✐rr❡❞✉tí✈❡✐s✱ ❡♥tã♦ V ∼= W s❡✱ ❡ s♦♠❡♥t❡ s❡✱
qch(V ) = qch(W )✳

❈♦r♦❧ár✐♦ ✸✳✺✳✺ ❙❡❥❛♠ V ❡ W ♦❜❥❡t♦s ❞❡ C ✳ ❙❡ [qch(V ) : λ] = [qch(W ) : λ] ♣❛r❛ t♦❞♦
λ ∈ P+✱ ❡♥tã♦ qch(V ) = qch(W )✳

Pr♦♣♦s✐çã♦ ✸✳✺✳✻ ❙❡ V,W ∈ C ❡♥tã♦ qch(V ⊗W ) = qch(V )qch(W )✳

Pr♦♣♦s✐çã♦ ✸✳✺✳✼ ❙❡❥❛♠ g é ❞♦ t✐♣♦ An+1 ❡ a ∈ K×✳ ❊♥tã♦

qch(Vq(ω1,a)) = ω1,a + ω
−1
1,aq2ω2,aq + ω

−1
2,aq3ω3,aq2 + · · ·+ ω

−1
n,aqn+1 .

Pr♦♣♦s✐çã♦ ✸✳✺✳✽ ❙❡❥❛♠ g = sl2✱ I = {i}, a ∈ K× ❡ r ≥ 0✳ ❊♥tã♦

qch(Vq(ωi,a,r)) =
r∑

k=0

ωi,a,r

(
k−1∏

j=0

αi,aqr−1−2j

)−1

.

❚❡♦r❡♠❛ ✸✳✺✳✾ ❙❡❥❛ g = sl2 ❡ I = {i}✳ ❉❛❞♦ λ ∈ P+✱ s❡❥❛ λ =
∏m

k=1ωi,ak,rk ❛ q✲❢❛t♦r❛çã♦
❞❡ λ✳ ❊♥tã♦

Vq(λ) ∼=

m⊗

k=1

Vq(ωi,ak,rk).

✸✳✻ ❆❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥

◆❡st❛ s❡çã♦ ❞❡s❝r❡✈❡r❡♠♦s ♦ ❛❧❣♦rít✐♠♦ ♣r♦♣♦st♦ ♣♦r ❋r❡♥❦❡❧ ❡ ▼✉❦❤✐♥ ❡♠ ❬✶✼❪ ♣❛r❛ ♦ ❝á❧❝✉❧♦
❞♦ q✲❝❛r❛❝t❡r ❞♦s ♠ó❞✉❧♦s Vq(λ)✱ λ ∈ P

+✳ P❛r❛ ❝❛❞❛ ℓ✲♣❡s♦ ❞♦♠✐♥❛♥t❡ λ ♦ ❛❧❣♦rít✐♠♦ ❛ss♦❝✐❛
✉♠ ❡❧❡♠❡♥t♦ FM(λ) ∈ Z[[P ]]✱ ❝♦♥❥✉♥t♦ ❞❛s s♦♠❛s ✐♥✜♥✐t❛s ❡♥✉♠❡rá✈❡✐s ❞❡ ❡❧❡♠❡♥t♦s ❞❡ P
❝♦♠ ❝♦❡✜❝✐❡♥t❡ ✐♥t❡✐r♦s✳ ❈♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡st❛ s❡çã♦ ❝✐t❛♠♦s ❬✶✼✱ ✷✻❪✳ ❯s❛r❡♠♦s ❛ ♥♦t❛çã♦
❛❜r❡✈✐❛❞❛ qch(λ) ♣❛r❛ qch(Vq(λ)) ♣❛r❛ t♦❞♦ λ ∈ P+✳

❉❛❞♦ J ⊆ I✱ ❝♦♥s✐❞❡r❡ πJ : Z[P ]→ Z[P ] ❞❛❞❛ ♣♦r

πJ(ωi,a) =

{
ωi,a se i ∈ J,

1 se i /∈ J.
∀ a ∈ K×.

❙❡❥❛ PJ ♦ s✉❜❣r✉♣♦ ❞❡ P ❣❡r❛❞♦ ♣♦r ωj,a, j ∈ J, a ∈ K× ❡ ♣♦♥❤❛ P+
J = P+ ∩ PJ ✳ ❙❡ J = {i}

❞❡♥♦t❛♠♦s πJ ♣♦r πi✳

✺✹



❉❡✜♥✐çã♦ ✸✳✻✳✶ ❉❛❞♦ J ⊆ I ❞✐r❡♠♦s q✉❡ λ ∈ P é J✲ℓ✲❞♦♠✐♥❛♥t❡ s❡ πJ(λ) ∈ P
+
J ✳ ❉❡♥♦t❡

♣♦r PJ,+ = {λ ∈ P : λ é J✲ℓ✲❞♦♠✐♥❛♥t❡}✳

❉❡♥♦t❡ ♣♦r QJ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ Q+
J ✮ ♦ s✉❜❣r✉♣♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ s✉❜♠♦♥ó✐❞❡✮ ❞❡ Qq

❣❡r❛❞♦ ♣♦r αj,a, j ∈ J, a ∈ K×✳ ❉❡✜♥❛ (Q+
J )

−1 ❛♥❛❧♦❣❛♠❡♥t❡✳ ■❞❡♥t✐✜q✉❡ PJ ❡ πJ(QJ) ❝♦♠ ♦s
r❡t✐❝✉❧❛❞♦s ❞❡ ℓ✲♣❡s♦s ❡ ℓ✲r❛í③❡s ❞❡ Uq(g̃J)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ❞❛❞♦ λ ∈ PJ,+✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ♦ Uq(g̃J)✲♠ó❞✉❧♦ Vq(πJ(λ))✳ ▲♦❣♦

qch(πJ(λ)) = πJ(λ)

(
1 +

∑

p

πJ(µp)

)

♦♥❞❡ µp ∈ (Q+
J )

−1✳ ❉❡✜♥❛ ❡♥tã♦

ϕJ(λ) := λ(1 +
∑

p

µp).

❖❜s❡r✈❛çã♦ ✸✳✻✳✷ ❙❡ λ ∈ P+ ❡♥tã♦ µ ∈ wtℓ(ϕJ(λ)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ µ ∈ wtℓ(Vq(λ)) ❡
λ−1µ ∈ (Q+

J )
−1✳ ❆❧é♠ ❞✐ss♦ [ϕJ(λ) : µ] = [qch(λ) : µ]✳

Pr♦♣♦s✐çã♦ ✸✳✻✳✸ ❙❡❥❛ V ✉♠ ♦❜❥❡t♦ ❞❡ C ❡ J ⊆ I✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡
qch(V ) ❝♦♠♦ s♦♠❛ ✜♥✐t❛

qch(V ) =
∑

λ∈PJ,+

aλϕJ(λ),

♦♥❞❡ aλ sã♦ ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ λ ∈ P+ ❡ µ ∈ wtℓ(Vq(λ)) é t❛❧ q✉❡
λ−1µ ∈ (Q+

I\J)
−1✱ ❡♥tã♦ µ ∈ PJ,+ ❡ [qch(λ) : ν] = [ϕJ(λ) : ν] ♣❛r❛ t♦❞♦ ν ∈ wtℓ(ϕJ(λ))✳

❖ ❛❧❣♦rít✐♠♦ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ✉s❛rá ❛ ❝♦♥tr✉çã♦ ❛❝✐♠❛ ❛♣❡♥❛s ❝♦♠ J = {i} ♣❛r❛ ❛❧❣✉♠
i ∈ I✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s ϕJ(λ) ♣♦r ϕi(λ)✳ ❉❛❞♦ λ ∈ P i,+ ❞✐③❡♠♦s q✉❡ ϕi(λ) é ❛ i✲és✐♠❛
❡①♣❛♥sã♦ ❞❡ λ✳ ▲❡♠❜r❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ Uq(g̃i) ∼= Uq(s̃l2)✳

❉❛❞♦ λ ∈ P+✱ ❞❡✜♥❛ ♦ s✉❜❝♦♥❥✉♥t♦ Dλ ❞❡ P ❝♦♠♦ s❡ s❡❣✉❡✳ ❯♠ ℓ✲♣❡s♦ λ′ ♣❡rt❡♥❝❡ à Dλ
s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ (λ = λ0,λ1, . . . ,λt = λ′) s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✳
❉❛❞♦ r = 1, . . . , t ❡①✐st❡ i ∈ I t❛❧ q✉❡ λr−1 ∈ P i,+ ❡ λr ∈ wtℓ(ϕi(λr−1))✳ ❉❡st❛ ♠❛♥❡✐r❛✱ Dλ é
❡♥✉♠❡rá✈❡❧ ❡ t♦❞♦ λ′ ∈ Dλ s❛t✐s❢❛③ λ′ ≤ λ✳ P♦❞❡♠♦s ❛✐♥❞❛ ❡s❝r❡✈❡r

Dλ = {λ = λ0,λ1,λ2, . . .}

✺✺



❞❡ ❢♦r♠❛ q✉❡ s❡ λt ≤ λr ❡♥tã♦ t ≥ r✳ P♦r ✜♠✱ ❞❡✜♥❛ ✐♥❞✉t✐✈❛♠❡♥t❡ ❛s s❡q✉ê♥❝✐❛s ❞❡ ✐♥t❡✐r♦s
(s(λr))r≥0 ❡ (si(λr))r≥0✱ i ∈ I✱ ❝♦♠♦ s❡ s❡❣✉❡✳ ❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ s(λ0) = 1 ❡ si(λ0) = 0

♣❛r❛ t♦❞♦ i ∈ I✳ P❛r❛ t ≥ 1✱ ❞❡✜♥❛

si(λt) =
∑

r<t
λr∈Pi,+

(s(λr)− si(λr))[ϕi(λr) : λt], i ∈ I,

s(λt) = max{si(λt); i ∈ I}.

❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥❛
FM(λ) :=

∑

r≥0

s(λr)λr.

❖❜s❡r✈❡ q✉❡ FM(λ) ∈ Z≥0[[P ]] ♣❛r❛ t♦❞♦ λ ∈ P+✳

❊①❡♠♣❧♦ ✸✳✻✳✹ ❙❡❥❛ g ❞♦ t✐♣♦ A2 ❡ λ = ω1,1ω2,q3 ∈ P
+✳ ❊♥tã♦ π1(λ) = ω1,1 ❡

qch(π1(λ)) = π1(λ)(1 + π1(α
−1
1,1)).

▲♦❣♦✱

ϕ1(λ) = λ(1 +α
−1
1,1) = ω1,1ω2,q3(1 + ω

−1
1,1ω

−1
1,q2ω2,q) = ω1,1ω2,q3 + ω

−1
1,q2ω2,qω2,q3 .

❈♦♠♦ π2(λ) = ω2,q3✱ ❡♥tã♦

qch(π2(λ)) = π2(λ)(1 + π2(α
−1
2,q3)).

▲♦❣♦✱

ϕ2(λ) = ω1,1ω2,q3(1 +α
−1
2,q3) = ω1,1ω2,q3(1 + ω

−1
2,q3ω

−1
2,q5ω1,q4) = ω1,1ω2,q3 + ω

−1
2,q5ω1,1ω1,q4 .

P♦♥❤❛ λ1 = ω−1
1,q2ω2,qω2,q3 ❡ λ2 = ω−1

2,q5ω1,1ω1,q4✳ ❊♥tã♦✱ λ1 ∈ P2,+ ❡ λ2 ∈ P1,+✳ ❈♦♠♦
π2(λ1) = ω2,qω2,q3✱ ❡♥tã♦

qch(π2(λ1)) = π2(λ1)(1 + π2(α
−1
2,q3) + π2(α

−1
2,q)π2(α

−1
2,q3)),

❡
ϕ2(λ1) = ω

−1
1,q2ω2,qω2,q3 + ω

−1
1,q2ω2,qω

−1
2,q5ω1,q4 + ω

−1
2,q3ω

−1
2,q5ω1,q4 .

✺✻



P❛r❛ ❝❛❧❝✉❧❛r ϕ1(λ2)✱ ♦❜s❡r✈❡ q✉❡ qch(π1(λ2)) = qch(π1(ω1,1))qch(π1(ω1,q4)) ✭Pr♦♣♦s✐çã♦ ✸✳✺✳✻✮✳
▲♦❣♦✱

ϕ1(λ2) = ω1,1ω1,q4ω
−1
2,q5 + ω

−1
1,q2ω1,q4ω2,qω

−1
2,q5 + ω1,1ω

−1
1,q6 + ω

−1
1,q2ω

−1
1,q6ω2,q.

P♦♥❤❛ λ3 = ω−1
1,q2ω2,qω

−1
2,q5ω1,q4✱ λ4 = ω−1

2,q3ω
−1
2,q5ω1,q4✱ λ5 = ω1,1ω

−1
1,q6 ❡ λ6 = ω−1

1,q2ω
−1
1,q6ω2,q✳

❱❡♠♦s q✉❡ λ3 ♥ã♦ é ♥❡♠ 1 ♥❡♠ 2✲ℓ✲❞♦♠✐♥❛♥t❡✳ λ4 é 1✲ℓ✲❞♦♠✐♥❛♥t❡ ❡

ϕ1(λ4) = ω1,q4ω
−1
2,q3ω

−1
2,q5 + ω

−1
1,q6ω

−1
2,q3 .

❆♥❛❧♦❣❛♠❡♥t❡✱ λ5 ❡ λ6 sã♦ 2✲ℓ✲❞♦♠✐♥❛♥t❡✱

ϕ2(λ5) = ω1,1ω
−1
1,q6 e ϕ2(λ6) = ω

−1
1,q2ω

−1
1,q6ω2,q + ω

−1
1,q6ω

−1
2,q3 .

P♦r ✜♠✱ ♣♦♥❤❛ λ7 = ω
−1
1,q6ω

−1
2,q3✱ q✉❡ ♥ã♦ é ♥❡♠ 1 ♥❡♠ 2✲ℓ✲❞♦♠✐♥❛♥t❡✳❊♥tã♦

Dλ = {λ,λ1,λ2,λ3,λ4,λ5,λ6,λ7}.

❈♦♠ ✐st♦ ✈❡r✐✜❝❛✲s❡ q✉❡

FM(λ) = λ+ λ1 + λ2 + λ3 + λ4 + λ5 + λ6 + λ7.

❉❡✜♥✐çã♦ ✸✳✻✳✺ ❉❛❞♦ λ ∈ P+✱ ❞✐③❡♠♦s q✉❡ ♦ ♠ó❞✉❧♦ Vq(λ) é ♠✐♥ús❝✉❧♦ s❡ wtℓ(Vq(λ))∩P
+ =

{λ}✳

❚❡♦r❡♠❛ ✸✳✻✳✻ ❬✾✱ ❚❤❡♦r❡♠ ✽❪ ❆✜♥✐③❛çõ❡s ♠✐♥✐♠❛✐s ❞♦ t✐♣♦ A sã♦ ♠✐♥ús❝✉❧❛s✳

▲❡♠❛ ✸✳✻✳✼ ❙❡❥❛ V ∈ C ✱ i ∈ I✱ λ ∈ P i,+ ∩ wtℓ(V )✳ ❙✉♣♦♥❤❛ q✉❡ [qch(V ) : λ′] = 0 ♣❛r❛
t♦❞♦ λ′ ∈ P i,+ \ {λ} t❛❧ q✉❡ [ϕi(λ

′) : λ] 6= 0✳ ❊♥tã♦ [ϕi(λ) : µ] = [qch(V ) : µ] ♣❛r❛ t♦❞♦
µ ∈ wtℓ(ϕi(λ))✳

❉❡✜♥✐çã♦ ✸✳✻✳✽ ❉❛❞♦ µ ∈ (Q+)−1✱ ❞✐r❡♠♦s q✉❡ α−1
i,a ❞✐✈✐❞❡ µ✱ ♣❛r❛ ❛❧❣✉♠ i ∈ I✱ a ∈ K×✱ s❡

µ ∈ α−1
i,a (Q

+)−1 ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r α−1
i,a |µ✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞✐r❡♠♦s q✉❡ α−1

i,a ♥ã♦ ❞✐✈✐❞❡ µ ❡
❞❡♥♦t❛r❡♠♦s ♣♦r α−1

i,a ∤ µ✳

Pr♦♣♦s✐çã♦ ✸✳✻✳✾ ❙❡❥❛♠ λ ∈ P+✱ i ∈ I ❡ µ ∈ wtℓ(Vq(λ))✳ ❙✉♣♦♥❤❛ q✉❡ α−1
i,a ♥ã♦ ❞✐✈✐❞❡ λ−1µ

♣❛r❛ t♦❞♦ a ∈ K×✳ ❊♥tã♦ µ ∈ P i,+ ❡ [ϕi(µ) : ν] = [qch(λ) : ν] ♣❛r❛ t♦❞♦ ν ∈ wtℓ(ϕi(µ))✳

✺✼



❚❡♦r❡♠❛ ✸✳✻✳✶✵ ❙❡❥❛ λ ∈ P+✳ ❙❡ [qch(λ) : ν] = [FM(λ) : ν] ♣❛r❛ t♦❞♦ ν ∈ P+✱ ❡♥tã♦
FM(λ) = qch(λ)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ λ é ♠✐♥✉s❝✉❧♦✱ ❡♥tã♦ FM(λ) = qch(λ)✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✶✶ ❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞❛ ♣r✐♠❡✐r❛ ♣♦✐s λ ∈ wtℓ(FM(λ)) ✐♠♣❧✐❝❛
wtℓ(Vq(λ)) ∩ P

+ ⊆ wtℓ(FM(λ))✳ ❆ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❢♦✐ ❞❡♠♦♥str❛❞❛ ❡♠ ❬✶✼❪ ♥♦ ❝❛s♦ q✉❡
Vq(λ) é ♠✐♥✉s❝✉❧♦✳ ❋♦✐ ♦❜s❡r✈❛❞♦ ❡♠ ❬✷✻✱ ❘❡♠❛r❦ ✺✳✼✭✐✐✮❪ q✉❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ [✶✼] ❢✉♥❝✐♦♥❛
s♦❜ ❛ ❤✐♣ót❡s❡ ♠❛✐s ❣❡r❛❧ ❢❡✐t❛ ❛❝✐♠❛✳

❚❡♦r❡♠❛ ✸✳✻✳✶✷ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✷✭✐✮❪ ▼ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ sã♦ ♠✐♥ús❝✉❧♦s✳ ❊♠
♣❛rt✐❝✉❧❛r✱ FM(ωi,a,r) = qch(ωi,a,r) ♣❛r❛ t♦❞♦ i ∈ I✱ a ∈ K×✱ r ∈ Z>0✳

❋♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ❡♠ ❬✶✼❪ q✉❡ FM(λ) = qch(λ) ♣❛r❛ t♦❞♦ λ ∈ P+ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛ ❞❡
▲✐❡ g✱ ♠❡s♠♦ ♥ã♦ s❡♥❞♦ ❞♦ t✐♣♦ ADE✳ ❆t✉❛❧♠❡♥t❡ s❡ s❛❜❡ q✉❡ t❛❧ ❛✜r♠❛çã♦ ♥ã♦ é ✈❡r❞❛❞❡
❡♠ ❣❡r❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦ t✐♣♦ A2 ♦ ❛❧❣♦rít✐♠♦ ❢❛❧❤❛✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❊①❡♠♣❧♦ ✹✳✸✳✹✳

✺✽



❈❛♣ít✉❧♦ ✹

➪❧❣❡❜r❛s ❞❡ ❈❧✉st❡r ❡ ❛s ❈❛t❡❣♦r✐❛s C ℓ

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦ ❬✷✻❪✳ P❡❧❛s ❞✐✜❝✉❧❞❛❞❡s ❞❡ s❡ ❡st✉❞❛r
♦s Uq(g̃)✲♠ó❞✉❧♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ q✉❛♥❞♦ g 6= sl2✱ é ❝♦♥✈❡♥✐❡♥t❡ ❢♦❝❛r♠♦s ❡♠ s✉❜❝❛t❡❣♦r✐❛s
♠♦♥♦✐❞❛✐s ❞❡ C ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♠♦str❛r❡♠♦s q✉❡ q✉❛♥❞♦ C é ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ A✱ ✉♠❛
❞❡t❡r♠✐♥❛❞❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ C é ✉♠❛ ❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❛ss♦❝✐❛❞❛
❛ ♠❛tr✐③ C ❞❡✜♥✐❞❛ ♥❛ s❡çã♦ ✶✳✹✳

❋✐①❡ C = (cij), i, j ∈ I = {1, . . . , n}✱ ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ ADE ❡ ❝♦♥s✐❞❡r❡ g =

g(C) ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❙❡❥❛♠ Φ = Φ(C)✱ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❛ss♦❝✐❛❞♦ ❛ C✱ Π = {αi : i ∈ I}

♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s s✐♠♣❧❡s ❡ Q = ZΠ ♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s✳ ❋✐①❡ ✉♠❛ ❜✐♣❛rt✐çã♦ I0 ⊔ I1 = I

❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❛ss♦❝✐❛❞♦ ❛ C ❡ t♦♠❡ εi, ξi✱ i ∈ I✱ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ❆✳✷✳✶✺✳ ❈♦♥s✐❞❡r❡
Uq(g̃) ❛ á❧❣❡❜r❛ q✉❛♥t✐③❛❞❛ ❛✜♠ ❞❡ g✱ ❝♦♠ ♣❛râ♠❡tr♦ q ∈ C× t❛❧ q✉❡ q ♥ã♦ s❡❥❛ r❛✐③ ❞❛ ✉♥✐❞❛❞❡
❡ C ❛ ❝❛t❡❣♦r✐❛ ❞❡ Uq(g̃)✲♠ó❞✉❧♦s ❞❡ ℓ✲♣❡s♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

✹✳✶ ❆s ❈❛t❡❣♦r✐❛s C ℓ

Pr♦♣♦s✐çã♦ ✹✳✶✳✶ ❙❡❥❛ λ =
∏r

k=1ωik,ak ∈ P
+ ❡ λµ ∈ wtℓ(qch(λ)) ❝♦♠ µ ∈ (Q+

q )
−1✳ ❙❡ α−1

j,b

❞✐✈✐❞❡ µ✱ ❡①✐st❡ k ∈ {1, . . . , r} ❡ l ∈ N \ {0} t❛❧ q✉❡ b = akq
l✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s

✜♥✐t❛s
(j1 = ik, . . . , js) ∈ I

s, (1 = l1, . . . , ls = l) ∈ Ns

t❛✐s q✉❡ cjt,jt+1 = −1 ❡ α−1
jt,akqlt

❞✐✈✐❞❡ µ ♣❛r❛ t♦❞♦ t = 1, . . . , s − 1✳ P♦r ✜♠✱ lt é í♠♣❛r s❡
εjt = εik ❡ ♣❛r ❝❛s♦ ❝♦♥trár✐♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ λ = ωi,a ❡♥tã♦ qch(λ) = FM(λ) ❡ ❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛ ♣❡❧❛ ❞❡✜♥✐çã♦

✺✾



❞♦ ❛❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥✳ ◆♦ ❝❛s♦ ❣❡r❛❧✱ Vq(λ) é ✉♠ s✉❜q✉♦❝✐❡♥t❡ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧
⊗rk=1Vq(ωik,ak) ❡✱ ♣♦rt❛♥t♦✱ [qch(λ) : ν] ≤ [

∏r
k=1 qch(ωik,ak) : ν] ♣❛r❛ t♦❞♦ ν ∈ P ♦ q✉❡ ♣r♦✈❛

❛ ♣r♦♣♦s✐çã♦✳ ⊏⊐

❉❡✜♥❛ P+
Z = {λ ∈ P+ : ∀ i ∈ I, λi(a) = 0 s♦♠❡♥t❡ s❡ a ∈ q2Z+ξi } ❡ ❝♦♥s✐❞❡r❡ C Z ❛

s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ C ❝✉❥♦s ♦❜❥❡t♦s V t❡♥❤❛♠ ❝♦♥st✐t✉✐♥t❡s ✐rr❡❞✉tí✈❡✐s Vq(λ) ❝♦♠ λ ∈ P+
Z ✳

❉❡✜♥❛ PZ ❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❞❡ P ❣❡r❛❞♦ ♣♦r P+
Z ✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✷ ❙❡ V ∈ C ❡ a ∈ K×✱ ❞❡♥♦t❛♠♦s ♣♦r V (a) ♦ ♣✉❧❧✲❜❛❝❦ ❞❡ V ♣❡❧♦ ♦ ❛✉✲
t♦♠♦r✜s♠♦ τa ❡ ♣♦r V σ ♦ ♣✉❧❧✲❜❛❝❦ ❞❡ V ♣♦r σ✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ✭s❡❣✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❞♦s
r❡s✉❧❞❛❞♦s ❞❡ ❬✽❪✮ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ s✐♠♣❧❡s S ❞❡ C ❡①✐st❡♠ ♦❜❥❡t♦s s✐♠♣❧❡s S1, . . . , Sk ❞❡
C Z ❡ ❡❧❡♠❡♥t♦s ai ∈ K× ❝♦♠ aia

−1
j /∈ q2Z ❡ 1 ≤ i ≤ j ≤ k t❛❧ q✉❡ S ∼=Uq(g̃) S1(a1)⊗· · ·⊗Sk(ak)✳

❈♦♠ ✐st♦✱ ❛ ❞❡s❝r✐çã♦ ❞♦s ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ C ❡ss❡♥❝✐❛❧♠❡♥t❡ s❡ r❡❞✉③ à ❞❡s❝r✐çã♦ ❞♦s ♦❜❥❡t♦s
s✐♠♣❧❡s ❞❡ C Z✳

❙❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ q✉❡✱ s❡ λ ∈ P+
Z ✱ ❡♥tã♦ µ ∈ wtℓ(Vq(λ)) s♦♠❡♥t❡ s❡ µ ∈ PZ✳ P❛r❛

s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡r❡♠♦s ωi,r ❛♦ ✐♥✈és ❞❡ ωi,qr ❡ αi,r ❛♦ ✐♥✈és ❞❡ αi,qr ✳ ■♥tr♦❞✉③✐r❡♠♦s
❛❣♦r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ s✉❜❝❛t❡❣♦r✐❛s ❞❡ C Z✳

❉❡✜♥✐çã♦ ✹✳✶✳✸ P❛r❛ ❝❛❞❛ ℓ ∈ Z≥0 ❞❡✜♥❛

P+
(ℓ) = {λ ∈ P

+ : ∀ i ∈ I, λi(a) = 0 s♦♠❡♥t❡ s❡ a ∈ {q−2k−ξi : 0 ≤ k ≤ ℓ}}.

❉❡✜♥❛ ❛✐♥❞❛✱ (Q+
(ℓ))

−1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ (Q+
Z )

−1✮ ♦ s✉❜♠♦♥ó✐❞❡ ❞❡ (Q+
q )

−1 ❣❡r❛❞♦ ♣♦r
④α−1

i,r ✿ i ∈ I, r = 2k + ξi : 0 ≤ k ≤ ℓ− 1⑥ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ {α−1
i,r : i ∈ I, r ∈ 2Z+ ξi})✳

❆ ❝❛t❡❣♦r✐❛ C ℓ é ❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ C Z ❝✉❥♦s ♦❜❥❡t♦s V t❡♥❤❛♠ ❝♦♥st✐t✉✐♥t❡s ✐rr❡❞✉tí✈❡✐s ❞❛
❢♦r♠❛ Vq(λ) ❝♦♠ λ ∈ P+

(ℓ) ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Rℓ s❡✉ ❛♥❡❧ ❞❡ ●r♦t❤❡♥❞✐❡❝❦✳

❊①❡♠♣❧♦ ✹✳✶✳✹ ❖s ♦❜❥❡t♦s s✐♠♣❧❡s ❞❛ ❝❛t❡❣♦r✐❛ C 0 sã♦ ❞❡s❝r✐t♦s ❢❛❝✐❧♠❡♥t❡✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡
q✉❡ λ ∈ P+

(0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ bi ∈ Z≥0, i ∈ I, t❛✐s q✉❡ λ =
∏

i∈I ω
bi
i,ξi

✳ ❙❡❣✉❡ ❡♥tã♦ ❞❡
❬✶✼✱ Pr♦♣♦s✐t✐♦♥ ✻✳✶✺❪ q✉❡

Vq(λ) ∼=
⊗

i∈I

Vq(ωi,ξi)
⊗bi .

❖✉ s❡❥❛✱ t♦❞♦ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C 0 é ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
t♦❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s é s✐♠♣❧❡s✳

✻✵



❖❜s❡r✈❛çã♦ ✹✳✶✳✺ ❆ ❞❡✜♥✐çã♦ ❞❛ ❝❛t❡❣♦r✐❛ C ℓ ❞❡♣❡♥❞❡ ❞❛ ❢✉♥çã♦ i 7→ ξi q✉❡ ♣♦❞❡ s❡r ❡s✲
❝♦❧❤✐❞❛ ❞❡ ❞✉❛s ❢♦r♠❛s ❞✐❢❡r❡♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❡s❝♦❧❤✐❞❛ ✉♠❛ ♣❛rt✐çã♦ t❡♠♦s ✉♠❛ ❛✉t♦✲
❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♠ ❛ ♦✉tr❛ ♣❛rt✐çã♦ ❛tr❛✈és ❞❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s✳ ❖♠✐t✐r❡♠♦s
❡ss❡ ❛✉t♦♠♦r✜s♠♦ ♣♦r ♥ã♦ ❢❛③❡r♠♦s ✉s♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳

❉❡♥♦t❡ ♣♦r R ♦ ❛♥❡❧ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ ❞❡ C ✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❬✶✽❪ q✉❡ R é ♦ ❛♥❡❧ ❞❡
♣♦❧✐♥ô♠✐♦s s♦❜r❡ Z ♥❛s ❝❧❛ss❡s [Vq(ωi,a)], i ∈ I, a ∈ K×✱ ❞♦s ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s✳ ❖ ❛♥❡❧ ❞❡
●r♦t❤❡♥❞✐❡❝❦ RZ ❞❡ C Z é ♦ s✉❜❛♥❡❧ ❞❡ R ❣❡r❛❞♦ ♣❡❧❛s ❝❧❛ss❡s [Vq(ωi,q2k+ξi )], i ∈ I, k ∈ Z✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✻ ❆s ❝❧❛ss❡s ❞♦s ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ [Vq(ωi,a,r)]✱ i ∈ I, a ∈

K×, r ≥ 1✱ ❡♠ R s❛t✐s❢❛③❡♠ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✱ ❝❤❛♠❛❞♦s ❞❡ T ✲s✐st❡♠❛s✿

[Vq(ωi,a,r)][Vq(ωi,aq2,r)] = [Vq(ωi,a,k+1)][Vq(ωi,aq2,k−1)] +
∏

j 6=i:cij 6=0

[Vq(ωj,aq,k)].

❊st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ❡♠ ❬✸✶❪ ❡ ♣r♦✈❛❞♦ ❡♠ ❬✷✹✱ ✸✽❪✳ ❯s❛♥❞♦ ❡st❛s ❡q✉❛çõ❡s✱ ♣♦❞❡✲s❡
❝❛❧❝✉❧❛r ✐♥❞✉t✐✈❛♠❡♥t❡ ❛s ❡①♣r❡ssõ❡s ❞❡ q✉❛❧q✉❡r [Vq(ωi,a,k)] ❝♦♠♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ♥❛s ❝❧❛ss❡s
[Vq(ωi,a)] ❞♦s ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✼ P❛r❛ ❝❛❞❛ ℓ ∈ Z≥0 ♦ ❛♥❡❧ ❞❡ ●r♦t❤❡♥❞✐❡❝❦ ❞❡ C ℓ é ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s

Rℓ = Z [[Vq(ωi,2k+ξi)] : 0 ≤ k ≤ ℓ] .

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ ♠♦str❛r ❛♣❡♥❛s q✉❡ C ℓ é ❢❡❝❤❛❞❛ s♦❜ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✳
❙❡❥❛♠ λ,λ′ ∈ P+

(ℓ)✳ ❙❡ Vq(̟) é ✉♠ ❝♦♥st✐t✉✐♥t❡ ✐rr❡❞✉tí✈❡❧ ❞❡ Vq(λ)⊗ Vq(λ
′) ❡♥tã♦ ̟ = λλ′µ

♦♥❞❡ µ ∈ (Q+)−1✳ ❆✜r♠❛♠♦s q✉❡✱ ♣❛r❛ ̟ s❡r ❞♦♠✐♥❛♥t❡✱ µ ∈ (Q+
(ℓ))

−1✳ ❉❡ ❢❛t♦✱ ♣❡❧❛
♣r♦♣♦s✐çã♦ ✹✳✶✳✶✱ s❛❜❡♠♦s q✉❡ µ ∈ (Q+

Z )
−1✳ ❙❡❥❛

s = min{r : µ ∈ (Q+
(r))

−1}.

❙❡ s ≥ ℓ ❡♥tã♦ ω−1
i,ξi+2s+2|̟ ❡✱ ♣♦rt❛♥t♦✱ ̟ ♥ã♦ ♣♦❞❡ s❡r ❞♦♠✐♥❛♥t❡✳ ▲♦❣♦ s < ℓ✱ ♦ q✉❡ ✐♠♣❧✐❝❛

µ ∈ (Q+
(ℓ))

−1 ❡ ̟ ∈ P+
(ℓ)✳ P♦rt❛♥t♦ Vq(̟) ∈ C ℓ✳ ⊏⊐

✹✳✷ q✲❝❛r❛❝t❡r ❚r✉♥❝❛❞♦

❖ ❛❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ q✲❝❛r❛❝t❡r ❞❡
✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C ✳ P♦ré♠✱ ❛té ♠❡s♠♦ q✉❛♥❞♦ ♦ ❛❧❣♦rít✐♠♦ ♥♦s ❞á ♦ q✲❝❛r❛❝t❡r✱ ❡♠ ❣❡r❛❧✱

✻✶



é ✐♠♣♦ssí✈❡❧ ❞❡ ♠❛♥✉s❡á✲❧♦✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ❛ s✉❜❝❛t❡❣♦r✐❛ C 1✱ ♣♦❞❡♠♦s
tr❛❜❛❧❤❛r ❝♦♠ ❝❡rt♦s tr✉♥❝❛♠❡♥t♦s ❞♦ q✲❝❛r❛❝t❡r✱ ❝♦♠♦ ❡①♣❧✐❝❛r❡♠♦s ♥❡st❛ s❡çã♦✳

❙❡❥❛ ψ ∈ Z[P ] t❛❧ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❝♦♠♦

ψ =
∑

k

λk(1 +
∑

p

µ(k)
p ) ✭✹✳✷✳✶✮

♦♥❞❡ λk ∈ P
+
(1) ❡ µ

(k)
p ∈ (Q+

Z )
−1✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶ ❆ ❢❛t♦r❛çã♦ µ = λkµ
(k)
p ❡♠ ❣❡r❛❧ ♥ã♦ é ú♥✐❝❛✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ t✐♣♦ A2

t❡♠♦s ω1,0ω1,2α
−1
1,0 = ω2,1✳ ◆♦ ❡♥t❛♥t♦✱ s✉♣♦♥❤❛ q✉❡ λkµ

(k)
p é t❛❧ q✉❡ α−1

i,r ❞✐✈✐❞❡ µ(k)
p ♣❛r❛

❛❧❣✉♠ i ∈ I ❡ ❛❧❣✉♠ r ≥ 2✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr❛ ❡①♣r❡ssã♦ λkµ
(k)
p = λ̃kµ̃p

(k)✱ ❡♥tã♦

α−1
j,s ❞✐✈✐❞❡ µ̃p

(k) ♣❛r❛ ❛❧❣✉♠ j ∈ I ❡ s ≥ 2✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✷✻✱ ➓✻✳✷❪✳

❉❛❞♦ ψ ❝♦♠♦ ❡♠ ✭✹✳✷✳✶✮✱ s❡❥❛ S(ψ) := {(k, p) : α−1
i,r ∤ µ

(k)
p , ∀ r ≥ 2, ∀ i ∈ I}✳ ❉❡✜♥✐♠♦s

ψ≤1 :=
∑

(k,p)∈S(ψ)

λk(1 + µ
(k)
p ).

❖❜s❡r✈❡ q✉❡ s❡ V ∈ C 1 ❡♥tã♦ qch(V ) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✷✳✶✮ ❡✱ ❝♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ s❡ λ ∈ P+

(1)✱ FM(λ) t❛♠❜é♠ ❛❞♠✐t❡ t❛❧ ❞❡❝♦♠♣♦s✐çã♦✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ❞❛❞♦ V ∈ C 1

❞❡✜♥✐♠♦s ♦ q✲❝❛r❛❝t❡r tr✉♥❝❛❞♦ ❞❡ V ♣♦r qch(V )≤1✳ ❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st❛ ❞❡✜♥✐çã♦ é ❛
s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✷ ❆ ❢✉♥çã♦ Ψ : R1 −→ Z[P ] ❞❡✜♥✐❞❛ ♣♦r Ψ([V ]) := qch(V )≤1 é ✉♠ ♠♦♥♦♠♦r✲
✜s♠♦ ❞❡ ❛♥é✐s✳

❉❡♠♦♥str❛çã♦✿ ❈❧❛r❛♠❡♥t❡ ❛ ❢✉♥çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s [V ] = [W ] ❡♠ R1 s❡✱ ❡ s♦♠❡♥t❡
s❡✱ qch(V ) = qch(W )✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ♦ q✲❝❛r❛❝t❡r tr✉♥❝❛❞♦ é ❛❞✐t✐✈♦ ❡ ♠✉❧✲
t✐♣❧✐❝❛t✐✈♦ ❡ ♣♦rt❛♥❞♦ ✐♥❞✉③ ♦ ❤♦♠♦♠♦r✜s♠♦ Ψ✳ P❛r❛ ❛ ✐♥❥❡t✐✈✐❞❛❞❡✱ s❡❥❛ λ ∈ P+

(1) ❡ ❝♦♥s✐❞❡r❡
Vq(λ) ∈ C 1 t❛❧ q✉❡ qch(Vq(λ)) = λ(1+

∑
pµp)✱ ♦♥❞❡ µ ∈ (Q+)−1✳ ❙❡ α−1

i,r ❞✐✈✐❞❡ µp ♣❛r❛ ❛❧❣✉♠
r ≥ 2 ❡♥tã♦ λµp ♥ã♦ ♣♦❞❡ s❡r ❞♦♠✐♥❛♥t❡✳ ❆ss✐♠✱ wtℓ(Vq(λ)) ∩ P

+ = wtℓ(qch(Vq(λ))≤1) ∩ P
+✳

▲♦❣♦✱ s❡ ♣❛r❛ ❞♦✐s ♦❜❥❡t♦s V ❡ W ❞❡ C 1 t❡♠♦s qch(V )≤1 = qch(W )≤1✱ ❡♥tã♦ [qch(V ) : ν] ❂
[qch(W ) : ν] ♣❛r❛ t♦❞♦ ν ∈ P+ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✸✳✺✳✺✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ⊏⊐

✻✷



❊①❡♠♣❧♦ ✹✳✷✳✸ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❡①❡♠♣❧♦ ✸✳✻✳✹ ♥♦ t✐♣♦ A2✳ ◆❛ ❛t✉❛❧ ♥♦t❛çã♦✱ t❡♠♦s λ =

ω1,0ω2,3 ❡ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✳✸✱ q✉❡ Vq(λ) é ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧✱ ❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✸✳✻✳✻✱ Vq(λ) é ♠✐♥ús❝✉❧♦ ❡✱ ♣♦rt❛♥t♦✱ qch(λ) = FM(λ)✳ ❊♥tã♦

qch(λ)≤1 = λ+ λ1 = ω1,0ω2,3 + ω
−1
1,2ω2,1ω2,3 = ω1,0ω2,3(1 +α

−1
1,0).

❊①❡♠♣❧♦ ✹✳✷✳✹ ❙❡❥❛ g ❞♦ t✐♣♦ ADE✳ ❊♥tã♦✱ ♣❛r❛ i ∈ I

qch(ωi,2)≤1 = ωi,2, qch(ωi,1)≤1 = ωi,1(1 +α
−1
i,1 ),

qch(ωi,0)≤1 = ωi,0


1 +α−1

i,0

∏

j∈I:cij=−1

(1 +α−1
j,1)


 ,

qch(ωi,ξiωi,ξi+2)≤1 = ωi,ξiωi,ξi+2.

❉❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦s ❡ss❡s ♠ó❞✉❧♦s ♦ q✲❝❛r❛❝t❡r é ❞❛❞♦ ♣❡❧♦ ❛❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ✭♦s
três ♣r✐♠❡✐r♦s sã♦ ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ♦ ú❧t✐♠♦ é ✉♠ ♠ó❞✉❧♦ ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✮✳

❉❛❞♦s ϕ,ψ ∈ Z[P ] ❞❡♥♦t❛♠♦s ϕ ≤ ψ ⇐⇒ ψ −ϕ ∈ Z≥0[P ]✳

❈♦r♦❧ár✐♦ ✹✳✷✳✺ ❙❡❥❛ λ ∈ P+
(1) ❡ s✉♣♦♥❤❛ q✉❡ qch(Vq(λ))≤1 ≤ FM(λ)✳ ❊♥tã♦ qch(Vq(λ)) =

FM(λ)✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✷✱ [qch(λ) : ν] = [qch(λ)≤1 : ν]

♣❛r❛ t♦❞♦ ν ∈ P+✱ ❡ ♦ ❝♦r♦❧ár✐♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✻✳✶✵✳ ⊏⊐

✹✳✸ C 1 ❝♦♠♦ ❈❛t❡❣♦r✐✜❝❛çã♦ ▼♦♥♦✐❞❛❧ ❞❡ ➪❧❣❡❜r❛s ❞❡ ❈❧✉s✲

t❡r

P❛r❛ ❝❛❞❛ β ∈ Φ≥−1 ❛ss♦❝✐❛♠♦s ✉♠ ♠ó❞✉❧♦ s✐♠♣❧❡s S(β) ∈ C 1 ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

P❛r❛ ❛s r❛í③❡s ♥❡❣❛t✐✈❛s −αi ❞❡✜♥✐♠♦s

S(−αi) =

{
Vq(ωi,2) se i ∈ I0,

Vq(ωi,1) se i ∈ I1.

✻✸



P❛r❛ β =
∑

i∈I biαi ∈ Φ+✱ ❞❡✜♥❛

πβ :=
∏

i∈I0

ωbii,0

∏

i∈I1

ωbii,3 ∈ P
+
(1)

❡ S(β) = Vq(πβ)✳ ❉❡✜♥✐♠♦s ❛✐♥❞❛ Fi✱ i ∈ I✱ ❝♦♠♦ ♦ ♠ó❞✉❧♦ ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✉♥ ❞❛❞♦ ♣♦r

Fi = Vq(ωi,1+ξi,2).

❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A = AC ❞❡✜♥✐❞❛ ❝♦♠♦ ♥❛ s❡çã♦ ✶✳✹ ❛tr❛✈és ❞❛ ♠❛tr✐③
❞❡ ❈❛rt❛♥ C✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✼✱ R1 é ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥❛s ❝❧❛ss❡s ❞♦s 2n ♠ó❞✉❧♦s
❢✉♥❞❛♠❡♥t❛✐s S(−αi), S(αi), i ∈ I✳ P❡❧♦ ▲❡♠❛ ✶✳✹✳✹ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s ι : A −→
R1 t❛❧ q✉❡

x[−αi] 7→ [S(−αi)], x[αi] 7→ [S(αi)], i ∈ I.

P♦❞❡♠♦s ❛❣♦r❛ ❡♥✉♥❝✐❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞♦ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✹✳✸✳✶ ❙✉♣♦♥❤❛ g ❞♦ t✐♣♦ An✳ ❊♥tã♦

(i) ι(x[β]) = [S(β)] ❡ ι(fi) = [Fi]✱ ♣❛r❛ t♦❞♦ β ∈ Φ+ ❡ ♣❛r❛ t♦❞♦ i ∈ I✳

(ii) ❙❡ ✐❞❡♥t✐✜❝❛r♠♦s A ❝♦♠ R1 ✈✐❛ ι✱ C 1 s❡ t♦r♥❛ ✉♠❛ ❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧ ❞❡ A✳ ❆❧é♠
❞✐ss♦ ❛ ❝❧❛ss❡ ❞❡ q✉❛❧q✉❡r ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C 1 é ✉♠ ♠♦♥ô♠✐♦ ❞❡ ❝❧✉st❡r✳

❈♦r♦❧ár✐♦ ✹✳✸✳✷ (i) ❖s ♦❜❥❡t♦s S(β), β ∈ Φ≥−1✱ ❡ Fi, i ∈ I✱ sã♦ ♦s ♦❜❥❡t♦s ♣r✐♠♦s ❞❡ C 1✳

(ii) ❈❛❞❛ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C 1 é ✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ♣r✐♠♦s ❝✉❥❛s ❝❧❛ss❡s ♣❡rt❡♥❝❡♠ ❛
✉♠ ❝❧✉st❡r ❞❡ A✳

(iii) ❚♦❞❛s ❛s ♣♦tê♥❝✐❛s t❡♥s♦r✐❛✐s ❞❡ ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s ❞❡ C 1 sã♦ s✐♠♣❧❡s✳

(iv) ❖s ♠♦♥ô♠✐♦s ❞❡ ❝❧✉st❡r ❢♦r♠❛♠ ✉♠❛ Z✲❜❛s❡ ❞❡ A✳

❉❡✜♥✐çã♦ ✹✳✸✳✸ ❖s ♣r✐♠♦s S(β) sã♦ ❝❤❛♠❛❞♦s ❞❡ ♦❜❥❡t♦s s✐♠♣❧❡s ❞❡ ❝❧✉st❡r ❡ ♦s Fi ❞❡ ♦❜❥❡t♦s
s✐♠♣❧❡s ❝♦♥❣❡❧❛❞♦s✳

❆♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ♣❛r❛ s❡ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛
✹✳✸✳✶ q✉❡ s❡rá ❝♦♥❝❧✉í❞♦ ♥❛ s❡çã♦ ✹✳✺✳ ❆ss✉♠✐♥❞♦✲♦ ♣♦❞❡♠♦s ❞❛r ✉♠ ❡①❡♠♣❧♦ ♦♥❞❡ ♦ ❛❧❣♦rít✐♠♦
❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ♥ã♦ ❢♦r♥❡❝❡ ♦ q✲❝❛r❛❝t❡r✳

✻✹



❊①❡♠♣❧♦ ✹✳✸✳✹ ❙❡❥❛ g ❞♦ t✐♣♦ A2✱ I0 = {1} ❡ λ = ω2
1,0ω2,3✳ ❉❡st❛ ❢♦r♠❛✱ Vq(λ) ∈ C 1 ❡

✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✸✳✶ ✭✐✐✮ t❡♠♦s

Vq(λ) ∼= S(α1)⊗ S(α1 + α2) ∼= Vq(ω1,0)⊗ Vq(ω1,0ω2,3).

▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✼✱ t❡♠♦s

qch(λ) = (ω1,0 + ω
−1
1,2ω2,1 + ω

−1
2,3)qch(ω1,0ω2,3),

❡ ❡♥tã♦
[qch(λ) : λα−1

1,0α
−1
2,1] = 1.

♦❜s❡r✈❛♥❞♦ q✉❡ ω−1
2,3ω1,0ω2,3 = ω1,0 = λα

−1
1,0α

−1
2,1✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ϕ1(λ) = λ(1+2α−1
1,0+α

−2
1,0) ❡ ϕ2(λ) = λ(1+α

−1
2,3)✳ ❉❡✜♥✐♥❞♦ λ1 := λα

−1
1,0 ∈

P2,+ ❡ ❡♥tã♦ ϕ2(λ1) = λ1(1 +α
−1
2,3 +α

−1
2,1α

−1
2,3)✳ ❆ss✐♠✱

FM(λ)− λ− 2λ1 = λµ

♣❛r❛ ❛❧❣✉♠ µ ∈ Z[α−2
1,0,α

−1
2,3] t❛❧ q✉❡ ♦✉ α−2

1,0|µ ♦✉ α−1
2,3|µ✳ P♦rt❛♥t♦✱ [FM(λ) : λα−1

1,0α
−1
2,1] = 0 ♦

q✉❡ ✐♠♣❧✐❝❛ qch(λ) 6= FM(λ)✳ ❆❧é♠ ❞✐ss♦✱ ♦ q✲❝❛r❛❝t❡r tr✉♥❝❛❞♦ ❞❡ Vq(λ) é ❞❛❞♦ ♣♦r✿

qch(ω2
1,0ω2,3)≤1 = qch(ω1,0)≤1qch(ω1,0ω2,3)≤1

= ω1,0(1 +α
−1
1,0 +α

−1
1,0α

−1
2,1)ω1,0ω2,3(1 +α

−1
1,0)

= ω2
1,0ω2,3(1 + 2α−1

1,0 +α
−2
1,0 +α

−1
1,0α

−1
2,1 +α

−2
1,0α

−1
2,1).

❉❛❞♦ β =
∑

i∈I biαi ∈ Q+✱ ❝♦♥s✐❞❡r❡ πβ ∈ P
+
(1)✳ ❙✉♣♦♥❤❛ q✉❡ J = suppQ(β) é ❝♦♥❡①♦ ❡

s❡❥❛ K = {k ∈ I \ J : ckj = −1 ♣❛r❛ ❛❧❣✉♠ j ∈ J} ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❛ J ✳
P❛r❛ k ∈ K ❞❡♥♦t❡ ♣♦r jk ♦ ú♥✐❝♦ j ∈ J t❛❧ q✉❡ ckj = −1✳ ❊s❝r❡✈❛

ϕJ(πβ)≤1 = πβ

(
1 +

∑

p

µp

)

♦♥❞❡ µp ∈ (Q+
(1))

−1✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶ ❝❛❞❛ µp ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛ µp =
∏

j∈J α
−µj,p
j,ξj

♣❛r❛ ❛❧❣✉♠ µj,p ∈ Z≥0✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✹✳✸✳✺

qch(Vq(πβ))≤1 = πβ

(
1 +

∑

p

µp

∏

k∈K∩I1

(1 +α−1
k,1)

µjk,p

)
.

✻✺



❉❡♠♦♥str❛çã♦✿ ❊s❝r❡✈❛ λ = πβ✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✻✳✸ t❡♠♦s q✉❡ ϕJ(λ) ≤ qch(λ)✳ ❙❡
k ∈ K ∩ I1✱ ❡♥tã♦ jk ∈ J ∩ I0✳ ❖❜s❡r✈❡ q✉❡ ωk,r ♥ã♦ ❞✐✈✐❞❡ λ ♣❛r❛ ♥❡♥❤✉♠ r ∈ Z ♣♦✐s bk = 0✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ α

−µjk,p

jk,0
|µp ❝♦♠ µjk,p > 0✱ ❡♥tã♦ ω

µjk,p

k,1 |λµp ❡ ωk,r ♥ã♦ ❞✐✈✐❞❡ λµp ♣❛r❛
r 6= 1✳ ▲♦❣♦✱ λµp é {k}✲ℓ✲❞♦♠✐♥❛♥t❡ ❡✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✻✳✼✱ t❡♠♦s

ϕk(λµp) = λµp(1 +α
−1
k,1)

µjk,p ≤ qch(λ).

■st♦ ✐♠♣❧✐❝❛ q✉❡

ψ := λ

(
1 +

∑

p

µp

∏

k∈K∩I1

(1 +α−1
k,1)

µjk,p

)
≤ qch(λ)≤1. ✭✹✳✸✳✶✮

◆♦t❡ q✉❡ s❡ k ∈ K ∩ I0 ❡♥tã♦ jk ∈ J ∩ I1 ❡✱ s❡ λµp ∈ Pk,+✱ ❡♥tã♦ ω
µjk,p

k,2 |λµp✳ ❆ss✐♠✱ ♥❡st❡
❝❛s♦✱ ϕk(λµp)≤1 = λµp ♥ã♦ ❝♦♥tr✐❜✉✐ ❡♠ ♥❛❞❛ ♥♦✈♦ ♣❛r❛ ♦ q✲❝❛r❛❝t❡r tr✉♥❝❛❞♦✳

▼♦str❡♠♦s q✉❡ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✹✳✸✳✶✮✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ é
❡str✐t❛ ❡ t♦♠❡ µ ∈ wtℓ(qch(λ)≤1) t❛❧ q✉❡ [ψ : µ] < [qch(λ)≤1 : µ]✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✸ t❡♠♦s
q✉❡✱ s❡ α−1

j,ξj
̟ ∈ wtℓ(qch(λ)) ♣❛r❛ ❛❧❣✉♠ j ∈ J ✱ ❡♥tã♦ [ϕJ(λ) : α

−1
j,ξj
̟] = [qch(λ) : α−1

j,ξj
̟]✳

❉❡st❛ ❢♦r♠❛✱ α−1
k,ξk
|λ−1µ ♣❛r❛ ❛❧❣✉♠ k /∈ J ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶ ♣♦❞❡♠♦s ❛ss✉♠✐r k ∈ K∩I1✳

❆ss✉♠✐r❡♠♦s t❛♠❜é♠ q✉❡ µ é ♠❛①✐♠❛❧ ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❈♦♥s✐❞❡r❡

r = [qch(λ) : µ] e ν = max{s : α−s
k,2|λ

−1µ}.

❆ss✐♠✱ α−1
i,2 ♥ã♦ ❞✐✈✐❞❡ µ s❡ cik = −1✱ ♣♦✐s µ ∈ wtℓ(qch(λ)≤1) ❡ ❡♥tã♦ ω−ν

k,3|µ✳ P♦rt❛♥t♦ µ ♥ã♦
é k✲ℓ✲❞♦♠✐♥❛♥t❡✳ ▲♦❣♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ 3.6.3✱ ❡①✐st❡♠ λ1, . . . ,λl ∈ Pk,+ ∩wtℓ(qch(λ)) t❛✐s q✉❡

[ϕk(λi) : µ] = ri 6= 0, ∀ i ❡ r1 + · · ·+ rl = r.

❈♦♠♦ µ < λi ♣❛r❛ t♦❞♦ i✱ [ψ : λi] = [qch(λ)≤1 : λi]✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ❝♦♥str✉çã♦✱
∑

i ϕk(λi) ≤

ψ ❡✱ ♣♦rt❛♥t♦✱ [ψ : µ] ≥ r ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❤✐♣ót❡s❡✳ ▲♦❣♦ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✹✳✸✳✶✮✳
⊏⊐

❉❛❞♦ J ⊆ I ❞❡✜♥❛ αJ :=
∑

j∈J αi ∈ Q✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✻ ❙❡❥❛♠ J ⊆ I ❝♦♥❡①♦✱ β = αJ ✱ η ∈ {0, 1}I ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ J ❡

S =



ν ∈ {0, 1}

I : νi ≤ ηi ∀ i ∈ I0 e νi ≤ max


0,−ηi +

∑

j:cij=−1

νj


 ∀ i ∈ I1



 .

❊♥tã♦✿
qch(S(β))≤1 = πβ

∑

ν∈S

∏

i∈I

α−νi
i,ξi
. ✭✹✳✸✳✷✮

✻✻



❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛ J = I ❡ ♦❜s❡r✈❡ q✉❡ ηi ≡ 1✱ ❞♦♥❞❡ νi ≤ ηi ♣❛r❛
t♦❞♦ ν ∈ {0, 1}I ✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ n = #I✳ P❛r❛ n = 1✱ t❡♠♦s

qch(S(β))≤1 = qch(ω1,0)≤1 = ω1,0(1 +α
−1
1,0) s❡ 1 ∈ I0 = I e

qch(S(β))≤1 = qch(ω1,3)≤1 = ω1,3 s❡ 1 ∈ I1 = I.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✹✳✸✳✷✮ é

ω1,0

1∑

k=0

α−k
1,0 = ω1,0(1 +α

−1
1,0), s❡ 1 ∈ I0 = I e ω1,3, s❡ 1 ∈ I1 = I.

❙✉♣♦♥❤❛ n ≥ 2 ❡ µ ∈ wtℓ(qch(πβ)≤1)✳ P♦❞❡♠♦s s✉♣♦r q✉❡ ♦ ✈ért✐❝❡ 1 é ♠♦♥♦✈❛❧❡♥t❡ ❡ ❛❞❥❛❝❡♥t❡
❛♦ ✈ért✐❝❡ 2✳ ❙❡❥❛♠ I ′ = {2, . . . , n}✱ λ = πβ ❡ ❝♦♥s✐❞❡r❡ ♦s ❞♦✐s ❝❛s♦s ♣♦ssí✈❡✐s

✭❛✮ ❙❡ 1 ∈ I1✱ ❡♥tã♦ λ = ω1,3ω2,0ω3,3 · · · ✳ ❉❡✜♥❛ λ′ = λω−1
1,3✳ ❈♦♠♦ λ é ℓ✲♣❡s♦ ♠❛①✐♠♦ ❞❡

Vq(ω1,3)⊗ Vq(λ
′)✱ t❡♠♦s q✉❡ Vq(λ) é ✉♠ s✉❜q✉♦❝✐❡♥t❡ ❞❡st❡ ♣r♦❞✉t♦ ❡

qch(ω1,3)≤1qch(λ
′)≤1 = ω1,3qch(λ

′)≤1.

▲♦❣♦ t❡♠♦s µ = ω1,3µ
′ ♣❛r❛ ❛❧❣✉♠ µ′ ∈ wtℓ(qch(λ

′)≤1)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ qch(λ′)≤1

♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❛tr❛✈és ❞❡ ϕI′(λ
′)≤1 ❡✱ ♣♦r ✐♥❞✉çã♦ ❡♠ n✱ ❛ss✉♠✐♠♦s q✉❡

ϕI′(λ
′)≤1 = λ

′
∑

ν∈S
′

∏

i∈I′

ανii,ξi ,

♦♥❞❡ S
′ é ❞❡✜♥✐❞♦ ❝♦♠♦ S s✉❜st✐t✉✐♥❞♦ I ♣♦r I ′✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ s❡

[qch(λ′)≤1 : ν] 6= [ϕI′(λ
′)≤1 : ν] ♣❛r❛ ❛❧❣✉♠ ν ∈ P ✱ ❡♥tã♦ ν = µpα

−r
1,1 ♣❛r❛ ❛❧❣✉♠ p

❡ 1 ≤ r ≤ µ2,p ❡✱ ❡♥tã♦✱ ♦ ❡①♣♦❡♥t❡ νi ❞❡ α
−1
i,ξi

❡♠ µλ−1 s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞♦ ❝♦♥✲
❥✉♥t♦ S ♣❛r❛ t♦❞♦ i ∈ I ′✳ ❘❡st❛ ♠♦str❛r q✉❡ ν1 = 0✳ P❛r❛ ✐st♦✱ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡
qch(λ) ≤ qch(ω1,3ω2,0)qch(λ

′ω−1
2,0)✳ ❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺ ❡ ♣❡❧♦ ❊①❡♠♣❧♦ ✹✳✷✳✸

✭❝♦♠ ♦s ✈ért✐❝❡s 1 ❡ 2 ❞❡ A2 tr♦❝❛❞♦s✮✱ t❡♠♦s

qch(ω1,3ω2,0)≤1 = ω1,3ω2,0


1 +α−1

2,0

∏

j 6=1:cj2=−1

(1 +α−1
j,1)


 .

P♦rt❛♥t♦✱ α−1
1,1 ∤ ω

−1
1,3ω

−1
2,0̟ ♣❛r❛ t♦❞♦ ̟ ∈ wtℓ(qch(ω1,3ω2,0)≤1)✳ ❆❧é♠ ❞✐ss♦✱ é ❝❧❛r♦ q✉❡

α−1
1,1 ∤ λ

′−1ω2,0̟ ♣❛r❛ t♦❞♦ ̟ ∈ wtℓ(qch(λ
′ω−1

2,0)≤1)✳

✭❜✮ ❙❡ 1 ∈ I0 ❡♥tã♦ 2 ∈ I1 ❡ ν2 ≤ 1✳ ❆ss✉♠❛ q✉❡ ♦ ✈ért✐❝❡ 3 é ❛❞❥❛❝❡♥t❡ ❛ 2 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
λ = ω1,0ω2,3ω3,0 · · · ✳ ❉❡✜♥✐♥❞♦ λ′ = λω−1

1,0✱ t❡♠♦s µ = ̟µ′ ♦♥❞❡ ̟ ∈ wtℓ(qch(ω1,0)≤1)

✻✼



❡ µ′ ∈ wtℓ(qch(λ
′)≤1)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ ̟ ∈ {ω1,0,ω1,0α

−1
1,0,ω1,0α

−1
1,0α

−1
2,1}✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱

qch(λ′)≤1 = ϕI′(λ
′)≤1,

♥❡st❡ ❝❛s♦✱ ❝♦♥❤❡❝✐❞♦ ♣♦r ✐♥❞✉çã♦✳ ❙❡ ̟ 6= ω1,0α
−1
1,0α

−1
2,1 ✈❡♠♦s q✉❡ ♦ ❡①♣♦❡♥t❡ νi ❞❡ α

−1
i,ξi

❡♠ λ−1µ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❝♦♥❥✉♥t♦ S ♣❛r❛ t♦❞♦ i ∈ I✳ ❙❡ ̟ = ω1,0α
−1
1,0α

−1
2,1✱ ❛

❝♦♥❞✐çã♦ ❢❛❧❤❛ s❡ α−1
3,0 ∤ µ′(λ′)−1✱ ♦✉ s❡❥❛✱ ν3 = 0✱ ♣♦✐s t❡rí❛♠♦s ν2 = 0✱ ❝♦♥tr❛❞✐③❡♥❞♦

α−1
2,1|̟µ

′λ−1✳ ▼❛s ♥❡st❡ ❝❛s♦✱ ̟µ′ ♥ã♦ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ wtℓ(qch(λ)≤1)✳ ❉❡ ❢❛t♦✱ ♣r♦✈❡✲
♠♦s q✉❡ s❡ α−1

2,1|̟µ
′λ−1 ❡♥tã♦ α−1

3,0|̟µ
′λ−1✳ ❚❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

qch(λ)≤1 ≤ qch(ω1,0ω2,3ω3,0)≤1qch(µ
′ω−1

2,3ω
−1
3,0)≤1.

P❛r❛ t✐♣♦ A3✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ❊①❡♠♣❧♦ ✹✳✷✳✸ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ t❡♠♦s

qch(ω2,3ω3,0)≤2 = ω2,3ω3,0(1 +α
−1
3,0), qch(ω1,0ω2,3)≤1 = ω1,0ω2,3(1 +α

−1
1,0).

❆ss✐♠✱ ♦❜t❡♠♦s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

qch(ω1,0ω2,3ω3,0)≤1 ≤ qch(ω1,0)≤1qch(ω2,3ω3,0)≤1 ❡

qch(ω1,0ω2,3ω3,0)≤1 ≤ qch(ω1,0ω2,3)≤1qch(ω3,0)≤1.

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ s❡❣✉❡ q✉❡

qch(ω1,0ω2,3ω3,0)≤1 ≤ ω1,0ω2,3ω3,0(1 +α
−1
1,0 +α

−1
3,0 +α

−1
1,0α

−1
3,0(1 +α

−1
2,1)) ✭✹✳✸✳✸✮

❡✱ ♣♦rt❛♥t♦✱ ❛ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛ q✉❛♥❞♦ J = I✳ P♦r ✜♠✱ ♦ ❝❛s♦ ❣❡r❛❧ s❡❣✉❡ ❞♦ ❝❛s♦
I = J ✳ ❉❡ ❢❛t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r ϕJ(λ) = qch(πJ(λ)) ❡✱ ♣❡❧♦ ❝❛s♦ ♣r♦✈❛❞♦ ❛❝✐♠❛✱ ❛
♣r♦♣♦s✐çã♦ ✹✳✸✳✺ ❛ss❡❣✉r❛ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ qch(λ)≤1✳

⊏⊐

❈♦r♦❧ár✐♦ ✹✳✸✳✼ ❙❡ β ∈ Φ+✱ ❡♥tã♦ qch(πβ) = FM(πβ)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ λ := πβ✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✺✱ ❜❛st❛ ♠♦str❛r q✉❡ qch(λ)≤1 ≤ FM(λ)✳
❖❜s❡r✈❡ q✉❡ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♥♦s ❞á qch(λ)≤1 ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡ q✉❡ [qch(λ)≤1 : µ] ≤ 1

♣❛r❛ t♦❞♦ µ ∈ P ✳ ❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡ µ ∈ wtℓ(FM(λ)) ♣❛r❛ t♦❞♦ µ ∈ wtℓ(qch(λ)≤1)✳
Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ✈❡♠♦s q✉❡ ❜❛st❛ ❢❛③❡r ✐ss♦ ♥♦ ❝❛s♦
A3 ♣❛r❛ λ = ω1,0ω2,3ω3,0✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✭✹✳✸✳✸✮✮✱ ❜❛st❛ ♣r♦✈❛r q✉❡

λα−1
1,0, λα

−1
3,0, λα

−1
1,0α

−1
3,0, λα

−1
1,0α

−1
3,0α

−1
2,1 ∈ wtℓ(FM(λ)).

✻✽



❖❜s❡r✈❡ q✉❡ ϕj(λ) = λ(1 + α
−1
j,0) ♣❛r❛ j = 1, 3✱ ❡ q✉❡ ϕ3(λα

−1
1,0) = λα

−1
1,0(1 +α

−1
3,0)✳ ❙❡❣✉❡ q✉❡

λα−1
1,0,λα

−1
3,0,λα

−1
1,0α

−1
3,0 ∈ wtℓ(FM(λ))✳

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❛ ̟ = λα−1
1,0α

−1
3,0✳ ❆✜r♠❛♠♦s q✉❡ ̟α−1

2,1 ∈ wtℓ(ϕ2(̟))✱
♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ π2(̟) = ω2

2,1ω2,3 ❡✱ ❛ss✐♠✱

ϕ2(̟)̟−1 = ϕ2(ω
2
2,1ω2,3)(ω

2
2,1ω2,3)

−1.

▲♦❣♦✱ r❡st❛ ♠♦str❛r q✉❡ ω2
2,1ω2,3α

−1
2,1 é ✉♠ ℓ✲♣❡s♦ ❞♦ Uq(g̃2)✲♠ó❞✉❧♦ Vq(π2(ω

2
2,1ω2,3))✳ ■st♦

s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ ❞❛ ❢ór♠✉❧❛ ♣❛r❛ ♦ q✲❝❛r❛❝t❡r ❞❡ Vq(π2(ω2,1)) ❞❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✽ ❡ ❞♦
✐s♦♠♦r✜s♠♦ ❞❡ Uq(g̃2)✲♠ó❞✉❧♦s

Vq(π2(ω
2
2,1ω2,3)) ∼= Vq(π2(ω2,1))⊗ Vq(π2(ω2,1ω2,3))

❞❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✳✾✳ ⊏⊐

❊①❡♠♣❧♦ ✹✳✸✳✽ ❙❡❥❛♠ g ❞♦ t✐♣♦ A3 ❡ I0 = {1, 3}✳ ❖s q✲❝❛r❛❝t❡r❡s tr✉♥❝❛❞♦s ❞♦s ♠ó❞✉❧♦s
S(α)✱ α ∈ Φ≥−1 sã♦

qch(S(−α1))≤1 = ω1,2,

qch(S(−α2))≤1 = ω2,1(1 +α
−1
2,1),

qch(S(−α3))≤1 = ω3,1,

qch(S(α1))≤1 = ω1,0(1 +α
−1
1,0 +α

−1
1,0α

−1
2,1),

qch(S(α2))≤1 = ω2,3,

qch(S(α3))≤1 = ω3,0(1 +α
−1
3,0 +α

−1
3,0α

−1
2,1),

qch(S(α1 + α2))≤1 = ω1,0ω2,3(1 +α
−1
1,0),

qch(S(α2 + α3))≤1 = ω2,3ω3,0(1 +α
−1
3,0),

qch(S(α1 + α2 + α3))≤1 = ω1,0ω2,3ω3,0(1 +α
−1
1,0 +α

−1
3,0 +α

−1
1,0α

−1
3,0 +α

−1
1,0α

−1
2,1α

−1
3,0).

❉❡ ❢❛t♦✱ ♣❛r❛ S(−αi), S(αi)✱ i = 1, 2, 3✱ ♦ q✲❝❛r❛❝t❡r tr✉♥❝❛❞♦ é ❞❛❞♦ ♣❡❧♦ ❊①❡♠♣❧♦ ✹✳✷✳✹✳
❏á ♦s q✲❝❛r❛❝t❡r❡s tr✉♥❝❛❞♦s ❞❡ S(α1+α2) ❡ S(α2+α3) sã♦ ❞❛❞♦s ♣❡❧♦ ❊①❡♠♣❧♦ ✹✳✷✳✸✳ P♦r ✜♠✱
♦❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✳✸✱ S(α1 + α2 + α3) é ✉♠❛ ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✸✳✻✳✻✱ é ♠✐♥ús❝✉❧♦✳ ❆ss✐♠ s❡✉ q✲❝❛r❛❝t❡r é ❞❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ❡✱
♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ s✉❛ ❡①♣r❡ssã♦✳

❈♦r♦❧ár✐♦ ✹✳✸✳✾ ❊♥tã♦ S(α) é ✉♠ ♦❜❥❡t♦ ♣r✐♠♦ ❞❡ C 1 ♣❛r❛ t♦❞♦ α ∈ Φ+✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛
λ = παJ

=
∏

i∈J∩I0

ωi,0
∏

i∈J∩I1

ωi,3

✻✾



❡ s✉♣♦♥❤❛ q✉❡ S(αJ) ♥ã♦ s❡❥❛ ♣r✐♠♦✳ ❊♥tã♦

S(αJ) ∼= Vq(λ1)⊗ · · · ⊗ Vq(λn),

♣❛r❛ ❛❧❣✉♠ λ1, . . . ,λn ∈ P
+ t❛❧ q✉❡ λ = λ1 . . .λn✳ ❖❜s❡r✈❡ q✉❡ ❞❡✈❡ ❡①✐st✐r i ∈ J ∩ I0

❡ j ∈ J ∩ I1 ❝♦♠ cij = −1 t❛❧ q✉❡ λr = ωi,0µr ❡ λs = ωj,3µs ♣❛r❛ ❛❧❣✉♠ µs,µr ∈ P
+

❝♦♠ 1 ≤ r, s ≤ n✱ ❝♦♠ r 6= s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ λrα
−1
i,0α

−1
j,1 ∈ wtℓ(Vq(λr)) ❡✱ ♣♦r✲

t❛♥t♦✱ λα−1
i,0α

−1
j,1 ∈ wtℓ(Vq(λ1) ⊗ . . . ⊗ Vq(λn))✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻ q✉❡

λα−1
i,0α

−1
j,1 /∈ wtℓ(S(αJ)) ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥❞♦ S(αJ) é ♦❜❥❡t♦ ♣r✐♠♦ ❞❡ C 1✳ ⊏⊐

✹✳✹ q✲❝❛r❛❝t❡r❡s ✈✐❛ F ✲♣♦❧✐♥ô♠✐♦s

❆ ✜♠ ❞❡ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✹✳✸✳✶ s❡rá ❝♦♥✈❡♥✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠ ♦✉tr❛ s❡♠❡♥t❡ ❞❡ A✳ ❈♦♥s✐❞❡r❡
❛ s❡♠❡♥t❡ (z, B̃z) ♦❜t✐❞❛ ❞❡ (x, B̃) ❛tr❛✈és ❞❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠✉t❛çõ❡s

∏
k∈I1

µk✳ ❉❡st❛ ❢♦r♠❛✱
t❡♠♦s

zi =





x[−αi] se i ∈ I0,

x[αi] se i ∈ I1,

fi se i ∈ I′
e bz

ij =





εjcij se i, j ∈ I e i 6= j,

−1 se j ∈ I e i = j + n ∈ I′,

−ckj se j ∈ I0 e i = k + n ∈ I′ com k 6= j

0 ❝❛s♦ ❝♦♥trár✐♦.

♦♥❞❡ C = (cij) é ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ✜①❛❞❛ ♥♦ ✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✳ ❆ ✐♥✈♦❧✉çã♦ τ− ❞❡✜♥✐❞❛ ❡♠
❆✳✷✳✶ ✐❞❡♥t✐✜❝❛ ♥❛t✉r❛❧♠❡♥t❡ ❛s ✈❛r✐á✈❡s ❞❡ ❝❧✉st❡r ❞❡ x ❝♦♠ ❛s ❞❡ z✳ ❊s❝r❡✈❡r❡♠♦s z[α] =
x[τ−(α)]✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ τ−(−αi) = −εiαi✱ t❡♠♦s zi = z[−αi] ♣❛r❛ t♦❞♦ i ∈ I✳

P♦❞❡♠♦s ✉s❛r ❛ ♥♦t❛çã♦ (z,yz, Bz) ❛♦ ✐♥✈és ❞❡ (z, B̃z)✱ ♦♥❞❡ Bz é ❛ ♣❛rt❡ ♣r✐♥❝✐♣❛❧ ❞❡ B̃z✱

z = (z1, . . . , zn) ❡ yz = (y1, . . . , yn) ❝♦♠ yj =
∏

i∈I f
bzi+n,j

i ✳ ❚♦♠❛♥❞♦ ❛ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r ❝♦♠
❝♦❡✜❝✐❡♥t❡s ♣r✐♥❝✐♣❛✐s A•(z,yz, Bz)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✱ t❡♠♦s

z[α] =
Fα(ŷ1, . . . , ŷn)

Fα|P(y1, . . . , yn)
zg(α), ✭✹✳✹✳✶✮

♦♥❞❡ ŷj = yj
∏

i∈I z
bzij
i ✳

❖❜s❡r✈❡ q✉❡ ❛ ♠✉t❛çã♦ ❞♦ ❝❧✉st❡r x ♥❛ ❞✐r❡çã♦ i ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❞❡ ❝❧✉st❡r x[−αi] é ❞❛❞❛
♣♦r

x[αi]x[−αi] = fi +
∏

j:cij=−1

x[−αj].

✼✵



❈♦♠♣❛r❛♥❞♦ ❡st❛ ❡q✉❛çã♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ❞♦s T ✲s✐st❡♠❛s ✭✹✳✶✳✻✮ s❛t✐s❢❡✐t❛s ♣❡❧♦s ♠ó❞✉❧♦s ❞❡
❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ S(αi) ❡ S(−αi)✱ ♦ ✐s♦♠♦r✜s♠♦ ι : A −→ R1 ♥♦s ❞á

ι(fi) = [Fi], i ∈ I.

P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✷✱ ♣♦❞❡♠♦s ✈❡r ι ❝♦♠♦ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A ♣❛r❛ ♦ s✉❜❛♥❡❧ ❞❡ Z[P ] ❣❡r❛❞♦
♣❡❧♦s q✲❝❛r❛❝t❡r❡s tr✉♥❝❛❞♦s ❞❡ C 1✳ ❊♥tã♦ t❡♠♦s✿

ι(zi) = ωi,ξi+2, ι(fi) = ωi,ξi+1,2, i ∈ I. ✭✹✳✹✳✷✮

▲❡♠❜r❡ q✉❡ A ⊆ F ✱ ♦♥❞❡ F é ❝♦r♣♦ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❡♠ 2n ✈❛r✐á✈❡✐s✳ ❆ss✐♠✱ ❡st❡♥❞❡♥❞♦
ι ♣❛r❛ ✉♠ ❤♦♠♦r✜s♠♦ ❞❡ F ♣❛r❛ Q[P ]✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦s ❡❧❡♠❡♥t♦s ι(ŷj)✳

▲❡♠❛ ✹✳✹✳✶ P❛r❛ t♦❞♦ j ∈ I t❡♠♦s
ι(ŷj) = α

−1
j,ξj
.

❉❡♠♦♥str❛çã♦✿ ❙❡ j ∈ I1✱ t❡♠♦s

ι(ŷj) = ι(fi)
−1
∏

i 6=j

ι(zi)
−cij = ω−1

j,ξj+1,2

∏

i 6=j

ω
−cij
i,ξi+2 = αj,ξj ,

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ξi + 2 = ξj + 1 s❡ i ∈ I0 ❡ j ∈ I1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ j ∈ I0✱ t❡♠♦s

ι(ŷj) = ι(fj)
−1
∏

i 6=j

ι

(
zi
fi

)cij
= ω−1

j,ξj+1,2

∏

i 6=j

ω
cij
i,ξi+2ω

−cij
i,ξi+1,2 = ω

−1
j,ξj+1,2

∏

i 6=j

ω
−cij
i,ξi

= α−1
j,ξj

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ξi = ξj + 1 s❡ j ∈ I0 ❡ i ∈ I1✳ ⊏⊐

▲❡♠❛ ✹✳✹✳✷ ❙❡❥❛♠ α ∈ Φ≥−1 ❡ β = τ−(α)✳ ❊♥tã♦

ι

(
zg(α)

Fα|P(y1, . . . , yn)

)
=

{
πβ se β > 0,

ωi,2−ξi se β = −αi.

❉❡♠♦♥str❛çã♦✿ ❊s❝r❡✈❛ α =
∑

i aiαi ❡ β =
∑

i biαi✳ ❙❡ α = −αi ❡♥tã♦ Fα = 1✳ ❆❧é♠ ❞✐ss♦✱
β = −εiαi✱ g(α) = αi ❡✱ ♣♦rt❛♥t♦✱

ι

(
zg(α)

Fα|P(y1, . . . , yn)

)
= ι(zi) = ωi,ξi+2.

✼✶



P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ α > 0✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ♦ ♣♦❧✐♥ô♠✐♦ Fα t❡♠ ✉♠ ú♥✐❝♦ ♠♦♥ô♠✐♦ ❞❡ ❣r❛✉

♠á①✐♠♦ ❞❛ ❢♦r♠❛ m =
∏

i∈I v
ai
i ❡ t❡r♠♦ ❝♦♥st❛♥t❡ 1✳ ❆✈❛❧✐❛♥❞♦ m ❡♠ vi = yi =

∏
k∈I f

bz
k+n,i

k

t❡♠♦s ∏

i∈I

f
−aj
i

∏

i∈I1

f
−

∑
j 6=i ajcij

i =
∏

i∈I0

f−ai
i

∏

i∈I1

f
−ai−

∑
i 6=j ajcij

i =
∏

i∈I0

f−bi
i

∏

i∈I1

f bii .

❙❡ β > 0 ❡♥tã♦ bi ≥ 0 ♣❛r❛ t♦❞♦ i ∈ I ❡ ❡♥tã♦

Fα|P(y1, . . . , yn) =
∏

i∈I0

f−bi
i .

❈❛s♦ ❝♦♥trár✐♦✱ s❡ β = −αi ❝♦♠ i ∈ I0 ❥á ❢♦✐ r❡s♦❧✈✐❞♦ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦✐s t❡♠♦s β = α✳ ❙❡
i ∈ I1✱ t❡♠♦s Fα|P(y1, . . . , yn) = f−1

i ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ g(α) = U(β) = −
∑

i∈I biεiαi✱ s❡
β > 0 ❡♥tã♦

ι

(
zg(α)

Fα|P(y1, . . . , yn)

)
=
∏

i∈I0

ι(fi)
bi
∏

i∈I0

ι(zi)
−bi
∏

i∈I1

ι(zi)
bi =

∏

i∈I0

ωbii,0

∏

i∈I1

ωbii,3.

❙❡ β = −αi ♦♥❞❡ i ∈ I1✱ t❡♠♦s ι

(
zg(α)

Fα|P(y1, . . . , yn)

)
= ι(fi)ι(zi)

−1 = ωi,1. ⊏⊐

❈♦r♦❧ár✐♦ ✹✳✹✳✸ ❙❡❥❛ β ∈ Φ≥−1 ❡ ❝♦♥s✐❞❡r❡ α = τ−(β)✳ ❊♥tã♦

ι(x[β]) = πβFα(α
−1
1,ξ1
, . . . ,α−1

n,ξn
).

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✹✮ t❡♠♦s

x[β] = z[τ−(β)] = z[α] =
zg(α)

Fα|P(y1, . . . , yn)
Fα(ŷ1, . . . , ŷn).

P♦rt❛♥t♦✱ ♦ ❝♦r♦❧ár✐♦ s❡❣✉❡ ❞♦s ▲❡♠❛s ✹✳✹✳✶ ❡ ✹✳✹✳✷✳ ⊏⊐

❚❡♦r❡♠❛ ✹✳✹✳✹ ❙❡ β ∈ Φ+✱ ❡♥tã♦

π−1
β qch(S(β))≤1 = Fτ−(β)(α

−1
1,ξ1
, . . . ,α−1

n,ξn
).

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ β = αi✱ ❝♦♠ i ∈ I1✳ ❊♥tã♦ qch(S(β))≤1 = ω1,3✱ ❡ τ−(β) = −αi✱
❞♦♥❞❡ Fτ−(β) = 1 ❡✱ ♣♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ β = αJ ❝♦♠ J ⊆ I

❝♦♥❡①♦ t❛❧ q✉❡ J 6= {i} ♣❛r❛ ❛❧❣✉♠ i ∈ I1✳ ❉❡✜♥❛

J ′ = {j ∈ J : j ∈ I1 ❡ cij = −1 ♣❛r❛ ❛❧❣✉♠ i ∈ I \ J},

✼✷



K ′ = {i ∈ I \ J : i ∈ I1 ❡ cij = −1 ♣❛r❛ ❛❧❣✉♠ j ∈ J}

❡ K = (J \ J ′) ⊔K ′✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ τ− q✉❡ αK = τ−(αJ)✳

❈♦♠♣❛r❛r❡♠♦s ❛s s❡q✉ê♥❝✐❛s ν ∈ S ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻ ♣❛r❛ αJ ✱ ❝♦♠ ♦s ✈❡t♦r❡s αK✲
❛❝❡✐tá✈❡✐s✱ γ =

∑
i∈I ciαi✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❝✐t❛❞♦s q✉❡✱ s❡ i /∈ K ∪ J =

K ′ ⊔ (J \ J ′) ⊔ J ′ ❡♥tã♦✱ νi = ci = 0✳ P❛r❛ j ∈ J ∩ I0 = K ∩ I0 ❛ ú♥✐❝❛ ❝♦♥❞✐çã♦ s❛t✐s❢❡✐t❛ ♣♦r
νj ❡ cj é q✉❡ ❛♠❜♦s ♣❡rt❡♥❝❡♠ ❛ {0, 1}✳ ❙❡ j ∈ (J \ J ′) ∩ I1✱ ❡♥tã♦ j t❡♠ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s
j1, j2 ∈ J ∩ I0 ❡ ❛ ❝♦♥❞✐çã♦ ❡♠ νj é 0 ≤ νj ≤ max(0, νj1 + νj2 − 1)✱ ❡♥q✉❛♥t♦ ❛ ❝♦♥❞✐çã♦ ❡♠ cj é
0 ≤ cj ≤ min(cj1 , cj2) = max(0, cj1+cj2−1) ♣♦✐s cj1 , cj2 ∈ {0, 1}✳ ❙❡ j ∈ K

′✱ ❡♥tã♦ j é ❛❞❥❛❝❡♥t❡
❛ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ j1 ∈ J ✱ ❡ ❛ ❝♦♥❞✐çã♦ ❡♠ νj é 0 ≤ νj ≤ νj1 ✱ ❡♥q✉❛♥t♦ ❛ ❝♦♥❞✐çã♦ ❡♠ cj é
0 ≤ cj ≤ cj1 ✳ P♦r ✜♠✱ s❡ j ∈ J ′✱ ❡♥tã♦ j é ❛❞❥❛❝❡♥t❡ ❛ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ j1 ∈ J ❡ ❛ ❝♦♥❞✐çã♦ ❡♠
νj é 0 ≤ νj ≤ max(0,−1 + νj1) ❡♥q✉❛♥t♦ ❛ ❝♦♥❞✐çã♦ ❡♠ cj é cj = 0✳ ❈❧❛r❛♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ❡♠
νj ♦ ❢♦rç❛ ❛ s❡r 0✳ P♦rt❛♥t♦✱ ♦s ❡①♣♦❡♥t❡s ν ❡ ♦s ✈❡t♦r❡s γ s❛t✐s❢❛③❡♠♦s ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✱ ❡
♦ t❡♦r❡♠❛ s❡❣✉❡ ❞❛s ❢ór♠✉❧❛s ❡①♣❧✐❝✐t❛s ❞❡ Fτ−(β) ❡ qch(S(β))≤1 ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛s
Pr♦♣♦s✐çõ❡s ✶✳✸✳✹ ❡ ✹✳✸✳✻✳ ⊏⊐

✹✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

❙❡❥❛ C = (cij), i, j ∈ I = {1, . . . , n}✱ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ t✐♣♦ A✳ ❙✉♣♦♥❤❛ q✉❡ ♦s ✈ért✐❝❡s ❞♦
❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❛ss♦❝✐❛❞♦ ❛ C ❡stã♦ ✐♥❞❡①❛❞♦s ♣❡❧♦ ✐♥t❡r✈❛❧♦ I ❡♠ ♦r❞❡♠ ❧✐♥❡❛r✳

❉❛❞♦s i ≤ j ∈ I✱ s❡❥❛ [i, j] = {i, i + 1, . . . , j} ⊆ I✳ ❙❡ α ∈ Φ+ ❡♥tã♦ α = α[i,j] ♣❛r❛ ❛❧❣✉♠
i, j ∈ I✳ ❆ss✐♠✱ t♦❞❛ r❛✐③ ♣♦s✐t✐✈❛ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✹✳✹ ❡ ❝♦♠ ❛s ❡q✉❛çõ❡s
✹✳✹✳✷ ♦ ❚❡♦r❡♠❛ ✹✳✸✳✶✭i✮ ❡stá ♣r♦✈❛❞♦✳ P❛r❛ ❛ ♣❛rt❡ ✭ii✮ ❞❛❞♦ γ =

∑
i∈I ciαi ∈ Q ❞❡✜♥❛

λγ :=
∏

ci<0

ω
|ci|
i,2−ξi

∏

ci>0

ωcii,ξi−εi+1 ∈ P
+.

❖❜s❡r✈❡ q✉❡ s❡ α ∈ Φ≥−1 ❡♥tã♦ λα = πα✳ ❙❡❥❛ ̟ =
∏

i∈I ω
ai
i,ξi
ωbii,ξi+2 ∈ P

+
(1) ❝♦♠ ai, bi ∈ Z≥0✳

❙❡❥❛ ci = min(ai, bi) ♣❛r❛ t♦❞♦ i ∈ I ❡ ❝♦♥s✐❞❡r❡ γ ∈ Q ❞❛❞♦ ♣♦r

[γ : αi] =

{
εi(ai − ci) s❡ ai ≥ bi,

−εi(bi − ci) s❡ ai < bi,
,

❡ ♦❜s❡r✈❡ q✉❡

̟ =

(
∏

i∈I

ω
min(ai,bi)
i,ξi+1,2

)
λγ.

✼✸



❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✵✱ t❡♠♦s ✉♠❛ ú♥✐❝❛ ❡①♣❛♥sã♦ ❞❡ ❝❧✉st❡r ❞❡ γ✱ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦
✶✳✷✳✾✱ ❡ ♦❜t❡♠♦s

̟ =
∏

i∈I

ω
min(ai,bi)
i,ξi+1,2

∏

α∈Φ≥−1

(λα)nα .

❙✉♣♦♥❤❛ ✈❡r❞❛❞❡✐r❛ ❛ ❛✜r♠❛çã♦ (i) ❞♦ ❚❡♦r❡♠❛ ✹✳✸✳✶✳ ❈♦♠♦ S(α) = Vq(λ
α) ❡ Fi = Vq(ωi,ξi+1,2)✱

♣❛r❛ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦ (ii) ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

Vq(̟) ∼=

(
⊗

i∈I

F
⊗min(ai,bi)
i

)
⊗


 ⊗

α∈Φ≥−1

S(α)⊗nα


 .

❉❛❞♦ q✉❡ ̟ é ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ ❛♠❜♦s ♠ó❞✉❧♦s✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧
❛❝✐♠❛ é s✐♠♣❧❡s✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✷✾✱ ❡st❡ ♠ó❞✉❧♦ é s✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♣r♦❞✉t♦
t❡♥s♦r✐❛❧ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❢❛t♦r❡s ❢♦r s✐♠♣❧❡s✳ ❊♥tã♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣❛rt❡ ✭ii✮ s❡ r❡❞✉③ ❛
✈❡r✐✜❝❛r q✉❡✿

✶✳ Fi ⊗ S(α) ❡ Fi ⊗ Fj sã♦ s✐♠♣❧❡s ♣❛r❛ t♦❞♦ α ∈ Φ≥−1 ❡ i, j ∈ I❀

✷✳ s❡ α, β ∈ Φ≥−1 sã♦ ❝♦♠♣❛tí✈❡✐s✱ ❡♥tã♦ S(α)⊗ S(β) é s✐♠♣❧❡s❀

✸✳ ♣❛r❛ ❝❛❞❛ α ∈ Φ≥−1✱ S(α) é ♣r✐♠♦✳

Pr♦✈❡♠♦s ❡st❡s três ✐t❡♥s✳

✶✳ ❙❡❣✉❡ ❞♦ ❡①❡♠♣❧♦ ✹✳✷✳✹ q✉❡

qch(Fi ⊗ Fj)≤1 = qch(ωi,1+ξi,2)≤1qch(ωj,1+ξj ,2)≤1 = ωi,1+ξi,2ωj,1+ξj ,2

❡ ♣♦rt❛♥t♦ qch(Fi⊗Fj)∩P
+ = {ωi,1+ξi,2ωj,1+ξj ,2} ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Fi⊗Fj é s✐♠♣❧❡s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✺✳✹✳ P❛r❛ ♣r♦✈❛r q✉❡ Fi⊗S(α) é s✐♠♣❧❡s✱ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦
✹✳✷✳✷✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ qch(Fi ⊗ S(α))≤1 ≤ qch(ωi,1+ξi,2πα)≤1✳ ❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡
qch(S(α)) é ❞❛❞♦ ♣❡❧♦ ❛❧❣♦rít✐♠♦ ❞❡ ❋r❡♥❦❡❧✲▼✉❦❤✐♥ ✭✈❡❥❛ ❊①❡♠♣❧♦ ✹✳✷✳✹ ❡ ❈♦r♦❧ár✐♦
✹✳✸✳✼✮ ❡ q✉❡ S(α) = Vq(πα)✱ t❡♠♦s

FM(ωi,1+ξi,2πα)≤1 = ωi,1+ξi,2 FM(πα)≤1 = ωi,1+ξi,2qch(πα)≤1.

P♦rt❛♥t♦

qch(Fi ⊗ S(α))≤1 = qch(ωi,1+ξi,2)≤1qch(πα)≤1

= ωi,1+ξi,2qch(πα)≤1

= FM(ωi,1ξi,2πα)≤1

≤ qch(ωi,1ξi,2πα)≤1.

✼✹



✷✳ ❆s r❛í③❡s ❝♦♠♣❛tí✈❡✐s ♥♦ t✐♣♦ A sã♦ ❞❡s❝r✐t❛s ♣❡❧♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❞❛ ❙❡çã♦ ✷✳✷✳✷✳ ❙❡❣✉❡
❞❡st❡ ♠♦❞❡❧♦ q✉❡ t♦❞♦s ♦s ♣❛r❡s ❞❡ r❛í③❡s ❝♦♠♣❛tí✈❡✐s (α, β) ❞❡ Φ≥−1 sã♦ ❞❡ ✉♠❛ ❞❛s
s❡❣✉✐♥t❡s ❢♦r♠❛s✿

✭❛✮ α = −αi, β = −αj❀

✭❜✮ α = −αi, β ∈ Φ+ ❝♦♠ [β : αi] = 0❀

✭❝✮ α = α[i,j], β = α[k,l] ❝♦♠ k > j + 1 ✭❞♦✐s ✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s✮❀

✭❞✮ α = α[i,j], β = α[i,l] ♦✉ α = α[i,k], β = α[k,l]❀

✭❡✮ α = α[i,k], β = α[j,l] ❝♦♠ i < j ≤ k < l ❡ k − j ♣❛r❀

✭❢✮ α = α[i,l], β = α[j,k] ❝♦♠ i < j < k < l ❡ k − j í♠♣❛r❀

Pr♦✈❡♠♦s q✉❡ S(α)⊗ S(β) é s✐♠♣❧❡s ❡♠ t♦❞♦s ❡st❡s ❝❛s♦s✳

✭❛✮ ❙❡❣✉❡ ❞♦ ❊①❡♠♣❧♦ ✹✳✶✳✹✳ ❉❡ ❢❛t♦✱ S(−αi) ❡ S(−αj) sã♦ ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s ❡♠
✉♠ s❤✐❢t ❞❛ s✉❜❝❛t❡❣♦r✐❛ C 0✳

✭❜✮ ❊s❝r❡✈❛ β = αJ ✳ ❖❜s❡r✈❡ q✉❡

πβ =
∏

j∈J∩I0

ωj,0
∏

j∈J∩I1

ωj,3

❡ q✉❡ λ := ωi,1+ξiπβ é ♦ ℓ✲♣❡s♦ ♠á①✐♠♦ ❞❡ S(−αi)⊗ S(β)✳ ❆❧é♠ ❞✐ss♦✱

qch(S(−αi)⊗ S(β))≤1 = qch(ωi,1+ξi)≤1qch(S(β))≤1.

q✉❡ t❡♠ s✉❛s ❢♦r♠❛s ❡①♣❧✐❝✐t❛s ❞❛s ♣❡❧♦ ❊①❡♠♣❧♦ ✹✳✷✳✹ ❡ Pr♦♣♦s✐çã♦ ✹✳✸✳✻✳ ❈♦♠♦
i /∈ J ✱ ♦❜s❡r✈❡ q✉❡

qch(λ)≤1 ≤ qch(ωi,1+ξi)≤1qch(S(β))≤1 = ϕi(ωi,1+ξi)≤1 FM(πβ)≤1 ≤ FM(λ).

▲♦❣♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✺✱ s❡❣✉❡ q✉❡ FM(λ) = qch(λ) ❡✱ ♣♦rt❛♥t♦✱ qch(λ) =

qch(S(−αi)⊗ S(β)) ✐♠♣❧✐❝❛♥❞♦ q✉❡ S(−αi)⊗ S(β) é s✐♠♣❧❡s✳

✭❝✮ ➱ ❞❡♠♦♥str❛❞♦ ✉s❛♥❞♦✲s❡ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ✐t❡♠ ❛♥t❡r✐♦r✳

✭❞✮ ❆ss✉♠❛ q✉❡ i ≤ j ≤ l ❡ ♣r♦❝❡❞❛ ♣♦r ✐♥❞✉çã♦ ❡♠ s = l − i✳ ❙❡ s = 0✱ t❡♠♦s
q✉❡ ✈❡r✐✜❝❛r q✉❡ S(αi) ⊗ S(αi) é s✐♠♣❧❡s✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✺ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r
i ∈ I1 ❡ ❡♥tã♦ qch(S(αi))≤1 = ωi,3 ❡ ♣♦rt❛♥t♦ qch(S(αi) ⊗ S(αi))≤1 = ω2

i,3✳ ▲♦❣♦
qch(S(αi) ⊗ S(αi)) ∩ P

+ = {ω2
i,3} ❡✱ ♣♦rt❛♥t♦✱ S(αi) ⊗ S(αi) é s✐♠♣❧❡s✳ ❙✉♣♦♥❤❛

q✉❡ ❛ ❛✜r♠❛çã♦ ✈❛❧❡ q✉❛♥❞♦ l − i = s✱ ❡ s❡❥❛ l − i = s + 1✳ P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞❛
Pr♦♣♦s✐çã♦ ✹✳✷✳✷✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ qch(S(α)⊗S(β))≤1 ≤ qch(παπβ)≤1✳ ❊s❝♦❧❤❛

✼✺



♥♦✈❛♠❡♥t❡ i ∈ I1 ❡ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻ t❡♠♦s q✉❡ s❡ µ ∈ wtℓ(qch(S(γ))≤1)

❡♥tã♦ α−1
k,ξk

∤ π−1
γ µ ♣❛r❛ t♦❞♦ k ≤ i ❡ γ ∈ {α, β}✳ ❆❧é♠ ❞✐ss♦✱

ϕ[i+1,j+1](πα)≤1 = πα

(
1 +

∑

p

µp

)

♣❛r❛ ❛❧❣✉♥s µp ∈ (Q+
(1))

−1 ∩ (Q+
[i+1,j+1])

−1✳ ❉❡ss❛ ❢♦r♠❛✱ s❡❣✉❡ ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✻✳✷
❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻ q✉❡

qch(S(α))≤1 = ϕ[i+1,j+1](πα)≤1.

❯♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ♥♦s ❞á

qch(S(β))≤1 = ϕ[i+1,l+1](πβ)≤1.

❆✜r♠❛♠♦s q✉❡

ϕ[i+1,l+1](παπβ)≤1 = ϕ[i+1,l+1](πα)≤1ϕ[i+1,l+1](πβ)≤1.

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ λ := παπβ✱ K = [i+ 1, l + 1] ❡ ❧❡♠❜r❡ q✉❡

ϕK(λ) = λ(πK(λ))
−1qch(Vq(πK(λ))),

♦♥❞❡ Vq(πK(λ)) é ✈✐st♦ ❝♦♠♦ Uq(g̃K)✲♠ó❞✉❧♦✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱
t❡♠♦s

qch(Vq(πK(λ))) = qch(Vq(πK(πα)))qch(Vq(πK(πβ))),

❡✱ ♣♦rt❛♥t♦

ϕK(λ) =
(
πα(πK(πα))

−1qch(Vq(πK(πα)))
) (
πβ(πK(πβ))

−1qch(Vq(πK(πβ)))
)

= ϕK(πα)ϕK(πβ).

▲♦❣♦✱ s❡❣✉❡ ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✻✳✷ q✉❡

qch(S(α)⊗ S(β))≤1 = ϕ[i+1,l+1](παπβ)≤1 ≤ qch(παπβ)≤1.

■st♦ ♠♦str❛ q✉❡ S(α)⊗ S(β) ∼= Vq(παπβ) é s✐♠♣❧❡s✳ ❖ ♦✉tr♦ ❝❛s♦ é ❛♥á❧♦❣♦✳

✭❡✮✭❢✮ ❙❡❥❛ λ = πα[i,k]
πα[j,l]

= πα[i,l]
πα[j,k]

✳ ◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛
Pr♦♣♦s✐çã♦ ✹✳✷✳✷✱ ❜❛st❛ ♣r♦✈❛r q✉❡

qch(λ)≤1 = ψ :=

{
qch(πα[i,k]

)≤1qch(πα[j,l]
)≤1 s❡ k − j é í♠♣❛r

qch(πα[i,l]
)≤1qch(πα[j,k]

)≤1 s❡ k − j é ♣❛r.
✭✹✳✺✳✶✮

✼✻



P❛r❛ ✐st♦✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♣❛r❛ t♦❞♦ µ ∈ P t❛❧ q✉❡ [ψ : µ] 6= 0 ❡♥tã♦
[ψ : µ] = [qch(λ)≤1 : µ]✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦ ❡♠ l − i ≥ 2✳ P❛r❛ l − i = 2

❡st❛♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥♦ ❝❛s♦ ✭❡✮ ❝♦♠ j = k = i + 1 = l − 1✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛
❖❜s❡r✈❛çã♦ ✹✳✶✳✺ ❡s❝♦❧❤❛ i ∈ I1✱ ❡ ❡♥tã♦ l ∈ I1✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ t❡♠♦s

qch(πα[i,k]
)≤1 = ϕ[i,l](πα[i,k]

)≤1, qch(πα[j,l]
)≤1 = ϕ[i,l](πα[i,k]

)≤1.

❆ss✉♠❛✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ q✉❡ I = [i, l] = [1, 3] ❡ ❡♥tã♦

ψ = qch(πα[1,2]
)≤1qch(πα[2,3]

)≤1 = λ(1 +α
−1
2,0 +α

−1
2,0α

−1
3,1)(1 +α

−1
2,0 +α

−1
1,1α

−1
2,0).

❆❧é♠ ❞✐ss♦✱ ❞♦ ✐t❡♠ ✭❞✮ s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡

ϕ[2,3](πα[1,2]
)≤1ϕ[2,3](πα[2,3]

)≤1 = ϕ[2,3](λ)≤1 ≤ qch(λ)≤1.

❙❡ µ ∈ P ∩ wtℓ(ψ) é t❛❧ q✉❡ α−1
1,1 ∤ λ−1µ ❡♥tã♦ µ ∈ wtℓ(ϕ[2,3](µ)≤2)✳ P❡❧❛ ♠❡s♠❛

r❛③ã♦✱ s❡ α−1
3,1 ∤ µ ❡♥tã♦ µ ∈ wtℓ(qch(λ))✳ ❙❡ µ ∈ wtℓ(ψ) é t❛❧ q✉❡ α−1

1,1|µ ❡ α−1
3,1|µ

❡♥tã♦ µ = λα−1
1,1α

−2
2,0α

−1
3,1✳ ❆❣♦r❛✱ ❞❡✜♥❛ λ

′ := λα−2
2,0α

−1
3,1 = ω

2
1,1ω1,3ω

−1
2,2ω3,1 ❡ ♦❜s❡r✈❡

q✉❡ λ′ ∈ wtℓ(qch(λ)) ∩ P1,+✳ ❆ss✐♠✱ ϕ1(λ
′) = λ′ + µ ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧❛ ▲❡♠❛ ✸✳✻✳✼✱

[qch(λ) : µ] = [ϕ1(λ
′) : µ] = 1✳ ▲♦❣♦✱ ✐ss♦ ♣r♦✈❛ ❛ ❡q✉❛çã♦ ✭✹✳✺✳✶✮ q✉❛♥❞♦ l− i = 2✳

❆ss✉♠❛ q✉❡ ❛ ❡q✉❛çã♦ ✭✹✳✺✳✶✮ ✈❛❧❡ q✉❛♥❞♦ l− i = s✳ ❙✉♣♦♥❤❛ l− i = s+1 ❡ ❡s❝♦❧❤❛
i ∈ I1✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✺✱ ♣♦❞❡♠♦s ❛ss✉♠✐r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡
I = [i, l] = [i, s+1]✳ ❈♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❝❛s♦ l−i = 2 ❡ ✉s❛♥❞♦ ♦✉ ✭❝✮ ♦✉
✭❞✮ ♦✉ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ✈❡♠♦s q✉❡ s❡ µ ∈ wtℓ(ψ) ❡ α

−1
1,ξ1

. . .α−1
s+1,ξs+1

∤ λ−1µ

❡♥tã♦ [ψ : µ] = [qch(λ) : µ]✳ ❆ss✐♠✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r µ ∈ wtℓ(ψ) t❛❧ q✉❡ µ =

λα−c1
1,ξ1

. . .α
s+1,ξ

c−(s+1)
s+1

❝♦♠ ck > 0 ♣❛r❛ t♦❞♦ k ∈ I✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻ ♣♦❞❡♠♦s

✈❡r✐✜❝❛r q✉❡ ❡①✐st❡ k ❝♦♠ ck = 2 ❡ ♦ ♠❡♥♦r k ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ ❞✐❣❛♠♦s km✱
♣❡rt❡♥❝❡ ❛ I0✳ ❙❡❥❛ µ′ := αkm−1,ξkm−1

µ ❡✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✻✱ t❡♠♦s
q✉❡ µ′ ∈ wtℓ(ψ) ❡✱ ♣❡❧♦ ❞✐t♦ ❛❝✐♠❛✱ [ψ : µ′] = [qch(λ) : µ′]✳ ❆❧é♠ ❞✐ss♦✱ µ′ é km−1✲
ℓ✲❞♦♠✐♥❛♥t❡ ❡ ϕkm−1(µ

′) = µ′ + µ ❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✻✳✼✱ t❡♠♦s [ψ : µ] = [qch(λ) : µ]✳

✸✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✸✳✾

❊①❡♠♣❧♦ ✹✳✺✳✶ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✹✳✸✳✽ t❡♠♦s q✉❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✸✳✷✱ ♣❛r❛ g ❞♦ t✐♣♦
A3 ❛ ❝❛t❡❣♦r✐❛ C 1 t❡♠ ✶✷ ♦❜❥❡t♦s ♣r✐♠♦s✿

S(−α1), S(−α2), S(−α3), S(α1), S(α2), S(α3),

S(α1 + α2), S(α2 + α3), S(α1 + α2 + α3), F1, F2, F3.

✼✼



❖s ♣r✐♠❡✐r♦s ✻ ♠ó❞✉❧♦s sã♦ ❢✉♥❞❛♠❡♥t❛✐s✱ F1, F2, F3 sã♦ ♠ó❞✉❧♦s ❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✱
S(α1+α2), S(α2+α3) sã♦ ❛✜♥✐③❛çõ❡s ♠✐♥✐♠❛✐s✱ ♠❛s S(α1+α2+α3) ♥ã♦ é ❛✜♥✐③❛çã♦ ♠✐♥✐♠❛❧✳
❱✐st❛ ❝♦♠♦ Uq(g)✲♠ó❞✉❧♦ é ✐s♦♠♦❢♦r♠❛ ❛ V (ω1 + ω2 + ω3)⊕ V (ω2)✳

❯s❛♥❞♦ ❛s ❞✐♠❡♥sõ❡s ❝♦♥❤❡❝✐❞❛s ❞♦s ♠ó❞✉❧♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❛s ❡q✉❛çõ❡s ❞♦ ❊①❡♠♣❧♦ ✶✳✹✳✺✱
♣♦❞❡♠♦s ❝❛❧❝✉❧❛r s✉❛s ❞✐♠❡♥sõ❡s✱ ❛ s❛❜❡r ✭♥❛ ♠❡s♠❛ ♦r❞❡♠✮✿

4, 6, 4, 4, 6, 4, 20, 20, 70, 10, 20, 10.

❆ á❧❣❡❜r❛ ❞❡ ❝❧✉st❡r A t❡♠ ✶✹ ❝❧✉st❡rs✱ ❝♦♠ s✉❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r x[β] ✐❞❡♥t✐✜❝❛❞❛s
❛♣❡♥❛s ♣♦r β✿

{−α1,−α2,−α3}, {α1,−α2,−α3}, {−α1, α2,−α3}, {−α1,−α2, α3}, {α1,−α2, α3},

{−α1, α2, α2 + α3}, {−α1, α3, α2 + α3}, {−α3, α2, α1 + α2}, {−α3, α1, α1 + α2},

{α1 + α2, α2, α2 + α3}, {α1, α3, α1 + α2 + α3}, {α1, α1 + α2, α1 + α2 + α3},

{α3, α2 + α3, α1 + α2 + α3}, {α1 + α2, α2 + α3, α1 + α2 + α3}.

❆ ❧✐st❛ ❛❝✐♠❛ ❢♦✐ ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞❛s ❛s ♣♦ssí✈❡✐s tr✐❛♥❣✉❧❛çõ❡s ❞♦ ❤❡①á❣♦♥♦ ❡ ❛♣❧✐❝❛♥❞♦✲
s❡ ❛ ❜✐❥❡çã♦ ❡♥tr❡ ♦ s✐st❡♠❛ ❞❡ r❛í③❡s q✉❛s❡ ♣♦s✐t✐✈❛s ❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r ❞❡ AC✳ ❖s ♦❜❥❡t♦s
s✐♠♣❧❡s ❞❡ C 1 sã♦✱ ❡①❛t❛♠❡♥t❡✱ t♦❞♦s ♦s ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❞❛ ❢♦r♠❛

S(β1)
⊗k1 ⊗ S(β2)

⊗k2 ⊗ S(β3)
⊗k3 ⊗ F⊗l1

1 ⊗ F⊗l2
2 ⊗ F⊗l3

3 , ki, lj ∈ N, i, j = 1, 2, 3,

♦♥❞❡ {β1, β2, β3} ♣❡r❝♦rr❡♠ ♦s ✶✹ ❝❧✉st❡rs ❝✐t❛❞♦s ❛❝✐♠❛✳
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❆♣ê♥❞✐❝❡ ❆

❆♣ê♥❞✐❝❡

❆✳✶ ❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s✱ s❡♠ ❞❡♠♦♥str❛çõ❡s✱ s♦❜r❡
❛ t❡♦r✐❛ ❞❡ ❝❛t❡❣♦r✐❛s✳ ❖s ❢❛t♦s ❛q✉✐ ❡①♣♦st♦s ❡ s✉❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠
❬✶❪✳

❉❡✜♥✐çã♦ ❆✳✶✳✶ ❯♠❛ ❝❛t❡❣♦r✐❛ C ❝♦♥s✐st❡ ❡♠✿

(i) ✉♠❛ ❝❧❛ss❡ Obj(C) ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ♦❜❥❡t♦s ❞❡ C❀

(ii) ✉♠❛ ❝❧❛ss❡ HomC(X, Y ) ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♦❜❥❡t♦s X, Y ∈ C✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s
♠♦r✜s♠♦s ❡ sã♦ ❞❡♥♦t❛❞♦s ♣♦r φ : X → Y ❀

(iii) ✉♠❛ ❢✉♥çã♦
HomC(Y, Z)× HomC(X, Y )→ HomC(X,Z)

♣❛r❛ ❝❛❞❛ tr✐♣❧❛ ❞❡ ♦❜❥❡t♦s X, Y, Z ∈ Obj(C) q✉❡ ❛ss♦❝✐❛ ♦ ♣❛r φ : X → Y ✱ ψ : Y → Z ❛
✉♠ ♠♦r✜s♠♦ ❞❡ X ❛ Z ❞❡♥♦t❛❞♦ ♣♦r ψ ◦ φ ♦✉ ψφ✳

❆s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❞❡✈❡♠ s❡r s❛t✐s❢❡✐t❛s ♣♦r ❡st❡s ❞❛❞♦s

❛✳ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ X ∈ Obj(C) ❡①✐st❡ ✉♠ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡

idX : X → X
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t❛❧ q✉❡
φ ◦ idX = φ ❡ idX ◦ψ = ψ

s❡ φ : X → Y ❡ ψ : Y → X

❜✳ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s é ❛ss♦❝✐❛t✐✈❛✱ ✐st♦ é✱ ♣❛r❛ φ : X → Y ✱ ψ : Y → Z ❡ ξ : Z → U ✱
t❡♠♦s

(ξψ)φ = ξ(ψφ).

❱❛♠♦s ❞❡♥♦t❛r HomC(X, Y ) ♣♦r Hom(X, Y ) q✉❛♥❞♦ ❡st✐✈❡r ❝❧❛r♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ q✉❛❧ ❝❛t✲
❡❣♦r✐❛ s❡ tr❛t❛✳ ❉❡♥♦t❛♠♦s Mor(C) =

⋃̇
X,Y ∈Obj(C)

Hom(X, Y )✳

▲✐st❛r❡♠♦s ❛❧❣✉♥s ❞♦s ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ ❝❛t❡❣♦r✐❛s✳

❊①❡♠♣❧♦ ❆✳✶✳✷ (i) ❆ ❝❧❛ss❡ ❞♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ♦♥❞❡ ♦s ♠♦r✜s♠♦s sã♦ ❛s tr❛♥s❢♦r✲
♠❛çõ❡s ❧✐♥❡❛r❡s ❢♦r♠❛♠ ✉♠❛ ❝❛t❡❣♦r✐❛❀

(ii) ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ A✱ ❛ ❝❧❛ss❡ ❞♦s A−♠ó❞✉❧♦s à ❡sq✉❡r❞❛
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❢♦r♠❛♠ ♦s ♦❜❥❡t♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ♦♥❞❡ ♦s ♠♦r✜s♠♦s sã♦ ♦s ❤♦♠♦✲
♠♦r✜s♠♦s ❞❡ ♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳ ❚❛❧ ❝❛t❡❣♦r✐❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r mod-A✳

❱❛❧❡ ❧❡♠❜r❛r q✉❡ ✉♠❛ ❝❛t❡❣♦r✐❛ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s ❡ ❝❧❛ss❡ ❞❡ ♠♦r✜s♠♦s✳
P♦❞❡♠♦s t❡r ❝❛t❡❣♦r✐❛s q✉❡ t❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s ♣♦ré♠ ❝♦♠ ♠♦r✜s♠♦s ❞✐❢❡r❡♥t❡s✳
❙❡rã♦ ❝❛t❡❣♦r✐❛s ❞✐st✐♥t❛s✳

❉❡✜♥✐çã♦ ❆✳✶✳✸ ❙❡❥❛♠ X ❡ Y ♦❜❥❡t♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ C✳ ❯♠ ♠♦r✜s♠♦ h : X → X ❡♠ C
é ❝❤❛♠❛❞♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞❡ X✳

❯♠ ♠♦r✜s♠♦ u : X → Y ❡♠ C é ✉♠ ♠♦♥♦♠♦r✜s♠♦ s❡ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ Z ∈ Obj(C) ❡ ❝❛❞❛
♣❛r ❞❡ ♠♦r✜s♠♦s f, g ∈ HomC(Z,X) t✐✈❡r♠♦s u ◦ f = u ◦ g s♦♠❡♥t❡ s❡ f = g✳

❯♠ ♠♦r✜s♠♦ p : X → Y ❡♠ C é ✉♠ ❡♣✐♠♦r✜s♠♦ s❡ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ Z ∈ Obj(C) ❡ ❝❛❞❛
♣❛r ❞❡ ♠♦r✜s♠♦s f, g ∈ homC(Y, Z) t✐✈❡r♠♦s f ◦ p = g ◦ p s♦♠❡♥t❡ s❡ f = g✳

❯♠ ♠♦r✜s♠♦ u : X → Y ❡♠ C é ✉♠ ✐s♦♠♦r✜s♠♦ s❡ ❡①✐st❡ ✉♠ ♠♦r✜s♠♦ v : Y → X ❡♠
C t❛❧ q✉❡ uv = idY ❡ vu = idX ✳ ◆❡st❡ ❝❛s♦ ♦ ♠♦r✜s♠♦ v é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣♦r u✱
❝❤❛♠❛❞♦ ❞❡ ✐♥✈❡rs♦ ❞❡ u ❡ ❞❡♥♦t❛❞♦ ♣♦r u−1✳

❉❡✜♥✐çã♦ ❆✳✶✳✹ ❙❡❥❛♠ C ✉♠❛ ❝❛t❡❣♦r✐❛✱ X1, X2 ∈ Obj(C)✳ ❯♠ ♦❜❥❡t♦ Y ❝♦♠ ❞✉❛s ❢✉♥çõ❡s

i1 : X1 −→ Y e i2 : X2 −→ Y
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é ❞✐t♦ ❝♦♣r♦❞✉t♦ ♦✉ s♦♠❛ ❞✐r❡t❛ ❞❡ X1 ❡ X2 s❡ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ Z ❡ q✉❛✐sq✉❡r ❞♦✐s ♠♦r✜s♠♦s g1 : X1 −→ Z ❡ g2 : X2 −→ Z✱ ❡①✐st❡ ú♥✐❝♦
♠♦r✜s♠♦ f : Y −→ Z t❛❧ q✉❡

g1 = f ◦ i1 ❡ g2 = f ◦ i2,

✐st♦ é✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✿

Y

f

��
X1 g1

//

i1
>>}}}}}}}}
Z X2g2

oo

i2
``AAAAAAAA

❊st❡ ❝♦♣r♦❞✉t♦ é ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❡ ❞❡♥♦t❛♠♦s ♣♦r

Y = X1 ⊕X2.

❉❡✜♥✐çã♦ ❆✳✶✳✺ ❯♠❛ ❝❛t❡❣♦r✐❛ C é ✉♠❛ ❝❛t♦❣♦r✐❛ ❛❞✐t✐✈❛ s❡✿

(i) ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♦❜❥❡t♦s X1, . . . , Xn ❞❡ C ❡①✐st❡ ✉♠❛ s♦♠❛ ❞✐r❡t❛
X1 ⊕ · · · ⊕Xn ∈ Obj(C)❀

(ii) ♣❛r❛ q✉❛❧q✉❡r ♣❛r X, Y ∈ Obj(C)✱ ♦ ❝♦♥❥✉♥t♦ HomC(X, Y ) ❡stá ♠✉♥✐❞♦ ❝♦♠ ✉♠❛ ❡str✉t✉r❛
❞❡ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✭s✉❛ ♦♣❡r❛çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣❡❧♦ sí♠❜♦❧♦ ✏✰✧❡ s❡✉ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♣♦r
“0”✮❀

(iii) ♣❛r❛ q✉❛❧q✉❡r tr✐♣❧❛ ❞❡ ♦❜❥❡t♦s X, Y, Z ❞❡ C✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s ❡♠ C

◦ : HomC(Y, Z)× HomC(X, Y ) −→ HomC(X, Y )

❞✐str✐❜✉✐ s♦❜r❡ ❛ s♦♠❛✱ ✐st♦ é✱ (f + f ′) ◦ g = f ◦ g + f ′ ◦ g ❡ f ◦ (g + g′) = f ◦ g + f ◦ g′✱
♣❛r❛ t♦❞♦ f, f ′ ∈ HomC(Y, Z) ❡ g, g′ ∈ HomC(X, Y )❀

(iv) ❡①✐st❡ ✉♠ ♦❜❥❡t♦ 0 ∈ Obj(C) t❛❧ q✉❡ ♦ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ id0 é ♦ ❡❧❡♠❡♥t♦ ③❡r♦ ❞♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ HomC(0, 0)✳

❖❜s❡r✈❛çã♦ ❆✳✶✳✻ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ ❡ HomC(X,X) ✉♠ ❝♦♥❥✉♥t♦✱ ❡♥tã♦ (HomC(X,X),+, ◦)

é ✉♠ ❛♥❡❧ ❝♦♠ 1 = idX ✳ ❆❧é♠ ❞✐ss♦✱ HomC(0, 0) = {id0}✳
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❉❡✜♥✐çã♦ ❆✳✶✳✼ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ ❡ f : X → Y ✉♠ ♠♦r✜s♠♦ ❡♠ C✳ ❯♠ ♥ú❝❧❡♦ ❞❡
f é ✉♠ ♦❜❥❡t♦ ker f ❥✉♥t♦ ❝♦♠ ✉♠ ♠♦r✜s♠♦ u : ker f → X s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(i) f ◦ u = 0❀

(ii) ♣❛r❛ q✉❛❧q✉❡r ♦❜❥❡t♦ Z ❞❡ C ❡ q✉❛❧q✉❡r ♠♦r✜s♠♦ h : Z → X ❡♠ C t❛❧ q✉❡ f ◦ h = 0✱
❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ h′ : Z → ker f t❛❧ q✉❡ h = u ◦ h′✳

❯♠ ❝♦♥ú❝❧❡♦ ❞❡ f é ✉♠ ♦❜❥❡t♦ coker f ❥✉♥t♦ ❝♦♠ ✉♠ ♠♦r✜s♠♦ p : Y → coker f s❛t✐s❢❛③❡♥❞♦
❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(i) p ◦ f = 0❀

(ii) ♣❛r❛ q✉❛❧q✉❡r ♦❜❥❡t♦ Z ❞❡ C ❡ q✉❛❧q✉❡r ♠♦r✜s♠♦ g : Y → Z ❡♠ C t❛❧ q✉❡ g ◦f = 0✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ g′ : coker f → Z t❛❧ q✉❡ g = g′ ◦ p✳

❖❜s❡r✈❡ q✉❡ ♥❛s ♥♦t❛çõ❡s ❛❝✐♠❛ u é ♠♦♥♦♠♦r✜s♠♦ ❡ p ❡♣✐♠♦r✜s♠♦✳

❆ss✉♠❛ q✉❡ t♦❞♦ ♠♦r✜s♠♦ ❡♠ C ❛❞♠✐t❡ ♥ú❝❧❡♦ ❡ ❝♦♥ú❝❧❡♦✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦
f : X −→ Y ✱ ❡①✐st❡ ✉♠ ✉♥✐❝♦ ♠♦r✜s♠♦ f̄ ❡♠ C q✉❡ ❢❛③ ❝♦♠✉t❛r ♦ q✉❛❞r❛❞♦ ❞♦ ❞✐❛❣r❛♠❛
❛❜❛✐①♦

ker f u // X
f //

p′

��

Y
p // coker f

coker u
f̄ // ker p

u′

OO

✭♦✉ s❡❥❛✱ f = u′ ◦ f̄ ◦ p′✮✱ ♦♥❞❡ u′ : ker p −→ Y é ♦ ♥ú❝❧❡♦ ❞❡ p ❡ p′ : X −→ coker u é ♦
❝♦♥ú❝❧❡♦ ❞❡ u✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ p ◦ f = 0✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ f ′ : X −→ ker p t❛❧ q✉❡
f = u′ ◦ f ′✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ u′ ◦ f ′ ◦ u = f ◦ u = 0 ❡ u′ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ f ′ ◦ u = 0 ❡
❡♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥ú❝❧❡♦✱ ❡①✐st❡ ú♥✐❝♦ ♠♦r✜s♠♦ f : coker u −→ ker p t❛❧ q✉❡ f ′ = f̄ ◦p′✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♠♦r✜s♠♦ f̄ ❢❛③ ♦ q✉❛❞r❛❞♦ ❛❝✐♠❛ ❝♦♠✉t❛r✳ ❖ ♦❜❥❡t♦ ker p é ❝❤❛♠❛❞♦ ❞❡
✐♠❛❣❡♠ ❞❡ f ❡ ❞❡♥♦t❛❞♦ ♣♦r Im f ✳ ❯♠ ♦❜❥❡t♦ S ∈ C \ {0} é ❞✐t♦ s✐♠♣❧❡s s❡ ♣❛r❛ t♦❞♦ ♦❜❥❡t♦
X ❡ t♦❞♦ ♠♦♥♦♠♦r✜♠♦ u ∈ HomC(X,S)✱ u é 0 ♦✉ é ✐s♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ❆✳✶✳✽ ❯♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ C é ❞✐t❛ ❛❜❡❧✐❛♥❛ s❡ ❝❛❞❛ ♠♦r✜s♠♦ f : X −→ Y

❛❞♠✐t❡ ✉♠ ♥ú❝❧❡♦ u : ker f −→ X ❞❡ f ✱ ✉♠ ❝♦♥ú❝❧❡♦ p : Y −→ coker f ❞❡ f ❡ ♦ ♠♦r✜s♠♦
✐♥❞✉③✐❞♦ f̄ : coker u −→ ker p é ✉♠ ✐s♦♠♦r✜s♠♦✳
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❉❡✜♥✐çã♦ ❆✳✶✳✾ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❡ C ✉♠❛ ❝❛t❡❣♦r✐❛✳ C é ❞✐t❛ K✲❧✐♥❡❛r s❡ HomC(X, Y ) é ✉♠
K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣❛r❛ t♦❞♦ X, Y ∈ Obj(C) ❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s ❡♠ C é ❜✐❧✐♥❡❛r ✭❡♠
♣❛rt✐❝✉❧❛r✱ C é ❛❞✐t✐✈❛✮✳

❊①❡♠♣❧♦ ❆✳✶✳✶✵ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ K✳ ❆ ❝❛t❡❣♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ A✱ ❞❡♥♦t❛❞❛ ♣♦r mod-A✱ é ✉♠❛ ❝❛t❡❣♦r✐❛ K✲❧✐♥❡❛r ❛❜❡❧✐❛♥❛✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✶ ❙❡❥❛♠ C ❡ D ❞✉❛s ❝❛t❡❣♦r✐❛s✳ ❯♠ ❢✉♥t♦r F : C → D ❝♦♥s✐st❡ ❡♠

(i) ✉♠❛ ❢✉♥çã♦ ❡♥tr❡ Obj(C) ❡ Obj(D) q✉❡ ❛ss♦❝✐❛ X ❛ F (X)❀

(ii) ✉♠❛ ❢✉♥çã♦ ❡♥tr❡ Mor(C) ❡ Mor(D) q✉❡ ❞❛❞♦ φ ∈ Hom(X, Y ) ❛ss♦❝✐❛ F (φ) ∈ Hom(F (X), F (Y ))

❡ s❛t✐s❢❛③ ♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ Obj C✱ φ ∈ Hom(X, Y ) ❡ ψ ∈ Hom(Y, Z) ✿

F (ψφ) = F (ψ)F (φ).

❖❜s❡r✈❛çã♦ ❆✳✶✳✶✷ ❙❡ C é ✉♠❛ ❝❛t❡❣♦r✐❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❢✉♥t♦r ✐❞❡♥t✐❞❛❞❡ idC : C → C

♣♦r

idC(X) = X, ∀ X ∈ Obj(C) e idC(φ) = φ, ∀ φ ∈ HomC(X,Y), ∀ X,Y ∈ Obj(C).

❉❛❞❛s ❞✉❛s ❝❛t❡❣♦r✐❛s C,D✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ♥♦✈❛ ❝❛t❡❣♦r✐❛ C × D✱ ❝❤❛♠❛❞❛ ❞❡
♣r♦❞✉t♦ ❞❡ C ❡ D✳ ❖s ♦❜❥❡t♦s ❞❡ C × D sã♦ ♣❛r❡s ♦r❞❡♥❛❞♦s (X, Y ) ❞❡ ♦❜❥❡t♦s X ∈ Obj(C) ❡
Y ∈ Obj(D)✳ ❉❛❞♦s (X, Y ) ❡ (X ′, Y ′) ♦❜❥❡t♦s ❞❡ C × D✱ ✉♠ ♠♦r✜s♠♦ ❞❡ (X, Y ) ♣❛r❛ (X ′, Y ′)

é ✉♠ ♣❛r (φ, ψ) ❝♦♠ φ ∈ HomC(X,X
′) ❡ ψ ∈ HomD(Y, Y

′)✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❞♦✐s
♠♦r✜s♠♦s

(X, Y )
(φ,ψ)
−→ (X ′, Y )

(φ′,ψ′)
−→ (X ′′, Y ′′)

é ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❛s ❝♦♠♣♦s✐çõ❡s ❡♠ C ❡ D ♣♦r

(φ′, ψ′) ◦ (φ, ψ) = (φ′ ◦ φ, ψ′ ◦ ψ).

❉❡✜♥✐çã♦ ❆✳✶✳✶✸ ❙❡❥❛♠ C ❡ C ′ ❞✉❛s ❝❛t❡❣♦r✐❛s ❛❞✐t✐✈❛s ❡ T : C −→ C ′ ✉♠ ❢✉♥t♦r✳ ❉✐r❡♠♦s
q✉❡ T ♣r❡s❡r✈❛ s♦♠❛s ❞✐r❡t❛s s❡✱ ♣❛r❛ q✉❛✐sq✉❡r ♦❜❥❡t♦s X1, X2 ∈ C✱ ♦s ♠♦r✜s♠♦s

T (X1)
T (i1)
−→ T (X1 ⊕X2)

T (u2)
←− T (X2)

✐♥❞✉③❡♠ ✉♠ ✐s♦♠♦r✜s♠♦
T (X1)⊕ T (X2)

∼=
→ T (X1 ⊕X2).
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❉✐r❡♠♦s q✉❡ T é ❛❞✐t✐✈♦ s❡ T ♣r❡s❡r✈❛ s♦♠❛s ❞✐r❡t❛s ❡✱ ♣❛r❛ t♦❞♦ X, Y ∈ C ❛ ❢✉♥çã♦

TXY : HomC(X, Y ) −→ HomC′(T (X), T (Y ))

h 7−→ T (h)

s❛t✐s❢❛③ T (f + g) = T (f) + T (g)✱ ♣❛r❛ t♦❞♦ f, g ∈ HomC(X, Y )✳

❙❡ C ❡ C ′ sã♦ ❝❛t❡❣♦r✐❛s K✲❧✐♥❡❛r❡s✱ ❡♥tã♦ ♦ ❢✉♥t♦r T é ❞✐t♦ K✲❧✐♥❡❛r s❡ T é ❛❞✐t✐✈♦ ❡ TXY
é tr❛♥s❢♦r♠❛çã♦ K✲❧✐♥❡❛r ♣❛r❛ t♦❞♦ X, Y ∈ C✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✹ ❯♠❛ ❝❛t❡❣♦r✐❛ C é ❞✐t❛ ♠♦♥♦✐❞❛❧ ✭♦✉ t❡♥s♦r✐❛❧✮ s❡ ❡①✐st❡

(i) ✉♠ ❢✉♥t♦r ⊗ : C × C → C✱ ❝❤❛♠❛❞♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧❀

(ii) ✉♠ ♦❜❥❡t♦ I ∈ Obj(C) ❝❤❛♠❛❞♦ ❞❡ ✉♥✐❞❛❞❡❀

(iii) três ✐s♦♠♦r✜s♠♦s

❛✮ ❛ss♦❝✐❛t✐✈✐❞❛❞❡✿
αX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z)

♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ Obj(C)❀

❜✮ ✐❞❡♥t✐❞❛❞❡ à ❡sq✉❡r❞❛✿

λX : I ⊗X → X, ♣❛r❛ t♦❞♦ X ∈ Obj(C);

❝✮ ✐❞❡♥t✐❞❛❞❡ à ❞✐r❡✐t❛✿

ρX : X ⊗ I → X, ♣❛r❛ t♦❞♦ X ∈ Obj(C).

❊ss❡s ✐s♦♠♦r✜s♠♦s ♠♦str❛♠ q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é ❛ss♦❝✐❛t✐✈♦ ❡ ♣♦ss✉✐ I ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡
à ❞✐r❡✐t❛ ❡ à ❡sq✉❡r❞❛✳ ❊❧❡s ❞❡✈❡♠ s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ✭❝❤❛♠❛❞❛s ❝♦♥❞✐çõ❡s ❞❡
❝♦❡rê♥❝✐❛✮✳

(i) P❛r❛ q✉❛✐sq✉❡r X, Y, Z, U ∈ Obj(C) ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

((X ⊗ Y )⊗ Z)⊗ U
αX,Y,Z⊗idU //

αX⊗Y,Z,U

��

(X ⊗ (Y ⊗ Z)⊗ U)
αX,Y ⊗Z,U // X ⊗ ((Y ⊗ Z)⊗ U)

idX ⊗αY,Z,U

��
(X ⊗ Y )⊗ (Z ⊗ U) αX,Y,Z⊗U

// X ⊗ (Y ⊗ (Z ⊗ U))
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(ii) P❛r❛ t♦❞♦ X, Y ∈ Obj(C) ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

(X ⊗ I)⊗ Y
αX,I,Y //

ρX⊗idY

!!CC
CC

CC
CC

CC
CC

CC
CC

C
X ⊗ (I ⊗ Y )

idX ⊗λY

}}{{
{{

{{
{{

{{
{{

{{
{{

{

X ⊗ Y

❉❡✜♥✐çã♦ ❆✳✶✳✶✺ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ♠♦♥♦✐❞❛❧ ❛❜❡❧✐❛♥❛✳ ❉✐r❡♠♦s q✉❡ ✉♠ ♦❜❥❡t♦ s✐♠♣❧❡s
S ❞❡ C é ♣r✐♠♦ s❡✱ ♣❛r❛ t♦❞♦ S1, S2 ∈ Obj(C) \ {I}✱ S ≇ S1 ⊗ S2✳ ❉✐r❡♠♦s q✉❡ S é r❡❛❧ s❡
S ⊗ S é s✐♠♣❧❡s✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✻ ❙❡❥❛♠ C,D ❝❛t❡❣♦r✐❛s ❡ F : C −→ D ✉♠ ❢✉♥t♦r✳

(i) ❉✐③❡♠♦s q✉❡ F é ♣❧❡♥♦ s❡ ♣❛r❛ t♦❞♦ ♣❛r X, Y ❞❡ ♦❜❥❡t♦s ❞❡ C ❛ ❢✉♥çã♦

F : HomC(X, Y ) −→ HomD(F (X), F (Y ))

é s♦❜r❡❥❡t✐✈❛✳

(ii) ❞✐③❡♠♦s q✉❡ F é ✜❡❧ s❡ ♣❛r❛ t♦❞♦ ♣❛r X, Y ❞❡ ♦❜❥❡t♦s ❞❡ C ❛ ❢✉♥çã♦

F : HomC(X, Y ) −→ HomD(F (X), F (Y ))

é ✐♥❥❡t✐✈❛✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✼ ❙❡❥❛♠ T, T ′ : C → C ′ ❢✉♥t♦r❡s✳ ❯♠ ♠♦r✜s♠♦ ❞❡ ❢✉♥t♦r❡s Ψ : T → T ′

é ✉♠❛ ❢❛♠í❧✐❛ Ψ = {ΨX}X∈Obj(C) ❞❡ ♠♦r✜s♠♦s ΨX : T (X) → T ′(X) t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r
♠♦r✜s♠♦ f : X → Y ❡♠ C✱ ♦ ❞✐❛❣r❛♠❛

T (X)

T (f)
��

ΨX // T ′(X)

T ′(f)
��

T (Y )
ΨY // T ′(Y )

é ❝♦♠✉t❛t✐✈♦ ❡♠ C ′✳ ◆❡st❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s Ψ : T → T ′✳ ❈❤❛♠❛♠♦s Ψ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡
❢✉♥t♦r❡s s❡✱ ♣❛r❛ q✉❛❧q✉❡r X ∈ Obj(C)✱ ♦ ♠♦r✜s♠♦ Ψ : T (X) → T ′(X) é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♠
C ′ ❡ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ✉s✉❛❧ ✏ ∼=✧ ♣❛r❛ t❛♥t♦✳
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❉❡✜♥✐çã♦ ❆✳✶✳✶✽ ❉✐③❡♠♦s q✉❡ ♦ ❢✉♥t♦r F : C → D é ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s q✉❛♥❞♦ ❡①✐st❡
✉♠ ❢✉♥t♦r G : D → C t❛❧ q✉❡ GF ∼= idC ❡ FG ∼= idD✳

❉❡✜♥✐çã♦ ❆✳✶✳✶✾ ❖ ❢✉♥t♦r F : C → D é ❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦ q✉❛♥❞♦ ♣❛r❛ q✉❛❧q✉❡r
Y ∈ Obj(D) ❡①✐st❡ ❛❧❣✉♠ X ∈ Obj(C) t❛❧ q✉❡ Y é ✐s♦♠♦r❢♦ ❛ F (X)✳

❚❡♦r❡♠❛ ❆✳✶✳✷✵ ❙❡❥❛♠ C ❡ D ❞✉❛s ❝❛t❡❣♦r✐❛s ❡ F : C → D ✉♠ ❢✉♥t♦r✳ ❊♥tã♦✱ F é ❡q✉✐✈✲
❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s s❡✱ ❡ s♦♠❡♥t❡ s❡ F é ♣❧❡♥♦✱ ✜❡❧ ❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦✳

❆✳✷ ❙✐st❡♠❛ ❞❡ ❘❛í③❡s

◆❡st❛ s❡çã♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s✱ s❡♠ ❞❡♠♦♥str❛çõ❡s✱ s♦❜r❡ s✐st❡♠❛ ❞❡
r❛í③❡s✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❡ ❞❡♠♦♥str❛çõ❡s ❝✐t❛♠♦s ❬✹✷✱ ✶✻❪✳ ❆♦ ❧♦♥❣♦ ❞❛ s❡çã♦ E✱ s❡rá ✉♠
❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ Q ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (·, ·)✳

❉❛❞♦ ✉♠ ✈❡t♦r ♥ã♦ ♥✉❧♦ α ∈ E✱ σα ❞❡♥♦t❛rá ❛ r❡✢❡①ã♦ ♦rt♦❣♦♥❛❧ r❡❧❛t✐✈❛ ❛♦ ❤✐♣❡r♣❧❛♥♦
♥♦r♠❛❧ ❛ α✱ Pα = {β ∈ E : (β, α) = 0}✳ ❊①♣❧✐❝✐t❛♠❡♥t❡✱

σα(β) = β −
2(β, α)

(α, α)
α, ♣❛r❛ t♦❞♦ β ∈ E.

❉❡✜♥✐çã♦ ❆✳✷✳✶ ❯♠ s✉❜❝♦♥❥✉♥t♦ Φ ⊆ E é ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s s❡✿

(i) Φ é ✜♥✐t♦✱ ❣❡r❛ E ❡ ♥ã♦ ❝♦♥té♠ 0✳

(ii) ❙❡ α ∈ Φ✱ ❡♥tã♦ ♦s ú♥✐❝♦s ♠ú❧t✐♣❧♦s ❡s❝❛❧❛r❡s ❞❡ α ❡♠ Φ sã♦ ±α✳

(iii) ❙❡ α ∈ Φ✱ ❡♥tã♦ ❛ r❡✢❡①ã♦ σα ❞❡✐①❛ Φ ✐♥✈❛r✐❛♥t❡✱ ♦✉ s❡❥❛✱ σα ♣❡r♠✉t❛ ♦s ❡❧❡♠❡♥t♦s ❞❡
Φ✳

(iv) ❙❡ α, β ∈ Φ✱ ❡♥tã♦ 2(β,α)
(α,α)

∈ Z✳

❖s ❡❧❡♠❡♥t♦s ❞❡ Φ sã♦ ❝❤❛♠❛❞♦s ❞❡ r❛í③❡s✳

❉❡✜♥✐çã♦ ❆✳✷✳✷ ❙❡❥❛♠ (E1, (·, ·)1)✱ (E2, (·, ·)2) ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ Q ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛
❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ Φ1✱ Φ2 s✐st❡♠❛s ❞❡ r❛í③❡s ❞❡ E1✱ E2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠ ✐s♦♠♦r✜s♠♦
❡♥tr❡ ♦s s✐st❡♠❛s ❞❡ r❛í③❡s Φ1 ❡ Φ2 é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r ϕ : E1 −→ E2 t❛❧ q✉❡ ϕ(Φ1) = Φ2

❡ (α, β)1 = (ϕ(α), ϕ(β))2 ♣❛r❛ t♦❞♦s α, β ∈ Φ1✳

✽✻



❉❡✜♥✐çã♦ ❆✳✷✳✸ ❯♠ s✉❜❝♦♥❥✉♥t♦ Π = {α1, . . . , αn} ❞❡ Φ é ✉♠❛ ❜❛s❡ ❞❡ Φ s❡✿

(i) Π é ❜❛s❡ ♣❛r❛ E❀

(ii) ♣❛r❛ t♦❞❛ r❛✐③ α ∈ Φ✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ α ❝♦♠ r❡❧❛çã♦ ❛ Π sã♦ t♦❞❛s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s
♦✉ t♦❞❛s ✐♥t❡✐r❛s ♥ã♦ ♣♦s✐t✐✈❛s✳

❚❡♦r❡♠❛ ❆✳✷✳✹ ❚♦❞♦ s✐st❡♠❛ ❞❡ r❛í③❡s ♣♦ss✉✐ ❜❛s❡

❙❡❥❛ Π ✉♠❛ ❜❛s❡ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s Φ✳ ❆s r❛í③❡s ❡♠ Π sã♦ ❝❤❛♠❛❞❛s ❞❡ r❛í③❡s
s✐♠♣❧❡s ✭❡♠ r❡❧❛çã♦ ❛ Π✮✳ ❙❡ α ∈ Φ t❡♠ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❝♦♠ r❡❧❛çã♦ ❛ Π✱
α é ❝❤❛♠❛❞❛ ❞❡ r❛✐③ ♣♦s✐t✐✈❛✱ ❡ s❡ α ∈ Φ t❡♠ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s ♥ã♦ ♣♦s✐t✐✈❛s ❝♦♠ r❡❧❛çã♦ ❛
Π✱ α é ❝❤❛♠❛❞❛ ❞❡ r❛✐③ ♥❡❣❛t✐✈❛✳ ❉❡♥♦t❛✲s❡ ♣♦r Φ+ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s ❡ ♣♦r Φ− ♦
❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♥❡❣❛t✐✈❛s✳ ❈❧❛r❛♠❡♥t❡ Φ = Φ+ ∪ Φ− ❡ Φ+ = −Φ−✳ ❆ ❛❧t✉r❛ ❞❡ ✉♠❛ r❛✐③
α = a1α1 + · · ·+ anαn é ❞❡✜♥✐❞❛ ❝♦♠♦ htα = a1 + · · ·+ al✱ ♦♥❞❡ αi sã♦ ❛s r❛í③❡s s✐♠♣❧❡s✳

❋✐①❛❞❛ ✉♠❛ ❜❛s❡✱ ❞❡✜♥❡✲s❡ ❡♠ Φ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ α ≤ β s❡✱ ❡ s♦♠❡♥t❡ s❡✱ β−α é ✉♠❛ s♦♠❛
❞❡ r❛í③❡s ♣♦s✐t✐✈❛s✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♠❛ s♦♠❛ ❞❡ r❛í③❡s s✐♠♣❧❡s✳

❉❛❞❛s α, β ∈ Φ✱ ❞❡♥♦t❛♠♦s 〈α, β〉 = 2(α,β)
(β,β)

= 2‖α‖
‖β‖

cos θ✱ ♦♥❞❡ θ é ♦ â♥❣✉❧♦ ❡♥tr❡ α ❡ β✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✺ ❙❡ α ❡ β sã♦ r❛í③❡s✱ ❡♥tã♦✿

〈α, β〉 = 0,±1,±2,±3.

❉❡✜♥✐çã♦ ❆✳✷✳✻ (i) ❙❡❥❛ Φ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ❡♠ E✳ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ Φ é ♦ s✉❜❣r✉♣♦
❞❡ Aut(E) ❣❡r❛❞♦ ♣❡❧❛s r❡✢❡①õ❡s σα✱ α ∈ Φ✱ ❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r W✳

(ii) ❖ ♣♦st♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s Φ é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ ✉♠❛ ✭❡ ♣♦rt❛♥t♦ ❞❡ t♦❞❛✮ ❜❛s❡
Π ❞❡ Φ✳

(iii) ❆ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡ Φ é ❛ ♠❛tr✐③ C = (cij)n×n ❝♦♠ cij = 〈αj, αi〉✱ ♦♥❞❡ α1, . . . , αn sã♦
❛s r❛í③❡s s✐♠♣❧❡s✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✼ ❖ ❣r✉♣♦ ❞❡ ❲❡②❧ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s é ✜♥✐t♦✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✽ ❙❡❥❛ C = (cij)n×n ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡ Φ✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i, j ≤ n✿

(i) cii = 2❀

✽✼



(ii) −3 ≤ cij ≤ 0✱ ♣❛r❛ t♦❞♦ i 6= j❀

(iii) s❡ cij < −1✱ ❡♥tã♦ cji = −1❀

(iv) cij = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ cji = 0✳

❉❡✜♥✐çã♦ ❆✳✷✳✾ ❙❡❥❛ C = (cij)n×n ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡ Φ✳ ❖ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ Φ

é ✉♠ ❣r❛❢♦ ❝♦♠ n ✈ért✐❝❡s✱ ♦♥❞❡ ♦s ✈ért✐❝❡s ❞✐st✐♥t♦s i ❡ j sã♦ ❧✐❣❛❞♦s ♣♦r cijcji ❛r❡st❛s ❡✱
s❡ cijcji > 1✱ ❡♥tã♦ ✉♠❛ ✢❡❝❤❛ ❛♣♦♥t❛ ♣❛r❛ i ♦✉ j ❝♦♥❢♦r♠❡ αi ♦✉ αj s❡❥❛ ❛ r❛✐③ ❞❡ ♠❡♥♦r
❝♦♠♣r✐♠❡♥t♦✱ ✐st♦ é✱ ✉♠❛ ✢❡❝❤❛ ❛♣♦♥t❛ ♣❛r❛ i s❡ |cij| > 1✳

❖❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ Φ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ Π✱ ✉♠❛
✈❡③ q✉❡ W ♣❡r♠✉t❛ ❛s ❜❛s❡s ❞❡ Φ✱ ❡ W é ❢♦r♠❛❞♦ ♣♦r ✐s♦♠❡tr✐❛s ❞❡ E✱ ❧♦❣♦ ♣r❡s❡r✈❛ â♥❣✉❧♦s
❡ ❝♦♠♣r✐♠❡♥t♦s ❞♦s ✈❡t♦r❡s ❞❡ Π✳

❉❡✜♥✐çã♦ ❆✳✷✳✶✵ ❯♠ s✐st❡♠❛ ❞❡ r❛í③❡s Φ é ✐rr❡❞✉tí✈❡❧ s❡ ♦ s❡✉ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ é ❝♦♥❡①♦
❡ Φ é r❡❞✉tí✈❡❧ ❝❛s♦ ❝♦♥trár✐♦✳

❚❡♦r❡♠❛ ❆✳✷✳✶✶ ❙❡❥❛ Φ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ Φ

é ✉♠ ❞♦s s❡❣✉✐♥t❡s✿

Al✱ l ≥ 1✿ ❡
1

❡
2

❡
3

✳ ✳ ✳ ❡
l−1

❡
l

Bl✱ l ≥ 2✿ ❡
1

❡
2

❡
3

✳ ✳ ✳ ❡
l−2

❡
l−1

〉 ❡
l

Cl✱ l ≥ 3✿ ❡
1

❡
2

❡
3

✳ ✳ ✳ ❡
l−2

❡
l−1

〈 ❡
l

Dl✱ l ≥ 4✿ ❡
1

❡
2

❡
3

✳ ✳ ✳ ❡
l−3

❡
l−2

❡
❡l−1

l

E6✿ ❡
1

❡
2

❡
3

❡
4

❡
5

❡6

E7✿ ❡
1

❡
2

❡
3

❡
4

❡
5

❡
6

❡7

E8✿ ❡
1

❡
2

❡
3

❡
4

❡
5

❡
6

❡
7

❡8

F4✿ ❡
1

❡
2

〉 ❡
3

❡
4

G2✿ ❡
1

〉 ❡
2
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❆s ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦✿

Al :




2 −1 0 · · · · · · · · · 0

−1 2 −1 0 · · · · · · 0

0 −1 2 −1 0 · · · 0
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

0 · · · 0 −1 2 −1 0

0 · · · · · · 0 −1 2 −1

0 · · · · · · · · · 0 −1 2




Bl :




2 −1 0 · · · · · · · · · 0

−1 2 −1 0 · · · · · · 0

0 −1 2 −1 0 · · · 0
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

0 · · · 0 −1 2 −1 0

0 · · · · · · 0 −1 2 −1

0 · · · · · · · · · 0 −2 2




Cl :




2 −1 0 · · · · · · · · · 0

−1 2 −1 0 · · · · · · 0

0 −1 2 −1 0 · · · 0
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

0 · · · 0 −1 2 −1 0

0 · · · · · · 0 −1 2 −2

0 · · · · · · · · · 0 −1 2




Dl :




2 −1 0 · · · · · · · · · 0

−1 2 −1 0 · · · · · · 0

0 −1 2 −1 0 · · · 0
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

0 −1 2 −1 0 0

0 · · · 0 −1 2 −1 −1

0 · · · · · · 0 −1 2 0

0 · · · · · · 0 −1 0 2




E6 :




2 −1 0 0 0 0

−1 2 −1 0 0 0

0 −1 2 −1 0 −1

0 0 −1 2 −1 0

0 0 0 −1 2 0

0 0 −1 0 0 2




E7 :




2 −1 0 0 0 0 0

−1 2 −1 0 0 0 0

0 −1 2 −1 0 0 −1

0 0 −1 2 −1 0 0

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 0

0 0 −1 0 0 0 2




E8 :




2 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0

0 −1 2 −1 0 0 0 0

0 0 −1 2 −1 0 0 0

0 0 0 −1 2 −1 0 −1

0 0 0 0 −1 2 −1 0

0 0 0 0 0 −1 2 0

0 0 0 0 −1 0 0 2




F4 :




2 −1 0 0

−1 2 −1 0

0 −2 2 −1

0 0 −1 2


 G2 :

(
2 −1

−3 2

)

✽✾



❚❡♦r❡♠❛ ❆✳✷✳✶✷ (i) ❈❛❞❛ ✉♠ ❞♦s ❞✐❛❣r❛♠❛s Al✱ Bl✱ Cl✱ Dl✱ E6✱ E7✱ E8✱ F4✱ G2 é ♦ ❞✐❛✲
❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✳

(ii) ❉♦✐s s✐st❡♠❛s ❞❡ r❛í③❡s Φ1 ❡ Φ2 sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Φ1 ❡ Φ2 tê♠ ♦ ♠❡s♠♦
❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥✳

Pr♦♣♦s✐çã♦ ❆✳✷✳✶✸ ❙❡❥❛ Φ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ r❛✐③
♠❛①✐♠❛❧ θ ❝♦♠ r❡❧❛çã♦ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❞❡✜♥✐❞❛ ❡♠ Φ✳ ❆❧é♠ ❞✐ss♦ θ é r❛✐③ ♣♦s✐t✐✈❛ ❡ htα < ht θ

♣❛r❛ t♦❞❛ α ∈ Φ \ {θ}✳

❉❡✜♥✐çã♦ ❆✳✷✳✶✹ ❙❡❥❛ Φ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ❞❡ ♣♦st♦ n ❡ Π = {α1, . . . , αn} ✉♠❛ ❜❛s❡✳
❉❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s q✉❛s❡ ♣♦s✐t✐✈❛s ❞❡ Φ ♣♦r Φ≥−1 = Φ+ ∪−Π✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥❛
♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s Q = ZΠ ❡✱ ♣❛r❛ ❝❛❞❛ α =

∑n
i=1 aiαi ∈ Q✱ [α : αi] = ai✳ ❈♦♥s✐❞❡r❡ ❛✐♥❞❛

♦ ❝♦♥❥✉♥t♦ suppQ(α) = {i ∈ I : [α : αi] 6= 0}✱ ❝❤❛♠❛❞♦ ❞❡ Q✲s✉♣♦rt❡✳

❉❛q✉✐ ❛té ♦ ✜♠ ❞❛ s❡çã♦✱ ❝♦♥s✐❞❡r❡ Φ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s ✐rr❡❞✉tí✈❡❧ ❞❡ ♣♦st♦ n ❞♦ t✐♣♦
ADE✱ C = (cij), i, j ∈ I = {1, . . . , n} s✉❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡ Γ s❡✉ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥✳
▲❡♠❜r❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ Γ é ✉♠ ❣r❛❢♦ ❜✐♣❛rtí✈❡❧ ✭✈❡❥❛ ❆✳✹✳✶✮✳❈♦♠♦ Γ é ❜✐♣❛rtí✈❡❧ ✭✈❡❥❛ ❆✳✹✳✶✮✱
❡s❝♦❧❤❛ ✉♠❛ ♣❛rt✐çã♦ I0 ⊔ I1 ❞❡ I✳

❉❡✜♥✐çã♦ ❆✳✷✳✶✺ ❙❡❥❛♠ Γ ✉♠ ❣r❛❢♦ ❜✐♣❛rtí✈❡❧ ❡ I0 ⊔ I1 ✉♠❛ ❜✐♣❛rt✐çã♦ ❞❡ I✳ ❉❡✜♥✐♠♦s

εi = (−1)ξi , onde ξi =

{
0, se i ∈ I0,

1, se i ∈ I1.

♣❛r❛ t♦❞♦ i ∈ I✳

❈♦♥s✐❞❡r❡ ♦ ❛✉t♦♠♦r✜s♠♦ ❧✐♥❡❛r U : Q −→ Q ❞❛❞♦ ♣♦r

U(αi) = −εiαi, ∀ i ∈ I

❡ ❛s ✐♥✈♦❧✉çõ❡s τ± : Q −→ Q ❞❡✜♥✐❞❛s ♣♦r

[τ±(γ) : αi] =




−[γ : αi]−

∑

j 6=i

cij max(0, [γ : αj]) s❡ εi = ±1,

[γ : αi] s❡ εi 6= ±1.
✭❆✳✷✳✶✮

▲❡♠❛ ❆✳✷✳✶✻ ❬✶✻✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹❪ τ±(Φ≥−1) ⊆ Φ≥−1✳

✾✵



❉❡✜♥✐çã♦ ❆✳✷✳✶✼ P❛r❛ ❝❛❞❛ α ∈ Φ≥−1 ❞❡✜♥✐♠♦s ♦ g✲✈❡t♦r

g(α) = U(τ−(α)).

❉❡✜♥✐çã♦ ❆✳✷✳✶✽ ❙✉♣♦♥❤❛ Φ ❞♦ t✐♣♦ A ❡ Π = {α1, . . . , αn} ✉♠❛ ❜❛s❡✳ ❙❡❥❛♠ α ∈ Φ+ ❡
γ ∈ Q✳ ❉✐r❡♠♦s q✉❡ γ é α✲❛❝❡✐tá✈❡❧ s❡

(i) 0 ≤ [γ : αi] ≤ [α : αi] ♣❛r❛ t♦❞♦ i ∈ I❀

(ii) ♣❛r❛ t♦❞♦ i ∈ I1✱ [γ : αi] ≤ min{[γ : αj] : j ∈ suppQ(α) e cij = −1}✳

❆✳✸ ➪❧❣❡❜r❛s ❞❡ ❑❛❝✲▼♦♦❞②

◆❡st❛ s❡çã♦✱ ❛♣❡♥❛s ❞❡✜♥✐r❡♠♦s ♦ q✉❡ é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② ❡ ❡♥✉♥❝✐❛r❡♠♦s ✉♠ r❡✲
s✉❧t❛❞♦ r❡❢❡r❡♥t❡ ❛ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ tr✐❛♥❣✉❧❛r✳ ▼❛✐♦r❡s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠
❬✷✽✱ ✸✺❪✳ ❋✐①❡ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❉❡✜♥✐çã♦ ❆✳✸✳✶ ❙❡❥❛ I = {1, . . . , n} ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❯♠❛ ♠❛tr✐③ C = (cij)i,j∈I é ✉♠❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛ s❡✿

(i) cii = 2 ♣❛r❛ t♦❞♦ i ∈ I❀

(ii) cij ∈ Z≤0 ♣❛r❛ t♦❞♦s i 6= j✱ i, j ∈ I❀

(iii) cij = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ cji = 0✱ ♣❛r❛ t♦❞♦s i, j ∈ I✳

❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✷✳✽✱ ❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s é ✉♠❛
♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛✳

❉❡✜♥✐çã♦ ❆✳✸✳✷ ❙❡❥❛ C ✉♠❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛✳ ❆ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g(C)

é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s♦❜r❡ K ❞❛❞❛ ♣♦r ❣❡r❛❞♦r❡s x+i , x
−
i , hi✱ i ∈ I✱ ❡ r❡❧❛çõ❡s✿

(i) [hi, hj] = 0 ♣❛r❛ t♦❞♦s i, j ∈ I❀

(ii) [x+i , x
−
j ] = δijhj ♣❛r❛ t♦❞♦s i, j ∈ I❀

(iii) [hi, x
+
j ] = cijx

+
j ✱ [hi, x

−
j ] = −cijx

−
j ✱ ♣❛r❛ t♦❞♦s i, j ∈ I❀

✾✶



(iv) (ad(x+i ))
1−cij(x+j ) = 0 ♣❛r❛ t♦❞♦s i, j ∈ I✱ i 6= j❀

(v) (ad(x−i ))
1−cij(x−j ) = 0 ♣❛r❛ t♦❞♦s i, j ∈ I✱ i 6= j✳

❊①❡♠♣❧♦ ❆✳✸✳✸ ❙❡ C = (2)✱ ❛ á❧❣❡❜r❛ g(C) é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ sl2 ❞❛s ♠❛tr✐③❡s 2 × 2 ❝♦♠
tr❛ç♦ ③❡r♦✳

❉❡♥♦t❡ ♣♦r h ❛ s✉❜á❧❣❡❜r❛ ❞❡ g = g(C) ❣❡r❛❞❛ ♣♦r hi✱ i ∈ I✱ ❡ ♣♦r n± ❛s s✉❜á❧❣❡❜r❛s ❣❡r❛❞❛s
♣♦r x±i ✱ i ∈ I✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ❆✳✸✳✹ ❆ á❧❣❡❜r❛ ❞❡ ❑❛❝✲▼♦♦❞② g t❡♠ ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦

g = n− ⊕ h⊕ n+

❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳

❉❡✜♥✐♠♦s ♦ r❡t✐❝✉❧❛❞♦ ❞❡ ♣❡s♦s ❞❡ g ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

P = {µ ∈ h∗ : µ(hi) ∈ Z ∀ i ∈ I}.

❖s ❡❧❡♠❡♥t♦s ❞❡ P sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣❡s♦s ✐♥t❡❣r❛✐s ✳ ❉❡✜♥❛ ❛✐♥❞❛✱

P+ = {µ ∈ P : µ(hi) ∈ Z≥0 ∀ i ∈ I}.

❖s ❡❧❡♠❡♥♦s ❞❡ P+ sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣❡s♦s ✐♥t❡❣r❛✐s ❞♦♠✐♥❛♥t❡s✳ ❉❛❞♦ i ∈ I✱ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦
ωi ∈ h∗ s❛t✐s❢❛③❡♥❞♦ ωi(hj) = δij ♣❛r❛ t♦❞♦ j ∈ I é ❝❤❛♠❛❞♦ ❞❡ i✲és✐♠♦ ♣❡s♦ ❢✉♥❞❛♠❡♥t❛❧✳
❖❜s❡r✈❡ q✉❡ {ωi : i ∈ I} é ❜❛s❡ ❞❡ h∗ ❡✱ ♣♦rt❛♥t♦✱ ❞❛❞♦ µ ∈ P ✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r µ =

∑
i∈I miωi

♦♥❞❡ mi ∈ K ♣❛r❛ t♦❞♦ i ∈ I✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♦ P ✲s✉♣♦rt❡ ❞❡ µ ♣♦r

suppP (µ) = {i ∈ I : mi 6= 0}.

❉❛❞♦ Φ = Φ(C) s✐st❡♠❛ ❞❡ r❛í③❡s ❝♦♠ ❜❛s❡ Π = {α1, . . . , αn}✱ ✐❞❡♥t✐✜q✉❡ αj ❝♦♠ ♦ ❡❧❡♠❡♥t♦
❞❡ P ❞❛❞♦ ♣♦r αj(hi) = cij✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐❞❡♥t✐✜❝❛♠♦s ♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s Q = ZΠ ❡
Q+ = Z≥0Π ❝♦♠♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ h∗✳

❆✳✹ ◗✉✐✈❡rs ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ◗✉✐✈❡r

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡st❡♥t❛ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✱ ♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s ❛❝❡r❝❛ ❞❡ q✉✐✈❡rs ❡ s✉❛s
r❡♣r❡s❡♥t❛çõ❡s✳ ❆s ❞❡♠♦♥str❛çõ❡s s❡rã♦ ♦♠✐t✐❞❛s ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✸✵❪✱ ❬✹✸❪✳

✾✷



❉❡✜♥✐çã♦ ❆✳✹✳✶ ❯♠ ❣r❛❢♦ é ✉♠ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s Γ = (Γ0,Γ1)✱ ♦♥❞❡ Γ0 é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥✲
❥✉♥t♦ ❞♦s ✈ért✐❝❡s ❞❡ Γ ❡ Γ1 é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣❛r❡s ♥ã♦ ♦r❞❡♥❛❞♦s ❞❡ ✈ért✐❝❡s ❝❤❛♠❛❞♦s ❞❡
❛r❡st❛s✳ ❈❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ♣❛r é ❝❤❛♠❛❞♦ ❞❡ ✈ért✐❝❡ ❞❛ ❛r❡st❛✳ ❉✐r❡♠♦s q✉❡ ✉♠ ❣r❛❢♦ Γ é
❜✐♣❛rtí✈❡❧ s❡ ❡①✐st✐r ♣❛rt✐çã♦ ❞❡ Γ0 ❡♠ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s I0 ❡ I1 t❛❧ q✉❡ ♥ã♦ ❡①✐st❛
❛r❡st❛ ❡♠ Γ1 ❝♦♠ ❛♠❜♦s ✈ért✐❝❡s ♥✉♠❛ ♠❡s♠❛ ♣❛rt❡✳ ❉✐r❡♠♦s q✉❡ Γ é ✜♥✐t♦ s❡ #Γ0 ≤ ∞ ❡
Γ1 é ❢❛♠í❧✐❛ ✜♥✐t❛✳

❉❡✜♥✐çã♦ ❆✳✹✳✷ ❯♠ q✉✐✈❡r é ✉♠ ❣r❛❢♦ Q = (Q0, Q1) ❡q✉✐♣❛❞♦ ❝♦♠ ❞✉❛s ❢✉♥çõ❡s c, t : Q1 →

Q0 ✭❝♦♠❡ç♦ ❡ tér♠✐♥♦✮✱ ♦♥❞❡ ❞✐③❡♠♦s q✉❡ a ∈ Q1 ❝♦♠❡ç❛ ❡♠ i0 ❡ t❡r♠✐♥❛ ❡♠ i1✱ ❝♦♠ i0, i1 ∈ Q0✱
q✉❛♥❞♦ c(a) = i0 ❡ t(a) = i1✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ Q1 s❡rã♦ ❝❤❛♠❛❞♦s ❞❡ ✢❡❝❤❛s✳

❊♠ ♦✉tr❛ ♣❛❧❛✈r❛s✱ Q1 é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s (i, j) ❝♦♠ i, j ∈ Q0✱ t❛✐s q✉❡
c(i, j) = i ❡ t(i, j) = j✳

❋❛r❡♠♦s r❡str✐çã♦ ❛♦ ✉s♦ ❞❡ q✉✐✈❡rs t❛✐s q✉❡ s❡✉s ❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s ❡ ✢❡❝❤❛s s❡❥❛♠ ✜♥✐t♦s✳

❊①❡♠♣❧♦ ❆✳✹✳✸ (i) ❯♠ q✉✐✈❡r ♣♦❞❡ t❡r ❧❛ç♦s✱ ✐st♦ é✱ ✢❡❝❤❛s q✉❡ ❝♦♠❡ç❛♠ ❡ t❡r♠✐♥❛♠ ♥♦
♠❡s♠♦ ✈ért✐❝❡✱ ❝♦♠♦ ♦ q✉✐✈❡r ❞❡ ❏♦r❞❛♥✱ q✉❡ t❡♠ ❛♣❡♥❛s ✉♠ ✈ért✐❝❡ ❡ ✉♠❛ ✢❡❝❤❛
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(ii) ❖ q✉✐✈❡r ❞❡ ❑r♦♥❡❝❦❡r✱ q✉❡ t❡♠ ❞♦✐s ✈ért✐❝❡s ❡ n ✢❡❝❤❛s ❧✐❣❛♥❞♦✲♦s ✭t♦❞❛s ♥❛ ♠❡s♠❛
❞✐r❡çã♦✮

1•

α1 //
α2 //✳✳✳
αn

// •2

❉❡✜♥✐çã♦ ❆✳✹✳✹ ❉❛❞♦ ✉♠ ❝♦r♣♦ K✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ V = (Vi, Vα)i∈Q0,α∈Q1 ❞❡ ✉♠ q✉✐✈❡r Q
s♦❜r❡ ♦ ❝♦r♣♦ K é ✉♠❛ ❝♦❧❡çã♦ ❞❡ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s {Vi}i∈Q0

❡ ✉♠❛ ❝♦❧❡çã♦
{
Vα : Vs(α) → Vt(α)

}
α∈Q1

❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ✭s♦❜r❡ K✮✳

❉✐r❡♠♦s q✉❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❡✱ ♣❛r❛ t♦❞♦ i ∈ Q0✱ Vi é ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛✳ ❉❡✜♥✐r❡♠♦s ♦ ✈❡t♦r ❞✐♠❡♥sã♦ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ V ❝♦♠♦ ♦ ✈❡t♦r
dim(V ) ∈ ZQ0 ❝♦♠ dim(V )i = dim(Vi)✳ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛
s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ✉♠ q✉✐✈❡r Q s❡rá ❞❡♥♦t❛❞♦ ♣♦r RepKQ✳

❉❡✜♥✐çã♦ ❆✳✹✳✺ ❉❛❞♦ ✉♠ q✉✐✈❡r Q✱ ✉♠ ♠♦r✜s♠♦ f : V → W ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s V ❡
W ❞❡ Q é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s (fi)i∈Q0

t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛
♣❛r❛ t♦❞❛ ✢❡❝❤❛ α ∈ Q1

✾✸



Vc(α)

fc(α)

��

Vα // Vt(α)

ft(α)

��
Wc(α)

Wα

// Wt(α)

❉❡✜♥✐çã♦ ❆✳✹✳✻ ❉❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ V ❞❡ ✉♠ q✉✐✈❡r Q✱ ❞✐③❡♠♦s q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦
W ❞❡ Q é ✉♠❛ s✉❜ r❡♣r❡s❡♥t❛çã♦ ❞❡ V q✉❛♥❞♦ Wi ⊂ Vi é s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣❛r❛ t♦❞♦ i ∈ Q0

❡ j : W → V ❞❛❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s é ✉♠ ♠♦r✜s♠♦ ❡♥tr❡ r❡♣r❡s❡♥t❛çõ❡s✱ ✐st♦
é✱ ♦ ❞✐❛❣r❛♠❛

Vc(α)
Vα // Vt(α)

Wc(α)

?�

jc(α)

OO

Wα // Wt(α)

?�

jt(α)

OO

❝♦♠✉t❛ ♣❛r❛ ❝❛❞❛ α ∈ Q1✳ W é ❞✐t❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ s❡ Wi = {0} ♣❛r❛ t♦❞♦ i ∈ Q0✳

❉❡✜♥✐çã♦ ❆✳✹✳✼ ❙❡❥❛♠ V ❡ W ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ q✉✐✈❡r Q✳ ❆ r❡♣r❡s❡♥t❛çã♦ s♦♠❛ ❞✐r❡t❛
❞❡ V ❡ W ✱ ❞❡♥♦t❛❞❛ ♣♦r X = V ⊕W é ❞❛❞❛ ♣♦r✿

• Xi = Vi ⊕Wi✱ ♣❛r❛ t♦❞♦ i ∈ Q0;

• Xα(v, w) = (Vα(v),Wα(w))✱ ♣❛r❛ t♦❞♦ α ∈ Q1✱ v ∈ Vc(α) ❡ w ∈ Wc(α).

❖❜s❡r✈❡ q✉❡ RepKQ é ❝❛t❡❣♦r✐❛ K✲❧✐♥❡❛r ❛❜❡❧✐❛♥❛✳

❉❡✜♥✐çã♦ ❆✳✹✳✽ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ V ❞❡ ✉♠ q✉✐✈❡r Q é ❞✐t❛ ❞❡❝♦♠♣♦♥í✈❡❧ q✉❛♥❞♦ é ✐s♦✲
♠♦r❢❛ à s♦♠❛ ❞✐r❡t❛ ❞❡ ❞✉❛s ❞❡ s✉❛s s✉❜✲r❡♣r❡s❡♥t❛çõ❡s ♥ã♦✲tr✐✈✐❛✐s ❡ é ❞✐t❛ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
❝❛s♦ ❝♦♥trár✐♦✳

❉❡✜♥✐çã♦ ❆✳✹✳✾ ❯♠ ❝❛♠✐♥❤♦ ❡♠ ✉♠ q✉✐✈❡r Q é ♦✉ ✉♠ ✈ért✐❝❡ ♦✉ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✢❡❝❤❛s✱
α = αn . . . α2α1✱ ♦♥❞❡ c(αj+1) = t(αj)✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ❞❡ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s ♦ ❝❛♠✐♥❤♦
❛ss♦❝✐❛❞♦ ❛ i ∈ Q0 ♣♦r ei ❡ ❞❡✜♥✐♠♦s c(ei) = i = t(ei)✳ ◆♦s r❡❢❡r✐r❡♠♦s ❛♦s ❝❛♠✐♥❤♦s ei, i ∈ Q0✱
♣♦r ❝❛♠✐♥❤♦s tr✐✈✐❛✐s✳ ❉❛❞♦ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦✲tr✐✈✐❛❧ α✱ ❝♦♠♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ ❞❡✜♥❛ c(α) =

c(α1) ❡ t(α) = t(αn)✳ ❯♠ ❝✐❝❧♦ ♦r✐❡♥t❛❞♦ é ✉♠ ❝❛♠✐♥❤♦ ♥ã♦✲tr✐✈✐❛❧ α t❛❧ q✉❡ c(α) = t(α)✳
❉❛❞♦s ❞♦✐s ❝❛♠✐♥❤♦s ♥ã♦ tr✐✈✐❛✐s α ❡ β ❞✐r❡♠♦s q✉❡ ❡❧❡s sã♦ ❛♥t✐♣❛r❛❧❡❧♦s s❡ c(α) = t(β) ❡
c(β) = t(α)✳

✾✹



❉❡✜♥✐çã♦ ❆✳✹✳✶✵ ❉❛❞♦ ✉♠ q✉✐✈❡r Q✱ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞♦ q✉✐✈❡r Q s♦❜r❡ ✉♠ ❝♦r♣♦ K✱
❞❡♥♦t❛❞❛ ♣♦r KQ✱ é ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ Q ❝♦♠ ❛
♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣❡❧❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❝❛♠✐♥❤♦s✿

α ∗ β =

{
αβ, s❡ t(β) = c(α)

0 ❝❛s♦ ❝♦♥tr❛r✐♦

ei ∗ β =

{
β, s❡ t(β) = i

0 ❝❛s♦ ❝♦♥tr❛r✐♦

α ∗ ei =

{
α, s❡ c(α) = i

0 ❝❛s♦ ❝♦♥tr❛r✐♦

♦♥❞❡ α ❡ β sã♦ ❝❛♠✐♥❤♦s ♥ã♦ tr✐✈✐❛✐s✳

❖❜s❡r✈❡ q✉❡ KQ é á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✱ e = e1 + . . .+ en✱ ♦♥❞❡ n = #Q0✳

❚❡♦r❡♠❛ ❆✳✹✳✶✶ ❆s ❝❛t❡❣♦r✐❛s RepKQ ❡ mod-KQ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡✜♥✐çã♦ ❆✳✹✳✶✷ ❯♠❛ r❡❧❛çã♦ ❡♠ ✉♠ q✉✐✈❡r Q é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ KQ ❞❛❞♦ ♣❡❧❛ ❝♦♠❜✐♥❛çã♦
❧✐♥❡❛r ❞❡ ❝❛♠✐♥❤♦s q✉❡ ❝♦♠❡ç❛♠ ❡ t❡r♠✐♥❛♠ ♥♦s ♠❡s♠♦s ✈ért✐❝❡s✳ ❙❡ R é ✉♠ ❝♦♥❥✉♥t♦ ❞❡
r❡❧❛çõ❡s ❡♠ Q✱ ❞✐r❡♠♦s q✉❡ ♦ ♣❛r (Q,R) é ✉♠ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s R✳

❆ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s é ♦ q✉♦❝✐❡♥t❡ KQ/I ♦♥❞❡ I é ♦ ✐❞❡❛❧ ❞❡
KQ ❣❡r❛❞♦ ♣❡❧❛s r❡❧❛çõ❡s ❞♦ q✉✐✈❡r✳

❊①❡♠♣❧♦ ❆✳✹✳✶✸ ❈♦♥s✐❞❡r❡ ♦ q✉✐✈❡r

1
•

ρ

GG
α1 // 2•

α2 // 3•

P♦❞❡♠♦s ❡♥tã♦ t❡r ❛ r❡❧❛çã♦ ρ = α2α1✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ V ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ Q✳ P❛r❛ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦ tr✐✈✐❛❧ λ = αk . . . α2α1

❞❡✜♥✐♠♦s ❛ ❛✈❛❧✐❛çã♦ ❞❡ V ♥♦ ❝❛♠✐♥❤♦ λ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛çã♦ K✲❧✐♥❡❛r ❞❡✜♥✐❞❛ ♣♦r

Vλ = Vαk
. . . Vα2Vα1 .

✾✺



❚❛❧ ❞❡✜♥✐çã♦ s❡ ❡st❡♥❞❡ ♣❛r❛ r❡❧❛çõ❡s ❡♠ Q ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ❙❡❥❛

ρ =
m∑

i=1

aiλi

✉♠❛ r❡❧❛çã♦✱ ♦♥❞❡ ai ∈ K ❡ λi é ✉♠ ❝❛♠✐♥❤♦ ♣❛r❛ ❝❛❞❛ i✳ ❊♥tã♦

Vρ =
m∑

i=1

aiVλi .

❉❡✜♥✐çã♦ ❆✳✹✳✶✹ ❙❡❥❛ R ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s ❡♠ Q✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ V = (Vi, Vα) ❞❡
Q s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ❞❡ R s❡ t❡♠♦s

Vρ = 0, ∀ ρ ∈ R.

❉❡♥♦t❛r❡♠♦s ♣♦r RepK(Q,R) ❛ ❝❛t❡❣♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ Q q✉❡ s❛t✐s❢❛③❡♠ ♦ ❝♦♥❥✉♥t♦
❞❡ r❡❧❛çõ❡s R✳

❊①❡♠♣❧♦ ❆✳✹✳✶✺ ❉❛❞♦ ♦ q✉✐✈❡r Q

1
•

R

GG

α1 //
α2

//
2
•

α3 //
α4

//
3
•

✉♠❛ r❡♣r❡s❡♥t❛çã♦ V ❞❡ Q s❛t✐s❢❛③ ❛ r❡❧❛çã♦ {λ1α3α1−λ2α4α2} s❡ λ1Vα3Vα1(v) = λ2Vα4Vα2(v)

♣❛r❛ t♦❞♦ v ∈ V1✳

◆♦ q✉✐✈❡r s❡❣✉✐♥t❡
1
•

α1 // 2
•

α2

oo
α3 // 3

•
α4

oo

♣♦❞❡♠♦s t❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ r❡❧❛çã♦ R = {α1α2 − α3α4}✳

❚❡♦r❡♠❛ ❆✳✹✳✶✻ ❙❡❥❛♠ Q ✉♠ q✉✐✈❡r✱ R ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s ❡♠ Q ❡ I ♦ ✐❞❡❛❧ ❞❡ KQ

❣❡r❛❞♦ ♣♦r R✳ ❊♥tã♦ ❛s ❝❛t❡❣♦r✐❛s RepK(Q,R) ❡ mod-

(
KQ

I

)
sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❆❣♦r❛ ❞❡✜♥✐r❡♠♦s ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛ss♦❝✐❛❞❛ ❛ ✉♠ q✉✐✈❡r ❡✱ ❛ ♣❛rt✐r ❞❡st❛✱ ❛ss♦❝✐❛r❡♠♦s
❛ ❡❧❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✳

✾✻



❉❡✜♥✐çã♦ ❆✳✹✳✶✼ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ n = #Qo✳ ❆ ❢♦r♠❛ ❞❡ ❊✉❧❡r é ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r 〈−,−〉 :
Zn × Zn → Z ❞❛❞❛ ♣♦r✿

〈x, y〉 =
∑

i∈Q0

xiyi −
∑

α∈Q1

xs(α)yt(α)

❆ ♣❛rt✐r ❞❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡♠ Zn ❞❛❞❛ ♣♦r✿

(x, y) = 〈x, y〉+ 〈y, x〉 .

❊st❛ ú❧t✐♠❛ é ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q ❡ s✉❛ ♠❛tr✐③ ❝♦♠ r❡❧❛çã♦ à ❜❛s❡ ❝❛♥ô♥✐❝❛
❞❡ Zn é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞♦ q✉✐✈❡r Q✳ ❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ q(x) = (x, x) , x ∈ Zn

❛ss♦❝✐❛❞❛ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ é ❝❤❛♠❛❞❛ ❞❡ ❢♦r♠❛ ❞❡ ❚✐ts ❞♦ q✉✐✈❡r Q✳

❊①❡♠♣❧♦ ❆✳✹✳✶✽ ❙❡❥❛ Q ♦ q✉✐✈❡r

1•
α1 //

α2

// •2

❙❡ x, y ∈ Z2✱ ❡♥tã♦

〈x, y〉 = x1y1 + x2y2 − 2x1y2, (x, y) = 2x1y1 + 2x2y2 − 2x1y2 − 2x2y1,

❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❞❡st❡ q✉✐✈❡r é (
2 −2

−2 2

)

❡ ❛ ❢♦r♠❛ ❞❡ ❚✐ts ❞❡ Q é q(x) = 2x21 + 2x22 − 4x1x2✳

◆♦t❡ q✉❡ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛s ♦r✐❡♥t❛çõ❡s ❞❛s ✢❡❝❤❛s ❞♦ q✉✐✈❡r Q✱ ❡ s✐♠
❞❡ q✉❛♥t❛s ✢❡❝❤❛s ❡①✐st❡♠ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s ❞❛❞♦s✳ ❆ss✐♠✱ ❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ só ❞❡♣❡♥❞❡ ❞♦
❣r❛❢♦ Γ s✉❜❥❛❝❡♥t❡ ❛ Q✳ ❊♠ ❣❡r❛❧✱ ❞❛❞♦ ✉♠ ❣r❛❢♦ Γ✱ s✉❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ é ❞❛❞❛ ♣♦r

(x, y) =
∑

i∈Γ0

2xiyi −
∑

(i,j)∈Γ1

(xiyi + xjyi).

❙✉❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ ❡ ❢♦r♠❛ ❞❡ ❚✐ts sã♦ ❡♥tã♦ ❞❡✜♥✐❞❛s ❝♦♠♦ ❛♥t❡s✳

❊①❡♠♣❧♦ ❆✳✹✳✶✾ ❙❡ Γ é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞❡ t✐♣♦ ADE ❡♥tã♦ s✉❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ é
❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✷✳✶✶✳

❉❡✜♥✐çã♦ ❆✳✹✳✷✵ ❙❡❥❛ q : Zn −→ Z ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛✳

✾✼



(i) ❖ r❛❞✐❝❛❧ ❞❛ ❢♦r♠❛ q é ❞❡✜♥✐❞♦ ♣♦r

rad q = {x ∈ Zn ; (x,−) = 0};

(ii) q é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡ q(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Zn ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦❀

(iii) q é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛ s❡ q(x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ Zn✳

❉❛❞♦s x, y ∈ Zn✱ ❞✐r❡♠♦s q✉❡ x > y s❡ x 6= y ❡ xi ≥ yi ♣❛r❛ t♦❞♦ i✳ ❯♠ ✈❡t♦r x ∈ Zn é
s✐♥❝❡r♦ q✉❛♥❞♦ xi 6= 0 ♣❛r❛ t♦❞♦ i✳

▲❡♠❛ ❆✳✹✳✷✶ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ q : Zn → Z s✉❛ ❢♦r♠❛ ❞❡ ❚✐ts✳ ❙❡ ❡①✐st❡ y ∈ rad q

❝♦♠ y > 0 ❡♥tã♦ y é s✐♥❝❡r♦ ❡ ❛ ❢♦r♠❛ q é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ x ∈ Zn

t❡♠♦s q✉❡✿
q(x) = 0⇔ x ∈ Qy ⇔ x ∈ rad q.

❖s ❣r❛❢♦s ❛ s❡❣✉✐r sã♦ ❝❤❛♠❛❞♦s ❞❡ ❣r❛❢♦s ❡✉❝❧✐❞✐❛♥♦s✳ ❖s ♥ú♠❡r♦s q✉❡ ❛❝♦♠♣❛♥❤❛♠ ♦s
✈ért✐❝❡s ✐♥❞✐❝❛♠ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r δ ❞♦ ❚❡♦r❡♠❛ ❆✳✹✳✷✸ ♥❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Zn✳

Ã0 ✉
1✖✕
✗✔

Ã1 ❡
1

❡
1

Ãn

❡
1

✧
✧
✧

✧
✧

❡1
❜
❜
❜
❜
❜❡

1

❡
1

✳ ✳ ✳ ❡
1

❡
1

D̃n

❡1
◗
◗

❡
1

✑
✑

❡
2

❡
2

✳ ✳ ✳ ❡
2

❡
2

✑
✑

◗
◗

❡
❡
1

1

✾✽



Ẽ6✿ ❡
1

❡
2

❡
3

❡
2

❡
1

❡2

❡1

Ẽ7✿ ❡
1

❡
2

❡
3

❡
4

❡
3

❡
2

❡2
❡
1

Ẽ8✿ ❡
1

❡
2

❡
3

❡
4

❡
5

❡
6

❡
4

❡3
❡
2

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❝♦♠♦ ♥♦s ❞✐❛❣r❛♠❛s ❞❡ ❉②♥❦✐♥ ❡ ❞❡♥♦t❛♥❞♦ ♣♦r 0 ♦
✈ért✐❝❡ ❛❞✐❝✐♦♥❛❞♦ t❡♠♦s q✉❡ ❛s ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❞✐❛❣r❛♠❛s ❊✉❝❧✐❞✐❛♥♦s
sã♦✿

Ãn :




2 −1 0 · · · · · · · · · 0 −1

−1 2 −1 0 · · · · · · · · · 0

0 −1 2 −1 0 · · · · · · 0

0 0 −1 2 −1 0 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳

✳✳✳
0 0 · · · 0 −1 2 −1 0

0 0 · · · · · · 0 −1 2 −1

−1 0 · · · · · · · · · 0 −1 2




D̃n :




2 0 −1 0 · · · · · · · · · 0

0 2 −1 0 · · · · · · · · · 0

−1 −1 2 −1 0 · · · · · · 0

0 0 −1 2 −1 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳
0 0 · · · · · · −1 2 −1 −1

0 0 · · · · · · 0 −1 2 0

0 0 · · · · · · 0 −1 0 2




Ẽ6 :




2 0 0 0 0 0 −1

0 2 −1 0 0 0 0

0 −1 2 −1 0 0 0

0 0 −1 2 −1 0 −1

0 0 0 −1 2 −1 0

0 0 0 0 −1 2 0

−1 0 0 −1 0 0 2




Ẽ7 :




2 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0

0 −1 2 −1 0 0 0 0

0 0 −1 2 −1 0 0 −1

0 0 0 −1 2 −1 0 0

0 0 0 0 −1 2 −1 0

0 0 0 0 0 −1 2 0

0 0 0 −1 0 0 0 2




✾✾



Ẽ8 :




2 −1 0 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0 0

0 −1 2 −1 0 0 0 0 0

0 0 −1 2 −1 0 0 0 0

0 0 0 −1 2 −1 0 0 0

0 0 0 0 −1 2 −1 0 −1

0 0 0 0 0 −1 2 −1 0

0 0 0 0 0 0 −1 2 0

0 0 0 0 0 −1 0 0 2




❖❜s❡r✈❛çã♦ ❆✳✹✳✷✷ ❆s ♠❛tr✐③❡s ❞❡ ❈❛rt❛♥ ❞♦s ❣r❛❢♦s ❡✉❝❧✐❞✐❛♥♦s t❛♠❜é♠ sã♦ ♠❛tr✐③❡s ❞❡
❈❛rt❛♥ ❣❡♥❡r❛❧✐③❛❞❛s✳

❚❡♦r❡♠❛ ❆✳✹✳✷✸ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦✳

(i) ❆ ❢♦r♠❛ ❞❡ ❚✐ts ❞❡ Γ é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Γ é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥
❞♦ t✐♣♦ ❆❉❊✳

(ii) ❆ ❢♦r♠❛ ❞❡ ❚✐ts ❞❡ Γ é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛ ♠❛s ♥ã♦ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
Γ é ✉♠ ❞✐❛❣r❛♠❛ ❊✉❝❧✐❞✐❛♥♦✳ ◆❡st❡ ❝❛s♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✈❡t♦r ♣♦s✐t✐✈♦ δ ∈ Zn t❛❧ q✉❡
rad q = Zδ

❉❡✜♥✐çã♦ ❆✳✹✳✷✹ ❉❛❞♦ ✉♠ ❣r❛❢♦ Γ✱ ❞❡✜♥✐♠♦s ΦΓ = {x ∈ Zn : q(x) ≤ 1}✱ ♦♥❞❡ n = #Γ0 ❡
q s✉❛ ❢♦r♠❛ ❞❡ ❚✐ts✳ ❯♠ ❡❧❡♠❡♥t♦ ❞❡ ΦΓ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ é ❝❤❛♠❛❞♦ ❞❡ r❛✐③ ❞❡ Γ✳

Pr♦♣♦s✐çã♦ ❆✳✹✳✷✺ ❙❡❥❛ Γ ❣r❛❢♦ ❞❡ ❉②♥❦✐♥ ❞♦ t✐♣♦ ADE ♦✉ ❊✉❝❧✐❞❡❛♥♦ ❡ n = #Γ0✳

(i) ❖s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Zn sã♦ r❛í③❡s✳

(ii) ❙❡ x ∈ ΦΓ ❡ y ∈ rad q ❡♥tã♦ −x, x+ y ∈ ΦΓ✳

(iii) ❈❛❞❛ r❛✐③ é ♣♦s✐t✐✈❛ ♦✉ ♥❡❣❛t✐✈❛✳

(iv) ❙❡ Γ é ❊✉❝❧✐❞❡❛♥♦✱ ❡♥tã♦ ΦΓ \ rad q é ✜♥✐t♦✳

(v) ❙❡ Γ é ❉②♥❦✐♥ ❞♦ t✐♣♦ ADE✱ ❡♥tã♦ ΦΓ é ✜♥✐t♦✳

✶✵✵



❉❛❞♦ ✉♠ ❣r❛❢♦ Γ ❝♦♠ n = #Γ0✱ s❡rá ❝♦♥✈❡♥✐❡♥t❡ ❡st❡♥❞❡r s✉❛ ❢♦r♠❛ ❞❡ ❈❛rt❛♥ ❛ ✉♠❛ ❢♦r♠❛
❜✐❧✐♥❡❛r ❡♠ Qn ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✳ ❖❜s❡r✈❡ q✉❡ s❡ ( , ) é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ❡♥tã♦ ( , ) é
♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ Qn✳

❚❡♦r❡♠❛ ❆✳✹✳✷✻ ❙❡❥❛♠ Γ ❣r❛❢♦ ❞♦ t✐♣♦ ADE ❡ C s✉❛ ♠❛tr✐③ ❞❡ ❈❛rt❛♥✳ ❙✉♣♦♥❤❛ q✉❡ Φ ⊆ Qn

s❡❥❛ s✐st❡♠❛ ❞❡ r❛í③❡s ❝♦♠ ♠❛tr✐③ ❞❡ ❈❛rt❛♥ C✳ ❊♥tã♦ ❡①✐st❡ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ♦rt♦❣♦♥❛❧
ψ : Qn −→ Qn t❛❧ q✉❡ ψ(ΦΓ) = Φ✳

P♦r ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ ✉♠❛ ❝❧❛ss❡ C q✉❡r❡♠♦s ❞✐③❡r ✉♠❛ ❢✉♥çã♦
❡♥tr❡ K ❡ C ✳

❉❡✜♥✐çã♦ ❆✳✹✳✷✼ ❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ q✉❛♥❞♦ ❡①✐st❡ ❛♣❡♥❛s
✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ ❞❡ t✐♣♦ ♠❛♥s♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ q✉❛♥❞♦✿

• ♣❛r❛ t♦❞♦ n ∈ N ❛ ❢❛♠í❧✐❛ ❞❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ A✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡
❞✐♠❡♥sã♦ n é ✉♠❛ ❢❛♠í❧✐❛ ❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ K ❛ ♠❡♥♦s ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛❀

• A ♥ã♦ é ❞♦ t✐♣♦ ✜♥✐t♦✳

❈♦♠♦ t❡♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s ❡♥tr❡ RepKQ ❡ mod-KQ✱ ❞✐③❡♠♦s q✉❡ ♦ q✉✐✈❡r Q
é ❞❡ t✐♣♦ ✜♥✐t♦ ♦✉ ♠❛♥s♦ ❞❡ r❡♣r❡s❡♥t❛çã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❛♥❞♦ ❛ á❧❣❡❜r❛ KQ ♦ ❢♦r✳

❚❡♦r❡♠❛ ❆✳✹✳✷✽ ✭●❛❜r✐❡❧✮ ❯♠ q✉✐✈❡r ❝♦♥❡①♦ Q é ❞♦ t✐♣♦ ✜♥✐t♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ Q ❢♦r ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ❞♦ t✐♣♦ ❆❉❊✳ ❯♠ q✉✐✈❡r ❝♦♥❡①♦ Q é ❞❡
t✐♣♦ ♠❛♥s♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ Q ❢♦r ❞♦ t✐♣♦ ❊✉❝❧✐❞✐❛♥♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ Q é ❞♦ t✐♣♦ ✜♥✐t♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❛ ❢✉♥çã♦ V 7→ dim(V ) ✐♥❞✉③ ✉♠❛
❜✐❥❡çã♦ ❡♥tr❡ Ind(Q) ❡ ❛s r❛í③❡s ♣♦s✐t✐✈❛s ❛ss♦❝✐❛❞❛s ❛♦ q✉✐✈❡r Q✳

✶✵✶



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ■ ❆ss❡♠✱ ❉✳ ❙✐♠s♦♥ ❛♥❞ ❆✳ ❙❦♦✇r♦➠s❦✐✱ ❊❧❡♠❡♥ts ♦❢ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r② ♦❢ ❆ss♦✲
❝✐❛t✐✈❡ ❆❧❣❡❜r❛s✳ ❱♦❧✉♠❡ ✶ ❚❡❝❤♥✐q✉❡s ♦❢ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r②✳ ❈❛♠❜r✐❞❣❡✿ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ✷✵✵✻✳

❬✷❪ ❆✳ ❇❡r❡♥st❡✐♥✱ ❙✳ ❋♦♠✐♥ ❛♥❞ ❆✱ ❩❡❧❡✈✐♥s❦②✱ ❈❧✉st❡r ❛❧❣❡❜r❛s ■■■✿ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ ❞♦✉❜❧❡
❇r✉❤❛t ❝❡❧❧s✱ ❉✉❦❡ ▼❛t❤✳ ❏✳ ✶✷✻ ✭✷✵✵✺✮✱ ✶✲✺✷✳

❬✸❪ ❚✳ ❇r✐❞❣❡❧❛♥❞✱ t✲str✉❝t✉r❡s ♦♥ s♦♠❡ ❧♦❝❛❧ ❈❛❧❛❜✐✲❨❛✉ ✈❛r✐❡t✐❡s✱ ❏✳ ❆❧❣❡❜r❛ ✷✽✾ ✭✷✵✵✺✮✱
✹✺✸✕✹✽✸✳

❬✹❪ ❚✳ ❇r✐❞❣❡❧❛♥❞✱ ❙t❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦♥ tr✐❛♥❣✉❧❛t❡❞ ❝❛t❡❣♦r✐❡s✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮ ✶✻✻
✭✷✵✵✼✮✱ ✸✶✼✕✸✹✺✳

❬✺❪ P✳ ❈❛❧❞❡r♦✱ ❋✳ ❈❤❛♣♦t♦♥ ❛♥❞ ❘✳ ❙❝❤✐✤❡r✱ ◗✉✐✈❡rs ✇✐t❤ r❡❧❛t✐♦♥s ❛r✐s✐♥❣ ❢r♦♠ ❝❧✉st❡rs ✭An
❝❛s❡✮✱ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✽ ✭✷✵✵✻✮ ✸✱ ✶✸✹✼✲✶✸✻✹✳

❬✻❪ P✳ ❈❛❧❞❡r♦✱ ❋✳ ❈❤❛♣♦t♦♥ ❛♥❞ ❘✳ ❙❝❤✐✤❡r✱ ◗✉✐✈❡rs ✇✐t❤ r❡❧❛t✐♦♥s ❛♥❞ ❝❧✉st❡r t✐❧t❡❞ ❛❧❣❡❜r❛s✱
❆❧❣❡❜r❛s ❛♥❞ ❘❡♣✳ ❚❤❡♦r② ✾ ✭✷✵✵✻✮✱ ✷✺✾✕✸✼✻✳

❬✼❪ ❱✳ ❈❤❛r✐✱ ▼✐♥✐♠❛❧ ❛✣♥✐③❛t✐♦♥s ♦❢ r❡♣r❡s❡♥t❛r✐♦♥s ♦❢ q✉❛♥t✉♠ ❣r♦✉♣s✿ t❤❡ r❛♥❦ ✷ ❝❛s❡✳
P✉❜❧✳ ❘❡s✳ ■♥st✳ ▼❛t❤✳ ❙❝✐✳ ✸✶ ♥♦✳✺✱ ✶✾✾✺✱ ✽✼✸✲✾✶✶✳

❬✽❪ ❱✳ ❈❤❛r✐✱ ❇r❛✐❞ ❣r♦✉♣ ❛❝t✐♦♥s ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts✱ ■♥t✳ ▼❛t❤✳ ❘❡s✳ ◆♦t✳ ✷✵✵✷✱ ♥♦✳ ✼✱ ✸✺✼✲
✸✽✷✳

❬✾❪ ❱✳ ❈❤❛r✐ ❛♥❞ ❉✳ ❍❡r♥❛♥❞❡③✱ ❇❡②♦♥❞ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥ ♠♦❞✉❧❡s✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳ ✺✵✻
✭✷✵✶✵✮✱ ✹✾✲✽✶✳

❬✶✵❪ ❱✳ ❈❤❛r✐ ❛♥❞ ❆✳ Pr❡ss❧❡②✱ ❆ ❣✉✐❞❡ t♦ q✉❛♥t✉♠ ❣r♦✉♣s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✹✳

❬✶✶❪ ❱✳ ❈❤❛r✐ ❛♥❞ ❆✳ Pr❡ss❧❡②✱ ◗✉❛♥t✉♠ ❛✣♥❡ ❛❧❣❡❜r❛s✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✶✹✷ ✭✶✾✾✶✮✱ ✷✻✶
✲ ✷✽✸

✶✵✷



❬✶✷❪ ❙✳ ❋♦♠✐♥✱ ❈❧✉st❡r ❛❧❣❡❜r❛s ♣♦rt❛❧✱ ✇✇✇✳♠❛t❤✳❧s❛✳✉♠✐❝❤✳❡❞✉✴✄❢♦♠✐♥✴❝❧✉st❡r✳❤t♠❧✳

❬✶✸❪ ❙✳ ❋♦♠✐♥ ❛♥❞ ❆✳ ❩❡❧❡✈✐♥s❦②✱ ❈❧✉st❡r ❛❧❣❡❜r❛s ■✿ ❋♦✉♥❞❛t✐♦♥s✱ ❏✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✺
✭✷✵✵✷✮✱ ✹✾✼✕✺✷✾ ✭❡❧❡❝tr♦♥✐❝✮✳

❬✶✹❪ ❙✳ ❋♦♠✐♥ ❛♥❞ ❆✳ ❩❡❧❡✈✐♥s❦②✱ ❈❧✉st❡r ❛❧❣❡❜r❛s ■■✿ ❋✐♥✐t❡ t②♣❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ■♥✈❡♥t✳ ▼❛t❤✳
✶✺✹ ✭✷✵✵✸✮✱ ✻✸✕✶✷✶✳

❬✶✺❪ ❙✳ ❋♦♠✐♥ ❛♥❞ ❆✳ ❩❡❧❡✈✐♥s❦②✱ ❈❧✉st❡r ❛❧❣❡❜r❛s ■❱✿ ❈♦❡✣❝✐❡♥ts✱ ❈♦♠♣♦s✳ ▼❛t❤✳ ✶✹✸ ✭✷✵✵✼✮✱
✶✱ ✶✶✷ ✲ ✶✻✹✳

❬✶✻❪ ❙✳ ❋♦♠✐♥ ❛♥❞ ❆✳ ❩❡❧❡✈✐♥s❦②✱ ❨✲s②st❡♠s ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ ❛ss♦❝✐❛❤❡❞r❛✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮
✶✺✽ ✭✷✵✵✸✮✱ ✾✼✼✕✶✵✶✽✳

❬✶✼❪ ❊✳ ❋r❡♥❦❡❧ ❛♥❞ ❊✳ ▼✉❦❤✐♥✱ ❈♦♠❜✐♥❛t♦r✐❝s ♦❢ q✲❝❤❛r❛❝t❡rs ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥✲
t❛t✐♦♥s ♦❢ q✉❛♥t✉♠ ❛✣♥❡ ❛❧❣❡❜r❛s✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳ ✷✶✻ ✭✷✵✵✶✮✱ ✷✸ ✲ ✺✼✳

❬✶✽❪ ❊✳ ❋r❡♥❦❡❧ ❛♥❞ ◆✳ ❘❡s❤❡t✐❦❤✐♥✱ ❚❤❡ q✲❝❛r❛❝t❡rs ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ q✉❛♥t✉♠ ❛✣♥❡ ❛❧❣❡✲
❜r❛s✱ ❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ q✉❛♥t✉♠ ❛✣♥❡ ❛❧❣❡❜r❛s ❛♥❞ r❡❧❛t❡❞ t♦♣✐❝s✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳
✷✹✽ ✭✶✾✾✾✮✱ ✶✻✸ ✲ ✷✵✺✳
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❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦

ℓ✲♣❡s♦
❏✲ℓ✲❞♦♠✐♥❛♥t❡✱ ✺✺

ℓ✲♣❡s♦ ❞❡ ✉♠ ✈❡t♦r✱ ✺✵
ℓ✲♣❡s♦s✱ ✹✼

❞♦♠✐♥❛♥t❡s✱ ✹✼
❢✉♥❞❛♠❡♥t❛✐s✱ ✹✼

ℓ✲r❛✐③ s✐♠♣❧❡s✱ ✹✾
á❧❣❡❜r❛

❞❡ ❝❛♠✐♥❤♦s✱ ✾✺
❞❡ ❝❧✉st❡r✱ ✾
❞♦ t✐♣♦ ❣❡♦♠étr✐❝♦✱ ✶✵

ár✈♦r❡✱ ✽✱ ✷✻
á❧❣❡❜r❛

❛✜♠ q✉❛♥t✐③❛❞❛✱ ✹✷
❞❡ ❑❛❝✲▼♦♦❞②✱ ✾✶
❞❡ ❧❛ç♦s q✉❛♥t✐③❛❞❛✱ ✹✸
✉♥✐✈❡rs❛❧ ❡♥✈❡❧♦♣❛♥t❡
q✉❛♥t✐③❛❞❛✱ ✹✶

❛✜♥✐③❛çã♦✱ ✺✶
♠✐♥✐♠❛❧✱ ✺✷

❛✜♥✐③❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s✱ ✺✷
❛❧t✉r❛ ❞❡ ✉♠❛ r❛✐③✱ ✽✼
❛r❡st❛✱ ✾✸

❜❛s❡ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✱ ✽✼
❜✐♣❛rtí✈❡❧✱ ✾✸

❝❛♠✐♥❤♦✱ ✽✱ ✾✹
❝✉rt♦✱ ✷✵
❞❡ r♦t❛çã♦✱ ✷✺
tr✐✈✐❛❧✱ ✾✹

❝❛♠✐♥❤♦s ❛♥t✐♣❛r❛❧❡❧♦s✱ ✾✹
❝❛r❛❝t❡r✱ ✹✼
❝❛t❡❣♦r✐❛✱ ✼✾

K✲❧✐♥❡❛r✱ ✽✸
❛❜❡❧✐❛♥❛✱ ✽✷
❛❞✐t✐✈❛✱ ✽✶
♠♦♥♦✐❞❛❧✱ ✽✹

❝❛t❡❣♦r✐❛ Oq✱ ✹✺
❝❛t❡❣♦r✐❛ Oint

q ✱ ✹✻
❝❛t❡❣♦r✐❛ C ℓ✱ ✻✵
❝❛t❡❣♦r✐✜❝❛çã♦ ♠♦♥♦✐❞❛❧✱ ✶✷
❝✐❝❧♦ ♦r✐❡♥t❛❞♦✱ ✾✹
❝❧✉st❡r✱ ✻
❝♦♥ú❝❧❡♦ ❞❡ ♠♦r✜s♠♦✱ ✽✷

❞✐❛❣r❛♠❛
❞❡ ❉②♥❦✐♥✱ ✽✽

❡s♣❛ç♦ ❞❡ ♣❡s♦✱ ✹✺
❡①♣❛♥sã♦ ❞❡ ❝❧✉st❡r✱ ✶✹

❢❡♥ô♠❡♥♦ ❞❡ ▲❛✉r❡♥t✱ ✶✷
✢❡❝❤❛✱ ✾✸
❢♦❧❤❛✱ ✷✻
❢♦r♠❛

❞❡ ❈❛rt❛♥✱ ✾✼
❞❡ ❊✉❧❡r✱ ✾✼
❞❡ ❚✐ts✱ ✾✼
♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ✾✽
♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✱ ✾✽

❢✉♥t♦r✱ ✽✸
K✲❧✐♥❡❛r✱ ✽✹
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❛❞✐t✐✈♦✱ ✽✹
❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s✱ ✽✻
❡ss❡♥❝✐❛❧♠❡♥t❡ s♦❜r❡❥❡t✐✈♦✱ ✽✻
✜❡❧✱ ✽✺
♣❧❡♥♦✱ ✽✺
♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ✽✹

❣✲✈❡t♦r✱ ✾✶
❣r❛❢♦✱ ✾✸

n✲r❡❣✉❧❛r✱ ✽
❣r✉♣♦ ❞❡ ❲❡②❧✱ ✽✼

✐♠❛❣❡♠ ❞❡ ♠♦r✜s♠♦✱ ✽✷
✐s♦♠♦r✜s♠♦

❞❡ s✐st❡♠❛s ❞❡ r❛í③❡s✱ ✽✻

❧❛ç♦✱ ✾✸

♠ó❞✉❧♦
❞❡ ℓ✲♣❡s♦
♠✐♥ú❝✉❧♦✱ ✺✼

♠ó❞✉❧♦
❞❡ ℓ✲♣❡s♦✱ ✺✵
♠á①✐♠♦✱ ✺✵

❞❡ ❑✐r✐❧❧♦✈✲❘❡s❤❡t✐❦❤✐♥✱ ✺✸
❞❡ ♣❡s♦✱ ✹✺
♠á①✐♠♦✱ ✹✻

❞❡ ❱❡r♠❛✱ ✹✻
❞❡ ❲❡②❧✱ ✺✶
✐♥t❡❣rá✈❡❧✱ ✹✺

♠❛tr✐③
❞❡ ❈❛rt❛♥
❣❡♥❡r❛❧✐③❛❞❛✱ ✾✶

❞❡ tr♦❝❛✱ ✻
❛♥t✐ss✐♠❡tr✐③á✈❡❧✱ ✺
❛♥t✐ss✐♠❡tr✐③❛♥t❡✱ ✺
❞❡ ❈❛rt❛♥✱ ✽✼✱ ✾✼
❡st❡♥❞✐❞❛✱ ✹✸
❝♦rr❡s♣♦♥❞❡♥t❡✱ ✶✷

♠♦♥ô♠✐♦ ❞❡ ❝❧✉st❡r✱ ✶✵
♠♦r✜s♠♦✱ ✼✾

❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡r✱ ✾✸
♠✉t❛çã♦

❞❡ s❡♠❡♥t❡✱ ✼
❡♠ ✉♠❛ tr✐❛♥❣✉❧❛çã♦✱ ✷✻

♥ú❝❧❡♦ ❞❡ ♠♦r✜s♠♦✱ ✽✷

♦❜❥❡t♦✱ ✼✾
♣r✐♠♦✱ ✽✺
r❡❛❧✱ ✽✺
s✐♠♣❧❡s✱ ✽✷
❝♦♥❣❡❧❛❞♦✱ ✻✹
❞❡ ❝❧✉st❡r✱ ✻✹

P✲s✉♣♦rt❡✱ ✾✷
♣❛❞rã♦ ❞❡ ❝❧✉st❡r✱ ✽
♣❡s♦✱ ✹✺
♣❡s♦ ✐♥t❡❣r❛❧✱ ✾✷

❞♦♠✐♥❛♥t❡✱ ✾✷
♣✐✈ô✱ ✷✺
♣♦❧✐♥ô♠✐♦ ❞❡ ❉r✐♥❢❡❧❞✱ ✺✵
♣♦st♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ r❛í③❡s✱ ✽✼

q✲❝❛r❛❝t❡r✱ ✺✸
tr✉♥❝❛❞♦✱ ✻✷

q✲❢❛t♦r❛çã♦✱ ✹✽
q✲r❡❧❛çõ❡s ❞❡ ❙❡rr❡✱ ✹✷
◗✲s✉♣♦rt❡✱ ✾✵
q✉✐✈❡r✱ ✾✸

❝♦♠ r❡❧❛çõ❡s✱ ✾✺
❞❡ ❏♦r❞❛♥✱ ✾✸
❞❡ ❑r♦♥❡❝❦❡r✱ ✾✸

r❛í③❡s ❝♦♠♣❛tí✈❡✐s✱ ✶✹
r❛❞✐❝❛❧ ❞❡ ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛✱ ✾✽
r❛✐③✱ ✽✻✱ ✶✵✵

♥❡❣❛t✐✈❛✱ ✽✼

✶✵✽



♣♦s✐t✐✈❛✱ ✽✼
s✐♠♣❧❡s✱ ✽✼
❛❝❡✐tá✈❡❧✱ ✾✶
❞❡ ✉♠❛ tr✐❛♥❣✉❧❛çã♦✱ ✷✷
q✉❛s❡ ♣♦s✐t✐✈❛✱ ✾✵

r❡❧❛çã♦ ❡♠ ✉♠ q✉✐✈❡r✱ ✾✺
r❡❧❛çõ❡s tr✐❛♥❣✉❧❛r❡s✱ ✷✽
r❡♣r❡s❡♥t❛çã♦

❞❡ q✉✐✈❡r✱ ✾✸
❞❡❝♦♠♣♦♥í✈❡❧✱ ✾✹
✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ ✾✹

r❡t✐❝✉❧❛❞♦
❞❡ ℓ✲♣❡s♦s✱ ✹✼
❞❡ ℓ✲r❛í③❡s ❞❡ Uq(g̃)✱ ✹✾
❞❡ ♣❡s♦s✱ ✾✷
❞❡ r❛í③❡s✱ ✾✵

s❡♠❡♥t❡✱ ✻
s❡♠❡♥t❡s ❛❞❥❛❝❡♥t❡s✱ ✼
s❡♠✐❝♦r♣♦✱ ✺

tr♦♣✐❝❛❧✱ ✻
s✐st❡♠❛ ❞❡ r❛í③❡s✱ ✽✻

✐rr❡❞✉tí✈❡❧✱ ✽✽
r❡❞✉tí✈❡❧✱ ✽✽

s♦♠❛ ❞✐r❡t❛ ❞❡ ♦❜❥❡t♦s✱ ✽✶
s✉♣♦rt❡ ❞❡ ✉♠❛ ❞✐❛❣♦♥❛❧✱ ✷✷

❚✲s✐st❡♠❛s✱ ✻✶
tr✐❛♥❣✉❧❛çã♦✱ ✷✷

❝♦❜r❛✱ ✷✷

✈ért✐❝❡✱ ✾✸
✈❛❧ê♥❝✐❛ ❞❡ ✉♠ ✈ért✐❝❡✱ ✽
✈❛r✐á✈❡✐s ❞❡ ❝❧✉st❡r✱ ✾

❝♦♥❣❡❧❛❞❛s✱ ✶✶
✈❡t♦r

❞❡ ℓ✲♣❡s♦✱ ✺✵
♠á①✐♠♦✱ ✺✵

❞❡ ♣❡s♦✱ ✹✻

♠á①✐♠♦✱ ✹✻
❞✐♠❡♥sã♦✱ ✾✸
s✐♥❝❡r♦✱ ✾✽

❨✲s❡♠❡♥t❡✱ ✻

✶✵✾


