
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s ❞♦ ❈♦❧❛♣s♦ ●r❛✈✐t❛❝✐♦♥❛❧ ❞❡

✉♠ ❈❛♠♣♦ ❊s❝❛❧❛r s❡♠ ▼❛ss❛

❆✉t♦r✿ ❘❛♣❤❛❡❧ ❞❡ ❖❧✐✈❡✐r❛ ●❛r❝✐❛

❖r✐❡♥t❛❞♦r✿ ❙❛♠✉❡❧ ❘♦❝❤❛ ❞❡ ❖❧✐✈❡✐r❛

❈❛♠♣✐♥❛s ✲ ❙P
▼❛rç♦✴✷✵✵✼

✐



❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s ❞♦ ❈♦❧❛♣s♦ ●r❛✈✐t❛❝✐♦♥❛❧ ❞❡
✉♠ ❈❛♠♣♦ ❊s❝❛❧❛r s❡♠ ▼❛ss❛

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ ❛ r❡❞❛çã♦ ✜♥❛❧
❞❛ ❞✐ss❡rt❛çã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦rr✐❣✐❞❛ ❡ ❞❡✲
❢❡♥❞✐❞❛ ♣♦r ❘❛♣❤❛❡❧ ❞❡ ❖❧✐✈❡✐r❛ ●❛r❝✐❛
❡ ❛✈❛❧✐❛❞❛ ♣❡❧❛ ❝♦♠✐ssã♦ ❥✉❧❣❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ ✶✸ ❞❡ ♠❛rç♦ ❞❡ ✷✵✵✼✳

Pr♦❢✳ ❉r✳ ❙❛♠✉❡❧ ❘♦❝❤❛ ❞❡ ❖❧✐✈❡✐r❛
❖r✐❡♥t❛❞♦r✳

❇❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✿
Pr♦❢✳ ❉r✳ ❙❛♠✉❡❧ ❘♦❝❤❛ ❞❡ ❖❧✐✈❡✐r❛ ✭■▼❊❈❈✴❯◆■❈❆▼P✮
Pr♦❢✳ ❉r✳ ❊❞✉❛r❞♦ ●✉❡r♦♥ ✭❯❋❆❇❈✮
Pr♦❢✳ ❉r✳ P❛trí❝✐♦ ❆✳ ▲❡t❡❧✐❡r ❙♦t♦♠❛②♦r ✭■▼❊❈❈✴❯◆■❈❆▼P✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛✲
t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✲
✜❝❛✱ ❯◆■❈❆▼P✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛
❛ ♦❜t❡♥çã♦ ❞♦ ❚ít✉❧♦ ❞❡ ▼❊❙❚❘❊ ❡♠ ▼❛t❡✲
♠át✐❝❛ ❆♣❧✐❝❛❞❛✳

✐✐✐



✐✈



✈



✏❙♦♥❤♦ q✉❡ s❡ s♦♥❤❛ só é só ✉♠ s♦♥❤♦ q✉❡ s❡ s♦♥❤❛ só✱
♠❛s s♦♥❤♦ q✉❡ s❡ s♦♥❤❛ ❥✉♥t♦s é r❡❛❧✐❞❛❞❡✳✑

Pr❡❧ú❞✐♦ ✲ ❘❛✉❧ ❙❡✐①❛s

✈✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ ❙❛♠✉❡❧ ❘♦❝❤❛ ❞❡ ❖❧✐✈❡✐r❛ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♦r✐❡♥t❛çõ❡s ❢❡✐t♦s
♥❡ss❡s ❛♥♦s ❞❡ ❝♦♥✈✐✈ê♥❝✐❛✱ ♣❡❧❛ s✉❛ ❞❡❞✐❝❛çã♦ ❡ s❛❜❡❞♦r✐❛✱ ♣❡❧♦ s❡✉ ❝❛r✐s♠❛✱
♣❡❧♦ s❡✉ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ♣❡❧❛s ✐♥ú♠❡r❛s ❛❥✉❞❛s r❡❛❧✐③❛❞❛s✳

❆♦s ♠❡✉s ♣❛✐s ✲ ❊❞s♦♥ ❡ ❆✐❧❞❛ ✲ q✉❡ ♥ã♦ ♠❡❞✐r❛♠ ❡s❢♦rç♦s ♣❛r❛ ♠❡
✐♥❝❡♥t✐✈❛r✱ ❛♣♦✐❛r ❡ ♠❡ s✉st❡♥t❛r ♥♦s ❡st✉❞♦s✱ ♣❡❧❛ ♠❛r❛✈✐❤♦s❛ ❡❞✉❝❛çã♦ q✉❡
✈♦❝ês ♣❛ss❛r❛♠ ♥ã♦ s♦♠❡♥t❡ ❛ ♠✐♠✱ ♠❛s ♣❛r❛ t♦❞♦s ♦s s❡✉s ✜❧❤♦s✳ ❙❡✐ q✉❡ s❡
❤♦❥❡ r❡❛❧✐③♦ ♠❛✐s ✉♠ ♦❜❥❡t✐✈♦ ❡♠ ♠✐♥❤❛ ✈✐❞❛ é ♣♦rq✉❡ t❡♥❤♦ ✉♠❛ ❢♦rt❛❧❡③❛
♣❛r❛ ♠❡ ❛♣♦✐❛r✱ t❡♥❤♦ ✈♦❝ês✳

❆♦s ♠❡✉s ✐r♠ã♦s ✲ ❆❧❡①❛♥❞r❡ ❡ ❆❞r✐❛♥❛ ✲ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠✱ ♣♦r
t♦❞♦s ❛♦s ❛♥♦s ❞❡ ❛♠✐③❛❞❡ ❡ ♣♦r t✉❞♦ q✉❡ ✈✐✈❡♠♦s ❥✉♥t♦s✳

❆ ●r❛❝✐❡❧❡ ♣♦r t♦❞♦ ❛♠♦r✱ ❝❛r✐♥❤♦✱ ❛t❡♥çã♦✱ ♣❛❝✐ê♥❝✐❛✱ r❡s♣❡✐t♦✱ ♣♦r t♦✲
❞♦s ❡ss❡s ♠❛r❛✈✐❧❤♦s♦s ❛♥♦s q✉❡ ❡st❛♠♦s ✈✐✈❡♥❞♦ ❥✉♥t♦s✳ ❆ t♦❞❛ ❧✉t❛ q✉❡
❡♥❢r❡♥t❛♠♦s ❥✉♥t♦s ❛♦ ❧♦♥❣♦ ❞❡ss❡s ❛♥♦s✱ ❛♦ ❧♦♥❣♦ ❞♦ ▼❡str❛❞♦✱ q✉❡ ❡♥❢r❡♥✲
t❛r❡♠♦s ❛♦ ❧♦♥❣♦ ❞♦ ❉♦✉t♦r❛❞♦ ❡ ♣♦r t♦❞❛ ❛ ♥♦ss❛ ✈✐❞❛✳ ❊ ❛ t♦❞♦ ✐♥st❛♥t❡
q✉❡ ✈✐✈❡♠♦s ✐♥t❡♥s✐✈❛♠❡♥t❡✱ ❥✉♥t♦s✳

❆♦ ◆✐❦✐ ✭✐♥ ♠❡♠♦r✐✉♠✮ ♣♦r s❡r ✉♠ ♠❡♠❜r♦ ✐♥❡sq✉❡❝í✈❡❧ ❞❛ ❢❛♠í❧✐❛✳ ❆
t♦❞♦s ♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s q✉❡ s❡♠♣r❡ t♦r❝❡r❛♠ ♣♦r ♠✐♠ ✲ ♠✐♥❤❛s t✐❛s ◆✐♥❛✱
❋át✐♠❛ ❡ ❱✐❧♠❛✱ ♠❡✉s t✐♦s ❋♦❝❛✱ ❩é✱ ◆❡♥❡♠ ❡ ◆✉♥❡s✱ ♠❡✉s ♣r✐♠♦s ❊❞♠✐❧✲
s♦♥✱ ❊❞♠✉♥❞♦✱ ●❛❜r✐❡❧✱ ❋❡❧✐♣❡✱ ❘♦❞r✐❣♦ ❡ ▲❡♦♥❛r❞♦✱ ♠✐♥❤❛s ♣r✐♠❛s ➱r✐❦❛✱
❏❛♥❛✐♥❛✱ ❏❛❝②❛r❛ ❡ ❈❛r♦❧✱ ♠❡✉s ❛✈ôs ❇❡♥t♦ ❡ P❡❞r♦ ❡ ♠✐♥❤❛s ❛✈ós ❋❧ôr ✭✐♥
♠❡♠♦r✐✉♠✮ ❡ ❆✉❧✐❞❛ ✭✐♥ ♠❡♠♦r✐✉♠✮✳

❆ t♦❞♦s ♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s ❙ã♦ P❛✉❧✐♥♦s q✉❡ ❢❛③❡♠ ♣❡r♠❛♥❡❝❡r ❛ ❢♦rç❛
tr✐❝♦❧♦r ❡♠ ♥♦ss❛ ❢❛♠í❧✐❛✳ ❆ ❡①❝❡❧❡♥t❡ ✐♥✢✉ê♥❝✐❛ ♠✉s✐❝❛❧ q✉❡ ♠❡✉ ✐r♠ã♦ ♠❡
♣❛ss♦✉✱ ❛♦ ❜♦♠ ❘♦❝❦✬♥✬❘♦❧❧ ❡ P✉♥❦ ❘♦❝❦ q✉❡ ❝♦rr❡ ❡♠ ♥♦ss❛s ✈❡✐❛s✳

❆♦ ❉❡♥t❡✱ ♣❡❧❛ ♥♦ss❛ ❛♠✐③❛❞❡ ❡ ♣❡❧❛s ♥♦ss❛s s❛❣❛s r❡❛❧✐③❛❞❛s ❡♠ ❇❛✉r✉✳
❆♦ ❊❞❡r ✲ ♣r♦❢❡t❛ ❞♦ ❚❡r❡ré ✲ ♣❡❧♦ s❡✉ ❤✉♠♦r✳ ❆♦ ❈❧❡❜❡r ♣♦r t♦❞❛ s✉❛ ♠❛❣✐❛✳
❆♦ P❡❞r♦✱ ❚✐❛❣♦✱ ❘❡♥❛t❛✱ ■③❛❜❡❧✱ ❋❛❜✐❛♥♦ ✲ P❛✐①ã♦✱ ❉♦✉❣❧❛s ❡ t♦❞❛s ❛s ♦✉tr❛s
♣❡ss♦❛s q✉❡ t♦r♥❛r❛♠ ♦s q✉❛tr♦ ❛♥♦s ❞❡ ❣r❛❞✉❛çã♦ ✐♥❡sq✉❡❝í✈❡✐s✳ ❆♦ ■❣♦r✱
■❧❛♥✱ P❛✉❧♦ ❡ ♦ ❘❡♥❛t♦✱ ♣❡❧❛ ✐♥❝rí✈❡❧ ❛♠✐③❛❞❡ q✉❡ t❡♠♦s ❞❡s❞❡ ❛ ✐♥❢â♥❝✐❛✳

❆ t♦❞♦s q✉❡ ❧✉t❛♠ ♣❡❧❛ ♥ã♦ ♣♦❧✉✐çã♦ ❞♦ ♠❡✐♦ ❛♠❜✐❡♥t❡✱ q✉❡ r❡❝✐❝❧❛♠ ♦
❧✐①♦✱ q✉❡ ♥♦ s❡✉ ❞✐❛✲❛✲❞✐❛ ❝♦♥tr✐❜✉❡♠ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛ ❛ ♣r❡s❡r✈❛çã♦ ♦s

✐①



❛♥✐♠❛✐s ❡ ❛ ♥❛t✉r❡③❛✳ ❊✱ ♣♦r ✜♠✱ ❛ t♦❞♦s q✉❡ ❧✉t❛♠ ❤♦♥❡st❛♠❡♥t❡ ❝♦♥tr❛ ❛
❞❡s✐❣✉❛❧❞❛❞❡ s♦❝✐❛❧✳

①



❆❜str❛❝t

❚❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s ❛❜♦✉t ❛ ♣r♦❜❧❡♠ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ t❤❡ s♣❤❡r✐✲
❝❛❧❧② s②♠♠❡tr✐❝ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞ ✐♥ ❛❝❝♦r❞ t♦ t❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥s ✇✐t❤
♠✐♥✐♠❛❧ ❝♦✉♣❧✐♥❣✳

❲❡ ❞❡✈❡❧♦♣❡❞ s✐♠♣❧❡ ❜✉t ✇✐t❤ ❛❞❛♣t❛t✐✈❡ ♠❡s❤ r❡✜♥❡♠❡♥t ❛❧❣♦r✐t❤♠ t♦
♦❜t❛✐♥ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥s✳ ❚❤❡ ♠❡s❤ r❡✜♥❡♠❡♥t ✐s r❡q✉✐r❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡
❝♦❧❧❛♣s❡ ♣❤❡♥♦♠❡♥❛✳

❲❡ ✉s❡❞ ❝♦♠♠♦♥ r♦✉t✐♥❡s t♦ s♦❧✈❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s t❤❛t
❝♦♠❡ ❢r♦♠ t❤❡ ♠❡t❤♦❞ ♦❢ ❧✐♥❡s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✱ ♥❛♠❡❧②✱ ❘✉♥❣❡✲❑✉tt❛ ❛♥❞ ❝✉❜✐❝ s♣❧✐♥❡s r♦✉t✐♥❡s✳

❲❡ s❤♦✇❡❞ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣❡t s♦❧✉t✐♦♥s ❛s ❝❧♦s❡ ❛s ✇❡ ✇❛♥t t♦
t❤❡ ❇❧❛❝❦ ❍♦❧❡s s♦❧✉t✐♦♥ ❛♥❞ t♦ t❤❡ ❝r✐t✐❝❛❧ s♦❧✉t✐♦♥ ✉s✐♥❣ ♦✉r ❞❡✈❡❧♦♣❡❞
❛❧❣♦r✐t❤♠s ❛♥❞ s✐♠♣❧❡ ❞❡s❦t♦♣ ❝♦♠♣✉t❡rs✳

①✐



❘❡s✉♠♦

❊st❛ ❞✐ss❡rt❛çã♦ tr❛t❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞♦ ❝❛♠♣♦ ❡s✲
❝❛❧❛r s❡♠ ♠❛ss❛ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥
❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ♠í♥✐♠♦✳

❉❡s❡♥✈♦❧✈❡♠♦s ❛❧❣♦r✐t♠♦s s✐♠♣❧❡s ♠❛s ❝♦♠ ❛❥✉st❡ ❛✉t♦♠át✐❝♦ ❞❡ r❡✜✲
♥❛♠❡♥t♦ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s✳ ❖ r❡✜♥❛♠❡♥t♦ é ♥❡❝❡ssár✐♦ ♣❛r❛
❞❡s❝r❡✈❡r ♦s ❢❡♥ô♠❡♥♦s ❞♦ ❝♦❧❛♣s♦✳

❯t✐❧✐③❛♠♦s r♦t✐♥❛s ❝♦♠✉♥s ♣❛r❛ r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s
❛❞✈✐♥❞❛s ❞♦ ♠ét♦❞♦ ❞❛s ❧✐♥❤❛s ❛♣❧✐❝❛❞♦ às ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞♦
♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦✱ ❛ s❛❜❡r✱ r♦t✐♥❛s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❡ ❞❡ s♣❧✐♥❡s ❝ú❜✐❝❛s✳

▼♦str❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r s♦❧✉çõ❡s tã♦ ♣ró①✐♠❛s q✉❛♥t♦ s❡ q✉❡r✐❛ à
s♦❧✉çã♦ ❞❡ ❇✉r❛❝♦s ◆❡❣r♦s ❡ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ❝♦♠ ♦s ❛❧❣♦r✐t♠♦s ❞❡s❡♥✈♦❧✲
✈✐❞♦s ❡ s✐♠♣❧❡s ❝♦♠♣✉t❛❞♦r❡s ❞❡ ♠❡s❛✳
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❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ ❈♦❧❛♣s♦ ●r❛✈✐t❛❝✐♦♥❛❧ ❞♦ ❈❛♠♣♦ ❊s❝❛❧❛r ✹
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✸ ❆ ❊str✉t✉r❛ ❇ás✐❝❛ ❞♦ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ✶✶
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✸✳✷ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
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t✐♣♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
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✹ ❊str✉t✉r❛ ●❡r❛❧ ❞♦ ❈♦❧❛♣s♦ ●r❛✈✐t❛❝✐♦♥❛❧ ✷✶
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✹✳✸✳✶ Pr❡✈✐sõ❡s ❞♦ ❡st✉❞♦ s♦❜r❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
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✹✳✹ ❊s♣❛ç♦✲t❡♠♣♦ ❞❡ 2 + 1 ❞✐♠❡♥sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
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✹✳✻ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s ◆✉❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
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✺ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ✺✶
✺✳✶ ❚é❝♥✐❝❛s ♣❛r❛ ❛ ■♠♣❧❡♠❡♥t❛çã♦ ◆✉♠ér✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
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✺✳✹✳✶ ■♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s ❍❛r❞✇❛r❡s ❡ ❙♦❢t✇❛r❡s ✉t✐❧✐③❛❞♦s ✻✷
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✻ ■♠♣❧❡♠❡♥t❛çã♦ ◆✉♠ér✐❝❛ ✻✺
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✼ ❈♦♥❝❧✉sõ❡s ✾✸

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✺

❆♥❡①♦ ■ ✲ ❛rq✉✐✈♦s ❞♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✾✾

❆♥❡①♦ ■■ ✲ ■♥❢♦r♠❛çõ❡s ♦❜t✐❞❛s ❞❛ ♦♣çã♦ Pr♦✜❧❡r ✶✶✺

❆♥❡①♦ ■■■ ✲ ❆rq✉✐✈♦ ▼❊❳ ✶✶✼
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❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❆s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ sã♦ ♠✉✐t♦s ❝♦♠♣❧❡①❛s ❡ ♥ã♦ ❧✐♥❡❛r❡s✱ ✐ss♦ ❢❛③ ❝♦♠
q✉❡ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s s❡❥❛ ♣r❛t✐❝❛♠❡♥t❡ ✐♥✈✐á✈❡❧✱ ♥❛ ♠❛✐♦r✐❛
❞♦s ♣r♦❜❧❡♠❛s ♣r♦♣♦st♦s✳ P♦r ✐ss♦ ♣r❡❝✐s❛♠♦s ❞❡ ♠ét♦❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s
♣❛r❛ ❡♥❝♦♥tr❛r♠♦s s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛s✳

❯♠ ❞♦s ♣r♦❜❧❡♠❛s r❡❧❡✈❛♥t❡s ♥❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ é ♦ ❝♦❧❛♣s♦ ❞❡ ♠❛✲
tér✐❛ ❝♦♠ ❛✉t♦✲❣r❛✈✐t❛çã♦✳ ▼❡s♠♦ ♣❛r❛ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♦s
r❡s✉❧t❛❞♦s sã♦ s✉r♣r❡❡♥❞❡♥t❡s ❞❡✈✐❞♦ ❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❢❡♥ô♠❡♥♦s q✉❡
❛♣❛r❡❝❡✱ ♠❛s ♣❛r❛ ❞❡s❝♦❜r✐✲❧♦s ❞❡ ♠❛♥❡✐r❛ ❝♦♥✈✐♥❝❡♥t❡✱ ❞❡✈❡♠♦s t❡r ♠ét♦❞♦s
♣r❡❝✐s♦s ❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ✈✐á✈❡✐s✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡ss❛ ❞✐ss❡rt❛çã♦ é ♣r♦♣♦r ✉♠❛ té❝♥✐❝❛ ♥✉♠ér✐❝❛
❝❛♣❛③ ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ s✐♠♣❧❡s✱ ❡✜❝✐❡♥t❡ ❡ ❝♦♥✜á✈❡❧✱ q✉❡ ❡♥❝♦♥tr❡
s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡ ✉♠ s✐st❡♠❛ ♠♦❞❡❧♦ ❡st✉❞❛❞♦ ♣♦r ❈❤♦♣t✉✐❦✳

❆ ❝♦♥✜❛❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ é ❛❞q✉✐r✐❞❛ ❛♦ ✉t✐❧✐③❛r ✉♠❛ ♠❛❧❤❛ ❛❞❛♣t❛✲
t✐✈❛ ❝♦♠ r❡✜♥❛♠❡♥t♦✱ q✉❡ ❞✐str✐❜✉✐ ❛❞❡q✉❛❞❛♠❡♥t❡ ♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛✱ ❝♦♠
♦ ✐♥t✉✐t♦ ❞❡ ♦❜t❡r s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡♥tr♦ ❞❡ ✉♠❛ ♣r❡❝✐sã♦ ❡①✐❣✐❞❛✳

❖ ♣♦♥t♦ ❝r✉❝✐❛❧ ❞❛ té❝♥✐❝❛ ♥✉♠ér✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ é ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠
♠ét♦❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ♣❛r❛ ❛s ❡①✐❣ê♥❝✐❛s ❞❛ ♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛✳ ◆❡ss❛ ❞✐s✲
s❡rt❛çã♦ sã♦ ❢❡✐t❛s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ❛❧❣✉♥s ♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧çã♦✱ ♣❛r❛ ❛
❡s❝♦❧❤❛ ❞❡ ✉♠ ❜♦♠ ♠ét♦❞♦ q✉❡ s❡ ❛❞❛♣t❡ ❛♦ ❛❧❣♦r✐t♠♦✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ❢♦✐ ❢✉♥❞❛♠❡♥t❛❞❛ ♥♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣✲
t❛t✐✈♦ ❝♦♠ r❡✜♥❛♠❡♥t♦✱ ✐♥t❡❣r❛❞♦ ❛♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❡ ❛ ✐♥t❡r♣♦❧❛✲
çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✳

◆♦ss♦ tr❛❜❛❧❤♦ ♣♦ss✉✐ ❞♦✐s ♣r♦♣ós✐t♦s ❝❡♥tr❛✐s✿ ♦ ♣r✐♠❡✐r♦ é ❡st✉❞❛r ♦s
♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡ ❢❡♥ô♠❡♥♦s q✉❡ s✉r❣❡♠ ♥♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡
❛❧❣✉♥s ♠♦❞❡❧♦s ❞❡ ♠❛tér✐❛ ❡ ♦ s❡❣✉♥❞♦ é ❛♣r❡s❡♥t❛r ❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s
♣❛r❛ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❡s♣❡❝í✜❝♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❡st✉❞❛♠♦s ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r
s❡♠ ♠❛ss❛✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❝♦♠ s✐♠❡tr✐❛

✶



❡s❢ér✐❝❛ ❡ ❢♦r❛♠ ❢❡✐t❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡st❡s✱ ❝♦♠ ♦ ▼❛t▲❛❜✳ ❆ ♠♦t✐✲
✈❛çã♦ ❞❡ s❡ ✉s❛r ♦ ▼❛t▲❛❜ ❡stá ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡❧❛❜♦r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ é
rá♣✐❞❛✱ ❡♠ r❡❧❛çã♦ às ❧✐♥❣✉❛❣❡♥s ❞❡ ❜❛✐①♦ ♥í✈❡❧✱ ♣♦r ♣♦ss✉✐r r♦t✐♥❛s ♣r♦♥t❛s✱
❜❡♠ ♦t✐♠✐③❛❞❛s ❡ ❞❡ ❢á❝✐❧ ♠❛♥✉s❡✐♦✳

❖s ❝❛♣ít✉❧♦s ✷✱ ✸ ❡ ✹ sã♦ ❞❡❞✐❝❛❞♦s à ✉♠❛ ❧❡✐t✉r❛ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s
s♦❜r❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❊st✉❞❛♠♦s ❞✐✈❡rs♦s t✐♣♦s ❞❡ ♠❛tér✐❛✱ ❡♠❜♦r❛
♥♦ss❛s ❛t❡♥çõ❡s ❡st❡❥❛♠ ❢♦❝❛❧✐③❛❞❛s ♥♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✳

❈❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❡ ♣❛r❛ ♦s
❡st✉❞♦s ❛♥❛❧ít✐❝♦s s♦❜r❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❈❤r✐st♦❞♦✉❧♦✉ ✭✶✾✽✻✮ ❬✾❪✳
❊♠ s❡❣✉✐❞❛✱ ✐♥✐❝✐❛♠♦s ✉♠ ♣r✐♠❡✐r♦ ❝♦♥t❛t♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❈❤♦♣t✉✐❦
✭✶✾✾✷✮ ❬✼❪✱ ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s ❞❡s❝♦❜❡rt♦s ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❡✱
♣♦r ✜♠✱ ❝✐t❛♠♦s ♦✉tr♦s ❡st✉❞♦s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❝♦♠ ❞✐❢❡r❡♥t❡s t✐♣♦s
❞❡ ♠❛tér✐❛✳

❖ ❝❛♣ít✉❧♦ ✷ é ❞❡❞✐❝❛❞♦ à ♦❜t❡♥çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ ♣❛r❛ ♦ ❝❛♠♣♦
❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❛tr❛✈és ❞❛ ♠étr✐❝❛ r❛❞✐❛❧✲♣♦❧❛r✳
❊ss❛s ❡q✉❛çõ❡s r❡♣r❡s❡♥t❛♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❡♠
❡st✉❞♦✱ ❝✉❥♦ ❡stá❣✐♦ ✜♥❛❧ é ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ♦✉ ❛ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✳

❖s ❢❡♥ô♠❡♥♦s ❞❡s❝♦❜❡rt♦s ♣♦r ❈❤♦♣t✉✐❦ ✲ ❯♥✐✈❡rs❛❧✐❞❛❞❡✱ ❊❝♦ ❡ ✉♠❛
r❡❧❛çã♦ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ✲ sã♦ ❞❡✜♥✐❞♦s✳ ❊ss❡s ❢❡♥ô✲
♠❡♥♦s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝rít✐❝♦ ♦✉ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡
❛❝♦♥t❡❝❡♠ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡✱ q✉❡ ❞❡✜♥❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡
♦s ❝❛♠♣♦s ✐♥✐❝✐❛✐s q✉❡ ❢♦r♠❛♠ ❜✉r❛❝♦s ♥❡❣r♦s ❡ ♦s q✉❡ ❞✐s♣❡rs❛♠✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❞❡st❛q✉❡ é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦✱ q✉❡ ❛♣❛r❡❝❡ ♥❛ r❡❧❛✲
çã♦ ❞❡ ♣♦tê♥❝✐❛ ❞❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳ P❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ♦ ❡①♣♦❡♥t❡
❝rít✐❝♦ é ✉♥✐✈❡rs❛❧✱ ♦✉ s❡❥❛✱ ❛ss✉♠❡ ♦ ♠❡s♠♦ ✈❛❧♦r ♣❛r❛ q✉❛❧q✉❡r r❡❧❛çã♦ ❞❡
♣♦tê♥❝✐❛ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❡✈♦❧✉çã♦ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ ❡s♣❡❝✐✜❝❛❞♦s ♥♦s
❝❛♣ít✉❧♦s ✷ ❡ ✸✳

◆♦ ❝❛♣ít✉❧♦ ✸ ❞❡t❛❧❤❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ ❛tr❛✲
✈és ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s ❞♦✐s ♣♦ssí✈❡✐s ❡stá❣✐♦s
✜♥❛✐s ❡ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ q✉❡ ❞❡❧✐♠✐t❛ ❛s r❡❣✐õ❡s ♦♥❞❡ t❡r❡♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❡
❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ q✉❡ ❞✐s♣❡rs❛♠ ❡ q✉❡ ❢♦r♠❛♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❚♦❞❛ ❛ ❛t❡♥çã♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❡stá ♥❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❢❡♥ô♠❡♥♦s ❝rít✐✲
❝♦s ❞♦ t✐♣♦ ✶ ❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷✱ ♦♥❞❡ s✉r❣❡♠ ❛s ❞❡✜♥✐çõ❡s ❞❡
❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞✐s❝r❡t❛ ❡ ❝♦♥tí♥✉❛✳ ❖ s❡❣✉♥❞♦ ❢❡♥ô♠❡♥♦ é ❝♦♥s✐❞❡r❛❞♦
♠❛✐s ✐♥t❡r❡ss❛♥t❡✱ ♣♦✐s é ♥❡❧❡ q✉❡ ♦❝♦rr❡ ❛ r❡❧❛çã♦ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ❛ ♠❛ss❛
❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳ ❚❛♠❜é♠ ❢❛❧❛♠♦s s♦❜r❡ ❛ ♥❛t✉r❡③❛ ❞❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡✱ ❞♦
❢❡♥ô♠❡♥♦ ❊❝♦ ❡ ❞♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦✳

◆♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱
❛tr❛✈és ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ s♦❜ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞✐♥â♠✐❝♦✳ ❖ ❝♦♥❝❡✐t♦ ❞❡
❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ é ❛♣r♦❢✉♥❞❛❞♦✱ ❢❛③❡♥❞♦ ✉♠ ♣❛r❛❧❡❧♦ ❝♦♠ ❛ ❋ís✐❝❛ ❈❧áss✐❝❛ ❡
t❛♠❜é♠ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ❛s ❡q✉❛çõ❡s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❡st✉❞♦ ❞❡ ✉♠ ✢✉✐❞♦

✷



♣❡r❢❡✐t♦✳
◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s ❝♦♠♦ ♦❜t❡r s♦❧✉çõ❡s ❝rít✐❝❛s ❡ ❛❧❣✉♠❛s ❛♣r♦✲

①✐♠❛çõ❡s ❛♥❛❧ít✐❝❛s✱ q✉❡ ❛✉①✐❧✐❛♠ ♥♦ ❡st✉❞♦ ❞❡ s♦❧✉çõ❡s ♦❜t✐❞❛s ♥♦ ❝♦❧❛♣s♦
❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❡ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✳

❆ s❡çã♦ ✹✳✹ ❞❡st❛❝❛ ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡♠ ❡st✉❞♦✱
❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ 2 + 1 ❞✐♠❡♥sõ❡s✳ ❱❡r❡♠♦s q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ❡①✐st❡
✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡ ❜❡♠ ❞❡✜♥✐❞❛✳ ❏á ❛ s❡çã♦ ✹✳✼ é r❡s❡r✈❛❞❛ ♣❛r❛ ❛
s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s sã♦ ❣❡r❛✐s❄ ❆q✉✐✱ ✉♠ ♣❛r❛❧❡❧♦ ❝♦♠ ❛
♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛ é tr❛ç❛❞♦✳

◆♦s ❝❛♣ít✉❧♦s ✺ ❡ ✻ tr❛t❛♠♦s ❞❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ ♦♥❞❡ ❛♣r❡s❡♥✲
t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦✱ ❛s t❡♦r✐❛s ❡♥✈♦❧✈✐❞❛s✱ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡
♠♦❞✐✜❝❛çõ❡s q✉❡ ❛❥✉❞❛♠ ♥❛ ♦t✐♠✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳

◆♦ ❝❛♣ít✉❧♦ ✺ ❡❧❛❜♦r❛♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❢❛③❡r ❛ s✐♠✉❧❛çã♦ ♥ú♠❡r✐❝❛✱
❜❛s❡❛❞♦ ♥♦ ▼ét♦❞♦s ❞❡ ▲✐♥❤❛s ❛❞❛♣t❛t✐✈♦ ❡ ❝♦♠ r❡✜♥❛♠❡♥t♦ ❡ ✉t✐❧✐③❛♥❞♦ ♦
▼ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❝♦♠ ❛ ■♥t❡r♣♦❧❛çã♦ ✭♣♦r s♣❧✐♥❡✮ ❝ú❜✐❝❛✳ ❆❧é♠ ❞✐ss♦✱
sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ❛s♣❡❝t♦s t❡ór✐❝♦s ❡ ❡①❡♠♣❧♦s✳

❖ ❝❛♣ít✉❧♦ ✻ ❢♦✐ ❞❡st✐♥❛❞♦ ❛ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❝❛♠✐♥❤♦s ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦
❞♦ ❛❧❣♦r✐t♠♦✱ ❡❧❛❜♦r❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✺✳ ■♥✈❡st✐❣❛♠♦s ❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ✈ár✐♦s
♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ✈✐st♦ q✉❡ ❛ ♣r✐♥❝✐♣❛❧ ♠✉❞❛♥ç❛ ❡stá ♥♦ t✐♣♦ ❞❡
✐♥t❡r♣♦❧❛çã♦✱ ❡ ♦♣t❛♠♦s ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♣❛r❛ ♦ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❝♦♠ ✉♠ ♣❡r✜❧ ●❛✉s✲
s✐❛♥♦✱ ❜✉s❝❛♠♦s ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❡♥tr❡ ♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s
q✉❡ ❞✐s♣❡rs❛♠ ❡ ♦s q✉❡ ❢♦r♠❛♠ ❜✉r❛❝♦ ♥❡❣r♦✳ ❉✐s❝✉t✐♠♦s ❛s s♦❧✉çõ❡s ♦❜✲
t✐❞❛s✱ ❛s q✉❛✐s r❡♣r❡s❡♥t❛♠ ♦s ❡stá❣✐♦s ✜♥❛✐s ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡st❡s
❝❛♠♣♦s✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ✼✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳
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❈❛♣ít✉❧♦ ✷

❈♦❧❛♣s♦ ●r❛✈✐t❛❝✐♦♥❛❧ ❞♦ ❈❛♠♣♦

❊s❝❛❧❛r

❯♠❛ ❞❛s ♣r✐♠❡✐r❛s s♦❧✉çõ❡s ❡①❛t❛s ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ ❢♦✐ ❛♣r❡s❡♥✲
t❛❞❛ ♣♦r ❑❛r❧ ❙❝❤✇❛r③s❝❤✐❧❞ ✭✶✾✶✻✮ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
s♦❧✉çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦✱ ❬✸❪✳

❊♠ ♠❡❛❞♦s ❞❡ ✶✾✾✵✱ ♦s ♣❡sq✉✐s❛❞♦r❡s s❛❜✐❛♠ q✉❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡
♠❛tér✐❛✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡✱ ♣♦❞❡ ❣❡r❛r ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❡ q✉❡ ✉♠❛ ❝♦♥✜✲
❣✉r❛çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝❛✱ ♥✉♥❝❛ s❡ t♦r♥❛r✐❛ s✐♥❣✉❧❛r ❛ ♣♦♥t♦ ❞❡ ❢♦r♠❛r
✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ r❡❣✐ã♦ ✐♥t❡r♠❡❞✐ár✐❛ ❡♥tr❡ ❢♦r♠❛çã♦ ❡ ♥ã♦
❢♦r♠❛çã♦ ❡r❛ ♣♦✉❝♦ ❝♦♥❤❡❝✐❞❛✳

❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪✱ ❢♦✐ ✉♠ ❞♦s ♣✐♦♥❡✐r♦s ❛ ✉t✐❧✐③❛r s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s
♣❛r❛ ✐♥✈❡st✐❣❛r ❡ss❛ r❡❣✐ã♦ ✐♥t❡r♠❡❞✐ár✐❛✳ ❊❧❡ ❝♦♥str✉✐✉ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧✐✲
✜❝❛❞♦ ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❞❡ ✉♠ t✐♣♦ ❞❡ ♠❛tér✐❛ q✉❡ t❡♠ ❛♣❡♥❛s ❞♦✐s
♣♦ssí✈❡✐s ❡stá❣✐♦s ✜♥❛✐s ✲ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ♦✉ ❞✐s♣❡rsã♦ ❞❛ ♠❛tér✐❛✳

❊♠ ✶✾✾✷✱ ❈❤♦♣t✉✐❦ ❬✼❪ ❛♣r❡s❡♥t♦✉ três ✐♥❡s♣❡r❛❞♦s ❢❡♥ô♠❡♥♦s✿ ❛ ▲❡✐ ❞❡
P♦tê♥❝✐❛ ♣❛r❛ ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❡①♣♦❡♥t❡ ❝rít✐❝♦❀
❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡ ❡ ♦ ❢❡♥ô♠❡♥♦ ❊❝♦✳

❊ss❡s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ✐♠♣✉❧s✐♦♥❛r❛♠ ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ◆✉♠ér✐❝❛ ❡ ❞✐✲
✈❡rs♦s tr❛❜❛❧❤♦s ♣♦st❡r✐♦r❡s q✉❡ ✐❞❡♥t✐✜❝❛✈❛♠ ❡ss❡s ❢❡♥ô♠❡♥♦s✱ ♣❛r❛ ♦✉tr♦s
♠♦❞❡❧♦s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❝♦♠ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♠❛tér✐❛✳

❖ ♣r♦❜❧❡♠❛ ❞♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❛❝♦♣❧❛❞♦ ❛♦
❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❊✐♥st❡✐♥✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ t❡♠ s✐❞♦ ❡st✉❞❛❞♦
❡♠ ❞❡t❛❧❤❡s✱ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♣♦r ❈❤r✐st♦❞♦✉❧♦✉ ✭✶✾✽✻✮ ❬✾❪✱ ❡ ♥✉♠❡r✐❝❛♠❡♥t❡
♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪✱ ●♦❧❞✇✐rt❤ ✫ P✐r❛♥ ✭✶✾✽✼✮✱ ●♦❧❞✇✐rt❤ ❡t ❛❧ ✭✶✾✽✾✮✱
●ó♠❡③ ✫ ❲✐♥✐❝♦✉r ✭✶✾✽✾✱ ✶✾✾✷✮ ❡ ●ó♠❡③ ❡t ❛❧ ✭✶✾✾✷✮✳

❙❡❣✉♥❞♦ ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪✱ ❡ss❡ s✐st❡♠❛ ❢♦r♥❡❝❡ ✉♠ ♠♦❞❡❧♦ ✐❞❡❛❧ ♣❛r❛
❛♣r❡s❡♥t❛r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❡♠ r❡❧❛t✐✈✐❞❛❞❡ ♥✉♠ér✐❝❛✳ ❖
❝❛♠♣♦ ❡s❝❛❧❛r ❢♦r♥❡❝❡ ♦ ♠♦❞❡❧♦ ❝♦♠ ✉♠ ❣r❛✉ r❛❞✐♦❛t✐✈♦ ❞❡ ❧✐❜❡r❞❛❞❡ q✉❡
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é✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ❛✉s❡♥t❡ ❡♠ q✉❛❧q✉❡r ✏❉✐♥â♠✐❝❛✑ ❞♦ ❝❛♠♣♦ ❞❡ ❊✐♥st❡✐♥
✭♦✉ ❞❡ ▼❛①✇❡❧❧✮✱ ❡♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳ ❆♦ ♠❡s♠♦ t❡♠♣♦✱ ❛tr❛✈és ❞❡ ✉♠❛
❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛ ♣ró♣r✐❛ ❣r❛✈✐t❛çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
♣♦❞❡ s❡r ❢❡✐t❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❢♦rt❡ ❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱ ❡✈♦❧✉✐r ♣❛r❛ ❛ ❞✐ss✐♣❛çã♦
❞❡ r❛❞✐❛çã♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ ❛ss✐♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦
♥❡❣r♦ ♣♦❞❡ s❡r ❡st✉❞❛❞❛✳ ❖♣❡r❛❝✐♦♥❛❧♠❡♥t❡✱ ❛ r❡str✐çã♦ ❞❛ s✐♠❡tr✐❛ ❡s❢ér✐❝❛
❝r✐❛ ❛ t❛r❡❢❛ ❞❡ r❡s♦❧✈❡r✱ ♥✉♠❡r✐❝❛♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱
❞❡ ♠♦❞♦ ♠❛✐s ❢á❝✐❧ ❞♦ q✉❡ ❛ ❢♦r♠❛ ❣❡r❛❧✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ❛ ❡①♣❧♦r❛çã♦ ❞❛
❢❡♥♦♠❡♥♦❧♦❣✐❛ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳

✷✳✶ ❊q✉❛çõ❡s ❞♦ ❝❛♠♣♦

❖ ♣r✐♠❡✐r♦ s✐st❡♠❛ q✉❡ ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪ ❡st✉❞♦✉✱ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s
♥✉♠ér✐❝❛s✱ ❢♦✐ ♦ ❧✐♠✐t❡ ❞❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ❝♦♠
s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ s❡♠ ♠❛ss❛ ❡ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧
❞❡ ❊✐♥st❡✐♥✳ P❡❧❛ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♦ ❝❛♠♣♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s ❝♦♦r❞❡♥❛✲
❞❛s r ❡ t✱ r❛❞✐❛❧ ❡ t❡♠♣♦r❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦✉ s❡❥❛✱ ❛s ❞✉❛s ❞✐♠❡♥sõ❡s
❡❢❡t✐✈❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ q✉❡ sã♦ s✐♠❜♦❧✐③❛❞❛s ♣♦r ✭1+1✮✳ ❖ ❝❛♠♣♦ ❡s❝❛❧❛r
r❡♣r❡s❡♥t❛ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧❡s ❞❡ ♠❛tér✐❛ ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❡ t❛♠❜é♠ ♣♦❞❡
s❡r ✉s❛❞♦ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧❡s ❞❡ r❛❞✐❛çã♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ♠❡s♠♦ ♥ã♦
❡①✐st✐♥❞♦ ❡♠ s✐st❡♠❛s ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳

❖ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠✱ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ φ✱ ♠✐♥✐✲
♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ é

Tab = ∇aφ∇bφ− 1

2
gab∇cφ∇cφ ✭✷✳✶✮

❡ ❛ ❡q✉❛çã♦ ❞❛ ♠❛tér✐❛ é
∇a∇aφ = 0. ✭✷✳✷✮

◆♦t❡ q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ❛ ❡q✉❛çã♦ ❞❛ ♠❛tér✐❛ é ❛ ❝♦♥s❡r✈❛çã♦ ❞♦ t❡♥s♦r ❞❡
❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠✱ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ✭✷✳✶✮✳

P❛r❛ ❛ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❈❤♦♣t✉✐❦ ❬✼❪ ❛❞♦t❛ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s
r❛❞✐❛❧✲♣♦❧❛r✱ q✉❡ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ✉s✉❛❧ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡
❙❝❤✇❛r③s❝❤✐❧❞ ♣❛r❛ ♦ ❝❛s♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ❝✉❥♦ ❡❧❡♠❡♥t♦ ❞❡ ❧✐♥❤❛ é
❞❡✜♥✐❞♦ ♣♦r

ds2 = −α2 (r, t) dt2 + a2 (r, t) dr2 + r2dΩ2 ✭✷✳✸✮

♦♥❞❡ α é ✉♠❛ ❢✉♥çã♦ ❧❛♣s♦ t❡♠♣♦r❛❧✱ a é ✉♠❛ ❢✉♥çã♦ ❞❡ ❡s❝❛❧❛ r❛❞✐❛❧✱ q✉❡
s❡rã♦ ❞❡♥♦♠✐♥❛❞❛s ❛♣❡♥❛s ♣♦r ❢✉♥çõ❡s ❧❛♣s♦ ❡ r❛❞✐❛❧ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ dΩ2 é
❛ ♠étr✐❝❛ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠❛ ❡s❢❡r❛ ✉♥✐tár✐❛✱ ♦✉ s❡❥❛✱ dΩ2 = dθ2+sin2 θdϕ2✳

✺



❆ ♦♣çã♦ ♣♦r ❡ss❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s s❡ ❞❡✈❡ ❛ ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s✿
❛ ár❡❛ ❞❛ s✉♣❡r❢í❝✐❡ ❞❡✜♥✐❞❛ ♣❡❧❛s ❝♦♥st❛♥t❡s r ❡ t q✉❛✐sq✉❡r é 4πr2 ❡ ❛s
❝♦♦r❞❡♥❛❞❛s r ❡ t sã♦ ♦rt♦❣♦♥❛✐s✳ P❛r❛ ❞❡✜♥✐r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❝♦♦r❞❡♥❛❞❛
t✱ ❈❤♦♣t✉✐❦ ❡s❝♦❧❤❡✉ α = 1 ❡♠ r = 0 ❡ ❞❡✜♥✐✉ ❛ ❝♦♦r❞❡♥❛❞❛ t ❝♦♠♦ ♦ t❡♠♣♦
♣ró♣r✐♦ ❞❡ ✉♠ ♦❜s❡r✈❛❞♦r ❧♦❝❛❧✐③❛❞♦ ❡♠ r = 0✳

❯♠ ✐♠♣♦rt❛♥t❡ ❞✐❛❣♥óst✐❝♦ ❣❡♦♠étr✐❝♦ é ❛ ♠❛ss❛ ❍❛✇❦✐♥❣ m ♦✉ ❢✉♥çã♦
♣❡r✜❧ ❞❛ ♠❛ss❛✱ ❬✶✾❪✳ ❊♠ s✐st❡♠❛s ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❛ ♠❛ss❛ ❞❡ ❍❛✇❦✐♥❣
é r❡♣r❡s❡♥t❛❞❛ ♣♦r

1 − 2m (r, t)

r
= a−2. ✭✷✳✹✮

◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❢✉♥çã♦ r❛❞✐❛❧
a ❡ ❡ss❡ ❢❛t♦ ❥✉st✐✜❝❛ ♦ t❡r♠♦ ❞✐❛❣♥óst✐❝♦ ❣❡♦♠étr✐❝♦✳

❆tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✷✳✹✮✱ ❞❡✜♥❡✲s❡ ❛ ♠❛ss❛ t♦t❛❧ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❖
r❡s✉❧t❛❞♦ ❞❡

lim
r→∞

m(r, t)

é ❛ ♠❛ss❛ t♦t❛❧ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞❛ ♣♦r ♠❛ss❛ ❞❡ ❆r✲
♥♦✇✐tt✱ ❉❡s♥❡r ❡ ▼✐s♥❡r ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♠❛ss❛ ❆❉▼✱ ❬✷❪✳ ❙❡ r → 2m✱
❡♥tã♦ t❡♠✲s❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦✳

❆s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱

Gab = 8πTab, ✭✷✳✺✮

❞❡s❡♥✈♦❧✈✐❞❛s ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ φ✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦
❝♦♠ ❛ ♠étr✐❝❛ ✭✷✳✸✮ ❡ ♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ≡ φ′ ❡ Π ≡ a

α
φ̇✱ sã♦ ❛s s❡❣✉✐♥t❡s✿

Φ̇ =
(α
a

Π
)′

; ✭✷✳✻✮

Π̇ =
1

r2

(
r2α

a
Φ
)′

; ✭✷✳✼✮

α′

α
− a′

a
+

1 − a2

r
= 0; ✭✷✳✽✮

a′

a
+
a2 − 1

2r
− 2πr

(
Π2 + Φ2

)
= 0; ✭✷✳✾✮

ȧ

α
− 4πrΦΠ = 0 ✭✷✳✶✵✮

❡♠ q✉❡
lim
r→0

α (r, t) = α0,

✻



♦♥❞❡ α0 é ✉♠❛ ❝♦♥st❛♥t❡ ❡s❝♦❧❤✐❞❛ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳ ❚♦♠❛♠♦s α0 = 1✳
❆ ❡q✉❛çã♦ ✭✷✳✶✵✮ é s❛t✐s❢❡✐t❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡✱ s❡ ❛s ❡q✉❛çõ❡s ✭✷✳✽✮ ❡

✭✷✳✾✮ ❢♦r❡♠✳
P❛r❛ q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦ s❡❥❛ r❡❣✉❧❛r ♥❛ ♦r✐❣❡♠✱ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡

❝♦♥t♦r♥♦ é ♥❡❝❡ssár✐❛✿
lim
r→0

a(r, t) = 1.

◆♦t❛✲s❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ♥ã♦ ❝♦♥tê♠ ✉♠❛ ❡s❝❛❧❛ ✐♥trí♥s❡❝❛✱ ♣♦✐s
❛s tr❛♥s❢♦r♠❛çõ❡s✱

t→ kt, r → kr, Φ → k−1Φ ❡ Π → k−1Π,

♠✉❞❛♠ ❞❡ ✉♠❛ s♦❧✉çã♦ à ♦✉tr❛✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ k✳
❆ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ φ (r, 0)✱ ❡s♣❡❝✐✜❝❛ ❛ ❢♦r♠❛ ♦✉ ♣❡r✜❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r

❡♠ t = 0✱ q✉❡ ❡✈♦❧✉✐rá ♣❛r❛ ✉♠ ❞♦s s❡❣✉✐♥t❡s ❡stá❣✐♦s ✜♥❛✐s✿ ❛ ❢♦r♠❛çã♦ ❞❡
❜✉r❛❝♦ ♥❡❣r♦ ♦✉ ❛ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✳

❊st✉❞❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r é r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡
❡q✉❛çõ❡s✱ ❢♦r♠❛❞♦ ♣♦r ✭✷✳✻✮✱ ✭✷✳✼✮✱ ✭✷✳✽✮ ❡ ✭✷✳✾✮✱ s✉❥❡✐t♦ à ♠étr✐❝❛ ✭✷✳✸✮✳ ▼❛s✱
♣❛r❛ ✐ss♦✱ ❡st✉❞❛r❡♠♦s ❡str✉t✉r❛s ❜ás✐❝❛s q✉❡ ♥♦s ❛✉①✐❧✐❛rã♦ ♥♦ ❡♥t❡♥❞✐♠❡♥t♦
❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳

✷✳✷ ❖ ❇✉r❛❝♦ ◆❡❣r♦ ▲✐♠✐t❡

❈♦♠ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱ s❡♠ ♠❛ss❛✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❡
❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❡st❛❜❡❧❡❝✐❞❛s✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❛✉①✐❧✐❛
♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❛ ❢❡♥♦♠❡♥♦❧♦❣✐❛ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡ ♥❛ ❞❡t❡r♠✐♥❛çã♦
❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

❊♠ ✶✾✽✻✱ ❈❤r✐st♦❞♦✉❧♦✉ ❬✾❪ ♣r♦✈♦✉ q✉❡✱ s❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❞♦ ❝❛♠♣♦
❡s❝❛❧❛r ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❢♦r❡♠ ❜❡♠ ❞❡✜♥✐❞♦s✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦s ❡
❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ r❡s✉❧t❛rá ♥✉♠❛ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦ ❡s✲
❝❛❧❛r✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ r❡s✉❧t❛♥t❡ é ♦ ❞❡ ▼✐♥❦♦✇s❦✐✳ P♦r ♦✉tr♦ ❧❛❞♦✱
s❡ ♦s ❞❛❞♦s ❢♦r❡♠ ❜❡♠ ❞❡✜♥✐❞♦s✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡s ❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❛
❡✈♦❧✉çã♦ ❞❡ss❡ ❝❛♠♣♦ ❡s❝❛❧❛r r❡s✉❧t❛rá ♥❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♦✉
s❡❥❛✱ ✉♠❛ ❝✉r✈❛t✉r❛ ✐♥✜♥✐t❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❛♣❛r❡❝❡rá✳

❆tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ ❈❤♦♣t✉✐❦ ❡st✉❞♦✉ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠
❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳ ❊♠ ✶✾✾✸✱ ❈❤♦♣t✉✐❦ ❬✽❪
❛♣r❡s❡♥t♦✉ ❞✐✈❡rs♦s r❡s✉❧t❛❞♦s ❢♦❝❛❧✐③❛♥❞♦ ❢❛♠í❧✐❛s ❞❡ s♦❧✉çõ❡s ❙✱ ❞❡♣❡♥❞❡♥✲
t❡s ❞❡ ✉♠ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦ p✱ ✐st♦ é S [p]✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❝❛❞❛ ❝❛♠♣♦ ❡s❝❛❧❛r é r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ p✱ q✉❡ ❝❛r❛❝t❡r✐③❛
✉♠❛ ♠❡❞✐❞❛ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❛✉t♦✲✐♥t❡r❛çã♦ ❣r❛✈✐t❛❝✐♦♥❛❧❀

✼



✷✳ ❝❛❞❛ ❢❛♠í❧✐❛ ❝♦♥té♠ t♦❞♦s ♦s ❝❛♠♣♦s ❝♦♠ ✉♠ ♠❡s♠♦ ♣❡r✜❧❀

✸✳ ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ pfraco t❛❧ q✉❡✱ ♣❛r❛ p < pfraco ♦ ❡s♣❛ç♦✲t❡♠♣♦ é
❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❧❛♥♦❀

✹✳ ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ pforte t❛❧ q✉❡✱ ♣❛r❛ p > pforte ♦ ❡stá❣✐♦ ✜♥❛❧ é ❛
❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦❀

✺✳ ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ ❝rít✐❝♦ p∗✱ q✉❡ s❡♣❛r❛ ❛s s♦❧✉çõ❡s q✉❡ ❝❛r❛❝t❡r✐③❛♠
❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❞❛s q✉❡ ♥ã♦ r❡♣r❡s❡♥t❛♠ ♦ ❜✉r❛❝♦ ♥❡❣r♦✳

❖s r❡s✉❧t❛❞♦s ❞❡ ❈❤r✐st♦❞♦✉❧♦✉ ✭✶✾✽✻✮ ❬✾❪ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞♦s ♣❛✲
râ♠❡tr♦s pfraco ❡ pforte✳

❈❤♦♣t✉✐❦ ✭✶✾✾✸✮ ❬✽❪✱ ❛ss✉♠✐✉ q✉❡ pfraco < p∗ < pforte ❡ r❡❢❡r✐✉✲s❡ ❛
S [p < p∗] ❡ S [p > p∗] ❝♦♠♦ s♦❧✉çõ❡s s✉❜❝rít✐❝❛s ❡ s✉♣❡r❝rít✐❝❛s✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✳ ❆ss✐♠✱ ❞❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ S [p]✱ q✉❡ ♣♦ss✉✐ s♦❧✉çõ❡s✱ t❛♥t♦ s✉❜❝rít✐❝❛s
q✉❛♥t♦ s✉♣❡r❝rít✐❝❛s✱ ✜①❛♠✲s❡ ❞✉❛s s♦❧✉çõ❡s✱ ✉♠❛ s✉❜❝rít✐❝❛ ❡ ❛ ♦✉tr❛ s✉✲
♣❡r❝rít✐❝❛✳ P♦❞❡✲s❡ ❞❡t❡r♠✐♥❛r ♦ ♣❛râ♠❡tr♦ p∗ ✉t✐❧✐③❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦
♠ét♦❞♦ ❞❛ ❇✐ss❡❝çã♦✳ ❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛✱ ❈❤♦♣t✉✐❦ ❞❡t❡r♠✐♥♦✉ ♦ ♣❛râ♠❡✲
tr♦ ❝rít✐❝♦ p∗✱ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ tr❛♥s✐çã♦ ❡♥tr❡ s♦❧✉çõ❡s S [p < p∗] ❡ S [p > p∗]✱
❡✱ ♥♦ ♣❛râ♠❡tr♦ ❝rít✐❝♦✱ t❡♠✲s❡ ❛ ❢♦r♠❛çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

✷✳✸ ❈♦♠♣♦rt❛♠❡♥t♦ ❈rít✐❝♦

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❛♣r❡s❡♥t❛♠♦s ♦ ♣❛râ♠❡tr♦ p✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ ✐♥t❡♥s✐❞❛❞❡
❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✳ ❙❛❜❡✲s❡ q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡✱ ❡ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦✱
r❡s✉❧t❛rá ♥❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ♦✉ ♥❛ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳

◆❡ss❛ s❡çã♦ ❢♦❝❛❧✐③❛♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♥♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❡♠ q✉❡ p ∼=
p∗✳ P❛r❛ ✐st♦✱ ❡s♣❡❝✐✜❝❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❞❡✈❡
s❛t✐s❢❛③❡r ♣❛r❛ s❡r ❝♦♥s✐❞❡r❛❞♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡ ♦✉ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦✳

❆♦ ❡s♣❡❝✐✜❝❛r ♦ ♣❡r✜❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦
✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛s q✉❡ r❡♣r❡s❡♥t❛ ♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s ❞❡
✉♠ ♠❡s♠♦ ♣❡r✜❧✳ ❈❛❞❛ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧ t❡♠ s✉❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧
❞❡✜♥✐❞❛ ♣❡❧❛s ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡ ♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱
❞❡ ❝❛❞❛ ❝❛♠♣♦ ❡s❝❛❧❛r✱ s❡ ❡♥❝♦♥tr❛ ❡♠ ✉♠❛ ❞❛s ❢❛♠í❧✐❛s ❞❡ s♦❧✉çõ❡s✳ ❊♥tã♦✱
♦ ❡stá❣✐♦ ✜♥❛❧✱ ✐st♦ é✱ ❛ s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♣❡rt❡♥❝❡ à ❢❛♠í❧✐❛ ❞❡
s♦❧✉çõ❡s S [p < p∗] ♦✉ à ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s S [p > p∗]✳

❆s ❢❛♠í❧✐❛s ❞❡ s♦❧✉çõ❡s ❞❡♣❡♥❞❡♠ ❞♦s ♣❛râ♠❡tr♦s q✉❡ ❞❡✜♥❡♠ ♦ ♣❡r✜❧✳
❈❤♦♣t✉✐❦ ✭✶✾✾✸✮ ❬✽❪ ❡st✉❞♦✉✱ ❞❡♥tr❡ ♦✉tr❛s✱ ❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s q✉❡
♣♦ss✉✐ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦✱

✽



φ (r, 0) = φ0r
3exp

(
−
(
r − r0
δ

)q)
. ✭✷✳✶✶✮

❈♦♥s✐❞❡r❛♠♦s ❡ss❛ ❢❛♠í❧✐❛ ♣❛r❛ ❛✉①✐❧✐❛r ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞♦s ♣❛râ♠❡tr♦s✱ ❞♦
❝❛♠♣♦ ❡s❝❛❧❛r✱ q✉❡ ✐♥✢✉❡♥❝✐❛♠ ♥❛ ❢♦r♠❛çã♦ ♦✉ ♥ã♦ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦
♥❡❣r♦✳

◆❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✱ ❈❤♦♣t✉✐❦ ❡①✐❣✐✉ q✉❡ ❛ r❛❞✐❛çã♦ ❡s❝❛❧❛r s❡ ❛♣r♦①✐♠❛ss❡
❞❡ r = 0✱ ❛♦ ❧♦♥❣♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ ❖ ♣❛râ♠❡tr♦ ✈❛r✐á✈❡❧ ❢♦✐ φ0 ❡ ♦s
❞❡♠❛✐s✱ r0✱ δ ❡ q✱ sã♦ ♣❛râ♠❡tr♦s ✜①♦s ♣❛r❛ q✉❛❧q✉❡r ❝❛♠♣♦ ✐♥✐❝✐❛❧✱ ❞❛ ❢❛♠í❧✐❛
❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s ❡s♣❡❝✐✜❝❛❞♦✳ ❆ss✐♠✱ ♦s ♣❛râ♠❡tr♦s ✜①♦s ❝❛r❛❝t❡r✐③❛♠ ♦
♣❡r✜❧ ●❛✉ss✐❛♥♦ ❞❛ ❢❛♠í❧✐❛ ❡ ❝❛❞❛ ✈❛❧♦r ❞❡ φ0 r❡♣r❡s❡♥t❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❛
❢❛♠í❧✐❛ ❡s♣❡❝✐✜❝❛❞❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❛♠♣❧✐t✉❞❡ φ0 ❞❛ ●❛✉ss✐❛♥❛ é ♦
♣❛râ♠❡tr♦ p q✉❡ ❝❛r❛❝t❡r✐③❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❞❛❞❛ ❢❛♠í❧✐❛✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❞✉❛s ❡s❝❛❧❛s ❞❡ ♠❡❞✐❞❛s ❞♦ ❝❛♠♣♦ ❣r❛✲
✈✐t❛❝✐♦♥❛❧✱ ❛ ❡①t❡♥sã♦ r❛❞✐❛❧ L ❞♦ ♣✉❧s♦ ❡ ♦ r❛✐♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ❙❝❤✇❛r③s✲
❝❤✐❧❞✱ Rs✱

Rs = 2M∞ = 2 lim
r→∞

m (r, t) . ✭✷✳✶✷✮

◗✉❛♥❞♦ L ≫ Rs t❡♠♦s ♦ ♣❡r✜❧ ❞❡ ✉♠ ❝❛♠♣♦ ❢r❛❝♦✿ ♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛
❞❡s❧♦❝❛rá ♥❛ ❞✐r❡çã♦ ❞❡ r = 0✱ ✐♠♣❧♦❞✐rá ❡♠ r = 0✱ ♦❝♦rr❡rá ❛✉t♦✲r❡✢❡①ã♦
❡ ❞✐ss✐♣❛rá ♣❛r❛ ♦ ✐♥✜♥✐t♦✱ r❡s✉❧t❛♥❞♦ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ▼✐♥❦♦✇s❦✐✳ P♦r
♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ L & Rs t❡♠♦s ♦ ♣❡r✜❧ ❞♦ ❝❛♠♣♦ ❢♦rt❡ ❡✱ ♥❡ss❡ ❝❛s♦✱
♦ ❝❛♠♣♦ ♣♦ss✉✐rá ❛✉t♦✲❣r❛✈✐t❛çã♦ ❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ é ♣♦ssí✈❡❧✳
❊♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r✲r❛❞✐❛❧✱ ♦ ❝❛♠♣♦ ❢♦rt❡ ♣♦❞❡ s❡r ❞✐❛❣♥♦st✐❝❛❞♦ ♣❡❧❛
q✉❛♥t✐❞❛❞❡

2m(r, t)

r
∼= 1. ✭✷✳✶✸✮

P❛r❛ ♦ ❝❛♠♣♦ ●❛✉ss✐❛♥♦✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✱ ♦♥❞❡ ♦ ♣❛râ♠❡tr♦
φ ❝❛r❛❝t❡r✐③❛ ❛ ❢❛♠í❧✐❛✱ ♦❜t❡♠♦s ❝❛♠♣♦s ❢r❛❝♦s ❢❛③❡♥❞♦ φ0

∼= 0✱ ♦ q✉❡ é
❡q✉✐✈❛❧❡♥t❡ ❛ ❢❛③❡r L ≫ Rs ❡✱ ♣❛r❛ ❝❛♠♣♦s ❢♦rt❡s✱ ❝♦♥s✐❞❡r❛♠♦s φ0

∼= (φ0)∗✱
♦ q✉❡ é ❛♥á❧♦❣♦ ❛ L & Rs✳

❆s s♦❧✉çõ❡s✱ s❡❣✉♥❞♦ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✶✾❪✱ ♣ró①✐♠❛s ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐✲
♠✐t❡✱ p ∼= p∗✱ ♣♦ss✉❡♠ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝r✐❛❞♦ ♣❡❧❛ ❡✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
❡ ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦ p = p∗✳ ❊ss❡ ❡s♣❛ç♦✲t❡♠♣♦ é ❞✐t♦ ✉♥✐✈❡rs❛❧✱
♣♦✐s ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪ ♠♦str♦✉ q✉❡ ♦s ❡s♣❛ç♦s✲t❡♠♣♦s ❞❡ s♦❧✉çõ❡s q✉❡ ❡s✲
tã♦ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ q✉❡ ❞❡✜♥❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✱ ❞❡✜♥❡♠ ♦
♠❡s♠♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✱ t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡ s♦❧✉çã♦ ❝rít✐❝❛ ♦✉ s♦❧✉çã♦
✉♥✐✈❡rs❛❧

✾



Z (r, t) = Z∗ (kr, r (t− t∗)) . ✭✷✳✶✹✮

❖ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ t∗ ❡ ♦ ❢❛t♦r ❦ ❞❡♣❡♥❞❡♠ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s
✐♥✐❝✐❛✐s✱ ♠❛s ❛ ❡s❝❛❧❛ ♣❡r✐ó❞✐❝❛ ❞❛s s♦❧✉çõ❡s ♣ró①✐♠❛s à s♦❧✉çã♦ ❝rít✐❝❛✱ ♥ã♦
❞❡♣❡♥❞❡✳ ❆ s♦❧✉çã♦ ✉♥✐✈❡rs❛❧ Z∗ t❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡

Z∗ = Z∗

(
en∆r, en∆t

)
, ✭✷✳✶✺✮

♣❛r❛ t♦❞♦ n ✐♥t❡✐r♦ ❡ ∆ ∼= 0, 344✳ ❈❤♦♣t✉✐❦ ❝❤❛♠♦✉ ❡ss❡ ❢❡♥ô♠❡♥♦ ❞❡ ❊❝♦✳
❱❡r❡♠♦s ♠❛✐s ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✸✳✷✳

❆s ♣r♦♣r✐❡❞❛❞❡s ❯♥✐✈❡rs❛❧✐❞❛❞❡ ❡ ❊❝♦ sã♦ ❞❡✜♥✐❞❛s ❛ s❡❣✉✐r✳

❯♥✐✈❡rs❛❧✐❞❛❞❡✿ ❉❛❞♦ ✉♠ t❡♠♣♦ ✜♥✐t♦✱ ❡♠ ✉♠❛ r❡❣✐ã♦ ✜♥✐t❛
❞♦ ❡s♣❛ç♦✱ t♦❞♦s ♦s ❝❛♠♣♦s ✐♥✐❝✐❛✐s ❞❡ ✉♠❛ ❞❛❞❛ ❢❛♠í❧✐❛✱ ♣ró①✐♠❛s
❛♦ ❝❛♠♣♦ ✐♥✐❝✐❛❧ ❝rít✐❝♦✱ ❡✈♦❧✉✐rã♦ ♣❛r❛ s♦❧✉çõ❡s ♣ró①✐♠❛s à s♦❧✉çã♦
❝rít✐❝❛✳

❊❝♦✿ ❙❡❥❛ φ (r, t) ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r q✉❛❧q✉❡r✳ ❆ s♦❧✉çã♦ ❝rít✐❝❛
s❡rá ❛ ♠❡s♠❛ q✉❛♥❞♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛s✱ r → e∆r ❡ t→ e∆t✱
❢♦r❡♠ ❡❢❡t✉❛❞❛s ❡ ♣♦rt❛♥t♦✱

φ∗ (r, t) = φ∗

(
e∆r, e∆t

)
, ✭✷✳✶✻✮

♦♥❞❡ ∆ ∼= 0, 344 ❡ e∆ ∼= 30✳

❆ss✐♠✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❛t✉❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱
❬✼❪ ❡ ❬✶✾❪✳

❊①✐st❡♠ ❞♦✐s t✐♣♦s ❞❡ s♦❧✉çã♦ ❝rít✐❝❛✿ s♦❧✉çã♦ ❝rít✐❝❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦
t❡♠♣♦ ✭❡stát✐❝❛✮ ❡ s♦❧✉çã♦ ❝rít✐❝❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ❡s❝❛❧❛ ✭s✐♠✐❧❛r✐❞❛❞❡ ♣ró✲
♣r✐❛✮✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ❛ ♠❛ss❛ ✜♥❛❧ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ é ✉♥✐✈❡rs❛❧ ❡ ♣♦❞❡♠♦s
♦❜tê✲❧❛ ♣❡❧❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

MBH
∼= C (p− p∗)

γ , ✭✷✳✶✼✮

♦♥❞❡ C ❞❡♣❡♥❞❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ❡s❝♦❧❤✐❞❛✱ ♦ ❡①♣♦❡♥t❡ γ é ✉♥✐✈❡rs❛❧✱
γ ∼= 0, 374✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ ❞❡t❡r♠✐♥❛ ✉♠❛ ❡s❝❛❧❛
♣❛r❛ ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❬✶✾❪✳

✶✵



❈❛♣ít✉❧♦ ✸

❆ ❊str✉t✉r❛ ❇ás✐❝❛ ❞♦ ❙✐st❡♠❛

❉✐♥â♠✐❝♦

❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦s ❝♦♥❝❡✐t♦s ❡st✉❞❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❞❛❞❛ ✉♠❛ ❢❛♠í❧✐❛
❞❡ ❞❛❞♦s ✐♥✐❝✐❛s✱ ❝♦♥str✉í♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦♥❞❡ sã♦ r❡♣r❡s❡♥t❛❞♦s ♦s
✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣❡❧♦ ♣❛râ♠❡tr♦ p✱ ❛ss♦❝✐❛♥❞♦✲♦ à ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦
♥❡❣r♦ ♦✉ à ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✳ ■❞❡♥t✐✜❝❛♠♦s ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❝♦♠♦ ✉♠
♣♦♥t♦ ✜①♦✱ ♥♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡ ❝❤❛♠❛♠♦s ❞❡
♣♦♥t♦ ❝rít✐❝♦✳ ❊ ♣♦r ✜♠✱ ❡①❛♠✐♥❛♠♦s ❛ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡
❡ ♦ ♣♦♥t♦ ❝rít✐❝♦✱ ♣❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥❞❡r ❛ ❧❡✐ ❞❡ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱
❡ ❛ss✐♠✱ ♦❜t✐✈❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❜ás✐❝❛ q✉❡ ♥♦s ❛✉①✐❧✐❛ ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❡
❝♦❧❛♣s♦s ❣r❛✈✐t❛❝✐♦♥❛✐s✳

✸✳✶ ❖ ❊s♣❛ç♦ ❞❡ ❋❛s❡

❖ ✐♥t✉✐t♦ ❞❡ ❞❡s❝r❡✈❡r ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❛tr❛✈és ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ é
r❡♣r❡s❡♥t❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ t♦❞♦s ♦s ❝❛♠♣♦s ✐♥✐❝✐❛✐s✱ ❞❡ ✉♠❛ ❞❛❞❛
❢❛♠í❧✐❛✱ q✉❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♣❛râ♠❡tr♦ p✳ ❖ ❡s♣❛ç♦ ❞❡ ❢❛s❡ é ❢✉♥❞❛♠❡♥t❛❧
♣❛r❛ ✉♠❛ ❡①♣❧✐❝❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞♦ ❢❡♥ô♠❡♥♦ ❞❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡ ❡ ♣❛r❛
❡st✉❞❛r♠♦s ❢❡♥ô♠❡♥♦s q✉❡ ♦❝♦rr❡♠ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ ❡♠ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ♣♦❞❡
t❡r♠✐♥❛r ❡♠ ✉♠ ❞❡ss❡s três ❡st❛❞♦s✿ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ s♦❧✉çã♦
❡s♣❛❝✐❛❧♠❡♥t❡ ❧♦❝❛❧✐③❛❞❛ ♦✉ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✳ ❈♦♠♦ ❡st❛♠♦s ❢♦❝❛❧✐③❛♥❞♦
♦s ❡st✉❞♦s ❡♠ ❝❛♠♣♦s ❡s❝❛❧❛r❡s s❡♠ ♠❛ss❛ ❡ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♥ã♦ ❤á s♦✲
❧✉çã♦ ❡s♣❛❝✐❛❧♠❡♥t❡ ❧♦❝❛❧✐③❛❞❛✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ♦✉tr♦s ❞♦✐s ♣♦♥t♦s ❞♦ ❡s♣❛ç♦
❞❡ ❢❛s❡ ❞❡✈❡♠ r❡♣r❡s❡♥t❛r ♦s ❡stá❣✐♦s ✜♥❛✐s ❞❡ ❡✈♦❧✉çã♦ ❞♦s ❝❛♠♣♦s✳

◆♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❞❡✜♥✐r❡♠♦s ✉♠❛ ❝✉r✈❛ Γ✱ ♣❛r❛ r❡♣r❡s❡♥t❛r t♦❞♦s ♦s
✈❛❧♦r❡s q✉❡ ♦ ♣❛râ♠❡tr♦ p ♣♦❞❡ ❛ss✉♠✐r✱ ♦♥❞❡ ❝❛❞❛ ✈❛❧♦r ❞❡ p r❡♣r❡s❡♥t❛ ✉♠

✶✶



❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✳ ❆ ❡✈♦❧✉çã♦ ❞♦s ❝❛♠♣♦s é ✐♥❞✐❝❛❞❛ ♣♦r ❝✉r✈❛s✱ ♦♥❞❡ ♦
♣♦♥t♦ ✐♥✐❝✐❛❧ é ✉♠ ✈❛❧♦r ❞♦ ♣❛r❛♠êtr♦ p✱ ❞❛ ❝✉r✈❛ Γ ❡ ❛ ♦✉tr❛ ❡①tr❡♠✐❞❛❞❡ ❞❛
❝✉r✈❛ é r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ s❡t❛✱ q✉❡ ❛♣♦♥t❛ ♣❛r❛ ✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s✳
❆ss✐♠✱ q✉❛♥❞♦ p < p∗✱ ❛ s❡t❛ ✐♥❞✐❝❛rá ❝♦♠♦ ❡stá❣✐♦ ✜♥❛❧✱ ♦ ♣♦♥t♦ ✜①♦ q✉❡
r❡♣r❡s❡♥t❛ ❛ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✱ ♦✉ s❡❥❛✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✳ ❙❡ p > p∗✱
❛ s❡t❛ ❛♣♦♥t❛rá ♣❛r❛ ♦ ♣♦♥t♦ ✜①♦ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦
✭❝♦♥❢❡r✐r ✜❣✉r❛ ✸✳✶✮✳

Γ

Espaço plano
Ponto crítico

Buraco negro

p=p
fraco

p=p
∗

p=p
forte

S

❋✐❣✉r❛ ✸✳✶ ✲ ❖ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡ ♥❛ ♣r❡✲

s❡♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ ❆ s✉♣❡r❢í❝✐❡ S✱ q✉❡ ❝♦♥té♠ ♦ ♣♦♥t♦

❝rít✐❝♦✱ r❡♣r❡s❡♥t❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡❀ ♦s ♣♦♥t♦s ❜✉r❛❝♦ ♥❡✲

❣r♦ ❡ ❡s♣❛ç♦ ♣❧❛♥♦ r❡♣r❡s❡♥t❛♠ ♦s ❡stá❣✐♦s ✜♥❛✐s ❞❛ ❡✈♦❧✉çã♦

t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ q✉❡ ♣❡rt❡♥❝❡♠ à ❢❛♠í❧✐❛

❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ p✳ ❆ ❝✉r✈❛

Γ r❡♣r❡s❡♥t❛ ❡ss❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛s ❡ ✐♥t❡r❝❡♣t❛ ♦ ❜✉r❛❝♦

♥❡❣r♦ ❧✐♠✐t❡ ♥♦ ♣❛râ♠❡tr♦ ❝rít✐❝♦ p∗✳

◆♦ ♣♦♥t♦ p = p∗✱ ❛ ❝✉r✈❛ Γ ✐♥t❡r❝❡♣t❛ ❛ s✉♣❡r❢í❝✐❡ S✱ q✉❡ r❡♣r❡s❡♥t❛ ♦
❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✱ ❡ ❛ ❡✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦✱ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♣❛râ♠❡tr♦
❝rít✐❝♦ p∗✱ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ s❡t❛ q✉❡ ♣❡rt❡♥❝❡ à s✉♣❡r❢í❝✐❡ S ❡ ❛♣♦♥t❛ ♣❛r❛
♦ ♣♦♥t♦ ❝rít✐❝♦✳ ❖ s❡✉ ❡stá❣✐♦ ✜♥❛❧ s❡rá ✉♠ ❞♦s ❡stá❣✐♦s ♣♦ssí✈❡✐s ❡ ❛ ❞✐❢❡r❡♥ç❛
p− p∗ ♥♦s ❢♦r♥❡❝❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣❛râ♠❡tr♦ p ❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

◗✉❛❧q✉❡r ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♦✉ tr❛❥❡tór✐❛✱ ✐♥✐❝✐❛❞❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró✲
①✐♠❛ ❛♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✱ ♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣ró①✐♠❛ ❞♦ ♣♦♥t♦

✶✷



❝rít✐❝♦✱ ♠♦✈❡✲s❡ q✉❛s❡ ♣❛r❛❧❡❧❛♠❡♥t❡ à tr❛❥❡tór✐❛ ❞♦ ♣❛râ♠❡tr♦ ❝rít✐❝♦✳ ■st♦
é✱ q✉❛♥❞♦ ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ p✱ ❞❡ ✉♠ ❝❛♠♣♦ ✐♥✐❝✐❛❧✱ ❢♦r ❛♣r♦①✐♠❛❞❛✲
♠❡♥t❡ ✐❣✉❛❧ ❛♦ ✈❛❧♦r ❞❡ p∗✱ ❛ ❞✐stâ♥❝✐❛ p− p∗ q✉❛s❡ ♥ã♦ s❡ ❛❧t❡r❛ ❛♦ ❧♦♥❣♦ ❞❡
✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❧❡♥t❛ ❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦✱ ♦ ❝❛♠♣♦
t❡r♠✐♥❛rá s✉❛ ❡✈♦❧✉çã♦ ❡♠ ✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s ♣♦ssí✈❡✐s ❬✶✾❪ ✭✈❡r ✜❣✉r❛
✸✳✶✮✳

❊ss❛ é ❛ ♦r✐❣❡♠ ❞❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡✿ ◗✉❛❧q✉❡r ❝❛♠♣♦ ✐♥✐❝✐❛❧✱ ❝♦♠ ♦
♣❛râ♠❡tr♦ p s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❛♦ ♣❛râ♠❡tr♦ ❝rít✐❝♦ p∗✱ ❡✈♦❧✉✐ ♣❛r❛
✉♠❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ s❡♠❡❧❤❛♥t❡ ❛♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✱ ❡ ❛
♣❛rt✐r ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦✱ ❛ ❡✈♦❧✉çã♦ ❝❛♠✐♥❤❛ ♣❛r❛ ✉♠ ❞♦s ♣♦ssí✈❡✐s
❡stá❣✐♦s ✜♥❛✐s✳

❊ss❛ s♦❧✉çã♦ ✉♥✐✈❡rs❛❧✱ t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ ❝rít✐❝❛✱ ♣♦ss✉✐ ✉♠❛
s✐♠❡tr✐❛ ✐♥t❡r❡ss❛♥t❡✿ ❡❧❛ é ♣❡r✐ó❞✐❝❛ ❡♠ ✉♠❛ ❡s❝❛❧❛ ❧♦❣❛r✐t♠❛ ❞♦ ❡s♣❛ç♦✲
t❡♠♣♦✱ ❝♦♠ ♣❡rí♦❞♦ ❞❡ ∆ ∼= 3, 44✳ ❊ss❡ é ♦ ❢❡♥ô♠❡♥♦ ❊❝♦✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦
❝♦♠♦ s♦❧✉çã♦ ❞❡ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞✐s❝r❡t❛✳

◆♦ ❝♦♥t❡①t♦ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ✉♠ ♣♦♥t♦ ✜①♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ é
✉♠❛ s♦❧✉çã♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ♦✉ ✉♠❛ s♦❧✉çã♦ s✐♠étr✐❝❛✱ ❡♠ r❡❧❛çã♦
❛♦ t❡♠♣♦✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦ ♦✉
❡①✐st❡ ✉♠❛ ❡s❝❛❧❛ ❞❡ ✐♥✈❛r✐â♥❝✐❛ ♣❛r❛ ♦ t❡♠♣♦✳

◗✉❛♥❞♦ ❛ s♦❧✉çã♦ ❝rít✐❝❛ é ♣❡r✐ó❞✐❝❛ ♥♦ t❡♠♣♦✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♣♦ss✉✐
✉♠❛ s✐♠❡tr✐❛ ❞✐s❝r❡t❛ ❡ ♥❡ss❡ ❝❛s♦✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♣♦r ✉♠ ❝ír❝✉❧♦✱ ♦
♣♦♥t♦ ❝rít✐❝♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✭✈❡r ✜❣✉r❛ ✸✳✷✮✳

Buraco Negro Espaço plano

❋✐❣✉r❛ ✸✳✷ ✲ ❊s❜♦ç♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ q✉❡ é

♣❡r✐ó❞✐❝❛ ♥♦ t❡♠♣♦✳ ❘❡♣r❡s❡♥t❛♠♦s ❛ ❡✈♦❧✉çã♦ ❞❡ ❞♦✐s ❝❛♠♣♦s

❡s❝❛❧❛r❡s q✉❡✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦✱ ❛t✐♥❣❡♠ s❡✉s

❡stá❣✐♦s ✜♥❛✐s✳

✶✸



✸✳✷ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s

❊ss❛ s❡çã♦ s❡rá ❞❡st✐♥❛❞❛ à ✐♥✈❡st✐❣❛çã♦ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ♦✉ ❞♦ ♣♦♥t♦ ❝rít✐❝♦
❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❛ss✉♠✐♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s✐♠❡tr✐❛s ❛❞✐❝✐♦♥❛✐s ♥♦ ❡s♣❛ç♦✲
t❡♠♣♦✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s ❞♦✐s t✐♣♦s ❞❡ s♦❧✉çõ❡s à s❡r❡♠ ❡st✉❞❛❞❛s✳

✸✳✷✳✶ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ❞♦ t✐♣♦ ✶

❋ê♥♦♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✶ sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧♦ s✉r❣✐♠❡♥t♦ ❞❡ s♦❧✉çõ❡s
❝rít✐❝❛s✱ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✱ ❡ ♣❡❧♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ✉♠❛
❧❡✐ ❞❡ ❡s❝❛❧❛✳ ❊ss❛ ❧❡✐ é ✉♠ ♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦ ❞❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛
❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷✳

❯♠❛ s♦❧✉çã♦ ❝♦♥tí♥✉❛ ❡ ❡stát✐❝❛ é ✐♥✈❛r✐❛♥t❡ s♦❜ ❞❡s❧♦❝❛♠❡♥t♦s ✐♥✜♥✐t❡✲
s✐♠❛✐s ❞♦ t❡♠♣♦ ❡ ❛s ✈❛r✐á✈❡✐s ❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦
t❡♠♣♦✱ q✉❛♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s é ❞❡t❡r♠✐♥❛❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳

❙❡ ❛ s♦❧✉çã♦ é ✐♥✈❛r✐❛♥t❡ s♦❜ ❞❡s❧♦❝❛♠❡♥t♦s ❞✐s❝r❡t♦s ❞♦ t❡♠♣♦✱ ❞✐③❡♠♦s
q✉❡ ❛ s♦❧✉çã♦ é ♣❡r✐ó❞✐❝❛✱ ♦✉ ♦s❝✐❧❛♥t❡✱ ❡ t❡♠♦s q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ss❡
s✐st❡♠❛ sã♦ ♣❡r✐ó❞✐❝❛s✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛ss✉♠✐♠♦s q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ t❡♠ s✐♠❡tr✐❛ ❝♦♥tí♥✉❛
❡ ❡stát✐❝❛✱ ♦✉ s❡❥❛✱ q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ ❈♦♥s✐✲
❞❡r❛♥❞♦ ❛s ❝♦♦r❞❡♥❛❞❛s r ❡ t✱ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝♦✱ ♣♦❞❡♠♦s
r❡♣r❡s❡♥t❛r ❛ s♦❧✉çã♦ ❝rít✐❝❛ ♣♦r

Z∗ (r, t) = Z∗ (r) . ✭✸✳✶✮

❈♦♠ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡✜♥✐❞❛ ✜③❡♠♦s ✉♠❛ ♣❡rt✉r❜❛çã♦ ❧✐♥❡❛r✱ ♣❛r❛ ❡s✲
t✉❞❛r ❛s s♦❧✉çõ❡s q✉❡ ❡stã♦ ❡♠ s✉❛ ✈✐③✐♥❤❛♥ç❛✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❧✐♥❡❛r ❣❡r❛❧✱ ❞❡✜♥✐❞❛ ♣❡❧❛ s♦♠❛ ❞❡ ♣❡✲
q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s ❧✐♥❡❛r❡s ❞❛ ❢♦r♠❛ Ci (p) e

λitZi (r)✱ t❛♠❜é♠ ❝❤❛♠❛❞❛s
❞❡ ♠♦❞♦s ❞❡ ♣❡rt✉r❜❛çõ❡s✱ t❡♠♦s

δZ∗ (r, t) =
∑

i

Ci (p) e
λitZi (r) , ✭✸✳✷✮

♦♥❞❡ Ci sã♦ ❛♠♣❧✐t✉❞❡s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ♦✉ s❡❥❛✱
❞❡♣❡♥❞❡♠ ❞♦ ♣❛râ♠❡tr♦ p✳

❙❡❥❛ Z(r, t)✱ ✉♠❛ s♦❧✉çã♦ ❞❡✜♥✐❞❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ♣♦❞❡✲
♠♦s ❛ss✉♠✐r q✉❡

Z (r, t) ∼= Z∗ + δZ∗. ✭✸✳✸✮

❙❡ p ∼= p∗✱ ♦ ❢❡♥ô♠❡♥♦ ❞❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡ ♥♦s ❞✐③ q✉❡ ❛s s♦❧✉çõ❡s ♦❜t✐❞❛s✱
❛♦ ❧♦♥❣♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♣❛ss❛♠ ♠✉✐t♦ t❡♠♣♦ ♣ró①✐♠❛s à s♦❧✉çã♦

✶✹



❝rít✐❝❛ ❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ r❡s✉❧t❛ ❡♠
✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s✳

❊♠ t❡r♠♦s ♣❡rt✉r❜❛t✐✈♦s✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ✉♠❛ ❞❛s ♣❡q✉❡♥❛s ♣❡rt✉r❜❛✲
çõ❡s é ❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ λi > 0✳ ❈♦♥s✐❞❡r❛♠♦s q✉❡ λ0 > 0 ❡ q✉❡
♦s ❞❡♠❛✐s λi tê♠ ❛ ♣❛rt❡ ❘❡❛❧ ♥❡❣❛t✐✈❛✱ ✐st♦ é✱ Reλi < 0 ♣❛r❛ i 6= 0✳ ❆ss✐♠✱
❞❛s ❡q✉❛çõ❡s ✭✸✳✷✮ ❡ ✭✸✳✸✮✱ ♦❜t❡♠♦s

Z (r, t) ∼= Z∗ (r) + C0e
λ0tZ0 (r) + modos de decaimento. ✭✸✳✹✮

❙❡ p = p∗✱ s❛❜❡♠♦s q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ss❡ ❝❛♠♣♦ ✐♥✐❝✐❛❧ é ❛
♣ró♣r✐❛ s♦❧✉çã♦ ❝rít✐❝❛ ✭✈❡r ✜❣✉r❛ ✸✳✶✮✳ ◆❡ss❡ ❝❛s♦ ❛ ❛♠♣❧✐t✉❞❡ C0 é ③❡r♦ ❡
♦❜t❡♠♦s Z(r, t) = Z∗ ❞❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ❛ss✐♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ C0 é
♣r♦♣♦r❝✐♦♥❛❧ ❛ (p− p∗)✳

❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ t❡♠♦s

Z (r, t) ∼= Z∗ (r) + µ (p− p∗) e
λ0tZ0 (r) + modos de decaimento, ✭✸✳✺✮

♦♥❞❡ µ é ♦ ♣❛râ♠❡tr♦ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ C0 ❡ (p− p∗)✳
❆ ❡q✉❛çã♦ ✭✸✳✺✮ ❞❡✜♥❡ ✉♠❛ r❡❣✐ã♦ ❞❡♥♦♠✐♥❛❞❛ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❧✐✲

♥❡❛r✳ ❊ss❛ r❡❣✐ã♦ é ❛ ♣❛rt❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ♦♥❞❡ ❛ ❡q✉❛çã♦ ✭✸✳✺✮ é ✈á❧✐❞❛✳
❉❡✜♥✐♠♦s ♦ t❡♠♣♦ tp ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✱ ♦❜s❡r✈❛❞❛ ♥❛ ❡q✉❛çã♦

✭✸✳✺✮✱

µ|p− p∗|eλ0tp ≡ ε, ✭✸✳✻✮

♦♥❞❡ ε é ✉♠❛ ❝♦♥st❛♥t❡ ❛r❜✐trár✐❛ ♣♦s✐t✐✈❛✳
❚♦♠❛♥❞♦ t = tp✱ ♥❛ ❡q✉❛çã♦ ✭✸✳✺✮✱ s✉❜st✐t✉✐♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✻✮ ❡

❞❡s❝♦♥s✐❞❡r❛♥❞♦ ♦s ♠♦❞♦s ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡q✉❛çã♦✭✸✳✺✮✱ ♦❜t❡♠♦s

Z (r, tp) ∼= Z∗ (r) ± εZ0 (r) , ✭✸✳✼✮

♦♥❞❡ ♦ s✐♠❜♦❧♦ ± é ♦ s✐♥❛❧ ❞❡ (p− p∗)✳
P♦❞❡♠♦s ❛tr✐❜✉✐r ✉♠ ❞♦s s✐♥❛✐s ❞❡ ± ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❡

♦ ♦✉tr♦ s✐♥❛❧ ♣❛r❛ ❛ ❞✐s♣❡rsã♦✳
❊♠ t = tp✱ ❛ s♦❧✉çã♦ Z (r, tp) ✐♥❞❡♣❡♥❞❡ ❞❡ |p − p∗|✳ ❙❡ p > p∗✱ t❡♠♦s

✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ✜♥❛❧ ❝♦♠ ❛ ♠❛ss❛ s❡♥❞♦ ✉♠❛ ❢r❛çã♦ ❞❛ ♠❛ss❛ ❞❛ s♦❧✉çã♦
❝rít✐❝❛ Z∗✳

❆ ♠❛❣♥✐t✉❞❡ |p−p∗| ❡stá ❞❡✜♥✐❞❛ ❛♣❡♥❛s ❡♠ tp✳ ◆❡ss❡ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✱
❛ s♦❧✉çã♦ Z ♣❡r♠❛♥❡❝❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡✱ ♣♦r ✐ss♦✱
tp é ❝❤❛♠❛❞♦ ❞❡ ✧t❡♠♣♦ ❞❡ ✈✐❞❛✧ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✳

❈♦❧♦❝❛♥❞♦ ❡♠ ❡✈✐❞ê♥❝✐❛ tp✱ ❞❛ ❡q✉❛çã♦ ✭✸✳✻✮✱ ♦❜t❡♠♦s

✶✺



tp =
1

λ0

ln |p− p∗| + constante. ✭✸✳✽✮

❖ t❡♠♣♦ ❞❡ ✈✐❞❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❡q✉❛çã♦ ✭✸✳✽✮✱ ❞❡✜♥❡ ✉♠❛ ❡s❝❛❧❛ ❞❡
♠❡❞✐❞❛ ♣❛r❛ ♦ t❡♠♣♦✳

✸✳✷✳✷ ❆ ❙♦❧✉çã♦ ❈rít✐❝❛ ❞❡ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ❞♦

t✐♣♦ ✷

❆s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ q✉❡ ✐♥✈❡st✐❣❛♠♦s sã♦✿ ✉♠❛ ❞❛s
♣❡q✉❡♥❛s ♣❡rt✉r❜❛çõ❡s é ❝r❡s❝❡♥t❡ ❡ ❛s ❞❡♠❛✐s ❞❡❝❛❡♠ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❛
③❡r♦✳ ◆❡ss❛ s❡çã♦✱ ❢❛❧❛r❡♠♦s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s q✉❡ ♥♦s ❛✉①✐❧✐❛♠
♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷✳

❊♠ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷ ❡s♣❡r❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ s❡❥❛
❛✉t♦✲s✐♠✐❧❛r✱ ✐st♦ é✱ q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ s❡❥❛ ✐♥✈❛r✐❛♥t❡ s♦❜ ❛❧❣✉♠ t✐♣♦ ❞❡
❡s❝❛❧❛✳

❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ é ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r✱ s❡ ❡❧❛ ❢♦r ✐♥✲
✈❛r✐❛♥t❡ ♣❡r❛♥t❡ ❛♦ ❞❡s❧♦❝❛♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ (1 + ε)✱ ♦✉ s❡❥❛✱ Z∗ (r, t) =
Z∗ ((1 + ε) r, (1 + ε) t) ♣❛r❛ q✉❛❧q✉❡r ε✳ ❘❡❢❡r✐♠♦s ❛ ❡ss❛ s♦❧✉çã♦ ♣❡❧❛ ❛❜r❡✲
✈✐❛t✉r❛ ❈❙❙✳

❆ s♦❧✉çã♦ ❞✐s❝r❡t❛ ❡ ❛✉t♦✲s✐♠✐❧❛r é ❛❜r❡✈✐❛❞❛ ♣❡❧❛ s✐❣❧❛ ❉❙❙✳ ❊❧❛ é ❝❛r❛❝✲
t❡r✐③❛❞❛ ♣♦r s❡r ✐♥✈❛r✐❛♥t❡ ❛ ✉♠❛ r❡❡s❝❛❧❛✱ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡
✜①❛ q✉❛❧q✉❡r✱ ♦✉ s❡❥❛✱ Z∗ (r, t) = Z∗ (kr, kt)✳

▼❡s♠♦ s❛❜❡♥❞♦ q✉❡ ❛s s♦❧✉çõ❡s ❝rít✐❝❛s ❞♦ t✐♣♦ ✷ ✐♥❞❡♣❡♥❞❡♠ ❞❡ ✉♠❛
❡s❝♦❧❤❛ ❞❡ ❡s❝❛❧❛✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❡s❝❛❧❛ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡✲
♥❛❞❛✳ ❊♠ ✉♠❛ ❞❛s ♥♦✈❛s ❝♦♦r❞❡♥❛❞❛s ✉t✐❧✐③❛♠♦s ✉♠❛ ❡s❝❛❧❛ ❧♦❣❛rít♠✐❝❛ ❡
❛s ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

x = −r
t

e τ = − ln

(
−t
l

)
, t < 0, ✭✸✳✾✮

♦♥❞❡ r✱ t ❡ l tê♠ ❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ x ❡ τ sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s ❡♠
✉♥✐❞❛❞❡s c = G = 1✳

❆ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡✜♥✐❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✾✮✱ ❞❡s❧♦❝❛ ❛ ♦r✐❣❡♠
❞❡ t ♣❛r❛ ♦ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ ❊❝♦s✱ t∗✱ ❞❡✜♥✐❞❛ ♣❡❧❛ ❯♥✐✈❡rs❛❧✐❞❛❞❡
❡ ♦❜t✐❞❛ ♣♦r ❈❤♦♣t✉✐❦✱ ❡q✉❛çã♦ ✭✷✳✶✹✮✳ ❉❡ss❛ ♠❛♥❡✐r❛ ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪
♦❜s❡r✈♦✉ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r s♦❧✉çã♦ ♣ró①✐♠❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡①✐st❡ ✉♠❛
r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡♠ q✉❡ ♦s ❝❛♠♣♦s a✱ α ❡ φ✱ ❞❛ s♦❧✉çã♦ ♣ró①✐♠❛✱ sã♦
❜❡♠ ❛♣r♦①✐♠❛❞♦s ♣❡❧♦s ❝❛♠♣♦s ❞❛ s♦❧✉çã♦ ✉♥✐✈❡rs❛❧✱ ✐st♦ é✱

Z (x, τ) ∼= Z∗ (x, τ) , ✭✸✳✶✵✮

✶✻



♦♥❞❡ ♦s ❝❛♠♣♦s Z∗ = {a∗, α∗, φ∗} ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ tê♠ ♣❡r✐♦❞✐❝✐❞❛❞❡ ∆✱

Z∗ (x, τ + ∆) = Z (x, τ) . ✭✸✳✶✶✮

❆s ❝♦♥t❛♥t❡s t∗ ❡ l ❞❡♣❡♥❞❡♠ ❞❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s✱ ♠❛s ♦s ❝❛♠♣♦s
❝rít✐❝♦s a∗✱ α∗✱ φ∗ ❡ ♦ ♣❡rí♦❞♦ ∆ sã♦ ✉♥✐✈❡rs❛✐s✱ ♦✉ s❡❥❛✱ ✐♥❞❡♣❡♥❞❡♠ ❞❛
❢❛♠í❧✐❛ ❡s❝♦❧❤✐❞❛✳

◆♦t❡ q✉❡✱ ❛ ❝♦♦r❞❡♥❛❞❛ τ é ❞♦ t✐♣♦ t❡♠♣♦ ❡ t❛♠❜é♠ é ✉♠❛ ❡s❝❛❧❛ ❧♦❣❛✲
rít♠✐❝❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✳ ❆ ❡q✉❛çã♦ ✭✸✳✶✶✮ ♥♦s ❞✐③ q✉❡✱
s❡ ❛♣❧✐❝❛r♠♦s ✉♠❛ tr❛♥s❧❛çã♦ ♥❛ ❝♦♦r❞❡♥❛❞❛ τ ♣❛r❛ τ + ∆ ❡♠ ✉♠ x ✜①♦
q✉❛❧q✉❡r✱ ♦❜t❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ♠❛s ❝♦♠ ✉♠❛ r❡❞✉çã♦ ♥❛
❡s❝❛❧❛ ❞♦ ❡s♣❛ç♦ ❡ ❞♦ t❡♠♣♦ ♣❡❧♦ ❢❛t♦r e−∆✳

■♥tr♦❞✉③✐♠♦s ♦ ✈❡t♦r Z (x)✱ ❝♦♠ ✈❛r✐á✈❡✐s s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦
❡stá❣✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t❡♠♣♦ ❡ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐✲
❡❞❛❞❡s✿ ❛ s♦❧✉çã♦ Z (x, τ) é ❈❙❙ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Z (x, τ) ❢♦r ✐♥❞❡♣❡♥❞❡♥t❡
❞❡ τ ❡ ❛ s♦❧✉çã♦ é ❉❙❙ s❡ Z (x, τ) ❢♦r ♣❡r✐ó❞✐❝♦ ❡♠ τ ✳

❊♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ♥ã♦ ❡①✐st❡♠ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦
❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❛ss✐♠ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s sã♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♦s ❝❛♠♣♦s
❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛✉❝❤②✳ ❈♦♠♦ ❡ss❡s ❝❛♠♣♦s
♦❜❞❡❝❡♠ ❡q✉❛çõ❡s ❞❡ ♦♥❞❛s✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛✉❝❤② sã♦ ❡①✐❣✐❞❛s ❡♠ φ ❡ φ,t✳

❙❡ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❢♦r ❈❙❙ t❡♠♦s φ (r, t) = φ (x) ❡ q✉❡ rφ,t ❞❡♣❡♥❞❡
❛♣❡♥❛s ❞❡ x✱ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r Z = {φ, φ,t} ♣❛r❛ s❡r ♦ ✈❡t♦r Z (x)✳ ❙❡ ♦
❝❛♠♣♦ ❢♦r ❉❙❙ t❡♠♦s ♦ ♠❡s♠♦ ✈❡t♦r Z (x)✱ ♣♦ré♠ ❛s ✈❛r✐á✈❡✐s ❞❡ Z = {φ, φ,t}
sã♦ ♣❡r✐ó❞✐❝❛s ♥❛ ❝♦♦r❞❡♥❛❞❛ τ ✱ ❬✶✾❪✳

❆ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ é ❉❙❙✱ ♠❛s ♣♦r ❡①❡♠♣❧♦✱
❛ s♦❧✉çã♦ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦ é ❈❙❙✱ ❬✸✹❪✳ ❖ ❝❛s♦ ❡♠ q✉❡ ❛ ♠❛tér✐❛ é ✉♠
✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❛s ✈❛r✐á✈❡✐s ❞❡ Z sã♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ Z∗(x) ✐♥❞❡♣❡♥❞❡ ❞❡ τ ✳

✸✳✷✳✸ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ❞♦ t✐♣♦ ✷

❆s s♦❧✉çõ❡s ❝rít✐❝❛s ❞♦ t✐♣♦ ✷ sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❛✉t♦✲
s✐♠✐❧❛r✐❞❛❞❡ ❈❙❙ ♦✉ ❉❙❙✱ ❞❡ ❛♥❛❧✐t✐❝✐❞❛❞❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❡ ❞❛
❡①✐❣ê♥❝✐❛ ❞❡ ✉♠ ú♥✐❝♦ ♠♦❞♦ ❞❡ ♣❡rt✉r❜❛çã♦ ❝r❡s❝❡♥t❡✳ ❆ ♣r✐♥❝✐♣❛❧ ♣r♦♣r✐❡✲
❞❛❞❡ ❞❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷ é ❛ r❡❧❛çã♦ ❞❡ ❡s❝❛❧❛ ♣❛r❛ ❛ ♠❛ss❛ ❞♦
❜✉r❛❝♦ ♥❡❣r♦✱

MBH
∼= C (p− p∗)

γ . ✭✸✳✶✷✮

◆❡ss❛ s❡çã♦✱ ❞❡t❛❧❤❛♠♦s s♦❜r❡ ❡ss❡ ❢❡♥ô♠❡♥♦✳
❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ✭✶✾✾✹✮ ❬✶✷❪✱ s✉❣❡r✐r❛♠ q✉❡ ♦ ❡①♣♦❡♥t❡ ✉♥✐✈❡rs❛❧ γ ♣♦❞❡

s❡r ❝❛❧❝✉❧❛❞♦ ❛tr❛✈és ❞❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❧✐♥❡❛r ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❡♠ ❝♦♥✲
❥✉♥t♦ ❝♦♠ ✉♠❛ ❛♥á❧✐s❡ ❞✐♠❡♥s✐♦♥❛❧✳

✶✼



❆♥t❡s ❞❡ ❝♦♥s✐❞❡r❛r ❛ ♣❡rt✉r❜❛çã♦ ❧✐♥❡❛r s♦❜ ❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❛ss✉♠✐♠♦s
♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s x ❡ τ ✱ ❞❡✜♥✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✾✮✳

❙❡❥❛ Z∗ (x, τ) = Z∗ (x) ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❈❙❙ ❞♦ ♥♦ss♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡
s❡❥❛ Z (x, τ) ✉♠❛ s♦❧✉çã♦ q✉❡ ♣❡rt❡♥❝❡ ❛♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❞♦ ❡s♣❛ç♦ ❞❡
❢❛s❡✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡

Z (x, τ) ∼= Z∗ (x) +
∑

i

Ci (p) e
λiτZi (x) . ✭✸✳✶✸✮

❙❡✱ ❞❡ ❢❛t♦✱ Z∗ é ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ λi r❡❛❧ ❡
♣♦s✐t✐✈♦✱ q✉❡ ❝❤❛♠❛♠♦s ❞❡ λ0✳ ◗✉❛♥❞♦ t → t∗✱ t❡♠♦s q✉❡ τ → ∞ ❡ ❡♥tã♦✱
t♦❞❛s ❛s ♣❡rt✉r❜❛çõ❡s ❞❡❝r❡s❝❡♥t❡s ❞❡s❛♣❛r❡❝❡♠✳

❙❡❥❛ τ ✉♠ ✈❛❧♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡ ♠♦❞♦ q✉❡ ❣❛r❛♥t❛ ❛ ♣❡r✲
♠❛♥ê♥❝✐❛ ❞❛ s♦❧✉çã♦ ♥♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛
♣♦❞❡r♠♦s ❞❡s❝♦♥s✐❞❡r❛r ♦s ♠♦❞♦s ♣❡rt✉r❜❛t✐✈♦s ❞❡❝r❡s❝❡♥t❡s✳ ❆ ú♥✐❝❛ ♣❡r✲
t✉r❜❛çã♦ q✉❡ s♦❜r❛ é ❛ ❝r❡s❝❡♥t❡ ❡ ❛ss✐♠ ♦❜t❡♠♦s

Z (x, τ) ∼= Z∗ (x) + µ (p− p∗) e
λ0τZ0 (x) , ✭✸✳✶✹✮

♦♥❞❡ µ é ♦ ♣❛râ♠❡tr♦ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ C0 ❡ (p− p∗)✱ ✈❡r s❡çã♦
✸✳✷✳✶✳

❚♦♠❛♥❞♦ ✉♠ ✈❛❧♦r ♣❛rt✐❝✉❧❛r ❞❡ τ ✱ ♣♦r ❡①❡♠♣❧♦ τ = τp✱ ♣❡❧❛ ❡q✉❛çã♦
✭✸✳✶✹✮✱ τp é ❞❡✜♥✐❞♦ ♣♦r

µ (p− p∗) e
−λ0τp ≡ ε, ✭✸✳✶✺✮

♦♥❞❡ ε é ✉♠❛ ❝♦♥st❛♥t❡ ✜①❛✳
❙❡ ❛✜r♠❛r♠♦s q✉❡ tp é ♦ t❡♠♣♦ ❡♠ q✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ Z0 é s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ♣❡q✉❡♥❛✱ ♣❛r❛ t❡r♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❛ s♦❧✉çã♦✱ ♠❛s t❛♠❜é♠✱
s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ✐♥❝r❡♠❡♥t♦ ♣♦s✐t✐✈♦
q✉❛❧q✉❡r✱ ❛ s♦❧✉çã♦ ❞❡✐①❛ ❞❡ ❡st❛r ♣ró①✐♠❛ à s♦❧✉çã♦ ❝rít✐❝❛✳ ❊♥tã♦✱ ❛♦ ❝♦♥✲
t✐♥✉❛r♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❡st❛♠♦s ❡①tr❛♣♦❧❛♥❞♦ ♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦
❧✐♥❡❛r ❡ ❝❛♠✐♥❤❛♥❞♦ ♣❛r❛ ✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s ♣♦ssí✈❡✐s✳

❆ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛t❡✱ τp é ♦ t❡♠♣♦ q✉❡ ❛ s♦❧✉çã♦ ♦✉ ❛ tr❛❥❡tór✐❛ ❞❛
❡✈♦❧✉çã♦ ❞❡ ✉♠ ❝❛♠♣♦✱ ♣❡r♠❛♥❡❝❡ ♥♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❧✐♥❡❛r ❡ ❛tr❛✈és
❞❛ ❡q✉❛çã♦ ✭✸✳✶✺✮✱ t❡♠♦s

τp =
1

λ0

ln |p− p∗| + constante. ✭✸✳✶✻✮

P❛r❛ s♦❧✉çõ❡s ❝rít✐❝❛s ❉❙❙ ❝♦♠ ♣❡r✐♦❞✐❝✐❞❛❞❡ ∆✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❝♦s ♦❜s❡r✲
✈❛❞♦s✱ ♥♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❧✐♥❡❛r✱ é

N =
τp
∆
. ✭✸✳✶✼✮
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❊♠ ✉♠ τ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r✱ ❡q✉❛çã♦ ✭✸✳✶✹✮✱
♥ã♦ s❛t✐s❢❛③ Z (r, t) ∼= Z∗ ❡ ❛ s♦❧✉çã♦ ✜♥❛❧✱ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ♦✉
❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✱ é ❞❡t❡r♠✐♥❛❞❛ ❛♣❡♥❛s ♣❡❧♦ s✐♥❛❧ ❞❡ p− p∗✳

❖ ♣♦♥t♦ ❝r✉❝✐❛❧ é q✉❡ ♥ã♦ ♣r❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ❛ ❡✈♦❧✉çã♦ ❡♠ ❞❡t❛❧❤❡s✱
♥ã♦ ♣r❡❝✐s❛♠♦s s❛❜❡r ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ε q✉❛♥❞♦ ❛ ♣❡rt✉r❜❛çã♦ ♥ã♦ é ♠❛✐s
❧✐♥❡❛r✳ ➱ s✉✜❝✐❡♥t❡ ♥♦t❛r q✉❡ ❛ s♦❧✉çã♦ ❡♠ τ = τp✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ r✱ ♣♦✐s
♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✶✹✮ ❡ ✭✸✳✶✺✮✱

Z (x, τp) ∼= Z∗ (x) ± εZ0 (x) , ✭✸✳✶✽✮

♦♥❞❡ ± é ♦ s✐♥❛❧ ❞❡ p− p∗✳
❱♦❧t❛♥❞♦ ♣❛r❛ ❛s ❝♦♦r❞❡♥❛❞❛s ♦r✐❣✐♥❛✐s t ❡ r✱ ❡ ❞❡s❧♦❝❛♥❞♦ ❛ ♦r✐❣❡♠ ❞❡ t✱

❞❡ ♠❛♥❡✐r❛ q✉❡ τ = τp✱ ♦❜t❡♠♦s

Z (r, 0) ∼= Z∗

(
− r

Lp

)
± εZ0

(
− r

Lp

)
❡ Lp ≡ le−τp . ✭✸✳✶✾✮

❖s ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐ár✐♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✶✾✮✱ ❡♠ t = 0✱ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s
❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❞♦ ❝❛♠♣♦ ♥❛ ❡s❝❛❧❛ Lp ❡ ❞♦ s✐♥❛❧ ❞❡ p − p∗✳ ❆s ❡q✉❛çõ❡s
❞♦ ❝❛♠♣♦ ♥ã♦ tê♠ ✉♠❛ ❡s❝❛❧❛ ✐♥trí♥s❡❝❛ ❡ ❡♥tã♦✱ s❡❣✉❡✲s❡ q✉❡ ❛ s♦❧✉çã♦ ❡♠
t = 0 ❞❡✈❡ s❡r ✉♥✐✈❡rs❛❧ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛❧q✉❡r ❡s❝❛❧❛✱ ❛ss✐♠

Z (r, t) = f±

(
r

Lp

,
t

Lp

)
✭✸✳✷✵✮

♦♥❞❡ ❛s ❞✉❛s ❢✉♥çõ❡s f± sã♦ ✉♥✐✈❡rs❛✐s✱ ❬✶✾❪ ❡ ❬✷✺❪✳
❆ ❢♦r♠❛ ✉♥✐✈❡rs❛❧ ❞❛ s♦❧✉çã♦ ✭✸✳✷✵✮✱ ✐♠♣❧✐❝❛ q✉❡✱ ♣❛r❛ t♦❞♦ t > 0✱ ❞❡♣♦✐s

❞♦ r❡❣✐♠❡ ✐♥t❡r♠❡❞✐ár✐♦ ❧✐♥❡❛r✱ ❛ ❛♣r♦①✐♠❛çã♦ ♣♦r ♣❡rt✉r❜❛çã♦ ❧✐♥❡❛r ♥ã♦ é
♠❛✐s s❛t✐s❢❡✐t❛✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ s♦❧✉çã♦ ✜♥❛❧ é ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ❛ ♠❛ss❛
❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❢♦r♠❛❞♦ ❞❡✈❡ s❡r ♣r♦♣♦r❝✐♦♥❛❧ ❛ Lp✱ ❞❛s s♦❧✉çõ❡s f±✱ ♣♦✐s ❛
♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ t❡♠ ❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳ ❆ss✐♠✱ ♣❡❧❛s ❡q✉❛çõ❡s
✭✸✳✶✺✮ ❡ ✭✸✳✶✾✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡

MBH ∝ Lp ∝ (p− p∗)
1

λ0 ✭✸✳✷✶✮

❡ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ✉♥✐✈❡rs❛❧ é ❞❡t❡r♠✐♥❛❞♦ ♣♦r

γ =
1

λ0

.

P♦rt❛♥t♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✶✮✱ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
s❡❣✉❡

MBH = C (p− p∗)
γ .

✶✾



◆♦t❡ q✉❡ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❞❡t❡r♠✐♥❛ ✉♠❛ ❡s❝❛❧❛ ♣❛r❛ ❛ ♠❛ss❛ ❞❡ ❜✉r❛❝♦
♥❡❣r♦✳

P❛r❛ ♦ ❝❛s♦ ❞❡ s♦❧✉çõ❡s ❉❙❙✱ ●✉♥❞❧❛❝❤ ✭✶✾✾✼✮ ❬✷✵❪ ♣r❡✈ê ✉♠❛ ♠♦❞✐✜❝❛çã♦
♣❛r❛ ❛ ❧❡✐ ❞❡ ❡s❝❛❧❛✱ ❍♦❞ ❡ P✐r❛♥ ✭✶✾✾✼✮ ❬✷✼❪ ✈❡r✐✜❝❛ ❡ss❛ ♠♦❞✐✜❝❛çã♦✱ ❛tr❛✈és
❞❡ s✐♠✉❧❛çõ❡s ❡ ❞❡t❡r♠✐♥❛♠ q✉❡

MBH (p− p∗) = (p− p∗)
γ

∞∑

n=−∞

fn (p− p∗)
in2πγ/∆ ✭✸✳✷✷✮

♦♥❞❡ fn sã♦ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❡ ef(p−p∗) ❡ γn = γ + in2πγ/∆ é ✉♠❛
❢❛♠í❧✐❛ ❞❡ ❡①♣♦❡♥t❡s ❝rít✐❝♦s ❝♦♠♣❧❡①♦s✳

❖ ✈❛❧♦r ❞❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♠❛①✐♠❛❧ ❡ ❞❡ q✉❛♥t✐❞❛❞❡s s✐♠✐❧❛r❡s✱ ❛❞q✉✐✲
r✐❞❛s ❞❡ s♦❧✉çõ❡s ♣ró①✐♠❛s à s♦❧✉çã♦ ❝rít✐❝❛✱ t❛♠❜é♠ ❞❡t❡r♠✐♥❛♠ ✉♠❛ ❡s❝❛❧❛
♣❛r❛ ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ ♠❛s ❝♦♠ ✉♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ −2γ✱ ♣♦✐s
❛ ❞✐♠❡♥sã♦ ❞❛ ❝✉r✈❛t✉r❛ é (comprimento)−2 ❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛ L−2

p ✳ ❊ss❛
❝♦♥s✐❞❡r❛çã♦ é r❡❧❡✈❛♥t❡✱ ♣♦✐s ♠✉✐t❛s ✈❡③❡s é ♠❛✐s ❢á❝✐❧ ❝❛❧❝✉❧❛r ❛ ❝✉r✈❛t✉r❛
♠❛①✐♠❛❧ ❞❡ ✉♠❛ ❡✈♦❧✉çã♦ s✉❜❝rít✐❝❛✱ ❞♦ q✉❡ ♠❡❞✐r ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦
❡♠ ✉♠ r❡❣✐♠❡ s✉♣❡r❝rít✐❝♦✱ ●❛r✜♥❦❧❡ ❡ ❉✉♥❝❛♥ ✭✶✾✾✽✮ ❬✶✺❪✳

❚❡♥❞♦ ❡♠ ♠❡♥t❡ ❛s ❡str✉t✉r❛s ❜ás✐❝❛s✱ q✉❡ ❛✉①✐❧✐❛♠ ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❡
❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❥✉♥t♦ ❝♦♠ ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ♣♦❞❡♠♦s ♣❛rt✐r ♣❛r❛
✉♠❛ ✐♥✈❡st✐❣❛çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❡ ❝♦♠♣❧❡t❛ s♦❜r❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡ s♦❜r❡
❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✳

✷✵



❈❛♣ít✉❧♦ ✹

❊str✉t✉r❛ ●❡r❛❧ ❞♦ ❈♦❧❛♣s♦

●r❛✈✐t❛❝✐♦♥❛❧

◆❡ss❡ ❝❛♣ít✉❧♦✱ ❞❡t❛❧❤❛r❡♠♦s s♦❜r❡ ❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡✲
r❛❧ ❡ s♦❜r❡ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s✳ ❱❛♠♦s ❡①♣♦r ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡
✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣r♦①✐♠❛çõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ s♦❧✉çõ❡s ❝rít✐✲
❝❛s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❞❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡ ❝❛♠♣♦ ❡s❝❛❧❛r✳ ■♥✈❡st✐❣❛r❡♠♦s s♦❧✉✲
çõ❡s ❝rít✐❝❛s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❡♠
2 + 1 ❞✐♠❡♥sõ❡s✳

◆♦ss❛s ❛t❡♥çõ❡s ❡st❛rã♦ ❢♦❝❛❧✐③❛❞❛s ❡♠ três ❛s♣❡❝t♦s ❞❛s s♦❧✉çõ❡s ❞♦ t✐♣♦
✷✿ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❝rít✐❝❛s✱ ❝♦♥❡①ã♦ ❡♥tr❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡ s✐♥✲
❣✉❧❛r✐❞❛❞❡s ♥✉❛s ❡ ♣♦ssí✈❡✐s ❣❡♥❡r❛❧✐③❛çõ❡s ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s✳

✹✳✶ ❆✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ✈✐♠♦s q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ❝♦♠
s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❡♥❝♦♥tr❛❞❛ ♣♦r ❈❤♦♣t✉✐❦✱ ❬✼❪✱ é ♣❡r✐ó❞✐❝❛✱ ♦✉ s❡❥❛✱ ❞✐s❝r❡✲
t❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r ✭❉❙❙✮✳ ❆ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠
s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡s❝❛❧❛✱ ✐st♦ é✱ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r
✭❈❙❙✮ ❬✶✷❪ ❡ ❬✸✹❪✳ ◆❡ss❛ s❡çã♦✱ ✐♥✈❡st✐❣❛r❡♠♦s ♦ s✐❣♥✐✜❝❛❞♦ ❞❡ss❛s ❛✉t♦✲
s✐♠✐❧❛r✐❞❛❞❡s✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ♣r✐♠❡✐r♦ ❝♦♥s✐❞❡r❛♠♦s s✐♠❡tr✐❛s ❝♦♥tí♥✉❛s✱ ♣♦✐s ❡st❛✲
♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çõ❡s ❈❙❙✳ ❊♠ ❋ís✐❝❛ ◆❡✇t♦♥✐❛♥❛✱ ❛ s♦❧✉çã♦ Z é
❛✉t♦✲s✐♠✐❧❛r s❡

Z (①, t) = z

(
①

f (t)

)
, ✭✹✳✶✮

♦♥❞❡ ❛ ❢✉♥çã♦ f (t) é ♦❜t✐❞❛ ❛♣❡♥❛s ❞❡ ✉♠❛ ❛♥á❧✐s❡ ❞✐♠❡♥s✐♦♥❛❧✱ ✐ss♦ é ✈á❧✐❞❛

✷✶



♣❛r❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ ✶✳
P♦r ❡①❡♠♣❧♦✱ ❛ s♦❧✉çã♦ Z ❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢✉sã♦✱ Z,t = λ∆Z✱ s❛t✐s❢❛③

❛ ❡q✉❛çã♦ ✭✹✳✶✮ ♣❛r❛ f (t) =
√
λt✳ ❊♠ ❡①❡♠♣❧♦s ♠❛✐s ❝♦♠♣❧✐❝❛❞♦s✱ ❞❡✈❡✲s❡

✉s❛r ♦✉tr♦s t✐♣♦ ❞❡ s✐♠✐❧❛r✐❞❛❞❡✳
❊♠ ❋ís✐❝❛ ◆❡✇t♦♥✐❛♥❛✱ s♦❜ ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s ❡ t❡♠♣♦r❛❧ ❛❞❡q✉❛❞❛s✱

❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ é ✉♠ ❛♥s❛t③✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✮✱ ❞♦ ❝❛♠♣♦ Z✳
❊ss❡ ❛♥s❛t③ s✐♠♣❧✐✜❝❛ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡❧✐♠✐♥❛♥❞♦ ✉♠❛ ❞❛s ❝♦♦r❞❡✲

♥❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ♦ ❝❛♠♣♦ t❡♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♦ ansatz ❛✉t♦✲s✐♠✐❧❛r
s✐♠♣❧✐✜❝❛ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱ q✉❡ sã♦ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❞❡
✈❛r✐á✈❡✐s r ❡ t✱ ❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❝✉❥❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡
é ζ = r/f (t)✳

❙♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s sã♦ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛s s♦❧✉çõ❡s ❣❡r❛✐s ❡♠
✉♠❛ r❡❣✐ã♦✱ ❞✉r❛♥t❡ ❛❧❣✉♠ ❡stá❣✐♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♦♥❞❡ ♥♦ ♠á①✐♠♦
✉♠❛ ✈❛r✐á✈❡❧ é r❡✈❡❧❛♥t❡ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ s✐st❡♠❛✳

❊♠ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ❛♦ ❝r✐❛r♠♦s ❛ ❢✉♥çã♦ f (t)✱ t❡♠♦s ✉♠❛ ❧✐❜❡r❞❛❞❡
❞❡ ❡s❝♦❧❤❛ ❡♠ r❡❧❛çã♦ às ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s ❡ t❡♠♣♦r❛❧✳ ❆ss✐♠✱ ❛ ♥♦çã♦
❞❡ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡✱ ❡①❡♠♣❧✐✜❝❛❞❛ ♥❛ ❡q✉❛çã♦ ❞❛ ❞✐❢✉sã♦✱ ♥ã♦ ♣♦❞❡ s❡r ✉t✐✲
❧✐③❛❞❛✳ ➱ ❝♦♥✈❡♥✐❡♥t❡ q✉❡ ❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡✱ ❡♠ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ s❡❥❛
✉♠❛ ❤♦♠♦t❡t✐❛ ❬✶✾❪✳

❯♠❛ s♦❧✉çã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r ♣r❡ss✉♣õ❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠
❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤♦♠♦tét✐❝♦ ξ✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

Lξgab = −2gab, ✭✹✳✷✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ −2 é ❝♦♥✈❡♥❝✐♦♥❛❧ ❬✷✵❪✱ ❡ L é ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡✳ ❙❡❣✉❡✲s❡
q✉❡

LξR
a
bcd = 0 ✭✹✳✸✮

❡✱ ♣♦rt❛♥t♦✱

LξGab = 0. ✭✹✳✹✮

❖ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❡ ❛ ♠étr✐❝❛ ♥ã♦ ♣r❡❝✐s❛♠ s❛t✐s❢❛③❡r ❛s ❡q✉❛çõ❡s
✭✹✳✸✮ ❡ ✭✹✳✷✮✱ s❡ ♦ t❡♥s♦r ❞❡ ❊✐♥st❡✐♥ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✹✳✹✮✳

❊♠ ❝♦♦r❞❡♥❛❞❛s xµ = (τ, xi)✱ ❛❞❛♣t❛❞❛s à ❤♦♠♦t❡t✐❛✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛
♠étr✐❝❛ sã♦ ❞❡✜♥✐❞♦s ♣♦r

gµν

(
τ, xi

)
= l2e−2τgµν

(
xi
)
, ✭✹✳✺✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ l t❡♠ ❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳ ◆❡ss❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡✲
♥❛❞❛s✱ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❤♦♠♦tét✐❝♦ é

✷✷



ξ ≡ ∂

∂τ
. ✭✹✳✻✮

❙❡ ✜③❡r♠♦s ❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦✱ τ ≡ x0 ♣♦r t ≡ −le−τ ✱ ♥❛ ❡q✉❛çã♦
✭✹✳✺✮✱ ❛ ♠étr✐❝❛ ♣❛ss❛ ❛ s❡r

ds2 = g00dt
2 + 2tg0idtdx

i + t2gijdx
idxj. ✭✹✳✼✮

❙✉❜st✐t✉✐♥❞♦ xi, i = 1, 2, 3✱ ♣♦r ri ≡ (−t)xi✱ ♥❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ ♦❜t❡♠♦s

ds2 =
(
g00 + 2g0ix

i + gijx
ixj
)
dt2 + 2

(
g0i + gijx

j
)
dtdri + gijdr

idrj, ✭✹✳✽✮

♦♥❞❡ ❛s ❝♦♦r❞❡♥❛❞❛s xi ❡ τ ♥ã♦ tê♠ ❞✐♠❡♥sã♦ ❡ ❛s ❝♦♦r❞❡♥❛❞❛s ri ❡ τ tê♠
❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

❖❜s❡r✈❡ q✉❡ t♦❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s✱ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❡q✉❛çã♦ ✭✹✳✽✮✱ ♣♦❞❡♠
s❡r ❞♦ t✐♣♦ ❡s♣❛ç♦✱ ❞♦ t✐♣♦ t❡♠♣♦ ♦✉ ❞♦ t✐♣♦ ❧✉③✱ ♣♦✐s ♥ã♦ ❝♦❧♦❝❛♠♦s ❤✐♣ót❡s❡s
❛❞✐❝✐♦♥❛✐s ❡♠ r❡❧❛çã♦ ❛♦ s✐♥❛❧ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛✳ ◆♦t❡ t❛♠❜é♠
q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s ri ❡ t✱ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡
xi ≡ ri/ (−t)✳

P❛r❛ ❛s s♦❧✉çõ❡s ❈❙❙✱ ❝♦♠ s✐♠❡tr✐❝❛ ❡s❢ér✐❝❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r três t✐♣♦s
❞❡ ♠étr✐❝❛✳ ❉❛ ❡q✉❛çã♦ ✭✹✳✺✮ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ♠étr✐❝❛

ds2 = l2e−2τ
(
Adτ 2 + 2Bdτdx+ Cdx2 + F 2dΩ2

)
, ✭✹✳✾✮

♦♥❞❡ A✱ B✱ C✱ ❡ F sã♦ ❢✉♥çõ❡s ❞❡ x✳
P❛rt✐♥❞♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ t❡♠♦s ❛ ♠étr✐❝❛

ds2 = Adt2 + 2Bdtdx+ t2Cdx2 + t2F 2dΩ2, , ✭✹✳✶✵✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ x✳
❊✱ ✜♥❛❧♠❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✽✮ ❞❡t❡r♠✐♥❛♠♦s ❛ ♠étr✐❝❛

ds2 =
(
A+ 2xB + x2C

)
dt2 + 2 (B + xC) dtdr + Cdr2 + t2F 2dΩ2, ✭✹✳✶✶✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ x✳
▲♦❣♦✱ ❛s ❡q✉❛çõ❡s ✭✹✳✾✮✱ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮ sã♦ ♦s ♣❡r✜s ❞❛s s♦❧✉çõ❡s ❈❙❙✱

❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳
❯♠ ❡s♣❛ç♦✲t❡♠♣♦ t❡♠ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞✐s❝r❡t❛ s❡ ❡①✐st✐r ✉♠ ♥ú♠❡r♦

r❡❛❧ ∆✱ t❛❧ q✉❡

ĝab = e−2∆gab. ✭✹✳✶✷✮

✷✸



❊♠ t❡r♠♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s xµ = (τ, xi)✱ ❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ❞✐s❝r❡✲
t❛s ✭❉❙❙✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛

gµν

(
τ, xi

)
= e−2τgµν

(
xi
)
, ✭✹✳✶✸✮

♦♥❞❡

gµν

(
τ, xi

)
= gµν

(
τ + ∆, xi

)
, ✭✹✳✶✹✮

❬✶✾❪ ❡ ❬✷✵❪✳
❆ ♠étr✐❝❛ ❝♦♥❢♦r♠❡ gµν ✱ ❞❡♣❡♥❞❡ ❞❡ τ ❛♣❡♥❛s ❞❡ ♠❛♥❡✐r❛ ♣❡r✐ó❞✐❝❛✳ ◆♦t❡

q✉❡✱ ♣❛r❛ ❛ s♦❧✉çã♦ ❛✉t♦✲s✐♠✐❧❛r ❞✐s❝r❡t❛ ♥ã♦ ❢♦✐ ♣r❡❝✐s♦ ✐♥tr♦❞✉③✐r ♦ ❝❛♠♣♦
✈❡t♦r✐❛❧ ξ✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ✭✹✳✻✮ ❡ q✉❡✱ ❛ ❝♦♥st❛♥t❡ ∆ ✐♥❞❡♣❡♥❞❡
❞❛s ❝♦♦r❞❡♥❛❞❛s ❬✷✵❪✳

Pr♦ss❡❣✉✐♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❛ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s
❝♦♥tí♥✉❛s✱ ❡♥❝♦♥tr❛♠♦s ❛s ♠❡s♠❛s três ♠étr✐❝❛s✱ ❡q✉❛çõ❡s ✭✹✳✾✮✱ ✭✹✳✶✵✮ ❡
✭✹✳✶✶✮✳ P♦ré♠✱ ♥❡ss❡ ❝❛s♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛s ♠étr✐❝❛s t❛♠❜é♠ ❞❡♣❡♥❞❡♠ ❞❡
t✱ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♣❡r✐ó❞✐❝❛✳

❆❧é♠ ❞❛s três ♠étr✐❝❛s ♦❜t✐❞❛s ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ✉♠❛ ♦✉tr❛✱
❛tr❛✈és ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s r❛❞✐❛❧✲♣♦❧❛r✱ ♦ ♠❡s♠♦ s✐st❡♠❛ ✉t✐❧✐③❛❞♦
♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪ ❡♠ s✉❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳

❆♣❧✐❝❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❞❡✜♥✐❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✾✮✱ ♥♦
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s r❛❞✐❛❧✲♣♦❧❛r ✲ ❡q✉❛çã♦✭✷✳✸✮ ✲ ❛ ♠étr✐❝❛ ❣❡r❛❧✱ ❡s❢❡r✐✲
❝❛♠❡♥t❡ s✐♠étr✐❝❛✱ t♦r♥❛✲s❡

ds2 = l2e−2τ
[
−α2dτ 2 + a2 (dx− xdτ)2 + x2dΩ2

]
. ✭✹✳✶✺✮

❖❜s❡r✈❡ q✉❡ ❛s s✉♣❡r❢í❝✐❡s ❡♥❝♦♥tr❛❞❛s ♣❛r❛ q✉❛❧q✉❡r τ ✜①♦✱ sã♦ ❞♦ t✐♣♦
❡s♣❛ç♦ ❡ q✉❡ ♦ ✈❡t♦r t✐♣♦ t❡♠♣♦ ∂/∂τ ✱ t♦r♥❛✲s❡ t✐♣♦ ❡s♣❛ç♦ q✉❛♥❞♦ x é ♠✉✐t♦
❣r❛♥❞❡✱ ❞❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❞❡s✈✐♦✳

❖ ❡s♣❛ç♦✲t❡♠♣♦✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✺✮✱ é ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲
s✐♠✐❧❛r s❡ a ❡ α ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ x ❡ é ❞✐s❝r❡t❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r s❡ a ❡
α ❢♦r❡♠ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s ❡♠ τ ✳

❖s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❞❛♣t❛❞♦s ♣❛r❛ s♦❧✉çõ❡s ❈❙❙✱ ❡q✉❛çã♦ ✭✹✳✺✮
❡ s♦❧✉çõ❡s ❉❙❙✱ ❡q✉❛çã♦✭✹✳✶✸✮✱ ❢♦r♠❛♠ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ s✐st❡♠❛s
❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳ ◆♦ ❝❛s♦ ❈❙❙✱ ❛ ❧✐❜❡r❞❛❞❡ ❞❡ ❡s❝♦❧❤❛
❡♠ ✉♠ s✐st❡♠❛ ♦❝❝♦r❡ q✉❛♥❞♦ ✜①❛♠♦s τ = 0 ❡ ❞❡t❡r♠✐♥❛♠♦s ❛s ❝♦r❞❡♥❛❞❛s
❡s♣❛❝✐❛✐s xi✳ ❊♠ ❉❙❙✱ ♣♦❞❡♠♦s ✜①❛r ✉♠❛ s✉♣❡r❢í❝✐❡ ❛r❜✐trár✐❛ ❡♠ τ = 0 ❬✶✾❪✳

❆ s♦❧✉çã♦ ❈❙❙ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ s♦❧✉çã♦ ❉❙❙ ❡ ♣❛r❛ ♦❜t❡r♠♦s
t❛❧ s♦❧✉çã♦ ❈❙❙✱ ❞❡✈❡♠♦s ❡①✐❣✐r q✉❡ ∆ s❡❥❛ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧✱
●✉♥❞❧❛❝❤ ✭✶✾✾✼✮ ❬✷✵❪✳

❙❡ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ é ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❛✉t♦✲s✐♠✐❧❛r ♣❛r❛ ✉♠ ✢✉✐❞♦
♣❡r❢❡✐t♦✱ ❝♦♠ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠

✷✹



Tab = (p+ ρ)UaUb + pgab, ✭✹✳✶✻✮

❡♥tã♦✱ ❞❛s ❡q✉❛çõ❡s ✭✹✳✷✮✱ ✭✹✳✹✮ ❡ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ t❡♠♦s

LξUa = Ua, Lξρ = 2ρ e Lξp = 2p. ✭✹✳✶✼✮

❙♦♠❡♥t❡ ♦s ✢✉✐❞♦s ♣❡r❢❡✐t♦s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p =
kρ✱ ♦♥❞❡ k é ✉♠❛ ❝♦♥st❛♥t❡✱ ♣❡r♠✐t❡♠ s♦❧✉çõ❡s ❈❙❙ ❬✶✷❪✳ P♦st❡r✐♦r♠❡♥t❡✱
❝♦♥s✐❞❡r❛♠♦s ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦ q✉❡ s❛t✐s❢❛③ t❛❧ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦✳

❊♠ ❝♦♦r❞❡♥❛❞❛s ❈❙❙✱ ❛ ❞✐r❡çã♦ ❞❛ q✉❛❞r✐✈❡❧♦❝✐❞❛❞❡ Ua✱ ❞♦ ✢✉✐❞♦ ♣❡r✲
❢❡✐t♦✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ x✳ P♦r ✐ss♦✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ s❛t✐s❢❛③

ρ (x, τ) = e2τρ (x) . ✭✹✳✶✽✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ❛ ♠❛tér✐❛ ❡st✉❞❛❞❛ é ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱
❝♦♠ ♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✮✱ ♦❜t❡♠♦s

Lξφ = κ, ✭✹✳✶✾✮

♦♥❞❡ κ é ✉♠❛ ❝♦♥st❛♥t❡✳
❆ s♦❧✉çã♦ ❈❙❙ ♠❛✐s ❣❡r❛❧ é

φ = f (x) + κτ ✭✹✳✷✵✮

❡ ❛ s♦❧✉çã♦ ❉❙❙ ❣❡r❛❧ é

φ = f
(
τ, xi

)
+ κτ, ✭✹✳✷✶✮

♦♥❞❡
f
(
τ, xi

)
= f

(
τ + ∆, xi

)
.

❆ss✐♠✱ s❡ ❛ ♠❛tér✐❛ é ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠
❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✻✮✱ t❡♠♦s q✉❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❈❙❙ sã♦ r❡♣r❡s❡♥✲
t❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✽✮✳ ❙❡ ❛ ♠❛tér✐❛ ❢♦r ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱
t♦❞❛s ❛s s♦❧✉çõ❡s ❈❙❙ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✷✵✮ ❡ ❛s s♦❧✉çõ❡s
❉❙❙ tê♠ ♦ ♣❡r✜❧ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✶✮✳

❆♣ós ❡ss❡ ❞❡t❛❧❤❡ s♦❜r❡ ❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s✱ ♥❛ ♣ró①✐♠❛ s❡çã♦ ❛♥❛✲
❧✐s❛r❡♠♦s ❛s s♦❧✉çõ❡s ❝rít✐❝❛s ❡ s✉❛s ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡s✳

✹✳✷ ❈á❧❝✉❧♦ ❞❡ s♦❧✉çõ❡s ❝rít✐❝❛s

■♥✐❝✐❛❧♠❡♥t❡✱ ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❢♦r❛♠ ❞❡s❝♦❜❡r✲
t♦s ♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪✱ ❛tr❛✈és ❞❡ ❡st✉❞♦s ♥✉♠ér✐❝♦s q✉❡ s✐♠✉❧❛♠ ❛
❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✳

✷✺



❉❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s✱ S [p]✱ q✉❡ ♣♦ss✉✐ s♦❧✉çõ❡s s✉❜❝rít✐❝❛s ❡
s✉♣❡r❝rít✐❝❛s✱ ❈❤♦♣t✉✐❦ ❬✼❪ ❞❡t❡r♠✐♥♦✉ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❛ ♣❛rt✐r ❞❡ ✉♠
r❡✜♥❛♠❡♥t♦ ❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛s s♦❧✉çõ❡s s✉❜✲
❝rít✐❝❛s ✜❝❛ss❡♠ ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠❛s ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✳

❯♠❛ ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❡♥❝♦♥tr❛r✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❝rít✐❝❛✱
❛❞✈é♠ ❞❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ❝❛♥❞✐❞❛t♦ à s♦❧✉çã♦ ❝rít✐❝❛✳ P❛r❛ ❡ss❡ ❝❛♥❞✐❞❛t♦✱
❞❡✈❡♠♦s ❡①✐❣✐r q✉❡ ❛ s♦❧✉çã♦ s❡❥❛ ❈❙❙ ♦✉ ❉❙❙✱ q✉❡ s❡❥❛ ❛❞❡q✉❛❞❛♠❡♥t❡
r❡❣✉❧❛r ❡ t❛♠❜é♠ ❞❡✈❡♠♦s ♦❜t❡r s❡✉ ❡s♣❡❝tr♦ ❞❡ ♣❡rt✉r❜❛çã♦✱ ♣❛r❛ ✈❡r✐✜❝❛r
q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞❡ ♣❡rt✉r❜❛çã♦ ❝r❡s❝❡♥t❡ ❬✶✾❪✳

◆❡ss❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ❝♦♠♦ ❝♦♥str✉✐r ✉♠ ❝❛♥❞✐❞❛t♦ à s♦❧✉çã♦ ❝rít✐❝❛
❢❛③❡♥❞♦ ❡ss❛s ❡①✐❣ê♥❝✐❛s✳

❆ ❝♦♠❜✐♥❛çã♦ ❡♥tr❡ s♦❧✉çõ❡s ❈❙❙ ❡ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ r❡❞✉③ ❛s ❡q✉❛çõ❡s
❞♦ ❝❛♠♣♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳ ◆❡ss❡ ❛♥s❛t③✱
❛s ❡①✐❣ê♥❝✐❛s ❞❡ ❛♥❛❧✐t✐❝✐❞❛❞❡ ♥♦ ❝❡♥tr♦ ❡ ♥♦ ♣❛ss❛❞♦ ❞❛ ♠❛tér✐❛✱ ❛♥t❡s ❞❛
❢♦r♠❛çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡✱ sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❢♦r♥❡❝❡r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✲
t♦r♥♦ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❬✶✾❪✳

❚♦❞❛s ❛s s♦❧✉çõ❡s ❝rít✐❝❛s ❈❙❙ sã♦ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛
❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦✱ ❝✉❥♦ s✐st❡♠❛ é ❢♦r♠❛❞♦ ♣♦r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♦r❞✐✲
♥ár✐❛s✳ ❯♠ ❢❛t♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ s♦❧✉çõ❡s ❝rít✐❝❛s ❈❙❙ sã♦ ❞❡t❡r♠✐♥❛❞❛s
❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ 2 + 1 ❞✐♠❡♥sã♦✳ ❋❛❧❛r❡♠♦s ❞✐ss♦
❝♦♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✹✳✹✳

❖s ❆♥s❛t③✬s sã♦ ❝♦♥❞✐çõ❡s ❛❝r❡s❝❡♥t❛❞❛s ♥❛ s♦❧✉çã♦✱ ♦✉ ♥❛s ❡q✉❛çõ❡s ❞♦
❝❛♠♣♦✱ q✉❡ ✈✐s❛♠ ♦❜t❡r s✐♠♣❧✐✜❝❛çõ❡s q✉❡ ♠❛♥tê♠ ❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s
❝♦♥s✐st❡♥t❡s✱ ❡stá✈❡✐s ❡ ❝♦♥✈❡r❣❡♥t❡s ♣❛r❛ ✉♠❛ s♦❧✉çã♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ s✐s✲
t❡♠❛ ❢ís✐❝♦ ❡♠ q✉❡stã♦✳

❖ ❛♥s❛t③ ❞❡ s♦❧✉çõ❡s ❈❙❙✱ ❝♦♠ r❡❣✉❧❛r✐❞❛❞❡ ♥♦ ❝❡♥tr♦ ❡ ♥♦ ♣❛ss❛❞♦ ❞♦
❝♦♥❡ ❞❡ s♦♠✱ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ρ = 3p✱
❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣♦r ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ✭✶✾✾✹✮ ❬✶✷❪✳

◆❡ss❡ tr❛❜❛❧❤♦✱ ❡ss❡s ❛✉t♦r❡s ✈❡r✐✜❝❛r❛♠ q✉❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❡♥tr♦ ❞♦
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❛s s♦❧✉çõ❡s s❡ ❛♣r♦①✐♠❛♠ ❞❡ r = 0 ❡ q✉❡ ♣❛r❛ ✉♠
❞❡t❡r♠✐♥❛❞♦ r❛✐♦✱ ❛s s♦❧✉çõ❡s ❞✐s♣❡rs❛♠✳

❖ tr❛❜❛❧❤♦ ❞❡ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ s❡r✈✐✉ ❞❡ ❜❛s❡ ♣❛r❛ q✉❡ ❞✐✈❡rs♦s ❛✉t♦r❡s
✐♥✈❡st✐❣❛ss❡♠ ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✢✉✐❞♦s ♣❡r❢❡✐t♦s✱ ❝♦♠ ♦✉tr♦s ✈❛❧♦r❡s
❞❡ k ♥❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p = kρ✳

◆✐❡❧s❡♥ ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✸✹❪ ❡♥❝♦♥tr❛r❛♠ s♦❧✉çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ 0 <
k ≤ 1✱ ❝♦♠♣❧❡♠❡♥t❛♥❞♦ ♦ tr❛❜❛❧❤♦ ❞❡ ●✉♥❞❧❛❝❤ ❬✶✽❪✱ q✉❡ ❥á ❤❛✈✐❛ ♦❜s❡r✲
✈❛❞♦ ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❝rít✐❝❛s✱ ✉t✐❧✐③❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥❛❧ít✐❝♦s ❞❛ ❚❡♦r✐❛
❞❡ P❡rt✉r❜❛çã♦✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❛♥s❛t③ ♣❛r❛ s♦❧✉çõ❡s ❈❙❙✱ ✉♠ ❛♥s❛t③ ❉❙❙ ♥ã♦ r❡❞✉③
❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ ❞❡✈✐❞♦ ❛
s✐♠❡tr✐❛ s❡r ❞✐s❝r❡t❛✳ ❆ ✈❛♥t❛❣❡♠ é q✉❡ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠ ❛♥s❛t③ ❉❙❙

✷✻



❡①❛t♦✱ q✉❡ ✐♥❝♦r♣♦r❡ ❛ ❡s❝❛❧❛ ✐♥✈❛r✐❛♥t❡ ∆ ∼= 3, 44✱ ❝♦♠♦ s❡♥❞♦ ♦ ♣❡rí♦❞♦ ❞❛
❝♦♦r❞❡♥❛❞❛ τ ✳

❆ s♦❧✉çã♦ ❝rít✐❝❛ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ♦❜t✐❞❛
❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ●✉♥❞❧❛❝❤ ✭✶✾✾✼✮
❬✷✵❪ ❡ ▼❛rtí♥✲●❛r❝✐❛ ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✸✸❪✳ ◆❛ s❡❣✉♥❞❛ r❡❢❡rê♥❝✐❛✱ ♦s ❛✉✲
t♦r❡s ❛♥❛❧✐s❛r❛♠ ❛ ❡str✉t✉r❛ ❣❧♦❜❛❧ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡ ❞❡t❡r♠✐♥❛r❛♠ ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛✱ ❛tr❛✈és ❞❛ s♦❧✉çã♦ ✉♥✐✈❡rs❛❧ ❞❡ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞✐s❝r❡t❛✳

P❛r❛ t❡r♠♦s ❝❡rt❡③❛ ❞❡ q✉❡ ✉♠❛ s♦❧✉çã♦ ❉❙❙ ♦✉ ❈❙❙ é ❞❡ ❢❛t♦ ✉♠❛ s♦❧✉✲
çã♦ ❝rít✐❝❛✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❛ s♦❧✉çã♦ t❡♠ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❝r❡s❝❡♥t❡
❞❡ ♣❡rt✉r❜❛çã♦ ✲ ✈❡r ♣r♦❝❡❞✐♠❡♥t♦s ❡❢❡t✉❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✹ ✲ s❡çã♦ ✸✳✷✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛ ❉❙❙ ✭♦✉ ❈❙❙✮ ❞♦ t✐♣♦ ✷✱ q✉❡ t✐♣♦ ❞❡
r❡❣✉❧❛r✐❞❛❞❡ ❞❡✈❡ t❡r ❡ss❛ s♦❧✉çã♦❄

❆♣❡♥❛s ❡①✐❣✐r s✉❛✈✐❞❛❞❡ ♥♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♦s
❞❛❞♦s ✐♥✐❝✐❛✐s s❡❥❛♠ ❛♥❛❧ít✐❝♦s✳ ❆ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡✈❡ s❡r ❛♥❛❧ít✐❝❛ ❡♠ t♦❞♦s
♦s ♣♦♥t♦s q✉❡ ♥ã♦ sã♦ ✐♥✢✉❡♥❝✐❛❞♦s ❝❛✉s❛❧♠❡♥t❡ ♣❡❧❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ❞❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ♥ã♦ ❞❡✲
✈❡r✐❛ s❡r ♠❡♥♦s r❡❣✉❧❛r ❞♦ q✉❡ ✉♠ ♦✉tr♦ ♣♦♥t♦ q✉❛❧q✉❡r✱ ♠❛s ❝❛♠♣♦s ❞❡
♠❛tér✐❛ ❛✉t♦✲s✐♠✐❧❛r❡s✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦
sã♦ s✐♥❣✉❧❛r❡s ❞♦ ❝❡♥tr♦ ❞❛ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❞❛ s✐❣✉❧❛r✐❞❛❞❡✱
♦✉ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

P❡❧♦ ❢❛t♦ ❞❡ q✉❡ s♦❧✉çõ❡s ❉❙❙ sã♦ ♠❛✐s ❣❡r❛✐s ❞♦ q✉❡ s♦❧✉çõ❡s ❈❙❙✱ ❢♦❝❛✲
❧✐③❛♠♦s ❛s ❛t❡♥çõ❡s ❡♠ s♦❧✉çõ❡s ❉❙❙✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦ é

φ (r, t) =
1

r
[f (t+ r) − g (t− r)] , ✭✹✳✷✷✮

♦♥❞❡ f (z) ❡ g (z) sã♦ ❢✉♥çõ❡s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✱ z ∈ [−∞,+∞]✳
❆ ❢✉♥çã♦ f ❞❡s❝r❡✈❡ ♦♥❞❛s q✉❡ s❡ ♠♦✈❡♠ ♣❛r❛ r = 0 ❡ g ❞❡s❝r❡✈❡ ♦♥❞❛s

q✉❡ s❡ ❛❢❛st❛♠ ❞❡ r = 0✳ P❛r❛ q✉❡ r = 0 s❡❥❛ r❡❣✉❧❛r✱ ♣❛r❛ t♦❞♦ t✱ ❞❡✈❡♠♦s
❡①✐❣✐r q✉❡ f (z) = g (z) ❡♠ r = 0✳ ❋✐s✐❝❛♠❡♥t❡✱ ❡ss❛ ❡①✐❣ê♥❝✐❛ s✐❣♥✐✜❝❛ q✉❡
❛s ♦♥❞❛s✱ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❢✉♥çã♦ f ✱ ♠✉❞❛♠ ❞❡ ❞✐r❡çã♦ ❡♠ r = 0 ❡ ❞❡♣♦✐s✱
s❡ ❛❢❛st❛♠ ❞♦ ❝❡♥tr♦✳

❆♣❧✐❝❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

x = −r
t

❡ τ = − ln

(
−t
l

)
, ♣❛r❛ t < 0, ✭✹✳✷✸✮

♥❛ ❡q✉❛çã♦ ✭✹✳✷✷✮✱ ❡st❛r❡♠♦s r❡♣r❡s❡♥t❛♥❞♦ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❡♠ t❡r♠♦s ❞❡
❝♦♦r❞❡♥❛❞❛s ❛✉t♦✲s✐♠✐❧❛r❡s x ❡ τ ✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡
❝♦♦r❞❡♥❛❞❛s ✭✹✳✷✸✮✱ ♣❛r❛ t < −r✱ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ♥♦ ♣❛ss❛❞♦ ❞♦ ♣♦♥t♦
(r, t) = (0, 0)✱

✷✼



φ (x, τ) =
1 − x

x
F (τ − ln (1 − x)) − 1 + x

x
G (τ − ln (1 + x)) , ✭✹✳✷✹✮

♦♥❞❡ F ❡ G ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
P❛r❛ q✉❡ ❛ ❡q✉❛çã♦ ✭✹✳✷✹✮ s❡❥❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r✱ ♦✉ s❡❥❛ φ =

φ (x)✱ ❛s ❢✉♥çõ❡s F ❡ G ❞❡✈❡♠ s❡r ❝♦♥st❛♥t❡s✳ ❙❡ t❡♠♦s ✐♥t❡r❡ss❡ ❡♠ s♦❧✉✲
çã♦ ❝♦♠ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞✐s❝r❡t❛✱ ❞❡✈❡♠♦s ❡①✐❣✐r ♣❡r✐♦❞✐❝✐❞❛❞❡ ❡♠ τ ✱ ❞❡
♣❡rí♦❞♦ ∆✳

■♠♣♦♥❞♦ r❡❣✉❧❛r✐❞❛❞❡ ♥♦ ❝❡♥tr♦ r = 0✱ ♣❛r❛ t♦❞♦ t < 0✱ ♦❜t❡♠♦s x = 0 ❡
✐ss♦ ❡①✐❣❡ q✉❡ F = G q✉❛♥❞♦ x = 0✳ ❆ r❡❣✉❧❛r✐❞❛❞❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡
❧✉③✱ ❡♠ t = −r ♣❛r❛ t < 0✱ ♥♦s ❢♦r♥❡❝❡ x = 1✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ F = 0✳

❆♣❡♥❛s ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s s♦❜r❡ F ♣♦❞❡ s❡r ✐♠♣♦st❛✱ ♣♦✐s s♦❧✉çõ❡s ❉❙❙
✭♦✉ ❈❙❙✮ ♥ã♦ ♣♦❞❡♠ s❡r r❡❣✉❧❛r❡s ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ♥♦ ❝❡♥tr♦ ❡ ♥♦ ♣❛ss❛❞♦
❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ q✉❛♥❞♦ ♦ ❡s♣❛ç♦✲t❡♠♣♦ é ♣❧❛♥♦ ✭❡①❝❡t♦ ♣❛r❛ φ = 0✮✳

❊①♣❛♥❞✐♥❞♦ ❡ss❡ ❛r❣✉♠❡♥t♦✱ ❛ s♦❧✉çã♦ ♣♦❞❡ s❡r r❡❣✉❧❛r ❛♣❡♥❛s ❡♠ ✉♠❛
❞❛s q✉❛tr♦ r❡❣✐õ❡s✿ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝❡♥tr♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡❀ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡
❞❡ ❧✉③❀ ♥♦ ❢✉t✉r♦ ❞♦ ❝❡♥tr♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♦✉ ♥♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❬✷✵❪
❡ ❬✶✾❪✳

◆❛ ♣r❡s❡♥ç❛ ❞❡ ❣r❛✈✐❞❛❞❡✱ ❛ ❡str✉t✉r❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♠✉❞❛ ❡✱ ❡♠ ♣r✐♥✲
❝í♣✐♦✱ ❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ♣♦❞❡♠ s❡r r❡❣✉❧❛r❡s t❛♥t♦ ♥♦ ❝❡♥tr♦ ❞❛ s✐♥✲
❣✉❧❛r✐❞❛❞❡✱ q✉❛♥t♦ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ♠étr✐❝❛ ✭✹✳✶✺✮✱

ds2 = l2e−2τ
[
−α2dτ 2 + a2 (dx− xdτ)2 + x2dΩ2

]
, ✭✹✳✷✺✮

❝♦♠ x ❡ τ ❞❡✜♥✐❞♦s ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✷✸✮✳
■♥tr♦❞✉③✐♥❞♦ ❝♦♠♦ ✈❛r✐á✈❡✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❛ ♠❛tér✐❛✱ ♦s ❝❛♠♣♦s

❛✉①✐❧✐❛r❡s

U = r
( a
α
∂tφ− ∂rφ

)
✭✹✳✷✻✮

❡
V = r

( a
α
∂tφ+ ∂rφ

)
, ✭✹✳✷✼✮

♦♥❞❡ V ❞❡s❝r❡✈❡ ♦♥❞❛s ✐♥❞♦ ❡♠ ❞✐r❡çã♦ ❞❡ r = 0 ✭♦♥❞❛s ❝♦❧❛♣s❛♥❞♦✮ ❡ U
♦♥❞❛s ✐♥❞♦ ❡♠ ❞✐r❡çã♦ ❝♦♥trár✐❛ ❞❡ V ✭♦♥❞❛s ❞✐s♣❡rs❛♥❞♦✮ ❬✸✸❪✳

❆s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ✭✷✳✻✮✱ ✭✷✳✼✮✱ ✭✷✳✽✮ ❡ ✭✷✳✾✮✱ ❡♠ t❡r♠♦s ❞❡ U ❡ V ✱
♣♦❞❡♠ s❡r r❡❡s❝r✐t❛s ❞❛s s❡❣✉✐♥t❡s ❢♦r♠❛s

∂xU =
f [(1 − a2)U + V ] − x∂τU

x (f + x)
✭✹✳✷✽✮

✷✽



❡

∂xV =
f [(1 − a2)V + U ] + x∂τV

x (f − x)
, ✭✹✳✷✾✮

♦♥❞❡
f ≡ α

a
.

❖ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✾✮ ❞❡s❛♣❛r❡❝❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱
q✉❛♥❞♦ f − x = 0✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❧✐❜❡r❞❛❞❡ ❞♦ ❣❛✉❣❡ r❡s✐❞✉❛❧ t →
t
′

(t)✱ ♣❛r❛ ✜①❛r ♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❞♦ ♥♦ ♣♦♥t♦ (r, t) = (0, 0)✱ ❡♠
r = −t ✭❝♦♥❢♦r♠❡ ❛ ♠étr✐❝❛✮✳

❉❡✈✐❞♦ ❛ ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ t❡♠♦s q✉❡ f = 1✱
♣♦✐s q✉❛♥❞♦ r = −t ❛ ❡q✉❛çã♦ ✭✹✳✷✸✮ ♥♦s ❞✐③ q✉❡ x = 1✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣♦♥t♦
x = 1 é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s q✉❡
t❡♠♦s q✉❡ r❡s♦❧✈❡r✳

◆♦t❡ q✉❡ ♥❡ss❛ ❝♦♥✈❡♥çã♦✱ α (0, t) 6= 1✱ ♣♦✐s

r = 0 ⇒ x = −r
t

= 0 ⇒ f = 0 ⇒ α ≡ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❈❤♦♣t✉✐❦ ✭✶✾✾✸✮ ❬✽❪ ❡ ●✉♥❞❧❛❝❤ ✭✶✾✾✼✮ ❬✷✵❪✱ ✉t✐❧✐③❛r❛♠ ❛
❝♦♥✈❡♥çã♦ α (0, t) = 1✳

❙✐♠✐❧❛r♠❡♥t❡✱ ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✻✮ ❞❡s❛♣❛r❡❝❡ ♥♦ ❢✉t✉r♦ ❞♦
❝♦♥❡ ❞❡ ❧✉③ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡♠ f + x = 0✳

P❛r❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s♦❧✉çã♦ ♥♦ ♣♦♥t♦ s✐♥❣✉❧❛r x = 1✱
❛♥❛❧✐s❛♠♦s t❛❧ s♦❧✉çã♦ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✳ ❊♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦
♣❧❛♥♦✱ f = a = α = 1✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✭✹✳✷✾✮ s❡ r❡❞✉③ à

∂xV =
U + x∂τV

x (1 − x)
. ✭✹✳✸✵✮

❆ s♦❧✉çã♦ ❣❡r❛❧✱ ♥♦ ♣♦♥t♦ s✐♥❣✉❧❛r x = 1✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ❛ s♦♠❛
❞❡ ✉♠❛ s♦❧✉çã♦ r❡❣✉❧❛r ❝♦♠ ✉♠❛ s♦❧✉çã♦ s✐♥❣✉❧❛r ❬✶✾❪✳ ❉❛ ❡q✉❛çã♦ ✭✹✳✸✵✮✱
t❡♠♦s q✉❡✱ ♥♦ ❧✐♠✐t❡ x→ 1−✱

V ∼= F [τ − ln (1 − x)] , ✭✹✳✸✶✮

♦♥❞❡ F (z) t❡♠ ♣❡rí♦❞♦ ∆ ❡ ♦ sí♠❜♦❧♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❢♦✐ ✉t✐❧✐③❛❞♦
♣♦rq✉❡ ❛ s♦❧✉çã♦ ❢♦✐ ❝❛❧❝✉❧❛❞❛ ❛♣❡♥❛s ❝♦♥s✐❞❡r❛♥❞♦ ♦s t❡r♠♦s q✉❡ ❡♥✈♦❧✈❡ V ✱
❞❡s❝♦♥s✐❞❡r❛♥❞♦ ♦ t❡r♠♦ U ❞❛ ❡q✉❛çã♦ ✭✹✳✸✵✮✳

❆ ❡q✉❛çã♦ ✭✹✳✸✶✮ é ✉♠❛ s♦❧✉çã♦ s✐♥❣✉❧❛r✱ ♣♦✐s ♦s❝✐❧❛ ✐♥✜♥✐t❛♠❡♥t❡ q✉❛♥❞♦
x→ 1− ❡ ✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✱ ❛ ❡q✉❛çã♦ ✭✹✳✸✶✮ é ✉♠❛ s♦❧✉çã♦ ❡①❛t❛✱
❞❡✈✐❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✷✹✮✳

❆❣♦r❛✱ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❣r❛✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❝✉r✈♦✱
♦ ♥✉♠❡r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✾✮ ❝♦♥té♠ ✉♠ t❡r♠♦ ❛❞✐❝✐♦♥❛❧✱ ♣r♦♣♦r❝✐♦♥❛❧

✷✾



❛ (1 − a2)✱ ❞❡✈✐❞♦ ❛ ❝✉r✈❛t✉r❛ ✐♥❞✉③✐❞❛ ♣❡❧♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠ ❞♦
❝❛♠♣♦ ❡s❝❛❧❛r✳

❯t✐❧✐③❛♠♦s ❡ss❡ t❡r♠♦ ❛❞✐❝✐♦♥❛❧ ♣❛r❛ ✐♠♣♦r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿ ♦ ♥✉✲
♠❡r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✾✮ ❞❡s❛♣❛r❡❝❡ ♥♦ ❝♦♥❡ ❞❡ ❧✉③✳ ❆ss✐♠✱ ❡♥❝♦♥tr❛♠♦s
q✉❡ ♦ ❞❡♥♦♠✐♥❛❞♦r ❡ ♦ ♥✉♠❡r❛❞♦r ❞❡s❛♣❛r❡❝❡♠ ❡♠ ♠❡s♠❛ ♦r❞❡♠ O (x− 1)✱
❧♦❣♦ ❛ s♦❧✉çã♦ t♦r♥❛✲s❡ ❛♥❛❧ít✐❝❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✳

❆ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ♦ ♥✉♠❡r❛❞♦r ❞❛ ❡q✉❛çã♦ ✭✹✳✷✾✮ ❞❡s❛♣❛r❡ç❛ ❡♠ x = 1✱
é ❞❛❞❛ ♣♦r

(
1 − a2

)
V + ∂τV = 0. ✭✹✳✸✷✮

▲❡♠❜r❛♥❞♦ q✉❡ ♣❡❧♦ ❣❛✉❣❡✱ f = 1 ❡♠ x = 1✱ ❛ ❡q✉❛çã♦ ✭✹✳✸✷✮ é ✉♠❛ ❊❉❖ ❞❡
V ✱ ❞❡✜♥✐❞❛ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛
❡♠ τ ✱ ♣❛r❛ U ❡ a ❞❛❞♦s ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❬✸✸❪ ❡ ❬✶✾❪✳

❉✐❛♥t❡ ❞✐ss♦✱ ♦❜t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ ♠✐st♦✱ ❡❧í♣t✐❝♦
❡ ❤✐♣❡r❜ó❧✐❝♦✱ ❞❡ ❞✐♠❡♥sã♦ ✭1 + 1✮✱ ♥♦ ❞♦♠í♥✐♦ 0 ≤ x ≤ 1 ❡ 0 ≤ τ ≤ ∆✱
❝♦♠ r❡❣✉❧❛r✐❞❛❞❡ ❡♠ x = 0✱ x = 1 ❡ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛ ❡♠ τ ✱
❞❡ ♣❡rí♦❞♦ ∆✳

❙♦❧✉çõ❡s ♥✉♠ér✐❝❛s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ ❢♦r❛♠ ♦❜t✐❞❛s✱ ●✉♥✲
❞❧❛❝❤ ✭✶✾✾✼✮ ❬✷✵❪✱ ▼❛rtí♥✲●❛r❝í❛ ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✸✸❪✱ ❡ ❡stã♦ ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡♥❝♦♥tr❛❞❛ ♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✸✮✳ ❆ ♣r♦✈❛ ❞❡ ❡①✐stê♥❝✐❛
❡ ✉♥✐❝✐❞❛❞❡ ❧♦❝❛❧ ❞❡ss❛s s♦❧✉çõ❡s ♥✉♠ér✐❝❛s é ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✳ ◆❡ss❛
❞✐ss❡rt❛çã♦✱ ✜③❡♠♦s ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳

✹✳✸ ❆♣r♦①✐♠❛çõ❡s ❆♥❛❧ít✐❝❛s

❉✐✈❡rs♦s tr❛❜❛❧❤♦s tê♠ ✐♥t❡♥s✐✜❝❛❞♦ ♦ ❡st✉❞♦ ❞❡ s♦❧✉çõ❡s ❈❙❙✱ ✐♥❞❡♣❡♥❞❡♥✲
t❡♠❡♥t❡ ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❝rít✐❝♦✳ ▼✉✐t♦s ❞❡ss❡s ❡st✉❞♦s ❢♦❝❛❧✐③❛♠ s♦✲
❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s✱ ♣❛r❛ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❝♦♠ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p = kρ✱
❡♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳

❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ✭✶✾✾✹✮ ❬✶✷❪ ❡♥❝♦♥tr❛r❛♠ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ❛♦ s✐✲
♠✉❧❛r ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❡♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❝♦♠ ❡q✉❛çã♦ ❞❡
❡st❛❞♦ p = 1

3
ρ✳ ❊❧❡s t❛♠❜é♠ ♦❜t✐✈❡r❛♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦

❡st✉❞❛❞♦ ♣♦r ❈❤♦♣t✉✐❦ ❬✽❪✱ q✉❡ ❞❡✜♥❡ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ❛ ♠❛ss❛ ❞♦
❜✉r❛❝♦ ♥❡❣r♦✳

◆❡ss❛ s❡çã♦ ♠♦str❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❤✐stór✐❛ s♦❜r❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❢❡♥ô✲
♠❡♥♦s ❝rít✐❝♦s ❡♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡ ❛s ❛♣r♦①✐♠❛çõ❡s ❛♥❛❧ít✐❝❛s ❛❞♦t❛❞❛s ♣❛r❛
♦ ❡st✉❞♦ ❞❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s✳

✸✵



✹✳✸✳✶ Pr❡✈✐sõ❡s ❞♦ ❡st✉❞♦ s♦❜r❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦

▲♦❣♦ ❛♣ós ❛ ❞❡s❝♦❜❡rt❛ ❞❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷ ❡♠ ❝♦❧❛♣s♦ ❞❡ ❝❛♠♣♦
❡s❝❛❧❛r✱ ❊✈❛♥s t❡♥t♦✉ ♦❜t❡r✱ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♠❛s ♥ã♦ ♦❜t❡✈❡ s✉❝❡ss♦ ❡ ❡♥tã♦ ✈♦❧t♦✉ s✉❛s ❛t❡♥çõ❡s ♣❛r❛
♦ ❝♦❧❛♣s♦ ❞❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ◆❡✐❧s❡♥ ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✸✹❪✳

❈♦♥s❝✐❡♥t✐③❛❞♦s ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❝♦♥tí♥✉❛✱ ❡♠ ✢✉①♦ ❞❡
✢✉✐❞♦s r❡❧❛t✐✈íst✐❝♦s✱ ❡ ❞❡ q✉❡ ❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ t❡♠ ❝❛r❛❝t❡ríst✐❝❛s ❜❡♠
❞❡✜♥✐❞❛s✱ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ✭✶✾✾✹✮ ❬✶✷❪ ❝♦♥str✉ír❛♠ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦
❞❡ ❝♦❧❛♣s♦ ❞❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡ ♦❜t✐✈❡r❛♠ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ✉t✐❧✐③❛♥❞♦
♦ ❛♥s❛t③ q✉❡ r❡❞✉③ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳

❊❧❡s t❛♠❜é♠ ❡♥❝♦♥tr❛r❛♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ❛tr❛✈és ❞♦ r❡✜♥❛♠❡♥t♦ ❞♦s
❞❛❞♦s ✐♥✐❝✐❛✐s ❡ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝♦♠ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦✱ γ ∼= 0, 36✱ ❛tr❛✈és
❞❡ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ♣❡rt✉r❜❛çã♦✳

❖s ❡st✉❞♦s ❞❡ ❑♦✐❦❡✱ ❍❛r❛ ❡ ❆❞❛❝❤✐ ✭✶✾✾✾✮ ❬✷✾❪ ❛❝r❡s❝❡♥t❛r❛♠ ❞❡t❛❧❤❡s
s♦❜r❡ ♦ ✉s♦ ❞❛ ❛♥á❧✐s❡ ❞❡ ♣❡rt✉r❜❛çã♦✱ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥✳ ❊❧❡s
❡♥❝♦♥tr❛r❛♠ ❛♣❡♥❛s ✉♠ ♠♦❞♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❛ss♦❝✐❛❞♦ ❛ s♦❧✉çã♦ ❝rít✐❝❛
❡ ❞❡t❡r♠✐♥❛r❛♠ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈ ❡ ♦ ❡①♣♦❡♥t❡
❝rít✐❝♦✳

❑♦✐❦❡ ♦❜t❡✈❡ ♣❛r❛ ♦ ❡①♣♦❡♥t❡ ❞❡ ▲②❛♣✉♥♦✈✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♦ ✈❛❧♦r
❞❡ 2, 81055✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❛❧♦r ❞❡ 0, 35582 ♣❛r❛ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦✳
❆ss✐♠✱ ❑♦✐❦❡✱ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ♦❜t✐✈❡r❛♠ ♦ ♠❡s♠♦ ✈❛❧♦r ♣❛r❛ ♦ ❡①♣♦❡♥t❡
❝rít✐❝♦✳

❆ss✉♠✐♥❞♦ q✉❡ s♦❧✉çõ❡s ❝rít✐❝❛s s❡❥❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛✉t♦✲s✐♠✐❧❛r❡s ♣❛r❛
♦✉tr♦s ✈❛❧♦r❡s ❞❡ k✱ ♥❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p = kρ✱ ▼❛✐s♦♥ ✭✶✾✾✻✮ ❬✸✷❪ ❛❞❛♣✲
t♦✉ ♦ ❛♥s❛t③ ❞❡ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥✱ ♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❈❙❙ q✉❛♥❞♦
0, 01 ≤ k ≤ 0, 88✳ ▼❛✐s♦♥ ♠♦str♦✉ q✉❡ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ♥ã♦ é ✉♠ ❡①♣♦❡♥t❡
✉♥✐✈❡rs❛❧✱ q✉❛♥❞♦ ♠✉❞❛♠♦s ♦ ✈❛❧♦r ❞❡ k✱ ♣♦✐s ♣❛r❛ k = 0, 01 ❡ k = 0, 88 ❡❧❡
♦❜t❡✈❡ γ = 0, 1143 ❡ γ = 0, 8157✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉✐✈❡rs♦s ❛✉t♦r❡s t❡♥t❛r❛♠ ❡①♣❛♥❞✐r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✈❛❧♦r❡s ♣❛r❛ ❛ ❝♦♥st❛t❡
k✱ ♠❛s ❛ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛ t❛❧ ❢❡✐t♦ ❡r❛ ❣r❛♥❞❡✱ ♣♦✐s ❛s ❝♦♥❝❧✉sõ❡s s❡♠♣r❡
❞✐③✐❛♠ q✉❡ ♥ã♦ ❡①✐st❡♠ s♦❧✉çõ❡s ❝rít✐❝❛s ♣❛r❛ k ' 0, 89✳

◆❡✐❧s❡♥ ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✸✹❪ ❧✐st❛r❛♠ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ♦
ansatz ❞♦ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡✱ ♥❡ss❡ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ❡❧❡s ♠♦str❛♠ q✉❡ ❡①✐st❡♠
s♦❧✉çõ❡s ♣❛r❛ k ' 0, 89✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❛♥s❛t③ ❈❙❙✱ ♦s r❡s✉❧t❛❞♦s ❞❡ ◆✐❡❧s❡♥ ❡ ❈❤♦♣t✉✐❦ ❛♣r❡s❡♥✲
t❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❈❙❙ ❣❧♦❜❛❧♠❡♥t❡ r❡❣✉❧❛r❡s ♣❛r❛ k ≤ 1 ❡ ♣❛r❛
k = 1✳ ❆ s♦❧✉çã♦ ❝rít✐❝❛ ❡♥❝♦♥tr❛❞❛ é ❈❙❙ ❡ ❞♦ t✐♣♦ ✷✱ ❝♦♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦
γ = 0, 96 ± 0, 02 ❬✸✹❪✳
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✹✳✸✳✷ ❆♣r♦①✐♠❛çõ❡s ♣❛r❛ ♦ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❡ ♦ ❝❛♠♣♦

❡s❝❛❧❛r

❯♠ ❞♦s r❡s✉❧t❛❞♦s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s✱ ♥♦s ❡st✉❞♦s s♦❜r❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ é ♦
❛♣❛r❡❝✐♠❡♥t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉❛s✱ t❛♥t♦ ♣❛r❛ ✢✉✐❞♦ ♣❡r❢❡✐t♦ ❝♦♠ ♣r❡ssã♦
q✉❛♥t♦ ♣❛r❛ ✢✉✐❞♦ ♣❡r❢❡✐t♦ s❡♠ ♣r❡ssã♦✳

❖r✐ ❡ P✐r❛♥ ✭✶✾✽✼✮ ❬✸✻❪ ✐♥✈❡st✐❣❛r❛♠ ❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❡♠ ❝♦❧❛♣s♦ ❣r❛✲
✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p = kρ ❡ s✐♠❡tr✐❛
❡s❢ér✐❝❛✱ ❡ ❡♥❝♦♥tr❛r❛♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ♣❛r❛ k < 0, 0105✳

❊ss❡s ❛✉t♦r❡s ♦❜t✐✈❡r❛♠ ✉♠ ❧✐♠✐t❡ ◆❡✇t♦♥✐❛♥♦ ♣❛r❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❞♦
✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❧✐♠✐t❡ k → 0✳

❆ s♦❧✉çã♦ ❞❡ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ♣❛r❛ ♦ ✢✉✐❞♦ ♣❡r❢❡✐t♦ é ❛ ú♥✐❝❛ s♦❧✉çã♦
❛♥❛❧ít✐❝❛ ♥♦ ❝❡♥tr♦ ❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ s♦♠✳ ❊❧❛ r❡♣r❡s❡♥t❛ ♦♥❞❛s q✉❡
s❡ ♠♦✈❡♠ ❡♠ ❞✐r❡çã♦ ❞❛ ♦r✐❣❡♠✱ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝♦✱ q✉❛♥❞♦
❝♦♥s✐❞❡r❛✲s❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠ ❡ ♦♥❞❛s q✉❡ s❡ ❞✐s♣❡rs❛♠ ♥❛s ❞❡♠❛✐s
❧♦❝❛❧✐❞❛❞❡s✳

❈❛rr ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✻❪ ❝❧❛ss✐✜❝❛r❛♠ t♦❞❛s ❛s s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s✱
❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♣❛r❛ ✢✉✐❞♦s ♣❡r❢❡✐t♦s q✉❡ tê♠ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦
p = kρ✱ ♦♥❞❡ 0 ≤ k < 1 ❝♦♥st❛♥t❡✳ ■♥❝❧✉ír❛♠ t❛♠❜é♠ ❛s s♦❧✉çõ❡s ❝rít✐❝❛s
❛✉t♦✲s✐♠✐❧❛r❡s ❡♠ s❡✉s r❡s✉❧t❛❞♦s ❡ ❝♦♥str✉ír❛♠ ❞✐❛❣r❛♠❛s ❝♦♥❢♦r♠❡s✱ ❞❡
t♦❞❛s ❛s s♦❧✉çõ❡s✳

❆s s♦❧✉çõ❡s ❈❙❙ ♣❛r❛ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❢♦r❛♠ ❡st✉❞❛❞❛s ♣♦r ❇r❛❞② ✭✶✾✾✺✮
❬✺❪✱ ❝♦♠ ♣r♦♣ós✐t♦ ❞❡ ❡♥t❡♥t❡r ❛ ❢♦r♠❛çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉❛s✱ ♣❛rt✐♥❞♦
❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s r❡❣✉❧❛r❡s✳ ❆❧❣✉♠❛s ❞❡ss❛s s♦❧✉çõ❡s ❡①✐❣✐❛♠ r❡❣✉❧❛r✐❞❛❞❡s
♥♦ ❝❡♥tr♦ ❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ♠❛s ❡ss❛s s♦❧✉çõ❡s ♥ã♦ ❢♦r♠❛✈❛♠
s♦❧✉çõ❡s ❝rít✐❝❛s✱ ♣♦✐s ♣♦ss✉í❛♠ ♠✉✐t♦s ♠♦❞♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❡rt✉r❜❛t✐✈♦s✳

❆ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ❡①❛t❛s✱ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠
♠❛ss❛✱ ❢♦✐ ❞❡s❝♦❜❡rt❛ ♣r✐♠❡✐r♦ ♣♦r ❘♦❜❡rts ✭✶✾✽✾✮ ❬✹✶❪✳ ❖ ❛✉t♦r ✉t✐❧✐③♦✉ ♦
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞✉♣❧❛♠❡♥t❡ t✐♣♦ ❧✉③

ds2 = −dudv + r2 (u, v) dΩ2, ✭✹✳✸✸✮

♦♥❞❡

r2 (u, v) =
1

4

[(
1 − p2

)
v2 − 2vu+ u2

]
, ✭✹✳✸✹✮

❡ ❡♥❝♦♥tr♦✉ ❛ s♦❧✉çã♦

φ (u, v) =
1

2
ln

(
(1 − p) v − u

(1 + p) − u

)
, ✭✹✳✸✺✮

♦♥❞❡ p é ✉♠ ♣❛râ♠❡tr♦ ❝♦♥st❛♥t❡ ❡ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡stá ♥♦ s✐s✲
t❡♠❛ ❞❡ ✉♥✐❞❛❞❡s ❞❡ ♠❡❞✐❞❛s G = c = 1✳ ❉♦✐s ✐♠♣♦rt❛♥t❡s ✐♥❞✐❝❛❞♦r❡s ❞❡
❝✉r✈❛t✉r❛ sã♦ ♦ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐
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R =
p2uv

2r4
✭✹✳✸✻✮

❡ ❛ ♠❛ss❛ ❞❡ ❍❛✇❦✐♥❣

m = −p
2uv

8r
. ✭✹✳✸✼✮

❖ ❝❡♥tr♦ r = 0 t❡♠ ❞✉❛s r❛♠✐✜❝❛çõ❡s✿ ✉♠❛ s❡♥❞♦ u = (1 + p) v✱ ❞❡✜♥✐❞❛
♥♦ ♣❛ss❛❞♦ ❞❡ (u, v) = (0, 0) ❡ ❛ ♦✉tr❛ u = (1 − p) v✱ ❞❡✜♥✐❞❛ ♥♦ ❢✉t✉r♦ ❞❡
(u, v) = (0, 0)✳

P❛r❛ 0 < p < 1✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❝✉r✈❛t✉r❛ sã♦ ❞♦ t✐♣♦ t❡♠♣♦✱
❡❧❛s tê♠ ❛ ♠❛ss❛ ❞❡ ❍❛✇❦✐♥❣ ♥❡❣❛t✐✈❛ ♥❛s r❡❣✐õ❡s ❞♦ ♣❛ss❛❞♦ ❡ ❞♦ ❢✉t✉r♦
❞♦ ❝♦♥❡ ❞❡ ❧✉③✳ ❋♦r❛ ❞❡ss❛s r❡❣✐õ❡s✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦
♣❡❧♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ▼✐♥❦♦✇s❦✐✱ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝r✐❛r ✉♠ t❡♥s♦r ❞❡
❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠✳

❊♠ ❛❧❣✉♥s ❛s♣❡❝t♦s✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ r❡s✉❧t❛♥t❡ ❛ss❡♠❛❧❤❛✲s❡ ❛s s♦❧✉çõ❡s
❝rít✐❝❛s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ♣♦✐s ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♦❜t✐❞♦ é ❛✉t♦✲s✐♠✐❧❛r✱
♣♦ss✉✐ r❡❣✉❧❛r✐❞❛❞❡ ❡♠ r = 0 ❡ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞❡ ❝✉r✈❛t✉r❛✱ é ❝♦♥tí♥✉❛ ♥♦ ♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❡✱ t❛♠❜é♠✱ ♥♦ ❢✉t✉r♦ ❞♦
❝♦♥❡ ❞❡ ❧✉③ ❡ ♥♦ ❢✉t✉r♦ ❞❡ r = 0✳

❆s s♦❧✉çõ❡s ❞❡ ❘♦❜❡rts✱ ♣❛r❛ p > 1✱ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ❜✉r❛❝♦s
♥❡❣r♦s s❡ ❢♦r❡♠ tr✉♥❝❛❞❛s ❛❞❡q✉❛❞❛♠❡♥t❡✳ ❆ss✐♠✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ✈❛❧♦r
❝rít✐❝♦ p = 1✱ ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❢♦r♠❛❞♦ é ❞❛❞❛ ♣♦r

M ∼= (p− 1)1/2 .

❆ ♣r❡♦❝✉♣❛çã♦ ❡♠ ✉s❛r ❛s s♦❧✉çõ❡s ❞❡ ❘♦❜❡rt ❝♦♠♦ ❛♣r♦①✐♠❛çõ❡s✱ ♣❛r❛
❛s s♦❧✉çõ❡s ❝rít✐❝❛s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛♣❡♥❛s
❢❛♠í❧✐❛s ❞❡ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s sã♦ ❝♦♥s✐❞❡r❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❡①♣♦❡♥t❡
❝rít✐❝♦ só ❛♣❛r❡❝❡ ♣❛r❛ ❡ss❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ p = 1✳

❊ss❛s s♦❧✉çõ❡s tê♠ ♠✉✐t♦s ♠♦❞♦s ❝r❡s❝❡♥t❡s ❞❡ ♣❡rt✉r❜❛çã♦✱ s❡♥❞♦ ❛ss✐♠✱
♥ã♦ sã♦ s♦❧✉çõ❡s ❝rít✐❝❛s ♥♦ s❡♥t✐❞♦ ❞❡ ♣♦ss✉✐r ✉♠ ú♥✐❝♦ ♠♦❞♦ ❝r❡s❝❡♥t❡ ❞❡
♣❡rt✉r❜❛çã♦✱ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✶✾❪✳

✹✳✹ ❊s♣❛ç♦✲t❡♠♣♦ ❞❡ 2 + 1 ❞✐♠❡♥sõ❡s

❆ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ✭2 + 1✮ ❞✐♠❡♥sõ❡s✱ ♣♦ss✉✐
❝❛r❛❝t❡ríst✐❝❛s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡
●❡r❛❧ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ ✭3 + 1✮ ❞✐♠❡♥sõ❡s✳

❆ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛✱ q✉❡ tr❛rá ❞✐✈❡rs❛s ❝♦♥s❡qüê♥❝✐❛s✱ é q✉❡ ♦ ❡s♣❛ç♦✲
t❡♠♣♦ ❞❡ ✭2 + 1✮ ❞✐♠❡♥sõ❡s é ♣❧❛♥♦ ❡♠ t♦❞♦ ❧✉❣❛r q✉❡ ♥ã♦ t❡♠ ♠❛tér✐❛✳

✸✸



❆s ❝♦♥s❡qüê♥❝✐❛s sã♦✿ ♥ã♦ ❡①✐st❡♠ ♦♥❞❛s ❣r❛✈✐t❛❝✐♦♥❛✐s❀ ❜✉r❛❝♦s ♥❡❣r♦s só
♣♦❞❡♠ s❡r ❢♦r♠❛❞♦s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ❡ ♦
❡s♣❛ç♦✲t❡♠♣♦ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❛♥t✐✲❙✐tt❡r✱ ❛♦ ✐♥✈és ❞❡ s❡r ❛ss✐♥t♦t✐❝❛♠❡♥t❡
♣❧❛♥♦✳

❯♠❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛ ❡♠ ✭2 + 1✮ ❞✐♠❡♥sõ❡s ❛❝❛rr❡t❛ três
✐♠♣♦rt❛♥t❡s ❡❢❡✐t♦s✿

• ❧♦❝❛❧♠❡♥t❡✱ ❡❧❛ ✐♥tr♦❞✉③ ✉♠❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ l = (−Λ)−1/2✱ ♥❛s
❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱ q✉❡ ♠✉❞❛ ❛ ❡str✉t✉r❛ ❣❧♦❜❛❧ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❖
✐♥✜♥✐t♦ t✐♣♦ ❧✉③ t♦r♥❛✲s❡ ✉♠❛ s✉♣❡r❢í❝✐❡ t✐♣♦ t❡♠♣♦✱ ✐st♦ é✱ ❡♠ ✉♠❛
❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ ✐♥✜♥✐t♦✱ ❞✐stâ♥❝✐❛ ✐♥✜♥✐t❛ ♥♦ ❝❡♥tr♦ ❡ ❞❡ r❛✐♦
r✱ ✉♠ r❛✐♦ t✐♣♦ ❧✉③ ♣♦❞❡ s❛✐r ♣❛r❛ ♦ ✐♥✜♥✐t♦ t✐♣♦ ❧✉③ ❡ r❡t♦r♥❛r ♣❛r❛ ♦
❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✱ ❡♥q✉❛♥t♦ ✉♠ t❡♠♣♦ ♣ró♣r✐♦ ✜♥✐t♦✱ πl✱ ♣❛ss❛
♣❡❧♦ ❝❡♥tr♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛❀

• ❛s ú♥✐❝❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛s ❡q✉❛çõ❡s ❞❡ ♦♥❞❛
s❡♠ ♠❛ss❛✱ sã♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ❉✐r✐❝❤❧❡t❀

• ❛ ♣r❡s❡♥ç❛ ❞❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♣❡r♠✐t❡ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦s ♥❡✲
❣r♦s✳

❆ ♠étr✐❝❛ ❝♦♠ s✐♠❡tr✐❛ ❝✐r❝✉❧❛r✱ ❡stát✐❝❛ ❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛✲
t✐✈❛✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ds2 = −
(
−M +

r2

l2

)
dt2 +

(
−M +

r2

l2

)−1

dr2 + r2dθ2, ✭✹✳✸✽✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ ▼ ♣♦❞❡ ❛ss✉♠✐r ♦s ✈❛❧♦r❡s −1 ≤M <∞✳
❙❡ M = −1✱ ♦ ❡s♣❛ç♦ é ❛♥t✐✲❙✐tt❡r✱ ❝♦♠ ❝❡♥tr♦ r❡❣✉❧❛r✳ ◆♦ ❡♥t❛♥t♦✱ s❡

−1 < M < ∞✱ ❛ s♦❧✉çã♦ t❡♠ ✉♠ ♣♦♥t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ♥♦ ❝❡♥tr♦✳ ❆s
s♦❧✉çõ❡s ❝♦♠ M ≥ 0 sã♦ ❜✉r❛❝♦s ♥❡❣r♦s ❡ ♦ ❤♦r✐③♦♥t❡ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡stá
❡♠ r = l

√
M ✱ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✶✾❪✳

❇✐r♠✐♥❣❤❛♠ ❡ ❙❡♥ ✭✷✵✵✵✮ ❬✹❪✱ ❡st✉❞❛r❛♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s ♥❛
❝♦❧✐sã♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ♣♦♥t✉❛✐s✱ ❞❡ ♠❡s♠❛ ♠❛ss❛✱ ❡♠ ✭✷✰✶✮ ❞✐♠❡♥sõ❡s
❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❜✉r❛❝♦ ♥❡❣r♦ é ❝❛❧❝✉❧❛❞♦
❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❢❡❝❤❛❞❛✱ ♣ró①✐♠♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡ ❡ ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦
♥❡❣r♦ éM ∼=

√
P ✱ ♦♥❞❡ P é ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❡ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦

é 0, 5✳
P❡❧❡❣ ❡ ❙t❡✐❢ ✭✶✾✾✺✮ ❬✸✼❪ ✐♥✈❡st✐❣❛r❛♠ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❛♥❡❧ ❞❡ ♣♦❡✐r❛✱ ❡♠

✭✷✰✶✮ ❞✐♠❡♥sõ❡s✱ ❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✱ ♦♥❞❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛s
sã♦ ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ t❛♠❜é♠ ❢♦✐ ❡♥❝♦♥tr❛❞♦
γ = 0, 5✳
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❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ s♦❧✉çõ❡s ❈❙❙ ♥ã♦ ❢♦r❛♠ ♦❜t✐❞❛s ❡ ❛ ♥♦çã♦ ❞❡ ♠❛ss❛
❞♦ ❜✉r❛❝♦ ♥❡❣r♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡ ♠❛ss❛ ❡♠
✭✸✰✶✮ ❞✐♠❡♥sõ❡s ❬✶✾❪✳

❖ ❈♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛
❡s❢ér✐❝❛ ❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✱ ❢♦✐ ✐♥✈❡st✐❣❛❞♦ ♣♦r Pr❡t♦r✐✉s ❡
❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪ ❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❍✉s❛✐♥ ❡ ❖❧✐✈✐❡r ✭✷✵✵✶✮ ❬✷✽❪✳
❆ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ✐♠♣ôs ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦
❞❡ ❉✐r✐❝❤❧❡t ♣❛r❛ ❛ ❡q✉❛çã♦ ❞♦ ❝❛♠♣♦✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ t♦❞❛ ♠❛tér✐❛ ❞❡✈❡✱
❡✈❡♥t✉❛❧♠❡♥t❡✱ ❝❛✐r ❞❡♥tr♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳ ◆❡ss❡ ♠♦❞❡❧♦✱ ❛ ♠❛ss❛ ❞♦ ❜✉✲
r❛❝♦ ♥❡❣r♦ é ❛ ♠❛ss❛ ❛ss✐♥tót✐❝❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ ♥ã♦ ❡①✐st❡ ❛ ❢♦r♠❛çã♦ ❞❡
❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

❙❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦ ❡♠ q✉❡ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❡♠ ✭2+1✮
❞✐♠❡♥sõ❡s s❡❥❛ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧✐✜❝❛❞♦ ❞♦ ❝♦❧❛♣s♦ ❡♠ ✭3 + 1✮ ❞✐♠❡♥sõ❡s✱
❡♥tã♦ é ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❝♦♠ ✉♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱
♣❛r❛ ❞❡✜♥✐r ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡ ❝♦♠♦ s❡♥❞♦ ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❤♦r✐③♦♥t❡
❛♣❛r❡♥t❡✱ ❛♥t❡s ❞❛ ♦♥❞❛ ❡s❝❛❧❛r s❡r r❡✢❡t✐❞❛✱ ❡ ♣❛r❛ ❞❡✜♥✐r ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦
♥❡❣r♦ ✐♥✐❝✐❛❧ ❝♦♠♦ s❡♥❞♦ MAH = rAH

2/l2✳
◆❡ss❛ s✐t✉❛çã♦✱ ✉♠ ❤♦r✐③♦♥t❡ ❛♣❛r❡♥t❡ é ✉♠❛ s✉♣❡r❢í❝✐❡✱ ♦♥❞❡ ♦ ❣r❛❞✐❡♥t❡

❞❡ r é ♥✉❧♦✳ ❆ss✐♠✱ t❡r❡♠♦s s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ♦s ❞♦✐s ❝♦❧❛♣s♦s ❬✶✾❪✳
❙❡ ♣♦❞❡♠♦s ❛ss✉♠✐r M ≪ 1✱ ❡♥tã♦ ❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♣♦❞❡ s❡r

❞❡s❝♦♥s✐❞❡r❛❞❛ ❡ ❛ ❞✐♥â♠✐❝❛ s❡rá ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡s❝❛❧❛✲✐♥✈❛r✐❛♥t❡✱ ♣❡r♠✐✲
t✐♥❞♦✱ ❡♠ ♣rí♥❝✐♣✐♦✱ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡r
❬✷✽❪ ❡ ❬✹✵❪✳

❆tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ Pr❡t♦r✐✉s ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪✱ ❡♥✲
❝♦♥tr❛r❛♠ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r
s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ❡♠ ✭✷✰✶✮ ❞✐♠❡♥✲
sõ❡s✳

❯♠ ❞♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡♥❝♦♥tr❛❞♦s✱ ❢♦✐ ❛ r❡❧❛çã♦ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♦
❤♦r✐③♦♥t❡ ❛♣❛r❡♥t❡

MAH
∼= (P − P∗)

2γ ,

♦♥❞❡ γ = 1, 20±0, 05 ❡ P r❡♣r❡s❡♥t❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✳
❆♣ós Pr❡t♦✉r✐✉s ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪ t❡r❡♠ ❡♥❝♦♥tr❛❞♦✱ ❛tr❛✈és ❞❡ s✐✲

♠✉❧❛çã♦ ♥✉♠ér✐❝❛✱ q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ é ❈❙❙✳ ●❛r✜♥❦❧❡ ✭✷✵✵✶✮ ❬✶✸❪✱ ❡♥❝♦♥✲
tr♦✉ ✉♠❛ s♦❧✉çã♦ ❡①❛t❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ Pr❡t♦✉r✐✉s
❡ ❈❤♦♣t✉✐❦✳

✹✳✹✳✶ ❆ s♦❧✉çã♦ ❡①❛t❛ ❞❡ ●❛r✜♥❦❧❡

●❛r✜♥❦❧❡ ✭✷✵✵✶✮ ❬✶✸❪✱ ❝♦♥s✐❞❡r♦✉ ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r
s❡♠ ♠❛ss❛✱ ❡♠ 2 + 1 ❞✐♠❡♥sõ❡s✱ ♠♦❞❡❧❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❝♦♠

✸✺



❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛

Gab + Λgab = κTab, ✭✹✳✸✾✮

♦♥❞❡ Tab é ♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t✉♠ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❡q✉❛✲
çã♦ ✭✷✳✶✮ ❡ κ ✉♠❛ ❝♦♥st❛♥t❡ q✉❡✱ ❛ss✉♠✐♥❞♦ ❛ ❝♦♥✈❡♥çã♦ ❞❡ Pr❡t♦r✐✉s ❡
❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪✱ t❡♠♦s κ = 4π✳

❊ss❡ ❛✉t♦r ✉t✐❧✐③♦✉ ♦ ♠ét♦❞♦ ❞❡ ❈❤r✐st♦❞♦✉❧♦✉ ♣❛r❛ ♦❜t❡r ✉♠ s✐st❡♠❛
❞❡ ❝♦♦r❞❡♥❛❞❛s ❝✉❥❛ ♠étr✐❝❛ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❝♦♥t✐♥✉❛♠❡♥t❡
❛✉t♦✲s✐♠✐❧❛r✳

◆❡ss❡ ♠ét♦❞♦✱ ❈❤r✐st♦❞♦✉❧♦✉ ✭✶✾✽✻✮ ❬✾❪ ❡①♣õ❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛
❝♦♥str✉✐r ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛ ❇♦♥❞✐✳ ◆❡ss❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱
❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧ r é ♦❜t✐❞❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ 2πr s❡❥❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❡ q✉❡ ❛ ♠étr✐❝❛ t❡♥❤❛ s✐♠❡tr✐❛ ❝✐r❝✉❧❛r✳

❆ ❝♦♦r❞❡♥❛❞❛ t❡♠♣♦ u é ❝♦♥st❛♥t❡ ♣❛r❛ ✉♠ r❛✐♦ ❞❡ ❧✉③ s❛✐♥❞♦✱ q✉❡ ♣❡r✲
t❡♥❝❡ ❛ ❧✐♥❤❛ ❞❡ ♠✉♥❞♦ ❞❡ ✉♠ ♦❜s❡r✈❛❞♦r ❝❡♥tr❛❧✱ ❡ ✐❣✉❛❧ ❛♦ t❡♠♣♦ ♣ró♣r✐♦
❞♦ ♦❜s❡r✈❛❞♦r✳

❆ ❝♦♦r❞❡♥❛❞❛ theta é ❞❡✜♥✐❞❛ ♣❛r❛ q✉❡

∂

∂θ

s❡❥❛ ✉♠ ✈❡t♦r ❞❡ ❑✐❧❧✐♥❣✱ ❛ss✐♠ ❛ ♠étr✐❝❛ ♦❜t✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❈❤r✐st♦❞♦✉✲
❧♦✉ t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ds2 = −e2νdu2 − 2eν+λdudr + r2dθ2, ✭✹✳✹✵✮

♦♥❞❡ ν ❡ λ sã♦ ❢✉♥çõ❡s ❞❡ u ❡ r✳
■♥tr♦❞✉③✐♥❞♦ ♦s ✈❡t♦r❡s ❞♦ t✐♣♦ ❧✉③✱

la = e−λ

(
∂

∂r

)a

✭✹✳✹✶✮

❡

na = e−ν

(
∂

∂u

)a

− 1

2
e−λ

(
∂

∂r

)a

, ✭✹✳✹✷✮

❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✱ sã♦ s❛t✐s❢❡✐t❛s✱ s✉❥❡✐t❛s
às ❝♦♥❞✐çõ❡s ❞❡ q✉❡ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❛t✐s❢❛ç❛ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❡ q✉❡ ❛s
s❡❣✉✐♥t❡ r❡❧❛çõ❡s s❡❥❛♠ s❛t✐s❢❡✐t❛s✱

Gabl
alb = 4π (la∇aφ) ✭✹✳✹✸✮

❡
Gabl

anb = Λ. ✭✹✳✹✹✮

✸✻



❉❡s❡♥✈♦❧✈❡♥❞♦ ❛s ❡q✉❛çõ❡s ✭✹✳✹✸✮ ❡ ✭✹✳✹✹✮✱ ♦❜t❡♠♦s

1

r
e−2λ ∂

∂r
(λ+ ν) = 4πe−2λ

(
∂φ

∂r

)2

✭✹✳✹✺✮

❡

− 1

2r
e−2λ ∂

∂r
(ν − λ) = Λ. ✭✹✳✹✻✮

❉❡✜♥✐♥❞♦ ❛s q✉❛♥t✐❞❛❞❡s

g = eν+λ ❡ g = eν−λ

❡ s✉❜st✐t✉✐♥❞♦✲❛s ♥❛s ❡q✉❛çõ❡s ✭✹✳✹✺✮ ❡ ✭✹✳✹✻✮✱ ♦❜t❡♠♦s

g = exp

[
4π

∫ r

0

r

(
∂φ

∂r

)2

dr

]
✭✹✳✹✼✮

❡

g = 1 − 2Λ

∫ r

0

rgdr. ✭✹✳✹✽✮

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ♣❛r❛ φ t♦r♥❛✲s❡

2
∂2φ

∂u∂r
+

1

r

∂φ

∂u
− 1

r

∂

∂r

(
rg
∂φ

∂r

)
= 0. ✭✹✳✹✾✮

❆♣ós ♦❜t❡r ❛ ❡q✉❛çã♦ ✭✹✳✹✾✮✱ ●❛r✜♥❦❧❡ ✭✷✵✵✶✮ ❬✶✸❪ ✉t✐❧✐③♦✉ ♦ ❛♥s❛t③ ❈❙❙✱
♣❛r❛ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ❝rít✐❝❛✳ ❊ss❡ ❛♥s❛t③
é s✉❣❡r✐❞♦ ♣❡❧❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ Pr❡t♦r✐✉s ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪✳

●❛r✜♥❦❧❡ ❞❡✜♥❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ♦r✐❣❡♠ ❞❡
u s❡❥❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❛ss✐♠

u = −e−T ✭✹✳✺✵✮

❡
r = e−TR, ✭✹✳✺✶✮

♦♥❞❡ R ❡ T sã♦ ❛s ❝♦♦r❞❡♥❛❞❛s✳
■♠♣♦r ♦ ❛♥s❛t③ ❈❙❙ é ❡①✐❣✐r q✉❡

φ = cT + ψ (R) , ✭✹✳✺✷✮

♦♥❞❡ c é ✉♠❛ ❝♦♥st❛♥t❡✳
❊ss❡ ❛♥s❛t③ r❡q✉❡r q✉❡ ❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ s❡❥❛ ❞❡s❝♦♥s✐❞❡r❛❞❛✱ ❡♠

♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❡ g = 1✳ ❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✹✳✹✾✮ r❡❞✉③✲s❡ à ✉♠❛ ❡q✉❛çã♦
❞❡ ♦♥❞❛✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✳ ❙✉❜st✐t✉✐♥❞♦ ♦ ❛♥s❛t③ ♥❛ ❡q✉❛çã♦
✭✹✳✹✾✮✱ ♦❜t❡♠♦s

✸✼



R (1 − 2R)ψ
′′

+ (1 − 3R)ψ
′ − c = 0, ✭✹✳✺✸✮

♦♥❞❡ ( )′ ≡ d
dR

✳
❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✺✸✮ é ❞❛❞❛ ♣♦r

ψ = −2c ln

[
1

2

(
1 +

√
1 − 2R

)]
. ✭✹✳✺✹✮

◆♦t❡ q✉❡ ❡ss❛ s♦❧✉çã♦ é r❡❣✉❧❛r ♥❛ ♦r✐❣❡♠✱ ❛ss✐♠✱ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r é ❞❛❞♦
♣♦r

φ = c

{
T − 2 ln

[
1

2

(
1 +

√
1 − 2R

)]}
. ✭✹✳✺✺✮

❆❣♦r❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ❢✉♥çã♦ ❞❛ ♠étr✐❝❛✱ g✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✹✼✮✱
❧♦❣♦

g = exp

[
4π

∫ r

0

r

(
∂φ

∂r

)2

dr

]
=

[(
1 +

√
1 − 2R

)2

4
√

1 − 2R

]8πc2

. ✭✹✳✺✻✮

❆ ♠étr✐❝❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡✈❡ s❡r s✐♥❣✉❧❛r ❡♠ u = 0✱ ♠❛s ❛ s♦❧✉✲
çã♦ ❝rít✐❝❛✱ ❞❡✜♥✐❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✺✺✮ ❡ ✭✹✳✺✻✮✱ ♣♦ss✉✐ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❛❞✐❝✐♦♥❛❧ ❡♠ R = 1/2✱ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ T ✳ ❱❡r✐✜❝❛r❡♠♦s s❡ ❡ss❛ s✐♥❣✉✲
❧❛r✐❞❛❞❡ é✱ ❞❡ ❢❛t♦✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ r❡❛❧✱ ♦✉ s❡ é ❛♣❡♥❛s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❛♣❛r❡♥t❡✱ ❞❡✈✐❞♦ ❛ ❡s❝♦❧❤❛ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❈♦♥s✐❞❡r❛♠♦s ✉♠❛ ♥♦✈❛ ❝♦♦r❞❡♥❛❞❛✱ ❞❡✜♥✐❞❛ ♣♦r

ϑ = − (u+ 2r) .

❆ss✐♠✱ ❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çõ❡s ✭✹✳✹✵✮ ❡ ✭✹✳✺✻✮✱ ❛❞q✉✐r✐ ❛ s❡❣✉✐♥t❡
❢♦r♠❛

ds2 =



−u
16

(
1 +

√
ϑ

−u

)4



4πc2

ϑ−4πc2dϑdu+
1

4
(u+ ϑ)2 dθ2. ✭✹✳✺✼✮

❉❡✜♥✐♥❞♦ ✉♠ ♥ú♠❡r♦ q ❡ ✉♠❛ ♥♦✈❛ ❝♦♦r❞❡♥❛❞❛ w✱ ♦♥❞❡

w2q = ϑ ❡
1

2q
= 1 − 4πc2,

♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ♠étr✐❝❛

✸✽



ds2 =

[
−u
16

(
1 +

1√
−uw

q

)4
]1−(2q)−1

2q dudw +
1

4

(
u+ w2q

)2
dθ2, ✭✹✳✺✽✮

♦♥❞❡ ❛ ♠étr✐❝❛ é s✉❛✈❡ ❡♠ w = 0✱ q✉❛♥❞♦ q = n ❡ n ∈ Z+
∗
✱ ♦✉ s❡❥❛✱ q é ✉♠

♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❆ss✐♠✱ ❡ss❛ ♠étr✐❝❛ é s✉❛✈❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡ c✱ ❞❛❞♦s
♣♦r

c = ±
√

1

4π

(
1 − 1

2n

)
. ✭✹✳✺✾✮

◆♦t❡ q✉❡ ♣❛r❛ n = 1✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ é ❛ ♠étr✐❝❛ ❞❡ ❘♦❜❡rt✲❲❛❧❦❡r✱ ❡♠
✭2 + 1✮ ❞✐♠❡♥sõ❡s✳

❆ s♦❧✉çã♦ ❝rít✐❝❛ q✉❡ ●❛r✜♥❦❧❡ ❡♥❝♦♥tr♦✉✱ ❡q✉❛çã♦ ✭✹✳✺✽✮✱ ❡stá ❞❡ ❛❝♦r❞♦
❝♦♠ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡♥❝♦♥tr❛❞❛ ♣❡❧❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ Pr❡t♦r✐✉s ❡
❈❤♦♣t✉✐❦✱ ❛♦ ❝♦♥s✐❞❡r❛r q = 4✳

●❛r✜♥❦❧❡ ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✷✮ ❬✶✼❪✱ ❝❛❧❝✉❧❛r❛♠ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ♣❛r❛ ❛
s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ♣♦r ●❛r✜♥❦❧❡✱ ❡q✉❛çã♦ ✭✹✳✺✽✮✱ ❡ ❡♥❝♦♥tr❛r❛♠ ♦ ✈❛❧♦r ❞❡
γ = 8/7 ∼= 1, 14 ✱ ♦❜t❡♥❞♦ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♥✉♠ér✐❝♦
γ ∼= 1, 2✱ ❡♥❝♦♥tr❛❞♦ ♣♦r Pr❡t♦r✐✉s ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✹✵❪✳

❆ s♦❧✉çã♦ ❝rít✐❝❛ ❡♥❝♦♥tr❛❞❛ ♣♦r ●❛r✜♥❦❧❡ é ✉♠ ❡①❝❡❧❡♥t❡ ❡①❡♠♣➝♦ ❞❡ q✉❡
❛ ❢♦r♠❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝rít✐❝❛s ♥ã♦ ✐♠♣❧✐❝❛✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ❡♠ ❢♦r♠❛çã♦
❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳ ❊ss❛ s♦❧✉çã♦ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦✱ ♣♦✐s
♣❛r❛ ✐ss♦✱ ❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ❞❡✈❡ s❡r ♥❡❣❛t✐✈❛ ❡ ●❛r✜♥❦❧❡ ❝♦♥s✐❞❡r♦✉
Λ = 0✳

❈❧é♠❡♥t ❡ ❋❛❜❜r✐ ✭✷✵✵✶✮ ❬✶✵❪ ❡ ✭✷✵✵✷✮ ❬✶✶❪✱ ❣❡♥❡r❛❧✐③❛r❛♠ ❛ s♦❧✉çã♦ ❡①❛t❛
❞❡ ●❛r✜♥❦❧❡✱ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ é ♥❡❣❛t✐✈❛✳ ❆
❡①t❡♥sã♦ ❢❡✐t❛ ♣♦r ❈❧é♠❡♥t ❡ ❋❛❜❜r✐ ❝♦♥s✐❞❡r❛ ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ s♦❧✉çõ❡s✱
❛s s♦❧✉çõ❡s q✉❛s✐✲❈❙❙✳

P❛r❛ q✉❡ ✉♠❛ s♦❧✉çã♦ s❡❥❛ q✉❛s✐✲❈❙❙✱ ❡❧❛ ❞❡✈❡ s❡r ❛ss✐♥t♦t✐❝❛♠❡♥t❡✱ ✉♠❛
s♦❧✉çã♦ ❈❙❙ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❡♥tr♦ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♦✉ s❡❥❛✱
❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ s♦❧✉çã♦ q✉❛s✐✲❈❙❙ ❞❡✈❡ s❡r✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱
✐❣✉❛❧ ❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ s♦❧✉çã♦ ❈❙❙✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❡♥tr♦✳ ❖✉
❛✐♥❞❛✱ ❛ s♦❧✉çã♦ q✉❛s✐✲❈❙❙ é t❛♠❜é♠ ✉♠❛ s♦❧✉çã♦ ❈❙❙✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦
❝❡♥tr♦ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❈❧é♠❡♥t ❡ ❋❛❜❜r✐✱ ❬✶✵❪ ❡ ❬✶✶❪✱ ♠♦str❛r❛♠ q✉❡ ❛s s♦❧✉çõ❡s ♣❛r❛ Λ < 0 sã♦
q✉❛s✐✲❈❙❙ ❡ ✈❡r✐✜❝❛r❛♠ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ●❛r✜♥❦❧❡✱ q✉❛♥❞♦ Λ = 0✱ é ✉♠❛
❛ssí♥t♦t❛ ♣❛r❛ ❛s s♦❧✉çõ❡s q✉❛s✐✲❈❙❙✳ ❆ s♦❧✉çã♦ ❞❡ ●❛r✜♥❦❧❡ é ✉♠❛ s♦❧✉çã♦
❝rít✐❝❛✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠
♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❡♠ ✭2 + 1✮ ❞✐♠❡♥sõ❡s✳

✸✾



✹✳✺ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ❝♦♠♦ ✉♠ ❙✐st❡♠❛ ❉✐✲

♥â♠✐❝♦

❑♦✐❦❡✱ ❍❛r❛ ❡ ❆❞❛❝❤✐ ✭✶✾✾✾✮ ❬✷✾❪✱ ♠♦str❛r❛♠ q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♣ró✲
①✐♠❛ à s♦❧✉çã♦ ❝rít✐❝❛✱ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛✲
çã♦✱ q✉❡ ✢✉✐ ♥♦ ❡s♣❛ç♦ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✳ P❛r❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s s✐♠♣❧❡s✱
♣❛r❛❜ó❧✐❝❛s ♦✉ ❤✐♣❡r❜ó❧✐❝❛s✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ s❡♠✐✲❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ r❡✲
♥♦r♠❛❧✐③❛çã♦✱ ❛t✉❛♥❞♦ ♥❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s✳ ◆❡ss❡ ❛s♣❡❝t♦✱
s♦❧✉çõ❡s sã♦ ♣♦♥t♦s ✜①♦s✱ sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ❛❧❣✉♠❛ ❡s❝❛❧❛ ❜❡♠ ❞❡✜♥✐❞❛ ❡
sã♦✱ ❢r❡q✉❡♥t❡♠❡♥t❡✱ ♣♦♥t♦s ❝rít✐❝♦s✳

◆❡ss❛ s❡çã♦ ✈✐♠♦s q✉❡✱ ❝♦♠ ✉♠❛ ❡s❝♦❧❤❛ ❛♣r♦♣r✐❛❞❛ ❞❡ shift ❡ lapso✱
♣♦❞❡✲s❡ tr❛♥s❢♦r♠❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❞❡✜♥✐❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱
❡♠ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳

✹✳✺✳✶ ❆ ❡s❝♦❧❤❛ ❞❡ ❢✉♥çõ❡s ♠étr✐❝❛s

❱❛♠♦s ❝♦♥str✉✐r ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝♦♠ ✉♠❛ ♠étr✐❝❛ ✭❡s♣❛❝✐❛❧✮ ❞❡ ✉♠❛ ✈❛r✐❡✲
❞❛❞❡ tr✐❞✐♠❡♥❞✐♦♥❛❧ ❡ ❝♦♠ ❛ ❝✉r✈❛t✉r❛ ❡①trí♥s❡❝❛ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ✭3 + 1✮
❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❬✷❪✳

◆❡ss❛ s❡çã♦✱ t♦❞♦s ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❧❛♥♦s✱ ♣❛r❛
♣♦❞❡r♠♦s r❡♣r❡s❡♥t❛r ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ q✉❡ ♣♦ss✉✐ ❛✉t♦ ❣r❛✈✐❞❛❞❡✳

❊♠ ✉♠❛ ♥♦t❛çã♦ s❡♠ ♠✉✐t♦ r✐❣♦r✱ ❛s ❡q✉❛çõ❡s q✉❡ tê♠ ❛ s❡❣✉✐♥t❡ ❡str✉✲
t✉r❛ (

ḣ, K̇
)

= F (h,K, α, β) ,

♦♥❞❡ hij sã♦ ❛s ❝♦♠♣♦♥❡t❡s ❞❛ ♣❛rt❡ ❡s♣❛❝✐❛❧ ❞❛ ♠étr✐❝❛✱ Kij sã♦ ❛s ❝♦♠♣♦✲
♥❡♥t❡s ❞❛ ❝✉r✈❛t✉r❛ ❡①trí♥s❡❝❛✱ α é ❛ ❢✉♥çã♦ ❧❛♣s♦✱ β é ❛ ❢✉♥çã♦ s❤✐❢t ❡ F é
✉♠ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ❧✐♥❡❛r✱ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❡ ❧✐♥❡❛r ❡♠ α ❡ β✱ sã♦
❝❤❛♠❛❞❛s ❞❡ ❡q✉❛çõ❡s ❆❉▼✳

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ é ❞❡✜♥✐❞❛✱ ❡♠ ♣r✐♥❝í♣✐♦✱
♣♦r ❡q✉❛çõ❡s q✉❡ tê♠ ❛ ❢♦r♠❛ ❞❛s ❡q✉❛çõ❡s ❆❉▼✳ ❊ss❛s ❡q✉❛çõ❡s ❝♦♥tê♠ ♦
s❤✐❢t ❡ ♦ ❧❛♣s♦ ❝♦♠♦ ❝❛♠♣♦s ❛r❜✐trár✐♦s ❢♦r♥❡❝✐❞♦s✳

P❛r❛ ♦❜t❡r♠♦s ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❛✉tô♥♦♠♦✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❞❡s✲
❝r✐çã♦ ❞♦ s✐st❡♠❛ q✉❡ ❞❡✜♥❡ ✉♠ s❤✐❢t ❡ ✉♠ ❧❛♣s♦✱ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦s ❞❛❞♦s
✐♥✐❝✐❛s✳

❖ s❤✐❢t ❡ ♦ ❧❛♣s♦ ♣♦❞❡♠ s❡r ♣❡♥s❛❞♦s ❝♦♠♦ ❣❡r❛❞♦r❡s ✐♥✜♥✐t❡s✐♠❛✐s ❞❡
❝♦♦r❞❡♥❛❞❛s✱ ❞❡✈✐❞♦ ❛ ❧✐❜❡r❞❛❞❡ ❞❡ ❡s❝♦❧❤❛ q✉❡ ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ♣r♦♣♦r✲
❝✐♦♥❛✳

P♦r ♠❡✐♦ ❞❡ ✉♠ s❤✐❢t ❝♦♥✈❡♥✐❡♥t❡✱ ♣♦❞❡♠♦s ✐♥❝♦r♣♦r❛r ✉♠❛ ❡s❝❛❧❛ ♥❛ ❡✈♦✲
❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳ ❆tr❛✈és ❞❡ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛
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❞❡ ❧❛♣s♦✱ ♣♦❞❡♠♦s ❝r✐❛r ✉♠❛ ❡s❝❛❧❛✱ ❞❡✜♥✐❞❛ ♣♦r ✉♠ ✐♥t❡r✈❛❧♦ t❡♠♣♦r❛❧ ❝♦♥s✲
t❛♥t❡✳

❯♠❛ ❡s❝♦❧❤❛ ❞❡ s❤✐❢t ❡ ❞❡ ❧❛♣s♦ q✉❡ ❡①✐❣❡ q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞♦ ❡s♣❛ç♦ ❞❡
❢❛s❡ s❡❥❛♠ ❡s♣❛ç♦s✲t❡♠♣♦ ❈❙❙✱ ❡ q✉❡ s❡✉s ❧✐♠✐t❡s ❝✐r❝✉❧❛r❡s s❡❥❛♠ ❡s♣❛ç♦s✲
t❡♠♣♦ ❉❙❙✱ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞♦ t✐♣♦ ✷ ❬✶✾❪✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ♦ s❤✐❢t ❡ ♦ ❧❛♣s♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦s
♣♦♥t♦s ✜①♦s s❡❥❛♠ s♦❧✉çõ❡s ❡st❛❝✐♦♥ár✐❛s ❡ q✉❡ s❡✉s ❧✐♠✐t❡s ❝✐r❝✉❧❛r❡s s❡❥❛♠
♣❡r✐ó❞✐❝♦s✳ ❆ss✐♠✱ ❛s s♦❧✉çõ❡s ❝rít✐❝❛s ❛♣r❡s❡♥t❛♠ ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦
t✐♣♦ ✶✳

❖ s❤✐❢t ❡ ♦ ❧❛♣s♦ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❡ ❡❧❡s ❛♣❡♥❛s ✐♥✢✉✲
❡♥❝✐❛♠ ♥❛s ❝♦♦r❞❡♥❛❞❛s ❞❛ ♠étr✐❝❛✳

❊s♣❡❝✐✜❝❛♥❞♦ ❛s ❡q✉❛çõ❡s (α, β) = F (h,K)✱ ♣♦❞❡♠♦s s✉❜st✐t✉í✲❧❛s ♥❛s

❡q✉❛çõ❡s ADM ❡✱ ❡♥tã♦✱ ❛❞q✉✐r✐r ❛s ❡q✉❛çõ❡s
(
ḣ, K̇

)
= F (h,K)✱ q✉❡ ❞❡✜✲

♥❡♠ ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❬✶✾❪✳
❆❣♦r❛✱ t❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ ❢❛③❡r ❛ s❡❣✉✐♥t❡ q✉❡stã♦✿ ❉❛❞♦ ♦s ❞❛❞♦s ✐♥✐✲

❝✐❛✐s✱ ❡①✐st❡ ✉♠❛ ❞❡s❝r✐çã♦ ❞♦ s❤✐❢t ❡ ❞♦ ❧❛♣s♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ s❡ ❡ss❡s tê♠
✐♥❢♦r♠❛çõ❡s ❞❡ ✉♠❛ s♦❧✉çã♦ ❛✉t♦✲s✐♠✐❧❛r✱ ♦ r❡s✉❧t❛❞♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é
✉♠❛ ♠étr✐❝❛✱ q✉❡ ❛♣r❡s❡♥t❛ ❛✉t♦✲s✐♠✐❧❛r✐❞❛❞❡ ❄ ❖✉ s❡❥❛✱ ❛♣ós ❛ ❡✈♦❧✉çã♦ ❞❡
✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱
❛ ♠étr✐❝❛ r❡s✉❧t❛♥t❡ t❡♠ ❛ ❢♦r♠❛ ❞❛ ❡q✉❛çã♦ ✭✹✳✶✸✮ ❄

●❛r✜♥❦❧❡ ❡ ●✉♥❞❧❛❝❤ ✭✶✾✾✾✮ ❬✶✻❪ ❝♦♥s❡❣✉✐r❛♠ ✈ár✐❛s ❝♦♠❜✐♥❛çõ❡s ❞❡ ❝♦♥✲
❞✐çõ❡s ♣❛r❛ ♦ s❤✐❢t ❡ ♦ ❧❛♣s♦✱ q✉❡ ❞❡✐①❛ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❈❙❙ ✐♥✈❛r✐❛♥t❡ ❡ ❝♦❧♦❝❛
♦ ❡s♣❛ç♦✲t❡♠♣♦ ❉❙❙ ❞❡♥tr♦ ❞❡ ✉♠ ❝ír❝✉❧♦ ❧✐♠✐t❡✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪✱ ♣❛r❛ ❛ ❡✈♦❧✉çã♦ ❞❡
✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❡ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦✱
♣♦ss✉✐ ✉♠ ❝ír❝✉❧♦ ❧✐♠✐t❡✱ ♣♦✐s ❛ s♦❧✉çã♦ ❞❡ ❈❤♦♣t✉✐❦ é ❉❙❙✳ ▼❡s♠♦ s❡♠ ❛✐♥❞❛
t❡r ❛♣r❡s❡♥t❛❞♦ ♦ s✐❣♥✐✜❝❛❞♦ ❞❡ s♦❧✉çõ❡s ❉❙❙✱ ✉♠ ❡s❜♦ç♦ ❞♦ ❝ír❝✉❧♦ ❧✐♠✐t❡
❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✷✳

❆ ♣r✐♥❝✐♣❛❧ ❞✐✜❝✉❧❞❛❞❡✱ ♥❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ s❤✐❢t ❡ ❧❛♣s♦✱
❡stá ♥❛ ❡s♣❡❝✐✜❝❛çã♦ ❞❛s ❡q✉❛çõ❡s (α, β) = F (h,K)✳ ■ss♦ s❡ ❞❡✈❡ às ❝♦♥❞✐✲
çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛❞❡q✉❛❞❛s✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ✜①❛r ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❈❙❙ ❡♠
✉♠ ♣♦♥t♦ ✜①♦ ✭♦✉ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❉❙❙ ❡♠ ✉♠ ❝ír❝✉❧♦ ❧✐♠✐t❡✮✳

❆ss✐♠✱ ✉♠❛ ❜♦❛ ❡s❝♦❧❤❛ ❞❡ s❤✐❢t ❡ ❧❛♣s♦ ♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r
q✉❡ ❛ s♦❧✉çã♦ s❡❥❛ ❛✉t♦✲s✐♠✐❧❛r✳

✹✳✺✳✷ ❆s ✈❛r✐á✈❡✐s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡

P❛r❛ ♦❜t❡r♠♦s ❞❛❞♦s ✐♥✐❝✐❛✐s q✉❡✱ ❛♣ós ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❛ s♦❧✉çã♦
s❡❥❛ ❛✉t♦✲s✐♠✐❧❛r✱ ❛❧é♠ ❞❡ ✉♠❛ ❜♦❛ ❡s❝♦❧❤❛ ❞❡ s❤✐❢t ❡ ❧❛♣s♦✱ é ♣r❡❝✐s♦ ✉♠❛
❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ✈❛r✐á✈❡✐s✳ ❊ss❛s ✈❛r✐á✈❡✐s ❡s♣❡❝✐✜❝❛♠ ❛s ❝♦♠♣♦♥❡♥t❡s
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Z (xi)✱ ❞♦ ✈❡t♦r Z (x)✱ ❡ ❡ss❡ ✈❡t♦r é ❥✉st❛♠❡♥t❡✱ ♦ ✈❡t♦r q✉❡ ❞❡t❡r♠✐♥❛ ♦
❡stá❣✐♦ ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡♠ ✉♠ t❡♠♣♦ ✜①♦✳

❉❛❞♦ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❡stát✐❝♦✱ ♦✉ ♣❡r✐ó❞✐❝♦✱ é ✉s✉❛❧ ❡s❝♦❧❤❡r♠♦s h ❡ K
♣❛r❛ s❡r❡♠ ❛s ✈❛r✐á✈❡✐s ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳

❖s ❞❛❞♦s ❞❡ ❈❛✉❝❤②✱ ❞❡ ✉♠ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s
❞❛ ♣❛rt❡ ❡s♣❛❝✐❛❧ ❞❛ ♠étr✐❝❛✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ hij

(
xk
)
❡ Kij

(
xk
)
sã♦

✐♥❞✉③✐❞♦s ♣❡❧♦s ❞❛❞♦s ❞❡ ❈❛✉❝❤②✱ ❡♠ ✉♠❛ ♣❛rt❡ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡✜♥✐❞♦
♣❡❧♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❛ ❡q✉❛çã♦ ✭✹✳✺✮✱

gµν

(
τ, xi

)
= l2e−2τgµν

(
xi
)
,

♦❜t❡♠♦s

hij (x, τ) = l2e−2τhij (x) ✭✹✳✻✵✮

❡

Kij (x, τ) = l e−τKij (x) , ✭✹✳✻✶✮

♦♥❞❡ i, j, k = 1, 2, 3 ❡ ❛s ✈❛r✐á✈❡✐s hij ❡ Kij sã♦ ❞❡t❡r♠✐♥❛❞❛s ♣❡❧♦ ▼♦♠❡♥t✉♠
❡ ♣❡❧❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞♦ ♣r♦❜❧❡♠❛ ❬✶✾❪✳

❋r❡q✉❡♥t❡♠❡♥t❡✱ ❞❡s✐❣♥❛✲s❡ ❞✐♠❡♥sõ❡s ♣❛r❛ ❡ss❛s ✈❛r✐á✈❡✐s✱ ❛s ❝♦♦r❞❡♥❛✲
❞❛s xi ❡ τ sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s✱ l e−τ t❡♠ ❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡ gµν t❡♠
❛ ❞✐♠❡♥sã♦ ❞❡ l2✳ ❉❡ss❛ ❞❡✜♥✐çã♦✱ s❡❣✉❡ q✉❡ hij ❡ Kij t❡♠ ❞✐♠❡♥sã♦ ❞❡ l2 ❡
❞❡ l✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ hij ❡ Kij sã♦ ❛❞✐♠❡♥s✐♦♥❛✐s✳

◆♦t❡ q✉❡ é ♣r❡❝✐s♦ ❛ ✈❛r✐á✈❡❧ τ ♣❛r❛ ❝♦♥str✉✐r ❛s ✈❛r✐á✈❡✐s ❢ís✐❝❛s✱ ❛ ♣❛rt✐r
❞❛s ✈❛r✐á✈❡✐s ❞❡st❛❝❛❞❛s ♣♦r ❜❛rr❛✳

❯♠❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❢♦r♠✉❧❛r ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ❝♦♠♦ ✉♠ s✐st❡♠❛
❞✐♥â♠✐❝♦✱ é q✉❡ ✉♠❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦ ♦ shift ❡ ♦ lapso✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦
♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ú♥✐❝❛ tr❛❥❡tór✐❛✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❊
t❛♠❜é♠✱ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ♣♦❞❡ ♥ã♦ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳

✹✳✻ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s ❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s ◆✉❛s

◆❡ss❛ s❡çã♦ ❞✐s❝✉t✐r❡♠♦s ❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❣❡r❛❧♠❡♥t❡ ❢♦r♠❛❞❛ q✉❛♥❞♦ ♦❜t❡✲
♠♦s ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✳

❙♦❜ ✈ár✐❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ ❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ r❡s✉❧t❛♠
❡♠ ❢♦r♠❛çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❆ ❝♦♥❥❡❝t✉r❛ ❞❡ q✉❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❝♦✲
❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ s❡♠♣r❡ ❡stã♦ ❡s❝♦♥❞✐❞❛s ❞❡♥tr♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♥♦s
♠♦str❛ q✉❡ ♥ã♦ ❤á ❢♦r♠❛çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉❛s✱ ❲❛❧❞ ✭✶✾✾✼✮ ❬✹✹❪✳ ❊ss❛
❝♦♥❥❡❝t✉r❛ é ❝♦♥❤❡❝✐❞❛ ♣♦r ❝❡♥s✉r❛ ❝ós♠✐❝❛ ❢r❛❝❛ ❡ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s s❡♠✲
♣r❡ ❡st❡✈❡ ❡♠ ❞✐s❝✉ssã♦✳

✹✷



❖s r❡s✉❧t❛❞♦s ❞❡ ❈❤♦♣t✉✐❦ ❬✼❪ ❡ ❬✽❪✱ s♦❜r❡ ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠
❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♠♦str❛r❛♠ q✉❡ q✉❛❧q✉❡r ❢♦r♠✉❧❛çã♦ ❞❡ ✉♠❛ ❝❡♥✲
s✉r❛ ❝ós♠✐❝❛ ❞❡✈❡ s❡r r❡str✐t❛ ❛♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s ❡ ❛♦s t✐♣♦s ❞❡ ♠❛tér✐❛
❜❡♠ ❝♦♠♣♦rt❛❞❛✳ ❖✉tr❛ ❝♦♥s❡qüê♥❝✐❛ é q✉❡ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s
♥ã♦ é ❣❡♥ér✐❝❛✳

❯♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ❞✐t❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛✱ s❡ ❢♦r ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞❡ ❝✉r✈❛t✉r❛ q✉❡✱ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛✱ ✉♠ ♦❜s❡r✈❛❞♦r ❞✐st❛♥t❡ ♣♦ss❛ ♦❜t❡r
✐♥❢♦r♠❛çõ❡s ❞❛ ♠❡s♠❛✳ ❱❡r❡♠♦s✱ ❛♦ ❧♦♥❣♦ ❞❡ss❛ s❡çã♦✱ q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦
❝rít✐❝♦ ♣♦ss✉✐ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛✳

❈❤♦♣t✉✐❦ ❡ ♦✉tr♦s ❛✉t♦r❡s s✉❣❡r✐r❛♠ q✉❡✱ ❡♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ♦ ❡s♣❛ç♦✲
t❡♠♣♦ ❝rít✐❝♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠ r❡✜♥❛♠❡♥t♦✱ ♥♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱
❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❣❡♥ér✐❝♦ ❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱
♦❜t❡r ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳

❊♠ t❡r♠♦s ❞❡ s✐st❡♠❛ ❞✐♥â♠✐❝♦✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦ é ❛ s✉♣❡r❢í❝✐❡ q✉❡
s❡♣❛r❛ ❛s ❞✐♥â♠✐❝❛s ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s q✉❡ ❝♦❧❛♣s❛♠✱ ❞❛s q✉❡ ❞✐s♣❡rs❛♠✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❞♦s s✐st❡♠❛s ❡st✉❞❛❞♦ ♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✸✮ ❬✽❪ ❡ ❛♣r❡✲
s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠
♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❡ ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s✱ ♣♦❞❡♠♦s ❞❡s❡♥✈♦❧✈❡r ♦
s❡❣✉✐♥t❡ r❛❝✐♦❝í♥✐♦✱ q✉❡ ❢♦✐ ❢❡✐t♦ ♣♦r ❈❤♦♣t✉✐❦✱ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠é✲
r✐❝❛s✳

◆❛ ♠❡❞✐❞❛ ❡♠ q✉❡ ♦ r❡✜♥❛♠❡♥t♦ ❛♣❧✐❝❛❞♦ ❛♦s ❞❛❞♦s ✐♥✐❝✐❛✐s é ♠❡❧❤♦r❛❞♦✱
s✉r❣❡ ✉♠❛ r❡❣✐ã♦ ❝♦♠ ❛❧t❛ ❝✉r✈❛t✉r❛ q✉❡✱ ❛♣ós ♦ tér♠✐♥♦ ❞♦ r❡✜♥❛♠❡♥t♦✱
t❡rí❛♠♦s ✉♠❛ r❡❣✐ã♦ ❝♦♠ ❝✉r✈❛t✉r❛ ✐♥✜♥✐t❛✱ s❡ ♥❡ss❛ ♠❡s♠❛ r❡❣✐ã♦ ♦ ❜✉r❛❝♦
♥❡❣r♦ ❧✐♠✐t❡ s❡ ❢♦r♠❛r✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡♠♦s ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡ ❞❡
s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ❡ ❝✉r✈❛t✉r❛ ✐♥✜♥✐t❛✳ P♦rt❛♥t♦✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛
❢♦r♠♦✉✲s❡ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s✳

❖ r❛❝✐♦❝í♥✐♦ ❞♦ r❡✜♥❛♠❡♥t♦ ❢♦✐ ❡st❡♥❞✐❞♦ ♣❛r❛ ♦✉tr♦s t✐♣♦s ❞❡ ♠❛tér✐❛✱
s❡♠♣r❡ ❛❝♦♠♣❛♥❤❛❞♦ ❞❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳ ❆ss✐♠✱ ♣❛r❛ s❡ ❛♣r♦①✐♠❛r
❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✱ ✉♠❛ ❜♦❛ ❡str❛té❣✐❛ é ❢❛③❡r ♦ r❡✜♥❛♠❡♥t♦ ❞♦s ❞❛❞♦s
✐♥✐❝✐❛✐s✱ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s ✭✈❡r✐✜❝❛r❡♠♦s ❡ss❛ ❛✜r♠❛çã♦ ♥❛s
s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞♦ ❝❛♣ít✉❧♦ ✻✮✳

❊♠ ♠❛tér✐❛s ❞♦ t✐♣♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ ❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠
s✐♠❡tr✐❛ ❡s❢ér✐❛✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦ ♣♦❞❡ s❡r ♦❜t✐❞♦✱ ❛tr❛✈és ❞❛ t❡♦r✐❛ ❞❡
♣❡rt✉r❜❛çã♦✱ q✉❛♥❞♦ s❡ t❡♠ ✉♠ ❝❛❞✐❞❛t♦ à s♦❧✉çã♦ ❝rít✐❝❛ ✭❝❛♣ít✉❧♦ ✸ ✲ s❡çã♦
✸✳✷✮✳

❆ ❡str❛té❣✐❛ ❞♦ r❡✜♥❛♠❡♥t♦ ♣❛r❡❝❡ ✐♥❞✐❝❛r q✉❡✱ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s sã♦ ✐♥✲
❞❡♣❡♥❞❡♥t❡s ❞♦ ♠♦❞❡❧♦ ❞❡ ♠❛tér✐❛ ❡♠ ✉♠ r❡❣✐♠❡ ❞✐♥â♠✐❝♦✱ ♦♥❞❡ ❛s ❡q✉❛çõ❡s
❞♦ ♠♦✈✐♠❡♥t♦ ♣♦ss✉✐✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ✉♠❛ ❡s❝❛❧❛ ✐♥✈❛r✐❛♥t❡✳

❆♣ós ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ♣♦r ✉♠ ❞♦s ♠ét♦❞♦s ❞❡s❝r✐t♦s
❛❝✐♠❛✱ ♣❛ss❛r❡♠♦s ❛ ✐♥✈❡st✐❣❛r ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛ ❉❙❙✳

❆ ♠étr✐❝❛ ❣❡r❛❧ ❞❡ ✉♠❛ s♦❧✉çã♦ ❝rít✐❝❛ ❉❙❙ é ❞❛❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✶✷✮

✹✸



❡ ✭✹✳✶✸✮✱

gµν

(
τ, xi

)
= e−2τgµν

(
τ, xi

)
♦♥❞❡, gµν

(
τ, xi

)
= gµν

(
τ + ∆, xi

)
.

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ✐♥❞❡♥t✐✜❝❛r♠♦s ❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ♦❜s❡r✈❛r♠♦s ❛ ❝✉r✈❛✲
t✉r❛✱ ♣♦✐s s❡✱ ❞❡ ❛❧❣✉♠❛ ♠❛♥❡✐r❛✱ ❛ ❝✉r✈❛t✉r❛ ❡st✐✈❡r t❡♥❞❡♥❞♦ ❛♦ ✐♥✜♥✐t♦✱
t❡r❡♠♦s ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✳ ❆ ❝✉r✈❛t✉r❛ ❞❛ ♠étr✐❝❛ ❣❡r❛❧✱ ❞❡ ✉♠❛ s♦❧✉çã♦
❉❙❙✱ é ❞❛❞❛ ♣♦r

R = l−2 e2τR (x, τ) ,

♦♥❞❡ ♦ ❡s❝❛❧❛r ❞❡ ❘✐❝❝✐ R é ♣❡r✐ó❞✐❝♦ ❡♠ τ ✱ ❞❡ ♣❡rí♦❞♦ ∆✳
❆s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ ❈❤♦♣t✉✐❦✱ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ❝♦♥s✐❞❡r❛♠ ❛

♠étr✐❝❛ r❛❞✐❛❧✲♣♦❧❛r✱ ❡q✉❛çã♦ ✭✷✳✸✮✱ ❛❥✉st❛❞❛ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡
♦❝♦rr❛ ❡♠ t = 0✳

❇❛s❡❛❞♦ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❝♦♦r❞❡♥❛❞❛ α✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✮✱ é ✉♠❛ ❢✉♥çã♦
❝r❡s❝❡♥t❡✱ q✉❛♥❞♦ t❡♠♦s r → ∞✱ ♣❛r❛ t♦❞♦ t ✜①♦ ✭α ❝r❡s❝❡ ❛ ✉♠❛ ♣♦tê♥❝✐❛
♣❡q✉❡♥❛ ❞❡ r✮✳ ❊✈❛♥s ❡ ❈♦❧❡♠❛♥ ✭✶✾✾✹✮ ❬✶✷❪ ❝♦♥❥❡❝t✉r❛r❛♠ q✉❡ ❛ s✐♥❣✉❧❛r✐✲
❞❛❞❡ é ❝♦❜❡rt❛ ♣♦r ✉♠ ❞❡s✈✐♦ ♣❛r❛ ♦ ✈❡r♠❡❧❤♦✱ ❝♦♠ ♠❛❣♥✐t✉❞❡ ✐♥✜♥✐t❛✳

■ss♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❝♦♦r❞❡♥❛❞❛ a✱ ♣♦✐s

lim
r→∞

a (r, t) = a∞ > 1, ✭✹✳✻✷✮

♣❛r❛ t♦❞♦ t ✜①♦✱ ♦♥❞❡ a∞ é ✉♠❛ ❝♦♥st❛♥t❡✳
P♦❞❡♠♦s ✈❡r✐✜❝❛r ❛ ❡q✉❛çã♦ ✭✹✳✻✷✮ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✾✮ ❡ ❝♦♥✲

❝❧✉✐r q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❧❛♥♦✱ ♠❛s é ❛ss✐♥t♦t✐❝❛✲
♠❡♥t❡ ❝ô♥✐❝♦ ♥♦ ✐♥✜♥✐t♦ t✐♣♦ ❡s♣❛ç♦ ❡ ❝♦♠ ♠❛ss❛ ❞❡ ❍❛✇❦✐♥❣ ♣r♦♣♦r❝✐♦♥❛❧
❛ r✳

❍❛♠❛❞é ❡ ❙t❡✇❛rt ✭✶✾✾✻✮ ❬✷✷❪ ✉t✐❧✐③❛r❛♠ ❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦✲t❡♠♣♦✱
q✉❡ ♣❡rt❡♥❝❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s
❡s❝❛❧❛r❡s✱ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❖s ❛✉t♦r❡s ❡♥❝♦♥tr❛r❛♠ ❡✈✐❞ê♥❝✐❛ ❞❡ q✉❡ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ♥ã♦ é
✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ ❝✉r✈❛t✉r❛✳ ■ss♦ ❢♦✐ ❝♦♥✜r♠❛❞♦ ♣♦r ●✉♥❞❧❛❝❤ ✭✶✾✾✼✮
❬✷✵❪✱ ❛♦ ❝♦♥str✉✐r ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ❈❤♦♣t✉✐❦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r
❞❡ ❝♦♥t♦r♥♦✳

❆♣❛r❡♥t❡♠❡♥t❡✱ t♦❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦ ♦❜t✐❞♦ ❞❡ ✉♠ s✐st❡♠❛ ❝♦♠ s✐✲
♠❡tr✐❛ ❡s❢ér✐❝❛✱ t❡♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡
❞♦ t✐♣♦ ❞❡ ♠❛tér✐❛ ❡♠ ❡st✉❞♦✱ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✶✾❪✳

❯♠❛ ✈❡③ ❢❡✐t❛ ❛ ❛♥á❧✐s❡ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❝♦♥❤❡❝❡r❡♠♦s
❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✳

◆❛ s❡çã♦ ✹✳✷✱ ❞✐s❝✉t✐♠♦s q✉❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ é r❡❣✉❧❛r ♥♦ ❝❡♥tr♦ ❡ ♥♦
♣❛ss❛❞♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ♠❛s ❛✐♥❞❛ ♥ã♦ s❛❜❡♠♦s ❝♦♠♦ é ♦
❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ♦✉ s❡❥❛✱ ♥ã♦ ❝♦♥❤❡❝❡♠♦s ♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤② ❞♦
❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✳

✹✹



❍✐rs❝❤♠❛♥♥ ❡ ❊❛r❞❧❡② ✭✶✾✾✺✮ ❬✷✹❪ ❝♦♥s✐❞❡r❛r❛♠ ❛ s♦❧✉çã♦ ❞❡ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r ❝♦♠♣❧❡①♦ ❡ ❡♥❝♦♥tr❛r❛♠ ✉♠ ❝❛♥❞✐❞❛t♦ à s♦❧✉çã♦ ❝rít✐❝❛ ♣❛r❛ ♦ ❢✉t✉r♦
❞♦ ❝♦♥❡ ❞❡ ❧✉③✳

P❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ s♦❧✉çã♦✱ ♦s ❛✉t♦r❡s ❡❧❛❜♦r❛r❛♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r
❞❡ ❝♦♥t♦r♥♦✱ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛ ♥ã♦ ❧✐♥❡❛r✳ ❖ ❛♥s❛t③
❝♦♥s✐❞❡r❛❞♦ ❢♦✐

φ (x, τ) = f (x) eiωτ , a = a (x) ❡ α = α (x) ,

♦♥❞❡ φ é ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡ ω ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✳ ❆ s♦❧✉çã♦ ❝rít✐❝❛ ♦❜t✐❞❛
❢♦✐ ❈❙❙ ❡ r❡❣✉❧❛r ♥❛s ♠❡s♠❛s r❡❣✐õ❡s ❞❛ s♦❧✉çã♦✱ ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r r❡❛❧✳

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❢♦✐ ❝♦♥t✐♥✉❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♥♦✈❛ ❝♦♦r❞❡♥❛❞❛
❛✉t♦✲s✐♠✐❧❛r x✱ ❛tr❛✈és ❞❡ ✉♠❛ ❝♦♦r❞❡♥❛❞❛ s✐♥❣✉❧❛r ❡♠ t = 0✱ q✉❡ ❛✈❛♥ç❛
♣❛r❛ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✳ ❖ ❛♥s❛t③ r❡❞✉③ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♣❛r❛ ✉♠
s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ ❡ ♦ ♣❛ss❛❞♦ ❡ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡
❞❡ ❧✉③✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠ x = x1 ❡ x = x2✱ sã♦ ✏♣♦♥t♦s✑ s✐♥❣✉❧❛r❡s ❞❡ss❡
s✐st❡♠❛✳

❊ss❡s ♣♦♥t♦s r❡s✉❧t❛♠ ❡♠ ✉♠❛ s♦❧✉çã♦ r❡❣✉❧❛r ❡ ✉♠❛ s♦❧✉çã♦ s✐♥❣✉❧❛r✱
❛♠❜❛s ✐♥❞❡♣❡♥❞❡♥t❡s ✉♠❛ ❞❛ ♦✉tr❛✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ q✉❡✱
♦r✐❣✐♥❛❧♠❡♥t❡✱ ❞❡✜♥✐✉ ❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ❝♦rr❡s♣♦♥❞❡ à s♦❧✉çã♦ s✐♥❣✉❧❛r ❡♠
x = x1 ❡ ♦ ♣♦♥t♦ x = x2 é ♦ ❧✐♠✐t❡ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♥♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡
❞❡ ❧✉③✳

❍✐rs❝❤♠❛♥♥ ❡ ❊❛r❞❧❡② ❬✷✹❪ ❡♥❝♦♥tr❛r❛♠ ✉♠❛ s♦❧✉çã♦ ♠✐st❛✱ ❞❡ s♦❧✉çã♦
r❡❣✉❧❛r ❡ ❞❡ s♦❧✉çã♦ s✐♥❣✉❧❛r✱ q✉❡ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡①♣r❡ss❛ ♣♦r

f (x) ∼= freg (x) + (x2 − x)(iω+1)(1+ε) fsing (x) ,

♦♥❞❡ ε é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ♣❡q✉❡♥❛ ❡ freg ❡ fsing sã♦ r❡❣✉❧❛r❡s ❡♠
x = x2✳

❖ ♠❡s♠♦ ❡❢❡✐t♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛ s♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r r❡❛❧✱ ♦❜t✐❞❛
♣♦r ❈❤♦♣t✉✐❦✱ é ❡st❡♥t✐❞❛ ♣❛r❛ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ●✉♥❞❧❛❝❤ ✭✶✾✾✼✮ ❬✷✵❪✳
❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛✱ ✭✹✳✷✾✮✱ ♥♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ f +x = 0✳
▼❛rtí♥✲●❛r❝í❛ ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✸✸❪✱ ♠♦str❛r❛♠ q✉❡ ❛ s♦❧✉çã♦ ♣ró①✐♠❛ ❛♦
❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ é ❞❛❞❛ ♣♦r✱

U (τ, x) = U0 (τ) + |y|εÛε (τ) Ûε (τ̂) + yU1 (τ) + O
(
|y|1+ε

)
, ✭✹✳✻✸✮

V (τ, x) = V0 + yV1 (τ) + O
(
|y|1+ε

)
✭✹✳✻✹✮

❡

✹✺



a (τ, x) = a0 + ya1 (τ) + O
(
|y|1+ε

)
, ✭✹✳✻✺✮

♦♥❞❡ ♥❛s ❡q✉❛çõ❡s ✭✹✳✻✸✮✱ ✭✹✳✻✹✮ ❡ ✭✹✳✻✺✮✱ t❡♠♦s

y ≡ x− xf ✱τ̂ ≡ τ +H (τ) − (1 − ε) ln|y| ❡ ε =
2V 2

0

1 − 2V 2
0

,

♦♥❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❞❡ τ ❡ τ sã♦ ❝♦♥❤❡❝✐❞❛s ❡ ♣❡r✐ó❞✐❝❛s✱ ε é ✉♠❛ ♠é❞✐❛
q✉❛❞rát✐❝❛ ❡✱ x = xf sã♦ ♦s ♣♦♥t♦s ♦♥❞❡ ❡stá ❞❡✜♥✐❞♦ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡
❧✉③✳

❆ s♦❧✉çã♦ ❝rít✐❝❛ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ♣❛r❛ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ♣♦ré♠
♥ã♦ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✳ ❋✐s✐❝❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♣❡♥s❛r ♥❛ ♥ã♦ ✉♥✐❝✐❞❛❞❡
❝♦♠♦ ✐♥❢♦r♠❛çõ❡s q✉❡ s✉r❣❡♠ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ q✉❡ s❡ ♣r♦♣❛❣❛♠ ❛♦ ❧♦♥❣♦
❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✳ ▲♦❝❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦♥t✐♥✉❛r ❛ s♦❧✉çã♦ ❛tr❛✈és
❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✱ ♣❛r❛ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ q✉❛s❡ ♣❧❛♥♦ ❡ ❛✉t♦✲s✐♠✐❧❛r✳
❊♥tr❡t❛♥t♦✱ ♥ã♦ é ❝❧❛r♦ q✉❡ t❛❧ ❝♦♥t✐♥✉❛çã♦ ♣r❡s❡r✈❡ ♦ ❝❡♥tr♦ r❡❣✉❧❛r ❡♠
r = 0 ♣❛r❛ t > 0✳

❯♠❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦s✲t❡♠♣♦s ❈❙❙✱ ❝♦♠ s✐♠❡✲
tr✐❛ ❡s❢ér✐❝❛✱ é ❛♣r❡s❡♥t❛❞♦ ♣♦r ❈❛rr ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✻❪✳ ❖ ❢✉t✉r♦ ❞♦ ❝♦♥❡
❞❡ ❧✉③✱ ♣❛r❛ s♦❧✉çõ❡s ❝rít✐❝❛s ❉❙❙✱ é ❞❡s❝r✐t❛ ♣♦r ▼❛rt✐♥✲●❛r❝í❛ ❡ ●✉♥❞❧❛❝❤
✭✷✵✵✸✮ ❬✸✸❪ ❡ ✐♥❝❧✉✐ ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❝♦♠ ✉♠ ❝❡♥tr♦ r❡❣✉❧❛r✳

❯♠❛ r❡❣✐ã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❝♦❧❛♣s♦✱ q✉❡ ✐♥✐❝✐♦✉ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s r❡✲
❣✉❧❛r❡s ❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❧❛♥♦s✱ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣❛r❛ ❝r✐❛r ✉♠❛ s♦❧✉çã♦
❝rít✐❝❛✱ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ✉♠ ♣❛râ♠❡tr♦ q✉❛❧q✉❡r✱
❡ ❛tr❛✈és ❞❡ ✉♠ r❡✜♥❛♠❡♥t♦ ❞❡ss❡s ❞❛❞♦s✱ ❡♥❝♦♥tr❛♠♦s ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐✲
♠✐t❡✳ ◆❡ss❛ s✐t✉❛çã♦ ❞❡s❝r✐t❛✱ ❛ r❡❣✐ã♦ ❝♦♥s✐❞❡r❛❞❛ ♣♦❞❡ ✐♥❝❧✉✐r t♦❞♦s ♦s
✈❛❧♦r❡s ❞❡ x✱ q✉❡ ♣❛ss❛ ❞❡ ✉♠ ❝❡♥tr♦ r❡❣✉❧❛r ♣❛r❛ ♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✳

❊♥t❡♥❞❡r ❛ ❡str✉t✉r❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤② é ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ♣❛r❛
♦s ❢ís✐❝♦s✱ ♣♦ré♠ ❛ ♣♦ssí✈❡❧ ❝♦♥t✐♥✉❛çã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❛✐♥❞❛ é ✉♠❛ ❝✉r✐✲
♦s✐❞❛❞❡ ♠❛t❡♠át✐❝❛✳

❯♠❛ q✉❡stã♦ ❞❡ ✐♥t❡r❡ss❡ é✱ ♦ q✉❡ s❛✐ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ❄ ❖✉ s❡❥❛✱
♦ q✉❡ é ❡✈✐❞❡♥❝✐❛❞♦ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ❄ ❊ss❛ r❡s♣♦st❛ ♥ã♦ é r❡s♣♦♥❞✐❞❛
♣❡❧❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ❈❧áss✐❝❛ ❡ ❞❡♣❡♥❞❡ ❞❡ ❡❢❡✐t♦s ❞❡ ●r❛✈✐t❛çã♦ ◗✉â♥t✐❝❛
❬✶✾❪✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐✲
t❛❝✐♦♥❛❧✱ ♣ró①✐♠❛ à s♦❧✉çã♦ ❝rít✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ ❡ ❝♦♠
s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛s ❝♦♦r❞❡♥❛❞❛s ✉s✉❛✐s r
❡ t✱ ❞❡ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳

❙❡❥❛ t ♦ t❡♠♣♦ ♣ró♣r✐♦ ❞❡ ✉♠ ♦❜s❡r✈❛❞♦r✱ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❝❡♥tr♦ ❞❛ ♦r✐❣❡♠
❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡ s❡❥❛ t = 0 ♦ t❡♠♣♦ ♦♥❞❡ ♦❝♦rr❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞❛ s♦❧✉çã♦ ❝rít✐❝❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s♦❧✉çã♦ ♣❡rt❡♥❝❡♥t❡ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❛
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s♦❧✉çã♦ ❝rít✐❝❛✱ ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ú♥✐❝♦ ♠♦❞♦ ❝r❡s❝❡♥t❡ ♣❡rt✉r❜❛t✐✈♦ é ♣r♦♣♦r✲
❝✐♦♥❛❧ ❛

(p− p∗) (−t)λ .

❆ ♣❡rt✉r❜❛çã♦ ❝❛✉s❛ ✉♠ ❞❡s✈✐♦ ♥❛ s♦❧✉çã♦ ❝rít✐❝❛ ♣❛r❛

t− t∗ ∼= − (p− p∗)
λ ,

♦♥❞❡ ♦ ❢✉t✉r♦ ❞♦ ❝♦♥❡ ❞❡ ❧✉③✱ ❞❡ (r, t) = (r, t)✱ é ❞❛❞♦ ♣♦r r = t − t∗✳ ❊ss❡
❢✉t✉r♦ é ✉♠❛ ❢r♦♥t❡✐r❛ ♣❛r❛ ❛ r❡❣✐ã♦✱ ♦♥❞❡ ❛ s♦❧✉çã♦ é ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦
♣❛r❛ ❛ s♦❧✉çã♦ ❝rít✐❝❛✳

❆ ♦✉tr❛ ❢r♦♥t❡✐r❛ ♣❛r❛ ❡ss❛ r❡❣✐ã♦✱ ❞❡♣❡♥❞❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❡ ❢r❛❝❛♠❡♥t❡
❞❡ p−p∗✳ P♦❞❡♠♦s ❛♣r♦①✐♠á✲❧❛ ♣♦r ✉♠ ❝♦♥❡ t✐♣♦ ❧✉③✱ ❞❡✜♥✐❞♦ ♣♦r r = r0−t✱
♦♥❞❡ r0 > 0✳ ❆ss✐♠✱ x ❛t✐♥❣❡ ♦ ♠á①✐♠♦ ❡♠

r =
(r0 + t∗)

2
❡ t =

(r0 − t∗)

2
.

P❛r❛
t∗ ∼= |x− 1|

❡
t∗ ∼= (p− p∗)

λ ,

♣♦❞❡♠♦s ✈❡r q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦ é ❢❡❝❤❛❞♦ ♣❛r❛ ♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✱
❞❡✜♥✐❞♦ ♣♦r x = 1 ❬✶✾❪✳

❊♠ r❡s✉♠♦✱ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✱ q✉❡ é ❛♣r♦①✐♠❛❞♦ ♣❡❧♦ r❡✜♥❛♠❡♥t♦
❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s✱ t❡♠ ✉♠ ♣♦♥t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ ❝✉r✈❛t✉r❛✱ q✉❡
é ✈✐sí✈❡❧ ♥♦ ✐♥✜♥✐t♦ ♣❡❧♦ ❞❡s✈✐♦ ♣❛r❛ ♦ ✈❡r♠❡❧❤♦✳ ❖ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤② é
s✉❛✈❡♠❡♥t❡ s✐♥❣✉❧❛r✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ é ✜♥✐t❛✱ ♠❛s ♥ã♦ é ❞✐✲
❢❡r❡♥❝✐á✈❡❧ ❡ ❛ ❝♦♥t✐♥✉❛çã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦ é ♦❜t✐❞❛ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✳
❉❡ss❛ ❝♦♥t✐♥✉❛çã♦✱ ❛ ❝✉r✈❛t✉r❛ ♣♦❞❡ s❡r ✉♠ ♣♦♥t♦ ✐s♦❧❛❞♦ ♥❛ ❜❛s❡ ❞♦ ❤♦✲
r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✱ q✉❡ r❡s✉❧t❛ ♥✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ ❧✉③ ♦✉ ❞♦ t✐♣♦
t❡♠♣♦✳

❆ ♥ã♦ ✉♥✐❝✐❞❛❞❡✱ ♥ã♦ é ♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ❤♦r✐③♦♥t❡ ❞❡ ❈❛✉❝❤②✱ ♣♦✐s s❡♠♣r❡
é ♣♦ssí✈❡❧ ❢❛③❡r ❛ ❡①t❡♥sã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ s❡♠♣r❡
❡①✐st❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱ q✉❡ s❡r✈❡ ❞❡ ❝♦♥tr❛✲❡①❡♠♣❧♦
q✉❛♥❞♦ t❡♥t❛♠♦s ❢❛③❡r ✉♠❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❝❡♥s✉r❛ ❝ós♠✐❝❛✱ ❝♦♠ ❛ ❤✐♣ót❡s❡
❞❡ q✉❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s ♥ã♦ ❢♦r♠❛♠ s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉❛s✳

❆♦ ❧♦♥❣♦ ❞❡ss❡ t❡①t♦✱ ❞✐s❝✉t✐♠♦s s♦❜r❡ ❛ s✐❣✉❧❛r✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱
s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ❢❡♥ô♠❡♥♦s q✉❡ sã♦ ♦❜s❡r✈❛❞♦s✱ ❞❡✈✐❞♦ ❛ s♦❧✉çã♦ ❝rít✐❝❛✳
❆ ♣r✐♦r✐✱ s♦❧✉çõ❡s ❛✉t♦✲s✐♠✐❧❛r❡s ❡ r❡❣✉❧❛r❡s ♣♦❞❡♠ ❡①✐st✐r✱ ❝♦♠ ❛ ♠❡s♠❛ ❝❛✲
r❛❝t❡ríst✐❝❛ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✳ ❱✐♠♦s t❛♠❜é♠ q✉❡ ❞❛❞♦s ✐♥✐❝✐❛✐s ♣♦❞❡♠
❢♦r♠❛r s✐♥❣✉❧❛r✐❞❛❞❡s ♥✉❛s✳ ■ss♦ ❛❝♦♥t❡❝❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛✲
❝✐♦♥❛❧ ❞❡ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ p = kρ ♣❛r❛ k < 0.0105✱
❖r✐ ❡ P✐r❛♥ ✭✶✾✽✼✮ ❬✸✻❪✱ ◆❡✐❧s❡♥ ❡ ❈❤♦♣t✉✐❦ ✭✷✵✵✵✮ ❬✸✹❪✳
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✹✳✼ ❋❡♥ô♠❡♥♦s ❈rít✐❝♦s sã♦ ❣❡r❛✐s ❄

❯♠❛ q✉❡stã♦ ❢✉♥❞❛♠❡♥t❛❧ s♦❜r❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s é s❡ ❡❧❡s sã♦ ❣❡r❛✐s✱ ♦✉
❡♥tã♦ s❛❜❡r ❛té q✉❡ ♣♦♥t♦ ❡ss❡s ❢❡♥ô♠❡♥♦s sã♦ ❣❡r❛✐s✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s
❡❧❛❜♦r❛r ❡ss❛ q✉❡stã♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s s❡♠♣r❡ ♦❝♦r✲
r❡♠ q✉❛♥❞♦ ♦❜t❡♠♦s ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✱ ❛tr❛✈és ❞❡ ✉♠ r❡✜♥❛♠❡♥t♦ ❞♦s
❞❛❞♦s ✐♥✐❝✐❛✐s ❄ ❆ r❡s♣♦st❛ ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦✳

◆♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❝❛♠♣♦
❡s❝❛❧❛r s❡♠ ♠❛ss❛ ❡ ♣❛r❛ ✢✉✐❞♦ ♣❡r❢❡✐t♦✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❧✐♠✐t❛♥❞♦
♦ ❡st✉❞♦ ❞❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s✱ ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❛ ❡ss❡s t✐♣♦s ❞❡
♠❛tér✐❛ ❡ ❛ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳

❯♠ ❝❛♠✐♥❤♦ ♣❛r❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ é ❝♦♥s✐❞❡r❛r ❡ss❡ ♠❡s♠♦ t✐♣♦ ❞❡ ♠❛✲
tér✐❛✱ ❞✐s❝✉t✐❞❛ ❛té ❛❣♦r❛✱ ❝♦♠ ✉♠ t✐♣♦ ❞❡ s✐♠❡tr✐❛ ❞✐❢❡r❡♥t❡✳ ❆❜r❛❤❛♠s ❡
❊✈❛♥s ✭✶✾✾✸✮ ❬✶❪ ❝♦♥s✐❞❡r❛r❛♠ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ❝♦♠ s✐♠❡tr✐❛
❡♠ t♦r♥♦ ❞❡ ✉♠ ❞♦s ❡✐①♦s ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✭s✐♠❡tr✐❛ ❛①✐s②♠❡tr②✮✱
♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❈♦♠ ❛❧❣✉♠❛s r❡str✐çõ❡s✱ ♦s
❛✉t♦r❡s ♦❜t✐✈❡r❛♠ ❛ r❡❧❛çã♦ ❞❡ ♠❛ss❛ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s✱ ❝♦♠ ❡①♣♦❡♥t❡ ❝rí✲
t✐❝♦ γ ∼= 0, 36 ❡ t❛♠❜é♠✱ ❝♦♠ ❛❧❣✉♠❛s r❡str✐çõ❡s ❡❧❡s ♦❜t✐✈❡r❛♠ ♦ ❢❡♥ô♠❡♥♦
❞❡ ❊❝♦✳

❯♠ ♦✉tr♦ ❝❛♠✐♥❤♦ ♣❛r❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ é ✐♥✈❡st✐❣❛r ❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s
✐♥✐❝✐❛✐s ❝♦♠ ♠♦♠❡♥t✉♠ ❛♥❣✉❧❛r✱ ❝❛r❣❛ ❡ ♠❛ss❛✱ ♣♦✐s s❛❜❡♠♦s ❞❛ ❡①✐stê♥❝✐❛
❞❡ ❜✉r❛❝♦s ♥❡❣r♦s ❝♦♠ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s✳ ▼❛rtí♥✲●❛r❝í❛ ❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮
❬✷✶❪ ❝♦♥s✐❞❡r❛r❛♠ ✉♠❛ ❡❧❡tr♦❞✐♥â♠✐❝❛ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢é✲
r✐❝❛✱ ♦♥❞❡ ♦ ❡st✉❞♦ ❞❡ ❈❤♦♣t✉✐❦ ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ é ✉♠ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞❡ss❡ ❡st✉❞♦✳

❊❧❡s ♦❜t✐✈❡r❛♠ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝❛rr❡❣❛❞♦✱

Q ∼= (p− p∗)
δ ,

♦♥❞❡ Q é ❛ ❝❛r❣❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡ δ ∼= 0, 88✳ ❍♦❞ ❡ P✐r❛♥ ✭✶✾✾✼✮ ❬✷✻❪
✈❡r✐✜❝❛r❛♠ q✉❡✱ ❛♦ ❝♦♥s✐❞❡r❛r ❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✱ s❡♠ ❝❛r❣❛✱ ❡ ❢❛③❡r
❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ ❞❡ ▼❛rtí♥ ❡ ●✉♥❞❧❛❝❤✱ ♦s r❡s✉❧t❛❞♦s ❞❡ ❈❤♦♣t✉✐❦ sã♦
r❡❝✉♣❡r❛❞♦s✳

❱✐♠♦s ♥❛ s❡çã♦ ✹✳✹ q✉❡ ●❛r✜♥❦❧❡ ✭✷✵✵✶✮ ❬✶✸❪ ❡st✉❞♦✉ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠
❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❛♦ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱
❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ Λ = 0✱ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡
✭2 + 1✮ ❞✐♠❡♥sõ❡s✳ ●❛r✜♥❦❧❡ t❛♠❜é♠ ✈❡r✐✜❝♦✉ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s✱ ❈❧é♠❡♥t
❡ ❋❛❜❜r✐ ✭✷✵✵✶✮ ❬✶✵❪ ❡ ✭✷✵✵✷✮ ❬✶✶❪ ❣❡♥❡r❛❧✐③❛r❛♠ ♦ tr❛❜❛❧❤♦ ❞❡ ●❛r✜♥❦❧❡ ♣❛r❛
Λ < 0✳

❉✳ ●❛r✜♥❦❧❡✱ ❈✉t❧❡r ❡ ❉✉♥❝❛♥ ❬✶✹❪ ✭✶✾✾✾✮✱ t❛♠❜é♠ ❡st✉❞❛r❛♠ ♦ ♠❡s♠♦
t✐♣♦ ❞❡ ♠❛tér✐❛ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡ 5 + 1 ❞✐♠❡♥sõ❡s ❡ ♦❜t✐✈❡r❛♠ ❢❡♥ô✲
♠❡♥♦s ❝rít✐❝♦s✳

✹✽



P❡❧❡❣ ❡ ❙t❡✐❢ ✭✶✾✾✺✮ ❬✸✼❪ ✐♥✈❡st✐❣❛r❛♠ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❛♥é❧ ❞❡ ♣♦❡✐r❛✱ ❡♠
✭✷✰✶✮ ❞✐♠❡♥sõ❡s✱ ❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ ♥❡❣❛t✐✈❛✱ ♦♥❞❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛s
sã♦ ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ t❛♠❜é♠ ❢♦✐ ❡♥❝♦♥tr❛❞♦✱
s❡♥❞♦ γ = 0, 5✳

❇✐r♠✐♥❣❤❛♠ ❡ ❙❡♥ ✭✷✵✵✵✮ ❬✹❪ ❡st✉❞❛r❛♠ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s ♥❛
❝♦❧✐sã♦ ❞❡ ❞✉❛s ♣❛rt✐❝✉❧❛s ♣♦♥t✉❛✐s✱ ❞❡ ♠❡s♠❛ ♠❛ss❛✱ ❡♠ ✭✷✰✶✮ ❞✐♠❡♥sõ❡s✱
❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❛ ♥❡❣❛t✐✈❛✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❜✉r❛❝♦ ♥❡❣r♦ é ❝❛❧❝✉❧❛❞♦
❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❢❡❝❤❛❞❛✱ ♣ró①✐♠♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❧✐♠✐t❡✳ ❆ ♠❛ss❛ ❞♦ ❜✉r❛❝♦
♥❡❣r♦ éM ∼=

√
P ✱ ♦♥❞❡ P é ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❡ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦

é 0, 5✳
❋❡♥ô♠❡♥♦s ❝rít✐❝♦s ♥ã♦ sã♦ ♣❛rt✐❝✉❧❛r✐❞❛❞❡s ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ✐♥✲

❝❧✉s✐✈❡✱ ❝♦♥❤❡❝✐❛✲s❡ ❢❡♥ô♠❡♥♦s s❡♠❡❧❤❛♥t❡s ❡♠ ▼❡❝â♥✐❝❛ ❊st❛tíst✐❝❛✳ ❚r❛♥✲
s✐çõ❡s ❞❡ ❢❛s❡ ❡♠ ❚❡r♠♦❞✐♥â♠✐❝❛ sã♦ ♣♦♥t♦s ❧✐♠✐t❡s✱ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❢♦rç❛s
❡①t❡r♥❛s ❡♠ q✉❡ ✉♠ ♦❜s❡r✈á✈❡❧ ♠❛❝r♦s❝ó♣✐❝♦✱ ♦✉ s❡✉s ❞❡r✐✈❛❞♦s✱ ♣❛ss❛♠ ♣♦r
❛❧❣✉♠ t✐♣♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✳

❈♦♥s✐❞❡r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❧íq✉✐❞♦✲❣ás ❞❡ ✉♠ ✢✉✐❞♦✱
♦♥❞❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ❢❛s❡ ♦❝♦rr❡ ♥❛ ❝✉r✈❛ p = pb(T )✱ ♦✉ s❡❥❛✱ ❛ ❡❜✉❧✐çã♦
♦❝♦rr❡ ♥❡st❛ ❝✉r✈❛✳ ◗✉❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❛tr❛✈❡ss❛ ❡ss❛ ❝✉r✈❛✱ ❛
♠✉❞❛♥ç❛ ❞❡ ❞❡♥s✐❞❛❞❡ é ❞❡s❝♦♥tí♥✉❛❀ ❝♦♠ ♦ ❛❝rés❝✐♠♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ ❛
❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❡♠ ❡st❛❞♦ ❧íq✉✐❞♦ ❡ ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦
❡♠ ❡st❛❞♦ ❣❛s♦s♦ ❞✐♠✐♥✉✐✳ ❙❡ ❝♦♥t✐♥✉❛r♠♦s ❛✉♠❡♥t❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛✱
❝❤❡❣❛r❡♠♦s ❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ (p∗, T∗)✱ ♦♥❞❡ ❛ ❝✉r✈❛ ❞❡ ❡❜✉❧✐çã♦ ❞❡s❛♣❛r❡❝❡
❡ ♦s ✢✉✐❞♦s✱ ❞❡ ❡st❛❞♦s ❢ís✐❝♦s ❞✐❢❡r❡♥t❡s✱ ♣❛ss❛♠ ❛ t❡r ♠❡s♠❛ ❞❡♥s✐❞❛❞❡✳ ❊
❛ss✐♠✱ ♣♦❞❡♠♦s ♠✉❞❛r ♦ ❡st❛❞♦ ❢ís✐❝♦ ❞♦ ✢✉✐❞♦✱ s❡♠ ♣r❡❝✐s❛r ♣❛ss❛r ♣♦r ✉♠❛
❡❜✉❧✐çã♦✳

P❛r❛ ❡ss❡ ❝❛s♦✱ ✉♠❛ r❡❧❛çã♦ ❞❡ ♣♦tê♥❝✐❛ é ❞❡t❡r♠✐♥❛❞❛✱ ❡♠ ❢✉♥çã♦ ❞❛
t❡♠♣❡r❛t✉r❛✳ ❆♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ ❞❡ ❡❜✉❧✐çã♦✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡s❛♣❛r❡❝❡ ❞❡s❝♦♥✲
t✐♥✉❛♠❡♥t❡✱ ❛tr❛✈és ❞❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

ρl − ρg
∼= (T∗ − T )γ ,

♦♥❞❡ ρl é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ❡♠ ❡st❛❞♦ ❧íq✉✐❞♦ ❡ ρg é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦
❡♠ ❡st❛❞♦ ❣❛s♦s♦✳

❆ ✈❛r✐á✈❡❧ ρl − ρg é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ♦r❞❡♠✳ ◗✉❛♥❞♦ ❡ss❡s
t✐♣♦s ❞❡ ✈❛r✐á✈❡✐s ♠✉❞❛♠ ❞❡s❝♦♥t✐♥✉❛♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡
é ❞♦ t✐♣♦ ✶✱ ♦✉ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❥á s❡ ❡ss❛s ✈❛r✐á✈❡✐s t❡♥❞❡r❡♠ ❛ ③❡r♦✱
❝♦♥t✐♥✉❛♠❡♥t❡✱ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ é ❞✐t❛ ❞♦ t✐♣♦ ✷✱ ♦✉ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

❊♠ ❛♥❛❧♦❣✐❛ ❛♦s t✐♣♦s ❞❡ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡✱ q✉❡ ♦❝♦rr❡♠ ♥❛ ♠❡❝â♥✐❝❛
❡st❛tíst✐❝❛✱ t❡♠♦s ♦s t❡r♠♦s ♣❛r❛ ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦✲
♥❛❧✳ ❆ss✐♠✱ ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✶✱ sã♦ ♦s ❢❡♥ô♠❡♥♦s q✉❡ ❛♣❛r❡❝❡♠
q✉❛♥❞♦ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ❡♥tr❡ ❝❛♠♣♦s q✉❡ ❞✐s♣❡rs❛♠ ❡ ❝❛♠♣♦s q✉❡ ❢♦r✲

✹✾



♠❛♠ ❜✉r❛❝♦ ♥❡❣r♦✱ é ❞❡s❝♦♥t✐♥✉❛✳ ❏á ♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❞♦ t✐♣♦ ✷ ♦❝♦rr❡♠
q✉❛♥❞♦ ❛ tr❛♥s✐çã♦ é ❝♦♥tí♥✉❛✳

❘❡❝♦♠❡♥❞❛✲s❡ ♦ tr❛❜❛❧❤♦ ❞❡ ●✉♥❞❧❛❝❤ ✭✷✵✵✸✮ ❬✶✾❪✱ ♣❛r❛ ♠❛✐s ❡①❡♠♣❧♦s
❞❡ ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❊①❡♠♣❧♦s ❡♠ ♠❡❝â♥✐❝❛ ❡s✲
t❛tíst✐❝❛ ❡♥❝♦♥tr❛♠✲s❡ ♥♦s ❧✐✈r♦s ❞♦ ▲❛♥❞❛✉ ❡ ▲✐❢s❝❤✐t③ ✭✶✾✽✵✮✱ ❬✸✵❪ ❡ ❬✸✶❪✳

❈❛❞❛ ✈❡③ ♠❛✐s✱ ♦s tr❛❜❛❧❤♦s ♥✉♠ér✐❝♦s ❝♦♥t✐♥✉❛♠ t❡♥t❛♥❞♦ ❡st❛❜❡❧❡❝❡r
❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❞♦s ❢❡♥ô♠❡♥♦s ❝rít✐❝♦s ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳ ❆s té❝♥✐❝❛s
❝♦♠♣✉t❛❝✐♦♥❛✐s ❝❛❞❛ ✈❡③ ♠❛✐s t❡♠ ❛✉①✐❧✐❛❞♦ ♥❡ss❛ ✐♥✈❡st✐❣❛çã♦✳ ❈❡rt❛♠❡♥t❡✱
❛ ❘❡❧❛t✐✈✐❞❛❞❡ ◆✉♠ér✐❝❛ ❣❛♥❤♦✉ ♠✉✐t♦ ❡s♣❛ç♦ ♥❛s ❞✐s❝✉ssõ❡s ❛❝❛❞ê♠✐❝❛s✱
♣♦✐s ❞❡✈✐❞♦ ❛s ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s ♥❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s✱ ❞❛s
❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❛❧❣✉♥s ❢❡♥ô♠❡♥♦s ❢♦r❛♠ ♦❜s❡r✈❛❞♦s✱ ❛♣❡♥❛s ❡♠ s♦❧✉✲
çõ❡s ♥✉♠ér✐❝❛s✳

❖s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s ❞❡st✐♥❛♠♦s à ❡❧❛❜♦r❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦✱ ♣❛r❛
❡❢❡t✉❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡s♣❡❝✐✜❝❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸✳

✺✵



❈❛♣ít✉❧♦ ✺

▼ét♦❞♦s ◆✉♠ér✐❝♦s

◆❡ss❡ ❝❛♣ít✉❧♦ ❡ ♥♦ ♣ró①✐♠♦ ✐♥✈❡st✐❣❛r❡♠♦s ♦ ❡stá❣✐♦ ✜♥❛❧ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐✲
t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ♠✐♥✐♠❛♠❡♥t❡ ❛❝♦♣❧❛❞♦ ❛♦ ❝❛♠♣♦
❣r❛✈✐t❛❝✐♦♥❛❧ ❡ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ♣❛r❛ ❡ss❡ t✐♣♦ ❞❡
♠❛tér✐❛ ❡ ❛♦ ❧♦♥❣♦ ❞❡ss❡ t❡①t♦✱ ❡st✉❞❛♠♦s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ♦s ❢❡♥ô♠❡♥♦s
q✉❡ s✉r❣❡♠ ❡♠ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✳

P❛r❛ ❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ ✉t✐❧✐③❛♠♦s ♦ ▼❛t▲❛❜ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❞❡s❡♥✲
✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ s✐♠♣❧❡s ❡ ❝♦♥✜á✈❡❧✱ q✉❡ ❞❡s❝r❡✈❛ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r s❡♠ ♠❛ss❛✳ ❆s ✈❛♥t❛❣❡♥s ❞❡ ✐♠♣❧❡♠❡♥t❛r ♥♦ ▼❛t▲❛❜ sã♦✿ r❛♣✐❞❡③ ♥❛
❡s❝r✐t❛ ❞♦ ❝ó❞✐❣♦ ❢♦♥t❡❀ ❢✉♥çõ❡s ♦t✐♠✐③❛❞❛s❀ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ❧✐❞❛r ❝♦♠ ✈❡t♦r❡s
❡ ♠❛tr✐③❡s❀ s❛í❞❛s ❞❡ ❞❛❞♦s ♣♦r ❣rá✜❝♦s ♣ré✲❢♦r♠❛t❛❞♦s ❡ ❛s ♠❛♥✐♣✉❧❛çõ❡s
❞❡ ❣rá✜❝♦s ❡ t✐♣♦s ❞❡ s❛í❞❛ ❞♦ ❛❧❣♦r✐t♠♦ ❡ ❢✉♥çõ❡s ✈♦❧t❛❞❛s ♣❛r❛ ❛♥á❧✐s❡ ❞❡
♣❡r❢♦r♠❛♥❝❡✳

❈♦♠ ❡ss❛s ✈❛♥t❛❣❡♥s✱ ❛♥t❡s ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ ❡♠ ✉♠❛ ❧✐♥✲
❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞❡ ❛✉t♦ ❞❡s❡♠♣❡♥❤♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❋♦rtr❛♥✱ ♦
▼❛t▲❛❜ ♣♦❞❡ s❡r✈✐r ♣❛r❛ t❡st❛r ❛ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦✱ s❡ ♥❡❝❡ssár✐♦ ❢❛③❡r
❛s ❞❡✈✐❞❛s ❝♦rr❡çõ❡s ❡ ❛ss✐♠ t♦r♥❛r ♦ ❛❧❣♦r✐t♠♦ ❝♦♥✜á✈❡❧ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐✲
♠❡♥t♦✳

◆❡ss❡ ❝❛♣ít✉❧♦ ❡♥❝♦♥tr❛♠✲s❡ ♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s r❡✲
❛❧✐③❛❞♦s✱ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✳ ◆♦ ✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦✱ ✉♠ ♣r♦tót✐♣♦
❞♦ ❛❧❣♦r✐t♠♦ é ❛♣r❡s❡♥t❛❞♦ ❡ s✉❛ ♦t✐♠✐③❛çã♦ s❡rá ❢❡✐t❛ ♥♦ ❝❛♣ít✉❧♦ ✻✳

✺✳✶ ❚é❝♥✐❝❛s ♣❛r❛ ❛ ■♠♣❧❡♠❡♥t❛çã♦ ◆✉♠ér✐❝❛

◆❡ss❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛s té❝♥✐❝❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦
❝ó❞✐❣♦ ❢♦♥t❡✱ q✉❡ ❡❢❡t✉❛ ❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠
❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✳

✺✶



✺✳✶✳✶ ❖ ▼ét♦❞♦ ❞❡ ▲✐♥❤❛s

❈♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧✿

✉t = ❢ (✉) , ①i < ① < ①f , t > 0, ✭✺✳✶✮

♦♥❞❡
✉ = ✉ (①, t)

é ✉♠ ✈❡t♦r ❞❡ ✈❛r✐á✈❡✐s ❞❡♣❡♥❞❡♥t❡s✱ ① é ✉♠ ✈❡t♦r q✉❡ ❞❡♣❡♥❞❡ ❞❛s ❝♦♦r❞❡✲
♥❛❞❛s ❡s♣❛❝✐❛✐s✱ f é ✉♠ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧✱

❢✭✉✮ = f (①, t,✉,✉x,✉xx, . . .)

❡ t é ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✳
❖ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s é ✉♠❛ té❝♥✐❝❛ ♥✉♠ér✐❝❛ ❞❡ r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥✲

❝✐❛✐s ♣❛r❝✐❛✐s✱ q✉❡ sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✮✳ ❖ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s✱
❛♣❧✐❝❛❞♦ ❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛♥á❧♦❣❛ ❛ ❡q✉❛çã♦ ✭✺✳✶✮✱ tê♠ ❞♦✐s ♣❛ss♦s✿

• ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❡st❛❜❡❧❡❝❡r ❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛s ❞❡r✐✈❛❞❛s ❡s♣❛✲
❝✐❛✐s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛tr❛✈és ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ♦✉ ❡❧❡♠❡♥t♦s ✜♥✐t♦s✳

• ♦ s❡❣✉♥❞♦ ♣❛ss♦ ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ s❡♠✐✲❞✐s❝r❡t♦ ❞❡ ❡q✉❛✲
çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ t✳

❆ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s✱ ♣♦✐s ♦ ♠ét♦❞♦
❞❡ ❧✐♥❤❛s ❝❛rr❡❣❛rá ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❛❧❣♦r✐t♠♦ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❛ r❡s♦❧✉çã♦
❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳

◗✉❛♥❞♦ r❡s♦❧✈❡♠♦s ❡ss❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ ❡s✲
t❛♠♦s ❢❛③❡♥❞♦ ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s ❞❛♥❞♦ ✉♠ ♣❛ss♦
t❡♠♣♦r❛❧ ❡ ❡♥❝♦♥tr❛♥❞♦ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧✱ ❡♠ ✉♠ ✐♥✲
t❡r✈❛❧♦ [ti, tf ]✳ ❊ss❡ ∆t ♥ã♦ ♣♦❞❡ s❡r q✉❛❧q✉❡r✱ ❡❧❡ ❞❡✈❡ ❡st❛r r❡str✐t♦ ❛ ✉♠❛
❝♦♥❞✐çã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♥ã♦ t❡r♠♦s ♣r♦❜❧❡♠❛s ❝♦♠ ✐♥st❛❜✐❧✐❞❛❞❡ ♥❛
✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛✳

❈♦♥s✐❞❡r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✮✱ ❝✉❥❛s ✈❛r✐á✲
✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s sã♦ x ❡ t✳ ❆ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ✐♥t❡❣r❛çã♦
t❡♠♣♦r❛❧ ❡①♣❧✐❝✐t♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ✐♥✈❡rs♦ ❞❡ ❛❧❣✉♠❛ ♣♦tê♥❝✐❛ ❞♦ ❡s♣❛ç❛✲
♠❡♥t♦ ∆x ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✱

E ∝
(

1

∆x

)n

.

❋r❡q✉❡♥t❡♠❡♥t❡✱ ❛ ♣♦tê♥❝✐❛ é ✐❣✉❛❧ ❛ ♦r❞❡♠ ❞❛ ❞❡r✐✈❛❞❛ ❡s♣❛❝✐❛❧ ❞❡ ♠❛✐♦r
❣r❛✉ ❬✹✸❪✳

✺✷



P❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♣♦❞❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ✉t✐❧✐③❛r ♦ ♠ét♦❞♦
❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉t✐❧✐③❛♠♦s ❡ss❡ ♠ét♦❞♦ ♣❛r❛
❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ❞❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ♦❜t✐❞❛s ♥❛ s❡çã♦
✷✳✶✳

◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦✱
❝♦♠ r❡✜♥❛♠❡♥t♦✱ ♣♦✐s ❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡①✐✲
❣❡♠ ❛❧t♦ ❣r❛✉ ❞❡ ♣r❡❝✐sã♦✳

✺✳✶✳✷ ❖ ▼ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦✱ ❝♦♠ r❡✜♥❛♠❡♥t♦

❖s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s sã♦ ♠ét♦❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s q✉❡ ❛❧t❡r❛♠ ❛s ♣♦✲
s✐çõ❡s ❞♦s ♣♦♥t♦s ❞❡ ✉♠❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❛❞❛✱ ❛ ♠❡❞✐❞❛ q✉❡
❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é r❡❛❧✐③❛❞❛✳ ❊ss❡ ♠ét♦❞♦ t❡♠ ❛ ✐♥t❡♥çã♦ ❞❡ ❝♦♥❝❡♥tr❛r
♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ❡♠ ♣♦♥t♦s ❝rít✐❝♦s✱ ♣❛r❛ ❛✉♠❡♥t❛r ❛ ♣r❡❝✐sã♦ ❞❛ s♦❧✉çã♦
♥✉♠ér✐❝❛ ♥❡ss❛s r❡❣✐õ❡s✳

❆s ♣r✐♥❝✐♣❛✐s ✈❛♥t❛❣❡♥s ❞❡ ✉t✐❧✐③❛r ✉♠❛ ♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛ sã♦✿

• ♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ✜❝❛♠ ♠❛✐s ❝♦♥❝❡♥tr❛❞♦s ❡♠ r❡❣✐õ❡s q✉❡ ♥❡❝❡ss✐t❛♠
❞❡ ♠❛✐s ♣♦♥t♦s✱ ♣❛r❛ ♠❛♥t❡r ❛ ♣r❡❝✐sã♦ ❞♦ r❡s✉❧t❛❞♦✳ ❊ss❛s r❡❣✐õ❡s sã♦
❛s ✈✐③✐♥❤❛♥ç❛s ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ✭❞❡ ♣♦♥t♦s ♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ ❡s♣❛❝✐❛❧
s❡ ❛♥✉❧❛✮✳

• ♦s ❛❧❣♦r✐t♠♦s ❛❞❛♣t❛t✐✈♦s ❡ ♦ ❛❧❣♦r✐t♠♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ sã♦ ✐♥❞❡✲
♣❡♥❞❡♥t❡s✱ s❡♥❞♦ ❛ss✐♠✱ s✉❛ ✐♠♣❧❡♠❡♥t❛çã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❞✐✈❡rs❛s
♦✉tr❛s té❝♥✐❝❛s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♠ét♦❞♦ ❞❡ r❡✜♥❛♠❡♥t♦ ❞❡ ♠❛❧❤❛✳

❆s ♣r✐♥❝✐♣❛✐s ❞❡s✈❛♥t❛❣❡♥s sã♦✿

• ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧ é ❢♦r♥❡❝✐❞❛ ♣❡❧❛ ♠❛❧❤❛ ❡s♣❛✲
❝✐❛❧ ✐♥✐❝✐❛❧ ❡ ♠❛♥t✐❞❛ ✜①❛ ♣♦r t♦❞❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ ❉❡♣❡♥❞❡♥❞♦
❞♦ ♣r♦❜❧❡♠❛✱ ❡ss❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ♣♦❞❡ ♥ã♦ s❡r s✉✜❝✐❡♥t❡ ♣❛r❛
s❡ t❡r ✉♠❛ ♣r❡❝✐sã♦ ❡①✐❣✐❞❛ ♦✉✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s
é ❞❡s♥❡❝❡ssár✐❛ ❞❡ ♠❛♥❡✐r❛ q✉❡✱ ♣♦❞❡✲s❡ r❡t✐r❛r ♣♦♥t♦s ❡ ❛✐♥❞❛ t❡r ❛
♣r❡❝✐sã♦ ❡①✐❣✐❞❛✳

• ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ✐♥t❡r♣♦❧❛çã♦ ♣❛r❛ tr❛♥s❢❡r✐r ♦s ❞❛❞♦s ❞❡ ✉♠❛
♠❛❧❤❛ ❞♦ ♣❛ss♦ t❡♠♣♦r❛❧ ❛♥t❡r✐♦r✱ ♣❛r❛ ❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧ ❞♦ ❛t✉❛❧ ♣❛ss♦
t❡♠♣♦r❛❧✳

❖s ❛❧❣♦r✐t♠♦s ❞❡ r❡✜♥❛♠❡♥t♦s sã♦ ♠ét♦❞♦s q✉❡ ♠✉❞❛♠ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ✐♥✐❝✐❛❧✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é r❡❛❧✐③❛❞❛
✭❝♦♥❢❡r✐r ✜❣✉r❛ ✺✳✶✮✳

✺✸



❊ss❡ ♠ét♦❞♦ ❛❝r❡s❝❡♥t❛ ♣♦♥t♦s ❡♠ r❡❣✐õ❡s ♣ró①✐♠❛s ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❡
r❡♠♦✈❡♠ ♦s ♣♦♥t♦s ❞❡ r❡❣✐õ❡s s✉❛✈❡s✱ ♠❛♥t❡♥❞♦ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❡♥tr♦
❞❡ ✉♠❛ ♣r❡❝✐sã♦ ❡①✐❣✐❞❛✳

❆ ♣r✐♥❝✐♣❛❧ ❞❡s✈❛♥t❛❣❡♠ ❞♦ ♠ét♦❞♦ ❞❡ r❡✜♥❛♠❡♥t♦ é ♦ ❛❥✉st❡ ❞❛ ♠❛✲
❧❤❛ q✉❛♥❞♦ s❡ r❡t✐r❛♠ ♣♦♥t♦s ❞❡ ♠❛♥❡✐r❛ ❛❜r✉♣t❛✱ ❛ ♣♦♥t♦ ❞❡ ❞✐♠✐♥✉✐r ❛
❡✜❝✐ê♥❝✐❛ ❞♦ ♠ét♦❞♦✳

❋✐❣✉r❛ ✺✳✶ ✲ ❊s❜♦ç♦ ❞❡ ✉♠❛ ♠❛❧❤❛ q✉❡ ❝♦♥té♠ ✉♠ ♠ét♦❞♦ ❞❡

r❡✜♥❛♠❡♥t♦✳ ❆ ♠❡❞✐❞❛ q✉❡ ♦ t❡♠♣♦ ♣❛ss❛✱ ❛❧❣✉♥s ♣♦♥t♦s sã♦

❛❝r❡s❝❡♥t❛❞♦s ❡ ♦✉tr♦s r❡t✐r❛❞♦s✱ ♠❛♥t❡♥❞♦ ❛ ♣r❡❝✐sã♦ ❡①✐❣✐❞❛

♣❡❧♦ ❛❧❣♦r✐t♠♦✳

❯♠❛ ♠❛♥❡✐r❛ ❞❡ ♠✐♥✐♠✐③❛r ❛s ❞❡s✈❛♥t❛❣❡♥s ❞♦ ♠ét♦❞♦ ❛❞❛♣t❛t✐✈♦ ❡ ❞♦
♠ét♦❞♦ ❞❡ r❡✜♥❛♠❡♥t♦ é ❝♦♠❜✐♥á✲❧♦s ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛✳ ▼❡s♠♦
❝♦♠ ❡ss❡s ❞♦✐s ♠ét♦❞♦s ✉♥✐❞♦s✱ ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣♦❞❡ s❡r ❛❢❡✲
t❛❞❛ s❡ ♦ ❛❧❣♦r✐t♠♦ ♦❜t✐✈❡r ✉♠ ❡s♣❛ç❛♠❡♥t♦ ❧❛r❣♦ ♣❛r❛ ♦ ♥♦✈♦ ♣❛ss♦ t❡♠♣♦✲
r❛❧✱ ❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç❛♠❡♥t♦ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧ ❬✹✸❪✳

❆ ♣r❡❝✐sã♦ ❞❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ❞❡♣❡♥❞❡♠ ❞♦s ❡s♣❛ç♦s ❡♥tr❡ ♦s ♣♦♥t♦s
❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✱ ❛ss✐♠ t❡♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ q✉❡ ❛ ♠❛❧❤❛ s❡❥❛ r❡❣✉❧❛r✳
❖s ♠ét♦❞♦s r❡❣✉❧❛r✐③❛❞♦r❡s ❧✐♠✐t❛♠ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♣♦♥t♦s ♥❛ ♠❛❧❤❛ ❡ ❛
♣r✐♥❝✐♣❛❧ ❞❡s✈❛♥t❛❣❡♠ é q✉❡ ❡ss❡s ❛❧❣♦r✐t♠♦s sã♦ ❝♦♠♣❧❡①♦s ❡ ❝♦♠♣❧✐❝❛❞♦s✳

■♥❝♦r♣♦r❛♥❞♦ ❛❧❣✉♠ ♠ét♦❞♦ ❛❞❛♣t❛t✐✈♦ ❡ ✉♠ ♠ét♦❞♦ ❞❡ r❡✜♥❛♠❡♥t♦✱ ♥♦
♠ét♦❞♦ ❞❡ ❧✐♥❤❛s✱ t❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦ ❝♦♠ r❡✜♥❛♠❡♥t♦ ❡
♣♦❞❡♠♦s r❡s✉♠✐✲❧♦ ♥♦s s❡❣✉✐♥t❡s q✉❛tr♦ ♣❛ss♦s✿

• ❞❡t❡r♠✐♥❛r ❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ❡♠ ✉♠❛ ♠❛❧❤❛
✜①❛ ❡ ♥ã♦ ✉♥✐❢♦r♠❡✳

• r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s s❡♠✐ ❞✐s❝r❡t❛s✱ ❛tr❛✈és ❞❡
✉♠❛ ✐♥t❡❣r❛çã♦ ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✳

• ❢❛③❡r ❛ ❛❞❛♣t❛çã♦ ❡ ♦ r❡✜♥❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✳

✺✹



• ✐♥t❡r♣♦❧❛r ❛ s♦❧✉çã♦ ♣❛r❛ ♦❜t❡r ❛s ♥♦✈❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳

◆♦ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ❢♦❝❛❧✐③❛♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♥♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s
✜♥✐t❛ ♣❛r❛ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s✳ ◆♦t❡ q✉❡ ❛✐♥❞❛ ♥ã♦
❡s♣❡❝✐✜❝❛♠♦s s♦❜r❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ♠❛s é ❢✉♥❞❛♠❡♥t❛❧ r❡ss❛❧t❛r
q✉❡ ❞❛r❡♠♦s ✉♠ tr❛t❛♠❡♥t♦ ❡s♣❡❝✐❛❧ q✉❛♥❞♦ ❛♣r❡s❡♥t❛r♠♦s ♦ ♠ét♦❞♦ ❞❡
❧✐♥❤❛s ❛♣❧✐❝❛❞♦ ♥❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✳

❖ s❡❣✉♥❞♦ ♣❛ss♦ é ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ q✉❡ é ❢❡✐t❛ ❛tr❛✈és ❞❛ ✐♥t❡❣r❛✲
çã♦ t❡♠♣♦r❛❧✱ ❧✐♠✐t❛❞❛ ❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ q✉❡ ♠❛♥té♠ ♦ ♠ét♦❞♦
❡stá✈❡❧✳ ❯t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ♣❛r❛ ❡❢❡t✉❛r ✐ss♦✳

❖ t❡r❝❡✐r♦ ♣❛ss♦ r❡❢❡r❡✲s❡ ❛♦ r❡✜♥❛♠❡♥t♦ ❡ ❛ ❛❞❛♣t❛çã♦ ❞❛ ♠❛❧❤❛ ❡s♣❛✲
❝✐❛❧✳ ❙❛✉❝❡③✱ ❲♦✉✇❡r ❙❝❤✐❡ss❡r ✭✷✵✵✶✮ ❬✹✸❪ ❛♣r❡s❡♥t❛♠ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s
❞❡s❡♥✈♦❧✈✐❞♦s ♣❛r❛ ❢❛③❡r ❡ss❡s ♣r♦❝❡❞✐♠❡♥t♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❛ s✉❜r♦t✐♥❛
❆●❊❘❊●✱ q✉❡ é ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ t❡♠ ♦ ❝✉✐❞❛❞♦ ❞❡ ❞❡✐①❛r ❛ ♠❛❧❤❛ r❡❣✉❧❛r✳

❊ ♥♦ q✉❛rt♦ ♣❛ss♦✱ ❛ s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ❛♣ós ♦ t❡r❝❡✐r♦ ♣❛ss♦ é ✐♥t❡r♣♦✲
❧❛❞❛✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛ ♥♦✈❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✳ ❊♠
♣❛rt✐❝✉❧❛r✱ ❢❛③❡r♠♦s ❛ ✐♥t❡r♣♦❧❛çã♦ ✉s❛♥❞♦ s♣❧✐♥❡ ❝ú❜✐❝❛✳

❊ss❡s q✉❛tr♦ ♣r♦❝❡❞✐♠❡♥t♦s ❡♥❝♦♥tr❛♠✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❙❛✉❝❡③✱ ❲♦✉✇❡r
❙❝❤✐❡ss❡r ✭✷✵✵✶✮ ❬✹✸❪✱ ♦♥❞❡ ❡stã♦ ❡①♣♦st♦s ❞✐✈❡rs❛s s✉❜r♦t✐♥❛s ♥❡❝❡ssár✐❛s
♣❛r❛ r❡❛❧✐③❛r ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s✳

❯t✐❧✐③❛♠♦s ❛ ❡str✉t✉r❛ ❞♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦ ❝♦♠ r❡✜♥❛♠❡♥t♦✱
♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❡♠ ❡st✉❞♦✳

✺✳✷ ■♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r

◆❡ss❛ s❡çã♦✱ ❛♣❧✐❝❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦✱ ❝♦♠ r❡✜♥❛♠❡♥t♦✱
♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✳ ❉❡s❝r❡✈❡r❡✲
♠♦s ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❡❢❡t✉❛❞♦s ♣❛r❛ s❡ t❡r ✉♠ ❛❧❣♦r✐t♠♦ ❝♦♥✜á✈❡❧ ❡ ❡stá✈❡❧✳

✺✳✷✳✶ ❆ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦

❇❛s❡❛❞♦ ♥♦s q✉❛tr♦ ♣❛ss♦s ❞♦ ♠ét♦❞♦ ❞❡ ❧✐♥❤❛s ❛❞❛♣t❛t✐✈♦ ❝♦♠ r❡✜♥❛♠❡♥t♦✱
❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝♦♥str✉í♠♦s ♦s s❡❣✉✐♥t❡s ♣❛ss♦s q✉❡ r❡♣r❡s❡♥✲
t❛♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥✉♠ér✐❝❛ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡♠ ❡st✉❞♦✿

✶✳ ❉❡t❡r♠✐♥❛r ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

✷✳ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧

✭❛✮ ❖❜t❡r ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ t❡♠♣♦r❛❧

✭❜✮ ❊❢❡t✉❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s

✺✺



✸✳ Pr❡♣❛r❛r ❛s ♥♦✈❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

◆♦ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ♣r❡❝✐s❛♠♦s r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s
✭✷✳✽✮ ❡ ✭✷✳✾✮✱

α′

α
− a′

a
+

1 − a2

r
= 0,

♦♥❞❡ Φ (r, ti) = Φ0 (r) ❡ Π (r, ti) = Π0 (r)✱ ❡

a′

a
+
a2 − 1

2r
− 2πr

(
Π2 + Φ2

)
= 0,

q✉❡ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s α ❡
a✱ ❞❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✸✮✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦
❘✉♥❣❡✲❑✉tt❛ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❛❞❛♣t❛t✐✈♦✱ ❝♦♠ r❡✜♥❛♠❡♥t♦✱ ♣❛r❛ r❡s♦❧✈❡r ❛s
❡q✉❛çõ❡s✳

P❛r❛ ♦ ❝ó❞✐❣♦ ❢♦♥t❡ ❡❧❛❜♦r❛❞♦ ♥♦ ▼❛t▲❛❜✱ ❡①✐st❡ ❛ s✉❜r♦t✐♥❛ ode45 ♣❛r❛
r❡s♦❧✈❡r ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❡①♣❧✐✲
❝✐t♦ ❞❡ q✉❛rt❛ ♦r❞❡♠✳ ❊ss❛ s✉❜r♦t✐♥❛ é ✉♠ ❛❧❣♦r✐t♠♦ ❛❞❛♣t❛t✐✈♦ ❞❡ r❡✜♥❛✲
♠❡♥t♦ ❡ ♠❛♥té♠ ❛ ♠❛❧❤❛ r❡❣✉❧❛r✱ ❍❛♥s❡❧♠❛♥ ❡ ▲✐tt❧❡✜❡❧❞ ✭✷✵✵✸✮ ❬✷✸❪✳

◆❡ss❡ ♣❛ss♦ é ♥❡❝❡ssár✐♦ ❢❛③❡r ✉♠❛ ✐♥t❡r♣♦❧❛çã♦ ♣❛r❛ ❝♦♥❤❡❝❡r ♦s ✈❛❧♦r❡s
❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✱ ♥♦s ♣♦♥t♦s ❡①✐❣✐❞♦s ♣❡❧❛ ♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛✱ ❝♦♠
r❡✜♥❛♠❡♥t♦ ❡ r❡❣✉❧❛r✐❞❛❞❡✱ ❞♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛✳ ❯t✐❧✐③❛♠♦s ❛ s✉❜r♦t✐♥❛
s♣❧✐♥❡ ❞♦ ▼❛t▲❛❜✱ ♣❛r❛ ❢❛③❡r ❛ ✐♥t❡r♣♦❧❛çã♦ ♣♦r s♣❧✐♥❡ ❝ú❜✐❝❛✳

❆♣ós ♦ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ❝♦♥❤❡❝❡♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛ ♥♦s ♣♦♥t♦s
❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✱ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛ s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ❛tr❛✈és ❞♦ ♠ét♦❞♦
❘✉♥❣❡✲❑✉tt❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❛❜❡♠♦s ♦s ❡s♣❛ç❛♠❡♥t♦s ∆ri✱ ❡♥tr❡ ♦s
♣♦♥t♦s ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✳

❆❣♦r❛ t❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ ✐♥✐❝✐❛r ♦ s❡❣✉♥❞♦ ♣❛ss♦✱ ♣♦✐s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r
✉♠ t❛♠❛♥❤♦ ♣❛r❛ ♦ ♣❛ss♦ t❡♠♣♦r❛❧ q✉❡ ♠❛♥té♠ ♦ ❛❧❣♦r✐t♠♦ ❡stá✈❡❧✳ ◆❛
♣❛rt❡ ✭❛✮ ❞♦ s❡❣✉♥❞♦ ♣❛ss♦✱ ♦♣t❛♠♦s ♣♦r ❡st❛❜❡❧❡❝❡r ♦ ♣❛ss♦ t❡♠♣♦r❛❧ ❞❛
s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

∆t = 0, 8 min
i

{
∆ri

Xi

}
✭✺✳✷✮

♦♥❞❡ Xi é ❛ ár❡❛ ❛❜❛✐①♦ ❞❛ ❢✉♥çã♦ a2✱ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s y = xi✱ y = xi+1

❡ y = 0✳
❆ ♣❛rt❡ ✭❜✮ ❞♦ s❡❣✉♥❞♦ ♣❛ss♦✱ ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ❛s ❞✉❛s ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ ❡q✉❛çõ❡s ✭✷✳✻✮ ❡ ✭✷✳✼✮✱

Φ̇ =
(α
a

Π
)′

✺✻



❡

Π̇ =
1

r2

(
r2α

a
Φ
)′
,

♦♥❞❡ Φ (r, ti) = Φ0 (r)✱ Π (r, ti) = Π0 (r)✱ a (r, ti) = a0 (r) ❡ α (r, ti) = α0 (r) ,
q✉❡ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✳ ❯t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ❞❡
q✉❛rt❛ ♦r❞❡♠ ♣❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✱
♥♦ ✐♥t❡r✈❛❧♦ [ti, tf ]✱ ♦♥❞❡ tf = ti + ∆t✳

◆❡ss❡ ♣❛ss♦✱ ❛ ♠❡s♠❛ s✉❜r♦t✐♥❛ ❞♦ ▼❛t▲❛❜ é ✉t✐❧✐③❛❞❛✱ ❛ s✉❜r♦t✐♥❛ ode45✱
♣❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s ❛té ♦ t❡♠♣♦ tf ❡ ❡♥✲
❝♦♥tr❛r Φ (r, tf ) ❡ Π (r, tf )✳

❙❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❝♦♥t✐♥✉❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ t❡♠♦s q✉❡
❝♦♥s✐❞❡r❛r Φ✱ Π ❡ tf ✱ ♦s ♥♦✈♦s ❞❛❞♦s ❛ s❡r❡♠ ✉t✐❧✐③❛❞♦s✳

❖ t❡r❝❡✐r♦ ♣❛ss♦ r❡❢❡r❡✲s❡ ❛ ❛t✉❛❧✐③❛çã♦ ♥♦s ❞❛❞♦s✱ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐✲
❛✐s ♦r❞✐♥ár✐❛s ❞♦ ♣r✐♠❡✐r♦ ♣❛ss♦ ❡ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ ❞❛ ♣❛rt❡
✭❜✮ ❞♦ s❡❣✉♥❞♦ ♣❛ss♦✳ P❛r❛ ✐ss♦✱ ❜❛st❛ ❢❛③❡r

ti = tf , Φ0 (r) = Φ (r, tf ) ❡ Π0 (r) = Π (r, ti) .

❆♣ós ❛s ❛t✉❛❧✐③❛çõ❡s✱ ♣❛r❛ ♣r♦ss❡❣✉✐r♠♦s ❝♦♠ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❜❛st❛
❝♦♥s✐❞❡r❛r ✉♠ ❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ ❞♦s ♣❛ss♦s ❛♣r❡s❡♥t❛❞♦s✱ ❛té ✉♠ t❡♠♣♦ t
❝♦♥✈❡♥✐❡♥t❡✳

❆♣ós ❡ss❛ ❛♣r❡s❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠✲
♣♦r❛❧ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✱ ♣r❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r ✉♠❛ r❡❣✐ã♦ Ω ⊂ ℜ2✱
♦♥❞❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳

❆ r❡❣✐ã♦ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s é Ω = [0, rf ]× [0,∞)✱ ♦♥❞❡ ♦ ✐♥t❡r✈❛❧♦
[0, rf ] ❞❡✜♥❡ ♦ t❛♠❛♥❤♦ ❞❛ ♠❛❧❤❛ ❡s♣❛❝✐❛❧✱ rf é ✉♠❛ ❝♦♥st❛♥t❡ ❡st❛❜❡❧❡❝✐❞❛
❝♦♥❢♦r♠❡ ✐♥t❡r❡ss❡s✳

✺✳✷✳✷ ❆ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

❖ ♥♦ss♦ ✐♥t❡r❡ss❡ é ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s
✐♥✐❝✐❛✐s✱ ✐❣✉❛❧♠❡♥t❡ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ❈❤♦♣t✉✐❦ ✭✶✾✾✷✮ ❬✼❪ ❡ ✭✶✾✾✸✮ ❬✽❪✱ ❛♣r❡✲
s❡♥t❛❞❛ ♥❛ s❡çã♦ ✷✳✶✳ ❊ss❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s ♣♦ss✉✐ ❢✉♥çõ❡s ❝♦♠ ✉♠
♠❡s♠♦ ♣❡r✜❧ ❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ p✳

❉❛❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ss❡s ❝❛♠♣♦s
✐♥✐❝✐❛✐s é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛s ❡q✉❛çõ❡s ✭✷✳✻✮✱ ✭✷✳✼✮✱ ✭✷✳✽✮ ❡ ✭✷✳✾✮✳ ❙❡ ❞❡s❡❥❛♠♦s✱
❡♠ ♣❛rt✐❝✉❧❛r✱ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ✐♥✐❝✐❛❧ q✉❡ ♣❡rt❡♥❝❡
à ❢❛♠í❧✐❛ ❞❛❞❛✱ ❞❡✈❡♠♦s ✐♠♣♦r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱

φ (r, 0) = φ (r) ,

♥❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱ ♦♥❞❡ φ (r) é ♦ ❝❛♠♣♦ ✐♥✐❝✐❛❧ ❞❛❞♦ q✉❡ ❞❡s❡❥❛♠♦s
❡st✉❞❛r ❡ ti = 0✳

✺✼



❆s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦ ❡stã♦ ❡①♣r❡ss❛s ♣❡❧♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✱
♦♥❞❡ Φ ≡ φ′ ❡ Π ≡ a

α
φ̇✳ ❆ss✐♠✱ ❞❛❞♦ ♦ ✈❛❧♦r ❞❡ φ (r, 0)✱ t❡♠♦s ❛s ❝♦♥❞✐çõ❡s

✐♥✐❝✐❛✐s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s✳

✺✳✷✳✸ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

❊♠ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ ❞❡✈❡♠♦s t♦♠❛r ♠✉✐t♦ ❝✉✐❞❛❞♦ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s
❞❡ ❝♦♥t♦r♥♦✱ ♣♦✐s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ✐♠♣r❡❝✐s❛s✱ ❞❡ ♣♦✉❝❛ ❡①❛t✐❞ã♦✱ ♦✉
❡rr❛❞❛s✱ ♣r♦♣❛❣❛♠✲s❡ ❞❛s ❡①tr❡♠✐❞❛❞❡s ❞♦ ❞♦♠í♥✐♦✱ ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛ ❡stá
❞❡✜♥✐❞♦✱ ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞❡st❡✳ ❊ss❛ ♣r♦♣❛❣❛çã♦ ♣r❡❥✉❞✐❝❛ ❛ s✐♠✉❧❛çã♦ ♥✉♠é✲
r✐❝❛ ❡ ❞❡✐①❛ ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ❝♦♥✜á✈❡❧✳ ❆♥❛❧✐s❛r❡♠♦s ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦
♣❛r❛ r = 0 ❡ ♣❛r❛ r = rf ✳

❆ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ q✉❡ ✈❡r❡♠♦s é ♣❛r❛ r = rf ✳ ❖ ✐❞❡❛❧
s❡r✐❛ r t❡♥❞❡r ❛♦ ✐♥✜♥✐t♦✱ ♠❛s ✐ss♦ é ✐♥✈✐á✈❡❧ ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛✱
❡♥tã♦ r❡str✐♥❣✐r ♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧✱ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦✱ é ♦ q✉❡ ❞❡✈❡♠♦s
❢❛③❡r✳

❯♠❛ ❜♦❛ ❡s❝♦❧❤❛ ♣❛r❛ rf é ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦✐s ❛♦ ❡st✐♣✉❧❛r ✉♠ ✈❛❧♦r ♣❛r❛
rf ✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ t♦❞❛ ❛ ❞✐♥â♠✐❝❛ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s ❡stá ♥♦ ✐♥t❡r✈❛❧♦
❡s♣❛❝✐❛❧✱ [0, rf ]✱ ❡ q✉❡✱ ❛ ♣❛rt✐r ❞❡ rf ✱ t❡♠♦s ❛♣❡♥❛s r❛❞✐❛çã♦✱ ♦✉ s❡❥❛✱ t❡♠♦s
❛♣❡♥❛s ♦♥❞❛s s❛✐♥❞♦ ❡♠ rf ✳

❊ss❛ ✐♠♣♦s✐çã♦ s♦❜r❡ ♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ❝r✐❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ❝♦♥✲
❞✐çã♦ ❞❡ r❛❞✐❛çã♦ ❡♠ r = rf ✱

Π (rf , t) = −Φ (rf , t) .

■ss♦ é ♥❡❝❡ssár✐♦ ♣❛r❛ ❡✈✐t❛r q✉❡ ❛ s♦❧✉çã♦ s❡❥❛ ❛❢❡t❛❞❛ ♣♦r r = rf ✱ ♣♦✐s ♥❡ss❡
♣♦♥t♦✱ ♥ã♦ t❡♠♦s ♦♥❞❛s s❡ ♣r♦♣❛❣❛♥❞♦ ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞♦ ✐♥t❡r✈❛❧♦✳

❆ ♦✉tr❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ r❡❢❡r❡✲s❡ ❛ ♦r✐❣❡♠ r = 0✳ ❆q✉✐ ❞❡✈❡♠♦s t❡r
✉♠ ❝✉✐❞❛❞♦ r❡❞♦❜r❛❞♦✱ ♣♦✐s ♥ã♦ só t❡♠♦s ✐♠♣♦s✐çõ❡s s♦❜r❡ Φ ❡ Π✱ ♠❛s t❛♠✲
❜é♠ t❡♠♦s q✉❡ ❣❛r❛♥t✐r ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛✱ ♣❛r❛ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧✱
♦✉ s❡❥❛✱

lim
r→0

α (r, t) = 1 ❡ lim
r→0

a(r, t) = 1.

❆ ❝♦♥❞✐çã♦ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛ é ❛❝r❡s❝❡♥t❛❞❛ ♥♦ ❛❧❣♦r✐t♠♦✱ ❛tr❛✲
✈és ❞❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s

a (0, t) = 1 ❡ α (0, t) = 1.

❆❣♦r❛ ❛♥❛❧✐s❡♠♦s ❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s✳
❊♠ r = 0✱ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r φ ❞❡✈❡ s❛t✐s❢❛③❡r

φ
′

(0, t) = 0,

✺✽



✐ss♦ ❢❛③ ❝♦♠ q✉❡✱
Φ (0, t) = 0 ❡ Π

′

(0, t) = 0.

❆ ❝♦♥❞✐çã♦ ♣❛r❛ Φ✱ ❜❛st❛ t♦♠❛r Φ (0, t) = 0✱ ♠❛s ♣❛r❛ Π ❞❡✈❡♠♦s ❛♥❛❧✐s❛r
♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ Π✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠✱ ♣♦✐s ❞❡s❡❥❛♠♦s q✉❡ ♦ ✈❛❧♦r
❞❡ Π (0, t) s❡❥❛ ✉♠❛ ❡①t❡♥sã♦ ❞♦s ✈❛❧♦r❡s ❞❡ Π✱ ❞❛❞♦ ♣❡❧♦s ♣♦♥t♦s ❞❡ [0, rf ]
q✉❡ ❡stã♦ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ r = 0✳

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦ ✈❛❧♦r ❞❡ Π (0, t)✱ ✜③❡♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❝✐♥❝♦
♣♦♥t♦s✱ ❝♦♠ ♦s ❡s♣❛ç❛♠❡♥t♦s ✈❛r✐❛❞♦s ❡♥tr❡ ♦s ♣♦♥t♦s✳ ❊ss❡s ❝✐♥❝♦ ♣♦♥t♦s
✐♥❝❧✉❡♠ ♦ ♣♦♥t♦ ♦♥❞❡ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❞❡ s✉❛ ✐♠❛❣❡♠ ❡ ♠❛✐s
q✉❛tr♦ ♣♦♥t♦s ❝♦♥❤❡❝✐❞♦s✱ ❞❡ s✉❛ ✈✐③✐♥❤❛♥ç❛✱ ✈❡r ✜❣✉r❛ ✺✳✷✳

❋✐❣✉r❛ ✺✳✷ ✲ ❊s❜♦ç♦ ❞❛ ❡①t❡♥sã♦ ❞❡ ❝✐♥❝♦ ♣♦♥t♦s✱ ♦♥❞❡ ♦ ♣♦♥t♦

(x1, f (x1)) é ❞❡t❡r♠✐♥❛❞♦ ❛tr❛✈és ❞♦s ❞❡♠❛✐s ♣♦♥t♦s✳

❖s ❝✐♥❝♦ ♣♦♥t♦s sã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❢❛③❡r ❛s ❛♣r♦①✐♠❛çõ❡s ❞❛s ❞❡r✐✈❛❞❛s✱
✈✐❛ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r sér✐❡s ❞❡ ❚❛②❧♦r ♣❛r❛
❢❛③❡r ❛s ❛♣r♦①✐♠❛çõ❡s✱ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ Π✱ ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❝✐♥❝♦ ♣♦♥t♦s
❡s❝♦❧❤✐❞♦s✱ ♠♦♥t❛r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❡ ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ❞❡ Π (0, t)✱
❛tr❛✈és ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s✳

❆ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡✈❡ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ Π ♥❛ ♦r✐❣❡♠
❡ ♣❛r❛ ✐ss♦✱ ❛❝r❡s❝❡♥t❛♠♦s ✉♠❛ s✉❜r♦t✐♥❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ●r❡❣ ✈♦♥ ❲✐♥❝❦❡❧
✭✷✵✵✺✮✱ q✉❡ ❛❝♦♠♣❛♥❤❛ ♦ ▼❛♣❧❡✱ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❡①t❡♥sã♦ ❞❡ ❝✐♥❝♦ ♣♦♥t♦s
✈✐❛ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳

❆♣ós ❡s♣❡❝✐✜❝❛r♠♦s ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞❡ ❝♦♥t♦r♥♦✱ t❡♠♦s ✉♠❛ ♦✉✲
tr❛ ♣r❡♦❝✉♣❛çã♦ ❡♠ r❡❧❛çã♦ ❛ r❡❣✐ã♦ Ω✱ ♣r❡❝✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ❛♦ ❛❧❣♦r✐t♠♦
❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛✱ ♣❛r❛ q✉❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ s❡❥❛ ✜♥✐t❛✳

✺✾



✺✳✷✳✹ ❖s ❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛

P❛r❛ t♦r♥❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✜♥✐t❛✱ ❞❡✈❡♠♦s ❡st❛❜❡❧❡❝❡r ✉♠ t❡♠♣♦ ✜♥❛❧
❝♦♥✈❡♥✐❡♥t❡✱ ❞❡ ♠❛♥❡✐r❛ q✉❡✱ ❛ ♣❛rt✐r ❞❡ss❡ t❡♠♣♦ ✜♥❛❧✱ ❛ ❞✐♥â♠✐❝❛ ❞❛s
❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❥á ❛t✐♥❣✐✉ ✉♠ ❞♦s s❡✉s ♣♦ssí✈❡✐s ❡stá❣✐♦s ✜♥❛✐s✳

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r q✉❡ ❡st❛♠♦s ❡st✉❞❛♥❞♦✱ t❡♠ ❛♣❡✲
♥❛s ❞♦✐s ❡stá❣✐♦s ✜♥❛✐s ♣♦ssí✈❡✐s✿ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❡ ❞✐s♣❡rsã♦ ❞♦
❝❛♠♣♦✳ ❈❛❞❛ ✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s ♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ♦s ❝❛r❛❝t❡r✐③❛♠
❡ q✉❡ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❝♦♠♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱ ♣❛r❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳

❙❡ ❛ ✐❣✉❛❧❞❛❞❡ 2m (r, t) = r ❢♦r s❛t✐s❢❡✐t❛✱ ♣❛r❛ ❛❧❣✉♠ (r, t)✱ t❡♠♦s ❛
❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ❛s
❞✉❛s ❢✉♥çõ❡s f (r, t) = 2m (r, t) ❡ g(r, t) = r✱ ♣❛r❛ ❛❧❣✉♠ r ∈ [0, rf ] ❡ t
✜①♦✱ t❡♠♦s ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳ ❊ss❛ ✐❣✉❛❧❞❛❞❡ r❡♣r❡s❡♥t❛ ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ♥❛ ♠étr✐❝❛ r❛❞✐❛❧✲♣♦❧❛r✱ ❡q✉❛çã♦ ✭✷✳✸✮✳

◆♦ ❛❧❣♦r✐t♠♦✱ ❜❛st❛ ❛♣r❡s❡♥t❛r ♦ ❝á❧❝✉❧♦ ❞❛ ♠❛ss❛ ❞❡ ❍❛✇❦✐♥❣✱ ❢✉♥çã♦
♣❡r✜❧ ❞❛ ♠❛ss❛✱ ❡♠ ❝❛❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❛tr❛✈és ❞❛ ❡q✉❛çã♦

2m (r, t)

r
= 1 − 1

a2

❡ ✈❡r✐✜❝❛r s❡ ❡st❛♠♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s ❞❛ ✐❣✉❛❧❞❛❞❡ 2m = r✱ ❛ ♣♦♥t♦
❞❡ ❣❛r❛♥t✐r q✉❡ ♦ ❡stá❣✐♦ ✜♥❛❧ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r
✐♥✐❝✐❛❧ é ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❉❡✈✐❞♦ ❛ ❡s❝♦❧❤❛ ❞❛ ♠étr✐❝❛ ❡ ❛ s✉❛ r❡❣✉❧❛r✐❞❛❞❡ ♥❛ ♦r✐❣❡♠✱ ♥ã♦ é ♣♦ssí✈❡❧
❛t✐♥❣✐r ❛ ✐❣✉❛❧❞❛❞❡ 2m = r✱ ♣♦ré♠ s❡♠♣r❡ s❛❜❡r❡♠♦s q✉❡ ❡st❛♠♦s s✉✜❝✐❡♥✲
t❡♠❡♥t❡ ♣ró①✐♠♦s à ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ❛ ♣♦♥t♦ ❞❡ ❣❛r❛♥t✐r q✉❡
♦ ❡stá❣✐♦ ✜♥❛❧ s❡rá ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❯♠❛ ♦✉tr❛ q✉❛♥t✐❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ ❞❡ ❛❝♦♠♣❛♥❤❛r✱ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛
❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ é ❛ ♠❛ss❛ t♦t❛❧ ❝♦♥s❡r✈❛❞❛✱ ♥❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦
q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦✳ ❆ ❡q✉❛çã♦ é ❞❛❞❛ ♣♦r

M =

∫ rf

0

dm

dr
dr =

∫ rf

0

2π

[
r2

a2

(
∂φ

∂r

)2

+
r2

α2

(
∂φ

∂t

)2
]
,

❬✽❪✳
P❛r❛ ♦ ❝❛s♦ ❞❡ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✱ t❡♠♦s α (r, t) ∼= α0 ❡ a (r, t) ∼= a0,

♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛✱ ♦♥❞❡ α0 ❡ a0 sã♦ ❝♦♥st❛♥t❡s✳ ◆❡ss❡ ❝❛s♦✱
t❡♠♦s ❝♦♠♦ s♦❧✉çã♦ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♣❧❛♥♦✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ✉t✐❧✐③á✲❧♦s
❝♦♠♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱

lim
t→∞

α(r, t) = α0 ❡ lim
t→∞

a(r, t) = a0.

❆❝r❡s❝❡♥t❛♥❞♦ ❡ss❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ♦s ❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛ ♥♦
❝ó❞✐❣♦ ❢♦♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ ❡stá ♣r♦♥t♦ ♣❛r❛ ❢❛③❡r s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ ✉♠

✻✵



❝❛♠♣♦ ❡s❝❛❧❛r ❞❛❞♦✱ ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡st❡ ❡ ♣❛r❛ ✈❡r✐✜❝❛r
q✉❛❧ s❡rá s❡✉ ❡stá❣✐♦ ✜♥❛❧✳

✺✳✸ ❙❡♥s✐❜✐❧✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ t❡r ✉♠ ❝♦♥tr♦❧❡ s♦❜r❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ✐♥❝♦r♣♦r❛♠♦s
❞✐✈❡rs❛s ✐♥❢♦r♠❛çõ❡s ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❢♦r♥❡❝❡r✲♥♦s✱ ❡♥q✉❛♥t♦ ♦s ❞❛❞♦s sã♦
♣r♦❝❡ss❛❞♦s✳

❖ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦s ♠♦str❛✿ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❡s♣❛❝✐❛✐s
✉t✐❧✐③❛❞♦s ❛ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧❀ ♦ t❛♠❛♥❤♦ ❞♦ ♣❛ss♦ t❡♠♣♦r❛❧❀ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ♣♦♥t♦s ✉t✐❧✐③❛❞♦s ❡♠ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧❀ t❡♠♣♦ ❣❛st♦ ♣❡❧❛ ❈P❯✱ ♣❛r❛
r❡❛❧✐③❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧❀ ♠❛ss❛ t♦t❛❧ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡ ♦ ❡rr♦ r❡❧❛t✐✈♦✳

❊ss❛s ✐♥❢♦r♠❛çõ❡s ♠♦str❛♠ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❝❛♠✲
♣♦s ❡s❝❛❧❛r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦s✱ ❞❡ ❝❛♠♣♦s ❢r❛❝♦s ♦✉ ❢♦rt❡s✱ q✉❡ ❡st❡❥❛♠
♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧ ❝rít✐❝♦ ❡ ❞♦s ❝❛♠♣♦s s✉✜❝✐❡♥t❡♠❡♥t❡
❢♦rt❡s✳ ❆ss✐♠✱ ❛♥t❡s ♠❡s♠♦ ❞❡ t❡r♠✐♥❛r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ t❡♠♦s ❛❧❣✉♠❛
✐❞é✐❛ ❞❡ q✉❛❧ s❡rá ♦ ❡stá❣✐♦ ✜♥❛❧ ❡ s❡ ♣r❡❝✐s❛r❡♠♦s ❡s♣❡r❛r ♠✉✐t♦ t❡♠♣♦ ❞❡
❈P❯✱ ♣❛r❛ ♦❜t❡r♠♦s ♦ ❡stá❣✐♦ ✜♥❛❧✳

◆❛ s❡çã♦ ❞❡ ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ ✈❡r❡♠♦s ❛s ❞✐❢❡r❡♥ç❛s
❡♥tr❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ✐♥✐❝✐❛✐s✳ P♦r ❡①❡♠♣❧♦✱ ♣❡r❝❡❜❡r❡♠♦s
q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❡s♣❛❝✐❛✐s ✉t✐❧✐③❛❞♦s✱ ❡♠ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧ ❞❡
✉♠ ❝❛♠♣♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦✱ é ♠✉✐t♦ ✐♥❢❡r✐♦r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s
❡s♣❛❝✐❛✐s✱ ✉t✐❧✐③❛❞♦s ♣♦r ✉♠ ❝❛♠♣♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡✳

❆ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❡s♣❛❝✐❛✐s ❛ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧✱ ♦ t❛♠❛♥❤♦ ❞♦
♣❛ss♦ t❡♠♣♦r❛❧✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞❡ ❝❛❞❛ ♣❛ss♦ t❡♠♣♦r❛❧ ❡ ♦ t❡♠♣♦
❣❛st♦ ♣❡❧❛ ❈P❯✱ ♥♦s tr❛♥s❝r❡✈❡♠ ♦ ❝❛r❛t❡r ❛❞❛♣t❛t✐✈♦✱ r❡✜♥❛❞♦r ❡ r❡❣✉❧❛r✐✲
③❛❞♦r✱ ❞♦ ❛❧❣♦r✐t♠♦✳

✺✳✹ ❙✐♠✉❧❛çã♦

P❛r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✐♠✉❧❛çõ❡s✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s
❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ ❝♦♠ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦✿

φ (r, 0) = φ0.exp

(
−
(

(r − 20)

4

)2
)
,

♦♥❞❡ φ0 é ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ●❛✉ss✐❛♥❛ ❡ t❛♠❜é♠ ♦ ♣❛râ♠❡tr♦ q✉❡ ❝❛r❛❝t❡r✐③❛
❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s ✐♥✐❝✐❛s✳

❋✐①❛♠♦s rf = 48✱ ✜③❡♠♦s ✉♠❛ s✐♠✉❧❛çã♦ ❡ ❛♣r❡s❡♥t❛♠♦s ♦ r❡s✉❧t❛❞♦ ♥❛
s❡çã♦ ✺✳✹✳✷✳

✻✶



✺✳✹✳✶ ■♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s ❍❛r❞✇❛r❡s ❡ ❙♦❢t✇❛r❡s ✉t✐✲

❧✐③❛❞♦s

P❛r❛ ❛s s✐♠✉❧❛çõ❡s✱ ✉t✐❧✐③❛♠♦s ✉♠ P❡♥t✐✉♠ ■❱✱ ❝♦♠ ✷✱✽ ●❍③ ❡ ✹✾✻ ▼❇ ❞❡
♠❡♠ór✐❛ ❘❆▼✳ ❖ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ é ✉♠ ▲■◆❯❳✴●◆❯ ✷✳✹✳✶✷✳

❖ ❙♦❢t✇❛r❡ ❢♦✐ ♦ ▼❛t▲❛❜✼✱ ❡①❡❝✉t❛❞♦ ✈✐❛ t❡r♠✐♥❛❧ ❛tr❛✈és ❞♦ s❡❣✉✐♥t❡
❝♦♠❛♥❞♦✿

♠❛t❧❛❜ ✲♥♦❥✈♠ ✲♥♦s♣❧❛s❤
❆ ♦♣çã♦ ✲♥♦❥✈♠ ❡①❡❝✉t❛ ♦ ▼❛t▲❛❜ s❡♠ ❛ ♣❛rt❡ ❏❛✈❛✱ t♦r♥❛♥❞♦✲♦ ♠❛✐s ❧❡✈❡

❡ rá♣✐❞♦ q✉❛♥❞♦ ❡①❡❝✉t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦✳ ❆ ♦♣çã♦ ✲♥♦s♣❧❛s❤
❡❧✐♠✐♥❛ ♦ ❧♦❣♦t✐♣♦ ✐♥✐❝✐❛❧ ❞♦ ▼❛t▲❛❜✳

✺✳✹✳✷ Pr♦tót✐♣♦

◆❡ss❛ s✉❜s❡çã♦ s❡rá ❛♣r❡s❡♥t❛❞♦ ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♥♦s ❝❡rt✐✜❝❛r♠♦s ❞❡ q✉❡
❛ s♦❧✉çã♦ ❢♦r♥❡❝✐❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ❛♣r❡s❡♥t❛ ❡rr♦s✱ ❞❡✈✐❞♦ ❛ ✉♠❛ ♠á
❡s❝♦❧❤❛ ❞❡ ❝♦♥❞✐çã♦ ❞❡ r❛❞✐❛çã♦✳

P❛r❛ φ0 = 0, 001 ♦ t❡♠♣♦ ❣❛st♦✱ ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧ ❛t✐♥❣✐r ♦
❡stá❣✐♦ ✜♥❛❧✱ ❢♦✐ ❞❡ ✼✱✺✽ ♠✐♥✉t♦s✳ ❆ ✜❣✉r❛ ✺✳✸ ♥♦s ♠♦str❛ q✉❡ ♥♦ ❝❛♠♣♦
❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ✉♠❛ ♣❛rt❡ ❝♦❧❛♣s❛ ❡ ❛ ♦✉tr❛ ❞✐s♣❡rs❛❀ ❛ ♣❛rt❡ q✉❡ ❝♦❧❛♣s❛✱ ✐♠✲
♣❧♦❞❡ ❡ ❞❡♣♦✐s t❛♠❜é♠ ❞✐s♣❡rs❛✳ ❊♥tã♦✱ ♥❡ss❡ ❡①❡♠♣❧♦✱ ♥ã♦ t❡♠♦s ❢♦r♠❛çã♦
❞❡ ❜✉r❛❝♦ ♥❡❣r♦✳

❋✐❣✉r❛ ✺✳✸ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❆ ✜❣✉r❛ ✺✳✹ ♥♦s ♠♦str❛ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛ ♠étr✐❝❛ ♥ã♦ ❢♦r♠❛ ✉♠❛

✻✷



s✐♥❣✉❧❛r✐❞❛❞❡✱ ✐ss♦ é ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❝❛♠♣♦ q✉❡ ❞✐s♣❡rs❛ ❡✱ ♣❡❧❛ ✜❣✉r❛ ✺✳✺✱
❛ ♠❛ss❛ t♦t❛❧ ♥❡ss❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ❡♠ tf ✱ ❡stá ♣ró①✐♠❛ ❞❡ ③❡r♦✳

❋✐❣✉r❛ ✺✳✹ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛

♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✳

❋✐❣✉r❛ ✺✳✺ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛

♠❛ss❛✱ ♥♦ ❛t✉❛❧ ♣❛ss♦ t❡♠♣♦r❛❧ ❞❛ ❡✈♦❧✉çã♦ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s

❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ♠❛ss❛ t♦t❛❧✳

◆♦t❡ q✉❡✱ ♥❛ ✜❣✉r❛ ✺✳✸✱ ♥ã♦ t❡♠♦s ❡rr♦s s❡ ♣r♦♣❛❣❛♥❞♦ ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞♦

✻✸



✐♥t❡r✈❛❧♦ ❡s♣❛❝✐❛❧ ❡ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ r❛❞✐❛çã♦

Π (rf , t) = −Φ (rf , t) ,

♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❜♦❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✳
❆ ❝♦♥str✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛✱ ❞❡ q✉❛rt❛ ♦r❞❡♠✱

❛♣r❡s❡♥t♦✉ ❛❧❣✉♥s ❡rr♦s ♥❛ ❡①❡❝✉çã♦ ❞❡ s✐♠✉❧❛çõ❡s✱ ♣❛r❛ ❝❛♠♣♦s ❡s❝❛❧❛r❡s
❢r❛❝♦s✳ ❊ss❛ ❞✐✜❝✉❧❞❛❞❡ ❢♦✐ s✉♣❡r❛❞❛ s✉❜st✐t✉✐♥❞♦ ❛ s✉❜r♦t✐♥❛ ♦❞❡✹✺ ♣❡❧❛ ❛
♦❞❡✶✶✸✱ ❝♦♠ ❛ ♦♣çã♦ ▼❛①❙t❡♣✳

❆ s✉❜r♦t✐♥❛ ♦❞❡✶✶✸ é ✉♠ ❛❧❣♦r✐t♠♦ ❞♦ ♠ét♦❞♦ ❞❡ ❆❞❛♠s✲❇❛s❤❢♦rt❤✲
▼♦✉❧t♦♥✳ ❇❛s✐❝❛♠❡♥t❡✱ ❡ss❡ ♠ét♦❞♦ é ✉♠ ❘✉♥❣❡✲❑✉tt❛ ♠❡❧❤♦r❛❞♦ ❝♦♠ ❛s
s❡❣✉✐♥t❡s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✿ ❝♦♥❢♦r♠❡ ❡①✐❣ê♥❝✐❛s✱ ❛ ♦r❞❡♠ é ✈❛r✐❛❞❛✱
❞❛ ♣r✐♠❡✐r❛ ❛té ❛ ❞é❝✐♠❛ t❡r❝❡✐r❛ ♦r❞❡♠❀ ♦ ❛❧❣♦r✐t♠♦ é ❞❡ ♠✉❧t✐♣❧♦ ♣❛ss♦ ❡
♠❛✐s ♣r❡❝✐s♦ q✉❡ ♦ ♦❞❡✹✺✳

❆ ♦♣çã♦ ▼❛①❙t❡♣ ❢♦✐ ❞❡✜♥✐❞❛✱ ♣❛r❛ q✉❡ ♦ ♠❡♥♦r ✐♥t❡r✈❛❧♦ ❡s♣❛❝✐❛❧ ♥ã♦
s❡❥❛ ♠❡♥♦r ❞♦ q✉❡ rf/100✳

❆ ❛✈❛❧✐❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞❛ ✐♥t❡r♣♦❧❛çã♦✱ ♣♦r s♣❧✐♥❡ ❝ú❜✐❝❛✱ ❡ ♦ ❡st✉❞♦
❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❡s♣❡❝í✜❝♦✱ ❛❧é♠ ❞❛ ❜✉s❝❛ ❞❡
✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ q✉❡ ❡st❡❥❛ ♣ró①✐♠❛ ❞❛ tr❛♥s✐çã♦ ❡♥tr❡ ❝❛♠♣♦s q✉❡
❞✐s♣❡rs❛♠ ❡ q✉❡ ❢♦r♠❛♠ ❜✉r❛❝♦ ♥❡❣r♦✱ s❡rã♦ tr❛t❛❞♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

✻✹



❈❛♣ít✉❧♦ ✻

■♠♣❧❡♠❡♥t❛çã♦ ◆✉♠ér✐❝❛

P❛r❛ ❝♦♥❤❡❝❡r♠♦s ♠❛✐s ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ▼❛t▲❛❜ ❡♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱
✐♥✈❡st✐❣❛r❡♠♦s ♦ t❡♠♣♦ ❣❛st♦ ♣❡❧❛s ❢✉♥çõ❡s ❞♦ ▼❛t▲❛❜✱ q✉❛♥❞♦ ❡①❡❝✉t❛ ♦
❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦✳ P♦st❡r✐♦r♠❡♥t❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ♠♦❞✐✜❝❛çõ❡s q✉❡
♣♦❞❡♠ s❡r ❢❡✐t❛s✱ ♣❛r❛ ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦ ❛❧❣♦r✐t♠♦✳
❆s ♣r✐♥❝✐♣❛✐s ♠♦❞✐✜❝❛çõ❡s s❡rã♦ ♥♦ ♠ét♦❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

✻✳✶ P❡r❢♦r♠❛♥❝❡ ❞♦ ❛❧❣♦r✐t♠♦

◆♦ ▼❛t▲❛❜✱ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♦ t❡♠♣♦ ❣❛st♦ ❞❡ ❝❛❞❛ ❢✉♥çã♦ ❡①❡❝✉t❛❞❛ ♣♦r
✉♠ ❛❧❣♦r✐t♠♦✳ ❇❛st❛ ❡①❡❝✉tá✲❧♦ ♥❛ ❥❛♥❡❧❛ ♣r♦✜❧❡r ✲ ❞❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s
✲ ❉❡s❦t♦♣✱ ♣❛r❛ ♦❜t❡r♠♦s ✈ár✐❛s t❛❜❡❧❛s q✉❡ ♥♦s ❢♦r♥❡❝❡♠✱ ♦ t❡♠♣♦ ❞❡ ❈P❯
❣❛st♦ ❞❡ ❝❛❞❛ ❢✉♥çã♦✱ ❡♠ ♣♦r❝❡♥t❛❣❡♠✱ ❛♣ós ❛ s✐♠✉❧❛çã♦✳

❆♦ ♦❜t❡r ❛s t❛❜❡❧❛s ✐♥❢♦r♠❛t✐✈❛s✱ ❛♣ós ❛ s✐♠✉❧❛çã♦ ❡❢❡t✉❛❞❛ ♥❛ s❡çã♦
✺✳✹✳✷✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ s✉❜r♦t✐♥❛ s♣❧✐♥❡ ❣❛st❛ ♠❛✐s ❞❡ ✻✵✪ ❞♦ t❡♠♣♦ t♦t❛❧
❣❛st♦ ♣❡❧❛ ❈P❯✳ ❙❡ ❞❡s❡❥❛r♠♦s ♦t✐♠✐③❛r ♦ ❛❧❣♦r✐t♠♦✱ ✉♠ ❜♦♠ ❝❛♠✐♥❤♦ é
✐♥✈❡st✐❣❛r ❛ s✉❜r♦t✐♥❛ s♣❧✐♥❡ ✭❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ❞❛ t❛❜❡❧❛ ✐♥❢♦r♠❛t✐✈❛
❡♥❝♦♥tr❛✲s❡ ♥♦ ❛♥❡①♦ ■■✮✳

❆s ✐♥t❡r♣♦❧❛çõ❡s r❡❛❧✐③❛❞❛s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❡stã♦ ❝♦♥❝❡♥tr❛❞❛s ♥♦ ♣❛ss♦
✭✶✮✱ ❞❛ ❡str✉t✉r❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✺✳✷✳✶✱ ♦♥❞❡ ❛s ✐♥t❡r♣♦❧❛çõ❡s sã♦ ♥❡✲
❝❡ssár✐❛s ♣❛r❛ ♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ♦❜t❡r ♦s ✈❛❧♦r❡s ❞❡ Φ ❡ Π✱ ♥♦s ♣♦♥t♦s
❡①✐❣✐❞♦s ♣❡❧❛ ♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛✳

P❛r❛ ♦ ❝♦❧❛♣s♦ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s✉✜❝✐❡♥t❡♠❡♥t❡ ❢r❛❝♦✱ ♥ã♦ ♣r❡❝✐s❛♠♦s
♥♦s ♣r❡♦❝✉♣❛r ❝♦♠ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞❛ s✉❜r♦t✐♥❛ s♣❧✐♥❡✱ ♣♦✐s ♦ t❡♠♣♦ ❣❛st♦
♣❛r❛ ❛ s✐♠✉❧❛çã♦ é ❞❡ ♣♦✉❝♦s ♠✐♥✉t♦s✳

❆ s✐t✉❛çã♦ ♣❛r❛ ❝❛♠♣♦s q✉❡ ❡st❡❥❛♠ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
❝rít✐❝♦ ❡ ♣❛r❛ ♦s ❝❛♠♣♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡s é ❞✐❢❡r❡♥t❡✱ ♣♦✐s ♦ t❡♠♣♦ ❞❡
s✐♠✉❧❛çã♦ ♣♦❞❡ s❡r ❞❡ ❛❧❣✉♠❛s ❤♦r❛s✱ ♦✉ ❛té ❞❡ ♠✉✐t❛s ❤♦r❛s✳

✻✺



❯♠❛ ❛❧t❡r♥❛t✐✈❛ s❡r✐❛ q✉❡st✐♦♥❛r ❛ ✉t✐❧✐③❛çã♦ ❞❛ s♣❧✐♥❡ ❝ú❜✐❝❛✱ ❛ss✐♠ ❛s
s❡❣✉✐♥t❡s ♣❡r❣✉♥t❛s sã♦ r❡❧❡✈❛♥t❡s✿ q✉❛❧ s❡rá ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦ s❡
✉t✐❧✐③❛r♠♦s ✉♠❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r❄ ❖✉ ❛❧❣✉♠ ♦✉tr♦ t✐♣♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦❄

◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❞✐s❝✉t✐r❡♠♦s s♦❜r❡ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

✻✳✷ ▼ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧❛çã♦

◆❡ss❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦❧❛çõ❡s q✉❡ ❝♦♥s✐❞❡r❛♠♦s
♣❛r❛ t❡♥t❛r ♦t✐♠✐③❛r ♦ ❛❧❣♦r✐t♠♦✳ ❉✐s❝✉t✐r❡♠♦s ❡ ❢❛r❡♠♦s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡
♦s ♠ét♦❞♦s✱ ♣❛r❛ q✉❡ ♥❛ s❡çã♦ s❡❣✉✐♥t❡✱ s❡❥❛ ❛✈❛❧✐❛❞♦ ♦ ❞❡s❡♠♣❡♥❤♦ ♥✉♠ér✐❝♦
❞❡ ❝❛❞❛ ✉♠✳

❆ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ❡❢❡t✉❛r ✐♥t❡r♣♦❧❛çõ❡s s✉r❣✐✉ ❞♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♠ét♦❞♦
❘✉♥❣❡✲❑✉tt❛ ♣r❡❝✐s❛ ❞❡ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❛s ❢✉♥çõ❡s Φ ❡ Π✱ ❡♠ ♣♦♥t♦s q✉❡
❞❡s❝♦♥❤❡❝❡♠♦s✳

❆ ✐♥t❡r♣♦❧❛çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ f (x)✱ ❝♦♥s✐st❡ ❡♠ ❛♣r♦①✐♠❛r ❡ss❛ ❢✉♥çã♦
♣♦r ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ g (x)✱ q✉❡ s❛t✐s❢❛③ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❉❡ss❛ ♠❛✲
♥❡✐r❛✱ ❛ ❢✉♥çã♦ g (x) ♣❛ss❛ ❛ s❡r ✉t✐❧✐③❛❞❛✱ ♥♦ ❧✉❣❛r ❞❛ f (x)✳

❊♠ r❡s✉♠♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ❢✉♥çã♦ g (x) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ s❡❥❛♠
x0, x1, . . . , xn✱ ✭n + 1✮ ♣♦♥t♦s ❞✐st✐♥t♦s ❝❤❛♠❛❞♦s ❞❡ ♥ós ❞❛ ✐♥t❡r♣♦❧❛çã♦ ❡
s❡❥❛♠ f (x0) , f (x1) , . . . , f (xn)✱ ♦s ✈❛❧♦r❡s ❞❡ f (x) ❞❡ss❡s ♣♦♥t♦s✳ ❯♠❛ ❢♦r♠❛
❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ✉♠❛ ❢✉♥çã♦ g (x) t❛❧ q✉❡

g (x0) = f (x0) , g (x1) = f (x1) , . . . , g (xn) = f (xn) . ✭✻✳✶✮

❯♠❛ ✐♥t❡r♣♦❧❛çã♦ é ❞✐t❛ ♣♦❧✐♥ô♠✐❛❧ s❡ ❞❛❞♦s ♦s ♣♦♥t♦s

(x0, f (x0)) , . . . , (xn, f (xn)) ,

❛ ❢✉♥çã♦ ✐♥t❡r♣♦❧❛♥t❡ g (x) é ✉♠ ♣♦❧✐♥ô♠✐♦ pk (x)✱ ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
n✱ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✭✻✳✶✮✳

❘❡♣r❡s❡♥t❛r❡♠♦s pk (x) ♣♦r pk (x) = a0 + a1x
1 + . . .+ akx

k✱ ♦♥❞❡ k ≤ n✳
❆ss✐♠✱ ♦❜t❡r pk (x) s✐❣♥✐✜❝❛ ❞❡t❡r♠✐♥❛r ♦s ❝♦❡✜❝✐❡♥t❡s a0, a1x

1, . . . , akx
k✳

❊①✐st❡♠ ✈ár✐❛s ♠❛♥❡✐r❛s ❞❡ ♦❜t❡r ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ♣♦❧✐♥ô♠✐♦✳ P♦r ❡①❡♠✲
♣❧♦✱ ❜❛st❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r ♠♦♥t❛❞♦ ❛tr❛✈és ❞❛s ❝♦♥❞✐çõ❡s✱ pk (xi) =
f (xi)✱ ♦♥❞❡ i = 0, 1, . . . , n ❡ k ≤ n✳ ◆❡ss❡ s✐st❡♠❛✱ s❡ k = n ❛ ♠❛tr✐③
❞♦s ❝♦❡✜❝✐❡♥t❡s✱ ❞❡✜♥✐❞❛ ♣❡❧♦ s✐st❡♠❛ ❧✐♥❡❛r✱ é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡✳
❚❡r❡♠♦s s♦❧✉çã♦ ú♥✐❝❛ s❡ x0, . . . , xn sã♦ ♣♦♥t♦s ❞✐st✐♥t♦s✱ ♣♦✐s ♥❡ss❡ ❝❛s♦
❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ t❡♠ ❞❡t❡r♠✐♥❛♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❘✉❣❣✐❡r♦ ❡
▲♦♣❡s ✭✶✾✾✻✮ ❬✹✷❪✳

❯♠❛ ✈❡③ ❞❡t❡r♠✐♥❛❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s a0, a1x
1, . . . , akx

k✱ s❛❜❡♠♦s q✉❛❧ é ♦
♣♦❧✐♥ô♠✐♦ pk (x) q✉❡ ✐♥t❡r♣♦❧❛ f (x)✱ ♦✉ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s pk (xi) = f (xi)✳
P♦st❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ♣♦♥t♦ x ∈ [x0, xn]✳

✻✻



❆ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ q✉❡ s✉r❣❡ é✿ ❛ s❡qüê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s {pn (x)} ❝♦♥✲
✈❡r❣❡ ♣❛r❛ f (x)✱ ❡♠ [x0, x1]✱ s❡ {(x0, . . . , xn)} ❝♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ [a, b]✱ q✉❛♥❞♦
n→ ∞ ❄

◆♦ ❝❛s♦ ❡♠ q✉❡ xi+1 −xi = h✱ i = 0, 1, . . . n− 1✱ ♦♥❞❡ h é ✉♠❛ ❝♦♥st❛♥t❡✱
♣♦❞❡♠♦s ❡st❛r s✉❥❡✐t♦s ❛♦ ❢❡♥ô♠❡♥♦ ❞❡ ❘✉♥❣❡ ❡ t❡r♠♦s ❞✐✈❡r❣ê♥❝✐❛✱ ❘✉❣❣✐❡r♦
❡ ▲♦♣❡s ✭✶✾✾✻✮ ❬✹✷❪✳

❙❡ ❛ ❢✉♥çã♦ ❡stá t❛❜❡❧❛❞❛ ❡♠ ✭n + 1✮ ♣♦♥t♦s ❡ ✉t✐❧✐③❛♠♦s ❛ ✐♥t❡r♣♦❧❛çã♦
♣♦❧✐♥♦♠✐❛❧✱ ♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❞❡s❛str♦s♦✳

❯♠❛ ❛❧t❡r♥❛t✐✈❛ é ✉t✐❧✐③❛r ♣♦♥t♦s ❝♦♠ ❞✐stâ♥❝✐❛s ❞✐❢❡r❡♥t❡s ❡♥tr❡ s✐✱ ♣♦ré♠
❛ ♣r✐♥❝✐♣❛❧ ❛❧t❡r♥❛t✐✈❛ é ✉s❛r ❢✉♥çõ❡s s♣❧✐♥❡✬s✱ ❝✉❥❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ❣❛r❛♥t✐❞❛✱
P♦✇❡❧❧ ✭✶✾✾✶✮ ❬✸✽❪✳

❯♠❛ ❢✉♥çã♦ Sp✱ Sp : [a, b] → R é ❞✐t❛ s♣❧✐♥❡ ❞❡ ❣r❛✉ ♣✱ ❝♦♠ ♥ós ♥♦s
♣♦♥t♦s xi✱ i = 0, 1, . . . , n✱ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

• ❡♠ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ [xi, xi+1]✱ i = 0, 1, . . . , (n− 1)✱ Sp é ✉♠ ♣♦❧✐♥ô♠✐♦
❞❡ ❣r❛✉ ♣✱ ❞❡♥♦♠✐♥❛❞♦ sp (x)❀

• Sp é ❝♦♥t✐♥✉❛ ❡ t❡♠ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ ❛té (p− 1)✱ ❡♠ [a, b]❀

• s❡ ❛❧é♠ ❞✐ss♦✱ Sp t❛♠❜é♠ s❛t✐s❢❛③❡r Sp (xi) = f (xi)✱ i = 0, 1, . . . , n✱
❡♥tã♦ ❞❡♥♦♠✐♥❛♠♦s s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡✳

❖s ♠ét♦❞♦s ❞❡ s♣❧✐♥❡ ✐♥t❡r♣♦❧❛♥t❡ ♠❛✐s ✉t✐❧✐③❛❞♦s sã♦✿ s♣❧✐♥❡ ❧✐♥❡❛r ❡
s♣❧✐♥❡ ❝ú❜✐❝❛ ✐♥t❡r♣♦❧❛♥t❡✳

❆ ❢✉♥çã♦ s♣❧✐♥❡ ❧✐♥❡❛r ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f (x)✱ S1 (x)✱ ❡♥tr❡ ♦s ♥ós x0, . . . , xn✱
é ❞❡✜♥✐❞❛ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ [xi−1, xi]✱ i = 1, 2, . . . , n✱ ❝♦♠♦

si (x) = f (xi−1)
xi − x

xi − xi−1

+ f (xi)
x− xi−1

xi − xi−1

,∀x ∈ [xi−1, xi] .

❆s ♣r✐♥❝✐♣❛✐s ✈❛♥t❛❣❡♥s ❞❡ss❡ ♠ét♦❞♦ sã♦✿ ❛s ❢✉♥çõ❡s si (x)✬s sã♦ ❢❛❝✐❧✲
♠❡♥t❡ ❛❞❛♣t❛❞❛s ❛ ❢♦r♠❛ ❞❡ f(x)✱ ❝♦♠ x ∈ [a, b] ❡ ♦ ❡rr♦ ||f − si||∞ é
❝♦♥tr♦❧❛❞♦✱ ❞✐r❡t❛♠❡♥t❡ ♣❡❧♦s ✐♥t❡r✈❛❧♦s ❡♥tr❡ ♦s ♥ós✳ P♦ré♠✱ ♣❛r❛ ♦❜t❡r♠♦s
✉♠❛ ❜♦❛ ♣r❡❝✐sã♦✱ sã♦ ♥❡❝❡ssár✐♦s ♠✉✐t♦s ♥ós✱ ♦✉ s❡❥❛✱ ♠✉✐t♦ ♣♦♥t♦ ♥❛ ♠❛❧❤❛
❡s♣❛❝✐❛❧✳

❆❧é♠ ❞❡ ❡①✐❣✐r ♠✉✐t♦s ♣♦♥t♦s✱ ❛ s♣❧✐♥❡ ❧✐♥❡❛r ❛♣r❡s❡♥t❛ ❛ ❞❡s✈❛♥t❛❣❡♠ ❞❡
t❡r ❞❡r✐✈❛❞❛s✱ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❞❡s❝♦♥tí♥✉❛s ♥♦s ♥ós✳ ❊ss❛ ✐♥t❡r♣♦❧❛çã♦ é
✐❞❡♥t✐❝❛ ❛ ✐♥t❡r♣♦❧❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ ✉♠ ✭✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r✮✳

❯♠❛ s♣❧✐♥❡ ❝ú❜✐❝❛ ✐♥t❡r♣♦❧❛♥t❡✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ s♣❧✐♥❡ ❝ú❜✐❝❛✱ S3 (x)✱ é
✉♠❛ ❢✉♥çã♦ ♣♦r ♣❛rt❡s✱ ❝♦♥tí♥✉❛✱ ♦♥❞❡ ❝❛❞❛ ❢✉♥çã♦ si (x) é ✉♠❛ ❝ú❜✐❝❛✱ ♥♦s
✐♥t❡r✈❛❧♦s [xi−1, xi]✱ i = 1, 2, . . . , n✳

❆ ❝✉r✈❛ S3 (x) t❡♠ ❛ ♣r✐♠❡✐r❛ ❡ ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛✱ ❛ss✐♠ ❡❧❛
♥ã♦ t❡♠ ♣✐❝♦s ❡ ♥❡♠ tr♦❝❛ ❛❜r✉♣t❛ ❞❡ ❝✉r✈❛t✉r❛ ♥♦s ♥ós✳

✻✼



❈♦♥s✐❞❡r❛♥❞♦ q✉❡ f (x) ❡st❡❥❛ t❛❜❡❧❛❞❛ ♥♦s ♣♦♥t♦s xi✱ i = 0, 1, . . . , n✱ ❛
❢✉♥çã♦ S3 (x) é ✉♠❛ s♣❧✐♥❡ ❝ú❜✐❝❛ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ f (x)✱ s❡ ❡①✐st❡♠ n ♣♦❧✐♥ô✲
♠✐♦s ❞❡ ❣r❛✉ três✱ sk (x)✱ k = 1, . . . , n✱ t❛✐s q✉❡

• S3 (x) = sk (x) ♣❛r❛ x ∈ [xk−1, xk]✱ k = 1, . . . , n❀

• S3 (xi) = f (xi)✱ i = 0, 1, . . . , n❀

• sk (xk) = sk+1 (xk)✱ k = 1, . . . , n− 1❀

• s′k (xk) = s′k+1 (xk)✱ k = 1, . . . , n− 1❀

• s′′k (xk) = s′′k+1 (xk)✱ k = 1, . . . , n− 1✳

❈♦♠♦ sk (x) = ak (x− xk)
3 + bk (x− xk)

2 + ck (x− xk) + dk✱ ♦ ❝á❧❝✉❧♦ ❞❡
S3 (x) r❡s✉♠❡✲s❡ ❡♠ ❡♥❝♦♥tr❛r ♦s ❝♦❡✜❝✐❡♥t❡s ak✱ bk✱ ck ❡ dk✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r
❞❡ k✱ ♦♥❞❡ k = 1, . . . , n✱ s❛t✐s❢❛③❡♥❞♦ ❛s ❝✐♥❝♦ ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳ P❛r❛ ❞❡t❛❧❤❡s
❞❡ ❝♦♠♦ ♦❜t❡r ❡ss❡s ❝♦❡✜❝✐❡♥t❡s✱ ❝♦♥s✉❧t❛r ❛s r❡❢❡rê♥❝✐❛s ❘✉❣❣✐❡r♦ ❡ ▲♦♣❡s
✭✶✾✾✻✮ ❬✹✷❪✱ ♦✉ P♦✇❡❧❧ ✭✶✾✾✶✮ ❬✸✽❪✳

❖✉tr♦ ♠ét♦❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞♦ é ❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡
❍❡r♠✐t❡✳

◆❡ss❡ ♠ét♦❞♦✱ ❛s ❞❡r✐✈❛❞❛s s′ (xj)✱ j = 1, 2, . . . , n✱ sã♦ ❞❛❞❛s ♦✉ ❝❛❧❝✉✲
❧❛❞❛s ♥♦ ✐♥í❝✐♦ ❞❡ t♦❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡✲
♠♦s ❞❡✜♥✐r s′ (xj)✱ j = 1, . . . , n✱ ❝♦♠♦ s❡♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦
❞❡ q✉❛rt❛ ♦r❞❡♠✱ ❡♠ r❡❧❛çã♦ ❛ xj✱ q✉❡ ✐♥t❡r♣♦❧❛ ♦s s❡❣✉✐♥t❡s ❝✐♥❝♦ ♣♦♥t♦s✱
f (xk)✱ k = j−2, j−1, j, j+1, j+2✳ ❊ss❛ ❞❡✜♥✐çã♦ ❢❛③ ❝♦♠ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s
sj (x) ♠❛♥t❡♥❤❛♠ ❛ ❢♦r♠❛ ❞❛ ❢✉♥çã♦ f (x)✳

❆s ❞❡r✐✈❛❞❛s s′ (xj) ❡ s′ (xj+1) ✜①❛♠ ♦s ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡ sj✱ ♣❛r❛
❝❛❞❛ j✳ ▲♦❣♦✱ sj (x) é ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ♦r❞❡♠ três✱

sj (x) = f (xj) + s′ (xj) (x− xj) + c2 (x− xj)
2 + c3 (x− xj)

3 , ✭✻✳✷✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s sã♦ ❞❡✜♥✐❞♦s ♣♦r

c2 =
3 [f (xj+1) − f (xj)]

(xj+1 − xj)
2 − s′ (xj+1) + 2s′ (xj)

xj+1 − xj

❡

c3 =
2 [f (xj) − f (xj+1)]

(xj+1 − xj)
3 − s′ (xj+1) + s′ (xj)

(xj+1 − xj)
2 .

✻✽



❆ss✐♠✱ ❛ ❢✉♥çã♦ ✐♥t❡r♣♦❧❛♥t❡ ❞❡ ❍❡r♠✐t❡✱ H3 (x)✱ é ✉♠❛ ❢✉♥çã♦ ♣♦r ♣❛rt❡s✱
❝♦♥tí♥✉❛✱ ♦♥❞❡ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ [xj−1, xj]✱ j = 1, . . . , n✱ t❡♠♦s ❛ ❢✉♥çã♦
sj (x)✱ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✻✳✷✮✳

❆ ❢✉♥çã♦ H3 (x) ✐♥t❡r♣♦❧❛ f (x)✱ t❛❜❡❧❛❞❛ ♥♦s ♣♦♥t♦s ❞✐st✐♥t♦s x0✱ x1✱ . . .✱
xn ❡ t❡♠♦s H3 (xj) = f (xj)✱ j = 0, 1, . . . , n✳ ❆ ❞❡r✐✈❛❞❛ H ′

3 (x) é ❝♦♥tí♥✉❛ ♥♦
✐♥t❡r✈❛❧♦ [x0, xn]✱ P♦✇❡❧❧ ✭✶✾✾✶✮ ❬✸✽❪✳

❖ ♠ét♦❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡ t❡♠ ❛ ♣r✐♥❝✐♣❛❧ ♣r♦♣r✐❡❞❛❞❡
❞❡ ♠❛♥t❡r ❛ ❢♦r♠❛ ❞❛ ❢✉♥çã♦ f (x)✱ q✉❡ ❞❡✜♥❡ ♦s ♣♦♥t♦s ❛ s❡r❡♠ ✐♥t❡r♣♦❧❛❞♦s✳
❆ s✉❛ ♣r❡❝✐sã♦ é ♠❡♥♦r ❞♦ q✉❡ ❛ ♣r❡❝✐sã♦ ❞♦ ♠ét♦❞♦ s♣❧✐♥❡ ❝ú❜✐❝❛✱ ♣♦✐sH3 (x)
t❡♠ ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛✱ ❛♦ ♣❛ss♦ q✉❡ S3 (x) t❡♠ ❛ s❡❣✉♥❞❛
❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛✳

❆s ❢✉♥çõ❡s sk✱ q✉❡ ❞❡✜♥❡♠ ❛ s♣❧✐♥❡ ❝ú❜✐❝❛ S3 (x)✱ ❣❛r❛♥t❡♠ ❛ ❝♦♥t✐♥✉✐✲
❞❛❞❡ ❞❡ S ′′

3 (x)✱ ♣♦ré♠ ♥ã♦ tê♠ ♦ ❝♦♠♣r♦♠✐ss♦ ❞❡ ♠❛♥t❡r ❛ ❢♦r♠❛ ❞❛ ❢✉♥çã♦
f (x)✳ ■ss♦ ❢❛③ ❝♦♠ q✉❡ ♦ ♠ét♦❞♦ ❞❡ s♣❧✐♥❡ ❝ú❜✐❝❛ ✜q✉❡ ♠❛✐s s✉❥❡✐t♦ ❛ ♦s❝✐✲
❧❛çã♦✱ ❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❍❡r♠✐t❡✳

◆❛ ♣r♦①✐♠❛ s❡çã♦✱ ❢❛r❡♠♦s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ❛s s✉❜r♦t✐♥❛s q✉❡ ❢❛③❡♠
❛s ✐♥t❡r♣♦❧❛çõ❡s ❝✐t❛❞❛s ♥❡ss❛ s❡çã♦ ❡ ♦♣t❛r❡♠♦s ♣♦r ✉♠❛ ❞❡❧❛s✱ ♣❛r❛ s❡r
✉t✐❧✐③❛❞❛ ♣❛r❛ ♦t✐♠✐③❛r ♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✳

✻✳✸ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s s✉❜r♦t✐♥❛s ❞❡ ✐♥t❡r✲

♣♦❧❛çã♦

❆♥t❡s ❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡ ✐♥t❡r♣♦❧❛çã♦✱ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦
❡s❝❛❧❛r✱ ❛✈❛❧✐❛r❡♠♦s ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ três s✉❜r♦t✐♥❛s✱ q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥♦
▼❛t▲❛❜ ❡ ✉♠❛ s✉❜r♦t✐♥❛ ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ❋♦rtr❛♥✱ q✉❡ ✐♥t❡r❛❣❡ ❝♦♠ ♦ ▼❛✲
t▲❛❜ ✭✈❡r t❛❜❡❧❛ ✻✳✶✮

❚❛❜❡❧❛ ✻✳✶ ✲ ❋♦r♠❛s ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✉t✐❧✐③❛❞❛s

❙✉❜r♦t✐♥❛ ❉❡s❝r✐çã♦

s♣❧✐♥❡ ■♥t❡r♣♦❧❛çã♦ ♣♦r s♣❧✐♥❡ ❝ú❜✐❝❛✳
✐♥t❡r♣✶ ❆ ♦♣çã♦ ✬❧✐♥❡❛r✬ ❢♦r♥❡❝❡ ✐♥t❡r♣♦❧❛çã♦ ♣♦r r❡t❛s✳
♣❝❤✐♣ ■♥t❡r♣♦❧❛çã♦ ✉t✐❧✐③❛♥❞♦ ♣♦❧✐♥ô♠✐♦s ❝ú❜✐❝♦s ❞❡ ❍❡r♠✐t❡✳

s♣❧✐♥❡❢♦r s♣❧✐♥❡ ❝ú❜✐❝❛ ✈✐❛ ❋♦rtr❛♥✳

❖ ❝ó❞✐❣♦ ❢♦♥t❡ ❡♠ ❋♦rtr❛♥✱ q✉❡ ✉t✐❧✐③❛♠♦s ♣❛r❛ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ❛❧❣♦✲
r✐t♠♦ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❡stá ❞✐s♣♦♥í✈❡❧ ♥❛ r❡❢❡rê♥❝✐❛ Pr❡ss✱ ❋❧❛♥♥❡r②✱
❚❡✉❦♦❧s❦② ❡ ❱❡tt❡r❧✐♥❣ ✭✶✾✽✻✮ ❬✸✾❪✳ ❊ss❛ s✉❜r♦t✐♥❛ ❡❢❡t✉❛ ❛ ✐♥t❡r♣♦❧❛çã♦ ♣♦r
s♣❧✐♥❡ ❝ú❜✐❝❛ ❡ ❡stá ❡s❝r✐t❛ ❡♠ ❢♦rtr❛♥✲✼✼✳
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P❛r❛ ❢❛③❡r ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❡ss❡s ❛❧❣♦r✐t♠♦s✱ ♣r❡❝✐s❛♠♦s s❛❜❡r ❝♦♠♦ ♣❛s✲
s❛r ❞❛❞♦s ❞❡ ✉♠ ❝ó❞✐❣♦ ❢♦♥t❡ ❡s❝r✐t♦ ❡♠ ▼❛t▲❛❜✱ ♣❛r❛ ✉♠ ❡s❝r✐t♦ ❡♠ ❋♦rtr❛♥
❡ ✈✐❝❡✲✈❡rs❛✳ ❖ s✐st❡♠❛ ❞❡ ❛❥✉❞❛ ❞♦ ▼❛t▲❛❜ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❛❞q✉✐r✐r♠♦s
❡ss❛s ✐♥❢♦r♠❛çõ❡s ❡ t❛♠❜é♠✱ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❧✐✈r♦ ❞♦
❍❛♥s❡❧♠❛♥ ❡ ▲✐tt❧❡✜❡❧❞ ✭✷✵✵✸✮ ❬✷✸❪✳

❇❛s✐❝❛♠❡♥t❡✱ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ s♣❧✐♥❡ ❝ú❜✐❝❛ ❡♠ ❋♦rtr❛♥✱ ❛❝r❡s❝❡♥t❛♠♦s
❝♦♠❛♥❞♦s r❡❢❡r❡♥t❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s✳ ❆♣ós ✐ss♦✱ ♦
❛❧❣♦r✐t♠♦ é s❛❧✈♦ ❡ ❝♦♠♣✐❧❛❞♦ ♥♦ ♣ró♣r✐♦ ▼❛t▲❛❜✱ ♣❛r❛ s❡ t♦r♥❛r ✉♠ ❛❧❣♦✲
r✐t♠♦ ✐♥❝♦r♣♦r❛❞♦ ❛♦ ▼❛t▲❛❜✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡ss❡ ❛❧❣♦r✐t♠♦ ❢✉♥❝✐♦♥❛
❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ às ❢✉♥çõ❡s q✉❡ ❡stã♦ ♥❛ ❜✐❜❧✐♦t❡❝❛ ❞♦ ▼❛t▲❛❜✳

❖ ❛rq✉✐✈♦ s♣❧✐♥❡❢♦r✳❢ é ♦ ❛rq✉✐✈♦ ▼❊❳ q✉❡ ✜③❡♠♦s ❡ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❛♥❡①♦
■■■✳ ❖ ❝♦♠❛♥❞♦ ♣❛r❛ t♦r♥á✲❧♦ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣r❛❞❛ ❛♦ ▼❛t▲❛❜ é ❞❛❞♦ ♣♦r

mex − v − g splinefor.f FC = f95

❈♦♥s✐❞❡r❛♥❞♦ ❡ss❛s q✉❛tr♦ s✉❜r♦t✐♥❛s✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞♦
R2✱ q✉❡r❡♠♦s s❛❜❡r ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞♦s ❘❡❛✐s✱ ❞❡✜♥✐❞❛
♣❡❧❛ ❢✉♥çã♦ q✉❡ ✐♥t❡r♣♦❧❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❛❞♦s✳ ❈❛❞❛ s✉❜r♦t✐♥❛ ❣❛s✲
t❛rá ✉♠ t❡♠♣♦ ♣❛r❛ ❢❛③❡r ❛ ✐♥t❡r♣♦❧❛çã♦ ❡ ❡ss❡s t❡♠♣♦s sã♦ ♦❜t✐❞♦s ❛tr❛✈és
❞♦ ❝♦♠❛♥❞♦ ❝♣✉t✐♠❡ ❞♦ ▼❛t▲❛❜✳ ▼♦♥t❛♠♦s t❛❜❡❧❛s ❝♦♠♣❛r❛t✐✈❛s ❡♥tr❡ ♦
t❡♠♣♦ ❣❛st♦ ❞❡ ❝❛❞❛ s✉❜r♦t✐♥❛✱ ❛♦ ✐♥t❡r♣♦❧❛r ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❝♦♥❤❡❝✐❞♦s sã♦

Ω =
{
(x, y) ∈ [0, 100] × [0, 100] ⊂ R2 / y = x

}
.

◆♦t❡ q✉❡ ❡ss❡ ❝♦♥❥✉♥t♦ ♣♦ss✉✐ ✐♥✜♥✐t♦s ♣♦♥t♦s✱ ♥♦ ❡♥t❛♥t♦ q✉❡r❡♠♦s ❛♣❡♥❛s
✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s ❞❛❞♦s✱ ♣❛r❛ ❞❡✜♥✐r ❛ ❢✉♥çã♦ q✉❡ ✐♥t❡r♣♦❧❛ ❡ss❡s
♣♦♥t♦s✳ ❆ss✐♠✱ ♣r❡❝✐s❛♠♦s ❢❛③❡r ✉♠❛ r❡str✐çã♦ ❛♦ ❝♦♥❥✉♥t♦ Ω✱ q✉❡ ♥♦s r❡s✉❧t❡
♥✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s✳

❆ r❡str✐çã♦ Ω|α é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

Ω|α = {(x, y) ∈ Ω / x = k.h, k = 100/α ❡ k = 0, 1, . . . , α} , ✭✻✳✸✮

♦♥❞❡ α+ 1 é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞♦ ❝♦♥❥✉♥t♦✳
❊ss❛ r❡str✐çã♦ é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s q✉❡ ❞❡✜♥❡ ❛ ✐♥t❡r♣♦❧❛çã♦✳ ❆❣♦r❛

❞❡s❡❥❛♠♦s s❛❜❡r q✉❛♥t♦ t❡♠♣♦ ❞❡ ❈P❯✱ ❛s s✉❜r♦t✐♥❛s ❣❛st❛♠ ♣❛r❛ ❡♥❝♦♥✲
tr❛r ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞♦s ❘❡❛✐s✱ ❛tr❛✈és ❞♦s ♣♦♥t♦s q✉❡
❞❡✜♥❡♠ ❛ ✐♥t❡r♣♦❧❛çã♦✳

❖s ♣♦♥t♦s ♣❛r❛ ♦s q✉❛✐s q✉❡r❡♠♦s s❛❜❡r ❛ ✐♠❛❣❡♠✱ ♣❡rt❡♥❝❡♠ ❛♦ ✐♥t❡r✈❛❧♦
[0, 5 , 99, 5] ⊂ R ❡ sã♦ ❞❡✜♥✐❞♦s ♣♦r

Γ = {x ∈ [0, 5 , 99, 5] / x = 0, 5 + k.h} ,

✼✵



♦♥❞❡ h = 90/β✱ k = 0, 1, 2, . . . , β ❡ β + 1 ❞❡✜♥❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥t♦s ❞♦
❝♦♥❥✉♥t♦✳

❆♣r❡s❡♥t❛♠♦s t❛❜❡❧❛s ♣❛r❛ β = 10✱ β = 100✱ β = 1000✱ β = 10000
❡ β = 100000✳ ❊♠ ❝❛❞❛ ❚❛❜❡❧❛✱ α ❛ss✉♠✐rá ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s✿ α = 10✱
α = 100✱ α = 1000✱ α = 10000✱ α = 100000 ❡ α = 1000000✳ ❖ t❡♠♣♦ ❣❛st♦ ❞❡
❝❛❞❛ s✉❜r♦t✐♥❛✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ✐♠❛❣❡♠ ❞♦s ♣♦♥t♦s✱ ❞❡✜♥✐❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦
Γ✱ é ❝♦♠♣✉t❛❞♦ ❡♠ s❡❣✉♥❞♦s (s)✱ ♣❡❧♦ ❝♦♠❛♥❞♦ ❝♣✉t✐♠❡ ❞♦ ▼❛t▲❛❜✳

❚❛❜❡❧❛ ✻✳✷ ✲ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✉❜r♦t✐♥❛s ✐♥t❡r♣♦❧❛r❡♠ ✶✵ ♣♦♥t♦s ✭β = 10✮

α ❚❡♠♣♦ ❣❛st♦ ♣❡❧❛ s✉❜r♦t✐♥❛ ✭s✮
❢♦rtr❛♥ s♣❧✐♥❡ ❧✐♥❡❛r ❍❡r♠✐t❡

✶✵ ✵ ✵✱✵✶ ✵ ✵
✶✵✵ ✵ ✵✱✵✶ ✵ ✵✱✵✵✺
✶✵✵✵ ✵ ✵✱✵✶ ✵ ✵✱✵✶
✶✵✵✵✵ ✵✱✵✶ ✵✱✶ ✵✱✵✵✺ ✵✱✵✺
✶✵✵✵✵✵ ✵✱✶✺ ✶✱✶✸ ✵✱✵✸ ✵✱✺✷
✶✵✵✵✵✵✵ ✲ ✶✶✱✽✶ ✵✱✷✾ ✺✱✵✽
✶✵✵✵✵✵✵✵ ✲ ✲ ✷✱✽✽ ✲

❚❛❜❡❧❛ ✻✳✸ ✲ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✉❜r♦t✐♥❛s ✐♥t❡r♣♦❧❛r❡♠ ✶✵✵ ♣♦♥t♦s ✭β❂✶✵✵✮

α ❚❡♠♣♦ ❣❛st♦ ♣❡❧❛ s✉❜r♦t✐♥❛ ✭s✮
❢♦rtr❛♥ s♣❧✐♥❡ ❧✐♥❡❛r ❍❡r♠✐t❡

✶✵ ✵ ✵✱✵✶ ✵ ✵✱✵✵✺
✶✵✵ ✵ ✵✱✵✶ ✵ ✵✱✵✵✺
✶✵✵✵ ✵✱✵✶✺ ✵✱✵✶ ✵ ✵✱✵✶
✶✵✵✵✵ ✵✱✶✹ ✵✱✶ ✵✱✵✵✺ ✵✱✵✺
✶✵✵✵✵✵ ✶✱✹✻ ✶✱✶✸ ✵✱✵✸ ✵✱✺✷
✶✵✵✵✵✵✵ ✲ ✶✶✱✼✾ ✵✱✷✾ ✺✱✶
✶✵✵✵✵✵✵✵ ✲ ✲ ✷✱✽✾ ✲

❆♥❛❧✐s❛♥❞♦ ❛s ❝✐♥❝♦ t❛❜❡❧❛s ❝♦♠♣❛r❛t✐✈❛s✱ t❛❜❡❧❛ ✻✳✷✱ t❛❜❡❧❛ ✻✳✸✱ t❛❜❡❧❛
✻✳✹✱ t❛❜❡❧❛ ✻✳✺ ❡ t❛❜❡❧❛ ✻✳✻✱ é ✐♥❞✐s❝✉tí✈❡❧ q✉❡ ❛ s✉❜r♦t✐♥❛ ❞❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐✲
♥❡❛r ❣❛st❛ ♠❡♥♦s t❡♠♣♦ ♣❛r❛ ❡❢❡t✉❛r ❛s s✉❛s ♦♣❡r❛çõ❡s✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡✈❡♠♦s
t❡r ✉♠❛ ♣r❡♦❝✉♣❛çã♦ ❝♦♠ s✉❛ ♣r❡❝✐sã♦ ❡ ❝♦♠ ❛ s✉❛✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ✐♥t❡r♣♦✲
❧❛♥t❡✱ s❡ ♣r❡t❡♥❞❡♠♦s s✉❜st✐t✉✐r ❛ s♣❧✐♥❡ ❝ú❜✐❝❛ ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r✱ ♥♦
❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✳

❙❡❥❛ x ∈ [xk, xk+1] ⊂ [0, 100]✱ ♦ ♣♦♥t♦ ❡♠ q✉❡ ❞❡s❡❥❛♠♦s ❡♥❝♦♥tr❛r s✉❛
✐♠❛❣❡♠✱ s❡❥❛ Ω|α ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s q✉❡ ❞❡✜♥❡ ❛ ❢✉♥çã♦ ✐♥t❡r♣♦❧❛♥t❡✳ ❖

✼✶



❡rr♦ ❞❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ q✉❛❞r❛❞♦ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s
❡①tr❡♠♦s ❞♦ ✐♥t❡r✈❛❧♦ [xk, xk+1]✳ ❆ss✐♠✱ ♦ ❡rr♦ ♥♦ ♣♦♥t♦ x é ♣r♦♣♦r❝✐♦♥❛❧ à

errox ∝ (xk+1 − xk)
2 =

(
100

α

)2

.

❆ ♣r✐♥❝✐♣❛❧ ❞❡s✈❛♥t❛❣❡♠ ❞❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r é q✉❡ ❛ ❢✉♥çã♦ ✐♥t❡r♣♦✲
❧❛♥t❡ ♥ã♦ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♥♦s ♣♦♥t♦s q✉❡ ❝♦♥❤❡❝❡♠♦s✱ ❛♦ ♣❛ss♦ q✉❡ ❛ ✐♥t❡r♣♦✲
❧❛çã♦ ♣♦r s♣❧✐♥❡ ❝ú❜✐❝❛ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡r♣♦❧❛♥t❡ s✉❛✈❡✱ ❝♦♥tí♥✉❛
♥❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛s✳ ❉❡♣❡♥❞❡♥❞♦ ❞♦ ♣r♦❜❧❡♠❛✱ ❡ss❡ ❢❛t♦ ♣♦❞❡
✐♥s❡r✐r ❡rr♦s q✉❡ ❛❢❡t❛♠ ❛ q✉❛❧✐❞❛❞❡ ❞❛ r❡s♣♦st❛ ❞♦ ♣r♦❜❧❡♠❛✱ ♦✉ ❛ s♦❧✉çã♦
❞♦ ♣r♦❜❧❡♠❛✳

❚❛❜❡❧❛ ✻✳✹ ✲ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✉❜r♦t✐♥❛s ✐♥t❡r♣♦❧❛r❡♠ ✶✵✵✵ ♣♦♥t♦s ✭β❂✶✵✵✵✮

α ❚❡♠♣♦ ❣❛st♦ ♣❡❧❛ s✉❜r♦t✐♥❛ ✭s✮
❢♦rtr❛♥ s♣❧✐♥❡ ❧✐♥❡❛r ❍❡r♠✐t❡

✶✵ ✵ ✵✱✵✶ ✵ ✵✱✵✵✺
✶✵✵ ✵✱✵✶✺ ✵✱✵✶ ✵ ✵✱✵✵✺
✶✵✵✵ ✵✱✶✹ ✵✱✵✶✺ ✵ ✵✱✵✶
✶✵✵✵✵ ✶✱✹ ✵✱✶✶ ✵✱✵✸ ✵✱✵✺
✶✵✵✵✵✵ ✶✹✱✽✺ ✶✱✶✽ ✵✱✵✸ ✵✱✺✹
✶✵✵✵✵✵✵ ✲ ✲ ✵✱✸✶ ✺✱✷✶
✶✵✵✵✵✵✵✵ ✲ ✲ ✸✱✵✶ ✲

❚❛❜❡❧❛ ✻✳✺ ✲ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✉❜r♦t✐♥❛s ✐♥t❡r♣♦❧❛r❡♠ ✶✵✵✵✵ ♣♦♥t♦s ✭β❂✶✵✵✵✵✮

α ❚❡♠♣♦ ❣❛st♦ ♣❡❧❛ s✉❜r♦t✐♥❛ ✭s✮
❢♦rtr❛♥ s♣❧✐♥❡ ❧✐♥❡❛r ❍❡r♠✐t❡

✶✵ ✵✱✵✶✺ ✵✱✵✷ ✵✱✵✶✺ ✵✱✵✷
✶✵✵ ✵✱✶✹ ✵✱✵✷ ✵✱✵✶✺ ✵✱✵✷
✶✵✵✵ ✶✱✸✻ ✵✱✵✸ ✵✱✵✶✺ ✵✱✵✷✺
✶✵✵✵✵ ✶✸✱✾✻ ✵✱✶✸ ✵✱✵✷ ✵✱✵✼
✶✵✵✵✵✵ ✶✹✾✱✸✼ ✶✱✷✶ ✵✱✵✺ ✵✱✺✹
✶✵✵✵✵✵✵ ✲ ✶✷✱✶✾ ✵✱✸✷ ✺✱✷✼
✶✵✵✵✵✵✵✵ ✲ ✲ ✷✱✾✽ ✲

❆♥t❡s ❞❡ s✉❜st✐t✉✐r ❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ♥♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱
❞❡✈❡♠♦s t❡r ❡♠ ♠❡♥t❡ q✉❡ ❡ss❡s ❡rr♦s ❞❡ ♣r❡❝✐sã♦✱ ❝❛✉s❛❞♦s ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦✱
❡ ❛s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s✱ s❡ ♣r♦♣❛❣❛rã♦ ❛♦ ❧♦♥❣♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ♣♦✐s ❛s

✼✷



❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ q✉❡ ❝♦♥s✐❞❡r❛♠♦s✱ sã♦ ❜❛s✐❝❛♠❡♥t❡
❡q✉❛çõ❡s ❞❡ ♦♥❞❛s✳

❚❛❜❡❧❛ ✻✳✻ ✲ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✉❜r♦t✐♥❛s ✐♥t❡r♣♦❧❛r❡♠ ✶✵✵✵✵✵ ♣♦♥t♦s ✭β❂✶✵✵✵✵✵✮

α ❚❡♠♣♦ ❣❛st♦ ♣❡❧❛ s✉❜r♦t✐♥❛ ✭s✮
❢♦rtr❛♥ s♣❧✐♥❡ ❧✐♥❡❛r ❍❡r♠✐t❡

✶✵ ✵✱✶✻ ✵✱✶✽ ✵✱✶✹ ✵✱✶✾
✶✵✵ ✶✱✸✻ ✵✱✶✾ ✵✱✶✹ ✵✱✶✾
✶✵✵✵ ✶✸✱✺✽ ✵✱✷✵ ✵✱✶✹ ✵✱✶✾
✶✵✵✵✵ ✶✹✻✱✾✽ ✵✱✸✵ ✵✱✶✹ ✵✱✷✹
✶✵✵✵✵✵ 1, 6 × 103 ✶✱✸✾ ✵✱✶✼ ✵✱✼✼✺
✶✵✵✵✵✵✵ ✲ ✶✶✱✽✶ ✵✱✷✾ ✺✱✺✹
✶✵✵✵✵✵✵✵ ✲ ✲ ✸✱✶✾ ✲

❯♠❛ ✐♥t❡r♣♦❧❛çã♦ q✉❡ s❡ ❞❡st❛❝❛ é ❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✳ ❆s
t❛❜❡❧❛s ❝♦♠♣❛r❛t✐✈❛s ♠♦str❛♠ q✉❡ ❡ss❛ ✐♥t❡r♣♦❧❛çã♦ ❣❛st❛ ♠❡♥♦s t❡♠♣♦ ♣❛r❛
❡❢❡t✉❛r ❛s ♦♣❡r❛çõ❡s✱ q✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❝♦♠ ❛ ✐♥t❡r♣♦❧❛çã♦ s♣❧✐♥❡ ❝ú❜✐❝❛✳

◆♦t❡ q✉❡✱ ♥❛s ❝✐♥❝♦ t❛❜❡❧❛s✱ só ❢♦✐ ✈❛♥t❛❥♦s♦ ✉t✐❧✐③❛r ❛ ✐♥t❡r♣♦❧❛çã♦ ❞♦ ❢♦r✲
tr❛♥ ✐♥t❡r❛❣✐❞♦ ❝♦♠ ♦ ▼❛t▲❛❜✱ q✉❛♥❞♦ tí♥❤❛♠♦s ♣♦✉❝♦s ♣♦♥t♦s à ✐♥t❡r♣♦❧❛r✳
▲♦❣♦✱ s❡ ❞❡s❡❥❛♠♦s ❡①♣❧♦r❛r ❛s ✈❛♥t❛❣❡♥s ❞♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱
❝♦♠ ❛ s♣❧✐♥❡ ❝ú❜✐❝❛ ❞♦ ◆✉♠❡r✐❝❛❧ ❘❡❝✐♣❡s ❬✸✾❪ ❡♠ ❢♦rtr❛♥✱ ❞❡✈❡♠♦s ❞✐✈✐❞✐r
♦ ♣r♦❜❧❡♠❛ ❡♠ ✈ár✐♦s ♣r♦❜❧❡♠❛s ❡♠ ✐♥t❡r✈❛❧♦s ♠❡♥♦r❡s✱ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡
❝♦♥t♦r♥♦ q✉❡ ❣❛r❛♥t❛♠ ❛ r❡❝✉♣❡r❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳

❊①❡❝✉t❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ❛ ✐♥t❡r♣♦❧❛çã♦ s♣❧✐♥❡ ❝ú❜✐❝❛ ❡ t❛♠❜é♠✱ ❡①❡✲
❝✉t❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✱ ♥❛ ♦♣çã♦ Pr♦✜❧❡r
❞♦ ▼❛t▲❛❜✱ ♦❜t❡♠♦s ✐♥❢♦r♠❛çõ❡s q✉❡ r❡❢♦rç❛♠ ❛ ✈❛♥t❛❣❡♠ ❞❛ ✐♥t❡r♣♦❧❛çã♦
❞❡ ❍❡r♠✐t❡✱ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❣❛st♦ ❞❡ ❈P❯✳ ❆❧❣✉♠❛s ❞❡ss❛s ✐♥❢♦r♠❛çõ❡s
❡♥❝♦♥tr❛♠✲s❡ ♥♦ ❛♥❡①♦ ■■✳

❖♣t❛♠♦s ♣♦r ✉t✐❧✐③❛r ❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s
q✉❡ ❢❛r❡♠♦s ♥❛ s❡çã♦ ✻✳✺✱ ❞❡✈✐❞♦ às s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♥❡ss❛
s❡çã♦ ❡ ♣❡❧♦ ❜♦♠ ❞❡s❡♠♣❡♥❤♦ ❞❛ s✉❜r♦t✐♥❛ ♣❝❤✐♣✳

✻✳✹ ❖✉tr❛s ▼♦❞✐✜❝❛çõ❡s

❯♠❛ ♦✉tr❛ ❛❧t❡r♥❛t✐✈❛ é ♠✉❞❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦✱
♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ♣❛rt❡ ❡s♣❛❝✐❛❧✳ ❖ tr❛❜❛❧❤♦ ❞❡ ❍❡♥r✐q✉❡
❡ ❙♦❛r❡s ✭✷✵✵✷✮ ❬✸✺❪ ♣r♦♣õ❡ ♦ ❡st✉❞♦ ❞♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦
❡s❝❛❧❛r s❡♠ ♠❛ss❛✱ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ s❡♠ ✐♠♣♦r q✉❛❧q✉❡r s✐♠❡tr✐❛ ❛❞✐✲
❝✐♦♥❛❧✳

✼✸



❖ ▼ét♦❞♦ ✉t✐❧✐③❛❞♦ ♣❡❧♦s ❛✉t♦r❡s é ♦ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✱ q✉❡ ♣❡r♠✐t❡
tr❛♥s❢♦r♠❛r ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ ❡♠ ✉♠ ❝♦♥✲
❥✉♥t♦ ✐♥✜♥✐t♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳

❇❛s✐❝❛♠❡♥t❡✱ ♦ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ❝♦♥s✐st❡ ❡♠ ❡①♣❛♥❞✐r ❛s ✈❛r✐á✈❡✐s
❞♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠❛ sér✐❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ♦rt♦❣♦♥❛✐s✳ ❊ss❛s ✈❛r✐á✈❡✐s sã♦
✐♥s❡r✐❞❛s ♥❛s ❡q✉❛çõ❡s ♦r✐❣✐♥❛✐s✳ ❊❧❡s ✉t✐❧✐③❛r❛♠ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❍❡r♠✐t❡
❝♦♠♦ ❛ ❜❛s❡ ❞❡ ❢✉♥çõ❡s q✉❡ ❣❡r❛ ♦ ❡s♣❛ç♦ ❞❛s ✈❛r✐á✈❡✐s ❞♦ ♣r♦❜❧❡♠❛✳

P❛r❛ s❡r ✈✐á✈❡❧ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ ❛s sér✐❡s ❞❡✈❡♠ s❡r tr✉♥❝❛❞❛s✱ ♦✉
s❡❥❛✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s s♦♠❛s ♣❛r❝✐❛✐s✳ ❯♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♥t❡✲
r❡ss❛♥t❡ ❞❡ss❡ tr❛❜❛❧❤♦ é q✉❡ ♦s ❛✉t♦r❡s ❝♦♥s❡❣✉✐r❛♠ r❡♣r♦❞✉③✐r ♦s ❢❡♥ô♠❡♥♦s
❞❡s❝♦❜❡rt♦s ♣♦r ❈❤♦♣t✉✐❦✱ ❝♦♠ ❛♣❡♥❛s ♦s três ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ sér✐❡✳

❍❡♥r✐q✉❡ ❡ ❙♦❛r❡s ❞❡t❡r♠✐♥❛r❛♠✱ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠é✲
tr✐❝❛✳ ❆ ♥♦ss❛ ♣r♦♣♦st❛ ❞❡ ♠♦❞✐✜❝❛çã♦ é ❢❛③❡r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ t♦✲
❞❛s ❛s ♦♣❡r❛çõ❡s ♥❡❝❡ssár✐❛s❀ ♣❛r❛ ✐ss♦✱ s✉❣❡r✐♠♦s ❛ ✉t✐❧✐③❛çã♦ ❞♦ ▼ét♦❞♦
Ps❡✉❞♦ ❊s♣❡❝tr❛❧ ✭❜❛s❡❛❞♦ ♥♦ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✮ ❡ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❍❡r✲
♠✐t❡✳ ◆❡ss❡ ♠ét♦❞♦✱ ♠❛tr✐③❡s ❞❡ ❞✐❢❡r❡♥❝✐❛çã♦ ❡s♣❡❝tr❛❧ sã♦ ♥❡❝❡ssár✐❛s ❡
✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ✐ss♦✱ ❡♥❝♦♥tr❛✲s❡ ❞✐s♣♦♥í✈❡❧ ❡♠ ▼❛t▲❛❜ ♥❛ r❡❢❡rê♥❝✐❛
❲❡✐❞❡♠❛♥✭✷✵✵✻✮❬✹✺❪✳

✻✳✺ ❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s

❈♦♥s✐❞❡r❛♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ ❝♦♠ ♦ ♣❡r✜❧ ●❛✉ss✐✲
❛♥♦

φ (r, 0) = φ0.exp

(
−
(

(r − 20)

4

)2
)
, ✭✻✳✹✮

♦♥❞❡ φ0 é ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ●❛✉ss✐❛♥❛ ❡ t❛♠❜é♠✱ ♦ ♣❛râ♠❡tr♦ q✉❡ ❝❛r❛❝t❡r✐③❛
❛ ❢❛♠í❧✐❛ ❞❡ ❝❛♠♣♦s ✐♥✐❝✐❛s✳

❋✐①❛♠♦s rf = 48✱ ✜③❡♠♦s ✈ár✐❛s s✐♠✉❧❛çõ❡s ❝♦♠ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣❛r❛ φ0

❡ ❝♦♥str✉í♠♦s ❛ t❛❜❡❧❛ ✻✳✼✱ q✉❡ ♠♦str❛ ♦ t❡♠♣♦ ❣❛st♦ ♣❡❧❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧
❞❡ss❡s ❝❛♠♣♦s ✐♥✐❝✐❛s✱ ♣❛r❛ ❛t✐♥❣✐r ✉♠ ❞♦s ❡stá❣✐♦s ✜♥❛✐s ♣♦ssí✈❡✐s✳

◆♦t❡ q✉❡ ♥❛ t❛❜❡❧❛ ✻✳✼✱ ♦ t❡♠♣♦ ❣❛st♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③♦✉ ✐♥t❡r✲
♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✱ ♣❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
✲ ❝♦♠ ❛♠♣❧✐t✉❞❡ 0, 001✱ ❢♦✐ ❞❡ 5, 76 ♠✐♥✉t♦s✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♠
❛ s♣❧✐♥❡ ❝ú❜✐❝❛✱ ✈❡r s❡çã♦ ✻✳✶✱ ❞❡♠♦r♦✉ 7, 56 ♠✐♥✉t♦s ♣❛r❛ ❢❛③❡r ❛ ♠❡s♠❛
s✐♠✉❧❛çã♦✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❣rá✜❝♦s ♦❜t✐❞♦s ❞❛s s✐♠✉❧❛çõ❡s ❞❛ t❛❜❡❧❛
✻✳✼✳ ❉❛ ✜❣✉r❛ ✻✳✶ ❛té ❛ ✜❣✉r❛ ✻✳✹✱ t❡♠♦s ♦s ❣rá✜❝♦s ♦❜t✐❞♦s ❞❛ ❡✈♦❧✉çã♦
t❡♠♣♦r❛❧✱ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r q✉❡ t❡♠ ❛ ❛♠♣❧✐t✉❞❡ ❞❡✱ φ0 = 0, 001✳

✼✹



❚❛❜❡❧❛ ✻✳✼ ✲ ❚❡♠♣♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❛❧❣✉♥s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s

φ0 t❡♠♣♦ ❣❛st♦ ❞❡ s✐♠✉❧❛çã♦ ✭❡♠ ♠✐♥✉t♦s✮

✵✱✵✵✶ ✵✺✱✼✻
✵✱✵✵✷ ✶✶✱✺✾
✵✱✵✵✸ ✶✽✱✶✹
✵✱✵✵✹ ✷✺✱✽✽
✵✱✵✵✺ ✸✻✱✺✸
✵✱✵✵✻ ✹✽✱✾✾
✵✱✵✵✼ ✻✻✱✻✹
✵✱✵✵✽ ✶✶✵✱✺✶
✵✱✵✵✾ ✶✸✵✱✹✸
✵✱✵✶✵ ✶✼✵✱✷✷
✵✱✵✶✷✺ ✼✽✽✱✵✻
✵✱✵✷✵ ✾✻✼✱✹✽

❆ ✜❣✉r❛ ✻✳✶ ♥♦s ♠♦str❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♠❛ss❛✱ ♥❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲
t❡♠♣♦✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ t♦❞❛ ❞❛ ❞✐♥â♠✐❝❛ ❡♥❝♦♥tr❛✲s❡ ♥❡ss❛ r❡❣✐ã♦✳
❈♦♠ ✐ss♦✱ ❝♦♥s❡❣✉❡✲s❡ ❛♥❛❧✐s❛r ❛ ❡✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✳

❋✐❣✉r❛ ✻✳✶ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 001✳

❙❡ ♦❜s❡r✈❛r♠♦s ❛ ✜❣✉r❛ ✻✳✶✱ ♥♦ t❡♠♣♦ t = 0✱ t❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❞♦ ❝❛♠♣♦
❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ❡♠ r❡❧❛çã♦ ❛ r✳ ❖✉ s❡❥❛✱ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ q✉❡
❝♦♥s✐❞❡r❛♠♦s✳ ❉❛ ❞❡r✐✈❛❞❛ t❡♠♦s ❞✉❛s ♦♥❞❛s✱ ❝❛❞❛ ✉♠❛ ❞❡❧❛s s❡ ❞✐✈✐❞❡✿ ✉♠❛
♣❛rt❡ ✈❛✐ ♣❛r❛ r = 0 ❡ ❛ ♦✉tr❛✱ ✈❛✐ ❡♠ ❞✐r❡çã♦ ❞❡ rf = 48✳

✼✺



❋✐❣✉r❛ ✻✳✷ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛

♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✳

❋✐❣✉r❛ ✻✳✸ ✲ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✳

◆♦t❡ q✉❡✱ ♥❛ ✜❣✉r❛ ✻✳✶✱ ♥ã♦ t❡♠♦s ♦♥❞❛s ♣❛rt✐♥❞♦ ❞❡ rf = 48 ❡ ✐♥❞♦ ❡♠
❞✐r❡çã♦ ❞❡ r = 0✳ ■ss♦ ❥✉st✐✜❝❛ ❛ ❡s❝♦❧❤❛ ❞❛ ❝♦♥❞✐çã♦ ❞❡ r❛❞✐❛çã♦

Π (rf , t) = −Φ (rf , t) ,

♣♦✐s ♥ã♦ q✉❡r❡♠♦s q✉❡ ❡ss❛s ♦♥❞❛s ✐♥t❡r✜r❛♠ ♥♦ ❛❧❣♦r✐t♠♦✳
◆♦ ❝❛s♦ ❞❡ φ0 = 0, 001✱ ♥ã♦ t❡♠♦s ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦✱ t❡♠♦s

✉♠ ❡①❡♠♣❧♦ ❞❡ ❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦✳ P❡❧❛ ✜❣✉r❛ ✻✳✶✱ ✉♠❛ ♣❛rt❡ ❞♦ ❝❛♠♣♦

✼✻



❡s❝❛❧❛r ✐♥✐❝✐❛❧ ❝♦♠❡ç❛ ❛ ❝♦❧❛♣s❛r✱ ❡♥q✉❛♥t♦ q✉❡ ✉♠❛ ♦✉tr❛ ♣❛rt❡ ❞✐s♣❡rs❛✱ ❛
♣❛rt✐r ❞❛í✱ ❛ ♣❛rt❡ q✉❡ ❝♦❧❛♣s❛ ✐♠♣❧♦❞❡ ❡♠ r = 0 ❡ ❞❡♣♦✐s ❞✐s♣❡rs❛✱ ❛ ♠❡❞✐❞❛
q✉❡ ♦ t❡♠♣♦ ♣❛ss❛✳

❖s ❣rá✜❝♦s ❞❛ ✜❣✉r❛ ✻✳✷✱ ♥♦s ♠♦str❛♠ ❛s ♠✉❞❛♥ç❛s ♥♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧
❞❛ ♠étr✐❝❛ ❡ ♥❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛✱ ❛ ♠❡❞✐❞❛ q✉❡ t❡♠♦s ❛ ❡✈♦❧✉çã♦
t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❡♠ ❡st✉❞♦✳ ❏á ♦s ❣rá✜❝♦s ❞❛ ✜❣✉r❛ ✻✳✸✱ ❛♣r❡s❡♥t❛
❛ ❡✈♦❧✉çã♦ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✳ ❊✱ ♦s ❣rá✜❝♦s ❞❛ ✜❣✉r❛ ✻✳✹ ♥♦s ❞✐③
s♦❜r❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ♠❛ss❛ t♦t❛❧✱ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦
❡♠ ❡st✉❞♦✱ ♦ ú❧t✐♠♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛ ❡ ♦ ú❧t✐♠♦ ❡stá❣✐♦ ❞♦
❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛ ♠étr✐❝❛✳

❋✐❣✉r❛ ✻✳✹ ✲ ❆ ❞✐r❡✐t❛ t❡♠♦s ❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛ ❡♠ tf ❡ ❛

❞✐r❡✐t❛ t❡♠♦s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ♠❛ss❛ t♦t❛❧ ❝♦♥t✐❞❛✱ ♥❛

r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❆❣♦r❛ ♠♦str❛r❡♠♦s ♦s ❣rá✜❝♦s ♦❜t✐❞♦s ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧ ❞❡
❛♠♣❧✐t✉❞❡ φ0 = 0, 01✱ ✜❣✉r❛ ✻✳✺✱ ✜❣✉r❛ ✻✳✻✱ ✜❣✉r❛ ✻✳✼ ❡ ✜❣✉r❛ ✻✳✽✳

❊ss❡ ❝❛♠♣♦ ✐♥✐❝✐❛❧ ❡stá ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱ ♠❛s ❛✐♥❞❛✱ ♦ ❝❛♠♣♦
❡s❝❛❧❛r ❞✐s♣❡rs❛✳ P❛r❛ ❡ss❛ s✐♠✉❧❛çã♦✱ ❛❝r❡s❝❡♥t❛♠♦s ✉♠ ❣rá✜❝♦ q✉❡ r❡♣r❡✲
s❡♥t❛ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✱ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ✭✜❣✉r❛ ✻✳✽✮✳

◆❡ss❡ ❡stá❣✐♦✱ t❡♠♦s ✉♠ ❜♦♠ ❞♦♠í♥✐♦ s♦❜r❡ ♦ ❛❧❣♦r✐t♠♦✳ ❆♣❡♥❛s ❛♥❛✲
❧✐s❛♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ♥♦s ❢♦r♠❡❝❡✱ ❞✉r❛♥t❡ ✉♠❛ s✐♠✉❧çã♦✱
t❡♠♦s ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ s❛❜❡r s❡ t❛❧ s✐♠✉❧❛çã♦ é✿ ❞❡ ✉♠ ❝❛♠♣♦ q✉❡ ❢♦r♠❛rá
❜✉r❛❝♦ ♥❡❣r♦ ♦✉ ❞❡ ✉♠ ❝❛♠♣♦ q✉❡ ❞✐s♣❡rs❛rá✳

◆♦ ❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ q✉❡ r❡♣r❡s❡♥t❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱
❛❝r❡s❝❡♥t❛♠♦s ✐♥❢♦r♠❛çõ❡s ♣❛r❛ ❡✈✐t❛r q✉❡ ❛s s✐♠✉❧❛çõ❡s ♥ã♦ ❝❛íss❡♠ ❡♠ ✉♠
❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ ✐♥✜♥✐t♦✳ ❆ ❡✈♦❧✉çã♦ s❡rá ✐♥t❡rr♦♠♣✐❞❛✱ s❡ ♦ t❛♠❛♥❤♦ ❞♦

✼✼



✐♥t❡r✈❛❧♦ t❡♠♣♦r❛❧ ❢♦r ❞❛ ♦r❞❡♠ ❞❡ 10−6✳ ❖✉tr♦s ❝r✐tér✐♦s ❞❡ ✐♥t❡rr✉♣çã♦
❢♦r❛♠ ❛❝r❡s❝❡♥t❛❞♦s✱ ✈❡r ❛♥❡①♦ ■ ✲ ❛rq✉✐✈♦ ❝❤♦♣❊①♣✳♠ ✳

❋✐❣✉r❛ ✻✳✺ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 01✳

❋✐❣✉r❛ ✻✳✻ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛

♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✳

◆❛ ✜❣✉r❛ ✻✳✺✱ ♦ ❡✐①♦ t ♥♦s ♠♦str❛ q✉❡ ❛ s✐♠✉❧❛çã♦ ❢♦✐ ❛té✱ ❛♣r♦①✐♠❛❞❛✲
♠❡♥t❡✱ ♦ t❡♠♣♦ 25✳ ❊ss❡ t❡♠♣♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❡ ♦ ❝❛♠♣♦

✼✽



❞✐s♣❡rs❛✱ ♣♦✐s ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ❛t✐♥❣✐✉ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳
❯♠ ❥❡✐t♦ ❞❡ ♦❜s❡r✈❛r ✐ss♦ é ♦❧❤❛r ♣❛r❛ ❛s ✜❣✉r❛s ✻✳✼ ❡ ✻✳✽✳

❋✐❣✉r❛ ✻✳✼ ✲ ❆ ❞✐r❡✐t❛ t❡♠♦s ❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛ ❡♠ tf ❡ ❛

❞✐r❡✐t❛ t❡♠♦s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ♠❛ss❛ t♦t❛❧ ❝♦♥t✐❞❛✱ ♥❛

r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳

❋✐❣✉r❛ ✻✳✽ ✲ ◆❡ss❡ ❣rá✜❝♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✱ ♥♦ ú❧t✐♠♦ t❡♠♣♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ s✐♠✉❧❛çã♦✱ ❡ ♦ ❣rá✜❝♦

❞❛ r❡t❛ y = r✱ ♦ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳

◆❛ ✜❣✉r❛ ✻✳✼✱ t❡♠♦s ♦ ❣rá✜❝♦ ❞❛ ♠❛ss❛ t♦t❛❧ ❝♦♥t✐❞❛ ♥❛ r❡❣✐ã♦ ❞♦ ❡s♣❛ç♦✲
t❡♠♣♦ ❝♦♥s✐❞❡r❛❞♦ ♥❛ s✐♠✉❧❛çã♦✳ ❖❜s❡r✈❛✲s❡ q✉❡ ♦ ❣rá✜❝♦ ❞❛ ♠❛ss❛ t♦t❛❧

✼✾



é ♥ã♦ ❝r❡s❝❡♥t❡ ❡ q✉❡✱ ❛ ♣❛rt✐r ❞❡ t = 20 ♦ ❣rá✜❝♦ é ❞❡❝r❡s❝❡♥t❡✳ ■ss♦ é
❝❛r❛❝t❡ríst✐❝♦ ❡♠ ❝❛♠♣♦s q✉❡ ❞✐s♣❡rs❛♠✳

❆ ✜❣✉r❛ ✻✳✽ ♥♦s r❡✈❡❧❛ q✉❡ ❛ s✐♠✉❧❛çã♦ ♥ã♦ ❛t✐♥❣✐✉ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦
❜✉r❛❝♦ ♥❡❣r♦✱ ❛ ❝✉r✈❛ ❡♠ ✈❡r♠❡❧❤♦ ♥ã♦ ✜❝♦✉ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❛ r❡t❛
❡♠ ❛③✉❧✱ ♣❛r❛ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✐♥t❡rr♦♠♣❡ss❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳ ❆ss✐♠✱ ❛s
✜❣✉r❛s ✻✳✺✱ ✻✳✼ ❡ ✻✳✽ ❣❛r❛♥t❡♠ q✉❡ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ❝♦♠ φ0 = 0, 01✱
❞✐s♣❡rs❛✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❣rá✜❝♦s ♦❜t✐❞♦s✱ ❛♣ós ❛ ❡✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦
❡s❝❛❧❛r ✐♥✐❝✐❛❧ ❞❡ ❛♠♣❧✐t✉❞❡ φ0 = 0, 02✱ ✜❣✉r❛s ✻✳✾✲✻✳✶✸✳ ❊ss❡ é ✉♠ ❡①❡♠♣❧♦
❞❡ ❝❛♠♣♦ q✉❡ ❢♦r♠❛ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❋✐❣✉r❛ ✻✳✾ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 02✳

◆❡ss❡ ❝❛s♦✱ ❛ ✜❣✉r❛ ✻✳✶✸ ♠♦str❛ q✉❡ ❡st❛♠♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s à
❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ❛ ♣♦♥t♦ ❞❡ t❡r♠♦s ❝❡rt❡③❛ ❞❡ q✉❡ ♦ ❡stá❣✐♦
✜♥❛❧ ❞❡ss❡ ❝❛♠♣♦ ❡s❝❛❧❛r é ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳ ❆ ❢✉♥çã♦ ♣❡r✜❧
❞❛ ♠❛ss❛ ✜❝❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠❛ ❞❛ r❡t❛ ❡♠ ❛③✉❧✱ ❛t✐♥❣✐♥❞♦ ♦ ❝r✐tér✐♦ ❞❡
♣❛r❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦✱ q✉❛♥❞♦ s❡ ❝❤❡❣❛ ♠✉✐t♦ ♣ró①✐♠♦ ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦
♥❡❣r♦✳

P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ✈❛❧♦r ❞❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛ ❡stá ❡♥tr❡ 0, 01 ❡ 0, 02✳
◆♦t❛♠♦s q✉❡ é ♠✉✐t♦ ❞✐❢í❝✐❧ ❛t✐♥❣✐r ♦ ✈❛❧♦r ❞❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✱ t❡♥❞❡♥❞♦ ♣♦r
✈❛❧♦r❡s ♠❛✐♦r❡s✱ ❡ é ♠❛✐s ❢á❝✐❧ ❝❤❡❣❛r ❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛ ♣♦r ✈❛❧♦r❡s ♠❡♥♦r❡s✱
♣♦✐s ❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ ♣❛r❛ ❝❛♠♣♦s q✉❡ ❞✐s♣❡rs❛♠✱ é ♠❛✐s rá♣✐❞❛✳

❊ss❛ ✈❡r✐✜❝❛çã♦ ❝♦♥✜r♠❛ ❛ s❡❣✉✐♥t❡ ❢r❛s❡ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹ ✲
s❡çã♦ ✹✳✻✿ ♣❛r❛ s❡ ❛♣r♦①✐♠❛r ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝rít✐❝♦✱ ✉♠❛ ❜♦❛ ❡str❛té❣✐❛ é
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✜❣✉r❛ ✻✳✶✵ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧ ❞❛

♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✳

✜❣✉r❛ ✻✳✶✶ ✲ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❛✉①✐❧✐❛r❡s Φ ❡ Π✳

❢❛③❡r ♦ r❡✜♥❛♠❡♥t♦ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s✳
❖ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ♥ú♠❡r♦ ❞❡ r❡♣❡t✐çã♦✱ ❡✈✐t❛ q✉❡ ❛ s✐♠✉❧❛çã♦ ❝♦♥✲

t✐♥✉❡ ✉♠❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡s♥❡❝❡ssár✐❛✳ ◆♦ ❝❛s♦ ❞❡ ❝❛♠♣♦s ❢r❛❝♦s✱ ❡ss❡
❝r✐tér✐♦ ♥ã♦ ✐♥✢✉❡♥❝✐❛ ❡♠ ♥❛❞❛✳ ❱❡r ❛♥❡①♦ ■✱ ❛rq✉✐✈♦ ❝❤♦♣❊①♣✳♠✱ ♣❛r❛ ♦❜s❡r✲
✈❛r ♦ ❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ ❡ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛✳ P♦ré♠✱ ♥♦ ❝❛s♦ ❞❡ φ0 = 0, 02✱
♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❛t✐♥❣✐❞♦ ❢♦✐ ♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳

✽✶



❋✐❣✉r❛ ✻✳✶✷ ✲ ❊✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛✳

✜❣✉r❛ ✻✳✶✸ ✲ ◆❡ss❡ ❣rá✜❝♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✱ ♥♦ ú❧t✐♠♦ t❡♠♣♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ s✐♠✉❧❛çã♦ ❡ ♦ ❣rá✜❝♦

❞❛ r❡t❛ y = r✳

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❝❤❡❣❛r ♠❛✐s ♣ró①✐♠♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✱ ❛ ❡✈♦❧✉çã♦
t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ❞❡ ❛♠♣❧✐t✉❞❡ φ0 = 0, 0125✱ ❢♦✐ r❡❛❧✐③❛❞❛✳
❆ s❡❣✉✐r ❡stã♦ ❡①♣♦st♦s ❛❧❣✉♥s ❣rá✜❝♦s ♦❜t✐❞♦s✱ ✜❣✉r❛s ✻✳✶✹✲✻✳✶✼✳

❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛ ✜❣✉r❛ ✻✳✶✻✱ ♣❛r❡❝❡ q✉❡ ❢♦r♠♦✉ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♠❛s
s❡ ❛✉♠❡♥t❛r♠♦s ❛ ❡s❝❛❧❛✱ ✜❣✉r❛ ✻✳✶✼✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛
♠❛ss❛ ♥ã♦ t♦❝❛ ❛ r❡t❛✳ ❆ r✐❣♦r✱ ❛♣❡♥❛s ❛s ❢✉♥çõ❡s ❡st❛r❡♠ ❜❡♠ ♣ró①✐♠❛s✱
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❋✐❣✉r❛ ✻✳✶✹ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 0125✳

❋✐❣✉r❛ ✻✳✶✺ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧

❞❛ ♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦

♣❡r✜❧ ❞❛ ♠❛ss❛✳

♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ s❡ ❞✐③❡r q✉❡ ❢♦r♠♦✉ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♠❛s ❡st❛♠♦s
s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s✳ ❊ss❛ s✐♠✉❧❛çã♦ ♥♦s ✐♥❢♦r♠❛ q✉❡ ❡st❛♠♦s ❜❡♠
♣ró①✐♠♦s ❞❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✳ ❆ss✐♠✱ ❡st❛♠♦s ♣ró①✐♠♦s ❞❛ tr❛♥s✐çã♦ ❡♥tr❡
❝❛♠♣♦s q✉❡ ❢♦r♠❛♠ ❜✉r❛❝♦ ♥❡❣r♦ ❡ ❝❛♠♣♦s q✉❡ ❞✐s♣❡rs❛♠✳

❈❡rt❛♠❡♥t❡✱ ❢✉♥❞❛♠❡♥t❛❞♦s ♣❡❧❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞♦s ❝❛♠♣♦s ❡s❝❛✲
❧❛r❡s ✐♥✐❝✐❛✐s q✉❡ ❝♦♥s✐❞❡r❛♠♦s ♥❛ t❛❜❡❧❛ ✻✳✼✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❛ ❛♠♣❧✐t✉❞❡
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❝rít✐❝❛ t❡♠ ♦ ✈❛❧♦r ❞❡✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ (φ0)∗
∼= 0, 013✳

❋✐❣✉r❛ ✻✳✶✻ ✲ ◆❡ss❡ ❣rá✜❝♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✱ ♥♦ ú❧t✐♠♦ t❡♠♣♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ s✐♠✉❧❛çã♦ ❡ ♦ ❣rá✜❝♦

❞❛ r❡t❛ y = r✳

❋✐❣✉r❛ ✻✳✶✼ ✲ ❆✉♠❡♥t♦ ♥❛ ❡s❝❛❧❛ ❞❛ ✜❣✉r❛ ✻✳✶✻✳

❋✐♥❛❧♠❡♥t❡✱ ❛❝❛❜❛♠♦s ❞❡ ❞❡t❡r♠✐♥❛r ✉♠ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦ ♣❛r❛ ♦ ❝❛♠♣♦
❡s❝❛❧❛r ❝rít✐❝♦ q✉❡ ❞❡✜♥❡ ❛ s♦❧✉çã♦ ❝rít✐❝❛ ❡ ❛ s✉♣❡r❢í❝✐❡ q✉❡ ❞❡❧✐♠✐t❛ ❛ tr❛♥✲
s✐çã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s✳

✽✹



◆❛ s❡çã♦ ✻✳✷✱ ❛♣r❡s❡♥t❛♠♦s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❛❧❣✉♥s t✐♣♦s ❞❡ ✐♥t❡r♣♦❧❛✲
çõ❡s ❡ ♥❛ s❡çã♦ ✻✳✸✱ ✜③❡♠♦s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ s✉❛s s✉❜r♦t✐♥❛s✱ ❡①♣❧♦r❛♥❞♦
s❡✉s ❞❡s❡♠♣❡♥❤♦s ❡ s✉❛s ♣❡r❢♦r♠❛♥❝❡s✳

❈♦♠♣❛r❛♥❞♦ ❛s t❛❜❡❧❛s ❞❡ ✻✳✷ ❛ ✻✳✻✱ ❞❛ s❡çã♦ ✻✳✸✱ ❤❛✈í❛♠♦s ♦❜s❡r✈❛❞♦
q✉❡ ❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ❣❛st❛ ♠❡♥♦s t❡♠♣♦ ❞❡ ❈P❯✳ P♦ré♠✱ ♥ã♦ tí♥❤❛♠♦s
❣❛r❛♥t✐❛ ❞❡ q✉❡ ❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ♠❛♥t❡r✐❛ ❛ ♣r❡❝✐sã♦ ♥❡❝❡ssár✐❛✱ ♣❛r❛ s❡
t❡r ✉♠ ❜♦♠ r❡s✉❧t❛❞♦✱ ❛♣ós ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❡rt♦ ❝❛♠♣♦ ❡s❝❛❧❛r✳

❆❣♦r❛ q✉❡ ♦❜t✐✈❡♠♦s ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r
❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✱ ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ❡ ❝♦♠♣❛r❛r♠♦s ♦s
r❡s✉❧t❛❞♦s✳

◆❛ t❛❜❡❧❛ ✻✳✽✱ ❡stã♦ ❡①♣♦st❛s ❛❧❣✉♠❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♠ ♦ ❛❧✲
❣♦r✐t♠♦✱ q✉❡ ✉t✐❧✐③❛ ❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ♥♦s ♣♦♥t♦s ❡①✐❣✐❞♦s ♣❡❧♦ ♠ét♦❞♦
❘✉♥❣❡✲❑✉tt❛✳

❚❛❜❡❧❛ ✻✳✽ ✲ ❚❡♠♣♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❛❧❣✉♥s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s

φ0 t❡♠♣♦ ❣❛st♦ ❞❡ s✐♠✉❧❛çã♦ ✭❡♠ ♠✐♥✉t♦s✮

✵✱✵✵✶ ✵✶✱✶✷
✵✱✵✵✷ ✵✶✱✹✾
✵✱✵✵✸ ✵✶✱✻✹
✵✱✵✵✼ ✵✸✱✹✵
✵✱✵✶✵ ✵✻✱✷✵
✵✱✵✶✺ ✵✽✱✸✹
✵✱✵✷✵ ✵✽✱✻✵

❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❣rá✜❝♦s ♦❜t✐❞♦s ❞❛s s✐♠✉❧❛çõ❡s ❞❛ t❛❜❡❧❛ ✽✳ ❆s
✜❣✉r❛s ✻✳✶✽ ❡ ✻✳✶✾ sã♦ ♦s ❣rá✜❝♦s ♦❜t✐❞♦s ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❞♦ ❝❛♠♣♦
❡s❝❛❧❛r q✉❡ t❡♠ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ φ0 = 0, 02✳

◆♦t❡ q✉❡✱ ♥❛ t❛❜❡❧❛ ✻✳✼✱ ♦ t❡♠♣♦ ❣❛st♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③♦✉ ✐♥t❡r✲
♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✱ ♣❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱
❞❡ ❛♠♣❧✐t✉❞❡ 0, 02✱ ❢♦✐ ❞❡ 967, 48 ♠✐♥✉t♦s✳ ❏á ♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♠ ❛
✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r✱ ✈❡r t❛❜❡❧❛ ✻✳✽✱ ❞❡♠♦r♦✉ 8, 60 ♠✐♥✉t♦s ♣❛r❛ ❢❛③❡r ❛ ♠❡s♠❛
s✐♠✉❧❛çã♦✳

❙❡ ❝♦♠♣❛r❛r♠♦s ❛s ✜❣✉r❛s ✻✳✾ ❡ ✻✳✶✽✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ❛
✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r t❡♠ ❛ q✉❛s❡ ❢♦r♠❛çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ ❛♥t❡s ❞♦ ❛❧❣♦r✐t♠♦
❝♦♠ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✳ ❖✉tr❛ ❞✐❢❡r❡♥ç❛ ❡stá ♥♦s ✈❛❧♦r❡s ❞♦ ❡✐①♦
∂m/∂r✱ ♦♥❞❡ ♥♦ ❝❛s♦ ❧✐♥❡❛r✱ é ❞✉❛s ✈❡③❡s ♠❛✐♦r✳ ■ss♦ ♥♦s ♠♦str❛ ♦ r✐s❝♦ ❞❡
s❡ ✉t✐❧✐③❛r ❛ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r✳

❆ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s s✐♠✉❧❛çõ❡s ♥ú♠❡r✐❝❛s ❝♦♠ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r ❡ ❛s
s✐♠✉❧❛çõ❡s ❝♦♠ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✱ r❡ss❛❧t❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ s❡
♣r❡♦❝✉♣❛r ❝♦♠ ❛ ❡s❝♦❧❤❛ ❞❛ té❝♥✐❝❛ ❞❡ ✐♥t❡r♣♦❧❛çã♦✳

✽✺



❋✐❣✉r❛ ✻✳✶✽ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 02✳

✜❣✉r❛ ✻✳✶✾ ✲ ◆❡ss❡ ❣rá✜❝♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✱ ♥♦ ú❧t✐♠♦ t❡♠♣♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ s✐♠✉❧❛çã♦ ❡ ♦ ❣rá✜❝♦

❞❛ r❡t❛ y = r✳

◆♦ ❞❡❝♦rr❡r ❞❡ss❡ ❝❛♣ít✉❧♦✱ ✈❡r✐✜❝❛♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ✐♥t❡r♣♦❧❛çã♦
♥❛ ❡str✉t✉r❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✺✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱
❡st✉❞❛r❡♠♦s ✉♠ ♦✉tr♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦✳

✽✻



✻✳✻ ❊①❡♠♣❧♦ ❞❡ ❈❤♦♣t✉✐❦

◆❡ss❛ s❡çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠ ❞♦s ♣❡r✜s q✉❡ ❈❤♦♣t✉✐❦ ✭✶✾✾✸✮ ❬✽❪ ❡st✉❞♦✉✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ♦♣t❛r❡♠♦s ♣❡❧♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ ❡s❝♦❧❤✐❞♦ ♣♦r ❈❤♦♣t✉✐❦✱ ♣❛r❛
❢❛③❡r ❝♦♠♣❛r❛çõ❡s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ✻✳✺ ✲ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s
✉♠ ♣❡r✜❧ ❞❡ ●❛✉ss✐❛♥❛ ❞✐❢❡r❡♥t❡ ❞❛ q✉❡ ❈❤♦♣t✉✐❦ ❡st✉❞♦✉✳

◆❛ s❡çã♦ ✷✱ ✈✐♠♦s ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ q✉❡ ❈❤♦♣t✉✐❦ ❡s❝♦❧❤❡✉✱ ❡q✉❛çã♦
✭✷✳✶✶✮✱

φ (r, 0) = φ0r
3exp

(
−
(
r − r0
δ

)q)
.

❈♦♥s✐❞❡r❛♥❞♦ q = 2 ❡ δ = 4✱ t❡♠♦s

φ (r, 0) = φ0r
3exp

(
−
(
r − r0

4

)2
)
. ✭✻✳✺✮

❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♣❡r✜❧ ✭✻✳✺✮ ❡ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ ✉t✐❧✐③❛❞♦ ♥❛ s❡çã♦
✺✳✹✱ ❡q✉❛çã♦ ✭✻✳✹✮✱ r❡❢❡r❡✲s❡ ❛♦ ❢❛t♦ q✉❡✱ ❛ ●❛✉ss✐❛♥❛ ❞❛ ❡q✉❛çã♦ ✭✻✳✺✮ ❡stá
♠❛✐s ❝♦♥❝❡♥tr❛❞❛ ❡♠ r0✱ ❞♦ q✉❡ ❛ ●❛✉ss✐❛♥❛ ❞❛ ❡q✉❛çã♦ ✭✻✳✹✮✳ ❊♠ ♦✉tr❛s
♣❛❧❛✈r❛s✱ ❛ ●❛✉ss✐❛♥❛ ✭✻✳✺✮ t❡♥❞❡ ❛ ③❡r♦✱ ♠❛✐s rá♣✐❞♦ ❞♦ q✉❡ ❛ ●❛✉ss✐❛♥❛
✭✻✳✹✮✳

P❛r❛ ❢❛③❡r ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s✱ ❝♦♠ ♣❡r✜❧
●❛✉ss✐❛♥♦ ✭✻✳✺✮✱ s✉❜st✐t✉✐♠♦s ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ✲ q✉❡ ❝♦♥s✐❞❡r❛ ♦ ♣❡r✜❧ ✭✻✳✹✮
✲ ♣❡❧❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❡ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦ ♣❡r✜❧ ✭✻✳✺✮✳

❋✐①❛♥❞♦ rf = 48 ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦✱ ❡q✉❛çã♦ ✭✻✳✺✮✱ ❝♦♠♦
♣❡r✜❧ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s ❞❡ ✉♠❛ ❞❛❞❛ ❢❛♠í❧✐❛✱ ✜③❡♠♦s ❞♦✐s ❡①❡♠♣❧♦s
❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✱ t❛❜❡❧❛ ✻✳✾✱ ♣❛r❛ ❝♦♠♣❛r❛r ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s
❝♦♠ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ ✭✻✳✹✮ ✲ ❞❛ s❡çã♦ ✺✳✹✳

❚❛❜❡❧❛ ✻✳✾ ✲ ❚❡♠♣♦ ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ❛❧❣✉♥s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ✐♥✐❝✐❛✐s

φ0 t❡♠♣♦ ❣❛st♦ ❞❡ s✐♠✉❧❛çã♦ ✭❡♠ ♠✐♥✉t♦s✮

✵✱✵✵✶✴✽✵✵✵ ✻✱✽✹
✵✱✵✷✵✴✽✵✵✵ ✷✺✽✽✱✶✾

P❛r❛ ❝♦♠♣❛r❛r ❛s s✐♠✉❧❛çõ❡s✱ ❝♦♥s✐❞❡r❛♠♦s

φ0 =
φ0

8000

♥❛s s✐♠✉❧❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♥❛ t❛❜❡❧❛ ✻✳✼✳ ◆♦t❡ q✉❡ ♦s ❞♦✐s ♣❡r✜s sã♦ s❡♠❡✲
❧❤❛♥t❡s✱ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é ♠✉✐t♦ ♣❛r❡❝✐❞❛ q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❛s ✜❣✉r❛s
♦❜t✐❞❛s✱ ❞❛s s✐♠✉❧❛çõ❡s ❡①♣♦st❛s ♥❛ t❛❜❡❧❛ ✻✳✼ ❡ ♥❛ t❛❜❡❧❛ ✻✳✾✳

✽✼



❆♦ ❝♦♠♣❛r❛r ❛s s✐♠✉❧❛çõ❡s ♣❛r❛ φ0 = 0, 02✱ ♥♦t❛♠♦s q✉❡ ❛ ❞✐❢❡r❡♥ç❛
❡♥tr❡ t❡♠♣♦ ❣❛st♦ ♥❛ s✐♠✉❧❛çã♦ é ❣r❛♥❞❡✳ P❛r❛ ♦ ♣❡r✜❧ ✭✻✳✹✮✱ ♦ t❡♠♣♦ ♣❛r❛ ❛
s✐♠✉❧❛çã♦ ❢♦✐ ❞❡ ✾✺✷✱✺✻ ♠✐♥✉t♦s✱ ♣♦ré♠ ♣❛r❛ ♦ ♣❡r✜❧ ✭✻✳✺✮✱ ♦ t❡♠♣♦ ❢♦✐ ✷✺✽✽✱✶✾
♠✐♥✉t♦s✳ ■ss♦ s❡ ❞❡✈❡✉ ❛♦ ❛✉♠❡♥t♦ ❞❛ ♣r❡❝✐sã♦ ♣❛r❛ 10−8✱ ♥❛ s✉❜r♦t✐♥❛ ♦❞❡✹✺✳
❈❛s♦ ❝♦♥trár✐♦✱ ♥ã♦ ❝♦♥s❡❣✉✐rí❛♠♦s ❛t✐♥❣✐r ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ❜✉r❛❝♦
♥❡❣r♦✳ ◆♦ ♣❡r✜❧ ✭✻✳✹✮✱ ✉t✐❧✐③❛♠♦s ❛ ♣r❡❝✐sã♦ ❞❡ 10−6✳

❋✐❣✉r❛ ✻✳✷✵ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 001/8000✳

❋✐❣✉r❛ ✻✳✷✶ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧

❞❛ ♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦

♣❡r✜❧ ❞❛ ♠❛ss❛✳

❆s ✜❣✉r❛s ✻✳✷✵ ❡ ✻✳✷✶✱ ❢♦r❛♠ ♦❜t✐❞❛s ❞❛ s✐♠✉❧❛çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
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✐♥✐❝✐❛❧✱ ❝♦♠ φ0 = 0, 001/8000✳ ❖ ❡stá❣✐♦ ✜♥❛❧ ❞❡ss❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é ❛
❞✐s♣❡rsã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✳

❖ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✻✳✷✵ ♥♦s r❡✈❡❧❛ q✉❡✱ ♠❡s♠♦ ♣❛r❛ ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦
✭✻✳✺✮ q✉❡ ❈❤♦♣t✉✐❦ ❡st✉❞♦✉✱ ❛ s✐♠✉❧❛çã♦ ❝♦♥t✐♥✉❛ s❡♠ ✐♥t❡r❢❡rê♥❝✐❛ ❞❛ ❝♦♥❞✐✲
çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ rf ✳ ❖✉ s❡❥❛✱ ♣❛r❛ ❡ss❡ ♦✉tr♦ ♣❡r✜❧✱ ❛ ❝♦♥❞✐çã♦ ❞❡ r❛❞✐❛çã♦
❝♦♥s✐❞❡r❛❞❛ é s✉✜❝✐❡♥t❡✳

❖s ❣rá✜❝♦s ❞❛ ✜❣✉r❛ ✻✳✷✶ ♠♦str❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ a
❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ♣❡r✜❧ ❞❛ ♠❛ss❛✱ ❞✉r❛♥t❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳

❆s ✜❣✉r❛s ✻✳✷✷✱ ✻✳✷✸ ❡ ✻✳✷✹✱ r❡❢❡r❡♠✲s❡ ❛♦ ❝❛♠♣♦ ❝♦♠ φ0 = 0, 02/8000✱
❝✉❥♦ ❡stá❣✐♦ ✜♥❛❧ é ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❋✐❣✉r❛ ✻✳✷✷ ✲ ●rá✜❝♦ ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛

♠❛ss❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ♣❛r❛ φ0 = 0, 02/8000✳

◆❛ ✜❣✉r❛ ✻✳✷✸✱ ♦ ❣rá✜❝♦ ❞❛ ❡sq✉❡r❞❛ ♥♦s ♠♦str❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❛t✐♥❣✐❞❛
♣❡❧❛ ♠étr✐❝❛✱ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ a✳ ◆♦ ❣rá✜❝♦ ❛ ❞✐r❡✐t❛✱ ❛ ❢✉♥çã♦
m ♥ã♦ ♠✉❞❛ ❞❡ ♣❡r✜❧✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ t✳ ❊ss❛s ❞✉❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦
❡✈✐❞❡♥t❡s ❡♠ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❝✉❥♦ ❡stá❣✐♦ ✜♥❛❧ é ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❈♦♠♣❛r❛♥❞♦ ❛s ✜❣✉r❛s ✭✻✳✷✶✮ ❡ ✭✻✳✷✸✮✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❛s ❞✉❛s ❝❛r❛❝t❡✲
ríst✐❝❛s ♦❜s❡r✈❛❞❛s ✲ ♥♦s ❣rá✜❝♦s ❞❛ ✜❣✉r❛ ✭✻✳✷✸✮ ✲ ♥ã♦ ❛♣❛r❡❝❡♠ ♥♦s ❣rá✜❝♦s
❞❛ ✜❣✉r❛ ✭✻✳✷✶✮✳ ❖✉ s❡❥❛✱ ❛s ❞✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❥✉♥t❛s ♥ã♦ ❛♣❛r❡❝❡♠ ❡♠
❡✈♦❧✉çõ❡s t❡♠♣♦r❛✐s ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ❢r❛❝♦s✳

❆ ✜❣✉r❛ ✻✳✷✹ ❛♣r❡s❡♥t❛ ♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ s❡♥❞♦ ❛t✐♥✲
❣✐❞♦✱ ♦ q✉❡ ♥♦s ❣❛r❛♥t❡ ❛ ❢♦r♠❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

◆♦t❡ q✉❡ ❛s ✜❣✉r❛s ♦❜t✐❞❛s✱ ❡♥tr❡ ❛s s✐♠✉❧❛çõ❡s ❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s
❞❡ ♣❡r✜s ✭✻✳✹✮ ❡ ✭✻✳✺✮✱ sã♦ ♣❛r❡❝✐❞❛s✳ ❉❡ ❢❛t♦✱ ♦ q✉❡ ♠✉❞❛ ❞❡ ✉♠❛ ♣❛r❛
❛ ♦✉tr❛ é ❛ ❝♦♥❝❡♥tr❛çã♦ ❡♠ r0✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❝♦♠♣❛r❛r♠♦s ❛s ❞✉❛s
❡✈♦❧✉çõ❡s t❡♠♣♦r❛✐s✱ ✜❣✉r❛s ✻✳✶ ❡ ✻✳✷✵✱ ♣❡r❝❡❜❡♠♦s ❛♣❡♥❛s ❞✐❢❡r❡♥ç❛ ❡♥tr❡
❛s ❝♦♥❝❡♥tr❛çõ❡s✳

◆❡ss❡ ❝❛s♦✱ t❡♠♦s (0, 01/8000 , 0, 02/8000)✱ ❝♦♠♦ s❡♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ♦♥❞❡
s❡ ❡♥❝♦♥tr❛ ❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✳ ❆ss✐♠✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r ❝♦♠ ♦
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❋✐❣✉r❛ ✻✳✷✸ ✲ ❆ ❡sq✉❡r❞❛ t❡♠♦s ♦ ❣rá✜❝♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ r❛❞✐❛❧

❞❛ ♠étr✐❝❛ ❡ ❛ ❞✐r❡✐t❛✱ t❡♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❛ ❢✉♥çã♦

♣❡r✜❧ ❞❛ ♠❛ss❛✳

❋✐❣✉r❛ ✻✳✷✹ ✲ ◆❡ss❡ ❣rá✜❝♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❛ ❢✉♥çã♦ ♣❡r✜❧

❞❛ ♠❛ss❛✱ ♥♦ ú❧t✐♠♦ t❡♠♣♦ ❛t✐♥❣✐❞♦ ♣❡❧❛ s✐♠✉❧❛çã♦ ❡ ♦ ❣rá✜❝♦

❞❛ r❡t❛ y = r✳

r❡s✉❧t❛❞♦ ❞♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ ✭✻✳✹✮✱ ♦♥❞❡ ♦❜t❡♠♦s (0, 01 , 0, 02) ✲ ✈❡r s❡çã♦
✻✳✺✳

P♦rt❛♥t♦✱ ❝♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❞❛s ❡✈♦❧✉çõ❡s t❡♠♣♦r❛✐s ❞♦s
❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ ❛❝rés❝✐♠♦ ❞♦ ❢❛t♦r r3✱ ♥❛ ●❛✉ss✐❛♥❛
✭✻✳✹✮✱ ❛❧t❡r❛ ♦ ✐♥t❡r✈❛❧♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✱ ♣❡❧♦ ❢❛t♦r 1/8000✳ ❊ss❡ ❢❛t♦r é
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❡①❛t❛♠❡♥t❡ ♦ ♥ú♠❡r♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ φ0 ❡ φ0✳
◆❛s s✐♠✉❧❛çõ❡s ❛♣r❡s❡♥t❛❞❛s✱ ❛s ●❛✉ss✐❛♥❛s ❡stã♦ ❝❡♥tr❛❞❛s ❡♠ r = r0 =

20✳ ◆♦ ♣❡r✜❧ ✭✻✳✺✮✱ ❛ ❡①♣r❡ssã♦ r3 t♦r♥❛ ❛ ❛❧t✉r❛ ❞❛ ●❛✉ss✐❛♥❛ 8000 ✈❡③❡s
♠❛✐♦r✱ ❞♦ q✉❡ ❛ ❛❧t✉r❛ ❞❛ ●❛✉ss✐❛♥❛ ✭✻✳✹✮✳ P♦r ✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s

φ0 =
φ0

8000

♣❛r❛ ❛s s✐♠✉❧❛çõ❡s ❡①♣♦st❛s ♥❛ t❛❜❡❧❛ ✻✳✾✳
P♦r ✜♠✱ ❡①✐st❡♠ ♣♦✉❝❛s ❞✐❢❡r❡♥ç❛s ❛♦ ❝♦♥s✐❞❡r❛r ♦s ♣❡r✜s ●❛✉ss✐❛♥♦s

✭✻✳✹✮ ❡ ✭✻✳✺✮✱ ♣❛r❛ ❡st✉❞❛r ♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡st❡s ❝❛♠♣♦s✳ P♦ré♠✱ ❤á
✉♠❛ ❣r❛♥❞❡ ❞✐❢❡r❡♥ç❛ s❡ ❛ q✉❡stã♦ ❢♦r ♦ t❡♠♣♦ ❣❛st♦ ❞❡ ❈P❯✳

◆❡ss❡ ♣♦♥t♦✱ ❝❤❡❣❛♠♦s ❛♦ tér♠✐♥♦ ❞❡ss❡ tr❛❜❛❧❤♦✳ ❖ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡
s❡rá ❞❡st✐♥❛❞♦ às ❝♦♥❝❧✉sõ❡s ❡❧❛❜♦r❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡ss❛ ❞✐ss❡rt❛çã♦✳
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❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉sõ❡s

❆♦ ❧♦♥❣♦ ❞❡ss❛ ❞✐ss❡rt❛çã♦✱ ❞✐s❝✉t✐♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡♠ ❝♦❧❛♣s♦
❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ ❡ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛
♦s ❢❡♥ô♠❡♥♦s ❞❡s❝♦❜❡rt♦s ♣♦r ❈❤♦♣t✉✐❦✱ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s✳

◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❛❧❣♦r✐t♠♦✱ ♦ ▼ét♦❞♦ ❞❡ ▲✐♥❤❛s ❛❞❛♣t❛t✐✈♦✱ ❝♦♠
r❡✜♥❛♠❡♥t♦ ❡ r❡❣✉❧❛r✐③❛❞♦r✱ ❢♦✐ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❛s s✐♠✉❧❛✲
çõ❡s✳ ❖ ♣♦♥t♦ ❝r✉❝✐❛❧ ❞♦ ❛❧❣♦r✐t♠♦ é q✉❛♥❞♦ ♦ ▼ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ♥❡❝❡ss✐t❛
❢❛③❡r ✐♥t❡r♣♦❧❛çõ❡s✱ ♣❛r❛ ❝♦♥s❡❣✉✐r r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞♦ ❝❛♠♣♦✱ q✉❡ ❡stã♦
r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ♦❜t❡♥çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛✳

❆ ❡str✉t✉r❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ s❡çã♦ ✺✳✷✳✶ ❢♦✐ ❝❛♣❛③ ❞❡ ❡❧❛❜♦r❛r ✉♠ ❛❧❣♦✲
r✐t♠♦✱ q✉❡ s✐♠✉❧❛ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r s❡♠ ♠❛ss❛ ❡♠ ❡s✲
t✉❞♦✳ ❆ ❝♦♥❞✐çã♦ ❞❡ r❛❞✐❛çã♦ ❡s❝♦❧❤✐❞❛✱ ♥❛ s❡çã♦ ✺✳✷✳✸✱ ❣❛r❛♥t✐✉ q✉❡ ❛s
s✐♠✉❧❛çõ❡s ♥ã♦ t✐✈❡ss❡♠ ✐♥✢✉ê♥❝✐❛ ❞❛ ❢r♦♥t❡✐r❛ r = rf ❡ t❛♠❜é♠✱ q✉❡ ♦
❛❧❣♦r✐t♠♦ ♥♦s ❢♦r♥❡❝❡ss❡ r❡s✉❧t❛❞♦s ♣❧❛✉sí✈❡✐s ❡ ❞❡s❡❥á✈❡✐s✳

❆ ❡①t❡♥sã♦ ❞❡ ❝✐♥❝♦ ♣♦♥t♦s✱ r❡❛❧✐③❛❞❛ ♣❛r❛ Π (0, t)✱ s❡çã♦ ✺✳✷✳✸✱ ❛ss❡❣✉r♦✉
❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ Π′ (0, t) = 0 ❡ q✉❡ ♥ã♦ t✐✈éss❡♠♦s ✐♥t❡r❢❡rê♥❝✐❛s ❞❡
❡rr♦s s❡ ♣r♦♣❛❣❛♥❞♦ ❞❛ ♦r✐❣❡♠✳ ❆♦ ❧♦♥❣♦ ❞❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ♥♦s
❝❡rt✐✜❝❛♠♦s q✉❡ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ♠étr✐❝❛ ❢♦✐ ♠❛♥t✐❞❛✳

❆ ❡s❝♦❧❤❛ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❞❡s❡♠♣❡✲
♥❤♦ ❞♦ ❛❧❣♦r✐t♠♦✱ ❡♥tã♦ ✜③❡♠♦s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ três ♠ét♦❞♦s ❞❡ ✐♥t❡r♣♦✲
❧❛çã♦✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r q✉❛❧ s❡ ❛❞❡q✉❛r✐❛ ♠❡❧❤♦r✱ ❛♦ ❛❧❣♦r✐t♠♦ ❞❡s❡♥✈♦❧✈✐❞♦✳

❖♣t❛♠♦s ♣❡❧❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡ ❡ s✐♠✉❧❛♠♦s ❛ ❡✈♦❧✉çã♦
t❡♠♣♦r❛❧ ❞❡ ✈ár✐♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ ❝♦♠ ♣❡r✜❧ ●❛✉ss✐❛♥♦✳ ❉❡❧✐♠✐t❛♠♦s ♦
✐♥t❡r✈❛❧♦ (0, 01, 0, 02)✱ ♦♥❞❡ s❡ ❡♥❝♦♥tr❛ ❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✱ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r
q✉❡ ❡✈♦❧✉✐ ♣❛r❛ ♦ ♣♦♥t♦ ❝rít✐❝♦✳

P❛r❛ ❛ ❛♠♣❧✐t✉❞❡ ❝rít✐❝❛✱ ♦❜t✐✈❡♠♦s ✉♠ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦ ❞❡ (φ0)∗
∼=

0, 013✱ ♠❡❞✐❛♥t❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r✱ ❞❡ ❛♠♣❧✐t✉❞❡ φ0 =
0, 0125✳

❆♥❛❧✐s❛♥❞♦ ❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♥❛ s❡çã♦ ✻✳✺ ✲ t❛❜❡❧❛

✾✸



✻✳✼✱ ✈❡r✐✜❝❛♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿ ❯♠❛ ❜♦❛ ❡str❛té❣✐❛ ♣❛r❛ s❡ ❛♣r♦①✐♠❛r
❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ❝rít✐❝♦ é ❢❛③❡r ♦ r❡✜♥❛♠❡♥t♦ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛ ♣❛rt✐r
❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s✉❛✈❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r ♣❛r❛ ❛
❛♠♣❧✐t✉❞❡ ❝rít✐❝❛ é ❝♦♥✈❡♥✐❡♥t❡ ❢❛③❡r ♦ r❡✜♥❛♠❡♥t♦ ❛ ♣❛rt✐r ❞❡ ❝❛♠♣♦s ❢r❛❝♦s✳

❯♠❛ ♦✉tr❛ ❝♦♥st❛t❛çã♦ q✉❡ s❡ ❢❡③ é q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r s♦❧✉çõ❡s tã♦
♣ró①✐♠❛s q✉❛♥t♦ s❡ q✉❡r✐❛ à s♦❧✉çã♦ ❞❡ ❜✉r❛❝♦ ♥❡❣r♦ ❡ ❞❛ s♦❧✉çã♦ ❝rít✐❝❛✱
❝♦♠ ♦s ❛❧❣♦r✐t♠♦s ❞❡s❡✈♦❧✈✐❞♦s ❡ s✐♠♣❧❡s ❝♦♠♣✉t❛❞♦r❡s ❞❡ ♠❡s❛✳

◆❛ s❡çã♦ ✻✳✻✱ ❡s❝♦❧❤❡♠♦s ♦ ♣❡r✜❧ ●❛✉ss✐❛♥♦ ✭✻✳✺✮ ✉t✐❧✐③❛❞♦ ♣♦r ❈❤♦♣t✐✉❦
❡ ♦ ❝♦♠♣❛r❛♠♦s ❝♦♠ ♦s ❡st✉❞♦s q✉❡ r❡❛❧✐③❛♠♦s ♥❛ s❡çã♦ ✻✳✺✱ ❝♦♠ ♦ ♣❡r✜❧
●❛✉ss✐❛♥♦ ✭✻✳✹✮✳ ❖❜t✐✈❡♠♦s ❣r❛♥❞❡s s❡♠❡❧❤❛♥ç❛s ❡♥tr❡ ❛s ❡✈♦❧✉çõ❡s ❞❡ss❡s
❝❛♠♣♦s ❡ ❡♥❝♦♥tr❛♠♦s ♦ ✐♥t❡r✈❛❧♦ (0, 01/8000 , 0, 02/8000)✳

◆♦ ❞❡❝♦rr❡r ❞❡ss❡ tr❛❜❛❧❤♦✱ ❝♦♥s❡❣✉✐♠♦s ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ ❝♦♥✲
✜á✈❡❧ ❡♠ ▼❛t▲❛❜✱ ❝❛♣❛③ ❞❡ ❢❛③❡r ❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞♦ ❝♦❧❛♣s♦ ❣r❛✲
✈✐t❛❝✐♦♥❛❧✱ s❡♠ ♣r❡❝✐s❛r ❞❡ té❝♥✐❝❛s ❝♦♠♣❧✐❝❛❞❛s ❡ ❝ó❞✐❣♦s ❢♦♥t❡s ❡①t❡♥s♦s ❡
r❡❜✉s❝❛❞♦s✳

✾✹



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆✳ ▼✳ ❆❜r❛❤❛♠s✱ ❈✳ ❘✳ ❊✈❛♥s✱ ❈r✐t✐❝❛❧ ❜❡❤❛✈✐♦r ❛♥❞ s❝❛❧✐♥❣ ✐♥ ✈❛❝✉✉♠
❛①✐ss②♠♠❡tr✐❝ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✈✳ ✼✵✱ ♣✳ ✷✾✽✵✲
✷✾✽✸✱ ✶✾✾✸✳

❬✷❪ ❘✳ ❆r♥♦✇✐tt✱ ❙✳ ❉❡s❡r ❡ ❈✳ ▼✐s♥❡r✱ ❚❤❡ ❉②♥❛♠✐❝s ♦❢ ●❡♥❡r❛❧ ❘❡❧❛t✐✈✐t②✳
■♥✿ ●r❛✈✐t❛t✐♦♥✿ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝✉rr❡♥t r❡s❡❛r❝❤✱ ▲♦✉✐s ❲✐tt❡♥ ❡❞✳
✭❲✐❧❡② ✶✾✻✷✮✱ ❝❤❛♣t❡r ✼✱ ♣♣ ✷✷✼✲✷✻✺✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✷✳

❬✸❪ P✳ ❇❡r❣♠❛♥♥✱ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❚❡♦r② ♦❢ ❘❡❧❛t✐✈✐t②✳ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥✱
◆❡✇ ❨♦r❦✱ ✶✾✼✻✳

❬✹❪ ❉✳ ❇✐r♠✐♥❣❤❛♠✱ ❙✳ ❙❡♥✱ ●♦tt t✐♠❡ ♠❛❝❤✐♥❡s✱ ❇❚❩ ❜❧❛❝❦ ❤♦❧❡ ❢♦r♠❛t✐♦♥
❛♥❞ ❈❤♦♣t✉✐❦ s❝❛❧✐♥❣✳ P❤②s ❘❡✈✳ ▲❡tt✳✱ ✈✳ ✽✹✱ ♣✳ ✶✵✼✹✲✶✵✼✼✱ ❋❡❜✳ ✷✵✵✵✳

❬✺❪ P✳ ❇r❛❞②✱ ❙❡❧❢✲s✐♠✐❧❛r s❝❛❧❛r ✜❡❧❞ ❝♦❧❧❛♣s❡✿ ♥❛❦❡❞ s✐♥❣✉❧❛r✐t✐❡s ❛♥❞ ❝r✐✲
t✐❝❛❧ ❜❡❤❛✈✐♦r✳ P❤②s✳ ❘❡✈✳ ❉✱ ✈✳ ✺✶✱ ♥✳ ✽✱ ♣✳ ✹✶✻✽✲✹✶✼✻✱ ❆♣r✐❧ ✶✾✾✺✳

❬✻❪ ❇✳ ❏✳ ❈❛rr✱ ❈✳ ●✉♥❞❧❛❝❤✱ ❙♣❛❝❡t✐♠❡ str✉❝t✉r❡ ♦❢ s❡❧❢✲s✐♠✐❧❛r s♣❤❡r✐❝❛❧❧②
s②♠♠❡tr✐❝ ♣❡r❢❡❝t ✢✉✐❞ s♦❧✉t✐♦♥s✳ P❤②s✳ ❘❡✈ ❉✱ ✈✳ ✻✼✱ ✵✷✹✵✸✺✭✶✸✮✱ ❏❛♥✳
✷✵✵✸✳

❬✼❪ ▼✳ ❲✳ ❈❤♦♣t✉✐❦✱ ❈r✐t✐❝❛❧ ❇❡❤❛✈✐♦r ✐♥ ♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞ ❝♦❧❧❛♣s❡✳
■♥✿ ❞✬■♥✈❡r♥♦ ❘✳ ❆♣♣r♦❛❝❤❡s t♦ ◆✉♠❡r✐❝❛❧ ❘❡❧❛t✐✈✐t②✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠✲
❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✷✱ ♣✳ ✷✵✷✲✷✶✵✳

❬✽❪ ▼✳ ❲✳ ❈❤♦♣t✉✐❦✱ ❯♥✐✈❡rs❛❧✐t② ❛♥❞ s❝❛❧✐♥❣ ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ♦❢ ❛
♠❛ss❧❡ss s❝❛❧❛r ✜❡❧❞✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳ ✱ ✈✳ ✼✵✱ ♥✳ ✶✱ ♣✳ ✾✕✶✷✱ ❏❛♥✳ ✶✾✾✸✳

❬✾❪ ❉✳ ❈❤r✐st♦❞♦✉❧♦✉✱ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ s❡❧❢✲❣r❛✈✐t❛t✐♥❣ s❝❛❧❛r ✜❡❧❞✳ ❈♦♠♠✳
▼❛t❤✳ P❤②s✳ ✱ ✶✵✺✱ ♣✳ ✸✸✼✲✸✻✶✱ ✶✾✽✻✳
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♦♥❛❧ ❝♦❧❧❛♣s❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✈✳ ✺✾✱ ♣✳ ✷✶✸✼✲✷✶✹✾✱ ◆♦✈✳ ✶✾✽✼✳

❬✸✼❪ ❨✳ P❡❧❡❣✱ ❆ ❙t❡✐❢✱ P❤❛s❡ tr❛♥s✐t✐♦♥ ❢♦r ❣r❛✈✐t❛t✐♦♥❛❧❧② ❝♦❧❧❛♣s✐♥❣ ❞✉st
s❤❡❧❧s ✐♥ 2 + 1 ❞✐♠❡♥s✐♦♥❛❧✳ P❤②s✳ ❘❡✈✳ ❉✱ ✈✳ ✺✶✱ ♥✳ ✽✱ ♣✳ ❘✸✾✾✷✲❘✸✾✾✻✱
❆♣r✐❧ ✶✾✾✺✳

✾✼



❬✸✽❪ ▼✳❏✳❉✳ P♦✇❡❧❧✱ ❆♣♣r♦①✐♠❛t✐♦♥ t❤❡♦r② ❛♥❞ ♠❡t❤♦❞s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡r✲
s✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✾✶✳

❬✸✾❪ ❲✳ ❍✳ Pr❡ss✱ ❇✳ P✳ ❋❧❛♥♥❡r②✱ ❙✳ ❆✳ ❚❡✉❦♦❧s❦②✱ ❲✳ ❚✳ ❱❡tt❡r❧✐♥❣✱ ◆✉♠❡✲
r✐❝❛❧ ❘❡❝✐♣❡s ✲ t❤❡ ❆rt ♦❢ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✶✾✽✻✳

❬✹✵❪ ❋✳ Pr❡♦r✐✉s✱ ▼✳ ❲✳ ❈❤♦♣t✉✐❦✱ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ✐♥ ✷✰✶ ❞✐♠❡♥s✐♦♥❛❧
❆❞❙ s♣❛❝❡t✐♠❡✳ P❤②s✳ ❘❡✈✳ ❉✱ ✈✳ ✻✷✱ ✶✷✹✵✶✷✱ ◆♦✈✳ ✷✵✵✵✳

❬✹✶❪ ▼✳ ❉✳ ❘♦❜❡rts✱ ❙❝❛❧❛r ✜❡❧❞ ❝♦✉♥t❡r❡①❛♠♣❧❡s t♦ t❤❡ ❝♦s♠✐❝ ❝❡♥s♦rs❤✐♣
❤②♣♦t❤❡s✐s✳ ●❡♥✳ ❘❡❧✳ ●r❛✈✳✱ ✈✳ ✷✶✱ ♣✳ ✾✵✼✲✾✸✾✱ ✶✾✽✾✳

❬✹✷❪ ▼✳ ❆✳ ●✳ ❘✉❣❣✐❡r♦✱ ❱✳ ▲✳ ❘✳ ▲♦♣❡s✱ ❈á❧❝✉❧♦ ◆✉♠ér✐❝♦ ✲ ❆s♣❡❝t♦s ❚❡ó✲
r✐❝♦s ❡ ❈♦♠♣✉t❛❝✐♦♥❛✐s✳ ✷ ❡❞ ✳▼❛❦r♦♥ ❇♦♦❦s✱ ❙ã♦ P❛✉❧♦✱ ✶✾✾✻✳

❬✹✸❪ P✳ ❙❛✉❝❡③✱ ❆✳ ❱✳ ❲♦✉✇❡r✱ ❲✳ ❊✳ ❙❝❤✐❡ss❡r✳ ❆❞❛♣t✐✈❡ ▼❡t❤♦❞ ♦❢ ▲✐♥❡s✳
❈❤❛♣♠❛♥ ✫ ❍❛❧❧✴❈❘❈✱ ❋❧♦r✐❞❛✱ ✷✵✵✶✳

❬✹✹❪ ❘✳ ▼✳ ❲❛❧❞✱ ●r❛✈✐t❛t✐♦♥❛❧ ❝♦❧❧❛♣s❡ ❛♥❞ ❝♦s♠✐❝ ❝❡♥s♦rs❤✐♣✳ ❆P❙ ♠❡❡t✐♥❣✱
❆♣r✐❧ ✶✾✾✼✳

❬✹✺❪ ❏✳ ❆✳ ❈✳ ❲❡✐❞❡♠❛♥✱ ❙♣❡❝tr❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♠❛tr✐❝❡s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧
s♦❧✉t✐♦♥ ♦❢ ❙❝❤rö❞✐♥❣❡r✬s ❡q✉❛t✐♦♥✳ ❏✳ P❤②s✳ ❆✿ ▼❛t❤✳ ●❡♥✳✱ ✈✳ ✸✾✱ ♣✳
✶✵✷✷✾✲✶✵✷✸✼✱ ❋❡❜✳ ✷✵✵✻✳

✾✽



❆♥❡①♦ ■ ✲ ❛rq✉✐✈♦s ❞♦ ❛❧❣♦r✐t♠♦

❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r

✾✾



◆❡ss❡ ❛♥❡①♦✱ ♠♦str❛r❡♠♦s ♦s ❛rq✉✐✈♦s q✉❡ ❡❧❛❜♦r❛♠♦s✱ ♣❛r❛ t❡r♠♦s ♦
❛❧❣♦r✐t♠♦ q✉❡ ❢❛③ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✳ ❆ s❡❣✉✐r✱
❡①♣♦♠♦s ❝❛❞❛ ❛rq✉✐✈♦ ❡ ❛ s✉❛ ♣r✐♥❝✐♣❛❧ ❢✉♥çã♦✳

❛t③❡r♦✳♠ ✲ ❆rq✉✐✈♦ q✉❡ ❡st❛❜❡❧❡❝❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♥❛ ♦r✐❣❡♠✳
❝❤♦♣❊①♣✳♠ ✲ ❊ss❡ é ♦ ❛rq✉✐✈♦ ❝❡♥tr❛❧✱ ♣♦✐s é ❛ ♣❛rt✐r ❞❡❧❡ q✉❡ ♦ ❛❧✲

❣♦r✐t♠♦ é ❡①❡❝✉t❛❞♦ ♥♦ t❡r♠✐♥❛❧ ❞♦ ▼❛t▲❛❜ ✲ ♣❡❧♦ ❝♦♠❛♥❞♦ ❝❤♦♣❊①♣✭rf✮❀✳
❙✉❛ ♣r✐♥❝✐♣❛❧ ❢✉♥çã♦ é ❢❛③❡r ♦ ❧❛ç♦ ❞❡ r❡♣❡t✐çã♦ t❡♠♣♦r❛❧ ❛té ❛t✐♥❣✐r ✉♠ ❞♦s
❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛✳

❈♦♠♣❉❛t❛✳♠ ✲ ❆rq✉✐✈♦ ♦♥❞❡ s❡ ❞❡✜♥❡ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✳
❢❞✺♣t✳♠ ✲ ❆rq✉✐✈♦ q✉❡ ❝♦♥té♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ●r❡❣ ✈♦♥ ❲✐♥❝❦❡❧✱ ❞❡s❡♥✲

✈♦❧✈✐❞♦ ♣❛r❛ ❝❛❧❝✉❧❛r ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❝✐♥❝♦ ♣♦♥t♦s✳
P❧♦t❉❛t❛✳♠ ✲ ◆❡ss❡ ❛rq✉✐✈♦✱ ❞❡✜♥✐♠♦s ♦s ❣rá✜❝♦s ❞❡ s❛í❞❛ ❞♦ ❛❧❣♦r✐t♠♦✳
P❧♦t❚❡♠♣✳♠ ✲ ▼❛✐s ✉♠ ❛rq✉✐✈♦ ❞❡st✐♥❛❞♦ ❛ s❛í❞❛ ❞♦ ❛❧❣♦r✐t♠♦✳
❙♣❛❝❡❉❛t❛✳♠ ✲ ◆❡ss❡ ❛rq✉✐✈♦✱ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ✭✷✳✽✮

❡ ✭✷✳✾✮✱ sã♦ r❡s♦❧✈✐❞❛s ♣❡❧♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛ ❡ ♦ t❛♠❛♥❤♦ ♣ró①✐♠♦ ♣❛ss♦
t❡♠♣♦r❛❧ é ❡st❛❜❡❧❡❝✐❞♦✳ ◆♦t❡ q✉❡✱ ♥❡ss❡ ❛rq✉✐✈♦ ❡♥❝♦♥tr❛✲s❡ ❛ ✐♥t❡r♣♦❧❛çã♦
❡①✐❣✐❞❛ ♣❡❧♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛✳

t✐♠❡❊✈♦❧✳♠ ✲ ❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✱ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s
✭✷✳✻✮ ❡ ✭✷✳✼✮✱ é ❡❢❡t✉❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❘✉♥❣❡✲❑✉tt❛✱ ❞❡♥tr♦ ❞♦ ♣❛ss♦ t❡♠♣♦r❛❧
❡st❛❜❡❧❡❝✐❞♦✳

❆ s❡❣✉✐r✱ ❝♦❧♦❝❛♠♦s t♦❞♦s ♦s ❛rq✉✐✈♦s ♥❛ s❡qüê♥❝✐❛ ❡①♣♦st❛ ❛❝✐♠❛✱ ✉♠
❡♠ ❝❛❞❛ ♣á❣✐♥❛ q✉❛♥❞♦ ♣♦ssí✈❡❧✳

✶✵✵



❢✉♥❝t✐♦♥ P✶❂❛t③❡r♦✭❞①✱❋✮

✐❢ ❧❡♥❣t❤✭❞①✮❂❂✹ ⑤⑤ ❧❡♥❣t❤✭❋✮❂❂✹✱

❞①✶❂❞①✭✶✮❀❞①✷❂❞①✭✷✮❀❞①✸❂❞①✭✸✮❀❞①✹❂❞①✭✹✮❀

❋✷❂❋✭✶✮❀❋✸❂❋✭✷✮❀❋✹❂❋✭✸✮❀❋✺❂❋✭✹✮❀

❡❧s❡

❡rr♦r✭✬s✐③❡ ♠✐s♠❛t❝❤✬✮❀

❡♥❞

t✶ ❂ ✭❞①✸ ❫ ✷✮❀

t✷ ❂ ✭t✶ ❫ ✷✮❀

t✸ ❂ ✭t✷ ✯ t✶✮❀

t✹ ❂ ✭❞①✹ ✯ t✸✮❀

t✻ ❂ ✭❞①✷ ✯ ❋✷ ✯ ❞①✶✮❀

t✾ ❂ ✭t✶ ✯ ❞①✸✮❀

t✶✵ ❂ ✭❞①✹ ❫ ✷✮❀

t✶✶ ❂ ✭t✶✵ ❫ ✷✮❀

t✶✷ ❂ ✭t✶✶ ✯ t✾✮❀

t✶✺ ❂ ✭❞①✶ ❫ ✷✮❀

t✶✻ ❂ ✭t✶✺ ❫ ✷✮❀

t✶✼ ❂ ✭t✶✻ ✯ ❞①✶✮❀

t✶✽ ❂ ✭❞①✷ ❫ ✷✮❀

t✷✵ ❂ ❞①✹ ✯ ❞①✸❀

t✷✶ ❂ ✭❋✸ ✯ t✷✵✮❀

t✷✹ ❂ ✭t✶✽ ✯ ❞①✷✮❀

t✷✺ ❂ ✭t✷✹ ✯ t✶✻✮❀

t✷✻ ❂ ✭❋✹ ✯ t✷✵✮❀

t✷✾ ❂ ✭t✶ ✯ t✶✼✮❀

t✸✵ ❂ ✭❞①✷ ✯ ❞①✹✮❀

t✸✶ ❂ ✭❋✹ ✯ t✸✵✮❀

t✸✹ ❂ ✭t✶✺ ✯ t✷✹✮❀

t✸✺ ❂ ✭t✶✵ ✯ ❞①✹✮❀

t✸✻ ❂ ✭t✸✺ ✯ ❞①✸✮❀

t✹✵ ❂ ✭❋✷ ✯ t✸✵✮❀

t✹✸ ❂ ✭t✶✽ ✯ t✶✺✮❀

t✹✹ ❂ t✶ ✯ t✸✺❀

t✹✺ ❂ ✭❋✷ ✯ t✹✹✮❀

t✹✽ ❂ ✭t✶✺ ✯ ❞①✶✮❀

t✹✾ ❂ ✭❞①✷ ✯ t✹✽✮❀

t✺✵ ❂ ✭❋✸ ✯ t✹✹✮❀

t✺✸ ❂ ✭❞①✷ ✯ t✶✺✮❀

t✺✹ ❂ ✭t✷ ✯ ❞①✸✮❀

t✺✺ ❂ ✭❞①✹ ✯ t✺✹✮❀

t✺✾ ❂ ✭t✶✵ ✯ t✷✮❀

t✻✵ ❂ ✭❋✷ ✯ t✺✾✮❀

t✻✸ ❂ ✭❞①✸ ✯ t✹✽✮❀

t✻✹ ❂ ✭t✶✶ ✯ ❋✷✮❀

t✻✺ ❂ ✭❞①✷ ✯ t✻✹✮❀

t✻✽ ❂ ✭❞①✷ ✯ t✶✻✮❀

t✻✾ ❂ ✭t✶✵ ✯ t✶✮❀

✶✵✶



t✼✵ ❂ ✭❋✸ ✯ t✻✾✮❀

t✼✸ ❂ ✷ ✯ t✻ ✯ t✹ ✰ ✷ ✯ t✻ ✯ t✶✷ ✲ ✶✷ ✯ t✷✶ ✯ t✶✽ ✯ t✶✼ ✰

✷✹ ✯ t✷✻ ✯ t✷✺ ✰ ✻ ✯ t✸✶ ✯ t✷✾ ✰ ✹ ✯ ❋✹ ✯ t✸✻ ✯ t✸✹ ✰

✻ ✯ t✹✵ ✯ t✷✾ ✰ ✹✷ ✯ t✹✺ ✯ t✹✸ ✲ ✷✹ ✯ t✺✵ ✯ t✹✾ ✲

✻ ✯ ❋✸ ✯ t✺✺ ✯ t✺✸ ✰ ✸✵ ✯ t✻✵ ✯ t✺✸ ✰ ✹ ✯ t✻✺ ✯ t✻✸ ✲ ✸✻ ✯ t✼✵ ✯ t✻✽❀

t✼✹ ❂ ✭❞①✹ ✯ t✾✮❀

t✼✺ ❂ ❋✸ ✯ t✼✹❀

t✼✽ ❂ ✭t✸✺ ✯ t✶✻✮❀
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s♣r✐♥t❢✭✬✪s ✪❣✬✱✬❈P❯ ❚✐♠❡ ❊st✐♠❛t❡ ✐♥ ♠✐♥✉t❡s✬✱t❡♠♣♦❝♦♠♣✮

❬❘✱❚✱r❞✱❚❞✱❛✷❞✱❋❞✱P❞✱♠❞❪❂P❧♦t❉❛t❛✭r✱r❞✐s♣❧❛②✱❆❛✷✱♠✱▼❛ss✭✶✿♥t✮✱♥t✱✳✳✳

✶✵✻



❚t✭✶✿♥t✮✱❛✷t✭✿✱✶✿♥t✮✱❋t✭✿✱✶✿♥t✮✱Pt✭✿✱✶✿♥t✮✱♠t✭✿✱✶✿♥t✮✮❀

❜❡❡♣❀

❡♥❞

✶✵✼



❢✉♥❝t✐♦♥ ❬t❢✱◆t✐♠❡s✱r✵✱◆♣♦✐♥ts✱r✱❞r♠✐♥✱❞t✱❆❛✷✱❆❢❴❆❛✱♠✱❋✱P❪❂❈♦♠♣❉❛t❛✭r♠❛①✮

♣❤✐✵❂✶❡✲✸❀ ❞❡❧t❛❂✹❀ r✵❂r♠❛①✴✷✲❞❡❧t❛❀

❬r✱❋❪❂●❛✉ssPr♦❢✭♣❤✐✵✱r✵✱❞❡❧t❛✱r♠❛①✮❀ P❂③❡r♦s✭s✐③❡✭r✮✮❀ ✪ ●❆❯❙❙■❆◆ P❘❖❋■▲❊

✪ ❙❖▲❱❊ ❊◗❯❆❚■❖◆ ❋❖❘ ❆❛✷ ❆◆❉ ●❊❚ ❚❍❊ ❆❉❆P❚❆❚■❱❊ ●❘■❉

❬◆♣♦✐♥ts✱r✱❞r♠✐♥✱❞t✱❆❛✷✱❆❢❴❆❛✱♠✱❋✱P❪❂❙♣❛❝❡❉❛t❛✭r✱❋✱P✮❀

t❢❂✷✯r✵ ❀ ◆t✐♠❡s❂✶✵✯❢❧♦♦r✭t❢✴❞r♠✐♥✮❀

❡♥❞

❢✉♥❝t✐♦♥ ❬r✱❋❪❂●❛✉ssPr♦❢✭♣❤✐✵✱r✵✱❞❡❧t❛✱r♠❛①✮

❞r♠❛①❂✵✳✹✯❞❡❧t❛❫✷✴r✵❀ r✐❂✵✿❞r♠❛①✿r♠❛①❀ rr✵❞❂✭r✐✲r✵✮✴❞❡❧t❛❀

♣❤✐❂♣❤✐✵✯❡①♣✭✲rr✵❞✳❫✷✮❀ ❞r❂❞r♠❛①✳✴✭✶✰❛❜s✭❞✐❢❢✭♣❤✐✮✮✮❀ ✪ ◆❖◆ ❯◆■❋❖❘▼ ●❘■❉

❋✐❂✲♣❤✐✵✯✷✯rr✵❞✳✯❡①♣✭✲rr✵❞✳❫✷✮❀ ❋✐✭✶✮❂✵❀ ✪ r✵❃❃✵ ❋❂❉♣❤✐✴❉r

r♥❡✇❂❝✉♠s✉♠✭❞r✮❀

✐❢ r♥❡✇✭❡♥❞✮ ❃ r♠❛①

◆♣❂r♥❡✇✭r♥❡✇❃r♠❛①✮❀

r♥❡✇❂❬r♥❡✇✭✶✿◆♣✲✶✮✱r♠❛①❪❀

❡❧s❡

r♥❡✇❂❬r♥❡✇✱r♠❛①❪❀

❡♥❞

r❢❂❬✵✱r♥❡✇❪❀

❋❂s♣❧✐♥❡✭r✐✱❋✐✱r❢✮❀❋✭✶✮❂✵❀

r❂r❢❀

❡♥❞

✶✵✽



❢✉♥❝t✐♦♥ ❉❂❢❞✺♣t✭①✮

✪ ❲r✐tt❡♥ ❜②✿ ●r❡❣ ✈♦♥ ❲✐♥❝❦❡❧ ✲ ✵✼✴✶✷✴✵✺

✪ ❈♦♥t❛❝t✿ ❣r❡❣✈✇✭❛t✮❝❤t♠✭❞♦t✮✉♥♠✭❞♦t✮❡❞✉

◆✶❂❧❡♥❣t❤✭①✮❀ ◆❂◆✶✲✶❀ ❉❂③❡r♦s✭◆✶✮❀ ✪❉✷❂❉❀

✪ ■♥t❡r✐♦r ♣♦✐♥ts

❢♦r ❦❂✸✿◆✲✶

♥❂✭❦✲✷✮✿✭❦✰✷✮❀ ❆❂❝♦❧❧♦❝❉✭①✭♥✮✮❀

✪❆✷❂❆✯❆❀

❉✭❦✱♥✮❂❆✭✸✱✿✮❀ ✪❉✷✭❦✱♥✮❂❆✷✭✸✱✿✮❀

❡♥❞

✪ ❇♦✉♥❞❛r② ♣♦✐♥ts

❆❂❝♦❧❧♦❝❉✭①✭✶✿✺✮✮❀ ✪❆✷❂❆✯❆❀

❉✭✶✱✶✿✺✮❂❆✭✶✱✿✮❀ ❉✭✷✱✶✿✺✮❂❆✭✷✱✿✮❀

✪❉✷✭✶✱✶✿✺✮❂❆✷✭✶✱✿✮❀ ✪❉✷✭✷✱✶✿✺✮❂❆✷✭✷✱✿✮❀

❞❡①❂✭◆✲✸✮✿◆✶❀ ❆❂❝♦❧❧♦❝❉✭①✭❞❡①✮✮❀ ✪❆✷❂❆✯❆❀

❉✭◆✱❞❡①✮❂❆✭✹✱✿✮❀ ❉✭◆✶✱❞❡①✮❂❆✭✺✱✿✮❀

✪❉✷✭◆✱❞❡①✮❂❆✷✭✹✱✿✮❀ ✪❉✷✭◆✶✱❞❡①✮❂❆✷✭✺✱✿✮❀

❉❂s♣❛rs❡✭❉✮❀

❡♥❞

❢✉♥❝t✐♦♥ ❉❂❝♦❧❧♦❝❉✭①✮

①❂①✭✿✮❀ ◆❂❧❡♥❣t❤✭①✮❀ ◆✶❂◆✰✶❀ ◆✷❂◆✯◆❀

❳❂r❡♣♠❛t✭①✱✶✱◆✮❀ ❳❞✐❢❢❂❳✲❳✬✰❡②❡✭◆✮❀

❲❂r❡♣♠❛t✭✶✳✴♣r♦❞✭❳❞✐❢❢✱✷✮✱✶✱◆✮❀

❉❂❲✳✴✭❲✬✳✯❳❞✐❢❢✮❀

❉✭✶✿◆✶✿◆✷✮❂✶✲s✉♠✭❉✮❀ ❉❂✲✭❉✬✮❀

❡♥❞

✶✵✾



❢✉♥❝t✐♦♥ ❬❘✱❚✱r❞✱❚❞✱❛✷❞✱❋❞✱P❞✱♠❞❪❂P❧♦t❉❛t❛✭r✱r❞✐s♣❧❛②✱❆❛✷✱♠✱✳✳✳

▼❛ss✱♥t✱❚t✱❛✷t✱❋t✱Pt✱♠t✮

r❞❂r❞✐s♣❧❛②❀

❚❞❂❧✐♥s♣❛❝❡✭✵✱❚t✭♥t✮✱✶✵✵✮❀

❛✷❞❂♣❝❤✐♣✭❚t✱❛✷t✱❚❞✮❀

❋❞❂♣❝❤✐♣✭❚t✱❋t✱❚❞✮❀

P❞❂♣❝❤✐♣✭❚t✱Pt✱❚❞✮❀

♠❞❂♣❝❤✐♣✭❚t✱♠t✱❚❞✮❀

❬❚✱❘❪❂♠❡s❤❣r✐❞✭❚❞✱r❞✮❀

❞♠❞r❂✷✯♣✐✯✭❘✳✴❛✷❞✮✳❫✷✳✯✭❋❞✳❫✷✰P❞✳❫✷✮❀

✪s❛✈❡ ❝❤♦♣❊①♣❀

❢✐❣✉r❡❀

♣❧♦t✭r✱♠✱✬✲r✬✱r✱r✳✴✷✱✬✲❜✬✮❀t✐t❧❡✭✬❇✉r❛❝♦ ◆❡❣r♦❄✬✮❀

①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬♠✬✮❀

❢✐❣✉r❡❀

♣❧♦t✭r✱❆❛✷✮❀ t✐t❧❡✭✬❋✐♥❛❧ ▼❡tr✐❝ ❛❫✷✬✮❀

①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬❛❫✷✬✮❀

❛①✐s t✐❣❤t❀

❢✐❣✉r❡❀

s✉❜♣❧♦t✭✶✱✷✱✶✮❀

♣❧♦t✭r✱♠✮❀ t✐t❧❡✭✬❋✐♥❛❧ ▼❛ss Pr♦❢✐❧❡✬✮❀

①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬♠✬✮❀

❛①✐s t✐❣❤t❀

s✉❜♣❧♦t✭✶✱✷✱✷✮❀

♣❧♦t✭❚t✱▼❛ss✮❀ t✐t❧❡✭✬❚♦t❛❧ ▼❛ss ❊✈♦❧✉t✐♦♥✬✮❀

①❧❛❜❡❧✭✬t✬✮❀②❧❛❜❡❧✭✬▼✬✮❀

❛①✐s t✐❣❤t❀

❢✐❣✉r❡❀

s✉❜♣❧♦t✭✶✱✷✱✶✮❀

s✉r❢✭❘✱❚✱❛✷❞✮❀ t✐t❧❡✭✬▼❡tr✐❝ ❋✉♥❝t✐♦♥✬✮❀

s❤❛❞✐♥❣✭✬✐♥t❡r♣✬✮❀❛①✐s t✐❣❤t❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀③❧❛❜❡❧✭✬❛❫✷✬✮❀

s✉❜♣❧♦t✭✶✱✷✱✷✮❀

s✉r❢✭❘✱❚✱♠❞✮❀ t✐t❧❡✭✬▼❛ss ❋✉♥❝t✐♦♥✬✮❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀③❧❛❜❡❧✭✬♠✬✮❀

s❤❛❞✐♥❣✭✬✐♥t❡r♣✬✮❀❛①✐s t✐❣❤t❀

❢✐❣✉r❡❀

s✉❜♣❧♦t✭✶✱✷✱✶✮❀

s✉r❢✭❘✱❚✱❋❞✮❀ t✐t❧❡✭✬❭P❤✐✬✮❀

s❤❛❞✐♥❣✭✬✐♥t❡r♣✬✮❀❛①✐s t✐❣❤t❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀③❧❛❜❡❧✭✬❭P❤✐✬✮❀

s✉❜♣❧♦t✭✶✱✷✱✷✮❀

s✉r❢✭❘✱❚✱P❞✮❀ t✐t❧❡✭✬❭P✐✬✮❀

s❤❛❞✐♥❣✭✬✐♥t❡r♣✬✮❀❛①✐s t✐❣❤t❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀③❧❛❜❡❧✭✬❭P✐✬✮❀

❢✐❣✉r❡❀

❝♦♥t♦✉r❢✭❘✱❚✱✭❋❞✳❫✷✰P❞✳❫✷✮✮❀ t✐t❧❡✭✬❭P❤✐❫✷✰❭P✐❫✷✬✮❀

❛①✐s t✐❣❤t❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀③❧❛❜❡❧✭✬❭P❤✐❫✷✰❭P✐❫✷✬✮❀

❢✐❣✉r❡❀

s✉r❢✭❘✱❚✱❞♠❞r✮❀ t✐t❧❡✭✬❭♣❛rt✐❛❧ ♠✴❭♣❛rt✐❛❧ r✬✮❀

s❤❛❞✐♥❣✭✬✐♥t❡r♣✬✮❀❛①✐s t✐❣❤t❀①❧❛❜❡❧✭✬r✬✮❀②❧❛❜❡❧✭✬t✬✮❀

✶✶✵



③❧❛❜❡❧✭✬❭♣❛rt✐❛❧ ♠✴❭♣❛rt✐❛❧ r✬✮❀

❡♥❞

✶✶✶



❋✷P✷❂✭❋❞✳❫✷✰P❞✳❫✷✮❀

❧❡✈❂✶❡✲✺✯✭✵✿✵✳✻✿✷✹✮❀

✪❢✐❣✉r❡❀ s✉r❢✭❘✱❚✱❋✷P✷✮❀

❝♦♥t♦✉r❢✭❘✱❚✱❋✷P✷✱❧❡✈✮❀ t✐t❧❡✭✬❭P❤✐❫✷✰❭P✐❫✷✬✮❀

❛①✐s t✐❣❤t❀

✶✶✷



❢✉♥❝t✐♦♥ ❬◆♣♦✐♥ts✱r❣✱❞r♠✐♥✱❞t✱❆❛✷✱❆❢❴❆❛✱♠✱❋✱P❪❂❙♣❛❝❡❉❛t❛✭r✐✱❋✐✱P✐✮

r♠❛①❂r✐✭❡♥❞✮❀

st❡♣❂r♠❛①✴✶✵✵❀

✪♦♣ts ❂ ♦❞❡s❡t✭✬❘❡❧❚♦❧✬✱✶❡✲✻✱✬❘❡❢✐♥❡✬✱✻✮❀

♦♣ts ❂ ♦❞❡s❡t✭✬❘❡❧❚♦❧✬✱✶❡✲✻✱✬▼❛①❙t❡♣✬✱st❡♣✮❀

✪♦♣ts ❂ ♦❞❡s❡t✭✬❘❡❧❚♦❧✬✱✶❡✲✻✮❀

P✷❋✷✐❂❋✐✳❫✷✰P✐✳❫✷❀

✪❊♥❝♦♥tr❛r ♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❞❡ P✷❋✷✐ ♣❛r❛ s❡♣❛r❛r ❛ s♦❧✉çã♦

✪❡♠ ❞✉❛s ♣❛rt❡s

✪❭❧❡❢t❬P✷❋✷♠❛①✱◆♣✐❝♦❭r✐❣❤t❪❂♠❛①✭P✷❋✷✐✮❀

✪r♣✐❝♦❂r✐✭◆♣✐❝♦✮❀

rs♣❛♥❂❭❧❡❢t❬✵✱r♠❛①❭r✐❣❤t❪❀

❆❛✷✵❂✶❀ ✪ ❆❛✷ ❆❚ ❖❘■●■◆

✪ ❘❯◆●❊ ❑❯❚❚❆ ❙❖▲❱❊❘

❬r❝♦❧✱❲❪❂♦❞❡✶✶✸✭❅s♣❛❝❡❊❉❖s✱rs♣❛♥✱❆❛✷✵✱♦♣ts✱r✐✱P✷❋✷✐✮❀

❆❛✷❂❲✬❀ r❣❂r❝♦❧✬❀

◆♣♦✐♥ts❂❧❡♥❣t❤✭r❣✮❀ ❞r❂❞✐❢❢✭r❣✮❀ ❞r♠✐♥❂♠✐♥✭❛❜s✭❞r✮✮❀

❋❂♣❝❤✐♣✭r✐✱❋✐✱r❣✮❀ P❂♣❝❤✐♣✭r✐✱P✐✱r❣✮❀

❋✭✶✮❂✵❀P✭✶✮❂❛t③❡r♦✭❞r✭✶✿✹✮✱P✭✷✿✺✮✮❀P✭❡♥❞✮❂✲❋✭❡♥❞✮❀ ✪ ❇❖❯◆❉❆❘❨ ❈❖◆❉■❚■❖◆❙

❞❧♥❆❢❴❆❛❞r❂✭❆❛✷✭✷✿❡♥❞✮✲✶✮✳✴r❣✭✷✿❡♥❞✮❀ ✪ ❊◗❯❆❚■❖◆ ❋❖❘ ❆❧♣❤❛✴❆❛

❧♥❆❢❴❆❛❂③❡r♦s✭s✐③❡✭r❣✮✮❀

❧♥❆❢❴❆❛✭✷✿❡♥❞✮❂❝✉♠tr❛♣③✭❞r✳✯❞❧♥❆❢❴❆❛❞r✮❀ ✪ ■◆❚❊●❘❆❚■❖◆

❆❢❴❆❛❂❡①♣✭❧♥❆❢❴❆❛✮❀ ❆❢❴❆❛✭✶✮❂✶❀ ❆❛✷✭✶✮❂✶❀

♠❂✵✳✺✯r❣✳✯✭✶✲✶✳✴❆❛✷✮❀❞t❂✵✳✽✯♠✐♥✭❛❜s✭❞r✮✳✴❆❢❴❆❛✭✶✿❡♥❞✲✶✮✮❀ ✪❚■▼❊ ❙❚❊P ❙❊❚

❡♥❞

❢✉♥❝t✐♦♥ ❞❆❛✷❞r❂s♣❛❝❡❊❉❖s✭r✱❲✱r❣✱s✐❣✷✐✮

❆❛✷❂❲❀r❂❛❜s✭r✮❀

✐❢ r❂❂✵

❞❆❛✷❞r❂✵❀

❡❧s❡✐❢ r❂❂r❣✭❡♥❞✮

❞❆❛✷❞r❂✭✶✲❆❛✷✮✴r❀ ✪ ❛ss②♠♣t♦t✐❝s ❡♥❢♦r❝❡❞

❡❧s❡

s✐❣♣❂✲✷✯s✐❣✷✐✭❡♥❞✮✴r❣✭❡♥❞✮❀ ✪❛ss②♠♣t♦t✐❝s ❡♥❢♦r❝❡❞

P✷❋✷❂♣❝❤✐♣✭r❣✱s✐❣✷✐✱r✮❀ ✪ ✐♥t❡r♣♦❧❛ ♣❛r❛ r

✪P✷❋✷❂s♣❧✐♥❡✭r❣✱s✐❣✷✐✱r✮❀

❞❆❛✷❞r❂❆❛✷✯✭✹✯♣✐✯r✯P✷❋✷✰✭✶✲❆❛✷✮✴r✮❀ ✪❊◗❯❆❚■❖◆ ❋❖❘ ❆❛✷

❡♥❞

❡♥❞

✶✶✸



❢✉♥❝t✐♦♥ ❬❆❛✷✱❋❢✱P❢❪❂t✐♠❡❊✈♦❧✭◆♣✱r✱❆❛✷✱❆❢❴❆❛✱❋✱P✱❞t✮

❚❂❬✵ ❞t❪❀ ❨✵❂❬❆❛✷✱❋✱P❪❀ ❡rr❂✺❡✲✺❀

♦♣t✐♦♥s ❂ ♦❞❡s❡t✭✬❆❜s❚♦❧✬✱❡rr✮❀

❞r❂❞✐❢❢✭r✮❀r✷♠❂✭r✬✮✳❫✷✰❡♣s❀❉❴❞r❂❢❞✺♣t✭r✮❀ ✪❋■❱❊ P❖■◆❚ ❉■❋❊❘❊◆❚■❆▲ ❙❚❊◆❈■▲

❬t❤✱❨❪❂♦❞❡✷✸t✭❅t✐♠❡▼❖▲✱❚✱❨✵✱♦♣t✐♦♥s✱◆♣✱r✬✱r✷♠✱❞r✱❉❴❞r✱❆❢❴❆❛✬✮❀

s♣r✐♥t❢✭✬✪s ✪❣✬✱✬ ❚✐♠❡ ❙t❡♣ ❙✉❜❞✐✈✐s✐♦♥✬✱❧❡♥❣t❤✭t❤✮✮

◆♣❞❂✷✯◆♣❀ ❆❛✷❂❨✭❡♥❞✱✶✿◆♣✮❀ ❋❢❂❨✭❡♥❞✱◆♣✰✶✿◆♣❞✮❀ P❢❂❨✭❡♥❞✱◆♣❞✰✶✿✸✯◆♣✮❀

❡♥❞

❢✉♥❝t✐♦♥ ❞❨❞t❂t✐♠❡▼❖▲✭t✱❨✱◆♣✱r✱r✷♠✱❞r✱❉❴❞r✱❆❢❴❆❛✮

◆♣❞❂✷✯◆♣❀ ❆❛✷❂❨✭✶✿◆♣✮❀ ❋❂❨✭◆♣✰✶✿◆♣❞✮❀ P❂❨✭◆♣❞✰✶✿✸✯◆♣✮❀

❞P❞t❂③❡r♦s✭s✐③❡✭P✮✮❀

✪ ❇❖❯◆❉❆❘❨ ❈❖◆❉■❚■❖◆ ❆❚ ❖❘■●■◆

❆❛✷✭✶✮❂✶❀ ❋✭✶✮❂✵❀ P✭✶✮❂❛t③❡r♦✭❞r✭✶✿✹✮✱P✭✷✿✺✮✮❀

P✭❡♥❞✮❂✲❋✭❡♥❞✮❀ ✪ ❘❆❉■❆❚■❖◆ ❇❖❯◆❉❆❘❨ ❈❖◆❉■❚■❖◆

❆❢❴❆❛❋❂❆❢❴❆❛✳✯❋❀

❞❴❆❢❆❛❋r✷❴❞r❂❉❴❞r✯✭❆❢❴❆❛❋✳✯r✷♠✮❀

❞❋❞t❂❉❴❞r✯✭❆❢❴❆❛✳✯P✮❀ ✪ ❚■▼❊ ❊❱❖▲❯❚■❖◆ ❊◗❯❆❚■❖◆❙

❞P❞t✭✷✿❡♥❞✮❂❞❴❆❢❆❛❋r✷❴❞r✭✷✿❡♥❞✮✳✴✭r✷♠✭✷✿❡♥❞✮✮❀

❞❆❛✷❞t✭✶✮❂✵❀ ❞❋❞t✭✶✮❂✵❀ ✪ ❇❖❯◆❉❆❘❨ ❈❖◆❉■❚■❖◆ ❆●❆■◆

❞P❞t✭✶✮❂❛t③❡r♦✭❞r✭✶✿✹✮✱❞P❞t✭✷✿✺✮✮❀

❞❆❛✷❞t❂✹✯♣✐✯r✳✯❆❛✷✳✯❆❢❴❆❛❋✳✯P❀ ✪❚■▼❊ ❊❱❖▲❯❚■❖◆ ❋❖❘ ❆❛✷ ❋❖❘ ❈❖▼P❆❘■❙❖◆

❞❨❞t❂❬❞❆❛✷❞t❀❞❋❞t❀❞P❞t❪❀

❡♥❞

✶✶✹



❆♥❡①♦ ■■ ✲ ■♥❢♦r♠❛çõ❡s ♦❜t✐❞❛s ❞❛

♦♣çã♦ Pr♦✜❧❡r

✶✶✺



◆❡ss❡ ❛♥❡①♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ♦❜t✐❞❛s✱ ❞♦ ❝♦♠❛♥❞♦
♣r♦✜❧❡r✱ ❞♦ ❛❧❣♦r✐t♠♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r q✉❡ ✉t✐❧✐③❛ ❛ ✐♥t❡r♣♦❧❛çã♦ s♣❧✐♥❡ ❝ú✲
❜✐❝❛ ❡ ❞♦ ❛❧❣♦r✐t♠♦ q✉❡ ✉t✐❧✐③❛ ❛ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡✳ ❖ ❝♦✲
♠❛♥❞♦ ♣❛r❛ ❡①❡❝✉t❛r ❛ ✐♥t❡r♣♦❧❛çã♦ ❡①✐❣✐❞❛ ♣❡❧❛ ♠❛❧❤❛ ❛❞❛♣t❛t✐✈❛ ❞♦ ♠é✲
t♦❞♦ ❘✉♥❣❡✲❑✉tt❛✱ ❛♦ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ✭✷✳✽✮ ❡
✭✷✳✾✮✱ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❛rq✉✐✈♦ ❙♣❛❝❡❉❛t❛✳♠✳ ❖s ❛rq✉✐✈♦s ❡stã♦ ❛♣r❡s❡♥t❛❞♦s
♥♦ ❛♥❡①♦ ■✳

❆s t❛❜❡❧❛s ❛❜❛✐①♦✱ r❡❢❡r❡✲s❡ ❛ s✐♠✉❧❛çã♦ ❞♦ ❝❛♠♣♦ ❡s❝❛❧❛r ✐♥✐❝✐❛❧✱ ❞❡✜♥✐❞❛
♣❡❧❛ ❡q✉❛çã♦ ✭✻✳✷✮✱ ♦♥❞❡ φ0 = 0, 001✳

❚❛❜❡❧❛ ✶ ✲ ❆❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ✐♥t❡r♣♦❧❛çã♦ s♣❧✐♥❡ ❝ú❜✐❝❛

❚❡♠♣♦ ❡♠ ❝❛❞❛ ❢✉♥çã♦ ✭s✮ P♦r❝❡♥t❛❣❡♠

❙♣❛❝❡❉❛t❛✳♠ ✹✹✸✱✻✺✵ ✻✸✱✸✪
P✷❋✷❂s♣❧✐♥❡✭r❣✱s✐❣✷✐✱r✮❀ ✸✾✾✱✸✼✵ ✾✽✱✺✪ ❞❡ ✻✸✱✸✪
t✐♠❡❊✈♦❧✳♠ ✷✸✷✱✶✼✵ ✸✸✱✶✪
♦✉tr♦s ✵✷✺✱✶✼✵ ✸✱✻✪
❚♦t❛❧ ✼✵✵✱✾✾✵ ✶✵✵✪

❚❛❜❡❧❛ ✷ ✲ ❆❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ✐♥t❡r♣♦❧❛çã♦ ❝ú❜✐❝❛ ❞❡ ❍❡r♠✐t❡

❚❡♠♣♦ ❡♠ ❝❛❞❛ ❢✉♥çã♦ ✭s✮ P♦r❝❡♥t❛❣❡♠

❙♣❛❝❡❉❛t❛✳♠ ✷✻✵✱✾✷✵ ✺✵✱✷✪
P✷❋✷❂♣❝❤✐♣✭r❣✱s✐❣✷✐✱r✮❀ ✷✶✺✱✺✷✵ ✾✻✱✺✪ ❞❡ ✺✵✱✷✪
t✐♠❡❊✈♦❧✳♠ ✷✸✸✱✽✺✵ ✹✺✱✵✪
♦✉tr♦s ✵✷✺✱✸✼✵ ✹✱✽✪
❚♦t❛❧ ✺✷✵✱✶✹✵ ✶✵✵✪

✶✶✻



❆♥❡①♦ ■■■ ✲ ❆rq✉✐✈♦ ▼❊❳

✶✶✼
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