
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡

❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ✲ ■▼❊❈❈

❙♦❜r❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ♠ét♦❞♦s
◗✉❛s❡✲◆❡✇t♦♥ ❡ ❛♣❧✐❝❛çõ❡s

❈❛r❧♦s ❆❧❜❡rt♦ ❙❛ss✐

❝❛r❧♦s❛s❛ss✐❅❤♦t♠❛✐❧✳❝♦♠

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧ ▼❛t❡♠át✐❝❛

❖r✐❡♥t❛❞♦r❛✿ Pr♦❢❛✳ ❉r❛✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t

❖✉t✉❜r♦ ❞❡ ✷✵✶✵

❈❛♠♣✐♥❛s ✲ ❙P



❙♦❜r❡ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ♠ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥ ❡ ❛♣❧✐❝❛çõ❡s

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à r❡❞❛çã♦

✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦rr✐✲

❣✐❞❛ ❡ ❞❡❢❡♥❞✐❞❛ ♣♦r ❈❛r❧♦s ❆❧❜❡rt♦

❙❛ss✐ ❡ ❛♣r♦✈❛❞❛ ♣❡❧❛ ❝♦♠✐ssã♦ ❥✉❧❣❛✲

❞♦r❛✳

❈❛♠♣✐♥❛s✱ ❖✉t✉❜r♦ ❞❡ ✷✵✶✵✳

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

Pr♦❢❛✳ ❉r❛✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t ✭♦r✐❡♥t❛❞♦r❛✮

Pr♦❢✳ ❉r✳ ▼❛r❝♦s ❊❞✉❛r❞♦ ❘✳ ❞♦ ❱❛❧❧❡ ▼❡sq✉✐t❛ ✭❯❊▲ ✲ ▲♦♥❞r✐♥❛ ✲ P❛r❛♥á✮

Pr♦❢❛✳ ❉r❛✳ ❱❡r❛ ▲✳ ❞❛ ❘♦❝❤❛ ▲♦♣❡s ✭❯♥✐❝❛♠♣ ✲ ■▼❊❈❈✮

Pr♦❢✳ ❉r✳ ▼❛r✐♦ ❈❡s❛r ❩❛♠❜❛❧❞✐ ✭❯❋❙❈ ✲ ❙❛♥t❛ ❈❛t❛r✐♥❛✮

Pr♦❢❛✳ ❉r❛✳ ❙❛♥❞r❛ ❆✉❣✉st❛ ❙❛♥t♦s ✭❯♥✐❝❛♠♣ ✲ ■▼❊❈❈✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡

▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦

❈✐❡♥tí✜❝❛✱ ❯◆■❈❆▼P✱ ❝♦♠♦ r❡q✉✐✲

s✐t♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❚ít✉❧♦ ❞❡ ▼❡s✲

tr❡ ❡♠ ▼❛t❡♠át✐❝❛ Pr♦✜ss✐♦♥❛❧✳

✐



✐✐



✐✐✐



❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛♦ ♠❡✉ ✜❧❤♦✱ ❈❛r❧♦s ❆❧✲

❜❡rt♦ ❙❛ss✐ ❏✉♥✐♦r q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐♦✉ ❡♠

t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞✐❢í❝✐❡s ❞❛ ♠✐♥❤❛ tr❛❥❡✲

tór✐❛ ❡ à ♠✐♥❤❛ ♠✉❧❤❡r ▼❛r❧❡♥❡ q✉❡ s❡♠♣r❡

❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦ ♥❡st❡s ♠♦♠❡♥t♦s✱ ❡ ♣❡❧❛

❝♦❧❛❜♦r❛çã♦ ♥❛ ❝♦rr❡çã♦ ❞♦ ♣r❡s❡♥t❡ t❡①t♦ ❡♠

r❡❧❛çã♦ ❛ ❧í♥❣✉❛ ♠ã❡✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

●♦st❛r✐❛ ❞❡ ❞❡✐①❛r ❛q✉✐ r❡❣✐str❛❞♦ ♠❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s ♦s ♠❡str❡s

q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥s❡❝✉çã♦ ❞♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦✱

❡ ❡♠ ❡s♣❡❝✐❛❧ à Pr♦❢❛✳ ❉r❛✳ ▼❛r✐❛ ❆♣❛r❡❝✐❞❛ ❉✐♥✐③ ❊❤r❤❛r❞t ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ❡♠

t♦❞♦s ♦s ❞❡t❛❧❤❡s q✉❡ ❡st❡ ❡♥✈♦❧✈❡✉✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✳

●♦st❛r✐❛ t❛♠❜é♠ ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s✿ ❊❞♠✉♥❞♦ ❈❛♣❡❧❛s ❞❡ ❖❧✐✈❡✐r❛✱ ❏♦sé

P❧í♥✐♦ ❞❡ ❖❧✐✈❡✐r❛ ❙❛♥t♦s✱ ❙❛♥❞r❛ ❆✉❣✉st❛ ❙❛♥t♦s✱ ❙✉❡❧✐ ■✳ ❘♦❞r✐❣✉❡s ❈♦st❛✱ ❱❡r❛ ▲✉❝✐❛

❞❛ ❘♦❝❤❛ ▲♦♣❡s✱ ❜❡♠ ❝♦♠♦ ❛♦s ❝♦❧❡❣❛s ❆❣♥❛❧❞♦ ❋❡rr❛r✐✱ ❈r✐st✐❛♥♦ ❚♦rr❡③❛♥✱ ❡ ❏♦ã♦

P❛✉❧♦ ❇r❡ss❛♥✳

✈



❘❡s✉♠♦

■♥✐❝✐❛♠♦s ❡st❡ tr❛❜❛❧❤♦ ❝♦♠ ♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ tr❛♥s❝❡♥❞❡♥t❛✐s ❞❡

✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❛❜♦r❞❛r s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐✲

♥❡❛r❡s✱ ❛♥❛❧✐s❛r ♦s ♠ét♦❞♦s✱ ❛❧❣♦r✐t♠♦s ❡ r❡❛❧✐③❛r t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❡♠❜❛s❛❞♦s ♥❛

♣❧❛t❛❢♦r♠❛ ▼❛t▲❛❜ ✧❚❤❡ ▲❛♥❣✉❛❣❡ ♦❢ ❚❡❝❤♥✐❝❛❧ ❝♦♠♣✉t❡r ✲ ❘✷✵✵✽❛ ✲ ✈❡rs✐♦♥ ✼✳✻✳✵✳✸✷✹✑✳

❖s ❛❧❣♦r✐t♠♦s tr❛t❛❞♦s s❡ r❡❢❡r❡♠ ❛♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ♠ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥✱ ♠é✲

t♦❞♦ ❙❡❝❛♥t❡ ❡ ❛♣❧✐❝❛çõ❡s✱ ❝♦♠ ❡♥❢♦q✉❡ ♥❛ ❍✲❡q✉❛çã♦ ❞❡ ❈❤❛♥❞r❛s❡❦❤❛r✳

❊st✉❞❛♠♦s ❛s♣❡❝t♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s ♠ét♦❞♦s q✉❡ ♣✉❞❡r❛♠ s❡r

❛♥❛❧✐s❛❞♦s ♥❛ ♣rát✐❝❛✱ ❛ ♣❛rt✐r ❞♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s r❡❛❧✐③❛❞♦s✳

✈✐



❆❜str❛❝t

❚❤✐s ✇♦r❦ ❜❡❣✐♥s ✇✐t❤ t❤❡ st✉❞② ♦❢ ♥♦♥❧✐♥❡❛r ❛♥❞ tr❛♥s❝❡♥❞❡♥t❛❧ ❡q✉❛t✐♦♥s✱ ✇✐t❤

♦♥❧② ♦♥❡ ✈❛r✐❛❜❧❡✱ ✇❤✐❝❤ ❤❛s t❤❡ ♠❛✐♥ ♣✉r♣♦s❡ t♦ st✉❞② s②st❡♠s ♦❢ ♥♦♥❧✐♥❡❛r ❡q✉❛t✐♦♥s✱

♠❡t❤♦❞s ❛♥❞ ❛❧❣♦r✐t♠s✱ ✐♥ ♦r❞❡r t♦ ❛❝❝♦♠♣❧✐s❤ ❝♦♠♣✉t❛t✐♦♥❛❧ t❡sts ✉s✐♥❣ ▼❛t▲❛❜ ❈♦❞❡s

✧❚❤❡ ▲❛♥❣✉❛❣❡ ♦❢ ❚❡❝❤♥✐❝❛❧ ❝♦♠♣✉t❡r ✲ ❘✷✵✵✽❛ ✲ ✈❡rs✐♦♥ ✼✳✻✳✵✳✸✷✹✧✳ ❚❤❡s❡ ❛❧❣♦r✐t♠s

✇❡r❡ ❝♦♥❝❡r♥❡❞ t♦ ◆❡✇t♦♥✬s ♠❡t❤♦❞✱ ◗✉❛s✐✲◆❡✇t♦♥ ♠❡t❤♦❞✱ ❙❡❝❛♥t ♠❡t❤♦❞✱ ❛♥❞ t❤❡

♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❛s t❤❡ ❈❤❛♥❞r❛s❡❦❤❛r ❍✲❊q✉❛t✐♦♥✳

❈♦♥✈❡r❣❡♥❝❡ st✉❞✐❡s ❢♦r t❤❡s❡ ♠❡t❤♦❞s ✇❡r❡ ❛♥❛❧②s❡❞ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ♥✉♠❡r✐❝❛❧

♠❡t❤♦❞s✳

✈✐✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐

❆❜str❛❝t ✈✐✐

■♥tr♦❞✉çã♦ ✶

✶ ▼ét♦❞♦s ♣❛r❛ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✹

✶✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❖ q✉❡ é ♣♦ssí✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✹ ▼ét♦❞♦ ❙❡❝❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✺ ❈♦♥✈❡r❣ê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺✳✶ ❆❧❣✉♠❛s ❉❡✜♥✐çõ❡s✿ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺✳✷ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥ ❡ ❙❡❝❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✶✽

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸ ▼ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥ ♣❛r❛ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✸✽

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✸ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✈✐✐✐



✹ ❍✲❡q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r ✻✹

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✷ ❍✲❊q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ❡ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s ✼✷

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✹

❆♥❡①♦s ✼✻



■♥tr♦❞✉çã♦

❖ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ❡♠ ❣❡r❛❧ ♣♦r ❝✐❡♥t✐st❛s ❡ ❡♥❣❡♥❤❡✐r♦s ♣❛r❛ ❡st✉❞❛r ✉♠ ❞❛❞♦

❢❡♥ô♠❡♥♦ ❞❛ ♥❛t✉r❡③❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ q✉❡ ❞❡s❝r❡✈❡ ♦s

❛s♣❡❝t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ ❢❡♥ô♠❡♥♦ ❡ ♣♦st❡r✐♦r♠❡♥t❡ r❡❝♦rr❡r ❛ ❢❡rr❛♠❡♥t❛s ♠❛t❡✲

♠át✐❝❛s ♣❛r❛ ❛♥❛❧✐s❛r ♦ ♠♦❞❡❧♦ ♦❜t✐❞♦✳

❊♠ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ❝❛s♦s ♦s ♠♦❞❡❧♦s sã♦ ❞❡s❝r✐t♦s ♣♦r ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ ❡

♣♦r ✈❡③❡s ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ ◆❡ss❡ ❝❛s♦ s❡

t♦r♥❛ ♥❡❝❡ssár✐♦ r❡❝♦rr❡r ❛ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ s❡ ❝❤❡❣❛r à s♦❧✉çã♦ ♣r❡t❡♥❞✐❞❛✳

❙❡ ♣❛r❛ r❡s♦❧✈❡r ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ax+ b = 0 é tr✐✈✐❛❧✱ ♦ ♠❡s♠♦ ❥á ♥ã♦ ♦❝♦rr❡ s❡

❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ❡q✉❛çã♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✳

P❛ss❛♠♦s ❛ ❝♦♥s✐❞❡r❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ❡q✉❛çõ❡s

✭❛✮ x4 − 4x3 − x+ 5 = 0 ❡

✭❜✮ 2ex − x.sin(x+ 3) = 0✳

❆♠❜❛s sã♦ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s q✉❡✱ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❛♣❡s❛r ❞❡ ❡①✐st✐r ✉♠❛ ❢ór✲

♠✉❧❛ r❡s♦❧✈❡♥t❡ ❣❡r❛❧✱ é ♠✉✐t♦ ❝♦♠♣❧✐❝❛❞❛✳ ❏á ♥♦ s❡❣✉♥❞♦ ❝❛s♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦ r❡❝♦rr❡r

❛ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳

➱ ♣♦rt❛♥t♦ ♠✐st❡r q✉❡ ♣❛r❛ s♦❧✉❝✐♦♥❛r ❡st❡✭s✮ t✐♣♦✭s✮ ❞❡ ❡q✉❛çõ❡s✱ ✉t✐❧✐③❡♠♦s ♠ét♦✲

❞♦s ♥✉♠ér✐❝♦s ✐t❡r❛t✐✈♦s✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❞✐s❝✉t✐r ♦s ♠ét♦❞♦s✱ ❛❧❣♦r✐t♠♦s✱ ❡ ❛♥á❧✐s❡ ❡♥✈♦❧✈✐❞❛ ♥❛

r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳

❯♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ ✭t❛♠❜é♠ ❝❤❛♠❛❞♦ s♦♠❡♥t❡ ❞❡ ✧❡q✉❛çõ❡s ♥ã♦

❧✐♥❡❛r❡s✧✮ ❡stá ❡str✉t✉r❛❞♦ ❝♦♠♦ s❡❣✉❡✿

❉❛❞❛ F : Rn → Rn✱

❞❡t❡r♠✐♥❛r ①∗ ∈ Rn : F (①∗) = 0 ∈ Rn✱

♦♥❞❡ Rn ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ ♥✲❞✐♠❡♥s✐♦♥❛❧✳

✶



■♥tr♦❞✉çã♦ ✷

❖ ❝❡♥ár✐♦ tí♣✐❝♦ é ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ♣❛rt✐♥❞♦✲s❡ ❞❡ ✉♠

♣♦♥t♦ ✐♥✐❝✐❛❧ ①0✱ q✉❡ ❡stá ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦ ①∗✳ ■r❡♠♦s ❞✐s❝✉t✐r ♦s ♠ét♦❞♦s ❜ás✐❝♦s ❡

s✉♣r✐r ❞❡t❛❧❤❡s ♥♦s ❛❧❣♦r✐t♠♦s q✉❡ sã♦ ♥♦r♠❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞♦s ♣❛r❛ r❡s♦❧✉çã♦ ❞❡st❡s

♣r♦❜❧❡♠❛s✳

❖ ♣r♦❥❡t♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❧✐t❡r❛t✉r❛ ❡s♣❡❝✐❛❧✐③❛❞❛✱ ✈✐❞❡ r❡❢❡rê♥✲

❝✐❛s ❬✶❪ ❬✸❪✱❬✹❪✱❬✺❪✱❬✾❪✳

❋♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ sér✐❡ ❞❡ ❡①❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ q✉❡

❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❡♠ ♣❡q✉❡♥❛s ❞✐♠❡♥sõ❡s ♥❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ❡ ♣♦st❡r✐♦r♠❡♥t❡ s✐st❡✲

♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❡♥✈♦❧✈❡♥❞♦ ❣r❛♥❞❡s ❞✐♠❡♥sõ❡s✱ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❚r✐❞✐❛❣♦♥❛❧ ❞❡

❇r♦②❞❡♥✳

❖s ❡①♣❡r✐♠❡♥t♦s ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❝♦♠ ▼❆❚▲❆❇ ✧❚❤❡ ❧❛♥✲

❣✉❛❣❡ ♦❢ ❚❡❝❤♥✐❝❛❧ ❝♦♠♣✉t❡r ✲ ❘✷✵✵✽❛ ✲ ✈❡rs✐♦♥ ✼✳✻✳✵✳✸✷✹✧❬✾❪✳ ✶

❖s ♣r♦❣r❛♠❛s ✉t✐❧✐③❛❞♦s ❢♦r❛♠✿ ♥s♦❧✳♠ ❡ ❜rs♦❧✳♠✱ ❡s❝r✐t♦s ♣♦r ❈✳❚✳ ❑❡❧❧❡② ❬✾❪✳

❖s ♠❡s♠♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ♠❛t❤✳♥❝s✉✳❡❞✉ ✭✶✺✷✳✶✳✸✵✳✸✮ ♥♦ ❞✐r❡tór✐♦

♣✉❜✴❦❡❧❧❡②✴♠❛t❧❛❜✱ ♦✉ t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❡ ❙■❆▼✬s ❲♦r❧❞ ❲✐❞❡ ❲❡❜

s❡r✈❡r✱✷ ♥❛ ♣á❣✐♥❛ ❤tt♣✿✴✴✇✇✇✳s✐❛♠✳♦r❣✴❜♦♦❦s✴❦❡❧❧❡②✴❦❡❧❧❡②✳❤t♠❧✱ ❡ ♦ ♣r♦❣r❛♠❛ ◆❡✇✲

t♦♥ ✲ ♥❡✇t♦♥✳♠ ✭✈✐❞❡ ❛♥❡①♦ ❈✮✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❝❛♣ít✉❧♦s✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❈❛♣ít✉❧♦ ■ ✲ ▼ét♦❞♦s ♣❛r❛ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳ ❋♦r❛♠ ❛♣❧✐❝❛❞♦s ♦s t❡st❡s ❡♥✈♦❧✲

✈❡♥❞♦ ❡q✉❛çõ❡s ❞❡ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧✱ q✉❡ é ❛ ✐♥tr♦❞✉çã♦ ♣❛r❛ ✈✐s✉❛❧✐③❛r ♦s ♣r♦❝❡❞✐✲

♠❡♥t♦s✱ ♦s ♠ét♦❞♦s✱ ♦s ❛❧❣♦r✐t♠♦s✱ ❡ ❛ ❛♥á❧✐s❡ ❡♥✈♦❧✈✐❞❛ ♥❛ s♦❧✉çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s

♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ❛tr❛✈és ❞♦ ▼❛t▲❛❜ ❈♦❞❡ q✉❡ s❡r✈✐rá ❞❡ ❜❛s❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✲

✈✐♠❡♥t♦ ❞♦s s✐st❡♠❛s ❞❡ ♠✉❧t✐✈❛r✐á✈❡✐s✳ ❊st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞♦✉ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡

♦ ♠ét♦❞♦ ❙❡❝❛♥t❡ ❡ s✉❛s ❝♦♥✈❡r❣ê♥❝✐❛s✳

❈❛♣ít✉❧♦ ■■ ✲ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳ ❋♦r❛♠

❛❜♦r❞❛❞❛s ❛s r❡s♦❧✉çõ❡s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦

❞❡ ◆❡✇t♦♥ ❡ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✱ ❜❡♠ ❝♦♠♦ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

❈❛♣ít✉❧♦ ■■■ ✲ ▼ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥ ♣❛r❛ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳ ❋♦r❛♠ ❛♣❧✐❝❛❞♦s

♠ét♦❞♦s ❞❡ss❡ t✐♣♦ ❛ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐✱

✶ ▼❆❚▲❆❇ é ♠❛r❝❛ r❡❣✐str❛❞❛ ❞❡ ❚❤❡ ▼❛t❤❲♦r❦s✱ ■♥❝✳
✷ ❙■❆▼ ✲ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s



■♥tr♦❞✉çã♦ ✸

t❡st❛❞♦ ❝♦♠ ✈ár✐♦s ♣❛râ♠❡tr♦s✿ ♠❂✺❀ ♠❂✶✵❀ ❡ ♠❂✷✵✳ ❖❜s❡r✈♦✉✲s❡ ♣♦ré♠ q✉❡✱ ♣❛r❛

♠❂✶✵✱ ♦❜t❡✈❡✲s❡ ♦s ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✳ ❋♦r❛♠ t❛♠❜é♠ ❛♣❧✐❝❛❞♦s ♣❛r❛ ♦s ♠❡s♠♦s

s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥✱ ❡ ♥❡st❡ ❝❛s♦✱ ♦❜s❡r✈♦✉✲s❡ q✉❡ ♦ ♠❡s♠♦

❢✉♥❝✐♦♥♦✉ r❡❧❛t✐✈❛♠❡♥t❡ ❜❡♠ ♣❛r❛ ❛❧❣✉♥s t✐♣♦s ❞❡ ❡q✉❛çõ❡s✱ ♣♦ré♠✱ ❡♠ ♦✉tr♦s ♥ã♦✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣❛r❛ ♦s tr✐❞✐❛❣♦♥❛✐s ✭tr✐❞✮ ❝♦♠ ❞✐♠❡♥sõ❡s ❣r❛♥❞❡s✱ ❡ ♣❛r❛ ♦ s✐st❡♠❛

tr✐❣♦♥♦♠étr✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ✭tr✐❡①♣✮✱ ♦♥❞❡ ♦ ♠ét♦❞♦ ♥ã♦ ❝♦♥✈❡r❣✐✉✳

❈❛♣ít✉❧♦ ■❱ ✲ ❍✲❡q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r✳ ❋♦r❛♠ ❛♣❧✐❝❛❞♦s ♦s ♠❡s♠♦s ▼❛t▲❛❜ ❈♦❞❡✱

♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ✐♥t❡❣r❛❧ ❞❡ r❡s♦❧✉çã♦ ❞❛ tr❛♥s❢❡rê♥❝✐❛ r❛❞✐♦❛t✐✈❛✱ ❍✲❡q✉❛çã♦ ❈❤❛♥❞r❛✲

s❡❦❤❛r✱ ❝♦♠ ❞✐s❝r❡t✐③❛çã♦ ❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡❣r❛çã♦ ❬✵✱ ✶❪✱ ❝♦♠ ♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s✿

◆ ❂✶✵✵✱ ❝❂✵✱✾ ❡ ◆❂✶✵✵✱ ❝❂✵✱✾✾✾✾✳ ❋✐♥❛❧✐③♦✉✲s❡ ❝♦♠ ❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♥♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♦♥❞❡ ♦❜s❡r✈♦✉✲s❡ q✉❡ ❛ ♣❛r ❞♦s ❝✉st♦s ❡♥✈♦❧✈✐❞♦s✱ ♦ ♠ét♦❞♦

❞❡ ◆❡✇t♦♥ ♥♦s ♣❛r❡❝❡ ♦ ♠❛✐s ❡✜❝✐❡♥t❡✱ ♣♦✐s ❡♠ ❛❧❣✉♥s ❞♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s✱ ♦s

♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥ ♥ã♦ ♦❜t✐✈❡r❛♠ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❖♥❞❡ ♦❝♦rr❡r❛♠ ❝♦♥✈❡❣ê♥❝✐❛ ♦s

t❡♠♣♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢♦r❛♠ ❜❛st❛♥t❡ ♣ró①✐♠♦s✳



❈❛♣ít✉❧♦ ✶

▼ét♦❞♦s ♣❛r❛ ❡q✉❛çõ❡s ♥ã♦

❧✐♥❡❛r❡s

✶✳✶ ■♥tr♦❞✉çã♦

◆❡ss❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛♠♦s ❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ♣❛r❛ ♦

❝❛s♦ ❡s❝❛❧❛r✱ ✐st♦ é✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡t❡r♠✐♥❛r ❛s r❛í③❡s ❞❡ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦

♥ã♦ ❧✐♥❡❛r❀ ♣♦st❡r✐♦r♠❡♥t❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ s♦❧✉çõ❡s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s

♥ã♦ ❧✐♥❡❛r❡s s❡rã♦ ❛❜♦r❞❛❞♦s✳

❊①✐st❡ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠ét♦❞♦s ❞❡ r❡s♦❧✉çã♦ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✳

❊♥tr❡t❛♥t♦✱ ❞♦✐s ♠❡r❡❝❡♠ ❞❡st❛q✉❡ ❡ sã♦ ❛♣❧✐❝❛❞♦s ❝♦♠ ♠❛✐♦r ❢r❡q✉ê♥❝✐❛✿ ▼ét♦❞♦ ❞❡

◆❡✇t♦♥ ❡ ♦ ❙❡❝❛♥t❡ ❬✸❪✳

❊st❡s ♠ét♦❞♦s ❣❛r❛♥t❡♠ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❡ sã♦

r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✱ ♥❛ ❢♦r♠❛ ❡♠ q✉❡ sã♦ ❛♣❧✐❝❛❞♦s✱ ♣♦✐s ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s ❧❤❡s

❛ss❡❣✉r❛♠ ❣r❛♥❞❡ ♣♦♣✉❧❛r✐❞❛❞❡✳

❆ r❛③ã♦ ❞♦ ❡st✉❞♦ ❞❡ ❝❛s♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ s❡♣❛r❛❞❛♠❡♥t❡ é q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♠✲

♣r❡❡♥❞❡r ♦s ♣r✐♥❝í♣✐♦s ❞❡ ❝♦♥str✉çõ❡s✱ ❛♣r♦①✐♠❛çõ❡s ❧✐♥❡❛r❡s✱ ❛❧❣♦r✐t♠♦s✱ q✉❡ s❡r✈✐rã♦

❞❡ ❜❛s❡s ♣❛r❛ ❛❧❣♦r✐t♠♦s ♣❛r❛ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ♦s ❝❛s♦s ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✳

❆ ❢♦r♠✉❧❛çã♦ ✐♥✐❝✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ é ❛ s❡❣✉✐♥t❡✿ ❞❡✜♥✐❞❛ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❧✐♥❡❛r

f : ℜ → ℜ✱ ♣r♦❝✉r❛♠♦s ♦s ✈❛❧♦r❡s ①∗✱ t❛✐s q✉❡ f(①∗) = 0✱ ♦✉ ❛✐♥❞❛✱ ❣r❛✜❝❛♠❡♥t❡✱
✹



✶✳✷ ❖ q✉❡ é ♣♦ssí✈❡❧ ✺

♣r♦❝✉r❛♠♦s ♦s ♣♦♥t♦s ♦♥❞❡ ❛ ❝✉r✈❛ f(x) ✐♥t❡r❝❡♣t❛ ♦ ❡✐①♦ ❞♦s ①✱ ❝♦♠♦ ✐♥❞✐❝❛ ❛ ✜❣✉r❛

✭✶✳✶✮✳ ❊st❡s ♣♦♥t♦s sã♦ ❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ f(x) = 0✱ ♦✉ ❛✐♥❞❛✱ ♦s ③❡r♦s ❞❡ f ✳

❖s ♠ét♦❞♦s sã♦ ✐t❡r❛t✐✈♦s✱ ❞❡ ❢♦r♠❛ q✉❡ ❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ ❢✉♥çã♦ ❞❡ ✐t❡r❛çã♦✱ q✉❡

❛♣❧✐❝❛❞❛ r❡♣❡t✐❞❛s ✈❡③❡s✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ①0 ✲ ✭✐t❡r❛çã♦ ✐♥✐❝✐❛❧✮✱ ♣r♦❞✉③

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❛♣r♦①✐♠❛çõ❡s q✉❡ ❝♦♥✈❡r❣❡♠ ♦✉ ♥ã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

◆♦ ❝❛s♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r✱ f(x) = 0✱ ✉♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ❞♦ ❈á❧❝✉❧♦

❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ é✿

❚❡♦r❡♠❛ ✶✳✶ ❚❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦✿ ❙❡ f(x) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥♦

✐♥t❡r✈❛❧♦ [a, b]✱ ❡ s❡ f(a).f(b) < 0✱ ❡♥tã♦ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❛✐③ ❞❡ f(x) ♥♦ ✐♥t❡r✈❛❧♦

❝♦♥s✐❞❡r❛❞♦ [a, b]✳

❖ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦ ♥♦s ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❛✐③✱

♣♦ré♠✱ ❛ ✉♥✐❝✐❞❛❞❡ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ t❡♦r❡♠❛ q✉❡ s❡❣✉❡✿

❚❡♦r❡♠❛ ✶✳✷ ❙♦❜ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❡✱ s❡♥❞♦ f ❞✐❢❡r❡♥❝✐á✈❡❧✱

t❛❧ q✉❡ ❛ ❢✉♥çã♦ f ′(x) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ r❛✐③ ❞❡ f(x) = 0 ♥♦ ✐♥t❡r✈❛❧♦ ❬❛✱ ❜❪✳

✶✳✷ ❖ q✉❡ é ♣♦ssí✈❡❧

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ♦s ③❡r♦s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢✉♥çõ❡s ♥ã♦

❧✐♥❡❛r❡s ❡♠ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❬✹❪✿

f1(x) = x4 − 12x3 + 47x2 − 60x

f2(x) = x4 − 12x3 + 47x2 − 60x+ 24

f3(x) = x4 − 12x3 + 47x2 − 60x+ 24.1

❙❡r✐❛ ❜♦♠ q✉❡ t✐✈éss❡♠♦s ✉♠ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r q✉❡ ✐♠♣❧❡♠❡♥t❛ss❡ ❛ r❡s♦✲

❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❝✐t❛❞♦s✱ ✐♥❢♦r♠❛♥❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❛❞♦ ①0✱ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ q✉❡✿

✧❖s ③❡r♦s ❞❡ f1(x) sã♦ x = 0 ou 3 ou 4 ou 5✧❀ ❡ q✉❡ ♦s ✧③❡r♦s ❞❡ f2(x) sã♦ x = 1

♦✉ x ≃ 0.888✧❀ ❡♥q✉❛♥t♦ q✉❡ ✧f3(x) ♥ã♦ ❝♦♥✈❡r❣❡ ♣❛r❛ s♦❧✉çã♦ r❡❛❧ ❡♠ ✉♠ ♥ú♠❡r♦

♣ré✲✜①❛❞♦ ❞❡ ✐t❡r❛çõ❡s✧✳



✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✻

❋✐❣✉r❛ ✶✳✶✿ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f1(x)

❆ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ♥ã♦ é

♥♦ss❛ ♣r✐♠❡✐r❛ ♣r❡♦❝✉♣❛çã♦✱ ♥❡st❡ tr❛❜❛❧❤♦✳ ➱ t❛♠❜é♠ ❛♣❛r❡♥t❡ q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥✲

tr❛r ♦✉ ♥ã♦✱ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳ ❖❜s❡r✲

✈❛♠♦s q✉❡✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❝❧áss✐❝♦ ❞❡✈✐❞♦ ❛ ●❛❧♦✐s✱ ♥ã♦ t❡♠♦s ✉♠❛ ❢ór♠✉❧❛ ❛♥❛❧ít✐❝❛

❝❛♣❛③ ❞❡ ❞❡t❡r♠✐♥❛r ♦s ③❡r♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ n ≥ 5✳ ❆ss✐♠✱ ❞❡✈❡♠♦s ❞❡s❡♥✈♦❧✲

✈❡r ♠ét♦❞♦s q✉❡ t❡♥t❛♠ ❞❡t❡r♠✐♥❛r ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳

✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛

✈❛r✐á✈❡❧

❙❡❥❛ f ❛ ❢✉♥çã♦ ❞❛ ✜❣✉r❛ ✭✶✳✷✮✱ q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦

r❡❛❧✳ ❉❡s❞❡ q✉❡ ❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❡ f ♥♦ ♣♦♥t♦ (x1; f(x1)) r❡♣r❡s❡♥t❛ ❛ ♠❡❧❤♦r

❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞❡ f ✱ ♣ró①✐♠♦ ❛♦ ♣♦♥t♦ ❝♦♥s✐❞❡r❛❞♦✱ ♣❛r❡❝❡ r❛③♦á✈❡❧ ❡s♣❡r❛r q✉❡✱ s❡

x1 ❡stá ♣ró①✐♠♦ ❞❛ r❛✐③ c ❞❛ ❡q✉❛çã♦ f(x) = 0 ❡♥tã♦✱ ♦ ♣♦♥t♦ x2✱ ♦♥❞❡ ❛ t❛♥❣❡♥t❡ ❡♠ x1

✐♥t❡r❝❡♣t❛ ♦ ❡✐①♦✲①✱ ❡stá t❛♠❜é♠ ♣ró①✐♠♦ ❞❛ r❛✐③ c✱ ✈✐❞❡ ✜❣✉r❛ ✭✶✳✷✮✳ ❆ t❛♥❣❡♥t❡ ❛❣♦r❛

♥♦ ♣♦♥t♦ x2 ♣r♦❞✉③ ♦ ♣ró①✐♠♦ ✈❛❧♦r x3 ❡ ❛ss✐♠ ✐t❡r❛t✐✈❛♠❡♥t❡✱ ❞❡ ❢♦r♠❛ ❛ ♦❜t❡r♠♦s

✉♠❛ s♦❧✉çã♦ tã♦ ♣ró①✐♠❛ ❞❡ c✱ r❛✐③ ❞❛ ❡q✉❛çã♦✱ q✉❛♥t♦ ❞❡s❡❥❛r♠♦s✳

❉❛❞♦ ✉♠❛ ❢✉♥çã♦ f : ℜ → ℜ ❡ ①0 ∈ ℜ✱ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❝♦♥s✐st❡ ❡♠ ❞❡✜♥✐r

✉♠❛ s❡q✉ê♥❝✐❛ xk ❛tr❛✈és ❞❛ ❡q✉❛çã♦



✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✼

xk+1 = xk −
f(xk)

f ′(xk)
k = 0, 1, 2.... ✭✶✳✶✮

❞❡s❞❡ q✉❡ f ′(xk) 6= 0 ♣❛r❛ k = 0, 1, 2, ....✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❛❞♦ x0✳ ❆ ❡①♣r❡ssã♦ ✭✶✳✶✮ é

♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ r❛✐③ ❞❛ ❡q✉❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ ❝♦♥s✐❞❡r❛❞♦✳

❊st❡ ♣r♦❝❡ss♦ ❞❡ ✐t❡r❛çã♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✭♦✉ ▼ét♦❞♦ ❞❡

◆❡✇t♦♥✲❘❛♣❤s♦♥✮✱ ♣❛r❛ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s f(x) = 0✳

❉❡✈❡♠♦s r❡ss❛❧t❛r q✉❡ ❡①✐st❡♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ♦ ♠ét♦❞♦ ❢❛❧❤❛✱ ❝♦♠♦ ✈❡r❡♠♦s ❛✐♥❞❛

♥❡st❡ ❝❛♣ít✉❧♦✳

❆s ✜❣✉r❛s ✭✶✳✷✮✱ ✭✶✳✸✮✱ ✭✶✳✹✮ ✐❧✉str❛♠ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s s✉❝❡ss✐✈❛s ❛♣r♦①✐♠❛çõ❡s

xk e xk+1✳

❋✐❣✉r❛ ✶✳✷✿ ❆♣r♦①✐♠❛çõ❡s ✐♥✐❝✐❛✐s s✉❝❡ss✐✈❛s

❊q✉❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛ f(x) ❡♠ ✭xk, f(xk)✮✿

y − f(xk) = f ′(xk)(x− xk)✳

0− f(xk) = f ′(xk)(xk+1 − xk).

■s♦❧❛♥❞♦ xk+1✱ ♥ós t❡♠♦s ❛ ❡q✉❛çã♦ ❞❛❞❛ ♣♦r ✭✶✳✶✮✳

❊①❡♠♣❧♦ ✶✳✶ ❆♣r♦①✐♠❛r
√
3 ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ à ❢✉♥çã♦

f(x) = x2 − 3✱ ❡s❝♦❧❤❡♥❞♦ x0 = 2 ❝♦♠♦ ❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ❬✶✵❪✳

❉❡s❞❡ q✉❡ f ′(x) = 2x✱ t❡♠♦s✿



✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✽

❋✐❣✉r❛ ✶✳✸✿ ❖❜t❡♥çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛♣r♦①✐♠❛çã♦

❋✐❣✉r❛ ✶✳✹✿ ❊✈♦❧✉çã♦ ❞❡ ✉♠ ♣♦♥t♦ (xk) ❛ ✉♠ ♣♦♥t♦ xk+1



✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✾

xk+1 = xk −
(xk)

2 − 3

2xk

=
(xk)

2 + 3

2xk

=
1

2
(xk +

3

xk

)

❚❛❜❡❧❛ ✶✳✶✿ ❚❛❜❡❧❛ ❞❡ ✈❛❧♦r❡s ❝♦♠♣✉t❛❞♦s

❦ xk

3

xk

xk+1 =
1

2
(xk +

3

xk

)

✶ ✷✱✵✵✵✵✵✵✵ ✶✱✺✵✵✵✵✵✵ ✶✱✼✺✵✵✵✵✵
✷ ✶✱✼✺✵✵✵✵✵ ✶✱✼✶✹✷✽✺✼ ✶✱✼✸✶✹✷✽✵
✸ ✶✱✼✸✷✶✹✷✽ ✶✱✼✸✶✾✺✽✽ ✶✱✼✸✷✵✺✵✽

❉❡s❞❡ q✉❡ (1, 7320508)2 = 2, 9999999 ♥❛ ❝❛❧❝✉❧❛❞♦r❛ ✉s❛❞❛ ♣❛r❛ ❡①❡❝✉t❛r ❡st❡s

❝á❧❝✉❧♦s✱ ♦ ♠ét♦❞♦ ❝♦♥s❡❣✉✐✉ ♦❜t❡r ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞❡ s♦❧✉çã♦ ❡♠ ❛♣❡♥❛s ✸

✐t❡r❛çõ❡s✳

❊①❡♠♣❧♦ ✶✳✷ ❉❡t❡r♠✐♥❛r ♦s ③❡r♦s ❞❛ ❢✉♥çã♦ f(x) = cos(x) + x.[✶✷]

◆❡st❡ ❝❛s♦ ✈❛♠♦s ✉t✐❧✐③❛r ✉♠ ♣r♦❣r❛♠❛ ❞♦ ▼❛t▲❛❜✳ ✭✈✐❞❡ ❆♥❡①♦ ❈✮✳

◆❡✇t♦♥✲❘❛♣❤s♦♥ ▼❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ tr❛♥s❝❡♥❞❡♥t❛❧ ❡q✉❛t✐♦♥s

❊❧❡♠❡♥t♦s ❞❡ ❡♥tr❛❞❛✿

❋✉♥çã♦ f(x) = cos(x) + x = 0

❆♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ x0 = 1

◆ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ❂ ✶✵✳

❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛ |f(x)|∞ ≤ 10−6

❊❧❡♠❡♥t♦s ❞❡ s❛í❞❛✿

❘❛✐③ ❂−7.390851.10−1

◆ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❂ ✼

❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❛t✐♥❣✐❞♦✿ |f(x)| ≤ 10−6

❯t✐❧✐③❛♠♦s ✉♠ s♦❢t✇❛r❡ ❣rá✜❝♦ ●r❛♣❤❡r ✲ ♣❧❛t❛❢♦r♠❛ ✐▼❛❝ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♠♣❛r❛✲

çã♦ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ✲ ✭✈✐❞❡ ✜❣✉r❛s ✭✶✳✺✮ ❡ ✭✶✳✻✮✮✳





✶✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ ❡q✉❛çã♦ ♥ã♦ ❧✐♥❡❛r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ✶✶

❙❡❣✉❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ♦♥❞❡ ♦ ♠ét♦❞♦ ❢❛❧❤❛ ❬✽❪✿

✐✮ ❈❧❛r❛♠❡♥t❡ ♦ ♠ét♦❞♦ ❢❛❧❤❛ s❡ ❛❝♦♥t❡❝❡r q✉❡ f ′(xk) = 0✱ ♦✉ s❡❥❛✱ ♦ ❝♦❡✜❝✐❡♥t❡

❛♥❣✉❧❛r ♠ ❞❛ r❡t❛ t❛♥❣❡♥t❡ é ③❡r♦✱ ❝♦♠ f(xk) 6= 0 ✲ ✭✈✐❞❡ ✜❣✉r❛ ✭✶✳✼✮✮❀

❋✐❣✉r❛ ✶✳✼✿ ❈♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ♠ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❡♠ (x0; f(x0)) é ③❡r♦

✐✐✮ ❯♠ ♦✉tr♦ ❝❛s♦ ♦♥❞❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❢❛❧❤❛✳

❱❡❥❛♠♦s ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦✿

x3 − x+

√
2

2
= 0 ✭✈✐❞❡ ✜❣✉r❛ ✶✳✽✮

❈♦♥s✐❞❡r❡♠♦s ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 = 0✱ ✭✐st♦ é✱ ♥♦ss❛ ✐t❡r❛çã♦ ✐♥✐❝✐❛❧ x0 = 0✮✳

❈♦♠♦ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ f é f ′(x) = 3x2 − 1✱ t❡♠♦s f ′(0) = −1✱ ❡ f(0) =

√
2

2
✳

❉❛❞♦ q✉❡ x1 = x0 −
1

f ′(x0)
.f(x0)✱ ♦✉ ❛✐♥❞❛ x1 = x0 −

x3
0 − x0 +

√
2

2

3x2
0 − 1

❂0 +

√
2

2

1
❂

√
2

2
✱

t❡♠♦s q✉❡ x1 =

√
2

2
❀ f ′(x1) =

1

2
❡ ❡♥tã♦ t❡♠♦s✿

x2 =

√
2

2
− 2.(

√
2

4
−

√
2

2
+

√
2

2
) = 0✱ ♦✉ s❡❥❛✱ x2 = x0 = 0✳

❉❡st❛ ❢♦r♠❛ r❡t♦r♥❛♠♦s ❛♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛✱ ♦✉ s❡❥❛ x0 = 0✱ ❡ ❞❡st❛ ❢♦r♠❛✱ ♦s

✈❛❧♦r❡s ❞❡ xk ✜❝❛rã♦ ✈❛r✐❛♥❞♦ ❡♥tr❡ ✵ ❡

√
2

2
✱ ❞❡ ❢♦r♠❛ ❛ ♥ã♦ ❝♦♥✈❡r❣✐r ♣❛r❛ q✉❛❧q✉❡r

r❛✐③✳ ❖✉ s❡❥❛ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣r♦❞✉③ ❛ s❡q✉ê♥❝✐❛ (0,

√
2

2
, 0,

√
2

2
, ...)✳

◆♦ ❡♥t❛♥t♦✱ s❡ ❛♣❧✐❝❛r♠♦s ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❛ ♣❛rt✐r ❞❡ x0 = −1✱ ♦❜t❡♠♦s ♦s

s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿
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❋✐❣✉r❛ ✶✳✽✿ ●rá✜❝♦ ❢✭①✮❂x3 − x+

√
2

2

◆❡✇t♦♥✲❘❛♣❤s♦♥ ▼❡t❤♦❞ ❢♦r s♦❧✈✐♥❣ tr❛♥s❝❡♥❞❡♥t❛❧ ❡q✉❛t✐♦♥s ✭✈✐❞❡ ❛♥❡①♦ ❈✮✳

❆ r❛✐③ ❂ ✲✶✳✷✺✶✵✼✾

◆✉♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ❂ ✹

❘❡s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ❙♦❢t✇❛r❡ ●r❛♣❤❡r ✭▼❛❝✮ ✲ ✈✐❞❡ ✜❣✉r❛ ✭✶✳✾✮✳

❖❜s❡r✈❡ q✉❡ ♥♦s ❞♦✐s ❡①❡♠♣❧♦s ♦♥❞❡ ♦ ♠ét♦❞♦ ❢❛❧❤❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❛ ❛♣r♦①✐♠❛çã♦

❞❛ r❛✐③ ❡ ❛ ♣ró♣r✐❛ ❡s❝♦❧❤❛ ❞❡st❡ ♣♦♥t♦ ✐♥✐❝✐❛❧ é ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♣♦✐s✱ ♦ ♠❡s♠♦

♣♦❞❡ ❛❝❛rr❡t❛r ❝♦♥✈❡r❣ê♥❝✐❛ ♦✉ ♥ã♦ à s♦❧✉çã♦✳

✶✳✹ ▼ét♦❞♦ ❙❡❝❛♥t❡

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ q✉❡ ✉t✐❧✐③❛ ❛ r❡t❛ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ ❝♦♥✲

s✐❞❡r❛❞♦ ♣❛r❛ ❣❡r❛r ❛ s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ f(x) = 0✱

♦ ♠ét♦❞♦ ❞❛ s❡❝❛♥t❡ ✉t✐❧✐③❛ ❛ r❡t❛ s❡❝❛♥t❡ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞❛ ❢✉♥çã♦✱ (xk; f(xk)) ❡

(xk−1; f(xk−1)) q✉❡ é ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ r❡t❛ t❛♥❣❡♥t❡ ❬✸❪ ✭✈✐❞❡ ✜❣✉r❛ ✶✳✶✵✮✳

◆❡st❡ ❝❛s♦ sã♦ ♥❡❝❡ssár✐♦s ❞♦✐s ♣♦♥t♦s ✐♥✐❝✐❛✐s x0 ❡ x1✳

P❛r❛ ❡st❛❜❡❧❡❝❡r♠♦s ❛ r❡❧❛çã♦ ❞❡ r❡❝♦rrê♥❝✐❛✱ ✉t✐❧✐③❛♠♦s ❛ s❡♠❡❧❤❛♥ç❛ ❞❡ tr✐â♥❣✉❧♦s✱

❡ t❡♠♦s✿

f(x0)

x0 − x2

❂
f(x1)

x1 − x2

❘❡s♦❧✈❡♥❞♦ ♣❛r❛ ❛ ✐♥❝ó❣♥✐t❛ x2✱ t❡♠♦s✿





✶✳✹ ▼ét♦❞♦ ❙❡❝❛♥t❡ ✶✹

❋✐❣✉r❛ ✶✳✶✵✿ ▼ét♦❞♦ s❡❝❛♥t❡

x2 =
x0f(x1)− x1f(x0)

f(x1)− f(x0)

P♦❞❡♠♦s ❝❤❡❣❛r ❛ ♠❡s♠❛ ❡①♣r❡ssã♦ s✉❜st✐t✉✐♥❞♦ ♥❛ ✐t❡r❛çã♦ ❞❡ ◆❡✇t♦♥ f ′(x0) ♣♦r
f(x1)− f(x0)

x1 − x0

✱ é✿

●❡♥❡r❛❧✐③❛♥❞♦✱ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ t❡r♠♦ ❣❡r❛❧ é✿ ❞❛❞♦s x0✱ x1

xk+1 =
xk−1f(xk)− xkf(xk−1)

f(xk)− f(xk−1)
✳ ❦ ❂ ✷✱ ✸✱ ✳✳✳

❖❜s❡r✈❡ q✉❡✱ ♥♦ ♠ét♦❞♦ s❡❝❛♥t❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ♦ ❝á❧❝✉❧♦ ❞❡ ✈❛❧♦r❡s ❞❛s ❞❡r✐✈❛❞❛s

❞❡ f(x)✱ ❝♦♠♦ ❡r❛ ♥♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥❀ ✉s❛♠♦s ♦s ♣ró♣r✐♦s ✈❛❧♦r❡s ❞❡ f(xk) ❡ f(xk−1)✱

q✉❡ ❞❡ q✉❛❧q✉❡r ❢♦r♠❛ s❡r✐❛♠ ❝❛❧❝✉❧❛❞♦s✳ ■st♦ t❛♠❜é♠ r❡♣r❡s❡♥t❛ ✉♠ ❣❛♥❤♦ q✉❛♥❞♦ ❛s

❞❡r✐✈❛❞❛s sã♦ ❞❡ ❞✐❢í❝❡✐s ❡①♣r❡ssõ❡s ♣♦✐s ❡ss❡s ❝á❧❝✉❧♦s t❛♠❜é♠ ❡♥✈♦❧✈❡♠ ❝✉st♦s ❝♦♠✲

♣✉t❛❝✐♦♥❛✐s✳

❊①❡♠♣❧♦ ✶✳✸ ❖ ♠ét♦❞♦ ❞❛ s❡❝❛♥t❡ é ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ r❛✐③ ❞❛ ❡q✉❛çã♦ cos(x)+

x = 0 ❬✶✵❪✳ ❚♦♠❛♠♦s ❝♦♠♦ ✈❛❧♦r❡s ✐♥✐❝✐❛✐s x0 = 1 ❡ x1 = −0.5 ❡ t♦❧❡râ♥❝✐❛ ❞❡ 10−6✳



✶✳✹ ▼ét♦❞♦ ❙❡❝❛♥t❡ ✶✺

❚❛❜❡❧❛ ✶✳✷✿ ❚❛❜❡❧❛ ❞❡ ✈❛❧♦r❡s ❝♦♠♣✉t❛❞♦s

✐t❡r✳ xk−1 xk f(xk−1) f(xk) |(xk − xk−1)| ⑤⑤❢⑤⑤ xk+1

✶ ✶✳✵✵✵✵✵✵ ✲✵✳✺✵✵✵✵✵ ✶✳✺✹✵✸✵✷ ✵✳✸✼✼✺✽✷ ✶✳✺✵✵✵✵✵ ✶✳✶✻✷✼✶✾ ✲✵✳✾✽✼✶✶✶
✷ ✲✵✳✺✵✵✵✵✵ ✲✵✳✾✽✼✶✶✶ ✵✳✸✼✼✺✽✷ ✲✵✳✹✸✻✵✵✽ ✵✳✹✽✼✶✶✶ ✵✳✽✶✸✺✾✶ ✲✵✳✼✷✻✵✻✺
✸ ✲✵✳✾✽✼✶✶✶ ✲✵✳✼✷✻✵✻✺ ✲✵✳✹✸✻✵✵✽ ✵✳✵✷✶✼✷✼ ✵✳✷✻✶✵✹✺ ✵✳✹✺✼✼✸✺ ✲✵✳✼✸✽✹✺✶
✹ ✲✵✳✼✷✻✵✻✺ ✲✵✳✼✸✽✹✺✻ ✵✳✵✷✶✼✷✼ ✵✳✵✵✶✵✺✷ ✵✳✵✶✷✸✾✶ ✵✳✵✷✵✻✼✺ ✲✵✳✼✸✾✵✽✻
✺ ✲✵✳✼✸✽✹✺✻ ✲✵✳✼✸✾✵✽✻ ✵✳✵✵✶✵✺✷ ✵✳✵✵✵✵✵✸ ✵✳✵✵✵✻✸✵ ✵✳✵✵✶✵✺✺ ✲✵✳✼✸✾✵✽✺
✻ ✲✵✳✼✸✾✵✽✻ ✲✵✳✼✸✾✵✽✺ ✵✳✵✵✵✵✵✸ ✲✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✶ ✵✳✵✵✵✵✵✸ ✲✵✳✼✸✾✵✽✺
✼ ✲✵✳✼✸✾✵✽✺ ✲✵✳✼✸✾✵✽✺ ✲✵✳✵✵✵✵✵✵ ✲✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ ✲✵✳✼✸✾✵✽✺

P❡❧♦ ♠ét♦❞♦ ❞❛ s❡❝❛♥t❡✱ ❝♦♠ ❝á❧❝✉❧♦s ♣❛ss♦ ❛ ♣❛ss♦✱ ♦❜t✐✈❡♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❞❛

s♦❧✉çã♦ ♣❛r❛ ♦ ❡①❡♠♣❧♦ ❡♠ q✉❡stã♦✱ ✐st♦ é✱ x = −0.73908513✱ ❡♠ ✼ ✐t❡r❛çõ❡s✳ ❆q✉✐ ❢♦✐

✉t✐❧✐③❛❞♦ ✉♠ ♣r♦❣r❛♠❛ ❞♦ ▼❛t▲❛❜ q✉❡ ✐♠♣❧❡♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❛ s❡❝❛♥t❡ ✭✈✐❞❡ ❛♥❡①♦ ❇✮✳

❘❡❛❧✐③❛♠♦s ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧♦s ♠ét♦❞♦s✿ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❡

❞❛ ❙❡❝❛♥t❡✱ ✐♠♣❧❡♠❡♥t❛❞♦s ♥♦s ♣r♦❣r❛♠❛s ❞♦ ▼❛t▲❛❜✱ ❛♣❧✐❝❛❞♦s à r❡s♦❧✉çã♦ ❞❛ ❡q✉❛✲

çã♦ f(x) = cos(x) + x = 0✳

❖❜s❡r✈❛♠♦s q✉❡ ❛♠❜♦s ♦s ♠ét♦❞♦s ♦❜t✐✈❡r❛♠✱ ❡♠ ❛♣❡♥❛s ✼ ✐t❡r❛çõ❡s✱ ✉♠❛ ❜♦❛

❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳ ❉❡st❛❝❛♠♦s q✉❡ ❛ ❡s❝♦❧❤❛ ❞♦s

♣♦♥t♦s ✐♥✐❝✐❛✐s é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ss❡s ♠ét♦❞♦s ✐t❡r❛t✐✈♦s✳ ◆♦ ❝❛s♦ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♠❛✐s ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦✱ ❝♦♠♦ ♦ ✈❛❧♦r ✲✵✳✺ ✉s❛❞♦

♥❛ ✐♥✐❝✐❛❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❞❛ s❡❝❛♥t❡✱ ♣♦❞❡r✐❛ ❣❡r❛r ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s ❡♠ r❡❧❛çã♦ ❛♦

♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✳

❆ ♣❛rt✐r ❞❡ ✉♠ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣ró①✐♠♦ ❞❛ r❛✐③ ♣r♦❝✉r❛❞❛✱ s❡ ❛ ❢✉♥çã♦ ♣♦ss✉✐ ❞❡r✐✈❛❞❛s

❝♦♥tí♥✉❛s✱ ❡ f ′ ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ x∗✱ t❡♠♦s ❛ ❣❛r❛♥t✐❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ t❛♥t♦ ♥♦ ♠ét♦❞♦

❞❡ ◆❡✇t♦♥✱ q✉❛♥t♦ ♥♦ ♠ét♦❞♦ ❞❛ ❙❡❝❛♥t❡✳ ◗✉❛♥t♦ à ❡✈♦❧✉çã♦ ❞♦ ❡rr♦ ❞❡ss❡s ♠ét♦❞♦s✱

♣♦❞❡♠♦s ❝✐t❛r ♦ r❡s✉❧t❛❞♦ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❜✐❜❧✐♦❣r❛✜❛ ❡s♣❡❝✐❛❧✐③❛❞❛ ❬✷❪✳



✶✳✺ ❈♦♥✈❡r❣ê♥❝✐❛ ✶✻

✶✳✺ ❈♦♥✈❡r❣ê♥❝✐❛

❉❛❞♦ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ q✉❡ ♣r♦❞✉③ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s x1, x2, ...✱ ❛ ♣❛r✲

t✐r ❞❡ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0✱ ♥ós ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡t❡r♠✐♥❛r s❡ ❡st❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ①∗✱ ❡ ❛✐♥❞❛ q✉ã♦ r❛♣✐❞❛♠❡♥t❡✳ ❙❡ ♥ós ❛ss✉♠✐r♠♦s q✉❡ ❡st❛

❝♦♥✈❡r❣❡✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s ❝❛r❛❝t❡r✐③❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡rã♦ ♥❡❝❡ssá✲

r✐❛s✳

✶✳✺✳✶ ❆❧❣✉♠❛s ❉❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ x∗ ∈ ℜ✱ xk ∈ ℜ✱ k = 0, 1, 2, ...✳

❊♥tã♦✱ ❛ s❡q✉ê♥❝✐❛✿ {xk}❂{x0, x1, x2, ....} é ❞✐t❛ ❝♦♥✈❡r❣❡♥t❡ ❛ x∗✱ s❡✿

lim
k→∞

|xk − x∗| = 0✳

❉❡✜♥✐çã♦ ✶✳✷ ❙❡✱ ❡♠ ❛❞✐çã♦✱ ❡①✐st✐r ✉♠❛ ❝♦♥st❛♥t❡ ❝ ∈ [0, 1]✱ ❡ ✉♠ ✐♥t❡✐r♦ k∗ ≥ 0✱

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ k ≥ k∗✱

|xk+1 − x∗| ≤ c |xk − x∗|✱

❡♥tã♦✱ {xk} é ❞✐t❛ q✲❧✐♥❡❛r♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❛ x∗✳

❉❡✜♥✐çã♦ ✶✳✸ ❙❡ ♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ {ck} q✉❡ ❝♦♥✈✐r❥❛ ❛ ③❡r♦✱

|xk+1 − x∗| ≤ ck |xk − x∗|✱

❡♥tã♦✱ {xk} é ❞✐t❛ s❡r q✲s✉♣❡r❧✐♥❡❛r♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❛ x∗✳

❉❡✜♥✐çã♦ ✶✳✹ ❙❡ ❡①✐st✐r❡♠ ❝♦♥st❛♥t❡s p > 1✱ c ≥ 0 ❡ k∗ ≥ 0✱ t❛✐s q✉❡ {xk} ❝♦♥✈❡r❣❡

♣❛r❛ x∗ ❡ ♣❛r❛ t♦❞♦ k ≥ k∗✱

|xk+1 − x∗| ≤ c |xk − x∗|p✱

❡♥tã♦✱ {xk} é ❞✐t❛ ❝♦♥✈❡r❣❡♥t❡ ❛ x∗✱ ❝♦♠ ✧q✲♦r❞❡♠✑ ♣❡❧♦ ♠❡♥♦s ✧♣✧✳ ❙❡ p = 2 ♦✉ p = 3✱

❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ❞✐t❛ q✲q✉❛❞rát✐❝❛ ♦✉ q✲❝ú❜✐❝❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✺ ❯♠❛ ❢✉♥çã♦ g é ❞✐t❛ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ❝♦♠ ❝♦♥st❛♥t❡ γ ❡♠ ✉♠ ❝♦♥✲

❥✉♥t♦ X✱ ❞❡♥♦t❛❞♦ ♣♦r g ∈ Lipγ(X)✱ s❡✱ ♣❛r❛ t♦❞♦ x, y ∈ X❀

|g(x)− g(y)| ≤ γ|x− y|✳



✶✳✺ ❈♦♥✈❡r❣ê♥❝✐❛ ✶✼

✶✳✺✳✷ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥ ❡ ❙❡❝❛♥t❡

❚❡♦r❡♠❛ ✶✳✸ ❙❡❥❛ f : D → ℜ✱ D ✉♠ ❞❛❞♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦✱ ❡ s❡❥❛ ❛✐♥❞❛ f ′ ∈ Lipγ(D)✳

❆ss✉♠❛ q✉❡ ♣❛r❛ ✉♠ ❞❛❞♦ ρ > 0✱ |f ′(x)| ≥ ρ✱ ♣❛r❛ t♦❞♦ x ∈ D✳ ❙❡ f(x) = 0 t❡♠ ✉♠❛

s♦❧✉çã♦ x∗ ∈ D✱ ❡♥tã♦ ❤á ✉♠ η > 0✱ t❛❧ q✉❡✿

❙❡ |x0 − x∗| ≤ η✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {xn}✱ ❣❡r❛❞❛ ♣♦r✿

xn+1 = xn −
f(xn)

f ′(xn)
✱ ♣❛r❛ n = 0, 1, 2, ....

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ x∗✳ ▼❛✐s ❛✐♥❞❛✱ ♣❛r❛ n = 0, 1, 2, ....

|xn+1 − x∗| ≤
γ

2ρ
.|xn − x∗|2

✳

✭❈♦♥✈❡r❣ê♥❝✐❛ q✲q✉❛❞rát✐❝❛✮✳

P❛r❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✱ ✈✐❞❡ ❬✹❪✳

❙♦❜ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ✶✳✸✱ ❛ s❡q✉ê♥❝✐❛ {xn} ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❛s

s❡❝❛♥t❡s ❝♦♥✈❡r❣❡ ❛ ①∗ ❡✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱
|xn+1 − x∗|
|xn − x∗|p = c✱ ♣❛r❛ ❛❧❣✉♠❛

❝♦♥st❛♥t❡ c ♥ã♦ ♥✉❧❛ ❡ p ≃ 1.618 ✭❝♦♥✈❡r❣ê♥❝✐❛ q✲s✉♣❡r❧✐♥❡❛r✮✳



❈❛♣ít✉❧♦ ✷

▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s

❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s

✷✳✶ ■♥tr♦❞✉çã♦

❖ ♣r♦❜❧❡♠❛ ❜ás✐❝♦ ❛ s❡r ❡st✉❞❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛✲

çõ❡s ♥ã♦ ❧✐♥❡❛r❡s❀ ❛ ❢♦r♠✉❧❛çã♦ ❞♦s ♠❡s♠♦s é✿ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ F : ℜn → ℜn✱

❞❡t❡r♠✐♥❛r ①∗ ∈ ℜn✱ t❛❧ q✉❡ F (①∗) = 0✱ ♦♥❞❡ ❋ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♣❛r❛ q✉❡ ♦

♣r♦❜❧❡♠❛ ❡st❡❥❛ ❜❡♠ ❞❡✜♥✐❞♦ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣❛r❛ q✉❡ ♦s ♠ét♦❞♦s q✉❡ ✈❛♠♦s ❛❜♦r❞❛r

s❡❥❛♠ ❛♣❧✐❝á✈❡✐s✳

❘❡♣r❡s❡♥t❛♠♦s✿

F (x) =















f1(x1, x2, .....xn)

f2(x1, x2, .....xn)

.......

fn(x1, x2, .....xn)















✭✷✳✶✮

❱❛♠♦s ❛♥❛❧✐s❛r✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r✿

❊①❡♠♣❧♦ ✷✳✶ ❙❡❥❛♠ ❛s ❢✉♥çõ❡s✿











f1(①) = x2

1 + x2

2 − 2

f2(①) = x2

1 −
x2
2

9
− 1, onde ① = (x1, x2) ∈ ℜ2

✶✽



✷✳✶ ■♥tr♦❞✉çã♦ ✶✾

❋✐❣✉r❛ ✷✳✶✿ ●rá✜❝♦ ❞❛s ❢✉♥çõ❡s f1 e f2 ❞♦ ❡①❡♠♣❧♦ ✷✳✶

❖ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s











f1(x) = 0

f2(x) = 0
❛❞♠✐t❡ q✉❛tr♦ s♦❧✉çõ❡s✱ q✉❡ sã♦ ♦s ♣♦♥t♦s

♦♥❞❡ ❛s ❝✉r✈❛s f1(x) ❡ f2(x) s❡ ✐♥t❡r❝❡♣t❛♠ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✭✷✳✶✮✳

❊①❡♠♣❧♦ ✷✳✷ ❙❡❥❛♠ ❛s ❢✉♥çõ❡s ✿











f1(x) = x2

1 + x2 − 0.2

f2(x) = x2

2 − x1 + 1

◆❡st❡ ❡①❡♠♣❧♦ ♦❜s❡r✈❛♠♦s q✉❡ ♦ s✐st❡♠❛











f1(x) = 0

f2(x) = 0
♥ã♦ t❡♠ s♦❧✉çã♦✱ ♣♦✐s ♥ã♦

❡①✐st❡♠ ♣♦♥t♦s ♦♥❞❡ ❛s ❝✉r✈❛s s❡ ✐♥t❡r❝❡♣t❛♠✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✭✷✳✷✮✳

P❛r❛ ✉♠❛ ❞✐♠❡♥sã♦ q✉❛❧q✉❡r✱ ❛ ❛♥á❧✐s❡ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❡ ✉♠

s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ♣♦❞❡ s❡ t♦r♥❛r ✉♠❛ q✉❡stã♦ ❝♦♠♣❧❡①❛✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ✈❛♠♦s

♥♦s ❝♦♥❝❡♥tr❛r ♥♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ r❡s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✱

s❡♠ ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s s♦❜r❡ ❛ t❡♦r✐❛ ❞❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✳



✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✷✵

❋✐❣✉r❛ ✷✳✷✿ ●rá✜❝♦ ❞❛s ❢✉♥çõ❡s f1 ❡ f2 ❞♦ ❡①❡♠♣❧♦ ✷✳✷

✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦

❧✐♥❡❛r❡s

❙❡❥❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ n ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❡♠ n ✈❛r✐á✈❡✐s✿



































f1(x1, x2, .....xn) = 0

f2(x1, x2, .....xn) = 0

.......

fn(x1, x2, .....xn) = 0

✭✷✳✷✮

◆❛ ❢♦r♠❛ ✈❡t♦r✐❛❧✱ t❡♠♦s✿ F (x) = 0✱ ♦♥❞❡ ① ∈ ℜn e F (x) é ❞❡✜♥✐❞❛ ❝♦♠♦✿

F (x) =















f1(x1, x2, .....xn)

f2(x1, x2, .....xn)

.......

fn(x1, x2, .....xn)

















✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✷✶

❙✐♠✐❧❛r♠❡♥t❡ ❛♦ ❝❛s♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✱ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s

❞❡ 1a ♦r❞❡♠ ❞❡ F ✱ é ❞❛❞❛ ♣♦r✿

J(①) =





















∂f1(①)
∂x1

∂f1(①)
∂x2

........
∂f1(①)
∂xn

∂f2(①)
∂x1

∂f2(①)
∂x2

........
∂f2(①)
∂xn

.......

∂fn(①)
∂x1

∂fn(①)
∂x2

........
∂fn(①)
∂xn





















❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❝♦♥s✐st❡ ❡♠ ❢❛③❡r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r Lk(①) ≃ F (①k) +

J(①k).(①−①k)✱ ❞❛ ❢✉♥çã♦ F ♥♦ ♣♦♥t♦ ①k ❞❛❞♦✱ r❡♣r❡s❡♥t❛❞❛ ♣♦r ♣❧❛♥♦s ♦✉ ❤✐♣❡r♣❧❛♥♦s✳

❆ ♣❛rt✐r ❞❛ ✉t✐❧✐③❛çã♦ ❞❡st❛s ❛♣r♦①✐♠❛çõ❡s ❧✐♥❡❛r❡s ♣❛r❛ k = 0, 1, 2, ...✱ s❡❣✉❡♠✲s❡ ❛s

✐t❡r❛çõ❡s✱ ❣❡r❛♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ q✉❡✱ s♦❜ ❝❡rt❛s ❤✐♣ót❡s❡s✱ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦✳

❈♦♠♦ ❡♠ q✉❛❧q✉❡r ♠ét♦❞♦ ✐t❡r❛t✐✈♦✱ ♣r❡❝✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ❝r✐tér✐♦s ❞❡ ♣❛r❛❞❛ ♣❛r❛

❛❝❡✐t❛r ✉♠ ♣♦♥t♦ ①k ❝♦♠♦ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ❞❛ s♦❧✉çã♦ ❡①❛t❛ ①∗✱ ♦✉ ❛✐♥❞❛ ♣❛r❛

❞❡t❡❝t❛r♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❧❡♥t❛ ❞♦ ♣r♦❝❡ss♦✳ ❯♠❛ ✈❡③ q✉❡✱ ♥❛ s♦❧✉çã♦ ❡①❛t❛ ①∗✱

t❡♠♦s✿ F (①∗) = 0✱ ✉♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❝♦♥s✐st❡ ❡♠ ✈❡r✐✜❝❛r s❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s

❞❡ F (①k) tê♠ ♠ó❞✉❧♦ ♣❡q✉❡♥♦✳ ❈♦♠♦ F (①k) é ✉♠ ✈❡t♦r ♥♦ ℜn✱ ✈❡r✐✜❝❛♠♦s s❡ ❛ ♥♦r♠❛

❞❡ F (①k) é ♠❡♥♦r q✉❡ ✉♠ ❞❛❞♦ ǫ✱ ✐st♦ é✿ ||F (xk)|| < ǫ✱ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✳

❖✉tr♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❝♦♥s✐st❡ ❡♠ ✈❡r✐✜❝❛r s❡ ❛ ♥♦r♠❛ ❡♥tr❡ ❞✉❛s ✐t❡r❛çõ❡s s✉❝❡s✲

s✐✈❛s ❡stá ♣ró①✐♠❛ ❞❡ ③❡r♦✱ ✐st♦ é✱ ❡s❝♦❧❤❡♠♦s ①k+1 ❝♦♠♦ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛

s♦❧✉çã♦ ❡①❛t❛ ①∗✱ s❡ t❡♠♦s ||①k+1−①k|| < ǫ❀ ❡ss❡ ❝r✐tér✐♦ é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❡rr♦ ❛❜s♦❧✉t♦✳

P♦❞❡✲s❡ ❛❧t❡r♥❛t✐✈❛♠❡♥t❡ ✉s❛r ♦ ❡rr♦ r❡❧❛t✐✈♦✱ q✉❡ t❛♠❜é♠ ❝♦♥s✐st❡ ❡♠ ✉♠ ❝r✐tér✐♦ ❞❡

♣❛r❛❞❛✱ ✐st♦ é✿
||①k+1 − ①k||

||①k+1|| < ǫ✳

❖ ♠ét♦❞♦ ♠❛✐s ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ r❡s♦❧✈❡r s✐st❡♠❛s ❞❡ ❡q✉❛✲

çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❡ tr❛♥s❝❡♥❞❡♥t❛✐s é ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✭t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✲ P✉r♦✮✳
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❈❛❞❛ ✐t❡r❛çã♦ k ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❝♦♥s✐st❡ ♥❛ ♦❜t❡♥çã♦ ❞❡ ✉♠ ③❡r♦ ❞❛ ❛♣r♦✲

①✐♠❛çã♦ ❧✐♥❡❛r Lk(①)✱ ♦ q✉❛❧ s❡rá ❛ ♥♦✈❛ ❡st✐♠❛t✐✈❛ xk+1✳ ❆ss✐♠ ♦ ♠ét♦❞♦ r❡q✉❡r

❜❛s✐❝❛♠❡♥t❡✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✿

✐✮ ❆ ❛✈❛❧✐❛çã♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♥♦ ♣♦♥t♦ ❡♠ q✉❡stã♦✱ J(①k)✳

✐✐✮ ❆ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r J(①k).sk = −F (①k)✳

✐✐✐✮ ❆ ❛t✉❛❧✐③❛çã♦ ❞♦ ♥♦✈♦ ✈❛❧♦r ①k+1 = ①k + sk✳

❊①❡♠♣❧♦ ✷✳✸ ❘❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❛ s❡❣✉✐r✿











f1(x) = ln(x2

1 + 2x2

2 + 1)− 0.5 = 0.

f2(x) = x2 − x2

1 + 0.2 = 0
✭✷✳✸✮

❋✐❣✉r❛ ✷✳✸✿ ●rá✜❝♦ ❞❛s ❢✉♥çõ❡s f1 ❡ f2 ❞♦ ❡①❡♠♣❧♦ ✷✳✸

◆❡st❡ ❡①❡♠♣❧♦ ✈❛♠♦s r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❞✉❛s ❢♦r♠❛s✿

✐✮ ❊①❡❝✉t❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♣❛ss♦ ❛ ♣❛ss♦✱ t♦❞❛s ❛s ♦♣❡r❛çõ❡s ❡♥✈♦❧✈✐❞❛s ♥❛s ✐t❡r❛✲

çõ❡s✳

✐✐✮ ❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ✉s❛♥❞♦ ✉♠ ♣r♦❣r❛♠❛ ▼❛t▲❛❜ ❡♥✈♦❧✈❡♥❞♦ ♦♣❡r❛çõ❡s ❝♦♠

♠❛tr✐③❡s✱ ♦♥❞❡ ♣♦❞❡✲s❡ r❡ss❛❧t❛r q✉❡ ❛ ♦♣❡r❛çã♦ ❞❡ ❞✐✈✐sã♦ t❡♠ ❞✉❛s ❢♦r♠❛s ❛ s❛❜❡r ❬✻❪✿

❉✐✈✐sã♦ à ❡sq✉❡r❞❛ ✲ ❊st❛ ❞✐✈✐sã♦ à ❡sq✉❡r❞❛ é ✉s❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦

♠❛tr✐❝✐❛❧ A① = ❜✱ ♦♥❞❡ ❆ é ♠❛tr✐③ ♥ã♦ s✐♥❣✉❧❛r✳ ◆❡st❛ ❡q✉❛çã♦ ① ❡ ❜ sã♦ ✈❡t♦r❡s
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❝♦❧✉♥❛✳ ❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛✱ ❞♦s ❞♦✐s ❧❛❞♦s✱

♣❡❧❛ ✐♥✈❡rs❛ ❞❡ ❆✳

A−1A① = A−1❜

❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡st❛ ❡q✉❛çã♦ é ①✱ ❞❡s❞❡ q✉❡✿

A−1A① = I① = ①

❊♥tã♦ ❛ s♦❧✉çã♦ ❞❡ A① = ❜ é✿ ① = A−1❜

◆♦ ▼❛t▲❛❜✱ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ✉s❛♥❞♦ ♦ ❝❛r❛❝t❡r ❞❡ ❞✐✈✐sã♦ à ❡s✲

q✉❡r❞❛✱ ✐st♦ é✿

① = A \ ❜

❖ ♠ét♦❞♦ ♣❡❧♦ q✉❛❧ ♦ ▼❛t▲❛❜ ❝❛❧❝✉❧❛ ① é ❞✐❢❡r❡♥t❡✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ ♦ ▼❛t▲❛❜

✐♥✐❝✐❛❧♠❡♥t❡ ❝❛❧❝✉❧❛ ❛ ✐♥✈❡rs❛ A−1 ❡ ❛ ✉s❛ ♣❛r❛ ♠✉❧t✐♣❧✐❝❛r ♣♦r ❜✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦

✭❞✐✈✐sã♦ à ❡sq✉❡r❞❛✮ ❛ s♦❧✉çã♦ é ♦❜t✐❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ❝♦♠ ✉♠ ♠ét♦❞♦ ❜❛s❡❛❞♦ ♥❛

❡❧✐♠✐♥❛çã♦ ❞❡ ●❛✉ss✳ ❖ ♠ét♦❞♦ ❞❛ ❞✐✈✐sã♦ à ❡sq✉❡r❞❛ é r❡❝♦♠❡♥❞❛❞♦ ♣❛r❛ r❡s♦❧✈❡r

❝♦♥❥✉♥t♦s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ ♣♦✐s ♦ ♠ét♦❞♦ ❞❛ ✐♥✈❡rs❛ ♣♦❞❡ s❡r ♠❡♥♦s

♣r❡❝✐s♦ q✉❡ ❛ ❡❧✐♠✐♥❛çã♦ ❞❡ ●❛✉ss✱ q✉❛♥❞♦ ❛♣❧✐❝❛❞♦ ❡♠ ♠❛tr✐③❡s ❞❡ ❣r❛♥❞❡s ❞✐♠❡♥sõ❡s

❬✼❪✳

❉✐✈✐sã♦ à ❞✐r❡✐t❛ ✲ ❆ ❞✐✈✐sã♦ à ❞✐r❡✐t❛ é ✉s❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧

①C = ❞✳ ◆❡st❛ ❡q✉❛çã♦ ① ❡ ❞ sã♦ ✈❡t♦r❡s ❧✐♥❤❛✳ ❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ♣❡❧❛

♠✉❧t✐♣❧✐❝❛çã♦ ♣❡❧❛ ❞✐r❡✐t❛ ❛♠❜♦s ♦s ❧❛❞♦s ♣❡❧❛ ✐♥✈❡rs❛ ❞❡ ❈✿

①.CC−1 = ❞C−1

♣♦rt❛♥t♦ ① = ❞.C−1✳

◆♦ ▼❛t▲❛❜ ❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ✉s❛♥❞♦ ♦ ❝❛r❛❝t❡r ❞❡ ❞✐✈✐sã♦ à

❞✐r❡✐t❛✳

① = ❞/C

❘❡s♦❧✉çã♦ ♣❛ss♦ ❛ ♣❛ss♦

❱❛♠♦s ✉t✐❧✐③❛r ❝♦♠♦ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ①0 = (1, 1)t✱ ❞❡ ❢♦r♠❛ ❛ ♦❜t❡r ❛ s♦❧✉çã♦

♣♦s✐t✐✈❛ ❞♦ s✐st❡♠❛ ❞♦ ❡①❡♠♣❧♦ ✭✷✳✸✮✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ : ||F (①k)||∞ ❁ 10−6✳

❆✈❛❧✐❛çã♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✿



✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✷✹

J(x1, x2)❂







∂f1(x1, x2)

∂x1

∂f1(x1, x2)

∂x2

∂f2(x1, x2)

∂x1

∂f2(x1, x2)

∂x2







J(x1, x2)❂





2x1

x2
1 + 2x2

2 + 1

4x2

x2
1 + 2x2

2 + 1

−2x1 1





Pr✐♠❡✐r❛ ✐t❡r❛çã♦✿

✐✮ ❆✈❛❧✐❛r ❛ ❏❛❝♦❜✐❛♥❛ ♥♦ ♣♦♥t♦ ❝♦♥s✐❞❡r❛❞♦ ✱ ✐st♦ é✿ J(x0)✱ ❡ ❛ ❢✉♥çã♦✱ F (x0)

✐✐✮ ❘❡s♦❧✈❡r ♦ s✐st❡♠❛ J(x0).(s0) = −F (x0)

✐✐✐✮ ❉❡t❡r♠✐♥❛r ♦ ♥♦✈♦ ♣♦♥t♦ x1 = x0 + s0✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✳

❆ss✐♠✱ ♣❛r❛ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0 = [1; 1]✱ t❡♠♦s✿

❏✭✶✱✶✮❂





2

12 + 2.12 + 1

4.1

12 + 2.12 + 1

−2.1 1





J(1, 1) =





1

2
1

−2 1





f1(1, 1) = ln(12 + 2.12 + 1)− 0.5 = ln(4)− 0.5 = 0.8863

f2(1, 1) = 1− 12 + 0.2 = 0.2

❘❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛✿ J(1, 1).(s0) = −F (x0)





1

2
1

−2 1









s01

s02



 =





−0.8863

−0.2000









s01

s02



 =





−0.2745

−0.7491



 ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✱ ♦❜t❡♥❞♦✲s❡✿

x0 ❂





1

1



 x1 ❂





0.7255

0.2510



 x2 ❂





0.6982

0.2868



 x3 ❂





0.6968

0.2856



 x4 ❂





0.6968

0.2856



✱

||F (x4)|| = 1.51110−10
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❘❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✉t✐❧✐③❛♥❞♦ ♣r♦❣r❛♠❛ ❞♦ ▼❛t▲❛❜ ✭✈✐❞❡ ❛♥❡①♦ ❈✮

❊st❡ ♣r♦❣r❛♠❛ ✉s❛ ❛ ❞✐✈✐sã♦ à ❡sq✉❡r❞❛✳ ■♥tr♦❞✉③✐♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ G =

−F (x) ♣❛r❛ ❡❢❡✐t♦ ❞❡ s✐♠♣❧✐✜❝❛çã♦✳

❉❛❞♦s ❞❡ ❡♥tr❛❞❛ ❞♦ ♣r♦❣r❛♠❛✿

[x, k] = newton(0.000001)

❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ❬✶❀ ✶❪

❚❛❜❡❧❛ ✷✳✶✿ 1a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x0

1 = ✶
x0

2 = ✶
f1 ✵✳✽✽✻✸
f2 ✵✳✷✵✵✵

G =

(

−0.8863
−0.2000

)

J =

(

0.5000 1.000
−2.000 1.000

)

s = J \G
(

−0.2745
−0.7490

)

x1 =

(

0.7255
0.2510

)



✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✷✻

❚❛❜❡❧❛ ✷✳✷✿ 2a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x1

1 = ✵✳✼✷✺✺
x1

2 = ✵✳✷✺✶✵
f1 ✵✳✵✵✷✷
f2 ✲✵✳✵✼✺✹

G =

(

−0.0022
0.0754

)

J =

(

0.8782 0.6076
−1.4510 1.0000

)

s = J \G
(

−0.0272
0.0358

)

x2 =

(

0.6982
0.2668

)

❚❛❜❡❧❛ ✷✳✸✿ 3a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x2

1 = ✵✳✻✾✽✷
x2

2 = ✵✳✷✽✻✽
f1 ✵✳✵✵✷✵
f2 ✲✵✳✵✵✵✼

G =

(

−0.0020
0.0007

)

J =

(

0.8453 0.6944
−1.3965 1.0000

)

s = J \G
(

−0.0014
−0.0012

)

x3 =

(

0.6968
0.2856

)



✷✳✷ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✷✼

❚❛❜❡❧❛ ✷✳✹✿ 4a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x3

1 = ✵✳✻✾✻✽
x3

2 = ✵✳✷✽✺✻
f1 0.0892.10−5

f2 −0.1925.10−5

G =

(

−0.0892.10−5

0.1925.10−5

)

J =

(

0.8453 0.6929
−1.3937 1.0000

)

s = J \G
(

−0.1229.10−5

0.0212.10−5

)

x4 =

(

0.6968
0.2856

)

❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ❛t✐♥❣✐❞♦ ||F (x4)|| = 1.51110−10

x0 ❂





1

1



 x1 ❂





0.7255

0.2510



 x2 ❂





0.6982

0.2868



 x3 ❂





0.6968

0.2856



 x4 ❂





0.6968

0.2856





k = 4 ✐t❡r❛çõ❡s✳

❈♦♠ ♦ ♣r♦❣r❛♠❛ ▼❛t❧❛❜✱ ♦❜t✐✈❡♠♦s t❛♠❜é♠ ♦ ✈❛❧♦r x4 = [0.6968, 0.2856] ❛♣ós ✹

✐t❡r❛çõ❡s✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||F || = 1.51110−10✳

❉❡✈❡♠♦s✱ ♥♦ ❡♥t❛♥t♦✱ ♦❜s❡r✈❛r q✉❡ ❛ ❛✈❛❧✐❛çã♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❡ ❛ r❡s♦❧✉çã♦

❞♦ s✐st❡♠❛ ❧✐♥❡❛r J(xk)sk = −F (xk)✱ ♣❛r❛ t♦❞♦ k = 0, 1, 2, ...✱ t♦r♥❛ ❛ ✐t❡r❛çã♦ ❞♦

♠ét♦❞♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝❛r❛✳ ❆❧t❡r♥❛t✐✈❛s ♣❛r❛ ❝♦♥t♦r♥❛r ❡st❛s ❞✐✜❝✉❧❞❛❞❡s s❡rã♦

❞✐s❝✉t✐❞❛s ♥♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ ❡ ♥♦ ♣ró①✐♠♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é ❛ s✉❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳

❈♦♥✈❡r❣ê♥❝✐❛

◆♦ t❡♦r❡♠❛ s❡❣✉✐♥t❡ ✈❡♠♦s q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❧♦❝❛❧ ♥♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ é q✲

q✉❛❞rát✐❝❛❀ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ✈✐❞❡ ❬✹❪✳

❚❡♦r❡♠❛ ✷✳✶ ❙❡❥❛ F : ℜn → ℜn ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❞❡r✐✈á✈❡❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦

❝♦♥✈❡①♦ ❛❜❡rt♦ D ⊂ ℜn✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ①
∗ ∈ ℜn ❡ r✱ β > 0✱ t❛✐s q✉❡ ❛ ✈✐③✐♥❤❛♥ç❛



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✷✽

ϑ(①∗, r) ⊂ D✱ F (①∗) = 0✱ J(①∗)−1 ❡①✐st❡ ❝♦♠ ||J(①)∗)−1|| ≤ β✱ ❡ J ∈ Lipγ(ϑ(①
∗, r))✳

❊♥tã♦✱ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x0 ∈ ϑ(x∗, ǫ)✱ ❛ s❡q✉ê♥❝✐❛ x1, x2, ...✱ ❣❡r❛❞❛ ♣♦r

xk+1 = xk − J(xk)−1.F (xk)✱ ♣❛r❛ k = 0, 1, 2, ....

❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ❝♦♥✈❡r❣❡ ♣❛r❛ ①
∗ ❡ s❛t✐s❢❛③✿

||xk+1 − x∗|| ≤ βγ||xk − x∗||2 ♣❛r❛ k = 0, 1, 2, ...

✭❝♦♥✈❡r❣ê♥❝✐❛ q✲q✉❛❞rát✐❝❛✮

✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦

◆♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✭P✉r♦✮ t❡♠ ❝✉st♦s s✐❣♥✐✜❝❛t✐✈♦s q✉❛♥t♦ ❛♦

❝á❧❝✉❧♦ ❞❛s ♠❛tr✐③❡s ❏❛❝♦❜✐❛♥❛s ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ❛ ✐♥tr♦❞✉çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥

♠♦❞✐✜❝❛❞♦ s❡ ❞❡✉ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡❧✐♠✐♥❛r ❡st❛ ♥❡❝❡ss✐❞❛❞❡✱ r❡❞✉③✐♥❞♦ ❛ss✐♠ ♦s ❝✉st♦s

❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♥✈♦❧✈✐❞♦s✱ ♣♦ré♠ ❝♦♠ ❛ ❞❡s✈❛♥t❛❣❡♠ ❞♦ ❞❡❝rés❝✐♠♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❝♦♥✈❡r❣ê♥❝✐❛✳

❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✭✷✳✷✮ ❡ ❛ r❡s♦❧✉çã♦ ❞❡st❡ ❛tr❛✈és ❞♦

▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✱ ❝♦♥❤❡❝✐❞♦ t❛♠❜é♠ ❝♦♠♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥

❊st❛❝✐♦♥ár✐♦✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❛✈❛❧✐❛çã♦

❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ✐st♦ é✱ s♦♠❡♥t❡ ❛✈❛❧✐❛♠♦s ❡st❛ ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✱ ❛♦ ❝♦♥trár✐♦ ❞♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ q✉❡ ❛✈❛❧✐❛ ❛ ❏❛❝♦❜✐❛♥❛ ❡♠ t♦❞❛s ❛s ✐t❡r❛çõ❡s✳

❊♠ r❡s✉♠♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ❝♦♥s✐st❡ ❡♠✿

✐✮ ❆✈❛❧✐❛r ❛ ❏❛❝♦❜✐❛♥❛ ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ x0✿ J(x0)✳

✐✐✮ ❘❡s♦❧✈❡r ♦ s✐st❡♠❛ J(x0).(s0) = −F (x0)✳

✐✐✐✮ ❉❡t❡r♠✐♥❛r ♦ ♥♦✈♦ ♣♦♥t♦ x1 = x0 + s0✱ ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡✱ t❡♥❞♦ ❝❛❧❝✉❧❛❞♦

❛ ❏❛❝♦❜✐❛♥❛ s♦♠❡♥t❡ ♥♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳

❱❛♠♦s r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s q✉❡ ❛♥t❡r✐♦r♠❡♥t❡ ❢♦r❛ ❡①❡❝✉t❛❞♦ ❝♦♠ ♦ ♠é✲

t♦❞♦ ❞❡ ◆❡✇t♦♥✲P✉r♦ ✭❊①❡♠♣❧♦ ✷✳✸✮✱



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✷✾

❊①❡♠♣❧♦ ✷✳✹ ❘❡s♦❧✈❡r ♦ s✐st❡♠❛✿

f1(x) = ln(x2

1 + 2x2

2 + 1)− 0.5 = 0

f2(x) = x2 − x2

1 + 0.2 = 0

✭✈✐❞❡ ✜❣✉r❛ ✷✳✸✮

❙✐♠✐❧❛r♠❡♥t❡ ❛♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ r❡s♦❧✈❡♠♦s ♦ s✐st❡♠❛ J0① = G✱ ♣❛ss♦ ❛ ♣❛ss♦✱

❝♦♠ t♦❞❛s ♦♣❡r❛çõ❡s ❡♥✈♦❧✈✐❞❛s✳

1a ■t❡r❛çã♦

x0 ❂





1

1





f1 = 0.8863

f2 = 0.2000

G❂





−0.8863

−0.2000





L❂





−0.2500 1.0000

1.0000 0.0000





U❂





−2.0000 1.0000

0.0000 1.2500





y = L \G❂





−0.2000

−0.9363





s = U \ y

s0❂





−0.2745

−0.7490





x1 = x0 + s0

x1 ❂





0.7255

0.2510





❊ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ♣❛r❛ ❛s ♣ró①✐♠❛s ✐t❡r❛çõ❡s✱ ♠❛♥t❡♥❞♦ ❛ ▼❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❝♦♥s✲

t❛♥t❡✱ ❝❛❧❝✉❧❛❞❛ ♥♦ ♣♦♥t♦ x0✱ ✈✐❞❡ r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r✳



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✵

❚❛❜❡❧❛ ✷✳✺✿ 1a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x0

1 = ✶
x0

2 = ✶
f1 ✵✳✽✽✻✸
f2 ✵✳✷✵✵✵

G =

(

−0.8863
−0.2000

)

y = L \G
(

−0.2000
−0.9363

)

s = U \ y
(

−0.2745
−0.7490

)

x1 =

(

0.7255
0.2510

)

❚❛❜❡❧❛ ✷✳✻✿ 2a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x1

1 = ✵✳✼✷✺✺
x1

2 = ✵✳✷✺✶✵
f1 ✵✳✵✵✷✷
f2 ✲✵✳✵✼✺✹

G =

(

−0.0022
0.0754

)

y = L \G
(

0.0754
0.1674

)

s = U \ y
(

−0.0310
0.0133

)

x2 =

(

0.6944
0.2643

)



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✶

❚❛❜❡❧❛ ✷✳✼✿ 3a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x2

1 = ✵✳✻✾✹✹
x2

2 = ✵✳✷✻✹✸
f1 ✲✵✳✵✶✻✸
f2 ✲✵✳✵✶✽✵

G =

(

0.0163
0.0180

)

y = L \G
(

0.0180
0.0208

)

s = U \ y
(

−0.0006
0.0166

)

x3 =

(

0.6938
0.2809

)

❚❛❜❡❧❛ ✷✳✽✿ 4a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x3

1 = ✵✳✻✾✸✽
x3

2 = ✵✳✷✽✵✾
f1 ✲✵✳✵✵✺✼
f2 ✲✵✳✵✵✵✹

G =

(

0.0057
0.0004

)

y = L \G
(

0.0004
0.0059

)

s = U \ y
(

0.0021
0.0046

)

x4 =

(

0.6959
0.2856

)



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✷

❚❛❜❡❧❛ ✷✳✾✿ 5a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x4

1 = ✵✳✻✾✺✾
x4

2 = ✵✳✷✽✺✻
f1 ✲✵✳✵✵✵✼
f2 ✵✳✵✵✶✸

G =

(

0.0007
−0.0013

)

y = L \G
(

−0.0013
0.0004

)

s = U \ y
(

0.8077.10−3

0.3102.10−3

)

x5 =

(

0.6967
0.2860

)

❚❛❜❡❧❛ ✷✳✶✵✿ 6a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x5

1 = ✵✳✻✾✻✼
x5

2 = ✵✳✷✽✻✵
f1 0.1836.10−3

f2 0.4905.10−3

G =

(

−0.1836.10−3

−0.4905.10−3

)

y = L \G
(

−0.4905.10−3

−0.3062.10−3

)

s = U \ y
(

0.1227.10−3

−0.2449.10−3

)

x6 =

(

0.6968
0.2857

)



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✸

❚❛❜❡❧❛ ✷✳✶✶✿ 7a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x6

1 = ✵✳✻✾✻✽
x6

2 = ✵✳✷✽✺✼
f1 0.11175.10−3

f2 0.0744.10−3

G =

(

−0.1175.10−3

−0.0744.10−3

)

y = L \G
(

−0.0745.10−3

−0.1361.10−3

)

s = U \ y
(

−0.0172.10−3

−0.1089.10−3

)

x7 =

(

0.6968
0.2856

)

❚❛❜❡❧❛ ✷✳✶✷✿ 8a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x7

1 = ✵✳✻✾✻✽
x7

2 = ✵✳✷✽✺✻
f1 0.2748.10−4

f2 −0.1044.10−4

G =

(

−0.2748.10−4

0.1044.10−4

)

y = L \G
(

0.1044.10−4

−0.2487.10−3

)

s = U \ y
(

−0.1517.10−4

−0.1990.10−4

)

x8 =

(

0.6968
0.2856

)



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✹

❚❛❜❡❧❛ ✷✳✶✸✿ 9a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x8

1 = ✵✳✻✾✻✽
x8

2 = ✵✳✷✽✺✻
f1 0.0873.10−5

f2 −0.9196.10−5

G =

(

−0.0873.10−5

0.9196.10−5

)

y = L \G
(

0.9196.10−5

0.1426.10−5

)

s = U \ y
(

−0.4028.10−5

0.1141.10−5

)

x9 =

(

0.6968
0.2856

)

❚❛❜❡❧❛ ✷✳✶✹✿ 10a ■t❡r❛çã♦

✐t❡♠ ❱❛❧♦r
x9

1 = ✵✳✻✾✻✽
x9

2 = ✵✳✷✽✺✻
f1 −0.1741.10−5

f2 −0.2442.10−5

G =

(

0.1721.10−5

0.2442.10−5

)

y = L \G
(

0.2442.10−5

0.2352.10−5

)

s = U \ y
(

−0.0280.10−5

0.1881.10−5

)

x10 =

(

0.6968
0.2856

)

❈r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||F || = 0.6746.10−6



✷✳✸ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✸✺

❘❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✉t✐❧✐③❛♥❞♦ ♦ ♣r♦❣r❛♠❛ ✧◆❡✇t♦♥♠♦❞✐✜❝❛❞♦✧✱ ♣r♦❣r❛♠❛ ❡st❡

q✉❡ ❡①❡❝✉t❛ t♦❞♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ✉t✐❧✐③❛♥❞♦ ♦ ❝á❧❝✉❧♦ ❞❛ ❏❛❝♦❜✐❛♥❛ só♠❡♥t❡ ♥♦ ♣♦♥t♦

✐♥✐❝✐❛❧✳ ✭✈✐❞❡ ❛♥❡①♦ ❉✮✳ ❘❡s♦❧✉çã♦✿

[x, k]❂♥❡✇t♦♥♠♦❞✐✜❝❛❞♦ (1.d− 6)

❡♥tr❡ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ❬✶❀ ✶❪

x0 ❂





1

1



 x1 ❂





0.7255

0.2510



 x2 ❂





0.6945

0.2643





x3 ❂





0.6938

0.2809



 x4 ❂





0.6960

0.2856



 x5 ❂





0.6967

0.2860





x6 ❂





0.6969

0.2857



 x7 ❂





0.6968

0.2856



 x8 ❂





0.6968

0.2856





x9 ❂





0.6968

0.2856



 x10 ❂





0.6968

0.2856





k = 10 ✐t❡r❛çõ❡s✳

❈♦♠ ❡st❡ ♣r♦❣r❛♠❛ ❞♦ ▼❛t❧❛❜✱ ♦❜t✐✈❡♠♦s ♦ ✈❛❧♦r x10 = [0.6968, 0.2856] ❛♣ós ✶✵

✐t❡r❛çõ❡s✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||F || = 0.6746.10−6✳

❉♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ❝♦♠♣❛r❛♥❞♦✲♦s ❝♦♠ ♦s ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ♦❜s❡r✈❛✲s❡

q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♠♦❞✐✜❝❛❞♦ é ♠✉✐t♦ ♠❛✐s ❧❡♥t♦✱ s❡♥❞♦ q✉❡ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦

❢♦r❛♠ ♥❡❝❡ssár✐❛s ✹ ✐t❡r❛çõ❡s✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ❢♦r❛♠ ♥❡❝❡ssár✐❛s

✶✵ ✐t❡r❛çõ❡s✳

❊♠ r❡❧❛çã♦ à ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡st❡ ♠ét♦❞♦✿ ✈❡r✐✜❝❛♠♦s q✉❡✱ s♦❜ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s

❞♦ t❡♦r❡♠❛ ✷✳✶✱ ❛ s❡qüê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ❝♦♥✈❡r❣❡ q✲

❧✐♥❡❛r♠❡♥t❡ ❛ x∗✱ ♦✉ s❡❥❛✱ ∃ Kc > 0✱ t❛❧ q✉❡✿

||xk+1 − x∗|| ≤ Kc||x0 − x∗||||xk − x∗||✳

❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✳



✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✸✻

✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦

❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s✱ é ❞✐❢í❝✐❧ ❡✴♦✉ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠✉✐t♦ ❝❛r♦ ♦❜t❡r ❛ ❏❛❝♦✲

❜✐❛♥❛ ❞❛ ❢✉♥çã♦ ❋✱ ❛✐♥❞❛ q✉❡ s❡❥❛ ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦✱ ❝♦♠♦ é ♦ ❝❛s♦ q✉❡ ♦❝♦rr❡ ♥♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♠♦❞✐✜❝❛❞♦✳ P♦❞❡♠♦s ❡♥tã♦ ❧❛♥ç❛r ♠ã♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛s

❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ ❋✱ s✉❜st✐t✉✐♥❞♦ ❛ ❏❛❝♦❜✐❛♥❛ ❛♥❛❧ít✐❝❛ ❏✭①✮ ♣♦r ✉♠❛ ❛♣r♦①✐♠❛çã♦

♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳

❙❡ ❢ é ✉♠❛ ❢✉♥çã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r ❛ ❞❡r✐✈❛❞❛ f ′(x) ♣♦r✿

f ′(x) ≃ (f(x+ h)− f(x))/h✱

♦♥❞❡ ❤ é ✉♠ ✈❛❧♦r ♣♦s✐t✐✈♦✱ ♣ró①✐♠♦ ❞❡ ③❡r♦✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦

❞✐❢❡r❡♥ç❛ ❛✈❛♥ç❛❞❛✱ ❡ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ ♦ ♠ét♦❞♦ ❞❛s s❡❝❛♥t❡s✱ ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦

■✱ t❡♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ss❡ t✐♣♦ ❝♦♠♦ ❜❛s❡✳

❖✉tr❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡♠ ❘✱ ❜❡♠ ❝♦♠♦ ❛ ❛♥á❧✐s❡ ❞♦s

❡rr♦s ❝♦♠❡t✐❞♦s ♥❡st❛s ❛♣r♦①✐♠❛çõ❡s✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷❪✳

◆♦ ❝❛s♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✱ ♦❜❥❡t♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ♠❡s♠❛ ✐❞é✐❛ ♣❛r❛

❛♣r♦①✐♠❛r ❛ ❝♦♠♣♦♥❡♥t❡ ✭✐✱ ❥✮ ❞❛ ❏❛❝♦❜✐❛♥❛ ❏✭①✮ ♣♦r✿

Ji,j(x) ≃ (fi(x+ hej)− fi(x))/h ✭✷✳✹✮

♦♥❞❡ ej ❞❡♥♦t❛ ♦ ❥✲és✐♠♦ ✈❡t♦r ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ ℜn✳ ❆ ✈❡rsã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥

❡♠ q✉❡ ❛ ❏❛❝♦❜✐❛♥❛ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦ ❦✱ J(xk)✱ é ❛♣r♦①✐♠❛❞❛✱ ✉s❛♥❞♦✲s❡ ❛ ❡①♣r❡ssã♦

✭✷✳✹✮ ❝❛❧❝✉❧❛❞❛ ❡♠ xk✱ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✳

❙❡ ♦ ♣❛ss♦ ❤ ❞❛ ❞✐s❝r❡t✐③❛çã♦ é ❡s❝♦❧❤✐❞♦ ❛♣r♦♣r✐❛❞❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❛té ♠❡s♠♦

♣r❡s❡r✈❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ q✉❛❞rát✐❝❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ r❡s✉♠❡

❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥✈❡❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✿

❚❡♦r❡♠❛ ✷✳✷ ❙✉♣♦♥❤❛ q✉❡ ❋ ❡ x∗ s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳

❊♥tã♦ ❡①✐st❡♠ ǫ✱ h > 0 t❛✐s q✉❡✱ s❡ {hk} é ✉♠❛ s❡qüê♥❝✐❛ r❡❛❧ ❝♦♠ 0 < |hk| ≤ h ❡

x0 ∈ N(x∗, ǫ)✱ ❛ s❡qüê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣♦r✿

(Ak)j = (F (xk + hkej)− F (xk))/hk✱ j = 1, ....., n✱

xk+1 = xk − A−1

k F (xk)✱ ❦❂✵✱✶✱✷✱✳✳✳✳✳



✷✳✹ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✸✼

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❝♦♥✈❡r❣❡ q✲❧✐♥❡❛r♠❡♥t❡ ♣❛r❛ x∗✳

❙❡ lim
k→0

hk = 0✱ ❡♥tã♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é q✲s✉♣❡r❧✐♥❡❛r✳

❙❡ ❡①✐st❡ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c1 t❛❧ q✉❡✿

|hk| ≤ c1||xk − x∗||✱

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ✉♠❛ ❝♦♥st❛♥t❡ c2 t❛❧ q✉❡✿

|hk| ≤ c2||F (xk)||✱

❡♥tã♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é q✲q✉❛❞rát✐❝❛✳

❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳



❈❛♣ít✉❧♦ ✸

▼ét♦❞♦s ◗✉❛s❡✲◆❡✇t♦♥ ♣❛r❛

❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s

✸✳✶ ■♥tr♦❞✉çã♦

❆ ♣❛rt✐r ❞❛ ✐❞é✐❛ ❞❡ q✉❡✱ ♣❛r❛ ❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s ❝♦♠♦ ✭✷✳✷✮✱

♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é ❜♦♠✱ ♣♦ré♠ ❝♦♠ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣❛r❡❝❡ ♥❛t✉r❛❧ ❛

✐♥tr♦❞✉çã♦ ❞❡ ♠ét♦❞♦s ✧q✉❛s❡ ❜♦♥s✧✱ ♣♦ré♠ ❞❡ ❝✉st♦ r❡❧❛t✐✈❛♠❡♥t❡ ❜❛✐①♦✳

❆ ♠❛✐♦r✐❛ ❞♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ❝♦♠ ❡st❡ ♦❜❥❡t✐✈♦✳

P❛r❛ s❡r ✭q✉❛s❡✮ tã♦ ❜♦♠ q✉❛♥t♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ❡st❡s ♠ét♦❞♦s ❞❡✈❡♠ s❡r

♣❛r❡❝✐❞♦s ❝♦♠ ♦ ❞❡ ◆❡✇t♦♥ s♦❜ ✈ár✐♦s ♣♦♥t♦s ❞❡ ✈✐st❛✳

❖ ❢♦r♠❛t♦ ❞♦s ♠ét♦❞♦s q✉❛s❡✲◆❡✇t♦♥ é✿

Bk.sk = −F (xk)

xk+1 = xk + sk

♦♥❞❡ Bk é ✉♠❛ s✉❜st✐t✉t❛ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ J(xk)✳

❆ r❡❞✉çã♦ ❞❡ ❝✉st♦s ♦♣❡r❛❝✐♦♥❛✐s t❡♠✱ ❝♦♠♦ ❝♦♥tr❛♣❛rt✐❞❛✱ ❛ r❡❞✉çã♦ ♥❛ ✈❡❧♦❝✐❞❛❞❡

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳ ❖ ♠ét♦❞♦ q✉❛s❡✲◆❡✇t♦♥ ♠❛✐s s✐♠♣❧❡s é ♦ ❝❤❛♠❛❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✲

✜❝❛❞♦ ✭◆❡✇t♦♥ ❊st❛❝✐♦♥ár✐♦✮✱ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦♥❞❡ ✜①❛♠♦s Bk = J(x0)✳

✸✽
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✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐

❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♠♦❞✐✜❝❛❞♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ r❡❞✉③✐r ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

♣♦r ✐t❡r❛çã♦✱ ❡♠ ❣❡r❛❧✱ ❣❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s {xk} q✉❡ ❝♦♥✈❡r❣❡ ❜❡♠ ♠❛✐s

❧❡♥t❛♠❡♥t❡ à s♦❧✉çã♦ ❞♦ q✉❡ q✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳ ❇✉s❝❛♥❞♦ ✉♠

❝♦♠♣r♦♠✐ss♦✱ ❡♥tr❡ ♠❡♥♦r ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♠❛✐♦r ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡❣ê♥❝✐❛✱

s✉r❣❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❡st❛❝✐♦♥ár✐♦ ❝♦♠ r❡❝♦♠❡ç♦s ❛ ❝❛❞❛ ♠ ✐t❡r❛çõ❡s✱ s❡♥❞♦ ♠

✐♥t❡✐r♦ ❡ ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ ♦ ♣r♦❝❡ss♦✱ t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐❀

♦✉ s❡❥❛✱ ✜①❛❞♦ ✉♠ ✐♥t❡✐r♦ ♠✱ ✜①❛♠♦s ❛ ♠❛tr✐③ s✉❜st✐t✉t❛ ❞❛ ❏❛❝♦❜✐❛♥❛ ❛ ❝❛❞❛ ♠

✐t❡r❛çõ❡s✳

❊①✐st❡♠ ❡st✉❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♠ ót✐♠♦✱ ❝♦♠ r❡❧❛çã♦ à ❣r❛♥❞❡ ❡✜❝✐ê♥❝✐❛ ❡ ❜❛✐①♦

❝✉st♦✳ ▼❛s ❡st❡s r❡s✉❧t❛❞♦s r❡❢❡r❡♠✲s❡ ❛ ❝❛s♦s ❞❡ ♣r♦❜❧❡♠❛s ❡s♣❡❝í✜❝♦s❀ ✈✐❞❡ ❧✐t❡r❛t✉r❛

❡s♣❡❝✐❛❧✐③❛❞❛ ❬✶✶❪✳

❈♦♥❝❧✉í❞❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ xk ❡ ❞❡✜♥✐❞♦ ✉♠ ✐♥t❡✐r♦ ♠ ❞❡ ✐t❡r❛çõ❡s s✉❝❡ss✐✈❛s ❝♦♠

Bj
k = J(xk)✱ ♣❛r❛ j = 1, ....,m−1✱ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ❛ tr❛♥s✐çã♦ ❞❡ xk ♣❛r❛ xk+1✱ ♣♦r✿

y1 = xk − J(xk)−1F (xk)

yj+1 = yj − J(xk)−1.F (yj), para 1 ≤ j ≤ m− 1

xk+1 = ym

❖❜s❡r✈❛r q✉❡ ♣❛r❛ ♠❂✶✱ t❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ✭P✉r♦✮✱ ❡ ♣❛r❛ m = ∞✱ ♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✳ ❙♦❜ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ✷✳✶✱ ❞♦ ❝❛♣í✲

t✉❧♦ ❛♥t❡r✐♦r ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛ s❡qüê♥❝✐❛ {xk} ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐

❝♦♥✈❡r❣❡ q✲s✉♣❡r❧✐♥❡❛r♠❡♥t❡ ❛ x∗✳

❚♦♠❡♠♦s ♥♦✈❛♠❡♥t❡✿











f1(①) = ln(x2

1 + 2x2

2 + 1)− 0.5

f2(①) = x2 − x2

1 + 0.2

P❛r❛ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐✱ ♣❛ss❛♠♦s ❛ r❡s♦❧✈❡r ♦ s✐st❡♠❛✿










f1(x) = 0

f2(x) = 0
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❈♦♠♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ❢♦r❛♠ ♥❡❝❡ssár✐❛s ✶✵ ✐t❡r❛çõ❡s✱ ❡s❝♦❧❤❡✲

♠♦s✱ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❡①❡♠♣❧♦✱ m = 3✳

❯s❛♠♦s ❝♦♠♦ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ ||F (xk)|| < tol✱ ❝♦♠ tol = 10−6✳

❚❛❜❡❧❛ ✸✳✶✿ 1a ■t❡r❛çã♦✿ ✲ ❈❛❧❝✉❧❛♠♦s J(x0)

✐t❡♠ ❱❛❧♦r
x0

1 = ✶✳✵
x0

2 = ✶✳✵
f1 ✵✳✽✽✻✸
f2 ✵✳✷✵✵✵

G

(

−0.8863
−0.2000

)

J

(

0.5000 1.000
−2.000 1.000

)

s = J \G
(

−0.2745
−0.7490

)

x1

(

0.7255
0.2510

)

||F (x1)|| = 0.07535998 > tol
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❚❛❜❡❧❛ ✸✳✷✿ 2a ■t❡r❛çã♦ ✲ ▼❛♥t✐❞❛ J(x0)

✐t❡♠ ❱❛❧♦r
x1

1 = ✵✳✼✷✺✺
x1

2 = ✵✳✷✺✶✵
f1 ✵✳✵✵✷✶
f2 ✵✳✵✼✺✸

G

(

−0.0021
−0.0753

)

J

(

0.5000 1.0000
−2.0000 1.0000

)

s = J \G
(

−0.0031
−0.0133

)

x2

(

0.6944
0.2643

)

||F (x2)|| = 0.886229436 > tol

❚❛❜❡❧❛ ✸✳✸✿ 3a ■t❡r❛çã♦ ✲ ▼❛♥t✐❞❛ J(x0)

✐t❡♠ ❱❛❧♦r
x2

1 = ✵✳✻✾✹✹
x2

2 = ✵✳✷✻✹✸
f1 ✲✵✳✵✶✻✸
f2 ✲✵✳✵✶✼✾

G

(

0.0163
0.0179

)

J

(

0.5000 1.0000
−2.0000 1.0000

)

s = J \G
(

−0.0006
0.0166

)

x3

(

0.6938
0.2809

)

||F (x3)|| = 0.00581116 > tol
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❚❛❜❡❧❛ ✸✳✹✿ 4a ■t❡r❛çã♦✿ ✲ ❈❛❧❝✉❧❛♠♦s J(x3)

✐t❡♠ ❱❛❧♦r
x3

1 = ✵✳✻✾✸✽
x3

2 = ✵✳✷✽✵✾
f1 ✲✵✳✵✵✺✼
f2 ✲✵✳✵✵✵✹

G

(

0.0057
0.0004

)

J

(

0.8464 0.6856
−1.3876 1.0000

)

s = J \G
(

0.0030
0.0046

)

x4

(

0.6968
0.2856

)

||F (x4)|| = 0.00575174 > tol

❚❛❜❡❧❛ ✸✳✺✿ 5a ■t❡r❛çã♦✿ ✲ ▼❛♥t✐❞❛ J(x3)

✐t❡♠ ❱❛❧♦r
x4

1 = ✵✳✻✾✻✽
x4

2 = ✵✳✷✽✺✻
f1 ✵✳✵✵✵✵✶✺
f2 ✲✵✳✵✵✵✵✵✾

G

(

−0.000015
0.000009

)

J

(

0.8464 0.6856
−1, 387 1.0000

)

s = J \G
(

−0.1195
0.0732

)

x5

(

0.6968
0.2855

)

||F (x5)|| = 0.000015143 > tol
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❚❛❜❡❧❛ ✸✳✻✿ 6a ■t❡r❛çã♦✿ ✲ ▼❛♥t✐❞❛ J(x3)

✐t❡♠ ❱❛❧♦r
x5

1 = ✵✳✻✾✻✽
x5

2 = ✵✳✷✽✺✺
f1 ✲✵✳✵✵✵✵✵✵✵✹
f2 ✵✳✵✵✵✵✵✵✵✻

G

(

−0.00000004
−0.00000006

)

J

(

0.8464 0.6856
−1.3876 1.0000

)

s = J \G
(

0.00000005
0.00000002

)

x6

(

0.6968
0.2855

)

||F (x6)|| = 0.000000069 < tol ✲ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦

❯t✐❧✐③❛♠♦s ❛ r♦t✐♥❛ ♥s♦❧✳♠ ❞♦ ▼❛t▲❛❜✱ ❡s❝r✐t❛ ♣♦r ❈✳❚✳ ❑❡❧❧❡② ❬✾❪✱ ♥♦✈❡♠❜r♦ ❞❡

✶✾✾✸✱ ♣❛r❛ ◆❡✇t♦♥ ❉✐s❝r❡t♦✱ ❙❤❛♠❛♥s❦✐ ❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✱ ❝♦♥❢♦r♠❡ ♦s ♣❛râ♠❡tr♦s

❬♠❛①✐t✱ ✐s❤❛♠✱ rs❤❛♠❪ ✭♣❛r❛ ❞❡t❛❧❤❡s ✈✐❞❡ ❆♥❡①♦ ❆✮✱ s❡♥❞♦ ♣❛r❛ ♦ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥

❉✐s❝r❡t♦✿ ♠❛①✐t ❂ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s✱ ✐s❤❛♠ ❂ ✶ ❡ rs❤❛♠ ❂ ✵❀ ♣❛r❛ ❙❤❛✲

♠❛♥s❦✐✿ ♠❛①✐t ❂ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s✱ ✐s❤❛♠ ❂ ✸ ✭♥♦ ❡①❡♠♣❧♦✮ ❡ rs❤❛♠ ❂ ✶❀ ❡

♣❛r❛ ◆❡✇t♦♥ ♠♦❞✐✜❝❛❞♦ ✭❈❤♦r❞✮✿ ♠❛①✐t ❂ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s✱ ✐s❤❛♠ ❂ ✲✶ ❡

rs❤❛♠ ❂ ✶✳ ❊♠ t♦❞♦s ♦s ❝❛s♦s✱ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ é ❛♣r♦①✐♠❛❞❛ ♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✳

❈♦♥s✐❞❡r❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❡①❡♠♣❧♦ ✷✳✸✱ ✈❛♠♦s ♠♦str❛r✱ ❛ s❡❣✉✐r✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐✲

❞♦s ❝♦♠ ♥s♦❧✳♠ ❡①❡❝✉t❛♥❞♦ ♦s ♠ét♦❞♦s ❞❡ ❙❤❛♠❛♥s❦✐ ❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✳ ▼♦str❛♠♦s

t❛♠❜é♠ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ P✉r♦ ✐♠♣❧❡♠❡♥t❛❞♦ ♥♦ ♣r♦❣r❛♠❛

❝✐t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ s❡çã♦ ✷✳✷✳

❙❤❛♠❛♥s❦✐

❢✉♥❝t✐♦♥ ❬❢❪ ❂ ❢❝❛r❧♦s✭①✮

f1(x) = ln(x2

1 + 2 ∗ x2

2 + 1)− .5

f2(x) = x2 − x2

1 + .2

❢❂❢✬❀



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✹

✔ ❝❧❡❛r ❛❧❧

❊♥tr❡ ❝♦♠ ♦s ♣❛râ♠❡t♦s ✐♥✐❝✐❛✐s✿ ❬✹✵✱✸✱✶❪

❊♥tr❡ ❝♦♠ ♦ ❡rr♦ ❛❝❡✐tá✈❡❧✿ ❬✶✳❞✲✻✱✶✳❞✲✻❪

①0 ❂





1

1



 ①1 ❂





0, 7255

0, 2510



 ①2 ❂





0, 6945

0, 2643



 ①3 ❂





0, 6938

0, 2809



 ①4 ❂





0.6968

0.2856





①5 ❂





0.6968

0.2856





❈♦♠ ♦ ♣r♦❣r❛♠❛ ▼❛t❧❛❜ r♦t✐♥❛ ♥s♦❧✱ ♦❜t✐✈❡♠♦s ♦ ✈❛❧♦r ①5 = [0.6968, 0.2856] ❛♣ós

✺ ✐t❡r❛çõ❡s✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||f(①5)|| = 7.27010−8✳

◆❡✇t♦♥ ❉✐s❝r❡t♦

❢✉♥❝t✐♦♥ ❬❢❪ ❂ ❢❝❛r❧♦s✭①✮

f1(x) = ln(x2

1 + 2 ∗ x2

2 + 1)− .5

f2(x) = x2 − x2

1 + .2

❢❂❢✬

✔ ❝❧❡❛r ❛❧❧

❊♥tr❡ ❝♦♠ ♦s ♣❛râ♠❡t♦s ✐♥✐❝✐❛✐s✿ ❬✹✵✱✶✱✵❪

❊♥tr❡ ❝♦♠ ♦ ❡rr♦ ❛❝❡✐tá✈❡❧✿ ❬✶✳❞✲✻✱✶✳❞✲✻❪

①0 ❂





1

1



 ①1 ❂





0.7255

0.2510



 ①2 ❂





0.6982

0.2867



 ①3 ❂





0.6968

0.2856



 ①4 ❂





0.6968

0.2856





❈♦♠ ♦ ♣r♦❣r❛♠❛ ▼❛t❧❛❜ r♦t✐♥❛ ♥s♦❧✱ ♦❜t✐✈❡♠♦s ♦ ✈❛❧♦r ①4 = [0.6968, 0.2856] ❛♣ós

✹ ✐t❡r❛çõ❡s✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||f(①4)|| = 1.60310−12✳

✳

◆❡✇t♦♥✲P✉r♦

✔ ❝❧❡❛r ❛❧❧

❢❝❛r❧♦s ◆❡✇t♦♥✲P✉r♦

✔ ❬①✱❦❪❂♥❡✇t♦♥✭✶✳❞✲✻✱✶✳❞✲✻✮

❡♥tr❡ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ❬✶✱✶❪

①0 ❂





1

1



 ①1 ❂





0.7255

0.2510



 ①2 ❂





0.6982

0.2867



 ①3 ❂





0.6968

0.2856



 ①4 ❂





0.6968

0.2856







✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✺

❈♦♠ ♦ ♣r♦❣r❛♠❛▼❛t❧❛❜ r♦t✐♥❛ ◆❡✇t♦♥✲P✉r♦✱ ♦❜t✐✈❡♠♦s ♦ ✈❛❧♦r ①4 = [0.6968, 0.2856]

❛♣ós ✹ ✐t❡r❛çõ❡s✱ ❝♦♠ ❝r✐tér✐♦ ❞❡ ♣❛r❛❞❛ s❛t✐s❢❡✐t♦ ||f(①4)|| = 1.51110−12✳

❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❛ ❧✐t❡r❛t✉r❛ ❢♦r❛♠ t❡st❛❞♦s ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲P✉r♦

❡ ❛ r♦t✐♥❛ ♥s♦❧ ♣❛r❛ ♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ❡ ❞❡ ❙❤❛♠❛♥s❦✐✳ ❖s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ❡stã♦ ❧✐st❛❞♦s ♥❛ t❛❜❡❧❛ ✸✳✼✿



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✻

Pr♦❜❧❡♠❛ ✸✳✶ ❢❞❡♥♥②s✶✿











f1(x) = x2

1 + x2

2 − 2

f2(x) = ex1−1 + x3

2 − 2

❋✐❣✉r❛ ✸✳✶✿ ●rá✜❝♦ ✸❉ ✲ ❢✉♥çã♦ ❞❡♥♥②s✶

❋✐❣✉r❛ ✸✳✷✿ P♦♥t♦s ❞❡ ✐♥t❡rs❡çã♦ ❢✉♥çã♦ ❞❡♥♥②s✶



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✼

Pr♦❜❧❡♠❛ ✸✳✷ ❢❞❡♥♥②s✷✿











f1(x) = x1 + x2 − 3

f2(x) = x2

1 − x2

2 − 9

❋✐❣✉r❛ ✸✳✸✿ ●rá✜❝♦ ✸❉ ✲ ❢✉♥çã♦ ❞❡♥♥②s✷

❋✐❣✉r❛ ✸✳✹✿ P♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❢✉♥çã♦ ❞❡♥♥②s✷



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✽

Pr♦❜❧❡♠❛ ✸✳✸ ❢❝♦♥t❡✶✿























f1(x) = x1 + ex1−1 + (x2 + 3)2 − 27

f2(x) =
ex2−2

x1

+ x2

3 − 10

f3(x) = x3 + sin(x2 − 2) + x2

2 − 7

❋✐❣✉r❛ ✸✳✺✿ ●rá✜❝♦ ✸❉ ❡ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❢✉♥çã♦ ❝♦♥t❡✶



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✹✾

Pr♦❜❧❡♠❛ ✸✳✹ ❢❝♦♥t❡✷✿











f1(x) = x1 + log10(x1)− x2

2

f2(x) = 2x2

1 − x1.x2 − 5x1 + 1

❋✐❣✉r❛ ✸✳✻✿ ●rá✜❝♦ ✸❉ ✲ ❢✉♥çã♦ ❝♦♥t❡✷

❋✐❣✉r❛ ✸✳✼✿ P♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❢✉♥çã♦ ❝♦♥t❡✷



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✺✵

Pr♦❜❧❡♠❛ ✸✳✺ ✛❛✉s❡tt✿























f1(x) = x2

1 + x2

2 + x2

3 − 1

f2(x) = x2

1 + x2

3 − 0.25

f3(x) = x2

1 + x2

2 + 4x3

❋✐❣✉r❛ ✸✳✽✿ ●rá✜❝♦ ✸❉ ✲ ❢✉♥çã♦ ❢❛✉s❡tt
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❆ t❛❜❡❧❛ ✸✳✼ é ❝♦♠♣♦st❛ ❞❡ s❡✐s ❝♦❧✉♥❛s ✐♥❞✐❝❛♥❞♦✿ ♥❛ 1a ❛ ❢✉♥çã♦ ❡st✉❞❛❞❛✱ ♥❛

2a ❛ r♦t✐♥❛ ❛♣❧✐❝❛❞❛✱ ♥❛ 3a ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ✭❑✮✱ ♥❛ 4a ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

♠❡❞✐❞♦ ❡♠ ✭♠s✮✳ ◆❛s ❝♦❧✉♥❛s 5a ❡ 6a ❛ ♥♦r♠❛ ❞❡ ❋ ❡ ❞❡ s ✭s = ||①k+1−①k||∞)✱ ❝r✐tér✐♦s

❞❡ ♣❛r❛❞❛✳ P❛r❛ ♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♦s ♣❛râ♠❡tr♦s m = 5,m =

10,m = 20

❚❛❜❡❧❛ ✸✳✼✿ ❱❛❧♦r❡s ❝♦♠♣✉t❛❞♦s

❋✉♥çã♦ ❘♦t✐♥❛ K t❡♠♣♦✭♠s✮ ⑤⑤❋⑤⑤ ⑤⑤s⑤⑤
❢❡❞❡♥♥②s✶ ◆❡✇t♦♥✲P✉r♦ ✺ ✹✶✱✷✽✾ 0, 6342.10−6 0, 4523.10−5

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✺ ✶✷✼✱✹✵✽ 0, 2426.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✺✮ ✶✶ ✶✶✽✱✵✼✺ 0, 2020.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✶✵✮ ✶✹ ✸✵✱✻✵✻ 0, 3163.10−7 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✷✵✮ ✷✷ ✶✵✹✱✺✽✺ 0, 5543.10−8 ✲

❢❞❡♥♥②s✷ ◆❡✇t♦♥✲P✉r♦ ✲ ✲ ❞✐✈❡r❣❡ ✲
◆❡✇t♦♥ ❉✐s❝r❡t♦ ✷ ✶✶✽✱✸✶✾ 0, 7742.10−7 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✺✮ ✻ ✷✷✹✱✼✹✾ 0, 6662.10−7 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✶✵✮ ✶✶ ✷✻✱✶✶✹ 0, 2038.10−8 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✷✵✮ ✷✵ ✼✾✱✽✷✷ 0, 2002.10−7 ✲

❢❝♦♥t❡✶ ◆❡✇t♦♥✲P✉r♦ ✻ ✹✽✱✾✽✾ 0, 2014.10−9 0, 1227.10−5

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✻ ✺✵✱✼✸✷ 0, 2002.10−7 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✺ ✶✷ ✾✵✱✻✺✶ 0, 2150.10−−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✶✵✮ ✶✾ ✶✺✱✵✸✼ 0, 2120.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✷✵✮ ✷✺ ✶✷✶✱✺✼✹ 0, 3866.10−6 ✲

❢❝♦♥t❡✷ ◆❡✇t♦♥✲P✉r♦ ✹ ✹✷✱✽✾✻ 0, 4121.10−12 0, 5761.10−7

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✾✶✱✺✺✷ 0, 3972.10−8 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✺✮ ✼ ✶✷✷✱✹✷✾ 0, 1151.10−7 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✶✵✮ ✶✶ ✷✽✱✽✽✸ 0, 3442.10−8 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✷✵✮ ✶✹ ✶✵✸✱✶✶✺ 0, 1354.10−6 ✲

✛❛✉s❡tt ◆❡✇t♦♥✲P✉r♦ ✹ ✹✹✱✽✵✾ 0, 6321.10−7 7, 95.10−4

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✷✸✱✶✷✾ 0, 6321.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✺✮ ✽ ✶✶✶✱✸✵✷ 0, 1222.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✶✵✮ ✶✶ ✽✱✹✾✽ 0, 4593.10−6 ✲
❙❤❛♠❛♥s❦✐ ✭♠❂✷✵✮ ✷✵ ✻✼✱✽✷✷ 0, 1786.10−6 ✲

P❛r❛ ♣r♦❝❡❞❡r♠♦s ✉♠ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♦s ♠ét♦❞♦s ❝♦♠ r❡❧❛çã♦ ❛♦s t❡♠♣♦s ❝♦♠✲

♣✉t❛❝✐♦♥❛✐s✱ t♦♠❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦ t❡♠♣♦ ❞♦ ◆❡✇t♦♥✲P✉r♦✱ ❛tr✐❜✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡

✶✵✵✪ ❛ ❡st❡ t❡♠♣♦ ❡ r❡❧❛❝✐♦♥❛♥❞♦✲♦ ❝♦♠ ♦s ❞❡♠❛✐s✳ ❚♦♠❛♠♦s t❛♠❜é♠ ♦ ♠ét♦❞♦ ❞❡

❙❤❛♠❛♥s❦✐ ❝♦♠ ♣❛râ♠❡tr♦ ♠❂✶✵✱ ♣♦✐s ❢♦✐ ❝♦♠ ♦ q✉❛❧ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ t❡✈❡ ✉♠ ♠❡❧❤♦r
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❞❡s❡♠♣❡♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦✉ s❡❥❛ t❛♥t♦ ❡♠ r❡❧❛çã♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❛t✉❛❧✐③❛çõ❡s ❞❛

❏❛❝♦❜✐❛♥❛✱ ❜❡♠ ❝♦♠♦ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❚❛❜❡❧❛ ✸✳✽✿ ❈♦♠♣❛r❛t✐✈♦ ❡♠ ♣♦r❝❡♥t❛❣❡♠

❘♦t✐♥❛ ❢❞❡♥♥②s✶ ❢❞❡♥♥②s✷ ❢❝♦♥t❡✶ ❢❝♦♥t❡✷ ✛❛✉s❡tt
◆❡✇t♦♥ P✉r♦ ✶✵✵ ❞✐✈✳ ✶✵✵ ✶✵✵ ✶✵✵

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✸✵✾ ✶✵✵ ✶✵✸ ✷✶✸ ✺✷
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✼✹ ✷✷ ✸✵ ✻✼ ✶✾

❋✐❣✉r❛ ✸✳✾✿ ❢❞❡♥♥②s✶
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❋✐❣✉r❛ ✸✳✶✵✿ ❢❞❡♥♥②s✷

❋✐❣✉r❛ ✸✳✶✶✿ ❢❝♦♥t❡✶

❋✐❣✉r❛ ✸✳✶✷✿ ❢❝♦♥t❡✷
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❋✐❣✉r❛ ✸✳✶✸✿ ❢❛✉s❡tt

❉♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✿

❍♦✉✈❡ ✉♠ ú♥✐❝♦ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ❤♦✉✈❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ q✉❡ ❢♦✐ ♥♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✲

P✉r♦✱ ♣❛r❛ ❛ ❢✉♥çã♦ ❢❞❡♥♥②s✷✱ ❡♥q✉❛♥t♦ q✉❡ ♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥✲P✉r♦ ❡ ❞✐s❝r❡t♦

s❡♠♣r❡ r❡❛❧✐③❛♠ ♠❡♥♦s ✐t❡r❛çõ❡s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ♦

♣❛râ♠❡tr♦ ♠ ✉s❛♠♦s✳

◆❡✇t♦♥✲P✉r♦ ❡ ❞✐s❝r❡t♦ ♥ã♦ ❞✐❢❡r❡♠ ♥♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s✱ ♦ q✉❡ ♠♦str❛ q✉❡

❛♣r♦①✐♠❛r ❛ ❏❛❝♦❜✐❛♥❛ ♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♥ã♦ ❛❧t❡r❛ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛ ✈❡❧♦❝✐❞❛❞❡

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♥♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✳

❊♠ r❡❧❛çã♦ ❛♦s ✈❛❧♦r❡s ❞❡ ♠ ✉s❛❞♦s ♥♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐✱ ♦❜s❡r✈❛✲s❡ q✉❡ sã♦

♥❡❝❡ssár✐❛s ♠❛✐s ✐t❡r❛çõ❡s à ♠❡❞✐❞❛ q✉❡ ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ ❛✉♠❡♥t❛✱ ❝♦♥❢♦r♠❡ ❡r❛

❡s♣❡r❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ♦ t❡♠♣♦ é ♠❡♥♦r ♣❛r❛♠❂✶✵✱ r❡✈❡❧❛♥❞♦ ✉♠ ♠❡❧❤♦r ❝♦♠♣r♦♠✐ss♦

❡♥tr❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✐t❡r❛çõ❡s r❡❛❧✐③❛❞❛s ❡ ❞❡ ❛t✉❛❧✐③❛çõ❡s ❞❛ ❏❛❝♦❜✐❛♥❛✳

❯t✐❧✐③❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♦s ❞✐✈❡rs♦s ♠ét♦❞♦s ❞❡ ❢♦r♠❛ ❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦s ♠❡s♠♦s ❛♣❧✐❝❛❞♦s ❛ s✐st❡♠❛s ❞❡ ♣❡q✉❡♥❛s ❞✐♠❡♥sõ❡s ✭♠❛① ❂ ✸✮✳ ❆❣♦r❛ ♣❛ss❛♠♦s

❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❡s ♠ét♦❞♦s ♣❛r❛ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❞❡

❣r❛♥❞❡ ♣♦rt❡✱ ❡ ♣❛r❛ t❛♥t♦✱ ✈❛♠♦s ❛♣❧✐❝á✲❧♦s ❛♦ s✐st❡♠❛ tr✐❞✐❛❣♦♥❛❧ ❞❡ ❇r♦②❞❡♥ ❬✼❪✳
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❇r♦②❞❡♥ tr✐❞✐❛❣♦♥❛❧























f1(x) = (3− 2x1)x1 − 2x2 + 1 = 0

fi(x) = (3− 2xi)xi − xi−1 − 2xi+1 + 1 = 0

fn(x) = (3− 2xn)xn − xn−1 + 1 = 0

✭✸✳✶✮

♣❛r❛ i = 2, ...., (n− 1) ❡ x0 = (−1,−1, .....,−1)T

❆ s❡❣✉✐r sã♦ ❧✐st❛❞♦s✱ ♥❛ t❛❜❡❧❛ ✸✳✾✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ♦♥❞❡✱ ♣❛r❛ ❡❢❡✐t♦ ❝♦♠✲

♣❛r❛t✐✈♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ❡s❝♦❧❤❡♠♦s ♦ ♣❛râ♠❡tr♦ ♠ ❂ ✶✵✱ ♣♦✐s ❝♦♠♦

❝♦♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ é ♦ q✉❡ ❞❡♠❛♥❞❛ ♦ ♠❡♥♦r t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♠❡s♠♦ q✉❡

❝♦♠ ✉♠ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♠❡❞✐ár✐♦ ❡♥tr❡ ♦s ♣❛râ♠❡tr♦s ♠ ❂ ✺ ❡ ♠ ❂ ✷✵✳

❆ ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛ ♥❛ t❛❜❡❧❛ ✸✳✾ é ❛ ♠❡s♠❛ ✉t✐❧✐③❛❞❛ ❞❛ t❛❜❡❧❛ ✸✳✼✳

❖❜s❡r✈❛♠♦s q✉❡✱ ❡♠ t❡r♠♦s ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s r❡❛❧✐③❛❞❛s✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦s ♠ét♦❞♦s ❢♦✐ s❡♠❡❧❤❛♥t❡ ❛♦ ❞❡s❝r✐t♦ ♥❛ t❛❜❡❧❛ ✸✳✼✳ ◆❡✇t♦♥✲P✉r♦ ❡ ❞✐s❝r❡t♦ s❡♠♣r❡

r❡❛❧✐③❛♠ ♠❡♥♦s ✐t❡r❛çõ❡s q✉❡ ❙❤❛♠❛♥s❦✐✳

◗✉❛♥t♦ ❛♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦ ❞♦ ◆❡✇t♦♥✲P✉r♦ s❡♠♣r❡ é ✐♥❢❡r✐♦r

❛♦ ❞❡ ◆❡✇t♦♥ r♦t✐♥❛ ❑❡❧❧❡② ✭♥s♦❧✮ ♣❛r❛ ◆❡✇t♦♥ ❡ ❙❤❛♠❛♥s❦✐✱ ✐st♦ ♠♦t✐✈❛❞♦ ♣❡❧♦ ❢❛t♦ ❞♦

♠❛✐♦r t❡♠♣♦ ❡♥✈♦❧✈✐❞♦ ♥❛ ❛t✉❛❧✐③❛çã♦ ❞❛ ❏❛❝♦❜✐❛♥❛ ♣❡❧♦ ♣r♦❝❡ss♦ ❞✐s❝r❡t♦✱ t❡♥❞♦ ❝♦♠♦

♠❡♥♦r ♦ ❞❡ ❙❤❛♠❛♥s❦✐ ♣❡❧❛ ♠❡♥♦r q✉❛♥t✐❞❛❞❡ ❞❡ ❛t✉❛❧✐③❛çõ❡s ❡♠ r❡❧❛çã♦ ❛♦ ◆❡✇t♦♥✳

❖s ❣rá✜❝♦s ❝♦♠♣❛r❛t✐✈♦s ❞♦s t❡♠♣♦s r❡❧❛t✐✈♦s ❡♥✈♦❧✈✐❞♦s✱ sã♦ s✐♠✐❧❛r❡s ❛♦s ❞❛s

❢✉♥çõ❡s ❞❡ ♣❡q✉❡♥❛s ❞✐♠❡♥sõ❡s✳



✸✳✷ ▼ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✺✻

❚❛❜❡❧❛ ✸✳✾✿ ❱❛❧♦r❡s ❝♦♠♣✉t❛❞♦s

♥ ❘♦t✐♥❛ ❑ t❡♠♣♦✭♠s✮ ⑤⑤❋⑤⑤ ⑤⑤s⑤⑤
✺ ◆❡✇t♦♥✲P✉r♦ ✹ ✶✾✱✹✹✸ 0, 8156.10−11 0, 2019.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✾✶✱✹✷✶ 0, 8102.10−1 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✾✺✱✹✽✹ 0, 6001.10−11 ✲

✶✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✹✶✱✺✷✵ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✻✺✱✷✽✽ 0, 7467.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✽✽✱✹✵✵ 0, 5700.10−11 ✲

✷✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✸✹✱✵✷✺ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✶✵✹✱✷✹✽ 0, 7429.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✶✵✸✱✺✵✵ 0, 5666.10−11 ✲

✺✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✸✽✱✸✺✹ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✸✺✶✱✸✸✶ 0, 7355.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✽✸✱✶✸✸ 0, 5602.10−6 ✲

✶✵✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✹✵✱✷✻✺ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✶✹✸✱✾✽✷ 0, 7273.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✶✺✺✱✻✽✸ 0, 5531.10−11 ✲

✷✵✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✸✽✱✾✼✺ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✺✸✾✱✷✾✼ 0, 7157.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✹✵✺✱✸✻✽ 0, 5431.10−11 ✲

✺✵✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✶✵✷✱✸✹✾ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✸✽✺✻✱✼✼✻ 0, 6929.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✷✵✷✽✱✷✺✸ 0, 5233.10−11 ✲

✶✵✵✵ ◆❡✇t♦♥✲P✉r♦ ✹ ✷✷✾✱✺✾✷ 0, 7548.10−11 0, 1942.10−6

◆❡✇t♦♥ ❉✐s❝r❡t♦ ✹ ✷✽✾✵✸✱✽✼✺ 0, 6672.10−11 ✲
❙❤❛♠❛♥s❦✐✭♠❂✶✵✮ ✶✶ ✶✺✵✵✼✱✸✽✻ 0, 5010.10−11 ✲
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❋✐❣✉r❛ ✸✳✶✹✿ ❇r♦②❞❡♥ ❚r✐❞✐❛❣♦♥❛❧✿ ♥❂✺ ❡ ♥❂✶✵

❋✐❣✉r❛ ✸✳✶✺✿ ❇r♦②❞❡♥ ❚r✐❞✐❛❣♦♥❛❧✿ ♥❂✷✵ ❡ ♥❂✺✵
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❋✐❣✉r❛ ✸✳✶✻✿ ❇r♦②❞❡♥ ❚r✐❞✐❛❣♦♥❛❧✿ ♥❂✶✵✵ ❡ ♥❂✷✵✵

❋✐❣✉r❛ ✸✳✶✼✿ ❇r♦②❞❡♥ ❚r✐❞✐❛❣♦♥❛❧✿ ♥❂✺✵✵ ❡ ♥❂✶✵✵✵
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✸✳✸ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥

❊♠❜❛s❛❞♦ ♥♦ ❢❛t♦ q✉❡ ♦ ❝✉st♦ ♣♦r ✐t❡r❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♣❛r❛ ♣r♦❜❧❡♠❛s

❞❡♥s♦s✱ ❝♦♠ n ✈❛r✐á✈❡✐s✱ é s✉❜st❛♥❝✐❛❧♠❡♥t❡ ❝❛r♦✱ ✐st♦ é✿

✲ ❖ ❝á❧❝✉❧♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ t❡♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛ ♦r❞❡♠ ❞❡ n2 ♦♣❡r❛çõ❡s❀

✲ ❆ r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r t❡♠ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❛ ♦r❞❡♠ ❞❡ (n3) ♦♣❡r❛çõ❡s✱

s✉r❣❡ ✉♠❛ ♦✉tr❛ ❢❛♠í❧✐❛ ❞❡ ♠ét♦❞♦s ♦❜❡❞❡❝❡♥❞♦ ❛ ✜❧♦s♦✜❛ q✉❛s❡✲◆❡✇t♦♥✱ q✉❡ é ❛ ❞♦s

♠ét♦❞♦s s❡❝❛♥t❡s✳

❆ss✐♠ ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ s✐st❡♠❛s ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛

❞❡t❡r♠✐♥❛çã♦ ❞♦s ③❡r♦s ❞❡ ❢✉♥çõ❡s✱ ♦s ♠ét♦❞♦s s❡❝❛♥t❡s sã♦ ❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ♠ét♦❞♦

❞❛s s❡❝❛♥t❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❛♥t❡s✱ ♥❛ ✐t❡r❛çã♦ ❦ ❛ ❢✉♥çã♦ F (x) é ❛♣r♦①✐♠❛❞❛ ♣♦r ✿

Lk(x) = F (xk) + Bk(x− xk)✳

❆ ❡q✉❛çã♦ s❡❝❛♥t❡ ✈❡♠ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❞❡r✐✈❛❞❛✱

❊♠ ℜ : f ′(xk) ≃
f(xk)− f(xk−1)

xk − xk−1

❊♠ ℜn : Bk(x
k − xk−1) ≃ F (xk)− F (xk−1)

❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s ♠❛tr✐③❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ú❧t✐♠❛ ❡q✉❛çã♦✳

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ❇r♦②❞❡♥ ❡♠ ✶✾✻✺ ❬✹❪✱ ❬✾❪ é ✉♠ ❞♦s ♠❛✐s ❝♦♥❤❡❝✐❞♦s ❡♥tr❡

♦s ♠ét♦❞♦s s❡❝❛♥t❡s✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❡s ♠ét♦❞♦s ❡♠ q✉❡ ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ J(xk) é

❛♣r♦①✐♠❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ Bk q✉❡ s❛t✐❢❛③ ❛ ❡q✉❛çã♦ s❡❝❛♥t❡✳ ❆ ❢ór♠✉❧❛ ♣❛r❛ Bk+1

❝♦♥s✐st❡ ♥✉♠❛ ❝♦rr❡çã♦ ❞❡ ♣♦st♦ ✉♠ s♦❜r❡ ❛ ♠❛tr✐③ Bk✱ ❡ ❛ss✐♠ t❡♠♦s✿

❋ór♠✉❧❛ ❞❡ ❇r♦②❞❡♥✳

Bk+1 = Bk +
(yk − Bks

k)(sk)T

(sk)T (sk)
✭✸✳✷✮

♦♥❞❡✱ yk = F (xk+1)− F (xk) ❡ sk = xk+1 − xk✳

❖ ♦❜❥❡t✐✈♦ é s❡ ❡✈✐t❛r ❛ ❛✈❛❧✐❛çã♦ ❞❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❛ ❝❛❞❛ ✐t❡r❛çã♦✱ ♠❛s ❛

r❡s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r é t❛♠❜é♠ s✐♠♣❧✐✜❝❛❞❛ ♣♦✐s✱ ♦ ❢❛t♦ ❞❡ Bk+1 s❡r ✉♠❛ ❝♦rr❡çã♦

❞❡ ♣♦st♦ ✉♠ s♦❜r❡ Bk✱ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦ ❞❡ (Bk+1)
−1 ❝♦♠ ❖(n2) ♦♣❡r❛çõ❡s ❛tr❛✈és ❞❛

❢ór♠✉❧❛ ❞❡ ❙❤❡r♠❛♥✲▼♦rr✐s♦♥ ❬✹❪✳ ❖ ✉s♦ ❞❛ ❢ór♠✉❧❛ ✭✸✳✷✮ ♥ã♦ é ❛❞❡q✉❛❞♦ ♣❛r❛ ♦ ❝❛s♦
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❡s♣❛rs♦ ♣♦✐s✱ ❛✐♥❞❛ q✉❡ Bk t❡♥❤❛ ♦ ♠❡s♠♦ ♣❛❞rã♦ ❞❡ ❡s♣❛rs✐❞❛❞❡ ❞❡ J(xk)✱ Bk+1 ♣♦❞❡

♥ã♦ r❡s✉❧t❛r ❡s♣❛rs❛✳

◆❡st❡ ❝❛s♦✱ ❡♠ ❣❡r❛❧ s❡ ❞á ♣r❡❢❡rê♥❝✐❛ ♣❡❧❛ ❛♣r♦①✐♠❛çã♦ ❞❡ J(xk)−1✳ ❈♦♠ ♦ ✉s♦

❞❛ ❢ór♠✉❧❛ ❞❡ ❙❤❡r♠❛♥✲▼♦rr✐s♦♥ ❬✹❪✱ ❬✾❪✱ ♦❜t❡♠♦s ❛ ❛t✉❛❧✐③❛çã♦ ♣❛r❛ ❛ ✐♥✈❡rs❛ ❞❡ Bk+1

♣♦r✿

B−1

k+1
= B−1

k +
(sk − B−1

k yk)s
T
kB

−1

k

sTkB
−1

k yk
✭✸✳✸✮

Pr♦❜❧❡♠❛ ✸✳✻ ❢❞❡♥♥②s✶

❋✭①✮ ❂











x2

1 + x2

2 − 2

exp(x1 − 1) + x3

2 − 2

◆❡st❡ ❝❛s♦ ❛♦ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✭❜rs♦❧✮ ✲ r♦t✐♥❛ ❑❡❧❧❡② ❬✾❪✱ ❝♦♠ ♦s ♣❛✲

râ♠❡t♦s ①0 = [1, 5]✱ ❡ [40, 39, 0]✱ ✭✈✐❞❡ ❆♥❡①♦ ❊✮✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ✭✈❡t♦r❡s✮ q✉❡ é

❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ♥ã♦ ❝♦♥✈❡r❣✐✉✳

Pr♦❝❡❞❡♠♦s ❛ ❛❧t❡r❛çã♦ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ ♣❛r❛ ①0 = [1.2, 1.5]✱ ♠❛✐s ♣ró①✐♠♦ ❞❛ s♦❧✉çã♦

q✉❡ ❡r❛ ❝♦♥❤❡❝✐❞❛✱ ❡ ♦❜t✐✈❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r✿

❚❛❜❡❧❛ ✸✳✶✵✿ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✴ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦

▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✳ ✐t✳ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✳

✶✳✷ ✶✳✺ x0 ✶✳✷ ✶✳✺
✲✵✳✹✾✵✵✵✵ ✲✶✳✵✾✻✹✵✸ x1 ✵✳✾✶✶✸✻✸ ✶✳✶✻✼✺✼✻
✲✵✳✷✵✶✼✶✷ ✵✳✺✵✶✾✺✷ x2 ✵✳✾✽✹✽✽✹ ✶✳✵✷✼✶✽✾
✷✳✸✺✷✸✼✷ ✶✳✷✵✹✼✹✻ x3 ✵✳✾✾✾✺✼✵ ✶✳✵✵✵✽✽✷
✵✳✹✼✸✺✼✶ ✵✳✽✹✾✷✻✸ x4 ✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵
✵✳✽✵✸✶✷✵ ✵✳✾✷✽✾✶✼ x5 ✲ ✲
✶✳✵✾✸✽✽✸ ✶✳✵✵✺✼✸✻ x6 ✲ ✲
✶✳✵✶✶✸✸✼ ✶✳✵✵✹✼✽✷ x7 ✲ ✲
✵✳✾✾✹✼✶✵ ✵✳✾✾✼✾✷✾ x8 ✲ ✲
✵✳✾✾✾✽✾✸ ✵✳✾✾✾✾✺✾ x9 ✲ ✲
✶✳✵✵✵✵✵✵ ✶✳✵✵✵✵✵✵ x10 ✲ ✲
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❖ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ♣r❡❝✐s♦✉ ❞❡ ✶✵ ✐t❡r❛çõ❡s✱ ❡♥q✉❛♥t♦ ♦ ❞❡ ◆❡✇t♦♥ s♦♠❡♥t❡ ✹

✐t❡r❛çõ❡s✱ s❡♥❞♦ q✉❡ ♣❛r❛ ❇r♦②❞❡♥ ||F || = 1, 6676.10−6✱ ❡ t❡♠♣♦ ❞❡ ✶✷✹✱✻✶✶♠s✱ ❡ ♣❛r❛

◆❡✇t♦♥ ||F || = 2, 4255.10−6✱ ❡ t❡♠♣♦ ❞❡ ✾✶✱✺✽✵♠s✳

Pr♦❜❧❡♠❛ ✸✳✼ ❢❞❡♥♥②s✷










f1(x) = x1 + x2 − 3

f2(x) = x2

1 − x2

2 − 9

❆ s❡q✉ê♥❝✐❛ ❞❡ ✐t❡r❛çõ❡s ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥✱ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ ❝♦♠ ♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s❀ ①0 = (1, 5)T ✱ [40, 39, 0] ✭✈✐❞❡ ❆♥❡①♦

❊✮ ❡ [40, 1, 0] ✭✈✐❞❡ ❛♥❡①♦ ❆✮✳ ❡stá ♥❛ t❛❜❡❧❛ ✸✳✶✶✳

❚❛❜❡❧❛ ✸✳✶✶✿ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✴ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦

▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✳ ✐t✳ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✳

✶ ✺ x0 ✶ ✺
✲✷✳✵✵✵✵✵✵ ✸✽✳✵✵✵✵✵✵ x1 ✶✳✷✺✵✵✵✵ ✶✳✼✺✵✵✵✵
✲✶✳✷✷✻✶✵✻✼ ✹✳✵✶✼✸✵✶ x2 ✸✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵
✲✵✳✹✺✻✻✶✵ ✸✳✺✷✺✵✽✷ x3 ✲ ✲
✵✳✽✾✶✻✼✻ ✷✳✵✽✸✼✺✶ x4 ✲ ✲
✸✳✼✶✹✵✶✵ ✲✵✳✼✵✻✹✸✽ x5 ✲ ✲
✷✳✾✾✻✾✷✺ ✵✳✵✵✸✵✾✼ x6 ✲ ✲
✷✳✾✾✾✼✻✼ ✵✳✵✵✵✷✸✶ x7 ✲ ✲
✸✳✵✵✵✶✼✵ ✵✳✵✵✵✵✶✼ x8 ✲ ✲
✸✳✵✵✵✵✵✵ ✵✳✵✵✵✵✵✵ x9 ✲ ✲

❖ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ♣r❡❝✐s♦✉ ❞❡ ✾ ✐t❡r❛çõ❡s✱ ❡♥q✉❛♥t♦ ♦ ❞❡ ◆❡✇t♦♥ s♦♠❡♥t❡ ❞❡ ✷

✐t❡r❛çõ❡s✱ s❡♥❞♦ q✉❡ ♣❛r❛ ❇r♦②❞❡♥ ||F || = 7, 166.10−8✱ ❡ ♦ t❡♠♣♦ é ❞❡ ✶✷✼✱✸✺✺♠s ❡ ♣❛r❛

◆❡✇t♦♥✱ ||F || = 7, 7427.10−7 ❡ ♦ t❡♠♣♦ é ❞❡ ✾✼✱✽✾✷♠s✳

Pr♦❜❧❡♠❛ ✸✳✽ ❢❝♦♥t❡✶






















f1(x) = x1 + ex1−1 + (x2 + 3)2 − 27

f2(x) =
ex2−2

x1

+ x2

3 − 10

f3(x) = x3 + sin(x2 − 2) + x2

2 − 7
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◆❡st❡ s✐st❡♠❛✱ ❛♦ ❛♣❧✐❝❛r♠♦s ♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✭❜rs♦❧✮ ✲ r♦t✐♥❛ ❑❡❧❧❡② ❬✾❪✱ ❝♦♠

♦s ♣❛râ♠❡t♦s ①0 = (4, 4, 4)✱ ❡ [40, 39, 0]✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ✭✈❡t♦r❡s✮ q✉❡ é ❣❡r❛❞❛

♣❡❧♦ ♠ét♦❞♦ ♥ã♦ ❝♦♥✈❡r❣✐✉✳

Pr♦❜❧❡♠❛ ✸✳✾ ❢❝♦♥t❡✷

■❞❡♠ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r ❢❞❡♥♥②s✶✳

Pr♦❜❧❡♠❛ ✸✳✶✵ ✛❛✉s❡tt






















f1(x) = x2

1 + x2

2 + x2

3 − 1

f2(x) = x2

1 + x2

3 − 0.25

f3(x) = x2

1 + x2

2 + 4x3

❆ s❡q✉ê♥❝✐❛ ❞❡ ✐t❡r❛çõ❡s ❣❡r❛❞❛s ♣❡❧♦ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✭❜rs♦❧✮ ✲ r♦t✐♥❛ ❑❡❧❧❡② ❬✾❪✱

❝♦♠ ♦s ♣❛râ♠❡t♦s ①0 = (1, 1, 0)✱ [40, 39, 0] ❡ [40, 1, 0]✱ ❛♣❧✐❝❛❞♦ ❛ ❡st❡ s✐st❡♠❛ ❞❡

❡q✉❛çõ❡s✱ ❢♦r♥❡❝❡✉ ♦s r❡s✉❧t❛❞♦s q✉❡ ❡stã♦ ❧✐st❛❞♦ ♥❛ t❛❜❡❧❛ ✸✳✶✷✳

❖ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ♣r❡❝✐s♦✉ ❞❡ ✷✶ ✐t❡r❛çõ❡s✱ ❡♥q✉❛♥t♦ ♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✱ s♦✲

♠❡♥t❡ ❞❡ ✹ ✐t❡r❛çõ❡s✱ s❡♥❞♦ q✉❡ ♣❛r❛ ❇r♦②❞❡♥ ||F || = 1.208.10−6 ❡ t❡♠♣♦ ❞❡ ✶✷✼✱✵✷✽♠s✱

❡ ♣❛r❛ ◆❡✇t♦♥✱ ||F || = 6.32110−7 ❡ t❡♠♣♦ ❞❡ ✶✵✼✱✶✻✸♠s✳

❖ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ t❛♠❜é♠ ❢♦✐ ❛♣❧✐❝❛❞♦ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❇r♦②❞❡♥ tr✐❞✐✲

❛❣♦♥❛❧ ✭✸✳✶✮✱ ♣♦ré♠ ♦ ♠❡s♠♦ ❞✐✈❡r❣✐✉ ♣❛r❛ t♦❞❛s ❛s ❛❧t❡r♥❛t✐✈❛s t❡st❛❞❛s✱ ✐st♦ é✿ ♣❛r❛

♥❂✺✱ ♥❂✶✵✱ ♥❂✷✵✱ ♥❂✺✵✱ ♥❂✶✵✵✱ ♥❂✷✵✵✱ ♥❂✺✵✵ ❡ ♥❂✶✵✵✵✳

❆ ♣❛rt✐r ❞❡st❡ ❝♦♥❥✉♥t♦ ❞❡ t❡st❡s r❡❛❧✐③❛❞♦s✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ ♠ét♦❞♦ ❞❡

❇r♦②❞❡♥ s❡♠♣r❡ r❡❛❧✐③❛ ♠❛✐s ✐t❡r❛çõ❡s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥✱ q✉❛♥❞♦ ❛♠❜♦s ❝♦♥✈❡r✲

❣❡♠✱ ♦ q✉❡ ❡r❛ ❡s♣❡r❛❞♦✳ ❈♦♠♦ ❡st❡s ♣r♦❜❧❡♠❛s sã♦ ❞❡ ♣❡q✉❡♥♦ ♣♦rt❡✱ ❛ ❝♦♠♣❛r❛çã♦

❞♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ♥ã♦ é s✐❣♥✐✜❝❛t✐✈❛✳

❆ ♠❡s♠❛ ❝♦♠♣❛r❛çã♦ ♥ã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣♦rt❡ ♠❛✐♦r ❛té ❛❣♦r❛

t❡st❛❞♦s✱ ✉♠❛ ✈❡③ q✉❡✱ ♥❡st❡s ❝❛s♦s✱ ❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞❛ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ♥ã♦

❝♦♥✈❡r❣✐✉✳ ◆♦ ❡♥t❛♥t♦✱ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦ ♠ét♦❞♦ ❞❡

❇r♦②❞❡♥ ♣❛r❛ ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ♠é❞✐♦ ♣♦rt❡✱ ❣❡r❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❢ís✐❝❛✱ s❡❣✉✐❞♦ ❞❡ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✳



✸✳✸ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✻✸

❚❛❜❡❧❛ ✸✳✶✷✿ ▼ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ✴ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦

▼ét✳ ❞❡ ❇r♦②❞❡♥ ✳ ✳ ✐t✳ ▼ét✳ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✳ ✳

✶ ✶ ✵ x0 ✶ ✶ ✵
✵✳✵✵✵✵✵✵ ✵✳✷✺✵✵✵✵ ✲✷✳✵✵✵✵✵✵ x1 ✵✳✻✷✺✵✵✵ ✳✵✽✼✺✵✵✵ ✲✵✳✷✺✵✵✵✵
✲✶✳✵✾✹✻✷✽ ✲✶✳✵✾✵✸✻✹ ✵✳✽✸✼✵✾✽ x2 ✵✳✹✻✽✵✺✻ ✵✳✽✻✻✵✼✶ ✲✵✳✷✸✻✶✶✶
✼✳✸✷✽✺✺✷ ✼✳✻✾✹✻✵✹ ✲✷✳✷✶✸✽✹✵ x3 ✵✳✹✹✶✺✺✾ ✵✳✽✻✻✵✷✺ ✲✵✳✷✸✻✵✻✽
✲✵✳✼✺✸✹✷✾ ✲✷✳✵✽✺✸✵✾ ✵✳✷✾✾✾✵✺ x4 ✵✳✹✹✵✼✻✹ ✵✳✽✻✻✵✷✺ ✲✵✳✷✸✻✵✻✽
✲✶✳✾✷✾✸✽✵ ✲✶✳✻✼✵✾✼✺ ✲✵✳✵✽✼✽✹✺ x5 ✲ ✲ ✲
✲✶✳✾✶✷✾✻✺ ✲✷✳✺✵✷✵✹✵ ✲✵✳✶✹✷✼✺✸ x6 ✲ ✲ ✲
✶✹✳✹✼✺✹✽✷ ✾✳✸✾✵✹✺✵ ✶✳✻✽✵✼✻✹ x7 ✲ ✲ ✲
✲✷✳✼✶✵✼✻✷ ✲✷✳✵✸✺✼✶✺ ✲✵✳✷✻✺✺✾✺ x8 ✲ ✲ ✲
✲✸✳✸✺✻✾✵✽ ✲✷✳✸✺✾✸✵✹ ✲✵✳✷✽✺✼✶✽ x9 ✲ ✲ ✲
✲✶✳✺✹✾✺✾✼ ✲✶✳✷✻✼✺✸✸ ✲✵✳✷✸✾✺✵✶ x10 ✲ ✲ ✲
✲✶✳✵✾✻✽✾✻ ✲✶✳✵✷✸✸✶✵ ✲✵✳✷✸✸✸✸✹ x11 ✲ ✲ ✲
✲✵✳✼✷✸✻✾✸ ✲✵✳✽✻✵✹✽✾ ✲✵✳✷✸✸✵✶✸ x12 ✲ ✲ ✲
✲✵✳✺✻✷✷✻✻ ✲✵✳✽✷✹✸✷✾ ✲✵✳✷✸✹✷✹✶ x13 ✲ ✲ ✲
✲✵✳✹✾✵✷✸✼ ✲✵✳✽✸✶✹✹✸ ✲✵✳✷✸✺✵✶✼ x14 ✲ ✲ ✲
✲✵✳✹✻✶✷✽✷ ✲✵✳✽✹✼✸✽✽ ✲✵✳✷✸✺✹✽✺ x15 ✲ ✲ ✲
✲✵✳✹✹✻✹✻✷ ✲✵✳✽✻✵✺✵✸ ✲✵✳✷✸✺✽✻✷ x16 ✲ ✲ ✲
✲✵✳✹✹✶✶✼✻ ✲✵✳✽✻✺✻✷✽ ✲✵✳✷✸✻✵✹✶ x17 ✲ ✲ ✲
✲✵✳✹✹✵✼✷✻ ✲✵✳✽✻✻✵✹✵ ✲✵✳✷✸✻✵✻✺ x18 ✲ ✲ ✲
✲✵✳✹✹✵✼✻✸ ✲✵✳✽✻✻✵✶✺ ✲✵✳✷✸✻✵✻✼ x19 ✲ ✲ ✲
✲✵✳✹✹✵✼✻✻ ✲✵✳✽✻✻✵✶✾ ✲✵✳✷✸✻✵✻✼ x20 ✲ ✲ ✲
✲✵✳✹✹✵✼✻✸ ✲✵✳✽✻✻✵✷✹ ✲✵✳✷✸✻✵✻✼ x21 ✲ ✲ ✲
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❆s ♣r✐♥❝✐♣❛✐s ♣❡sq✉✐s❛s ❞❡ ▲♦r❞ ❘❛②❧❡✐❣❤ ❬✶✽✹✷✱ ✶✾✶✾❪ ❢♦r❛♠ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠

♠❛t❡♠át✐❝❛✱ ✈♦❧t❛❞❛s à ót✐❝❛ ❡ s✐st❡♠❛s ✈✐❜r❛tór✐♦s✳ P♦st❡r✐♦r♠❡♥t❡ tr❛❜❛❧❤♦✉ ❡♠ ♣❡s✲

q✉✐s❛s ❡♠ ♦✉tr❛s ár❡❛s ❞❛ ❢ís✐❝❛✱ t❛✐s ❝♦♠♦✿ s♦♠✱ t❡♦r✐❛ ❞❛s ♦♥❞❛s✱ ✈✐sã♦ ❝♦❧♦r✐❞❛✱

❡❧❡tr♦❞✐♥â♠✐❝❛✱ ❡❧❡tr♦♠❛❣♥❡t✐s♠♦✱ ❞✐s♣❡rsã♦ ❞❛ ❧✉③✱ ✈❛③ã♦ ❞❡ ❧✐q✉í❞♦s✱ ❞❡♥s✐❞❛❞❡ ❞❡

❣❛s❡s✱ ✈✐s❝♦s✐❞❛❞❡✱ ❝❛♣✐❧❛r✐❞❛❞❡ ❡ ❢♦t♦❣r❛✜❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❧❡✐s ❢ís✐❝❛s ♦r✐❣✐♥❛❞❛s ♣❡❧❛s ✐♥✈❡st✐❣❛çõ❡s ❞❡ ▲♦r❞ ❘❛②❧❡✐❣❤ ❡♠

✶✽✼✶✱ s✉r❣❡ ♦ ♣r♦❜❧❡♠❛ ❡s♣❡❝í✜❝♦ s♦❜r❡ ♦s ❝❛♠♣♦s ❞❡ r❛❞✐❛çã♦ ❞❛ ❞✐s♣❡rsã♦ ❞❛ ❧✉③

♥❛ ❛t♠♦s❢❡r❛✱ ❡ q✉❡ ❡①♣❧✐❝❛♠ s♦❜r❡ ❛ ✐❧✉♠✐♥❛çã♦ ❡ ♣♦❧❛r✐③❛çã♦ ❞❛ ❧✉③ s♦❧❛r✳ ▼❛s ❛s

❡q✉❛çõ❡s q✉❡ ❣♦✈❡r♥❛♠ ♦ ♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠❛ ❞❡ ❘❛②❧❡✐❣❤ t✐✈❡r❛♠ q✉❡ ❡s♣❡r❛r s❡t❡♥t❛ ❡

❝✐♥❝♦ ❛♥♦s ♣❛r❛ s✉❛ ❢♦r♠✉❧❛çã♦ ❡ s♦❧✉çã♦✳ ■st♦ ♦❝♦rr❡✉ q✉❛♥❞♦ ❆rt❤✉r ❙❝❤✉st❡r ❢♦r♠✉❧♦✉

❡♠ ✶✾✵✺ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❚r❛♥s❢❡rê♥❝✐❛ ❘❛❞✐♦❛t✐✈❛✱ ❞❡ ❢♦r♠❛ ❛ ❡①♣❧✐❝❛r ♦ ❛♣❛r❡❝✐♠❡♥t♦

❞❛ ❛❜s♦rçã♦ ❡ ❡♠✐ssã♦ ❞❡ ❧✐♥❤❛s ♥♦ ❡s♣❡❝tr♦ ❡str❡❧❛r✱ ❡ ♣♦r ❑❛r❧ ❙❝❤✇❛rs❝❤✐❧❞ q✉❡

✐♥tr♦❞✉③✐✉ ❡♠ ✶✾✵✻ ♦ ❝♦♥❝❡✐t♦ ❞♦ ❡q✉✐❧í❜r✐♦ r❛❞✐♦❛t✐✈♦ ♥❛s ❛t♠♦s❢❡r❛s ❡str❡❧❛r❡s✱ ♦ q✉❡

♠♦t✐✈♦✉ ♣❡sq✉✐s❛s ♥❡st❡ ❝❛♠♣♦✳

❉❡s❞❡ ❡st❡s t❡♠♣♦s✱ ♦ ♦❜❥❡t♦ ❞❛ ❚r❛♥s❢❡rê♥❝✐❛ ❘❛❞✐♦❛t✐✈❛ t❡♠ s✐❞♦ ✐♥✈❡st✐❣❛❞♦ ♣r✐♥✲

❝✐♣❛❧♠❡♥t❡ ♣♦r ❛str♦❢ís✐❝♦s✱ ❡ ♥♦s ❛♥♦s r❡❝❡♥t❡s t❡♠ ❛tr❛í❞♦ ❛ ❛t❡♥çã♦ ❞♦s ❢ís✐❝♦s t❛♠✲

✻✹
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❜é♠✱ ❞❡s❞❡ q✉❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ ♦❝♦rr❡ ♥❛ t❡♦r✐❛ ❞❛ ❞✐❢✉sã♦ ❞♦s

♥❡✉tr♦♥s✳

❆❧❣✉♠❛s ❞❡✜♥✐çõ❡s ✐♥✐❝✐❛❧♠❡♥t❡ sã♦ ✐♥tr♦❞✉③✐❞❛s✱ ❛ s❛❜❡r✿

✐✮ ■♥t❡♥s✐❞❛❞❡ ❡s♣❡❝í✜❝❛✳

❆ ❛♥á❧✐s❡ ❞♦ ❝❛♠♣♦ ❞❡ r❛❞✐❛çã♦ r❡q✉❡r q✉❡ ♥ós ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢♦♥t❡ ❞❡ ❡♥❡r❣✐❛

r❛❞✐❛♥t❡ dEv✱ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛ (v, v + dv)✱ ♦ q✉❛❧ é tr❛♥s✲

♣♦rt❛❞♦ ❛tr❛✈és ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ dσ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦✱ ❝♦♥✜♥❛♥❞♦

✉♠ ❡❧❡♠❡♥t♦ ❞❡ â♥❣✉❧♦ só❧✐❞♦ dw✱ ❞✉r❛♥t❡ ✉♠ t❡♠♣♦ dt✳

dEv = Ivcos(v)dvdσdwdt, ✭✹✳✶✮

♦♥❞❡ Iv é ❞❡♥♦♠✐♥❛❞♦ ❞❡ ✐♥t❡♥s✐❞❛❞❡ ❞❡ r❛❞✐❛çã♦✳

❯♠ ❝❛♠♣♦ ❞❡ r❛❞✐❛çã♦ é ❞✐t♦ ✐s♦tró♣✐❝♦ s❡ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ r❛❞✐❛çã♦ é ✐♥❞❡♣❡♥❞❡♥t❡

❞❛ ❞✐r❡çã♦ ♥❛q✉❡❧❡ ♣♦♥t♦❀ ❡ s❡ ❛ ✐♥t❡♥s✐❞❛❞❡ é ❛ ♠❡s♠❛ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❡ t♦❞❛s ❛s

❞✐r❡çõ❡s✱ ♦ ❝❛♠♣♦ ❞❡ r❛❞✐❛çã♦ é ❞✐t♦ s❡r ❤♦♠♦❣ê♥❡♦ ❡ ✐s♦tró♣✐❝♦✳

✐✐✮ ❖ ✢✉①♦ ❧íq✉✐❞♦✳

❖ ✢✉①♦ ❧íq✉✐❞♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s é ❞❛❞♦ ♣♦r✿

dvdσdt

∫

Ivcos(v)dw, ✭✹✳✷✮

♦♥❞❡ ❛ ✐♥t❡❣r❛çã♦ ❞❡✈❡ s❡r s♦❜r❡ t♦❞♦ ♦ â♥❣✉❧♦ só❧✐❞♦✿

πFv =

∫

Ivcos(v)dv. ✭✹✳✸✮

❆ q✉❛♥t✐❞❛❞❡ q✉❡ ♦❝♦rr❡ ♥❛ ❡①♣r❡ssã♦ ✭✹✳✷✮ é ❝❤❛♠❛❞❛ ❞❡ ✢✉①♦ ❧íq✉✐❞♦ ❡ ❞❡✜♥❡ ❛

r❛③ã♦ ❞♦ ✢✉①♦ ❞❡ ❡♥❡r❣✐❛ r❛❞✐❛♥t❡ ❛tr❛✈és ❞❡ dσ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ár❡❛ ❡ ♣♦r ✉♥✐❞❛❞❡ ❞❡

✐♥t❡r✈❛❧♦ ❞❡ ❢r❡qüê♥❝✐❛✳

✐✐✐✮ ❉❡♥s✐❞❛❞❡ ❞❡ r❛❞✐❛çã♦✳

❆ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ uvdv ❞❡ r❛❞✐❛çã♦ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡qüê♥❝✐❛ ❝♦♥s✐❞❡r❛❞♦

(v, v+dv) ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ r❛❞✐❛♥t❡ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ✈♦❧✉♠❡✱

♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡qüê♥❝✐❛ ❝♦♥s✐❞❡r❛❞♦✳
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❆ ✐♥t❡❣r❛❧ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ u é s✐♠✐❧❛r ❡♠ t❡r♠♦s ❞❛ ✐♥t❡❣r❛❧ ❞❡ ✐♥t❡s✐❞❛❞❡

■✱ ❡♥tã♦✿

u =

∫

uvdv =
1

c

∫

Idw. ✭✹✳✹✮

✹✳✷ ❍✲❊q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r

❆ ❡q✉❛çã♦ ❞❡ ❈❤❛♥❞r❛s❡❦❤❛r ✭✹✳✺✮ é ✉s❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞✐str✐❜✉✐çã♦

❞❡ tr❛♥s❢❡rê♥❝✐❛ r❛❞✐♦❛t✐✈❛ ❬✺❪✱ ❬✶✶❪✳

F (H)(µ) = H(µ)−
(

1− c

2

∫

1

0

µH(v)dv

µ+ v

)−1

= 0. ✭✹✳✺✮

❉✐s❝r❡t✐③❛♠♦s ❛ ✐♥t❡❣r❛❧ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱ ✶❪ ♣❡❧❛ r❡❣r❛ ❞♦ ♣♦♥t♦ ♠é❞✐♦✱ ❞❛❞❛ ♣♦r✿

∫

1

0

f(µ)dµ ∼ 1

N

N
∑

j=1

f(µj) ✭✹✳✻✮

♦♥❞❡ µj = (j − 1

2
)/N ♣❛r❛ 1 ≤ j ≤ N ✳ ❖ r❡s✉❧t❛❞♦ ❞♦ ♣r♦❜❧❡♠❛ ❞✐s❝r❡t✐③❛❞♦ é✿

F (x)i = xi −
(

1− c

2N

N
∑

j=1

µixj

µi + µj

)−1

= 0. ✭✹✳✼✮

❙❛❜❡✲s❡ q✉❡ ✭✹✳✺✮ ❡ s✉❛ ❛♥á❧♦❣❛ ❞✐s❝r❡t❛ ✭✹✳✼✮ tê♠ ❞✉❛s s♦❧✉çõ❡s ♣❛r❛ c ∈ (0, 1)✳

P♦ré♠✱ s♦♠❡♥t❡ ✉♠❛ ❞❡st❛s s♦❧✉çõ❡s t❡♠ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦ ❬✶❪ ❬✾❪✳ ❙❛❜❡✲s❡ t❛♠❜é♠ q✉❡ ♦

♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❝♦♠ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ x0 = (0, 0, 0, ...., 0)T ♦✉ x0 = (1, 1, 1, ....., 1)T

❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡s❡❥❛❞❛ ❬✾❪✳

❯t✐❧✐③❛♠♦s ❝♦♠♦ ♣❛râ♠❡tr♦s N = 100 ❡ c = 0.9✱ ❡ ♦ ✈❡t♦r ✉♥✐tár✐♦ ❝♦♠♦ ❛♣r♦①✐✲

♠❛çã♦ ✐♥✐❝✐❛❧ ❡ ❝♦♠ ❡st❡s ✈❛❧♦r❡s ❝♦♠♣❛r❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✱ ◆❡✇t♦♥

▼♦❞✐✜❝❛❞♦ ❡ ❙❤❛♠❛♥s❦✐ ✭❝♦♠ ♣❛râ♠❡tr♦ ♠❂✷ ❬✾❪✮✱ ♦❜t❡♥❞♦ ♦s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r✿
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◆❡✇t♦♥ ❉✳ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 1, 478.10−1

✷ 2, 650.10−3

✸ 7, 710.10−7

◆❡✇t♦♥ ▼♦❞✳ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 1, 478.10−1

✷ 3, 070.10−2

✸ 6, 410.10−3

✹ 1, 388.10−3

✺ 2, 969.10−4

✻ 6, 334.10−5

✼ 1, 353.10−5

✽ 2, 889.10−6

❙❤❛♠❛♥s❦✐ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 1, 478.10−1

✷ 3, 070.10−2

✸ 1, 161.10−4

✹ 7, 980.10−7

◆❛ ✜❣✉r❛ ✹✳✶ r❡♣r❡s❡♥t❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ ||F (xk)||/||F (x0)|| ♣❛r❛ ♦s três ♠ét♦❞♦s✳

❆ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ✐t❡r❛çã♦ ♥♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✐♥❞✐❝❛ s✉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠❛✐s

rá♣✐❞❛ ❞♦ q✉❡ ❛ ❞♦ ♠ét♦❞♦ ❞❡ ❙❤❛♠❛♥s❦✐ ❡ ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✳
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❖s t❡♠♣♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❛r❛ ♦❜t❡♥çã♦ ❞❛s s♦❧✉çõ❡s ❢♦r❛♠✿ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✲

✺✸✵✱✺✾✺♠s❀ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ✲ ✹✹✹✱✻✺✽♠s ❡ ❙❤❛♠❛♥s❦✐ ✲ ✻✾✻✱✽✵✵♠s✳

Pr♦❝❡❞❡♠♦s t❛♠❜é♠ à r❡s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❈❤❛♥❞r❛s❡❦❤❛r ❝♦♠ c = 0, 9999✳

◆❡st❡ ❝❛s♦ ❛ s♦❧✉çã♦ ❡stá ♣ró①✐♠❛ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❛ ❏❛❝♦❜✐❛♥❛✳ ❆ ♣❛r ❞♦ ♣❛râ♠❡✲

tr♦ c✱ t♦❞♦s ♦s ❞❡♠❛✐s ♣❡r♠❛♥❡❝❡r❛♠ ♦s ♠❡s♠♦s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳ ◆❡st❛ s✐t✉❛✲

çã♦ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ❝♦♥✈❡r❣✐✉ ❡♠ ✼ ✐t❡r❛çõ❡s✱ ❡ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❞❡ ✶✳✸✽✶✱✵✶✹♠s✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ♥ã♦ ❝♦♥✈❡r❣✐✉ ❡♠ ✹✵

✐t❡r❛çõ❡s✳ ◗✉❛♥❞♦ ✜①❛♠♦s ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❡♠ ✷✵✵ ✐t❡r❛çõ❡s✱ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦

❝♦♥✈❡r❣✐✉ ❝♦♠ ✶✽✽ ✐t❡r❛çõ❡s ❡ t❡♠♣♦ ❞❡ ✼✻✼✱✻✻✸♠s✱ ♦ ❞❡ ❙❤❛♠❛♥s❦✐ ✭♠❂✷✮ ❝♦♠ ✶✵

✐t❡r❛çõ❡s ❡ t❡♠♣♦ ❞❡ ✾✽✶✱✺✺✼♠s✳ ❙❡❣✉❡♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

◆❡✇t♦♥ ❉✳ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 3, 454.10−1

✷ 9, 540.10−2

✸ 2, 430.10−2

✹ 5, 850.10−3

✺ 1, 155.10−3

✻ 1, 212.10−4

✼ 2, 101.10−6

❙❤❛♠❛♥s❦✐ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 3, 454.10−1

✷ 1, 891.10−1

✸ 5, 211.10−2

✹ 2, 875.10−2

✺ 7, 000.10−3

✻ 3, 774.10−3

✼ 6, 604.10−4

✽ 6, 000.10−4

✾ 8, 442.10−6

✶✵ 5, 745.10−7

◆❡st❡ ❝❛s♦✱ ❛♣❡s❛r ❞♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ♠♦❞✐✜❝❛❞♦ r❡❛❧✐③❛r ♠✉✐t❛s ✐t❡r❛çõ❡s ❛ ♠❛✐s

q✉❡ ♦s ♠ét♦❞♦s ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ❡ ❙❤❛♠❛♥s❦✐✱ ❣❛st♦✉ ♦ ♠❡♥♦r t❡♠♣♦ ❞❡ ❈P❯✳
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❆❧é♠ ❞❡st❛s ❝♦♠♣❛r❛çõ❡s✱ ♣r♦❝❡❞❡♠♦s t❛♠❜é♠ ✉♠ ❝♦♠♣❛r❛t✐✈♦ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡

❇r♦②❞❡♥✱ ✭r♦t✐♥❛ ❑❡❧❧❡② ✲ ❜rs♦❧✳♠✮ ❬✾❪✱ ❡♠ r❡❧❛çã♦ ❛♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦ ✲

✭♥s♦❧✳♠✮✳ ❖s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ❢♦r❛♠ ♦s ♠❡s♠♦s q✉❡ ♦s ❛♥t❡r✐♦r❡s✱ ❝♦♠ ◆ ❂ ✶✵✵ ❡

❝❂✵✳✾✱ s❡♥❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ❝♦♥✈❡r❣✐✉ ❡♠ ✼ ✐t❡r❛çõ❡s ❡ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

❞❡ ✶✹✹✱✽✵✸♠s✳ ❉❡✈❡♠♦s ♦❜s❡r✈❛r ❛q✉✐ q✉❡ ♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❣❛st♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡

❇r♦②❞❡♥ ♣❛r❛ ❡❢❡t✉❛r ✼ ✐t❡r❛çõ❡s ❢♦✐ ❜❡♠ ✐♥❢❡r✐♦r ❛♦ ❞❡ ◆❡✇t♦♥✱ q✉❡ r❡❛❧✐③♦✉ ✸ ✐t❡r❛çõ❡s✳

❙❡❣✉❡♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳



✹✳✷ ❍✲❊q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r ✼✵

◆❡✇t♦♥ ❉✳ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 1, 478.10−1

✷ 2, 650.10−3

✸ 7, 710.10−7

❇r♦②❞❡♥ Frel

■t❡r✳ ✭❦✮
||F (xk)||
||Fx0||

✵ 1.100

✶ 2, 827.10−1

✷ 6, 571.10−2

✸ 5, 050.10−3

✹ 2, 565.10−4

✺ 1, 017.10−4

✻ 1, 356.10−5

✼ 1, 600.10−8

❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♠♣❛r❛t✐✈♦ ❞♦ ♠ét♦❞♦ ❞❡ ❇r♦②❞❡♥ ❝♦♠ ♦ ❞❡ ◆❡✇t♦♥ ❉✐s❝r❡t♦✱

❝♦♠ ♣❛râ♠❡tr♦s ◆❂✶✵✵ ❡ ❝❂✵✱✾✾✾✾✳ ❆♠❜♦s ❝♦♥✈❡r❣✐r❛♠ ❝♦♠ ✼ ✐t❡r❛çõ❡s ❡ t❡♠♣♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ✶✸✽✶✱✵✶✹♠s ❡ ✷✸✹✱✸✶✼♠s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦✈❛♠❡♥t❡ ♦ ♠ét♦❞♦ ❞❡

❇r♦②❞❡♥ ❝♦♥✈❡r❣❡ ❡♠ ♠❡♥♦s t❡♠♣♦✱ ❝♦♥✜r♠❛♥❞♦ q✉❡✱ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✱ ♦ ❝✉st♦ ❞❡

❛✈❛❧✐❛r ❛ ❏❛❝♦❜✐❛♥❛ ♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❡♠ t♦❞❛ ✐t❡r❛çã♦ é ❛❧t♦✳ ❙❡❣✉❡♠ ♦s r❡s✉❧t❛❞♦s✳



✹✳✷ ❍✲❊q✉❛çã♦ ❈❤❛♥❞r❛s❡❦❤❛r ✼✶

◆❡✇t♦♥ ❉✳ Frel

■t❡r✳ ✭♥✮
||F (xn)||
||Fx0||

✵ 1.100

✶ 3, 454.10−1

✷ 9, 540.10−2

✸ 2, 430.10−2

✹ 5, 850.10−3

✺ 1, 155.10−3

✻ 1, 212.10−4

✼ 2, 101.10−6

❇r♦②❞❡♥ Frel

■t❡r✳ ✭♥✮
||F (xn)||
||Fx0||

✵ 1.100

✶ 1, 044.10−1

✷ 2, 428.10−2

✸ 1, 867.10−3

✹ 9, 457.10−5

✺ 3, 751.10−5

✻ 5, 011.10−6

✼ 6, 000.10−8

❖s ❜♦♥s r❡s✉❧t❛❞♦s ❝♦♥s❡❣✉✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❛❧t❡r♥❛t✐✈♦s ♠♦str❛♠ ❛ ✐♠♣♦rtâ♥❝✐❛

❞❡ ✉t✐❧✐③❛çã♦ ❞❡st❡s✱ ❝♦♠ ❡①❝❡çã♦ ❞♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦

♥❡❝❡ss✐t♦✉ ❞❡ ✶✽✽ ✐t❡r❛çõ❡s ✭◆❂✶✵✵ ❡ ❝ ❂ ✵✱✾✾✾✾✮✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ✉♠❛ ❜♦❛ ❛♣❧✐❝❛çã♦

❞♦s ♠ét♦❞♦s ❛♣r❡s❡♥t❛✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s t❡st❡s✱ ❝♦♥✈❡r❣ê♥❝✐❛ rá♣✐❞❛ ❡ r❡s✉❧t❛❞♦s ❜❛st❛♥t❡

♣r❡❝✐s♦s✳



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡

♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s

❘❡❧❡♠❜r❛♥❞♦ ♦ ♦❜❥❡t✐✈♦ ❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ✧❖ ♦❜❥❡t✐✈♦ ❞♦ ♣r♦❥❡t♦ é ❞✐s❝✉t✐r ♦s

♠ét♦❞♦s✱ ❛❧❣♦r✐t♠♦s✱ ❡ ❛♥á❧✐s❡ ❡♥✈♦❧✈✐❞❛ ♥❛ s♦❧✉çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦

❧✐♥❡❛r❡s ❡ tr❛♥s❝❡♥❞❡♥t❛✐s✧✱ ♦❜s❡r✈❛♠♦s q✉❡ ♥ã♦ ♥♦s ♣r❡♦❝✉♣❛♠♦s ❝♦♠ ❛s♣❡❝t♦s t❡ór✐❝♦s

r❡❧❛❝✐♦♥❛❞♦s à ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳

➱ t❛♠❜é♠ ❛♣❛r❡♥t❡ q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦✉ ♥ã♦ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ❛

♠❛✐♦r✐❛ ❞♦s ♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✳ ▼❛s ♦s ♠ét♦❞♦s ❛❜♦r❞❛❞♦s ❛♣r❡s❡♥t❛r❛♠✱ ❡♠

❣❡r❛❧✱ ❞❡s❡♠♣❡♥❤♦ ♠✉✐t♦ ❜♦♠ ♥❛ ♣rát✐❝❛✳

❖s ♠ét♦❞♦s tr❛❜❛❧❤❛❞♦s ❢♦r❛♠ ◆❡✇t♦♥ ✭P✉r♦✮✱ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦✱ ◆❡✇t♦♥ ❉✐s✲

❝r❡t♦✱ ❙❤❛♠❛♥s❦✐ ❡ ❇r♦②❞❡♥✳ ❊st✉❞❛♠♦s ♠♦t✐✈❛çã♦✱ ❛❧❣♦r✐t♠♦s ❡ ❛♥á❧✐s❡ ❞❡ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ❞❡ ❝❛❞❛ ✉♠ ❞❡st❡s ♠ét♦❞♦s✳ ❚r❛❜❛❧❤❛♠♦s ❝♦♠ s✉❛s ✐♠♣❧❡♠❡♥t❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s

❛♣❧✐❝❛❞❛s ❛ ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s q✉❡ ♥♦s ♣❡r♠✐t✐r❛♠ r❡❛❧✐③❛r ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡

♦s ♠❡s♠♦s✳ ❉❡st❛❝❛♠♦s q✉❡ ♥♦ss❛ ♦♣çã♦ ❢♦✐ ♣❡❧♦ ❡st✉❞♦ ❞♦s ♠ét♦❞♦s ♠❛✐s ❝❧áss✐❝♦s

♣❛r❛ r❡s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦s ❛q✉✐ ❛❜♦r❞❛❞♦s tê♠ ✐♠♣♦r✲

tâ♥❝✐❛ ❝♦♠♣r♦✈❛❞❛✱ ❞❛❞♦s ♦s ✐♥ú♠❡r♦s tr❛❜❛❧❤♦s q✉❡ s♦❜r❡ ❡❧❡s ❛✐♥❞❛ sã♦ ♣✉❜❧✐❝❛❞♦s

❛t✉❛❧♠❡♥t❡✳

◆♦ss♦ tr❛❜❛❧❤♦ ❡♥✈♦❧✈❡✉ ✈ár✐❛s ❡q✉❛çõ❡s ❞❡ ❞✐♠❡♥sõ❡s r❡❞✉③✐❞❛s✱ ❡ ❡q✉❛çõ❡s ❞❡

❣r❛♥❞❡ ♣♦rt❡ ❝♦♠ s✐st❡♠❛s tr✐❞✐❛❣♦♥❛✐s ❬✼❪✱ ❛❧é♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡st❡s ♠ét♦❞♦s à r❡s♦❧✉çã♦

❞❛ ❡q✉❛çã♦ ❞❡ ❈❤❛♥❞r❛s❡❦❤❛r✱ ❛ q✉❛❧✱ ❞✐s❝r❡t✐③❛❞❛✱ ❣❡r♦✉ ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡

♣♦rt❡ ♠é❞✐♦✳

❖❜s❡r✈❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ t❡✈❡ ✉♠ ót✐♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♥❛ r❡s♦❧✉çã♦

❞❡ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s t❡st❛❞♦s✱ ♠❡s♠♦ q✉❡ ❡♥✈♦❧✈❡♥❞♦ t❡♠♣♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ s✉♣❡r✐♦r

❡♠ ❛❧❣✉♥s ❝❛s♦s✳ ❊♥tr❡t❛♥t♦ ♦s ❞❡♠❛✐s ♠ét♦❞♦s ❛♣r❡s❡♥t❛r❛♠ ❛❧❣✉♠❛s ❞❡✜❝✐ê♥❝✐❛s

✼✷



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ✼✸

❡♠ r❡❧❛çã♦ ❛ ❛❧❣✉♠❛s ❡q✉❛çõ❡s ❡s♣❡❝í✜❝❛s ✭tr✐❞✐❛❣♦♥❛✐s✮✱ r❡ss❛❧t❛♥❞♦✱ ♥❡st❡ ❝❛s♦ ♦ ❞❡

❇r♦②❞❡♥ ♣❛r❛ ❡q✉❛çõ❡s ❞❡ ❣r❛♥❞❡ ♣♦rt❡✱ ♦♥❞❡ ♦ ♠❡s♠♦ ♥ã♦ ❝♦♥s❡❣✉✐✉ ♦❜t❡r s♦❧✉çã♦✳

❈♦♠♦ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s✱ ❛❝r❡❞✐t♦ q✉❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡st❡s ♠ét♦❞♦s✱ ❡♠ ❧✐♥✲

❣✉❛❣❡♥s ❞❡ ❛❧t♦ ❞❡s❡♠♣❡♥❤♦✱ ♣♦❞❡r✐❛ s❡r ❡①♣❡r✐♠❡♥t❛❞❛✱ ♣❛r❛ ❝♦♥❢r♦♥tr❛r ❝♦♠ ♦s r❡✲

s✉❧t❛❞♦s ❞♦ ▼❛t▲❛❜✱ ♦♥❞❡ ❢♦r❛♠ r♦❞❛❞❛s t♦❞❛s ❛s q✉❡stõ❡s ❡♠ ♣❛✉t❛✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❈❤❛♥❞r❛s❡❦❤❛r ❙✳ ❬✶✾✻✵❪✱ ❘❛❞✐❛t✐✈❡ ❚r❛♥s❢❡r✱ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ■♥❝✳ ◆❡✇

❨♦r❦✱ ◆❨✱ ❯❙❆✳

❬✷❪ ❈♦♥t❡ ❙✳ ❉✳✱ ❉❊ ❇♦♦r ❈✳ ❬✶✾✽✼❪✱ ❊❧❡♠❡♥t❛r② ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s✱t❤✐r❞ ❡❞✐t✐♦♥✱

▼❝●r❛✇✲❍✐❧❧ ■♥t❡r♥❛t✐♦♥❛❧ ❊❞✐t✐♦♥s✱ ❙✐♥❣❛♣♦r❡✳

❬✸❪ ❈✉♥❤❛✱ ❈✳ ❬✶✾✾✸❪✱ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ✲ P❛r❛ ❛s ❡♥❣❡♥❤❛r✐❛s ❡ ❝✐ê♥❝✐❛s ❛♣❧✐❝❛❞❛s✱

❊❞✐t♦r❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ❯◆■❈❆▼P✳

❬✹❪ ❉❡♥♥✐s✱ ❏r ❏✳❊✳✱ ❙❝❤♥❛❜❡❧✱ ❇✳ ❬✶✾✽✸❪✱ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ❯♥❝♦♥str❛✐♥❡❞

❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ◆♦♥❧✐♥❡❛r ❊q✉❛t✐♦♥s✱ ❊♥❣❧❡✇♦♦❞ ❈❧✐✛s✱ ◆❏✱ Pr❡♥t✐❝✲❍❛❧❧ ■♥❝✳

❬✺❪ ❋❛✉s❡tt✱ ▲✳ ❱✳ ❬✶✾✾✾❪✱ ❆♣♣❧✐❡❞ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ✉s✐♥❣ ▼❛t❧❛❜✱ Pr❡♥t✐❝❡ ❍❛❧❧✱

❆ P❡❛rs♦♥ ❊❞✉❝❛t✐♦♥ ❈♦♠♣❛♥②✱ ❯♣♣❡r ❆❞❞❧❡ ❘✐✈❡r ◆❏✳

❬✻❪ ●✐❧❛t✱ ❆✳ ❬✷✵✵✺❪✱ ▼❛t❧❛❜ ❆♥ ■♥tr♦❞✉❝t✐♦♥ ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ❏♦❤♥

❲✐❧❧❡② ❙♦♥s✳ ■♥❝✳✱ ❈♦❧✉♠❜✐❛✱ ❖❤✐♦✳

❬✼❪ ●♦♠❡s ❘✉❣❣✐❡r♦✱ ▼✳ ❆✳❀ ▲♦♣❡s✱ ❱✳ ▲✳ ❬✶✾✾✻❪✱ ❈á❧❝✉❧♦ ◆✉♠ér✐❝♦✲❛s♣❡❝t♦s t❡ó✲

r✐❝♦s ❡ ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ s❡❣✉♥❞❛ ❡❞✐çã♦✱ ▼❛❦r♦♥ ❇♦♦❦s✱ ❙ã♦ P❛✉❧♦ ✲ ❙P ✲ ❇r❛s✐❧✳

❬✽❪ ❍✉❜❜❛r❞✱ ❏✳ ❘✳❀ ❍✉❜❜❛r❞✱ ❇✳ ❇✳ ❬✶✾✾✾❪✱ ❱❡❝t♦r ❈❛❧❝✉❧✉s✱ ▲✐♥❡❛r ❆❧❣❡❜r❛✱ ❛♥❞

❉✐✛❡r❡♥t✐❛❧ ❋♦r♠s✱ Pr❡♥t✐❝❡ ❍❛❧❧ ■♥❝✳✱ ◆❏✳

❬✾❪ ❑❡❧❧❡②✱ ❈✳❚✳ ❬✶✾✾✺❪✱ ■t❡r❛t✐✈❡ ▼❡t❤♦❞s ❢♦r ▲✐♥❡❛r ❛♥❞ ◆♦♥❧✐♥❡❛r ❊q✉❛t✐♦♥s✱ ❙♦✲

❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ❙■❆▼✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✳

❬✶✵❪ ❙❛❧❛s✱ ❙✳▲✳❀❍✐❧❧❡✱ ❊✳❀ ❆♥❞❡rs♦♥✱ ❏✳ ❚✳ ❬✶✾✽✻❪✱ ❈❛❧❝✉❧✉s ♦♥❡ ❛♥❞ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✱

✜❢t❤ ❡❞✐t✐♦♥✱ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s ■♥❝✳✱ ◆❨✳

✼✹
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❬✶✶❪ ❙❤❛♠❛♥s❦✐✐ ❱✳ ❊✳ ❬✶✾✻✼❪✱ ❆ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ◆❡✇t♦♥✬s ▼❡t❤♦❞✱ ❯❦r❛♥✱ ▼❛t✳ ❩❤

✳✶✾ ✲♣♣ ✶✸✸✲✶✸✽✳

❬✶✷❪ ❙❤❡♥❦✱ ❆❧✳ ❬✶✾✽✽❪✱ ❈❛❧❝✉❧✉s ❛♥❞ ❆♥❛❧②t✐❝ ●❡♦♠❡tr②✱ ❢♦✉rt❤ ❡❞✐t✐♦♥✱ ❙❝♦tt✱ ❋♦r❡✲

♠❛♥ ❛♥❞ ❈♦♠♣❛♥②✱ ❙❛♥ ❉✐❡❣♦✱ ❈❆✳



❆♥❡①♦s

• ❆♥❡①♦ ❆ ✲ Pr♦❣r❛♠❛ ▼❛t❧❛❜ ♣❛r❛ s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳

❢✉♥❝t✐♦♥ ❬s♦❧✱ ✐t❴❤✐st✱ ✐❡rr❪ ❂ ♥s♦❧✭①✱ ❢✱ t♦❧✱ ♣❛r♠s✮

✪ ◆❡✇t♦♥ s♦❧✈❡r✱ ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡♥t s♦❧✈❡r ❢♦r ❢✭①✮ ❂ ✵

✪ ❍②❜r✐❞ ♦❢ ◆❡✇t♦♥✱ ❙❤❛♠❛♥s❦✐✐✱ ❈❤♦r❞

✪ ❈✳ ❚✳ ❑❡❧❧❡②✱ ◆♦✈❡♠❜❡r ✷✻✱ ✶✾✾✸

✪ ❚❤✐s ❝♦❞❡ ❝♦♠❡s ✇✐t❤ ♥♦ ❣✉❛r❛♥t❡❡ ♦r ✇❛rr❛♥t② ♦❢ ❛♥② ❦✐♥❞✳

✪ ❢✉♥❝t✐♦♥ ❬s♦❧✱ ithist✱ ✐❡rr❪ ❂ ♥s♦❧✭①✱ ❢✱ t♦❧✱ ♣❛r♠s✮

✪ ✐♥♣✉ts✿

✪ ✐♥✐t✐❛❧ ✐t❡r❛t❡ ❂ ①

✪ ❢✉♥❝t✐♦♥ ❂ ❢

✪ t♦❧ ❂ ❬❛t♦❧✱ rt♦❧❪ r❡❧❛t✐✈❡✴❛❜s♦❧✉t❡

✪ ❡rr♦r t♦❧❡r❛♥❝❡s

✪ ♣❛r♠s ❂ ❬♠❛①✐t✱ ✐s❤❛♠✱ rs❤❛♠❪

✪ ♠❛①✐t ❂ ♠❛①♠✐✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s

✪ ❞❡❢❛✉❧t ❂ ✹✵

✪ ✐s❤❛♠✱ rs❤❛♠✿ ❚❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ❝♦♠♣✉t❡❞ ❛♥❞ ❢❛❝t♦r❡❞ ❛❢t❡r ✐s❤❛♠ ✉♣❞❛t❡s

♦❢ ① ♦r ✇❤❡♥❡✈❡r t❤❡ r❛t✐♦ ♦❢ s✉❝❝❡ss✐✈❡ ✐♥✜♥✐t② ♥♦r♠s ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r r❡s✐❞✉❛❧ ❡①❝❡❡❞s

rs❤❛♠✳

✪ ✐s❤❛♠ ❂ ✶✱ rs❤❛♠ ❂ ✵ ✐s ◆❡✇t♦♥✬s ♠❡t❤♦❞✱

✪ ✐s❤❛♠ ❂ ✲✶✱ rs❤❛♠ ❂ ✶ ✐s t❤❡ ❝❤♦r❞ ♠❡t❤♦❞

✪ ✐s❤❛♠ ❂ ♠✱ rs❤❛♠ ❂ ✶ ✐s t❤❡ ❙❤❛♠❛♥s❦✐✐ ♠❡t❤♦❞✳

✪ ❞❡❢❛✉❧ts ❂ ❬✹✵✱ ✶✵✵✵✱ ✳✺❪

✪ ♦✉t♣✉t✿

✪ s♦❧ ❂ s♦❧✉t✐♦♥

✪ ithist ❂ ✐♥✜♥✐t② ♥♦r♠s ♦❢ ♥♦♥❧✐♥❡❛r r❡s✐❞✉❛❧s
✼✻
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✪ ❢♦r t❤❡ ✐t❡r❛t✐♦♥

✪ ✐❡rr ❂ ✵ ✉♣♦♥ s✉❝❝❡ss❢✉❧ t❡r♠✐♥❛t✐♦♥

✪ ✐❡rr ❂ ✶ ✐❢ ❡✐t❤❡r ❛❢t❡r ♠❛①✐t ✐t❡r❛t✐♦♥s t❤❡ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ✐s ♥♦t s❛ts✐✜❡❞♦r

t❤❡ r❛t✐♦ ♦❢ s✉❝❝❡ss✐✈❡ ♥♦♥❧✐♥❡❛r r❡s✐❞✉❛❧s ❡①❝❡❡❞s ✶✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❤❡ ✐t❡r❛t✐♦♥ ✐s

t❡r♠✐♥t❡❞✳

✪ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r✿

✪ ❞❡❜✉❣ ❂ t✉r♥s ♦♥✴♦✛ ✐t❡r❛t✐♦♥ st❛t✐st✐❝s ❞✐s♣❧❛② ❛s t❤❡ ✐t❡r❛t✐♦♥ ♣r♦❣r❡ss❡s

✪ ❘❡q✉✐r❡s✿ ❞✐✛❥❛❝✳♠✱ ❞✐r❞❡r✳♠

✪ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡✳ ❚❤❡ ❡①❛♠♣❧❡ ❝♦♠♣✉t❡s ♣✐ ❛s ❛ r♦♦t ♦❢ s✐♥✭①✮ ✇✐t❤ ◆❡✇t♦♥✬s

♠❡t❤♦❞ ❛♥❞ ♣❧♦ts t❤❡ ✐t❡r❛t✐♦♥ ❤✐st♦r②✳

✪ ①❂✸❀ t♦❧❂❬✶✳❞✲✻✱ ✶✳❞✲✻❪❀ ♣❛r❛♠s❂❬✹✵✱ ✶✱ ✵❪❀

✪ ❬r❡s✉❧t✱ ❡rrs✱ithist❪ ❂ ♥s♦❧✭①✱ ✬s✐♥✬✱ t♦❧✱ ♣❛r❛♠s✮❀

✪ r❡s✉❧t

✪ s❡♠✐❧♦❣②✭❡rrs✮

✪ s❡t t❤❡ ❞❡❜✉❣ ♣❛r❛♠❡t❡r✱ ✶ t✉r♥s ❞✐s♣❧❛② ♦♥✱ ♦t❤❡r✇✐s❡ ♦✛

❞❡❜✉❣❂✶❀

✪ ✐♥✐t✐❛❧✐③❡ ithist✱ ✐❡rr✱ ❛♥❞ s❡t t❤❡ ✐t❡r❛t✐♦♥ ♣❛r❛♠❡t❡rs

✪ ✐❡rr ❂ ✵❀

✪ ♠❛①✐t❂✹✵❀

✪ ✐s❤❛♠❂✶✵✵✵❀

✪ rs❤❛♠❂✳✺❀

✐❢ ♥❛r❣✐♥ ❂❂ ✹

♠❛①✐t❂♣❛r♠s✭✶✮❀ ✐s❤❛♠❂♣❛r♠s✭✷✮❀ rs❤❛♠❂♣❛r♠s✭✸✮❀

❡♥❞

rt♦❧❂t♦❧✭✷✮❀ ❛t♦❧❂t♦❧✭✶✮❀

✐t❴❤✐st❂❬❪❀

♥ ❂ ❧❡♥❣t❤✭①✮❀

❢♥r♠❂✶❀

✐t❝❂✵❀

✪ ❡✈❛❧✉❛t❡ ❢ ❛t t❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t❡ ❝♦♠♣✉t❡ t❤❡ st♦♣ t♦❧❡r❛♥❝❡

❢✵❂ ❢❡✈❛❧✭❢✱①✮❀
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❢♥r♠❂♥♦r♠✭❢✵✱✐♥❢✮❀

❢♥r♠

✐t❴❤✐st❂❬✐t❴❤✐st✱❢♥r♠❪❀

❢♥r♠♦❂✶❀

✐ts❤❛♠❂✐s❤❛♠❀

st♦♣❴t♦❧❂❛t♦❧✰rt♦❧✯❢♥r♠❀

✪ ♠❛✐♥ ✐t❡r❛t✐♦♥ ❧♦♦♣

✇❤✐❧❡✭❢♥r♠ ❃ st♦♣❴t♦❧ ❭④✫⑥ ✐t❝ ❁ ♠❛①✐t✮

✪ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ r❛t✐♦ ✭r❛t ❂ ❢♥r♠✴❢r♥♠♦✮ ♦❢ s✉❝❝❡ss✐✈❡ r❡s✐❞✉❛❧ ♥♦r♠s ❛♥❞ t❤❡

✐t❡r❛t✐♦♥ ❝♦✉♥t❡r ✭✐t❝✮

r❛t❂❢♥r♠✴❢♥r♠♦❀

r❛t

♦✉tst❛t✭✐t❝✰✶✱ ✿✮ ❂ ❬✐t❝ ❢♥r♠ r❛t❪❀

❢♥r♠♦❂❢♥r♠❀

✐t❝❂✐t❝✰✶❀

✪ ❡✈❛❧✉❛t❡ ❛♥❞ ❢❛❝t♦r t❤❡ ❏❛❝♦❜✐❛♥ ♦♥ t❤❡ ✜rst ✐t❡r❛t✐♦♥✱ ❡✈❡r② ✐s❤❛♠ ✐t❡r❛t❡s✱ ♦r ✐❢

t❤❡ r❛t✐♦ ♦❢ s✉❝❝❡ss✐✈❡ r❡s✐❞✉❛❧ ♥♦r♠ ✐s t♦♦ ❧❛r❣❡

✐❢✭✐t❝ ❂❂ ✶ ⑤ r❛t ❃ rs❤❛♠ ⑤ ✐ts❤❛♠ ❂❂ ✵✮

✐ts❤❛♠❂✐s❤❛♠❀

❬❧✱ ✉❪ ❂ ❞✐✛❥❛❝✭①✱❢✱❢✵✮❀

❡♥❞

✐ts❤❛♠❂✐ts❤❛♠✲✶❀

✪ ❝♦♠♣✉t❡ t❤❡ st❡♣

t♠♣ ❂ ✲❧❭❢✵❀

st❡♣ ❂ ✉❭t♠♣❀

①♦❧❞❂①❀

① ❂ ① ✰ st❡♣

❢✵❂ ❢❡✈❛❧✭❢✱①✮❀

❢♥r♠❂♥♦r♠✭❢✵✱✐♥❢✮

✐t❴❤✐st❂❬✐t❴❤✐st✱❢♥r♠❪❀

r❛t❂❢♥r♠✴❢♥r♠♦❀



❆♥❡①♦s ✼✾

✐❢ ❞❡❜✉❣❂❂✶

❞✐s♣✭❬✐t❝ ❢♥r♠ r❛t❪✮

❡♥❞

♦✉tst❛t✭✐t❝✰✶✱ ✿✮❂❬✐t❝ ❢♥r♠ r❛t❪❀

✪ ✐❢ r❡s✐❞✉❛❧ ♥♦r♠s ✐♥❝r❡❛s❡✱ t❡r♠✐♥❛t❡✱ s❡t ❡rr♦r ✢❛❣✳

✐❢ r❛t ❃❂ ✶

✐❡rr❂✶❀

s♦❧❂①♦❧❞❀

❞✐s♣✭✬✐♥❝r❡❛s❡ ✐♥ r❡s✐❞✉❛❧✬✮

❞✐s♣✭♦✉tst❛t✮

r❡t✉r♥❀

❡♥❞

s♦❧❂①❀

✪ ✐❢ ♣❛r♠s

❞❡❜✉❣❂❂✶

❞✐s♣✭♦✉tst❛t✮

❡♥❞

✪ ♦♥ ❢❛✐❧✉r❡✱ s❡t t❤❡ ❡rr♦r ✢❛❣✳

✐❢ ❢♥r♠ ❃ st♦♣❴t♦❧

✐❡rr ❂ ✶❀

❡♥❞✳

P❛r❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛r ♥s♦❧✳♠ sã♦ ♥❡❝❡ssár✐❛s ❛s ❢✉♥❝t✐♦♥s✿

✐✮ ❞✐✛❥❛❝✳♠

❢✉♥❝t✐♦♥ ❬❧✱ ✉❪ ❂❞✐✛❥❛❝✭①✱ ❢✱ ❢✵✮

✪ ❝♦♠♣✉t❡ ❛ ❢♦r✇❛r❞ ❞✐✛❡r❡♥❝❡ ❏❛❝♦❜✐❛♥ ❢✬✭①✮✱ r❡t✉r♥ ❧✉ ❢❛❝t♦rs

✪ ✉s❡s ❞✐r❞❡r✳♠ t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦❧✉♠♥s

✪ ❈✳ ❚✳ ❑❡❧❧❡②✱ ◆♦✈❡♠❜❡r ✷✺✱ ✶✾✾✸

✪ ❚❤✐s ❝♦❞❡ ❝♦♠❡s ✇✐t❤ ♥♦ ❣✉❛r❛♥t❡❡ ♦r ✇❛rr❛♥t② ♦❢ ❛♥② ❦✐♥❞✳

✪ ✐♥♣✉ts✿

✪ ①✱ ❢ ❂ ♣♦✐♥t ❛♥❞ ❢✉♥❝t✐♦♥

✪ ❢✵ ❂ ❢✭①✮✱ ♣r❡❡✈❛❧✉❛t❡❞



❆♥❡①♦s ✽✵

♥❂❧❡♥❣t❤✭①✮❀

❢♦r ❥❂✶✿♥

③③❂③❡r♦s✭♥✱✶✮❀

③③✭❥✮❂✶❀

❥❛❝✭✿✱❥✮❂❞✐r❞❡r✭①✱③③✱❢✱❢✵✮❀

❡♥❞

❬❧✱ ✉❪ ❂ ❧✉✭❥❛❝✮❀

✐✐✮ ❞✐r❞❡r✳♠

❢✉♥❝t✐♦♥ ③ ❂ ❞✐r❞❡r✭①✱✇✱❢✱❢✵✮

✪ ❋✐♥✐t❡ ❞✐✛❡r❡♥❝❡ ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡

✪ ❆♣♣r♦①✐♠❛t❡ ❢✬✭①✮ ✇

✪ ❈✳ ❚✳ ❑❡❧❧❡②✱ ◆♦✈❡♠❜❡r ✷✺✱ ✶✾✾✸

✪ ❚❤✐s ❝♦❞❡ ❝♦♠❡s ✇✐t❤ ♥♦ ❣✉❛r❛♥t❡❡ ♦r ✇❛rr❛♥t② ♦❢ ❛♥② ❦✐♥❞✳

✪ ❢✉♥❝t✐♦♥ ③ ❂ ❞✐r❞❡r✭①✱✇✱❢✱❢✵✮

✪ ✐♥♣✉ts✿

✪ ①✱ ✇ ❂ ♣♦✐♥t ❛♥❞ ❞✐r❡❝t✐♦♥

✪ ❢ ❂ ❢✉♥❝t✐♦♥

✪ ❢✵ ❂ ❢✭①✮✱ ✐♥ ♥♦♥❧✐♥❡❛r ✐t❡r❛t✐♦♥s

✪ ❢✭①✮ ❤❛s ✉s✉❛❧❧② ❜❡❡♥ ❝♦♠♣✉t❡❞

✪ ❜❡❢♦r❡ t❤❡ ❝❛❧❧ t♦ ❞✐r❞❡r

✪ ❍❛r❞✇✐r❡❞ ❞✐✛❡r❡♥❝❡ ✐♥❝r❡♠❡♥t✳

❡♣s♥❡✇❂✶✳❞✲✼❀

♥❂❧❡♥❣t❤✭①✮❀

✪ s❝❛❧❡ t❤❡ st❡♣

✐❢ ♥♦r♠✭✇✮ ❂❂ ✵

③❂③❡r♦s✭♥✱✶✮❀

r❡t✉r♥

❡♥❞

❡♣s♥❡✇ ❂ ❡♣s♥❡✇✴♥♦r♠✭✇✮❀

✐❢ ♥♦r♠✭①✮ ❃ ✵

❡♣s♥❡✇❂❡♣s♥❡✇✯♥♦r♠✭①✮❀



❆♥❡①♦s ✽✶

❡♥❞

✪ ❞❡❧ ❛♥❞ ❢✶ ❝♦✉❧❞ s❤❛r❡ t❤❡ s❛♠❡ s♣❛❝❡ ✐❢ st♦r❛❣❡ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ ❝❧❛r✐t②

❞❡❧❂①✰❡♣s♥❡✇✯✇❀

❢✶❂❢❡✈❛❧✭❢✱❞❡❧✮❀

③ ❂ ✭❢✶ ✲ ❢✵✮✴❡♣s♥❡✇❀



❆♥❡①♦s ✽✷

• ❆♥❡①♦ ❇ ✲ Pr♦❣r❛♠❛ ▼❛t❧❛❜ ♣❛r❛ s♦❧✉çã♦ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❡

tr❛♥s❝❡♥❞❡♥t❛✐s✳

❢✉♥❝t✐♦♥❬①✱ ②❪❂❙❡❝❛♥t✭❢✉♥✱ ❛✱ ❜✱ t♦❧✱ ♠❛①✮

✪ ❋✐♥❞ ❛ ③❡r♦ ✉s✐♥❣ s❡❝❛♥t ♠❡t❤♦❞✳

✪ ❢✉♥✱ str✐♥❣ ❝♦♥t❛✐♥✐♥❣ ♥❛♠❡ ♦❢ ❢✉♥❝t✐♦♥

✪ ❛✱ ❜ ✜rst t✇♦ ❡st✐♠❛t❡s ♦❢ ③❡r♦

✪ t♦❧ ❀ t♦❧❡r❛♥❝❡ ❢♦r ❝❤❛♥❣❡ ✐♥ ❝♦♠♣✉t❡❞ ③❡r♦

✪ ♠❛①❀ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s

✪ ①❀ ✈❡❝t♦r ❛♣r♦①✐♠❛t✐♦♥ t♦ ③❡r♦✳

✪ ②❀ ✈❡❝t♦r ♦❢ ❢✉♥❝t✐♦♥ ✈❛❧✉❡s ❢✉♥✭①✮

①✭✶✮❂❛❀ ①✭✷✮❂❜❀

②✭✶✮❂❢❡✈❛❧✭❢✉♥✱ ①✭✶✮✮❀ ②✭✷✮❂❢❡✈❛❧✭❢✉♥✱ ①✭✷✮✮❀

❢♦r ✐❂✷✿♠❛①

①✭✐✰✶✮❂①✭✐✮✲②✭✐✮✯✭①✭✐✮✲①✭✐✲✶✮✮✴✭②✭✐✮✲②✭✐✲✶✮✮❀

②✭✐✰✶✮❂❢❡✈❛❧✭❢✉♥✱ ①✭✐✰✶✮✮❀

✐❢ ✭❛❜s✭①✭✐✰✶✮✲①✭✐✮✮❁t♦❧✮

❞✐s♣✭✬❙❡❝❛♥t ♠❡t❤♦❞ ❤❛s ❝♦♥✈❡r❣❡❞✬✮❀ ❜r❡❛❦❀

❡♥❞

✐❢ ②✭✐✮ ❂❂ ✵

❞✐s♣✭✬❡①❛❝t ③❡r♦ ❢♦✉♥❞✬✮❀ ❜r❡❛❦❀

❡♥❞

✐t❡r❂✐❀

❡♥❞

✐❢✭✐t❡r❃❂♠❛①✮

❞✐s♣✭✬③❡r♦ ♥♦t ❢♦✉♥❞ t♦ ❞❡s✐r❡❞ t♦❧❡r❛♥❝❡✬✮❀

❡♥❞

♥ ❂❧❡♥❣t❤✭①✮❀ ❦❂✶✿♥❀ ♦✉t❂❬❦✬✱ ①✬ ②✬❪❀

❞✐s♣✭✬ st❡♣ ① ②✬✮

❞✐s♣✭♦✉t✮



❆♥❡①♦s ✽✸

• ❆♥❡①♦ ❈ ✲ Pr♦❣r❛♠❛ ▼❛t❧❛❜ ♣❛r❛ s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦

❧✐♥❡❛r❡s✳

❢✉♥❝t✐♦♥ ❬①✵✱❦❪ ❂ ♥❡✇t♦♥✭❡✮

①✵❂✐♥♣✉t✭✬❡♥tr❡ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ✬✮❀

t✐❝

t♦❝

t✐❝❀

❦❂✵❀

❋❂❢❡✈❛❧✭✬❢❝❛r❧♦s✬✱①✵✮❀

♥♦r♠❢❂♥♦r♠✭❋✱✐♥❢✮❀

✇❤✐❧❡ ✭♥♦r♠❢ ❃❂ ❡✮

❆❂❢❡✈❛❧✭✬❥❛❝♠❛t❝❛r❧♦s✬✱①✵✮

❜❂✲❋

s✵❂❆❭❜❀

①✶❂①✵✰s✵

①✵❂①✶❀

❋❂❢❡✈❛❧✭✬❢❝❛r❧♦s✬✱①✵✮

♥♦r♠❢❂♥♦r♠✭❋✱✐♥❢✮❀

❦❂❦✰✶

t♦❝❀

❡♥❞

P❛r❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛r ♥❡✇t♦♥✳♠ sã♦ ♥❡❝❡ssár✐❛s✿

✐✮ ✉♠❛ ❢✉♥❝t✐♦♥ q✉❡ ❢♦r♥❡ç❛ ❛ ❢✉♥çã♦ q✉❡ ❞❡✜♥❡ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ✭♥♦ ❡①❡♠♣❧♦

❢❝❛r❧♦s✳♠✮

✐✐✮ ✉♠❛ ❢✉♥❝t✐♦♥ q✉❡ ❢♦r♥❡ç❛ ❛ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ ✭♥♦ ❡①❡♠♣❧♦ ❥❛❝♠❛t❝❛r❧♦s✳♠✮✳



❆♥❡①♦s ✽✹

• ❆♥❡①♦ ❉ ✲ Pr♦❣r❛♠❛ ▼❛t❧❛❜ ◆❡✇t♦♥ ▼♦❞✐✜❝❛❞♦ ♣❛r❛ s♦❧✉çã♦ ❞❡ s✐s✲

t❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳

❢✉♥❝t✐♦♥ ❬①✵✱❦❪ ❂ ♥❡✇t♦♥♠♦❞✐✜❝❛❞♦✭❡✮

①✵❂✐♥♣✉t✭✬❡♥tr❡ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ✐♥✐❝✐❛❧ ✬✮❀

t✐❝

t♦❝

t✐❝❀

❦❂✵❀

❋❂❢❡✈❛❧✭✬❢❝❛r❧♦s✬✱①✵✮❀

♥♦r♠❢❂♥♦r♠✭❋✱✐♥❢✮❀

❆❂❢❡✈❛❧✭✬❥❛❝♠❛t❝❛r❧♦s✬✱①✵✮

✇❤✐❧❡ ✭♥♦r♠❢ ❃❂ ❡✮

❜❂✲❋❀

s✵❂❆❭❜❀

①✶❂①✵✰s✵❀

①✵❂①✶❀

❋❂❢❡✈❛❧✭✬❢❝❛r❧♦s✬✱①✵✮❀

♥♦r♠❢❂♥♦r♠✭❋✱✐♥❢✮

❦❂❦✰✶❀

t♦❝❀

❡♥❞

①✵

P❛r❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛r ♦ ♣r♦❣r❛♠❛ sã♦ ♥❡❝❡ssár✐♦ ♦s ♣r♦❣r❛♠❛s✿

✐✮ ❖ ♣r♦❣r❛♠❛ ❝♦♠ ❡①t❡♥sã♦ ♠ ❞❛ ❢✉♥çã♦✳ ✭♥♦ ❡①❡♠♣❧♦ ❢❝❛r❧♦s✳♠✮

✐✐✮ ❖ ♣r♦❣r❛♠❛ ❝♦♠ ❡①t❡♥sã♦ ♠ ❞❛ ❏❛❝♦❜✐❛♥❛ ❞❛ ❢✉♥çã♦ ✭♥♦ ❡①❡♠♣❧♦ ❥❛❝♠❛t❝❛r✲

❧♦s✳♠✮✳



❆♥❡①♦s ✽✺

• ❆♥❡①♦ ❊ ✲ Pr♦❣r❛♠❛ ▼❛t❧❛❜ ❇r♦②❞❡♥ r♦t✐♥❛ ❑❡❧❧❡② ❜rs♦❧

❢✉♥❝t✐♦♥ ❬s♦❧✱ ✐t❴❤✐st✱ ✐❡rr❪ ❂ ❜rs♦❧✭①✱❢✱t♦❧✱ ♣❛r♠s✮

✪ ❇r♦②❞❡♥✬s ▼❡t❤♦❞ s♦❧✈❡r✱ ❧♦❝❛❧❧② ❝♦♥✈❡r❣❡♥t

✪ s♦❧✈❡r ❢♦r ❢✭①✮ ❂ ✵

✪ ❈✳ ❚✳ ❑❡❧❧❡②✱ ❏✉♥❡ ✷✾✱ ✶✾✾✹

✪ ❚❤✐s ❝♦❞❡ ❝♦♠❡s ✇✐t❤ ♥♦ ❣✉❛r❛♥t❡❡ ♦r ✇❛rr❛♥t② ♦❢ ❛♥② ❦✐♥❞✳

✪ ❢✉♥❝t✐♦♥ ❬s♦❧✱ ithist✱ ✐❡rr❪ ❂ ❜rs♦❧✭①✱❢✱t♦❧✱♣❛r♠s✮

✪ ✐♥♣✉ts✿

✪ ✐♥✐t✐❛❧ ✐t❡r❛t❡ ❂ ①

✪ ❢✉♥❝t✐♦♥ ❂ ❢

✪ t♦❧ ❂ ❬❛t♦❧✱ rt♦❧❪ r❡❧❛t✐✈❡✴❛❜s♦❧✉t❡

✪ ❡rr♦r t♦❧❡r❛♥❝❡s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ✐t❡r❛t✐♦♥

✪ ♣❛r♠s ❂ ❬♠❛①✐t✱ ♠❛①❞✐♠✱ ❧✐♥♣r♦❜❪

✪ ♠❛①✐t ❂ ♠❛①♠✐✉♠ ♥✉♠❜❡r ♦❢ ♥♦♥❧✐♥❡❛r ✐t❡r❛t✐♦♥s

✪ ❞❡❢❛✉❧t ❂ ✹✵

✪ ♠❛①❞✐♠ ❂ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❇r♦②❞❡♥ ✐t❡r❛t✐♦♥s

✪ ❜❡❢♦r❡ r❡st❛rt✱ s♦ ♠❛①❞✐♠✰✸ ✈❡❝t♦rs ❛r❡ st♦r❡❞ ✭s❡❡ t❡①t✮✳ ❇② ♠❛❦✐♥❣ t❤❡ ❝♦❞❡

❛ ❜✐t ♠♦r❡ s✉❜t❧❡ ✭♣✉tt✐♥❣ ③ ❛♥❞ ❋ ✐♥ t❤❡ s❛♠❡ ♣❧❛❝❡✮ ♦♥❡ ❝❛♥ r❡❞✉❝❡ t❤✐s ♦✈❡r❤❡❛❞ t♦

♠❛①❞✐♠✰✷ ✈❡❝t♦rs✳

✪ ❞❡❢❛✉❧t ❂ ✹✵

✪ ❧✐♥♣r♦❜ ❂ ✵ ❢♦r ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠

✪ ❂ ✶ ❢♦r ❧✐♥❡❛r ♣r♦❜❧❡♠

✪ ✐❢ ❧✐♥♣r♦❜ ❂ ✶ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❡s✐❞✉❛❧ ❞♦❡s ♥♦t r❡s✉❧t ✐♥ t❡r♠✐♥❛t✐♦♥

✪ ❞❡❢❛✉❧t ❂ ✵

✪ ♦✉t♣✉t✿

✪ s♦❧ ❂ s♦❧✉t✐♦♥

✪ ithist✭♠❛①✐t✮ ❂ s❝❛❧❡❞ ❧✷ ♥♦r♠s ♦❢ ♥♦♥❧✐♥❡❛r r❡s✐❞✉❛❧s

✪ ✐❡rr ❂ ✵ ✉♣♦♥ s✉❝❝❡ss❢✉❧ t❡r♠✐♥❛t✐♦♥

✪ ✐❡rr ❂ ✶ ✐❢ ❡✐t❤❡r ❛❢t❡r ♠❛①✐t ✐t❡r❛t✐♦♥s
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✪ t❤❡ t❡r♠✐♥❛t✐♦♥ ❝r✐t❡r✐♦♥ ✐s ♥♦t s❛ts✐✜❡❞ ♦r t❤❡ r❛t✐♦ ♦❢ s✉❝❝❡ss✐✈❡ ♥♦♥❧✐♥❡❛r r❡s✐✲

❞✉❛❧s ❡①❝❡❡❞s ✶✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❤❡ ✐t❡r❛t✐♦♥ ✐s t❡r♠✐♥❛t❡❞✳

✪ ✐♥t❡r♥❛❧ ♣❛r❛♠❡t❡r✿

✪ ❞❡❜✉❣ ❂ t✉r♥s ♦♥✴♦✛ ✐t❡r❛t✐♦♥ st❛t✐st✐❝s ❞✐s♣❧❛② ❛s t❤❡ ✐t❡r❛t✐♦♥ ♣r♦❣r❡ss❡s

✪ s❡t t❤❡ ❞❡❜✉❣ ♣❛r❛♠❡t❡r✱ ✶ t✉r♥s ❞✐s♣❧❛② ♦♥✱ ♦t❤❡r✇✐s❡ ♦✛

❞❡❜✉❣❂✶❀

✪ ✐♥✐t✐❛❧✐③❡ ithist✱ ✐❡rr✱ ❛♥❞ s❡t t❤❡ ✐t❡r❛t✐♦♥ ♣❛r❛♠❡t❡rs

✐❡rr ❂ ✵❀

♠❛①✐t❂✹✵❀ ♠❛①❞✐♠❂✸✾❀ ❧✐♥♣r♦❜ ❂ ✵❀ ✐t❴❤✐st①❂③❡r♦s✭♠❛①✐t✮❀

✐❢ ♥❛r❣✐♥ ❂❂ ✹

♠❛①✐t❂♣❛r♠s✭✶✮❀ ♠❛①❞✐♠❂♣❛r♠s✭✷✮✲✶❀ ❧✐♥♣r♦❜❂♣❛r♠s✭✸✮❀

❡♥❞

rt♦❧❂t♦❧✭✷✮❀ ❛t♦❧❂t♦❧✭✶✮❀ ♥ ❂ ❧❡♥❣t❤✭①✮❀ ❢♥r♠❂✶❀ ✐t❝❂✵❀ ♥❜r♦②❂✵❀

✪ ❡✈❛❧✉❛t❡ ❢ ❛t t❤❡ ✐♥✐t✐❛❧ ✐t❡r❛t❡

✪ ❝♦♠♣✉t❡ t❤❡ st♦♣ t♦❧❡r❛♥❝❡

❢✵❂❢❡✈❛❧✭❢✱①✮❀

❢❝❂❢✵❀

❢♥r♠❂♥♦r♠✭❢✵✮✴sqrt✭♥✮❀

✐t❴❤✐st✭✐t❝✰✶✮❂❢♥r♠❀

❢♥r♠♦❂✶❀

st♦♣❴t♦❧❂❛t♦❧ ✰ rt♦❧✯❢♥r♠❀

♦✉tst❛t✭✐t❝✰✶✱ ✿✮ ❂ ❬✐t❝ ❢♥r♠ ✵❪❀

✪ ✐♥✐t✐❛❧✐③❡ t❤❡ ✐t❡r❛t✐♦♥ ❤✐st♦r② st♦r❛❣❡ ♠❛tr✐❝❡s

st♣❂③❡r♦s✭♥✱♠❛①❞✐♠✮❀

st♣❴♥r♠❂③❡r♦s✭♠❛①❞✐♠✱✶✮❀

✪ ❙❡t t❤❡ ✐♥✐t✐❛❧ st❡♣ t♦ ✲❋✱ ❝♦♠♣✉t❡ t❤❡ st❡♣ ♥♦r♠

st♣✭✿✱✶✮ ❂ ✲❢❝❀

st♣❴♥r♠✭✶✮❂st♣✭✿✱✶✮✬✯st♣✭✿✱✶✮❀

✪ ♠❛✐♥ ✐t❡r❛t✐♦♥ ❧♦♦♣

✇❤✐❧❡✭✐t❝ ❁ ♠❛①✐t✮

♥❜r♦②❂♥❜r♦②✰✶❀



❆♥❡①♦s ✽✼

✪ ❦❡❡♣ tr❛❝❦ ♦❢ s✉❝❝❡ss✐✈❡ r❡s✐❞✉❛❧ ♥♦r♠s ❛♥❞ t❤❡ ✐t❡r❛t✐♦♥ ❝♦✉♥t❡r ✭✐t❝✮

❢♥r♠♦❂❢♥r♠❀ ✐t❝❂✐t❝✰✶❀

✪ ❝♦♠♣✉t❡ t❤❡ ♥❡✇ ♣♦✐♥t✱ t❡st ❢♦r t❡r♠✐♥❛t✐♦♥ ❜❡❢♦r❡ ❛❞❞✐♥❣ t♦ ✐t❡r❛t✐♦♥ ❤✐st♦r②

① ❂ ① ✰ st♣✭✿✱♥❜r♦②✮

❢❝❂❢❡✈❛❧✭❢✱①✮❀

❢♥r♠❂♥♦r♠✭❢❝✮✴sqrt✭♥✮❀

✐t❴❤✐st✭✐t❝✰✶✮❂❢♥r♠❀

r❛t❂❢♥r♠✴❢♥r♠♦

♦✉tst❛t✭✐t❝✰✶✱ ✿✮ ❂ ❬✐t❝ ❢♥r♠ r❛t❪❀

✐❢ ❞❡❜✉❣❂❂✶

❞✐s♣✭♦✉tst❛t✭✐t❝✰✶✱✿✮✮

❞✐s♣✭❢♥r♠✮

❢♥r♠

❞✐s♣✭✐t❝✮

✐t❝

❡♥❞

✪ t❡st ❢♦r t❡r♠✐♥❛t✐♦♥ ❜❡❢♦r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♥❡①t ✇

✐❢ ❢♥r♠ ❁❂ st♦♣❴t♦❧

s♦❧❂①❀

❞✐s♣✭❢♥r♠✮

❢♥r♠

❞✐s♣✭✐t❝✮

✐t❝

r❡t✉r♥❀

❡♥❞

✪ ✐❢ r❡s✐❞✉❛❧ ♥♦r♠s ✐♥❝r❡❛s❡✱ t❡r♠✐♥❛t❡✱ s❡t ❡rr♦r ✢❛❣

✪ ✐❢ r❛t ❃❂ ✶ ✫ ❧✐♥♣r♦❜ ❂❂ ✵

✪ ✐❡rr❂✶❀

✪ ❞✐s♣✭✬✐♥❝r❡❛s❡ ✐♥ r❡s✐❞✉❛❧✬✮

✪ ❞✐s♣✭♦✉tst❛t✮

✪ r❡t✉r♥❀
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✪ ❡♥❞

✪ ✐❢ t❤❡r❡✬s r♦♦♠✱ ❝♦♠♣✉t❡ t❤❡ st❡♣ ❛♥❞ st❡♣ ♥♦r♠ ❛♥❞ ❛❞❞ t♦ t❤❡ ✐t❡r❛t✐♦♥ ❤✐st♦r②

✐❢ ♥❜r♦② ❁ ♠❛①❞✐♠✰✶

③❂✲❢❝❀

✐❢ ♥❜r♦② ❃ ✶

❢♦r ❦❜r ❂ ✶✿♥❜r♦②✲✶

③❂③✰st♣✭✿✱❦❜r✰✶✮✯✭✭st♣✭✿✱❦❜r✮✬✯③✮✴st♣❴♥r♠✭❦❜r✮✮❀

❡♥❞

❡♥❞

✪ st♦r❡ t❤❡ ♥❡✇ st❡♣ ❛♥❞ st❡♣ ♥♦r♠

③③❂st♣✭✿✱♥❜r♦②✮✬✯③❀

③③❂③③✴st♣❴♥r♠✭♥❜r♦②✮❀

st♣✭✿✱♥❜r♦②✰✶✮❂③✴✭✶✲③③✮❀

st♣❴♥r♠✭♥❜r♦②✰✶✮❂st♣✭✿✱♥❜r♦②✰✶✮✬✯st♣✭✿✱♥❜r♦②✰✶✮❀

❡❧s❡

✪ ♦✉t ♦❢ r♦♦♠✱ t✐♠❡ t♦ r❡st❛rt

st♣✭✿✱✶✮❂✲❢❝❀

st♣❴♥r♠✭✶✮❂st♣✭✿✱✶✮✬✯st♣✭✿✱✶✮❀

♥❜r♦②❂✵❀

❡♥❞

✪ ❡♥❞ ✇❤✐❧❡

❡♥❞

s♦❧❂①❀

❞✐s♣✭❢♥r♠✮

❢♥r♠

❞✐s♣✭✐t❝✮

✐t❝

✐❢ ❞❡❜✉❣❂❂✶

❞✐s♣✭♦✉tst❛t✮

❞✐s♣✭❢♥r♠✮

❢♥r♠
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❞✐s♣✭✐t❝✮

✐t❝

❡♥❞

✪ ♦♥ ❢❛✐❧✉r❡✱ s❡t t❤❡ ❡rr♦r ✢❛❣

✐❢ ❢♥r♠ ❃ st♦♣❴t♦❧

✐❡rr ❂ ✶❀

❞✐s♣✭❢♥r♠✮

❢♥r♠

❞✐s♣✭✐t❝✮

✐t❝

❡♥❞✳

P❛r❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛r ♦ ♣r♦❣r❛♠❛ sã♦ ♥❡❝❡ssár✐♦s ♦s ♣r♦❣r❛♠❛s✿

✐✮ ❖ ♣r♦❣r❛♠❛ ❝♦♠ ❡①t❡♥sã♦ ♠ ❞❛ ❢✉♥çã♦✳ ✭♥♦ ❡①❡♠♣❧♦ ❢❝♦♥t❡✶✳♠✮

✐✐✮ ❖ ♣r♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❡①t❡♥sã♦ ♠ ❜r♦②❴❝♦♥t❡✶ ❞♦ ❡①❡♠♣❧♦✳

✪ Pr♦❣r❛♠❛ ♣r✐♥❝✐♣❛❧ ♣❛r❛ ❛ r❡s♦❧✉❝❛♦ ❞❡ ❙✐st❡♠❛s ♥❛♦ ✲ ❧✐♥❡❛r❡s ♣❡❧♦s ♠❡t♦❞♦ ❞❡

❇r♦②❞❡♥ ✉s❛♥❞♦ ❛ r♦t✐♥❛ ❞❡ ❑❡❧❧❡② ✳

① ❂ ❬✹❀✹❀✹❪ ❀

♣❛r♠s ❂ ✐♥♣✉t✭✬❊♥tr❡ ❝♦♠ ♦s ♣❛r❛♠❡t♦s ✐♥✐❝✐❛✐s✿ ✬✮❀

❢ ❂ ✬❢❝♦♥t❡✶✬❀

t♦❧ ❂ ✐♥♣✉t✭✬❊♥tr❡ ❝♦♠ ♦ ❡rr♦ ❛❝❡✐t❛✈❡❧✿ ✬✮❀
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