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◆❡st❡ tr❛❜❛❧❤♦ ❞❡ t❡s❡ sã♦ ❡st✉❞❛❞♦s ❞♦✐s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❛❜str❛t❛✳ ❖
♣r✐♠❡✐r♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳ ❚❛❧ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ♠✐♥✐✲
♠✐③❛r ✉♠ ❢✉♥❝✐♦♥❛❧ s✉❥❡✐t♦ ❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ r❡str✐çõ❡s✱ ♦♥❞❡ ❛s ❢✉♥çõ❡s ❡♥✈♦❧✈✐❞❛s
sã♦ ❞❡✜♥✐❞❛s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❖ s❡❣✉♥❞♦ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦
❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ♦ q✉❛❧ ❝♦♥s✐st❡ ❡♠ ♠✐♥✐♠✐③❛r ✉♠ ❢✉♥❝✐♦♥❛❧✱ ❞❛❞♦ ♥❛ ❢♦r♠❛ ✐♥t❡❣r❛❧✱
s✉❥❡✐t♦ ❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❋♦r❛♠ ❛❜♦r❞❛❞♦s ♦s ♣r♦❜❧❡♠❛s
♠♦♥♦ ❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦s✳ ❖s r❡s✉❧t❛❞♦s ❡st❛❜❡❧❡❝✐❞♦s ❢♦r♥❡❝❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛
t❛✐s ♣r♦❜❧❡♠❛s✳ ❈♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❢♦r❛♠ ♦❜t✐❞❛s ✉s❛♥❞♦ ❛ ♥♦çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡ ❡ t❛♠✲
❜é♠ ✉s❛♥❞♦ ✉♠❛ r❡❧❛①❛çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✱ ❛ ❑❚✲✐♥✈❡①✐❞❛❞❡✳ ❙♦❜ ❤✐♣ót❡s❡s ❞❡ q✉❛❧✐✜❝❛çã♦
❞❡ r❡str✐çã♦✱ ❑❚✲✐♥✈❡①✐❞❛❞❡ s❡ t♦r♥❛ t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡ ♦t✐♠❛❧✐❞❛❞❡✳ ❙ã♦
t❛♠❜é♠ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❞✉❛❧✐❞❛❞❡✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✱ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ❝♦♥❞✐çõ❡s ❞❡
♦t✐♠❛❧✐❞❛❞❡✱ s♦❧✉çõ❡s ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s✱ s♦❧✉çõ❡s ♣r♦♣r✐❛♠❡♥t❡
❡✜❝✐❡♥t❡s✱ ✐♥✈❡①✐❞❛❞❡✱ ❑❚✲✐♥✈❡①✐❞❛❞❡✱ ❞✉❛❧✐❞❛❞❡✳
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■♥ t❤✐s t❤❡s✐s ✇♦r❦ ✐t ✐s r❡❣❛r❞❡❞ t✇♦ t②♣❡ ♦❢ ❛❜str❛❝t ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❤❡ ✜rst ♦♥❡
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✳ ❆ s✉❝❤ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ♠✐♥✐♠✐③✐♥❣ ❛
❢✉♥❝t✐♦♥❛❧ s✉❜❥❡❝t t♦ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥str❛✐♥ts✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s ✐♥✈♦❧✈❡❞ ❛r❡ ❞❡✲
✜♥❡❞ ✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ❝♦♥t✐♥✉♦✉s t✐♠❡ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✱ ✇❤✐❝❤
❝♦♥s✐sts ✐♥ t♦ ♠✐♥✐♠✐③❡ ❛ ❢✉♥❝t✐♦♥❛❧✱ ❣✐✈❡♥ ✐♥ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠✱ s✉❜❥❡❝t t♦ ❛ ✜♥✐t❡ ♥✉♠❜❡r
♦❢ ✐♥❡q✉❛❧✐t✐❡s ❝♦♥str❛✐♥ts✳ ■t ✇❡r❡ st✉❞✐❡❞ t❤❡ ♠♦♥♦ ❛♥❞ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♣r♦❜❧❡♠s✳ ❚❤❡ ❡s✲
t❛❜❧✐s❤❡❞ r❡s✉❧ts ❢✉r♥✐s❤ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡s❡ ♣r♦❜❧❡♠s✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✇❡r❡
♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ✐♥✈❡①✐t② ❛♥❞ ❛❧s♦ ❛ r❡❧❛①❛t✐♦♥ ♦❢ ✐♥✈❡①✐t②✱ t❤❡ ❑❚✲✐♥✈❡①✐t②✳ ❯♥✲
❞❡r ❝♦♥str❛✐♥t q✉❛❧✐✜❝❛t✐♦♥s ❛ss✉♠♣t✐♦♥s✱ ❑❚✲✐♥✈❡①✐t② ❜❡❝♦♠❡s ❛❧s♦ ❛ ♥❡❝❡ss❛r② ♦♣t✐♠❛❧✐t②
❝♦♥❞✐t✐♦♥✳ ❙♦♠❡ r❡s✉❧ts ❛❜♦✉t ❞✉❛❧✐t② ❛r❡ ❛❧s♦ ♣r❡s❡♥t❡❞✳

❑❡②✇♦r❞s✿ ✐♥✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣✱ ❝♦♥t✐♥✉♦✉s t✐♠❡ ♣r♦❣r❛♠♠✐♥❣✱ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s✱
❑✉❤♥✲❚✉❝❦❡r s♦❧✉t✐♦♥s✱ ✇❡❛❦❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥s✱ ♣r♦♣❡r❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥s✱ ✐♥✈❡①✐t②✱ ❑❚✲
✐♥✈❡①✐t②✱ ❞✉❛❧✐t②✳
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✹ Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ■♥✜♥✐t❛ ▼✉❧t✐✲❖❜❥❡t✐✈♦ ✺✺

✹✳✶ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❊✜❝✐ê♥❝✐❛ ❋r❛❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✹✳✷ ❊✜❝✐ê♥❝✐❛ Pró♣r✐❛ ❡ Pr♦❜❧❡♠❛s ❊s❝❛❧❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺ Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠ ❚❡♠♣♦ ❈♦♥tí♥✉♦ ✻✼

✺✳✶ ◆♦t❛çõ❡s ✫ ❍✐♣ót❡s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✺✳✷ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✻ Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠ ❚❡♠♣♦ ❈♦♥tí♥✉♦ ▼♦♥♦✲❖❜❥❡t✐✈♦ ✼✶
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✼ Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠ ❚❡♠♣♦ ❈♦♥tí♥✉♦ ◆ã♦✲❙✉❛✈❡s ✼✾

✽ Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠ ❚❡♠♣♦ ❈♦♥tí♥✉♦ ▼✉❧t✐✲❖❜❥❡t✐✈♦ ✽✼

✽✳✶ ❑❚✲Ps❡✉❞♦✲■♥✈❡①✐❞❛❞❡ ❡ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✽✳✷ ❑❚✲■♥✈❡①✐❞❛❞❡ ❡ ♦ Pr♦❜❧❡♠❛ ❊s❝❛❧❛r ❆ss♦❝✐❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✾✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✼

①✐✈
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❊♠ ❬✷✸❪✱ ▼❛rt✐♥ ❡st❛❜❡❧❡❝❡✉ ✉♠ ✐♥t❡r❡ss❛♥t❡ r❡s✉❧t❛❞♦ r❡❧❛t✐✈♦ à ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ♠✐♥✐✲
♠✐③❛❞♦r❡s ❣❧♦❜❛✐s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ♠❛t❡♠át✐❝❛✳ ❊❧❡ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡
❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ ♠♦str♦✉ q✉❡ ✈❛❧❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ✭♦✉ ♣♦♥t♦
❞❡ ❑✉❤♥✲❚✉❝❦❡r✮ é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳ ❆ ❑❚✲
✐♥✈❡①✐❞❛❞❡ é ✉♠❛ r❡❧❛①❛çã♦ ❞❛ ✐♥✈❡①✐❞❛❞❡✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ s♦❜ ❝❡rt♦ ♣♦♥t♦ ❞❡ ✈✐st❛✱ é ✉♠❛
❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❝♦♥✈❡①✐❞❛❞❡✳ ❆ ✐♥✈❡①✐❞❛❞❡✱ ❛ss✐♠ ❝♦♠♦ ❛ ❝♦♥✈❡①✐❞❛❞❡✱ ❞❡s❡♠♣❡♥❤❛ ✉♠
♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ q✉❛♥t♦ ❛ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♥❛ t❡♦r✐❛
❞❡ ♦t✐♠✐③❛çã♦ q✉❡ ❡♠ ♣r♦❜❧❡♠❛s ❝♦♥✈❡①♦s ✈❛❧❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦
é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ t❛♠❜é♠ é ✈á❧✐❞❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ✐♥✈❡①♦s✳ ▲♦❣♦
✈ê✲s❡ q✉❡ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❡ ❛ ✐♥✈❡①✐❞❛❞❡ sã♦ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❛ ✈❛❧✐❞❛❞❡ ❞❡ t❛❧ ♣r♦✲
♣r✐❡❞❛❞❡✳ ❖ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ ❞✐③ q✉❡ ❛ ❑❚✲✐♥✈❡①✐❞❛❞❡ é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡
♣❛r❛ ✈❛❧❡r ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳ ▼❛s ♦ q✉❡ é ✐♥t❡r❡ss❛♥t❡ ♥♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ é q✉❡ ❡❧❡ ❞✐③
q✉❡ ✈❛❧❡ ❛ r❡❝í♣r♦❝❛✱ ♦✉ s❡❥❛✱ ❛ ❑❚✲✐♥✈❡①✐❞❛❞❡ é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✈❛❧❡r
❡st❛ ♣r♦♣r✐❡❞❛❞❡✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ ♠♦str❛ q✉❡ ❛ ♠❛✐♦r ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s
♦♥❞❡ é ✈á❧✐❞❛ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ é ❛ ❝❧❛ss❡ ❞♦s ♣r♦❜❧❡♠❛s ❑❚✲✐♥✈❡①♦s✳

❯♠ ❞♦s ♦❜❥❡t✐✈♦s ❞❡st❛ t❡s❡ ❢♦✐ ♦ ❞❡ ❣❡♥❡r❛❧✐③❛r ♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ ❬✷✸❪ ♣❛r❛ ❛❧❣✉♥s
♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❛❜str❛t♦s✱ ♦✉ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦
✐♥✜♥✐t❛✳ ❖s ♣r♦❜❧❡♠❛s ❛❜♦r❞❛❞♦s ❢♦r❛♠ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❡ ♦s ♣r♦❜❧❡♠❛s
❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✳

❯♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ é ❞❛❞♦ ♥❛ ❢♦r♠❛ ❛❜❛✐①♦✿

▼✐♥✐♠✐③❛r f(x)
s✉❥❡✐t♦ ❛ gα(x) ≤ 0, α ∈ A,

hβ(x) = 0, β ∈ B,






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✷ ■◆❚❘❖❉❯➬➹❖

♦♥❞❡ f, gα, hβ : X → R ♣❛r❛ α ∈ A ❡ β ∈ B, X é ✉♠ ❡s♣❛ç♦ r❡❛❧ ❞❡ ❇❛♥❛❝❤ ❡ A ❡ B sã♦
❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s✳ ❯s✉❛❧♠❡♥t❡✱ A ❡ B sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❡s♣❛ç♦s ❊✉❝❧✐❞✐❛♥♦s✳

◆❛ ❢♦r♠✉❧❛çã♦ ❛❝✐♠❛✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❢♦✐ ❡st✉❞❛❞♦ ❡♠ ♣♦✉❝♦s tr❛✲
❜❛❧❤♦s✳ P♦r ❡①❡♠♣❧♦✱ ❙❝❤✐r♦t③❡❦ ❬✸✸❪ ❡ ❚❛♣✐❛ ❡ ❚r♦ss❡t ❬✸✺❪✳ ❙❝❤✐r♦t③❡❦ ❝♦♥s✐❞❡r♦✉ X ❝♦♠♦
✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦✱ ♠❛s ❡❧❡ ❛❜♦r❞♦✉ ♦ ♣r♦❜❧❡♠❛ ❝♦♠
r❡str✐çõ❡s s♦♠❡♥t❡ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❚❛♣✐❛ ❡ ❚r♦ss❡t ❝♦♥s✐❞❡r❛r❛♠ X ❝♦♠♦ ✉♠ ❡s♣❛ç♦ ❞❡
❍✐❧❜❡rt✳ ❈♦♥t✉❞♦✱ ✭PP■✮ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❡♥tr❡ ❡s♣❛ç♦s
❞❡ ❇❛♥❛❝❤✱ ❡ ♣❛r❛ ❡st❡s ❡①✐st❡ ✉♠❛ ❡①t❡♥s❛ ❜✐❜❧✐♦❣r❛✜❛✳ P♦r ❡①❡♠♣❧♦✱ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪✱
❇r❛♥❞ã♦ ❬✺❪✱ ❇r❛♥❞ã♦ ❡t ❛❧✳ ❬✻❪✱ ❈r❛✈❡♥ ❬✶✶❪✱ ●✉✐❣♥❛r❞ ❬✶✼❪✱ ▲✉❡♥❜❡r❣❡r ❬✷✶❪✱ ❘♦❜✐♥s♦♥ ❬✷✼❪✱
❙❛♥t♦s ❬✷✾❪✱ ❙❛♥t♦s ❡t ❛❧✳ ❬✸✶❪ ❡ ❬✸✷❪ ❡ ❱❛r❛✐②❛ ❬✸✻❪✳

❊♠ ❬✹❪✱ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❡st✉❞❛r❛♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❛❜str❛t♦✱ ❞♦ q✉❛❧ ♦
♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳ ❆ss✐♠ s❡♥❞♦✱
♦s r❡s✉❧t❛❞♦s ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❡♠ ❬✹❪ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ❛ ✭PP■✮✳

❈♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
❛❝✐♠❛ ❢♦r❛♠ ❞❛❞❛s ❡♠ ❬✹❪ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡✳ ◆❡st❛ t❡s❡✱ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡
❢♦✐ ✉s❛❞❛ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s ♣❛r❛ ✭PP■✮✳
❆s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♦❜t✐❞❛s sã♦ s❡♠❡❧❤❛♥t❡s àq✉❡❧❛s ❞❛❞❛s ♣♦r ❙❝❤✐r♦t③❡❦ ❬✸✸❪
❡ ❚❛♣✐❛ ❡ ❚r♦ss❡t ❬✸✺❪✱ ♠❛s s♦❜ ❤✐♣ót❡s❡s ❞✐❢❡r❡♥t❡s✳ ❊♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ❞❡ s❡❣✉♥❞❛
♦r❞❡♠✱ ♥ã♦ ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s r❡❢❡rê♥❝✐❛s ♦♥❞❡ ❡❧❛s ❢♦ss❡♠ ❡st✉❞❛❞❛s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♣❛r❛
♦ ♣r♦❜❧❡♠❛ ✭PP■✮✳ ❆ t❡♦r✐❛ ❡①✐st❡♥t❡ é ❛♣❡♥❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❣❡r❛✐s❀ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛
❡st✉❞❛❞♦ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❡♠ ❬✹❪✳

❆✐♥❞❛ ❡♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s q✉❛❧✐✜❝❛çõ❡s ❞❡
r❡str✐çã♦ ❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ t✐♣♦ ❑✉❤♥✲❚✉❝❦❡r é ♦❜t✐❞❛✳

❇❡♥✲❚❛❧ ❡ ❩♦✇❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛r❛♠ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ◆❡st❡
tr❛❜❛❧❤♦✱ t❛♠❜é♠ sã♦ ❞❛❞❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s✱ ♠❛s ♥ã♦ ✉s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❡ ❇❡♥✲
❚❛❧ ❡ ❩♦✇❡✳ ❆q✉✐ ❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s sã♦ ♦❜t✐❞❛s ✉s❛♥❞♦ ✐♥✈❡①✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ é
❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ é ♦❜t✐❞♦
✉♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❛♦ ❞❡ ▼❛rt✐♥ ❬✷✸❪✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ t♦❞❛ s♦❧✉çã♦
❡st❛❝✐♦♥ár✐❛ ✭♦✉ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✮ s❡❥❛ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ é ❞✐r❡t❛✳ ❊♠ ❬✷✸❪ ▼❛rt✐♥
✉s♦✉ ♦ ❚❡♦r❡♠❛ ❞❡ ❆❧t❡r♥❛t✐✈❛ ❞❡ ▼♦t③❦✐♥ ✭✈❡r ▼❛♥❣❛s❛r✐❛♥ ❬✷✷❪✮ ♣❛r❛ ♦❜t❡r ❛ r❡❝í♣r♦❝❛✱
✐st♦ é✱ ♣❛r❛ ♣r♦✈❛r q✉❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ t♦❞❛ s♦❧✉çã♦
❡st❛❝✐♦♥ár✐❛ s❡❥❛ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❆q✉✐ é ❞❡s❡♥✈♦❧✈✐❞♦ ✉♠ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛
❛❞❡q✉❛❞♦ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳ ■st♦ é ❢❡✐t♦ ✉s❛♥❞♦ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧
❡ ❩♦✇❡✳

❊♠ r❡❧❛çã♦ ❛♦s r❡s✉❧t❛❞♦s ❞❡ ❞✉❛❧✐❞❛❞❡ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❞✉❛❧ ❞♦ t✐♣♦ ❲♦❧❢❡
❡ ❡st❛❜❡❧❡❝✐❞♦s ♦s t❡♦r❡♠❛s ❞❡ ❞✉❛❧✐❞❛❞❡ ❢r❛❝❛✱ ❞❡ ❞✉❛❧✐❞❛❞❡ ❢♦rt❡ ❡ ❞❡ ❞✉❛❧✐❞❛❞❡ ✐♥✈❡rs❛✳
❊st❡s r❡s✉❧t❛❞♦s sã♦ ♦❜t✐❞♦s✱ t❛♠❜é♠✱ ✉s❛♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✳
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❯♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ é ❞❛ ❢♦r♠❛✿

▼✐♥✐♠✐③❛r φ(x) =

∫ T

0

f(t, x(t))dt

s✉❥❡✐t♦ ❛ g(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ],
x ∈ X,























✭P❚❈✮

♦♥❞❡ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥✈❡①♦ ❡ ♥ã♦✲✈❛③✐♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ Ln
∞[0, T ]✱ φ :

X → R, f(t, x(t)) = ξ(x)(t) ❡ g(t, x(t)) = γ(x)(t)✱ ❝♦♠ ξ : X → Λ1
1[0, T ] ❡ γ : X → Λm

1 [0, T ]✳
Ln
∞[0, T ] ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ✈❡t♦r✐❛✐s n✲❞✐♠❡♥s✐♦♥❛✐s q✉❡ sã♦ ▲❡❜❡s❣✉❡

♠❡♥s✉rá✈❡✐s ❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❞❡✜♥✐❞❛s ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ [0, T ] ⊂ R✱ ❝♦♠
♥♦r♠❛ ‖ · ‖∞ ❞❡✜♥✐❞❛ ♣♦r

‖x‖∞ = max
1≤j≤n

❡ss sup{|xj(t)|, 0 ≤ t ≤ T},

♦♥❞❡ ♣❛r❛ ❝❛❞❛ t ∈ [0, T ], xj(t) é ❛ j✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ x(t) ∈ R
n ❡ Λm

1 [0, T ] ❞❡♥♦t❛
♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ✈❡t♦r✐❛✐s m✲❞✐♠❡♥s✐♦♥❛✐s q✉❡ sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡
▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s✱ ❞❡✜♥✐❞❛s ❡♠ [0, T ]✱ ❝♦♠ ❛ ♥♦r♠❛ ‖ · ‖1 ❞❡✜♥✐❞❛ ♣♦r

‖y‖1 = max
1≤j≤m

∫ T

0

|yj(t)|dt.

❊st❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ♥ã♦ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❝❛s♦ ♣❛r✲
t✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❡ t❛♠❜é♠ ♥ã♦ ♣♦❞❡ s❡r tr❛t❛❞♦ ❝♦♠♦ ✉♠ ❝❛s♦
❡s♣❡❝✐❛❧ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❛❜str❛t♦✱ ♣♦✐s ♦ ❡s♣❛ç♦ Λm

1 [0, T ] ♥ã♦ é ❝♦♠♣❧❡t♦ ❡
s❡✉ ❝♦♥❡ ♥ã♦✲♥❡❣❛t✐✈♦ {y ∈ Λm

1 [0, T ] : y(t) ≥ 0 q✳s✳ ❡♠ [0, T ]} ♣♦ss✉✐ ✐♥t❡r✐♦r ✈❛③✐♦✳ ❊st❛s
♣r♦♣r✐❡❞❛❞❡s sã♦ ✐♥✈❛r✐❛✈❡❧♠❡♥t❡ ❛❞♠✐t✐❞❛s ❡♠ ❢♦r♠✉❧❛çõ❡s ❛❜str❛t❛s✳

❖ ♣r✐♠❡✐r♦ ❛✉t♦r ❛ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ❢♦✐ ❇❡❧❧♠❛♥ ❡♠ ❬✸❪✳ ❊❧❡ ❡s✲
t✉❞♦✉ ✉♠ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦✱ q✉❡ ❛❣♦r❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛✲
♠❛çã♦ ❧✐♥❡❛r ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ❉❡♣♦✐s ❞✐ss♦✱ ✈ár✐♦s ♦✉tr♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♣r♦❜❧❡♠❛s
❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ♠❛✐s ❣❡r❛✐s✱ ❝♦♥s✐❞❡r❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♣r♦❜❧❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s✳ ❊♠
❬✸✽❪✱ ❩❛❧♠❛✐ ♦❜t❡✈❡ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ t✐♣♦ ❑✉❤♥✲❚✉❝❦❡r✳ ❖s r❡s✉❧t❛❞♦s ❞❡ ❩❛❧♠❛✐
sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ♥❛t✉r❛✐s ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❖ ❝❛s♦ ♥ã♦✲
❞✐❢❡r❡♥❝✐á✈❡❧ ❢♦✐ ❡st✉❞❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❇r❛♥❞ã♦ ❬✺❪✱ ❇r❛♥❞ã♦ ❡t ❛❧✳ ❬✽❪✱ ❘♦❥❛s✲▼❡❞❛r ❡t
❛❧✳ ❬✷✽❪✱ ❙❛♥t♦s ❬✷✾❪ ❡ ❙❛♥t♦s ❡t ❛❧✳ ❬✸✵❪✳ ❯♠❛ ❜♦❛ ❧✐st❛ ❞❡ r❡❢❡rê♥❝✐❛s s♦❜r❡ ♣r♦❜❧❡♠❛s ❝♦♠
t❡♠♣♦ ❝♦♥tí♥✉♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✸✽❪✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ t❡s❡✱ é ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡
♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡ é ❣❡♥❡r❛❧✐③❛❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ ❬✷✸❪ ♣❛r❛ ✭P❚❈✮
t❛♥t♦ ♥♦ ❝❛s♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♦ ♥♦ ❝❛s♦ ♥ã♦✲❞✐❢❡r❡♥❝✐á✈❡❧✳

◆❡st❛ t❡s❡ t❛♠❜é♠ sã♦ ❡st✉❞❛❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠ ♠ú❧t✐♣❧♦s ♦❜❥❡t✐✈♦s✳
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◆♦s tr❛❜❛❧❤♦s ❬✷✹❪ ❡ ❬✷✺❪✱ ❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳ ✜③❡r❛♠ ✉♠ ❡st✉❞♦ s✐♠✐❧❛r ❛♦ ❞❡ ▼❛rt✐♥
♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳ ❋♦✐ ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❑❚✲♣s❡✉❞♦✲
✐♥✈❡①✐❞❛❞❡ ❡ ♠♦str❛❞♦ q✉❡ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡
❡✜❝✐❡♥t❡ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ♣r♦❜❧❡♠❛ é ❑❚✲♣s❡✉❞♦✲✐♥✈❡①♦✳ ❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳ t❛♠❜é♠ ✐♥tr♦✲
❞✉③✐r❛♠ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ ✜③❡r❛♠ ✉♠ ❡st✉❞♦ r❡❧❛❝✐♦♥❛♥❞♦ ❛s s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡
❡✜❝✐❡♥t❡s ❞♦ ♣r♦❜❧❡♠❛ ✈❡t♦r✐❛❧ ✭♠✉❧t✐✲♦❜❥❡t✐✈♦✮ ❝♦♠ ❛s s♦❧✉çõ❡s ót✐♠❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛
❡s❝❛❧❛r ❛ss♦❝✐❛❞♦✳ ❋♦✐ ♠♦str❛❞♦ q✉❡ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦
❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❡ r❡s♦❧✈❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ♣r♦❜❧❡♠❛ é
❑❚✲✐♥✈❡①♦✳

❖✉tr♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♦ ❞❡ ❣❡♥❡r❛❧✐③❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❖s✉♥❛✲●ó♠❡③ ❡t
❛❧✳ ❬✷✹❪ ❡ ❬✷✺❪ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❡ ❝♦♠ t❡♠♣♦✲❝♦♥tí♥✉♦ ♥♦ ❝❛s♦
♠✉❧t✐✲♦❜❥❡t✐✈♦✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦✲
❜❧❡♠❛ ❛❜str❛t♦ ❡st✉❞❛❞♦ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ♥♦ ❝❛s♦ ♠♦♥♦✲♦❜❥❡t✐✈♦✱ ❛ss✐♠ ♦ é ♥♦ ❝❛s♦
♠✉❧t✐✲♦❜❥❡t✐✈♦✳ ◆❡st❡ ❝❛s♦✱ ❛ ♥♦çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✉s❛❞❛ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❝♦✐♥❝✐❞❡ ❝♦♠
❛ ♥♦çã♦ ❞❡ ❡✜❝✐ê♥❝✐❛ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲
❚❛❧ ❡ ❩♦✇❡✱ sã♦ ♦❜t✐❞❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s ♣❛r❛ s♦❧✉çõ❡s
❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s✳ ❙ã♦ t❛♠❜é♠ ❡st✉❞❛❞❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çõ❡s ❡ ♦❜t✐❞❛ ✉♠❛ ❝❛r❛❝✲
t❡r✐③❛çã♦ ❞♦ t✐♣♦ ❑✉❤♥✲❚✉❝❦❡r ♣❛r❛ s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s✳ ❙ã♦ ♦❜t✐❞❛s ❝♦♥❞✐çõ❡s
s✉✜❝✐❡♥t❡s ♣❛r❛ ❡✜❝✐ê♥❝✐❛ ❢r❛❝❛ ❡ ❡✜❝✐ê♥❝✐❛ ♣ró♣r✐❛ ✈✐❛ ✐♥✈❡①✐❞❛❞❡✳ ▼❛✐s✱ é ❣❡♥❡r❛❧✐③❛❞♦
♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ é ❡st❛❜❡❧❡❝✐❞♦ ✉♠
r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❛♦ ❞❡ ❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳ ❬✷✺❪✳

❊♠ ❬✶✺❪✱ ●❡♦✛r✐♦♥ t❛♠❜é♠ ❢❛③ ✉♠ ❡st✉❞♦ r❡❧❛❝✐♦♥❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ♣r♦♣r✐❛✲
♠❡♥t❡ ❡✜❝✐❡♥t❡s ❞❡ ✉♠ ♣r♦❣r❛♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ót✐♠❛s ❞❡ ✉♠
♣r♦❣r❛♠❛ ❡s❝❛❧❛r ❛ss♦❝✐❛❞♦✳ ●❡♦✛r✐♦♥ ✉s❛ ❤✐♣ót❡s❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❡ ✉♠ t❡♦r❡♠❛ ❞❡ ❛❧✲
t❡r♥❛t✐✈❛✳ ❆q✉✐ é ♦❜t✐❞♦ ✉♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ✉s❛♥❞♦ ✉♠ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛ ❛❞❡q✉❛❞♦
✭❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✮ ❡ ✐♥✈❡①✐❞❛❞❡ ❛♦ ✐♥✈és ❞❡ ❝♦♥✈❡①✐❞❛❞❡✳

❊♠ r❡❧❛çã♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✱ ❢♦r❛♠
❣❡♥❡r❛❧✐③❛❞❛s ❛s ♥♦çõ❡s ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ ❞❡ ❑❚✲♣s❡✉❞♦✲✐♥✈❡①✐❞❛❞❡ ✭✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✷✹❪✮
❡ r❡s✉❧t❛❞♦s s❡♠❡❧❤❛♥t❡s sã♦ ❡st❛❜❡❧❡❝✐❞♦s✳

❊st❛ t❡s❡ ❡stá ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛s ♣❛rt❡s✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ♦♥❞❡ sã♦ ❡st✉❞❛❞♦s ♦s ♣r♦❜❧❡✲
♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✱ é ❢♦r♠❛❞❛ ♣❡❧♦s ❈❛♣ít✉❧♦s ✶ ❛♦ ✹✳ ◆♦ ❈❛♣ít✉❧♦ ✶ sã♦ ❢❡✐t❛s
❛s ♣r❡❧✐♠✐♥❛r❡s ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❡ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦✲
❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳ ❖ ❈❛♣ít✉❧♦ ✷ tr❛③ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡✳ ◆❡st❡ ❝❛♣ít✉❧♦ é t❛♠❜é♠
❞❡s❡♥✈♦❧✈✐❞♦ ✉♠ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛✱ q✉❡ é út✐❧ ♥♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✳ ❖ ❝❛s♦ ♠♦♥♦✲♦❜❥❡t✐✈♦
é ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸ ❡ ♦ ❝❛s♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❆ s❡❣✉♥❞❛ ♣❛rt❡✱ ❈❛♣ít✉❧♦s
✺ ❛♦ ✽✱ é ❞❡❞✐❝❛❞❛ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ❆❧❣✉♠❛s ♥♦t❛çõ❡s



■◆❚❘❖❉❯➬➹❖ ✺

❡ ❤✐♣ót❡s❡s r❡❢❡r❡♥t❡s ❛ ❡st❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ❛❧é♠ ❞❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✱ sã♦ ❞❛❞❛s ♥♦ ❈❛♣í✲
t✉❧♦ ✺✳ ◆♦ ❈❛♣ít✉❧♦ ✻ sã♦ ❡st✉❞❛❞♦s ♦s ♣r♦❜❧❡♠❛s ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ♥♦ ❝❛s♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳
❖ ❝❛s♦ ♥ã♦✲❞✐❢❡r❡♥❝✐á✈❡❧ é ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✼✳ ◆♦ ❈❛♣ít✉❧♦ ✽ é ❛❜♦r❞❛❞♦ ♦ ♣r♦❜❧❡♠❛
♠✉❧t✐✲♦❜❥❡t✐✈♦✳

❍♦✉✈❡ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ s❡ ❡s❝r❡✈❡r ❡st❛ t❡s❡ ❞❡ ♠♦❞♦ q✉❡ ♦s ❝❛♣ít✉❧♦s s❡❥❛♠ ♦ ♠❛✐s
✐♥❞❡♣❡♥❞❡♥t❡ ♣♦ssí✈❡❧ ❡♥tr❡ s✐✳ ❆ss✐♠✱ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❛❧❣✉♠ ❝❛♣ít✉❧♦ ❡s♣❡❝í✜❝♦
♣♦❞❡rá ✐r ❞✐r❡t♦ ❛ ❡❧❡ s❡♠ ♣r❡❝✐s❛r t❡r ❧✐❞♦ ♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳ ❊①❝❡çã♦ ❛♦s ❈❛♣ít✉❧♦s ✶
❡ ✷✱ q✉❡ é ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛ ❧❡✐t✉r❛ ❞♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✱ ❡ ❛♦ ❈❛♣ít✉❧♦ ✺✱ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛
❧❡✐t✉r❛ ❞♦s ❈❛♣ít✉❧♦s ✻ ❛♦ ✽✳ ❉❡ ❛♥t❡♠ã♦ ♣r❡✈❡♥✐♠♦s ♦ ❧❡✐t♦r ❞✐s♣♦st♦ ❡♠ ❧❡r ♦ t❡①t♦ ✐♥t❡✐r♦
q✉❡ ❤á ❞❡✜♥✐çõ❡s✱ t❡♦r❡♠❛s ❡ ❞❡♠♦♥str❛çõ❡s q✉❡ sã♦✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ r❡♣❡t✐t✐✈♦s✳ ➱ ♦ ♣r❡ç♦
❛ s❡ ♣❛❣❛r ♣❡❧❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ♦s ❝❛♣ít✉❧♦s✳

❆ ❧❡✐t✉r❛ ❞❡st❡ t❡①t♦ ❡①✐❣❡ ❛❧❣✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❡ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛✳
P❛r❛ ❡st❡s ❛ss✉♥t♦s✱ ♦ ❧❡✐t♦r ♣♦❞❡ ❝♦♥s✉❧t❛r ❇ré③✐s ❬✾❪ ❡ ❋♦❧❧❛♥❞ ❬✶✹❪✳ ❆❧é♠ ❞✐ss♦✱ ❛♦ ❧❡✐t♦r ♥ã♦
❢❛♠✐❧✐❛r✐③❛❞♦ ❝♦♠ ❛ t❡♦r✐❛ ❞❡ ♦t✐♠✐③❛çã♦✱ ♠❡s♠♦ ❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ r❡❝♦♠❡♥❞❛✲s❡✱ ♣❛r❛ ✉♠❛
♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦s ❝♦♥❝❡✐t♦s ❛q✉✐ tr❛t❛❞♦s✱ ❛ ❧❡✐t✉r❛ ❞❡ ❛❧❣✉♠ ❧✐✈r♦ ❞❡ ♣r♦❣r❛♠❛çã♦
♥ã♦✲❧✐♥❡❛r✳ P♦r ❡①❡♠♣❧♦✱ ❇❛③❛r❛❛ ❡ ❙❤❡tt② ❬✷❪ ♦✉ ■③♠❛✐❧♦✈ ❡ ❙♦❧♦❞♦✈ ❬✶✾❪ ♦✉ ▼❛♥❣❛s❛r✐❛♥
❬✷✷❪✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦ ❡st✉❞♦ ❞♦s ♣r♦❜❧❡♠❛s ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ t❡♠♦s ❛❧✲
❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ❝♦♥✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛ ❡ r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❡♠ ❞✐♠❡♥sã♦
✜♥✐t❛✳



✻



❈♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ❈♦♥✈❡①✐❞❛❞❡
●❡♥❡r❛❧✐③❛❞❛

❉❡✜♥✐çõ❡s ❡ ❘❡❧❛çõ❡s

■♥✐❝✐❡♠♦s ❝♦♠ ❛s ❞❡✜♥✐çõ❡s ❞♦s ✈ár✐♦s t✐♣♦s ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛✳ ❉❡♣♦✐s ♣❛ss❡♠♦s
às r❡❧❛çõ❡s ❡♥tr❡ ❡❧❡s✳

❙❡❥❛ f : D ⊆ R
n → R ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦♥❞❡ D é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡

♥ã♦✲✈❛③✐♦✳

❉❡✜♥✐çõ❡s✿

✶✳ f é ❞✐t❛ s❡r ❝♦♥✈❡①❛ ❡♠ u ∈ D s❡

f(x) − f(u) ≥ ∇f(u)(x− u) ∀ x ∈ D.

✷✳ f é ❞✐t❛ s❡r q✉❛s✐❝♦♥✈❡①❛ ❡♠ u ∈ D s❡

f(x) ≤ f(u) ⇒ ∇f(u)T (x− u) ∀ x ∈ D.

✸✳ f é ❞✐t❛ s❡r ♣s❡✉❞♦❝♦♥✈❡①❛ ❡♠ u ∈ D s❡

∇f(u)T (x− u) ⇒ f(x) ≥ f(u) ∀ x ∈ D.

✹✳ f é ❞✐t❛ s❡r ✐♥✈❡①❛ ❡♠ u ∈ D s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : D ×D → R
n t❛❧ q✉❡

f(x) − f(u) ≥ ∇f(u)Tη(x, u) ∀ x ∈ D.

✼
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✺✳ f é ❞✐t❛ s❡r q✉❛s✐♥✈❡①❛ ❡♠ u ∈ D s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : D ×D → R
n t❛❧ q✉❡

f(x) ≤ f(u) ⇒ ∇f(u)Tη(x, u) ≤ 0 ∀ x ∈ D.

✻✳ f é ❞✐t❛ s❡r ♣s❡✉❞♦✐♥✈❡①❛ ❡♠ u ∈ D s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : D ×D → R
n t❛❧ q✉❡

∇f(u)Tη(x, u) ≥ 0 ⇒ f(x) ≥ f(u) ∀ x ∈ D.

◗✉❛♥❞♦ f é ❝♦♥✈❡①❛ ✭q✉❛s✐❝♦♥✈❡①❛✱ ♣s❡✉❞♦❝♦♥✈❡①❛✱ ✐♥✈❡①❛✱ q✉❛s✐♥✈❡①❛✱ ♣s❡✉❞♦✐♥✈❡①❛✮
❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ D✱ ❞✐③✲s❡ q✉❡ f é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥✈❡①❛ ✭q✉❛s✐❝♦♥✈❡①❛✱ ♣s❡✉❞♦❝♦♥✈❡①❛✱
✐♥✈❡①❛✱ q✉❛s✐♥✈❡①❛✱ ♣s❡✉❞♦✐♥✈❡①❛✮✳

❊♠ ❬✶✷❪✱ ❈r❛✈❡♥ ♠♦str♦✉ q✉❡ ✉♠❛ ❢✉♥çã♦ f é ✐♥✈❡①❛ s❡ f = h ◦ φ✱ ❝♦♠ h ❝♦♥✈❡①❛✱
φ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ t❛❧ q✉❡ ❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ Jφ(x) t❡♠ ♣♦st♦ ❝♦♠♣❧❡t♦ ✭♦✉ s❡❥❛✱ é ✐♥✈❡r✲
sí✈❡❧✮✳ P♦rt❛♥t♦ ❛❧❣✉♠❛s ❢✉♥çõ❡s ✐♥✈❡①❛s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❡ ❢✉♥çõ❡s ❝♦♥✈❡①❛s ♣♦r ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❛❞❡q✉❛❞❛ ❞♦ ❡s♣❛ç♦ ❞♦♠í♥✐♦✳ ❚❛✐s tr❛♥s❢♦r♠❛çõ❡s ❞❡str♦❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡
❝♦♥✈❡①✐❞❛❞❡✱ ♠❛s ♥ã♦ ❛ ❞❡ ✐♥✈❡①✐❞❛❞❡✳ ❆ ♥♦♠❡♥❝❧❛t✉r❛ ✐♥✈❡①♦ ✭❞♦ ✐♥❣❧ês ✐♥✈❡① ✮✱ q✉❡ ✈❡♠
❞❡ ✐♥✈❛r✐❛♥t❡ ❝♦♥✈❡①♦✱ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ❡♠ ❬✶✷❪ ♣❛r❛ ❡①♣r❡ss❛r ❡ss❡ ❢❛t♦✳ ❙❡❥❛♠ h : R

n → R ❡
φ : R

n → R
n✳ ❚♦♠❡ f = h ◦ φ ❡ x, u ∈ R

n✳ ❚❡♠♦s

f(x) − f(u) = h(φ(x)) − h(φ(u))

≥ ∇h(φ(x))T [φ(x) − φ(u)]

= ∇f(x)T [Jφ(x)]−1[φ(x) − φ(u)]

= ∇f(x)Tη(x, u),

♦♥❞❡ η(x, u) = [Jφ(x)]
−1[φ(x) − φ(u)]✳

❉❡✜♥✐çõ❡s✿

✶✳ u ∈ D é ❞✐t♦ s❡r ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f s❡ ∇f(u) = 0✳

✷✳ u ∈ D é ❞✐t♦ s❡r ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ f s❡ f(x) ≥ f(u) ♣❛r❛ t♦❞♦ x ∈ D✳

❚❡♦r❡♠❛✿

✶✳ ❈♦♥✈❡①✐❞❛❞❡ ✐♠♣❧✐❝❛ ♣s❡✉❞♦❝♦♥✈❡①✐❞❛❞❡ q✉❡ ♣♦r s✉❛ ✈❡③ ✐♠♣❧✐❝❛ q✉❛s✐❝♦♥✈❡①✐❞❛❞❡✳ ❆s
r❡❝í♣r♦❝❛s sã♦ ❢❛❧s❛s✳

✷✳ Ps❡✉❞♦❝♦♥✈❡①✐❞❛❞❡ ✐♠♣❧✐❝❛ ✐♥✈❡①✐❞❛❞❡✳ ❆ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❆❧é♠ ❞✐ss♦✱
❡①✐st❡♠ ❢✉♥çõ❡s ✐♥✈❡①❛s q✉❡ ♥ã♦ sã♦ q✉❛s✐❝♦♥✈❡①❛s ❡ ❢✉♥çõ❡s q✉❛s✐❝♦♥✈❡①❛s q✉❡ ♥ã♦
sã♦ ✐♥✈❡①❛s✳



❉❊❋■◆■➬Õ❊❙ ❊ ❘❊▲❆➬Õ❊❙ ✾

✸✳ ❆ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s ♣s❡✉❞♦✐♥✈❡①❛s ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s ✐♥✈❡①❛s✳

✹✳ ◗✉❛s✐❝♦♥✈❡①✐❞❛❞❡ ✐♠♣❧✐❝❛ q✉❛s✐✈❡①✐❞❛❞❡✳ ■♥✈❡①✐❞❛❞❡ ✐♠♣❧✐❝❛ q✉❛s✐♥✈❡①✐❞❛❞❡✳ ❆s r❡❝í✲
♣r♦❝❛s ♥ã♦ sã♦ ✈❡r❞❛❞❡✐r❛s✳

✺✳ ❆ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s ♣s❡✉❞♦❝♦♥✈❡①❛s é ✐❣✉❛❧ ❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s q✉❛s✐✲
❝♦♥✈❡①❛s ❝♦♠ ❛ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s ✐♥✈❡①❛s✳

✻✳ f é ✐♥✈❡①❛ ❡♠ D s❡ ❡ s♦♠❡♥t❡ s❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f é ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧✳

✼✳ ❙❡ f ♥ã♦ t❡♠ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s ❡♥tã♦ f é ✐♥✈❡①❛✳

P❛r❛ ✈❡r ❛s ❞❡♠♦♥str❛çõ❡s✱ ❝♦♥s✉❧t❡ ❇r❛♥❞ã♦ ❡t ❛❧✳ ❬✼❪✳

❖❜s❡r✈❡♠♦s q✉❡ ❝♦♥✈❡①✐❞❛❞❡ ✐♠♣❧✐❝❛ ✐♥✈❡①✐❞❛❞❡ ❝♦♠ η(x, u) = x− u✳ ❆ r❡❝í♣r♦❝❛ ♥ã♦ é
✈❡r❞❛❞❡✐r❛✳

❆❜❛✐①♦ r❡♣r♦❞✉③✐♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❇r❛♥❞ã♦ ❡t ❛❧✳ ❬✼❪✳

❊①❡♠♣❧♦s✿

✶✳ ❙❡❥❛ f : R → R ❞❛❞❛ ♣♦r f(x) = 1− exp(−x2)✳ ❱ê✲s❡ ❝❧❛r❛♠❡♥t❡ q✉❡ f ♥ã♦ é ❝♦♥✈❡①❛✳
▼❛s f é ✐♥✈❡①❛ ❝♦♠

η(x, u) =

{

− exp(−x2)+exp(−u2)
2u exp(−u2)

s❡ u 6= 0

0 s❡ u = 0.

✷✳ ❙❡❥❛ f : R → R ❞❛❞❛ ♣♦r f(x) = x3✳ f é ❝❧❛r❛♠❡♥t❡ q✉❛s✐❝♦♥✈❡①❛✱ ♠❛s ♥ã♦ é
♣s❡✉❞♦✐♥✈❡①❛ ❡ ♥❡♠ ✐♥✈❡①❛✳ ❉❡ ❢❛t♦✱ f ′(0)(−1 − 0) = 0 ❡ −1 = f(−1) < f(0) = 0✱ ❞❡
♠♦❞♦ q✉❡ f ♥ã♦ é ♣s❡✉❞♦❝♦♥✈❡①❛✳ ❖ ú♥✐❝♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f é u = 0✱ q✉❡ ♥ã♦
é ♠í♥✐♠♦ ❣❧♦❜❛❧✳ ▲♦❣♦ f ♥ã♦ é ✐♥✈❡①❛✳

✸✳ ❙❡❥❛ f : R → R ❞❛❞❛ ♣♦r f(x) = x + x3✳ f ❝❧❛r❛♠❡♥t❡ ♥ã♦ é ❝♦♥✈❡①❛✱ ♠❛s é ♣s❡✉❞♦✲
❝♦♥✈❡①❛✳ ❉❡ ❢❛t♦✱ s❡ f ′(u)(x − u) = (1 + 3u2)(x − u) ≥ 0 ❡♥tã♦ x ≥ u✱ ❞❡ ♠♦❞♦ q✉❡
f(x) = x+ x3 ≥ u+ u3 = f(u)✳

✹✳ ❙❡❥❛ f : R
2 → R ❞❛❞❛ ♣♦r f(x, y) = x + x3 − 10y3 − y✳ f é ✐♥✈❡①❛✱ ♠❛s ♥ã♦ é

♣s❡✉❞♦❝♦♥✈❡①❛✳ ❉❡ ❢❛t♦✱ ∇f(x, y) = (1 + 3x2,−30y2 − 1)T 6= (0, 0)T ∀ (x, y) ∈ R
2✱

❞❡ ♠♦❞♦ q✉❡ f ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s✳ ▲♦❣♦ f é ✐♥✈❡①❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱
∇f(0, 0)T [(2, 1) − (0, 0)]T = (1,−1)(2, 1)T = 1 > 0 ❡ f(2, 1) = −1 < 0 = f(0, 0)✳
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✺✳ ❙❡❥❛ f : (0, π) → R ❞❛❞❛ ♣♦r f(x) = s❡♥3x✳ f é q✉❛s✐♥✈❡①❛✱ ♠❛s ♥ã♦ é q✉❛s✐❝♦♥✈❡①❛
❡ ♥❡♠ ✐♥✈❡①❛✳ ❉❡ ❢❛t♦✱ f é q✉❛s✐♥✈❡①❛ ❝♦♠ η(x, u) = (cosu)(s❡♥x − s❡♥u)✳ P♦ré♠✱
f(3π/4) = f(π/4) ❡ f ′(π/4)(3π/4 − π/4) = 3π/8 > 0✱ ❞♦♥❞❡ f ♥ã♦ é q✉❛s✐❝♦♥✈❡①❛✳ ❖
ú♥✐❝♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ f é u = π/2✱ q✉❡ ♥ã♦ é ♠í♥✐♠♦ ❣❧♦❜❛❧✳ P♦rt❛♥t♦ f ♥ã♦ é
✐♥✈❡①❛✳

◆❛ ❋✐❣✉r❛ ✶ t❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ q✉❡ r❡s✉♠❡ ❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s ❞✐✈❡rs♦s t✐♣♦s ❞❡ ❝♦♥✲
✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛ ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦✳

❋✐❣✉r❛ ✶✿ ❘❡❧❛çõ❡s ❡♥tr❡ ❛s ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s ❝♦♥✈❡①❛s ❣❡♥❡r❛❧✐③❛❞❛s✳

❆♣❧✐❝❛çõ❡s

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♠❛t❡♠át✐❝❛✿

▼✐♥✐♠✐③❛r f(x)
s✉❥❡✐t♦ ❛ gi(x) ≤ 0, i = 1, . . . ,m,

x ∈ D ⊆ R
n,







✭P✮

♦♥❞❡ f : D → R ❡ gi : D → R, i = 1, . . . ,m✱ sã♦ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ D é ✉♠ ❝♦♥❥✉♥t♦
❛❜❡rt♦✳

❉❡✜♥✐çã♦✿ ❯♠ ♣♦♥t♦ u ∈ D t❛❧ q✉❡ gi(u) ≤ 0, i = 1, . . . ,m✱ é ❞✐t♦ s❡r ✉♠ ♣♦♥t♦ ❡st❛✲
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❝✐♦♥ár✐♦ ✭♦✉ ♣♦♥t♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✮ ❞❡ ✭P✮ s❡ ❡①✐st❡ λ ∈ R
m t❛❧ q✉❡

∇f(u) +
m

∑

i

λi∇gi(u) = 0, ✭✶✮

λigi(u) = 0, i = 1, . . . ,m, ✭✷✮

λi ≥ 0, i = 1, . . . ,m. ✭✸✮

❉❡✜♥✐çã♦✿ ❯♠ ♣♦♥t♦ u ∈ D é ❞✐t♦ s❡r ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ ❞❡ ✭P✮ s❡ f(x) ≥ f(u) ♣❛r❛
t♦❞♦ x t❛❧ q✉❡ gi(x) ≤ 0, i = 1, . . . ,m✳

➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♥❛ t❡♦r✐❛ ❞❡ ♦t✐♠✐③❛çã♦ ♦ r❡s✉❧t❛❞♦ q✉❡ ❞✐③ q✉❡ s❡ ♦s ❞❛❞♦s ❞♦ ♣r♦❜❧❡♠❛s
sã♦ ❝♦♥✈❡①♦s✱ ♦✉ s❡❥❛✱ s❡

f(x) − f(u) ≥ ∇f(u)T (x− u), ✭✹✮

gi(x) − gi(u) ≥ ∇gi(u)
T (x− u), i ∈ I(u) = {i : gi(u) = 0}, ✭✺✮

♣❛r❛ t♦❞♦s x, u ∈ D✱ ❡♥tã♦ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳ ❉❡ ❢❛t♦✱ s❡❥❛ u
✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✳ ❉❡ ✭✸✮✱ ✭✹✮ ❡ ✭✺✮ s❡❣✉❡ q✉❡

f(x) − f(u) ≥ ∇f(u)T (x− u) +
∑

i∈I(u)

λi∇gi(u)
T (x− u) +

∑

i∈I(u)

λi[−gi(x) + gi(u)]

♣❛r❛ t♦❞♦s x, u ∈ D✳ ▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ✭✶✮ ❡ ✭✷✮✱ ♦❜té♠✲s❡

f(x) − f(u) ≥ −
∑

i∈I(u)

λig(x) ∀ x ∈ D.

▲♦❣♦ ♣❛r❛ x ∈ D t❛❧ q✉❡ gi(x) ≤ 0, i ∈ I(u)✱ t❡♠✲s❡ f(x) − f(u) ≥ 0✳ P♦rt❛♥t♦ u é ✉♠
♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳

❊st❛ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ ❡ é ❞❡s❡❥á✈❡❧ ❡st❡♥❞❡r ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s
♦♥❞❡ ❡❧❛ é ✈á❧✐❞❛✳ ❊♠ ▼❛♥❣❛s❛r✐❛♥ ❬✷✷❪ ❡stá ♣r♦✈❛❞♦ q✉❡ ❡❧❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✈á❧✐❞❛ s❡ ❛s
❝♦♥❞✐çõ❡s ❡♠ ✭✹✮✲✭✺✮ ❢♦r❡♠ tr♦❝❛❞❛s ♣♦r

∇f(u)T (x− u) ⇒ f(x) ≥ f(u),

gi(x) ≤ gi(u) ⇒ ∇gi(u)
T (x− u), i ∈ I(u).

❆s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ s✐❣♥✐✜❝❛♠ q✉❡ f é ♣s❡✉❞♦❝♦♥✈❡①❛ ❡ q✉❡ gi é q✉❛s✐❝♦♥✈❡①❛✱ ♣❛r❛ ❝❛❞❛
i ∈ I(u)✳ Ps❡✉❞♦❝♦♥✈❡①✐❞❛❞❡ ❡ q✉❛s✐❝♦♥✈❡①✐❞❛❞❡ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡✱ ♦✉ s❡❥❛✱
❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ é ♠❛✐♦r q✉❡ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s
❝♦♥✈❡①♦s✳
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❊♠ ✶✾✽✶✱ ❍❛♥s♦♥ ❬✶✽❪ ♦❜s❡r✈♦✉ q✉❡ ♦ ❢❛t♦r x − u ♥ã♦ ❞❡s❡♠♣❡♥❤❛ ♥❡♥❤✉♠ ♣❛♣❡❧ ♥❛
❞❡♠♦♥str❛çã♦ ❛❝✐♠❛✳ ❊♥tã♦✱ ❡❧❡ ❝♦♥s✐❞❡r♦✉ ♣r♦❜❧❡♠❛s ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠❛ ❢✉♥çã♦
η : D ×D → R

n s❛t✐s❢❛③❡♥❞♦

f(x) − f(u) ≥ ∇f(u)Tη(x, u),

gi(x) − gi(u) ≥ ∇g(u)Tη(x, u), i ∈ I(u),

♣❛r❛ t♦❞♦s x, u ∈ D✱ ❡ ♠♦str♦✉ q✉❡ t❛✐s ♣r♦❜❧❡♠❛s t❛♠❜é♠ ♣♦ss✉❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡
q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳ ❊st❡s ♣r♦❜❧❡♠❛s sã♦ ❝❤❛♠❛❞♦s ❞❡
♣r♦❜❧❡♠❛s ✐♥✈❡①♦s✳

❙❡ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ❢♦r❡♠ tr♦❝❛❞❛s ♣♦r

∇f(u)Tη(x, u) ⇒ f(x) ≥ f(u),

gi(x) ≤ gi(u) ⇒ ∇gi(u)
Tη(x, u), i ∈ I(u),

❛ ♣r♦♣r✐❡❞❛❞❡ ❝♦♥t✐♥✉❛ ✈á❧✐❞❛✱ ❝♦♠♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞♦✳ ❊st❛s ❝♦♥❞✐çõ❡s s✐❣♥✐✜✲
❝❛♠ q✉❡ f é ♣s❡✉❞♦✐♥✈❡①❛ ❡ q✉❡ gi é q✉❛s✐♥✈❡①❛✱ ♣❛r❛ ❝❛❞❛ i ∈ I(u)✱ q✉❡ sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s
❞❡ ✐♥✈❡①✐❞❛❞❡✳

❊♠ ❬✷✸❪✱ ▼❛rt✐♥ ❢❡③ ❛s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✱ ❞✉❛s
❞❛s q✉❛✐s sã♦ ❝✐t❛❞❛s ❛ s❡❣✉✐r✳ ❆ ♣r✐♠❡✐r❛ é q✉❡ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ s❡♠ r❡str✐çõ❡s✱ ✐♥✈❡①✐❞❛❞❡
é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✈❛❧❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦
é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ x, u ∈ D✳ ❙❡ f(x) ≥ f(u)✱ t♦♠❡ η(x, u) = 0✳ ❙❡
f(x) < f(u)✱ t♦♠❡ η(x, u) = [f(x) − f(u)]‖∇f(u)‖−2∇f(u)✳ ❆ss✐♠✱

f(x) − f(u) ≥ ∇f(u) · η(x, u) ∀ x, u ∈ D.

■st♦ ♠♦str❛ q✉❡✱ ♣❛r❛ ♣r♦❜❧❡♠❛s s❡♠ r❡str✐çõ❡s✱ ✐♥✈❡①✐❞❛❞❡ ♥ã♦ ❞❡✈❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛
❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ❢♦rt❡ ♣❛r❛ ✈❛❧❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❝✐t❛❞❛ ❛❝✐♠❛✱ ♠❛s s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦
✉♠❛ ♠❛♥❡✐r❛ ❞✐❢❡r❡♥t❡ ❞❡ ❡♥✉♥❝✐❛r ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳ ◆❛ ✈❡r❞❛❞❡ sã♦ ❝♦✐s❛s ❡q✉✐✈❛❧❡♥t❡s✳

❆ s❡❣✉♥❞❛ ♦❜s❡r✈❛çã♦ é q✉❡ ❛♦ ❡①❛♠✐♥❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❍❛♥s♦♥ ❞❡ q✉❡ ✐♥✈❡①✐❞❛❞❡ é
✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❛❧❡r t❛❧ ♣r♦♣r✐❡❞❛❞❡✱ ♠❛s ❝♦♠ ✏♥❡❝❡ss✐❞❛❞❡✑ ❡♠ ♠❡♥t❡✱ ✈❡♠♦s
q✉❡✱ ❡♠ r❡❧❛çã♦ às r❡str✐çõ❡s✱ ❤á ♦ q✉❡ ▼❛rt✐♥ ❝❤❛♠♦✉ ❞❡ s✉r♣❧✉s ❢❛t ✭❣♦r❞✉r❛ ❡①❝❡❞❡♥t❡✱
❡♠ ♣♦rt✉❣✉ês✮ ♥❛ ❞❡✜♥✐çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✳ ▼❛rt✐♥✱ ❡♥tã♦✱ r❡t✐r♦✉ ❡st❛ ✏❣♦r❞✉r❛ ❡①❝❡❞❡♥t❡✑
❡ ✐♥tr♦❞✉③✐✉ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P✮✳ ❑❚✲✐♥✈❡①✐❞❛❞❡ é✱ ❞❡st❡ ♠♦❞♦✱
✉♠❛ r❡❧❛①❛çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡ q✉❡✱ ❛❧é♠ ❞❡ s❡r ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❛❧❡r ❛ ♣r♦✲
♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ✭♦✉ ♣♦♥t♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✮ é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✱ é
t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ t❛❧✳ ❆ss✐♠✱ ♥♦ ♣r♦❜❧❡♠❛ ✭P✮ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦
é ✉♠ ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ ✭P✮ é ❑❚✲✐♥✈❡①♦✳ ❑❚✲✐♥✈❡①✐❞❛❞❡ ✈❡♠ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡✱ ❡ ❞✐③❡♠♦s q✉❡ ✭P✮ é ❑❚✲✐♥✈❡①♦ s❡ ❡①✐st✐r ✉♠❛ ❢✉♥çã♦ η : D × D → R

n

s❛t✐s❢❛③❡♥❞♦
f(x) − f(u) ≥ ∇f(u) · η(x, u),
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0 ≥ ∇gi(u) · η(x, u), i = 1, 2, . . . ,m,

♣❛r❛ t♦❞❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s x, u ❞❡ ✭P✮✱ ♦✉ s❡❥❛✱ ♣❛r❛ x, u ∈ {x ∈ D : gi(x) ≤ 0, i =
1, . . . ,m}✳

❖ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ ♠♦str❛ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r ♠❛✐s ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s
♦♥❞❡ ❛ ♣r♦♣r✐❡❞❛❞❡ é ✈á❧✐❞❛✱ ❥á q✉❡ ❛ ❑❚✲✐♥✈❡①✐❞❛❞❡ é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛
❛ ✈❛❧✐❞❛❞❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡✳ P♦rt❛♥t♦ ❛ ♠❛✐♦r ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♦♥❞❡ ✈❛❧❡ ❛ ♣r♦♣r✐❡❞❛❞❡ é
❛ ❝❧❛ss❡ ❞♦s ♣r♦❜❧❡♠❛s ❑❚✲✐♥✈❡①♦s✳

❊st❡ ú❧t✐♠♦ t✐♣♦ ❞❡ ✐♥✈❡①✐❞❛❞❡ ❡ ♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥ s❡rã♦ ♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t♦s ❞❡st❛
t❡s❡✳ ❊❧❡s s❡rã♦ ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱
♥♦♠❡❛❞❛♠❡♥t❡✱ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❡ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s ♠❛✐s ❞♦✐s ❡①❡♠♣❧♦s✳ ❖ Pr✐♠❡✐r♦ é ❞❡ ✉♠ ♣r♦❜❧❡♠❛
♥ã♦✲❝♦♥✈❡①♦ ♠❛s ✐♥✈❡①♦✳ ❖ s❡❣✉♥❞♦ é ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❑❚✲✐♥✈❡①♦ ♠❛s ♥ã♦ ✐♥✈❡①♦✳

❊①❡♠♣❧♦s✿

✶✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r x1 − s❡♥x2

s✉❥❡✐t♦ ❛ s❡♥x1 − 4s❡♥x2 ≤ 0,

2s❡♥x1 + 7s❡♥x2 + x1 − 6 ≤ 0,

2x1 + 2x2 − 3 ≤ 0,

4x2
1 + 4x2

2 − 9 ≤ 0,

−s❡♥x1 ≤ 0,

−s❡♥x2 ≤ 0,

(x1, x2) ∈ R
2.

❊st❡ ♣r♦❜❧❡♠❛ ❝❧❛r❛♠❡♥t❡ ♥ã♦ é ❝♦♥✈❡①♦✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❡ é ✐♥✈❡①♦ ❝♦♠

η(x, y) =

(

s❡♥x1 − s❡♥ y1

cos y1

,
s❡♥x2 − s❡♥ y2

cos y2

)

,

♦♥❞❡ x = (x1, x2) ❡ y = (y1, y2)✳

✷✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r f(x) = − exp(−x)

s✉❥❡✐t♦ ❛ g(x) = −x ≤ 0.
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❚♦♠❡ λ = 1✳ ❊♥tã♦ f ′(0) +λg′(0) = 0✱ ❞❡ ♠♦❞♦ q✉❡ u = 0 é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✳ ➱
❢á❝✐❧ ✈❡r q✉❡ u = 0 é ♠í♥✐♠♦ ❣❧♦❜❛❧✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ♦✉tr♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦
x 6= 0✳ ❊♥tã♦ ❡①✐st❡ λ ≥ 0 t❛❧ q✉❡

f ′(x) + λg′(x) = exp(−x) − λ = 0,

λg(x) = −λx = 0.

❉❡ λx = 0 ❡ x 6= 0 s❡❣✉❡ q✉❡ λ = 0✱ ❞♦♥❞❡ exp(−x) = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦
t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ é ♠✐♥✐♠✐③❛❞♦r ❣❧♦❜❛❧✳ ❆ss✐♠✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ▼❛rt✐♥✱ ♦
♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ é ✐♥✈❡①♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦
η : R × R → R t❛❧ q✉❡

− exp(−x) + exp(−u) = f(x) − f(u) ≥ f ′(u)η(x, u) = exp(−u)η(x, u),

−x+ u = g(x) − g(u) ≥ g′(u)η(x, u) = −η(x, u),

♣❛r❛ t♦❞♦s x, u ∈ D✳ ❉❛í

f(x) − f(u) − f ′(x)(x− u) = − exp(−x) + exp(−u) − exp(−u)(x− u)

≥ − exp(−x) + exp(−u) − exp(−u)η(x, u)

≥ 0 ∀ x, u ∈ D.

▼❛s✱ ❝❧❛r❛♠❡♥t❡ f ♥ã♦ é ❝♦♥✈❡①❛✳ ▲♦❣♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
P♦rt❛♥t♦ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ é ✐♥✈❡①♦✳
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Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ■♥✜♥✐t❛

✶✳✶ ◆♦t❛çõ❡s ✫ ❍✐♣ót❡s❡s

◆❡st❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ t❡s❡ s❡rã♦ ❡st✉❞❛❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ❞❛❞♦s ♥❛
❢♦r♠❛ ❛❜❛✐①♦✿

▼✐♥✐♠✐③❛r f(x) = (f1(x), . . . , fp(x))
s✉❥❡✐t♦ ❛ gα(x) ≤ 0, α ∈ A,

hβ(x) = 0, β ∈ B,

♦♥❞❡ f, gα, hβ : X → R ♣❛r❛ α ∈ A ❡ β ∈ B, X é ✉♠ ❡s♣❛ç♦ r❡❛❧ ❞❡ ❇❛♥❛❝❤ ❡ A ❡ B sã♦ ♦s
❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s✳ ●❡r❛❧♠❡♥t❡✱ A ❡ B sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❡s♣❛ç♦s ❊✉❝❧✐❞✐❛♥♦s✳

◆♦ ❈❛♣ít✉❧♦ ✸ é ❛❜♦r❞❛❞♦ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ♥♦ ❝❛s♦ ♠♦♥♦✲♦❜❥❡t✐✈♦✱ ♦✉ s❡❥❛✱ ❝♦♠ p =
1✳ ❖ ❝❛s♦ ❣❡r❛❧✱ ✐st♦ é✱ ♦ ❝❛s♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✱ é ❛❜♦r❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ❖ ❈❛♣ít✉❧♦
✷ é ❞❡❞✐❝❛❞♦ à ❡①♣♦s✐çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪✱ ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛s
❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s✱ ❡ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛✱ ♥❡❝❡ssár✐♦ ❡♠ ❛❧❣✉♠❛s
❞❡♠♦♥str❛çõ❡s ♥♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✳

❆❜❛✐①♦ t❡♠♦s ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❤✐♣ót❡s❡s q✉❡ s❡rã♦ ✉s❛❞❛s ♥♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✳
❍✐♣ót❡s❡s✿

✭❍✶✮ f, gα, α ∈ A✱ ❡ hβ, β ∈ B✱ sã♦ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s❀

✭❍✷✮ f ❡ gα, α ∈ A✱ sã♦ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ hβ, β ∈ B✱ sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❋ré❝❤❡t
❞✐❢❡r❡♥❝✐á✈❡✐s❀

✭❍✸✮ f, gα, α ∈ A✱ ❡ hβ, β ∈ B✱ sã♦ ❞✉❛s ✈❡③❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s❀

✭❍✹✮ α 7→ gα(x), α 7→ g′α(x)d, β 7→ hβ(x) ❡ β 7→ h′β(x)d sã♦ ❝♦♥tí♥✉❛s ♣❛r❛ t♦❞♦s x, d,∈ X❀

✶✺
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✭❍✺✮ α 7→ gα(x), α 7→ g′α(x)d, α 7→ g′′α(x)(d, z), β 7→ hβ(x), β 7→ h′β(x)d ❡ β 7→ h′′β(x)(d, z)
sã♦ ❝♦♥tí♥✉❛s ♣❛r❛ t♦❞♦s x, d, z ∈ X❀

❊♠ ✭❍✹✮ ❡ ✭❍✺✮✱ ♦ ❛♣óstr♦❢❡ ✏ ✬ ✑ ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ à x✱ ❡ ♥ã♦ ❡♠ r❡❧❛çã♦ à
α ♦✉ β✳

❱❛♠♦s s✉♣♦r ❡♠ t♦❞❛ ❡st❛ ♣❛rt❡ q✉❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s A ❡ B sã♦ ❡s♣❛ç♦s ❞❡
❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦s✳ ❉❡♥♦t❡♠♦s ♣♦r M(A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥
❞❡✜♥✐❞❛s ❡♠ A ❡ ♣♦r M(B) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ ❞❡✜♥✐❞❛s ❡♠ B✳

❉❡♥♦t❡♠♦s ♣♦r C(A) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡✜♥✐❞❛s ❡♠ A ❡q✉✐♣❛❞♦ ❝♦♠ ❛
♥♦r♠❛ ❞♦ s✉♣r❡♠♦ ❡ ♣♦r C(B) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ B ❝♦♠ ❛ ♥♦r♠❛ ❞♦ s✉♣r❡♠♦✳

❉❡♥♦t❡♠♦s ♣♦r F ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞♦ ♣r♦❜❧❡♠❛✿

F = {x ∈ X : gα(x) ≤ 0, α ∈ A, hβ(x) = 0, β ∈ B}.

❉❛❞♦ x̄ ∈ F✱ ❞❡♥♦t❡♠♦s ♣♦r A(x̄) ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s r❡str✐çõ❡s ❛t✐✈❛s ❡♠ x̄✿

A(x̄) = {α ∈ A : gα(x̄) = 0}.

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡❧ f : X → R

é ✐♥✈❡①❛ ❡♠ x̄ ∈ X s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : X ×X → X t❛❧ q✉❡

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄) ∀ x ∈ X.

❉✐③❡♠♦s q✉❡ f é ✐♥✈❡①❛ s❡ f é ✐♥✈❡①❛ ❡♠ ❝❛❞❛ x̄ ∈ X✳ ❉✐③❡♠♦s q✉❡ f é ❡str✐t❛♠❡♥t❡ ✐♥✈❡①❛
❡♠ x̄ ∈ X s❡ ❡①✐st❡ η : X ×X → X t❛❧ q✉❡

f(x) − f(x̄) > f ′(x̄)η(x, x̄) ∀ x ∈ X, x 6= x̄.

❉✐③❡♠♦s q✉❡ f é ❡str✐t❛♠❡♥t❡ ✐♥✈❡①❛ s❡ f é ❡str✐t❛♠❡♥t❡ ✐♥✈❡①❛ ❡♠ ❝❛❞❛ x̄ ∈ X✳

✶✳✷ ❆♣❧✐❝❛çõ❡s

◆❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳

❆♥á❧✐s❡ ❞❡ ❊st❛❜✐❧✐❞❛❞❡

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦✲❧✐♥❡❛r

▼✐♥✐♠✐③❛r f(x)
s✉❥❡✐t♦ ❛ gi(x) ≤ 0, i = 1, . . . ,m,

x ∈ R
n.
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❊♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s é ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ♣❡rt✉r❜❛çõ❡s ♥❛s r❡str✐✲
çõ❡s✳ ■st♦ é ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❡♠ ♣r♦❜❧❡♠❛s r❡❛✐s✱ ♠✉✐t❛s ✈❡③❡s✱ ❛s r❡str✐çõ❡s sã♦ ♦❜t✐❞❛s
❛tr❛✈és ❞❡ ♠❡❞✐çõ❡s✱ q✉❡ ❡stã♦ s✉❥❡✐t❛s ❛ ❡rr♦s✳

❖ ♣r♦❜❧❡♠❛ ❝♦♠ ♣❡rt✉r❜❛çõ❡s ♥❛s r❡str✐çõ❡s é ❞❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

▼✐♥✐♠✐③❛r f(x)
s✉❥❡✐t♦ ❛ gi(x, λ) ≤ 0, i = 1, . . . ,m, λ ∈ [0, 1],

x ∈ R
n,

♦♥❞❡ gi(x, 0) = gi(x), i = 1, . . . ,m, x ∈ R
n✳

❖ ♣r♦❜❧❡♠❛ ♣❡rt✉r❜❛❞♦ é ❝❧❛r❛♠❡♥t❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳ ❆ss✐♠✱ ❛
t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡ s❡r út✐❧ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡
♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦✲❧✐♥❡❛r✳

❊st❛tíst✐❝❛

❙❡rá ❡①♣♦st♦ ✉♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ♦ q✉❛❧ é ❜❡♠
❝♦♥❤❡❝✐❞♦ ❞❛ ❧✐t❡r❛t✉r❛ ❡st❛tíst✐❝❛✳ ❊st❡ ♣r♦❜❧❡♠❛ ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠ ❡①❡♠♣❧♦ ❡♠ ❚❛♣✐❛ ❡
❚r♦ss❡t ❬✸✺❪✳

❖ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ♠✐♥✐♠✐③❛r ❛ ♠é❞✐❛ ✐♥t❡❣r❛❞❛ ❞♦ ❡rr♦ ❛♦ q✉❛❞r❛❞♦ ❞❡ ✉♠ ❡st✐✲
♠❛❞♦r ❞❡ ♥ú❝❧❡♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱

min
Kn∈L2(−∞,+∞)

E

∫ +∞

−∞

[

1

n

n
∑

i=1

Kn(x− χi) − δ(x)

]2

dx,

♦♥❞❡ χ1, . . . , χn sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞❛s ❝♦♠
❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ δ✳

❖ ♣r♦❜❧❡♠❛ ❛ss✐♠ ♣♦st♦ ♣♦❞❡ t❡r s♦❧✉çõ❡s q✉❡ ♥ã♦ sã♦ ♥ã♦✲♥❡❣❛t✐✈❛s ❡♠ t♦❞♦ ♣♦♥t♦✱ ♦
q✉❡ r❡s✉❧t❛ ❡♠ ❡st✐♠❛t✐✈❛s q✉❡ ♥ã♦ sã♦ ❞❡♥s✐❞❛❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ P❛r❛ ❝♦♥t♦r♥❛r ✐st♦✱
r❡✲❝♦❧♦❝❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❝♦♠♦

▼✐♥✐♠✐③❛r E

∫ +∞

−∞

[

1

n

n
∑

i=1

Kn(x− χi) − δ(x)

]2

dx

s✉❥❡✐t♦ ❛ Kn(x) ≥ 0 ∀ x ∈ (−∞,+∞),
∫ +∞

−∞

Kn(x)dx = 1,

Kn ∈ L2(−∞,+∞).

P♦❞❡♠♦s r❡❢♦r♠✉❧❛r ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✱ ❝♦♠♦
s❡❣✉❡✳
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❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1[α1, α2]✱ q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
{x : x(j) ∈ L2[α1, α2] ♣❛r❛ j = 0, 1} ❞♦t❛❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈x, y〉 = 〈x(0), y(0)〉L2[α1,α2] + 〈x(1), y(1)〉L2[α1,α2],

q✉❡ ♦ t♦r♥❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ♥❡st❡ ❡s♣❛ç♦ ❛s ❞❡r✐✈❛❞❛s sã♦ t♦♠❛❞❛s
♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳

❈♦♥s✐❞❡r❛♠♦s ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦✱ q✉❡ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✳

▼✐♥✐♠✐③❛r f(xn) = E

∫ +∞

−∞

[

1

n

n
∑

i=1

x̄n(α− χi) − δ(α)

]2

dα

s✉❥❡✐t♦ ❛ gα(xn) = xn(α) ≥ 0, α ∈ [α1, α2],

h(xn) =

∫ α2

α1

xn(α)dα− 1 = 0,

xn ∈ H1[α1, α2],

♦♥❞❡ x̄n ❞❡♥♦t❛ ❛ ❡①t❡♥sã♦ ❞❡ xn ❛ (−∞,+∞) ❞❛❞❛ ♣♦r x̄n(α) = 0 s❡ α /∈ [α1, α2]✱ ❡ ❛
❡s♣❡r❛♥ç❛ é t♦♠❛❞❛ ❡♠ r❡❧❛çã♦ às ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ✐❞❡♥t✐❝❛♠❡♥t❡ ❞✐s✲
tr✐❜✉í❞❛s χ1, . . . , χn ❝♦♠ ❢✉♥çã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ δ ∈ H1(−∞,+∞)✳ ◆♦t❡ q✉❡ s❡
δ ∈ H1(−∞,+∞)✱ ❡♥tã♦ ❛ r❡str✐çã♦ ❞❡ δ ❛ [α1, α2] é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ H1[α1, α2]✳ P❛r❛ ♠❛✐s
❞❡t❛❧❤❡s s♦❜r❡ ♦ ❡s♣❛ç♦ H1(−∞,+∞)✱ ♦ ❧❡✐t♦r ♣♦❞❡ ❝♦♥s✉❧t❛r ❚❛♣✐❛ ❡ ❚❤♦♠♣s♦♥ ❬✸✹❪✳

❊❝♦♥♦♠✐❛

❖ ♣r♦❜❧❡♠❛ ❛♣r❡s❡♥t❛❞♦ ❛q✉✐ é ✉♠ ♠♦❞❡❧♦ ❣❡r❛❧ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ ❡❝♦♥♦♠✐❛
❞❛❞♦ ❡♠ ❊❧✲❍♦❞✐r✐ ❬✶✸❪✳ ❊st❡ ♠♦❞❡❧♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠
t❡♠♣♦ ❝♦♥tí♥✉♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳

❈♦♥s✐❞❡r❡ ✉♠❛ ❡❝♦♥♦♠✐❛ ❝♦♠ n ❜❡♥s✱ m ♣r♦❝❡ss♦s ❞❡ ♣r♦❞✉çã♦✱ p ♣r♦❝❡ss♦s ❞❡ ✐♥✈❡s✲
t✐♠❡♥t♦ ❡ q ❝♦♥s✉♠✐❞♦r❡s✳ ❙❡❥❛ rij(t, uj(t)) ♦ r❡s✉❧t❛❞♦ ❡♠ t❡r♠♦s ❞♦ ❜❡♠ i✱ ❞♦ ♣r♦❝❡ss♦
♦♣❡r❛t✐✈♦ j ♥♦ ♥í✈❡❧ uj ♥♦ t❡♠♣♦ t✳ ◆❡st❡ ❡①❡♠♣❧♦ s❡rá ♠❛♥t✐❞❛ ❛ ❝♦♥✈❡♥çã♦ ❞❡ q✉❡ rij ≤ 0
s❡ ♦ ❜❡♠ i é ✉♠❛ ❡♥tr❛❞❛ ❞♦ ♣r♦❝❡ss♦ j ❡ rij > 0 s❡ ♦ ❜❡♠ i é ✉♠❛ s❛í❞❛ ❞♦ ♣r♦❝❡ss♦ j✳ ❆
♣r❡s❡♥ç❛ ❞❡ t ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❝♦♠♦ ❛r❣✉♠❡♥t♦ ❞❡ gij ✐♥❞✐❝❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♠✉❞❛♥ç❛s
t❡❝♥♦❧ó❣✐❝❛s✳ P♦r ♣r♦❝❡ss♦s ❞❡ ✐♥✈❡st✐♠❡♥t♦ ❡♥t❡♥❞❛ ❣r✉♣♦s ❞❡ ♣r♦❥❡t♦s ❞❡ ✐♥✈❡st✐♠❡♥t♦✳
❊❧❡s sã♦ ❞❡s❝r✐t♦s ♣♦r ♠❡✐♦ ❞❡ ❢✉♥çõ❡s r❡q✉❡r✐♠❡♥t♦ ❡ ❢✉♥çõ❡s ❛❞✐çã♦✲♣❛r❛✲❝❛♣❛❝✐❞❛❞❡✳

❙❡❥❛ sik(t, vk(t)) ♦ r❡q✉❡r✐♠❡♥t♦ ❡♠ t❡r♠♦s ❞♦ ❜❡♠ i✱ q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ k é ♦♣❡r❛❞♦ ♥♦
♥í✈❡❧ vk ♥♦ t❡♠♣♦ t✱ ❡ s❡❥❛ Skj(t, vk) ❛ ❛❞✐çã♦ ❜r✉t❛ à ❝❛♣❛❝✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ ❞❡ ♣r♦❞✉çã♦
j q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ✐♥✈❡st✐♠❡♥t♦ k é ♦♣❡r❛❞♦ ♥♦ ♥í✈❡❧ vk ♥♦ t❡♠♣♦ t✳ ❆ ❝❛♣❛❝✐❞❛❞❡ ❞❡
✉♠ ♣r♦❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✱ zj(t)✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ♦ ♥í✈❡❧ ♠á①✐♠♦ ♥♦ q✉❛❧ ♦ ♣r♦❝❡ss♦
♣♦❞❡ s❡r ♦♣❡r❛❞♦✳ ❉❡♥♦t❡ ♦ ❝♦♥s✉♠♦ ❞♦ ❜❡♠ i ♥♦ t❡♠♣♦ t ♣❡❧♦ ❝♦♥s✉♠✐❞♦r l ♣♦r cli(t)✱ ❡ s❡❥❛
ci(t) = (c1i (t), . . . , c

q
i (t))✳ ❙✉♣♦♥❤❛ q✉❡ t♦❞♦s ♦s ♣❡rí♦❞♦s ❞❡ ♣❧❛♥❡❥❛♠❡♥t♦ ❞♦s r❡s♣♦♥sá✈❡✐s
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♣❡❧❛s ❞❡❝✐sõ❡s s❡❥❛♠ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [0, T ]✳ ❆ t❛①❛ ❞❡ ♠✉❞❛♥ç❛ ♥❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡
♣r♦❞✉çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ j é ❞❛❞♦ ♣♦r

żj(t) =
∑

k

Skj(t, vk(t)) − αjzj(t), j = 1, . . . ,m,

♦♥❞❡ αj é ❛ t❛①❛ ✭❝♦♥st❛♥t❡✮ ❞❡ ❞❡♣r❡❝✐❛çã♦ ♥❛ ❝❛♣❛❝✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ j✳ ❙❡❥❛♠ z(0) =
(z1(0), . . . , zm(0)) = z0 ✉♠❛ ❝❛♣❛❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡ z(T ) = (z1(T ), . . . , zm(T )) = zT ✉♠❛ ❝❛✲
♣❛❝✐❞❛❞❡ t❡r♠✐♥❛❧✳ ❉❡♥♦t❡♠♦s ♣♦r Z0 ❡ Z1 ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝❛♣❛❝✐❞❛❞❡s ✐♥✐❝✐❛❧ ❡ t❡r♠✐♥❛❧✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ Z1 r❡♣r❡s❡♥t❛ ❛s ♠❡t❛s ❞♦ ♣❧❛♥♦✳

❙❡❥❛ φl(t, cl(t)) ❛ ❢✉♥çã♦ ✉t✐❧✐❞❛❞❡ ✐♥st❛♥tâ♥❡❛ ❞♦ ❝♦♥s✉♠✐❞♦r l✱ ♦♥❞❡ cl = (cl1, . . . , c
l
n)✳

❙✉♣♦♥❤❛ q✉❡ ♦ ♣❡❞✐❞♦ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ❝♦♥s✉♠♦ ❞♦ ❝♦♥s✉♠✐❞♦r l s❡❥❛ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦
❢✉♥❝✐♦♥❛❧

I(cl) =

∫ T

0

φl(t, cl(t))dt.

❖ ♣r♦❜❧❡♠❛ é ❡♥tã♦ ♣♦st♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

▼❛①✐♠✐③❛r

(
∫ T

0

φ1(t, c1(t))dt, . . . ,

∫ T

0

φq(t, cq(t))

)

s✉❥❡✐t♦ ❛ żj(t) =
∑

k

Skj(t, vk(t)) − αjzj(t), t ∈ [0, T ], j = 1, . . . ,m,

∑

j

rij(t, uj(t)) −
∑

k

sik(t, vk(t)) −
∑

l

cli(t) ≥ 0, t ∈ [0, T ], i = 1, . . . , n,

uj(t) ≤ zj(t), t ∈ [0, T ], j = 1, . . . ,m,

ci(t) ≥ 0, i = 1, . . . , n, vj(t) ≥ 0, uj(t) ≥ 0, j = 1, . . . ,m, t ∈ [0, T ],

z0 ∈ Z0, z1 ∈ Z1.

❆ ♣r✐♠❡✐r❛ r❡str✐çã♦✱ ❝♦♠♦ ❥á ❢♦✐ ❞✐t♦ ❛❝✐♠❛✱ r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ♠✉❞❛♥ç❛ ♥❛ ❝❛♣❛❝✐❞❛❞❡
❞♦ ♣r♦❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✳ ❆ s❡❣✉♥❞❛ r❡str✐çã♦ s✐❣♥✐✜❝❛ q✉❡ ♥❡♥❤✉♠ ❜❡♠ é ✉s❛❞♦ ❛❧é♠ ❞♦ q✉❡
❡stá ❞✐s♣♦♥í✈❡❧✱ ❛ t❡r❝❡✐r❛ q✉❡r ❞✐③❡r q✉❡ ♥❡♥❤✉♠ ♣r♦❝❡ss♦ é ♦♣❡r❛❞♦ ❛❧é♠ ❞❡ s✉❛ ❝❛♣❛❝✐❞❛❞❡
❡ ❛ q✉❛rt❛ ❞✐③ q✉❡ ♦ ❝♦♥s✉♠♦ ❡ ♦s ♥í✈❡✐s ❞❡ ♣r♦❝❡ss♦s ♥✉♥❝❛ sã♦ ♥❡❣❛t✐✈♦s✳

❆s r❡str✐çõ❡s ❛❝✐♠❛ ♣♦❞❡♠ s❡r ✐♥❞❡①❛❞❛s ✉s❛♥❞♦✲s❡ t ❝♦♠♦ í♥❞✐❝❡✳ P♦r ❡①❡♠♣❧♦✱ ❡♠
r❡❧❛çã♦ à ♣r✐♠❡✐r❛ r❡str✐çã♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

gj
t (v, z) = żj(t) −

∑

k

Skj(t, vk(t)) + αjzj(t), t ∈ [0, T ], j = 1, . . . ,m.

❉❡st❡ ♠♦❞♦✱ ❡st❡ ♣r♦❜❧❡♠❛ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳
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Pr♦❜❧❡♠❛s ❞❡ ❖t✐♠✐③❛çã♦ ❆❜str❛t♦s

◆❡st❡ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞♦✱ ❞❡ ❢♦r♠❛ ❝♦♥❝✐s❛✱ ❛ t❡♦r✐❛ ❞❡ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛
♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❛❜str❛t♦s✱ ❞❛❞❛ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❡♠ ❬✹❪✳ ❊st❛ t❡♦r✐❛ s❡rá ✉s❛❞❛
♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛ ❛ss✐♠ ❝♦♠♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❝♦♥❞✐çõ❡s
♥❡❝❡ssár✐❛s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛ ♠♦♥♦ ❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦s✳
❖ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛ s❡rá út✐❧ ❡♠ ❞❡♠♦♥str❛çõ❡s ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✷✳✶ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡

◆♦ q✉❡ s❡❣✉❡✱ é ❛♣r❡s❡♥t❛❞❛ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪ s♦❜r❡ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡
♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s ♣❛r❛ ♣r♦❜❧❡♠❛s ❡①tr❡♠♦s✱ ♦✉ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❛❜str❛t♦s✳

❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❡st✉❞❛r❛♠ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

▼✐♥✐♠✐③❛r F (y)
s✉❥❡✐t♦ ❛ G(y) ∈ −K,

H(y) = 0,







✭P✮

♦♥❞❡ F : Y → U, G : Y → V ❡ H : Y → W sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✱ Y, U, V ❡ W sã♦
❡s♣❛ç♦s ✈❡t♦r✐❛✐s t♦♣♦❧ó❣✐❝♦s r❡❛✐s✱ K é ✉♠ ❝♦♥❡ ❝♦♥✈❡①♦ ❡♠ V ❝♦♠ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦ ❡ U
é ♦r❞❡♥❛❞♦ ♣♦r ✉♠ ❝♦♥❡ ♣ró♣r✐♦ C ❝♦♠ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦✳

❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦Q ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦E✱ ♦ ✐♥t❡r✐♦r ❞❡Q s❡rá ❞❡♥♦t❛❞♦
♣♦r ✐♥t(Q) ❡ ♦ ❢❡❝❤♦ ❞❡ Q ♣♦r ❝❧(Q)✳ ❙❡ Q ❢♦r ✉♠ ❝♦♥❡ ♣ró♣r✐♦ ❝♦♠ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦✱
s❡❣✉✐♥❞♦ ❛ ❝♦♥✈❡♥çã♦ ✉s✉❛❧✱ ❡s❝r❡✈❡♠♦s u1 ≥ u2 q✉❛♥❞♦ u1 − u2 ∈ Q ❡ u1 > u2 q✉❛♥❞♦
u1 − u2 ∈ ✐♥t(Q)✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❉✐③❡♠♦s q✉❡ y ∈ Y é ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ ❞❡ ✭P✮ s❡ G(y) ∈ −K ❡ H(y) = 0✳

✷✶
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❉❡✜♥✐çã♦ ✷✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ ȳ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭P✮ s❡

F (y) /∈ F (ȳ) − ✐♥t(C)

♣❛r❛ t♦❞❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ y✳

◆♦ Pr♦❜❧❡♠❛ ✭P✮✱ s❡ U = R ❡ C = R+ = {λ ∈ R : λ ≥ 0}✱ ❡♥tã♦ ✉♠❛ s♦❧✉çã♦ ót✐♠❛
♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷ ❝♦✐♥❝✐❞❡ ❝♦♠ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ♥♦ s❡♥t✐❞♦ ✉s✉❛❧ ❞❛ ♦t✐♠✐③❛çã♦✳
❉❡ ❢❛t♦✱ F (y) /∈ F (ȳ) − ✐♥t(C) é ❡q✉✐✈❛❧❡♥t❡ ❛ F (y) − F (ȳ) /∈ −✐♥t(C) = {λ ∈ R : λ < 0}✱
♦✉ s❡❥❛✱ F (y) − F (ȳ) ≥ 0✳

❆s ❞❡✜♥✐çõ❡s ✷✳✸✱ ✷✳✹ ❡ ✷✳✺ ❛❜❛✐①♦ sã♦ ❞❡✈✐❞❛s ❛ ●✐rs❛♥♦✈ ❬✶✻❪✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❉✐③❡♠♦s q✉❡ d ∈ Y é ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❞❡ F ❡♠ ȳ ∈ Y s❡ ❡①✐st❡♠
❡s❝❛❧❛r❡s a < 0 ❡ T > 0 ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N(d) ❞❡ d t❛✐s q✉❡

F (ȳ + td̄) ≤ F (ȳ) + ta ∀ d̄ ∈ N(d), 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛ ❞❡ F ❡♠ ȳ é ✉♠ ❝♦♥❡ ❛❜❡rt♦✱ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r
D<

F (ȳ)✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❉✐③❡♠♦s q✉❡ d ∈ Y é ✉♠❛ ❞✐r❡çã♦ ❢❛❝tí✈❡❧ ❞❡ G ❡♠ ȳ ∈ Y s❡ ❡①✐st❡♠ ✉♠
❡s❝❛❧❛r T > 0 ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N(d) ❞❡ d t❛✐s q✉❡

G(ȳ + td̄) ∈ −K ∀ d̄ ∈ N(d), 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❞❡ G ❡♠ ȳ é ✉♠ ❝♦♥❡ ❛❜❡rt♦✱ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r
D<

G(ȳ)✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❉✐③❡♠♦s q✉❡ d ∈ Y é ✉♠❛ ❞✐r❡çã♦ t❛♥❣❡♥t❡ ❞❡ H ❡♠ ȳ ∈ Y s❡ ❡①✐st❡♠ ✉♠❛
❢✉♥çã♦ r( · ) : (0,∞) → Y ❡ T > 0 t❛✐s q✉❡

H(ȳ + td+ r(t)) = 0, 0 < t ≤ T,

❡ r( · ) é t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ N ❞❛ ♦r✐❣❡♠ ❡♠ Y ❡①✐st❡ T1 > 0 ❝♦♠

r(t)

t2
∈ N, 0 < t ≤ T1.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡s ❞❡ H ❡♠ ȳ é ✉♠ ❝♦♥❡✱ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r TH(ȳ)✳

❆s ❞❡✜♥✐çõ❡s ❛ s❡❣✉✐r sã♦ ❞❡✈✐❞❛s ❛ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❉✐③❡♠♦s q✉❡ d ∈ Y é ✉♠❛ ❞✐r❡çã♦ ❞❡ q✉❛s✐❞❡s❝✐❞❛ ❞❡ F ❡♠ ȳ ∈ Y s❡ ♣❛r❛
t♦❞♦ u ∈ ✐♥t(C) ❡①✐st❡ T > 0 t❛❧ q✉❡

F (ȳ + td) ≤ F (ȳ) + tu, 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❞❡ q✉❛s✐❞❡s❝✐❞❛ ❞❡ F ❡♠ ȳ é ✉♠ ❝♦♥❡✱ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r
DF (ȳ)✳
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❉❡✜♥✐çã♦ ✷✳✼✳ ❉✐③❡♠♦s q✉❡ d ∈ Y é ✉♠❛ ❞✐r❡çã♦ q✉❛s✐❢❛❝tí✈❡❧ ❞❡ G ❡♠ ȳ ∈ Y s❡ ♣❛r❛ t♦❞♦
v ∈ ✐♥t(K) ❡①✐st❡ T > 0 t❛❧ q✉❡

G(ȳ + td) ∈ −K + tv, 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s q✉❛s✐❢❛❝tí✈❡✐s ❞❡ G ❡♠ ȳ é ✉♠ ❝♦♥❡✱ q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r
DG(ȳ)✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❉✐③❡♠♦s q✉❡ z ∈ Y é ✉♠❛ ❞✐r❡çã♦ ❞❡ ❞❡s❝✐❞❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ F ❡♠
ȳ ∈ Y ❡♠ r❡❧❛çã♦ ❛ ✉♠ ❞❛❞♦ d ∈ Y s❡ ❡①✐st❡ u ∈ ✐♥t(C)✱ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N(z) ❞❡ z ❡ T > 0
t❛✐s q✉❡

F (ȳ + td+ t2z̄) ≤ F (ȳ) − t2u ∀ z̄ ∈ N(z), 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ F ❡♠ ȳ ❡♠ r❡❧❛çã♦ ❛ d é
✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ é ❞❡♥♦t❛❞♦ ♣♦r QF (ȳ, d)✳

❉❡✜♥✐çã♦ ✷✳✾✳ ❉✐③❡♠♦s q✉❡ z ∈ Y é ✉♠❛ ❞✐r❡çã♦ ❢❛❝tí✈❡❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ G ❡♠ ȳ ∈ Y
❡♠ r❡❧❛çã♦ ❛ d ∈ Y s❡ ❡①✐st❡ v ∈ ✐♥t(K)✱ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N(z) ❞❡ z ❡ T > 0 t❛✐s q✉❡

G(ȳ + td+ t2z̄) ∈ −K − t2v ∀ z̄ ∈ N(z), 0 < t ≤ T.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ G ❡♠ ȳ ❡♠ r❡❧❛çã♦ ❛ d é ✉♠
❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ é ❞❡♥♦t❛❞♦ ♣♦r QG(ȳ, d)✳

◆♦t❡ q✉❡ QF (ȳ, 0) ❡ QG(ȳ, 0) ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♦s ❝♦♥❡s ❞❡ ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛ ✭❞❡ ♣r✐♠❡✐r❛
♦r❞❡♠✮ ❞❡ F ❡♠ ȳ ❡ ❞❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ✭❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✮ ❞❡ G ❡♠ ȳ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❞❛❞♦s ♥❛s ❞❡✜♥✐çõ❡s ✷✳✸ ❡ ✷✳✹ ❛❝✐♠❛✳ ❆❞❡♠❛✐s✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♣❛r❛ d ∈ D<

F (y) =
QF (y, 0) t❡♠✲s❡ QF (y, d) = X ❡ ♣❛r❛ d ∈ D<

G(y) = QG(y, 0) t❡♠✲s❡ QG(y, d) = X✳
❆ss✐♠✱ ♥❛ t❡♦r✐❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ é ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ♦s ❝♦♥❥✉♥t♦s ❞❡ s❡❣✉♥❞❛

♦r❞❡♠ QF (ȳ, d) ✭❡ QG(ȳ, d)✮ ♣❛r❛ d ♣❡rt❡♥❝❡♥t❡ ❛ DF (ȳ) ✭DG(ȳ)✮ ♠❛s ♥ã♦ ❛ D<
F (ȳ) ✭D<

G(ȳ)✮✳
❖ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s ❞✐r❡çõ❡s✱ ❞❡♥♦t❛❞♦ ♣♦r D=

F (ȳ)✱ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❡ ❝rít✐❝♦ ❞❡ F ❡♠ ȳ✿

D=
F (ȳ) = DF (ȳ) \D<

F (ȳ).

❆♥❛❧♦❣❛♠❡♥t❡ ❞❡✜♥❡✲s❡
D=

G(ȳ) = DG(ȳ) \D<
G(ȳ).

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❉✐③❡♠♦s q✉❡ z ∈ Y é ✉♠❛ ❞✐r❡çã♦ t❛♥❣❡♥t❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ H ❡♠
ȳ ∈ Y ❡♠ r❡❧❛çã♦ ❛ d ∈ Y s❡ ❡①✐st❡♠ ✉♠❛ ❢✉♥çã♦ r( · ) : (0,∞) → Y ❡ T > 0 t❛✐s q✉❡

H(ȳ + td+ t2z + r(t)) = 0, 0 < t ≤ T,

❡ r( · ) é t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ N ❞❛ ♦r✐❣❡♠ ❡♠ Y ❡①✐st❡ T1 > 0 ❝♦♠

r(t)

t2
∈ N, 0 < t ≤ T1.

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ H ❡♠ ȳ ❡♠ r❡❧❛çã♦ ❛ d é
❞❡♥♦t❛❞♦ ♣♦r VH(ȳ, d)✳
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◆♦t❡ q✉❡ VH(ȳ, 0) = TH(ȳ)✱ ✐st♦ é✱ VH(ȳ, 0) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❡ ❞❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡s
✭❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✮ ❞❡ H ❡♠ ȳ ❞❛❞♦ ♥❛ ❞❡✜♥✐çã♦ ✷✳✺✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❙❡❥❛ D ⊂ Y ✳ ❖ ❢✉♥❝✐♦♥❛❧ s✉♣♦rt❡ δ∗( · |D) : Y ∗ → R ∪ {±∞} ❛ss♦❝✐❛❞♦
❝♦♠ D é ❞❡✜♥✐❞♦ ❡♠ y∗ ∈ Y ∗ ♣♦r

δ∗(y∗|D) = sup
y∈D

y∗(y).

❙❡ D = ∅✱ ♣♦r ❝♦♥✈❡♥çã♦✱ δ∗( · |D) = −∞✳ ❖ ❞♦♠í♥✐♦ ❡❢❡t✐✈♦ ❞❡ δ∗( · |D)✱ ❞❡♥♦t❛❞♦ ♣♦r
Λ(D)✱ é ❞❡✜♥✐❞♦ ♣♦r

Λ(D) = {y∗ ∈ Y ∗ : δ∗(y∗|D) <∞}.

◗✉❛♥❞♦ D é ✉♠ ❝♦♥❡✱ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞♦ q✉❡

δ∗(y∗|D) =

{

0 s❡ y∗ ∈ Λ(D),
∞ ❝❛s♦ ❝♦♥trár✐♦,

❡ Λ(D) = −D+✱ ♦♥❞❡ D+ = {y∗ ∈ Y ∗ : y∗(y) ≥ 0 ∀ y ∈ D} é ♦ ❝♦♥❡ ❞✉❛❧ ✭♦✉ ♣♦❧❛r✮ ❞❡ D✳
❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦✱ ❞❡✈✐❞♦ ❛ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡✱ ❢♦r♥❡❝❡ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛

❡ s❡❣✉♥❞❛ ♦r❞❡♥s✳

❚❡♦r❡♠❛ ✷✳✶✷✳ ❙❡❥❛ ȳ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P✮✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦

d ∈ DF (ȳ) ∩DG(ȳ) ∩ TH(ȳ), ✭✷✳✶✮

t❛❧ q✉❡ QF (ȳ, d), QG(ȳ, d) ❡ VH(ȳ, d) sã♦ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡ ♥ã♦✲✈❛③✐♦s✱ ❝♦rr❡s♣♦♥❞❡♠
❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❡♠ Y

lF ∈ Λ(QF (ȳ, d)), lG ∈ Λ(QG(ȳ, d)), lH ∈ Λ(VH(ȳ, d)),

♥❡♠ t♦❞♦s ♥✉❧♦s✱ q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡

lF + lG + lH = 0 ✭✷✳✷✮

❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❡❣❡♥❞r❡

δ∗(lF |QF (ȳ, d)) + δ∗(lG|QG(ȳ, d)) + δ∗(lH |VH(ȳ, d)) ≤ 0. ✭✷✳✸✮

❖ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦ tr❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

❈♦r♦❧ár✐♦ ✷✳✶✸✳ ❙❡❥❛ ȳ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P✮✳ ❙✉♣♦♥❤❛ q✉❡ ♦s ❝♦♥❥✉♥t♦s D<
F (ȳ), D<

G(ȳ)
❡ VH(ȳ) sã♦ ❝♦♥✈❡①♦s✳ ❊♥tã♦ ❡①✐st❡♠ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❡♠ Y

lF ∈ D<
F (ȳ)+, lG ∈ D<

G(ȳ)+, lH ∈ T<
H (ȳ)+,

♥❡♠ t♦❞♦s ♥✉❧♦s✱ q✉❡ s❛t✐s❢❛③❡♠
lF + lG + lH = 0.
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❙♦❜ ❤✐♣ót❡s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ♦s ❝♦♥❥✉♥t♦s ✉s❛❞♦s ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♣♦❞❡♠ s❡r
❞❡s❝r✐t♦s ❡♠ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s ❛❞❡q✉❛❞❛✳ ◆♦s r❡s✉❧t❛❞♦s q✉❡ s❡❣✉❡♠✱ s❡rã♦ ✉t✐❧✐③❛❞❛s
❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s✳ ◆♦ ❝❛s♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❞✐r❡çõ❡s
t❛♥❣❡♥t❡s s❡rá ✉t✐❧✐③❛❞♦ ❛ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✳ ❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ F : Y → U ✱ ❛
❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ✭❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✮ ❞❡ F ❡♠ ȳ ∈ Y ♥❛ ❞✐r❡çã♦ d ∈ Y é ❞❛❞❛ ♣♦r

F ′(ȳ; d) = lim
ε ↓ 0

F (ȳ + εd) − F (ȳ)

ε
.

❆ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡ F é ❞❛❞❛ ♣♦r

F ′′(ȳ, d; z) = lim
ε ↓ 0

1

ε

[

F (ȳ + εd+ ε2z) − F (ȳ)

ε
− F ′(ȳ; d)

]

♣❛r❛ z ∈ X.

❆♥❛❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡ ❛s ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ♣❛r❛ G : Y → V ✳ ❙✉♣♦♥❤❛ q✉❡ W é ✉♠
❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❉✐③❡♠♦s q✉❡ H : Y → W é ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ȳ ∈ Y s❡ ❡①✐st❡
Λ ∈ L(Y,W ) t❛❧ q✉❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ȳ, H ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ s♦❜ ❛ ❢♦r♠❛

H(ȳ + h) = H(ȳ) + Λh+ o(h)‖h‖

♦♥❞❡ lim‖h‖→0 ‖o(h)‖ = ‖o(0)‖ = 0✳ Λ é ❝❤❛♠❛❞❛ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t ❞❛ ❛♣❧✐❝❛çã♦ H ❡♠ ȳ✱
❡ é ❞❡♥♦t❛❞❛ ♣♦r H ′(ȳ)✳ ❙❡ H é ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❝❛❞❛ ȳ ∈ Y ✱ ❡♥tã♦ H ′(ȳ) : Y →
L(Y,W ) q✉❡ ❛ ❝❛❞❛ ȳ ∈ Y ❛ss♦❝✐❛ ❛ ❛♣❧✐❝❛çã♦ H ′(ȳ) ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ❡ H ′′(ȳ) = (H ′)′(ȳ) ∈
L(Y,L(Y,W ))✳

Pr♦♣♦s✐çã♦ ✷✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ Y, U, V ❡ W sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡ s❡❥❛ ȳ ∈ Y ✳ ❙✉♣♦♥❤❛
q✉❡ F ′(ȳ; d), G′(ȳ; d), F ′′(ȳ, d; z) ❡ G′′(ȳ, d; z) ❡①✐st❡♠ ♣❛r❛ t♦❞❛s ❞✐r❡çõ❡s d, z ∈ Y ❡ q✉❡ H
é ❞✉❛s ✈❡③❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ȳ✳ ❊♥tã♦

✭✐✮ D<
F (ȳ) = {d ∈ Y : F ′(ȳ; d) < 0}❀

DF (ȳ) = {d ∈ Y : F ′(ȳ; d) ≤ 0}❀

❙❡ F ′(ȳ)d ≤ 0✱

QF (ȳ, d) = {z ∈ Y : F ′′(ȳ, d; z) + aF ′(ȳ; d) < 0, a ≥ 0};

✭✐✐✮ ❙❡ −G(ȳ) ∈ K✱

D<
G(ȳ) = {d ∈ Y : −G′(ȳ; d) ∈ ✐♥t(K + {aG(ȳ) : a ≥ 0})}

❡
DG(ȳ) = {d ∈ Y : −G′(ȳ; d) ∈ ❝❧(K + {aG(ȳ) : a ≥ 0})};

❙❡ −G(ȳ) ∈ K ❡ −G′(ȳ; d) ∈ {a(k +G(ȳ)) : k ∈ K, a ≥ 0}✱

QG(ȳ, d) = {z ∈ Y : −G′′(ȳ, d; z) ∈ ✐♥t(K)

+{aG(ȳ) + bG′(ȳ)d : a ≥ 0, b ≥ 0}};
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✭✐✐✐✮ ❙❡ Y ❡ W sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ H ′(ȳ) é s♦❜r❡❥❡t✐✈❛ ❡ H(ȳ) = 0✱

TH(ȳ) = {d ∈ Y : H ′(ȳ)d = 0}

❡

VH(ȳ, d) = {z ∈ Y : H ′(ȳ)z +
1

2
H ′′(ȳ)(d, d) = 0} ♣❛r❛ d ∈ TH(ȳ).

◗✉❛♥❞♦ U ❡ V sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s✱ ❞❡✜♥❡✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛s ❞❡r✐✈❛❞❛s ❞❡
❋ré❝❤❡t ❞❡ F : Y → U ❡ G : Y → V ✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ȳ ∈ Y ✱ t❡♠✲s❡

F ′(ȳ; d) = F ′(x̄)d ❡ F ′′(ȳ, d; z) = F ′(ȳ)d+
1

2
F ′′(ȳ)(d, d) ∀ d, z ∈ Y.

❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ G✳

❖❜s❡r✈❛çã♦ ✷✳✶✺✳ ◆♦ ❝❛s♦ q✉❛♥❞♦ Y = R
n, U = R ❡ C = R+✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱

♦ ❝♦♥❥✉♥t♦ ❞❛s ❞✐r❡çõ❡s ❞❡ ❞❡s❝✐❞❛ ❞❡ F ❡♠ ȳ é ❢♦r♠❛❞♦ ♣❡❧❛s ❞✐r❡çõ❡s q✉❡ ♣♦ss✉❡♠ ✉♠
â♥❣✉❧♦ ♠❛✐♦r q✉❡ 90◦ ❝♦♠ ♦ ✈❡t♦r ❣r❛❞✐❡♥t❡ ❞❡ F ❡♠ ȳ✱ ♦ q✉❛❧ ✐♥❞✐❝❛ ❛ ❞✐r❡çã♦ ❞❡ ♠❛✐♦r
❝r❡s❝✐♠❡♥t♦ ❞❡ F ✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❞✐r❡çõ❡s ❞❡ q✉❛s✐❞❡s❝✐❞❛ ❝♦♥té♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❞✐r❡çõ❡s
❞❡ ❞❡s❝✐❞❛ ♠❛✐s ❛s ❞✐r❡çõ❡s q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♦ ❣r❛❞✐❡♥t❡ ❞❡ F ❡♠ ȳ✳ ❖ ❝♦♥❡ ❝rít✐❝♦ é
❢♦r♠❛❞♦ ♣❡❧❛s ❞✐r❡çõ❡s ♦rt♦❣♦♥❛✐s ❛♦ ❣r❛❞✐❡♥t❡ ❞❡ F ❡♠ ȳ✳

❖❜s❡r✈❛çã♦ ✷✳✶✻✳ ◗✉❛♥❞♦ Y = R
n, V = R

m ❡ K = R
m
+ ✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ♦ ❝♦♥❥✉♥t♦

❞❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❞❡ G ❡♠ ȳ é ❢♦r♠❛❞♦ ♣❡❧❛s ❞✐r❡çõ❡s q✉❡ ♣♦ss✉❡♠ ✉♠ â♥❣✉❧♦ ♠❛✐♦r q✉❡
90◦ ❝♦♠ t♦❞♦s ♦s ✈❡t♦r❡s ❣r❛❞✐❡♥t❡ ❞❛s r❡str✐çõ❡s ❛t✐✈❛s ❡♠ x̄ ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ❖ ❝♦♥❥✉♥t♦
❞❛s ❞✐r❡çõ❡s q✉❛s✐❢❛❝tí✈❡✐s ❝♦♥té♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❞✐r❡çõ❡s ❢❛❝tí✈❡✐s ❡ é ❢♦r♠❛❞♦ ♣❡❧❛s ❞✐r❡çõ❡s
q✉❡ ♣♦ss✉❡♠ ✉♠ â♥❣✉❧♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 90◦ ❝♦♠ t♦❞♦s ♦s ✈❡t♦r❡s ❣r❛❞✐❡♥t❡ ❞❛s r❡str✐çõ❡s
❛t✐✈❛s ❡♠ x̄ ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ▲♦❣♦ s❡ N é ♦ ❝♦♥❡ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❣r❛❞✐❡♥t❡ ❞❛s r❡str✐çõ❡s
❛t✐✈❛s ❡♠ ȳ✱ ♦ ❝♦♥❡ ❞❛s ❞✐r❡çõ❡s q✉❛s✐❢❛❝tí✈❡✐s é ✐❣✉❛❧ ❛ Λ(N) = −N+✳

❖❜s❡r✈❛çã♦ ✷✳✶✼✳ ❙❡ Y = R
n ❡ W = R

k✱ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❞✐③ q✉❡✱ q✉❛♥❞♦ ❛ ♠❛tr✐③
❥❛❝♦❜✐❛♥❛ ❞❡ H ❡♠ ȳ t❡♠ ♣♦st♦ ❝♦♠♣❧❡t♦✱ ♦ ❝♦♥❡ ❞❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡s ❞❡ H ❡♠ ȳ é ✐❣✉❛❧ ❛♦
♥ú❝❧❡♦ ❞❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ ❞❡ H ❡♠ ȳ✳ ❖✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡s é ❢♦r♠❛❞♦
♣❡❧❛s ❞✐r❡çõ❡s q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❣r❛❞✐❡♥t❡s ❞❛s r❡str✐çõ❡s ❞❡
✐❣✉❛❧❞❛❞❡✳

❖❜s❡r✈❛çã♦ ✷✳✶✽✳ ❖❜s❡r✈❡ q✉❡ ♥❛ ❞❡✜♥✐çã♦ ❞♦s ❝♦♥❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ❧❡✈❛❞♦ ❡♠
❝♦♥s✐❞❡r❛çã♦ ❛s ✈❛r✐❛çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❛s ❛♣❧✐❝❛çõ❡s✳ ❖s ❝♦♥❥✉♥t♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠
❧❡✈❛♠ ❡♠ ❝♦♥t❛ t❛♠❜é♠ ❛s ✈❛r✐❛çõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦✉ s❡❥❛✱ ❛ ❝✉r✈❛t✉r❛ ❞❛s ❛♣❧✐❝❛çõ❡s✳

❖s ❝♦♥❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❢♦r♠❛♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❧✐♥❡❛r ❞♦ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧✳ ❖s
❝♦♥❥✉♥t♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❡ ♣♦rt❛♥t♦ ❞❡s❝r❡✈❡♠
♠❡❧❤♦r ♦ ❝♦♥❥✉♥t♦ ❢❛❝tí✈❡❧✳
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Pr♦♣♦s✐çã♦ ✷✳✶✾✳ ❙✉♣♦♥❤❛ q✉❡ Y, U, V ❡ W sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡ q✉❡ F,G ❡ H sã♦ ❞✉❛s
✈❡③❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❙❡❥❛♠ ȳ, d ∈ Y ✳

✭✐✮ ❙❡ −F ′(ȳ)d ∈ C ❡ QF (ȳ, d) 6= ∅✱ ❡♥tã♦ ♣❛r❛ lF ∈ Λ(QF (ȳ, d)) ❡①✐st❡ u∗ ∈ C+ t❛❧ q✉❡

lF = u∗ ◦ F ′(ȳ), u∗F ′(ȳ)d = 0,

δ∗(lF |QF (ȳ, d)) = −
1

2
u∗F ′′(ȳ)(d, d);

✭✐✐✮ ❙❡ −G(ȳ) ∈ K, −G′(ȳ)d ∈ {a(k + G(ȳ)) : k ∈ K, a ≥ 0} ❡ QG(ȳ, d) 6= ∅✱ ❡♥tã♦ ♣❛r❛
lG ∈ Λ(QG(ȳ, d)) ❡①✐st❡ v∗ ∈ K+ t❛❧ q✉❡

lG = v∗ ◦G′(ȳ), v∗G′(ȳ)d = 0, v∗G(ȳ) = 0,

δ∗(lG|QG(ȳ, d)) = −
1

2
v∗G′′(ȳ)(d, d);

✭✐✐✐✮ ❙❡ Y ❡ W sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ H ′(ȳ) é s♦❜r❡❥❡t✐✈❛✱ H(ȳ) = 0 ❡ H ′(ȳ)d = 0✱ ❡♥tã♦
♣❛r❛ lH ∈ Λ(VH(ȳ, d)) ❡①✐st❡ w∗ ∈ W ∗ t❛❧ q✉❡

lH = w∗ ◦H ′(ȳ),

δ∗(lH |VH(ȳ, d)) = −
1

2
w∗H ′′(ȳ)(d, d).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✶✷✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✹ ❡ ❛ Pr♦♣♦s✐çã♦
✷✳✶✾✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❙❡❥❛ ȳ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P✮✳ ❙✉♣♦♥❤❛ q✉❡ Y ❡ W sã♦ ❡s♣❛ç♦s ❞❡
❇❛♥❛❝❤ ❡ q✉❡ U ❡ V sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ F,G ❡ H sã♦ ❞✉❛s ✈❡③❡s
❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ H ′(ȳ) é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ d
s❛t✐s❢❛③❡♥❞♦

−F ′(ȳ)d ∈ C, G′(ȳ)d ∈ −{a(k +G(ȳ)) : k ∈ K, a ≥ 0}, H ′(ȳ)d = 0, ✭✷✳✹✮

❝♦rr❡s♣♦♥❞❡♠ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s u∗ ∈ C+, v∗ ∈ K+ ❡ w∗ ∈ W ∗✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱
t❛✐s q✉❡

u∗F ′(ȳ)d = 0, v∗G(ȳ) = 0, v∗G′(ȳ)d = 0, ✭✷✳✺✮

u∗ ◦ F ′(ȳ) + v∗ ◦G′(ȳ) + w∗ ◦H ′(ȳ) = 0, ✭✷✳✻✮

(u∗ ◦ F ′′(ȳ) + v∗ ◦G′′(ȳ) + w∗ ◦H ′′(ȳ))(d, d) ≥ 0. ✭✷✳✼✮

❆ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ♥❡st❛ s❡çã♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ♣♦❞❡ ♣❛r❡❝❡r ♠✉✐t♦ ❛❜str❛t❛✳ ❈♦♥t✉❞♦✱
t♦❞❛s ❛s ❞❡✜♥✐çõ❡s ❞❛❞❛s sã♦ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ❞❡✜♥✐çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ ❡s♣❛ç♦s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛s q✉❛✐s sã♦ ❢✉♥❞❛♠❡♥t❛❞❛s ❡♠ ❝♦♥❝❡✐t♦s ❣❡♦♠étr✐❝♦s✳ ❖ ❧❡✐t♦r ♥ã♦ ❢❛♠✐✲
❧✐❛r✐③❛❞♦ ❝♦♠ t❛✐s ❝♦♥❝❡✐t♦s é ❛❝♦♥s❡❧❤❛❞♦ ❛ ❝♦♥s✉❧t❛r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪ ❡ ●✐rs❛♥♦✈ ❬✶✻❪✱
♦♥❞❡ ❛ t❡♦r✐❛ é ❡①♣♦st❛ ❞❡ ❢♦r♠❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❡ ✐❧✉str❛❞❛ ❝♦♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s✳ ❆❜❛✐①♦
é ❛♣r❡s❡♥t❛❞♦ ✉♠ ❞❡st❡s ❡①❡♠♣❧♦s ❞❡ ❬✹❪✳
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❊①❡♠♣❧♦ ✷✳✷✶✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r F (y) = (y1 − 1)2 + y2
2

s✉❥❡✐t♦ ❛ G(y) = |y1| −
1
k
y2

2 ≤ 0,

♦♥❞❡ k é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦✳ P❛r❛ q✉❡ ✈❛❧♦r❡s ❞❡ k ♦ ♣♦♥t♦ ȳ = (0, 0)T ♣♦❞❡ s❡r ✉♠❛
s♦❧✉çã♦ ót✐♠❛❄

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✹✲✭✐✮✱ t❡♠♦s

∇F (ȳ) =

(

−2
0

)

, ∇2F (ȳ) =

(

2 0
0 2

)

,

D<
F (ȳ) = {d : dT∇F (ȳ) < 0} = {d = (d1, d2)

T : d1 > 0},

DF (ȳ) = {d : dT∇F (ȳ) ≤ 0} = {d = (d1, d2)
T : d1 ≥ 0},

D=
F (ȳ) = {d : dT∇F (ȳ) = 0} = {(0, d2)

T : d2 ∈ R},

QF (ȳ, d) = {z : zT∇F (ȳ) +
1

2
dT∇2F (ȳ)d+ adT∇F (ȳ) < 0, a ≥ 0}

= {z = (z1, z2)
T : −2z1 + d2

2 < 0} ♣❛r❛ d ∈ D=
F (ȳ).

❋✐❝❛ ❝❧❛r♦ q✉❡ QF (ȳ, d) é ❝♦♥✈❡①♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✾✲✭✐✮✱ ♣❛r❛ d ∈ D=
F (ȳ)✱

δ∗(l |QF (ȳ, d)) =

{

−1
2
λ̄dT∇F (ȳ)d s❡ l = λ̄∇F (ȳ) ♣❛r❛ ❛❧❣✉♠ λ̄ ≥ 0,

∞ ❝❛s♦ ❝♦♥trár✐♦,

=

{

−λ̄d2
2 s❡ l = λ̄∇F (ȳ), λ̄ ≥ 0,

∞ ❝❛s♦ ❝♦♥trár✐♦.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✹✲✭✐✐✮✱ t❡♠♦s

DG(ȳ) = {d : G′(ȳ; d) ≤ 0} = {d = (d1, d2)
T : lim

ε ↓ 0

ε|d1| − ε2d2
2/k

ε
≤ 0}

= {(0, d2) : d2 ∈ R},

D<
G(ȳ) = {d : G′(ȳ; d) < 0} = ∅,

D=
G(ȳ) = DG(ȳ),

QG(ȳ, d) = {z : G′′(ȳ, d; z) < 0} = {(z1, z2)
T : |z1| <

1

k
d2

2, z2 ∈ R} ♣❛r❛ d ∈ D=
G(ȳ).

➱ ❢á❝✐❧ ✈❡r✱ ❞✐r❡t♦ ❞❛ ❞❡✜♥✐çã♦✱ q✉❡

δ∗(l |QG(ȳ, d)) =

{

1
k
|l1|d

2
2 s❡ l = (l1, 0)T , l1 ∈ R,

∞ ❝❛s♦ ❝♦♥trár✐♦.
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➱ ó❜✈✐♦ q✉❡ QG(ȳ, d) é ❝♦♥✈❡①♦ ♣❛r❛ d = (d1, d2)
T ❝♦♠ d2 6= 0✳ ❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲

▲❛❣r❛♥❣❡ ✭✷✳✷✮ ✜❝❛

λ̄

(

−2
0

)

+

(

l1
0

)

=

(

0
0

)

, λ̄ ≥ 0, l1 ∈ R, ✭✷✳✽✮

❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❡❣❡♥❞r❡ ✭✷✳✸✮ ✜❝❛

−λ̄d2
2 +

1

k
|l1|d

2
2 ≤ 0, d2 ∈ R. ✭✷✳✾✮

❉❡ ✭✷✳✽✮ s❡❣✉❡ q✉❡ |l1| = 2λ̄✳ ❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✾✮✱ ♦❜t❡♠♦s

λ̄d2
2

(

1 −
2

k

)

≥ 0.

▲♦❣♦ k ≥ 2 é ❛ r❡s♣♦st❛ ❞❛ q✉❡stã♦ ❝♦❧♦❝❛❞❛ ♥♦ ✐♥í❝✐♦ ❞♦ ❡①❡♠♣❧♦✳

❖❜s❡r✈❡♠♦s q✉❡ ♥♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❛❞❛s ♥♦ ❈♦r♦❧ár✐♦
✷✳✶✸ ♥ã♦ ❢♦r♥❡❝❡♠ ♥❡♥❤✉♠❛ ✐♥❢♦r♠❛çã♦ ♣♦✐s D=

G(ȳ) = QG(ȳ, 0) = ∅ ✭♣❛r❛ q✉❛❧q✉❡r k✮✱ ❞❡
♠♦❞♦ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ✈❛❧❡ tr✐✈✐❛❧♠❡♥t❡✳

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ❆❧t❡r♥❛t✐✈❛

❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ϕi, i = 1, . . . , p, ψα, α ∈ A✱ ❡ γβ, β ∈ B ❢✉♥çõ❡s r❡❛✐s
❞❡✜♥✐❞❛s ❡♠ X✱ ♦♥❞❡ A ❡ B sã♦ ❝♦♥❥✉♥t♦s ❞❡ í♥❞✐❝❡s✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r Φ(x) = max
1≤i≤p

ϕi(x)

s✉❥❡✐t♦ ❛ ψα(x) ≤ 0, α ∈ A,
γβ(x) = 0, β ∈ B.



















✭✷✳✶✵✮

❙❡❥❛ F = {x ∈ X : ψα(x) ≥ 0, α ∈ A, γβ(x) = 0, β ∈ B} ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s
❢❛❝tí✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✳

P❛r❛ ❡st❛❜❡❧❡❝❡r ♦ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛✱ ♣r❡❝✐s❛♠♦s ❛♥t❡s ❡♥❝♦♥tr❛r ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s
❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ P❛r❛ ✐st♦ ✉s❛r❡♠♦s ♦ ❈♦r♦❧ár✐♦ ✷✳✶✸✳

❆s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s s❡rã♦ ♥❡❝❡ssár✐❛s✿

• ϕi, i = 1, . . . , p, ❡ ψα, α ∈ A✱ sã♦ ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ γβ, β ∈ B✱ sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡
❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s❀

• α 7→ ψα(x), α 7→ ψ′
α(x)d, β 7→ γβ(x) ❡ β 7→ γ′β(x)d sã♦ ❝♦♥tí♥✉❛s ♣❛r❛ t♦❞♦s x, d ∈ X❀
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• A ❡ B sã♦ ❡s♣❛ç♦s ❞❡ ❍❛✉s❞♦r✛ ❝♦♠♣❛❝t♦s✳

❆❝✐♠❛✱ ψ′
α(x) ❡ γ′β(x) ❡①♣r❡ss❛♠ ❛s ❞❡r✐✈❛❞❛s ❞❡ ψα ❡ γβ ❡♠ r❡❧❛çã♦ à x✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ ♥ã♦ ❡♠ r❡❧❛çã♦ à α ♦✉ β✳
❉❡✜♥❛ Ψ : X → C(A) ❡ Γ : X → C(B) r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

Ψ(x)(α) = ψα(x) ❡ Γ(x)(β) = γβ(x).

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

▼✐♥✐♠✐③❛r Φ(x)
s✉❥❡✐t♦ ❛ Ψ(x) ∈ −K,

Γ(x) = 0,

♦♥❞❡ K = {k ∈ C(A) : k(α) ≥ 0, α ∈ A}✳ ■r❡♠♦s ❛♣❧✐❝❛r ♦ ❈♦r♦❧ár✐♦ ✷✳✶✸✳ ❆♥t❡s✱ é ♣r❡❝✐s♦
❝❛❧❝✉❧❛r ♦s ❝♦♥❡s D<

Φ(x̄), D<
Ψ(x̄) ❡ TΓ(x̄) ❛ss✐♠ ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r ♦s r❡s♣❡❝t✐✈♦s ❝♦♥❡s ❞✉❛✐s✳

➱ ❝❧❛r♦ q✉❡✱ r❡❧❛t✐✈♦ ❛♦ Pr♦❜❧❡♠❛ ✭P✮✱ s❡rá ❝♦♥s✐❞❡r❛❞♦ U = R ❡ C = R+✳

▲❡♠❛ ✷✳✷✷✳ ❙❡❥❛ x̄ ∈ F ✳ ❊♥tã♦

✭✐✮ D<
Φ(x̄) = {z ∈ X : ϕ′

i(x̄)z < 0, i ∈ I(x̄)}✱ ♦♥❞❡ I(x̄) = {i : ϕi(x̄) = Φ(x̄)}❀

✭✐✐✮ D<
Ψ(x̄) = {z ∈ X : Ψ′(x̄)z ∈ −✐♥t(K + {aΨ(x̄) : a ≥ 0})}❀

✭✐✐✐✮ s❡ Γ′(x̄) é s♦❜r❡❥❡t✐✈❛✱ TΓ(x̄) = {z ∈ X : Γ′(x̄)z = 0}✳

❉❡♠♦♥str❛çã♦✳ ❉♦ ❊①❡♠♣❧♦ ✼✳✹ ♥❛ ♣á❣✐♥❛ ✺✵ ❞❡ ●✐rs❛♥♦✈ ❬✶✻❪ ♦❜t❡♠♦s ✭✐✮✳ ❆s ♣❛rt❡s ✭✐✐✮ ❡
✭✐✐✐✮ s❡❣✉❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✹✲✭✐✐✮ ❡ ✭✐✐✐✮✳

❚❡♦r❡♠❛ ✷✳✷✸ ✭❚❡♦r❡♠❛ ❞❡ ▼✐♥❦♦✇s❦✐✲❋❛r❦❛s✮✳ ❙❡❥❛ P : E1 → E2 ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱
♦♥❞❡ E1 ❡ E2 sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s t♦♣♦❧ó❣✐❝♦s✳ ❙❡❥❛♠ K1 = {x ∈ E1 : Px ∈ K2}✱ ♦♥❞❡ K2

✉♠ ❝♦♥❡ ❝♦♥✈❡①♦ ❡♠ E2✳ ❙❡ ❡①✐st✐r x̃ ∈ E1 t❛❧ q✉❡ Px̃ ∈ ✐♥t(K2)✱ ❡♥tã♦ Λ(K1) = P ∗Λ(K2)✱
♦♥❞❡ P ∗ ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ P ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♣á❣✐♥❛ ✼✵ ❞❡ ●✐rs❛♥♦✈ ❬✶✻❪✳

▲❡♠❛ ✷✳✷✹✳ ❙❡❥❛ x̄ ∈ F ✳ ❊♥tã♦

✭✐✮ s❡ D<
Φ(x̄) 6= ∅✱ ♣❛r❛ lΦ ∈ Λ(D<

Φ(x̄)) ❡①✐st❡♠ λi ≥ 0, i = 1, . . . , p✱ t❛✐s q✉❡

lΦ(z) =

p
∑

i=1

λiϕ
′
i(x̄)z ∀ z ∈ X

❡ λi = 0, i /∈ I(x̄)❀
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✭✐✐✮ s❡ D<
Ψ(x̄) 6= ∅✱ ♣❛r❛ lΨ ∈ Λ(D<

Ψ(x̄)) ❡①✐st❡ v∗ ∈ K+ t❛❧ q✉❡

lΨ(z) = v∗(Ψ′(x̄)z) ∀ z ∈ X ❡ v∗(Ψ(x̄)) = 0;

✭✐✐✐✮ s❡ Γ′(x̄) é s♦❜r❡❥❡t✐✈❛✱ ♣❛r❛ lΓ ∈ Λ(TΓ(x̄)) ❡①✐st❡ w∗ ∈ C(B)∗ t❛❧ q✉❡

lΓ(z) = w∗(Γ′(x̄)z).

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ▼✐♥❦♦✇s❦✐✲❋❛r❦❛s✳ ❚♦♠❡ P : X → R
#I(x̄) ❞❛❞♦

♣♦r Pz = (ϕ′
i(x̄)z)i∈I(x̄) ❡ K2 = R

#I(x̄)
+ ✭♦♥❞❡ #I(x̄) é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ I(x̄)✮✳ ▲♦❣♦✱ ♣❡❧♦

▲❡♠❛ ✷✳✷✷✲✭✐✮✱ K1 = {z ∈ X : Pz ∈ −K2} = D<
Φ(x̄)✳ ❈♦♠♦ D<

Φ(x̄) 6= ∅✱ ❡①✐st❡ z̃ ∈ X t❛❧ q✉❡
P z̃ ∈ ✐♥t(−K2)✳ ❚❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡ Λ(−K2) = K2✳ ❙❡❣✉❡✱ ❡♥tã♦✱ q✉❡ ❡①✐st❡ λ ∈ K2 t❛❧
q✉❡ lΦ = P ∗λ✳ ❉❛í

lΦ(z) = 〈P ∗λ, z〉 = 〈λ, Pz〉 =
∑

i∈I(x̄)

λiϕ
′
i(x̄)z.

❚♦♠❛♥❞♦ λi = 0, i /∈ I(x̄)✱ ♦❜t❡♠♦s ✭✐✮✳
❆s ♣❛rt❡s ✭✐✐✮ ❡ ✭✐✐✐✮ s❡❣✉❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✾✲✭✐✐✮ ❡ ✭✐✐✐✮✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ é ❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❣❡♦♠étr✐❝❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙❡♣❛r❛çã♦ ❞❡ ❍❛❤♥✲
❇❛♥❛❝❤ ❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✼ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✷✳✷✺✳ ❙❡❥❛♠ P ❡ Q s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❡ ❞✐s❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
♥♦r♠❛❞♦ E✱ s❡♥❞♦ q✉❡ ✉♠ ❞❡❧❡s é ❛❜❡rt♦✳ ❊♥tã♦ ❡❧❡s sã♦ s❡♣❛rá✈❡✐s✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ ✉♠
❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡ ♥ã♦✲♥✉❧♦ L ❡ ✉♠ ❡s❝❛❧❛r a t❛✐s q✉❡ L(x) ≥ a✱ ♣❛r❛ x ∈ P ✱ ❡
L(x) ≤ a✱ ♣❛r❛ x ∈ Q✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇ré③✐s ❬✾❪✳

❆❜❛✐①♦ t❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✳ ❊❧❡ t❛♠❜é♠ s❡rá ✉t✐❧✐③❛❞♦ ♥❛
❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✼ ❡ ❞❡ ♦✉tr♦s t❡♦r❡♠❛s ♥❛ s❡qüê♥❝✐❛✳

❚❡♦r❡♠❛ ✷✳✷✻✳ ❙❡❥❛♠ C(E) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡✜♥✐❞❛s ❡♠ E ❡ M(E) ♦
❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ ❞❡✜♥✐❞❛s ❡♠ E✱ ♦♥❞❡ E ✉♠ ❡s♣❛ç♦ ❞❡ ❍❛✉s❞♦r✛
❝♦♠♣❛❝t♦✳

✭✐✮ ❙❡❥❛ v∗ ∈ C(E)∗ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ♣♦s✐t✐✈♦✱ ✐st♦ é✱ t❛❧ q✉❡ v∗(f) ≥ 0 q✉❛♥❞♦ f ≥ 0✳
❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ♣♦s✐t✐✈❛ µ ∈ M(E) t❛❧ q✉❡

v∗(f) =

∫

E

fdµ ∀ f ∈ C(E);
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✭✐✐✮ ❙❡❥❛ w∗ ∈ C(E)∗ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠
s✐♥❛❧ ν ∈ M(E) t❛❧ q✉❡

w∗(f) =

∫

E

fdν ∀ f ∈ C(E);

❉❡♠♦♥str❛çã♦✳ ❱❡r ❋♦❧❧❛♥❞ ❬✶✹❪✳

❉❡♥♦t❡♠♦s ♣♦r R(Γ′(x)) ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ Γ′(x), x ∈ X✳

❚❡♦r❡♠❛ ✷✳✷✼✳ ❙❡❥❛ x̄ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ✭✷✳✶✵✮✳ ❙✉♣♦♥❤❛ q✉❡ R(Γ′(x̄))
é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ❊♥tã♦ ❡①✐st❡♠ ✉♠ ✈❡t♦r λ ∈ R

p✱ ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ µ ∈ M(A) ❡
✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ν ∈ M(B)✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

p
∑

i=1

λiϕ
′
i(x̄)z +

∫

A

ψ′
α(x̄)z µ(dα) +

∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X, ✭✷✳✶✶✮

λi ≥ 0, i = 1, . . . , p, λi = 0, i /∈ I(x̄), ✭✷✳✶✷✮
∫

A

ψα(x̄)µ(dα) = 0. ✭✷✳✶✸✮

❉❡♠♦♥str❛çã♦✳ ❙❡ Γ′(x̄) ♥ã♦ ❢♦r s♦❜r❡❥❡t✐✈❛ ❡♥tã♦✱ ❞❛❞♦ q✉❡ R(Γ′(x̄)) é ❢❡❝❤❛❞♦✱ ❡①✐st❡ ✉♠
❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❝♦♥✈❡①♦ G ∈ C(B) t❛❧ q✉❡ R(Γ′(x̄)) ∩ G = ∅✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✺✱
❡①✐st❡♠ w∗ ∈ C(B)∗, w∗ 6= 0✱ ❡ ✉♠ ❡s❝❛❧❛r a✱ t❛✐s q✉❡

w∗(Γ′(x̄)z) ≥ a ∀ z ∈ X.

❙✉♣♦♥❤❛♠♦s q✉❡ w∗(Γ′(x̄)z̃) < 0 ♣❛r❛ ❛❧❣✉♠ z̃ ∈ X✳ ❊♥tã♦

w∗(Γ′(x̄)tz̃) = tw∗(Γ′(x̄)z̃) < 0 ∀ t > 0.

❆ss✐♠ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡r❡♠♦s

w∗(Γ′(x̄)tz̃) < a,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦

w∗(Γ′(x̄)z) ≥ 0 ∀ z ∈ X.

P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ w∗ ❡ ❞❡ Γ′(x̄) s❡❣✉❡ q✉❡

w∗(Γ′(x̄)z) = ∀ z ∈ X.

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✻✲✭✐✐✮ ❡①✐st❡ ν ∈ M(B) t❛❧ q✉❡

w∗(Γ′(x̄)z) =

∫

B

Γ′(x̄)zdν =

∫

B

γ′β(x̄)z ν(dβ) ∀ z ∈ X.
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❉❡✜♥✐♥❞♦ λ = 0 ❡ µ = 0 ♦❜t❡♠♦s ✭✷✳✶✶✮✲✭✷✳✶✸✮✳
❆❣♦r❛ s✉♣♦♥❤❛♠♦s q✉❡ Γ′(x̄) é s♦❜r❡❥❡t✐✈❛✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠ q✉❡ D<

Φ(x̄) 6= ∅ ❡
D<

Ψ(x̄) 6= ∅✳ P❡❧♦ ▲❡♠❛ ✷✳✷✷✱ TΓ(x̄) 6= ∅ ✭❞❛❞♦ q✉❡ 0 ∈ TΓ(x̄)✮✳ P❡❧♦ ▲❡♠❛ ✷✳✷✷ ✈❡♠♦s
t❛♠❜é♠ q✉❡ D<

Φ(x̄), D<
Ψ(x̄) ❡ TΓ(x̄) sã♦ ❝♦♥✈❡①♦s✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✶✸ ❡ ❞♦ ▲❡♠❛ ✷✳✷✹

✭❧❡♠❜r❛♥❞♦ q✉❡ Λ(D) = −D+ q✉❛♥❞♦ D é ✉♠ ❝♦♥❡✮ q✉❡ ❡①✐st❡♠ λ ∈ R
p, v∗ ∈ K+ ❡

w∗ ∈ C(B)∗✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

p
∑

i=1

λiϕ
′
i(x̄)z + v∗(Ψ′(x̄)z) + w∗(Γ′(x̄)z) = 0,

λi ≥ 0, i = 1, . . . , p, λi = 0, i /∈ I(x̄),

v∗(Ψ(x̄)) = 0.

❈♦♠♦ v∗ ∈ K+✱ é ❢á❝✐❧ ✈❡r q✉❡ v∗ é ✉♠ ❢✉♥❝✐♦♥❛❧ ♣♦s✐t✐✈♦✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✻✲✭✐✮
❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ µ ∈ M(A)✱ t❛❧ q✉❡

v∗(Ψ′(x̄)z) =

∫

A

Ψ′(x̄)zdµ =

∫

A

ψ′
α(x̄)z µ(dα) ∀ z ∈ X,

❡

v∗(Ψ(x̄)) =

∫

A

Ψ(x̄)dµ =

∫

A

ψα(x̄)µ(dα).

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✻✲✭✐✐✮ ❡①✐st❡ ν ∈ M(B) t❛❧ q✉❡

w∗(Γ′(x̄)z) =

∫

B

Γ′(x̄)zdν =

∫

B

γ′β(x̄)z ν(dβ) ∀ z ∈ X.

▲♦❣♦ ❡①✐st❡♠ λ ∈ R
p, µ ∈ M(A) ❡ ν ∈ M(B)✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ s❛t✐s❢❛③❡♥❞♦ ✭✷✳✶✶✮✲✭✷✳✶✸✮✳

P♦r ✜♠ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ q✉❛♥❞♦ D<
Ψ(x̄) = ∅ ✭s❡ D<

Φ(x̄) = ∅✱ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s❡
❛♣❧✐❝❛✮✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✷✱

{Ψ′(x̄)z : z ∈ X} ∩ (−✐♥t(K + {aΨ(x̄) : a ≥ 0})) = ∅.

❉❛❞♦ q✉❡ ❡st❡s ❝♦♥❥✉♥t♦s sã♦ ♥ã♦✲✈❛③✐♦s ❡ ❝♦♥✈❡①♦s ❡ ✐♥t(K + {aΨ(x̄) : a ≥ 0}) é ❛❜❡rt♦✱
♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✺ ❡①✐st❡ v∗ ∈ C(A)∗, v∗ 6= 0✱ t❛❧ q✉❡

v∗(Ψ′(x̄)z) ≥ v∗(−k − aΨ(x̄)) ∀ z ∈ X, ∀ k ∈ ✐♥t(K) ❡ ∀ a ≥ 0. ✭✷✳✶✹✮

P❛r❛ z = 0 ❡ a = 0✱ t❡♠♦s
v∗(−k) ≤ 0 ∀ k ∈ ✐♥t(K).

▲♦❣♦ v∗ ∈ ✐♥t(K)+ = K+✳ ❊♥tã♦✱ ❝♦♠♦−Ψ(x̄) ∈ K, v∗(Ψ(x̄)) ≤ 0✳ ❙✉♣♦♥❤❛ q✉❡ v∗(Ψ(x̄)) <
0✳ P❛r❛ z = 0, k ∈ ✐♥t(K) ✜①♦ ❡ a > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s

v∗(−k − aΨ(x̄)) = v∗(−k) − av∗(Ψ(x̄)) > 0,
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q✉❡ ❝♦♥tr❛❞✐③ ✭✷✳✶✹✮ ❝♦♠ z = 0✳ P♦rt❛♥t♦ v∗(Ψ(x̄)) = 0✳ ❆ss✐♠✱ ♣♦r ✭✷✳✶✹✮✱

v∗(Ψ′(x̄)z) ≥ v∗(−k) ∀ k ∈ ✐♥t(K) ❡ ∀ z ∈ X.

❉❛í
v∗(Ψ′(x̄)z) ≥ sup

k∈✐♥t(K)

v∗(−k) = δ∗(−v∗|✐♥t(K)) ∀ z ∈ X.

▼❛s v∗ ∈ ✐♥t(K)+ = −Λ(✐♥t(K)) ⇒ δ∗(−v∗|✐♥t(K)) = 0✱ ❞❡ ♠♦❞♦ q✉❡

v∗(Ψ′(x̄)z) ≥ 0 ∀ z ∈ X

⇒ v∗(Ψ′(x̄)z) = 0 ∀ z ∈ X.

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ❡ t♦♠❛♥❞♦ λ = 0 ❡ ν = 0 ♦❜t❡♠♦s ✭✷✳✶✶✮✲
✭✷✳✶✸✮✳

◆♦t❡ q✉❡ s❡ B ❢♦r ✜♥✐t♦✱ ❞✐❣❛♠♦s ❝♦♠ n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❞❡✈❡♠♦s t♦♠❛rW = R
n✳ ❉❡st❡

♠♦❞♦ Γ : X → R
n ❡ R(Γ′(x̄)) é ❢❡❝❤❛❞♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ Γ✳

❉❡♥♦t❡♠♦s ♣♦r A(x̄) ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s r❡str✐çõ❡s ❛t✐✈❛s ❡♠ x̄ ∈ X✱ ✐✳❡✳✱

A(x̄) = {α ∈ A : ψα(x̄) = 0}.

❆❣♦r❛ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❞❡ ❛❧t❡r♥❛t✐✈❛✳ ❆ s❡❣✉✐♥t❡
q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ é ♥❡❝❡ssár✐❛✳

❉❡✜♥✐çã♦ ✷✳✷✽✳ ❉✐③❡♠♦s q✉❡ ψα, α ∈ A✱ ❡ γβ, β ∈ B✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ x̄ ∈ X s❡

✭✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X;

✭✐✐✮ ❡①✐st❡ z ∈ X t❛❧ q✉❡

ψ′
α(x̄)z < 0, α ∈ A(x̄),

γ′β(x̄)z = 0, β ∈ B.

❖❜s❡r✈❡ q✉❡ s❡ X = R
n ❡ B = {1, . . . ,m}✱ ❛ ❝♦♥❞✐çã♦ ✭✐✮ ♥❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ s❡r✐❛✿ ♥ã♦

❡①✐st❡♠ ❡s❝❛❧❛r❡s ai, i = 1, . . . ,m✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

m
∑

i=1

ai∇γi(x̄) = 0.

■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ ♦s ❣r❛❞✐❡♥t❡s ❞❛s r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s✳
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❚❡♦r❡♠❛ ✷✳✷✾✳ ❙✉♣♦♥❤❛ q✉❡ ♦ s✐st❡♠❛

ϕi(x) ≤ 0, i = 1, . . . , p,

ψα(x) ≤ 0, α ∈ A,

γβ(x) = 0, β ∈ B,

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ x̄ ∈ X✳ ❙❡ ϕi, i ∈ I(x̄), ψα, α ∈ A(x̄), γβ ❡ −γβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s
❡♠ x̄ ❝♦♠ ✉♠❛ ♠❡s♠❛ η, ψα, α ∈ A ❡ γβ, β ∈ B✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ x̄ ❡ R(Γ′(x̄)) é
❢❡❝❤❛❞♦✱ ❡♥tã♦ ❡①❛t❛♠❡♥t❡ ✉♠ ❞♦s s❡❣✉✐♥t❡s s✐st❡♠❛s é ❝♦♥s✐st❡♥t❡✿

✭■✮ ❡①✐st❡ x ∈ X t❛❧ q✉❡

ϕi(x) < 0, i = 1, . . . , p,

ψα(x) ≤ 0, α ∈ A,

γβ(x) = 0, β ∈ B;

✭■■✮ ❡①✐st❡♠ λ ∈ R
p, µ ∈ M(A), µ ♣♦s✐t✐✈❛✱ ❡ ν ∈ M(B) t❛✐s q✉❡

p
∑

i=1

λiϕi(x) +

∫

A

ψα(x)µ(dα) +

∫

B

γβ(x) ν(dβ) ≥ 0 ∀ x ∈ X,

λi ≥ 0, i = 1, . . . , p, λ 6= 0.

❉❡♠♦♥str❛çã♦✳ ❙❡ ✭■✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ x̃ ∈ X✱ ❡♥tã♦

p
∑

i=1

λiϕi(x̃) +

∫

A

ψα(x̃)µ(dα) +

∫

B

γβ(x̃) ν(dβ) < 0

♣❛r❛ t♦❞♦s λ ∈ R
p, µ ∈ M(A) ❡ ν ∈ M(B) t❛✐s q✉❡ λi ≥ 0, i = 1, . . . , p, λ 6= 0 ❡ µ ≥ 0✳

❈♦♥s❡qü❡♥t❡♠❡♥t❡ ✭■■✮ ♥ã♦ é ❝♦♥s✐st❡♥t❡✳
❙✉♣♦♥❤❛ q✉❡ ✭■✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✳ ❉❡✜♥❛ Φ : X → R ♣♦r

Φ(x) = max
1≤i≤p

ϕi(x)

❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r Φ(x)
s✉❥❡✐t♦ ❛ ψα(x) ≤ 0, α ∈ A,

γβ(x) = 0, β ∈ B.







✭✷✳✶✺✮
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❙❡❥❛ F ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✳ ❚❡♠♦s q✉❡

Φ(x) ≥ 0 ∀ x ∈ F ,

✈✐st♦ q✉❡ ✭■✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦ t❡♠♦s x̄ ∈ F ❡

Φ(x̄) ≤ 0.

❊♥tã♦ Φ(x̄) = 0 ❡ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ✭✷✳✶✺✮✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✼ s❡❣✉❡
q✉❡ ❡①✐st❡♠ λ ∈ R

p, µ ∈ M(A), µ ♣♦s✐t✐✈❛✱ ❡ ν ∈ M(B)✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

p
∑

i=1

λiϕ
′
i(x̄)z +

∫

A

ψ′
α(x̄)z µ(dα) +

∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X, ✭✷✳✶✻✮

λi ≥ 0, i = 1, . . . , p, λi = 0, i /∈ I(x̄), ✭✷✳✶✼✮
∫

A

ψα(x̄)µ(dα) = 0. ✭✷✳✶✽✮

P♦r ✭✷✳✶✽✮ t❡♠♦s µ(A \ A(x̄)) = 0✳ ❊♥tã♦ ✭✷✳✶✻✮ s❡ t♦r♥❛

p
∑

i=1

λiϕ
′
i(x̄)z +

∫

A(x̄)

ψ′
α(x̄)z µ(dα) +

∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.

❙✉♣♦♥❤❛ q✉❡ λ = 0✳ ❊♥tã♦ t❡♠♦s
∫

A(x̄)

ψ′
α(x̄)z µ(dα) +

∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✷✳✶✾✮

❙❡ A(x̄) = ∅ ❡♥tã♦ µ(A(x̄)) = 0 ❡ t❡♠♦s µ = 0 ❞❛❞♦ q✉❡ µ(A \A(x̄)) = 0✳ ❆ss✐♠✱ ❝♦♠♦ λ, µ
❡ ν sã♦ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❡♠♦s ν 6= 0 ❡ ♣♦r ✭✷✳✶✾✮

∫

B

γ′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.

■st♦ ❝♦♥tr❛❞✐③ ✭✐✮ ♥❛ ❉❡✜♥✐çã♦ ✷✳✷✽✳ ❙❡ A(x̄) 6= ∅ ❡♥tã♦ µ(A(x̄)) > 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦
ν 6= 0 ❡✱ ❞❡ ✭✷✳✶✾✮✱ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✐✮ ♥❛ ❉❡✜♥✐çã♦ ✷✳✷✽✳ P♦r ✭✐✐✮ ♥❛ ❉❡✜♥✐çã♦
✷✳✷✽ ❡①✐st❡ z ∈ X t❛❧ q✉❡

ψ′
α(x̄)z < 0, α ∈ A(x̄),

γ′β(x̄)z = 0, β ∈ B.

❊♥tã♦✱ ✐♥t❡❣r❛♥❞♦✱
∫

A(x̄)

ψ′
α(x̄)z µ(dα) +

∫

B

γ′β(x̄)z ν(dβ) < 0,
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✈✐st♦ q✉❡ µ(A(x̄)) > 0✳ ❆ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥tr❛❞✐③ ✭✷✳✶✾✮✳ P♦rt❛♥t♦ λ 6= 0✳
P❡❧❛s ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ ❡①✐st❡ η : X ×X → X t❛❧ q✉❡

ϕi(x) − ϕi(x̄) ≥ ϕ′
i(x̄)η(x, x̄), i ∈ I(x̄),

ψα(x) − ψα(x̄) ≥ ψ′
α(x̄)η(x, x̄), α ∈ A(x̄),

γβ(x) − γβ(x̄) = γ′β(x̄)η(x, x̄), β ∈ B,

♣❛r❛ t♦❞♦s x ∈ X✳ ▲♦❣♦

∑

i∈I(x̄)

λi[ϕi(x) − ϕi(x̄)] +

∫

A(x̄)

[ψα(x) − ψα(x̄)]µ(dα)

+

∫

B

[γβ(x) − γβ(x̄)] ν(dβ)

≥
∑

i∈I(x̄)

λiϕ
′
i(x̄)η(x, x̄) +

∫

A(x̄)

ψ′
α(x̄)η(x, x̄)µ(dα)

+

∫

B

γ′β(x̄)η(x, x̄) ν(dβ) ∀ x ∈ X.

▼❛s ❞❡ ✭✷✳✶✽✮ t❡♠♦s µ(A \ A(x̄)) = 0 ❡ ❞❡ ✭✷✳✶✼✮✱ λi = 0, i /∈ I(x̄)✳ ❊♥tã♦

p
∑

i=1

λi[ϕi(x) − ϕi(x̄)] +

∫

A

[ψα(x) − ψα(x̄)]µ(dα) +

∫

B

[γβ(x) − γβ(x̄)] ν(dβ)

=
∑

i∈I(x̄)

λi[ϕi(x) − ϕi(x̄)] +

∫

A(x̄)

[ψα(x) − ψα(x̄)]µ(dα)

+

∫

B

[γβ(x) − γβ(x̄)] ν(dβ).

❆ss✐♠✱ ✉s❛♥❞♦ ✭✷✳✶✻✮✲✭✷✳✶✽✮ ❝♦♠ z = η(x, x̄) ❡ ❧❡♠❜r❛♥❞♦ q✉❡ ψα(x̄) = 0, α ∈ A(x̄)✱ ❡ q✉❡
γβ(x̄) = 0, β ∈ B✱ ❞❛❞♦ q✉❡ x̄ ∈ F ✱ ♦❜t❡♠♦s

p
∑

i=1

λiϕi(x) +

∫

A

ψα(x)µ(dα) +

∫

B

γβ(x) ν(dβ) ≥

p
∑

i=1

λiϕi(x̄) ∀ x ∈ X.

P❛r❛ i /∈ I(x̄) t❡♠♦s λi = 0✳ P❛r❛ i ∈ I(x̄) t❡♠♦s ϕi(x̄) = Φ(x̄) = 0✳ ▲♦❣♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛
❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ♥✉❧♦✱ ❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ ✭■■✮ é ❝♦♥s✐st❡♥t❡✳



✸✽



❈❆P❮❚❯▲❖ ✸

Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ■♥✜♥✐t❛
▼♦♥♦✲❖❜❥❡t✐✈♦

❊st❡ ❝❛♣ít✉❧♦ ❝♦♥té♠ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❡ ❞✉❛❧✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦
✐♥✜♥✐t❛ ❛❜❛✐①♦✿

▼✐♥✐♠✐③❛r f(x)
s✉❥❡✐t♦ ❛ gα(x) ≤ 0, α ∈ A,

hβ(x) = 0, β ∈ B.







✭PP■✮

◆❛ ♣ró①✐♠❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ♣r✐♠❡✐r❛ ❡
s❡❣✉♥❞❛ ♦r❞❡♥s✳ ❙ã♦ ❛♣r❡s❡♥t❛❞❛s t❛♠❜é♠ q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦✱ ❛s q✉❛✐s sã♦ ♥❡❝❡ssár✐❛s
♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♦ ♠✉❧t✐♣❧✐❝❛❞♦r ❛ss♦❝✐❛❞♦ ❝♦♠ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❉❡ ❢❛t♦✱
sã♦ ❞❡✜♥✐❞❛s ❛❞❡q✉❛❞❛♠❡♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦ ❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦ ❞❡
❙❧❛t❡r ❡ ❞❡ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③✳ ◆❛ ❙❡çã♦ ✸✳✷ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s✱
❛s q✉❛✐s sã♦ ♦❜t✐❞❛s s♦❜ ❤✐♣ót❡s❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛ ✭✐♥✈❡①✐❞❛❞❡✮✳ ❚❛♠❜é♠✱
❢❛③❡♠♦s ♣❛r❛ ✭PP■✮ ✉♠ ❡st✉❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ♣♦r ▼❛rt✐♥ ❡♠ ❬✷✸❪ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡
♣r♦❣r❛♠❛çã♦ ♠❛t❡♠át✐❝❛✳ ❆ ú❧t✐♠❛ s❡çã♦ é ❞❡❞✐❝❛❞❛ ❛♦s r❡s✉❧t❛❞♦s ❞❡ ❞✉❛❧✐❞❛❞❡✳ ❊st❛
s❡çã♦ tr❛③ t❡♦r❡♠❛s ❞❡ ❞✉❛❧✐❞❛❞❡ ❢r❛❝❛✱ ❞❡ ❞✉❛❧✐❞❛❞❡ ❢♦rt❡ ❡ ❞❡ ❞✉❛❧✐❞❛❞❡ ✐♥✈❡rs❛✳ P❛r❛
❡st❛❜❡❧❡❝❡r t❛✐s r❡s✉❧t❛❞♦s ✉s❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✳

✸✳✶ ❈♦♥❞✐çõ❡s ◆❡❝❡ssár✐❛s

◆❡st❛ s❡çã♦ ❛♣❧✐❝❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✷ ❛♦ ♣r♦❜❧❡♠❛ ✭PP■✮✳ ❖❜t❡♠♦s ❝♦♥❞✐çõ❡s
♥❡❝❡ssár✐❛s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❉✐③❡♠♦s q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭PP■✮ s❡ f(x) ≥ f(x̄)
♣❛r❛ t♦❞❛s x ∈ F✳

✸✾
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❙❡ ♥♦ ♣r♦❜❧❡♠❛ ✭P✮ ✭✈❡r ♣á❣✐♥❛ ✷✶ ❞♦ ❈❛♣ít✉❧♦ ✷✮ t♦♠❛r♠♦s✱ Y = X, U = R, V =
C(A), W = C(B), K = {k ∈ C(A) : k(α) ≥ 0, α ∈ A}, C = R+ ❡ ❞❡✜♥✐r♠♦s F = f ❡ G ❡
H r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

G(x)(α) = gα(x) ❡ H(x)(β) = hβ(x),

❡♥tã♦ ✭PP■✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

▼✐♥✐♠✐③❛r F (x)
s✉❥❡✐t♦ ❛ G(x) ∈ −K,

H(x) = 0.

❙✉♣♦♥❞♦ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✸✮ ❡ ✭❍✺✮ s❡❥❛♠ ✈á❧✐❞❛s✱ é ❢á❝✐❧ ✈❡r q✉❡G ❡H ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s
❡ q✉❡ F,G ❡ H sã♦ ❞✉❛s ✈❡③❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆❞❡♠❛✐s✱ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡
✭PP■✮ é ❝❧❛r❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P✮ ✭♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✮✳

❉❡♥♦t❡♠♦s ♣♦r R(H ′(x)) ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ H ′(x), x ∈ X✳

❚❡♦r❡♠❛ ✸✳✷✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭PP■✮✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s
✭❍✸✮ ❡ ✭❍✺✮ sã♦ ✈á❧✐❞❛s ❡ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ d ∈ X s❛t✐s❢❛③❡♥❞♦

f ′(x̄)d ≤ 0, g′α(x̄)d ≤ 0, α ∈ A, h′β(x̄)d = 0, β ∈ B, ✭✸✳✶✮

❝♦rr❡s♣♦♥❞❡♠ ✉♠ ♥ú♠❡r♦ r❡❛❧ λ ≥ 0✱ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ♣♦s✐t✐✈❛ µ ∈ M(A) ❡ ✉♠❛
♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧ ν ∈ M(B)✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

λf ′(x̄)z +

∫

A

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X, ✭✸✳✷✮
∫

A

gα(x̄)µ(dα) = 0 ✭✸✳✸✮

❡

λf ′′(x̄)(d, d) +

∫

A

g′′α(x̄)(d, d)µ(dα) +

∫

B

h′′β(x̄)(d, d) ν(dβ) ≥ 0, ✭✸✳✹✮

λf ′(x̄)d = 0, ✭✸✳✺✮
∫

A

g′α(x̄)d µ(dα) = 0. ✭✸✳✻✮

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ q✉❡ x̄ ∈ F, gα(x̄) ≤ 0, α ∈ A✳ ❉❡ ✭✸✳✶✮ s❛❜❡♠♦s q✉❡ g′α(x̄)d ≤ 0, α ∈
A✳ ❆ss✐♠ t❡♠♦s

gα(x̄) + g′α(x̄)d ≤ 0, α ∈ A⇔ −G(x̄) −G′(x̄)d ∈ K

⇒ −G′(x̄)d ∈ K +G(x̄)
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⇒ −G′(x̄)d ∈ {a(k +G(x̄)) : k ∈ K, a ≥ 0}.

❊♥tã♦ s❡❣✉❡ ❞❡ ✭✸✳✶✮ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❡♠ ✭✷✳✹✮ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✵ sã♦ ✈á❧✐❞❛s✳ ▲♦❣♦ ❡①✐st❡♠
❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s u∗ ∈ C+, v∗ ∈ K+ ❡ w∗ ∈ W ∗✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡
✭✷✳✺✮✲✭✷✳✼✮ ✈❛❧❡♠✳ ❉❡ ✭✷✳✻✮ t❡♠♦s q✉❡

u∗ ◦ F ′(x̄) + v∗ ◦G′(x̄) + w∗ ◦H ′(x̄) = 0,

❞❡ ♠♦❞♦ q✉❡
u∗(F ′(x̄)z) + v∗(G′(x̄)z) + w∗(H ′(x̄)z) = 0 ∀ z ∈ X. ✭✸✳✼✮

❈♦♠♦ C = R+✱ t❡♠♦s q✉❡ C+ = R+✳ ❆ss✐♠ u∗ é ✉♠ ♥ú♠❡r♦ r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦✱ q✉❡ ✈❛♠♦s
r❡♥♦♠❡❛r λ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✷✻✲✭✐✮ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥
♣♦s✐t✐✈❛ µ ∈ M(A) t❛❧ q✉❡

v∗(v) =

∫

A

v(α)µ(dα) ∀ v ∈ V. ✭✸✳✽✮

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✷✳✷✻✲✭✐✐✮ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧
ν ∈ M(B) t❛❧ q✉❡

w∗(w) =

∫

B

w(β) ν(dβ) ∀ w ∈ W. ✭✸✳✾✮

❈♦♥s❡qü❡♥t❡♠❡♥t❡ ❞❡ ✭✸✳✼✮ t❡♠♦s

λF ′(x̄)z +

∫

A

G′(x̄)z dµ+

∫

B

H ′(x̄)z dν = 0 ∀ z ∈ X,

✐✳❡✳✱

λf ′(x̄)z +

∫

A

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.

❆ss✐♠ ♦❜t❡♠♦s ✭✸✳✷✮✳ ❉❡ ✭✷✳✺✮ t❡♠♦s q✉❡ v∗G(x̄) = 0✳ ❊♥tã♦ ✉s❛♥❞♦ ✭✸✳✽✮ ♦❜t❡♠♦s ✭✸✳✸✮✳
✭✸✳✹✮ s❡❣✉❡ ❞❡ ✭✷✳✼✮✱ ✭✸✳✽✮ ❡ ✭✸✳✾✮✳ ❉❡ ✭✷✳✺✮ t❡♠♦s u∗F ′(x̄)d = 0 ❡ v∗G′(x̄)d = 0✳ ❉❡
u∗F ′(x̄)d = 0 ♦❜t❡♠♦s ✭✸✳✺✮ ❞✐r❡t❛♠❡♥t❡✳ ❉❡ v∗G′(x̄)d = 0✱ ✉s❛♥❞♦ ✭✸✳✽✮✱ ♦❜t❡♠♦s ✭✸✳✻✮✳

❆ ❝♦♥❞✐çã♦ ✭✸✳✶✮ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ú❧t✐♠♦ t❡♦r❡♠❛ ✐♠♣❧✐❝❛ q✉❡ d ∈ Df (x̄)∩DG(x̄)∩TH(x̄)✱
♦✉ s❡❥❛✱ d é✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱ ✉♠❛ ❞✐r❡çã♦ ❞❡ q✉❛s✐❞❡s❝✐❞❛✱ q✉❛s✐❢❛❝tí✈❡❧ ❡ t❛♥❣❡♥t❡✳

❆s ❝♦♥❞✐çõ❡s ✭✸✳✷✮✲✭✸✳✸✮ ♥♦ ❚❡♦r❡♠❛ ✸✳✷ sã♦ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳
❊✈✐❞❡♥t❡♠❡♥t❡✱ ❛s ❝♦♥❞✐çõ❡s ✭✸✳✹✮✲✭✸✳✻✮ sã♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

❙❡ λ ❡♠ ✭✸✳✷✮✲✭✸✳✻✮ é ✐❣✉❛❧ ❛ ③❡r♦✱ ❡♥tã♦ ♥❡♥❤✉♠❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ é
❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s ❞❛❞❛s ♥♦ ❚❡♦r❡♠❛ ✸✳✷✳ P❛r❛
❣❛r❛♥t✐r q✉❡ λ > 0✱ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠ t✐♣♦ ❞❡ q✉❛❧✐✜❝❛çã♦ ♥❛s r❡str✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛✳

❉❡✜♥✐çã♦ ✸✳✸✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✸✮ é s❛t✐s❢❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮ s❛t✐s❢❛③❡♠
❛ ❝♦♥❞✐çã♦ ❈◗✭❞✮ ♣❛r❛ d ∈ X ❡♠ x̄ ∈ F s❡
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✭✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

[h′β(x̄)z + h′′β(x̄)(d, d)] ν(dβ) ≥ 0 ∀ z ∈ X;

✭✐✐✮ ❡①✐st❡ ẑ ∈ X t❛❧ q✉❡

g′α(x̄)ẑ + g′′α(x̄)(d, d) < 0, α ∈ A,

h′β(x̄)ẑ + h′′β(x̄)(d, d) = 0, β ∈ B.

❈♦r♦❧ár✐♦ ✸✳✹✳ ❙❡ ♣❛r❛ d s❛t✐s❢❛③❡♥❞♦ ✭✸✳✶✮✱ ❛ ❝♦♥❞✐çã♦ ❈◗✭❞✮ é s❛t✐s❢❡✐t❛ ❡♠ x̄✱ ❡♥tã♦ λ
❡♠ ✭✸✳✷✮✲✭✸✳✻✮ é ♥ã♦✲♥✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ λ ❡♠ ✭✸✳✷✮✲✭✸✳✻✮ é ✐❣✉❛❧ ❛ ③❡r♦✳ ❊♥tã♦
∫

A

[g′α(x̄)z + g′′α(x̄)(d, d)]µ(dα)

+

∫

B

[h′β(x̄)z + h′′β(x̄)(d, d)] ν(dβ) ≥ 0 ∀ z ∈ X. ✭✸✳✶✵✮

❙❡ µ(A) = 0 ❡♥tã♦ ν 6= 0 ♣♦✐s λ, µ ❡ ν sã♦ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ ❡ ♣♦r ✭✸✳✶✵✮ t❡♠♦s ✉♠❛
❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✸✳

❙❡ µ(A) > 0✱ ✉s❛♥❞♦ ✭✐✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✸✱ ♦❜t❡♠♦s
∫

A

[g′α(x̄)ẑ + g′′α(x̄)(d, d)]µ(dα) +

∫

B

[h′β(x̄)ẑ + h′′β(x̄)(d, d)] ν(dβ) < 0,

❝♦♥tr❛❞✐③❡♥❞♦ ✭✸✳✶✵✮✳
▲♦❣♦ λ > 0✳

❆❣♦r❛ ❡st✉❞❛r❡♠♦s ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ s❡♣❛r❛❞❛♠❡♥t❡✳ ❆♥❛❧✐s❡♠♦s s♦❜ q✉❡
❝♦♥❞✐çõ❡s ♣♦❞❡♠♦s t♦♠❛r λ = 1 ❡♠ ✭✸✳✷✮✲✭✸✳✸✮✳ P❛r❛ ❡st❡ ✜♠✱ ❛❧❣✉♠❛s q✉❛❧✐✜❝❛çõ❡s ❞❡
r❡str✐çã♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆♦♠❡❛❞❛♠❡♥t❡✱ ❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦ ❞♦s t✐♣♦s ❙❧❛t❡r
❡ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ♣❛r❛ ✭PP■✮✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ x̄ é ✉♠❛
s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✭♦✉ ✉♠❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛✮ s❡ ❡①✐st❡♠ λ ≥ 0, µ ∈ M(A), µ ≥ 0✱
❡ ν ∈ M(B) t❛✐s q✉❡ ✭✸✳✷✮✲✭✸✳✸✮ ✈❛❧❡♠ ❝♦♠ λ > 0✳

◗✉❛♥❞♦ ❡①✐st❡♠ λ ∈ R, λ ≥ 0, µ ∈ M(A), µ ≥ 0✱ ❡ ν ∈ M(B) t❛✐s q✉❡ ✭✸✳✷✮✲✭✸✳✸✮ ✈❛❧❡♠
❝♦♠ (λ, µ, ν) 6= (0, 0, 0)✱ ♠❛s s❡♠ q✉❡ λ s❡❥❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥ã♦✲♥✉❧♦✱ ❞✐③✲s❡ q✉❡ x̄ é ✉♠❛
s♦❧✉çã♦ ❞❡ ❋r✐t③✲❏♦❤♥✳ ▲♦❣♦ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ❞❡ ❋r✐t③✲❏♦❤♥✳ ❊✱
s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✷✱ t♦❞❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭PP■✮ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❋r✐t③✲❏♦❤♥✳
❙❡rá ♠♦str❛❞♦ ❛ s❡❣✉✐r q✉❡ q✉❛♥❞♦ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮ ♣♦ss✉❡♠ ❛❧❣✉♠❛ q✉❛❧✐✜❝❛çã♦✱ t♦❞❛
s♦❧✉çã♦ ót✐♠❛ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❆ r❡❝í♣r♦❝❛ é ✈❡r❞❛❞❡✐r❛ s❡ ♦ ♣r♦❜❧❡♠❛ ❢♦r
✐♥✈❡①♦✳ ▼❛s ✐st♦ é ❛ss✉♥t♦ ❞❛ ♣ró①✐♠❛ s❡çã♦✳
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❉❡✜♥✐çã♦ ✸✳✻✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é s❛t✐s❢❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮ s❛t✐s❢❛③❡♠
❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ❙❧❛t❡r ❡♠ x̄ ∈ F s❡

✭✐✮ gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B sã♦ ✐♥✈❡①❛s ❝♦♠ ✉♠❛ η ❝♦♠✉♠❀

✭✐✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X;

✭✐✐✐✮ ❡①✐st❡ x̂ ∈ X t❛❧ q✉❡

gα(x̂) < 0, α ∈ A(x̄),

hβ(x̂) = 0, β ∈ B.

❉❡✜♥✐çã♦ ✸✳✼✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é s❛t✐s❢❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮ s❛t✐s❢❛③❡♠
❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄ ∈ F s❡

✭✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X;

✭✐✐✮ ❡①✐st❡ ẑ ∈ X t❛❧ q✉❡

g′α(x̄)ẑ < 0, α ∈ A(x̄),

h′β(x̄)ẑ = 0, β ∈ B.

❚❡♦r❡♠❛ ✸✳✽✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✹✮ sã♦ ✈á❧✐❞❛s✳ ❙❡❥❛ x̄ ✉♠❛ s♦❧✉çã♦ ót✐♠❛
❞❡ ✭PP■✮✳ ❙✉♣♦♥❤❛ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦✳ ❙❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮ s❛t✐s❢❛③❡♠

✭❛✮ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ❙❧❛t❡r ❡♠ x̄

♦✉

✭❜✮ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄

❡♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✷ q✉❡ x̄ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭✸✳✷✮✲
✭✸✳✸✮✳ ❉❡ ✭✸✳✸✮ ✈❡♠ ❝❧❛r❛♠❡♥t❡ q✉❡ µ(A \ A(x̄)) = 0✳ ❊♥tã♦ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭✸✳✷✮✲✭✸✳✸✮
❝♦♠♦

λf ′(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.
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❙✉♣♦♥❞♦ q✉❡ λ = 0 t❡♠♦s
∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✸✳✶✶✮

❙✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ ✭❛✮ ✈❛❧❡✳
❙❡ A(x̄) = ∅ ❡♥tã♦ µ(A(x̄)) = 0 ❡ t❡♠♦s µ = 0 ✈✐st♦ q✉❡ µ(A \ A(x̄)) = 0✳ ❆ss✐♠✱ ❞❡s❞❡

q✉❡ λ, µ ❡ ν sã♦ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❡♠♦s ν 6= 0 ❡ ♣♦r ✭✸✳✶✶✮
∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.

■st♦ ❝♦♥tr❛❞✐③ ✭✐✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✻✳
❙❡ A(x̄) 6= ∅ ❡♥tã♦ µ(A(x̄)) > 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ν 6= 0 ❡✱ ❞❡ ✭✸✳✶✶✮✱ t❡♠♦s ✉♠❛

❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✐✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✻✳ P♦r ✭✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✻✱ gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈
B sã♦ ✐♥✈❡①❛s ❝♦♠ ✉♠❛ ♠❡s♠❛ η✳ ❉❛í ♣❛r❛ x̂ ∈ X✱

gα(x̂) − gα(x̄) ≥ g′α(x̄)η(x̂, x̄), α ∈ A(x̄),

hβ(x̂) − hβ(x̄) = h′β(x̄)η(x̂, x̄), β ∈ B.

■♥t❡❣r❛♥❞♦✱ ♦❜t❡♠♦s
∫

A(x̄)

[gα(x̂) − gα(x̄)]µ(dα) +

∫

B

[hβ(x̂) − hβ(x̄)] ν(dβ)

≥

∫

A(x̄)

g′α(x̄)η(x̂, x̄)µ(dα) +

∫

B

h′β(x̄)η(x̂, x̄) ν(dβ).

❯s❛♥❞♦ ✭✸✳✶✶✮ ❝♦♠ z = η(x̂, x̄) ❡ ❧❡♠❜r❛♥❞♦ q✉❡ gα(x̄) = hβ(x̄) = 0, α ∈ A(x̄), β ∈ B✱ s❡❣✉❡
q✉❡

∫

A(x̄)

gα(x̂)µ(dα) +

∫

B

hβ(x̂) ν(dβ) ≥ 0. ✭✸✳✶✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ❞❡ ✭✐✐✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✻ q✉❡ ❡①✐st❡ x̂ ∈ X t❛❧ q✉❡

gα(x̂) < 0, α ∈ A(x̄),

hβ(x̂) = 0, β ∈ B.

■♥t❡❣r❛♥❞♦ ✈ê♠
∫

A(x̄)

gα(x̂)µ(dα) +

∫

B

hβ(x̂) ν(dβ) < 0,

✈✐st♦ q✉❡ µ(A(x̄)) > 0✳ ▼❛s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥tr❛❞✐③ ✭✸✳✶✷✮✳
❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ ✭❜✮ ✈❛❧❡✳
❙❡ A(x̄) = ∅ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠♦ ❛♥t❡s✳
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❙❡ A(x̄) 6= ∅✱ ❝♦♠♦ ❛♥t❡s✱ µ(A(x̄)) > 0✳ P♦r ✭✐✐✮ ♥❛ ❉❡✜♥✐çã♦ ✸✳✼ ❡①✐st❡ z ∈ X t❛❧ q✉❡

g′α(x̄)z < 0, α ∈ A(x̄),

h′β(x̄)z = 0, β ∈ B.

❊♥tã♦✱ ✐♥t❡❣r❛♥❞♦✱
∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) < 0,

❞❛❞♦ q✉❡ µ(A(x̄)) > 0✳ ❆ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥tr❛❞✐③ ✭✸✳✶✶✮✳
P♦rt❛♥t♦ λ > 0✳

✸✳✷ ❈♦♥❞✐çõ❡s ❙✉✜❝✐❡♥t❡s

◆❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✱ é ❣❡♥❡r❛❧✐③❛❞❛ ❛ ♥♦çã♦
❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ✭PP■✮ ❡ é ❡st❛❜❡❧❡❝✐❞♦ ✉♠ r❡s✉❧t❛❞♦ ♠♦str❛♥❞♦ q✉❡ ❑❚✲✐♥✈❡①✐❞❛❞❡
é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ t♦❞♦ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ s❡❥❛ ✉♠❛ s♦❧✉çã♦
❣❧♦❜❛❧ ❞♦ ♣r♦❜❧❡♠❛✳

❘❡❧❡♠❜r❛♠♦s ❞❛ ú❧t✐♠❛ s❡çã♦ q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡ ❡①✐st❡♠
♠❡❞✐❞❛s µ ∈ M(A) ❡ ν ∈ M(B) ❝♦♠ µ ≥ 0 t❛✐s q✉❡

f ′(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✸✳✶✸✮

❚❡♦r❡♠❛ ✸✳✾✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r✳ ❙✉♣♦♥❤❛ q✉❡ f, gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❡♠ x̄ ❝♦♠ ✉♠❛ η
❝♦♠✉♠✳ ❊♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭PP■✮✳

❉❡♠♦♥str❛çã♦✳ ❉❛s ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ t❡♠♦s q✉❡ ❡①✐st❡ η : X ×X → X t❛❧ q✉❡

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄), ✭✸✳✶✹✮

gα(x) − gα(x̄) ≥ g′α(x̄)η(x, x̄), α ∈ A(x̄), ✭✸✳✶✺✮

hβ(x) − hβ(x̄) = h′β(x̄)η(x, x̄), β ∈ B, ✭✸✳✶✻✮

♣❛r❛ t♦❞♦s x ∈ X✳ ❊♥tã♦

f(x) − f(x̄) − f ′(x̄)η(x, x̄)

+

∫

A(x̄)

[gα(x) − gα(x̄)]µ(dα) −

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα)

+

∫

B

[hβ(x) − hβ(x̄)] ν(dβ) −

∫

B

h′β(x̄)η(x, x̄) ν(dβ) ≥ 0 ∀ x ∈ X.
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▼❛s gα(x̄) = hβ(x̄) = 0, α ∈ A(x̄), β ∈ B✳ ❉❛í✱

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄) +

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ)

−

∫

A(x̄)

gα(x)µ(dα) −

∫

B

hβ(x) ν(dβ).

P❛r❛ x ∈ F✱ t❡♠♦s
∫

A(x̄)
gα(x)µ(dα) ≤ 0 ❡

∫

B
hβ(x) ν(dβ) = 0✱ ❞❛❞♦ q✉❡ µ é ♣♦s✐t✐✈❛✳ ▲♦❣♦

✉s❛♥❞♦ ✭✸✳✶✸✮ ❝♦♠ z = η(x, x̄) s❡❣✉❡ q✉❡

f(x) − f(x̄) ≥ 0 ∀ x ∈ F.

P♦rt❛♥t♦ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳

❆❣♦r❛ s❡rá ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ✭PP■✮ ❡ s❡rá ❡st❛❜❡❧❡❝✐❞♦ ✉♠ r❡✲
s✉❧t❛❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❞❡ ▼❛rt✐♥ ❬✷✸❪✳ ❆s r❡❧❛①❛çõ❡s ♥❛ ❞❡✜♥✐çã♦ ❛❜❛✐①♦ sã♦ ❢❡✐t❛s ♦❜s❡r✈❛♥❞♦
❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳ Pr✐♠❡✐r♦ ♦❜s❡r✈❡♠♦s q✉❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ ✭✸✳✶✹✮✲✭✸✳✶✻✮ só
♣r❡❝✐s❛♠ ✈❛❧❡r ♣❛r❛ s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞❡ ✭PP■✮ ❡ ♥ã♦ ♣❛r❛ t♦❞♦s x ∈ X✳ ❖❜s❡r✈❡♠♦s t❛♠❜é♠
q✉❡ ❛ ♦♠✐ssã♦ ❞♦s t❡r♠♦s gα(x) ❡♠ ✭✸✳✶✺✮ ♥ã♦ ❛❢❡t❛ ❛ ❝♦♥❝❧✉sã♦✳

❉❡✜♥✐çã♦ ✸✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❉✐③❡♠♦s q✉❡ ✭PP■✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ ✭♦✉
❑❚✲✐♥✈❡①♦✮ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : X ×X → X t❛❧ q✉❡

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄)

0 ≥ g′α(x̄)η(x, x̄), α ∈ A(x̄),

0 = h′β(x̄)η(x, x̄), β ∈ B,

♣❛r❛ t♦❞❛s x, x̄ ∈ F✳

❖❜s❡r✈❡♠♦s q✉❡ s❡ ♥ã♦ ❡①✐st❡♠ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡✱ X = R
n ❡ A é ✜♥✐t♦✱ ❛ ❞❡✜♥✐çã♦

❛❝✐♠❛ ❝♦✐♥❝✐❞❡ ❡①❛t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♣♦r ▼❛rt✐♥✳ ❆ss✐♠ ❛ ❞❡✜♥✐çã♦ é ❞❡ ❢❛t♦
✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ▼❛rt✐♥✳

◆♦t❡ q✉❡ s❡ ❛s ❢✉♥çõ❡s f, gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❝♦♠ ❛ ♠❡s♠❛ η✱
❡♥tã♦ ✭PP■✮ é ❝❧❛r❛♠❡♥t❡ ❑❚✲✐♥✈❡①♦✳

◆♦ ♣ró①✐♠♦ ❡①❡♠♣❧♦ t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ q✉❡ é ❑❚✲✐♥✈❡①♦ ♠❛s ♥ã♦ é ✐♥✈❡①♦ ❡ ✈❛❧❡ ❛
♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ■st♦ ♠♦str❛
q✉❡ ✐♥✈❡①✐❞❛❞❡ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♠❛s ♥ã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✈❛❧❡r ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳

❊①❡♠♣❧♦ ✸✳✶✶✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r X = R ❡ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛

▼✐♥✐♠✐③❛r f(x) = 1
2
− 1

2
exp(−x)

s✉❥❡✐t♦ ❛ gα(x) = −αx ≤ 0, α ∈ [0, 1].
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❙❡❥❛ x̄ = 0 ❡ µ = ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❊♥tã♦ A(x̄) = [0, 1] ❡

f ′(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) =
1

2
z +

∫ 1

0

(−α)z µ(dα)

=
1

2
z −

1

2
z = 0 ∀ z ∈ R.

▲♦❣♦ x̄ = 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❙✉♣♦♥❤❛ q✉❡ x̂ > 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r✳ ❊♥tã♦ A(x̂) = {0} ❡ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ♣♦s✐t✐✈❛ µ t❛❧ q✉❡

f ′(x̂)z +

∫

A(x̂)

g′α(x̂)z µ(dα) = 0 ∀ z ∈ R,

✐✳❡✳✱
1

2
exp(−x̂)z +

∫

{0}

(−α)z µ(dα) = 0 ∀ z ∈ R.

❆ ✐♥t❡❣r❛❧ ❛❝✐♠❛ é ✐❣✉❛❧ ❛ ③❡r♦✳ ❆ss✐♠ ♦❜t❡♠♦s

1

2
exp(−x̂)z = 0 ∀ z ∈ R,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ x̄ = 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡♠ F = {x ∈ R :
x ≥ 0}✳

➱ ❢á❝✐❧ ✈❡r q✉❡ f(x) ≥ f(0) ♣❛r❛ t♦❞❛ x ∈ F✳ ❊♥tã♦ x̄ = 0 é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳
❈♦♥s❡qü❡♥t❡♠❡♥t❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦

❣❧♦❜❛❧ ✈❛❧❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳
❙✉♣♦♥❤❛ q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ é ✐♥✈❡①♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ η : R × R → R t❛❧ q✉❡

f(x) − f(y) ≥ f ′(y)η(x, y)

gα(x) − gα(y) ≥ g′α(y)η(x, y), α ∈ [0, 1],

♣❛r❛ t♦❞♦s x, y ∈ R✱ ✐st♦ é✱

f(x) − f(y) ≥ f ′(y)η(x, y)

(−α)[x− y] ≥ (−α)η(x, y), α ∈ [0, 1].

❉❛í✱ ♣❛r❛ α = 1✱

f(x) − f(y) − f ′(y)(x− y) ≥ f(x) − f(y) − f ′(y)η(x, y) ≥ 0, ∀x, y ∈ R.

■st♦ ✐♠♣❧✐❝❛ q✉❡ f é ❝♦♥✈❡①❛✱ ♦ q✉❡ é ❢❛❧s♦✳ ◆❛ ✈❡r❞❛❞❡✱ f é ❝ô♥❝❛✈❛✳ ▲♦❣♦ ❡st❡ ♣r♦❜❧❡♠❛
♥ã♦ é ✐♥✈❡①♦✳
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❉❡✜♥❛ η : R × R → R ♣♦r

η(x, y) = 1 − exp(−x+ y).

❆ss✐♠

f(x) − f(y) − f ′(y)η(x, y) =
1

2
−

1

2
exp(−x) −

1

2
+

1

2
exp(−y)

−
1

2
exp(−y)(1 − exp(−x+ y)) = 0. ✭✸✳✶✼✮

❙❡❥❛♠ x, y ∈ F✳ ❙❡ y > 0✱ ❡♥tã♦ ♣❛r❛ α ∈ A(y) = {0}✱

g′α(y)η(x, y) = −αη(x, y) = 0.

❙❡ y = 0✱ ❡♥tã♦ ♣❛r❛ α ∈ A(y) = [0, 1]✱

−αη(x, y) = −αη(x, 0) = −α(1 − exp(−x)) ≤ 0,

✈✐st♦ q✉❡ x ≥ 0✳ P♦rt❛♥t♦✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦

0 ≥ g′α(y)η(x, y), α ∈ A(y). ✭✸✳✶✽✮

❉❡ ✭✸✳✶✼✮ ❡ ✭✸✳✶✽✮ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳

▲❡♠❛ ✸✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✹✮ sã♦ ✈á❧✐❞❛s✱ q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■✮
s❛t✐s❢❛③❡♠ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄ ∈ F ❡ q✉❡
R(H ′(x̄)) é ❢❡❝❤❛❞♦✳ ❙❡ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❡♥tã♦ ♦ s✐st❡♠❛







f ′(x̄)z < 0,
g′α(x̄)z ≤ 0, α ∈ A(x̄),
h′β(x̄)z = 0, β ∈ B,

✭✸✳✶✾✮

t❡♠ ✉♠❛ s♦❧✉çã♦ z ∈ X✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ♦ s✐st❡♠❛ ❡♠ ✭✸✳✶✾✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✳ ❉❡✜♥❛ ϕ, φα, ψβ : X →
R, α ∈ A(x̄), β ∈ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

ϕ(z) = f ′(x̄)z,

ψα(z) = g′α(x̄)z, α ∈ A(x̄),

γβ(z) = h′β(x̄)z, β ∈ B.

❱❡r✐✜q✉❡♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✾ sã♦ s❛t✐s❢❡✐t❛s✳ ❈❧❛r❛♠❡♥t❡ z̄ = 0 é s♦❧✉çã♦
❞❡

ϕ(z) ≤ 0,

ψα(z) ≤ 0, α ∈ A(x̄),

γβ(z) = 0, β ∈ B.
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❚❛♠❜é♠ é ❝❧❛r♦ q✉❡ ϕ, ψα, α ∈ A(x̄), γβ ❡ −γβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❡♠ z̄ ❝♦♠ ✉♠❛ ♠❡s♠❛
η(z, w) = z − w, z, w ∈ X✱ ❡ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ z̄✱ ❥á q✉❡ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦
t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ é s❛t✐s❢❡✐t❛ ❡♠ x̄✳ ❆❧é♠ ❞✐ss♦ ❛ ✐♠❛❣❡♠ ❞❡ Γ′(z̄) ❝♦✐♥❝✐❞❡ ❝♦♠
❛ ✐♠❛❣❡♠ ❞❡ H ′(x̄)✱ ❞❡ ♠♦❞♦ q✉❡ é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ P♦rt❛♥t♦✱ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦
❚❡♦r❡♠❛ ✷✳✷✾ sã♦ s❛t✐s❢❡✐t❛s✳ ❙❡❣✉❡ q✉❡ ❡①✐st❡♠ µ ∈ M(A(x̄)), µ ♣♦s✐t✐✈❛✱ ❡ ν ∈ M(B) t❛✐s
q✉❡

ϕ(z) +

∫

A(x̄)

ψα(z)µ(dα) +

∫

B

γβ(z) ν(dβ) = 0 ∀ z ∈ X,

♦✉ s❡❥❛✱

f ′(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X.

■st♦ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ P♦rt❛♥t♦ ♦ s✐st❡♠❛
❡♠ ✭✸✳✶✾✮ é ❝♦♥s✐st❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✹✮ sã♦ ✈á❧✐❞❛s✱ q✉❡ ❛s r❡str✐çõ❡s ❞❡
✭PP■✮ s❛t✐s❢❛③❡♠ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ ❝❛❞❛ x̄ ∈ F

❡ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦ ♣❛r❛ ❝❛❞❛ x̄ ∈ F✳ ❊♥tã♦✱ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛
s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ ✭PP■✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳
❙❡❥❛♠ x, x̄ ∈ F✳

❙❡ f(x) < f(x̄) ❡♥tã♦ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✱ ❞❡ ♠♦❞♦ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ x̄
♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ P❡❧♦ ▲❡♠❛ ✸✳✶✷✱ ❡①✐st❡ z ∈ X t❛❧ q✉❡

f ′(x̄)z < 0,

g′α(x̄)z ≤ 0, α ∈ A(x̄),

h′β(x̄)z = 0, β ∈ B.

❉❡✜♥❛ η(x, x̄) = [f(x) − f(x̄)][f ′(x̄)z]−1z✳ ❚❡♠♦s

f(x) − f(x̄) − f ′(x̄)η(x, x̄) = 0 ✭✸✳✷✵✮

❡✱ ❥á q✉❡ [f(x) − f(x̄)][f ′(x̄)z]−1 > 0✱

0 ≥ g′α(x̄)η(x, x̄), α ∈ A(x̄). ✭✸✳✷✶✮

▼❛✐s✱
0 = h′β(x̄)η(x, x̄), β ∈ B. ✭✸✳✷✷✮

P♦r ✭✸✳✷✵✮✱ ✭✸✳✷✶✮ ❡ ✭✸✳✷✷✮ s❡❣✉❡ q✉❡ ✭PP■✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ q✉❛♥❞♦ f(x) < f(x̄)✳
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❙❡ f(x) ≥ f(x̄)✱ ❞❡✜♥❛ η(x, x̄) = 0✳ ❚❡♠♦s

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄),

0 = g′α(x̄)η(x, x̄), α ∈ A(x̄),

0 = h′β(x̄)η(x, x̄), β ∈ B.

❆ss✐♠ ✭PP■✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ ♥❡st❡ ❝❛s♦ t❛♠❜é♠✳
P❛r❛ x, x̄ /∈ F ❞❡✜♥✐♠♦s η(x, x̄) = 0✳
❙✉♣♦♥❤❛ q✉❡ ✭PP■✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❆ss✐♠ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ µ ∈ M(A) ❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ν ∈ M(B) t❛❧ q✉❡

f ′(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✸✳✷✸✮

❉❛ ❤✐♣ót❡s❡ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♦❜t❡♠♦s

f(x) − f(x̄) ≥ f ′(x̄)η(x, x̄) +

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ)

♣❛r❛ t♦❞❛ x ∈ F✳ ❉❡ ✭✸✳✷✸✮ ❝♦♠ z = η(x, x̄)✱ ✈ê♠

f(x) − f(x̄) ≥ 0 ∀ x ∈ F.

P♦rt❛♥t♦ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶✸ sã♦ ✉s❛❞❛s ❛♣❡♥❛s ♥❛ ♣❛rt❡ ✏s♦♠❡♥t❡ s❡✑
❞❛ ❞❡♠♦♥str❛çã♦✳

✸✳✸ ❉✉❛❧✐❞❛❞❡

❱❛♠♦s s✉♣♦r q✉❡ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ é ✈á❧✐❞❛ ❡♠ t♦❞❛ ❡st❛ s❡çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ❞✉❛❧ ❞♦ t✐♣♦ ❲♦❧❢❡✿

▼❛①✐♠✐③❛r L(y, µ, ν) = f(y) +

∫

A

gα(y)µ(dα) +

∫

B

hβ(y) ν(dβ)

s✉❥❡✐t♦ ❛ f ′(y)z +

∫

A

g′α(y)z µ(dα) +

∫

B

h′β(y)z ν(dβ) = 0 ∀ z ∈ X,

µ ≥ 0,
(y, µ, ν) ∈ X ×M(A) ×M(B).



























✭P❉✮
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❉❡♥♦t❡♠♦s ♣♦r G ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞❡ ✭P❉✮✱ ✐✳❡✳✱

G = {(y, µ, ν) ∈ X ×M(A) ×M(B) : f ′(y)z +

∫

A

g′α(y)z µ(dα)

+

∫

B

h′β(y)z ν(dβ) = 0 ∀ z ∈ X ❡ µ ≥ 0}.

◆♦ q✉❡ s❡❣✉❡ t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s t❡♦r❡♠❛s ❞❡ ❞✉❛❧✐❞❛❞❡ ❢r❛❝❛✱ ❢♦rt❡ ❡ ✐♥✈❡rs❛✳

❚❡♦r❡♠❛ ✸✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ f, gα, α ∈ A, hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❝♦♠ ❛ ♠❡s♠❛
η✳ ❊♥tã♦

f(x) ≥ L(y, µ, ν)

♣❛r❛ t♦❞♦ x ∈ F ❡ t♦❞♦ (y, µ, ν) ∈ G✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x ∈ F ❡ (y, µ, ν) ∈ G✳ P❡❧❛s ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ t❡♠♦s q✉❡

f(x) − f(y) ≥ f ′(y)η(x, y),

gα(x) − gα(y) ≥ g′α(y)η(x, y), α ∈ A,

hβ(x) − hβ(y) = h′β(y)η(x, y), β ∈ B.

❊♥tã♦

f(x) +

∫

A

gα(x)µ(dα) +

∫

B

hβ(x) ν(dβ)

−f(y) −

∫

A

gα(y)µ(dα) −

∫

B

hβ(y) ν(dβ)

≥ f ′(y)η(x, y) +

∫

A

g′α(y)η(x, y)µ(dα) +

∫

B

h′β(y)η(x, y) ν(dβ).

❈♦♠♦ (y, µ, ν) ∈ G✱ t♦♠❛♥❞♦ z = η(x, y)✱ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡ ❛♥✉❧❛✳
❆ss✐♠ ♦❜t❡♠♦s

f(x) ≥ L(y, µ, ν) −

∫

A

gα(x)µ(dα) −

∫

B

hβ(x) ν(dβ)

≥ L(y, µ, ν),

❞❛❞♦ q✉❡ x ∈ F ✭⇒ gα(x) ≤ 0, α ∈ A✱ ❡ hβ(x) = 0, β ∈ B✮ ❡ (y, µ, ν) ∈ G ✭⇒ µ ≥ 0✮✳

❚❡♦r❡♠❛ ✸✳✶✺✳ ❙✉♣♦♥❤❛ q✉❡ f, gα, α ∈ A, hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❝♦♠ ❛ ♠❡s♠❛ η✳
❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭PP■✮✳ ❙❡ ❡①✐st❡♠ µ̄ ∈ M(A) ❡ ν̄ ∈ M(B) t❛✐s q✉❡ x̄ é ✉♠❛
s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❡♥tã♦ (x̄, µ̄, ν̄) é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P❉✮ ❡ f(x̄) = L(x̄, µ̄, ν̄)✳



✺✷ ❈❆P❮❚❯▲❖ ✸✳ P❘❖❇▲❊▼❆❙ ❉❊ P❘❖●❘❆▼❆➬➹❖ ■◆❋■◆■❚❆ ▼❖◆❖✲❖❇❏❊❚■❱❖

❉❡♠♦♥str❛çã♦✳ ❙❡ ❡①✐st❡♠ µ̄ ∈ M(A) ❡ ν̄ ∈ M(B) t❛✐s q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r
❡♥tã♦ t❡♠♦s

f ′(x̄)z +

∫

A

g′α(x̄)z µ̄(dα) +

∫

B

h′β(x̄)z ν̄(dβ) = 0 ∀ z ∈ X,

❡
∫

A

gα(x̄) µ̄(dα) = 0

❝♦♠ µ̄ ≥ 0✳ ▲♦❣♦ (x̄, µ̄, ν̄) ∈ G ❡

L(x̄, µ̄, ν̄) = f(x̄) +

∫

A

gα(x̄) µ̄(dα) +

∫

B

hβ(x̄) ν̄(dβ)

= f(x̄)

≥ L(y, µ, ν) ∀ (y, µ, ν) ∈ G,

♦♥❞❡ ✉s❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❛❧✐❞❛❞❡ ❋r❛❝❛ ✸✳✶✹ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✳

❚❡♦r❡♠❛ ✸✳✶✻✳ ❙✉♣♦♥❤❛ q✉❡ f é ❡str✐t❛♠❡♥t❡ ✐♥✈❡①❛ ❡ q✉❡ gα, α ∈ A, hβ ❡ −hβ, β ∈ B
sã♦ ✐♥✈❡①❛s ❝♦♠ ❛ ♠❡s♠❛ η✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭PP■✮ ❡ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠
µ̄ ∈ M(A) ❡ ν̄ ∈ M(B) t❛✐s q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❙❡ (x̂, µ̂, ν̂) ∈ G é ✉♠❛
s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P❉✮ ❡♥tã♦ x̂ = x̄✱ ✐st♦ é✱ x̂ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭PP■✮✳ ❆❧é♠ ❞✐ss♦✱
f(x̄) = L(x̂, µ̂, ν̂)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ x̂ 6= x̄✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉✉❛❧✐❞❛❞❡ ❋♦rt❡ ✸✳✶✺✱ (x̄, µ̄, ν̄) é ✉♠❛
s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P❉✮✱ ❞❡ ♦♥❞❡

L(x̄, µ̄, ν̄) = L(x̂, µ̂, ν̂). ✭✸✳✷✹✮

P❡❧❛s ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ t❡♠♦s q✉❡

f(x̄) − f(x̂) > f ′(x̂)η(x̄, x̂),

gα(x̄) − gα(x̂) ≥ g′α(x̂)η(x̄, x̂), α ∈ A,

hβ(x̄) − hβ(x̂) = h′β(x̂)η(x̄, x̂), β ∈ B.

❊♥tã♦

f(x̄) +

∫

A

gα(x̄) µ̂(dα) +

∫

B

hβ(x̄) ν̂(dβ)

−f(x̂) −

∫

A

gα(x̂) µ̂(dα) −

∫

B

hβ(x̂) ν̂(dβ)

> f ′(x̂)η(x̄, x̂) +

∫

A

g′α(x̂)η(x̄, x̂) µ̂(dα) +

∫

B

h′β(x̂)η(x̄, x̂) ν̂(dβ).
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❉❡s❞❡ q✉❡ (x̂, µ̂, ν̂) ∈ G✱ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ♥✉❧♦✳ ▲♦❣♦✱ ✉s❛♥❞♦ ✭✸✳✷✹✮✱ s❡❣✉❡
q✉❡

f(x̄) +

∫

A

gα(x̄) µ̂(dα) +

∫

B

hβ(x̄) ν̂(dβ)

> f(x̄) +

∫

A

gα(x̄) µ̄(dα) −

∫

B

hβ(x̄) ν̄(dβ).

❈♦♠♦ x̄ ∈ F ✭⇒ hβ(x̄) = 0, β ∈ B✮ ❡ (x̄, µ̄, ν̄) é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✭⇒
∫

A
gα(x̄) µ̄(dα) = 0✮✱ t❡♠♦s

∫

A

gα(x̄) µ̂(dα) > 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈✐st♦ q✉❡ (x̂, µ̂, ν̂) ∈ G ✭⇒ µ̂ ≥ 0✮ ❡ x̄ ∈ F ✭⇒ gα(x̄) ≤ 0, α ∈ A✮✱ t❡♠♦s
∫

A

gα(x̄) µ̂(dα) ≤ 0.

❆ss✐♠ t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❡ ♣♦rt❛♥t♦ x̂ = x̄✳
P♦r ✭✸✳✷✹✮ ❡ ♣❡❧♦s ❢❛t♦s ❞❡ q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✭⇒

∫

A
gα(x̄) µ̄(dα) = 0✮

❡ x̄ ∈ F ✭⇒ hβ(x̄) = 0, β ∈ B✮✱ ♦❜t❡♠♦s

f(x̄) = f(x̄) +

∫

A

gα(x̄) µ̄(dα) +

∫

B

hβ(x̄) ν̄(dβ)

= L(x̄, µ̄, ν̄)

= L(x̂, µ̂, ν̂).

❖ ú❧t✐♠♦ t❡♦r❡♠❛ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✈á❧✐❞♦ s❡ ❛♦ ✐♥✈és ❞❛ ✐♥✈❡①✐❞❛❞❡ ❡str✐t❛ ❞❡ f t❡♠♦s ❛
✐♥✈❡①✐❞❛❞❡ ❡str✐t❛ ❞❡ gα✱ ♣❛r❛ ❛❧❣✉♠ α ∈ A✳

❖❜s❡r✈❡♠♦s q✉❡ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❛❧❡r❡♠ ❛s ❤✐♣ót❡s❡s ❞♦s ❚❡♦r❡♠❛s ✸✳✶✺ ❡
✸✳✶✻ ❞❡ q✉❡ ❡①✐st❡♠ µ̄ ∈ M(A) ❡ ν̄ ∈ M(B) t❛✐s q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ é q✉❡
R(H ′(x̄)) s❡❥❛ ❢❡❝❤❛❞♦ ❡ ❛s r❡str✐çõ❡s ❞♦ ♣r♦❜❧❡♠❛ s❛t✐s❢❛ç❛♠ ✉♠❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦
✭❞♦ t✐♣♦ ❙❧❛t❡r ♦✉ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③✮✳ ❱❡❥❛ ♦ ❚❡♦r❡♠❛ ✸✳✽✳



✺✹
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Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ■♥✜♥✐t❛
▼✉❧t✐✲❖❜❥❡t✐✈♦

❱❛♠♦s ❡st✉❞❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✿

▼✐♥✐♠✐③❛r f(x) = (f1(x), . . . , fp(x))
s✉❥❡✐t♦ ❛ gα(x) ≤ 0, α ∈ A,

hβ(x) = 0, β ∈ B.







✭PP■▼✮

◆❡st❡ ❝❛♣ít✉❧♦ sã♦ ♦❜t✐❞❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❡✜❝✐ê♥❝✐❛ ❢r❛❝❛ ❞❡ s♦❧✉çõ❡s ❢❛❝✲
tí✈❡✐s ❡ ❡st✉❞❛❞❛ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❛ss♦❝✐❛❞♦✳
❆s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ sã♦ ❞❛❞❛s ♥❛ ❙❡çã♦ ✹✳✶✳ ❆s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s sã♦ ♦❜t✐❞❛s
✉s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡✳ ❆s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s sã♦ ♦❜t✐❞❛s ✈✐❛ ✐♥✈❡①✐❞❛❞❡✳
❚❛♠❜é♠ ❣❡♥❡r❛❧✐③❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳ ❬✷✺❪✿ ❣❡♥❡r❛❧✐③❛♠♦s ♣❛r❛
✭PP■▼✮ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❡ ♠♦str❛♠♦s q✉❡ ❡st❛ ♥♦çã♦ é ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡
♣❛r❛ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡r ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳ ◆❛ ú❧t✐♠❛
s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ❡✜❝✐ê♥❝✐❛ ♣ró♣r✐❛ ❡ s♦❜r❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛
♠✉❧t✐✲♦❜❥❡t✐✈♦ ❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❛ss♦❝✐❛❞♦✳ ➱ ♠♦str❛❞♦ q✉❡ s♦❜ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✱ ♦
❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡s ❞♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥✲
❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ót✐♠❛s ❞♦ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❡st❛❜❡❧❡❝✐❞♦s s♦❜ ❤✐♣ót❡s❡s
❞❡ ✐♥✈❡①✐❞❛❞❡✳

❉❛❞♦s u, v ∈ R
p, u ≥ v s✐❣♥✐✜❝❛ uj ≥ vj, j = 1, . . . , p✱ ❡ u > v s✐❣♥✐✜❝❛ uj > vj, j =

1, . . . , p✱ ♦♥❞❡ uj ❞❡♥♦t❛ ❛ j✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ u✳

❉❡✜♥✐çã♦ ✹✳✶✳ ❉✐③❡♠♦s q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ s❡ ♥ã♦ ❡①✐st❡ x ∈ F

t❛❧ q✉❡ f(x) ≤ f(x̄) ❡ f(x) 6= f(x̄)✳

✺✺
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▲♦❣♦✱ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ é ❡✜❝✐❡♥t❡ q✉❛♥❞♦ ♥ã♦ é ♣♦ssí✈❡❧ ♠❡❧❤♦r❛r ♥❡♥❤✉♠ ♦❜❥❡t✐✈♦
s❡♠ ♣✐♦r❛r ❛❧❣✉♠ ♦✉tr♦✳

❉❡✜♥✐çã♦ ✹✳✷✳ ❉✐③❡♠♦s q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ s❡ ♥ã♦
❡①✐st❡ x ∈ F t❛❧ q✉❡ f(x) < f(x̄)✳

❆ss✐♠✱ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ é ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ s❡ ♥ã♦ é ♣♦ssí✈❡❧ ♠❡❧❤♦r❛r t♦❞♦s ♦s
♦❜❥❡t✐✈♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✹✳✸✳ ❉✐③❡♠♦s q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ s❡ ❡❧❛
é ❡✜❝✐❡♥t❡ ❡ ❡ ❡①✐st❡ ✉♠ ❡s❝❛❧❛r M > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ i✱ t❡♠♦s

fi(x̄) − fi(x)

fj(x) − fj(x̄)
≤M

♣❛r❛ ❛❧❣✉♠ j t❛❧ q✉❡ fj(x) > fj(x̄)✱ q✉❛♥❞♦ x ∈ F ❡ fi(x) < fi(x̄)✳

❱❡♠♦s ❡♥tã♦ q✉❡ ❡ss❛ ❢♦r♠❛ ❞❡ ❡✜❝✐ê♥❝✐❛ ❡✈✐t❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rr❡r ✏tr❛❞❡✲♦✛s✑
✐❧✐♠✐t❛❞♦s ❡♥tr❡ ♦s ✈ár✐♦s ♦❜❥❡t✐✈♦s✳ ❉❡ ♦✉tr❛ ❢♦r♠❛ ❞✐t♦✱ ♦s q✉♦❝✐❡♥t❡s ❡♥tr❡ ♦ ❣❛♥❤♦ ❡♠
✉♠ ♦❜❥❡t✐✈♦ ❡ ❛ ♣❡r❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦s ❞❡♠❛✐s é ❧✐♠✐t❛❞❛✳

✹✳✶ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❊✜❝✐ê♥❝✐❛ ❋r❛❝❛

◆❡st❛ s❡çã♦ sã♦ ♦❜t✐❞❛s ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ✭PP■▼✮✿ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡
s✉✜❝✐❡♥t❡s✳

❱❛♠♦s ❝♦♠❡ç❛r ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s✳ ❙ã♦ ❛♣r❡s❡♥t❛❞❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡
♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ❝♦♠ p = 1✱ ♥❡st❡ ❝❛s♦ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❞❡ ♦t✐✲
♠❛❧✐❞❛❞❡ t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ✉s❛♥❞♦ ❛ t❡♦r✐❛ ❞❡ ❇❡♥✲❚❛❧ ❡ ❩♦✇❡✱ ❞❛❞❛ ♥♦ ❈❛♣ít✉❧♦
✷✳

❚♦♠❡ ❡♠ ✭P✮ ✭✈❡r ♣á❣✐♥❛ ✷✶ ❞♦ ❈❛♣ít✉❧♦ ✷✮✱ Y = X, U = R
p, V = C(A), W =

C(B), K = {k ∈ C(A) : k(α) ≥ 0, α ∈ A}, C = R
p
+ ❡ ❞❡✜♥❛ F = f ❡G ❡H✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❝♦♠♦
G(x)(α) = gα(x) ❡ H(x)(β) = hβ(x).

❆ss✐♠ ✭PP■▼✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

▼✐♥✐♠✐③❛r F (x)

s✉❥❡✐t♦ ❛ G(x) ∈ −K,

H(x) = 0.

❙✉♣♦♥❞♦ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✸✮ ❡ ✭❍✺✮ s❡❥❛♠ ✈á❧✐❞❛s✱ é ❢á❝✐❧ ✈❡r q✉❡ G ❡ H ❡stã♦ ❜❡♠
❞❡✜♥✐❞❛s ❡ q✉❡ F,G ❡ H sã♦ ❞✉❛s ✈❡③❡s ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ s♦❧✉çã♦
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❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✳ ❉❡ ❢❛t♦✱ s❡ x̄ é
✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡ x ∈ F ❝♦♠ f(x) < f(x̄)✱ ✐st♦
é✱ ♥ã♦ ❡①✐st❡ x ∈ F ❝♦♠ f(x) ∈ f(x̄) − ✐♥t(C)✳ ◆❛t✉r❛❧♠❡♥t❡✱ ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡
f(x) /∈ f(x̄) − ✐♥t(C) ♣❛r❛ t♦❞❛ x ∈ F✳ ❊♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭P✮✳

❚❡♦r❡♠❛ ✹✳✹✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✸✮ ❡ ✭❍✺✮ sã♦ ✈á❧✐❞❛s✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦
❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦✳ ❊♥tã♦ ♣❛r❛ t♦❞❛
d ∈ X s❛t✐s❢❛③❡♥❞♦

f ′
j(x̄)d ≤ 0, j ∈ J, g′α(x̄)d ≤ 0, α ∈ A, h′β(x̄)d = 0, β ∈ B, ✭✹✳✶✮

❝♦rr❡s♣♦♥❞❡♠ ✉♠ ✈❡t♦r λ ≥ 0 ❡♠ R
p✱ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ♣♦s✐t✐✈❛ µ ∈ M(A) ❡ ✉♠❛

♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧ ν ∈ M(B)✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

∑

j∈J

λjf
′
j(x̄)z +

∫

A

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X, ✭✹✳✷✮

∫

A

gα(x̄)µ(dα) = 0 ✭✹✳✸✮

❡

∑

j∈J

λjf
′′
j (x̄)(d, d) +

∫

A

g′′α(x̄)(d, d)µ(dα) +

∫

B

h′′β(x̄)(d, d) ν(dβ) ≥ 0, ✭✹✳✹✮

∑

j∈J

λjf
′
j(x̄)d = 0, ✭✹✳✺✮

∫

A

g′α(x̄)d µ(dα) = 0. ✭✹✳✻✮

❉❡♠♦♥str❛çã♦✳ ❙✐♠✐❧❛r à ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳

❆ ❝♦♥❞✐çã♦ ✭✹✳✶✮ ❛❝✐♠❛ ✐♠♣❧✐❝❛ q✉❡ d ∈ Df (x̄) ∩DG(x̄) ∩ TH(x̄)✱ ♦✉ s❡❥❛✱ d é✱ ❛♦ ♠❡s♠♦
t❡♠♣♦✱ ✉♠❛ ❞✐r❡çã♦ ❞❡ q✉❛s✐❞❡s❝✐❞❛✱ q✉❛s✐❢❛❝tí✈❡❧ ❡ t❛♥❣❡♥t❡✳

❙❡ λ ❡♠ ✭✹✳✷✮✲✭✹✳✻✮ é ✐❣✉❛❧ ❛ ③❡r♦✱ ❡♥tã♦ ♥❡♥❤✉♠❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ é
❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♦r❞❡♥s✳ P❛r❛ ❣❛r❛♥t✐r
q✉❡ λ > 0✱ ♣r❡❝✐s❛♠♦s ❧❛♥ç❛r ♠ã♦ ❞❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦✳

❉❡✜♥✐çã♦ ✹✳✺✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✸✮ é s❛t✐s❢❡✐t❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■▼✮ s❛t✐s✲
❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❈◗✭❞✮ ♣❛r❛ d ∈ X ❡♠ x̄ ∈ F s❡

✭✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

[h′β(x̄)z + h′′β(x̄)(d, d)] ν(dβ) ≥ 0 ∀ z ∈ X;
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✭✐✐✮ ❡①✐st❡ z ∈ X t❛❧ q✉❡

g′α(x̄)z + g′′α(x̄)(d, d) < 0, α ∈ A,

h′β(x̄)z + h′′β(x̄)(d, d) = 0, β ∈ B.

❈♦r♦❧ár✐♦ ✹✳✻✳ ❙❡ ♣❛r❛ d s❛t✐s❢❛③❡♥❞♦ ✭✹✳✶✮ ❛ ❝♦♥❞✐çã♦ ❈◗✭❞✮ é s❛t✐s❢❡✐t❛ ❡♠ x̄✱ ❡♥tã♦ λ
❡♠ ✭✹✳✷✮✲✭✹✳✻✮ ♥ã♦ é ✐❣✉❛❧ ❛ ③❡r♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡♠❡❧❤❛♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✹✳

❆❣♦r❛ ✈❛♠♦s ❛♥❛❧✐s❛r ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ s❡♣❛r❛❞❛♠❡♥t❡✳ ❱❛♠♦s ❡st✉❞❛r
q✉❛♥❞♦ ♣♦❞❡♠♦s t♦♠❛r λ 6= 0 ❡♠ ✭✹✳✷✮✲✭✹✳✸✮✳ P❛r❛ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ❛❧❣✉♠❛s q✉❛❧✐✜❝❛çõ❡s ❞❡
r❡str✐çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s✳ ◆♦♠❡❛❞❛♠❡♥t❡✱ ❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦ ❞♦s t✐♣♦s ❙❧❛t❡r ❡
▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ♣❛r❛ ✭PP■▼✮✱ ✐♥tr♦❞✉③✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✸✳

❉❡✜♥✐çã♦ ✹✳✼✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■▼✮ s❛t✐s❢❛③❡♠
❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ❙❧❛t❡r ❡♠ x̄ ∈ F s❡

✭✐✮ gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B sã♦ ✐♥✈❡①❛s ❝♦♠ ✉♠❛ η ❝♦♠✉♠❀

✭✐✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X;

✭✐✐✐✮ ❡①✐st❡ x̂ ∈ X t❛❧ q✉❡

gα(x̂) < 0, α ∈ A(x̄),

hβ(x̂) = 0, β ∈ B.

❉❡✜♥✐çã♦ ✹✳✽✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■▼✮ s❛t✐s❢❛③❡♠
❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄ ∈ F s❡

✭✐✮ ♥ã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ ♥ã♦✲♥✉❧❛ ν ∈ M(B) t❛❧ q✉❡
∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X;

✭✐✐✮ ❡①✐st❡ z ∈ X t❛❧ q✉❡

g′α(x̄)z < 0, α ∈ A(x̄),

h′β(x̄)z = 0, β ∈ B.
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❉❡✜♥✐çã♦ ✹✳✾✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❉✐③❡♠♦s q✉❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡
❑✉❤♥✲❚✉❝❦❡r s❡ ❡①✐st❡♠ ✉♠ ✈❡t♦r λ ≥ 0 ❡♠ R

p✱ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ♣♦s✐t✐✈❛ µ ∈ M(A)
❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧ ν ∈ M(B) t❛✐s q✉❡ ✭✹✳✷✮✲✭✹✳✸✮ ✈❛❧❡♠ ❝♦♠ λ 6= 0✳

◗✉❛♥❞♦ ❡①✐st❡♠ λ ∈ R
p, λ ≥ 0, µ ∈ M(A), µ ≥ 0✱ ❡ ν ∈ M(B) t❛✐s q✉❡ ✭✹✳✷✮✲✭✹✳✸✮

✈❛❧❡♠ ❝♦♠ (λ, µ, ν) 6= (0, 0, 0)✱ ♠❛s s❡♠ q✉❡ λ s❡❥❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♥ã♦✲♥✉❧♦✱ ❞✐③✲s❡ q✉❡
x̄ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❋r✐t③✲❏♦❤♥✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✹✱ t♦❞❛ s♦❧✉çã♦
❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❋r✐t③✲❏♦❤♥✳

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ♠♦str❛❞♦ q✉❡ s♦❜ ✉♠❛ ❞❛s q✉❛❧✐✜❝❛çõ❡s ❞❡ r❡str✐çã♦ ❞❡✜♥✐❞❛s
❛❝✐♠❛✱ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ x̄ ∈ X s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭✹✳✷✮✲✭✹✳✸✮
é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❚❡♦r❡♠❛ ✹✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✹✮ sã♦ ✈á❧✐❞❛s✳ ❙❡❥❛ x̄ ✉♠❛ s♦❧✉çã♦ ❢r❛✲
❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳ ❙✉♣♦♥❤❛ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦✳ ❙❡ ❛s r❡str✐çõ❡s ❞❡ ✭PP■▼✮
s❛t✐s❢❛③❡♠

✭❛✮ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ❙❧❛t❡r ❡♠ x̄

♦✉

✭❜✮ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄

❡♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❉❡♠♦♥str❛çã♦✳ ❙❡♠❡❧❤❛♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✽✳

❆❣♦r❛ ♥♦s ✈♦❧t❛♠♦s ♣❛r❛ ❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s✳

❚❡♦r❡♠❛ ✹✳✶✶✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❙❡❥❛ x̄ ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡
❑✉❤♥✲❚✉❝❦❡r ♣❛r❛ ✭PP■▼✮✳ ❙✉♣♦♥❤❛ q✉❡ fj, j ∈ J, gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦
✐♥✈❡①❛s ❡♠ x̄ ❝♦♠ ✉♠❛ η ❝♦♠✉♠✳ ❊♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ x t❛❧ q✉❡ f(x) < f(x̄)✳ P❡❧❛ ✐♥✈❡✲
①✐❞❛❞❡ ❞❡ f ♦❜t❡♠♦s

f ′
j(x̄)η(x, x̄) < 0, j ∈ J. ✭✹✳✼✮

❈♦♠♦ x̄ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❡①✐st❡♠ λ ∈ R
p, µ ∈ M(A) ❡ ν ∈ M(B)

❝♦♠ λj ≥ 0, j ∈ J, λ 6= 0, µ ≥ 0 ❡

∑

j∈J

λjf
′
j(x̄)η(x, x̄) +

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) = 0. ✭✹✳✽✮

❉❡s❞❡ q✉❡ λj ≥ 0, j ∈ J ✱ ❡ λ 6= 0✱ ❞❡ ✭✹✳✼✮ ✈❡♠
∑

j∈J

λjf
′
j(x̄)η(x, x̄) < 0.
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❊♥tã♦✱ ♣♦r ✭✹✳✽✮✱
∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) > 0. ✭✹✳✾✮

P❡❧❛ ✐♥✈❡①✐❞❛❞❡ ❞❡ gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ t❡♠♦s
∫

A(x̄)

[gα(x) − gα(x̄)]µ(dα) +

∫

B

[hβ(x) − hβ(x̄)] ν(dβ)

≥

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ),

♣❛r❛ t♦❞♦ x ∈ F✱ ✈✐st♦ q✉❡ µ é ♣♦s✐t✐✈❛✳ ▼❛s gα(x̄) = 0, α ∈ A(x̄)✱ ❡ x, x̄ ∈ F ✐♠♣❧✐❝❛♠ q✉❡
gα(x) ≤ 0, α ∈ A(x̄)✱ ❡ hβ(x) = hβ(x̄) = 0, β ∈ B✱ ❞❡ ♠♦❞♦ q✉❡

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) ≤ 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✹✳✾✮✳ ▲♦❣♦ x̄ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳

❆❜❛✐①♦ t❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭PP■▼✮✳ ❊st❛
♥♦çã♦ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ❡♠ ❖s✉♥❛✲●ó♠❡③ ❬✷✺❪ ♣❛r❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❡♠ ❡s♣❛ç♦s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡✜♥✐çã♦ ✹✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é s❛t✐s❢❡✐t❛✳ ❖ ♣r♦❜❧❡♠❛ ✭PP■▼✮ é ❞✐t♦ s❡r ❑✉❤♥✲❚✉❝❦❡r
✐♥✈❡①♦ ♦✉ ✭❑❚✲✐♥✈❡①♦✮ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ η : X ×X → X t❛❧ q✉❡

fj(x) < fj(x̄) ⇒ f ′
j(x̄)η(x, x̄) < 0, j ∈ J,

0 ≥ g′α(x̄)η(x, x̄), α ∈ A(x̄),
0 = h′β(x̄)η(x, x̄), β ∈ B,

♣❛r❛ t♦❞♦s x, x̄ ∈ F✳

❖❜s❡r✈❡ q✉❡ s❡ fj, j ∈ J, gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❝♦♠ ✉♠❛ η
❝♦♠✉♠✱ ❡♥tã♦ ✭PP■▼✮ é ❑❚✲✐♥✈❡①♦✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡
♣❛r❛ ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡r ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱
❡st❡ r❡s✉❧t❛❞♦ ♠♦str❛ q✉❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ é t❛♠❜é♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ t♦❞❛
s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡❥❛ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ♣❛r❛ ✭PP■▼✮✳

❚❡♦r❡♠❛ ✹✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭❍✷✮ ❡ ✭❍✹✮ s❡❥❛♠ ✈á❧✐❞❛s✱ q✉❡ ❛s r❡str✐çõ❡s ❞❡
✭PP■▼✮ s❛t✐s❢❛③❡♠ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ ❝❛❞❛ x̄ ∈ F

❡ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦ ♣❛r❛ ❝❛❞❛ x̄ ∈ F✳ ❊♥tã♦ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é
✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ s❡ ❡ s♦♠❡♥t❡ s❡ ✭PP■▼✮ é ❑❚✲✐♥✈❡①♦✳
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❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✲
♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳ ❙❡❥❛♠ x, x̄ ∈ F✳

❙❡ fj(x) < fj(x̄), j ∈ J ✱ ❡♥tã♦ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡✱
♣♦r ❤✐♣ót❡s❡✱ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡ ♥ã♦ ❡①✐st❡♠
λ ∈ R

p, µ ∈ M(A) ❡ ν ∈ M(B) t❛✐s q✉❡

∑

j∈J

λjf
′
j(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X,

λj ≥ 0, j ∈ J, λ 6= 0,

µ ≥ 0.

❱❡r✐✜q✉❡♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✾ sã♦ s❛t✐s❢❡✐t❛s✳ ❚♦♠❡ ϕj(z) = f ′
j(x̄)z, j ∈

J, ψα(z) = g′α(x̄)z, α ∈ A(x̄)✱ ❡ γβ(z) = h′β(x̄)z, β ∈ B✳ ❖ s✐st❡♠❛

ϕj(z) ≤ 0, j ∈ J,

ψα(z) ≤ 0, α ∈ A(x̄),

γβ(z) = 0, β ∈ B,

❝❧❛r❛♠❡♥t❡ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ z̄ = 0✳ ❉❛❞♦ q✉❡ ϕj, ψα ❡ γβ sã♦ ❧✐♥❡❛r❡s ❡❧❛s sã♦ ✐♥✈❡①❛s ❡♠
z̄ ❝♦♠ ❛ ♠❡s♠❛ η(z, w) = z − w, z, w ∈ X✳ ❚❛♠❜é♠✱ ❛ ✐♠❛❣❡♠ ❞❡ Γ′(z̄)✱ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠
R(H ′(x̄))✱ é ❢❡❝❤❛❞♦ ❡ ❛ ❝♦♥❞✐çã♦ ✭◗❘✮ é s❛t✐s❢❡✐t❛ ❡♠ z̄✱ ❥á q✉❡ ❛s r❡str✐çõ❡s s❛t✐s❢❛③❡♠ ❛
q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄✳ P♦rt❛♥t♦ t♦❞❛s ❛s ❤✐♣ót❡s❡s
❞♦ ❚❡♦r❡♠❛ ✷✳✷✾ sã♦ s❛t✐s❢❡✐t❛s✳ ❙❡❣✉❡ q✉❡ ❡①✐st❡ z ∈ X t❛❧ q✉❡

ϕj(z) = f ′
j(x̄)z < 0, j ∈ J,

ψα(z) = g′α(x̄)z ≤ 0, α ∈ A(x̄),

γβ(z) = h′β(x̄)z = 0, β ∈ B.

❉❡✜♥❛ η(x, x̄) = z ♣❛r❛ x, x̄ ∈ F ❡ η(x, x̄) = 0 ❝❛s♦ ❝♦♥trár✐♦✳ P♦rt❛♥t♦ ❡①✐st❡ η : X×X → X
t❛❧ q✉❡

fj(x) < fj(x̄) ⇒ f ′
j(x̄)η(x, x̄) < 0, i ∈ J,

0 ≥ g′α(x̄)η(x, x̄), α ∈ A(x̄),
0 = h′β(x̄)η(x, x̄), β ∈ B,

♣❛r❛ t♦❞♦s x, x̄ ∈ F✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡ ✭PP■▼✮ é ❑❚✲✐♥✈❡①♦✳
❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ✭PP■▼✮ é ❑❚✲✐♥✈❡①♦✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡

❑✉❤♥✲❚✉❝❦❡r✳ ❊♥tã♦ ❡①✐st❡♠ λ ∈ R
p, µ ∈ M(A) ❡ ν ∈ M(B) t❛✐s q✉❡ λ ≥ 0, λ 6= 0, µ ≥ 0

❡
∑

j∈J

λjf
′
j(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✹✳✶✵✮
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❙❡ ❡①✐st❡ x ∈ F t❛❧ q✉❡ f(x) < f(x̄)✱ ❡♥tã♦✱ ♣❡❧❛ ❑❚✲✐♥✈❡①✐❞❛❞❡✱

f ′
j(x̄)η(x, x̄) < 0, j ∈ J.

▲♦❣♦✱ ✉s❛♥❞♦ ✭✹✳✶✵✮ ❝♦♠ z = η(x, x̄)✱
∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) > 0. ✭✹✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❑❚✲✐♥✈❡①✐❞❛❞❡✱ t❡♠♦s
∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) ≤ 0,

❝♦♥tr❛❞✐③❡♥❞♦ ✭✹✳✶✶✮✳ P♦rt❛♥t♦ ♥ã♦ ❡①✐st❡ x ∈ F ❝♦♠ f(x) < f(x̄)✱ ❞❡ ♠♦❞♦ q✉❡ x̄ é ✉♠❛
s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✶✸ sã♦ ✉s❛❞❛s ❛♣❡♥❛s ♥❛ ♣❛rt❡ ✏s♦♠❡♥t❡ s❡✑
❞❛ ❞❡♠♦♥str❛çã♦✳

✹✳✷ ❊✜❝✐ê♥❝✐❛ Pró♣r✐❛ ❡ Pr♦❜❧❡♠❛s ❊s❝❛❧❛r❡s

❆q✉✐ sã♦ ❞❛❞❛s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❡✜❝✐ê♥❝✐❛ ♣ró♣r✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r ❡ é ♠♦str❛❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡s ❞❡ ✭PP■▼✮
❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ót✐♠❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r r❡❧❛❝✐♦♥❛❞♦✳

❊✈✐❞❡♥t❡♠❡♥t❡✱ ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✳ ❆ss✐♠ ♦s ❚❡♦✲
r❡♠❛s ✹✳✹ ❡ ✹✳✶✵ ❢♦r♥❡❝❡♠ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ❡✜❝✐ê♥❝✐❛ ♣ró♣r✐❛✳

❚❡♦r❡♠❛ ✹✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ ✭❍✶✮ é ✈á❧✐❞❛✳ ❙❡❥❛ x̄ ∈ F ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡
❑✉❤♥✲❚✉❝❦❡r ❝♦♠ λ > 0✳ ❙✉♣♦♥❤❛ q✉❡ fj, j ∈ J, gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦
✐♥✈❡①❛s ❡♠ x̄ ❝♦♠ ✉♠❛ η ❝♦♠✉♠✳ ❊♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❊①✐st❡♠ λ ∈ R
p, µ ∈ M(A) ❡ ν ∈ M(B) t❛✐s q✉❡ λ > 0, µ ≥ 0 ❡

∑

j∈J

λjf
′
j(x̄)z +

∫

A(x̄)

g′α(x̄)z µ(dα) +

∫

B

h′β(x̄)z ν(dβ) = 0 ∀ z ∈ X. ✭✹✳✶✷✮

Pr✐♠❡✐r♦ ✈❛♠♦s ♠♦str❛r q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ❡✜❝✐❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ x ∈ F t❛❧ q✉❡
f(x) ≤ f(x̄) ❡ f(x) 6= f(x̄)✳ ❊♥tã♦

∑

j∈J

λjfj(x) <
∑

j∈J

λjfj(x̄),
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♦♥❞❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ❡str✐t❛♠❡♥t❡ ♣♦✐s λ > 0✳ P❡❧❛ ✐♥✈❡①✐❞❛❞❡ ❞❡ fj, j ∈ J ✱ t❡♠♦s
∑

j∈J

λjf
′
j(x̄)η(x, x̄) < 0.

❉❡ ✭✹✳✶✷✮ s❡❣✉❡ q✉❡
∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) > 0. ✭✹✳✶✸✮

P❡❧❛ ✐♥✈❡①✐❞❛❞❡ ❞❡ gα, α ∈ A(x̄), hβ ❡ −hβ, β ∈ B✱ ♦❜t❡♠♦s
∫

A(x̄)

[gα(x) − gα(x̄)]µ(dα) +

∫

B

[hβ(x) − hβ(x̄)] ν(dβ)

≥

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ),

♣❛r❛ t♦❞♦ x ∈ F✱ ❞❛❞♦ q✉❡ µ ≥ 0✳ P❛r❛ x, x̄ ∈ F t❡♠♦s gα(x) ≤ 0, α ∈ A(x̄)✱ ❡ hβ(x) =
hβ(x̄) = 0, β ∈ B✳ P❛r❛ α ∈ A(x̄) t❡♠♦s gα(x̄) = 0✳ ❉❛í

∫

A(x̄)

g′α(x̄)η(x, x̄)µ(dα) +

∫

B

h′β(x̄)η(x, x̄) ν(dβ) ≤ 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✹✳✶✸✮✳ P♦rt❛♥t♦ x̄ é ✉♠❛ s♦❧✉çã♦ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳ ❙✉♣♦♥❤❛ q✉❡ x̄ ♥ã♦ é
✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳ ❊♥tã♦ ♣❛r❛ M = (p− 1) max{λj/λi : i, j ∈ J} (p ≥ 2)
❡①✐st❡♠ x ∈ F ❡ i ∈ J ✱ t❛✐s q✉❡ fi(x) < fi(x̄) ❡

fi(x̄) − fi(x)

fj(x) − fj(x̄)
> M

♣❛r❛ t♦❞♦ j t❛❧ q✉❡ fj(x) > fj(x̄)✳ P❛r❛ j 6= i t❛❧ q✉❡ fj(x) ≤ fj(x̄) t❡♠✲s❡

fi(x̄) − fi(x) > 0 ≥
p− 1

λi

λj[fj(x) − fj(x̄)].

❙❡❣✉❡ ❡♥tã♦ q✉❡

fi(x̄) − fi(x) >
p− 1

λi

λj[fj(x) − fj(x̄)] ∀ j 6= i,

✐st♦ é✱
λi

p− 1
[fi(x̄) − fi(x)] > λj[fj(x) − fj(x̄)] ∀ j 6= i.

❙♦♠❛♥❞♦ s♦❜r❡ j 6= i ♦❜t❡♠♦s

λi[fi(x̄) − fi(x)] >
∑

j 6=i

λj[fj(x) − fj(x̄)].
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❆ss✐♠
∑

j∈J

λj[fj(x) − fj(x̄)] < 0.

❉❛ ✐♥✈❡①✐❞❛❞❡ ❞❡ fj, j ∈ J ✱ s❡❣✉❡ q✉❡

∑

j∈J

λjf
′
j(x̄)η(x, x̄) < 0,

❞❡s❞❡ q✉❡ λ > 0✳ ❈♦♠♦ ❛♥t❡s ✐st♦ ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛✲
♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳

❖s ❞♦✐s t❡♦r❡♠❛s ❛ s❡❣✉✐r r❡❧❛❝✐♦♥❛♠ ♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ✭PP■▼✮ ❡ ♦ ♣r♦❜❧❡♠❛
❡s❝❛❧❛r ❛❜❛✐①♦✿

▼✐♥✐♠✐③❛r s(x) =
∑

j∈J

ωjfj(x)

s✉❥❡✐t♦ ❛ gα(x) ≤ 0, α ∈ A,
hβ(x) = 0, β ∈ B.























✭PP■❊✮

❚❡♦r❡♠❛ ✹✳✶✺✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✶✮ é s❛t✐s❢❡✐t❛✳ ❙❡ x̄ ∈ F é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡
✭PP■❊✮ ❝♦♠ ωj > 0, j ∈ J ✱ ❡♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳
Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✹ ♦❜t❡♠♦s

∑

j∈J

ωj[fj(x) − fj(x̄)] < 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ x̄ ♣❛r❛ ✭PP■❊✮✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦✲
♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳

❆❞✐❝✐♦♥❛♥❞♦ ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ ♦❜t❡♠♦s ❛ r❡❝í♣r♦❝❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✳

❚❡♦r❡♠❛ ✹✳✶✻✳ ❙❡❥❛ x̄ ∈ F✳ ❙✉♣♦♥❤❛ q✉❡ ✭❍✷✮ ❡ ✭❍✹✮ sã♦ ✈á❧✐❞❛s✱ q✉❡ fj, j ∈ J, gα, α ∈
A(x̄), hβ ❡ −hβ, β ∈ B✱ sã♦ ✐♥✈❡①❛s ❡♠ x̄ ❝♦♠ ✉♠❛ ♠❡s♠❛ η✱ q✉❡ ❛s r❡str✐çõ❡s s❛t✐s❢❛③❡♠
❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ t✐♣♦ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ❡♠ x̄ ❡ q✉❡ R(H ′(x̄)) é ❢❡❝❤❛❞♦✳
❊♥tã♦ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮ s❡ ❡ s♦♠❡♥t❡ s❡ x̄ é ✉♠❛ s♦❧✉çã♦
ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭PP■❊✮ ❝♦♠ ωj > 0, j ∈ J ✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣❛rt❡ ✏s❡✑ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✺✳ ❱❛♠♦s ♣r♦✈❛r ❛ ♣❛rt❡ ✏s♦♠❡♥t❡ s❡✑✳
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❙✉♣♦♥❤❛ q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭PP■▼✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ i ∈ J ✱
♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ x ∈ X✿

fi(x) < fi(x̄),

fi(x) +Mfj(x) < fi(x̄) +Mfj(x̄), j 6= i,

gα(x) ≤ 0, α ∈ A,

hβ(x) = 0, β ∈ B,

♦♥❞❡ M é ❛ ❝♦♥st❛♥t❡ ❞❛ ❉❡✜♥✐çã♦ ✹✳✸✳ ❉❡ ❢❛t♦✱ s❡ ❡st❡ s✐st❡♠❛ ♣♦ss✉✐r ✉♠❛ s♦❧✉çã♦ x ∈ X✱
❡♥tã♦ x ∈ F ❡ fi(x) < fi(x̄)✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❞❛❞♦ q✉❡ x̄ é ✉♠❛ s♦❧✉çã♦ ♣r♦♣r✐❛♠❡♥t❡
❡✜❝✐❡♥t❡✱

fi(x̄) − fi(x)

fj(x) − fj(x̄)
≤M

♣❛r❛ ❛❧❣✉♠ j t❛❧ q✉❡ fj(x) > fj(x̄)✳ ❖ ❝♦♥❥✉♥t♦ {j : fj(x) > fj(x̄)} é ♥ã♦✲✈❛③✐♦✱ ♣♦✐s ❝❛s♦
❝♦♥trár✐♦

fj(x) ≤ fj(x̄) ∀ j ∈ J,

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ x̄ ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❡✜❝✐❡♥t❡✱ ❥á q✉❡ fi(x) < fi(x̄) ⇒ f(x) 6= f(x̄)✳
P♦rt❛♥t♦

fi(x) +Mfj(x) ≥ fi(x̄) +Mfj(x̄),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ s❡❣✉♥❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ s✐st❡♠❛✳
❚♦♠❡

ϕi(x) = fi(x) − fi(x̄),

ϕj(x) = fi(x) +Mfj(x) − fi(x̄) −Mfj(x̄), j 6= i,

ψα(x) = gα(x), α ∈ A(x̄),

γβ(x) = hβ(x), β ∈ B.

➱ ❢á❝✐❧ ✈❡r q✉❡ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✾ sã♦ s❛t✐s❢❡✐t❛s✳ ❙❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛ i ∈ J
❡①✐st❡♠ λi ∈ R

p, µi ∈ M(A(x̄)) ❡ νi ∈ M(B) t❛✐s q✉❡ λi ≥ 0, λi 6= 0, µi ≥ 0 ❡

∑

j∈J

λi
jϕj(x) +

∫

A(x̄)

ψα(x)µi(dα) +

∫

B

γβ(x) νi(dβ) ≥ 0 ∀ x ∈ X.

❈♦♠♦ λi ≥ 0 ❡ λi 6= 0✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡
∑

j∈J λ
i
j = 1✳ ❆ss✐♠

fi(x) +M
∑

j 6=i

λi
jfj(x) +

∫

A(x̄)

gα(x)µi(dα) +

∫

B

hβ(x) νi(dβ)

≥ fi(x̄) +M
∑

j 6=i

λi
jfj(x̄) ∀ x ∈ X.
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P❛r❛ x ∈ F t❡♠♦s

fi(x) +M
∑

j 6=i

λi
jfj(x) ≥ fi(x) +M

∑

j 6=i

λi
jfj(x) +

∫

A(x̄)

gα(x)µi(dα) +

∫

B

hβ(x) νi(dβ),

❞❡ ♠♦❞♦ q✉❡

fi(x) +M
∑

j 6=i

λi
jfj(x) ≥ fi(x̄) +M

∑

j 6=i

λi
jfj(x̄) ∀ x ∈ F ∀ i ∈ J.

❙♦♠❛♥❞♦ s♦❜r❡ i ∈ J ♦❜t❡♠♦s
∑

j∈J

ωjfj(x) ≥
∑

j∈J

ωjfj(x̄) ∀ x ∈ F,

♦♥❞❡
ωj = 1 +M

∑

i6=j

λi
j, j ∈ J.

▲♦❣♦ x̄ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✭PP■❊✮ ❝♦♠ ωj > 0, j ∈ J ✳
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Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠
❚❡♠♣♦ ❈♦♥tí♥✉♦

✺✳✶ ◆♦t❛çõ❡s ✫ ❍✐♣ót❡s❡s

❖s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ❛ s❡r❡♠ ❡st✉❞❛❞♦s sã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

▼✐♥✐♠✐③❛r φ(x) =

(
∫ T

0

f1(t, x(t))dt, . . . ,

∫ T

0

fp(t, x(t))dt

)

s✉❥❡✐t♦ ❛ gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i = 1, . . . ,m,
x ∈ X,

♦♥❞❡ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥✈❡①♦ ❡ ♥ã♦✲✈❛③✐♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ Ln
∞[0, T ], φ :

X → R, fj(t, x(t)) = ξj(x)(t), gi(t, x(t)) = γi(x)(t)✱ ξj : X → Λ1
1[0, T ], j ∈ J := {1, . . . , p}✱

❡ γi : X → Λ1
1[0, T ], i ∈ I := {1, . . . ,m}✱ ♦♥❞❡ Ln

∞[0, T ] ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s
✈❡t♦r✐❛✐s n✲❞✐♠❡♥s✐♦♥❛✐s ❞❡✜♥✐❞❛s ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ [0, T ] ⊂ R✱ q✉❡ sã♦ ▲❡❜❡s❣✉❡ ♠❡♥✲
s✉rá✈❡✐s ❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s✱ ❝♦♠ ❛ ♥♦r♠❛ ‖ · ‖∞ ❞❡✜♥✐❞❛ ♣♦r

‖x‖∞ = max
1≤j≤n

❡ss sup{|xj(t)|, 0 ≤ t ≤ T},

♦♥❞❡ ♣❛r❛ ❝❛❞❛ t ∈ [0, T ], xj(t) é ❛ j✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ x(t) ∈ R
n Λm

1 [0, T ] ❞❡♥♦t❛
♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ✈❡t♦r✐❛✐s m✲❞✐♠❡♥s✐♦♥❛✐s q✉❡ sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡
▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s✱ ❞❡✜♥✐❞❛s ❡♠ [0, T ]✱ ❝♦♠ ❛ ♥♦r♠❛ ‖ · ‖1 ❞❡✜♥✐❞❛ ♣♦r

‖y‖1 = max
1≤j≤m

∫ T

0

|yj(t)|dt.

✻✼
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◆♦s ❈❛♣ít✉❧♦s ✻ ❡ ✼ é ❡st✉❞❛❞♦ ♦ ❝❛s♦ ♠♦♥♦✲♦❜❥❡t✐✈♦✱ ❝♦♠ p = 1✳ ❖ ❝❛s♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦
é ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✽✳ ◆❛ s❡qüê♥❝✐❛ sã♦ ❢❡✐t❛s ❛❧❣✉♠❛s ♣r❡❧✐♠✐♥❛r❡s ❞❡st❛ ♣❛rt❡✳

❙❡❥❛ V ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❝♦♥✈❡①♦ ❞❡ R
n ❝♦♥t❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ {x(t) ∈ R

n : x ∈
X, t ∈ [0, T ]}✳

❱❛♠♦s s✉♣♦r q✉❡ fj, j ∈ J ✱ ❡ gi, i ∈ I✱ sã♦ ❢✉♥çõ❡s r❡❛✐s ❞❡✜♥✐❞❛s ❡♠ V × [0, T ] ❡
q✉❡ ❛s ❢✉♥çõ❡s t 7→ fj(t, x(t)), j ∈ J ✱ ❡ t 7→ gi(t, x(t)), i ∈ I✱ sã♦ ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s ❡
✐♥t❡❣rá✈❡✐s ♣❛r❛ t♦❞♦ x ∈ X✳

❙❡❥❛ F ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✱ ✐✳❡✳✱ s❡❥❛

F = {x ∈ X : gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I}.

❉❛❞♦ x ∈ F✱ ♣❛r❛ ❝❛❞❛ i ∈ I ❞❡♥♦t❡♠♦s ♣♦r Ai(x) ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ [0, T ] ♦♥❞❡ ❛ i✲és✐♠❛
r❡str✐çã♦ é ❛t✐✈❛✱ ✐✳❡✳✱

Ai(x) = {t ∈ [0, T ] : gi(t, x(t)) = 0}.

◆❡st❛ ♣❛rt❡✱ t♦❞♦s ♦s ✈❡t♦r❡s sã♦ ✈❡t♦r❡s ❝♦❧✉♥❛✳ ❉❛❞♦ w ∈ R
l, w ≤ 0 s✐❣♥✐✜❝❛ wi ≤ 0

♣❛r❛ i = 1, 2, . . . , l✱ ❡ w < 0 s✐❣♥✐✜❝❛ wi < 0 ♣❛r❛ i = 1, 2, . . . , l✳ ❉❡♥♦t❛♠♦s ♦ tr❛♥s♣♦st♦ ❞❡
w ♣♦r w′✳

✺✳✷ ❆♣❧✐❝❛çõ❡s

Pr♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ♣♦❞❡♠ s❡r t♦♠❛❞♦s ❝♦♠♦ ♠♦❞❡❧♦s r❡❛✲
❧✐st❛s ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ♣r♦❝❡ss♦s ❞❡ ❞❡❝✐sã♦ ót✐♠❛ ♥❛s ár❡❛s ❞❡ ❡❝♦♥♦♠✐❛✱ ♣❡sq✉✐s❛
♦♣❡r❛❝✐♦♥❛❧ ❡ ❡♥❣❡♥❤❛r✐❛✳ ❆❜❛✐①♦✱ s❡rã♦ ❡①♣♦st♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ q✉❡ sã♦ ❝❛✲
s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ◆❡st❡s ♣r♦❜❧❡♠❛s ❡stã♦
♣r❡s❡♥t❡s r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡✱ ♦ q✉❡ ♥ã♦ ❛❝♦♥t❡❝❡ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠
t❡♠♣♦ ❝♦♥tí♥✉♦ ❝♦♥s✐❞❡r❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳ ❊♥tr❡t❛♥t♦✱ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡ ♣♦❞❡♠ s❡r
❝♦♥s✐❞❡r❛❞❛s ❝♦♠♦ s❡♥❞♦ ❞✉❛s r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳

❖ ♣r♦❜❧❡♠❛ ❛ s❡❣✉✐r é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❝♦♠ ❞✐♥â♠✐❝❛ ❧✐♥❡❛r✱ r❡str✐çõ❡s
❞❡ ✐❣✉❛❧❞❛❞❡ ❧✐♥❡❛r❡s ❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ♥ã♦✲❧✐♥❡❛r❡s t❛♥t♦ ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦
q✉❛♥❞♦ ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❝♦♥tr♦❧❡✿

▼✐♥✐♠✐③❛r
∫ T

0

f(t, x(t), u(t))dt

s✉❥❡✐t♦ ❛
d

dt
x(t) = A(t)x(t) +B(t)u(t) + a(t),

C(t)x(t) +D(t)u(t) +

∫ t

0

Ks(t, τ)x(τ)dτ +

∫ t

0

Kc(t, τ)u(τ)dτ = b(t),

g(t, x(t), u(t)) ≤ c(t) +

∫ t

0

h(t, τ, x(τ), u(τ))dτ,

t ∈ [0, T ], x(0) ❞❛❞♦.



✺✳✷✳ ❆P▲■❈❆➬Õ❊❙ ✻✾

❖ ♣ró①✐♠♦ ♣r♦❜❧❡♠❛ é t❛♠❜é♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✳ ❊st❡ ♣♦ss✉✐ ❞✐♥â♠✐❝❛
♥ã♦✲❧✐♥❡❛r✱ ❝♦♠ r❡str✐çõ❡s ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ ❡ ❞❡ ❝♦♥tr♦❧❡✿

▼✐♥✐♠✐③❛r
∫ T

0

ψ(t, x(t), u(t))dt

s✉❥❡✐t♦ ❛ αi(t, x(t), u(t)) = βi(t) +

∫ t

0

γi(t, s, x(s), u(s))ds q✳s✳ ❡♠ [0, T ], i = 1, 2, . . . ,m,

λi(t, x(t), u(t)) ≤ µi(t) +

∫ t

0

νi(t, s, x(s), u(s))ds q✳s✳ ❡♠ [0, T ], i = 1, 2, . . . , k,

x ∈ X, u ∈ U.

❊st❡s ♠♦❞❡❧♦s ❢♦r❛♠ ❞❛❞♦s ❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡♠
❩❛❧♠❛✐ ❬✸✽❪ ❡ ❬✸✾❪✳



✼✵



❈❆P❮❚❯▲❖ ✻

Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠
❚❡♠♣♦ ❈♦♥tí♥✉♦ ▼♦♥♦✲❖❜❥❡t✐✈♦

❊st❡ ❝❛♣ít✉❧♦ ❝♦♥té♠ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✿

▼✐♥✐♠✐③❛r φ(x) =

∫ T

0

f(t, x(t))dt

s✉❥❡✐t♦ ❛ gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,
x ∈ X.























✭P❚❈✮

❱❛♠♦s s✉♣♦r q✉❡ ❛s ❢✉♥çõ❡s f ❡ gi, i ∈ I✱ sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ r❡❧❛çã♦ à
s❡✉s s❡❣✉♥❞♦ ❛r❣✉♠❡♥t♦ s♦❜r❡ [0, T ]✳

◆♦ q✉❡ s❡❣✉❡✱ é r❡❧❡♠❜r❛❞♦ ❛ ♥♦çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ✭P❚❈✮ ❡ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦
❝♦♥t❡①t♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡✱ ✐♥tr♦❞✉③✐❞❛ ♣♦r ▼❛rt✐♥ ❡♠ ❬✷✸❪
♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ♠❛t❡♠át✐❝❛✳ ❚❛♠❜é♠✱ é ❞❛❞♦ ✉♠ ❡①❡♠♣❧♦ ❞❡ ♣r♦❜❧❡♠❛
❑❚✲✐♥✈❡①♦✳

❑❚✲✐♥✈❡①✐❞❛❞❡ é ✉♠❛ ♥♦çã♦ ♠❛✐s ❢r❛❝❛ ❞❡ ✐♥✈❡①✐❞❛❞❡ ❡ s✉❛ ❞❡✜♥✐çã♦ é ✐♥s♣✐r❛❞❛ ♥❛
❞❡♠♦♥str❛çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s✉✜❝✐ê♥❝✐❛✱ ✐st♦ é✱ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡
❑✉❤♥✲❚✉❝❦❡r s♦❜ ❤✐♣ót❡s❡s ❞❡ ✐♥✈❡①✐❞❛❞❡ sã♦ s✉✜❝✐❡♥t❡s à ♦t✐♠❛❧✐❞❛❞❡✳ ❆❜❛✐①♦ é r❡♣❡t✐❞❛
t❛❧ ❞❡♠♦♥str❛çã♦✱ ♦✉ s❡❥❛✱ é ♠♦str❛❞♦ q✉❡ s❡ ✭P❚❈✮ é ✐♥✈❡①♦ ❡ y é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r✱ ❡♥tã♦ y é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❆♥t❡s é r❡❧❡♠❜r❛❞♦ ❛ ♥♦çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡ ♣❛r❛
✭P❚❈✮ ❞❛❞❛ ❡♠ ❇r❛♥❞ã♦ ❡t ❛❧✳ ❬✽❪✳

❉❡✜♥✐çã♦ ✻✳✶✳ ❉✐③❡♠♦s q✉❡ ✭P❚❈✮ é ✐♥✈❡①♦ s❡ ❡①✐st✐r ✉♠❛ ❢✉♥çã♦ η : [0, T ]×V ×V → R
n

✼✶
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t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ Ln
∞[0, T ]✱

φ(x) − φ(y) ≥

∫ T

0

∇f ′(t, y(t))η(t, x(t), y(t))dt ✭✻✳✶✮

❡
gi(t, x(t)) − gi(t, y(t)) ≥ ∇g′i(t, y(t))η(t, x(t), y(t)) q✳s ❡♠ [0, T ], i ∈ I, ✭✻✳✷✮

♣❛r❛ t♦❞❛s x, y ∈ X✳

❉❡✜♥✐çã♦ ✻✳✷✳ ❉✐③❡♠♦s q✉❡ y ∈ F é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡ ❡①✐st✐r λ ∈ Lm
∞[0, T ]

t❛❧ q✉❡

∫ T

0

[

∇f ′(t, y(t)) +
∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ], ✭✻✳✸✮

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I, ✭✻✳✹✮

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I. ✭✻✳✺✮

❉❡✜♥✐çã♦ ✻✳✸✳ ❉✐③❡♠♦s q✉❡ y ∈ F é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭P❚❈✮ s❡

φ(x) ≥ φ(y) ∀ x ∈ F.

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❢♦✐ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✷✽❪✳ ❆ ❞❡✜♥✐çã♦ ❞❛ ❑❚✲✐♥✈❡①✐❞❛❞❡ é ❢❡✐t❛
♦❜s❡r✈❛♥❞♦ ❡st❛ ❞❡♠♦♥str❛çã♦✳ P♦r ❡st❛ r❛③ã♦✱ ❡❧❛ s❡rá r❡♣❡t✐❞❛ ❛q✉✐✳

❚❡♦r❡♠❛ ✻✳✹✳ ❙✉♣♦♥❤❛ q✉❡ ✭P❚❈✮ é ✐♥✈❡①♦✳ ❊♥tã♦ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦
ót✐♠❛ ❣❧♦❜❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ y ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡ s✉♣♦♥❤❛ q✉❡ ✭P❚❈✮ é ✐♥✈❡①♦✳ ❉❡
✭✻✳✶✮✱ ✭✻✳✷✮ ❡ ✭✻✳✺✮✱ t❡♠♦s

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt−

∫ T

0

∇f ′(t, y(t))η(t, x(t), y(t))dt

+

∫ T

0

∑

i∈I

λi(t)[gi(t, x(t)) − gi(t, y(t)) −∇g′i(t, y(t))η(t, x(t), y(t))]dt ≥ 0,

✐✳❡✳✱

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥

∫ T

0

[

∇f ′(t, y(t)) +
∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

η(t, x(t), y(t))dt

−

∫ T

0

[

∑

i∈I

λi(t)[gi(t, x(t)) − gi(t, y(t))]

]

dt.
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❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ✭✻✳✸✮ ❡ ✭✻✳✹✮ ♦❜t❡♠♦s

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥ −

∫ T

0

[

∑

i∈I

λi(t)gi(t, x(t))

]

dt.

P♦r ✜♠✱ s❡❣✉❡ ❞❡ ✭✻✳✺✮ q✉❡
∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥ 0 ∀ x ∈ F. ✭✻✳✻✮

▲♦❣♦ φ(x) ≥ φ(y) ∀ x ∈ F✱ ♦✉ s❡❥❛✱ y é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭P❚❈✮✳

❖❜s❡r✈❛♥❞♦ ❡st❛ ❞❡♠♦♥str❛çã♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ ✭✻✳✶✮ ❡ ✭✻✳✷✮ só
♣r❡❝✐s❛♠ ✈❛❧❡r ♣❛r❛ s♦❧✉çõ❡s ❢❛❝tí✈❡✐s ❞❡ ✭P❚❈✮✱ ✐st♦ é✱ ❛♣❡♥❛s ♣❛r❛ x, y ∈ F✱ ❡ q✉❡ ♥ã♦ é
♥❡❝❡ssár✐♦ q✉❡ ✭✻✳✷✮ s❡❥❛ ✈á❧✐❞❛ ♣❛r❛ t /∈ Ai(y), i ∈ I✱ ♣♦r ❝❛✉s❛ ❞❛ ❝♦♥❞✐çã♦ ✭✻✳✹✮✳ ❚❛♠❜é♠
é ❢á❝✐❧ ✈❡r q✉❡ ❛ ♦♠✐ssã♦ ❞♦s t❡r♠♦s gi(t, x(t)), i ∈ I✱ ❡♠ ✭✻✳✷✮ ♥ã♦ ❛❢❡t❛ ❛ ❝♦♥❝❧✉sã♦ ✭✻✳✻✮✳
❈♦♠ ✐st♦ ❡♠ ♠❡♥t❡ é ✐♥tr♦❞✉③✐❞❛ ✉♠❛ r❡❧❛①❛çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✱ ❛ q✉❛❧ é ❝❤❛♠❛❞❛ ❞❡ ❑❚✲
✐♥✈❡①✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✻✳✺✳ ❖ ♣r♦❜❧❡♠❛ ✭P❚❈✮ é ❞✐t♦ s❡r ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ ✭♦✉ ❑❚✲✐♥✈❡①♦✮ s❡ ❡①✐st✐r
✉♠❛ ❢✉♥çã♦ η : [0, T ] × V × V → R

n t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ Ln
∞[0, T ]✱

φ(x) − φ(y) ≥

∫ T

0

∇f ′(t, y(t))η(t, x(t), y(t))dt ✭✻✳✼✮

❡
−∇g′i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I, ✭✻✳✽✮

♣❛r❛ t♦❞❛s x, y ∈ F✳

❖ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r tr❛③ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ♥ã♦ é ✐♥✈❡①♦ ♠❛s q✉❡ é ❑❚✲ ✐♥✈❡①♦✳ ■st♦
♠♦str❛ q✉❡ ❛ ♥♦çã♦ ❞❡ ❑❚✲✐♥✈❡①✐❞❛❞❡ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ♥♦çã♦ ❞❡ ✐♥✈❡①✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱
❡st❡ ❡①❡♠♣❧♦ ♠♦str❛ q✉❡ ✐♥✈❡①✐❞❛❞❡ ♥ã♦ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✈❛❧❡r ❛ ♣r♦♣r✐❡❞❛❞❡
❞❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳

❊①❡♠♣❧♦ ✻✳✻✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦✲❧✐♥❡❛r ❝♦♠ t❡♠♣♦
❝♦♥tí♥✉♦✿

▼✐♥✐♠✐③❛r φ(x) =

∫ T

0

[1 − exp(−x(t))]dt

s✉❥❡✐t♦ ❛ x(t) ≥ 0 q✳s✳ ❡♠ [0, T ],

♦♥❞❡ x ∈ L∞[0, T ]✳ ❚♦♠❡♠♦s f(t, x(t)) = 1 − exp(−x(t)) ❡ g(t, x(t)) = −x(t)✳ ❚❡♠♦s q✉❡
x̄ ≡ 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ λ(t) = ∇f(x̄(t), t) = 1 t❡♠♦s

∫ T

0

[∇f(x̄(t), t) + λ(t)∇g(x̄(t), t)]z(t)dt = 0,
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♣❛r❛ t♦❞❛ z ∈ L∞[0, T ]✳ ▲♦❣♦ x̄ ≡ 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❆❣♦r❛ ♠♦str❡♠♦s q✉❡
é ú♥✐❝❛✳ ❙❡❥❛ x t❛❧ q✉❡ x(t) > 0 ❡♠ P ⊆ [0, T ]✱ ♦♥❞❡ P é ✉♠ ❝♦♥❥✉♥t♦ ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧
❝♦♠ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ x s❡❥❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❆ss✐♠ ❡①✐st❡
λ ∈ L∞[0, T ] t❛❧ q✉❡

∫ T

0

[∇f(t, x(t)) + λ(t)∇g(t, x(t))]z(t)dt = 0 ∀ z ∈ L∞[0, T ], ✭✻✳✾✮

λ(t)g(t, x(t)) = 0 q✳s✳ ❡♠ [0, T ], ✭✻✳✶✵✮

λ(t) ≥ 0 q✳s✳ ❡♠ [0, T ].

❚♦♠❡♠♦s

z(t) =

{

1 s❡ t ∈ P,
0 s❡ t /∈ P.

➱ ❝❧❛r♦ q✉❡ z ∈ L∞[0, T ]✳ ❉❡ ✭✻✳✾✮ ✈ê♠
∫ T

0

[exp(−x(t)) − λ(t)]z(t)dt =

∫

P

[exp(−x(t)) − λ(t)]dt = 0.

❉❡ ✭✻✳✶✵✮ s❡❣✉❡ q✉❡ λ(t) = 0 q✳s✳ ❡♠ P ✳ ❊♥tã♦ t❡♠♦s
∫

P

exp(−x(t))dt = 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳
➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ φ(x) ≥ φ(x̄) ∀ x ∈ F✱ ✐st♦ é✱ x̄ ≡ 0 é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞♦

♣r♦❜❧❡♠❛✳
P♦rt❛♥t♦ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳
▼❛s s❡rá q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ é ✉♠ ♣r♦❜❧❡♠❛ ✐♥✈❡①♦❄ ❙✉♣♦♥❤❛♠♦s q✉❡ s✐♠✳ ❊♥tã♦ ❡①✐st❡

✉♠❛ ❢✉♥çã♦ η : [0, T ] × V × V → R t❛❧ q✉❡ ♣❛r❛ x, y ∈ X t❡♠♦s
∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥

∫ T

0

∇f(t, y(t))η(t, x(t), y(t))dt

−x(t) + y(t) ≥ −η(t, x(t), y(t)) q✳s✳ ❡♠ [0, T ].

▼❛s ✐st♦ ✐♠♣❧✐❝❛ ❡♠
∫ T

0

[f(t, x(t)) − f(t, y(t))]dt−

∫ T

0

∇f(t, y(t))[x(t) − y(t)]dt

≥

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt−

∫ T

0

∇f(t, y(t))η(t, x(t), y(t))dt ≥ 0

❞❛❞♦ q✉❡ ∇f(t, y(t)) = exp(−y(t)) > 0 q✳s✳ ❡♠ [0, T ]✳ ❉❛í

φ(x) − φ(y) ≥ Dφ(y)(x− y),
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♦♥❞❡ Dφ(y) ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t ❞❡ φ ❡♠ y✳ ▲♦❣♦ ❡st❡ ♣r♦❜❧❡♠❛ é ✐♥✈❡①♦ s❡ ❡
s♦♠❡♥t❡ s❡ ❡❧❡ é ❝♦♥✈❡①♦✳ ▼❛s é ❢á❝✐❧ ✈❡r q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ ♥ã♦ é ❝♦♥✈❡①♦✳ P♦rt❛♥t♦ ❡❧❡
♥ã♦ é ✐♥✈❡①♦✳

❱❡♠♦s ❡♥tã♦ q✉❡ ✐♥✈❡①✐❞❛❞❡ ♥ã♦ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ✈❛❧❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡
q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳

P♦r ✜♠✱ ♠♦str❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳ ❉❡✜♥❛ η : [0, T ] × V × V → R ♣♦r

η(t, x(t), y(t)) = 1 − exp(−x(t) + y(t)).

❊♥tã♦

φ(x) − φ(y) −

∫ T

0

∇f(t, y(t))η(t, x(t), y(t))dt

=

∫ T

0

[− exp(−x(t)) + exp(−y(t))]dt−

∫ T

0

exp(−y(t))[1 − exp(−x(t) + y(t))]dt

=

∫ T

0

{[− exp(−x(t)) + exp(−y(t))] − [exp(−y(t)) − exp(−x(t))]}dt = 0.

❆❣♦r❛ t♦♠❡♠♦s x, y ∈ F✱ ✐st♦ é✱ t♦♠❡♠♦s x, y t❛✐s q✉❡ x(t), y(t) ≥ 0 q✳s✳ ❡♠ [0, T ]✳ P❛r❛
t ∈ A(y) = {t ∈ [0, T ] : y(t) = 0}✱ t❡♠♦s

−∇g(t, y(t))η(t, x(t), y(t)) = η(t, x(t), y(t)) = 1 − exp(−x(t) + y(t))

= 1 − exp(−x(t)) ≥ 0,

✈✐st♦ q✉❡ x(t) ≥ 0 q✳s✳ ❡♠ [0, T ]✳

❆❜❛✐①♦ t❡♠♦s ✉♠❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ❊❧❛ s❡rá
♥❡❝❡ssár✐❛ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳

❉❡✜♥✐çã♦ ✻✳✼✳ ❉✐③❡♠♦s q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y ∈ F s❡ ♥ã♦ ❡①✐st✐r❡♠ vi ∈
L∞[0, T ], vi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ t❛✐s q✉❡ (v1(t), . . . , vm(t)) 6= 0 q✳s✳ ❡♠ [0, T ] ❡

∑

i∈I

∫

Ai(y)

vi(t)∇g
′
i(t, y(t))z(t)dt = 0 ♣❛r❛ t♦❞❛ z ∈ Ln

∞[0, T ].

❖❜s❡r✈❛çã♦ ✻✳✽✳ ❆ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❛❝✐♠❛ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ q✉❛❧✐✜❝❛çã♦ ❞❡
r❡str✐çã♦ ❞❡ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✳ ◆♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛✲
♠❛çã♦ ♠❛t❡♠át✐❝❛ ♦♥❞❡ ❛s r❡str✐çõ❡s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦✱ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦
❞❡ ▼❛♥❣❛s❛r✐❛♥✲❋r♦♠♦✈✐t③ é s❛t✐s❢❡✐t❛ ❡♠ y ∈ F s❡ ❡①✐st✐r z ∈ R

n t❛❧ q✉❡ ∇g′i(y)z < 0, i ∈
I(y) = {i : gi(y) = 0}✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●♦r❞❛♥ ✭✈❡r ▼❛♥❣❛s❛r✐❛♥ ❬✷✷❪✮ ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛
♥ã♦ ❡①✐st✐r❡♠ vi ≥ 0, i ∈ I(y)✱ t❛✐s q✉❡ (v1, . . . , vm) 6= 0 ❡

∑

i∈I(y)

vi∇g
′
i(y)w = 0 ∀ w ∈ R

n.
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▲❡♠❛ ✻✳✾✳ ❙❡❥❛ y ∈ F ❡ s✉♣♦♥❤❛ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y✳ ❙❡ y ♥ã♦ é ✉♠❛
s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❡♥tã♦ ❡①✐st❡ z ∈ Ln

∞[0, T ] t❛❧ q✉❡
∫ T

0

∇f ′(t, y(t))z(t)dt < 0, ✭✻✳✶✶✮

∇g′i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✻✳✶✷✮

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ s✐st❡♠❛ ❡♠ ✭✻✳✶✶✮✲✭✻✳✶✷✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ❡♥tã♦✱ ❝❧❛r❛♠❡♥t❡✱ ♦ s✐s✲
t❡♠❛

∫ T

0

∇f ′(t, y(t))z(t)dt < 0,

χi(t)∇g
′
i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

t❛♠❜é♠ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ♦♥❞❡ χi : [0, T ] → R é ❞❡✜♥✐❞❛✱ ♣❛r❛ ❝❛❞❛ i ∈ I✱ ♣♦r

χi(t) =

{

1 s❡ t ∈ Ai(y),
0 s❡ t /∈ Ai(y).

❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✶✱ ♣á❣✐♥❛ ✶✸✹ ❡♠ ❬✸✼❪✱ q✉❡ ❡①✐st❡♠ u0 ∈ R ❡ ui ∈ L∞[0, T ], i ∈ I✱ ❝♦♠
u0 ≥ 0, ui(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ t❛✐s q✉❡ (u0, v1(t), . . . , vm(t)) 6= 0 q✳s✳ ❡♠ [0, T ] ❡

∫ T

0

[

u0∇f
′(t, y(t)) +

∑

i∈I

ui(t)χi(t)∇g
′
i(t, y(t))

]

z(t)dt ≥ 0 ∀ z ∈ Ln
∞[0, T ].

P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛ ❡♠ r❡❧❛çã♦ ❛ z✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡ t♦r♥❛ ✉♠❛ ✐❣✉❛❧❞❛❞❡✳
❆ss✐♠✱ s❡ u0 = 0 t❡♠♦s

∫ T

0

∑

i∈I

ui(t)χi(t)∇g
′
i(t, y(t))z(t)dt = 0 ∀ z ∈ Ln

∞[0, T ],

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
∑

i∈I

∫

Ai(y)

ui(t)∇g
′
i(t, y(t))z(t)dt = 0 ∀ z ∈ Ln

∞[0, T ],

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭◗❘✮✳ ▲♦❣♦✱ u0 > 0✳ ❉✐✈✐❞✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♣♦r u0 ❡ ❞❡✜♥✐♥❞♦
λi = uiχi/u0, i ∈ I✱ ♦❜t❡♠♦s

∫ T

0

[

∇f ′(t, y(t)) +
∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ],

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I.

▲♦❣♦✱ y é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦ ❡①✐st❡ z ∈
Ln
∞[0, T ] s❛t✐s❢❛③❡♥❞♦ ✭✻✳✶✶✮ ❡ ✭✻✳✶✷✮✳
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❚❡♦r❡♠❛ ✻✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ ❝❛❞❛ y ∈ F✳ ❊♥tã♦ t♦❞❛ s♦❧✉çã♦
❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ ✭P❚❈✮ é ❑❚✲✐♥✈❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❙❡✲
❥❛♠ x, y ∈ F✳

❙❡ φ(x) < φ(y)✱ ❡♥tã♦ y ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✱ ❡ ❛ss✐♠✱ ♣♦r ❤✐♣ót❡s❡✱ y
♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✻✳✾✱ s❡❣✉❡ q✉❡ ❡①✐st❡
z ∈ Ln

∞[0, T ] t❛❧ q✉❡

∫ T

0

∇f ′(t, y(t))z(t)dt < 0 ✭✻✳✶✸✮

∇g′i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✻✳✶✹✮

❉❡✜♥❛

η(t, x(t), y(t)) = [φ(x) − φ(y)]

[
∫ T

0

∇f ′(t, y(t))z(t)dt

]−1

z(t).

❚❡♠♦s

φ(x) − φ(y) −

∫ T

0

∇f ′(t, y(t))η(t, x(t), y(t))dt = 0. ✭✻✳✶✺✮

❉❛❞♦ q✉❡ φ(x) < φ(y)✱ s❡❣✉❡ ❞❡ ✭✻✳✶✸✮ q✉❡

[φ(x) − φ(y)]

[
∫ T

0

∇f ′(t, y(t))z(t)dt

]−1

> 0.

❊♥tã♦✱ ❞❡ ✭✻✳✶✹✮ t❡♠♦s

∇g′i(t, y(t))η(t, x(t), y(t)) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✻✳✶✻✮

❉❡ ✭✻✳✶✺✮ ❡ ✭✻✳✶✻✮ s❡❣✉❡ q✉❡ ✭P❚❈✮ é ❑❚✲✐♥✈❡①♦✳
❙❡ φ(x) ≥ φ(y)✱ ❞❡✜♥❛ η(t, x(t), y(t)) = 0✳ ❚❡♠♦s q✉❡

φ(x) − φ(y) −

∫ T

0

∇f ′(t, x(t))η(t, x(t), y(t))dt ≥ 0 ✭✻✳✶✼✮

❡
∇g′i(t, y(t))η(t, x(t), y(t)) = 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✻✳✶✽✮

❉❡ ✭✻✳✶✼✮ ❡ ✭✻✳✶✽✮ ❝♦♥❝❧✉í♠♦s q✉❡ ✭P❚❈✮ é ❑❚✲✐♥✈❡①♦✳
◆♦s ❞♦✐s ❝❛s♦s ❛❝✐♠❛ ♥ã♦ ❞❡✜♥✐♠♦s η ♣❛r❛ x, y /∈ F✳ ▼❛s ♣♦❞❡♠♦s ❞❡✜♥✐r η(t, x(t), y(t)) =

0 q✉❛♥❞♦ x ♦✉ y ♥ã♦ é ❢❛❝tí✈❡❧✳
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❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ ✭P❚❈✮ é ❑❚✲✐♥✈❡①♦✳ ❙❡❥❛ y ∈ F ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r✳ ❊♥tã♦✱ ❡①✐st❡♠ λi ∈ L∞[0, T ], i ∈ I✱ t❛✐s q✉❡

∫ T

0

[

∇f ′(t, y(t)) +
∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ], ✭✻✳✶✾✮

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I, ✭✻✳✷✵✮

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I. ✭✻✳✷✶✮

❙❡❣✉❡ ❞❡ ✭✻✳✷✵✮ q✉❡ λi(t) = 0 q✳s✳ ❡♠ [0, T ] \ Ai(y), i ∈ I✳ ❆ss✐♠✱ ❞❡ ✭✻✳✼✮✱ ✭✻✳✽✮ ❡ ✭✻✳✷✶✮
♦❜t❡♠♦s

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt −

∫ T

0

∇f ′(t, y(t))η(t, x(t), y(t))dt

−

∫ T

0

∑

i∈I

λi(t)∇g
′
i(t, y(t))η(t, x(t), y(t))dt ≥ 0

♣❛r❛ t♦❞❛ x ∈ F✳ ▲♦❣♦✱

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥

∫ T

0

[

∇f ′(t, y(t)) +
∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

η(t, x(t), y(t))dt

♣❛r❛ t♦❞❛ x ∈ F✱ ♦ q✉❡✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ✭✻✳✶✾✮✱ s❡ r❡❞✉③ ❛

∫ T

0

[f(t, x(t)) − f(t, y(t))]dt ≥ 0 ∀ x ∈ F,

❡ ❝♦♥s❡qü❡♥t❡♠❡♥t❡ φ(x) ≥ φ(y) ♣❛r❛ t♦❞❛ x ∈ F✱ ♦✉ s❡❥❛✱ y é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡
✭P❚❈✮✳

❖❜s❡r✈❡ q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ♥♦ ú❧t✐♠♦ t❡♦r❡♠❛ é ✉s❛❞❛
s♦♠❡♥t❡ ♥❛ ♣❛rt❡ ✏s♦♠❡♥t❡ s❡✑ ❞❛ ❞❡♠♦♥str❛çã♦✳
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Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠
❚❡♠♣♦ ❈♦♥tí♥✉♦ ◆ã♦✲❙✉❛✈❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rá ❡st✉❞❛❞♦ ♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ♥ã♦✲❧✐♥❡❛r ❝♦♠ t❡♠♣♦
❝♦♥tí♥✉♦ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♠❛s s❡♠ ❤✐♣ót❡s❡s ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✳ ❆❜❛✐①♦ r❡❡s❝r❡✈❡♠♦s
♦ ♣r♦❜❧❡♠❛✳

▼✐♥✐♠✐③❛r φ(x) =

∫ T

0

f(t, x(t))dt,

s✉❥❡✐t♦ ❛ gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,
x ∈ X.























✭P❚❈✮

❙❡rá ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ✭P❚❈✮ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛s
❢✉♥çõ❡s ♥ã♦ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠ r❡s✉❧t❛❞♦ s✐♠✐❧❛r ❛♦ ❚❡♦r❡♠❛ ✻✳✶✵ ❞♦ ❈❛♣ít✉❧♦ ✻ s❡rá
❡st❛❜❡❧❡❝✐❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲s✉❛✈❡✳ ❚❛♠❜é♠✱ s❡rá ❛♣r❡s❡♥t❛❞♦ ✉♠ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❞❛❞♦ a ∈ V ✱ ❡①✐st❡♠ ε > 0 ❡ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ k t❛✐s q✉❡ ♣❛r❛ t♦❞♦
t ∈ [0, T ]✱ ❡ ♣❛r❛ t♦❞♦s x, y ∈ a+ εB ✭B ❞❡♥♦t❛ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞♦ R

n✮ t❡♠♦s

|f(t, x) − f(t, y)| ≤ k‖x− y‖.

❍✐♣ót❡s❡s s✐♠✐❧❛r❡s sã♦ ❢❡✐t❛s ♣❛r❛ gi, i ∈ I✳ ❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ f(t, ·) ❡ gi(t, ·), i ∈ I✱ sã♦
❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♠ V s♦❜r❡ [0, T ]✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠ q✉❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③
é ❛ ♠❡s♠❛ ♣❛r❛ t♦❞❛s ❛s ❢✉♥çõ❡s ❡♥✈♦❧✈✐❞❛s✳

❙❡❥❛♠ y ∈ X ❡ h ∈ Ln
∞[0, T ]✳ ❊♥tã♦✱ ❛s ❞❡r✐✈❛❞❛s ❞✐r❡❝✐♦♥❛✐s ❣❡♥❡r❛❧✐③❛❞❛s ❞❡ ❈❧❛r❦❡

✭✈❡r ❈❧❛r❦❡ ❬✶✵❪✮

f ◦(t, y(t);h(t)) := ξ◦(y;h)(t) := lim sup
z → y

ε ↓ 0

ξ(z + εh)(t) − ξ(z)(t)

ε

✼✾
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❡

g◦i (t, y(t);h(t)) := γ◦i (y;h)(t) := lim sup
z → y

ε ↓ 0

γi(z + εh)(t) − γi(z)(t)

ε
, i ∈ I,

sã♦ ✜♥✐t❛s q✳s✳ ❡♠ [0, T ] ❡ φ◦(y;h) é ✜♥✐t❛✳ P❛r❛ ❢❛❝✐❧✐❞❛❞❡ ♥❛ ❧❡✐t✉r❛✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦
f ◦(t, y(t);h(t)) ❡ g◦i (t, y(t);h(t)) ❛♦ ✐♥✈és ❞❡ ξ◦(y;h)(t) ❡ γ◦i (y;h)(t), i ∈ I✳

❙❡❣✉❡ ❞❛s ❤✐♣ót❡s❡s q✉❡

t 7→ f ◦(t, y(t);h(t)),

t 7→ g◦i (t, y(t);h(t)), i ∈ I,

sã♦ ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s ❡ ✐♥t❡❣rá✈❡✐s ♣❛r❛ t♦❞❛ x ∈ X ❡ t♦❞❛ h ∈ Ln
∞[0, T ]✳

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛♥á❧✐s❡ ♥ã♦✲s✉❛✈❡✱ ❝♦♥s✉❧t❡ ❈❧❛r❦❡ ❬✶✵❪✳

❉❡✜♥✐çã♦ ✼✳✶✳ ❉✐③❡♠♦s q✉❡ ✭P❚❈✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ ✭♦✉ ❑❚✲✐♥✈❡①♦✮ s❡ ❡①✐st❡ ✉♠❛
❢✉♥çã♦ η : [0, T ] × V × V → R

n t❛❧ q✉❡ η(t, x(t), y(t)) ∈ Ln
∞[0, T ]✱

φ(x) − φ(y) ≥ φ◦(y; η(x, y)), ✭✼✳✶✮

❡
−g◦i (t, y(t); η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✼✳✷✮

♣❛r❛ t♦❞❛s x, y ∈ F✳

P♦r η(x, y) ❡♠ ✭✼✳✶✮ ❡♥t❡♥❞❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ X × X ❡♠ Ln
∞[0, T ] ❞❛❞❛ ♣♦r η(x, y)(t) =

η(t, x(t), y(t))✳

❉❡✜♥✐çã♦ ✼✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ y é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡
❡①✐st❡♠ λi ∈ L∞[0, T ], i ∈ I✱ t❛✐s q✉❡

φ◦(y;h) +

∫ T

0

∑

i∈I

λi(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ], ✭✼✳✸✮

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I, ✭✼✳✹✮

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I. ✭✼✳✺✮

◆♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦ é ❡st✉❞❛❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❑❚✲✐♥✈❡①♦ q✉❡ ♥ã♦ é ✐♥✈❡①♦✳

❊①❡♠♣❧♦ ✼✳✸✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✿

▼✐♥✐♠✐③❛r φ(x) =

∫ 2

0

f(x(t))dt

s✉❥❡✐t♦ ❛ g(x(t)) ≤ 0 ❛✳❡✳ ✐♥ [0, 2], x ∈ L∞[0, 2],
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♦♥❞❡ f, g : R → R sã♦ ❞❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r

f(x) =

{

1 − exp(−x) s❡ x ≥ 0,
−x2 s❡ x < 0

❡ g(x) = −x✳ ❙❡❥❛♠ x, h ∈ R✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ f é ❈❧❛r❦❡ r❡❣✉❧❛r✱ ✐st♦ é✱ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧
✭tr❛❞✐❝✐♦♥❛❧✮ f ′(x;h) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❈❧❛r❦❡ f ◦(x;h) ♣❛r❛
t♦❞♦s x, h ∈ R ❡

f ◦(x;h) = lim sup
y → y

ε ↓ 0

f(y + εh) − f(y)

ε
=















exp(−x)h s❡ x > 0,
−2xh s❡ x < 0,
h s❡ x = 0 ❡ h ≥ 0,
0 s❡ x = 0 ❡ h < 0.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ f é ❈❧❛r❦❡ r❡❣✉❧❛r ❡ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉ ✭✈❡r ❋♦❧❧❛♥❞ ❬✶✹❪✮✱ t❡♠♦s

φ◦(x;h) = lim sup
y → x

ε ↓ 0

φ(y + εh) − φ(y)

ε
= lim sup

y → x

ε ↓ 0

∫ 2

0

f(y(t) + εh(t)) − f(y(t))

ε
dt

≤

∫ 2

0

lim sup
y → x

ε ↓ 0

f(y(t) + εh(t)) − f(y(t))

ε
dt =

∫ 2

0

f ◦(x(t);h(t))dt

=

∫ 2

0

f ′(x(t);h(t))dt =

∫ 2

0

lim
ε ↓ 0

f(x(t) + εh(t)) − f(x(t))

ε
dt

=

∫ 2

0

lim inf
ε ↓ 0

f(x(t) + εh(t)) − f(x(t))

ε
dt ≤ lim inf

ε ↓ 0

∫ 2

0

f(x(t) + εh(t)) − f(x(t))

ε
dt

≤ lim sup
y → x

ε ↓ 0

∫ 2

0

f(y(t) + εh(t)) − f(y(t))

ε
dt = φ◦(x;h).

P♦rt❛♥t♦

φ◦(x;h) =

∫ 2

0

f ◦(x(t);h(t))dt.

❚❛♠❜é♠✱ g◦(x;h) = −h ♣❛r❛ t♦❞♦s x, h ∈ R✳
❙❡❥❛♠ x̄(t) = 0 ∈ L∞[0, 2] ❡ λ̄(t) = 1 ∈ L∞[0, 2]✳ ❚❡♠♦s q✉❡

φ◦(x̄;h) +

∫ 2

0

λ̄(t)g◦(x̄(t);h(t))dt =

∫ 2

0

[f ◦(0;h(t)) − h(t)]dt ≥ 0 ∀ h ∈ L∞[0, 2].

❆ss✐♠ x̄ = 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❙✉♣♦♥❤❛♠♦s q✉❡ y(t) > 0, t ∈ P ⊆ [0, 2]
s❡❥❛ ♦✉tr❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ♦♥❞❡ P é ✉♠ ❝♦♥❥✉♥t♦ ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧ ❝♦♠ ♠❡❞✐❞❛
♣♦s✐t✐✈❛✳ ❊♥tã♦ ❡①✐st❡ λ ∈ L∞[0, 2], λ(t) ≥ 0 q✳s✳ ❡♠ [0, 2]✱ s❛t✐s❢❛③❡♥❞♦

φ◦(y;h) +

∫ 2

0

λ(t)g◦(y(t);h(t))dt ≥ 0 ∀ h ∈ L∞[0, 2], ✭✼✳✻✮

λ(t)g(y(t)) = 0 q✳s✳ ❡♠ [0, 2]. ✭✼✳✼✮
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❙❡❥❛ ĥ : [0, 2] → R ❞❛❞❛ ♣♦r

ĥ(t) =

{

−1 s❡ t ∈ P
0 s❡ t /∈ P.

➱ ❝❧❛r♦ q✉❡ ĥ ∈ L∞[0, 2]✳ ❉❡ ✭✼✳✼✮ ✈❡♠♦s q✉❡ λ(t) = 0 q✳s✳ ❡♠ P ✳ ▲♦❣♦ ❞❡ ✭✼✳✻✮ ✈ê♠

0 ≤ φ◦(y; ĥ) +

∫ 2

0

λ(t)g◦(y(t); ĥ(t))dt

= φ◦(y; ĥ) −

∫ 2

0

λ(t)ĥ(t)dt = −

∫

P

exp(−y(t))dt,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦ x̄ = 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❞❡st❡ ♣r♦❜❧❡♠❛✳
➱ ❝❧❛r♦ q✉❡ φ(x) ≥ φ(0) ♣❛r❛ t♦❞❛ x ∈ F = {x ∈ L∞[0, 2] : x(t) ≥ 0 q✳s✳ ❡♠ [0, 2]}✳

P♦rt❛♥t♦ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳
❊st❡ ♣r♦❜❧❡♠❛ ♥ã♦ é ✐♥✈❡①♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ q✉❡ ❡❧❡ é ✐♥✈❡①♦ ❝❤❡❣❛r❡♠♦s ❛ ✉♠❛ ❝♦♥✲

tr❛❞✐çã♦✱ ❝♦♠♦ s❡❣✉❡✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ é ✐♥✈❡①♦✳ ❊♥tã♦ ❡①✐st❡ η : [0, 2]×V ×V → R

t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ L∞[0, 2]✱

φ(x) − φ(y) ≥

∫ 2

0

f ◦(y(t); η(t, x(t), y(t)))dt

❡
−x(t) + y(t) ≥ −η(t, x(t), y(t)) q✳s✳ ❡♠ [0, 2]

♣❛r❛ t♦❞❛s x, y ∈ L∞[0, 2]✳ ❯s❛♥❞♦ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ f ◦(y(t);x(t)−
y(t)) ≤ f ◦(y(t); η(t, x(t), y(t))) q✳s✳ ❡♠ [0, 2] ♣❛r❛ t♦❞❛s x, y ∈ L∞[0, 2]✳ ❉❛í

φ(x) − φ(y) −

∫ 2

0

f ◦(y(t);x(t) − y(t))dt

≥ φ(x) − φ(y) −

∫ 2

0

f ◦(y(t); η(t, x(t), y(t)))dt ≥ 0 ✭✼✳✽✮

♣❛r❛ t♦❞❛s x, y ∈ L∞[0, 2]✳ P❛r❛ x(t) = 0 ❡ y(t) = t ❡♠ [0, 2] t❡♠♦s

φ(x) − φ(y) −

∫ 2

0

f ◦(y(t);x(t) − y(t))dt = −4 exp(−2) < 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✼✳✽✮✳
❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳ ❉❡✜♥❛ η : V × V → R ♣♦r

η(x, y) =







exp(y)(f(x) − f(y)) s❡ y > 0,
(−2y)−1(f(x) − f(y)) s❡ y < 0,
f(x) − f(y) s❡ y = 0.



❈❆P❮❚❯▲❖ ✼✳ P❘❖❇▲❊▼❆❙ ❉❊ P❘❖●❘❆▼❆➬➹❖ ❈❖▼ ❚❊▼P❖ ❈❖◆❚❮◆❯❖ ◆➹❖✲❙❯❆❱❊❙ ✽✸

❙❡❥❛♠ x, y ∈ F ❡ t ∈ [0, 2]✳ ❚❡♠♦s q✉❡

f ◦(y(t); η(x(t), y(t))) =







exp(−y(t))η(x(t), y(t)) = f(x(t)) − f(y(t)) s❡ y(t) > 0,
−2y(t)η(x(t), y(t)) = f(x(t)) − f(y(t)) s❡ y(t) < 0,
η(x(t), y(t)) = f(x(t)) − f(y(t)) s❡ y(t) = 0,

❞❡ ♠❛♥❡✐r❛ q✉❡

φ(x) − φ(y) −

∫ 2

0

f ◦(y(t); η(x(t), y(t)))dt = 0

❡ ♣❛r❛ t ∈ A(y) = {t ∈ [0, 2] : y(t) = 0}✱

−g◦(y(t); η(x(t), y(t))) = 1 − exp(−x(t)) ≥ 0.

P♦rt❛♥t♦ ❡st❡ ♣r♦❜❧❡♠❛ é ❑❚✲✐♥✈❡①♦✳

❆❜❛✐①♦ t❡♠♦s ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❞♦ ❈❛♣ít✉❧♦ ✻ ❛❞❛♣t❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲s✉❛✈❡✳

❉❡✜♥✐çã♦ ✼✳✹✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y ∈ F s❡ ♥ã♦
❡①✐st❡♠ ui ∈ L∞[0, T ], ui ≥ 0, i ∈ I✱ t❛✐s q✉❡ (u1(t), . . . , um(t)) 6= 0 q✳s✳ ❡♠ [0, T ] ❡

∑

i∈I

∫

Ai(y)

ui(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ].

▲❡♠❛ ✼✳✺✳ ❙❡❥❛ y ∈ F ❡ s✉♣♦♥❤❛ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y✳ ❙❡ y ♥ã♦ é ✉♠❛
s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡♥tã♦ ❡①✐st❡ h ∈ Ln

∞[0, T ] t❛❧ q✉❡

φ◦(y;h) < 0, ✭✼✳✾✮

g◦i (t, y(t);h(t)) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✼✳✶✵✮

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ s✐st❡♠❛ ❡♠ ✭✼✳✾✮✲✭✼✳✶✵✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ❡♠ ♣❛rt✐❝✉❧❛r ♦ s✐st❡♠❛

φ◦(y;h) < 0,

χi(t)g
◦
i (t, y(t);h(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ♦♥❞❡ χi : [0, T ] → R é ❞❡✜♥✐❞❛ ♣❛r❛ ❝❛❞❛ i ∈ I ♣♦r

χi(t) =

{

1 s❡ t ∈ Ai(y),
0 s❡ t /∈ Ai(y).

❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✶✱ ♣á❣✐♥❛ ✶✸✹ ❡♠ ❬✸✼❪✱ q✉❡ ❡①✐st❡♠ u0 ∈ R ❡ ui ∈ L∞[0, T ], i ∈ I✱ ❝♦♠
u0 ≥ 0, ui(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ t❛✐s q✉❡ (u0, u1(t), . . . , um(t)) 6= 0 q✳s✳ ❡♠ [0, T ] ❡

u0φ
◦(y;h) +

∫ T

0

∑

i∈I

ui(t)χi(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ]. ✭✼✳✶✶✮
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❙❡ u0 = 0 t❡♠♦s ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦✱ ♣♦✐s ♥❡st❡ ❝❛s♦✱ ✉s❛♥❞♦ ❛
❞❡✜♥✐çã♦ ❞❡ χi✱ ♦❜t❡♠♦s

∑

i∈I

∫

Ai(y)

ui(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ].

▲♦❣♦ u0 > 0✳ ❊♥tã♦ ❞✐✈✐❞✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❡♠ ✭✼✳✶✶✮ ♣♦r u0 ❡ ❞❡✜♥✐♥❞♦ λi = uiχi/u0, i ∈ I✱
♦❜t❡♠♦s

φ◦(y;h) +

∫ T

0

∑

i∈I

λi(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ].

❆ss✐♠ t❡♠♦s

φ◦(y;h) +

∫ T

0

∑

i∈I

λi(t)g
◦
i (t, y(t);h(t))dt ≥ 0 ∀ h ∈ Ln

∞[0, T ]

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I.

▲♦❣♦ y é ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦ ❡①✐st❡ h ∈
Ln
∞[0, T ] s❛t✐s❢❛③❡♥❞♦ ✭✼✳✾✮ ❡ ✭✼✳✶✵✮✳

❚❡♦r❡♠❛ ✼✳✻✳ ❙✉♣♦♥❤❛ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ ❝❛❞❛ y ∈ F✳ ❊♥tã♦ t♦❞❛ s♦❧✉çã♦
❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ ✭P❚❈✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ t♦❞❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❙❡✲
❥❛♠ x, y ∈ F✳

❙❡ φ(x) < φ(y)✱ ❡♥tã♦ y ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ ❆ss✐♠✱ ♣♦r ❤✐♣ót❡s❡✱ y ♥ã♦ é
✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❙❡❣✉❡ ❡♥tã♦ ❞♦ ▲❡♠❛ ✼✳✺ q✉❡ ❡①✐st❡ h ∈ Ln

∞[0, T ] s❛t✐s❢❛③❡♥❞♦
✭✼✳✾✮ ❡ ✭✼✳✶✵✮✳ ❉❡✜♥❛ α = φ◦(y;h) ❡ η(t, x(t), y(t)) = {φ(x) − φ(y)}α−1h(t) q✳s✳ ❡♠ [0, T ]✳
❉❡ ✭✼✳✾✮ s❡❣✉❡ q✉❡

{φ(x) − φ(y)}α−1 > 0. ✭✼✳✶✷✮

❆ss✐♠

φ◦(y; η(x, y)) = φ◦(y; {φ(x) − φ(y)}α−1h)

= {φ(x) − φ(y)}α−1φ◦(y;h) = φ(x) − φ(y). ✭✼✳✶✸✮

❉❡ ✭✼✳✶✵✮ ❡ ✭✼✳✶✷✮ t❡♠♦s q✉❡

g◦i (t, y(t); η(t, x(t), y(t))) = {φ(x) − φ(y)}α−1g◦i (t, y(t);h(t))

≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✼✳✶✹✮

❉❡ ✭✼✳✶✸✮ ❡ ✭✼✳✶✹✮ ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ x, y t❛✐s q✉❡ φ(x) < φ(y)✱ ✭P❚❈✮ é ❑✉❤♥✲❚✉❝❦❡r
✐♥✈❡①♦✳
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❙❡ φ(x) ≥ φ(y) ❞❡✜♥❛ η(t, x(t), y(t)) = 0 q✳s✳ ❡♠ [0, T ]✳ ❚❡♠♦s q✉❡

φ(x) − φ(y) − φ◦(y; η(x, y))dt ≥ 0 ✭✼✳✶✺✮

❡
g◦i (t, y(t); η(t, x(t), y(t))) = 0 q✳s ❡♠ Ai(y), i ∈ I. ✭✼✳✶✻✮

❙❡❣✉❡ ❡♥tã♦ ❞❡ ✭✼✳✶✺✮ ❡ ✭✼✳✶✻✮ q✉❡ ✭P❚❈✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✳
◆♦s ❞♦✐s ❝❛s♦s ❛❝✐♠❛ ♥ã♦ ❞❡✜♥✐♠♦s η ♣❛r❛ x, y /∈ F✳ ▼❛s ♣♦❞❡♠♦s ❞❡✜♥✐r η(t, x(t), y(t)) =

0 q✉❛♥❞♦ x ♦✉ y ♥ã♦ é ❢❛❝tí✈❡❧✳
❙✉♣♦♥❤❛♠♦s q✉❡ ✭P❚❈✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✳ ❙❡❥❛ y ∈ F ✉♠❛ s♦❧✉çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❊♥tã♦ ❞❡ ✭✼✳✶✮✱ ✭✼✳✷✮ ❡ ✭✼✳✺✮ t❡♠♦s

φ(x) − φ(y) − φ◦(y; η(x, y)) −

∫ T

0

∑

i∈I

λi(t)g
◦
i (t, y(t); η(t, x(t), y(t)))dt ≥ 0,

♣❛r❛ t♦❞♦ x ∈ F✱ ❥á q✉❡ ❞❡ ✭✼✳✹✮ s❡❣✉❡ q✉❡ λi(t) = 0 q✳s✳ ❡♠ [0, T ] \ Ai(y), i ∈ I✳ ❉❛í

φ(x) − φ(y) ≥ φ◦(y; η(x, y)) +

∫ T

0

∑

i∈I

λi(t)g
◦
i (t, y(t); η(t, x(t), y(t)))dt.

❉❡ ✭✼✳✸✮ s❡❣✉❡ q✉❡ φ(x) ≥ φ(y) ∀ x ∈ F✱ ♦✉ s❡❥❛✱ y é s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧ ❞❡ ✭P❚❈✮✳

❖❜s❡r✈❡ q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ♥♦ ú❧t✐♠♦ t❡♦r❡♠❛ é ✉s❛❞❛
s♦♠❡♥t❡ ♥❛ ♣❛rt❡ ✏s♦♠❡♥t❡ s❡✑ ❞❛ ❞❡♠♦♥str❛çã♦✳



✽✻



❈❆P❮❚❯▲❖ ✽

Pr♦❜❧❡♠❛s ❞❡ Pr♦❣r❛♠❛çã♦ ❝♦♠
❚❡♠♣♦ ❈♦♥tí♥✉♦ ▼✉❧t✐✲❖❜❥❡t✐✈♦

❙❡rá ❡st✉❞❛❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦ ❛❜❛✐①♦✿

▼✐♥✐♠✐③❛r φ(x) =

(
∫ T

0

f1(t, x(t))dt, . . . ,

∫ T

0

fp(t, x(t))dt

)

s✉❥❡✐t♦ ❛ gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i = 1, . . . ,m,
x ∈ X.























✭P❚❈▼✮

❙✉♣♦♥❤❛♠♦s q✉❡ ❛s ❢✉♥çõ❡s fj, j ∈ J ✱ ❡ gi, i ∈ I✱ sã♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠
r❡❧❛çã♦ ❛♦s s❡✉s s❡❣✉♥❞♦ ❛r❣✉♠❡♥t♦✳

◆❡st❡ ❝❛♣ít✉❧♦ sã♦ ✐♥tr♦❞✉③✐❞♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ✐♥✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦s ♣r♦✲
❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ♥♦♠❡❛❞❛♠❡♥t❡✱ ♦s ❝♦♥❝❡✐t♦s ❞❡
❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡ ❡ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①✐❞❛❞❡✳ ❯s❛♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡✱ é ❢❡✐t♦ ✉♠ ❡st✉❞♦ s♦❜r❡ ❛ r❡❧❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❝♦♠ ✉♠
♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❛ss♦❝✐❛❞♦✳ ❚❛♠❜é♠✱ é ♠♦str❛❞♦ q✉❡ ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①✐❞❛❞❡ é
✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r s❡r ✉♠❛
s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳ ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①✐❞❛❞❡ ❡ ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♣r✐♥✲
❝✐♣❛❧ sã♦ ❞❛❞♦s ♥❛ ❙❡çã♦ ✽✳✶✳ ❆ ♥♦çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡ ❡ ♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦
♣r✐♥❝✐♣❛❧ sã♦ ❞❛❞♦s ♥❛ ❙❡çã♦ ✽✳✷✳

❆❜❛✐①♦ sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦ ❡♠ ❬✸✵❪ s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s ❡ s♦❧✉çõ❡s ✈❡t♦r✐❛✐s ❞❡
❑✉❤♥✲❚✉❝❦❡r✳

✽✼
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❉❡✜♥✐çã♦ ✽✳✶✳ ❯♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ y é ❞✐t❛ s❡r ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡
✭P❚❈▼✮ s❡ ❡ s♦♠❡♥t❡ s❡ ♥ã♦ ❡①✐st❡ ♦✉tr❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ x t❛❧ q✉❡ φ(x) < φ(y)✳

❉❡✜♥✐çã♦ ✽✳✷✳ ❯♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ y é ❞✐t❛ s❡r ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❞❡
✭P❚❈▼✮ s❡ ❡①✐st❡♠ µ ∈ R

p ❡ λ ∈ Lm
∞[0, T ] t❛✐s q✉❡

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

h(t)dt = 0 ∀ h ∈ Ln
∞[0, T ], ✭✽✳✶✮

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I, ✭✽✳✷✮

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I, ✭✽✳✸✮

µj ≥ 0, j ∈ J, ❡ µ 6= 0. ✭✽✳✹✮

P♦r ✜♠ t❡♠♦s ✉♠❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦✳

❉❡✜♥✐çã♦ ✽✳✸✳ ❉✐③❡♠♦s q✉❡ ❛s r❡str✐çõ❡s gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y ∈ F s❡ ♥ã♦
❡①✐st❡♠ vi ∈ L∞[0, T ], vi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ t❛✐s q✉❡ (v1(t), . . . , vm(t)) 6= 0 q✳s✳ ❡♠
[0, T ] ❡

∑

i∈I

∫

Ai(y)

vi(t)∇gi(t, y(t))h(t)dt = 0 ♣❛r❛ t♦❞❛ h ∈ Ln
∞[0, T ].

✽✳✶ ❑❚✲Ps❡✉❞♦✲■♥✈❡①✐❞❛❞❡ ❡ ❈♦♥❞✐çõ❡s ❞❡

❖t✐♠❛❧✐❞❛❞❡

◆❡st❛ s❡çã♦ é ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
✭P❚❈▼✮✳ ❆❧é♠ ❞✐ss♦✱ é ❡①♣♦st♦ ❡ ♣r♦✈❛❞♦ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❢♦r♥❡❝❡ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛
❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦t✐♠❛❧✐❞❛❞❡ ❣❧♦❜❛❧ ❞❡ ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳

❉❡✜♥✐çã♦ ✽✳✹✳ ❖ ♣r♦❜❧❡♠❛ ✭P❚❈▼✮ é ❞✐t♦ s❡r ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①♦ ✭♦✉ ❑❚✲♣s❡✉❞♦✲
✐♥✈❡①♦✮ s❡ ❡①✐st✐r ✉♠❛ ❢✉♥çã♦ η : [0, T ]×V ×V → R

n t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ Ln
∞[0, T ]✱

φ(x) < φ(y) ⇒

∫ T

0

∇f ′
j(t, y(t))η(t, x(t), y(t))dt < 0, j ∈ J, ✭✽✳✺✮

❡

−∇g′i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I, ✭✽✳✻✮

♣❛r❛ t♦❞❛s x, y ∈ F✳
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▲❡♠❛ ✽✳✺✳ ❙❡❥❛ y ∈ F ❡ s✉♣♦♥❤❛ q✉❡ ❛s r❡str✐çõ❡s gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ y✳ ❙❡ y
♥ã♦ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❡♥tã♦ ❡①✐st❡ z ∈ Ln

∞[0, T ] t❛❧ q✉❡
∫ T

0

∇f ′
j(t, y(t))z(t)dt < 0, j ∈ J, ✭✽✳✼✮

∇g′i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I. ✭✽✳✽✮

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ s✐st❡♠❛ ❡♠ ✭✽✳✼✮✲✭✽✳✽✮ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ❡♥tã♦✱ ❝❧❛r❛♠❡♥t❡✱ ♦ s✐st❡♠❛
∫ T

0

∇f ′
j(t, y(t))z(t)dt < 0, j ∈ J,

χi(t)∇g
′
i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

t❛♠❜é♠ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦✱ ♦♥❞❡ χi : [0, T ] → R é ❞❡✜♥✐❞❛✱ ♣❛r❛ ❝❛❞❛ i ∈ I✱ ♣♦r

χi(t) =

{

1 s❡ t ∈ Ai(y),
0 s❡ t /∈ Ai(y).

❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✶✱ ♣á❣✐♥❛ ✶✸✹ ❡♠ ❬✸✼❪✱ q✉❡ ❡①✐st❡♠ µj ∈ R, j ∈ J ✱ ❡ ui ∈ L∞[0, T ], i ∈ I✱
❝♦♠ µj ≥ 0, j ∈ J, ui(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ t❛✐s q✉❡ (µ1, . . . , µp, u1(t), . . . , um(t)) 6= 0
q✳s✳ ❡♠ [0, T ] ❡

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

ui(t)χi(t)∇g
′
i(t, y(t))

]

z(t)dt ≥ 0 ∀ z ∈ Ln
∞[0, T ],

✐✳❡✳✱
∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

ui(t)χi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ],

♦♥❞❡ ❛ ✐❣✉❛❧❞❛❞❡ ✈❡♠ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧ ❡♠ r❡❧❛çã♦ ❛ z✳
❙❡ (µ1, . . . , µp) = 0✱ ❡♥tã♦

∫ T

0

∑

i∈I

ui(t)χi(t)∇g
′
i(t, y(t))z(t)dt = 0 ∀ z ∈ Ln

∞[0, T ],

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

∑

i∈I

∫

Ai(y)

ui(t)∇g
′
i(t, y(t))z(t)dt = 0 ∀ z ∈ Ln

∞[0, T ],

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭◗❘✮✳ ▲♦❣♦✱ (µ1, . . . , µp) 6= 0✳ ❉❡✜♥✐♥❞♦ λi = uiχi, i ∈ I✱ ♦❜t❡♠♦s

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ].
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❊♥tã♦ t❡♠♦s

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

z(t)dt = 0 ∀ z ∈ Ln
∞[0, T ],

λi(t)gi(t, y(t)) = 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

µj ≥ 0, j ∈ J, ❡ µ 6= 0.

▲♦❣♦✱ y é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦ ❡①✐st❡
z ∈ Ln

∞[0, T ] s❛t✐s❢❛③❡♥❞♦ ✭✽✳✼✮ ❡ ✭✽✳✽✮✳

❚❡♦r❡♠❛ ✽✳✻✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛s r❡str✐çõ❡s gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ ❝❛❞❛ y ∈ F✳
❊♥tã♦ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭P❚❈▼✮
s❡ ❡ s♦♠❡♥t❡ s❡ ✭P❚❈▼✮ é ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ y ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡ s✉♣♦♥❤❛ q✉❡ ✭P❚❈▼✮ é ❑❚✲
♣s❡✉❞♦✲✐♥✈❡①♦✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧ x t❛❧ q✉❡ φ(x) < φ(y)✳ ❈♦♠♦
✭P❚❈▼✮ é ❑❚✲♣s❡✉❞♦✲✐♥✈❡①♦✱ ✉s❛♥❞♦ ✭✽✳✺✮✱ ♦❜t❡♠♦s

∫ T

0

∇f ′
j(t, y(t))η(t, x(t), y(t))dt < 0, j ∈ J. ✭✽✳✾✮

❉❡s❞❡ q✉❡ y é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ❡①✐st❡♠ µ ∈ R
p ❡ λ ∈ Lm

∞[0, T ] s❛t✐s✲
❢❛③❡♥❞♦ ✭✽✳✶✮✲✭✽✳✹✮✳ P♦r ✭✽✳✹✮ ❡ ✭✽✳✾✮ t❡♠♦s

∫ T

0

∑

j∈J

µj∇f
′
j(t, y(t))η(t, x(t), y(t))dt < 0.

❯s❛♥❞♦ ✭✽✳✶✮ ❝♦♠ h(t) = η(t, x(t), y(t)), t ∈ [0, T ]✱ ♦❜t❡♠♦s

∫ T

0

∑

i∈I

λi(t)∇g
′
i(t, y(t))η(t, x(t), y(t))dt > 0. ✭✽✳✶✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✽✳✸✮ ❡ ✭✽✳✻✮✱ ❞❛❞♦ q✉❡ ♣♦r ✭✽✳✷✮✱ λi(t) = 0 q✳s✳ ❡♠ [0, T ] \ Ai(y), i ∈ I✱
s❡❣✉❡ q✉❡

∫ T

0

∑

i∈I

λi(t)∇g
′
i(t, y(t))η(t, x(t), y(t))dt ≤ 0,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❛ ✭✽✳✶✵✮✳ ▲♦❣♦ y é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✳
❙✉♣♦♥❤❛♠♦s q✉❡ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜✲

❝✐❡♥t❡✳ ❙❡❥❛♠ x, y ∈ F t❛✐s q✉❡ φ(x) < φ(y)✳ ❊♥tã♦ y ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡
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❡✜❝✐❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ y ♥ã♦ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✳ ❊♥tã♦✱
♣❡❧♦ ▲❡♠❛ ✽✳✺✱ ❡①✐st❡ z ∈ Ln

∞[0, T ] t❛❧ q✉❡

∫ T

0

∇f ′
j(t, y(t))z(t)dt < 0, j ∈ J,

∇g′i(t, y(t))z(t) ≤ 0 q✳s✳ ❡♠ Ai(y), i ∈ I.

❉❡✜♥❛ η(t, x(t), y(t)) = z(t) q✳s✳ ❡♠ [0, T ]✳ ❊♥tã♦

∫ T

0

∇f ′
j(t, y(t))η(t, x(t), y(t))dt < 0, j ∈ J,

−∇g′i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I.

P♦rt❛♥t♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ η : [0, T ] × V × V → R
n t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ Ln

∞[0, T ]✱

φ(x) < φ(y) ⇒

∫ T

0

∇f ′
j(t, y(t))η(t, x(t), y(t))dt < 0, j ∈ J,

❡
−∇g′i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I,

♣❛r❛ t♦❞❛s x, y ∈ F✳ ❆ss✐♠ ✭P❚❈▼✮ é ❑✉❤♥✲❚✉❝❦❡r ♣s❡✉❞♦✲✐♥✈❡①♦✳

✽✳✷ ❑❚✲■♥✈❡①✐❞❛❞❡ ❡ ♦ Pr♦❜❧❡♠❛ ❊s❝❛❧❛r ❆ss♦❝✐❛❞♦

◆❡st❛ s❡çã♦✱ ❛ ♥♦çã♦ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①✐❞❛❞❡ ✐♥tr♦❞✉③✐❞❛ ❡♠ ❬✷✹❪ ♣❛r❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐✲
♦❜❥❡t✐✈♦ ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛✐s é ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦ ❝♦♥t❡①t♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦✳ ❆❧é♠ ❞✐ss♦✱
❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛♥❞♦ ✭P❚❈▼✮ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r sã♦ ❡st❛❜❡❧❡❝✐❞♦s✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭P❚❈▼✮✿

▼✐♥✐♠✐③❛r Φ(x) =

∫ T

0

∑

j∈J

µjfj(t, x(t))dt

s✉❥❡✐t♦ ❛ gi(t, x(t)) ≤ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,
x ∈ X,

♦♥❞❡ µj ∈ R, j ∈ J ✳ ❊st❡ é ✉♠ ❞♦s ♠❛✐s ❝♦♥❤❡❝✐❞♦s ♣r♦❜❧❡♠❛s ❡s❝❛❧❛r❡s ❛ss♦❝✐❛❞♦s à
♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❡ é ❝❤❛♠❛❞♦ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s✳

❚❡♦r❡♠❛ ✽✳✼✳ ❚♦❞❛ s♦❧✉çã♦ ót✐♠❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s µj ≥ 0, j ∈ J ✱ ♥❡♠
t♦❞♦s ♥✉❧♦s✱ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭P❚❈▼✮✳



✾✷ ❈❆P❮❚❯▲❖ ✽✳ P❘❖❇▲❊▼❆❙ ❉❊ P❘❖●❘❆▼❆➬➹❖ ❈❖▼ ❚❊▼P❖ ❈❖◆❚❮◆❯❖ ▼❯▲❚■✲❖❇❏❊❚■❱❖

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ y ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ µj ≥ 0, j ∈ J ✱ ♥❡♠ t♦❞♦s
♥✉❧♦s✱ ❡ ✈❛♠♦s s✉♣♦r q✉❡ ❡①✐st❡ x ∈ F t❛❧ q✉❡ φ(x) < φ(y)✳ ❊♥tã♦ φj(x) < φj(y), j ∈ J ✱ ❞❡
♠♦❞♦ q✉❡

µjφj(x) ≤ µjφj(y), j ∈ J,

❞❛❞♦ q✉❡ µj ≥ 0, j ∈ J ✳ ❈♦♠♦ µj, j ∈ J ✱ sã♦ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠ í♥❞✐❝❡
j ∈ J t❛❧ q✉❡ µj > 0✳ ▲♦❣♦ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ✈❛❧❡ ❡str✐t❛♠❡♥t❡✳
❊♥tã♦ s♦♠❛♥❞♦ s♦❜r❡ J ✱

∑

j∈J

µjφj(x) <
∑

j∈J

µjφj(y),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ y✳

P❛r❛ ❡st❛❜❡❧❡❝❡r ❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛ ✽✳✼ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛s q✉❛❧✐✜❝❛çõ❡s ♥❛s
r❡str✐çõ❡s ❡ t❛♠❜é♠ ❞❡ ❤✐♣ót❡s❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❣❡♥❡r❛❧✐③❛❞❛✳

❉❡✜♥✐çã♦ ✽✳✽✳ ❖ ♣r♦❜❧❡♠❛ ✭P❚❈▼✮ é ❞✐t♦ s❡r ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦ ✭♦✉ ❑❚✲✐♥✈❡①♦✮ s❡
❡①✐st✐r ✉♠❛ ❢✉♥çã♦ η : [0, T ] × V × V → R

n t❛❧ q✉❡ t 7→ η(t, x(t), y(t)) ∈ Ln
∞[0, T ]✱

φj(x) − φj(y) ≥

∫ T

0

∇f ′
j(t, y(t))η(t, x(t), y(t))dt, j ∈ J, ✭✽✳✶✶✮

❡
−∇g′i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I, ✭✽✳✶✷✮

♣❛r❛ t♦❞❛s x, y ∈ F✳

❚❡♦r❡♠❛ ✽✳✾✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛s r❡str✐çõ❡s gi, i ∈ I✱ s❛t✐s❢❛③❡♠ ✭◗❘✮ ❡♠ ❝❛❞❛ y ∈ F✳
❙❡ ✭P❚❈▼✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✱ ❡♥tã♦ t♦❞❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ é s♦❧✉çã♦ ❞❡ ✉♠
♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s µj ≥ 0, j ∈ J ✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ y ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡ ❞❡ ✭P❚❈▼✮✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✸✳✸✱ ♣á❣✐♥❛ ✾ ❡♠ ❬✸✵❪✱ ❡①✐st❡♠ µ ∈ R

p ❡ λ ∈ Lm
∞[0, T ] s❛t✐s❢❛③❡♥❞♦

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

h(t)dt = 0 ∀ h ∈ Ln
∞[0, T ],

λi(t)gi(t, y(t)) = 0, q✳s✳ ❡♠ [0, T ], i ∈ I,

µj ≥ 0, j ∈ J, λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I,

(µ, λ(t)) 6= 0 q✳s✳ ❡♠ [0, T ].

❙❡ µ = 0✱ ❡♥tã♦ λ(t) 6= 0 q✳s✳ ❡♠ [0, T ]✱ ❡

∫ T

0

[

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

h(t)dt = 0 ∀ h ∈ Ln
∞[0, T ].
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❉❡ λi(t)gi(t, y(t)) = 0, q✳s✳ ❡♠ [0, T ], i ∈ I✱ s❡❣✉❡ q✉❡ λi(t) = 0 q✳s✳ ❡♠ [0, T ]\Ai(y)✳ ❆ss✐♠
t❡♠♦s

∑

i∈I

∫

Ai(y)

λi(t)∇g
′
i(t, y(t))h(t)dt = 0 ∀ h ∈ Ln

∞[0, T ],

❝♦♠ λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ ❡ (λ1(t), . . . , λm(t)) 6= 0 q✳s✳ ❡♠ [0, T ]✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛
❤✐♣ót❡s❡ ❞❡ q✉❡ ✭◗❘✮ ✈❛❧❡ ❡♠ y✳ P♦rt❛♥t♦ y é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ✐st♦ é✱
❡①✐st❡ µ ∈ R

p ❡ λ ∈ Lm
∞[0, T ] s❛t✐s❢❛③❡♥❞♦ ✭✽✳✶✮✲✭✽✳✹✮✳

❈♦♠♦ ♣♦r ✭✽✳✹✮✱ µj ≥ 0, j ∈ J ✱ ❡ ♣♦r ✭✽✳✸✮✱ λi(t) ≥ 0 q✳s✳ ❡♠ [0, T ], i ∈ I✱ ✉s❛♥❞♦ ✭✽✳✶✶✮
❡ ✭✽✳✶✷✮ ♦❜t❡♠♦s

∫ T

0

∑

j∈J

µj[fj(t, x(t)) − fj(t, y(t))]dt

≥

∫ T

0

∑

j∈J

µj∇f
′
j(t, y(t))η(t, x(t), y(t))dt, ✭✽✳✶✸✮

−λi(t)∇g
′
i(t, y(t))η(t, x(t), y(t)) ≥ 0 q✳s✳ ❡♠ Ai(y), i ∈ I, ✭✽✳✶✹✮

♣❛r❛ t♦❞❛ x ∈ F✳ ❘❡❧❡♠❜r❛♥❞♦ q✉❡ λi(t) = 0 q✳s✳ ❡♠ [0, T ] \ Ai(y), i ∈ I✱ ✐♥t❡❣r❛♥❞♦ ❛s
❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ ✭✽✳✶✹✮ s♦❜r❡ [0, T ] ❡ s♦♠❛♥❞♦ s♦❜r❡ I ♦❜t❡♠♦s

−

∫ T

0

∑

i∈I

λi(t)∇g
′
i(t, y(t))η(t, x(t), y(t))dt ≥ 0. ✭✽✳✶✺✮

❉❡ ✭✽✳✶✸✮ ❡ ✭✽✳✶✺✮ s❡❣✉❡ q✉❡

∫ T

0

∑

j∈J

µj[fj(t, x(t)) − fj(t, y(t))]dt

≥

∫ T

0

[

∑

j∈J

µj∇f
′
j(t, y(t)) +

∑

i∈I

λi(t)∇g
′
i(t, y(t))

]

η(t, x(t), y(t))dt,

♣❛r❛ t♦❞❛s x ∈ F✳ ❚♦♠❛♥❞♦ h(t) = η(t, x(t), y(t)) q✳s✳ ❡♠ [0, T ]✱ s❡❣✉❡ ❞❡ ✭✽✳✶✮ q✉❡ ❛ ✐♥t❡❣r❛❧
♥❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❛❝✐♠❛ é ✐❣✉❛❧ ❛ ③❡r♦✳ P♦rt❛♥t♦ y é s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠
♣❡s♦s ❝♦♠ µj ≥ 0, j ∈ J ✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✳

❚❡♦r❡♠❛ ✽✳✶✵✳ ❙❡ ✭P❚❈▼✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦✱ ❡♥tã♦ t♦❞❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲
❚✉❝❦❡r é s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ♣❡s♦s µj ≥ 0, j ∈ J ✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡♠❡❧❤❛♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✽✳✾✳
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❖s t❡♦r❡♠❛s ❛❝✐♠❛ ♠♦str❛♠ q✉❡ s♦❜ ❛s ❤✐♣ót❡s❡s ❞❡ q✉❡ ✭P❚❈▼✮ é ❑✉❤♥✲❚✉❝❦❡r ✐♥✈❡①♦
❡ q✉❡ ❛s r❡str✐çõ❡s s❛t✐s❢❛③❡♠ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡ r❡str✐çã♦ ❡♠ ❝❛❞❛ y ∈ F✱ ♦s ❝♦♥❥✉♥t♦s ❞❛s
s♦❧✉çõ❡s ✈❡t♦r✐❛✐s ❞❡ ❑✉❤♥✲❚✉❝❦❡r✱ ❞❛s s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s ❡ ❞❛s s♦❧✉çõ❡s ót✐♠❛s
❞❡ ♣r♦❜❧❡♠❛s ❡s❝❛❧❛r❡s ❝♦♠ ♣❡s♦s sã♦ ✐❣✉❛✐s✳ ❉❡ ❢❛t♦✱ ♣❡❧♦s ❚❡♦r❡♠❛s ✽✳✼ ❡ ✽✳✾ ✈❡♠♦s q✉❡
♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ót✐♠❛s ❞♦ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s ✭♦♥❞❡ µ = ♠✉❧t✐♣❧✐❝❛❞♦r
❞❡ ▲❛❣r❛♥❣❡ ❛ss♦❝✐❛❞♦ à ❢✉♥çã♦ ♦❜❥❡t✐✈♦✮ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡s
sã♦ ✐❣✉❛✐s✳ P❡❧♦ ❚❡♦r❡♠❛ ✽✳✶✵ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ✈❡t♦r✐❛✐s ❞❡ ❑✉❤♥✲❚✉❝❦❡r
❡stá ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ót✐♠❛s ❞♦ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r✳ ▼❛s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛
t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛✱ ♣♦✐s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✽✳✼✱ t♦❞❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r ❝♦♠ ♣❡s♦s
é s♦❧✉çã♦ ❢r❛❝❛♠❡♥t❡ ❡✜❝✐❡♥t❡✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ✈❛❧❡ ❛ q✉❛❧✐✜❝❛çã♦ ❞❡
r❡str✐çã♦✱ é ✉♠❛ s♦❧✉çã♦ ✈❡t♦r✐❛❧ ❞❡ ❑✉❤♥✲❚✉❝❦❡r ✭✈❡❥❛ ♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛
✽✳✾✮✳
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❊♠ r❡❧❛çã♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ✐♥✜♥✐t❛✱ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ tr❛❜❛❧❤♦ ❢✉t✉r♦
s❡r✐❛ ♦ ❡st✉❞♦ ❞❡ ❞✉❛❧✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳ ❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ t❡♥t❛r
❣❡♥❡r❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ❞♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲❞✐❢❡r❡♥❝✐á✈❡❧✳

◆♦ ❝❛s♦ ❞♦s ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❝♦♠ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ❤á ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡
❡st✉❞❛r ❞✉❛❧✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳ P♦r ❡①❡♠♣❧♦✱ t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ♣❛r❛ ♦ ❝♦♥t❡①t♦
❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛❞♦s ❡♠ ❬✷✻❪ ♣♦r ❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳✳ ◆❡st❡ tr❛❜❛❧❤♦✱
❖s✉♥❛✲●ó♠❡③ ❡t ❛❧✳ ✐♥tr♦❞✉③❡♠ ✉♠ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ ❞✉❛❧ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ♠✉❧t✐✲♦❜❥❡t✐✈♦✱
q✉❡ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❡s♣❡❝✐❛❧ ❞❡ s❡r ✉♠ ♣r♦❜❧❡♠❛ ❡s❝❛❧❛r✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡✲s❡ t❛♠❜é♠ t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ❑❚✲✐♥✈❡①✐❞❛❞❡ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛✲
çã♦ ❛❜str❛t♦s✱ ❝♦♠♦ ♦ tr❛t❛❞♦ ♣♦r ❇❡♥✲❚❛❧ ❡ ❩♦✇❡ ❬✹❪✳ ❖✉ ❛✐♥❞❛ ♣❛r❛ ♦✉tr♦s t✐♣♦s ❞❡ ♣r♦✲
❜❧❡♠❛s✱ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦
✐♠♣✉❧s✐✈♦✳ P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ✐♠♣✉❧s✐✈♦✱ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♠❡♥♦s ❛♠❜✐❝✐♦s❛
s❡r✐❛ ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✉s❛♥❞♦ ✐♥✈❡①✐❞❛❞❡✳ P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡
❝♦♥tr♦❧❡ ót✐♠♦ ♠✉❧t✐✲♦❜❥❡t✐✈♦✱ t❡♥t❛r ❢❛③❡r ✉♠ ❡st✉❞♦ r❡❧❛❝✐♦♥❛♥❞♦✲♦ ❝♦♠ ✉♠ ♣r♦❜❧❡♠❛ ❡s✲
❝❛❧❛r ❝♦♠ ♣❡s♦s✱ ♥♦s ♠♦❧❞❡s ❞♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s tr❛t❛❞♦s ♥❡st❛ t❡s❡ ✭❈❛♣ít✉❧♦s
✹ ❡ ✽✮✳

❖✉tr♦ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ♣♦❞❡r✐❛♠ s❡r ❛❜♦r❞❛❞♦s sã♦ ♦s ♣r♦❜❧❡♠❛s ❛♥♦r♠❛✐s ♦✉ ❞❡✲
❣❡♥❡r❛❞♦s✳ Pr♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ sã♦ ❛ss✐♠ ❝❤❛♠❛❞♦s q✉❛♥❞♦ ♦ ♠✉❧t✐♣❧✐❝❛❞♦r ❛ss♦❝✐❛❞♦
à ❢✉♥çã♦ ♦❜❥❡t✐✈♦ é ✐❣✉❛❧ ❛ ③❡r♦✳ ■③♠❛✐❧♦✈ ❬✷✵❪ ♦❜t❡✈❡ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ✉♠
♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ♠❛s ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡str✐çõ❡s ❞❡
❞❡s✐❣✉❛❧❞❛❞❡✳ ❆✈❛❦♦✈ ❬✶❪ ❡st✉❞♦✉ ✉♠ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ✐♥❝❧✉✐♥❞♦ r❡str✐çõ❡s ❞❡ ✐❣✉❛❧❞❛❞❡✱ ♠❛s
❛✐♥❞❛ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡str✐çõ❡s ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ tr❛❜❛❧❤♦ ❢✉✲
t✉r♦ s❡r✐❛ t❡♥t❛r ♦❜t❡r ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s tr❛t❛❞♦s ♥❡st❛ t❡s❡ ❡✱ ♠❛✐s
❛❧é♠✱ t❡♥t❛r ❛❧❣✉♠ ❡st✉❞♦ ♥❛ ❞✐r❡çã♦ q✉❡ ❢❡③ ▼❛rt✐♥ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ♥ã♦✲❞❡❣❡♥❡r❛❞♦s✳

✾✺
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❬✶❪ ❊✳ ❘✳ ❆✈❛❦♦✈✳ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ❡①tr❡♠✉♠ ❢♦r s♠♦♦t❤ ❛❜♥♦r♠❛❧ ♣r♦❜❧❡♠s
✇✐t❤ ❝♦♥str❛✐♥ts ♦❢ ❡q✉❛❧✐t② ❛♥❞ ✐♥❡q✉❛❧✐t② t②♣❡✳ ▼❛t✳ ❩❛♠❡t❦✐✱ ✹✺✭✻✮✿✸✕✶✶✱ ✶✾✽✾✳

❬✷❪ ▼✳ ❙✳ ❇❛③❛r❛❛ ❛♥❞ ❈✳ ▼✳ ❙❤❡tt②✳ ◆♦♥❧✐♥❡❛r Pr♦❣r❛♠♠✐♥❣✿ ❚❤❡♦r② ❛♥❞ ❆❧❣♦r✐t❤♠s✳
❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✾✳

❬✸❪ ❘✳ ❇❡❧❧♠❛♥✳ ❇♦tt❧❡♥❡❝❦ ♣r♦❜❧❡♠s ❛♥❞ ❞②♥❛♠✐❝s ♣r♦❣r❛♠♠✐♥❣✳ Pr♦❝✳ ◆❛t✳ ❆❝❛❞✳ ❙❝✐✳
❯✳❙✳❆✳✱ ✸✾✿✾✹✼✕✾✺✶✱ ✶✾✺✸✳

❬✹❪ ❆✳ ❇❡♥✲❚❛❧ ❛♥❞ ❏✳ ❩♦✇❡✳ ❆ ✉♥✐✜❡❞ t❤❡♦r② ♦❢ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r
❡①tr❡♠✉♠ ♣r♦❜❧❡♠s ✐♥ t♦♣♦❧♦❣✐❝❛❧ ✈❡❝t♦r s♣❛❝❡s✳ ▼❛t❤✳ Pr♦❣r❛♠♠✐♥❣ ❙t✉❞②✱ ✶✾✿✸✾✕✼✻✱
✶✾✽✷✳

❬✺❪ ❆✳ ❏✳ ❱✳ ❇r❛♥❞ã♦✳ ❙♦❜r❡ ❛❧❣✉♠❛s ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♦t✐♠✐③❛çã♦ ♥ã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ✐♥✈❡①❛✳
❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊s✲
t❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ ✶✾✾✽✳

❬✻❪ ❆✳ ❏✳ ❱✳ ❇r❛♥❞ã♦✱ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r ❛♥❞ ●✳ ◆✳ ❙✐❧✈❛✳ ❖♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r
P❛r❡t♦ ♥♦♥s♠♦♦t❤ ♥♦♥❝♦♥✈❡① ♣r♦❣r❛♠♠✐♥❣ ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❏✳ ❖♣t✐♠✳ ❚❤❡♦r② ❆♣♣❧✳✱
✶✵✸✭✶✮✿✻✺✕✼✸✱ ✶✾✾✾✳

❬✼❪ ❆✳ ❏✳ ❱✳ ❇r❛♥❞ã♦✱ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r ❛♥❞ ●✳ ◆✳ ❙✐❧✈❛✳ ❯♠❛ ✐♥tr♦❞✉çã♦ às ❢✉♥çõ❡s
✐♥✈❡①❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♠ ❛♣❧✐❝❛çõ❡s ❡♠ ♦t✐♠✐③❛çã♦✳ ❇♦❧✳ ❙♦❝✳ P❛r❛♥✳ ▼❛t✳✱ ✶✾✭✶✮✿✺✶✕
✻✺✱ ✶✾✾✾✳

❬✽❪ ❆✳ ❏✳ ❱✳ ❇r❛♥❞ã♦✱ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r ❛♥❞ ●✳ ◆✳ ❙✐❧✈❛✳ ◆♦♥s♠♦♦t❤ ❝♦♥t✐♥✉♦✉s✲t✐♠❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✿ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s✳ ❈♦♠♣✳ ▼❛t❤✳ ✇✐t❤ ❆♣♣❧✳✱ ✹✶✿✶✹✼✼✕✶✹✽✻✱
✷✵✵✶✳
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❬✾❪ ❍✳ ❇ré③✐s✳ ❆♥❛❧②s❡ ❢♦♥t✐♦♥♥❡❧❧❡✳ ▼❛ss♦♥ ❊❞✐t❡✉r✱ P❛r✐s✱ ✶✾✽✸✳

❬✶✵❪ ❋✳ ❍✳ ❈❧❛r❦❡✳ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ♥♦♥s♠♦♦t❤ ❛♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✺ ♦❢ ❈❧❛ss✐❝s ✐♥ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s✳ ❙■❆▼✱ P❤✐❧❛❞❡❧♣❤✐❛✱ ✶✾✾✵✳

❬✶✶❪ ❇✳ ❉✳ ❈r❛✈❡♥✳ ▼❛t❤❡♠❛t✐❝❛❧ ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ❝♦♥tr♦❧ t❤❡♦r②✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✱
▲♦♥❞♦♥✱ ✶✾✼✽✳

❬✶✷❪ ❇✳ ❉✳ ❈r❛✈❡♥✳ ❉✉❛❧✐t② ❢♦r ❣❡♥❡r❛❧✐③❡❞ ❝♦♥✈❡① ❢r❛❝t✐♦♥❛❧ ♣r♦❣r❛♠s✳ ■♥ ❙✳ ❙❝❤❛✐❜❧❡ ❛♥❞
❲✳ ❚✳ ❩✐❡♠❜❛✱ ❡❞✐t♦rs✱ ●❡♥❡r❛❧✐③❡❞ ❝♦♥❝❛✈✐t② ✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❡❝♦♥♦♠✐❝s✱ ◆❡✇ ❨♦r❦✱
✶✾✽✶✳ ❆❝❛❞❡♠✐❝ Pr❡ss✳

❬✶✸❪ ▼✳ ❆✳ ❊❧✲❍♦❞✐r✐✳ ❈♦♥str❛✐♥❡❞ ❡①tr❡♠❛✿ ✐♥tr♦❞✉t✐♦♥ t♦ t❤❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❝❛s❡ ✇✐t❤
❡❝♦♥♦♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ▲❡❝t✉r❡ ♥♦t❡s ✐♥ ♦♣❡r❛t✐♦♥s r❡s❡❛r❝❤ ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ s②st❡♠s✱
✺✻✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✼✶✳

❬✶✹❪ ●✳ ❇✳ ❋♦❧❧❛♥❞✳ ❘❡❛❧ ❛♥❛❧②s✐s✳ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✹✳

❬✶✺❪ ❆✳ ▼✳ ●❡♦✛r✐♦♥✳ Pr♦♣❡r ❡✛❝✐❡♥❝② ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ✈❡❝t♦r ♠❛①✐♠✐③❛t✐♦♥✳ ❏✳ ▼❛t❤✳
❆♥❛❧✳ ❆♣♣❧✳✱ ✷✷✿✻✶✽✕✻✸✵✱ ✶✾✻✽✳

❬✶✻❪ ■✳ ❱✳ ●✐rs❛♥♦✈✳ ▲❡❝t✉r❡s ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r② ♦❢ ❡①tr❡♠✉♠ ♣r♦❜❧❡♠s✳ ▲❡❝t✉r❡s ◆♦t❡s
✐♥ ❊❝♦♥♦♠✐❝s ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙②st❡♠s✱ ✻✼✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✼✷✳

❬✶✼❪ ▼✳ ●✉✐❣♥❛r❞✳ ●❡♥❡r❛❧✐③❡❞ ❑✉❤♥✲❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s ❢♦r ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❣r❛♠♠✐♥❣
♣r♦❜❧❡♠s ✐♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡✳ ❙■❆▼ ❏✳ ❈♦♥tr♦❧✱ ✷✿✷✸✷✕✷✹✶✱ ✶✾✻✾✳

❬✶✽❪ ▼✳ ❆✳ ❍❛♥s♦♥✳ ❖♥ s✉✣❝✐❡♥❝② ♦❢ t❤❡ ❑✉❤♥✲❚✉❝❦❡r ❝♦♥❞✐t✐♦♥s✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱
✽✵✿✺✹✺✕✺✺✵✱ ✶✾✽✶✳

❬✶✾❪ ❆✳ ■③♠❛✐❧♦✈ ❛♥❞ ▼✳ ❙♦❧♦❞♦✈✳ ❖t✐♠✐③❛çã♦✿ ❈♦♥❞✐çõ❡s ❞❡ ❖t✐♠❛❧✐❞❛❞❡✱ ❊❧❡♠❡♥t♦s ❞❡
❆♥á❧✐s❡ ❈♦♥✈❡①❛ ❡ ❞❡ ❉✉❛❧✐❞❛❞❡✳ ■▼P❆✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ✷✵✵✺✳

❬✷✵❪ ❆✳ ❋✳ ■③♠❛✐❧♦✈✳ ❖♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r ❞❡❣❡♥❡r❛t❡ ❡①tr❡♠✉♠ ♣r♦❜❧❡♠s ✇✐t❤
✐♥❡q✉❛❧✐t②✲t②♣❡ ❝♦♥str❛✐♥ts✳ ❈♦♠♣✳ ▼❛t❤s✳ ▼❛t❤✳ P❤②s✳✱ ✸✹✭✻✮✿✼✷✸✕✼✸✻✱ ✶✾✾✹✳

❬✷✶❪ ❉✳ ▲✉❡♥❜❡r❣❡r✳ ❖♣t✐♠✐③❛t✐♦♥ ❜② ✈❡❝t♦r s♣❛❝❡ ♠❡t❤♦❞s✳ ❏♦❤♥ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✾✳

❬✷✷❪ ❖✳ ▲✳ ▼❛♥❣❛s❛r✐❛♥✳ ◆♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ✈♦❧✉♠❡ ✶✵ ♦❢ ❈❧❛ss✐❝s ✐♥ ❆♣♣❧✐❡❞ ▼❛t❤❡✲
♠❛t✐❝s✳ ❙■❆▼✱ P❤✐❧❛❞❡❧♣❤✐❛✱ ✶✾✾✹✳

❬✷✸❪ ❉✳ ❍✳ ▼❛rt✐♥✳ ❚❤❡ ❡ss❡♥❝❡ ♦❢ ✐♥✈❡①✐t②✳ ❏✳ ❖♣t✐♠✳ ❚❤❡♦r② ❆♣♣❧✳✱ ✹✼✿✻✺✕✼✻✱ ✶✾✽✺✳

❬✷✹❪ ❘✳ ❖s✉♥❛✲●ó♠❡③✱ ❆✳ ❇❡❛t♦✲▼♦r❡♥♦ ❛♥❞ ❆✳ ❘✉✜á♥✲▲✐③❛♥❛✳ ●❡♥❡r❛❧✐③❡❞ ❝♦♥✈❡①✐t② ✐♥
♠✉❧t✐♦❜❥❡❝t✐✈❡ ♣r♦❣r❛♠♠✐♥❣✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✷✸✸✿✷✵✺✕✷✷✵✱ ✶✾✾✾✳



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✾✾

❬✷✺❪ ❘✳ ❖s✉♥❛✲●ó♠❡③✱ ❆✳ ❘✉✜á♥✲▲✐③❛♥❛ ❛♥❞ P✳ ❘✉í③✲❈❛♥❛❧❡s✳ ■♥✈❡① ❢✉♥❝t✐♦♥s ❛♥❞ ❣❡♥❡r❛❧✲
✐③❡❞ ❝♦♥✈❡①✐t② ✐♥ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♣r♦❣r❛♠♠✐♥❣✳ ❏✳ ❖♣t✐♠✳ ❚❤❡♦r② ❆♣♣❧✳✱ ✾✽✭✸✮✿✻✺✶✕✻✻✶✱
✶✾✾✽✳

❬✷✻❪ ❘✳ ❖s✉♥❛✲●ó♠❡③✱ ❆✳ ❘✉✜á♥✲▲✐③❛♥❛ ❛♥❞ P✳ ❘✉✐③✲❈❛♥❛❧❡s✳ ❉✉❛❧✐t② ✐♥ ♥♦♥❞✐✛❡r❡♥t✐❛❜❧❡
✈❡❝t♦r ♣r♦❣r❛♠♠✐♥❣✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✷✺✾✿✹✻✷✕✹✼✺✱ ✷✵✵✶✳

❬✷✼❪ ❙✳ ▼✳ ❘♦❜✐♥s♦♥✳ ❋✐rst ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ♥♦♥❧✐♥❡❛r ♦♣t✐♠✐③❛t✐♦♥✳ ❙■❆▼ ❏✳ ♦❢
❆♣♣✳ ▼❛t❤✳✱ ✸✵✿✺✾✼✕✻✵✼✱ ✶✾✼✻✳

❬✷✽❪ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r✱ ❆✳ ❏✳ ❱✳ ❇r❛♥❞ã♦ ❛♥❞ ●✳ ◆✳ ❙✐❧✈❛✳ ◆♦♥s♠♦♦t❤ ❝♦♥t✐♥✉♦✉s✲t✐♠❡
♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✿ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳❆♣♣❧✳✱ ✷✷✼✿✸✵✺✕✸✶✽✱ ✶✾✾✽✳

❬✷✾❪ ▲✳ ❇✳ ❙❛♥t♦s✳ ❆❧❣✉♠❛s ❝♦♥tr✐❜✉✐çõ❡s ❡♠ ♦t✐♠✐③❛çã♦ ♠✉❧t✐♦❜❥❡t✐✈♦✳ ❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠✲
♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ ✷✵✵✹✳

❬✸✵❪ ▲✳ ❇✳ ❙❛♥t♦s✱ ❆✳ ❏ ✳❱✳ ❇r❛♥❞ã♦✱ ❘✳ ❖s✉♥❛✲●ó♠❡③ ❛♥❞ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r✳ ◆♦♥s♠♦♦t❤
❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♠✉❧t✐♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❙t❛t❡ ❯♥✐✈❡r✲
s✐t② ♦❢ ❈❛♠♣✐♥❛s✱ ✷✵✵✺✳
❤tt♣✿✴✴✇✇✇✳✐♠❡✳✉♥✐❝❛♠♣✳❜r✴r❡❧❴♣❡sq✴✷✵✵✺✴♣s✴r♣✸✺✲✵✺✳♣❞❢

❬✸✶❪ ▲✳ ❇✳ ❙❛♥t♦s✱ ❘✳ ❖s✉♥❛✲●ó♠❡③✱ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r ❛♥❞ ❆✳ ❘✳ ▲✐③❛♥❛✳ ●❡♥❡r❛❧✐③❡❞
✐♥✈❡①✐t② ❛♥❞ ✇❡❛❦❧② ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ♦❢ ♣r♦❜❧❡♠s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❜❡t✇❡❡♥ ❇❛♥❛❝❤
s♣❛❝❡s✳ ❚❊▼❆ ❚❡♥❞✳ ▼❛t✳ ❆♣❧✳ ❈♦♠♣✉t✳✱ ✺✭✷✮✿✸✷✼✕✸✸✻✱ ✷✵✵✹✳

❬✸✷❪ ▲✳ ❇✳ ❙❛♥t♦s✱ ❘✳ ❖s✉♥❛✲●ó♠❡③✱ ▼✳ ❆✳ ❘♦❥❛s✲▼❡❞❛r ❛♥❞ ❆✳ ❘✉✜á♥✲▲✐③❛♥❛✳ Pr❡✐♥✈❡①
❢✉♥❝t✐♦♥s ❛♥❞ ✇❡❛❦ ❡✣❝✐❡♥t s♦❧✉t✐♦♥s ❢♦r s♦♠❡ ✈❡❝t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❇❛♥❛❝❤
s♣❛❝❡s✳ ❈♦♠♣✉t✳ ▼❛t❤✳ ❆♣♣❧✳✱ ✹✽✭✺✕✻✮✿✽✽✺✕✽✾✺✱ ✷✵✵✹✳

❬✸✸❪ ❲✳ ❙❝❤✐r♦t③❡❦✳ ◆♦♥❛s②♠♣t♦t✐❝ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♥♦♥s♠♦♦t❤ ✐♥✜♥✐t❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣✳✱ ✶✶✽✿✺✸✺✕✺✹✻✱ ✶✾✽✻✳

❬✸✹❪ ❘✳ ❆✳ ❚❛♣✐❛ ❛♥❞ ❏✳ ❘✳ ❚❤♦♠♣s♦♥✳ ◆♦♥♣❛r❛♠❡tr✐❝ Pr♦❜❛❧✐t② ❉❡♥s✐t② ❊st✐♠❛t✐♦♥✳ ❏♦❤♥s
❍♦♣❦✐♥s ❯♥✐✈❡rs✐t② Pr❡ss✱ ❇❛❧t✐♠♦r❡✱ ✶✾✼✽✳

❬✸✺❪ ❘✳ ❆✳ ❚❛♣✐❛ ❛♥❞ ▼✳ ❲✳ ❚r♦ss❡t✳ ❆♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❑❛r✉s❤✲❑✉❤♥✲❚✉❝❦❡r ♥❡❝❡ss✐t②
❝♦♥❞✐t✐♦♥s t♦ ✐♥✜♥✐t❡ ♣r♦❣r❛♠♠✐♥❣✳ ❙■❆▼ ❘❡✈✐❡✇✱ ✸✻✿✶✕✶✼✱ ✶✾✾✹✳

❬✸✻❪ P✳ ❉✳ ❱❛r❛✐②❛✳ ◆♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❙■❆▼ ❏✳ ♦❢ ❆♣♣✳ ▼❛t❤✳✱ ✶✺✱
✶✾✼✻✳

❬✸✼❪ ●✳ ❏✳ ❩❛❧♠❛✐✳ ❆ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ●♦r❞❛♥✬s tr❛♥s♣♦s✐t✐♦♥ t❤❡♦r❡♠✳ ❏✳
▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✶✶✵✿✶✸✵✕✶✹✵✱ ✶✾✽✺✳



✶✵✵ ❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❬✸✽❪ ●✳ ❏✳ ❩❛❧♠❛✐✳ ❚❤❡ ❋r✐t③ ❏♦❤♥ ❛♥❞ ❑✉❤♥✲❚✉❝❦❡r ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ❝♦♥t✐♥✉♦✉s✲t✐♠❡
♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✶✶✵✿✺✵✸✕✺✶✽✱ ✶✾✽✺✳

❬✸✾❪ ●✳ ❏✳ ❩❛❧♠❛✐✳ ❙✉✣❝✐❡♥t ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♥♦♥❧✐♥❡❛r ♣r♦❣r❛♠✲
♠✐♥❣✳ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✶✶✶✿✶✸✵✕✶✹✼✱ ✶✾✽✺✳


