
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡
❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ✲ ■▼❊❈❈

❚❡♦r✐❛ ❞❡ ❈✉r✈❛s ♣❛r❛ ▼étr✐❝❛s

◆ã♦✲❊✉❝❧✐❞✐❛♥❛s

❋á❜✐♦ ❙✐❧✈❛ ▼❡❧♦
s✐❧✈❛♠❡❧♦❅❣♠❛✐❧✳❝♦♠

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ▼❛r❝♦s ❇❡♥❡✈❡♥✉t♦ ❏❛r❞✐♠

❏✉♥❤♦ ❞❡ ✷✵✶✵
❈❛♠♣✐♥❛s ✲ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦
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❘❡s✉♠♦

❆ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❝✉r✈❛s ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ♥♦ ♣❧❛♥♦ ❡ ♥♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ é
❜❡♠ ❝♦♥❤❡❝✐❞❛ ✭✈✐❞❡ r❡❢❡rê♥❝✐❛s ❝♦♠♦ ❬✹❪ ❡ ❬✶✸❪✮✳

❊st❡ tr❛❜❛❧❤♦ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❛ t❡♦r✐❛ ✉s❛♥❞♦ ♠étr✐❝❛s ❛r❜✐trár✐❛s✳
❚❛❧ ❣❡♥❡r❛❧✐③❛çã♦ é ❢❡✐t❛ s✉❜st✐t✉✐♥❞♦ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ q✉❡ ❞❡✜♥❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦
✉s✉❛❧ ♣♦r ♦✉tr❛ ♠❛tr✐③ q✉❛❞r❛❞❛✱ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳

❈♦♠ ❡st❡ ♥♦✈♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ sã♦ ❡st✉❞❛❞♦s ❝♦♥❝❡✐t♦s ❝♦♠♦ ✈❡t♦r t❛♥❣❡♥t❡✱ ✈❡t♦r
♥♦r♠❛❧✱ ✈❡t♦r ❜✐♥♦r♠❛❧✱ ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t✱ ❝✉r✈❛t✉r❛ ❡ t♦rçã♦✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❝✉r✈❛s✱ ❝✉r✈❛✲
t✉r❛✱ t♦rçã♦✱ ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t✳

✈



❆❜str❛❝t

❚❤❡ ❧♦❝❛❧ t❤❡♦r② ♦❢ ❝✉r✈❡s ♦❢ t❤❡ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ✐♥ t❤❡ ❡✉❝❧✐❞❡❛♥ ♣❧❛♥❡ ❛♥❞
❡✉❝❧✐❞❡❛♥ s♣❛❝❡ ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ r❡❢❡r❡♥❝❡s ❛s ❬✹❪ ❛♥❞ ❬✶✸❪✮✳

❚❤✐s ✇♦r❦ ❝♦♥s✐sts ♦❢ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② ✉s✐♥❣ ❛r❜✐tr❛r② ♠❡tr✐❝s✳ ❙✉❝❤
❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ♠❛❞❡ r❡♣❧❛❝✐♥❣ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ✉s✉❛❧ ✐♥♥❡r ♣r♦❞✉❝t
✇✐t❤ ❛♥♦t❤❡r sq✉❛r❡ ♠❛tr✐①✱ s②♠♠❡tr✐❝❛❧ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥❡❞✳

❲✐t❤ t❤✐s ♥❡✇ ✐♥♥❡r ♣r♦❞✉❝t✱ ❝♦♥❝❡♣ts ❧✐❦❡ t❛♥❣❡♥t ✈❡❝t♦r✱ ♥♦r♠❛❧ ✈❡❝t♦r✱ ❜✐♥♦r♠❛❧
✈❡❝t♦r✱ ❋r❡♥❡t✬s ❢♦r♠✉❧❛s✱ ❝✉r✈❛t✉r❡ ❛♥❞ t♦rs✐♦♥ ❛r❡ st✉❞✐❡❞✳

❑❡②✇♦r❞s✿ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✱ ✐♥♥❡r ♣r♦❞✉❝t✱ ❧♦❝❛❧ t❤❡♦r② ♦❢ ❝✉r✈❡s✱ ❝✉r✈❛t✉r❡✱ t♦r✲
s✐♦♥✱ ❋r❡♥❡t ❢♦r♠✉❧❛s✳

✈✐✐



▲✐st❛ ❞❡ ❙í♠❜♦❧♦s ❡ ❈♦♥✈❡♥çõ❡s

✶✳ ♯P ✐♥❞✐❝❛ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ P ❀

✷✳ Mm×n(R) r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ m × n✱ ✐st♦ é✱ ❞❡ m ❧✐♥❤❛s ❡
n ❝♦❧✉♥❛s✱ ❝♦♠ ❡♥tr❛❞❛s r❡❛✐s❀

✸✳ Mn×n(R) = Mn(R) r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s q✉❛❞r❛❞❛s ❞❡ ♦r❞❡♠ n ❝♦♠
❡♥tr❛❞❛s r❡❛✐s❀

✹✳ Idn ∈ Mn(R) r❡♣r❡s❡♥t❛ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ Mn(R)❀

✺✳ 0m×n ∈ Mm×n(R) r❡♣r❡s❡♥t❛ ❛ ♠❛tr✐③ ♥✉❧❛ ❞❡st❡ ❝♦♥❥✉♥t♦✱ ❜❡♠ ❝♦♠♦ 0n ∈ Mn(R)❀

✻✳ ❖ s✉❜❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ Mn(R) q✉❡ sã♦ s✐♠étr✐❝❛s ❡ ♣♦s✐t✐✈❛s ❞❡✜♥✐❞❛s é ❛q✉✐ ❞❡♥♦t❛❞♦
♣♦r Mn(R)❀

✼✳ ❯♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R
n é ❞❡♥♦t❛❞❛ ♣♦r B = {~b 1,~b 2, . . . ,~bn}❀ ❤❛✈❡♥❞♦ ♥❡❝❡s✲

s✐❞❛❞❡ ❞❡ ♦✉tr❛s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r B1✱ B2✱ ❡t❝✳❀

✽✳ ◆♦ R
n ❞❡♥♦t❛✲s❡ ♦s ✈❡t♦r❡s ❝❛♥ô♥✐❝♦s ❝♦♠♦

~e 1 = (1, 0, 0, . . . , 0), ~e 2 = (0, 1, 0, . . . , 0), . . . , ~en = (0, 0, . . . , 0, 1).

❆ ♣❛rt✐r ❞❡st❡s✱ ❛ ❜❛s❡ ❝❛♥ô♥✐❛ ❞❡ R
n é ❡s❝r✐t❛ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

C = {~e 1, ~e 2, . . . , ~en}.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ n = 2✱ ❝♦st✉♠❛✲s❡ ❞❡♥♦t❛r

~e 1 =~i = (1, 0) ❡ ~e 2 = ~j = (0, 1)

❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ♣♦r C = {~i, ~j }✳
P❛r❛ n = 3✱ é ❝♦♠✉♠ ❡s❝r❡✈❡r

~e 1 =~i = (1, 0, 0), ~e 2 = ~j = (0, 1, 0) ❡ ~e 3 = ~k = (0, 0, 1)

❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ✜❝❛ C = {~i, ~j, ~k }❀
✾✳ ❉❛❞♦s ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❡ B = {~b 1, ~b 2, . . . , ~bm} ✉♠❛ ❜❛s❡ ❞❡ V ✱ ✉♠ ✈❡t♦r ~v ∈ V ❡s❝r✐t♦

❡♠ t❡r♠♦s ❞❡st❛ ❜❛s❡ t❡♠ ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ ✈❡t♦r✐❛❧✿

~v B = v1
~b 1 + v2

~b 2 + . . . + vm
~bm = (v1, v2, . . . , vm)B

♦✉✱ q✉❛♥❞♦ ❛ ❜❛s❡ ❡st✐✈❡r s✉❜❡♥t❡♥❞✐❞❛✱ t♦♠❛❞❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦ ❛ ♠✲✉♣❧❛

~v = (v1, v2, . . . , vm);

♦s ♥ú♠❡r♦s v1, v2, . . . , vm sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ~v ♥❛ ❜❛s❡ B✳
❙❡ V = R

2 ♦✉ V = R
3✱ ❡♥tã♦ ♦ ✈❡t♦r ~v ♥❛ ❜❛s❡ B é ❡s❝r✐t♦ ❝♦♠♦ s❡♥❞♦

~v B = (xi, yi)
B ♦✉ ~v B = (xi, yi, zi)

B,

r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭♦♥❞❡ i ∈ N✮❀

✐①



✶✵✳ ◆❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞♦ ✐t❡♠ ❛♥t❡r✐♦r✱ ❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ❞❡st❡ ✈❡t♦r ~v é

[~v ]B =
[

v1 v2 . . . vm

]

B

♦✉ t♦♠❛❞❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♠♦

[~v ] =
[

v1 v2 . . . vm

]

.

■st♦ é✱ ❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ❞❡ ✉♠ ✈❡t♦r ~v ∈ V é ✉♠❛ ♠❛tr✐③ ❞❡ M1×m(R)✳
◆♦✈❛♠❡♥t❡✱ ❝❛s♦ s❡❥❛ V = R

2 ♦✉ V = R
3✱ ♦ ✈❡t♦r ~v ♥❛ ❜❛s❡ B t❡♠ s✉❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ❞❛❞❛ ♣♦r

[~v ]B =
[

xi yi

]

B
♦✉ [~v ]B =

[

xi yi zi

]

B
,

r❡s♣❡❝t✐✈❛♠❡♥t❡❀

✶✶✳ ❙❡❥❛♠ V ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ B = {~b 1, ~b 2, . . . , ~bm} ⊂ V ✳ ❖ ✭s✉❜✮❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r B é
♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ✈❡t♦r❡s ❞❡ B ❡ é ❞❡♥♦t❛❞♦ ♣♦r

[[B ]] = [[~b 1, ~b 2, ... , ~bm ]] = {
∑

1≤i≤m

vi
~bi : vi ∈ K},

♦♥❞❡ K é ♦ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s ❞❡st❡ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧❀

✶✷✳ ⊥ ❞❡♥♦t❛ ♦ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦✱ ❞❡st❛ ❢♦r♠❛✱ ~u ⊥ ~v s✐❣♥✐✜❝❛ q✉❡ ❡st❡s ✈❡t♦r❡s sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s❀

✶✸✳ ❙❡❥❛♠ V ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ B ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ V ✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧
❞❡ B ❡♠ V é ❞❡✜♥✐❞♦ ❡ ❞❡♥♦t❛❞♦ ♣♦r

B⊥ = {~v ∈ V : ~u ⊥ ~v,∀~u ∈ B};

✶✹✳ MB2,B1
é ❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❛ ❜❛s❡✱ ❞❛ ❜❛s❡ B1 ♣❛r❛ ❛ ❜❛s❡ B2❀

✶✺✳ ❯♠❛ ❜❛s❡ B é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡ ♣♦s✐t✐✈❛ s❡ MC, B t❡♠ ❞❡t❡r♠✐♥❛♥t❡ ♣♦s✐t✐✈♦❀

✶✻✳ ❯♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ s❡rá r❡❢❡r✐❞❛ ♣❡❧❛ s✐❣❧❛ ❖◆ ❀

✶✼✳ ❆ ♥♦t❛çã♦ ~u~p s✐❣♥✐✜❝❛ ♦ ✈❡t♦r ~u ❛♣❧✐❝❛❞♦ ♥♦ ♣♦♥t♦ ✭♦✉ ❝♦♠ s✉❛ ♦r✐❣❡♠ tr❛s❧❛❞❛❞❛ ♣❛r❛ ♦
♣♦♥t♦✮ ~p ❀

✶✽✳ ❙❡❥❛♠ V ⊆ U ✭s✉❜✮❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ~p ∈ U ✳ ❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ V ❡♠ ~p é ❞❡♥♦t❛❞♦ ♣♦r
T~p (V ) ❡ ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❞❡ V ❛♣❧✐❝❛❞♦s ♥♦ ♣♦♥t♦ ~p ✳ ❉❛
t❡r❝❡✐r❛ s❡çã♦ ❞♦ ❈❛♣ít✉❧♦ ✶ ❡♠ ❞✐❛♥t❡✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V é t♦♠❛❞♦ s♦❜r❡ ♦ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s R

❡ V = R
n ♣❛r❛ n = 2, 3✳ ❆ss✐♠✱

T~p (V ) = T~p (Rn);

✶✾✳ ❙❡❥❛♠ U ❡ V ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sõ❡s n ❡ m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♠❜♦s s♦❜r❡ ♦ ❝♦r♣♦ ❞❡
❡s❝❛❧❛r❡s K✱ B1 ✉♠❛ ❜❛s❡ ❞❡ U ✱ B2 ✉♠❛ ❜❛s❡ ❞❡ V ❡ U ∋ u 7→ F (u) ∈ V ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✳
❉❡♥♦t❛✲s❡ ❛ ♠❛tr✐③ ❞❛ ❛♣❧✐❝❛çã♦ F ♥❡st❛s ❜❛s❡s ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③

(F )B2, B1

∈ Mm×n(K);

✷✵✳ ❖ sí♠❜♦❧♦

δij =

{

0 s❡ i 6= j
1 s❡ i = j

❝❤❛♠❛✲s❡ ❞❡❧t❛ ❞❡ ❑r♦❡♥❡❝❦❡r❀

✷✶✳ ∠(~u,~v ) ❞❡♥♦t❛ ♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ❡♥tr❡ ♦s ✈❡t♦r❡s ~u ❡ ~v❀

✷✷✳ // ❞❡♥♦t❛ ♦ ♣❛r❛❧❡❧✐s♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ~u //~v ♠♦str❛ q✉❡ ❡st❡s ✈❡t♦r❡s sã♦ ♣❛r❛❧❡❧♦s❀

①



✷✸✳ ❚♦❞❛s ❛s ❢✉♥çõ❡s ❞❡st❛ ♠♦♥♦❣r❛✜❛ s❡rã♦ r❡♣r❡s❡♥t❛❞❛s ♥✉♠❛ ú♥✐❝❛ ❧✐♥❤❛ ❝♦♠♦ s❡❣✉❡✿

R
m ⊇ A ∋ ~x 7→ ~F (~x ) = (f1(~x ), f2(~x ), . . . , fn(~x )) ∈ R

n.

❊st❛ ♥♦t❛çã♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ é ♦ ❝♦♥❥✉♥t♦ A ⊆ R
m✱ q✉❡ ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥✲

❞❡♥t❡ é ~x✱ q✉❡ ❡st❛ é ♠❛♣❡❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ R
n ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✭♦✉ ❧❡✐ ❞❡ ❛ss♦❝✐❛çã♦✮ ~F (~x )❀

✷✹✳ ❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❢✉♥çã♦ q✉❡ s❡rá ❜❛st❛♥t❡ ✉s❛❞♦ ♥❡st❛ ♠♦♥♦❣r❛✜❛ é ❛ ❝✉r✈❛✱ ❝❛r❛❝t❡r✐③❛❞❛
♣♦r s❡r ✉♠❛ ❢✉♥çã♦ ❞❡ R ❡♠ R

n✿

R ⊇ I ∋ t 7→ ~α(t) = (f1(t), f2(t), . . . , fn(t)) ∈ R
n.

◗✉❛♥❞♦ ♥ã♦ ❢♦r ♠❡♥❝✐♦♥❛❞❛ ❛ ❜❛s❡ ♥❛ q✉❛❧ ❛ ❝✉r✈❛ ❡stá ❡s❝r✐t❛✱ ✜❝❛ ❛❝♦r❞❛❞♦ q✉❡ ❢♦✐ ✉s❛❞❛ ❛ ❜❛s❡
❝❛♥ô♥✐❝❛✳ ❉♦ ❝♦♥trár✐♦✱ s❡ ❛ ❝✉r✈❛ ❢♦r ❞❛❞❛ ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ❜❛s❡ B = {~b 1, ~b 2, . . . , ~bn} ❞♦ R

n✱
s❡rá ❢❡✐t❛ ♠❡♥çã♦ ❞❛ ❜❛s❡ ✉s❛❞❛ ❞❡♥♦t❛♥❞♦ ❛ ❝✉r✈❛ ♣♦r

~αB(t) =
∑

1≤i≤n

fi(t) ~bi ;

✷✺✳ PQ s❡❣♥✐✜❝❛ ❛ ♠❡❞✐❞❛ ❞♦ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠♦s P ❡ Q ❡♥q✉❛♥t♦ q✉❡
−−→
PQ ❞❡♥♦t❛ ♦ ✈❡t♦r ❞❡

♦r✐❣❡♠ P ❡ ❡①tr❡♠✐❞❛❞❡ ✜♥❛❧ Q❀

✷✻✳ ❆ ♥♦t❛çã♦ int(X) ❞❡♥♦t❛ ♦ ✐♥t❡r✐♦r ❞♦ ❝♦♥❥✉♥t♦ X❀

✷✼✳ P❉❘ s✐❣♥✐✜❝❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ r❡❣✉❧❛r❀

✷✽✳ T~p (S) é ❛ ♥♦t❛çã♦ ❞♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r S ♥♦ s❡✉ ♣♦♥t♦ ~p ❀

✷✾✳ P❈❆ s✐❣♥✐✜❝❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ q✉❡✱ ❛ss✐♠ ❝♦♠♦ ❛ s✐♠❜♦❧✐③❛çã♦
❛♥t❡r✐♦r✱ é ✉♠ ❝♦♥❝❡✐t♦ ❞❡ ❝✉r✈❛s q✉❡ é ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸❀

✸✵✳ ❖ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s é r❡❢❡r✐❞♦ ♣❡❧❛ s✐❣❧❛ ❚❋❈ ✳

①✐



❙✉♠ár✐♦

❘❡s✉♠♦ ✈

❆❜str❛❝t ✈✐✐

▲✐st❛ ❞❡ ❙í♠❜♦❧♦s ❡ ❈♦♥✈❡♥çõ❡s ✐①

■♥tr♦❞✉çã♦ ✶

✶ Pr❡â♠❜✉❧♦ ✸
✶✳✶ ❇❛s❡s ❖r✐❡♥t❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷ Pr♦❞✉t♦ ■♥t❡r♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✶✳✸ ▼❛tr✐③ ❞❡ ✉♠ Pr♦❞✉t♦ ■♥t❡r♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✹ ❖ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡ ❡ s✉❛s Pr♦♣r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷ ▼étr✐❝❛ ✷✶
✷✳✶ ❉❡✜♥✐çã♦ ❞❡ ▼étr✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✷✳✷ ●❡♥❡r❛❧✐③❛çã♦ ❞♦ Pr♦❞✉t♦ ❱❡t♦r✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸ ❚❡♦r✐❛ ❞❡ ❈✉r✈❛s ❡♠ ✉♠❛ ▼étr✐❝❛ ●❡r❛❧ ✹✾
✸✳✶ Pr❡â♠❜✉❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✸✳✷ ▼♦t✐✈❛çã♦ ♣❛r❛ ❛s ▼étr✐❝❛s ❉✐❢❡r❡♥❝✐❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
❆♣ê♥❞✐❝❡✿ ❆ ❉❡r✐✈❛❞❛ ❈♦✈❛r✐❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹ ❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s ✼✺
✹✳✶ ❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✹✳✷ ❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s ❊s♣❛❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✹✳✸ ❚❡♦r✐❛ ❞❡ ❈✉r✈❛s ♥✉♠❛ P❛r❛♠❡tr✐③❛çã♦ ◗✉❛❧q✉❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✹✳✹ ❖ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✺ ❊①❡♠♣❧♦s ✶✶✶
✺✳✶ ▼❛✐s ❉♦✐s ❊①❡♠♣❧♦s ❞❡ ❈✉r✈❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✺✳✷ ❉✉❛s ❈✉r✈❛s P❧❛♥❛s ❞❡ ❈✉r✈❛t✉r❛ ❈♦♥st❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✸ ❯♠ ❊①❡♠♣❧♦ ❞❡ ❋✉♥çã♦ ❉✐stâ♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✻ ❈♦♥❝❧✉sã♦ ❡ ❊st✉❞♦s P♦st❡r✐♦r❡s ✶✷✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✷✼

❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦ ✶✷✾
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■♥tr♦❞✉çã♦

❊♠ ❣❡r❛❧✱ é ❧❡❝✐♦♥❛❞♦ ♥❛ ❞✐s❝✐♣❧✐♥❛ ❞❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✉♠ ❝♦♥t❡ú❞♦ q✉❡ ❜❛s✐✲
❝❛♠❡♥t❡ s❡ ❞✐✈✐❞❡ ❡♠ ❞✉❛s ♣❛rt❡s✿ ❝✉r✈❛s ❡ s✉♣❡r❢í❝✐❡s✳ ❆ ♣r✐♠❡✐r❛ ❝♦♥s✐st❡ ❞❡✿ ❝✉r✈❛
♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✈❡t♦r t❛♥❣❡♥t❡✱
✈❡t♦r ♥♦r♠❛❧✱ ❝✉r✈❛t✉r❛✱ ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s ❡✱ s♦♠❛✲s❡ ❛ ❡st❡s✱ ✈❡t♦r
❜✐♥♦r♠❛❧ ❡ t♦rçã♦ q✉❛♥❞♦ ❛ ❝✉r✈❛ é ❡s♣❛❝✐❛❧✳ ■ss♦ é ♦ q✉❡ s❡ ❝❤❛♠❛ ❞❡ t❡♦r✐❛ ❧♦❝❛❧ ❞❡
❝✉r✈❛s✳ ❍á ❛✐♥❞❛ ✉♠ ♦✉tr♦ ❛s♣❡❝t♦ ❞❛ t❡♦r✐❛✱ ❝❤❛♠❛❞♦ ❞❡ t❡♦r✐❛ ❣❧♦❜❛❧ ❞❡ ❝✉r✈❛s✱ q✉❡
❝♦♥s✐st❡ ❜❛s✐❝❛♠❡♥t❡ ❞❛ ✐♥❡q✉❛çã♦ ✐s♦♣❡r✐♠étr✐❝❛✱ ❞♦ t❡♦r❡♠❛ ❞♦s q✉❛tr♦ ✈ért✐❝❡s ❡ ❞❛
❢ór♠✉❧❛ ❞❡ ❈❛✉❝❤②✲❈r♦❢t♦♥✳

❚♦❞♦ ♦ ❝♦♥t❡ú❞♦ ❞❛ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❝✉r✈❛s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦✲
❣rá✜❝❛s ❝✐t❛❞❛s ♥♦ ✜♥❛❧ ❞❡st❛ ♠♦♥♦❣r❛✜❛✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ s❡r✈❡♠ ♦s ❧✐✈r♦s r❡❧❛❝✐♦♥❛❞♦s
❡♠ ❬✹❪✱ ❬✼❪✱ ❬✶✸❪ ❡ ❬✶✺❪✳ ❆ t❡♦r✐❛ ❣❧♦❜❛❧ ♣♦❞❡ s❡r ❡st✉❞❛❞❛ ♥♦ ♣r✐♠❡✐r♦ ❞❡st❡s✳

❯♠❛ ❝✉r✈❛ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ R ❡♠ R
n✱ n = 2 ♦✉ n = 3✳ P❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛ t❡♦r✐❛

❧♦❝❛❧ ❞❡ ❝✉r✈❛s é ♥❡❝❡ssár✐♦ ✉s❛r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ R
n✱ q✉❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ R

n×R
n

❡♠ R ❡ q✉❡ s❛t✐s❢❛③ ❛❧❣✉♥s ❛①✐♦♠❛s✳ ❈♦♠ ❡st❡ é ♣♦ssí✈❡❧ ♠❡❞✐r ❞✐stâ♥❝✐❛s ❡ â♥❣✉❧♦s✳ ❊♠
t♦❞❛s ❡st❛s ♦❜r❛s ❢♦✐ ✉s❛❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ✭♦✉ ✉s✉❛❧ ♦✉ ❡✉❝❧✐❞✐❛♥♦✮ q✉❡ é
❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛❞♦ ♣♦r✿

〈(u1, u2, . . . , un), (v1, v2, . . . , vn)〉 =
∑

1≤i≤n
uivi .

P♦ré♠✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈ê✲❧♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✳ ❚♦♠❛♥❞♦ ❝♦♠♦ ❡①❡♠♣❧♦ ♦
R

2✱ ✜❝❛

〈(x1, y1), (x2, y2)〉 =
∑

1≤i≤2

xiyi =
[

x1 y1

]

[

1 0
0 1

]

[

x2 y2

]

T

.

✶



✷ ■♥tr♦❞✉çã♦

❆ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ✉s❛❞❛ ♣❛r❛ ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ♥ã♦ é ❛ ú♥✐❝❛ ♣❡r♠✐t✐✲
❞❛ ♣❛r❛ s❡ ❞❡✜♥✐r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ❍á ❝❡rt❛s ♠❛tr✐③❡s q✉❡ ♣♦❞❡♠ s✉❜st✐t✉✐r ❛ ♠❛tr✐③
✐❞❡♥t✐❞❛❞❡ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ❞❡✜♥✐r ✉♠ ♥♦✈♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳

❊st❛ ❞✐ss❡rt❛çã♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢❛③❡r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❝✉r✈❛s
♣❛r❛ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❣❡r❛❧✳ ❆♦ ♠❡♥♦s ❛❧❣✉♥s ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛q✉✐ ❞❡✈❡♠ r❡❝❛✐r
s♦❜r❡ s❡✉s ❛♥á❧❣♦s ❞❛s r❡❢❡rê♥❝✐❛s s✉♣r❛❝✐t❛❞❛s q✉❛♥❞♦ ❛ ♠❛tr✐③ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❢♦r
t♦♠❛❞❛ ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡✳

❖s ❞♦✐s ♣r✐♠❡✐r♦s ❝❛♣ít✉❧♦s ❢❛③❡♠ ♦ ❛❧✐❝❡r❝❡✿ ❝♦♥té♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ●❡♦♠❡tr✐❛ ❡
➪❧❣❡❜r❛ ▲✐♥❡❛r✱ q✉❡ sã♦ ❢❡✐t♦s ❛q✉✐ ♣❛r❛ s❡r❡♠ ❛♣❧✐❝❛❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊♠
s❡❣✉✐❞❛ ❛ t❡♦r✐❛ ❧♦❝❛❧ ❞❡ ❝✉r✈❛s é tr❛t❛❞❛ ♥♦s t❡r❝❡✐r♦ ❡ q✉❛rt♦ ❝❛♣ít✉❧♦s✿ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛
❝✉r✈❛s ❡♠ R

2 ❡ ♣♦st❡r✐♦r♠❡♥t❡ ♣❛r❛ ❝✉r✈❛s ❡♠ R
3✳ ❖ ú❧t✐♠♦ ❝❛♣ít✉❧♦ é ❞❡❞✐❝❛❞♦ ❛ ❛❧❣✉♥s

❡①❡♠♣❧♦s✱ ❡♠❜♦r❛ ❤á ❡①❡♠♣❧♦s ❡♠ t♦❞♦s ♦s ❛♥t❡r✐♦r❡s✳

❋❙▼✱
s✐❧✈❛♠❡❧♦❅❣♠❛✐❧✳❝♦♠

❈❛♠♣✐♥❛s✱ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✳

■♥✈❡r♥♦ ❞❡ ✷✵✶✵✳



❈❛♣ít✉❧♦ ✶

Pr❡â♠❜✉❧♦

◆❡st❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ✐♥✐❝✐❛♠✲s❡ ♦s ❛❧✐❝❡r❝❡s q✉❡ ❜❛s❡✐❛♠ t♦❞♦ ♦ t❡①t♦✱ ❡♠❜♦r❛ s❡❥❛♠
❝♦♥❝❡✐t♦s ❜❛st❛♥t❡ s✐♠♣❧❡s ❞❡ ●❡♦♠❡tr✐❛ ❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ❊stã♦ ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ ♣❛r❛
q✉❡ ✜q✉❡ ❡st❛❜❡❧❡❝✐❞❛ ❛ ♥♦t❛çã♦ ❡ ❛ ❧✐♥❣✉❛❣❡♠ ❝♦♠ q✉❡ sã♦ tr❛❜❛❧❤❛❞♦s✳

❖ ❝♦♥t❡ú❞♦ ❞❛ ❙❡çã♦ ✶✳✶✱ ❇❛s❡s ❖r✐❡♥t❛❞❛s✱ s❡rá ✉s❛❞♦ ♥❛ s❡❣✉♥❞❛ s❡çã♦ ❞♦ ♣ró①✐♠♦
❝❛♣ít✉❧♦ ❡ é ♦r✐✉♥❞♦ ❞❛s ♦❜r❛s ❬✷✱ ✹❪✳ ❆ ✐❞é✐❛ ❞❡ Pr♦❞✉t♦ ■♥t❡r♥♦✱ ♥❛s ❙❡çõ❡s ✶✳✷ ❡ ✶✳✸✱ ♣♦❞❡
s❡r ✈✐st❛ ❡♠ ❬✽✱ ✾❪✳ P♦r ✜♠✱ ♦ ❛ss✉♥t♦ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡✱ ♥❛ ❙❡çã♦ ✶✳✹✱ ✈❡♠ ❞♦s ❧✐✈r♦s ❬✼✱ ✶✸❪✳

✸



✹ ❈❆P❮❚❯▲❖ ✶✳ P❘❊➶▼❇❯▲❖

✶✳✶ ❇❛s❡s ❖r✐❡♥t❛❞❛s

➱ ❝♦♥❤❡❝✐❞♦ ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r q✉❡ t♦❞♦ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ V ❛❞✲
♠✐t❡ ❜❛s❡✳ ❯♠❛ ❜❛s❡ ❞❡ V é ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✈❡t♦r❡s ❞❡ V ✱ B = {b 1, b 2, . . . , bn}
⊆ V ✱ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ✭❞♦r❛✈❛♥t❡ ❛❜r❡✈✐❛❞♦ ♣❛r❛ ▲■ ✮ q✉❡ ❣❡r❛ t♦❞♦ ✈❡t♦r ❞❡ V

V = [[ B ]] = {
∑

1≤i≤n
c ib i : c i ∈ R}.

◗✉❛❧q✉❡r ♦✉tr❛ ❜❛s❡ B1 ❞❡ V é t❛❧ q✉❡ ♯B1 = ♯B = n✱ ♣♦r ✐ss♦ ❞❡✜♥❡✲s❡ ❛ ❞✐♠❡♥sã♦
❞❡ V ❝♦♠♦ s❡♥❞♦ dimV = ♯B✳ ❙❡ V é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ n < +∞✳ ◗✉❛✐sq✉❡r m
✈❡t♦r❡s ❞❡ V ✱ ❝♦♠ n < m✱ sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s ✭❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ▲❉✮✳

❯♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ é ✉♠ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❡ ✈❡t♦r❡s ❞♦ ✭s✉❜✮❡s♣❛ç♦ ✈❡✲
t♦r✐❛❧ ❡♠ q✉❡stã♦✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ s❡ B = {b 1, b 2, . . . , b i, b j, . . . , bn} é ✉♠❛ ❜❛s❡
♦r❞❡♥❛❞❛ ❞❡ V ✱ ❡♥tã♦ B1 = {b 1, b 2, . . . , b j, b i, . . . , bn} é ♦✉tr❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ V ✱
❞✐❢❡r❡♥t❡ ❞❡ B✳ ❉♦r❛✈❛♥t❡ sã♦ t♦♠❛❞❛s s♦♠❡♥t❡ ❜❛s❡s ♦r❞❡♥❛❞❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ◆♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R
2 ❝♦st✉♠❛✲s❡ ❞❡♥♦t❛r ♦s ✈❡t♦r❡s ~i = (1, 0) ❡ ~j =

(0, 1) ❡ ❝♦♠ ❡st❡s ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ✭♦✉ ♥❛t✉r❛❧✮ C = {~i, ~j }✳ ❆ ❜❛s❡ ❞❡ ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ♥ã♦ é ú♥✐❝❛❀ ❝♦♠ ❡❢❡✐t♦✱ t♦♠❛♥❞♦ ~b 1 = (1, 2) ❡ ~b 2 = (2,−3)✱ ✈❡t♦r❡s ▲■✱ ♦ R
2

♣♦❞❡ t❡r ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ B = {~b1, ~b2}✳

❊①❡♠♣❧♦ ✶✳✶✳✷✳ ◆♦ R
3✱ ❝♦♠ ~i = (1, 0, 0)✱ ~j = (0, 1, 0) ❡ ~k = (0, 0, 1)✱ t❡♠✲s❡ ❛ ❜❛s❡

❝❛♥ô♥✐❝❛ ❞❛❞❛ ♣♦r C = {~i, ~j, ~k }✳ ❖ ♣❧❛♥♦ Oxy ❞❡ R
3 ♣♦❞❡ t❡r ♣♦r ❜❛s❡ ♦ ❝♦♥❥✉♥t♦

B = {~i, ~j }✳

❙❡ B = {b 1, b 2, . . . , bn} ❡ B1 = {b 11, b 12, . . . , b 1n} sã♦ ❜❛s❡s ♣❛r❛ V ✱ ❡♥tã♦✱ ♣❛r❛ ✉♠
v ∈ V ✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

vB =
∑

1≤i≤n
vib i = (v1, . . . , vn)

B ✭✶✳✶✮

❡
vB1 =

∑

1≤i≤n
uib 1i = (u1, . . . , un)

B1 .

❙❡♥❞♦ B1 ❜❛s❡ ❞❡ V ❡ B ⊆ V é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦s ❡❧❡♠❡♥t♦s b i ❝♦♠♦ ❝♦♠❜✐♥❛çã♦
❧✐♥❡❛r ❞♦s ❡❧❡♠❡♥t♦s ❞❡ B1 ❝♦♠♦ s❡❣✉❡✿



























b 1 =
∑

1≤i≤n ai1b 1i = a11b 11 + . . .+ an1b 1n

✳✳✳

bn =
∑

1≤i≤n ainb 1i = a1nb 11 + . . .+ annb 1n

✭✶✳✷✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✷✮ ❡♠ ✭✶✳✶✮
v = v1b 1 + . . .+ vnbn =



✶✳✶✳ ❇❆❙❊❙ ❖❘■❊◆❚❆❉❆❙ ✺

= v1(a11b 11 + . . .+ an1b 1n) + . . .+ vn(a1nb 11 + . . .+ annb 1n) =

= (v1a11 + . . .+ vna1n)b 11 + . . .+ (v1an1 + . . .+ vnann)b 1n =

= u1b 11 + . . .+ unb 1n ⇔

⇔



























u1 = v1a11 + . . .+ vna1n

✳✳✳

un = v1an1 + . . .+ vnann

⇔

⇔











u1

u2
✳✳✳
un











=











a11 a12 . . . a1n

a21 a22 . . . a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
an1 an2 . . . ann





















v1

v2
✳✳✳
vn











. ✭✶✳✸✮

❈♦♠ ✐ss♦ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ❛

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❆ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❞❛ ❜❛s❡ B ♣❛r❛ ❛ ❜❛s❡ B1✱ é ❞❛❞❛
♣♦r

MB1 ,B =











a11 a12 . . . a1n

a21 a22 . . . a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
an1 an2 . . . ann











∈Mn(R).

❈♦♠ ❛ ♠❛tr✐③ MB1 ,B é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ q✉❛❧q✉❡r ✈❡t♦r v ❞❡ V
❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B1 s❡ ❡st❡ ❢♦r ❞❛❞♦ ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B✳ ❖✉ s❡❥❛✱ s❡♥❞♦ ❞❛❞♦ ✭✶✳✶✮✱
♦❜té♠✲s❡ vB1 = (u1, . . . , un)

B1 ❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ✭✶✳✸✮ ❝♦♠♦ s❡❣✉❡✿

[ v ]TB1
= MB1 ,B[ v ]TB .

❊①❡♠♣❧♦ ✶✳✶✳✹✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s ❜❛s❡s ❞❡ R
2 ❞❛❞❛s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✱ C = {~i , ~j } ❡

B = {~b 1 , ~b 2}✱ ♦ ♣r♦❝❡ss♦ ♣❛r❛ s❡ ♦❜t❡r MC,B é ❢❡✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿







~b 1 = (1, 2) = a11(1, 0) + a21(0, 1)

~b 2 = (2, −3) = a12(1, 0) + a22(0, 1)

⇒







































a11 = 1

a21 = 2

a12 = 2

a22 = −3

⇒MC,B =





1 2

2 −3



 .

❖s ✈❡t♦r❡s ❞♦ R
2 ~uB = (1

7
, 3

7
)B ❡ ~vB = ( 9

14
, −4

7
)B tê♠ s✉❛s ❝♦♦r❞❡♥❛❞❛s ♥❛ ❜❛s❡ C✱

~uC = (x̄1, ȳ1)
C ❡ ~v C = (x̄2, ȳ2)

C✱ ❞❛❞❛s ♣♦r✿




x̄1

ȳ1



 =





1 2

2 −3









1
7

3
7



 =





1

−1



 ❡
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x̄2

ȳ2



 =





1 2

2 −3









9
14

−4
7



 =





−1
2

3



 .

❊①❡♠♣❧♦ ✶✳✶✳✺✳ ❙♦❜ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✱ ♦❜té♠✲s❡ MB,C ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿







(1, 0) = a11(1, 2) + a21(2, −3)

(0, 1) = a12(1, 2) + a22(2, −3)
⇒







































a11 = 3
7

a21 = 2
7

a12 = 2
7

a22 = −1
7

⇒MB,C =





3
7

2
7

2
7

−1
7



 .

❖s ✈❡t♦r❡s ❞♦ R
2 ~uC = (1, −1)C ❡ ~v C = (−1

2
, 3)C tê♠ s✉❛s ❝♦♦r❞❡♥❛❞❛s ♥❛ ❜❛s❡ B✱

~uB = (x1, y1)
B ❡ ~vB = (x2, y2)

B✱ ❞❛❞❛s ♣♦r✿




x1

y1



 =





3
7

2
7

2
7

−1
7









1

−1



 =





1
7

3
7



 ❡





x2

y2



 =





3
7

2
7

2
7

−1
7









−1
2

3



 =





9
14

−4
7



 ,

q✉❡ sã♦ ♦s ✈❡t♦r❡s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✻✳ ✭Pr♦♣r✐❡❞❛❞❡s ❞❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✮✳ ❙❡❥❛♠ B✱ B1

❡ B2 ❜❛s❡s ❞❡ ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦ n < +∞✳ ❱❛❧❡♠ ❛s s❡❣✉✐♥t❡s
❛ss❡rçõ❡s✿

✶✳ ❙❡ B = B1✱ ❡♥tã♦ MB,B1
= Idn ∈Mn(R)❀

✷✳ MB,B2
= MB,B1

.MB1 ,B2
❀

✸✳ detMB,B1
6= 0❀

✹✳ MB1 ,B = (MB,B1
)−1✳

❉❡♠♦♥str❛çã♦✳ ❊♥❝♦♥tr❛✲s❡ ♥❛s r❡❢❡rê♥❝✐❛s ❬✷❪ ❡ ❬✸❪✳ �

❊①❡♠♣❧♦ ✶✳✶✳✼✳ ❆ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞♦ ❊①❡♠♣❧♦ ✶✳✶✳✺ ♣♦❞❡r✐❛ t❡r s✐❞♦ ♦❜t✐❞❛
❞❛ ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ MB,C ❞♦ ❊①❡♠♣❧♦ ✶✳✶✳✹✳ ❉❡ ❢❛t♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ MB,C .MC,B = Id2✳

◆♦ ❞❡❝♦rr❡r ❞❡st❛ s❡çã♦ ❡ ❞❛ ❙❡çã♦ ✷✳✷ ❞♦ ❈❛♣ít✉❧♦ ✷ sã♦ ♥❡❝❡ssár✐❛s ❛❧❣✉♠❛s ♣r♦♣r✐✲
❡❞❛❞❡s ❞❡ ❞❡t❡r♠✐♥❛♥t❡s✳ ❆s ♣r♦✈❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷❪ ❡ ❬✸❪✱ ❡①❝❡t♦ ❛ q✉❡ é
❢❡✐t❛ ❛♦ ✜♠ ❞♦ ❡♥✉♥❝✐❛❞♦ s❡❣✉✐♥t❡✳



✶✳✶✳ ❇❆❙❊❙ ❖❘■❊◆❚❆❉❆❙ ✼

Pr♦♣♦s✐çã♦ ✶✳✶✳✽✳ ✭Pr♦♣r✐❡❞❛❞❡s ❞♦ ❞❡t❡r♠✐♥❛♥t❡✮✳ ❙❡❥❛♠ A,B ∈Mn(R) ❡ c ∈ R✳
❱❛❧❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❙❡ A = 0n ❡ B = Idn ✱ ❡♥tã♦ detA = 0 ❡ detB = 1❀

✷✳ detA = detAT❀

✸✳ ❙❡ B é ❛ ♠❛tr✐③ ♦❜t✐❞❛ ♣♦r ♠✉❧t✐♣❧✐❝❛r ✉♠❛ ❧✐♥❤❛ ♦✉ ✉♠❛ ❝♦❧✉♥❛ ❞❡ A ♣♦r c✱ ❡♥tã♦✱
detB = c detA❀

✹✳ ❙❡ B ❞✐❢❡r❡ ❞❡ A s♦♠❡♥t❡ ♣❡❧❛ ♣♦s✐çã♦ ❞❡ ❞✉❛s ❧✐♥❤❛s ✭♦✉ ❝♦❧✉♥❛s✮✱ q✉❡ ❡stã♦
tr♦❝❛❞❛s✱ ❡♥tã♦ detB = − detA❀

✺✳ ❙❡ A t❡♠ ❞✉❛s ❧✐♥❤❛s ✭♦✉ ❝♦❧✉♥❛s✮ ✐❣✉❛✐s✱ ❡♥tã♦ detA = 0❀

✻✳ det(AB) = detA detB❀

✼✳ ❙❡ B é ♦❜t✐❞❛ ❞❡ A s♦♠❛♥❞♦ ❛ ✉♠❛ ❧✐♥❤❛ ♦✉tr❛ ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡✱
❡♥tã♦ detB = detA❀

✽✳ ❙❡ A é ✐♥✈❡rsí✈❡❧✱ ♦✉ s❡❥❛✱ s❡ ❡①✐st❡ B t❛❧ q✉❡ AB = Idn ✱ ❡♥tã♦ detA detB = 1
✭B ♥❡st❛s ❝♦♥❞✐çõ❡s é ❞❡♥♦t❛❞❛ ♣♦r A−1✮✳

❉❡♠♦♥str❛çã♦✳ ❆s r❡❢❡rê♥❝✐❛s s✉♣r❛❝✐t❛❞❛s ❝♦♥té♠ ❛s ♣r♦✈❛s ❞❡ t♦❞❛s ❡st❛s ❛ss❡rçõ❡s
❡①❝❡t♦ ❞❛ ✭✹✮ q✉❡ ♥ã♦ ❡stá ❢❡✐t❛ ♣❛r❛ ❞✉❛s ❝♦❧✉♥❛s tr♦❝❛❞❛s✱ ♠❛s s♦♠❡♥t❡ ♣❛r❛ ❞✉❛s
❧✐♥❤❛s tr♦❝❛❞❛s✳ ❆♣❧✐❝❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭✷✮ ❡ ❡♠ s❡❣✉✐❞❛ ❛ ✭✹✮✱ ❞❡ ✈❛❧✐❞❛❞❡ ❛ss❡❣✉r❛❞❛
❛♦ ♠❡♥♦s ♣❛r❛ ❞✉❛s ❧✐♥❤❛s tr♦❝❛❞❛s✱ ♦❜té♠✲s❡ ♦ r❡s✉❧t❛❞♦ r❡st❛♥t❡✳ �

❉❡✜♥✐çã♦ ✶✳✶✳✾✳ ❙❡❥❛♠ V ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ dimV = n < +∞✱ B ❡ B1 ❜❛s❡s
❞❡ V ✳ ❉✐③✲s❡ q✉❡ B ❡ B1 tê♠ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ s❡ detMB1 ,B > 0✳ ❊st❛ r❡❧❛çã♦
é ❞❡♥♦t❛❞❛ ♣♦r B ∼ B1✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ detMB1 ,B < 0 ❞✐③✲s❡ q✉❡ B ❡ B1 tê♠
♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✵✳ ❆ r❡❧❛çã♦ B ∼ B1 ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡qü✐✈❛✲
❧ê♥❝✐❛✳

❉❡♠♦♥str❛çã♦✳

✶✳ B ∼ B✱ ♣♦✐s MB,B = Idn ⇒ detMB,B = 1 > 0❀

✷✳ ❙❡ B ∼ B1✱ ❡♥tã♦ B1 ∼ B✱ ♣♦rq✉❡ MB1 ,B = (MB,B1
)−1 ⇒ 0 < detMB1 ,B =

1
detMB,B1

⇒ detMB,B1
> 0 ⇒ B1 ∼ B❀

✸✳ ✭B2 t❛♠❜é♠ é ❜❛s❡ ❞❡ V ✮ ❙❡ B ∼ B1 ❡ B1 ∼ B2✱ ❡♥tã♦ B ∼ B2✳ ❈♦♠
❡❢❡✐t♦✱ detMB,B1

> 0✱ detMB1 ,B2
> 0 ❡ detMB,B2

= det(MB,B1
MB1 ,B2

) =
= detMB,B1

detMB1 ,B2
> 0 ⇒ B2 ∼ B✳ �

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶✳ ❆✐♥❞❛ s♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ s❡❥❛ ✜①❛❞❛ ✉♠❛ ❜❛s❡
B ❞♦ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛ X ♦ ❝♦♥❥✉♥t♦ ❞❛s ❜❛s❡s ❞❡ ♠❡s♠❛
♦r✐❡♥t❛çã♦ ❞❡ B ❡ Y ❞❛s ❜❛s❡s ❞❡ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ ❛ B✳
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✶✳ ∀B1,B2 ∈ X sã♦ t❛✐s q✉❡ B1 ∼ B2 ✭♥♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ B ∼ B1 ❡ B ∼ B2✱ ❡♥tã♦
B1 ∼ B2✮❀ ❛♥❛❧♦❣❛♠❡♥t❡ s✉❜st✐t✉✐♥❞♦ X ♣♦r Y ❀

✷✳ ❙❡ B1 ∈ X ❡ B2 ∈ Y ✱ ❡♥tã♦ B1 ❡ B2 tê♠ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ ✭♥♦✉tr❛s ♣❛❧❛✈r❛s✱
X ∩ Y = φ✮❀

✸✳ ❆s ❝❧❛ss❡s X ❡ Y sã♦ ❛s ú♥✐❝❛s ♣♦ssí✈❡✐s ❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞❡ B✳

❉❡♠♦♥str❛çã♦✳

✶✳ B1,B2 ∈ X ⇒ (detMB1 ,B > 0 ∧ detMB2 ,B > 0)✳ ▼❛s✱ MB,B2
= (MB2 ,B)−1 ❡

detMB,B2
> 0✱ ❛ss✐♠ detMB1 ,B2

= det(MB1 ,BMB,B2
) = detMB1 ,B detMB,B2

>
0 ⇒ B1 ∼ B2✳
B1,B2 ∈ Y ⇒ (detMB1 ,B < 0 ∧ detMB2 ,B < 0)✳ P♦ré♠✱ detMB,B2

< 0 ⇒
detMB1 ,B2

= detMB1 ,B detMB,B2
> 0 ⇒ B2 ∼ B1❀

✷✳ B1 ∈ X ⇒ detMB1 ,B > 0 ❡ B2 ∈ Y ⇒ detMB2 ,B < 0 ⇒ detMB,B2
< 0✳ ❊♥tã♦

0 < detMB1 ,B detMB,B2
= detMB1 ,B2

❀

✸✳ ❆ ✉♥✐❝✐❞❛❞❡ ❞❛s ❝❧❛ss❡s X ❡ Y ❞❡❝♦rr❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✻ ✭✸✮✿ ♦ ❞❡t❡r♠✐♥❛♥t❡
é ✉♠ ♥ú♠❡r♦ r❡❛❧❀ R é ✉♠ ❝♦r♣♦ ♦r❞❡♥❛❞♦❀ ❞❛❞♦ a ∈ R s♦♠❡♥t❡ ✉♠❛ ❞❡♥tr❡ ❛s
s❡❣✉✐♥t❡s s✐t✉❛çõ❡s ♦❝♦rr❡✿ ♦✉ a < 0✱ ♦✉ a = 0✱ ♦✉ a > 0❀ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ♠❛tr✐③
❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ s❡r s✐♥❣✉❧❛r ✭♦✉ s❡❥❛✱ ❞❡ t❡r ♦ ❞❡t❡r♠✐♥❛♥t❡ ♥✉❧♦✮ é ❞❡s❝❛rt❛❞❛
♣❡❧❛ ♣r♦♣♦s✐çã♦ s✉♣r❛❝✐t❛❞❛✳
❙❡❥❛♠ B0 ✉♠❛ ❜❛s❡ ❞❡ V ✱ X0 ♦ ❝♦♥❥✉♥t♦ ✭♦✉ ❝❧❛ss❡✮ ❞❛s ❜❛s❡s ❞❡ ♠❡s♠❛ ♦r✐❡♥t❛çã♦
❞❡ B0 ❡ Y0 ♦ ❞❛s ❜❛s❡s ❞❡ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✳
❍á ❞♦✐s ❝❛s♦s ♣♦ssí✈❡✐s✿ ♦✉ B ∼ B0✱ ♦✉ B ❡ B0 tê♠ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✳
❙❡ B ∼ B0✱ ❡♥tã♦ B0 ∼ B ❡ detMB,B0

> 0✳ ❙❡❥❛ B0,1 ∈ X0❀ ❛ss✐♠ B0,1 ∼ B0 ❡
detMB0 ,B0,1

> 0✳ ❊♥tã♦

detMB,B0,1
= det(MB,B0

MB0 ,B0,1
) = detMB,B0

detMB0 ,B0,1
> 0 ⇒

⇒ B0,1 ∼ B ⇒ B0,1 ∈ X ⇒ X0 ⊆ X.

P♦r ✐❣✉❛❧ r❛❝✐♦❝í♥✐♦✱ X ⊆ X0✳ ▲♦❣♦ X = X0✳
❆♥❛❧♦❣❛♠❡♥t❡ ♣r♦✈❛✲s❡ Y = Y0✳
❙✉♣♦♥❞♦ B ❡ B0 ❞❡ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ s✐❣♥✐✜❝❛ detMB,B0

< 0✳ ❙❡❥❛ B0,1 ∈ X0✱
❛ss✐♠ detMB0 ,B0,1

> 0❀ ❧♦❣♦

detMB,B0,1
= det(MB,B0

MB0 ,B0,1
) = detMB,B0

detMB0 ,B0,1
< 0

s✐❣♥✐✜❝❛♥❞♦ q✉❡ B ❡ B0,1 tê♠ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✱ ♣♦rt❛♥t♦✱ B0,1 ∈ Y ❡ X0 ⊆ Y ✳
❙❡❥❛ B1 ∈ Y ✱ ❡♥tã♦

detMB0 ,B1
= det(MB0 ,BMB,B1

) = detMB0 ,B detMB,B1
> 0 ⇒

⇒ B0 ∼ B1 ⇒ B1 ∈ X0 ⇒ Y ⊆ X0.

❊♥tã♦ X0 = Y ✳
P♦r ❛♥á❧♦❣♦ r❛❝✐♦❝í♥✐♦✱ ✈❡♠ q✉❡ Y0 = X✳ �



✶✳✶✳ ❇❆❙❊❙ ❖❘■❊◆❚❆❉❆❙ ✾

❉❡✜♥✐çã♦ ✶✳✶✳✶✷✳ ❙❡❥❛♠ B ✉♠❛ ❜❛s❡ ✜①❛❞❛ ❞♦ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
V ✱ X ♦ ❝♦♥❥✉♥t♦ ❞❛s ❜❛s❡s ❞❡ V ❞❡ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ q✉❡ B ❡ Y ♦ ❞❛s ❜❛s❡s ❞❡ V ❞❡
♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛ ❛ B✳ ❈❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s X ❡ Y é ❝❤❛♠❛❞❛ ❞❡ ✉♠❛ ♦r✐❡♥t❛çã♦
❞❡ V ✳ ❊s❝♦❧❤✐❞❛ ✉♠❛ ❞❡❧❛s✱ t♦❞❛s ❛s ❜❛s❡s ♣❡rt❡♥❝❡♥t❡s ❛ ❡st❛ ❝❧❛ss❡ sã♦ ❝❤❛♠❛❞❛s ❞❡
❜❛s❡s ❞❡ ♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❞❡ ❜❛s❡s ♣♦s✐t✐✈❛s❀ ❛s ♣❡rt❡♥❝❡♥t❡s à
♦✉tr❛ ❝❧❛ss❡ sã♦ ❝❤❛♠❛❞❛s ❞❡ ❜❛s❡s ❞❡ ♦r✐❡♥t❛çã♦ ♥❡❣❛t✐✈❛ ♦✉ ❜❛s❡s ♥❡❣❛t✐✈❛s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸✳ ✭❈♦♥✈❡♥çã♦ ❞❛s ❜❛s❡s ♣♦s✐t✐✈❛s ❞❡ R
n✮✳ ❈♦♠♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

R
n ❛❞♠✐t❡ s♦♠❡♥t❡ ❞✉❛s ♦r✐❡♥t❛çõ❡s ✭Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶✮✱ ✜❝❛ ❝♦♥✈❡♥❝✐♦♥❛❞♦ q✉❡ ✉♠❛

❜❛s❡ ❞♦ R
n é ♣♦s✐t✐✈❛ s❡ t✐✈❡r ❛ ♠❡s♠❛ ♦r✐❡♥t❛çã♦ ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞♦ R

n✳ ■st♦
é✱ ✉♠❛ ❜❛s❡ B ❞♦ R

n é ♣♦s✐t✐✈❛ s❡ C ∼ B✱ ♦✉ s❡ detMB,C > 0✳

❆ ♠❡s♠❛ ❝♦♥✈❡♥çã♦ ❢♦✐ t♦♠❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✜❝❛ ❬✹❪ ❡♠ s✉❛ s❡çã♦ 1 − 4✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹✳ ❆ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ♣❛r❛ ❛s ❜❛s❡s ❞♦ R
2 ❞♦ ❊①❡♠♣❧♦ ✶✳✶✳✶

❡stá ❝❛❧❝✉❧❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✺✳ ❆ ❜❛s❡ B é ♥❡❣❛t✐✈❛✱ ♣♦✐s

detMB,C = det





3
7

2
7

2
7

−1
7



 = −1

7
< 0.

❊①❡♠♣❧♦ ✶✳✶✳✶✺✳ ❆ ❜❛s❡ ❞❡ R
3 ❞❛❞❛ ♣♦r

B = {~b 1 , ~b 2 , ~b 3} = {(−1, 0, 1), (1,
√

3 − 1, 1), (−1,
√

3 + 1, −1)}

t❡♠ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ❞❡ ❜❛s❡ ❝❛♥ô♥✐❝❛ C ♣❛r❛ ❛ ❜❛s❡ B✱ ❞❛❞❛ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s
❞♦ s✐st❡♠❛ ❝♦♠♦ ♦ ❝❛❧❝✉❧❛❞♦ ❡♠ ✭✶✳✷✮✿



























~i = − 1
2
~b 1 + (

√
3

12
+ 1

4
)~b 2 + (

√
3

12
− 1

4
)~b 3

~j = 0~b 1 +
√

3
6
~b 2 +

√
3

6
~b 3

~k = 1
2
~b 1 + (

√
3

12
+ 1

4
)~b 2 + (

√
3

12
− 1

4
)~b 3

⇒

⇒MB,C =





−1
2

0 1
2√

3
12

+ 1
4

√
3

6

√
3

12
+ 1

4√
3

12
− 1

4

√
3

6

√
3

12
− 1

4



 .

❈♦♠ ❡st❛ ♠❛tr✐③ é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ C ∼ B✱ ♦✉ s❡❥❛✱ ❛ ❜❛s❡ B é ♣♦s✐t✐✈❛ ✭♦✉✱ ❞❡
♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛✮✱ ♣♦✐s

detMB,C =

√
3

12
> 0.

❊①❡♠♣❧♦ ✶✳✶✳✶✻✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ú♥✐❝❛ ♠♦❞✐✜❝❛çã♦ ♥❛ ❜❛s❡ B ❞♦ ❡①❡♠♣❧♦ ❛♥t❡✲
r✐♦r ♣♦❞❡ ❛❧t❡r❛r s✉❛ ♦r✐❡♥t❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ s✉❜st✐t✉✐♥❞♦ ❡♠ B ♦ ✈❡t♦r ~b 3 ♣♦r −~b 3 =
(1,−

√
3 − 1, 1) t❡♠✲s❡ ❛ ❜❛s❡

B1 = {(−1, 0, 1), (1,
√

3 − 1, 1), (1,−
√

3 − 1, 1)}.
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P❛r❛ ❡st❛ ❜❛s❡ B1✱ ♦ s✐st❡♠❛ ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛ ✭✶✳✷✮ é ♦ ❞❛❞♦ ♣♦r


























~i = − 1
2
~b 1 + (1

4
+

√
3

12
)~b 2 + (1

4
−

√
3

12
)~b 3

~j = 0~b 1 +
√

3
6
~b 2 −

√
3

6
~b 3

~k = 1
2
~b 1 + (1

4
+

√
3

12
)~b 2 + (1

4
−

√
3

12
)~b 3

⇒

⇒MB1 ,C =





−1
2

0 1
2

1
4

+
√

3
12

√
3

6
1
4

+
√

3
12

1
4
−

√
3

12
−

√
3

6
1
4
−

√
3

12



⇒ detMB1 ,C = −
√

3

12
< 0,

♦✉ s❡❥❛✱ B1 é ✉♠❛ ❜❛s❡ ❞❡ ♦r✐❡♥t❛çã♦ ♥❡❣❛t✐✈❛✳
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✶✳✷ Pr♦❞✉t♦ ■♥t❡r♥♦

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V é ✉♠❛ ❛♣❧✐❝❛çã♦

V × V ∋ (~u,~v ) 7→ 〈~u ,~v 〉 ∈ R

q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ✭❛①✐♦♠❛s✮✱ ♦♥❞❡ ~u,~v, ~w ∈ V ❡ a, b ∈ R✿

✶✳ ❧✐♥❡❛r✐❞❛❞❡✿ 〈a~u+ b~v, ~w 〉 = a 〈~u, ~w 〉 + b 〈~v, ~w 〉❀

✷✳ s✐♠❡tr✐❛✿ 〈~u,~v 〉 = 〈~v, ~u 〉❀

✸✳ ♣♦s✐t✐✈✐❞❛❞❡✿ 〈~u, ~u 〉 ≥ 0 ❡ 〈~u, ~u 〉 = 0 ⇔ ~u = ~0 ✳

◆♦t❛r q✉❡ ❛s Pr♦♣r✐❡❞❛❞❡s ✭✶✮ ❡ ✭✷✮ ✐♠♣❧✐❝❛♠ ❛ ❜✐❧✐♥❡❛r✐❞❛❞❡✱ ✐st♦ é✱ ❛❧é♠ ❞❡ ✈❛❧❡r
✭✶✮ ✈❛❧❡ t❛♠❜é♠ ✭✶✬✮ ❝♦♠♦ s❡♥❞♦

〈~w, a~u+ b~v 〉 = 〈a~u+ b~v, ~w 〉 = a 〈~u, ~w 〉 + b 〈~v, ~w 〉 .

❆ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s✐❣♥✐✜❝❛ tr❛t❛r✲s❡ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❡ é ❧✐♥❡❛r t❛♥t♦
♥❛ ♣r✐♠❡✐r❛ ❝♦♠♦ ♥❛ s❡❣✉♥❞❛ ❡♥tr❛❞❛✳

❊ ❛✐♥❞❛✱ ❞❛ Pr♦♣r✐❡❞❛❞❡ ✭✶✮ ❡ ❞❡ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❞❡❝♦rr❡
q✉❡✿ s❡ ~u = ~0 ✱ ❡♥tã♦ 〈~u, ~v 〉 = 0 ♣❛r❛ ∀~v ✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ~u = ~0 = 0 .~0 ✱ ❡♥tã♦ 〈~u, ~v 〉 =
〈0 .~0, ~v 〉 = 0 . 〈~0, ~v 〉 = 0✳

❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❙❡❥❛♠ ~u = (x1, y1) ❡ ~v = (x2, y2) ❡♠ R
2 ❡ R

2 × R
2 ∋ (~u , ~v ) 7→

〈~u , ~v 〉 = 2x1x2 ∈ R✳ ❉❛ ❉❡✜♥✐çã♦ 1.2.1 ❡st❛ ❛♣❧✐❝❛çã♦ só ♥ã♦ s❛t✐s❢❛③ ❛ ♣♦s✐t✐✈✐❞❛❞❡✿
〈(0, 1), (0, 1)〉 = 0 ♠❛s (0, 1) 6= ~0✳ P♦rt❛♥t♦✱ ♥ã♦ é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ R

2✳

❊①❡♠♣❧♦ ✶✳✷✳✸✳ ❙❡ ❛ ❛♣❧✐❝❛çã♦ R
2 × R

2 ∋ (~u , ~v ) 7→ 〈~u , ~v 〉 ∈ R ❢♦r ❞❛❞❛ ♣♦r

〈~u , ~v 〉 = 2x1x2 + 3y1y2 , ✭✶✳✹✮

❡♥tã♦ s❛t✐s❢❛③ t♦❞♦s ♦s ✐t❡♥s ❞❛ ❉❡✜♥✐çã♦ 1.2.1✱ ♣♦rt❛♥t♦✱ é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ R
2✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❉❡✜♥❡✲s❡ s♦❜r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R
n ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ✭♦✉

✉s✉❛❧✮
R
n × R

n ∋ (~u , ~v ) 7→ 〈~u ,~v 〉C ∈ R

❝♦♠♦ s❡❣✉❡✿ s❡❥❛♠ ~u,~v ∈ R
n ❞❛❞♦s ♣♦r ~u = (u1, u2, . . . , un) ❡ ~v = (v1, v2, . . . , vn)✱ ❡s❝r✐t♦s

❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛✱ ❡♥tã♦✱

〈~u,~v 〉C =
∑

1≤i≤n
uivi .
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✶✳✸ ▼❛tr✐③ ❞❡ ✉♠ Pr♦❞✉t♦ ■♥t❡r♥♦

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡

B = {~b 1,~b 2, . . . ,~bn}

✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ V ✳ ❙❡❥❛♠ ❛✐♥❞❛

~u =
∑

1≤i≤n
ui~b i ❡ ~v =

∑

1≤j≤n
vj~b j

✈❡t♦r❡s ❞❡ V ❡s❝r✐t♦s ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B✱ ❞❡♥♦t❛❞♦s ♠❛tr✐❝✐❛❧♠❡♥t❡ ♣♦r

[ ~u ] =
[

u1 u2 . . . un
]

❡ [~v ] =
[

v1 v2 . . . vn
]

,

❡✱ ♣♦r ✜♠✱
V × V ∋ (~u , ~v ) 7→ 〈~u , ~v 〉 ∈ R

✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❛❧q✉❡r ❞❡ V ✱ ❝♦♠♦ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✳
◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❛tr✐③

A ∈Mn(R)

q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ B ❡ é t❛❧ q✉❡

〈~u ,~v 〉 = [ ~u ] A [~v ]T .

❉❡♠♦♥str❛çã♦✳

〈~u , ~v 〉 =
〈

~u ,
∑

1≤j≤n vj
~b j

〉

=
∑

1≤j≤n vj

〈

~u , ~b j

〉

=
∑

1≤j≤n vj

〈

∑

1≤i≤n ui
~b i , ~b j

〉

=
∑

1≤j≤n vj

(

∑

1≤i≤n ui

〈

~b i , ~b j

〉)

=
∑

1≤j≤n vj

(

u1

〈

~b 1 , ~b j

〉

+ u2

〈

~b 2 , ~b j

〉

+ . . .+ un

〈

~bn , ~b j

〉)

=
[

u1

〈

~b 1 , ~b 1

〉

v1 + u2

〈

~b 2 , ~b 1

〉

v1 + . . .+ un

〈

~bn , ~b 1

〉

v1

]

+

. . .+

[

u1

〈

~b 1 , ~bn

〉

vn + u2

〈

~b 2 , ~bn

〉

vn + . . .+ un

〈

~bn , ~bn

〉

vn

]

=
∑

1≤i,j≤n
ui

〈

~b i , ~b j

〉

vj . ✭✶✳✺✮



✶✳✸✳ ▼❆❚❘■❩ ❉❊ ❯▼ P❘❖❉❯❚❖ ■◆❚❊❘◆❖ ✶✸

❙❡❥❛ A = (aij) ∈Mn(R)✱ ❡♥tã♦✿

∑

1≤i,j≤n ui(aij)vj = [u1(a11)v1 + u2(a21)v1 + . . .+ un(an1)v1] +

. . .+

[u1(a1n)vn + u2(a2n)vn + . . .+ un(ann)vn]

= [u1(a11) + . . .+ un(an1)] v1+

. . .+

[u1(a1n) + . . .+ un(ann)] vn

=
[
∑

1≤i≤n ui(ai1)
]

v1 + . . .+
[
∑

1≤i≤n ui(ain)
]

vn

=
[ ∑

1≤i≤n ui(ai1) . . .
∑

1≤i≤n ui(ain)
] [

v1 . . . vn
]

T

= C [~v ]TB . ✭✶✳✻✮

▼❛s ❛ ♠❛tr✐③ C ∈M1×n(R) é t❛❧ q✉❡

C =
[ ∑

1≤i≤n ui(ai1) . . .
∑

1≤i≤n ui(ain)
]

=
[

u1(a11) + . . .+ un(am1) . . . u1(a1n) + . . .+ un(ann)
]

=
[

u1 . . . un
]











a11 a12 . . . a1n

a21 a22 . . . a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
an1 an2 . . . ann











= [ ~u ]B A . ✭✶✳✼✮

❊ ❛ss✐♠ ♦ r❡s✉❧t❛❞♦ ✭✶✳✻✮ ✜❝❛

∑

1≤i,j≤n
ui(aij)vj = [ ~u ]B A [~v ]TB . ✭✶✳✽✮

❈♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ✭✶✳✺✮ ❝♦♠ ✭✶✳✽✮ ✈❡♠ q✉❡ A = (aij) =
(〈

~b i , ~b j

〉)

❡ ❡stá ♣r♦✈❛❞❛

❛ ❡①✐stê♥❝✐❛ ❞❛ ♠❛tr✐③ ❡ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ r❡❧❛çã♦ à ❡s❝♦❧❤❛ ❞❛ ❜❛s❡ B✳

❙✉♣♦r ❛ ❡①✐stê♥❝✐❛ ❞❡ ♦✉tr❛ ♠❛tr✐③ G = (gij) t❛❧ q✉❡

[ ~u ] A [~v ]T = 〈~u , ~v 〉 = [ ~u ] G [~v ]T .
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❙❡❥❛♠
pA (u1, . . . , un, v1, . . . , vn) = [ ~u ] A [~v ]T

= u1(a11)v1 + . . .+ un(an1)v1+

. . .+

u1(a1n)vn + . . .+ un(ann)vn

❡
pG (u1, . . . , un, v1, . . . , vn) = [ ~u ] G [~v ]T

= u1(g11)v1 + . . .+ un(gn1)v1+

. . .+

u1(g1n)vn + . . .+ un(gnn)vn

✭❛ ❜❛s❡ ❛❞♦t❛❞❛ ♥❛s ú❧t✐♠❛s ♥♦t❛çõ❡s ♠❛tr✐❝✐❛✐s ♣❛r❛ ♦s ✈❡t♦r❡s ~u ❡ ~v é s❡♠♣r❡ B✮✳
▼❛s✱ ♣♦r ❤✐♣ót❡s❡

pA (x1, . . . , xn, y1, . . . , yn) = pG (x1, . . . , xn, y1, . . . , yn);

♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■❞❡♥t✐❞❛❞❡ ❞❡ P♦❧✐♥ô♠✐♦s✱ ❡st❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (aij) =
(gij)✱ ♦✉ s❡❥❛✱ A = G ❡ ❛ss✐♠ ✜❝❛ ♣r♦✈❛❞❛ ❛ ✉♥✐❝✐❞❛❞❡✳ �

❊①❡♠♣❧♦ ✶✳✸✳✷✳ ❙❡❥❛ B = {~b 1 , ~b 2 } ❛ ❜❛s❡ ❞❡ R
2 ❡st❛❜❡❧❡❝✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✳ ❖

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✸ ❢♦✐ ❞❡✜♥✐❞♦✱ ✐♠♣❧✐❝✐t❛♠❡♥t❡✱ ♣❛r❛ ✈❡t♦r❡s ❞❛❞♦s ♥❛ ❜❛s❡
❝❛♥ô♥✐❝❛ C✿ ♣❛r❛ ✈❡t♦r❡s ❡s❝r✐t♦s ❡♠ t❡r♠♦s ❞❡st❛ ❜❛s❡✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞♦s ✈❡t♦r❡s ~b 1

❡ ~b 2 ✱ ❛ ❡①♣r❡ssã♦ ❛❧❣é❜r✐❝❛ ❞❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❢♦✐ ❞❛❞❛ ♥❛ ❡q✉❛çã♦ ❡♥✉♠❡r❛❞❛ ♣♦r
✭✶✳✹✮✳ ❊♥tã♦✱ ❛ ♠❛tr✐③ q✉❡ ❞❡t❡r♠✐♥❛ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥❛ ❜❛s❡ B é ❞❛❞❛ ❝♦♠♦ s❡❣✉❡✿

AB =

[

a11 a12

a21 a22

]

=









〈

~b 1 ,~b 1

〉 〈

~b 1 ,~b 2

〉

〈

~b 2 ,~b 1

〉 〈

~b 2 ,~b 2

〉









=

[

14 −14
−14 35

]

.

❙❡♥❞♦ ~uB = (x1, y1)
B ❡ ~vB = (x2, y2)

B ✈❡t♦r❡s ❞❡ R
2 ♥❛ ❜❛s❡ B✱ t❛❧ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✜❝❛

〈

~uB , ~vB
〉

=
[

x1 y1

]

[

14 −14
−14 35

]

[

x2 y2

]

T

= 14x1x2 − 14x1y2 − 14x2y1 + 35y1y2.

❖s ✈❡t♦r❡s ~uB = (1
7
, 3

7
)B ❡ ~vB =

(

9
14
,−4

7

)B
✱ ♦❜t✐❞♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✺✱ ❢❛③❡♠

〈

(

1

7
,
3

7

)B

,

(

9

14
,−4

7

)B
〉

= −10.



✶✳✸✳ ▼❆❚❘■❩ ❉❊ ❯▼ P❘❖❉❯❚❖ ■◆❚❊❘◆❖ ✶✺

❊①❡♠♣❧♦ ✶✳✸✳✸✳ ❙❡❥❛ C = {~i , ~j } ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ R
2✳ ❆ ♠❛tr✐③ A ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✸ ❡♠ t❡r♠♦s ❞❡st❛ ❜❛s❡ ✜❝❛

AC =









〈

~i ,~i
〉 〈

~i ,~j
〉

〈

~j ,~i
〉 〈

~j ,~j
〉









=

[

2 0
0 3

]

.

❙❡♥❞♦ ~uC = (x̄1, ȳ1)
C ❡ ~v C = (x̄2, ȳ2)

C ✈❡t♦r❡s ❞❡ R
2 ♥❛ ❜❛s❡ C✱ t❛❧ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥❛ ❜❛s❡

❝❛♥ô♥✐❝❛ ✜❝❛

〈

~uC , ~v C
〉

=
[

x̄1 ȳ1

]

[

2 0
0 3

]

[

x̄2 ȳ2

]

T

= 2x̄1x̄2 + 3ȳ1ȳ2,

❝♦♠♦ ❡s❝r✐t♦ ❡♠ ✭✶✳✹✮✳
❖s ✈❡t♦r❡s ~uB = (1

7
, 3

7
)B ❡ ~vB =

(

9
14
,−4

7

)B
❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r sã♦ ❞❛❞♦s ❡♠ C ♣♦r

~uC = (1,−1)C ❡ ~v C = (−1
2
, 3)C✱ ❝♦♥❢♦r♠❡ ❝❛❧❝✉❧❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✹✳ ❊st❡s ❞♦✐s ✈❡t♦r❡s

r❡s✉❧t❛♠ ♣♦r ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠✿
〈

(1,−1)C ,

(

−1

2
, 3

)C
〉

= −10.

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❯♠❛ ♠❛tr✐③ A ❞❡ Mn(R) é ❝❤❛♠❛❞❛ ❞❡ s✐♠étr✐❝❛ s❡ A = A T✳

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❯♠❛ ♠❛tr✐③ A ❞❡ Mn(R) é ❝❤❛♠❛❞❛ ❞❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡✱ ♣❛r❛
t♦❞♦ ✈❡t♦r ♥ã♦✲♥✉❧♦ ~v ∈ R

n✱ ❞❡♥♦t❛❞♦ ♠❛tr✐❝✐❛❧♠❡♥t❡ ♣♦r

[~v ] =
[

v1 v2 . . . vn
]

∈M1×n(R),

♦❝♦rr❡r
[~v ] A [~v ]T > 0.

P❡❧♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❢❡✐t♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✱ é ❡q✉✐✈❛❧❡♥t❡ ❡s✲
❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦ ❝♦♠♦ s❡♥❞♦✿

∑

1≤i,j≤n
vi(aij)vj > 0,

❝♦♥s✐❞❡r❛♥❞♦ A = (aij)✳

▲❡♠❛ ✶✳✸✳✻✳ ❙❡❥❛♠ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ B = {~b 1 , . . . , ~bn} ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ V ❡
A ∈Mn(R) ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

V × V ∋ (~u , ~v ) 7→ 〈~u , ~v 〉 = [ ~u ] A [~v ]T ∈ R

é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ V ✱ ❝♦♠♦ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✳
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❉❡♠♦♥str❛çã♦✳ ❖s ■t❡♥s ✭✶✮✱ ✭✷✮ ❡ ✭✸✮ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶ ❞❡✈❡♠ s❡r ✈❡r✐✜❝❛❞♦s✳
❙❡❥❛♠ ~u ,~v , ~w ∈ V ❡ a, b ∈ R✳

✭✶✮✿
〈a~u+ b~v , ~w〉 = [ a~u+ b~v ] A [ ~w ]T

= a [ ~u ] A [ ~w ]T + b [~v ] A [ ~w ]T

= a 〈~u , ~w 〉 + b 〈~v , ~w 〉 .
❆ ❧✐♥❡❛r✐❞❛❞❡ é ♣r♦✈❛❞❛ ❝♦♠ ❜❛s❡ ❡♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s✱ ♣♦rt❛♥t♦✱
✈á❧✐❞❛ ♣❛r❛ q✉❛❧q✉❡r ♠❛tr✐③ A ❀

✭✷✮✿ ❈♦♥s✐❞❡r❛♥❞♦ A = (aij) ❡ ♣❡❧♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ♠❛tr✐❝✐❛✐s ❞❛ ❡q✉❛çã♦ ♥✉♠❡r❛❞❛
♣♦r ✭✶✳✽✮ é s❛❜✐❞♦ q✉❡

〈~u , ~v 〉 =
∑

1≤i,j≤n ui(aij)vj

= u1(a11)v1 + u2(a21)v1 + . . .+ un(an1)v1+

. . .+

u1(a1n)vn + u2(a2n)yn + . . .+ un(ann)vn

= p(u1, . . . , vn) .

P♦r ♦✉tr♦ ❧❛❞♦✱

〈~v , ~u 〉 =
∑

1≤i,j≤n vi(aij)uj

= v1(a11)u1 + v2(a21)u1 + . . .+ vn(an1)u1+

. . .+

v1(a1n)un + v2(a2n)un + . . .+ vn(ann)un

= u1(a11)v1 + u2(a12)v1 + . . .+ un(a1n)v1+

. . .+

u1(an1)vn + u2(an2)vn + . . .+ un(ann)yn

= q(u1, . . . , vn) .

❊♥tã♦ p(u1, . . . , vn) = q(u1, . . . , vn) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ a11 = a11 , a12 = a21 , . . . , an1 =
a1n , . . . , ann = ann ✭♥♦✈❛♠❡♥t❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ■❞❡♥t✐❞❛❞❡ ❞❡ P♦❧✐♥ô♠✐♦s✮✱ ♦ q✉❡ ❞❡
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❢❛t♦ ♦❝♦rr❡✱ ♣♦✐s A = (aij) = (aji) = A T❀

✭✸✮✿ ❙✉♣♦♥❞♦ ~u 6= ~0 ✈❡♠
〈~u , ~u 〉 = [ ~u ] A [ ~u ]T > 0

♣♦rq✉❡ ❛ ♠❛tr✐③ é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ ❙✉♣♦♥❞♦ ~u = ~0 ✈❡♠

〈~u , ~u 〉 =
∑

1≤i,j≤n
ui(aij)uj =

∑

1≤i,j≤n
0(aij)0 = 0 ,

♣♦rt❛♥t♦✱ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♠❛tr✐③ ✐♠♣❧✐❝❛ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ 〈 , 〉✳ �

▲❡♠❛ ✶✳✸✳✼✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡

V × V ∋ (~u , ~v ) 7→ 〈~u , ~v 〉 ∈ R

✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ V ✳ ❋✐①❛❞❛ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ B = {~b 1 , . . . , ~bn} ❞❡ V ✱ ❛ Pr♦✲
♣♦s✐çã♦ ✶✳✸✳✶ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ú♥✐❝❛ ♠❛tr✐③ A ∈ Mn(R) t❛❧ q✉❡ 〈~u , ~v 〉 =
[ ~u ] A [~v ]T✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ A é s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ~u ,~v , ~w ∈ V ❡ a, b ∈ R✳

✭✶✮✿ ❈♦♠♦ ❢❡✐t♦ ♥❛ ♣r✐♠❡✐r❛ ❡t❛♣❛ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❛ ❧✐♥❡❛r✐❞❛❞❡ é ✈❡r✐✜❝❛❞❛ ♣❛r❛ q✉❛❧✲
q✉❡r ♠❛tr✐③❀

✭✷✮✿ 〈 , 〉 ❣♦③❛ ❞❛ s✐♠❡tr✐❛✱ ❡♥tã♦

〈~u , ~v 〉 = [ ~u ] A [~v ]T =
∑

1≤i,j≤n
ui(aij)vj

♦♥❞❡ A = (aij)✱ ❡

〈~v , ~u 〉 = [~v ] A [ ~u ]T =
∑

1≤i,j≤n
vi(aij)uj =

∑

1≤i,j≤n
uj(aji)vi .

❈♦♠♦ 〈~u , ~v 〉 = 〈~v , ~u 〉✱ s❡❣✉❡ q✉❡ (aij) = (aji)✱ ❞♦♥❞❡ A = A T❀

✭✸✮✿ ❙✉♣♦♥❞♦ ~u 6= ~0 ✈❡♠ 0 < 〈~u , ~u 〉 = [ ~u ] A [ ~u ]T✱ ♦✉ s❡❥❛✱ A é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ❝♦♥✲
❢♦r♠❡ ❉❡✜♥✐çã♦ ✶✳✸✳✺✳ �

❖s ▲❡♠❛s ✶✳✸✳✻ ❡ ✶✳✸✳✼ ♣r♦✈❛♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❡ s✉✜❝✐ê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✽✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ B = {~b 1 , . . . , ~bn } ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛
❞❡ V ❡ A ∈Mn(R)✳ P❛r❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

V × V ∋ (~u , ~v ) 7→ 〈~u , ~v 〉 = [ ~u ] A [~v ]T ∈ R

s❡❥❛ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡ A s❡❥❛ s✐♠étr✐❝❛
❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳
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❉❡✜♥✐çã♦ ✶✳✸✳✾✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ ❛ ♠❛tr✐③ A s❡rá ❝❤❛♠❛❞❛ ❞❡ ♠❛✲
tr✐③ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ ❡st❡ s❡rá ✐♥❞❡①❛❞♦ ♣❡❧❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛
❞❡ Mn(R) q✉❡ ♦ ❞❡✜♥❡✿

〈~u , ~v 〉
A

= [ ~u ] A [~v ]T .

❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✹ ❝♦♥t✐♥✉❛ ✐♥❞❡①❛❞♦ ♣♦r C✳



✶✳✹✳ ❖ ❊❙P❆➬❖ ❚❆◆●❊◆❚❊ ❊ ❙❯❆❙ P❘❖P❘■❊❉❆❉❊❙ ✶✾

✶✳✹ ❖ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡ ❡ s✉❛s Pr♦♣r✐❡❞❛❞❡s

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❯♠ ✈❡t♦r t❛♥❣❡♥t❡ ❞♦ R
n ❝♦♥s✐st❡ ❞❡ ❞♦✐s ♣♦♥t♦s ❞❡st❡ ❡s♣❛ç♦✿ ✉♠

❝❤❛♠❛❞♦ ❞❡ ♣❛rt❡ ✈❡t♦r✐❛❧ ~v ❡ ♦✉tr♦ ❞❡ ♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦ ~p ✳ ❙✉❛ ♥♦t❛çã♦ é ~v~p ❡
❝♦♥s✐st❡ ❞♦ ✈❡t♦r ♦❜t✐❞♦ ❛♦ s❡ ❝♦❧♦❝❛r ✭♦✉ ❛♣❧✐❝❛r✮ ❛ ♦r✐❣❡♠ ❞❡ ~v ❡♠ ~p ✳

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡ ❝♦♥❝❡✐t♦ sã♦ ❛s q✉❡ s❡❣✉❡♠✿

✶✳ ~v~p = ~w~q s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡st❡s ✈❡t♦r❡s t❛♥❣❡♥t❡s tê♠ ♦ ♠❡s♠♦ ♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦✱
~p = ~q ✱ ❡ ❛ ♠❡s♠❛ ♣❛rt❡ ✈❡t♦r✐❛❧✱ ~v = ~w ❀

✷✳ ~v~p ❡ ~v~q sã♦ ✈❡t♦r❡s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧♦s ❡ ♥ã♦ sã♦ ❝♦✐♥❝✐❞❡♥t❡s ❝❛s♦ ~p 6= ~q ❀

✸✳ ~v~p ± ~w~p = (~v ± ~w)~p ❀

✹✳ s❡ c ∈ R✱ ❡♥tã♦ c (~v~p) = (c~v )~p ✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❙❡❥❛♠ ~p ∈ R
n ✉♠ ♣♦♥t♦ ❡ V ⊆ R

n ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❖ ❡s♣❛ç♦
t❛♥❣❡♥t❡ ❞❡ V ❡♠ ~p é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❞❡ V ❛♣❧✐❝❛❞♦s ❡♠
~p ✭♦✉ s❡❥❛✱ ❝♦♠ s✉❛ ♦r✐❣❡♠ tr❛s❧❛❞❛❞❛ ♣❛r❛ ♦ ♣♦♥t♦ ~p✮ ❡ ❞❡♥♦t❛❞♦ ♣♦r

T~p (V ) = {~v~p : ~v ∈ V }.

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✶✳✹✳✷✱ ❛❞✐❝✐♦♥❛♥❞♦✲❧❤❡s ❝♦♥✈❡♥❝✐♦♥❛r ~0~p =
~p ✱ T~p (V ) é ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ❆ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

V ∋ ~v 7→ F (~v ) = ~v~p ∈ T~p (V )

é ✉♠ ✐s♦♠♦r✜s♠♦ ✭❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❜✐❥❡t♦r❛✮ ❡♥tr❡ ❡ss❡s ❡s♣❛ç♦s✳
❙❡ V é ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡♥tã♦ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧❀ ♣♦r ✐ss♦✱ ❛s ❝♦♥s✐❞❡r❛çõ❡s
s❡❣✉✐♥t❡s sã♦ ❢❡✐t❛s s✉♣♦♥❞♦ V ❝♦♠♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❖ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s é t♦♠❛❞♦
❝♦♠♦ s❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ K✳
❊♠ V ❡stã♦ ❞❡✜♥✐❞❛s ❛s s❡❣✉✐t❡s ♦♣❡r❛çõ❡s✿
s♦♠❛✿

V × V ∋ (~u, ~v ) 7→ S(~u, ~v ) = ~u+ ~v ∈ V ; ✭✶✳✾✮

❡ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r

K × V ∋ (c, ~v ) 7→ P (c, ~v ) = c~v ∈ V. ✭✶✳✶✵✮

P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡st❛s ♦♣❡r❛çõ❡s sã♦ s❛t✐s❢❡✐t♦s ❡♠ V q✉❛tr♦ ❛①✐♦♠❛s✳ ❈♦♠♣♦♥❞♦ F ❝♦♠ S
❡ F ❝♦♠ P ✭♥❡st❛ ♠❡s♠❛ ♦r❞❡♠✱ F ◦S ❡ F ◦P ✮✱ ❡ss❡s ♦✐t♦ ❛①✐♦♠❛s sã♦ t❛♠❜é♠ s❛t✐s❢❡✐t♦s
❡♠ T~p (V )✳ P♦r ❡①❡♠♣❧♦✱ ✈❛❧❡♠ ❡♠ V ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ s♦♠❛ ❡ ❛ ❞✐str✐❜✉t✐✈✐❞❛❞❡
❞♦ ❡s❝❛❧❛r✱ ❡①♣r❡ss♦s✱ ♥❡ss❛ ♦r❞❡♠✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

~u+ ~v = ~v + ~u ❡ (a+ b)~v = a~v + b~v.



✷✵ ❈❆P❮❚❯▲❖ ✶✳ P❘❊➶▼❇❯▲❖

❈♦♠ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♠♣♦st❛ ❞❛❞❛ ♣♦r

V × V ∋ (~u, ~v ) 7→ F (S(~u, ~v )) = F (~u+ ~v ) ∈ T~p (V )

✈❛❧❡ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ s♦♠❛ ❡♠ T~p (V )✱ ♣♦✐s

~v~p + ~u~p = F (~v ) + F (~u ) = F (~v + ~u ) = F (~u+ ~v ) = F (~u ) + F (~v ) = ~u~p + ~v~p .

❆ ❞✐str✐❜✉t✐✈✐❞❛❞❡ ❞♦ ❡s❝❛❧❛r t❛♠❜é♠ ✈❛❧❡ ❡♠ T~p (V )✱ ♣♦✐s✱ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♠✲
♣♦st❛

K × V ∋ (c, ~v ) 7→ F (P (c, ~v )) = F (c~v ) ∈ T~p (V ) ,

♦❝♦rr❡

(a+ b)~v~p = F ((a+ b)~v ) = F (a~v ) + F (b~v ) = aF (~v ) + bF (~v ) = a~v~p + b~v~p .

�

P❛r❛ ~p ❡ V ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✹✳✷ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛ss❡rçõ❡s✿ s❡ ~p = ~0 ✱ ❡♥tã♦
T~0 (V ) = V ❀ ❡✱ ♣❛r❛ ∀~p ∈ R

n✱ T~p (V ) ⊆ R
n✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✳ ❙❡❥❛♠ V ✉♠ ✭s✉❜✮❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ R
n ❡ ~p ∈ R

n✳ V ✱ ♣♦r s❡r ✭s✉❜✮❡s♣❛ç♦
✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛❞♠✐t❡ ❜❛s❡✳ ❙❡❥❛ B = {~b 1 , ~b 2 , . . . , ~bn } ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛
❞❡ V ✳ ❯♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ T~p (V ) é ❞❡✜♥✐❞❛ ❝♦♠♦ ✉♠❛ ❜❛s❡ ❞❡ V ❛♣❧✐❝❛❞❛ ❡♠ ~p ✱
✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛❞❛ ~bi ❛♣❧✐❝❛❞♦ ❡♠ ~p ✳ ❆ ❜❛s❡ ❞❡ T~p (V ) é ❞❡♥♦t❛❞❛ ❡ ❡st❡♥♦❣r❛❢❛❞❛
♣♦r

B~p = {~b 1~p , ~b 2~p , . . . , ~bn~p }.

❖ ✐s♦♠♦r✜s♠♦ t♦♠❛❞♦ ❞✉r❛♥t❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✸ ❥✉st✐✜❝❛ ❡st❛
❞❡✜♥✐çã♦✳ ❯♠❛ ✈❡③ q✉❡ F é ❜✐❥❡t♦r❛ ❡ B ⊆ V é ❜❛s❡ ❞❡st❡ ✭s✉❜✮❡s♣❛ç♦✱ ❡♥tã♦ F (B)
é ❜❛s❡ ❞❡ T~p (V ) ✭✉♠ ✐s♦♠♦r✜s♠♦ tr❛♥s❢♦r♠❛ ✉♠❛ ❜❛s❡ ❞♦ ❞♦♠í♥✐♦ ♥✉♠❛ ❜❛s❡ ❞❛ ✐♠❛✲
❣❡♠✮✳

❊①❡♠♣❧♦ ✶✳✹✳✺✳ ❙❡❥❛♠ V ⊂ R
3 ♦ ♣❧❛♥♦ Oxy ✭❞❡ ❡q✉❛çã♦ ♥♦r♠❛❧ z = 0✮ ❡ ~p = (2, 3, 3)✳

❯♠❛ ❜❛s❡ ❞❡ V ❢♦✐ ❞❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✷ ✿ B = {~i , ~j }✳ ❯♠❛ ❜❛s❡ ❞❡ T~p (V ) s❡r✐❛
F (B) = B~p = {~i~p , ~j~p }✳ ◆♦t❛r q✉❡ T~p (V ) é ♦ ♣❧❛♥♦ ❞♦ R

3 ♣❛r❛❧❡❧♦ ❛ V ❞❡ ❡q✉❛çã♦
♥♦r♠❛❧ z = 3✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✻✳ ✭❈♦♥✈❡♥çã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s ❛❞♦t❛✲
❞♦s✮✳ P❛r❛ ❡st❛ ♠♦♥♦❣r❛✜❛ ✜❝❛ ❡st❛❜❡❧❡❝✐❞♦ q✉❡ ♦ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s é s❡♠♣r❡ R ❡ V
é s❡♠♣r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R

n✱ ♦✉ s❡❥❛✱

T~p (V ) = T~p (Rn).

n = 2, 3 sã♦ ♦s ú♥✐❝♦s ❝❛s♦s ♥❡❝❡ssár✐♦s✳



❈❛♣ít✉❧♦ ✷

▼étr✐❝❛

❆q✉✐ ✐♥✐❝✐❛ ♦ ❝♦♥t❡ú❞♦ ♣ró♣r✐♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆ ♣r✐♠❡✐r❛ s❡çã♦ ♦❜❥❡t✐✈❛ ❞❡s❡♥✈♦❧✈❡r
❛ ✐❞é✐❛ ❞❡ ✧♠étr✐❝❛✧ ❝♦♠ ❜❛s❡ ♥♦s ❝♦♥❝❡✐t♦s ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❝❛♣ít✉❧♦
♣r❡❝❡❞❡♥t❡✳ ❖ s❡♥t✐❞♦ ❡♠ q✉❡ ❛ ♣❛❧❛✈r❛ ♠étr✐❝❛ é ✉s❛❞❛ ❛q✉✐ ♣♦❞❡ s❡r ❛❞✐❛♥t❛❞♦ ❝♦♠♦
s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧✳ ❆ r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✜❝❛ ❬✶✷❪ ✉s❛ ❡st❡ t❡r♠♦ ♣❛r❛ ❞❡✜♥✐r
✉♠❛ ❛♣❧✐❝❛çã♦

M ×M ∈ (x, y) 7→ d(x, y) ∈ R,

✭♦♥❞❡ M é ✉♠ ❝♦♥❥✉♥t♦✮ q✉❡ ♠❡❞❡ ❛ ❞✐stâ♥❝✐❛ ❞♦s ♣♦♥t♦s x ❡ y ❡ s❛t✐s❢❛③ q✉❛tr♦ ❛①✐♦♠❛s✳
❖ ♠❡s♠♦ ❝♦♥❝❡✐t♦ é ❛♣r❡s❡♥t❛❞♦ ❛❞✐❛♥t❡ ♥❡st❡ ❝❛♣ít✉❧♦ s♦❜ ♦ ♥♦♠❡ ❞❡ ❋✉♥çã♦ ❉✐stâ♥❝✐❛❀
✐ss♦ ♦❝♦rr❡ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✹✷ ❡ ❧á sã♦ ❝✐t❛❞♦s ❡ss❡s q✉❛tr♦ ❛①✐♦♠❛s✳

◆❛ s❡❣✉♥❞❛ s❡çã♦ ❡st✉❞❛✲s❡ ♦ Pr♦❞✉t♦ ❱❡t♦r✐❛❧✱ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡
❝✉r✈❛s ♥♦ R

3 q✉❡ s❡ ❞❛rá ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ❋♦✐ tr❛③✐❞♦ ❛q✉✐ ♣❡❧❛ ❢♦♥t❡ ❬✻❪✳

✷✶
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✷✳✶ ❉❡✜♥✐çã♦ ❞❡ ▼étr✐❝❛

❆s ♠❛tr✐③❡s ❞❡Mn(R) q✉❡ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽ sã♦ ❝✐t❛❞❛s ♥❡st❛
♠♦♥♦❣r❛✜❛ ❝♦♠ ❛❧❣✉♠❛ ❢r❡qüê♥❝✐❛✳ ❉✐st♦ ❡ ❞❛s ❉❡✜♥✐çõ❡s ✶✳✸✳✹ ❡ ✶✳✸✳✺ ✈❡♠ ❛ ♠♦t✐✈❛çã♦
♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s q✉❛❞r❛❞❛s✱ s✐♠étr✐❝❛s ❡ ♣♦s✐t✐✈❛s
❞❡✜♥✐❞❛s é ❞❡♥♦t❛❞♦ ♣♦r

Mn(R) = {A ∈Mn(R) : A = A
T ❡ [~v ]A [~v ]T > 0,∀~v ∈ R

n \ {~0}}.
❖❜✈✐❛♠❡♥t❡✱ Mn(R) ⊂Mn(R)✳

❆ ♠❛tr✐③ ❞❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡st✉❞❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ♣r❡❝❡❞❡♥t❡ ✭❉❡✜♥✐çã♦ ✶✳✸✳✾✮ ♥ã♦
♥❡❝❡ss✐t❛ s❡r ❝♦♥st❛♥t❡✳ P♦❞❡ ✈❛r✐❛r ❡♠ ❝❛❞❛ ♣♦♥t♦ ~p q✉❡ ❞❡✜♥❡ T~p (Rn)✳ ■ss♦ é ♦ q✉❡
❡st❛❜❡❧❡❝❡ ❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❙❡❥❛♠ Y ⊆ R
n ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧

Y ∋ ~p 7→ A ( ~p ) = (aij( ~p )) ∈Mn(R)

♦♥❞❡ ❝❛❞❛ Y ∋ ~p 7→ (aij( ~p )) ∈ R✱ 1 ≤ i, j ≤ n✱ é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❛q✉✐ ❝❤❛♠❛❞❛
❞❡ ❢✉♥çã♦ ❡♥tr❛❞❛ ❞❡ A ( ~p )✳ ❙❡ ❤♦✉✈❡r ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ X ⊆ Y t❛❧ q✉❡ ❛ r❡str✐çã♦

A |X ∈ Mn(R),

❞✐③✲s❡ q✉❡ A = A ( ~p ) é ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❝❛❞❛ ♣♦♥t♦ ~p ∈ X✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸✳ ❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡ q✉❛♥❞♦ s❡ ❢❛❧❛r ❞❡ ✉♠❛ ♠étr✐❝❛ é ❡♥t❡♥❞✐❞♦
q✉❡ ~p ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ t❛❧ q✉❡ A ( ~p ) ∈ Mn(R)✳

❊①❡♠♣❧♦ ✷✳✶✳✹✳ P❛r❛ ❛ ❞✐♠❡♥sã♦ n = 2 s❡❥❛

R
2 ⊇ Y ∋ ~p 7→ A ( ~p ) = (aij( ~p )) ∈ M2(R)

❞❛❞❛ ♣♦r

A ( ~p ) =

[

a11(~p ) a12(~p )
a21(~p ) a22(~p )

]

.

P♦r s❡r s✐♠étr✐❝❛✱ a12(~p ) = a21(~p )✳ ❆❧é♠ ❞✐ss♦ t❡rá s✉❛s ❢✉♥çõ❡s ❡♥tr❛❞❛ s✐♠♣❧✐✜❝❛❞❛s ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

A ( ~p ) =

[

a(~p ) b(~p )
b(~p ) c(~p )

]

=

[

a b
b c

]

,

♦♥❞❡ a✱ b ❡ c sã♦ s✉❜❡♥t❡♥❞✐❞❛s ❝♦♠♦ ❢✉♥çõ❡s ❞❡ ~p ✳

❊①❡♠♣❧♦ ✷✳✶✳✺✳ P❛r❛ ❛ ❞✐♠❡♥sã♦ n = 3 ✉♠❛ ♠étr✐❝❛

R
3 ⊇ Y ∋ ~p 7→ A ( ~p ) ∈ M3(R)

t❡♠ ♦ s❡❣✉✐♥t❡ ❛s♣❡❝t♦ ❣❡r❛❧✿

A ( ~p ) =





a(~p ) b(~p ) c(~p )
b(~p ) d(~p ) e(~p )
c(~p ) e(~p ) f(~p )



 =





a b c
b d e
c e f



 ,

♦♥❞❡ a✱ b✱ . . .✱ e ❡ f sã♦ s✉❜❡♥t❡♥❞✐❞❛s ❝♦♠♦ ❢✉♥çõ❡s ❞❡ ~p ✳
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❯♠❛ ♠étr✐❝❛ A = A ( ~p ) s❡ ❛♣❧✐❝❛ ❛ T~p (Rn) ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥❡st❡
❡s♣❛ç♦ t❛♥❣❡♥t❡✳ P❛r❛ ✐ss♦ ✈❡♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✶✳✻✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡ T~p (Rn)✱ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✳
❈♦♥❢♦r♠❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ ❡ss❛ ♠❛tr✐③ ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❛❞♦ ♣♦r

T~p (Rn) × T~p (Rn) ∋ (~u~p, ~v~p) 7→ 〈~u~p , ~v~p 〉A ( ~p ) = [ ~u~p ] A ( ~p ) [~v~p ]T ∈ R

❊st❛ ❛♣❧✐❝❛çã♦ s❡rá ❝❤❛♠❛❞❛ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s♦❜r❡ T~p (Rn) s❡❣✉♥❞♦ A ( ~p )✳

❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r sã♦ ❛ss✉♠✐❞♦s ❛q✉✐✳ ❖s ♠❡s♠♦s ♣♦❞❡♠ s❡r ❧✐❞♦s
❝♦♠ ♦ r✐❣♦r ♥❡❝❡ssár✐♦ ♥❛s ♦❜r❛s ❬✸❪ ❡ ❬✾❪✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❙❡❥❛♠ B~p = {~b 1~p , ~b 2~p , . . . , ~bn~p} ✉♠❛ ❜❛s❡ ❞❡ T~p (Rn) ❡ A = A ( ~p )
✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳

✶✳ ❉✐③✲s❡ q✉❡ B~p é ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A ( ~p ) s❡ 〈~b i~p , ~b j~p 〉A ( ~p ) = 0 ♣❛r❛
i 6= j❀

✷✳ ❉✐③✲s❡ q✉❡ é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❖◆✮ s❡❣✉♥❞♦ A ( ~p ) q✉❛♥❞♦
〈~b i~p , ~b j~p 〉A ( ~p ) = δij✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✽✳ ❯♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ♠❛tr✐③ ❞❡ ✉♠ ♦♣❡✲
r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦ ♥✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✳ ❆ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
R
n✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✱ é ♦rt♦♥♦r♠❛❧✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠❛tr✐③ (A )C,C ❞❛

❛♣❧✐❝❛çã♦ ❧✐♥❡❛r
R
n ∋ ~u 7→ A ~u ∈ R

n,

♦♥❞❡ A ~u é ❝❛❧❝✉❧❛❞♦ ♣♦r A [ ~u ]T✱ ♦❝♦rr❡

〈A ~u, ~v 〉C = 〈~u, A ~v 〉C ,

♣❛r❛ q✉❛✐sq✉❡r ~u,~v ∈ R
n✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✾✳ ❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s♦❜r❡ T~p (Rn) ♣♦❞❡✱ s♦❜ ✉♠ ❝❡rt♦ s❡♥t✐❞♦✱ s❡r
❡♥t❡♥❞✐❞♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✿ s✐♠♣❧✐✜❝❛♥❞♦ A ( ~p ) ♣❛r❛ A t❡♠✲s❡

〈~u~p , ~v~p 〉A = [ ~u~p ] A [~v~p ]T = [ ~u~p ] Idn
(

A [~v~p ]T
)

= [ ~u~p ] Idn [A ~v~p ]T = 〈~u~p , A ~v~p 〉C ,

♦✉
〈~u~p , ~v~p 〉A = 〈A ~u~p , ~v~p 〉C .

❊st❡ ❢❛t♦ s❡rá ✉s❛❞♦ ❡♠ ❧❡♠❛s ♣♦st❡r✐♦r❡s✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✵✳ ❚♦❞❛ ♠❛tr✐③ s✐♠étr✐❝❛ é ❞✐❛❣♦♥❛❧✐③á✈❡❧✱ ✐st♦ é✱ ❛❞♠✐t❡ ❜❛s❡ ❞❡
❛✉t♦✈❡t♦r❡s✳
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❖❜s❡r✈❛çã♦ ✷✳✶✳✶✶✳ ❊♠ ❝♦♥t✐♥✉❛çã♦ à ❖❜s❡r✈❛çã♦ ✷✳✶✳✶✵✱ ❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡t♦r❡s ❞❡
✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ é ♦rt♦❣♦♥❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✳ ◆♦r♠❛❧✐③❛♥✲
❞♦ ❝❛❞❛ ✉♠ ❞♦s ✈❡t♦r❡s ❞❡st❛ ❜❛s❡ ♦❜té♠✲s❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦
✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✳

▲❡♠❛ ✷✳✶✳✶✷✳ ❙❡❥❛ A ∈ Mn(R) ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✳ P❛r❛ q✉❡ ❡ss❛ ♠❛tr✐③ s❡❥❛ ♣♦✲
s✐t✐✈❛ ❞❡✜♥✐❞❛ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s s❡❥❛♠ ❡str✐t❛♠❡♥t❡
♣♦s✐t✐✈♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥❢♦r♠❡ ♦❜s❡r✈❛❞♦ ❤á ♣♦✉❝♦✱ ❛ ♠❛tr✐③ A é ❞✐❛❣♦♥❛❧✐③á✈❡❧✳
➱ ❛❞♠✐t✐❞♦ q✉❡ ❛ ♠❛tr✐③ s❡❥❛ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ ❙❡❥❛ λ ✉♠ ❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s✳ ❙✉♣♦r q✉❡
s❡❥❛ ♥❡❣❛t✐✈♦✳ ❙❡❥❛ ~u ♦ ❛✉t♦✈❡t♦r ❛ss♦❝✐❛❞♦ ❛ ❡st❡ λ ✱ ❛ss✐♠ ~0 6= ~u ✳ ❊♥tã♦✱ ♣♦r s❡r ♣♦s✐t✐✈❛
❞❡✜♥✐❞❛ ❞❡✈❡ ♦❝♦rr❡r

0 < [ ~u ] A [ ~u ]T = [ ~u ] [λ~u ]T = λ [ ~u ] [ ~u ]T = λ 〈~u , ~u 〉C ,

♠❛s 〈~u , ~u 〉C > 0 ❞❡✈✐❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦❀ s❡♥❞♦
λ < 0 ✈❡♠

0 < [ ~u ] A [ ~u ]T < 0

q✉❡ é ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ t♦❞♦ ❛✉t♦✈❛❧♦r λ ❞❛ ♠❛tr✐③ A é ♣♦s✐t✐✈♦ ❡ ❡stá ♣r♦✈❛❞❛ ❛
♥❡❝❡ss✐❞❛❞❡✳
P❛r❛ ❛ s✉✜❝✐ê♥❝✐❛✱ s❡❥❛ B = {~b 1 , . . . ,~bn} ✉♠❛ ❜❛s❡ ❞❡ R

n✱ ❖◆ s❡❣✉♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦
❝❛♥ô♥✐❝♦ ❡ ❝♦♠♣♦st❛ ♣♦r ❛✉t♦✈❡t♦r❡s ❞❡ A ✱ ♦✉ s❡❥❛✱ ~bi é ♦ ❛✉t♦✈❡t♦r ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r
λi > 0✳ ❯♠ ✈❡t♦r ~u é ❡s❝r✐t♦ ❝♦♠♦

∑

1≤i≤n ui
~b i✳ ❆ss✐♠✱

[ ~u ] A [ ~u ]T = [ ~u ] Idn
(

A [ ~u ]T
)

=
〈

~u ,A
∑

1≤i≤n ui
~b i

〉

C

=
〈

~u ,
∑

1≤i≤n ui(A
~b i)
〉

C

=
〈

∑

1≤i≤n ui
~b i ,
∑

1≤i≤n uiλi
~b i

〉

C

=
∑

1≤i≤n u
2
iλi

〈

~b i ,~b i

〉

C

=
∑

1≤i≤n u
2
iλiδii

=
∑

1≤i≤n u
2
iλi > 0

♦✉ s❡❥❛✱ ❛ ♠❛tr✐③ A é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳ �

▲❡♠❛ ✷✳✶✳✶✸✳ ❚♦❞❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ é ♥ã♦✲s✐♥❣✉❧❛r ✭♦✉ s❡❥❛✱
s❡♠♣r❡ ❛❞♠✐t❡ ✐♥✈❡rs❛✮✳
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❉❡♠♦♥str❛çã♦✳ ❙❡rá ❢❡✐t❛ ♣❛r❛ ♦s ❝❛s♦s n = 2, 3 ♣♦r ❝♦♥tr❛❞✐çã♦✳
❙❡♥❞♦

A =

[

a b
b c

]

,

✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s✉♣♦r q✉❡ s❡❥❛ s✐♥❣✉❧❛r ✭s❡♠ ✐♥✈❡rs❛✮ ✐♠♣❧✐❝❛
det A = ac− b2 = 0 ❡ ❢❛③ ❝♦♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡st❛ ♠❛tr✐③ ✜q✉❡

pA (λ) = (a− λ)(c− λ) − b2

= λ2 − (a+ c)λ+ ac− b2

= λ2 − (a+ c)λ .

P♦r t❡r r❛✐③ ♥✉❧❛ ✭❛✉t♦✈❛❧♦r ♥✉❧♦✮✱ ❤á ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✳✶✷✳ P♦rt❛♥t♦ det A 6= 0✳
P❛r❛

A =





a b c
b d e
c e f





❝♦♠ det A = 0 ❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ s❡r

pA (λ) = λ(b2 − λ2 + c2 + e2 + aλ+ dλ− ad− af − df),

♦✉ s❡❥❛✱ ❢❛③ ❝♦♠ q✉❡ A t❡♥❤❛ ❛✉t♦✈❛❧♦r ♥✉❧♦✱ ❝♦♥tr❛✲s❡♥s♦✳ �

❊①❡♠♣❧♦ ✷✳✶✳✶✹✳ ❉♦ ▲❡♠❛ ✷✳✶✳✶✸ é ♣♦ssí✈❡❧ ✐♥❢❡r✐r ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠❛tr✐③ ❞♦
❊①❡♠♣❧♦ ✷✳✶✳✹✿

0 6= det A ( ~p ) ⇒ 0 6= ac− b2 ⇒ ac 6= b2.

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✺✳ ◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ A = (aij) ∈ Mn(R)✳ ❉❡✜♥❡✲s❡ ❛ s✉❜♠❛tr✐③
♣r✐♥❝✐♣❛❧ ❞❡ ♦r❞❡♠ k✱ ❝♦♠ 1 ≤ k ≤ n✱ ❝♦♠♦ ❛ ♠❛tr✐③ Ak = (aij) ♦♥❞❡ 1 ≤ i, j ≤ k
✭♣♦rt❛♥t♦✱ Ak ∈Mk(R)✮❀ ❞❡✜♥❡✲s❡ ♦ ♠❡♥♦r ♣r✐♥❝✐♣❛❧ ❞❡ ♦r❞❡♠ k ❞❡ A ❝♦♠♦ s❡♥❞♦ ♦
❞❡t❡r♠✐♥❛♥t❡ ❞❛ s✉❜♠❛tr✐③ ♣r✐♥❝✐♣❛❧ Ak✳
❯♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ t❡♠ s❡✉s ♠❡♥♦r❡s ♣r✐♥❝✐♣❛✐s ❡str✐t❛♠❡♥t❡ ♣♦s✐✲
t✐✈♦s✳

❖ ♣ró①✐♠♦ ❡①❡♠♣❧♦ ✐❧✉str❛ ♠❛✐s ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ♣r❡s❡♥t❡ ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ ♣r♦❞✉t♦
✐♥t❡r♥♦✿

❊①❡♠♣❧♦ ✷✳✶✳✶✻✳ ❯♠❛ ♠❛tr✐③ ❞❡ Mn(R)✱ n = 2, 3✱ ♥ã♦ ♣♦❞❡ t❡r ✉♠ ❡❧❡♠❡♥t♦ ❞❛
❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ✐❣✉❛❧ ❛ ③❡r♦✳ ❉❡ ❢❛t♦✱ s❡ ❛❧❣✉♠❛ ♠❛tr✐③ t✐✈❡r ✉♠ ❡❧❡♠❡♥t♦ ♥✉❧♦ ♥❛
❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✱ ❛❧❣✉♠ ♠❡♥♦r ♣r✐♥❝✐♣❛❧ s❡rá ♥✉❧♦ ♦✉ ♥❡❣❛t✐✈♦✱ ❝♦♥tr❛r✐❛♥❞♦ ♦ r❡s✉❧t❛❞♦
❡♥✉♥❝✐❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✶✺✳
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❊①❡♠♣❧♦ ✷✳✶✳✶✼✳ ❆ ♠❛tr✐③ A ❞❡ M3(R) ✐❣✉❛❧ ❛





2 1 1
1 1 1
1 1 2





❝♦♥st❛♥t❡ ❡♠ t♦❞♦ ~p ∈ R
3 ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ T~p (R3)✿

T~p (R3) × T~p (R3) ∋ (~u~p, ~v~p) 7→ 〈~u~p, ~v~p 〉A ( ~p ) ∈ R.

P♦♥❞♦ ~u~p = (x1, y1, z1) ❡ ~v~p = (x2, y2, z2)✱ é ❞❛❞♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ♣♦r

[

x1 y1 z1

]

A
[

x2 y2 z2

]

T

=

= 2x1x2 + x1y2 + x2y1 + x1z2 + x2z1 + y1y2 + y1z2 + y2z1 + 2z1z2.

❊①❡♠♣❧♦ ✷✳✶✳✶✽✳ ❙❡❥❛♠ Y = {(x, y) ∈ R
2 : y 6= 0} ⊂ R

2 ❡

Y ∋ ~p = (x , y) 7→ A = A ( ~p ) ∈ M2(R)

❞❛❞❛ ♣♦r

A ( ~p ) =

[ 1
y2

0

0 1
y2

]

.

❖ ❝♦♥❥✉♥t♦ X = {(x, y) ∈ R
2 : y > 0} ⊂ Y é ❝❤❛♠❛❞♦ ❞❡ ♣❧❛♥♦ ❞❛ ●❡♦♠❡tr✐❛ ❞❡

▲♦❜❛t❝❤❡✈s❦✐ ✭✈✐❞❡ ❬✶✹❪✱ ❝❛♣ít✉❧♦ ✹✮✳ P❛r❛ ✉♠ ♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦ ~p ∈ X✱ ❡st❛ A ❞❡✜♥❡
✉♠❛ ♠étr✐❝❛ ❡♠ T~p (R2) ❞❛❞❛ ♣♦r

T~p (R2) × T~p (R2) ∋ ( ~u~p , ~v~p ) 7→ 〈~u~p , ~v~p〉A ( ~p ) = [ ~u~p ] A ( ~p ) [~v~p ]T ∈ R

❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛ ❞❛ ●❡♦♠❡tr✐❛ ◆ã♦✲❊✉❝❧✐❞✐❛♥❛ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐ ✭❝♦♥❢♦r♠❡
r❡❢❡rê♥❝✐❛ ❬✺❪✮✳
P♦♥❞♦ ~u~p = (x1, y1)~p ❡ ~v~p = (x2, y2)~p ✱ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✐♥❞✉③✐❞♦ ♣♦r A é ❛❧❣❡❜r✐❝❛♠❡♥t❡
❞❛❞♦ ♣♦r

〈~u~p , ~v~p 〉A ( ~p ) =
[

x1 y1

]

[ 1
y2

0

0 1
y2

]

[

x2 y2

]

T

=
[

x1

y2
y1
y2

] [

x2 y2

]

T

= x1x2+y1y2
y2

.

❉❡✈✐❞♦ à Pr♦♣♦s✐çã♦ ✶✳✸✳✽✱ ❡st❛ ❛♣❧✐❝❛çã♦ s❛t✐s❢❛③ t♦❞♦s ♦s q✉❡s✐t♦s ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✳✶✳

❖ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ❡ ♦ ♣ró①✐♠♦ sã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❛ ♠♦♥♦❣r❛✜❛✳
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❊①❡♠♣❧♦ ✷✳✶✳✶✾✳ P❛r❛ ♦s ♠❡s♠♦s ❝♦♥❥✉♥t♦s X ⊂ Y ❤á ♣♦✉❝♦ ❞❡✜♥✐❞♦s✱ ❛ ❛♣❧✐❝❛çã♦

Y ∋ ~p = (x , y) 7→ A = A ( ~p ) =

[ 1
y

0

0 1
y

]

∈ M2(R)

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦

T~p (R2) × T~p (R2) ∋ ( ~u~p , ~v~p ) 7→ 〈~u~p , ~v~p〉A ( ~p ) = [ ~u~p ] A ( ~p ) [~v~p ]T ∈ R

q✉❛♥❞♦ ~p ∈ X✳ ◆♦t❛r q✉❡ s❡ y < 0✱ ❡♥tã♦ 1
y
< 0 ❡ ❛ss✐♠ ❛ ♠❛tr✐③ t❡r✐❛ ❛✉t♦✈❛❧♦r ♥❡❣❛t✐✈♦

❝♦♥tr❛r✐❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✶✷✳
❆❧❣❡❜r✐❝❛♠❡♥t❡✱ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é

〈 (x1, y1)~p , (x2, y2)~p 〉A ( ~p ) =
x1x2 + y1y2

y
.

❊①❡♠♣❧♦ ✷✳✶✳✷✵✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧✱ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✳✹✱ é ❛♣❧✐❝á✈❡❧
❛♦s ❡s♣❛ç♦s T~p (R2) ❡ T~p (R3)✱ ∀~p ∈ R

2, 3✱ ❡ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✿

✶✳ n = 2

〈~u~p, ~v~p〉C =
∑

1≤i≤2

xiyi =
[

x1 y1

]

[

1 0
0 1

]

[

x2 y2

]

T

;

✷✳ n = 3

〈~u~p, ~v~p〉C =
∑

1≤i≤3

xiyi =
[

x1 y1 z1

]





1 0 0
0 1 0
0 0 1





[

x2 y2 z2

]

T

.

P♦rt❛♥t♦✱ ❝♦♠♦ Id2 ∈ M2(R) ❡ Id3 ∈ M3(R)✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦s
♠♦❧❞❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✻✳
❙♦❜r❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)✱ n = 2, 3✱ ❞❡✜♥❡✲s❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❡♠
s✉❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❝♦♠♦ s❡❣✉❡✿

✶✳ ❙❡ ~u~p ❡ ~v~p sã♦ ❡❧❡♠❡♥t♦s ❞❡ R
2✱ ❡♥tã♦ 〈~u~p, ~v~p 〉C =

[

~u~p
]

Id2

[

~v~p
]

T

❀

✷✳ ❙❡ ~u~p ❡ ~v~p sã♦ ❡❧❡♠❡♥t♦s ❞❡ R
3✱ ❡♥tã♦ 〈~u~p, ~v~p 〉C =

[

~u~p
]

Id3

[

~v~p
]

T

✳

❆ ♠❛tr✐③ Idn é ❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✱ ♦✉ ❝❛♥ô♥✐❝❛✱ ♦✉ ✉s✉❛❧✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ é ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ❡♠ r❡s✉❧t❛❞♦s ♣♦st❡r✐♦r❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✶✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡ T~p (Rn)✳

✶✳ ❊①✐st❡ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ T~p (Rn) ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A ( ~p )❀

✷✳ ❊①✐st❡ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ T~p (Rn) ❖◆ s❡❣✉♥❞♦ A ( ~p )✳
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❉❡♠♦♥str❛çã♦✳

✶✳ ❈♦♥❢♦r♠❡ ❖❜s❡r✈❛çõ❡s ✷✳✶✳✶✵ ❡ ✷✳✶✳✶✶✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ B = {~b 1 , ~b 2 , . . . , ~bn} ❞❡ R
n

❢♦r♠❛❞❛ ❞❡ ❛✉t♦✈❡t♦r❡s ❞❛ ♠❛tr✐③ A ( ~p )❀ ❝❛❞❛ ❛✉t♦✈❡t♦r ~b i ❛ss♦❝✐❛❞♦ ❛♦ r❡s♣❡❝t✐✈♦
❛✉t♦✈❛❧♦r λi ✳ ❆ss✐♠ A ~b i = λi~b i ✳
❊st❛ ♠❡s♠❛ ❜❛s❡ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❡♠ ~p ♣❛r❛ ❢♦r♠❛r ✉♠❛ ❜❛s❡ ❞❡ T~p (Rn) ✭❝♦♥❢♦r♠❡
❉❡✜♥✐çã♦ ✶✳✹✳✹✮✱ ✜❝❛♥❞♦ B~p = {~b 1~p , ~b 2~p , . . . , ~bn~p}✳
❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣♦r A ❞❡ ❝❛❞❛ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s ❞❡st❛ ❜❛s❡ ♣♦❞❡✱ ❝♦♥❢♦r♠❡
❖❜s❡r✈❛çã♦ ✷✳✶✳✾✱ s❡r ❡s❝r✐t♦ ❝♦♠♦

〈

~b i~p , ~b j~p

〉

A

=
〈

~b i~p ,A ~b j~p

〉

C
=
〈

~b i~p , λj ~b j~p

〉

C
= λj

〈

~b i~p , ~b j~p

〉

C
= 0,

q✉❛♥❞♦ i 6= j✱ ♣♦✐s ❛ ❜❛s❡ B~p é ❖◆ s❡❣✉♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✳ P♦rt❛♥t♦✱
❛ ❜❛s❡ ♣r♦❝✉r❛❞❛ é ❛ ♣ró♣r✐❛ ❜❛s❡ ❞❡ ❛✉t♦✈❡t♦r❡s✳

✷✳ ❆ ❜❛s❡ ❡♥❝♦♥tr❛❞❛ ♥❛ ❡t❛♣❛ ❛♥t❡r✐♦r é ♥♦r♠❛❧✐③❛❞❛ ♣❛r❛ s❡ ♦❜t❡r ❛ ❜❛s❡ ❖◆ s❡❣✉♥❞♦
❛ ♠étr✐❝❛ ❞❛❞❛✳ P❛r❛ ✐ss♦✱ s❡❥❛♠

~v i~p =
1√
λi
~b i~p

♣❛r❛ 1 ≤ i ≤ n✳ ❆ ❜❛s❡ ❞❡ T~p (Rn)✱ ❖◆ s❡❣✉♥❞♦ A ( ~p )✱ é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❡ B~p

❝♦♠♦ s❡❣✉❡✿
B2, ~p = { ~v 1~p , ~v 2~p , . . . , ~vn~p}.

❘❡st❛ ♣r♦✈❛r q✉❡ ❡st❛ ú❧t✐♠❛ s❛t✐s❢❛③ ♦ ❡♥✉♥❝✐❛❞♦✳ ❈♦♠♦ ❞❡s❝r✐t♦ ♥❛ ❖❜s❡r✈❛çã♦
✷✳✶✳✾✱ ♥♦t❛r q✉❡

〈

~v i~p , ~v j~p

〉

A

=
〈

~v i~p ,A ~v j~p

〉

C
=
〈

~v i~p , λj ~v j~p

〉

C
=

λj
√

λiλj

〈

~b i~p , ~b j~p

〉

C
.

❈♦♠♦
〈

~b i~p , ~b j~p

〉

C
= δij✱ s❡❣✉❡ q✉❡

〈

~v i~p , ~v j~p

〉

A

= δij✱ ♦✉ s❡❥❛✱ B2,~p é ❖◆ s❡❣✉♥❞♦

A ✳ �

❊①❡♠♣❧♦ ✷✳✶✳✷✷✳ ❯♠❛ ♠étr✐❝❛ é ❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛ ❞✐❛❣♦♥❛❧ s❡ s✉❛ ♠❛tr✐③ ❢♦r
❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ t♦❞❛s ❛s ❢✉♥çõ❡s ❡♥tr❛❞❛s ❢♦r❛ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ sã♦ ♥✉❧❛s✳ ◆♦t❛r
q✉❡ s❡ ✉♠❛ ♠❛tr✐③ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❞✐❛❣♦♥❛❧✱ ❡♥tã♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❞✐❛❣♦♥❛❧
♣r✐♥❝✐♣❛❧ sã♦ s❡✉s ❛✉t♦✈❛❧♦r❡s ❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✶✷✱ ❞❡✈❡♠ s❡r t♦❞♦s ❡str✐t❛♠❡♥t❡
♣♦s✐t✐✈♦s✳
❆ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ T~p (Rn) ✭q✉❡ é ❛ ❝❛♥ô♥✐❝❛ ❞❡ R

n ❛♣❧✐❝❛❞❛ ❡♠ ~p✮ é ♦rt♦❣♦♥❛❧
s❡❣✉♥❞♦ q✉❛❧q✉❡r ♠étr✐❝❛ ❞✐❛❣♦♥❛❧✳ ❉❡ ❢❛t♦✱ r❡str✐♥❣✐♥❞♦ ♣❛r❛ ♦ ❝❛s♦ n = 3✱ t❡♠✲s❡
❛ ❜❛s❡ ❞❡ T~p (Rn) ❞❛❞❛ ♣♦r

C~p = {~i~p , ~j~p , ~k~p }.
❙❡❥❛

A ( ~p ) =





a(~p ) 0 0
0 d(~p ) 0
0 0 f(~p )



 =





a 0 0
0 d 0
0 0 f
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❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ q✉❡ ♣❡rt❡♥❝❡ ❛ Mn(R) s❡♠♣r❡ q✉❡ ~p ∈ X✱ q✉❡ é ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦
❞♦ R

3✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ A ( ~p ) ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ ❝❛❞❛ T~p (Rn)✳
❙❡❥❛♠ ~u~p = (x1, y1, z1)

C~p ❡ ~v~p = (x2, y2, z2)
C~p ✈❡t♦r❡s ❞❡ T~p (Rn)✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✐♥❞✉✲

③✐❞♦ ♣♦r A é ❞❛❞♦ ♣♦r

〈~u~p, ~v~p〉A ( ~p ) =
[

x1 y1 z1

]





a 0 0
0 d 0
0 0 f





[

x2 y2 z2

]

T

= ax1x2 + dy1y2 + fz1z2.

❈♦♠ ✐ss♦✱ t❡♠✲s❡
〈

~i~p ,~j~p

〉

A

=
〈

~i~p , ~k~p

〉

A

=
〈

~j~p , ~k~p

〉

A

= 0.

P❡❧❛ ❉❡✜♥✐çã♦ ✷✳✶✳✼✱ C~p é ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A ✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✸✳ ❯♠❛ ❛♣❧✐❝❛çã♦

T~p (Rn) ∋ ~v~p 7→ ‖~v~p ‖ ∈ R+

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ~u~p, ~v~p ∈ T~p (Rn) ❡ c ∈ R ❝✉♠♣r❡ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s ✭♦✉ ♣r♦♣r✐❡❞❛❞❡s✮✿

✶✳ ✭❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✮ ‖ ~u~p + ~v~p ‖ ≤ ‖ ~u~p ‖ + ‖~v~p ‖❀

✷✳ ‖ c~v~p ‖ = |c| ‖~v~p ‖❀

✸✳ ✭♣♦s✐t✐✈✐❞❛❞❡✮ ~v~p 6= ~0~p ⇒ ‖~v~p ‖ > 0✱

é ❝❤❛♠❛❞❛ ♥♦r♠❛ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)✳

▲❡♠❛ ✷✳✶✳✷✹✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✱ ‖~0~p ‖ = 0✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ T~p (Rn)✱ ~0~p = ~u~p − ~u~p =
(1 − 1) . ~u~p = 0 . ~u~p✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✭✷✮ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ♥♦r♠❛✱ ✈❡♠ q✉❡
‖~0~p ‖ = ‖ 0 . ~u~p ‖ = 0 . ‖~u~p ‖ = 0✳ �

❉❛❞♦s ♦s ♣♦♥t♦s P = (x1, y1) ❡ Q = (x2, y2)✱ ❛♠❜♦s ❡♠ R
2✱ ❡ ❞❡✜♥✐♥❞♦ ✉♠ ✈❡t♦r ❞❡

❡①tr❡♠✐❞❛❞❡ ✐♥✐❝✐❛❧ ❡♠ P ❡ ✜♥❛❧ ❡♠ Q ♣♦r

−→
PQ = Q− P = (x2 − x1, y2 − y1)

é ♣♦ssí✈❡❧ ♠❡❞✐r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ✢❡①❛ ✭✈❡t♦r✮
−→
PQ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá✲

❣♦r❛s ❛♦ tr✐â♥❣✉❧♦ PQR ❞❛ ❋✐❣✉r❛ ✷✳✶✱ ♦♥❞❡ R = (x2, y1)✿

PQ 2 = PR 2 +RP 2

♦♥❞❡ XY ❞❡♥♦t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠♦s ❡♠ X ❡ Y ❀ ♦s s❡❣♠❡♥t♦s
❤♦r✐③♦♥t❛❧ PR ❡ ✈❡rt✐❝❛❧ RQ tê♠ s❡✉s ❝♦♠♣r✐♠❡♥t♦s ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞♦s ♣♦r |x2 − x1| ❡
|y2 − y1| ♥❡ss❛ ♦r❞❡♠❀ ❡♥tã♦

PQ 2 = (x2 − x1)
2 + (y2 − y1)

2 ⇒ PQ =
√

(x2 − x1)2 + (y2 − y1)2 .
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❋✐❣✉r❛ ✷✳✶✿ ❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r
−→
PQ ❡♠ R

2

▼❛s
(x2 − x1)

2 + (y2 − y1)
2 = (x2 − x1)(x2 − x1) + (y2 − y1)(y2 − y1)

= 〈(x2 − x1, y2 − y1), (x2 − x1, y2 − y1)〉C

=
〈−→
PQ,

−→
PQ
〉

C
.

P♦rt❛♥t♦✱ PQ =

√

〈−→
PQ,

−→
PQ
〉

C
✳

❋✐❣✉r❛ ✷✳✷✿ ❝♦♦r❞❡♥❛❞❛s ❞♦ ✈❡t♦r
−→
PQ ❡♠ R

3

❈♦♥s✐❞❡r❛♥❞♦ ♦s ♣♦♥t♦s P = (x1, y1, z1) ❡ Q = (x2, y2, z2)✱ ❛♠❜♦s ❡♠ R
3✱ é ♣♦ssí✈❡❧
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♦❜t❡r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
−→
PQ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❞✉❛s ✈❡③❡s ♥❛ ❋✐❣✉r❛

✷✳✷✿ ✉♠❛ ♥♦ tr✐â♥❣✉❧♦ PQR ♦♥❞❡ R = (x2, y2, z1) ❡ PQ2 = PR 2 +RQ 2❀ ✉♠❛ ♦✉tr❛ ✈❡③ ♥♦
tr✐â♥❣✉❧♦ P ′Q′R′ ♦♥❞❡ P ′ = (x1, y1, 0)✱ Q′ = (x2, y2, 0) ❡ R′ = (x1, y2, 0) ❞♦♥❞❡ é ♣♦ssí✈❡❧
♦❜t❡r PR = P ′Q′✳ ❋❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s s✉❜st✐t✉✐çõ❡s ❝❤❡❣❛✲s❡ ❛♦ r❡s✉❧t❛❞♦

PQ =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 .

▼❛s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱

(x2 − x1)
2 + (y2 − y1)

2 + (z2 − z1)
2 =

〈−→
PQ,

−→
PQ
〉

C
.

❊♥tã♦
PQ =

√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 .

❊st❡s ❞♦✐s ❛r❣✉♠❡♥t♦s ❜❛s❡✐❛♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✶✳✷✺✳ ❙❡❥❛ ~v ∈ R
n✳ ❆ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❞❡ ~v ✭♦✉ ♥♦r♠❛ ❝❛♥ô♥✐❝❛ ♦✉

♥♦r♠❛ ✉s✉❛❧✮ é ❛ ❢✉♥çã♦
‖ ‖C : R

n → R

q✉❡ ♠❡❞❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ✈❡t♦r ~v ❡ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

‖~v ‖C =
√

〈~v,~v 〉C .

❉❛❞♦ q✉❛❧q✉❡r s✐st❡♠❛ ❞❡ ❡✐①♦s ❝❛rt❡s✐❛♥♦s ❞❡ R
n✱ O r❡♣r❡s❡♥t❛ s✉❛ ♦r✐❣❡♠✱ ✐st♦ é✱ ♦

♣♦♥t♦ ❝♦♠ t♦❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s ③❡r♦✳

❆ ✧❧✐❣❛çã♦✧ ❞❡st❛ ❞❡✜♥✐çã♦ ❝♦♠ ♦s ❞♦✐s ❛r❣✉♠❡t♦s ❛♥t❡r✐♦r♠❡♥t❡ ❞❡❝❧❛r❛❞♦s é q✉❡
q✉❛❧q✉❡r ✈❡t♦r ~v ∈ R

n ♣♦❞❡ s❡r ❝♦❧♦❝❛❞♦ ❝♦♠ ❛ ❡①tr❡♠✐❞❛❞❡ ✐♥✐❝✐❛❧ ♥❛ ♦r✐❣❡♠ ❞♦ s✐st❡♠❛
❞❡ ❡✐①♦s✱ ❢❛③❡♥❞♦ P = O✱ ❡ ❡①tr❡♠✐❞❛❞❡ ✜♥❛❧ ❝♦♠♦ Q✱ Q ❡ ~v tê♠ ❛s ♠❡s♠❛s ❝♦♦r❞❡♥❛❞❛s✳
❚♦♠❛♥❞♦ ♦ R

3 ❝♦♠♦ ❡①❡♠♣❧♦✱ ~v = (x, y, z)✱ ~v =
−→
PQ ♦♥❞❡ P = (0, 0, 0) ❡ Q = (x, y, z)✱

t❡♠ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛

‖~v ‖C = ‖−→PQ ‖C

=
√

(x− 0)2 + (y − 0)2 + (z − 0)2

=
√

x2 + y2 + z2

=
√

〈~v, ~v 〉C .

❖s ❞♦✐s ❝❛s♦s ❡①♣❧✐❝❛❞♦s ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ❛ ❞✐♠❡♥sã♦ n ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞♦
❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s n− 1 ✈❡③❡s✳

❆ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡stá ❛tr❡❧❛❞❛ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧❀ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❛❧✲
q✉❡r ❞❡✜♥✐r✐❛ ✉♠❛ ♦✉tr❛ ♥♦r♠❛✱ ❝♦♠♦ s❡ ✈❡rá ♣♦st❡r✐♦r♠❡♥t❡✳
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❖ ❝♦♥❝❡✐t♦ s❡❣✉✐♥t❡ é ❜❛st❛♥t❡ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❡ ●❡♦♠❡tr✐❛ ❡ ❛♣❧✐❝❛✲s❡ à ♠❡❞✐❞❛
❞❡ ❞✐stâ♥❝✐❛s ❡♠ R

n✳

❯♠❛ ♠étr✐❝❛ ❝♦♠♦ ✐♥st✐t✉í❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷ s❡♠♣r❡ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛✳ ■ss♦ s❡rá
❞❡♠♦♥str❛❞♦ ♥♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳ ❆ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛ ❡ s❡rá ♣r♦✈❛❞❛ ♥♦ ❡①❡♠✲
♣❧♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❡♠♣ós✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)✳
❆ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

T~p (Rn) ∋ ~u~p 7→ ‖ ~u~p ‖A ( ~p ) =
√

〈~u~p, ~u~p〉A ( ~p ) ∈ R+

é ✉♠❛ ♥♦r♠❛ ❡ é ❝❤❛♠❛❞❛ ❞❡ ♥♦r♠❛ ❞❡ T~p (Rn) s❡❣✉♥❞♦ A ( ~p )✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ r❡q✉❡r ✉♠ ♦✉tr♦ q✉❡ s❡rá ❡❧✉❝✐❞❛❞♦ ♣r✐♠❡✐r❛♠❡♥t❡✳
❚r❛t❛✲s❡ ❞❛ ❝❤❛♠❛❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✳

▲❡♠❛ ✷✳✶✳✷✼✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)✳ ❙❡
~u~p , ~v~p ∈ T~p (Rn)✱ ❡♥tã♦

〈~u~p , ~v~p〉2A ( ~p ) ≤ 〈~u~p , ~u~p〉A ( ~p ) 〈~v~p , ~v~p〉A ( ~p ) ✭✷✳✶✮

❆ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {~u~p , ~v~p} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ▲❉✳

❉❡♠♦♥str❛çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❛ ♠❛tr✐③ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ A ( ~p ) t❡♠ s✉❛ ♥♦t❛çã♦
s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛ A ✳
❙❡ ~u~p = ~v~p = ~0~p ✱ ❡♥tã♦✱ ♣❡❧❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ 〈~u~p , ~v~p〉A = 0 ❡ 〈~u~p , ~u~p〉A =
0 = 〈~v~p , ~v~p〉A ✱ ❧♦❣♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✮ é s❛t✐s❢❡✐t❛✳ ◗✉❛♥❞♦ ❛♦ ♠❡♥♦s ✉♠ ❞❡♥tr❡ ~u~p ♦✉
~v~p é ♥✉❧♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ t❛♠❜é♠ é s❛t✐s❢❡✐t❛✳
❆❣♦r❛ é s✉♣♦st♦ ~u~p 6= ~0~p 6= ~v~p ✳ ❙❡❥❛

~w~p = 〈~v~p , ~v~p〉A ~u~p − 〈~u~p , ~v~p〉A ~v~p .

❈♦♠♦ 〈~w~p , ~w~p〉A ≥ 0 s❡❣✉❡ q✉❡

〈~w~p , ~w~p〉A =
〈

〈~v~p , ~v~p〉A ~u~p − 〈~u~p , ~v~p〉A ~v~p , 〈~v~p , ~v~p〉A ~u~p − 〈~u~p , ~v~p〉A ~v~p
〉

A

= 〈~v~p , ~v~p〉2A 〈~u~p , ~u~p〉A − 2 〈~v~p , ~v~p〉A 〈~u~p , ~v~p〉2A + 〈~u~p , ~v~p〉2A 〈~v~p , ~v~p〉A

= 〈~v~p , ~v~p〉2A 〈~u~p , ~u~p〉A − 〈~v~p , ~v~p〉A 〈~u~p , ~v~p〉2A

≥ 0 .

❈♦♠♦ ~0~p 6= ~v~p ⇒ 〈~v~p , ~v~p〉A > 0✱ é ♣♦ssí✈❡❧ s✐♠♣❧✐✜❝❛r ❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦ t♦r♥❛♥❞♦✲❛

〈~v~p , ~v~p〉A 〈~u~p , ~u~p〉A − 〈~u~p , ~v~p〉2A ≥ 0 . ✭✷✳✷✮



✷✳✶✳ ❉❊❋■◆■➬➹❖ ❉❊ ▼➱❚❘■❈❆ ✸✸

❆ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✷✮ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈~w~p , ~w~p〉A = 0✱ ♦✉ s❡❥❛✱ s❡ ~w~p = ~0~p ✱ ♦ q✉❡

✐♠♣❧✐❝❛ ~u~p = −〈~u~p ,~v~p〉
A

〈~v~p ,~v~p〉
A

~v~p ❀ ❞❡st❛ ❢♦r♠❛✱ {~u~p , ~v~p} é ✉♠ ❝♦♥❥✉♥t♦ ▲❉✳ �

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞❛ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ à ❛♣r❡✲
s❡♥t❛❞❛ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ▲❡♠❛ ✷✳✶✳✷✼ ❝♦♠♦ s❡❣✉❡✿

| 〈~u~p , ~v~p〉A ( ~p ) | ≤ ‖ ~u~p ‖A ( ~p ) ‖~v~p ‖A ( ~p ) . ✭✷✳✸✮

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✳ ❖s três ❛①✐♦♠❛s ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✸ ❞❡✈❡♠ s❡r
✈❡r✐✜❝❛❞♦s✳ ❙❡❥❛♠ ~u~p, ~v~p ∈ T~p (Rn) ❡ c ∈ R✳

✶✳ ‖ ~u~p + ~v~p ‖2
A

= 〈~u~p + ~v~p , ~u~p + ~v~p〉A = 〈~u~p , ~u~p〉A + 2 〈~u~p , ~v~p〉A + 〈~v~p , ~v~p〉A ✳ P❡❧❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✈❡♠ q✉❡

2 〈~u~p , ~v~p〉A ≤ 2| 〈~u~p , ~v~p〉A | ≤ 2‖ ~u~p ‖A ‖~v~p ‖A ;

❛ss✐♠✱
‖ ~u~p + ~v~p ‖2

A
= ‖ ~u~p ‖2

A
+ 2〈~u~p, ~v~p〉A + ‖~v~p ‖2

A

≤ ‖ ~u~p ‖2
A

+ 2‖ ~u~p ‖A ‖~v~p ‖A + ‖~v~p ‖2
A

= (‖ ~u~p ‖A + ‖~v~p ‖A )2 ⇒

⇒ ‖ ~u~p + ~v~p ‖A ≤ ‖ ~u~p ‖A + ‖~v~p ‖A ;

✷✳ ‖ c~v~p ‖A =
√

〈c~v~p , c ~v~p〉A =
√

c2 〈~v~p , ~v~p〉A = |c|
√

〈~v~p , ~v~p〉A = |c| ‖~v~p ‖A ❀

✸✳ ~v~p 6= ~0~p ⇒ 〈~v~p , ~v~p〉A > 0 ⇒
√

〈~v~p , ~v~p〉A = ‖~v~p ‖A > 0✳ �

❊①❡♠♣❧♦ ✷✳✶✳✷✽✳ ✭◆♦r♠❛ ❞♦ ▼á①✐♠♦✳✮ ❆ ❛♣❧✐❝❛çã♦

T~p (Rn) ∋ ~u~p = (x1, x2, . . . , xn)~p 7→ ‖ ~u~p ‖ = max{|x1|, |x2|, . . . , |xn|} ∈ R

é ✉♠❛ ♥♦r♠❛ ❞❡ T~p (Rn) ❡ ♥ã♦ é ❞❡✜♥✐❞❛ ♣♦r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳
❙✉♣♦♥❞♦ q✉❡ ❡st❛ ♥♦r♠❛ s❡❥❛ ❞❡✜♥✐❞❛ ♣♦r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❛❧q✉❡r s❡r✐❛ ❞❛ ❢♦r♠❛
‖~u~p‖ =

√

〈~v~p , ~v~p〉 ❡ ♦❝♦rr❡r✐❛✿






‖ ~u~p + ~v~p ‖2 = 〈~u~p + ~v~p , ~u~p + ~v~p〉 = 〈~u~p , ~u~p〉 + 2 〈~u~p , ~v~p〉 + 〈~v~p , ~v~p〉

‖ ~u~p − ~v~p ‖2 = 〈~u~p − ~v~p , ~u~p − ~v~p〉 = 〈~u~p , ~u~p〉 − 2 〈~u~p , ~v~p〉 + 〈~v~p , ~v~p〉
⇒

⇒ ‖ ~u~p + ~v~p ‖2 + ‖ ~u~p − ~v~p ‖2 = 2(‖ ~u~p ‖2 + ‖~v~p ‖2).

P❛r❛ ~p = ~0 ❡ ~e1 = (1, 0, . . . , 0), ~e2 = (0, 1, 0, . . . , 0) ∈ T~p (Rn) = R
n ♦❝♦rr❡

‖~e1 + ~e2‖2 + ‖~e1 − ~e2‖2 = 1 + 1 = 2

❡♥q✉❛♥t♦ q✉❡
2(‖~e1‖2 + ‖~e2‖2) = 2(1 + 1) = 4.
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❆ ❛♣❧✐❝❛çã♦ ‖ ‖C ❡st❛❜❡❧❡❝✐❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✺ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ♥♦r♠❛
❣❡♥❡r❛❧✐③❛❞❛ ❞❡✜♥✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✳ P♦rt❛♥t♦✱ ‖ ‖C s❛t✐s❢❛③ ♦s três ❛①✐♦♠❛s ❞❛
❉❡✜♥✐çã♦ ✷✳✶✳✷✸✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✾✳ ❙❡❥❛♠ ~p ∈ R
n✱ ~u~p ∈ T~p (Rn) ❡ A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥❡st❡

❡s♣❛ç♦ t❛♥❣❡♥t❡✳ ❉✐③✲s❡ q✉❡ ~u~p é ✉♥✐tár✐♦ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p ) s❡ ‖ ~u~p ‖A ( ~p ) = 1✳
❚♦♠❛♥❞♦ q✉❛❞r❛❞♦s ♥❡st❛ ❡q✉❛çã♦ t❡♠✲s❡ ✉♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡✿ ~u~p é ✉♥✐tár✐♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ 1 = ‖ ~u~p ‖2

A ( ~p ) = 〈~u~p , ~u~p〉A ( ~p )✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✵✳ ❈♦♠ q✉❛❧q✉❡r ♠étr✐❝❛ A ( ~p ) ❞❡✜♥✐❞❛ ❡♠ T~p (Rn) ❡ q✉❛❧q✉❡r ✈❡t♦r
~u~p ♥ã♦✲♥✉❧♦ ❞❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✱ ~v~p =

~u~p

‖ ~u~p ‖A ( ~p )
é ✉♥✐tár✐♦✳

❉❡♠♦♥str❛çã♦✳ ‖~v~p ‖A ( ~p ) = ‖ 1
‖ ~u~p ‖A ( ~p )

~u~p ‖A ( ~p ) = 1
‖ ~u~p ‖A ( ~p )

‖ ~u~p ‖A ( ~p ) = 1✳ �

❉❡✜♥✐çã♦ ✷✳✶✳✸✶✳ ◆❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✵✱ ♦ ✈❡t♦r ❡st❛❜❡❧❡❝✐❞♦ ♣♦r ~v~p =
1

‖ ~u~p ‖A ( ~p )
~u~p é ❝❤❛♠❛❞♦ ❞❡ ✈❡rs♦r ❞❡ ~u~p s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p )✳

❊①❡♠♣❧♦ ✷✳✶✳✸✷✳ ❈♦♥s✐❞❡r❛r ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✼ ❞❡✜♥✐❞♦ ❡♠ t♦❞♦
T~p (R3)✳ P❛r❛ ~p = ~0✱ ♦ ✈❡t♦r ~u = (1,−1, 0) é t❛❧ q✉❡ 〈~u , ~u 〉A = 1✱ ♦✉ s❡❥❛✱ é ✉♥✐tár✐♦✳
◆♦t❛r q✉❡ ♥❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛ ✐ss♦ ♥ã♦ ♦❝♦rr❡✱ ♣♦✐s 〈~u , ~u 〉C = 2✳
◆❛ ♠❡s♠❛ ♠étr✐❝❛ A ✱ ♦ ✈❡t♦r ~v = (1,−1, 3) t❡♠ ♥♦r♠❛

√

〈~v ,~v 〉A =
√

19✳ ❆ss✐♠✱
~w = 1

‖~v ‖A

~v = 1√
19

(1,−1, 3) é ♦ ✈❡rs♦r ❞❡ ~v s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳ ❙❡❣✉♥❞♦ ❛ ♠étr✐❝❛

❡✉❝❧✐❞✐❛♥❛ ❡ss❡ ✈❡rs♦r s❡r✐❛ ~w = 1√
11

(1,−1, 3)✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸✸✳ ❈♦♥❢♦r♠❡ ❛ Pr♦♣r✐❡❞❛❞❡ ✭✸✮ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✈❡t♦r t❛♥❣❡♥t❡ ✭❉❡✜♥✐çã♦
✶✳✹✳✶✮ ♦s ✈❡t♦r❡s ~u~p , ~v~p ∈ T~p (Rn) ❢❛③❡♠ ~u~p±~v~p = (~u±~v )~p ∈ T~p (Rn)✳ ❈♦♠♦ ~u±~v ∈ [[ ~u ,~v ]]
❡ [[ ~u ,~v ]] é ✉♠ ♣❧❛♥♦✱ ♦ ✈❡t♦r (~u ± ~v )~p é ❝♦♣❧❛♥❛r ✭♦✉ ▲❉✮ ❛♦s ✈❡t♦r❡s ~u~p ❡ ~v~p ✳ ❊st❛ ♦❜✲
s❡r✈❛çã♦ é ✉s❛❞❛ ♥❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✹✳ ❙❡❥❛♠ ~p ∈ R
n✱ ~u~p ❡ ~v~p ❡❧❡♠❡♥t♦s ❞❡ T~p (Rn) ❡ A = A ( ~p ) ✉♠❛

♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳ ❊♥tã♦ ~u~p ⊥ ~v~p ✱ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p )✱ s❡✱
❡ ❛♣❡♥❛s s❡✱ 〈~u~p , ~v~p〉A ( ~p ) = 0✳

❋✐❣✉r❛ ✷✳✸✿ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❡♥tr❡ ✈❡t♦r❡s t❛♥❣❡♥t❡

❉❡♠♦♥str❛çã♦✳ ❖s ✈❡t♦r❡s ~u~p ✱ ~v~p ❡ ~u~p − ~v~p sã♦ ❝♦♣❧❛♥❛r❡s✳
◆♦ tr✐â♥❣✉❧♦ ❞❡ ❧❛❞♦s q✉❡ sã♦ ❡st❡s ✈❡t♦r❡s ✭~u~p−~v~p ❛♣❧✐❝❛❞♦ ❛♦ ♣♦♥t♦ ~p+~v − ❋✐❣✉r❛ ✷✳✸✮✱
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é ♣♦ssí✈❡❧ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♣❛r❛ s❡ t❡r ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡
❞♦ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❞❡st❡s ❞♦✐s ✈❡t♦r❡s✿

~u~p ⊥ ~v~p ⇔ ‖ ~u~p − ~v~p ‖2
A ( ~p ) = ‖ ~u~p ‖2

A ( ~p ) + ‖~v~p ‖2
A ( ~p ).

❊①♣❧♦r❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✈❡♠ q✉❡✿

‖ ~u~p − ~v~p ‖2
A ( ~p ) = 〈~u~p − ~v~p, ~u~p − ~v~p〉A ( ~p ) = ‖ ~u~p ‖2

A ( ~p ) + ‖~v~p ‖2
A ( ~p ) − 2 〈~u~p, ~v~p〉A ( ~p ) .

❊♥tã♦
‖ ~u~p − ~v~p ‖2

A ( ~p ) = ‖ ~u~p ‖2
A ( ~p ) + ‖~v~p ‖2

A ( ~p ) ⇔ −2 〈~u~p, ~v~p〉A ( ~p ) = 0

❞♦♥❞❡ s❡❣✉❡ ❛ t❡s❡✳ �

❊①❡♠♣❧♦ ✷✳✶✳✸✺✳ ❖ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❡♥tr❡ ❞♦✐s ✈❡t♦r❡s ~u~p ❡ ~v~p ❞❡♣❡♥❞❡ ❞❛ ♠étr✐❝❛
❛❞♦t❛❞❛ ♣❛r❛ T~p (Rn)✳
❖s ✈❡t♦r❡s

~u = (x, y) ❡ ~v = (−y, x)
❞❡ T~0 (R2) sã♦ ✈❡t♦r❡s ♣❡r♣❡♥❞✐❝✉❧❛r❡s s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✿

〈~u , ~v 〉C = −xy + xy = 0.

P❛r❛ ✉♠❛ ♠étr✐❝❛ q✉❛❧q✉❡r ❞❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ✐ss♦ ♥❡♠ s❡♠♣r❡ ♦❝♦rr❡✱ ♣♦✐s

〈~u , ~v 〉A =
[

x y
]

[

a b
b c

]

[

−y x
]

T

= (c− a)xy + b(x2 − y2)

q✉❡ só é ♥✉❧♦ ❡♠ ❝❛s♦s ❡s♣❡❝✐❛✐s✱ t❛✐s ❝♦♠♦ a = c ❡ b = 0 ♦✉ x = y ❡ a = c✳
❱❡t♦r❡s ❞❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❛ ❢♦r♠❛ ~u = (x, 0) ❡ ~v = (0, y) sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s s❡❣✉♥❞♦
q✉❛❧q✉❡r ♠étr✐❝❛ q✉❡ t❡♥❤❛ b(~0 ) = 0✿

〈~u, ~v 〉
A ( ~p ) =

[

x 0
]

[

a b
b c

]

[

0 y
]

T

= bxy.

❊st❡ é ♦ ❝❛s♦ ❞❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛ ❡ ❞❛ ♠étr✐❝❛ A ❞❡✜♥✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✷✳✸✳
❆♣❡♥❛s ♣❛r❛ ✐❧✉str❛r✱ ~u = (2, 1) ❡ ~v = (−1, 2) sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s s❡❣✉♥❞♦ ❛ ♠étr✐❝❛
❝❛♥ô♥✐❝❛✱ ♠❛s

〈(2, 1) , (−1, 2)〉
A

=
[

2 1
]

[

2 0
0 3

]

[

−1 2
]

T

= 2.

▲❡♠❛ ✷✳✶✳✸✻✳ ❙❡❥❛ A = A ( ~p ) ∈ Mn(R) ♠❛tr✐③ ❞❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡✜♥✐❞♦ ❡♠
T~p (Rn)✱ n = 2 ♦✉ n = 3✳ ❉❛❞♦ ✉♠ ✈❡t♦r ♥ã♦✲♥✉❧♦ ~u~p ∈ T~p (Rn)✱ ❡①✐st❡ ✉♠❛ ❞✐r❡çã♦ ❡♠
T~p (Rn) ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ✈❡t♦r ~u~p ✳
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❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ n = 2✳ P♦♥❞♦ ~u~p = (x1, y1) ❡

A =

[

a(~p ) b(~p )
b(~p ) c(~p )

]

=

[

a b
b c

]

,

t❡♠✲s❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ~u~p ❝♦♠ ✉♠ ✈❡t♦r ~v~p = (x2, y2) ❞❛❞♦ ♣♦r

〈~u~p , ~v~p〉A =
[

x1 y1

]

[

a b
b c

]

[

x2 y2

]

T

= ax1x2 + b(y1x2 + x1y2) + cy1y2 .

❙❡ ❢♦r ♣♦ssí✈❡❧ ♦❜t❡r x2, y2 ∈ R ❞❡ ♠♦❞♦ q✉❡ 〈~u~p , ~v~p〉A = 0✱ t❡rá s✐❞♦ ❡♥❝♦♥tr❛❞❛ ❛ ❞✐r❡çã♦
♣❡r♣❡♥❞✐❝✉❧❛r ❛ ~u~p ❝♦♠♦ ❛ ❞✐r❡çã♦ ❞❡ ~v~p ✳

0 = ax1x2 + b(y1x2 + x1y2) + cy1y2 = x2(ax1 + by1) + y2(bx1 + cy1).

❉❡✈✐❞♦ ❛♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✻ é ♣♦ssí✈❡❧ s✉♣♦r q✉❡ ✉♠❛ ❞❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡❣✉✐♥t❡s é
✈á❧✐❞❛✿ ax1 + by1 6= 0 ♦✉ bx1 + cy1 6= 0✳ ❙✉♣♦r bx1 + cy1 6= 0 ♣❡r♠✐t❡ ❡s❝r❡✈❡r y2 ❝♦♠♦
✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡ ❞❡ x2✿

y2 = −x2
ax1 + by1

bx1 + cy1

.

❱❛r✐❛♥❞♦ x2 ❡♠ R ♦❜té♠✲s❡ ♦ r❡s♣❡❝t✐✈♦ y2 ❡ ~u~p ⊥ ~v~p ✳ ❙✉♣♦r ax1 + by1 6= 0 ♣❡r♠✐t❡
❡s❝r❡✈❡r x2 ❡♠ ❢✉♥çã♦ ❞❡ y2✳
P❛r❛ n = 3 ♦ ♣r♦❝❡ss♦ ♣♦❞❡ s❡r r❡♣❡t✐❞♦ ❡ sã♦ ♦❜t✐❞❛s ❞✉❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s✳
❆ ♠❛tr✐③ ❞❡ M3(R)

A =





a(~p ) b(~p ) c(~p )
b(~p ) d(~p ) e(~p )
c(~p ) e(~p ) f(~p )



 =





a b c
b d e
c e f





✐♥❞✉③ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ T~p (R3) ❞❡ ~u~p = (x1, y1, z1) ❡ ~v~p = (x2, y2, z2) ❞❛❞♦ ♣♦r

〈~u~p, ~v~p〉A = x2(ax1 + by1 + cz1) + y2(bx1 + dy1 + ez1) + z2(cx1 + ey1 + fz1). ✭✷✳✹✮

P❡❧♦ ❡①❡♠♣❧♦ s✉♣r❛❝✐t❛❞♦✱ é ♣♦ssí✈❡❧ ❛❞♠✐t✐r q✉❡ ❛♦ ♠❡♥♦s ✉♠ ❞❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡
x2✱ y2 ♦✉ z2 ❡♠ ✭✷✳✹✮ é ♥ã♦✲♥✉❧♦✳
❊q✉✐♣❛r❛♥❞♦ ❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❛ 0 ❡ s✉♣♦♥❞♦ cx1 + ey1 + fz1 6= 0 t❡♠✲s❡

z2 =
x2(ax1 + by1 + cz1) + y2(bx1 + dy1 + ez1)

cx1 + ey1 + fz1

.

❱❛r✐❛♥❞♦ x2 ❡ y2 ❡♠ R ♦❜té♠✲s❡ z2 ❝♦♠♦ ❢✉♥çã♦ ❞❡st❡s ❡ ❛ ❞✐r❡çã♦ ❞❛❞❛ ♣♦r ~v~p é ♣❡r♣❡♥✲
❞✐❝✉❧❛r ❛ ~u~p ✳ �

▲❡♠❛ ✷✳✶✳✸✼✳ ❉❛❞♦s q✉❛✐sq✉❡r ✈❡t♦r❡s ▲■ ❡ ♥ã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ~u~p , ~v~p ∈ T~p (Rn) ❡ ✉♠❛
♠étr✐❝❛ q✉❛❧q✉❡r A = A ( ~p ) ❞❡✜♥✐❞❛ ♥❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✱ ❡①✐st❡ ✉♠❛ ❞✐r❡çã♦ ♣❡r♣❡♥✲
❞✐❝✉❧❛r ❛ ~u~p ♥♦ ♣❧❛♥♦ ❣❡r❛❞♦ ♣♦r ~u~p ❡ ~v~p ✭q✉❡ é ♦ ♣❧❛♥♦ ❞❡ ~u ❡ ~v ❡♠ ~p✮✳
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❋✐❣✉r❛ ✷✳✹✿ ❝♦♥str✉çã♦ ❞❛ ❞✐r❡çã♦ ♣❡r♣❡♥❞✐❝✉❧❛r

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ~w~p = r~u~p + s~v~p ∈ [[ ~u~p , ~v~p ]]❀ ♣♦r ✐ss♦ ~w~p ❡stá ♥♦ ♣❧❛♥♦ ❞❡ ~u~p ❡ ~v~p
❡♠ ~p ✳ ❈♦♥❢♦r♠❡ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✹ ❞❡✈❡ s❡r ✈❡r✐✜❝❛❞♦ q✉❡

0 = 〈~w~p , ~u~p〉A = 〈r~u~p + s~v~p , ~u~p〉A = r 〈~u~p , ~u~p〉A + s 〈~v~p , ~u~p〉A .

❈♦♠♦ 〈~u~p , ~v~p〉A 6= 0 ❡ ‖~v~p ‖A > 0 é ♣♦ssí✈❡❧ ❝♦❧♦❝❛r r = 1
‖ ~u~p ‖2

A

❡ s = −1

〈~v~p ,~u~p〉
A

✳ ❉❡st❛

❢♦r♠❛✱

〈~w~p , ~u~p〉A =
1

‖ ~u~p ‖2
A

〈~u~p , ~u~p〉A +
−1

〈~v~p , ~u~p〉A
〈~v~p , ~u~p〉A = 0.

❆ ❞✐r❡çã♦ ♣r♦❝✉r❛❞❛ é ❞❛❞❛ ♣♦r ~w~p ✳ �

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✽✳ ❙❡❥❛♠ ~u~p , ~v~p ∈ T~p (Rn) \ {~0~p}✱ θ = ∠(~u~p , ~v~p) ❡ A = A ( ~p ) ✉♠❛
♠étr✐❝❛ ❞❡ss❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳ ❊♥tã♦

〈~u~p , ~v~p〉A ( ~p ) = ‖~u~p‖A ( ~p )‖~v~p‖A ( ~p ) cos θ.

❉❡♠♦♥str❛çã♦✳ ➱ ❢❡✐t❛ ❡♠ três ❡t❛♣❛s✳

✶✳ ❙✉♣♦♥❞♦ ~u~p ⊥ ~v~p ❀ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✹ é s❛❜✐❞♦ q✉❡
〈

~u~p , ~v~p

〉

A

= 0❀ ♦ ❢❛t♦ ❞❡

cos π
2

= 0 ❝♦rr♦❜♦r❛ ❝♦♠ ❛ t❡s❡❀

❋✐❣✉r❛ ✷✳✺✿ ~u~p ❡ ~v~p sã♦ ✉♥✐tár✐♦s
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✷✳ ➱ s✉♣♦st♦ q✉❡ ♦s ✈❡t♦r❡s sã♦ ✉♥✐tár✐♦s ❡ ♥ã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s✱ ♦✉ s❡❥❛✱ π
2
6= θ 6= 3π

2
✳

❙❡❥❛ ~w~p ✉♠ ✈❡rs♦r t♦♠❛❞♦ ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✶✳✸✼✳ ❊♥tã♦ ~v~p ✱ ~u~p ❡ ~w~p sã♦ ❝♦♣❧❛♥❛r❡s
✭♦✉✱ ▲❉✮ ❡ ♦s ❞♦✐s ú❧t✐♠♦s ❣❡r❛♠ ♦ ♣r✐♠❡✐r♦❀ ♣♦r s❡r❡♠ ✉♥✐tár✐♦s✱ ❡①✐st❡ ✉♠ â♥❣✉❧♦
θ t❛❧ q✉❡ ~v~p = cos θ~u~p + sin θ ~w~p ✳ ❊♥tã♦

〈~u~p , ~v~p〉A = 〈~u~p , cos θ~u~p + sin θ ~w~p〉A

= cos θ 〈~u~p , ~u~p〉A + sin θ 〈~u~p , ~w~p〉A

= cos θ ;

✸✳ ➱ s✉♣♦st♦ q✉❡ π
2
6= θ 6= 3π

2
❡ ~u~p ❡ ~v~p ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ sã♦ ✉♥✐tár✐♦s✳ ❙❡❥❛♠ ~w~p ❡

~z~p ♦s ✈❡rs♦r❡s✱ ♥❡st❛ ♠❡s♠❛ ♦r❞❡♠✱ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p )✱ ❞❡ ~u~p ❡ ~v~p ✳ ❉✐ss♦ ✈❡♠
q✉❡ ~u~p = ‖~u~p‖A ~w~p ❡ ~v~p = ‖~v~p‖A ~z~p ✳ ❈♦♠ ✐ss♦✱

〈~u~p , ~v~p〉A = 〈‖~u~p‖A ~w~p , ‖~v~p‖A ~z~p〉A

= ‖~u~p‖A ‖~v~p‖A 〈~w~p , ~z~p〉A .

▼❛s✱ ❝♦♠♦ ❝❛❧❝✉❧❛❞♦ ♥♦ ❝❛s♦ ✭✷✮✱ 〈~w~p , ~z~p〉A = cos θ✱ ❡ ❛ss✐♠

〈~u~p , ~v~p〉A = ‖~v~p‖A ‖~v~p‖A cos θ.

�

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✾✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✽✱ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r

T~p (Rn) × T~p (Rn) \ {(~0~p , ~0~p)} ∋ (~u~p , ~v~p) 7→ cos ∠(~u~p , ~v~p)
∣

∣

∣

A

=
〈~u~p , ~v~p〉A

‖~u~p‖A ‖~v~p‖A

∈ R

♠❡❞❡ ♦ ❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ ❡♥tr❡ ❡st❡s ✈❡t♦r❡s ❡ é ❝❤❛♠❛❞❛ ❞❡ ♦ ❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ ❡♥tr❡
~u~p ❡ ~v~p s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p )✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❞♦ r❡s✉❧t❛❞♦ ♣r❡❝❡❞❡♥t❡✳ �

❉❡✜♥✐çã♦ ✷✳✶✳✹✵✳ ❙❡❥❛♠ ~u~p , ~v~p ∈ T~p (Rn)✱ ~v~p ✉♥✐tár✐♦ ❡ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛
♥❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳ ❆ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ ~u~p s♦❜r❡ ❛ r❡t❛ ❞❡ ~v~p s❡❣✉♥❞♦ ❛
♠étr✐❝❛ A ( ~p ) é ❞❡♥♦t❛❞❛ ♣♦r

proj~v~p
~u~p

∣

∣

∣

A ( ~p )

❡ ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ♦ ✈❡t♦r q✉❡ ❢❛③ ♦ ❝❛t❡t♦ s♦❜r❡ ❛ r❡t❛ ❞❡ ~v~p ❞♦ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❞❡
❤✐♣♦t❡♥✉s❛ ~u~p ✱ ❝❛s♦ ❡st❡s ✈❡t♦r❡s s❡❥❛♠ ▲■✱ ♦✉ ❝♦♠♦ ♦ ♣ró♣r✐♦ ✈❡t♦r ~u~p ✱ ❝❛s♦ ❡st❡s s❡❥❛♠
▲❉✳
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❋✐❣✉r❛ ✷✳✻✿ ❡①❡♠♣❧♦s ❞❡ ♣r♦❥❡çõ❡s

Pr♦♣♦s✐çã♦ ✷✳✶✳✹✶✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✹✵✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✶✳ proj~v~p
~u~p

∣

∣

∣

A ( ~p )
∈ T~p (Rn)❀

✷✳ proj~v~p
~u~p

∣

∣

∣

A ( ~p )
= 〈~u~p , ~v~p〉A ( ~p ) ~v~p ✳

❉❡♠♦♥str❛çã♦✳

✶✳ ~v~p ∈ T~p (Rn) ⇒ proj~v~p
~u~p|A ( ~p ) ∈ [[~v~p ]] ⊂ T~p (Rn)✳

❋✐❣✉r❛ ✷✳✼✿ ♣r♦❥❡çã♦ ❞❡ ~u~p s♦❜r❡ ~v~p

✷✳ ❙✉♣♦r q✉❡ ~u~p ❡ ~v~p sã♦ ▲■✳ ❙❡❥❛♠✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✷✳✼✱ P = ~p ✱
−→
PQ~p = ~u~p ✱

−→
PR~p = ~v~p ❡ proj~v~p

~u~p|A ( ~p ) =
−−→
PM ~p ❡

−−→
MQ =

−−→
PN ✳ ❆ss✐♠

−−→
PM ~p = λ~v~p ✳ ❊st❡

❝♦❡✜❝✐❡♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ λ ❞❡✈❡ s❡r ♦❜t✐❞♦✳
❊♥tã♦ ~u~p =

−−→
PM ~p+

−−→
MQM =

−−→
PM ~p+

−−→
PN ~p ✳ ▼❛s

−−→
PM ~p = λ~v~p ❀ ♣♦r ✐ss♦ ~u~p = λ~v~p+

−−→
PN ~p

❡

〈~u~p , ~v~p〉A ( ~p ) =
〈

λ~v~p +
−−→
PN ~p , ~v~p

〉

A ( ~p )
= λ 〈~v~p , ~v~p〉A ( ~p ) +

〈−−→
PN ~p , ~v~p

〉

A ( ~p )
.

▼❛s✱ ♣♦r ❝♦♥str✉çã♦✱
−−→
PN ~p ⊥ ~v~p ✱ ❝♦♠ ✐ss♦

〈~u~p , ~v~p〉A ( ~p ) = λ 〈~v~p , ~v~p〉A ( ~p ) = λ⇒ λ = 〈~u~p , ~v~p〉A ( ~p ) ,
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❝♦♥❢♦r♠❡ ❞❡s❡❥❛❞♦✳
❙✉♣♦♥❞♦ q✉❡ ~u~p ❡ ~v~p sã♦ ▲❉✱ ❡♥tã♦ ~u~p = r~v~p ♦♥❞❡ r ∈ R✳ P❡❧❛ ❢ór♠✉❧❛ ❥á ♦❜t✐❞❛✱

proj~v~p
~u~p|A ( ~p ) = 〈~u~p , ~v~p〉A ( ~p ) ~v~p = r 〈~v~p , ~v~p〉A ( ~p ) ~v~p = r~v~p = ~u~p ,

❝♦♥❢♦r♠❡ ❢♦r❛ ❞❡✜♥✐❞♦✳ �

❉❡✜♥✐çã♦ ✷✳✶✳✹✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦

T~p (Rn) × T~p (Rn) ∋ (~u~p , ~v~p) 7→ d(~u~p , ~v~p) ∈ R

t❛❧ q✉❡✱ ∀~u~p, ~v~p ∈ T~p (Rn)✱ ❝✉♠♣r❡ ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s ✭♦✉ ♣r♦♣r✐❡❞❛❞❡s✮✿

✶✳ d(~u~p , ~u~p) = 0❀

✷✳ ✭♣♦s✐t✐✈✐❞❛❞❡✮ ~u~p 6= ~v~p ⇒ d(~u~p , ~v~p) > 0❀

✸✳ ✭s✐♠❡tr✐❛✮ d(~u~p , ~v~p) = d(~v~p , ~u~p)❀

✹✳ ✭❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✮ d(~u~p , ~w~p) ≤ d(~u~p , ~v~p) + d(~v~p , ~w~p)✱

é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ s❡❣✉♥❞♦ ❛ ♥♦r♠❛ ❞❡ A ( ~p ) ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)
✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❞❡ T~p (Rn)✮✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✹✸✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~p (Rn)✳
❆ ❛♣❧✐❝❛çã♦

T~p (Rn) × T~p (Rn) ∋ (~u~p , ~v~p) 7→ d(~u~p , ~v~p)A ( ~p ) = ‖~u~p − ~v~p‖A ( ~p ) ∈ R

s❛t✐s❢❛③ ❛ ❉❡✜♥✐çã♦ ✷✳✶✳✹✷ ❡ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❞❡ T~p (Rn) s❡❣✉♥❞♦ ❛
♠étr✐❝❛ A ( ~p )✳

❉❡♠♦♥str❛çã♦✳

✶✳ ❈♦♠♦ ~0~p = 0 .~0~p ✱ s❡❣✉❡ ❞♦ s❡❣✉♥❞♦ ❛①✐♦♠❛ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✸ q✉❡ ‖ 0 .~0~p ‖ =
|0| . ‖~0~p ‖ = 0❀ ❛ss✐♠✱ d(~u~p , ~u~p)A = ‖ ~u~p − ~u~p ‖A = ‖~0~p ‖A = 0;

✷✳ ~u~p 6= ~v~p ⇒ ~u~p − ~v~p 6= ~0~p ⇒ 〈~u~p − ~v~p , ~u~p − ~v~p〉A > 0✱ ❡♥tã♦ d(~u~p , ~v~p)A =

=
√

〈~u~p − ~v~p , ~u~p − ~v~p〉A > 0❀

✸✳ 〈~u~p − ~v~p , ~u~p − ~v~p〉A = 〈−(~v~p − ~u~p) ,−(~v~p − ~u~p)〉A = 〈~v~p − ~u~p , ~v~p − ~u~p〉A ⇒
⇒
√

〈~u~p − ~v~p , ~u~p − ~v~p〉A =
√

〈~v~p − ~u~p , ~v~p − ~u~p〉A ⇒ d(~u~p , ~v~p)A = d(~v~p , ~u~p)A ❀

✹✳ ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❞❛ ♥♦r♠❛✱ d(~u~p , ~w~p)A = ‖~u~p − ~w~p‖A = ‖~u~p −
~v~p + ~v~p − ~w~p‖A ≤ ‖~u~p − ~v~p‖A + ‖~v~p − ~w~p‖A = d(~u~p , ~v~p)A + d(~v~p , ~w~p)A ✳ �

◆❛ ♣á❣✐♥❛ ✸✷ ❢♦✐ ♦❜s❡r✈❛❞♦ q✉❡ t♦❞❛ ♠étr✐❝❛ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛✱ ♠❛s ♥ã♦ ✈❛❧❡ ❛ r❡❝í✲
♣r♦❝❛✳ ❈♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ t♦❞❛ ♥♦r♠❛ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛✱ ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦✱
♠❛s ♥❡♠ t♦❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ é ♦r✐❣✐♥❛❞❛ ❞❡ ✉♠❛ ♥♦r♠❛✳
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❊①❡♠♣❧♦ ✷✳✶✳✹✹✳ ❙❡❥❛

T~p (Rn) × T~p (Rn) ∋ (~u~p , ~v~p) 7→ d(~u~p , ~v~p) ∈ R

❞❛❞❛ ♣♦r

d(~u~p , ~v~p) =

{

0 s❡ ~u~p = ~v~p
1 s❡ ~u~p 6= ~v~p

.

❊st❛ é ✉♠❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❞❡ T~p (Rn) ♠❛s ♥ã♦ é ❞❡✜♥✐❞❛ s❡❣✉♥❞♦ ✉♠❛ ♥♦r♠❛ ❞❡st❡
❡s♣❛ç♦ t❛♥❣❡♥t❡✳
❙✉♣♦♥❞♦ ♦ ❝♦♥trár✐♦✱ q✉❡ d(~u~p , ~v~p) = ‖ ~u~p − ~v~p ‖✱ ♣❛r❛ ❛❧❣✉♠❛ ♥♦r♠❛ ‖ ‖ ❞❡ T~p (Rn)✱
♦❝♦rr❡r✐❛ ♦ q✉❡ s❡❣✉❡✿







d(~u~p , ~v~p)
2 = 〈~u~p − ~v~p , ~u~p − ~v~p〉 = 〈~u~p , ~u~p〉 − 2 〈~u~p , ~v~p〉 + 〈~v~p , ~v~p〉

d(~u~p ,−~v~p)2 = 〈~u~p + ~v~p , ~u~p + ~v~p〉 = 〈~u~p , ~u~p〉 + 2 〈~u~p , ~v~p〉 + 〈~v~p , ~v~p〉
⇒

⇒ d(~u~p , ~v~p)
2 + d(~u~p ,−~v~p)2 = 2(‖ ~u~p ‖2 + ‖~v~p ‖2).

❚♦♠❛♥❞♦ ~u~p = ~v~p 6= ~0~p ⇒ d(~u~p , ~v~p)
2 + d(~u~p ,−~v~p)2 = 1 = 4‖ ~u~p ‖2✱ q✉❡ é ✉♠ ❝♦♥tr❛✲s❡♥s♦

❝❛s♦ ~u~p ♥ã♦ t❡♥❤❛ t❛♠❛♥❤♦ ✐❣✉❛❧ ❛ 1
2
s❡❣✉♥❞♦ ❡st❛ ♥♦r♠❛✳

❊①❡♠♣❧♦ ✷✳✶✳✹✺✳ ❆ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✱ ❞❡✜♥✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✷✵✱ ❞❡✜♥❡ ❛ ❢✉♥çã♦
❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ♦✉ ❝❛♥ô♥✐❝❛✱ ❞❛❞❛ ❝♦♠♦ s❡❣✉❡✱ s❡♥❞♦ ~u~p = (x1, y1, z1) ❡ ~v~p =
(x2, y2, z2)✿

d(~u~p , ~v~p)C = ‖ ~u~p − ~v~p ‖C

= ‖ (x1 − x2, y1 − y2, z1 − z2) ‖C

=
√

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2 .
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✷✳✷ ●❡♥❡r❛❧✐③❛çã♦ ❞♦ Pr♦❞✉t♦ ❱❡t♦r✐❛❧

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ❡♠ T~p (R3)✳ ❉❡✜♥❡✲s❡ ♦ ♣r♦❞✉t♦
✈❡t♦r✐❛❧ ❞❡ ~u~p ❡ ~v~p ✱ ♥❡st❛ ♦r❞❡♠✱ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A = A ( ~p ) ❝♦♠♦ ❛ ✐♠❛❣❡♠ ❞❛
❛♣❧✐❝❛çã♦

T~p (R3) × T~p (R3) ∋ (~u~p , ~v~p) 7→ ~u~p ∧
A

~v~p ∈ T~p (R3)

q✉❡ s❛t✐s❢❛③ três ❝♦♥❞✐çõ❡s ✭♦✉ ❛①✐♦♠❛s✮✿

✶✳ ‖ ~u~p ∧
A

~v~p ‖A ( ~p ) é ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❝♦♥str✉í❞♦ s♦❜r❡ ~u~p ❡ ~v~p ❀

✷✳ ~u~p ∧
A

~v~p ⊥ ~u~p ❡ ~u~p ∧
A

~v~p ⊥ ~v~p ❀

✸✳ { ~u~p , ~v~p , ~u~p ∧
A

~v~p } é ✉♠❛ ❜❛s❡ ❞❡ ♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛✳

▲❡♠❛ ✷✳✷✳✷✳ ▼❛♥t✐❞❛s ❛s ❛ss✉♥çõ❡s ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✱ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛t✐✈❛s✿

✶✳ ‖ ~u~p ∧
A

~v~p ‖A ( ~p ) = ‖ ~u~p ‖A ( ~p )‖~v~p ‖A ( ~p ) sin θ|
A ( ~p ) ♦♥❞❡ θ = ∠(~u~p, ~v~p) ∈ [0, π] ❡ sin θ|

A ( ~p )

é ♠❡❞✐❞♦ ❡♠ t❡r♠♦s ❞❛ ♠étr✐❝❛ A ( ~p )❀

✷✳ {~u~p, ~v~p} é ▲❉ s❡✱ ❡ ❛♣❡♥❛s s❡✱ ~u~p ∧
A

~v~p = ~0~p ❀

✸✳ ❛♥t✐❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦s ✈❡t♦r❡s✿ ~u~p ∧
A

~v~p = −~v~p ∧
A

~u~p ❀

✹✳ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦ ❡s❝❛❧❛r✿ (a~u~p)∧
A

~v~p = a(~u~p ∧
A

~v~p) = ~u~p ∧
A

(a~v~p)✱

♦♥❞❡ a ∈ R ✳

✺✳ ❞✐str✐❜✉t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦✿

~u~p ∧
A

(~v~p + ~w~p) = ~u~p ∧
A

~v~p + ~u~p ∧
A

~w~p ✭✷✳✺✮

❡
(~u~p + ~v~p)∧

A

~w~p = ~u~p ∧
A

~w~p + ~v~p ∧
A

~w~p . ✭✷✳✻✮

❉❡♠♦♥str❛çã♦✳

✶✳ Pr♦✈❛ ❛♥á❧♦❣❛ à ❞♦ ■t❡♠ ✶✽✸✱ ❈❛♣ít✉❧♦ ❳ ❞❡ ❬✻❪✱ ♦✉ ❢❛❝✐❧♠❡♥t❡ ✈✐s✉❛❧✐③❛❞❛ ♣❡❧❛
❋✐❣✉r❛ ✷✳✽❀
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❋✐❣✉r❛ ✷✳✽✿ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❞♦s ✈❡t♦r❡s ~u~p ❡ ~v~p

✷✳ Pr♦✈❛ ❛♥á❧♦❣❛ à ❞♦ ■t❡♠ ✶✽✸✱ ❈❛♣ít✉❧♦ ❳ ❞❡ ❬✻❪❀

✸✳ ❙❡ {~u~p , ~v~p} é ▲❉✱ ❡♥tã♦ ~u~p ∧
A

~v~p = ~0~p = ~v~p ∧
A

~u~p ✳ ❙❡ {~u~p , ~v~p} é ▲■✱ ❡♥tã♦

‖~u~p ∧
A

~v~p‖A ( ~p ) = ‖±~v~p ∧
A

~u~p‖A ( ~p ) ❡ ~u~p ∧
A

~v~p // ±~v~p ∧
A

~u~p ✳ ❘❡st❛ ❞❡❝✐❞✐r s❡ ❡st❡ s✐♥❛❧ é

+ ♦✉ − ✳ ❆ ❜❛s❡ ♦r❞❡♥❛❞❛ B = {~u~p , ~v~p , ~u~p ∧
A

~v~p} é ♣♦s✐t✐✈❛✱ ❧♦❣♦ detMB,C > 0 ♦♥❞❡

C é ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ T~p (R3)✳ ❚♦♠❛♥❞♦ B1 = {~v~p , ~u~p , ~u~p ∧
A

~v~p} t❡♠✲s❡ ✉♠❛ ❜❛s❡

♥❡❣❛t✐✈❛ ♣♦rq✉❡ MB1 ,C t❡♠ ❞✉❛s ❝♦❧✉♥❛s ❞❡ MB,C tr♦❝❛❞❛s ❡✱ s❡❣✉♥❞♦ ❛ Pr♦♣♦s✐çã♦
✶✳✶✳✽✱ detMB1 ,C < 0✳ ❙✉♣♦♥❞♦ q✉❡ ~u~p ∧

A

~v~p = ~v~p ∧
A

~u~p ❛ ❜❛s❡ B2 = {~v~p , ~u~p , ~v~p ∧
A

~u~p}
❝♦♥t✐♥✉❛ ♥❡❣❛t✐✈❛✱ ♣♦✐s é ✐❣✉❛❧ à ❜❛s❡ B1✱ ❡ ❛ss✐♠ ❝♦♥tr❛r✐❛r✐❛ ❛ ❞❡✜♥✐çã♦ ❞♦ ♣r♦✲
❞✉t♦ ✈❡t♦r✐❛❧❀ ❡♥tã♦ ~u~p ∧

A

~v~p = −~v~p ∧
A

~u~p ✱ ♣♦✐s ❛ ❜❛s❡ B3 = {~v~p , ~u~p , −~v~p ∧
A

~u~p} t❡♠

detMB3 ,C = − detMB1 ,C > 0✱ t❛♠❜é♠ s❡❣✉♥❞♦ ❛ ♣r♦♣♦s✐çã♦ s✉♣r❛❝✐t❛❞❛❀

✹✳ ❆ ✐❣✉❛❧❞❛❞❡ (a~u~p)∧
A

~v~p = a(~u~p ∧
A

~v~p) é ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡♠♦♥str❛❞❛✳ ❙✉♣♦r a = 0 ✐♠♣❧✐❝❛

(a~u~p)∧
A

~v~p = ~0~p = a(~u~p ∧
A

~v~p) ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ {~u~p , ~v~p} s❡r ▲■ ♦✉ ▲❉✳

❙✉♣♦r {~u~p , ~v~p} ▲❉ ✐♠♣❧✐❝❛ {a~u~p , ~v~p} s❡r ▲❉ ❀ ❡ ❛ss✐♠ (a~u~p)∧
A

~v~p = ~0~p = a(~u~p ∧
A

~v~p)✳

❙✉♣♦r {~u~p , ~v~p} ▲■ ❡ a 6= 0 t❡♠✲s❡ ❛s ❝♦♥❞✐❝✐♦♥❛♥t❡s ❛❜❛✐①♦✿
s❡ a > 0✱ ❡♥tã♦ ∠(~u~p , ~v~p) = ∠(a~u~p , ~v~p)❀ s❡ a < 0✱ ❡♥tã♦ ∠(~u~p , ~v~p) = π−∠(a~u~p , ~v~p)❀
❞❡ ❛♠❜❛s s✐t✉❛çõ❡s ✈❡♠ q✉❡ sin ∠(~u~p , ~v~p) = sin ∠(a~u~p , ~v~p)✳ ▲♦❣♦✱

‖(a~u~p)∧
A

~v~p‖A ( ~p ) = ‖a~u~p‖A ( ~p )‖~v~p‖A ( ~p ) sin ∠(a~u~p , ~v~p)

= |a|‖~u~p‖A ( ~p )‖~v~p‖A ( ~p ) sin ∠(a~u~p , ~v~p)

= |a|‖~u~p‖A ( ~p )‖~v~p‖A ( ~p ) sin ∠(~u~p , ~v~p)

= ‖a(~u~p ∧
A

~v~p)‖A ( ~p )

❡ a(~u~p ∧
A

~v~p) é ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ~u~p ❡ ❛ ~v~p ✱ ♣♦rt❛♥t♦ ♦ é ❛ a~u~p ❀ ❡ a(~u~p ∧
A

~v~p) ❡ (a~u~p)∧
A

~v~p

tê♠ ♠❡s♠❛ ♥♦r♠❛ ❡ sã♦ ♣❛r❛❧❡❧♦s✿

a(~u~p ∧
A

~v~p) = ±(a~u~p)∧
A

~v~p . ✭✷✳✼✮
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❙❡♥❞♦ B = {~u~p , ~v~p , ~u~p ∧
A

~v~p} ❜❛s❡ ♣♦s✐t✐✈❛✱ ❡♥tã♦ detMB,C > 0✳ ❆ ❜❛s❡ B1 =

{a~u~p , ~v~p , a(~u~p ∧
A

~v~p)} é t❛❧ q✉❡ detMB1 ,C = a2 detMB,C > 0 ✭❝♦♥❢♦r♠❡ ✉♠❛ ♣r♦✲

♣r✐❡❞❛❞❡ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ✈✐st❛ ♥♦ ❈❛♣ít✉❧♦ ✶✮✱ ♦✉ s❡❥❛✱ é ♣♦s✐t✐✈❛ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥✲
t❡ ❞♦ s✐♥❛❧ ❞❡ a✳ ❆ ❜❛s❡ B2 = {a~u~p , ~v~p , (a~u~p)∧

A

~v~p} é✱ ♣♦r ❞❡✜♥✐çã♦✱ ♣♦s✐t✐✈❛✱ ❧♦❣♦✱

❞❡ ✭✷✳✼✮ ❞❡❞✉③✲s❡ q✉❡ a(~u~p ∧
A

~v~p) = (a~u~p)∧
A

~v~p ✭❞♦ ❝♦♥trár✐♦ B2 s❡r✐❛ ♥❡❣❛t✐✈❛✮✱ q✉❡r

s❡❥❛ a > 0 ♦✉ a < 0✳
Pr♦✈❛ ❞❛ ✐❣✉❛❧❞❛❞❡ a(~u~p ∧

A

~v~p) = ~u~p ∧
A

(a~v~p)✳

P❡❧❛ Pr♦♣r✐❡❞❛❞❡ ✭✸✮ ✈❡♠ q✉❡ ~u~p ∧
A

(a~v~p) = −(a~v~p)∧
A

~u~p ❡ a(~u~p ∧
A

~v~p) = −a(~v~p ∧
A

~u~p)✳

P❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ♣r♦✈❛ ✈❡♠ q✉❡ −a(~v~p ∧
A

~u~p) = −(a~v~p)∧
A

~u~p = ~u~p ∧
A

(a~v~p)✳ P♦r✲

t❛♥t♦ a(~u~p ∧
A

~v~p) = ~u~p ∧
A

(a~v~p)✱ ❝♦♥❢♦r♠❡ ❛❝♦r❞❛❞♦❀

✺✳ P♦❞❡ s❡r ❛❞❛♣t❛❞❛ s❡♠ ❞✐✜❝✉❧❞❛❞❡s ♣❛r❛ ✉♠❛ ♠étr✐❝❛ ❣❡r❛❧ ❛ ♣❛rt✐r ❞♦ ■t❡♠ ✶✽✺✱
❈❛♣ít✉❧♦ ❳ ❞❡ ❬✻❪✳ �

Pr♦♣♦s✐çã♦ ✷✳✷✳✸✳ ✭❙♦❜r❡ ♦ ❝á❧❝✉❧♦ ❞♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✮✳

✶✳ ❙❡❥❛♠ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞❡ T~p (R3)✱ B = {~b 1~p , ~b 2~p , ~b 3~p} ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛
❞❡st❡ ❡s♣❛ç♦✱ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A ( ~p ) ✭✈✐❞❡ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✶✮ ❡ ❞❡ ♦r✐❡♥t❛çã♦
♣♦s✐t✐✈❛ ✭✈✐❞❡ ❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸✮✱ ~uB

~p = (x1, y1, z1)
B ❡ ~vB

~p = (x2, y2, z2)
B✳ ❊♥tã♦

♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ ❞❡ ~uB
~p ❡ ~vB

~p é ❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B ❝♦♠♦ s❡❣✉❡✿

~u~p
B

∧
A

~v~p =
∑

1≤k≤3

DkSij ~e k~p =

(

D1S23

‖~b 1~p‖ A

,
D2S13

‖~b 2~p‖ A

,
D3S12

‖~b 3~p‖ A

)B

♦♥❞❡ i < j✱ i ∈ {1, 2}✱ j ∈ {2, 3} ❡ i 6= k 6= j✱ ~e k~p é ♦ ✈❡rs♦r ❞❡ ~b k~p s❡❣✉♥❞♦ ❛
♠étr✐❝❛ ❞❛❞❛ ✭✈❡r ❉❡✜♥✐çã♦ ✷✳✶✳✸✶✮✱

D1 = det

[

y1 z1

y2 z2

]

, D2 = − det

[

x1 z1

x2 z2

]

, D3 = det

[

x1 y1

x2 y2

]

❡ Sij é ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❝♦♥str✉í❞♦ s♦❜r❡ ~b i~p ❡ ~b j~p ❀

✷✳ ❙❡ ♥❛s ❤✐♣ót❡s❡s ❞♦ ■t❡♠ ✭✶✮ ❢♦r ❛❞❝✐♦♥❛❞♦ q✉❡ B é ❖◆ s❡❣✉♥❞♦ A ( ~p )✱ ❡♥tã♦

~u~p
B

∧
A

~v~p =
∑

1≤k≤3

Dk
~b k~p = (D1, D2, D3)

B.

❉❡✈✐❞♦ ❛ ❡st❡ r❡s✉❧t❛❞♦ ✈ê✲s❡ q✉❡ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✱ q✉❡ ✈✐♥❤❛ s❡♥❞♦ ❞❡♥♦t❛❞♦ ♣♦r
~u~p ∧

A

~v~p ✱ ❞❡♣❡♥❞❡ ♥ã♦ só ❞❛ ♠étr✐❝❛ A ( ~p )✱ ♠❛s t❛♠❜é♠ ❞❛ ❜❛s❡ B ♥❛ q✉❛❧ s❡ ❡①♣r❡ss❛

♦s ✈❡t♦r❡s ~u~p ❡ ~v~p ✳ P♦r ❡st❛ r❛③ã♦ ♣❛ss❛ ❛ s❡r s✐♠❜♦❧✐③❛❞♦ ♣♦r ~u~p
B

∧
A

~v~p ♣❛r❛ ❡♥❢❛t✐③❛r q✉❡

é ❝❛❧❝✉❧❛❞♦ ❡♠ t❡r♠♦s ❞❡st❛ ❜❛s❡✳
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❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦✳

✶✳ ■♥✐❝✐❛❧♠❡♥t❡ é ❡st❛❜❡❧❡❝✐❞♦ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ ❞♦s ✈❡t♦r❡s ❞❡ B✳
❙❡❣✉♥❞♦ ❛ Pr♦♣r✐❡❞❛❞❡ ✭✷✮ ❞♦ ▲❡♠❛ ✷✳✷✳✷✿

~b i~p
B

∧
A

~b i~p = ~0~p .

❖ ✈❡t♦r r❡s✉❧t❛♥t❡ ❞❡
~b i~p

B

∧
A

~b j~p

❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❉❡✜♥✐çã♦ ✷✳✷✳✶✳ P❛r❛ q✉❡ ~b i~p
B

∧
A

~b j~p ⊥ ~b i~p ❡ ~b i~p
B

∧
A

~b j~p ⊥ ~b j~p t♦♠❛✲s❡

~b i~p
B

∧
A

~b j~p //
~b k~p ,

♣♦✐s ❛ ❜❛s❡✱ ♣♦r s❡r ♦rt♦❣♦♥❛❧✱ t❡♠ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ✈❡t♦r❡s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛♦s

♦✉tr♦s ❞♦✐s✳ ❈♦♠ ~e k~p =
~b k~p

‖ ~b k~p‖A

✱ ♣❛r❛ q✉❡ ‖~b i~p
B

∧
A

~b j~p‖A = Sij t♦♠❛✲s❡

~b i~p
B

∧
A

~b j~p = ±Sij ~e k~p ♦✉ ~b i~p
B

∧
A

~b j~p = ± Sij

‖ ~b k~p‖A

~b k~p .

❖ s✐♥❛❧ + ♦✉ − é ❡s❝♦❧❤✐❞♦ ❞❡ ♠♦❞♦ q✉❡ ❛ ❜❛s❡ Bij = { ~b i~p , ~b j~p , ~b i~p
B

∧
A

~b j~p } s❡❥❛

♣♦s✐t✐✈❛✳

~b 1~p

B

∧
A

~b 2~p = S12

‖ ~b 3~p‖A

~b 3~p , ~b 1~p

B

∧
A

~b 3~p = − S13

‖ ~b 2~p‖A

~b 2~p ,

~b 2~p

B

∧
A

~b 1~p = − S21

‖ ~b 3~p‖A

~b 3~p , ~b 2~p

B

∧
A

~b 3~p = S23

‖ ~b 1~p‖A

~b 1~p ,

~b 3~p

B

∧
A

~b 1~p = S31

‖ ~b 2~p‖A

~b 2~p , ~b 3~p

B

∧
A

~b 2~p = − S32

‖ ~b 1~p‖A

~b 1~p .

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ B12 = { ~b 1~p , ~b 2~p , ~b 1~p

B

∧
A

~b 2~p } t♦♠❛✲s❡ ~b 1~p

B

∧
A

~b 2~p = S12

‖ ~b 3~p‖A

~b 3~p ✱ ♣♦✐s















~b 1~p = 1~b 1~p

~b 2~p = 1~b 2~p

~b 1~p

B

∧
A

~b 2~p = S12

‖~b3~p‖A

~b 3~p

⇒MB12 ,B =





1 0 0
0 1 0
0 0 S12

‖~b3~p‖A





é t❛❧ q✉❡ detMB12 ,B = S12

‖~b3~p‖A

> 0 ✐♠♣❧✐❝❛♥❞♦ ❡♠ B12 s❡r ❜❛s❡ ♣♦s✐t✐✈❛✱ ♣♦✐s C ∼ B

♣♦r ❤✐♣ót❡s❡ ❡ B ∼ B12 ✐♠♣❧✐❝❛♥❞♦✱ ❝♦♥❢♦r♠❡ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✵✱ ❡♠ C ∼ B12 ✳ P❡❧❛

Pr♦♣r✐❡❞❛❞❡ ✭✸✮ ❞♦ ❧❡♠❛ ♣r❡❝❡❞❡♥t❡ ✈❡♠ ~b2~p
B

∧
A

~b1~p = −~b1~p
B

∧
A

~b2~p // − ~b3~p ✳
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❆♥❛❧♦❣❛♠❡♥t❡ s❡ ❢❛③ ♣❛r❛ ♦s ❞❡♠❛✐s ❝❛s♦s✳
P❡❧❛s Pr♦♣r✐❡❞❛❞❡s ✭✺✮ ❡ ✭✹✮ ✈❡♠

~u~p
B

∧
A

~v~p =
(

x1
~b 1~p + y1

~b 2~p + z1
~b 3~p

)B B

∧
A

(

x2
~b 1~p + y2

~b 2~p + z2
~b 3~p

)B

= x1x2

(

~b 1~p

B

∧
A

~b 1~p

)

+ x1y2

(

~b 1~p

B

∧
A

~b 2~p

)

+ x1z2

(

~b 1~p

B

∧
A

~b 3~p

)

+

y1x2

(

~b 2~p

B

∧
A

~b 1~p

)

+ y1y2

(

~b 2~p

B

∧
A

~b 2~p

)

+ y1z2

(

~b 2~p

B

∧
A

~b 3~p

)

+

z1x2

(

~b 3~p

B

∧
A

~b 1~p

)

+ z1y2

(

~b 3~p

B

∧
A

~b 2~p

)

+ z1z2

(

~b 3~p

B

∧
A

~b 3~p

)

= x1y2
S12

‖ ~b 3~p‖A

~b 3~p − x1z2
S13

‖ ~b 2~p‖A

~b 2~p − y1x2
S21

‖ ~b 3~p‖A

~b 3~p+

y1z2
S23

‖ ~b 1~p‖A

~b 1~p + z1x2
S31

‖ ~b 2~p‖A

~b 2~p − z1y2
S32

‖ ~b 1~p‖A

~b 1~p .

◆❡st❡ ♣♦♥t♦ ❝♦♥✈é♠ ♦❜s❡r✈❛r q✉❡✱ ♣♦r s❡ tr❛t❛r ❞❡ ár❡❛s✱ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ Sij = Sji✳
❊♥tã♦✱ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦❞❡ t♦r♥❛r✲s❡

~u~p
B

∧
A

~v~p = (y1z2 − z1y2)
S23

‖~b 1~p‖A

~b 1~p + (z1x2 − x1z2)
S13

‖~b 2~p‖A

~b 2~p +

+(x1y2 − y1x2)
S12

‖~b 3~p‖A

~b 3~p =
∑

1≤k≤3

DkSij

‖ ~b k~p‖A

~b k~p =
∑

1≤k≤3

DkSij ~e k~p

❝♦♠ ❛s ❝♦♥❝❡r♥❡♥t❡s ♦❜s❡r✈❛çõ❡s s♦❜r❡ ♦s í♥❞✐❝❡s i ❡ j ❢❡✐t❛s ♥♦ ❡♥✉♥❝✐❛❞♦✳

✷✳ ❙❡ B é ❖◆ s❡❣✉♥❞♦ A ( ~p )✱ ❡♥tã♦ ~ek~p = ~bk~p ♣❛r❛ t♦❞♦ k ∈ {1, 2, 3} ❛❧é♠ ❞❡
θij = ∠(~bi~p, ~bj~p) = π

2
✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✷ ■t❡♠ ✭✶✮ ✈❡♠ q✉❡

Sij = ‖~b i~p‖A ( ~p )‖~b j~p‖A ( ~p ) sin θij|A ( ~p ) = 1.

❊♥tã♦
~u~p

B

∧
A

~v~p =
∑

1≤k≤3

DkSij ~e k~p =
∑

1≤k≤3

Dk
~b k~p .

�

❖❜s❡r✈❛çã♦ ✷✳✷✳✹✳ ❖ r❡s✉❧t❛❞♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ❛❞♦t❛❞❛✱ ♠❛s ❛
❞❡♠♦♥str❛çã♦ ❞❡st❡ ❢❛t♦ ♥ã♦ é ❢❡✐t❛ ♥❡st❛ ♠♦♥♦❣r❛✜❛✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✺✳ ❈♦♥✈é♠ ♣❡r❝❡❜❡r q✉❡ ❛ ❡①♣r❡ssã♦ ✜♥❛❧ ❛❧❝❛♥ç❛❞❛ ♣❛r❛ ♦ ♣r♦❞✉t♦ ✈❡✲
t♦r✐❛❧ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠ ❞❡t❡r♠✐♥❛♥t❡✿
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✶✳ ❙❡ ❛ ❜❛s❡ é ♦rt♦❣♦♥❛❧

~u~p
B

∧
A

~v~p = det





S23 ~e 1~p S13 ~e 2~p S12 ~e 3~p

x1 y1 z1

x2 y2 z2



 ;

✷✳ ❙❡ ❛ ❜❛s❡ é ❖◆

~u~p
B

∧
A

~v~p = det





~b 1~p
~b 2~p

~b 3~p

x1 y1 z1

x2 y2 z2



 .

❊①❡♠♣❧♦ ✷✳✷✳✻✳ ❊st❡ ❡①❡♠♣❧♦ ❡st✉❞❛ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ♠étr✐❝❛s ❞✐❛❣♦♥❛✐s✿ ♠ú❧t✐♣❧❛
♣♦s✐t✐✈❛ ❞❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ ❙❡❥❛♠ a > 0 ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧ ❡

A =





a 0 0
0 a 0
0 0 a



 .

❈♦♥❢♦r♠❡ ♦ ❊①❡♠♣❧♦ ✷✳✶✳✷✷✱ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ é ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡✜♥✐❞♦
♣♦r A ✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞♦s ♣♦r A ❡♠ R

3 sã♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛❞♦s
♣♦r✿

〈(x1, y1, z1), (x2, y2, z2)〉A = a(x1x2 + y1y2 + z1z2)

❡
‖(x1, y1, z1)‖A =

√

a(x2
1 + y2

1 + z2
1) .

❆s ár❡❛s ❞❡ ❝❛❞❛ ♣❛r ❞❡ ✈❡t♦r❡s ❞❡ C = {~i , ~j , ~k } sã♦✿

S12 = S13 = S23 = a

✉♠❛ ✈❡③ q✉❡
‖~i ‖A = ‖~j ‖A = ‖~k ‖A =

√
a .

❖s ✈❡rs♦r❡s ❞♦s ✈❡t♦r❡s ❞❡ C s❡❣✉♥❞♦ A ❡stã♦ ❞✐s♣♦st♦s ❡♠

{~e 1 , ~e 2 , ~e 3 } = { 1√
a
~i ,

1√
a
~j ,

1√
a
~k }.

❙❡❥❛♠ ~uC = (x1, y1, z1)
C ❡ ~v C = (x2, y2, z2)

C ❞♦✐s ✈❡t♦r❡s q✉❛✐sq✉❡r ❞❡ R
3✳ ❊♥tã♦

~u
C

∧
A

~v = det





√
a~i

√
a~j

√
a~k

x1 y1 z1

x2 y2 z2



 =
√
a(D1

~i+D2
~j +D3

~k).

❚♦♠❛♥❞♦ ~u = (− 1√
a
, 0, 0)✱ ~v = (0, − 2

√
5

5
√
a
,

√
5

5
√
a
) ❡ ~w = (0, 2

√
5

5
√
a
, −

√
5

5
√
a
) ✈❡t♦r❡s ♣❛rt✐❝✉❧❛r❡s

✭❞❛❞♦s ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ C✮✱ ❡st❡s sã♦ t❛✐s q✉❡

‖~u‖A = ‖~v‖A = 1 ; ~u ⊥ ~v ❡ {~v, ~w} é ✉♠ ❝♦♥❥✉t♦ ▲❉,
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♣❛r❛ t♦❞♦ ✈❛❧♦r ❞❡ a✳ ❖❜té♠✲s❡ ♦s s❡❣✉✐♥t❡s ♣r♦❞✉t♦s ✈❡t♦r✐❛✐s✿

~u
C

∧
A

~v = det







√
a~i

√
a~j

√
a~k

− 1√
a

0 0

0 − 2
√

5
5
√
a

√
5

5
√
a






=

√
5

5
√
a
~j +

2
√

5

5
√
a
~k

❡

~v
C

∧
A

~w = det







√
a~i

√
a~j

√
a~k

0 − 2
√

5
5
√
a

√
5

5
√
a

0 2
√

5
5
√
a

−
√

5
5
√
a






= ~0.

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♥✜r♠❛♠ ♦ ■t❡♠ ✭✷✮ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✳✶ ❡ ♦s ■t❡♥s ✭✶✮ ❡ ✭✷✮ ❞♦

▲❡♠❛ ✷✳✷✳✷✿ ♦ ✈❡t♦r ~u
C

∧
A

~v é ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ~u ❡ ❛ ~v ❡ é ✉♥✐tár✐♦ ✭s❡❣✉♥❞♦ A ✮❀ ❛❧é♠ ❞✐ss♦✱

{~v , ~w } ▲❉ ❣❡r♦✉ ~v
C

∧
A

~w = ~0✳



❈❛♣ít✉❧♦ ✸

❚❡♦r✐❛ ❞❡ ❈✉r✈❛s ❡♠ ✉♠❛ ▼étr✐❝❛

●❡r❛❧

◆❡st❛ t❡r❝❡✐r❛ ❡t❛♣❛ ❞♦ tr❛❜❛❧❤♦ s❡ ✐♥✐❝✐❛ ♦ ❡st✉❞♦ ❞❡ ❝✉r✈❛s q✉❡ ✉s✉❛❧♠❡♥t❡ é ❢❡✐t♦ ❡♠
❝✉rs♦s ♦✉ ❡♠ ❝♦♥❤❡❝✐❞♦s ❧✐✈r♦s ❞❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ s♦❜ ❛ ♥♦✈❛ ó♣t✐❝❛ ❞❛s ♠étr✐❝❛s
❣❡♥❡r❛❧✐③❛❞❛s✳ ❊♠ t❛✐s ❝✉rs♦s ♦✉ ❧✐✈r♦s ❛ ♠étr✐❝❛ ✉s❛❞❛ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r t♦❞♦ ♦ ❝♦♥t❡ú❞♦
é ❛ ❝❛♥ô♥✐❝❛ ✭❡✉❝❧✐❞✐❛♥❛✮✳

❖ ❝♦♥t❡ú❞♦ ❜ás✐❝♦ ❞❡ ❝✉r✈❛s ♣❛r❛♠❡tr✐③❛❞❛s✱ ❝♦♠♦ ♦ q✉❡ ❝♦♥st❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦
❞❡ ❬✹❪✱ ❝♦♠❡ç❛ ❛ s❡r ❞❡s❡♥✈♦❧✈✐❞♦ ❛q✉✐ ❡ s❡ ✜♥❛❧✐③❛ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ❖s ❝♦♥❝❡✐t♦s
❞❡♣❡♥❞❡♥t❡s ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ sã♦ ❛♥❛❧✐s❛❞♦s ♥♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ✐st♦ é✱
♥✉♠❛ ♠étr✐❝❛ q✉❛❧q✉❡r✳ ❆s ❢♦♥t❡s ❞♦s ❛ss✉♥t♦s tr❛t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ sã♦✱ ❛❧é♠ ❞♦ ❧✐✈r♦
❥á ❝✐t❛❞♦✱ ❬✼✱ ✶✸✱ ✶✺❪✳

❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ sã♦ ❛ss✉♠✐❞♦s ❛q✉✐ ❡✱ ❝♦♠ ♦ ❞❡✈✐❞♦
r✐❣♦r✱ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ❬✶❪ ♦✉ ❬✶✵✱ ✶✶❪✳

❖ ♣❧❛♥❡❥❛♠❡♥t♦ ❞❡st❡ ❝❛♣ít✉❧♦ é✿ ❢❛③❡r ♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ♦ ❝♦♥t❡ú❞♦ ❛♣❧✐❝á✈❡❧ ❛ ❝✉r✈❛s
♣❧❛♥❛s ❡ ❡s♣❛❝✐❛✐s ✭❞❡✜♥✐çõ❡s q✉❡ s❡ ❡s❝❧❛r❡❝❡rã♦ ❛❞✐❛♥t❡✮❀ t♦♠❛r ❛ s❡❣✉♥❞❛ s❡çã♦ ♣❛r❛
❛♣r❡s❡♥t❛r ✉♠❛ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛s ♠étr✐❝❛s ✧❞✐❢❡r❡♥❝✐❛❞❛s✧ ❀ ❡✱ ♣♦r ✜♠✱ ❛♣r❡✲
s❡♥t❛r ♥♦ ❆♣ê♥❞✐❝❡ ❞❡st❡ ❝❛♣ít✉❧♦ ✉♠❛ ❡①♣❧✐❝❛çã♦ ♣❛r❛ ♦ ❝♦♥❝❡✐t♦ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ♣r✐♠❡✐r❛
s❡çã♦ ❝❤❛♠❛❞♦ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳

❍á ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐❧✉str❛t✐✈♦s ♥❡st❡ ❡ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ❈❛❜❡ ♦❜s❡r✈❛r q✉❡ t♦❞♦s
♦s ❝á❧❝✉❧♦s ♦♠✐t✐❞♦s ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡s ❡①❡♠♣❧♦s ❢♦r❛♠ ❢❡✐t♦s à ♣❛rt❡ ❝♦♠ ❛ ❢❡rr❛♠❡♥t❛
❝♦♠♣✉t❛❝✐♦♥❛❧ ▼✉P❆❉ Pró ✹✳✵ ✭♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡st❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠
❬✶✻❪✮✳ ❆❧é♠ ❞♦s ❝á❧❝✉❧♦s ♥ã♦ ❡①♣❧✐❝✐t❛❞♦s✱ ❛s ✜❣✉r❛s ❞❡st❡ ❡ ❞♦ s❡❣✉✐♥t❡ ❝❛♣ít✉❧♦ ❢♦r❛♠
❡❧❛❜♦r❛❞❛s ❝♦♠ ❡st❡ ♣r♦❣r❛♠❛✳

✹✾
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✸✳✶ Pr❡â♠❜✉❧♦

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❯♠❛ ❝✉r✈❛ ❡♠ R
n✱ ♦✉ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❡♠ R

n✱ é ✉♠❛ ❛♣❧✐❝❛çã♦
❞❛❞❛ ♣♦r

R ⊇ I ∋ t 7→ ~α(t) =
∑

1≤i≤n
fi(t)~b i = (f1(t), f2(t), . . . , fn(t))

B ∈ R
n

♦♥❞❡
I ∋ t 7→ fi(t) ∈ R,

i = 1, . . . , n✱ ❡ B = {~b 1, ~b 2, . . . , ~bn} é ✉♠❛ ❜❛s❡ ❞♦ R
n✳ ❆ ✐♠❛❣❡♠ ❞❡st❛ ❛♣❧✐❝❛çã♦

é ❞❡♥♦t❛❞❛ ♣♦r ~α(I) ❡ ❝❤❛♠❛❞❛ ❞❡ tr❛ç♦ ❞❛ ❝✉r✈❛✳ ❈❛❞❛ fi(t) é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦
❝♦♦r❞❡♥❛❞❛ ❞❛ ❝✉r✈❛✳ ❆ ✈❛r✐á✈❡❧ t é ❝❤❛♠❛❞❛ ❞❡ ♣❛râ♠❡tr♦ ❞❛ ❝✉r✈❛✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❛ s❡çã♦ s❡r✈❡♠ ♣❛r❛ ✉♠❛ ❜❛s❡ B q✉❛❧q✉❡r✳ P♦r ✐ss♦✱ ♥ã♦ s❡
❢❛③ ♠❡♥çã♦ ❞❛ ❜❛s❡ ❛❞♦t❛❞❛ ♥❛ ♥♦t❛çã♦ ❞❛ ❝✉r✈❛❀ s✐♠♣❧❡s♠❡♥t❡ ❛♣❛r❡❝❡ ❡s❝r✐t♦

R ⊇ I ∋ t 7→ ~α(t) = (f1(t), f2(t), . . . , fn(t)) ∈ R
n.

❋✉t✉r❛♠❡♥t❡✱ ❡♠ s❡çõ❡s ♣♦st❡r✐♦r❡s✱ s❡ ❢❛rá ♠❡♥çã♦ ❞❡ ❛❧❣✉♠❛ ❜❛s❡ ❡s♣❡❝í✜❝❛ ♣❛r❛ ❡♥✉♥✲
❝✐❛r ❛❧❣✉♠ r❡s✉❧t❛❞♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✳ ❙❡ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❝✉r✈❛ ~α(t) é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♣❛r❛ t♦❞♦ t ∈ I ✉♠❛
❛♣❧✐❝❛çã♦

R ⊇ I ∋ t 7→ ~α j(t) ∈ R
n,

j ∈ N✱ ❞❛❞❛ ♣♦r

~α j(t) =







lim∆t→0
~α(t+∆t)−~α(t)

∆t
s❡ j = 1

lim∆t→0
~αj−1(t+∆t)−~αj−1(t)

∆t
s❡ j > 1

❡♥tã♦ ❛ ~α(t) é ❝❤❛♠❛❞❛ ❞❡ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❛té ♦r❞❡♠ j ✭♦♥❞❡ ♦ ❡①♣♦❡♥t❡ j ❞❡♥♦t❛
♦ ♠❛✐♦r ♥ú♠❡r♦ ♥❛t✉r❛❧ ♣❛r❛ ♦ q✉❛❧ ❡①✐st❡♠ t♦❞❛s ❛s ~α k(t)✱ 1 ≤ k ≤ j✮✳ ◗✉❛♥❞♦ ~α(t) é
❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞❛s ❛s ♦r❞❡♥s s❡rá ❝❤❛♠❛❞❛ ❞❡ ❝✉r✈❛ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱
♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❞❡ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈❛❞❛ ~α j(t) é ❝❤❛♠❛❞❛ ❞❡ ❞❡r✐✈❛❞❛ ❞❡
♦r❞❡♠ j✳ ➱ út✐❧ ❝♦♥✈❡♥❝✐♦♥❛r ~α 0(t) = ~α(t) ❡ ♣❛r❛ j = 1, 2, 3 t❡♠✲s❡ ~α ′(t)✱ ~α ′′(t) ❡
~α ′′′(t)✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✸✳ ✭Pr✐♠❡✐r❛ ❝♦♥✈❡♥çã♦ s♦❜r❡ ♦s ❞♦♠í♥✐♦s ❞❛s ❝✉r✈❛s✳✮ ❈✉r✈❛s
❞✐❢❡r❡♥❝✐á✈❡✐s sã♦ ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ♣❛r❛ ❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✳ ❊ ❝♦♠♦ ❛ ❞✐❢❡r❡♥❝✐❛✲
❜✐❧✐❞❛❞❡ ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❧✐♠✐t❡ ❡ ❡st❡ ❛ ❡①✐stê♥❝✐❛ ❡ ✐❣✉❛❧❞❛❞❡ ❞♦s ❧✐♠✐t❡s ❧❛t❡r❛✐s
♥♦ ♣♦♥t♦ ✜❝❛ ❝♦♥✈❡♥❝✐♦♥❛❞♦ ❞❡s❞❡ ❛❣♦r❛ q✉❡✱ s❡♠♣r❡ q✉❡ ~α(t) ❢♦r ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦
❞♦♠í♥✐♦ I é ✉♠ ❛❜❡rt♦ ❞❛ r❡t❛ r❡❛❧✳
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❖ ❝♦♥❝❡✐t♦ ❞❡ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭♦✉ ❞❡r✐✈á✈❡❧✮ t❡♠ ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❡♠ s✉❛s
❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s✳ ❙❡♥❞♦ R ⊇ I ∋ t 7→ ~α(t) = (f1(t), . . . , fn(t)) ∈ R

n✱ ❡♥tã♦

lim
t→t0

~α(t) =

(

lim
t→t0

f1(t), . . . , lim
t→t0

fn(t)

)

. ✭✸✳✶✮

▲♦❣♦✱ ✉♠❛ ❝✉r✈❛ ~α(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛té ♦r❞❡♠ j s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s s✉❛s ❢✉♥çõ❡s
❝♦♦r❞❡♥❛❞❛s sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❛té ♦r❞❡♠ j✿

~α j(t) =
(

f j1 (t), f j2 (t), . . . , f jn(t)
)

. ✭✸✳✷✮

➱ ✉♠❛ ❝✉r✈❛ ✭✐♥✜♥✐t❛♠❡♥t❡✮ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s sã♦
✭✐♥✜♥✐t❛♠❡♥t❡✮ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❆ss✐♠ ❝♦♠♦ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡✱ ♦ ♣ró①✐♠♦ ❝♦♥❝❡✐t♦ ❛✐♥❞❛ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♠étr✐❝❛
❛❞♦t❛❞❛✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❯♠❛ ❝✉r✈❛ R ⊇ I ∋ t 7→ ~α(t) = (f1(t), . . . , fn(t)) ∈ R
n é ❝♦♥tí♥✉❛

♥✉♠ ♣♦♥t♦ t0 ∈ I s❡ limt→t0 ~α(t) = ~α(t0)✳ ❚❛❧ ❝✉r✈❛ é ❝♦♥tí♥✉❛ ♥✉♠ ✐♥t❡r✈❛❧♦ J ⊆ I
s❡ ❢♦r ❝♦♥tí♥✉❛ ❡♠ t♦❞♦ t0 ∈ J ✳

❈♦♠♦ limt→t0 ~α(t) = ( limt→t0 f1(t), . . . , limt→t0 fn(t) ) ❛ ❝✉r✈❛ ~α é ❝♦♥tí♥✉❛ ❡♠ t0 s❡✱
❡ ❛♣❡♥❛s s❡✱ ❝❛❞❛ ✉♠❛ ❞❡ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❢♦r ❝♦♥tí♥✉❛ ❡♠ t0✳ ❖ ♠❡s♠♦ ❢❛t♦ é
❛♣❧✐❝á✈❡❧ ♥❛ ❝♦♥t✐♥✉✐❞❛❞❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ♥♦ t♦❝❛♥t❡ às s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s✳

❈♦♠♦ ❢❡✐t♦ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❝✉r✈❛ ♥❛ ❉❡✜♥✐çã♦ ✸✳✶✳✷ ❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦
~α(t) = (f1(t), . . . , fn(t)) s❡r✐❛

∫ b

a

~α(t)dt =

(
∫ b

a

f1(t)dt , . . . ,

∫ b

a

fn(t)dt

)

. ✭✸✳✸✮

❆ ❝✉r✈❛ ~α(t) é ✐♥t❡❣rá✈❡❧ s❡ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ♦ sã♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✺✳ ❙❡ ✉♠❛ ❝✉r✈❛ I ∋ t 7→ ~α(t) ∈ R
n é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛té ♦r❞❡♠ j✱ ❡♥tã♦

~α j−1(t) é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❛✜r♠❛r q✉❡ ~α(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛té ♦r❞❡♠ j ✐♠♣❧✐❝❛ q✉❡
~α j−1(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ d

dt
[~α j−1(t)] = ~α j(t)✳

▼❛s ~α j−1(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥✉♠ ♣♦♥t♦ t0 ∈ I s❡✱ ❡ ❛♣❡♥❛s s❡✱ ❡①✐st❡ ✉♠ ~v ∈ R
n t❛❧ q✉❡

t0 + h ∈ I ⇒ ~α j−1(t0 + h) = ~α j−1(t0) + ~v h+ ~β(h)

♦♥❞❡ ~β(h) é ✉♠❛ ❝✉r✈❛ t❛❧ q✉❡

lim
h→0

~β(h)

h
= ~0.

◆❡st❡ ❝❛s♦✱ ~v = ~α j(t0)✳ ❊st❛ ❛✜r♠❛çã♦ r❡q✉❡r ✉♠❛ ♣r♦✈❛✿
❙❡❥❛♠ J = {h ∈ R : t0 + h ∈ I} ❡

J ∋ h 7→ ~β(h) = ~α j−1(t0 + h) − ~α j−1(t) − ~α j(t0)h ∈ R
n.
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❊♥tã♦
~β(h)
h

= ~α j−1(t0+h)−~α j−1(t0)
h

− ~α j(t0) ❡ limh→0
~β(h)
h

= ~0 ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ t0 + h ∈ I ⇒ ~α j−1(t0 + h) = ~α j−1(t0) +~v h+ ~β(h) ❝♦♠ limh→0
~β(h)
h

= ~0✱
❡♥tã♦ ~α j−1(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t0 ❡ ~v = ~α j(t0)✱ ♣♦✐s

~0 = lim
h→0

~β(h)

h
= lim

h→0

(

~α j−1(t0 + h) − ~α j−1(t0)

h

)

− ~v = ~α j(t0) − ~v .

P♦r ✐ss♦ ❛ ~α j−1(t) é ❝♦♥tí♥✉❛ ❡♠ t♦❞♦ t0 ∈ I✱ ♣♦rq✉❡

~α j−1(t0 + h) = ~α j−1(t0) + ~α j(t0)h+
~β(h)

h
h

❝♦♠ limh→0
~β(h)
h

= ~0 ❀ ❡♥tã♦

lim
h→0

~α j−1(t0 + h) = lim
h→0

(

~α j−1(t0) + ~α j(t0)h+
~β(h)

h
h

)

= ~α j−1(t0) .

◆♦t❛r q✉❡ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ♣♦ssí✈❡❧ ❢❛③❡r ✉♠❛ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s
♣❛r❛ q✉❡ ✜q✉❡ ❝♦♠♦ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✹✿ ♣ôr t0 + h = t ❡ tr♦❝❛r h→ 0 ♣♦r t→ t0✳ �

❊①❡♠♣❧♦ ✸✳✶✳✻✳ ❆ r❡❝í♣r♦❝❛ ❞❡st❡ r❡s✉❧t❛❞♦ é ❢❛❧s❛✳ ❇❛st❛ t♦♠❛r ❝♦♠♦ ❝♦♥tr❛✲❡①❡♠♣❧♦ ❛
❝✉r✈❛ (−ǫ, ǫ) ∋ t 7→ ~α(t) = (t, |t|) ∈ R

2✱ ǫ > 0✱ q✉❡ é ❝♦♥tí♥✉❛ ❡♠ (−ǫ, ǫ) ⊂ R✱ ♠❛s ♥ã♦
❡①✐st❡ ~α ′(0)✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✼✳ ✭❙❡❣✉♥❞❛ ❝♦♥✈❡♥çã♦ s♦❜r❡ ♦s ❞♦♠í♥✐♦s ❞❛s ❝✉r✈❛s✳✮ ❊♠
❝♦♥t✐♥✉❛çã♦ à ❖❜s❡r✈❛çã♦ ✸✳✶✳✸ é ♥❡❝❡ssár✐♦ q✉❡ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦
❞♦ R

n✳ P❛r❛ ✐ss♦✱ ♠❛✐s ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ s♦❜r❡ ♦ ❞♦♠í♥✐♦ ❞❛ ❝✉r✈❛ ❞❡✈❡ s❡r ✐♠♣♦st❛✿
❛❧é♠ ❞❡ ❛❜❡rt♦✱ é ❝♦♥❡①♦✳ ❈♦♠♦ sã♦ tr❛❜❛❧❤❛❞❛s s♦♠❡♥t❡ ❝✉r✈❛s ❝♦♥tí♥✉❛s ❡ ❛ ✐♠❛❣❡♠ ❞❡
❝♦♥❡①♦s ♣♦r ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s é ❛✐♥❞❛ ✉♠ ❝♦♥❡①♦ ✭✈✐❞❡ ❬✶✷❪✮✱ t❡r✲s❡✲á tr❛ç♦s ❝♦♥❡①♦s
♥♦ R

n✳ ❈♦♠♦ t♦❞♦ ❝♦♥❡①♦ ❞❡ R é ✉♠ ✐♥t❡r✈❛❧♦✱ ♦ ❞♦♠í♥✐♦ I ⊆ R ❞❛ ❝✉r✈❛ é s❡♠♣r❡ ✉♠
✐♥t❡r✈❛❧♦ ❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✽✳ ◗✉❛♥❞♦ ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ I ∋ t 7→ ~α(t) ∈ R
n ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧

❛té ♦r❞❡♠ j ❡ ~α j(t) ❢♦r ❝♦♥tí♥✉❛ ❞✐③✲s❡ q✉❡ ~α(t) é ❝✉r✈❛ ❞❡ ♦r❞❡♠ Cj ✭♦✉ ❞❡ ❝❧❛ss❡
Cj✮✳ ◗✉❛♥❞♦ ❢♦r ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞✐③✲s❡ q✉❡ ~α(t) é ❝✉r✈❛ ❞❡ ♦r❞❡♠ C∞ ✭♦✉
❞❡ ❝❧❛ss❡ C∞✮✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❤á ♣♦✉❝♦✱ ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ~α(t) é ❞❡ ❝❧❛ss❡ C j,∞ s❡✱ ❡
❛♣❡♥❛s s❡✱ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s sã♦ t❛♠❜é♠ ❞❡ ❝❧❛ss❡ C j,∞✳

❉❡✜♥✐çã♦ ✸✳✶✳✾✳ ❙❡❥❛ I ∋ t 7→ ~α(t) ∈ R
n ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❚♦❞♦

t0 ∈ I t❛❧ q✉❡ ~α j(t0) = ~0 é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ ♦r❞❡♠ j✳ ◗✉❛♥❞♦ ♥ã♦ ❡①✐st❡
♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ ♦r❞❡♠ j ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦ I ❞✐③✲s❡ q✉❡ ❛ ❝✉r✈❛ ~α(t) é r❡❣✉❧❛r ❞❡
♦r❞❡♠ j✳

P♦r ❡①❡♠♣❧♦✱ s❡ ♥ã♦ ❡①✐st❡ t0 t❛❧ q✉❡ ~α ′′(t0) = ~0✱ ❡♥tã♦ ~α(t) é ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛
❞✐❢❡r❡♥❝✐á✈❡❧ r❡❣✉❧❛r ❞❡ ♦r❞❡♠ 2✳
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❖❜s❡r✈❛çã♦ ✸✳✶✳✶✵✳ ❯♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞❡ ❝❧❛ss❡ C∞ ❡ r❡❣✉❧❛r ❞❡ ♦r❞❡♠ 1 é
❝❤❛♠❛❞❛ s♦♠❡♥t❡ ❞❡ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ r❡❣✉❧❛r✳ ❉❡✈✐❞♦ à ❡①t❡♥sã♦
❞❡st❡s três ❛tr✐❜✉t♦s ✜❝❛ ❛❝♦r❞❛❞❛ ❞❡s❞❡ ❥á ❛ ❛❜r❡✈✐❛çã♦ ❞❡ss❡s ♣❛r❛ P❉❘✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✶✳ ❙❡❥❛♠ I ❡ J ❛❜❡rt♦s ❝♦♥❡①♦s ❞❡ R✱ I ∋ t 7→ ~α(t) ∈ R
n✱ J ∋ s 7→

h(s) = t ∈ I ❢✉♥çã♦ s♦❜r❡❥❡t♦r❛ ❞❡✱ ♥♦ ♠í♥✐♠♦✱ ❝❧❛ss❡ C1 ❝♦♠ h′(s) 6= 0 ❡♠ t♦❞♦ s ∈ J ✳
❈❤❛♠❛✲s❡ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t) ♣♦r h(s) ❛ ❝✉r✈❛ ♦❜t✐❞❛ ♣♦r

J ∋ s 7→ ~β(s) = (~α ◦ h)(s) = ~α(h(s)) ∈ R
n.

❆ ❢✉♥çã♦ h(s) é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✷✳ ▼❛♥t✐❞❛s ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r✲
♠❛çõ❡s✿

✶✳ ~α(I) = ~β(J)❀

✷✳ ✭❘❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♣❛r❛ ❝✉r✈❛s✳✮ ❙❡ ❛ ❝✉r✈❛ ~α(t) é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡♥tã♦ ~β(s)
t❛♠❜é♠ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ s✉❛ ❢✉♥çã♦ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ 1 é ❞❛❞❛ ♣♦r

J ∋ s 7→ ~β ′(s) = ~α ′(h(s))h′(s) ∈ R
n.

❙❡ ~α(t) é ❝✉r✈❛ P❉❘✱ ❡♥tã♦ ~β(s) t❛♠❜é♠ é ❝✉r✈❛ P❉❘✳

✸✳ ➱ ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ~α(t) ❝♦♠♦ r❡♣❛r❛♠❡tr✐③❛çã♦ ~β(s) ♣♦r

I ∋ t 7→ (h−1)(t) = s ∈ J.

❉❡♠♦♥str❛çã♦✳ ❉♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ s❛❜❡✲s❡ q✉❡ h(s) s❡r s♦❜r❡❥❡t♦r❛✱ ❝♦♥✲
tí♥✉❛ ✭♣♦rq✉❡ é ❞❡ ❝❧❛ss❡ C1✮ ❡ h′(s) 6= 0 ♣❛r❛ ∀s ∈ J ✐♠♣❧✐❝❛ ❡♠ h(s) s❡r ❜✐❥❡t♦r❛ ❡
♠♦♥ót♦♥❛ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ♦✉ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✳ ❙❡♥❞♦ h(s) ❜✐❥❡t♦r❛✱ ❡♥tã♦
❡①✐st❡ ✉♠❛ ❢✉♥çã♦ I ∋ t 7→ (h−1)(t) = s ∈ J ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ (h−1)′(t) 6= 0 ♣❛r❛ ∀t ∈ I ❡
(h−1)(I) = J ✳

✶✳ ~β(J) = ~β((h−1)(I)) = ~α(h((h−1)(I))) = ~α(I)❀

✷✳ ❱❡r ❬✶✸❪✱ ❙❡çã♦ ✹ ♥♦ ❈❛♣ít✉❧♦ ■❀

✸✳ ❆ ❢✉♥çã♦ (h−1)(t) s❛t✐s❢❛③ ♦s r❡q✉✐s✐t♦s ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✶✱ ❧♦❣♦

I ∋ t 7→ ~α(t) = ~β((h−1)(t)) ∈ R
n

é r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~β(s) ♣♦r (h−1)(t)✳ �

❉❡✜♥✐çã♦ ✸✳✶✳✶✸✳ ❙❡❥❛ R ⊇ I ∋ t 7→ ~α(t) ∈ R
n✳ ❆ ♦r✐❡♥t❛çã♦ ❞❡ ~α(t) é ♦ s❡♥t✐❞♦ ❞❡

♣❡r❝✉rs♦ ❞♦s ♣♦♥t♦s ❞❡ ~α(I)✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✹✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✶✱ ~α(t) ❡ ~β(s) tê♠ ♠❡s♠❛ ♦✲
r✐❡♥t❛çã♦ s❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡❀ tê♠ ♦r✐❡♥t❛çã♦
❝♦♥trár✐❛ s❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✳
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❉❡✜♥✐çã♦ ✸✳✶✳✶✺✳ ❙❡❥❛ R ⊇ I ∋ t 7→ ~α(t) ∈ R
n ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛✳ ❉❡✜♥❡✲s❡ ✉♠

❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s s♦❜r❡ ~α(I) ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦r♠❛

I ∋ t 7→ ~β(t) ∈ T~α(t)(R
n).

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ ❝❛❞❛ t ∈ I ♦ ✈❡t♦r ~β(t) ❡stá ❛♣❧✐❝❛❞♦ ♥♦ ♣♦♥t♦ ~α(t)❀ é t❛❧ q✉❡ ♣♦❞❡
s❡r ❡s❝r✐t♦ ❝♦♠♦ ~β(t)~α(t)✳

❖s ❝♦♥❝❡✐t♦s ❞❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥tí♥✉♦
sã♦ ♦s ♠❡s♠♦s q✉❡ ♦s ❡❧❛❜♦r❛❞♦s ♣❛r❛ ❛s ❝✉r✈❛s ♣❛r❛♠❡tr✐③❛❞❛s ♥❛s ❉❡✜♥✐çõ❡s ✸✳✶✳✷ ❡ ✸✳✶✳✹✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✻✳ ❋♦✐ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✱ q✉❡ ❛s ❢✉♥çõ❡s
❡♥tr❛❞❛ ❞❡ ✉♠❛ ♠étr✐❝❛ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆ ❝♦♠♣♦s✐çã♦ ❞❡st❛s ❝♦♠ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥✲
❝✐á✈❡❧ I ∋ t 7→ ~α(t) ∈ R

n ♣r♦❞✉③ ✉♠❛ ❢✉♥çã♦ ❞❡ R ❡♠ R ❞✐❢❡r❡♥❝✐á✈❡❧❀ ❞❛ ❆♥á❧✐s❡ ❘❡❛❧
s❛❜❡✲s❡ q✉❡ ❝❛❞❛ I ∋ t 7→ aij(~α(t)) ∈ R é ❝♦♥tí♥✉❛ ✭❛ ♣r♦✈❛ ❞❡ss❛ ❛ss❡rçã♦ é s❡♠❡❧❤❛♥t❡ ❛
❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✺✮✳

❆té ♦ ♠♦♠❡♥t♦ t♦❞♦s ♦s ❝♦♥❝❡✐t♦s ❝✐t❛❞♦s ✐♥❞❡♣❡♥❞❡r❛♠ ❞❛ ♠étr✐❝❛ ❛❞♦t❛❞❛✳ ❖ ♣ró✲
①✐♠♦ é ♦ ♣r✐♠❡✐r♦ ❞✐❢❡r❡♥t❡ ❞✐ss♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✼✳ ❙❡❥❛♠

I ∋ t 7→ ~β(t) ∈ T~α(t) (Rn)

❡
I ∋ t 7→ ~γ(t) ∈ T~α(t) (Rn)

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❝♦♥tí♥✉♦s ✭♦✉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞✐❢❡r❡♥❝✐á✈❡✐s✮ ♥ã♦✲♥✉❧♦s
s♦❜r❡ ✉♠❛ ❝✉r✈❛

I ∋ t 7→ ~α(t) ∈ R
n

❞❡ ❝❧❛ss❡ C∞ ❡ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
T~α(t) (Rn)✳ ❙ã♦ ❝♦♥tí♥✉❛s ✭❞✐❢❡r❡♥❝✐á✈❡✐s✮ ❛s s❡❣✉✐♥t❡s ❛♣❧✐❝❛çõ❡s✿

✶✳ I ∋ t 7→ 〈 ~β(t) , ~γ(t) 〉A ( ~α(t) ) ∈ R;

✷✳ I ∋ t 7→ ‖ ~β(t) ‖A ( ~α(t) ) ∈ R+.

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ n = 2✳ ❆ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ A ( ~p ) t❡♠ ❢✉♥çõ❡s
❡♥tr❛❞❛ ❝♦♥tí♥✉❛s✱ ❝♦♥❢♦r♠❡ ❖❜s❡r✈❛çã♦ ✸✳✶✳✶✻✳
❖s ❝❛♠♣♦s ~β(t)~α(t) = (f(t), g(t)) ❡ ~γ(t)~α(t) = (u(t), v(t)) tê♠ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s
❝♦♥tí♥✉❛s ✭❞✐❢❡r❡♥❝✐á✈❡✐s✮✳
❙❡❥❛

A ( ~α(t) ) =

[

a(~α(t)) b(~α(t))
b(~α(t)) c(~α(t))

]

=

[

a(t) b(t)
b(t) c(t)

]

.

❊♥tã♦

〈 ~β(t) , ~γ(t) 〉A ( ~α(t) ) = a(t)f(t)u(t) + b(t)[g(t)u(t) + f(t)v(t)] + c(t)g(t)v(t).
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❉♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ s❛❜❡✲s❡ q✉❡ ❛ ❢✉♥çã♦

I ∋ t 7→ a(t)f(t)u(t) + b(t)[g(t)u(t) + f(t)v(t)] + c(t)g(t)v(t) ∈ R

é ❝♦♥tí♥✉❛ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮ ♣♦r tr❛t❛r✲s❡ ❞❡ ♣r♦❞✉t♦ ❡ s♦♠❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ✭❞✐❢❡r❡♥✲
❝✐á✈❡✐s✮✳ P♦rt❛♥t♦✱ ✭✶✮ ❡stá ♣r♦✈❛❞❛✳
P♦r r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ♣r♦✈❛✲s❡ q✉❡ I ∋ t 7→ 〈 ~β(t) , ~β(t) 〉A ( ~α(t) ) ∈ R+ é ❝♦♥tí♥✉❛ ✭❞✐❢❡r❡♥✲
❝✐á✈❡❧✮✳ ❊ s❡♥❞♦ q✉❡ ❛ ❢✉♥çã♦

R
∗
+ ∋ t 7→

√
t ∈ R+

é ❝♦♥tí♥✉❛ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡st❛s✱ ‖~β(t)‖A ( ~α(t) )✱ é ❝♦♥tí♥✉❛ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮ ❡
✭✷✮ ❡stá ♣r♦✈❛❞❛✳
❊st❛ ♣r♦✈❛ é ❡①t❡♥s✐✈❛ ❛♦ R

3✳ �

❉❡✜♥✐çã♦ ✸✳✶✳✶✽✳ ❙❡❥❛ I ⊆ R ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ ❡ I ∋ t 7→ ~α(t) ∈ R
n ✉♠❛ ❝✉r✈❛ P❉❘

✭♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛✮✳ ❉❡✜♥❡✲s❡ ✉♠ ❛r❝♦ ❞❡ ~α(t) ❝♦♠♦ ❛ ✐♠❛❣❡♠ ♣♦r ~α ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦
❝♦♥❡①♦ J ⊆ I✳

❆ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ❢❛③ ❝♦♠ q✉❡ ✉♠ ❛r❝♦ ❛ss✐♠ ❞❡✜♥✐❞♦ s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ❞❡
♣♦♥t♦s ❞♦ R

n✳ ❆ ❞❡✜♥✐çã♦ s❡❣✉✐♥t❡ ✉s❛ ❛ ❛♥t❡r✐♦r ❡ ❡st❛❜❡❧❡❝❡ ✉♠ ❝♦♥❝❡✐t♦ q✉❡ ❡♠ ❣❡r❛❧ é
❞❡♠♦♥str❛❞♦ ♥♦s ❧✐✈r♦s ♣❛r❛ ♠étr✐❝❛s ❡✉❝❧✐❞✐❛♥❛s✳ ❖ ❝♦♥❝❡✐t♦ ❞❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ ♣♦❞❡
s❡r ❞❡♠♦♥str❛❞♦ ♣❛r❛ ♠étr✐❝❛s ❝♦♥st❛♥t❡s s❡❣✉✐♥❞♦ ❡ ❛❞❛♣t❛♥❞♦ ❛ ♣r♦✈❛ ❛♣r❡s❡♥t❛❞❛ ♥❛
r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✜❝❛ ❬✶❪✱ ❡♠ s❡✉ ■t❡♠ ✶✹✳✶✵✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✾✳ ✭❈♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✮✳ ❙❡❥❛ R ⊇ I ∋ t 7→ ~α(t) ∈ R
n ❝✉r✈❛ ❞❡

❝❧❛ss❡ C1 ❡ r❡❣✉❧❛r ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ ❙❡❥❛ t❛♠❜é♠ A = A ( ~p ) ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧
t❛❧ q✉❡ A |~α(I) ∈ Mn(R)✱ ♦✉ s❡❥❛✱ A (~α(t)) ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ T~α(t)(R

n)✳ ▼❡❞❡✲
s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ❛r❝♦ ❞❡ ~α(I)✱ ♠❡❞✐❞♦ ❞❡ a ❛té b✱ ❛♠❜♦s ❡♠ I ❡ ❝♦♠ a ≤ b✱
s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ A (~α(t))✱ ♣♦r

L =

∫ b

a

‖~α ′(t)~α(t)‖A (~α(t)) dt.

❆ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

R ⊃ [a, b] ∋ t 7→ s(t) =

∫ t

a

‖~α ′(ξ)~α(ξ)‖A (~α(ξ)) dξ ∈ R

❝❤❛♠❛✲s❡ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ ~α(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳ ❖ ♥ú♠❡r♦

s(b) =

∫ b

a

‖~α ′(t)~α(t)‖A (~α(t)) dt

é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ ❛r❝♦ ❞❡ ~α(t) ❡♠ [a, b]✳

❆ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❞♦♠í♥✐♦ I ❞❛ ❝✉r✈❛✱ r❡q✉✐s✐t❛❞❛ ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✼✱ ❢❛③ ❝♦♠ q✉❡ I
s❡❥❛ ✉♠ ✐♥t❡r✈❛❧♦✳ ❆ss✐♠✱ ❞❛❞♦s a, b ∈ I s❡ t❡rá [a, b] ⊂ I ❡ ♦ r❡s♣❡❝t✐✈♦ ❛r❝♦ ❞❡ ~α ♣♦r
[a, b] s❡rá ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ❞♦ tr❛ç♦ ~α(I)✱ ❞❡ ❡①tr❡♠♦s ~α(a) ❡ ~α(b)✱ ♣❛r❛ ♦ q✉❛❧ s❡
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❝❛❧❝✉❧❛rá ♦ ❝♦♠♣r✐♠❡♥t♦ L✳

❈♦♠ ❛s ❖❜s❡r✈❛çõ❡s ✸✳✶✳✸ ❡ ✸✳✶✳✼ ❡ ❡st❛ ❝♦♥s✐❞❡r❛çã♦ ❡s♣❡r❛✲s❡ ❡✈✐t❛r ✉♠❛ s✐t✉❛çã♦
✐❧✉str❛❞❛ ❝♦♠♦ s❡❣✉❡✳ ❙❡❥❛♠ a1 < a2 < b1 < b2 ♥ú♠❡r♦s r❡❛✐s ❝♦♠ ♦s q✉❛✐s s❡ ❞❡✜♥❡♠ ♦s
s❡❣✉✐♥t❡s s✉❜❝♦♥❥✉♥t♦s ❝♦♥❡①♦s ❞❡ R✿ A = (a1, a2) ❡ B = (b1, b2)✳ ❙❡❥❛ I = A∪B ⊆ R ✉♠
❛❜❡rt♦ ❡ I ∋ t 7→ ~α(t) ∈ R

2 ❝✉r✈❛ ❝♦♥tí♥✉❛✳ ❈♦♠♦ A ❡ B sã♦ ❞✐s❥✉♥t♦s✱ ♦ tr❛ç♦ ❞❡ ~α é ❛
✉♥✐ã♦ ❞❡ ❞♦✐s tr❛ç♦s ❞✐s❥✉♥t♦s✱ ❛ s❛❜❡r ~α(I) = ~α(A) ∪ ~α(B) ❡ s❡✉ tr❛ç♦ ♥ã♦ é ❝♦♥❡①♦✳ ➱
❛❧❣♦ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶ s❡❣✉✐♥t❡✿

❋✐❣✉r❛ ✸✳✶✿ tr❛ç♦ ❞❡s❝♦♥❡①♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❝♦♥tí♥✉❛

❚♦♠❛♥❞♦ ✉♠ a0 ∈ A ❡ ✉♠ b0 ∈ B✱ [a0, b0] 6⊂ I❀ ❧♦❣♦✱ ♥ã♦ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r L =
∫ b0

a0
‖~α ′(t)~α(t)‖A (~α(t))dt✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷✵✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ♠❛♥t✐❞❛ ❛ ♠étr✐❝❛ ♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ t♦t❛❧ é ✐♥✈❛r✐❛♥t❡ s♦❜ r❡♣❛r❛♠❡tr✐③❛çõ❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ I, J ⊆ R ❛❜❡rt♦s ❝♦♥❡①♦s✱ J ∋ s 7→ h(s) = t ∈ I ✉♠❛ ❢✉♥çã♦
❝♦♠♦ ❡s♣❡❝✐✜❝❛ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✶✱ J ∋ s 7→ ~β(s) = ~α(h(s)) ∈ R

n r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t)

♣♦r h(s) ❡ a, b ∈ I✳ P❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✷ ■t❡♠ ✭✷✮✱ ~β ′(s) = ~α ′(h(s))h′(s)✳
❙✉♣♦r q✉❡ ~α ❡ ~β tê♠ ♠❡s♠❛ ♦r✐❡♥t❛çã♦❀ ✐ss♦ ❡q✉✐✈❛❧❡ ❛✜r♠❛r q✉❡ h(s) é ❝r❡s❝❡♥t❡ ♦✉
q✉❡ h′(s) > 0✱ ∀s ∈ J ✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦

A (~β(s)) = A (~α(h(s))) = A (~α(t)),

t❡♠✲s❡
‖~β ′(s)‖

A (~β(s)) = ‖~α ′(h(s))h′(s)‖A (~α(t)) = h′(s)‖~α ′(h(s))‖A (~α(t)).

❙❡♥❞♦ h(s) s♦❜r❡❥❡t♦r❛✱ ❡①✐st❡♠ c, d ∈ J t❛✐s q✉❡ h(c) = a ❡ h(d) = b❀ s❡♥❞♦ ❝r❡s❝❡♥t❡✱
h(c) = a ≤ b = h(d) ⇒ c ≤ d✳
❊♥tã♦✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧ ♥❛ ■♥t❡❣r❛❧ ✭✈✐❞❡ r❡❢❡rê♥❝✐❛ ❬✶✵❪✮

∫ b

a
‖~α ′(t)~α(t)‖A (~α(t))dt =

∫ h(d)

h(c)
‖~α ′(t)~α(t)‖A (~α(t))dt

=
∫ d

c
h′(s)‖~α ′(h(s))~α(h(s))‖A (~α(h(s)))ds

=
∫ d

c
‖~β ′(s)~β(s)‖A (~β(s))ds.
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❙✉♣♦r q✉❡ ~α ❡ ~β tê♠ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✱ ♦✉ s❡❥❛✱ h′(s) < 0✱ ∀s ∈ J ✳ ❊♥tã♦

‖~β ′(s)‖
A (~β(s)) = −h′(s)‖~α ′(h(s))‖A (~α(t)),

❡✱ ♣♦r ♠♦t✐✈♦s ❥á ♠❡♥❝✐♦♥❛❞♦s✱ ❡①✐st❡♠ c, d ∈ J t❛✐s q✉❡ h(c) = a ❡ h(d) = b❀ s❡♥❞♦
❞❡❝r❡s❝❡♥t❡✱ h(c) = a ≤ b = h(d) ⇒ c ≥ d✳ ❆ss✐♠

∫ b

a
‖~α ′(t)~α(t)‖A (~α(t))dt =

∫ h(d)

h(c)
‖~α ′(t)~α(t)‖A (~α(t))dt

=
∫ d

c
h′(s)‖~α ′(h(s))~α(h(s))‖A (~α(h(s)))ds

= −
∫ c

d
h′(s)‖~α ′(h(s))~α(h(s))‖A (~α(h(s)))ds

=
∫ c

d
‖~β ′(s)~β(s)‖A (~β(s))ds.

�

❊①❡♠♣❧♦ ✸✳✶✳✷✶✳ ❈♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✸ ❞♦ ❈❛♣ít✉❧♦ ✶

〈(x1, y1) , (x2, y2)〉A = 2x1x2 + 3y1y2

❛ ❝✉r✈❛ P❉❘ ❞❛❞❛ ♣♦r

I = (0,+∞) ∋ t 7→ ~α(t) =

(

t√
14
,

2t√
14

)

∈ R
2

é t❛❧ q✉❡ ~α ′(t) =
(

1√
14
, 2√

14

)

t❡♠ ♥♦r♠❛ ‖~α ′(t)‖
A

=
√

2
14

+ 3 · 4
14

= 1✳

P❛r❛ ✉♠ t0 < t1✱ ❛♠❜♦s ❡♠ I✱ ❛ ❝✉r✈❛ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ❞❛❞♦ ♣♦r

L~α =

∫ t1

t0

‖~α ′(t)‖A dt =

∫ t1

t0

dt = t1 − t0.

❚♦♠❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ I ∋ t 7→ h(t) = t
√

14 ∈ R✱ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t) ♣♦r h(t)
✜❝❛

I ∋ t 7→ ~β(t) = (t, 2t) ∈ R
2.

❖s ❡①tr❡♠♦s ❞❡ ✐♥t❡❣r❛çã♦ r❡❝❛❧❝✉❧❛❞♦s ♣❛r❛ ❛ ❝✉r✈❛ ~β(t) sã♦ t0√
14

❡ t1√
14

✭♥♦t❛r q✉❡ h( t0√
14

) =

t0 ❡ h( t1√
14

) = t1✮✳ ❙❡♥❞♦ ~β ′(t) = (1, 2) ❝♦♠ ‖~β ′(t)‖A =
√

2 · 1 · 1 + 3 · 2 · 2 =
√

14 ✈❡♠
q✉❡

L~β =

∫
t1√
14

t0√
14

‖~β ′(t)‖A dt =
√

14

∫
t1√
14

t0√
14

dt =
√

14
t1 − t0√

14
= L~α.

❉❡✜♥✐çã♦ ✸✳✶✳✷✷✳ ❉✐③✲s❡ q✉❡ ❛ ❝✉r✈❛ I ∋ t 7→ ~α(t) ∈ R
n ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ❡stá

♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A = A ( ~α(t) )✱ ♦✉✱
s✐♠♣❧❡s♠❡♥t❡✱ ❡stá P❈❆ s❡❣✉♥❞♦ A ✱ s❡

∫ b

a

‖~α ′(t)~α(t)‖A (~α(t)) dt = b− a

♣❛r❛ t♦❞♦ [a, b] ⊂ I✳
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Pr♦♣♦s✐çã♦ ✸✳✶✳✷✸✳ ▼❛♥t✐❞❛s ❛s ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✾✱ ❛ ❝✉r✈❛ ~α(t) ❡stá P❈❆
s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮ ❞❡✜♥✐❞❛ ♣♦r A = A ( ~α(t) ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ∀t ∈ I
✐♠♣❧✐❝❛r

‖~α ′(t)~α(t)‖A (~α(t)) = 1.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦r ~α(t) P❈❆ s❡❣✉♥❞♦ A ✳ ❙❡♥❞♦

[a, b] ∋ t 7→ s(t) =

∫ t

a

‖~α ′(ξ)~α(ξ)‖A (~α(ξ))dξ ∈ R,

a ≤ t ✐♠♣❧✐❝❛ s(t) = t − a✳ ❙❡♥❞♦ ❡st❛ ❝✉r✈❛ P❉❘ ❡ A ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ s❡❣✉❡ ❞❛
Pr♦♣♦s✐çã♦ ✸✳✶✳✶✼ q✉❡

[a, b] ∋ t 7→ ‖~α ′(t)~α(t)‖A (~α(t)) ∈ R

é ❝♦♥tí♥✉❛✳ P♦r ✉♠ t❡♦r❡♠❛ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ s❡❣✉❡ q✉❡ s(t) é ❞✐❢❡r❡♥❝✐á✈❡❧
❡

s ′(t) = ‖~α ′(t)~α(t)‖A (~α(t)).

▼❛s ❝♦♠♦ s(t) = t− a⇒ s ′(t) = 1 s❡❣✉❡ q✉❡ ‖~α ′(t)~α(t)‖A (~α(t)) = 1✳
P♦r ♦✉tr♦ ❧❛❞♦✱

∫ b

a

‖~α ′(ξ)~α(ξ)‖A (~α(ξ))dξ =

∫ b

a

dξ = b− a,

❞♦♥❞❡ s❡ ✈ê q✉❡ ❛ ❝✉r✈❛ ❡stá P❈❆ s❡❣✉♥❞♦ A ✳ �

❊①❡♠♣❧♦ ✸✳✶✳✷✹✳ ❆ ❝✉r✈❛ ~α(t) ❞♦ ❊①❡♠♣❧♦ ✸✳✶✳✷✶ ❡stá P❈❆ s❡❣✉♥❞♦ ❛q✉❡❧❛ ♠étr✐❝❛ A ✱
❝♦♠♦ ❢♦✐ ♣♦ssí✈❡❧ ✈❡r ♣❡❧♦ ❝á❧❝✉❧♦ ❞❛ ♥♦r♠❛ ❞❡ s❡✉ ✈❡t♦r ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛✳ ❆ ❝✉r✈❛ ~β(t)
❞♦ ♠❡s♠♦ ❡①❡♠♣❧♦ ♥ã♦ ❡stá P❈❆✳

❊①❡♠♣❧♦ ✸✳✶✳✷✺✳ ❙❡❥❛♠ c 1, c 2, c 3 ∈ R
∗
+✱ I = (0, 2π) ⊂ R ❡

I ∋ s 7→ ~α(s) = (c 1 + c 2 cos
s

c 2

, c 3 + c 2 sin
s

c 2

) ∈ R
2.

❙❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✱ ❡st❛ ❝✉r✈❛ ❡stá P❈❆✱ ♣♦✐s

~α ′(s) = (− sin
s

c 2

, cos
s

c 2

) ⇒ ‖~α ′(s)‖C =

√

sin2 s

c 2

+ cos2
s

c 2

= 1.

❯♠❛ ❝✉r✈❛ ♣♦❞❡ ❡st❛r P❈❆ ♥✉♠❛ ♠étr✐❝❛✱ ♠❛s ♥ã♦ ❡st❛r ♥♦✉tr❛✳ ❊st❡ é ♦ ❝❛s♦
❞❡st❛ ❝✉r✈❛✳
❉❡ ❢❛t♦✱ ❡s❝♦❧❤❡♥❞♦ ❛❞❡q✉❛❞❛♠❡♥t❡ c1✱ c2 ❡ c3✱ ♦ tr❛ç♦ ❞❡ ~α ✜❝❛ ♥♦ ❝♦♥❥✉♥t♦ X = {(x, y) ∈
R

2 : y > 0} ⊂ R
2✱ ❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧

A ( ~p ) =

[ 1
y

0

0 1
y

]

,

❝♦♠ ~p = (x, y) ∈ ~α(I)✱ ❞❡✜♥❛ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ ❝❛❞❛ T~α(s) (R2) ✭❡st❛ ♠étr✐❝❛ ❢♦✐
❞❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✾ ❞❛ ♣á❣✐♥❛ ✷✼✮✳ ❙❡❣✉♥❞♦ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ❛ ❝✉r✈❛ ♥ã♦ ❡stá
P❈❆✳ ❈♦♠ ❡❢❡✐t♦✱

‖~α ′(s)‖A (~α(s)) =

√

sin2 s
c 2

+ cos2 s
c 2

c 3 + c 2 sin s
c 2

6= 1

♣❛r❛ t♦❞♦ s ∈ I✳
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Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻✳ ✭❘❡♣❛r❛♠❡tr✐③❛çã♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✮✳ ❚♦❞❛ ❝✉r✈❛
P❉❘

I ∋ t 7→ ~α(t) ∈ R
n

❛❞♠✐t❡ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦

J ∋ s 7→ ~β(s) = ~α(h(s)) ∈ R
n,

❝♦♠♦ ❡st❛❜❡❧❡❝✐❞❛ ♥❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✶✱ P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r A = A ( ~p )✱
❞❡✜♥✐❞❛ s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ~α(I)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛r❣✉♠❡♥t❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✸✱ ❛ ❢✉♥çã♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ ~α(t)✱ s = s(t)✱ ❞❛❞❛ ♣♦r

I ⊃ [a, b] ∋ t 7→ s(t) =

∫ t

a

‖~α ′(ξ)~α(ξ)‖A (~α(ξ))dξ ∈ R,

é t❛❧ q✉❡
s ′(t) = ‖~α ′(t)~α(t)‖A (~α(t)).

❙❡❥❛ J = s([a, b])✳ P♦r ~α(t) 6= ~0 ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✱ ✈❡♠ q✉❡ s ′(t) > 0 ❡✱ ❡♥tã♦✱ ❛
s (t) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳ P♦r ✉♠ t❡♦r❡♠❛ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ ✱ ❛ s(t) é
❜✐❥❡t♦r❛ ❝♦♠ ✐♥✈❡rs❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳
❙❡❥❛

J ∋ s 7→ r(s) ∈ [a, b] ⊂ I

t❛❧ q✉❡ r(s(t)) = t ✭♦✉ r(s) = (s−1)(t)✮✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♥✈❡rs❛✱

r ′(s) =
1

s ′(t)
=

1

‖~α ′(t)~α(t)‖A (~α(t))

> 0,

♦✉ s❡❥❛✱ ❛ r(s) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳
❆ ❢✉♥çã♦ r(s) s❛t✐s❢❛③ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✶❀ s❡❥❛

J ∋ s 7→ ~β(s) = ~α(r(s)) ∈ R
n.

~β(s) é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t) ♣♦r r(s)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✷ ■t❡♠ ✭✶✮✱ ~α([a, b]) =
~β(J)❀ ❡✱ ❝♦♥❢♦r♠❡ ❖❜s❡r✈❛çã♦ ✸✳✶✳✶✹✱ ~α ❡ ~β tê♠ ♠❡s♠❛ ♦r✐❡♥t❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❛✐♥❞❛ ❞❛
Pr♦♣♦s✐çã♦ ✸✳✶✳✶✷ ■t❡♠ ✭✷✮✱

~β ′(s) = ~α ′(r(s)) r ′(s) = ~α ′(t)
1

‖~α ′(t)‖A (~α(t))

⇒

⇒ ‖~β ′(s)‖
A (~β(s)) =

∥

∥

∥

~α ′(t)
‖~α ′(t)‖A (~α(t))

∥

∥

∥

A (~β(s))

=
‖~α ′(t)‖

A (~β(s))

‖~α ′(t)‖A (~α(t))

=
‖~α ′(t)‖A (~α(r(s)))

‖~α ′(t)‖A (~α(t))

=
‖~α ′(t)‖A (~α(t))

‖~α ′(t)‖A (~α(t))

= 1,
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✉s❛♥❞♦ q✉❡ r(s) = t⇒ ~α(r(s)) = ~α(t)✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✸✱ ❛ ~β(s) ❡stá P❈❆ s❡❣✉♥❞♦ A ✳ �

❊①❡♠♣❧♦ ✸✳✶✳✷✼✳ P❛r❛ ✉♠ ǫ ∈ R
∗
+ ❞❡✈✐❞❛♠❡♥t❡ ❡s❝♦❧❤✐❞♦✱ ❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r

I = (6 − ǫ,+∞) ∋ t 7→ ~α(t) =

(

2

5
t

5
2 , t2

)

∈ R
2

t❡♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦ ♥♦ ♣❧❛♥♦ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐ ✭♣á❣✐♥❛ ✷✻✮✱ q✉❡ é ♦ ❞♦♠í♥✐♦ s♦❜r❡ ♦
q✉❛❧ ❡stá ❞❡✜♥✐❞❛ ❛ ♠étr✐❝❛ ♥ã♦✲❡✉❝❧✐❞✐❛♥❛ A = A ( ~p ) ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✾✳ ❙❡❣✉♥❞♦ ❡ss❛
♠étr✐❝❛✱ ❛ ❝✉r✈❛ ♥ã♦ ❡stá P❈❆✱ ♣♦✐s

~α ′(t) =
(

t
3
2 , 2t

)

⇒ ‖~α ′(t)‖
A (~α(t)) =

√

t3 + 4t2

t2
=

√
t+ 4 6= 1, ∀t.

❖ tr❛ç♦ ❞❡st❛ ❝✉r✈❛ ❢♦✐ ❡❧❛❜♦r❛❞♦ ❝♦♠ ♦ ✧s♦❢t✇❛r❡✧ ▼✉P❆❉ Pró ✹✳✵ ❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛
❋✐❣✉r❛ ✸✳✷✳

❋✐❣✉r❛ ✸✳✷✿ tr❛ç♦ ❞❛ ❝✉r✈❛ ~α(t)

P❛r❛ s❡ ♦❜t❡r ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t) P❈❆ ♣♦r A ✱ s❡❣✉✐♥❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ ú❧t✐♠❛
♣r♦♣♦s✐çã♦✱ é ♣r❡❝✐s♦ ♦❜t❡r ❛ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ q✉❡ ❛q✉✐ é ♠❡❞✐❞❛ ❛
♣❛rt✐r ❞❡ t = 6✿

I ∋ t 7→ s(t) =

∫ t

6

∥

∥~α ′(ξ)~α(ξ)

∥

∥

A (~α(ξ))
dξ =

2

3
(t+ 4)

3
2 − 20

3

√
10 ∈ R.

s(6) = 0 ❡ limt→+∞ s(t) = +∞ ❢❛③❡♠ ❝♦♠ q✉❡ s([6,+∞)) = [0,+∞)✳ ▼❛s✱ ❞❡✈✐❞♦ à
❖❜s❡r✈❛çã♦ ✸✳✶✳✼✱ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❡ ❝♦♥❡①♦ ❞❡ R ❞❡✈❡ s❡r t♦♠❛❞♦ ❝♦♠♦ ❞♦♠í♥✐♦ ❞❛
❝✉r✈❛ r❡♣❛r❛♠❡tr✐③❛❞❛❀ ♣♦rt❛♥t♦✱ ❡st❡ é (0,+∞) = J ⊂ R✳ ❊ ❛ss✐♠

J ∋ s 7→ s−1(t) = r(s) =

(

3

2
s+ 10

√
10

)
2
3

− 4 ∈ R.

▲♦❣♦✱ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣r♦❝✉r❛❞❛ é ❞❛❞❛ ♣♦r

J ∋ s 7→ ~λ(s) = (~α ◦ r)(s) ∈ R
2
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q✉❡ ♣♦r s✉❛ ✈❡③ é ✐❣✉❛❧ ❛

~λ(s) = (r(s))2

(

2

5
(r(s))

1
2 , 1

)

. ✭✸✳✹✮

❆ ❢✉♥çã♦ r(s) é ✉s❛❞❛ ♥❛ ♥♦t❛çã♦ ❞❡ ~λ(s) ❝♦♠ ✐♥t✉✐t♦ ❞❡ s✐♠♣❧✐✜❝á✲❧❛✳ ❆❣♦r❛✱

~λ ′(s) =
r(s)

√

r(s) + 4
(
√

r(s) , 2) ✭✸✳✺✮

❡ ❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s é t❛❧ q✉❡

‖~λ ′(s)‖
A (~λ(s)) = 1.

❆ ♣ró①✐♠❛ ❡♥✉♥❝✐❛çã♦ é ❞❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡st❡ tr❛❜❛❧❤♦✳ ❚❡♠ ❛♠♣❧❛ ✉t✐❧✐❞❛❞❡ ♥♦
❞❡❝♦rr❡r ❞❡st❡ ❡ ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✽✳ ❙❡❥❛♠
I ∋ t 7→ ~α(t) ∈ R

n

❝✉r✈❛ P❉❘ ❡
I ∋ t 7→ ~β(t) = (f1(t), . . . , fn(t)) ∈ T~α(t)(R

n)

✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❛ ~α(t)✳ ❙❡❥❛ ❛✐♥❞❛✱ ❝♦♥❢♦r♠❡ ❉❡✜♥✐çã♦
✷✳✶✳✷✱ A = A ( ~p )✱ t❛❧ q✉❡ ❛ r❡str✐çã♦ A |X s❡❥❛ ✉♠❛ ♠❛tr✐③ ❞❡ Mn(R) ❝♦♠ ~α(I) ⊆ X✱ ♦✉
s❡❥❛✱ A (~α(t)) ❡st❛❜❡❧❡❝❡ ✉♠❛ ♠étr✐❝❛ ❡♠ T~α(t)(R

n)✳ ❉❡✜♥❡✲s❡ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛
~β(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A (~α(t)) ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ✈❡t♦r✐❛❧ ❞❛❞❛ ♣♦r

I ∋ t 7→ D~β (t) =

(

f ′
1(t) +

a′11(~α(t))

2a11(~α(t))
f1(t), . . . , f

′
n(t) +

a′nn(~α(t))

2ann(~α(t))
fn(t)

)

∈ T~α(t) (Rn).

❈♦♥s✐❞❡r❛♥❞♦ B = {~b 1 , ~b 2 , . . . , ~bn }✱ ❛ ❜❛s❡ ❞♦ R
n q✉❡ ❞❡✜♥❡ ~α(t) ❡ ~β(t)✱ q✉❛♥❞♦

❛♣❧✐❝❛❞❛ ❡♠ ~α(t) ♣❛r❛ t ∈ I✱ ❞❡✜♥❡ ✉♠❛ ❜❛s❡ ♣❛r❛ t♦❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ T~α(t) (Rn) q✉❡
é ❞❡♥♦t❛❞❛ ♣♦r B ~α(t) = {~b 1 ~α(t), ~b 2 ~α(t), . . . , ~bn ~α(t)}✳ ❆ss✐♠✱ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~β(t)
s❡❣✉♥❞♦ A (~α(t)) ♣♦❞❡ t❛♠❜é♠ s❡r ❡s❝r✐t❛ ❝♦♠♦ s❡♥❞♦

D~β (t) =
∑

1≤i≤n

(

f ′
i(t) +

a′ii(~α(t))

2aii(~α(t))
fi(t)

)

~b i ~α(t).

❙❡ ❛ ♠❛tr✐③ ❞❛ ♠étr✐❝❛ é ❝♦♥st❛♥t❡✱ ✐♥❞✐❢❡r❡♥t❡♠❡♥t❡ s❡ ❞✐❛❣♦♥❛❧ ♦✉ ♥ã♦✱ ❡♥tã♦ ❛
❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ t♦r♥❛✲s❡ ❛ ❞❡r✐✈❛❞❛ ✉s✉❛❧ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ ✱ ✉♠❛ ✈❡③
q✉❡ a′ii = 0✳
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Pr♦♣♦s✐çã♦ ✸✳✶✳✷✾✳ ❙❡❥❛♠
I ∋ t 7→ ~α(t) ∈ R

n

❝✉r✈❛ P❉❘✱

I ∋ t 7→ ~β(t) ∈ T~α(t)(R
n) ❡ I ∋ t 7→ ~γ(t) ∈ T~α(t)(R

n)

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❛ ~α(t) ❡♠ ❝❛❞❛ t✳ ❙❡❥❛ ❛✐♥❞❛ A = A ( ~p ) ∈ Mn(R)✱ n =

2, 3✱ t❛❧ q✉❡ A (~α(t)) ❞❡✜♥❡ ✉♠❛ ♠étr✐❝❛ ❡♠ ❝❛❞❛ T~α(t)(R
n)✳ ❙❡ ~β(t)~α(t) ❡ ~γ(t)~α(t) sã♦

❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

I ∋ t 7→ 〈~β(t) , ~γ(t)〉A (~α(t)) ∈ R

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡

✶✳ s❡ A é ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡✱ ❡♥tã♦

d

dt

[

〈~β(t) , ~γ(t)〉A
]

=
〈

~β ′(t) , ~γ(t)
〉

A

+
〈

~β(t) , ~γ ′(t)
〉

A

;

✷✳ s❡ A ( ~p ) é ✉♠❛ ♠❛tr✐③ ❞❛❞❛ ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥st❛♥t❡✱
❡♥tã♦

d

dt

[

〈~β(t) , ~γ(t)〉A (~α(t))

]

=
〈

D~β (t) , ~γ(t)
〉

A (~α(t))
+
〈

~β(t) , D~γ (t)
〉

A (~α(t))
.

❉❡♠♦♥str❛çã♦✳ ❆ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ 〈~β(t) , ~γ(t)〉A ( ~α(t) ) ❥á ❢♦✐ ♣r♦✈❛❞❛ ♥❛
Pr♦♣♦s✐çã♦ ✸✳✶✳✶✼ ♣❛r❛ q✉❛❧q✉❡r ♠étr✐❝❛❀ r❡st❛ ♣r♦✈❛r ❛s ✐❣✉❛❧❞❛❞❡s ❞❡ ✭✶✮ ❡ ✭✷✮✳
❆ ❞❡♠♦♥str❛çã♦ é s❡♣❛r❛❞❛ ♣❛r❛ ❝❛❞❛ ❝❛s♦❀ ❡♠ ❛♠❜♦s é ❢❡✐t❛ ♣❛r❛ n = 2 ♣♦rq✉❡ ❛♥❛❧♦✲
❣❛♠❡♥t❡ s❡ ❢❛③ ♣❛r❛ n = 3✳ ❊ t❛♠❜é♠✱ ♥♦s ❞♦✐s ❝❛s♦s é s✉♣♦st♦ q✉❡ ~β(t) = (f(t), g(t)) ❡
~γ(t) = (u(t), v(t))✳
Pr♦✈❛ ❞❡ ✭✶✮✳
■♥✐❝✐❛❧♠❡♥t❡✱ ♣♦♥❞♦

A =

[

a b
b c

]

,

♠étr✐❝❛ ❝♦♥st❛♥t❡ ❡♠ T~α(t) (Rn) ♣❛r❛ t♦❞♦ t✱ t❡♠✲s❡

〈~β(t) , ~γ(t)〉A = [ ~β(t) ]A [~γ(t) ]T = afu+ b[gu+ fv] + cgv .

❆ss✐♠

d
dt

[

〈~β(t) , ~γ(t)〉A
]

= a(f ′u+ fu′) + b(g′u+ gu′ + f ′v + fv′) + c(g′v + gv′)

= [af ′u+ b(g′u+ f ′v) + cg′v] + [afu′ + b(gu′ + fv′) + cgv′]

=
[

f ′ g′
]

[

a b
b c

]

[

u v
]

T

+
[

f g
]

[

a b
b c

]

[

u′ v′
]

T

= [ ~β ′(t) ]A [~γ(t) ]T + [ ~β(t) ]A [~γ ′(t) ]T,
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♦✉ s❡❥❛✱ ✭✶✮ ❡stá ♣r♦✈❛❞❛✳
Pr♦✈❛ ❞❡ ✭✷✮✳
❊s❝r❡✈❡♥❞♦ ❛ ♠étr✐❝❛ ❝♦♠♦

A = A (~α(t)) =

[

a(~α(t)) 0
0 c(~α(t))

]

=

[

a 0
0 c

]

,

♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡st❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ s❡❣✉♥❞♦ A ✜❝❛

〈~β(t) , ~γ(t)〉A = [ ~β(t) ]A [~γ(t) ]T = afu+ cgv .

❊♥tã♦

d
dt

[

〈~β(t) , ~γ(t)〉A
]

= a′fu+ c′gv + a(f ′u+ fu′) + c(g′v + gv′)

= (fa′u+ gc′v) + (f ′au+ g′cv) + (fau′ + gcv′)

= (f ′au+ f a
′

2
u+ g′cv + g c

′

2
v) + (fau′ + f a

′

2
u+ gcv′ + g c

′

2
v)

=
[

f ′ + a′

2a
f g′ + c′

2c
g
]

[

a 0
0 c

]

[

u v
]

T

+

[

f g
]

[

a 0
0 c

]

[

u′ + a′

2a
u v′ + c′

2c
v
]T

=
[

D~β (t)
]

A (~α(t)) [~γ(t) ]T +
[

~β(t)
]

A (~α(t)) [D~γ (t) ]T ,

❝♦♥❢♦r♠❡ ❛❝❡rt❛❞♦✳ �

❆ ♠♦t✐✈❛çã♦ q✉❡ ❧❡✈♦✉ à ❉❡✜♥✐çã♦ ✸✳✶✳✷✽ ❡ à Pr♦♣♦s✐çã♦ ✸✳✶✳✷✾ ❡stá ❡①♣❧✐❝❛❞❛ ♥♦
❆♣ê♥❞✐❝❡ ❛♦ ✜♠ ❞❡st❡ ❈❛♣ít✉❧♦✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✸✵✳ ✭❈♦♥✈❡♥çã♦ ❞❛s ♠étr✐❝❛s ❛❞♦t❛❞❛s✮✳ P❡❧♦ r❡s✉❧t❛❞♦ ❡st❛❜❡✲
❧❡❝✐❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✾✱ ❜❡♠ ❝♦♠♦ ♣❡❧♦ ❝♦♥❝❡✐t♦ ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✷✽✱ ❛s ♠étr✐❝❛s
❛❞♦t❛❞❛s ♥❡st❛ ♠♦♥♦❣r❛✜❛✱ ❞❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ sã♦ ❛q✉❡❧❛s ❞❛❞❛s ♣♦r ♠❛✲
tr✐③❡s ❝♦♥st❛♥t❡s ♦✉ ❞✐❛❣♦♥❛✐s✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ s❡rá ✉s❛❞♦ ❛❞✐❛♥t❡ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s q✉❡ sã♦ ❝❤❛✲
♠❛❞♦s ❞❡ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ❡ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t ✭♥♦♠❡ ❛tr✉✐❜✉í❞♦ ❛♦ ♠❛t❡♠át✐❝♦ ❢r❛♥❝ês
❏❡❛♥ ❋ré❞ér✐❝ ❋r❡♥❡t q✉❡ ✈✐✈❡✉ ❡♥tr❡ ✶✽✶✻ ❡ ✶✾✵✵✮✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶✳ ❙❡
I ∋ s 7→ ~α(s) ∈ R

n

é ✉♠❛ ❝✉r✈❛ P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱ A =
A ( ~p ) ❞❡✜♥✐❞❛ ♥♦s ♣♦♥t♦s ❞❡ ~α(I)✱ ❡♥tã♦

~α ′(s) ⊥ D~α ′ (s),

♦✉ s❡❥❛✱ ♦ ✈❡t♦r ~α ′(s) é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ s❡✉ ✈❡t♦r ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛
A (~α(s))✳
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❆♥t❡s ❞❛ ❞❡♠♦♥str❛çã♦ ❝♦♥✈é♠ r❡ss❛❧t❛r q✉❡ ♦ ❡♥✉♥❝✐❛❞♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ ♣♦❞❡r✐❛ r❡✲
q✉❡r❡r ❛♣❡♥❛s q✉❡ I ∋ t 7→ ~α(t) ∈ R

n✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ P❈❆✱ t❡♥❤❛ ~α ′(t) ❝♦♠ ♥♦r♠❛
❝♦♥st❛♥t❡✳ ❙❡♥❞♦ ❛ss✐♠ é ♣♦ssí✈❡❧ ❣❡♥❡r❛❧✐③❛r ❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛✿ ✧q✉❛❧q✉❡r ❝❛♠♣♦ ❞❡
✈❡t♦r❡s✱ ♦✉ ❝✉r✈❛✱ q✉❡ t❡♠ ❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ ✉♠ ❝♦♠ ♥♦r♠❛ ❝♦♥st❛♥t❡ é
t❛❧ q✉❡ ❡ss❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ é ♣❡r♣❡♥❞✐❝✉❧❛r à s✉❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✧✳

❉❡♠♦♥str❛çã♦✳

1 = 〈~α ′(s) , ~α ′(s)〉
A (~α(s)) ⇒ 0 = d

ds

[

〈~α ′(s) , ~α ′(s)〉
A (~α(s))

]

⇒

⇒ 0 = 2 [ ~α ′(s) ] A (~α(s)) [D~α ′ (s) ]T ⇒ 0 = 〈~α ′(s) , D~α ′ (s)〉
A (~α(s)) ,

❝♦♥❢♦r♠❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✹✱ ❡st❛ ✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ ❛ t❡s❡ r❡q✉❡r✐❞❛✳ �

❊①❡♠♣❧♦ ✸✳✶✳✸✷✳ ❈♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✾ ✭♣á❣✐♥❛ ✷✼✮ ❡ a, c ∈ R
∗
+✱ ❛

❝✉r✈❛

I = (a,+∞) ∋ s 7→ ~λ(s) =

(

c ,
s2

4

)

∈ R
2

❡stá P❈❆ s❡❣✉♥❞♦ A ✱ ♣♦✐s

~λ ′(s) =
(

0 ,
s

2

)

⇒
∥

∥

∥

~λ ′(s)
∥

∥

∥

A (~λ(s))
=

√

0 + s2

4
s2

4

= 1.

❆ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ~λ ′(s) ✜❝❛

D~λ ′(s) =

(

0 +
d
ds

[4s−2]

8s−2
0 ,

1

2
+

d
ds

[4s−2]

8s−2

s

2

)

= (0 , 0),

❡ ❛ss✐♠ ♦ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ s❡❣✉♥❞♦ A ❡♥tr❡ ❡st❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s é ✈❡r✐✜❝❛❞♦ ♣♦r

〈~λ ′(s) , D~λ ′(s)〉
A (~λ(s)) = 0.

❊①❡♠♣❧♦ ✸✳✶✳✸✸✳ ❆ ❝✉r✈❛ ❞♦ ❊①❡♠♣❧♦ ✸✳✶✳✷✼ ✭♥❛ ♣á❣✐♥❛ ✻✵✮ é ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ♣❛r❛
✐❧✉str❛r ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶✱ ✉♠❛ ✈❡③ q✉❡ s❡✉ ✈❡t♦r ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~α(t) ♥ã♦ é
❝♦♥st❛♥t❡ ♥✉❧♦✳ ▼❛✐s ✉♠❛ ✈❡③ ♦s ❝á❧❝✉❧♦s ❡stã♦ ❢❡✐t♦s à ♣❛rt❡ ❝♦♠ ♦ ✧s♦❢t✇❛r❡✧ s♦❜r❡❞✐t♦✳
P❛r❛ t❛❧ ❝✉r✈❛ t❡♠✲s❡

D~λ ′(s) =
1

(r(s) + 4)2

(

2
√

r(s) , −r(s)
)

, ✭✸✳✻✮

♦♥❞❡ ❛ ❢✉♥çã♦ r(s) ❡stá ♥❛ ♣á❣✐♥❛ ✻✵❀ ❡✱ ❞❡ ❢❛t♦✱
〈

~λ ′(s) , D~λ ′(s)
〉

A (~λ(s))
= 0.
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✸✳✷ ▼♦t✐✈❛çã♦ ♣❛r❛ ❛s ▼étr✐❝❛s ❉✐❢❡r❡♥❝✐❛❞❛s

❊st❛ ❞❡rr❛❞❡✐r❛ s❡çã♦ ♦❜❥❡t✐✈❛ ❡st✉❞❛r ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ✈❡t♦r❡s ❞♦ ♣❧❛♥♦ t❛♥❣❡♥t❡
❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ✳ ❖s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ q✉❡ ♥ã♦
❢♦r❛♠ ♣r❡✈✐❛♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞♦s ♥❡st❛ ♠♦♥♦❣r❛✜❛✱ ❝♦♠♦ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ✱ ♣❧❛♥♦ t❛♥✲
❣❡♥t❡ ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❡ s✉❛ ❡①✐stê♥❝✐❛ ♥✉♠ ♣♦♥t♦ ❞❡st❛✱ ♣r♦❥❡çã♦✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛
❛♣❧✐❝❛çã♦ ❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ✱ ♣♦✲
❞❡♠ s❡r ✈✐st♦s ♥♦ ❈❛♣ít✉❧♦ ✷ ❞❛ r❡❢❡rê♥❝✐❛ ❬✹❪✳

❙❡❥❛♠ U ✉♠ ❛❜❡rt♦ ❞♦ R
2 ❡

U ∋ (u, v) 7→ ~σ(u, v) = (x(u, v), y(u, v), z(u, v)) ∈ R
3

✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r S✳ ❆ss✐♠✱ ~σ(U) = S✳

P♦r s❡r ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r✱ ❛❞♠✐t❡ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❡♠ q✉❛❧q✉❡r ~p ∈ S✳ ❖ ♣❧❛♥♦
t❛♥❣❡♥t❡ à s✉♣❡r❢í❝✐❡ ♥✉♠ ♣♦♥t♦ ~p é ❛q✉✐ ❞❡♥♦t❛❞♦ ♣♦r T~p (S)✳ ✭➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡
T~p (S) ❡ T~p (Rn) sã♦ ❝♦♥❝❡✐t♦s ❞✐st✐♥t♦s✳✮

❙❡❥❛ ~q = (u0, v0) ∈ U t❛❧ q✉❡ ~p = ~σ(~q ) ✭♦✉ ~q = ~σ−1(~p )✮✳ P❛r❛ s❡ ❡st❛❜❡❧❡❝❡r ♦
♣❧❛♥♦ t❛♥❣❡♥t❡ ❞❡ S ❡♠ ~p ✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❛ ❝♦♥str✉çã♦ ❞❡ ❞✉❛s ❝✉r✈❛s ❞✐❢❡r❡♥❝✐á✈❡✐s q✉❡
❛t❡♥❞❛♠ ❛ ❝❡rt❛s ❝❛r❛❝t❡ríst✐❝❛s✳ P❛r❛ ✐ss♦✱ s❡❥❛♠ ǫ ∈ R

∗
+ ❡

R ⊃ (−ǫ, ǫ) ∋ t 7→ ~γ(t) = (u(t), v(t)) ∈ U

✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r t❛❧ q✉❡ ~γ(0) = ~q = (u0, v0)✳ ❈♦♠ ❡st❛ ❝♦♥stró✐✲s❡ ✉♠❛ ❝✉r✈❛ ~α✿

(−ǫ, ǫ) ∋ t 7→ ~α(t) = ~σ(~γ(t)) = (x(u(t), v(t)), y(u(t), v(t)), z(u(t), v(t))) ∈ S,

q✉❡ s❛t✐s❢❛③ ~α(0) = ~σ(~γ(0)) = ~σ(~q ) = ~p ✳ ❯♠ ✈❡t♦r t❛♥❣❡♥t❡ à s✉♣❡r❢í❝✐❡ ♥♦ ♣♦♥t♦
~p ∈ S✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ~w~p = ~α ′(0) ∈ T~p (S)✳ ❊♥tã♦ T~p (S) é ❣❡r❛❞♦ ♣♦r B =
{~σu(~q ) , ~σv(~q )} ❡ ✐st♦ é ❥✉st✐✜❝❛❞♦ ❛♣❧✐❝❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ ~w~p ✿

~α′(0) = d
dt

[~σ(~γ(t))] |t=0

= d
dt

[u(t)]|t=0

(

∂x
∂u

(u(t), v(t)) , ∂y
∂u

(u(t), v(t)) , ∂z
∂u

(u(t), v(t))
)

|t=0+

d
dt

[v(t)]|t=0

(

∂x
∂v

(u(t), v(t)) , ∂y
∂v

(u(t), v(t))∂z
∂v

(u(t), v(t))
)

|t=0

= u′(0)~σu(~q ) + v′(0)~σv(~q )

= ~w~p .

❙❡❥❛

S ∋ ~σ(u, v) 7→ ~π(~σ(u, v)) = (u, v) ∈ U
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❛ ♣r♦❥❡çã♦ ❞❡ S ❡♠ U ✭❡st❛ ❛♣❧✐❝❛çã♦ ♥ã♦ é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛
❡st❛❜❡❧❡❝✐❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✹✵ ✲ ♣á❣✐♥❛ ✸✽✮✳ ◆♦t❛r q✉❡✱ s❡♥❞♦ S ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r✱ ❛
❛♣❧✐❝❛çã♦ ~σ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ✭é ✉♠❛ ❜✐❥❡çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ✐♥✈❡rs❛ ❝♦♥tí♥✉❛✮✱ ❧♦❣♦✱
❛❞♠✐t❡ ✐♥✈❡rs❛❀ ❛ss✐♠✱ ❛ ♣r♦❥❡çã♦ ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ♣♦r

~π(~σ(u, v)) = (u, v) = ~σ−1(~σ(u, v)).

❙❡❥❛

(−ǫ , ǫ) ∋ t 7→ ~β(t) = ~π(~α(t)) = ~σ−1(~α(t)) = ~σ−1(~σ(~γ(t))) = ~γ(t) ∈ U

❛ r❡str✐çã♦ ❞❛ ♣r♦❥❡çã♦ ~π s♦❜r❡ ❛ ❝✉r✈❛✳ ❊♥tã♦✱ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❛♣❧✐❝❛çã♦ ~π ❡♠ ~p ❝❛❧❝✉❧❛❞❛
❡♠ ~w~p é ❞❡✜♥✐❞❛ ❝♦♠♦

d~π~p (~w~p) = ~β ′(0) = ~γ ′(0) = (u′(0), v′(0))~q .

❊①✐st❡ ✉♠❛ ♠❛tr✐③ A (~q ) t❛❧ q✉❡

〈 ~w~p , ~w~p 〉C = 〈 d~π~p (~w~p) , d~π~p (~w~p ) 〉A (~q ) .

❉❡ ❢❛t♦✱

〈 ~w~p , ~w~p 〉C = 〈u′(0)~σu(~q ) + v′(0)~σv(~q ) , u′(0)~σu(~q ) + v′(0)~σv(~q ) 〉C

= u′(0)〈~σu(~q ) , ~σu(~q ) 〉Cu′(0) +

v′(0)〈~σv(~q ) , ~σu(~q ) 〉Cu′(0) +

u′(0)〈~σu(~q ) , ~σv(~q ) 〉Cv′(0) +

v′(0)〈~σv(~q ) , ~σv(~q ) 〉Cv′(0) =

=
[

u′(0) v′(0)
]

[

〈~σu(~q ) , ~σu(~q )〉C 〈~σu(~q ) , ~σv(~q ) 〉C
〈~σv(~q ) , ~σu(~q ) 〉C 〈~σv(~q ) , ~σv(~q ) 〉C

]

[

u′(0) v′(0)
]

T

.

❈♦♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ S ❡♠ ~p ♦❜té♠✲s❡ ❛ ♠❛tr✐③
♣r♦❝✉r❛❞❛ ❝♦♠♦ s❡♥❞♦

A (~q ) =

[

E(~q ) F (~q )
F (~q ) G(~q )

]

,

❡
〈 ~w~p , ~w~p 〉C = 〈 d~π~p (~w~p) , d~π~p (~w~p) 〉A (~q ) .

❉✐st♦ ❝♦♥❝❧✉✐✲s❡ q✉❡✱ ❞❡❢♦r♠❛♥❞♦ ♦ ♣❧❛♥♦ ♥✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r✱ tr❛❜❛❧❤❛r ❝♦♠ ♦s
✈❡t♦r❡s ❞♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ♥❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛ ❡q✉✐✈❛❧❡ ❛ tr❛❜❛❧❤á✲❧♦s ♥♦ ♣❧❛♥♦ s❡❣✉♥❞♦
✉♠❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ❝♦♠ ❛s ❡♥tr❛❞❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✳

❘❡s❣✉❛r❞❛❞❛s ❛s ❤✐♣ót❡s❡s ❛❞♠✐t✐❞❛s ♥❡st❛ s❡çã♦✱ é ♣♦ssí✈❡❧ r❡s✉♠✐r t♦❞❛ ❡st❛ ❞✐s❝✉ssã♦
♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿
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Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ▼❡❞✐r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ✈❡t♦r ~u ♦✉ ♦ â♥❣✉❧♦ ❡♥tr❡ ❞♦✐s ✈❡t♦r❡s ~u
❡ ~v ♥✉♠ ❛❜❡rt♦ ❞♦ R

2 ♥✉♠❛ ♠étr✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ ❡q✉✐✈❛❧❡ ❛ ♠❡❞✐r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ~u
♦✉ ♦ â♥❣✉❧♦ ❞❡ ~u ❡ ~v ❡♠ T~p (S) ❝♦♠ ❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✱ ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r S
❡ ✉♠ ♣♦♥t♦ ~p ∈ S✳
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❆♣ê♥❞✐❝❡✿ ❆ ❉❡r✐✈❛❞❛ ❈♦✈❛r✐❛♥t❡

❉✉r❛♥t❡ ♦ ❈❛♣ít✉❧♦✱ ❡♥tr❡ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✷✽ ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✾ ✭❛ ♣❛rt✐r ❞❛ ♣á❣✐♥❛
✻✶✮✱ ❢♦✐ ♠❡♥❝✐♦♥❛❞❛ ❡ tr❛❜❛❧❤❛❞❛ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳ P❛r❛ ♥ã♦ ❞❡s✈✐❛r ♦ ✢✉①♦ ❞❛
❧❡✐t✉r❛✱ ♥ã♦ ❢♦✐ ❥✉st✐✜❝❛❞♦ ♦ ♣♦rq✉❡ ❞❡ss❛ ❞❡✜♥✐çã♦✳ ■st♦ é ❢❡✐t♦ ❛q✉✐✳

❋♦r❛♠ r❡q✉✐s✐t❛❞♦s ✉♠❛ ❝✉r✈❛ P❉❘

I ∋ t 7→ ~α(t) ∈ R
n,

✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧

I ∋ t 7→ ~β(t) = (f1(t), . . . , fn(t)) ∈ T~α(t)(R
n),

❡ ✉♠❛ ♠étr✐❝❛ A = A ( ~p ) q✉❛❧q✉❡r ❞❡✜♥✐❞❛ ❛♦ ♠❡♥♦s s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ~α(I) ⊂ R
n✳

❆ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~β(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A = A (~α(t)) ❢♦✐ ❞❡✜♥✐❞❛ ❝♦♠♦
❛ ❛♣❧✐❝❛çã♦ ✈❡t♦r✐❛❧ ❞❡✜♥✐❞❛ ❞❡ I ❡♠ T~α(t) (Rn) ♣♦r

D~β (t) =

(

f ′
1(t) +

a′11(~α(t))

2a11(~α(t))
f1(t), . . . , f

′
n(t) +

a′nn(~α(t))

2ann(~α(t))
fn(t)

)

.

◆❡st❡ ❛❝r❡s❝❡♥t❛♠❡♥t♦ é ❡①♣❧✐❝❛❞♦ ♦ ♠♦t✐✈♦ q✉❡ ❧❡✈♦✉ ❛ ❡st❛ ❞❡✜♥✐çã♦✳ ❈♦♠ ♦ ✐♥t✉✐t♦
❞❡ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ é ✜①❛❞♦ n = 2✳ ❖ q✉❡ ❢♦r ❢❡✐t♦ ❛ s❡❣✉✐r ♣♦❞❡ s❡r ❛❞❛♣t❛❞♦ ♣❛r❛
n = 3✳

◆♦s ❧✐✈r♦s ♠❛✐s ❝♦♠✉♥s ❞❡●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✱ t❛✐s ❝♦♠♦ ❬✹✱ ✶✸✱ ✶✺❪✱ ♦♥❞❡ ♦ ❝♦♥t❡ú❞♦
❞❡ ❝✉r✈❛s é ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✱ ♦❜s❡r✈❛✲s❡ q✉❡ t♦❞❛ ❝✉r✈❛ P❈❆✱
I ∋ s 7→ ~λ(s) ∈ R

n✱ é t❛❧ q✉❡ ~λ ′(s) ⊥ ~λ ′′(s)✱ ♣♦✐s

‖~λ ′(s)‖C = 1 ⇒ 〈~λ ′(s) , ~λ ′(s) 〉C = 1 ⇒

⇒ d
ds

[

〈~λ ′(s) , ~λ ′(s) 〉C
]

= d
ds

[1] = 0 ⇒

⇒ 〈~λ ′(s) , ~λ ′′(s) 〉C + 〈~λ ′(s) , ~λ ′′(s) 〉C = 0 ⇒

⇒ 〈~λ ′(s) , ~λ ′′(s) 〉C = 0. ✭✸✳✼✮

❡ ❡st❛ é ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❞❡st❡s ✈❡t♦r❡s✱ ❝♦♥✲
❢♦r♠❡ ✈✐st♦ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✹ ❞❛ ♣á❣✐♥❛ ✸✹✳ ❊st❡ é ♦ ❝❛s♦ ❞❛s ❝✉r✈❛s P❈❆ q✉❡ t❡♠
‖~λ ′(s)‖C = 1 ❡♠ t♦❞♦ s ∈ I✳

❆♦ s❡ t❡♥t❛r ❢❛③❡r ♦ ♠❡s♠♦ ♣❛r❛ ✉♠❛ ♠étr✐❝❛ ❣❡r❛❧ ♥ã♦ ❝♦♥st❛♥t❡ ♦❝♦rr❡ ♦ q✉❡ s❡❣✉❡✿
s❡❥❛

A = A ( ~p ) =

[

a(~p ) b(~p )
b(~p ) c(~p )

]

=

[

a b
b c

]

✭✸✳✽✮
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✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ t❛❧ q✉❡ r❡str✐t❛ ❛♦s ♣♦♥t♦s ❞❡ ✉♠❛ ❝✉r✈❛ P❉❘✱

I ∋ t 7→ ~α(t) ∈ R
2, ✭✸✳✾✮

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ ❝❛❞❛ T~α(t)(R
2) ❞❛❞♦ ♣♦r

〈 (x1, y1), (x2, y2) 〉A (~α(t)) =
[

x1 y1

]

[

a b
b c

]

[

x2 y2

]

T

= ax1x2 + b(y1x2 + x1y2) + cy1y2.

❙❡❥❛♠
I ∋ t 7→ ~β(t) = (f1(t) , g1(t)) ∈ T~α(t)(R

2) ✭✸✳✶✵✮

❡
I ∋ t 7→ ~γ(t) = (f2(t) , g2(t)) ∈ T~α(t)(R

2) ✭✸✳✶✶✮

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❛ ~α(t)✳ ❊♥tã♦✱

d
dt

[

〈~β(t) , ~γ(t)〉A (~α(t))

]

= d
dt

[af1f2 + b (g1f2 + f1g2) + cg1g2]

= a′f1f2 + b′ (g1f2 + f1g2) + c′g1g2+

a (f ′
1f2 + f1f

′
2) +

b (g′1f2 + g1f
′
2 + f ′

1g2 + f1g
′
2) +

c (g′1g2 + g1g
′
2)

= (a′f1f2 + b′ (g1f2 + f1g2) + c′g1g2) +

(af ′
1f2 + b (g′1f2 + f ′

1g2) + g′1g2) +

(af1f
′
2 + b (g1f

′
2 + f1g

′
2) + cg1g

′
2)

=
[

f1 g1

]

[

a′ b′

b′ c′

]

[

f2 g2

]

T

+

[

f ′
1 g′1

]

[

a b
b c

]

[

f2 g2

]

T

+

[

f1 g1

]

[

a b
b c

]

[

f ′
2 g′2

]

T

= [ ~β(t) ]

[

a′ b′

b′ c′

]

[~γ(t) ]T+

[ ~β ′(t) ]A [~γ(t) ]T+
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[ ~β(t) ]A [~γ ′(t) ]T . ✭✸✳✶✷✮

❖ ♣r✐♠❡✐r♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ♥❛ ú❧t✐♠❛ ❡t❛♣❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✷✮ ✐♠♣❡❞❡ ❝♦♥❝❧✉✐r
♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ q✉❡ ❢♦r♥❡❝❡ ❛ ❡q✉❛çã♦ ✭✸✳✼✮✱ ♦✉ s❡❥❛✱ ❞❡st❛ ♥ã♦ é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r ♦
♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❞❡st❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✷✳ ❙❡❥❛ ❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧

R
2 ⊇ Y ∋ ~p = (x, y) 7→ A = A ( ~p ) = (aij( ~p )) ∈M2(R),

t❛❧ q✉❡ s✉❛ r❡str✐çã♦ ❛♦s ♣♦♥t♦s ❞♦ tr❛ç♦ ❞❡ ✉♠❛ ❝✉r✈❛ P❉❘✱ I ∋ t 7→ ~α(t) ∈ R
2✱ ❞❡t❡r♠✐♥❛

✉♠❛ ♠étr✐❝❛ ❡♠ ❝❛❞❛ T~α(t)(R
2)✳

❆ ♠❛tr✐③ ♦❜t✐❞❛ ♣♦r

d

dt
[A (~α(t))] =





d
dt

[a(~α(t))] d
dt

[b(~α(t))]

d
dt

[b(~α(t))] d
dt

[c(~α(t))]





♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳
P♦r ❡①❡♠♣❧♦✱ s❡

X ∋ ~p = (x, y) 7→ A ( ~p ) =

[

1
y

0

0 3

]

∈ M2(R) ,

♦♥❞❡ X = {(x, y) : y > 0}✱ ❡ R
∗
+ ∋ t 7→ ~α(t) = (t, t) ∈ X✱ ❡♥tã♦

A ( ~α(t) ) =

[

1
t

0
0 3

]

.

▼❛s
d

dt
[A (~α(t))] =

[

− 1
t2

0
0 0

]

♥ã♦ ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣♦r ♥ã♦ s❡r ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✳

❙❡ ❛ ❝✉r✈❛ ~α(t) ❡stá P❈❆ ✭❡♥tã♦ t = s✮ ❡ ❛ ♠étr✐❝❛ ❛❞♦t❛❞❛ s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ~α(t) ♥ã♦
é ❝♦♥st❛♥t❡✱ ❡♥tã♦ ♥ã♦ é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ~α ′(t)~α(t) ❡ ~α ′′(t)~α(t)

sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s✱ ❛❧❣♦ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❝♦♥str✉çã♦ ❞♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t ❞♦ ♣ró①✐♠♦ ❈❛✲
♣ít✉❧♦✳

P♦r ✐ss♦ ❞❡s❡❥❛✲s❡ q✉❡ ❡♠ ✭✸✳✶✷✮ ♦ t❡r♠♦

[ ~β(t) ]

[

a′ b′

b′ c′

]

[~γ(t) ]T

❛♣❛r❡ç❛ ❛❧♦❝❛❞♦ ❞❡♥tr♦ ❞❛ s♦♠❛

[ ~β ′(t) ] A (~α(t)) [~γ(t) ]T + [ ~β(t) ] A (~α(t)) [~γ ′(t) ]T.

❊♥tã♦ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ✉♠❛ ✧♥♦✈❛ ✐❞é✐❛ ❞❡ ❞❡r✐✈❛❞❛✧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ✈❡t♦r✐❛❧✱ ♣♦✐s ❛
✉s✉❛❧ ❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧ ♥ã♦ s❛t✐s❢❛③ ❡st❡ r❡q✉✐s✐t♦✳
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❙❡❥❛♠
D~β (t) = (w1(t), w2(t)) ❡ D~γ (t) = (v1(t), v2(t))

❛♣❧✐❝❛çõ❡s ❞❡ I ❡♠ T~α(t)(R
2) q✉❡ sã♦ ♦❜t✐❞❛s ❝♦♠ ♦ ✧♥♦✈♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡r✐✈❛❞❛✧ ❞♦s ❝❛♠♣♦s

❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ❡♠ ✭✸✳✶✵✮ ❡ ✭✸✳✶✶✮ ✭❛ ♠étr✐❝❛ ❡ ❛ ❝✉r✈❛ ❡♠ q✉❡stã♦ ❢♦r❛♠ ❞❡✜♥✐❞♦s
❡♠ ✭✸✳✽✮ ❡ ✭✸✳✾✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❊st❡ ♥♦✈♦ ❝♦♥❝❡✐t♦ ❞❡✈❡ s❡r t❛❧ q✉❡

d

dt

[

〈~β(t) , ~γ(t)〉A (~α(t))

]

=
〈

D~β (t) , ~γ(t)
〉

A (~α(t))
+
〈

~β(t) , D~γ (t)
〉

A (~α(t))
. ✭✸✳✶✸✮

❊♥tã♦

d
dt

[

〈~β(t) , ~γ(t)〉A (~α(t))

]

= d
dt

[af1g1 + b (f2g1 + f1g2) + cf2g2]

= a′f1g1 + af ′
1g1 + af1g

′
1+

b′ (f2g1 + f1g2) + b (f ′
2g1 + f2g

′
1) + b (f ′

1g2 + f1g
′
2) +

c′f2g2 + cf ′
2g2 + cf2g

′
2

= g1

(

a′f1
2

+ af ′
1 + b′f2

2
+ bf ′

2

)

+

g2

(

b′f1
2

+ bf ′
1 + c′f2

2
+ cf ′

2

)

+

f1

(

a′g1
2

+ ag′1 + b′g2
2

+ bg′2

)

+

f2

(

b′g1

2
+ bg′1 +

c′g2

2
+ cg′2

)

. ✭✸✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱
〈

D~β (t) , ~γ(t)
〉

A (~α(t))
=

[

w1 w2

]

[A ( ~α(t) )]
[

g1 g2

]

T

= ag1w1 + bg2w1 + bg1w2 + cg2w2

❡
〈

~β(t) , D~γ (t)
〉

A (~α(t))
=

[

f1 f2

]

[A ( ~α(t) )]
[

v1 v2

]

T

= af1v1 + bf2v1 + bf1v2 + cf2v2

❢❛③❡♠
〈

D~β (t) , ~γ(t)
〉

A (~α(t))
+
〈

~β(t) , D~γ (t)
〉

A (~α(t))
=

= g1 (aw1 + bw2) + g2 (bw1 + cw2) + f1 (av1 + bv2) + f2 (bv1 + cv2) . ✭✸✳✶✺✮
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P❛r❛ s❛t✐s❢❛③❡r ✭✸✳✶✸✮ ❡q✉✐♣❛r❛✲s❡ ✭✸✳✶✹✮ ❡ ✭✸✳✶✺✮✳ P❡❧❛ ❝♦♠♣❛r❛çã♦ ❞♦s r❡s♣❡❝t✐✈♦s
❝♦❡✜❝✐❡♥t❡s ❞❡ g1✱ g2✱ f1 ❡ f2 ❡♠ ❛♠❜♦s ♦s r❡s✉❧t❛❞♦s✱ ♦❜té♠✲s❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡
❡q✉❛çõ❡s✿

S :











































































































aw1 + bw2 = a′f1
2

+ af ′
1 + b′f2

2
+ bf ′

2 ⇒







w1 = f ′
1 + a′

2a
f1

w2 = f ′
2 + b′

2b
f2

bw1 + cw2 = b′f1
2

+ bf ′
1 + c′f2

2
+ cf ′

2 ⇒







w1 = f ′
1 + b′

2b
f1

w2 = f ′
2 + c′

2c
f2

av1 + bv2 = a′g1
2

+ ag′1 + b′g2
2

+ bg′2 ⇒







v1 = g′1 + a′

2a
g1

v2 = g′2 + b′

2b
g2

bv1 + cv2 = b′g1
2

+ bg′1 + c′g2
2

+ cg′2 ⇒







v1 = g′1 + b′

2b
g1

v2 = g′2 + c′

2c
g2

P♦r ❡①❡♠♣❧♦✱ t❡♠✲s❡ ❞♦✐s r❡s✉❧t❛❞♦s ❞✐st✐♥t♦s ♣❛r❛ ❛ ❢✉♥çã♦ ❝♦♦r❞❡♥❛❞❛ w1(t)✿






w1 = f ′
1 + a′

2a
f1

w1 = f ′
1 + b′

2b
f1

✭✸✳✶✻✮

❊ ♦ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ❛s ❞❡♠❛✐s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❞❡ D~β (t) ❡ D~γ (t)✳

◗✉❛♥❞♦ ❛ ♠❛tr✐③ A é ❞❛❞❛ ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧ ❡st❛ ✐♠♣❧✐❝❛çã♦ ❝♦♥tr❛❞✐tór✐❛ ♥ã♦ ♦❝♦rr❡✿
b(~α(t)) = 0 ❝❛♥❝❡❧❛ ❛ ♣r❡s❡♥ç❛ ❞❛ ❢✉♥çã♦ w2 ♥❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ S✱ ❛ ❞❡ w1 ♥❛
s❡❣✉♥❞❛✱ ❛ ❞❡ v2 ♥❛ t❡r❝❡✐r❛ ❡ ❛ ❞❡ v1 ♥❛ q✉❛rt❛✳ ◆♦t❛r q✉❡ b(~α(t)) = 0 ✐♠♣❧✐❝❛ a(~α(t)) > 0
❡ c(~α(t)) > 0 ❞❡✈✐❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ r❡q✉❡r✐❞❛ ❛♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③✳ ❊♥tã♦✱ ♣❛r❛ ✉♠❛
♠étr✐❝❛ ❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥st❛♥t❡✱ ♦ s✐st❡♠❛
S ✜❝❛

S ∼











































aw1 = a′f1
2

+ af ′
1 ⇒ w1 = f ′

1 + a′

2a
f1

cw2 = c′f2
2

+ cf ′
2 ⇒ w2 = f ′

2 + c′

2c
f2

av1 = a′g1
2

+ ag′1 ⇒ v1 = g′1 + a′

2a
g1

cv2 = c′g2
2

+ cg′2 ⇒ v2 = g′2 + c′

2c
g2

❆ss✐♠✱

D~β (t) = (w1(t), w2(t)) =

(

f ′
1 +

a′

2a
f1, f

′
2 +

c′

2c
f2

)



✸✳✷✳ ▼❖❚■❱❆➬➹❖ P❆❘❆ ❆❙ ▼➱❚❘■❈❆❙ ❉■❋❊❘❊◆❈■❆❉❆❙ ✼✸

❡

D~γ (t) = (v1(t), v2(t)) =

(

g′1 +
a′

2a
g1, g

′
2 +

c′

2c
g2

)

❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✸✳✶✳✷✽✳

❊st❛ ❝♦♥❝❧✉sã♦ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦ ❝❛s♦ R
3 ❡ é ❛ q✉❡ ♠♦t✐✈❛ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✷✽

❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✾ ♥❡st❡ ❈❛♣ít✉❧♦✳ P♦r ✐ss♦ ❡ ♣❡❧♦ r❡s✉❧t❛❞❛♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶ q✉❡
❛s ♠étr✐❝❛s ❛❞♦t❛❞❛s ♥❡st❡ ❈❛♣ít✉❧♦✱ ❛ ♣❛rt✐r ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✸✵✱ ❢♦r❛♠ r❡str✐t❛s àq✉❡❧❛s
❝♦♥st❛♥t❡s ♦✉ ❞✐❛❣♦♥❛✐s✳



❈❛♣ít✉❧♦ ✹

❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s

❊st❛ q✉❛rt❛ ❢❛s❡ é ✉♠❛ ❝♦♥t✐♥✉❛çã♦ ❞❛ t❡r❝❡✐r❛✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦ é ❢❡✐t♦ ♦ ❡st✉❞♦ ❞❛s
❝✉r✈❛s ♣❧❛♥❛s ❡✱ ♥❛ s❡❣✉♥❞❛✱ ❞❛s ❝✉r✈❛s ❡s♣❛❝✐❛✐s✱ s❡♠♣r❡ t♦♠❛♥❞♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣♦r
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❊♥tã♦✱ ♥❛ t❡r❝❡✐r❛ s❡çã♦✱ ❛❞♠✐t✐♥❞♦ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ q✉❛❧q✉❡r✱
❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s s❡çõ❡s✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❝✉r✈❛t✉r❛
❡ ♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t✱ sã♦ r❡❢❡✐t♦s ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛r❡s ❡ ❡s♣❛❝✐❛✐s❀ ❛♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦ ❤á
✉♠❛ ❥✉st✐✜❝❛t✐✈❛ ♣❛r❛ ✐ss♦✳ ❆ q✉❛rt❛ s❡çã♦ ♦❜❥❡t✐✈❛ tr❛t❛r ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡
❈✉r✈❛s✱ ❛♦ ♠❡♥♦s ♣❛r❛ ♠étr✐❝❛s ❝♦♥st❛♥t❡s ❡ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s✳

❖ ❝♦♥t❡ú❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ✉♠❛ ♠étr✐❝❛ q✉❛❧q✉❡r
❞♦ q✉❡ ❝♦♥st❛ ♥❛s r❡❢❡rê♥❝✐❛s ❬✹✱ ✼✱ ✶✺❪✳

✼✺
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✹✳✶ ❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s

❈♦♥❢♦r♠❡ ❢♦r❛ ❝♦♥✈❡♥❝✐♦♥❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✹✳✻✱ ❛ ❞✐♠❡♥sã♦ ❛❞♦t❛❞❛
♥❡st❡ tr❛❜❛❧❤♦✱ ❞❛q✉❡❧❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ s❡r✐❛ n = 2 ♦✉ n = 3✳ ◆❡st❛ s❡çã♦ é t♦♠❛❞♦
s❡♠♣r❡ n = 2✳

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❯♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❝❛r❛❝t❡r✐③❛✲s❡ ♣♦r s❡r ❞❡ ❞✐♠❡♥sã♦ ❞♦✐s✳ P♦rt❛♥t♦✱
é ❛❞♦t❛❞♦ ♣❛r❛ ❡st❛ s❡çã♦ q✉❡

R ⊇ I ∋ t 7→ ~α(t) = (x(t), y(t)) ∈ R
2.

❉❡✈✐❞♦ à Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻✱ sã♦ ❡♥❢❛t✐③❛❞❛s ❛s ❝✉r✈❛s ♣❧❛♥❛s P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛
❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ♥♦ tr❛ç♦ ❞❡ss❛ ❝✉r✈❛✳

❉❡✜♥✐çã♦ ✹✳✶✳✷✳ ❙❡❥❛

R ⊇ I ∋ s 7→ ~α(s) = (x(s), y(s)) ∈ R
2

❝✉r✈❛ P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ A = A (~α(s))✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tá✲
r✐♦ à ❝✉r✈❛ ♥♦ ♣♦♥t♦ ~α(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A é ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡ ❞❡♥♦t❛❞❛
♣♦r

I ∋ s 7→ ~T [ A ](s) =
d

ds
[ ~α(s) ] = (x′(s), y′(s)) ∈ T~α(s) (R2).

❆ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶ ♠♦t✐✈❛ ❛s ♣ró①✐♠❛s ❉❡✜♥✐çõ❡s ✹✳✶✳✸ ❡ ✹✳✶✳✽✳

❉❡✜♥✐çã♦ ✹✳✶✳✸✳ ❉❛❞❛ ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱ A = A ( ~p )✱
❞❡✜♥✐❞❛ s♦❜r❡ ♦s ♣♦♥t♦s ❞♦ tr❛ç♦ ❞❡ ✉♠❛ ❝✉r✈❛ P❈❆ s❡❣✉♥❞♦ A ✱

R ⊇ I ∋ s 7→ ~α(s) ∈ R
2,

q✉❛♥❞♦ D~T [ A ](s) 6= ~0✱ ∀s ∈ I ✭❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ~T (s) s❡❣✉♥❞♦ A − ❉❡✜♥✐çã♦
✸✳✶✳✷✽✮✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s s♦❜r❡ ~α(s) ❝❤❛♠❛❞♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐✲
tár✐♦ ❛ ~α(s) s❡❣✉♥❞♦ A ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r

I ∋ s 7→ ~N [ A ](s) =
D~T (s)
∥

∥

∥
D~T (s)

∥

∥

∥

A (~α(s))

∈ T~α(s) (R2).

❖❜s❡r✈❛çã♦ ✹✳✶✳✹✳ ❆ ❜❛s❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ~α(s) ✭❡①♣❧✐❝❛❞♦ ♥❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✮
♠❛♥té♠✲s❡ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✺✳ ❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ❝♦♠ ✐♥t✉✐t♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ❞♦s
✈❡t♦r❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧✱ ❡♠ ❝♦♥t✐♥✉❛çã♦ à ❖❜s❡r✈❛çã♦ ✸✳✶✳✸✵✱ ❛ ♠étr✐❝❛✱ ❝♦♥st❛♥t❡ ♦✉
❞✐❛❣♦♥❛❧✱ A = A ( ~p )✱ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❞❡✜♥✐❞❛ ❛♦ ♠❡♥♦s s♦❜r❡ ♦s ♣♦♥t♦s ❞❛ ❝✉r✈❛ ❡♠
q✉❡stã♦✳ ❆ss✐♠ ✜❝❛rá ❡♥t❡♥❞✐❞♦ q✉❡ ❡st❡s ✈❡t♦r❡s✱ ~T (s)✱ D~T (s) ❡ ~N (s)✱ ❢♦r❛♠ ♦❜t✐❞♦s
s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✭♦✉ s❡❥❛✱ ♣❡❧♦ ❢❛t♦ ❞❛ ❝✉r✈❛ ❡st❛r P❈❆ s❡❣✉♥❞♦ A ✮✳ ❆ ♠étr✐❝❛
✉s❛❞❛ só s❡rá ❞❡♥♦t❛❞❛ q✉❛♥❞♦ ❞✉❛s ❞❡❧❛s ❢♦r❡♠ tr❛❜❛❧❤❛❞❛s ♣❛r❛ ✉♠❛ ♠❡s♠❛ ❝✉r✈❛✳
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❈♦♠♦ ❛ ❝✉r✈❛ ~α(s) ❡stá P❈❆ ✈❡♠ q✉❡ ‖~T (s)‖A (~α(s)) = 1❀ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶ ✈❡♠
q✉❡ ~T (s) ⊥ D~T (s) ❡✱ ♣♦rt❛♥t♦✱ ~T (s) ⊥ ~N (s)✳ ❆ ❞❡♥♦♠✐♥❛çã♦ ✈❡t♦r ♥♦r♠❛❧ s✐❣♥✐✜❝❛
q✉❡ ~N (s) é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ♥♦ ♣♦♥t♦ ~α(s)✳

❊①❡♠♣❧♦ ✹✳✶✳✻✳ P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧ t❡♠✲s❡

D~T (s) =

(

x′′(s) +
a ′(~α(s))

2a(~α(s))
x′(s) , y′′(s) +

c ′(~α(s))

2c(~α(s))
y′(s)

)

♦♥❞❡

A = A (~α(s)) =

[

a(~α(s)) 0
0 c(~α(s))

]

é ✉♠❛ ♠étr✐❝❛ ❞✐❛❣♦♥❛❧✳ ❙❡ ❛ ♠étr✐❝❛ é ❝♦♥st❛♥t❡✱ ❡♥tã♦

D~T (s) = (x′′(s), y′′(s)) = ~α ′′(s) =
d

ds

[

~T (s)
]

.

◗✉❛♥❞♦ D~T (s) 6= ~0✱ ♦ ✈❡t♦r ♥♦r♠❛❧ é ♦ ✈❡rs♦r ❞❡ D~T (s)✳

❙❡rá ♠♦str❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✺ q✉❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ♠étr✐❝❛ ❛❞♦t❛❞❛✱ ✉♠❛ ❝✉r✈❛
♣♦❞❡ t❡r D~T (s) = ~0 ♣❛r❛ ❛❧❣✉♠ ♦✉ t♦❞♦ s ∈ I✱ ♠❛s ✐ss♦ ♥ã♦ ✐♠♣♦ss✐❜✐❧✐t❛ ♦❜t❡r ✉♠❛
❞✐r❡çã♦ ♥♦r♠❛❧ ❛ ~T (s)✳ ■st♦ s❡rá ♣♦ssí✈❡❧ ❞❡✈✐❞♦ ❛♦ ▲❡♠❛ ✷✳✶✳✸✻ ✭❞❛ ♣á❣✐♥❛ ✸✺✮ q✉❡ ❣❛r❛♥t❡
♣❛r❛ ✉♠ ✈❡t♦r ❞❛❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❞✐r❡çã♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ❡st❡ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡
❞❛ ♠étr✐❝❛ ❛❞♦t❛❞❛✳

❊①❡♠♣❧♦ ✹✳✶✳✼✳ ❙❡❥❛♠ X1 = R
2 \ {(0, 0)} ❡

X1 ∋ ~p 7→ A = A ( ~p ) = (aij(x, y)) =

[ 1
x2+y2

0

0 1
x2+y2

]

∈ M2(R).

P❛r❛ ~p = (x, y) ∈ X1✱ ~u~p = (x1, y1) ❡ ~v~p = (x2, y2) ♣❡rt❡♥❝❡♥t❡s ❛ T~p (R2)✱ ♦ ♣r♦❞✉t♦
✐♥t❡r♥♦ ❡st❛❜❡❧❡❝✐❞♦ ♣♦r ❡ss❛ ♠étr✐❝❛ é ❞❛❞♦ ♥❛ ❢♦r♠❛ ❣❡r❛❧ ♣♦r

〈~u~p , ~v~p〉A ( ~p ) =
x1x2 + y1y2

x2 + y2
.

❙❡❥❛♠ ❛✐♥❞❛ I = (−3.01, 3.01) ⊂ R ❡

I ∋ s 7→ ~α(s) = (sinh(s), cosh(s)) ∈ X1 .

❖ tr❛ç♦ ❞❛ ❝✉r✈❛ ❡stá ♥❛ ❋✐❣✉r❛ ✹✳✶✳
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❋✐❣✉r❛ ✹✳✶✿ tr❛ç♦ ❞❛ ❝✉r✈❛

❊st❛ ❝✉r✈❛ ❡stá P❈❆ s❡❣✉♥❞♦ A ✱ ♣♦✐s

~α ′(s) = (cosh(s), sinh(s)) ⇒ ‖~α ′(s)‖A (~α(s)) =

√

cosh2(s) + sinh2(s)

sinh2(s) + cosh2(s)
= 1.

❙❡✉ ✈❡t♦r t❛♥❣❡♥t❡ s❡❣✉♥❞♦ ❡st❛ ♠étr✐❝❛ é ❞❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦

I ∋ s 7→ ~T (s) = (cosh(s), sinh(s)) ∈ T~α(s) (R2); ✭✹✳✶✮

❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (s) s❡❣✉♥❞♦ A é ✉♠❛ ❛♣❧✐❝❛çã♦ ✈❡t♦r✐❛❧ ❞❡ I ❡♠ T~α(s) (R2) ❞❛❞❛
♣♦r

D~T (s) =
1

2 cosh2 (2s)
(sinh(s) − sinh (3s), cosh(s) + cosh(3s)) ✭✹✳✷✮

❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s é ♥ã♦✲♥✉❧♦ ❡♠ t♦❞♦ s❡✉ ❞♦♠í♥✐♦ ❡ s✉❛ ♥♦r♠❛ é

‖D~T (s)‖A (~α(s)) =
1

cosh(2s)
. ✭✹✳✸✮

❖ ✈❡t♦r ♥♦r♠❛❧ ❛ ~α(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A é

I ∋ s 7→ ~N (s) = (− sinh(s), cosh(s)) ∈ T~α(s) (R2). ✭✹✳✹✮

❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♣r♦✈❛ ♦ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ❞❡ ~T (s) ❡ ~N (s)✿

〈~T (s) , ~N (s)〉A (~α(s)) = 0.

❉❡✜♥✐çã♦ ✹✳✶✳✽✳ ❉❛❞❛ ✉♠❛ ❝✉r✈❛ I ∋ s 7→ ~α(s) ∈ R
2✱ P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛

A = A ( ~p )✱ ❞❡♥♦♠✐♥❛✲s❡ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ❡♠ ~α(s) ♦ ❝♦♥❥✉♥t♦ ❞❡ ~T (s) ❡ ~N (s)✳
❈♦♠♦ ❞❡❝♦rrê♥❝✐❛ ❞❡ s❡ t❡r ~T (s) ⊥ ~N (s)✱ s❡❣✉❡ q✉❡ {~T (s) , ~N (s)} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡
✈❡t♦r❡s ▲■ ♦rt♦♥♦r♠❛✐s✱ ♣♦rt❛♥t♦✱ ❜❛s❡ ❖◆ ❞❡ T~α(s)(R

2)✳



✹✳✶✳ ❚❊❖❘■❆ ▲❖❈❆▲ ❉❊ ❈❯❘❱❆❙ P▲❆◆❆❙ ✼✾

❉❡✈✐❞♦ ❛♦ ▲❡♠❛ ✷✳✶✳✸✻✱ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ❡♥❝♦♥tr❛r ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ♥ã♦ r❡q✉❡r ♦
✉s♦ ❞❡ ♠étr✐❝❛ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♦❜t❡♥çã♦ ❞♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦
✐♥❞❡♣❡♥❞❡ ❞❛ ♠étr✐❝❛ ✉s❛❞❛ ❡ ❛ ♦❜t❡♥çã♦ ❞♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ♣♦❞❡ ♥ã♦ ❞❡♣❡♥❞❡r ❞❛
♦❜t❡♥çã♦ ❞❡ D~T (s)✳

❊①❡♠♣❧♦ ✹✳✶✳✾✳ ❆ ❋✐❣✉r❛ ✹✳✷ ✐❧✉str❛ ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ♥♦s ♣♦♥t♦s ~α(−1) ❡ ~α(0) ❞❛
❝✉r✈❛ ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳ ❆ ✜❣✉r❛ ♣♦❞❡ ❢❛③❡r ♦ ♦❜s❡r✈❛❞♦r ♣❡♥s❛r q✉❡ ♦s ✈❡t♦r❡s s♦❜r❡
~α(−1) ♥ã♦ sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ♦✉ ❡st❡s ♦✉ ♦s ♦✉tr♦s ❞♦✐s ♥ã♦ tê♠ ♥♦r♠❛ ✶✳ ❆ ✐❞é✐❛
❞❛ ♠étr✐❝❛ ♥ã♦ ❝♦♥st❛♥t❡ ❢❛③ ❡①❛t❛♠❡♥t❡ ✐ss♦✿ ♦ t❛♠❛♥❤♦ ❞♦ ✈❡t♦r ❡ ♦ â♥❣✉❧♦ ❡♥tr❡ ❞♦✐s
✈❡t♦r❡s ❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ❡♠ q✉❡ ❡stá✭ã♦✮ ❛♣❧✐❝❛❞♦✭s✮✳

❋✐❣✉r❛ ✹✳✷✿ r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t ❡♠ ~α(−1) ❡ ❡♠ ~α(0)

❉❡✜♥✐çã♦ ✹✳✶✳✶✵✳ ❉❛❞❛ ✉♠❛ ❝✉r✈❛ P❈❆

I ∋ s 7→ ~α(s) ∈ R
2

❞❡✜♥❡✲s❡ ❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ ♣♦r ~α(s) ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦

R ∋ r 7→ t~α(r) = ~α(s) + r ~T (s) ∈ T~α(s) (R2)

❡ ❛ r❡t❛ ♥♦r♠❛❧ à ❝✉r✈❛ ♣♦r ~α(s) ❝♦♠♦

R ∋ r 7→ n~α(r) = ~α(s) + r ~N (s) ∈ T~α(s) (R2).

❉❡✜♥✐çã♦ ✹✳✶✳✶✶✳ ❙❡❥❛ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦✲
♥❛❧✱ ❞❡✜♥✐❞❛ s♦❜r❡ ♦s ♣♦♥t♦s ❞♦ tr❛ç♦ ❞❡ ✉♠❛ ❝✉r✈❛ P❈❆ s❡❣✉♥❞♦ A

I ∋ s 7→ ~α(s) ∈ R
2.

❆ ❢✉♥çã♦
I ∋ s 7→ κ [A ](s) = ‖D~T (s)‖A (~α(s)) ∈ R+

é ❞❡♥♦♠✐♥❛❞❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ❞❡ ~α ❡♠ s s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A (~α(s))✳
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❖❜s❡r✈❛çã♦ ✹✳✶✳✶✷✳ ❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡ ✈❛❧❡rá ♣❛r❛ ❛ ❝✉r✈❛t✉r❛ ♦ ♠❡s♠♦ q✉❡ ❢♦✐
❛❝♦r❞❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✺✱ ✐st♦ é✱ s❡rá ❞❡♥♦t❛❞❛ κ(s) q✉❛♥❞♦ ❡st✐✈❡r ❝❧❛r♦ q✉❛❧ ❛
♠étr✐❝❛ ❛❞♦t❛❞❛ ❡ κ [A ] (s) ♦✉ κ [B] (s) q✉❛♥❞♦ ❢♦r ♥❡❝❡ssár✐♦✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✸✳ ◗✉❛♥❞♦ D~T (s) 6= ~0 ♣❛r❛ t♦❞♦ s ∈ I✱ ❛ ❝✉r✈❛t✉r❛ ❞❡ ~α ❡♠ s
✭❡st❛❜❡❧❡❝✐❞❛ ♥❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✮ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r

κ (s) =
〈

D~T (s) , ~N (s)
〉

A (~α(s))
. ✭✹✳✺✮

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱

k(s) = ‖D~T (s)‖A (~α(s)) =
[‖D~T (s)‖A (~α(s))]

2

‖D~T (s)‖A (~α(s))

=
〈D~T (s), D~T (s)〉

A (~α(s))

‖D~T (s)‖A (~α(s))
=

〈

D~T (s), D~T (s)

‖D~T (s)‖A (~α(s))

〉

A (~α(s))

=
〈

D~T (s), ~N (s)
〉

A (~α(s))
�

❊st❛ ♠❡s♠❛ ♣r♦♣♦s✐çã♦ ♣❡r♠✐t❡ ❛tr✐❜✉✐r ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❛ ❝✉r✲
✈❛t✉r❛✳ ◆❡st❛s ❤✐♣ót❡s❡s✱ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s D~T (s) é ♥ã♦✲♥✉❧♦ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦ ❞❛
❝✉r✈❛ ❡ ~N (s) é ♦❜t✐❞♦ ❝♦♠♦ ♦ ✈❡rs♦r ❞❡st❡ ♣r✐♠❡✐r♦ s❡❣✉♥❞♦ A ✳ ❊st❡s ❞♦✐s ❝❛♠♣♦s ❞❡ ✈❡✲
t♦r❡s sã♦ ▲❉✳ ❉❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✹✶ ❝❛❧❝✉❧❛✲s❡ ❛ ♣r♦❥❡çã♦ ❞❡ D~T (s) s♦❜r❡ ~N (s) ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛

D~T (s) = proj ~N (s)D
~T (s)

∣

∣

∣

A (~α(s))

=
〈

D~T (s) , ~N (s)
〉

A (~α(s))

~N (s)

= k(s) ~N (s). ✭✹✳✻✮

❖✉ s❡❥❛✱ ❛ ❢✉♥çã♦ q✉❡ ❢❛③ ❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ D~T (s) ❡ ~N (s) é ❛ ❝✉r✈❛t✉r❛✳

❊①❡♠♣❧♦ ✹✳✶✳✶✹✳ ❈♦♥t✐♥✉❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✹✳✶✳✼✿ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (s) ❢♦✐ ❞❛❞❛
❡♠ ✭✹✳✷✮ ❡ ✈❡t♦r ♥♦r♠❛❧ ❢♦✐ ❞❛❞♦ ❡♠ ✭✹✳✹✮✳ ❙✉❛ ❝✉r✈❛t✉r❛ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r

(−3.01, 3.01) ∋ s 7→ κ (s) =
〈

D~T (s) , ~N (s)
〉

A (~α(s))
=

1

cosh(2s)
∈ R.

❊st❡ r❡s✉❧t❛❞♦ ❡ ♦ ❞❛❞♦ ❡♠ ✭✹✳✸✮ ❝♦♥✜r♠❛♠ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✸✳
❖ ❣rá✜❝♦ ❞❡st❛ ❢✉♥çã♦ ♣♦❞❡ s❡r ✈✐s✉❛❧✐③❛❞♦ ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿
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❋✐❣✉r❛ ✹✳✸✿ ❣rá✜❝♦ ❞❛ ❝✉r✈❛t✉r❛ ❞❛ ❝✉r✈❛

❊①❡♠♣❧♦ ✹✳✶✳✶✺✳ ❙❡❥❛♠ X2 = {(x, y) : x > 0, y > 0} ⊂ R
2 ❡

X2 ∋ ~p 7→ B = B(~p ) = (bij(x, y)) =

[

1
2y2

0

0 1
2x2

]

∈ M2(R),

❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ q✉❡ ✐♥❞✉③ ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣❛r❛

〈~u~p , ~v~p〉B(~p ) =
x1x2

2y2
+
y1y2

2x2
, ✭✹✳✼✮

♣❛r❛ ~p ∈ X2✱ ~u~p = (x1, y1) ❡ ~v~p = (x2, y2) ♣❡rt❡♥❝❡♥t❡s ❛ T~p (R2)✳
❆ ❝✉r✈❛ ❞♦ ❊①❡♠♣❧♦ ✹✳✶✳✼✱

~α(s) = (x(s), y(s)) = (sinh(s), cosh(s)),

q✉❛♥❞♦ r❡str✐t❛ ❛ J = (0.01, 3.01) ✭✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ❞♦ ✐♥t❡r✈❛❧♦ I✮✱ ~α|J(s) t❡♠
tr❛ç♦ ❝♦♥t✐❞♦ ❡♠ X2❀ ♣♦r ✐ss♦✱ é ♣♦ssí✈❡❧ tr❛t❛r ❛ ♠étr✐❝❛ B ♥♦s ♣♦♥t♦s ❞❡st❡ tr❛ç♦✳
❆ ❝✉r✈❛ ❡stá P❈❆ s❡❣✉♥❞♦ B✱ ♣♦✐s

‖~α ′(s)‖B(~α(s)) =

√

cosh2(s)

2 cosh2(s)
+

sinh2(s)

2 sinh2(s)
= 1.

❙❡❣✉♥❞♦ ❛ ♥♦r♠❛ B(~α|J(s))✱ ❛ ❝✉r✈❛ r❡str✐t❛ t❡♠ ✈❡t♦r ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ D~T [ B ] (s) =
~0 ✳ P♦r ❝♦♥s❡qüê♥❝✐❛✱ s✉❛ ❝✉r✈❛t✉r❛ ✜❝❛

κ [ B ](s) =
∥

∥

∥
D~T [ B ] (s)

∥

∥

∥

B(~α|
J
(s))

= 0.

❙❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ✐ss♦ ♥ã♦ ♦❝♦rr❡✉✳ ❙❡❣✉♥❞♦ ❛q✉❡❧❛ ♠étr✐❝❛ ❛
r❡str✐çã♦ ~α|J(s) ❝♦♥t✐♥✉❛ t❡♥❞♦ ❝✉r✈❛t✉r❛

κ [ A ] (s) =
1

cosh(2s)

♣❛r❛ s ∈ J ✳
P❡❧❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞❛ ❉❡✜♥✐çã♦ ✹✳✶✳✸ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ♦ ✈❡t♦r ♥♦r♠❛❧ ❞❡ ~α(s)✱ ♣♦✐s
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κ [ B ](s) é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✳ P♦ré♠✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✸✻ ❞❛ ♣á❣✐♥❛ ✸✺
s❛❜❡✲s❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ❞✐r❡çã♦ ♥♦r♠❛❧✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❞❡ ~α|J(s) é ♦ ♠❡s♠♦
❞❛❞♦ ❡♠ ✭✹✳✶✮✿

J ∋ s 7→ ~T (s) = (x~T (s), y~T (s)) = (cosh(s), sinh(s)) ∈ T~α(s) (R2).

❙❡❥❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ❞❛❞♦ ♣♦r

J ∋ s 7→ ~N (s) = (x ~N(s), y ~N(s)) ∈ T~α(s) (R2);

❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡✈❡ s❛t✐s❢❛③❡r ❞✉❛s ❝♦♥❞✐çõ❡s✿

✶✳ 〈 ~T (s) , ~N (s)〉B(~α(s)) = 0 ❡

✷✳ ‖ ~N (s)‖B(~α(s)) = 1✳

■♥✐❝✐❛❧♠❡♥t❡ s❡rá ♣r♦❝✉r❛❞❛ ✉♠❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❛ ~T (s)✱ ❞❛❞❛ ♣♦r (x̄(s), ȳ(s))✱ ❡ ❞❡♣♦✐s é
t♦♠❛❞♦ s❡✉ ✈❡rs♦r✳ ❉❛ ❡①♣r❡ssã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❛❞♦ ♥❛ ❊q✉❛çã♦ ✭✹✳✼✮ s❡❣✉❡ q✉❡✿

0 =
〈

~T (s) , (x̄(s), ȳ(s))
〉

B(~α(s))

=
x~T

(s)x̄(s)

2 y(s)2
+

y~T
(s)ȳ(s)

2x(s)2

= cosh(s)x̄(s)

2 cosh2(s)
+ sinh(s)ȳ(s)

2 sinh2(s)

= x̄(s)
2 cosh(s)

+ ȳ(s)
2 sinh(s)

⇒

⇒ ȳ(s) = −x̄(s) tanh(s).

❚♦♠❛♥❞♦ x̄(s) = 1 ♦❜té♠✲s❡ ȳ(s) = − tanh(s)✳ ❈♦♠♦

‖(x̄(s), ȳ(s))‖B(~α(s)) =
1

cosh(s)
,

❢❛③✲s❡ ♥❡❝❡ssár✐♦ t♦♠❛r

~N (s) = (x ~N(s), y ~N(s)) =
(x̄(s), ȳ(s))

‖(x̄(s), ȳ(s))‖
B(~α(s))

= (cosh(s), − sinh(s)).

◆❛ ❋✐❣✉r❛ ✹✳✹ sã♦ ❝♦❧♦❝❛❞♦s ♦s r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t ❡♠ ~α(0.3) ❡ ❡♠ ~α(1.1)✿



✹✳✶✳ ❚❊❖❘■❆ ▲❖❈❆▲ ❉❊ ❈❯❘❱❆❙ P▲❆◆❆❙ ✽✸

❋✐❣✉r❛ ✹✳✹✿ r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛

❈♦♥❢♦r♠❡ ❢♦✐ ♦❜s❡r✈❛❞♦ ♥❛ ♣á❣✐♥❛ ✼✼✱ ❛ ❡①✐❣ê♥❝✐❛ ❞❡ s❡ t❡r D~T (s) ♥ã♦✲♥✉❧♦ ♥♦ ❞♦♠í♥✐♦
❞❛ ❝✉r✈❛ é ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ s❡r ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧
✉♥✐tár✐♦ ❝♦♠♦ ♠❛♥❞❛ ❛ ❉❡✜♥✐çã♦ ✹✳✶✳✸✳ ❊ss❛ ♠❡s♠❛ ❝♦♥❞✐çã♦ ♥ã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛
❞❡✜♥✐r ♦ ✈❡t♦r ♥♦r♠❛❧✱ ❝♦♥❢♦r♠❡ ❛t❡st❛ ♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✺✳

❊①❡♠♣❧♦ ✹✳✶✳✶✻✳ P❛r❛ ✉♠❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ t❡♠✲s❡✿

~T (s) = ~α ′(s),

D~T (s) = ~T ′(s),

~N(s) =
~T ′(s)

‖~T ′(s)‖
A

,

D ~N (s) = ~N ′(s) ❡

κ (s) = ‖~T ′(s)‖A .

❊st❡ ❡①❡♠♣❧♦✱ ❡♠❜♦r❛ t❡ór✐❝♦✱ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ♣❡r❝❡❜❡r q✉❡ q✉❛♥❞♦ ❛ ♠❛tr✐③ ❞❛ ♠étr✐❝❛
é ❛ ✐❞❡♥t✐❞❛❞❡ t♦❞❛ ❛ t❡♦r✐❛ ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞❛ r❡t♦r♥❛ à t❡♦r✐❛ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧
✧❝❧áss✐❝❛✧✱ ✐st♦ é✱ àq✉❡❧❛ ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ❜✐❜❧✐♦❣r❛✜❛s ❝♦♠♦ ❬✹✱ ✶✸❪✳

◆❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ✉s✉❛❧ ✭❛ ❢❡✐t❛ ❝♦♠ ❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✮✱

✧✉♠❛ ❝✉r✈❛ é ✉♠❛ r❡t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛ ❝✉r✈❛t✉r❛ é ③❡r♦✧✱

♦♥❞❡ r❡t❛ ❞❡✈❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ✧r❡t❛ ❡✉❝❧✐❞✐❛♥❛✧✿ ✉♠❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r ✉♠ ♣♦♥t♦
♠❛✐s ♦s ♠ú❧t✐♣❧♦s ❞❡ ✉♠ ✈❡t♦r ✜①♦✳ ■ss♦ ♣♦❞❡ s❡r ❝♦♥✜r♠❛❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✼✱ ✶✺❪✳

◗✉❛♥❞♦ s❡ t❡♠ ✉♠❛ ♠étr✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ ♥ã♦ ✈❛❧❡r✳ ❖ ❊①❡♠♣❧♦
✹✳✶✳✶✺ t♦♠♦✉ ✉♠❛ ❝✉r✈❛ q✉❡ ♥ã♦ é ✉♠❛ r❡t❛ ✭❡✉❝❧✐❞✐❛♥❛✮ ❡ ♦❜t❡✈❡ ❝✉r✈❛t✉r❛ ③❡r♦ ❡♠ t♦❞♦
♦ ❞♦♠í♥✐♦✳ ❋✐①❛❞❛ ✉♠❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡ q✉❛❧q✉❡r✱ ❡st❛ ❛✜r♠❛çã♦ é ✈á❧✐❞❛ ❡ ❛ ❞❡♠♦♥s✲
tr❛çã♦ é ❛ ♠❡s♠❛ ❛❞♦t❛❞❛ ♣❡❧❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s q✉❛♥❞♦ ❛ ❞❡♠♦♥str❛♠ ♣❛r❛ ❛
♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❡ ❞❡✜♥✐çã♦ s❡ ❛♣❧✐❝❛♠ às ❝✉r✈❛s q✉❡ ❛❞♠✐t❡♠ ✈❡t♦r ♥♦r♠❛❧✱ ♦✉
s❡❥❛✱ ♣❛r❛ ❛q✉❡❧❛s ❡♠ q✉❡ D~T (s) 6= ~0 ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✳
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Pr♦♣♦s✐çã♦ ✹✳✶✳✶✼✳ ❉❛❞❛ ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱ A = A ( ~p )✱
❞❡✜♥✐❞❛ s♦❜r❡ ♦s ♣♦♥t♦s ❞♦ tr❛ç♦ ❞❡ ✉♠❛ ❝✉r✈❛ P❈❆ s❡❣✉♥❞♦ ❡st❛ ♠étr✐❝❛✱

I ∋ s 7→ ~α(s) ∈ R
2,

❝♦♠ D~T (s) ♥ã♦✲♥✉❧♦ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✱ ✈❛❧❡♠ ❛s ✐❣✉❛❧❞❛❞❡s







D~T (s) = κ (s) ~N (s)

D ~N (s) = −κ (s) ~T (s)

❆ ✐❞é✐❛ ❞❡st❛ ♣r♦♣♦s✐çã♦ é✿ ❝♦♠♦ ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t é ✉♠❛ ❜❛s❡ ❞❡ T~α(s)(R
2) ❡

D~T (s) ❡ D ~N (s) ♣❡rt❡♥❝❡♠ ❛ ❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ é ♣♦ssí✈❡❧ ❡s❝r❡✈ê✲❧♦s ❝♦♠♦ ❝♦♠❜✐♥❛çã♦
❧✐♥❡❛r ❞❡ ~T (s) ❡ ~N (s)✳ ■st♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✹✳✶✳✶✽✳ ❊st❛s ❡q✉❛çõ❡s sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t ♣❛r❛ ~α(s) s❡✲
❣✉♥❞♦ A = A (~α(s))✳

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✼✳ ❆ ♣r✐♠❡✐r❛ ❞❛s ❢ór♠✉❧❛s é ❛ ❊q✉❛çã♦ ✭✹✳✻✮ ✭❞❛
♣á❣✐♥❛ ✽✵✮✳ ❘❡st❛ ♣r♦✈❛r ❛ s❡❣✉♥❞❛✳ ❆ ♣r♦✈❛ é ❢❡✐t❛ ❞❡ ✉♠❛ só ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡
❞❛ ♠étr✐❝❛ s❡r ❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ ♦✉ ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧ ✭♥ã♦ ♥❡❝❡ss❛r✐❛✲
♠❡♥t❡ ❝♦♥st❛♥t❡✮✳
P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✈❡t♦r ♥♦r♠❛❧ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶

1 = ‖ ~N (s)‖A ⇒ D ~N (s) ⊥ ~N (s),

❝♦♥s❡qü❡♥t❡♠❡♥t❡✱ D ~N (s) // ~T (s) ❡

D ~N (s) = proj~T (s)D
~N (s)

∣

∣

∣

A

=
〈

D ~N (s) , ~T (s)
〉

A

~T (s). ✭✹✳✽✮

❊ t❛♠❜é♠✱ ❞✐❢❡r❡♥❝✐❛♥❞♦ 0 =
〈

~T (s) , ~N (s)
〉

A

❧❡✈❛ ❛

0 =
〈

D~T (s) , ~N (s)
〉

A

+
〈

~T (s) , D ~N (s)
〉

A

⇒

⇒
〈

~T (s) , D ~N (s)
〉

A

= −
〈

D~T (s) , ~N (s)
〉

A

= −κ(s). ✭✹✳✾✮

❙✉❜st✐t✉✐♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ✭✹✳✾✮ ♥❛ ✭✹✳✽✮ ♦❜té♠✲s❡ ❛ s❡❣✉♥❞❛ ❞❛s ❡q✉❛çõ❡s ❞♦ r❡❢❡r❡♥❝✐❛❧ ❞❡
❋r❡♥❡t✳ �
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✹✳✷ ❚❡♦r✐❛ ▲♦❝❛❧ ❞❡ ❈✉r✈❛s ❊s♣❛❝✐❛✐s

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ ❢♦r❛ ♦❜s❡r✈❛❞♦ ❛♦ ✐♥í❝✐♦ ❞❛ ♣á❣✐♥❛ ✼✻✱ é ♠❛♥t✐❞♦ ♥❡st❛ s❡çã♦
n = 3✳

❉❡✜♥✐çã♦ ✹✳✷✳✶✳ ❯♠❛ ❝✉r✈❛ ❡s♣❛❝✐❛❧ é ❞✐st✐♥❣✉✐❞❛ ♣♦r s❡r ❞❡ ❞✐♠❡♥sã♦ três✳ ◆❡st❛
s❡çã♦✱ t❛❧ ❝✉r✈❛ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r

R ⊇ I ∋ t 7→ ~α(t) = (x(t), y(t), z(t)) ∈ R
3.

❆❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❛ s❡❣✉♥❞❛ s❡çã♦ s❡rã♦ ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ❡st❛s ❝✉r✲
✈❛s✳ ❙❡rá ❛❞♠✐t✐❞♦ ♥♦ t❡①t♦ s❡❣✉✐♥t❡ q✉❡ A = A ( ~p ) é ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛
❛♦ ♠❡♥♦s ♥♦s ♣♦♥t♦s ❞♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ❡✱ ❝♦♥❢♦r♠❡ ❛ ♥❡❝❡ss✐❞❛❞❡✱ s❡rá s✉♣♦st❛ ❝♦♥st❛♥t❡
❡✱ ♦✉✱ ❞❛❞❛ ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧✳

❉❡✈✐❞♦ à ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❝✉r✈❛ ❛❞♠✐t✐r ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ P❈❆ s❡❣✉♥❞♦ ✉♠❛
❞❛❞❛ ♠étr✐❝❛ é ❢❡✐t❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✹✳✷✳✷✳ ❯♠❛ ❝✉r✈❛

I ∋ s 7→ ~α(s) = (x(s), y(s), z(s)) ∈ R
3

P❈❆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ A = A (~α(s)) t❡♠ ❝♦♠♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐✲
tár✐♦ à ❝✉r✈❛ ♥♦ ♣♦♥t♦ ~α(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ❛ ❛♣❧✐❝❛çã♦ ❡st❛❜❡❧❡❝✐❞❛ ♣♦r

I ∋ s 7→ d

ds
[~α(s)] = ~T (s) = (x′(s), y′(s), z′(s)) ∈ T~α(s) (R3).

❉❡✜♥✐çã♦ ✹✳✷✳✸✳ ❆❞❝✐♦♥❛♥❞♦ às ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✷ s❡r A = A (~α(s)) ❝♦♥s✲
t❛♥t❡ ♦✉ ❞❛❞❛ ♥❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧ ✭❡st❛s ❝♦♥❞✐çõ❡s ♣❡r♠✐t❡♠ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r
♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s D~T (s) ♣❡r♣❡♥❞✐❝✉❧❛r ❛ ~T (s)✮✱ ❞❡✜♥❡✲s❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ~α(s) ❝♦♠♦
s❡♥❞♦ ❛ ❢✉♥çã♦

I ∋ s 7→ κ(s) = ‖D~T (s)‖A (~α(s)) ∈ R+ .

❉❡✜♥✐çã♦ ✹✳✷✳✹✳ ❆❞❝✐♦♥❛♥❞♦ às ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✸ q✉❡ D~T (s) ♥ã♦ s❡ ❛♥✉❧❡
❡♠ I✱ ❞❡✜♥❡✲s❡ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❛ ~α(s) s❡❣✉♥❞♦ A ♣❡❧❛ ❛♣❧✐❝❛çã♦

I ∋ s 7→ ~N (s) =
D~T (s)
∥

∥

∥
D~T (s)

∥

∥

∥

A (~α(s))

∈ T~α(s) (R3).

❖❜s❡r✈❛çã♦ ✹✳✷✳✺✳ ❆ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✸✱ ❞❡♠♦♥str❛❞❛ ♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❈❛♣ít✉❧♦✱
t❡♠ s✉❛ ✈❛❧✐❞❛❞❡ ❛ss❡❣✉r❛❞❛ ♥ã♦ s♦♠❡♥t❡ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s ♠❛s t❛♠❜é♠ ♣❛r❛ ❝✉r✈❛s
❡s♣❛❝✐❛✐s✳ ❉❡ ❢❛t♦✱ ❡ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡r✐❛ s❡r ❞❡♠♦♥str❛❞♦ ♣❛r❛ ❝✉r✈❛s ♥♦ R

3 s❡♠ q✉❛❧q✉❡r
❛❧t❡r❛çã♦ ♥❛q✉❡❧❛ ♣r♦✈❛✳
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❖❜s❡r✈❛çã♦ ✹✳✷✳✻✳ ❖ q✉❡ ❢♦✐ ❝♦♠❡♥t❛❞♦ ♥❛ ♣á❣✐♥❛ ✽✵ ❛❝❡r❝❛ ❞❡ s❡r κ(s) ❛ ❢✉♥çã♦ ❞❡
♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s D~T (s) ❡ ~N (s)✱ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ❧á ❡①✐❣✐❞❛s✱
❛♣❧✐❝❛✲s❡ t❛♠❜é♠ à ❝✉r✈❛s ❡s♣❛❝✐❛✐s✳

❙✐♥t❡t✐③❛♥❞♦ ❡st❛s ♦❜s❡r✈❛çõ❡s✱ ❛❞✐❝✐♦♥❛♥❞♦ ♥❛s ❛ss✉♥çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✸ q✉❡
D~T (s) 6= ~0 ♣❛r❛ t♦❞♦ s ∈ I✱ ✈❛❧❡ q✉❡

κ(s) =
〈

D~T (s), ~N (s)
〉

A (~α(s))
. ✭✹✳✶✵✮

❈♦♥s❡qü❡♥t❡♠❡♥t❡✱ ❝♦♥❝❧✉✐✲s❡✿

D~T (s) = κ(s) ~N (s). ✭✹✳✶✶✮

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❢♦✐ ❝♦♠❡♥t❛❞♦ q✉❡ D~T (s) s❡r ♥✉❧♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❝✉r✈❛ ♥ã♦ ✐♠♣❡❞❡
❛ ♦❜t❡♥çã♦ ❞♦ ✈❡t♦r ♥♦r♠❛❧✳ ❙❡ D~T (s) 6= ~0 ♣❛r❛ t♦❞♦ s ∈ I t❡♠✲s❡✱ ❡♥tã♦✱ ✉♠❛ ❝♦♥❞✐çã♦
s✉✜❝✐❡♥t❡ ♣❛r❛ s❡ ❞❡✜♥✐r ~N (s) ❝♦♠♦ ♠❛♥❞❛ ❛ ❉❡✜♥✐çã♦ ✹✳✷✳✹✳ ❊st❛ ❝♦♥❞✐çã♦ ♥ã♦ é
♥❡❝❡ssár✐❛ ♣❛r❛ s❡ ❞❡✜♥✐r ~N (s) ❝♦♠♦ ♣❡r♠✐t❡ ♦ ▲❡♠❛ ✷✳✶✳✸✻ ❞❛ ♣á❣✐♥❛ ✸✺✳

❈♦♥❢♦r♠❡ ❝♦♠❡♥t❛❞♦ ❛♣ós ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✱ ♥❛ ♣á❣✐♥❛ ✺✵✱ ♦ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦ ❡♠
q✉❡ ❛♣❛r❡❝❡rá ❛ ♠❡♥çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♥❛ q✉❛❧ ✉♠❛ ❝✉r✈❛ ❡stá ❡s❝r✐t❛ s❡rá ♦ ❞❛ ❞❡✜♥✐çã♦
s❡❣✉✐♥t❡✳ ■st♦ s❡ ❞❡✈❡ ❛♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✱ ✈✐st♦ ♥❛ s❡❣✉♥❞❛ s❡çã♦ ❞♦ ❈❛♣ít✉❧♦ ✷✱ q✉❡ s❡rá
❢r❡qü❡♥t❡♠❡♥t❡ ✉s❛❞♦ ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✳

❉❡✜♥✐çã♦ ✹✳✷✳✼✳ ❙❡❥❛♠ A = A ( ~p ) ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦
X ⊆ R

3✱ B = {~b 1, ~b 2, ~b 3} ✉♠❛ ❜❛s❡ ❞❡ R
3✱ ❞❡ ♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛ ❡ ♦rt♦❣♦♥❛❧ s❡✲

❣✉♥❞♦ A ❡

R ⊇ I ∋ s 7→ ~αB(s) = x(s)~b 1 + y(s)~b 2 + z(s)~b 3 = (x(s), y(s), z(s))B ∈ R
3

✉♠❛ ❝✉r✈❛ ❝♦♠ tr❛ç♦ ❝♦♥t✐❞♦ ❡♠ X✱ P❈❆ s❡❣✉♥❞♦ A ✱

I ∋ s 7→ ~B [A ] (s) = ~T (s)
B

∧
A

~N (s) ∈ T~α(s) (R3)

é ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ ✉♥✐tár✐♦ à ❝✉r✈❛ ♥♦ ♣♦♥t♦ ~α(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳

❖s ✈❡t♦r❡s ~T (s) ❡ ~N (s) ✉s❛❞♦s ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ ♣r❡❝✐s❛♠ ❡st❛r ❞❡t❡r♠✐✲
♥❛❞♦s ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B✳

❆ss✐♠ ❝♦♠♦ ❢❡✐t♦ ❛ ♣❛rt✐r ❞❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✺✱ ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ t❡rá s✉❛ ♥♦t❛çã♦ s✐♠✲
♣❧✐✜❝❛❞❛ ♣❛r❛ ~B (s)✳

❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ~B (s) é r❡❛❧♠❡♥t❡ ✉♥✐tár✐♦ ❞❡✈✐❞♦ ❛♦ ▲❡♠❛ ✷✳✷✳✷ ■t❡♠ ✭✶✮✱ ♣♦rq✉❡

‖ ~B (s)‖2
A (~α(s)) = ‖~T (s)‖2

A (~α(s))‖ ~N (s)‖2
A (~α(s)) sin2[∠(~T (s), ~N (s))] = 1,
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♣♦✐s ∠(~T (s), ~N (s)) = π
2
✳

P❡❧❛ ❉❡✜♥✐çã♦ ✷✳✷✳✶✱ ~B (s) ⊥ ~T (s) ❡ ~B (s) ⊥ ~N (s)✳ ❈♦♠ ✐ss♦✱ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r
❡st❡s três ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s✱ ❛❧é♠ ❞❡ s❡r ✉♠❛ ❜❛s❡ ♣♦s✐t✐✈❛ ❞❡ ❝❛❞❛ T~α(s) (R3)✱ é ✉♠❛ ❜❛s❡
❖◆ s❡❣✉♥❞♦ A (~α(s))✱ ♦ q✉❡ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✹✳✷✳✽✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✱ ♦ ❝♦♥❥✉♥t♦

{~T (s), ~N (s), ~B (s)}

❞❡♥♦♠✐♥❛✲s❡ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t ❡♠ ~α(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❞❡ A (~α(s))✳

❉❡✜♥✐çã♦ ✹✳✷✳✾✳ ❆s r❡t❛s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ sã♦ ❛❞❛♣t❛❞❛s ♣❛r❛ ❝✉r✈❛s ❡s♣❛❝✐❛✐s
tr♦❝❛♥❞♦ ♦ ❝♦♥tr❛✲❞♦♠í♥✐♦ ❞❡ T~α(s) (R2) ♣❛r❛ T~α(s) (R3) ♥❛ ❉❡✜♥✐çã♦ ✹✳✶✳✶✵✱ ♦♥❞❡ ❢♦r❛♠
❡st❛❜❡❧❡❝✐❞❛s ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s✳ ❊ ❛✐♥❞❛✱ ❞❡✜♥❡✲s❡ ❛ r❡t❛ ❜✐♥♦r♠❛❧ à ❝✉r✈❛ ♣♦r ~α(s)
❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦

R ∋ r 7→ b~α(r) = ~α(s) + r ~B (s) ∈ T~α(s) (R3).

❉❡✜♥✐çã♦ ✹✳✷✳✶✵✳ P❛r❛ ✉♠❛ ❝✉r✈❛ q✉❡ s❛t✐s❢❛③ ❛s ❛ss✉♥çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✼ é ♣♦ssí✈❡❧
❡st❛❜❡❧❡❝❡r ♦s s❡❣✉✐♥t❡s ♣❧❛♥♦s✿

✶✳ ♣❧❛♥♦ ♦s❝✉❧❛❞♦r ❞❡✜♥✐❞♦ ♣♦r [[ ~T (s), ~N (s)]]❀

✷✳ ♣❧❛♥♦ ♥♦r♠❛❧ ♣♦r [[ ~N (s), ~B (s)]]❀

✸✳ ❡ ♣❧❛♥♦ r❡t✐✜❝❛♥t❡ ❝♦♠♦ [[ ~T (s), ~B (s)]]✳

P♦r s❡r ❜❛s❡ ❞❡ T~α(s) (R3)✱ ♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t ♣❡r♠✐t❡ ❡s❝r❡✈❡r q✉❛❧q✉❡r ❝❛♠♣♦ ❞❡
✈❡t♦r❡s ❞❡st❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❝♦♠♦ ♣r♦❥❡çã♦ s♦❜r❡ ♦s s❡✉s✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ t❡♠✲s❡ ♦

▲❡♠❛ ✹✳✷✳✶✶✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✼✱ q✉❛❧q✉❡r ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

I ∋ s 7→ ~β(s) ∈ T~α(s) (R3)

s♦❜r❡ ✉♠❛ ❝✉r✈❛
I ∋ s 7→ ~α(s) ∈ R

3,

P❈❆ ❡ q✉❡ ❛❞♠✐t❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ❡ ❜✐♥♦r♠❛❧✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

~β(s) =
〈

~β(s), ~T (s)
〉

A (~α(s))

~T (s) +

〈

~β(s), ~N (s)
〉

A (~α(s))

~N (s) +

〈

~β(s), ~B (s)
〉

A (~α(s))

~B (s) .
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❉❡♠♦♥str❛çã♦✳ {~T (s), ~N (s), ~B (s)} é ❜❛s❡ ✭❖◆ s❡❣✉♥❞♦ A ✮✱ ❡♥tã♦ ❡①✐st❡♠ ❢✉♥çõ❡s

I ∋ s 7→ X(s) ∈ R, I ∋ s 7→ Y (s) ∈ R ❡ I ∋ s 7→ Z(s) ∈ R

t❛✐s q✉❡
~β(s) = X(s)~T (s) + Y (s) ~N (s) + Z(s) ~B (s).

❆ss✐♠✱ t♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ~β(s) ♦r❛ ❝♦♠ ~T (s)✱ ♦r❛ ❝♦♠ ~N (s) ❡ t❛♠❜é♠ ❝♦♠
~B (s) t❡♠✲s❡

〈

~β(s), ~T (s)
〉

A (~α(s))
= X(s),

〈

~β(s), ~N (s)
〉

A (~α(s))
= Y (s) ❡

〈

~β(s), ~B (s)
〉

A (~α(s))
= Z(s) .

�

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✷✳ ❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❜✐♥♦r♠❛❧ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡

I ∋ s 7→ D~B (s) ∈ T~α(s) (R3)

é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♣❛r❛❧❡❧♦ ❛ ~N (s)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦r

~T (s) = (x~T (s), y~T (s), z~T (s))B1 ❡ ~N (s) = (x ~N(s), y ~N(s), z ~N(s))B1 ,

♦♥❞❡ B1 = {~b 1~α(s), ~b 2~α(s), ~b 3~α(s)} é ❛ ❜❛s❡ B = {~b 1, ~b 2, ~b 3}✱ q✉❡ s❛t✐s❢❛③ ❛ ❉❡✜♥✐çã♦ ✹✳✷✳✼✱
❛♣❧✐❝❛❞❛ ❡♠ ~α(s) ✭✈✐❞❡ ❉❡✜♥✐çã♦ ✶✳✹✳✹✮✳
❊st❛s ❛♣❧✐❝❛çõ❡s sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦rq✉❡ ~α(s) ❡ A (~α(s)) sã♦ ♣♦r ❤✐♣ót❡s❡✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✸✱ ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ é ❞❛❞♦ ♣♦r

~B (s) = ~T (s)
B

∧
A

~N (s) =
∑

1≤k≤3

DkSij ~ek~α(s)

♦♥❞❡ i < j, i ∈ {1, 2}, j ∈ {2, 3} ❡ i 6= k 6= j ❡ ❝❛❞❛ ~ek~α(s) é ♦ ✈❡rs♦r ❞❡ ~bk~α(s) s❡❣✉♥❞♦ ❛
♠étr✐❝❛ A ✱

D1 = det

[

y~T (s) z~T (s)
y ~N(s) z ~N(s)

]

, D2 = − det

[

x~T (s) z~T (s)
x ~N(s) z ~N(s)

]

, D3 = det

[

x~T (s) y~T (s)
x ~N(s) y ~N(s)

]

❡ Sij é ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❝♦♥str✉í❞♦ s♦❜r❡ ~bi~α(s) ❡ ~bj ~α(s) ✱ ✐st♦ é✱

Sij = ‖~bi~α(s)‖A (~α(s))‖~bj ~α(s)‖A (~α(s)) sin θij|A (~α(s)) = ‖~bi~α(s)‖A (~α(s))‖~bj ~α(s)‖A (~α(s))

♦♥❞❡ θij = ∠(~bi~α(s), ~bj ~α(s))✳ P♦r
~T (s) ❡ ~N (s) s❡r❡♠ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✼

■t❡♠ ✭✷✮ é ♣♦ssí✈❡❧ ❛✜r♠❛r q✉❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ✈❡t♦r ❜✐♥♦r♠❛❧ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✱
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♦✉ s❡❥❛✱ ~B (s) é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞✐❢❡r❡♥❝✐á✈❡❧✳
P♦r ❡st❡ ♠♦t✐✈♦✱

~B (s) = (x ~B(s), y ~B(s), z ~B(s))B1

❛❞♠✐t❡ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ D~B (s) =

=

(

x′~B(s) +
a′11(~α(s))

2a11(~α(s))
x ~B(s), y′~B(s) +

a′22(~α(s))

2a22(~α(s))
y ~B(s), z′~B(s) +

a′33(~α(s))

2a33(~α(s))
z ~B(s)

)B1

.

P♦r ~B (s) s❡r ✉♥✐tár✐♦ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶ ✈❡♠ q✉❡ ~B (s) ⊥ D~B (s)✱ ❧♦❣♦✱ D~B (s) ∈
[[ ~T (s), ~N (s) ]]✳ ❉✐❢❡r❡♥❝✐❛♥❞♦

〈

~T (s), ~B (s)
〉

A (~α(s))
= 0 ❝❤❡❣❛✲s❡ ❛

0 =
〈

D~T (s), ~B (s)
〉

A (~α(s))
+
〈

~T (s), D ~B (s)
〉

A (~α(s))

❝♦♠♦ D~T (s) // ~N (s) ❡ ~N (s) ⊥ ~B (s) ♦❝♦rr❡ D~T (s) ⊥ ~B (s)✱ ♦✉ s❡❥❛✱

0 =
〈

D~T (s), ~B (s)
〉

A (~α(s))
. ✭✹✳✶✷✮

▲♦❣♦

0 =
〈

~T (s), D ~B (s)
〉

A (~α(s))

✐♠♣❧✐❝❛♥❞♦ ❡♠ ~T (s) ⊥ D~B (s)✳ P♦r ❡st❡ ♠♦t✐✈♦ D~B (s) // ~N (s)✳ �

❆ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ ❞á s❡♥t✐❞♦ à s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✹✳✷✳✶✸✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✷✳✼✱ ❛ ❢✉♥çã♦

I ∋ s 7→ τ [A ](s) ∈ R

q✉❡ s❛t✐s❢❛③
D~B (s) = −τ [A ](s) ~N (s) ✭✹✳✶✸✮

é ❝❤❛♠❛❞❛ t♦rçã♦ ❞❡ ~α ❡♠ s s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A (~α(s))✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶✹✳ ❖ s✐♥❛❧ ✧−✧ ♥❛ ✐❣✉❛❧❞❛❞❡ ✭✹✳✶✸✮ é ✉♠❛ q✉❡stã♦ ❞❡ ❛❞❛♣t❛çã♦✳ ❆
r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✜❝❛ ❬✹❪ ❛❞♦t❛ ❛ ✐❣✉❛❧❞❛❞❡ s❡♠ ❡st❡ s✐♥❛❧✳

◗✉❛♥❞♦ ❛ ♠étr✐❝❛ A (~α(s)) ❡st✐✈❡r ❝❧❛r❛ ❛ t♦rçã♦ t❡rá s✉❛ ♥♦t❛çã♦ s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛
τ(s)✳ ◗✉❛♥❞♦ ❤♦✉✈❡r ♥♦ ❝♦♥t❡①t♦ ✉♠❛ ♦✉tr❛ ♠étr✐❝❛ B(~α(s)) ❛ t♦rçã♦ s❡rá ❞❡♥♦t❛❞❛ ❡♠
t❡r♠♦s ❞❛ ♠étr✐❝❛✱ τ [A ](s) ♦✉ τ [B](s)✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✺✳ ❆ t♦rçã♦ ❞❡ ~α ❡♠ s ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣♦r

τ (s) = −
〈

D~B (s) , ~N (s)
〉

A (~α(s))
.
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❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ {D~B (s), ~N (s)} ▲❉✱ ❛ ♣r♦❥❡çã♦ ❞❡ D~B (s) s♦❜r❡ ~N (s) é ♦ ♣ró♣r✐♦
D~B (s)✱ ❛ss✐♠✿

D~B (s) = proj ~N (s)D
~B (s)

∣

∣

∣

A (~α(s))

=
〈

D~B (s) , ~N (s)
〉

A (~α(s))

~N (s)

= −τ (s) ~N (s) ⇔

⇔ −τ (s) =
〈

D~B (s) , ~N (s)
〉

A (~α(s))
. �

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✻✳ ❙❡❥❛♠ A = A ( ~p ) ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱
❞❡✜♥✐❞❛ ❡♠ ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ X ⊆ R

3✱ B = {~b 1, ~b 2, ~b 3} ✉♠❛ ❜❛s❡ ❞❡ R
3✱ ❞❡ ♦r✐❡♥t❛çã♦

♣♦s✐t✐✈❛ ❡ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A ❡

R ⊇ I ∋ s 7→ ~αB(s) = x(s)~b 1 + y(s)~b 2 + z(s)~b 3 ∈ R
3

✉♠❛ ❝✉r✈❛ ❝♦♠ tr❛ç♦ ❝♦♥t✐❞♦ ❡♠ X✱ P❈❆ s❡❣✉♥❞♦ A ❡ t❛❧ q✉❡ D~T (s) 6= ~0 ✳ ◆❡st❛s
❝♦♥❞✐çõ❡s✱ ✈❛❧❡♠ ❛s ✐❣✉❛❧❞❛❞❡s























D~T (s) = κ (s) ~N (s)

D ~N (s) = −κ (s) ~T (s) + τ (s) ~B (s) .

D ~B (s) = −τ (s) ~N (s)

❉❡✜♥✐çã♦ ✹✳✷✳✶✼✳ ❆ss✐♠ ❝♦♠♦ ♣❛r❛ ♦ ❝❛s♦ ❞❛s ❝✉r✈❛s ♣❧❛♥❛s✱ ♥❛ ❉❡✜♥✐çã♦ ✹✳✶✳✶✽✱ ❡st❛s
❡q✉❛çõ❡s sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t ♣❛r❛ ~α(s) s❡❣✉♥❞♦ A = A (~α(s))✳

❉❡♠♦♥str❛çã♦ ❞❛s ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t✳ ❆ t❡r❝❡✐r❛ ❞❡st❛s ❡q✉❛çõ❡s é ❛ q✉❡ ❞❡✜♥❡ ❛
t♦rçã♦ ❡ ❢♦✐ ❞❛❞❛ ❡♠ ✭✹✳✶✸✮✳
❉✉r❛♥t❡ ❡st❛ ❞❡♠♦♥str❛çã♦ é s✐♠♣❧✐✜❝❛❞♦ ~T (s) ♣♦r ~T ❡ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ♦s ❞❡♠❛✐s
❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡ ❢✉♥çõ❡s✳
P❡❧♦ ▲❡♠❛ ✹✳✷✳✶✶ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

D~T =
〈

D~T , ~T
〉

A

~T +
〈

D~T , ~N
〉

A

~N +
〈

D~T , ~B
〉

A

~B,

q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶ ❡ ♣❡❧❛s ❊q✉❛çõ❡s ✭✹✳✺✮ ❡ ✭✹✳✶✷✮✱ t♦r♥❛✲s❡

D~T =
〈

D~T , ~N
〉

A

~N = κ ~N

❛ss✐♠✱ ❛ ♣r✐♠❡✐r❛ ❞❛s ❡q✉❛çõ❡s ❞❛s ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t é ♣r♦✈❛❞❛✳
❊ ❛✐♥❞❛✱

D ~N =
〈

D ~N, ~T
〉

A

~T +
〈

D ~N, ~N
〉

A

~N +
〈

D ~N, ~B
〉

A

~B

=
〈

D ~N, ~T
〉

A

~T +
〈

D ~N, ~B
〉

A

~B ;



✹✳✷✳ ❚❊❖❘■❆ ▲❖❈❆▲ ❉❊ ❈❯❘❱❆❙ ❊❙P❆❈■❆■❙ ✾✶

♣♦r ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥❛ ❊q✉❛çã♦ ✭✹✳✾✮✱ ♥❛ ♣á❣✐♥❛ ✽✹✱ ❞❡♠♦♥str❛✲s❡ q✉❡
〈

D ~N, ~T
〉

A

= −κ ; ✭✹✳✶✹✮

❡ ❞✐❢❡r❡♥❝✐❛♥❞♦ 0 =
〈

~N, ~B
〉

A

♦❜té♠✲s❡

0 =
〈

D ~N, ~B
〉

A

+
〈

~N, D ~B
〉

A

⇒

⇒
〈

D ~N, ~B
〉

A

= −
〈

~N, D ~B
〉

A

= −
〈

D~B, ~N
〉

A

= τ, ✭✹✳✶✺✮

♣r♦✈❛♥❞♦ ❛ s❡❣✉♥❞❛ ❞❛s ❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t✳ �

❊①❡♠♣❧♦ ✹✳✷✳✶✽✳ ❙❡❥❛♠ X = R
3 \ {(0, 0, 0)} ❡ A = A ( ~p ) ❞❛❞❛ ♣♦r

X ∋ ~p 7→ A ( ~p ) = (aij(x, y, z)) =





1
x2+y2+z2

0 0

0 1
x2+y2+z2

0

0 0 1
x2+y2+z2



 ∈ M3(R).

❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡st❛ ♠étr✐❝❛✱ ♣❛r❛ ~p = (x, y, z) ∈ X✱ ~u~p = (x1, y1, z1) ❡ ~v~p =
(x2, y2, z2)✱ ❛♠❜♦s ♣❡rt❡♥❝❡♥t❡s ❛ T~p (R3)✱ é ❞❛❞♦ ♣♦r

〈~u~p , ~v~p〉A ( ~p ) =
x1x2 + y1y2 + z1z2

x2 + y2 + z2
.

❙❡❥❛♠ I = (−3.01, 3.01) ⊂ R ❡

I ∋ s 7→ ~α(s) = (sinh(s), cosh(s), 0) ∈ X.

P♦r t❡r ❛ t❡r❝❡✐r❛ ❢✉♥çã♦ ❝♦♦r❞❡♥❛❞❛ ♥✉❧❛ ❡st❛ ❝✉r✈❛ t❡♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦ ♥♦ ♣❧❛♥♦
❖①②✳ ❈♦♠♦ ~k = (0, 0, 1) é ♥♦r♠❛❧ ❛ ❡st❡ ♣❧❛♥♦✱ ✐st♦ é ❝♦♥✜r♠❛❞♦ t♦♠❛♥❞♦ ✉♠ s0 ∈ I ❡
r❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦

〈

~α(s) − ~α(s0), ~k
〉

A (~α(s))
= 〈(x(s) − x(s0), y(s) − y(s0), 0), (0, 0, 1)〉

A (~α(s)) = 0.

❊st❛ ❝✉r✈❛✱ ❛ss✐♠ ❝♦♠♦ ❛ ❞♦ ❊①❡♠♣❧♦ ✹✳✶✳✼✱ ❡stá P❈❆ s❡❣✉♥❞♦ A ✱ ♣♦✐s

‖~α ′(s)‖A (~α(s)) =

√

cosh2(s) + sinh2(s) + 02

sinh2(s) + cosh2(s) + 02
= 1.

❙❡✉s ✈❡t♦r❡s t❛♥❣❡♥t❡✱ ♥♦r♠❛❧ ❡ ❜✐♥♦r♠❛❧ s❡❣✉♥❞♦ A sã♦ ❞❛❞♦s ♣❡❧❛s ❛♣❧✐❝❛çõ❡s

I ∋ s 7→ ~T (s) = (cosh(s), sinh(s), 0) ∈ T~α(s) (R3),

I ∋ s 7→ D~T (s) =

(

sinh (s) − sinh (3s)

2 cosh2 (2s)
,

cosh (s) + cosh (3s)

2 cosh2 (2s)
, 0

)

∈ T~α(s) (R3),
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I ∋ s 7→ ~N (s) = (− sinh(s), cosh(s), 0) ∈ T~α(s) (R3)

❡

I ∋ s 7→ ~B (s) = (0, 0,
√

cosh(2s) ) ∈ T~α(s) (R3).

❈♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✹✱ ❛ ❝✉r✈❛t✉r❛ ❞❡ ~α é ❞❛❞❛ ♣❡❧❛ ♠❡s♠❛ ❢✉♥çã♦✿

I ∋ s 7→ κ (s) = ‖D~T (s)‖A (~α(s)) =
1

cosh(2s)
∈ R.

❙❡♥❞♦ D~B (s) = ~0 ❡ ❛ t♦rçã♦ é ❛ ❢✉♥çã♦ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❞❡st❡ ✈❡t♦r s♦❜r❡ ~N (s)✱ é

❡s♣❡r❛❞♦ q✉❡ τ (s) = 0 ♣❛r❛ t♦❞♦ s✳ ❉❡ ❢❛t♦✱ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ −
〈

D~B (s), ~N (s)
〉

A (~α(s))
é

✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ t♦❞♦ I✳
❈♦♠♦ ♥❛ ❋✐❣✉r❛ ✹✳✷ ✭♥❛ ♣á❣✐♥❛ ✼✾✮✱ ❛ ♣ró①✐♠❛ ✐❧✉str❛ ♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t ♥♦s ♣♦♥t♦s
~α(−1) ❡ ~α(0)✳

❋✐❣✉r❛ ✹✳✺✿ tr✐❡❞r♦s ❞❡ ❋r❡♥❡t ♣❛r❛ s = −1 ❡ s = 0

❊①❡♠♣❧♦ ✹✳✷✳✶✾✳ ❙❡❥❛♠ X1 = {(x, y, z) : x < 0, y > 0} ⊂ R
3 ❡ I =

(

0.01, π
2
− 0.01

)

⊂
R✱ ❛♠❜♦s ❛❜❡rt♦s ❡ ❝♦♥❡①♦s✳ ❆ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧

X1 ∋ ~p = (x, y, z) 7→ A = A ( ~p ) =





a( ~p ) 0 0
0 d( ~p ) 0
0 0 f( ~p )



 ∈ M3(R),

♦♥❞❡ a( ~p ) = 1
3y2

✱ d( ~p ) = 1
3x2 ❡ f( ~p ) = 1✱ ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ ❝❛❞❛ T~p (R3)✱

s❡♠♣r❡ q✉❡ ~p = (x, y, z) ∈ X1✱ ❡ é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛❞♦ ♣♦r

〈~u~p, ~v~p〉A ( ~p ) =
x1x2

3y2
+
y1y2

3x2
+ z1z2

♦♥❞❡ ~u~p = (x1, y1, z1) ❡ ~v~p = (x2, y2, z2) ♣❡rt❡♥❝❡♠ ❛ T~p (R3)✳
❙❡❥❛ ❛✐♥❞❛

I ∋ s 7→ ~α(s) = (x(s), y(s), z(s)) =

(

− cos (s) , sin (s) , s

√
3

3

)

∈ X1
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✉♠❛ ❝✉r✈❛ P❉❘✳

❉❡st❛ ❢♦r♠❛✱ ❡♠ ❝❛❞❛ s ∈ I✱ A (~α(s)) ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ T~α(s) (R3)✳ ❖ tr❛ç♦
❞❛ ❝✉r✈❛ ❡stá ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿

❋✐❣✉r❛ ✹✳✻✿ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ~α

❊st❛ ❝✉r✈❛ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ P❈❆✱ ♣♦✐s✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✸✳✶✳✷✸✱ t❡♠✲s❡

~α ′(s) =
(

sin (s) , cos (s) ,
√

3
3

)

⇒

⇒ ‖~α ′(s)‖A (~α(s)) =
√

x′(s)2

3y(s)2
+ y′(s)2

3x(s)2
+ z′(s)2

=
√

sin2 (s)

3 sin2 (s)
+ cos2 (s)

3 cos2 (s)
+ 1

3
= 1.

❆ss✐♠✱ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ✜❝❛

~T (s) = ~α ′(s) =

(

sin (s) , cos (s) ,

√
3

3

)

.

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (s) s❡❣✉♥❞♦ A (~α(s))✱ ❝♦♠♦ s❡ ✈ê ♥❛ ❉❡✜♥✐çã♦
✸✳✶✳✷✽✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ~T ′(s)✱ ❛s ❢✉♥çõ❡s ❡♥tr❛❞❛s ❞❡ A (~α(s)) ❜❡♠ ❝♦♠♦ s✉❛s
❞❡r✐✈❛❞❛s✳ ❊♥tã♦

~T ′(s) = (x′′(s), y′′(s), z′′(s)) = (cos (s),− sin (s), 0)

❡
a(~α(s)) =

1

3 sin3 (s)
, d(~α(s)) =

1

3 cos3 (s)
❡ f(~α(s)) = 1

✐♠♣❧✐❝❛♠

a ′(~α(s)) = − 2 cos (s)

3 sin3 (s)
, d ′(~α(s)) =

2 sin (s)

3 cos3 (s)
❡ f ′(~α(s)) = 0.
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❆ss✐♠

D~T (s) =
(

x′′(s) + a ′(~α(s))
2a (~α(s))

x′(s), y′′(s) + c ′(~α(s))
2c (~α(s))

y′(s), z′′(s) + f ′(~α(s))
2f (~α(s))

z′(s)
)

= (0, 0, 0).

❊♠❜♦r❛ ~α ♥ã♦ s❡❥❛ ✉♠❛ r❡t❛✱ s✉❛ ❝✉r✈❛t✉r❛ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ I

κ(s) = ‖D~T (s)‖A (~α(s)) = 0.

❆ss✐♠ ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✺✱ ♦ ✈❡t♦r ♥♦r♠❛❧ ♣♦❞❡r✐❛ s❡r ♦❜t✐❞♦ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛

✷✳✶✳✸✻✳ ❈♦♠ ~T (s) ❡ ~N (s) ❡♠ ♠ã♦s t♦r♥❛✲s❡ ♣♦ssí✈❡❧ ♦❜t❡r ~B (s) = ~T (s)
C

∧
A

~N (s)✳ ▼❛s✱

♦❜t❡r ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ ❞❡st❡ ♠♦❞♦ r❡q✉❡r ✉♠❛ ❝❡rt❛ ✧❛r❜✐tr❛r✐❡❞❛❞❡✧ ♣♦rq✉❡ t❡rá ❤❛✈✐❞♦
❞✉❛s ✧❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❧✐✈r❡s✧ ♣❛r❛ s❡ ♦❜t❡r ❛ t❡r❝❡✐r❛ ❞✉r❛♥t❡ ❛ ❡s❝♦❧❤❛ ❞❛ ❞✐r❡çã♦
♥♦r♠❛❧✳ P♦r ❡ss❡ ♠♦t✐✈♦ ♥ã♦ é ❢❡✐t♦ ❛q✉✐✳

❊①❡♠♣❧♦ ✹✳✷✳✷✵✳ ❆♣r♦✈❡✐t❛♥❞♦ ❛ ♠étr✐❝❛ ✉s❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✹✳✷✳✶✽✱ é tr❛❜❛❧❤❛❞❛ ❛ ❝✉r✈❛
P❉❘ ❞❛❞❛ ♣♦r

I = (0, π) ∋ t 7→ ~α(t) =
exp (t)

2
(cos (t) + sin (t), sin (t) − cos (t), 2) ∈ R

3,

q✉❡ ♥ã♦ ❡stá P❈❆ s❡❣✉♥❞♦ ❡st❛ ♠étr✐❝❛✱ ♣♦✐s

~α ′(t) = exp (t) (cos (t), sin (t), 1) ⇒

⇒ ‖~α ′(t)‖A (~α(t)) =
√

x′(t)2+y′(t)2+z′(t)2

x(t)2+y(t)2+z(t)2

=

√

2 exp (2t)
3 exp (2t)

2

= 2
√

3
3
.

❙❡❥❛ J = [0.01, π − 0.01] ⊂ I ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ q✉❡ é ❞❛❞❛ ♣♦r✿

J ∋ t 7→ s(t) =

∫ t

0.01

‖~α ′(ξ)‖A (~α(ξ))dξ =

√
3(2t− 0.02)

3
∈ R.

❆ss✐♠✱ ❛ ✐♥✈❡rs❛ ❞❡ s(t)✱ ✉s❛❞❛ ♣❛r❛ ♦❜t❡r ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~α(t)✱ P❈❆ s❡❣✉♥❞♦
A ✱ é ❞❛❞❛ ♣♦r✿

s(J) ∋ s 7→ r(s) =

√
3

2
s+ 0.01 ∈ R,

♦♥❞❡ s(J) = [s(0.01), s(π − 0.01)] = [0,
√

3(2π−0.04)
3

] ⊂ R✳ ❉❡✜♥✐♥❞♦ K = int(s(J)) =

(0,
√

3(2π−0.04)
3

)✱ t❡♠✲s❡ ❛ ♥♦✈❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r✿
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K ∋ s 7→ ~β(s) =
exp (r(s))

2
(cos (r(s)) + sin (r(s)), sin (r(s)) − cos (r(s)), 2) ∈ R

3,

❛ ♥♦t❛çã♦ ❞❛ ❢✉♥çã♦ r(s) s❡rá ✉s❛❞❛ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✳
❖ tr❛ç♦ ❞❛ ❝✉r✈❛ ~β(s) é ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿

❋✐❣✉r❛ ✹✳✼✿ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ~β

❆ss✐♠✱ t❡♠✲s❡ ♦s s❡❣✉✐♥t❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s s♦❜r❡ ♦ tr❛ç♦ ❞❡ ~β(s)✿ ♦ ✈❡t♦r t❛♥❣❡♥t❡
✉♥✐tár✐♦ ❛ ❝✉r✈❛ é ❞❛❞♦ ♣♦r

K ∋ s 7→ ~T (s) =

√
3

2
exp (r(s)) (cos (r(s)), sin (r(s)), 1) ∈ T~β(s) (R3)

❡ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (s) s❡❣✉♥❞♦ A é ❞❛❞❛ ♣♦r

K ∋ s 7→ D~T (s) =
3

4
exp (r(s)) (− sin (r(s)), cos (r(s)), 0) ∈ T~β(s) (R3).

❆ ❝✉r✈❛t✉r❛ é ❞❛❞❛ ♣♦r

K ∋ s 7→ κ(s) = ‖D~T (s)‖
A (~β(s)) =

√
6

4
∈ R.

❈♦♠♦ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❞❡ D~T (s) ♥ã♦ s❡ ❛♥✉❧❛♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡
❡♠ K✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s q✉❡ ♥ã♦✲♥✉❧♦ ♥❡st❡ ❞♦♠í♥✐♦✳ ❊st❛ é ❛
❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♣❛r❛ s❡ ❞❡✜♥✐r ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❛ ❝✉r✈❛ ❝♦♠♦ ♦ ✈❡rs♦r ❞❡st❛
❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✿

K ∋ s 7→ ~N (s) =

√
6

2
exp (r(s)) (− sin (r(s)), cos (r(s)), 0) ∈ T~β(s) (R3).

❆ ❝✉r✈❛ ~β ❢♦✐ ❡s❝r✐t❛ ♥❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❡✱ s❡♥❞♦ ❡st❛ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ q✉❛❧q✉❡r
♠étr✐❝❛ ❞✐❛❣♦♥❛❧✱ ✐st♦ ♣♦ss✐❜✐❧✐t❛ ♦ ❝á❧❝✉❧♦ ❞♦ ✈❡t♦r ❜✐♥♦r♠❛❧ ❝♦♠♦ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ ❞❡
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~T (s) ❡ ❞❡ ~N (s) ❝♦♠ ❜❛s❡ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✸ ❞❛ ♣á❣✐♥❛ ✹✹✳ ❆s ❝♦♥t❛s ❡stã♦ ❢❡✐t❛s à ♣❛rt❡
❡ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s é✿

K ∋ s 7→ ~B (s) =

√
3

2
exp (r(s)) (− cos (r(s)),− sin (r(s)), 1) ∈ T~β(s) (R3).

❖ ♣ró①✐♠♦ ✐t❡♠ ❛ s❡r ♦❜t✐❞♦ ❞❡st❛ ❝✉r✈❛ é ❛ s✉❛ t♦rçã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✶✺✱ ❢❛③✲s❡
♥❡❝❡ssár✐♦ ❛ ♦❜t❡♥çã♦ ❞❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~B (s) s❡❣✉♥❞♦ A ✱ q✉❡ é ❞❛❞❛ ♣♦r✿

K ∋ s 7→ D~B (s) =
3

4
exp (r(s)) (sin (r(s)),− cos (r(s)), 0) ∈ T~β(s) (R3).

❆ss✐♠✱ ❛ t♦rçã♦ ❞❡ ~β(s) é ❞❛❞❛ ♣♦r

K ∋ s 7→ τ(s) = −
〈

D~B (s), ~N (s)
〉

A (~β(s))
=

√
6

4
∈ R.

❆ ✜❣✉r❛ s❡❣✉✐♥t❡ ✐❧✉str❛ ❞♦✐s tr✐❡❞r♦s ❞❡ ❋r❡♥❡t ❝♦❧♦❝❛❞♦s s♦❜r❡ ❛ ❝✉r✈❛ ✈✐st♦s ❞❡ â♥❣✉❧♦s
❞✐st✐♥t♦s✳

❋✐❣✉r❛ ✹✳✽✿ tr✐❡❞r♦s ❞❡ ❋r❡♥❡t ♣❛r❛ s = 1.4 ❡ s = 2.7



✹✳✸✳ ❚❊❖❘■❆ ❉❊ ❈❯❘❱❆❙ ◆❯▼❆ P❆❘❆▼❊❚❘■❩❆➬➹❖ ◗❯❆▲◗❯❊❘ ✾✼

✹✳✸ ❚❡♦r✐❛ ❞❡ ❈✉r✈❛s ♥✉♠❛ P❛r❛♠❡tr✐③❛çã♦ ◗✉❛❧q✉❡r

❖ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻ ❣❛r❛♥t❡ q✉❡ t♦❞❛ ❝✉r✈❛ P❉❘ ❛❞♠✐t❡ r❡♣❛r❛♠❡tr✐③❛çã♦
P❈❆✳ P♦ré♠✱ ❡♥❝♦♥tr❛r t❛❧ r❡♣❛r❛♠❡tr✐③❛çã♦ r❡q✉❡r ❡♥❝♦♥tr❛r ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦✱ s(t)✱ ❡ ❡st❛ r❡q✉❡r ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠❛ ✐♥t❡❣r❛❧✳ ❆♣ós ✐ss♦✱ ❛ ❢✉♥çã♦ s(t) ❞❡✈❡ s❡r
✐♥✈❡rt✐❞❛✳ ◆❡♠ s❡♠♣r❡ ❡ss❛ ✐♥t❡❣r❛❧ é tr✐✈✐❛❧✱ às ✈❡③❡s ♥❡♠ ❛ ✐♥✈❡rs❛ é ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞❛✳
❖ ❡①❡♠♣❧♦ s❡❣✉✐♥t❡ ♠♦str❛ ✐ss♦✿

❊①❡♠♣❧♦ ✹✳✸✳✶✳ P❛r❛ I = (0, π) ⊂ R✱ ❛ ❝✉r✈❛

I ∋ t 7→ ~α(t) = (cos (t), sin (t)) ∈ R
2

❡ ❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡ ❞♦ ❊①❡♠♣❧♦ ✶✳✸✳✸✱ ❞♦ ❈❛♣ít✉❧♦ ✶✱

A =

[

2 0
0 3

]

,

❞❡✜♥✐❞❛ ❡♠ t♦❞♦ ♦ R
2✱ sã♦ t❛✐s q✉❡

‖~α ′(t)‖A (~α(t)) =
√

2 sin2 (t) + 3 cos2 (t) =
√

cos2 (t) + 2

❡ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡♠ J = [0.01, π − 0.01] ⊂ I é

J ∋ t 7→ s(t) =

∫ t

0.01

√

cos2 (ξ) + 2 dξ ∈ R

q✉❡ é ♦✉tr❛ ✐♥t❡❣r❛❧ ❝✉st♦s❛ ❞❡ r❡s♦❧✈❡r✳

P♦r ❡ss❡ ♠♦t✐✈♦✱ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❛s ❞✉❛s s❡çõ❡s ❛♥t❡r✐♦r❡s sã♦ r❡❛♣r❡✲
s❡♥t❛❞♦s ♦❜❥❡t✐✈❛♥❞♦ ❡st❛❜❡❧❡❝❡r ♠❡✐♦s ♣❛r❛ ❞❡✜♥✐r ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝✉r✈❛t✉r❛ ❡ r❡❢❡r❡♥❝✐❛❧
❞❡ ❋r❡♥❡t ♣❛r❛ ❝✉r✈❛s ❞❡ q✉❛❧q✉❡r ♣❛r❛♠❡tr✐③❛çã♦✳ ❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ t♦♠❛ ❝♦♠♦
❜❛s❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✵✳

❉❡✜♥✐çã♦ ✹✳✸✳✷✳
R ⊇ I ∋ t 7→ ~α(t) ∈ R

n,

❝♦♠ n = 2 ♦✉ n = 3✱ é ✉♠❛ ❝✉r✈❛ P❉❘ ❡ A = A ( ~p ) ✉♠❛ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱
❝♦♥st❛♥t❡ ♦✉ ❞✐❛❣♦♥❛❧✱ ❞❡✜♥✐❞❛✱ ❛♦ ♠❡♥♦s✱ s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ~α(I)✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡
✉♥✐tár✐♦ à ❝✉r✈❛ ♥♦ ♣♦♥t♦ ~α(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A é ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦
♣♦r

I ∋ t 7→ ~T (t) =
~α ′(t)

‖~α ′(t)‖
A (~α(t))

∈ T~α(t) (Rn) .

▼❛♥t✐❞❛s ❛s s✉♣♦s✐çõ❡s ❞❡st❛ ❞❡✜♥✐çã♦ ✈❡♠ ❛ s❡❣✉✐♥t❡✿

❉❡✜♥✐çã♦ ✹✳✸✳✸✳ ❆♥á❧♦❣♦ às ❉❡✜♥✐çõ❡s ✹✳✶✳✶✶ ❡ ✹✳✷✳✸✱ ❛ ❢✉♥çã♦

I ∋ t 7→ κ (t) = ‖D~T (t)‖A (~α(t)) ∈ R+

é ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ❞❡ ~α ❡♠ t s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A (~α(t))✳
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❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛s ❝✉r✈❛s P❈❆✱ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❛❝✐♠❛ ❞❡✜♥✐❞♦ é ✉♥✐tár✐♦
❡✱ s❡❣✉♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✶✱ ~T (t) ❡ s✉❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s✳ ▲♦❣♦✱
♦ ✈❡t♦r ♥♦r♠❛❧✱ ❛ss✐♠ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✹✳✶✳✸✱ ♣♦❞❡ s❡r t♦♠❛❞♦ ❝♦♠♦ ♦ ✈❡rs♦r ❞❡ D~T (t)
✭s❡❣✉♥❞♦ A (~α(t))✮✱ q✉❛♥❞♦ ❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥ã♦ é ♥✉❧♦ ❡♠ ♥❡♥❤✉♠ t ∈ I✳ ■st♦
é ♦ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✹✳✸✳✹✳ ❙♦♠❛♥❞♦ às ❤✐♣ót❡s❡s ❥á ❞❡❝❧❛r❛❞❛s q✉❡ D~T (t) ♥ã♦ é ♥✉❧♦ ❡♠ q✉❛❧q✉❡r
t ∈ I✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ I ∋ t 7→ ~α(t) ∈ R

n✱ ❝♦♠ n = 2 ♦✉ n = 3✱ ♦
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝❤❛♠❛❞♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❛ ~α(t) s❡❣✉♥❞♦ A ♣♦r

I ∋ t 7→ ~N (t) =
D~T (t)
∥

∥

∥
D~T (t)

∥

∥

∥

A (~α(t))

∈ T~α(t) (Rn).

❈♦♠♦ ♥❛ ❙❡çã♦ ✹✳✶✱ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✺✱ ❡st❛ ♥ã♦ é ❛ ú♥✐❝❛ ♠❛♥❡✐r❛ ❞❡ s❡ ♦❜t❡r ♦ ✈❡t♦r
♥♦r♠❛❧✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ♦❜tê✲❧♦ ♠❡s♠♦ q✉❡ D~T (t) s❡❥❛ ♥✉❧♦ ❡♠ ❛❧❣✉♠ ♦✉ t♦❞♦ t ∈ I✳

❈♦♠ ✐❞ê♥t✐❝❛s ❞❡♠♦♥str❛çõ❡s ♣r♦✈❛✲s❡ ❛ ✈❛❧✐❞❛❞❡ ❞❛s Pr♦♣♦s✐çõ❡s ✹✳✶✳✶✸ ❡ ✹✳✶✳✶✼ ♣❛r❛
❝✉r✈❛s q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡stã♦ P❈❆✱ ✉♠❛ ✈❡③ q✉❡ ♦s ✈❡t♦r❡s ~T (t) ❡ ~N (t) ❛❝✐♠❛
❞❡✜♥✐❞♦s ♣♦❞❡♠ s❛t✐s❢❛③❡r s✉❛s ❤✐♣ót❡s❡s✳ ❆♣❡♥❛s ♣❛r❛ s✐♥t❡t✐③❛r✱ s♦❜ ❛s ❤✐♣ót❡s❡s ❞❛s
❉❡✜♥✐çõ❡s ✹✳✸✳✷✱ ✹✳✸✳✸ ❡ ✹✳✸✳✹✱ ✈❛❧❡♠ ❛s ✐❣✉❛❧❞❛❞❡s✿

κ (t) =
〈

D~T (t) , ~N (t)
〉

A (~α(t))
❡ ✭✹✳✶✻✮







D~T (t) = κ (t) ~N (t)
.

D ~N (t) = −κ (t) ~T (t)

✭✹✳✶✼✮

❊①❡♠♣❧♦ ✹✳✸✳✺✳ ❆ ❝✉r✈❛ ❞♦ ❊①❡♠♣❧♦ ✹✳✸✳✶✱ ♥♦ ✐♥t❡r✈❛❧♦ I✱ t❡♠ ✈❡t♦r t❛♥❣❡♥t❡

~T (t) =

√
2

√

cos (2t) + 5
(− sin (t) , cos (t)) ,

✈❡t♦r ♥♦r♠❛❧

~N (t) = − 2
√

2
√

24 cos (2t) + 120
(3 cos (t) , 2 sin (t))

❡ ❝✉r✈❛t✉r❛

κ(t) =
2
√

6

cos (2t) + 5
.

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ κ(t) ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞♦ ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡
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❋✐❣✉r❛ ✹✳✾✿ ❣rá✜❝♦ ❞❛ ❝✉r✈❛t✉r❛

❡♥q✉❛♥t♦ q✉❡ ♦ ❛s♣❡❝t♦ ❣❡r❛❧ ❞❡ss❛ ❝✉r✈❛❡ ❛❧❣✉♥s r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t ❞✐s♣♦st♦s s♦❜r❡ ❡❧❛
♣♦❞❡♠ s❡r ❛♥❛❧✐s❛❞♦s ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿

❋✐❣✉r❛ ✹✳✶✵✿ ❛ ❝✉r✈❛ ❝♦♠ ❛❧❣✉♥s r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t

❆ ❞❡✜♥✐çã♦ q✉❡ s❡❣✉❡ é r❡str✐t❛ ❛ ❝✉r✈❛s ❡s♣❛❝✐❛✐s✳

❉❡✜♥✐çã♦ ✹✳✸✳✻✳ ◆❛s ❤✐♣ót❡s❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✸✳✹ s❡rá ❛❞❝✐♦♥❛❞❛ ✉♠❛ ❜❛s❡ ❞❡ R
3✱ B =

{~b 1 , ~b 2 , ~b 3}✱ ❞❡ ♦r✐❡♥t❛çã♦ ♣♦s✐t✐✈❛ ❡ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ A = A ( ~p ) ❝♦♠ ❛ q✉❛❧ s❡
❞❡♥♦t❛rá ❛ ❝✉r✈❛

R ⊇ I ∋ t 7→ ~αB(t) = (x(t), y(t), z(t))B ∈ R
3

❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ~T (t) ❡ ~N (t)✳

I ∋ t 7→ ~B (t) = ~T (t)
B

∧
A

~N (t) ∈ T~α(t) (R3)

é ♦ ✈❡t♦r ❜✐♥♦r♠❛❧ ✉♥✐tár✐♦ à ❝✉r✈❛ ♥♦ ♣♦♥t♦ ~α(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳

❆ ❞❡✜♥✐çã♦ ❞❡ t♦rçã♦ ❡st❛❜❡❧❡❝✐❞❛ ♣❛r❛ ❝✉r✈❛s P❈❆ ❢♦✐ ♣r❡❝❡❞✐❞❛ ♣♦r ✉♠❛ ♣r♦♣♦s✐çã♦
q✉❡ ♣r♦✈♦✉ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❜✐♥♦r♠❛❧ ❡ ♦ ♣❛r❛❧❡❧✐s♠♦ ❡♥tr❡D~B (s)
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❡ ♦ ✈❡t♦r ♥♦r♠❛❧✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st❛s ❢♦r❛♠ ❛ ❉❡✜♥✐çã♦ ✹✳✷✳✶✸ ❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✶✷✳

❘❡♣❡t✐♥❞♦ ❛ ♣r♦✈❛ ❧á ❢❡✐t❛ ♣❛r❛ ✉♠❛ ❝✉r✈❛ ♥✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ q✉❛❧q✉❡r ❡ ❝♦♠ ♦s
❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t✱ {~T (t), ~N (t), ~B (t)} ❞❛s ❉❡✜♥✐çõ❡s ✹✳✸✳✷✱ ✹✳✸✳✹
❡ ✹✳✸✳✻ ❞❡st❛ s❡çã♦✱ ❝❤❡❣❛✲s❡ ❛♦ ♠❡s♠♦ r❡s✉❧t❛❞♦✳ ❖✉ s❡❥❛✱ ❛q✉❡❧❛ ❛✜r♠❛çã♦ t❛♠❜é♠ é
✈á❧✐❞❛ ♥❡st❡ ❝♦♥t❡①t♦✳ ❆ss✐♠✱

D~B (t) // ~N (t) ✭✹✳✶✽✮

◆❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ♥❡❝❡ssár✐❛s ♣❛r❛ s❡ ❞❡✜♥✐r ♦ ✈❡t♦r ❜✐♥♦r♠❛❧✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ❛
t♦rçã♦ ❝♦♠♦ ❛ ❢✉♥çã♦ q✉❡ ❢❛③ ❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡ ❡♥tr❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s D~B (t) ❡
~N (t) ❝♦♠♦ s❡❣✉❡✿

❉❡✜♥✐çã♦ ✹✳✸✳✼✳ ◆❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✹✳✸✳✻✱ ❛ t♦rçã♦ ❞❡ ~α ❡♠ t s❡❣✉♥❞♦ ❛
♠étr✐❝❛ A (~α(t)) é ❛ ❢✉♥çã♦

I ∋ t 7→ τ(t) ∈ R

q✉❡ ❢❛③ ❛ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡
D~B (t) = −τ(t) ~N (t).

❆ ❞❡s✈❛♥t❛❣❡♠ ❞❡ s❡ ❞❡✜♥✐r ❡st❡s ❝♦♥❝❡✐t♦s ♣❛r❛ ❝✉r✈❛s ♥✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ q✉❛❧q✉❡r
é q✉❡ ❛s ❝♦♥t❛s t♦r♥❛♠✲s❡ ♠✉✐t♦ ♠❛✐s ❧♦♥❣❛s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ♣♦ssí✈❡❧ ❡♥✉♠❡r❛r ❞✉❛s
✈❛♥t❛❣❡♥s✿ ❛ ♣r✐♠❡✐r❛ é ❛ ❞❡ ❝♦♥s❡❣✉✐r ❛ ❝✉r✈❛t✉r❛ ❡ ❛ t♦rçã♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❞❡ ❝✉r✈❛s q✉❡✱
❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✸✳✶✱ r❡q✉❡r❡♠ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠❛ ✐♥t❡❣r❛❧ ✐♥tr✐♥❝❛❞❛ ♣❛r❛ s❡ ❢❛③❡r
à ♠ã♦ ♦✉ ♠❡s♠♦ ❝♦♠ ❛❧❣✉♠❛ ❢❡rr❛♠❡♥t❛ ❝♦♠♣✉t❛❝✐♦♥❛❧❀ ❡♠ s❡❣✉♥❞♦✱ ♦s r❡s✉❧t❛❞♦s ❞❛s
♣r♦♣♦s✐çõ❡s ❞❛s ❙❡çõ❡s ✹✳✶ ❡ ✹✳✷ ♣♦❞❡♠ s❡r tr❛③✐❞♦s ♣❛r❛ ❡st❡ ❝♦♥t❡①t♦ s❡♠ ❞✐✜❝✉❧❞❛❞❡s✱
❝♦♠♦ ♦ q✉❡ ❥á ❢♦✐ ❢❡✐t♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ♥✉♠❡r❛❞❛s ♣♦r ✭✹✳✶✻✮✱ ✭✹✳✶✼✮ ❡ ✭✹✳✶✽✮✳

❙❡❣✉✐♥❞♦ ❡st❛ ✜❧♦s♦✜❛✱ ❞❡♥tr♦ ❞♦ ❛ss✉♥t♦ ❞❡st❛ s❡çã♦ t❛♠❜é♠ ✈❛❧❡♠ ♦s r❡s✉❧t❛❞♦s ❞❛s
Pr♦♣♦s✐çõ❡s ✹✳✷✳✶✺ ❡ ✹✳✷✳✶✻✳ ❖✉ s❡❥❛✱

τ(t) = −
〈

D~B (t), ~N (t)
〉

A (~α(t))
✭✹✳✶✾✮

❡























D~T (t) = κ (t) ~N (t)

D ~N (t) = −κ (t) ~T (t) + τ (t) ~B (t) .

D ~B (t) = −τ (t) ~N (t)

✭✹✳✷✵✮

❊①❡♠♣❧♦ ✹✳✸✳✽✳ ❙❡❥❛♠ A = A ( ~p ) ❛ ♠étr✐❝❛ ❞♦ ❊①❡♠♣❧♦ ✹✳✷✳✶✽✱ ❞❛ ♣á❣✐♥❛ ✾✶✱ ❡ I =
(0, π) ⊂ R ❝♦♠ ♦ q✉❛❧ é ❞❡✜♥✐❞❛ ✉♠❛ ❝✉r✈❛ P❉❘ ❞❛❞❛ ♣♦r✿

I ∋ t 7→ ~α(t) = −(2 sin2 (t), sin (2t), 2 cos (t)) ∈ R
3
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❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛✳ ❆ ❜❛s❡ ❝❛♥ô♥✐❝❛ é ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦ q✉❛❧q✉❡r ♠étr✐❝❛
❞✐❛❣♦♥❛❧✱ ❝♦♥❢♦r♠❡ ❢♦✐ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✷✷ ❞❛ ♣á❣✐♥❛ ✷✽✳
❊st❛ ❝✉r✈❛ t❡♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦ ♥❛ ❡s❢❡r❛ ❞♦ R

3 ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ❡ ❞❡ r❛✐♦ ✷✳ ❈♦♠
❡❢❡✐t♦✱ ❛ ❡q✉❛çã♦ ❞❡st❛ s✉♣❡r❢í❝✐❡ é X2+Y 2+Z2−4 = 0 ❡✱ ❞❡ ❢❛t♦✱ x(s)2+y(s)2+z(s)2−4 =
0✳
❖ tr❛ç♦ ❞❡ ~α ❡ ❛ ❡s❢❡r❛ ❡stã♦ ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿

❋✐❣✉r❛ ✹✳✶✶✿ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ s♦❜r❡ ❛ ❡s❢❡r❛

❙❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳✺✱ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ♣❛r❛ ~p ∈ ~α(I) ❡st❛ ♠étr✐❝❛ t❡♠

a( ~p ) = d( ~p ) = f( ~p ) = 1
‖~p ‖2

C

⇒

⇒ a(~α(t)) = d(~α(t)) = f(~α(t)) = 1
4
⇒

⇒ a′(~α(t)) = d′(~α(t)) = f ′(~α(t)) = 0

❡

b( ~p ) = c( ~p ) = e( ~p ) = 0.

❊st❛ ❝✉r✈❛ t❡♠ ♦ ✈❡t♦r ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ ❞❛❞♦ ♣♦r

~α ′(t) = −2 (sin (2t), cos (2t), − sin (t))

❡ ❛ss✐♠✱ s✉❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ ~α(t)✱ ♠❡❞✐❞❛ ♥✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠♦ J =
[0.01, π − 0.01] ⊂ I✱ é ❞❛❞❛ ♣♦r✿

s(t) =

∫ t

0.01

‖~α ′(ξ)~α(ξ)‖A (~α(ξ)) dξ =

∫ t

0.01

√

2(3 − cos (2t))

2
dξ.

❉❡✈✐❞♦ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❛ ♦❜t❡♥çã♦ ❞❡st❛ ✐♥t❡❣r❛❧✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❛♣❧✐❝❛r ❛s ❞❡✜♥✐çõ❡s
❞❡st❛ s❡çã♦ ♣❛r❛ s❡ tr❛❜❛❧❤❛r ❛ ❝✉r✈❛ ~α(t)✳
◆♦ q✉❡ s❡❣✉❡✱ é ❛❞♦t❛❞❛ ❛ ❢✉♥çã♦

I ∋ t 7→ h(t) = 3 − cos (2t) ∈ R
∗
+
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♣❛r❛ s✐♠♣❧✐✜❝❛r ❛s ♥♦t❛çõ❡s✳
❊st❛ ❝✉r✈❛ t❡♠ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❞❛❞♦ ♣♦r✿

I ∋ t 7→ ~T (t) =
~α ′(t)

‖~α ′(t)‖
A (~α(t))

=
2
√

2
√

h(t)
(− sin (2t), − cos (2t), sin (t)) ∈ T~α(t) (R3)

❡ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (t) ❞❛❞❛ ♣♦r

I ∋ t 7→ D~T (t) =

√
2

(h(t))
3
2

(3 − 12 cos 2t+ cos 4t, 12 sin 2t− sin 4t, 4 cos t) ∈ T~α(t) (R3).

❆ ❝✉r✈❛t✉r❛ ❞❡ ~α(t) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ❢♦✐ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ ♥♦r♠❛ ❞❡st❛ ❞❡r✐✈❛❞❛
❝♦✈❛r✐❛♥t❡ ❝♦♠ ♦ ✧s♦❢t✇❛r❡✧▼❛t❤❡♠❛t✐❝❛ ✻✳✵ ❡ é ♠♦str❛❞❛ ❛❜❛✐①♦✿

I ∋ t 7→ κ(t) = ‖D~T (t)‖A (~α(t)) =

√

26 − 6 cos (2t)

(h(t))2
∈ R.

❙❡✉ ❣rá✜❝♦ ❡stá ✐♠♣r❡ss♦ ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✳

❋✐❣✉r❛ ✹✳✶✷✿ ❣rá✜❝♦ ❞❛ ❝✉r✈❛t✉r❛

D~T (t) ♥✉♥❝❛ s❡ ❛♥✉❧❛ ❡♠ I✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦ ✈❡t♦r ♥♦r♠❛❧ ❞❛ ❝✉r✈❛✱ ❞❡ I ❡♠
T~α(t) (R3)✱ ❝♦♠♦ ♦ ✈❡rs♦r ❞❡st❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✿

~N (t) =
D~T (t)

‖D~T (t)‖
A (~α(t))

=

√
2

κ(t)(h(t))
3
2

(3 − 12 cos 2t+ cos 4t, 12 sin 2t− sin 4t, 4 cos t) .

❙❡❣✉✐♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✸✱ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ♦❜té♠✲s❡ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❜✐♥♦r♠❛❧ ❝♦♠♦

♦ r❡s✉❧t❛❞♦ ❞❡ ~T (t)
C

∧
A

~N (t) = ~B (t) =

=
1

(h(t))2κ(t)
(−16 cos t+ 9 cos 3t− cos 5t, 22 sin t− 9 sin 3t+ sin 5t, 8 cos 2t− 24) .
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❆ t♦rçã♦ ❞❛ ❝✉r✈❛✱

τ(t) = −
〈

D~B (t), ~N (t)
〉

A (~α(t))
,

❢♦✐ ❝❛❧❝✉❧❛❞❛ ❝♦♠ ♦ ✧s♦❢t✇❛r❡✧▼❛t❤❡♠❛t✐❝❛ ✻✳✵ ❡ é ❛ ❢✉♥çã♦ ❛♣r❡s❡♥t❛❞❛ ❛ s❡❣✉✐r✿

τ(t) = −6
√

2h(t) sin (t)

3h(t) + 4
,

s❡✉ ❣rá✜❝♦ é ❞❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✹✳✶✸✿

❋✐❣✉r❛ ✹✳✶✸✿ ❣rá✜❝♦ ❞❛ t♦rçã♦

❆ ♣ró①✐♠❛ ✜❣✉r❛ ✐❧✉str❛ ❞♦✐s tr✐❡❞r♦s ❞❡ ❋r❡♥❡t ❝♦❧♦❝❛❞♦s s♦❜r❡ ❛ ❝✉r✈❛ ♣❛r❛ t = 0.5 ❡
t = 2.51

❋✐❣✉r❛ ✹✳✶✹✿ tr✐❡❞r♦s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛

➱ ♣♦ssí✈❡❧ ❛✐♥❞❛ ❝♦❧♦❝❛r ❥✉♥t♦ ❞❡st❡s ✈❡t♦r❡s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧♦❝❛❧ ❞❛ ❡s❢❡r❛ q✉❡ ❝♦♥té♠
♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ✭❝♦♠ três â♥❣✉❧♦s ❞❡ ✈✐sã♦ ❞✐st✐♥t♦s✮✿
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❋✐❣✉r❛ ✹✳✶✺✿ ♦s tr✐❡❞r♦s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛ ❡ ❛ ❡s❢❡r❛ q✉❡ ❛ ❝♦♥té♠

❊①❡♠♣❧♦ ✹✳✸✳✾✳ ❈♦♠ ❛ ♠étr✐❝❛ ❞❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✹✳✷✳✶✾ ♥♦ ❞♦♠í♥✐♦ X2 = {(x, y, z) :
x > 0, y > 0} ⊂ R

3✱

X2 ∋ ~p = (x, y, z) 7→ A = A ( ~p ) =





1
3y2

0 0

0 1
3x2 0

0 0 1



 ∈ M3(R)

❡✱ ♣❛r❛ I = (0, +∞) ⊂ R✱ ❛ ❝✉r✈❛ P❉❘

I ∋ t 7→ ~α(t) = t(1, 1, 1) + (1, 1, 1) ∈ X2

t❡♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❛♣❧✐❝❛çã♦ A ✳ ❆❧é♠ ❞✐ss♦✱ é ✉♠❛ r❡t❛ ❡ ♥ã♦ ❡stá
♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❊ t❛♠❜é♠✱ ❡st❛ r❡t❛ ♥ã♦ t❡♠ ❝✉r✈❛t✉r❛ ♥✉❧❛✱
❝♦♥✜r♠❛♥❞♦ ♦ q✉❡ ❢♦✐ ♦❜s❡r✈❛❞♦ ♥❛ ♣á❣✐♥❛ ✽✸✳
❖❜❥❡t✐✈❛♥❞♦ ♦❜t❡r s✐♠♣❧✐✜❝❛çõ❡s✱ sã♦ ❞❡❝❧❛r❛❞❛s ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s r❡❛✐s✿

I ∋ t 7→ g(t) = t+ 1 ∈ R
∗
+ ❡ I ∋ t 7→ h(t) = 3t2 + 6t+ 5 ∈ R

∗
+.

❊♥tã♦✱
~α ′(t) = (1, 1, 1) ⇒

⇒ ‖~α ′(t)‖A (~α(t)) =
√

2
3(t+1)2

+ 1

=

√
3h(t)

3g(t)

6= 1,

❡♠❜♦r❛ limt→+∞ ‖~α ′(t)‖A (~α(t)) = 1✳
❆ss✐♠✱ ❞❡✜♥❡✲s❡ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ à ❝✉r✈❛ ❝♦♠♦ ♦ ✈❡rs♦r ❞♦ ✈❡t♦r ❞❡r✐✈❛❞❛
♣r✐♠❡✐r❛✿

~T (t) =
1

√

2
3(g(t))2

+ 1
(1, 1, 1)
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❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (t) s❡❣✉♥❞♦ A é ❞❛❞♦ ♣♦r✿

D~T (t) =

√
3

(h(t))
3
2

(−3(g(t))2, −3(g(t))2, 2);

❛ ♥♦r♠❛ ❞❡st❡ ❢♦r♥❡❝❡ ❛ ❝✉r✈❛t✉r❛ ❝♦♠♦ s❡♥❞♦

I ∋ t 7→ κ(t) =

√
6

h(t)
∈ R

❝✉❥♦ ❣rá✜❝♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✻✳

❋✐❣✉r❛ ✹✳✶✻✿ ❣rá✜❝♦ ❞❛ ❝✉r✈❛t✉r❛

❊♠❜♦r❛ ❛ ❝✉r✈❛t✉r❛ ♥ã♦ s❡ ❛♥✉❧❡✱ ♦❝♦rr❡ limt→+∞ κ(t) = 0✳
❙❡♥❞♦ q✉❡ D~T (t) ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ I✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ✉♥✐tár✐♦✳
❊ss❡ é ❞❛❞♦ ♣♦r✿

~N (t) =

√
2

2
√

h(t)
(−3(g(t))2,−3(g(t))2, 2).

❏á ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❜✐♥♦r♠❛❧ é ❞❛❞♦ ♣♦r✿

~B (t) =
g(t)

√
6

2
(1,−1, 0).

P❛r❛ ❡st❛ ❝✉r✈❛ t❡♠✲s❡ τ(t) = 0✱ ♣♦rq✉❡ D~B (t) = ~0 ✳ ❆ ❋✐❣✉r❛ ✹✳✶✼ ✐❧✉str❛ ❞♦✐s tr✐❡❞r♦s
❞❡ ❋r❡♥❡t ❝♦❧♦❝❛❞♦s s♦❜r❡ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ♣❛r❛ t = 1.9 ❡ t = 4.8✳
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❋✐❣✉r❛ ✹✳✶✼✿ tr✐❡❞r♦s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛
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✹✳✹ ❖ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s

❖ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s t❛♠❜é♠ ♣♦❞❡ s❡r tr❛t❛❞♦ ♣❛r❛ ❝✉r✈❛s ❡s♣❛❝✐❛✐s✳
■ss♦ é ♦ q✉❡ ❢❛③ ♦s ❛✉t♦r❡s ❞❛s r❡❢❡rê♥❝✐❛s ❬✼❪ ❡ ❬✶✸❪✳ ❊st❡ ú❧t✐♠♦ ❝❤❛♠❛ ❡st❡ ❛ss✉♥t♦ ❞❡
❈♦♥❣r✉ê♥❝✐❛ ❞❡ ❈✉r✈❛s✳

◆❡st❛ s❡çã♦ ❡st❡ t❡♦r❡♠❛ é ♣❛r❝✐❛❧♠❡♥t❡ tr❛t❛❞♦✿ s♦♠❡♥t❡ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s ❡ s❡❣✉✐♥❞♦
❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❛♣r❡s❡♥t❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✺❪✳ ❯♠❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡ q✉❛❧q✉❡r é
❛❞♦t❛❞❛ ♣❛r❛ s❡ ♣r♦❞✉③✐r ✉♠❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ♦ ❚❡♦r❡♠❛ ❋✉♥✲
❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s é r❡❢❡r✐❞♦ ♣❡❧❛ s✐❣❧❛ ❚❋❈ ✳

◆❡st❡ ú❧t✐♠♦ ❧✐✈r♦✱ ♥❛ q✉✐♥t❛ s❡çã♦ ❞❡ s❡✉ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ❛ ❛✉t♦r❛ ❞❡❝❧❛r❛ ♦ t❡♦r❡♠❛
❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✧❚❡♦r❡♠❛✿ ✭❛✮ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ κ(s)✱ s ∈ I ⊆ R✱ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r
~α(s)✱ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ s✱ ❝✉❥❛ ❝✉r✈❛t✉r❛ é κ(s)✳
✭❜✮ ❆ ❝✉r✈❛ ~α(s) ❛❝✐♠❛ é ú♥✐❝❛ q✉❛♥❞♦ ✜①❛♠♦s ~α(s0) = p0 ❡ ~α ′(s0) = v0✱ ♦♥❞❡ v0 é ✉♠
✈❡rs♦r ✉♥✐tár✐♦ ❞❡ R

2✳
✭❝✮ ❙❡ ❞✉❛s ❝✉r✈❛s ~α(s) ❡ ~β(s) tê♠ ♠❡s♠❛ ❝✉r✈❛t✉r❛✱ ❡♥tã♦ ❞✐❢❡r❡♠ ♣♦r s✉❛ ♣♦s✐çã♦ ♥♦
♣❧❛♥♦✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ r♦t❛çã♦ L ❡ ✉♠❛ tr❛♥s❧❛çã♦ T ❡♠ R

2 t❛✐s q✉❡

~α(s) = (L ◦ T )(~β(s)). ✧ ;

♦♥❞❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s❛❞♦ ❡ ❛ ❜❛s❡ sã♦ ❝❛♥ô♥✐❝♦s✳ ❚♦♠❛♥❞♦ s0 ∈ I ❡ λ ∈ R ❡ ♣♦♥❞♦
p0 = (x0, y0)✱ ❛ ❝✉r✈❛ ~α(s) = (x(s), y(s)) t❡♠ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❞❛❞❛s ♣♦r✿

x(s) = x0 +
∫ s

s0
cos (θ(ξ) + λ) dξ

y(s) = y0 +
∫ s

s0
sin (θ(ξ) + λ) dξ ,

✭✹✳✷✶✮

s❡♥❞♦

θ(s) =

∫ s

s0

κ(ξ) dξ . ✭✹✳✷✷✮

❖ ♥ú♠❡r♦ λ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ â♥❣✉❧♦ ✐♥✐❝✐❛❧✱ ♦✉ à ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ ❢✉♥çã♦
θ(s)✳

❙❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✱ ❛ ❝✉r✈❛ I ∋ s 7→ ~α(s) = x(s)~i + y(s)~j ∈ R
2 ❛ss✐♠

❝♦♥str✉í❞❛ ❡stá P❈❆ ❡ t❡♠ ❝♦♠♦ ❝✉r✈❛t✉r❛ ❛ ❢✉♥çã♦ κ(s) ❞❛❞❛✳

❙❡❥❛ A = A ( ~p ) ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ ❝♦♥st❛♥t❡ ❞❛❞❛ ♣♦r

R
2 ∋ ~p 7→ A ( ~p ) =

[

a b
b c

]

∈ M2(R).

❙❡❥❛♠ ~uC = (x1, y1)
C ❡ ~v C = (x2, y2)

C ✈❡t♦r❡s ❞♦ R
2✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣♦r A ❞❡✜♥✐❞♦

é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛❞♦ ♣♦r✿

〈~u, ~v 〉
A

= ax1x2 + b(x2y1 + x1y2) + cy1y2. ✭✹✳✷✸✮
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❖s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛✱ ~i = (1, 0) ❡ ~j = (0, 1)✱ s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿



































〈

~i, ~i
〉

A

= a

〈

~i, ~j
〉

A

= b

〈

~j, ~j
〉

A

= c

✭✹✳✷✹✮

❆ ❝✉r✈❛ ~α(s) = x(s)~i+y(s)~j✱ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ R ❛❜❡rt♦ ❡ ❝♦♥❡①♦ I✱ ❝♦♠ ❢✉♥çõ❡s
❝♦♦r❞❡♥❛❞❛s ❞❛❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ✭✹✳✷✶✮✱ ♥ã♦ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭❛✮ ❞♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❚❋❈
q✉❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ é s✉❜st✐t✉í❞♦ ♣❡❧♦ ❞❛❞♦ ❡♠ ✭✹✳✷✸✮✳ ❉❡ ❢❛t♦✿

~α ′(s) = cos (θ(s) + λ)~i+ sin (θ(s) + λ)~j ⇒

⇒ ‖~α ′(s)‖2
A

= 〈~α ′(s), ~α ′(s) 〉
A

= cos2 (θ(s) + λ)
〈

~i, ~i
〉

A

+

sin (2θ(s) + 2λ)
〈

~i, ~j
〉

A

+

sin2 (θ(s) + λ)
〈

~j, ~j
〉

A

= a cos2 (θ(s) + λ) +

b sin (2θ(s) + 2λ) +

c sin2 (θ(s) + λ) 6= 1.

❖✉ s❡❥❛✱ ❛ ❝✉r✈❛ ~α(s) ♥ã♦ ❡stá P❈❆ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳ ■st♦ ♦❝♦rr❡ ♣♦rq✉❡ ❛ ❜❛s❡
❝❛♥ô♥✐❝❛ ♥ã♦ é ✉♠❛ ❜❛s❡ ❖◆ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✱ ❝♦♥❢♦r♠❡ ❢♦✐ ✈✐st♦ ♥❛s ❡q✉❛çõ❡s ♥✉✲
♠❡r❛❞❛s ♣♦r ✭✹✳✷✹✮✳

❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❜❛s❡ ❖◆ s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛ ❞❛❞❛ ❢♦✐ ♣r♦✈❛❞❛ ♥❛ Pr♦♣♦s✐çã♦
✷✳✶✳✷✶ ♥❛ ♣á❣✐♥❛ ✷✼✳ ❊ss❛ ♣r♦♣♦s✐çã♦ ❞á ❜❛s❡ à s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿ s❡❥❛ B = {~b 1 , ~b 2 }
❜❛s❡ ❞❡ R

2✱ ❖◆ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡ A ✳

❈♦♠ ❛ ❜❛s❡ B ❡ ❝♦♠ ❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ❞❡❝❧❛r❛❞❛s ❡♠ ✭✹✳✷✶✮ ❛ ❝✉r✈❛ ❞❡✜♥✐❞❛ ♥❛
❜❛s❡ B✱ ❞❡ ❞♦♠í♥✐♦ I✱ ❞❛❞❛ ♣♦r

~αB(s) = x(s)~b 1 + y(s)~b 2 ✭✹✳✷✺✮
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❡stá P❈❆ s❡❣✉♥❞♦ A ✳ ❈♦♠ ❡❢❡✐t♦✱

~α ′
B(s) = cos (θ(s) + λ)~b 1 + sin (θ(s) + λ)~b 2 ⇒

⇒ ‖~α ′
B(s)‖2

A
= cos2 (θ(s) + λ)

〈

~b 1, ~b 1

〉

A

+

sin (2θ(s) + 2λ)
〈

~b 1, ~b 2

〉

A

+

sin2 (θ(s) + λ)
〈

~b 2, ~b 2

〉

A

= cos2 (θ(s) + λ) + sin2 (θ(s) + λ) = 1.

❘❡st❛ ✈❡r✐✜❝❛r s❡ ~α(s) t❡♠ ❝✉r✈❛t✉r❛ κ(s)✳ ❊st❛ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ ♥♦r♠❛ ❞♦ ❝❛♠♣♦ ❞❡
✈❡t♦r❡s ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❛ ~T (s) = ~α ′(s) s❡❣✉♥❞♦ A ✳ ▼❛s✱ s❡♥❞♦ ❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡✱
t❡♠✲s❡ D~T (s) = ~T ′(s) = ~α ′′(s)✱ ❝♦♥❢♦r♠❡ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✶✻✳ ❆ss✐♠✿

~α ′′
B(s) = −θ′(s) sin (θ(s) + λ)~b 1 + θ′(s) cos (θ(s) + λ)~b 2

= −κ(s) sin (θ(s) + λ)~b 1 + κ(s) cos (θ(s) + λ)~b 2 ⇒

⇒ ‖~α ′′
B(s)‖2

A
= 〈 ~α ′′(s), ~α ′′(s) 〉

A

= (κ(s))2 sin2 (θ(s) + λ)
〈

~b 1, ~b 1

〉

A

−

(κ(s))2 sin (2θ(s) + 2λ)
〈

~b 1, ~b 2

〉

A

+

(κ(s))2 cos2 (θ(s) + λ)
〈

~b 2, ~b 2

〉

A

= (κ(s))2(sin2 (θ(s) + λ) + cos2 (θ(s) + λ))

= (κ(s))2 .

◆❡st❡ ♣♦♥t♦ ❝♦♥✈é♠ ❛❞♠✐t✐r q✉❡
κ(s) ≥ 0, ✭✹✳✷✻✮

❡♠ ❛❞✐çã♦ às ❤✐♣ót❡s❡s ❥á ❞❛❞❛s✳ ❈♦♠ ✐st♦✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

‖~α ′′
B(s)‖2

A
= (κ(s))2 ⇒

⇒ ‖~α ′′
B(s)‖A = κ(s) .

❈♦♠♦ r❡s✉♠♦ ❞❛ ❞✐s❝✉ssã♦ ❛♣r❡s❡♥t❛❞❛ ♥❡st❛ s❡çã♦✱ ✈❡♠ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✿
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Pr♦♣♦s✐çã♦ ✹✳✹✳✶✳ ❙❡❥❛♠

✶✳ I ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ ❞❡ R❀

✷✳ I ∋ s 7→ κ(s) ∈ R+ ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧❀

✸✳ R
2 ∋ ~p 7→ A ( ~p ) ∈ Mn(R) ✉♠❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡❀

✹✳ B = {~b 1 , ~b 2 } ✉♠❛ ❜❛s❡ ❞❡ R
2✱ ❖◆ s❡❣✉♥❞♦ A ( ~p )❀

✺✳ s0 ∈ I ❡ I ∋ s 7→ θ(s) =
∫ s

s0
κ(ξ)dξ ∈ R❀

✻✳ x0, y0, λ ∈ R ❡❀

✼✳






x(s) = x0 +
∫ s

s0
cos (θ(ξ) + λ)dξ

y(s) = y0 +
∫ s

s0
sin (θ(ξ) + λ)dξ

❙♦❜ ❡st❛s ❤✐♣ót❡s❡s✱ ❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r

I ∋ s 7→ ~αB(s) = ~p B
0 + (x(s), y(s))B ∈ R

2

t❡♠ ❝✉r✈❛t✉r❛ κ(s) s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ( ~p )✳

P♦rt❛♥t♦✱ ♠✉❞❛♥❞♦ ❛ ❜❛s❡ ♥❛ q✉❛❧ s❡ ❡s❝r❡✈❡ ❛ ❝✉r✈❛ ♠❛✐s ❛ r❡str✐çã♦ ✭✹✳✷✻✮✱ ♦ ■t❡♠
✭❛✮ ❞♦ ❚❋❈ t♦r♥❛✲s❡ ✈á❧✐❞♦ ♥✉♠❛ ♠étr✐❝❛ ❝♦♥st❛♥t❡ q✉❛❧q✉❡r✳ ❖s ■t❡♥s ✭❜✮ ❡ ✭❝✮ ❞♦
t❡♦r❡♠❛ ♥ã♦ sã♦ tr❛t❛❞♦s ❛q✉✐✳

❉♦✐s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çã♦ ♣❛r❛ ♦ ❝♦♥t❡ú❞♦ ❞❡st❛ s❡çã♦ ❡stã♦ ❢❡✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✺
✭♣á❣✐♥❛ ✶✶✻✮✳



❈❛♣ít✉❧♦ ✺

❊①❡♠♣❧♦s

❆❣♦r❛ sã♦ ❢❡✐t♦s ♠❛✐s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ♥ã♦ ❢♦r❛♠ ❝♦❧♦❝❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s
♣❛r❛ ♥ã♦ ❞❡s✈✐❛r ♦ ✢✉①♦ ❞❛ ❧❡✐t✉r❛✳

❆ ♠étr✐❝❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❞✐❛❣♦♥❛❧ ❞❛ ●❡♦♠❡tr✐❛ ◆ã♦✲❊✉❝❧✐❞✐❛♥❛ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐

A (x, y) =

[ 1
y2

0

0 1
y2

]

✭✺✳✶✮

❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ ♣♦♥t♦ ♥♦ ♣❧❛♥♦ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐

(x, y) ∈ X = {(x, y) ∈ R
2 : y > 0} , ✭✺✳✷✮

❞❛❞❛ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✶✽ ✭♣á❣✐♥❛ ✷✻✮✱ ❛✐♥❞❛ é ✉s❛❞❛ ❛q✉✐ ♣❛r❛ tr❛t❛r ♠❛✐s ❞♦✐s ❡①❡♠♣❧♦s
❞❡ ❝✉r✈❛s ♣❧❛♥❛r❡s✳

❊ss❡s ❞♦✐s ❡①❡♠♣❧♦s ❢❛③❡♠ ❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❆♦ ✜♠ ❞❛ ❙❡çã♦ ✹✳✹ ❡stá ❛❝♦r❞❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s
P❧❛♥❛s q✉❡ é ❢❡✐t♦ ❛q✉✐ ♥❛ s❡❣✉♥❞❛ s❡çã♦✳ ❆ ♠étr✐❝❛ ✉s❛❞❛ é ❛ q✉❡ ❡st❛❜❡❧❡❝❡ ♦ ♣r♦❞✉t♦
✐♥t❡r♥♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✸ ✭♣á❣✐♥❛ ✶✶✮✱ ❞❛❞♦ ♣♦r

A =

[

2 0
0 3

]

. ✭✺✳✸✮

P♦r ✜♠✱ ♦❜❥❡t✐✈❛♥❞♦ ❡①❡♠♣❧✐✜❝❛r ❛ ♥♦çã♦ ❞❡ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ s❡❣✉♥❞♦ ✉♠❛ ♥♦r♠❛
❞❛❞❛✱ ❡st❛❜❡❧❡❝✐❞❛ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✳✹✷ ♥❛ ♣á❣✐♥❛ ✹✵✱ ❝♦♠♣õ❡ ❛ ♣r❡s❡♥t❡ t❡r❝❡✐r❛ s❡çã♦ ✉♠
❡①❡♠♣❧♦ ♦♥❞❡ é ❢❡✐t❛ ✉♠❛ ❢✉♥çã♦ ❞❡st❛ ✉s❛♥❞♦ ❝♦♥❝❡✐t♦s ❡st❛❜❡❧❡❝✐❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✳

✶✶✶



✶✶✷ ❈❆P❮❚❯▲❖ ✺✳ ❊❳❊▼P▲❖❙

✺✳✶ ▼❛✐s ❉♦✐s ❊①❡♠♣❧♦s ❞❡ ❈✉r✈❛s

◆♦s ❞♦✐s ❡①❡♠♣❧♦s s❡❣✉✐♥t❡s ❛ ♠étr✐❝❛ ✉s❛❞❛ é ❛ ❞❡✜♥✐❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❈❛♣ít✉❧♦ ❡♠
✭✺✳✶✮ ❡ ✭✺✳✷✮✳

❊①❡♠♣❧♦ ✺✳✶✳✶✳ ❙❡❥❛♠ I = (0,+∞) ⊂ R ❡ ❛ ❝✉r✈❛ P❉❘

I ∋ t 7→ ~γ(t) = (x(t), y(t)) = (x0, t) ∈ R
2

❝♦♠ ✉♠ ✜①♦ x0 ∈ R✳ ❊st❛ ❝✉r✈❛ tr❛t❛✲s❡ ❞❡ ✉♠❛ r❡t❛ ✈❡rt✐❝❛❧ ❝♦♥t✐❞❛ ♥♦ s❡♠✐♣❧❛♥♦
❞❡✜♥✐❞♦ ♣♦r X✱ ♦✉ s❡❥❛✱ t❡♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ ❞❡ A = A ( ~p )✳
~γ(t) ♥ã♦ ❡stá P❈❆ s❡❣✉♥❞♦ A ✿

~γ ′(t) = (x′(t), y′(t)) = (0, 1) ⇒

⇒ ‖~γ ′(t)‖A (~γ(t)) =
√

(x′(t))2+(y′(t))2

(y(t))2

= 1
t

6= 1,

❡①❝❡t♦ q✉❛♥❞♦ t = 1✳
➱ ♥❡❝❡ssár✐♦ ❡♥❝♦♥tr❛r ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❙❡❣✉✐♥❞♦ ❛ ♠❡t♦✲
❞♦❧♦❣✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✻✱ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ é ❞❡✜♥✐❞♦ ♥✉♠ s✉❜❝♦♥❥✉♥t♦
❢❡❝❤❛❞♦ ❞♦ ❞♦♠í♥✐♦ ❞❛ ❝✉r✈❛✳ ❯♠ ♣♦♥t♦ t0 ∈ I é ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❡ ♦ ❝♦♠♣r✐♠❡♥✲
t♦ ❞❡ ❛r❝♦ é ♠❡❞✐❞♦ ❛ ♣❛rt✐r ❞❡st❡✳ ❖❜✈✐❛♠❡♥t❡✱ t0 s❡rá ❡s❝♦❧❤✐❞♦ ♣ró①✐♠♦ ❞❡ 0 ♣❛r❛ q✉❡ s❡
❛♣r♦✈❡✐t❡ ❛♦ ♠á①✐♠♦ ♦ tr❛ç♦ ❞❛ ❝✉r✈❛ ❝♦♠ t♦❞❛s ❛s s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳ ❙❡❥❛ t0 = 0.01✳
❆ss✐♠✱ ❝♦♠ J = [0.01,+∞) ⊂ I✱ ❞❡✜♥❡✲s❡

J ∋ t 7→ s(t) =

∫ t

0.01

‖~γ ′(ξ)‖A (~γ(ξ)) dξ = log (100t) ∈ R.

❙❡♥❞♦ s(J) = R+✱ s✉❛ ✐♥✈❡rs❛ é ❞❛❞❛ ♣♦r

R+ ∋ s 7→ r(s) =
exp (s)

100
∈ R.

❆ ❝✉r✈❛ r❡♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ é ❞❛❞❛ ♣♦r ~γ ◦ r✳ ❈♦♠♦ s❡ ❞❡s❡❥❛
tr❛❜❛❧❤❛r ❛ ❞✐❢❡r❡♥❝✐❛çã♦ ❞❛ ❝✉r✈❛ ❡ ❝♦♠♦ ❢♦✐ ❝♦♥✈❡♥❝✐♦♥❛❞♦ ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✼ ✭♣á❣✐♥❛
✺✷✮✱ ♦ ❞♦♠í♥✐♦ ❞❛ ❝✉r✈❛ ❞❡✈❡ s❡r ✉♠ ❛❜❡rt♦ ✭❡ ❝♦♥❡①♦✮ ❞❡ R+ ✭q✉❡ é ❢❡❝❤❛❞♦✮✳ ❊♥tã♦✱ ♦
❞♦♠í♥✐♦ ❞❡ ~γ ◦ r é t♦♠❛❞♦ ❝♦♠♦ ♦ ♣ró♣r✐♦ I ❞❡✜♥✐❞♦ ✐♥✐❝✐❛❧♠❡♥t❡✳
❙❡❥❛

I ∋ s 7→ ~α(s) = (~γ ◦ r)(s) = (x(r(s)), y(r(s))) =

(

x0 ,
exp (s)

100

)

∈ X

❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ~γ ♣♦r r(s)✱ P❈❆ s❡❣✉♥❞♦ A ✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ♣♦❞❡r✐❛ s❡r ♦
tr❛ç♦ ❞❡st❛ ❝✉r✈❛ é ♠♦str❛❞♦ ♣❡❧❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿
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❋✐❣✉r❛ ✺✳✶✿ ❡①❡♠♣❧♦ ❞♦ tr❛ç♦ ❞❡ ~α(s)

❊♠ s❡❣✉✐❞❛ ✈❡♠ s❡✉s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ ✭❞❡✜♥✐❞♦s ♥❛ ❙❡çã♦ ✹✳✶ ❈❛♣ít✉❧♦
✹✮✳

I ∋ s 7→ ~T (s) = ~α ′(s) = (x~T (s), y~T (s)) =

(

0,
exp (s)

100

)

∈ T~α(s) (R2);

❞❡
I ∋ s 7→ D~T (s) = (0, 0) ∈ T~α(s) (R2)

♦❜té♠✲s❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ~α✿
I ∋ s 7→ κ(s) = 0 ∈ R;

♠❡s♠♦ ❝♦♠ ❛ ❝✉r✈❛t✉r❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ t♦❞♦ I ♥ã♦ é ✐♠♣♦ssí✈❡❧ ♦❜t❡r ♦ ✈❡t♦r
♥♦r♠❛❧ ✉♥✐tár✐♦✳ ❙❡❥❛♠ x̄(s) ❡ ȳ(s) ❢✉♥çõ❡s ❞❡ I ❡♠ R✱ ❝♦♦r❞❡♥❛❞❛s ❞❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❛
~T (s) ❡♠ R

2✳ ❊♥tã♦✱ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

0 = 〈 ~T (s), ( x̄(s), ȳ(s) ) 〉A (~α(s))

=
x~T

(s)x̄(s)+y~T
(s)ȳ(s)

(y(s))2
⇔

⇔ 0 = x~T (s)x̄(s) + y~T (s)ȳ(s) ⇔

⇔ ȳ(s) =
x~T

(s)x̄(s)

y~T
(s)

= 0,

♦✉ s❡❥❛✱ ❞❛❞♦ q✉❛❧q✉❡r ❢✉♥çã♦ x̄(s) t♦♠❛✲s❡ ȳ(s) = 0✳ ❈♦♠♦ ♦ ✈❡t♦r ~T (s) é ✉♥✐tár✐♦ ❡ t❡♠
✉♠❛ ❞❡ s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ s❡rá t♦♠❛❞♦ x̄(s) = y~T (s) ♣❛r❛ q✉❡
❥á t❡♥❤❛ ♥♦r♠❛ ✉♥✐tár✐❛ t❛♠❜é♠✳ ❆ss✐♠✱

I ∋ s 7→ ~N (s) = (x ~N(s), y ~N(s)) =

(

exp (s)

100
, 0

)

∈ T~α(s) (R2).

❆ ✜❣✉r❛ s❡❣✉✐♥t❡ ♠♦str❛ ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ❝♦❧♦❝❛❞♦ s♦❜r❡ ❛ ❝✉r✈❛ ♣❛r❛ t = 3.2 ❡
t = 4.3✿



✶✶✹ ❈❆P❮❚❯▲❖ ✺✳ ❊❳❊▼P▲❖❙

❋✐❣✉r❛ ✺✳✷✿ r❡❢❡rê♥❝✐❛✐s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛

❈❛❜❡ ♦❜s❡r✈❛r q✉❡ s❡ ❢♦ss❡ t♦♠❛❞♦ x ~N(s) = −y~T (s)✱ ♦ ✈❡t♦r ~N (s) ❛✐♥❞❛ s❡r✐❛ ♥♦r♠❛❧ à
❝✉r✈❛ ♠❛s t❡r✐❛ s❡♥t✐❞♦ ♦♣♦st♦ ❛♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ú❧t✐♠❛ ✜❣✉r❛✳

❊①❡♠♣❧♦ ✺✳✶✳✷✳ ❙❡❥❛

R ∋ t 7→ ~β(t) = (x(t), y(t)) = (t, y0) ∈ R
2

❝✉r✈❛ P❉❘✱ ♦♥❞❡ é ✜①❛❞♦ y0 ∈ R
∗
+✳ ❚r❛t❛✲s❡ ❞❡ ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧ ❝♦♠ s❡✉ tr❛ç♦ ❝♦♥t✐❞♦

❡♠ X✳ ◆ã♦ ❡stá P❈❆ s❡❣✉♥❞♦ A ✿

~β ′(t) = (1, 0) ⇒ ‖~β ′(t)‖
A (~β(t)) =

1

y0

6= 1,

❡①❝❡t♦ s❡ y0 = 1✳
❆ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ é ❛q✉✐ ♠❡❞✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ J = [t0,+∞) ⊂ R✿

J ∋ t 7→ s(t) =

∫ t

t0

‖~β ′(ξ)‖
A (~β(ξ)) dξ =

1

y0

(t− t0) ∈ R.

❙✉❛ ✐♥✈❡rs❛ é ❞❛❞❛ ♣♦r
s(J) ∋ s 7→ r(s) = sy0 + t0 ∈ R,

♦♥❞❡ s(J) = R+✳
❆ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣r♦❝✉r❛❞❛ é ❞❛❞❛ ♣♦r ~β ◦ r ❡ s❡✉ ❞♦♠í♥✐♦ ❞❡✈❡ s❡r ♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦
I = int(s(J)) = (0,+∞) ⊂ R✳ ❆ss✐♠✱

I ∋ s 7→ ~ψ(s) = (~β ◦ r)(s) = (x(r(s)), y(r(s))) = (sy0 + t0 , y0) ∈ X.

❯♠❛ ❛♠♦str❛ ❞❡ ❝♦♠♦ ♣♦❞❡r✐❛ s❡r s❡✉ tr❛ç♦ é ❞❛❞❛ ♣❡❧❛ ✜❣✉r❛ s❡❣✉✐♥t❡✿
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❋✐❣✉r❛ ✺✳✸✿ ❡①❡♠♣❧♦ ❞♦ tr❛ç♦ ❞❡ ~ψ(s)

❊st❛ ❝✉r✈❛ t❡♠ ♦s s❡❣✉✐♥t❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s✿

I ∋ s 7→ ~T (s) = ~ψ ′(s) = (x~T (s), y~T (s)) = (y0, 0) ∈ T~ψ(s) (R2);

I ∋ s 7→ D~T (s) = (0, 0) ∈ T~ψ(s) (R2)

❝♦♠ ♦ q✉❛❧ é ♦❜t✐❞❛ ❛ ❝✉r✈❛t✉r❛ ❞❡ ~ψ(s)

I ∋ s 7→ κ(s) = 0 ∈ R;

♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ♣♦❞❡ s❡r ❞❛❞♦ ♣♦r

I ∋ s 7→ ~N (s) = (x ~N(s), y ~N(s)) = (0, y0) ∈ T~ψ(s) (R2).

❆ ✜❣✉r❛ s❡❣✉✐♥t❡ ♠♦str❛✱ ♣❛r❛ ✉♠ ❡①❡♠♣❧♦ ♣❛rt✐❝✉❧❛r✱ ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ❝♦❧♦❝❛❞♦
s♦❜r❡ ❛ ❝✉r✈❛ ❡♠ t = 0.2 ❡ t = 7✿

❋✐❣✉r❛ ✺✳✹✿ r❡❢❡r❡♥❝✐❛✐s ❞❡ ❋r❡♥❡t s♦❜r❡ ❛ ❝✉r✈❛
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✺✳✷ ❉✉❛s ❈✉r✈❛s P❧❛♥❛s ❞❡ ❈✉r✈❛t✉r❛ ❈♦♥st❛♥t❡

❆ ♠étr✐❝❛ ❛❞♦t❛❞❛ é ❛ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ✭✺✳✸✮ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❈❛♣ít✉❧♦❀ ✈❛❧❡ ❡♠ t♦❞♦ ♦
R

2✳ ❖ r❛❝✐♦❝í♥✐♦ s❡❣✉✐❞♦ é ♦ ❝❛❞❡♥❝✐❛❞♦ ♥❛ ❙❡çã♦ ✹✳✹ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❛r❛ ❛ ❝♦♥s✲
tr✉çã♦ ❞❡ ❞♦✐s ❡①❡♠♣❧♦s✿ ❛♠❜♦s t♦♠❛♠ ✉♠❛ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✱ ♥♦
♣r✐♠❡✐r♦ é κ1(s) = 0 ❡ ♥♦ s❡❣✉♥❞♦ é κ2(s) = 1✳

❋❛③✲s❡ ♥❡❝❡ssár✐♦ ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ❖◆ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ A ✳ ❙❡♥❞♦ ❡st❛ ♠étr✐❝❛
❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✱ s❡❣✉❡ q✉❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ é✱ ♥♦ ♠í♥✐♠♦✱ ♦rt♦❣♦♥❛❧ s❡❣✉♥❞♦
A ✭✐ss♦ ❢♦✐ ❡st✉❞❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✶✳✷✷ ❞❛ ♣á❣✐♥❛ ✷✽✮✳ ❘❡st❛ ✈❡r✐✜❝❛r s❡ ♦s ✈❡t♦r❡s ❞❡
C = {~i , ~j } ❥á ♥ã♦ sã♦ ✈❡rs♦r❡s s❡❣✉♥❞♦ A ✳

❆ ♥♦r♠❛ s❡❣✉♥❞♦ ❡st❛ ♠étr✐❝❛ é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❞❛❞❛ ♣♦r

‖(x, y)‖A =
√

2x2 + 3y2 .

❊♥tã♦✱
‖~i ‖A = ‖(1, 0)‖A =

√
2 ❡ ‖~j ‖A = ‖(0, 1)‖A =

√
3 ,

❞♦♥❞❡ s❡ ✈ê q✉❡ ❡st❡s ✈❡t♦r❡s ♥ã♦ sã♦ ✉♥✐tár✐♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❜❛s❡ ❞❛❞❛ ♣♦r

B = {~b 1 , ~b 2 } = {
√

2

2
~i ,

√
3

3
~j }

é ✉♠❛ ❜❛s❡ ❖◆ s❡❣✉♥❞♦ A ✳ ❈♦♠ ❡st❛ ❜❛s❡ sã♦ ❞❡✜♥✐❞❛s ❛s ❞✉❛s ❝✉r✈❛s ❞♦s ❡①❡♠♣❧♦s
s❡❣✉✐♥t❡s✳

◆♦ q✉❡ s❡❣✉❡✱ ♦ ❞♦♠í♥✐♦ ❞❛s ❝✉r✈❛s é s❡♠♣r❡ t♦♠❛❞♦ ❝♦♠♦ s❡♥❞♦

I = (−ǫ,+∞) ⊂ R,

♣❛r❛ ❛❧❣✉♠ ǫ > 0✳ ❖ ❡①tr❡♠♦ ✐♥❢❡r✐♦r ❞❡ ✐♥t❡❣r❛çã♦ q✉❡ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s ❡♥✉♠❡r❛❞❛s
♣♦r ✭✹✳✷✶✮ ❡ ✭✹✳✷✷✮✱ ❞❛ ♣á❣✐♥❛ ✶✵✼✱ é ❛q✉✐ t♦♠❛❞♦ ❝♦♠♦ s❡♥❞♦ s0 = 0✳

❊①❡♠♣❧♦ ✺✳✷✳✶✳ ✭❈✉r✈❛t✉r❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳✮ ❙✉♣♦r q✉❡ ❛ ❝✉r✈❛ ♣r♦❝✉r❛❞❛ é
❞❛❞❛ ♥❛ ❢♦r♠❛ P❈❆ ♣♦r

[0,+∞) ∋ s 7→ ~αB(s) = x(s)~b 1 + y(s)~b 2 ∈ R
2.

❙❡❥❛♠
[0,+∞) ∋ s 7→ κ1(s) = 0 ∈ R

❡

[0,+∞) ∋ s 7→ θ(s) =

∫ s

s0

κ1(ξ) dξ = 0 ∈ R.

❈♦♠ ✐st♦✱ ♣❛r❛ ✉♠ ✜①♦ λ ∈ R✱ ♣õ❡✲s❡ ~αB(0) = (x0, y0)
B ❡ sã♦ t♦♠❛❞❛s ❛s ❢✉♥çõ❡s

❝♦♦r❞❡♥❛❞❛s ❞❛ ❝✉r✈❛ ❞❡ [0,+∞) ❛ ✈❛❧♦r❡s ❡♠ R ❝♦♠♦ s❡♥❞♦✿

x(s) = x0 +

∫ s

s0

cos (θ(ξ) + λ) dξ = x0 +

∫ s

0

cosλ dξ = x0 + s cosλ
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❡

y(s) = y0 +

∫ s

s0

sin (θ(ξ) + λ) dξ = y0 +

∫ s

0

sinλ dξ = y0 + s sinλ.

P♦rt❛♥t♦✱ ❛ ❝✉r✈❛ ♣r♦❝✉r❛❞❛ é

~α(λ ,B)(s) = (x0 + s cosλ)

√
2

2
~i+ (y0 + s sinλ)

√
3

3
~j

q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ ❢♦r♠❛

~α(λ ,B)(s) = s (cosλ, sinλ)B + (x0, y0)
B. ✭✺✳✹✮

❈♦♥❢❡r✐♥❞♦✱

~α ′
(λ ,B)(s) = cosλ~b 1 + sinλ~b 2 ⇒

⇒ ‖~α ′
(λ ,B)(s)‖2

A
= cos2 λ〈~b 1, ~b 1〉A + sin (2λ)〈~b 1, ~b 2〉A + sin2 λ〈~b 2, ~b 2〉A

= cos2 λ+ sin2 λ

= 1,

♦✉ s❡❥❛✱ ❛ ❝✉r✈❛ ❡stá r❡❛❧♠❡♥t❡ P❈❆✳ ❙❡♥❞♦

~T(λ ,B)(s) = cosλ~b 1 + sinλ~b 2

❝♦♥st❛♥t❡ ✭❛ss✐♠ ❝♦♠♦ ❛ ♠étr✐❝❛✮✱ s❡❣✉❡ q✉❡

D~T(λ ,B)(s) = ~T ′
(λ ,B)(s) = ~0

✭✈✐❞❡ ❊①❡♠♣❧♦ ✹✳✶✳✶✻✮✳ ❙✉❛ ❝✉r✈❛t✉r❛ é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ ♥♦r♠❛ ❞❡ D~T(λ ,B)(s)✿

κ1(s) = ‖~0 ‖A = 0.

❊①❡♠♣❧♦ ✺✳✷✳✷✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ❞❛❞❛ ♣♦r

[0,+∞) ∋ s 7→ κ2(s) = 1 ∈ R,

s✉♣♦r q✉❡ ❛ ❝✉r✈❛ ♣r♦❝✉r❛❞❛ é ❞❛❞❛ ♥❛ ❢♦r♠❛ P❈❆ t❛♠❜é♠ ❡♠ t❡r♠♦s ❞❛ ❜❛s❡ B ♣♦r

[0,+∞) ∋ s 7→ ~γB(s) = x(s)~b 1 + y(s)~b 2 ∈ R
2.

❙❡❥❛

[0,+∞) ∋ s 7→ θ(s) =

∫ s

s0

κ2(ξ) dξ = [ξ]|s0 = s ∈ R.
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P❛r❛ ✉♠ ψ ∈ R ✜①❛❞♦✱ t♦♠❛✲s❡ ❛s ❢✉♥çõ❡s ❞❛ ❝✉r✈❛ ❝♦♠♦ s❡♥❞♦

x(s) = x0 +
∫ s

s0
cos (θ(ξ) + ψ) dξ

= x0 +
∫ s

0
cos (ξ + ψ) dξ

= x0 + sin (s+ ψ) − sinψ

❡

y(s) = y0 +
∫ s

s0
sin (θ(ξ) + ψ) dξ

= y0 +
∫ s

0
sin (ξ + ψ) dξ

= y0 − cos (s+ ψ) + cosψ,

♦♥❞❡ ~αB(0) = (x0, y0)
B✳

P♦rt❛♥t♦✱ ❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s ♣r♦❝✉r❛❞❛ é

~γ(ψ,B)(s) = (x0 + sin (s+ ψ) − sinψ) ~b 1 + (y0 − cos (s+ ψ) + cosψ) ~b 2

❡ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♣♦r

~γ(ψ,B)(s) = (sin (s+ ψ), − cos (s+ ψ))B + (x0 − sinψ, y0 + cosψ)B. ✭✺✳✺✮

❱❡r✐✜❝❛♥❞♦✿
~γ ′

(ψ,B)(s) = cos (s+ ψ)~b 1 + sin (s+ ψ)~b 2

✐♠♣❧✐❝❛

‖~γ ′
(ψ,B)(s)‖2

A = cos2 (s+ ψ)〈~b 1,~b 1〉A + sin 2(s+ ψ)〈~b 1,~b 2〉A + sin2 (s+ ψ)〈~b 2,~b 2〉A = 1,

♠♦str❛♥❞♦ q✉❡ ❛ ❝✉r✈❛ ❡stá P❈❆❀ ❝♦♠♦

~T(ψ,B)(s) = ~γ ′
(ψ,B)(s) = cos (s+ ψ)~b 1 + sin (s+ ψ)~b 2

❞❡❝♦rr❡ q✉❡

D~T(ψ,B)(s) = ~T ′
(ψ,B)(s) = ~γ ′′

(ψ,B)(s) = − sin (s+ ψ)~b 1 + cos (s+ ψ)~b 2;

s❡♥❞♦ ❛ ❝✉r✈❛t✉r❛ ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ ♥♦r♠❛ ❞❡st❡ ú❧t✐♠♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ ❝♦♥❝❧✉✐✲s❡ q✉❡✿

κ2(s) = ‖D~T(ψ,B)(s)‖A

=

√

〈

D~T(ψ,B)(s), D~T(ψ,B)(s)
〉

A

=

√

sin2 (s+ ψ)〈~b 1, ~b 1〉A + cos2 (s+ ψ)〈~b 2, ~b 2〉A

= 1,

❝♦♥❢♦r♠❡ ❞❡s❡❥❛❞♦✳
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❆ ❝♦♥❝❧✉sã♦ ❞❡st❡s ❞♦✐s ❡①❡♠♣❧♦s é ❛ q✉❡ s❡❣✉❡✿ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛ ❞❛❞❛ ❡♠ ✭✺✳✸✮✱ ❛s
❝✉r✈❛s ❡♠ R

2 q✉❡ tê♠ ❝✉r✈❛t✉r❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦ sã♦ ❞❛❞❛s
♣❡❧❛ ❢❛♠í❧✐❛ ❡♥✉♠❡r❛❞❛ ♣♦r ✭✺✳✹✮ ❞♦♥❞❡ s❡ ✈ê q✉❡ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s❀ ❥á ❛s
❝✉r✈❛s ❞❡ ❝✉r✈❛t✉r❛ ✐❣✉❛❧ ❛ 1 sã♦ ❞❛❞❛s ♣♦r ✭✺✳✺✮ ❡ s❡ ✈ê q✉❡ sã♦ ❝ír❝✉❧♦s✳
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✺✳✸ ❯♠ ❊①❡♠♣❧♦ ❞❡ ❋✉♥çã♦ ❉✐stâ♥❝✐❛

Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❙ã♦ ❞❡✜♥✐❞♦s

✶✳ ♦ ♥ú♠❡r♦ ǫ ∈ R
∗
+❀

✷✳ ♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❝♦♥❡①♦ I = (−ǫ, 1 + ǫ) ⊂ R❀

✸✳ I ∋ t 7→ ~α(t) ∈ R
n ✉♠❛ ❝✉r✈❛ P❉❘ t❛❧ q✉❡ ~α(0) = ~p ❡ ~α(1) = ~q ❀

✹✳ ❡ ❛ ❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧ A = A ( ~p ) q✉❡ s❛t✐s❢❛③ A ( ~p )|~α([0, 1]) ∈ Mn(R)✳

❆ ❛♣❧✐❝❛çã♦
R
n × R

n ∋ ( ~p , ~q ) 7→ d( ~p , ~q ) = min
~α

~α(0) = ~p
~α(1) = ~q

L(~α) ∈ R+,

♦♥❞❡

L(~α) =

∫ 1

0

‖~α ′(t)‖A (~α(t))dt ,

é ✉♠❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛✳

❆♥t❡s ❞❛ ❞❡♠♦♥str❛çã♦✱ ♦❜s❡r✈❛r q✉❡ ❛ r❡str✐çã♦ ~α|[0, 1] s❛t✐s❢❛③ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✾ ✭❞❛
♣á❣✐♥❛ ✺✺✮ ♦ q✉❡ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r s❡✉ ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ ❛r❝♦✱ ❛q✉✐ ❞❡♥♦t❛❞♦ ♣♦r L(~α)✳

❆ ✐♠❛❣❡♠ ❞❡ ( ~p , ~q ) ♣♦r d é ♦❜t✐❞❛ t♦♠❛♥❞♦ ♦ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ ❛r❝♦ ❡♠
[0, 1] ❞❡♥tr❡ t♦❞❛s ❛s ❝✉r✈❛s q✉❡ ✉♥❡♠ ~p ❡ ~q ✳

❖s ❞♦✐s ❧❡♠❛s s❡❣✉✐♥t❡s ❛✉①✐❧✐❛♠ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦✳

▲❡♠❛ ✺✳✸✳✷✳ ❙❡ [0, 1] ∋ t 7→ ~α(t) ∈ R
n✱ ❝✉r✈❛ P❉❘ t❛❧ q✉❡ ~α(0) = ~p ❡ ~α(1) = ~q ✱

q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❞❡st❡s ♣♦♥t♦s✱ s♦❢r❡r ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ q✉❡ s♦♠❡♥t❡ ❛❧t❡r❛
❛ ♦r✐❡♥t❛çã♦ ✭✈✐❞❡ ❉❡✜♥✐çõ❡s ✸✳✶✳✶✶ ❡ ✸✳✶✳✶✸ ❡ ❖❜s❡r✈❛çã♦ ✸✳✶✳✶✹✱ ♥❛ ♣á❣✐♥❛ ✺✸✮✱ s❡♠
❛❧t❡r❛r ‖~α ′(t)‖A ( ~α(t) )✱ ❡♥tã♦ é ❛✐♥❞❛ ✉♠❛ ❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s
~q ❡ ~p ❡ ♦ ❝♦♠♣r✐♠❡♥t♦ é ♠❛♥t✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❢✉♥çã♦ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ q✉❡ ❞❡✈❡ s❡r t♦♠❛❞❛ ♣❛r❛ s❛t✐s❢❛③❡r
❡st❡ ❡♥✉♥❝✐❛❞♦ é [0, 1] ∋ t 7→ h(t) = 1−t ∈ [0, 1]✱ ♣♦✐s (~α◦h)(t) ❝♦♥t✐♥✉❛ P❉❘✱ (~α◦h)(0) = ~q
❡ (~α ◦ h)(1) = ~p ❡

L(~α ◦ h) =
∫ 1

0
‖(~α ◦ h)′(t)‖A ((~α◦h)(t))dt

=
∫ 1

0
‖ − ~α ′(1 − t)‖A (~α(1−t))dt

=
∫ 1

0
‖~α ′(1 − t)‖A (~α(1−t))dt,

❢❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❝♦♠ u = 1 − t⇒ du = −dt✱ u(0) = 1 ❡ u(1) = 0✱ ✜❝❛

L(~α ◦ h) =
∫ 0

1
‖~α ′(u)‖A (~α(u))(−du)
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=

∫ 1

0

‖~α ′(u)‖A (~α(u))du = L(~α), ✭✺✳✻✮

♦✉ s❡❥❛✱ ~α ❡ ~α ◦ h tê♠ ♦ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✳
❙✉♣♦r q✉❡ ~α◦h ♥ã♦ é ❛ ❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ~q ❡ ~p ✳ ❙❡❥❛ [0, 1] ∋ t 7→ ~β(t) ∈ R

n

❝✉r✈❛ P❉❘ ❝♦♠ ~β(0) = ~q ❡ ~β(1) = ~p q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡st❡s✳ ❆ss✐♠

L(~β ) < L(~α ◦ h) . ✭✺✳✼✮

❚♦♠❛♥❞♦ ❛ ♠❡s♠❛ ❢✉♥çã♦ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦✱ h(t) = 1 − t✱ ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ (~β ◦
h)(t) é ❛✐♥❞❛ ✉♠❛ ❝✉r✈❛ P❉❘❀ s❛t✐s❢❛③ (~β ◦ h)(0) = ~p ❡ (~β ◦ h)(1) = ~q ❀ ❡ t❡♠ ♠❡s♠♦
❝♦♠♣r✐♠❡♥t♦ t♦t❛❧✱ ♠❡❞✐❞♦ ❡♠ [0, 1]✱ q✉❡ ~β(t)✱ ♣♦✐s

(~β ◦ h)(t) = ~β(1 − t) ⇒

⇒ (~β ◦ h)′(t) = −~β ′(1 − t) ⇒

⇒ L(~β ◦ h) =
∫ 1

0
‖~β ′(1 − t)‖

A (~β(1−t))dt

=
∫ 0

1
‖~β ′(u)‖

A (~β(u))(−du)

=

∫ 1

0

‖~β ′(u)‖
A (~β(u))du = L(~β ). ✭✺✳✽✮

❉❡st❡ r❡s✉❧t❛❞♦ ✈❡♠ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❢♦✐ s✉♣♦st♦ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❛ ❝✉r✈❛ ~α♠✐♥✐♠✐③❛
❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ~p ❡ ~q ❀ ♠❛s✱ ❞❡ ✭✺✳✻✮✱ ✭✺✳✼✮ ❡ ✭✺✳✽✮ ❞❡❝♦rr❡ q✉❡

L(~β ◦ h) = L(~β ) < L(~α ◦ h) = L(~α),

♦✉ s❡❥❛✱ ❛ ❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ s❡r✐❛ ~β ◦ h✱ ❡ ♥ã♦ ~α✳ �

▲❡♠❛ ✺✳✸✳✸✳ ❙❡ [0, 1] ∋ t 7→ ~α(t) ∈ R
n é ✉♠❛ ❝✉r✈❛ P❉❘ ❝♦♠ ~α(0) = ~p ❡ ~α(1) = ~q q✉❡

♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡st❡s ♣♦♥t♦s✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ t0 ∈ [0, 1] ❛s r❡str✐çõ❡s ~α|[0, t0]

❡ ~α|[t0, 1] ♠✐♥✐♠✐③❛♠ ❛s ❞✐stâ♥❝✐❛s ❞❡ ~α(0) = ~p ❛ ~α(t0) = ~r ❡ ❞❡ ~α(t0) = ~r ❛ ~α(1) = ~q ✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦r q✉❡ t❛✐s r❡str✐çõ❡s ♥ã♦ ♠✐♥✐♠✐③❛♠ ❛ ❞✐stâ♥❝✐❛ ❞❡ ~p ❛ ~r ❡ ❞❡ ~r ❛
~q ✳ ❙✉♣♦r q✉❡ ❡①✐st❛♠

[0, 1] ∋ t 7→ ~β(t) ∈ R
n ❡ [0, 1] ∋ t 7→ ~γ(t) ∈ R

n,

❝✉r✈❛s P❉❘ ❝♦♠ s❡✉s tr❛ç♦s ❝♦♥t✐❞♦s ♥♦ ❞♦♠í♥✐♦ ❞❛ ♠étr✐❝❛ ❡ q✉❡ s❛t✐s❢❛③❡♠

~β(0) = ~p ✱ ~β(1) = ~r ✱ ~γ(0) = ~r ❡ ~γ(1) = ~q ,
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♠✐♥✐♠✐③❛♠ ❛ ❞✐stâ♥❝✐❛ ❞❡st❡s ♣♦♥t♦s ❡ ~β([0, 1]) ∪ ~γ([0, 1]) 6= ~α([0, 1])✳ ❆ss✐♠







L(~β ) < L(~α|[0, t0])

L(~γ ) < L(~α|[t0, 1])
⇒ L(~β ) + L(~γ ) < L(~α|[0, t0]) + L(~α|[t0, 1]) = L(~α ) ,

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ❥✉st✐✜❝❛❞❛ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❛❞✐t✐✈✐❞❛❞❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ ✭✈✐❞❡ ❬✶❪ ♥♦ s❡✉ ♣❛rá❣r❛❢♦ ✶✹✳✶✶✱ ♣á❣✐♥❛ ✺✸✷ ✮✳
❙❡❥❛♠

[1, 2] ∋ t 7→ g(t) = t− 1 ∈ [0, 1]

❡

[0, 2] ∋ t 7→ ~η(t) =







~β(t) s❡ 0 ≤ t ≤ 1

(~γ ◦ g)(t) s❡ 1 < t ≤ 2

∈ R
n .

L(~β ) + L(~γ ) = L(~η ) ❡ ❛ ❝✉r✈❛ ~η s❛t✐s❢❛③ ~η(0) = ~p ❡ ~η(2) = ~q ✳
❙❡❥❛

[0, 1] ∋ t 7→ h(t) = 2t ∈ [0, 2].

❊♥tã♦✱ ❛ ❝✉r✈❛ [0, 1] ∋ t 7→ (~η ◦ h)(t) ∈ R
2 é t❛❧ q✉❡ (~η ◦ h)(0) = ~p ❡ (~η ◦ h)(1) = ~q ✱ ❛❧é♠

❞✐ss♦
d
dt

[(~η ◦ h)(t)] = 2~η ′(h(t)) ⇒

⇒ ‖(~η ◦ h)′(t)‖A (~η(h(t))) = 2‖~η ′(2t)‖A (~η(2t)) ⇒

⇒ L(~η ◦ h) = 2
∫ 1

0
‖~η ′(2t)‖A (~η(2t)) dt ,

❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ tr♦❝❛ ❞❡ ✈❛r✐á✈❡✐s✿ v = 2t⇒ dv/2 = dt✱ v(0) = 0 ❡ v(1) = 2❀ ✜❝❛

L(~η ◦ h) = 2
∫ 1

0
‖~η ′(2t)‖A (~η(2t)) dt

= 2
∫ 2

0
‖~η ′(v)‖A (~η(v))(

dv
2
)

=
∫ 2

0
‖~η ′(v)‖A (~η(v)) dv

= L(~η ) .

❆ss✐♠✱ ~η ◦ h ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ~p ❡ ~q ❡ ~η ◦ h 6= ~α ✱ ❛❜s✉r❞♦✳ �

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❖s q✉❛tr♦ ❛①✐♦♠❛s ✭♦✉ ♣r♦♣r✐❡❞❛❞❡s✮ q✉❡ ❞❡✜✲
♥❡♠ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ✭♣á❣✐♥❛ ✹✵✮ ❞❡✈❡♠ s❡r ✈❡r✐✜❝❛❞♦s ❛q✉✐✳

✭✶✮✿ 0 = d( ~p , ~p )✱ ♣♦✐s ❛ ❝✉r✈❛ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ✉♥✐♥❞♦ ~p ❡ ~p é ❛ ❝✉r✈❛ ❝♦♥st❛♥t❡
~α(t) = ~p ✳ ▲♦❣♦✱

~α ′(t) = ~0 ⇒ ‖~α ′(t)‖A ( ~α(t) ) = 0 ⇒ L(~α) =

∫ 1

0

0 dt = 0 = d( ~p , ~p ).
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✭✷✮✿ ❙❡ ~p 6= ~q ✱ ❡♥tã♦ d( ~p , ~q ) > 0✳ ◆❡st❡ ❝❛s♦✱ ❛ ❝✉r✈❛ ~α(t) ♥ã♦ ♣♦❞❡ s❡r ❝♦♥st❛♥t❡✱ ❡♥tã♦

~α ′(t) 6= ~0 ⇒ ‖~α ′(t)‖A ( ~α(t) ) > 0

❞❡✈✐❞♦ à ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♥♦r♠❛ ✭Pr♦♣r✐❡❞❛❞❡ ✭✸✮ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✷✸✮❀ ♣r♦ss❡❣✉✐♥❞♦✱

d( ~p , ~q ) = L(~α ) =

∫ 1

0

‖~α ′(t)‖A ( ~α(t) ) dt > 0

♣♦rq✉❡ ❛ ❢✉♥çã♦ [0, 1] ∋ t 7→ ‖~α ′(t)‖A ( ~α(t) ) ∈ R
∗
+ é ❝♦♥tí♥✉❛ ❡ ♣♦s✐t✐✈❛✱ ❧♦❣♦ ❛ ✐♥t❡❣r❛❧

❞❡✈❡ s❡r ♣♦s✐t✐✈❛ ✭✈✐❞❡ ❬✶✵❪✱ ♣á❣✐♥❛ ✶✷✾✱ ❡①❡r❝í❝✐♦ ✹ ✮✳
◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣♦♥❞♦ f(t) = ‖~α ′(t)‖A ( ~α(t) ) ❡st❛ f(t) é ❝♦♥tí♥✉❛ ❡ f(t) > 0✳ ❆ss✐♠✱

∃ δ > 0 : δ = min
t∈[0,1]

f(t) ❡ 0 <

∫ 1

0

δ dt ≤
∫ 1

0

f(t) dt⇒ d( ~p , ~q ) =

∫ 1

0

f(t) dt > 0.

✭✸✮✿ ❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ▲❡♠❛ ✺✳✸✳✷ ✭❡q✉❛çã♦ ♥✉♠❡r❛❞❛ ♣♦r ✭✺✳✻✮✮✿

d( ~p , ~q ) = L(~α) = L(~α ◦ h) = d( ~q , ~p ) .

✭✹✮✿ ❱❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✿ d( ~p , ~q ) ≤ d( ~p , ~r ) + d(~r , ~q ) ✳
❙✉♣♦r q✉❡ ~r ∈ ~α([0, 1])✳ ❉❡st❡ ♠♦❞♦✱ ∃ t0 ∈ [0, 1] : ~α(t0) = ~r ❡

d( ~p , ~q ) = L(~α)

=
∫ 1

0
‖~α ′(t)‖A ( ~α(t) ) dt

=
∫ t0

0
‖~α ′(t)‖A ( ~α(t) ) dt+

∫ 1

t0
‖~α ′(t)‖A ( ~α(t) ) dt

= d( ~p , ~r ) + d(~r , ~q ) ,

♣♦✐s ❛s r❡str✐çõ❡s ~α|[0, t0] ❡ ~α|[t0, 1] ♠✐♥✐♠✐③❛♠ ❛s ❞✐stâ♥❝✐❛s ❞❡ ~p ❛ ~r ❡ ❞❡ ~r ❛ ~q ✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ ❝♦♥❢♦r♠❡ ❛t❡st❛ ♦ ▲❡♠❛ ✺✳✸✳✸✳
❙✉♣♦r q✉❡ ~r 6∈ ~α([0, 1])✳ ❙❡❥❛♠

[0, 1] ∋ t 7→ ~α(t) ∈ R
n ❝♦♠ ~α(0) = ~p ❡ ~α(1) = ~q ✱

[0, 1] ∋ t 7→ ~β(t) ∈ R
n ❝♦♠ ~β(0) = ~p ❡ ~β(1) = ~r ❡

[0, 1] ∋ t 7→ ~γ(t) ∈ R
n ❝♦♠ ~γ(0) = ~r ❡ ~γ(1) = ~q ,

❝✉r✈❛s P❉❘ q✉❡ ♠✐♥✐♠✐③❛♠ ❛s ❞✐stâ♥❝✐❛s ❞❡st❡s ♣❛r❡s ❞❡ ♣♦♥t♦s ❡ t❛✐s q✉❡ ~β([0, 1]) ∪
~γ([0, 1]) 6= ~α([0, 1])✳
❙❡❥❛

~λ(t) = ~γ(t− 1)

♣❛r❛ t ∈ [1, 2]❀ ❛ss✐♠ ~λ([1, 2]) = ~γ([0, 1]) ❡
∫ 1

0
‖~γ ′(t)‖A (~γ(t)) dt =

∫ 2

1
‖~λ ′(t− 1)‖

A (~λ(t−1)) dt⇒

⇒ d( ~p , ~r ) + d(~r , ~q ) =
∫ 1

0
‖~β ′(t)‖

A (~β(t)) dt+
∫ 2

1
‖~λ ′(t− 1)‖

A (~λ(t−1)) dt.
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❙❡❥❛

[0, 2] ∋ u 7→ ~η(u) =







~β(u) s❡ 0 ≤ u ≤ 1

~λ(u) s❡ 1 < u ≤ 2

∈ R
n.

❊♥tã♦
d( ~p , ~r ) + d(~r , ~q ) =

∫ 1

0
‖~η ′(u)‖A (~η(u)) du+

∫ 2

1
‖~η ′(u)‖A (~η(u)) du

=
∫ 2

0
‖~η ′(u)‖A (~η(u)) du .

❈♦♠♦ é ~α ❛ ❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ~p ❛ ~q s❡❣✉♥❞♦ A ❡ ~η 6= ~α ✭ ♣♦rq✉❡
~α([0, 1]) 6∋ ~r ❡ { ~p , ~q , ~r } ⊂ ~η([0, 2]) ✮✱ s❡❣✉❡ q✉❡

d( ~p , ~r ) + d(~r , ~q ) =

∫ 2

0

‖~η ′(u)‖A (~η(u)) du ≥
∫ 1

0

‖~α ′(t)‖A ( ~α(t) ) dt = d( ~p , ~q ) .

�



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦ ❡ ❊st✉❞♦s P♦st❡r✐♦r❡s

❙✉❜st✐t✉✐r ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ q✉❡ ❞❡✜♥❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦✱ ❝♦♥❢♦r♠❡ ❢♦✐
❡s❝r✐t♦ ♥❛ ■♥tr♦❞✉çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♠✉❞❛ ❛ ❢♦r♠❛ ❞❡ ♦❧❤❛r ♦ R

n✳ ◆♦✉tr♦s t❡r♠♦s✱ ♠✉❞❛
❛ ✧●❡♦♠❡tr✐❛✧ ❞❡st❡ ❡s♣❛ç♦✳

❈♦♠ ❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ❛q✉✐ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♥ã♦ ♦❝♦rr❡♠
q✉❛♥❞♦ ❛ ♠étr✐❝❛ é ❛ ❝❛♥ô♥✐❝❛✳

❋♦✐ ❝♦♥st❛t❛❞♦ q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♠étr✐❝❛✱ ✉♠❛ r❡t❛ ✭❡✉❝❧✐❞✐❛♥❛✮ ♣♦❞❡✱ ♦✉ ♥ã♦✱
t❡r ❝✉r✈❛t✉r❛ ♥✉❧❛ ❡ ✉♠❛ ❝✉r✈❛ q✉❡ ♥ã♦ é ✉♠❛ r❡t❛ ♣♦❞❡ t❡r ❝✉r✈❛t✉r❛ ♥✉❧❛✳ ▲❡♠❜r❛♥❞♦
q✉❡✱ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧✱ ✉♠❛ ❝✉r✈❛ é ✉♠❛ r❡t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠ ❝✉r✈❛t✉r❛
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ✭✈✐❞❡ ❛ r❡❢❡rê♥❝✐❛ ❬✼❪ ♥❛ s❡çã♦ ✶✳✹✮✳

❋♦✐ ♣♦ssí✈❡❧ ❞❡✜♥✐r ♣❛r❛ ✉♠❛ r❡t❛ ♥♦ R
3 ♦ tr✐❡❞r♦ ❞❡ ❋r❡♥❡t✱ ❛❧❣♦ q✉❡ ♥ã♦ ❝♦st✉♠❛ s❡r

❢❡✐t♦ ♥♦s ❧✐✈r♦s ✉s✉❛✐s ❞❡st❛ ❞✐s❝✐♣❧✐♥❛✳ ▼❛s✱ ❝❡rt♦ é q✉❡ ♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❛q✉✐ r❡t♦r♥❛
❛♦ ❝♦♥t❡ú❞♦ ✧♦r✐❣✐♥❛❧✧ q✉❛♥❞♦ ❛ ♠❛tr✐③ ❞❛ ♠étr✐❝❛ ❡♠ q✉❡stã♦ r❡t♦r♥❛ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳

❯♠❛ ❝♦♥t✐♥✉❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡r✐❛ ❝♦♥t❡r ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

❊st✉❞❛r ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✳ ❆ Pr♦♣♦s✐çã♦ ✷✳✷✳✸✱ ❞❛ ♣á❣✐♥❛ ✹✹✱ ❡st❛❜❡❧❡❝❡ ♦ ♠ét♦❞♦ ♣❛r❛
❝❛❧❝✉❧❛r ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✳ ❊ ❡st❡ r❡s✉❧t❛❞♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ❛❞♦t❛❞❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦✳
❈♦♠♦ ❝♦♥st❛ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✹✱ ❢❛❧t❛ ❛ ❡st❛ ♠♦♥♦❣r❛✜❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ✐♥❞❡♣❡♥✲
❞ê♥❝✐❛✳

❊st✉❞❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❢ór♠✉❧❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ♣❛r❛ ♠étr✐❝❛s ♥ã♦ ❝♦♥st❛♥t❡s✳
❋♦✐ ❞✐t♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡❝❡ss♦r ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✳✶✾ ✭♣á❣✐♥❛ ✺✺✮ q✉❡ ❛ ❢♦r♠❛ ❞❡ ♠❡❞✐r ♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❧á ❛♣r❡s❡♥t❛❞❛ ♣♦❞❡ s❡r ♣r♦✈❛❞❛ q✉❛♥❞♦ ❛ ♠étr✐❝❛ é ❝♦♥st❛♥t❡✳ ❯♠
❡st✉❞♦ ❛❝❡r❝❛ ❞♦ q✉❡ ♦❝♦rr❡ ♥❡ss❛ ❞❡♠♦♥str❛çã♦ q✉❛♥❞♦ ❛ ♠étr✐❝❛ ♥ã♦ é ❝♦♥st❛♥t❡ s❡r✐❛
❜❡♠ ✈✐♥❞♦✳

✶✷✺



✶✷✻ ❈❆P❮❚❯▲❖ ✻✳ ❈❖◆❈▲❯❙➹❖ ❊ ❊❙❚❯❉❖❙ P❖❙❚❊❘■❖❘❊❙

❊st✉❞❛r ♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s ✭❚❋❈✮✳ ❖ ❚❋❈ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙❡çã♦ ✹✳✹
❝♦♥❢♦r♠❡ ❛ r❡❢❡rê♥❝✐❛ ❜✐❜❧✐♦❣rá✜❝❛ ❬✶✺❪✳ ❋❛③❡r ✉♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❞❡st❡ t❡♦r❡♠❛ ❡①♣❧♦✲
r❛♥❞♦ s❡✉s três ✐t❡♥s✱ ❝♦♠ ♠étr✐❝❛ ❝♦♥st❛♥t❡ ❡ ♥ã♦ ❝♦♥st❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ ♠❡s♠♦
t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ♣❛r❛ ❝✉r✈❛s ❡s♣❛❝✐❛✐s✱ ❝♦♠♦ ❢❡③ ♦ ❛✉t♦r ❞❛ ♦❜r❛ ❬✹❪ ♥❛ s❡çã♦
1 − 5 ❡ ♥♦ ❛♣ê♥❞✐❝❡ ❞♦ ❝❛♣ít✉❧♦ ✹✳ ❋❛③❡r ♦ ♠❡s♠♦ ❛q✉✐✱ ❝♦♠ ✉♠❛ ♠étr✐❝❛ q✉❛❧q✉❡r✱ s❡r✐❛
✉♠ ❣r❛♥❞❡ ❞❡s❛✜♦✳

❘❡s♣♦♥❞❡r à s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ s❡❥❛ ~α ✉♠❛ ❝✉r✈❛ ❣❡♦❞és✐❝❛ ✭❝✉r✈❛ q✉❡ ♠✐♥✐♠✐③❛ ❛
❞✐stâ♥❝✐❛ ❞❡ ❞♦✐s ♣♦♥t♦s ❞❛❞♦s✮✱ ~α s❡♠♣r❡ t❡♠ ❝✉r✈❛t✉r❛ ♥✉❧❛ s❡❣✉♥❞♦ q✉❛❧q✉❡r ♠étr✐❝❛
A ( ~p ) ❝✉❥♦ ❞♦♠í♥✐♦ ❝♦♥té♠ s❡✉ tr❛ç♦❄

❊st✉❞❛r ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳ ❍á ♥❛ r❡❢❡rê♥❝✐❛ ❬✹❪✱ ♥❛ s✉❛ s❡çã♦ 4 − 4✱ ✉♠ ❝♦♥❝❡✐t♦
t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ♦ q✉❛❧ t❡♠ ✉♠❛ ❧✐❣❛çã♦ ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❤♦♠ô♥✐♠♦
❛♣r❡s❡♥t❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳ ❈❛❜❡r✐❛ ❢❛③❡r ♥❡st❛ ♠♦♥♦❣r❛✜❛ ✉♠ ❡st✉❞♦ ♣❛r❛ ❡❧✉❝✐❞❛r ❡st❛
❧✐❣❛çã♦✳

❊st✉❞❛r ❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❧♦❝❛❧✳ ❆ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❧♦❝❛❧ é ❛♣r❡s❡♥t❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✹❪ ♥❛
s❡çã♦ 1 − 6✳ ❊st✉❞á✲❧❛ s♦❜ ♦ ♦❧❤❛r ❞❛ ♠étr✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛ ♣♦❞❡r✐❛ s❡r út✐❧ ♣❛r❛ ❝♦♠♣❧❡✲
♠❡♥t❛r ❡st❛ ♠♦♥♦❣r❛✜❛✳

❊st✉❞❛r ❛ t❡♦r✐❛ ❣❧♦❜❛❧ ❞❡ ❝✉r✈❛s✳ ❊①❡♠♣❧✐✜❝❛❞❛ ♥❛ ■♥tr♦❞✉çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❡st❛ t❡♦r✐❛
♣♦❞❡ s❡r ✈✐st❛ t❛♠❜é♠ ♥❛ r❡❢❡rê♥❝✐❛ ❬✹❪ ❡♠ s✉❛ s❡çã♦ 1− 7✳ ❊st❡ ❛ss✉♥t♦ ♣♦❞❡r✐❛ ❡♥r✐q✉❡✲
❝❡r ❛ ❛❜♦r❞❛❣❡♠ ❢❡✐t❛ ♥❡st❛ ❞✐ss❡rt❛çã♦✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

▲✐✈r♦s

❬✶❪ ❚♦♠ ▼✳ ❆♣♦st♦❧✳ ❈❛❧❝✉❧✉s✱ ✈♦❧✉♠❡ ■✳ ◆❡✇ ❨♦r❦✿ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱ ❙❡❝♦♥❞ ❊❞✐t✐♦♥✱
✶✾✻✼✳

❬✷❪ ❏♦sé ▲✉✐③ ❇♦❧❞r✐♥✐❀ ❙✉❡❧✐ ■r❡♥❡ ❘♦❞r✐❣✉❡s ❈♦st❛❀ ❱❡r❛ ▲ú❝✐❛ ❋✐❣✉❡✐r❡❞♦❀ ❍❡♥r② ●✳ ❲❡t③❧❡r✳
➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛ ❍❛r❜r❛✱ ❚❡r❝❡✐r❛ ❊❞✐çã♦✱ ✶✾✽✵✳

❬✸❪ ❈❛r❧♦s ❆✳ ❈❛❧❧✐♦❧✐❀ ❍②❣✐♥♦ ❍✳ ❉♦♠✐♥❣✉❡s❀ ❘♦❜❡rt♦ ❈✳ ❋✳ ❈♦st❛✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❡ ❆♣❧✐❝❛✲
çõ❡s✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛ ❆t✉❛❧✱ ❙❡①t❛ ❊❞✐çã♦✱ ✷✵✵✸✳

❬✹❪ ▼❛♥❢r❡❞♦ P❡r❞✐❣ã♦ ❞♦ ❈❛r♠♦✳ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ♦❢ ❈✉r✈❡s ❛♥❞ ❙✉r❢❛❝❡s✳ ◆❡✇ ❏❡rs❡②✿
Pr❡♥t✐❝❡ ❍❛❧❧✱ ■♥❝✳✱ ✶✾✼✻✳

❬✺❪ ▼❛♥❢r❡❞♦ P❡r❞✐❣ã♦ ❞♦ ❈❛r♠♦✳ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ❈♦❧❡çã♦
Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✱ ❚❡r❝❡✐r❛ ❊❞✐çã♦✱ ✷✵✵✺✳

❬✻❪ ◆✐❦♦❧❛✐ ❊✜♠♦✈✳ ❊❧❡♠❡♥t♦s ❞❡ ●❡♦♠❡tr✐❛ ❆♥❛❧ít✐❝❛✳ ❇❡❧♦ ❍♦r✐③♦♥t❡✿ ▲✐✈r❛r✐❛ ❈✉❧t✉r❛
❇r❛s✐❧❡✐r❛ ❊❞✐t♦r❛✱ ✶✾✼✷✳ ❚r❛❞✉çã♦ ❞❡ ❉❛✈✐❞ ❏❛r❞✐♠ ❏ú♥✐♦r ❡ r❡✈✐sã♦ ❞❡ ▼ár✐♦ ❞❡ ❖❧✐✈❡✐r❛✳

❬✼❪ ❆❧❢r❡❞ ●r❛②❀ ❊❧s❛ ❆❜❜❡♥❛❀ ❙✐♠♦♥ ❙❛❧❛♠♦♥✳ ▼♦❞❡r♥ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ♦❢ ❈✉r✈❡s ❛♥❞
❙✉r❢❛❝❡s ✇✐t❤ ▼❆❚❍❊▼❆❚■❈❆✳ ❇♦❝❛ ❘❛t♦♥✿ ❈❤❛♣♠❛♥ ✫ ❍❛❧❧ ✲ ❈❘❈✱ ❚❤✐r❞ ❊❞✐t✐♦♥✱
✷✵✵✻✳

❬✽❪ ❑❡♥❡t❤ ❍♦✛♠❛♥❀ ❘❛② ❑✉♥③❡✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛ P♦❧í❣♦♥♦✱ ✶✾✼✶✳
❚r❛❞✉çã♦ ❞❡ ❆❞❛❧❜❡rt♦ P❛♥♦❜✐❛♥❝♦ ❇❡r❣❛♠❛s❝♦✳

❬✾❪ ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐✲
tár✐❛✱ ❙❡①t❛ ❊❞✐çã♦✱ ✷✵✵✸✳

❬✶✵❪ ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✳ ❆♥á❧✐s❡ ❘❡❛❧✱ ❋✉♥çõ❡s ❞❡ ❯♠❛ ❱❛r✐á✈❡❧✱ ✈♦❧✉♠❡ ■✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿
■▼P❆✱ ❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐tár✐❛✱ ◆♦♥❛ ❊❞✐çã♦✱ ✷✵✵✼✳

❬✶✶❪ ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✳ ❆♥á❧✐s❡ ❘❡❛❧✱ ❋✉♥çõ❡s ❞❡ n ❱❛r✐á✈❡✐s✱ ✈♦❧✉♠❡ ■■✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱
❈♦❧❡çã♦ ▼❛t❡♠át✐❝❛ ❯♥✐✈❡rs✐tár✐❛✱ ❚❡r❝❡✐r❛ ❊❞✐çã♦✱ ✷✵✵✼✳

❬✶✷❪ ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✳ ❊s♣❛ç♦s ▼étr✐❝♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ❈♦❧❡çã♦ Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✱
❚❡r❝❡✐r❛ ❊❞✐çã♦✱ ❙❡❣✉♥❞❛ ■♠♣r❡ssã♦✱ ✷✵✵✸✳

❬✶✸❪ ❇❛rr❡t ❖✬◆❡✐❧❧✳ ❊❧❡♠❡♥t❛r② ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✳ ◆❡✇ ❨♦r❦✿ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ❙❡❝♦♥❞
Pr✐♥t✐♥❣✱ ✶✾✻✼✳

❬✶✹❪ ❆✳ ❙✳ ❙♠♦❣♦r③❤❡✈s❦✐✳ ❆❝❡r❝❛ ❞❡ ❧❛ ●❡♦♠❡trí❛ ❞❡ ▲♦❜❛❝❤❡✈s❦✐✳ ▼♦s❝ú✿ ❊❞✐t♦r✐❛❧ ▼■❘✱
▲❡❝❝✐♦♥❡s P♦♣✉❧❛r❡s ❞❡ ▼❛t❡♠át✐❝❛s✱ ✶✾✼✽✳ ❚r❛❞✉çã♦ ❞❡ ❱✐r❣✐❧✐♦ ▲❧❛♥♦ ▼ás✳

❬✶✺❪ ❑❡t✐ ❚❡♥❡♥❜❧❛t✳ ■♥tr♦❞✉çã♦ à ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✳ ❙ã♦ P❛✉❧♦✿ ❊❞❣❛r❞ ❇❧✉❝❤❡r✱ ❙❡❣✉♥❞❛
❊❞✐çã♦ ❘❡✈✐s❛❞❛✱ ✷✵✵✽✳

✶✷✼



✶✷✽ ❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

✧❙♦❢t✇❛r❡s✧ ❞❡ ▼❛♥✐♣✉❧❛çã♦ ❆❧❣é❜r✐❝❛

❬✶✻❪ ▼✉P❆❉ Pró ✹✳✵✳✷✱ ▼✉❧t✐ Pr♦❝❡ss✐♥❣ ❆❧❣❡❜r❛ ❉❛t❛ ❚♦♦❧✳ ❙❝✐❋❛❝❡ ❙♦❢t✇❛r❡
●♠❜❍ ✫ ❈♦ ❑●✳ ●❡r♠❛♥②✱ P❛❞❡r❜♦♥✿ ❯♥✐✈❡rs✐tät P❛❞❡r❜♦♥✱ ■♥st✐t✉t ❢ür ❆✉✲
t♦♠❛t✐s✐❡r✉♥❣ ✉♥❞ ■♥str✉♠❡♥t❡❧❧❡ ▼❛t❤❡♠❛t✐❦✱ ✷✵✵✼✳ ❤tt♣✿✴✴✇✇✇✳s❝✐❢❛❝❡✳❞❡ ♦✉
❤tt♣✿✴✴✇✇✇✳♠❛t❤✇♦r❦s✳❝♦♠✴s✉♣♣♦rt✴❢❛q✴♠✉♣❛❞✳❤t♠❧ ✲ ❛❝❡ss❛❞♦s ❡♠ ▼❛✐♦ ❞❡ ✷✵✶✵✳

❬✶✼❪ ▼❆❚❍❊▼❆❚■❈❆ ✻✳✵✳✷✳✵✳ ❲♦❧❢r❛♠ ❘❡s❡❛r❝❤✱ ❯❙❆✱ ✷✵✵✽✳ ❤tt♣✿✴✴✇✇✇✳✇♦❧❢r❛♠✳❝♦♠ ✲
❛❝❡ss❛❞♦ ❡♠ ▼❛✐♦ ❞❡ ✷✵✶✵✳



❮♥❞✐❝❡ ❘❡♠✐ss✐✈♦

❛❜❡rt♦ ❝♦♥❡①♦✱ ✷✷
❛❞✐t✐✈✐❞❛❞❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✶✷✷
❆❧❣❡❜r❛ ▲✐♥❡❛r✱ ✹✱ ✷✸
❛♣❧✐❝❛çã♦ ♠❛tr✐❝✐❛❧✱ ✷✷

❜❛s❡✱ ✹
❖◆✱ ✷✸
♥❡❣❛t✐✈❛✱ ✾
♦r❞❡♥❛❞❛✱ ✹✱ ✷✵
♦rt♦❣♦♥❛❧✱ ✷✸✱ ✷✼✱ ✷✽
♦rt♦♥♦r♠❛❧✱ ✷✸✱ ✷✼
♣♦s✐t✐✈❛✱ ✾

❜❛s❡s ❞❡
♠❡s♠❛ ♦r✐❡♥t❛çã♦✱ ✼
♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✱ ✼

❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✱ ✺✸✱ ✺✺✱ ✺✽✱ ✺✾✱ ✻✶✱ ✼✵
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ ✻✹✱ ✻✽✱ ✽✵✱ ✽✺✕✽✾✱ ✾✼✕✾✾✱ ✶✵✾

❝♦♥tí♥✉♦✱ ✺✹
❞✐❢❡r❡♥❝✐á✈❡❧✱ ✺✹
t❛♥❣❡♥t❡s✱ ✺✹✱ ✻✶

❝❧❛ss❡✱ ✽
❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✱ ✻✺
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✺✺
❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ❞❡ ❛r❝♦✱ ✺✺
❝♦♥❡①♦✱ ✷✷✱ ✺✷✱ ✺✺
❈♦♥❣r✉ê♥❝✐❛ ❞❡ ❈✉r✈❛s✱ ✶✵✼
❝♦♥✈❡♥çã♦

❞❛s ❜❛s❡s ♣♦s✐t✐✈❛s ❞❡ R
n✱ ✾

❞❛s ♠étr✐❝❛s ❛❞♦t❛❞❛s✱ ✻✸
❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s ❛❞♦t❛❞♦s✱ ✷✵
♣r✐♠❡✐r❛ s♦❜r❡ ♦s ❞♦♠í♥✐♦s ❞❛s ❝✉r✈❛s✱ ✺✵
s❡❣✉♥❞❛ s♦❜r❡ ♦s ❞♦♠í♥✐♦s ❞❛s ❝✉r✈❛s✱ ✺✷

❝♦r♣♦ ❞❡ ❡s❝❛❧❛r❡s✱ ✶✾✱ ✷✵
❝♦ss❡♥♦ ❞♦ â♥❣✉❧♦ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛✱ ✸✽
❝✉r✈❛✱ ✺✵

P❈❆ s❡❣✉♥❞♦ A ( ~p )✱ ✺✼
P❉❘✱ ✺✸
❛r❝♦ ❞❡ ✉♠❛✱ ✺✺
❝♦♥tí♥✉❛ ♥✉♠ ✐♥t❡r✈❛❧♦✱ ✺✶
❝♦♥tí♥✉❛ ♥✉♠ ♣♦♥t♦✱ ✺✶
❞❡ ♦r❞❡♠ ♦✉ ❝❧❛ss❡ C∞✱ ✺✷
❞❡ ♦r❞❡♠ ♦✉ ❝❧❛ss❡ Cj ✱ ✺✷
❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ j✱ ✺✵
❞✐❢❡r❡♥❝✐á✈❡❧✱ ✺✵
❞✐❢❡r❡♥❝✐á✈❡❧ ❛té ♦r❞❡♠ j✱ ✺✵
❡s♣❛❝✐❛❧✱ ✽✺
❣❡♦❞és✐❝❛✱ ✶✷✻
✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ✺✵
✐♥t❡❣rá✈❡❧✱ ✺✶
♦r✐❡♥t❛çã♦ ❞❡ ✉♠❛✱ ✺✸
♣❛r❛♠❡tr✐③❛❞❛✱ ✺✵
♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ r❡❣✉❧❛r✱ ✺✸
♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✺✼
♣❧❛♥❛✱ ✼✻
r❡❣✉❧❛r ❞❡ ♦r❞❡♠ j✱ ✺✷
tr❛ç♦ ❞❡ ✉♠❛✱ ✺✵

❝✉r✈❛t✉r❛✱ ✼✾✱ ✽✺✱ ✾✼✱ ✾✽
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✱ ✶✶✻

❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✱ ✻✽
s❡❣✉♥❞♦ ✉♠❛ ♠étr✐❝❛✱ ✻✶✱ ✻✽

❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ✸✷✱ ✸✸
tr✐❛♥❣✉❧❛r✱ ✷✾✱ ✹✵

❞❡t❡r♠✐♥❛♥t❡✱ ✼
❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦✱ ✻✺
❞✐r❡çã♦ ♣❡r♣❡♥❞✐❝✉❧❛r✱ ✸✺✱ ✸✻

❡s❢❡r❛✱ ✶✵✶
❡s♣❛ç♦

t❛♥❣❡♥t❡✱ ✶✾
✈❡t♦r✐❛❧✱ ✹✱ ✷✵

❞✐♠❡♥sã♦ ❞♦✱ ✹
✈❡t♦r✐❛❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ✹

❢ór♠✉❧❛s ❞❡ ❋r❡♥❡t✱ ✽✹✱ ✾✵✱ ✾✽✱ ✶✵✵
❢✉♥çã♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✺✺
❝✉r✈❛t✉r❛✱ ✼✾✱ ✽✺✱ ✾✼
❞✐stâ♥❝✐❛✱ ✹✵✱ ✶✶✶✱ ✶✷✵

❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❞❛✱ ✹✵
❡✉❝❧✐❞✐❛♥❛ ♦✉ ❝❛♥ô♥✐❝❛✱ ✹✶
♣♦s✐t✐✈✐❞❛❞❡ ❞❛✱ ✹✵
s✐♠❡tr✐❛ ❞❛✱ ✹✵

❞✐stâ♥❝✐❛ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛✱ ✹✵
❡♥tr❛❞❛ ❞❡ A ( ~p )✱ ✷✷
♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦✱ ✺✸
t♦rçã♦✱ ✽✾

❣❡♦❞és✐❝❛✱ ✶✷✻
●❡♦♠❡tr✐❛✱ ✸✷

◆ã♦✲❊✉❝❧✐❞✐❛♥❛ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐✱ ✷✻✱ ✶✶✶
●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱ ✺✵✱ ✻✽✱ ✽✸

❤♦♠❡♦♠♦r✜s♠♦✱ ✻✻

✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❛ ❝✉r✈❛t✉r❛✱ ✽✵
✐♥t❡r✈❛❧♦ ❛❜❡rt♦✱ ✺✷
✐s♦♠♦r✜s♠♦✱ ✶✾✱ ✷✵

❏❡❛♥ ❋ré❞ér✐❝ ❋r❡♥❡t✱ ✻✸

♠étr✐❝❛✱ ✷✶
❞❛ ●❡♦♠❡tr✐❛ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐✱ ✷✻✱ ✶✶✶
❞✐❛❣♦♥❛❧✱ ✷✽
❞✐❢❡r❡♥❝✐á✈❡❧✱ ✷✷
❡✉❝❧✐❞✐❛♥❛✱ ❝❛♥ô♥✐❝❛ ♦✉ ✉s✉❛❧✱ ✷✼

▼❛t❤❡♠❛t✐❝❛ ✻✳✵✱ ✶✵✷✱ ✶✵✸
♠❛tr✐③

❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ✺
❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ✶✽
❞✐❛❣♦♥❛❧✐③á✈❡❧✱ ✷✸
✐♥✈❡rtí✈❡❧ ♦✉ ✐♥✈❡rsí✈❡❧✱ ✷✹

✶✷✾
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♥ã♦✲s✐♥❣✉❧❛r✱ ✷✹
♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ✶✺✱ ✷✺
s✐♠étr✐❝❛✱ ✶✺✱ ✷✸
s✐♥❣✉❧❛r✱ ✽

♠❡♥♦r ♣r✐♥❝✐♣❛❧ ❞❡ ♦r❞❡♠ k✱ ✷✺
▼✉P❆❉ Pró ✹✳✵✱ ✹✾✱ ✻✵

♥♦r♠❛✱ ✷✾
❞❡ T~p (Rn)✱ ✸✷
❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❞❛✱ ✷✾
❞♦ ♠á①✐♠♦✱ ✸✸
❡✉❝❧✐❞✐❛♥❛✱ ❝❛♥ô♥✐❝❛ ♦✉ ✉s✉❛❧✱ ✸✶
♣♦s✐t✐✈✐❞❛❞❡ ❞❛✱ ✷✾

♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✱ ✷✸

♣❛rt❡ ✈❡t♦r✐❛❧✱ ✶✾
♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦✱ ✸✹✱ ✸✺
♣❧❛♥♦

❞❛ ●❡♦♠❡tr✐❛ ❞❡ ▲♦❜❛t❝❤❡✈s❦✐✱ ✷✻✱ ✶✶✶
♥♦r♠❛❧✱ ✽✼
♦s❝✉❧❛❞♦r✱ ✽✼
r❡t✐✜❝❛♥t❡✱ ✽✼
t❛♥❣❡♥t❡✱ ✻✺
t❛♥❣❡♥t❡ ❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r✱ ✻✺

♣♦♥t♦ ❞❡ ❛♣❧✐❝❛çã♦✱ ✶✾
♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ ♦r❞❡♠ j✱ ✺✷
♣♦s✐t✐✈✐❞❛❞❡✱ ✶✶✱ ✷✾✱ ✹✵
♣r✐♥❝í♣✐♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ✶✹✱ ✶✻
♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ✶✶

❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦✱ ✶✶
❡✉❝❧✐❞✐❛♥♦✱ ❝❛♥ô♥✐❝♦ ♦✉ ✉s✉❛❧✱ ✶✶✱ ✷✼
❧✐♥❡❛r✐❞❛❞❡ ❞♦✱ ✶✶
♣♦s✐t✐✈✐❞❛❞❡ ❞♦✱ ✶✶
s✐♠❡tr✐❛ ❞♦✱ ✶✶
s♦❜r❡ T~p (Rn)✱ ✷✸

♣r♦❞✉t♦ ✈❡t♦r✐❛❧✱ ✹✷
❛♥t✐❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦s ✈❡t♦r❡s✱ ✹✷
❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛♦ ❡s❝❛❧❛r✱ ✹✷
❝á❧❝✉❧♦ ❞♦✱ ✹✹
❞✐str✐❜✉t✐✈✐❞❛❞❡ ❡♠ r❡❧❛çã♦ à ❛❞✐çã♦✱ ✹✷

♣r♦❥❡çã♦✱ ✻✺✱ ✻✻
♦rt♦❣♦♥❛❧✱ ✽✵✱ ✽✼✱ ✾✵

s❡❣✉♥❞♦ ❛ ♠étr✐❝❛✱ ✸✽
♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ ✽✵✱ ✽✻✱ ✶✵✵
♣r♦♣r✐❡❞❛❞❡s

❞❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✱ ✻
❞♦ ❞❡t❡r♠✐♥❛♥t❡✱ ✼

r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t✱ ✼✽✱ ✽✹
r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ✻✺
r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♣❛r❛ ❝✉r✈❛s✱ ✺✸
r❡❧❛çã♦ ❞❡ ❡qü✐✈❛❧ê♥❝✐❛✱ ✼
r❡♣❛r❛♠❡tr✐③❛çã♦✱ ✺✸

❞❡ ♠❡s♠❛ ♦r✐❡♥t❛çã♦✱ ✺✸
❞❡ ♦r✐❡♥t❛çã♦ ❝♦♥trár✐❛✱ ✺✸

r❡♣❛r❛♠❡tr✐③❛çã♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✺✾
r❡t❛

❜✐♥♦r♠❛❧ à ❝✉r✈❛✱ ✽✼
♥♦r♠❛❧ à ❝✉r✈❛✱ ✼✾✱ ✽✼
t❛♥❣❡♥t❡ à ❝✉r✈❛✱ ✼✾✱ ✽✼

r❡t❛ ✭❡✉❝❧✐❞✐❛♥❛✮✱ ✽✸
r♦t❛çã♦✱ ✶✵✼

s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ✹
s✉❜♠❛tr✐③ ♣r✐♥❝✐♣❛❧ ❞❡ ♦r❞❡♠ k✱ ✷✺
s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r✱ ✻✺

❚❡♦r❡♠❛
❞❛ ❋✉♥çã♦ ■♥✈❡rs❛✱ ✺✾
❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧ ♥❛ ■♥t❡❣r❛❧✱ ✺✻
❞❡ P✐tá❣♦r❛s✱ ✷✾✱ ✸✶✱ ✸✺
❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s✱ ✶✵✼
❋✉♥❞❛♠❡♥t❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s✱ ✶✵✼✱ ✶✶✶

t♦rçã♦✱ ✽✾✱ ✶✵✵
tr❛♥s❧❛çã♦✱ ✶✵✼
tr✐❡❞r♦ ❞❡ ❋r❡♥❡t✱ ✽✼✱ ✶✵✵

✈❡rs♦r s❡❣✉♥❞♦ ❛ ♠étr✐❝❛✱ ✸✹
✈❡t♦r

❜✐♥♦r♠❛❧ ✉♥✐tár✐♦ à ❝✉r✈❛✱ ✽✻✱ ✽✽✱ ✾✾
♥♦r♠❛❧ ✉♥✐tár✐♦ à ❝✉r✈❛✱ ✼✻✱ ✼✼✱ ✽✸✱ ✽✺✱ ✾✽✱ ✶✵✵
t❛♥❣❡♥t❡✱ ✶✾
t❛♥❣❡♥t❡ à s✉♣❡r❢í❝✐❡✱ ✻✺
t❛♥❣❡♥t❡ ✉♥✐tár✐♦ à ❝✉r✈❛✱ ✼✻✱ ✼✼✱ ✼✾✱ ✽✺✱ ✾✼
✉♥✐tár✐♦ s❡❣✉♥❞♦ ❛ ♠étr✐❝❛✱ ✸✹

✈❡t♦r❡s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧♦s✱ ✶✾


