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❚❤❡ ❤♦♠♦❧♦❣✐❝❛❧ t②♣❡ FPs ♦❢ s✉❜❞✐r❡❝t ♣r♦❞✉❝ts ♦❢ ❧✐♠✐t ❣r♦✉♣s ✇❛s st✉❞✐❡❞ ❛❝❝♦r❞✐♥❣ t♦
❇r✐❞s♦♥✱ ❍♦✇✐❡✱ ▼✐❧❧❡r ❛♥❞ ❙❤♦rt✬s r❡s✉❧ts✳ ❚❤❡ ❧✐♠✐t ❣r♦✉♣ t❤❡♦r② ✇❛s ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❛s ❛
t♦♦❧ t❤❡ ❛❧❣❡❜r❛✐❝ ❤♦♠♦❧♦❣② ❛♥❞ ❣❡♦♠❡tr✐❝ ❣r♦✉♣ t❤❡♦r② ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❇❛ss✲❙❡rr❡ t❤❡♦r②
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✺ ●r✉♣♦s ❞❡ t✐♣♦ FPn ✽✼
✺✳✶ ❘❡s♦❧✉çõ❡s ❞❡ ❚✐♣♦ ❋✐♥✐t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✺✳✷ ❉✐♠❡♥sã♦ ❈♦❤♦♠♦❧ó❣✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻ ●r✉♣♦s ▲✐♠✐t❡s ✾✺
✻✳✶ ❉❡✜♥✐çõ❡s ❡ ❈♦♥❝❡✐t♦s Pr✐♥❝✐♣❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺
✻✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ▲✐♠✐t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
✻✳✸ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✶✸

①



❆●❘❆❉❊❈■▼❊◆❚❖❙

❆❣r❛❞❡ç♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ à ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ♣r♦❢❡ss♦r❛ ❉❡ss✐s❧❛✈❛✳ ❙❡♠♣r❡ ♣r❡s❡♥t❡
❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s ❞❡ tr❛❜❛❧❤♦✱ ❡❧❛ ♥ã♦ s♦♠❡♥t❡ ♠❡ ♦r✐❡♥t♦✉ ❡ ♠❡ ❛✉①✐❧✐♦✉ ❝♦♠ ❛s ♠✉✐✲
t❛s ❞ú✈✐❞❛s q✉❡ s✉r❣✐❛♠ ❛♦ ❧♦♥❣♦ ❞♦ ♠❡str❛❞♦❀ ♠❛s t❛♠❜é♠ ♠❡ ❛♣♦✐♦✉ ❡♥♦r♠❡♠❡♥t❡ q✉❛♥t♦
❛♦s ♠❡✉s ♣❧❛♥♦s ♣❛r❛ ♦ ❞♦✉t♦r❛❞♦✳ ➱ ❞✐❢í❝✐❧ ❡①♣r❡ss❛r ❡♠ ♣❛❧❛✈r❛s ♠✐♥❤❛ ❣r❛t✐❞ã♦✳

●♦st❛r✐❛ t❛♠❜é♠ ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s q✉❡ ❛♦ ❧♦♥❣♦ ❞❛ ✈✐❞❛ ♠❡ ✐♥s♣✐r❛r❛♠ ❝♦♠♦
♣❡ss♦❛s ❡ ♣r♦✜ss✐♦♥❛✐s✿ ❈❛r♠❡♠ ❙í❧✈✐❛✱ ❆✉❣✉st♦✱ ❈r✐st✐❛♥♦✳ ❉❡ss❛ ❢♦r♠❛✱ t❛♠❜é♠ ❛❣r❛❞❡ç♦
♥♦✈❛♠❡♥t❡ à ♣r♦❢❡ss♦r❛ ❉❡ss✐s❧❛✈❛ ❡ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❞✉r❛♥t❡ ♠✐♥❤❛ ❣r❛❞✉❛çã♦✱ ♣r♦❢❡ss♦r
❘♦❧❞ã♦✱ q✉❡♠ ♣r✐♠❡✐r♦ ♠❡ ✐♥✐❝✐♦✉ à ♣❡sq✉✐s❛ ❡ ❛❝r❡❞✐t♦✉ ❡♠ ♠✐♠ ♠✉✐t♦ ♠❛✐s ❞♦ q✉❡ ❡✉
♠❡s♠❛✳

❆❣r❛❞❡ç♦ à ❈❆P❊❙ ✭❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r✮ ❡ ❛♦
❈◆Pq ✭❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦✮✱ ❝✉❥♦ ❛♣♦✐♦ ✜♥❛♥✲
❝❡✐r♦ ♣❡r♠✐t✐✉ ❛ ❝♦♥❝r❡t✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ à ❯◆■❈❆▼P ✭❯♥✐✈❡rs✐❞❛❞❡
❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✮ ❡ ❛♦ ■▼❊❈❈ ✭■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦
❈✐❡♥tí✜❝❛✮✱ tã♦ ✐♠♣♦rt❛♥t❡s ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ♣r♦✜ss✐♦♥❛❧ ❡ ♣❡ss♦❛❧✳ ❆✐♥❞❛ ❛ ❯◆■❈❆▼P✱
❛tr❛✈és ❞♦ ❙❆❊ ✭❙❡r✈✐ç♦ ❞❡ ❆♣♦✐♦ ❛♦ ❊st✉❞❛♥t❡✮ ❡ ❞♦ P▼❊ ✭Pr♦❣r❛♠❛ ❞❡ ▼♦r❛❞✐❛ ❊st✉❞❛♥✲
t✐❧✮✱ ❢♦✐ ❛✉①í❧✐♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ ♠❡ ♠❛♥t❡r ♥❛ ✉♥✐✈❡rs✐❞❛❞❡✳ ▼✐♥❤❛ ✐♠❡♥s❛
❣r❛t✐❞ã♦✳

▼❡✉s ❡s♣❡❝✐❛✐s ❛❣r❛❞❡❝✐♠❡♥t♦s às ♠❡♥✐♥❛s q✉❡ ❝♦♥✈✐✈❡r❛♠ ❝♦♠✐❣♦ ❡ ❡st✐✈❡r❛♠ ♣r❡s❡♥t❡s
❞✉r❛♥t❡ t♦❞❛ ♦✉ ❜♦❛ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❤✐stór✐❛ ❞❡ ❣r❛❞✉çã♦ ❡ ♠❡str❛❞♦✿ ❉❛♥✐✱ P❛♠✱ ❊❧✐s❛✱
●r❛✱ ❈í ❡ ❆♥❣✐❡✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛ ❞♦✐s ❛♠✐❣♦s ❡s♣❡❝✐❛✐s✿ à ❉é✱ q✉❡ ♠❡ ❧❡♠❜r❛✈❛ ❞❡ t♦❞❛s
❛s ❞❛t❛s ✐♠♣♦rt❛♥t❡s✱ ❡ ❛♦ ❋r❛♥❝✐s✱ q✉❡ ♠❡ ❛❥✉❞♦✉ ❛ ✜♥❛❧✐③❛r ❡ss❛ ❞✐ss❡rt❛çã♦✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ às ♣❡ss♦❛s q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠ ♣r✐♠❡✐r♦ ❡ ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✿
♠✐♥❤❛ ❢❛♠í❧✐❛✳ ❙♦✉ ♠✉✐t♦ ❢❡❧✐③ ♣♦r ♣♦❞❡r ❝♦♠♣❛rt✐❧❤❛r ❝♦♠ ♠✐♥❤❛ ♠ã❡✱ ♠❡✉ ♣❛✐ ❡ ♠✐♥❤❛
✐r♠ã ❝❛❞❛ r❡❛❧✐③❛çã♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ▼✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦✳

①✐
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▲■❙❚❆ ❉❊ ❙❮▼❇❖▲❖❙

R ✲ ❛♥❡❧ ❛ss♦❝✐❛t✐✈♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡

Z ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✱ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✉s✉❛❧ ❞♦s ✐♥t❡✐r♦s✱ ♦✉ ❛♥❡❧ ✉s✉❛❧ ❞♦s
✐♥t❡✐r♦s

Q ✲ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✱ ❝♦r♣♦ ✉s✉❛❧ ❞♦s r❛❝✐♦♥❛✐s

Zn ✲ ❣r✉♣♦ ❝í❝❧✐❝♦ ✜♥✐t♦ ❞❡ ♦r❞❡♠ ♥✳

Zn ✲ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s é ♦ ❝♦♥❥✉♥t♦ ❞❡ n✲✉♣❧❛s ❞❡ ♥ú♠❡r♦s
✐♥t❡✐r♦s Zn ❡ ❛ ♦♣❡r❛çã♦ é ❛ s♦♠❛ ✉s✉❛❧ ❡♠ Zn

G = 〈X〉 ✲ s✐❣♥✐✜❝❛ q✉❡ ♦ ❣r✉♣♦ G é ❣❡r❛❞♦ ♣♦r X

〈R〉G ✲ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ R ♥♦ ❣r✉♣♦ G✱ ♦✉ s❡❥❛✱ ♠❡♥♦r s✉❜❣r✉♣♦ ♥♦r♠❛❧
❡♠ G ❣❡r❛❞♦ ♣♦r R✳

A ≤ B ✲ s✐❣♥✐✜❝❛ q✉❡ ♦ ❣r✉♣♦ A é s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦B✱ ♦✉ q✉❡ ♦ ♠ó❞✉❧♦ A é s✉❜♠ó❞✉❧♦
❞♦ ♠ó❞✉❧♦ B

|X| ✲ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ X

⊳ ✲ ❞❡♥♦t❛ s✉❜❣r✉♣♦ ♥♦r♠❛❧

∼= ✲ s✐❣♥✐✜❝❛ ✧✐s♦♠♦r❢♦ ❛✧

։ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ s♦❜r❡❥❡t✐✈❛s

 ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ ✐♥❥❡t✐✈❛s

→֒ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢✉♥çõ❡s q✉❡ sã♦ ✐♥❝❧✉sõ❡s ❡ ♠❡r❣✉❧❤♦s

↔ ✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛çõ❡s ❡♥tr❡ ❡❧❡♠❡♥t♦s

⊕ ✲ s✐❣♥✐✜❝❛ s♦♠❛ ❞✐r❡t❛
∏

✲ s✐❣♥✐✜❝❛ ♣r♦❞✉t♦ ❞✐r❡t♦

|G : H| ✲ sí♠❜♦❧♦ q✉❡ ❞❡♥♦t❛ ♦ í♥❞✐❝❡ ❞♦ s✉❜❣r✉♣♦ H ♥♦ ❣r✉♣♦ G

•⋃
✲ sí♠❜♦❧♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

①✐✐✐
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■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♣r♦❞✉t♦s s✉❜❞✐r❡t♦s
❞❡ ❣r✉♣♦s ❧✐♠✐t❡s✳ ❆ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❩✳ ❙❡❧❛ ❬✷✵❪ ❡ ✐♥❞❡♣❡♥❞❡♥✲
t❡♠❡♥t❡ ♣♦r ❑❤❛r❧❛♠♣♦✈✐❝❤ ❡ ▼②❛s♥✐❦♦✈ ❬✶✹❪✳ ❖ t❡r♠♦ ❣r✉♣♦ ❧✐♠✐t❡ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❩✳
❙❡❧❛ ❡♠ ❬✷✵❪ ❝♦♠♦ ♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ G ♣❡❧♦ ♥ú❝❧❡♦ ❞❛ ❛çã♦ ❞❡ G
s♦❜r❡ ✉♠❛ ár✈♦r❡ ❧✐♠✐t❡✳ ◆♦ ♠❡s♠♦ ❛rt✐❣♦✱ ❙❡❧❛ ♠♦str❛ q✉❡ ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ é
❣r✉♣♦ ❧✐♠✐t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡✳ ❊♠❜♦r❛ ♦✉tr♦s ❛rt✐❣♦s ❞❡✜♥❛♠ ❣r✉♣♦s
❧✐♠✐t❡s s♦❜ ❞✐❢❡r❡♥t❡s ♣❡rs♣❡❝t✐✈❛s ✭♣♦r ❡①❡♠♣❧♦✱ ❣r✉♣♦s ❧✐♠✐t❡s ❝♦♠♦ ❧✐♠✐t❡s ❞❡ ❣r✉♣♦s ❧✐✈r❡s✱
✈❡r ❬✶✶❪✮✱ ❡st❡ tr❛❜❛❧❤♦ ❞❡s❝r❡✈❡rá ❣r✉♣♦ ❧✐♠✐t❡ ❝♦♠♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ✜♥✐t♦
❞❡ ❣r✉♣♦s ❬✼❪✱ q✉❡ s❡rá ❡①✐❜✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✻✳

❆s ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s ❞❡ ♣r♦❞✉t♦s s✉❜❞✐r❡t♦s ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s ❢♦✐ ✐♥✐❝✐❛❞♦ ❡♠ ❬✻❪✳
❊♠❜♦r❛ ♦ t❡r♠♦ ❣r✉♣♦ ❧✐♠✐t❡ ♥ã♦ t❡♥❤❛ s✐❞♦ ✉s❛❞♦✱ ♦ ❛rt✐❣♦ ❬✻❪ tr❛t❛ ❞♦ ❡st✉❞♦ ❞❡ ♣r♦❞✉t♦s
s✉❜❞✐r❡t♦s ❞❡ ❣r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡✱ q✉❡ sã♦ ❣r✉♣♦s ❧✐♠✐t❡s q✉❛♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r
❞❡ss❛s s✉♣❡r❢í❝✐❡s é ♠❡♥♦r q✉❡ ✲✶✳ ❙❡❥❛ G = G1 × . . . × Gn ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s✳
❉✐③❡♠♦s q✉❡ S ≤ G é ✉♠ ♣r♦❞✉t♦ s✉❜❞✐r❡t♦ ❞❡ G s❡ ❛s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s pi : S −→ Gi✱
♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ sã♦ s♦❜r❡❥❡t✐✈❛s✳

P❛r❛ ❡♥t❡♥❞❡r t❛✐s r❡s✉❧t❛❞♦s✱ ❢♦✐ ♥❡❝❡ssár✐♦ ♦ ❡st✉❞♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛❧❣✉♠❛s t❡♦✲
r✐❛s ❝♦♠♦ ❇❛ss✲❙❡rr❡ ❡ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛✳

❖ ❝❛♣ít✉❧♦ ✶ ❞❡s❡♥✈♦❧✈❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ❣r✉♣♦s ❧✐✈r❡s✱ ♣r♦❞✉t♦s ❧✐✈r❡s✱ ♣r♦❞✉t♦s ❧✐✈r❡s
❛♠❛❧❣❛♠❛❞♦s ❡ ❡①t❡♥sõ❡s ❍◆◆✳ ◆♦ ❝❛♣ít✉❧♦ ✷✱ é ❛♣r❡s❡♥t❛❞❛ ❛ t❡♦r✐❛ ❣❡r❛❧ ❞❡ ❇❛ss✲❙❡rr❡
s♦❜r❡ ❣r✉♣♦s q✉❡ ❛❣❡♠ s♦❜r❡ ár✈♦r❡s ❡ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❣r❛❢♦s ❞❡ ❣r✉♣♦s✳ ❖ ❝♦♥t❡ú❞♦
❛♣r❡s❡♥t❛❞♦ ♥❡ss❡s ❝❛♣ít✉❧♦s s❡❣✉❡ ♦ ❧✐✈r♦ ❬✶✷❪✳

◆♦ ❝❛♣ít✉❧♦ ✸ sã♦ ❡st✉❞❛❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s ❞♦ ❝❛♣ít✉❧♦ ✜♥❛❧✳ ◆♦ ❝❛♣ít✉❧♦ ✹ é ❢❡✐t❛ ❛ ❝♦♥s✲
tr✉çã♦ ❞❡ s❡q✉ê♥❝✐❛s ❡s♣❡❝tr❛✐s✳ ❖ ❝❛♣ít✉❧♦ ✺ ✐♥tr♦❞✉③ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡
❣r✉♣♦s ❞❡ t✐♣♦ FPn✳ ❖ ❝♦♥t❡ú❞♦ ❞❡ss❡s ❝❛♣ít✉❧♦s ❢♦✐ ❜❛s❡❛❞♦ ♥♦s ❧✐✈r♦s ❬✶✾❪✱ ❬✶✵❪ ❡ ❬✺❪✳

◆❛ ♣❛rt❡ ✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛♠♦s ❛ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s s❡❣✉✐♥❞♦ ♦s ❛rt✐❣♦s
♣r✐♥❝✐♣❛✐s ❬✾❪ ❡ ❬✶✼❪✳ ❖✉tr❛s r❡❢❡rê♥❝✐❛s ❝♦♠♦ ❬✷✵❪✱ ❬✹❪✱ ❬✷✸❪✱ ❬✼❪ ❡ ❬✶✻❪ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛✳ ❆ ♠♦t✐✈❛çã♦ ❞♦ ❡st✉❞♦ ❞❡ ♣r♦❞✉t♦s s✉❜❞✐r❡t♦s ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s
✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❝❛❞❛ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ ♠❡r❣✉❧❤❛ ❡♠ ✉♠
♣r♦❞✉t♦ ❞✐r❡t♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s ❬✸❪ ❬✷✵❪ ❬✶✺❪ ✳

✶



✷



❈❛♣ít✉❧♦ ✶

❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

✶✳✶ ●r✉♣♦s ▲✐✈r❡s

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✱ X ✉♠ ❝♦♥❥✉♥t♦ ❡ i ✉♠❛ ❢✉♥çã♦ ❞❡ X ❡♠ G✳ ❉✐③❡♠♦s
q✉❡ G é ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X s❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ t♦❞♦
♣❛r (f,H)✱ ❡♠ q✉❡ H é ✉♠ ❣r✉♣♦ q✉❛❧q✉❡r ❡ f ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r ❞❡ X ❡♠ H✱ ❡①✐st❡ ✉♠
ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ H t❛❧ q✉❡ φ ◦ i = f ✱ ♦✉ s❡❥❛✱ t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é
❝♦♠✉t❛t✐✈♦✿

X
f //

i
��

H

G
φ

>>

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✳ ❙❡❥❛♠ G1 ❡ G2 ❣r✉♣♦s ❧✐✈r❡s ❝♦♠ ❜❛s❡ X ❡ i1, i2 ❛s ❢✉♥çõ❡s✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ ❞❡ X ❡♠ ●1 ❡ X ❡♠ G2✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐s♦♠♦r✜s♠♦ ϕ : G1 −→ G2 t❛❧ q✉❡
ϕ ◦ i1 = i2✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❣r✉♣♦ ❧✐✈r❡✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s ϕ : G1 −→
G2 ❡ ϕ′ : G2 −→ G1 t❛✐s q✉❡ ϕ◦i1 = i2 ❡ ϕ′◦i2 = i1✳ ❆ss✐♠✱ ϕ◦ϕ′◦i2 = i2 ❡ ϕ′◦ϕ◦i1 = i1✳ P❡❧❛
✉♥✐❝✐❞❛❞❡ ❞♦ ❤♦♠♦♠♦r✜s♠♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ❣r✉♣♦s ❧✐✈r❡s✱ t❡♠♦s q✉❡ ϕ◦ϕ′ = idG2

❡ ϕ′ ◦ ϕ = idG1 ✳ ▲♦❣♦✱ ϕ
′ = ϕ−1 ❡✱ ♣♦rt❛♥t♦✱ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✳ ❙❡ G é ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X ❡ i é ❛ ❢✉♥çã♦ ❞❡ X ❡♠ G✱ ❡♥tã♦ i é
✐♥❥❡t♦r❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ H = ZX := {❢✉♥çõ❡s ❞❡ X ❛ Z}✳ ❆s ❢✉♥çõ❡s αy : X −→ Z✱
y ∈ X✱ ❞❡✜♥✐❞❛s ♣♦r

αy(x) =

{
1 s❡ x = y
0 s❡ x 6= y

♣❡rt❡♥❝❡♠ ❛ H✳ ❚♦♠❡ f : X −→ H t❛❧ q✉❡ f(x) = αx✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡
❣r✉♣♦s ❧✐✈r❡s✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ H t❛❧ q✉❡ φ ◦ i = f ✳ ❉❛í✱ s❡ x1✱ x2 ∈ X ❡
i(x1) = i(x2)✱ ❡♥tã♦

φ ◦ i(x1) = φ ◦ i(x2) ⇒ f(x1) = f(x2) ⇒ αx1 = αx2 ⇒ x1 = x1.

P♦rt❛♥t♦✱ i é ✐♥❥❡t♦r❛✳

✸



✶✳✶✳ ●r✉♣♦s ▲✐✈r❡s

✶✳✶✳✶ ❊①✐stê♥❝✐❛ ❞❡ ●r✉♣♦s ▲✐✈r❡s

❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ❝✉❥♦s ❡❧❡♠❡♥t♦s ❝❤❛♠❛r❡♠♦s ❞❡ ❧❡tr❛s✳ ❈♦♥s✐❞❡r❡ X ♦✉tr♦ ❝♦♥❥✉♥t♦✱
❞✐s❥✉♥t♦ ❞❡ X✱ t❛❧ q✉❡ X −→ X é ✉♠❛ ❜✐❥❡çã♦ ❡ ❝❛❞❛ x ∈ X t❡♠ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ X
❞❡♥♦t❛❞♦ ♣♦r x−1✳ ❙❡ xǫ1i1 , . . . , x

ǫn
in

∈ X ∪X✱ ǫi = ±1✱ i = 1, . . . , n✱ ❞✐③❡♠♦s q✉❡ xǫ1i1 . . . x
ǫn
in

é
✉♠❛ ♣❛❧❛✈r❛✳

❉❡✜♥❛ M(X ∪ X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❝♦♠ ❧❡tr❛s ❡♠ X ∪ X✳ ❉✐③❡♠♦s
q✉❡ ✉♠❛ ♣❛❧❛✈r❛ w é r❡❞✉tí✈❡❧ s❡ ❡①✐st❡ j t❛❧ q✉❡ xǫj+1

ij+1
= x

−ǫj
ij

✳ ❙❡ w ♥ã♦ é r❡❞✉tí✈❡❧✱
❡♥tã♦ ❞✐③❡♠♦s q✉❡ w é r❡❞✉③✐❞❛✳ ❚♦❞❛ ♣❛❧❛✈r❛ r❡❞✉tí✈❡❧ ♣♦❞❡ s❡r r❡❞✉③✐❞❛✱ ❜❛st❛ t♦♠❛r
w′ = xǫ1i1 . . . x

ǫj−1

ij−1
x
ǫj+2

ij+2
. . . xin ✳ ❆ r❡❞✉çã♦ ❞❡ w ❡♠ w′ é ❝❤❛♠❛❞❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✳ ❈❛s♦

w′ ❛✐♥❞❛ ♥ã♦ s❡❥❛ r❡❞✉③✐❞❛✱ ❜❛st❛ ❛♣❧✐❝❛r ♦ ♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r ♥♦✈❛♠❡♥t❡✱ ❡ ❛ss✐♠
s✉❝❡ss✐✈❛♠❡♥t❡✳

❉❛í✱ s❡ w, v sã♦ ♣❛❧❛✈r❛s ❞❡ M(X ∪ X)✱ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ∼ ❡ ❞✐③❡♠♦s q✉❡
w ∼ v s❡✿

• w = v ♦✉

• ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛❧❛✈r❛s w1, . . . , wk t❛❧ q✉❡ w1 = w✱ wk = v ❡ wi✱ wi+1 ❞✐❢❡r❡♠
♣♦r ✉♠❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✱ i = 1, . . . , k − 1✳

❆ss✐♠✱ xx−1 ∼ ♣❛❧❛✈r❛ ✈❛③✐❛✳

➱ ❢á❝✐❧ ✈❡r q✉❡ ∼ é r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿

• u ∼ u✱ ♣♦✐s u = u❀

• s❡ u = v✱ ❡♥tã♦ v = u❀ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛❧❛✈r❛s w1, . . . , wk t❛❧ q✉❡ w1 = u ❡
wk = v ❡ wi✱ wi+1 ❞✐❢❡r❡♠ ♣♦r ✉♠❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✱ i = 1, . . . , k−1✱ ❛ ♥♦✈❛ s❡q✉ê♥❝✐❛
❞❡ ♣❛❧❛✈r❛s uj = wk−(j−1)✱ j = 1, . . . , k é t❛❧ q✉❡ ❞✉❛s ♣❛❧❛✈r❛s ❝♦♥s❡❝✉t✐✈❛s ❞✐❢❡r❡♠
♣♦r ✉♠❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r ❡ u1 = v ❡ uk = u✳ P♦rt❛♥t♦✱ s❡ u ∼ v ❡♥tã♦ v ∼ u❀

• s❡ u1, . . . , uk✱ v1, . . . , vl sã♦ ❞✉❛s s❡q✉ê♥❝✐❛s ❞❡ ♣❛❧❛✈r❛s t❛✐s q✉❡ u1 = u✱ uk = v✱
v1 = v✱ vl = w ❡ t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s ❞✐❢❡r❡♠ ♣♦r ✉♠❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✱ ❡♥tã♦
u1, . . . , uk, v2, . . . , vl é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛❧❛✈r❛s ❝✉❥♦s t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s ❞✐❢❡r❡♠
♣♦r ✉♠❛ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r❀ s❡ u = v ♦✉ v = w✱ ❛ ❞❡♠♦♥str❛çã♦ é ó❜✈✐❛✳ P♦rt❛♥t♦✱ s❡
u ∼ v ❡ v ∼ w✱ ❡♥tã♦ u ∼ w✳

❙❡ u, v, w, z sã♦ ♣❛❧❛✈r❛s ❡ u ∼ v✱ w ∼ z✱ ❡♥tã♦ uw ∼ vw ❡ vw ∼ vz✳ ▲♦❣♦✱ uw ∼ vz✳

❉❡♥♦t❛♠♦s ♣♦r F(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [w] ❞❡ ♣❛❧❛✈r❛s w
❡♠ M(X ∪X)✳ ❉❡✜♥✐♠♦s ❡♠ F(X) ♦ ♣r♦❞✉t♦ [w] · [v] = [wv] ✭wv é ❛♣❡♥❛s ❛ ❥✉st❛♣♦s✐çã♦
❞❛s ♣❛❧❛✈r❛s w ❡ v✮✳

✶✮ ♦ ♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✿ s❡ w′ ∼ w ❡ v′ ∼ v✱ ❡♥tã♦ w′v′ ∼ wv✳

✷✮ F(X) ❝♦♠ ♦ ♣r♦❞✉t♦ · é ❣r✉♣♦✿ s❡ w = xǫ1i1 . . . x
ǫn
in
✱ ✈❛♠♦s ❞❡✜♥✐r w−1 = x−ǫnin

. . . x−ǫ1i1
✳

❱❡♠♦s q✉❡ [ ] ✭❝❧❛ss❡ ❞❛ ♣❛❧❛✈r❛ ✈❛③✐❛✮ é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ F(X)✱ ♣♦✐s [ ] · [w] = [w] =
[w] · [ ]✳ ❆✐♥❞❛✱ ✈❡♠♦s q✉❡ [ww−1] = [ ] = [w−1w]✳ ❊♥tã♦✱ [w]−1 = [w−1]✳ ❇❛st❛ ♠♦str❛r
q✉❡ F(X) é ❛ss♦❝✐❛t✐✈❛✳ ▼❛s (wv)u = w(vu)✳ P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ F(X) é ❣r✉♣♦✳

✹



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

❚❡♦r❡♠❛ ✶✳✶✳✶✳ ❙❡❥❛ i : X  F(X) ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r i(x) = [x]✳ ❊♥tã♦✱ F(X) é ❣r✉♣♦
❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛H ✉♠ ❣r✉♣♦ ❡ f ✉♠❛ ❢✉♥çã♦ ❞❡X ❡♠H✳ ❖ ❤♦♠♦♠♦r✜s♠♦ φ : F(X) −→
H ❞❡✜♥✐❞♦ ♣♦r φ([x]) = f(x) é✱ ♦❜✈✐❛♠❡♥t❡✱ ♦ ú♥✐❝♦ t❛❧ q✉❡ φ ◦ i = f ✳

❚❡♦r❡♠❛ ✶✳✶✳✷ ✭❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ◆♦r♠❛❧ ♣❛r❛ ●r✉♣♦s ▲✐✈r❡s✮✳ ❚♦❞❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥✲
❝✐❛ ❞❡ F(X) ♣♦ss✉✐ ❛♣❡♥❛s ✉♠❛ ♣❛❧❛✈r❛ r❡❞✉③✐❞❛✳

❉❡♠♦♥str❛çã♦✳ ✭▼ét♦❞♦ ❞❡ ✈❛♥ ❞❡r ❲❛❡r❞❡♥✮✿ ❙❡❥❛ S ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s
r❡❞✉③✐❞❛s ❡ Perm(S) ♦ ❣r✉♣♦ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞❡ S✳ ❙❡❥❛ w = xǫ1i1 . . . x

ǫn
in

✉♠❛
♣❛❧❛✈r❛ r❡❞✉③✐❞❛✱ ǫk = ±1✳ ❉❡✜♥✐♠♦s f : X −→ Perm(S) ❝♦♠♦✿

f(x)(xǫ1i1 . . . x
ǫn
in
) =

{
xǫ2i2 . . . x

ǫn
in

s❡ xǫ1i1 = x−1

xxǫ1i1 . . . x
ǫn
in

❝❛s♦ ❝♦♥trár✐♦✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❢✉♥çã♦ f(x)−1 ❞❡✜♥✐❞❛ ♣♦r

f(x)−1(xǫ1i1 . . . x
ǫn
in
) =

{
xǫ2i2 . . . x

ǫn
in

s❡ xǫ1i1 = x
x−1xǫ1i1x

ǫ2
i2
. . . xǫnin ❝❛s♦ ❝♦♥trár✐♦

é ❛ ✐♥✈❡rs❛ ❞❡ f(x)✳ P♦rt❛♥t♦✱ f(x) ∈ Perm(S)✳
❈♦♠♦ F(X) é ❧✐✈r❡✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ : F(X) −→ Perm(S) t❛❧ q✉❡ φ([x]) =
f(x)✱ ∀x ∈ X✱ ❡ φ([w]) = f(xi1)

ǫ1 . . . f(xin)
ǫn ✳ ❉❛í✱ s❡ w ∼ w′ ❡ ❛♠❜❛s sã♦ r❡❞✉③✐❞❛s✱ ❡♥tã♦

[w] = [w′] ❡ φ([w])[ ] = φ([w′])[ ] ✐♠♣❧✐❝❛ q✉❡ w = w′✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✸✳ F(X) ∼= F(Y ) ⇔ |X| = |Y |✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ s : X −→ Y ✉♠❛ ❜✐❥❡çã♦✱ i ❛ ❢✉♥çã♦ ✐♥❥❡t♦r❛ ❞❡ X ❡♠ F(X) ❡ j ❛
❢✉♥çã♦ ✐♥❥❡t♦r❛ ❞❡ Y ❡♠ F(Y )✳ ❊♥tã♦✱ ❡①✐st❡♠ ú♥✐❝♦s ❤♦♠♦♠♦r✜s♠♦s φ : F(X) −→ F(Y )
❡ ϕ : F(Y ) −→ F(X) t❛✐s q✉❡ φ ◦ i = j ◦ s ❡ ϕ ◦ j = i ◦ s−1✳ ❉❛í✱

φ ◦ ϕ ◦ j = φ ◦ i ◦ s−1 = j ◦ s ◦ s−1 = j ❡ ϕ ◦ φ ◦ i = ϕ ◦ j ◦ s = i ◦ s−1 ◦ s = i.

▲♦❣♦✱ ϕ = φ−1✳ P♦rt❛♥t♦✱ F(X) ∼= F(Y )✳
❙❡ F(X) ∼= F(Y )✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ F(X) ❡♠ Z2 é ♦ ♠❡s♠♦ q✉❡ ♦
♥ú♠❡r♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ F(Y ) ❡♠ Z2✳ P♦rt❛♥t♦✱ s❡ X, Y sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s✱ ❡♥tã♦
2|X| = 2|Y | ⇒ |X| = |Y |✳ ❙❡ ♦s ❝♦♥❥✉♥t♦s ♥ã♦ sã♦ ✜♥✐t♦s✱ ❡♥tã♦✱ ♣❡❧♦ ❆①✐♦♠❛ ❞❛ ❊s❝♦❧❤❛✱
|M(X ∪ X)| = |X ∪ X| = |X|✳ ❙❡♥❞♦ F(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡
M(X ∪ X)✱ ❡♥tã♦ |F(X)| ≤ |X|✳ ▼❛s ❝♦♠♦ X ♠❡r❣✉❧❤❛ ❡♠ F(X)✱ ❡♥tã♦ |X| ≤ |F(X)|✳
▲♦❣♦✱ |X| = |F(X)|✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ |F(X)| = F(Y )|✱ t❡♠♦s q✉❡ |X| = |Y |✳

P♦rt❛♥t♦✱ s❡ G é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✱ t❡♠♦s q✉❡ G ∼= F(X)✳ ❉❡♥♦t❛♠♦s ♣♦st♦
❞❡ G ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ |X|✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ G é ❣r✉♣♦ ❧✐✈r❡ s❡ G é ✐s♦♠♦r❢♦ ❛ F(X) ♣❛r❛ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ X✳

✺



✶✳✷✳ ●❡r❛❞♦r❡s ❡ ❘❡❧❛çõ❡s

✶✳✶✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❞❡ ●r✉♣♦s ❧✐✈r❡s

Pr♦♣♦s✐çã♦ ✶✳✶✳✹✳ ❙❡❥❛ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❣r✉♣♦ G✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ G é ❧✐✈r❡ ❝♦♠ ❜❛s❡ X❀

✐✐✮ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡s❝r✐t♦ ❝♦♠♦ xǫ1i1 . . . x
ǫn
in
✱ ♣❛r❛ ❛❧❣✉♠ n ≥ 0✱

xik ∈ X✱ ǫk = ±1✱ ❡♠ q✉❡ ǫk+1 6= −ǫk s❡ ik+1 = ik❀

✐✐✐✮ X ❣❡r❛ G ❡ ✶ ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ xǫ1i1 . . . x
ǫn
in
✱ ❝♦♠ n > 0✱ xik ∈ X✱ ǫk = ±1✱ ❡

ǫk+1 6= −ǫk s❡ ik+1 = ik✳

❉❡♠♦♥str❛çã♦✳ ✭✐✐✮ ⇒ ✭✐✐✐✮ ✿ ó❜✈✐♦ ✭✶ r❡❢❡r❡✲s❡ ❛♦ ❡❧❡♠❡♥t♦ ❞❡ G t❛❧ q✉❡ n = 0✮✳ ✭✐✐✐✮ ⇒
✭✐✐✮ ✿ X ❣❡r❛ G ⇒ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ xǫ1i1 . . . x

ǫn
in
✱ ♣❛r❛ ❛❧❣✉♠ n ≥ 0✱

xik ∈ X✱ ǫk = ±1✱ ❡♠ q✉❡ ǫk+1 6= −ǫk s❡ ik+1 = ik✳ ❙❡ g ∈ G t❡♠ ❞✉❛s ❞❡❝♦♠♣♦s✐çõ❡s
❞✐st✐♥t❛s g = xǫ1i1 . . . x

ǫn
in

❡ g = xδ1j1 . . . x
δm
jm
✱ ❡♥tã♦ 1 = xǫ1i1 . . . x

ǫn
in
x−δmjm

. . . x−δ1j1
✱ q✉❡ é ✉♠ ♣r♦❞✉t♦

❞❡ ❡❧❡♠❡♥t♦s ❞❡ X✱ ❝♦♥tr❛❞✐çã♦✳
✭✐✮ ⇒ ✭✐✐✮ ❡ ✭✐✐✐✮ ✿ G ∼= F(X) ⇒ X ❣❡r❛ G ❡ s❡ 1 = xǫ1i1 . . . x

ǫn
in
✱ ❝✉❥♦ ♣r♦❞✉t♦ ❡stá ♥❛s ❝♦♥❞✐çõ❡s

❞❡ ✭✐✐✮✱ ❡ n > 0✱ ❡♥tã♦ [ ] = [xǫ1i1 . . . x
ǫn
in
]✳ ❈♦♠♦ ❛ ♣❛❧❛✈r❛ xǫ1i1 . . . x

ǫn
in

é r❡❞✉③✐❞❛✱ ♣❡❧♦ t❡♦r❡♠❛
✶✳✶✳✷ ❡❧❛ ❞❡✈❡ s❡r ❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛♥t❡ r❡❞✉③✐❞❛ ❞❛ ❝❧❛ss❡✱ ❝♦♥tr❛❞✐çã♦✳
✭✐✐✮ ❡ ✭✐✐✐✮ ⇒ ✭✐✮ ✿ ❛ ✐♥❝❧✉sã♦ ❞❡ X ❡♠ G ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ φ ❞❡ F(X) ❡♠ G ❞❛❞♦
♣♦r φ([x]) = x, ∀x ∈ X✳ ❈♦♠♦ X ❣❡r❛ G✱ φ é s♦❜r❡❥❡t♦r❛✳ ❙❡ g, g′ ∈ G✱ ❡♥tã♦ ♣♦❞❡♠ s❡r
❡s❝r✐t♦s ❝♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡s❝r✐t♦ ❡♠ ✭✐✐✮✳ ❙❡ g′g−1 = 1✱ ❡♥tã♦✱ ♣❡❧❛ ✭✐✐✐✮✱ g′g−1 é r❡❞✉tí✈❡❧ ❛
✶✳ ▲♦❣♦✱ [g′g−1] = [ ]✳ ❆ss✐♠✱ φ é ✐♥❥❡t♦r❛ ❡✱ ♣♦rt❛♥t♦✱ G ∼= F(X)✳

✶✳✷ ●❡r❛❞♦r❡s ❡ ❘❡❧❛çõ❡s

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❚♦❞♦ ❣r✉♣♦ G é ✐s♦♠♦r❢♦ ❛ ✉♠ q✉♦❝✐❡♥t❡ ❞❡ ❛❧❣✉♠ ❣r✉♣♦ ❧✐✈r❡✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ ✐❞❡♥t✐❞❛❞❡ id : G −→ G ❡ ♦ ♠♦♥♦♠♦r✜s♠♦ ♥❛t✉r❛❧ i : G 

F(G) ✭i(g) = [g]✱ ∀g ∈ G✮✳ ❈♦♠♦ F(G) é ❧✐✈r❡✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦s ❣r✉♣♦s ❧✐✈r❡s✱
❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭ú♥✐❝♦✮ φ : F(G) −→ G t❛❧ q✉❡✱ ∀g ∈ G✱ φ([g]) = g✳ ❱❡♠♦s q✉❡ φ
é s♦❜r❡❥❡t♦r❛✳ ▲♦❣♦✱ G ∼=

F(G)
kerφ

✳

❙❡❥❛ G ✉♠ ❣r✉♣♦✱ X ✉♠ ❝♦♥❥✉♥t♦ ❡ ϕ : F(X) ։ G ✉♠ ❡♣✐♠♦r✜s♠♦✳ ➱ ❝❧❛r♦ q✉❡
G = 〈{ϕ([x]), x ∈ X}〉✳ ❈♦♠♦ X ♠❡r❣✉❧❤❛ ❡♠ F(X) é ✐♥❥❡t✐✈❛✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ϕ(x) ❛♦
✐♥✈és ❞❡ ϕ([x])✳ ❆ss✐♠✱ G = 〈ϕ(X)〉✳ P♦rt❛♥t♦✱ ❞❡♥♦t❛r❡♠♦s X ♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r❛❞♦r❡s
❞❡ G ✭s♦❜ ϕ✮✳ ❙❡❥❛ R ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ F(X) t❛❧ q✉❡ 〈R〉F(X) = kerϕ✳ ❊♥tã♦✱ ❞❡♥♦t❛♠♦s
R ♦ ❝♦♥❥✉♥t♦ ❞❛s r❡❧❛çõ❡s ❞❡ G ✭s♦❜ ϕ✮✳ ❖ ❝♦♥❥✉♥t♦ kerϕ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡
❝♦♥s❡q✉ê♥❝✐❛s ❞❡ R✳ ❉❡ss❛ ❢♦r♠❛✱ ❞✐③❡♠♦s q✉❡ G ♣♦ss✉✐ ❛♣r❡s❡♥t❛çã♦ 〈X;R〉ϕ✳
❈♦♠♦ ✈✐♠♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✷✳✶✱ t♦❞♦ ❣r✉♣♦ t❡♠ ❛♣r❡s❡♥t❛çã♦✳
❙❡ X ❡ R sã♦ ✜♥✐t♦s✱ ❞✐③❡♠♦s q✉❡ G é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳
P❛r❛ ✐❧✉str❛r t❛✐s ❞❡✜♥✐çõ❡s✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❣r✉♣♦ Zn ❣❡r❛❞♦ ♣♦r x✳ ❙❡❥❛ ϕ : F({x}) −→ Zn
♦ ❤♦♠♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r ϕ([x]) = x✳ ❚❡♠♦s q✉❡ kerϕ =

{
[xkn], k ∈ Z

}
✳ ❚♦♠❛♥❞♦ R =

{[xn]}✱ ✈❡♠♦s q✉❡ kerϕ = 〈R〉F({x})✳ P♦rt❛♥t♦✱ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ Zn é 〈x; xn〉ϕ✳ ➱ ❝♦♠✉♠
❡s❝r❡✈❡r♠♦s t❛♠❜é♠ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ 〈x; xn = 1〉ϕ✳

✻



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

◆❡♠ s❡♠♣r❡ ϕ é ♠❡♥❝✐♦♥❛❞❛✳ ❆ss✐♠✱ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ Zn ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r 〈x; xn〉✳ ◆ã♦
❝♦♠✉♥s✱ ♠❛s t❛♠❜é♠ ♣♦ssí✈❡✐s✱ sã♦ ❛s ❛♣r❡s❡♥t❛çõ❡s ❞❡ Zn ❞❛❞❛s ♣♦r 〈x; xn−1 = x−1〉 ❡
〈x, y; xn−1 = y−1, xy = x2〉✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✳ ❙❡ G t❡♠ ❛♣r❡s❡♥t❛çã♦ 〈X; xy = yx, ∀x, y ∈ X〉✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡
G é ❣r✉♣♦ ❧✐✈r❡ ❛❜❡❧✐❛♥♦ ❝♦♠ ❜❛s❡ X✱ ❡ é ❞❡♥♦t❛❞♦ ♣♦r ZX✳ ❊♠ ZX✱ t❡♠♦s q✉❡
x+ y = y + x, ∀x, y ∈ X✳

❚❡♦r❡♠❛ ✶✳✷✳✶ ✭❚❡♦r❡♠❛ ❞❡ ✈♦♥ ❉②❝❦✮✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❝♦♠ ❛♣r❡s❡♥t❛çã♦ 〈X;R〉ϕ✱ H ✉♠
❣r✉♣♦ q✉❛❧q✉❡r✱ f : X −→ H ✉♠❛ ❢✉♥çã♦ ❡ φ : F(X) −→ H ♦ ❤♦♠♦♠♦r✜s♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡
❛♦ ❞✐❛❣r❛♠❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ F(X)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ψ : G −→
H t❛❧ q✉❡ f(x) = ψ ◦ϕ(x), ∀x ∈ X✱ s❡ R ⊆ kerφ✳ ❆❧é♠ ❞✐ss♦✱ ψ é ✉♠ ❡♣✐♠♦r✜s♠♦ s❡ f(X)
❣❡r❛ H✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ kerϕ é ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ R ❡ kerφ é ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ F(X)
❝♦♠ R ⊆ kerφ✱ ❡♥tã♦ kerϕ ⊆ kerφ✳ ❉❡✜♥❛ ψ : G −→ H ♣♦r ψ(g) = φ(y)✱ ❡♠ q✉❡ g = ϕ(y)✱
♣❛r❛ ❛❧❣✉♠ y ∈ F(X)✳ ❉❛í✱ s❡ x, y ∈ F(X) t❛✐s q✉❡ ϕ(x) = ϕ(y)✱ ❡♥tã♦ ϕ(xy−1) = 1 ⇒
xy−1 ∈ kerϕ ⊆ kerφ⇒ φ(x) = φ(y)✳

X
f //

� _

i
��

H

F(X)
φ

<<

ϕ
// // G

ψ

OO

❙❡ 〈f(X)〉 = H✱ ❡♥tã♦ ϕ(G) = H✳

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ Y ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❥✉♥t♦ ❞❡X✱ ❛ ✐♥❝❧✉sã♦X →֒ X∪Y ✱ ♦ ♠❡r❣✉❧❤♦
❞❡ X ∪Y →֒ F(X ∪Y ) ❡ ♦ ❡♣✐♠♦r✜s♠♦ ϕ2 : F(X ∪Y ) ։ 〈X ∪ Y ;R ∪ S〉ϕ2 ✱ S ⊆ F(X ∪Y )✱
✐♥❞✉③❡♠✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✷✳✶✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ψ : 〈X;R〉ϕ1 −→ 〈X ∪ Y ;R ∪ S〉ϕ2 ✳ ❆q✉✐✱
f(x) = ϕ2(x)✳ ❱❡♠s♦ q✉❡ ψ ◦ ϕ1(x) = ϕ2(x)✳

X� _

i

��

f// 〈X ∪ Y ;R ∪ S〉ϕ2

F(X) ϕ1

// //
φ

77

〈X;R〉ϕ1

ψ

OO

✶✳✸ Pr♦❞✉t♦ ▲✐✈r❡

❆ ❞❡✜♥✐çã♦ ❣❡r❛❧ ❞❡ ♣r♦❞✉t♦ ❧✐✈r❡ G é ❢❡✐t❛ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❣r✉♣♦s Gα

❡ ❤♦♠♦♠♦r✜s♠♦s iα : Gα −→ G✳ P♦ré♠✱ ❛q✉✐ ❡❧❡ s❡rá ❞❡✜♥✐❞♦ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞♦✐s
❡❧❡♠❡♥t♦s✳ ❆s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣♦s✐çõ❡s sã♦ ❢❛❝✐❧♠❡♥t❡ ❡①t❡♥sí✈❡✐s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛
q✉❛❧q✉❡r✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❙❡❥❛♠ G1✱ G2✱ G ❣r✉♣♦s ❡ i1 : G1 −→ G✱ i2 : G2 −→ G ❤♦♠♦♠♦r✜s♠♦s
q✉❡ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ q✉❛❧q✉❡r ❣r✉♣♦ H ❡ q✉❛✐sq✉❡r ❤♦♠♦✲
♠♦r✜s♠♦s f1 : G1 −→ H ❡ f2 : G2 −→ H✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ H t❛❧

✼
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q✉❡ φ ◦ i1 = f1 ❡ φ ◦ i2 = f2✳ ❊♥tã♦✱ G é ❝❤❛♠❛❞♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❞❡ G1 ❡ G2 ❡ é ❞❡♥♦t❛❞♦
♣♦r G1 ∗G2✳

G1
i1 //

f1   

G

∃!φ
��

G2i2

oo

f2~~
H

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❙❡ G ❡ H sã♦ ♣r♦❞✉t♦s ❧✐✈r❡s ❞♦s ❣r✉♣♦s G1 ❡ G2✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦
✐s♦♠♦r✜s♠♦ ϕ : G −→ H t❛❧ q✉❡ ϕ ◦ ik = jk, k = 1, 2✱ ❡♠ q✉❡ ik sã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡
Gk ❡♠ G ❡ jk ♦s ❤♦♠♦♠♦r✜s♠♦ ❞❡ Gk ❡♠ H✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ ❧✐✈r❡✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦
ϕ : G −→ H t❛❧ q✉❡ ϕ ◦ ik = jk✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ϕ′ :
H −→ G t❛❧ q✉❡ ϕ′ ◦ jk = ik✳ ❉❛í✱ ϕ′ ◦ ϕ ◦ ik = ik ❡ ϕ ◦ ϕ′ ◦ jk = jk✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦s
❤♦♠♦♠♦r✜s♠♦s ♥❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ϕ ◦ ϕ′ = idH ❡ ϕ′ ◦ ϕ = idG✳ P♦rt❛♥t♦✱ ϕ′ = ϕ−1 ❡
ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ ❙❡ G1 ∗G2 é ♣r♦❞✉t♦ ❧✐✈r❡✱ ❡♥tã♦ i1 ❡ i2 sã♦ ♠♦♥♦♠♦r✜s♠♦s✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ H = G1 ❡ f1 = idG1 ✳ ❙❡❥❛♠ a, b ∈ G1 t❛✐s q✉❡ i1(a) = i1(b)✳ ❊♥tã♦✱
φ ◦ i1(a) = φ ◦ i1(b) ⇒ id1(a) = id1(b)✱ ❡ ✱ ♣♦rt❛♥t♦✱ a = b✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♠♦str❛♠♦s
q✉❡ i2 é ✐♥❥❡t♦r❛✳

✶✳✸✳✶ ❊①✐stê♥❝✐❛ ❞❡ Pr♦❞✉t♦ ▲✐✈r❡

❚❡♦r❡♠❛ ✶✳✸✳✶✳ ❙❡❥❛♠ G1 ❡ G2 ❣r✉♣♦s✳ ❊♥tã♦✱ ❡①✐st❡ ♣r♦❞✉t♦ ❧✐✈r❡ G1 ∗G2✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛s ❛♣r❡s❡♥t❛çõ❡s ❞❡ G1 = 〈X1;R1〉
ϕ1 ❡ ❞❡ G2 = 〈X2;R2〉

ϕ2 ❡
X1 ∩X2 = ∅✳ ❚♦♠❡

G = 〈X1 ∪X2;R1 ∪R2〉
ϕ ,

❡♠ q✉❡ ϕ é ♦ ❡♣✐♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ F(X1∪X2) ❡♠
F(X1∪X2)

〈R1∪R2〉
F(X1∪X2)

✳ ❏á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡

q✉❡✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✷✳✶✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ik : Gk −→ G t❛❧ q✉❡ ik ◦ϕk = ϕ✱ k = 1, 2✳
❙❡❥❛♠ fk : Gk −→ H✱ k = 1, 2✱ ❤♦♠♦♠♦r✜s♠♦s✳
❉❡♥♦t❡♠♦s ♣♦r ψk ♦ ❤♦♠♦♠♦r✜s♠♦ fk ◦ ϕk : F(Xk) −→ H✳ ❚❡♠♦s q✉❡ ψk(Rk) = fk ◦
ϕk(Rk) = fk(1) = 1✳ ❉❛í✱ ❞❡✜♥✐♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ ψ : F(X1 ∪ X2) −→ H t❛❧ q✉❡
ψ|Xk

= ψk✳ ❈♦♠♦ ψ(R1 ∪ R2) = 1✱ t❡♠♦s q✉❡ kerϕ ⊆ kerψ✱ ❡ ❡♥tã♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r
φ : G −→ H ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ φ(g) = ψ(x)✱ ♣❛r❛ ❛❧❣✉♠ x ∈ F(X1 ∪X2) t❛❧ q✉❡ ϕ(x) = g✳
P♦rt❛♥t♦✱ φ ◦ ϕ = ψ✳ P❛r❛ t♦❞♦ x ∈ X1✱

φ ◦ i1(ϕ1(x1)) = φ ◦ ϕ(x1) = ψ(x1) = ψ1(x1) = f1(ϕ1(x1)).

❊✱ ❞♦ ❢❛t♦ ❞❡ q✉❡ ϕ1(X1) ❣❡r❛ G1✱ t❡♠♦s q✉❡ φ ◦ i1 = f1✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❝♦♥❝❧✉í♠♦s q✉❡
φ ◦ i2 = f2✳ P♦r ✜♠✱ ❝♦♠♦ ϕ(X1∪X2) ❣❡r❛ G ❡ s❡♥❞♦ ϕ(X1∪X2) = i1 ◦ϕ1(X1)∪ i2 ◦ϕ2(X2)✱
t❡♠♦s q✉❡ φ ❞❡✈❡ s❡r ú♥✐❝♦✳

❊①❡♠♣❧♦ ✶✳✸✳✶✳ ❖ ❣r✉♣♦ ❧✐✈r❡ F(X) é ♣r♦❞✉t♦ ❧✐✈r❡ ❞♦s ❣r✉♣♦s ❝í❝❧✐❝♦s ✐♥✜♥✐t♦s 〈x〉 , x ∈ X✳

✽



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

❚❡♦r❡♠❛ ✶✳✸✳✷ ✭❚❡r❡♦♠❛ ❞❛ ❋♦r♠❛ ◆♦r♠❛❧ ♣❛r❛ Pr♦❞✉t♦s ▲✐✈r❡s✮✳ ❙❡❥❛ G = G1 ∗ G2 ✉♠
♣r♦❞✉t♦ ❧✐✈r❡✳ ❊♥tã♦✱

✐✮ ik : Gk −→ G1 ∗G2 é ♠♦♥♦♠♦r✜s♠♦❀

✐✐✮ t♦♠❛♥❞♦ i1, i2 ❝♦♠♦ ✐♥❝❧✉sõ❡s✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ❡s❝r✐t♦ ✉♥✐❝❛♠❡♥t❡ ❝♦♠♦
g1 . . . gn✱ ❡♠ q✉❡ n ≥ 0✱ gi ∈ G1 ∪G2✱ gi 6= 1 ❡ gi, gi+1 ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❣r✉♣♦✱
♣❛r❛ i < n✱

k = 1, 2✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r q✉❡ ik é ♠♦♥♦♠♦r✜s♠♦✳ P♦rt❛♥t♦✱ t♦♠❛♥❞♦
ik ❝♦♠♦ ✐♥❝❧✉sã♦✱ ✈❛♠♦s r❡♣r❡s❡♥t❛r ik(gi) ❝♦♠♦ gi✱ ∀gi ∈ Gk✳ ❈♦♠♦ G1∪G2 ❣❡r❛ G✱ g ∈ G é
❡s❝r✐t♦ ❝♦♠♦ g1 . . . gn✱ ❝♦♠ n ≥ 0✱ gi ∈ G1 ∪G2 ❡ gi 6= 1✳ ❙❡✱ ♣❛r❛ ❛❧❣✉♠ i < n✱ gi, gi+1 ∈ Gk

❡ gi+1 6= g−1
i ✱ ❡♥tã♦ g ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gi−1hgi+2 . . . gn ♦♥❞❡ h = gigi+1 6= 1❀ s❡✱ ♥♦

❡♥t❛♥t♦✱ gi+1 = g−1
i ✱ ❡♥tã♦ g ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gi−1gi+2 . . . gn✳ ❆❣♦r❛✱ ✉t✐❧✐③❛♥❞♦ ♦

▼ét♦❞♦ ❞❡ ✈❛♥ ❞❡r ❲❛❡r❞❡♥✱ ♣r♦✈❛r❡♠♦s q✉❡ g✱ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♠❛♥❡✐r❛ ❞♦ ❡♥✉♥❝✐❛❞♦✱ só
♣♦❞❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❢♦r♠❛✳ ❈♦♥s✐❞❡r❡ S ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s
(g1, . . . , gn)✱ n ≥ 0✱ t❛❧ q✉❡ gi, gi+1 ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❣r✉♣♦✳ ❱❛♠♦s ❞❡✜♥✐r fk :
Gk −→ Perm(S) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱ ♣❛r❛ hk ∈ Gk − {1}✿

fk(hk)(g1, . . . , gn) =





(hk, g1, . . . , gn) s❡ g1 /∈ Gk

(hkg1, . . . , gn) s❡ g1 ∈ Gk ❡ hkg1 6= 1
(g2, . . . , gn) s❡ g1 ∈ Gk ❡ hkg1 = 1

❡ fk(1) = idS✳
❙❡❥❛ h′k ∈ Gk, h

′
khk 6= 1✳ ❊♥tã♦✱

fk(hkh
′
k)(g1, . . . , gn) =





(hkh
′
k, g1, . . . , gn) s❡ g1 /∈ Gk

(hkh
′
kg1, . . . , gn) s❡ g1 ∈ Gk ❡ hkh′kg1 6= 1

(g2, . . . , gn) s❡ g1 ∈ Gk ❡ hkh′kg1 = 1

❡

fk(hk)◦f(h
′
k)(g1, . . . , gn) =





(hkh
′
k, g1, . . . , gn) s❡ g1 /∈ Gk

(hkh
′
kg1, . . . , gn) s❡ g1 ∈ Gk✱ h′kg1 6= 1 ❡ hkh′kg1 6= 1

(g2, . . . , gn) s❡ g1 ∈ Gk ❡ h′kg1 6= 1 ♠❛s hkh′kg1 = 1
(hk, . . . , gn) s❡ g1 ∈ Gk ❡ h′kg1 = 1✱

P♦rt❛♥t♦✱ fk é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❆✐♥❞❛✱ ♣❛r❛ ❝❛❞❛ hk ∈ Gk✱ f(h
−1
k ) = f(hk)

−1✱ ♦✉ s❡❥❛✱
t♦❞♦ f(hk) t❡♠ ✐♥✈❡rs❛✳ ▲♦❣♦✱ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳
❈♦♠♦ G é ♣r♦❞✉t♦ ❧✐✈r❡✱ s❡❥❛ φ : G −→ Perm(S) ♦ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ φ ◦ ik = fk✳
❙✉♣♦♥❤❛ q✉❡ g ∈ G s❡❥❛ ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gn✱ ❝♦♠ gi ∈ G1 ∪ G2✱ gi 6= 1 ❡ gi, gi+1 ♥ã♦
♣❡rt❡♥❝❡♥t❡s ❛♦ ♠❡s♠♦ ❣r✉♣♦✱ ♣❛r❛ i < n✱ ❡ h1 . . . hm✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦♠ hj ∈ G1 ∪ G2✱
hj 6= 1 ❡ hj, hj+1 ♥ã♦ ♣❡rt❡♥❝❡♥t❡s ❛♦ ♠❡s♠♦ ❣r✉♣♦✱ ♣❛r❛ j < n✳ ❊♥tã♦✱ φ(g)( ) = fk1(g1)◦. . .◦
fkn(gn)( ) = fk1(g1) ◦ . . . ◦ fkn−1(gn−1)(gn) = (g1, . . . , gn) = (h1, . . . , hm)✱ k1, . . . kn ∈ {1, 2}✳
▲♦❣♦✱ m = n ❡ gi = hi, ∀i ≤ n✳

✾



✶✳✹✳ Pr♦❞✉t♦ ▲✐✈r❡ ❆♠❛❧❣❛♠❛❞♦

✶✳✸✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❞❡ Pr♦❞✉t♦s ▲✐✈r❡s

Pr♦♣♦s✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛♠ G1 ❡ G2 s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ G = G1 ∗G2❀

✐✐✮ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gn✱ ❡♠ q✉❡ n ≥ 0✱ gi ∈
G1 ∪G2✱ gi 6= 1 ❡ gi, gi+1 ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❣r✉♣♦✱ ♣❛r❛ i < n❀

✐✐✐✮ G é ❣❡r❛❞♦ ♣❡❧♦s s✉❜❣r✉♣♦s G1 ❡ G2 ❡ 1 ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ♦ ♣r♦❞✉t♦ g1 . . . gn
❝♦♠ n > 0✱ gi ∈ G1∪G2✱ gi 6= 1 ❡ gi, gi+1 ♥ã♦ ♣❡rt❡♥❝❡♥t❡s ❛♦ ♠❡s♠♦ ❣r✉♣♦✱ ♣❛r❛ i < n✳

❉❡♠♦♥str❛çã♦✳ ✭✐✐✮ ⇒ ✭✐✐✐✮ ✿ ó❜✈✐♦ ✭✶ é ♦ ❡❧❡♠❡♥t♦ ❞❡ G t❛❧ q✉❡ n = 0✮✳
✭✐✐✐✮ ⇒ ✭✐✐✮ ✿ G1 ❡ G2 ❣❡r❛♠ G ⇒ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gn✱ ❝♦♠
n ≥ 0✱ gi ∈ G1 ∪ G2✱ gi 6= 1 ❡ gi, gi+1 ♥ã♦ ♣❡rt❡♥❝❡♥t❡s ❛♦ ♠❡s♠♦ ❣r✉♣♦✱ ♣❛r❛ i < n✳ ❙❡
g ∈ G✱ g = g1 . . . gn ❡ g = h1 . . . hm✱ ❛♠❜♦s ❞✐❢❡r❡♥t❡s✱ ❡♥tã♦ 1 = g1 . . . gnh

−1
m . . . h−1

1 ✱ q✉❡ é
✉♠ ♣r♦❞✉t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ G1 ❡ G2✱ ❝♦♥tr❛❞✐çã♦✳
✭✐✮ ⇒ ✭✐✐✮✿ t❡♦r❡♠❛ ✶✳✸✳✷✳
✭✐✐✮ ❡ ✭✐✐✐✮ ⇒ ✭✐✮✿ s❛❜❡♠♦s q✉❡✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ ❧✐✈r❡✱ ❡①✐st❡ ✉♠ ú♥✐❝♦
❤♦♠♦♠♦r✜s♠♦ φ : G1 ∗ G2 −→ G t❛❧ q✉❡ φ|Gk

é ❛ ✐♥❝❧✉sã♦ ❞❡ Gk ❡♠ G✳ ▲♦❣♦✱ ∀g ∈ G✱ g é
❞❡s❝r✐t♦ ❝♦♠♦ ❡♠ ✭✐✐✮✱ ❡ g1 . . . gn = φ(g1 . . . gn)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ φ é ✉♠ ✐s♦♠♦r✜s♠♦✳

✶✳✹ Pr♦❞✉t♦ ▲✐✈r❡ ❆♠❛❧❣❛♠❛❞♦

✶✳✹✳✶ P✉s❤✲❖✉t

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛♠ G0, G1, G2 ❡ G ❣r✉♣♦s ❡ i1 : G0 −→ G1, i2 : G0 −→ G2, j1 : G1 −→
G, j2 : G2 −→ G ❤♦♠♦♠♦r✜s♠♦s ✳ ❉✐③❡♠♦s q✉❡ (G, j1, j2) é ♣✉s❤✲♦✉t ❞❡ (i1, i2) s❡✿

✐✮ j1 ◦ i1 = j2 ◦ i2❀

✐✐✮ ♣❛r❛ q✉❛❧q✉❡r ❣r✉♣♦ H ❡ q✉❛✐sq✉❡r ❤♦♠♦♠♦r✜s♠♦s f1 : G1 −→ H, f2 : G2 −→ H t❛✐s
q✉❡ f1 ◦ i1 = f2 ◦ i2✱ t❡♠♦s q✉❡ ∃!φ : G −→ H ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ φ ◦ j1 = f1 ❡
φ ◦ j2 = f2✳

G0
i1 //

i2
��

G1

j1
�� f1

��

G2 j2

//

f2 ,,

G
∃!φ

&&
H

▲❡♠❛ ✶✳✹✳✶✳ ❙❡ (G′, j′1, j
′
2) t❛♠❜é♠ é ♣✉s❤✲♦✉t ❞❡ (i1, i2)✱ ❡♥tã♦ G ❡ G′ sã♦ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ G ❡♠ G′ ❡ φ′ ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ G′

❡♠ G ❞❛❞♦s ♣❡❧♦ ♣✉s❤✲♦✉t✳ ❊♥tã♦✱ s❡♥❞♦ k = 1, 2✱ t❡♠♦s q✉❡ φ ◦ jk = j′k ❡ φ′ ◦ j′k = jk ⇒
φ′ ◦ φ ◦ jk = jk ❡ φ ◦ φ′ ◦ j′k = j′k✳ ▼❛s φ ◦ φ′ ❡ φ′ ◦ φ sã♦ ú♥✐❝♦s✳ ▲♦❣♦✱ φ ◦ φ′ = idG′ ❡
φ′ ◦ φ = idG✳ P♦rt❛♥t♦✱ φ′ = φ−1✳

✶✵



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

❚❡♦r❡♠❛ ✶✳✹✳✶✳ ❙❡❥❛♠ i1 : G0 −→ G1, i2 : G0 −→ G2 ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s✳ ❊♥tã♦✱ ♦
♣❛r (i1, i2) t❡♠ ♣✉s❤✲♦✉t✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡

G0 = 〈X0;R0〉
ϕ0 , G1 = 〈X1;R1〉

ϕ1 , G2 = 〈X2;R2〉
ϕ2 .

❚♦♠❡✱ ♣❛r❛ ❝❛❞❛ x0 ∈ G0✱ ♦s ❡❧❡♠❡♥t♦s αx0,1 ∈ F(X1) ❡ αx0,2 ∈ F(X2) t❛✐s q✉❡ i1(x0) =
ϕ1(αx0,1) ❡ i2(x0) = ϕ2(αx0,2)✳ P♦r ✜♠✱ ❝♦♥s✐❞❡r❡ X1 ∩X2 = ∅ ❡ t♦♠❡

G =
〈
X1 ∪X2;R1 ∪R2 ∪

{
αx0,1α

−1
x0,2

}〉ϕ

❡ j1 : G1 −→ G, j2 : G2 −→ G ♦s ❤♦♠♦♠♦r✜s♠♦s ♥❛t✉r❛✐s t❛✐s q✉❡ ϕ(xk) = jk ◦ϕk(xk), k =
1, 2✳ ❉❛í✱ ♣❛r❛ ❝❛❞❛ x0 ∈ G0✱

[j1 ◦ i1(x0)][j2 ◦ i2(x0)]
−1 = j1(ϕ1(αx0,1))j2(ϕ2(αx0,2))

−1 = 1 ⇒ j1 ◦ i1 = j2 ◦ i2.

❙❡❥❛ H ✉♠ ❣r✉♣♦ ❡ f1 : G1 −→ H ❡ f2 : G2 −→ H ❤♦♠♦♠♦r✜s♠♦s t❛✐s q✉❡ f1 ◦ i1 = f2 ◦ i2✳
❚❡♠♦s q✉❡ ♦s ❤♦♠♦♠♦r✜s♠♦s ϑ1 = f1◦ϕ1 ❡ ϑ2 = f2◦ϕ2✱ tr✐✈✐❛✐s ❡♠ R1 ❡ R2 r❡s♣❡❝t✐✈❛♠❡♥t❡✱
✐♥❞✉③❡♠ ♦ ❤♦♠♦♠♦r✜s♠♦ ϑ ❞❡ F(X1∪X2) ❡♠ H t❛❧ q✉❡ ϑ(xk) = ϑk(xk)✱ ∀xk ∈ Xk✱ k = 1, 2✳
❆✐♥❞❛✱

ϑ(αx0,1α
−1
x0,2

) = ϑ1(αx0,1)ϑ2(αx0,2)
−1 = [f1◦ϕ1(αx0,1)][f2◦ϕ2(αx0,2)]

−1 = [f1◦i1(x0)][f2◦i2(x0)]
−1 = 1.

P♦rt❛♥t♦✱ kerϕ ⊆ kerϑ✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✷✳✶✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ H
t❛❧ q✉❡✱ ♣❛r❛ k = 1, 2, φ ◦ ϕ(xk) = ϑk(xk), ∀xk ∈ Xk✳ ❉❛í✱

fk(ϕk(xk)) = ϑk(xk) = ϑ(xk) = φ ◦ ϕ(xk) = φ ◦ jk(ϕk(xk)) ⇒ φ ◦ jk = fk.

Pr♦✈❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ φ✱ ❛ ✉♥✐❝✐❞❛❞❡ ✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ j1(G1) ∪ j2(G2) ❣❡r❛ G✳ ❈♦♠♦ φ
❥á ❡stá ❞❡✜♥✐❞❛ ❡♠ j1(G1) ∪ j2(G2)✱ t❡♠♦s q✉❡ φ ❡♥❝♦♥tr❛❞❛ ❞❡✈❡ s❡r ú♥✐❝❛✳

❯♠ ❡①❡♠♣❧♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ ♣✉s❤✲♦✉t é ❞❛❞♦ ♣❡❧♦

❊①❡♠♣❧♦ ✶✳✹✳✶ ✭❚❡♦r❡♠❛ ❞❡ ✈❛♥ ❑❛♠♣❡♥✮✳ ❙❡❥❛♠ X,X1, X2 ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✱ X1, X2

♥ã♦✲✈❛③✐♦s✱ ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ ♥ã♦ ❞✐s❥✉♥t♦s ❡ ❛❜❡rt♦s ❡♠ X = X1 ∪X2 = X ❡ X1 ∩X2

t❛♠❜é♠ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❊♥tã♦✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ✉♠ ♣✉s❤✲♦✉t✱

π1(X1 ∩X2)
i1∗ //

i2∗
��

π1(X1)

j1∗
��

π1(X2) j2∗

// π1(X)

❡♠ q✉❡ i1∗ , i2∗ , j1∗ , j2∗ sã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ✐♥❞✉③✐❞♦s ♣❡❧❛s ✐♥✲
❝❧✉sõ❡s ❞♦s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳

✶✶
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❉✐③❡♠♦s q✉❡ G é ♣r♦❞✉t♦ ❧✐✈r❡ ❛♠❛❧❣❛♠❛❞♦ ❞❡ G1 ❡ G2 ❝♦♠ G0 ❛♠❛❧❣❛♠❛❞♦ s❡ i1, i2
sã♦ ♠♦♥♦♠♦r✜s♠♦s✳ ❊s❝r❡✈❡♠♦s G = G1 ∗

G0

G2✳ ❱❛♠♦s t♦♠❛r i1 ❡ i2 ❝♦♠♦ ✐♥❝❧✉sõ❡s✳

P❛r❛ ♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ r❡❝♦r❞❡♠♦s q✉❡✱ s❡♥❞♦ A,B ❣r✉♣♦s✱ B ≤ A✱ ✉♠
s✉❜❝♦♥❥✉♥t♦ C ❞❡ A é ✉♠ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ B ❡♠ A s❡ A = ∪̇

c∈C
Bc✳

❚❡♦r❡♠❛ ✶✳✹✳✷ ✭❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ◆♦r♠❛❧ ♣❛r❛ Pr♦❞✉t♦s ▲✐✈r❡s ❆♠❛❧❣❛♠❛❞♦s✮✳ ❙❡❥❛
G = G1 ∗

G0

G2✳ ❊♥tã♦✿

✐✮ j1, j2 sã♦ ♠♦♥♦♠♦r✜s♠♦s❀

✐✐✮ j1(G1) ∩ j2(G2) = j1(G0) = j2(G0)❀

✐✐✐✮ t♦♠❛♥❞♦ j1, j2 ❝♦♠♦ ✐♥❝❧✉sõ❡s✱ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ G ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡s❝r✐t♦ ❝♦♠♦
g0u1 . . . un✱ ♦♥❞❡ n ≥ 0✱ g0 ∈ G0 ❡ u1, . . . , un ✈ê♠ ❛❧t❡r♥❛❞❛♠❡♥t❡ ❞❡ S−{1} ❡ T −{1}✱
❡♠ q✉❡ S é ✉♠ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ G0 ❡♠ G1 ❡ T é ✉♠ tr❛♥s✈❡rs❛❧ à ❞✐r❡✐t❛ ❞❡ G0

❡♠ G2✱ ❡ 1 ∈ S ∩ T ✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ❣r✉♣♦ H ❡ ♠♦♥♦♠♦r✜s♠♦s f1 : G1  H, f2 :
G2  H t❛✐s q✉❡ f1 ◦ i1 = f2 ◦ i2✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♣✉s❤✲♦✉t✱ ❡①✐st❡ ✉♠ ú♥✐❝♦
❤♦♠♦♠♦r✜s♠♦ φ : G −→ H t❛❧ q✉❡ φ ◦ j1 = f1 ❡ φ ◦ j2 = f2✳ ▲♦❣♦✱ φ ◦ j1 ❡ φ ◦ j2 sã♦
♠♦♥♦♠♦r✜s♠♦s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ j1, j2 sã♦ ♠♦♥♦♠♦r✜s♠♦✳ P♦rt❛♥t♦✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r
H, f1 ❡ f2 q✉❡ s❛t✐s❢❛ç❛♠ t❛✐s ❤✐♣ót❡s❡s✳
❉❡✜♥❛ H = Perm(G0 × S × T ) ❡ f1 : G1 −→ H ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f1(g1)(g0, s, t) = (g̃0, s̃, t), ❡♠ q✉❡ g1g0s = g̃0s̃ ✭❥á q✉❡ G1 = ∪̇
s∈S
G0s✮.

❚❡♠♦s q✉❡ f1(g
−1
1 )(g̃0, s̃, t) = (g′0, s

′, t) t❛❧ q✉❡

g−1
1 g̃0s̃ = g′0s

′ ⇒ g0s = g′0s
′ ⇒ g′0 = g0 ❡ s′ = s,

♣♦✐s G1 é ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ G0s✱ s ∈ S✳ ❉❛í✱ f1(g
−1
1 )f1(g1) = f1(g1)f1(g

−1
1 ) = idG0×S×T ✳

P♦rt❛♥t♦✱ f1(g
−1
1 ) = f1(g1)

−1✱ ♣❛r❛ ❝❛❞❛ g1 ∈ G1✳ ❆ss✐♠✱ f1(g1) é ♣❡r♠✉t❛çã♦✱ ∀g1 ∈ G1✳
❆❣♦r❛✱ q✉❡r♦ ♠♦str❛r q✉❡ f1 é ❤♦♠♦♠♦r✜s♠♦✳ ❚❡♠♦s✱ ∀(g0, s, t) ∈ G0 × S × T, g1, g

′
1 ∈ G1✱

q✉❡
f1(g1)f1(g

′
1)(g0, s, t) = f1(g1)(g

′
0, s

′, t) = (g̃0, s̃, t),

❡♠ q✉❡
g′1g0s = g′0s

′ ❡ g1g
′
0s

′ = g̃0s̃, ♦✉ s❡❥❛✱ (g1g
′
1)g0s = g̃0s̃.

P♦rt❛♥t♦✱ f1(g1)f1(g′1) = f1(g1g
′
1)✱ ∀g1, g

′
1 ∈ G1✳

❈♦♥str✉í♠♦s f2 ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳ ❆ss✐♠✱ t❡♠♦s ❞♦✐s ❤♦♠♦♠♦r✜s♠♦s✳ ◗✉❡r♦ ♠♦str❛r q✉❡
f1, f2 sã♦ ✐♥❥❡t✐✈♦s✳ ❙❡ g1 ∈ kerf1✱ ❡♥tã♦

f1(g1)(g0, s, t) = (g0, s, t) ⇔ g1g0s = g0s⇔ g1 = 1.

✶✷



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ f2 é ✐♥❥❡t♦r❛✳
❋❛❧t❛ ✈❡r✐✜❝❛r q✉❡ f1|G0 = f2|G0 ✳ ▼❛s ∀g0 ∈ G0, ∀(g

′
0, s, t) ∈ G0 × S × T ✱

f1(g0)(g
′
0, s, t) = (g0g

′
0, s, t) ❡ f2(g0)(g

′
0, s, t) = (g0g

′
0, s, t),

♣♦✐s g0g′0 ∈ G0✳

✐✐✐✮ ❚♦♠❛♥❞♦ j1, j2 ❝♦♠♦ ✐♥❝❧✉sõ❡s✱ t❡♠♦s q✉❡ G1 ∪ G2 ❣❡r❛ G✳ ▲♦❣♦✱ ∀g ∈ G, g =
g1 . . . gn, gi ∈ G1 ∪ G2, i = 1, . . . , n✳ ❙❡ n = 1✱ ❡♥tã♦ g = g0s✱ ♦✉ g = g0t ♦✉ g = g0✱
g0 ∈ G0, s ∈ S − {1} , t ∈ T − {1}✳
❙❡❥❛ n > 1✳ P♦r ✐♥❞✉çã♦✱ s✉♣♦♥❤❛ q✉❡ g2 . . . gn = g0u1 . . . um✱ ❝♦♠ u1, . . . , um ❛❧t❡r♥❛❞❛♠❡♥t❡
❞❡ S−{1} ❡ T −{1}✱ m > 0✳ ❙❡ g1 ∈ G0✱ g1g0 ∈ G0✱ ❡♥tã♦ g é ❡s❝r✐t♦ ❝♦♠♦ ❡♠ ✭✐✐✐✮✳ ❙✉♣♦♥❤❛
g1 ∈ G1 −G0✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s✿

• s❡ u1 ∈ S✱ ❡♥tã♦✱ g1g0u1 ∈ G1 ⇒ g1g0u1 = g′0s, g
′
0 ∈ G0, s ∈ S − {1}❀ ♣♦rt❛♥t♦✱

g = g′0su2 . . . um ❝♦♠♦ ❡♠ ✭✐✐✐✮

• s❡ u1 ∈ T ✱ ❡♥tã♦✱ g1g0 ∈ G1 − G0 ⇒ g1g0 = g′0s, g
′
0 ∈ G0, s ∈ S − {1}❀ ♣♦rt❛♥t♦✱

g = g′0su1u2 . . . um ❝♦♠♦ ❡♠ ✭✐✐✐✮✳

❖ ❝❛s♦ ❡♠ q✉❡ g1 ∈ G2 −G0 é ❛♥á❧♦❣♦✳
❙✉♣♦♥❤❛✱ ♣♦r ✜♠✱ m = 0✳ ❙❡ g1 ∈ G0✱ ♥❛❞❛ ♠❛✐s ❛ ♣r♦✈❛r✳ ❙❡ g1 ∈ G1 −G0✱ ❡♥tã♦

g1g0 ∈ G1 −G0 ⇒ g1g0 = g′0s, g
′
0 ∈ G0, s ∈ S − {1} .

❆♥á❧♦❣♦ ♣❛r❛ g1 ∈ G2✳
❋❛❧t❛ ❛❣♦r❛ ♠♦str❛r ❛ ✉♥✐❝✐❞❛❞❡✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛r❡♠♦s ♦ ▼ét♦❞♦ ❞❡ ✈❛♥ ❞❡r ❲❛❡r❞❡♥✳
❙❡❥❛ W ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s (g0, u1, . . . , un)✱ ❝♦♠ g0 ∈ G0, n ≥ 0 ❡ u1, . . . , un
❛❧t❡r♥❛❞❛♠❡♥t❡ ❞❡ S−{1} ❡ T −{1} ❡ ❞❡✜♥❛ f1 : G1 −→ Perm(W ) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♣❛r❛
❝❛❞❛ g1 ∈ G1 ❡ (g0, u1, . . . , un) ∈ W

f1(g1)(g0, u1, . . . , un) =





(g′0, s, u1, . . . , un) s❡ u1 ∈ T, g1g0 = g′0s, g
′
0 ∈ G0, s ∈ S − {1}

(g′0, u1, . . . , un) s❡ u1 ∈ T, g1g0 = g′0 ∈ G0

(g′0, s, u2, . . . , un) s❡ u1 ∈ S, g1g0u1 = g′0s, g
′
0 ∈ G0, s ∈ S − {1}

(g′0, u2, . . . , un) s❡ u1 ∈ S, g1g0u1 = g′0 ∈ G0

❉❛í✱ ❛♣❧✐❝❛♥❞♦ f1(g
−1
1 ) ❡♠ f1(g1)(g0, u1, . . . , un)✱





f1(g
−1
1 )(g′0, s, u1, . . . , un) = (g0, u1, . . . , un), ♣♦✐s g−1

1 g′0s = g0 ∈ G0

f1(g
−1
1 )(g′0, u1, . . . , un) = (g0, u1, . . . , un), ♣♦✐s u1 ∈ T, g−1

1 g′0 = g0 ∈ G0

f1(g
−1
1 )(g′0, s, u2, . . . , un) = (g0, u1, . . . , un), ♣♦✐s g−1

1 g′0s = g0u1, g
′
0 ∈ G0, u1 ∈ S − {1}

f1(g
−1
1 )(g′0, u2, . . . , un) = (g0, u1, . . . , un), ♣♦✐s u2 ∈ T, g−1

1 g′0 = g0u1, g0 ∈ G0, u1 ∈ S − {1}

❆♣❧✐❝❛♥❞♦ f1(g1) ❡♠ f1(g
−1
1 )(g0, u1, . . . , un) ♦❜t❡♠♦s ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ✭❜❛st❛ t♦♠❛r g1 =

((g−1
1 )−1✮✳ P♦rt❛♥t♦✱ f1(g1) t❡♠ ✐♥✈❡rs❛ f1(g

−1
1 ) ⇒ f1(g1) é ♣❡r♠✉t❛çã♦✱ ∀g1 ∈ G1✳

❱❛♠♦s ❛❣♦r❛ ♠♦str❛r q✉❡ f1 é ❤♦♠♦♠♦r✜s♠♦✿ s❡❥❛♠ g, g1 ∈ G1✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ f1(g) ❡♠

✶✸
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f1(g1)✱




f1(g)(g
′
0, s, u1, . . . , un) = (g′′0 , u1, . . . , un) s❡ gg′0s = gg1g0 = g′′0 ∈ G0

f1(g)(g
′
0, s, u1, . . . , un) = (g′′0 , s

′, u1, . . . , un) s❡ gg′0s = gg1g0 = g′′0s
′, g′′0 ∈ G0, s

′ ∈ S − {1}
f1(g)(g

′
0, u1, . . . , un) = (g′′0 , u1, . . . , un), s❡ gg′0 = gg1g0 = g′′0 ∈ G0

f1(g)(g
′
0, u1, . . . , un) = (g′′0 , s

′, u1, . . . , un), s❡ gg′0 = gg1g0 = g′′0s
′, g′′0 ∈ G0, s

′ ∈ S − {1}
f1(g)(g

′
0, s, u2, . . . , un) = (g′′0 , u2, . . . , un), s❡ gg′0s = gg1g0u1 = g′′0 ∈ G0

f1(g)(g
′
0, s, u2, . . . , un) = (g′′0 , s

′, u2, . . . , un), s❡ gg′0s = gg1g0u1 = g′′0s
′, g′′0 ∈ G0, s

′ ∈ S − {1}
f1(g)(g

′
0, u2, . . . , un) = (g′′0 , s

′, u2, . . . , un), s❡ gg′0 = gg1g0u1 = g′′0s
′, g′′0 ∈ G0, s

′ ∈ S − {1}
f1(g)(g

′
0, u2, . . . , un) = (g′′0 , u2, . . . , un), s❡ gg′0 = gg1g0u1 = g′′0 ∈ G0

❡




f1(gg1)(g0, u1, . . . , un) = (g′′0 , u1, . . . , un) s❡ u1 ∈ T, gg1g0 = g′′0 ∈ G0

f1(gg1)(g0, u1, . . . , un) = (g′′0 , s
′, u1, . . . , un) s❡ u1 ∈ T, gg1g0 = g′′0s

′, g′′0 ∈ G0, s
′ ∈ S − {1}

f1(gg1)(g0, u1, . . . , un) = (g′′0 , u2, . . . , un), s❡ u1 ∈ S, gg1g0u1 = g′′0 ∈ G0

f1(gg1)(g0, u1, . . . , un) = (g′′0 , s
′, u2, . . . , un), s❡ u1 ∈ S, gg1g0u1 = g′′0s

′, g′′0 ∈ G0, s
′ ∈ S − {1}

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s f2 : G2 −→ Perm(W )✳
❙❡❥❛ g ∈ G0✳ ❊♥tã♦✱

f1(g)(g0, u1, . . . , un) = (gg0, u1, . . . , un) = f2(g)(g0, u1, . . . , un).

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠ ✭ú♥✐❝♦✮ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ Perm(W ) t❛❧ q✉❡ φ|G1 = f1 ❡ φ|G2 =
f2✳ ❉❛í✱ s❡❥❛♠ g0u1 . . . un ❡ g′0u

′
1 . . . u

′
m ❞✉❛s ❢♦r♠❛s ♥♦r♠❛✐s ❞❡ g ∈ G✳ ❊♥tã♦✱

φ(g)(1) = φ(g0)φ(u1) . . . φ(un)(1) = φ(g0)φ(u1) . . . φ(un−1)(1, un) = (g0, u1, . . . , un) =

= φ(g′0)φ(u
′
1) . . . φ(u

′
m)(1) = (g′0, u

′
1, . . . , u

′
m) ⇒ g0 = g′0, m = n ❡ ui = u′i, i = 1, . . . , n.

✐✐✮ j1(G0) = j2(G0) ⊆ j1(G1) ∩ j2(G2)✳ ❙❡❥❛✱ ❡♥tã♦✱ g ∈ j1(G1) ∩ j2(G2)✳ ❚❡♠♦s q✉❡

g = j1(g0s) = j2(g
′
0t), g0, g

′
0 ∈ G0, s ∈ S, t ∈ T.

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❢♦r♠❛ ♥♦r♠❛❧✱ s = t = 1 ❡ g = j1(g0) = j2(g
′
0) ∈ j1(G0) = j2(G0)✳ ❙❡ j1, j2

sã♦ ✐♥❝❧✉sõ❡s✱ ❡♥tã♦ G1 ∩G2 = G0✳

❯♠❛ ♦✉tr❛ ❢♦r♠❛ ❞❡ s❡ ♣❡♥s❛r ♦s ❡❧❡♠❡♥t♦s ❞❡G✱ s❡♠ ❢❛③❡r ✉s♦ ❞♦s ❝♦♥❥✉♥t♦s tr❛♥s✈❡rs❛✐s✱
é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✶✳✹✳✸ ✭❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ❘❡❞✉③✐❞❛ ♣❛r❛ Pr♦❞✉t♦s ▲✐✈r❡s ❆♠❛❧❣❛♠❛❞♦s✮✳ ❙❡❥❛
G = G1 ∗

G0

G2 ❡ ❝♦♥s✐❞❡r❡ j1, j2 ✐♥❝❧✉sõ❡s✳ ❊♥tã♦✿

✐✮ q✉❛❧q✉❡r g ∈ G − G0 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ g1 . . . gn✱ ❝♦♠ n ≥ 1 ❡ g1, . . . , gn ❛❧t❡r♥❛❞❛✲
♠❡♥t❡ ❞❡ G1 −G0 ❡ G2 −G0 ✭❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ g✮❀

✐✐✮ s❡ g t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ h1 . . . hm ❝♦♠ h1, . . . , hm ❛❧t❡r♥❛❞❛♠❡♥t❡ ❞❡ G1−G0 ❡
G2−G0✱ ❡♥tã♦m = n ❡ h1G0 = g1G0✱ G0hn = G0gn ❡ G0hiG0 = G0giG0, i = 2, . . . , n−1❀

✶✹



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

✐✐✐✮ s❡ n > 1✱ ❡♥tã♦ g /∈ G1 ∪G2❀

✐✈✮ s❡ g1, . . . , gn sã♦ ❛❧t❡r♥❛❞❛♠❡♥t❡ ❞❡ G1 −G0 ❡ G2 −G0✱ ❡♥tã♦ g1 . . . gn /∈ G0✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❙❛❜❡♠♦s q✉❡ g ❛ss✉♠❡ ❢♦r♠❛ ♥♦r♠❛❧ g0u1 . . . un✳ ❙❡ n = 0✱ g ∈ G0✱ ❝♦♥✲
tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ n ≥ 1✳ ❙❡ u1 ∈ S✱ ❡♥tã♦ g0u1 ∈ G1 − G0✱ ❡ u2 ∈ T − {1} ⊆ G2 − G0✳
P♦rt❛♥t♦✱ t♦♠❛♥❞♦ g1 = g0u1, g2 = u2, . . . , gn = un✱ g é ❡s❝r✐t♦ ❛❧t❡r♥❛❞❛♠❡♥t❡ ❝♦♠ t❡r♠♦s
❞❡ G1 −G0 ❡ G2 −G0✳ ❙❡ u1 ∈ T ✱ ❛♥á❧♦❣♦✳

✐✐✮ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ g✳ ❙❡ m = 1✱ ❡♥tã♦
g = h1 ∈ G1 −G0✳ ❆ss✐♠✱ g = g0u1, g0 ∈ G0, u1 ∈ S − {1}✳
❙❡❥❛ g = h1 . . . hm✱ m > 1✱ ✉♠ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ g✳ ❚❡♠♦s q✉❡ h2 . . . hm t❡♠ ❢♦r♠❛ ♥♦r♠❛❧
g0u2 . . . uk✳ P♦r ✐♥❞✉çã♦✱ m = k✱ h2G0 = g0u2G0, G0hk = G0uk ❡ G0hiG0 = G0uiG0, i =
3, . . . , k − 1✳
❙✉♣♦♥❤❛ h1 ∈ G1 − G0 ✭♦ ❝❛s♦ h1 ∈ G2 − G0 é ❛♥á❧♦❣♦✮✳ ❊♥tã♦✱ h2 ∈ G2 − G0 ⇒ g0u2 ∈
G2−G0✳ P♦rt❛♥t♦✱ hi, ui ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ G1−G0 ♦✉ G2−G0 ♣❛r❛ i ≥ 3✳ ❈♦♠♦
h1g0 ∈ G1−G0✱ t♦♠❡ h1g0 = g′0u1, g

′
0 ∈ G0, u1 ∈ S−{1}✳ ❊♥tã♦✱ g′0u1u2 . . . um é ❢♦r♠❛ ♥♦r✲

♠❛❧ ❞❡ g✳ P♦rt❛♥t♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ g é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❢♦r♠❛ ♥♦r♠❛❧
❞❡ g✱ q✉❡ é ú♥✐❝♦✳ ❆✐♥❞❛✱ h1G0 = h1g0G0 = g′0u1G0✱ G0hiG0 = G0uiG0, i = 3, . . . , k − 1✱ ❡
G0hk = G0uk✳

✐✐✐✮ ❙❡ g ∈ G1 ∪ G2✱ ❡♥tã♦ g = g0 ∈ G0✱ ♦✉ g = g0s, g0 ∈ G0, s ∈ S − {1}✱ ♦✉
g = g0t, go ∈ G0, t ∈ T − {1}✳ ❊♠ q✉❛❧q✉❡r ❝❛s♦✱ n ≤ 1✳

✐✈✮ ❙✉♣♦♥❤❛ g = g1 . . . gn ∈ G0✱ n ≥ 1✱ ✉♠ ♣r♦❞✉t♦ ❛❧t❡r♥❛❞♦✱ ❡ g1 ∈ G1 − G0✳ ❚♦♠❡
g′ ∈ G2 −G0✳ ❊♥tã♦✱ g′g ∈ G2 −G0✳ ❆ss✐♠✱ g′g t❡♠ ❢♦r♠❛ r❡❞✉③✐❞❛ g′g1 . . . gn✱ ❝♦♥tr❛❞✐çã♦
✭♣❡❧❛ ✭✐✐✐✮✮✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛♠ G1, G2 s✉❜❣r✉♣♦s ❞❡ ✉♠ ❣r✉♣♦ G ❡ G0 = G1 ∩ G2✳ ❊♥tã♦✱ G =
G1 ∗

G0

G2 s❡ ❡ s♦♠❡♥t❡ s❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ G−G0 ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ g1 . . . gn✱

❝♦♠ gi ❛❧t❡r♥❛❞❛♠❡♥t❡ ❞❡ G1 −G0 ❡ G2 −G0✱ ❡ ♥❡♥❤✉♠ ❞❡ss❡s ♣r♦❞✉t♦s é ✶✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ P❡❧♦ t❡♦r❡♠❛ ✶✳✹✳✸✳
✭⇐✮ ❙❡❥❛♠ f1, f2 ❛s ✐♥❝❧✉sõ❡s ❞❡ G1 ❡♠ G ❡ G2 ❡♠ G✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠
✭ú♥✐❝♦✮ ❤♦♠♦♠♦r✜s♠♦ φ ❞❡ G1 ∗

G0

G2 ❡♠ G t❛❧ q✉❡ φ|G1 = f1 ❡ φ|G2 = f2✳ ❙❡ g /∈ G0✱

♣❡❧♦ t❡♦r❡♠❛ ✶✳✹✳✸✱ g = g1 . . . gn ♣r♦❞✉t♦ ❛❧t❡r♥❛❞♦ ⇒ φ(g) = φ(g1) . . . φ(gn) = g1 . . . gn✳
❙❡ g ∈ kerφ✱ ❡♥tã♦ g = 1✳ P♦rt❛♥t♦✱ φ é ✐♥❥❡t✐✈❛✳ ❆✐♥❞❛✱ s❡ g ∈ G0 ❡♥tã♦ φ(g) = g ❡ s❡
g ∈ G✱ ♣♦r ❤✐♣ót❡s❡ g é ♦ ♣r♦❞✉t♦ ❛❧t❡r♥❛❞♦ g1 . . . gn = φ(g)✳ P♦rt❛♥t♦✱ φ é s♦❜r❡❥❡t✐✈❛✳ ▲♦❣♦✱
G = G1 ∗

G0

G2✳

✶✳✺ ❊①t❡♥sõ❡s ❍◆◆

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❙❡❥❛♠ G ❡ A ❣r✉♣♦s✱ i0, i1 ♠♦♥♦♠♦r✜s♠♦s ❞❡ A ❡♠ G ❡ P ✉♠ ❣r✉♣♦
❝í❝❧✐❝♦ ✐♥✜♥✐t♦ ❣❡r❛❞♦ ♣♦r p✳ ❙❡❥❛ N = 〈{p−1i0(a)pi1(a)

−1, a ∈ A}〉
G∗P ✳ ❊♥tã♦✱ H = (G ∗

P )/N é ❝❤❛♠❛❞❛ ❡①t❡♥sã♦ ❍◆◆ ❞❡ ❣r✉♣♦ ❜❛s❡ ● ❝♦♠ ❧❡tr❛ ❡stá✈❡❧ t ❡ s✉❜❣r✉♣♦s
❛ss♦❝✐❛❞♦s i0(A) ❡ i1(A)✳

✶✺



✶✳✺✳ ❊①t❡♥sõ❡s ❍◆◆

❖ t❡r♠♦ HNN ✈❡♠ ❞❡ ❍✐❣❤♠❛♥✱ ◆❡✉♠❛♥♥ ❡ ◆❡✉♠❛♥♥✱ q✉❡ ❡st✉❞❛r❛♠✱ ❡♠ ✶✾✹✾✱ ❡ss❛
❝♦♥str✉çã♦ ❛ ♣❛rt✐r ❞❡ s✉❜❣r✉♣♦s ❞❡ ❝❡rt♦s ♣r♦❞✉t♦s ❧✐✈r❡s ❛♠❛❧❣❛♠❛❞♦s✳

P❡♥s❛♥❞♦ ❡♠ A ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱ i0 ✉♠❛ ✐♥❝❧✉sã♦ ❡ B = i1(A)✱ t❡♠♦s q✉❡
ϕ : A −→ B✱ ❞❛❞♦ ♣♦r ϕ(a) = i1(a)✱ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❉❡✜♥✐♠♦s✱ ❡♥tã♦✱ ❛ ❡①t❡♥✲
sã♦ ❍◆◆ H = (G ∗ P )/ 〈{p−1apϕ(a)−1}〉

G∗P ✳ ❙❡ G = 〈X|R〉✱ ❡♥tã♦ H t❡♠ ❛♣r❡s❡♥t❛çã♦
〈X, p | R, p−1ap = ϕ(a), a ∈ A〉 ♦✉✱ ❛✐♥❞❛✱ 〈X, p|R, p−1Ap = B〉✳ ❆ ❡①t❡♥sã♦ HNN H
t❡♠ ♥♦t❛çã♦ HNN(G,A, p, ϕ)✳

❉❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ s❡❥❛♠ Aα ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s ❞❡ G ❡ i0,α, i1,α ♠♦♥♦♠♦r✜s♠♦s
❞❡Aα ❡♠G✱ P ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ {pα} ❡N = 〈{p−1

α i0,α(a)pαi1,α(a)
−1; ∀α, ∀a ∈ Aα}〉

G∗P ✳
❉❡✜♥✐♠♦s H = (G∗P )/N ❛ ❡①t❡♥sã♦ ❍◆◆ ❞❡ ❣r✉♣♦ ❜❛s❡ G ❝♦♠ ❧❡tr❛s ❡stá✈❡✐s {pα} ❡ ♣❛r❡s
❛ss♦❝✐❛❞♦s ❞❡ s✉❜❣r✉♣♦s i0,α(Aα) ❡ i1,α(Aα)✳

❊①❡♠♣❧♦ ✶✳✺✳✶✳ ✶✮ ❖ ❣r✉♣♦ ❧✐✈r❡ F(X) é ❛ ❡①t❡♥sã♦ ❍◆◆ ❞♦ ❣r✉♣♦ tr✐✈✐❛❧ ❝♦♠ ❧❡tr❛s ❡stá✈❡✐s
x ∈ X✳

❊①❡♠♣❧♦ ✶✳✺✳✷✳ ✷✮ ❙❡❥❛♠ G = Z ∼= A = 〈a〉 , B = 2Z ∼= 〈a2〉 ❡ ϕ : A −→ B ♦ ✐s♦✲
♠♦r✜s♠♦ ❞❛❞♦ ♣♦r ϕ(a) = a2✳ ❊♥tã♦✱ ❛ ❡①t❡♥sã♦ ❍◆◆ ❞❡ ❣r✉♣♦ ❜❛s❡ A ❝♦♠ ❧❡tr❛ ❡stá✲
✈❡❧ t ❡ s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s A ❡ B t❡♠ ❛♣r❡s❡♥t❛çã♦ H = 〈a, p | p−1anp = a2n〉 , n ∈ Z✳
❈♦♠♦ p−1anp = (p−1ap)n✱ t❡♠♦s q✉❡ H = 〈a, p | p−1ap = a2〉✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❣r✉♣♦ ❞❡
❇❛✉♠s❧❛❣✲❙♦❧✐t❛r BS(1, 2)✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ❝♦♥s✐❞❡r❡ H = HNN(G,A, p, ϕ)✱ j : G −→ H

♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ❞❛ ✐♥❝❧✉sã♦ ❞❡ G ❡♠ G ∗ P ❡ N = 〈{p−1apϕ(a)−1, a ∈ A}〉
G∗P ✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✶ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧ ❞❡ ❊①t❡♥sõ❡s ❍◆◆✮✳ ❙❡❥❛ θ ✉♠ ❤♦♠♦♠♦r✜s♠♦
❞❡ G ❡♠ K✱ ❡♠ q✉❡ K é ✉♠ ❣r✉♣♦ t❛❧ q✉❡ ❡①✐st❡ k ∈ K ❝♦♠ k−1θ(a)k = θ(ϕ(a)), ∀a ∈ A✳
❊♥tã♦✱ ∃!φ : H −→ K ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ φ ◦ j = θ ❡ φ(p) = k✳

G
θ //

j
��

K

H
∃!φ

>>

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛

G � � //

θ ##

G ∗ P P? _oo

f{{
K

❡♠ q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ P ❡♠ K ❞❛❞♦ ♣♦r f(p) = k✳ ❊♥tã♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡
✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ ❧✐✈r❡✱ ∃!φ′ : G ∗ P −→ K ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ φ′|G = θ ❡ φ′(p) = k✳
❆✐♥❞❛✱

φ′(p−1apϕ(a)−1) = φ′(p)−1φ′(a)φ′(p)φ′(ϕ(a))−1 = k−1θ(a)kθ(ϕ(a))−1 = 1, ∀a ∈ A.

P♦rt❛♥t♦✱ φ′ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : H −→ K t❛❧ q✉❡ φ ◦ j(g) = φ′(g), ∀g ∈ G ❡
φ(pN) = φ′(p) = k✳ ❈♦♠♦ H é ❣❡r❛❞♦ ♣♦r j(G) ❡ pN ✱ φ ❞❡✈❡ s❡r ú♥✐❝♦✳

✶✻



❈❛♣ít✉❧♦ ✶✳ ❚❡♦r✐❛ ❈♦♠❜✐♥❛t♦r✐❛❧ ❞❡ ●r✉♣♦s

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ K = P ❡ θ : G −→ P é tr✐✈✐❛❧✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : H −→ P
t❛❧ q✉❡ φ|〈pN〉 é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ 〈pN〉 ❡♠ P ✳ P♦rt❛♥t♦✱ ✈❛♠♦s ❡♥①❡r❣❛r P ❝♦♠♦ ✉♠❛
✐♥❝❧✉sã♦ ❡♠ H✳

❚❡♦r❡♠❛ ✶✳✺✳✶ ✭❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ◆♦r♠❛❧ ♣❛r❛ ❊①t❡♥sõ❡s ❍◆◆✮✳ ❙❡❥❛ H = HNN(G,A, p, ϕ)✱
j : G −→ H ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦ G →֒ G∗P ❡ S, T tr❛♥s✈❡rs❛✐s à ❞✐r❡✐t❛
❞❡ A ❡ B ❡♠ G r❡s♣❡❝t✐✈❛♠❡♥t❡✱ 1 ∈ S ∩ T ✳ ❊♥tã♦✱

✐✮ j é ♠♦♥♦♠♦r✜s♠♦❀

✐✐✮ t♦♠❛♥❞♦ j ❝♦♠♦ ✐♥❝❧✉sã♦✱ t♦❞♦ h ∈ H ♣♦❞❡ s❡r ✉♥✐❝❛♠❡♥t❡ ❡s❝r✐t♦ ❝♦♠♦ g0pǫ1g1pǫ1 . . . pǫngn✱
❡♠ q✉❡ n ≥ 0, ǫi = ±1, g0 ∈ G ❡✱ ♣❛r❛ i ≥ 1, gi ∈ S s❡ ǫi = −1, gi ∈ T s❡ ǫi = 1 ❡✱ s❡
ǫi = −ǫi+1✱ ❡♥tã♦ gi 6= 1✳ ❉✐③❡♠♦s q✉❡ g0pǫ1g1pǫ1 . . . pǫngn é ❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ h✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❯t✐❧✐③❛r❡♠♦s ♦ ▼ét♦❞♦ ❞❡ ✈❛♥ ❞❡r ❲❛❡r❞❡♥✳ ❙❡❥❛W ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s
s❡q✉ê♥❝✐❛s (g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) t❛✐s q✉❡ n ≥ 0, g0 ∈ G, ǫi = ±1, gi ∈ S s❡ ǫi = −1, gi ∈ T
s❡ ǫi = 1 ❡✱ s❡ ǫi = −ǫi+1✱ ❡♥tã♦ gi 6= 1✳ ❉❡✜♥❛ θ : G −→ Perm(W ) ♣♦r

θ(g)(g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) = (gg0, ǫ1, g1, ǫ2, . . . , ǫn, gn).

➱ ❢á❝✐❧ ✈❡r q✉❡ θ é ♠♦♥♦♠♦r✜s♠♦ ❡ θ(g−1) = θ(g)−1✳
❙❡❥❛ k : W −→ W ❞❛❞♦ ♣♦r

k(g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) =

{
(a, 1, t, ǫ1, g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t 6= 1 ♦✉ s❡ ǫ1 6= −1
(ag1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t = 1

❡♠ q✉❡ g0 = bt, b ∈ B, t ∈ T ❡ a = ϕ−1(b)✳ ✭❆ss✐♠✱ k(g0) = (a, 1, t)✮✳

❉❡✜♥❛

k−1(g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) =

{
(b,−1, s, ǫ1, g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = 1 ❡ s 6= 1 ♦✉ s❡ ǫ1 6= 1
(bg1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = 1 ❡ s = 1

❡♠ q✉❡ g0 = as, a ∈ A, s ∈ S ❡ b = ϕ(a)✳
➱ s✐♠♣❧❡s ✈❡r✐✜❝❛r q✉❡ kk−1 = k−1k = idW ✳ P♦rt❛♥t♦✱ k ∈ Perm(W )✳
❱❡♠♦s q✉❡ ∀a ∈ A✱

θ(a)k(g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) =

{
(aa′, 1, t, ǫ1, g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t 6= 1 ♦✉ s❡ ǫ1 6= −1
(aa′g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t = 1

❡♠ q✉❡ g0 = bt, b ∈ B, t ∈ T ❡ a′ = ϕ−1(b)✳ ❉❛í✱ kθ(ϕ(a))(g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) =

k(ϕ(a)g0, ǫ1, g1, ǫ2, . . . , ǫn, gn) =

{
(aa′, 1, t, ǫ1, g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t 6= 1 ♦✉ s❡ ǫ1 6= −1
(aa′g1, ǫ2, . . . , ǫn, gn) s❡ ǫ1 = −1 ❡ t = 1,

♣♦✐s ϕ(a)g0 = ϕ(a)bt ❡ ϕ−1(ϕ(a)b) = aϕ−1(b) = aa′✳ P♦rt❛♥t♦✱ θ(a)k = kθ(ϕ(a))✳
P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❛ ❡①t❡♥sã♦ ❍◆◆✱ ∃! φ : H −→ Perm(W ) t❛❧ q✉❡ φ ◦ j = θ ❡
φ(p) = k✳ ❈♦♠♦ θ é ✐♥❥❡t♦r❛✱ j é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳
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✐✐✮ ❙❡❥❛ h ∈ H✳ ❊♥tã♦✱ h = g′0p
δ1g′1p

δ2 . . . pδmg′m, g
′
i ∈ G, δi = ±1✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s

q✉❡ h t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠✳ P♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♣❛❧❛✈r❛✱ g′1p
δ2 . . . pδmg′m t❡♠

❢♦r♠❛ ♥♦r♠❛❧✱ s✉♣♦♥❤❛ g′′0p
µ1g′′1p

µ2 . . . pµrg′′r ✳ P♦rt❛♥t♦✱ h = g′0p
δ1g′′0p

µ1g′′1p
µ2 . . . pµrg′′r ✳ ❙❡ ❡ss❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ h ♥ã♦ é ♥♦r♠❛❧✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✶♦✮ g′′0 = 1 ❡ δ1 = −µ1✳ ❊♥tã♦✱ pδ1pµ1 = 1✳ P♦rt❛♥t♦✱ h t❡♠ ❢♦r♠❛ ♥♦r♠❛❧ (g′0g
′′
1)p

µ2g′′2p
µrg′′r ✳

✷♦✮ δ1 = 1 ❡ g′′0 /∈ T ✳ ❊♥tã♦✱ g′′0 = bt, b ∈ B, t ∈ T ⇒ pg′′0 = pbt = ϕ−1(b)pt = apt✳
P♦rt❛♥t♦✱ h t❡♠ ❢♦r♠❛ ♥♦r♠❛❧ (g′0a)ptp

µ1g′′1 . . . p
µrg′′r ✳

✸♦✮ δ1 = −1 ❡ g′′0 /∈ S é ❛♥á❧♦❣♦ ❛♦ ✷♦ ❝❛s♦✳

❙❡ h t❡♠ ❢♦r♠❛s ♥♦r♠❛✐s g0pǫ1g1 . . . pǫngn ❡ h0pδ1h1 . . . pδmhm✱ ❡♥tã♦ φ(g0pǫ1g1 . . . pǫngn)(1) =
φ(h0p

δ1h1 . . . p
δmhm)(1)✳ ▼❛s

φ(pǫn)φ(gn)(1) = kǫn(gn) =

{
(1, 1, gn) s❡ ǫn = 1
(1,−1, gn) s❡ ǫn = −1.

P♦r ✐♥❞✉çã♦✱ é ❢á❝✐❧ ♠♦str❛r q✉❡ φ(g0pǫ1g1 . . . pǫngn)(1) = (g0, ǫ1, g1, . . . , ǫn, gn)✳ P♦rt❛♥t♦✱
m = n, g0 = h0, ǫi = δi ❡ gi = hi ♣❛r❛ i ≥ 1✳

❆ss✐♠ ❝♦♠♦ ❡♠ ♣r♦❞✉t♦ ❧✐✈r❡ ❛♠❛❧❣❛♠❛❞♦✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ❡❧❡♠❡♥t♦s ❞❡ H s❡♠ ✉s❛r
♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❥✉♥t♦ tr❛♥s✈❡rs❛❧✳

❚❡♦r❡♠❛ ✶✳✺✳✷ ✭❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ❘❡❞✉③✐❞❛ ♦✉ ▲❡♠❛ ❞❡ ❇r✐tt♦♥✮✳ ❙❡❥❛ H = HNN(G,A, p, ϕ)✳
❊♥tã♦✿

✐✮ t♦❞♦ h ∈ H ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ g0pǫ1g1 . . . pǫngn✱ ❡♠ q✉❡ n ≥ 0, ǫi = ±1, gi ∈ G ❡
h ♥ã♦ ♣♦ss✉✐ s✉❜♣❛❧❛✈r❛ p−1ap, a ∈ A✱ ♦✉ pbp−1, b ∈ B✳ ❉✐③❡♠♦s q✉❡ ❡ss❛ é ❛ ❢♦r♠❛
r❡❞✉③✐❞❛ ❞❡ h✳

✐✐✮ s❡ h t❡♠ ♦✉tr❛ ❢♦r♠❛ r❡❞✉③✐❞❛ h0p
δ1h1 . . . p

δmhm✱ ❡♥tã♦ m = n ❡ ǫi = δi ♣❛r❛ ❝❛❞❛
i = 1, . . . , n✳ ❆❧é♠ ❞✐ss♦✱ s❡ ǫ1 = 1✱ ❡♥tã♦ h0A = g0A✳ ❙❡ ǫ1 = −1✱ ❡♥tã♦ h0B = g0B✳

✐✐✐✮ ❙❡ h t❡♠ ❢♦r♠❛ r❡❞✉③✐❞❛ ❡ n > 0✱ ❡♥tã♦ h /∈ G✳

✐✈✮ ❙❡ h = g0p
ǫ1g1 . . . p

ǫngn ∈ G✱ ❝♦♠ n > 0, gi ∈ G, ǫi = ±1✱ ❡♥tã♦ h t❡♠ s✉❜♣❛❧❛✈r❛
p−1ap, a ∈ A ♦✉ pbp−1, b ∈ B✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ h ♥ã♦ s❡❥❛ ✉♠❛ ❢♦r♠❛ r❡❞✉③✐❞❛✳ ❊♥tã♦✱
❡①✐st❡ ✉♠❛ s✉❜♣❛❧❛✈r❛ ❡♠ h ❞❛ ❢♦r♠❛ p−1ap, a ∈ A ♦✉ pbp−1, b ∈ B✳ ❙✉♣♦♥❤❛ p−1ap✳ ❊♥tã♦✱
a ∈ S ⇒ a = 1✱ ♣♦✐s A ∩ S = 1✱ ❝♦♥tr❛❞✐çã♦✳ ❙❡ ❛ s✉❜♣❛❧❛✈r❛ é pbp−1✱ ❡♥tã♦ b ∈ T ⇒ b = 1✱
❝♦♥tr❛❞✐çã♦✳

✐✐✮ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ h ∈ H✳ ❙❡ h t❡♠
❝♦♠♣r✐♠❡♥t♦ ✵✱ ❡♥tã♦ h = h0 ∈ G é ❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ h✳
❙✉♣♦♥❤❛ h = g0p

ǫ1g1 . . . p
ǫngn ✉♠❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❞❡ h✱ n > 0✳ ❊♥tã♦✱ pǫ2g2 . . . pǫngn ❡stá

♥❛ ❢♦r♠❛ r❡❞✉③✐❞❛ ❡ ♣♦ss✉✐ ❢♦r♠❛ ♥♦r♠❛❧ g′0p
δ2g′2 . . . p

δmg′m✳ P♦r ✐♥❞✉çã♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛
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❢♦r♠❛ r❡❞✉③✐❞❛✱ m = n✱ ǫi = δi ♣❛r❛ ❝❛❞❛ i = 2, . . . , n ❡✱ s❡ ǫ2 = 1✱ ❡♥tã♦ g′0 ∈ A❀ ♠❛s s❡
ǫ2 = −1✱ ❡♥tã♦ g′0 ∈ B✳ ❉❛í✱

h = g0p
ǫ1g1p

ǫ2g2 . . . p
ǫngn = g0p

ǫ1g1g
′
0p
ǫ2g′2 . . . p

ǫng′n.

❈♦♥s✐❞❡r❡♠♦s ǫ1 = 1 ✭❖ ❝❛s♦ ǫ1 = −1 é ❛♥á❧♦❣♦✮✳ ❊♥tã♦✱ pg1g′0 = pbt = apt, b ∈ B, t ∈
T, a = ϕ−1(b)✳ ❉❛í✱ s❡ t 6= 1✱ (g0a)ptpǫ2g′2 . . . p

ǫng′n é ❢♦r♠❛ ♥♦r♠❛❧ ❞❡ h✱ ❡ g0aA = g0A✳
❙❡ t = 1 ❡ ǫ2 = −1✱ ❤ t❡♠ ❢♦r♠❛ r❡❞✉③✐❞❛ g0pg1p−1 . . . pǫngn✳ ▼❛s g′0 ∈ B ⇒ g1 ∈ B✱ ♣♦✐s
g1g

′
0 = b✳ ❊♥tã♦✱ pg1p−1 é s✉❜♣❛❧❛✈r❛ ❞❡ h✱ ❝♦♥tr❛❞✐çã♦✳

✐✐✐✮ ❙❡ h = g0p
ǫ1g1p

ǫ2g2 . . . p
ǫngn ∈ G é ❞❛ ❢♦r♠❛ r❡❞✉③✐❞❛✱ n > 0✱ ❡♥tã♦ h = g′0 ∈ G

t❛♠❜é♠ é ❢♦r♠❛ r❡❞✉③✐❞❛✱ ❡ h t❡♠ ❝♦♠♣r✐♠❡♥t♦ ✵✳ P❡❧❛ ✭✐✐✮✱ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ h ❞❡✈❡
❝♦♥t❡r ♣❛❧❛✈r❛ ❞❛ ❢♦r♠❛ p−1ap, a ∈ A ♦✉ pbp−1, b ∈ B✳ ▲♦❣♦✱ ✭✐✈✮ ❡stá ♣r♦✈❛❞❛✳

✶✾



✶✳✺✳ ❊①t❡♥sõ❡s ❍◆◆

✷✵



❈❛♣ít✉❧♦ ✷

❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

✷✳✶ ●r❛❢♦s

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❙❡❥❛ Γ ✉♠❛ ❡str✉t✉r❛ ❝♦♠♣♦st❛ ♣♦r ❞♦✐s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ V (Γ) ❡ E(Γ)✱
❡ ❞✉❛s ❢✉♥çõ❡s✱ σ : E(Γ) −→ V (Γ) ❡ ∗ : E(Γ) −→ E(Γ)✱ t❛✐s q✉❡ e 6= e ❡ e = e✱ ∀e ∈ E(Γ)✳
❉✐③❡♠♦s q✉❡ Γ é ✉♠ ❣r❛❢♦✳ ❈❤❛♠❛♠♦s E(Γ) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❞❡ Γ ❡ V (Γ) ♦ ❝♦♥❥✉♥t♦
❞❡ ✈ért✐❝❡s ❞❡ Γ✳ P♦❞❡♠♦s ❞❡✜♥✐r ♦✉tr❛ ❢✉♥çã♦ τ : E(Γ) −→ V (Γ) ❞❛❞❛ ♣♦r τ(e) = σ(e)✳
❉❡♥♦♠✐♥❛♠♦s σ(e) ♦ ❝♦♠❡ç♦ ❞❡ e✱ τ(e) ♦ ✜♠ ❞❡ e ❡ e ♦ ✐♥✈❡rs♦ ❞❡ e✳ ❙❡ σ(e) = τ(e)✱
❞✐③❡♠♦s q✉❡ e é ✉♠ ❧❛ç♦✳

❘❡♣r❡s❡♥t❛r❡♠♦s V (Γ) ♣♦r V ❡ E(Γ) ♣♦r E✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❯♠ ❝❛♠✐♥❤♦ ❡♠ Γ é ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ❛r❡st❛s e1 . . . en t❛❧ q✉❡
τ(ei) = σ(ei+1), i = 1, . . . , n − 1✳ ❊ss❡ ❝❛♠✐♥❤♦ t❡♠ ❝♦♠♣r✐♠❡♥t♦ n✱ ❝♦♠❡ç❛ ❡♠ σ(e1) ❡
t❡r♠✐♥❛ ❡♠ τ(en)✳ ❉✐③❡♠♦s q✉❡ ♦ ❝❛♠✐♥❤♦ é✿

• ✉♠ ✈ért✐❝❡ s❡ n = 0❀

• s✐♠♣❧❡s s❡ σ(e1), σ(e2), . . . , σ(en−1), τ(en) sã♦ t♦❞♦s ♦s ❞✐st✐♥t♦s✳

• r❡❞✉③✐❞♦ s❡ ♣❛r❛ t♦❞♦ i = 1, . . . , n− 1 t❡♠♦s q✉❡ ei+1 6= ei❀

• ❢❡❝❤❛❞♦ s❡ τ(en) = σ(e1)❀

❙❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❧✐❣❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦✱ ❡❧❡s ♣♦❞❡♠ s❡r ❧✐❣❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦
r❡❞✉③✐❞♦✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ v, w ❞♦✐s ✈ért✐❝❡s ❞❡ Γ ❡ e1, . . . , en ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❝♦♠❡ç❛ ❡♠
v ❡ t❡r♠✐♥❛ ❡♠ w✳ ❙❡ n > 2✱ s✉♣♦♥❤❛ ei+1 = ei ♣❛r❛ ❛❧❣✉♠ i✳ ❊♥tã♦✱ e1 . . . ei−1ei+2 . . . en
é ✉♠ ❝❛♠✐♥❤♦ ❞❡ v ❛ w✱ ♣♦✐s τ(ei−1) = σ(ei) = τ(ei) = τ(ei+1) = σ(ei+2)✳ ❊ss❡ ♣r♦❝❡ss♦ é
❝❤❛♠❛❞♦ ❞❡ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✳ ❉❛í✱ s❡ ❡①✐st❡ j ♥♦ ♥♦✈♦ ❝❛♠✐♥❤♦ t❛❧ q✉❡ ej+1 = ej✱ ❜❛st❛
r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ❡❧❡♠❡♥t❛r ♥♦✈❛♠❡♥t❡✳ ❈♦♠♦ ❡❧❡ é ✜♥✐t♦✱ ❝❤❡❣❛r❡♠♦s ❡♠ ✉♠
❝❛♠✐♥❤♦ r❡❞✉③✐❞♦✳
❙❡ n = 2 ❡ e2 = e1✱ ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ é ♦ ✈ért✐❝❡ σ(e1) = v✱ ❝❤❛♠❛❞♦ ❞❡ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦
❢❡❝❤❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✵✳
❙❡ e é ✉♠ ❧❛ç♦✱ ❞✐③❡♠♦s q✉❡ e é r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✶✳

✷✶



✷✳✶✳ ●r❛❢♦s

❉❡✜♥✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛♠ f ✱ g r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❝❛♠✐♥❤♦s e1 . . . en ❡ e′1 . . . e
′
m t❛✐s q✉❡

τ(en) = σ(e′1)✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ f ·g ❝♦♠♦ ♦ ❝❛♠✐♥❤♦ e1 . . . ene′1 . . . e
′
m✱ ❡ f ·τ(en) =

f ✱ σ(e1) · f = f ✳ ❈❤❛♠❛♠♦s ❞❡ f = en . . . e1 ❛ ✐♥✈❡rs❛ ❞❡ f ✳

❱❛♠♦s ❞❡♥♦t❛r f · g ♣♦r fg✳

❉❡✜♥✐çã♦ ✷✳✶✳✹✳ ❙❡ Γ1 é ✉♠❛ ❡str✉t✉r❛ ❝♦♠♣♦st❛ ♣♦r V1 ⊆ V ❡ E1 ⊆ E t❛✐s q✉❡ e ∈ E1 ❡
σ(e) ∈ V1✱ ∀e ∈ E1✱ ❡♥tã♦ Γ1 é ✉♠ s✉❜❣r❛❢♦ ❞❡ Γ✳ ❆✐♥❞❛✱ τ(e) = σ(e) ∈ V1, ∀e ∈ E1✳

❆ ✉♥✐ã♦ ❡ ❛ ✐♥t❡rs❡rçã♦ ❛r❜✐trár✐❛ ❞❡ s✉❜❣r❛❢♦s ❞❡ Γ é t❛♠❜é♠ ✉♠ s✉❜❣r❛❢♦ ❞❡ Γ✳

❉❡✜♥✐çã♦ ✷✳✶✳✺✳ ❯♠ ❣r❛❢♦ Γ é ❝♦♥❡①♦ s❡ ❞❛❞♦s q✉❛✐sq✉❡r ❞♦✐s ✈ért✐❝❡s ❞❡ Γ ❡①✐st❡ ✉♠
❝❛♠✐♥❤♦ ❡♠ Γ q✉❡ ♦s ❧✐❣❛✳

❙❡❥❛ {Γi}i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❣r❛❢♦s ❝♦♥❡①♦s t❛❧ q✉❡
⋂
i∈I

Γi 6= ∅✳ ❚♦♠❡ v0 ∈
⋂
i∈I

Γi✳ ❉❛❞♦s

q✉❛✐sq✉❡r ❞♦✐s ✈ért✐❝❡s v, w ❡♠
⋃
i∈I

Γi✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ f ❞❡ v ❛ v0 ❡ ♦✉tr♦ ❝❛♠✐♥❤♦ g ❞❡

w ❛ v0✳ ❉❛í✱ fg é ✉♠ ❝❛♠✐♥❤♦ ❡♠
⋃
i∈I

Γi ❞❡ v ❛ w✳ P♦rt❛♥t♦✱
⋃
i∈I

Γi é ❝♦♥❡①♦✳

▲❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❞❡ V t❛❧ q✉❡✱ ∀e ∈ E✱
s❡ σ(e) ∈ S✱ ❡♥tã♦ τ(e) ∈ S✳ ❊♥tã♦✱ S = V ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ∈ V ✱ w ∈ S ❡ e1 . . . en ✉♠ ❝❛♠✐♥❤♦ ❡♠ Γ t❛❧ q✉❡ σ(e1) = w ❡ τ(en) = v✳
P♦r ❤✐♣ót❡s❡✱ τ(e1) = σ(e2) ∈ S✳ ▲♦❣♦✱ ♣♦r ✐♥❞✉çã♦✱ τ(en) = v ∈ S✳ ❈♦♠♦ v é ❛r❜✐trár✐♦✱
t❡♠♦s q✉❡ V = S✳

❉❡✜♥✐çã♦ ✷✳✶✳✻✳ ❯♠❛ ✢♦r❡st❛ é ✉♠ ❣r❛❢♦ q✉❡ ♥ã♦ ♣♦ss✉✐ ❝❛♠✐♥❤♦s r❡❞✉③✐❞♦s ❢❡❝❤❛❞♦s ❞❡
❝♦♠♣r✐♠❡♥t♦ n > 0✳ ❯♠❛ ár✈♦r❡ é ✉♠❛ ✢♦r❡st❛ ❝♦♥❡①❛✳

❊♠❜♦r❛ ✢♦r❡st❛ s❡❥❛ ✉♠ ❝♦♥❝❡✐t♦ ♠❛✐s ❣❡r❛❧✱ ár✈♦r❡ é ♦ ❛ss✉♥t♦ ❞❡ ✐♥t❡r❡ss❡ ♣❛r❛ r❡s✉❧✲
t❛❞♦s ❛ s❡r❡♠ ❛♣r❡s❡♥t❛❞♦s ♣♦st❡r✐♦r♠❡♥t❡✳

✷✳✶✳✶ ➪r✈♦r❡s ▼❛①✐♠❛✐s

▲❡♠❛ ✷✳✶✳✷✳ ❯♠ ❣r❛❢♦ ❝♦♥❡①♦ Γ é ✉♠❛ ár✈♦r❡ s❡ ❡ s♦♠❡♥t❡ s❡ q✉❛✐sq✉❡r ❞♦✐s ✈ért✐❝❡s v ❡
w ❞❡ Γ ♣♦❞❡♠ s❡r ❧✐❣❛❞♦s ♣♦r ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ ❙❡❥❛♠ v ❡ w ❞♦✐s ✈ért✐❝❡s ❞❡ Γ✳ ❈♦♠♦ Γ é ❝♦♥❡①♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦
r❡❞✉③✐❞♦ f = f1 . . . fn ❞❡ v ❛ w✳ ❙✉♣♦♥❤❛ g = g1 . . . gm ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❞✐st✐♥t♦ ❞❡ f ❞❡
v ❛ w✳ ❊♥tã♦✱ fg é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ v✳ ❆♣❧✐❝❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ r❡❞✉çã♦ ❞❡ ❝❛♠✐♥❤♦s
❡♠ fg✱ ❝❤❡❣❛♠♦s ♥✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ h ❡♠ v ❞❡ ❝♦♠♣r✐♠❡♥t♦ n > 0✳ ❉❡ ❢❛t♦✱ s❡
h é ✉♠ ✈ért✐❝❡✱ ❡♥tã♦ m = n ❡ fi = gi ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ ❝♦♥tr❛❞✐çã♦✳ ▼❛s Γ é ár✈♦r❡✳
P♦rt❛♥t♦✱ f é ú♥✐❝♦✳
✭⇐✮ ❙✉♣♦♥❤❛ v ✈ért✐❝❡ ❞❡ Γ t❛❧ q✉❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ e1 . . . en ❡♠ v ❞❡
❝♦♠♣r✐♠❡♥t♦ n > 0✳ ❙❡❥❛ w = τ(e1)✳ ❊♥tã♦✱ e1 ❡ e2, . . . , en sã♦ ❝❛♠✐♥❤♦s r❡❞✉③✐❞♦s ❞✐st✐♥t♦s
❞❡ w ❛ v✱ ❝♦♥tr❛❞✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦✳ ❉✐③❡♠♦s q✉❡ T é ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ s❡ T é ár✈♦r❡
❡ Γ1 ♥ã♦ é ár✈♦r❡✱ ∀Γ1 s✉❜❣r❛❢♦ ❞❡ Γ t❛❧ q✉❡ Γ1 ⊃ T ✳

✷✷



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✳ ❚♦❞♦ ❣r❛❢♦ Γ ❝♦♥té♠ ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ár✈♦r❡s ❞❡ Γ t❛❧ q✉❡ Ti ⊆ Tj
♦✉ Tj ⊆ Ti ♣❛r❛ t♦❞♦ Ti, Tj ∈ Ω✳ ❊♥tã♦✱ T =

⋃
Ti∈Ω

Ti é ár✈♦r❡✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ f ✉♠

❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n > 0 ❡♠ T ✳ ❊♥tã♦✱ f ❡stá ❡♠ Ti ♣❛r❛ ❛❧❣✉♠ i✱
❝♦♥tr❛❞✐çã♦✳ P♦r ✜♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❩♦r♥✱ ❡①✐st❡ ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ T ✉♠❛ ár✈♦r❡ ❞❡ Γ✳ ❊♥tã♦✱ T é ár✈♦r❡ ♠❛①✐♠❛❧
❞❡ Γ s❡ ❡ s♦♠❡♥t❡ s❡ V (T ) = V (Γ)✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ ❙✉♣♦♥❤❛ V (T ) 6= V (Γ)✳ ❊♥tã♦✱ ❡①✐st❡ e ∈ E(Γ) t❛❧ q✉❡ σ(e) /∈ V (T )
♠❛s τ(e) ∈ V (T )✳ ❉❛í✱ T ∪ {σ(e), e, e} é ár✈♦r❡✱ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s T é ♠❛①✐♠❛❧✳
✭⇐✮ ❙❡❥❛ Γ1 ✉♠ s✉❜❣r❛❢♦ ❞❡ Γ t❛❧ q✉❡ Γ1 ⊃ T ✳ ❈♦♠♦ V (T ) = V (Γ)✱ ❞❡✈❡ ❡①✐st✐r e ∈
E(Γ1) − E(T )✳ ❉❛í✱ Γ1 ❝♦♥té♠ ❞♦✐s ❝❛♠✐♥❤♦s r❡❞✉③✐❞♦s ❞❡ σ(e) ❛ τ(e)✿ e ❡ ♦ ❝❛♠✐♥❤♦
r❡❞✉③✐❞♦ ❡♠ T ✳ P♦rt❛♥t♦✱ Γ1 ♥ã♦ é ár✈♦r❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ✜♥✐t♦ ❝♦♠ n ✈ért✐❝❡s ❡ m ♣❛r❡s ❞❡ ❛r❡st❛s✳ ❊♥tã♦✱
Γ é ✉♠❛ ár✈♦r❡ s❡ ❡ s♦♠❡♥t❡ s❡ n = m+ 1✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ ❙❡ n = 1✱ ❡♥tã♦ m = 0✳ ❙❡❥❛ Γ ✉♠❛ ár✈♦r❡ ✜♥✐t❛ ❝♦♠ n ✈ért✐❝❡s ❡ m
♣❛r❡s ❞❡ ❛r❡st❛s✳ ❙❡ Γ1 é ✉♠❛ s✉❜ár✈♦r❡ ❞❡ Γ ❝♦♠ n − 1 ✈ért✐❝❡s✱ ❡♥tã♦✱ ♣♦r ✐♥❞✉çã♦✱ Γ1

t❡♠ n − 2 ❛r❡st❛s✳ ❙❡❥❛ v ∈ V (Γ) − V (Γ1)✳ ❊♥tã♦✱ v = σ(e) ♣❛r❛ ❛❧❣✉♠ e ∈ E(Γ) − E(Γ1)✳
❙✉♣♦♥❤❛ q✉❡ Γ ♣♦ss✉✐ m ❛r❡st❛s✱ m > n − 1✳ ❊♥tã♦✱ ❡①✐st❡ e1 ∈ E(Γ) − E(Γ1)✱ e1 6= e✱ t❛❧
q✉❡ σ(e1) = σ(e)✳ ❙❡❥❛ f ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❞❡ τ(e) ❛ τ(e1) ❡♠ Γ1✳ ❊♥tã♦✱ f ❡ ee1 sã♦
❞♦✐s ❝❛♠✐♥❤♦s ❞✐st✐♥t♦s r❡❞✉③✐❞♦s ❞❡ τ(e) ❛ τ(e1)✳ ❆ss✐♠✱ Γ ♥ã♦ é ár✈♦r❡✱ ❝♦♥tr❛❞✐çã♦✳ ❈♦♠♦
m > n− 2✱ ❡♥tã♦ m = n− 1✳ P♦rt❛♥t♦✱ n = m+ 1✳
✭⇐✮ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ✳ ❊♥tã♦✱ V (T ) = V (Γ)✳ P♦rt❛♥t♦✱ T ♣♦ss✉✐ n ✈ért✐❝❡s✳
P❡❧♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ♣r♦✈❛r✱ T ♣♦ss✉✐ n − 1 ❛r❡st❛s✳ ▼❛s Γ ♣♦ss✉✐ n − 1 ❛r❡st❛s✳ ❈♦♠♦
T ⊆ Γ✱ ❡♥tã♦ T = Γ✳

❙❡❥❛ I ✉♠ ❝♦♥❥✉♥t♦ ❡ {Ti}i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜ár✈♦r❡s ❞❡ ✉♠ ❣r❛❢♦ Γ t❛❧ q✉❡ Ti∩Tj = ∅
♣❛r❛ i 6= j✳ ❆✐♥❞❛✱ ❝♦♥s✐❞❡r❡ q✉❡ t♦❞♦ ✈ért✐❝❡ ❞❡ V ❡stá ❡♠

⋃
i∈I

Ti✳ ❉❡s❡❥❛♠♦s ❝♦♥str✉✐r ✉♠

❣r❛❢♦ ∆ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• V (∆) = I❀

• E(∆) =

{
e ∈ E | e /∈

⋃
i∈I

Ti

}
✳ ❙❡ e ∈ E(∆)✱ ❡♥tã♦ e ∈ E(∆)✳

❉❛í✱ s❡ e ∈ E(∆)✱ σ(e) = i t❛❧ q✉❡✱ ♣❛r❛ q✉❛♥❞♦ e ∈ E✱ σ(e) ∈ Ti✳ ❆♥á❧♦❣♦ ♣❛r❛ τ :
E(∆) −→ V (∆)✳
❉✐③❡♠♦s q✉❡ ∆ é ✉♠ ❣r❛❢♦ ♦❜t✐❞♦ ❞❡ Γ ♣❡❧❛ ❝♦♥tr❛çã♦ ❞❡ ár✈♦r❡s {Ti}i∈I ❞❡ Γ✳

▲❡♠❛ ✷✳✶✳✸✳ ✐✮ ∆ é ❝♦♥❡①♦ ⇔ Γ é ❝♦♥❡①♦✳

✐✐✮ ∆ é ár✈♦r❡ ⇔ Γ é ár✈♦r❡✳

✷✸



✷✳✶✳ ●r❛❢♦s

❉❡♠♦♥str❛çã♦✳ ✐✮ ✭⇒✮ ❙❡❥❛♠ v, w ∈ V, v 6= w✳ ❙❛❜❡♠♦s q✉❡ v ∈ Ti ❡ w ∈ Tj✳ ❙❡ i = j✱
❡①✐st❡ ❝❛♠✐♥❤♦ ❞❡ v ❛ w ❡♠ Γ ♣♦✐s Ti é ár✈♦r❡✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ e1 . . . en
❡♠ ∆ ❞❡ i ❡♠ j✳ ❈♦♥s✐❞❡r❡ e1 . . . en ∈ Γ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ f0 ∈ Ti ❞❡ v ❛ σ(e1)✱
❡①✐st❡♠ ❝❛♠✐♥❤♦s fk ∈ Tτ(ek), ek∈E(∆) ❞❡ τ(ek) ❡♠ σ(ek+1), k = 1, . . . , n− 1✱ ❡ ❡①✐st❡ ❝❛♠✐♥❤♦
fn ∈ Tj ❞❡ τ(en) ❛ w✳ P♦rt❛♥t♦✱ f0e1f1e2 . . . enfn é ✉♠ ❝❛♠✐♥❤♦ ❞❡ v ❛ w ❡♠ Γ✳
✭⇐✮ ❙❡❥❛♠ i, j ∈ V (∆), i 6= j✳ ❙❡ v ∈ Ti ❡ w ∈ Tj✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ e1 . . . en ❡♠ Γ ❞❡ v ❛
w✳ ❙❡ ek ∈

⋃
l∈I

Tl ♣❛r❛ k ∈ {1, . . . , n}✱ ❡♥tã♦ ek ∈ Tl ♣❛r❛ ❛❧❣✉♠ l ∈ I ❡ ♣❛r❛ t♦❞♦ k✳ ❉❡ ❢❛t♦✱

s❡ ek ∈ Tl1 ❡ ek+1 ∈ Tl2 ✱ t❡♠♦s q✉❡

τ(ek) = σ(ek+1) ∈ Tl1 ∩ Tl2 ⇒ Tl1 = Tl2 , k = 1, . . . , n− 1.

P♦rt❛♥t♦✱ l = i = j✱ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ❡①✐st❡♠ ek1 , . . . , eks /∈
⋃
l∈I

Tl, k1 < . . . < ks✳ ❊♥tã♦✱

ek1 . . . eks é ✉♠ ❝❛♠✐♥❤♦ ❡♠ ∆ ❞❡ i ❛ j✳
✐✐✮✭⇒✮ ❙✉♣♦♥❤❛ q✉❡ Γ ♥ã♦ é ár✈♦r❡✳ ❙❡ Γ é ❞❡s❝♦♥❡①♦✱ ❡♥tã♦ ∆ é ❞❡s❝♦♥❡①♦✱ ❡ ♣♦rt❛♥t♦
♥ã♦ é ár✈♦r❡✳ ❙✉♣♦♥❤❛ Γ ❝♦♥❡①♦✳ ❙❡❥❛ e1 . . . en ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❞❡ v ❡♠ Γ
❞❡ ❝♦♠♣r✐♠❡♥t♦ ❃ ✵✳ ❙❡❥❛♠ ek1 , . . . , eks , k1 < . . . < ks ♥ã♦ ♣❡rt❡♥❝❡♥t❡s ❛

⋃
l∈I

Tl✳ ❊♥tã♦✱

ek1 . . . eks é ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❡♠ ∆ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❃ ✵✳ ❉❡ ❢❛t♦✱ s❡ ekj = ekj+1

♣❛r❛ ❛❧❣✉♠ j ∈ {1, . . . , s− 1}✱ ❡♥tã♦ ♦ ❝❛♠✐♥❤♦ ekj+1 . . . ekj+1−1 é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡
r❡❞✉③✐❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❃ ✵ ❡♠ ❛❧❣✉♠❛ ❞❛s s✉❜ár✈♦r❡s✱ ❛❜s✉r❞♦✳
✭⇐✮ ❙✉♣♦♥❤❛ q✉❡ ∆ é ❝♦♥❡①♦ ❡ ♥ã♦ é ár✈♦r❡✳ ❙❡❥❛ e1 . . . en ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦
❞❡ i ❡♠ ∆ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❃ ✵✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ f0 ∈ Ti ❞❡ τ(en) ❛
σ(e1) ❡ ❡①✐st❡♠ ❝❛♠✐♥❤♦s r❡❞✉③✐❞♦s fk ∈ Tτ(ek), ek∈E(∆) ❞❡ τ(ek) ❡♠ σ(ek+1), k = 1, . . . , n−1✳
P♦rt❛♥t♦✱ f0e1f1e2 . . . en é ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❃ ✵ ❡♠ Γ✳

❙❡❥❛♠ Γ ✉♠ ❣r❛❢♦✳ ❈♦♥s✐❞❡r❡

• ZV ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ V ❀

• ZE
N
✱ ❡♠ q✉❡ N = 〈e+ e, e ∈ E〉ZE✱ ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❝♦♥t❡♥❞♦

✉♠❛ ú♥✐❝❛ ❛r❡st❛ ♣❛r❛ ❝❛❞❛ ♣❛r {e, e} ❡♠ E✳

❆ss✐♠✱ ❞❡✜♥✐♠♦s ♦s ❤♦♠♦♠♦r✜s♠♦s

• ǫ : ZV −→ Z ❞❛❞♦ ♣♦r ǫ(v) = 1, ∀v ∈ V ❀

• δ : ZE
N

−→ ZV ❞❛❞♦ ♣♦r δ(e) = τ(e)− σ(e), ∀e ∈ E ✭❛q✉✐ ❡st❛♠♦s ❞❡♥♦t❛♥❞♦ eN ♣♦r
e✮✳ ❱❡♠♦s q✉❡ δ(−e) = −(τ(e)− σ(e)) = −(σ(e)− τ(e)) = δ(e)✳

❙❡
∑n

i=1 ziei ∈
ZE
N
✱ ❡♥tã♦

ǫ ◦ δ(
n∑

i=1

ziei) =
n∑

i=1

ziǫ(δ(ei)) =
n∑

i=1

zi(ǫ(τ(e))− ǫ(σ(e))) =
n∑

i=1

zi(1− 1) = 0.

P♦rt❛♥t♦✱ Imδ ⊆ kerǫ✳

▲❡♠❛ ✷✳✶✳✹✳ ✐✮ Γ é ❝♦♥❡①♦ ⇔ Imδ = kerǫ✳

✷✹



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

✐✐✮ Γ é ár✈♦r❡ ⇔ kerδ = 0✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ✭⇒✮ ❙❡ v, w ∈ V ✱ ❡♥tã♦ ǫ(v − w) = 0✳ ❙❡❥❛
∑n

i=1 zi ∈ kerǫ✳ ❱❡♠♦s q✉❡

n∑

i=1

zivi = z1(v1 − v2) + (z1 + z2)(v2 − v3) + . . .+

+(z1 + . . .+ zn−1)(vn−1 − vn) + (z1 + . . .+ zn)︸ ︷︷ ︸
0, ♣♦✐s ǫ(

∑n
i=1 zivi)=

∑n
i=1 zi=0

vn.

P♦rt❛♥t♦✱ kerǫ é ❣❡r❛❞♦ ♣♦r {v − w, v, w ∈ V }✳ ❙❡❥❛ e1 . . . en ✉♠ ❝❛♠✐♥❤♦ ❡♠ Γ t❛❧ q✉❡
σ(e1) = w ❡ τ(en) = v✳ ❊♥tã♦✱ δ(e1 + . . .+ en) = v − w✳ P♦rt❛♥t♦✱ Imδ = kerǫ✳
✭⇐✮ ❙❡❥❛ Γ ❞❡s❝♦♥❡①♦✳ ❙❡❥❛♠ v, w ∈ V t❛✐s q✉❡ ♥ã♦ ❡①✐st❡ ❝❛♠✐♥❤♦ ❡♥tr❡ v ❡ w ❡♠ Γ✳ ❚♦♠❡
ǫ′ : ZV −→ Z ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r✱ ♣❛r❛ z ∈ V ✱

{
ǫ′(z) = 1 s❡ ❡①✐st❡ ❝❛♠✐♥❤♦ ❞❡ z ❛ v ❡♠ Γ
ǫ′(z) = 0, ❝❛s♦ ❝♦♥trár✐♦.

➱ ❢á❝✐❧ ✈❡r♠♦s q✉❡ ǫ′ ◦ δ = 0✳ ❙❡ v − w ∈ Imδ✱ ❡♥tã♦ ǫ′(v − w) = 0✳ ▼❛s ǫ′(v − w) =
ǫ′(v)− ǫ′(w) = 1− 0 = 1✳
✐✐✮ ✭⇒✮ ❙❡❥❛

∑n

i=1 ziei ∈ kerδ ♥ã♦ tr✐✈✐❛❧✳ ❱❛♠♦s s✉♣♦r ei 6= ej s❡ i 6= j ❡ zi > 0 ✭s❡ zi < 0✱
❜❛st❛ ❝♦♥s✐❞❡r❛r ziei = (−zi)(−ei))✳ ❊♥tã♦✱

δ(
n∑

i=1

ziei) =
n∑

i=1

(τ(ei)− σ(ei)) = 0, zi > 0, i = 1, . . . , n.

P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ i✱ ❡①✐st❡♠ j, k 6= i t❛✐s q✉❡ σ(ei) = τ(ej) ❡ τ(ei) = σ(ek)✳ ❖✉ s❡❥❛✱ s❡
Γ1 é ✉♠ s✉❜❣r❛❢♦ ✜♥✐t♦ ❞❡ Γ q✉❡ ❝♦♥té♠ {ei, ei, i = 1, . . . , n} ❡ {σ(ei), σ(ei), i = 1, . . . , n}✱
✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ f1 . . . fm ❞❡ ♠❛✐♦r ❝♦♠♣r✐♠❡♥t♦ ♣♦ssí✈❡❧ ❡♠ Γ1✳ ❚♦♠❡ ♦ ❝❛♠✐♥❤♦ ❞❡
t❛❧ ❢♦r♠❛ q✉❡ fi = ej ♣❛r❛ ❛❧❣✉♠ ♣❛r i, j✳ ❈♦♠♦ ❝❛❞❛ ✈ért✐❝❡ ❞❡ ek, k = 1, . . . , n✱ t❡♠ ❛♦
♠❡♥♦s ❞✉❛s ❛r❡st❛s er, es✱ ❝♦♥str✉❛ ♦ ❝❛♠✐♥❤♦ f = f1 . . . fi−1ejek1 . . . ekl ✳ ❉❛í✱ s❡ kl = m− i✱
❞❡✈❡♠♦s t❡r q✉❡ τ(ekl) é ✉♠ ✈ért✐❝❡ ❡♠ f ✳ ■ss♦ ♥♦s ❞á ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❞❡
❝♦♠♣r✐♠❡♥t♦ ❃ ✵ ❡♠ Γ✳
✭⇐✮ ❙✉♣♦♥❤❛ q✉❡ Γ ♥ã♦ é ár✈♦r❡✳ ❊♥tã♦✱ s❡❥❛ e1 . . . en ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❢❡❝❤❛❞♦ ❡♠ Γ✱
n > 0✳ ❚❡♠♦s q✉❡ δ(e1 + . . .+ en) = τ(en)− σ(e1) = 0✳ P♦rt❛♥t♦✱ e1 . . . en ∈ kerδ✳

✷✳✶✳✷ ❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❡ ●r❛❢♦s

❉❡✜♥✐çã♦ ✷✳✶✳✽✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦✳ ❉✐③❡♠♦s q✉❡ ♦ ❝❛♠✐♥❤♦ f ❡♠ Γ é ❤♦♠♦tó♣✐❝♦ ❛♦
❝❛♠✐♥❤♦ g ❡♠ Γ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛♠✐♥❤♦s fk ❡♠ Γ✱ 1 ≤ k ≤ m✱ ♣❛r❛ ❛❧❣✉♠
m ∈ N✱ t❛❧ q✉❡ f1 = f ❡ fm = g ❡✱ ♣❛r❛ t♦❞♦ k < m✱ fk+1 ❡ fk s❡ ❞✐❢❡r❡♥❝✐❛♠ ♣♦r ✉♠❛
r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✳ ◆❡ss❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ r❡❧❛çã♦ f ∼ g✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ∼ é ✉♠❛
r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❙❡ f, g sã♦ ❝❛♠✐♥❤♦s ❞❡ v ❛ w✱ f ′, g′ sã♦ ❝❛♠✐♥❤♦s ❞❡ w ❛ u ❡ f ∼ g✱ f ′ ∼ g′✱ ❡♥tã♦
ff ′ ∼ gg′✳ ❉❡ ❢❛t♦✱ s❡❥❛ fk ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ f ❛ g✳ ❊♥tã♦✱ fkf ′ é ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ❝❛♠✐♥❤♦s ❞❡ ff ′ ❛ gf ′ t❛❧ q✉❡ t❡r♠♦s ❝♦♥s❡❝✉t✐✈♦s s❡ ❞✐❢❡r❡♥❝✐❛♠ ♣♦r r❡❞✉çã♦ ❡❧❡♠❡♥t❛r✳

✷✺



✷✳✶✳ ●r❛❢♦s

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ff ′ ∼ gg′✳ ❆❧é♠ ❞✐ss♦✱ ff ∼ v✳

❆ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❞❡✜♥❡ ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [f ] ❝❤❛♠❛❞♦s ❝❧❛ss❡s ❞❡ ❤♦✲
♠♦t♦♣✐❛ ❞❡ ❢✳

❉❡✜♥✐çã♦ ✷✳✶✳✾✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❞❡ v ❡♠ Γ ❝♦♠
♦ ♣r♦❞✉t♦ [f ] [f ′] = [ff ′] é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ ❝♦♠ ♣♦♥t♦ ❜❛s❡ v✱ ❡ é
❞❡♥♦t❛❞♦ ♣♦r π1(Γ, v)✳ ❱❡♠♦s q✉❡ 1 = [v] ❡ [f ]−1 =

[
f
]
✳

❙❡❥❛ Γ ❝♦♥❡①♦✳ ❙❡ g é ✉♠ ❝❛♠✐♥❤♦ ❞❡ v ❛ ✉♠ ✈ért✐❝❡ w✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ [f ] 7−→ [gfg]
❞❡ π1(Γ, v) ❛ π1(Γ, w) ❞❡✜♥❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s✳ ❉❡ ❢❛t♦✱

• s❡ f, f ′ sã♦ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❡♠ v✱ ❡♥tã♦ [gfg] [gf ′g] = [gfggf ′g] = [gff ′g]❀

• gfg ∼ w ⇒ gf ∼ g ⇒ f ∼ gg ∼ v ⇒ [f ] = 1❀

• s❡ g′ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ w✱ [g′] = [ggg′gg]✱ ❡♠ q✉❡ [gg′g] é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦
❡♠ v✳

P♦rt❛♥t♦✱ ❞❡♥♦t❛♠♦s π1(Γ, v) ♣♦r π1(Γ)✳

❚❡♦r❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❡♠ Γ ❝♦♥❡①♦✳ ❊♥tã♦✱ π1(Γ) t❡♠ ❛♣r❡s❡♥t❛çã♦
〈E | R ∪ {e : e ∈ T}〉✱ ❡♠ q✉❡ R ⊆ F(E)✱ R = {ee : ∀e ∈ E}✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ a ∈ V (Γ)✳ ◗✉❡r♦ ♠♦str❛r q✉❡ π1(Γ, a) ∼= F(E)/ 〈R ∪ {e : e ∈ T}〉✳
P❛r❛ ✐ss♦✱ ❞❡✜♥✐♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ φ : F(E) −→ π1(Γ, a) t❛❧ q✉❡ φ(e) =

[
fvefw

]
✱ ❡♠ q✉❡

v = σ(e) ❡ w = τ(e)✱ fv é ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ T ❞❡ a ❛ v ❡ fw ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ T
❞❡ a ❛ w✳ ❉❛í✱ s❡ f ∈ F(E) ❡ f = e1 . . . en, ei ∈ E ♣❛r❛ i = 1, . . . , n, σ(e1) = v, τ(en) = w✱
e1 . . . en ✉♠ ❝❛♠✐♥❤♦ ❡♠ Γ✱ ❡♥tã♦

φ(f) = φ(e1) . . . φ(en) =
[
fve1f τ(e1)

] [
fσ(e2)e2f τ(e2)

]
. . .

[
fσ(en)enfw

]
=

=
[
fve1f τ(e1)fσ(e2)e2f τ(e2) . . . fσ(en)enfw

]
=

[
fve1 . . . enfw

]
=

[
fvffw

]
.

❙❡❥❛ f ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ a✳ ❊♥tã♦✱ [f ] =
[
faffa

]
= φ(f)✱ ❡♠ q✉❡ fa é ♦ ❝❛♠✐♥❤♦

tr✐✈✐❛❧ ❞❡ a ❡♠ a✳ P♦rt❛♥t♦✱ φ é s♦❜r❡❥❡t♦r❛✳
◗✉❡r♦ ♠♦str❛r ❛❣♦r❛ q✉❡ kerφ = 〈R ∪ {e : e ∈ T}〉F(E)✳ P❛r❛ t♦❞♦ e ∈ E✱

φ(ee) =
[
fσ(e)eef τ(e)

]
=

[
fσ(e)fσ(e)

]
= 1.

❙❡ e ∈ T ✱ f τ(e) = efσ(e)✳ ❊♥tã♦✱

φ(e) =
[
fσ(e)ef τ(e)

]
=

[
fσ(e)eefσ(e)

]
= 1.

P♦rt❛♥t♦✱ 〈R ∪ {e : e ∈ T}〉F(E) ⊆ kerφ✳
❙❡❥❛ f ✉♠ ❝❛♠✐♥❤♦ ❡♠ Γ ❝♦♠ ❝♦♠❡ç♦ ❡♠ v ❡ ✜♠ ❡♠ w✳ ❙❡ φ(f) = 1✱ ❡♥tã♦

[
fvffw

]
= 1✳ ❉❛í✱

fvffw ∼ a⇒ f ∼ f vfw✳ ❈♦♠♦ f vfw é ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ T ✱ t❡♠♦s q✉❡ f é r❡❞✉③✐❞♦ ❛
f vfw ♣♦r s✉❝❡ss✐✈❛s r❡❞✉çõ❡s ❡❧❡♠❡♥t❛r❡s✳ P♦rt❛♥t♦✱ f é ✉♠ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ♣♦r ❛r❡st❛s

✷✻



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

e ∈ T ❡ ❝❛♠✐♥❤♦s ee, e ∈ E✳ P♦rt❛♥t♦✱ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ {e : e ∈ T} ∪ {ee : ∀e ∈ E}✳
▲♦❣♦✱ kerφ ⊆ 〈R ∪ {e : e ∈ T}〉F(E)✳ ❆ss✐♠✱

F(E)

kerφ
=

F(E)

〈R ∪ {e : e ∈ T}〉F(E)
∼= π1(Γ, a).

❈♦♠♦ Γ é ❝♦♥❡①♦✱ π1(Γ, a) = π1(Γ) ❡ π1(Γ) t❡♠ ❛♣r❡s❡♥t❛çã♦ 〈E | R ∪ {e : e ∈ T}〉✳

❈♦r♦❧ár✐♦ ✷✳✶✳✶✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❡ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ✳ ❊♥tã♦✱ π1(Γ) é
❧✐✈r❡✱ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❜❛s❡ é ❝♦♥st✐t✉í❞♦ ♣♦r ✉♠❛ ú♥✐❝❛ ❛r❡st❛ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s {e, e} ♥ã♦
❝♦♥t✐❞♦ ❡♠ T ✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❛r❡st❛ ❡s❝♦❧❤✐❞❛ ❝♦rr❡s♣♦♥❞❡ à ❝❧❛ss❡ ❞❡ fvefw✱ fv é ♦ ú♥✐❝♦
❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ T ❞❡ a ❛ v✱ v = σ(e), w = τ(e)✳

❉❡♠♦♥str❛çã♦✳ ❆ s❡❣✉♥❞❛ ♣❛rt❡ é ó❜✈✐❛✱ ♣❡❧❛ ❝♦♥str✉çã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✳
❏á ❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ✈❡♠♦s q✉❡

π1(Γ) = 〈E | R ∪ {e : e ∈ T}〉 = 〈x ∈ {e, e} ⊆ E − E(T )〉 ,

❝♦♠ x é ❡s❝♦❧❤✐❞♦ ✉♥✐❝❛♠❡♥t❡ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s✳ ❆ss✐♠✱ t❡♠♦s q✉❡ π1(Γ) é ✉♠ ❣r✉♣♦
❧✐✈r❡ ❝♦♠ ❛ ❜❛s❡ ❞❡s❝r✐t❛ ❛❝✐♠❛✳

❈♦r♦❧ár✐♦ ✷✳✶✳✷✳ ❯♠ ❣r❛❢♦ ❝♦♥❡①♦ Γ é ✉♠❛ ár✈♦r❡ s❡ ❡ s♦♠❡♥t❡ s❡ s❡✉ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧
é tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ ❈♦♠♦ Γ é ár✈♦r❡✱ t❡♠♦s q✉❡ T = Γ✳ P♦rt❛♥t♦✱ E − E(T ) = ∅✳ P❡❧♦
❝♦r♦❧ár✐♦ ✷✳✶✳✶✱ t❡♠♦s q✉❡ π1(Γ) é tr✐✈✐❛❧✳
✭⇐✮ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❡♠ Γ✳ ❊♥tã♦✱

π1(Γ) = F(x ∈ {e, e} ⊆ E − E(T ), x ✉♥✐❝❛♠❡♥t❡ ❡s❝♦❧❤✐❞♦ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s) = {1} .

P♦rt❛♥t♦✱ x = 1 ♣❛r❛ ❝❛❞❛ x ⇒ ∀e ∈ E, e ∈ T ⇒ E = E(T )✳ ❈♦♠♦ V (T ) = V (Γ)✱ ❡♥tã♦
T = Γ✳

❈♦r♦❧ár✐♦ ✷✳✶✳✸✳ ❙❡❥❛ Γ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ❝♦♠ n ✈ért✐❝❡s ❡ m ♣❛r❡s ❞❡ ❛r❡st❛s✳ ❊♥tã♦✱ ♦
♥ú♠❡r♦ k ❞❡ ❡❧❡♠❡♥t♦s ❞♦ ❣❡r❛❞♦r ❞❡ π1(Γ) é m− n+ 1✱ s✉♣♦♥❞♦ n ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ✳ ❊♥tã♦✱ T ♣♦ss✉✐ n ✈ért✐❝❡s ❡ n − 1 ♣❛r❡s
❞❡ ❛r❡st❛s✱ ❝♦♥❢♦r♠❡ ♣r♦♣♦s✐ç❛♦ ✷✳✶✳✸✳ ❈♦♠♦ ♦ ❣❡r❛❞♦r ❞❡ π1(Γ) é ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣♦st♦ ♣♦r
✉♠ ❡❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s ♥ã♦ ♣❡rt❡♥❝❡♥t❡s ❛ E(T )✱ ❡♥tã♦ k = m− n+ 1✳

❊①❡♠♣❧♦ ✷✳✶✳✶✳ ❙❡❥❛ Γ ♦ ❣r❛❢♦ ❝♦♥❡①♦ t❛❧ q✉❡ V (Γ) = {v} ❡ E(Γ) = {e, e} ✭♦ ❣r❛❢♦ ♣♦❞❡ s❡r
r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ S1✮✳ ❊♥tã♦✱ ❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ é T = {v}✳ ❆ss✐♠✱ π1(Γ) = F({e}) ∼=
Z✳ ❉❛í✱ π1(S1) = Z✳

✷✳✷ ❆çã♦ ❞❡ ●r✉♣♦s

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❯♠❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ G s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ X é ✉♠ ❤♦♠♦♠♦r✜s♠♦
ϕ ❞❡ G ❡♠ Perm(X)✳
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✷✳✷✳ ❆çã♦ ❞❡ ●r✉♣♦s

❯♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ é ❛ s❡❣✉✐♥t❡✿ G ❛❣❡ s♦❜r❡ X ✭à ❡sq✉❡r❞❛✮ s❡
❡①✐st✐r ✉♠❛ ❛♣❧✐❝❛çã♦ G×X −→ X t❛❧ q✉❡ (g, x) 7−→ gx ∈ X✱ ❡♠ q✉❡

• 1Gx = x, ∀x ∈ X ❡

• g2(g1x) = (g2g1)x, ∀x ∈ X, ∀g1, g2 ∈ G✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ Γ ✉♠❛ ❣r❛❢♦✳ ❊♥tã♦✱ G ❛❣❡ s♦❜r❡ Γ s❡ G ❛❣❡ s♦❜r❡
V (Γ) ❡ E(Γ) ❡✿

✐✮ ge = ge, ∀e ∈ E(Γ)❀

✐✐✮ gσ(e) = σ(ge), gτ(e) = τ(ge), ∀e ∈ E(Γ), ∀g ∈ G✳

❙❡ ❡①✐st❡ g ∈ G, e ∈ E t❛❧ q✉❡ ge = e✱ ❞✐③❡♠♦s q✉❡ G ❛❣❡ ❝♦♠ ✐♥✈❡rsã♦✳

✷✳✷✳✶ ●r❛❢♦ ❞❡ ❈❛②❧❡②

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ G✳ ❉❡✜♥❛ Γ(G,S) ♦ ❣r❛❢♦ t❛❧ q✉❡
V (Γ(G,S)) = G ❡ E(Γ(G,S)) é ♦ ❝♦♥❥✉♥t♦ G×S×{−1, 1}✳ ❆✐♥❞❛✱ σ(g, s, 1) = g, τ(g, s, 1) =
gs ❡ (g, s, ǫ) = (g, s,−ǫ)✱ ♣❛r❛ ǫ = ±1✳ ❖ ❣r❛❢♦ Γ(G,S) é ❝❤❛♠❛❞♦ ❣r❛❢♦ ❞❡ ❈❛②❧❡② ❞❡ G
❝♦♠ r❡s♣❡✐t♦ ❛ S✳

❙❡ ❞❡✜♥✐r♠♦s

• G×G −→ G ♣♦r (g, h) 7−→ gh ✭♣r♦❞✉t♦ ❡♠ G✮✱ ∀g, h ∈ G✱ ❡

• G × (G × S × {−1, 1}) −→ G × S × {−1, 1} ♣♦r (g, (h, s, ǫ)) 7−→ (gh, s, ǫ)✱ ∀g, h ∈
G, ∀s ∈ S, ǫ = ±1✱

t❡♠♦s q✉❡

• gσ(h, s, ǫ) =

{
gh = σ(gh, s, ǫ) = σ(g(h, s, ǫ)) s❡ ǫ = 1

gσ(h, s,−ǫ) = gτ(h, s,−ǫ) = ghs = τ(gh, s,−ǫ) = σ(gh, s, ǫ) s❡ ǫ = −1

• gτ(h, s, ǫ) =

{
ghs = τ(gh, s, ǫ) = τ(g(h, s, ǫ)) s❡ ǫ = 1

gτ(h, s,−ǫ) = gh = σ(gh, s,−ǫ) = τ(gh, s, ǫ) = τ(g(h, s, ǫ)) s❡ ǫ = −1

• g(h, s, ǫ) = g(h, s,−ǫ) = (gh, s,−ǫ) = (gh, s, ǫ) = g(h, s, ǫ)✳

❆❧é♠ ❞✐ss♦✱ g(h, s, ǫ) = (gh, s, ǫ) 6= (h, s,−ǫ)✳ P♦rt❛♥t♦✱ G ❛❣❡ ❡♠ Γ(G,S) s❡♠ ✐♥✈❡rsõ❡s✳

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ✶✮ G = Z3✱ S = {1}✳ ❊♥tã♦✱ V = {1, a, a2} ,
E = {(1, 1, 1), (1, 1,−1), (a, 1, 1), (a, 1,−1), (a2, 1, 1), (a2, 1,−1)}✳ ❚❡♠♦s q✉❡ σ(g, 1, ǫ) =

g = τ(g, 1, ǫ)✳ ❊♥tã♦✱ Γ(Z3, {1}) = ✐1 • ✐a • ✐a2 • ❞❡s❝♦♥❡①♦✳

✷✮ G = Z2 = {1, a} , S = {a}✳ ❊♥tã♦✱ V = {1, a} , E = {(1, a, 1), (a, a, 1), (1, a,−1), (a, a,−1)}✳
❚❡♠♦s q✉❡

✷✽



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

• σ(1, a, ǫ) =

{
1 s❡ ǫ = 1
a s❡ ǫ = −1

• σ(a, a, ǫ) =

{
a s❡ ǫ = 1
a2 = 1 s❡ ǫ = −1

Γ(Z2, {a}) = 1• •a ❝♦♥❡①♦✳

▲❡♠❛ ✷✳✷✳✶✳ ✐✮ Γ(G,S) é ❝♦♥❡①♦ s❡ ❡ s♦♠❡♥t❡ s❡ S ❣❡r❛ G✳

✐✐✮ Γ(G,S) é ár✈♦r❡ s❡ ❡ s♦♠❡♥t❡ s❡ G é ❧✐✈r❡ ❝♦♠ ❜❛s❡ S✳

❉❡♠♦♥str❛çã♦✳ ❆♥t❡s✱ ❞❡✜♥❛♠♦s ❛ ❢✉♥çã♦ fg : 〈S〉 −→ Γ(G,S) ♣♦r

fg(s
ǫ1
1 . . . s

ǫn
n ) = e1 . . . en, si ∈ S, ǫi = ±1,

❡♠ q✉❡ e1 . . . en é ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ er = (gr, sr, ǫr) ❝♦♠

• e1 = (g, s1, ǫ1) s❡ ǫr = 1 ❡

• e1 = (gsǫ11 , s1, ǫ1) s❡ ǫ1 = −1❀

• gr = gsǫ11 . . . s
ǫr−1

r−1 s❡ ǫr = 1 ❡

• gr = gsǫ11 . . . s
ǫr
r s❡ ǫr = −1✱

1 < r ≤ n✳ ❉❛í✱ τ(en) = gsǫ11 . . . s
ǫn
n ✳

❆ ❢✉♥çã♦ é ❝❧❛r❛♠❡♥t❡ ✐♥❥❡t♦r❛✳
❆❧é♠ ❞✐ss♦✱ s❡ er+1 = er ♣❛r❛ ❛❧❣✉♠ r✱ ❡♥tã♦ sr+1 = sr ❡ ǫr+1 = −ǫr✳ ▲♦❣♦✱ sǫ11 . . . s

ǫn
n ♥ã♦ é

r❡❞✉③✐❞❛✳ ❙❡ e1 . . . en é ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ Γ(G,S) q✉❡ ❝♦♠❡ç❛ ❡♠ g ❡ t❡r♠✐♥❛ ❡♠ h✱
❡♥tã♦

• e1 = (g, s1, ǫ1) s❡ ǫ1 = 1 ❡

• e1 = (gsǫ11 , s1, ǫ1) s❡ ǫ1 = −1❀

• e2 = (gsǫ11 , s2, e2) s❡ ǫ2 = 1 ❡

• e2 = (gsǫ11 s
ǫ2
2 , s2, e2) s❡ ǫ2 = −1✳

❉❛í✱

• er = (gsǫ11 . . . s
ǫr
r , sr, ǫr) s❡ ǫ = −1 ❡

• er = (gsǫ11 . . . s
ǫr−1

r−1 , sr, ǫr) s❡ ǫ = 1✱

1 < r ≤ n✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ sǫ11 . . . s
ǫn
n é r❡❞✉③✐❞❛✳ ❱❡♠♦s q✉❡ τ(en) = gsǫ1 . . . sǫn = h ⇒

g−1h = sǫ1 . . . sǫn ✳
✐✮ ❙❡ 〈S〉 = G✱ ❡♥tã♦✱ ∀g, h ∈ G✱ g−1h = sǫ11 . . . s

ǫn
n ♣❛r❛ ❛❧❣✉♠ n ∈ N✱ si ∈ S✱ ǫi = ±1✳ ❉❛í✱

fg(g
−1h) = e1 . . . en t❛❧ q✉❡ σ(e1) = g ❡ τ(en) = h✳ ▲♦❣♦✱ Γ(G,S) é ❝♦♥❡①♦✳

❙❡ Γ(G,S) é ❝♦♥❡①♦✱ ∀g, h ∈ G✱ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ e1 . . . en ❞❡ g ❛ h ❡♠ Γ(G,S)✳ ❊♥tã♦✱

✷✾



✷✳✸✳ ❆♣❧✐❝❛çõ❡s ❞❡ ●r❛❢♦s

❡①✐st❡♠ si ∈ S, ǫi = ±1✱ t❛✐s q✉❡ g−1h = sǫ11 . . . s
ǫn
n ✳ P♦rt❛♥t♦✱ 〈S〉 = G✳

✐✐✮ ❙❡❥❛ G ❧✐✈r❡ ❝♦♠ ❜❛s❡ S✳ ❙❡ e1 . . . en é ✉♠ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ Γ(G,S) ❝♦♠ σ(e1) =
g, τ(en) = h✱ ❡♥tã♦ e1 . . . en ❞❡✈❡ s❡r ú♥✐❝♦✱ ♣♦✐s g−1

1 h é ❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❡ r❡❞✉③✐❞❛
❝♦♠♦ sǫ11 . . . s

ǫn
n ✳ ▲♦❣♦✱ Γ(G,S) é ár✈♦r❡✳

❙❡ Γ(G,S) é ár✈♦r❡✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❞❡ g ❛ h✳ ❊♥tã♦✱ g−1h = sǫ11 . . . s
ǫn
n é

❡s❝r✐t♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠ si ∈ S, ǫi = ±1, s
ǫi+1

i+1 6= s−ǫii ✳

✷✳✸ ❆♣❧✐❝❛çõ❡s ❞❡ ●r❛❢♦s

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ q✉❡ ❛❣❡ s❡♠ ✐♥✈❡rsã♦ s♦❜r❡ ✉♠ ❣r❛❢♦ X✳ ❉❡✜♥❛ ❛ s❡❣✉✐♥t❡
r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿

• ∀v, w ∈ V (X), v ∼ w s❡ v = gw ♣❛r❛ ❛❧❣✉♠ g ∈ G❀

• ∀e1, e2 ∈ E(X), e1 ∼ e2 s❡ e1 = he2 ♣❛r❛ ❛❧❣✉♠ h ∈ G✳

❈❤❛♠❛♠♦s ❞❡ ❣r❛❢♦ q✉♦❝✐❡♥t❡ ❞❡ X ♣♦r G ❛♦ ❣r❛❢♦ ❝✉❥♦s ✈ért✐❝❡s sã♦ ❛s ❝❧❛ss❡s ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ [v], v ∈ V (X)✱ ❡ ❛s ❛r❡st❛s sã♦ ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [e], e ∈ E(X)✳
❉❡♥♦t❛♠♦s t❛❧ ❣r❛❢♦ ♣♦r X/G✳ ❱❡♠♦s q✉❡ s❡ v ∈ V (X)✱ ❡♥tã♦ [v] = Gv ❡✱ s❡ e ∈ E(X)✱
❡♥tã♦ [e] = Ge✳ P♦r ✐ss♦✱ V (G/X) := ❝♦♥❥✉♥t♦ ❞❛s G✲ór❜✐t❛s ❞❡ V (X) ❡ E(G/X) :=
❝♦♥❥✉♥t♦ ❞❛s G✲ór❜✐t❛s ❞❡ E(X)✳ ❆ss✐♠✱

• [e] = Ge = Ge = [e]✱

• σ([e]) = σ(Ge) = Gσ(e) = [σ(e)] ❡

• τ([e]) = τ(Ge) = Gτ(e) = [τ(e)]✳

❙❡ G ❛❣✐ss❡ ❝♦♠ ✐♥✈❡rsã♦✱ t❡rí❛♠♦s g ∈ G, e ∈ E(X) t❛❧ q✉❡ ge = e⇒ Ge = Ge⇒ [e] =
[e]✳

❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❙❡❥❛♠ X, Y ❣r❛❢♦s✳ ❉✐③❡♠♦s q✉❡ ϕ : X −→ Y é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
❣r❛❢♦s s❡✿

✐✮ ϕ(E(X)) ⊆ E(Y ) ❡ ϕ(V (X)) ⊆ V (Y )❀

✐✐✮ ∀e ∈ E(X), σ(ϕ(e)) = ϕ(σ(e)), τ(ϕ(e)) = ϕ(τ(E)) ❡ ϕ(e) = ϕ(e)✳

❉❡✜♥✐çã♦ ✷✳✸✳✸✳ ❙❡❥❛ p : X −→ Y é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳ ❉✐③❡♠♦s q✉❡ p é ❧♦❝❛❧♠❡♥t❡
s♦❜r❡❥❡t♦r❛ s❡✱ ♣❛r❛ ❝❛❞❛ v ∈ V (X) ❡ ♣❛r❛ e2 ∈ E(Y ) t❛❧ q✉❡ σ(e2) = p(v)✱ ❡①✐st❡ ✉♠❛
❛r❡st❛ e1 ∈ E(X) ❝♦♠ σ(e1) = v ❡ p(e1) = e2✳ ❉✐③❡♠♦s q✉❡ p é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛ s❡✱
∀e1, e2 ∈ E(X), e1 6= e2✱ t❛❧ q✉❡ σ(e1) = σ(e2)✱ t❡♠♦s q✉❡ p(e1) 6= p(e2)✳ P♦r ✜♠✱ p é
❧♦❝❛❧♠❡♥t❡ ❜✐❥❡t♦r❛ s❡ p é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛ ❡ ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✳

❊①❡♠♣❧♦ ✷✳✸✳✶✳ ❙❡❥❛ p : X −→ G/X ❞❛❞❛ ♣♦r p(v) = [v], v ∈ V (X)✱ ❡ p(e) = [e], e ∈
E(X)✳ p é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✱ ♣♦✐s s❛t✐s❢❛③ ❛ ❞❡✜♥✐çã♦ ✷✳✸✳✷ ✭✐✮ ❡✱ ∀e ∈ E(X)✱

• σ(p(e)) = σ([e]) = [σ(e)] = p(σ(e))✱

✸✵



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

• τ(p(e)) é ❛♥á❧♦❣♦✱

• p(e) = [e] = [e] = p(e)✳

❆❧é♠ ❞✐ss♦✱ s❡ v ∈ V (X) ❡ [e2] ∈ E(Y ) t❛❧ q✉❡ σ([e2]) = p(v)✱ ❡♥tã♦ σ([e2]) = [v] ⇒
[σ(e2)] = [v] ⇒ ∃g ∈ G t❛❧ q✉❡ gσ(e2) = v ⇒ σ(ge2) = v✳ ❉❛í✱ t♦♠❡ e1 = ge2✳ ❊♥tã♦✱ p é
❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛ ❡ ♣ é ❝❤❛♠❛❞♦ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

▲❡♠❛ ✷✳✸✳✶✳ ❙❡❥❛ p : X −→ Y ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛✳ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ❡ f : T −→ Y
✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳ ❙❡❥❛ a ✉♠ ✈ért✐❝❡ T ❡ v ✉♠ ✈ért✐❝❡ ❞❡ X t❛❧ q✉❡ p(v) = f(a)✳
❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ : T −→ X t❛❧ q✉❡ p ◦ ϕ = f ❡ ϕ(a) = v✳

X
p //

∃ϕ
��

Y

T
f

>>

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ T1 ❛ s✉❜ár✈♦r❡ ❞❡ T t❛❧ q✉❡ T1 ❝♦♥s✐st❡ ❛♣❡♥❛s ❞♦ ✈ért✐❝❡ a✳ ❉❡✜♥❛
ϕ1 : T1 −→ X ❛ ❛♣❧✐❝❛çã♦ t❛❧ q✉❡ ϕ1(a) = v✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ Ω ❞❡ t♦❞❛s ♦s ♣❛r❡s (Ti, ϕi)
t❛❧ q✉❡ Ti é s✉❜ár✈♦r❡ ❞❡ T ❡ ϕi é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ Ti ❡♠ X ❝♦♠ ϕi(a) = v ❡ p ◦ϕi = f |Ti é
♥ã♦ ✈❛③✐♦✳ ❉❡✜♥❛ ✉♠❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❡♠ Ω ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

(T1, ϕ1) ≤ (T2, ϕ2) s❡ T1 ⊆ T2 ❡ ϕ2|T1 = ϕ1.

P❛r❛ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ♣❛r❡s (Ti, ϕi)✱ t❡♠♦s q✉❡
⋃
Ti é s✉❜ár✈♦r❡ ❞❡ T ❡ ϕ̃ t❛❧ q✉❡ ϕ̃(x) = ϕi(x)

s❡ x ∈ Ti é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s ❞❡
⋃
Ti ❡♠ X✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ❩♦r♥✱ ❡①✐st❡ ✉♠

♣❛r ♠❛①✐♠❛❧ (T0, ϕ0) ❡♠ Ω✳ ❙❡ T0 6= T ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✈ért✐❝❡ ❡♠ T q✉❡ ♥ã♦ ❡stá ❡♠ T0✳
❙❡❥❛ e ∈ E(T ) t❛❧ q✉❡ σ(e) ∈ V (T0) ❡ τ(e) /∈ V (T0)✳ ❊♥tã♦✱ f(e) é ✉♠❛ ❛r❡st❛ ❡♠ Y t❛❧
q✉❡ p ◦ ϕ(σ(e)) = σ(f(e))✱ ♣♦r ❤✐♣ót❡s❡✳ ❈♦♠♦ p é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛✱ ❡①✐st❡ ẽ ∈ E(X)
❝♦♠ σ(ẽ) = ϕ ◦ σ(e) ❡ p(ẽ) = f(e)✳ ❉❛í✱ s❡❥❛ T̃0 ❛ ár✈♦r❡ T0 ∪ {e, e, τ(e)} ❡ ϕ̃0 ❛ ❛♣❧✐❝❛çã♦ ❞❡
T̃0 ❡♠ X t❛❧ q✉❡ ϕ̃0|T̃0 = ϕ0 ❡ ϕ̃0(e) = ẽ, ϕ̃0(e) = ẽ ❡ ϕ̃0(τ(e)) = τ(ẽ)✳ ❆ss✐♠✱ p ◦ ϕ̃0 = f ✳
P♦rt❛♥t♦✱ (T̃0, ϕ̃0) é ✉♠ ♣❛r ❡♠ Ω t❛❧ q✉❡ (T0, ϕ0) < (T̃0, ϕ̃0)✱ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s (T0, ϕ0) é
♠❛①✐♠❛❧✳ ▲♦❣♦✱ T0 = T ✳ ❇❛st❛ t♦♠❛r ϕ = ϕ0✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ q✉❡ ❛❣❡ s♦❜r❡ ♦ ❣r❛❢♦ X✳ ❈♦♥s✐❞❡r❡ p : X ։ G/X ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛
❡ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❡♠ G/X✳ P❡❧♦ ❧❡♠❛ ✷✳✸✳✶✱ t♦♠❛♥❞♦ f : T −→ G/X ❝♦♠♦ ✐♥❝❧✉sã♦✱
t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ j : T −→ X t❛❧ q✉❡ p ◦ j é ✐♥❝❧✉sã♦ ❞❡ T ❡♠ G/X✳

X
p // //

j

��

G/X

T
.
�

<<

P♦rt❛♥t♦✱ j é ✐♥❥❡t♦r❛ ❡ p ❞❡✜♥❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ j(T ) ❡♠ T ✳ ❈❤❛♠❛♠♦s j(T ) ❞❡ ár✈♦r❡
r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❛çã♦ ❞❡ G ❡♠ X✳ ❱❡♠♦s q✉❡ j(T ) ♣♦ss✉✐ ✉♠ ú♥✐❝♦ r❡♣r❡s❡♥t❛♥t❡ ❞❡
❝❛❞❛ ❝❧❛ss❡ ❞❡ G/X✳ ❉❡ ❢❛t♦✱ s❡ m,n sã♦ ✈ért✐❝❡s ♦✉ ❛r❡st❛s ❡♠ j(T ) t❛✐s q✉❡ p(m) = [m] =
[n] = p(n)✱ ❡♥tã♦ m = j([m]) = j([n]) = n✳
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✷✳✸✳ ❆♣❧✐❝❛çõ❡s ❞❡ ●r❛❢♦s

▲❡♠❛ ✷✳✸✳✷ ✭❬✶✷❪✱ ▲❡♠❛ ✸✱ ♣á❣✳✶✽✹✮✳ ❙❡❥❛ p : X −→ Y ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✳ ❙❡❥❛♠ ϕ ❡ ψ
❛♣❧✐❝❛çõ❡s ❞❡ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ Z ❡♠ X t❛❧ q✉❡ p ◦ ϕ = p ◦ ψ✳ ❙❡ ❡①✐st❡ ❛❧❣✉♠ ✈ért❝✐❡ z t❛❧
q✉❡ ϕ(z) = ψ(z)✱ ❡♥tã♦ ϕ ❂ ψ✳

▲❡♠❛ ✷✳✸✳✸ ✭❬✶✷❪✱ ▲❡♠❛ ✹✱ ♣á❣✳✶✽✹✮✳ ❙❡❥❛ p : S −→ Y ❡ q : T −→ Y ❧♦❝❛❧♠❡♥t❡ ❜✐❥❡t♦r❛s✱ ❡
s❡❥❛♠ S ❡ T ár✈♦r❡s✳ ❙❡❥❛♠ v ❡ w ✈ért✐❝❡s ❞❡ S ❡ T r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛✐s q✉❡ p(v) = q(w)✳
❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐s♦♠♦r✜s♠♦ ϕ : S −→ T t❛❧ q✉❡ ϕ(v) = w ❡ q ◦ ϕ = p✳

▲❡♠❛ ✷✳✸✳✹ ✭❬✶✷❪✱ ▲❡♠❛ ✺✱ ♣á❣✳✶✽✹✮✳ ❙❡❥❛ f : X −→ Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳

✐✮ ❙❡ f é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛ ❡ Y é ❝♦♥❡①♦✱ ❡♥tã♦ f é s♦❜r❡❥❡t♦r❛✳

✐✐✮ ❙❡ f é ❧♦❝❛❧❡♠♥t❡ ✐♥❥❡t♦r❛✱ X é ❝♦♥❡①♦ ❡ Y é ✉♠❛ ár✈♦r❡✱ ❡♥tã♦ f é ✐♥❥❡t♦r❛✳

✐✐✐✮ ❙❡ f é ❧♦❝❛❧♠❡♥t❡ ❜✐❥❡t♦r❛ ❡ X ❡ Y sã♦ á✈♦r❡s✱ ❡♥tã♦ f é ❜✐❥❡t♦r❛✳

❉❡✜♥✐çã♦ ✷✳✸✳✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ X ✉♠ ❣r❛❢♦✳ ❉✐③❡♠♦s q✉❡ G ❛❣❡ ❧✐✈r❡♠❡♥t❡ ❡♠ X
s❡ ∀g ∈ G− {1} , ∀v ∈ V (X)✱ t❡♠♦s q✉❡ gv 6= v✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ∀g ∈ G − {1} , ∀e ∈ E(X), ge 6= e✳ ❉❡ ❢❛t♦✱
s❡ ❡①✐st❡ e ∈ E(X) t❛❧ q✉❡ ge = e✱ ❡♥tã♦ g(σ(e)) = σ(ge) = σ(e)✱ ❝♦♥tr❛❞✐çã♦✳

❊①❡♠♣❧♦ ✷✳✸✳✷✳ ❙❡❥❛ Γ(G,S) ♦ ❣r❛❢♦ ❞❡ ❈❛②❧❡② ❞❡ G ❝♦♠ r❡s♣❡✐t♦ ❛ S✳ P❛r❛ g, h ∈ G✱ s❡
gh = h✱ t❡♠♦s q✉❡ g = 1✳ P❛r❛ h ∈ G, s ∈ S, ǫ = ±1, g(h, s, ǫ) = (h, s, ǫ) ⇒ gh = h⇒ g =
1✳ P♦rt❛♥t♦✱ G ❛❣❡ ❧✐✈r❡♠❡♥t❡ ❡♠ Γ(G,S)✳

❉❡✜♥✐çã♦ ✷✳✸✳✺✳ ❯♠❛ ♦r✐❡♥t❛çã♦ ❞❡ ✉♠ ❣r❛❢♦ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ E(X) ❝✉❥♦s ❡❧❡✲
♠❡♥t♦s sã♦ ✉♠❛ ú♥✐❝❛ ❛r❡st❛ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s {e, e} ❡♠ E(X)✳

❙❡ G ❛❣❡ ❡♠ X s❡♠ ✐♥✈❡rsã♦ ❡ B é ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ G/X✱ ❡♥tã♦ A = p−1(B) é
✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ X ❡ GA = A✳ ❉❡ ❢❛t♦✱ s❡❥❛ {e, e} ✉♠ ♣❛r ❞❡ ❛r❡st❛s ❞❡ X✳ ❙✉♣♦♥❤❛
[e] ∈ B✳ ❊♥tã♦✱ e ∈ A✳ ❙❡ e ∈ A✱ ❡♥tã♦ p(e) = [e] ∈ B✱ ❝♦♥tr❛❞✐çã♦✳ ❆✐♥❞❛✱ ∀e ∈ A✱
[ge] = [e] ∈ B ⇒ ge ∈ p−1(B) = A, ∀g ∈ G✳

❚❡♦r❡♠❛ ✷✳✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ q✉❡ ❛❣❡ ❧✐✈r❡♠❡♥t❡ s❡♠ ✐♥✈❡rsã♦ s♦❜r❡ ✉♠❛ ár✈♦r❡ T ✳ ❙❡❥❛
T0 ❛ ár✈♦r❡ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❛çã♦ ❞❡ G ❡♠ T ❡ A ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ T t❛❧ q✉❡ GA = A✳
❙❡❥❛ S = {g ∈ G− {1} : ∃e ∈ A ❝♦♠ σ(e) ∈ T0 ❡ τ(e) ∈ gT0}✳ ❊♥tã♦✱ G é ❧✐✈r❡ ❝♦♠ ❜❛s❡ S✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ g, h ∈ G, v, w ∈ V (T0)✳ ❊♥tã♦✱ s❡ gv = hw✱ t❡♠♦s q✉❡ [v] = [w]✳ ▼❛s
T0 só t❡♠ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ❝❛❞❛ ❝❧❛ss❡✳ ▲♦❣♦✱ v = w✳ ❈♦♠♦ G ❛❣❡ ❧✐✈r❡♠❡♥t❡✱ t❡♠♦s
q✉❡ g−1hv = v ⇒ g = h✳ ❙❡ e1, e2 sã♦ ❛r❡st❛s ❡♠ E(T0)✱ ♦❜t❡♠♦s ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❞❡
❢♦r♠❛ ❛♥á❧♦❣❛✳ P♦rt❛♥t♦✱ gT0 ∩ hT0 = ∅, ∀g, h ∈ G ❝♦♠ g 6= h✳ ❆❧é♠ ❞✐ss♦✱ s❡ v ∈ V (T )✱
❡♥tã♦ v = gv0 ♣❛r❛ ❛❧❣✉♠ v0 ∈ T0✱ ♣❛r❛ ❛❧❣✉♠ g ∈ G✳
P♦❞❡♠♦s ❡♥tã♦ ❝♦♥str✉✐r ♦ ❣r❛❢♦ X ❛ ♣❛rt✐r ❞❛ ❝♦♥tr❛çã♦ ❞❡ ár✈♦r❡s gT0, g ∈ G✳ ❊♥tã♦✱ s❡
e ∈ E(X)✱ t❡♠♦s q✉❡ σ(e) = g t❛❧ q✉❡ σ(e) = gv0, v0 ∈ V (T0), e ∈ E(T )✳
P❡❧♦ ❧❡♠❛ ✷✳✶✳✸✱ t❡♠♦s q✉❡ X é ár✈♦r❡✳
❙❡❥❛ ❛❣♦r❛ φ : Γ(G,S) −→ X t❛❧ q✉❡ φ(g) = g, ∀g ∈ G✳ ❙❡ s ∈ S✱ ❡♥tã♦ ❡①✐st❡ e ∈ A ❝♦♠
σ(e) ∈ T0 ❡ τ(e) ∈ sT0, s 6= 1✳ ❙❡ e′ é ♦✉tr❛ ❛r❡st❛ ❡♠ A ❝♦♠ σ(e′) ∈ T0 ❡ τ(e′) ∈ sT0, s 6= 1✱
❡♥tã♦ e, e′ sã♦ ❞✉❛s ❛r❡st❛s ❞✐st✐♥t❛s ❡♠ X ❝♦♠ ♦ ♠❡s♠♦ ❝♦♠❡ç♦ ❡ ✜♠✱ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s X é
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❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

ár✈♦r❡✳ ▲♦❣♦✱ e é ú♥✐❝❛ ❡ ge ❝♦rr❡s♣♦♥❞❡ ❛ ♦✉tr❛ ❛r❡st❛ ❡♠ X t❛❧ q✉❡ σ(ge) = g ❡ τ(ge) = gs
❡♠ X✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r φ(g, s, 1) = ge✳ ❱❡♠♦s q✉❡ φ(g, s,−1) = ge✱

φ(σ(g, s, ǫ)) = σ(g, s, ǫ) = g = σ(ge) s❡ ǫ = 1

❡
φ(σ(g, s, ǫ)) = φ(gs) = gs = σ(gse) = τ(ge) = σ(ge) s❡ ǫ = −1.

❆♥á❧♦❣♦ ♣❛r❛ τ ✳
P♦rt❛♥t♦✱ φ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s ❜✐❥❡t♦r❛ ♥♦s ✈ért✐❝❡s✳
❚❡♠♦s q✉❡ φ é ✐♥❥❡t♦r❛ ♥♦ ❝♦♥❥✉♥t♦s ❞❡ ❛r❡st❛s✿ s❡❥❛ ge = φ(g, s, ǫ) = φ(h, s′, ǫ′) = he′✳ ❙❡
ǫ = ǫ′✱ ❡♥tã♦

σ(ge) = σ(he′), τ(ge) = τ(he′) ⇒ g = h ❡ s = s′.

❙❡ ǫ 6= ǫ′✱ s❡❥❛ ǫ = 1✳ ❊♥tã♦✱ ge ∈ GA ❡ he′ ∈ GA ✭A
·
∪ A = E(T )✮✱ ❛❜s✉r❞♦✳

❆ss✐♠✱ (g, s, ǫ) 6= (h, s,′ , ǫ′) ⇒ φ(g, s, ǫ) 6= φ(h, s′, ǫ′)✳
❆✐♥❞❛✱ φ é s♦❜r❡❥❡t♦r❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s✿
❙❡❥❛ e ∈ E(X)✳ ❚❡♠♦s q✉❡ σ(e) = g ❡ τ(e) = h, g 6= h✳ ❙✉♣♦♥❤❛ e ∈ A✳ ❊♥tã♦✱
g−1e ∈ GA = A✳ ❉❛í✱ σ(g−1e) = 1 ❡ τ(g−1e) = g−1h ❡♠ X✳ P♦rt❛♥t♦✱ g−1h ∈ S✳ ❆ss✐♠✱
φ(g, g−1h, 1) = gg−1e = e✳
▲♦❣♦✱ φ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r❛❢♦s✳ ❉❛í✱ ❝♦♠♦ Γ(G,S) é ár✈♦r❡✱ ♣❡❧♦ ❧❡♠❛ ✷✳✷✳✶ G é ❧✐✈r❡
❝♦♠ ❜❛s❡ S✳

❈♦♠♦ A ♣♦❞❡ s❡r s❡♠♣r❡ ❡s❝♦❧❤✐❞❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ GA = A q✉❛♥❞♦ G ❛❣❡ s❡♠ ✐♥✈❡rsã♦✱
t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

G é ❧✐✈r❡ s❡ ❡ s♦♠❡♥t❡ s❡ G ❛❣❡ ❧✐✈r❡♠❡♥t❡ s❡♠ ✐♥✈❡rsã♦ s♦❜r❡ ✉♠❛ ár✈♦r❡✳

❆✐♥❞❛✱ s❡ G ❛❣❡ ❧✐✈r❡♠❡♥t❡ s❡♠ ✐♥✈❡rsã♦ s♦❜r❡ ✉♠❛ ár✈♦r❡✱ ❡♥tã♦✱ s❡♥❞♦ H ≤ G✱ H ❛❣❡
❧✐✈r❡♠❡♥t❡ s❡♠ ✐♥✈❡rsã♦ s♦❜r❡ ❛ ár✈♦r❡✳ ▲♦❣♦✱ H é ❧✐✈r❡✳ ❆ss✐♠✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚♦❞♦ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ ❧✐✈r❡ é ❧✐✈r❡✳

✷✳✹ ●r❛❢♦ ❞❡ ●r✉♣♦s

❉❡✜♥✐çã♦ ✷✳✹✳✶✳ ❯♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s ∆ ❝♦♥s✐st❡ ❞❡✿

✐✮ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ X❀

✐✐✮ ✉♠ ❣r✉♣♦ Gv ♣❛r❛ ❝❛❞❛ v ∈ V (X) ❡ ✉♠ ❣r✉♣♦ Ge ♣❛r❛ ❝❛❞❛ e ∈ E(X) t❛❧ q✉❡ Ge = Ge❀

✐✐✐✮ ✉♠ ❤♦♠♦♠♦r✜♠♦ ❞❡ Ge ❡♠ Gτ(e) ♣❛r❛ ❝❛❞❛ e ∈ E(X)✳

◗✉❛♥❞♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ Ge ❡♠ Gτ(e) sã♦ ♠♦♥♦♠♦r✜s♠♦s✱ ❝❤❛♠❛♠♦s ∆ ❛♣❡♥❛s ❞❡
❣r❛❢♦ ❞❡ ❣r✉♣♦s✳

❈♦♠♦ Ge = Ge ❡ τ(e) = σ(e)✱ t❡♠♦s t❛♠❜é♠ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Ge ❡♠ Gσ(e)✱ ♣❛r❛
❝❛❞❛ e ∈ E(X)✳ ❯s❛♠♦s σe, τe ♣❛r❛ ❞❡♥♦t❛r t❛✐s ❤♦♠♦♠♦r✜s♠♦s✱ τe : Ge −→ Gτ(e) ❡
σe : Ge −→ Gσ(e)✳ ❈❤❛♠❛♠♦s Gv✱ ♣❛r❛ ❝❛❞❛ v ∈ V (X)✱ ❣r✉♣♦ ❞❡ ✈ért✐❝❡ ❡ Ge✱ ♣❛r❛ ❝❛❞❛
e ∈ E(X)✱ ❣r✉♣♦ ❞❡ ❛r❡st❛✳
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✷✳✹✳ ●r❛❢♦ ❞❡ ●r✉♣♦s

❉❡✜♥✐çã♦ ✷✳✹✳✷✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s ❡♠ X✱ E ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡
E(X) ❡ N ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❞❡ {e−1σe(g)eτe(g)

−1 : e ∈ E(X), g ∈ Ge} ∪ {ee : e ∈ E(X)} ❡♠

E ∗

(
∗

v∈V (X)
Gv

)
✳ ❉❡✜♥✐♠♦s F (∆) = E ∗

(
∗

v∈V (X)
Gv

)
/N ✳

❊♠ F (∆) t❡♠♦s q✉❡ e = e−1✳ ❙❡ ∆ é ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ σe, τe sã♦ ♠♦♥♦♠♦r✜s♠♦s✱
∀e ∈ E(X)✱ ❡ ❞❛í✱ F (∆) é ✉♠❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ ∗

v∈V (X)
Gv ❡ ❧❡tr❛s ❡stá✈❡✐s e✱

❡♠ q✉❡ ❝❛❞❛ ❛r❡st❛ é ú♥✐❝❛ ♣❛r❛ ❝❛❞❛ ♣❛r {e, e} ∈ E(X)✱ ❡ ❝♦♠ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge) ❡
τe(Ge)✱ ♣❛r❛ ❝❛❞❛ ❧❡tr❛ ❡stá✈❡❧ e✳

❉❡✜♥✐çã♦ ✷✳✹✳✸✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s ❡ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X✳
❉❡♥♦t❛♠♦s π(∆, X, T ) ❛♦ ❣r✉♣♦ F (∆)/M ✱ ❡♠ q✉❡ M é ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❡♠ F (∆) ❞♦ ❝♦♥❥✉♥t♦
{e : e ∈ E(T )}✳

❊①❡♠♣❧♦ ✷✳✹✳✶✳ ✶✮ ❙❡❥❛ X ♦ ❣r❛❢♦ v• e •w ❝✉❥❛s ❛r❡st❛s sã♦ e, e ❡ ♦s ✈ért✐❝❡s sã♦
σ(e) = v 6= w = τ(e)✳ ❈♦♠♦ X é ár✈♦r❡✱ T = X✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X✳
❊♥tã♦✱

π(∆, X,X) =
F (∆)

〈{e}〉F (∆)
=

(Gv ∗Gw)

〈{σe(g)τe(g)−1}〉Gv∗Gw
,

q✉❡ é ♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❛♠❛❧❣❛♠❛❞♦ Gv ∗
Ge

Gw✳

✷✮ ❙❡❥❛ X ♦ ❣r❛❢♦ ✒✑
✓✏
e •v ❝✉❥❛s ❛r❡st❛s sã♦ e, e ❡ ♦ ✈ért✐❝❡ é v = σ(e) = τ(e)✳ ❖ ✈ért✐❝❡ v

é ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X✳ ❊♥tã♦✱

π(∆, X, v) = F (∆) é ✉♠❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ Gv ❡ ❧❡tr❛ ❡stá✈❡❧ e ❝♦♠ ❣r✉♣♦s
❛ss♦❝✐❛❞♦s σe(Ge) ❡ τe(Ge)✳

✸✮ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❝✉❥♦s ❣r✉♣♦s Gv sã♦ tr✐✈✐❛✐s ♣❛r❛ ❝❛❞❛
v ∈ V (X)✳ ❙❡❥❛ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X✳ ❊♥tã♦✱

π(∆, X, T ) =
F (∆)

〈{e : e ∈ E(T )}〉F (∆)
= 〈E(X) | {ee : e ∈ E(X)} ∪ {e : e ∈ E(T )}〉 =

= 〈{x ∈ {e, e} | x é ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ♣❛r {e, e} ⊆ E(X)− E(T )}〉 = π1(X).

✹✮ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❡ Ge = 1✱ ♣❛r❛ t♦❞♦ e ∈ E(X)✳ ❊♥tã♦✱
s❡ T é ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X✱

π(∆, X, T ) =

E ∗ ( ∗
v∈V (X)

Gv)

〈{ee : e ∈ E(X)} ∪ {e : e ∈ E(T )}〉
E∗( ∗

v∈V (X)
Gv)

=

= E0 ∗ ( ∗
v∈V (X)

Gv) = π1(X) ∗

(
∗

v∈V (X)
Gv

)
,

❡♠ q✉❡ E é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ E(X) ❡ E0 é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡

{x ∈ {e, e} | x é ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ ❝❛❞❛ ♣❛r {e, e} ⊆ E(X)− E(T )} .

✸✹



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

✺✮ ❙❡ ∆ é ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ ❛ ár✈♦r❡ X✱ ❡♥tã♦

π(∆, X, T ) =

( ∗
v∈V (X)

Gv)

〈{σe(g)τe(g)−1, g ∈ Ge, e ∈ E(X)}〉
( ∗
v∈V (X)

Gv)
.

❉❡✜♥✐çã♦ ✷✳✹✳✹✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❡ v0 ∈ V (X)✳ ❉❡✜♥✐♠♦s
π(∆, X, v0) ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ F (∆) ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ t♦❞♦s q✉❡ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ♥❛ ❢♦r♠❛
g0e1g1e2, . . . , engn✱ ❡♠ q✉❡ e1 . . . en é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❞❡ X ❡♠ v0, g0 ∈ Gv0 ❡ gi ∈ Gτ(ei)✱
i = 1, . . . , n✳ ❙❡ n = 0✱ ♦ ❡❧❡♠❡♥t♦ é g0 ∈ Gv0✳

❯♠ ❡❧❡♠❡♥t♦ ❞❡ F (∆) ♦✉ ❞❡ π(∆, X, T ) é ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ P♦ré♠✱ ❢❛r❡♠♦s
❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ❡ [e] s❡rá ❞❡♥♦t❛❞♦ ♣♦r e ❛ss✐♠ ❝♦♠♦ [g] s❡rá ❞❡♥♦t❛❞♦ ♣♦r g✳

❙❡ g0e1g1e2 . . . engn, h0e′1h1e
′
2 . . . e

′
mhm ∈ π(∆, X, v0)✱ ❡♥tã♦

g0e1g1e2 . . . engnh0e
′
1h1e

′
2 . . . e

′
mhm ∈ π(∆, X, v0)✱ ♣♦✐s

gn ∈ Gτ(en) = Gv0 ⇒ gnh0 ∈ Gv0 ⇒ gi ∈ Gτ(ei), hj ∈ Gτ(ej), gnh0 ∈ Gτ(en),

i = 1, . . . , n− 1, j = 1, . . . ,m✳
❆❧é♠ ❞✐ss♦✱ e1 . . . ene′1 . . . e

′
m é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ v0✱ ♣♦✐s τ(en) = v0 = σ(e′1)✳

❆✐♥❞❛✱ g−1
n e−1

n . . . e−1
2 g−1

1 e−1
1 g−1

0 ∈ π(∆, X, v0)✱ ♣♦✐s g−1
n ∈ Gτ(en) = Gv0 ❡✱ s❛❜❡♥❞♦ q✉❡ ❡♠

π(∆, X, v0) t❡♠♦s e−1 = e✱ ❡♥tã♦ g−1
i−1 ∈ Gτ(ei−1) = Gσ(ei) = Gτ(e), i = 1, . . . , n ❡ e−1

n . . . e−1
1 é

♦ ❝❛♠✐♥❤♦ en . . . e1 ❡♠ X ❢❡❝❤❛❞♦ ❡♠ v0✳
❱❡♠♦s q✉❡ π(∆, X, v0) é ❝❧❛r❛♠❡♥t❡ ✉♠ ❣r✉♣♦ ❡ 1 é s❡✉ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✳
P♦rt❛♥t♦✱ π(∆, X, v0) é s✉❜❣r✉♣♦ ❞❡ F (∆)✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✶✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X✱ v0 ∈ V (X) ❡ T ✉♠❛ ár✲
✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X✳ ❖ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ F (∆) ❡♠ π(∆, X, T ) ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦
❞❡ π(∆, X, v0) ❡♠ π(∆, X, T )✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ E ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ E(X)✳ ❊♥tã♦✱ ✉♠ ❝❛♠✐♥❤♦ e1 . . . en ❡♠ X
♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ♦ ♣r♦❞✉t♦ e1 . . . en ❡♠ E✳ ❉❛í✱ ♣❛r❛ ❝❛❞❛ v ∈ V (X)✱ s❡❥❛ pv ♦ ❝❛♠✐♥❤♦
ú♥✐❝♦ r❡❞✉③✐❞♦ ❡♠ T ❞❡ v0 ❛ v ❡ pv0 = 1 ❡♠ E✳ ❙❡❥❛ φ : E ∗ ( ∗

v∈V (X)
Gv) −→ E ∗ ( ∗

v∈V (X)
Gv)

✉♠ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡

φ(e) = pσ(e)ep
−1
τ(e) ❡ φ(g) = pvgp

−1
v , g ∈ Gv.

❱❡r✐✜❝❛♠♦s q✉❡ φ(ee) = pσ(e)eep
−1
σ(e) ❡

φ(e−1σe(g)eτe(g)
−1) = φ(e)−1φ(σe(g))φ(e)φ(τe(g))

−1 =

= pτ(e)e
−1p−1

σ(e)pσ(e)σe(g)p
−1
σ(e)pσ(e)ep

−1
τ(e)pτ(e)τe(g)

−1p−1
τ(e) = pτ(e)e

−1σe(g)eτe(g)
−1p−1

τ(e).

P♦rt❛♥t♦✱ s❡♥❞♦N = 〈{ee : e ∈ E(X)} ∪ {e−1σe(g)eτe(g)
−1, g ∈ Ge, e ∈ E(X)}〉

E∗( ∗
v∈V (X)

Gv)
✱

t❡♠♦s q✉❡ φ(N) ⊆ N ✳

✸✺



✷✳✹✳ ●r❛❢♦ ❞❡ ●r✉♣♦s

❆ss✐♠✱ φ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : F (∆) −→ F (∆)✳
✐✮ Imϕ = π(∆, X, v0)✿
Imϕ = 〈{ϕ(e), e ∈ E(X)} ∪ {ϕ(g), g ∈ Gv, v ∈ V (X)}〉✳ ❉❛í✱ s❡ e ∈ E(X)✱ ❡♥tã♦ ϕ(e) =
pσ(e)ep

−1
τ(e)✱ ❡♠ q✉❡ pσ(e)ep

−1
τ(e) ❡q✉✐✈❛❧❡ ❛ ✉♠ ❝❛♠✐♥❤♦ ❡♠ X q✉❡ ❝♦♠❡ç❛ ❡♠ v0 ❡ t❡r♠✐♥❛ ❡♠

v0✳ P♦rt❛♥t♦✱ ϕ(e) ∈ π(∆, X, v0)✳ ❆✐♥❞❛✱ s❡ g ∈ Gv✱ ❡♥tã♦ ϕ(g) = pvgp
−1
v ✱ ❡♠ q✉❡ pvp−1

v

❡q✉✐✈❛❧❡ ❛ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ v0 ❡♠ X✳ P♦rt❛♥t♦✱ ϕ(g) ∈ π(∆, X, v0), ∀v ∈ V (X)✳
❉❡ss❛ ❢♦r♠❛✱ Imϕ ⊆ π(∆, X, v0)✳
❙❡❥❛ ❛❣♦r❛ g0e1g1e2 . . . engn ∈ π(∆, X, v0)✳ ❚❡♠♦s q✉❡

ϕ(g0e1g1e2 . . . engn) = ϕ(g0)ϕ(e1)ϕ(g1)ϕ(e2) . . . ϕ(en)ϕ(gn) =

= g0e1p
−1
τ(e1)

pτ(e1)g1p
−1
τ(e1)

pτ(e1)e2p
−1
τ(e2)

pτ(e2)g2p
−1
τ(e2)

. . . pτ(en)enp
−1
τ(en)

pτ(en)gnp
−1
τ(en)

=

= g0e1g1e2 . . . engn.

P♦rt❛♥t♦✱ π(∆, X, v0) ⊆ Imϕ✳
❆ss✐♠✱ ✈❛♠♦s ❞❡✜♥✐r ϕ ❝♦♠♦ ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ F (∆) ❡♠ π(∆, X, v0)✳ ❙❡ e ∈ E(T )✱ ❡♥tã♦
ϕ(e) = pσ(e)ep

−1
τ(e)✱ ❡♠ q✉❡ p−1

τ(e) é ♦ ❝❛♠✐♥❤♦ ❡♠ X ❞❛❞♦ ♣♦r epσ(e)✳ P♦rt❛♥t♦✱ ϕ(e) = 1✳
❊♥tã♦✱ ϕ ✐♥❞✉③ ✉♠ ❡♣✐♠♦r✜s♠♦ θ : π(∆, X, T ) −→ π(∆, X, v0)✳ ❈♦♠♦ π(∆, X, v0) ≤ F (∆)✱
s❡❥❛ θ′ ♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ π(∆, X, v0) ❡♠ π(∆, X, T )✳ ❉❛í✱

θ′ ◦ θ(e) = θ′(pσ(e)ep
−1
τ(e)) = θ′(e) = e, e ∈ E(X),

❡✱ ♣❛r❛ g ∈ Gv✱
θ′ ◦ θ(g) = θ′(pvgp

−1
v ) = θ′(g) = g,

♣♦✐s pσ(e), pτ(e), pv sã♦ ❝❛♠✐♥❤♦s ❡♠ T ✳ ❆ss✐♠✱ θ′ ◦ θ = idπ(∆,X,T ) ⇒ θ é ✐♥❥❡t♦r❛✳ P♦rt❛♥t♦✱
θ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❈♦♥❝❧✉í♠♦s q✉❡✱ s❡♥❞♦ v0 ❛r❜✐trár✐♦ ❡ π(∆, X, T ) ∼= π(∆, X, v0)✱ T ✉♠❛ ár✈♦r❡ ♠❛①✐✲
♠❛❧ q✉❛❧q✉❡r ❞❡ X✱ t❡♠♦s q✉❡✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ π(∆, X, T ) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ T ❡
π(∆, X, v0) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ v0✳ P♦❞❡♠♦s ❡♥tã♦ ❞❡♥♦t❛r π(∆, X, T ) ♣♦r π(∆)✱ ♦ q✉❛❧ ❞❡♥♦✲
♠✐♥❛♠♦s ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ∆✳

❉❡✜♥✐çã♦ ✷✳✹✳✺✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❡ Y ✉♠ s✉❜❣r❛❢♦ ❝♦♥❡①♦
❞❡ X✳ ❉❡✜♥✐♠♦s ∆|Y ♦ ❣r❛❢♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❣r✉♣♦s s♦❜r❡ Y ❝✉❥♦s Gv sã♦ ♦s ♠❡s♠♦ ❞❡ ∆✱
♣❛r❛ ❝❛❞❛ v ∈ V (Y ) ⊆ V (X)✱ ❡ Ge sã♦ ♦s ♠❡s♠♦s ❞❡ ∆✱ ♣❛r❛ ❝❛❞❛ e ∈ E(Y ) ⊆ E(X)✳
❚❛♠❜é♠✱ σe, τe ❞❡♥♦t❛♠ ♦s ♠❡s♠♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ∆✳

❙❡❥❛♠ v0 ∈ V (Y )✱ S ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Y ❡ T ✉♠❛ á✈♦r❡ ♠❛①✐♠❛❧ ❞❡ X t❛❧ q✉❡
T ⊇ S✳ ❊♥tã♦✱ g0e1g1e2 . . . engn 7−→ g0e1g1e2 . . . engn ❞❡✜♥❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡
π(∆|Y , Y, v0) ❡♠ π(∆, X, v0)✱ g0 ∈ Gv0 , e1 . . . en ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ Y ✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
❡♠ X✱ gi ∈ Gτ(ei), i = 1, . . . , n✳
❏á e 7−→ e✱ g 7−→ g, e ∈ E(Y ), g ∈ Gv, v ∈ V (Y ) ✐♥❞✉③❡♠ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ ❞❡
E0 ∗ ( ∗

v∈V (Y )
Gv) −→ E ∗ ( ∗

v∈V (X)
Gv)✱ ❡♠ q✉❡ E0 é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ E(Y ) ❡ E ♦ ❣r✉♣♦

❧✐✈r❡ ❝♦♠ ❜❛s❡ E(X)✳ ❈♦♠♦ E(Y ) ⊆ E(X) ❡ σe, τe sã♦ ♦s ♠❡s♠♦s ❡♠ ∆|Y ❡ ∆✱ φ ✐♥❞✉③ ✉♠
❤♦♠♦♠♦r✜s♠♦ φ1 ❞❡ F (∆|Y ) ❡♠ F (∆)✳ P♦r s✉❛ ✈❡③✱ ❝♦♠♦ S ⊆ T ✱ φ1 ✐♥❞✉③ ♦ ❤♦♠♦♠♦r✜s♠♦
♥❛t✉r❛❧ ❞❡ π(∆|Y , Y, S) ❡♠ π(∆, X, T )✳

✸✻



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

▲❡♠❛ ✷✳✹✳✶✳ ❖ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ π(∆|Y , Y, S) ❡♠ π(∆, X, T ) é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ∀v ∈ V (X)✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ Gv ❛ π(∆, X, T ) é ✉♠ ♠♦♥♦♠♦r✲
✜s♠♦✳

❆♥t❡s ❞❡ ❝♦♠❡ç❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦✱ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✷✳✹✳✻✳ ❯♠ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦ é ✉♠ ❝♦♥❥✉♥t♦ Λ ❥✉♥t♦ ❝♦♠ ✉♠❛ r❡❧❛çã♦ ≤ ❡♠ Λ
q✉❡ s❛t✐s❢❛③✱ ∀x, y, z ∈ Λ✿

✐✮ s❡ x ≤ y ❡ y ≤ z✱ ❡♥tã♦ x ≤ z❀

✐✐✮ x ≤ x✱ ∀x ∈ Λ❀

✐✐✐✮ s❡ x ≤ y ❡ y ≤ x✱ ❡♥tã♦ x = y❀

✐✈✮ ∀x, y ∈ Λ✱ ❡①✐st❡ w ∈ Λ t❛❧ q✉❡ x ≤ w ❡ y ≤ w✳

❉❡✜♥✐çã♦ ✷✳✹✳✼✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦ ❡ Gλ ✉♠ ❣r✉♣♦ ♣❛r❛ ❝❛❞❛ λ ∈ Λ✳ P❛r❛ t♦❞♦s
λ, µ ∈ Λ t❛✐s q✉❡ λ ≤ µ✱ s❡❥❛ ϕλ,µ : Gλ −→ Gµ ✉♠ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ ϕλ,λ = idGλ

❡
ϕµ,ν ◦ϕλ,µ = ϕλ,ν s❡ λ ≤ µ ≤ ν✳ ❆ ❝♦❧❡çã♦ ❞♦s ❣r✉♣♦s Gλ ❡ ♦s ❤♦♠♦♠♦r✜s♠♦s ϕλ,µ, λ, ν ∈ Λ✱
❢♦r♠❛♠ ✉♠ s✐st❡♠❛ ❝❤❛♠❛❞♦ s✐st❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s s♦❜r❡ Λ✳

❉❡✜♥✐çã♦ ✷✳✹✳✽✳ ❙✉♣♦♥❤❛ q✉❡ t❡♥❤❛♠♦s ✉♠ s✐st❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s s♦❜r❡ Λ✳ ❙❡❥❛ G ✉♠
❣r✉♣♦ ❡ ψλ : Gλ −→ G ✉♠ ❤♦♠♦♠♦r✜s♠♦s ♣❛r❛ ❝❛❞❛ Gλ ♥♦ s✐st❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s✳
❈❤❛♠❛♠♦s ❞❡ (G,ψλλ∈Λ) ❞❡ ❧✐♠✐t❡ ❞✐r❡t♦ ❞♦ s✐st❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s s❡✿

✶✳ ψλ = ψµ ◦ ϕλ,µ, ∀ λ ≤ µ❀

✷✳ ✭♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✮ ♣❛r❛ q✉❛❧q✉❡r ❣r✉♣♦ H ❡ ❤♦♠♦♠♦r✜s♠♦s fλ : Gλ −→ H t❛✐s
q✉❡ fλ = fµ ◦ ϕλ,µ, λ ≤ µ✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ : G −→ H t❛❧ q✉❡
fλ = φ ◦ ψλ, λ ∈ Λ✳

❉❡♥♦t❛♠♦s G ♣♦r ❧✐♠
−→

Gλ✳

❊①❡♠♣❧♦ ✷✳✹✳✷✳ ❙❡❥❛ N ♦ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦✱ Gn ❣r✉♣♦s t❛✐s q✉❡ Gn ⊆ Gn+1✳ ❚♦♠❡✱ ❡♥tã♦✱
ϕn,m✱ n < m✱ ❛ ✐♥❝❧✉sã♦ ❞❡ Gn ❡♠ Gm✳ ➱ ❝❧❛r♦ q✉❡ Gn,n = idGn

✳ ❚❡♠♦s q✉❡ ❧✐♠
−→

Gn =
⋃
n∈N

Gn

❡ ψn é ❛ ✐♥❝❧✉sã♦ ❞❡ Gn ❡♠ G✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✷ ✭❬✶✷❪✱ Pr♦♣♦s✐çã♦ ✷✱ ♣á❣✳ ✼✶✮✳ ❚♦❞♦ s✐st❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s t❡♠ ❧✐♠✐t❡
❞✐r❡t♦✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✸ ✭❬✶✷❪✱ Pr♦♣♦s✐çã♦ ✸✱ ♣á❣✳ ✼✷✮✳ ❙❡❥❛ G = ❧✐♠
−→

Gλ✳ ❊♥tã♦✱ G =
⋃
ψλ(Gλ)✳

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ gλ ∈ Gλ✱ t❡♠♦s q✉❡ ψλ(gλ) = 1 ⇔ ϕλ,µ(gλ) = 1✱ ♣❛r❛ ❛❧❣✉♠ µ ≥ λ✳

❈♦r♦❧ár✐♦ ✷✳✹✳✶ ✭❬✶✷❪✱ ❈♦r♦❧ár✐♦ ✶✱ ♣á❣✳ ✼✷✮✳ ❙❡ ❝❛❞❛ ϕλ,µ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ ❡♥tã♦ ❝❛❞❛
ψλ,µ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✳

❈♦r♦❧ár✐♦ ✷✳✹✳✷ ✭❬✶✷❪✱ ❈♦r♦❧ár✐♦ ✷✱ ♣á❣✳ ✼✷✮✳ ❙❡❥❛ H ✉♠ ❣r✉♣♦ ❡ θλ : Gλ −→ H ❤♦♠♦✲
♠♦r✜s♠♦s✳ ❙✉♣♦♥❤❛ q✉❡ θλ = θµ ◦ ϕλ,µ s❡ λ ≤ µ✱ q✉❡ H =

⋃
θλ(Gλ) ❡ q✉❡ θλ(gλ) = 1 s❡ ❡

s♦♠❡♥t❡ s❡ ϕλ,µ(gλ) = 1 ♣❛r❛ ❛❧❣✉♠ µ ≥ λ✳ ❊♥tã♦✱ H = ❧✐♠
−→

Gλ✳

✸✼



✷✳✹✳ ●r❛❢♦ ❞❡ ●r✉♣♦s

❆❣♦r❛✱ ♣♦❞❡♠♦s r❡t♦r♥❛r à ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ✷✳✹✳✶✿

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ π(∆|S, S, S) ❡ Gv ♠❡r❣✉❧❤❛♠ ❡♠ π(∆|T , T, T )✱
♣❛r❛ ❝❛❞❛ v ∈ V (X)✳

• T ✜♥✐t♦ ✭♦✉ s❡❥❛✱ |T | é ✜♥✐t♦✮✿
❙❡❥❛ |T | = |V (T )|+|E(T )|✳ ❙❡ X é ✉♠ ✈ért✐❝❡✱ ❝❛s♦ tr✐✈✐❛❧✳ ❙❡ X é ♦ ❣r❛❢♦ ✶ ❞♦ ❡①❡♠♣❧♦
✷✳✹✳✶✱ ❡♥tã♦ T = X✱ Y é ✉♠ ✈ért✐❝❡✱ S = Y ❡ π(∆, X,X) = Gv ∗

Ge

Gw✳ P❡❧❛ ❢♦r♠❛

♥♦r♠❛❧ ❞♦ ♣r♦❞✉t♦ ❛♠❛❧❣❛♠❛❞♦✱ Gv = π(∆|Y , Y, Y ) ❡ Gw ♠❡r❣✉❧❤❛♠ ❡♠ π(∆, X,X)✳
❙❡ X é ♦ ❣r❛❢♦ ✷ ❞♦ ❡①❡♠♣❧♦ ✷✳✹✳✶✱ ❡♥tã♦ T é ♦ ✈ért✐❝❡ v✱ Y = T = S ❡ π(∆, X, T )
é ❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ Gv ❡ ❧❡tr❛ ❡stá✈❡❧ e ❝♦♠ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge)
❡ τe(Ge) ❡✱ ♣❡❧❛ ❢♦r♠❛ ♥♦r♠❛❧ ❞❛ ❡①t❡♥sã♦ HNN ✱ π(∆|Y , Y, Y ) = Gv ♠❡r❣✉❧❤❛ ❡♠
π(∆, X, T )✳
❙❡❥❛ |E(T )| > 1✳ ❙❡ S = T ✱ ♥ã♦ ❤á ♥❛❞❛ ❛ ♣r♦✈❛r✳ ❙✉♣♦♥❤❛ ❡♥tã♦ S ⊂ T ✳ ❙❡❥❛
ẽ ∈ E(T ) t❛❧ q✉❡ T −

{
ẽ, ẽ

}
= S1∪̇S2✱ ❡♠ q✉❡ S1, S2 sã♦ s✉❜ár✈♦r❡s ❞❡ T ❝♦♠ S ⊆ S1

♦✉ S ⊆ S2✱ ❡ σ(ẽ) ∈ V (S1) ❡ τ(ẽ) ∈ V (S2)✳ P♦r ✐♥❞✉çã♦ ❡♠ |T |✱ t❡♠♦s q✉❡ Gv ♠❡r❣✉❧❤❛
❡♠ π(∆|S1 , S1, S1)✱ ♣❛r❛ ❝❛❞❛ v ∈ V (S1) ❡ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|S2S2, S2)✱ ♣❛r❛ ❝❛❞❛ v ∈
V (S2)✳ ❙❛❜❡♥❞♦ q✉❡ π(∆|T , T, T ) = π(∆|S1 , S1, S1) ∗

Gẽ

π(∆|S2 , S2, S2) ❡ q✉❡ Gẽ  Gσe(ẽ)

❡ Gẽ  Gτe(ẽ) sã♦ ♠♦♥♦♠♦r✜s♠♦s✱ ❡♥tã♦ π(∆|S1 , S1, S1) ❡ π(∆|S2 , S2, S2) ♠❡r❣✉❧❤❛♠
❡♠ π(∆|T , T, T ) ❛ss✐♠ ❝♦♠♦ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡s ❡♠ T ✳ ❙✉♣♦♥❞♦ S ⊆ S1✱ ♣♦r ✐♥❞✉çã♦
❡♠ T t❡♠♦s q✉❡ π(∆|S, S, S) ♠❡r❣✉❧❤❛ ❡♠ π(∆|S1 , S1, S1)✱ ❡♥tã♦ π(∆|S, S, S) ❡ Gv

♠❡r❣✉❧❤❛♠ ❡♠ π(∆|T , T, T ), ∀v ∈ V (X)✳

• T é ✐♥✜♥✐t♦ ❡ S é ✜♥✐t♦✿
❈♦♥s✐❞❡r❡ ♦s ❣r✉♣♦s π(∆|Ti , Ti, Ti) ❡♠ q✉❡ Ti sã♦ s✉❜ár✈♦r❡s ✜♥✐t❛s ❞❡ T t❛✐s q✉❡ Ti ⊇ S
♣❛r❛ ❝❛❞❛ i✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣r❡s❡♥t❛çã♦ 〈Xv | Rv〉 ❞❡ ❝❛❞❛ ❣r✉♣♦ Gv ❞♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s
∆✳ ❊♥tã♦✱ ❝❛❞❛ ❣r✉♣♦ π(∆|Ti , Ti, Ti) t❡♠ ❛♣r❡s❡♥t❛çã♦ 〈Xi | Ri〉✱ ❡♠ q✉❡

Xi =
⋃̇

v∈V (Ti)

Xv

❡

Ri =
⋃̇

v∈V (Ti)

Rv ∪̇
{
σe(g)τe(g)

−1, g ∈ Ge, e ∈ E(Ti)
}
.

➱ ✐♠❡❞✐❛t♦ ✈❡r q✉❡

π(∆|T , T, T ) =
〈⋃

Xi |
⋃

Ri

〉
.

❈♦♥s✐❞❡r❡ i ≤ j s❡ Ti ⊆ Tj✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✮ ❛ ✭✐✐✐✮ ❞❛ ❞❡✜✲
♥✐çã♦ ✷✳✹✳✻ ❞❡ ❝♦♥❥✉♥t♦ ❞✐r✐❣✐❞♦ sã♦ s❛t✐s❢❡✐t❛s✳ ❙❡ Ti ❡ Tj ♥ã♦ s❡ ✐♥t❡r❝❡♣t❛♠✱ t♦♠❡
vi ∈ V (Ti), vj ∈ V (Tj) ❡ ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ú♥✐❝♦ f ❡♠ T ❞❡ vi ❛ vj✳ ❊♥tã♦✱
{✈ért✐❝❡s ❞❡ ❢} ∪ {❛r❡st❛s ❞❡ ❢} ∪ Ti∪Tj é ✉♠❛ s✉❜ár✈♦r❡ ✜♥✐t❛ ❞❡ T q✉❡ ❝♦♥té♠ Ti ❡
Tj✳ ▲♦❣♦✱ ✭✐✈✮ t❛♠❜é♠ é s❛t✐s❢❡✐t❛✳ ❊♥tã♦✱ s❡ i ≤ j✱ t♦♠❡ ϕi,j ♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧
❞❡ 〈Xi | Ri〉 ❡♠ 〈Xj | Rj〉✳ ❱❡♠♦s q✉❡

ϕi,i = id〈Xi | Ri〉 ❡ ϕi,k = ϕj,k ◦ ϕi,j s❡ i ≤ j ≤ k.

✸✽



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

P♦rt❛♥t♦✱ t❡♠♦s ✉♠ s✐t❡♠❛ ❞✐r❡t♦ ❞❡ ❣r✉♣♦s 〈Xi | Ri〉 ❡ ❤♦♠♦♠♦r✜s♠♦s ϕi,j✳ ❆❧é♠
❞✐ss♦✱ t♦♠❛♥❞♦ θi ♦ ❤♦♠♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❞❡ 〈Xi | Ri〉 ❡♠ π(∆|T , T, T )✱ ♣❛r❛ ❝❛❞❛ i✱
✈❡♠♦s q✉❡

π(∆|T , T, T ) =
⋃

θi(〈Xi | Ri〉), θi = θj ◦ ϕi,j, ∀i ≤ j

❡
θi(gi) = 1 ⇔ gi é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡

⋃
Ri ⇔

⇔ gi é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ Rj ♣❛r❛ t♦❞♦ j ≥ i⇔ ϕi,j(gi) = 1 ∀j ≥ i.

❆ss✐♠✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✷✳✹✳✷✱

π(∆|T , T, T ) = ❧✐♠
−→

π(∆|Ti , Ti, Ti).

❉♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡✱ s❡ i ≤ j✱ ❡♥tã♦ 〈Xi | Ri〉 ♠❡r❣✉❧❤❛ ❡♠ 〈Xj | Rj〉✳ ❆ss✐♠✱
ϕi,j é ♠♦♥♦♠♦r✜s♠♦ ♣❛r❛ ❝❛❞❛ i ≤ j✳ P❡❧♦ ❝♦r♦❧ár✐♦ ✷✳✹✳✶✱ θi é ♠♦♥♦♠♦r✜s♠♦ ♣❛r❛
❝❛❞❛ i✳ ❈♦♠♦ π(∆|S, S, S) ♠❡r❣✉❧❤❛ ❡♠ π(∆|Ti , Ti, Ti) ♣❛r❛ ❝❛❞❛ i✱ ♣♦✐s Ti é ✜♥✐t♦✱
t❡♠♦s q✉❡ π(∆|S, S, S) ♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T )✳ ❈♦♠♦ ♣❛r❛ ❝❛❞❛ v ∈ V (T ) t❡♠♦s
q✉❡ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|Ti , Ti, Ti) ♣❛r❛ ❛❧❣✉♠ Ti✱ ❡♥tã♦ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T )✱
∀v ∈ V (X)✳

• T ❡ S sã♦ ✐♥✜♥✐t♦s✿
❙❡❥❛ v ∈ V (S) ❡ {Si} ✉♠❛ ❝♦❧❡çã♦ ❞❛s s✉❜ár✈♦r❡s ✜♥✐t❛s ❞❡ S t❛✐s q✉❡ v ∈ V (Si)
♣❛r❛ ❝❛❞❛ i✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s ❛♣r❡s❡♥t❛çõ❡s ❞❡ π(∆|Si

, Si, Si)✱ ♣❛r❛ ❝❛❞❛ i✱ ❡ ♦s ❤♦✲
♠♦♠♦r✜s♠♦s ♥❛t✉r❛✐s ❞❡ π(∆|Si

, Si, Si) ❡♠ π(∆|Sj
, Sj, Sj) ♣❛r❛ ❝❛❞❛ i ≤ j✱ t❡♠♦s q✉❡✱

❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ π(∆S, S, S) = ❧✐♠
−→

π(∆|Si
, Si, Si)✳ ❏á ♣r♦✈❛♠♦s q✉❡

π(∆|Si
, Si, Si) ♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T ) ♣❛r❛ ❝❛❞❛ i ❛tr❛✈és ❞❡ fi✳ P♦rt❛♥t♦✱ ♣❡❧❛ ♣r♦✲

♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ❧✐♠✐t❡ ❞✐r❡t♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ φ ❞❡ π(∆S, S, S) ❡♠
π(∆|T , T, T ) t❛❧ q✉❡ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ ♣♦✐s fi = φ◦ψi✱ ❡♠ q✉❡ ψ é ♦ ❤♦♠♦♠♦r✜s♠♦
♥❛t✉r❛❧ ❞❡ π(∆|Si

, Si, Si) ❡♠ π(∆S, S, S)✳ ❆✐♥❞❛✱ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|Si
, Si, Si) ♣❛r❛

❝❛❞❛ i✳ ❊♥tã♦✱ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T )✳ ❈♦♠♦ v é ❛r❜✐trár✐♦✱ ✈❛❧❡ ♣❛r❛ t♦❞♦
v ∈ V (X)✳

❆❣♦r❛✱ π(∆, X, T ) =

= E ∗ ( ∗
v∈V (X)

Gv)/
〈{
e−1σe(g)eτe(g)

−1, e ∈ E(X)− E(T ), g ∈ Ge

}〉E∗( ∗
v∈V (X)

Gv)
,

❡♠ q✉❡ E é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ E1✱ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s e✱ ❝❛❞❛ ✉♠ ú♥✐❝♦ ❞❡ ❝❛❞❛ ♣❛r
{e, e} ❞❡ E(X) − E(T )✳ ▲♦❣♦✱ π(∆, X, T ) é ❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ π(∆|T , T, T )
❝♦♠ ❧❡tr❛s ❡stá✈❡✐s e ∈ E1 ❡ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge), τe(Ge), e ∈ E1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱
π(∆|Y , Y, S) é ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ π(∆S, S, S) ❡ ❧❡tr❛s ❡stá✈❡✐s e✱ ❝❛❞❛ ✉♠❛ ú♥✐❝❛
❞❡ ❝❛❞❛ ♣❛r {e, e} ❞❡ E(Y ) − E(S)✱ ❝♦♠ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge) ❡ τe(Ge)✱ e ❧❡tr❛ ❡stá✈❡❧✳
❙❡❥❛ E2 ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s q✉❡ r❡♣r❡s❡♥t❛♠ ❛s ❧❡tr❛s ❡stá✈❡✐s ❞❡ π(∆|Y , Y, S)✳ ❈♦♠♦ ❥á
✈✐♠♦s q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ✐♥❞❡♣❡♥❞❡ ❞❛ ár✈♦r❡ ♠❛①✐♠❛❧✱ t♦♠❡♠♦s T
✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ q✉❡ ❝♦♥té♠ S✳ ❆ss✐♠✱ S = Y ∩ T ✳ ❊♥tã♦✱ E2 ⊆ E1✳ ❈♦♠♦ π(∆|S, S, S)
♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T )✱ t❡♠♦s q✉❡ π(∆|Y , Y, S) ♠❡r❣✉❧❤❛ ❡♠ H✱ ❛ ❡①t❡♥sã♦ HNN ❞❡
❣r✉♣♦ ❜❛s❡ π(∆|T , T, T ) ❡ ❧❡tr❛s ❡stá✈❡✐s e ∈ E2 ❝♦♠ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge) ❡ τe(Ge)✱
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✷✳✹✳ ●r❛❢♦ ❞❡ ●r✉♣♦s

e ∈ E2✳ ▼❛s π(∆, X, T ) é ❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ H ❡ ❧❡tr❛s ❡stá✈❡✐s e ∈ E1 − E2✱
❝♦♠ ❣r✉♣♦s ❛ss♦❝✐❛❞♦s σe(Ge) ❡ τe(Ge)✱ e ∈ E1 − E2✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❢♦r♠❛ ♥♦r♠❛❧ ❞❛
❡①t❡♥sã♦ HNN ✱ t❡♠♦s q✉❡ H ♠❡r❣✉❧❤❛ ❡♠ π(∆, X, T )✳ ▲♦❣♦✱ π(∆|Y , Y, S) ♠❡r❣✉❧❤❛ ❡♠
π(∆, X, T )✳ ❈♦♠♦ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆|T , T, T )✱ ❡♥tã♦ Gv ♠❡r❣✉❧❤❛ ❡♠ π(∆, X, T ) ♣❛r❛
❝❛❞❛ v ∈ V (X)✳

▲❡♠❛ ✷✳✹✳✷✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❡ H ✉♠ ❣r✉♣♦✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠
❤♦♠♦♠♦r✜s♠♦s θv : Gv −→ H ♣❛r❛ ❝❛❞❛ v ∈ V (X) ❡ ❡❧❡♠❡♥t♦s αe ∈ H ♣❛r❛ ❝❛❞❛ e ∈ E(X)
t❛✐s q✉❡ αe = α−1

e ❡✱ ♣❛r❛ t♦❞♦ g ∈ Ge✱ α−1
e θσ(e)(σe(g))αe = θτ(e)(τe(g))✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ π(∆) ❡♠ H ❝✉❥❛ r❡str✐çã♦ ❛ Gv é ✉♠ ❝♦♥❥✉❣❛❞♦ ❞❡ θv✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ✐♥❞✉③✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ F (∆) ❡♠ H q✉❡ ❧❡✈❛ g ∈ Gv ❡♠ θv(g)
❡ e ❡♠ αe✱ ♣♦✐s αeαe = 1 ❡ α−1

e θσ(e)(σe(g))αe = θτ(e)(τe(g))✳ ❙❡ αe = 1 q✉❛♥❞♦ e ∈ T ✱ ❡①✐st✐rá
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ π(∆, X, T ) ❡♠ H q✉❡ é θv q✉❛♥❞♦ r❡str✐t♦ ❛ Gv✳ P♦rt❛♥t♦✱ q✉❡r❡♠♦s
❡♥❝♦♥tr❛r ❡❧❡♠❡♥t♦s βe ❞❡ H t❛✐s q✉❡ βe = 1 q✉❛♥❞♦ e ∈ T ✳
❋✐①❡♠♦s ✉♠ ✈ért✐❝❡ v0 ❡♠ X✳ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ❞❡ X✱ s❡❥❛ αv = αe1 . . . αen ✱ ❡♠ q✉❡
e1 . . . en é ♦ ❝❛♠✐♥❤♦ r❡❞✉③✐❞♦ ❡♠ T ❞❡ v0 ❛ v✳ ❚♦♠❡ βe = αvαeα

−1
w ✱ ❡♠ q✉❡ v = σ(e) ❡

w = τ(e)✳ ❊♥tã♦✱ s❡ e ∈ T ✱ αw = αvαe ⇒ βe = 1✳ ❆✐♥❞❛✱ βe = αwαeα
−1
v = αwα

−1
e α−1

v = β−1
e ✳

❉❡✜♥❛✱ ❛❣♦r❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ψ : Gv −→ H t❛❧ q✉❡ ψ(g) = αvθv(g)α
−1
v ♣❛r❛ ❝❛❞❛ g ∈ Gv✱

v ∈ V (X)✳ ❊♥tã♦✱

β−1
e ψσ(e)(σe(g))βe = ατ(e)α

−1
e α−1

σ(e)ασ(e)θσ(e)(σe(g))α
−1
σ(e)ασ(e)αeα

−1
τ(e) =

= ατ(e)α
−1
e θσ(e)(σe(g))αeα

−1
τ(e) = ατ(e)θτ(e)(τ(g))α

−1
τ(e) = ψτ(e)(τe(g)).

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ π(∆) ❡♠ H ❝✉❥❛ r❡str✐çã♦ ❛ Gv é ✉♠ ❝♦♥❥✉❣❛❞♦ ❞❡
θv✳

✷✳✹✳✶ Pr✐♠❡✐r❛ ❈♦♥str✉çã♦

❙❡❥❛ G ✉♠ ❣r✉♣♦ q✉❡ ❛❣❡ s❡♠ ✐♥✈❡rsõ❡s ♥✉♠ ❣r❛❢♦ ❝♦♥❡①♦ X✳ ❉❡✜♥❛ Y ♦ ❣r❛❢♦ q✉♦❝✐❡♥t❡
X/G ❡ t♦♠❡ p ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ X ❡♠ Y ✳ ❈♦♥s✐❞❡r❡ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Y ❡ A
✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ Y ✳
❙❡❥❛ j : T −→ X ❛ ❛♣❧✐❝❛çã♦ t❛❧ q✉❡ p ◦ j é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ T ✳ ❘❡❝♦r❞❡♠♦s q✉❡ j(T ) é ❛
ár✈♦r❡ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❛çã♦ ❞❡ G ❡♠ X✳ ❉❡♥♦t❛r❡♠♦s j ❛ ❡①t❡♥sã♦ ❛ Y q✉❡ ✈❛♠♦s ❝♦♥str✉✐r
❛ ♣❛rt✐r ❞❡ j : T −→ X✳ ❈♦♠♦ T é ár✈♦r❡ ♠❛①✐♠❛❧✱ j ❥á ❡stá ❞❡✜♥✐❞❛ ❡♠ V (Y )✳
❙❡❥❛ ❡♥tã♦ e ∈ A − T ✳ ❙❛❜❡♠♦s q✉❡ σ(e) = p ◦ j(σ(e))✳ ❈♦♠♦ p é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛✱
❡①✐st❡ ✉♠❛ ❛r❡st❛ x ∈ X t❛❧ q✉❡ σ(x) = j(σ(e)) ❡ p(x) = e✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s j(e) = x ❡
j(e) = x✳ ❙❡ j(e) = j(e′), e, e′ ∈ E(Y )✱ ❡♥tã♦ p ◦ j(e) = p ◦ j(e′) ⇒ e = e′✳ P♦rt❛♥t♦✱ j
❝♦♥t✐♥✉❛ ✐♥❥❡t♦r❛✳
❙❡ e ∈ A✱ t❡♠♦s

p ◦ τ(j(e)) = τ(p(j(e))) = τ(e) = p ◦ j(τ(e)).

▲♦❣♦✱ τ(j(e)) ❡ j(τ(e)) ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ Y ✳ ❆ss✐♠✱ ❞❡✈❡♠♦s
t❡r γe ∈ G t❛❧ q✉❡ τ(j(e)) = γej(τ(e))✳ ❉❡✜♥❛ γe = γ−1

e ✳ ◗✉❛♥❞♦ e ∈ A ∩ T ✱ t❡♠♦s
j(τ(e)) = τ(j(e))✳ ◆❡ss❡ ❝❛s♦✱ t♦♠❡ γe = 1✳

✹✵



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

❖ ❡st❛❜✐❧✐③❛❞♦r ❞❡ x ❡♠ X é ♦ s✉❜❣r✉♣♦ {g ∈ G : gx = x} ❡ é ❞❡♥♦t❛❞♦ ♣♦r Gx✳

❆❣♦r❛✱ q✉❡r❡♠♦s ❝♦♥str✉✐r ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆ ❡♠ Y ✳ P❛r❛ ❝❛❞❛ y ∈ Y ✱ ❞❡✜♥❛

Gy := Gj(y).

❙❡ e ∈ A✱ ✈❡♠♦s q✉❡ Gj(e) = {g ∈ G : gj(e) = j(e)}✳ ▼❛s gj(e) = j(e) ⇔ gj(e) = j(e)✳
P♦rt❛♥t♦✱ Ge = Ge✳ ❉❡ss❡ ♠♦❞♦✱ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ❞❡✜♥✐r ♦s ♠♦♥♦♠♦r✜s♠♦s ♣❛r❛ e ∈ A✳
❙❡ gj(e) = j(e)✱ ❡♥tã♦ gσ(j(e)) = σ(gj(e)) = σ(j(e))✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❛ ❡①t❡♥sã♦ j✱ ✈❡♠♦s
q✉❡ j(σ(e)) = σ(j(e)), ∀e ∈ A✳ ❆ss✐♠✱ Ge ⊆ Gσ(e) ❡ ♦ ♠♦♥♦♠♦r✜s♠♦ é ❛ ✐♥❝❧✉sã♦✳ ❉❛
♠❡s♠❛ ❢♦r♠❛✱ Gj(e) ⊆ Gτ(j(e))✳ ▼❛s

gτ(j(e)) = τ(j(e)) ⇔ gγej(τ(e)) = γej(τ(e)) ⇔ γ−1
e gγej(τ(e)) = j(τ(e)).

❊♥tã♦✱ Gj(τ(e)) = γ−1
e Gτ(j(e))γe✳ ❉❛í✱ ❞❡✜♥✐♠♦s ♦ ♠♦♥♦♠♦r✜s♠♦ ❞❡ Ge ❡♠ Gτ(e) t❛❧ q✉❡

g 7−→ γ−1
e gγe✳ ❉❛í✱ é só ❞❡✜♥✐r σe ♣♦r τe✳

✷✳✹✳✷ ❙❡❣✉♥❞❛ ❈♦♥str✉çã♦

❈♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆ s♦❜r❡ ♦ ❣r❛❢♦ Y ✱ T ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Y ❡ A ✉♠❛
♦r✐❡♥t❛çã♦ ❞❡ Y ✳ ❙❡❥❛ G ♦ ❣r✉♣♦ π(∆, Y, T )✳ ❆❣♦r❛✱ s❡❥❛♠ g, h ∈ G ❡ v, w ∈ V (Y )✳ ❉✐③❡♠♦s
q✉❡ ♦s ♣❛r❡s (g, v), (h, w) sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♦✉ s❡❥❛✱ (g, v) ∼ (h, w) s❡ v = w ❡ g ∈ hGv✳ ❉❡
❢♦r♠❛ ♣❛r❡❝✐❞❛✱ s❡ g, h ∈ G ❡ y, z ∈ A✱ ❞✐③❡♠♦s q✉❡ (g, y) ∼ (h, z) s❡ y = z ❡ g ∈ hσz(Gz) ❡
(g, y) ∼ (h, z) s❡ y = z ❡ g ∈ hτz(Gz)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❣r❛❢♦ Ỹ ❝✉❥♦s ✈ért✐❝❡s sã♦
❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [g, v] ❡ ❛s ❛r❡st❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [g, y] ❡ [g, y]✳ ✭❆ ♠❡♥♦s
q✉❡ s❡❥❛ ♥❡❝❡ssár✐♦ ♦ ❝♦♥trár✐♦✱ ✈❛♠♦s ❞❡♥♦t❛r σe = σ ❡ τe = τ✮✳
❉❡✜♥❛♠♦s p : Ỹ −→ Y ❡ j : Y −→ Ỹ ♣♦r p([g, y]) = y ❡ j(y) = [1, y]✱ ∀y ∈ V (Y ) ∪ E(Y )✳
❆ss✐♠✱ G ❛❣❡ ❡♠ Ỹ ♣❡❧❛ ❛çã♦ (g, [h, y]) 7−→ [gh, y]✱ ∀y ∈ V (Y ) ∪ E(Y )✳
❙❡ y ∈ A ❡ k ∈ hσ(Gy)✱ ❡♥tã♦ gk ∈ ghσ(Gy) ⇒ [gk, y] = [gh, y]✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s
q✉❡✱ s❡ y ∈ V (Y )✱ ❡♥tã♦ [gk, y] = [gh, y]✳ P♦rt❛♥t♦✱ ❛ ❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱
g[h, y] 6= [h, y]✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r✿

✶✮ [g, y] = [g, y]❀

✷✮ σ([g, y]) = [g, σ(y)]✱ ∀y ∈ A✳

✸✮ τ([g, y]) = [gy, τ(y)], ∀y ∈ A✳

➱ ♥❡❝❡ssár✐♦ ♦❜s❡r✈❛r q✉❡ y é s❡✉ ❡❧❡♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠G✱ ♦✉ s❡❥❛✱ s❡ y ∈ T ✱ y = 1 ∈ G✳
❙❡ [h, y] é ♦✉tr♦ r❡♣r❡s❡♥t❛♥t❡ ❞❡ [g, y]✱ ❡♥tã♦

h ∈ gσ(Gy) ⇒ hy ∈ gσ(Gy)y = gyτ(Gy) ⊆ gyGτ(y) ⇒ [hy, τ(y)] = [gy, τ(y)].

❉❛í✱ s❡ y ∈ A✱
σ([g, y]) = σ([g, y]) = τ([g, y]) = [gy, τ(y)].

P♦rt❛♥t♦✱ p é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳ P❡❧♦ ❢❛t♦ ❞❡ y = 1 s❡ y ∈ T ✱ ❡♥tã♦ σ(j(y)) =
σ([1, y]) = [1, σ(y)], ∀y ∈ E(T )✳ ❆♥á❧♦❣♦ ♣❛r❛ τ ✳

✹✶



✷✳✺✳ ❖s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

▲♦❣♦✱ j : T −→ Ỹ t❛♠❜é♠ é ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳ P♦ré♠✱ ❝♦♠♦ σ(j(y)) = [y, σ(y)] 6= j(σ(y))

s❡ y /∈ A ∪ E(T )✱ ❡♥tã♦ j : Y −→ Ỹ ♥ã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳

❈❤❛♠❛♠♦s Ỹ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✶✳ ❙❡ ❛ ♣❛rt✐r ❞❛ ❛çã♦ ❞❡ G ❡♠ Ỹ ✜③❡r♠♦s ❛ ♣r✐♠❡✐r❛ ❝♦♥str✉çã♦✱ ✈❛♠♦s
♦❜t❡r ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆̃ s♦❜r❡ G/Ỹ ✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ∆̃ é ✐s♦♠♦r❢♦ ❛ ∆✳

✐✮ G/Ỹ ∼= Y ✿
V (G/Ỹ ) = {G[g, v], v ∈ V (Y )} ❡ E(G/Ỹ ) = {G[g, e], e ∈ E(Y )}✳ ❋❛③❡♥❞♦ ❛ ✐❞❡♥t✐✜✲
❝❛çã♦ G[g, y] ↔ y ∈ Y ✱ t❡♠♦s q✉❡ Y ∼= G/Ỹ ✳ ❊♥tã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ∆̃ s♦❜r❡ Y ✳

✐✐✮ ❖s ❣r✉♣♦s ❞❡ ∆̃✿
p : Ỹ −→ Y ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ Ỹ ❡♠ G/Ỹ ❡ t❡♠♦s j ❛ ❛♣❧✐❝❛çã♦
❞❡ T ❡♠ Ỹ t❛❧ q✉❡ j(T ) é ár✈♦r❡ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❛çã♦ ❞❡ G ❡♠ Ỹ ✭♣♦✐s p ◦ j = idT ✮✳
❙❡❥❛♠ G̃y ♦s ❣r✉♣♦s ❞❡ ∆̃✳ ❱❡♠♦s q✉❡

G̃v = Gj(v) = G[1,v] = Gv, v ∈ V (Y ),

❡
G̃e = Gj(e) = G[1,e] = σe(Ge), e ∈ A.

❈♦♠♦ σe é ♠♦♥♦♠♦r✜s♠♦✱ ❡♥tã♦ G̃e
∼= Ge✳

✐✐✐✮ ❖s ♠♦♥♦♠♦r✜s♠♦s ❞❡ ∆̃✿
❖s ❞✐❛❣r❛♠❛s ❛❜❛✐①♦ ❝♦♠✉t❛♠✿

Ge
σe //

σe
��

Gσ(e)

id
��

Ge
τe //

σe
��

Gσ(e)

id
��

G̃e
� � // G̃σ̃e G̃e τ̃e

// G̃τ̃e

❖ ♣r✐♠❡✐r♦ é ó❜✈✐♦✳ ◆♦ s❡❣✉♥❞♦ ❞✐❛❣r❛♠❛✱ ✈❡♠♦s q✉❡✱ s❡ g ∈ Ge✱ ❡♥tã♦

τ̃e(σe(g)) = γ−1
e σe(g)γe = τe(g),

♣♦✐s γe ❝♦rr❡s♣♦♥❞❡ ❛ e ❡♠ G✱ ❡ ❡♠ G = π(∆, Y, T ) t❡♠♦s q✉❡ e−1σe(g)e = τe(g)✳

❙❡❣✉❡ q✉❡ ∆ ∼= ∆̃✳

✷✳✺ ❖s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

❚❡♦r❡♠❛ ✷✳✺✳✶ ✭Pr✐♠❡✐r♦ ❚❡♦r❡♠❛ ❊str✉t✉r❛❧✮✳ ❖ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡
❣r✉♣♦s é ✉♠❛ ár✈♦r❡✳

✹✷



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

❉❡♠♦♥str❛çã♦✳ ✐✮ Ỹ é ❝♦♥❡①♦✿
❙❡❥❛ Z ♦ s✉❜❣r❛❢♦ ❞❡ Ỹ t❛❧ q✉❡

E(Z) = {[1, e], [1, e], ∀e ∈ A}

❡
V (Z) = {[1, σ(e)], [γe, τ(e)], ∀e ∈ A}

✭♦s ✈ért✐❝❡s ❞❡ Z ❞❡ ❢❛t♦ ♣♦ss✉❡♠ ❡ss❛ ❢♦r♠❛✱ ♣♦✐s s❡ e /∈ A✱ ❡♥tã♦ σ([1, e]) = τ([1, e]) =
[γe, τ(e)]✱ ❡ τ([1, e]) = σ([1, e]) = [1, σ(e)]✮✳
❈♦♠ ✐ss♦✱ ∀v ∈ V (Y )✱ t❡♠♦s q✉❡ v = σ(e) ♦✉ v = τ(e) ♣❛r❛ ❛❧❣✉♠ e ∈ A∩T ✱ ❡ γe = 1✳ ▲♦❣♦✱
j(T ) ⊆ Z✳ ❊✱ ❝♦♠♦ σ(e) ∈ V (T )✱ t❡♠♦s q✉❡ [1, σ(e)] ∈ j(T ), ∀e ∈ A✳ ❙❡♥❞♦ j(T ) ❝♦♥❡①♦✱
t❡♠♦s q✉❡ Z é ❝♦♥❡①♦✳
❉❛ ❞❡✜♥✐çã♦ ❞❡ Z✱ t❡♠♦s q✉❡ GZ = Ỹ ✳
❙❡ g ∈ Gv, ∀v ∈ V (Y )✱ ❡♥tã♦ g[1, v] = [1, v]✳ P♦rt❛♥t♦✱ Z ∩ gZ 6= ∅, ∀g ∈ Gv, ∀v ∈ V (Y )✳
❆✐♥❞❛✱ s❡ e ∈ A✱ ❡♥tã♦

τ([1, e]) = [γe, τ(e)] = γe[1, τ(e)] ⇒ Z ∩ γeZ 6= ∅ ❡ Z ∩ γ−1
e Z 6= ∅.

P♦r ✐♥❞✉çã♦ ♥♦ ♥ú♠❡r♦ n ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s s1, . . . , sn ❞❡
⋃

v∈V (Y )

Gv ∪
⋃
e∈A

{γe, γ
−1
e }✱ t❡♠♦s

q✉❡
Z ∪ s1Z ∪ s1s2Z ∪ . . . ∪ s1, s2, . . . sn−1Z

é ❝♦♥❡①♦ ❡✱ ❝♦♠♦ snZ ∩ Z 6= ∅✱ ❡♥tã♦

s1, . . . sn−1Z ∩ s1, s2, . . . , sn−1, snZ 6= ∅.

▲♦❣♦✱
Z ∪ s1Z ∪ s1s2Z ∪ . . . ∪ s1, s2, . . . snZ

é ❝♦♥❡①♦✳ ❈♦♠♦ Z ♣❡rt❡♥❝❡ ❛ q✉❛❧q✉❡r ✉♠ ❞❡ss❡s s✉❜❣r❛❢♦s✱ ∀n > 0✱ ❡♥tã♦ ❛ ✉♥✐ã♦ ❞❡
t♦❞♦s ♦s s✉❜❣r❛❢♦s ❡s❝r✐t♦s ❞❡ss❛ ♠❛♥❡✐r❛✱ ∀n > 0✱ é ❝♦♥❡①❛✳ ❈♦♠♦ G é ❣❡r❛❞♦ ♣♦r Gv ❡ γe✱
v ∈ V (Y ), e ∈ E(Y )✱ ❡ss❛ ✉♥✐ã♦ é GZ✳ ▲♦❣♦✱ GZ = Ỹ é ❝♦♥❡①♦✳
✐✐✮ Ỹ é ár✈♦r❡✿
❙✉♣♦♥❤❛ Gv = 1, ∀v ∈ V (Y )✳ ❉✐③❡♠♦s q✉❡ Ỹ é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ Y ✳ ◆❡ss❡
❝❛s♦✱ G = π(∆, Y, T ) é ♦ ❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ {γe : e ∈ A− E(T )}✳
❙❡❥❛ [g1, e1], . . . , [gn, en] ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❞❡ [1, v] ❡♠ Ỹ ✱ ♣❛r❛ ❛❧❣✉♠ v ∈ V (Y )✳ ❚❡♠♦s

• τ([gi, ei]) = giγei [1, τ(ei)] s❡ ei ∈ A ❡

• τ([gi, ei]) = gi[1, τ(ei)] s❡ ei /∈ A✳

❙❡❥❛✱ ❡♥tã♦✱ hi = gi s❡ ei ∈ A ❡ hi = giγ
−1
ei

s❡ ei /∈ A✳ ❉❛í✱ τ([gi, ei]) = hiγei [1, τ(ei)]✳
❉❛ ♠❡s♠❛ ❢♦r♠❛✱

• σ([gi, ei]) = gi[1, σ(ei)] s❡ ei ∈ A ❡

• σ([gi, ei] = giγei [1, σ(ei)] = giγ
−1
ei

[1, τ(ei)] s❡ ei /∈ A✱ ♦ q✉❡ ✐♠♣❧✐❝❛ σ([gi, ei]) = hi[1, σ(ei)]✳

✹✸



✷✳✺✳ ❖s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

❉♦ ❢❛t♦ ❞❡ q✉❡ τ([gi, ei]) = σ([gi+1, ei+1]), i = 1, . . . , n− 1✱ t❡♠♦s q✉❡

hiγei [1, τ(ei)] = hi+1[1, σ(ei+1)] ⇒ τ(ei) = σ(ei+1) ❡ hiγei = hi+1, i = 1, . . . , n− 1.

❚❛♠❜é♠✱
τ [gn, en] = σ[g1, e1] ⇒ τ(en) = σ(e1) = v ❡ hnγen = h1.

❉❛í✱
γe1γe2 . . . γen = h−1

1 h2h
−1
2 h3 . . . h

−1
n−1hnh

−1
n h1 = 1 ❡♠ G.

▼❛s G é ❣r✉♣♦ ❧✐✈r❡✳ ❊♥tã♦✿

✶✮ ei ∈ T, ∀i = 1, . . . , n✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ∃i t❛❧ q✉❡ ei = ei+1 ♦✉

✷✮ ∃i t❛❧ q✉❡ ei+1 = ei ♦✉

✸✮ ∃r, s, r + 1 < s✱ t❛❧ q✉❡ es = er ❡ ei ∈ T, r < i < s✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ei+1 = ei ♣❛r❛
❛❧❣✉♠ i t❛❧ q✉❡ r < i < s✳

❈♦♠♦ τ([gi, ei]) = σ([gi+1, ei])✱ t❡♠♦s

hiγei [1, τ(ei)] = hi+1[1, τ(ei)] ⇒ giγei = gi+1γ
−1
ei+1

= gi+1γei s❡ ei ∈ A ❡ gi = gi+1 s❡ ei /∈ A.

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ gi = gi+1✳ ❆ss✐♠✱ [gi, ei+1] = [gi, ei]✱ P♦rt❛♥t♦✱ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠
Ỹ ❝♦♠ n > 0 ♥ã♦ é r❡❞✉③✐❞♦ ✭s❡ n = 1 ❡ σ([g1, e1]) = τ([g1, e1])✱ ❡♥tã♦ g1γe1 = g1 ⇒ γe1 =
1 ⇒ e1 ∈ T ✱ ❝♦♥tr❛❞✐çã♦✮✳
P♦rt❛♥t♦✱ Ỹ é ár✈♦r❡ s❡ ♦s ❣r✉♣♦s Gv sã♦ tr✐✈✐❛✐s✳
❆♥t❡s ❞❡ ✈♦❧t❛r♠♦s à s✐t✉❛çã♦ ♦r✐❣✐♥❛❧✱ ❝♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡✿ s❡❥❛ U ♦ r❡❝♦❜r✐♠❡♥t♦
✉♥✐✈❡rs❛❧ ❞❡ Y ❡ p : U −→ Y ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❏á ✈✐♠♦s q✉❡ p é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛✳
❙❡❥❛♠ [g1, u2], [g2, u2] ❛r❡st❛s ❞✐st✐♥t❛s ❞❡ U t❛✐s q✉❡ σ([g1, u1]) = σ([g2, u2])✳ ❊♥tã♦✱

h1[1, σ(u1)] = h2[1, σ(u2)], ❡♠ q✉❡ hi = gi s❡ ui ∈ A ❡ hi = giγui s❡ ui /∈ A.

❉❡✈❡♠♦s t❡r q✉❡ σ(u1) = σ(u2) ❡ h1 = h2✳ ▲♦❣♦✱

u1 6= u2 ⇒ p([g1, u1]) = u1 6= p([g2, u2]) = u2.

P♦rt❛♥t♦✱ p é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✳ P♦r ✜♠✱ p é ❧♦❝❛❧♠❡♥t❡ ❜✐❥❡t♦r❛✳ ❙❡❥❛ α ✉♠ ❛✉t♦♠♦r✜s♠♦
❞❡ Y ❡ u, u′ ∈ V (U) t❛✐s q✉❡ p(u′) = α ◦ p(u)✳ ❆♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ✷✳✸✳✸ ❡♠ p ❡ α ◦ p✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ❛✉t♦♠♦r✜s♠♦ β ❞❡ U t❛❧ q✉❡ β(u) = u′ ❡ p ◦ β = α ◦ p✳ ❈❤❛♠❛♠♦s β ❞❡ ❡①t❡♥sã♦
❞❡ α✳
❙❡❥❛✱ ❛❣♦r❛✱ W ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❡ Ỹ ❡ q : W −→ Ỹ ❛ ♣r♦❥❡çã♦✳ ❈♦♠♦ j(T ) é ár✈♦r❡
❡♠ Ỹ ✱ ❥á ✈✐♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ m : j(T ) −→ W t❛❧ q✉❡ q ◦m = idj(T )✳ ❙❡❥❛ y ∈ A✳
❊♥tã♦✱ j(y) é ✉♠❛ ❛r❡st❛ ❡♠ Ỹ ❡ q◦m(σ(j(y))) = σ(j(y)) ✭❧❡♠❜r❛♥❞♦ q✉❡ σ(j(y)) = j(σ(y)))✳
❈♦♠♦ q é ❧♦❝❛❧♠❡♥t❡ s♦❜r❡❥❡t♦r❛✱ ❡①✐st❡ ✉♠❛ ❛r❡st❛ w ∈ W t❛❧ q✉❡ σ(w) = m ◦ σ(j(y)) ❡
q(w) = j(y)✳ ❈♦♠♦ p é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✱ w ❞❡✈❡ s❡r ú♥✐❝❛✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s m◦j(y) = w✱
❡ ✈❡♠♦s q✉❡ σ(w) = m ◦ j(σ(y))✳ ❚❛♠❜é♠ ❞❡✜♥✐♠♦s m ◦ j(y) = m ◦ j(y)✳ ❉❡♥♦t❡ m ◦ j = k✳
❚❡♠♦s q✉❡ ✱ s❡ y ∈ A✱ σ(k(y)) = k(σ(y))✳
■r❡♠♦s ❛❣♦r❛ ❞❡✜♥✐r ❛✉t♦♠♦r✜s♠♦s ❞❡ W ❛ ♣❛rt✐r ❞❡ ✈ért✐❝❡s ❡ ❛r❡st❛s ❞❡ Y q✉❡ ✜①❛♠

✹✹



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

❡❧❡♠❡♥t♦s ❞❡W ✱ ❛❧é♠ ❞❡ ❡st✉❞❛r s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ss❛s ❞❡✜♥✐çõ❡s é ♣♦❞❡r♠♦s
✉s❛r ♦ ❧❡♠❛ ✷✳✹✳✷ ♣❛r❛ ♦❜t❡r♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ G ❡♠ Aut(W )✳ ❆s ♣r♦♣r✐❡❞❛❞❡s s❡rã♦
✉t✐❧✐③❛❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳
✐✮❙❡❥❛ v ∈ V (Y ) ❡ g ∈ Gv✳ ❊♥tã♦✱ ❛ ❛çã♦ ❞❡ g ❡♠ Ỹ ❞❡✜♥❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ αg ❡♠ Ỹ t❛❧
q✉❡

αg([h, y]) = [gh, y] ❡ αg(j(v)) = [g, v] = [1, v] = j(v).

❆✐♥❞❛✱
q(k(v)) = j(v) = αg ◦ q(k(v)).

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥sã♦ ú♥✐❝❛ ❞❡ αg ❞❡♥♦t❛❞❛ ♣♦r ϕg ❛✉t♦♠♦r✜s♠♦ ❞❡ W t❛❧ q✉❡
ϕg ✜①❛ k(v)✳ ❱❡♠♦s q✉❡✱ s❡ h ∈ Gv✱ ❡♥tã♦ αh ✜①❛ j(v) ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ϕh ✜①❛ k(v)✳
❈♦♠♦ gh ∈ Gv ❡ αg ◦ αh = αgh✱ t❡♠♦s q✉❡✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❡①t❡♥sã♦✱ ϕg ◦ ϕh = ϕgh é ✉♠
❛✉t♦♠♦r✜s♠♦ ❞❡ W q✉❡ ✜①❛ k(v)✳
✐✐✮❙❡❥❛ e ∈ A✳ ❆ ❛çã♦ ❞❡ e ❝♦♠♦ ❡❧❡♠❡♥t♦ ❞❡ G ❡♠ Ỹ ❞❡✜♥❡ ♦ ❛✉t♦♠♦r✜s♠♦ αe ❞❡ Ỹ ❞❛❞♦
♣♦r αe([g, y]) = [eg, y] ❡

αe(j(τ(e))) = αe([1, τ(e)]) = [e, τ(e)] = τ([1, e]) = τ(j(e)).

❆✐♥❞❛✱
q(τ(k(e))) = τ(q(k(e))) = τ(j(e)) = αe(j(τ(e))) = αe ◦ q((k(τ(e)))).

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥sã♦ ú♥✐❝❛ ϕe ∈ Aut(W ) ❞❡ αe t❛❧ q✉❡ ϕe(k(τ(e))) = τ(k(e))✳
❈♦♠♦ e ❡♠ G é e−1✱ t❡♠♦s q✉❡ αe ◦ αe−1 = idỸ ⇒ ϕe−1 ❡st❡♥❞❡ e−1 ❡ ϕe−1 = ϕ−1

e ✳
❖❜s❡r✈❛çã♦✿ ❙❡ ϕy1 ✱ ϕy2 ❡st❡♥❞❡♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ y1 ❡ y2✱ ❡♥tã♦ ϕy1 ◦ϕy2 ❡st❡♥❞❡ αy1 ◦αy2 =
αy1y2 P♦rt❛♥t♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❡①t❡♥sã♦✱ ϕy1y2 = ϕy1 ◦ ϕy2 ✳
✐✐✐✮ ❙❡❥❛ e ∈ A ❡ g ∈ σe(Ge)✳ ❊♥tã♦✿

• σ(ϕg(k(e))) = ϕg(σ(k(e))) = ϕg(k(σ(e))) = k(σ(e)) = σ(k(e)) ✭❛q✉✐✱ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦
❞❡ ϕg ❡ m s❡r❡♠ ❛♣❧✐❝❛çõ❡s ❞❡ ❣r❛❢♦s✱ ❛ ❝♦♥str✉çã♦ j ❡ ♦ ❢❛t♦ ❞❡ ϕg ✜①❛r k(σ(e))✮✳

• q ◦ϕg(k(e)) = αg ◦ q(k(e)) = αg(j(e)) = gj(e) = j(e) = q(k(y)) ✭✉t✐❧✐③❛♠♦s ♣r♦♣r✐❡❞❛❞❡
❞❡ ❡①t❡♥sã♦ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ g ∈ σ(Ge)✮✳ ❈♦♠♦ q é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✱ t❡♠♦s q✉❡
ϕg(k(e)) = k(e)✳

✐✈✮ ❙❡❥❛ e ∈ A ❡ h ∈ Ge✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❡①t❡♥sõ❡s ❛❝✐♠❛✱ ϕτe(h) ❡st❡♥❞❡ τe(h) ❡ ✜①❛
k(τ(e))✱ ❥á q✉❡ τe(h) ∈ Gτ(e)✳ ❊♠ ✭✐✐✐✮✱ ✈✐♠♦s q✉❡✱ ❝♦♠♦ σe(h) ∈ Gσ(e)✱ ❡♥tã♦ ϕσe(h) ✜①❛ k(e)✳
❊♥tã♦✱

ϕσe(h)(τ(k(e))) = τ(ϕσe(h)(k(e))) = τ(k(e)).

❆ss✐♠✱ ϕ−1
e ϕσ(h)ϕe ✜①❛ k(τ(e))✳ ❆✐♥❞❛✱ ϕ−1

e ϕσe(h)ϕe ❡st❡♥❞❡ e
−1σe(h)e = τe(h) ❡♠ G✳ ▲♦❣♦✱

ϕ−1
e ϕσe(h)ϕe = ϕτe(h).

✈✮ ❙❡ e ∈ T ✱ ❡♥tã♦ j(τ(e)) = τ(j(e)) ❡ k(τ(e)) = τ(k(e))✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❡①t❡♥sã♦✱ ϕe
❞❡✈❡ s❡r ❛ idW ✳
P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ g 7−→ ϕg✱ g ∈ Gv✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Gv ❡♠ Aut(W )✱ ♣❛r❛ ❝❛❞❛
v ∈ V (Y )✱ ϕe = ϕ−1

e ❡ ϕ−1
e ϕσe(h)ϕe = ϕτe(h), ∀h ∈ Ge✳ P❡❧♦ ❧❡♠❛ ✷✳✹✳✷✱ ❡①✐st❡ ✉♠ ❤♦♠♦✲

♠♦r✜s♠♦ ❞❡ G ❡♠ Aut(W )✱ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❛çã♦ ❞❛❞❛✱ é ✉♠❛ ❛çã♦ ❞❡ G ❡♠ W ✱

✹✺
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gw = ϕg(w)✳ ❙❡❥❛ s : Ỹ −→ W ❞❛❞❛ ♣♦r s(gj(y)) = gk(y), y ∈ Y, g ∈ G✳

• s ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿ s❡❥❛ h ∈ gσe(Ge), e ∈ A✳ ❊♥tã♦✱ g−1h ∈ σe(Ge) ⇒ ϕg−1h ✜①❛ k(e)✱
♣❡❧♦ ✐t❡♠ ✭✐✐✐✮ ❛❝✐♠❛✳ ❊♥tã♦✱ ϕg(k(e)) = ϕh(k(e)) ⇒ gk(e) = hk(e)✳ ❙❡ h ∈ gGv✱ ❡♥tã♦
g−1h ∈ Gv ⇒ ϕg−1h ✜①❛ k(v) ⇒ ϕg(k(v)) = ϕh(k(v)) ⇒ gk(v) = hk(v)❀

• é ❝❧❛r♦ q✉❡ s(V (Ỹ )) ⊆ V (W ) ❡ s(E(Ỹ )) ⊆ E(W )❀

• s❡❥❛ e ∈ A✳ ❊♥tã♦✱ s(gj(e)) = s(gj(e)) = gk(e) = gk(e) = gk(e)✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ j ❡
k❀

• s❡❥❛ e ∈ A✳ ❊♥tã♦✱ s(σ(gj(e))) = s(g(j(σ(e)))) = gk(σ(e)) = gσ(k(e)) = σ(gk(e)) =
σ(s(gj(e)))✱ ♣♦r ❝♦♥str✉çã♦ ❞❡ k❀

• s❡❥❛ e ∈ A✳ ❊♥tã♦✱ s(τ(gj(e))) = s(gτ(j(e))) = s(gej(τ(e))) = gek(τ(e)) = ϕgϕe(k(τ(e))) =
ϕg(τ(k(e))) = gτ(k(e)) = τ(gk(e)) = τ(s(gj(e))) ✭✉t✐❧✐③❛♠♦s ♦ r❡s✉❧t❛❞♦ ✭✐✐✮✮✳

❈♦♥❝❧✉í♠♦s q✉❡ s é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✳ ❆❧é♠ ❞✐ss♦✱

q ◦ s(gj(y)) = q(gk(y)) = q(ϕg(k(y))) = αg ◦ q(k(y)) = αg(j(y)) = gj(y), g ∈ G, y ∈ Y.

P♦rt❛♥t♦✱ q ◦ s = idỸ ✳ P♦rt❛♥t♦✱ s é ✐♥❥❡t♦r❛ ❡✱ ❝♦♠♦ ❥á ♣r♦✈❛♠♦s q✉❡ W é ár✈♦r❡ ❡ Ỹ é
❝♦♥❡①♦✱ t❡♠♦s q✉❡ Ỹ ❞❡✈❡ s❡r ár✈♦r❡✳

❈♦♥s✐❞❡r❡ X, G, Y = X/G, T, A, j : Y −→ X, p : X −→ Y ❡ ♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆
❞❛ Pr✐♠❡✐r❛ ❈♦♥str✉çã♦✳ ❆♣❧✐❝❛♥❞♦ ❛ ❙❡❣✉♥❞❛ ❈♦♥str✉çã♦ ♥❡ss❡s ❡❧❡♠❡♥t♦s✱ ✈❛♠♦s ♦❜t❡r ❛
ár✈♦r❡ Ỹ s♦❜r❡ ❛ q✉❛❧ ❛❣❡ ♦ ❣r✉♣♦ π(∆, Y, T )✳
❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❧❡♠❛ s❡❣✉✐♥t❡✿

▲❡♠❛ ✷✳✺✳✶✳ ❙❡❥❛♠ H s✉❜❣r✉♣♦ ❞❡ G ❡ X1, X2 s✉❜❣r❛❢♦s ❞❡ X t❛✐s q✉❡ X2 ⊆ X1, GX1 =
X, V (X1) ⊆ HV (X2) ❡ gV (X2) ∩ V (X2) = ∅, ∀g ∈ G−H✳ ❊♥tã♦✱ H = G✳

❉❡♠♦♥str❛çã♦✳ HX1 = X✿
❙❡❥❛ σ(e) ∈ V (X1)✳ P♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ g ∈ G, x ∈ E(X1) t❛❧ q✉❡ gx = e✳ ❈♦♠♦
σ(e), σ(x) ∈ V (X1) ⊆ HV (X2)✱ ❡①✐st❡♠ h, k ∈ H t❛✐s q✉❡ hσ(e), kσ(x) ∈ V (X2)✳ ❉❛í✱

hgk−1(kσ(x)) = hσ(gx) = hσ(e) ∈ hgk−1V (X2) ∩ V (X2) ⇒ hgk−1 ∈ H,

q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ✐♠♣❧✐❝❛

g ∈ H ⇒ e = gx ∈ HX1 ⇒ τ(e) ∈ HX1.

❙❡ σ(e) ∈ HX1✱ ❡♥tã♦ σ(he) ∈ X1✱ ♣❛r❛ ❛❧❣✉♠ h ∈ H✳ ❊♥tã♦✱ he ∈ HX1 ⇒ e ∈ HX1✳
P♦rt❛♥t♦✱ ❝♦♠♦X é ❝♦♥❡①♦✱ ♣❡❧♦ ❧❡♠❛ ✷✳✶✳✶✱ HV (X1) = V (X)✳ ❊♥tã♦✱ e ∈ HX1, ∀e ∈ E(X)✳
▲♦❣♦✱ HX1 = X✳
P♦r ❤✐♣ót❡s❡✱ V (X) = HV (X1) ⊆ HV (X2) ⇒ V (X) = HV (X2)✳
❋✐♥❛❧♠❡♥t❡✱ s❡❥❛ g ∈ G✳ ❙❡ v ∈ V (X2)✱ ❡①✐st❡ h ∈ H ❡ w ∈ V (X2) t❛✐s q✉❡ gv = hw✳ ❊♥tã♦✱
w = h−1gv ∈ h−1gV (X2) ∩ V (X2) ⇒ h−1g ∈ H ⇒ g ∈ H✳
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❚❡♦r❡♠❛ ✷✳✺✳✷ ✭❙❡❣✉♥❞♦ ❚❡♦r❡♠❛ ❊str✉t✉r❛❧✮✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ X é ár✈♦r❡❀

✐✐✮ Ỹ é ✐s♦♠♦r❢♦ ❛ X❀

✐✐✐✮ π(∆, Y, T ) é ✐s♦♠♦r❢♦ ❛ G✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❛r❡♠♦s π(∆, Y, T ) ♣♦r π ❛♣❡♥❛s✳ P❛r❛ ❝❛❞❛ v ∈ V (Y ), Gv ∈ ∆, Gv →֒
G✳ ❆✐♥❞❛✱ ♣❛r❛ ❝❛❞❛ e ∈ A✱ γe, γe sã♦ ♦s ❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ G r❡s♣❡❝t✐✈❛♠❡♥t❡
❞❡ e ❡ e = e−1✳ ❙❡ e ∈ T ✱ ❡♥tã♦ γe = 1✳ P♦r ✜♠✱ e−1σe(g)eτe(g)

−1, ∀e ∈ E(Y ), ∀g ∈ Ge✱
❝♦rr❡s♣♦♥❞❡✱ ❡♠ G✱ ❛♦ ❡❧❡♠❡♥t♦ γ−1

e σe(g)γeτe(g)
−1 = 1✱ ♣♦✐s✱ ♣♦r ❝♦♥str✉çã♦✱ τe(g) = γ−1

e gγe
❡ σe(g) = g✳ P♦rt❛♥t♦✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦ ❤♦♠♦♠♦✜s♠♦ ϕ : π −→ G t❛❧ q✉❡ ϕ(g) = g, ∀g ∈
Gv, ∀v ∈ V (Y )✱ ❡ ϕ(e) = γe, ∀e ∈ A✳
ϕ é s♦❜r❡❥❡t♦r❛✿
❙❡❥❛ H = ϕ(π(∆, Y, T )), X2 = j(T ) ❡ X1 ♦ s✉❜❣r❛❢♦ ❞❡ X q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❛r❡st❛s
❞❡ j(Y ) ❡ ❞♦ ❝♦♠❡ç♦ ❡ ✜♠ ❞❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳ ❊♥tã♦✱ X2 ⊆ X1✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ j(Y )
❝♦♥té♠ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ❝❛❞❛ G✲ór❜✐t❛ ❞❡ Y ✱ t❡♠♦s q✉❡ GX1 = X✳ ❚❛♠❜é♠✱

V (X1) = V (X2) ∪ {σ(j(e)), τ(j(e)), e ∈ A− E(T )} .

▼❛s σ(j(e)) = j(σ(e))✱ ❡♥tã♦

V (X1) = V (X2) ∪ {τ(j(e)), e ∈ A− E(T )} .

P❛r❛ e ∈ A✱ ✈✐♠♦s q✉❡

τ(j(e)) = γej(τ(e)) = ϕ(e)j(τ(e)) ∈ HV (X2).

P♦rt❛♥t♦✱ V (X1) ⊆ HV (X2)✳ P♦r ✜♠✱ s❡ gV (X2) ∩ V (X2) 6= ∅✱ ❡♥tã♦ ❡①✐st❡♠ v, w ∈ T t❛✐s
q✉❡

gj(v) = j(w) ⇒ p(gj(v)) = p(j(w)) ⇒ v = w

❡
g ∈ Gj(v) = Gv ⇒ g = ϕ(g) ∈ H.

❙❛t✐s❢❡✐t❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ✷✳✺✳✶ ❛❝✐♠❛✱ ♦❜t❡♠♦s q✉❡ H = ϕ(π) = G✳
❆❣♦r❛✱ ✈❛♠♦s ❞❡✜♥✐r ψ : Ỹ −→ X ♣♦r ψ([h, y]) = ϕ(h)j(y), y ∈ Y, h ∈ π✳
✐✮ ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿
❙❡ [k, z] = [h, y]✱ ❡♥tã♦ z = y ❡ k ∈ hGy✳ ▼❛s

Gy = Gj(y) ⇒ h−1kj(y) = j(y) ⇒

⇒ ϕ(h−1k)j(y) = h−1kj(y) = j(y) ⇒ ϕ(h)j(y) = ϕ(k)j(y).

✐✐✮ ψ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❣r❛❢♦s✿

• ψ([h, e]) = ψ([h, e]) = ϕ(h)j(e) = ϕ(h)j(e)❀

• s❡ e ∈ A✱ ψ(σ([h, e])) = ψ([h, σ(e)]) = ϕ(h)j(σ(e)) = ϕ(h)σ(j(e)) = σ(ϕ(h)j(e))❀

✹✼



✷✳✺✳ ❖s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

• s❡ e ∈ A✱ ψ(τ([h, e])) = ψ([he, τ(e)]) = ϕ(he)j(τ(e)) = ϕ(h)γe(τ(j(e))) = ϕ(h)τ(j(e)) =
τ(ϕ(h)j(e))✳

❈♦♠♦ X = Gj(Y ) ❡ ϕ é s♦❜r❡❥❡t♦r❛✱ t❡♠♦s q✉❡ ψ t❛♠❜é♠ é s♦❜r❡❥❡t♦r❛✳
✐✐✐✮ ψ é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✿
❙❡❥❛♠ e, e′ ∈ A✳ ❊♥tã♦ s❡ ψ([h, e]) = ψ([k, e′])✱ ❛♣❧✐❝❛♥❞♦ p t❡r❡♠♦s q✉❡ e = e′✱ ❝♦♥tr❛❞✐çã♦✳
❙❡❥❛✱ ❡♥tã♦✱ ψ([h, e]) = ψ([k, e′])✳ ❆♣❧✐❝❛♥❞♦ p✱ ✈❛♠♦s t❡r e = e′✳ ❙✉♣♦♥❞♦ σ([h, e]) =
σ([k, e])✱ t❡♠♦s q✉❡

k−1h ∈ Gσ(e) ⇒ ϕ(k−1h) = k−1h.

❆✐♥❞❛✱
ϕ(h)j(e) = ϕ(k)j(e) ⇒ ϕ(k−1h)j(e) = j(e) ⇒ ϕ(k−1h) ∈ Gj(e) = Ge.

P♦rt❛♥t♦✱
k−1h ∈ Ge ⇒ h ∈ kGe ⇒ [h, e] = [k, e].

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ψ([h, e]) = ψ([k, e′])✱ ❛♣❧✐❝❛♥❞♦ p t❡♠♦s e = e′ ⇒ e = e′✳ ❙✉♣♦♥❞♦
σ([h, e]) = σ([k, e])✱ t❡♠♦s q✉❡

τ([h, e]) = τ([k, e]) ⇒ he ∈ keGτ(e) ⇒ e−1k−1he ∈ Gτ(e) ⇒ k−1h ∈ eGτ(e)e
−1.

❆✐♥❞❛✱

ϕ(h)j(e) = ϕ(k)j(e) ⇒ ϕ(k−1h)j(e) = j(e) ⇒ ϕ(k−1h) ∈ Gj(e) = Ge = Ge.

▼❛s
Ge = σe(Ge) ⊆ Gσ(e) ⇒ ϕ(k−1h) ∈ ϕ(Ge).

❈♦♠♦ ϕ é ✐♥❥❡t♦r❛ ❡♠ Gτ(e)✱ t❡♠♦s q✉❡ ϕ é ✐♥❥❡t♦r❛ ❡♠ eGτ(e)e
−1✳ ❉❛í✱ s❛❜❡♥❞♦ q✉❡ ❡♠ π

t❡♠♦s σe(Ge) = eτe(Ge)e
−1 ⊆ eGτ(e)e

−1✱ ϕ(k−1h) ∈ ϕ(Ge) ❡ ϕ é ✐♥❥❡t♦r❛ ❡♠ Ge✱ ❡♥tã♦

k−1h ∈ Ge = σe(Ge) ⇒ [h, e] = [k, e].

(i) ⇒ (ii) ψ é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✱ s♦❜r❡❥❡t♦r❛✱ Ỹ é ❝♦♥❡①♦ ❡ X é ár✈♦r❡✳ ▲♦❣♦✱ ♣❡❧♦ ❧❡♠❛
✷✳✸✳✹✱ ψ é ✐♥❥❡t♦r❛ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ✐s♦♠♦r✜s♠♦✳
(ii) ⇒ (i) ó❜✈✐♦✳
(iii) ⇒ (ii) ψ ❥á é s♦❜r❡❥❡t♦r❛ ❡ ✐♥❥❡t♦r❛ ♥❛s ❛r❡st❛s✳ ❋❛❧t❛ ♠♦str❛r q✉❡ ψ é ✐♥❥❡t♦r❛ ❡♠
V (Ỹ )✳ ❙❡❥❛♠ h, k ∈ π, v, w ∈ V (Y ) ❡ ψ([h, v]) = ψ([k, w])✳ ❊♥tã♦✱ ϕ(h)j(v) = ϕ(k)j(w)✳
❆♣❧✐❝❛♥❞♦ p✱ ✈❡♠♦s q✉❡ v = w✳ ❆✐♥❞❛✱

ϕ(k−1h)j(v) = j(v) ⇒ ϕ(k−1h) ∈ Gj(v) = Gv = ϕ(Gv).

❈♦♠♦ ϕ é ✐s♦♠♦r✜s♠♦✱ k−1h ∈ Gv ⇒ [h, v] = [k, v]✳
(ii) ⇒ (iii) ❙❡❥❛ h ∈ ker(ϕ)✳ ❚♦♠❡ v ∈ V (Y )✳ ❊♥tã♦✱

ψ([h, v]) = ϕ(h)j(v) = j(v) = ψ([1, v]).

❈♦♠♦ ψ é ✐s♦♠♦r✜s♠♦✱ t❡♠♦s q✉❡ [h, v] = [1, v] ⇒ h ∈ Gv ⇒ ϕ(h) = h = 1✳

✹✽



❈❛♣ít✉❧♦ ✷✳ ❚❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡

❈♦♠♦ ❝♦♥❝❧✉sã♦✱ ✈❡♠♦s q✉❡✱ s❡ t✐✈❡r♠♦s ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ Y ✱ ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧
T ❡ A ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ Y ❡ ❝♦♥s✐❞❡r❛r♠♦s ● ❂ π(∆, Y, T )✱ ♣❡❧❛ ✷❛ ❝♦♥str✉çã♦ t❡r❡♠♦s ✉♠❛
ár✈♦r❡ Ỹ s♦❜r❡ ❛ q✉❛❧ G ❛❣❡ s❡♠ ✐♥✈❡rsõ❡s✳ ❙❡ ❛♣❧✐❝❛r♠♦s ❛ Ỹ ❡ G ❛ ✶❛ ❝♦♥str✉çã♦✱ ♦❜t❡r❡♠♦s
✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆̃✱ q✉❡ s❡rá ✐s♦♠♦r❢♦ ❛ ∆✱ ❝♦♥❢♦r♠❡ ❢♦✐ ♣r♦✈❛❞♦✳
❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠❡ç❛r♠♦s ❝♦♠ ✉♠ ❣r✉♣♦ G ❛❣✐♥❞♦ s❡♠ ✐♥✈❡rsõ❡s s♦❜r❡ ✉♠❛ ár✈♦r❡ X
❡ ❛♣❧✐❝❛r♠♦s ❛ ✶❛ ❝♦♥str✉çã♦✱ ♦❜t❡r❡♠♦s ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆ s♦❜r❡ Y = X/G ❝♦♠ ár✈♦r❡
♠❛①✐♠❛❧ T ❡ ♦r✐❡♥t❛çã♦ A✳ P❡❧❛ ✷❛ ❝♦♥str✉çã♦✱ t❡r❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦ ❛ ár✈♦r❡ Ỹ q✉❡ s❡rá
✐s♦♠♦r❢❛ ❛ X✱ s♦❜r❡ ❛ q✉❛❧ ❛❣❡ s❡♠ ✐♥✈❡rsõ❡s ♦ ❣r✉♣♦ π(∆, Y, T )✱ ♣♦r s✉❛ ✈❡③ ✐s♦♠♦r❢♦ ❛ G✳
❆ ár✈♦r❡ X s♦❜r❡ ❛ q✉❛❧ G ❛❣❡ é ❝❤❛♠❛❞❛ ❞❡ ár✈♦r❡ ❞❡ ❇❛ss✲❙❡rr❡✳

✷✳✻ ❆♣❧✐❝❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

❚❡♦r❡♠❛ ✷✳✻✳✶✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ X ❡ H ✉♠ s✉❜❣r✉♣♦ ❞❡ π(∆)✳ ❊♥tã♦✱
H = π(Ω)✱ ❡♠ q✉❡ ♦s ❣r✉♣♦s ❞♦s ✈ért✐❝❡s ❞❡ Ω sã♦ H ∩ gGvg

−1✱ ∀v ∈ V (X)✱ ♦♥❞❡ g
♣❡r❝♦rr❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ❝❧❛ss❡s ❜✐❧❛t❡r❛✐s ❞❡ H ❡ Gv✱ ❞❛ ❢♦r♠❛ HkGv✱
k ∈ π(∆)✱ ❡ ♦s ❣r✉♣♦s ❞❛s ❛r❡st❛s ❞❡ Ω sã♦ H ∩ gGeg

−1✱ ∀e ∈ E(X)✱ ♦♥❞❡ g ♣❡r❝♦rr❡ ✉♠
s✉❜❝♦♥❥✉♥t♦ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ❝❧❛ss❡s ❜✐❧❛t❡r❛✐s ❞❡ H ❡ Ge✱ ❞❛ ❢♦r♠❛ HkGe✱ k ∈ π(∆)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ✷❛ ❝♦♥str✉çã♦✱ π(∆) ❛❣❡ s❡♠ ✐♥✈❡rsõ❡s ❡♠ X̃✳ ❊♥tã♦✱ H ❛❣❡ s❡♠ ✐♥✈❡r✲
sõ❡s ❡♠ X̃✳ P❡❧❛ ✶❛ ❝♦♥str✉çã♦ ❡ ♣❡❧♦ ❙❡❣✉♥❞♦ ❚❡♦r❡♠❛ ❊str✉t✉r❛❧✱ H ∼= π(Ω)✱ ❡♠ q✉❡ Ω é
✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s s♦❜r❡ H/X̃ t❛❧ q✉❡ s❡✉s ❣r✉♣♦s Hy, y ∈ H/X̃✱ sã♦ ♦s ❡st❛❜✐❧✐③❛❞♦r❡s ❞❡
✉♠ ú♥✐❝♦ r❡♣r❡s❡♥t❛♥t❡ ❡♠ X̃ ❞❡ ❝❛❞❛ H✲ór❜✐t❛✳ ❉❛í✱ s❡❥❛ [g, v] ✉♠ ❞❡ss❡s r❡♣r❡s❡♥t❛♥t❡s✱
g ∈ π(∆), v ∈ V (X̃)✳ ❚❡♠♦s q✉❡

k ∈ G[g,v] ⇔ k[g, v] = [g, v] ⇔ k ∈ gGvg
−1,

❡♠ q✉❡ Gv é ♦ ❣r✉♣♦ ❡♠ ∆ ❞♦ ✈ért✐❝❡ v✳ ▼❛s✱ ♣♦r ❝♦♥str✉çã♦ ❞❡ Ω✱ k ∈ H✳ P♦rt❛♥t♦✱
G[g,v] = H ∩ gGvg

−1✳ ❆✐♥❞❛✱ s❡ HkGv é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ✉♠❛ ❝❧❛ss❡ ❜✐❧❛t❡r❛❧✱ g, g′ ∈
HkGv ⇔ [g, v], [g′, v] ∈ H[k, v]✳ ❈♦♠♦ t♦♠❛♠♦s ✉♠ r❡♣r❡s❡♥t❛♥t❡ ú♥✐❝♦ ♣❛r❛ ❝❛❞❛ ór❜✐t❛✱
t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ v ∈ V (X̃)✱ G[g,v] = H ∩ gGvg

−1✱ ❡♠ q✉❡ g ♣❡r❝♦rr❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦s
r❡♣r❡s❡♥t❛♥t❡s ❞❡ ❞❛s ❝❧❛ss❡s ❜✐❧❛t❡r❛✐s ❞❡ H ❡ Gv✱ ❞❛ ❢♦r♠❛ ❞♦ ❡♥✉♥❝✐❛❞♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱
s❡❥❛ [g, e] ✉♠ r❡♣r❡s❡♥t❛♥t❡ ú♥✐❝♦ ❡♠ X̃ ❞❡ ✉♠❛ H✲ór❜✐t❛✱ g ∈ π(∆), e ∈ A✱ A ♦r✐❡♥t❛çã♦ ❞❡
X✳ ❚❡♠♦s q✉❡

k ∈ G[g,e] ⇔ k[g, e] = [g, e] ⇔ k ∈ gσe(Ge)g
−1,

❡♠ q✉❡ Ge é ♦ ❣r✉♣♦ ❡♠ ∆ ❞❛ ❛r❡st❛ e✳ ▼❛s✱ ♣♦r ❝♦♥str✉çã♦ ❞❡ Ω✱ σe(Ge) = Ge✳ ❊ ❝♦♠♦
k ∈ H✱ t❡♠♦s q✉❡ G[g,e] = H ∩ gGeg

−1✳ ❆✐♥❞❛✱ s❡ HkGe é ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ✉♠❛ ❝❧❛ss❡
❜✐❧❛t❡r❛❧✱ g, g′ ∈ HkGe ⇔ [g, e], [g′, e] ∈ H[k, e]✳ ❈♦♠♦ t♦♠❛♠♦s ✉♠ r❡♣r❡s❡♥t❛♥t❡ ú♥✐❝♦ ♣❛r❛
❝❛❞❛ ór❜✐t❛✱ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ e ∈ A✱ G[g,e] = H∩gGeg

−1✱ ❡♠ q✉❡ g ♣❡r❝♦rr❡ ✉♠ s✉❜❝♦♥❥✉♥t♦
❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❡ ❞❛s ❝❧❛ss❡s ❜✐❧❛t❡r❛✐s ❞❡ H ❡ Ge✱ ❞❛ ❢♦r♠❛ ❞♦ ❡♥✉♥❝✐❛❞♦✳

❈♦r♦❧ár✐♦ ✷✳✻✳✶✳ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s t❛❧
q✉❡ H ✐♥t❡rs❡❝✐♦♥❛ ❝❛❞❛ ❝♦♥❥✉♥❣❛❞♦ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ✈ért✐❝❡s ♥♦ ❣r✉♣♦ tr✐✈✐❛❧✳ ❊♥tã♦✱ H é
❧✐✈r❡✳

✹✾



✷✳✻✳ ❆♣❧✐❝❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ❊str✉t✉r❛✐s

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ✷✳✻✳✶ ❛♥t❡r✐♦r✱ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❝✉❥♦
❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ é ✐s♦♠♦r❢♦ ❛ H sã♦ tr✐✈✐❛✐s✳ ❏á ✈✐♠♦s q✉❡ H ❞❡✈❡ s❡r ❧✐✈r❡ ✭H é ♦
❣r✉♣♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ ✉♠ ú♥✐❝♦ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ❝❛❞❛ ♣❛r ❞❡ ❛r❡st❛s {e, e} ❞❡ H/X̃ q✉❡ ♥ã♦
♣❡rt❡♥❝❡♠ à ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ H/X̃ ❞❛ ✶❛ ❝♦♥str✉çã♦ s♦❜r❡ H ❛❣✐♥❞♦ ❡♠ X̃✮✳

❈♦r♦❧ár✐♦ ✷✳✻✳✷✳ ❙❡❥❛ ∆ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ ✉♠ ❣r✉♣♦ H ❡ ✉♠
❤♦♠♦♠♦r✜s♠♦ ϕ : π(∆) −→ H t❛❧ q✉❡ ϕ é ✐♥❥❡t♦r❛ ❡♠ ❝❛❞❛ ❣r✉♣♦ ❞♦s ✈ért✐❝❡s✳ ❊♥tã♦✱ kerϕ
é ❧✐✈r❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ g ∈ π(∆) ❡ h ∈ Gv✱ ♣❛r❛ ❛❧❣✉♠ ✈ért✐❝❡ v ❞♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆✳ ❊♥tã♦✱

ϕ(ghg−1) = 1 ⇒ ϕ(h) = ϕ(g)−1ϕ(g) = 1 ⇒ h = 1.

P♦rt❛♥t♦✱ kerϕ é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ π(∆) q✉❡ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦
❝♦r♦❧ár✐♦ ✷✳✻✳✷ ❛♥t❡r✐♦r✳ ▲♦❣♦✱ kerϕ é ❧✐✈r❡✳

✺✵



❈❛♣ít✉❧♦ ✸

❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

✸✳✶ ❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s

◆❡ss❛ s❡çã♦✱ tr❛t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ❝❛t❡❣♦r✐❛s ❡
❢✉♥t♦r❡s✱ ♥❡❝❡ssár✐♦s ❛♦s ❛ss✉♥t♦s ♣♦st❡r✐♦r❡s✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❯♠❛ ❝❛t❡❣♦r✐❛ Ξ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❝❤❛♠❛❞♦s ♦❜❥❡t♦s ❡ r❡❧❛✲
çõ❡s ❡♥tr❡ ❡ss❡ ♦❜❥❡t♦s✱ ❝❤❛♠❛❞❛s ❞❡ ♠♦r✜s♠♦s✳ ➚ ❝❧❛ss❡ ❞♦s ♦❜❥❡t♦s ❞❡♥♦t❛♠♦s Obj(Ξ)
❡ ❛♦s ♠♦r✜s♠♦s HomΞ(A,B)✱ A,B ∈ Obj(Ξ)✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛
◦ : HomΞ(A,B) ×HomΞ(B,C) −→ HomΞ(A,C) ❞❛❞❛ ♣♦r (f, g) 7−→ g ◦ f ❝❤❛♠❛❞❛ ❝♦♠✲
♣♦s✐çã♦ ❡ q✉❡ s❛t✐s❢❛③✿

✶✳ ❛ss♦❝✐❛t✐✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ s❡ f ∈ HomΞ(A,B), g ∈ HomΞ(B,C), h ∈ HomΞ(C,D)✱
❡♥tã♦ (h ◦ g) ◦ f = h ◦ (g ◦ f)✳

✷✳ P❛r❛ t♦❞♦ A ∈ Obj(Ξ)✱ ❡①✐st❡ ✉♠ ♠♦r✜s♠♦ ❞❡ HomΞ(A,A) ❞❡♥♦t❛❞♦ ♣♦r 1A t❛❧ q✉❡✱
∀f ∈ HomΞ(A,B), ∀g ∈ HomΞ(C,A)✱ t❡♠♦s q✉❡ f ◦ 1A = f ❡ 1A ◦ g = g✳

❊①❡♠♣❧♦ ✸✳✶✳✶✳ ✶✳ ❈❛t❡❣♦r✐❛ ❞♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❝✉❥♦s ♠♦r✜s♠♦s sã♦ ♦s ❤♦♠♦✲
♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❝♦♠ ❛ ❝♦♠♣♦s✐çã♦ ✉s✉❛❧ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✱ ❡♠
q✉❡ 1M é ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ M ✱ M ✉♠ R✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳ ❉❡♥♦t❛♠♦s ❡ss❛ ❝❛t❡❣♦r✐❛
♣♦r RM✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ MR r❡♣r❡s❡♥t❛ ❛ ❝❛t❡❣♦r✐❛ ❞♦s R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳

✷✳ ❈❛t❡❣♦r✐❛ ❞♦s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝✉❥♦s ♠♦r✜s♠♦s sã♦ ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♥tr❡ ♦s
❡s♣❛ç♦s ❝♦♠ ❛ ❝♦♠♣♦s✐çã♦ ✉s✉❛❧ ❞❡ ❢✉♥çõ❡s✳ ❆ ❢✉♥çã♦ 1X ✱ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ é
❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ X✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✳ ❙❡❥❛♠ Ξ,Ξ′ ❞✉❛s ❝❛t❡❣♦r✐❛s✳ ❯♠ ❢✉♥t♦r F é ✉♠❛ ❢✉♥çã♦ ❡♥tr❡ ❞✉❛s
❝❛t❡❣♦r✐❛s q✉❡ s❛t✐s❢❛③✿

✐✮ F (A) ∈ Obj(Ξ′), ∀A ∈ Obj(Ξ)❀

✐✐✮ s❡ f ∈ HomΞ(A,B)✱ ❡♥tã♦ F (f) ∈ HomΞ′(F (A), F (B)), ∀A,B ∈ Ξ❀

✐✐✐✮ s❡ A,B,C ∈ Ξ ❡ f ∈ HomΞ(A,B), g ∈ HomΞ(B,C)✱ ❡♥tã♦ F (g ◦ f) = F (g) ◦ F (f)❀

✐✈✮ s❡ A ∈ Ξ✱ ❡♥tã♦ F (1A) = 1F (A)✳

✺✶



✸✳✶✳ ❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ❞✐③❡♠♦s q✉❡ F é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡✳ ❙❡✱ ♥♦ ❡♥t❛♥t♦✱ F s❛t✐s❢❛③ ✭✐✮✱
✭✐✈✮ ❡ ✭✐✐✬✮✱ ✭✐✐✐✬✮✱ ❡♠ q✉❡✿
✐✐✬✮ s❡ f ∈ HomΞ(A,B)✱ ❡♥tã♦ F (f) ∈ HomΞ′(F (B), F (A)), ∀A,B ∈ Ξ❀
✐✐✐✬✮ s❡ A,B,C ∈ Ξ ❡ f ∈ HomΞ(A,B), g ∈ HomΞ(B,C)✱ ❡♥tã♦ F (g ◦ f) = F (f) ◦ F (g)✱
❞✐③❡♠♦s q✉❡ F é ✉♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ ✶✳ ❈♦♥s✐❞❡r❡ ❛ ❝❛t❡❣♦r✐❛ ❞♦s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s
❝♦♠ ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ❛ ❝❛t❡❣♦r✐❛ ❞♦s ❣r✉♣♦s✳ ❚❡♠♦s q✉❡ π1 é ✉♠ ❢✉♥t♦r q✉❡
r❡❧❛❝✐♦♥❛ ❛♠❜❛s ❛s ❝❛t❡❣♦r✐❛s✿ s❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱
π1(X) é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X✳ ❙❡ f : X −→ Y é ✉♠❛ ❢✉♥çã♦
❝♦♥tí♥✉❛ ❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✱ π1(f) é ❛ ❢✉♥çã♦ ✐♥❞✉③✐❞❛
❞❡ f ❞❡♥♦t❛❞❛ ♣♦r f∗✳ ❚❡♠♦s q✉❡ π1 é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡✱ ♣♦✐s f∗ ◦ g∗ = (f ◦ g)∗✳

✷✳ ❙❡❥❛ C ∈ RM✳ ❚❡♠♦s q✉❡ HomR(∗, C) é ✉♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ ❞♦s
R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ ❞♦s ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❝♦♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡
❣r✉♣♦s ✲ ♦✉ ❝❛t❡❣♦r✐❛ ❞♦s Z✲♠ó❞✉❧♦s✱ ❝♦♠ za = a+ . . .+ a︸ ︷︷ ︸

z✈❡③❡s

, z ∈ Z✱ a ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠

Z✲♠ó❞✉❧♦✳
❉❡ ❢❛t♦✱ s❡ f, g ∈ HomR(A,C) = HomR(∗, C)(A), ∀a ∈ A✱

(f + g)(a) = f(a) + g(a) = g(a) + f(a) ⇒ f + g = g + f.

❊♥tã♦✱ HomR(A,C) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳
❆✐♥❞❛✱ s❡ f ∈ HomR(A,C), z ∈ Z, r ∈ R✱

(zf)(ra) = (f + . . .+ f)︸ ︷︷ ︸
z✈❡③❡s

(ra) = f(ra) + . . .+ f(ra)︸ ︷︷ ︸
z✈❡③❡s

= rf(a) + . . .+ rf(a)︸ ︷︷ ︸
z✈❡③❡s

=

= r (f(a) + . . .+ f(a))︸ ︷︷ ︸
z✈❡③❡s

= r (f + . . .+ f)︸ ︷︷ ︸
z✈❡③❡s

(a) = r(zf)(a)

❡
(zf)(a1 + a2) = (zf)(a1) + (zf)(a2).

P♦rt❛♥t♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ Z✲♠ó❞✉❧♦ s❡ ✈❡r✐✜❝❛♠✳
❆❧é♠ ❞✐ss♦✱

HomR(∗, C) : HomR(A,B) −→ HomZ(HomR(B,C), HomR(A,C))

t❛❧ q✉❡✱ s❡ f ∈ HomR(A,B), g ∈ HomR(B,C)✱ t❡♠♦s

HomR(∗, C)(f)(g) = g ◦ f.

❏á ♦ ❢✉♥t♦r

HomR(C, ∗) : HomR(A,B) −→ HomZ(HomR(C,A), HomR(C,B))

❞❛❞♦ ♣♦r HomR(C, ∗)(f)(g) = f ◦ g✱ g ∈ HomR(C,A)✱ é ❝♦✈❛r✐❛♥t❡✳

✸✳ ❙❡❥❛ A ∈ MR ❡ B ∈ RM✳ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ R✲♠ó❞✉❧♦s A ⊗R B é ✉♠ ❣r✉♣♦
❛❜❡❧✐❛♥♦ R✲❜✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱

✺✷



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

• (a1 + a2)⊗ b = a1 ⊗ b+ a2 ⊗ b✱

• a⊗ (b1 + b2) = a⊗ b1 + a⊗ b2 ❡

• ar ⊗ b = a⊗ rb,

a, a1, a2 ∈ A, b, b1, b2 ∈ B, r ∈ R✳
❊♥tã♦✱ A ⊗R ∗ ❞❡✜♥❡ ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ RM ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ ZM t❛❧
q✉❡

A⊗R ∗ : HomR(B,C) −→ HomZ(A⊗R B,A⊗R C)

é ❞❛❞♦ ♣♦r
(A⊗R ∗)(f) = idA ⊗ f

❡✱ s❡ g ∈ HomR(C,D)✱ ❡♥tã♦ A⊗R (g ◦ f) = idA ⊗ (g ◦ f)✳
❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ B ∈ RM✱ ❡♥tã♦ ∗ ⊗R B é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❞❡ MR ❡♠ MZ t❛❧
q✉❡✱ ♣❛r❛ f ∈ HomR(A,C)✱ t❡♠♦s q✉❡ (∗⊗R B)(f) = f ⊗ idB ❡✱ s❡ g ∈ HomR(C,D)✱
❡♥tã♦ (∗ ⊗R B)(g ◦ f) = (g ◦ f)⊗ idB✳

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❯♠❛ ❝❛t❡❣♦r✐❛ Ξ é ♣ré✲❛❞✐t✐✈❛ s❡ HomΞ(A,B) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✭♣❡❧❛
s♦♠❛✮✱ ∀A,B ∈ Obj(Ξ)✱ ❡ s❛t✐s❢❛③✿ ∀z ∈ Z, f, k ∈ HomΞ(A,B), g, h ∈ HomΞ(B,C)✱

(zh+ g) ◦ f = z(h ◦ f) + g ◦ f ❡ g ◦ (zf + k) = z(g ◦ f) + g ◦ k.

❆s ❝❛t❡❣♦r✐❛s ❞♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❡ à ❞✐r❡✐t❛✱ ♣♦r ❡①❡♠♣❧♦✱ sã♦ ♣ré✲❛❞✐t✐✈❛s✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❙❡ Ξ,Ξ′ sã♦ ❝❛t❡❣♦r✐❛s ♣ré✲❛❞✐t✐✈❛s✱ ❞✐③❡♠♦s q✉❡ ✉♠ ❢✉♥t♦r F : Ξ −→ Ξ′

é ❛❞✐t✐✈♦ s❡ F (f + g) = F (f) + F (g), ∀f, g ∈ HomΞ(A,B), ∀A,B ∈ Obj(Ξ)✳

◆❛ ❝❛t❡❣♦r✐❛ ❞♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❡ à ❞✐r❡✐t❛✱ s❡ 0 é ♦ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ 0(a) =
0, ∀a ❡♠ ❛❧❣✉♠ R✲♠ó❞✉❧♦✱ t❡♠♦s q✉❡ F (0 + 0) = F (0) = F (0) + F (0) ⇒ F (0) = 0✳

❊①❡♠♣❧♦ ✸✳✶✳✸✳ • HomR(∗, C), HomR(A, ∗) sã♦ ❢✉♥t♦r❡s ❛❞✐t✐✈♦s ❞❡✈✐❞♦ à ❞✐str✐❜✉t✐✈✐✲
❞❛❞❡ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s✳

• A⊗R ∗, ∗ ⊗R B sã♦ ❢✉♥t♦r❡s ❛❞✐t✐✈♦s ❞❡✈✐❞♦ à ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✳

❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❙❡❥❛
⊕
j∈J

Aj ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ R✲♠ó❞✉❧♦s ❡ ik ♦ ♠❡r❣✉❧❤♦ ❞❡ Ak ❡♠
⊕
j∈J

Aj✳

❙❡❥❛ B ✉♠ R✲♠ó❞✉❧♦✳ ❊♥tã♦✱ ♦ ❤♦♠♦♠♦r✜s♠♦

θ : HomR(
⊕

j∈J

Aj, B) −→
∏

j∈J

Hom(Aj, B)

❞❛❞♦ ♣♦r θ(f) = (f ◦ ij)j∈J é ✉♠ ✐s♦♠♦r✜s♠♦✳

❚❡♦r❡♠❛ ✸✳✶✳✷✳ ❙❡❥❛
∏
j∈J

Aj ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ R✲♠ó❞✉❧♦s ❡ pk ❛ ♣r♦❥❡çã♦ ❞❡
∏
j∈J

Aj ❡♠

Ak✳ ❙❡❥❛ B ✉♠ R✲♠ó❞✉❧♦✳ ❊♥tã♦✱ ♦ ❤♦♠♦♠♦r✜s♠♦

θ : HomR(B,
∏

j∈J

Aj) −→
∏

j∈J

HomR(B,Aj)

❞❛❞♦ ♣♦r θ(f) = (pj ◦ f)j∈J é ✉♠ ✐s♦♠♦r✜s♠♦✳

✺✸



✸✳✷✳ ❙❡q✉ê♥❝✐❛s ❡①❛t❛s

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛ A ✉♠ R✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❡ {Bj}j∈J ✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s à
❡sq✉❡r❞❛✳ ❖ ❤♦♠♦♠♦r✜s♠♦

θ : A⊗R (
⊕

j∈J

Bj) −→
⊕

j∈J

(A⊗R Bj)

❞❛❞♦ ♣♦r θ(a⊗
∑
j∈J

bj) =
∑
j∈J

(a⊗ bj) é ✉♠ ✐s♦♠♦r✜s♠♦✳

P❛r❛ ❛s s❡çõ❡s ♣♦st❡r✐♦r❡s✱ ❝♦♥s✐❞❡r❛r❡♠♦s R ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ ❡ RM ❛ ❝❛t❡❣♦r✐❛ ❞♦s
R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳ ❚✉❞♦ ♦ q✉❡ s❡rá ❢❡✐t♦ ♥❛ ❝❛t❡❣♦r✐❛ RM ♣♦❞❡ s❡r ❢❡✐t♦ ♥❛ ❝❛t❡❣♦r✐❛MR

❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ❝♦♠ ❛s ❛❞❡q✉❛çõ❡s ♥❡❝❡ssár✐❛s✳ P♦r ✜♠✱ s❡♠♣r❡ q✉❡ ♥♦s r❡❢❡r✐r♠♦s
❛ ❤♦♠♦♠♦r✜s♠♦s✱ ❡st❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳

✸✳✷ ❙❡q✉ê♥❝✐❛s ❡①❛t❛s

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛♠ A,B,C ∈ RM ❡ α : A −→ B✱ β : B −→ C ❤♦♠♦♠♦r✜s♠♦s✳
❉✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ❛❜❛✐①♦ é ❡①❛t❛ ❡♠ ❇ s❡ Imα = kerβ✳

A
α

−→ B
β

−→ C

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ✭✜♥✐t❛ ♦✉ ✐♥✜♥✐t❛✮ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s s❡❣✉✐♥t❡✿

. . . −→ Ai+1
αi+1
−→ Ai

αi−→ Ai−1 −→ . . .

❊ss❛ s❡q✉ê♥❝✐❛ é ❞✐t❛ ❡①❛t❛ s❡ é ❡①❛t❛ ❡♠ ❝❛❞❛ ♦❜❥❡t♦✱ ♦✉ s❡❥❛✱ Imαi+1 = kerαi✱ ♣❛r❛ t♦❞♦
i✳
◗✉❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ é ❞❛❞❛ ♣♦r

0 −→ A
α

−→ B
β

−→ C −→ 0

❞✐③❡♠♦s q✉❡ é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛ F ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❡ G ✉♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡✳ ❉✐③❡♠♦s q✉❡✿

✐✮ F é ❡①❛t♦ à ❡sq✉❡r❞❛ s❡✱ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ 0 −→ A
α

−→ B
β

−→ C✱ t❡♠♦s q✉❡

❛ s❡q✉ê♥❝✐❛ 0 −→ F (A)
F (α)
−→ F (B)

F (β)
−→ F (C) é ❡①❛t❛✳

✐✐✮ F é ❡①❛t♦ à ❞✐r❡✐t❛ s❡✱ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ A
α

−→ B
β

−→ C −→ 0✱ t❡♠♦s q✉❡ ❛

s❡q✉ê♥❝✐❛ F (A)
F (α)
−→ F (B)

F (β)
−→ F (C) −→ 0 é ❡①❛t❛✳

✐✐✐✮ G é ❡①❛t♦ à ❡sq✉❡r❞❛ s❡✱ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ A
α

−→ B
β

−→ C −→ 0✱ t❡♠♦s q✉❡

❛ s❡q✉ê♥❝✐❛ 0 −→ G(C)
G(β)
−→ G(B)

G(α)
−→ G(A) é ❡①❛t❛✳

✐✈✮ G é ❡①❛t♦ à ❞✐r❡✐t❛ s❡✱ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ 0 −→ A
α

−→ B
β

−→ C✱ t❡♠♦s q✉❡ ❛

s❡q✉ê♥❝✐❛ G(C)
G(β)
−→ G(B)

G(α)
−→ G(A) −→ 0 é ❡①❛t❛✳

✺✹



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛♠ M,N ∈ RM✳ ❊♥tã♦✿

✐✮ HomR(M, ∗) é ❢✉♥t♦r ❡①❛t♦ à ❡sq✉❡r❞❛❀

✐✐✮ HomR(∗, N) é ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ❡①❛t♦ à ❡sq✉❡r❞❛✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❙❡❥❛ 0 −→ A
α

−→ B
β

−→ C ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ◗✉❡r❡♠♦s ♠♦str❛r
q✉❡

HomR(M, 0) −→ HomR(M,A)
α∗−→ HomR(M,B)

β∗
−→ HomR(M,C)

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✱ ♦♥❞❡ α∗ ❡ β∗ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱HomR(M, ∗)(α) ❡HomR(M, ∗)(β)✳
❏á ✈✐♠♦s q✉❡ HomR(M, ∗) é ❢✉♥t♦r ❛❞✐t✐✈♦✱ ♣♦rt❛♥t♦ HomR(M, 0) = 0✳

❛✮ α∗ é ♠♦♥♦♠♦r✜s♠♦✿ s❡❥❛ f ∈ kerα∗✳ ❊♥tã♦✱ α∗(f) = α ◦ f = 0 ⇒ Imf ⊆ kerα ⇒
Imf = {0} ⇒ f ≡ 0 ⇒ kerα∗ = {0}✳

❜✮ Imα∗ ⊆ kerβ∗✿ β∗ ◦ α∗ = HomR(M, ∗)(β ◦ α) = HomR(M, ∗)(0) = 0✱ ♣♦✐s Imα =
kerβ✳

❝✮ kerβ∗ ⊆ Imα∗✿ ❙❡❥❛ f ∈ kerβ∗✳ ❊♥tã♦✱ β ◦ f = 0 ⇒ Imf ⊆ kerβ = Imα✳ ❉❡✜♥❛
g : M −→ A t❛❧ q✉❡ g(m) = a✱ ❡♠ q✉❡ α(a) = f(m)✳ ❱❡♠♦s q✉❡ a é ú♥✐❝♦✱ ♣♦✐s α é
✐♥❥❡t✐✈❛✳
g é ❤♦♠♦♠♦r✜s♠♦✿ s❡ m,m′ ∈M ✱ ❡♥tã♦✱ s❡♥❞♦ α(a) = f(m) ❡ α(a′) = f(m′)✱ t❡♠♦s
q✉❡

α(a)+α(a′) = f(m)+f(m′) = f(m+m′) = α(a+a′) ⇒ g(m+m′) = a+a′ = g(m)+g(m′).

❆✐♥❞❛✱ s❡ r ∈ R✱

α(ra) = rα(a) = rf(m) = f(rm) ⇒ rg(m) = ra = g(rm).

P♦rt❛♥t♦✱ α∗(g) = α ◦ g = f ✳

✐✐✮ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛✿ s❡❥❛ A
α

−→ B
β

−→ C −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ◗✉❡r❡♠♦s
♠♦str❛r q✉❡

HomR(0, N) −→ HomR(C,N)
β∗
−→ HomR(B,N)

α∗−→ HomR(A,N)

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ❏á ✈✐♠♦s q✉❡ HomR(0, N) = 0✳

❛✮ β∗ é ♠♦♥♦♠♦r✜s♠♦✿ s❡❥❛ f ∈ kerβ∗✳ ❊♥tã♦✱ β∗(f) = f ◦ β = 0 ⇒ f(Imβ) = f(C) =
0 ⇒ f ≡ 0✳

❜✮ Imβ∗ ⊆ kerα∗✿ α∗ ◦ β∗ = HomR(∗, N)(β ◦ α) = HomR(∗, N)(0) = 0✳

❝✮ kerα∗ ⊆ Imβ∗✿ s❡❥❛ f ∈ kerα∗✳ ❊♥tã♦ α∗(f) = f ◦ α = 0 ⇒ Imα ⊆ kerf ✳ ❉❡✜♥❛
g : C −→ N ♣♦r g(c) = f(b)✱ ♦♥❞❡ c = β(b)✳ ❙❡ β(b′) = c✱ ❡♥tã♦ b − b′ ∈ kerβ =
Imα ⇒ f(b− b′) = f(b)− f(b′) = 0✳ P♦rt❛♥t♦✱ g ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡ g(c) = f(b) ❡
g(c′) = f(b′)✱ ❡♥tã♦

β(b+ b′) = β(b) + β(b′) = c+ c′ ⇒ g(c+ c′) = f(b+ b′) = f(b) + f(b′) = g(c) + g(c′).

✺✺



✸✳✸✳ ▼ó❞✉❧♦s

❚❛♠❜é♠✱ s❡ r ∈ R✱

β(rb) = rβ(b) = rc⇒ g(rc) = f(rb) = rf(b) = rg(c).

P♦rt❛♥t♦✱ g é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ β∗(g) = g ◦ β = f ✳

❚❡♦r❡♠❛ ✸✳✷✳✷✳ ❙❡❥❛♠ M ∈ MR ❡ N ∈ RM✳ ❊♥tã♦✱ M ⊗R ∗ ❡ ∗⊗RN sã♦ ❢✉♥t♦r❡s ❡①❛t♦s
à ❞✐r❡✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ ❛♠❜♦s sã♦ ❢✉♥t♦r❡s ❝♦✈❛r✐❛♥t❡s✳ ❙❡❥❛ A
α

−→ B
β

−→ C −→ 0
✉♠ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ◗✉❡r❡♠♦s ♠♦str❛r✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡

M ⊗R A
idM⊗α
−→ M ⊗R B

idM⊗β
−→ M ⊗R C −→M ⊗R 0

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ❏á ✈✐♠♦s q✉❡ M ⊗R 0 = 0✳

✐✮ idM⊗β é ❡♣✐♠♦r✜s♠♦✿ t♦♠❡m⊗c ∈M⊗RC✳ ❈♦♠♦ β é s♦❜r❡❥❡t✐✈❛✱ ❡①✐st❡ b ∈ B t❛❧ q✉❡
β(b) = c✳ ❉❛í✱ (idM⊗β)(m⊗b) = idM(m)⊗β(b) = m⊗c✳ ❈♦♠♦ {m⊗ c | m ∈M, c ∈ C}
❣❡r❛ M ⊗R C✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦ q✉❡ q✉❡rí❛♠♦s✳

✐✐✮ Im(idM ⊗ α) ⊆ ker(idM ⊗ β)✿ (idM ⊗ β) ◦ (idM ⊗ α) = idM ⊗ (β ◦ α) = idm ⊗ 0 = 0✱
♣♦✐s Imα = kerβ✳

✐✐✐✮ ker(idM ⊗ β) ⊆ Im(idM ⊗α)✿ s❡❥❛ π :M ⊗R B −→ (M ⊗R B)/Im(idM ⊗α) ❛ ♣r♦❥❡çã♦
❝❛♥ô♥✐❝❛✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Z✲♠ó❞✉❧♦s γ :M⊗RC −→
(M ⊗R B)/Im(idM ⊗ α) t❛❧ q✉❡ γ ◦ (idM ⊗ β) = π✱ ♣♦✐s✱ ❞❡ss❡ ♠♦❞♦✱

ker(idM ⊗ β) ⊆ ker(γ ◦ (idM ⊗ β)) = kerπ = Im(idm ⊗ α).

❙❡❥❛ f :M ×C −→ (M⊗RB)
Im(idM⊗α)

✉♠❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r f(m, c) = m⊗ b+ Im(idm⊗α)✱ t❛❧
q✉❡ β(b) = c✳

❛✮ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿ s❡ b′ ∈ B é t❛❧ q✉❡ β(b′) = c✱ ❡♥tã♦ b − b′ ∈ kerβ = Imα ⇒
m⊗ b−m⊗ b′ = m⊗ (b− b′) ∈ Im(idM ⊗ α)✳

❜✮ f é R✲❜✐❧✐♥❡❛r✿ f(m + m′, c) = (m + m′) ⊗ b + Im(idM ⊗ α) = m ⊗ b + m ⊗ b +
Im(idM ⊗ α) = m⊗ b+ Im(idM ⊗ α) +m⊗ b+ Im(idM ⊗ α) = f(m, c) + f(m′, c)✳
f(m, c+ c′) é ❛♥á❧♦❣♦✳
f(mr, c) = mr ⊗ c+ Im(idM ⊗ α) = m⊗ rc+ Im(idM ⊗ α) = f(m, rc)✳

❆ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ∗ ⊗R N é ❛♥á❧♦❣❛✳

✸✳✸ ▼ó❞✉❧♦s

✸✳✸✳✶ ▼ó❞✉❧♦s ❧✐✈r❡s

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❙❡❥❛ M ∈ RM✳ ❉✐③❡♠♦s q✉❡ M é R✲♠ó❞✉❧♦ ❧✐✈r❡ s❡ M ∼= ⊕
i∈I
Ai✱ ❡♠ q✉❡

Ai sã♦ R✲♠ó❞✉❧♦s ❝í❝❧✐❝♦s✱ ♦✉ s❡❥❛✱ ❞❛ ❢♦r♠❛ Rai✱ s❡♥❞♦ I ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❈❛❞❛ Ai é
✐s♦♠♦r❢♦ ❛ R ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ó❜✈✐❛ ❞❡ r ↔ rai✳ ❖ ❝♦♥❥✉♥t♦ X = {ai : i ∈ I} é ❝❤❛♠❛❞♦
❜❛s❡ ❞❡ M ❡ |X| é ❝❤❛♠❛❞♦ ♣♦st♦ ❞❡ ▼ ✭X ♥ã♦ ♣r❡❝✐s❛ s❡r ú♥✐❝♦✮✳

✺✻



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❆ss✐♠ ❝♦♠♦ ❡♠ ❣r✉♣♦ ❧✐✈r❡✱ R✲♠ó❞✉❧♦s ❧✐✈r❡s t❛♠❜é♠ ♣♦ss✉❡♠ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡r✲
s❛❧✿

❚❡♦r❡♠❛ ✸✳✸✳✶ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧ ❞❡ ▼ó❞✉❧♦s ▲✐✈r❡s✮✳ ❙❡❥❛♠ F, N ∈ RM✱ F ❧✐✈r❡
❝♦♠ ❜❛s❡ X✳ ❙❡❥❛ i : X →֒ F ❛ ✐♥❝❧✉sã♦ ❡ f : X −→ N ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r✳ ❊♥tã♦✱ ❡①✐st❡
✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ θ : F −→ N t❛❧ q✉❡ θ ◦ i = f ✳

X
f //

� _

��

N

F
∃!θ

>>

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ m ∈ F ✳ ❊♥tã♦✱ m é ❡s❝r✐t♦ ✉♥✐❝❛♠❡♥t❡ ❝♦♠♦
∑
i∈I

riai, ri ∈ R✳ ❉❡✜♥❛

θ(m) =
∑
i∈I

rif(ai)✳ ❆ss✐♠✱ θ(ai) = f(ai) ⇒ θ ◦ i = f ✳ ❆❧é♠ ❞✐ss♦✱ θ é ❤♦♠♦♠♦r✜s♠♦✿

❛✮ s❡ m1,m2 ∈M ✱ m1 =
∑
i∈I

ri,1ai, m2 =
∑
i∈I

ri,2ai✱ ❡♥tã♦

θ(m1 +m2) = θ(
∑

i∈I

ri,1ai +
∑

i∈I

ri,2ai) = θ(
∑

i∈I

(ri,1 + ri,2)ai) =
∑

i∈I

(ri,1 + ri,2)f(ai) =

=
∑

i∈I

ri,1f(ai) +
∑

i∈I

ri,2f(ai) = θ(
∑

i∈I

ri,1ai) + θ(
∑

i∈I

ri,2ai) = θ(m1) + θ(m2).

❜✮ s❡ r ∈ R ❡ m ∈ F ✱ m =
∑
i∈I

riai✱ ❡♥tã♦

rθ(m) = rθ(
∑

i∈I

riai) = r
∑

i∈I

rif(ai) =
∑

i∈I

(rri)f(ai) = θ(
∑

i∈I

(rri)ai) = θ(r
∑

i∈I

riai) = θ(rm).

❚❡♦r❡♠❛ ✸✳✸✳✷✳ ❚♦❞♦ R✲♠ó❞✉❧♦ é q✉♦❝✐❡♥t❡ ❞❡ ✉♠ R✲♠ó❞✉❧♦ ❧✐✈r❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ N ∈ RM✳ ❚♦♠❡ F ♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ N ✱ ♦✉ s❡❥❛✱ F = ⊕
n∈N

Rn✳

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ♠ó❞✉❧♦s ❧✐✈r❡s✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ θ : F −→
N t❛❧ q✉❡ θ|N = idN ✳ P♦rt❛♥t♦✱ θ é ✉♠ ❡♣✐♠♦r✜s♠♦✳ ▲♦❣♦✱ N ∼= F/kerθ✳

❉❡✜♥✐çã♦ ✸✳✸✳✷✳ ❙❡❥❛ M ∈ RM✳ ❯♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ M é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡
R✲♠ó❞✉❧♦s ❞❡ ❤♦♠♦♠♦r✜s♠♦s δi

. . . −→ Fi
δi−→ Fi1

δi−1
−→ . . .

δ1−→ F0
δ0−→M −→ 0

❡♠ q✉❡ ❝❛❞❛ Fi é ❧✐✈r❡✳

❚❡♦r❡♠❛ ✸✳✸✳✸✳ ❚♦❞♦ M ∈ RM t❡♠ r❡s♦❧✉çã♦ ❧✐✈r❡✳

✺✼



✸✳✸✳ ▼ó❞✉❧♦s

❉❡♠♦♥str❛çã♦✳ ❱✐♠♦s ♥♦ t❡♦r❡♠❛ ✸✳✸✳✶ ❛❝✐♠❛ q✉❡ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡
F0 ❡♠ M ✳ ❈❤❛♠❡♠♦s t❛❧ ❡♣✐♠♦r✜s♠♦ ❞❡ δ0✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ ρ1 ❞❡
✉♠ ♠ó❞✉❧♦ ❧✐✈r❡ F1 ❡♠ kerδ0✳ ❙❡❥❛ i1 ❛ ✐♥❝❧✉sã♦ ❞❡ kerδ0 ❡♠ F0✳ ❚♦♠❡ δ1 = i1 ◦ ρ1✳ ❊♥tã♦✱
Imδ1 = Imρ1 = kerδ0✳ ❈♦♥t✐♥✉❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❝♦♠ ♦ kerδn, n > 1✱ ❞❡✜♥✐♠♦s ✉♠❛
r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ M ✳

. . . // F1
δ1 //

ρ1 "" ""

F0
δ0 // //M

kerδ0
-
 i1

<<

✸✳✸✳✷ ▼ó❞✉❧♦s ♣r♦❥❡t✐✈♦s

❉❡✜♥✐çã♦ ✸✳✸✳✸✳ ❙❡❥❛ P ∈ RM✳ ❉✐③❡♠♦s q✉❡ P é ♣r♦❥❡t✐✈♦ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❤♦♠♦♠♦r✲
✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s β : B −→ C✱ f : P −→ C✱ ❝♦♠ β s♦❜r❡❥❡t✐✈♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦
µ : P −→ B t❛❧ q✉❡ β ◦ µ = f ✳

P

f
��

µ

��
B

β
// // C

▲❡♠❛ ✸✳✸✳✶✳ ❙❡❥❛ P ∈ RM✳ ❊♥tã♦✱ P é ♣r♦❥❡t✐✈♦ ⇔ HomR(P, ∗) é ✉♠ ❢✉♥t♦r ❡①❛t♦✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ HomR(P, ∗) é ✉♠ ❢✉♥t♦r ❡①❛t♦ à ❡sq✉❡r❞❛✳ ❙❡❥❛

0 −→ A
α

−→ B
β

−→ C −→ 0

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳ ❊♥tã♦✱ β∗ é s♦❜r❡❥❡t✐✈❛ ⇔ ♣❛r❛ ❝❛❞❛ f ∈ HomR(P,C) ❡①✐st❡
g ∈ HomR(P,B) t❛❧ q✉❡ β∗(g) = β ◦ g = f ✱ ♦✉ s❡❥❛✱ t❡♠♦s ❥✉st❛♠❡♥t❡ q✉❡ HomR(P, ∗) é ✉♠
❢✉♥t♦r ❡①❛t♦ ⇔ P é ♣r♦❥❡t✐✈♦ ✳

❚❡♦r❡♠❛ ✸✳✸✳✹✳ ❚♦❞♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ é ♣r♦❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P = F ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X✳ P❛r❛ ❝❛❞❛ x ∈ X✱ t♦♠❡ bx ∈ B
t❛❧ q✉❡ β(bx) = f(x)✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ ♠ó❞✉❧♦s ❧✐✈r❡s✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦
µ : F −→ B t❛❧ q✉❡ µ(x) = bx, ∀x ∈ X✳ ❙❡❥❛ m ∈ F ✳ ❈♦♠♦ F ∼= ⊕

x∈X
Rx✱ m =

∑
x∈X

rxx, rx ∈

R✳ ❊♥tã♦✱
β ◦ µ(m) = β ◦ µ(

∑

x∈X

rxx) = β(
∑

x∈X

rxµ(x)) =

= β(
∑

x∈X

rxbx) =
∑

x∈X

rxβ(bx) =
∑

x∈X

rxf(x) = f(
∑

x∈X

rxx) = f(m).

❈♦♠♦ bx ♣♦❞❡ ♥ã♦ s❡r ú♥✐❝♦✱ ❡♥tã♦ µ ♥ã♦ ♣r❡❝✐s❛ s❡r ú♥✐❝♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✹✳ ❙❡❥❛ M ∈ RM✳ ❯♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❞❡ R✲♠ó❞✉❧♦s ❝♦♠ ❤♦♠♦♠♦r✜s♠♦s δi

✺✽



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

. . . −→ Pi
δi−→ Pi−1

δi−1
−→ . . .

δ1−→ P0
δ0−→M −→ 0

❡♠ q✉❡ ❝❛❞❛ Pi é ♣r♦❥❡t✐✈♦✳

❚❡♦r❡♠❛ ✸✳✸✳✺✳ ❚♦❞♦ M ∈ RM t❡♠ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ M t❡♠ r❡s♦❧✉çã♦ ❧✐✈r❡✳ ❈♦♠♦ t♦❞♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ é ♣r♦❥❡t✐✈♦✱ ❡♥tã♦ M t❡♠
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛✳

❉❡✜♥✐çã♦ ✸✳✸✳✺✳ ❙❡❥❛ β : B −→ C ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ β ❝✐♥❞❡ ✭♦✉
é ✉♠ ❡♣✐♠♦r✜s♠♦ ❝✐♥❞✐❞♦✮ s❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ γ : C −→ B t❛❧ q✉❡ β ◦ γ = idC✳

▲❡♠❛ ✸✳✸✳✷✳ ❙❡❥❛ β : B −→ C ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s ❝✐♥❞✐❞♦✳ ❊♥tã♦✱ B = kerβ ⊕
γ(C)✱ γ(C) ∼= C✳

❉❡♠♦♥str❛çã♦✳ ❙❡ b ∈ B✱ b = (b− γ ◦ β(b)) + γ ◦ β(b)✳ ❱❡♠♦s q✉❡

β(b− γ ◦ β(b)) = β(b)− β ◦ γ(β(b)) = β(b)− β(b) = 0.

▲♦❣♦✱ b − γβ(b) ∈ kerβ✳ P♦rt❛♥t♦✱ B = kerβ + γ(C)✳ ❙❡ b ∈ kerβ ∩ γ(C)✱ ❡♥tã♦ b = γ(c)
♣❛r❛ ❛❧❣✉♠ c ∈ C ❡

β(b) = β(γ(c)) = c = 0 ⇒ b = γ(0) = 0.

❈♦♠♦ β ◦ γ = idC ✱ t❡♠♦s q✉❡ γ ❞❡✈❡ s❡r ✐♥❥❡t✐✈❛✳ ▲♦❣♦✱ γ(C) ∼= C✳

❈♦r♦❧ár✐♦ ✸✳✸✳✶✳ ❙❡❥❛♠ B,P ∈ RM, P ♣r♦❥❡t✐✈♦✱ ❡ β : B −→ P ✉♠ ❡♣✐♠♦r✜s♠♦✳ ❊♥tã♦✱
B = P1 ⊕ P2✱ ❝♦♠ P2

∼= P ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ idP ❡ ♦ ❢❛t♦ ❞❡ P s❡r ♣r♦❥❡t✐✈♦✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦ µ : P −→ P t❛❧ q✉❡ β ◦ µ = idP ✳ ❈♦♠♦ idP é ✐♥❥❡t✐✈❛✱ ❞❡✈❡♠♦s t❡r µ ✐♥❥❡t✐✈❛✳
P♦rt❛♥t♦✱ β ❝✐♥❞❡ ⇒ B = kerβ ⊕ µ(P )✱ µ(P ) ∼= P ✳

❚❡♦r❡♠❛ ✸✳✸✳✻✳ ❙❡❥❛ P ∈ RM✳ ❊♥tã♦✱ P é ♣r♦❥❡t✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ F0 ∈ RM
❧✐✈r❡ t❛❧ q✉❡ F0 = P0 ⊕ P ✳ ❆✐♥❞❛✱ t♦❞♦ s♦♠❛♥❞♦ ❞❡ R✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ é ♣r♦❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙❡❥❛ F ♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ t❛❧ q✉❡ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ β : F −→ P ✳
❊♥tã♦✱ F = P1 ⊕ P2, P2

∼= P ✳ ❚♦♠❡ F0 = P1 ⊕ P ∼= F ✳
(⇐) ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✿

F0
// //

∃θ
��

P

f

��

µ

~~
B

β
// // C

♦♥❞❡ f, B, C sã♦ q✉❛✐sq✉❡r t❛❧ q✉❡ β é s♦❜r❡❥❡t✐✈♦✳ ❈♦♥s✐❞❡r❡ i ❛ ✐♥❝❧✉sã♦ ❞❡ P ❡♠ F0✳ P❡❧❛
♣r♦♣r✐❡❞❛❞❡ ❞♦ ♠ó❞✉❧♦ ❧✐✈r❡✱ ❡①✐st❡ θ : F0 −→ B t❛❧ q✉❡ β ◦ θ = f ◦ π✳ ❚♦♠❡ µ = θ ◦ i :
P −→ B✳ ❊♥tã♦✱

β ◦ µ = β ◦ θ ◦ i = f ◦ π ◦ i = f.

P♦rt❛♥t♦✱ P é ♣r♦❥❡t✐✈♦✳ ❖ ❞✐❛❣r❛♠❛ ❛❝✐♠❛ ❞✐③ q✉❡✱ s❡ F0 é ✉♠ R✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ q✉❛❧q✉❡r
❞❛❞♦ ♣♦r s♦♠❛ ❞✐r❡t❛ ❞❡ R✲♠ó❞✉❧♦s✱ ❡♥tã♦✱ s❡ P é ✉♠ s♦♠❛♥❞♦ ❞❡ F0✱ P é ♣r♦❥❡t✐✈♦✳

✺✾



✸✳✸✳ ▼ó❞✉❧♦s

❚❡♦r❡♠❛ ✸✳✸✳✼✳ ❆ s♦♠❛ ❞✐r❡t❛ ❞❡ ♣r♦❥❡t✐✈♦s é ♣r♦❥❡t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ I ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❙❡❥❛ β : B −→ C ✉♠ ❡♣✐♠♦r✜s♠♦ q✉❛❧q✉❡r ❡
f : ⊕

i∈I
Pi −→ C ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r✳ P❛r❛ ❝❛❞❛ i✱ ❞❡✜♥❛ ♦ ❤♦♠♦♠♦r✜s♠♦ fi : Pi −→

C ♣♦r fi(pi) = f(0, . . . , 0, pi, 0, . . .)✳ P❛r❛ ❝❛❞❛ fi✱ ❡①✐st❡ gi t❛❧ q✉❡ β ◦ gi = fi✳ ❚♦♠❡✱ ❡♥tã♦✱
g : ⊕

i∈I
Pi −→ B ♣♦r g(p1, p2, . . .) = (g1(p1), g2(p2), . . .)✳

▲❡♠❛ ✸✳✸✳✸ ✭▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧✮✳ ❙❡❥❛♠ 0 −→ K −→ P −→ M −→ 0 ❡ 0 −→ K ′ −→
P ′ −→ M −→ 0 s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s ❞❡ R✲♠ó❞✉❧♦s✱ ❝♦♠ P, P ′ ♣r♦❥❡t✐✈♦s✳ ❊♥tã♦✱
K ⊕ P ′ ∼= K ′ ⊕ P ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ φ : P −→ M, φ′ : P ′ −→ M ♦s ❤♦♠♦♠♦r✜♠♦s ❞❛ s❡q✉ê♥❝✐❛ ❛❝✐♠❛✳
❙❡❥❛ N = {(p, p′) ∈ P ⊕ P ′ : φ(p) = φ′(p′)}✳ ❚❡♠♦s q✉❡ N é R✲s✉❜♠ó❞✉❧♦ ❞❡ P ⊕ P ′✱ ♣♦✐s
é ❢á❝✐❧ ✈❡r q✉❡ (N,+) é ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ φ(rp) = rφ(p) = rφ′(p′) = φ′(rp′) ⇒ r(p, p′) =
(rp, rp′) ∈ N, ∀r ∈ R, (p, p′) ∈ N ✳
❈♦♥s✐❞❡r❡ ❛ ♣r♦❥❡çã♦ π : N −→ P ✳ ❙❡❥❛ p ∈ P ✳ ❊♥tã♦✱ φ(p) ∈ M ✳ ❈♦♠♦ φ′ é s♦❜r❡❥❡t✐✈❛✱
∃p′ ∈ P ′ t❛❧ q✉❡ φ′(p′) = φ(p)✳ P♦rt❛♥t♦✱ (p, p′) ∈ N ❡ π(p, p′) = p⇒ π é s♦❜r❡❥❡t✐✈❛✳ ❆✐♥❞❛✱
kerπ = {(0, p′) : (0, p′) ∈ N} = {(0, p′) : φ′(p′) = 0} ∼= {p′ ∈ P ′ : φ′(p′) = 0} = kerφ′ ∼=
K ′✱ ♣♦✐s ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ K ′ ❡♠ P ′ é ✐♥❥❡t✐✈♦✱ ❧♦❣♦✱ s✉❛ ✐♠❛❣❡♠ é ✐s♦♠♦r❢❛ ❛ K ′✳ ❆ss✐♠✱
N ∼= kerπ ⊕ P ∼= K ′ ⊕ P ✳
❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ t♦♠❛♥❞♦ ❛ ♣r♦❥❡çã♦ π′ : N −→ P ′✱ t❡r❡♠♦s q✉❡ N ∼= K ⊕ P ′✳
▲♦❣♦✱ K ′ ⊕ P ∼= K ⊕ P ′✳

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ❧❡♠❛ ❝♦♠ s❡q✉ê♥❝✐❛s ❡①❛t❛s ♥ã♦ ❝✉rt❛s✿

▲❡♠❛ ✸✳✸✳✹ ✭●❡♥❡r❛❧✐③❛çã♦ ❞♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧✮✳ ❙❡❥❛♠ 0 −→ Pn −→ Pn−1 −→ . . . −→
P0 −→ M −→ 0 ❡ 0 −→ P ′

n −→ P ′
n−1 −→ . . . −→ P ′

0 −→ M −→ 0 s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝♦♠
Pi, P

′
i ♣r♦❥❡t✐✈♦s ♣r❛ t♦❞♦ i < n✳ ❊♥tã♦✱

P0 ⊕ P ′
1 ⊕ P2 ⊕ P ′

3 ⊕ . . . ∼= P ′
0 ⊕ P1 ⊕ P ′

2 ⊕ P3 ⊕ . . .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ Pi, P ′
i sã♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ∀i < n✱ ❡♥tã♦ Pn é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P ′
n é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ n = 1✱ t❡♠♦s ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✸✳✸✳✸✳ P♦r ✐♥❞✉çã♦ ❡♠
n✱ s✉♣♦♥❤❛♠♦s q✉❡ ♦ ❧❡♠❛ ✈❛❧❤❛ ♣❛r❛ n − 1✳ ❙❡❥❛♠ K,K ′ ♦s ♥ú❝❧❡♦s ❞♦s ❤♦♠♦♠♦r✜s♠♦s
r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ Pn−2 ❡♠ Pn−3 ❡ ❞❡ P ′

n−2 ❡♠ P ′
n−3 ✭♥♦ ❝❛s♦ n = 2✱ ❝♦♥s✐❞❡r❛♠♦s P−1 =

P ′
−1 = M✮✳ ❆ ✐♥❝❧✉sã♦ ❞♦s ♥ú❝❧❡♦s ❣❡r❛ s❡q✉ê♥❝✐❛s ❡①❛t❛s K →֒ Pn−2 −→ Pn−1 −→ . . . −→
P0 −→ M −→ 0 ❡ K ′ →֒ P ′

n−2 −→ P ′
n−1 −→ . . . −→ P ′

0 −→ M −→ 0 q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱
s❛t✐s❢❛③❡♠

K ⊕ P ′
n−2 ⊕ Pn−3 ⊕ . . . ∼= K ′ ⊕ Pn−2 ⊕ P ′

n−3 ⊕ . . .✳

❙❡❥❛♠ Q = P ′
n−2 ⊕ Pn−3 ⊕ . . . ❡ Q′ = Pn−2 ⊕ P ′

n−3 ⊕ . . .✳ ❙❡❥❛ dn ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Pn ❡♠
Pn−1✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡ Pn ❡♠ Pn−1 ⊕ Q ❞❛❞❛ ♣♦r a 7−→ (dn(a), 0), a ∈ Pn✱ é ❝❧❛r❛♠❡♥t❡ ✉♠
♠♦♥♦♠♦r✜s♠♦✳ ❙❡❥❛ dn−1 ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Pn−1 ❡♠ Pn−2✳ ❙❛❜❡♠♦s q✉❡ Imdn−1 = K✳
P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ ❞❡ Pn−1⊕Q ❡♠ K ⊕Q ❞❛❞❛ ♣♦r (a, q) 7−→ (dn−1(a), q), a ∈ Pn−1, q ∈
Q✱ é ✉♠ ❡♣✐♠♦r✜s♠♦✳ ❆ss✐♠✱ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ 0 −→ Pn −→ Pn−1 ⊕ Q −→

✻✵



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

K ⊕ Q −→ 0✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ t❡r❡♠♦s ❡ss❛ ♦✉tr❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ 0 −→ P ′
n −→ P ′

n−1 ⊕
Q′ −→ K ′ ⊕ Q′ −→ 0✳ ❈♦♠♦ ❥á ✈✐♠♦s q✉❡ K ⊕ Q ∼= K ′ ⊕ Q′ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ Pn−1 ⊕ Q✱
P ′
n−1 ⊕ Q′ s❡r❡♠ ♣r♦❥❡t✐✈❛s✱ ♣♦❞❡♠♦s ✉s❛r ♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✸✳✸✳✸✳ ❉❛í✱ ♣r♦✈❛♠♦s q✉❡
Pn ⊕ P ′

n−1 ⊕Q′ ∼= P ′
n ⊕ Pn−1 ⊕Q✳

✸✳✸✳✸ ▼ó❞✉❧♦s ■♥❥❡t✐✈♦s

❉❡✜♥✐çã♦ ✸✳✸✳✻✳ ❙❡❥❛ E ∈ RM ✳ ❉✐③❡♠♦s q✉❡ E é ✐♥❥❡t✐✈♦ s❡ ♣❛r❛ q✉❛✐sq✉❡r ❤♦♠♦♠♦r✲
✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s i : A −→ B, f : A −→ E✱ i ✐♥❥❡t✐✈❛✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡
R✲♠ó❞✉❧♦s g : B −→ E t❛❧ q✉❡ g ◦ i = f ✳

E

A //
i

//

f

OO

B

g
``

▲❡♠❛ ✸✳✸✳✺✳ ❙❡❥❛ E ∈ RM ✳ ❊♥tã♦✱ E é ✐♥❥❡t✐✈♦ ⇔ HomR(∗, E) é ❡①❛t♦✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ HomR(∗, E) é ✉♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ❡①❛t♦ à ❡sq✉❡r❞❛✳ ❙❡❥❛

0 −→ A
α

−→ B
β

−→ C −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳ ❊♥tã♦✱ α∗ é s♦❜r❡❥❡t✐✈❛ ⇔ ∀f ∈
HomR(A,E)✱ ❡①✐st❡ g ∈ HomR(B,E) t❛❧ q✉❡ α∗(g) = g ◦ α = f ⇔ E é ✐♥❥❡t✐✈♦✳

▲❡♠❛ ✸✳✸✳✻✳ ❙❡❥❛♠ E,D,D0 ∈ RM ✱ E ✐♥❥❡t✐✈♦✱ E = D ⊕D0✳ ❊♥tã♦✱ D é ✐♥❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❡♠ q✉❡ i é ✐♥❝❧✉sã♦ ❞❡ D ❡♠ E = D ⊕D0✱ p é
♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ α é ✉♠ ♠♦♥♦♠♦✜s♠♦ ❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r✳

D E
poo

0 // A

f

OO

α
//

i◦f

??

B

g

OO

(❧✐♥❤❛ ❡①❛t❛)

❊①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ g : B −→ E ❝♦♠ g ◦ α = i ◦ f ✱ ♣♦✐s E é ✐♥❥❡t✐✈♦✳ ❉❡✜♥❛✱ ❡♥tã♦✱
h = p ◦ g✳ ❚❡♠♦s q✉❡

h ◦ α = p ◦ g ◦ α = p ◦ i ◦ f = idD ◦ f = f.

▲♦❣♦✱ D é ✐♥❥❡t✐✈❛✳

❚❡♦r❡♠❛ ✸✳✸✳✽✳ ❖ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s é ✐♥❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ I ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❙❡❥❛ i : A −→ B ✉♠ ♠♦♥♦r✜s♠♦ q✉❛❧q✉❡r✱
f : A −→

∏
i∈I

Ei ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r✳ ❱❡♠♦s q✉❡ ∀a ∈ A, f(a) = (f1(a), f2(a), . . .)✱

❡♠ q✉❡ fi sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ A ❡♠ Ei✳ ❈♦♠♦ Ei sã♦ ✐♥❥❡t✐✈♦s✱ ❡①✐st❡♠ gi : B −→ Ei t❛✐s
q✉❡ gi ◦ i = fi✳ ❇❛st❛ ❞❡✜♥✐r g : B −→

∏
i∈I

Ei ♣♦r g(b) = (g1(b), g2(b), . . .)✳

❚❡♦r❡♠❛ ✸✳✸✳✾ ✭❈r✐tér✐♦ ❞❡ ❇❛❡r✮✳ ❙❡❥❛ E ∈ RM ✳ ❊♥tã♦✱ E é ✐♥❥❡t✐✈♦ ⇔ ♣❛r❛ ❝❛❞❛ ✐❞❡❛❧ I
à ❡sq✉❡r❞❛ ❡♠ R ❡ ♣❛r❛ ❝❛❞❛ ❤♦♠♦♠♦r✜s♠♦ f : I −→ E ❡①✐st❡ g : R −→ E q✉❡ ❡st❡♥❞❡ f ✳

✻✶



✸✳✸✳ ▼ó❞✉❧♦s

❉❡♠♦♥str❛çã♦✳ (⇒) ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐♥❝❧✉sã♦ ❞❡ I ❡♠ R✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡
E ❝♦♠♦ ♠ó❞✉❧♦ ✐♥❥❡t✐✈♦✳
(⇐) ❙❡❥❛♠ i : A −→ B ❡ f : E −→ ❤♦♠♦♠♦r✜s♠♦s q✉❛✐sq✉❡r✱ s❡♥❞♦ i ✐♥❥❡t✐✈❛✳ P♦✲
❞❡♠♦s ❝♦♥s✐❞❡r❛r A ❝♦♠♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ B ❡ i ✐♥❝❧✉sã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ Σ =
{(C, t)| C é ❘✲s✉❜♠ó❞✉❧♦ ❞❡ ❇ q✉❡ ❝♦♥té♠ ❆ ❡ t : C −→ E é ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡ t|A = f}✳
Σ ♥ã♦ é ✈❛③✐♦✱ ♣♦✐s (A, f) ∈ Σ✳ ❉❡✜♥✐♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿ (C1, t1) ≤ (C2, t2) s❡ C1 é R✲s✉❜♠ó❞✉❧♦ ❞❡ C2 ❡ t2|C1 = t1✳ ❙❡❥❛ {(Ci, ti)| i ∈ J}✱
J ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✱ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Σ✳ ❱❡♠♦s q✉❡ (

⋃
i∈J

Ci, t)✱ ❡♠ q✉❡

t :
⋃
i∈J

Ci −→ E é t❛❧ q✉❡ t|Ci
= ti é ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ❡♠ Σ ❞❛ ❝❛❞❡✐❛✿ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡

❡ss❡ ❡❧❡♠❡♥t♦ ❡stá ❡♠ Σ✳
▲♦❣♦✱ Σ t❡♠ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ (M, δ)✳ ❙❡ M ❡stá ♣r♦♣r✐❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ B✱ t♦♠❡
b ∈ B −M ✳ ❊♥tã♦✱ M +Rb é R✲s✉❜♠ó❞✉❧♦ ❞❡ B✳ ❖ ❝♦♥❥✉♥t♦ I = {r ∈ R| r ∈M} é ✐❞❡❛❧ à
❡sq✉❡r❞❛ ❞❡ M ✳ ❙❡❥❛ f0 : I −→ E ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❛❞♦ ♣♦r f0(r) = δ(rb)✳ P♦r ❤✐♣ót❡s❡✱
❡①✐st❡ g : R −→ E q✉❡ ❡st❡♥❞❡ f0✳ ❉❛í✱ ❝♦♥str✉✐♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ δ0 :M +Rb −→ E t❛❧
q✉❡ δ0(m+ rb) = δ(m) + g(r)✳ ❈♦♥tr❛❞✐çã♦✱ ♣♦✐s (M, δ) é ♠❛①✐♠❛❧✳ ▲♦❣♦✱ M = B✳

❉❡✜♥✐çã♦ ✸✳✸✳✼✳ ❙❡❥❛ m ∈ RM, m ∈ M, r ∈ R✳ ❉✐③❡♠♦s q✉❡ m é ❞✐✈✐sí✈❡❧ ♣♦r r s❡
❡①✐st❡ m′ ∈M t❛❧ q✉❡ rm′ = m✳ ❉✐③❡♠♦s q✉❡ M é ❞✐✈✐sí✈❡❧ s❡✱ ∀m ∈M, ∀r ∈ R− {0} t❛❧
q✉❡ r ♥ã♦ é ❞✐✈✐s♦r ❞❡ 0✱ t❡♠♦s q✉❡ m é ❞✐✈✐sí✈❡❧ ♣♦r r✳

▲❡♠❛ ✸✳✸✳✼✳ ❙❡❥❛ E ∈ RM ✐♥❥❡t✐✈♦✳ ❊♥tã♦✱ E é ❞✐✈✐sí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ m ∈ E ❡ r ∈ R − {0} t❛❧ q✉❡ r ♥ã♦ é ❞✐✈✐s♦r ❞❡ 0✳ ❊♥tã♦✱ Rr é ✐❞❡❛❧
à ❡sq✉❡r❞❛ ❞❡ R✳ ❈♦♥s✐❞❡r❡ ❛ ✐♥❝❧✉sã♦ Rr →֒ R✳ ❉❡✜♥❛ ♦ ❤♦♠♦♠♦r✜s♠♦ f : Rr −→ E ♣♦r
f(sr) = sm✳ ❱❡♠♦s q✉❡ f ❡stá ❞❡✜♥✐❞♦✱ ♣♦✐s sr = 0 ⇒ s = 0✳ ❉❛í✱ ❝♦♠♦ E é ✐♥❥❡t✐✈♦✱
❡①✐st❡ g : R −→ E t❛❧ q✉❡ g|Rr = f ✳ ❚❡♠♦s q✉❡ g(r) = g(1.r) = f(1.r) = 1.m = m ❡
g(r.1) = rg(1) = m✳ ❇❛st❛ t♦♠❛r m′ = m✳

❚❡♦r❡♠❛ ✸✳✸✳✶✵✳ ❙❡❥❛ R ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s✳ ❊♥tã♦✱ E ∈ RM é ✐♥❥❡t✐✈♦s ⇔ E
é ❞✐✈✐sí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❧❡♠❛ ✸✳✸✳✼✳
(⇐) ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ R é I = Rr✳ ❙❡❥❛ f : I 6= 0 −→ E ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❈♦♠♦ E é
❞✐✈✐sí✈❡❧✱ t❡♠♦s q✉❡ f(r) = m é ❞✐✈✐sí✈❡❧✳ ▲♦❣♦✱ ❡①✐st❡m′ ∈ E t❛❧ q✉❡ rm′ = m✳ ❉❡✜♥❛✱ ❡♥tã♦
g(1) = m′✳ ❉❛í✱ ∀s ∈ R, g(s) = sg(1) = sm′ ❡ g(sr) = sg(r) = srm′ = sm = sf(r) = f(sr)✳
P♦rt❛♥t♦✱ g ❡st❡♥❞❡ f ✳ P❡❧♦ ❈r✐tér✐♦ ❞❡ ❇❛❡r✱ E é ✐♥❥❡t✐✈♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✶✳ ❙❡❥❛ M ∈ ZM✳ ❊♥tã♦✱ ❡①✐st❡ M0 ∈ ZM t❛❧ q✉❡ M é Z✲s✉❜♠ó❞✉❧♦ ❞❡ M0

❡ M0 é ✐♥❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ M é q✉♦❝✐❡♥t❡ ❞❡ Z✲♠ó❞✉❧♦ ❧✐✈r❡✳ ▲♦❣♦✱ M = (
⊕
i∈I

Z)/S✱ ❡♠

q✉❡ S é Z✲s✉❜♠ó❞✉❧♦ ❞❡
⊕
i∈I

Z✳ ❇❛st❛ t♦♠❛r M0 = (
⊕
i∈I

Q)/S✱ ♣♦✐s✱ ∀z ∈ Z − {0} , ∀q ∈

Q, z(q/z) = q✱ ♦✉ s❡❥❛✱ Q é ❞✐✈✐sí✈❡❧✳ ❉❛í✱ é ❢á❝✐❧ ✈❡r q✉❡ M0 é ❞✐✈✐sí✈❡❧✳ ❙❡♥❞♦ Z ✉♠
❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r t❡♠♦s q✉❡ M0 é ✐♥❥❡t✐✈♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✷✳ ❙❡❥❛ D ∈ ZM✱ D ❞✐✈✐sí✈❡❧ ❝♦♠♦ Z✲♠ó❞✉❧♦✳ ❙❡❥❛ R ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡✳
❊♥tã♦✱ HomZ(R,D) ∈ RM é R✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦✳
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❚❡♦r❡♠❛ ✸✳✸✳✶✸✳ ❙❡❥❛ M ∈ RM✳ ❊♥tã♦✱ ❡①✐st❡ M0 ∈ RM t❛❧ q✉❡ M é R✲s✉❜♠ó❞✉❧♦ ❞❡ M0

❡ M0 é ✐♥❥❡t✐✈♦ ❝♦♠♦ R✲♠ó❞✉❧♦✳

❉❡♠♦♥str❛çã♦✳ M ∈ ZM ⇒ ❡①✐st❡ D ∈ ZM ✐♥❥❡t✐✈♦✱ ❡ ♣♦rt❛♥t♦✱ ❞✐✈✐sí✈❡❧ ❝♦♠♦ Z✲♠ó❞✉❧♦✳
P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ HomZ(R,D) é R✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦✳ ❚♦♠❡ M0 = HomZ(R,D)✳ ❉❡✜♥❛✱
❛❣♦r❛✱ α :M −→M0 ❡♠ q✉❡ α(m) : R −→ D✱ ❝♦♠ α(m)(r) = rm✳

• α(m) é ❤♦♠♦♠♦r✜s♠♦ ❞❡ Z✲♠ó❞✉❧♦s✿ z ∈ Z✱ zα(m)(r) = z(rm) = (zr)m = α(m)(zr)✱

❝♦♠ zr =

③ ✈❡③❡s︷ ︸︸ ︷
r + r + . . .+ r✳

• α é ❤♦♠♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s✿

• α é ♠♦♥♦♠♦r✜s♠♦✿ α(m) = 0 ⇒ α(m)(r) = 0, ∀r ∈ R ⇒ rm = 0, ∀r ∈ R ⇒ m = 0✳

❉❡✜♥✐çã♦ ✸✳✸✳✽✳ ❙❡❥❛ M ∈ RM✳ ❯♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ ▼ é ✉♠ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡

R✲♠ó❞✉❧♦s 0 −→M
ǫ

−→ E0 d0

−→ E1 d1

−→ E2 d2

−→ . . .
dn−1

−→ En dn

−→ En+1 dn+1

−→ . . .✱ ♦♥❞❡ ❝❛❞❛ Ei

é ✐♥❥❡t✐✈♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✹✳ ❙❡❥❛ M ∈ RM✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ M ✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡ ❡①✐st❡ E0 ∈ RM ✐♥❥❡t✐✈♦ t❛❧ q✉❡ M é R✲
s✉❜♠ó❞✉❧♦ ❞❡ E0✳ ❙❡❥❛ π0 : E0 −→ E0/M ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❊①✐st❡ E1 ∈ RM t❛❧ q✉❡
E0/M é R✲s✉❜♠ó❞✉❧♦ ❞❡ E1✳ ❙❡❥❛ i0 : E0/M −→ E1 ❛ ✐♥❝❧✉sã♦✳ ❉❡✜♥❛ d0 = i0 ◦ π0✳
❱❡♠♦s q✉❡ kerd0 = kerπ0 = M ✳ ❙❡❥❛✱ ❛❣♦r❛✱ π1 : E1 −→ E1/Imd0 ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❡
i1 : E

1/Imd0 −→ E2 ❛ ✐♥❝❧✉sã♦ ❞❡ E1/Imd0 ♥✉♠ R✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦✳ ❉❡✜♥✐♥❞♦ d1 = i1 ◦ π1✱
✈❡♠♦s q✉❡ kerd1 = kerπ1 = Imd0✳ ❈♦♥t✐♥✉❛♥❞♦ ♦ ♣r♦❝❡ss♦✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ q✉❡
q✉❡rí❛♠♦s✳

0 //M � � // E0 d0 //

π0   

E1 d1 //

π1 !!

E2 // . . .

E0

M

?�

i0

OO

E1

Imd0

?�

i1

OO

✸✳✸✳✹ ▼ó❞✉❧♦s P❧❛♥♦s

❉❡✜♥✐çã♦ ✸✳✸✳✾✳ ❙❡❥❛♠ A ∈ MR ❡ B ∈ RM✳ ❉✐③❡♠♦s q✉❡ A é ♣❧❛♥♦ s❡ A⊗R ∗ é ❢✉♥t♦r
❡①❛t♦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ B é ♣❧❛♥♦ s❡ ∗ ⊗R B é ❢✉♥t♦r ❡①❛t♦✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✶✳ ❏á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ A ⊗R ∗ ❡ ∗ ⊗R B sã♦ s❡♠♣r❡ ❡①❛t♦s à

❞✐r❡✐t❛✳ ❙❡❥❛ 0 −→ A
α

−→ D
β

−→ C −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳

❙❛❜❡♠♦s q✉❡ A ⊗R B
α⊗idB−→ D ⊗R B

β⊗idB−→ C ⊗R B −→ 0 é ❡①❛t❛✳ ▲♦❣♦✱ ∗ ⊗R B é ❡①❛t♦
⇔ α⊗ idB é ♠♦♥♦♠♦r✜s♠♦✳ ❈♦♠♦ A ❡ D sã♦ q✉❛✐sq✉❡r✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿
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✸✳✹✳ ❈♦♠♣❧❡①♦s

∗ ⊗R B é ❡①❛t♦ ⇔ ∀α : A −→ D ♠♦♥♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ α⊗ idB é
♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳

❆♥❛❧♦❣❛♠❡♥t❡✱

A⊗R ∗ é ❡①❛t♦ ⇔ ∀α : C −→ D ♠♦♥♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✱ idA ⊗ α é
♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳

❚❡♦r❡♠❛ ✸✳✸✳✶✺✳ R é ✉♠ R✲♠ó❞✉❧♦ ♣❧❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ α : A  B ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳ ❈♦♥s✐❞❡r❡
♦s ✐s♦♠♦r✜s♠♦s ❞❡ R ⊗R A ∼= A ❡ R ⊗R B ∼= B ❞❛❞♦s ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ r ⊗ c ↔ rc✳ P❡❧❛
❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦✱ t❡♠♦s q✉❡ idR⊗α é ♠♦♥♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳

R⊗R A
idR⊗α//

∼=
��

R⊗R B

∼=
��

A α
// B

❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ ♠ó❞✉❧♦s ♣❧❛♥♦s q✉❡ s❡rá ✉s❛❞♦ ♠❛✐s ❛❞✐❛♥t❡ é q✉❡ Q é
✉♠ Z✲♠ó❞✉❧♦ ♣❧❛♥♦✱ ♦✉ s❡❥❛✱ ∗ ⊗Z Q é ✉♠ ❢✉♥t♦r ❡①❛t♦✳ ❊ss❡ r❡s✉❧t❛❞♦ é ✉♠ ❝♦r♦❧ár✐♦
❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✾❪✱ ♣á❣✳ ✽✻✱ q✉❡ ❞✐③ q✉❡ s❡ R é ✉♠ ❞♦♠í♥✐♦✱ ❡♥tã♦ s❡✉ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s é
R✲♠ó❞✉❧♦ ♣❧❛♥♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✻✳ ❙❡❥❛ {Bi}i∈I ✉♠ ❝♦♥❥✉♥t♦ ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ✭♦✉ à ❞✐r❡✐t❛✮✳ ❊♥tã♦✱
B =

⊕
i∈I

Bi é ♣❧❛♥♦ ⇔ ❝❛❞❛ Bi é ♣❧❛♥♦✳

❈♦r♦❧ár✐♦ ✸✳✸✳✷✳ ❙❡❥❛ P ∈ RM✳ ❊♥tã♦✱ P é ♣r♦❥❡t✐✈♦ ⇒ P é ♣❧❛♥♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ✸✳✸✳✶✻✱ ❝♦♥❝❧✉í♠♦s q✉❡
⊕
i∈I

R é ♣❧❛♥♦ ⇒ t♦❞♦ ♠ó❞✉❧♦ ❧✐✈r❡ é

♣❧❛♥♦✳ ❈♦♠♦ P é ♣r♦❥❡t✐✈♦✱ P é s♦♠❛♥❞♦ ❞❡ ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡ ⇒ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✸✳✶✻✱ P é
♣❧❛♥♦✳

❈♦r♦❧ár✐♦ ✸✳✸✳✸✳ ❙❡❥❛ M ∈ RM✳ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛
. . . P2 −→ P1 −→ P0 −→ M −→ 0 ♦♥❞❡ ❝❛❞❛ Pi é ♣❧❛♥♦✳ ❊❧❛ é ❝❤❛♠❛❞❛ ❞❡ r❡s♦❧✉çã♦
♣❧❛♥❛ ❞❡ ▼✳

✸✳✹ ❈♦♠♣❧❡①♦s

❉❡✜♥✐çã♦ ✸✳✹✳✶✳ ❯♠ ❝♦♠♣❧❡①♦ ❞❡ R✲♠ó❞✉❧♦s é ✉♠❛ s❡q✉ê♥❝✐❛

. . . −→ An+1
dn+1
−→ An

dn−→ An−1 −→ . . .

❝♦♠ An ∈ RM✱ dn ❤♦♠♦♠♦r✜s♠♦s ❞❡ R✲♠ó❞✉❧♦s ❡ Imdn+1 ⊆ kerdn✱ ✐st♦ é✱ dn ◦ dn+1 = 0✳
❈❛❞❛ dn é ❝❤❛♠❛❞♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❧✳ ❱❛♠♦s ❞❡♥♦t❛r ♦ ❝♦♠♣❧❡①♦ ❛❝✐♠❛ ♣♦r (A, d)✳
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❖❜s❡r✈❛çã♦ ✸✳✹✳✶✳ ❙❡❥❛ F : RM −→ SM ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ ❡

A : . . . −→ An+1
dn+1
−→ An

dn−→ An−1 −→ . . .

✉♠ ❝♦♠♣❧❡①♦ ❞❡ R✲♠ó❞✉❧♦s✳ ❊♥tã♦✱

FA : . . . −→ FAn+1
Fdn+1
−→ FAn

Fdn−→ FAn−1 −→ . . .

é ✉♠ ❝♦♠♣❧❡①♦ ❞❡ S✲♠ó❞✉❧♦s✱ ❥á q✉❡ Fdn ◦ Fdn+1 = F (dn ◦ dn+1) = F0 = 0✳

❙❡♠♣r❡ q✉❡ ♥♦s r❡❢❡r✐r♠♦s ❛ ❝♦♠♣❧❡①♦s✱ s❡rã♦ ❝♦♠♣❧❡①♦s ❞❡R✲♠ó❞✉❧♦s✱ t♦❞♦s ❞❛ ❝❛t❡❣♦r✐❛
RM ♦✉ MR✳

❉❡✜♥✐çã♦ ✸✳✹✳✷✳ ❙❡❥❛♠ (A, d), (B, d̃) ❝♦♠♣❧❡①♦s✳ ❉✐③❡♠♦s q✉❡ f : A −→ B é ✉♠ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s s❡ ❡①✐st❡♠ ❤♦♠♦♠♦r✜s♠♦s fn : An −→ Bn t❛✐s q✉❡ ♦ ❞✐❛❣r❛♠❛
❛❜❛✐①♦ ❝♦♠✉t❛✿

A : . . . // An+1
dn+1 //

fn+1

��

An
dn //

fn

��

An−1
//

fn−1

��

. . .

	 	

B : . . . // Bn+1
d̃n+1

// Bn
d̃n

// Bn−1
// . . .

❈♦r♦❧ár✐♦ ✸✳✹✳✶✳ ❖s ❝♦♠♣❧❡①♦s ❞❡ R✲♠ó❞✉❧♦s ❢♦r♠❛♠ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡♥♦t❛❞❛ RComp✱ ♦✉
s✐♠♣❧❡s♠❡♥t❡ ❈♦♠♣✱ ❝✉❥♦s ♠♦r✜s♠♦s sã♦ ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❝♦♠♣❧❡①♦s✳

❉❡✜♥✐çã♦ ✸✳✹✳✸✳ (A′, d′) é s✉❜❝♦♠♣❧❡①♦ ❞♦ ❝♦♠♣❧❡①♦ (A, d) s❡ A′ é ❝♦♠♣❧❡①♦ ❝♦♠ r❡s♣❡✐t♦
❛ d′✱ ❝❛❞❛ A′

n é R✲s✉❜♠ó❞✉❧♦ ❞❡ An ❡ ❝❛❞❛ d′n = dn|An
✳

❉❡✜♥✐çã♦ ✸✳✹✳✹✳ ❙❡❥❛ (A′, d′) ✉♠ s✉❜❝♦♠♣❧❡①♦ ❞❡ (A, d)✳ P♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♥♦✈♦ ❝♦♠♣❧❡①♦
(A′′, d′′) t❛❧ q✉❡ A′′

n = An/A
′
n ❡✱ ∀a ∈ An, d

′′
n(a+A

′
n) = dn(a)+A

′
n−1✱ ♣❛r❛ ❝❛❞❛ n✳ ❈❤❛♠❛♠♦s

(A′′d′′) ❞❡ ❝♦♠♣❧❡①♦ q✉♦❝✐❡♥t❡ ❡ é ❞❡♥♦t❛❞♦ ♣♦r (A/A′, d′′)✳

❉❡✜♥✐çã♦ ✸✳✹✳✺✳ ❙❡❥❛ f : A −→ B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s✳ ❉✐③❡♠♦s q✉❡ f é
✐s♦♠♦✜s♠♦ ❞❡ ❝❛❞❡✐❛s s❡ fn é ✐s♦♠♦r✜s♠♦ ♣❛r❛ ❝❛❞❛ n✳

❉❡✜♥✐çã♦ ✸✳✹✳✻✳ ❙❡❥❛♠ (A, d)✱ (B, ∂) ❝♦♠♣❧❡①♦s ❡ f : A −→ B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❝♦♠♣❧❡①♦s✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ♦s ❝♦♠♣❧❡①♦s

• kerf : . . . kerfn+1

d′n+1
−→ kerfn

d′n−→ kerfn−1 −→ . . . ❝♦♠ d′n = dn|kerfn ♣❛r❛ ❝❛❞❛ n✳

• Imf : . . . Imfn+1

∂′n+1
−→ Imfn

∂′n−→ Imfn−1 −→ . . . ❝♦♠ ∂′n = ∂n|Imfn ♣❛r❛ ❝❛❞❛ n✳

❚❡♦r❡♠❛ ✸✳✹✳✶ ✭❚❡♦r❡♠❛ ❞❡ ■s♦♠♦r✜s♠♦ ✶✮✳ ❙❡❥❛♠ (A, d)✱ (B, ∂) ❝♦♠♣❧❡①♦s ❡ f : A −→ B
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s✳ ❊♥tã♦✱ A/kerf é ✐s♦♠♦r❢♦ ❛ Imf ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ❞❛❞♦
♣♦r τn : A/kerf −→ Imf ✱ τn(a+ kerfn) = fn(a), ∀a ∈ An✳

✻✺



✸✳✹✳ ❈♦♠♣❧❡①♦s

❉❡✜♥✐çã♦ ✸✳✹✳✼✳ ❙❡❥❛♠ A,B, C ❝♦♠♣❧❡①♦s ❡ i : A −→ B✱ p : B −→ C ❤♦♠♦♠♦r✜s♠♦s ❞❡
❝♦♠♣❧❡①♦s✳ ❉✐③❡♠♦s q✉❡ 0 −→ A

i
−→ B

p
−→ C −→ 0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡

❝♦♠♣❧❡①♦s✱ ❡♠ q✉❡ 0 é ♦ ❝♦♠♣❧❡①♦ ♥✉❧♦✱ s❡ Imp = C✱ keri = 0✱ Imi = kerp ❡ ♦ ❞✐❛❣r❛♠❛
❛❜❛✐①♦ ❝♦♠✉t❛✿

0

��

0

��

0

��
A : . . . // An+1

//

in+1

��

An //

in

��

An−1
//

in−1

��

. . .

	 	

B : . . . // Bn+1
//

pn+1

��

Bn
//

pn

��

Bn−1
//

pn−1

��

. . .

	 	

C : . . . // Cn+1
//

��

Cn //

��

Cn−1
//

��

. . .

0 0 0

❡♠ q✉❡✱ ♣❛r❛ ❝❛❞❛ n✱ in é ♠♦♥♦♠♦r✜s♠♦✱ pn é ❡♣✐♠♦r✜s♠♦ ❡ kerpn = Imin✳

▲❡♠❛ ✸✳✹✳✶ ✭▲❡♠❛ ❞❛ ❋❡rr❛❞✉r❛✮✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❞❡ R✲♠ó❞✉❧♦s

P ′ P ′′

✳✳✳

��

✳✳✳

��
P ′
1

d′1
��

P ′′
1

d′′1
��

P ′
0

d′0
��

P ′′
0

d′′0
��

0 // A′ i−1 //

��

A
p−1 // A′′ //

��

0

0 0

♦♥❞❡ ❛s ❝♦❧✉♥❛s ❝♦♠♣❧❡①❛s P ′,P ′′ sã♦ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ A′ ❡ A′′ ❡
❛ ❧✐♥❤❛ ❞♦ ❞✐❛❣r❛♠❛ é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ P

✻✻



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❞❡ A ❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❝♦♠♣❧❡①♦s i ❡ p t❛✐s q✉❡ 0 −→ P ′ i
−→ P

p
−→ P ′′ −→ 0 é ✉♠❛

s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s✳

❖❜s❡r✈❛çã♦ ✸✳✹✳✷✳ P♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ ▲❡♠❛ ❞❛ ❋❡rr❛❞✉r❛ ♣❛r❛ ❝♦❧✉♥❛s ❞❡ r❡s♦❧✉çõ❡s
✐♥❥❡t✐✈❛s✳

▲❡♠❛ ✸✳✹✳✷ ✭▲❡♠❛ ❞❛ ❈♦❜r❛✮✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❞❡ R✲♠ó❞✉❧♦s
❝✉❥❛s ❧✐♥❤❛s sã♦ ❡①❛t❛s✿

A′ i //

α

��

A
q //

β

��

A′′ //

γ

��

0

	 	

0 // B′
j

// B p
// B′′

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

kerα
i

−→ kerβ
q

−→ kerγ
∂

−→ cokerα
j∗
−→ cokerβ

p∗
−→ cokerγ

♦♥❞❡ ∀b′ ∈ B′, ∀b ∈ B, ∀a′′ ∈ kerγ, j∗(b
′ + Imα) = j(b′) + Imβ✱ p∗(bImβ) = p(b) + Imγ ❡

∂(a′′) = j−1 ◦ β ◦ q−1(a′′) + Imα✳

✸✳✹✳✶ ❍♦♠♦t♦♣✐❛

❉❡✜♥✐çã♦ ✸✳✹✳✽✳ ❙❡❥❛♠ (A, d), (B, d̃) ❝♦♠♣❧❡①♦s ❡ f, g : A −→ B ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❝♦♠✲
♣❧❡①♦s✳ ❉✐③❡♠♦s q✉❡ ❢ é ❤♦♠♦tó♣✐❝♦ ❛ ❣ s❡ ❡①✐st❡♠ ❤♦♠♦♠♦r✜s♠♦s sn : An −→ Bn+1 ♣❛r❛
❝❛❞❛ n t❛✐s q✉❡ fn − gn = sn−1 ◦ dn + d̃n+1 ◦ sn✳

A : . . . // An+1
dn+1 // An

dn //

sn||
fn
��

An−1
//

sn−1||

. . .

B : . . . // Bn+1
d̃n+1

// Bn
d̃n

// Bn−1
// . . .

❖❜s✿ ❖ ❞✐❛❣r❛♠❛ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♠✉t❛t✐✈♦✳
❉✐③❡♠♦s q✉❡ {sn : n ∈ Z} é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡ ❞❡♥♦t❛♠♦s f ∼ g✳

▲❡♠❛ ✸✳✹✳✸✳ ∼ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❚❡♦r❡♠❛ ✸✳✹✳✷ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♠♣❛r❛çã♦✮✳ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ R✲♠ó❞✉❧♦s

P : . . . // Pi
di // Pi−1

// . . . // P0
d0 // A //

f

��

0

Q : . . . // Qi
∂i // Qi−1

// . . . // Q0
∂0 // B // 0

✻✼



✸✳✺✳ ❖ ❋✉♥t♦r Hn

❡♠ q✉❡ f é ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❝❛❞❛ Pi é ♣r♦❥❡t✐✈♦✱ P ,Q sã♦ ❝♦♠♣❧❡①♦s ❡ Q é ❡①❛t♦✳
❊♥tã♦✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s f : P −→ Q q✉❡ ❡st❡♥❞❡ f ✱ ✐✳❡✳✱ ❡①✐st❡♠
❤♦♠♦♠♦r✜s♠♦s fi : Pi −→ Qi t❛✐s q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛✿

P : . . . // Pi
di //

fi

��

Pi−1
//

fi−1

��

. . . // P0
d0 //

f0

��

A //

f

��

0

	 	

Q : . . . // Qi
∂i // Qi−1

// . . . // Q0
∂0 // B // 0

❆✐♥❞❛✱ s❡ h : P −→ Q é ♦✉tr❛ ❡①t❡♥sã♦ ❞❡ f ✱ ❡♥tã♦ h ❡ f sã♦ ❤♦♠♦tó♣✐❝♦s✳

✸✳✺ ❖ ❋✉♥t♦r Hn

❉❡✜♥✐çã♦ ✸✳✺✳✶✳ ❙❡❥❛ (A, d) ✉♠ ❝♦♠♣❧❡①♦✳ ❈❤❛♠❛♠♦s ❞❡ ♥✲❜♦r❞♦s ❛ Bn(A) = Imdn+1

❡ ♥✲❝✐❝❧♦s ❛ Zn(A) = kerdn✳ ❏á ✈✐♠♦s q✉❡ Bn(A) ⊆ Zn(A) ⊆ An✱ Bn(A), Zn(A) R✲
s✉❜♠ó❞✉❧♦s ❞❡ An✳ ❉❡✜♥✐♠♦s✱ ❡♥tã♦✱ ♦ R✲♠ó❞✉❧♦ Hn(A) = Zn(A)/Bn(A)✱ ❝❤❛♠❛❞♦ ❞❡
♥✲és✐♠❛ ❤♦♠♦❧♦❣✐❛ ❞♦ ❝♦♠♣❧❡①♦ A✳

❉❡✜♥✐çã♦ ✸✳✺✳✷✳ ❙❡❥❛ f : A −→ B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s✳ ❉❡✜♥✐♠♦s Hn(f) :
Hn(A) −→ Hn(B) ♣♦r Hn(f)(z +Bn(A)) = fn(z) + Bn(B), ∀z ∈ Zn(A)✳

➱ ❝♦♠✉♠ ❞❡♥♦t❛r Hn(f) ♣♦r f∗✱ ♣❛r❛ ❝❛❞❛ n✳

❚❡♦r❡♠❛ ✸✳✺✳✶✳ Hn : Comp −→ RM é ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦✳

❚❡♦r❡♠❛ ✸✳✺✳✷✳ ❙❡ f, g : A −→ B sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❝♦♠♣❧❡①♦s ❤♦♠♦tó♣✐❝♦s✱ ❡♥tã♦✱
♣❛r❛ ❝❛❞❛ n✱ f∗ = g∗ : Hn(A) −→ Hn(B)✳

❚❡♦r❡♠❛ ✸✳✺✳✸ ✭❍♦♠♦♠♦r✜s♠♦ ❞❡ ❈♦♥❡①ã♦✮✳ ❙❡❥❛♠ (A, d), (A′, d′), (A′′, d′′) ❝♦♠♣❧❡①♦s ❡

0 −→ A′ i
−→ A

p
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠

❤♦♠♦♠♦r✜s♠♦ ∂n : Hn(A
′′) −→ Hn−1(A

′)✱ ♣❛r❛ ❝❛❞❛ n✱ ❞❛❞♦ ♣♦r

∂n(z +Bn(A
′′)) = i−1

n−1 ◦ dn ◦ p
−1
n (z) + Bn−1(A

′), ∀z ∈ Zn(A
′′)

❚❡♦r❡♠❛ ✸✳✺✳✹ ✭❙❡q✉ê♥❝✐❛ ▲♦♥❣❛ ❊①❛t❛✮✳ ❙❡❥❛ 0 −→ A′ i
−→ A

p
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s✱ ❝❤❛♠❛❞❛
s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛ ❞❡ R✲♠ó❞✉❧♦s✱ ❞❛❞❛ ♣♦r

. . . −→ Hn(A
′)

i∗−→ Hn(A)
p∗
−→ Hn(A

′′)
∂n−→ Hn−1(A

′)
i∗−→ Hn−1(A)

p∗
−→ Hn−1(A

′′)
∂n−1
−→

Hn−2(A
′) −→ . . .

✻✽



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❚❡♦r❡♠❛ ✸✳✺✳✺ ✭◆❛t✉r❛❧✐❞❛❞❡ ❞❛ ❙❡q✉ê♥❝✐❛ ▲♦♥❣❛ ❊①❛t❛✮✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛
❝♦♠✉t❛t✐✈♦ ❞❡ ❝♦♠♣❧❡①♦s ❝♦♠ ❧✐♥❤❛s ❡①❛t❛s✿

0 // A′ i //

α

��

A
p //

β

��

A′′ //

γ

��

0

	 	

0 // B′
j

// B q
// B′′ // 0

❊♥tã♦✱ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦✱ ❝✉❥❛s ❧✐♥❤❛s sã♦ ❛s s❡q✉ê♥❝✐❛s ❧♦♥❣❛s ❡①❛t❛s ❡♠ ❤♦♠♦❧♦❣✐❛✱ é
❝♦♠✉t❛t✐✈♦✿

. . . // Hn(A
′)

i∗ //

α∗

��

Hn(A)
p∗ //

β∗

��

Hn(A
′′)

∂n //

γ∗

��

Hn−1(A
′) //

α∗

��

. . .

	 	 	

. . . // Hn(B
′)

j∗
// Hn(B) q∗

// Hn(B
′′)

∂n

// Hn−1(B
′) // . . .

▲❡♠❛ ✸✳✺✳✶ ✭▲❡♠❛ ❞❡ ▼❛②❡r✲❱✐❡t♦r✐s✮✳ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❛❜❛✐①♦ ❞❡ R✲
♠ó❞✉❧♦s ❝♦♠ ❧✐♥❤❛s ❡①❛t❛s

. . . // An
in //

αn

��

Bn

pn //

βn

��

Cn
∂n //

γn

��

An−1
//

αn−1

��

. . .

	 	 	

. . . // A′
n

jn // B′
n

qn // C ′
n

∂′n // A′
n−1

// . . .

❡♠ q✉❡✱ ♣❛r❛ ❝❛❞❛ n✱ γn é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❊♥tã♦✱ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

. . . −→ An
αn⊕in−→ A′

n ⊕ Bn
jn−βn
−→ B′

n

αn◦γ
−1
n ◦qn

−→ An−1
αn−1⊕in−1

−→ A′
n−1 ⊕ Bn−1

jn−1−βn−1
−→ B′

n−1 −→
. . .

✸✳✻ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

✸✳✻✳✶ ❖ ❋✉♥t♦r Ext

❉❡✜♥✐çã♦ ✸✳✻✳✶✳ ❚♦♠❡ A ∈ MR ❡ E : 0 −→ A −→ E0 d0

−→ E1 d1

−→ E2 −→ . . . ✉♠❛

r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ A✳ ❉❡♥♦♠✐♥❛♠♦s EA : 0 −→ E0 d0

−→ E1 d1

−→ E2 −→ . . . r❡s♦❧✉çã♦
✐♥❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳

✻✾



✸✳✻✳ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

❉❡✜♥✐çã♦ ✸✳✻✳✷✳ ❙❡❥❛ F : MR −→ MS ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✱ A ∈ MR✱ (E , d) ✉♠❛
r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ A ❡ EA ❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳ ❉❡✜♥✐♠♦s

Hn(FEA) = H−n(FEA) = kerF (dn)/ImF (dn−1), n ≥ 0,

❡♠ q✉❡ ❞❡♥♦t❛♠♦s Zn(FEA) = kerF (dn) ❡ Bn(FEA) = ImF (dn−1)✳ ❈❤❛♠❛♠♦s Hn ❛ ❤♦✲
♠♦❧♦❣✐❛ ❞❡ ❞✐♠❡♥sã♦ −n✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r (RnF )(A) = Hn(FEA) ❡ ❝❤❛♠❛♠♦s
RnF : MR −→ MS ❞❡ ❢✉♥t♦r ❞❡r✐✈❛❞♦ à ❞✐r❡✐t❛ ❞❡ F ✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✶✳ P❛r❛ ❞❡✜♥✐r♠♦s (RnF )(f)✱ s❡♥❞♦ f ∈ HomR(A,B), A,B ∈ MR✱ t♦✲
♠❡♠♦s f ✉♠❛ ❡①t❡♥sã♦ ❞❡ f ❡♥tr❡ r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s ❞❡ A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

E : 0 −→ A −→ E0 d0

−→ E1 d1

−→ E2 −→ . . .

❡
Ẽ : 0 −→ B −→ Ẽ0 d̃0

−→ Ẽ1 d̃1

−→ Ẽ2 −→ . . .

✭f ❡①✐st❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♠♣❛r❛çã♦ ✸✳✹✳✷✮✳ ❈♦♥s✐❞❡r❡ ❛ ♠❡s♠❛ ♥♦t❛çã♦ f ♣❛r❛ ♦ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s ❡♥tr❡ ❡ss❛s r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s ❛♣❛❣❛❞❛s EA ❡ ẼB✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s

(RnF )(f) = Hn(Ff) : Hn(FEA) = (RnF )(A) −→ Hn(F ẼB) = (RnF )(B)

❡✱ ♣♦rt❛♥t♦✱ s❡ z +Bn(FEA) ∈ Hn(FEA)✱ ❡♥tã♦

(RnF )(f)(z +Bn(FEA)) = fn(z) + Bn(F ẼB),

❡♠ q✉❡ fn é ♦ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ En
A ❡ Ẽn

B ❞❛ ❡①t❡♥sã♦ f ✳

❚❡♦r❡♠❛ ✸✳✻✳✶✳ P❛r❛ F ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✱ t❡♠♦s q✉❡ RnF : MR −→ MS é ✉♠
❢✉♥t♦r ❛❞✐t✐✈♦✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✷✳ ◗✉❛♥❞♦ n = 0✱ t❡♠♦s q✉❡ H0(FEA) = kerF (d0)/Im(0) = kerF (d0)✳

❚❡♦r❡♠❛ ✸✳✻✳✷✳ RnF ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ A✳

❚❡♦r❡♠❛ ✸✳✻✳✸✳ ❙❡❥❛ 0 −→ A′ α
−→ A

β
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲

♠ó❞✉❧♦s ❡ F : MR −→ MS ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛
❡①❛t❛ ❞❡ S✲♠ó❞✉❧♦s

0 −→ (R0F )(A′) −→ (R0F )(A) −→ (R0F )(A′′) −→ (R1F )(A′) −→ . . .

. . . −→ (RnF )(A′) −→ (RnF )(A) −→ (RnF )(A′′) −→ (Rn+1F )(A′) −→ . . . .

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ E ′ ❡ E ′′ r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s ❞❡ A′ ❡ A′′ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧♦ ▲❡♠❛ ❞❛
❋❡rr❛❞✉r❛ ✸✳✹✳✶✱ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ E ❞❡ A t❛❧ q✉❡ 0 −→ E ′ −→ E −→ E ′′ −→ 0 é
✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s q✉❡ ❡st❡♥❞❡ α ❡ β✳ ❆❧é♠ ❞✐ss♦✱ En ∼= E ′n⊕E ′′n✳ P♦r
✐ss♦✱ ♣❛r❛ ❝❛❞❛ n✱ En é ❝✐♥❞✐❞♦✳ ❉❛í✱ 0 −→ FE ′

A −→ FEA −→ FE ′′
A −→ 0 é ✉♠❛ s❡q✉ê♥❝✐❛

❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s q✉❡ ❣❡r❛ ✉♠ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛✳

✼✵



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❉❡✜♥✐çã♦ ✸✳✻✳✸✳ ❈♦♥s✐❞❡r❡ F ♦ ❢✉♥t♦r HomR(A, ∗) : MR −→ MZ ❝♦✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✳
❉❡✜♥✐♠♦s RnF = ExtnR(A, ∗)✳ ❆ss✐♠✱ s❡ B ∈ MR✱ (E , d) é ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ B ❡
EB é ❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ B✱ ❡♥tã♦

ExtnR(A,B) = Hn(HomR(A, EB)) = kerdn∗/Imd
n−1
∗ .

❆✐♥❞❛✱ s❡❥❛♠ f ∈ HomR(B,C) ❡ f ❛ ❡①t❡♥sã♦ ❞❡ f s♦❜r❡ ❛s r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s (E , d) ❞❡ B
❡ (Ẽ , d̃) ❞❡ C✳ ❉❡♥♦t❡ ✐❣✉❛❧♠❡♥t❡ f ♣❛r❛ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s ❡♥tr❡ ❛s r❡s♦❧✉çõ❡s
✐♥❥❡t✐✈❛s ❛♣❛❣❛❞❛s✳ ❊♥tã♦✱

ExtnR(A, ∗)(f) : H
n(HomR(A, EB)) −→ Hn(HomR(A, ẼC)),

❡♠ q✉❡
ExtnR(A, ∗)(f)(g + Imdn−1

∗ ) = fn ◦ g + Imd̃n−1
∗ .

❈♦r♦❧ár✐♦ ✸✳✻✳✶✳ ❙❡❥❛ 0 −→ A′ α
−→ A

β
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲

♠ó❞✉❧♦s✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❞❡ Z✲♠ó❞✉❧♦s

0 −→ Ext0R(B,A
′) −→ Ext0R(B,A) −→ Ext0R(B,A

′′) −→ Ext1R(B,A
′) −→ . . .

. . . −→ ExtnR(B,A
′) −→ ExtnR(B,A) −→ ExtnR(B,A

′′) −→ Extn+1
R (B,A′) −→ . . . .

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ t♦♠❛r F = HomR(B, ∗)✳

▲❡♠❛ ✸✳✻✳✶✳ Ext0R(A, ∗)
∼= HomR(A, ∗)✱ ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ♥❛t✉r❛❧✳

❉❡♠♦♥str❛çã♦✳ ✐✮ Ext0R(A,B) ∼= HomR(A,B), ∀B ∈ MR✿ ❙❡❥❛

E : 0 −→ B
ǫ

−→ E0 d0

−→ E1 d1

−→ E2 −→ . . .

✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ B ❡

EB : 0 −→ E0 d0

−→ E1 d1

−→ E2 −→ . . .

❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ B✳ ❙❛❜❡♠♦s q✉❡

HomR(A, EB) : 0 −→ HomR(A,E
0)

d0∗−→ HomR(A,E
1)

d1∗−→ HomR(A,E
2) −→ . . . ,

HomR(A,B)
ǫ∗−→ HomR(A,E0) é ✐♥❥❡t✐✈♦ ❡ Imǫ∗ = kerd0∗✳ ❊♥tã♦✱

Ext0R(A,B) = H0(HomR(A, EB)) = kerd0∗ = Imǫ∗ ∼= HomR(A,B).

✐✐✮ ❙❡ f ∈ HomR(B,C), ∀B,C ∈ MR✱ ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛✿

HomR(A,B)
f∗ ✲ HomR(A,C)

❄

(ǫB∗ )
∼=

ImǫB∗ = Ext0R(A,B) ✲
f∗

Ext0R(A,C) = ImǫC∗

❄

∼= (ǫC∗ )

✼✶



✸✳✻✳ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

♦♥❞❡ f∗ ♥❛ ♣❛rt❡ ❞❡ ❜❛✐①♦ ❞♦ ❞✐❛❣r❛♠❛ é ✐♥❞✉③✐❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ Ext0R(A, ∗) ❡♠ f ❡ ♥❛
♣❛rt❡ ❞❡ ❝✐♠❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡HomR(A, ∗) ❡♠ f ✳ ❖s ✐s♦♠♦r✜s♠♦s ❞♦ ❞✐❛❣r❛♠❛ sã♦ ❞❛❞♦s
♣♦r ǫB∗ ❡ ǫC∗ ❝✉❥♦ ❝♦♥tr❛❞♦♠í♥✐♦ sã♦ s✉❛s r❡s♣❡❝t✐✈❛s ✐♠❛❣❡♥s✳ ❊ss❡s ❤♦♠♦♠♦r✜s♠♦s sã♦
✐♥❞✉③✐❞♦s ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❡ HomR(A, ∗) ♥♦s ❤♦♠♦♠♦r✜s♠♦s ❞❛s r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s
r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ B ❡ C✱ ǫB : B −→ E0

B ❡ ǫC : C −→ E0
C ✳ ❈♦♥s✐❞❡r❡ f ✉♠❛ ❡①t❡♥sã♦

❞❡ f ♥❛s r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s ❞❡ B ❡ C✳ ❆ss✐♠✱ s❡ g ∈ HomR(A,B)✱

• ǫC∗ ◦ f∗(g) = ǫC∗ (f ◦ g)✳

• f∗ ◦ ǫ
B
∗ (g) = f∗(g) = f0 ◦ ǫ

B
∗ (g) = ǫC∗ ◦ f∗(g) = ǫC∗ (f ◦ g)✳

▲❡♠❛ ✸✳✻✳✷✳ ❙❡❥❛♠ A,B ∈ MR✳ ❙❡ B é ✐♥❥❡t✐✈♦✱ ❡♥tã♦ ExtnR(A,B) = 0 ♣❛r❛ n ≥ 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛

E : 0 −→ B
idB−→ B

d0≡0
−→ 0

d1≡0
−→ 0 −→ . . . .

❊ss❛ s❡q✉ê♥❝✐❛ é ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ B✳ ❉❛í✱ ∀n ≥ 1✱ ✈❡♠♦s q✉❡

ExtnR(A,B) = Hn(HomR(A, EB) = kerdn∗/Imd
n−1
∗ = 0.

❉❡✜♥✐çã♦ ✸✳✻✳✹✳ ❙❡❥❛ T ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ ❝♦♥tr❛✈❛r✐❛♥t❡✳ ❙❡❥❛ A ∈ MR ❡

P : . . . −→ Pi+1
di+1
−→ Pi

di−→ Pi−1 −→ . . . −→ P1
d1−→ P0

ǫ
−→ A −→ 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A✳ ❉❡✜♥✐♠♦s✱ ♣❛r❛ n ≥ 0✱

RnT (A) = Hn(TPA) = kerTdn+1/ImTdn,

❡♠ q✉❡

PA : . . . −→ Pi+1
di+1
−→ Pi

di−→ Pi−1 −→ . . . −→ P1
d1−→ P0

d0−→ 0

é ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳ ❆✐♥❞❛✱ s❡ f ∈ HomR(A,C) ❡ f é ❡①t❡♥sã♦ ❞❡ f s♦❜r❡ ❛s
r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s (P , d) ❞❡ A ❡ (P̃ , d̃) ❞❡ C✳ ❉❡♥♦t❡ ✐❣✉❛❧♠❡♥t❡ f ♣❛r❛ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡
❝♦♠♣❧❡①♦s ❡♥tr❡ ❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❛♣❛❣❛❞❛s ❞❡ A ❡ C✳ ❊♥tã♦✱ RnT (f) : Hn(TPC) −→
Hn(TPA) ❡

RnT (f)(z + ImTdn) = Tfn(z) + ImT d̃n.

❚❡♦r❡♠❛ ✸✳✻✳✹✳ RnT é ✉♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ ❛❞✐t✐✈♦ ❝✉❥❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦✲
❧❤❛s ❞❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s✳

❉❡✜♥✐çã♦ ✸✳✻✳✺✳ ❈♦♥s✐❞❡r❡ T ♦ ❢✉♥t♦r HomR(∗, B) : MR −→ MZ ❝♦♥tr❛✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✳
❉❡✜♥✐♠♦s RnT = extnR(∗, B)✳ ❙❡❥❛ A ∈ MR✱ (P , d) ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A ❡ PA ❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s

extnR(A,B) = Hn(HomR(PA, B)) = kerd∗n+1/Imd
∗
n.

✼✷
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❆✐♥❞❛✱ s❡❥❛♠ f ∈ HomR(A,C) ❡ f ❛ ❡①t❡♥sã♦ ❞❡ f s♦❜r❡ ❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s (P , d) ❞❡ A
❡ (P̃ , d̃) ❞❡ C✳ ❉❡♥♦t❡ ✐❣✉❛❧♠❡♥t❡ f ♣❛r❛ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s ❡♥tr❡ ❛s r❡s♦❧✉çõ❡s
♣r♦❥❡t✐✈❛s ❛♣❛❣❛❞❛s✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s

extnR(∗, B)(f) : Hn(HomR(P̃C , B)) −→ Hn(HomR(PA, B))

♣♦r
extnR(∗, B)(f)(g + Imd̃∗n) = g ◦ fn + Imd∗n.

❚❡♦r❡♠❛ ✸✳✻✳✺✳ ❙❡❥❛ 0 −→ A′ α
−→ A

β
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲

♠ó❞✉❧♦s✳ P❛r❛ ❝❛❞❛ R✲♠ó❞✉❧♦ B✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛

0 −→ ext0R(A
′′, B) −→ ext0R(A,B) −→ ext0R(A

′, B) −→ ext1R(A
′′, B) −→ . . .

. . . −→ extnR(A
′′, B) −→ extnR(A,B) −→ extnR(A

′, B) −→ extn+1
R (A′′, B) −→ . . . .

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ P ′ ❡ P ′′ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ A′ ❡ A′′ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧♦ ▲❡♠❛
❞❛ ❋❡rr❛❞✉r❛ ✸✳✹✳✶✱ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ P ❞❡ A t❛❧ q✉❡ 0 −→ P ′ −→ P −→
P ′′ −→ 0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s q✉❡ ❡st❡♥❞❡ α ❡ β✳ ❆✐♥❞❛✱ P n ∼= P ′n ⊕
P ′′n✱ ♦✉ s❡❥❛✱ P n é ❝✐♥❞✐❞♦ ♣❛r❛ ❝❛❞❛ n✳ ❉❛í✱ 0 −→ HomR(P

′′
A, B) −→ HomR(PA, B) −→

HomR(P
′
A, B) −→ 0 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❝♦♠♣❧❡①♦s q✉❡ ❣❡r❛ ✉♠ s❡q✉ê♥❝✐❛ ❧♦♥❣❛

❡①❛t❛ ❡♠ ❤♦♠♦❧♦❣✐❛✳

▲❡♠❛ ✸✳✻✳✸✳ ❙❡❥❛♠ A,B ∈ MR✳ ❙❡ A é ♣r♦❥❡t✐✈♦✱ ❡♥tã♦ extnR(A,B) = 0 ♣❛r❛ n ≥ 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P : . . . −→ 0 −→ 0 −→ A
idA=d0−→ A −→ 0 é ✉♠ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡

A✳ ❆♣❧✐❝❛♥❞♦ HomR(∗, B) s♦❜r❡ ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✱ PA✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛

0 −→ HomR(A,B) −→ 0 −→ 0 . . . .

❊♥tã♦✱
extnR(A,B) = Hn(HomR(PA, B)) = ker(dn+1)∗/Im(dn)∗ = 0,

♣❛r❛ t♦❞♦ n ≥ 1✳

▲❡♠❛ ✸✳✻✳✹✳ ext0R(∗, B) ∼= HomR(∗, B)✱ ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ♥❛t✉r❛❧✳ P♦rt❛♥t♦✱ ext0R(A,B) ∼=
Ext0R(A,B), ∀A,B ∈ MR✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ext0R(A,B) ∼= HomR(A,B), ∀A ∈ MR✿ ❙❡❥❛ A ✉♠ R✲♠ó❞✉❧♦ ❡

. . . −→ Pi+1
di+1
−→ Pi

di−→ Pi−1 −→ . . . −→ P1
d1−→ P0

ǫ
−→ A −→ 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A ❡

. . . −→ Pi+1
di+1
−→ Pi

di−→ Pi−1 −→ . . . −→ P1
d1−→ P0

d0−→ 0

❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳ ❊♥tã♦✱

ext0R(A,B) = Hn(HomR(PA, B)) = ker(d1)∗/Im(d0)∗ = ker(d1)∗ = Imǫ∗ ∼= HomR(A,B).

✼✸



✸✳✻✳ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

✐✐✮ ❙❡ f ∈ HomR(A,C), ∀A,C ∈ MR✱ ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛✿

HomR(C,B)
f∗ //

ǫ∗C

��

HomR(A,B)

ǫ∗A

��

	

Imǫ∗C = ext0R(C,B)
f∗

// ext0R(A,B) = Imǫ∗A

♦♥❞❡ f ∗ ♥❛ ♣❛rt❡ ❞❡ ❜❛✐①♦ ❞♦ ❞✐❛❣r❛♠❛ é ✐♥❞✉③✐❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ext0R(∗, B) ❡♠ f ❡
♥❛ ♣❛rt❡ ❞❡ ❝✐♠❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ HomR(∗, B) ❡♠ f ✳ ❖s ✐s♦♠♦r✜s♠♦s ❞♦ ❞✐❛❣r❛♠❛ sã♦
❞❛❞♦s ♣♦r ǫ∗A ❡ ǫ∗C ✱ ❝✉❥♦ ❝♦♥tr❛❞♦♠í♥✐♦ sã♦ s✉❛s r❡s♣❡❝t✐✈❛s ✐♠❛❣❡♥s✳ ❊ss❡s ♦s ❤♦♠♦♠♦r✲
✜s♠♦s sã♦ ✐♥❞✉③✐❞♦s ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❡ HomR(∗, B) ♥♦s ❤♦♠♦♠♦r✜s♠♦s ❞❛s r❡s♦❧✉çõ❡s
♣r♦❥❡t✐✈❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ A ❡ C✱ ǫA : (P0)A −→ A ❡ ǫC : (P0)C −→ C✳ ❈♦♥s✐❞❡r❡ f
✉♠❛ ❡①t❡♥sã♦ ❞❡ f ♥❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ A ❡ C✳ ❆ss✐♠✱ s❡ g ∈ HomR(C,B)✱

• ǫ∗A ◦ f ∗(g) = ǫ∗A(g ◦ f)✳

• f ∗ ◦ ǫ∗C(g) = f ∗
0 ◦ ǫ∗C(g) = ǫ∗A ◦ f ∗(g) = ǫ∗A(g ◦ f)✳

❚❡♦r❡♠❛ ✸✳✻✳✻✳ ❙❡❥❛

P : . . . −→ P2
d2−→ P1

d1−→ P0
d0−→ A −→ 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A ❡

E : 0 −→ B
ǫ

−→ E0 ∂0

−→ E1 ∂1

−→ E2 −→ . . .

✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ B✳ ❊♥tã♦✱

ExtnR(A,B) = Hn(HomR(A, EB)) ∼= Hn(HomR(PA, B)) = extnR(A,B)

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s Li = ker∂i✳ ❈♦♠♦ Li+1 = ker∂i+1 = Im∂i✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛

❡①❛t❛ ❝✉rt❛ 0 −→ Li →֒ Ei ∂i

−→ Li+1 −→ 0✱ ♣❛r❛ ❝❛❞❛ i ≥ 0✳ ❱❡♠♦s q✉❡ L0 = ker∂0 =
Imǫ ∼= B✳
❉❡♥♦t❡♠♦s Kj = kerdj✳ ❈♦♠♦ Kj−1 = kerdj−1 = Imdj✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 −→ Kj →֒ Pj
dj
−→ Kj−1 −→ 0✱ ♣❛r❛ ❝❛❞❛ j ≥ 0✳ ❱❡♠♦s q✉❡ K−1 = A✳

❈♦♥str✉í♠♦s✱ ❡♥tã♦✱ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦

✼✹
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0

��

0

��

0

��
0 // HomR(Kj−1, L

i) //

��

HomR(Kj−1, E
i) δ //

��

HomR(Kj−1, L
i+1) //

��

Ext1R(Kj−1, L
i) //

✘✘✘✘✘✘✘✘✘✿ 0

Ext1R(Kj−1, E
i) // . . .

0 // HomR(Pj, L
i) //

α

��

HomR(Pj, E
i) σ //

β

��

HomR(Pj, L
i+1) //

γ

��

0∗

0 // HomR(Kj, L
i) //

q

��

HomR(Kj, E
i) τ

//

��

HomR(Kj, L
i+1) //

��

Ext1R(Kj, L
i) //

✘✘✘✘✘✘✘✘✿ 0

Ext1R(Kj, E
i) // . . .

ext1R(Kj−1, L
i)

��

0∗∗ ext1R(Kj−1, L
i+1)

��

✘✘✘✘✘✘✘✿ 0

ext1R(Pj, L
i)

��

✘✘✘✘✘✘✘✿ 0

ext1R(Pj, L
i)

��
0 0

❈♦♠♦ Pj é ♣r♦❥❡t✐✈♦ ❡ Ej é ✐♥❥❡t✐✈♦✱ t❡♠♦s q✉❡Ext1R(Kj−1, E
i), Ext1R(Kj, E

i), ext1R(Pj, L
i)✱

ext1R(Pj, L
i+1) s❡ ❛♥✉❧❛♠✳ ❆✐♥❞❛✱ ✯ ❡ ✯✯ ✐♥❞✐❝❛♠ q✉❡ β ❡ σ sã♦ s♦❜r❡❥❡t✐✈❛s✳ ■ss♦ s❡ ❞á ♣❡❧❛

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ Pj ❡ Ei✳
P❡❧♦ ▲❡♠❛ ❞❛ ❈♦❜r❛✱ ❡①✐st❡ s❡q✉ê♥❝✐❛ ❡①❛t❛

kerα −→ kerβ
σ

−→ kerγ −→ cokerα −→ cokerβ −→ cokerγ.

▼❛s cokerβ = 0✱ ♣♦✐s β é s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ kerβ ∼= HomR(Kj−1, E
i), kerγ ∼=

HomR(Kj−1, L
i+1), cokerα = HomR(Kj, L

i)/Imα = HomR(Kj, L
i)/kerq ∼= ext1R(Kj−1, L

i)✳
▲♦❣♦✱ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

HomR(Kj, E
i)

δ
−→ HomR(Kj, L

i+1) −→ ext1R(Kj, L
i) −→ 0.

P♦rt❛♥t♦✱ ♣♦r ✐ss♦ ❡ ♣❡❧♦ ❞✐❛❣r❛♠❛✱ t❡♠♦s q✉❡ ext1R(Kj, L
i) ∼= HomR(Kj, L

i+1)/Imδ ∼=
Ext1R(Kj, L

i)✳ ❊♥tã♦✱

✭■✮ ext1R(Kj, L
i) ∼= Ext1R(Kj, L

i)✳

❙❡♥❞♦ β, σ s♦❜r❡❥❡t✐✈❛s✱ t❡♠♦s q✉❡ Imτ = Imτ◦β = Imγ◦σ = Imγ✳ ❉❛í✱ ext1R(Kj−1, L
i+1) ∼=

HomR(Kj, L
i+1)/Imγ = HomR(Kj, L

i+1)/Imτ ∼= Ext1R(Kj, L
i)✳ ❊♥tã♦✱

✭■■✮ ext1R(Kj−1, L
i+1) ∼= Ext1R(Kj, L

i)✳

❉❡ ✭■✮ ❡ ✭■■✮✱ ✈❡♠♦s q✉❡

✭■■■✮ Ext1R(Kj, L
i) ∼= Ext1R(Kj+1, L

i−1)✳

❉❛s s❡q✉ê♥❝✐❛s ❧♦♥❣❛s ❡①❛t❛s ❞❡ Ext ❡ ext✱ t❡♠♦s

✼✺



✸✳✻✳ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

• . . . −→✘✘✘✘✘✘✘✿ 0

ExtnR(A,E
i) −→ ExtnR(A,L

i+1)
∼=

−→ Extn+1
R (A,Li) −→

✘✘✘✘✘✘✘✘✿ 0

Extn+1
R (A,Ei) −→ . . .

• . . . −→✘✘✘✘✘✘✘✿ 0

extnR(Pj, B) −→ extnR(Kj, B)
∼=

−→ extn+1
R (Kj−1, B) −→✘✘✘✘✘✘✘✘✿ 0

extn+1
R (Pj, B) −→ . . .

❆❧t❡r♥❛♥❞♦ n ❡ i✿

• Extn+1
R (A,B) ∼= ExtnR(A,L

1) ∼= Extn−1
R (A,L2) ∼= . . . ∼= Ext1R(A,L

n)

• extn+1
R (A,B) ∼= extnR(K0, B) ∼= extn−1

R (K1, B) ∼= . . . ∼= ext1R(Kn−1, B)

❆ss✐♠✱

Extn+1
R (A,B) ∼= Ext1R(A,L

n)
(III)
∼= Ext1R(K0, L

n−1)
(III)
∼= Ext1R(K1, L

n−2) ∼= . . .. . . ∼=

Ext1R(Kn−1, B)
(I)
∼= ext1R(Kn−1, B) ∼= extn+1

R (A,B)

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♥ã♦ ♠❛✐s ✉t✐❧✐③❛r❡♠♦s ❛ ♥♦t❛çã♦ ext✱ ❡ s✐♠ Ext✳

❚❡♦r❡♠❛ ✸✳✻✳✼✳ ✶✳ ExtnR(
⊕
i∈I

Ai, B) ∼=
∏
i∈I

ExtnR(Ai, B)✳

✷✳ ExtnR(A,
∏
i∈I

Bi) ∼=
∏
i∈I

ExtnR(A,Bi)✳

❉❡♠♦♥str❛çã♦✳ ✶✳ HomR(
⊕
i∈I

Ai, B) ∼=
∏
i∈I

HomR(Ai, B)✱ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧✳ P♦rt❛♥t♦✱

s❛❜❡♥❞♦ q✉❡ Ext0R(∗, B) ∼= HomR(∗, B)✱ ♥❛t✉r❛❧♠❡♥t❡✱ ❡♥tã♦ ♦ t❡♦r❡♠❛ ✈❛❧❡ ♣❛r❛
n = 0✳ ❱❡❥❛♠♦s ♣❛r❛ n = 1✿
P❛r❛ ❝❛❞❛ i✱ ❡①✐st❡ ✉♠ R✲♠ó❞✉❧♦ ❧✐✈r❡ Pi ✲ ♣♦rt❛♥t♦✱ ♣r♦❥❡t✐✈♦ ✲ ❡ ✉♠ ❡♣✐♠♦r✜s♠♦
pi : Pi −→ Ai✳ ❙❡❥❛ Li = kerpi✳ P♦rt❛♥t♦✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0 −→ Li −→
Pi

pi−→ Ai −→ 0 ♣❛r❛ ❝❛❞❛ i✳ ❆♣❧✐❝❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛ ❞❡ Ext✱ t❡♠♦s ♦
s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❞❡ ❧✐♥❤❛s ❡①❛t❛s✿

0 //
∏
i∈I

Ext0R(Ai, B) //

��

∏
i∈I

Ext0R(Pi, B) α //

γ

��

∏
i∈I

Ext0R(Li, B) //

δ

��

∏
i∈I

Ext0R(Ai, B) //

φ

��

✘✘✘✘✘✘✘✘✘✿ 0∏
i∈I

Ext0R(Pi, B) // . . .

	 	 	

0 // Ext0R(⊕
i∈I
Ai, B) // Ext0R(⊕

i∈I
Pi, B)

β
// Ext0R(⊕

i∈I
Li, B) // Ext0R(⊕

i∈I
Ai, B) //

✘✘✘✘✘✘✘✘✘✿ 0
Ext0R(⊕

i∈I
Pi, B) // . . .

❡♠ q✉❡
∏
i∈I

Ext0R(Ai, B) ∼= cokerα ❡ Ext0R(⊕
i∈I
Ai, B) ∼= cokerβ, γ, δ sã♦ ✐s♦♠♦r✜s♠♦s ❡

φ é ❞❡✜♥✐❞♦ ♣♦r φ(f + Imα) = δ(f) + Imβ, f ∈
∏
i∈I

Ext0R(Li, B)✳

• φ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿ f − g ∈ Imα ⇒ f − g = α(h) ⇒ φ(f − g + Imα) =
δ(f − g) + Imβ = δ(α(h)) + Imβ = β(γ(h)) + Imβ = Imβ✳

✼✻



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

• φ é ✐s♦♠♦r✜s♠♦✿ φ(f + Imα) = Imβ ⇒ δ(f) ∈ imβ ⇒ δ(f) = β(γ(g)) =
δ(α(g)) ⇒ f = α(g) ⇒ f ∈ Imα✳ ❆✐♥❞❛✱ g + Imβ ∈ cokerβ ⇒ g + Imβ =
δ(f) + Imβ ⇒ φ(f + Imα) = g + Imβ✳

P♦rt❛♥t♦✱ Ext1R(⊕
i∈I
Ai, B) ∼=

∏
i∈I

Ext1R(Ai, B)✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0 −→ ⊕
i∈I
Li −→ ⊕

i∈I
Pi −→ ⊕

i∈I
Ai −→ 0 ♣❛r❛

❝❛❞❛ i✳ ❉❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛ ❞❡ Ext✱ t❡♠♦s✿

• ...−→
✘✘✘✘✘✘✘✘✿ 0∏
i∈I

Extn−1
R

(P i,B)−→
∏
i∈I

Extn−1
R

(Li,B)
∼=
−→

∏
i∈I

ExtnR(Ai,B)−→
✘✘✘✘✘✘✘✿ 0∏
i∈I

ExtnR(P i,B)−→...

• ...−→
✘✘✘✘✘✘✘✘✿ 0

Extn−1
R

( ⊕
i∈I

P i,B)−→Extn−1
R

( ⊕
i∈I

Li,B)
∼=
−→ExtnR( ⊕

i∈I
Ai,B)−→

✘✘✘✘✘✘✘✿ 0
ExtnR( ⊕

i∈I
P i,B)−→...

P♦r ✐♥❞✉çã♦✱
∏
i∈I

Extn−1
R (Li, B) ∼= Extn−1

R (⊕
i∈I
Li, B)✳ ▲♦❣♦✱

∏
i∈I

ExtnR(A
i, B) ∼= ExtnR(⊕

i∈I
Ai, B)✳

✷✳ ❆♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ♠❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0
ji−→ Bi −→ Ei −→

Li −→ 0✱ ❡♠ q✉❡ Ei é ✉♠ R✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ ♥♦ q✉❛❧ Bi ❡stá ❝♦♥t✐❞♦ ❡ Li = cokerji✳

✸✳✻✳✷ ❖ ❋✉♥t♦r Tor

❉❡✜♥✐çã♦ ✸✳✻✳✻✳ ❚♦♠❡ A ∈ MR ❡ P : . . . −→ Pi+1
di+1
−→ Pi

di−→ Pi−1 −→ . . . −→ P1
d1−→

P0
ǫ

−→ A −→ 0 ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A✳ ❖ ❝♦♠♣❧❡①♦ PA : . . . −→ Pi+1
di+1
−→ Pi

di−→

Pi−1 −→ . . . −→ P1
d1−→ P0

d0−→ 0 é ❝❤❛♠❛❞♦ ❞❡ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ ❆✳

❉❡✜♥✐çã♦ ✸✳✻✳✼✳ ❙❡❥❛♠ F : MR −→ MS ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ ❝♦✈❛r✐❛♥t❡✳ ❙❡❥❛ A ∈ MR✱
(P , d) ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A ❡ PA ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ A✳ ❉❡✜♥✐♠♦s
(LnF )(A) = Hn(FPA) = kerFdn/ImFdn+1 ❡ LnF : MR −→ MS é ❝❤❛♠❛❞♦ ❞❡ ❢✉♥t♦r
❞❡r✐✈❛❞♦ à ❡sq✉❡r❞❛ ❞❡ ❋✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✸✳ ◗✉❛♥❞♦ n = 0✱ ✈❡♠♦s q✉❡ (L0F )(A) = H0(FPA) = FP0/ImFd1✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✹✳ P❛r❛ ❞❡✜♥✐r♠♦s (LnF )(f)✱ s❡♥❞♦ f ∈ HomR(A,B), A,B ∈ MR✱ t♦✲
♠❡♠♦s f ✉♠❛ ❡①t❡♥sã♦ ❞❡ f ❡♥tr❡ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

P : . . . −→ P2
d2−→ P1

d1−→ P0
ǫ

−→ A −→ 0

❡
P̃ : . . . −→ P̃2

d̃2−→ P̃ 1 d̃1−→ P̃0
ǫ̃

−→ B −→ 0

✭f ❡①✐st❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♠♣❛r❛çã♦ ✸✳✹✳✷✮✳ ❈♦♥s✐❞❡r❡ ❛ ♠❡s♠❛ ♥♦t❛çã♦ f ♣❛r❛ ♦ ❤♦♠♦✲
♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡①♦s ❡♥tr❡ ❡ss❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❛♣❛❣❛❞❛s PA ❡ P̃B✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s

(LnF )(f) = Hn(Ff) : Hn(FPA) = (LnF )(A) −→ Hn(F P̃B) = (LnF )(B)

❡✱ ♣♦rt❛♥t♦✱ s❡ z +Bn(FPA) ∈ Hn(FPA)✱ ❡♥tã♦

(LnF )(f)(z +Bn(FPA)) = fn(z) + Bn(F P̃B),

❡♠ q✉❡ fn é ♦ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ Pn ❡ P̃n ❞❛ ❡①t❡♥sã♦ f ✳

✼✼



✸✳✻✳ ❋✉♥t♦r❡s ❉❡r✐✈❛❞♦s

❚❡♦r❡♠❛ ✸✳✻✳✽✳ P❛r❛ F ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❛❞✐t✐✈♦✱ t❡♠♦s q✉❡ LnF : MR −→ MS é ✉♠
❢✉♥t♦r ❛❞✐t✐✈♦ ❡ LnF (A) ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ A✳

❚❡♦r❡♠❛ ✸✳✻✳✾✳ ❙❡❥❛ 0 −→ A′ i
−→ A

p
−→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲

♠ó❞✉❧♦s✳ ❙❡❥❛ F : MR −→ MS ✉♠ ❢✉♥t♦r ❝♦✈❛r✐t❛♥t❡ ❛❞✐t✐✈♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
❧♦♥❣❛ ❡①❛t❛

. . . (LnF )(A
′)

i∗−→ (LnF )(A)
p∗
−→ (LnF )(A

′′)
∂

−→ (Ln−1F )(A
′)

i∗−→ (Ln−1F )(A) −→ . . .

. . . −→ (L1F )(A
′′)

∂
−→ (L0F )(A

′)
i∗−→ (L0F )(A)

p∗
−→ (L0F )(A

′′) −→ 0

❡♠ q✉❡ i∗, p∗ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ LnF (i), LnF (p) ❡ ∂ é ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✸✳✻✳✽✳ ❙❡❥❛♠ A ∈ MR ❡ B ∈ RM✳ ❈♦♥s✐❞❡r❡ ♦s ❢✉♥t♦r❡s ❝♦✈❛r✐❛♥t❡s ❛❞✐t✐✈♦s
F = ∗⊗RB : MR −→ MZ, T = A⊗R∗ : RM −→ MZ✳ ❉❡✜♥✐♠♦s ♦s ❢✉♥t♦r❡s TorRn (∗, B) =
LnF ❡ torRn (A, ∗) = LnT ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ C ∈ MR✱ D ∈ RM ❡ (P , d) ❡ (Q, ∂) sã♦
r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ C ❡ D✱ t❡♠♦s

TorRn (C,B) = (LnF )(C) = Hn(FPC) = ker(dn ⊗ idB)/Im(dn+1 ⊗ idB)

❡

torRn (A,D) = (LnT )(D) = Hn(TQD) = ker(idA ⊗ ∂n)/Im(idA ⊗ ∂n+1)✳

❈♦r♦❧ár✐♦ ✸✳✻✳✷✳ ❙❡❥❛ 0 −→ A′ −→ A −→ A′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲
♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ 0 −→ B′ −→ B −→ B′′ −→ 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s
à ❡sq✉❡r❞❛✳ ❊♥tã♦✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❧♦♥❣❛s ❡①❛t❛s

. . . −→ TorRn (A
′, B) −→ TorRn (A,B) −→ TorRn (A

′′, B)
∂

−→ TorRn−1(A
′, B) −→ . . .

. . . −→ TorR0 (A
′, B) −→ TorR0 (A,B) −→ TorR0 (A

′′, B) −→ 0

❡
. . . −→ torRn (A,B

′) −→ torRn (A,B) −→ torRn (A,B
′′)

∂
−→ torRn−1(A,B

′) −→ . . .

. . . −→ torR0 (A,B
′) −→ torR0 (A,B) −→ torR0 (A,B

′′) −→ 0

❡♠ q✉❡ ∂ é ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♥❡①ã♦✳

❚❡♦r❡♠❛ ✸✳✻✳✶✵✳ ✶✮ TorR0 (A, ∗) ∼= A⊗R ∗✱ ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ♥❛t✉r❛❧✳

✷✮ torR0 (∗, B) ∼= ∗ ⊗R B✱ ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ♥❛t✉r❛❧✳

❚❡♦r❡♠❛ ✸✳✻✳✶✶✳ TorRn (A,B) ∼= torRn (A,B)✳

P♦rt❛♥t♦✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❞❡♥♦t❛r❡♠♦s tor ♣♦r Tor✳

▲❡♠❛ ✸✳✻✳✺✳ ✶✮ ❙❡❥❛ P ∈ MR ♣r♦❥❡t✐✈♦✳ ❊♥tã♦✱ TorRn (P,B) = 0 ♣❛r❛ n ≥ 1✳

✷✮ ❙❡❥❛ Q ∈ RM ♣r♦❥❡t✐✈♦✳ ❊♥tã♦✱ TorRn (A,Q) = 0 ♣❛r❛ n ≥ 1✳

▲❡♠❛ ✸✳✻✳✻✳ ✶✮ ❙❡❥❛ C ∈ MR ♣❧❛♥♦✳ ❊♥tã♦✱ TorRn (C,B) = 0 ♣❛r❛ n ≥ 1✳

✷✮ ❙❡❥❛ D ∈ RM ♣❧❛♥♦✳ ❊♥tã♦✱ TorRn (A,D) = 0 ♣❛r❛ n ≥ 1✳

❚❡♦r❡♠❛ ✸✳✻✳✶✷✳ TorRn (⊕
i∈I
Ai, B) ∼= ⊕

i∈I
TorRn (Ai, B)✱ ❝✉❥♦ ✐s♦♠♦r✜s♠♦ é ♥❛t✉r❛❧✳

✼✽



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

✸✳✼ ❍♦♠♦❧♦❣✐❛ ❞❡ ●r✉♣♦s

❉❡✜♥✐çã♦ ✸✳✼✳✶✳ ❙❡❥❛ (G, ·) ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❡ R ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡✜♥✐♠♦s

♦ ❛♥❡❧ ❞❡ ❣r✉♣♦ RG =

{
∑
g∈G

rgg | rg ∈ R ❡ q✉❛s❡ t♦❞♦s ♦s rg sã♦ 0

}
✱ q✉❡ ❝♦♥s✐st❡ ❞♦ R✲

♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ G ❡ ❝✉❥❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦ ❛♥❡❧ é ❞❡✜♥✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦ ❣r✉♣♦✳
❊♥tã♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s✿

• (
∑
g∈G

rgg) + (
∑
g∈G

sgg) =
∑
g∈G

(rg + sg)g✱ ♦♥❞❡ q✉❛s❡ t♦❞♦s ♦s rg ❡ q✉❛s❡ t♦❞♦s ♦s sg sã♦ 0❀

❧♦❣♦✱ q✉❛s❡ t♦❞♦s ♦s rg + sg sã♦ 0✳

• (
∑
g∈G

rgg)(
∑
g′∈G

sg′g
′) =

∑
g,g′∈G

rgsg′g · g
′✱ ♦♥❞❡ q✉❛s❡ t♦❞♦s ♦s rg ❡ q✉❛s❡ t♦❞♦s ♦s sg′ sã♦ 0❀

❧♦❣♦✱ q✉❛s❡ t♦❞♦s ♦s rgsg′ sã♦ 0✳

❙❡ R é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦✱ t❡♠♦s ❛✐♥❞❛✿

• ∀t ∈ R, t((
∑
g∈G

rgg)(
∑
g′∈G

sg′g
′)) = t(

∑
g,g′∈G

rgsg′g ·g
′) =

∑
g,g′∈G

trgsg′g ·g
′ =

∑
g,g′∈G

rgtsg′g ·g
′ =

(
∑
g∈G

rgg)t(
∑
g′∈G

sg′g
′)✳

◆❡ss❡ ❝❛s♦✱ RG é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ R✱ ❡ ❞✐③❡♠♦s q✉❡ RG é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✳

◆❡ss❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s R = Z✳ ❖ ♦❜❥❡t✐✈♦✱ ♣♦st❡r✐♦r♠❡♥t❡✱ é tr❛❜❛❧❤❛r ❝♦♠ R = Q✳

❉❡✜♥✐çã♦ ✸✳✼✳✷✳ A é ✉♠ ZG✲♠ó❞✉❧♦ s❡ A é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ ❛çã♦
❞❡ G s♦❜r❡ A✳ ❙❡ ❛ ❛çã♦ é ♣❡❧❛ ❡sq✉❡r❞❛✱ ❞✐③❡♠♦s q✉❡ A é ZG✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳ ❙❡ ❛
❛çã♦ é ♣❡❧❛ ❞✐r❡✐t❛✱ ❡♥tã♦ A é ✉♠ ZG✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❖❜s❡r✈❛çã♦ ✸✳✼✳✶✳ • ❙❡ G ❛❣❡ ❡♠ A ♣❡❧❛ ❡sq✉❡r❞❛✱ ❡♥tã♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❛çã♦ ❞❡
G ♣❡❧❛ ❞✐r❡✐t❛ ♣♦r a · g = g−1 · a, a ∈ A, g ∈ G✳

• ❚♦❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ A é ✉♠ ZG✲♠ó❞✉❧♦✱ ❜❛st❛ t♦♠❛r ❛çã♦ tr✐✈✐❛❧ ❞❡ G ❡♠ A✱ ♦✉ s❡❥❛✱
g · a = a✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ A é ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧✳

• A é ❝❤❛♠❛❞♦ ❞❡ ●✲♠ó❞✉❧♦ s❡ A é ✉♠ ZG✲♠ó❞✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✼✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ A ✉♠ G✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳ ❈♦♥s✐❞❡r❡ Z ✉♠ G✲♠ó❞✉❧♦
tr✐✈✐❛❧✳ ❖s ❣r✉♣♦s Hi(G,A) = TorZGi (Z, A)✱ t❛♠❜é♠ ❞❡♥♦t❛❞♦s TorGi (Z, A)✱ i ≥ 0✱ ❞❡✜♥❡♠
❛ ❤♦♠♦❧♦❣✐❛ ❞♦ ❣r✉♣♦ ● ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ❆✳

❉❡✜♥✐çã♦ ✸✳✼✳✹✳ ❖ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s ǫ : ZG −→ Z ❞❛❞♦ ♣♦r ǫ(
∑
g∈G

rgg) =
∑
g∈G

rg é ❝❤❛✲

♠❛❞♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛✉❣♠❡♥t❛çã♦ ❞❡ Z●✳ ❖ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ kerǫ é ❝❤❛♠❛❞♦ ✐❞❡❛❧

❛✉❣♠❡♥t❛❞♦ ❞❡ Z●✱ ❞❡♥♦t❛❞♦ ♣♦r ❆✉❣✭Z●✮✳ ❱❡♠♦s q✉❡ Aug(ZG) =

{
∑
g∈G

zgg ∈ ZG|
∑
g∈G

zg = 0

}
✳

▲❡♠❛ ✸✳✼✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ A ✉♠ G✲♠ó❞✉❧♦✳ ❊♥tã♦✱ H0(G,A) ∼= A/(Aug(ZG) · A)✳

✼✾



✸✳✼✳ ❍♦♠♦❧♦❣✐❛ ❞❡ ●r✉♣♦s

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡ H0(G,A) = TorZG0 (Z, A) ∼= Z ⊗ZG A✳ ❆ s❡q✉ê♥❝✐❛ ❞❡ ZG✲
♠ó❞✉❧♦s 0 −→ Aug(ZG) →֒ ZG

ǫ
−→ Z −→ 0 é ❡①❛t❛✳ ▲♦❣♦✱ 0 −→ Aug(ZG) ⊗ZG A →֒

ZG⊗ZG A
ǫ⊗idA−→ Z⊗ZG A −→ 0 é ❡①❛t❛✳ ❙❛❜❡♥❞♦ q✉❡ ZG⊗ZG A ∼= A ❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦

1 · 1⊗ a↔ a✱ t❡♠♦s q✉❡ Aug(ZG)⊗ZG A ∼= Aug(ZG) · A✳

❈♦r♦❧ár✐♦ ✸✳✼✳✶✳ H0(G,Z) ∼= Z✳

▲❡♠❛ ✸✳✼✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ A ✉♠ G✲♠ó❞✉❧♦✳ ❊♥tã♦✱ H1(G,A) ∼= Aug(ZG)/Aug(ZG)2✳

❉❡✜♥✐çã♦ ✸✳✼✳✺✳ ❖ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G ❞❛❞♦ ♣♦r [G,G] = {[g, h] = ghg−1h−1| g, h ∈ G}
é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠✉t❛❞♦r ❞❡ ●✳

❚❡♦r❡♠❛ ✸✳✼✳✶✳ Aug(ZG)/Aug(ZG)2 ∼= G/ [G,G]✳

❉❡♠♦♥str❛çã♦✳ ❬✶✾❪✱ ❚❡♦r❡♠❛ ✶✵✳✷✱ ♣á❣✳ ✷✻✻✳

❈♦r♦❧ár✐♦ ✸✳✼✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ H1(G,Z) ∼= G/ [G,G]✳

❉❡✜♥✐çã♦ ✸✳✼✳✻✳ ❙❡❥❛ (A, α) ✉♠ ❝♦♠♣❧❡①♦ ❞❡ R✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ (C, γ) ✉♠ ❝♦♠♣❧❡①♦ ❞❡
R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s A⊗C ♦ ❝♦♠♣❧❡①♦ t❛❧ q✉❡ (A⊗C)n = ⊕

p+q=n
Ap⊗RCq ❡

♦ ❤♦♠♦♠♦r✜s♠♦s sã♦ dn = d′p,q+(−1)pd′′p,q✱ ❡♠ q✉❡ d′p,q = αp⊗idCq
: Ap⊗RCq −→ Ap−1⊗RCq

❡ d′′p,q = idAp
⊗ γq : Ap ⊗R Cq −→ Ap ⊗R Cq−1✳

❚❡♦r❡♠❛ ✸✳✼✳✷ ✭❋ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤✱ ✈❡rsã♦ ❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛♠ A ❡ C ❝♦♠♣❧❡①♦s ❞❡ R✲
♠ó❞✉❧♦s ❝♦♠ ❝❛❞❛ ♠ó❞✉❧♦ ❞❡ A ♣❧❛♥♦✳ ❊①✐st❡♠ s❡q✉ê♥❝✐❛s ❡①❛t❛s ♥❛t✉r❛✐s

0 −→ ⊕
p+q=n

Hp(A)⊗R Hq(C) −→ Hn(A⊗ C) −→ ⊕
p+q=n−1

TorR1 (Hp(A), Hq(C)) −→ 0

q✉❡ ❝✐♥❞❡♠✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Hn(A⊗ C) ∼= (
⊕

p+q=n

[Hp(A)⊗R Hq(C)])⊕ (
⊕

p+q=n−1

TorR1 (Hp(A), Hq(C)))✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❋ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤✱ é ♣♦ssí✈❡❧ ❡①tr❛✐r ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛✿

Hn(G1 ×G2,Q) ∼= (
⊕

p+q=n

[Hp(G1,Q)⊗QHq(G2,Q)])⊕ (
⊕

p+q=n−1

TorQ1 (Hp(G1,Q), Hq(G2,Q))).

❚❡♦r❡♠❛ ✸✳✼✳✸ ✭❚❡♦r❡♠❛ ❞♦ ❈♦❡✜❝✐❡♥t❡ ❯♥✐✈❡rs❛❧✱ ✈❡rsã♦ ❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡
A ✉♠ G✲♠ó❞✉❧♦ tr✐✈✐❛❧✳ ❊♥tã♦✱

Hn(G,A) ∼= Hn(G,Z)⊗Z A⊕ TorZ1 (Hn−1(G,Z), A)✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ P ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ❞❡ Z ❝♦♠♦ ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧✳
❈♦♥s✐❞❡r❡ ♦ ❝♦♠♣❧❡①♦ A = P ⊗ZG Z ❡ ♦ ❝♦♠♣❧❡①♦ C t❛❧ q✉❡ Cn = 0, ∀n 6= 0 ❡ C0 = A✳
❆ss✐♠✱ A⊗ C = A⊗A✳ ❚❡♠♦s q✉❡ (Pn ⊗ZG Z)⊗Z A ∼= Pn ⊗ZG A✳ P♦rt❛♥t♦✱ Hn(A⊗Z C) ∼=
Hn(P ⊗ZG A) = Hn(G,A)✳ P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤✱ t❡♠♦s q✉❡ Hn(G,A) ∼= (Hn(A) ⊗Z

A)⊕ TorZ1 (Hn−1(A), A)✱ ❡♠ q✉❡ Hn(A) = Hn(G,Z)✳

✽✵



❈❛♣ít✉❧♦ ✸✳ ❍♦♠♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❈♦r♦❧ár✐♦ ✸✳✼✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❊♥tã♦✱ s❡♥❞♦ Q ✉♠ G✲♠ó❞✉❧♦ tr✐✈✐❛❧✱ t❡♠♦s

H1(G,Q) ∼= H1(G,Z)⊗Z Q.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ✸✳✼✳✸ ❛♥t❡r✐♦r ❡ s❛❜❡♥❞♦ q✉❡ TorZ1 (H0(G,Z),Q) = TorZ1 (Z,Q) =
0✱ ♣♦✐s Z é Z✲♠ó❞✉❧♦ ❧✐✈r❡✳

▲❡♠❛ ✸✳✼✳✸✳ ❙❡❥❛♠ G1, . . . , Gn ❣r✉♣♦s✳ ❊♥tã♦✱ H1(G1 ∗ . . . ∗Gn,Q) ∼=
⊕n

i=1H1(Gi,Q)✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ G1∗G2

[G1∗G2,G1∗G2]
∼= G1

[G1,G1]
⊕ G2

[G2,G2]
✳ ❙❡❥❛ a1b2a2b2 . . . akbk ∈

G1 ∗ G2 ♥❛ ❢♦r♠❛ ♥♦r♠❛❧✱ ❝♦♠ ai ∈ G1 ❡ bi ∈ G2✱ i = 1, . . . , k✳ ❙❡❥❛ φ : G1∗G2

[G1∗G2,G1∗G2]
−→

G1

[G1,G1]
⊕ G2

[G2,G2]
❞❛❞♦ ♣♦r φ(a1b2a2b2 . . . akbk) = (a1a2 . . . ak, b1b2 . . . bk)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ φ

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳ ❙❡ φ(a1b2a2b2 . . . akbk) = (1, 1)✱ ❡♥tã♦ a1a2 . . . ak = 1 ❡
b1b2 . . . bk = 1 ⇒ a1b2a2b2 . . . akbk = 1✱ ♣♦✐s G1∗G2

[G1∗G2,G1∗G2]
é ❛❜❡❧✐❛♥♦✳ ❈❧❛r❛♠❡♥t❡✱ φ é s♦❜r❡❥❡✲

t✐✈❛✳ P♦rt❛♥t♦✱ φ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❉❛í✱

H1(G1 ∗G2,Q) =
G1 ∗G2

[G1 ∗G2, G1 ∗G2]
⊗Z Q =

(
G1

[G1, G1]
⊕

G2

[G2, G2]

)
⊗Z Q =

=

(
G1

[G1, G1]
⊗Z Q

)
⊕

(
G2

[G2, G2]
⊗Z Q

)
= H1(G1,Q)⊕H1(G2,Q).

P♦r ✐♥❞✉çã♦✱ ❝❤❡❣❛♠♦s ♥♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✼✳✶✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❡ M é ✉♠ G✲♠ó❞✉❧♦✱ ❡♥tã♦ Hn(G,M) = 0, ∀n ≥
2✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r ❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ Z s♦❜r❡ ZG✱ G ❧✐✈r❡✱ ❢❡✐t❛ ❡♠ ❬✶✵❪✱ ♣á❣✳
✶✻✳

✸✳✽ ❈♦❤♦♠♦❧♦❣✐❛ ❞❡ ●r✉♣♦s

❉❡✜♥✐çã♦ ✸✳✽✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ A ✉♠ G✲♠ó❞✉❧♦✳ ❈♦♥s✐❞❡r❡ Z ✉♠ G✲♠ó❞✉❧♦ tr✐✈✐❛❧✳
❖s ❣r✉♣♦s ❛❜❡❧✐❛♥♦s H i(G,A) = ExtiZG(Z, A)✱ t❛♠❜é♠ ❞❡♥♦t❛❞♦s ExtiG(Z, A)✱ i ≥ 0✱ ❞❡✜♥❡♠
❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞♦ ❣r✉♣♦ ● ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ❆✳

❉❡✜♥✐çã♦ ✸✳✽✳✷✳ ❙❡❥❛♠ (A, α) ❡ (C, γ) ❝♦♠♣❧❡①♦s ❞❡ R✲♠ó❞✉❧♦s✳ ❉❡♥♦t❛♠♦s Hom(A, C) ♦
❝♦♠♣❧❡①♦ ❝✉❥♦s t❡r♠♦s sã♦ (Hom(A, C))n =

∏
p+q=n

Hom(A−p, Cq) t❛❧ q✉❡ ♦s ❤♦♠♦♠♦r✜s♠♦s

sã♦ dn = (−1)n−1
∏

p+q=n

(d′p,q + d′′p,q)✱ ❡♠ q✉❡

d′p,q = HomR(∗, Cq)(α−p+1) : HomR(A−p, Cq) −→ HomR(A−p+1, Cq)

❡
d′′p,q = (−1)p+q+1HomR(A−p, ∗)(γq) : HomR(A−p, Cq) −→ HomR(A−p, Cq−1).

✽✶



✸✳✽✳ ❈♦❤♦♠♦❧♦❣✐❛ ❞❡ ●r✉♣♦s

❚❡♦r❡♠❛ ✸✳✽✳✶ ✭❋ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤✱ ✈❡rsã♦ ❝♦❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛♠ A ❡ C ❝♦♠♣❧❡①♦s ❞❡
R✲♠ó❞✉❧♦s ❝♦♠ ❝❛❞❛ ♠ó❞✉❧♦ ❞❡ A ♣r♦❥❡t✐✈♦✳ ❊①✐st❡♠ s❡q✉ê♥❝✐❛s ❡①❛t❛s ♥❛t✉r❛✐s

0 −→
∏

q−p=n+1

Ext1R(Hp(A), Hq(C) −→ Hn(Hom(A, C)) −→

−→
∏

q−p=n

HomR(Hp(A), Hq(C)) −→ 0

q✉❡ ❝✐♥❞❡♠✳

❚❡♦r❡♠❛ ✸✳✽✳✷ ✭❚❡♦r❡♠❛ ❞♦ ❈♦❡✜❝✐❡♥t❡ ❯♥✐✈❡rs❛❧✱ ✈❡rsã♦ ❝♦❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦
❡ A ✉♠ G✲♠ó❞✉❧♦ tr✐✈✐❛❧✳ ❊♥tã♦✱

Hn(G,A) ∼= HomZ(Hn(G,Z), A)⊕ Ext1Z(Hn−1(G,Z), A)✳

▲❡♠❛ ✸✳✽✳✶ ✭▲❡♠❛ ❞❡ ❙❤❛♣✐r♦✮✳ ❙❡ S é ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❡ A é ✉♠ S✲♠ó❞✉❧♦✱ ❡♥tã♦✱
∀n ≥ 0✱

• Hn(S,A) ∼= Hn(G,HomS(ZG,A))❀

• Hn(S,A) ∼= Hn(G,ZG⊗ZH A)✳

✽✷



❈❛♣ít✉❧♦ ✹

❙❡q✉ê♥❝✐❛s ❊s♣❡❝tr❛✐s

❉❡✜♥✐çã♦ ✹✳✵✳✸✳ ❯♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ▼ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s {Mi}i∈Z✳ ❉✐③❡♠♦s
q✉❡ N é ✉♠ s✉❜♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ❞❡ ▼ s❡ N é ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ ❡✱ ∀i ∈ Z✱ Ni é
R✲s✉❜♠ó❞✉❧♦ ❞❡ Mi✳

❉❡✜♥✐çã♦ ✹✳✵✳✹✳ ✶✮ ❯♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ ▼ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s {Mi,j}i,j∈Z✳

✷✮ ❙❡❥❛♠ M, M̃ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s✳ ❉✐③❡♠♦s q✉❡ f : M −→ M̃ é ✉♠ ❤♦♠♦♠♦r✜s♠♦
❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❞❡ ❣r❛✉ ✭❛✱❜✮ s❡ f é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡

R✲♠ó❞✉❧♦s
{
fi,j :Mi,j −→ M̃i+a,j+b

}
✳

✸✮ N é s✉❜♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ ❞❡ ▼ s❡ N é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ ❡✱ ∀i, j ∈ Z✱ Ni,j é
R✲s✉❜♠ó❞✉❧♦ ❞❡ Mi,j✳ ❉❛í✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ q✉♦❝✐❡♥t❡ ▼✴◆✱
❞❛❞♦ ♣❡❧❛ ❢❛♠í❧✐❛ ❞❡ R✲♠ó❞✉❧♦s q✉♦❝✐❡♥t❡s {(M/N)i,j =Mi,j/Ni,j}i,j∈Z✳

✹✮ ❦❡r ❢ ❡ ■♠ ❢ sã♦ s✉❜♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ M ❡ M̃ ✱ ❝✉❥❛s ❞❡✜♥✐çõ❡s
sã♦✿

kerf = N = {Ni,j = kerfi,j}i,j∈Z ❡ Imf = Ñ =
{
Ñi,j = Imfi−a,j−b ⊆ M̃i,j

}
i,j∈Z

✳

❉❡✜♥✐çã♦ ✹✳✵✳✺✳ ❯♠ ♣❛r ❡①❛t♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s D ❡ E é ✉♠ tr✐â♥❣✉❧♦ ❡①❛t♦ ❝♦♠
❤♦♠♦♠♦r✜s♠♦s ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s α, β, γ✱

D α // D

β~~
E

γ

``

♦✉ s❡❥❛✱ Imα = kerβ, Imβ = kerγ, Imγ = kerα✳

✹✳✶ ❈♦♥str✉çã♦ ❞❛ ❙❡q✉ê♥❝✐❛ ❊s♣❡❝tr❛❧

❈♦♥s✐❞❡r❡ ♦ ♣❛r ❡①❛t♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❝✉❥♦s ❤♦♠♦♠♦r✜s♠♦s
α, β, γ tê♠ ❜✐❣r❛✉s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ (1,−1), (0, 0), (−1, 0)✳ ❱❛♠♦s ❝♦♥str✉✐r ✉♠ ♥♦✈♦ ♣❛r
❡①❛t♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❞❡♥♦t❛❞♦s ♣♦r D2 ❡ E2 ❛ ♣❛rt✐r ❞♦ ♣❛r ❡①❛t♦ ❞❛❞♦✳

✽✸



✹✳✶✳ ❈♦♥str✉çã♦ ❞❛ ❙❡q✉ê♥❝✐❛ ❊s♣❡❝tr❛❧

❉❡✜♥❛ D2 = Imα✱ ♦✉ s❡❥❛✱ D2
p,q = Imαp−1,q+1✳ P♦rt❛♥t♦✱ D2 é s✉❜♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦

❞❡ D✳ ❉❡✜♥❛✱ ❡♥tã♦✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s α2
p,q = αp,q|D2

p,q
: D2

p,q −→

Imαp,q = D2
p+1,q−1✳ ▲♦❣♦✱ α

2 t❡♠ ❜✐❣r❛✉ (1,−1)✳

◗✉❡r❡♠♦s ❞❡✜♥✐r✱ ❛❣♦r❛✱ E2✳ P❛r❛ ✐ss♦✱ ❞❡♥♦t❡♠♦s d1p,q = βp−1,q ◦ γp,q✱ ♦✉ s❡❥❛✱ d1p,q :

Ep,q
γp,q
−→ Dp−1,q

βp−1,q
−→ Ep−1,q✳ ❊♥tã♦✱ t❡♠♦s q✉❡ d1 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s ❜r✐❣r❛❞✉✲

❛❞♦s ❝♦♠ ❜✐❣r❛✉ (−1, 0)✳

❆✜r♠❛çã♦ ✹✳✶✳✶✳ d1p−1,q ◦ d
1
p,q = 0✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♦ ♣❛r ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s D ❡ E é ✉♠ tr✐â♥❣✉❧♦ ❡①❛t♦✱ t❡♠♦s q✉❡
γp,q ◦ βp,q = 0✳ ❉❛í✱

d1p−1,q ◦ d
1
p,q = βp−2,q ◦ γp−1,q ◦ βp−1,q︸ ︷︷ ︸

0

◦γp,q = 0✳

P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ q ∈ Z✱ ♦ ♣❛r (E∗,q, d
1
∗,q) ❣❡r❛ ♦ ❝♦♠♣❧❡①♦

. . . −→ Ep+1,q

d1p+1,q
−→ Ep,q

d1p,q
−→ Ep−1,q

d1p−1,q
−→ Ep−2,q . . .

❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦sE2 = H(E, d1)✱ ❡♠ q✉❡H(E, d1) é ❛ ❢❛♠í❧✐❛ ❞❡R✲♠ó❞✉❧♦s
{
Hp(E∗,q, d

1
∗,q)

}
p,q∈Z

✳

P♦rt❛♥t♦✱ E2 é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦ t❛❧ q✉❡ E2
p,q = Hp(E∗,q, d

1
∗,q) = kerd1p,q/Imd

1
p+1,q✳

P♦r ✜♠✱ ❝♦♠♣❧❡t❛♠♦s ❛ ❝♦♥str✉çã♦ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

• ❙❡❥❛ zp,q + Imd1p+1,q ∈ E2
p,q✳ ❊♥tã♦✱ γ

2
p,q(zp,q + Imd1p+1,q) = γp,q(zp,q) ∈ D2

p−1,q✳

• ❙❡❥❛ ap,q ∈ D2
p,q✳ ❙❛❜❡♠♦s q✉❡ ap,q = αp−1,q+1(bp−1,q+1) ♣❛r❛ ❛❧❣✉♠ bp−1,q+1 ∈ Dp−1,q+1✳

❊♥tã♦✱ β2
p,q(ap,q) = βp−1,q+1 ◦ α

−1
p−1,q+1(ap,q) + Imd1p,q+1✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✶✳ γ2 ❡ β2 ❡stã♦ ❜❡♠ ❞❡✜♥✐❞♦s✳ ❉❡ ❢❛t♦✱

• zp,q − z′p,q ∈ Imd1p+1,q ⇒ γp,q(zp,q − z′p,q) = γp,q ◦ d
1
p+1,q(wp+1,q) =

= γp,q ◦ βp,q︸ ︷︷ ︸
0

◦γp+1,q(wp+1,q) = 0❀

• βp−1,q(γp,q(zp,q)) = d1p,q(zp,q) = 0 ⇒ γp,q(zp,q) ∈ kerβp−1,q = Imαp−2,q+1 = D2
p−1,q✳

• c, c′ ∈ α−1
p−1,q+1(ap,q) ⇒ c− c′ ∈ kerαp−1,q+1 = Imγp,q+1 ⇒ βp−1,q+1(c− c′) =

= βp−1,q+1(γp,q+1(b)) = d1p,q+1(b)✳

• d1p−1,q+1(βp−1,q+1 ◦ α
−1
p−1,q+1(ap,q)) = βp−1,q+1 ◦ γp−1,q+1 ◦ βp−1,q+1︸ ︷︷ ︸

0

◦α−1
p−1,q+1(ap,q) = 0✳

✽✹



❈❛♣ít✉❧♦ ✹✳ ❙❡q✉ê♥❝✐❛s ❊s♣❡❝tr❛✐s

❚❡♦r❡♠❛ ✹✳✶✳✶✳ ❖ tr✐â♥❣✉❧♦ ❛❜❛✐①♦ é ❡①❛t♦✱

D2 α2
// D2

β2}}
E2

γ2

aa

❡♠ q✉❡ α2 t❡♠ ❜✐❣r❛✉ (1,−1)✱ β2 t❡♠ ❜✐❣r❛✉ (−1, 1) ❡ γ2 t❡♠ ❜✐❣r❛✉ (−1, 0)✳

P♦r ✐♥❞✉çã♦✱ s❡❥❛

Dr αr
// Dr

βr}}
Er

γr

aa

✉♠ ♣❛r ❡①❛t♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❡♠ q✉❡ αr t❡♠ ❜✐❣r❛✉ (1,−1)✱ βr t❡♠ ❜✐❣r❛✉ (1 −
r, r − 1) ❡ γr t❡♠ ❜✐❣r❛✉ (−1, 0)✳ ❉❡✜♥✐♠♦s Dr+1 = Imαr✱ ♦✉ s❡❥❛✱ Dr+1

p,q = Imαrp−1,q+1✳

❆♥❛❧♦❣❛♠❡♥t❡ às ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ❞❡♥♦t❛♠♦s drp,q = βrp−1,q ◦ γ
r
p,q✱ ♦✉ s❡❥❛✱ drp,q : E

r
p,q

γrp,q
−→

Er
p−1,q

βr
p−1,q
−→ Er

p−r,q+r−1✳ ▲♦❣♦✱ dr é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❝♦♠ ❜✐❣r❛✉
(−r, r − 1)✳ ❆✐♥❞❛✱

drp−r,q+r−1 ◦ d
r
p,q = βrp−r−1,q+r−1 ◦ γ

rp− r, q + r − 1 ◦ βrp−1,q︸ ︷︷ ︸
0

◦γrp, q = 0✳

P♦❞❡♠♦s ❣❡r❛r ♦ ❝♦♠♣❧❡①♦

. . . −→ Er
p+r,q−r+1

drp+r,q−r+1
−→ Er

p,q

drp,q
−→ Er

p−r,q+r−1

drp−r,q+r−1
−→ Er

p−2r,q+2(r−1) −→ . . .

♣❛r❛ ❝❛❞❛ p, q ∈ Z✳ P♦rt❛♥t♦✱ Er+1 = H(Er, dr)✱ ❡♠ q✉❡ H(Er, dr) é ❛ ❢❛♠í❧✐❛ ❞❛s ❤♦✲
♠♦❧♦❣✐❛s ❞♦ ❝♦♠♣❧❡①♦ ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ p, q ∈ Z✳ ❉❡♥♦t❛♠♦s Er+1

p,q = kerdrp,q/Imd
r
p+r,q−r+1✳

▲♦❣♦✱ Er+1 é ✉♠ ♠ó❞✉❧♦ ❜✐❣r❛❞✉❛❞♦✳

P♦r ✜♠✱ ❛ ❞❡✜♥✐çã♦ ❞❡ αr+1, βr+1, γr+1 é ✐♥❞✉③✐❞❛ ❛ ♣❛rt✐r ❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ αr, βr, γr

❛ss✐♠ ❝♦♠♦ ♥❛ ♣r✐♠❡✐r❛ ❝♦♥str✉çã♦✳ ❆ss✐♠✱ t❡♠♦s✿

• αr+1
p,q = αrp,q|Dr+1

p,q
, αr+1

p,q : Dr+1
p,q −→ Dr+1

p+1,q−1❀

• βr+1
p,q (a) = βrp−1,q+1 ◦ (α

r
p−1,q+1)

−1(a) + Imdrp,q+1, β
r+1
p,q : Dr+1

p,q −→ Er+1
p−r,q+r❀

• γr+1(z + Imdrp+r,q−r+1) = γrp,q(z), γ
r+1
p,q : Er+1

p,q −→ Dr+1
p−1,q✳

❚❡♦r❡♠❛ ✹✳✶✳✷✳ ❖ tr✐â♥❣✉❧♦ ❛❜❛✐①♦ é ❡①❛t♦✱

Dr+1 αr+1
// Dr+1

βr+1zz
Er+1

γr+1

dd

❡♠ q✉❡ αr+1 t❡♠ ❜✐❣r❛✉ (1,−1)✱ βr+1 t❡♠ ❜✐❣r❛✉ (−r, r) ❡ γr+1 t❡♠ ❜✐❣r❛✉ (−1, 0)✳

✽✺



✹✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❙❡q✉ê♥❝✐❛s ❊s♣❡❝tr❛✐s

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❡s♣❡❝tr❛❧ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s ❡
❤♦♠♦♠♦r✜s♠♦s ❞❡ ♠ó❞✉❧♦s ❜✐❣r❛❞✉❛❞♦s {Er, dr}r≥1 t❛❧ q✉❡ dr ◦ dr = 0 ❡ Er+1 = H(Er, dr)✳

✹✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❙❡q✉ê♥❝✐❛s ❊s♣❡❝tr❛✐s

❉❡✜♥✐çã♦ ✹✳✷✳✶✳ ❉✐③❡♠♦s q✉❡ N é s✉❜q✉♦❝✐❡♥t❡ ❞♦ R✲♠ó❞✉❧♦ M s❡ N é ✉♠ q✉♦❝✐❡♥t❡
M ′/M ′′ t❛❧ q✉❡ M ′′ ⊆M ′ sã♦ s✉❜♠ó❞✉❧♦s ❞❡ M ✳

❈❛❞❛ Er+1 é s✉❜q✉♦❝✐❡♥t❡ ❞❡ Er✱ r ≥ 1✳ ❉❡♥♦t❡ Zr+1
p,q = kerdrp,q ❡ B

r+1
p,q = Imdrp+r,q−r+1✳

❖❜t❡♠♦s✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛✿

0 ⊆ B2
p,q ⊆ B3

p,q ⊆ . . . ⊆ Br
p,q ⊆ Br+1

p,q ⊆ . . . ⊆ Zr+1
p,q ⊆ Zr

p,q ⊆ . . . ⊆ Z3
p,q ⊆ Z2

p,q ⊆ E1
p,q✳

❉❡✜♥✐çã♦ ✹✳✷✳✷✳ ❉❡♥♦t❛♠♦s B∞
p,q =

⋃
r≥1

Br
p,q✱ Z

∞
p,q =

⋂
r≥1

Zr
p,q ❡ E∞

p,q = Z∞
p,q/B

∞
p,q✱ s❡♥❞♦ ❡st❡

ú❧t✐♠♦ ❝❤❛♠❛❞❛ t❡r♠♦ ❧✐♠✐t❡ ❞❛ s❡q✉ê❝✐❛ ❡s♣❡❝tr❛❧✳

❉❡✜♥✐çã♦ ✹✳✷✳✸✳ ❙❡❥❛ H ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦✳ ❯♠❛ ✜❧tr❛çã♦ ❞❡ ❍ é ✉♠❛ s❡q✉ê♥❝✐❛
{φpH}p∈Z ❞❡ s✉❜♠ó❞✉❧♦s ❣r❛❞✉❛❞♦s ❞❡ H t❛✐s q✉❡ φpH ⊆ φp+1H, ∀p ∈ Z✱ ♦✉ s❡❥❛✱ (φpH)i ⊆

(φp+1H)i, ∀i, p ∈ Z✳ ❉✐③❡♠♦s q✉❡ ❛ ✜❧tr❛çã♦ é ❧✐♠✐t❛❞❛ s❡✱ ∀n ∈ Z, ∃s(n), t(n) ∈ Z t❛✐s
q✉❡ 0 = (φs(n)H)n ❡ (φt(n)H)n = Hn✳

❉❡✜♥✐çã♦ ✹✳✷✳✹✳ ❙❡❥❛ {Er, dr}r≥1 ✉♠❛ s❡q✉ê♥❝✐❛ ❡s♣❡❝tr❛❧✳ ❉✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ❡s✲
♣❡❝tr❛❧ ❝♦♥✈❡r❣❡ ❛ ❍ s❡ ❡①✐st❡ ✉♠❛ ✜❧tr❛çã♦ ❧✐♠✐t❛❞❛ {φpH}p∈Z ❞❡ H t❛❧ q✉❡ E∞

p,q
∼=

(φpH)n/(φ
p−1H)n, n = p+ q✳ ❉❡♥♦t❛♠♦s E2

p,q ⇒
p
Hn✳

✹✳✷✳✶ ❙❡q✉ê♥❝✐❛ ❊s♣❡❝tr❛❧ ▲❍❙

❚❡♦r❡♠❛ ✹✳✷✳✶ ✭❚❡♦r❡♠❛ ❞❡ ●r♦t❤❡♥❞✐❡❝❦✮✳ ❙❡❥❛♠ A,B,C ❝❛t❡❣♦r✐❛s ❞❡ ♠ó❞✉❧♦s ❡ G :
U −→ B, F : B −→ C ❢✉♥t♦r❡s t❛✐s q✉❡ F é ❡①❛t♦ à ❡sq✉❡r❞❛ ❡✱ s❡ E ∈ U é ✐♥❥❡t✐✈♦✱ ❡♥tã♦
(RpF )(GE) = 0, ∀p ≥ 1✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♠ó❞✉❧♦ A ∈ U ✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡s♣❡❝tr❛❧
❝♦♠

Ep,q
2 = (RpF )(RqG(A)) ⇒

p
Rn(F ◦G)(A)✱ n = p+ q✳

❚❡♦r❡♠❛ ✹✳✷✳✷ ✭❚❡♦r❡♠❛ ❞❡ ▲②♥❞♦♥✲❍♦❝❤s❝❤✐❧❞✲❙❡rr❡✱ ✈❡rsã♦ ❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛ G ✉♠
❣r✉♣♦ ❡ N ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G✳ ❙❡❥❛ A ✉♠ ZG✲♠ó❞✉❧♦✳ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡s✲
♣❡❝tr❛❧ ❝♦♠

E2
p,q = Hp(G/N,Hq(N,A)) ⇒

p
Hn(G,A)✳

❚❡♦r❡♠❛ ✹✳✷✳✸ ✭❚❡♦r❡♠❛ ❞❡ ▲②♥❞♦♥✲❍♦❝❤s❝❤✐❧❞✲❙❡rr❡✱ ✈❡rsã♦ ❝♦❤♦♠♦❧ó❣✐❝❛✮✳ ❙❡❥❛ G ✉♠
❣r✉♣♦ ❡ N ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ G✳ ❙❡❥❛ A ✉♠ ZG✲♠ó❞✉❧♦✳ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡s♣❡❝tr❛❧
❝♦♠

Ep,q
2 = Hp(G/N,Hq(N,A)) ⇒

p
Hn(G,A)✳

✽✻



❈❛♣ít✉❧♦ ✺

●r✉♣♦s ❞❡ t✐♣♦ FPn

✺✳✶ ❘❡s♦❧✉çõ❡s ❞❡ ❚✐♣♦ ❋✐♥✐t♦

◆♦t❛çã♦✿ ❙❡❥❛ M ∈ RM ❧✐✈r❡ ❝♦♠ ♣♦st♦ k✳ ❊♥tã♦✱ M é ✐s♦♠♦r❢♦ à s♦♠❛ ❞✐r❡t❛ ❞❡ k
❛♥é✐s R✳ ❉❡♥♦t❛r❡♠♦s M ♣♦r Rk✳

❉❡✜♥✐çã♦ ✺✳✶✳✶✳ ❉✐③❡♠♦s q✉❡M ∈ RM é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡ ❡①✐st❡ X = {m1, . . . ,mk} ⊆
M t❛❧ q✉❡✱ ∀m ∈M, ∃r1, . . . , rk ∈ R t❛✐s q✉❡ m = r1m1 + . . .+ rkmk✳ ❖ ❝♦♥❥✉♥t♦ X é ❝❤❛✲
♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ M ✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✶✳ R✲s✉❜♠ó❞✉❧♦s ❞❡ R✲♠ó❞✉❧♦s ♥ã♦ ♣r❡❝✐s❛♠ s❡r ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ♠❡s♠♦
q✉❡ ♦ ♠ó❞✉❧♦ s❡❥❛✳ ❈♦♥s✐❞❡r❡✱ ♣♦r ❡①❡♠♣❧♦✱ R ♦ ❛♥❡❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♠ Z s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦
✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ✈❛r✐á✈❡✐s✱ Z [x1, x2, . . .]✳ ❚❡♠♦s q✉❡ R é R✲♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r {1}✳
❚♦♠❡ S ♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ R ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ t❡r♠♦ ❝♦♥st❛♥t❡ ✵✳ ❖s ♣♦❧✐♥ô♠✐♦s x1, x2, . . .
♣❡rt❡♥❝❡♠ ❛ S ❡ sã♦ ❣❡r❛❞♦s ♣♦r ❡❧❡s ♠❡s♠♦s✱ ❥á q✉❡ xn = 1 · xn✳ ▲♦❣♦✱ S é ✐♥✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳

❈♦r♦❧ár✐♦ ✺✳✶✳✶✳ ❙❡❥❛ B ∈ RM✳ ❙❡ t♦❞♦ R✲s✉❜♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ B é ♣❧❛♥♦✱
❡♥tã♦ B é ♣❧❛♥♦✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✶✳ ❙❡❥❛ M ∈ RM✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
✐✮ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ Rt −→ Rs −→M −→ 0 ♣❛r❛ ❛❧❣✉♥s ✐♥t❡✐r♦s t, s✳
✐✐✮ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ P1 −→ P0 −→ M −→ 0 ♣❛r❛ ❛❧❣✉♥s R✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s
P0, P1 ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳
✐✐✐✮ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ♣❛r❛ t♦❞♦ ❡♣✐♠♦r✜s♠♦ ϕ : P −→M ✱ P ✉♠ R✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ kerϕ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ✐✐✐✮⇒ ✐✮✿ ❙❡❥❛X ♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ✜♥✐t♦ ❞❡M ✱ |X| = s✱ ❡ F (X) ♦ R✲♠ó❞✉❧♦
❧✐✈r❡ ❝♦♠ ❜❛s❡ X✱ ✐s♦♠♦r❢♦ ❛ Rs✳ ❏á ✈✐♠♦s q✉❡ ❡①✐st❡ ✉♠ ❡♣✐♠♦r✜s♠♦ αs : F (X) −→ M ✳
❈♦♠♦ F (X) é ♣r♦❥❡t✐✈♦ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦r ❤✐♣ót❡s❡✱ kerαs é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛
Y s❡✉ ❣❡r❛❞♦r✱ |Y | = t✱ ❡ F (Y ) ♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ Y ✱ ✐s♦♠♦r❢♦ Rt✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠
❡♣✐♠♦r✜s♠♦ αt : F (Y ) −→ kerαs✳ ▲♦❣♦✱ ✐✮ ✈❛❧❡✳
✐✮ ⇒ ✐✐✮✿ ó❜✈✐♦✱ ♣♦✐s Rt, Rs sã♦ R✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳
✐✐✮ ⇒ ✐✐✐✮✿ ❙❡❥❛ α0 ♦ ❤♦♠♦♠♦r✜s♠♦ ❡♠ ✐✐✮ ❞❡ P0 ❡♠ M ❡ α1 ♦ ❤♦♠♦♠♦r✜s♠♦ ❡♠ ✐✐✮ ❞❡ P1

❡♠ P0✳ ❈♦♠♦ α0 é s♦❜r❡❥❡t✐✈❛✱ ❡♥tã♦ M ∼= P0/kerα0✳ ❈♦♠♦ P0 é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ M

✽✼



✺✳✶✳ ❘❡s♦❧✉çõ❡s ❞❡ ❚✐♣♦ ❋✐♥✐t♦

é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❆✐♥❞❛✱ ❝♦♠♦ kerα0 = Imα1 ❡ P1 é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ t❡♠♦s q✉❡
kerα0 é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❙❡❥❛♠ ϕ : P −→ M ✉♠ ❡♣✐♠♦r✜s♠♦ ❝♦♠ P ✉♠ R✲♠ó❞✉❧♦
♣r♦❥❡t✐✈♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡ ❛s ✐♥❝❧✉sõ❡s i0 : kerα0 →֒ P0 ❡ i : kerϕ →֒ P ✳ ❊♥tã♦✱

0 −→ kerα0
i0
→֒ P0

α0−→ M −→ 0 ❡ 0 −→ kerϕ
i
→֒ P

ϕ
−→ M −→ 0 sã♦ s❡q✉ê♥❝✐❛s ❡①❛t❛s

❝✉rt❛s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✸✳✸✳✸✳ ▲♦❣♦✱ P0 ⊕ kerϕ ∼= P ⊕ kerα0✳
❈♦♠♦ P, kerα0 ❡ P0 sã♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ kerϕ t❛♠❜é♠ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❙❡ M ∈ RM s❛t✐s❢❛③ ❛s ❛✜r♠❛çõ❡s ❞❡ss❛ ♣r♦♣♦s✐çã♦✱ ❞✐③❡♠♦s q✉❡ M é ✜♥✐t❛♠❡♥t❡
❛♣r❡s❡♥tá✈❡❧✳ ■ss♦ ✈❡♠ ❞❡ ❛❧❣✉♠❛s ❝♦♥❝❧✉sõ❡s q✉❡ ♣♦❞❡♠♦s ❡①tr❛✐r ❞❛ ♣r♦♣♦s✐çã♦ s♦❜r❡M ✳
❉❡ ✭✐✮ ✈❡♠♦s q✉❡ M ∼= Rs/kerαs✳ ▼❛s kerαs = Imαt✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛ ❣❡r❛❞♦r❡s ❡ r❡❧❛çõ❡s
❞❡ ❣r✉♣♦s✱ M ❡♥tã♦ t❡♠ X ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s s❡✉s ❣❡r❛❞♦r❡s ✭❝❛r❞✐♥❛❧✐❞❛❞❡ s✮ ❡ αt(Y )
♦ ❝♦♥❥✉♥t♦ ❞❡ s✉❛s r❡❧❛çõ❡s ✭❝❛r❞✐♥❛❧✐❞❛❞❡ t✮✱ ❛♠❜♦s ✜♥✐t♦s✳ P♦rt❛♥t♦✱ M t❡♠ ❛♣r❡s❡♥t❛çã♦
✜♥✐t❛✳ ❆✐♥❞❛✱ s❡ {x1, . . . , xk} é ♦✉tr♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ M ✱ ♣♦r ✭✐✐✐✮ ✈❡♠♦s q✉❡
♦ ❝♦♥❥✉♥t♦ ❞❛s r❡❧❛çõ❡s ❞❡ M t❛♠❜é♠ é ✜♥✐t♦ ❡ ❢♦r♠❛ ✉♠ R✲s✉❜♠ó❞✉❧♦ ❞❡ Rk✳

❈♦r♦❧ár✐♦ ✺✳✶✳✷✳ ❚♦❞♦ R✲♠ó❞✉❧♦ ♣❧❛♥♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ é ♣r♦❥❡t✐✈♦✳

❈♦r♦❧ár✐♦ ✺✳✶✳✸✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲♠ó❞✉❧♦s 0 −→ K −→ M −→
B −→ 0✳ ❙❡ B é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❡ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ K é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳

❉❡✜♥✐çã♦ ✺✳✶✳✷✳ ❯♠❛ r❡s♦❧✉çã♦ q✉❛❧q✉❡r é ❞❡ t✐♣♦ ✜♥✐t♦ s❡ t♦❞♦s ♦s s❡✉s R✲♠ó❞✉❧♦s
sã♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❉✐③❡♠♦s q✉❡ M é ❞❡ t✐♣♦ FPn ✭n ≥ 0✮ s❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦
♣r♦❥❡t✐✈❛ ❞❡ M ❞❛ ❢♦r♠❛ Pn −→ Pn−1 −→ . . . −→ P0 −→M −→ 0 t❛❧ q✉❡✱ ∀i = 0, . . . , n✱ Pi
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✷✳

❙❡ M é ❞❡ t✐♣♦ FPn✱ ❝♦♠♦ P0 −→M é s♦❜r❡❥❡t✐✈❛✱ ❡♥tã♦ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❙❡ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ X é s❡✉ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r✱ ❡①✐st❡ ✉♠❛ s♦❜r❡❥❡çã♦ ❞♦ R✲♠ó❞✉❧♦
❧✐✈r❡ ❣❡r❛❞♦ ♣♦r X✱ q✉❡ é ♣r♦❥❡t✐✈♦ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P♦rt❛♥t♦✱ M é ❞❡ t✐♣♦ FP0✳

❙❡ M é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ✭✐✮ ❞❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✶✱ M é ❞❡ t✐♣♦ FP1✳

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✶✿

Pr♦♣♦s✐çã♦ ✺✳✶✳✷✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦ ❡ n ≥ 0✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
✭✐✮ ▼ t❡♠ r❡s♦❧✉çã♦ ❧✐✈r❡ Fn −→ Fn−1 −→ . . . −→ F0 −→ M −→ 0 ❡♠ q✉❡ ❝❛❞❛ Fi t❡♠
♣♦st♦ ✜♥✐t♦✱ ∀i = 0, . . . , n✳
✭✐✐✮ M é ❞❡ t✐♣♦ FPn✳
✭✐✐✐✮ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ♣❛r❛ t♦❞❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M ❞❡ t✐♣♦ ✜♥✐t♦ ❞❛ ❢♦r♠❛

Pk
dk−→ Pk−1

dk−1
−→ . . .

d1−→ P0
d0−→M −→ 0 ❝♦♠ 0 ≤ k < n✱ kerdk é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ✭✐✐✐✮ ⇒ ✭✐✮✿ ❙❡❥❛ X0 ❣❡r❛❞♦r ❞❡ M ✱ |X0| = t0✳ ❚♦♠❡ F0 ♦ R✲♠ó❞✉❧♦ ❧✐✈r❡
❝♦♠ ❜❛s❡ X0 ❡ d0 ♦ ❡♣✐♠♦r✜s♠♦ ❞❡ F0 ❡♠ M ✳ P♦r ❤✐♣ót❡s❡✱ K0 = kerd0 é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❙❡❥❛ X1 ♦ ❣❡r❛❞♦r ❞❡ K0✱ |X1| = t1✳ ❚♦♠❡ F1 ♦ R✲♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ X1 ❡ d′1 ♦
❡♣✐♠♦r✜s♠♦ ❞❡ F1 ❡♠ K0✳ ❈♦♥s✐❞❡r❡ i0 ❛ ✐♥❝❧✉sã♦ K0 →֒ F0 ❡ ❞❡✜♥❛ d1 = i0 ◦ d

′
1✳ ❚❡♠♦s q✉❡

Imd1 = Im(i0 ◦ d
′
1) = i0(K0) = K0 = kerd0✳ ❈♦♥t✐♥✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❛té n✱ ♦❜t❡♠♦s ✉♠❛

r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ M ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ✭✐✮✳
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❈❛♣ít✉❧♦ ✺✳ ●r✉♣♦s ❞❡ t✐♣♦ FPn

. . . ✲F2
d2 ✲

K1

d′2❅❅❘ i1�
�✒
F1

d1 ✲

K0

d′1❅❅❘ i0�
�✒
F0

d0 ✲M ✲ 0

✭✐✮ ⇒ ✭✐✐✮✿ ó❜✈✐♦✱ ♣♦✐s Fi é ♣r♦❥❡t✐✈♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ∀i = 0, . . . , n✳

✭✐✐✮ ⇒ ✭✐✐✐✮✿ s❡❥❛ Pn
dn−→ Pn−1

dn−1
−→ . . .

d1−→ P0
d0−→M −→ 0 ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M ❞❡

t✐♣♦ ✜♥✐t♦✳
✶✮ ❙❡❥❛ {x1, . . . , xm} ♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ P0✳ ❊♥tã♦✱ s❡ m ∈ M ✱ m = d0(a) = d0(r1x1 +
. . .+ rmxm) = r1d0(x1)+ . . .+ rmd0(xm), r1, . . . , rm ∈ R, a ∈ P0 ⇒ d0(x1), . . . , d0(xm) ❣❡r❛♠
M ✳
✷✮ P♦r ❞❡♠♦♥str❛çã♦ ❛♥á❧♦❣❛ ❛ ❞❛ ✭✶✮✱ ♠♦str❛♠♦s q✉❡ kerdk = Imdk+1 é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱

∀k < n✳ ❆ss✐♠✱ s❡❥❛ P ′
k

d′
k−→ P ′

k−1

dk−1
−→ . . .

d′1−→ P ′
0

d′0−→ M −→ 0 ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡
M ❞❡ t✐♣♦ ✜♥✐t♦✱ k < n✳ ❆s ✐♥❝❧✉sõ❡s kerdk →֒ Pk✱ kerd′k →֒ P ′

k ❣❡r❛♠ ❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s

0 −→ kerdk →֒ Pk −→ Pk−1 −→ . . . −→ P0 −→M −→ 0

❡
0 −→ kerd′k →֒ P ′

k −→ P ′
k−1 −→ . . . −→ P ′

0 −→M −→ 0.

P❡❧❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✸✳✸✳✹✱

kerdk ⊕ P ′
k ⊕ Pk−1 ⊕ P ′

k−2 ⊕ . . . ∼= kerd′k ⊕ Pk ⊕ P ′
k−1 ⊕ Pk−2 ⊕ . . . .

P♦rt❛♥t♦✱ ❝♦♠♦ t♦❞♦s ♦s R✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛ ❞♦ ✐s♦♠♦r✜s♠♦ sã♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱
kerd′k t❛♠❜é♠ ❞❡✈❡ s❡r ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✸✳ ❙❡❥❛ 0 −→ A′ −→ A −→ A′′ −→ 0 ✉♠ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ R✲
♠ó❞✉❧♦s✳ ❊♥tã♦✿

✐✮ s❡ A′ é ❞❡ t✐♣♦ FPn−1 ❡ A é ❞❡ t✐♣♦ FPn✱ ❡♥tã♦ A′′ é ❞❡ t✐♣♦ FPn❀

✐✐✮ s❡ A é ❞❡ t✐♣♦ FPn−1 ❡ A′′ é ❞❡ t✐♣♦ FPn✱ ❡♥tã♦ A′ é ❞❡ t✐♣♦ FPn−1❀

✐✐✐✮ s❡ A′ ❡ A′′ sã♦ ❞❡ t✐♣♦ FPn✱ ❡♥tã♦ A é ❞❡ t✐♣♦ FPn✳

❉❡♠♦♥str❛çã♦✳ ❬✺❪✱ Pr♦♣♦s✐çã♦ ✶✳✹✱ ♣á❣✳ ✶✷✳

❉❡✜♥✐çã♦ ✺✳✶✳✸✳ ❯♠ R✲♠ó❞✉❧♦ M é ❞❡ t✐♣♦ FP∞ s❡ M é ❞❡ t✐♣♦ FPn✱ ∀n ∈ Z, n ≥ 0✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✹✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
✐✮ M ♣♦ss✉✐ r❡s♦❧✉çã♦ ❧✐✈r❡ ✐♥✜♥✐t❛ ❞❡ t✐♣♦ ✜♥✐t♦✱ ♦✉ s❡❥❛✱ ❛ r❡s♦❧✉çã♦ ❧✐✈r❡ é ❞❛ ❢♦r♠❛
. . . −→ Fi −→ Fi−1 −→ . . . −→ F0 −→ M −→ 0✱ ❡♠ q✉❡ Fi é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ t♦❞♦
i ≥ 0✳
✐✐✮ M ♣♦ss✉✐ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ✐♥✜♥✐t❛ ❞❡ t✐♣♦ ✜♥✐t♦✳
✐✐✐✮ M é ❞❡ t✐♣♦ FP∞✳

✽✾



✺✳✷✳ ❉✐♠❡♥sã♦ ❈♦❤♦♠♦❧ó❣✐❝❛

❉❡♠♦♥str❛çã♦✳ ✭✐✮ ⇒ ✭✐✐✮✿ ó❜✈✐♦✳
✭✐✐✮ ⇒ ✭✐✐✐✮✿ s❡ . . . −→ Pi −→ Pi−1 −→ . . . −→ P0 −→M −→ 0 é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡
M ✱ ♣❛r❛ ❝❛❞❛ i✱ Pi −→ Pi−1 −→ . . . −→ P0 −→M −→ 0 é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M ✳
✭✐✐✐✮ ⇒ ✭✐✮✿ ❜❛st❛ ✉t✐❧✐③❛r ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❡ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❛ ❞❡♠♦♥str❛çã♦
❞❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✷✳

❉❡✜♥✐çã♦ ✺✳✶✳✹✳ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FPn s❡ Z é ❞❡ t✐♣♦ FPn ❝♦♠♦ ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧✳

❙❡ G é ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ FPn ❡M ✉♠ G✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱
❡♥tã♦ Hi(G,M) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ t♦❞♦ i ≤ n✳

▲❡♠❛ ✺✳✶✳✶✳ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ H é ❞❡ t✐♣♦ FP∞✱ ❡♥tã♦ Z[G/H] é ❞❡ t✐♣♦ FP∞

❝♦♠♦ ZG✲♠ó❞✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P : . . . −→ Pi −→ Pi−1 −→ . . . −→ P1 −→ P0 −→ Z −→ 0 ✉♠❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞♦ ZH✲♠ó❞✉❧♦ tr✐✈✐❛❧ Z✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ZG⊗ZH P
é ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ t✐♣♦ ✜♥✐t♦ ❞❡ Z[G/H] ❝♦♠♦ ZG✲♠ó❞✉❧♦✳
❊①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ T ❞❡ G ❝❤❛♠❛❞♦ tr❛♥s✈❡rs❛❧ t❛❧ q✉❡ G =

⋃̇
t∈T

Ht✳ P♦rt❛♥t♦✱ ZG =
⊕
t∈T

ZHt✱ ♦✉ s❡❥❛✱ ZG é ✉♠ ZH✲♠ó❞✉❧♦ ❧✐✈r❡✳ ❊♥tã♦✱ ZG é ♣r♦❥❡t✐✈♦ ❝♦♠♦ ZH✲♠ó❞✉❧♦ ⇒ ZG

é ♣❧❛♥♦ ❝♦♠♦ ZH✲♠ó❞✉❧♦ ⇒ ZG⊗ZH ∗ é ❢✉♥t♦r ❡①❛t♦✳ ▲♦❣♦✱ ♦ ❝♦♠♣❧❡①♦ ZG⊗ZH P é ❡①❛t♦✳
❉♦ t❡♦r❡♠❛ ✸✳✸✳✻✱ t❡♠♦s q✉❡ Pi é s♦♠❛♥❞♦ ❞❡ ✉♠ ZH✲♠ó❞✉❧♦ ❧✐✈r❡ Fi ∼=

⊕
i∈I

ZH, I ✜♥✐t♦✳

❈♦♠♦ Pi é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♣♦❞❡♠♦s t♦♠❛r Fi ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❉❛í✱

Fi = Pi ⊕ P ′
i ⇒ (ZG⊗ZH Pi)⊕ (ZG⊗ZH P

′
i ) ✭✺✳✶✮

= ZG⊗ZH (Pi ⊕ P ′
i ) = ZG⊗ZH Fi

= ZG⊗ZH ⊕
i∈I

ZH

=
⊕

i∈I

(ZG⊗ZH ZH) ∼= ⊕
i∈I

ZG.

P♦rt❛♥t♦✱ ZG ⊗ZH Pi é s♦♠❛♥❞♦ ❞❡ ✉♠ ZG✲♠ó❞✉❧♦ ❧✐✈r❡✳ ▲♦❣♦✱ ZG ⊗ZH Pi é ZG✲♠ó❞✉❧♦
♣r♦❥❡t✐✈♦✱ t❛♠❜é♠ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
P♦r ✜♠✱ ZG⊗ZH Z ∼= Z[G/H] ❝♦♠♦ ZG✲♠ó❞✉❧♦✳

✺✳✷ ❉✐♠❡♥sã♦ ❈♦❤♦♠♦❧ó❣✐❝❛

❉❡✜♥✐çã♦ ✺✳✷✳✶✳ ❙❡❥❛ M ✉♠ R✲♠ó❞✉❧♦✳ ❆ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ ▼ é ♦ ♠❡♥♦r ✐♥t❡✐r♦
n t❛❧ q✉❡ M ❛❞♠✐t❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ 0 −→ Pn −→ Pn−1 −→ . . . −→ P1 −→ P0 −→
M −→ 0✳ ❉❡♥♦t❛♠♦s n = projdimRM ✳ ❙❡ M ♥ã♦ ❛❞♠✐t❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ✜♥✐t❛✱
❡♥tã♦ projdimRM = ∞✳

▲❡♠❛ ✺✳✷✳✶✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ projdimRM ≤ n❀

✐✐✮ ExtiR(M, ∗) = 0 ♣❛r❛ i > n❀

✾✵



❈❛♣ít✉❧♦ ✺✳ ●r✉♣♦s ❞❡ t✐♣♦ FPn

✐✐✐✮ Extn+1
R (M, ∗) = 0❀

✐✈✮ ❙❡ 0 −→ K −→ Pn−1 −→ . . . −→ P0 −→ M −→ 0 é ✉♠ s❡q✉ê♥❝✐❛ ❡①❛t❛ q✉❛❧q✉❡r ❞❡
R✲♠ó❞✉❧♦s ❝♦♠ Pi ♣r♦❥❡t✐✈♦s✱ ❡♥tã♦ K é ♣r♦❥❡t✐✈♦✳

❉❡✜♥✐çã♦ ✺✳✷✳✷✳ ❆ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ ❞♦ ❣r✉♣♦ ●✱ ❞❡♥♦t❛❞❛ ♣♦r ❝❞✭●✮✱ é ♦
♠❡♥♦r ✐♥t❡✐r♦ n t❛❧ q✉❡ ♦ ❧❡♠❛ ✺✳✷✳✶ ❛❝✐♠❛ ✈❛❧❡ ♣❛r❛ R = ZG ❡ M = Z ❝♦♠♦ ZG✲♠ó❞✉❧♦
tr✐✈✐❛❧✳ ❖✉ s❡❥❛✱

cd(G) = projdimZGZ = inf {n| Z ❛❞♠✐t❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ t❛♠❛♥❤♦ ♥} =

= inf
{
n| H i(G, ∗) = 0 ♣❛r❛ i > n

}
.

❙❡ n ♥ã♦ ❡①✐st❡✱ ❡♥tã♦ cd(G) = ∞✳

❚❡♦r❡♠❛ ✺✳✷✳✶ ✭❙❡rr❡✮✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ G ❞❡ í♥❞✐❝❡
✜♥✐t♦✱ ❡♥tã♦ cd(H) = cd(G)✳

❚❡♦r❡♠❛ ✺✳✷✳✷ ✭❙t❛❧❧✐♥❣s✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ♥ã♦✲tr✐✈✐❛❧✳ ❙❡ cd(G) = 1✱ ❡♥tã♦ G é ❧✐✈r❡✳

❚❡♦r❡♠❛ ✺✳✷✳✸ ✭▲②♥❞♦♥✮✳ ❆ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ ❞❡ ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❝♦♠ ✉♠❛
r❡❧❛çã♦ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✷✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✶✳ ❙❡❥❛ G = F(X)/R ♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠ ❣r✉♣♦ ❧✐✈r❡✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ G✲♠ó❞✉❧♦s

0 −→ Rab −→
⊕

x∈X

ZG −→ ZG −→ Z −→ 0,

❡♠ q✉❡ Rab é ❛ ❛❜❡❧✐❛♥✐③❛çã♦ ❞❡ R✱ ♦✉ s❡❥❛✱ Rab = R/[R,R]✳

❚❡♦r❡♠❛ ✺✳✷✳✹✳ ❙❡❥❛ G = F(X)/R q✉♦❝✐❡♥t❡ ❞❡ ✉♠ ❣r✉♣♦ ❧✐✈r❡✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❞❡ ✉♠❛
r❡❧❛çã♦ ❡ ❧✐✈r❡ ❞❡ t♦rçã♦✱ ❡♥tã♦ Rab

∼= ZG✱ ✉♠ G✲♠ó❞✉❧♦ ❧✐✈r❡✳

P♦r ✐ss♦✱ s❡ G é ✉♠ ❣r✉♣♦ ❧✐✈r❡✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ Z ❝♦♠♦ G✲♠ó❞✉❧♦
tr✐✈✐❛❧

0 −→
⊕

x∈X

ZG −→ ZG −→ Z −→ 0.

P♦rt❛♥t♦✱ cd(G) = 1✳ ❙❡ G é ♦ ❣r✉♣♦ tr✐✈✐❛❧✱ ❡♥tã♦

0 −→ Z
idZ−→ Z −→ 0

é ✉♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ Z✳ ▲♦❣♦✱ cd(0) = 0✳

❖❜s❡r✈❛çã♦ ✺✳✷✳✶✳ ●r✉♣♦s ❧✐✈r❡s ❛❜❡❧✐❛♥♦s ❞❡ ♣♦st♦ n sã♦ ✐s♦♠♦r❢♦s ❛ Zn✱ ❝✉❥❛ ❞✐♠❡♥sã♦
❝♦❤♦♠♦❧ó❣✐❝❛ é n ✭❬✶✵❪✱ ❊①❡♠♣❧♦ ✺✱ ♣á❣✳ ✶✽✺✮✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✷✳ ✐✮ ❙❡ H é s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦ cd(H) ≤ cd(G)❀

✾✶



✺✳✷✳ ❉✐♠❡♥sã♦ ❈♦❤♦♠♦❧ó❣✐❝❛

✐✐✮ s❡ 1 −→ G′ −→ G −→ G′′ −→ 1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ ❣r✉♣♦s✱ ❡♥tã♦ cd(G) ≤
cd(G′) + cd(G′′)❀

✐✐✐✮ s❡ G = G1 ∗G0 G2✱ ❡♥tã♦ cd(G) ≤ max {cd(G1), cd(G2), 1 + cd(G0)}✳

❈♦r♦❧ár✐♦ ✺✳✷✳✶✳ ❙❡ cd(G) <∞✱ ❡♥tã♦ G é ❧✐✈r❡ ❞❡ t♦rçã♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ G é ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ G ❝♦♥té♠ ✉♠ s✉❜❣r✉♣♦ ✜♥✐t♦ ❝í❝❧✐❝♦ ♥ã♦✲tr✐✈✐❛❧✳
❉❛í✱ cd(G) = ∞✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✸✳ ❙❡❥❛ G ✉♠❛ ❡①t❡♥sã♦ HNN ❞❡ ❣r✉♣♦ ❜❛s❡ G0✱ ❧❡tr❛ ❡stá✈❡❧ t ❡ s✉❜❣r✉♣♦s
❛ss♦❝✐❛❞♦s A,B✳ ❊♥tã♦✱ cd(G0) ≤ cd(G) ≤ cd(G0) + 1✳

❆ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦ s❡rá ✉s❛❞❛ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛✳

❖❜s❡r✈❛çã♦ ✺✳✷✳✷✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❊♥tã♦✱ ZX é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝♦♠
❜❛s❡ X✳ ❙✉♣♦♥❤❛ q✉❡ G ❛❣❡ ❡♠ X✳ ❊♥tã♦✱ X é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ G✲ór❜✐t❛s ❞❡ X✳ ▲♦❣♦✱

ZX = Z[
⋃̇

i∈I

Gxi] =
⊕

i∈I

Z[Gxi] ∼=
⊕

i∈I

Z[G/Gxi ],

❡♠ q✉❡ Gxi é ♦ s✉❜❣r✉♣♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ xi ❡♠ X ❡ |I| é ♦ ♥ú♠❡r♦ ❞❡ ór❜✐t❛s ❞✐s❥✉♥t❛s✳
❖ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ Gxi ❡ G/Gxi s❡ ❞á ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ gxi ↔ gGxi✳

❚❡♦r❡♠❛ ✺✳✷✳✺✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❝✉❥♦ ❣r❛❢♦ é ✜♥✐t♦✳

✐✮ ❙❡ ♦s ❣r✉♣♦s ❞❡ ❛r❡st❛s ❡ ✈ért✐❝❡s sã♦ ❞❡ t✐♣♦ FP∞✱ ❡♥tã♦ G é ❞❡ t✐♣♦ FP∞✳

✐✐✮ ❙❡ ❛ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ ❞❡ ❝❛❞❛ ❣r✉♣♦ ❞❡ ❛r❡st❛ ❡ ✈ért✐❝❡ é ✜♥✐t❛✱ ❡♥tã♦ cd(G) <∞✳

❉❡♠♦♥str❛çã♦✳ ✐✮ ❏á ✈✐♠♦s q✉❡ G ❛❣❡ s♦❜r❡ ❛ ár✈♦r❡ ❞❡ ❇❛ss✲❙❡rr❡ T ✳ ❉❛í✱ V (T ) é ❛
✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ G✲ór❜✐t❛s ❞❡ ❛❧❣✉♥s ✈ért✐❝❡s ❞❡ T ✳ ▲♦❣♦✱ ZV (T ) ∼=

⊕
Z[G/Gv] ❝♦♠♦

ZG✲♠ó❞✉❧♦s✱ ❡♠ q✉❡ ❛ s♦♠❛ ❞✐r❡t❛ é s♦❜r❡ ❡ss❡s ✈ért✐❝❡s✳
❈♦♠♦ Gv é ❞❡ t✐♣♦ FP∞✱ ♣❡❧♦ ❧❡♠❛ ✺✳✶✳✶ ❛♥t❡r✐♦r✱ ✈❡♠♦s q✉❡ ZV (T ) é ZG✲♠ó❞✉❧♦ ❞❡
t✐♣♦ FP∞✳
❙❡❥❛ E ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ T t❛❧ q✉❡ GE = E✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ZE é ✉♠ ZG✲♠ó❞✉❧♦ ❞❡
t✐♣♦ FP∞✳
❱❛♠♦s ❞❡♥♦t❛r V (T ) ♣♦r V ✳ ❙❡❥❛♠ ǫ : ZV −→ Z ❡ δ : ZE −→ ZV ❤♦♠♦♠♦r✜s♠♦s ❞❡
ZG✲♠ó❞✉❧♦s✱ Z ✉♠ ZG✲♠ó❞✉❧♦ tr✐✈✐❛❧✱ ❞❛❞♦s ♣♦r✿ ǫ(zv) = z ❡ δ(ze) = z(τ(e) − σ(e))✳
P❡❧♦ ❧❡♠❛ ✷✳✶✳✹✱ δ é ✐♥❥❡t✐✈❛✱ ♣♦✐s T é ár✈♦r❡✱ ❡✱ ❝♦♠♦ T é ❝♦♥❡①♦✱ Imδ = kerǫ✳

❊♥tã♦✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s 0 −→ ZE
δ

−→ ZV
ǫ

−→ Z −→ 0✳ ❙❡♥❞♦
ZE ❡ ZV ❞❡ t✐♣♦ FP∞✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✺✳✶✳✸ t❡♠♦s q✉❡ Z é ✉♠ G✲♠ó❞✉❧♦ ❞❡ t✐♣♦ FP∞✳
▲♦❣♦✱ G é ❞❡ t✐♣♦ FP∞✳

✐✐✮ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❡ ZG✲♠ó❞✉❧♦s 0 −→ ZE
δ

−→ ZV
ǫ

−→ Z −→ 0✳ P♦r
▼❛②❡r✲❱✐❡t♦r✐s ♣❛r❛ ✉♠ ❣r✉♣♦ ● ❛❣✐♥❞♦ s♦❜r❡ ✉♠❛ ár✈♦r❡ ✭❬✶✵❪✱ ❊①❡♠♣❧♦s ✾✳✶✱ ✾✳✷✱ ♣á❣✳
✶✼✽✮✱ ❡①✐st❡ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛

. . . −→ Hn(G,A) −→
⊕

Hn(Gv, A) −→
⊕

Hn(Ge, A) −→ Hn+1(G,A) −→ . . .

✾✷



❈❛♣ít✉❧♦ ✺✳ ●r✉♣♦s ❞❡ t✐♣♦ FPn

♣❛r❛ ❝❛❞❛ G✲♠ó❞✉❧♦ A✳ ❉❛í✱ s❡ max {cd(Ge)} = r ❡ max {cd(Gv)} = s✱ ❡♥tã♦✱ s❡
i > max {r, s}✱ t❡♠♦s q✉❡ H i(Gv, A) = H i(Ge, A) = 0, ∀e, v✳ ▲♦❣♦✱ H i+1(G,A) =
0, ∀i > max {r, s}✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❧❡♠❛ ✺✳✷✳✶✱ t❡♠♦s q✉❡ cd(G) ≤ max {r, s}+ 1 <∞✳

✾✸



✺✳✷✳ ❉✐♠❡♥sã♦ ❈♦❤♦♠♦❧ó❣✐❝❛

✾✹



❈❛♣ít✉❧♦ ✻

●r✉♣♦s ▲✐♠✐t❡s

✻✳✶ ❉❡✜♥✐çõ❡s ❡ ❈♦♥❝❡✐t♦s Pr✐♥❝✐♣❛✐s

❆ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ ❧✐♠✐t❡ ❞❛❞❛ ♣♦r ❙❡❧❛ ✭❬✷✵❪✱ ❙❡çã♦ ✶✱ ♣á❣✳ ✸✸✮ é ❢❡✐t❛ ❞❡ ❢♦r♠❛
❣❡♦♠étr✐❝❛ ✉s❛♥❞♦ ✉♠❛ ❝♦♥str✉çã♦ ❧✐♠✐t❡ q✉❡ ♥ã♦ s❡rá ❛❜♦r❞❛❞❛ ❛q✉✐✳ P♦ré♠✱ ❝♦♠❡♥t❛r❡♠♦s
♦✉tr❛s ❢♦r♠❛s ❞❡ s❡ tr❛t❛r ❣r✉♣♦s ❧✐♠✐t❡s✿ ❝♦♠♦ ❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ω✲r❡s✐❞✉❛❧♠❡♥t❡
❧✐✈r❡s ❡ ❝♦♠♦ s✉❜❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❞❡ t♦rr❡s ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡s✳ ❆❧é♠ ❞✐ss♦✱
❞❡s❝r❡✈❡r❡♠♦s ❣r✉♣♦ ❧✐♠✐t❡ ❝♦♠♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❝❡rt♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s✳

❉❡✜♥✐çã♦ ✻✳✶✳✶ ✭❬✷✵❪✱ ❉❡✜♥✐çã♦ ✹✳✺✱ ♣á❣✳ ✻✵✮✳ ❯♠ ❣r✉♣♦ G é ❞✐t♦ ❝♦♠♣❧❡t❛♠❡♥t❡ r❡✲
s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ ✭♦✉ ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡✮ s❡✱ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ X =
{g1, . . . , gn} ⊂ G ❝♦♠ 1 /∈ X✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s φ : G −→ F ✱ ❡♠ q✉❡
F é ❣r✉♣♦ ❧✐✈r❡✱ t❛❧ q✉❡ φ(gi) 6= 1, i = 1, . . . , n✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦
✜♥✐t♦ X ⊂ G✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s φ : G −→ F ✱ ❡♠ q✉❡ F é ❣r✉♣♦ ❧✐✈r❡✱ t❛❧
q✉❡ φ|X é ✐♥❥❡t✐✈♦✳

❚❡♦r❡♠❛ ✻✳✶✳✶ ✭❬✷✵❪✱ ❚❡♦r❡♠❛ ✹✳✻✱ ♣á❣✳ ✻✵✮✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✱
G é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G é ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳

❉❡✜♥✐çã♦ ✻✳✶✳✷✳ ❯♠ ❣r✉♣♦ G s❛t✐s❢❛③ ✈✐rt✉❛❧♠❡♥t❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ s❡ ❡①✐st❡ ✉♠ s✉❜✲
❣r✉♣♦ H ❞❡ G ❝♦♠ í♥❞✐❝❡ ✜♥✐t♦ q✉❡ s❛t✐s❢❛③ t❛❧ ♣r♦♣r✐❡❞❛❞❡✳ P♦rt❛♥t♦✱ G é ✉♠ ❣r✉♣♦ ✈✐r✲
t✉❛❧♠❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦ s❡ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦ H ❞❡ G ❝♦♠ í♥❞✐❝❡ ✜♥✐t♦ q✉❡ é ❧✐✈r❡ ❞❡
t♦rçã♦✳ P❡❧♦ t❡♦r❡♠❛ ✺✳✷✳✶ ❞❡ ❙❡rr❡ t❡♠♦s q✉❡ t♦❞♦ s✉❜❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❞❡ G ❝♦♠ í♥❞✐❝❡
✜♥✐t♦ t❡♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛
✈✐rt✉❛❧ ❞❡ ●✱ ❞❡♥♦t❛❞❛ ♣♦r ✈❝❞✭●✮✱ ❝♦♠♦ ❝❞✭❍✮✳

❉❡✜♥✐çã♦ ✻✳✶✳✸✳ ❯♠ ❣r✉♣♦ G é ❞❡ t✐♣♦ ❤♦♠♦❧ó❣✐❝♦ ✜♥✐t♦ s❡✿

✐✮ vcd(G) <∞❀

✐✐✮ ♣❛r❛ t♦❞♦ G✲♠ó❞✉❧♦ A ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ t❡♠♦s q✉❡ Hi(G,A) é
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ t♦❞♦ i✳

❚❡♦r❡♠❛ ✻✳✶✳✷ ✭❙❡rr❡✮✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ H é ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✜♥✐t♦✱
❡♥tã♦ cd(H) = cd(G)✳

✾✺



✻✳✶✳ ❉❡✜♥✐çõ❡s ❡ ❈♦♥❝❡✐t♦s Pr✐♥❝✐♣❛✐s

❉❡♠♦♥str❛çã♦✳ ❬✶✵❪✱ ❚❡♦r❡♠❛ ✸✳✶✱ ♣á❣✳ ✶✾✵✳

❉❡✜♥✐çã♦ ✻✳✶✳✹✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❞❡ t✐♣♦ ❤♦♠♦❧ó❣✐❝♦ ✜♥✐t♦ ❡ ❧✐✈r❡ ❞❡ t♦rçã♦✳ ❆ ❝❛r❛❝t❡✲
ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ●✱ ❞❡♥♦t❛❞❛ ♣♦r χ(G)✱ é ❞❛❞❛ ♣♦r

χ(G) =
∑
i

(−1)idimQ(Q⊗Z Hi(G,Z))✳

❉❡✜♥✐çã♦ ✻✳✶✳✺✳ ❯♠❛ t♦rr❡ ω✲r❡s✐❞✉❧❛♠❡♥t❡ ❧✐✈r❡ é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❝♦♠✲
♣❧❡①♦ Xn✱ ♣❛r❛ ❛❧❣✉♠ n > 0✱ ❝♦♥str✉í❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• X0 é ✉♠❛ ✉♥✐ã♦✱ ♣♦r ✉♠ ♣♦♥t♦✱ ❞❡ ❣r❛❢♦s✱ t♦r♦s m✲❞✐♠❡♥s✐♦♥❛✐s (S1)m✱ ❡ s✉♣❡r❢í❝✐❡s
❤✐♣❡r❜ó❧✐❝❛s ❢❡❝❤❛❞❛s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♠❡♥♦r q✉❡ ✲✶✳

• Xk+1 é ❝♦♥str✉í❞♦ ❛❝r❡s❝❡♥t❛♥❞♦ ❛ Xk ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❡str✉t✉r❛s✿

✐✮ ❯♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ Σ ❝♦♠♣❛❝t❛ ❝♦♠ ❢r♦♥t❡✐r❛ ❝♦❧❛❞❛ ❛tr❛✈és ❞❛ ❢r♦♥t❡✐r❛✱
χ(Σ) ≤ −2✱ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❡①✐st❛ ✉♠❛ r❡tr❛çã♦ ρ : Xk+1 −→ Xk t❛❧ q✉❡
ρ∗(π1(Σ)) ♥ã♦ é ❛❜❡❧✐❛♥♦✳

✐✐✮ ❯♠ t♦r♦ ❞❡ q✉❛❧q✉❡r ❞✐♠❡♥sã♦✱ Tm = (S1)
m✱ ❝♦❧❛❞♦ ❛tr❛✈és ❞❡ ✉♠❛ ❝✉r✈❛ ❝♦♦r❞❡✲

♥❛❞❛✱ ✐st♦ é✱ S1×{1}× . . .×{1}✱ ♣♦r ❡①❡♠♣❧♦✳ ❆ ✐♠❛❣❡♠ ❞❡ss❛ ❝✉r✈❛ ❝♦♦r❞❡♥❛❞❛
❡♠ Xk ❞❡✈❡ ❣❡r❛r ✉♠ s✉❜❣r✉♣♦ ❛❜❡❧✐❛♥♦ ♠❛①✐♠❛❧ ❞❡ π1(Xk)✳

❖ ✈❛❧♦r n é ❝❤❛♠❛❞♦ ❞❡ ❛❧t✉r❛ ❞❛ t♦rr❡ ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡✳

❊♠ ❬✷✵❪✱ ❙❡çã♦ ✻✱ ♣á❣✳ ✼✹✱ s✉❜❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❞❡ t♦rr❡s ω✲r❡s✐❞✉❛❧♠❡♥t❡
❧✐✈r❡s sã♦ ❞❛❞♦s ❝♦♠♦ ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s✳ ❏á ♥♦ ❛rt✐❣♦ ❬✷✶❪✱ ❙❡❧❛ ❞❡s❝r❡✈❡ ❣r✉♣♦
❧✐♠✐t❡ ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ ✉♠❛ t♦rr❡ ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ ✭✶✳✶✶✱ ✶✳✶✷✱
♣á❣✳✷✵✶✮✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s tr❛t❛r ❣r✉♣♦s ❧✐♠✐t❡s ❝♦♠♦ ♦s s✉❜❣r✉♣♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s
❞❡ t♦rr❡s ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡s✳ ❊ss❛ ❞❡s❝r✐çã♦ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s s❡rá ✉s❛❞❛ ♣❛r❛ ♣r♦✈❛r ❛
Pr♦♣r✐❡❞❛❞❡ ✷ ❞❡ ❣r✉♣♦s ❧✐♠✐t❡s ♠❛✐s ❛❞✐❛♥t❡ ♥❛ ❙❡çã♦ ✻✳✷✳

❉❡✜♥✐çã♦ ✻✳✶✳✻✳ ❆ ❛❧t✉r❛ ❞❡ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ G✱ ❞❡♥♦t❛❞❛ ♣♦r ❤✭●✮✱ é ❛ ❛❧t✉r❛ ♠í♥✐♠❛
❞❡ ✉♠❛ t♦rr❡ ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ q✉❡ ♣♦ss✉✐ ✉♠ s✉❜❣r✉♣♦ ✐s♦♠♦r❢♦ ❛ G✳

●r✉♣♦s ❧✐♠✐t❡s ❞❡ ❛❧t✉r❛ ✵ sã♦ ♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❞❡ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s ❧✐✈r❡s
❛❜❡❧✐❛♥♦s ❞❡ ♣♦st♦ ✜♥✐t♦ ❡ ❣r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
✲✷✳

❖❜s❡r✈❛çã♦ ✻✳✶✳✶✳ • ❖ ♣♦st♦ ❞❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ é ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ♠❛✐♦r ❝♦♥✲
❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ Z ❞♦ ❣r✉♣♦✳

• ●r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡ sã♦ ♦s ❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ s✉♣❡r❢í❝✐❡s ♦r✐❡♥tá✈❡✐s ❡ ♥ã♦✲
♦r✐❡♥tá✈❡✐s✳ ❆s s✉♣❡r❢í❝✐❡s ♦r✐❡♥tá✈❡✐s ♣♦ss✉❡♠ ❛♣r❡s❡♥t❛çã♦

〈x1, x2, . . . , x2d| [x1, x2] [x3, x4] . . . [x2d−1, x2d]〉

❡ ❛s ♥ã♦ ♦r✐❡♥tá✈❡✐s 〈
x1, x2, . . . , xd| x

2
1x

2
2 . . . x

2
d

〉
.

✾✻



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

❖s ❞♦✐s ❧❡♠❛s ❛ s❡❣✉✐r ❞❡ ❬✼❪✱ ♣á❣✳ ✸✱ ❞❡s❝r❡✈❡♠ ❣r✉♣♦s ❧✐♠✐t❡s ❞❡ ❛❧t✉r❛ ♠❛✐♦r q✉❡ ✵✳

▲❡♠❛ ✻✳✶✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❞❡ ❛❧t✉r❛ h(G) ≥ 1✳ ❊♥tã♦✱ G é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧
❞❡ ✉♠ ❣r❛❢♦ ✜♥✐t♦ ❜✐♣❛rt✐❞♦ ❞❡ ❣r✉♣♦s✱ ♦✉ s❡❥❛✱ ♦s ✈ért✐❝❡s ❞♦ ❣r❛❢♦ ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞♦s ❡♠
❞♦✐s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s t❛✐s q✉❡ ❝❛❞❛ ❛r❡st❛ ❝♦♥❡❝t❛ ✉♠ ✈ért✐❝❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛ ✉♠ ✈ért✐❝❡
❞♦ ♦✉tr♦✳ ❖s ❣r✉♣♦s ❞❡ ❛r❡st❛s sã♦ ❝í❝❧✐❝♦s ✐♥✜♥✐t♦s ♦✉ tr✐✈✐❛✐s ❡ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡s sã♦ ❞❡
❞♦✐s t✐♣♦s✱ ❝❛❞❛ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❛ ❜✐♣❛rt✐çã♦✿ ✭✐✮ ✐s♦♠♦r❢♦s ❛ ✉♠ s✉❜❣r✉♣♦
❞❡ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❞❡ ❛❧t✉r❛ h− 1 ❡ ✭✐✐✮ ❧✐✈r❡s ♦✉ ❧✐✈r❡s ❛❜❡❧✐❛♥♦s✱ ❞❡ ♣♦st♦ ✜♥✐t♦✳

▲❡♠❛ ✻✳✶✳✷✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦ ❝♦♠♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❞❡
❞♦✐s s✉❜❣r✉♣♦s ♥ã♦✲tr✐✈✐❛✐s✳ ❙❡ G t❡♠ ❛❧t✉r❛ h(G) ≥ 1✱ ❡♥tã♦ G é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡
✉♠ ❣r❛❢♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s ❝♦♠ ♦s ❣r✉♣♦s ❞❡ ❛r❡st❛ ❝í❝❧✐❝♦s ✐♥✜♥✐t♦s ❡ ❝♦♠ ✉♠ ❣r✉♣♦ ❞❡ ✈ért✐❝❡
q✉❡ é ❣r✉♣♦ ❧✐♠✐t❡ ❡ ♥ã♦✲❛❜❡❧✐❛♥♦ ❞❡ ❛❧t✉r❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ h(G)− 1✳

✻✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ▲✐♠✐t❡s

❚❡♦r❡♠❛ ✻✳✷✳✶✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ∆ ❝✉❥♦ ❣r❛❢♦ Γ é ✜♥✐t♦✱
❝❛❞❛ ❣r✉♣♦ ❞❡ ✈ért✐❝❡ Gv é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧ ❡ ❝❛❞❛ ❣r✉♣♦ ❞❡ ❛r❡st❛ Ge é ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦✳ ❊♥tã♦✱ G é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡

G = π(∆) =

(F(E(Γ)) ∗ ( ∗
v∈V (Γ)

Gv))/M

N
,

❡♠ q✉❡ N é ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❡♠ F(E(Γ)) ∗ ( ∗
v∈V (Γ)

Gv) ❞♦ ❝♦♥❥✉♥t♦ {e| e ∈ T}✱ ♦♥❞❡ T

é ✉♠❛ ár✈♦r❡ ♠❛①✐♠❛❧ ❞❡ Γ✱ ❡ M é ♦ ❢❡❝❤♦ ♥♦r♠❛❧ ❡♠ F(E(Γ)) ∗ ( ∗
v∈V (Γ)

Gv) ❞♦ ❝♦♥✲

❥✉♥t♦ {e−1σe(a)eτe(a)
−1| e ∈ E(Γ), a ∈ Ge} ∪ {ee| e ∈ E(Γ)}✱ ❡♠ q✉❡ σe : Ge −→ Gσ(e) ❡

τe : Ge −→ Gτ(e) sã♦ ♦s ♠♦♥♦♠♦r✜s♠♦s ❞♦ ❣r❛❢♦ ❞❡ ❣r✉♣♦s✳ P♦rt❛♥t♦✱ s❡♥❞♦ 〈Xv| Rv〉 ❛
❛♣r❡s❡♥t❛çã♦ ❞❡ Gv ♣❛r❛ ❝❛❞❛ v ∈ V (Γ) ❡ Xe ♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❣❡r❛❞♦r ❞❡ Ge ♣❛r❛ ❝❛❞❛
e ∈ E(Γ)✱ t❡♠♦s q✉❡ G t❡♠ ❛♣r❡s❡♥t❛çã♦

〈
E(Γ) ∪

⋃

v∈V (Γ)

Xv|
⋃

v∈V (Γ)

Rv ∪
⋃

e∈E(Γ),a∈Xe

{
e−1σe(a)eτe(a)

−1
}
∪

⋃

e∈E(Γ)

{ee} ∪
⋃

e∈T

{e}

〉
,

❡♠ q✉❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s sã♦ ✜♥✐t♦s✱ ❥á q✉❡ V (Γ)✱ E(Γ)✱ Xv✱ Rv✱ Xe ❡ T sã♦ ✜♥✐t♦s✳

Pr♦♣r✐❡❞❛❞❡ ✻✳✷✳✶✳ ❚♦❞♦ ❣r✉♣♦ ❧✐♠✐t❡ é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳ ❙❡ h(G) = 0✱ ❥á ✈✐♠♦s q✉❡ G é ♦ ♣r♦❞✉t♦ ❧✐✈r❡
❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s ❝♦♠ ❛♣r❡s❡♥t❛çã♦ ✜♥✐t❛✳ ❙❡ h(G) ≥ 1✱ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ❛
❛❧t✉r❛✱ ♣❡❧♦ ▲❡♠❛ ✻✳✶✳✶✱ G é ❞❡❝♦♠♣♦st♦ ❝♦♠♦ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s
❝♦♠ ❣r❛❢♦ ✜♥✐t♦✱ ❝✉❥♦s ❣r✉♣♦s ❞❡ ❛r❡st❛s sã♦ ❝í❝❧✐❝♦s✱ ♦✉ s❡❥❛✱ tê♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ✜♥✐t♦✱
❡ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡s tê♠ ❛♣r❡s❡♥t❛çã♦ ✜♥✐t❛✱ ❥á q✉❡ ♦✉ tê♠ ♣♦st♦ ✜♥✐t♦ ♦✉ sã♦ ❣r✉♣♦s
❧✐♠✐t❡s G′ ❝♦♠ h(G′) < h(G) q✉❡✱ ♣♦r ✐♥❞✉çã♦✱ sã♦ ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡✐s✳ P♦rt❛♥t♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✻✳✷✳✶✱ G é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳

✾✼



✻✳✷✳ Pr♦♣r✐❡❞❛❞❡s ❞❡ ●r✉♣♦s ▲✐♠✐t❡s

Pr♦♣r✐❡❞❛❞❡ ✻✳✷✳✷✳ ❚♦❞♦ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ é ❣r✉♣♦ ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✳ ❯♠ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ é ✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛✲
♠❡♥t❡ ❣❡r❛❞♦ ❞❡ ✉♠❛ t♦rr❡ ω✲r❡s✐❞✉❛❧♠❡♥t❡ ❧✐✈r❡ ❡✱ ♣♦rt❛♥t♦✱ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳

Pr♦♣r✐❡❞❛❞❡ ✻✳✷✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❡ S ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳ ❙❡ dimQH1(S,Q) <∞✱
❡♥tã♦ S é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✼❪✱ ❚❡♦r❡♠❛ ✷✱ ♣á❣✳ ✻✳

❖❜s❡r✈❛çã♦ ✻✳✷✳✶✳ ❙❡ S é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦

H1(S,Q) ∼=
S

[S, S]
⊗Z Q ∼= (Zm ⊕ A)⊗Z Q

= (Zm ⊗Z Q)⊕ (A⊗Z Q)︸ ︷︷ ︸
0

= ⊕m
i=1(Z⊗Z Q) = Qm,

❡♠ q✉❡ A é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ✜♥✐t♦✳

Pr♦♣r✐❡❞❛❞❡ ✻✳✷✳✹✳ ❚♦❞♦ ❣r✉♣♦ ❧✐♠✐t❡ G é ❞❡ t✐♣♦ FP∞ ❡ cd(G) <∞✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ G é
❧✐✈r❡ ❞❡ t♦rçã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ G é ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❞❡ ❛❧t✉r❛ ✵✱ ❡♥tã♦ G é ♦ ♣r♦❞✉t♦ ❧✐✈r❡ ✜♥✐t♦ ❞❡
❣r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡ ❡ ❣r✉♣♦s ❧✐✈r❡s ❛❜❡❧✐❛♥♦s ❞❡ ♣♦st♦ ✜♥✐t♦✳ ❈♦♠♦ ❣r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡ sã♦
❣r✉♣♦s ❝♦♠ ✉♠❛ r❡❧❛çã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ✺✳✷✳✸ s✉❛ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ é ♠❡♥♦r ♦✉ ✐❣✉❛❧
❛ ✷✳ ❏á ✈✐♠♦s ♥❛ ♦❜s❡r✈❛çã♦ ✺✳✷✳✶ q✉❡ ❣r✉♣♦s ❧✐✈r❡s ❛❜❡❧✐❛♥♦s ❞❡ ♣♦st♦ ✜♥✐t♦ tê♠ ❞✐♠❡♥sã♦
❝♦❤♦♠♦❧ó❣✐❝❛ ✜♥✐t❛✳ P❡❧♦ ✐t❡♠ ✭✐✐✐✮ ❞❛ ♣r♦♣♦s✐çã♦ ✺✳✷✳✷✱ cd(G) <∞✳
❙❡ ❛ ❛❧t✉r❛ ❞❡ G é ♠❛✐♦r q✉❡ ✵✱ ❡♥tã♦ G é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❡♠
q✉❡ ♦ ❣r❛❢♦ é ✜♥✐t♦ ❡ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡s sã♦ ❧✐✈r❡s ♦✉ ❧✐✈r❡s ❛❜❡❧✐❛♥♦s✱ ❞❡ ♣♦st♦ ✜♥✐t♦✱
♦✉ ❣r✉♣♦s ❧✐♠✐t❡s ❞❡ ❛❧t✉r❛ ♠❡♥♦r q✉❡ G ❝✉❥❛ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ é ✜♥✐t❛ ♣♦r ✐♥❞✉çã♦✱
❡♥q✉❛♥t♦ ♦s ❣r✉♣♦s ❞❡ ❛r❡st❛s sã♦ ❝í❝❧✐❝♦s ✐♥✜♥✐t♦s ♦✉ tr✐✈✐❛s✳ ●r✉♣♦s ❧✐✈r❡s ♥ã♦✲tr✐✈✐❛✐s tê♠
❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ ✐❣✉❛❧ ❛ ✶✱ ❡♥q✉❛♥t♦ ❣r✉♣♦s ♥ã♦✲tr✐✈✐❛✐s ❧✐✈r❡s ❛❜❡❧✐❛♥♦s tê♠ ❞✐♠❡♥sã♦
❝♦❤♦♠♦❧ó❣✐❝❛ ✐❣✉❛❧ ❛ ✷✳ ●r✉♣♦s tr✐✈✐❛s tê♠ ❞✐♠❡♥sã♦ ❝♦❤♦♠♦❧ó❣✐❝❛ ✵✳
❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❞❛ ♣r♦♣♦s✐çã♦ ✺✳✷✳✶ ❡ ♣❡❧♦ t❡♦r❡♠❛ ✺✳✷✳✹✱ ✈❡♠♦s q✉❡ ♦s
❣r✉♣♦s H ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❝♦♠ ✉♠❛ r❡❧❛çã♦ sã♦ FP∞✱ ❥á q✉❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡
❞❡ H✲♠ó❞✉❧♦s

. . . −→ 0 −→ 0 −→ ZH −→
⊕

x∈X

ZH −→ ZH −→ Z −→ 0,

❡♠ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ t❛❧ q✉❡ H ∼= F(X)/R✳
❙❡ H é ❣r✉♣♦ ❧✐✈r❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ H✲♠ó❞✉❧♦s

. . . −→ 0 −→ 0 −→
⊕

x∈X

ZH −→ ZH −→ Z −→ 0.

P♦rt❛♥t♦✱ H t❛♠❜é♠ é FP∞✳
❆ss✐♠✱ ♣♦r ✐♥❞✉çã♦ ♥❛ ❛❧t✉r❛ ❞❡ G ❡ ♣❡❧♦ t❡♦r❡♠❛ ✺✳✷✳✺ ❛♥t❡r✐♦r✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦ q✉❡
q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

✾✽



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

✻✳✸ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

❖ r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡st❛ s❡çã♦ ❜❛s❡✐❛♠✲s❡ ♥♦s ❛rt✐❣♦s ❬✾❪ ❡ ❬✶✼❪✳

❆♥t❡s✱ ❢❛ç❛♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✿

✶✮ ❙❡❥❛ S ✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G1 × . . . × Gn✱ ❝❛❞❛ Gi ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳
❈♦♥s✐❞❡r❡ pi : S −→ Gi ❛ ♣r♦❥❡çã♦ ❞❡ ❝❛♥ô♥✐❝❛✳ ❊♥tã♦✱ S é s✉❜❣r✉♣♦ ❞❡ p1(S)× . . .× pn(S)✳
❈❛❞❛ pi(S) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ▲♦❣♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✻✳✷✳✷✱ ❝❛❞❛ pi(S) é ✉♠ ❣r✉♣♦ ❧✐♠✐t❡✳

✷✮ ❙❡ S∩Gi = 1✱ ❡♥tã♦ ♦ ❤♦♠♦♠♦r✜s♠♦ ϕi : S ⊆ G1× . . .×Gn −→ G1× . . . Gi−1×Gi+1×
. . . Gn ❞❛❞♦ ♣♦r ϕi(s1, . . . , sn) = (s1, . . . , si−1, si+1, . . . , sn) é ✐♥❥❡t✐✈♦✳ ▲♦❣♦✱ S ∼= ϕi(S)✱ q✉❡
é s✉❜❣r✉♣♦ ❞❡ G1 × . . . Gi−1 ×Gi+1 × . . . Gn✳

❉✐③❡♠♦s q✉❡ S é ✉♠ ♣r♦❞✉t♦ s✉❜❞✐r❡t♦ ❞❡ G1 × . . .×Gn s❡ pi(S) = Gi, ∀i = 1, . . . , n✳

✸✮ ❙❡❥❛ Li = S∩Gi 6= 1✳ ❊♥tã♦ Li⊳Gi✳ ❆♥t❡s ❞❡ ❞❡♠♦♥str❛r♠♦s ✐ss♦✱ ♣r❡❝✐s❛♠♦s ♦❜s❡r✈❛r
q✉❡✱ ♥❛ ✈❡r❞❛❞❡✱ Li = S ∩ {1} × . . .× {1} ×Gi × {1} × . . .× {1}✳ P♦rt❛♥t♦✱ ✈❛♠♦s ♠♦str❛r
q✉❡ Li ⊳ {1} × . . . × {1} × Gi × {1} × . . . × {1}✳ ❉❡ ❢❛t♦✱ s❡❥❛ (1, . . . , 1, li, 1, . . . , 1) ∈ Li✳
❈♦♠♦ pi(S) = Gi✱ t❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ {1} × . . . × {1} × Gi × {1} × . . . × {1}
é ❞❛ ❢♦r♠❛ (1, . . . , 1, si, 1, . . . , 1)✱ ❡♠ q✉❡ si = pi(s1, . . . , si, . . . , sn)✳ P♦rt❛♥t♦✱ ✈❡♠♦s q✉❡
(1, . . . , 1, si, 1, . . . , 1)(1, . . . , 1, li, 1, . . . , 1)(1, . . . , 1, si, 1, . . . , 1)

−1 = (1, . . . , 1, silis
−1
i , 1, . . . , 1) ∈

Li✳

▲❡♠❛ ✻✳✸✳✶✳ ✭❬✽❪✱ ❚❡♦r❡♠❛ ✸✳✶✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❡ L ✉♠ s✉❜❣r✉♣♦ ♥♦r♠❛❧ ♥ã♦✲tr✐✈✐❛❧
❞❡ G✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ s✉❜❣r✉♣♦ U ❞❡ G ❞❡ í♥❞✐❝❡ ✜♥✐t♦ t❛❧ q✉❡ U é ✉♠❛ ❡①t❡♥sã♦ HNN
❞❡ ❣r✉♣♦ ❜❛s❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ❝♦♠ s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s ❝í❝❧✐❝♦s ❡ ❧❡tr❛ ❡stá✈❡❧ t ∈ L✳

✹✮ ◆♦ ❝❛s♦ ❞♦ ❧❡♠❛ ❛❝✐♠❛✱ ✈❡♠♦s q✉❡ U é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ P♦rt❛♥t♦✱ ❯ é ❣r✉♣♦ ❧✐✲
♠✐t❡✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡①t❡♥sõ❡s ❍◆◆ Ui ♣❛r❛ ❝❛❞❛ Gi ❞❡✜♥✐❞❛s ♣❡❧♦ ❧❡♠❛
❛❝✐♠❛✳ ❚❡♠♦s q✉❡ U1 × . . . × Un é s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✜♥✐t♦ ❞❡ G1 × . . . × Gn✳ ❆✐♥❞❛✱
|S : S ∩ (U1 × . . .× Un)| ≤ |G1 × . . .×Gn : U1 × . . .× Un|✳

❆s ❝♦♥s✐❞❡r❛çõ❡s ✶✱ ✷ ❡ ✹ sã♦ ❝❛s♦s ❞❡ r❡❞✉çã♦ q✉❡ s❡rã♦ ❛♣❧✐❝❛❞♦s ♥❛s ❞❡♠♦♥str❛çõ❡s ❞❡
❛❧❣✉♥s ❞♦s r❡s✉❧t❛❞♦s ❞♦ ❝❛♣ít✉❧♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛❧❣✉♠❛s ❞❡♥♦t❛çõ❡s✳ ❱❛♠♦s ❞❡♥♦t❛r Ki = kerpi ❡
Ni,j = pj(Ki)✳ ❱❡♠♦s q✉❡✱ s❡ ❝❛❞❛ pj é s♦❜r❡❥❡t♦r❛✱ ❡♥tã♦ Ni,j ⊳ Gj✿ ❞❡ ❢❛t♦✱ s❡❥❛ g ∈ Gj

❡ h ∈ Ni,j✳ ❊♥tã♦✱ g = pj(m), m ∈ S ❡ h = pj(k), k ∈ Ki✳ ❚❡♠♦s q✉❡ pi(mkm−1) =
pi(m)pi(m)−1 = 1 ⇒ mkm−1 ∈ Ki✳ ▲♦❣♦✱ pj(m)pj(k)pj(m)−1 = pj(mkm

−1) ∈ Ni,j✳

▲❡♠❛ ✻✳✸✳✷✳

[N1,j, N2,j, . . . , Nj−1,j, Nj+1,j, . . . , Nn,j] := [[. . . [[N1,j, N2,j] , N3,j] , . . . , ] , Nn,j] ⊆ Lj.

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s ✉♠ j ❡✱ ♣❛r❛ i 6= j✱ s❡❥❛ ∂i,j ∈ Ni,j✳ ❊♥tã♦✱ ❡①✐st❡ σi ∈ S t❛❧ q✉❡
pi(σi) = 1 ❡ pj(σi) = ∂i,j✳ ❉❡♥♦t❡♠♦s σ = [σ1, . . . , σj−1, σj+1, . . . , σn] ∈ S✳ ❙❡ x, y ∈ S✱ ❡♥tã♦

✾✾



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

pi([x, y]) = [pi(x), pi(y)]✳ P♦rt❛♥t♦✱ é ❢á❝✐❧ ✈❡r q✉❡ pj(σ) = [∂1,j, . . . , ∂j−1,j, ∂j+1,j, . . . , ∂n,j] ∈
Gj✳ ❇❛st❛ ♠♦str❛r q✉❡ pj(σ) ∈ Lj✳ ❙❡ i 6= j✱ ❡♥tã♦ pi(σ) = 1✱ ♣♦✐s pi(σi) = 1✳ ❈♦♠♦ ❛
♣r♦❥❡çã♦ ❞❡ σ ❡♠ q✉❛❧q✉❡r ❝♦♦r❞❡♥❛❞❛ ❞✐❢❡r❡♥t❡ ❞❡ j é ✶✱ t❡♠♦s ❡♥tã♦ q✉❡ σ ∈ S ∩Gj = Lj✳
▲♦❣♦✱ pj(σ) = σ ∈ Lj✳

P❛r❛ ♦ ♣ró①✐♠♦ ❧❡♠❛✱ ❛ss✉♠✐r❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ✭s✉❛ ❞❡♠♦♥str❛çã♦ ❡♥❝♦♥tr❛✲s❡ ❡♠
❬✾❪✱ ❚❡♦r❡♠❛ ✹✳✶✱ ♣á❣✳ ✶✶✮✿

❚❡♦r❡♠❛ ✻✳✸✳✶✳ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ♥ã♦✲❛❜❡❧✐❛♥♦✱ L ✉♠ s✉❜❣r✉♣♦ ♥ã♦✲tr✐✈✐❛❧ ♥♦r♠❛❧
❡♠ G ❡ A ✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G t❛❧ q✉❡ L é s✉❜❣r✉♣♦ ❞❡ A✳ ❊♥tã♦✱ |G : A| <
∞✳

▲❡♠❛ ✻✳✸✳✸✳ ❙❡❥❛♠ G1, . . . , Gn ❣r✉♣♦s ❧✐♠✐t❡s ♥ã♦✲❛❜❡❧✐❛♥♦s✳ ❙✉♣♦♥❤❛ S ✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛✲
♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G1× . . .×Gn t❛❧ q✉❡ H2(S,Q) t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ S s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s✿

• n ≥ 2❀

• ❝❛❞❛ ♣r♦❥❡çã♦ pi : S −→ Gi é s♦❜r❡❥❡t✐✈❛❀

• ❝❛❞❛ ✐♥t❡rs❡çã♦ Li = S ∩Gi é ♥ã♦✲tr✐✈✐❛❧❀

• ❝❛❞❛ Gi é ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ♥ã♦✲❛❜❡❧✐❛♥♦❀

• ❝❛❞❛ Gi é ✉♠❛ ❡①t❡♥sã♦ HNN ❝♦♠ ❣r✉♣♦ ❜❛s❡ B1 ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ s✉❜❣r✉♣♦s
❛ss♦❝✐❛❞♦s ❝í❝❧✐❝♦s Ci ❡ C̃i ❡ ❧❡tr❛ ❡stá✈❡❧ ti ∈ Li✳

❙❡❥❛ Ai,j = pj(p
−1
i (Ci))✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ i, j✱ t❡♠♦s q✉❡

✐✮ |Gj : Ai,j| <∞❀

✐✐✮ Ai,j/Ni,j é ❝í❝❧✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ✐✐✮ ❉❡♥♦t❡♠♦s Ĉi = p−1
i (Ci)✳ ❈♦♥s✐❞❡r❡ ❛ r❡str✐çã♦ pi|Ĉi

: Ĉi −→ Ci✳ ❱❡♠♦s

q✉❡ Ĉi/Ki
∼= Ci ⇒ Ĉi/Ki é ❝í❝❧✐❝♦✳ ❚♦♠❡ ❛❣♦r❛ ♦ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❞❡ Ĉi/Ki ❡♠

Ai,j/Ni,j ❞❛❞♦ ♣♦r cKi 7→ pj(c)Ni,j✳ P♦rt❛♥t♦✱ Ai,j/Ni,j é ❝í❝❧✐❝♦✳

✐✮ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s t♦♠❛r i = 1✳ P♦r ❤✐♣ót❡s❡✱ G1 é ✉♠❛ ❡①t❡♥sã♦
HNN ❡ p1 é s♦❜r❡❥❡t✐✈❛✳ ❊♥tã♦✱ S é ✉♠❛ ❡①t❡♥sã♦ HNN ❝♦♠ ❣r✉♣♦ ❜❛s❡ p−1

1 (B1) = B̂1 ❡
s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s Ĉ1 = p−1

1 (C1) ❡ p
−1
1 (C̃1) ❡ ❧❡tr❛ ❡stá✈❡❧ t̂1 ∈ p−1

1 (t1)✳ ❈♦♠♦ t1 ∈ L1 ⊂ G1✱
♣♦❞❡♠♦s t♦♠❛r t̂1 = (t1, 1, . . . , 1) ∈ S ⊆ G1× . . .×Gn✳ ❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ C1 s✉❜❣r✉♣♦ ❝í❝❧✐❝♦
❞❡ G1✱ C1 é ❧✐✈r❡ ❞❡ t♦rçã♦ ❡✱ ♣♦rt❛♥t♦✱ é ✐s♦♠♦r❢♦ ❛♦ ❣r✉♣♦ tr✐✈✐❛❧ ♦✉ ❛ Z✳ ❆ss✐♠✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ✉♠ ❤♦♠♦♠♦r✜s♠♦ α : C1 −→ Ĉ1 t❛❧ q✉❡ p1 ◦ α = idC1 ✳ ❉❛í✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐♥❝❧✉sã♦
❞❡ K1 ❡♠ Ĉ1✱ t❡♠♦s q✉❡ Ĉ1 = K1 ⋊ α(C1)✳ ❙❡ c1 é ❣❡r❛❞♦r ❞❡ C1✱ ❡♥tã♦ α(c1) = ĉ1 ❡
α(C1) = 〈ĉ1〉✳
❈♦♠♦ S é ✉♠❛ ❡①t❡♥sã♦HNN ❝♦♠ ❣r✉♣♦ ❜❛s❡ B̂1 ❡ s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s Ĉ1 ❡ p

−1
1 (C̃1)✱ t❡♠♦s

q✉❡ S é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❝✉❥♦ ❣r❛❢♦ Γ é ❝♦♠♣♦st♦ ♣♦r ✉♠ ✈ért✐❝❡
❡ ✉♠❛ ❛r❡st❛ e t❛✐s q✉❡ ♦ ❣r✉♣♦ ❞❡ ✈ért✐❝❡ é ♦ ❣r✉♣♦ ❜❛s❡ ❞❡ S ❡ Ĉ1 é ♦ ❣r✉♣♦ ❞❡ ❛r❡st❛✳ P❡❧❛

✶✵✵



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

t❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡✱ S ❛❣❡ s♦❜r❡ ✉♠❛ ár✈♦r❡ Γ̃ t❛❧ q✉❡ S/Γ̃ = Γ✳ ❆ss✐♠✱ E(Γ̃) é ♦ ❝♦♥❥✉♥t♦
❞❛s S✲ór❜✐t❛s S[1, e] ❡ S[1, e]✱ ❞❛ ❙❡❣✉♥❞❛ ❈♦♥str✉çã♦ q✉❡ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦
✸✳ ❖ ❣r✉♣♦ ❞❡ ❡st❛❜✐❧✐③❛❞♦r❡s Se = {s ∈ S| s[1, e] = [1, e]} = Ĉ1✳ ▲♦❣♦✱ ZS[1, e] ∼= Z[S/Ĉ1]✳
❆♥❛❧♦❣❛♠❡♥t❡✱ ZV (Γ̃) ∼= Z[S/B̂1]✳ ❚❡♠♦s✱ ❡♥tã♦✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ S✲♠ó❞✉❧♦s

0 −→ Z[S/Ĉ1]
θ

−→ Z[S/B̂1] −→ Z −→ 0

❡♠ q✉❡ θ(sĈ1) = st̂1B̂1− sB̂1✳ ❙❡♥❞♦ ∗⊗ZQ ✉♠ ❢✉♥t♦r ❡①❛t♦✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛ ❞❡ S✲♠ó❞✉❧♦s

0 −→ Q[S/Ĉ1]
θ

−→ Q[S/B̂1] −→ Q −→ 0

q✉❡✱ ❛♣❧✐❝❛♥❞♦ TorZSi (Z, ∗)✱ ♥♦s ❞á ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ ❡♠ ❤♦♠♦❧♦❣✐❛

. . . −→ Hi+1(S,Q) −→ Hi(S,Q[S/Ĉ1]) −→ Hi(S,Q[S/B̂1]) −→

−→ Hi(S,Q) −→ Hi−1(S,Q[S/Ĉ1]) −→ . . . .

❙❡♥❞♦ Q[S/B̂1] ∼= QS ⊗QB̂1
Q, ✈❡♠♦s q✉❡✱ ♣❡❧♦ ❧❡♠❛ ✸✳✽✳✶ ❞❡ ❙❤❛♣✐r♦✱ Hi(S,Q[S/B̂1]) ∼=

Hi(B̂1,Q)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ Hi(S,Q[S/Ĉ1]) ∼= Hi(Ĉ1,Q)✳ ■ss♦ ♥♦s ❞á ✉♠❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛
❡①❛t❛

. . .→ Hi+1(S,Q) −→ Hi(Ĉ1,Q)
φ

−→ Hi(B̂1,Q) −→ Hi(S,Q) −→ Hi−1(Ĉ1,Q) → . . . , ✭✻✳✶✮

❡♠ q✉❡ φ = i2∗ − i1∗✱ s❡♥❞♦ i1∗ ✐♥❞✉③✐❞♦ ❞❛ ✐♥❝❧✉sã♦ Ĉ1 →֒ B̂1 ❡ i2∗ ✐♥❞✉③✐❞♦ ❞❛ ❝♦♥❥✉❣❛çã♦
c 7→ t̂1

−1
ct̂1, c ∈ Ĉ1 ✭✈❡r ❬✶✵❪✱ ♣á❣✳ ✶✽✵✮✳ ❙❡♥❞♦ S ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ t❡♠♦s q✉❡ H1(S,Q) =

S/[S, S]⊗Z Q t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❚❡♠♦s✿ K1/[K1, K1]⊗Z Q
µ

−→ Ĉ1/[Ĉ1, Ĉ1]⊗Z Q︸ ︷︷ ︸
H1(Ĉ1,Q)

φ
−→ B̂1/[B̂1, B̂1]⊗Z Q︸ ︷︷ ︸

H1(B̂1,Q)

✱ ❡♠ q✉❡ µ é ✐♥❞✉✲

③✐❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞❡ K1 ❡♠ Ĉ1✳ ▼❛s s❡♥❞♦ K1 ⊆ {1} × . . .×Gn ❡ t̂1 = (t1, 1, . . . , 1)✱ ✈❡♠♦s
q✉❡ [t̂1, K1] = 1 ⇒ t̂1 ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ s♦❜r❡ K1 ♣♦r ❝♦♥❥✉❣❛çã♦ ⇒ t̂1 ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ s♦❜r❡
H1(K1,Q) ♣♦r ❝♦♥❥✉❣❛çã♦✳ ▲♦❣♦✱ φ(Imµ) = 0✳ P♦rt❛♥t♦✱ φ ✐♥❞✉③ ♦ ❤♦♠♦♠♦r✜s♠♦

φ̃ : H1(Ĉ1,Q)/Imµ −→ H1(B̂1,Q).

▼❛s H1(Ĉ1,Q)/Imµ = H1(〈ĉ1〉 ,Q) ∼= 〈ĉ1〉⊗Z Q✳ ❈♦♠♦ 〈ĉ1〉 é ✶ ♦✉ Z✱ ✈❡♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦
❞❡ H1(〈ĉ1〉 ,Q) s♦❜r❡ Q é ♥♦ ♠á①✐♠♦ ✶✳ ❖ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✿

H1(Ĉ1,Q)

♣r♦❥✳ ❝❛♥✳
��

φ // H1(B̂1,Q)

H1(Ĉ1,Q)/Imµ

φ̃

66

P♦rt❛♥t♦✱ Imφ = Imφ̃⇒ dimQImφ ≤ 1✳ ❉❛ s❡q✉ê♥❝✐❛ ❧♦♥❣❛ ❡①❛t❛ ✻✳✶ t❡♠♦s ❛ s❡q✉ê♥❝✐❛
❡①❛t❛

. . . −→ H2(S,Q) −→ H1(Ĉ1,Q) −→ Imφ −→ 0.

✶✵✶



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

❈♦♠♦ H2(S,Q) ❡ Imφ tê♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ Q✱ ❡♥tã♦ dimQH1(Ĉ1,Q) <∞✳
❉♦ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦ Ĉ1 −→ pj(Ĉ1) = A1j t❡♠♦s ❛ s♦❜r❡❥❡çã♦ H1(Ĉ1,Q) −→

H1(A1j,Q)✳ ▲♦❣♦✱ dimQH1(A1j,Q) <∞✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✻✳✷✳✸✱ A1j é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳
❋✐♥❛❧♠❡♥t❡✱ t❡♠♦s q✉❡

p1(S ∩Gj) = 1 ∈ G1, j 6= 1 ⇒ S ∩Gj ⊆ p−1
1 (C1) ⇒

⇒ Lj = S ∩Gj = pj(S ∩Gj) ⊆ pj(p
−1
1 (C1)) = A1j.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✻✳✸✳✶✱ 1 6= Lj ⊆ A1j ⊆ Gj, A1j ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ⇒ |Gj : A1j| <
∞✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✻✳✸✳✹✳ ❙❡❥❛ A ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ D ✉♠ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ A é s✉❜❣r✉♣♦
♥♦r♠❛❧ ❞❡ D ❡ D/A é ✜♥✐t❛♠❡♥t❡ ❛♣r❡s❡♥tá✈❡❧✳ ❊♥tã♦✱ A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Z[D/A]✲
♠ó❞✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ 〈X|R〉 ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ D✱ X ✜♥✐t♦✳ ❙❡❥❛ Y ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s
❞❡ A ❝♦♠♦ D✲♠ó❞✉❧♦✳ ❊♥tã♦✱ A = 〈Y 〉D✳ P♦rt❛♥t♦✱ D/A t❡♠ ❛♣r❡s❡♥t❛çã♦ 〈X|R ∪ Y 〉✳ P♦r
❬✶✷❪✱ Pr♦♣♦s✐çã♦ ✶✼✱ ♣á❣✳ ✷✸✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ S ❞❡ R∪Y t❛❧ q✉❡ D/A
t❡♠ ❛♣r❡s❡♥t❛çã♦ ✜♥✐t❛ 〈X|S〉✳ P♦rt❛♥t♦✱ A = 〈(S ∩ Y )〉D ⇔ A é ❣❡r❛❞♦ ❝♦♠♦ D✲s✉❜♠ó❞✉❧♦
♣♦r S ∩ Y ✳ ▼❛s ❛ ❛çã♦ ❞❡ D s♦❜r❡ A ✐♥❞✉③ ❛çã♦ ❞❡ D/A s♦❜r❡ A✳ P♦rt❛♥t♦✱ S ∩ Y é ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦ q✉❡ ❣❡r❛ A ❝♦♠♦ Z[D/A]✲♠ó❞✉❧♦✳

Pr♦♣♦s✐çã♦ ✻✳✸✳✶✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❝♦♠♣♦st♦ ♣♦r ✉♠
✈ért✐❝❡ ❡ ✉♠❛ ❛r❡st❛ ❝✉❥♦ ❣r✉♣♦ ❞❡ ✈ért✐❝❡ é ♦ ❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ B ❡ ❝✉❥♦ ❣r✉♣♦
❞❡ ❛r❡st❛ é ♦ ❣r✉♣♦ ❝í❝❧✐❝♦ ✐♥✜♥✐t♦ C✳ ❊♥tã♦✱ G é ✉♠❛ ❡①t❡♥sã♦ HNN ❝♦♠ ❣r✉♣♦ ❜❛s❡ B ❡
s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s ✐s♦♠♦r❢♦s ❛ C ❡ ❧❡tr❛ ❡stá✈❡❧ t✳ ❙✉♣♦♥❤❛ q✉❡ G t❡♥❤❛ s✉❜❣r✉♣♦s ♥♦r♠❛✐s
L ❡ N t❛✐s q✉❡ t ∈ L✱ C∩N = {1} ❡ G/N é ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✳ ❙✉♣♦♥❤❛✱ t❛♠❜é♠✱ q✉❡ H1(N,Q)
t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❙❡❥❛ ∆ ⊂ G ♦ ú♥✐❝♦ s✉❜❣r✉♣♦ ❞❡ G ❞❡ í♥❞✐❝❡ ✷ q✉❡ ❝♦♥té♠ B✳ ❊♥tã♦✱
❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ x ∈ L∩∆∩N t❛❧ q✉❡ Rx ⊂ H1(N ∩∆;Q) é ✉♠ R✲♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ ♣♦st♦
✶✱ ❡♠ q✉❡ R = Q[∆/(N ∩∆)] ❡ x é ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦❧♦❣✐❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r x✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡ G ❛❣❡ s♦❜r❡ ❛ ár✈♦r❡ ❞❡ ❇❛ss✲❙❡rr❡ T ❛ss♦❝✐❛❞❛ ❛ G ❝♦♠♦
❡①t❡♥sã♦ ❍◆◆✳ ❉❡✜♥✐♠♦s N2 = N ∩∆ ✭✈❡❥❛ q✉❡ N2 ⊳ G✮✳ ❈♦♠♦ N2 é s✉❜❣r✉♣♦ ❞❡ G✱ ❡♥tã♦
N2 ❞❡✈❡ ❛❣✐r s♦❜r❡ T ♣♦r r❡str✐çã♦ ❞❛ ❛çã♦ ❞❡ G✳ ▼❛s✱ ♣❡❧❛ t❡♦r✐❛ ❞❡ ❇❛ss✲❙❡rr❡✱ N2 é ♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s ❝♦♠ ❣r❛❢♦ X = T/N2✳ ❆❣♦r❛✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ X é
✉♠ ❣r❛❢♦ ✜♥✐t♦✳ P♦r ❤✐♣ót❡s❡✱ |G : ∆| = 2✳ ▲♦❣♦✱ |N : N2| é ✶ ♦✉ ✷✳ P♦r ❤✐♣ót❡s❡✱ G/N ∼= Z✳
❈♦♠♦ q✉❛❧q✉❡r s✉❜❣r✉♣♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ Z t❡♠ í♥❞✐❝❡ ✜♥✐t♦✱ t❡♠♦s q✉❡ |G : NC| <∞✳ ❆ss✐♠✱

|G : N2C| = |G : NC||NC : N2C| <∞.

P❡❧♦ t❡♦r❡♠❛ ✷✳✻✳✶✱ t❡♠♦s q✉❡

|V (X)| = | {N2gB| g ∈ G} | ❡ |E(X)| = | {N2gC| g ∈ G} |.

❚❡♠♦s ❡♥tã♦ q✉❡ |E(X)| <∞✳ ❈♦♠♦ C ⊆ B✱ ❡♥tã♦ N2gC ⊆ N2gB✳ ▲♦❣♦✱

|V (X)| ≤ |E(X)| ⇒ |V (X)| <∞.

✶✵✷



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

P♦rt❛♥t♦✱ X é ❣r❛❢♦ ✜♥✐t♦✳ P❡❧♦ t❡♦r❡♠❛ ✷✳✻✳✶✱ N2 é ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❞❡ ❣r✉♣♦s
❝✉❥♦ ❣r❛❢♦ é X ❡ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡ sã♦ N2∩gBg

−1✱ ❝♦♠ g ∈ {N2hB| h ∈ G} ❡ ♦s ❣r✉♣♦s ❞❡
❛r❡st❛s sã♦ N2 ∩ gCg

−1✱ ❝♦♠ g ∈ {N2hC| h ∈ G}✳ ▼❛s N2 ∩ gCg
−1 = g(N2 ∩C)g

−1 = 1✳ ❖✉
s❡❥❛✱ ♦s ❣r✉♣♦s ❞❡ ❛r❡st❛s sã♦ tr✐✈✐❛✐s✳ ❏á ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♥♦ ❡①❡♠♣❧♦ ✷✳✹✳✶ q✉❡✱ ♥❡ss❡
❝❛s♦✱ N2 = ( ∗

v∈V (X)
(N2)v) ∗ π1(X)✳ ❊♥tã♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✼✳✸✱

H1(N2,Q) =

|V (X)|⊕

i=1

(H1(giBg
−1
i ∩N2,Q)⊕H1(π1(X),Q))

∼=
⊕

|V (X)|

(H1(B ∩N2,Q))⊕H1(π1(X),Q)

=


 ⊕

|V (X)|

(
B ∩N2

[B ∩N2, B ∩N2]

)
⊗Z Q


⊕

[
π1(X)

[π1(X), π1(X)]
⊗Z Q

]
.

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ dimQH1(N2,Q) = ∞✳ P♦r ❤✐♣ót❡s❡✱ dimQH1(N,Q) = ∞✳ ❆
✐♥❝❧✉sã♦ N2 →֒ N ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s N2

[N2,N2]
⊗Z Q −→ N

[N,N ]
⊗Z Q✳ ❈♦♠♦ N2

é ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✶ ♦✉ ✷ ❡♠ N ✱ ❡♥tã♦

dimQ
N

[N,N ]
⊗Z Q ≤ ·dimQ

N2

[N2, N2]
⊗Z Q.

■ss♦ ✐♠♣❧✐❝❛ q✉❡

dimQ
N2

[N2, N2]
⊗Z Q = dimQH1(N2,Q) = ∞.

▼❛s ❡♥tã♦ dimQH1(B ∩N2,Q) = ∞✱ ❥á q✉❡ dimQ
π1(X)

[π1(X),π1(X)]
⊗Z Q < ∞✱ ♣♦✐s π1(X) é ❧✐✈r❡

❞❡ ♣♦st♦ ✜♥✐t♦✳

❆❣♦r❛✱ t❡♠♦s q✉❡ BN2

N2

∼= B
B∩N2

= B
B∩N

∼= BN
N

≤ G
N
✳ ❈♦♠♦ C ∩ N = {1} ❡ C ⊆ B✱

t❡♠♦s q✉❡ B * N ⇒ BN
N

∼= Z✳ P♦rt❛♥t♦✱ B
B∩N2

♣♦ss✉✐ ✉♠ s✉❜❣r✉♣♦ Q ∼= Z ❞❡ í♥❞✐❝❡ ✜♥✐t♦✳
P♦rt❛♥t♦✱ Q é ❣❡r❛❞♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ q✉❡ ✈❛♠♦s ❝❤❛♠❛r ❞❡ τ ✳ ❙❛❜❡♠♦s q✉❡✱ ❝♦♠♦ N2⊳BN2✱
❡♥tã♦ BN2 ❛❣❡ s♦❜r❡ N2 ♣♦r ❝♦♥❥✉❣❛çã♦✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ ♦❜t❡♠♦s ✉♠❛ ❛çã♦ ✐♥❞✉③✐❞❛ ❞❡ BN2

N2

❡♠ H1(N2,Q)✱ ❥á q✉❡ N2 ❛❣❡ tr✐✈✐❛❧♠❡♥t❡ ❡♠ H1(N2,Q)✳ P♦rt❛♥t♦✱ Q ❛❣❡ s♦❜r❡ H1(N2,Q)✳
❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦♠♦ B ❛❣❡ s♦❜r❡ B ∩N2 ♣♦r ❝♦♥❥✉❣❛çã♦✱ ♦❜t❡♠♦s ✉♠❛ ❛çã♦ ✐♥❞✉③✐❞❛ ❞❡
B

B∩N2
❡♠ H1(B ∩N2,Q)✳ P♦rt❛♥t♦✱ Q ❛❣❡ s♦❜r❡ H1(B ∩N2,Q)✳ ▲♦❣♦✱ H1(B ∩N2,Q) é ✉♠

QQ✲s✉❜♠ó❞✉❧♦ ❞❡ H1(N2,Q)✳
❉♦ ❢❛t♦ q✉❡ B∩N2

[B∩N2,B∩N2]
⊳ B

[B∩N2,B∩N2]
✱ ♣❡❧♦ ❧❡♠❛ ✻✳✸✳✹ t❡♠♦s q✉❡ B∩N2

[B∩N2,B∩N2]
é ✜♥✐t❛♠❡♥t❡

❣❡r❛❞♦ ❝♦♠♦ ✉♠ Z[ B
B∩N2

]✲♠ó❞✉❧♦✳ P♦rt❛♥t♦✱ H1(B ∩ N2,Q) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠
Q[ B

B∩N2
]✲♠ó❞✉❧♦✳ ❆✐♥❞❛✱ ❝♦♠♦ | B

B∩N2
: Q| < ∞✱ t❡♠♦s q✉❡ H1(B ∩ N2,Q) é ✜♥✐t❛♠❡♥t❡

❣❡r❛❞♦ ❝♦♠♦ ✉♠ QQ✲♠ó❞✉❧♦✳
❖❜s❡r✈❛♠♦s q✉❡ QQ = Q[τ, τ−1]✳ ❙❛❜❡♠♦s q✉❡ Q[τ ] é ✉♠ ❞♦♠í♥✐♦ ❡✉❝❧✐❞✐❛♥♦✱ ♣♦r✲

t❛♥t♦ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡✐❛s ♣r✐♥❝✐♣❛✐s✳ ❚♦♠❡ Z = {τ i| i ≥ 0}✳ ❱❡♠♦s q✉❡ Z−1Q[τ ] ={
d
z
| d ∈ Q[τ ], z ∈ Z

}
= QQ✳ P♦rt❛♥t♦✱ QQ é t❛♠❜é♠ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡✐❛s ♣r✐♥❝✐♣❛✐s✳

❈♦♠♦ H1(B ∩ N2,Q) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ QQ✲♠ó❞✉❧♦✱ t❡♠♦s q✉❡ H1(B ∩ N2,Q) é

✶✵✸



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

✐s♦♠♦r❢♦ à ✉♠❛ s♦♠❛ ❞✐r❡t❛ ✜♥✐t❛ ❞❡ QQ ❡ ♠ó❞✉❧♦s ❝í❝❧✐❝♦s ❞❛ ❢♦r♠❛ QQ
(f)
, (f) ✉♠ ✐❞❡❛❧

♣r✐♥❝✐♣❛❧✳ ❆ ❞✐♠❡♥sã♦ ❞❡ QQ s♦❜r❡ Q é ✐♥✜♥✐t❛✱ ❡♥q✉❛♥t♦ ❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ♠ó❞✉❧♦ ❝í❝❧✐❝♦
❞❛ ❢♦r♠❛ QQ

(f)
s♦❜r❡ Q é ✜♥✐t❛✳ ❈♦♠♦ dimQH1(B ∩N2,Q) = ∞✱ ❡♥tã♦ QQ →֒ H1(B ∩N2,Q)✳

❙❡❥❛ z ∈ B ∩ N2 ❡ z ❛ ✐♠❛❣❡♠ ❞❡ z ❡♠ H1(B ∩ N2,Q) t❛❧ q✉❡ QQz ∼= QQ✳ ❚❡♠♦s q✉❡
QQz ⊆ H1(B ∩N2,Q)✳

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ Q0 = ∆
N∩∆

✳ ❖❜s❡r✈❛♠♦s q✉❡ Q0
∼= Z✳ ◆♦✈❛♠❡♥t❡✱ QQ0 é ❞♦♠í♥✐♦

❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s t❛❧ q✉❡ QQ0z ∼= QQ0 ⊆ H1(N2,Q)✳ ❙❡ ❛ ❧❡tr❛ ❡stá✈❡❧ t ∈ ∆✱ ❡♥tã♦
G = 〈t, B〉 ⊆ ∆✱ ❛❜s✉r❞♦✳ ▲♦❣♦✱ t /∈ ∆✳ ❚♦♠❡ z1 = z ❡ z2 = tzt−1✳ ❉❡✜♥❛

x = [z, t] = ztz−1t−1 = z1z
−1
2 .

❱❡♠♦s q✉❡ z1 ∈ N2 ⊆ N ❡ z2 = tz1t
−1 ∈ tNt−1 = N ✳ ▲♦❣♦✱ x ∈ N ✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱

z1 ∈ B ⊂ ∆ ❡ z2 ∈ t∆t−1 = ∆✳ ▲♦❣♦✱ x ∈ ∆✳ P♦r ✜♠✱

x = (ztz−1)t−1 ∈ zLz−1L ⊆ L · L ⊆ L.

❊♥tã♦✱ x ∈ L∩N ∩∆ ⊆ N2✳ ❙❡❥❛ x = z1 − z2 ❛ ✐♠❛❣❡♠ ❞❡ x ❡♠ H1(N2,Q)✳ ❱❡♠♦s q✉❡ z1 ❡
z2 ❡stã♦ ❡♠ s♦♠❛♥❞♦s ❞✐❢❡r❡♥t❡s✱ ♣♦✐s s❡ ❡st✐✈❡ss❡♠ ♥♦ ♠❡s♠♦✱ ❡♥tã♦ t ∈ N2B ⊆ ∆✱ ❛❜s✉r❞♦✳
❊♥tã♦✱ QQ0z1 ∼= QQ0x ∼= QQ0✳

Pr♦♣♦s✐çã♦ ✻✳✸✳✷✳ ❙❡❥❛♠ G1, . . . , Gn ❣r✉♣♦s ❧✐♠✐t❡s ♥ã♦ ❛❜❡❧✐❛♥♦s✳ ❙❡ S é ✉♠ s✉❜❣r✉♣♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G1× . . .×Gn ❝♦♠ H2(S1,Q) ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ ❝❛❞❛ s✉❜❣r✉♣♦ S1

❞❡ í♥❞✐❝❡ ✜♥✐t♦ ❞❡ S ❡ s❡ S s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ♥♦s ✐t❡♥s ❞♦ ▲❡♠❛ ✻✳✸✳✸✱ ❡♥tã♦ Ni,j ⊂ Gj

t❡♠ í♥❞✐❝❡ ✜♥✐t♦ ♣r❛ t♦❞♦ i, j✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣r♦✈❛r ♣❛r❛ ♦ ❝❛s♦ (i, j) = (2, 1)✳ ❈♦♥s✐❞❡r❡

(p1 × p2) : S −→ G1 ×G2

♦ ❤♦♠♦♠♦r✜s♠♦ (p1 × p2)(s) = (p1(s), p2(s))✳ ❉❡♥♦t❛♠♦s T = (p1 × p2)(S)✱ ❛ ♣r♦❥❡çã♦
❞❡ S ❡♠ G1 × G2✳ ❉❡✜♥✐♠♦s M1 = T ∩ (G1 × {1}) ❡ M2 = T ∩ ({1} × G2)✳ ❱❡♠♦s q✉❡
T ∩ (G1 × {1}) = {(p1(s), 1)| s ∈ kerp2} ∼= p1(kerp2) = N2,1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ M2 = N1,2✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❤♦♠♦♠♦r✜s♠♦

φ1 : G1 −→
T

M1 ×M2

❞❛❞♦ ♣♦r φ1(p1(s)) = (p1(s), p2(s))M1×M2✳ ❚❡♠♦s q✉❡ φ1 é s♦❜r❡❥❡t✐✈❛ ❡ kerφ1 = {p1(s)| s ∈ kerp2} =
M1✳ ❉❡✜♥✐♥❞♦ ❛♥❛❧♦❣❛♠❡♥t❡

φ2 : G2 −→
T

M1 ×M2

✈❡♠♦s q✉❡ kerφ2 =M2✳ ❆ss✐♠✱ t❡♠♦s ♦s ✐s♦♠♦r✜s♠♦s

G1

M1

∼=
T

M1 ×M2

∼=
G2

M2

.

❙✉♣♦♥❤❛♠♦s q✉❡ ❡ss❡s ❣r✉♣♦s s❡❥❛♠ ✐♥✜♥✐t♦s✳ ◗✉❡r❡♠♦s ♦❜t❡r ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
P❡❧♦ ▲❡♠❛ ✻✳✸✳✸✱ G1

M1
é ✈✐rt✉❛❧♠❡♥t❡ ❝í❝❧✐❝♦ ⇒ T

M1×M2
é ✈✐rt✉❛❧♠❡♥t❡ ❝í❝❧✐❝♦✳ P♦rt❛♥t♦✱ ❡①✐st❡

✶✵✹



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

✉♠ s✉❜❣r✉♣♦ T0 ❡♠ T ❞❡ í♥❞✐❝❡ ✜♥✐t♦ ❝♦♥t❡♥❞♦ M1 ×M2 t❛❧ q✉❡ T0
M1×M2

é ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✳
❉❛í✱ p1(T0) é ✉♠ s✉❜❣r✉♣♦ ❞❡ p1(T ) = G1 ❞❡ í♥❞✐❝❡ ✜♥✐t♦ q✉❡ ❝♦♥té♠M1✱ ❥á q✉❡M1 ⊆ T0 ⇒

p1(M1) = M1 ⊆ p1(T0)✳ ❆✐♥❞❛✱ p1(T0)
M1

é ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✳ ❚❡♠♦s ❛ ♠❡s♠❛ ❝♦♥❝❧✉sã♦ ❛♥á❧♦❣❛
♣❛r❛ p2(T0)✳
❉❡♥♦t❛r❡♠♦s Pi = pi(T0), i = 1, 2✳ ❈♦♠♦ Pi é s✉❜❣r✉♣♦ ❞❡ Gi✱ t❡♠♦s q✉❡ Pi é ✉♠❛ ❡①t❡♥sã♦
HNN ❝♦♠ ❣r✉♣♦ ❜❛s❡ B′

i ❡ s✉❜❣r✉♣♦s ❛ss♦❝✐❛❞♦s C
′
i ❡ C̃i

′
❡ ❧❡tr❛ ❡stá✈❡❧ t′i✱ ❡♠ q✉❡ C ′

i = Ci∩Pi
❡ t′i é ✉♠❛ ❝❡rt❛ ♣♦tê♥❝✐❛ ❞❡ ti✳ ◆♦t❡ q✉❡ ♣❡❧♦ ❧❡♠❛ ✻✳✸✳✸ C ′

i ∩Mi = {1}✳
❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❞❛ ♣r♦♣♦s✐çã♦ ✻✳✸✳✶ q✉❡ G = Pi, N =Mi, L = Li, t = t′i, B = B′

i, C = C ′
i✱

t❡r❡♠♦s ✉♠ s✉❜❣r✉♣♦ ∆i ❡♠ Pi ❞❡ í♥❞✐❝❡ ✷ q✉❡ ❝♦♥té♠ Bi ❡ xi ∈ Li ∩ ∆i ∩ Mi t❛❧ q✉❡
Rxi é ✉♠ R✲♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ ♣♦st♦ ✶ ❡♠ H1(Mi ∩ ∆i,Q)✱ ❡♠ q✉❡ xi é ❛ ✐♠❛❣❡♠ ❞❡ xi ❡♠
H1(Li ∩∆i ∩Mi,Q) ❡ R = Q[ ∆i

Mi∩∆i
]✳

❙❡❥❛ τ ∈ T0 t❛❧ q✉❡ τ(M1 ×M2) ❣❡r❛ T0
M1×M2

✳ ❉❡♥♦t❡♠♦s τi = pi(τ)✳ ❙❛❜❡♠♦s q✉❡ ∆i

Mi∩∆i

∼=
∆iMi

Mi
é s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✜♥✐t♦ ✶ ♦✉ ✷ ❞❡ Pi

Mi

∼= Z✳ P♦rt❛♥t♦✱ ∆i

Mi∩∆i
= 〈τi〉✳ ❆ss✐♠✱ Rxi é ✉♠

Q[τ±1
i ]✲♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ ♣♦st♦ ✶ ❡♠ H1(Mi ∩∆i,Q)✳

❉❡✜♥❛ ❛❣♦r❛ M ′
i = Mi ∩∆i✳ P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤ ✸✳✼✳✷✱ t❡♠♦s q✉❡ H2(M

′
1 ×M ′

2,Q) é
♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠♦r❢♦ ❛

[H1(M
′
1,Q)⊗Q H1(M

′
2,Q)]⊕ [H2(M

′
1,Q)⊗Q H0(M

′
2,Q)]⊕ [H0(M

′
1,Q)⊗Q H2(M

′
2,Q)]

✐♠♣❧✐❝❛♥❞♦ q✉❡
H1(M

′
1,Q)⊗Q H1(M

′
2,Q) →֒ H2(M

′
1 ×M ′

2,Q)

é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ Q[τ±1
1 , τ±1

2 ]✲♠ó❞✉❧♦s✳ ❆ss✐♠✱ x1⊗x2 ❣❡r❛ ✉♠ Q[τ±1
1 , τ±1

2 ]✲s✉❜♠ó❞✉❧♦
❧✐✈r❡ ❞❡ H1(M

′
1,Q)⊗Q H1(M

′
2,Q) ⊆ H2(M

′
1 ×M ′

2,Q)✳
❙❡❥❛✱ ❛❣♦r❛✱ T1 = (M ′

1×M
′
2)⋊ 〈τ〉 s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✜♥✐t♦ ❞❡ T0 ❡ S1 = (p1×p2)

−1(T1) ⊆ S✳
❚❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 1 −→ M ′

1 ×M ′
2 −→ T1 −→ 〈τ〉 −→ 1✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛

❙❡q✉ê♥❝✐❛ ❊s♣❡❝tr❛❧ ▲❍❙ ✹✳✷✳✷✱ t❡♠♦s q✉❡

E2
p,q = Hp(〈τ〉 , Hq(M

′
1 ×M ′

2,Q)) ⇒
p
Hp+q(T1,Q).

▼❛s✱ ∀i ≥ 2✱
Hi(〈τ〉 , Hj(M

′
1 ×M ′

2,Q)) = 0 ⇒ Ek
i,j = 0.

P♦rt❛♥t♦✱ ♦s ❤♦♠♦♠♦r✜s♠♦s dki,j : Ek
i,j −→ Ek

i−k,j+k−1 sã♦ tr✐✈✐❛✐s✱ ∀i ≥ 2✳ ❚♦♠❡ i = k ❡
j = 3− k✱ k ≥ 2✳ ❊♥tã♦✱ t❡♠♦s

Ek
i,j

dki,j
−→ Ek

0,2

dk0,2
−→ Ek

−k,k+1 = 0 ⇒ Ek+1
0,2 =

kerdk0,2
Imdki,j

=
Ek

0,2

0
= Ek

0,2.

P♦rt❛♥t♦✱ E∞
0,2 = E2

0,2 = H0(〈τ〉 , H2(M
′
1 ×M ′

2,Q))✳ ▲♦❣♦✱ ❡①✐st❡ ✜❧tr❛çã♦ ❞❡ H2(T1,Q) ❝♦♠
q✉♦❝✐❡♥t❡s

{
E∞
i,j

}
i+j=2

✳ ❆ss✐♠✱

H0(〈τ〉 , H2(M
′
1 ×M ′

2,Q)) = H2(M
′
1 ×M ′

2,Q)⊗Q〈τ〉 Q →֒ H2(T1,Q).

❆♣❧✐❝❛♥❞♦ ♦ ❢✉♥t♦r ∗ ⊗Q〈τ〉 Q à ❢ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤ ❛♥t❡r✐♦r✱ t❡r❡♠♦s q✉❡

H1(M
′
1,Q)⊗Q H1(M

′
2,Q)⊗Q〈τ〉 Q →֒ H2(M

′
1 ×M ′

2,Q)⊗Q〈τ〉 Q →֒ H2(T1,Q).

✶✵✺



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

P❛r❛ m,n ∈ Z✱ ✈❡♠♦s q✉❡ τm1 x1τ
−m
1 ∈ M ′

1 ❡ τn2 x2τ
−n
2 ∈ M ′

2✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✻✳✸✳✶✱ ❛s
✐♠❛❣❡♥s ❞❡

{
τm1 x1τ

−m
1

}
m∈Z

❡
{
τn2 x2τ

−n
2

}
n∈Z

❣❡r❛♠ ✭❝♦♠♦ Q✲♠ó❞✉❧♦✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠
Q 〈τ1〉✲s✉❜♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ H1(M

′
1,Q) ❡ ✉♠ Q 〈τ2〉✲s✉❜♠ó❞✉❧♦ ❧✐✈r❡ H1(M

′
2,Q)✳

▼❛s

(Q 〈τ1〉 ⊗Q Q 〈τ2〉)⊗Q〈τ〉 Q ∼=
Q[τ1, τ2, τ

−1
1 , τ−1

2 ]

(τ1τ2 − 1)
∼= Q[τ1, τ

−1
1 ],

❝✉❥❛ ❞✐♠❡♥sã♦ ❡♠ Q é ✐♥✜♥✐t❛✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡

dimQH2(M
′
1 ×M ′

2,Q)⊗Q〈τ〉 Q = ∞.

❆❣♦r❛✱ t❡♠♦s q✉❡ L1 × L2 ⊆ T1 ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ H2(L1 × L2,Q) −→ H2(T1,Q)
❝✉❥❛ ✐♠❛❣❡♠ t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ▼❛s ❞❡ss❛ ✐♥❝❧✉sã♦ ❡ ❞♦ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦
S1 = (p1 × p2)

−1(T1) −→ T1✱ S1 ❝♦♠ í♥❞✐❝❡ ✜♥✐t♦ ❡♠ S✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♦ ❞✐❛❣r❛♠❛
❝♦♠✉t❛t✐✈♦ ❛❜❛✐①♦✳

H2(S1,Q)

��

// H2(T1,Q)

H2(L1 × L2,Q)

66

▼❛s ❛ ✐♠❛❣❡♠ ❞❡ H2(L1 × L2,Q) ❡♠ H2(T1,Q) t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❡ ✐ss♦ é ✉♠❛
❝♦♥tr❛❞✐çã♦✱ ♣♦✐s H2(S1,Q) t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

▲❡♠❛ ✻✳✸✳✺✳ ❚♦❞♦ ❣r✉♣♦ ❧✐♠✐t❡ G t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(G) ≤ 0✳ ❆❧é♠ ❞✐ss♦✱ χ(G) =
0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G é ❛❜❡❧✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ♣r♦✈❛r ♣❛r❛ G ❛❜❡❧✐❛♥♦✳ ❈♦♠♦ G é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❞❡ t♦rçã♦✱ t❡♠♦s q✉❡ G ∼= Zn✳ ❆ss✐♠✱ G = 〈g1, . . . , gn〉✳ ❚♦♠❡ V = Ze1 ⊕ . . .⊕
Zen ❡ ❞❡✜♥❛

ΛiV =
⊕

k1<...<ki

Z(ek1 ∧ . . . ∧ eki), kj ∈ {1, . . . , n} , 1 ≤ i ≤ n.

❚❛♠❜é♠ ❞❡✜♥❛
∂i : ZG⊗Z Λ

iV −→ ZG⊗Z Λ
i−1V

♣♦r

∂i(ek1 ∧ . . . ∧ eki) =
i∑

r=1

(−1)r−1(gkr − 1)ek1 ∧ . . . ∧ êkr ∧ . . . ∧ eki .

❚❡♠♦s ❡♥tã♦ ♦ ❝♦♠♣❧❡①♦ ❞❡ ❑♦s③✉❧

0 −→ ZG⊗Z ΛnV
∂n−→ . . .

∂3−→ ZG⊗Z Λ2V
∂2−→ ZG⊗Z V −→ ZG −→ Z −→ 0.

❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ Q⊗ZG ∗✱ ♦❜t❡♠♦s ♦ ❝♦♠♣❧❡①♦

0 −→ ΛnW
0

−→ . . .
0

−→ Λ2W
0

−→ W
0

−→ Q
idQ
−→ Q −→ 0,

✶✵✻



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

❡♠ q✉❡ W = Q⊗Z V ✳ ❉❛í✱

χ(G) =
∑

i

(−1)idimQ(Q⊗Z Hi(G,Z))

=
∑

i

(−1)idimQ(Λ
iW )

=
∑

i≥0

(−1)i
(
n

i

)
= (1− 1)n = 0.

❈♦♥s✐❞❡r❡✱ ❛❣♦r❛✱ G ♦ ❣r✉♣♦ ❞❡s❝r✐t♦ ♣❡❧❛ ❧❡♠❛ ✻✳✶✳✶✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ χ(G) ≤ 0✳
❊♥tã♦✱ G é ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s Γ ❝✉❥♦s ❣r✉♣♦s ❞❡
❛r❡st❛s Ge sã♦ ❝í❝❧✐❝♦s ❡ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡ Gv sã♦ ❧✐✈r❡s ♦✉ ❧✐✈r❡s ❛❜❡❧✐❛♥♦s ❞❡ ♣♦st♦ ✜♥✐t♦
❡ ❣r✉♣♦s ❧✐♠✐t❡s ❝♦♠ ❛❧t✉r❛ ≤ h − 1✳ P♦r ❬✶✵❪✱ Pr♦♣♦s✐çã♦ ✼✳✸✭❡✮✱ ♣á❣✳ ✷✺✵ ❡ ❝♦♥s✐❞❡r❛♥❞♦
✉♠❛ ✈❡rsã♦ ❛♥á❧♦❣❛ ♣❛r❛ ❡①t❡♥sã♦ ❍◆◆✱ t❡♠♦s q✉❡

χ(G) =
∑

v∈V (Γ)

χ(Gv)−
∑

e∈E(Γ)

χ(Ge) ≤
∑

v∈V (Γ)

χ(Gv).

▼❛s Gv é ❧✐✈r❡ ♦✉ ❧✐✈r❡ ❛❜❡❧✐❛♥♦ ❞❡ ♣♦st♦ ✜♥✐t♦ ♦✉ t❡♠ ❛❧t✉r❛ ≤ h(G)− 1✳ P♦r ✐♥❞✉çã♦ s♦❜r❡
❛ ❛❧t✉r❛ ❞♦s ❣r✉♣♦s✱

χ(G) ≤
∑

v∈V (Γ)

χ(Gv) ≤
∑

v∈V (Γ)

0 ≤ 0.

❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ❞❡❝♦♠♣♦st♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❧✐✈r❡ ❞❡ s✉❜❣r✉♣♦s H1 ∗ H2 ❝♦♠
❛♣r❡s❡♥t❛çã♦ 〈X ∪ Y |R ∪ S〉✳ ❊♥tã♦✱ G ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ⇒ H1 ❡ H2 ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s
⇒ H1 ❡ H2 sã♦ ❣r✉♣♦s ❧✐♠✐t❡s✳ P♦r ✐♥❞✉çã♦ s♦❜r❡ ❛ ❛❧t✉r❛ ❞♦s ❣r✉♣♦s✱ χ(Hi) ≤ 0, i = 1, 2✳
❆ss✐♠✱

χ(G) = χ(Hi) + χ(H2)− 1 ≤ 0 + 0− 1 = −1.

❙❡ G t❡♠ ❛❧t✉r❛ ✵✱ ❡♥tã♦ G é ♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❞❡ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s ❧✐✈r❡s ❛❜❡❧✐❛♥♦s
❞❡ ♣♦st♦ ✜♥✐t♦ ❡ ❣r✉♣♦s ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ♠❡♥♦r q✉❡ −1✳ P♦rt❛♥t♦✱
χ(G) ≤ 0✳

❙❡ G ♥ã♦ ♣♦ss✉✐ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♠♦ ♣r♦❞✉t♦ ❧✐✈r❡✱ ❝♦♥s✐❞❡r❡♠♦s G ♥ã♦ ❛❜❡❧✐❛♥♦ ❞❡s❝r✐t♦
♣❡❧❛ ❧❡♠❛ ✻✳✶✳✷✳ ❊♥tã♦✱ G é ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r❛❢♦ ✜♥✐t♦ ❞❡ ❣r✉♣♦s Γ ❝✉❥♦s ❣r✉♣♦s
❞❡ ❛r❡st❛s Ge sã♦ ❝í❝❧✐❝♦s ✐♥✜♥✐t♦s ❡ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠ ❣r✉♣♦s ❞❡ ✈ért✐❝❡ Gv0 q✉❡ é ❧✐♠✐t❡
❡ ♥ã♦ ❛❜❡❧✐❛♥♦ ❡ ❝✉❥❛ ❛❧t✉r❛ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ h(G)− 1✳ P♦r ✐♥❞✉çã♦ ♥❛ ❛❧t✉r❛ ❞♦s ❣r✉♣♦s✱
χ(Gv0) < 0✳ ❙❡ Gv sã♦ ♦s ❣r✉♣♦s ❞❡ ✈ért✐❝❡ ❞❡ Γ✱ ❡♥tã♦

χ(G) =
∑

v∈V (Γ)

χ(Gv)−
∑

e∈E(Γ)

χ(Ge) =
∑

v∈V (Γ)

χ(Gv)

=
∑

v∈V (Γ), v 6=v0

χ(Gv) + χ(Gv0)

≤
∑

v∈V (Γ), v 6=v0

0 + χ(Gv0)

= χ(Gv0) < 0.

✶✵✼



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

Pr♦✈❛♠♦s q✉❡ s❡ G é ❣r✉♣♦ ❧✐♠✐t❡ ♥ã♦✲❛❜❡❧✐❛♥♦✱ χ(G) < 0✳ P♦rt❛♥t♦✱ s❡ G é ✉♠ ❣r✉♣♦
❧✐♠✐t❡ t❛❧ q✉❡ χ(G) = 0✱ ❡♥tã♦ G é ❛❜❡❧✐❛♥♦✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s✱ r❡❝♦r❞❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✿

• ❯♠❛ sér✐❡ ❝❡♥tr❛❧ ❞❡s❝❡♥❞❡♥t❡ ❞❡ ✉♠ ❣r✉♣♦ G é ❞❡✜♥✐❞❛ ♣♦r γ1(G) = G ❡ γi(G) =
[γi−1(G), G]✳ ❙❡ G é ❛❜❡❧✐❛♥♦✱ γ2(G) = 1✳
G é ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n t❛❧ q✉❡ γn(G) = 1✳ ❙❡ G é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❞❡✜♥✐♠♦s ♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❍✐rs❝❤ ❞❡ G ❝♦♠♦ ❛ s♦♠❛

∑n−1
i=1 dimQ(

γi
γi+1

⊗Z Q)✳

• ❯♠ ❛♥❡❧ R é ◆♦❡t❤❡r✐❛♥♦ à ❡sq✉❡r❞❛ ✭❞✐r❡✐t❛✮ s❡ t♦❞♦ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ✭❞✐r❡✐t❛✮
❡♠ R é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

• ❯♠ R✲♠ó❞✉❧♦ M é ◆♦❡t❤❡r✐❛♥♦ s❡ t♦❞♦ R✲s✉❜♠ó❞✉❧♦ ❞❡ M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

• ❯♠ ✐❞❡❛❧ I ❞❡ ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ R é ♣r✐♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ I 6= R ❡ R
I

é ✉♠
❞♦♠í♥✐♦✳ ❆ ❞✐♠❡♥sã♦ ❞❡ ❑r✉❧❧ ❞❡ R é ♦ s✉♣r❡♠♦ ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❝❛❞❡✐❛s ❞❡
✐❞❡❛✐s ♣r✐♠♦s ❞❡ R✳ ❆ ❞✐♠❡♥sã♦ ❞❡ ❑r✉❧❧ ❞❡ Z✱ ♣♦r ❡①❡♠♣❧♦✱ é ✶✱ ❥á q✉❡ q✉❛❧q✉❡r ❝❛❞❡✐❛
❞❡ ✐❞❡❛✐s ♣r✐♠♦s é ❞❛ ❢♦r♠❛ 0 ⊂ pZ, p ♣r✐♠♦✳

▲❡♠❛ ✻✳✸✳✻✳ ❙❡❥❛♠ Q1, . . . , Qn ❣r✉♣♦s ♥✐❧♣♦t❡♥t❡s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❡ Vi ✉♠ Q[Qi]✲♠ó❞✉❧♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ t❛❧ q✉❡ Vi ❝♦♥té♠ ✉♠ Q[Qi]✲s✉❜♠ó❞✉❧♦ ❝í❝❧✐❝♦ ❧✐✈r❡ ♥ã♦ tr✐✈✐❛❧ Wi✱ i =
1, . . . , n✳ ❙✉♣♦♥❤❛ q✉❡ Q̃ é ✉♠ s✉❜❣r✉♣♦ ❞❡ Q = Q1 × . . .×Qn t❛❧ q✉❡ V = V1 ⊗Q . . .⊗Q Vn
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠ Q[Q̃]✲♠ó❞✉❧♦✳ ❊♥tã♦✱ Q̃ t❡♠ í♥❞✐❝❡ ✜♥✐t♦ ❡♠ Q✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❡♠♦s q✉❡

Q[Q] = Q[Q1 × . . .×Qn] = Q[Q1]⊗Q . . .⊗Q Q[Qn].

❱❛♠♦s ❞❡✜♥✐r
W = W1 ⊗Q . . .⊗Q Wn.

❱❡♠♦s q✉❡ W é ✉♠ Q[Q]✲s✉❜♠ó❞✉❧♦ ❞❡ V ✳ P♦r ❝♦♥s❡q✉ê♥❝✐❛✱ W é t❛♠❜é♠ ✉♠ Q[Q̃]✲
s✉❜♠ó❞✉❧♦ ❞❡ V ✳ ❈♦♠♦ Q[Q̃] é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛ ❡ V é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Q[Q̃]✲
♠ó❞✉❧♦✱ t❡♠♦s q✉❡ W ∼= Q[Q] é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s♦❜r❡ Q[Q̃]✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

dimKrullQ[Q] ≤ dimKrullQ[Q̃].

P❡❧♦ ❛rt✐❣♦ ❬✷✷❪✱ t❡♠♦s q✉❡ dimKrullQ[Q̃] é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❍✐rs❝❤ ❞❡ Q̃✳ ❊♥tã♦✱ Q ❡ Q̃
tê♠ ♦ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✳ ▲♦❣♦✱ |Q : Q̃| <∞✳

Pr♦♣♦s✐çã♦ ✻✳✸✳✸✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❝♦♠ χ(G) < 0 t❛❧ q✉❡ ♦ Q[G]✲♠ó❞✉❧♦ tr✐✈✐❛❧ Q t❡♠ ✉♠❛
r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ ♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❡ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r
s✉❜❣r✉♣♦ ♥♦r♠❛❧ M ❞❡ G t❛❧ q✉❡ Q = G

M
é ♥✐❧♣♦t❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ M é ❧✐✈r❡✱ ♦ Q[Q]✲

♠ó❞✉❧♦ V = M
[M,M ]

⊗Z Q t❡♠ ✉♠ Q[Q]✲s✉❜♠ó❞✉❧♦ ❧✐✈r❡ ♥ã♦ tr✐✈✐❛❧✳ ❚❡♠♦s q✉❡ Q ❛❣❡ ❡♠
M

[M,M ]
✈✐❛ ❝♦♥❥✉❣❛çã♦✳

✶✵✽



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

P : 0 −→ Q[G]αk −→ . . . −→ Q[G]α0 −→ Q −→ 0

❛ r❡s♦❧✉çã♦ ❧✐✈r❡ ❞❡ ♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❞❡ Q ❝♦♠♦ Q[G]✲♠ó❞✉❧♦ tr✐✈✐❛❧✳ ❆♣❧✐❝❛♥❞♦
∗ ⊗Q[M ] Q✱ t❡♠♦s ❛ s❡q✉ê♥❝✐❛

R = P ⊗Q[M ] Q : 0 −→ Q[G]αk ⊗Q[M ] Q −→ . . . −→ Q[G]α0 ⊗Q[M ] Q −→ Q⊗Q[M ] Q −→ 0.

▼❛s
Q[G]αi ⊗Q[M ] Q ∼= (Q[G]⊗Q[M ] Q)αi ∼= Q[Q]αi , i = 0, . . . , k.

P♦rt❛♥t♦✱
R : 0 −→ Q[Q]αk −→ . . . −→ Q[Q]α0 −→ Q −→ 0.

❆ss✐♠✱
Hi(R) = Tor

Q[M ]
i (Q,Q) = Hi(M,Q).

❈♦♠♦ M é ❧✐✈r❡✱ t❡♠♦s q✉❡ Hi(M,Q) = 0, ∀i ≥ 2✳ ❆✐♥❞❛✱ H1(R) = M
[M,M ]

⊗Z Q✳ ❈♦♠♦
Q é ✉♠ ❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦✱ t❡♠♦s q✉❡ Q[Q] é ✉♠ ❛♥❡❧ ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛
❡ à ❡sq✉❡r❞❛ s❡♠ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦✳ ❊♥tã♦✱ Q[Q] é ✉♠ ❛♥❡❧ ❞❡ ❖r❡ ❡✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❖r❡✱
Q[Q] →֒ K✱ ❡♠ q✉❡K é ✉♠ ❛♥❡❧ ❝❧áss✐❝♦ ❞❡ q✉♦❝✐❡♥t❡s✳ ❆ss✐♠✱K é ♣❧❛♥♦ ❝♦♠♦Q[Q]✲♠ó❞✉❧♦✱
♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ∗ ⊗Q[Q] K é ✉♠ ❢✉♥t♦r ❡①❛t♦✳ ▲♦❣♦✱

R⊗Q[Q] K : 0 −→ Kαk −→ . . . −→ Kα0 −→ 0 −→ 0

❡

Hi(R⊗Q[Q] K) ∼= Hi(R)⊗Q[Q] K =

{
0 s❡ i 6= 1
Ka s❡ i = 1.

}

a ≥ 0✳
❊♥tã♦✱

χ(G) =
∑

i

(−1)iαi

=
∑

i

(−1)idimKHi(R⊗Q[Q] K)

=
∑

i

(−1)idimK(Hi(R)⊗Q[Q] K)

= −dimKK
a = −a ≤ 0.

▲♦❣♦✱ V ⊗Q[Q] K ∼= Kχ(G)✳
❈♦♠♦ χ(G) 6= 0✱ t❡♠♦s q✉❡ V ♣♦ss✉✐ ✉♠ s✉❜♠ó❞✉❧♦ ✐s♦♠♦r❢♦ ❛ Q[Q]✳ ❉❡ ❢❛t♦✱ s❡ ∀v ∈ V

❡①✐st❡ λ ∈ Q[Q]− {0} t❛❧ q✉❡ vλ = 0✱ ❡♥tã♦

vλ = 0 ⇒ v ⊗ 1K = vλ⊗ λ−11k = 0⊗ λ−11K = 0.

▼❛s V ⊗Q[Q] K é K✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ❝♦♠

(v ⊗ k1)k2 = v ⊗ (k1k1), ∀v ∈ V, ∀k1, k2 ∈ K.

▲♦❣♦✱ ❝♦♠♦ K✲♠ó❞✉❧♦✱ V ⊗Q[Q] K t❡♠ ❣❡r❛❞♦r❡s {v ⊗ 1K}v∈V ✳ P♦rt❛♥t♦✱ V ⊗Q[Q] K = 0✱
❝♦♥tr❛❞✐çã♦✱ ♣♦✐s V ⊗Q[Q] K ∼= Kχ(G) 6= 0✳ ❆ss✐♠✱ ❡①✐st❡ v0 ∈ V t❛❧ q✉❡✱ ∀λ ∈ Q[Q] − {0}✱
v0λ 6= 0✳ P♦rt❛♥t♦✱ v0Q[Q] ∼= Q[Q]✳

✶✵✾



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

❈♦r♦❧ár✐♦ ✻✳✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❧✐♠✐t❡ ♥ã♦ ❛❜❡❧✐❛♥♦✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r s✉❜❣r✉♣♦
♥♦r♠❛❧ M ❞❡ G t❛❧ q✉❡ Q = G

M
é ♥✐❧♣♦t❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦ ❡ M é ❧✐✈r❡✱ ♦ Q[Q]✲♠ó❞✉❧♦

M
[M,M ]

⊗Z Q t❡♠ ✉♠ Q[Q]✲s✉❜♠ó❞✉❧♦ ❧✐✈r❡ ♥ã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ❬✶✼❪✱ ❈♦r♦❧ár✐♦ ✽✱ ♣á❣✳ ✻✳

P❛r❛ ♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ✉s❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❈♦r♦❧ár✐♦ ✻✳✸✳✷✳ ❚♦❞♦ ❣r✉♣♦ ❧✐♠✐t❡ é ❧✐✈r❡ ♣♦r ♥✐❧♣♦t❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦✳

❉❡♠♦♥str❛çã♦✳ ❬✶✼❪✱ ♣á❣✳ ✹✱ ❈♦r♦❧ár✐♦ ✸✳

❚❡♦r❡♠❛ ✻✳✸✳✷✳ ❙❡❥❛♠ G1, . . . , Gn ❣r✉♣♦s ❧✐♠✐t❡s ♥ã♦ ❛❜❡❧✐❛♥♦s ❡ S ✉♠ ♣r♦❞✉t♦ s✉❜❞✐r❡t♦
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❞❡ G = G1 × . . .×Gn✳ ❙✉♣♦♥❤❛ S ∩Gi ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n
❡ S ❞❡ t✐♣♦ FPs s♦❜r❡ Q ♣❛r❛ ❛❧❣✉♠ s ∈ {2, . . . , n}✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛
pj1,...,js : G −→ Gj1 × . . .×Gjs✱ ♦ ❣r✉♣♦ pj1,...,js(S) t❡♠ í♥❞✐❝❡ ✜♥✐t♦ ❡♠ Gj1 × . . .×Gjs✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✻✳✸✳✷ ❡ ♣❡❧♦ ▲❡♠❛ ✻✳✸✳✷✱ t❡♠♦s q✉❡✱ ✜①❛♥❞♦ ❥✱
⋂
i 6=j

Ni,j t❡♠

í♥❞✐❝❡ ✜♥✐t♦ ❡♠ Gj ❡ γn−1(
⋂
i 6=j

Ni,j) ⊆ Lj✱ ♣❛r❛ ❝❛❞❛ j = 1, . . . , n✳ ❙✉❜st✐t✉✐♥❞♦ ❝❛❞❛ Gj ♣♦r
⋂
i 6=j

Ni,j ❡ S ♣♦r S ∩ G1 × . . . × Gn✱ t❡♠♦s q✉❡ γn−1(G1) × . . . × γn−1(Gn) é s✉❜❣r✉♣♦ ❞❡ S✳

P❡❧♦ ❈♦r♦❧ár✐♦ ✻✳✸✳✷✱ ❡①✐st❡ j0 ≥ n− 1 t❛❧ q✉❡ Mi = γj0(Gi) é ❧✐✈r❡✱ ∀i ≤ n✱ ❡ Qi =
Gi

Mi
é ✉♠

❣r✉♣♦ ♥✐❧♣♦t❡♥t❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ▼❛s Qi ♣♦ss✉✐ ✉♠ s✉❜❣r✉♣♦ ❞❡ í♥❞✐❝❡ ✜♥✐t♦ ❧✐✈r❡ ❞❡
t♦rçã♦✳ ▼❛✐s ✉♠ ✈❡③✱ ♣♦❞❡♠♦s r❡❞✉③✐r Gi ❡ S ♣♦r s✉❜❣r✉♣♦s ❞❡ í♥❞✐❝❡ ✜♥✐t♦✳ ❉❛í✱ t❡♠♦s Gi

Mi

♥✐❧♣♦t❡♥t❡ ❧✐✈r❡ ❞❡ t♦rçã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ M = M1 × . . . ×Mn✱ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❑ü♥♥❡t❤ ❡
♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ Hk(Mi,Q) = 0, ∀k ≥ 2 ❡ H0(Mi,Q) ∼= Q✱ t❡♠♦s q✉❡

Hi(M,Q) =
⊕

1≤j1<...<ji≤n

H1(Mj1 ,Q)⊗Q . . .⊗Q H1(Mji ,Q), i ≤ n.

❈♦♥s✐❞❡r❡ ❛❣♦r❛ Q = S
M

✉♠ s✉❜❣r✉♣♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ♥✐❧♣♦t❡♥t❡ ❡ ❧✐✈r❡ ❞❡ t♦rçã♦ ❞❡

Q1 × . . .×Qn✳ ❈❛❞❛ Qjk ❛❣❡ ❡♠ H1(Mjk ,Q) ∼=
Mjk

[Mjk
,Mjk

]
⊗Z Q ✈✐❛ ❝♦♥❥✉❣❛çã♦✳

❙❡❥❛
hj1,...,ji : Q1 × . . .×Qn −→ Qj1 × . . .×Qji

♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✳ ❚❡♠♦s q✉❡ Q ❛❣❡ ❡♠ H1(Mj1 ,Q) ⊗Q . . . ⊗Q H1(Mji ,Q) ❛tr❛✈és
❞❡ hj1,...,ji ✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✻✳✸✳✶✱ t❡♠♦s q✉❡ H1(Mjk ,Q) é ✉♠ Q[Qjk ]✲♠ó❞✉❧♦ q✉❡ ♣♦ss✉✐ ✉♠
Q[Qjk ]✲s✉❜♠ó❞✉❧♦ ❧✐✈r❡ ♥ã♦ tr✐✈✐❛❧✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ H1(Mj1 ,Q)⊗Q . . .⊗QH1(Mji ,Q)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Q[Q]✲♠ó❞✉❧♦ ♣❛r❛ i ≤ s✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ Hi(M,Q)
é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Q[Q]✲♠ó❞✉❧♦ ♣❛r❛ i ≤ s✳
❈♦♠♦ S é ❞❡ t✐♣♦ FPs s♦❜r❡ Q✱ t♦♠❡

F : . . . −→ Fi −→ Fi−1 −→ F0 −→ Q −→ 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞♦ Q[S]✲♠ó❞✉❧♦ tr✐✈✐❛❧ Q ❝♦♠ Fi ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ i ≤ s✳
❊♥tã♦✱

Hi(M,Q) = Tor
Z[M ]
i (Z,Q) ∼= Tor

Q[M ]
i (Q,Q) = Hi(F ⊗Q[M ] Q).

✶✶✵



❈❛♣ít✉❧♦ ✻✳ ●r✉♣♦s ▲✐♠✐t❡s

P❛r❛ i ≤ s✱ ✈❡♠♦s q✉❡ Fi ⊗Q[M ] Q é ✉♠ Q[Q]✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❈♦♠♦ Q[Q]
é ♥♦❡t❤❡r✐❛♥♦ à ❞✐r❡✐t❛✱ t❡♠♦s q✉❡ ❝❛❞❛ s✉❜q✉♦❝✐❡♥t❡ ❞❡ Fi ⊗Q[M ] Q ❝♦♠♦ Q[Q]✲♠ó❞✉❧♦ é
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ i ≤ s✳ ▲♦❣♦✱ Hi(M,Q) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ Q[Q]✲♠ó❞✉❧♦ ♣❛r❛
i ≤ s✳ P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✻✳✸✳✻ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✻✳✸✳✶ s❡❣✉❡ q✉❡ hj1,...,js(Q) t❡♠ í♥❞✐❝❡ ✜♥✐t♦
❡♠ Qj1 × . . .×Qjs ✳

❈♦r♦❧ár✐♦ ✻✳✸✳✸✳ ❙❡❥❛♠ G1, . . . , Gn ❣r✉♣♦s ❧✐♠✐t❡s ♥ã♦✲❛❜❡❧✐❛♥♦s ❡ S ✉♠ ♣r♦❞✉t♦ s✉❜❞✐r❡t♦
❞❡ G = G1 × . . . × Gn t❛❧ q✉❡ S ∩ Gi é ♥ã♦✲tr✐✈✐❛❧✱ i = 1, . . . , n✳ ❙❡ S é ❞❡ t✐♣♦ FPn✱ ❡♥tã♦
S t❡♠ í♥❞✐❝❡ ✜♥✐t♦ ❡♠ G✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✻✳✸✳✷ ♥♦ ❝❛s♦ s = n✳ ❱❡♠♦s q✉❡✱ ♥❡ss❡ ❝❛s♦✱
pj1,...,js = idG✳

✶✶✶



✻✳✸✳ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ●r✉♣♦s ▲✐♠✐t❡s

✶✶✷
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❬✹❪ ▼✳ ❇❡st✈✐♥❛✱ ▼✳ ❋❡✐❣❤♥✱ ◆♦t❡s ♦♥ ❙❡❧❛✬s ✇♦r❦✿ ▲✐♠✐t ❣r♦✉♣s ❛♥❞ ▼❛❦❛♥✐♥✲❘❛③❜♦r♦✈
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▼❛t❤❡♠❛t✐❝❛❧ ◆♦t❡s✳ ◗✉❡❡♥ ▼❛r② ❈♦❧❧❡❣❡✱ ❉❡♣❛rt♠❡♥t ♦❢ P✉r❡ ▼❛t❤❡♠❛t✐❝s✱ ▲♦♥❞♦♥✱
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❬✻❪ ▼✳❘✳ ❇r✐❞s♦♥✱ ❏✳ ❍♦✇✐❡✱ ❈✳ ❋✳ ▼✐❧❧❡r ■■■✱ ❍✳ ❙❤♦rt✱ ❚❤❡ s✉❜❣r♦✉♣s ♦❢ ❞✐r❡❝t ♣r♦❞✉❝ts ♦❢
s✉r❢❛❝❡ ❣r♦✉♣s✱ ●❡♦♠❡tr✐❛❡ ❉❡❞✐❝❛t❛ ✾✷ ✭✷✵✵✷✮✱ ✾✺✲✶✵✸✳
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