
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s
■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡

❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ✲ ■▼❊❈❈

❯♠ ❡st✉❞♦ s♦❜r❡ s✐st❡♠❛s ❞❡

✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s

❆♥❞ré ❘♦❞r✐❣✉❡s ▼♦♥t✐❝❡❧✐

❛♥❞r❡♠♦♥t✐❝❡❧✐❅②❛❤♦♦✳❝♦♠✳❜r

❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

❖r✐❡♥t❛❞♦r✭❛✮✿ Pr♦❢✳ ❉r✳ ❈r✐st✐❛♥♦ ❚♦r❡③③❛♥

▼❛rç♦ ❞❡ ✷✵✶✵
❈❛♠♣✐♥❛s ✲ ❙P



❯♠ ❡st✉❞♦ s♦❜r❡ s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ ❛ r❡❞❛çã♦

✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦ ❞❡✈✐❞❛♠❡♥t❡

❝♦rr✐❣✐❞❛ ❡ ❞❡❢❡♥❞✐❞❛ ♣♦r ❆♥❞ré

❘♦❞r✐❣✉❡s ▼♦♥t✐❝❡❧✐ ❡ ❛♣r♦✈❛❞❛

♣❡❧❛ ❝♦♠✐ssã♦ ❥✉❧❣❛❞♦r❛✳

❈❛♠♣✐♥❛s✱ ✷✺ ❞❡ ♠❛rç♦ ❞❡ ✷✵✶✵✳

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✿

Pr♦❢✳ ❉r✳ ❈r✐st✐❛♥♦ ❚♦r❡③③❛♥ ✭❋❈❆ ✲ ❯♥✐❝❛♠♣✮

Pr♦❢a✳ ❉ra✳ ❙❛♥❞r❛ ❆✳ ❙❛♥t♦s ✭■▼❊❈❈ ✲ ❯♥✐❝❛♠♣✮

Pr♦❢✳ ❉r✳ P❛✉❧♦ ❆✳ ❱❛❧❡♥t❡ ❋❡rr❡✐r❛ ✭❋❊❊❈ ✲ ❯♥✐❝❛♠♣✮

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡

▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦

❈✐❡♥tí✜❝❛✱ ❯◆■❈❆▼P✱ ❝♦♠♦ r❡q✉✐✲

s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❚ít✉❧♦ ❞❡

▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛✳

✐



✐✐



✐✐✐



❍á ♣❡ss♦❛s q✉❡ ❞❡s❡❥❛♠ s❛❜❡r só ♣♦r s❛❜❡r✱

❡ ✐ss♦ é ❝✉r✐♦s✐❞❛❞❡❀ ♦✉tr❛s✱ ♣❛r❛ ❛❧❝❛♥ç❛r❡♠

❢❛♠❛✱ ❡ ✐ss♦ é ✈❛✐❞❛❞❡❀ ♦✉tr❛s✱ ♣❛r❛ ❡♥r✐q✉❡✲

❝❡r❡♠ ❝♦♠ ❛ s✉❛ ❝✐ê♥❝✐❛✱ ❡ ✐ss♦ é ✉♠ ♥❡❣ó❝✐♦

t♦r♣❡✿ ♦✉tr❛s✱ ♣❛r❛ s❡r❡♠ ❡❞✐✜❝❛❞❛s✱ ❡ ✐ss♦ é

♣r✉❞ê♥❝✐❛❀ ♦✉tr❛s✱ ♣❛r❛ ❡❞✐✜❝❛r❡♠ ♦s ♦✉tr♦s✱

❡ ✐ss♦ é ❝❛r✐❞❛❞❡✳

❙ã♦ ❚♦♠ás ❞❡ ❆q✉✐♥♦

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❊①♣r❡ss♦ ❡st✐♠❛ ❡ ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s ❛q✉❡❧❡s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❝♦♠ ♦ s✉❝❡ss♦

❞❡st❡ ❡st✉❞♦✳

❆♦ Pr♦❢❡ss♦r ❈r✐st✐❛♥♦ ❚♦r❡③③❛♥✱ ♦r✐❡♥t❛❞♦r ❞❡st❡ ❡st✉❞♦✱ ♣♦r s✉❛ ❞❡❞✐❝❛çã♦ ❡①✲

tr❛♦r❞✐♥ár✐❛✱ ❡♥s✐♥❛♠❡♥t♦✱ ❝♦♠♣r❡❡♥sã♦✱ ❛♠✐③❛❞❡ ❡ ♣❡❧♦ ✐♥❡st✐♠á✈❡❧ ✐♥❝❡♥t✐✈♦ r❡❝❡❜✐❞♦✳

➚ Pr♦❢❡ss♦r❛ ❙✉❡❧✐ ❈♦st❛ ❡ ❛ t♦❞❛ ❛ ❈♦♠✐ssã♦ ❞♦ Pr♦❣r❛♠❛ ❞❡ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧

❡♠ ▼❛t❡♠át✐❝❛ ❡ ❛♦s ♣r♦❢❡ss♦r❡s ♣❡❧♦ ❛♣♦✐♦✱ ❡♥s✐♥♦ ❡ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠✳

❆♦s ♠♦♥✐t♦r❡s ❏♦ã♦ P❛✉❧♦ ❡ ❆❣♥❛❧❞♦ ♣❡❧♦ ✐♥❝❡♥t✐✈♦✱ ❞❡❞✐❝❛çã♦ ❡ ❛♠✐③❛❞❡✳

❆♦s ♠❡✉s ♣❛✐s ❈é❧✐♦ ❡ ❈❡❧❡st❡ ♣❡❧♦ ❛♣♦✐♦ ❞❛❞♦ ❡ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡♠ t♦❞❛s ❛s ❤♦r❛s

❞❡st❛ ❝❛♠✐♥❤❛❞❛✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ♣♦r ❡st❛r❡♠ s❡♠♣r❡ ♣♦r ♣❡rt♦ ♦❢❡r❡❝❡♥❞♦ ❛♣♦✐♦ q✉❛♥❞♦ ♣r❡❝✐s❡✐✳

❆ t♦❞♦s ♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s ❡ ❛♠✐❣♦s q✉❡ s❡♠♣r❡ ❡st✐✈❡r❛♠ ♣r❡s❡♥t❡s ♠❡ ❛❝♦♥s❡✲

❧❤❛♥❞♦ ❡ ✐♥❝❡♥t✐✈❛♥❞♦ ❝♦♠ ❝❛r✐♥❤♦ ❡ ❞❡❞✐❝❛çã♦✳

➚ ▲✐❧✐❛ ❡ ❲❛♥❡ss❛✱ ♣♦r t♦❞❛ ❛❥✉❞❛✱ ❝♦♠♣r❡❡♥sã♦ ❡ ✐♥❝❡♥t✐✈♦✳

➚ ❆✐❞❛ ♣♦r t❡r ❛ ♣❛❧❛✈r❛ ❝❡rt❛ ♥❛ ❤♦r❛ ❝❡rt❛ ❡ ♣♦r s❡♠♣r❡ ❛❝r❡❞✐t❛r ❡♠ ♠✐♠✳

❆ t♦❞❛s ❛s ♣❡ss♦❛s q✉❡✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❡①❡❝✉çã♦ ❞❡ss❡

❡st✉❞♦✳

❆❣r❛❞❡ç♦ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❝❛s❛❧ P❛✉❧♦ ❆♥tô♥✐♦ ❆r♦✉❝❛ ❡ ❉❛✐③② ❆♣❛r❡❝✐❞❛ ❆③❡✈❡❞♦

❆r♦✉❝❛ ❡ ✜❧❤♦s✱ ♣♦r t♦❞♦ ❛♣♦✐♦ q✉❡ ♠❡ ♦❢❡r❡❝❡r❛♠ ♥♦ ❞❡❝♦rr❡r ❞❡ss❡ ❡st✉❞♦✳

❊ ❛❣r❛❞❡ç♦✱ s♦❜r❡t✉❞♦✱ ❛ ❉❡✉s ♣♦r t❡r ♠❡ ❞❛❞♦ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ r❡❛❧✐③❛r ❡ss❡

tr❛❜❛❧❤♦✳

✈✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛❜♦r❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡s❝r❡✈❡r ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐s✲

t❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❊st❡ ♣r♦❜❧❡♠❛ ❡stá ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛

❝❧áss✐❝♦ ❞❛ ❡♥✉♠❡r❛çã♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦✳ ❉❡s❝r❡✈❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲

▼♦t③❦✐♥ q✉❡ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡❧✐♠✐♥❛r ✈❛r✐á✈❡✐s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s ❡ ♣r♦❥❡t❛r ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ♥✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ♠❡♥♦r✳ ▼♦str❛♠♦s

❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡ s❡r ❝♦♥✈❡rt✐❞♦ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡

❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞✉❛❧ ❛♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥✲

❡❛r❡s✱ ✉♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❢❛❝tí✈❡❧✳ ❆❧❣✉♥s ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦ ❢❡❝❤♦

❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s ❡ t❛♠❜é♠ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r

❢❛❝tí✈❡❧ sã♦ ❡st✉❞❛❞♦s✳ ◆♦ss♦ ✐♥t❡r❡ss❡✱ ❛❧é♠ ❞❡ ❧✐st❛r ♦s ✈ért✐❝❡s ❡ ❛s ❢❛❝❡s é t❛♠✲

❜é♠ ✈✐s✉❛❧✐③❛r ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ✉t✐❧✐③❛♥❞♦ ✉♠ ♣r♦❣r❛♠❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ P❛r❛ t❛♥t♦

♣r♦♣♦♠♦s ✉♠ ♠ét♦❞♦ q✉❡ ❝♦♥stró✐ ❛ ❧✐st❛ ❞♦s ✈ért✐❝❡s ❡ ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r

✉♠ ❞❛❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❡ ❣r❛✈❛ ♦ r❡s✉❧t❛❞♦ ♥✉♠ ❛rq✉✐✈♦ ❞❡ t❡①t♦ ♣✉r♦

❝♦♠ ❡①t❡♥sã♦ ♦❜❥✱ q✉❡ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦s ♣r✐♥❝✐♣❛✐s s♦❢t✇❛r❡s ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛

✸❉✳ ❖ ♠ét♦❞♦ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♥♦ ❖❝t❛✈❡ ❡ ❞✐✈❡rs♦s t❡st❡s ❢♦r❛♠ ❢❡✐t♦s✱ ❛♥❛❧✐s❛♥❞♦ ♦

❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♣♦ssí✈❡✐s ❞✐✜❝✉❧❞❛❞❡s q✉❡ ♣♦❞❡♠ s✉r❣✐r ❞❡✈✐❞♦ ❛ ❡rr♦s ♥✉♠ér✐❝♦s

♦✉ ❢❛❧t❛ ❞❡ ♠❡♠ór✐❛✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s❀ ♣♦❧✐❡❞r♦✱ ✈ért✐❝❡s✱ ❢❛❝❡s✱ ❢❡❝❤♦ ❝♦♥✲

✈❡①♦✳

✐①



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ❛♣♣r♦❛❝❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡s❝r✐❜✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛ s②st❡♠ ♦❢

❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♣r♦❜❧❡♠ ❦♥♦✇♥ ❛s

✈❡rt❡① ❡♥✉♠❡r❛t✐♦♥✳ ❲❡ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❋♦✉r✐❡r✲▼♦t③❦✐♥✱ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦

❡❧✐♠✐♥❛t❡ ✈❛r✐❛❜❧❡s ✐♥ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✱ ♣r♦❥❡❝t✐♥❣ ✐ts s♦❧✉t✐♦♥ ✐♥ ❛ ❧♦✇❡r

❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❲❡ s❤♦✇ ❤♦✇ t❤❡ ✈❡rt❡① ❡♥✉♠❡r❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞

✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛ s❡t ♦❢ ❞✉❛❧ ♣♦✐♥ts✱ ♦♥❝❡ ❢♦✉♥❞

❛ ❢❡❛s✐❜❧❡ ✐♥t❡r✐♦r ♣♦✐♥t✳ ❙♦♠❡ ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♥✈❡① ❤✉❧❧ ❛♥❞ ❛❧s♦ ❢♦r ✜♥❞✐♥❣ ❛ ❢❡❛s✐❜❧❡

✐♥t❡r✐♦r ♣♦✐♥t ❛r❡ st✉❞✐❡❞✳ ❖✉r ✐♥t❡r❡st ✐s ♥♦t ♦♥❧② t♦ st♦r❡ t❤❡ ✈❡rt✐❝❡s ❛♥❞ ❢❛❝❡s ❜✉t

❛❧s♦ ✈✐s✉❛❧✐③❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥t ♣♦❧②❤❡❞r♦♥ ✉s✐♥❣ ❛ ❝♦♠♣✉t❡r ❣r❛♣❤✐❝s s♦❢t✇❛r❡✳ ■♥ t❤✐s

✇❛② ✇❡ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ t❤❛t st♦r❡s t❤❡ ♣♦❧②❤❡❞r♦♥✬s ✈❡rt✐❝❡s ❛♥❞ ❢❛❝❡s ❛♥❞ ♦✉t♣✉t

t❤❡ r❡s✉❧ts ✐♥t♦ ❛ ♣❧❛✐♥ t❡①t ✜❧❡ ✇✐t❤ ❡①t❡♥s✐♦♥ ♦❜❥✱ ✇❤✐❝❤ ✐s ❛ ❣❡♦♠❡tr✐❝ ❞❡✜♥✐t✐♦♥

✜❧❡ ❢♦r♠❛t t❤❛t ❝❛♥ ❜❡ ♦♣❡♥❡❞ ✇✐t❤ ❛❧❧ ♠❛❥♦r ✸❉ ❣r❛♣❤✐❝s s♦❢t✇❛r❡✳ ❚❤❡ ♠❡t❤♦❞ ✇❛s

✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❖❝t❛✈❡ ❛♥❞ s❡✈❡r❛❧ t❡sts ✇❡r❡ ♠❛❞❡✱ ❛♥❛❧②③✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st

❛♥❞ ♣♦ss✐❜❧❡ ❞✐✣❝✉❧t✐❡s t❤❛t ♠❛② ❛r✐s❡ ❞✉❡ t♦ ♥✉♠❡r✐❝❛❧ ❡rr♦rs ♦r ♠❡♠♦r② r❡q✉✐r❡♠❡♥ts✳

❑❡② ✇♦r❞s✿ s②st❡♠ ♦❢ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s✱ ♣♦❧②❤❡❞r♦♥✱ ✈❡rt✐❝❡s✱ ❢❛❝❡s✱ ❝♦♥✈❡① ❤✉❧❧✳

①✐



▲✐st❛ ❞❡ ◆♦t❛çõ❡s

Ax ≤ b := ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

Am×n := ♠❛tr✐③ ❞❡ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s✳

m := ♥ú♠❡r♦ ❞❡ ✐♥❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ Ax ≤ b✳

n := ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s Ax ≤ b✳

〈x, y〉 := ♣r♦❞✉t♦ ✐♥t❡✐r♦✳

x := ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ♣❡rt❡♥❝❡♥t❡ ❛♦ R
n✳

H := ❤✐♣❡r♣❧❛♥♦ ♥♦ R
n✳

conv(D) := ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ D ⊂ R
n✳

P := ✉♠ ♣♦❧✐❡❞r♦ ❞♦ R
n✳

C := ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❞♦ R
n✳

A=x ≤ b= := s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ✐♠♣❧í❝✐t❛s ❡♠ Ax ≤ b✳

A+ ≤ b+ := s✐st❡♠❛ ❞❡ t♦❞❛s ❛s ♦✉tr❛s ✐♥❡q✉❛çõ❡s ❡♠ Ax ≤ b✳

F := ❢❛❝❡ ❞❡ ✉♠ ♣♦❧✐❡❞r♦ P ✳

ri := r❛✐♦s✳

d := ❞✐r❡çã♦ ❞♦ ❝♦♥❥✉♥t♦✳

|G| := ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ G✳

I− := í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦ ♥❡❣❛t✐✈♦s✳

I+ := í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦ ♣♦s✐t✐✈♦s✳

I0 := í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦ ♥✉❧♦s✳

C ∈ R
m×n := ♠❛tr✐③ r❡❛❧ C ❝♦♠ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s✳

vi := ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦ P ✳

Cm,n := ❝♦♠❜✐♥❛çã♦ ❞❡ m ✐♥❡q✉❛çõ❡s ♣♦r n ✈❛r✐á✈❡✐s✳

ui = (āi1, ..., āin) := ✈❡t♦r ❞✉❛❧ ❞♦ ❤✐♣❡r♣❧❛♥♦ āi1x1 + ...+ āinxn✳

c := ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦✳
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❙✉♠ár✐♦

❆❣r❛❞❡❝✐♠❡♥t♦s ✈✐✐

❘❡s✉♠♦ ✐①

❆❜str❛❝t ①✐

▲✐st❛ ❞❡ ◆♦t❛çõ❡s ①✐✐✐

■♥tr♦❞✉çã♦ ✶

✶ ❉❡s✐❣✉❛❧❞❛❞❡s ❡ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s ✺

✶✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷✳✶ ❱❡t♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷✳✷ ▼❛tr✐③❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸✳✶ ❘❡t❛s✱ ❤✐♣❡r♣❧❛♥♦s ❡ s❡♠✐✲❡s♣❛ç♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✸✳✷ ❋❡❝❤♦ ❝♦♥✈❡①♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✸✳✸ ❙✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸✳✹ P♦❧✐❡❞r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷ ▼ét♦❞♦ ❞❡ ❊❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✷✾

✷✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷ ▼ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✷✳✶ ❊❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ❛tr❛✈és ❞❡ ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s ✹✸

✸ ❘❡♣r❡s❡♥t❛çã♦ ●rá✜❝❛ ❞❡ ✉♠ ❙✐st❡♠❛ ❞❡ ■♥❡q✉❛çõ❡s ▲✐♥❡❛r❡s ✺✺

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✷✳✶ ❋❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ R
2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾
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❙❯▼➪❘■❖ ①✈✐

✸✳✷✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ R
3 ✻✹

✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✸✳✸✳✶ ❆❧❣♦r✐t♠♦ ❞❛ ❝♦♠❜✐♥❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✸✳✷ ❊♥❝♦♥tr❛♥❞♦ ♦s ✈ért✐❝❡s ❛tr❛✈és ❞♦ ❢❡❝❤♦ ❞✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Ax ≤ b ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✹✳✶ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❛ ❡❧✐♠✐♥❛çã♦

❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✹✳✷ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ✉t✐❧✐③❛♥❞♦ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ✳ ✼✺

✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✸✳✻ ❊❧✐♠✐♥❛çã♦ ❞❡ ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ✉t✐❧✐③❛♥❞♦ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧ ✳ ✳ ✳ ✳ ✽✷

✹ ❊①♣❡r✐ê♥❝✐❛s ❈♦♠♣✉t❛❝✐♦♥❛✐s ✽✺

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✷ ❊①♣❡r✐ê♥❝✐❛ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✹✳✸ ❊①♣❡r✐ê♥❝✐❛ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✹ ❊①♣❡r✐ê♥❝✐❛ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✺ ❆♣❧✐❝❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✺✳✶ ❆♣❧✐❝❛çã♦ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✹✳✺✳✷ ❆♣❧✐❝❛çã♦ ✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ❡ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s ✾✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✼

❆ ■♠♣❧❡♠❡♥t❛çã♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ✾✾

❇ ■♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ♣❡❧♦

♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✶✵✶

❈ ■♠♣❧❡♠❡♥t❛çã♦ ♣❛r❛ ❡❧✐♠✐♥❛r ❛s r❡❞✉♥❞â♥❝✐❛s ✶✵✼

❉ ■♠♣❧❡♠❡♥t❛çã♦ ❞♦ ✈❡rt❞✉❛❧✳♠ ✶✵✾

❊ ■♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❋❡❝❤♦ ✭â♥❣✉❧♦s ❡♥tr❡ ✈❡t♦r❡s✮ ✶✶✸

❋ ■♠♣❧❡♠❡♥t❛çã♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡①❡♠♣❧♦s ✶✶✼



■♥tr♦❞✉çã♦

❊♠ ❞✐✈❡rs♦s ❝✉rs♦s ❞❡ ♠❛t❡♠át✐❝❛ ❜ás✐❝❛ ❡ ❛té ✉♥✐✈❡rs✐tár✐❛✱ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s

❧✐♥❡❛r❡s sã♦ ❜❛st❛♥t❡ ❡st✉❞❛❞♦s ❡ ✈ár✐❛s ♣✉❜❧✐❝❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❡st❡ ❛ss✉♥t♦ sã♦ ❝♦✲

♥❤❡❝✐❞❛s✳ ❊♠ ❝♦♥tr❛st❡ ❞✐st♦✱ ♦s s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s sã♦ ♣♦✉❝♦ ❛❜♦r❞❛❞♦s✱

✐♥❝❧✉s✐✈❡ ❡♠ ❝✉rs♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✱ s❡♥❞♦ q✉❡ ❛❧❣✉♥s ❞❡ss❡s ❝✉rs♦s ♥❡♠ s❡q✉❡r ♠❡♥✲

❝✐♦♥❛♠ t❛❧ ❛ss✉♥t♦✳ ❈♦♠ ❡st❡ tr❛❜❛❧❤♦ ♣r♦❝✉r❛♠♦s ❡①♣❧♦r❛r ❡st❛ ❧❛❝✉♥❛ t❡♥❞♦ ❡♠ ✈✐st❛

❞♦✐s ♦❜❥❡t✐✈♦s ♣r✐♥❝✐♣❛✐s✳ ❖ ♣r✐♠❡✐r♦ ❝♦♥s✐st❡ ❡♠ ✐♥✈❡st✐❣❛r ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦

❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s q✉❛❧q✉❡r ♣♦❞❡ s❡r ♦❜t✐❞♦✳ ❖ s❡❣✉♥❞♦ é ❡❧❛❜♦r❛r

✉♠ ♠❛t❡r✐❛❧ ✐♥tr♦❞✉tór✐♦ s♦❜r❡ ♦ ❛ss✉♥t♦ q✉❡ s❡❥❛ ❝♦♠♣❛tí✈❡❧ ♣❛r❛ ✉s♦ ❡♠ ❛♣❧✐❝❛çõ❡s

❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✳

❖ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s é ❞❡♥♦♠✐♥❛❞♦ ♣♦❧✐❡❞r♦✳

◗✉❛♥❞♦ ❡st❡ ❝♦♥❥✉♥t♦ ❢♦r ❧✐♠✐t❛❞♦✱ ❞✐r❡♠♦s q✉❡ é ✉♠ ♣♦❧✐t♦♣♦✳ ❊①✐st❡♠ ❞✐✈❡rs♦s ♣r♦✲

❜❧❡♠❛s ❝❧áss✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ t❛✐s ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦

❞♦s ✈ért✐❝❡s✱ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❚❛✐s ♣r♦❜❧❡♠❛s ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ár❡❛

❞❛ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛ ♦✉ ❝♦♠♣✉t❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❣❡♦♠❡tr✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❆ ❣❡♦♠❡tr✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠❡r❣✐✉ ❞❛ ár❡❛ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❛♥á❧✐s❡ ❞❡ ❛❧❣♦✲

r✐t♠♦s ❡♠ ♠❡❛❞♦s ❞♦s ❛♥♦s ✼✵✳ ❙❡✉ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♣r♦❜❧❡♠❛s ❣❡♦♠étr✐❝♦s s♦❜ ♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❛❧❣♦rít♠✐❝♦✳

❆ ♣r♦❝✉r❛ ♣♦r ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❣❡♦♠étr✐❝♦s ✈❡♠ ❞❡s❞❡ ❛ é♣♦❝❛ ❞❛

❛♥t✐❣✉✐❞❛❞❡✳ ❙ã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛s ❛s ❝♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s ❞❡ ❊✉❝❧✐❞❡s✱ q✉❡ ✉s❛✈❛♠

❝♦♠♦ ✐♥str✉♠❡♥t♦s ré❣✉❛ ❡ ❝♦♠♣❛ss♦ ❡ ❝♦♥s✐st✐❛♠ ❞❡ ❛❧❣✉♠❛s ♦♣❡r❛çõ❡s q✉❡ ♣♦❞✐❛♠

s❡r r❡❛❧✐③❛❞❛s ❝♦♠ ❡ss❡s ✐♥str✉♠❡♥t♦s✳ ❯♠ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❞❡ ❝♦♥str✉çã♦ ❣❡♦♠étr✐❝❛

❛tr❛✈és ❞❡ ré❣✉❛ ❡ ❝♦♠♣❛ss♦ é ♦ ❝❤❛♠❛❞♦ Pr♦❜❧❡♠❛ ❞❡ ❆♣♦❧ô♥✐♦ ✭❝❡r❝❛ ❞❡ ✷✵✵ ❛✳❈✳✮✱

♥♦ q✉❛❧ três ❝✐r❝✉♥❢❡rê♥❝✐❛s ❛r❜✐trár✐❛s ♥♦ ♣❧❛♥♦ sã♦ ❞❛❞❛s ❡ ♣❡❞❡✲s❡ ✉♠❛ q✉❛rt❛ ❝✐r✲

❝✉♥❢❡rê♥❝✐❛ q✉❡ s❡❥❛ t❛♥❣❡♥t❡ às três ❝✐r❝✉♥❢❡rê♥❝✐❛s ❞❛❞❛s✳ ❊✉❝❧✐❞❡s ❛♣r❡s❡♥t♦✉ ✉♠

❛❧❣♦r✐t♠♦ q✉❡ r❡s♦❧✈❡ ❡st❡ ♣r♦❜❧❡♠❛✳

❊♠ ❣❡♦♠❡tr✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♦ ✐♥t❡r❡ss❡ é ♣r♦❥❡t❛r ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s ♣❛r❛ r❡✲

s♦❧✈❡r ♣r♦❜❧❡♠❛s ❣❡♦♠étr✐❝♦s✳ ▼✉✐t♦s ❞❡ss❡s ♣r♦❜❧❡♠❛s tê♠ s✉❛ ♦r✐❣❡♠ ❡♠ ♦✉tr❛s

✶



■♥tr♦❞✉çã♦ ✷

ár❡❛s✱ ❝♦♠♦ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✱ r♦❜ót✐❝❛✱ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ✐♠❛❣❡♥s ❡ ❛té ❝r✐st❛❧♦✲

❣r❛✜❛✳

▼✉✐t♦s ♣r♦❜❧❡♠❛s q✉❡ ❛♣❛r❡❝❡♠ ♥❡st❛s ár❡❛s tê♠ ❡♥✉♥❝✐❛❞♦s s✐♠♣❧❡s ❡ ✈ár✐❛s s♦❧✉çõ❡s

♣♦ssí✈❡✐s✱ ❞❡s❞❡ ❛s ♠❛✐s ✐♥❣ê♥✉❛s ❛té ❛s ♠❛✐s ❡✜❝✐❡♥t❡s✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ss❡s ♣r♦✲

❜❧❡♠❛s sã♦✿

• ❋❡❝❤♦ ❝♦♥✈❡①♦✿ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✱ ❞❡t❡r♠✐♥❡ ♦ ♠❡♥♦r ♣♦❧✐❡❞r♦ ❝♦♥✈❡①♦

❝♦♥t❡♥❞♦ t♦❞♦s ♦s ♣♦♥t♦s✳

• ■♥t❡rs❡çã♦ ❞❡ s❡❣♠❡♥t♦s✿ ❉❡t❡r♠✐♥❛r ❛s ✐♥t❡rs❡❝çõ❡s ❞❡ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡

s❡❣♠❡♥t♦s ❞❡ r❡t❛s✳

• Pr♦❣r❛♠❛çã♦ ❧✐♥❡❛r✿ ▼✐♥✐♠✐③❛r ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r t❡♥❞♦ ❝♦♠♦ ❞♦♠í♥✐♦ ✉♠ ♣♦❧✐❡❞r♦✳

• P❛r ♠❛✐s ♣ró①✐♠♦✿ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✱ ❞❡t❡r♠✐♥❛r ♦ ♣❛r ❞❡ ♣♦♥t♦s ❝♦♠

♠❡♥♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st❛r❡♠♦s ♣❛rt✐❝✉❧❛♠❡♥t❡ ✐♥t❡r❡ss❛❞♦s ♥♦ ♣r♦❜❧❡♠❛ ❞❡ r❡♣r❡s❡♥t❛r

❣r❛✜❝❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❝♦♠ ❞✉❛s ♦✉ três

✈❛r✐á✈❡✐s✳ ❊st❡ ♣r♦❜❧❡♠❛ ❡stá ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦

❞♦s ✈ért✐❝❡s✱ ❝✉❥❛ ❧✐t❡r❛t✉r❛ é ❜❛st❛♥t❡ ✈❛st❛✳

❖s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ❞✐✈✐❞❡♠✲s❡ ❜❛s✐❝❛♠❡♥t❡ ❡♠ ❞✉❛s ❝❧❛ss❡s ❬✶❪✿ ❣r❛❢♦s

tr❛♥s✈❡rs❛✐s ❡ ✐♥❝r❡♠❡♥t❛✐s✳

❖s ❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s ♣r♦❝✉r❛♠ ❝♦♥str✉✐r ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s ❛tr❛✈és

❞❡ ✉♠ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ ❜❛s❡s ✭n ❢❛❝❡t❛s q✉❡ ❝♦♥tê♠ v ✈ért✐❝❡s ❡ ❝✉❥♦s ❤✐♣❡r♣❧❛♥♦s sã♦

✐♥❞❡♣❡♥❞❡♥t❡s✮✳ ❉♦✐s ✈ért✐❝❡s ❞❡ P sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ ❛r❡st❛ ❞❡ P s❡ ❡❧❡s tê♠

❜❛s❡s q✉❡ ❞✐❢❡r❡♠ ❡♠ ❛♣❡♥❛s ✉♠ ♠❡♠❜r♦✳ ❆❧t❡r♥❛r ❞❡ ✉♠ ✈ért✐❝❡ ♣❛r❛ ✉♠ ❛❞❥❛❝❡♥t❡

❡q✉✐✈❛❧❡ ❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❊st❛ ♦♣❡r❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣✐✈♦t❡❛♠❡♥t♦✳ ❆❧✲

❣✉♥s ❛❧❣♦r✐t♠♦s ❞❡ss❛ ❝❧❛ss❡ sã♦ ♦s ❣✐❢t ✇r❛♣♣✐♥❣ ❬✽❪✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙❡✐❞❡❧ ❬✶✾❪ ❡ ♦

❡✜❝✐❡♥t❡ ❛❧❣♦r✐t♠♦ r❡✈❡rs❡ s❡❛r❝❤ ❞❡ ❆✈✐s ❡ ❋✉❦✉❞❛ ❬✷❪ q✉❡ ❡①♣❧♦r❛ ✉♠❛ ❜✉s❝❛ r❡✈❡rs❛

❜❛s❡❛❞♦ ♥♦ s✐st❡♠❛ ❞❡ tr♦❝❛ ❞❡ ❜❛s❡ ❞♦ s✐♠♣❧❡①✳

❖s ❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❞❡t❡r♠✐♥❛♠

♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❝❛❧❝✉❧❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s❡♠✐✲

❡s♣❛ç♦s✳ ❊♠ ❣❡r❛❧✱ ✐♥✐❝✐❛❧♠❡♥t❡ é ❝♦♥str✉í❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ n ♦✉ n+1 s❡♠✐✲❡s♣❛ç♦s

❡ s❡✉s ✈ért✐❝❡s✳ ❊♠ s❡❣✉✐❞❛✱ ❛s ❞❡♠❛✐s r❡str✐çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s ❡ ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s

é ❛t✉❛❧✐③❛❞❛ ❛tr❛✈és ❞❛ s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❊ss❡♥❝✐❛❧♠❡♥t❡ ❝❛❞❛

❛t✉❛❧✐③❛çã♦ ✐❞❡♥t✐✜❝❛ ❡ r❡♠♦✈❡ t♦❞♦s ♦s ✈ért✐❝❡s q✉❡ ♥ã♦ ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ♥♦✈♦ s❡♠✐✲

❡s♣❛ç♦✳



■♥tr♦❞✉çã♦ ✸

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ t♦r♥❛r ❡st❡ tr❛❜❛❧❤♦ ❞✐❞át✐❝♦ ❡ ❛❝❡ssí✈❡❧ ❛ ❡st✉❞❛♥t❡s ❞❡ ❣r❛❞✉❛çã♦✱

✈❛♠♦s ♦♣t❛r ♣♦r ✉♠❛ ❞❛s ❝❧❛ss❡s ❞❡ ❛❧❣♦r✐t♠♦s❀ ❝❛s♦ ❝♦♥trár✐♦✱ ♣♦❞❡rí❛♠♦s ❝♦rr❡r ♦ r✐s❝♦

❞❡ t❡r ✉♠ ❡st✉❞♦ ♠✉✐t♦ ❧♦♥❣♦ ♦✉ ❛✐♥❞❛ ✐♥❝♦♠♣❧❡t♦✳ ❆ss✐♠✱ ♦♣t❛♠♦s ♣❡❧♦s ❛❧❣♦r✐t♠♦s

✐♥❝r❡♠❡♥t❛✐s✱ ✈✐st♦ q✉❡ ❡ss❡s sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❜❛s❡❛❞♦s ❡♠ ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✳

❆♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✱ ✈❛♠♦s ❞❡s❝r❡✈❡r ❡ ❛♥❛❧✐s❛r ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦s ❞✐✈❡rs♦s

s✉❜♣r♦❜❧❡♠❛s q✉❡ s✉r❣❡♠ q✉❛♥❞♦ ❞❡s❡❥❛♠♦s r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡ ✉♠ ♣♦❧✐❡❞r♦✳ ❖

tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡❧❡♠❡♥t❛r❡s ❞❡ ♠❛tr✐③❡s ❡ ❛♥á❧✐s❡ ❝♦♥✲

✈❡①❛✳ ❆s s❡çõ❡s ❞❡st❡ ❝❛♣ít✉❧♦ r❡s✉♠❡♠ ♦ ❝♦♥t❡ú❞♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❞✐✈❡rs❛s r❡❢❡rê♥❝✐❛s✿

❬✸✱ ✹✱ ✶✸✱ ✶✹✱ ✶✺✱ ✶✼❪✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❞❡s❝r❡✈❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ❡ ❛♣r❡s❡♥✲

t❛♠♦s ❞✐✈❡rs♦s ❡①❡♠♣❧♦s✳ ❊st❡ ♠ét♦❞♦✱ ❛❧é♠ ❞❡ ♣♦ss✐❜✐❧✐t❛r ❛ ❡❧✐♠✐♥❛çã♦ s✉❝❡ss✐✈❛ ❞❡

✈❛r✐á✈❡✐s ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s t❛♠❜é♠ ♥♦s ♣♦ss✐❜✐❧✐t❛ ❡♥❝♦♥tr❛r ✉♠

♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ♥ã♦✲✈❛③✐♦✱ ❡ t❛♠❜é♠ ✈❡r✐✜❝❛r s❡ ✉♠ s✐st❡♠❛ Ax ≤ b é

❢❛❝tí✈❡❧✳ ❈♦♠♦ ✈❡r❡♠♦s✱ ✉♠ ❞♦s ♣r♦❜❧❡♠❛s ❞❡st❡ ♠ét♦❞♦ é q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✐♥❡q✉❛çõ❡s

❝r❡s❝❡ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♠❛✐s rá♣✐❞♦ ❞♦ q✉❡ ❛s ✈❛r✐á✈❡✐s sã♦ ❡❧✐♠✐♥❛❞❛s✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❝♦♥❝❡♥tr❛♠✲s❡ ♥♦ss❛s ♣r✐♥❝✐♣❛✐s ❝♦♥tr✐❜✉✐çõ❡s✳ ❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s

❛❧❣♦r✐t♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞♦ R
2 ❡ ❞♦ R

3

❡ ❛❜♦r❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s✳ ◆♦ ❚❡♦r❡♠❛ ✸✳✶

♠♦str❛♠♦s q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❝♦♥✈❡rt✐❞♦ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦

❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞✉❛❧ ❛♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡r❛r❡s✱ ✉♠❛ ✈❡③

❡♥❝♦♥tr❛❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❢❛❝tí✈❡❧✳ ❊st❡ r❡s✉❧t❛❞♦ é ❝♦♠❡♥t❛❞♦ ❡♠ ❬✶✵❪ ❡ t❛♠❜é♠

❡♠ ❬✶✻❪✱ ♥♦ ❡♥t❛♥t♦ s✉❛ ❛♣r❡s❡♥t❛çã♦ ❢♦r♠❛❧ ♥ã♦ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♥❛s r❡❢❡rê♥❝✐❛s q✉❡

♣❡sq✉✐s❛♠♦s✳ ❆ss✐♠✱ ♣r♦♣♦♠♦s ♦ ❡♥✉♥❝✐❛❞♦ ❡ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ❝♦♠♦ ✉♠❛

♠❛♥❡✐r❛ ❞❡ ❢♦r♠❛❧✐③❛r ❡st❛ ✐❞❡✐❛✳ ❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛♠♦s ♥♦ ❈❛♣ít✉❧♦ ✸ ❛❧❣✉♥s ♠ét♦❞♦s

♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ❡ t❛♠❜é♠ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❡ ❡❧✐♠✐♥❛r

r❡str✐çõ❡s r❡❞✉♥❞❛♥t❡s ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♠♣❛r❛çõ❡s ❡♥tr❡ ♦s ❛❧❣♦r✐t♠♦s ❛ ✜♠

❞❡ ♣♦ss✐❜✐❧✐t❛r ❛ ❡s❝♦❧❤❛ ❞❛q✉❡❧❡s q✉❡ ♠❡❧❤♦r r❡s♣♦♥❞❡♠ às ♥♦ss❛s ♥❡❝❡ss✐❞❛❞❡s✳ ❊st❡s

❛❧❣♦r✐t♠♦s sã♦ r❡✉♥✐❞♦s ❡♠ ✉♠❛ ú♥✐❝❛ r♦t✐♥❛ ✭❞❡s❡♥❤❛✳♠✮ q✉❡ ❣❡r❛ ✉♠ ❛rq✉✐✈♦ ❞❡ t❡①t♦

❝♦♠ ❡①t❡♥sã♦ ♦❜❥ ❝♦♥t❡♥❞♦ ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r ✉♠

s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❘❡❛❧✐③❛♠♦s ❞✐✈❡rs♦s t❡st❡s ❝♦♠♣❛r❛♥❞♦ ❛ r♦t✐♥❛ q✉❡

♣r♦♣♦♠♦s ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❝♦♥✷✈❡rt✳♠ ❞✐s♣♦♥í✈❡❧ ♥♦ s✐t❡ ❞♦ ▼❛t▲❛❜ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

❞❛ ❡♥✉♠❡r❛çã♦ ❞❡ ✈ért✐❝❡s✳ ❈♦♥❢♦r♠❡ ♠♦str❛❞♦ ♥♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✱ ❛ r♦t✐♥❛ q✉❡
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♣r♦♣♦♠♦s ♣❡r♠✐t❡ ❝♦♥str✉✐r ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ❛❧é♠ ❞❡ ✐♥❝❧✉✐r

r♦t✐♥❛s ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ q✉❡ ❛ t♦r♥❛♠ ♠❛✐s r♦❜✉st❛ q✉❡ ❛ ❢✉♥çã♦ ❝♦♥✷✈❡rt✳♠✳

❖ tr❛❜❛❧❤♦ é ✜♥❛❧✐③❛❞♦ ❝♦♠ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲

▼♦t③❦✐♥ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛ r♦t✐♥❛ ❞❡s❡♥❤❛✳♠✳ ◆❛ ❛♣❧✐❝❛çã♦ ✷✱ ❞❡s❡♥❤❛♠♦s ✉♠❛ ♣r♦✲

❥❡çã♦ ❞❡ ✉♠ ❤✐♣❡r❝✉❜♦ ❞♦ R
4 ♥♦ R

3 ❛♣♦✐❛❞♦ ❡♠ ✉♠ ❞❡ s❡✉s ✈ért✐❝❡s✳ ❆ ♠❡s♠❛ ✐❞❡✐❛

♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❛ ♣r♦❥❡çã♦ ❞❡ ♣♦❧✐❡❞r♦s ❞❡ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ♥♦

R
3✳ ❖s ❛❧❣♦r✐t♠♦s q✉❡ ♣r♦♣♦♠♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ ❖❝t❛✈❡✱ q✉❡ ♣♦ss✉✐ s✐♥t❛①❡

s✐♠✐❧❛r à ❞♦ ▼❛t▲❛❜ ❡ ❡♥❝♦♥tr❛♠✲s❡ ❞✐s♣♦♥í✈❡✐s ♥♦ ❛♥❡①♦ ❞❡st❡ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

❉❡s✐❣✉❛❧❞❛❞❡s ❡ ❈♦♥❥✉♥t♦s

❈♦♥✈❡①♦s

✶✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ✈❛♠♦s r❡✈❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ❡

❛♥á❧✐s❡ ❝♦♥✈❡①❛✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❡r❡♠♦s ❞❡

❢♦r♠❛ ❜r❡✈❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✱ ❝♦♠♦ á❧❣❡❜r❛ ❞❡ ✈❡t♦r❡s ❡ ❞❡ ♠❛tr✐③❡s✳

❊♠ s❡❣✉✐❞❛ ✐r❡♠♦s ❞❡✜♥✐r ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❛♥❛❧✐s❛r s✉❛s ❡str✉t✉r❛s✳ ❉❡✜♥✐r❡♠♦s

t❛♠❜é♠ ♦ q✉❡ é ✉♠ ❢❡❝❤♦ ❝♦♥✈❡①♦✱ ✉♠ ♣♦❧✐❡❞r♦✱ ✉♠ ❝♦♥❡ ❝♦♥✈❡①♦✱ ❛❧é♠ ❞❡ t♦r♥❛r ❝❧❛r❛ ❛

♥♦t❛çã♦ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✱ ♣❛r❛ ❝❤❡❣❛r♠♦s ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ q✉❡ é ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s ♣♦❧✐❡❞r♦s✳ ❖s ❝♦♥❝❡✐t♦s q✉❡ sã♦

tr❛t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ✈ár✐♦s t❡①t♦s ❝♦♠♦ ❬✸✱ ✹✱ ✺✱ ✶✸✱ ✶✹✱

✶✺✱ ✶✼❪✳

✺



✶✳✷ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ✻

✶✳✷ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r

✶✳✷✳✶ ❱❡t♦r❡s

❉❡♥♦t❛♠♦s ♣♦r Rn ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n s♦❜r❡ R✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s

❞❡ s♦♠❛ ❡ ♠✉❧t✐♣❧✐❝❛çã♦✳ ❖s ❡❧❡♠❡♥t♦s x ∈ R
n sã♦ ❝❤❛♠❛❞♦s ✈❡t♦r❡s ♦✉ ♣♦♥t♦s ❡

s❡rã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ♥✲✉♣❧❛s ♥❛ ❢♦r♠❛ ❝♦❧✉♥❛

x =













x1

x2

✳✳✳

xn













.

❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ❞♦✐s ✈❡t♦r❡s x ❡ y ∈ R
n✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r 〈x, y〉 ❡ ❞❡✜♥✐❞♦

♣♦r

〈x, y〉 = x1.y1 + x2.y2 + ...+ xn.yn =
n

∑

j=1

xj.yj.

❈♦♠♦ é ✉s✉❛❧✱ ❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ♦✉ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ✈❡t♦r x ∈ R
n é

❞❡✜♥✐❞❛ ♣♦r✿

||x|| =
√

〈x, x〉 =
√

x2
1 + x2

2 + . . .+ x2
n =

√

√

√

√

n
∑

j=1

x2
j .

❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣❡r♠✐t❡✱ ❛❧é♠ ❞❡ ♠❡♥s✉r❛r ❝♦♠♣r✐♠❡♥t♦✱ ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦

❞❡ â♥❣✉❧♦ ❡♥tr❡ ✈❡t♦r❡s✳

❖ â♥❣✉❧♦ θ ❡♥tr❡ ❞♦✐s ✈❡t♦r❡s x ❡ y ∈ R
n s❛t✐s❢❛③

cosθ =
〈x, y〉

||x||.||y|| .

❉✐③❡♠♦s q✉❡ x ❡ y sã♦ ♦rt♦❣♦♥❛✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈x, y〉 = 0✳ ❙❡ ❞♦✐s ✈❡t♦r❡s ♥ã♦

♥✉❧♦s ❢♦r❡♠ ♦rt♦❣♦♥❛✐s ❡♥tã♦ ♦ â♥❣✉❧♦ ❡♥tr❡ ❡❧❡s s❡rá ✐❣✉❛❧ ❛
π

2
✳

❯♠❛ ❝♦❧❡çã♦ ❞❡ ✈❡t♦r❡s x1, x2, ..., xk ❞❡ ❞✐♠❡♥sã♦ n é ❝❤❛♠❛❞♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡✲

♣❡♥❞❡♥t❡ ✭▲■✮ s❡✱ ❡ s♦♠❡♥t❡ s❡

k
∑

j=1

λjxj = 0 ⇒ λj = 0, ∀j = 1, 2, ..., k.



✶✳✷ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ✼

❈❛s♦ ❤❛❥❛ ♣❡❧♦ ♠❡♥♦s ✉♠ ❡s❝❛❧❛r λj 6= 0 ❞✐③❡♠♦s q✉❡ ❛ ❝♦❧❡çã♦ ❞❡ ✈❡t♦r❡s é ❧✐♥❡❛r✲

♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ✭▲❉✮✳

P♦r ❡①❡♠♣❧♦✱ ♦s ✈❡t♦r❡s a1 = (1, 2)T ❡ a2 = (−1, 1)T sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s

♣♦✐s✱

λ1(1, 2)
T + λ2(−1, 1)T = (0, 0)T

⇓

(λ1, 2λ1)
T + (−λ2, λ2)

T = (0, 0)T

⇓

(λ1 − λ2, 2λ1 + λ2)
T = (0, 0)T

❡ r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❧✐♥❡❛r s❡❣✉✐♥t❡

{

λ1 − λ2 = 0

2λ1 + λ2 = 0
,

♦❜t❡♠♦s ❝♦♠♦ r❡s✉❧t❛❞♦✱ λ1 = 0 ❡ λ2 = 0✳

✶✳✷✳✷ ▼❛tr✐③❡s

❉❡✜♥✐çã♦ ✶✳✶ ❉❡♥♦♠✐♥❛♠♦s ♠❛tr✐③ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✱ ♦✉ ❛ ✉♠ ❝♦♥✲

❥✉♥t♦ ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱ ❞✐s♣♦st♦s ❡♠ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✱ ♥✉♠❛ ❝❡rt❛ ♦r❞❡♠✱ ❡ ❝♦❧♦✲

❝❛❞♦s ❡♥tr❡ ❝♦❧❝❤❡t❡s✳ ❆ss✐♠✱ ✉♠❛ ♠❛tr✐③ r❡❛❧✱ ♦✉ ✉♠❛ ♠❛tr✐③ ❝♦♠♣❧❡①❛✱ q✉❡ ✈❛♠♦s

❞❡♥♦t❛r ♣♦r A✱ ❝♦♠ m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s é r❡♣r❡s❡♥t❛❞❛ ❞❛ ❢♦r♠❛✿

A =













a11 a12 ... a1n

a21 a22 ... a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1 am2 ... amn













❝♦♠ aij ∈ R✱ ♦✉ aij ∈ C✳ ❖s ❡s❝❛❧❛r❡s aij sã♦ ❞❡♥♦♠✐♥❛❞♦s ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③✱ ♦♥❞❡

♦ ♣r✐♠❡✐r♦ í♥❞✐❝❡ ✐♥❞✐❝❛ ❛ ❧✐♥❤❛ ❡ ♦ s❡❣✉♥❞♦ í♥❞✐❝❡ ✐♥❞✐❝❛ ❛ ❝♦❧✉♥❛ às q✉❛✐s ♣❡rt❡♥❝❡ ♦

❡❧❡♠❡♥t♦✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ❛ ♠❛tr✐③ A é ❞❡ ♦r❞❡♠ m× n✳

❉❡✜♥✐çã♦ ✶✳✷ ❉✐③❡♠♦s q✉❡ ✉♠❛ ♠❛tr✐③ A ❞❡ ♦r❞❡♠ m×n é q✉❛❞r❛❞❛ s❡ m = n✱ ✐st♦

é✱ s❡ ♣♦ss✉✐ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❡ ❞❡ ❝♦❧✉♥❛s✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡

q✉❡ A é ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ n✳



✶✳✷ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ✽

❉❡✜♥✐çã♦ ✶✳✸ ❉✐③❡♠♦s q✉❡ ✉♠❛ ♠❛tr✐③ A ❞❡ ♦r❞❡♠ m×n é ❛ ♠❛tr✐③ ♥✉❧❛ s❡ s❡✉s ❡❧❡✲

♠❡♥t♦s aij sã♦ t♦❞♦s ♥✉❧♦s✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s A = 0✳ ❋r❡q✉❡♥t❡♠❡♥t❡✱ ✐♥❞✐❝❛♠♦s

0m×n ♣❛r❛ ❞❡♥♦t❛r ✉♠❛ ♠❛tr✐③ ♥✉❧❛ ❞❡ ♦r❞❡♠ m× n✳

❉❡✜♥✐çã♦ ✶✳✹ ❙❡❥❛♠ A = [aij] ❡ B = [bij] ❞✉❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ m× n✳ ❉❡✜♥✐♠♦s

❛ s♦♠❛ ❞❛s ♠❛tr✐③❡s A ❡ B✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r A+B✱ ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③ C = [cij]✱

❞❡ ♦r❞❡♠ m× n✱ ♦♥❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

cij = aij + bij; i = 1, ...,m ❡ j = 1, ..., n.

❉❡✜♥✐çã♦ ✶✳✺ ❙❡❥❛♠ A = [aij] ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ m×n ❡ ✉♠ ❡s❝❛❧❛r λ✳ ❉❡✜♥✐♠♦s

❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ ♠❛tr✐③ A ♣❡❧♦ ❡s❝❛❧❛r λ✱ ❡ ❞❡♥♦t❛♠♦s λA✱ ❝♦♠♦ s❡♥❞♦ ❛ ♠❛tr✐③

C = [cij]✱ ❞❡ ♦r❞❡♠ m× n✱ ♦♥❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

cij = λaij; i = 1, ...,m ❡ j = 1, ..., n.

❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛♠ A ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ m× p ❡ B ✉♠❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ p× n✳

❖ ♣r♦❞✉t♦ AB✱ ♥❡st❛ ♦r❞❡♠✱ é ❛ ♠❛tr✐③ C = [cij] ❞❡ ♦r❞❡♠ m×n ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦

❞❡✜♥✐❞♦s ♣♦r✿

cij =

p
∑

k=1

aikbik; i = 1, ...,m ❡ j = 1, ..., n,

✐st♦ é✱ ♦ ❡❧❡♠❡♥t♦ cij é ♦ ♣r♦❞✉t♦ ❞❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❞❡ A ♣❡❧❛ ❥✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ B✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ AB s♦♠❡♥t❡ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s ❞❡ A é

✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❞❡ B✳

❉❡✜♥✐çã♦ ✶✳✼ ❯♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ n é ❝❤❛♠❛❞❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✱ ❡

❞❡♥♦t❛❞❛ ♣♦r I✱ s❡ s✉❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❢♦r ❢♦r♠❛❞❛ ♣♦r 1′s ❡ ♦s ❞❡♠❛✐s ♥ú♠❡r♦s ♣♦r

③❡r♦s✳

I =













1 0 ... 0

0 1 ... 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 ... 1













❉❡✜♥✐çã♦ ✶✳✽ ❯♠❛ ♠❛tr✐③ tr❛♥s♣♦st❛ ❞❡ ✉♠❛ ♠❛tr✐③ A✱ ❞❡ ♦r❞❡♠ m×n✱ é ❛ ♠❛tr✐③

AT ✱ ❞❡ ♦r❞❡♠ n × m✱ q✉❡ s❡ ♦❜té♠ ❡s❝r❡✈❡♥❞♦ ♦r❞❡♥❛❞❛♠❡♥t❡ ❛s ❧✐♥❤❛s ❞❡ A ❝♦♠♦

❝♦❧✉♥❛s✳



✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✾

❉❡✜♥✐çã♦ ✶✳✾ ❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ A ❞❡ ♦r❞❡♠ n✱ é ❛ s♦♠❛

❛❧❣é❜r✐❝❛ ❞♦s ♣r♦❞✉t♦s q✉❡ s❡ ♦❜té♠ ❡❢❡t✉❛♥❞♦ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s ❞♦s s❡❣✉♥❞♦s í♥❞✐❝❡s

❞♦ t❡r♠♦ ♣r✐♥❝✐♣❛❧✱ ✜①❛❞♦s ♦s ♣r✐♠❡✐r♦s í♥❞✐❝❡s ❡ ❢❛③❡♥❞♦✲s❡ ♣r❡❝❡❞❡r ♦ ♣r♦❞✉t♦ ❞♦ s✐♥❛❧

+ ♦✉ −✱ ❝♦♥❢♦r♠❡ ❛ ♣❡r♠✉t❛çã♦ ❞♦s s❡❣✉♥❞♦s í♥❞✐❝❡s✱ s❡❥❛ ❞❡ ❝❧❛ss❡ ♣❛r ♦✉ ❞❡ ❝❧❛ss❡

í♠♣❛r✳ ❙❡❣✉❡ ❛❜❛✐①♦ ❛ ❞❡✜♥✐çã♦✿

det(A) =
∑

p

(−1)Ja1j1a2j2 ...anjn

♦♥❞❡ J = J(j1...jn) é ♦ ♥ú♠❡r♦ ❞❡ ✐♥✈❡rsõ❡s ❞❛ ♣❡r♠✉t❛çã♦ (j1j2...jn) ❡ p ✐♥❞✐❝❛ q✉❡ ❛

s♦♠❛ é ❡st❡♥❞✐❞❛ ❛ t♦❞❛s ❛s n! ♣❡r♠✉t❛çõ❡s ❞❡ (1, 2, ..., n)✳

❉❡✜♥✐çã♦ ✶✳✶✵ ❙❡❥❛ A ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ n✳ ❙❡ B é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛

❞❡ ♦r❞❡♠ n t❛❧ q✉❡ AB = BA = I✱ ❡♥tã♦ B é ❝❤❛♠❛❞❛ ❛ ♠❛tr✐③ ✐♥✈❡rs❛ ❞❡ A✳ ❆

♠❛tr✐③ ✐♥✈❡rs❛✱ ❝❛s♦ ❡①✐st❛✱ é ú♥✐❝❛ ❡ é ❞❡♥♦t❛❞❛ ♣♦r A−1✳ ❙❡ A ♣♦ss✉✐ ✐♥✈❡rs❛✱ A é

❝❤❛♠❛❞❛ ♥ã♦✲s✐♥❣✉❧❛r✱ ❝❛s♦ ❝♦♥trár✐♦ A s❡rá ❞✐t❛ s✐♥❣✉❧❛r✳

P♦❞❡✲s❡ ❞❡♠♦♥str❛r ❬✺❪ q✉❡✱ ✉♠❛ ♠❛tr✐③ An×n t❡rá ✐♥✈❡rs❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛s

❧✐♥❤❛s ❢♦r❡♠ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ s✉❛s ❝♦❧✉♥❛s ❢♦r❡♠

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ✉♠❛ ♠❛tr✐③ A ♣♦ss✉✐ ✐♥✈❡rs❛

s❡ s❡✉ ❞❡t❡r♠✐♥❛♥t❡ ❢♦r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ (det(A) 6= 0)✳

✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s

❉❡✜♥✐çã♦ ✶✳✶✶ ❯♠ ❝♦♥❥✉♥t♦ C ∈ R
n é ❞✐t♦ ❝♦♥✈❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❞❛❞♦ ❞♦✐s

♣♦♥t♦s x1 ❡ x2 ∈ C✱ ❡♥tã♦✱

λx1 + (1− λ)x2 ∈ C

♣❛r❛ t♦❞♦ λ ∈ [0, 1]✳ ◆♦t❡♠♦s q✉❡ λx1 + (1 − λ)x2 ♣❛r❛ λ ∈ [0, 1] r❡♣r❡s❡♥t❛ ✉♠ ♣♦♥t♦

❞♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❡ ❧✐❣❛ x1 ❡ x2✳

◗✉❛❧q✉❡r ♣♦♥t♦ ❞❛ ❢♦r♠❛ λx1+(1−λ)x2 ♦♥❞❡ 0 ≤ λ ≤ 1✱ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠❜✐♥❛çã♦

❝♦♥✈❡①❛ ❞❡ x1 ❡ x2✳ ❙❡ λ ∈ (0, 1)✱ ❡♥tã♦ ❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ é ❞✐t❛ ❡str✐t❛✳ ▲♦❣♦

❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ C ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❝♦♠♦ s❡ s❡❣✉❡✳ P❛r❛ ❝❛❞❛

♣❛r ❞❡ ♣♦♥t♦s x1 ❡ x2 ∈ C✱ ♦ s❡❣♠❡♥t♦ q✉❡ ♦s ✐♥t❡r❧✐❣❛✱ ♦✉ ❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞♦s

❞♦✐s ♣♦♥t♦s ❞❡✈❡ ❡st❛r ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ C✳

❆ ✐❞❡✐❛ ❞❡ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ♣❛r❛ ✉♠ ❝♦♥✲

❥✉♥t♦ q✉❛❧q✉❡r ❞❡ ♣♦♥t♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞❛❞♦s xi ∈ R
n✱ λi ∈ [0, 1], i = 1, ..., p✱ t❛✐s











✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✶✹

✹✳ 3x− y > 7

❯♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♥❛s

♠❡s♠❛s ✈❛r✐á✈❡✐s✿























a11x1 + a12x2 + ... + a1nxn ≤ b1

a21x1 + a22x2 + ... + a2nxn ≤ b2
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

am1x1 + am2x2 + ... + amnxn ≤ bm

♦♥❞❡ x1, x2, ..., xn sã♦ ❛s ✈❛r✐á✈❡✐s✱ a11, a12, ..., amn sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❧✐♥❡❛r❡s ❞♦ s✐st❡♠❛

❞❡ ✐♥❡q✉❛çõ❡s ❡ b1, b2, ..., bm sã♦ ♦s t❡r♠♦s ❝♦♥st❛♥t❡s✳

❋❛③❡♥❞♦

A =













a11 a12 ... a1n

a21 a22 ... a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1 am2 ... amn













, b =













b1

b2
✳✳✳

bm













❡ x =













x1

x2

✳✳✳

xn













,

♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱

Ax < b ou Ax ≤ b

♦♥❞❡ ❛ ♠❛tr✐③ Am×n é ❞❡♥♦♠✐♥❛❞❛ ♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s✱ x é ❞❡♥♦♠✐♥❛❞♦ ✈❡t♦r ❞❛s

✈❛r✐á✈❡✐s✱ ❡ b é ❞❡♥♦♠✐♥❛❞♦ ✈❡t♦r ❞♦s t❡r♠♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳

✶✳✸✳✹ P♦❧✐❡❞r♦s

❉❡✜♥✐çã♦ ✶✳✶✻ ❯♠ ♣♦❧✐❡❞r♦ P é ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s❡♠✐✲❡s♣❛ç♦s

Ci ⊂ Rn✱ ♦✉ s❡❥❛✱ P =

p
⋂

i=1

Ci.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✶✳✶✹✱ ✉♠ s❡♠✐✲❡s♣❛ç♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛

✐♥❡q✉❛çã♦ ❞♦ t✐♣♦ aTi x ≤ b✱ ❧♦❣♦✱ ✉♠ ♣♦❧✐❡❞r♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{x : Ax ≤ b} ♦♥❞❡ A é ✉♠❛ ♠❛tr✐③ m × n✱ ❝✉❥❛ ❧✐♥❤❛ ✐✲és✐♠❛ é ♦ ✈❡t♦r aTi ❡ b é ✉♠

✈❡t♦r ❞❡ m ❝♦♠♣♦♥❡♥t❡s✱ ♦✉ s❡❥❛✱ ✉♠ ♣♦❧✐❡❞r♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ s✐st❡♠❛ ❞❡

✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ◗✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ {x : Ax ≤ b} ❢♦r ✉♠❛ r❡❣✐ã♦ ❧✐♠✐t❛❞❛✱ ❞✐③❡♠♦s

q✉❡ ♦ ♣♦❧✐❡❞r♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ✉♠ ♣♦❧✐t♦♣♦✳







✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✶✼

❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s































−x+ y + z ≤ 1

x+ y + 2z ≤ 1

−y + 2z ≤ 0

z ≤ 0

−z ≤ 0

.

❱❛♠♦s ❡s❝r❡✈ê✲❧♦ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧

















−1 1 1

1 1 2

0 −1 2

0 0 1

0 0 −1

















.







x

y

z






≤

















1

1

0

0

0

















,

q✉❡ t❡♠ ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✶✳✾✳

❋✐❣✉r❛ ✶✳✾✿ ❘❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✻✳

❆s ✐❣✉❛❧❞❛❞❡s ✐♠♣❧í❝✐t❛s ❞❡ss❡ s✐st❡♠❛ sã♦ z ≤ 0 ❡ −z ≤ 0✱ ♣♦✐s ♣❛r❛ t♦❞♦ ♣♦♥t♦ q✉❡

s❛t✐s❢❛③ t♦❞❛s ❛s ✐♥❡q✉❛çõ❡s ❞♦ s✐st❡♠❛✱ t❛♠❜é♠ s❛t✐s❢❛③ ❛s ✐❣✉❛❧❞❛❞❡s✱ ❧♦❣♦ ♦ s✐st❡♠❛

A=x ≤ b= ❞❛s ✐❣✉❛❧❞❛❞❡s ✐♠♣❧í❝✐t❛s é

[

0 0 1

0 0 −1

]

.







x

y

z






≤

[

0

0

]

.



✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✶✽

❆ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ♣♦❧✐❡❞r♦ P ❞♦ R
n é ✐❣✉❛❧ ❛ n ♠❡♥♦s ♦ ♣♦st♦ ❞❛ ♠❛tr✐③ A=✱

❧♦❣♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ♣♦❧✐❡❞r♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✻ é ✷✱ ♣♦✐s ♦ ♣♦st♦(A=) = 1✱ ♣♦rt❛♥t♦✱

❞✐♠(P ) = 3− 1 = 2✳

❉❡✜♥✐çã♦ ✶✳✶✾ ❙❡ c é ✉♠ ✈❡t♦r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❡ ❡①✐st❡ δ = max{cTx : Ax ≤ b}✱
♦ ❤✐♣❡r♣❧❛♥♦ {x : cTx = δ} é ❝❤❛♠❛❞♦ ❞❡ ❤✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ ❞♦ ♣♦❧✐❡❞r♦ P = {x :

Ax ≤ b}✳

❉❡✜♥✐çã♦ ✶✳✷✵ ❙❡❥❛ P ✉♠ ♣♦❧✐❡❞r♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ F ❞❡ P é ❝❤❛♠❛❞♦ ❞❡ ❢❛❝❡ ❞❡

P s❡ F = P ♦✉ s❡ F é ❛ ✐♥t❡rs❡çã♦ ❞❡ P ❝♦♠ ✉♠ ❤✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ ❞❡ P ✳

❊①❡♠♣❧♦ ✶✳✼

❙❡❥❛ ✉♠ ♣♦❧✐❡❞r♦ P ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦ s✐st❡♠❛











−x1 + x2 ≤ 1

x1 + x2 ≤ 1

−x2 ≤ 0

,

♦♥❞❡

A =







−1 1

1 1

0 −1






❡ b =







1

1

0






.

❚♦♠❡♠♦s ♦ ✈❡t♦r c = (0,−1)T ✳ ❯♠ ❤✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ ❞❡ P r❡❢❡r❡♥t❡ ❛ ❡st❡ ✈❡t♦r

c é

δ = max{cTx : Ax ≤ b} = max{〈(0,−1), (x1, x2)〉 : Ax ≤ b}

⇓

δ = max{−x2 : Ax ≤ b} = 0.

P♦rt❛♥t♦✱ ♦ ❤✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ é ❛ r❡t❛ x2 = 0✱ ❡ F é s✉❛ ❢❛❝❡ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❝♦♠♦

❡stá ✐♥❞✐❝❛❞❛ ♥❛ ❋✐❣✉r❛ ✶✳✶✵✳

❙❡ t♦♠❛r♠♦s ♦ ✈❡t♦r c = (1, 0)T ✱ t❡r❡♠♦s ❝♦♠♦ ❤✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ ❛ r❡t❛ x1 = 1✳

▲♦❣♦✱ ❛ ❢❛❝❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❡ ❤✐♣❡r♣❧❛♥♦ s❡r✐❛ ♦ ✈ért✐❝❡ v ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✶✵✳



✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✶✾

❋✐❣✉r❛ ✶✳✶✵✿ ❍✐♣❡r♣❧❛♥♦ s✉♣♦rt❡ ❡ ❛s ❢❛❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞♦ ❊①❡♠♣❧♦ ✶✳✼✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ F é ✉♠❛ ❢❛❝❡ ❞❡ P s❡✱ ❡ s♦♠❡♥t❡ s❡✱ F é ♥ã♦✲✈❛③✐♦ ❡ F = {x ∈ P :

A′x = b′} ♣❛r❛ ❛❧❣✉♠ s✉❜s✐st❡♠❛ A′x ≤ b′ ❞❡ Ax ≤ b✳

P♦❞❡✲s❡ ❞❡♠♦♥str❛r ✭✈❡r ❬✶✽❪✮ q✉❡✿

• P ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❢❛❝❡s❀

• ❝❛❞❛ ❢❛❝❡ é ✉♠ ♣♦❧✐❡❞r♦ ♥ã♦✲✈❛③✐♦❀

• s❡ F é ✉♠❛ ❢❛❝❡ ❞❡ P ❡ F ′ ⊆ F ✱ ❡♥tã♦✱ F ′ é ✉♠❛ ❢❛❝❡ ❞❡ P s❡✱ ❡ s♦♠❡♥t❡ s❡✱ F ′ é

✉♠❛ ❢❛❝❡ ❞❡ F ✳

❈♦♠♦ ✉♠❛ ❢❛❝❡ F é ✉♠ ♣♦❧✐❡❞r♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ❢❛❧❛r ❡♠ ❞✐♠❡♥sã♦ ❞❛ ❢❛❝❡✳ ❆♦

❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛r❡♠♦s ♦ t❡r♠♦ ✈ért✐❝❡ ♣❛r❛ ❞❡♥♦♠✐♥❛r ❛s ❢❛❝❡s ❞❡ ❞✐♠❡♥sã♦

✵ ❡ ❛r❡st❛s ♣❛r❛ ❞❡♥♦♠✐♥❛r ❛s ❢❛❝❡s ❞❡ ❞✐♠❡♥sã♦ ✶✳

❯♠❛ ❢❛❝❡ ❞❡ ♠❛✐♦r ❞✐♠❡♥sã♦ q✉❡ ❢♦r ❞✐st✐♥t❛ ❞♦ ♣ró♣r✐♦ ♣♦❧✐❡❞r♦ P é ❞❡♥♦♠✐♥❛❞❛

❢❛❝❡t❛✳

❙❡ ♦ s✐st❡♠❛ Ax ≤ b é ✐rr❡❞✉♥❞❛♥t❡ ❬✶✽❪✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠✲❛✲✉♠

❞❛s ❢❛❝❡t❛s ❞❡ P ❝♦♠ ❛s ✐♥❡q✉❛çõ❡s ❞♦ s✐st❡♠❛✳

❆ ❞✐♠❡♥sã♦ ❞❛ ❢❛❝❡t❛ ❞❡ P é ✉♠❛ ❛ ♠❡♥♦s q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ P ✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐❡❞r♦ P ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

{

x ≤ 1

−x ≤ −1
.

▲♦❣♦✱ ❡ss❡ ♣♦❧✐❡❞r♦ é ♦ ♣♦♥t♦ x = 1 ❡♠ R✳ ❆ ♠❛tr✐③

A= =

[

1

−1

]

,



✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✷✵

é ❞❡ ♣♦st♦ ✶✳ ❆ss✐♠✱ ❛ ❞✐♠❡♥sã♦ ❞❡ss❡ ♣♦❧✐❡❞r♦ é ❞✐♠✭P ) = n−♣♦st♦✭A=) = 1− 1 = 0✳

❈♦♠ ✐ss♦✱ ♣♦r ❝♦♥✈❡♥çã♦✱ ❞✐♠(⊘) = −1✳

❯♠ ✐♠♣♦rt❛♥t❡ ❡①❡♠♣❧♦ ❞❡ ✉♠ ♣♦❧✐t♦♣♦ ♥♦ R
n é ♦ ❤✐♣❡r❝✉❜♦✳

❉❡✜♥✐çã♦ ✶✳✷✶ ❯♠ s✉❜❝♦♥❥✉♥t♦ P ❞❡ R
n é ❝❤❛♠❛❞♦ ❤✐♣❡r❝✉❜♦ s❡ ❢♦r ✉♠ ❢❡❝❤♦ ❝♦♥✲

✈❡①♦ ♣❛r❛ t♦❞♦s ♦s 2n ♣♦♥t♦s ❝♦♠ ❝♦♠♣♦♥❡♥t❡s 0 ♦✉ 1✳ ❊❧❡ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ 2n ✈ért✐❝❡s

❡ 2n ❢❛❝❡t❛s✳

❋✐❣✉r❛ ✶✳✶✶✿ ❍✐♣❡r❝✉❜♦ ♥♦ R
3✳

❉❡✜♥✐çã♦ ✶✳✷✷ ❯♠ ✈❡t♦r x0 ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ C é ✉♠ ♣♦♥t♦ ❡①✲

tr❡♠♦ ❞❡ C✱ s❡ x0 ♥ã♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❡str✐t❛ ❞❡

❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s ❞❡ C✳

❯♠ ♣♦♥t♦ ❡①tr❡♠♦ ❞❡ ✉♠ ♣♦❧✐t♦♣♦ é ❝❤❛♠❛❞♦ ❞❡ ✈ért✐❝❡✳

❊①❡♠♣❧♦ ✶✳✽

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ C1 = {(x1, x2) : x
2
1 + x2

2 ≤ 1}✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

❡①tr❡♠♦s ❞❡ C1 é {(x1, x2) : x
2
1 + x2

2 = 1}✳
❊①✐st❡♠ ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ♣♦♥t♦s ❡①tr❡♠♦s✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞❛

r❡t❛ {(x1, x2) : x2 = 0}.

❉❡✜♥✐çã♦ ✶✳✷✸ ❈♦♥s✐❞❡r❡ ✉♠ ♣♦❧✐❡❞r♦ P ❞❡✜♥✐❞♦ ♣❡❧♦ s✐st❡♠❛ Ax ≤ b ❡ s❡❥❛ y ✉♠

✈❡t♦r ❞♦ R
n✳ ❉✐③❡♠♦s q✉❡ y é ✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ ♦✉ ✉♠ ♣♦♥t♦ ✈✐á✈❡❧ s❡ y s❛t✐s❢❛③❡r

t♦❞❛s ❛s r❡str✐çõ❡s ✭✐♥❡q✉❛çõ❡s✮ ❞♦ s✐st❡♠❛✳ ❙❡ y ♥ã♦ s❛t✐s❢❛③ ✉♠❛ ♦✉ ♠❛✐s r❡str✐çõ❡s

✭✐♥❡q✉❛çõ❡s✮✱ ❞✐③❡♠♦s q✉❡ y é ✉♠ ♣♦♥t♦ ✐♥❢❛❝tí✈❡❧✳









✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✷✹

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✐♠♣♦rt❛♥t❡ ♥❡st❡ s❡♥t✐❞♦✱ ♣♦✐s ❣❛r❛♥t❡ q✉❡ ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠

♣♦❧✐❡❞r♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠ ♣♦❧✐❡❞r♦✳

❚❡♦r❡♠❛ ✶✳✷ ❈♦♥s✐❞❡r❡ ❛ ♣r♦❥❡çã♦ π : Rn → R
n−1 ❞❛❞❛ ♣♦r

π(x1, x2, ..., xn) = (x2, ..., xn).

❙❡ P ⊂ R
n é ✉♠ ♣♦❧✐❡❞r♦✱ ❡♥tã♦ π(P ) ⊂ R

n−1 é ✉♠ ♣♦❧✐❡❞r♦✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ P s❡❥❛ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞♦ s✐st❡♠❛















a11x1 + a12x2 + ... + a1nxn ≤ b1
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

am1x1 + am2x2 + ... + amnxn ≤ bm

.

❱❛♠♦s ❞✐✈✐❞✐r ❛s m ✐♥❡q✉❛çõ❡s ❡♠✿

G = {i|ai1 > 0}

Z = {i|ai1 = 0}

L = {i|ai1 < 0}

❆ ✐♥❡q✉❛çã♦ i s❡ r❡❞✉③ ❛

x1 ≤ a
′

i2x2 + ...+ a
′

inxn + b
′

i

s❡ i ∈ G ❡ ❛

a
′

j2x2 + ...+ a
′

jnxn + b
′

j ≤ x1

s❡ j ∈ L✱ ♦♥❞❡ a
′

ik =
−aik

ai1
❡ b

′

i =
bi

ai1
♣❛r❛ k = 2, ..., n✳ ❆ss✐♠✱ ❛s ✐♥❡q✉❛çõ❡s ❡♠ G ❡ L

r❡s✉❧t❛♠ ♥❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✱

max(a
′

i2x2 + ...+ a
′

inxn + b
′

i|i ∈ L) ≤ x1 ≤ min(a
′

j2x2 + ...+ a
′

jnxn + b
′

j|j ∈ G).

❆❣♦r❛ (x2, ..., xn) ∈ π(P ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ x1 t❛❧ q✉❡ (x1, ..., xn) ∈ P ✳ ■st♦

❛❝♦♥t❡❝❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (x2, ..., xn) s❛t✐s❢❛③ ❛s ✐♥❡q✉❛çõ❡s ❡♠ Z ❡

max(a
′

i2x2 + ...+ a
′

inxn + b
′

i|i ∈ L) ≤ min(a
′

j2x2 + ...+ a
′

jnxn + b
′

j|j ∈ G).







✶✳✸ ❈♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ✷✼

❉❡✜♥✐çã♦ ✶✳✸✵ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ❬✶✷❪✳

◗✉❛♥❞♦ ✉♠ ♣♦❧✐❡❞r♦ P ❡♠ R
n t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ❡①tr❡♠♦ ❡ ♣♦ss✉✐ ❛ ❞✐♠❡♥sã♦

❞♦ ❡s♣❛ç♦✱ ❛s r❡♣r❡s❡♥t❛çõ❡s ✭✶✮ ❡ ✭✷✮ ♥♦ ❚❡♦r❡♠❛ ❞❡ ▼✐♥❦♦✇s❦✐✲❲❡②❧ sã♦ ú♥✐❝❛s ❞❡

❝❛❞❛ ✐♥❡q✉❛çã♦ ❡ r❛✐♦ rj✳

❙♦❜ ❡st❛s ❝♦♥❞✐çõ❡s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✱ ❛s ❝♦♥✈❡rsõ❡s ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ❤✐♣❡r✲

♣❧❛♥♦s ❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ✈ért✐❝❡s sã♦ ♣r♦❜❧❡♠❛s ❢✉♥❞❛♠❡♥t❛✐s ❜❡♠ ❝♦♥❤❡❝✐❞♦s✳ ❆

tr❛♥s❢♦r♠❛çã♦ ✭✶✮ ♣❛r❛ ✭✷✮ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡✱ ❛ ♦✉tr❛✱ ❞❡

✭✷✮ ♣❛r❛ ✭✶✮✱ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❡♥✉♠❡r❛çã♦ ❞❛s ❢❛❝❡s✳

❍á ♣r♦❜❧❡♠❛s ❢á❝❡✐s ✭♥ã♦✲❞❡❣❡♥❡r❛❞♦s✮ ❡ ❞✐❢í❝❡✐s ✭❞❡❣❡♥❡r❛❞♦s✮✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱

✈❛♠♦s ❛ss✉♠✐r q✉❡ P é ✉♠ ♣♦❧✐t♦♣♦✳ ❆ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s é ❝❤❛♠❛❞❛ ♥ã♦✲

❞❡❣❡♥❡r❛❞❛ s❡ ♥ã♦ ❤♦✉✈❡r ♥❡♥❤✉♠ ♣♦♥t♦ x ∈ R
n q✉❡ s❛t✐s❢❛ç❛ n + 1 ✐♥❡q✉❛çõ❡s

❝♦♠ ✐❣✉❛❧❞❛❞❡✱ ❡ ❞❡❣❡♥❡r❛❞❛✱ ❝❛s♦ ❝♦♥trár✐♦✳ ❆ ❡♥✉♠❡r❛çã♦ ❞❛s ❢❛❝❡s é ❝❤❛♠❛❞❛

♥ã♦✲❞❡❣❡♥❡r❛❞❛ s❡ ♥ã♦ ❤♦✉✈❡r n + 1 ♣♦♥t♦s q✉❡ ❡stã♦ ❡♠ ✉♠ ♠❡s♠♦ ❤✐♣❡r♣❧❛♥♦✱ ❡

❞❡❣❡♥❡r❛❞❛✱ ❝❛s♦ ❝♦♥trár✐♦✳

◆❡st❡ tr❛❜❛❧❤♦✱ ♥ós ✐r❡♠♦s tr❛t❛r ❞♦s ♣r♦❜❧❡♠❛s ❢á❝❡✐s ✭♥ã♦✲❞❡❣❡♥❡r❛❞♦s✮✱ ❡♥✉✲

♠❡r❛♥❞♦ ♦s ✈ért✐❝❡s✱ ❡ ❡♠ s❡❣✉✐❞❛✱ ❡♥❝♦♥tr❛♥❞♦ ❛s ❢❛❝❡s✳ P❛r❛ ✐ss♦✱ ♥♦ ❈❛♣ít✉❧♦ ✸✱

❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❡✜❝✐❡♥t❡s s❡❣✉✐❞♦s ❞❡ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s✳

◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡♥✉♠❡r❛r ♦s ✈ért✐❝❡s✱ ❡♥❝♦♥tr❛r ❛s ❢❛❝❡s ❡ r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡

♦ ♣♦❧✐t♦♣♦✱ ♣♦rt❛♥t♦ ✐r❡♠♦s tr❛❜❛❧❤❛r ❡♠ R✱ R2 ❡ ♥♦ R
3✳ ▼❛s ✐ss♦ ♥ã♦ ♥♦s ✐♠♣❡❞❡ ❞❡

t❡r♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♥♦ R
n ❝♦♠ n > 3✳ ❈❛s♦ ✐ss♦ ❛❝♦♥t❡ç❛✱ ✈❛♠♦s

✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ♣❛r❛ r❡❞✉③✐r ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ R
3 ♦✉ R

2 ♦✉ R✳

❖ ♠ét♦❞♦ q✉❡ ✈❛♠♦s ✉t✐❧✐③❛r ♣❛r❛ ✐ss♦ é ❛ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ q✉❡ s❡rá

❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛ s❡❣✉✐r✳



❈❛♣ít✉❧♦ ✷

▼ét♦❞♦ ❞❡ ❊❧✐♠✐♥❛çã♦ ❞❡

❋♦✉r✐❡r✲▼♦t③❦✐♥
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❙❡rá ❛♣r❡s❡♥t❛❞♦ ♥❡ss❡ ❝❛♣ít✉❧♦ ✉♠ ❛❧❣♦r✐t♠♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ ❡❧✐♠✐♥❛r ✈❛r✐á✈❡✐s ❞❡

✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ ❝❤❛♠❛❞♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥✳

❊ss❡ ❛❧❣♦r✐t♠♦ ♥♦s ♣❡r♠✐t❡ r❡❞✉③✐r ✉♠ s✐st❡♠❛ ❞♦ R
n ❛té ♦ R

3 ♦✉ R
2 ♦✉ R ❡ ♣r♦❥❡t❛r

s✉❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦✳ ❖ ❛❧❣♦r✐t♠♦ ❝♦♥s✐st❡ ❡♠ ❝r✐❛r ✉♠ ♦✉tr♦ s✐st❡♠❛ ❞♦ ♠❡s♠♦ t✐♣♦

❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛♠❜♦s ♦s s✐st❡♠❛s t❡♥❤❛♠ ❛s ♠❡s♠❛s s♦❧✉çõ❡s s♦❜r❡ ❛s ❞❡♠❛✐s ✈❛✲

r✐á✈❡✐s✳ P♦r ❡ss❡ ❛❧❣♦r✐t♠♦ t❛♠❜é♠ ♣♦❞❡r❡♠♦s ❞❡❝✐❞✐r s❡ ♦ s✐st❡♠❛ ♦r✐❣✐♥❛❧ t❡♠ ♦✉ ♥ã♦

s♦❧✉çõ❡s✳ P❛r❛ ✐ss♦ ❜❛st❛ ❡❧✐♠✐♥❛r t♦❞❛s ❛s ✈❛r✐á✈❡✐s✱ ♦❜t❡♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❞❡s✐❣✉❛❧✲

❞❛❞❡s ❝♦♥st❛♥t❡s✳ P❛r❛ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦✱ ✐r❡♠♦s ❛♥❛❧✐s❛r três ❡①❡♠♣❧♦s

❞❡ ❢♦r♠❛ ❛ ❝♦♥str✉✐r ❡ ❢♦r♠❛❧✐③❛r ♦ ♠ét♦❞♦✳ ❊♠ s❡❣✉✐❞❛✱ tr❛❜❛❧❤❛r❡♠♦s ♦ ♠ét♦❞♦ ♣♦r

♠❡✐♦ ❞❡ ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s✱ ♦ q✉❡ ❢❛❝✐❧✐t❛rá s✉❛ ❛❜♦r❞❛❣❡♠ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

❆♥t❡s ❞❡ ❢♦r♠❛❧✐③❛r ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥✱ ✈❛♠♦s ❡st✉❞❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s

♣❛r❛ t❡r♠♦s ✉♠❛ ✐❞❡✐❛ ✐♥t✉✐t✐✈❛ ❞♦ s❡✉ ❢✉♥❝✐♦♥❛♠❡♥t♦✳

❊①❡♠♣❧♦ ✷✳✶

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✿

✷✾
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

















−3x

4
+ y ≤ 5

4

x

6
+ y ≤ 7

. ✭✷✳✶✮

❆ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ss❡ s✐st❡♠❛ é ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✶✳

❋✐❣✉r❛ ✷✳✶✿ ❘❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✷✳✶✳

P♦❞❡♠♦s r❡❛rr❛♥❥❛r ♦ s✐st❡♠❛ ✭✷✳✶✮✱ ❞❡✐①❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x ✈❛❧❡♥❞♦ ±1✱ ♠✉❧✲

t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ ❝❛❞❛ ✐♥❡q✉❛çã♦ ♣♦r ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✳ ❊ss❡ ♣r♦❝❡✲

❞✐♠❡♥t♦ ♥ã♦ ✐rá ❛❧t❡r❛r ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✳ ❋❛③❡♥❞♦ ✐ss♦✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿























(

4

3

)

.
−3x

4
+ y ≤ 5

4
.

(

4

3

)

(6).
x

6
+ y ≤ 7 .(6)

=⇒



















−x+
4y

3
≤ 5

3

x+ 6y ≤ 42
.

❱❛♠♦s ✐s♦❧❛r ❛ ✐♥❝ó❣♥✐t❛ x ♥❛s ❞✉❛s ✐♥❡q✉❛çõ❡s✱ ❛ss✐♠ t❡r❡♠♦s✿



















x ≥ 4y

3
− 5

3

x ≤ −6y + 42
.

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❡ss❡ r❡s✉❧t❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
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4y

3
− 5

3
≤ x ≤ −6y + 42. ✭✷✳✷✮

❉❡ ✭✷✳✷✮ t❡♠♦s q✉❡✱

4y

3
− 5

3
≤ −6y + 42✱

♦✉ s❡❥❛✱

4y − 5 ≤ −18y + 126✱

❞❡ ♦♥❞❡✱

22y ≤ 131✳

P♦rt❛♥t♦ ♦s ✈❛❧♦r❡s ❞❡ y ♥❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✶✮ ❞❡✈❡rã♦ s❛t✐s❢❛③❡r

à s❡❣✉✐♥t❡ r❡str✐çã♦

y ≤ 131

22
∼= 5, 946✳

◆♦t❡ q✉❡ ❛ ✈❛r✐á✈❡❧ x ❞♦ s✐st❡♠❛ ✭✷✳✶✮ ❢♦✐ ❡❧✐♠✐♥❛❞❛✳

❋❛③❡♥❞♦ y =
131

22
❡♠ ✭✷✳✷✮✱ t❡♠♦s✿

4.

(

131

22

)

.

(

1

3

)

− 5

3
≤ x ≤ −6.

(

131

22

)

+ 42

⇓
524− 110

66
≤ x ≤ −786 + 924

22
✳

▲♦❣♦✱

y =
131

22
⇒ 69

11
≤ x ≤ 69

11
✳

P♦rt❛♥t♦✱ q✉❛♥❞♦ y ❛ss✉♠❡ ♦ ♠á①✐♠♦ ✈❛❧♦r ❢❛❝tí✈❡❧✱ ♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ x é
69

11
✱ ♦✉ s❡❥❛✱

(

69

11
,
131

22

)

é ✉♠ ♣♦♥t♦ ❡①tr❡♠♦ ❞❛ r❡❣✐ã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✭✷✳✶✮✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ♣♦♥t♦
(

69

11
,
131

22

)

é ❡①❛t❛♠❡♥t❡ ♦ ♣♦♥t♦ ❡①tr❡♠♦ ❞♦ s✐st❡♠❛

❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✶✮ ❞♦ ❊①❡♠♣❧♦ ✶✳
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❋✐❣✉r❛ ✷✳✷✿ Pr♦❥❡çã♦ ❞❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✶✮ s♦❜r❡ ♦ ❡✐①♦ y✳

❊①❡♠♣❧♦ ✷✳✷

❱❛♠♦s ❛❣♦r❛ t♦♠❛r ♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✶✮ ❡ ❛❝r❡s❝❡♥t❛r ❞✉❛s ♥♦✈❛s ✐♥❡✲

q✉❛çõ❡s✱ ✜❝❛♥❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿























































−3x

4
+ y ≤ 5

4

x

6
+ y ≤ 7

7x

2
− y ≤ 59

2

−3x− y ≤ −5

. ✭✷✳✸✮

❆ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✭✷✳✸✮ ❡stá r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✸✳

❙❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ♣❛ss♦s ❞♦ ❊①❡♠♣❧♦ ✷✳✶✱ ✈❛♠♦s ♠✉❧t✐♣❧✐❝❛r ❝❛❞❛ ✐♥❡q✉❛çã♦ ♣♦r

✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✱ ❞❡✐①❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ x ✈❛❧❡♥❞♦ ±1✳ ❋❡✐t♦ ✐ss♦✱ ✈❛♠♦s r❡✲

❛rr❛♥❥❛r ♦ s✐st❡♠❛ ✭✷✳✸✮ ❝♦❧♦❝❛♥❞♦ ❛s ✐♥❡q✉❛çõ❡s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❞❡ x ♥❡❣❛t✐✈♦ ♣r✐♠❡✐r♦
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max

{

4y

3
− 5

3
,
−y

3
+

5

3

}

≤ x ≤ min

{

−6y + 42,
2y

7
+

59

7

}

. ✭✷✳✹✮

❙❡ ❞❡s❡❥❛r♠♦s ❡❧✐♠✐♥❛r ❛ ✈❛r✐á✈❡❧ x ❡♠ ✭✷✳✹✮✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r































































4y

3
− 5

3
≤ −6y + 42

4y

3
− 5

3
≤ 2y

7
+

59

7

−y

3
+

5

3
≤ −6y + 42

−y

3
+

5

3
≤ 2y

7
+

59

7

=⇒















































22y ≤ 131

22y ≤ 212

17y ≤ 121

−13y ≤ 142

=⇒































































y ≤ 131

22
∼= 5, 955

y ≤ 212

22
∼= 9, 636

y ≤ 121

17
∼= 7, 118

y ≥ −142

13
∼= −10, 923

.

❉❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♦s ✈❛❧♦r❡s ❞❡ y ♥❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çã♦ ✭✷✳✸✮

❞❡✈❡♠ s❛t✐s❢❛③❡r✿

−142

13
≤ y ≤ 131

22
✳

❙❡ s✉❜st✐t✉✐r♠♦s ♦s ✈❛❧♦r❡s ❡①tr❡♠♦s ❞❡ y ❡♠ ✭✷✳✹✮ ♦❜t❡♠♦s✱ ♣❛r❛ y =
−142

13

max

{

4

3
.

(−142

13

)

− 5

3
,

(−1

3

)

.

(−142

13

)

+
5

3

}

≤ x ≤

min

{

−6.

(−142

13

)

+ 42,

(

2

7

)

.

(−142

13

)

−
(

59

7

)}

✳

❊❢❡t✉❛♥❞♦ ❛s ♦♣❡r❛çõ❡s t❡♠♦s✱

max

{−211

13
,
69

13

}

≤ x ≤ min

{

1398

13
,
69

13

}

✳

▲♦❣♦✱

69

13
≤ x ≤ 69

13
✳

P♦rt❛♥t♦✱ ♣❛r❛ y =
−142

13
✱ t❡♠♦s✱ x =

69

13
✳

❆❣♦r❛ ✈❛♠♦s s✉❜st✐t✉✐r y =
131

22
❡♠ ✭✷✳✹✮✳
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









































































































−3x

4
+ y ≤ 5

4

x

6
+ y ≤ 7

7x

2
− y ≤ 59

2

−3x− y ≤ −5

−y ≤ 3

3x

4
+ y ≤ 35

4

−y ≤ 5

. ✭✷✳✺✮

❙❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ♣❛ss♦s ❞♦s ❡①❡♠♣❧♦s ❛♥t❡r✐♦r❡s✱ ✈❛♠♦s ♠✉❧t✐♣❧✐❝❛r ❝❛❞❛ ✐♥❡✲

q✉❛çã♦ ♣♦r ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✱ ❞❡✐①❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ x ✈❛❧❡♥❞♦ ✵ ♦✉±1✱ ❞❡♣♦✐s

r❡❛rr❛♥❥❛♠♦s ♦ s✐st❡♠❛ ✭✷✳✺✮ ❝♦❧♦❝❛♥❞♦ ❛s ✐♥❡q✉❛çõ❡s ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❞❡ x ♥❡❣❛t✐✈♦

♣r✐♠❡✐r♦✱ ❞❡♣♦✐s ❛s ❞❡ ❝♦❡✜❝✐❡♥t❡s ♣♦s✐t✐✈♦s ✭♣♦❞❡r✐❛ s❡r ♦ ✐♥✈❡rs♦✮ ❡ ❡♠ s❡❣✉✐❞❛ ❛s ❞❡

❝♦❡✜❝✐❡♥t❡s ♥✉❧♦s✳ ❉❡♣♦✐s ❞✐ss♦✱ ✐s♦❧❛♠♦s ❛ ✈❛r✐á✈❡❧ x ♥❛s ✐♥❡q✉❛çõ❡s ❞♦ s✐st❡♠❛s ❡

♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿















































































































x ≥ 4y

3
− 5

3

x ≥ −y

3
+

5

3

x ≤ −6y + 42

x ≤ 2y

7
+

59

7

x ≤ −4y

3
+

35

3

y ≥ −3

y ≥ −5

. ✭✷✳✻✮
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▲♦❣♦✱


















































































































4y

3
− 5

3
≤ −6y + 42

4y

3
− 5

3
≤ 2y

7
+

59

7

4y

3
− 5

3
≤ −4y

3
+

35

3

−y

3
+

5

3
≤ −6y + 42

−y

3
+

5

3
≤ 2y

7
− 59

7

−y

3
+

5

3
≤ −4y

3
+

35

3

y ≥ −3

=⇒















































































































y ≤ 131

22

y ≤ 212

22

y ≤ 5

y ≤ 121

17

y ≥ −142

13

y ≤ 6

y ≥ −3

.

P♦rt❛♥t♦✱ ♦s ✈❛❧♦r❡s ❞❡ y ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✺✮ ❞❡✈❡ s❛t✐s✲

❢❛③❡r à s❡❣✉✐♥t❡ r❡str✐çã♦✿

− 3 ≤ y ≤ 5. ✭✷✳✽✮

❋❛③❡♥❞♦ y = 5 ❡♠ ✭✷✳✼✮ t❡♠♦s✿

max

{

4.(5)

3
− 5

3
,
−5

3
+

5

3

}

≤ x ≤ min

{

−6.(5) + 42,
2.(5)

7
+

59

7
,
−4.(5)

3
+

35

3

}

.

▲♦❣♦✱ max {5, 0} ≤ x ≤ min

{

12,
69

7
, 5

}

✱ ♦✉ s❡❥❛✱ x = 5✳

P❛r❛ y = −3✱

max

{−17

3
,
8

3

}

≤ x ≤ min

{

60,
53

7
,
47

3

}

✱ ♦✉ s❡❥❛✱
8

3
≤ x ≤ 53

7
✳

P♦rt❛♥t♦✱ ♦❜t❡♠♦s três ✈ért✐❝❡s ♣❡rt❡♥❝❡♥t❡s ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✺✮✱

(5, 5)✱
(

8

3
,−3

)

❡
(

53

7
,−3

)

✳

◆❛ ❋✐❣✉r❛ ✷✳✻ ♣♦❞❡♠♦s ✈❡r à ♣r♦❥❡çã♦ ❞❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ♥♦ ❡✐①♦ y✳





✷✳✷ ▼ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✹✵

♦♥❞❡ A ∈ R
m×n ❡ b ∈ R

n✳

❱❛♠♦s ❡s❝r❡✈ê✲❧♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿























a11x1 + a12x2 + ... + a1nxn ≤ b1

a21x1 + a22x2 + ... + a2nxn ≤ b2
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

am1x1 + am2x2 + ... + amnxn ≤ bm

. ✭✷✳✾✮

❉✐❣❛♠♦s q✉❡ q✉❡r❡♠♦s ❡❧✐♠✐♥❛r x1 ❞♦ s✐st❡♠❛ ✭✷✳✾✮✳

P❛r❛ ❝❛❞❛ i✱ ♦♥❞❡ ai1 6= 0✱ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ❝❛❞❛ ✉♠❛ ❞❛s ✐♥❡q✉❛çõ❡s ♣♦r
1

|ai1|
✱

❞❡✐①❛♥❞♦ ❝♦♠♦ ✈❛❧♦r ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ x1✱ ✵ ♦✉ ±1✳

❚❡♠♦s✱ ❡♥tã♦











−x1 + a′i2x2 + ... + a′inxn ≤ b′i (i ∈ I−)

x1 + a′i2x2 + ... + a′inxn ≤ b′i (i ∈ I+)

+ a′i2x2 + ... + a′inxn ≤ b′i (i ∈ I0)

. ✭✷✳✶✵✮

❖♥❞❡ I− = (i : ai1 < 0)✱ ♦✉ s❡❥❛✱ ❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦

♥❡❣❛t✐✈♦s✱ I+ = (i : ai1 > 0)✱ ♦✉ s❡❥❛✱ ❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦

♣♦s✐t✐✈♦s ❡ I0 = (i : ai1 = 0)✱ ♦✉ s❡❥❛✱ ❛s ✐♥❡q✉❛çõ❡s ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦ ♥✉❧♦s✱

a′ij =
aij

|ai1|
❡ b′i =

bi

|ai1|
✳

❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛ ❧✐♥❤❛ I = {1, 2, ...,m} é ♣❛rt✐❝✐♦♥❛❞♦ ♥♦s s✉❜✲

❝♦♥❥✉♥t♦s I−✱ I+ ❡ I0✱ s❡♥❞♦ q✉❡ ❛❧❣✉♠ ❞❡st❡s ♣♦❞❡ s❡r ✈❛③✐♦✳ ❉❛q✉✐ r❡s✉❧t❛ q✉❡

x1, x2, x3, ..., xn é ✉♠❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♦r✐❣✐♥❛❧ ✭✷✳✾✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1, x2, x3, ..., xn

s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s✿

max {(a′k2x2 + ...+ a′knxn)− b′k} ≤ x1 ≤ min {b′i − (a′i2x2 + ...+ a′inxn)} ✭✷✳✶✶✮

♦♥❞❡ i ∈ I+, k ∈ I− ❡

a′i2x2 + a′i3x3 + ...+ a′inxn ≤ b′i ✭✷✳✶✷✮

♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ x1 ✈❛❧❡♥❞♦ ③❡r♦✱ ❝♦♠ i ∈ I0✳

❆ ✐♥❡q✉❛çã♦ ✭✷✳✶✶✮ ❞✐③ q✉❡ x1 ❡♥❝♦♥tr❛✲s❡ ❡♠ ✉♠ ❝❡rt♦ ✐♥t❡r✈❛❧♦✱ q✉❡ é ❞❡t❡r♠✐♥❛❞♦

♣♦r x2, x3, ..., xn✳ P♦r ❡ss❛ ✐♥❡q✉❛çã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

max {(a′k2x2 + ...+ a′knxn)− b′k} ≤ min {b′i − (a′i2x2 + ...+ a′inxn)} , ✭✷✳✶✸✮
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✷✳✷✳✶ ❊❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ❛tr❛✈és ❞❡ ♦♣❡r❛çõ❡s ❝♦♠

♠❛tr✐③❡s

P♦❞❡♠♦s ✉t✐❧✐③❛r ❛ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ ♣❛r❛ ❛♣r❡s❡♥t❛r ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥

❞❡ ♦✉tr♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❬✾❪✳ ❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s✱ ❞❡ ❢♦r♠❛ r❡s✉♠✐❞❛✱ ❡st❛ ❛❜♦r❞❛❣❡♠✳

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✷✳✾✮ ❡ s✉❛ ♠❛tr✐③ ❞❡ ❝♦❡✜❝✐❡♥t❡s A ∈ R
m×n✳ ❙❡❥❛ A′ ❛

♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠ ♥♦✈♦ s✐st❡♠❛ ❧✐♥❡❛r ✭✷✳✶✵✮✱ ❛✐♥❞❛ ❝♦♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s

x1, x2, x3, ..., xn✱ ♠❛s ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x1 sã♦ ±1 ♦✉ 0✳ ❖ ♥♦✈♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r

A′x ≤ b′.

❱❛♠♦s ❡s❝r❡✈ê✲❧♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿













a′11 a′12 ... a′1n

a′21 a′22 ... a′2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

a′m1 a′m2 ... a′mn













.













x1

x2

✳✳✳

xn













≤













b′1

b′2
✳✳✳

b′m













.

❱❛♠♦s ❝r✐❛r ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ C ∈ Rm′×m✱ ♦♥❞❡ m′ = |I+| × |I−|+ |I0|✱ ♦✉ s❡❥❛✱

♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❞❛ ♠❛tr✐③ C é ♦ ♣r♦❞✉t♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s a′i1 > 0 ❡

a′i1 < 0 ♠❛✐s ♦ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s a′i1 = 0✱ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦

❞❡ ❧✐♥❤❛s ❞❛ ♠❛tr✐③ A′✳

❆ ♠❛tr✐③ C s❡rá ✉♠❛ ♠❛tr✐③ ❜✐♥ár✐❛ ✭s❡✉s ❡❧❡♠❡♥t♦s s❡rã♦ ✵ ♦✉ ✶✮ ❞❡ ❢♦r♠❛ ❛

r❡♣r❡s❡♥t❛r ❛s ❝♦♠❜✐♥❛çõ❡s ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐♥❡q✉❛çõ❡s q✉❡ s❛t✐s❢❛③❡♠ a′i1 < 0 ❝♦♠

❛q✉❡❧❛s q✉❡ s❛t✐s❢❛③❡♠ a′i1 > 0✳ ❱❛♠♦s s✉♣♦r q✉❡ ❛s ❧✐♥❤❛s a′1, a
′
2, . . . , a

′
p sã♦ ❛q✉❡❧❛s

♦♥❞❡ a′i1 < 0✱ ❛s ❧✐♥❤❛s a′p+1, a
′
p+1, . . . , a

′
p+r sã♦ ❛q✉❡❧❛s ♦♥❞❡ a′i1 > 0 ❡ a′p+r+1, · · · , a′m ❛s

❧✐♥❤❛s q✉❡ s❛t✐s❢❛③❡♠ a′i1 = 0✳ ◆❡st❡ ❝❛s♦ ❛ ♠❛tr✐③ C t❡rá ❛ ❢♦r♠❛✿
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C =























































1 0 . . . 0 1 0 . . . 0 0 0 . . . 0

1 0 . . . 0 0 1 . . . 0 0 0 . . . 0

1 0 . . . 0 0 0 . . . 1 0 0 . . . 0
✳✳✳

✳✳✳ . . .
✳✳✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳ 0 . . . 0

0 0 . . . 1 1 0 . . . 0 0 0 . . . 0

0 0 . . . 1 0 1 . . . 0 0 0 . . . 0

0 0 . . . 1 0 0 . . . 1 0 0 . . . 0
✳✳✳

✳✳✳ . . .
✳✳✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳

✳✳✳ . . . 0

0 0 . . . 0 0 0 . . . 0 1 0 . . . 0

0 0 . . . 0 0 0 . . . 0 0 1 . . . 0
✳✳✳

✳✳✳ . . .
✳✳✳

✳✳✳
✳✳✳ . . .

✳✳✳
✳✳✳ . . .

✳ ✳ ✳ 0

0 0 . . . 0 0 0 . . . 0 0 0 . . . 1























































.

❈♦♠ ❛ ♠❛tr✐③ C ❝♦♥str✉í❞❛✱ ❛❣♦r❛ ♣❛r❛ ❡❧✐♠✐♥❛r♠♦s ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❜❛st❛ ❢❛✲

③❡r♠♦s ❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s ❝♦♠ ❛s ♠❛tr✐③❡s✿

C.A′ e C.b′.

❆ss✐♠✱ ❝♦♥str✉í♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿













0 a′′12 ... a′′1n

0 a′′22 ... a′′2n
✳✳✳

✳✳✳ ...
✳✳✳

0 a′′m′2
... a′′m′n













.













x1

x2

✳✳✳

xn













≤













b′′1

b′′2
✳✳✳

b′′m′













♦♥❞❡ a′′ni sã♦ ♦s r❡s✉❧t❛❞♦s ❞❛ ♦♣❡r❛çã♦ C.A′ ❡ b′′n sã♦ ♦s r❡s✉❧t❛❞♦s ❞❛ ♦♣❡r❛çã♦ C.b′✳

❆ ✈❛r✐á✈❡❧ x1 ♣♦❞❡ s❡r ❡❧✐♠✐♥❛❞❛ ❞❡❧❡t❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ C.A′✳

P♦❞❡♠♦s ❡♥tã♦ ♣r♦❝❡❞❡r ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❡ ❡❧✐♠✐♥❛r x2, x3, ❡t❝✳

❖ ♣r♦❝❡ss♦ ✜❝❛rá ✐❧✉str❛❞♦ ❡ ♠❛✐s ❝♦♠♣r❡❡♥sí✈❡❧ ♥♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r✳

❊①❡♠♣❧♦ ✷✳✹

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ✭✷✳✺✮✱ ♣r♦❝❡ss❛❞♦ ❞❡ ♠♦❞♦ q✉❡

♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ✈❛r✐á✈❡❧ x s❡❥❛♠ t♦❞♦s 1,−1 ♦✉ 0✿
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













































































































−x+
4y

3
≤ 5

3

−x− y

3
≤ −5

3

x+ 6y ≤ 42

x− 2y

7
≤ 59

7

x+
4y

3
≤ 35

3

−y ≤ 3

−y ≤ 5

.

❊s❝r❡✈❡♥❞♦ ❛ ♠❛tr✐③ A✱ ♦ ✈❡t♦r b ❡ ❝♦♥str✉✐♥❞♦ ❛ ♠❛tr✐③ C✱ t❡♠♦s

A =

























































−1
4

3

−1
−1

3

1 6

1
−2

7

1
4

3

0 −1

0 −5

























































, b =

























































5

3

−5

3

42

59

7

35

3

3

5

























































.

❆ ♠❛tr✐③ C t❡rá✱ ✼ ❝♦❧✉♥❛s ❡ (2× 3) + 2 = 8 ❧✐♥❤❛s✳ ▲♦❣♦✱
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C =

































1 0 1 0 0 0 0

1 0 0 1 0 0 0

1 0 0 0 1 0 0

0 1 1 0 0 0 0

0 1 0 1 0 0 0

0 1 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

































.

❋❛③❡♥❞♦ ❛s ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s✱ ❡❧✐♠✐♥❛♠♦s x ❡ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s✿

C.A =



































































0
22

3

0
22

21

0
8

3

0
17

3

0
−13

21

0 1

0 −1

0 −5



































































, C.b =



































































131

3

212

21

40

3

121

3

142

21

10

3

5



































































⇒



































































































































22y

3
≤ 131

3

22y

21
≤ 212

21

8y

3
≤ 40

3

17y

3
≤ 121

3

−13y

21
≤ 142

21

y ≤ 10

−y ≤ 3

−5y ≤ 5

.

❘❡s♦❧✈❡♥❞♦ ✉♠❛ ❛ ✉♠❛ ❡♥❝♦♥tr❛♠♦s ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❡♠ ✭✷✳✽✮✿

−3 ≤ y ≤ 5

❊①❡♠♣❧♦ ✷✳✺

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✐♥❝♦♥s✐st❡♥t❡✳ ❈♦♥s✐❞❡r❡✲

♠♦s ♦ s✐st❡♠❛
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





















−x+ y ≤ −1

7x− y ≤ −4

x− y ≤ −3

−x+ y ≤ −3

. ✭✷✳✶✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❝❛❞❛ ✐♥❡q✉❛çã♦ ♣♦r ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ ❡ r❡❛rr❛♥❥❛♥❞♦ ❛s ❧✐♥❤❛s

t❡♠♦s

A =



























−1 1

−1 1

1
−1

7

1 −1



























, b =



























−1

−3

−4

7

−3



























.

❆ ♠❛tr✐③ C t❡rá✱ ✹ ❝♦❧✉♥❛s ❡ (2× 2) + 0 = 4 ❧✐♥❤❛s✳ ▲♦❣♦✱

C =













1 0 1 0

1 0 0 1

0 1 1 0

0 1 0 1













.

❋❛③❡♥❞♦ ❛s ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s✱ ❡❧✐♠✐♥❛♠♦s x ❡ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s✿

C.A =





























0
6

7

0 0

0
6

7

0 0





























, C.b =





























−11

7

−4

−25

7

−6





























⇒























































6y

7
≤ −11

7

0 ≤ −4

6y

7
≤ −25

7

0 ≤ −6

.

◆♦t❡ q✉❡ ♥❡st❡ s✐st❡♠❛ ❛♣❛r❡❝❡r❛♠ ✐♥❝♦♥s✐stê♥❝✐❛s ❝♦♠♦ 0 ≤ −4 ❡ 0 ≤ −6✱ ♦ q✉❡

♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ♦ s✐st❡♠❛ ✭✷✳✶✹✮ é ✐♥❝♦♥s✐st❡♥t❡ ♦✉ ✐♥❢❛❝tí✈❡❧✳

❊①❡♠♣❧♦ ✷✳✻
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❆té ❛❣♦r❛ ♠♦str❛♠♦s ❡①❡♠♣❧♦s ♥♦ R
2✱ ✈❛♠♦s r❡s♦❧✈❡r ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s ♥♦ R
3 ❡ ❢❛③❡r s✉❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✿











































z ≤ 4

−z ≤ −2

4x+ z ≤ 10

−4x− z ≤ 0

−2y + z ≤ 0

2y − z ≤ 4

. ✭✷✳✶✺✮

❆ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✶✺✮ é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✾ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✷✳✾✿ ❘❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✭✷✳✶✺✮✳

❱❛♠♦s ❡❧✐♠✐♥❛r ❛ ✈❛r✐á✈❡❧ z✱ ♣r♦❥❡t❛♥❞♦ ♥♦ ♣❧❛♥♦ xy ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✭✷✳✶✺✮✳

P❛r❛ ✐ss♦✱ ✈❛♠♦s r❡❛rr❛♥❥á✲❧♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿











































−z ≤ −2

−z − 4x ≤ 0

−z + 2y ≤ 4

z ≤ 4

z + 4x ≤ 10

z − 2y ≤ 0

.

❆❣♦r❛✱ ❝♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ z ❥á sã♦ ±1✱ ❡s❝r❡✈❡r❡♠♦s ❛s ♠❛tr✐③❡s A ❡ b✱ ❞❡t❡r✲

♠✐♥❛♠♦s C ❡ ❢❛③❡♠♦s ❛s ♦♣❡r❛çõ❡s ❞❛s ♠❛tr✐③❡s✳ ❆ss✐♠ t❡♠♦s✱
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A =























−1 0 0

−1 −4 0

−1 0 2

1 0 0

1 4 0

1 0 −2























, b =























−2

0

4

4

10

0























.

❆ ♠❛tr✐③ C t❡rá✱ ✻ ❝♦❧✉♥❛s ❡ (3× 3) + 0 = 9 ❧✐♥❤❛s✳ ▲♦❣♦✱

C =





































1 0 0 1 0 0

1 0 0 0 1 0

1 0 0 0 0 1

0 1 0 1 0 0

0 1 0 0 1 0

0 1 0 0 0 1

0 0 1 1 0 0

0 0 1 0 1 0

0 0 1 0 0 1





































.

❋❛③❡♥❞♦ ❛s ♦♣❡r❛çõ❡s ❝♦♠ ♠❛tr✐③❡s t❡♠♦s✿

C.A =





































0 0 0

0 4 0

0 0 −2

0 −4 0

0 0 0

0 −4 −2

0 0 2

0 4 2

0 0 0





































, C.b =





































2

8

−2

4

10

0

8

14

4





































.

P♦rt❛♥t♦✱ ❡❧✐♠✐♥❛♠♦s z ❡ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❝♦♠ ❛s ✈❛r✐á✈❡✐s x ❡ y✱
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





































































0 ≤ 2

4x ≤ 8

−2y ≤ −2

−4x ≤ 4

0 ≤ 10

−4x− 2y ≤ 0

2y ≤ 8

4x+ 2y ≤ 14

0 ≤ 4

. ✭✷✳✶✻✮

❆ss✐♠✱ ♣r♦❥❡t❛♠♦s ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ✭✷✳✶✺✮ ♥♦ ♣❧❛♥♦ xy

❝♦♥❢♦r♠❡ ❛s ❋✐❣✉r❛s ✷✳✶✵ ❡ ✷✳✶✶✳

❋✐❣✉r❛ ✷✳✶✵✿ Pr♦❥❡çã♦ ❞❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✭✷✳✶✺✮ ♥♦ ♣❧❛♥♦ xy ♥♦ R
3✳
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C ′.A′ =













































0
−1

2

0 0

0 0

0
1

2

0 −2

0 2













































, C ′.b′ =













































2

7

2

3

9

2

−2

8













































.

❆ss✐♠ t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡str✐çõ❡s ❡♠ y✳



























































































−y

2
≤ 2

0 ≤ 7

2

0 ≤ 3

y

2
≤ 9

2

−3y ≤ −2

2y ≤ 8

.

❘❡s♦❧✈❡♥❞♦ ❝❛❞❛ ✉♠❛ ❞❛s ✐♥❡q✉❛çõ❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

1 ≤ y ≤ 4.





❈❛♣ít✉❧♦ ✸

❘❡♣r❡s❡♥t❛çã♦ ●rá❢✐❝❛ ❞❡ ✉♠

❙✐st❡♠❛ ❞❡ ■♥❡q✉❛çõ❡s ▲✐♥❡❛r❡s

✸✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❡st✉❞❛r ❛❧❣✉♥s ♠ét♦❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ♣♦❧✐❡❞r♦s✱

q✉❡ ❝♦♥❢♦r♠❡ ✈✐♠♦s ♥♦ ❈❛♣ít✉❧♦ ✶✱ é ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐✲

♥❡❛r❡s Ax ≤ b✳ ❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡❢❡t✐✈❛♠❡♥t❡ ❡♠ ❞❡s❡♥❤❛r ♦ ♣♦❧✐❡❞r♦✱ ✈❛♠♦s

♥♦s r❡str✐♥❣✐r às r❡♣r❡s❡♥t❛çõ❡s ❡♠ ❞✐♠❡♥sõ❡s ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ três✳ ❈❛s♦ ♦ s✐st❡♠❛

Ax ≤ b ♣♦ss✉❛ ♠❛✐s ❞❡ três ✈❛r✐á✈❡✐s✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥

♣❛r❛ ♦❜t❡r ♣r♦❥❡çõ❡s ❞❡st❡ ♣♦❧✐❡❞r♦ ♥♦ R
3 ♦✉ R

2✳

❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ✉♠ ♣♦❧✐❡❞r♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❞❡ ❞✉❛s ❢♦r♠❛s✿ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡

s❡♠✐✲❡s♣❛ç♦s ✭Ax ≤ b✮ ❡ ❝♦♠♦ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ s❡✉s n ♣♦♥t♦s ❡①tr❡♠♦s ✭♦✉ ✈ért✐❝❡s✮

❬✶❪✳ ❊①✐st❡♠ três ♣r♦❜❧❡♠❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝❧áss✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ❞❡s❝r✐çõ❡s ❞❡

✉♠ ♣♦❧✐❡❞r♦✿

• ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ♦s ✈ért✐❝❡s ❛

♣❛rt✐r ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♣♦r s❡♠✐✲❡s♣❛ç♦s❀

• ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞❛s ❢❛❝❡s✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ♦s s❡♠✐✲❡s♣❛ç♦s

❛ ♣❛rt✐r ❞♦s ✈ért✐❝❡s❀

• ♦ ♣r♦❜❧❡♠❛ ❞❛ ✈❡r✐✜❝❛çã♦ ❞❡ ✉♠ ♣♦❧✐❡❞r♦✱ ❞❛❞❛s ✉♠❛ ❞❡s❝r✐çã♦ ❞❡ ✈ért✐❝❡s ❡

✉♠❛ ❞❡s❝r✐çã♦ ❞❡ s❡♠✐✲❡s♣❛ç♦s✱ ❞❡❝✐❞✐r s❡ ❛♠❜❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡✜♥❡♠ ♦ ♠❡s♠♦

♣♦❧✐❡❞r♦✳
✺✺
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◆❡st❡ tr❛❜❛❧❤♦✱ ✐r❡♠♦s tr❛t❛r ❞♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛✿ ♦❜t❡r t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ✉♠

♣♦❧✐❡❞r♦✱ ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ♣♦r s❡♠✐✲❡s♣❛ç♦s✱ ♦✉ s❡❥❛✱ ❛ ♣❛rt✐r ❞❡ ✉♠ s✐st❡♠❛

❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ Ax ≤ b✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s t❡♠ ❛♣❧✐❝❛çõ❡s ❡♠ ✈ár✐❛s ár❡❛s ❡ ✉♠❛ r❡❧❛çã♦

❜❛st❛♥t❡ ♣ró①✐♠❛ ❝♦♠ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✳ ❊♠ ✈✐rt✉❞❡ ❞✐ss♦✱ ♠✉✐t♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❡①♣❧♦r❛♠ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ✈ért✐❝❡s ❞❡ P ❡ ❜❛s❡s ❞♦ ♠ét♦❞♦

s✐♠♣❧❡① ❬✶✶✱ ✷❪✳

❖s ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s ❬✶❪✿

❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s ❡ ❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s✳

❖s ❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s ♣r♦❝✉r❛♠ ❝♦♥str✉✐r ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s ❛tr❛✈és

❞❡ ✉♠ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ ❜❛s❡s ✭n ❢❛❝❡t❛s q✉❡ ❝♦♥té♠ v ✈ért✐❝❡s ❡ ❝✉❥♦s ❤✐♣❡r♣❧❛♥♦s sã♦

✐♥❞❡♣❡♥❞❡♥t❡s✮✳ ❉♦✐s ✈ért✐❝❡s ❞❡ P sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ ❛r❡st❛ ❞❡ P s❡ ❡❧❡s tê♠

❜❛s❡s q✉❡ ❞✐❢❡r❡♠ ❡♠ ❛♣❡♥❛s ✉♠ ♠❡♠❜r♦✳ ❆❧t❡r♥❛r ❞❡ ✉♠ ✈ért✐❝❡ ♣❛r❛ ✉♠ ❛❞❥❛❝❡♥t❡

❡q✉✐✈❛❧❡ ❛ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✳ ❊st❛ ♦♣❡r❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣✐✈♦t❡❛♠❡♥t♦✳ ❆❧✲

❣✉♥s ❛❧❣♦r✐t♠♦s ❞❡ss❛ ❝❧❛ss❡ sã♦ ♦s ❣✐❢t ✇r❛♣♣✐♥❣ ❬✽❪✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❙❡✐❞❡❧ ❬✶✾❪ ❡ ♦

❡✜❝✐❡♥t❡ ❛❧❣♦r✐t♠♦ r❡✈❡rs❡ s❡❛r❝❤ ❞❡ ❆✈✐s ❡ ❋✉❦✉❞❛ ❬✷❪✱ q✉❡ ❡①♣❧♦r❛ ✉♠❛ ❜✉s❝❛ r❡✈❡rs❛✱

❜❛s❡❛❞♦ ♥♦ s✐st❡♠❛ ❞❡ tr♦❝❛ ❞❡ ❜❛s❡ ❞♦ s✐♠♣❧❡①✳

❖s ❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❞❡t❡r♠✐♥❛♠

♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❝❛❧❝✉❧❛♥❞♦ s✉❝❡ss✐✈❛♠❡♥t❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s❡♠✐✲

❡s♣❛ç♦s✳ ❊♠ ❣❡r❛❧✱ ✐♥✐❝✐❛❧♠❡♥t❡ é ❝♦♥str✉í❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ n ♦✉ n+1 s❡♠✐✲❡s♣❛ç♦s

❡ s❡✉s ✈ért✐❝❡s✳ ❊♠ s❡❣✉✐❞❛✱ ❛s ❞❡♠❛✐s r❡str✐çõ❡s sã♦ ❛❞✐❝✐♦♥❛❞❛s ❡ ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s

❛t✉❛❧✐③❛❞❛ ❛tr❛✈és ❞❛ s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❊ss❡♥❝✐❛❧♠❡♥t❡ ❝❛❞❛

❛t✉❛❧✐③❛çã♦ ✐❞❡♥t✐✜❝❛ ❡ r❡♠♦✈❡ t♦❞♦s ♦s ✈ért✐❝❡s q✉❡ ♥ã♦ ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ♥♦✈♦ s❡♠✐✲

❡s♣❛ç♦✳

◆♦ ✐♥t✉✐t♦ ❞❡ t♦r♥❛r ♦ t❡①t♦ ❞✐❞át✐❝♦ ❡ ❡✈❡♥t✉❛❧♠❡♥t❡ s❡r✈✐r ❝♦♠♦ ♠♦t✐✈❛çã♦ ♣❛r❛

❛♣❧✐❝❛çõ❡s ❞❡ ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✱ ♦♣t❛♠♦s ♣♦r ❝♦♥❝❡♥tr❛r ♦s ❡st✉❞♦s ♥♦s ❛❧❣♦✲

r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s✱ ❝✉❥♦s ❢✉♥❞❛♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❡stã♦ ❜❛s❡❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ❧✐♥❡❛r❡s ❡ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦✳ ❙❛❧✐❡♥t❛♠♦s q✉❡ ✉♠❛ ❝♦♠♣❛r❛✲

çã♦ ❡♥tr❡ ❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s ♣♦❞❡ ❝♦♥st✐t✉✐r

✉♠ ✐♥t❡r❡ss❛♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣❡sq✉✐s❛✱ ♣♦ré♠ ❢♦❣❡ ❞♦ ❡s❝♦♣♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆ ❞✐✜❝✉❧❞❛❞❡ ♥❛ ❛❜♦r❞❛❣❡♠ ❞♦ ♣r♦❜❧❡♠❛ ❛tr❛✈és ❞❛ s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s

❧✐♥❡❛r❡s ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✱ ❛ ❞✐♠❡♥sã♦ ❞♦ ♣♦❧✐❡❞r♦

P ❡ ♦ ♥ú♠❡r♦ ❞❡ s❡♠✐✲❡s♣❛ç♦s✳
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❊♠ ❬✶✶❪✱ ❡♥❝♦♥tr❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s v(P )

v(P ) ≤ vmax =





m+

⌊

1

2
n

⌋

m



+





m+

⌈

1

2
n

⌉

− 1

m





♦♥❞❡ m é ♦ ♥ú♠❡r♦ ❞❡ ✐♥❡q✉❛çõ❡s ❡ n ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s✳

❙❡ ♦ ♣♦❧✐❡❞r♦ ❢♦r ♥ã♦✲✈❛③✐♦✱ s✐♠♣❧❡s✱ ❡ ♦ s✐st❡♠❛ Ax ≤ b✱ ♥ã♦ ♣♦ss✉✐r r❡❞✉♥❞â♥❝✐❛s✱

❡♠ ❬✶✶❪ t❡♠♦s✱

v(P ) ≥ vmin = m(n− 1) + 2.

P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r m ✐♥❡q✉❛çõ❡s ❡ n

✈❛r✐á✈❡✐s s❛t✐s❢❛③

m(n− 1) + 2 ≤ v(P ) ≤





m+

⌊

1

2
n

⌋

m



+





m+

⌈

1

2
n

⌉

− 1

m



 .

❈♦♠♦ vmin é q✉❛❞rát✐❝♦ ❡♠ m ❡ n é r❛③♦á✈❡❧ ❡s♣❡r❛r♠♦s ♦❜t❡r ✉♠ ❛❧❣♦r✐t♠♦ q✉❡

❡♥❝♦♥tr❛ ♦s ✈ért✐❝❡s ❞❡ P ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳ ◆❛ s❡çã♦ ✸✳✸ ♠♦str❛♠♦s q✉❡ ❡st❡

♣r♦❜❧❡♠❛ ❡stá ❜❛st❛♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦

♣♦❧✐❡❞r♦ ❞✉❛❧✱ q✉❡ ♥♦ R
2 ❡ ♥♦ R

3 t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡✶ ❞❡ ♦r❞❡♠ O(m logm)✳

◆♦ss♦ ♦❜❥❡t✐✈♦ é✱ ❛❧é♠ ❞❡ ❧✐st❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s✱ ❞❡t❡r♠✐♥❛r t♦❞❛s ❛s ❢❛❝❡s

❞♦ ♣♦❧✐❡❞r♦✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❞❡t❡r♠✐♥❛r q✉❛✐s ✈ért✐❝❡s

♣❡rt❡♥❝❡♠ ❛ ❝❛❞❛ ✉♠❛ ❞❛s ❢❛❝❡s ❞❡ P ✳

P❛r❛ ✈✐s✉❛❧✐③❛r ❣r❛✜❝❛♠❡♥t❡ ♦ ♣♦❧✐❡❞r♦ P ✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦ ❢♦r♠❛t♦ ❞❡ ❛rq✉✐✈♦

♦❜❥✳ ❯♠ ❛rq✉✐✈♦ ♦❜❥ é ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ t❡①t♦ ♣✉r♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❡❧❛

❲❛✈❡❢r♦♥t ❚❡❝❤♥♦❧♦❣✐❡s✷ q✉❡ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ❛❞♦t❛❞♦ ♣♦r ✈ár✐♦s ♦✉tr♦s s♦❢t✇❛r❡s

❞❡ ✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛ ✸❉✱ ❝♦♠♦ ♦ ❏❛✈❛❱✐❡✇✱ ✸❉ ❙t✉❞✐♦ ▼❛①✱ ●▲❈❴P❧❛②❡r ❞❡♥tr❡

♦✉tr♦s✳

❯♠ ❛rq✉✐✈♦ ♦❜❥ ❝♦♥té♠ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ✈ért✐❝❡s ❞❡ ✉♠ ♦❜❥❡t♦✱ ❛❧é♠ ❞❛s ❢❛❝❡s

q✉❡ ❢♦r♠❛♠ ❝❛❞❛ ♣♦❧í❣♦♥♦✳ ❖♣❝✐♦♥❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛ ❝❛❞❛ ✈ért✐❝❡ ❡ ❢❛❝❡✱ s✉❛

t❡①t✉r❛ ❡ ♦ ✈❡t♦r ♥♦r♠❛❧✳
✶ ❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ s✉❛ ❡✜❝✐ê♥❝✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡♠ r❡❧❛çã♦ ❛♦

t❛♠❛♥❤♦ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ❡♥tr❛❞❛✳ P♦r ❡①❡♠♣❧♦✱ s❡ ✉♠ ❛❧❣♦r✐t♠♦ t❡♠ ♦r❞❡♠ O(n2) s✐❣♥✐✜❝❛ q✉❡

❡①✐st❡ ✉♠ ❡s❝❛❧❛r c t❛❧ q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♦♣❡r❛çõ❡s r❡❛❧✐③❛❞❛s ♣❛r❛ t❡r♠✐♥❛r ♦ ♣r♦❝❡ss♦ é ♠❡♥♦r

❞♦ q✉❡ cn2✳
✷ ❆ ❲❛✈❡❢r♦♥t ❚❡❝❤♥♦❧♦❣✐❡s é ✉♠❛ ❡♠♣r❡s❛ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ s♦❢t✇❛r❡s ✸❉ ❞❡ ♠♦❞❡❧❛❣❡♠✱

❛♥✐♠❛çã♦ ❡ ❡❢❡✐t♦s ❡s♣❡❝✐❛✐s✳



✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✺✽

P❛r❛ ✈✐s✉❛❧✐③❛r ♦ ♣♦❧✐❡❞r♦ ❣❡r❛❞♦ ♥♦ ❢♦r♠❛t♦ ♦❜❥✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦ s♦❢t✇❛r❡ ❏❛✈❛❱✐❡✇✱

✉♠ s♦❢t✇❛r❡ ❣r❛t✉✐t♦ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❞❡ ❣❡♦♠❡tr✐❛ ✸❉✱ q✉❡ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞✐r❡t❛♠❡♥t❡

❡♠ s❡✉ s✐t❡ ♦✜❝✐❛❧✱ ❤tt♣✿✴✴✇✇✇✳❥❛✈❛✈✐❡✇✳❞❡✴✳

❖ ❛rq✉✐✈♦ ♦❜❥ s❡rá ❝♦♥str✉í❞♦ ♣♦r ✉♠❛ r♦t✐♥❛ ✐♠♣❧❡♠❡♥t❛❞❛ ♥♦ s♦❢t✇❛r❡ ❖❝t❛✈❡✸✱

q✉❡ ❡♥❝♦♥tr❛ ♦s ✈ért✐❝❡s ❡ ❛s ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦ ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ♣♦r s❡♠✐✲

❡s♣❛ç♦s ❡ ❣❡r❛ ♦ ❛rq✉✐✈♦ ♦❜❥ ♣r♦♥t♦ ♣❛r❛ s❡r ✈✐s✉❛❧✐③❛❞♦✳

❆ r♦t✐♥❛ q✉❡ ♣r♦♣♦♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s ❡ ❛s ❢❛❝❡s é s✐♠✐❧❛r à r♦t✐♥❛

❝♦♥✷✈❡rt✳♠ ✐♠♣❧❡♠❡♥t❛❞❛ ♣♦r ▼✐❝❤❛❡❧ ❑❧❡❞❡r ❡ ❞✐s♣♦♥í✈❡❧ ♥♦ s✐t❡ ♦✜❝✐❛❧ ❞♦ ▼❛t▲❛❜✳

◆♦ ❡♥t❛♥t♦✱ ❛ ❢✉♥çã♦ ❝♦♥✷✈❡rt✳♠ ❧✐st❛ ❛♣❡♥❛s ♦s ✈ért✐❝❡s ❡ ♥ã♦ ♣❡r♠✐t❡ ❛ ❞❡t❡r♠✐♥❛çã♦

❞❛s ❢❛❝❡s✳ ◆♦ss❛ ♣r♦♣♦st❛✱ ❛❧é♠ ❞❡ ✐♥❝❧✉✐r ❡st❛ ♦♣çã♦✱ ♣♦ss✉✐ t❛♠❜é♠ ❛❧❣✉♠❛s r♦t✐♥❛s

s✐♠♣❧❡s ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ q✉❡ ♣❡r♠✐t❡♠ r❡s♦❧✈❡r ❝❛s♦s ♣❛r❛ ♦s q✉❛✐s ❛ ❢✉♥çã♦ ❞♦

❝♦♥✷✈❡rt✳♠ ❢❛❧❤❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♣♦❧✐❡❞r♦s ✐❧✐♠✐t❛❞♦s ❡ s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❝♦♠

❝❡rt♦s t✐♣♦s ❞❡ r❡❞✉♥❞â♥❝✐❛s✳

❊st❡ ❝❛♣ít✉❧♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✱ ♥❛ s❡çã♦ ✸✳✷ ❛♣r❡s❡♥t❛♠♦s ✉♠❛

r❡✈✐sã♦ ❞♦s ♣r✐♥❝✐♣❛✐s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ♣♦♥t♦s ♥♦ R
2 ❡ ♥♦ R

3✳ ◆❛ s❡çã♦ ✸✳✸ ♠♦str❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥✉♠❡r❛çã♦ ❞♦s

✈ért✐❝❡s é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦ ♣♦❧✐❡❞r♦ ❞✉❛❧ ❡

❝♦♠ ❜❛s❡ ♥✐ss♦ ❞❡❞✉③✐♠♦s ✉♠ ❛❧❣♦r✐t♠♦✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ♥♦ ✐♥t❡r✐♦r

❞♦ ♣♦❧✐❡❞r♦ é ❡st✉❞❛❞♦ ♥❛ s❡çã♦ ✸✳✹✳ ◆❛ s❡çã♦ ✸✳✺ r❡♣r❡s❡♥t❛♠♦s ❣r❛✜❝❛♠❡♥t❡ ❛❧❣✉♥s

s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ◆❛ s❡çã♦ ✸✳✻ ♣r♦♣♦♠♦s ✉♠❛ r♦t✐♥❛ ♣❛r❛ ❡❧✐♠✐♥❛çã♦ ❞❡

r❡str✐çõ❡s r❡❞✉♥❞❛♥t❡s ♥✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❜❛s❡❛❞❛ ♥♦ ❢❡❝❤♦ ❝♦♥✈❡①♦

❞♦ ❞✉❛❧✳

✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦

❱❛♠♦s ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♠♣✉t❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ P

❞❡ n ♣♦♥t♦s✳ P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ❡①✐st❡♠ ✈ár✐♦s ❛❧❣♦r✐t♠♦s✳ ❖ ♣ró♣r✐♦ ❖❝t❛✈❡ ♦✉ ♦

▼❛t▲❛❜ ❥á ♣♦ss✉❡♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♠ s✉❛ ✐♥st❛❧❛çã♦ ✉♠❛ ❢✉♥çã♦ ♣❛r❛ ❛❜♦r❞❛r t❛❧

♣r♦❜❧❡♠❛✳ ❊ss❛ ❢✉♥çã♦ é ❝❤❛♠❛❞❛ k =❝♦♥✈❤✉❧❧(x, y) s❡ ❢♦r ♥♦ R
2 ❡ k =❝♦♥✈❤✉❧❧♥(P )

♣❛r❛ ♦ R
n✳ ❊❧❛s r❡t♦r♥❛♠ ♦s í♥❞✐❝❡s ❞♦s ♣♦♥t♦s q✉❡ ❢♦r♠❛♠ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ P ✳

❙✉♣♦♥❤❛ q✉❡ V s❡❥❛ ✉♠❛ ❧✐st❛ ❝♦♥t❡♥❞♦ n ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐t♦♣♦❀ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦

❞❡ V é ♦ ♣ró♣r✐♦ V ✱ ❛ ♠❡♥♦s ❞❡ ♦r❞❡♠✳ ❆ s❡❣✉✐r✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s

♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ ♣❧❛♥♦✳

✸ ❖❝t❛✈❡ é ✉♠ s♦❢t✇❛r❡ ❧✐✈r❡✱ q✉❡ ✉t✐❧✐③❛ ❛ ♠❡s♠❛ s✐♥t❛①❡ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞♦ ▼❛t▲❛❜



✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✺✾

✸✳✷✳✶ ❋❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ R
2

■♥✐❝✐❛❧♠❡♥t❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ♣r♦❜❧❡♠❛ s✐♠♣❧✐✜❝❛❞♦✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❝♦♥❥✉♥t♦

V ❝♦♥t❡♥❤❛ n ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ♥♦ ♣❧❛♥♦ ❡ ❞❡s❡❥❛♠♦s ❛♣❡♥❛s ❞❡t❡r♠✐♥❛r ❡♠ q✉❡

♦r❞❡♠ ❡stã♦ ❧✐❣❛❞♦s✳ P♦❞❡♠♦s ❢❛③❡r ✐st♦ ✜①❛♥❞♦ ✉♠ ✈ért✐❝❡ ❞♦ ❝♦♥❥✉♥t♦ ❡ ❝❛❧❝✉❧❛♥❞♦

♦s â♥❣✉❧♦s ❢♦r♠❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ❞❡✜♥✐❞♦s ♣♦r V ✳❱❛♠♦s ❞❡t❛❧❤❛r ❡st❡ ♣r♦❝❡ss♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦r❞❡♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s V ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ✭❛ ✈❛r✐á✈❡❧

x✮✱ ❡ ✜①❛♠♦s ♦s ❞♦✐s ♣r✐♠❡✐r♦s ✈ért✐❝❡s ❞♦ ❝♦♥❥✉♥t♦ ❥á ♦r❞❡♥❛❞♦ v1 ❡ v2✳ ❊♠ s❡❣✉✐❞❛✱

❡♥❝♦♥tr❛♠♦s t♦❞♦s ♦s ✈❡t♦r❡s ❢♦r♠❛❞♦s ❝♦♠ r❡❧❛çã♦ ❛♦ ✈ért✐❝❡ v1✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r

♥♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✉r❛ ✸✳✶✳

❙❡❥❛ W = {w1, w2, ..., wn−1}✱ ♦♥❞❡ wj = vj − v1✱ j = 1, 2, ..., n− 1

❋✐❣✉r❛ ✸✳✶✿ ❈♦♥❥✉♥t♦ W ❞❡ ✈❡t♦r❡s✳

❆♣ós ❢♦r♠❛r♠♦s ♦ ❝♦♥❥✉♥t♦ W ❞❡ ✈❡t♦r❡s✱ ❝❛❧❝✉❧❛♠♦s ♦ â♥❣✉❧♦ θ q✉❡ ❝❛❞❛ ✈❡t♦r ❞❡

W ❢♦r♠❛ ❝♦♠ w1 = v2 − v1✳ ❊st❡ â♥❣✉❧♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

arccos θi =
w1.wi

|w1|.|wi|

♦♥❞❡ i = 2, 3, ..., n− 1✳

❆ss✐♠✱ ❝♦❧♦❝❛♥❞♦ ♦s ✈❛❧♦r❡s ❞♦s â♥❣✉❧♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✱ ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛

❞♦s ✈ért✐❝❡s ❞♦ ♣♦❧í❣♦♥♦✳ ◆♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✉r❛ ✸✳✶✱ ❛ s❡q✉ê♥❝✐❛ s❡r✐❛

V = {v1, v2, v4, v6, v7, v5, v3},

❝♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥♦ ♣♦❧í❣♦♥♦ ❞❛ ❋✐❣✉r❛ ✸✳✷✳



✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✻✵

❋✐❣✉r❛ ✸✳✷✿ ❊①❡♠♣❧♦ ❞❡ ❢❡❝❤♦ ❝♦♥✈❡①♦✳

❖ ❛❧❣♦r✐t♠♦ ❛ s❡❣✉✐r r❡s✉♠❡ ❡st❡ ♣r♦❝❡ss♦✳

❆❧❣♦r✐t♠♦ ✶✿ ➶♥❣✉❧♦s ❡♥tr❡ ✈❡t♦r❡s
❊♥tr❛❞❛✿ ❖ ❝♦♥❥✉♥t♦ V ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ♥♦ R

2✳
❙❛í❞❛✿ ❯♠❛ ❧✐st❛ ♦r❞❡♥❛❞❛ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ V ✳

✐♥í❝✐♦
❖r❞❡♥❡ ♦ ❝♦♥❥✉♥t♦ V ❞❡ ✈ért✐❝❡s ♣❡❧❛ ❝♦♦r❞❡♥❛❞❛ x✳
❋✐①❡ ♦s ❞♦✐s ♣r✐♠❡✐r♦s ✈ért✐❝❡s✱ v1 ❡ v2 ❡ ❝❛❧❝✉❧❡ ♦ ✈❡t♦r w1 = v2 − v1✳
♣❛r❛ i = 3 ❛té ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ❞❡ V ❢❛ç❛

❊♥❝♦♥tr❡ t♦❞♦s ♦s w = vi − v1 ✈❡t♦r❡s✳

❋✐①❡ ♦ ♣r✐♠❡✐r♦ ✈❡t♦r w1 ❡ ❝❛❧❝✉❧❡ ♦ ✈❛❧♦r ❞♦ â♥❣✉❧♦ ❢♦r♠❛❞♦ ❡♥tr❡ ❝❛❞❛ ✈❡t♦r ❝♦♠

r❡❧❛çã♦ ❛♦ w1✳
✜♠

❖r❞❡♥❡ ♦s â♥❣✉❧♦s ❡ ✈❡❥❛ q✉❛❧ ✈ért✐❝❡ ❣❡r♦✉ ♦s â♥❣✉❧♦s✱ ❢♦r♠❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❞♦ ❢❡❝❤♦

❝♦♥✈❡①♦✳
F = {f1, f2, ..., fk}

✜♠

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❆❧❣♦r✐t♠♦ ✶ é ❞♦♠✐♥❛❞❛ ♣❡❧❛ ♦r❞❡♥❛çã♦ ❞♦s ✈ért✐❝❡s✱ q✉❡ é

O(n log n)✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ♠✉✐t♦ ❣r❛♥❞❡ ❞❡ ✈ért✐❝❡s ✭n > 2000✮ ♦ ❝á❧❝✉❧♦

❞♦s â♥❣✉❧♦s θ ♣♦❞❡ t♦r♥❛r ♦ ❛❧❣♦r✐t♠♦ ♠✉✐t♦ ❧❡♥t♦✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛❣♦r❛ ♦ ❝❛s♦ ❣❡r❛❧ ❞❡ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

q✉❛❧q✉❡r ❞❡ ♣♦♥t♦s ♥♦ R
2✳ ❆ ✐❞❡✐❛ q✉❡ ✐r❡♠♦s ❞❡s❝r❡✈❡r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵❪✳ ❖

❛❧❣♦r✐t♠♦ ❡♥❝♦♥tr❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❡♠ ❞✉❛s ❡t❛♣❛s✳ ❆ ♣r✐♠❡✐r❛ ♣❛r❛ ❛ ♣❛rt❡ s✉♣❡r✐♦r

❞♦ ♣♦❧í❣♦♥♦ ❡ ❛ s❡❣✉♥❞❛ ♣❛r❛ ❛ ♣❛rt❡ ✐♥❢❡r✐♦r✳







✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✻✸

❊ss❡ ♠ét♦❞♦ é r❡s✉♠✐❞♦ ♥♦ ♣s❡✉❞♦❝ó❞✐❣♦ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❆❧❣♦r✐t♠♦ ✷✳

❆❧❣♦r✐t♠♦ ✷✿ ❆❧❣♦r✐t♠♦ ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ♥♦ ♣❧❛♥♦
❊♥tr❛❞❛✿ ❯♠ ❝♦♥❥✉♥t♦ V ❞❡ ✈ért✐❝❡s ❞♦ ♣♦❧✐t♦♣♦✳
❙❛í❞❛✿ ❯♠❛ ❧✐st❛ ❞❡ s❡q✉ê♥❝✐❛ ❞♦s ✈ért✐❝❡s q✉❡ ❢♦r♠❛♠ ♦ ♣♦❧✐t♦♣♦✳

✐♥í❝✐♦
❖r❞❡♥❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣❡❧❛ ❝♦♦r❞❡♥❛❞❛ x✱ r❡s✉❧t❛♥❞♦ ♥❛ s❡q✉ê♥❝✐❛
v1, v2, ..., vn✳

❋✐①❡ ♦s ✈ért✐❝❡s v1 ❡ v2 ❡♠ ✉♠❛ Lsuperior✱ t❡♥❞♦ v1 ❝♦♠♦ ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❞❛
❧✐st❛✳

♣❛r❛ ✐ ❂ ✸ ❛té ♥ ❢❛ç❛
❆❝r❡s❝❡♥t❡ vi ❡♠ Lsuperior✳

❊♥q✉❛♥t♦ Lsuperior ❝♦♥té♠ ♠❛✐s ❞❡ ❞♦✐s ♣♦♥t♦s ❡ ♦s três ú❧t✐♠♦s ♣♦♥t♦s ❞❡ Lsuperior

❢♦r♠❛♠ ✉♠❛ ❝✉r✈❛ à ❞✐r❡✐t❛✱ r❡t♦r♥❡✳ ❙❡ ♥ã♦ ❢♦r♠❛r✱ r❡t✐r❡ ❞❛ Lsuperior ♦ ♣♦♥t♦ ❞♦

♠❡✐♦ ❡♥tr❡ ♦s três ú❧t✐♠♦s ❞❛ ❧✐st❛✳
✜♠

❈♦❧♦q✉❡ ♦s ✈ért✐❝❡s vn ❡ vn−1 ❡♠ ✉♠❛ ❧✐st❛ Linferior s❡♥❞♦ vn ♦ ♣r✐♠❡✐r♦ ❞❛ ❧✐st❛✳

♣❛r❛ ✐ ❂ ♥✲✷ ❛té ✶ ❢❛ç❛
❆❝r❡s❝❡♥t❡ vi ❡♠ Linferior✳

❊♥q✉❛♥t♦ Linferior ❝♦♥té♠ ♠❛✐s ❞❡ ❞♦✐s ♣♦♥t♦s ❡ ♦s três ú❧t✐♠♦s ♣♦♥t♦s ❞❡ Linferior

❢♦r♠❛♠ ✉♠❛ ❝✉r✈❛ à ❡sq✉❡r❞❛✱ r❡t♦r♥❡✳ ❙❡ ♥ã♦ ❢♦r♠❛r✱ r❡t✐r❡ ❞❛ Linferior ♦ ♣♦♥t♦ ❞♦

♠❡✐♦ ❡♥tr❡ ♦s três ú❧t✐♠♦s ❞❛ ❧✐st❛✳
✜♠

❘❡♠♦✈❛ ❞❛ ❧✐st❛ Linferior ♦ ♣r✐♠❡✐r♦ ❡ ♦ ú❧t✐♠♦ ✈ért✐❝❡ ♣❛r❛ ❡✈✐t❛r ❞✉♣❧✐❝❛çã♦ ❞❡ ✈ért✐❝❡s✳

❆❞✐❝✐♦♥❡ Linferior ❡♠ Lsuperior✱ r❡s✉❧t❛♥❞♦ ♥❛ ❧✐st❛ F ✳

F = {f1, f2, ..., fk}

✜♠

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡st❡ ❛❧❣♦r✐t♠♦ t❛♠❜é♠ é ❞❡ ♦r❞❡♠ O(n log n) ♦♥❞❡ n é ♦ ♥ú♠❡r♦

❞❡ ✈ért✐❝❡s ❞♦ ♣♦❧í❣♦♥♦ ❬✶✵❪✳

❉❛❞❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦✱ ❝♦♥st❛♥t❡♠❡♥t❡

s✉r❣❡♠ ❛❧❣♦r✐t♠♦s q✉❡ ♠❡❧❤♦r❛♠ ♦s ❡①✐st❡♥t❡s✳ ▲✉✐❣✐ ●✐❛❝❝❛r✐✱ ♣r♦♣ôs ❡♠ ❛❣♦st♦ ❞❡

✷✵✵✾✱ ✉♠ ❛❧❣♦r✐t♠♦ ♠❛✐s ❡✜❝✐❡♥t❡ ❞♦ q✉❡ ♦ ❝♦♥✈❤✉❧❧✭①✱②✮ ✭♥❛t✐✈♦ ❞♦ ▼❛t▲❛❜✮ ♣❛r❛

❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ R2✳ ❖ ❝ó❞✐❣♦ ❈♦♥✈❍✉❧❧✷❉✭①✱②✮

❞❡st❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ s✐t❡ ♦✜❝✐❛❧ ❞♦ ▼❛t▲❛❜✳



✸✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ✻✹

✸✳✷✳✷ ❆❧❣♦r✐t♠♦ ♣❛r❛ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

♥♦ R
3

❙❡❥❛ P ✉♠ ❝♦♥❥✉♥t♦ ❞❡ n ♣♦♥t♦s ♥♦ R
3✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ P ✱

conv(P )✱ ♣r♦❝❡❞❡♥❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

❊s❝♦❧❤❡♠♦s ✸ ♣♦♥t♦s q✉❛✐sq✉❡r ❞❡ P ✳ ❊♠ s❡❣✉✐❞❛✱ ❧✐❣❛♠♦s ❡st❡s três ♣♦♥t♦s ❡♠ ✉♠

q✉❛rt♦ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ P ✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✸✳✽✳

❋✐❣✉r❛ ✸✳✼✿ ❚rês ♣♦♥t♦s ❞♦ R
3

❋✐❣✉r❛ ✸✳✽✿ ❆❞✐❝✐♦♥❛♥❞♦ ✉♠ q✉❛rt♦
♣♦♥t♦ ❡ ❧✐❣❛♥❞♦ ♦s ♣♦♥t♦s

❆ss✐♠✱ ✈❛♠♦s ❝♦♥❡❝t❛♥❞♦ ♦s ♣♦♥t♦s r❡st❛♥t❡s p5, ..., pn ✉♠ ❛ ✉♠ ❛♦s ♣♦♥t♦s ❡①tr❡♠♦s

❞♦ ♣♦❧✐❡❞r♦ ✭❋✐❣✉r❛ ✸✳✾✮✳ ❙❡ ✉♠ ♣♦♥t♦ ❡st✐✈❡r ♥♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦✱ ❡st❡ é ❡❧✐♠✐♥❛❞♦

❞❛ ❧✐st❛✱ ♣❛ss❛♥❞♦ ❛♦ ♣♦♥t♦ s❡❣✉✐♥t❡ ✭❋✐❣✉r❛ ✸✳✶✵✮✳

Pr♦❝❡❞❡♠♦s ❞❡st❛ ♠❛♥❡✐r❛ ❛té ♣❡r❝♦rr❡r t♦❞♦s ♦s ♣♦♥t♦s ❞❡ P ❡♥❝♦♥tr❛♥❞♦ s❡✉ ❢❡❝❤♦

❝♦♥✈❡①♦✳ ❊st❛ ✐❞❡✐❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❞❡s❝r✐t❛ ❡♠ ❞❡t❛❧❤❡s ♥♦ ❈❛♣ít✉❧♦ ✶✶ ❞❡ ❬✶✵❪✳

❆té ❛q✉✐✱ ✈✐♠♦s ❝♦♠♦ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ R
2 ❡

♥♦ R
3✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ♣❛ss❛♠♦s ❛ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦

❞♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳



✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✻✺

❋✐❣✉r❛ ✸✳✾✿ ❈♦♥❡❝t❛♥❞♦ ✉♠ q✉✐♥t♦
♣♦♥t♦ ❛♦ ♣♦❧✐❡❞r♦ ❥á ❢♦r♠❛❞♦✳

❋✐❣✉r❛ ✸✳✶✵✿ ❊❧✐♠✐♥❛♥❞♦ ✉♠ ♣♦♥t♦ p

q✉❡ ❡stá ♥♦ ✐♥t❡r✐♦r ❞♦ ❢❡❝❤♦ ❝♦♥✈❡①♦✳

✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s

❢❛❝❡s

❆ ✐♥t❡rs❡çã♦ ❞❡ s❡♠✐✲❡s♣❛ç♦s ❞♦ R
n ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠ s✐st❡♠❛ ❞❡

✐♥❡q✉❛çõ❡s {x ∈ R
n : Ax ≤ b}✱ ♦♥❞❡ A é ❛ ♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s✱ x é ♦ ✈❡t♦r ❞❛s

✈❛r✐á✈❡✐s ❡ b é ♦ ✈❡t♦r ❞♦s t❡r♠♦s ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❈♦♠♦ ✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛ ✐♥t❡rs❡çã♦

❞❡ s❡♠✐✲❡s♣❛ç♦s é ✉♠ ♣♦❧✐❡❞r♦✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❢♦r

❧✐♠✐t❛❞♦✱ ❡♥tã♦ ♦ ♣♦❧✐❡❞r♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡ss❡ ❝♦♥❥✉♥t♦ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡

♣♦♥t♦s ❡①tr❡♠♦s ✭♦✉ ✈ért✐❝❡s✮ ❬✶❪✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

❡①tr❡♠♦s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ♣♦r s❡♠✐✲❡s♣❛ç♦s✱ ✐st♦ é✱ ❞❛❞♦

✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s Ax ≤ b✱ ❞❡t❡r♠✐♥❛r t♦❞♦s ♦s ✈ért✐❝❡s ❡ ❢❛❝❡s ❞♦

♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r ❡st❡ s✐st❡♠❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥❛ ✐♥tr♦❞✉çã♦ ❞❡st❡ ❈❛♣ít✉❧♦✱ ♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ❡ss❡

♣r♦❜❧❡♠❛ ♣♦❞❡♠ s❡r ❞✐✈✐❞✐❞♦s ❡♠ ❞✉❛s ❝❧❛ss❡s ❬✶❪✿ ❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s ❡

❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ✐♥❝r❡♠❡♥t❛✐s ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ ❖

♣r✐♠❡✐r♦ ❛❧❣♦r✐t♠♦ ❛♣r❡s❡♥t❛❞♦ é ❜❛st❛♥t❡ ✐♥❣ê♥✉♦✱ ❡ ❢❛③ ✉s♦ ❛♣❡♥❛s ❞❛ r❡s♦❧✉çã♦ ❞❡

s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ◆♦ ❡♥t❛♥t♦ ❡❧❡ s❡rá út✐❧ ♣❛r❛ ❛❞q✉✐r✐r♠♦s s❡♥s✐❜✐❧✐❞❛❞❡

♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛✳



✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✻✻

✸✳✸✳✶ ❆❧❣♦r✐t♠♦ ❞❛ ❝♦♠❜✐♥❛çã♦

P♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r Ax ≤ b✱ r❡s♦❧✈❡♥❞♦ t♦❞♦s

♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s n × n ❢♦r♠❛❞♦s ♣❡❧❛s ❧✐♥❤❛s ❞❡ A✱ ♦✉ s❡❥❛✱ ❝♦♠♣✉t❛r

t♦❞❛s ❛s ✐♥t❡rs❡çõ❡s ❞❡ n ❤✐♣❡r♣❧❛♥♦s ❞❡✜♥✐❞♦s ♣❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ Ax ≤ b✳

❙❡❥❛ P = {p1, p2, ..., pk} ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❞❡ t♦❞❛s ❛s ✐♥t❡rs❡❝çõ❡s ❞♦s n

❤✐♣❡r♣❧❛♥♦s ❞❡✜♥✐❞♦s ♣♦r Ax ≤ b✳ P❛r❛ q✉❡ pi ∈ P s❡❥❛ ✉♠ ✈ért✐❝❡✱ é ♥❡❝❡ssár✐♦ q✉❡

Api − b ≤ 0

❆♣ós t❡st❛r♠♦s t♦❞♦s ♦s ♣♦♥t♦s pi ∈ P ❡ s❡❧❡❝✐♦♥❛r ❛q✉❡❧❡s q✉❡ sã♦ ❢❛❝tí✈❡✐s✱ ♦❜t❡✲

♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s V = {v1, v2, ..., vn}✳
❙❡ ♥♦s r❡str✐♥❣✐r♠♦s ❛ ❡st❛ ❛❜♦r❞❛❣❡♠✱ ♥ã♦ ❤á ♠✉✐t♦ ❛ s❡r ❢❡✐t♦ ❛❧é♠ ❞❡ r❡s♦❧✈❡r

❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳ ❖ ♠ét♦❞♦ ♣♦❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞♦

❞❡ ♠❛♥❡✐r❛ ❛ ♣❡r❝♦rr❡r ❛s ❧✐♥❤❛s ❞❡ A ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❞❡ ❢♦r♠❛ q✉❡✱ ❝❛❞❛ s✐st❡♠❛

❞✐❢❡r❡ ❞♦ ❛♥t❡r✐♦r ♣❡❧❛ tr♦❝❛ ❞❡ ❛❧❣✉♠❛s ❧✐♥❤❛s✳ ■ss♦ ♣♦❞❡ s❡r ❡①♣❧♦r❛❞♦ ♣❛r❛ ♦❜t❡r♠♦s

✉♠❛ ❢❛t♦r❛çã♦ ▲❯ ❡✜❝✐❡♥t❡ ❞❛ ♠❛tr✐③ A ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛

tr✐❛♥❣✉❧❛r ❡q✉✐✈❛❧❡♥t❡✳

❖ ♣r♦❜❧❡♠❛ ❞❡ss❡ ❛❧❣♦r✐t♠♦ é q✉❡ r❡s♦❧✈❡♠♦s t♦❞♦s ♦s s✐st❡♠❛s ❣❡r❛❞♦s ♣❡❧❛s ❝♦♠✲

❜✐♥❛çõ❡s ❞❛s ✐♥❡q✉❛çõ❡s✱ ❡♥❝♦♥tr❛♥❞♦ ♠✉✐t♦s ♣♦♥t♦s ✐♥❢❛❝tí✈❡✐s✱ q✉❡ s❡rã♦ ❞❡s❝❛rt❛❞♦s

♣♦r ♥ã♦ ♣❡rt❡♥❝❡r❡♠ ❛♦ ♣♦❧✐❡❞r♦✳ ◆♦ ❊①❡♠♣❧♦ ✸✳✶ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ♠❡❧❤♦r ❡ss❡ ♣r♦✲

❜❧❡♠❛✳

❊①❡♠♣❧♦ ✸✳✶

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✿























0.7071 0.4082 0.5774

−0.7071 −0.4082 −0.5774

−0.7071 0.4082 0.5774

0.7071 −0.4082 −0.5774

0 −0.8165 0.5774

0 0.8165 −0.5774























.







x1

x2

x3






≤























1

1

1

1

1

1























.



✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✻✼

❯t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❛ ❝♦♠❜✐♥❛çã♦✱ ❞❡✈❡♠♦s r❡s♦❧✈❡r C6,3 = 20 s✐st❡♠❛s ❞❡

❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ ❞♦s q✉❛✐s ❛♣❡♥❛s 14 ❣❡r❛♠ s♦❧✉çõ❡s ❢❛❝tí✈❡✐s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s

✶✹ ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦✳

V =































































−1.4142 −0.8165 −0.5774

−1.4142 −0.8165 1.1547

−1.4142 0.8165 −1.1547

−1.4142 0.8165 0.5774

0 −1.6330 −1.1547

0 −1.6330 0.5774

0 0 −1.7321

0 0 1.7321

0 1.6330 −0.5774

0 1.6330 1.1547

1.4142 −0.8165 −0.5774

1.4142 −0.8165 1.1547

1.4142 0.8165 −1.1547

1.4142 0.8165 0.5774































































.

❊♥tã♦✱ ❛s s♦❧✉çõ❡s ❞❡ 6 s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❢♦r❛♠ ❞❡s❝❛rt❛❞❛s✳ ❊ss❛ ♣r♦✲

♣♦rçã♦ ❛✉♠❡♥t❛ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ✐♥❡q✉❛çõ❡s✳ P♦r ❡①❡♠♣❧♦✱ ✈❛♠♦s ❝♦♥✲

s✐❞❡r❛r ✉♠ s✐st❡♠❛ ❝♦♠ 83 ✐♥❡q✉❛çõ❡s ♥♦ R
3✱ ❝✉❥♦ ♣♦❧✐❡❞r♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛

✸✳✶✶✳ P❛r❛ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s ❞❡ss❡ ♣♦❧✐❡❞r♦ ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❛ ❝♦♠❜✐♥❛çã♦

❞❡✈❡♠♦s r❡s♦❧✈❡r C83,3 = 91.881 s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s✱ ❞♦s q✉❛✐s 91.859 s✐st❡♠❛s

r❡s✉❧t❛♠ ❡♠ ♣♦♥t♦s ✐♥❢❛❝tí✈❡✐s ❡ s♦♠❡♥t❡ 22 ❢♦r♠❛r❛♠ ♦s ✈ért✐❝❡s✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛

0, 024% ❞♦ t♦t❛❧✳

P♦❞❡♠♦s ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛ s❡ ❝♦♥s❡❣✉✐r♠♦s ❞❡t❡r♠✐♥❛r ❛ ♣r✐♦r✐ q✉❛✐s ✐♥✲

❡q✉❛çõ❡s ❢♦r♠❛♠ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s q✉❡ r❡s✉❧t❛♠ ♥♦s ✈ért✐❝❡s✱ ❞❡✐①❛♥❞♦ ❞❡

r❡s♦❧✈❡r ❛q✉❡❧❛s ❝✉❥❛ s♦❧✉çã♦ s❡r✐❛ ✉♠ ♣♦♥t♦ ✐♥❢❛❝tí✈❡❧✳ ◆♦ ❡①❡♠♣❧♦✱ ❡♠ ✈❡③ ❞❡ r❡✲

s♦❧✈❡r 91.881 s✐st❡♠❛s✱ só r❡s♦❧✈❡rí❛♠♦s ♦s 22 s✐st❡♠❛s q✉❡ ♥♦s ✐♥t❡r❡ss❛♠✱ t♦r♥❛♥❞♦ ♦

♣r♦❝❡ss♦ ♠❛✐s ❡✜❝✐❡♥t❡✳ ■ss♦ é ♣♦ssí✈❡❧✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ s❡çã♦ ✸✳✸✳✷✳



✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✻✽

❋✐❣✉r❛ ✸✳✶✶✿ Pr♦❥❡çã♦ ♥♦ R
3 ❞❡ ✉♠ ❤✐♣❡r❝✉❜♦ ❞♦ R

5✳

▲❡♠❛ ✸✳✶ ❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❞❛ ❝♦♠❜✐♥❛çã♦ ♥♦ R
n é ❞❡ O(mn)✱ ♦♥❞❡ m é

♦ ♥ú♠❡r♦ ❞❡ ✐♥❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ Ax ≤ b ❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❋✐①❛❞❛ ❛ ❞✐♠❡♥sã♦ n✱ ♦ ♥ú♠❡r♦ ❞❡ ♦♣❡r❛çõ❡s ❣❛st♦ ♣❛r❛ r❡s♦❧✈❡r ❝❛❞❛

s✐st❡♠❛ é ✜①♦✳ ❆ss✐♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ é ❞♦♠✐♥❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s

❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s q✉❡ ❞❡✈❡rã♦ s❡r r❡s♦❧✈✐❞♦s✱ q✉❡ é ❞❛❞♦ ♣♦r

Cm,n =
m!

n!(m− n)!
=

m.(m− 1)...(m− n− 1)(m− n)!

n!(m− n)!
=

m.(m− 1)...(m− n− 1)

n!

P♦rt❛♥t♦✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦r✐t♠♦ é ❞❡ ♦r❞❡♠ O(mn)✱ ♣❛r❛ n ✜①♦✳

✸✳✸✳✷ ❊♥❝♦♥tr❛♥❞♦ ♦s ✈ért✐❝❡s ❛tr❛✈és ❞♦ ❢❡❝❤♦ ❞✉❛❧

◆❡st❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♥❡❝❡ssár✐♦s

♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦s ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦ ♣♦❞❡ s❡r r❡❞✉③✐❞♦✳ P❛r❛ t❛♥t♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r

❛ ✐❞❡✐❛ ❞❡ ♣♦❧✐❡❞r♦ ❞✉❛❧✳

❉❡✜♥✐çã♦ ✸✳✶ ❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s























a11x1 + a12x2 + ... + a1nxn ≤ b1

a21x1 + a22x2 + ... + a2nxn ≤ b2
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

am1x1 + am2x2 + ... + amnxn ≤ bm

, ❝♦♠ bi > 0, ∀i = 1, ...,m.









✸✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ❢❛❝❡s ✼✷

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❛s ❧✐♥❤❛s ❞❡ Ā ♥ã♦ ❡stã♦ ♥✉♠❛ ♠❡s♠❛ ❢❛❝❡ ❞♦ ❞✉❛❧✳

■st♦ ❡q✉✐✈❛❧❡ ❞✐③❡r q✉❡ ❡①✐st❡ ✉♠ ✈❡t♦r ❞✉❛❧ Aj✱ t❛❧ q✉❡ Aj = α1Ā1 + ... + αnĀn✱ ❝♦♠

αi ≥ 0 ❡
n

∑

i=1

αi > 1✳

❋✐❣✉r❛ ✸✳✶✻✿ ▲✐♥❤❛s Ā ❡ Aj✳

❈♦♠♦ c é ✉♠ ✈ért✐❝❡ ❞❡ Ax ≤ 1✱ t❡♠♦s q✉❡ Ajc ≤ 1✳ P♦ré♠✱

Ajc = (α1Ā1 + ...+ αnĀn)c

= α1Ā1c+ ...+ αnĀnc

= α1 + ...+ αn > 1,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ Aj ♥ã♦ ♣♦❞❡ ❡①✐st✐r✱ ♣♦rt❛♥t♦ ♦s ✈❡t♦r❡s (Ā1, Ā2, ..., Ān)

♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❢❛❝❡ ❞♦ ❞✉❛❧✳

❙❡❥❛♠ ❛❣♦r❛ (Ā1, Ā2, ..., Ān) n ♣♦♥t♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ❢❛❝❡ ❞♦ ❞✉❛❧ ❞❡ Ax ≤ 1✳

❆ ♠❛tr✐③

Ā =









Ā1

✳✳✳

Ān









é ♥ã♦ s✐♥❣✉❧❛r✱ ♣♦✐s Ā1, Ā2, ..., Ān sã♦ ▲■✳

❙❡❥❛ c ❛ s♦❧✉çã♦ ❞❡ Āx = 1✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ c s❛t✐s❢❛③ Ax ≤ 1✱ ♦✉ s❡❥❛✱ c é

✉♠ ♣♦♥t♦ ❢❛❝tí✈❡❧ ♣❛r❛ ♦ s✐st❡♠❛ ♣r✐♠❛❧ ♥♦r♠❛❧✐③❛❞♦ Ax ≤ 1✳



✸✳✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Ax ≤ b ✼✸

❉♦ ❢❛t♦ ❞❡ (Ā1, Ā2, ..., Ān) ❡st❛r❡♠ ♥❛ ♠❡s♠❛ ❢❛❝❡ ❞♦ ❞✉❛❧✱ t❡♠♦s q✉❡ t♦❞♦s ♦s

♣♦♥t♦s ❞♦ ❞✉❛❧ P ′ ❞❡✈❡♠ ♣❡rt❡♥❝❡r ❛♦ s❡♠✐✲❡s♣❛ç♦ ❞❡✜♥✐❞♦ ♣♦r cTx ≤ 1 ✭♥ã♦ ♣♦❞❡r✐❛

s❡r ♦ s❡♠✐✲❡s♣❛ç♦ cTx ≥ 1✱ ♣♦✐s ♦ ③❡r♦ é s❡♠♣r❡ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ❞✉❛❧✮✳

❈♦♠♦ ♦s ♣♦♥t♦s ❞♦ ❞✉❛❧ sã♦ ✐❣✉❛✐s ❛♦s ✈❡t♦r❡s✲❧✐♥❤❛ ❞❡ A✱ t❡♠♦s q✉❡

AT
j c ≤ 1, ∀ j = 1, ...,m.

❈♦♠ ❜❛s❡ ♥❡st❡ t❡♦r❡♠❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦

q✉❛❧q✉❡r✳ ❙❡ ❛ ♦r✐❣❡♠ ❢♦r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦✱ ❡♥tã♦ b > 0✱ ❡ ♦ s✐st❡♠❛ ♣♦❞❡

s❡r ♥♦r♠❛❧✐③❛❞♦ ❞✐r❡t❛♠❡♥t❡✳ ❆♣ós ❡♥❝♦♥tr❛r♠♦s ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦ ❞✉❛❧✱ s❛❜❡r❡♠♦s

q✉❛✐s ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❞❡✈❡♠ s❡r r❡s♦❧✈✐❞♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞♦s ✈ért✐❝❡s✳

◆♦ ❝❛s♦ ❞❡ bi < 0 ❛ ♦r✐❣❡♠ ♥ã♦ é ♣♦♥t♦ ✐♥t❡r✐♦r ❡ ♥❡❝❡ss✐t❛♠♦s ❞❡ tr❛♥s❧❛❞❛r ♦

♣♦❧✐❡❞r♦ ♣❛r❛ ❞❡♣♦✐s ♥♦r♠❛❧✐③á✲❧♦✳ ◆❡st❡ ❝❛s♦ t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❛❞✐❝✐♦♥❛❧ ❞❡ ❡♥❝♦♥✲

tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛ Ax ≤ b q✉❡ s❡rá ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✸✳✹✳ ❆♣ós ❡♥❝♦♥tr❛❞♦ ♦s

✈ért✐❝❡s ❞♦ s✐st❡♠❛ tr❛♥s❧❛❞❛❞♦✱ ❜❛st❛ ❞❡s❢❛③❡r ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❡ ♦❜t❡r ♦s ✈ért✐❝❡s ❞♦

♣♦❧✐❡❞r♦ ♦r✐❣✐♥❛❧✳

✸✳✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Ax ≤ b

❯♠ ♣♦♥t♦ c é ❞✐t♦ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠ s✐st❡♠❛ Ax ≤ b ❝♦♠ m ✐♥❡q✉❛çõ❡s s❡

aTi c < bi ♣❛r❛ t♦❞♦ i ✭i = 1, 2, ...,m✮✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛ ✉♠ ♣♦❧✐❡❞r♦ t❡♠ ❛♣❧✐❝❛çõ❡s ❡♠ ♠✉✐t❛s

ár❡❛s✱ s♦❜r❡t✉❞♦ ❡♠ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ❡✱ ❡♠ ❣❡r❛❧✱ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛

❞✐❢í❝✐❧✳ ❊①✐st❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s ❞❡❞✐❝❛❞♦s ❡①❝❧✉s✐✈❛♠❡♥t❡ ❛ ❡st❛ q✉❡stã♦✱ ♣♦r ❡①❡♠♣❧♦

❬✻❪ ❡ ❬✼❪✳

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ♠ét♦❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡

✉♠ ♣♦❧✐❡❞r♦✱ q✉❡ s❛t✐s❢❛③❡♠ ♥♦ss❛s ♥❡❝❡ss✐❞❛❞❡s ✭♣♦❧✐❡❞r♦s ❡♠ ❞✐♠❡♥sõ❡s ♠❡♥♦r❡s q✉❡

✸✮✳

❆ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛ ♣❛r❛ ♦❜t❡r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❝♦♥s✐st❡ ❡♠ ♦❜s❡r✈❛r q✉❡ s❡ b > 0

❡♥tã♦ x0 = 0 é ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦ Ax ≤ b✱ ♣♦✐s Ax0 = 0 < b✳

❯♠❛ s❡❣✉♥❞❛ t❡♥t❛t✐✈❛ ♣♦❞❡ s❡r ❢❡✐t❛ ♣r♦❝✉r❛♥❞♦ ✉♠ ✈❡t♦r x0 q✉❡ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛

❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s min ||b − Ax||✳ ❙❛❜❡♠♦s q✉❡✱ ♥❡st❡ ❝❛s♦✱ x0 = (ATA)−1AT b =

A \ b✳ ❙❡ Ax0 < b ❡♥tã♦ ♦ ♣♦♥t♦ ✐♥t❡r✐♦r ❡stá ❡♥❝♦♥tr❛❞♦✳



✸✳✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Ax ≤ b ✼✹

❯♠ ❝❛s♦ ❝♦♠♣❧✐❝❛❞♦ ♦❝♦rr❡ q✉❛♥❞♦ ♥❡♥❤✉♠❛ ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s t❡♥t❛t✐✈❛s t❡♠

s✉❝❡ss♦✳ P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ✈❛♠♦s ♣r♦♣♦r ❞♦✐s ♦✉tr♦s ♠ét♦❞♦s q✉❡ r❡s♦❧✈❡♠ ✉♠ ♣r♦✲

❜❧❡♠❛ ♣❛r❛ ✉♠ ♣♦❧✐❡❞r♦ q✉❛❧q✉❡r✳

✸✳✹✳✶ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❛

❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r c ❞❡ ✉♠ ♣♦❧✐❡❞r♦ Ax ≤ b✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r

♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❊s❝♦❧❤❡♠♦s ✉♠ ❡✐①♦

♣❛r❛ ♣r♦❥❡t❛r ❛ s♦❧✉çã♦✱ ❡♥❝♦♥tr❛♥❞♦ s❡✉s ♣♦♥t♦s ❡①tr❡♠♦s✱ ❞❡♣♦✐s ♣❡❣❛♠♦s ♦ ♣♦♥t♦

♠é❞✐♦ ❡ ❝❛❧❝✉❧❛♠♦s ❛s ❝♦♦r❞❡♥❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❡st❡ ♣♦♥t♦ ❡s❝♦❧❤✐❞♦✳ ❈❛s♦ ♥ã♦

❤❛❥❛ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ ❡s❝♦❧❤❡♠♦s ❝♦♠♦ ♦ ♣♦♥t♦ ♣❡rt❡♥❝❡♥t❡ à ♣r♦❥❡çã♦ ♦ ♣♦♥t♦ r❡s✉❧t❛♥t❡

❞♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ✰ k✱ s❡♥❞♦ k ✉♠ ❡s❝❛❧❛r✳ ❙❡ ♥ã♦ ❡①✐st✐r ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r✱ ♦ ♣♦♥t♦

s❡rá ❧✐♠✐t❡ s✉♣❡r✐♦r ✲ k✳ ❈❛s♦ ♥ã♦ ❡①✐st❛ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❡ ♥❡♠ s✉♣❡r✐♦r✱ ❡s❝♦❧❤❡♠♦s ♦

③❡r♦✳ ◆♦ ❊①❡♠♣❧♦ ✸✳✷ ✐❧✉str❛♠♦s ❡ss❡ ♣r♦❝❡ss♦✳

❊①❡♠♣❧♦ ✸✳✷

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛










































−36x− 20y − 14z ≤ 43.4971

−15x+ 31y + 10z ≤ 35.8608

−10x+ 7y + 17z ≤ 20.9284

−4x+ 38y − 23z ≤ 44.5982

9x+ 33y + 2z ≤ 34.2637

34x− 14y − 16z ≤ 40.0999

.

❊❧✐♠✐♥❛♥❞♦ ❛s ✈❛r✐á✈❡✐s y ❡ z✱ ❡ ♣r♦❥❡t❛♥❞♦ ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ♥♦ ❡✐①♦ x✱ ♣♦❞❡♠♦s

❡s❝♦❧❤❡r ♦ ♣♦♥t♦ x = 0.5001✳ ❈❛❧❝✉❧❛♥❞♦ ♦ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s y ❡ z

t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣♦♥t♦ ✐♥t❡r✐♦r✿

pint = [0.5001,−2.4445, 1.6137]T

q✉❡ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✼✳ ❊ss❡ ♠ét♦❞♦ é ❜❡♠ r♦❜✉st♦✱ ♣♦ré♠ ❜❛st❛♥t❡

❧❡♥t♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠ ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ✐♥❡q✉❛çõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛

♣r♦❥❡çã♦ ✉t✐❧✐③❛♥❞♦ ❛ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♣♦❞❡ ❛✉♠❡♥t❛r ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡

♦ ♥ú♠❡r♦ ❞❡ r❡str✐çõ❡s✱ ♣♦❞❡♠ s✉r❣✐r ♣r♦❜❧❡♠❛s ❞❡ ❞❡♠❛♥❞❛ ❡①❝❡ss✐✈❛ ❞❡ ♠❡♠ór✐❛✳



✸✳✹ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Ax ≤ b ✼✺

❋✐❣✉r❛ ✸✳✶✼✿ P♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦ r❡❢❡r❡♥t❡ ❛♦ ❊①❡♠♣❧♦ ✸✳✷ ❡ s✉❛ ♣r♦❥❡çã♦ ♥♦
♣❧❛♥♦✳

✸✳✹✳✷ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ✉t✐❧✐③❛♥❞♦ ♣r♦❣r❛♠❛çã♦

❧✐♥❡❛r

P♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦ P ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❞❡

✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s













a11 a12 ... a1n

a21 a22 ... a2n
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1 am2 ... amn

























x1

x2

✳✳✳

xn













≤













b1

b2
✳✳✳

bm













,

r❡s♦❧✈❡♥❞♦ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✿

minimizar(xn+1 + xn+2)

s✉❥❡✐t♦ ❛













a11 a12 ... a1n −b1 1

a21 a22 ... a2n −b2 1
✳✳✳

✳✳✳ ...
✳✳✳

✳✳✳
✳✳✳

am1 am2 ... amn −bm 1

























x1

x2

✳✳✳

xn













≤























0

0
✳✳✳

0

0

0























.

❊✱ xn+1 > 0 ❡ xn+2 > 0✳ ▲♦❣♦ t❡♠♦s✱

aj1x1 + aj2x2 + ...+ ajnxn − bjxn+1 + xn+2 ≤ 0 ; j = 1, 2, ..., n.
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◗✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

aj1
x1

xn+1

+ aj2
x2

xn+1

+ ...+ ajn
xn

xn+1

− bj ≤
−xn+2

xn+1

< 0;

❖✉ s❡❥❛✱ c =
(

x1

xn+1

,
x2

xn+1

, ...,
xn

xn+1

)

é ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦ ♣♦❧✐❡❞r♦ P ✳

◆❛ r♦t✐♥❛ ♣♦♥t♦✐♥t❡r✐♦r✳♠ ✭❆♣ê♥❞✐❝❡ ❆✮ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s

✐❞❡✐❛s ❞❡s❝r✐t❛s ♥❡st❛ s❡çã♦✳

❆❣♦r❛ q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ♣♦❧✐❡❞r♦ Ax ≤ b✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r

♦ ❢❡❝❤♦ ❞✉❛❧ ♣❛r❛ ❧✐st❛r ❛s ✐♥❡q✉❛çõ❡s q✉❡ ❢♦r♠❛♠ ♦s s✐st❡♠❛s q✉❡ r❡s✉❧t❛♠ ♥♦s ✈ért✐❝❡s

❡ r❡s♦❧✈ê✲❧♦s✳

✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s t❛♥t♦ ♥♦ R
2 q✉❛♥t♦ ♥♦ R

3 ❞♦ ❢✉♥✲

❝✐♦♥❛♠❡♥t♦ ❣❡r❛❧ ❞♦ ♠ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s ♣❡❧♦ ❞✉❛❧✳ ❱❛♠♦s ♠♦str❛r t❛♠❜é♠ ❝♦♠♦ ❣❡r❛♠♦s ♦ ❛rq✉✐✈♦ ♦❜❥ ❡ ✐♥❝❧✉✐r ❛❧❣✉♥s

❞❡s❡♥❤♦s ❞♦ ❏❛✈❛❱✐❡✇✳

❊①❡♠♣❧♦ ✸✳✸

❱❛♠♦s ✐♥✐❝✐❛r r❡♣r❡s❡♥t❛♥❞♦ ❣r❛✜❝❛♠❡♥t❡ ♦ ♣♦❧✐❡❞r♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐✲

♥❡❛r❡s ❞♦ R
2✳

❊♥tã♦✱ s❡❥❛ ♦ s✐st❡♠❛























−37 29

−25 −16

−19 6

−14 −5

14 −20

20 40























.

[

x

y

]

≤























47.0106

29.6816

19.9249

14.8661

24.4131

44.7214























. ✭✸✳✶✮

Pr❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r s❡✉s ✈ért✐❝❡s ❡ ❡♠ s❡❣✉✐❞❛ s❡✉ ❢❡❝❤♦✱ ♣❛r❛ ❛ss✐♠ ❣❡r❛r ♦ ❞❡✲

s❡♥❤♦ ❞♦ ♣♦❧✐❡❞r♦✳

P❛r❛ ❡♥❝♦♥tr❛r s❡✉s ✈ért✐❝❡s✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠✳ ❆❧é♠ ❞♦s ✈ér✲

t✐❝❡s✱ q✉❡r❡♠♦s s❛❜❡r q✉❛✐s ✐♥❡q✉❛çõ❡s ❣❡r❛r❛♠ ❝❛❞❛ ✈ért✐❝❡✱ ♣❛r❛ ❡♠ s❡❣✉✐❞❛ ❡♥❝♦♥tr❛r

♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❡ ❛ss✐♠ ♣♦❞❡r ❣❡r❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ♣♦❧✐❡❞r♦✳
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❯s❛♥❞♦ ❛s ❢✉♥çõ❡s ✐♠♣❧❡♠❡♥t❛❞❛s ♥♦ ❖❝t❛✈❡✱ ❝❤❡❣❛♠♦s ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

V =























−1.0549 −0.0196 4.0000 5.0000

−0.9035 −0.4433 2.0000 5.0000

−0.8990 0.4741 1.0000 4.0000

−0.2833 1.2597 1.0000 3.0000

−0.2804 −1.4169 2.0000 6.0000

1.9489 0.1436 3.0000 6.0000























◆❛s ❞✉❛s ♣r✐♠❡✐r❛s ❝♦❧✉♥❛s✱ t❡♠♦s ♦s ✈ért✐❝❡s ❞♦ ♣♦❧✐❡❞r♦✱ ❡ ♥❛s ❞✉❛s ú❧t✐♠❛s✱ ♦s

í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s q✉❡ ❣❡r❛r❛♠ ❝❛❞❛ ✈ért✐❝❡✳ P♦r ❡①❡♠♣❧♦✱ ♦ ✈ért✐❝❡ ✭✲✶✳✵✺✹✾ ✱

✲✵✳✵✶✾✻✮ ✈❡✐♦ ❞❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❢♦r♠❛❞♦ ♣❡❧❛s ✐♥❡q✉❛çõ❡s 4 ❡ 5 ❞♦

s✐st❡♠❛ Ax ≤ b✳

❆❣♦r❛✱ ❞❡t❡r♠✐♥❛♥❞♦ ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s✱ ♦❜t❡♠♦s ♦ ❞❡s❡♥❤♦

❞♦ ♣♦❧✐❡❞r♦✳

❋✐❣✉r❛ ✸✳✶✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ♣♦❧✐t♦♣♦ ❞♦ s✐st❡♠❛ ✭✸✳✶✮✳

❊①❡♠♣❧♦ ✸✳✹

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❞♦ R
3✿
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









































−35 −27 5

−35 27 −26

−32 −24 −38

−16 37 19

−15 33 15

−11 −11 33

−6 18 36

10 −35 22

17 −40 −16

29 1 −26











































.







x

y

z






≤











































44.4860

51.2835

55.1725

44.5646

39.2301

36.4829

40.6940

42.5323

46.3141

38.9615











































. ✭✸✳✷✮

❯s❛♥❞♦ ♦s ♠❡s♠♦ ❛❧❣♦r✐t♠♦s ❞♦ ❊①❡♠♣❧♦ ✸✳✸✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

V =









































































−1.4817 0.3432 0.3786 1.0000 2.0000 7.0000

−1.3514 0.2403 0.7352 1.0000 7.0000 8.0000

−1.3048 0.2526 0.7548 6.0000 7.0000 8.0000

−1.2656 −0.0703 −0.3417 1.0000 2.0000 3.0000

−1.2146 0.2727 0.7916 6.0000 8.0000 10.0000

−0.4529 −0.9419 0.6406 1.0000 8.0000 9.0000

−0.4068 −1.1869 −0.3597 1.0000 3.0000 5.0000

−0.2784 −1.2834 0.0181 1.0000 5.0000 9.0000

−0.0751 0.2890 −1.5712 2.0000 3.0000 4.0000

0.2136 −0.5544 −1.2816 3.0000 4.0000 5.0000

0.5427 1.8098 −0.8236 2.0000 4.0000 7.0000

0.8324 −0.1367 1.3375 8.0000 9.0000 10.0000

1.1377 1.7792 −0.1611 4.0000 6.0000 7.0000

1.6090 −0.5835 0.2736 4.0000 5.0000 9.0000

1.8140 1.6861 0.5897 4.0000 6.0000 10.0000

2.5577 0.3759 1.3687 4.0000 9.0000 10.0000









































































.

◆❛s três ♣r✐♠❡✐r❛s ❝♦❧✉♥❛s ❡stã♦ ❧✐st❛❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ✈ért✐❝❡s ❡✱ ♥❛s três

ú❧t✐♠❛s✱ ♦s í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s q✉❡ ❢♦r♠❛r❛♠ ♦s s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s q✉❡ ❣❡r❛r❛♠

❝❛❞❛ ✈ért✐❝❡✳

❊①❡♠♣❧♦ ✸✳✺



✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ✼✾

❋✐❣✉r❛ ✸✳✶✾✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ♣♦❧✐❡❞r♦ ❞♦ s✐st❡♠❛ ✭✸✳✷✮✳

❱❡❥❛♠♦s ❝♦♠♦ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❞♦ R
4 ♥♦

R
3 ❡ ♥♦ R

2✳

❙❡❥❛ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s✿











































−35 −1 18 5

−25 −29 21 6

−25 39 40 −21

−21 −38 16 −5

−20 33 −23 −18

−17 −3 3 33

3 −13 0 −4

13 14 22 16

20 −33 −8 17

25 −35 −8 36











































.













x1

x2

x3

x4













≤











































39.6863

44.0795

64.7070

46.5403

48.3942

37.3631

13.9284

33.2415

42.9185

56.6569











































. ✭✸✳✸✮

Pr❡❝✐s❛♠♦s r❡❞✉③✐r ❡ss❡ s✐st❡♠❛ ♣❛r❛ ♦ R
3✳ P❛r❛ ✐ss♦ ❛♣❧✐❝❛♠♦s ♦ ❢♦✉r♠♦t③✳♠✱ ♦✉

s❡❥❛✱ ❛ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥✳ ❆ss✐♠✱ ❡❧✐♠✐♥❛♥❞♦ ❛ ✈❛r✐á✈❡❧ x4✱ ✈❛♠♦s ♣r♦❥❡t❛r

♦ ♣♦❧✐❡❞r♦ ❞♦ s✐st❡♠❛ ✭✸✳✸✮ ♥♦s ❡✐①♦s x1, x2 ❡ x3✳ ❖ ♥♦✈♦ s✐st❡♠❛ r❡❡s❝r✐t♦ ♥❡st❛s três

✈❛r✐á✈❡✐s é✿



✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ✽✵

















































































































−0.0140 −0.0840 1.4342

−3.0235 −9.5412 2.7294

−3.5056 −8.5722 2.9778

−3.4167 −8.0833 3.5000

−3.3875 −6.7250 4.5750

−4.7152 −7.6909 3.2909

−8.3667 −12.4333 6.7000

−11.2000 −7.8000 6.8000

−5.2778 −3.0000 2.2222

−5.3571 −2.9762 5.4048

−6.2500 −3.4500 3.6000

−8.1111 1.6333 2.3222

−8.1905 1.6571 5.5048

−1.7056 1.7662 1.9957

−1.6263 1.7424 −1.1869

−0.4960 0.8849 1.6825

−0.4167 0.8611 −1.5000

−0.3780 2.7321 3.2798

−0.2986 2.7083 0.0972

0.2348 −3.3409 0.0909

1.4444 −4.2222 −0.2222

1.9265 −5.1912 −0.4706

0.0654 −0.1078 −1.7484

1.5625 −2.3750 1.3750

















































































































.







x1

x2

x3






≤

















































































































5.6059

11.8327

10.8819

10.8287

11.3857

10.4403

16.6546

17.2453

10.0351

10.4279

11.4194

10.6258

11.0185

4.2135

3.8208

4.6551

4.2624

5.1589

4.7662

4.6143

5.0559

6.0067

5.2132

5.5597

















































































































.

❯t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s✱ t❡♠♦s



✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ✽✶

V =

































































































−2.0027 −0.8954 −1.7896 0 1.0000 4.0000 8.0000 15.0000

−1.8117 −1.5117 −2.9562 0 8.0000 12.0000 15.0000 23.0000

−1.7372 −1.5342 −2.9521 23.0000 12.0000 13.0000 0 0

−1.5859 −0.8204 −1.0171 8.0000 1.0000 2.0000 0 0

−1.3286 −0.2230 0.0919 1.0000 4.0000 3.0000 0 0

−1.0235 1.2976 0.0882 0 3.0000 4.0000 14.0000 15.0000

−0.8852 −0.6593 −2.9742 23.0000 19.0000 15.0000 0 0

−0.6642 0.9081 0.7400 3.0000 14.0000 20.0000 0 0

−0.6549 −0.2971 1.1167 0 1.0000 2.0000 3.0000 6.0000

−0.6384 −1.1826 −0.5062 12.0000 8.0000 2.0000 0 0

−0.6093 1.6892 0.0956 0 14.0000 15.0000 20.0000 21.0000

−0.2816 −0.0794 1.6066 6.0000 3.0000 20.0000 0 0

0.3873 −0.5028 2.0364 0 2.0000 6.0000 11.0000 20.0000

0.4126 −1.0923 0.9740 0 2.0000 10.0000 12.0000 13.0000

0.7025 −0.9182 1.6592 0 2.0000 10.0000 11.0000 16.0000

0.7301 −1.0181 1.4553 10.0000 16.0000 13.0000 0 0

0.7461 −0.6002 2.1589 11.0000 20.0000 16.0000 0 0

1.2696 1.9738 −2.0611 19.0000 21.0000 15.0000 0 0

5.4103 2.4616 −2.9313 19.0000 23.0000 21.0000 0 0

7.1701 2.5402 0.2832 16.0000 20.0000 21.0000 0 0

10.6005 3.0281 −2.7722 0 13.0000 16.0000 21.0000 23.0000

































































































q✉❡ r❡s✉❧t❛ ♥❛ ♣r♦❥❡çã♦ ✈✐st❛ ♥❛ ❋✐❣✉r❛ ✸✳✷✵✳ ❆s ❝✐♥❝♦ ú❧t✐♠❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ V

✐♥❞✐❝❛♠ ♦s í♥❞✐❝❡s ❞❛s ✐♥❡q✉❛çõ❡s q✉❡ ❢♦r♠❛r❛♠ ♦s s✐st❡♠❛s ♣❛r❛ ❣❡r❛r ❝❛❞❛ ✈ért✐❝❡✳ ❖

í♥❞✐❝❡ 0 ❞❡✈❡ s❡r ✐❣♥♦r❛❞♦✳

❊❧✐♠✐♥❛♥❞♦ x3 ❡ ✉t✐❧✐③❛♥❞♦ ♦s ♠❡s♠♦s ❛❧❣♦r✐t♠♦s ♣r♦❥❡t❛♠♦s ♥♦ ♣❧❛♥♦ ♦ ♣♦❧✐❡❞r♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ s✐st❡♠❛ ✭✸✳✸✮✳



✸✳✻ ❊❧✐♠✐♥❛çã♦ ❞❡ ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ✉t✐❧✐③❛♥❞♦ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧ ✽✷

❋✐❣✉r❛ ✸✳✷✵✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ♣r♦❥❡çã♦ ❞♦ ♣♦❧✐❡❞r♦ ❞♦ s✐st❡♠❛ ✭✸✳✸ ♥❛s
✈❛r✐á✈❡✐s x1, x2 ❡ x3✮✳

❋✐❣✉r❛ ✸✳✷✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ♣r♦❥❡çã♦ ❞♦ ♣♦❧✐❡❞r♦ ❞♦ s✐st❡♠❛ ✭✸✳✸✮ ♥❛s
✈❛r✐á✈❡✐s x1 ❡ x2✳

✸✳✻ ❊❧✐♠✐♥❛çã♦ ❞❡ ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ✉t✐❧✐③❛♥❞♦

♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧

❱❛♠♦s ♠♦str❛r ❝♦♠♦ ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✸✳✸✳✷ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡❧✐✲

♠✐♥❛r ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ♥✉♠ s✐st❡♠❛ Ax ≤ b✳ ❙❛❧✐❡♥t❛♠♦s q✉❡ ❡①✐st❡♠ ♠✉✐t♦s

♠ét♦❞♦s ♣❛r❛ ❢❛③❡r ✐st♦✱ r❡❢❡rê♥❝✐❛s ♣❛r❛ ♦ ❛ss✉♥t♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✷❪✳

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❛s ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ♥✉♠ s✐st❡♠❛ Ax ≤ b ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✿ r❡❞✉③✐♠♦s ❡st❡ s✐st❡♠❛ ❛♦ s✐st❡♠❛ ♥♦r♠❛❧✐③❛❞♦ Āy ≤ 1 ❡ ❡♥❝♦♥tr❛♠♦s ♦

conv(Ā)✱ ♦✉ s❡❥❛✱ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧✳ ❙♦♠❡♥t❡ ❛s r❡str✐çõ❡s q✉❡ ❢♦r♠❛♠ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧

❞❡✈❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s✳ ❆ss✐♠✱ t❡♠♦s t♦❞❛s ❛s ✐♥❡q✉❛çõ❡s r❡❧❡✈❛♥t❡s ❞♦ s✐st❡♠❛ Ax ≤ b

❡ ❜❛st❛ r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ♦r✐❣✐♥❛❧✱ ❡❧✐♠✐♥❛♥❞♦ ❛s ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s✳

❱✐♠♦s ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s q✉❡ ♥♦s ♣❡r♠✐t❡♠ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦✱

❡♥✉♠❡r❛r s✉❛s ❢❛❝❡t❛s ❡ ❝♦♠♦ r❡♣r❡s❡♥tá✲❧♦ ❣r❛✜❝❛♠❡♥t❡✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ✈❡r ❝♦♠♦

❡❧✐♠✐♥❛r ❛s ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ❝♦♠ ❡✜❝✐ê♥❝✐❛ ❡ ❝♦♠♦ ❡♥❝♦♥tr❛r ♦ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡

✉♠ ♣♦❧✐❡❞r♦✳



✸✳✻ ❊❧✐♠✐♥❛çã♦ ❞❡ ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s ✉t✐❧✐③❛♥❞♦ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧ ✽✸

◆❡st❡ ♠♦♠❡♥t♦✱ ❢❛③❡♠♦s ❛❧❣✉♥s q✉❡st✐♦♥❛♠❡♥t♦s✿ q✉❛❧ ❞♦s ❛❧❣♦r✐t♠♦s é ♦ ♠❛✐s

❡✜❝✐❡♥t❡❄ ◗✉❛❧ ♦ ✐❞❡❛❧ ❡♠ ❞❡t❡♠✐♥❛❞♦s t✐♣♦s ❞❡ s✐st❡♠❛s❄ ◗✉❛❧ ❛ ❞✐❢❡r❡♥ç❛✱ ✈❛♥t❛❣❡♥s

❡ ❞❡s✈❛♥t❛❣❡♥s ❡♥tr❡ ✉♠ ❡ ♦✉tr♦❄

P❛r❛ r❡s♣♦♥❞❡r♠♦s ❡ss❡s q✉❡st✐♦♥❛♠❡♥t♦s ♣r♦❝✉r❛♠♦s ❢❛③❡r ❛❧❣✉♠❛s ❡①♣❡r✐ê♥❝✐❛s

❝♦♠♣✉t❛❝✐♦♥❛✐s✳ ❊ss❛s ❡①♣❡r✐ê♥❝✐❛s ❡stã♦ r❡❣✐str❛❞❛s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳



❈❛♣ít✉❧♦ ✹

❊①♣❡r✐ê♥❝✐❛s ❈♦♠♣✉t❛❝✐♦♥❛✐s

✹✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ✐♥✈❡st✐❣❛r ♦s ❛❧❣♦r✐t♠♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♠ ♦

✐♥t✉✐t♦ ❞❡ ❝r✐❛r ✉♠❛ r♦t✐♥❛ q✉❡ ♣❡r♠✐t❛ ❞❡t❡r♠✐♥❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s ❞❡

✉♠ ♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s Ax ≤ b✳ ❊st❛ r♦t✐♥❛ ✐rá

♣r♦❞✉③✐r ✉♠ ❛rq✉✐✈♦ ❞❡ t❡①t♦ ♣✉r♦ ❡♠ ❢♦r♠❛t♦ ♦❜❥ q✉❡ ♣♦❞❡ s❡r ✈✐s✉❛❧✐③❛❞♦ ❡♠ ❞✐✈❡rs♦s

s♦❢t✇❛r❡s ❞❡ ❣❡♦♠❡tr✐❛ ✸❉✳ ◆♦s ❡①❡♠♣❧♦s q✉❡ ✈❛♠♦s ❛♣r❡s❡♥t❛r✱ ✉t✐❧✐③❛♠♦s ♦ ♣r♦❣r❛♠❛

❏❛✈❛❱✐❡✇ ♣❛r❛ ✈✐s✉❛❧✐③❛r ❛s ✜❣✉r❛s✳

❊ss❛ r♦t✐♥❛ ✐♥❝❧✉✐rá ❛❧❣♦r✐t♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✱ ✐❞❡♥t✐✜❝❛r ❡ ❡❧✐✲

♠✐♥❛r ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s✱ ❧✐st❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s ❡ ❞❡t❡r♠✐♥❛r ♦

s❡✉ ❢❡❝❤♦ ❝♦♥✈❡①♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❥á ❛♣r❡s❡♥t❛♠♦s ✈ár✐♦s ❛❧❣♦r✐t♠♦s q✉❡ ❡①❡❝✉t❛♠

❡ss❛s t❛r❡❢❛s✳ P❛r❛ ❛ r♦t✐♥❛✱ ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ♦s ❛❧❣♦r✐t♠♦s q✉❡ ♠❡❧❤♦r ❛t❡♥❞❡♠

às ♥♦ss❛s ♥❡❝❡ss✐❞❛❞❡s✱ ✈✐s❛♥❞♦ ❛❧❝❛♥ç❛r♠♦s ♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦✱ q✉❡ é ❞❡s❡♥❤❛r ♦

♣♦❧✐❡❞r♦✳ ❊♥❢❛t✐③❛♠♦s q✉❡ ✈❛♠♦s ♥♦s ❝♦♥❝❡♥tr❛r ❡♠ ♣♦❧✐❡❞r♦s ❞❡ ❞✐♠❡♥sã♦ ♠❡♥♦r ♦✉

✐❣✉❛❧ ❛ ✸✱ ❝❛s♦ ♦ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♣♦ss✉❛ ♠❛✐s ❞❡ ✸ ✈❛r✐á✈❡✐s✱ ✈❛♠♦s

✉t✐❧✐③❛r ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♣❛r❛ ♦❜t❡r ✉♠❛ ♣r♦❥❡çã♦ ❞❡st❡ ♣♦❧✐❡❞r♦ ♥♦ R
2 ♦✉

♥♦ R
3✳

❆ ❡s❝♦❧❤❛ ❞♦s ❛❧❣♦r✐t♠♦s s❡rá ❜❛s❡❛❞❛ ♥❛s ❛♥á❧✐s❡s ❢❡✐t❛ ❛tr❛✈és ❞❡ ❛❧❣✉♠❛s ❡①♣❡✲

r✐ê♥❝✐❛s ❝♦♠♣✉t❛❝✐♦♥❛✐s r❡❛❧✐③❛❞❛s ♥♦ ❖❝t❛✈❡ ❡ ♥♦ ▼❛t▲❛❜ ❘✷✵✵✾❜✱ ❡♠ ✉♠ ❝♦♠♣✉t❛❞♦r

■♥t❡❧ ❈❡❧❡r♦♥✱ ✷✳✶✸ ●❍③✱ ✷▼❇ ❞❡ ♠❡♠ór✐❛ ❘❆▼✱ ❲✐♥❞♦✇s ❳P✳ P❛r❛ ❝❛❞❛ ❡①♣❡r✐ê♥❝✐❛✱

✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ♠é❞✐❛ ❡♥tr❡ ✶✵ t❡st❡s r❡❛❧✐③❛❞♦s ❝♦♠ s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s

❝♦♥str✉í❞♦s ❞❡ ❢♦r♠❛ ♣s❡✉❞♦✲❛❧❡❛tór✐❛✳

✽✺



✹✳✷ ❊①♣❡r✐ê♥❝✐❛ ✶ ✽✻

❆♦ ❣❡r❛r ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛✱ ❡①✐st❡ ✉♠❛ ❣r❛♥❞❡

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣r♦❞✉③✐r♠♦s s✐st❡♠❛s ✐♥❢❛❝tí✈❡✐s✳ P❛r❛ ❝♦♥t♦r♥❛r ✐st♦✱ r❡s♦❧✈❡♠♦s ❝r✐❛r

❞✉❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s✿ ✉♠❛ ❝♦♠ ❤✐♣❡r❝✉❜♦s r♦t❛❝✐♦♥❛❞♦s ❝❡♥tr❛❞♦s ♥❛ ♦r✐❣❡♠ ❡

♦✉tr❛ ❝♦♠ ❤✐♣❡r♣❧❛♥♦s t❛♥❣❡♥t❡s à ❤✐♣❡r❡s❢❡r❛ ❞❡ r❛✐♦ ✐❣✉❛❧ ❛ ✶ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠

✭q✉❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ♣♦❞❡ t❡r ♦ ❝❡♥tr♦ ❞❡s❧♦❝❛❞♦✮✳ ❆❧❣♦r✐t♠♦s ♣❛r❛ ❝♦♥str✉✐r ❡ss❛s ❞✉❛s

❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ❋✳

✹✳✷ ❊①♣❡r✐ê♥❝✐❛ ✶

◆❡st❛ ❡①♣❡r✐ê♥❝✐❛ ✈❛♠♦s ✐♥✈❡st✐❣❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠

♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠ ♣♦❧✐❡❞r♦ q✉❛❧q✉❡r ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ ✸✳✹ ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❈❛s♦

b > 0✱ ❛ ♦r✐❣❡♠ é ♣♦♥t♦ ✐♥t❡r✐♦r✳ ❙❡ ❡①✐st❡ bi < 0✱ r❡s♦❧✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠í♥✐♠♦s

q✉❛❞r❛❞♦s min ||b − Ax||✱ ❝✉❥❛ s♦❧✉çã♦ ♥♦ ❖❝t❛✈❡ ♦✉ ▼❛t▲❛❜ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❢❛③❡♥❞♦

c = A\b✳ ❙❡ Ac < b✱ ❡♥tã♦ c é ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✳ ❊ss❛s ❞✉❛s ❡str❛té❣✐❛s ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r sã♦ ❜❛st❛♥t❡ ❡✜❝✐❡♥t❡s ❡ s❡rã♦ ♣r✐♦r✐③❛❞❛s✳

❈❛s♦ c ♥ã♦ s❡❥❛ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✱ ♣r❡❝✐s❛♠♦s ❡s❝♦❧❤❡r ❡♥tr❡ ♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛♥❞♦

♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♦✉ ♦ ❛❧❣♦r✐t♠♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✱ ❞❡s❝r✐t♦s ♥❛ s❡çã♦ ✸✳✹✳ P❛r❛ ❢❛③❡r ✐st♦✱ ✈❛♠♦s ❝♦♠♣❛r❛r ♦ ❡s❢♦rç♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ✭♠❡❞✐❞♦ ❛tr❛✈és ❞♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✮ r❡q✉❡r✐❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❡♠ ❝❛❞❛ ✉♠ ❞❡st❡s ❞♦✐s ❛❧❣♦r✐t♠♦s✳

P❛r❛ ❡st❛ ❡①♣❡r✐ê♥❝✐❛ ✈❛♠♦s ❣❡r❛r s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♣s❡✉❞♦✲❛❧❡❛tór✐❛s

❝✉❥❛ ♠❛tr✐③ A t❡♠ ❞✐♠❡♥sã♦ m × 3✳ ❈❛❞❛ s✐st❡♠❛ ❝♦rr❡s♣♦♥❞❡ ❛ m ♣❧❛♥♦s t❛♥❣❡♥t❡s

à ❡s❢❡r❛ ✉♥✐tár✐❛ ❞♦ R
3✳ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ m✱ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ❝❛❞❛ r♦t✐♥❛✱

❛♣r❡s❡♥t❛❞♦ ♥❛ ❚❛❜❡❧❛ ✹✳✶✱ r❡❢❡r❡✲s❡ à ♠é❞✐❛ ❡♥tr❡ ✶✵ ❡①♣❡r✐ê♥❝✐❛s ❛❧❡❛tór✐❛s r❡❛❧✐③❛❞❛s✳

◆❡ss❛s ❡①♣❡r✐ê♥❝✐❛s ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❛♣❡♥❛s ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ❡ ♦ ♠ét♦❞♦

✉s❛♥❞♦ ❛ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✳

❈♦♠ ❜❛s❡ ♥♦s t❡♠♣♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ ♣❛r❛

❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s Ax ≤ b

❝♦♠ m ✐♥❡q✉❛çõ❡s ❡ 3 ✈❛r✐á✈❡✐s✱ ♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♣♦❞❡ s❡r

♠❛✐s ❡✜❝✐❡♥t❡ ♣❛r❛ ❝❛s♦s ♦♥❞❡ t❡♠♦s ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ ✐♥❡q✉❛çõ❡s ✭m < 20✮✳

P❛r❛ ❝❛s♦s ♠❛✐♦r❡s ✭m > 100✮✱ ❛❧é♠ ❞❡ t♦r♥❛r✲s❡ ❜❡♠ ♠❛✐s ❧❡♥t♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s ♦

✉s♦ ❡①❝❡ss✐✈♦ ❞❡ ♠❡♠ór✐❛ ♣♦❞❡ s❡r r❡str✐t✐✈♦✳ ❊♠ ❝♦♥tr❛✲♣❛rt✐❞❛✱ ❝♦♠ ❡st❡ ♠ét♦❞♦ é

♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r s❡ ♦ s✐st❡♠❛ Ax ≤ b ♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ✐❧✐♠✐t❛❞♦ ♦✉ ❛té s❡

é ✐♥❝♦♠♣❛tí✈❡❧✳
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♠ ❊❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ Pr♦❣r❛♠❛çã♦ ▲✐♥❡❛r
❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮ ❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮

✺ ✵✳✵✵✷✸ ✵✳✵✶✷✹
✶✵ ✵✳✵✵✸✺ ✵✳✵✶✷✼
✷✵ ✵✳✵✵✺✺ ✵✳✵✷✷✸
✹✵ ✵✳✵✾✽✷ ✵✳✵✷✷✽
✺✵ ✵✳✷✺✽✵ ✵✳✵✷✸✻
✶✵✵ ✻✳✼✼✹✻ ✵✳✵✷✽✹
✷✵✵ ❊①❝❡ss♦ ❞❡ ♠❡♠ór✐❛ ✵✳✵✸✻✸
✺✵✵ ❊①❝❡ss♦ ❞❡ ♠❡♠ór✐❛ ✵✳✵✾✷✾
✶✵✵✵ ❊①❝❡ss♦ ❞❡ ♠❡♠ór✐❛ ✵✳✷✺✵✻
✷✵✵✵ ❊①❝❡ss♦ ❞❡ ♠❡♠ór✐❛ ✵✳✼✽✵✾

❚❛❜❡❧❛ ✹✳✶✿ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛ ✉♠ ♣♦❧✐❡❞r♦ ♥♦ R
3✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r✱ ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡✱ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦

♣♦❧✐❡❞r♦✱ ♦ ❛❧❣♦r✐t♠♦ q✉❡ ♠❡❧❤♦r r❡s♣♦♥❞❡ às ♥♦ss❛s ♥❡❝❡ss✐❞❛❞❡ é ❛q✉❡❧❡ q✉❡ ✉t✐❧✐③❛

❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✸✳✹✳✷✱ ♣♦✐s ❡st❡

♠♦str♦✉✲s❡ ❡✜❝✐❡♥t❡ ♠❡s♠♦ q✉❛♥❞♦ ❝r❡s❝❡ ♦ ♥ú♠❡r♦ ❞❡ r❡str✐çõ❡s✳

P♦rt❛♥t♦✱ ♥❛ r♦t✐♥❛ ✜♥❛❧✱ ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡ ♣❛ss♦s ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦ ♣♦❧✐❡❞r♦✿

✶✳ ❙❡ b > 0✱ ❡♥tã♦ ❛ ♦r✐❣❡♠ é ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r❀

✷✳ ❙❡ ❡①✐st❡ bi < 0✱ ❢❛③❡♠♦s c = (ATA)−1AT b ✭❡♠ ▼❛t▲❛❜ ♦✉ ❖❝t❛✈❡✱ c = A \ b✮✳❙❡
Ac < b ❡♥tã♦ c é ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✳

✸✳ ❈❛s♦ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡str❛té❣✐❛s ❢❛❧❤❡♠✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦

✸✳✹✳✷ q✉❡ ✉s❛ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r✳

✹✳✸ ❊①♣❡r✐ê♥❝✐❛ ✷

◆❡st❛ ❡①♣❡r✐ê♥❝✐❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡❧✐♠✐♥❛r ✐♥❡q✉❛çõ❡s r❡❞✉♥❞❛♥t❡s

❡♠ ✉♠ s✐st❡♠❛ Ax ≤ b✳ ❊ss❡♥❝✐❛❧♠❡♥t❡ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ✉♠❛ r♦t✐♥❛

q✉❡ ✉t✐❧✐③❡ ♦s ❝♦♥❝❡✐t♦s ❡♥✈♦❧✈✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❡ q✉❡ t❡♥❤❛ ❞❡s❡♠♣❡♥❤♦ ✐❣✉❛❧ ♦✉

♠❡❧❤♦r ❞♦ q✉❡ ❛ r♦t✐♥❛ r❡❞✉❝❡❴r♦✇s ✐♠♣❧❡♠❡♥t❛❞❛ ♣♦r ❙❡❜❛st✐❛♥ ❙✐❡❣❡❧ ❡ ❞✐s♣♦♥í✈❡❧

♥♦ s✐t❡ ♦✜❝✐❛❧ ❞♦ ▼❛t▲❛❜✳

❆ r♦t✐♥❛ r❡❞✉❝❡❴r♦✇s ♥ã♦ ❡❧✐♠✐♥❛ t♦❞❛s ❛s r❡❞✉♥❞â♥❝✐❛s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ❊①❡♠♣❧♦

✹✳✶✳
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❊①❡♠♣❧♦ ✹✳✶

❙❡❥❛ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s✱



























−1.1547 −0.8165 −1.4142

−0.8165 0.2887 0.5000

0 −0.8660 0.5000

0 0 0

0 0.8660 −0.5000

0.8165 −0.2887 −0.5000

1.1547 0.8165 1.4142

































x1

x2

x3






≤



























2.8284

1.0000

1.0000

2.8284

1.0000

1.0000

2.8284



























.

P♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ q✉❛rt❛ ❧✐♥❤❛ ❞♦ s✐st❡♠❛ é r❡❞✉♥❞❛♥t❡✳ ❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦

r❡❞✉❝❡❴r♦✇s✱ ♦ s✐st❡♠❛ ♥ã♦ é ❛❧t❡r❛❞♦✳

❈♦♥❤❡❝❡♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦ ♣♦❧✐❡❞r♦ ❞❡✜♥✐❞♦ ♣♦r ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s Ax ≤ b✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ t❡♦r❡♠❛ ❞♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧ ✭❚❡♦r❡♠❛ ✸✳✶✮✱ ♣❛r❛ ✐❞❡♥✲

t✐✜❝❛r ❡ ❡❧✐♠✐♥❛r r❡❞✉♥❞â♥❝✐❛s ♥♦ s✐st❡♠❛ Ax ≤ b✳ ❊ss❡ ❛❧❣♦r✐t♠♦ é ♦ q✉❡ ❞❡♥♦♠✐♥❛♠♦s

❡❧✐♠✐♥❛r❡❞✉✳♠✱ ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

P❛r❛ ❝♦♠♣❛r❛r ❡ss❡s ❞♦✐s ♠ét♦❞♦s r❡❛❧✐③❛♠♦s ❛❧❣✉♥s t❡st❡s ❣❡r❛♥❞♦ s✐st❡♠❛s ❞❡ ✐♥❡✲

q✉❛çõ❡s ❛❧❡❛tór✐♦s Ax ≤ b ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❝♦♥s✐❞❡r❛♥❞♦ ♣❛r❛ ♦s t❡st❡s ❛ ♠❛tr✐③ ĀT =

[ATAT0] ❡ b̄T = [bT bT0]✳ ❈♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶ ♦ ❛❧❣♦r✐t♠♦ r❡❞✉❝❡❴r♦✇s

♥ã♦ ❡❧✐♠✐♥♦✉ ❛ ❧✐♥❤❛ ♥✉❧❛ ❡♠ ♥❡♥❤✉♠ ❝❛s♦✳ ◆♦ss♦ ♠ét♦❞♦ ❡❧✐♠✐♥❛r❡❞✉✳♠ ♠♦str♦✉✲s❡

r♦❜✉st♦ ❡ ❡✜❝✐❡♥t❡ ♥♦s t❡st❡s r❡❛❧✐③❛❞♦s✳ ❆❧é♠ ❞❡ ❡❧✐♠✐♥❛r t♦❞❛s ❛s r❡❞✉♥❞â♥❝✐❛s✱ ♦

t❡♠♣♦ t♦t❛❧ ❣❛st♦ ♥❡st❡ ♣r♦❝❡ss♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❛❝❡✐tá✈❡❧✳ P❛r❛ m = 1000 ❛ ♠é❞✐❛ ❢♦✐

❞❡ 0.013 s❡❣✉♥❞♦s✱ ♣❛r❛ m = 10000 ❛ ♠é❞✐❛ ❢♦✐ ❞❡ 0.1622 s❡❣✉♥❞♦s✳

❈♦♠ ❜❛s❡ ♥❡st❛ ❡①♣❡r✐ê♥❝✐❛✱ ✈❛♠♦s ❡s❝♦❧❤❡r ♦ ❛❧❣♦r✐t♠♦ ❡❧✐♠✐♥❛r❡❞✉✳♠ q✉❛♥❞♦ ❢♦r

♥❡❝❡ssár✐♦ ✐❞❡♥t✐✜❝❛r ❡ ❡❧✐♠✐♥❛r r❡❞✉♥❞â♥❝✐❛s ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

✹✳✹ ❊①♣❡r✐ê♥❝✐❛ ✸

❱❛♠♦s tr❛t❛r ❛❣♦r❛ ❞♦ ♣r♦❜❧❡♠❛ ❝❡♥tr❛❧ ❞❡st❡ tr❛❜❛❧❤♦✿ ❡s❝♦❧❤❡r ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛

❧✐st❛r ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ❡ ♣♦ss✐❜✐❧✐t❛r s✉❛

✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛✳ ❖s ❛❧❣♦r✐t♠♦s q✉❡ ✐r❡♠♦s ❝♦♠♣❛r❛r sã♦ ❝♦♥✷✈❡rt✳♠ ❡ ✈❡rt❞✉❛❧✳♠✱

q✉❡ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳

❈♦♠♦ ❥á ❞✐ss❡♠♦s✱ ♦ ❛❧❣♦r✐t♠♦ ❝♦♥✷✈❡rt✳♠ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ s✐t❡ ♦✜❝✐❛❧ ❞♦ ▼❛t▲❛❜

❡ ✉t✐❧✐③❛ ❛❧❣✉♠❛s ✐❞❡✐❛s s❡♠❡❧❤❛♥t❡s às q✉❡ ✐♠♣❧❡♠❡♥t❛♠♦s ♥♦ ✈❡rt❞✉❛❧✳♠✳ ❆ ♠❛✐♦r
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❝rít✐❝❛ ❛♦ ❝♦♥✷✈❡rt✳♠ ❝♦♥s✐st❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❡st❡ ♠ét♦❞♦ ♣r♦❞✉③ ❛♣❡♥❛s ✉♠❛ ❧✐st❛ ❞❡

✈ért✐❝❡s ❡ ♥ã♦ ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r ❛s ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡ ♠ét♦❞♦ ♥ã♦

♣♦ss✉✐ ♥❡♥❤✉♠❛ r♦t✐♥❛ ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ ❡ ♣♦❞❡ ❢❛❧❤❛r ❡♠ ❝❛s♦s ❡♠ q✉❡ ♦ s✐st❡♠❛

t❡♥❤❛ r❡str✐çõ❡s r❡❞✉♥❞❛♥t❡s✳

❖ ♠ét♦❞♦ q✉❡ ♣r♦♣♦♠♦s r❡s♦❧✈❡ ❡st❡s ♣r♦❜❧❡♠❛s ❡ ❧✐st❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡

❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ✉t✐❧✐③❛❞♦ ♥❛ r♦t✐♥❛ ❞❡s❡♥❤❛✳♠ ♥♦ss♦ ♠ét♦❞♦

♣❡r♠✐t❡ q✉❡ ♦s r❡s✉❧t❛❞♦s s❡❥❛♠ ❣r❛✈❛❞♦s ❡♠ ✉♠ ❛rq✉✐✈♦ ♦❜❥ ❡ ♣♦ss✐❜✐❧✐t❛ ❛ ✐♠❡❞✐❛t❛

✈✐s✉❛❧✐③❛çã♦ ❞♦ ♣♦❧✐❡❞r♦ ❡♠ ✉♠ s♦❢t✇❛r❡ ❣rá✜❝♦✳

❯t✐❧✐③❛r❡♠♦s ♥❡st❛ ❡①♣❡r✐ê♥❝✐❛ s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♥♦ R
2 ❡ s✐st❡♠❛s ❞❡

✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ♥♦ R
3✱ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ ✉♠❛ ❡s❢❡r❛ ❞❡ r❛✐♦

✐❣✉❛❧ ❛ ✉♠✱ ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ♥ã♦ t❡♥❞♦ ❛ ♦r✐❣❡♠ ❝♦♠♦ ♣♦♥t♦ ✐♥t❡r✐♦r✳

P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ m✱ ❢♦r❛♠ ❢❡✐t♦s ✶✵ t❡st❡s ❛❧❡❛tór✐♦s ❡ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ r❡s✉❧t❛❞♦

♦ t❡♠♣♦ ♠é❞✐♦ ❣❛st♦ ♣♦r ❝❛❞❛ ✉♠ ❞♦s ♠ét♦❞♦s ♣❛r❛ r❡s♦❧✈❡r ♦s ♠❡s♠♦s ♣r♦❜❧❡♠❛s✳ ❖s

r❡s✉❧t❛❞♦s ❡stã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ✹✳✷ ❡ ✹✳✸✳

♠ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❝♦♥✷✈❡rt✳♠ ✈❡rt❞✉❛❧✳♠

❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮ ❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮
✶✵ ✶✵ ✵✱✵✵✷✺ ✵✱✵✵✷✽
✷✵ ✷✵ ✵✱✵✵✸✺ ✵✱✵✵✹✼
✹✵ ✸✾ ✵✱✵✵✺✺ ✵✱✵✵✼✵
✶✵✵ ✾✻ ✵✱✵✵✽✻ ✵✱✵✶✻✷
✷✵✵ ✶✽✷ ✵✱✵✶✻✷ ✵✱✵✸✻✸
✸✵✵ ✷✻✼ ✵✱✵✷✶✺ ✵✱✶✷✵✸
✹✵✵ ✸✹✺ ✵✱✵✷✼✾ ✵✱✹✶✹✶
✻✵✵ ✹✽✶ ✵✱✵✸✾✵ ✶✱✸✽✹✼

❚❛❜❡❧❛ ✹✳✷✿ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ♥♦ R
2✳

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠ é ♠❛✐s ❡✜❝✐❡♥t❡ s❡ ♦ s✐st❡♠❛ ❞❡

✐♥❡q✉❛çõ❡s Ax ≤ b ♣♦ss✉✐r ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ r❡str✐çõ❡s ✭m < 30 ♥♦ R2 ❡m < 20 ♥♦

R
3✮✳ P❛r❛ ♣r♦❜❧❡♠❛s ♠❛✐♦r❡s ♦ ❛❧❣♦r✐t♠♦ ❝♦♥✷✈❡rt✳♠ ♠♦str♦✉✲s❡ ♠❛✐s ❡✜❝✐❡♥t❡✱ ♣♦ré♠

❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ ♥ã♦ ♣♦ss✉✐r ♥❡♥❤✉♠❛ r♦t✐♥❛ ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦✱ ❡st❡ ♠ét♦❞♦ ❢❛❧❤♦✉

❡♠ ✈ár✐♦s ❝❛s♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❥á ♦❜s❡r✈❛♠♦s✱ ❝♦♥✷✈❡rt✳♠ ♥ã♦ ♣❡r♠✐t❡ ❞❡s❝r❡✈❡r

❛s ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦✳

❖ ❞❡s❡♠♣❡♥❤♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❧❡♥t♦ ♦❜s❡r✈❛❞♦ ♥♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠ é ❥✉st❛✲

♠❡♥t❡ ❞❡✈✐❞♦ ❛ r♦t✐♥❛ ✐♥t❡r♥❛ q✉❡ ❣❡r❛ ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s q✉❡ ♣❡rt❡♥❝❡♠ à ✉♠❛ ♠❡s♠❛

❢❛❝❡✳ P❛r❛ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ♥❡❝❡ssár✐♦ ✈❡r✐✜❝❛r s❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ✈ért✐❝❡ q✉❡ ❡stá

s❡♥❞♦ ❛❞✐❝✐♦♥❛❞♦ à ❧✐st❛ ♥ã♦ é ✐❣✉❛❧ ❛ ❛❧❣✉♠ ♣♦♥t♦ ❞❡st❛ ❧✐st❛✳
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♠ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❝♦♥✷✈❡rt✳♠ ✈❡rt❞✉❛❧✳♠

❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮ ❚❡♠♣♦ ✭s❡❣✉♥❞♦s✮
✶✵ ✶✻ ✵✱✵✵✺✷ ✵✱✵✵✸✶
✷✵ ✸✻ ✵✱✵✵✺✸ ✵✱✵✵✻✼
✹✵ ✼✻ ✵✱✵✵✾✹ ✵✱✵✶✷✶
✶✵✵ ✶✾✻ ✵✱✵✶✾✾ ✵✱✵✸✷✺
✷✵✵ ✸✾✸ ✵✱✵✸✽✼ ✵✱✶✶✺✻
✸✵✵ ✺✾✷ ✵✱✵✺✹✾ ✵✱✹✺✺✾
✹✵✵ ✼✽✻ ✵✱✵✼✺✶ ✶✱✵✸✶✵
✻✵✵ ✶✶✽✶ ✵✱✶✶✵✵ ✸✱✸✸✺✻
✶✵✵✵ ✶✾✻✺ ✵✱✶✽✹✶ ✶✺✱✵✶✵

❚❛❜❡❧❛ ✹✳✸✿ ❚❡♠♣♦ ❣❛st♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦❧✐❡❞r♦ ♥♦ R
3✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠✱ ❛❧é♠ ❞❡ ❡♥❝♦♥tr❛r ♦s ✈ért✐❝❡s✱ ❞❡t❡r♠✐♥❛r ❛s ❢❛❝❡s

❞♦ ♣♦❧✐❡❞r♦✱ ♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠ é ♦ ♠❛✐s ✐♥❞✐❝❛❞♦✳ ❊st❡ ❛❧❣♦r✐t♠♦✱ ❛❧é♠ ❞❡ ♣♦ss✉✐r

❛❧❣✉♠❛s r♦t✐♥❛s ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ q✉❡ ♦ t♦r♥❛♠ ♠❛✐s r♦❜✉st♦✱ ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r

t♦❞♦s ♦s ✈ért✐❝❡s ♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ ❢❛❝❡✱ ♦ q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❛ ❞❡s❡♥❤❛r ❝❛❞❛

❢❛❝❡ ❝♦♠♦ ✉♠ ♣♦❧í❣♦♥♦ q✉❛❧q✉❡r ❡ ♥ã♦ s♦♠❡♥t❡ ❞❡ ❢♦r♠❛ tr✐❛♥❣✉❧❛r✐③❛❞❛✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❝r✐❛♠♦s ✉♠❛ r♦t✐♥❛ ❞❡♥♦♠✐♥❛❞❛ ❞❡s❡♥❤❛✳♠ q✉❡ r❡ú♥❡ t♦❞❛s ❛s s✉❜✲

r♦t✐♥❛s q✉❡ ♣❡r♠✐t❡♠ ❝♦♥str✉✐r ♦ ❛rq✉✐✈♦ ♦❜❥ q✉❡ ❝♦♥té♠ ❛ ❧✐st❛ ❞❡ ✈ért✐❝❡s ❡ ❢❛❝❡s

❞❡ ✉♠ ♣♦❧✐❡❞r♦ ✭❡♠ ❞✐♠❡♥sã♦ ✷ ♦✉ ✸✮ ❞❡✜♥✐❞♦ ♣♦r ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s

Ax ≤ b✳ ❖s ♣❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛ ❞❛ r♦t✐♥❛ ❞❡s❡♥❤❛✳♠ sã♦ ❛♣❡♥❛s ❛ ♠❛tr✐③ A ❡ ♦

✈❡t♦r b✱ ❝♦♥❢♦r♠❡ ♣♦❞❡♠♦s ✈❡r ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ q✉❡ s✉❣❡r✐♠♦s ❛ s❡❣✉✐r✳

❢✉♥❝t✐♦♥ ❬❢✐❣✉r❛❪ ❂ ❞❡s❡♥❤❛✭❆✱❜✮

❬♠✱♥❪❂s✐③❡✭❆✮❀

✪❊♥❝♦♥tr❛ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦ ♣♦❧✐❡❞r♦

♣✐♥t ❂ ♣♦♥t♦✐♥t❡r✐♦r✭❆✱❜✮❀

✪❊❧✐♠✐♥❛ r❡❞✉♥❞â♥❝✐❛s

❬❆✱ ❜❪ ❂ ❡❧✐♠✐♥❛r❡❞✉✭❆✱❜✱♠✱♥✱♣✐♥t✮❀

✪❊♥❝♦♥tr❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡ ❛s ❢❛❝❡s

❬ ❱ ❪ ❂ ✈❡rt❞✉❛❧✭❆✱❜✱♣✐♥t✮❀

✪❊♥❝♦♥tr❛ ♦ ❢❡❝❤♦ ❡ ❣r❛✈❛ ♦ ❛rq✉✐✈♦ ❢✐❣✉r❛✳♦❜❥

❣r❛✈❛❴❛rq✉✐✈♦❀

❬ ❋ ❪ ❂ ❢❡❝❤♦✭❱✱♥✮❀

✪❆❜r❡ ❛ ❢✐❣✉r❛✳♦❜❥ ♥♦ ❏❛✈❛❱✐❡✇

✦❢✐❣✉r❛✳♦❜❥
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❡♥❞

✹✳✺ ❆♣❧✐❝❛çõ❡s

P❛r❛ ✐❧✉str❛r ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ r♦t✐♥❛ ❞❡s❡♥❤❛✳♠ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ♠ét♦❞♦ ❞❡

❋♦✉r✐❡r✲▼♦t③❦✐♥✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❞✉❛s ❛♣❧✐❝❛çõ❡s✳ ◆❛ ♣r✐♠❡✐r❛ ✈❛♠♦s ♣r♦❥❡t❛r ♦ ❝✉❜♦

tr✐❞✐♠❡♥s✐♦♥❛❧ ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠ ❞❡ ❛r❡st❛ ✐❣✉❛❧ ❛ ❞♦✐s✱ ♥♦ ♣❧❛♥♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r

(1, 1, 1) q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠✳

◆❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛çã♦ ❢❛③❡♠♦s ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ ♣r♦❥❡t❛♥❞♦ ♦ ❤✐♣❡r❝✉❜♦ ❞♦

R
4 ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠ ❞❡ ❛r❡st❛ ✐❣✉❛❧ ❛ ❞♦✐s ♥♦ s✉❜✲❡s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r (1, 1, 1, 1)✳

✹✳✺✳✶ ❆♣❧✐❝❛çã♦ ✶

❙❡❥❛ C3 = {(x1, x2, x3) ∈ R
3; |xi| ≤ 1} ♦ ❝✉❜♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠

❞❡ ❛r❡st❛ ✐❣✉❛❧ ❛ ❞♦✐s✳ ❊st❡ ♣♦❧✐❡❞r♦ é ❞❡✜♥✐❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s

❧✐♥❡❛r❡s✿























1 0 0

−1 0 0

0 1 0

0 −1 0

0 0 1

0 0 −1























.







x1

x2

x3






≤























1

1

1

1

1

1























. ✭✹✳✶✮

P❛r❛ ♣r♦❥❡tá✲❧♦ ♥♦ s✉❜s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r (1, 1, 1) ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡

❋♦✉r✐❡r✲▼♦t③❦✐♥ ✈❛♠♦s ❡❢❡t✉❛r ✉♠❛ r♦t❛çã♦ q✉❡ ❧❡✈❛ ♦ ✈ért✐❝❡ (1, 1, 1) ♥♦ ✈❡t♦r (0, 0,
√
3)

❡ ❡♠ s❡❣✉✐❞❛ ❡❧✐♠✐♥❛r ❛ ✈❛r✐á✈❡❧ x3 ❞♦ ♣♦❧✐❡❞r♦ r♦t❛❝✐♦♥❛❞♦✳

❖ s✐st❡♠❛ q✉❡ ❞❡✜♥❡ ♦ ♣♦❧✐❡❞r♦ r♦t❛❝✐♦♥❛❞♦ é ❞❛❞♦ ♣♦r✿























0.7071 0.4082 0.5774

−0.7071 −0.4082 −0.5774

−0.7071 0.4082 0.5774

0.7071 −0.4082 −0.5774

0 −0.8165 0.5774

0 0.8165 −0.5774























.







x1

x2

x3






≤























1

1

1

1

1

1























.



✹✳✺ ❆♣❧✐❝❛çõ❡s ✾✷

❯t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♣❛r❛ ❡❧✐♠✐♥❛r ❛ ✈❛r✐á✈❡❧ x3 ♦❜t❡♠♦s ♦

s✐st❡♠❛






















−1.2247 −2.1213

−2.4495 0

−1.2247 2.1213

1.2247 −2.1213

2.4495 0

1.2247 2.1213























.

[

x1

x2

]

≤























3.4641

3.4641

3.4641

3.4641

3.4641

3.4641























.

❯t✐❧✐③❛♥❞♦ ♦s ❞❛❞♦s ❞♦ ú❧t✐♠♦ s✐st❡♠❛ ❝♦♠♦ ♣❛râ♠❡tr♦s ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ❛ r♦t✐♥❛

❞❡s❡♥❤❛✳♠✱ ♦❜t❡♠♦s ❛ ❋✐❣✉r❛ ✹✳✶✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ r♦t❛çã♦ ❞♦ ❤❡①á❣♦♥♦ r❡s✉❧✲

t❛♥t❡ ❞❛ ♣r♦❥❡çã♦ ❞♦ ❝✉❜♦ C3 ❛♣♦✐❛❞♦ ♥♦ ✈ért✐❝❡ (1, 1, 1)✳

❋✐❣✉r❛ ✹✳✶✿ Pr♦❥❡çã♦ ❞♦ ❝✉❜♦ C3 ❛♣♦✐❛❞♦ ❡♠ ✉♠ ✈ért✐❝❡✳

✹✳✺✳✷ ❆♣❧✐❝❛çã♦ ✷

❱❛♠♦s ♣r♦❝❡❞❡r ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ❆♣❧✐❝❛çã♦ ✶ ❡ ♣r♦❥❡t❛r ♦ ❤✐♣❡r❝✉❜♦ ❞♦ C4 ⊂ R
4

♥♦ s✉❜✲❡s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r (1, 1, 1, 1)✳

❙❡❥❛ C4 = {(x1, x2, x3, x4) ∈ R
4; |xi| ≤ 1} ♦ ❤✐♣❡r❝✉❜♦ ❞❡ ❞✐♠❡♥sã♦ q✉❛tr♦ ❝❡♥tr❛❞♦

♥❛ ♦r✐❣❡♠ ❞❡ ❛r❡st❛ ✐❣✉❛❧ ❛ ❞♦✐s✳ ❊st❡ ♣♦❧✐❡❞r♦ é ❞❡✜♥✐❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡

✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✿



✹✳✺ ❆♣❧✐❝❛çõ❡s ✾✸

































1 0 0 0

−1 0 0 0

0 1 0 0

0 −1 0 0

0 0 1 0

0 0 −1 0

0 0 0 1

0 0 0 −1

































.













x1

x2

x3

x4













≤

































1

1

1

1

1

1

1

1

































.

P❛r❛ ♣r♦❥❡tá✲❧♦ ♥♦ s✉❜s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r (1, 1, 1, 1) ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡

❋♦✉r✐❡r✲▼♦t③❦✐♥ ✈❛♠♦s ❡❢❡t✉❛r ✉♠❛ r♦t❛çã♦ q✉❡ ❧❡✈❛ ♦ ✈ért✐❝❡ (1, 1, 1, 1) ♥♦ ✈❡t♦r

(0, 0, 0, 2) ❡ ❡♠ s❡❣✉✐❞❛ ❡❧✐♠✐♥❛r ❛ ✈❛r✐á✈❡❧ x4 ❞♦ ♣♦❧✐❡❞r♦ r♦t❛❝✐♦♥❛❞♦✳

❖ s✐st❡♠❛ q✉❡ ❞❡✜♥❡ ♦ ♣♦❧✐❡❞r♦ r♦t❛❝✐♦♥❛❞♦ é ❞❛❞♦ ♣♦r✿

































0.7071 0.4082 0.2887 0.5000

−0.7071 −0.4082 −0.2887 −0.5000

−0.7071 0.4082 0.2887 0.5000

0.7071 −0.4082 −0.2887 −0.5000

0 −0.8165 0.2887 0.5000

0 0.8165 −0.2887 −0.5000

0 0 −0.8660 0.5000

0 0 0.8660 −0.5000

































.













x1

x2

x3

x4













≤

































1

1

1

1

1

1

1

1

































.



✹✳✺ ❆♣❧✐❝❛çõ❡s ✾✹

❆♣ós ❛ ❡❧✐♠✐♥❛çã♦ ❞❛ ✈❛r✐á✈❡❧ x4✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ♦❜t❡♠♦s

♦ s✐st❡♠❛




















































−1.4142 −2.4495 0

−1.4142 −0.8165 −2.3094

−2.8284 0 0

−1.4142 0.8165 2.3094

−1.4142 2.4495 0

0 −1.6330 2.3094

0 1.6330 −2.3094

1.4142 −2.4495 0

1.4142 −0.8165 −2.3094

2.8284 0 0

1.4142 0.8165 2.3094

1.4142 2.4495 0





















































.







x1

x2

x3






≤





















































4

4

4

4

4

4

4

4

4

4

4

4





















































,

❝✉❥♦ ♣♦❧✐❡❞r♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✷ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ r♦t✐♥❛

❞❡s❡♥❤❛✳♠✳

❋✐❣✉r❛ ✹✳✷✿ Pr♦❥❡çã♦ ❞♦ ❤✐♣❡r❝✉❜♦ ❞♦ R
4 ♥♦ s✉❜❡s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛♦ ✈❡t♦r (1, 1, 1, 1)✳

❯t✐❧✐③❛♥❞♦ ❛ r♦t✐♥❛ ❞❡s❡♥❤❛✳♠ ♣♦❞❡♠♦s ❞❡s❡♥❤❛r ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ❞❡ q✉❛❧q✉❡r

s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❝♦♠ ❛té três ✈❛r✐á✈❡✐s q✉❡ s❡❥❛ ♥ã♦✲✈❛③✐♦ ❡ ❧✐♠✐t❛❞♦✳

❈❛s♦ ♦ ♣♦❧✐❡❞r♦ s❡❥❛ ✐❧✐♠✐t❛❞♦✱ ♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠ ♥ã♦ ❝♦♥s❡❣✉❡ ❧✐st❛r ♦s ✈ért✐❝❡s

❞♦ ♣♦❧✐❡❞r♦✱ ♣♦✐s ❡st❡ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ ♦ ❢❡❝❤♦ ❞♦ ❞✉❛❧✱ q✉❡ ♥❡st❡ ❝❛s♦✱ ♥ã♦ ❡①✐st❡✳



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡

♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s

❖ ❢♦❝♦ ❝❡♥tr❛❧ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♦ ❡st✉❞♦ s♦❜r❡ s✐st❡♠❛s ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

❆♣r❡s❡♥t❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥✱ q✉❡ ♣❡r♠✐t❡ ♣r♦❥❡t❛r ❛

r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ Ax ≤ b ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ♠❡♥♦r✱ ❛tr❛✈és

❞❛ ❡❧✐♠✐♥❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✳ ●r❛♥❞❡ ♣❛rt❡ ❞❛ ✐♥✈❡st✐❣❛çã♦ q✉❡ ♣r♦❝❡❞❡♠♦s ❝♦♥❝❡♥tr♦✉✲

s❡ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡s❡♥❤❛r ❛ r❡❣✐ã♦ ❞❡ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s✳

Pr♦♣♦♠♦s ✉♠❛ r♦t✐♥❛ q✉❡ ♣♦ss✐❜✐❧✐t❛ ❞❡s❡♥❤❛r ❡st❛ r❡❣✐ã♦ ❡ ✈✐s✉❛❧✐③á✲❧❛ ❡♠ ✉♠ s♦❢t✇❛r❡

❞❡ ❣❡♦♠❡tr✐❛ ✸❉ ❛tr❛✈és ❞❡ ✉♠ ❛rq✉✐✈♦ ❞❡ ❞❡s❝r✐çã♦ ❣❡♦♠étr✐❝❛ ❝♦♠ ❡①t❡♥sã♦ ♦❜❥✳

❉✉r❛♥t❡ ♦ ❡st✉❞♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ❡ ♥♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧✳ ❊♠ s❡❣✉✐❞❛✱ ♣r♦✈❛♠♦s

✉♠ ✐♠♣♦rt❛♥t❡ t❡♦r❡♠❛ q✉❡ ♥♦s ♣♦ss✐❜✐❧✐t❛ tr❛♥s❢♦r♠❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦s

✈ért✐❝❡s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❡q✉❛çõ❡s ❧✐♥❡❛r❡s ❡♠ ✉♠ ♦✉tr♦ ♣r♦❜❧❡♠❛ ♠❛✐s s✐♠♣❧❡s q✉❡

é ❡♥❝♦♥tr❛r ♦ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞♦ ❞✉❛❧✱ q✉❡ é ❞❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s✳ ❖

❣r❛♥❞❡ ♣r♦❜❧❡♠❛ ♥❛ ✉t✐❧✐③❛çã♦ ❞❡ss❡ t❡♦r❡♠❛ é ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ❢♦r♠❛

❡✜❝✐❡♥t❡✳ ❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❡str❛té❣✐❛s ♣❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ✉t✐❧✐③❛♥❞♦

✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ❡ ♦ ♠ét♦❞♦ ❞❡ ❡❧✐♠✐♥❛çã♦ ❞❡ ❋♦✉r✐❡r✲▼♦t③❦✐♥✳ ◆♦

❡♥t❛♥t♦✱ ❡st❡ ♣r♦❜❧❡♠❛ é ❜❛st❛♥t❡ ❝♦♠♣❧❡①♦✱ s♦❜r❡t✉❞♦ q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ ❡ ♦ ♥ú♠❡r♦

❞❡ r❡str✐çõ❡s ❞♦ s✐st❡♠❛ ❛✉♠❡♥t❛♠✳ ❯♠ ❡st✉❞♦ ♠❛✐s ❡s♣❡❝í✜❝♦ ❞❡st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡

t♦r♥❛r ♦ ❛❧❣♦r✐t♠♦ ♠❛✐s ❡✜❝✐❡♥t❡✳

◆❛ ♣❛rt❡ ❡①♣❡r✐♠❡♥t❛❧✱ ❝♦♠♣❛r❛♠♦s ❛ r♦t✐♥❛ q✉❡ ♣r♦♣✉s❡♠♦s ❝♦♠ ❛ ❢✉♥çã♦

❝♦♥✷✈❡rt✳♠✱ q✉❡ ❡stá ❞✐s♣♦♥í✈❡❧ ♥♦ s✐t❡ ❞♦ ▼❛t▲❛❜ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡♥✉♠❡r❛çã♦ ❞❡

✈ért✐❝❡s✳ ❆♣❡s❛r ❞❛ ❢✉♥çã♦ ❝♦♥✷✈❡rt✳♠ s❡r ✉♠ ♣♦✉❝♦ ♠❛✐s rá♣✐❞❛ q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡

r❡str✐çõ❡s ❝r❡s❝❡✱ ❞❡st❛❝❛♠♦s ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ♥❛ ✉t✐❧✐③❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ✈❡rt❞✉❛❧✳♠

q✉❡ ♣r♦♣✉s❡♠♦s✳ ❆ ♣r✐♥❝✐♣❛❧ ❞❡❧❛s é ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❡ ❧✐st❛ ♦s ✈ért✐❝❡s ❡ t❛♠❜é♠ ✐♥❢♦r♠❛

❛s r❡str✐çõ❡s q✉❡ ❣❡r❛r❛♠ ♦s ✈ért✐❝❡s✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ❡♥❝♦♥tr❛r♠♦s ❛s ❢❛❝❡s ❞♦ ♣♦❧✐❡❞r♦✱

❡♥q✉❛♥t♦ q✉❡ ❝♦♥✷✈❡rt✳♠ só ❧✐st❛ ♦s ✈ért✐❝❡s✳ ❆❧é♠ ❞✐ss♦✱ ♥♦ss❛ r♦t✐♥❛ ✐♥❝❧✉✐ ❛❧❣✉♥s

✾✺



❈♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ✾✻

♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ q✉❡ ♣❡r♠✐t❡♠ r❡s♦❧✈❡r ❝❛s♦s ♦♥❞❡ ♦ ❝♦♥✷✈❡rt✳♠

❢❛❧❤❛✳

❆♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❞✐✈❡rs❛s ♣❡r❣✉♥t❛s q✉❡ ✜❝❛r❛♠ ❡♠ ❛❜❡rt♦

❡ ♣♦❞❡♠ s❡r r❡t♦♠❛❞❛s ❡♠ ❡st✉❞♦s ❢✉t✉r♦s✳ P♦r ❡①❡♠♣❧♦✱ ❛❧é♠ ❞❡ ♠❡❧❤♦r❛r♠♦s ♦ ❛❧❣♦✲

r✐t♠♦ ✈❡rt❞✉❛❧✳♠ ❝♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦✱ ♣♦❞❡♠♦s ♠❡❧❤♦r❛r ♦ ♠ét♦❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r

♦ ❢❡❝❤♦ ❝♦♥✈❡①♦✱ t♦r♥❛♥❞♦✲♦ ♠❛✐s ❡✜❝✐❡♥t❡✳ ❚❛♠❜é♠ ♣♦❞❡r❡♠♦s ❡st✉❞❛r ❝♦♠♦ ❝❛❧❝✉❧❛r

♦ ✈♦❧✉♠❡ ❡ ❛ ár❡❛ ❞❡ s✉♣❡r❢í❝✐❡ ❞♦s ♣♦❧✐t♦♣♦s✱ ❝♦♠♦ ❡♥❝♦♥tr❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ♠❛✐s

❝❡♥tr❛❧ ❡ ❛✐♥❞❛ ❝♦♠♣❛r❛r ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❝♦♠ ❛❧❣♦r✐t♠♦s ❞❡ ❣r❛❢♦s tr❛♥s✈❡rs❛✐s✱ ❝♦♠♦

♦ ♠ét♦❞♦ ❞❡ ❆✈✐s ✫ ❋✉❦✉❞❛ ❬✷❪✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆✈✐s✱ ❉✳✱ ✫ ❇r❡♠♥❡r✱ ❉✳ ❍♦✇ ❣♦♦❞ ❛r❡ ❝♦♥✈❡① ❤✉❧❧ ❛❧❣♦r✐t❤♠s❄ ❈♦♠♣✉t❛t✐♦♥❛❧

●❡♦♠❡tr②✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✼ ✭✶✾✾✺✮✱ ✷✻✺✕✸✵✶✳

❬✷❪ ❆✈✐s✱ ❉✳✱ ✫ ❋✉❦✉❞❛✱ ❑✳ ❆ ♣✐✈♦t✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♥✈❡① ❤✉❧❧s ❛♥❞ ✈❡rt❡① ❡♥✉✲

♠❡r❛t✐♦♥ ♦❢ ❛rr❛♥❣❡♠❡♥ts ❛♥❞ ♣♦❧②❤❡❞r❛✳ ■♥ ❙❈● ✬✾✶✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ s❡✈❡♥t❤

❛♥♥✉❛❧ s②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❣❡♦♠❡tr② ✭◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✶✾✾✶✮✱ ❆❈▼✱

♣♣✳ ✾✽✕✶✵✹✳

❬✸❪ ❇❛③❛r❛❛✱ ▼✳ ❙✳✱ ❏❛r✈✐s✱ ❏✳ ❏✳✱ ✫ ❙❤❡r❛❧✐✱ ❍✳ ❉✳ ▲✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❛♥❞ ♥❡t✇♦r❦

✢♦✇s ✭✷♥❞ ❡❞✳✮✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✶✾✾✵✳

❬✹❪ ❇❡r❦♦✈✐t③✱ ▲✳ ❉✳ ❈♦♥✈❡①✐t② ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ R
n✳ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

✭◆❡✇ ❨♦r❦✮✳ ❲✐❧❡②✲■♥t❡rs❝✐❡♥❝❡ ❬❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s❪✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✷✳

❬✺❪ ❇♦❧❞r✐♥✐✱ ❏✳ ▲✳✱ ❈♦st❛✱ ❙✳ ■✳ ❘✳✱ ❋✐❣✉❡✐r❡❞♦✱ ❱✳ ▲✳✱ ✫ ❲❡t③❧❡r✱ ❍✳ ●✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱

✸ ❡❞✳ ❍❛r❜r❛ ▲t❞❛✳✱ ✶✾✽✵✳

❬✻❪ ❈❛rt✐s✱ ❈✳✱ ✫ ▼✳●♦✉❧❞✱ ◆✳ ■✳ ❋✐♥❞✐♥❣ ❛ ♣♦✐♥t ✐♥ t❤❡ r❡❧❛t✐✈❡ ✐♥t❡r✐♦r ♦❢ ❛ ♣♦❧②❤❡❞r♦♥✳

■♥ ❈♦✉♥❝✐❧ ❢♦r t❤❡ ❈❡♥tr❛❧ ▲❛❜♦r❛t♦r② ♦❢ t❤❡ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧s ✭✷✵✵✻✮✱ ❈❈▲❘❈

❘✉t❤❡r❢♦r❞ ❆♣♣❧❡t♦♥ ▲❛❜♦r❛t♦r②✳

❬✼❪ ❈❛rt✐s✱ ❈✳✱ ✫ ◆✐❝❤♦❧❛s ■✳ ▼✳✱ ●✳ ❋✐♥❞✐♥❣ ❛ ♣♦✐♥t ✐♥ t❤❡ r❡❧❛t✐✈❡ ✐♥t❡r✐♦r ♦❢ ❛ ♣♦❧②✲

❤❡❞r♦♥✱ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❝♦♠♣r❡ss❡❞ s❡♥s✐♥❣✳ ■♥ ❙P❆❘❙✬✵✾ ✲ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣

✇✐t❤ ❆❞❛♣t✐✈❡ ❙♣❛rs❡ ❙tr✉❝t✉r❡❞ ❘❡♣r❡s❡♥t❛t✐♦♥s ✭❙❛✐♥t ▼❛❧♦ ❋r❛♥❝❡✱ ✷✵✵✾✮✱ ❘é♠✐

●r✐❜♦♥✈❛❧✱ ❊❞✳✱ ■♥r✐❛ ❘❡♥♥❡s ✲ ❇r❡t❛❣♥❡ ❆t❧❛♥t✐q✉❡✳

❬✽❪ ❈❤❛♥❞✱ ❉✳ ❘✳✱ ✫ ❑❛♣✉r✱ ❙✳ ❙✳ ❆♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♥✈❡① ♣♦❧②t♦♣❡s✳ ❏✳ ❆❈▼ ✶✼✱ ✶

✭✶✾✼✵✮✱ ✼✽✕✽✻✳

❬✾❪ ❉❛❤❧✱ ●✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❋♦✉r✐❡r✲▼♦t③❦✐♥ ❡❧✐♠✐♥❛t✐♦♥✳ ❊❧❡❝tr♦♥✳ ❏✳

▲✐♥❡❛r ❆❧❣❡❜r❛ ✶✻ ✭✷✵✵✼✮✱ ✸✸✹✕✸✹✻ ✭❡❧❡❝tr♦♥✐❝✮✳

✾✼



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙ ✾✽

❬✶✵❪ ❞❡ ❇❡r❣✱ ▼✳✱ ✈❛♥ ❑r❡✈❡❧❞✱ ▼✳✱ ❖✈❡r♠❛rs✱ ▼✳✱ ✫ ❙❝❤✇❛r③❦♦♣❢✱ ❖✳ ❈♦♠♣✉t❛t✐♦♥❛❧

●❡♦♠❡tr②✿ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ t❤✐r❞ ❡❞✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✽✳
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