
❲❛❧t❡r ❆✉❣✉st♦ ❋♦♥sê❝❛ ❞❡ ❈❛r✈❛❧❤♦

P❘❖❈❊❙❙❖❙ ❉❊ ❘❊◆❖❱❆➬➹❖ ❖❇❚■❉❖❙ P❖❘
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❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛

❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛

❲❛❧t❡r ❆✉❣✉st♦ ❋♦♥sê❝❛ ❞❡ ❈❛r✈❛❧❤♦

P❘❖❈❊❙❙❖❙ ❉❊ ❘❊◆❖❱❆➬➹❖ ❖❇❚■❉❖❙ P❖❘
❆●❘❊●❆➬➹❖ ❉❊ ❊❙❚❆❉❖❙ ❆ P❆❘❚■❘ ❉❊ ❯▼ P❘❖❈❊❙❙❖

▼❆❘❑❖❱■❆◆❖

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tís✲

t✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧

❞❡ ❈❛♠♣✐♥❛s ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ❡①✐❣✐❞♦s ♣❛r❛

❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ❡st❛tíst✐❝❛✳

❖r✐❡♥t❛❞♦r❛✿ ◆❛♥❝② ▲♦♣❡s ●❛r❝✐❛

❈♦♦r✐❡♥t❛❞♦r✿ ❆❧❡①s❛♥❞r♦ ●✐❛❝♦♠♦ ●r✐♠❜❡rt ●❛❧❧♦

❊st❡ ❡①❡♠♣❧❛r ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ❢✐♥❛❧ ❞❛ t❡s❡ ❞❡❢❡♥❞✐❞❛

♣❡❧♦ ❛❧✉♥♦ ❲❛❧t❡r ❆✉❣✉st♦ ❋♦♥sê❝❛ ❞❡ ❈❛r✈❛❧❤♦✱ ❡ ♦r✐❡♥✲

t❛❞❛ ♣❡❧❛ Pr♦❢❛✳ ❉r❛✳ ◆❛♥❝② ▲♦♣❡s ●❛r❝✐❛✳

❈❛♠♣✐♥❛s

✷✵✶✹

✐✐✐



 

 

✐✈



 

✈



❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❜✐♥❛r② r❡♥❡✇❛❧ ♣r♦❝❡ss❡s ♦❜t❛✐♥❡❞ ❛s ❛❣❣r❡❣❛t✐♦♥ ♦❢ st❛t❡s

❢r♦♠ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✇✐t❤ ✜♥✐t❡ ❛❧♣❤❛❜❡t✳

■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ✉s❡ ❛ ♠❛tr✐① ❛♣♣r♦❛❝❤ t♦ ♦❜t❛✐♥ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❛❣❣r❡❣❛t❡❞

♣r♦❝❡ss ❜❡❧♦♥❣s t♦ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss❡s✿ ✭✶✮ ▼❛r❦♦✈ ♦❢ ✜♥✐t❡ ♦r❞❡r✱ ✭✷✮ ♣r♦❝❡ss ♦❢ ✐♥✜♥✐t❡

♦r❞❡r ✇✐t❤ ❝♦♥t✐♥✉♦✉s tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✱ ✭✸✮ ●✐❜❜s✐❛♥ ♣r♦❝❡ss✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ❞❡❛❧s ✇✐t❤ t❤❡ ❞✐st❛♥❝❡ d̄ ❜❡t✇❡❡♥ ❜✐♥❛r② r❡♥❡✇❛❧ ♣r♦❝❡ss❡s✳ ❲❡ ♦❜t❛✐♥ ❝♦♥❞✐✲

t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤✐s ❞✐st❛♥❝❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜❡t✇❡❡♥ t❤❡s❡ ♣r♦❝❡ss❡s✳

❑❡②✇♦r❞s✿ ❆❣r❡❣❛t✐♥❣ ❚r❛♥s❢♦r♠❛t✐♦♥✱ ❍✐❞❞❡♥ ▼❛r❦♦✈ Pr♦❝❡ss✱ ❘❡♥❡✇❛❧ Pr♦❝❡ss❡s✱ ▲✉♠♣❛❜✐❧✐t②✱

P❛rt✐t✐♦♥✲❉✐st❛♥❝❡✱ d̄✲❉✐st❛♥❝❡✳

❘❡s✉♠♦

❊st❛ t❡s❡ é ❞❡❞✐❝❛❞❛ ❛♦ ❡st✉❞♦ ❞♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦s ♦❜t✐❞♦s ❝♦♠♦ ❛❣r❡❣❛çã♦ ❞❡

❡st❛❞♦s ❛ ♣❛rt✐r ❞❡ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦✳

◆❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ ♣❛r❛ ♦❜t❡r ❝♦♥❞✐çõ❡s s♦❜ ❛s q✉❛✐s ♦

♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♣❡rt❡♥❝❡ ❛ ❝❛❞❛ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝❧❛ss❡s✿ ✭✶✮ ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛✱ ✭✷✮

♣r♦❝❡ss♦ ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛s✱ ✭✸✮ ♣r♦❝❡ss♦ ●✐❜❜s✐❛♥♦✳

❆ s❡❣✉♥❞❛ ♣❛rt❡ tr❛t❛ ❞❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦s✳ ❖❜t✐✈❡♠♦s ❝♦♥❞✐çõ❡s

s♦❜ ❛s q✉❛✐s ❡st❛ ❞✐stâ♥❝✐❛ ♣♦❞❡ s❡r ❛t✐♥❣✐❞❛ ❡♥tr❡ t❛✐s ♣r♦❝❡ss♦s✳

P❛❧❛✈r❛s ❝❤❛✈❡s✿ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡✱ Pr♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❖❝✉❧t♦✱ Pr♦❝❡ss♦s ❞❡ ❘❡♥♦✈❛çã♦✱

❆❣r❡❣❛❜✐❧✐❞❛❞❡✱ ❉✐stâ♥❝✐❛ ❞❡ P❛rt✐çã♦✱ ❉✐stâ♥❝✐❛ d̄✳

✈✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✈❛çã♦ ❖❜t✐❞♦s P♦r ❆❣r❡❣❛çã♦ ❉❡ ❊st❛❞♦s ✲ ❆❧❢❛❜❡t♦ ❋✐♥✐t♦ ✸

✷✳✶ ◆♦t❛çã♦ ❊ ❉❡✜♥✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✷✳✷ ❆❜♦r❞❛❣❡♠ ▼❛tr✐❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✸ ❆❣r❡❣❛❜✐❧✐❞❛❞❡ ❉❡ ❯♠ Pr♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✹ ❈♦♥t✐♥✉✐❞❛❞❡ ❉❛s Pr♦❜❛❜✐❧✐❞❛❞❡s ❉❡ ❚r❛♥s✐çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✺ ●✐❜❜s✐❛♥✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✻ ❊①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✸ ❆❝♦♣❧❛♠❡♥t♦s ❊ ❉✐s❝r❡♣â♥❝✐❛ ❊♥tr❡ Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✈❛çã♦ ✸✷

✸✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❉❡ ❘❡♥♦✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷ ❉✐s❝r❡♣â♥❝✐❛ ❊♥tr❡ Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✸ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊ ❉✐stâ♥❝✐❛ ❉❡ P❛rt✐çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✹ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊ ❉✐stâ♥❝✐❛ d̄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✺ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ❊ ❆❝♦♣❧❛♠❡♥t♦s ❉❡ ❘❡♥♦✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹ ❈♦♥❝❧✉sã♦ ✹✻

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✹✽

❆ ➪❧❣❡❜r❛ ▼❛tr✐❝✐❛❧ ✺✷

❇ ❚❡♦r❡♠❛ ❉❡ P❡rr♦♥✲❋r♦❜ê♥✐✉s ✺✺

✈✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❆ ✐♠❛❣❡♠ ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ s♦❜r❡❥❡t✐✈❛ é ❝♦♥❤❡❝✐❞❛

♥❛ ❧✐t❡r❛t✉r❛ s♦❜ ♥♦♠❡s ❞✐st✐♥t♦s ❛ss♦❝✐❛❞♦s ❛ ✈ár✐❛s ár❡❛s✳ Pr♦❝❡ss♦ ❞❡ ▼❛r❦♦✈ ❖❝✉❧t♦ ✭❍✐❞❞❡♥

▼❛r❦♦✈ ♠♦❞❡❧s✮ ❏✉❛♥❣ ✫ ❘❛❜✐♥❡r ✭✶✾✾✶✮✱ ❇❛✉♠ ✫ P❡tr✐❡ ✭✶✾✻✻✮✱ ❍❛♥ ✫ ▼❛r❝✉s ✭✷✵✵✻✮✱ ♠✉✐t♦

✉t✐❧✐③❛❞♦ ❡♠ ❛♣❧✐❝❛çõ❡s ❝♦♠♦ ♥❛ ár❡❛ ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛❞rõ❡s ❝♦♠♣♦rt❛♠❡♥t❛✐s✱ ❜✐♦❧ó❣✐❝♦s ❡

t❡♠♣♦r❛✐s ❝♦♠♦ ❛ ❢❛❧❛✱ ❛ ❡s❝r✐t❛✱ ♦s ❣❡st♦s ❡ ❛ ❜✐♦✐♥❢♦r♠át✐❝❛✱ ❋❛t♦r ❞❛ ❝❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ✭1✲❜❧♦❝❦

❢❛❝t♦r✮ ❇♦②❧❡ ✫ P❡t❡rs❡♥ ✭✷✵✶✶✮ ❡♠ t❡♦r✐❛ ❡r❣ó❞✐❝❛✱ Pr♦❝❡ss♦s ❞✐❢✉s♦s ✭❢✉③③② ♣r♦❝❡ss❡s✮ ▼❛t➟♦❦❛

✭✷✵✵✵✮ ♦✉ ❛♠❛❧❣❛♠❛❞♦s ❡♠ ❢ís✐❝❛ ❡st❛tíst✐❝❛✱ ❋♦♥t❡ ▼❛r❦♦✈✐❛♥❛ ✭▼❛r❦♦✈ ❙♦✉r❝❡✮ ▼❛ss❡② ✭✶✾✼✽✮✱

❈é♥❛❝ ❡t ❛❧✳ ✭✷✵✶✷✮ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥❛ t❡♦r✐❛ ❞❛ ❝♦♠✉♥✐❝❛çã♦✱ ❈❛❞❡✐❛ ❞❡ ▼❛r❦♦✈ ❆❣r❡❣❛❞❛

✭▲✉♠♣❡❞✴❆❣❣r❡❣❛t❡❞ ▼❛r❦♦✈ ❈❤❛✐♥✮ ❑❡♠❡♥② ✫ ❙♥❡❧❧ ✭✶✾✼✻✮✱ ❇♦✉❝❤❡r✐❡ ✭✶✾✾✸✮✱ sã♦ ♠♦❞❡❧♦s ❜❛s❡❛✲

❞♦s ❡♠ r❡❣r❛s ❡st♦❝ást✐❝❛s ♣❛r❛ r❡❞❡s✱ ❈ó♣✐❛ ❝♦♠ ❘✉✐❞♦ ✭❈♦♣② ❲✐t❤ ♥♦✐s❡✮ ▲❡st❛s ❡t ❛❧✳ ✭✷✵✵✽✮ ❡♠

r❡❞❡s ❣❡♥ét✐❝❛s✳ ❉❡ ❢♦r♠❛ ❣❡r❛❧✱ t❛✐s ♣r♦❝❡ss♦s ❛♣❛r❡❝❡♠ q✉❛♥❞♦ ✉♠ ❝❡rt♦ ❢❡♥ô♠❡♥♦ é ♦❜s❡r✈❛❞♦ ♥❛

♣r❡s❡♥ç❛ ❞❡ ✉♠ r✉í❞♦✱ ✐♥t❡r❢❡rê♥❝✐❛✱ q✉❡ ♣♦❞❡ ❧❡✈❛r ❛ ❝♦♥❢✉♥❞✐r✱ ♦✉ ♥ã♦ ♣♦❞❡r s❡ ❞✐st✐♥❣✉✐r ❝❡rt♦s

❡st❛❞♦s✳ ▼✉✐t❛s ✈❡③❡s ♦ ✐♥t❡r❡ss❡ é ✐♥❢❡r✐r s♦❜r❡ ♦ ♣r♦❝❡ss♦ ❞❡ ▼❛r❦♦✈ ♦r✐❣✐♥❛❧ ❛ ♣❛rt✐r ❞♦ ♣r♦❝❡ss♦

♦❜s❡r✈❛❞♦ ✭✐♠❛❣❡♠✮✱ ❞❛í✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♥♦♠❡ ❞❡ ♣r♦❝❡ss♦ ♦❝✉❧t♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛ q✉❡stã♦ ✐♥✈❡rs❛

t❡♠ ❛tr❛í❞♦ ❜❛st❛♥t❡ ✐♥t❡r❡ss❡ ♥❛ ❧✐t❡r❛t✉r❛ ❞❡ ❢ís✐❝❛ ❡st❛tíst✐❝❛✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ●✐❜❜s✐❛♥✐❞❛❞❡✱ ❞❡

❣r✉♣♦s ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❡ ▼♦❞❡❧♦s ❞❡ ■s✐♥❣ ❞❛ ár❡❛ ❞❡ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛✳ ❙✉♣♦♥❞♦ q✉❡ ✉♠

s✐st❡♠❛ ▼❛r❦♦✈✐❛♥♦ é ♦❜s❡r✈❛❞♦ ❞❡ ❢♦r♠❛ q✉❡ ♥ã♦ s❡ ♣♦❞❡ ❞✐st✐♥❣✉✐r ❝❡rt♦s ❡st❛❞♦s✱ q✉❡ ♣♦❞❡♠♦s

❞✐③❡r ❛ r❡s♣❡✐t♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞♦ q✉❡ ✈❡♠♦s❄

◆❡st❛ t❡s❡✱ ♣r♦♣♦♠♦s ❡st✉❞❛r ❛ ✐♠❛❣❡♠ ❞❡ ♣r♦❝❡ss♦s ❞❡ ▼❛r❦♦✈ ✭❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦✮ ♣♦r ✉♠❛

tr❛♥s❢♦r♠❛çã♦ s♦❜r❡❥❡t✐✈❛ ♣❛rt✐❝✉❧❛r ❝❤❛♠❛❞❛ ❛❣r❡❣❛♥t❡✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ s❡rá

❞✐t❛ ❛❣r❡❣❛♥t❡ s❡ ❡❧❛ tr❛♥s❢♦r♠❛ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❛❧❢❛❜❡t♦ ♦r✐❣✐♥❛❧ ♥♦ sí♠❜♦❧♦ 1 ❡ t♦❞♦s ♦s ❞❡♠❛✐s

♥♦ sí♠❜♦❧♦ 0✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ♣r♦❝❡ss♦ ❜✐♥ár✐♦ r❡s✉❧t❛♥t❡ é ❝❤❛♠❛❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦✳ ❉❡ ✉♠ ♠♦❞♦

❣❡r❛❧✱ s❛❜❡✲s❡ q✉❡ ✉♠ ♣r♦❝❡ss♦ ♦❝✉❧t♦ ♥ã♦ é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♥❡♥❤✉♠❛ ♦r❞❡♠✱ ❍❛rr✐s ✭✶✾✺✺✮✱ ❈❤❛✲

③♦tt❡s ✫ ❯❣❛❧❞❡ ✭✷✵✶✶✮✳ ◆♦ss♦s ♣r♦❝❡ss♦s ❛❣r❡❣❛❞♦s ♣❡rt❡♥❝❡♠ à ❝❧❛ss❡ ❞♦s ♣r♦❝❡ss♦s ❜✐♥ár✐♦s ❞❡

r❡♥♦✈❛çã♦✱ ❙❤✐❡❧❞s ✭✶✾✼✸✮✳

❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦ ♥❡st❛ t❡s❡ é ♦❜t❡r ❝♦♥❞✐çõ❡s✱ s♦❜r❡ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞♦

✶



♣r♦❝❡ss♦ ♦r✐❣✐♥❛❧✱ ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t❡♥❤❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠ r❡s♣❡✐t♦ ❛♦

♣❛ss❛❞♦✱ ❝♦♥tí♥✉❛s✳ ❯s❛♠♦s ♣❛r❛ ✐ss♦✱ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ s❡♠❡❧❤❛♥t❡ à ❞❡ ❉❛rr♦❝❤ ❡ ❙❡♥❡t❛

✭✶✾✻✼✮✱ ❡♠ ✉♠ ❡st✉❞♦ s♦❜r❡ q✉❛s✐✲❡st❛❝✐♦♥❛r✐❡❞❛❞❡✳ ❈♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❝♦♥t✐♥✉✐❞❛❞❡ é ❡♥❝♦♥✲

tr❛❞❛ ❡✱ ♥❡st❡ ❝❛s♦✱ ❡st✐♠❛t✐✈❛s ❞❛ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ sã♦ ♦❜t✐❞❛s ❝♦♠♦ ❢✉♥çã♦ ❞♦s ❞♦✐s ♠❛✐♦r❡s

❛✉t♦✲✈❛❧♦r❡s ❞❡ ✉♠❛ s✉❜♠❛tr✐③ ❞❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♦r✐❣✐♥❛❧✳ ❚❛♠❜é♠

❛♣r❡s❡♥t❛♠♦s ❝♦♥❞✐çõ❡s s♦❜r❡ ♦s ❛✉t♦✲✈❛❧♦r❡s ❣❛r❛♥t✐♥❞♦ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ é ▼❛r❦♦✈✐❛♥♦ ❞❡

♦r❞❡♠ k✳ ❍❛rr✐s ✭✶✾✺✺✮ ♣r♦✈♦✉ q✉❡✱ s❡ ❛ ❝❛❞❡✐❛ ♦r✐❣✐♥❛❧ ♣♦ss✉✐ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❝♦♠ ❡♥tr❛❞❛s

❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛s ✭✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢♦rt❡ q✉❡ ❛ ♥♦ss❛✮ ❡♥tã♦ ❛ ❝❛❞❡✐❛ ✐♠❛❣❡♠ ♣♦ss✉✐ ♣r♦❜❛✲

❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛✳

▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❈❤❛③♦tt❡s ✫ ❯❣❛❧❞❡ ✭✷✵✵✸✮ ♦❜t✐✈❡r❛♠ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ✐♠❛❣❡♠

s❡❥❛ ●✐❜❜s✐❛♥♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❇♦✇❡♥ ✭✷✵✵✽✮✳ ◆❡st❡ s❡♥t✐❞♦✱ ♠♦str❛♠♦s q✉❡ s♦❜ ❛ ♠❡s♠❛ ❝♦♥❞✐çã♦

♠❡♥❝✐♦♥❛❞❛ ♥♦ ♣❛rá❣r❛❢♦ ❛❝✐♠❛✱ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ é ●✐❜❜s✐❛♥♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❉♦❜r✉s❝❤✐♥ ✭✶✾✻✽✮✱

✐st♦ é✱ q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❛ss❛❞♦ ❡ ❛♦ ❢✉t✉r♦ sã♦ ❝♦♥tí♥✉❛s✳ ❙❡

✉♠ ♣r♦❝❡ss♦ é ●✐❜❜s✐❛♥♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❇♦✇❡♥✱ ❡♥tã♦ ❡❧❡ é ●✐❜❜s✐❛♥♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❉♦❜r✉s❤✐♥ ✭❋❡r✲

♥á♥❞❡③ ❡t ❛❧✳ ✭✷✵✶✶✮✮✳ ❙❡❣✉❡ q✉❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❞❡ ❈❤❛③♦tt❡s ❡ ❯❣❛❧❞❡ ♥ã♦ é ❞✐r❡t❛✳

◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡st❛ t❡s❡ ❡st✉❞❛♠♦s ❛❝♦♣❧❛♠❡♥t♦s✱ s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❋❡r♥á♥❞❡③ ❡t ❛❧✳

✭✷✵✵✶✮ ❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛t✐♥❣✐r ❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❛❣r❡❣❛❞♦s✳ ❈♦♥❢♦r♠❡ ❞❡✜♥✐❞♦

♣♦r ❖r♥st❡✐♥ ✭✶✾✼✸✮ ❡♠ ✉♠ ❡st✉❞♦ s♦❜r❡ t❡♦r✐❛ ❡r❣ó❞✐❝❛✱ ❛ ❞✐stâ♥❝✐❛ d̄ é ♦ ♠í♥✐♠♦ ❞❡ ❞✐s❝r❡♣â♥❝✐❛

q✉❡ ♣♦❞❡ s❡r ❛t✐♥❣✐❞❛ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❛❝♦♣❧❛❞♦s✳ ❆ q✉❡stã♦ ❞❡ ♣♦❞❡r ❝♦♥str✉✐r ✉♠ ❛❝♦♣❧❛♠❡♥t♦

❛t✐♥❣✐♥❞♦ ❡st❛ ❞✐stâ♥❝✐❛ ❢♦✐ ❡①t❡♥s✐✈❛♠❡♥t❡ ❡st✉❞❛❞❛ ♣♦r ✭❊❧❧✐s ✭✶✾✼✻✮✱ ❊❧❧✐s ✭✶✾✼✽✮✱ ❊❧❧✐s ✭✶✾✽✵❛✮✱ ❊❧✲

❧✐s ✭✶✾✽✵❜✮✮ ♥♦ ❝❛s♦ ❞❡ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s✳ ▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ●❛❧✈❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ♠♦str❛r❛♠

q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ♠❛①✐♠❛❧ ❛t✐♥❣❡ ❡st❛ ❞✐stâ♥❝✐❛ ♥♦ ❝❛s♦ ❞❡ ❝❛❞❡✐❛s ♦r❞❡♥❛❞❛s✱ ♦r❞❡♥❛çã♦ ❡st❛

❞❡✜♥✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✹✳ ◆ós t♦♠❛♠♦s ✈❛♥t❛❣❡♠ ❞❛ ♥♦çã♦ ❞❡ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♣❛r❛ ♦❜t❡r ❡①❡♠♣❧♦s

❞❡ ♣r♦❝❡ss♦s ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛ ♣❛r❛ ♦s q✉❛✐s s❛❜❡♠♦s ❝♦♥str✉✐r ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❛t✐♥❣✐♥❞♦ d̄ s❡♠

❛ss✉♠✐r ❛ ♦r❞❡♥❛çã♦ ❞❡ ●❛❧✈❡s ❡t ❛❧✳ ✭✷✵✶✵✮✳

❆ t❡s❡ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ✐♥tr♦❞✉③✐♠♦s ❛ ♥♦t❛çã♦ ❡ ❞❡✜♥✐çõ❡s

❜ás✐❝❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❡♠ t♦❞❛ t❡s❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ❛ s❡r ✉t✐❧✐③❛❞❛ ♥❛ t❡s❡✱

q✉❡ é ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❝♦♠ ❛❧❢❛❜❡t♦ ❜✐♥ár✐♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✲

✈✐❛♥♦ ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦✱ ❛tr❛✈és ❞❛ tr❛♥❢♦r♠❛çã♦ ❛❣r❡❣❛♥t❡✳ ❈♦♥❞✐çõ❡s ♣❛r❛ ❛ ▼❛r❦♦✈✐❛♥✐❞❛❞❡ ❞♦

♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ sã♦ ❛♣r❡s❡♥t❛❞❛s✱ ❛ss✐♠ ❝♦♠♦ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡ ●✐❜❜s✐❛♥✐❞❛❞❡✳

❆ ♠❡❞✐❞❛ ❡st❛❝✐♦♥ár✐❛ ❞♦ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦✱ ♦❜t✐❞♦ ♣♦r ❛❣r❡❣❛çã♦ ❞❡ ❡st❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠

♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦✱ ❛tr❛✈és ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡✱ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ❛ ♣❛rt✐r

❞❛ ♠❡❞✐❞❛ ❞♦ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♦r✐❣✐♥❛❧✱ ♥♦ ❈❛♣ít✉❧♦ ✸ ❡ss❡ r❛❝✐♦❝í♥✐♦ é ❞❡s❡♥✈♦❧✈✐❞♦ ❡ ♦ ❛❧❝❛♥❝❡

❛ ❞✐stâ♥❝✐❛ d̄ é ❡st✉❞❛❞♦✳

✷



❈❛♣ít✉❧♦ ✷

Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✈❛çã♦ ❖❜t✐❞♦s P♦r ❆❣r❡❣❛çã♦ ❉❡ ❊st❛✲

❞♦s ✲ ❆❧❢❛❜❡t♦ ❋✐♥✐t♦

■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ❛ ♥♦t❛çã♦ ❡ ❛s ❞❡✜♥✐çõ❡s ✐♥✐❝✐❛✐s✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡

t♦❞❛ ❛ t❡s❡✳ ❊♠ s❡❣✉✐❞❛ ❡st✉❞❛♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s

❜✐♥ár✐♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ✜♥✐t♦✱ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ s♦❜r❡❥❡t✐✈❛✳ ❊✱ ✜♥❛❧♠❡♥t❡✱ ❡st✉❞❛♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡

tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ♦❜t✐❞♦ ♣♦r ❡st❡ ♠ét♦❞♦✱ ❜❡♠ ❝♦♠♦ ❛ ●✐❜❜s✐❛♥✐❞❛❞❡✳

✷✳✶ ◆♦t❛çã♦ ❊ ❉❡✜♥✐çõ❡s

❙❡❥❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ A✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ❛❧❢❛❜❡t♦✱ ❝✉❥❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡♥♦t❛r❡♠♦s ♣♦r |A|✳

❯♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ q✉❛❧q✉❡r ❞❡ sí♠❜♦❧♦s ♥♦ ❛❧❢❛❜❡t♦ A s❡rá ❞❡♥♦♠✐♥❛❞❛ ♣❛❧❛✈r❛ s♦❜r❡ A✳ P❛r❛ t♦❞♦

✐♥t❡✐r♦ n✱ An ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛❧❛✈r❛s ❞❡ n sí♠❜♦❧♦s✳ ❉❛❞♦s ❞♦✐s ✐♥t❡✐r♦s −∞ < m ≤ n < +∞✱

❛ s❡q✉ê♥❝✐❛ ❞❡ sí♠❜♦❧♦s ❡♠ A✱ xm, xm+1, ..., xn s❡rá ❞❡♥♦t❛❞❛ ♣♦r xnm ❡ ♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ♣♦r

|xnm| = n−m+1✳ ❉❛❞❛s ❞✉❛s ♣❛❧❛✈r❛s xm1 = x1...xm ❡ yn1 = y1...yn s♦❜r❡ A✱ ❛ ❝♦❝❛t❡♥❛çã♦ ❞❡ xm1 ❡

yn1 s❡rá ❞❡♥♦t❛❞❛ ♣♦r xm1 , y
n
1 ❡ ❞❡✜♥✐❞❛ ♣♦r xm1 , y

n
1 = x1...xmy1...yn✳ ❙❡♠❡❧❤❛♥t❡♠❡♥t❡✱ xn−∞ ❞❡♥♦t❛

❛ s❡q✉ê♥❝✐❛ (xi)i∈N✱ t♦❞❛ ❤✐stór✐❛ ♣❛ss❛❞❛ ❛té ♦ t❡♠♣♦ n✱ ❡ An
−∞ ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s s❡q✉ê♥❝✐❛s✳ ❆s

s❡q✉ê♥❝✐❛s ❣❡♥ér✐❝❛s ❡♠ A s❡rã♦ ❞❡♥♦t❛❞❛s ♥❡❣r✐t❛❞❛s ❡ s❡♠ s✉❜ ♦✉ s✉♣❡rí♥❞✐❝❡s✱ x ∈ A✳

❚♦❞♦s ♦s ♣r♦❝❡ss♦s ♠❡♥❝✐♦♥❛❞♦s ❛q✉✐ sã♦ s❡q✉ê♥❝✐❛s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞✐s❝r❡t❛s ❞❡✜♥✐❞❛s

❡♠ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,❋,P)✳

❯t✐❧✐③❛r❡♠♦s ❧❡tr❛s ♠❛✐ús❝✉❧❛s ❡♠ ♥❡❣r✐t♦✱ ❝♦♠♦ X✱ ♣❛r❛ r❡♣r❡s❡♥t❛r ♣r♦❝❡ss♦s✱ ✐st♦ é✱ X =

(Xn)n∈Z é ✉♠ ♣r♦❝❡ss♦ ❡st❛❝✐♦♥ár✐♦ s♦❜r❡ ✉♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦ A✳ ❆♣❡s❛r ❞❡ ♥ã♦ ❝♦♥✈❡♥❝✐♦♥❛❧✱ ✉t✐✲

❧✐③❛r❡♠♦s ❛ ♥♦t❛çã♦ PX ♣❛r❛ r❡♣r❡s❡♥t❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ X✳ ❆ss✐♠✱ ♣❛r❛

q✉❛✐sq✉❡r s❡q✉ê♥❝✐❛s ❞❡ sí♠❜♦❧♦s x−1
−∞ ❡ q✉❛❧q✉❡r sí♠❜♦❧♦ a ∈ A t❡r❡♠♦s

PX(a|x−1
−∞) = P(X0 = a|X−1

−∞ = x−1
−∞).

❉❡♥♦t❛r❡♠♦s ♣♦r µX ❛ ❞✐str✐❜✉✐çã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ ♣r♦❝❡ss♦ X✱ ✐st♦ é

µX(an1 ) = P(Xn
1 = an1 )

✸



♣❛r❛ t♦❞♦s an1 ∈ An ❡ n ∈ Z✳

❆♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❡♠ t♦❞❛ ❛ t❡s❡✳

❉❡✜♥✐çã♦ ✷✳✶ ❯♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ ❡st❛❝✐♦♥ár✐♦ (Xn)n∈Z ❞❡ ♠❡❞✐❞❛ ❡st❛❝✐♦♥ár✐❛ µX ❡ ❛❧❢❛❜❡t♦

✜♥✐t♦ A é ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦✱ s❡ ❡①✐st❡ ✉♠ sí♠❜♦❧♦ e ∈ A✱ t❛❧ q✉❡

P(X0 = a|X−1
−i = a−1

−i , X−i−1 = e,X−i−2
−r = a−i−r

−2 ) = P(X0 = a|X−1
−i = a−1

−i , X−i−1 = e), ✭✷✳✶✮

♣❛r❛ t♦❞♦s r ∈ N✱ i ≤ r✱ a−1
−i ∈ Ai ❡ a ∈ A✳

❯♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦✱ r❡♥♦✈❛♥❞♦ ♥♦ sí♠❜♦❧♦ 1✱ ♣♦ss✉✐ ❡st❛ ♠❡s♠❛ ❞❡✜♥✐çã♦✱ ❝♦♠ e = 1✳

❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ P(X0 = 1|X−1
−i = 0−1

−i , X−i−1 = 1) s❡rá ❞❡♥♦t❛❞❛ ♣♦r PX(1|0i1)✱ ♦♥❞❡

0i1 r❡♣r❡s❡♥t❛ i sí♠❜♦❧♦s 0 ❛♥t❡s ❞♦ sí♠❜♦❧♦ 1✳ ❊♠ t♦❞❛s ❛s ♥♦ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ s✉♣♦r❡♠♦s q✉❡

lim
n→∞

P (1|0n1) = P (1|0)

s❡♠♣r❡ q✉❡ ❤♦✉✈❡r ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ P (1|0n1) q✉❛♥❞♦ n → ∞✳ ❖♥❞❡ 0 r❡♣r❡s❡♥t❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛

❞❡ sí♠❜♦❧♦s t♦❞♦s ✐❣✉❛✐s ❛ ③❡r♦✳

❆ ♥ã♦ s❡r ♥♦s ❝❛s♦s ♠❡♥❝✐♦♥❛❞♦s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ t♦❞♦s ♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛❜♦r❞❛❞♦s

♥❡st❛ t❡s❡ sã♦ ❞❡✜♥✐❞♦s ♥♦ ❛❧❢❛❜❡t♦ {0, 1}✱ ✐st♦ é✱ sã♦ ❜✐♥ár✐♦s✱ ❝♦♥str✉í❞♦s ❛tr❛✈és ❞❛ tr❛♥s❢♦r♠❛çã♦

❛❣r❡❣❛♥t❡✱ q✉❡ é ❞❡✜♥✐❞❛ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✷ ❙❡❥❛ ♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ A ❡ a ∈ A✳ ❆ ❢✉♥çã♦ s♦❜r❡❥❡t✐✈❛ t : A→ {0, 1} ❞❡✜♥✐❞❛ ♣♦r

t(x) =

{
1, s❡ x = a

0, s❡ x 6= a
✭✷✳✷✮

é ❝❤❛♠❛❞❛ ❞❡ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡✳

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❝♦♥s✐❞❡r❛♠♦s s❡♠♣r❡ A = {1, 2, ...,m}✳

❈♦♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ✉t✐❧✐③❛r❡♠♦s t : An → {0, 1}n ♣❛r❛ ❞❡♥♦t❛r ❛ tr❛♥s❢♦r♠❛çã♦ q✉❡ ♠❛♣❡✐❛

❛ s❡q✉ê♥❝✐❛ xn1 ♥❛ s❡q✉ê♥❝✐❛ t(xn1 )✱ t(X) = Y = (yn)n∈N✱ t❛❧ q✉❡ yn = t(xn), n ∈ N✳ ❈♦♠♦ ❡①❡♠♣❧♦✱

❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛❧❢❛❜❡t♦ A = {1, 2, 3} ❡ a = 1✱ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮ tr❛♥s❢♦r♠❛ ✉♠

♣r♦❝❡ss♦ X ❡♠ t(X)✱ ✐st♦ é✱ ❛ ♣❛rt✐r ❞❛ s❡q✉ê♥❝✐❛ ❞❡ sí♠❜♦❧♦s

1 1 2 1 2 3 2 1 1 2 2 3 . . . 3 2 3 1 ❝♦♥str✉í♠♦s 1 1 0 1 0 0 0 1 1 0 0 0 . . . 0 0 0 1.

❆ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ s❡q✉ê♥❝✐❛s ✐♥✜♥✐t❛s ❡ s❡q✉ê♥❝✐❛s ❞❡ ✈❛rá✈❡✐s ❛❧❡❛tór✐❛s é ❛♥á❧♦❣❛✳

❆ Pr♦♣♦s✐çã♦ ✷✳✶✱ ❛ s❡❣✉✐r✱ ♥♦s ❢♦r♥❡❝❡ ♦ ♠ét♦❞♦ ❝♦♥str✉t✐✈♦ ❞❡ s❡ ♦❜t❡r ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦

♣♦r ❛❣r❡❣❛çã♦ ❞❡ ❡st❛❞♦s✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦✳

✹



Pr♦♣♦s✐çã♦ ✷✳✶ ❙❡❥❛♠ ♦s ❝♦♥❥✉♥t♦s ✜♥✐t♦s A = {1, 2, . . . ,m} ❡ B = {0, 1}✳ ❙❡❥❛ X ✉♠ ♣r♦❝❡ss♦

▼❛r❦♦✈✐❛♥♦ ❡st❛❝✐♦♥ár✐♦ ❝♦♠ ❛❧❢❛❜❡t♦ A ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ PX(a|b) = pba, ∀a, b ∈ A✳

❈♦♥s✐❞❡r❡ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ t ❞❡✜♥✐❞❛ ♣♦r ✭✷✳✷✮✱ ❡♥tã♦ t(X) é ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦

❡stá❝✐♦♥ár✐♦✳

Pr♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶

❱❛♠♦s ♠♦str❛r q✉❡ s❡ ♦ ♣r♦❝❡ss♦ X é ❡st❛❝✐♦♥ár✐♦ ❡♥tã♦ ♦ ♣r♦❝❡ss♦ Y = t(X) t❛♠❜é♠ é✳ ❈♦♠♦

X é ❡st❛❝✐♦♥ár✐♦✱

µX(an1 ) = P(Xn
1 = an1 ) = P(Xt+n

t+1 = an1 )

♣❛r❛ t♦❞♦ n ∈ N, t ∈ Z ❡ an1 ∈ An✳ P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ bn1 ∈ Bn✱

P(Y t+n
t+1 = bn1 ) =

∑

an1∈t
−1(bn1 )

P(Xt+n
t+1 = an1 ) =

∑

an1∈t
−1(bn1 )

P(Xn
1 = an1 ) = P(Y n

1 = bn1 ).

▲♦❣♦✱ Y é ❡st❛❝✐♦♥ár✐♦✳

Pr♦✈❛r❡♠♦s ❛❣♦r❛ q✉❡ Y = t(X) é ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦✳ P❛r❛ t♦❞♦ n ∈ N ❡ b−n−2
−r−n−1 ∈ Ar

❡ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈✱ t❡♠♦s

PY(1|0n1br1) = P(Y0 = 1|Y −1
−n = 0−1

−n, Y−n−1 = 1, Y −n−2
−r−n−1 = b−n−2

−r−n−1)

= P(X0 = 1|X−1
−n ∈ t−1(0−1

−n), X−n−1 = 1, X−n−2
−r−n−1 ∈ t−1(b−n−2

−r−n−1))

=
P(X−n−2

−r−n−1 ∈ t−1(b−n−2
−r−n−1), X−n−1 = 1, X−1

−n ∈ t−1(0−1
−n), X0 = 1)

P(X−n−2
−r−n−1 ∈ t−1(b−n−2

−r−n−1), X−n−1 = 1, X−1
−n ∈ t−1(0−1

−n))

=
P(X−n−2

−r−n−1 ∈ t−1(b−n−2
−r−n−1), X−n−1 = 1)

P(X−n−2
−r−n−1 ∈ t−1(b−n−2

−r−n−1), X−n−1 = 1)

.
P(X0 = 1, X−1

−n ∈ t−1(0−1
−n)|X−n−1 = 1, X−n−2

−r−n−1 ∈ t−1(b−n−2
−r−n−1))

P(X−1
−n ∈ t−1(0−1

−n)|X−n−1 = 1, X−n−2
−r−n−1 ∈ t−1(b−n−2

−r−n−1))

=
P(X0 = 1, X−1

−n ∈ t−1(0−1
−n)|X−n−1 = 1)

P(X−1
−n ∈ t−1(0−1

−n)|X−n−1 = 1)

= P(X0 = 1|X−1
−n ∈ t−1(0−1

−n), X−n−1 = 1)

= PY(1|0n1).

❆ ❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ❜✐♥ár✐♦

s❡rá

PY(1|0n1) =

∑
xi∈t−1(0) p1xi

.
∏n−1

i=1

(
pxixi+1

)
.pxn1∑

xi∈t−1(0) p1xi
.
∏n−1

i=1

(
pxixi+1

) . ✭✷✳✸✮

❈♦♠ ❛s ❞❡✈✐❞❛s ❛❞❛♣t❛çõ❡s✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✶ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❛❣r❡❣❛♥t❡ ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ B é ♥ã♦ ❜✐♥ár✐♦✱ ♠❛s✱ ♣❡❧♦ ♠❡♥♦s ✉♠ ❡❧❡♠❡♥t♦ ❞❡ B é ✐♠❛❣❡♠ ❞❡ ✉♠

✺



ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ A✳

✷✳✷ ❆❜♦r❞❛❣❡♠ ▼❛tr✐❝✐❛❧

❙❡❥❛ (Xn)n∈Z ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s A = {1, 2, . . . ,m} ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ tr❛♥s✐çã♦ PX✳ ❯t✐❧✐③❛r❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ ♠❛tr✐③ PX ❝♦♠♦

PX =

[
p11 V

W ′ P

]
, ✭✷✳✹✮

♦♥❞❡

• p11 = P(X0 = 1|X−1 = 1)✳

• V é ♦ ✈❡t♦r✲❧✐♥❤❛ ❢♦r♠❛❞♦ ♣❡❧❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ p1i = P(X0 = i|X−1 = 1)✱

i ∈ A \ {1}✳

• W é ♦ ✈❡t♦r✲❧✐♥❤❛ ❢♦r♠❛❞♦ ♣❡❧❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ pi1 = P(X0 = 1|X−1 = i)✱

i ∈ A \ {1}✱ W ′ é ♦ ✈❡t♦r✲❝♦❧✉♥❛ ♦❜t✐❞♦ ♣❡❧❛ tr❛♥s♣♦s✐çã♦ ❞❡ W ✳

• P é ❛ s✉❜♠❛tr✐③ ❞❡ PX✱ ❞❡ ♦r❞❡♠ (m−1)×(m−1) ❝♦♠ pij = P(X0 = j|X−1 = i)✱ i, j ∈ A\{1}✳

❉❡✜♥❛ 1 ❡ 0 ❝♦♠♦ s❡♥❞♦ ♦s ✈❡t♦r❡s ❧✐♥❤❛✱ ❢♦r♠❛❞♦s t♦❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ ✉♥s ❡ ❞❡ ③❡r♦s✱ ❞❡

❝♦♠♣r✐♠❡♥t♦ m− 1✳ P❛r❛ ❡✈✐t❛r ♦s ❝❛s♦s tr✐✈✐❛✐s✱ ❝♦♥s✐❞❡r❛r❡♠♦s s❡♠♣r❡ ❡♠ ♥♦ss❛s ❛♥á❧✐s❡s V 6= 0

❡ W 6= 0✳ ❈♦♠♦ PX é ✉♠❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛✱ 0 ≤ PX
ij ≤ 1 ❡ PX.1′ = 1

′✱ ❡♥tã♦ ❛ s✉❜♠❛tr✐③ P é

s✉❜✲❡st♦❝ást✐❝❛✱ ✐st♦ é✱ 0 ≤ pij ≤ 1 ❡ P.1′ ≤ 1
′✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ t ❞❛❞❛ ♣♦r ✭✷✳✷✮✱ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦

♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❛tr❛✈és ❞❡

P t(X)(1|0n+11) =

{
p11, s❡ n = −1

V.Pn.W ′

V.Pn.1′ , s❡ n ≥ 0
, ✭✷✳✺✮

♦♥❞❡ P 0 = I é ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ m− 1✳

❆s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ❞❛❞❛s ♣♦r ✭✷✳✸✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s à ❡①♣r❡ssã♦

✭✷✳✺✮✳ ■ss♦ ♣♦❞❡ s❡r ♠♦str❛❞♦ ♣♦r ✐♥❞✉çã♦ ❞❛ ❢♦r♠❛ s❡❣✉✐♥t❡✳

✶✳ ❆ ❡①♣r❡ssã♦ ✭✷✳✺✮ é ✈á❧✐❞❛ ♣❛r❛ n = 0 ❡ n = 1 ❞❡ ♠♦❞♦ ó❜✈✐♦✳ ❱❛♠♦s ♠♦str❛r ✉s❛♥❞♦ ♦ ♣r♦❞✉t♦

❞❡ ♠❛tr✐③❡s✱ q✉❡ é ✈á❧✐❞♦ ♣❛r❛ n = 2✳ ❆ ❡①♣r❡ssã♦ s✐♠♣❧✐✜❝❛❞❛ ✭✷✳✸✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

P t(X)
(
1|031

)
=

∑m
k=2

[∑m
j=2 p1j . (

∑m
i=2 pji.pik)

]
.pk1

∑m
k=2

[∑m
j=2 p1j . (

∑m
i=2 pji.pik)

] .

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s

✻



m∑

i=2

pji.pik = P 2

❡

P t(X)(1|031) =
V.P 2.W ′

V.P 2.1′
.

✷✳ ❙✉♣♦♥❞♦ ✭✷✳✺✮ ✈á❧✐❞❛ ♣❛r❛ n✱ ❞♦ ♠❡s♠♦ ♠♦❞♦✱

P t(X)
(
1|0n+11

)
=
V.Pn.W ′

V.Pn.1′
.

❊♥tã♦✱ ♣❛r❛ n+ 1 t❡r❡♠♦s

P t(X)
(
1|0n+21

)
=

∑m
in+1=2

[∑m
j=2 p1j .

(∑m
in=2 . . .

∑m
i2=2

∑m
i1=2 pji1 .pi1i2 . . . pinin+1

)]
.pin+11

∑m
in+1=2

[∑m
j=2 p1j .

(∑m
in=2 . . .

∑m
i2=2

∑m
i1=2 pji1 .pi1i2 . . . pinin+1

)] .

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s✱ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ t❡r❡♠♦s

P t(X)
(
1|0n+21

)
=
V.Pn+1.W ′

V.Pn+1.1′
.

▼♦str❛♥❞♦ ❛ss✐♠✱ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ✭✷✳✸✮ ❡ ✭✷✳✺✮✳

✷✳✸ ❆❣r❡❣❛❜✐❧✐❞❛❞❡ ❉❡ ❯♠ Pr♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦

❆s ❝♦♥❞✐çõ❡s s♦❜ ❛s q✉❛✐s ♦ ♣r♦❝❡ss♦ t(X) ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❢♦✐ ❡st✉❞❛❞♦

♣♦r ✈ár✐♦s ❛✉t♦r❡s ❝♦♠♦✱ ❇✉r❦❡ ✫ ❘♦s❡♥❜❧❛tt ✭✶✾✺✽✮✱ ❘✉❜✐♥♦ ✫ ❙❡r✐❝♦❧❛ ✭✶✾✽✾✮✱ ❘✉❜✐♥♦ ✫ ❙❡r✐❝♦❧❛

✭✶✾✾✶✮✱ ❇❛❧❧ ✫ ❨❡♦ ✭✶✾✾✸✮✱ ❇✉❝❤❤♦❧③ ✭✶✾✾✹✮✱ ▲❡❞♦✉① ❡t ❛❧✳ ✭✶✾✾✹✮✱ P❡♥❣ ✭✶✾✾✻✮✱ ●✉r✈✐ts ✫ ▲❡❞♦✉①

✭✷✵✵✺✮✱ ❡ ♦✉tr♦s✳ ❯t✐❧✐③❛r❡♠♦s ❛ ✈❡rsã♦ ❞❡ ❑❡♠❡♥② ✫ ❙♥❡❧❧ ✭✶✾✼✻✮✳

❉❡✜♥✐çã♦ ✷✳✸ ❯♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ é ❞✐t♦ s❡r ❛❣r❡❣á✈❡❧ ❝♦♠ r❡s♣❡✐t♦ à ♣❛rt✐çã♦ {A1, A2, . . . , Ak}

❞❡ A✱ s❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ tr❛♥❢♦r♠❛çã♦ s♦❜r❡❥❡t✐✈❛ g(x) = i.1(x ∈ Ai) é ✉♠ ♣r♦❝❡ss♦

▼❛r❦♦✈✐❛♥♦✳

❚❡♦r❡♠❛ ✷✳✶ ❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ X s❡r ❛❣r❡❣á✈❡❧

❝♦♠ r❡s♣❡✐t♦ à ♣❛rt✐çã♦ {A1, A2, . . . , Ak} é q✉❡✱ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s Ai✱ Aj ❡ ❝❛❞❛ b ∈ Aj

PX(b|a) = P(X0 = b|X−1 = a) = c, ♣❛r❛ t♦❞♦ a ∈ Ai.

❊ss❡s ✈❛❧♦r❡s ❝♦♠✉♥s ❢♦r♠❛♠ ❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ pt(X)
ij ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦✳

◆♦t❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛❣r❡❣❛❜✐❧✐❞❛❞❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ♥♦ ❝❛s♦ ❜✐♥ár✐♦✱ ♣♦❞❡ s❡r ❡s❝r✐t❛✱ ✉t✐❧✐③❛♥❞♦

❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❝♦♠♦ W ′ = c.1′✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ pi1 = P(X0 = 1|X−1 = i) = c é ❝♦♥st❛♥t❡

✼



♣❛r❛ t♦❞♦ i ∈ A \ {1}✳ ❆ss✐♠✱ s❡ ❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ é s❛t✐s❢❡✐t❛ ❝♦♠ r❡s♣❡✐t♦ à ♣❛rt✐çã♦

{{1}, {2, 3...,m}}✱ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) é ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❞❛❞❛ ♣♦r

P t(X) =

[
p11 1− p11

c 1− c

]
.

❖❜s❡r✈❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛❣r❡❣❛❜✐❧✐❞❛❞❡ ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✶ ❛❝✐♠❛✱ s❡ r❡❢❡r❡ ❛ ✉♠ ♣r♦❝❡ss♦

▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ✶✳ ❖✉tr❛s ♣❡r❣✉♥t❛s q✉❡ s✉r❣❡♠ ❡stã♦ ❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r✳

✭✶✮ ❆ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ 1✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦

❞❡ q✉❛❧q✉❡r ♦r❞❡♠ ✜♥✐t❛ k 6= 1❄

✭✷✮ ◗✉❛✐s ❝♦♥❞✐çõ❡s ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❡ ✉♠❛ ♣❛rt✐çã♦ ❞♦ ❛❧❢❛❜❡t♦ ❞❡✈❡♠ s❛t✐s❢❛③❡r ♣❛r❛ q✉❡

s❡❥❛ ♣♦ssí✈❡❧ ♣r♦❞✉③✐r ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛❄

✭✸✮ ◆♦ ❝❛s♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ q✉❡ ❝♦♥❝❧✉sõ❡s ♣♦❞❡♠♦s t✐r❛r q✉❛♥t♦ à ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦❄ ◗✉❛✐s ❝♦♥❞✐çõ❡s ✉♠ ♣r♦❝❡ss♦ ♥ã♦ ❛❣r❡❣á✈❡❧

❞❡✈❡ s❛t✐s❢❛③❡r✱ ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♦❜t✐❞♦ ♣♦ss✉❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥✲

tí♥✉❛s❄ ◆❡st❡ ❝❛s♦✱ q✉❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ t❛✐s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s

q✉❛♥❞♦ n→ ∞❄ ❆ ❝♦♥t✐♥✉✐❞❛❞❡ s❡rá ❞❡✜♥✐❞❛ ♥❛ ♣ró①✐♠❛ ❙❡çã♦✳

✭✹✮ ❆s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♠❛♥té♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ●✐❜❜s✐❛♥❛❄ ◗✉❛✐s

sã♦ ❛s ❝♦♥❞✐çõ❡s s♦❜ ❛s q✉❛✐s ❛ ●✐❜❜s✐❛♥✐❞❛❞❡ é ❣❛r❛♥t✐❞❛❄ ❆ ●✐❜❜s✐❛♥✐❞❛❞❡ s❡rá ❞❡✜♥✐❞❛ ♥❛

❙❡çã♦ ✸✳✹✳

❆s ♣❡r❣✉♥t❛s ❞❡ (1) ❛ (3) sã♦ r❡s♣♦♥❞✐❞❛s ♥❛ ❙❡çã♦ 3.3✱ ❛ ♣❡r❣✉♥t❛ (4) é ❛❜♦r❞❛❞❛ ♥❛ ❙❡çã♦ 3.4

❞❡st❡ ❝❛♣ít✉❧♦✳

❖❜s❡r✈❛♠♦s✱ ❛tr❛✈és ❞❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧✱ q✉❡ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) s❡r ▼❛r❦♦✈✐❛♥♦

❞❡ ♦r❞❡♠ k✱ t❡♠♦s q✉❡ ✈❡r✐✜❝❛r ❛ ✐❣✉❛❧❞❛❞❡

P t(X)
(
1|0n+11

)
=
V.Pn.W ′

V.Pn.1′
=
V.P k−1.W ′

V.P k−1.1′
= P t(X)(1|0k1), ❝♦♠ k ≤ n, ♣❛r❛ t♦❞♦ n.

✷✳✹ ❈♦♥t✐♥✉✐❞❛❞❡ ❉❛s Pr♦❜❛❜✐❧✐❞❛❞❡s ❉❡ ❚r❛♥s✐çã♦

❉❡❞✐❝❛♠♦s ❡st❛ s❡çã♦ ❛ ❡♥❝♦♥tr❛r ❛s ❝♦♥❞✐çõ❡s s♦❜r❡ PX ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X)✳ ▲❡♠❜r❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ♣❛r❛

♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s✳

❉❡✜♥✐çã♦ ✷✳✹ ❆ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡
(
βY (n)

)
n∈N

❞♦ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦ Y é ❞❡✜♥✐❞❛ ❝♦♠♦

βY (n) = sup
x,y

{|PY(x0|x
−1
−∞)− PY(x0|x

−1
−n, y

−n−1
−∞ )|}.

✽



❉❡✜♥✐çã♦ ✷✳✺ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ PY é ❞✐t❛ s❡r ❝♦♥tí♥✉❛ s❡

βY (n) → 0, q✉❛♥❞♦ n→ ∞.

❈♦♠♦✱ ❡♠ ♥♦ss♦ ❝♦♥t❡①t♦✱ ♦ ❛❧❢❛❜❡t♦ é A = {0, 1}✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r x0 = 1✱ ♣♦✐s PY(1|x−1
−∞) =

1− PY(0|x−1
−∞)✳ ❊♥tã♦

βY (n) = sup
x,y

{|PY(x0|x
−1
−∞)− PY(x0|x

−1
−n, y

−n−1
−∞ )|}

= sup
x,y

{|P(Y0 = x0|Y
−1
−∞ = x−1

−∞)− P(Y0 = x0|Y
−1
−n = x−1

−n, Y
−n−1
−∞ = y−n−1

−∞ )|}

= sup
x,y

{|P(Y0 = 1|Y −1
−∞ = x−1

−∞)− P(Y0 = 1|Y −1
−n = x−1

−n, Y
−n−1
−∞ = y−n−1

−∞ )|}.

❈♦♠♦ ♦ Pr♦❝❡ss♦ Y r❡♥♦✈❛ ❡♠ 1✱ ♦ s✉♣r❡♠♦ é ❛t✐♥❣✐❞♦ q✉❛♥❞♦ x−1
−∞ = 0−1

−∞ = 0✱ ❝❛s♦ ❝♦♥trár✐♦✱

❤❛✈❡r✐❛ ✉♠ sí♠❜♦❧♦ 1✱ ❡sq✉❡❝❡rí❛♠♦s ♦ ♣❛ss❛❞♦ ❛ ♣❛rt✐r ❞❡❧❡ ❡✱ ❞❡st❛ ❢♦r♠❛✱ t❡rí❛♠♦s βY(n) = 0✳

❆ss✐♠✱ ♣❛r❛ l ≥ n✱ x−1
−l = 0−1

−l ❡ Y−l−1 = 1✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

βY (n) = sup
y
{|P(Y0 = 1|Y −1

−∞ = 0−1
−∞)− P(Y0 = 1|Y −1

−n = 0−1
−n, Y−n−1 = 1, Y −n−2

−∞ = y−n−2
−∞ )|}

= sup
l≥n

{|P(Y0 = 1|Y −1
−∞ = 0−1

−∞)− P(Y0 = 1|Y −1
−l = 0−1

−l , Y−l−1 = 1)|}

= sup
l≥n

{|PY(1|0−1
−∞)− PY(1|0−1

−l 1)|}

= sup
l≥n

{|PY(1|0)− PY(1|0l1)|}.

❍❛rr✐s ✭✶✾✺✺✮✱ ❝✐t❛❞♦ ♣♦r ❱❡r❜✐ts❦✐② ✭✷✵✶✶❛✮ ❡ ❱❡r❜✐ts❦✐② ✭✷✵✶✶❜✮✱ ♠♦str♦✉ q✉❡ s♦❜ ❛ ❝♦♥❞✐çã♦

❞❡ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ♦r✐❣✐♥❛❧✱ ♣r♦❝❡ss♦s ❛❣r❡❣❛❞♦s q✉❡ sã♦

❢✉♥çõ❡s ❞❡ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s✱ ❝♦♠♦ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ t q✉❡ ❡st❛♠♦s ❡st✉❞❛♥❞♦✱ tê♠

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛s✳

Pr♦♣♦s✐çã♦ ✷✳✷ P❛r❛ t♦❞♦ t(X) = Y = (Yn)n∈Z✱ s❡ PX = pij > 0✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ i, j ∈ N✱

❡♥tã♦

P(Y0 = y0|Y
−1
−∞ = y−1

−∞) := lim
n→∞

P(Y0 = y0|Y
−1
−n = y−1

−n),

♣❛r❛ t♦❞♦ n ∈ N ❡ y−1
−∞, y

−1
−n ∈ BN✱ B ❛❧❢❛❜❡t♦ ❞❡ Y✳ ❊①✐st❡ 0 ≤ c < 1✱ t❛❧ q✉❡

βY (n) ≤ (c)n.

❖✉tr❛ ✐♥❞❛❣❛çã♦ q✉❡ ♥❛t✉r❛❧♠❡♥t❡ s✉r❣❡ é✱ ❛ ❝♦♥❞✐çã♦ PX = pij > 0 é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦❄ q✉❡ ♦✉tr❛ ❝♦♥❞✐çã♦✱ ♠❛✐s ❢r❛❝❛✱ ❣❛r❛♥t❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡

❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ♥✉♠ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛❄

✾



❖ ❈❛s♦ Pr✐♠✐t✐✈♦

❖ ❚❡♦r❡♠❛ ✷✳✷ ❞á ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡✱ ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡

❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X)✳ ❯♠❛ ♠❛tr✐③ ✐rr❡❞✉tí✈❡❧ ❛♣❡r✐ó❞✐❝❛ é

❛q✉✐ ❝❤❛♠❛❞❛ ❞❡ ♣r✐♠✐t✐✈❛❀ s❡ ❡❧❛ é ♣❡r✐ó❞✐❝❛ ❡♥tã♦ ❛ ❝❤❛♠❛♠♦s ❞❡ ❝í❝❧✐❝❛✳ ▼❛✐♦r❡s ❞❡t❛❧❤❡s sã♦

❛♣r❡s❡♥t❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ❇✳ ❯t✐❧✐③❛r❡♠♦s ❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ ❙❡çã♦ 3.1✱ ❜❡♠

❝♦♠♦ ❛ ❚❡♦r✐❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ❛♣r❡s❡♥t❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳

❚❡♦r❡♠❛ ✷✳✷ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s A =

{1, 2, . . . ,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✳ ❙✉♣♦♥❤❛ ❛ s✉❜✲

♠❛tr✐③ P ✐rr❡❞✉tí✈❡❧✳

❊♥tã♦✱ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) ♣♦ss✉✐ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛s s❡ ❛ s✉❜♠❛tr✐③ P

é ♣r✐♠✐t✐✈❛✳

❊ ❛✐♥❞❛

✶✳ ❆ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ βt(X)(n) ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ é ❞❛

♦r❞❡♠ ❞❡

nd2−1.

(
|λ2|

λ1

)n

,

♦♥❞❡ λ1 é ♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ❞❡ P ✱ λ2 é ♦ s❡❣✉♥❞♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r✱ ❡♠ ♠ó❞✉❧♦✱ ❞❡ P ❡ d2 é

s✉❛ r❡s♣❡❝t✐✈❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❛❧❣é❜r✐❝❛✳

✷✳ ❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) é ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛ 1 < k ≤ m−1 s❡ ❛ s✉❜♠❛tr✐③

P ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r ♥ã♦✲♥✉❧♦ ❡ t♦❞♦s ♦s ❞❡♠❛✐s ♥✉❧♦s✱ ❝♦♠ k ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s ❡♠

s✉❛ ❢♦r♠❛ tr✐❛♥❣✉❧❛r✐③❛❞❛✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷

❏á ✈✐♠♦s q✉❡ ❛ s✉❜♠❛tr✐③ P é ✉♠❛ ♠❛tr✐③ s✉❜✲❡st♦❝ást✐❝❛✱ ❧♦❣♦ é ♥ã♦ ♥❡❣❛t✐✈❛✱ ❝♦♠♦ r❡q✉❡r ♦

❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✲❋r♦❜ê♥✐✉s✳ ❈♦♥s✐❞❡r❡ λ1, λ2, ..., λr t♦❞♦s ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡ P ✱ ♦r❞❡♥❛❞♦s ❞❡ t❛❧

❢♦r♠❛ q✉❡

|λ1| > |λ2| ≥ |λ3| ≥ . . . ≥ |λr|. ✭✷✳✻✮

❙❡ |λ2| = |λj | ♣❛r❛ ❛❧❣✉♠ j ≥ 3✱ ❡♥tã♦ d2 ≥ dj ✱ ♦♥❞❡ dj é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❛❧❣é❜r✐❝❛ ❞❡ λj ✳ ❆ss✐♠✱

s❡ P é ♣r✐♠✐t✐✈❛✱ t❡♠♦s ✉♠ ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r ✐❣✉❛❧ ❛♦ s❡✉ r❛✐♦ ❡s♣❡❝tr❛❧✱ λ1 > 0 ❡

lim
n→∞

P t(X)(1|0n+11) = lim
n→∞

V.Pn.W ′

V.Pn.1′
= lim

n→∞

V.
(

P
λ1

)n
.W ′

V.( P
λ1
)n.1′

.

P❡❧♦ ❚❡♦r❡♠❛ ❇✳✹✱

lim
n→∞

(
P

λ1

)n

= G

✶✵



❡

lim
n→∞

P t(X)(1|0n+11) =
V.G.W ′

V.G.1′
✭✷✳✼✮

❝♦♠ G = φ.ψ′ > 0✱ ♦♥❞❡ φ ❡ ψ sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ λ1 ❞❡ P ❡ P ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ l ≥ n+ 1✱ βt(X)(n) → 0 ❡ t❡♠♦s ❛ ❝♦♥t✐♥✉✐❞❛❞❡✳

P❛r❛ ♣r♦✈❛r ♦ ❮t❡♠ ✶✱ ✉t✐❧✐③❛r❡♠♦s ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✺✱

(
P

λ1

)n

= G+O

(
nd2−1.

(
|λ2|

λ1

)n)
, ✭✷✳✽✮

♦♥❞❡ O
(
nd2−1.

(
|λ2|
λ1

)n)
→ 0✱ q✉❛♥❞♦ n→ ∞✳

P❛r❛ ♠♦str❛r q✉❡

βt(X)(n) = sup
l≥n+1

{|PY(1|0)− PY(1|0l1)|} = O

(
nd2−1.

(
|λ2|

λ1

)n)
,

❜❛st❛ ♠♦str❛r q✉❡

sup
l≥n+1

{

∣∣∣P t(X)(1|0l1)− V.G.W ′

V.G.1′

∣∣∣

ld2−1.
(
|λ2|
λ1

)l } → ❝♦♥st❛♥t❡.

➱ s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ♦ ❛r❣✉♠❡♥t♦

∣∣∣P t(X)(1|0l1)− V.G.W ′

V.G.1′

∣∣∣

ld2−1.
(
|λ2|
λ1

)l → ❝♦♥st❛♥t❡

q✉❛♥❞♦ n, l → ∞✳ ❙❡❥❛ Kl = ld2−1.
(
|λ2|
λ1

)l
✱ ❡♥tã♦

∣∣∣V.P l.W ′

V.P l.✶′
− V.G.W ′

V.G.✶′

∣∣∣
Kl

=

∣∣∣∣∣
V.
(

P
λ1

)l
.W ′

V.
(

P
λ1

)l
.✶′

− V.G.W ′

V.G.✶′

∣∣∣∣∣
Kl

=

∣∣∣V.(G+O(Kl)).W
′

V.(G+O(Kl)).✶
′ − V.G.W ′

V.G.✶′

∣∣∣
Kl

=

∣∣∣V.G.W ′+V.O(Kl).W
′

V.G.✶′+V.O(Kl).✶
′ − V.G.W ′

V.G.✶′

∣∣∣
Kl

=

∣∣∣∣∣∣

V.G.W ′.V.G.✶′+V.O(Kl).W
′.V.G.✶′−V.G.W ′.V.G.✶′−V.G.W ′.V.O(Kl).✶

′

(V.G.✶′)2+V.G.✶′.V.O(Kl).✶
′

Kl

∣∣∣∣∣∣

=

∣∣∣∣∣∣

V.G.✶′.V.O(Kl).W
′−V.G.W ′.V.O(Kl).✶

′

Kl

(V.G.✶′)2 + V.G.✶′.V.O(Kl).✶′

∣∣∣∣∣∣
→ constante.

✶✶



P♦✐s V.O(Kl).1
′ → 0 q✉❛♥❞♦ n→ ∞✳

P♦rt❛♥t♦ ❛ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ é ❞❛❞❛

♣❡❧♦s ❞♦✐s ♠❛✐♦r❡s ❛✉t♦✲✈❛❧♦r❡s✱ ❡♠ ✈❛❧♦r ❛❜s♦❧✉t♦✱ ❞❛ s✉❜♠❛tr✐③ P ✳

P❛r❛ ♣r♦✈❛r ♦ ❮t❡♠ ✷✱ ♥♦t❡ q✉❡ ♥♦ ❝❛s♦ ♥ã♦ ❛❣r❡❣á✈❡❧ t❡♠♦s k 6= 1✳ ❊ ❛✐♥❞❛✱ ❝♦♠♦ P é ✐rr❡❞✉tí✈❡❧

♣r✐♠✐t✐✈❛✱ s❡ λ2 = 0✱ ♣❡❧❛ ♦r❞❡♥❛çã♦ ✭✷✳✻✮✱ P ❛♣r❡s❡♥t❛ ❛♣❡♥❛s λ1 ♥ã♦✲♥✉❧♦ ❡ t♦❞♦s ♦s ❞❡♠❛✐s ♥✉❧♦s✳

❊♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✺✱ é ✈á❧✐❞❛ ❛ ✐❣✉❛❧❞❛❞❡

Pn = λn1 .φ.ψ
′

❝♦♠ n ≥ m− 1✳ ❊♥tã♦ t❡r❡♠♦s

P t(X)(1|0n+11) =
V.Pn.W ′

V.Pn.1′
=
V.λn1 .φ.ψ

′.W ′

V.λn1 .φ.ψ
′.1′

=
V.G.W ′

V.G.1′
.

◆♦t❡ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ≤ m− 1✳

◆♦t❡ ❛✐♥❞❛ q✉❡✱ s❡❣✉♥❞♦ ▲✐♠❛ ✭✶✾✾✻✮ ✭♣á❣✳✷✽✸✮✱ s❡ ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡ P sã♦ t♦❞♦s r❡❛✐s✱ P é

tr✐❛♥❣✉❧❛r✐③á✈❡❧✱ ✐st♦ é✱ ❡①✐st❡♠ Q ❡ ∆✱ t❛✐s q✉❡

P = Q.∆.Q′,

♦♥❞❡ ∆ é tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ❡ Q é ♦rt♦❣♦♥❛❧✳ ▼❛✐s ❛✐♥❞❛✱ ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡ ∆ sã♦ ♦s ❡❧❡♠❡♥t♦s ❞❡

s✉❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳ ❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ P t❡♥❤❛ k ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s ❡♠ ∆✳ ◆♦t❡ q✉❡ ∆ s❛t✐s❢❛③

❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ❆✳✷ ♣r❡s❡♥t❡ ♥♦ ❆♣ê♥❞✐❝❡ A✱ ❡♥tã♦ t❡r❡♠♦s

∆n = λn−k+1
1 .∆k−1,

❛ss✐♠

P t(X)(1|0n+11) =
V.Pn.W ′

V.Pn.1′

=
V.(Q.∆.Q′)n.W ′

V.(Q.∆.Q′)n.1′

=
V.Q.(∆)n.Q′.W ′

V.Q.(∆)n.Q′.1′

=
V.Q.λn−k+1

1 .∆k−1.Q′.W ′

V.Q.λn−k+1
1 .∆k−1.Q′.1′

=
V.(Q.∆.Q′)k−1.W ′

V.(Q.∆.Q′)k−1.1′

=
V.P k−1.W ′

V.P k−1.1′

= P t(X)(1|0k1).

✶✷



❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ k ≤ m− 1✳

❖ ❈❛s♦ ❈í❝❧✐❝♦

❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❜✉s❝❛r ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡sár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐✲

❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X)✱ s❡♠ ✐♠♣♦r ❤✐♣ót❡s❡s ♠✉✐t♦ r❡str✐t✐✈❛s s♦❜r❡ ♦ ♣r♦❝❡ss♦

♦r✐❣✐♥❛❧ X✳ ❆❜♦r❞❛r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ s✉❜♠❛tr✐③ P é ✐rr❡❞✉tí✈❡❧ ❡ ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ h✳ ◆❡st❡

❝♦♥t❡①t♦ ✉t✐❧✐③❛r❡♠♦s ❛ ❢♦r♠❛ ❞❡ ❋r♦❜ê♥✐✉s ❞❡ ✉♠❛ ♠❛tr✐③ ❝í❝❧✐❝❛ ✭❇✳✷✮ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡

❇✱ ❚❡♦r❡♠❛ ❇✳✻✳

❚❡♦r❡♠❛ ✷✳✸ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s A =

{1, 2, . . . ,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✳ ❙✉♣♦♥❤❛ ❛ s✉❜✲

♠❛tr✐③ P ✐rr❡❞✉tí✈❡❧ ❡ ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ h✳ ❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) ♣♦ss✉✐ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦

❝♦♥tí♥✉❛s s❡✱ s♦♠❡♥t❡ s❡
V.G∗.P r.W ′

V.G∗.P r.1′
= C ✭✷✳✾✮

❝♦♠ C ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ 1 ≤ r ≤ h − 1✱ ♦♥❞❡ G∗ = limn→∞

(
Ph

λ∗

1

)n
❡ λ∗1 é ♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧

❞❡ P h✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✸

◆♦t❡ q✉❡ ❛ ♠❛tr✐③ s✉❜✲❡st♦❝ást✐❝❛ P é ❝í❝❧✐❝❛✱ ❝✉❥♦s ❜❧♦❝♦s ❝í❝❧✐❝♦s sã♦ s✉❜♠❛tr✐③❡s ♣r✐♠✐t✐✈❛s✳

❊s❝r❡✈❡♥❞♦ P ♥❛ ❢♦r♠❛ ❞❡ ❋r♦❜ê♥✐✉s ✭❇✳✷✮

P =




0 B1 0 . . . 0

0 0 B2 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Bh−1

Bh 0 0 . . . 0




. ✭✷✳✶✵✮

❙✉❛s ♣♦tê♥❝✐❛s ❛♣r❡s❡♥t❛rã♦ ❛s ❢♦r♠❛s

P 2 =




0 0 B1.B2 0 . . . 0

0 0 0 B2.B3 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

Bh−1.Bh 0 0 0 . . . 0

0 Bh.B1 0 0 . . . 0




✭✷✳✶✶✮

✶✸



❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té

P h =




B1.B2. . . . .Bh 0 . . . 0

0 B2.B3. . . . .Bh.B1 . . . 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . Bh.B1. . . . .Bh−1



. ✭✷✳✶✷✮

◆♦t❡ q✉❡ P h é ♣r✐♠✐t✐✈❛✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✹

lim
n→∞

(
P h

λ∗1

)n

= G∗

❝♦♠ G∗ = φ.ψ′ > 0✱ ♦♥❞❡ φ ❡ ψ sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ λ∗1 ❞❡ P h ❡ (P h)′✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

P t(X)(1|0n.h+11) =
V.Pn.h.W ′

V.Pn.h.1′
=
V.
(
Ph

λ∗

1

)n
.W ′

V.
(
Ph

λ∗

1

)n
.1′

❡

P t(X)(1|0n.h+r+11) =
V.Pn.h+r.W ′

V.Pn.h+r.1′
=
V.
(
Ph

λ∗

1

)n
.P r.W ′

V.
(
Ph

λ∗

1

)n
.P r.1′

,

❛ss✐♠

lim
n→∞

P t(X)(1|0n.h+r+11) = lim
n→∞

V.
(
Ph

λ∗

1

)n
.P r.W ′

V.
(
Ph

λ∗

1

)n
.P r.1′

=
V.G∗.P r.W ′

V.G∗.P r.1′
= C(r).

▲♦❣♦ ❤❛✈❡rá ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) s❡ ❡ s♦♠❡♥t❡

s❡✱ C(r) = C = constante ♣❛r❛ t♦❞♦ r ∈ {0, ..., h− 1}✱ ♣♦✐s✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦ ❝❛s♦ ♣r✐♠✐t✐✈♦✱

l ≥ n.h+ r + 1 ❡ βt(X)(n) → 0✱ ❣❛r❛♥t✐♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳

❖❜s❡r✈❡ q✉❡✱ s❡ ❛ s✉❜♠❛tr✐③ P ✱ ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ h✱ ❛♣r❡s❡♥t❛ ♦s ❜❧♦❝♦s ❝í❝❧✐❝♦s ✐❞ê♥t✐❝♦s✱ ♣♦❞❡♠♦s

✈❡r✐✜❝❛r q✉❡ ❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸ é s❛t✐s❢❡✐t❛✳ ❉❡ ❢❛t♦✱ ❡s❝r❡✈❛ P ♥❛ ❢♦r♠❛

P =




0 B 0 . . . 0

0 0 B . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . B

B 0 0 . . . 0




.

✶✹



❆ s✉❛ ♣♦tê♥❝✐❛ h s❡rá

P h =




Bh
0 . . . 0

0 Bh . . . 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . Bh



.

◆♦t❡ q✉❡ P h é ♣r✐♠✐t✐✈❛ ❝♦♠ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ✐❣✉❛❧ ❛ (λ1)
h✱ ♦♥❞❡ λ1 é ♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ❞♦

❜❧♦❝♦ B✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✹

lim
n→∞

(
P

λ1

)n.h

= G∗.

❖s ❜❧♦❝♦s B sã♦ ♠❛tr✐③❡s ♣r✐♠✐t✐✈❛s✱ q✉❛❞r❛❞❛s ❡ ✐❞ê♥t✐❝❛s✱ ❡♥tã♦ q✉❛♥❞♦ n → ∞✱ G∗ é ❢♦r♠❛❞❛

♣❡❧♦s ❜❧♦❝♦s ❧✐♠✐t❡s limn→∞

(
B
λ1

)n.h
= H∗ = φ.ψ′✱ ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡ ③❡r♦ ♥❛s ♦✉tr❛s ❡♥tr❛❞❛s✳

♦♥❞❡ φ ❡ ψ sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s à ❞✐r❡✐t❛s ❡ à ❡sq✉❡r❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ B ❡ B′✱ ❝♦rr❡s♣♦♥❞❡♥t❡ à

λ1✳ ❖♣❡r❛♥❞♦ ❡♠ ❜❧♦❝♦s✱ ✈❛♠♦s ❡s❝r❡✈❡r Vi ❡W ′
i ✱ i ∈ {1, 2, ..., h}✱ ❝♦♠♦ s✉❜✈❡t♦r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❞❡ V ❡ W ′✱ ❝♦♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❞❡ B✳ ❊♥tã♦

lim
n→∞

P t(X)(1|0n.h+r+11) = lim
n→∞

V.
(

P
λ1

)n.h
.P r.W ′

V.
(

P
λ1

)n.h
.P r.1′

= lim
n→∞

∑h−1
i=0 Vi.

(
B
λ1

)n.h
.Br.W ′

i

∑h−1
i=0 Vi.

(
B
λ1

)n.h
.Br

=

∑h−1
i=0 Vi.H

∗.Br.W ′
i∑h−1

i=0 Vi.H
∗.Br

=

∑h−1
i=0 Vi.φ.ψ

′.Br.W ′
i∑h−1

i=0 Vi.φ.ψ
′.Br

.

◆♦t❡ q✉❡ φ ❡ ψ sã♦ ❛✉t♦✲✈❡t♦r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❞❡ B ❡ B′✱ ❝♦rr❡s♣♦♥❞❡♥t❡ à λ1✱ ❡♥tã♦

φ.ψ′.Br = φ.ψ′.B.Br−1

= φ.λ1.ψ
′.Br−1

= λ1.H
∗.Br−1,

❛ss✐♠✱ s✉❝❡ss✐✈❛♠❡♥t❡✱ ❝❤❡❣❛♠♦s ❛

φ.ψ′.Br = (λ1)
r.H∗.

✶✺



❙✉❜st✐t✉✐♥❞♦ ❛❝✐♠❛✱ t❡♠♦s ❡♥tã♦

lim
n→∞

P t(X)(1|0n.h+r+11) =

∑h−1
i=0 Vi.(λ1)

r.H∗.W ′
i∑h−1

i=0 Vi.(λ1)
r.H∗

=

∑h−1
i=0 Vi.H

∗.W ′
i∑h−1

i=0 Vi.H
∗

=
V.G∗.W ′

V.G∗.1′
= C.

❝♦♠♦ C ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ r✱ ❛ ❈♦♥❞✐çã♦ ✭✷✳✾✮ é s❛t✐s❢❡✐t❛ ❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦

❛❣r❡❣❛❞♦ sã♦ ❝♦♥tí♥✉❛s✳

❖ ❊①❡♠♣❧♦ ✷✳✹ ❞❛ ❙❡çã♦ 3.5✱ é ♦✉tr♦ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ♦ ❚❡♦r❡♠❛ ✷✳✸ ♠♦str❛♥❞♦ ❝♦♠♦ ❛

❝♦♥❞✐çã♦ ❞♦ t❡♦r❡♠❛ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞❛✱ ♥✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝✉❥❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦ ❛♣r❡✲

s❡♥t❛ s✉❜♠❛tr✐③ P ✱ ❝í❝❧✐❝❛✱ ❝♦♠ s♦♠❛ ❝♦♥st❛♥t❡ ♥❛s ❝♦❧✉♥❛s✳

❖ ❈❛s♦ ❘❡❞✉tí✈❡❧

❊st✉❞❛r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ s✉❜♠❛tr✐③ P é r❡❞✉tí✈❡❧✳ ❆ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❞❡ ✉♠❛ ♠❛tr✐③

r❡❞✉tí✈❡❧ P é ❡s❝r✐t❛ ❝♦♠♦ ✭✈✐❞❡ ❆♣ê♥❞✐❝❡ ❇✮

P =




T11 T12 T13 . . . T1c

0 T22 0 . . . 0

0 0 T33 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Tcc




, ✭✷✳✶✸✮

♦♥❞❡ ❛s s✉❜♠❛tr✐③❡s T22, T33, . . . , Tcc sã♦ s✉❜♠❛tr✐③❡s q✉❛❞r❛❞❛s ❡ ✐rr❡❞✉tí✈❡✐s✳

❉❡✜♥✐çã♦ ✷✳✻ ❆s s✉❜♠❛tr✐③❡s ✐rr❡❞✉tí✈❡✐s Tii, i ∈ {2, 3, ..., c} ❝✉❥♦ ❛✉t♦✲✈❛❧♦r é ♦ ♠á①✐♠♦

λ1,ii = λ1,max = max
i

|λ1,i|,

sã♦ ❝❤❛♠❛❞❛s ❞❡ ❇❧♦❝♦s ❉♦♠✐♥❛♥t❡s✳

❈♦♠❜✐♥❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❝❛s♦s ✐rr❡❞✉tí✈❡❧ ♣r✐♠✐t✐✈♦ ❡ ❝í❝❧✐❝♦ ❞❛ s✉❜♠❛tr✐③ P ♦❜t❡✲

♠♦s ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✷✳✹ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s A = {1, 2, . . . ,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✳ ❙❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❛ss✉♠❛ q✉❡ ♦s ❡st❛❞♦s ❡♠ A\{1} s❡❥❛♠ ♦r❞❡♥❛❞♦s ❞❡ ❢♦r♠❛ q✉❡ ❛ s✉❜♠❛tr✐③

✶✻



P ✱ r❡❞✉tí✈❡❧✱ s❡❥❛ ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ✭❇✳✸✮✳ ❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) ♣♦ss✉✐ ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛s s❡

✐✳ ❖s ❜❧♦❝♦s ❞♦♠✐♥❛♥t❡s Tii ∈ {T22, T33, ..., Tcc} sã♦ t♦❞♦s ♣r✐♠✐t✐✈♦s✳

✐✐✳ ❖s ❜❧♦❝♦s ❞♦♠✐♥❛♥t❡s Tii ∈ {T22, T33, ..., Tcc} ❝í❝❧✐❝♦s✱ ♣♦ss✉❡♠ ♦ ♠❡s♠♦ í♥❞✐❝❡ h ❡ s❛t✐s❢❛③❡♠

Vi.Gi.(Tii)
r.W ′

i

Vi.Gi.(Tii)r.1′i
= Ci ✭✷✳✶✹✮

❝♦♠ Ci ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ 1 ≤ r ≤ h−1✱ Gi = limn→∞

(
(Tii)

h

λ∗

1,ii

)n
✱ λ∗1,ii é ♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧

❞❡ (Tii)
h, i ∈ {2, 3, ..., c} ❡ Tii sã♦ ❜❧♦❝♦s ✐rr❡❞✉tí✈❡✐s ❞♦♠✐♥❛♥t❡s✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✹

❯t✐❧✐③❛r❡♠♦s r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ✐rr❡❞✉tí✈❡❧ ♣r✐♠✐t✐✈♦ ❞❛ s✉❜♠❛tr✐③ P ✱ ♣❛r❛ ♣r♦✈❛r ♦ ❮t❡♠

i✳

❈♦♠♦ ❛s s✉❜♠❛tr✐③❡s T22, T33, ..., Tcc sã♦ t♦❞❛s ♣r✐♠✐t✐✈❛s✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✼ ❡①✐st❡ ♦ ❧✐♠✐t❡

lim
n→∞

(
P

λ1,max

)n

=




0 (I − T11)
−1.T12.G2 (I − T11)

−1.T13.G3 . . . (I − T11)
−1.T1c.Gc

0 G2 0 . . . 0

0 0 G3 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Gc




= Ĝ.

❈♦♥s✐❞❡r❛♥❞♦ λ1,max = maxi{λ1,ii} ❡ ❞❡✜♥✐♥❞♦ ♦s ❜❧♦❝♦s Vi✱ W ′
i ❡ 1

′
i✱ i ∈ {2, 3, ..., c}✱ ❝♦♠

❞✐♠❡♥sõ❡s ❝♦♠♣❛tí✈❡✐s ❝♦♠ Gi✳ ❖♣❡r❛♥❞♦ ❡♠ ❜❧♦❝♦s✱ t❡r❡♠♦s

Gi = lim
n→∞

(
Tii

λ1,max

)n

= lim
n→∞

∑c
i=1 Vi.

(
Tii

λ1,ii

)n
.
(

λ1,ii

λ1,max

)n
.W ′

i

∑c
i=1 Vi.

(
Tii

λ1,ii

)n
.
(

λ1,ii

λ1,max

)n
.1′i

,

♦♥❞❡

lim
n→∞

(
λ1,ii

λ1,max

)n

= I(λ1,ii = λ1,max), ✭✷✳✶✺✮

I r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛✳ ❋✐♥❛❧♠❡♥t❡✱ ❡♥tã♦ t❡r❡♠♦s

lim
n→∞

P t(X)(1|0n+11) = lim
n→∞

V.Pn.W ′

V.Pn.1′
=
V.Ĝ.W ′

V.Ĝ.1′
,

✶✼



♦♥❞❡ Ĝ é ❞❛❞♦ ❛❝✐♠❛ ❡




G2 0 . . . 0

0 G3 . . . 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . Gc



=




I(λ1,22 = λ1,max).φ22.ψ
′
22 . . . 0

✳✳✳
✳ ✳ ✳

✳✳✳

0 . . . I(λ1,cc = λ1,max).φcc.ψ
′
cc


 .

P❛r❛ ♣r♦✈❛r ♦ ❮t❡♠ ii.✱ ✉t✐❧✐③❛r❡♠♦s ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✉t✐❧✐③❛❞♦ ♥♦ ❝❛s♦ ✐rr❡❞✉tí✈❡❧ ❝í❝❧✐❝♦ ❞❛

s✉❜♠❛tr✐③ P ✳ ❊s❝r❡✈❡♥❞♦ P ♥❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛✱ ❝❤❛♠❛r❡♠♦s ♦s ❜❧♦❝♦s ❞♦♠✐♥❛♥t❡s ❞❡ Tii✳ ❈♦♠♦ sã♦

❝í❝❧✐❝♦s ❞❡ í♥❞✐❝❡ h✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦s ♥❛ ❢♦r♠❛

Tii =




0 B1,i 0 . . . 0

0 0 B2,i . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Bh−1,i

Bh,i 0 0 . . . 0




.

T h
ii é ♣r✐♠✐t✐✈❛✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✹

lim
n→∞

(
T h
ii

λ∗1,max

)n

= G∗
i

❝♦♠ G∗
i = φi.ψ

′
i > 0✱ ♦♥❞❡ φi ❡ ψi sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ λ∗1,max ❞❡ T h

ii ❡ (T h
ii)

′✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ λ∗1,max é ♦ ❛✉t♦✈❛❧♦r ♠❛①✐♠❛❧ ❞❡ T h
ii ✳

❙❛❜❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✼ q✉❡✱ s❡ ♦ ❧✐♠✐t❡ Gi = limn→∞

(
Tii

λ1,max

)n.h
❡①✐st✐r✱ t❡r❡♠♦s

lim
n→∞

(
P

λ1,max

)n.h

=




0 (I − T11)
−1.T12.G2 (I − T11)

−1.T13.G3 . . . (I − T11)
−1.T1c.Gc

0 G2 0 . . . 0

0 0 G3 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Gc




= Ĝ,

♦♥❞❡

Gi = lim
n→∞

(
Tii

λ1,max

)n.h

= lim
n→∞

∑c
i=1 Vi.

(
Tii

λ1,ii

)n.h
.
(

λ1,ii

λ1,max

)n.h
.W ′

i

∑c
i=1 Vi.

(
Tii

λ1,ii

)n.h
.
(

λ1,ii

λ1,max

)n.h
.1′i

.

❊♥tã♦✱ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❧✐♠✐t❡ ❛❝✐♠❛ é ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❜❧♦❝♦s ❞♦♠✐♥❛♥t❡s✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❝❛s♦ ❝í❝❧✐❝♦ ❞❛s ♠❛tr✐③❡s ✐rr❡❞✉tí✈❡✐s✱ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡st❛

✶✽



❝♦♥✈❡r❣ê♥❝✐❛ é q✉❡
Vi.Gi.(Tii)

r.W ′
i

V.Gi.(Tii)r.1′i
= Ci(r)

❝♦♠ Ci(r) ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ 1 ≤ r ≤ h− 1 ❡ Tii✱ i ∈ {2, 3, ..., c} sã♦ ♦s ❜❧♦❝♦s ❞♦♠✐♥❛♥t❡s✳

❆ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ βt(X)(n) ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♥♦ ❝❛s♦

r❡❞✉tí✈❡❧ é ❞❛ ♦r❞❡♠ ❞❡

nd2,max−1.

(
|λ2,max|

λ1,max

)n

,

♦♥❞❡ λ2,max é ♦ s❡❣✉♥❞♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ❞♦ ❜❧♦❝♦ ❞♦♠✐♥❛♥t❡ ❡ d2,max é s✉❛ r❡s♣❡❝t✐✈❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

❛❧❣é❜r✐❝❛✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❢❛t♦ é ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ✐rr❡❞✉tí✈❡❧✳

✷✳✺ ●✐❜❜s✐❛♥✐❞❛❞❡

◆❡st❛ t❡s❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ♥♦❝ã♦ ❞❡ ●✐❜❜s✐❛♥✐❞❛❞❡ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❉♦❜r✉s❝❤✐♥ ✭✶✾✻✽✮✱ ❛ q✉❛❧

❡stá r❡❧❛❝✐♦♥❛❞❛ às ♣r♦♣r✐❡❞❛❞❡s ❡st✉❞❛❞❛s ♥♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ♣❛r❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✱

❝♦♥❞✐❝✐♦♥❛♥❞♦ ♥♦ ♣❛ss❛❞♦ ❡ ♥♦ ❢✉t✉r♦✳ ❯♠❛ ❝❛r❛❝t❡r✐③❛❝ã♦ ❞❡st❛ ●✐❜❜s✐❛♥✐❞❛❞❡✱ q✉❡ é ❛♦ ♠❡s♠♦

t❡♠♣♦✱ s✐♠♣❧❡s ❡ ❛❞❡q✉❛❞❛ ♣❛r❛ ♦ ♣r♦♣ós✐t♦ ❞❡st❛ t❡s❡✱ é ❞❛❞❛ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✼ ❯♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♥ã♦ ♥✉❧❛✱ s♦❜r❡ (Ω,F,P)✱ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❝❡ss♦ (Xn)n∈Z

é ✉♠❛ ♠❡❞✐❞❛ ●✐❜❜s✐❛♥❛ s❡✱ ❡ s♦♠❡♥t❡ s❡ ❛s s❡q✉ê♥❝✐❛s

[
P
(
X0 = x0|X

−1
−n = x−1

−n, X
r
1 = xr1

)]
n,r≥1

❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ q✉❛♥❞♦ n, r → ∞

♣❛r❛ t♦❞♦ x0 ∈ A✱ x−1
−n ∈ An ❡ xr1 ∈ Ar✳

❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ s♦❜r❡ ♠❡❞✐❞❛s ●✐❜❜s✐❛♥❛s é ●❡♦r❣✐✐ ✭✷✵✶✶✮✳ ❯♠❛ r❡❢êr❡♥❝✐❛ ♠✉✐t♦ ❧✐❣❛❞❛

❛♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ ❡ à ♥♦ss❛ ❛❜♦r❞❛❣❡♠ é ❋❡r♥á♥❞❡③ ❡t ❛❧✳ ✭✷✵✶✶✮✳

❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ✈❡r✐✜❝❛r ❛s ❝♦♥❞✐çõ❡s q✉❡ ❞❡✈❡♠ s❡r ✐♠♣♦st❛s s♦❜r❡ ♦ ♣r♦❝❡ss♦

▼❛r❦♦✈✐❛♥♦ ♦r✐❣✐♥❛❧✱ ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) = Y s❡❥❛ ●✐❜❜s✐❛♥♦✳

◆♦✈❛♠❡♥t❡✱ s✉♣♦r❡♠♦s q✉❡

lim
n,r→∞

P
(
Y0 = 1|Y−n−1 = 1, Y −1

−n = 0−1
−n, Y

r
1 = 0r1, Yr+1 = 1

)
= PY(1|0−1

−∞0+∞
1 )

s❡♠♣r❡ q✉❡ ❤♦✉✈❡r ❝♦♥✈❡r❣ê♥❝✐❛✳

P❛r❛ ❛❜r❡✈✐❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s ❡s❝r❡✈❡r

PY(n, r) = P
(
Y0 = 1|Y−n−1 = 1, Y −1

−n = 0−1
−n, Y

r
1 = 0r1, Yr+1 = 1

)
.

✶✾



❯t✐❧✐③❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ▼❛r❦♦✈✱ ❛ ❡①♣r❡ssã♦ ❣❡r❛❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡st❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

s❡rá

PY(n, r) = P
(
Y0 = 1|Y−n−1 = 1, Y −1

−n = 0−1
−n, Y

r
1 = 0r, Yr+1 = 1

)

= P
(
X0 = 1|X−n−1 = 1, X−1

−n ∈ t−1(0−1
−n), X

r
1 ∈ t−1(0r), Xr+1 = 1

)

=
P
(
X−n−1 = 1, X−1

−n ∈ t−1(0−1
−n), X0 = 1, Xr

1 ∈ t−1(0r), Xr+1 = 1
)

P
(
X−n−1 = 1, X−1

−n ∈ t−1(0−1
−n), X

r
1 ∈ t−1(0r), Xr+1 = 1

)

=

∑
i1,...,n∈A\{1}

∑
j1,...,r∈A\{1} p1i1 .

∏n−1
u=1

(
piuiu+1

)
.pin1.p1j1 .

∏r−1
v=1

(
pjvjv+1

)
.pjr1∑

i1,...,n∈A\{1}

∑
j1,...,r∈A\{1} p1i1 .

∏n−1
u=1

(
piuiu+1

)
.pinj1 .

∏r−1
v=1

(
pjvjv+1

)
.pjr1

.

◆❛ ✈❡rsã♦ ♠❛tr✐❝✐❛❧ ✭✷✳✹✮✱ ❡st❛ ❡①♣r❡ssã♦ s❡ t♦r♥❛✱

P
(
Y0 = 1|Y−n−2 = 1, Y −1

−n−1 = 0−1
−n−1, Y

r+1
1 = 0r+1, Yr+2 = 1

)

=

{
p11, s❡ n, r = −1

V.Pn.W ′.V.P r.W ′

V.Pn+r+1.W ′
, s❡ ❝❛s♦ ❝♦♥trár✐♦

, ✭✷✳✶✻✮

♦♥❞❡ P 0 = I ❡ n, r ∈ {0, 1, 2, ...}✳

❚❡♦r❡♠❛ ✷✳✺ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s A = {1, 2, . . . ,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✳

❙✉♣♦♥❤❛ ❛ s✉❜♠❛tr✐③ P ✐rr❡❞✉tí✈❡❧✳ ❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) é ●✐❜❜s✐❛♥♦ s❡ ❛ s✉❜♠❛tr✐③ P ❢♦r

♣r✐♠✐t✐✈❛✳ ❈♦♠ ❡ss❛ ❝♦♥❞✐çã♦✱ ❛ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ é ❞❛ ♦r❞❡♠ ❞❡

nd2−1.

(
|λ2|

λ1

)n

,

♦♥❞❡ λ1 é ♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ❞❡ P ✱ λ2 é ♦ s❡❣✉♥❞♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ❞❡ P ❡ d2 é s✉❛ r❡s♣❡❝t✐✈❛

♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❛❧❣é❜r✐❝❛✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✺

❆ ♣r♦✈❛ é ❢❡✐t❛ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ à s❡çã♦ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❇✳✹✳ ❖ ❧✐♠✐t❡

limn,r→∞ P
(
Y0 = 1|Y−n−2 = 1, Y −1

−n−1 = 0−1
−n−1, Y

r+1
1 = 0r+1, Yr+2 = 1

)
s❡rá ❞❛❞♦ ♣♦r

lim
n,r→∞

V.Pn.W ′.V.P r.W ′

V.Pn+r+1.W ′
= lim

n,r→∞

V.
(

P
λ1

)n
.W ′.V.

(
P
λ1

)r
.W ′

λ1.V.
(

P
λ1

)n+r+1
.W ′

=
V.G.W ′.V.G.W ′

λ1.V.G.W ′

=
V.G.W ′

λ1
.

✷✵



❆ ♥ã♦ ♥✉❧✐❞❛❞❡ ✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ G = φ.ψ′ > 0 ❡ s✉♣♦♥❞♦ q✉❡ ♦s ✈❡t♦r❡s V,W ′ 6= 0✱ ♣❛r❛ ❡✈✐t❛r

♦s ❝❛s♦s tr✐✈✐❛✐s✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✳

P❛r❛ ♦❜t❡r ❛ t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡✱ ❜❛st❛ ✉t✐❧✐③❛r ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✺✱ ♦♥❞❡

Pn = λn1 .G+O(nd2−1.|λ2|
n).

❊♥tã♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ P
(
Y0 = 1|Y−n−2 = 1, Y −1

−n−1 = 0−1
−n−1, Y

r+1
1 = 0r+1, Yr+2 = 1

)
♣♦ss✉✐ t❛①❛

❞❛❞❛ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡
(

P
λ1

)n
✳ ❆ss✐♠✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❚❡♦r❡♠❛ ✷✳✷✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝♦♥✲

✈❡r❣ê♥❝✐❛ ❞❛ ♠❡❞✐❞❛ ●✐❜❜s✐❛♥❛ é ❞❛ ♦r❞❡♠ ❞❡

nd2−1.

(
|λ2|

λ1

)n

.

❊st❡ r❡s✉❧t❛❞♦ t❛♠❜é♠ ♣♦❞❡ s❡r ♣❡r❝❡❜✐❞♦ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ 4.22 ❞❡ ❋❡r♥á♥❞❡③ ✫

▼❛✐❧❧❛r❞ ✭✷✵✵✹✮✱ ♦♥❞❡ ❛ ♥ã♦ ♥✉❧✐❞❛❞❡ ❡ ❛ t❛①❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡

tr❛♥s✐çã♦✱ ❣❛r❛♥t❡♠ ❛ ●✐❜❜s✐❛♥✐❞❛❞❡ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X)✳

✷✳✻ ❊①❡♠♣❧♦s

❆♣r❡s❡♥t❛♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ✐❧✉str❛♠ ♦s r❡s✉❧t❛❞♦s ❞♦s t❡♦r❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡

❝❛♣ít✉❧♦✳

❖ ❊①❡♠♣❧♦ ✷✳✶ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦s ❚❡♦r❡♠❛s ✷✳✷ ❡ ✷✳✺✱ s❡♥❞♦ ✐♠♣♦rt❛♥t❡ ♣♦r ❞♦✐s ♠♦t✐✈♦s

✐✳ Pr✐♠❡✐r♦✱ ♠♦str❛ q✉❡ ❛ ❝♦♥❞✐çã♦ PX = pij > 0 ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ ♥ã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦✳

✐✐✳ ❙❡❣✉♥❞♦✱ t❡♠♦s ✉♠ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♥ã♦ ♠❛r❦♦✈✐❛♥♦ ❞❡ ♥❡♥❤✉♠❛ ♦r❞❡♠ ❡ ❝♦♠ ♠❡❞✐❞❛ ●✐❜❜✲

s✐❛♥❛✳

❊①❡♠♣❧♦ ✷✳✶ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ X ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s A = {1, 2, 3} ❡ ♠❛tr✐③

❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❛❞❛ ♣♦r

PX =




0.3 0.4 0.3

0.2 0 0.8

0.5 0.4 0.1


 .

◆♦t❡✱ ❝❧❛r❛♠❡♥t❡✱ q✉❡ ♣❛r❛ ❛ ♣❛rt✐çã♦ {1}, {2, 3} ❛ ❝♦♥❞✐çã♦ ❞❡ ❛❣r❡❣❛❜✐❧✐❞❛❞❡ ♥ã♦ é s❛t✐s❢❡✐t❛✱

❥á q✉❡ ♥ã♦ ❡①✐st❡ c ∈ R t❛❧ q✉❡

W ′ =

[
0.2

0.5

]
= c.

[
1

1

]
✐st♦ é✱ W ′ 6= c.1′.

✷✶



❖ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♦❜t✐❞♦ ♥ã♦ é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♥❡♥❤✉♠❛ ♦r❞❡♠✱ s❡♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❞❡ ♦r❞❡♠

✐♥✜♥✐t❛✱ ✐st♦ é✱ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦✳

❯t✐❧✐③❛♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ t❡r❡♠♦s

PX =

[
p11 V

W ′ P

]
.

❖❜s❡r✈❛♥❞♦ PX✱ ✈❡r✐✜❝❛♠♦s q✉❡ ❛ s✉❜♠❛tr✐③ P é ✐rr❡❞✉tí✈❡❧ ❡ ❛✐♥❞❛

P 2 =

[
0 0.8

0.4 0.1

]2
=

[
0.32 0.08

0.04 0.33

]
> 0, ✭✷✳✶✼✮

✈❡r✐✜❝❛♠♦s ♥♦ ❆♣ê♥❞✐❝❡ ❇✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✸✱ q✉❡ P ♣♦ss✉✐ í♥❞✐❝❡ ❞❡ ♣r✐♠✐t✐✈✐❞❛❞❡ 2✳

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷

lim
k→∞

(
P

λ1

)k

= G = φ.ψ′.

❖s ❛✉t♦✲✈❛❧♦r❡s ❞❡ P sã♦ λ1 = 0.6178908 ❡ λ2 = −0.5178908✳ ❆ss✐♠ ♦ r❛✐♦ ❡s♣❡❝tr❛❧ ❞❡ P s❡rá

λ1 = 0.6178908✳ ❈♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡ ❛ ❡st❡ ❛✉t♦✲✈❛❧♦r✱ ♦❜t❡♠♦s ♦s ❛✉t♦✲✈❡t♦r❡s φ =

[
0.7914243

0.6112672

]

❞❡ P ❡ ψ =

[
0.5434316

0.8394535

]
❞❡ P ′✳ ❆ss✐♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r G

G = φ.ψ′ =

[
0.4300849736 0.6643638986

0.3321819125 0.5131303905

]
.

❖❜t❡♠♦s✱ ✜♥❛❧♠❡♥t❡

lim
n→∞

P t(X)(1|0n1) =
V.G.W ′

V.G.1′

=

[
0.4 0.3

]
.

[
0.4300849736 0.6643638986

0.3321819125 0.5131303905

]
.

[
0.2

0.5

]

[
0.4 0.3

]
.

[
0.4300849736 0.6643638986

0.3321819125 0.5131303905

]
.

[
1

1

]

= 0, 382109164.

❈♦♠ r❡s♣❡✐t♦ à ●✐❜❜s✐❛♥✐❞❛❞❡✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✺✱

lim
n,r→∞

P
(
Y0 = 1|Y−n−1 = 1, Y −1

−n = 0−1
−n, Y

r
1 = 0r, Yr+1 = 1

)
=
V.G.W ′

λ1

✷✷



=

[
0.4 0.3

]
.

[
0.4300849736 0.6643638986

0.3321819125 0.5131303905

]
.

[
0.2

0.5

]

0.6178908
= 0, 427551358.

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ ❡①❡♠♣❧♦ s❡❣✉✐♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✱ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✲

✈✐❛♥♦ ♣♦❞❡ ❣❡r❛r✱ ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✱ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s ❞❡ ♦r❞❡♠ 1 ❛ k =

m − 1✱ ♥♦s ❞❡♠❛✐s ❝❛s♦s s❡rá ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛✳ ❖ ❊①❡♠♣❧♦ ✷✳✷ ❛ s❡❣✉✐r é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦✲

r❡♠❛ ✷✳✷✱ ❮t❡♠ ✷✳ ❖ ❆♣ê♥❞✐❝❡ A s❡rá út✐❧ ♥❡st❡ ❡①❡♠♣❧♦✱ ♦ q✉❛❧ ✐❧✉str❛ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦

❦✲❛❣r❡❣á✈❡❧✳

❊①❡♠♣❧♦ ✷✳✷ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s A = {1, 2, 3, 4, 5} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮

PX =




p11 p12 p13 p14 p15

p21 p22 p23 p24 p25

p31 p32 p33 p34 p35

p41 p42 p43 p44 p45

p51 p52 p53 p54 p55



=

[
p11 V

W ′ P

]
.

❙✉♣♦♥❤❛ q✉❡ ❛ s✉❜♠❛tr✐③ P s❡❥❛ ♣r✐♠✐t✐✈❛ ❝♦♠ λ1 > λ2 = λ3 = λ4 = 0✳ ❈♦♠♦ ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡

P sã♦ t♦❞♦s r❡❛✐s✱ P é tr✐❛♥❣✉❧❛r✐③á✈❡❧✱ ❡ s✉❛ ❢♦r♠❛ tr✐❛♥❣✉❧❛r✐③❛❞❛ ❛♣r❡s❡♥t❛ ♦s ❛✉t♦✲✈❛❧♦r❡s ♥❛

❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳ P♦r ✭✷✳✺✮

P t(X)(1|0n+11) =

{
p11, s❡ n = −1

V.Pn.W ′

V.Pn.1′ , s❡ n ≥ 0.

P♦rt❛♥t♦✱

P t(X)(1|0n+11) =
V.Pn.W ′

V.Pn.1′

=
V.(C.∆.C ′)n.W ′

V.(C.∆.C ′)n.1′

=
V.C.∆n.C ′.W ′

V.C.∆n.C ′.1′
.

◆♦t❡ q✉❡ ∆ s❛t✐s❢❛③ às ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ❆✳✷✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❝❛s♦s ❡♠ q✉❡ ∆ ♣♦ss✉❛ ✉♠❛✱

❞✉❛s ❡ três ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s✳

✷✸



✶✳ ❙❡ ∆ ♣♦ss✉✐ ✉♠❛ ❧✐♥❤❛ ♥ã♦ ♥✉❧❛✱

P = C.∆.C ′, ♦♥❞❡ ∆ =




λ1 q23 q24 q25

0 0 0 0

0 0 0 0

0 0 0 0



.

P❡❧♦ ▲❡♠❛ ❆✳✷✱ ♣❛r❛ t♦❞♦ n <∞✱ ∆n−1 = λn−2
1 .∆✱ ❡♥tã♦

P t(X)(1|0n1) =
V.(C.∆n−1.C ′).W ′

V.(C.∆n−1.C ′).1′

=
V.(C.λn−2

1 .∆.C ′).W ′

V.(C.λn−2
1 .∆.C ′).1′

=
V.(C.∆.C ′).W ′

V.(C.∆.C ′).1′

=
V.P.W ′

V.P.1′

= P t(X)(1|021).

◆♦ ❝❛s♦ ❞❡ n→ ∞

lim
n→∞

P t(X)(1|0n1) = lim
n→∞

V.Pn−1.W ′

V.Pn−1.1′

= lim
n→∞

V.
(

P
λ1

)n−1
.W ′

V.
(

P
λ1

)n−1
.1′

= lim
n→∞

V.C.∆n−1.C′

λn−1
1

.W ′

V.C.∆n−1.C′

λn−1
1

.1′

= lim
n→∞

V.
C.λn−2

1 .∆.C′

λn−1
1

.W ′

V.
C.λn−2

1 .∆.C′

λn−1
1

.1′

=
V.C.∆.C′

λ1
.W ′

V.C.∆.C′

λ1
.1′

=
V.P.W ′

V.P.1′

= P t(X)(1|021).

▲♦❣♦ t(X) é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ 2✳

✷✹



✷✳ ❙❡ ∆ ♣♦ss✉✐ ❞✉❛s ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s✱

P = C.∆.C ′, ♦♥❞❡ ∆ =




λ1 q23 q24 q25

0 0 q34 q35

0 0 0 0

0 0 0 0



.

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ♣❛r❛ t♦❞♦ n <∞✱ ∆n−1 = λn−3
1 .∆2✱ ❡♥tã♦

P t(X)(1|0n1) =
V.(C.∆n−1.C ′).W ′

V.(C.∆n−1.C ′).1′

=
V.(C.λn−3

1 .∆2.C ′).W ′

V.(C.λn−3
1 .∆2.C ′).1′

=
V.(C.∆2.C ′).W ′

V.(C.∆2.C ′).1′

=
V.P 2.W ′

V.P 2.1′

= P t(X)(1|031).

◆♦ ❝❛s♦ ❞❡ n→ ∞

lim
n→∞

P t(X)(1|0n1) = lim
n→∞

V.Pn−1.W ′

V.Pn−1.1′

= lim
n→∞

V.
(

P
λ1

)n−1
.W ′

V.
(

P
λ1

)n−1
.1′

= lim
n→∞

V.C.∆n−1.C′

λn−1
1

.W ′

V.C.∆n−1.C′

λn−1
1

.1′

= lim
n→∞

V.
C.λn−3

1 .∆2.C′

λn−1
1

.W ′

V.
C.λn−3

1 .∆2.C′

λn−1
1

.1′

=
V.C.∆2.C′

λ2
1

.W ′

V.C.∆2.C′

λ2
1

.1′

=
V.P 2.W ′

V.P 2.1′

= P t(X)(1|031).

▲♦❣♦ t(X) é ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ 3✳

✷✺



✸✳ ❙❡ ∆ ♣♦ss✉✐ três ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s✱

P = C.∆.C ′, ♦♥❞❡ ∆ =




λ1 q23 q24 q25

0 0 q34 q35

0 0 0 q45

0 0 0 0



.

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♣❡❧♦ ▲❡♠❛ ❆✳✷✱ ∆n−1 = λn−4
1 .∆3✱ ❡♥tã♦ t(X) é ▼❛r❦♦✈✐❛♥♦

❞❡ ♦r❞❡♠ 4✳

P♦❞❡♠♦s ♥♦t❛r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s ♥❛ ❢♦r♠❛ tr✐❛♥❣✉❧❛r✐③❛❞❛ ❞❡ P ❞❡t❡r♠✐♥❛✱ ❞❡ ❢❛t♦✱

❛ ♦r❞❡♠ ❞♦ ♣r♦❝❡ss♦ ♠❛r❦♦✈✐❛♥♦ ❛❣r❡❣❛❞♦✳

❖ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ✐❧✉str❛ ❝♦♠♦ ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ ♠❛tr✐③ ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ m − 1✱ ❧❡✈❛ à ♥ã♦

❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X)✳ ❖ ❚❡♦r❡♠❛ ❇✳✻ ♣r❡s❡♥t❡ ♥♦

❆♣ê♥❞✐❝❡ B✱ ❛♣r❡s❡♥t❛ ❛ ❋♦r♠❛ ❞❡ ❋r♦❜❡♥✐✉s ❞❡ ✉♠❛ ♠❛tr✐③ ❝í❝❧✐❝❛✱ ❛ q✉❛❧ s❡rá út✐❧ ♥❡st❡ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✸ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s A = {1, 2, . . . ,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮

PX =




p11 p12 p13 . . . p15

p21 p22 p23 . . . p25

p31 p32 p33 . . . p35
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

p51 p52 p53 . . . p55




=

[
p11 V

W ′ P

]
.

❙✉♣♦♥❤❛ q✉❡ ❛ s✉❜♠❛tr✐③ P s❡❥❛ ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ h = m − 1✱ ✐st♦ é✱ (m − 1)−❝í❝❧✐❝❛✳ ❖ ♣r♦❝❡ss♦

❛❣r❡❣❛❞♦ t(X) ♣♦ss✉✐ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡s❝♦♥tí♥✉❛s✳

P❡❧♦ ❚❡♦r❡♠❛ ❇✳✻ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

P = C.∆.C ′, ♦♥❞❡ ∆ =




0 p23 0 . . . 0

0 0 p34 . . . 0

0 0 0 . . . 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 0 . . . pm−1m

pm2 0 0 . . . 0




.

❆♣❧✐❝❛♥❞♦ ✭✷✳✺✮ ♣❛r❛ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ t(X) t❡r❡♠♦s

P t(X)(1|0n+11) =
V.Pn.W ′

V.Pn.1′
=
V.(C.∆.C ′)n.W ′

V.(C.∆.C ′)n.1′
=
V.C.∆n.C ′.W ′

V.C.∆n.C ′.1′
.

✷✻



❖❜s❡r✈❡ t❛♠❜é♠ q✉❡

∆m−1 = p23.p34. . . . .pm2.




1 0 0 . . . 0

0 1 0 . . . 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 0 . . . 0

0 0 0 . . . 1




=
m−1∏

i=2

(pi,i+1).pm2.I,

♥♦t❡ q✉❡
∏m−1

i=2 (pi,i+1).pm2 é ✉♠❛ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧❛ ❡ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ ❆ss✐♠ t❡r❡♠♦s

m− 1 ✈❛❧♦r❡s ❛❧t❡r♥❛❞♦s ♣❛r❛ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ k ≥ 0 ❡

i = {1, 2, 3, . . . ,m− 1}✱

P t(X)(1|0k(m−1)+i1) = P (1|0i1). ✭✷✳✶✽✮

❱❛♠♦s ♠♦str❛r ♣♦r ✐♥❞✉çã♦ ❡♠ k✳

✶✳ ✭✷✳✶✽✮ é ✈á❧✐❞♦ ♣❛r❛ k = 0✳ ❉❡ ❢❛t♦✱

P (1|0k.(m−1)+i1) = P (1|0i1).

✷✳ ❙✉♣♦♥❤❛ ✈á❧✐❞♦ ♣❛r❛ k✱

P t(X)(1|0k.(m−1)+i1) = P t(X)(1|0i1).

❊♥tã♦✱ ♣❛r❛ k + 1✱ ✭✷✳✶✽✮ é ✈á❧✐❞♦ ♣❛r❛ i = 1✱ ♣♦✐s

P t(X)(1|0(k+1).(m−1)+11) =
V.(C.∆.C ′)(k+1)(m−1)+0.W ′

V.(C.∆.C ′)(k+1)(m−1)+0.1′

=
V.

k+1 ✈❡③❡s︷ ︸︸ ︷
(C.∆.C ′)m−1.(C.∆.C ′)m−1. . . . .(C.∆.C ′)m−1 .(C.∆.C ′)0.W ′

V. (C.∆.C ′)m−1.(C.∆.C ′)m−1. . . . .(C.∆.C ′)m−1

︸ ︷︷ ︸
k+1 ✈❡③❡s

.(C.∆.C ′)0.1′

=
V.
(∏m−1

i=2 pi,i+1.pm2.I
)k+1

.I.W ′

V.
(∏m−1

i=2 pi,i+1.pm2.I
)k+1

.I.1′

=
V.I.W ′

V.I.1′

= P t(X)(1|011).

✷✼



❙✉♣♦♥❞♦ ✈á❧✐❞♦ ♣❛r❛ i = r✱ t❡r❡♠♦s

P t(X)(1|0(k+1).(m−1)+r1) =
V.(C.∆.C ′)(k+1)(m−1)+r−1.W ′

V.(C.∆.C ′)(k+1)(m−1)+r−1.1′

=
V.(C.∆.C ′)r−1.W ′

V.(C.∆.C ′)r−1.1′

= P t(X)(1|0r1).

❊♥tã♦ ♣❛r❛ i = r + 1✱ t❡r❡♠♦s

P t(X)(1|0(k+1).(m−1)+r+11) =
V.(C.∆.C ′)(k+1)(m−1)+r.W ′

V.(C.∆.C ′)(k+1)(m−1)+r.1′

=
V.

k+1 ✈❡③❡s︷ ︸︸ ︷
(C.∆.C ′)m−1.(C.∆.C ′)m−1. . . . .(C.∆.C ′)m−1 .(C.∆.C ′)r.W ′

V. (C.∆.C ′)m−1.(C.∆.C ′)m−1. . . . .(C.∆.C ′)m−1

︸ ︷︷ ︸
k+1 ✈❡③❡s

.(C.∆.C ′)r.1′

=
V.
(∏m−1

i=2 pi,i+1.pm2.I
)k+1

.(C.∆.C ′)r.W ′

V.
(∏m−1

i=2 pi,i+1.pm2.I
)k+1

.(C.∆.C ′)r.1′

=
V.(C.∆.C ′).(C.∆.C ′)r−1.W ′

V.(C.∆.C ′).(C.∆.C ′)r−1.1′

= P t(X)(1|0r+11).

❉❡ss❛ ❢♦r♠❛✱ ✈ê✲s❡ q✉❡ ❤á m− 1 ✈❛❧♦r❡s ❛❧t❡r♥❛❞♦s ♣❛r❛ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✱ ❧♦❣♦ ♥ã♦ ❤á

❝♦♥✈❡r❣ê♥❝✐❛✳

❖ ❊①❡♠♣❧♦ ✷✳✹ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳ ❊❧❡ ✐❧✉str❛ ♦ ❢❛t♦ ❞❡ q✉❡✱ q✉❛♥❞♦ ❤á s♦♠❛

❝♦♥st❛♥t❡✱ k✱ ♥❛s ❝♦❧✉♥❛s ❞❡ P ✱ ❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸ é s❛t✐s❢❡✐t❛✳ ❊st❡ ❡①❡♠♣❧♦ é ✐♠♣♦rt❛♥t❡

♣♦r ♠♦str❛r✱ ♥♦✈❛♠❡♥t❡✱ ❝♦♠♦ ❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸ é ✈❡r✐✜❝❛❞❛ ❡ ♠♦str❛r q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❧✐♠✐t❡✱ ♥❡st❡ ❝❛s♦✱ é ❞❛❞❛ ♣♦r 1− k✳

❊①❡♠♣❧♦ ✷✳✹ ❙❡❥❛ (Xn)n∈N ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❣r❡❣á✈❡❧✱ ❡st❛❝✐♦♥ár✐♦✱ ❝♦♠ ❛❧❢❛❜❡t♦ A =

{1, 2, ...,m} ❡ ♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❡❝♦♠♣♦st❛ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✳❙✉♣♦♥❤❛ ❛ s✉❜♠❛tr✐③

P ❝í❝❧✐❝❛ ❞❡ í♥❞✐❝❡ h✱ ❝♦♠ s♦♠❛ ❝♦♥st❛♥t❡ k ❡♠ s✉❛s ❝♦❧✉♥❛s ❡ ❝❛❞❛ ❜❧♦❝♦ ❝í❝❧✐❝♦ Bi ❝♦♠ ❞✐♠❡♥sã♦
m−1
h

✳ ❱❛♠♦s ✈❡r✐✜❝❛r q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛ ❈♦♥❞✐çã♦ ✭✷✳✾✮ é s❛t✐s❢❡✐t❛✳

❊s❝r❡✈❛ P ♥❛ ❢♦r♠❛ ❞❡ ❋r♦❜ê♥✐✉s ✭✷✳✶✵✮ ❛♣r❡s❡♥t❛❞❛ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ P h t❡♠ ❢♦r♠❛ ✭✷✳✶✷✮ ❡ é ♣r✐♠✐t✐✈❛ ❝♦♠ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ✐❣✉❛❧ ❛ λ∗1 = kh✱

♦♥❞❡ k é ♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ❞♦s ❜❧♦❝♦s Bi✱ ♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s s♦♠❛ ❝♦♥st❛♥t❡ k✱ ♥❛s ❝♦❧✉♥❛s

❞❡ P ✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✹

lim
n→∞

(
P

k

)n.h

= G∗.

✷✽



❖s ❜❧♦❝♦s Bi sã♦ ♠❛tr✐③❡s ♣r✐♠✐t✐✈❛s ❡ q✉❛❞r❛❞❛s✱ ❡♥tã♦ q✉❛♥❞♦ n→ ∞✱ G∗ é ❢♦r♠❛❞❛ ♣❡❧♦s ❜❧♦❝♦s
❧✐♠✐t❡s H∗

i = φi.ψ
′
i✱ ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡ ③❡r♦ ♥❛s ♦✉tr❛s ❡♥tr❛❞❛s✱ ♦♥❞❡ φi ❡ ψi sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s

à ❞✐r❡✐t❛ ❡ à ❡sq✉❡r❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦ i✲és✐♠♦ ❜❧♦❝♦ ❞❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞❡ P h✱ ❝♦rr❡s♣♦♥❞❡♥t❡
à kh✳ ❖♣❡r❛♥❞♦ ❡♠ ❜❧♦❝♦s✱ ❡s❝r❡✈❡♠♦s Vi ❡ W ′

i ✱ i ∈ {1, 2, ..., h}✱ ❝♦♠♦ s✉❜✈❡t♦r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❞❡ V ❡ W ′✱ ❝♦♠ ❛ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❞❡ Bi✳ ❊♥tã♦ ❛ ❡①♣r❡ssã♦
V.(P

k )
n.h

.P r.W ′

V.(P
k )

n.h
.P r.1′

s❡rá

V1.
(∏

h

i=1
Bi

kh

)n

.(
∏r

i=1Bi).W
′

j1
+ V2.

(∏
h

i=2
Bi.B1

kh

)n

.(
∏r+1

i=2 Bi).W
′

j2
+ . . .+ Vh.

(

Bh.
∏h−1

i=1
Bi

kh

)n

.(Bh.
∏r−1

i=1 Bi).W
′

jh

V1.
(∏

h

i=1
Bi

kh

)n

.(
∏r

i=1Bi) + V2.
(∏

h

i=2
Bi.B1

kh

)n

.(
∏r+1

i=2 Bi) + . . .+ Vh.

(

Bh.
∏h−1

i=1
Bi

kh

)n

.(Bh.
∏r−1

i=1 Bi)

.

❊♥tã♦✱ ❝♦♠♦ ❛✜r♠❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ limn→∞

(∏h
i=1 Bi

kh

)n
= H∗

1 ✱ limn→∞

(∏h
i=2 Bi.B1

kh

)n
= H∗

2 ✱ ✳✳✳✱

limn→∞

(
Bh.

∏h−1
i=1 Bi

kh

)n

= H∗
h✳ ▲♦❣♦

lim
n→∞

P
t(X)(1|0n.h+r+11) =

V1.H
∗

1 .(
∏r

i=1Bi).W
′

j1
+ V2.H

∗

2 .(
∏r+1

i=2 Bi).W
′

j2
+ . . .+ Vh.H

∗

h.(Bh.
∏r−1

i=1 Bi).W
′

jh

V1.H
∗

1 .(
∏r

i=1Bi) + V2.H
∗

2 .(
∏r+1

i=2 Bi) + . . .+ Vh.H
∗

h.(Bh.
∏r−1

i=1 Bi)

=
V1.φ1.ψ

′

1.(
∏r

i=1Bi).W
′

1 + V2.φ2.ψ
′

2.(
∏r+1

i=2 Bi).W
′

j2
+ . . .+ Vh.φh.ψ

′

h.(Bh.
∏r−1

i=1 Bi).W
′

h

V1.φ1.ψ
′

1.(
∏r

i=1Bi) + V2.φ2.ψ
′

2.(
∏r+1

i=2 Bi) + . . .+ Vh.φh.ψ
′

h.(Bh.
∏r−1

i=1 Bi)
.

◆♦t❡ q✉❡ φi ❡ ψi sã♦ ❛✉t♦✲✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s à kh✳ ❈♦♠♦ ❛ s♦♠❛ ♥❛s ❝♦❧✉♥❛s é ❝♦♥st❛♥t❡✱

ψi = 1
′
i é ✉♠ ❛✉t♦✲✈❡t♦r ❞❡ B′

i✱ ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., h}✳ ❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

i = 1✱ ❛ss✐♠ t❡r❡♠♦s

φ1.11.

r∏

i=1

Bi = φ1.11.B1.

r∏

i=2

Bi

= φ1.k.11.

r∏

i=2

Bi

= k.H∗
1 .

r∏

i=2

Bi,

s✉❝❡ss✐✈❛♠❡♥t❡✱ ❝❤❡❣❛♠♦s ❛

= kr.H∗
1 .

P❛r❛ i 6= 1 ♦ r❛❝✐♦❝í♥✐♦ é ❛♥á❧♦❣♦✳ ❙✉❜st✐t✉✐♥❞♦ ❛❝✐♠❛✱ t❡r❡♠♦s

lim
n→∞

P t(X)(1|0n.h+r+11) =
V1.k

r.H∗
1 .W

′
j1
+ V2.k

r.H∗
2 .W

′
j2
+ . . .+ Vh.k

r.H∗
h.W

′
jh

V1.kr.H
∗
1 + V2.kr.H

∗
2 + . . .+ Vh.kr.H

∗
h

=

∑h
i=1 Vi.H

∗
i .W

′
ji∑h

i=1 Vi.H
∗
i

=
V.G∗.W ′

V.G∗.1′
= C

✷✾



❝♦♠ C ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞♦ r ∈ N✳ ❆ss✐♠ ❛ ❈♦♥❞✐çã♦ ✷✳✾ é s❛t✐s❢❡✐t❛ ❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦

❞♦ ♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ sã♦ ❝♦♥tí♥✉❛s✳

❖ ❊①❡♠♣❧♦ ✷✳✺ ❛ s❡❣✉✐r ✐❧✉str❛ ♦ ❚❡♦r❡♠❛ ✷✳✹✱ ♠♦str❛♥❞♦ q✉❡✱ q✉❛♥❞♦ ❛ s✉❜♠❛tr✐③ P é r❡❞✉tí✈❡❧

❛✐♥❞❛ ♣♦❞❡ ❤❛✈❡r ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳

❊①❡♠♣❧♦ ✷✳✺ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ X ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s A = {1, 2, 3, 4, 5, 6, 7} ❡

♠❛tr✐③ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞❛❞❛ ♣♦r

PX =




0.2 0.3 0.1 0.2 0.1 0 0.1

0.2 0.3 0.2 0.1 0 0.1 0.1

0.1 0.1 0.2 0 0.3 0.1 0.2

0 0 0 0.4 0.6 0 0

0.3 0 0 0.2 0.5 0 0

0.7 0 0 0 0 0.3 0

0.6 0 0 0 0 0 0.4




.

◆♦t❡ q✉❡ ♣❛r❛ ❛ ♣❛rt✐çã♦ {1}, {2, 3, 4, 5, 6, 7} ❛ ❝♦♥❞✐çã♦ ❞❡ ❛❣r❡❣❛❜✐❧✐❞❛❞❡ ♥ã♦ é s❛t✐s❢❡✐t❛✱ ♦

♣r♦❝❡ss♦ ❛❣r❡❣❛❞♦ ♦❜t✐❞♦ ♥ã♦ é ▼❛r❦♦✈✐❛♥♦ ❞❡ q✉❛❧q✉❡r ♦r❞❡♠✱ s❡♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛✳

❯t✐❧✐③❛♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ t❡r❡♠♦s

PX =

[
p11 V

W ′ P

]
.

❖❜s❡r✈❛♥❞♦ PX✱ ✈❡r✐✜❝❛♠♦s q✉❡ ❛ s✉❜♠❛tr✐③ P é r❡❞✉tí✈❡❧ ❡ ❡stá ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ✭❇✳✸✮

P =




0.3 0.2 0.1 0 0.1 0.1

0.1 0.2 0 0.3 0.1 0.2

0 0 0.4 0.6 0 0

0 0 0.2 0.5 0 0

0 0 0 0 0.3 0

0 0 0 0 0 0.4




=




T11 T12 T13 T14

0 T22 0 0

0 0 T33 0

0 0 0 T44



.

❈♦♠♦ ❛s s✉❜♠❛tr✐③❡s T22✱ T33✱ T44 sã♦ t♦❞❛s ♣r✐♠✐t✐✈❛s✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✹ ❞❡✈❡♠♦s ♦❜t❡r ♦s s❡✉s

❛✉t♦✲✈❛❧♦r❡s✱ q✉❡ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ λ1,22 = 0.8 ❡ λ1,33 = 0.3✱ λ1,44 = 0.4✳ ❖ ❜❧♦❝♦ ❞♦♠✐♥❛♥t❡

é T22 ❡ λ1,max = 0.8✳ ❆ss✐♠✱ ❝♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡ ❛♦ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ ♦❜t❡♠♦s ♦s ❛✉t♦✲✈❡t♦r❡s

φmax =

[
0.8320503

0.5547002

]
❞❡ T22 ❡ ψmax =

[
0.4472136

0.8944272

]
❞❡ T ′

22✳ ❆ss✐♠

φmax.ψ
′
max =

[
0.372104 0.744208

0.248069 0.496139

]

✸✵



❡ ❝❛❧❝✉❧❛♥❞♦ limn→∞

(
T22

λ1,max

)n
✱ t❡r❡♠♦s

lim
n→∞

(
T22

λ1,max

)n

=




0.372104 0.744208 0 0

0.248069 0.496139 0 0

0 0 0 0

0 0 0 0



.

❖❜t❡♥❞♦ (I − T11)
−1.T12. limn→∞

(
T22
λ1,22

)n
t❡r❡♠♦s

[
0.082689741 0.165379593 0 0

0.103362093 0.206724574 0 0

]
.

P♦❞❡♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r Ĝ

Ĝ =




0 0 0.082698 0.165380 0 0

0 0 0.103362 0.206725 0 0

0 0 0.372104 0.744208 0 0

0 0 0.248069 0.496139 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.

❋✐♥❛❧♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹

lim
n→∞

P t(X)(1|0n1) =
V.Ĝ.W ′

V.Ĝ.1′
=

[
0.3 0.1 0.2 0.1 0 0.1

]
.




0 0 0.082698 0.165380 0 0

0 0 0.103362 0.206725 0 0

0 0 0.372104 0.744208 0 0

0 0 0.248069 0.496139 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.




0.2

0.1

0

0.3

0.7

0.6




[
0.3 0.1 0.2 0.1 0 0.1

]
.




0 0 0.082698 0.165380 0 0

0 0 0.103362 0.206725 0 0

0 0 0.372104 0.744208 0 0

0 0 0.248069 0.496139 0 0

0 0 0 0 0 0

0 0 0 0 0 0




.




1

1

1

1

1

1




= 0.2.
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❈❛♣ít✉❧♦ ✸

❆❝♦♣❧❛♠❡♥t♦s ❊ ❉✐s❝r❡♣â♥❝✐❛ ❊♥tr❡ Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✲

✈❛çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛♠♦s ❛❝♦♣❧❛♠❡♥t♦s ❡ ❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s✳ ❯t✐❧✐③❛♠♦s

❛ ♥♦çã♦ ❞❡ ♣r♦❝❡ss♦s ❛❣r❡❣❛❞♦s ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❡ t❡♠❛ ❡ ❝♦♥str✉✐♠♦s ❡①❡♠♣✲

❧♦s ❞❡ ❛❝♦♣❧❛♠❡♥t♦s ❡♥tr❡ ♣r♦❝❡ss♦s ❜✐♥ár✐♦s✱ q✉❡ ❛❧❝❛♥ç❛♠ ❛ ♠í♥✐♠❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s

❛❝♦♣❧❛❞♦s✳ ❚♦❞♦s ♦s ♣r♦❝❡ss♦s ♠❡♥❝✐♦♥❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦ sã♦ ❡st❛❝✐♦♥ár✐♦s✳

■♥✐❝✐❛♠♦s ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❝♦♠ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ✐♥✐❝✐❛✐s q✉❡ ❢♦r❛♠ ❡①tr❛í❞❛s ❡ ❛❞❛♣t❛❞❛s ❛

♣❛rt✐r ❞❡ ❋❡r♥á♥❞❡③ ❡t ❛❧✳ ✭✷✵✵✶✮ ❡ ❊❧❧✐s ✭✶✾✽✵❜✮✳

✸✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❉❡ ❘❡♥♦✈❛çã♦

❉❡✜♥✐çã♦ ✸✳✶ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s X ❡ Y ❝♦♠ ❛❧❢❛❜❡t♦ A = {0, 1} ❡ ❞✐str✐❜✉✐çõ❡s

❡st❛❝✐♦♥ár✐❛s µX ❡ µY✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ X ❡ Y✱ ❞❡♥♦t❛❞♦ ♣♦r Z = (X,Y)✱

é ✉♠ ♣r♦❝❡ss♦ ❝♦♠ ❛❧❢❛❜❡t♦ A×A = {(0, 0), (0, 1), (1, 0), (1, 1)}✱ ❝✉❥❛s ♠❛r❣✐♥❛✐s sã♦ µX ❡ µY✳

❆❝♦♣❧❛r ❞♦✐s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s s✐❣♥✐✜❝❛ ❝♦♥str✉í✲❧♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦

♣r♦❝❡❞✐♠❡♥t♦ ❛❧❡❛tór✐♦✳ ❙❡ X ❡ Y sã♦ ❞♦✐s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s ❡st❛❝✐♦♥ár✐♦s✱ ❝♦♠ ♠❡s♠♦ ❛❧❢❛❜❡t♦

✜♥✐t♦ A✱ ❛♦ ❛❝♦♣❧❛r♠♦s X ❡ Y✱ ♦❜t❡♠♦s ✉♠ ♣r♦❝❡ss♦ Z ❝♦♠ ❛❧❢❛❜❡t♦ A×A✱ t❛❧ q✉❡✱

∑

a∈A

µZ(a, b) = µY(b) ✭✸✳✶✮

❡ ∑

b∈A

µZ(a, b) = µX(a) ✭✸✳✷✮

♣❛r❛ t♦❞♦ a, b ∈ A✳

❆❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ sã♦ ❞❡✜♥✐❞♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✸✳✷ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s X ❡ Y ❝♦♠ ❛❧❢❛❜❡t♦ A = {0, 1}✳ ❖ ♣r♦❝❡ss♦ Z =

(X,Y) ❝♦♠ ❛❧❢❛❜❡t♦ A×A = {(0, 0), (0, 1), (1, 0), (1, 1)} é ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦✱ s❡ Z é ✉♠

♣r♦❝❡ss♦ ♠❛r❦♦✈✐❛♥♦ ❡ é ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ X ❡ Y ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳

✸✷



❉❡✜♥✐çã♦ ✸✳✸ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ X ❡ Y ❝♦♠ ❛❧❢❛❜❡t♦ A = {0, 1}✳ ❖ ♣r♦❝❡ss♦

Z = (X,Y) ❝♦♠ ❛❧❢❛❜❡t♦ A × A = {(0, 0), (0, 1), (1, 0), (1, 1)} é ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦✱ s❡

é ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✷✳✶✱ ❡ é ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ X ❡ Y ❞❡

❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✸✳✶✳

✸✳✷ ❉✐s❝r❡♣â♥❝✐❛ ❊♥tr❡ Pr♦❝❡ss♦s ❉❡ ❘❡♥♦✈❛çã♦

❈♦♥s✐❞❡r❡ ❞♦✐s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ X ❡ Y ❝♦♠ ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s µX ❡ µY✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❙❡❥❛ CXY ♦ ❝♦♥❥✉♥t♦ ❞♦s ❛❝♦♣❧❛♠❡♥t♦s ❡♥tr❡ X ❡ Y✳

❉❡✜♥✐çã♦ ✸✳✹ ❉❛❞♦s ❞♦✐s ♣r♦❝❡ss♦s X ❡ Y✱ s❡❥❛ CXY ♦ ❝♦♥❥✉♥t♦ ❞♦s ❛❝♦♣❧❛♠❡♥t♦s ❡♥tr❡ X ❡ Y✳

❉❡✜♥❛ ❛ ❢✉♥çã♦

d : CXY → [0, 1], ❞❛❞❛ ♣♦r d(Z) =
∑

a 6=b

µZ(a, b), ♣❛r❛ t♦❞♦ a, b ∈ A,Z ∈ CXY.

◆❡st❡ ❝❛s♦ d(Z) é ❛ ♠❡❞✐❞❛ ❞♦s ♣❛r❡s ❞❡ sí♠❜♦❧♦s ❞♦ ♣r♦❝❡ss♦ ❛❝♦♣❧❛❞♦ ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ X

❡ Y sã♦ ❞✐❢❡r❡♥t❡s✳ d(Z) s❡rá ❝❤❛♠❛❞❛ ❞❡ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ X ❡ Y ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ Z✳

❉❡✜♥✐çã♦ ✸✳✺ ❆ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ X ❡ Y✱ ❞❡♥♦t❛❞❛ ♣♦r d̄(X,Y)✱ é

d̄(X,Y) = inf{d(Z) : Z ∈ CXY}. ✭✸✳✸✮

❉❡✜♥✐çã♦ ✸✳✻ ❙❡❥❛♠ X ❡ Y ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s✳ ❈♦♥s✐❞❡r❡ MX,Y ♦ ❝♦♥❥✉♥t♦ ❞♦s ❛❝♦♣❧❛♠❡♥t♦s

▼❛r❦♦✈✐❛♥♦s ❡♥tr❡ X ❡ Y✳ ❆ ❞✐stâ♥❝✐❛ ▼❛r❦♦✈✐❛♥❛ ❡♥tr❡ X ❡ Y é ❞❡✜♥✐❞❛ ♣♦r✿

dM (X,Y) = inf{d(Z) : Z ∈MX,Y}. ✭✸✳✹✮

❉❡✜♥✐çã♦ ✸✳✼ ❆ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❛❧❡❛tór✐♦s X ❡ Y✱ é ❞❡✜♥✐❞❛ ♣♦r

dp(X,Y) = 1−
∑

a∈A

min{µX(a), µY(a)}, ✭✸✳✺✮

♦♥❞❡ µX ❡ µY sã♦ ❛s ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s ❞❡ X ❡ Y✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❝❛s♦ ❜✐♥ár✐♦✱ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ é ❞❛❞❛ ♣♦r

dp(X,Y) = 1−
∑

a∈A

min{µX(a), µY(a)}

= 1−min{µX(0), µY(0)} −min{µX(1), µY(1)}

= max{µX(1), µY(1)} −min{µX(1), µY(1)}

= |µX(1)− µY(1)|.

✸✸



◆❖❚❆✿ ❊♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❡st❛❝✐♦♥ár✐♦s ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ r❡♣r❡s❡♥t❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

❛s ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s ❞❡ ❝❛❞❛ sí♠❜♦❧♦ ♥♦s ♣r♦❝❡ss♦s✳ ◆♦t❡ q✉❡ ❡ss❛ ♠❡❞✐❞❛ ♥ã♦ t❡♠ ♥❡♥❤✉♠❛

r❡❧❛çã♦ ❝♦♠ ♦s ❛❝♦♣❧❛♠❡♥t♦s✱ ❧❡✈❛ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛♣❡♥❛s ❛s ♠❡❞✐❞❛s ♠❛r❣✐♥❛✐s ❞♦s ❞♦✐s ♣r♦❝❡ss♦s

❝♦♥s✐❞❡r❛❞♦s✳ ❙❡ ❡①✐st✐r ✉♠ ❛❝♦♣❧❛♠❡♥t♦ q✉❡ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦✱ ❡♥tã♦ t❛♠❜é♠ ❛❧❝❛♥ç❛

❛ ❞✐stâ♥❝✐❛ d̄✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ µX(1) ≤ µY(1) ✭♦ ❝❛s♦ µX(1) ≥ µY(1) é ❛♥á❧♦❣♦✮✱ ❡♥tã♦ ♣❛r❛

q✉❛❧q✉❡r ❛❝♦♣❧❛♠❡♥t♦ Z ∈ CXY ✱ t❡♠♦s

dp(X,Y) = 1−
∑

i∈A

min{µX(i), µY(i)}

= 1−min{µX(1), µY(1)} −
∑

i∈A\{1}

min{µX(i), µY(i)}

=

m∑

i=2

µX(i)−
m∑

i=2

min{µX(i), µY(i)}

=

m∑

i=2

(µX(i)−min{µX(i), µY(i)}) ≤
m∑

i=2

|µX(i)− µY(i)|

=

m∑

i=2

|
m∑

k=1

(µZ(i, k)− µZ(k, i)) |

=

m∑

i=2

|
∑

k 6=i

(µZ(i, k)− µZ(k, i)) | ≤
m∑

i=1

∑

k 6=i

(µZ(i, k) + µZ(k, i))

= d(Z).

P♦rt❛♥t♦✱ s❡ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦✱ ❛❧❝❛♥ç❛ t❛♠❜é♠ ❞✐stâ♥❝✐❛ d̄✱ ♣♦ré♠

é ♣♦ssí✈❡❧ ❛❧❝❛♥ç❛r ❛ ❞✐stâ♥❝✐❛ d̄ s❡♠ ❛❧❝❛♥ç❛r ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♣♦r ❊❧❧✐s ✭✶✾✼✻✮

✭♣á❣✳✹✸✾✮✳ ❉❡✈✐❞♦ à ❢❛❝✐❧✐❞❛❞❡ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦✱ ✉t✐❧✐③❛r❡♠♦s ❡♠ ♠✉✐t♦s ❝❛s♦s ❛

❝♦♠♣❛r❛çã♦ ❝♦♠ ❡❧❛ ❡♠ ♥♦ss❛s ❛♥á❧✐s❡s✳

❚❡♦r❡♠❛ ✸✳✶ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s X ❡ Y ❝♦♠ ❛❧❢❛❜❡t♦ {0, 1}✳ ❙❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ Z ❡♥tr❡ X ❡ Y

❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄✱ ❡♥tã♦ µZ(1, 1) > 0 ❡ µZ(0, 0) > 0✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶

❙✉♣♦♥❤❛ q✉❡ µZ(1, 1) = 0✳ ❆ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ X ❡ Y ❛❧❝❛♥ç❛❞❛ ♣♦r Z é ❞❛❞❛ ♣♦r

d(Z) = µZ(1, 0) + µZ(0, 1).

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦s

µX(1) = µZ(1, 0) + µZ(1, 1) = µZ(1, 0)

❡

µY(1) = µZ(0, 1) + µZ(1, 1) = µZ(0, 1).

✸✹



P♦rt❛♥t♦✱

d(Z) = µX(1) + µY(1).

❚♦♠❡ ♦✉tr♦ ❛❝♦♣❧❛♠❡♥t♦ W ❡♥tr❡ X ❡ Y ❝♦♠ µW (1, 1) > 0✳ ❆ ❞✐s❝r❡♣â♥❝✐❛ ❛❧❝❛♥ç❛❞❛ ♣♦r ❡ss❡

❛❝♦♣❧❛♠❡♥t♦ é ❞❛❞❛ ♣♦r

d(W) = µW(1, 0) + µW(0, 1),

♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦s

µX(1) = µW(1, 0) + µW(1, 1)

❡

µY(1) = µW(0, 1) + µW(1, 1).

❊♥tã♦

d(Z) = µX(1) + µY(1) = µW(1, 0) + µW(0, 1) + 2.µW(1, 1) > d(W),

♣♦✐s µW(1, 1) > 0✳

❖ ❛r❣✉♠❡♥t♦ ♣❛r❛ µ(0, 0) é ❛♥á❧♦❣♦✳

✸✳✸ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊ ❉✐stâ♥❝✐❛ ❉❡ P❛rt✐çã♦

❙❡❥❛♠ X ❡ Y✱ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦ A = {1, 2, 3, . . . ,m} ❡ ♠❡❞✐❞❛s ❡st❛✲

❝✐♦♥ár✐❛s µX ❡ µY✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ Z = (X,Y) s❡❥❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ X ❡ Y

❝♦♠ ❛❧❢❛❜❡t♦ A×A ❡ ♠❡❞✐❞❛ ❞❛❞❛ ♣♦r µZ✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ♣❛rt✐çã♦ A = A1 ∪A2 ∪ . . .∪Ak✱ t❛❧ q✉❡

Ai ∩Aj = ∅✱ ♣❛r❛ ❛❧❣✉♠ Ai ✉♥✐tár✐♦✱ ❝♦♠ i ≤ k✳

❙❡❥❛ B = {1, 2, 3, . . . , k} ❝♦♠ k < m✱ ❞❡✜♥❛ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ t : A→ B ♣♦r

t(a) =
∑

i∈B

i.I(a ∈ Ai). ✭✸✳✻✮

❉❡✜♥❛ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊st❡♥❞✐❞❛ T : A×A→ B ×B ♣♦r

T (a, a′) =
∑

(i,j)∈B2

(i, j).I(a ∈ Ai).I(a
′ ∈ Aj). ✭✸✳✼✮

❉❡✜♥❛ σ ❡ σ′ ♣♦r

σ(µX, µY) =
∑

i

min




∑

a∈Ai

µX(a),
∑

a∈Ai

µY(a)



−

∑

i

∑

a∈Ai

min {µX(a), µY(a)} ✭✸✳✽✮

❡

σ′(µZ) =
∑

a 6=b,a,b∈A

µZ(a, b)−
∑

i,j

∑

a∈Ai,b∈Aj ,i 6=j

µZ(a, b). ✭✸✳✾✮

✸✺



▲❡♠❛ ✸✳✶ ❙❡❥❛♠ X ❡ Y ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ Z = (X,Y)

q✉❡ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ X ❡ Y✳ ❙❡ σ(µX, µY) = σ′(µZ)✱ ❡♥tã♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ T (Z)

❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ t(X) ❡ t(Y)✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ✸✳✶

❆ ❞✐stâ♥❝✐❛ ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ Z s❡rá ❞❛❞❛ ♣♦r d(Z) =
∑

a 6=b µZ(a, b)✳ ❈♦♠♦ ❛❧❝❛♥ç❛

❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ X ❡ Y✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✼✱

d(Z) =
∑

a,b∈A,a 6=b

µZ(a, b)

= dp(X,Y)

= 1−
∑

a∈A

min{µX(a), µY(a)}

= 1−
∑

i

∑

a∈Ai

min{µX(a), µY(a)}.

❆ ❞✐stâ♥❝✐❛ ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ T (Z) s❡rá ❞❛❞❛ ♣♦r

T (Z) =
∑

i,j∈B,i 6=j

µT (Z)(i, j)

=
∑

i,j∈B

∑

a∈Ai,a′∈Aj ,i 6=j

µZ(a, a
′) ≤

∑

a 6=a′

µZ(a, a
′)

= d(Z).

❱❛♠♦s ♦❜t❡r ❛❣♦r❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ t(X) ❡ t(Y)✱

dp(t(X), t(Y)) = 1−
∑

i∈B

min{µt(X)(i), µt(Y)(i)}

= 1−
∑

i∈B

min




∑

a∈Ai

µX(a),
∑

a∈Ai

µY(a)



 ≤ 1−

∑

i∈B

∑

a∈Ai

min{µX(a), µY(a)}

= dp(X,Y).

❈♦♠♦ Z = (X,Y) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ X ❡ Y ❡ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡✱ σ(µX, µY) =

σ′(µZ)✱ t❡r❡♠♦s

0 = dp(X,Y)− d(Z) = 1−
∑

i

∑

a∈Ai

min{µX(a), µY(a)} −
∑

a,b∈A,a 6=b

µZ(a, b)

σ(µX, µY)− σ′(µZ) =
∑

i

min




∑

a∈Ai

µX(a),
∑

a∈Ai

µY(a)



−

∑

i

∑

a∈Ai

min{µX(a), µY(a)}

✸✻



−


 ∑

a,b∈A,a 6=b

µZ(a, b)−
∑

i,j

∑

a∈Ai,b∈Aj ,i 6=j

µZ(a, b)


 .

❘❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s✱ t❡r❡♠♦s

1−
∑

i

min




∑

a∈Ai

µX(a),
∑

a∈Ai

µY(a)



 =

∑

i,j

∑

a∈Ai,b∈Aj ,i 6=j

µZ(a, b)

❧♦❣♦ dp(t(X), t(Y)) = d(T (Z))✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ♦r❞❡♥❛çã♦ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❡ A

❈♦♥❞✐çã♦ ✸✳✶ P❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ Ai ❞❛ ♣❛rt✐çã♦ ❞❡ A✱ µX(a) ≤ µY(a)✱ ♣❛r❛ t♦❞♦ a ∈ Ai✳

❚❡♦r❡♠❛ ✸✳✷ ❙❡❥❛♠ ❛s tr❛♥s❢♦r♠❛çõ❡s s♦❜r❡❥❡t✐✈❛s t ❡ T ✱ ❞❡✜♥✐❞❛s ❡♠ ✭✸✳✻✮ ❡ ✭✸✳✼✮✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ❝✉❥❛ ♣❛rt✐çã♦ s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ ✸✳✶✳ ❙❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ Z = (X,Y) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡

♣❛rt✐çã♦ ❡♥tr❡ X ❡ Y✱ ❡♥tã♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ T (Z) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ t(X) ❡ t(Y)✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷

P❡❧❛ ❈♦♥❞✐çã♦ ✸✳✶ ♣❛r❛ ❝❛❞❛ i ∈ N✱ s❛❜❡♠♦s q✉❡ µX(a) ≤ µY(a) ♣❛r❛ t♦❞♦ a ∈ Ai✱ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡
∑

a∈Ai
µX(a) ≤

∑
a∈Ai

µY(a) ♣❛r❛ t♦❞♦ i ∈ N✳ ◆❡st❡ ❝❛s♦✱

dp(t(X), t(Y)) = 1−
∑

i∈B

min




∑

a∈Ai

µX(a),
∑

a∈Ai

µY(a)





= 1−
∑

Ai

∑

a∈Ai

min{µX(a), µY(a)}

= dp(X,Y).

❈♦♠♦ d(T (Z)) ≤ d(Z) = dp(X,Y) ❡♥tã♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ T (Z) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡

t(X) ❡ t(Y)✳

✸✳✹ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊ ❉✐stâ♥❝✐❛ d̄

Pr♦♣♦s✐çã♦ ✸✳✶ ❙❡❥❛♠ X ❡ Y✱ ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦ A = {1, 2, 3, . . . ,m}✳

❈♦♥s✐❞❡r❡ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❞❛❞❛ ♣♦r ✭✷✳✷✮ ❡ T ✱ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊st❡♥❞✐❞❛

❞❡✜♥✐❞❛ ♣♦r ✭✸✳✼✮✳ ❙❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ Z = (X,Y) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ X ❡ Y✱ ❡

∑

a,b∈A\{1},a 6=b

µZ(a, b) ≥
∑

a,b∈A\{1},a 6=b

µδ(a, b) ✭✸✳✶✵✮

♣❛r❛ q✉❛❧q✉❡r δ ∈ C❳❨✱ ❡♥tã♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ T (Z) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ t(❳) ❡ t(❨)✳

✸✼



Pr♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶

❆ ❞✐stâ♥❝✐❛ ❛❧❝❛♥ç❛❞❛ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ Z é

d(Z) =
∑

a,b∈A,a 6=b

µZ(a, b)

=
∑

a∈A\{1}

µZ(a, 1) +
∑

b∈A\{1}

µZ(1, b) +
∑

a,b∈A\{1},a 6=b

µZ(a, b) = d̄(X,Y).

◆♦t❡ q✉❡ ∑

a∈A

µZ(a, b) = µY(b)

❡ ∑

b∈A

µZ(a, b) = µX(a)

♣❛r❛ t♦❞♦s a, b ∈ A✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❚r❛♥s❢♦r♠❛çã♦ T ❞❡✜♥✐❞❛ ♣♦r ✭✸✳✼✮✱ ❛ ❞✐stâ♥❝✐❛ ❛❧❝❛♥ç❛❞❛ ♣♦r ❡st❡ ❛❝♦♣❧❛♠❡♥t♦

s❡rá ❞❛❞❛ ♣♦r

d(T (Z)) = µT (Z)(0, 1) + µT (Z)(1, 0)

=
∑

a∈A\{1}

µZ(a, 1) +
∑

b∈A\{1}

µZ(1, b).

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ T (Z) ♥ã♦ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄(t(X), t(Y))✱ ❡♥tã♦ ❡①✐st❡ τ ✱ ❛❝♦♣❧❛✲

♠❡♥t♦ ❡♥tr❡ t(X) ❡ t(Y)✱ t❛❧ q✉❡

d(T (Z)) > d(τ).

❆ss✐♠

µT (Z)(0, 1) + µT (Z)(1, 0) > µτ (0, 1) + µτ (1, 0).

P♦rt❛♥t♦✱ ❡①✐st❡ δ ∈ CXY t❛❧ q✉❡

∑

a∈A\{1}

µZ(a, 1) +
∑

b∈A\{1}

µZ(1, b) + 2.µZ(1, 1)− 2.µZ(1, 1)

>
∑

a∈A\{1}

µδ(a, 1) +
∑

b∈A\{1}

µδ(1, b) + 2.µδ(1, 1)− 2.µδ(1, 1).

◆❡st❡ ❝❛s♦✱

µX(1) + µY(1)− 2.µZ(1, 1) > µX(1) + µY(1)− 2.µδ(1, 1)

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

µZ(1, 1) < µδ(1, 1), ✭✸✳✶✶✮

✸✽



♦♥❞❡ δ é ♦❜t✐❞♦ ♣❡❧❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞❡ τ ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ T ✳ ❆♥❛❧♦❣❛♠❡♥t❡

µT (Z)(0, 1) + µT (Z)(1, 0) > µτ (0, 1) + µτ (1, 0)

✐♠♣❧✐❝❛ q✉❡

µT (Z)(0, 1) + µT (Z)(1, 0) + 2.µT (Z)(0, 0)− 2.µT (Z)(0, 0)

> µτ (0, 1) + µτ (1, 0) + 2.µτ (0, 0)− 2.µτ (0, 0).

❆ss✐♠✱

∑

a∈A\{1}

µX(a) +
∑

b∈A\{1}

µY(b)− 2.µT (Z)(0, 0) >
∑

a∈A\{1}

µX(a) +
∑

b∈A\{1}

µY(b)− 2.µτ (0, 0)

❡

µT (Z)(0, 0) < µτ (0, 0).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡r❡♠♦s

∑

a∈A\{1}

µZ(a, a) +
∑

a,b∈A\{1},a 6=b

µZ(a, b) <
∑

a∈A\{1}

µδ(a, a) +
∑

a,b∈A\{1},a 6=b

µδ(a, b). ✭✸✳✶✷✮

❙♦♠❛♥❞♦ ✭✸✳✶✶✮ ❝♦♠ ✭✸✳✶✷✮✱ t❡r❡♠♦s

µZ(1, 1)+
∑

a∈A\{1}

µZ(a, a)+
∑

a,b∈A\{1},a 6=b

µZ(a, b) < µδ(1, 1)+
∑

a∈A\{1}

µδ(a, a)+
∑

a,b∈A\{1},a 6=b

µδ(a, b),

♣♦r ✭✸✳✶✵✮✱ t❡r❡♠♦s✱ ✜♥❛❧♠❡♥t❡

µZ(1, 1) +
∑

a∈A\{1}

µZ(a, a) < µδ(1, 1) +
∑

a∈A\{1}

µδ(a, a)

❡ d(Z) > d(δ)✳ ❈♦♥tr❛❞✐çã♦✳

❆♥t❡s ❞❡ ❞❡s❡♥✈♦❧✈❡r♠♦s ❛ s❡çã♦ s❡❣✉✐♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ Pr♦♣♦s✐çã♦ ✸✳✷ q✉❡ ♥♦s ❞á ❛ r❡❧❛çã♦

❡①✐st❡♥t❡ ❡♥tr❡ ❛ ❞✐stâ♥❝✐❛ ▼❛r❦♦✈✐❛♥❛ ❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛❣r❡❣❛❞♦s✱ ♥♦s

♠♦❧❞❡s ❝♦♥str✉t✐✈♦s q✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✳

❉❡✜♥✐çã♦ ✸✳✽ ❙❡❥❛♠ t(X) ❡ t(Y)✱ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❣❡r❛❞♦s ❛ ♣❛rt✐r ❞❡ X ❡ Y✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✳ ❙❡❥❛ Z ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ❡♥tr❡ X ❡ Y✳ ❙❡❥❛

T (Z) ♦ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❣❡r❛❞♦ ❛ ♣❛rt✐r ❞❡ Z ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊st❡♥❞✐❞❛ ✭✸✳✼✮✳

❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛❣r❡❣❛❞♦s é ❞❡✜♥✐❞❛ ♣♦r

dr(t(X), t(Y)) = inf{d(T (Z)) : Z ∈M(X,Y)}.

✸✾



❱❛♠♦s ❝❤❛♠❛r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛❣r❡❣❛❞♦s ❞❡ ❉✐stâ♥❝✐❛ ❞❡ ❘❡♥♦✈❛çã♦✱

❝♦♠ ❛ ♥♦t❛çã♦ ❛❝✐♠❛✳

Pr♦♣♦s✐çã♦ ✸✳✷

dr(t(X), t(Y)) ≤ dM (X,Y),

♦♥❞❡ dM é ❛ ❞✐stâ♥❝✐❛ ▼❛r❦♦✈✐❛♥❛ ❞❡✜♥✐❞❛ ❡♠ ✸✳✻✳

Pr♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✷

❙❡❥❛♠ ♦s ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s✱ X ❡ Y ❝♦♠ ❛❧❢❛❜❡t♦ A = {1, 2, . . . ,m} ❡ s❡❥❛♠ t(X) ❡ t(Y) ♦s

♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❝♦♠ ❛❧❢❛❜❡t♦ B = {0, 1} ♦❜t✐❞♦s ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ✭✷✳✷✮✳

❈♦♥s✐❞❡r❡ Z ♦ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ❡♥tr❡ X ❡ Y q✉❡ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ▼❛r❦♦✈✐❛♥❛

✭dM (X,Y)✮✱ ❡♥tã♦

dM (X,Y) =
∑

i,j∈A,i 6=j

µZ(i, j) = µZ(1, 2) + µZ(1, 3) + . . .+ µZ(1,m)+

µZ(2, 3) + µZ(2, 4) . . .+ µZ(2,m) + . . .+ µZ(m− 1,m).

◆♦t❡ q✉❡ ♦s ♣❛r❡s ❞❡ sí♠❜♦❧♦s ❞✐s❝r❡♣❛♥t❡s (i, j), i 6= j ❝♦♠ i, j 6= 1✱ ❞❡✐①❛♠ ❞❡ s❡r ❞✐s❝r❡♣❛♥t❡s

q✉❛♥❞♦ ❛♣❧✐❝❛♠♦s ❛ ❚r❛♥s❢♦r♠❛çã♦ ✭✷✳✷✮✱ ♣♦✐s t(i) = t(j) = 0✱ s❡♠♣r❡ q✉❡ i, j 6= 1✳ P♦r ❡ss❡

❛r❣✉♠❡♥t♦✱

dM (X,Y) ≥
∑

i,j∈B,i 6=j

µt(Z)(i, j) = dr(t(X), t(Y)).

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❞✐stâ♥❝✐❛ ❞❡ r❡♥♦✈❛çã♦ só s❡ ✐❣✉❛❧❛ à ❞✐stâ♥❝✐❛ ▼❛r❦♦✈✐❛♥❛ q✉❛♥❞♦

t✐✈❡r♠♦s µZ(i, j) = 0✱ s❡♠♣r❡ q✉❡ i 6= j ❝♦♠ i, j 6= 1✱ ❝❛s♦ ❝♦♥trár✐♦ dr(t(X), t(Y)) < dM (X,Y)✳

◆♦t❡ ❡♥tã♦✱ q✉❡ é ♣♦ssí✈❡❧ q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ♥ã♦ ❛❧❝❛♥❝❡ ❛ ❞✐stâ♥❝✐❛ d̄✱ ❡♥q✉❛♥t♦ q✉❡

♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ ❛ ❛❧❝❛♥ç❛✱ ✐ss♦ é ✐❧✉str❛❞♦ ♣❡❧♦ ❊①❡♠♣❧♦ ✸✳✷✳

✸✳✺ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ❊ ❆❝♦♣❧❛♠❡♥t♦s ❉❡ ❘❡♥♦✈❛çã♦

●❛❧✈❡s ❡t ❛❧✳ ✭✷✵✶✵✮ ❝♦♥str✉✐r❛♠ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡st❛❝✐♦♥ár✐♦ ❛❧❝❛♥ç❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡

♣❛r❡s ❞❡ ♣r♦❝❡ss♦s ❜✐♥ár✐♦s ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛ ♦r❞❡♥❛❞♦s ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✱

x−1
−∞ ≤ y−1

−∞ ⇒ PX(1|x−1
−∞) ≤ PY(1|y−1

−∞). ✭✸✳✶✸✮

❖ ❊①❡♠♣❧♦ ✸✳✶ ✐❧✉str❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❡st❛ ❝♦♥❞✐çã♦ ❞❡ ♦r❞❡♥❛çã♦✱ ♥ã♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ✉♠

❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛❧❝❛♥❝❡ ❛ ❞✐stâ♥❝✐❛ d̄✳

❊①❡♠♣❧♦ ✸✳✶ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s U ❡ V✱ ❝♦♠ ❛❧❢❛❜❡t♦ B = {1, 2, 3} ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s

✹✵



❞❡ tr❛♥s✐çã♦ ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛s ♠❛tr✐③❡s

PU =



β 1− β 0

α 0 1− α

β 1− β 0




❡

P V =



β 1− β 0

α′ 0 1− α′

β 1− β 0




❝♦♠ α′ ≤ β ≤ α.

❚♦♠❡♠♦s ♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ X = t(U) ❡ Y = t(V) ❝♦♠ ❛❧❢❛❜❡t♦ A = {0, 1}✱ ♦❜t✐❞♦s ♣❡❧❛

❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✳ ❙❡❥❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ♣❛❞rã♦ W = (U,V) ❝♦♠ ❛❧❢❛❜❡t♦

B ×B✱ ❝✉❥❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ sã♦ ❞❛❞❛s ♣❡❧❛ ♠❛tr✐③

PW (U, V ) =




β 0 0 0 1− β 0 0 0 0

α′ 0 β − α′ 0 0 1− β 0 0 0

β 0 0 0 1− β 0 0 0 0

β α− β 0 0 0 0 0 1− α 0

α′ 0 α− α′ 0 0 0 0 0 1− α

β 0 0 0 1− β 0 0 0 0

α′ 0 β − α′ 0 0 1− β 0 0 0

β 0 0 0 1− β 0 0 0 0




.

❚♦♠❡♠♦s ❛❣♦r❛ ♦ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ Z = T (W) ❝♦♠ ❛❧❢❛❜❡t♦ A×A✱ ♦❜t✐❞♦ ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦

❆❣r❡❣❛♥t❡ ❊st❡♥❞✐❞❛ ✭✸✳✼✮✳ ◆❡st❡ ❝❛s♦✱ Z ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄ ❡♥tr❡ X ❡ Y✳

❊st❡ ❡①❡♠♣❧♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳

❖❜s❡r✈❛♥❞♦ ❛s ♠❛tr✐③❡s ❞❡ tr❛♥s✐çã♦ ❞❡ U ❡ V✱ ♦❜t❡♠♦s ❛s ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s

(µU(1), µU(2), µU(3)) =

(
α+ β − αβ

2− β
,
1− β

2− β
,
(1− α)(1− β)

2− β

)

❡

(µV(1), µV(2), µV(3)) =

(
α′ + β − α′β

2− β
,
1− β

2− β
,
(1− α′)(1− β)

2− β

)
.

❈♦♥str✉✐♠♦s ♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❛tr❛✈és ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✿ X = t(U) ❡

Y = t(V)✳ ❆s ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s ❞♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❣❡r❛❞♦s ♣♦r ❡ss❡s ♣r♦❝❡ss♦s s❡rã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡

(µX(1), µX(0)) = (µU(1), µU(2) + µU(3)) =

(
α+ β − αβ

2− β
,
(2− α)(1− β)

2− β

)

✹✶



(µY(1), µY(0)) = (µV(1), µV(2) + µV(3)) =

(
α′ + β − α′β

2− β
,
(2− α′)(1− β)

2− β

)
.

P♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ✉t✐❧✐③❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✸✳✼✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❛s ❞✐stâ♥❝✐❛s ❞❡

♣❛rt✐çã♦✱ ▼❛r❦♦✈✐❛♥❛ ❡ ❞❡ r❡♥♦✈❛çã♦✱ sã♦ ✐❣✉❛✐s ❡ ❞❛❞❛s ♣♦r

dp(U,V) = dp(X,Y) =
(1− β)(α− α′)

2− β
.

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮ s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ ✸✳✶✳ ❉❡ ❢❛t♦✱ t♦♠❡

❛ ♣❛rt✐çã♦✿ A1 = {1} ❡ A2 = {2, 3}✱ ♥♦t❡ q✉❡ µU(1) ≤ µV(1) ♦✉ µU(1) ≥ µV(1) ❡♠ A1✱ ❝♦♠♦

µU(2) = µV(2) ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ A2✳ ❊♥tã♦ ❝♦♠♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦

W = (U,V) ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡♥tr❡ U ❡ V✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡

r❡♥♦✈❛çã♦ Z = T (W) ♦❜t✐❞♦ ♣❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ❊st❡♥❞✐❞❛ ✭✸✳✼✮ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡

♣❛rt✐çã♦ ❡♥tr❡ X = t(U) ❡ Y = t(V)✳

P❡❧♦ ❊①❡♠♣❧♦ ✸✳✶✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ✭✸✳✶✸✮ ♥ã♦ é ✉♠❛ ❝♦♥❞✐çã♦

♥❡❝❡ssár✐❛ ❡♥tr❡ ❞♦✐s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦✱ ♣❛r❛ q✉❡ ❡①✐st❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ q✉❡ ❛❧❝❛♥❝❡ ❛ ❞✐s✲

tâ♥❝✐❛ d̄✳ ❈♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❡♠ q✉❡stã♦✱ t❡♠♦s α′ ≤ β ≤ α✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡

♣❛ss❛❞♦s✿x−1
−∞ = 0001 ❞❡ X ❡ y−1

−∞ = 0011 ❞❡ Y✳ ❚❡♠♦s q✉❡ x−1
−∞ ≤ y−1

−∞✱ ♠❛s

PX(1|x−1
−∞) ≥ PY(1|y−1

−∞).

❖ ❡①❡♠♣❧♦ s❡❣✉✐♥t❡ ♠♦str❛ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ ❡♥tr❡ ♣❛r❡s ❞❡ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦✱

q✉❡ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄✱ s❡♠✱ ♣♦ré♠✱ s❛t✐s❢❛③❡r às ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✷

❊①❡♠♣❧♦ ✸✳✷ ❙❡❥❛♠ ❞♦✐s ♣r♦❝❡ss♦s ▼❛r❦♦✈✐❛♥♦s U ❡ V✱ ❝♦♠ ❛❧❢❛❜❡t♦ B = {1, 2, 3} ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❡ tr❛♥s✐çã♦ ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧❛s ♠❛tr✐③❡s

PU =



β 1− β 0

α 0 1− α

β 1− β 0




❡

P V =



β′ 1− β′ 0

α 0 1− α

β′ 1− β′ 0




❝♦♠ β′ ≤ α ≤ β✳

❚♦♠❡♠♦s ♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ X = t(U) ❡ Y = t(V) ❝♦♠ ❛❧❢❛❜❡t♦ A = {0, 1}✱ ♦❜t✐❞♦s ♣❡❧❛

❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✳ ❙❡❥❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦ ♣❛❞rã♦ W = (U,V) ❝♦♠ ❛❧❢❛❜❡t♦

✹✷



B ×B✱ ❝✉❥❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ sã♦ ❞❛❞❛s ♣❡❧❛ ♠❛tr✐③

PW (U, V ) =




β′ β − β′ 0 0 1− β 0 0 0 0

α 0 β − α 0 0 1− β 0 0 0

β′ β − β′ 0 0 1− β 0 0 0 0

β′ α− β′ 0 0 0 0 0 1− α 0

α 0 0 0 0 0 0 0 1− α

β′ α− β′ 0 0 0 0 0 1− α 0

β′ β − β′ 0 0 1− β 0 0 0 0

α 0 β − α 0 0 1− β 0 0 0

β′ β − β′ 0 0 1− β 0 0 0 0




.

◆❡st❡ ❝❛s♦✱ Z é ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ X ❡ Y✱ q✉❡ ❛❧❝❛♥ç❛

❛ ❞✐stâ♥❝✐❛ d̄✳

■♥✐❝✐❛❧♠❡♥t❡ ✈❛♠♦s ♠♦str❛r q✉❡ Z é ❞❡ ❢❛t♦ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s X ❡ Y✳ P❛r❛ ✐ss♦

♠♦str❛r❡♠♦s q✉❡ µX ❡ µY sã♦ ♠❛r❣✐♥❛✐s ❞❡ µZ ✉t✐❧✐③❛♥❞♦ ✭✸✳✶✮ ❡ ✭✸✳✷✮✳

❈❛❧❝✉❧❛♥❞♦ ❛s ♠❡❞✐❞❛s ❡st❛❝✐♦♥ár✐❛s ❞❡ U ❡ V ♦❜t❡♠♦s

(µU(1), µU(2), µU(3)) =

(
α+ β − α.β

2− β
,
1− β

2− β
,
(1− β)(1− α)

2− β

)

(µV(1), µV(2), µV(3)) =

(
α+ β′ − α.β′

2− β′
,
1− β′

2− β′
,
(1− β′)(1− α)

2− β′

)
.

P❡❧❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✱ ♦❜t❡♠♦s ❛s ♠❡❞✐❞❛s ❞❡ X ❡ Y

(µX(1), µX(0)) =

(
α+ β − α.β

2− β
,
(1− β)(2− α)

2− β

)

(µY(1), µY(0)) =

(
α+ β′ − α.β′

2− β′
,
(1− β′)(2− α)

2− β′

)
.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝❛❧❝✉❧❛♠♦s ❛s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ W

(µW (1, 1), µW (1, 2), µW (1, 3), µW (2, 1), µW (2, 2), µW (2, 3), µW (3, 1), µW (3, 2), µW (3, 3))

=

(
αβ′ − α− β′

2− β′
,
αβ − αβ′ − ββ′ − αβ2 + αββ′ + β2

β(2− β)(2− β′)
,
β2 − ββ′ + αβ′ − αβ

β(2− β)(2− β′)
, 0,

β2β′ − β2 − 2ββ′ + β + β′

β(2− β)(2− β′)
,
(1− β)(β − β′)

β(2− β)(2− β′)
, 0,

(β − β′)(1− α)(1− β)

(2β − β2)(2− β′)
,

β − αβ − β2 + αβ2 + β′ − αβ′ − 2ββ′ − 2αββ′ + β2β′ − αβ2β′

β(2− β)(2− β′)

)
.

✹✸



❆ss✐♠✱ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ Z = T (W) t❡rá ♠❡❞✐❞❛ ❡st❛❝✐♦♥ár✐❛

(µZ(1, 1), µZ(1, 0), µZ(0, 1), µZ(0, 0)) =

(
α+ β′ − α.β′

2− β′
,
(2− α)(β − β′)

(2− β)(2− β′)
, 0,

(2− α)(1− β)

2− β

)
.

❊♥tã♦

µX(1) = µZ(1, 1) + µZ(1, 0)

=
α+ β′ − α.β′

2− β′
+

(2− α)(β − β′)

(2− β)(2− β′)

=
α+ β − α.β

2− β
,

µX(0) = µZ(0, 0) + µZ(0, 1)

=
(2− α)(1− β)

2− β
+ 0

=
(2− α)(1− β)

2− β
.

❉❛ ♠❡s♠❛ ❢♦r♠❛ t❡♠♦s

µY(1) = µZ(1, 1) + µZ(0, 1)

=
α+ β′ − α.β′

2− β′
+ 0

=
α+ β′ − α.β′

2− β′
,

µY(0) = µZ(0, 0) + µZ(1, 0)

=
(2− α)(1− β)

2− β
+

(2− α)(β − β′)

(2− β)(2− β′)

=
(2− α)(1− β′)

2− β′
.

P♦rt❛♥t♦ Z é ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ X ❡ Y✳ Z é t❛♠❜é♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ♣♦✐s ♣♦ss✉✐ ✉♠

s✉❜❝♦♥❥✉♥t♦ ✉♥✐tár✐♦ {(1, 1)} ♥❛ ♣❛rt✐çã♦ ❞❡ B ×B✳

❱❛♠♦s ✈❡r✐✜❝❛r ❛❣♦r❛ ♦ ❛❧❝❛♥❝❡ à ❞✐stâ♥❝✐❛ d̄✳ P♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ✉t✐❧✐③❛♥❞♦

❛ ❉❡✜♥✐çã♦ ✸✳✼✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❛s ❞✐stâ♥❝✐❛s ❞❡ ♣❛rt✐çã♦ sã♦ ❞❛❞❛s ♣♦r

dp(U,V) = dp(X,Y) =
(2− α)(β − β′)

(2− β)(2− β′)
.

✹✹



❖ ❛❝♦♣❧❛♠❡♥t♦ W t❡♠ ❞✐s❝r❡♣â♥❝✐❛

d(W) =
β(2 + α− 2β) + β′(2− α− 2β + β2)

β(2− β)(2− β′)
,

q✉❡ ♥ã♦ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦✳

❯t✐❧✐③❛♥❞♦ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦✱ ✈ê✲s❡ q✉❡ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦

❡ ❛ ❞✐stâ♥❝✐❛ d̄✱ ✐st♦ é

d(Z) =
(2− α)(β − β′)

(2− β)(2− β′)

❆❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❞❡✈❡♠ s❡r ❢❡✐t❛s ❡♠ r❡❧❛çã♦ ❛♦ ❊①❡♠♣❧♦ ✸✳✷

✶✳ ❖s ♣r♦❝❡ss♦s X ❡ Y ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ✭✸✳✶✸✮✳

✷✳ ◆♦t❡ q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦ Z ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ❡ ❛ ❞✐st❛♥❝✐❛ d̄ ♥♦

❝❛s♦ β′ ≤ α ≤ β✳ ◆♦s ❞❡♠❛✐s ❝❛s♦s ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣❛rt✐çã♦ ♥ã♦ é

❛❧❝❛♥ç❛❞❛✳

✸✳ ❖ ❛❝♦♣❧❛♠❡♥t♦ ▼❛r❦♦✈✐❛♥♦W ♥ã♦ ❛❧❝❛♥ç❛ ❛ ❞✐stâ♥❝✐❛ d̄✱ ❡♥q✉❛♥t♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦

Z ❛ ❛❧❝❛♥ç❛✱ s❡♥❞♦ ❛ss✐♠✱ ✉♠❛ ✐❧✉str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳

❯♠❛ ♦❜s❡r✈❛çã♦ ❡♠ r❡❧❛çã♦ ❛ ❛♠❜♦s ♦s ❊①❡♠♣❧♦s✱ ✸✳✶ ❡ ✸✳✷✱ é q✉❡ ❡❧❡s ♣♦ss✉❡♠ ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞❡ tr❛♥s✐çã♦ ❞❡s❝♦♥tí♥✉❛s✳ ❯♠ t❡♠❛ ✐♥t❡r❡ss❛♥t❡ ❞❡ ♣❡sq✉✐s❛ é tr❛t❛r ❛♣❡♥❛s ❞♦s ❝❛s♦s ❝♦♥tí♥✉♦s ❡

✈❡r✐✜❝❛r s❡ ❛ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ✭✸✳✶✸✮ é ♥❡❝❡ssár✐❛ ♦✉ s❡ ❤á ♦✉tr❛ ❝♦♥❞✐çã♦ ♠❡❧❤♦r✳

✹✺



❈❛♣ít✉❧♦ ✹

❈♦♥❝❧✉sã♦

❆ ár❡❛ ❞❡ ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s ❞❡ ♦r❞❡♠ ✐♥✜♥✐t❛✱ ❛❝♦♣❧❛♠❡♥t♦s ❡ ❞✐stâ♥❝✐❛ d̄✱ t❡♠ s✐❞♦ ♦❜❥❡t♦

❞❡ ❡st✉❞♦ ❞❡ ♠✉✐t♦s ♣❡sq✉✐s❛❞♦r❡s✳ ❆s ♣r✐♥❝✐♣❛✐s ❝♦♥tr✐❜✉✐çõ❡s ❞❡st❛ t❡s❡ sã♦

• ❯t✐❧✐③❛çã♦ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ ♣❛r❛ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦s✱ ♦❜t✐❞♦s ❛ ♣❛rt✐r

❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❛tr❛✈és ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✱ ❛ q✉❛❧ ♣❡r♠✐t❡ ♦ ❝á❧❝✉❧♦

♠❛✐s s✐♠♣❧✐✜❝❛❞♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✱ ❜❡♠ ❝♦♠♦ ❛ ♣❡r❝❡♣çã♦ ❞❛s ❝♦♥❞✐çõ❡s ♣❛r❛

❛ ❛❣r❡❣❛❜✐❧✐❞❛❞❡✱ k✲❛❣r❡❣❛❜✐❧✐❞❛❞❡✱ ❝♦♥t✐♥✉✐❞❛❞❡ ❡ ●✐❜s✐❛♥✐❞❛❞❡✳

• ❖❜t❡♥çã♦ ❞❡ ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦✱

♦❜t✐❞♦ ♣♦r ❛❣r❡❣❛çã♦ ❞❡ ❡st❛❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ❛❧❢❛❜❡t♦ ✜♥✐t♦✱

♣♦ss✉❛ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛s✳ ❆ss✐♠ ❝♦♠♦✱ ♦❜t❡♥çã♦ ❞❡ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s

♣❛r❛ ❛ ●✐❜❜s✐❛♥✐❞❛❞❡ ❞♦ ♠❡s♠♦ ♣r♦❝❡ss♦✳

• ❊st✉❞♦s s♦❜r❡ ❛❝♦♣❧❛♠❡♥t♦s ❞❡ r❡♥♦✈❛çã♦ q✉❡ ❛❧❝❛♥ç❛♠ ❛ ❞✐stâ♥❝✐❛ d̄✱ ✉t✐❧✐③❛♥❞♦ ❛❣r❡❣❛çã♦ ❞❡

❡st❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛❣r❡❣❛♥t❡✳

❖✉tr♦s t❡♠❛s ❞❡ ♣❡sq✉✐s❛ q✉❡ ❡st❛ t❡s❡ s✉❣❡r❡ sã♦

✭✶✮ ❊st✉❞❛r ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ♥ã♦ ❜✐♥ár✐♦s✱ ♦❜t✐❞♦s ❛tr❛✈és ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❆❣r❡❣❛♥t❡ ✭✷✳✷✮✳

❉❡s❡♥✈♦❧✈❡r ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛tr✐❝✐❛❧ ❡q✉✐✈❛❧❡♥t❡ ❡ ❜✉s❝❛r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ ♣r♦❝❡ss♦

❛❣r❡❣❛❞♦ ❝♦♥t✐♥✉❡ ▼❛r❦♦✈✐❛♥♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛ k ≥ 1✱ ❜❡♠ ❝♦♠♦ ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦✳ ❊st✉❞❛r✱ ♥❡st❡ ❝❛s♦✱ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ●✐❜❜s✐❛♥✐❞❛❞❡ ❞❡ ♠❡❞✐❞❛s

❞♦ ♣r♦❝❡ss♦ ❞❡ r❡♥♦✈❛çã♦ ♥ã♦ ❜✐♥ár✐♦✱ ♦❜t✐❞♦ ❝♦♠ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✳

✭✷✮ ❉❡t❡r♠✐♥❛r s♦❜ q✉❡ ❝♦♥❞✐çõ❡s ❛ ❞✐stâ♥❝✐❛ d̄ é ❛❧❝❛♥ç❛❞❛ ♣♦r ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ r❡♥♦✈❛çã♦✱ ❡♥tr❡

❞♦✐s ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ❜✐♥ár✐♦s ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❝♦♥tí♥✉❛✳ ❊st❛ ❝♦♥❞✐çã♦

s❡ ❡st❡♥❞❡ ❛ ♣r♦❝❡ss♦s ♥ã♦ ❜✐♥ár✐♦s❄ ❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❣❛r❛♥t✐r✐❛

q✉❡ ❛ ❈♦♥❞✐çã♦ ❉❡ ❖r❞❡♥❛çã♦ ✭✸✳✶✸✮ ❢♦ss❡ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❛❧❝❛♥ç❛r

❛ ❞✐stâ♥❝✐❛ d̄❄

✭✸✮ ❇✉s❝❛r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ♣r♦❝❡ss♦s ❞❡ r❡♥♦✈❛çã♦ ♦❜t✐❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛❣r❡✲

❣❛♥t❡✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ ❝♦♠ ❛❧❢❛❜❡t♦ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧✳

✹✻



✭✹✮ ●❡♥❡r❛❧✐③❛r ♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ♥❡st❛ t❡s❡ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♥ã♦ ❞❡t❡r♠✐♥✐st✐❝❛✱

♠❛s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛❧❡❛tór✐❛ q✉❛❧q✉❡r✳

✹✼



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❇❛❧❧✱ ❋✳ ✫ ❨❡♦✱ ●✳ ❋✳ ✭✶✾✾✸✮✳ ▲✉♠♣❛❜✐❧✐t② ❛♥❞ ♠❛r❣✐♥❛❧✐s❛❜✐❧✐t② ❢♦r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈

❝❤❛✐♥s✳ ❏✳ ❆♣♣❧✳ Pr♦❜❛❜✳ ✸✵✭✸✮✱ ✺✶✽✕✺✷✽✳ ✼

❇❛✉♠✱ ▲✳ ❊✳ ✫ P❡tr✐❡✱ ❚✳ ✭✶✾✻✻✮✳ ❙t❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ❢♦r ♣r♦❜❛❜✐❧✐st✐❝ ❢✉♥❝t✐♦♥s ♦❢ ✜♥✐t❡ st❛t❡

▼❛r❦♦✈ ❝❤❛✐♥s✳ ❆♥♥✳ ▼❛t❤✳ ❙t❛t✐st✳ ✸✼✱ ✶✺✺✹✕✶✺✻✸✳ ✶

❇♦✉❝❤❡r✐❡✱ ❘✳ ❏✳ ✭✶✾✾✸✮✳ ❆❣❣r❡❣❛t✐♦♥ ♦❢ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss✳ ❆♣♣❧✳ ✹✺✭✶✮✱ ✾✺✕✶✶✹✳

✶

❇♦✇❡♥✱ ❘✳ ✭✷✵✵✽✮✳ ❊q✉✐❧✐❜r✐✉♠ st❛t❡s ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r② ♦❢ ❆♥♦s♦✈ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ ✈♦❧✳ ✹✼✵

♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❇❡r❧✐♥✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ r❡✈✐s❡❞ ❡❞✳ ❲✐t❤ ❛ ♣r❡❢❛❝❡ ❜② ❉❛✈✐❞

❘✉❡❧❧❡✱ ❊❞✐t❡❞ ❜② ❏❡❛♥✲❘❡♥é ❈❤❛③♦tt❡s✳ ✷

❇♦②❧❡✱ ▼✳ ✫ P❡t❡rs❡♥✱ ❑✳ ✭✷✵✶✶✮✳ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s②♠❜♦❧✐❝ ❞②♥❛♠✐❝s✳

■♥✿ ❊♥tr♦♣② ♦❢ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✈♦❧✳ ✸✽✺ ♦❢ ▲♦♥❞♦♥

▼❛t❤✳ ❙♦❝✳ ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳ Pr❡ss✱ ♣♣✳ ✺✕✼✶✳ ✶

❇ré♠❛✉❞✱ P✳ ✭✶✾✾✾✮✳ ▼❛r❦♦✈ ❝❤❛✐♥s✱ ✈♦❧✳ ✸✶ ♦❢ ❚❡①ts ✐♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣✳ ●✐❜❜s ✜❡❧❞s✱ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✱ ❛♥❞ q✉❡✉❡s✳ ✺✺✱ ✺✻✱ ✺✽

❇✉❝❤❤♦❧③✱ P✳ ✭✶✾✾✹✮✳ ❊①❛❝t ❛♥❞ ♦r❞✐♥❛r② ❧✉♠♣❛❜✐❧✐t② ✐♥ ✜♥✐t❡ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❏✳ ❆♣♣❧✳ Pr♦❜❛❜✳

✸✶✭✶✮✱ ✺✾✕✼✺✳ ✼

❇✉r❦❡✱ ❈✳ ❏✳ ✫ ❘♦s❡♥❜❧❛tt✱ ▼✳ ✭✶✾✺✽✮✳ ❆ ▼❛r❦♦✈✐❛♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❆♥♥✳ ▼❛t❤✳

❙t❛t✐st✳ ✷✾✱ ✶✶✶✷✕✶✶✷✷✳ ✼

❈é♥❛❝✱ P✳✱ ❈❤❛✉✈✐♥✱ ❇✳✱ P❛❝❝❛✉t✱ ❋✳ ✫ P♦✉②❛♥♥❡✱ ◆✳ ✭✷✵✶✷✮✳ ❈♦♥t❡①t tr❡❡s✱ ✈❛r✐❛❜❧❡ ❧❡♥❣t❤

▼❛r❦♦✈ ❝❤❛✐♥s ❛♥❞ ❞②♥❛♠✐❝❛❧ s♦✉r❝❡s✳ ■♥✿ ❙é♠✐♥❛✐r❡ ❞❡ Pr♦❜❛❜✐❧✐tés ❳▲■❱✱ ✈♦❧✳ ✷✵✹✻ ♦❢ ▲❡❝t✉r❡

◆♦t❡s ✐♥ ▼❛t❤✳ ❍❡✐❞❡❧❜❡r❣✿ ❙♣r✐♥❣❡r✱ ♣♣✳ ✶✕✸✾✳ ✶

❈❤❛③♦tt❡s✱ ❏✳✲❘✳ ✫ ❯❣❛❧❞❡✱ ❊✳ ✭✷✵✵✸✮✳ Pr♦❥❡❝t✐♦♥ ♦❢ ▼❛r❦♦✈ ♠❡❛s✉r❡s ♠❛② ❜❡ ●✐❜❜s✐❛♥✳ ❏✳

❙t❛t✐st✳ P❤②s✳ ✶✶✶✭✺✲✻✮✱ ✶✷✹✺✕✶✷✼✷✳ ✷

❈❤❛③♦tt❡s✱ ❏✳✲❘✳ ✫ ❯❣❛❧❞❡✱ ❊✳ ✭✷✵✶✶✮✳ ❖♥ t❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ●✐❜❜s✐❛♥♥❡ss ✉♥❞❡r s②♠❜♦❧

❛♠❛❧❣❛♠❛t✐♦♥✳ ■♥✿ ❊♥tr♦♣② ♦❢ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱

✹✽



✈♦❧✳ ✸✽✺ ♦❢ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ▲❡❝t✉r❡ ◆♦t❡ ❙❡r✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳ Pr❡ss✱ ♣♣✳ ✼✷✕✾✼✳

✶

❉♦❜r✉s❝❤✐♥✱ P✳ ✭✶✾✻✽✮✳ ❚❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✜❡❧❞ ❜② ♠❡❛♥s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s

❛♥❞ ❝♦♥❞✐t✐♦♥s ♦❢ ✐ts r❡❣✉❧❛r✐t②✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t② ✶✸✭✷✮✱ ✶✾✼✕✷✷✹✳ ✷✱ ✶✾

❊❧❧✐s✱ ▼✳ ❍✳ ✭✶✾✼✻✮✳ ❚❤❡ d✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❝❛♥♥♦t ❛❧✇❛②s ❜❡ ❛tt❛✐♥❡❞ ❜②

❛ ▼❛r❦♦✈ ❥♦✐♥✐♥❣✳ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✷✹✭✸✲✹✮✱ ✷✻✾✕✷✼✸✳ ✷✱ ✸✹

❊❧❧✐s✱ ▼✳ ❍✳ ✭✶✾✼✽✮✳ ❉✐st❛♥❝❡s ❜❡t✇❡❡♥ t✇♦✲st❛t❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛tt❛✐♥❛❜❧❡ ❜② ▼❛r❦♦✈ ❥♦✐♥✐♥❣s✳

❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✷✹✶✱ ✶✷✾✕✶✺✸✳ ✷

❊❧❧✐s✱ ▼✳ ❍✳ ✭✶✾✽✵❛✮✳ ❈♦♥❞✐t✐♦♥s ❢♦r ❛tt❛✐♥✐♥❣ d̄ ❜② ❛ ▼❛r❦♦✈✐❛♥ ❥♦✐♥✐♥❣✳ ❆♥♥✳ Pr♦❜❛❜✳ ✽✭✸✮✱

✹✸✶✕✹✹✵✳ ✷

❊❧❧✐s✱ ▼✳ ❍✳ ✭✶✾✽✵❜✮✳ ❖♥ ❑❛♠❛❡✬s ❝♦♥❥❡❝t✉r❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ d̄✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦✲st❛t❡ ▼❛r❦♦✈

♣r♦❝❡ss❡s✳ ❆♥♥✳ Pr♦❜❛❜✳ ✽✭✷✮✱ ✸✼✷✕✸✼✻✳ ✷✱ ✸✷

❋❡r♥á♥❞❡③✱ ❘✳✱ ❋❡rr❛r✐✱ P✳ ❆✳ ✫ ●❛❧✈❡s✱ ❆✳ ✭✷✵✵✶✮✳ ❈♦✉♣❧✐♥❣✱ r❡♥❡✇❛❧ ❛♥❞ ♣❡r❢❡❝t s✐♠✉❧❛t✐♦♥

♦❢ ❝❤❛✐♥s ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✳ ✷✱ ✸✷

❋❡r♥á♥❞❡③✱ ❘✳✱ ●❛❧❧♦✱ ❙✳ ✫ ▼❛✐❧❧❛r❞✱ ●✳ ✭✷✵✶✶✮✳ ❘❡❣✉❧❛r C✲♠❡❛s✉r❡s ❛r❡ ♥♦t ❛❧✇❛②s ●✐❜❜s✐❛♥✳

❊❧❡❝tr♦♥✳ ❈♦♠♠✉♥✳ Pr♦❜❛❜✳ ✶✻✱ ✼✸✷✕✼✹✵✳ ✷✱ ✶✾

❋❡r♥á♥❞❡③✱ ❘✳ ✫ ▼❛✐❧❧❛r❞✱ ●✳ ✭✷✵✵✹✮✳ ❈❤❛✐♥s ✇✐t❤ ❝♦♠♣❧❡t❡ ❝♦♥♥❡❝t✐♦♥s ❛♥❞ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

●✐❜❜s ♠❡❛s✉r❡s✳ ❊❧❡❝tr♦♥✳ ❏✳ Pr♦❜❛❜✳ ✾✱ ♥♦✳ ✻✱ ✶✹✺✕✶✼✻ ✭❡❧❡❝tr♦♥✐❝✮✳ ✷✶

❋r♦❜❡♥✐✉s✱ ●✳ ✭✶✾✶✶✮✳ ●❡❣❡♥s❡✐t✐❣❡ ❘❡❞✉❦t✐♦♥ ❛❧❣❡❜r❛✐s❝❤❡r ❑ör♣❡r✳ ▼❛t❤✳ ❆♥♥✳ ✼✵✭✹✮✱ ✹✺✼✕✹✺✽✳

✺✻

●❛❧✈❡s✱ ❆✳✱ ●❛r❝✐❛✱ ◆✳ ▲✳ ✫ Pr✐❡✉r✱ ❈✳ ✭✷✵✶✵✮✳ P❡r❢❡❝t s✐♠✉❧❛t✐♦♥ ♦❢ ❛ ❝♦✉♣❧✐♥❣ ❛❝❤✐❡✈✐♥❣ t❤❡

d✲❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ♦r❞❡r❡❞ ♣❛✐rs ♦❢ ❜✐♥❛r② ❝❤❛✐♥s ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✳ ❏✳ ❙t❛t✳ P❤②s✳ ✶✹✶✭✹✮✱ ✻✻✾✕✻✽✷✳

✷✱ ✹✵

●❡♦r❣✐✐✱ ❍✳✲❖✳ ✭✷✵✶✶✮✳ ●✐❜❜s ♠❡❛s✉r❡s ❛♥❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥s✱ ✈♦❧✳ ✾ ♦❢ ❞❡ ●r✉②t❡r ❙t✉❞✐❡s ✐♥

▼❛t❤❡♠❛t✐❝s✳ ❇❡r❧✐♥✿ ❲❛❧t❡r ❞❡ ●r✉②t❡r ✫ ❈♦✳✱ s❡❝♦♥❞ ❡❞✳ ✶✾

●✉r✈✐ts✱ ▲✳ ✫ ▲❡❞♦✉①✱ ❏✳ ✭✷✵✵✺✮✳ ▼❛r❦♦✈ ♣r♦♣❡rt② ❢♦r ❛ ❢✉♥❝t✐♦♥ ♦❢ ❛ ▼❛r❦♦✈ ❝❤❛✐♥✿ ❛ ❧✐♥❡❛r

❛❧❣❡❜r❛ ❛♣♣r♦❛❝❤✳ ▲✐♥❡❛r ❆❧❣❡❜r❛ ❆♣♣❧✳ ✹✵✹✱ ✽✺✕✶✶✼✳ ✼

❍❛♥✱ ●✳ ✫ ▼❛r❝✉s✱ ❇✳ ✭✷✵✵✻✮✳ ❆♥❛❧②t✐❝✐t② ♦❢ ❡♥tr♦♣② r❛t❡ ♦❢ ❤✐❞❞❡♥ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ■❊❊❊ ❚r❛♥s✳

■♥❢♦r♠✳ ❚❤❡♦r② ✺✷✭✶✷✮✱ ✺✷✺✶✕✺✷✻✻✳ ✶

❍❛rr✐s✱ ❚✳ ❊✳ ✭✶✾✺✺✮✳ ❖♥ ❝❤❛✐♥s ♦❢ ✐♥✜♥✐t❡ ♦r❞❡r✳ P❛❝✐✜❝ ❏✳ ▼❛t❤✳ ✺✱ ✼✵✼✕✼✷✹✳ ✶✱ ✷✱ ✾

✹✾



❏✉❛♥❣✱ ❇✳✲❍✳ ✫ ❘❛❜✐♥❡r✱ ▲✳ ❘✳ ✭✶✾✾✶✮✳ ❍✐❞❞❡♥ ▼❛r❦♦✈ ♠♦❞❡❧s ❢♦r s♣❡❡❝❤ r❡❝♦❣♥✐t✐♦♥✳ ❚❡❝❤♥♦✲

♠❡tr✐❝s ✸✸✭✸✮✱ ✷✺✶✕✷✼✷✳ ✶

❑❡♠❡♥②✱ ❏✳ ●✳ ✫ ❙♥❡❧❧✱ ❏✳ ▲✳ ✭✶✾✼✻✮✳ ❋✐♥✐t❡ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳ ❘❡♣r✐♥t✲

✐♥❣ ♦❢ t❤❡ ✶✾✻✵ ♦r✐❣✐♥❛❧✱ ❯♥❞❡r❣r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ✶✱ ✼

❑✐t❝❤❡♥s✱ ❇✳ P✳ ✭✶✾✾✽✮✳ ❙②♠❜♦❧✐❝ ❞②♥❛♠✐❝s✳ ❯♥✐✈❡rs✐t❡①t✳ ❇❡r❧✐♥✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳ ❖♥❡✲s✐❞❡❞✱

t✇♦✲s✐❞❡❞ ❛♥❞ ❝♦✉♥t❛❜❧❡ st❛t❡ ▼❛r❦♦✈ s❤✐❢ts✳ ✺✻

▲❡❞♦✉①✱ ❏✳✱ ❘✉❜✐♥♦✱ ●✳ ✫ ❙❡r✐❝♦❧❛✱ ❇✳ ✭✶✾✾✹✮✳ ❊①❛❝t ❛❣❣r❡❣❛t✐♦♥ ♦❢ ❛❜s♦r❜✐♥❣ ▼❛r❦♦✈ ♣r♦❝❡ss❡s

✉s✐♥❣ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳ ❏✳ ❆♣♣❧✳ Pr♦❜❛❜✳ ✸✶✭✸✮✱ ✻✷✻✕✻✸✹✳ ✼

▲❡st❛s✱ ■✳✱ P❛✉❧ss♦♥✱ ❏✳✱ ❘♦ss✱ ◆✳ ❊✳ ✫ ❱✐♥♥✐❝♦♠❜❡✱ ●✳ ✭✷✵✵✽✮✳ ◆♦✐s❡ ✐♥ ❣❡♥❡ r❡❣✉❧❛t♦r②

♥❡t✇♦r❦s ❬♠r✷✹✾✷✺✻✸❪✳ ■❊❊❊ ❚r❛♥s✳ ❆✉t♦♠❛t✳ ❈♦♥tr♦❧ ✭❙♣❡❝✐❛❧ ■ss✉❡ ♦♥ ❙②st❡♠s ❇✐♦❧♦❣②✮✱ ✶✽✾✕

✷✵✵✳ ✶

▲✐♠❛✱ ❊✳ ▲✳ ✭✶✾✾✻✮✳ ❆❧❣❡❜r❛ ▲✐♥❡❛r ✲ ✷❡❞✳ ❈♦❧❡❝❛♦ ▼❛t❡♠❛t✐❝❛ ❯♥✐✈❡rs✐t❛r✐❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿

■▼P❆✲❈◆Pq✳ ✶✷✱ ✺✷

▼❛ss❡②✱ ❏✳ ▲✳ ✭✶✾✼✽✮✳ ❏♦✐♥t s♦✉r❝❡ ❛♥❞ ❝❤❛♥♥❡❧ ❝♦❞✐♥❣✳ ■♥✿ ❈♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s ❛♥❞ r❛♥❞♦♠

♣r♦❝❡ss t❤❡♦r② ✭Pr♦❝✳ ✷♥❞ ◆❆❚❖ ❆❞✈❛♥❝❡❞ ❙t✉❞② ■♥st✳✱ ❉❛r❧✐♥❣t♦♥✱ ✶✾✼✼✮✳ ❆❧♣❤❡♥ ❛❛♥ ❞❡♥ ❘✐❥♥✿

❙✐❥t❤♦✛ ✫ ◆♦♦r❞❤♦✛✱ ♣♣✳ ✷✼✾✕✷✾✸✳ ◆❆❚❖ ❆❞✈❛♥❝❡❞ ❙t✉❞② ■♥st✳ ❙❡r✳✱ ❙❡r✳ ❊✿ ❆♣♣❧✳ ❙❝✐✳✱ ◆♦✳ ✷✺✳

✶

▼❛t➟♦❦❛✱ ▼✳ ✭✷✵✵✵✮✳ ❈♦♥✈❡① ❢✉③③② ♣r♦❝❡ss❡s✳ ❋✉③③② ❙❡ts ❛♥❞ ❙②st❡♠s ✶✶✵✭✶✮✱ ✶✵✾✕✶✶✹✳ ✶

▼❡②❡r✱ ❈✳ ✭✷✵✵✵✮✳ ▼❛tr✐① ❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❡❞ ❧✐♥❡❛r ❛❧❣❡❜r❛✳ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✿ ❙♦❝✐❡t② ❢♦r ■♥❞✉s✲

tr✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✭❙■❆▼✮✳ ❲✐t❤ ✶ ❈❉✲❘❖▼ ✭❲✐♥❞♦✇s✱ ▼❛❝✐♥t♦s❤ ❛♥❞ ❯◆■❳✮ ❛♥❞

❛ s♦❧✉t✐♦♥s ♠❛♥✉❛❧ ✭✐✈✰✶✼✶ ♣♣✳✮✳ ✺✺✱ ✺✻✱ ✺✽

◆♦✉ts♦s✱ ❉✳ ✭✷✵✵✻✮✳ ❖♥ P❡rr♦♥✲❋r♦❜❡♥✐✉s ♣r♦♣❡rt② ♦❢ ♠❛tr✐❝❡s ❤❛✈✐♥❣ s♦♠❡ ♥❡❣❛t✐✈❡ ❡♥tr✐❡s✳

▲✐♥❡❛r ❆❧❣❡❜r❛ ❆♣♣❧✳ ✹✶✷✭✷✲✸✮✱ ✶✸✷✕✶✺✸✳ ✺✻

❖r♥st❡✐♥✱ ❉✳ ❙✳ ✭✶✾✼✸✮✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❡r❣♦❞✐❝ t❤❡♦r② t♦ ♣r♦❜❛❜✐❧✐t② t❤❡♦r②✳ ❆♥♥✳ Pr♦❜❛❜✐❧✐t②

✶✭✶✮✱ ✹✸✕✻✺✳ ✷

P❡♥❣✱ ◆✳✲❋✳ ✭✶✾✾✻✮✳ ❖♥ ✇❡❛❦ ❧✉♠♣❛❜✐❧✐t② ♦❢ ❛ ✜♥✐t❡ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❙t❛t✐st✳ Pr♦❜❛❜✳ ▲❡tt✳ ✷✼✭✹✮✱

✸✶✸✕✸✶✽✳ ✼

P❡rr♦♥✱ ❖✳ ✭✶✾✵✼✮✳ ❩✉r t❤❡♦r✐❡ ❞❡r ♠❛tr✐③❡♥✳ ▼❛t❤✳ ❆♥♥✳ ✻✹✭✶✮✱ ✷✹✽✕✷✻✸✳ ✺✻

❘❡♥❝❤❡r✱ ❆✳ ❈✳ ✫ ❙❝❤❛❛❧❥❡✱ ●✳ ❇✳ ✭✷✵✵✽✮✳ ▲✐♥❡❛r ♠♦❞❡❧s ✐♥ st❛t✐st✐❝s✳ ❍♦❜♦❦❡♥✱ ◆❏✿ ❲✐❧❡②✲

■♥t❡rs❝✐❡♥❝❡ ❬❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s❪✱ s❡❝♦♥❞ ❡❞✳ ✺✷

✺✵



❘✉❜✐♥♦✱ ●✳ ✫ ❙❡r✐❝♦❧❛✱ ❇✳ ✭✶✾✽✾✮✳ ❖♥ ✇❡❛❦ ❧✉♠♣❛❜✐❧✐t② ✐♥ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❏✳ ❆♣♣❧✳ Pr♦❜❛❜✳

✷✻✭✸✮✱ ✹✹✻✕✹✺✼✳ ✼

❘✉❜✐♥♦✱ ●✳ ✫ ❙❡r✐❝♦❧❛✱ ❇✳ ✭✶✾✾✶✮✳ ❆ ✜♥✐t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✇❡❛❦ ❧✉♠♣❛❜❧❡ ♠❛r❦♦✈ ♣r♦✲

❝❡ss❡s✳♣❛rt ✐✿ ❚❤❡ ❞✐s❝r❡t❡ t✐♠❡ ❝❛s❡✳ ❙t♦❝❤✳ Pr♦❝✳ ❛♥❞ ❆♣♣❧✳ ✸✽✭✷✮✱ ✶✾✺✕✷✵✹✳ ✼

❙❡♥❡t❛✱ ❊✳ ✭✷✵✵✻✮✳ ◆♦♥✲♥❡❣❛t✐✈❡ ♠❛tr✐❝❡s ❛♥❞ ▼❛r❦♦✈ ❝❤❛✐♥s✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❙t❛t✐st✐❝s✳

◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✳ ❘❡✈✐s❡❞ r❡♣r✐♥t ♦❢ t❤❡ s❡❝♦♥❞ ✭✶✾✽✶✮ ❡❞✐t✐♦♥ ❬❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦❀

▼❘✵✼✶✾✺✹✹❪✳ ✺✺✱ ✺✻✱ ✺✽

❙❤✐❡❧❞s✱ P✳ ✭✶✾✼✸✮✳ ❚❤❡ t❤❡♦r② ♦❢ ❇❡r♥♦✉❧❧✐ s❤✐❢ts✳ ❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦ Pr❡ss✱ ❈❤✐❝❛❣♦✱

■❧❧✳✲▲♦♥❞♦♥✳ ❈❤✐❝❛❣♦ ▲❡❝t✉r❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ✶

❱❡r❜✐ts❦✐②✱ ❊✳ ✭✷✵✶✶❛✮✳ ❖♥ ❢❛❝t♦rs ♦❢ g✲♠❡❛s✉r❡s✳ ■♥❞❛❣✳ ▼❛t❤✳ ✭◆✳❙✳✮ ✷✷✭✸✲✹✮✱ ✸✶✺✕✸✷✾✳ ✾

❱❡r❜✐ts❦✐②✱ ❊✳ ✭✷✵✶✶❜✮✳ ❚❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ❤✐❞❞❡♥ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ■♥✿ ❊♥tr♦♣② ♦❢ ❤✐❞❞❡♥

▼❛r❦♦✈ ♣r♦❝❡ss❡s ❛♥❞ ❝♦♥♥❡❝t✐♦♥s t♦ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✈♦❧✳ ✸✽✺ ♦❢ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ▲❡❝t✉r❡

◆♦t❡ ❙❡r✳ ❈❛♠❜r✐❞❣❡✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈✳ Pr❡ss✱ ♣♣✳ ✷✺✽✕✷✼✷✳ ✾

✺✶



❆♣ê♥❞✐❝❡ ❆

➪❧❣❡❜r❛ ▼❛tr✐❝✐❛❧

▼❛tr✐③❡s é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s ✭♦✉ ❝♦♠♣❧❡①♦s✮ ❞✐str✐❜✉✐❞♦s ❡♠m ❧✐♥❤❛s ❡ n ❝♦❧✉♥❛s✱ ❝♦♠

m,n ∈ N✳ ❆❧❣✉♠❛s ♣♦✉❝❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛tr✐③❡s s❡rã♦ r❡✈✐st❛s ♥❡st❡ ❛♣ê♥❞✐❝❡✱ s❡♥❞♦ ❡①tr❛í❞❛s

♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ▲✐♠❛ ✭✶✾✾✻✮ ❡ ❘❡♥❝❤❡r ✫ ❙❝❤❛❛❧❥❡ ✭✷✵✵✽✮✳ ❆ ♥♦t❛çã♦ ♥❛t✉r❛❧ ❞❡ ✉♠❛ ♠❛tr✐③ é

P = (aij)m×n✱ ❝♦♠ i ∈ {1, 2, . . . ,m} ❡ j ∈ {1, 2, . . . , n}✳

❆s ♦♣❡r❛çõ❡s ❞❡ ❛❞✐çã♦ ❞❡ ♠❛tr✐③❡s✱ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s

♣♦❞❡♠ s❡r ❝♦♠❜✐♥❛❞❛s ❞❡ ✈ár✐❛s ♠❛♥❡✐r❛s✱ ❡ ❡ss❛s ♦♣❡r❛çõ❡s s❛t✐s❢❛③❡♠ ❛ ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡

♥♦s sã♦ ❢❛♠✐❧✐❛r❡s✳ ●♦st❛rí❛♠♦s ❞❡ ♠❡♥❝✐♦♥❛r ❛❧❣✉♠❛s✳

▼✉❧t✐♣❧✐❝❛çã♦ ❞❡ ▼❛tr✐③❡s

P❛r❛ ♠✉❧t✐♣❧✐❝❛r ❛ ♠❛tr✐③ P ♣❡❧❛ ♠❛tr✐③ Q ❞❡ ♠❛♥❡✐r❛ ❛ ❢♦r♠❛r ♦ ♣r♦❞✉t♦ P.Q✱ ❛ ❞✐♠❡♥sã♦ ❞❛s

❝♦❧✉♥❛s ❞❡ P ❞❡✈❡ s❡r ✐❣✉❛❧ à ❞✐♠❡♥sã♦ ❞❛s ❧✐♥❤❛s ❞❡ Q✳ P♦rt❛♥t♦✱ s❡❥❛ P ✉♠❛ ♠❛tr✐③ m× n ❡ s❡❥❛

Q ✉♠❛ ♠❛tr✐③ n× p✳ ❊♥tã♦✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s é ❞❡✜♥✐❞❛ ❝♦♠♦

P.Q =

n∑

k=1

aik.bkj .

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ (i, j)✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❛ ♥♦✈❛ ♠❛tr✐③ P.Q é ♦❜t✐❞♦ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❝❛❞❛

❡❧❡♠❡♥t♦ ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❞❡ P ♣❡❧♦ ❡❧❡♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥❛ j✲és✐♠❛ ❝♦❧✉♥❛ ❞❡ Q ❡ s♦♠❛♥❞♦

❡ss❡s n ♣r♦❞✉t♦s✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ✉♠❛ ♠❛tr✐③ ❡ ✉♠ ✈❡t♦r✱ ❜❛st❛ tr❛t❛r ♦ ✈❡t♦r ❝♦♠♦

✉♠❛ ♠❛tr✐③✲❝♦❧✉♥❛ n × 1✱ ♦✉ ❝♦♠♦ ✈❡t♦r✲❧✐♥❤❛ 1 × n ❡ ❝♦♥s✐❞❡r❛r ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❡ ❞❡✜♥✐çã♦

❛❝✐♠❛✳

P♦tê♥❝✐❛ ❞❡ ✉♠❛ ▼❛tr✐③ ◗✉❛❞r❛❞❛ ❞❡ ❖r❞❡♠ m

P 0 = Im

P 1 = P

P 2 = P.P

P 3 = P.P.P
✳✳✳

P k = P k−1.P = P.P k−1.

✺✷



❚♦❞❛ ♠❛tr✐③ q✉❛❞r❛❞❛ P ❝♦♠✉t❛ ❝♦♠ q✉❛❧q✉❡r ♣♦tê♥❝✐❛ n ❞❡ P ✱ n ∈ N✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ út❡✐s ♥❛s ♣r♦✈❛s ❞♦s r❡s✉❧t❛❞♦s ❞❡st❛ t❡s❡✳

▲❡♠❛ ❆✳✶ ❙❡❥❛ P = (aij) ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ m ❝♦♠ t❡r♠♦s 0 ≤ aij ≤ 1✱ t❛❧ q✉❡ P

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦❧✉♥❛ ✭♦✉ ❧✐♥❤❛✮ ♥ã♦ ♥✉❧❛✱ ❞✐❣❛♠♦s a.k✱ ❡♥tã♦

Pn = an−1
kk .P

♣❛r❛ t♦❞♦ n ∈ N✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ❆✳✶

❋❛ç❛♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ❡♠ n✳

✶✳ ❖ ▲❡♠❛ ❆✳✶ é ✈á❧✐❞♦ ♣❛r❛ n = 0 ❡ n = 1 ❞❡ ♠♦❞♦ ó❜✈✐♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ é ✈á❧✐❞♦ ♣❛r❛

n = 2✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛♣❡♥❛s ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ a.1 ♥ã♦

s❡❥❛ ♥✉❧❛✱ ❡♥tã♦

P =




a11 0 . . . 0

a21 0 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1 0 . . . 0



,

❛ss✐♠

P 2 =




a211 0 . . . 0

a11.a21 0 . . . 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

a11.am1 0 . . . 0



= a11.P.

✷✳ ❙✉♣♦♥❞♦ ♦ ▲❡♠❛ ❆✳✶ ✈á❧✐❞♦ ♣❛r❛ n✱ ✐st♦ é✱ Pn = an−1
11 .P. ❊♥tã♦ ♣❛r❛ n+ 1✱ t❡r❡♠♦s

Pn+1 = Pn.P = an−1
11 .P.P = an−1

11 .P 2 = an−1
11 .a11.P = an11.P.

▲❡♠❛ ❆✳✷ ❙❡❥❛ P = (aij) ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ m✱ ❝♦♠ t❡r♠♦s 0 ≤ aij ≤ 1✳ ❙❡ P é

tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r ✭♦✉ ✐♥❢❡r✐♦r✮ t❛❧ q✉❡✱ ♣❛r❛ ❛❧❣✉♠ h ∈ {1, ...,m}✱ ahh 6= 0 ❡ aii = 0, ♣❛r❛ t♦❞♦ i 6=

h, i = 1, . . . ,m ❡♥tã♦

Pn = an−k
hh .P k

♣❛r❛ t♦❞♦ n ∈ N✱ ♦♥❞❡ k < n é ♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s ♥ã♦ ♥✉❧❛s ❡ n ≥ m✳

Pr♦✈❛ ❞♦ ▲❡♠❛ ❆✳✷

❋❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ❡♠ n✳

✺✸



✶✳ ❉❡ ♠♦❞♦ ó❜✈✐♦✱ ♦ ▲❡♠❛ ❆✳✷ é ✈á❧✐❞♦ ♣❛r❛ n = 0 ❡ n = 1✳ ❱❛♠♦s ♠♦str❛r q✉❡ é ✈á❧✐❞♦ ♣❛r❛

n = 2✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ k < n✱ ❛ ❝♦♥❞✐çã♦ ✐♠♣❧✐❝❛ q✉❡ P ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦❧✉♥❛ ♥ã♦ ♥✉❧❛ ❡✱

♣❡❧♦ ▲❡♠❛ ❆✳✶✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

✷✳ ❙✉♣♦♥❤❛ ♦ ▲❡♠❛ ❆✳✷ ✈á❧✐❞♦ ♣❛r❛ n✱ ✐st♦ é✱ P é tr✐❛♥❣✉❧❛r ❝♦♠ aii = 0, ♣❛r❛ t♦❞♦ i 6= h, i =

1, . . . ,m✳ ❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ Pm ♣♦ss✉❛ ❛s k ≤ m− 1 ♣r✐♠❡✐r❛s ❧✐♥❤❛s

♥ã♦ ♥✉❧❛s✳ ❊♥tã♦

Pn = an−k
hh .P k.

P♦rt❛♥t♦ ♣❛r❛ n+ 1 t❡r❡♠♦s

Pn+1 = Pn.P = an−k
hh .P k.P = an−k

hh .P k+1,

❝♦♠♦ k + 1 > k✱ ♥♦✈❛♠❡♥t❡ t❡♠♦s ❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛✱

= an−k
hh .ak+1−k

hh .P k = an+1−k
hh .P k,

q✉❡ ❡♥❝❡rr❛ ❛ ♣r♦✈❛✳

✺✹



❆♣ê♥❞✐❝❡ ❇

❚❡♦r❡♠❛ ❉❡ P❡rr♦♥✲❋r♦❜ê♥✐✉s

◗✉❛♥❞♦ ♦ ❛❧❢❛❜❡t♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ é ✜♥✐t♦✱ ♣♦❞❡♠♦s ❝♦♥t❛r ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡

á❧❣❡❜r❛ ❧✐♥❡❛r ♣❛r❛ ❡st✉❞❛r ♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✳ ❘❡❛❧♠❡♥t❡✱ ❡ss❡ ❝♦♠♣♦rt❛♠❡♥t♦✱ ♥♦

t❡♠♣♦ n✱ é t♦t❛❧♠❡♥t❡ ❞❡s❝r✐t♦ ♣❡❧♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ n✲és✐♠❛ ♣♦tê♥❝✐❛ ❞❛ s✉❛ ♠❛tr✐③ ❞❡ tr❛♥s✐çã♦✱

P ✳ ❖ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ❞❡s❝r❡✈❡ ❛ ❛✉t♦✲❡str✉t✉r❛ ❞❡ ♠❛tr✐③❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ ❡ ♣♦rt❛♥t♦✱

❞❡s❝r❡✈❡ t✉❞♦ q✉❡ ♣r❡❝✐s❛♠♦s s❛❜❡r ♣❛r❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦s ♣r♦❝❡ss♦s ▼❛r❦♦✲

✈✐❛♥♦s ❡st✉❞❛❞♦s ♥❡st❛ t❡s❡✳ ❯♠❛ r❡✈✐sã♦ ❜ás✐❝❛ ❞❛ ❚❡♦r✐❛ ❞❡ P❡rr♦♥✲❋r♦❜ê♥✐✉s ❛♣r❡s❡♥t❛❞❛ ♥❡st❡

❛♣ê♥❞✐❝❡ ❢♦✐ ❡①tr❛í❞❛ ❞❡ ❇ré♠❛✉❞ ✭✶✾✾✾✮✱ ▼❡②❡r ✭✷✵✵✵✮ ❡ ❙❡♥❡t❛ ✭✷✵✵✻✮✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ P❡rr♦♥ ❡ ❋r♦❜❡♥✐✉s✱ é q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦

❞❡ ✉♠ ♣r♦❝❡ss♦ ▼❛r❦♦✈✐❛♥♦ é ❣❡♦♠étr✐❝❛✱ ❝♦♠ ✉♠❛ t❛①❛ r❡❧❛t✐✈❛ ✐❣✉❛❧ ❛♦ ♠ó❞✉❧♦ ❞♦ s❡❣✉♥❞♦ ♠❛✐♦r

❛✉t♦✲✈❛❧♦r✳

❆❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♣r❡❝✐s❛♠ s❡r ✐♥tr♦❞✉③✐❞❛s ♥❡st❡ ♠♦♠❡♥t♦✳

❉❡✜♥✐çã♦ ❇✳✶ ❯♠❛ ♠❛tr✐③ ♣❡r♠✉t❛çã♦ é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛✱ ❜✐♥ár✐❛✱ q✉❡ q✉❛♥❞♦ ♠✉❧t✐♣❧✐❝❛❞❛✱

s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ à ❞✐r❡✐t❛ ❡ à ❡sq✉❡r❞❛ t❡♠ ♦ ❡❢❡✐t♦ ❞❡ ❣❡r❛r ✉♠❛ ♣❡r♠✉t❛çã♦ ♥♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠

✈❡t♦r✱ ♦✉ ❡♥tr❡ ❛s ❧✐♥❤❛s ♦✉ ❝♦❧✉♥❛s ❞❡ ✉♠❛ ♠❛tr✐③✳ ➱ ❢♦r♠❛❞❛ ❛♣❡♥❛s ❞❡ ③❡r♦s ❡ ✉♥s✱ s❡♥❞♦ ♦ ✈❛❧♦r

❞❡ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦ ♣♦r ❧✐♥❤❛ ❡ ♣♦r ❝♦❧✉♥❛ ✐❣✉❛❧ ❛ ✉♠✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠❛ ♠❛tr✐③ ♣❡r♠✉t❛çã♦ C é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✱ ❞❡ ♠♦❞♦ q✉❡ C−1 = C ′✱ ✐st♦

é✱ ❛ ✐♥✈❡rs❛ ❞❡ C é t❛♠❜é♠ ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✳ ❯♠❛ ♠❛tr✐③ tr❛♥s♣♦s✐çã♦ T é ✉♠ ❝❛s♦ ❜❡♠

♣❛rt✐❝✉❧❛r ❞❡ ♠❛tr✐③ ♣❡r♠✉t❛çã♦✱ q✉❡ é ✐❣✉❛❧ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡①❝❡t♦ ❡♠ ❞✉❛s ♣♦s✐çõ❡s✱ s❡♥❞♦✱

❡♥tã♦ ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛✳ ❖ ❡❢❡✐t♦ ❞❡ ♠✉❧t✐♣❧✐❝❛r ✉♠❛ ♠❛tr✐③ P ♣♦r ✉♠❛ ♠❛tr✐③ tr❛♥s♣♦s✐çã♦

❛ ❡sq✉❡r❞❛ é tr♦❝❛r ❛ ♣♦s✐çã♦ ❞❡ ❞✉❛s ❧✐♥❤❛s ❞❛ ♠❛tr✐③ P ✱ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ P ♣❡❧❛ ♠❛tr✐③ ❞❡

tr❛♥s♣♦s✐çã♦ ❛ ❞✐r❡✐t❛ tr♦❝❛ ❛ ♣♦s✐çã♦ ❞❡ ❞✉❛s ❝♦❧✉♥❛s ❞❡ P ✳ ❯♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡ ❞❛ ♠❛tr✐③

♣❡r♠✉t❛çã♦ é q✉❡ t♦❞❛ ♠❛tr✐③ ♣❡r♠✉t❛çã♦ C é ♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s tr❛♥s♣♦s✐çã♦✳ ❆ss✐♠✱ ❛ ♠❛tr✐③

C.P.C ′ = Tm. . . . .T1.P.T1. . . . .Tm

é ♦❜t✐❞❛ ♣❡❧❛ ♣❡r♠✉t❛çã♦ ❞❡ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s ❞❡ P ✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ é ❝r✐❛❞♦ ♦✉

♣❡r❞✐❞♦✳

✺✺



❉❡✜♥✐çã♦ ❇✳✷ ❯♠❛ ♠❛tr✐③ Pm×m ♥ã♦✲♥❡❣❛t✐✈❛ é ❞✐t❛ s❡r ❘❡❞✉tí✈❡❧ s❡ ❡①✐st❡ ✉♠❛ ♠❛tr✐③✲♣❡r♠✉t❛çã♦

C t❛❧ q✉❡

P = C.Γ.C ′, ♦♥❞❡ Γ =

[
P11 P12

0 P22

]
,

♦♥❞❡ P11 ∈ Pr×r, P22 ∈ P(n−r)×(n−r), e P12 ∈ Pr×(n−r)✳

❉❡✜♥✐çã♦ ❇✳✸ ❯♠❛ ♠❛tr✐③ Pm×m ♥ã♦✲♥❡❣❛t✐✈❛ é ❞✐t❛ s❡r ✐rr❡❞✉tí✈❡❧ s❡ ♥ã♦ ❢♦r r❡❞✉tí✈❡❧✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ é q✉❡✱ ♣❛r❛ q✉❡ ❛ ♠❛tr✐③ P ✱ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ m✱ s❡❥❛

r❡❞✉tí✈❡❧✱ ❡❧❛ ❞❡✈❡ t❡r ♣❡❧♦ ♠❡♥♦s m− 1 ③❡r♦s✳

❆ ♣r♦✈❛ ❞♦s t❡♦r❡♠❛s ❡ ❝♦r♦❧ár✐♦s r❡❧❛❝✐♦♥❛❞♦s à ❚❡♦r✐❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s✱ ❛❜❛✐①♦✱ sã♦ ❡♥❝♦♥✲

tr❛❞♦s ❡♠ ❑✐t❝❤❡♥s ✭✶✾✾✽✮✱ ❇ré♠❛✉❞ ✭✶✾✾✾✮✱ ▼❡②❡r ✭✷✵✵✵✮✱ ❙❡♥❡t❛ ✭✷✵✵✻✮ ❡ ◆♦✉ts♦s ✭✷✵✵✻✮✳

❖s ❛✉t♦✲✈❛❧♦r❡s ❞❡ ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ r❡❛❧ P sã♦ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❡ ❞❡t❡r♠✐♥❛♠ ♦ r❛✐♦

❡s♣❡❝tr❛❧ ❞❛ ♠❛tr✐③✳ ❖r❞❡♥❛♥❞♦ t♦❞♦s ♦s ❛✉t♦✲✈❛❧♦r❡s λ1, λ2, ..., λr ❞❛ ♠❛tr✐③ P ❞❡ t❛❧ ❢♦r♠❛ q✉❡

|λ1| ≥ |λ2| ≥ |λ3| ≥ . . . ≥ |λr|. ✭❇✳✶✮

❉❡✜♥✐♠♦s ♦ r❛✐♦ ❡s♣❡❝tr❛❧ ❞❛ ❢♦r♠❛ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ❇✳✹ ❖ r❛✐♦ ❡s♣❡❝tr❛❧ ❞❡ ✉♠❛ ♠❛tr✐③ Pm×m✱ ❞❡♥♦t❛❞♦ ♣♦r ρ(P ) é ❞❛❞♦ ♣♦r

ρ(P ) = |λ1|.

❉❡✜♥✐çã♦ ❇✳✺ ❖ ❡s♣❡❝tr♦ ❞❡ ✉♠❛ ♠❛tr✐③ Pm×m é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❡ P ✳

❉❡✜♥✐çã♦ ❇✳✻ ❖ ❝ír❝✉❧♦ ❡s♣❡❝tr❛❧ ❞❡ ✉♠❛ ♠❛tr✐③ Pm×m é ♦ ♠ó❞✉❧♦ ❞♦ ❛✉t♦✲✈❛❧♦r ❞❡ ♠❛✐♦r ✈❛❧♦r

❛❜s♦❧✉t♦✭λ1✮✳

❆tr❛✈és ❞❛ t❡♦r✐❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Pn✱ ❝♦♠ n→ ∞✱ é ❝♦♥tr♦❧❛❞♦ ♣❡❧♦

❛✉t♦✲✈❛❧♦r ❞❡ ♠❛✐♦r ✈❛❧♦r ❛❜s♦❧✉t♦✳ ❖ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ♥♦s ❢♦r♥❡❝❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞♦s ❛✉t♦✲✈❛❧♦r❡s ❡ ❞❡ s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✲✈❡t♦r❡s✳ ❆♣r❡s❡♥t❛♠♦s ❞✉❛s ✈❡rsõ❡s ❞❡st❡ ✐♠♣♦rt❛♥t❡

t❡♦r❡♠❛✱ ❛ ♣r✐♠❡✐r❛ ✈❡rsã♦ é ♣❛r❛ ♠❛tr✐③❡s ♣♦s✐t✐✈❛s✱ tr❛t❛✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✱ P❡rr♦♥ ✭✶✾✵✼✮✱

❛♣r❡s❡♥t❛❞❛ ♥♦ ❚❡♦r❡♠❛ ❇✳✶✱ ❡ ❛ s❡❣✉♥❞❛ ♣❛r❛ ♠❛tr✐③❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ tr❛t❛♥❞♦✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞❡

P❡rr♦♥✲❋r♦❜❡♥✐✉s✱ ❋r♦❜❡♥✐✉s ✭✶✾✶✶✮✱ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❚❡♦r❡♠❛ ❇✳✷✳

❚❡♦r❡♠❛ ❇✳✶ ❙❡❥❛ Pm×m ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛✳ ❊♥tã♦

✶✳ P t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❛✉t♦✲✈❛❧♦r r❡❛❧ ♣♦s✐t✐✈♦✱ ♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ♣♦s✐t✐✈♦ é ♦ r❛✐♦ ❡s♣❡❝tr❛❧

ρ(P )✳

✷✳ λ1 é ✉♠ ❛✉t♦✲✈❛❧♦r s✐♠♣❧❡s ❞❡ P ✱ ✐st♦ é✱ é ✉♠❛ r❛✐③ s✐♠♣❧❡s ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡

P ✱ ❣❡r❛♥❞♦ ♦ ❛✉t♦✲❡s♣❛ç♦ ❞❡ P ❞❡ ❞✐♠❡♥sã♦ ✶ ✭❝❤❛♠❛❞♦ ❛✉t♦✲❡s♣❛ç♦ ❞✐r❡✐t♦✮✳ ❆♥❛❧♦❣❛♠❡♥t❡

t❡r❡♠♦s ♦ ❛✉t♦✲❡s♣❛ç♦ ❞❡ P ′ ❞❡ ❞✐♠❡♥sã♦ ✶ ✭❝❤❛♠❛❞♦ ❛✉t♦✲❡s♣❛ç♦ ❡sq✉❡r❞♦✮✳

✺✻



✸✳ ❖ ❛✉t♦✲✈❡t♦r φ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ1 é ♣♦s✐t✐✈♦✱ ✐st♦ é✱ s✉❛s ❝♦♦r❞❡♥❛❞❛s sã♦ ❡str✐t❛♠❡♥t❡

♠❛✐♦r❡s ❞❡ ③❡r♦✳

P.φ = λ1.φ, ❝♦♠ φ > 0.

✹✳ ◆ã♦ ❡①✐st❡ ♦✉tr♦ ❛✉t♦✲✈❡t♦r ♣♦s✐t✐✈♦ ❞❡ P ✱ ❡①❝❡t♦ φ′ = c.φ✱ c ∈ N✳

✺✳ λ1 é ♦ ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r s♦❜r❡ ♦ ❝ír❝✉❧♦ ❡s♣❡❝tr❛❧ ❞❡ P ✳

❖ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ❞❡ P é ❝❤❛♠❛❞♦ ❞❡ ❆✉t♦✲✈❛❧♦r ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s

♣♦r λ1✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ ♠❛tr✐③ P ❝♦♠✱ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❡♥tr❛❞❛ ♥✉❧❛✱ ❛ ♣r♦♣♦s✐çã♦ ❇✳✶✱ ❛ s❡❣✉✐r✱

♠♦str❛ q✉❡ ♦ ❚❡♦r❡♠❛ ❇✳✶ s❡ ❡st❡♥❞❡ ♣❛r❛ ♠❛tr✐③❡s ♥ã♦✲♥❡❣❛t✐✈❛s s❛❝r✐✜❝❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠

❛✉t♦✲✈❛❧♦r ♣♦s✐t✐✈♦ ♣♦r ✉♠ ♥ã♦✲♥❡❣❛t✐✈♦✳

Pr♦♣♦s✐çã♦ ❇✳✶ ❙❡❥❛ Pm×m ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛✳ ❊♥tã♦

✶✳ P t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❛✉t♦✲✈❛❧♦r r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦✱ ♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ♥ã♦✲♥❡❣❛t✐✈♦ é ♦ r❛✐♦

❡s♣❡❝tr❛❧ ρ(P )✳

✷✳ ❖ ❛✉t♦✲✈❡t♦r φ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ1 é ♣♦s✐t✐✈♦✿ P.φ = λ1.φ✱ ❝♦♠ φ > 0✳

❖s r❡s✉❧t❛❞♦s ❛❝✐♠❛ sã♦ ♦s ú♥✐❝♦s q✉❡ ✈❛❧❡♠ ♣❛r❛ ♠❛tr✐③❡s q✉❛❞r❛❞❛s ♥ã♦✲♥❡❣❛t✐✈❛s✱ s❡♠ ❤✐♣ót❡s❡s

❛❞✐❝✐♦♥❛✐s✳ ❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ♣❛r❛ ♠❛tr✐③❡s ♥ã♦✲♥❡❣❛t✐✈❛s sã♦ ❛♣r❡s❡♥t❛❞♦s ❛

s❡❣✉✐r✳

❚❡♦r❡♠❛ ❇✳✷ ❙❡❥❛ Pm×m ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦

✶✳ P t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❛✉t♦✲✈❛❧♦r r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦✱ ♦ ♠❛✐♦r ❛✉t♦✲✈❛❧♦r ♥ã♦✲♥❡❣❛t✐✈♦ é ♦ r❛✐♦

❡s♣❡❝tr❛❧ ✲ λ1 = ρ(P )✳

✷✳ λ1 é ✉♠ ❛✉t♦✲✈❛❧♦r s✐♠♣❧❡s ❞❡ P ✳

✸✳ ❖ ❛✉t♦✲✈❡t♦r φ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ1 é ♣♦s✐t✐✈♦✿ P.φ = λ1.φ✱ ❝♦♠ φ > 0✳

✹✳ ◆ã♦ ❡①✐st❡ ♦✉tr♦ ❛✉t♦✲✈❡t♦r ♣♦s✐t✐✈♦ ❞❡ P ✱ ❡①❝❡t♦ ✉♠ ♠ú❧t✐♣❧♦ ❞❡ φ✳

❖❜s❡r✈❡ q✉❡ ❛ ú♥✐❝❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥ q✉❡ ❛ ✐rr❡❞✉t✐❜✐❧✐❞❛❞❡ ♥ã♦ é ❝❛♣❛③ ❞❡

♠❛♥t❡r✱ é ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ λ1 ♥♦ ❝ír❝✉❧♦ ❡s♣❡❝tr❛❧✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ t❡r ♦✉ ♥ã♦ t❡r ✉♠ ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r

s♦❜r❡ ♦ ❝ír❝✉❧♦ ❡s♣❡❝tr❛❧✱ ❞✐✈✐❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ♥ã♦ ♥❡❣❛t✐✈❛s ✐rr❡❞✉tí✈❡✐s ❡♠ ❞✉❛s ❝❧❛ss❡s

❞❡ ♠❛tr✐③❡s✿ Pr✐♠✐t✐✈❛s ❡ ❝í❝❧✐❝❛s✳

❉❡✜♥✐çã♦ ❇✳✼ ❯♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧ Pm×m é ❞✐t❛ s❡r Pr✐♠✐t✐✈❛ s❡ ❡❧❛ ♣♦ss✉✐ ✉♠

ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r s♦❜r❡ ♦ s❡✉ ❝ír❝✉❧♦ ❡s♣❡❝tr❛❧✱ ✐st♦ é✱ λ1 é ♦ ú♥✐❝♦ ❛✉t♦✲✈❛❧♦r ❞❡ ♠ó❞✉❧♦ ✐❣✉❛❧ ❛ ρ(P )✳

✺✼



❉❡✜♥✐çã♦ ❇✳✽ ❯♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧ Pm×m é ❞✐t❛ s❡r ■♠♣r✐♠✐t✐✈❛ ♦✉ ❈í❝❧✐❝❛ ❞❡

í♥❞✐❝❡ h > 1✱ s❡ ❡❧❛ ♣♦ss✉✐ h ❛✉t♦✲✈❛❧♦r❡s ❞❡ ♠ó❞✉❧♦ ✐❣✉❛❧ ❛ ρ(P )✳

❚❡♦r❡♠❛ ❇✳✸ ❙❡❥❛ Pm×m✱ ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦ ❡①✐st❡ r ≥ 1 t❛❧ q✉❡ P r > 0

s❡✱ s♦♠❡♥t❡ s❡✱ P é ♣r✐♠✐t✐✈❛✳

❖ ♠❡♥♦r ✐♥t❡✐r♦ r✱ t❛❧ q✉❡ P r > 0✱ é ❝❤❛♠❛❞♦ í♥❞✐❝❡ ❞❡ ♣r✐♠✐t✐✈✐❞❛❞❡✳

❈♦r♦❧ár✐♦ ❇✳✶ ❙❡❥❛ Pm×m✱ ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧ ❝♦♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ✜♥✐t♦✱ ❡❧❛

é ♣r✐♠✐t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡ ❡❧❛ é ✐rr❡❞✉tí✈❡❧ ❡ ❛♣❡r✐ó❞✐❝❛✳

P❛r❛ ❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦ ❇✳✶✱ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛

♠❛tr✐③ P s❡❥❛ ❛♣❡r✐ó❞✐❝❛ é ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✐♥t❡✐r♦ k t❛❧ q✉❡ P k t❡♥❤❛ t♦❞❛s ❛s ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s✳

❖ ❚❡♦r❡♠❛ ❇✳✹✱ s❡❣✉✐♥t❡✱ ❞❡✈✐❞♦ ❛ ❋r♦❜❡♥✐✉s✱ ❢♦✐ ❡①tr❛í❞♦ ❞❡ ❇ré♠❛✉❞ ✭✶✾✾✾✮✱ ▼❡②❡r ✭✷✵✵✵✮ ❡

❙❡♥❡t❛ ✭✷✵✵✻✮ ❡ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ♣r♦✈❛ ❞♦s ❚❡♦r❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ 2.4 ❞❡st❛ t❡s❡✳

❚❡♦r❡♠❛ ❇✳✹ ❙❡❥❛ Pm×m✱ ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✐rr❡❞✉tí✈❡❧ ❝♦♠ λ1 = ρ(P )✳ ❊♥tã♦ P é ♣r✐♠✲

✐t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❧✐♠✐t❡ limk→∞

(
P
λ1

)k
❡①✐st❡✱ ❡ ♥❡st❡ ❝❛s♦

lim
k→∞

(
P

λ1

)k

= G = φ.ψ′ > 0,

♦♥❞❡ φ ❡ ψ sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ❞❡ P❡rr♦♥ ❞❡ P ❡ P ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ ❚❡♦r❡♠❛ ❇✳✺✱ ❛ s❡❣✉✐r✱ ❡①tr❛í❞♦ ❞❡ ❙❡♥❡t❛ ✭✷✵✵✻✮ ❡ ❇ré♠❛✉❞ ✭✶✾✾✾✮✱ é ✉t✐❧✐③❛❞♦ ♥❛ ♣r♦✈❛ ❞❛

t❛①❛ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ❞♦s ♣r♦❝❡ss♦s ❛❣r❡❣❛❞♦s✱ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❙❡çã♦

2.4✳

❙❡❥❛♠ λ1, λ2, ..., λr t♦❞♦s ♦s ❛✉t♦✲✈❛❧♦r❡s ❞❛ ♠❛tr✐③ P ♦r❞❡♥❛❞♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡

λ1 > |λ2| ≥ |λ3| ≥ . . . ≥ |λr|.

❙❡ |λ2| = |λj | ♣❛r❛ ❛❧❣✉♠ j ≥ 3✱ ❡♥tã♦ m2 ≥ mj ✱ ♦♥❞❡ mj é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❛❧❣é❜r✐❝❛ ❞❡ λj ✳

❚❡♦r❡♠❛ ❇✳✺ P❛r❛ Pm×m ✉♠❛ ♠❛tr✐③ ♣r✐♠✐t✐✈❛

✶✳ ❙❡ λ2 6= 0 ❡♥tã♦

P k = λk1.φ.ψ
′ +O(km2−1.|λ2|

k)

q✉❛♥❞♦ k → ∞✳

✷✳ ❙❡ λ2 = 0 ❡♥tã♦ ♣❛r❛ k ≥ n− 1

P k = λk1.φ.ψ
′.

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ φ ❡ ψ′ sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ♣♦s✐t✐✈♦s ❞❡ P❡rr♦♥✲❋♦r❜ê♥✐✉s✱ ❝♦rr❡s♣♦♥❞❡♥t❡s

❛♦ ❛✉t♦✲✈❛❧♦r λ1 ❣❛r❛♥t✐❞♦s ♣❡❧♦s ❚❡♦r❡♠❛s ❇✳✷ ❡ ❇✳✹✳

✺✽



❖ ❚❡♦r❡♠❛ ❇✳✻ ❛♣r❡s❡♥t❛ ❛ ❢♦r♠❛ ❞❡ ❋r♦❜❡♥✐✉s ❞❡ ✉♠❛ ♠❛tr✐③ ❝í❝❧✐❝❛ ❡ é ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ❇✳✻ P❛r❛ ❝❛❞❛ ♠❛tr✐③ ❝í❝❧✐❝❛ Pm×m ❞❡ í♥❞✐❝❡ h✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③✲♣❡r♠✉t❛çã♦ C✱ t❛❧

q✉❡✿

P = C.∆.C ′ ♦♥❞❡ ∆ =




0 P12 0 . . . 0

0 0 P23 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Ph−1,h

Ph1 0 0 . . . 0




, ✭❇✳✷✮

♦♥❞❡ ❜❧♦❝♦s ♥✉❧♦s s♦❜r❡ ❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ sã♦ q✉❛❞r❛❞♦s ❡ ♦s ❜❧♦❝♦s Pij s❡rã♦ ❝❤❛♠❛❞♦s ❞❡ ❜❧♦❝♦s

❝í❝❧✐❝♦s✳

❖ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✲❋r♦❜ê♥✐✉s ♥ã♦ é ❛♣❧✐❝á✈❡❧ ❞✐r❡t❛♠❡♥t❡ ❛ ♠❛tr✐③❡s ♥ã♦ ♥❡❣❛t✐✈❛s r❡❞✉tí✈❡✐s✳

P❛r❛ ❡st✉❞❛r ❛ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❛ ❡ss❛s ♠❛tr✐③❡s✱ ❞❡✈❡♠♦s ❡♥t❡♥❞❡r ❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❞❛s ♠❛tr✐③❡s

r❡❞✉tí✈❡✐s✳

❙❡❥❛ ✉♠❛ ▼❛tr✐③ P r❡❞✉tí✈❡❧✱ ❧♦❣♦✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ♣❡r♠✉t❛çã♦ Q✱ ❡ ♠❛tr✐③❡s q✉❛❞r❛❞❛s X✱

Y ❡ Z✱ t❛✐s q✉❡

Q′.P.Q =

[
X Y

0 Z

]
,

❝✉❥❛ ♥♦t❛çã♦ ✉s❛r❡♠♦s P =

[
X Y

0 Z

]
.

❙❡ ❛s s✉❜♠❛tr✐③❡s X ♦✉ Z ❢♦r❡♠ r❡❞✉tí✈❡✐s✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡①✐st✐rã♦ ♠❛tr✐③❡s ♣❡r♠✉t❛çõ❡s✱

❞❡ t❛❧ ❢♦r♠❛ q✉❡

P =

[
X Y

0 Z

]
=



R S T

0 U V

0 0 W




❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té ♦❜t❡r

P =




Q11 Q12 . . . Q1r

0 Q22 . . . Q2r

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . Qrr



,

♦♥❞❡ Qii sã♦ ✐rr❡❞✉tí✈❡✐s ♦✉ 0✳ ➱ ♣♦ssí✈❡❧ ♣❡r♠✉t❛r t♦❞♦s ♦s ❜❧♦❝♦s ❞✐❛❣♦♥❛✐s ❞❡ ❡♥tr❛❞❛s ♥ã♦ ♥✉❧❛s

♣❛r❛ ❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞❛ ♠❛tr✐③✱ ♦❜t❡♥❞♦ ❛ss✐♠ ❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❞❡ ✉♠❛ ♠❛tr✐③ r❡❞✉tí✈❡❧✱

✺✾



P =




T11 T12 T13 . . . T1c

0 T22 0 . . . 0

0 0 T33 . . . 0

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Tcc




, ✭❇✳✸✮

♦♥❞❡

T11 =




P11 P12 P13 . . . P1k

0 P22 P23 . . . P2k

0 0 P33 . . . P3k

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 0 . . . Pkk




é ❢♦r♠❛❞❛ ♣❡❧❛s s✉❜♠❛tr✐③❡s P11, P22, . . . , Pkk✱ q✉❛❞r❛❞❛s✱ ✐rr❡❞✉tí✈❡✐s ♦✉ 0 ❡ ❞❡ t❛❧ ❢♦r♠❛ q✉❡✱ s❡

❢♦ss❡♠ ❡st♦❝ást✐❝❛s✱ ❝♦rr❡s♣♦♥❞❡r✐❛♠ ❛♦s ❡st❛❞♦s tr❛♥s✐❡♥t❡s ❡ Pij , i < j✳ ❆s ❞❡♠❛✐s s✉❜♠❛tr✐③❡s

T22, T33, . . . , Tcc✱ sã♦ q✉❛❞r❛❞❛s✱ ✐rr❡❞✉tí✈❡✐s ❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦rr❡s♣♦♥❞❡r✐❛♠ ❛♦s ❡st❛❞♦s r❡❝♦r✲

r❡♥t❡s✳ ❚♦❞❛s ❛s ♠❛tr✐③❡s r❡❞✉tí✈❡✐s ♥❡st❛ t❡s❡✱ sã♦ s✉♣♦st❛s ❡st❛r❡♠ ♥❡st❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛✳

❖ ❚❡♦r❡♠❛ ❞❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ♣❛r❛ ♠❛tr✐③❡s ♥ã♦✲♥❡❣❛t✐✈❛s r❡❞✉tí✈❡✐s é ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ❇✳✼ ❙❡❥❛ Pm×m ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥❡❣❛t✐✈❛✱ r❡❞✉tí✈❡❧ ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ✭❇✳✸✮✱ ❝♦♠

❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ λmax✳ ❊♥tã♦✱ limn→∞

(
P

λmax

)n
❡①✐st❡ s❡✱ s♦♠❡♥t❡ s❡ ❛s s✉❜♠❛tr✐③❡s T22, T33, . . . , Tcc

sã♦ ❝❛❞❛ ✉♠❛ ♣r✐♠✐t✐✈❛✱ ❡ ❡st❡ ❧✐♠✐t❡ é ❞❛❞♦ ♣♦r

lim
n→∞

(
P

λmax

)n

=




0 (I − T11)
−1.T12.

(
λ1,2

λmax

)n
.φ2.ψ

′
2 . . . (I − T11)

−1.T1c.
(

λ1,c

λmax

)n
.φc.ψ

′
c

0

(
λ1,2

λmax

)n
.φ2.ψ

′
2 . . . 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . .
(

λ1,c

λmax

)n
.φc.ψ

′
c



,

♦♥❞❡ φj ❡ ψ′
j ✱ j = {2, 3, . . . , c} sã♦ ♦s ❛✉t♦✲✈❡t♦r❡s ❞❡ P❡rr♦♥ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s s✉❜♠❛tr✐③❡s ❞❡

T22, T33, . . . , Tcc✱ q✉❡ ♣♦ss✉❡♠ ❛✉t♦✲✈❛❧♦r ♠❛①✐♠❛❧ λ1,j ✳

✻✵
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